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EXACT SOLVABLE NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS
AND THEIR NEW SOLUTIONS

E.A. AKHUNDOVA
H.M. Abdullayev Institute of Physics of NAS of Azerbaijan
H. Javid ave., 33, Baku, AZ-1143, Azerbaijan

We consider three types of nonlinear partial differential equation of polynomial form. Using the method of motion integrals the exact

solutions of its equations are found.

Introduction.

There are many methods of obtaining exact solutions of
nonlinear equations: see [1-3]. The nonlinear forms of some
linear partial differential equation are considered in work [4].
We were found explicit substitutions of dependent variables
which transform the equation under study to linear equations.
In this paper which is continuation of paper [4] we
investigate five types of two variable nonlinear partial
differential equations of third order which reduce to linear
equations by substitutions of dependent variables. We obtain
the exact solutions of one of types of presented equations. We
confine ourselves to equations of polynomial type.

Classes of nonlinear equations.
Let us consider a general linear partial equation of the
second order: |

ay, +by  +cy,+dy =0 (1)
Making the substitutions of the following form:
y =exp(yp+0o9, + fo,) )

(other substitutions lead to non-polynomial equation) we
obtain five different partial differential equations which are
linear with respect to the derivatives of the third order and
nonlinear with respect to of the second and first orders in the
dependence of relations between coefficients a, b, ¢, d,

% 0, B

La(yp,+6p,)+d(y’ o + 27500, +yp, +6p..)=0

b=c=p=0.

H 05(7“/’: + 5(0):!) + b(y2¢t¢x + 75¢xt + (Dx + y5¢x¢xx + 52¢xt¢xx + j/th + 5¢xxx) = O

c=d=p=0.

oy Q0P +8,)+ dAy’el +8%0L +yp, + 21000, + 9l + 570k + yp.. + 27500,

+§(¢XX.‘C +¢X” )] = O
c=d;f=b=0.

V. a(yp, + po,)+d (ol + B +2yPo,0, + 1o, + f..)=0.

b=c=06=0.

alyp, + Blip, +e)+dly (9,0, + @) +21/(i0,0. — 9.0, +ip,p, +2ip.0, +20,0,)
+ 7/2 (_ith - gotthx + igott - th - wfx + goti + 2i¢xx¢tx) + a(ith + ¢xx) + y(igoxtt - ¢xxt + iwxxx + ¢txx )] = 0

\Y%

c—0;b=id;f =iy.

Other equations of this class are reduced to shown |by the replacement

equations by substitutions of independent variables
(particularly x<>t).

Let us obtain the exact solution of equation II. This
equation is reduced to following linear equation:

ay,+dy_ =0 3)

54

v =exp(yo+ By,) 4)

Among solutions of equation (3) the coherent-state
functions exists (we propose a, d=const):
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! 1 i
v, =(x) "exp{—|a|2/2—0{2(2dt/2a+1)+a:x(2) Z}x(dt/2a+]) 2

1

exp{—[x—a(Z)_z(dt/Za—])]2 /2(dt/2a+])}

Substituting (5) in (3) we obtain the exact solution of equation II:

1
w,(xt)= ;/_I[ln(iz")—|a|2 /2—a’(dt/2a+1-Py”" )/ 2~

—ln(dt/2a+])/2]—(ﬂd)_la_I[(—ﬂd/2a7+x2)—4dx/\/§+a2 exp(—nt/ B+

+dy/2af )E,(2ay(dt/2a+1)/dp)]

where E, (ax)= j[exp(ax)/x]dx.

Knowing that |/, is generating function of Hermitian polynomials one can obtain others solutions of following form:

1
w.(xt)=y" [In(z*)~le| /2~In(dt/2a+1)/2)] -

—~2aB7 (=B /y+x" )exp(dy/2a—n/ B)E,(2ay(dt/2a+1)/dB)+.
+exp(—p/ B)|In[Hn(N2(=d’t* / 4a°

If the integrals of motion of equation (3), i.e. operators

A

1, satisfying the following relation:

7, a5 /di+ds? /8y =0 .

then from arbitrary solution @, ,, of equation (3) one can

obtain new solutions by following rule [5]:

v=ra,.1,.01)w

where fis arbitrary function.
Therefore if ¢ is solution of equation II then the

®

following arbitrary functions are solutions of this equation:

)
(6)
()
—1)/4x)] exp(yt/ B )dt

I ~ o~ f..r 2 _

p=Ly=Lf(1,1,,.1,)L"¢p (10)
where i is transformation operator from | to @.
() Integrals of motion for equation (3) are:

I,=0/0t;1,=0/0x; 1, =x-2tda”'0/0x (1)

One can obtain new exact solutions of equation II from
known solutions (for example (5) and (6)):

~ PP S
G=(y+p5I) ‘1nf<11,12,13>expw+ﬁ§><12)

The solutions of rest equations I — V can be obtained by
analogical way.
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E.A. Axundova

XUSUSIi TOROMOLORDO DOQiQ HOLL OLUNAN QEYRI-XOTTi DIFERENSIAL
TONLIKLOR VO ONLARIN YENi HOLLORI

Xiisusi toromoalords polinomial sokilli geyri-xatti diferensial tonliklarin ti¢ tipi nozardon kegirilmisdir. Harokot inteqrallart metodundan

istifada edarak, bu tenliklarin daqiq halleri tapilmigdir.

E.A. AxyHnaoBa

TOYHO PEINAEMBIE HEJIMHEMHBIE IU®®EPEHIIUAJIBHBIE YPABHEHUS B YUACTHBIX
IMPOU3BO/JHBIX U UX HOBBIE PEHIEHUS

PaCCMOTpeHI)I TpHU TUIIA HEJTMHEHHBIX ,I[I/I(bq)epeHL[I/IaIII)HbIX ypaBHeHI/Iﬁ B HaCTHBIX MPOU3BOAHBIX IMOJJMHOMUAIBHOTO BHUJA. I/ICHOHI)?)ySI
METO MHTEIpaJIOB IBUKCHUAA, HaWJICHbI TOYHBIC PpCeUICHUA OTHUX ypaBHeHHfI.
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