FiZiKA

2006

CiLD XIl Ne4

ON THE EXISTENCE AND UNIQUENESS OF GENERALIZED SOLUTION OF
NONSTATIONARY PROBLEM OF VISCOUS INCOMPRESSIBLE LIQUID MOTION IN
CLOSED REGION AT THE PRESENCE OF TEMPERATURE DISTRIBUTION

F.B. IMRANOV
Institute of Mathematics and Mechanics of NAS of Azerbaijan,
Azerbaijan, Baku, F.Agayev, 9

The definition of generalized solution of nonstationary problem of viscous incompressible liquid motion in closed region at the presence
of temperature distribution is given in the paper. The theorem about existence and uniqueness of generalized solution is proved.

Let’s consider the equation system, describing the
viscous incompressible liquid motion in closed region at the
presence of temperature distribution on region boundary.

%vL(V,V)H—SA@:H,

—Av+Vp=Gréy —(v,V)v,.
divv = 0.

(1

Equations are written in dimensionless quantities: 6 -
temperature, V - velocity, H - function of temperature sources,
p - pressure, Gr — Grasgoph reduced number and 4 - reduced
thermal conducting 7 - unit vector, which is codirectional to
acceleration vector of free fall.

The equation system (1) is considered in closed region

QcR? — with fixed, impermeable picewise smooth
boundary 0Q (i.e. consisting of finite number of smooth
arcs, crossing under zero angles). The following conditions
are given on the boundary:

T
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0

+(0(x,0), 9(x,0)), =0,

Z_(Uiuka

For any functions ¢(x,t) and ®@(x,t) such, as

Pt eCH(O,T; Wy (Q),  o(T)=0,0(x,1)eJ'(Q)  almost
everywhere in [0,T].

(%) |yean has the values either 0, either 1, in the
dependence on the type of boundary conditions. Further, let’s
understand the sum 6, ¢]W; +l o ja(pds. under the designation

oQ

[0, 9.
The generalized solution, introduced by us, takes place

Theorem 1
Let’s
H(x,t) e L,(0,T;L,(22)),0(x,0) = 6,(X) € L, ().

Then even one generalized solution of the problem (1)-
(2) exists.

Demonstration

{(9,—@ ~(U.V)p), + 10,0l +0 [66dS —(H.p),, }dt ¥
oQ

%(bk),_z +[u,®]. -Gr(@y,®),_ =0,t<[0,T]
i J! ’
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Let’s designate J'(Q) the space being locking in

2

W21 (Q) of infinite differentiable solenoidal vector-functions.

Let’s introduce the conception of generalized solution of the
problem.

Definition
The generalized solutions of the problem (1), (2) are

such functions as @ e L, (0,T; L,(Q)) and uel'(Q),
that for H € L (0,T; L,(Q)) the equations are correct:

€)

“)

Let’s carry out the demonstration by Galerkin method.

InL,(Q) space let’s choose the orthonormalized
basis {0'} of eigen functions of Laplace operator in
region:

—A0' = 10,
06"

0.5 |, =
on

Let’s seek the approximate solutions 6™(x,t) in the form
of finite sums

n
g(n) (X,t) — ZCI (n)g(l) (X,t),
i=1
where Cl eC'(0,T), I = 1L,n.

The identities (3) and (4) should be correct
Q(M(x.1).

for



E.B. IMRANOV

]
[to™,-
0

™, um 2 0
OX

The index (n) of the velocity means that u ™ corresponds
only to &".

In order to obtain the system of ordinary differential
equations, we require that the identity (3) should be correct

for any functions ¢’(x,t)=h(t)@!(x), j=1,n,, where
h(t)eC'(0,T), h(T)=0.

This means, that following identity takes place:
©,0M)+ (™, V)0",0") + g0,0'], - (H,07) =0. (5)

Substituting the representation Q(n)(x,t) in the sum form
in the obtained identity, we obtain Cauchy problem for the
system of ordinary differential equations:

(n)

Ci ()+B" +95C" =h.kl=Ln ()
0, k=1
where O, = .
1, k=I
A =u"e", voy=-u"e' Vo) =-5,. ()
h =(H,8"),
=(H.,0" ©

C™(0)=(6,,6").
The following Lemma takes place:

Lemmal
Even if

(%) e L, (0,T; L,(Q), 8C'(0,T; W,(Q), uel'(Q).,
then

)
max{| 0, |+ o101 de=<C. |

b(t)eC'(0,T), i=1n

where C is constant from Lemma 1.

Let’s fix b’ e K, only one
h(M0 — z nb’0', h™°eC'((0,T)corresponds

i=1

element

to

yMm-o

element b’ in WZIQ at least one vector exists. We

define A" on U™ on formula (7).
The system of ordinary differential equations, defined by
such way, has unit solution b/(t)=C,(t); b'(t), that

~(U,V)p)+ 96", ], ~ (H, p)}dt + (8, p(x,0) =0,

2 ®,)+[u,®]. Gr(O™ 7, d) = 0.
Jl

Demonstration

Let’s require that for @< C'(0,T; W, (Q)) identity (3)
P(X,1)  of
(X, t) = h()w(x) form, where h(t)eC'(0,T), h(T)=0.

This means that following equality should be correct:

(Ht,l}’)-f-((u,V),lP)-l-19[0,\1’]—(H’\P)=0,

should be correct for any trial functions

)

Let’s ¥=40, then

—— |8 +311 6 2_ H,H '
2(,}II > +81161=(H.6)
Let’s use Young’s inequality
H.o<H I 101
2
H.a) _

where ||H|_ =su p

I, -
qu2 |

” <Ju | H
1

Let’s integrate equality on t, take maximum and estimate
the right part from above.
We obtain:

T
max [| 0| +3[]| 0|} dt < L max IH 2+ 00 [*=C,
0<t<T 0 2 0<t<T

that is required to demonstrate.

Let’s show, that system of equations (6)-(8) has at least
one solution.

For this purpose let’s consider set K ,
dimensional vector-functions b(t), such as

consisting on n-

ZW,Zn:blz(t) < 69 bl(o) = CI(O), [ =_
i=1
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n
corresponds  to =Zbi1(t)t9i(x).according to ODE
1

theory

According to Lemma 1 max||h‘™"!

0<t<T

|+19T£||h<”)~1 <€

Therefore b' € K . Thus, mapping A of set K itself to one’s
is constructed.
The following Lemma takes place:

Lemma 2
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If conditions of Lemma 1 and || @|,<C, fulfil, then Then
the following inequality is correct | (u, V)&, O) <[ (u, V)|l E]l, -
T[||9||dt<C As 6eC'(0,T; W, (Q)), so u belongs to W, (Q) at
0 - least, therefore according to enclosure theorem U € C(Q).

From continuity condition of U we have:
Demonstration

. max [u|<M(C)).
Let’s take ¥ =@ in the capacity of trial function ¥ in xeQ

identity (9) H "
0, 0+ (u,V)0) + 96, ]=(H,0). . . » 1),
Thus, [(u,V)0, 6| < M[é],[¢] <C[él; + o
Let’s transfer all items, besides the first one, to the right :
part and estimate by the module sum from above. . . , .
Analogically, using Young’s inequality:
. 9 d . )
1OIP<=— 1107 +|(H,0)|+](,V)0,0)|. (10) 12
2 dt 0 .
2

n , , , (W, v)o, 8| <m|el|d], <cilef; +—=

Choosing in the capacity of the trial function ® =uU L 4

from formula (4), we obtain the estimation for || U ||, : o . . o .
Substituting the obtained results in the initial equality

(10) and integrating on t, we obtain

G
lulh <="Jél, <C..
1

T T T
Jél;. at < sdol,,, © [l o)+ . [elh, dt+Cs [IHIE dt<c,
0 2 0 0

That is required to demonstrate. | T-6 )

It is followed from Lemma 2 and Rellikh’s theorem, that Vo:0<o<T I||0(t +0)— 0('[)"L dt < C\/g ,
A is entirely continuous on A, therefore A on K has at 0 ’
least one stationary point on Shauder’s theorem.

The following Lemma takes place: where C doesn’t depend on J.
Lemma 3 Demonstration
The inequality is correct for the functions satisfying Let’s rewrite the identity (9) in the following form

conditions of Lemma 2: |

% (0(2), p(1)) = (U(2), V)¥, (7)) = 3[0(z), ¥ (O] + (H(2)), ¥ (D).

Integrating the obtained identity on ¢ on the ! 1379

0
interval[t,t + 8], t €[0,T — 5] and taking (t +8)—6(t) . in Lo =] | (U (7)== 0(t+5),0(x)d |,
the capacity of wyt)ywe obtain as result the following tt+5 k
cquality: LO=| | U ©-00,00)dz |,

t+6 t axk
Ot+5)— 0| = [dri(u(r), VYOt +5)—O()),0(r)) - o
loct+8) -6 j {((U(), VIOt + )~ (1), 0(7)) =4 [10(0,00),,dr |
t

-HO0(r),0(t+5)—-0(1)], +(H(z),0(t+5)—-0(1))}

t+o
L® =49 [[0@).0+ )y d7
t+o

. LM =| [(H().0t+0o)dr |
ot +8)~0m]" < X1 . :
k=1

b

Estimating the right part of the equality as module sum,
we obtain the following inequality:

where
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t+8

=] [(H(),0t)dz |.

T

dr [ dif u, (z’)—é’(t+5) 0(r)) |-

-0

c,'—.—u

Let’s integrate on t on the interval [0,T — &] and show, that - I d Tdt' (U (T)_ 0(t+0),0(r)) | *

ACBE

i ddt —¢9t 5),0
M dt <y V5. k=16 v [ dal] ()0t +8),00) |
0

AADG

with constant ¢, , doesn’t depending on &. Suppose O(t) =0, if U'€[0,T]. Then
Let’s consider I, (t)

T

T j d| (uk(r)aia(tw)ﬁ(f)) |-
Xy

T-6 T-6 t+0

[ Ldt< jdrj | (uk(r)—e(t+5) o) |=1,.

0

Il
S —_—)
o

=

0
- [ dat| (u ()0t +05).0(r)) |-
ACBE X

We change the order of integration and estimate J

integral and consider the integration region
&

0
— [ dat (uk(r)aﬁ(t+5),¢9(r)) |

AFDA
T CE
T8 Because of the nonnegativeness of integrand function
B b
T T o
<[dz [ dt (uk(z')—H(t+5),¢9(r)) |<
ADEF‘ 0 -0
T -
74 S <CI dducel e, [atjort+ ).

-8

Applying Cauchy inequality to inner interval, we obtain
T T 1 T 1
| dtfoc+ o), <Vs( [di|o+ o), )> <Vs([dtjoc+o),)? =
=0 =0 0

T 1
=Va ([ dtlomy,)*.
0

Let’s estimate ||u|| 5 from identity (4) |

Repeating all discussions, we obtain the following

estimation:
Jl <ol
Substituting the obtained inequalities, we have J‘ L,(dt < a, \/E )
T 3 ’
3, <C,C(f a2 Ve - T
0 ’ Let’s estimation J ,(t)dt =J,
According to Lemma 1 we have:
J, <1a1~C§
T-6 t+§

J,=3 j dt j dzf[6(r), ot + )], |<3 j dt j o], |ect+ o)), dz .

J; <EV5| j||e(t)|| Jdt< /5

It is estimated analogically the following expression:

T-5
[Lmdt<a, 5.
0
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T-o
Let’s consider Jg = '[ I (t)dt:
0

T-6 t+o

T-6 t+6
Jg = j dt j dz|(H(z),0(t +8))| < j||9(t+5)||1J5 = j de[H (@),
0 t 0 t

3T
35 <JsT2 [+ 5 dtmax|H ), C < as5.
) te

It is estimated analogically the following expression: ! According to Lemma 1 {e(n)} is uniformly limited in
L, (0,T; L,(©) N L,(0,T; W, (Q)). According to Lemma 3
{0} are equipower continuities, therefore set of all
(0™, 0™ e C(0,T;W, (Q)), satisfying formulas (5) and

(4), is compact.
Let’s multiply the formula (5) on h(t), where

h(t)eC'(0,T) and h(T)=0 and integrate on t on [0,T]..
We obtain

6('[)d'[ <ag Js.

o'—.l

Thus, we obtain
T-6 5 6
[ |oa+s)-o); dt<cVs, C=a.
0 ’ k=1

That is required to demonstrate. |

.
[0, 0) = (U™, V)p) + 90", 0], = (H,p)}dt + (6,,0(0) =0,

where (DZZh,HI,
—(uMu, aa ) +[u"®]. —Gr@" y,d)=0.
Jl

As 0" >0 in L_(0,T; L, () N L,(0,T; Wzl (Q)) and U™ —>u (weak) in J'(Q), we go to the limit in two

written identities.
For this purpose we define:

T
D lim [{(@™, U™, V)p) - (O, U"V)p)}dt =
n—o 0

T
= lim [{(8", (U™ —u, V)p) - (8™ -6, W"V)p)idt =0,
n—o 0

T | Theorem 2 takes place for the generalized solution,
as nmj{(e("), U™ —u,V)pjdt =0 because of the weak jptroduced by us.
A Let’s
H(X,1) € L,(0,T; L, (€2)),0(x,0) = 6,(x) € L,(€2)  and

T
convergence of U™ suand limitation of ”|9”12 dt.
3

22 Gr x5 ‘
——C2 <1 where C is constant from Lemma 1,
hmj(e(” 0, (U, V)p)dt =0 because of convergence g,
n—o
depending only on initial task data. Then the generalized task

9<">—>9 and limitation of [u[; on [0,T]. almost solution (1), (2) will be defined by the single way.

everywhere. Demonstration

2) The convergence of rest scalar products are caused by Let’s use the identity (5) as at the demonstration of
the linearity of scalar products Theorem 1.

We argue analogically at the transition to the limit in the , . . (n),1 (n),2
equation for the velocity. The demonstration of this theorem Let’s permit, that two solutions ¢ and 6777, to
is finished which correspond velocity vectors u' and u’ , are possible.

Let’s introduce the following designations:
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Z(n) =g —9(”)’2, v=u'-uZ

| M| < (vg™2 v, ™M) <
ey Hz Hz (Vo™ V)
n i (13)
Lets 7™ =3 nhd'. < i”v" ”em),z P
: N d W W,
The formulas (5) and (4) fulfil for (™',u'") and
(0™*,u%),and (x'™,v) satisty the following identities: We obtain from formula (11)
G+ V™ + (V02 0)+ Ay ™, 0], =0, (1) v < H;{W (14)

(', V)®)+[v,®], -Gr(z™ y,®)=0.(12)
J! Let’s substitute the result of formula (14) into formula

- . (13) and integrate obtained inequality on time, using evident
Suppose p=y",O=v.. It is followed from the

identity:
formula (8): |
HZ " =0 0,
’ 2 ~2Grk
Q) (m (n),2 () Q)
+ 9|77 dt<>==]|o dt. 15
HZ Lo i, E')‘ 20 M ‘! W, iz (15)
Taking the max operation from both parts of inequality ! ,
0<t;<T = GI’
15), making the amplification of the obtained inequality and If ZCN; <1, (where 8 =—— - Reley number),
g p quality
. ) 2 m 4
deducting the non-negative value max|y™| from the left T
0<t<T L then ®|*gt =0, i.e. equation system (5)has the unit
. V4 q Y
part we obtain as result: o 1
solution.
o zdt - Q Gr P 2 P o gt The theorem statement follows from above mentioned.
_[ ’4 ek u 9 _[ W) W, X Lo Let’s introduce the statement of generalized Reley
0 ! 0 number, which is equal on the definition to:
From the definition 7™ = ™' =™ and from Lemma 1 3
2
we have: R =R 2_(:
H
(n) ~
max” <2C.,
0<t,<T d Taking into the consideration the initial task data from
laking
then H,,C : geometry, initial and edge conditions. Then theorem
3 2 is formulated by the following way: if the generalized
T 22 Gr Reley number is less than 1, then generalized task solution
j“;/”) dt <__ch <“) (1)-(1) is unit one.
0
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PAYLANMIS TEMPERATURLU QAPALI OBLASTDA SIXILMAYAN OZLU MAYENIN HORDKOTININ
QEYRI-STASIONAR MOSOLOSININ UMUMILOSMi$ HOLLININ VARLIGI VO YEGANOLiYi HAQQINDA

Moagqalodo ozlii, sixilmayan mayenin paylanmug temperatura malik qapali oblastda qgeyri stasionar horokatinin sorhad masslasinin
imumilogmis hoalli anlayis1 daxil edilir. Umumilogmis hollin varlif1 vo yegansliyi teoremlori isbat olunur.

®.b. UmpanoB

O CYHIECTBOBAHWM U EJMHCTBEHHOCTH OBOBIIEHHOT O PEINEHUS HECTAIIMOHAPHOM 3AJTAUN
JBUKEHMS BSI3KOM HECXKUMAEMOM ) KHUJIKOCTH B 3AMKHYTOM OBJIACTH ITPH HAJTMYUH PACTIPEIEJIEHUS
TEMIIEPATYP

B paGore BBoauTCS onpeaeneHne 0000IIEHHOTO pelieHns] HeCTAallMOHAPHO! 3a1a4M IBIKEHUS BA3KOM HECO)KUMAaEMOH JKUAKOCTH B 3aM-
KHyTOH 00J1aCTH IpY HAMYUHN pacTipesielieHust Temmeparyp. JJoka3pBaeTcst TeOpeMa O CyIIeCTBOBAHNN U €IMHCTBEHHOCTH 0OOOIIEHHOTO PEIIeHHI.
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