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The correction to quark mass are calculated in Nambu - Jona-Lasinio model with 4 – dimensional cutoff regularization and with dimen-
sional-analytical regularization in the next-to-leading order of mean-field expansion. The analytical calculations show that the pion correc-
tion to quark mass is equal to zero. Comparing the results in both regularization one can signify that the zero value of the pion correction to 
quark mass is the regularization-independent fact of Nambu - Jona-Lasinio model. 

 
1. Introduction 

 
The chiral-symmetrical Nambu - Jona-Lasinio (NJL) model 

[1] with the quark content [2] is one of the most successful 
theoretical laboratories for investigation of the phenomenon 
of the spontaneous breakdown of chiral symmetry and for 
study of the light hadrons in the non-peturbative region [3,4].  
The NJL model was intensively investigated also at finite 
temperature and density [5] and with various external fields 
[6]. 

The nonrenormalizability of the NJL model implies a 
suitable choice of regularization. The most common regulari-
zations for NJL model traditionally entail a four-dimensional 
cutoff (FDC) regularization [3,7,8] or three-dimensional 
momentum cutoff regularization [3,4]. Other regularization 
schemes are also used for NJL model [9]. 

Scalar meson contributions in the chiral quark condensate 
in the framework of the dimensional-analytical regularization 
(DAR) have been calculated in [10,11].  These contributions 
for physical values of parameters were found to be significant 
and should be taken into account in choice of the parameters 
values. The improved fit of parameters has been carried out 
in     SUv(2)× SUA(2)  - NJL model. 

In  [8] systematical comparison of the dimensional-
analytically regularized NJL model with the NJL model with 
FDC regularization has been done. Apart from the corrections 
to chiral condensate, the corrections to quark mass in both 
regularizations were also calculated. The numerical calcula-
tions at two characteristic values of condensate showed that 
the pion contributions to quark mass in both regularizations 
are equal to zero. Also it was supposed in [8] that an absence 
of the pion corrections to quark mass is a regularization-
independent fact of NJL model. 

The present work, which essentially based on results of 
[8], is devoted to analytical calculations of the pion correc-
tion to quark mass. 

 
2. NJL model  with  dimensional-analytical regulari-
zation and with four-dimensional cutoff.  Meson  con-
tributions in chiral condense 
 

The model under consideration contains up and down 
quarks fields ψ(x), each with n colors. The SUV(2)× SUA(2)  -
invariant Lagrangian of this model is:      
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where τα-are  Pauli  matrices  normalized  by  tr(τaτb)=2δab. 

For formulating of the mean-field expansion we use an itera-
tion scheme of the  solution of  Schwinger-Dyson equation  
with  the fermion bifocal source, which has been  developed 
in [12]. 

The unique connected Green’s function in the leading   
mean-field approximation is a single-particle Green’s func-
tion  (quark propagator): 
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where the dynamical quark mass   m  is a solution  of  the  
gap  equation: 
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where    44 )2/(~ πqdqd ≡ . 
The  solution  of the gap equation  (1) in DAR  and  FDC  

regularization   leads to  [8]: 
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ξ and Λ are regularizations  parameters  in  DAR  and  in  
FDC regularization  correspondingly. 

Meson contribution to chiral condensate can be calculated 
in the next-to-leading term of the mean-field expansion. 

Ratio of the first iteration condensate χ(1) to leading-
approximation condensate χ(0) in the pion channel has the 
form [8,10]: 
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In (4) the pseudoscalar amplitude Aπ is [10]: 
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pseudoscalar quark loop. 

Making use of the gap equation (1) we obtain the following 
form for amplitude Aπ in momentum space: 
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The calculation of the integral (7) in both regularizations 
(in DAR and in FDC regularization) leads to: 
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Here  F(a, b; c; z)  is  the  Gauss  hypergeometric  func-
tion. 

The pseudoscalar amplitude poleAπ  according to the pole 
(p2=0) representations of the formulas (8) and (9) and the gap 

equation (2) in both regularizations  (at n=3) takes the follow-
ing forms: 
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As a measure of quantum fluctuations of the chiral con-

densate in pion channel, it is used the first iteration conden-
sate to the leading-approximation condensate in pole ap-
proximation of amplitude (10) in DAR [10]: 
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Using the pole approximation of amplitude (11) in calcu-
lation of the ratio FDCrπ  in Euclidean momentum space in 
FDC regularization, we obtain for ratio of the first iteration 
condensate to the leading   approximation condensate: 
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3. Pion correction to quark mass 
 

In [8] it has been obtained the formula for the correction 
to quark mass in next-to-leading approximation of the mean-
field expansion. We’ll use that formula having the following 
form: 
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where )(1
πa and )(1

πb are  the  first order mass  functions.  
These functions are defined by the following equations: 
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Using in (15)  and (16) the leading singularity  approxi-

mation  for  ( )DARpoleAπ  (10)  and  ( )FDCpoleAπ  (11)  and  calcu-
lating  the  integrals  in  DAR  and  FDC   regularization  
(taking  also into consideration  (14))    we  obtain  for  pion  
corrections  to  quark mass the following expressions: 
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From  (17) and  (18) according to (12) and  (13) it follows 
that the pion contribution to quark mass is equal to zero. It 
means that the zero value of the pion correction to quark 
mass is independent from the regularization choice in NJL 
model.
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Р.Г. Ъяфяров 
 

НИЛ МОДЕЛИНДЯ ОРТА САЩЯ ПАЙЛАНМАСЫНЫН БАШ ЩЯДДИНДЯН СОНРАКЫ ЩЯДДЯ ПИОНУН  
КВАРКЫН КЦТЛЯСИНЯ ДЦЗЯЛИШЛЯРИНЯ ДАИР  

 
НИЛ моделиндя орта сащя пайланмасынын баш щяддиндян сонракы щяддя дюрдюлчцлц кясмя регулйарлашмасында вя юлчцлц-аналитик 

регулйарлашмада кваркын кцтлясиня дцзялишляр щесабланмышдыр. Аналитик щесабламалар эюстярир ки, кваркын кцтлясиня пионун дцзялишляри 
сыфыра бярабярдир. Щяр ики регулйарлашмадакы щесаблашмаларын мцгайисяси эюстярир ки, кваркын кцтлясиня пионун дцзялишляринин сыфра бя-
рабярлийи НИЛ моделиндя регулйарлашма сечиминдян асылы олмайан фактдыр. 

 
Р.Г. Джафаров 

 
К ПОПРАВКАМ ПИОНА В МАССУ КВАРКА В СЛЕДУЮЩЕМ ЗА ГЛАВНЫМ  

ПОРЯДКЕ РАЗЛОЖЕНИЯ СРЕДНЕГО ПОЛЯ В МОДЕЛИ НИЛ 
 

Вычислены поправки в массу кварка в модели НИЛ в регуляризации с четырехмерным обрезанием и в размерно-аналитической 
регуляризации в следующем за главным порядке разложения среднего поля. Аналитические вычисления показывают, что пионные 
поправки в массу кварка равны нулю. Сравнение результатов вычислений в обеих регуляризациях дает возможность утверждать, 
что равенство нулю пионной  поправки в массу кварка является фактом модели НИЛ, независимым от выбора регуляризации. 
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