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VISCOSITY METHOD FOR THE DESCRIBING OF DYNAMICAL SYSTEMS

E.A. AKHUNDOVA
Institute of Physics of National Academy of Sciences of Azerbaijan,
Az-1143, H. Javid av., 33

Three types of nonlinear partial differential equations of polynomial form are considered and explicit substitutions of dependent
variables, which transform the equations under study to linear equations, are obtained. Some nonlinear second order partial differential
equations, which can be solved by the viscosity method, are also obtained

Introduction

The problem of finding exactly solvable nonlinear partial
differential equations has very popular after discovering the
inverse scattering method [1] and it still attracts the attention
of many authors[2]. There are also some other methods of
obtaining exact solutions of nonlinear equations: see [3-6].
However, in spite of variety of forms, all methods know till
now are based after all on the very simple idea-to reduce the
problem of solving the given nonlinear equation by means of
some transformations to the problem of solving a more
simple equation, which has been already studied. In the most
of cases, people try to reduce nonlinear problems to linear
ones because the theory of linear equations is well elaborated,
although sometimes the reduction to a more simple nonlinear
equation is also used.

Therefore, the following important and interesting
problem arises: to describe the class of nonlinear equations
which can be reduced by means of some transformations to
linear equations.

One of possible ways of solving this problem is to apply
all kinds of transformations to a given class of linear
equations and to analyze the nonlinear equations thus
obtained [7-8]. Of course, this class of equations is very small
in comparison with the class of all exactly solvable equations.
Nonetheless, we know this small class contains some
physically interesting equations, for example, the Burgers—l

Hopf equation [9]. We hope that the methodical study of all
possible substitutions of variables and the initial linear
equations may lead to some new exactly solvable nonlinear
equations being of physical interest.

In this paper, we investigate some nonlinear equations
obtained from linear partial differential equations of the
second order by substitutions of dependent variables.

Nonlinear forms of linear equations

Since equations occuring in physical applications contain
the derivatives with respect to the time variable t, as a rule,
not higher than of the second order, we consider the nonlinear
forms of the following general linear partial differential
equation of the second order

aytb yrkCys +dys =0 1
where a, b, ¢ and d are arbitrary functions of variables x and t.
Making the substitution
y=exp(agtLfox +rp) @)

we obtain the following equation (we confine ourselves to the
equations of polynomial type):

a( ap, + Po, + yoq )+ b(a2§0t @, T ayPp, + AP, + ﬂz(th + Broy - P t+ 72(ptt(ptx +ayp@p, +

+ BYPg + APy + BOy + 1%y )+ (@l + PP + 7 0g + 2aPp @, + 2000,p, + 2 BroXp + agy +

©)

+ PP + 10y )+ A( QP O+ LR 05 1 0o+ 200, P, 200D Py 2 BYP o Py AP+ PP + VP ) =0

Equation (3) is linear with respect to the derivatives of the
third order and nonlinear with respect to the derivatives of the
second and first order. One can check that equations of this
kind can be reduced to three different types of equations by
means of linear replacement of independent variables:

oot Gt VN (o 21 Bty B @r...)=0 (6)
(and symmetrically x<>t)

It is not difficult to show that the equation of type (4) is
obtained from eq.(3) provided

PootL (P P10 B P ... )=0 4 b=c=y=0 %
Ot M(P @ty Bty 0 r...)=0 (5) thatis, we have the following equation:
|
alap, + Bp, )+ dla’ P} + BP0} +20Bp 0, + APy + fipr )= 0 ®)
which is reduced to the equation by the replacement
ayrtdyse=0 9 y=exp(ag+ ) (10)
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The equation of type (5) is obtained from eq.(8) provided or

either b) b=c=p=0 (12)
a) d=c=»=0 (11)| In the first case, we obtain the equation
a(ap, + B, )+ @200, + P00, + 0,00+ F20u0s + 00y + ) =0 (13)

which is reduced to the equation |
by the replacement

y=exp(agt yp) (18)
by the substitution
_ The equation of type (6) is obtain from eq.(3) provided
y=exp(ap+pp) (15)  either
In the second case, we have the equation a) c=d, =b=0 (19)
or

a(a(pt TPy )+d [(aq’x TPy )2 TP +VPr J (16)

b)  ¢=0, b=d y+A=0 (20)

which is reduced to the equation ] ) )
In the first case, we obtain the equation

aytdys=0 (17)|

a(a(pt + ﬂqpxt )+ C[(Q'(Dt + ﬂ(oxt )2 + d (gott + ¢xx )+ (a(Dx + ﬂgoxx )2 + ﬂ((pxxx + ¢xtt )] = 0 (21)

which is reduced to the equation |
y =exp(ap+ po,) (23)
al//t+c(lr//xx+l//tt):0 (22)
In the second case we obtain the equation
by the replacement

|
alp, + Bl — 0 )]+ bla? (@0, + 02 )+ aBl00, — 90, + PP1 — PO + 20,0, — 2000, )+

2 2 2 (24)
+ ﬂ (¢xt¢xx QP t PP — PPy — Prx — 2¢xx¢tx )+ a(¢xt + Oy ) + ﬂ (¢)xxx — Oyt ) =0
which is reduced to the equation [ The viscosity method
_ Let us investigate _in detail equation (8). It is convenient to
ay, +bly, +,)=0 (25) introduce a new notation
I ( t ) ao=«a dp=k
by the replacement (27)
af=N dp=c
=ex - 26
v=¢ p(ago + P, ’B¢t) ( I) The equation (8) assumes the following form
L’k Lk L
L(Dt +N¢xt +W¢f +k¢fx +2W¢xx¢x +WC¢XX +C¢xxx =0 (28)

Apparently, using the substitution x’=ax one can always equate the coefficients L and N. Then the equation (8) assumes the
form

C( Py + Px )+ 2k 0, + ko2 + k! + N(p, + 9, )=0 (29)

Accordingly, equations (9) and (10) rewritten as follows: | k
y = exr{—( P+, )} (10a)
Np+Cuys=0  (92) ¢
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Now let us note that the equation (29) can be used to find Let us write the explicit forms of some other equations,
the solution of following equation: which can be solved by this method.

Making analogical (27) substitutions and equating the
coefficients L; and N; (i=1,2,3,4)

one can rewrite the equations (13), (16), (21), (24)

correspondingly and obtain (c;—0) equations, which can be
Indeed, if ¢ is a solution of equation (29) then the solvedpby thegv)i/scosity metho(dl ) ed

2K @, 0, +k@’ +kpl +N (@, +9,, )= 0 (30)

function
p=1im o, cy K000 400 )N (040, )0 13
K, |2 +02+0> N, (g, +0,, )=0 16’
can be considered as a formal solution of eq. (30). 2( PoPuT Po P )+ 2((/)t (DX‘) (167)
Such a method of solving equations is often called “the
viscosity method”. |
Ky (200, + 02 +07 + 20,0, + 0% + 07} Ny (040, )0 (21)

Ko (0.0, +20; = 00+ PP — 0Py + 200 Py — Py Py — PePrx + PePry — Py TP — PPy ) + o
+ N4(¢t + @y — Py ) =0

In conclusion we note, that general properties, exact The author expresses his acknowledgements to Prof.
solutions and soliton- like solutions of obtained equations V.l.Man’ko and Doc. V.V.Dodonov for useful discussions.
will be discussed in another paper.
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KVANT DINAMIK SISTEMLORI TOSVIRINDS QATILASMA METODU
Polinomsgakilli ferdi toremalards qeyri-xatti differensial tenliklarin ¢ névina baxilib ve arasdirilan tenliklari xatti tenliklera
gatiran asili dayisanlarin avezolunmasinin daqiq ifadasi alinmisdir. Hamginin qatilagsma metodu il hall edils bilan 1l daracali fordi
téramali bazi differensial tanliklor alinmisdir.
J.A. AXyH10Ba
METO/, BA3KOCTU B OIIMCAHUU KBAHTOBBIX TUHAMUWYECKHUX CUCTEM
PaCCMOTpeHLI TpHU TUIIa HEIIMHCHHBIX Z[I/I(i)(i)epeHHI/IaJH;HI)IX ypaBHeHI/Iﬁ B YaCTHBIX NPOU3BOAHBLIX IMOJMHOMHAJILHOI'O BHUJIa U MOJYUCHBI

SIBHBIC BBIPpA’KCHHUS 3aMCH 3aBUCUMbBIX IEPEMCHHBIX, KOTOPLIEC CBOJAT UCCICAYEMBIC YPAaBHCHUSA K nuHeWHBIM. Takke NOJIYy4Y€HbI HEKOTOPLBIC
I[I/I(b(bepeHHI/Ia.HLHBIe YpaBHEHUA B HaCTHBIX MPOU3BOAHBIX BTOPOI'O NOPsAAKa, KOTOPLIC MOT'YT OBITh PEICHBI METOJOM BA3KOCTH.
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