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NPEJUCJIOBUE

CIOBO «HeCTAHAAPTHHIHY B HA3BAHONA 3TOH KHEKKA BLI3BIBAET, Be-
POATHO, eCTeCTBEHHYIO HACTODPOMKEHHOCTh, UT0 3TO eMe 3a (HECTaH-
NapTHbIA ananns»? Pasee cramgapreail MareMaTHdYecKH#l awalma, Bep-
HO CHAYVMABLIE{T HAIEM YYHATENAM, OepecTaX HAC YHOBJIETBODATH?
Hy:kuo 2iu OTKasbIBATLCA OT HAKOMIEHHOIO B TeUeHAe TpeX croleTuil
GoratcTBa pal# COMHATENLHBIX HOBANMAH?

Bce aru BOTIpOCH! BaCTABJAAIOT HAC HAYATH ¢ PA3bACHEHUWA MecTa
HeCTAHRAPTHOIO0 MATEeMATHYEeCKOTO AHANN3a B COBPEMEHHO# MaTeMa-
THKe, ITO MecTO BechMa cKpomHo. HectamgapTusiit amanus me cofimpa-
etTcd OTMEHATH CTAHRAPTHHI., Bece nMelommpeca «cTapnapTHbBIE» pe3yJb-
TATHl OCTAIOTCA B CHJIe. Dojee Toro, HecTaHJZApPTHRI aHAaJIH3 He
npeTeRAyeT HAa MNOAYYeHWe HNPHHOUNEAJIHHO HOBBLIX pe3yJBTATOR: BCe
pPe3ynbTaTH, NOJYYeHHEIE €r0 MeTORaMH, MOryT OBTh JOKa3aHB o
DPUBLIYHEIME CPEJCTBaMHU,

3auem e oH HymeR? MOKHO CKRa3aTh, YTO OTJimUMe HeCTAHZADT-
HOTO cmocofa HM3N0MeHHA OT CTAHZAPTHOTO COCTOUT JHIUL B (BHIpa-
JKEHMAX, KOTOpble NpPH HAMWIEM MeToje ABIAAIOTCH Oojee NPAMBIMH A
Gosree ODpHrojmEnl Ana HcKyccTBa usobperenusn» (Jleitbmmnm). Tpyaro
CKa3aTh, HACKOJBKO BTO TAK: OOBIT HpAMEHeHHWA HeCTAaHAAPTHOrO aHa-
JU3a [OKa edle Maa, Ho ecam 910 AeficTBATENbHO BepHO (DyCTh Ja-
#e B Rebodbmoill cTemeHuw), TO HECOMHEHHO, UYTO HeCTAHAAPTHHIA aHa-
JIA3 33CAYIKABAET BHUMAHHUAL

WHBTepecHO OTMeTHTh, YTO HECTAaHTADPTHBIA amanm3 — 3Ta «MOJHAH
HOBHHKA» — M0 CYIIECTBY HE TaK YK M HOB, Ero 3apom[eHme MOMKno
OTHECTHA K TOMY ke BpeMeHU, 9T0 W 3aporKIeHHE MATEeMATHYECKOro
aHanu3a Kak TakoBoro — Kk kKouny XVI1I mexa. [lemo B TOM, 9r0o cam
MaTeMaTHYecKAfl aHaJ43 NOHBHJICA — Y OJROTO H3 CBOMX cozgaredeii,
a mMeHHo Jlefifumna,— B To#l gopme, KoTOpasn, HOKAAYH, GAMKe K TO-
MY, 4T0 cefitac UPHHATO HA3KBATh «HECTAHJAAPTHHIM AHAJMA30MY», deM
K COBPeMEeHHOMY «CTAHIApPTHOMY» HM3no:KeHHID (cM. Hmske § 12). Ilo-
HCTHHE, HOBOE — 9TO Xopomo 3abeiToe cTapoe.

B aToii KHEKKe MBI NBITaeMCH HOKa3aTh, B IeM COCTOHUT CYTh He~
CTAaHJAPTHOrO aHAJMA3A, NAB TYHTATENI BO3MOMKHOCTH COCTABHTH MHEHHE
0 TOM, HACKOJBKO OH MOKET OKA3aThCA HOJE3HBIM,



§ 1. HECKOJIbKO TPUMEPOB

Ormocarca nu rpudoHH M eSHHOPOTH K [IO3BOHOUHBEIM?
Hax ycrpoemn mx asufokpunHbie cucrembl! Hax nporexaer
XUMHYecKas peaknous Mmemny duiaocodckum xamueMm u uro-
rucroroM? UYmrarenn, ofHApYRUBMIME B CTephesHOl Hay4yHOMH
monorpaguu obcyssjgenue momobupix 1pobieM, Oyfmer, Hamo
AyMaTh, HECKOJIBKO OLIapamieH.
A BeJb OTHENbHBIE CTPAHUMBL
COUMHEHNUH M0 HecTaHJapTHO-
My aHAIM3y MOIYT DpPOHM3BE- “YyrdyfF——~""=~=~ === /
CTH Ha HENOATOTORJAEHHOIO Yi- !
Tatens (BOpOYEM, [OCTATOYHO !

|
!
{

HOXCOTOBJAEHHOTO, HO HMEHHO Yr———""= .
B obxactu o0BIYHOI, craEjapT- {
o |
HOII MaTeMarTHKu)  CXOHOE o —
soeuaTaenne. Bor mexoropsie
DPHMEpHL, Pme. 1

Hpumep 1. Borumennm wpowssoguyio ¢QyHRmunm y =
=z°, Jlagum aprymenty z opupamenue dx, mepeigd or
TOUKM Z K TOuKe Z -+ dr. BrIACHEM, HacKOJBLKO OpH HTOM
H3MeHMI0Ch 3Hadenue ¢Qysrnun. B Touke z omo pasma-
qock z*. B Touke x+dx omo pasmaerca (z+ dz)?=z*+
+ 2z -dx+(dx)®. Tarkum ofpasoM, oHO mn3MeHSeTCH Ha
dy =2z -dz+(dz)* (pmc. 1). Ormomenue npmpamenns dy
gyurmun ¥ =2’ K DpHpameHHio dr apryMeHTa Z DABHO

day 2z.dx - (d:zc)2

- = -~ = 2z + dx.

Ecnu dx Geckomeuno mamo (3aumen: dz = 0), 10 wieHOM
dx B cymme 2z + dx MomHO mpeHebpeub, W HCKOMAasg IPOM3-
BojiHas (OTHOIIGHHE HpHpalieHusas PYHKUUE K IPHPaNleHHIO
aprymenTa, ecim mHociaefHee GecKOHeUHO Majo) paBHA 2.

IIpumep 2. BolumcanM amanormumbiM  cmoco6oM mpo-

usBopEylo ymknum y=Vz. Ilpupamenue dy pasmHO
]



' - a
Yz -+ dx — Yx; gacTHO® __y_ pasno

ViTE—VE _ (VxJ—dx—Vz)(Vx+dx+1/")
dz dz(Vz+dz+Vz)
r-t+dz—=z _ 1
T a(VitatVz) Vatat Ve
Baas dx GeiHOHequ MEilJIBIM, moJIydaeM, 9YTO MPOU3BOJ-

Has pPaBHA Vs Ve " yE e

Hpumep 3. 3tor mpuMep OTHOCHTCA HE K BHIIHCIE-
BHI0 yero-1u0o, a K OIPEjie]eHNI0 — OIpe/ielIeHNI0 HOHATHA
uarerpaxa. Wraxk, 410 jxe TaKoe HHTerpax

b
[ 1(@)da

or ¢ymrnunm f mo orpesry [a, b]? Pasobrem orpesox [a, b]
Ha Oecronedno Ooxpmioe uwucio H wgacreii GecKomewyno Ma-
aoit puumst dz (tak wro b= a-+ Hdz). Paccmorpum remeps
CyMMY

fla)+ flatdz)+ f(a+ 2dz)+...+ fla+(H —1)dx),

COCTOALIYI0 W3 OECKOHEUHOIO uMCAa WIeHOB, a HMEHHO N3
H «anenos. 3uaueHde »TOH CYMMBI, YMHO)KEHHOE HA dx u
OymeM caurars WHETErpasoM or QyHRIEX f.

Ilpumep 4. JloxazaTensCrBO PaBHOMEDHOH HempephIB-
pocTn (yUKNUY, HempephBEofl Ha orpeske. HeupepsiBEOCTH
dyuruun f B TouKe x o3Hauaer, 9To. JUiA Jai00oil GecroHETHO
Gmuskofl K Hell Touku z’ smauenne f(z') Geckomeduno Gamsko
K [(z); HHadYe roBopd, JJA BCAKOro z’

rz=f(z')~ {(x), (1)
Iie 3amuch o ~  0sHauaeT OECKOHEWHYID OJH30CTH UMCCJN
o u B. Hockoapky mo ycmosumio ¢ymHKOua f HEOpepeBHa B
KayKl0if TOYKS Z, TO (1) BemmonmmseTcA msA BCEX X M JUIA BLeX
z’'. Takum o6pasoM, Geckomeunas OXH30CTH JIOGHIX JIBYX ap-
IyMCHTOB Bieuer 3a coboii Gecromeunyo 6amsocts 3maveHuil
¢yHKRIENA, a HTO W 03HAYAET PABHOMEPHYI0 HEHPEepPHBHOCTE.

Hpumep 5. Ilocrpoenme HEm3MepHMOIO MHOMKECTBA.
Hampoe peilcTBHTENbHOS YHCIO Z, YHOBIETBOpAOIEe Hepa-
BeHeTBYy O <Kz << 1, pasnaraem B 0ECKOHEUHYIO [IBOHIHYIO
Ipo0b; faa ofecnedennss OJHO3HAYHOCTH B3anpeniaeM pasio-
seHnsd ¢ (eCKOHEYHBIM YHMCIOM HAYNIMX NOAPAN €NHHHI,
OurcupyeM OpOU3BONLHOe G(eCKoHeYHO GONBINO® HATYPANL-
BHO® HHCIO0 v B oT0MpaeM Te AeHCTBHTeJILHBIC YHCIA, Y KOTO-



51X V-1 WIeH DasiOeHWA PABeH eJIMHANG; MHOMKECTBO BCEX
oToBpamEBIX TaxmM o6pasoM MeHCTBUTONBHEIX THCEN HEH3-
mepumo mo Jlebery.

Ipumep 6. Pasnomenne cmmyca B GecKomewmoe mpo-
mssenenne. OTIPABIAACE OT PaBEHCTBA

“0* = (1+%)’, (2)

rie i osmadaer GeckomewHo Gomemmoe wmemos (0T MATHHCKOTO
infinitus, gro smagmr ,0ecroHeunsilt”; He myrtaTh ¢ 0Go3ma-
qeHmeM MHEMOH eJMHHANE, HPOMCXORAINEM OT JATHHCKOLO
e imaginarius, 4To BHAYHT,,BOOOpa;KaeMBlil'‘), ¢paccMoT-
puMm BHIpa{eHHe

cowrm (1 5 (1=5)s @

Jlatee, HcoonbayeM JeAMMOCTb ABYWIeHA a” —2z" Ha Tpex-
wiensl Bafia @’ — 2az cos (2kn/n)+ z*, npuvem momaraem a =
=(1+2z/1), z=(1—=z/i), n=1. «Tax xax gyra 2kn/i Gecko-
HeYHO Maja, To

2
cos 2‘—n=1——£’£—n’». (4)
' i

2
Tostomy «pynaunus e* — e~* GyneT MednTHCA Ha 1+———
k2ﬂ2

2 2
x° z

——5, TJle 4JIeH — MoMeT OuiTh omymern Ge3 omacenns, MoTo-
i" i

My 4TO Aake IOCH® YMEOMenus Ha [ OH ocramercs Oecko-
ReuHo ManmiM. Kpome Toro, mepshlii MHOEHTenb Oynger pa-
BeH z. BcnemcTeue aTOro mocsie pacCIONOMKCGHMS 9THX MHO-
muTeaeit mo nopaary Gymer

.‘E2 .‘62 .1}2 12 ) 232 )
x@*ﬁ@ﬂﬂﬁuﬁﬁﬂmﬁ+m2@

n 1. g» Jleras B Tompmectse (D) moacramoBry x = zV—1,
nojiygyaeM OKOHYATEJIbLHO

z?' Zz 22
i = Z —— —— —— | 6
sinz (1 nz) (1 zmz) (1 an) (6)

CryfeHT-MaTEMATHR, OTBET KOTOPOTC HA BK3aMeHe II0 Ma-
TeMaTHYeCKOMY aHagm3y copep:;an Obl mepeckas Jioforo m3

7



W3JI0KeHNEIX NPUMEPOB, HANO0 AYMATH, HMONYUMa Ol JBOHKY.
Opnako cmocof BHIYUCICHNA NPOW3BOAHON, MpUMeHEHHLIH B
npuMepax 1 w 2, ykazam B § 7 ra. 2 xumrm Mapruua
Hepnca «IIpmrnaguoll HecTampaprHBI# amanms» [3], mpume-
pel 4 m O 3amMMCTBOBaHBL M3 TOIl sKe XKuHHTH (Teope-
Ma 5.8 m § 9 rn. 2), a ounpenenenme mHTerpama B3ATO (C
HECYINECTBEHHBIMA H3MEHEHWAMHN, B TOM YUCIe CO3HATEILHO
JONYINEHHOW HETOTHOCTHIO, KoTOpas Oyjer wucmpapleHa
naaee, B § 8) u3 xumrm Heficiepa «Jnemenrapusiit apamrns»
[38]. Tlpumep 6 Bocupem3BOAWT paceyxmeHmsa Jilnepa, CO-
mep:Rampumeca B § 155—158 neproro roma ero counnenus «In-
troductio in Analysin infinitorum», ony6amxosammoro B
1748 r. (pyccrwit mepesoj ¢ narmuckoro cM. B [16]). Texer,
B3ATHII UpH HM3J0KeHUH npuMepa 6 B KaBLIuKW, HpmHAAIE-
JKAT HENOCPEICTBeHHO Jiliepy; B3aKMOuUUTeNsHad QopMyra
(6) ecrn smamemmras QopMmyna Jimepa JiA CHHYyca, BepHad
npu 11000M KOMIIEKCHOM Z.

Ecam npumepnt 1 m 2 X0t W MOTYT OIOKUPOBAThH 1Aac
HaNBHON HECTPOTOCTHIO, HO BCe ’Ke B M3BECTHOIT Mepe COOT-
BETCTBYIOT WHTYHIWH, TO UPHEMEpP 4 OPOTHBODEYHT Ha Iep-
BB B3IJIAN WMEHHO 3JPAaBOMY CMBICIY: OCTAeTCA HEmOHAT-
HHIM, NIOYEMY TPOBEIEHHOE paCCy;RIeHMe HeNIL3sA NPUMEHNThH
He K OTpe3Ry, a, CKajKeM, K HWHTEpBAaly, /I KOTOPOro, Kai
H3BECTHO, TEOpPEMa O pPABHOMEDPHOIl HEempPepHIBHOCTH HeBep-
na. IlpaMepsr 3 m 6 (ecanm He 3HATH, 4TO DOCHEHEHUIl IpU-
HaJUIeKAT Jitmepy) upoumsBofiAT eme 6osee cTpaHHOE BIle-
YaTICHHME, a OPUEMEp O HpPeJCTaBIseTCA HPOCTO-HAHPOCTO ald-
paxamabpoii.

Hecraupaprasiit amanms, OXHAKO, HWOUYTH CIUIOMIL COCTO-
ur 3 nogobmoli «abpakamabpui», uMelImel B HeM TOYHLIM
MaTeMaTH4yecKuil cMbica (aaA npuMepoB 1—6 srtor cMbica
Oyner nporomMenrumpoBar Hmke, B § 8). Om mossomser, B
YaCTHOCTH, ¢ HOBOM TOYKA 3pEHUA MOCMOTPETh HA MHOTHE
paccy:ReHNAa KJIACCHKOB MaTeMATHYECHOTO AHAIM3a, KasKy-
nimecA HeCTPOrMME, HO NPHBOAMAINAE K YCIEXY, W NyTeM of-
HOCHTEIBbHO HeOONLIIMX YTOMHEHHH cAenarb MX YIOBIETRO-
PAIOIMUME COBPEMEHIBIM KPUTEPUAM CTPOTOCTH.

§ 2. YTO TAKOE BECROHEYHO MAJIBLIE?

ITepsoe, uTO HYIKHO YTOUHATH B NPHBEJEHHBIX B IIPEILI-
nymiem uaparpade «HECTAHAAPTHBIX» PACCYKICHHAX,— HTQ
noHATHe GeckomevHo Mauoil Benmymnsl, OnweE m3 HauGoree
UPAHOIMOHANLEEIX MOMEHTOB HECTAaHJApPTHOrO aHam@3a co-
CTOHT B TOM, 4TO OGCKOHEUHO Majble PacCMaTPHBANTCA Ie

8



Kax MepeMeHHble BeTWYHHLI (T. €. He Kaxk (JYHRIAH, cTpe-
MAMKEecA K HYI, KAk ydaT HAac COBpeMeHHble y4eOHUKH),
a KAX BEJMYMHLI [OCTOAHHLIE, ¥MECTHO OTMETHTh, 4TO Ta-
Kol TO/XOA XOpOmIO COoIVlacyeTcA KaK ¢ HHTYUIuedl ecTect-
BONCIIBITATENA, TAK H C pealbHOH UCTOpHEe:r 3apoKeHusd
MaTeMaTAIeCcKoro amamu3a, UTo KacaeTcA MHTYWIHEH, TO JO-
CTATOMHO PACKDHITH M0060H yaeGHNK (Puamkm, 4T00H HATOIK-
HyTbCS HA OECKOHEUHO MAajible OpHUpaleHns, OeCKOHEUHO
Masisle 00LeMBl I T. 0. Bee 9TH BeIMIMHEI MBICIATCA, pasyMe-
ercs, He KaK HepeMeHHble, a OPOCTo KaK 0YeHh MajieHbRue,
NnouYTH pasHble HYJa0. DBbuto 0 HempaBWILHO CUATATH MO-
n06HOTO pofa MHTYHOUIO npﬂcymeﬁ JIUNIE aBTOpaM ydeOHm-
ko ¢umsurku. Bpag nm karofi-To MaTeMaTHK BOCHPHHHEMAET
(HarIAMEO) dAeMEHT Ayru ds mHAYe, 9eM «0YeHb MAJEHLKYIO
ayry». JloGoit MaTeMaTuy, COCTABIAA COOTBETCTBYIONIE®
nuddepernaibuoe ypaBHeHAe, CKAKET, YTO 38 OECKOHEYHO
Majoe BpeMs di ToYKa npoimia 0ecKoHeYHO MAJHIl nyTh dr,
a KOJNUYECTBO PAJAHOAKTHBHOIO BEUIECTBA M3MEHMWIOCH Ha
Gecroneuno Majuyl sexmuumpy dN.

Yro e Kacaercs NCTOPHM MATEeMATHUECKOT0 AaHAJNN3A,
To B Haubosee ABHOH (popMe M3MAraeMBIl IIOAXOHA HpPOSBHI-
€y OJHOTO W3 OCHOBOWMOJOMKHUKOB 9T0# Hayrum — Jleiibnm-
na. B mae 1984 r. menonmmaocr 300 mer ¢ Ttoro nams, Kak
cuMBONEl dr m dy BOEDBEIEe MOSABHINCH HA CTPAaHMIAX MaTe-
MaTHYECKAX OyOnMuKamuil, a NMeHHO B 3HAMEHHTOM MeMyape
Jei6uuna «Hossri merom...» [7]. Umenno Jleiibmny scuee
APYTUX OIIyINa 6e0H0Hequ Malble BEJIMYAHBl IMOCTOSHHBI-
M (xora m BoOOpa)RaeMBIMH, HAEATLHBLIMM) BEJIMIHHAMH
ocoforo poja, m umenHo JlefiGumn cdopmyanposan Ipa-
BIJIA OHEPUPOBAHEUA ¢  (ECKOHEYHO MAaJbIMH B BHJe HC-
YiUCAeHAA,

Urar, peusr Gymer maTm o GecKOHEYHO MajbIXx YHCIAX.
Karoe me wmcno ciaeayer HA3HIBAThH OCCKOHEYHO MajbiM?
Bo-neperix, koueuyso, mynn! Ho 210 me muTepecmo — mure-
peco HafiTm OecKOHEYHO Majoe 4YHCJIO, He paBHOE HYIIO
(mampuMep, modoMkuTeNbHOE). Kaxue mONOEATENbHBIE YHC-
I3 ciaefyer HasLIBATh 0ECKOHETHO MAJIBIMIM?

IlepBsiit — caMbIil HAMBHEIH — OTBET TAKOB: IOJOKHTENE-
HOe 4YHCIO €& HashiBaeTcA OECKOHEYHO MAaJbIM, eciaH OHO
MeHbBIIEe BCeX NOJOMKUTEIbHEIX wucea (puc. 2). Jlerko moHsirs,
0;1HaK0, 9T0 GECKOHEeYHO MAJBIX B 8TOM CMBICIE MOJOMKATEND-
HBIX umces He OBIBAaeT: Bejb €CIH YHCIO MeHLIIe BCeX
TIQIORUTEILHBIX UHCET H CaMO MOJO0KUTEIBHO, OHO JOIIKHO
Ooite MeHBII® camoro ceGsa. IlonsiTaemcs mcnpaBuTh 11070-
swenne, norpebosas, uTobbl & OBLIO MEHDIIE BCeX ApPyrux

9



TONOKUTENPHBIX YHCEN, HO OoJbLINe HYIA, T. €. 9T06ul e
OblI0 HANMEWBIIMM B MHOMCCTBE LOJOKHTEILHLIX YILCEI,
Ha wumcaosofi ocu Takoe & HOMKHO H300pasuThed caMoil
nmeBoit Toukoir MuoskecTBa (0, +oo) (pmc. 3). Iro «oupe-
Aenexme» GECKOHEYHO MAXOTO YUCHA YACTO MPHBOJAT HIKOMIL-

WLLLLLLLLLLL L L L L L L L L LA L Lk bl
V77 7. G

-
-

(lonoM U TeNLHbLIe HUCNA

Puc, 2

HHKI, TOJLKO YTO HAYABIINE H3y4aTh MATEMATHUGCKHH aHa-
am3. K coskaneHmio, 4dmnena € ¢ YKa3AUHLIMH CBOHCTBAME
Toe® HeT M OHITh HO MOMKeT! €CHH & NOJOMUTENLRO,
10 uyHeao e/2 Gymer HOMOMKUTENBHBIM YHCIOM, MeHb-

| L Ll L Pl LLLLL LI L,
T V7rTr 77 (L 7.

flonoKNTENBHBIE YMCNA

Puc. 3

muM e, (Cormacmo oOBIYEBIM CBOHCTBAM  HEPABGHCTB
oA Bearoro a > (0 erimonusioTeA HepaseHersa 0 <a/2 <
<a). Tar 4ro eciam MBI HE XOTHM OTKA3HBATLCA OT NPH-
BEIYHBIX HaM CcBOficTB [efiCTBH1ENBHEIX Ymcea (HAUPH-
Méep, OT BOBMOIRHOCTH DasjennTs Jjio6oe IWCIO HA 2 MIH OT
BO3MOMRHOCTH YMHOQJKHTH Ji060® HEPABEHCTBO HA MOJOKH-
TOJBHOS YHCIO), HO XOTHM HMeTh GeCKOHOYHO Maible dWuC-
na, TO OpHBeJeHH(O® ompefeleHHe OecKOHeUHOH MamcCTH HO
rOJITCA,

Bonee maompennoe onmpefelenme OeCKOHEYHOW MajiccTh
grcna ¢ > 0, xoropoe MEI u 6yneM HCIONL3OBATH B JajibHeii-
IIieM, TAKOBO. DyneMm criajsiBaTh 49HCIO0 &€ € caMAM coGoi,
moyuas qmcia e, e+ e, e +etTe etetetenuwr g Ec-
/M BCe HONYyYeHHBIe 4HCIa OKamyTcd MeHbme 1, To umcmo
¢ @ Oymer HasslRaTheH OecxoHeuHOo MamelM. J{pyrmmum ciosa-
MH, ecam & GeCKOHEYHO MaJo, TO CKOJLKO pas HHE OTKIAIEI-
Bail OTPe3OK JUINHEI € BJOJIb OTpe3Ka [AuHBEL 1, X0 KoHIA Ha
poitmewrs (pue. 4). Hame tpefosanne r GeckoHeTHO Mamlo-
MY € MOYKHO Uepelucats H B Takoll dopme (mojennB Hae):

1 1 1
1<—?11+1<—;11+1+1<?1 )
10



Taxmy o6pasoM, ecim uucao e OGecKoEeYHO Mano, TO
qucio 1/¢ GECKOHEUHO BEJMKO B TOM CMBICHE, UTO OHO GOJb-
me mioboro m3 wmcex 1, 1+1, 1+141+1, 1+1+1+1 n
r. g Tag 4UTO ecadm MBI HayHEM H3MEDPATE OTPE3OK [JIHHONR
{/e ¢ MOMONILIO BTAJOHA JAWHHL (T. €. OTKA&JALIBAA NOCIe-
JOBATEIBHO OTPE3KH eJMHMYHON [UIMHEI), TO Hpomecca wua-
MepeHHA HUKOI[A He 3aKOH4EM. /13 CKasaEHOro MOMHO BH-

.
e

Puc. 4

[eTh, 4TO CYIIECTBOBamUWEe GECKOHEYHO MANLIX DPOTHBOPEIHT
ToK Ha3bBaeMo#l axcuoMe ApxmMmena, KoTopas YTBepiRAaer,
yyo mad JIO0BIX JABYX oTpeskos A W B MOMHO OTIOMHTE -
menpmmii u3 oux (A) croasko pas, yToGH B CyMMe IOXy-
YITH OTPE30K, MPeBOCXORAMNE ho AauEe OOXBHIME OTpe3oR
(B). (Ha pmc. 5 moTpeGoBaIoCh OTAOMKRHTL OTPE30K A 49eTHI-
pe pasa.)

Ilpusenennas QOpMyIEPOBKA KacaeTCA OTPE3KOB; eCiam
cunraTh (Kax sro 0oOLIYHO jledaeTcs), UTO JUIMHBI OTPE3LoB

Pac, 5

ABNAITCH YUCIAMHA, MB OPUXOAUM X Tako# (GopMyJHpOBKe
akemoMbl Apxmmena: Oif aio0BIX ABYX 4Hcesa a4 U b, aius Ko-
topeix 0 <ae<b, oguo m3 mepasencts a+a>b, ata+
+a>0b,... obazarensH0 BHINONHEHo. B pmampmeilmem, ro-
Bopa 06 axcmome ApxuMena, Ml GyleM HMeTh B BHAY HMeH-
HO 3Ty ¢opMynupoBry. M3 Hee BHAHO, YTO B MHOMKECTBO
TMeHCTBUTENLBHX yucesa (IrAe 5Ta aKCAOMA BHIOONHHETCH)
OeckoHEYHO MAaJBIX HET: 4T0o0E Y6EJATHCH B 3TOM, KOCTATOY-
HO NOJOMHTH @ =g, b=1. Mu ysupmm B jansmeilmieM, 910
Ha caMoM Mejie aKcHoMa ApXmMeHa PABHOCHJIbHA YTBEep:Hje-
O 00 OTCYTCTBHE GECKOHEUHO MAJIBIX JIEMEHTOB, He pas-
HEIX HYII0,
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BriBom M3 Bcero CKa3saHHOTO TAKOB: €CAM MBI XOTHM pac-
cMarpuBaTh OECKOHEYHO Manble, HYKHO pAaCIIUPUTL MHO-
mectBo (R jeficTBUTENBHBIX uMCeN 0 HEKOTOPOro GobiIe-
ro MHOMecTBa ¥R. DJieMeHTH 9TOTO HOBOTO MHOXeCTBa 6Yy-
JeM HasbIBaTh 2unepdelicTeureabHuimu uucaami. B meMm
aKcumoMa ApxuMe[a He BBIOONHSETCA W CYIIECTBYIOT GecKo-
HE4HO MaJjble (B CMBICIe HOCHEJHET0 OIpefeleHnd) yucia —
TaK®e, YTO CKONBbKO MX HM CKIafgpiBail ¢ coboil, cymma Gyjaer
Bce BpeMaA ocraBathea Memblue 1. Ilojo6uo ToMy Kay o6GBIU-
HBI (MM CTaHJApPTHBI) MATEMATHYECKWH AaHAJIM3 3aHH-
MaeTcA WN3Y4YeHMEM MHOKECTBA JIEHCTBHTENBLHBIX umcen K,
HECTAHAAPTHBIH aHajgN3 M3Yyd4aeT MHOMKECTBO IHUmepHeicTBH-
reapubix uncea *R. Ilonyuennele mpm 5ToM pesyJIbTaTH He-
HONB3YIOTCA A ucciefgosanua ceoiicts [R. (Taxum ofpa-
30M MOTyT OBITh IOJNYYEHHI «HECTAHJAPTHBIE» HOKA3ATENLCT-
Ba CBOICTB OGBLIKHOBEHHBIX JeHCTBATENIHHEIX THCEI.)

ITopsanox ma R apxumenos, a ma *R meapxmmenos: sTo
sHaunt, uTo B R axcumoma ApxuMesa BHIIONHAETCA, a B &
e seigonugercA. Ilo »roit nmpuumne cramgaprebeil (06BIY-
HBIll) awmamws, maygawmumit R, maswsaerca eme aprumedo-
6blL¥, 8 HECTAHAAPTHHIA aHanus, mayvaommii *R, nasbsa-
0T HeaprumedosviM.

Wraxr, gas mocrpoeHns necTaHmaPTHOrO aHajimsa Heobxo-
JAAMO PACIINPUTH MHOFECTBO NeHCTBHTENBHBIX dWHCed 10 6o-
Jiee IIUPOKOI0 MHOMKeCTBa rumeppeficTsuTeapubix umced. Ho
Ipe:sie IOTOBODEM O CAaMHX JeHCTBHTEJBHBIX THCIAX X UX
OPOUCXOIK/IGHH.

Jlo cmx mop MBI MOJYAIMBO IPEANONATAIN H3BECTHHIM IO~
HATHe [eficTBUTenpHOTO wumciaa. TeM He MeHee He CTOMT 3a-
OpIBaTH, 4TO MOHATHE JEHCTBUTEILHOTO YHCHA IIMEET NOJITYI0
HCTOPMIO, HadaBImIyloca eme B jgpesHeil I'pemum (o uem Ha-
IMOMHHAeT HasBaHHMe «aKcmoMa ApxmMena») H 3aKOHYHBIIY-
wea yumbs B XIX Bexe. YpoKEW 5TO#t MCTOPHM IDOMOIYT HaMm
JyYllle HOHATH MECTO TIHIepAefiCTBATEeNBHBIX YHCEN CpeAH
PABIMYHEIX IUCIOBHIX CHCTEM.

Camoll mepBoHAYANLHON M OCHOBHON YHCIOBOM cHcTeMoi
SABJIASTCA, KOHEYHO, CHCTEMa HATYPAJbHBIX vmced. Masecr-
HOe uspeueHwe HeMmeNmxoro wmareMaTtmka JI. Hpomexepa
(1823—1891) «Die ganze Zahlen hat der liebe Gott ge-
macht, alles anderes ist Menschenwerk» («l'ocmoas 6Gor
COo31aJ IeJble YHCAa, BCe OCTAJIBHOE — MEJN0 DYK YeJoBeue-
. cKux») B eme Goxpiell cTeNeHN NPEIMEHAMO K HATYPalIbHBIM
wicioM (BUpoueM, cKopee Bcero, Hponexep mMenx B Buay
KaK pa3 HaTypaJbHbIe THCAA, A HAII IIepeBOj CAUIIKOM Oyk-
BAJbHBI).
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HarypanbHbIX gmcen, OIHAKO, OKA3HBAOTCA MalNO: IbI+
rafgch PEHINTh ypaBHeHHe 3+ =2 B HaTypaJbHHIX YHC-
aax, Mbl O0OHApy:XHABaeM, YTo OHO He HMEET peIleHAd W Ha-
me KelaHHe ONPEJENHTh ONepalui0 BHIYHTAHHA OKAa3LIBAaeT-
¢ HeyHoBieTBopeHHBIM. IloaTOMY MBI pacmmpsaeM MHoMe-
¢TBO HATYDPAJLHEIX YUCEN O MHOJKECTBa NeAbX uncenl. B
sTolt (HECOMHEHHO, XODOIIO 3HAKOMOH YHTATENIO) UpoHeaype
JA Hac cefiiac BaKHO CIeQyIoINee: KaKMM 0GpasoM MBI OIl-
pejleluM CIOEHHe U YMHOMenme Ha mexsx umeiaax? To,
uyro 2+ 2 =4, MOKHO yBHIeTb, CJOKUB J(Bé Ky4YH IO [Ba
gbmoxka B oaHy. Ho mouemy MBI cumraem, uro (— 2)+
+(—2)=(—4)? Iouemy mbI cumraeM, uro (—1):-(—1)=

ITH BONPOCH He TaK TPHBUANBLHLI, KAK HaM celiyac MOkeT
noxasarscid. Hafitm npaBwibHBIA oTBeT GyneT nerde, ecam
chopMyIHPOBATE BOHPOC MHAYE! UYTO TJIOXOTO IIPOH30i-
IeT, ecaw Mbl OygeM cumTarh, Haupumep, yro (— 1) (—1)=
=— 1? OrBer mpocr: B 3TOM cIy4ae XOPOINO H3BECTHHIE CBOIi-
CTBA CIOMKEHHA W YMHOMKEHHA HATYPANbHBIX 4hceNn (KOMMY-
TATUBHOCTh, ACCOUUATABHOCTE M [p.) He OGYAYT BHIIONHATH-
ca gna menwmix umcen. MosHO moOKasaTh, 4UTO OOHIYHOE
onpejeneHne oUepanuil Haj OTPULATENBHEIME YACIAMH eInH-
CTBeHHO BO3MOKHOE, eClIH Mbl XOTHM COXPAHHTb OPHBLIYHLIE
cBolicTBa omepanuil CIOMEHUA W YMHOMKEHH.

TyT cneyer OCTAHOBATHCH H COPOCATH: KaKHe e MMEHHO
CBOIICTBA CHOMEHHS M YMHOMEHHS MEl XOTMM COXPaHHTE?
Benr ecam Obr MBI XOTENH COXPAHHTL BCe CBOHMCTBa, TO BBE-
JeHNe OTPANATENABHEIX umcesa Obu1o GBI He TOIBKO HM3JIMITHE,
HO W BpeIHO: CBOHCTBO «ypaBHenme z+ 3 =2 He mMeer pe-
NIeH®», BepHOe NI HATYPAAbHBIX GHCEN, CTAHOBHTCA HO-
sBepEbIM AuA nmensix! Ecam e Mpr HUYero He xoTmy coxpa-
HHTB, TO 3a7a4a CTAHOBHUTCHA CTONL e JIerKolt, CKoxp W
OyCcTO#: MOIKHO ONPENEJINTh ONEPANNH C OTPHNATeNLHBIME
quclIaMB Kak yroAamo. IlpaBmiabubiil BoIGOp 37eCh, KaK 00BIY-
HO, mpejcTaBiAeT coGoit ymenoce gasupoBanue mexay Comi-
JoH crxemoro caemoBaHMA TpamunuaM H XapuOpoi Gecmiop-
HOTO HOBATOPCTBA.

Bosspamasch K WCTOPUM PAa3BUTHSA MMOHATHA 9HCJIA, MBI
BHJAM, YTO BBeJleHHe OTPHUIATENbHBIX YHCE]A HE KOCTaBIAeT
LOJHOrO0 YAOBIETBOPEHMA: ypaBHeHHe 2 - = 3 no-mpexsHe-
MY He WMeeT pelmleHHs. JTo HoOyHJaeT BBeCTH PANHOHANb-
ueie (mpoGueie) wncna. Ho m atoro HegocTaToyro: oT panu-
OHANLHEIX YICeN NPUXOAUTCA NepeliTH K JelCTBHTEJbLHLIM.
B pesyaprate momydaeTcss MOCISIOBATEALIOCTH MEOMKECTB
NcZc Qc R (marypalbBbiX, LeJbIX, PAaHOHANLHLEIX M
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nefictaurensanix wmcen; A < B osmawaer, uro Bearmii ane-
MeHT MHOMKecTBa A DpEHAMIEKHT MHOomectsy B). B aroif
mOCHeA0BATEILHOCT KaKEoe CJefyIomee MHOMKECTBO BRIIO-
yaer » ceGa mpedbyinee, OpH TOM HMEBIIHECA B IPEALLAY-
MeM. onepandy OPOAOJIKAIOTCA Ha Ccleayiomee, Gojnee IUH-
pOKoe, MHOKECTBO, COXPaHAsA CBOH IOJE3HbIe CBOMCTBA.

Mo xoTEM OpPOJONKHTL 3TY NOCIENOBATEILHOCTL ellle HA
ON¥H uYIeH, HOoXy4HB mociefoearenbrocTh NC Z Qo kK<
C *R, rre ¥R — MHOMKECTBO FHIepAeHCTBUTENABLHBIX YuCe..
Saberag Bmepef, CKameM, 9TO HOBBI# mar pacmmpenus Oy-
HeT nMeTb MHOro o0mero ¢ OPeAbIAYIIMMH: MBI OPOJOJKEM
Ha *R mveemmeca B R onepamum, coxpaHMB HX IOJE3HBIO
ceoiictea. Ho OyayT um mBa BajKHHIX orTnuvmA. Bo-mepBbiX,
sTo pacmuperue (mepexog or Rk *R)  MomHO BLITOJ-
HATH MHOTEMHE PAa3iAMYHBIME cnocofaMuy: MOMKHO HOCTPOHUTDH .
CYNICCTBEHHO pAsiHvHEIe MHOMeCTBA *R, HH O/IHO M3 KOTO-
PHIX uWYEM HEe BBIJENACTCA CPelM OCTANLHEIX. B To xe
BpeMa BCO HpeAbIAyINue Mard HAINEro PacIIApeHdsd THCIO0-
Boii cuereMs or N KR Onim B HexkorTopoM cMEBIicae o-
nHosuavasl. Bo-Broprix, ecTh pasauume B HamAx mexax. Kc-
au npempe (meuragce or N k [R) Mpr crpomnm momyto
9HCJIOBYI0 CHCTEMY NpeMJe BCero JIA TOTO, 9ToOml mccie-
JIOBATbL €0 CBOHCTBA M €e NPUMEHeHHs, TO HOCTPOeHHAA CH-
creMa *R nppejgHasHadaeTcA He CTOJBKO JAA TOTO, TroGbI
HACCNEI0BaTh ee CBOiicTBA, CKOJNBLKO Jid TOro, uTole ¢ ee
noMoliLl0 mecaeoBarh cpoiictea K. Bopowem, 6ETE Mo-
JReT, pasiHuMe M He TAaK BeJIUKO: W pPaHbIIe pacCIIMpenye
YnCa0BO# cHCTeMbl OHUIO OJHMM M3 CIOCO00B MONYIeHUA HO-
BHIX 8HAHHHA 0 cTapex o6Lexrax (mpHMep: aHAJATHYECKAA
teopua umcen). Kpome toro, mmomecrso *R moxmo pac-
CMAaTPHBATh, OLITH MOJKET, KaK COOTBETCTBYWOINee ¢mn3utue-
CKONl peampHOCTE B He Membmell (Z pmame B Ooxbmell) cre-
penn, yeM R (cm. o6 atom B § 12).

Wrax, BepEeMca K crodiueil mepeX HaMm 3ajgade: Heol-
X0[IMO DPACIIEPATH MHOKeCrB0 R AeliCTBATEALHBIX umces
mo Gonpmero muoskecrBa *R, comepixamero GeckoHedHo Ma-
ALle, COXpaHHB NpPH 9TOM Bce moiesHble ceoitctea R. Ilent-
pajibHBL BOUPOC 8HECH, PasyMeeTcsa, COCTOHT B TOM, Kakue
MMEHHO CBOMCTBA [eilCTBHTEJLHEIX YHCET MBI KENaeM Co-
xpauntb, OTBETHM Ha 3TOT -BOUPOC HE Cpa3y, HA4aR € Ha-
ubojee NpPOCTHIX CBOACTB JEHCTBETEALHBIX YHCEI,

- llpempme Bcero, Mp xormM, 4T00H rEnepfeicTBATENbHbIS
upcaa MOMKEO OBLIO CHIAABIBATH, YMHOMKATh, BLIYHTATE U
Aennthb, 9T00L aTH omepammu obmajanu OOLIYEEIMH CBOMCT-
BaMW, HA3LIBAeMBIMH <axcmoMamu moaa». ChopMymapyem mx,
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Cpefu rrnepieficTBATENBHBIX UUCEN OMKHEI OLITH BBI-
nesenst yacaa 0 m 1; mommmbr 6bITh 3aaHbI ONEPANHEK CIO-
mennda (z +Y), yMpoxmenns (X - Y), B3ATHA IPOTHBOIOIOM-
moro (— ), a Tawme omepanuA BaatEA obpartHoro (1/x)
ppu =7 0. Ilpm 3ToM [OM/KEH BHINONHATHCA TaK@me CBOil-
cTBa:

(1) a+b=0b+a;

(2) at+(btec)y=(at b))t

3) at+0=aq;

(4) a+(—a)=0;

9 a-b=b-q

(6) a- (b-c)=(a-b) ¢
(7) a - 1=a;

(8) a- (b+e)y=a-b+ta-c;
(9) a - (1/a)=1 upm a#0.

MuoecTBO ¢ omeparusaMm, 001afa0MIME ITHMHE CBOICTBA-
Mmu, massiBaercsa momeM. Taxum o6pasom, TpeGoBamms (1)—
(9) MoHO KOpOTEO copMyaupoBaTh Tak: *R [M0JKHO GHITh
HoJeM.

Hpome apmpmernmuecknmx omepammil, MBI RO/KHHI 3aJ{aTh
Ha rUOepReiCTBUTEABHBIX YRCIAX HOPAJZOK. JT0 SHAYAT, YTO
Ji AI00BIX ABYX pPAasiIWyHBIX IHOEpAeHCTBHTENBHBIX YHCEN
a n b momkHo OBITL ompefeNeHo, Kakoe wu3 HUX Gombuie.
(Ecnu a Gonpme b, 6ymeM numcate a>b mam b<<a.) lipu
5TOM JIOJKHBI BHIMONHATHCA TAKHMe CBOHCTBA:

(10) ecnim a>b, b>c¢, 10 a > ¢;
(11) ecmm a>b, To atc¢>b+c¢ maa mwoboro c;
(12) ecima> b, ¢>0, To a-c>b - ¢

ecim a> b, ¢e<0,10a-c<b-ec

Ilome, B KoTOpoM BBEJASH HOPANOK C TAKAMH CBOHCTBA-
M, HaablBaeTcd ynopadouennwvin nosex, TarxmMm ofpazo,
MOKHO CKA3aTh, 9YTO ¥R [O/KHO OHITh YVIOPANOYeHHBIM
mosem,

Msr xoTEM, 4TGGEI Cpequ TCHNEPACHCTBHTENBHLIX UHCEN
Grm Bce meiicTBuTenbHEIC, Ilpu 5TOM omepansm W HOPAIOK
Ha R m *R gomxEsl GHITE COTNACOBAHEI — HMEHHO, €C/IH
CyMMa JABYX JeHCTBHTENLHBIX YHCEX & M Y paBHEa 2z, TO
CyMMa & H Y, PACCMATPHBAEMEIX KaK IHHepjeiCTBHTENbHDIY
yilcna, Takke MomkHA ObITe paBHa z. (beumo 61 ouems
cTpaHHO, ecnu OBl MOCHEe Tepexofa K CENepPAeiicTBUTeqBHBIM
uucaaM paBeHCTBO 2 1+ 2 =4 crano HesepmsiM!) Toumo rar
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e MOMKOO OGCTOATH fieN0 M ¢ JAPYIHEMH OmepanusMy, a
TaKKe ¢ MOPAAKOM: €CId Z, y — JeHCTBHTEJbHBLIE YHCIHA U
x>y (B 00BIUHOM CMEICHE), TO & MOJKIO ObIThL Gomblme Y
I Kak rumeppeiictureiapHoe uuciao! 9tm TpeGoBamma corna-
COBAHHOCTH MOKHO KpPaTKO BHIPA3HTL TAaK: YHOPAZOUEHHOS
mone *R pomxno 6bIThL pacUIMpeHHeM YOOPAZOYEHHOIO IO-
aa R.

ITuM [JajieKk0 He HCUepNBIBAOTCA Te cBoiicTBa aeficTBH-
TeJILHBIX UYHCEJN, KOTOphle MBI KejdaeM COXpaHmTh., Ho myik-
HO CKa3aTh I O TOM, 4TO HOBOrO MEI ompaem oT *R. Hrak,
gero xe me xsarano! flcmo uwero: Geckomeumo manawix! (Tou-
Hee, caefoBajio OBl CKasaTh «GECKOHEYHNO MAaJbiX, OTIHYHBIX
ot myss»,— 1ak Kaxk 0 rawxe Oyger 0ECKOHEUHO MAJIBIM til-
CJIOM IO HalmeMy onpejenenniv.) Uro ke Taxoe GeckoHet-
HO Manoe uucio (TouHee, GECKOHEUHO MAJALIA 2JeMEHT ymo-
PALOYEHHOTO IOJIA)?

Onpepenenune. Juement z==(0 ymopajodensoro mo-
A HasbBaeTca OeckoHeuwo maawvim, ecom xr <1, z+a <1,
z+z+xz<1 w1 g 10 ompesenenme OTHOCHTCA K HEOT-
PHOATEJILHBIM Z; OTPHLATENBHOE Ke £ HAa3bBaeTcad 0ecKo-
HeuHo MajweM, ecau — z(= lz|) Gecromeuno Mmaio.

Har Mpr BUAenH, CYyIeCTBOBAHYME HEHYJNEBHIX (ECKOHEUHO
MaJbIX OPOTHBOPEUYHUT axcumome Apxmumepa (cm. soime). Bep-
Ho n ofparHoe: ecau i YOOPSAOYGHHOTO HOAA HE BLINOJ-
HEeHA aKCHOMAa ApxuMepna, T. €. CYMIECTBYIOT Takue x, y > 0,
yro s <y, z+tz<y, rt+zxtas<yumr H, TO CymecIny-
10T HeHyJeBble OeckomeuHo Majsle. Taxum Oyjer, wuanpu-
Mep, YMCn0 z/y: yMHOMas HepaseHerso ztz+ ...tz <
<y Ha nono:KuUTeNbHOe vdcao 1/y, momyvaeM B CHIY CBOW-
cra (12), uro z/y +zfy + ...+ zfy < 1.

Taxum o0pasoM, cyUiecTBOBAHME HEHYJEBBIX OeCKOHEUHO
MaJIBIX PAaBHOCHMJIBHO HAPYIUICHAIO AKCHOMBI ApxuMmeia Aas
rHOep;IeHCTBUTENbHEIX duced, YIOPANOYEeHHEIE IIONA, B KO-
TOPHIX CHOpaBefJIMBa aKcumoMa ApxuMeJa H HeT OeCKOHEUHO
MaJIbiX, Ha3HBAKT aprumedoso YnopaJoueHHbIMU, WM PO~
€10 apxumec?oebmu VHOPANOYEHHBIMA [ojiaMA. Te mons, B
KOTOpHIX axKcuoMa ApxmMeja HeBepHA U €CTb Geckomeumo
Majbie, HA3LIBAIOT Heaprumedogo ynopadouenHviMu (Heap-
zumedoeutmu), B p1ux TepMuHax Hamm TpeGOBAHUA MOMKHO
chOpMYNUPOBATL TaK: CHCTEMa TIANepReNCTBATENHHBIX Y-
cell J0JDKHA ObITh HEapxXuMMeJOBO YHOPANOUYEHHBIM MOJEM,
ABAAIOMEMCA pacOiipeHueM YOOPSMX0YeHHOr0 moja Aelicreu-
TEJLHLIX YHCeJ.

B srom Mecre BO3HMKaeT BOHODOC: BHINOJIHEMB JH HAIN
rpeborapua? MoiKHO 1M TOCTPORTEH 9HCIOBYIO CHCTOMY, nM
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ynomemopﬂmmym? OrxassiBaercst, uro ga. (Bonxee rtoro, mu
pnocneicTBER copmyaupyem ropaspo Oomee CHIBLHEIE Tpe-
GopaHIIfl, 1 OHH OKa;KyTCA -BBIIOJHUMBIME!)

§ 3. IEPBOE 3HAKOMCTBO
C THIIEPJEACTBHUTEJIBHONA MPAMOH

HauHeM ¢ TOro, YT0 B TreoMeTpHYICCKHX 3a7ayax Ha
[OCTPOGHNE® HABBIBAIOT AHAIUZOM: NPEANOJOMKHUB, WTO Heap-
XOMeROBO PpacIIMpeHHe YHOPANOYEHHOrO NOAA AeHCTBHTENb-
HBIX YHCEJI CYHIeCTBYeT, MCCIEIYyeM ero CBOMCTBA.

Hrak, nyers *R — ueapxumenoso pacmuperne [R. Ero
pACMEHTHl HA3BIBAKTCA T[HIEPACHCTBATCNLHLIMA THCIAMH.
Cpean HHAX, B 9aCTHOCTH, COAEDIKATCA M BCe AeUCTBHTENb-
pble 9ucaa. YroObl OTIMYMTHE MX OT TeX THIePAeHCTBATENb-
HBIX 9YHCEJN, KOTOPHIe He ABIAITCA AelicTBATEAbHBIMH, GyneMm
naspiBaTh AeficTBUTeNbHBIE umcaa (ameMeHTHl [R)  cran-
JapTHbLML, a OCTAJbHBIEe I'HOepaeficTBUTEeJLHbIE WhCia (aie-
mertsl *R\R) — necrandapruvinu.

CornacHo HmameMy NOpeAmONOKEHUI0 Cpefd Tuneppeiict-
BHTEJALHBIX THCEJ CYIIecTBYIOT Geckomeumo maisie, Omm sB-
AAI0TCA, OYeBMAHO, HECTaHJAPTHBIMH, TAK KaK Ccpemu CTai-
NapTHHIX, T. ©. ReHCTBHUTENLHBIX, Yucea OECKOHETHO MajbixX
Her. PaccMoTpuM mpoM3BOABHOE MONOMKATENbHOE (ECKOHEUHO
manoe guchao €. OHO MeHbIIe MI000T0 CTAHAAPTHOIO HOJIOMH-
TeapHOro 4mcna a. B camom pmene, myern e = 4. Tar kak a
CTAaHJZAPTHO, a MJAA CTAHNADTHBIX YHCEN CIOpPaBefinBa aKCH-
oMa ApxmMeja, HalifeTcsi Takoe HATYpPaNbHOE YHUCIO 7, ITO

at+a+ ... +az>=1,

n pay

Ho Torma
et+et+...+ezat+at+ ... +a>=1,

n pas n pas

4TO OpOTHBOpEUHT OeckoHewHOX Mamoctd &. Ilomygemrmoe
IIpoTEBOpeYHe IOKa3sBaeT, 4ro & < a. lrak, Geckomeyno
Manple IMOJNOMHTENbHBIe UHCIRX MeHBIIe BCEX CTaHZAPT-
HBIX HONOKATENbHBIX 9YHceld. (AHAIOTHYHBIM 00pasoM orpm-
HarenpHble 0OeCKOHeWHO Maable 9ucla OGOJdbOIC BCEX CTAH-
HapTHBIX OTpUIATeNbHEIX uncea.) Takmm obpasoM, ecam mel-
TaThes m300pasuTh GeCKOHEYHO Majble 9HCAa HA THCHOBOIT
UpsiMOH, TO APHILIOCE OBl BTHCHYTh MX HACTOJIBKO OAH3KO
K Byn0, 94To05 BCe DOJOMKUTEALHLIE CTAHZAPTHBIC UHCIA OKA-
8anMch copaBa, 4 BCe OTPHIlATEIbHEIE — CIEBA,
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VKazagmoe CBOMCTBO MOMKET CAYIRETL oupenenenneM Gec-
KOmeyHoll MajocTH: ecam umeyao & > 0 Mempime Bcex CTram-
HapTHBIX LOAOJKUTENLIBIX YiIce], T0 0HO OecKomewTHO Mailo,
B camoMm gese, B aTOM ciyyae id d0000T0 HATYDANBHOTO K

e+e+ ...+ <1,

n pas

TarR KAk € MeHLme craumapreEore gucia 1/n.

Paaymeercs,” G6ecroHEUHO MAJNEIMH He HCYEPIEIBAIOTCS
Bce HecrampaprHsie umcia. Hanpmmep, 1+ e (rme e >0 —
fecroHEUHO Malioe) TAaKKe HecTaHAaprHO (ecad OBl oilo
Gouro cramgapTHHIM, 10 1 & = (1 g)— 1 Gouro G5t cTampaps-
HO KaK pAasHOCTH JBYX cTampaprubix). OnHano OHO HE fAB-
mserca GeckoHmeuHo MambiM (Taxk Kar Ooapuie 1). Bosee
H30IIPEHHEIN npuMmep — rumepieficrsurennpioe unciao 1/e,
e ¢ — OECKOHEUHO Majloe 4YHCIo, oTaminoe ot myaa. (Oro-
DOpKa «OTIHYHGE OT HyIsA» BaXKHa, Begs 1/x cormacmo or-
peRedeHHI0 MONA OUpefieieHo Toidbko mpm z % 0: B He-
CTAHJAPTHOM AHANW3E, KAK M B CTAHJAPTHOM, HAa HYIL [o-
auts mennsal!) Uucno 1/e caymur upumepoM «OecKoHeUIo
DONLIIOro» TUIePReHACTBATEABHOTO YHCIA:

Onpepgenenune. I'moepgeficrsurensuoe umemo A >0
HasslBaeTca Oeckoneuno GOAbWUM, eCIl

A>1, A>1+1, A>1+4+1+1,...

(Orpunartensroe wncio B masmBaerca GeckomedHo Gomn-
IIHM, eClIN TaKoB ero MoAyuas |B| = — B))

IToxasxem, uro mpu Gecxomedno MayoM € >0 wumcao A =
=1/e Gymer (momosxmTenpubIM) OecKomeuHo OGompummm. B
CaMOM fieste, YMHOKAA 00e 4acTy HEPaBEHCTBA

ede+ ... +e<<1

n pas

Ha wmeno 1/e, nomyuaem
L4 1 <1,

n pas

4T m TpeGoBasoch. JIerKo BHAETH, UTO MONOKATENLHOe Gec-
roueyHo Gomsmoe umcno A Goxwmie g0060ro CraHAAPTHOTG:
ecin g - OPOUBBOILHOE CTAHJapTOOe dUHCIO, TO HalifeTcHA
Takoe matypaipmoe n, 410 i4...+1>a = Tem Gomee
_—
n pas .
A > a. AmanormunmiM o0pasoM BCAKOe OTpPUIlATENBHOS Osc-
KOHeUHO 0ojplioe rumepfeilcTBUTENBHOE UYHCIO MEHBINE JIo-

foro craEfapTHOrO.
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Jerro Bnfiets, urto ecnm A4 — Geckomewno Gombmoe qme-
no, 10 1/A — Oecroneyrno manoe oramunoe or 0 wmemo. Bro
[HoKka3LIBaeT, 9TO0 apXHMEeN0BO YNOPAJOYEHHOE NOJe MOMHO
onpeieuTh KaK YIODAZOYeHHOE Doje, B KOTOPOM HMMEIOTCA
Gecroneyno Oouabmue anementsl. (HamomumMm, uro pamee Mur
onpelenail HeapXUMeTIOBO Moje Kak TO, ANA KOTOPOrO He
BHIIONHEHA aKCBoMa ApXHMeXa HAH — 970 pPaBHOCHIALHO —
Kar TO, B KOTOPOM ecTh (ecKOHEYHO MAaJble,)

T'miepaelicTBATENbHbIE YNCHa, He ABiAAKMUecs Gecromeu-
po OoabimuMm, OYOyT HAsBIBATLCA KOHEUHbIMU. PaBHOCHIL-
poe ompejedenue: uncio A Komewwmo, eciu a <A < b pas
HEeROTOPBIX CTAHAAPTHHIX o u b. Bce crampeprtHbie uncna,
oueBHANO, Koneunkl. IIpumMep KoHeuHOTO, HO He CTaHJapTHO-
ro 4ucia y:Ke IPHBOAmMICA — 9T0 umcio {+e, rge e >0 —
Gecromeurno manoce. Boolme, eciw a — crammaprmoe uamcno,
a ¢ — Oecroreudo majoe, orauusoe ot 0, T0 a + & — Komeu-
Hoe HeCTaHZApTHOEe uHucio. D camom fene, oHO KOHEUYHO, TAaK
rag —1 <e<{ (e Gecromeumo mamno) m, CIELOBATCILIO,
a—1<a+e<a-+1{ BEcam 6u omo Gbuto cTamgapTHHIM, TO
m uncao e=(a+e)—a Obouo G5 CraBjapTHLIM Kak pas-
HOCTL IBYX CTAHIAPTHBIX YHUCEI.

OrasbiBaetrca, 4To TakuM ¢GpaszoM MOryT GHITH MOJYYCHBL
BCe KOHWEYHble runepreiicTsHTesnbHbie uncaa. Toumee, cmpa-
BCJMIMBO TaKoe YTBEP:Ieilne: eciu s — KOHEYHOe rameppeii-
CTBUTEJILHOE WHCI0, TO HAULYTCA CTaHgapTuoe U N GecKoHed-
HO Majoe e, Aad KOTophlx s=v-+¢&. B cavoMm pmene, oycrh
$ — KoneuHoe rumepjeficrsurensuoe wmcmo. B cmmy ero xo-
Heunoctu HafAyrea (CTaHJapTHBIE) ACHCTBUTENLHBIE uHCIA
a n b, gna xolopeix a < s << b. PacccMorpum [Ba MHOMKECT-
Ba (craHEAapTHLIX) JCHCTBUTENLHLIX 4YHCel: MHOEecTso L
BCeX CTAHZApPTHBIX &, MEHHIONX S, a TaK#e MHOMecTEo R
BCeX cTammaprHeix x, Goabvmux s. Muomectso L comep:mur
a, a MHOoecTBo R copep:ur b, mosromy ofa 3TH MHOMKECT-
Ba menyctsl. OHH He mepecexairTcs (mO onpejleieHHI0 MHO-
PAIKa HUKaKOe YHCIO He MosKeT GBIThb OJHOBPeMEHHO GOXb-
e u MeEbme S). JloGoe unesno ns L mensme awBoro yicia
ug R: ecmn p<s m s<g¢, 1o p<gq. B cmny mssecrmoro
CBOIICTBA JEHCTBUTENBHBIX uMCCHA («AKCHOMbI IOJHOTH B
dopume Jenerunnay) =Haligerca «pasgedsioniee YHCIO» U,
T. e. TaKoe D, 94TO0 p<<V A BeeX pEL m v<q nna Bcex
9= R. (MokBO B3aTH U paBHEIM TOUHOI Bepxmeit rpamm L
WIn ToyHoll HizkHell rpauum R.) Ocranoch flokasars, 9T0 pas-
HOCTL & = s — v Oyner Geckonedno manoil. JloxaseM, Haupm-
Mep, uyro & MeHbIme JI0GOTO CTAHJAPTHOIO HOJOKUTENHLHOIQ
quena z, T, e 4T0 §— U <<z man s <<v -tz '
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Ecan s10 e Tak m v+z2<<s, To v+2/2<vtz<s, 1. 6,
v+ z/2e L. Ho »To mpoTHBOpeYHT TOMY, YTO U — pasiess-
0lllee THCIO, TaK Kark v+ z/2 > v, a Bce aaeMenThl L J0Ix-
HiI 6BITH He Goabmie v. AmajormunbiM 006pa3soM NOKa3bIBaeT-
cA, uTo & ==S§— U GoabOle BCeX OTPHIOATENBHBIX CTAaHAAPT-
HBIX YHCeJ.

s
L l vtz R
} { }
T v+z/2
v
Pnc. 6

Urax, =xakmoe KoHeuHoe THOEpHeHCTBUTEABLHOE YHCIO
MoeT OBITH TIpEeJCTAaBIEeHO B BUfde ¥V + &, Ile U — CTaHAApT-
Hoe, a & — Oeckomeuno majoe. Taxkoe IpejCTaBICHMe €/IITH-
cTBenno. B camoMm peme, ecam v+te=v'+e’, To v—V =
=g’ —&. 3mecy aesasg yacTh CTAHAADPTHA, a IpaBafd Gecko-
geuno mana (le —e&’| <z mum nwboro crampaprHOro mMoOJO-
JMUTEIbHOTO 2, Tak Kak le —e'l < lel +le'l <z/2+2/2 =
=z; lel <z/2, le'l| <2/2 B cuny Gecromeumoil MajocTu ¢,
¢’). Tax Kak cpefu CTaHIAPTHHIX 4dmces HeT OECKOHETHO
Maxblx, kpome myaA, 1o v — v’ =&’ — e =0, uto @ Tpebosa-
J0CH JI0Ka3aTh., OTO CBOMCTBO [aeT HaM mpaso copMmyin-
POBaTh TaKoe onpejenenue: craxdapruoli wacrvio st(x) Ko-
HEeYHOT0 THIEepHefCTBUTENHLHOT0 YACHA I HA3HIBAETCH TaKoe
CTaHEAapTHOE V, 4T0 & = U + € A GeCKOHeYHO MaJloro €,

Orpuuatenshbe Geckoreuro  NOMEIHBIE g p oy e nbrbie Gecromenro
Gonbwine . Gonowme

Puc. 7

IlombiTaeMca Temeph OKUHYTH B30POM» rmmepheiicTBH-
rexsEylo npamyio, Ilpesie Bcero, BujaHO, 4TO oHa pas3busa-
eTcs Ha TPH uYacTH (ClleBa HampaBo): OTpHUIaTenbHEe Gec-
KoHEeuHO OGONbIIAe, KOHEYHbIE, IOJOMKHTENbHBIE (ECKOHEYHO
Goawpmne. .

Wspann «KoHeuHash 49acTby TIMuepAelCTBHTENBHON npsa-
Mol BHIDISANT Kak oObuHas peiicrsHTenbHas mpamasa. Ho:
eciH NPHCMOTPETHCH, TO MOKHO YBUETH, UTO PSAJIOM C KaK-
IBIM CTAHNAPTHEIM [CHCTBHTENLHBIM THCIOM @& PaCHONOKEHO
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MH0KecTBO GecKOHeYHO GauaKmX K HEMY runepelicTBATeN b
HpIS GACET, AIA KOTOPBIX @ ABJAETCHA CTaHAAPTHOM YacThIo.
Jro MHOMeCTBO (m3 yBaskemnma K JlefibEmmy) HashBawOT
nonadoll cTaHJZapTHOro uncia a. TaxmMm obpasoM, MHOKeCT-
B0 KOHEYHBIX THIEepAeiicTBUTENbHBIX uYmcea pasburo Ha He-
nepeceKaloIyIecs KIacCk — MOHaJsl, COOTBETCTBYIOIIAE CTAH-
JapTHBIM JIefiCTBUTENBHEIM YHCIAM.

Jlerko HpPOBEPUTH, YTO CYMMa H PasHOCTh OECKOHEYHO
MaJiblX OECKOHOYHO Malbl, IPOM3BEJGHAE OECKOHEYHO MAaJo-
ro I KOHEYHOIO TUmepHeHCTBUTENbHBIX 4YHCeN GEeCKOHeYHO
mano. IlpuBejieM mOpoCThie [|OKa3aTeNbhCTBA JTHX CBOMCTE,
yT00bl YUTATENh MOr HOCTENEHHO NPHUBHIKHYTH K CTHJIO pac-
cy/KIeHUHA B HecTaHmapTHOM amanwse. Ilycrs & m &’ Gecko-
peuyno mansl Jlowamem, uto ¢ + & u & — &’ GecKoHewno Ma-
ael, T. e. 4t0 le+e'|l <p, le—e'| <p mna mwoboro cram-
NAPTHOTO TOJIOATeNBHOTO p. B camom gene, le+e’| <
<lel+le’l m le—e'l<lel+le’l. Hamee, lel<p/2 u
el <p/2, rak kax & m ¢ Geckomeumo Mausl. IlosToMy
le! +le’| < p, oTkyzma m BhITekaeT TpeGyemoe.

IIycrs Teneps & GeckomeuyHo Maino, a ¢ KoHeuHo, Tar Kax
a komewHo, To |a| Mewbme mHekoToporo crampgapTHOre A.
Torma le -al < lel - 14]. Hoxamem, uro lel - |4l <p pna
mioboro crangaptroro p > 0. B camoum peuxe, lel < p/lAl, rax
Kak & Geckomedmo Mamxo, a p/lA| — crampmapraoe momomn-
TebHOe umcao. Tawkum obpasoMm, € - @ — DeCKOHEYHO Maljoe.

Crosecuo Gamakue (eciii HE TOYHO TAKHWEe Ke) YTBEPH-
neHUA 0 GECKOHEUHO MaJIbIX BENMYMHAX, BEPOATHO, XOPOIIO
BHAKOMEI YHTATENI0 W3 Yue(GHUKOB MATEMATHYECKOro aHaIM-
8a. ITO CXOACTBO, OJHAKO, HE MOJIKHO 3aCJHOHATH IPHHIAIH-
aJbHOTO pasiuuMA; B yueOHHKe aHajmsa peub MIET 0 Wo-
CJ1eJ[0BATENLHOCTAX JeHCTBUTENLHBIX wHCel (KOTOpEe Ha-
BLIBAIOTCA GECKOHEYHO MAJBIMHA, €CIAH WX UpeJiel paBeH HY-
J10), a y HAC — HE 0 HOCJHE[|0BATENHHOCTAX, a 0 HOBHIX, I'li-
HepaeHCTBUTENILHBIX YHCTIaX.

Hasosem pgBa rumeppeficTBUTENBHHIX uucaa 6GecKOHeYHO
6auskumu, ecium MX pasHocTh Oeckomeuno Mada. /s mpmse-
NeHHBIX BbilIe CBOHCTB GECKOHEYHO MAJNBIX CIEeAyeT, UTO OT-
Homenue GecKoHEUHOH GJU30CTM €CTh OTHOIIEHHe BKBHBA-
JeaTHocTH. HamomuuM, uTo 3TO 0O3Wavaer, 4TO OTHOIUEHUE
6ecromeqnoii 6musoctn pedexcuBHO (Kammoe T OeCKOHEYHO
6nu3ko camomy cebe), cuMMmeTpuuHO (eca:m z OeCKOHeTHO
Omsko K y, To y GeckoHeuHo OJIMBKO K %) H TPARH3UTHBHO
(ecim x Geckomeumo Gmusko kK y, a y Oeckomedno OmmsKo
K z, To x Gecxomeuno Gamsko K z). Beaxoe oTHomennme k-
BUBaJeHTHOCTH pa30HBAET MHOMKECTBO, Ha KOTOPOM OHO OII-
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pefeneno, Ha HENEPEeCeKAMmmecs KIacChl, OpmueM JI05LIa:
ABa DJIeMEHTa OfHOr0 Kiacca SKBHBAJSHTHBI, a JO0HE jBa:
aIEMEHTA PA3HBIX KJIACCOB He DKBHUBAJEHTHB. B yacrmocTta,
Haule oTHomenme pasbusaer *R Ha HemepecexamliecH
KJACCHI, IPUYEM HJIEeMeHTH OJHOr0 Kaacca Gecromedno O7u3«
KA JpYyr K JApPYry, a 9SJIeMeHTH pPA3HBIX * KIAacCOB — HeT,
Kuacesr, comepsxamue cranpgapTabie NeliCTBHTENLHBIE WICIA,
UpeIcTaBIAIT Cco00M YHOMHHABINHECH BBHINE (MOHATBIM,

O3HAKOMHEBINACE CO CTpOeEHeM *R «B MajoM», HOCMOT~
pUM Ha ero crpoemme «B Gompimom». PaccMorpum jppyroe or-
HOIIEHNe PKBUBAJEHTHOCTH Ha ¥R, TOBOpA, 4TO rumepieii-
CTBHUTENbHEIC YHCIA £ H J «HAXOJATCHA B OTHOH rajarTHLe»,
ecan HX PasHOCTh — KOHEUHOE [HHePAeHCTBUTENLHOE UAC-.
so. flcmo, uTo MBI moayYaeM OTHOIIEHWE DKBHBAJEHTHOCTH
Ha MHOKECTBG BCEX rumepreficTBUTENLHBIX dncex (ecid
Z—y U Y — 2z KOHEUHH], TO HX CYMMAa, PaBHAH & — 2, KOHEH-
Ha). JTO OTHOIEHAe pasduBaeT Bce TrHNepeliCTBHIENbLHBIO
Ypcjga Ha KJIAcChl, KOTOPHIE €CTeCTBEHHO HA3BATh edfdarTi-
kaai. 910 pasOmenme spiderca Oosnee «rpyOBIM», 4eM pas-
OuenHe Ha MOHAJBI: Kaad ralaKkTHKa NPejCcTaBIfseT Co-
Goli oO0mennnennme OeckomeuHoro uuciaa MmoHam. Opmoil u3
FaJlakTHK SBIAETCA MHOMKECTBO BCEX KOBEUHBIX rupeppeiicr-
BATEILHBIX wiceNn (3Ty TATaKTHKY €CTeCTBeHHO HA3BATh «Ha-
meit ramaxruxoiiy), mofad gpyrasd ragaxTara ambo CocTouT
u3 GecKoHeuHO OOJBLIINX NOJOMKHTENLHLIX YHCed, Juso Co-
cTout u3 OeckoHevyHo OONBLINX OTPMIATENBHBIX wmced. l'a-
JAKTUKHE «He cMemmpaoicay: ecan G, u G, — jBe rajaxri-
K, To ambo G, memur Bea mesee G, (1. e. mGoe uuciao
3 G, wmespme awoforo wmena u3 G,), aubo macbo-
por. Memay mo0biME JBYMA TQJIRKTHKAMH CYHIECTBYeT
Tperba (wrofBl HaliTH €e, BO3bMEM Z U J H3 JABYX IEPBHIX
FaJakTHK M PacCMOTPUM TANaKTHKY, COREpKallylo HX Hoiy-
cymmy (z+y)/2) m, cremosaTenbHO, OECKOHEYHO MHOIO
OpOMEKYTOYHLIX (BO3bMEM YETBEPTYI0 MEMJy nepsoit u
TpeTheli m T. 1.). Cpean ramaxruk uer Hun Hamboapmed («ca-
Moif mpasoii»), mu HamMmensineil («camoil geBoii»): ecim ra-
nakTEKAa G cojepsuT ¥, a © — OecroneyHo OoxpmIoe, TO YILC~
10 z+® 6yger HaxofuThca B Tajaxtuxe G, pacmonoxien-
oM mpasee G, a umeno z — © Oy[eT HAXOAUTHCA B FalakTH-
ke G'’, pacmonosxennoil sesee G.

Kak m B 00BLIYHOM H3JIOMKEHHHM MaTEeMaTHYeCKOT0 aHajd-
83, MBI MOMKEM pasinuyaTh GeckoHeuno Mmajbie (mam Gecko-
HeuHo GoJplINe) PpasHLIX nopsagxos. Vmenmo: 6yaeM ropo-
puTh, uTo GECKOHEYHO Majoe & HBiadeTcA GECKOHOTHO MAaJIbIM
Gosee BEICOKOrO HOpAAIKa, ey Oecromeuno Manoe O, ecmn
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orHollenme &/8 Geckomeuno Mano. AmamormumbiM o6pasoM
gecxomeuno Gomeprmoe A umeer Gomee BHICOKHMH TOPAROK, 4eM
Gecroneuno Gombmoe B, ecim A/B Gecrkomeumo seauxo. Co-
[ACHO 9THM OLpEHCNeHHAM, jia Ja1060oro GecrOoHE™HO MAJT0-
ro & MOMHO YKAa3arh 6ecxone\mo maloe Goiee BHICOKOTO
NOPAAKA, HATPUMEP e* &' Oymer mMerh eme 0ojee BHICO-
giril IOPAMOK U T. (AHanormHo obcront pgeno u jaiug Gee-
KOHETHO Gonbumx.) Mosxno
ckazaTh, UTO, paccMarpuBag

oxpectHOCTE O B MEKpOCKON C 04 0, &
a10066IM  (BO3MOKHO, Geckomeu- e o
no Gompmum) yBenHUeHUEM, & u
Mol Beeryja OyleM BUAeTH CIUB- ,

MIIMACA TOYKH, HA CAMOM [e-

e I0 i) 1
jge pasnmansie. Beam wMuxn- ~ f
pockon ysexmaneaer B 1/e pas, et/ Ve
10 & Oyfger BHAHO Ha ROHET- Pac. 8

HOM PacCTOAHUY OT HYyHA, Ho &°
no-upexueMy OVieT CIMBaTh-
csa ¢ mymeMm. (IIpm atom Bce cmngapmme YHCIA, PABYMEST-
cf, OKMKyTCA OECKOHEUHO J[AJeN0 BHe HANero oA 8pe-
mnal) Brawuns yBenwuenme 1/e® mum, ApyruMu cioBaMum,
paccMaTpWBasg BHAEMOe B MHKDOCKome u3o0paeHme CHOBA
B MEKpockom (mpejcraBuM cefe, YTO 5TO BO3BMOMKEHO), MEI
YBIJM, 910 € Temepk GecromeTno MaNeKo OT HAMero mOJA
spennsd, &® XOpOIIO OMIAYNMO OT HYIA, HO DO-UpPE:KHEMY
€cTh UMCNA, CAMBAIMEecd ¢ HyieM (e’, BALDAMEp).
pneegem (cmeaysa xmure Heitcrepa [38]) eme me-
cEOMBKO «MmEpodororpaduiiy pazEex ofwexro. Hanmpanus

100\10045

Ppc. 9 Pue. 10

MIKDOCKON HA HPOM3BOABHYIO TOURY pgeficTBUTENLHON OpA-
M0if, MBI HE YBHIHM HHOYEro OCCOGHHO HOBOTO: HPOCTO BMC-
cro 0 6ymer Kakoe-TO Apyroe AeliCTBUTENLHO® YHCJIO. lpu-
Gur QyErnua y = (CTaHJApPTHAA dacTh ), OleQ,’LEJIEhAUII

<3,



HA KOHEUHHIX THIEpAeHCTBUTENABHLIX Z,PH PACCMATPHBAHHM

Ge3s MHKpOCKONA HeOTJIAYUM OT TrpaduKa TOMKIECTBEHHON

¢yaknun y = z. Ho nocmorpes (¢ Oecromeunmo Goapiium

yBequyenneM) mna a0y ero TOYKY, YBAAHM, YTO CXO[CTBO

9TO JNIOb KajkyllleecA: B MUKPOCKoNIe rpaduK BBIMIALUT KaK

) ' ropnaonransHasa npamasa! (Ipa-

¢uK y =2z W B MEKpPOCKOL® —

gpaMad, OPOXofAmad IOJ YT-

goM 45° ® ocAM KoOpAUHAT.)

I'pagur Qymrmmm y = 2°

IOJ, MHKDOCKONOM BBIMIAJZAT

Kax mpamaa. B magame kKoop-

AWHAT 9TOT TIpapuk TOPU3OH-

TaleH (CAEBAaETCA €  OCHIO

afcmuee), a B APYyTAX TOYKAX

0 narioned. Mpl mHe cayuaiino

' yuorpebmanm cioBa «BBITJIALHT

Rag» u «cauBaercsy. Eenn

Puc. 1t HOCMOTPETh € eme OIbIImM

yBeIudeHAEeM, TO MOKHO YBI-

Zetb, WTO 9HTO CIUAHUE HENMOJAHOe: MEKEY rpaduxoM n

opaMoit ectb «0eCKOHEYHO Majasd IIedb 0olee  BHICOKOIO
HDOPAAKAY. ‘

o cux mop MHl HATNPABIA HAIll MUKPOCKOI Ha KOHEY-
HYI0 HacTh rumepjeiicTBUTENbHON HDPAMON (WIM HA TOUYKH
NJOCKOCTH ¢ KOHeYHBIMH Kooppmmartamn). «IlpmGop», mpen-
HasHAYEHHHN [aA paccMarpuBaHNA OECKOHEUHO yaieH-
HEIX YUYaCTKOB, €CTeCTBEHHO HAa3BaTh «TejeckomoM». Ha-
OpaBHB TEJNECKON HA KaKoe-HHOyAs OeckomeuHo Gombmioe
runepAeiicTBATENbHOe WHCAO, YBHAUM UTO-HEOYAL TaKoe!

0

Puc. 12

(Teneckonnueckoe m300pasKeHNe MBI, B CBOIO 0UePe/ib, CIEAyA
Keitciepy, MoskeM paccMaTpuBaTh deped Mukpockom.) Ilo-
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¢MOTPEB B TelecKom Ha rpadur rmmepGonast y = 1/x B Gecko-
pedHo OONbLIOOII TOYKe, MBI YBHAWM, UYTO OH CINBAaeTCd ©
ocblo aberuce, ITocMoTpes ma TemeckonmuecKoe M300pasKeHHe

Pme. 13

B MHKDOCKOI, MOKHO YBH/ETh €ro B BHJE NPAMO, IPOXOA-
meil «mapaureasHO ocn afcmmcey (OTHIOHEHHEe rpaduKa oT
opAMoit — GeCKOHEUYRO . Majloe 0ojiee BLICOKOrO MOPAJKA).

§ 4. IPIMEP HEAPXUMEJOBOI
YHCJIOBOU CHCTEMBI

Jo cux mop MBI TOBOpHAM 0 rENMEPAEHCTBHTEIBHON Ips-
Moit (a TouHee, JIOOOM HEapXMMEOBOM pPACIIMPEHHH YIOps-
JOUYEeHHOTO moJis JelicTBUTENBLHBIX uHCEN), OTKIAALIBAA BO-
1poc 0 TOM, CYMIECTBYeT JH XOTA OBl OJHO TaKoe pacmupe-
nue. JlombiTaeMcsa Temephr HMOCTPOUTHL TAKOE pAaCOIHpEHUE.

Ileppas npuxomdamas B TOJAOBY MBICHL — CIHEAYA Tpajd-
OUH, HA3BaTh OECKOHEUHO MAJBIMH THOEPAeiiCTBUTEILHLIMHA
YUCAAME IOCTAENOBATEIBHOCTH JIeHCTBATENLHLIX YHCEN, CXO-
namupeca K 0. Hysxno, pasymeercs, uMers un me 6GecKoHE4HO
Majble runmeppeficrButenpHble gncna. Ilo-pmammomy, caMbiil
€CTECTBEHHH IyTh 3/16Ch TAKOB: CYATATh TrunepaeiicTBH-
TeNIBHBIM YHACJIOM NPOW3BONBLEYI0 HOCIEI0BATEIBHOCTL Heii-
CcTBUTEABHRIX uucea. Heobxommmo, uTo0bl [eiicTBHTEILHEIE
ypcjga ObLIM YACTHBIM ClIyuaeM THOEpPAelCTBUTEeNbHBIX: 3TO-
ro MOMHO JIETKO J0OMThLCH, OTOMKIECTBHB Kaskfoe JeilcTBH-
TCALHOE YHUCIO 4 € IOCHeR0BATeIbLHOCTHI0 M3 OJHHAKOBHIX
DIIEMEHTOB @, &, 4, ... llomyuaeM Ha Nepssifi B3TAAN NpH-
BIIEKATEeJBHYI0 KapTHHY: BCe HOCHEH0BATENLHOCTH JeiicTBH-
TEJALHBIX YACEA HA3HBAIOTCA THOEePAeHCTBHTEJILHBIMA YHC-
JaMy, cpefu HUX e€CTh CTAHZAPTHBIe (IOCTOAHHBIE, MIN Cra-
NIIOHAPHBIE, MOCIEHOBATENLHOCTH) W CTPEMANHECH K HYIO,
l‘nuepneﬁcrnmenbnme uHcla MOMKHO CKIAALIBATD B YMHO+
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MaTL TAK, KaK 5T0 oOLIYHO JNenatoT ¢ MOCAeNOBATEILHOCTH-
MH,— HOYJEHHO, CYUTasg CYMMOHA IoCaeoBaTeIbHOCTEH @ ==

=ay, @y,... B b=05,, b, ... DOCICNOBATENILHOCTL d + b =
=a,+ b, a;,+b,..., a mnponaseeHneM — OOCIETOBATEIL-
HOCTL @ - b=a,-b,, a, - by, ... (IIpn stoM mynem Oymer mo-

C1e/I0BATeNLHOCTE M3 OJTHUX HyJell, a euHUOeill — B3 euHALN.)

Onmako pgample HAC MOCTHTaeT pasouapoOBaHme: MO Iie
momyuaerca. lMeHmo: He yjaercs omnpefennTh OHEPaIiIo
Baatua obparmoro. Uro cumrars, manpmMep, oOpaTHEIM K I0-
cregosarenngoctas 0, 1, 0, 1,...? flcmo, uro maiirm Taxco
z, ut0 ar =1, MOKHO, JHUOIb €CA¥ B TOCIEfOBATEILHOCTH @
mer myaelt. IlombiTa uMCEAOTHTE H3 pPAaCCMOTPEHUA MOCKC-
JIOBATENLHOCTH, CONepIKaline HYJH, TAKXe HA K UeMy XO0po-
meMy He IOPHBOJHT: IOCHE BTOr0 HEIOHATHO, KaK oIpene-
NATE CHOKeHEe (CyMMa ABYX mociegoBaTelabrocTeil 6e3 Hy-
neft mo:ker copepyxatrs Hyam!). C onpeferemmeM mopAfKa
TaKse, HECOMHEHHO, HaC HAYT Oonbmime TPYMHOCTHA: HaM
UPe/ICTOUT peliuTh, HAIpEMep, Kakag B3 OBYX (HEepaBHLIX)
mocneposarensaocreir 0, 4, 0, 1,... 1 1,0, 1, 0,... Goanme,

B wmrore Mm BuamMm, ure mAes ¢ ompefeieRWeM THmep-
NefiCTBUTENLEBIX YHCEJA KAK MOCIHeIOBATENbHOCTEH HATKIYy-
Nach HA CEPLe3Hble NPENATCTBHA, [IA HPEONOJIeHEA KOTOPHIX
HY)KHa Kakag-To HoBadg uaea. Ml eme BepHEMCH K 3TOMY
OOCTPOSHEIO,

OnnmeM Temepb ApYrofl nmyTh HOCTPOGHES CHCTEMBl I'M-
pmepelicTBATENLHBX quced {Haf HAC HOKAa «CUCTEMAa THiep-
HAeiCTBUTENLEBIX THCEN» 03HAYAET (HEAPXHAMEIOBG pacuiu-
penne YIOPAROUEHHOro mois meficreumrensusx gmeen»). Oc-
HOBHAA HJEA HTOT0 DOCTPOHHA MOMeT OHITHL OmNUCAHA B Ofl-
oWt ¢pase Tak: y Hac HeT 00TBLEKTOB, HO eCTh MMeHA NJf
HEX; Tak o0bABAM e mMeHa o0mexrtamMu! Jra (wacro mpn-
MeHsAeMas B MAaTeMaTHuecKoil jorTmee) wmies KOHKPETH3HPY-
eTCA B HAMeM cIyvae CIefyIomuM obpasom.

Mur smaeM, 4To B HamieM (HOKA ellle HE IOCTPOEHICM I
HBEU3BCCTHO CYIIECTBYIOMIEM JIII) pacIiopenuu OJRHO OLITh
xota Gul o0 0ECKOHETHO Maloe NOJOMITENbHOE ThIepiei-
croutesroroe umneno. QGosmawnm ero uepes e. Ilocroawky
rEIepAeHCTBUTEABHEIE UACHa MOJKHO YMHOMATH APYT Ha ipy-
ra (u, b 9aCTHOCTH, HA JeHCTBATENIbLHEIE HUCIA), TO HAPARY
¢ € B HanieM pacmmpesnm 6yjayr m uucaa 2e, 0,52 m Bo-
o01le BCe 4WmCAa BHEAA deg, Ile @& — IPOW3BONBHOE CTAHIAPT-
moe pAelicTBHTENLEOE 9HCIO0. Dolee TOro, YHCAO €& MOMKIO
yMTIOMATE I Ha cebsa, MOITOMY B HamieM pacmiHpenin 6y-
ayr nmeThes &2, e, 2e% 3e®+2e+1,... u Boobie nce
rouepieiicTBuTeNbEBIe yncaa snga P(e), rme P — mmuoro-
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qreH €O CTAHTAPTHRIME MNeHACTBHTENBHBIME Kodduiuenta«
i, MHOJKECTBO UHCEN TaKOro BH/A, KAK JIEFKO IIOHATH,
paMKHYTO OTHOCHTEIBHO CIOMKEeHNA, BHIYHTAHHA H YMHOMKe-
gpg. OTO BHAUAT, YTO, CKIA[bIBAaf, BHIUATAA WIH IEPEMHO-
;xad JBA YACHA TAKOr0 BHUAA, MBI BHOBEL LIOJY4AM YHUCIO Ta-
roro me suga. Ho pmnsa rumeppeiicTBUTenpHBIX UmMCen ompe-
peneso eme m jeienne. Ilostomy B pacmmpemmm Gyayr n
umena Buga P(e)/Q(e), tne P u Q — MHOrowiensl ¢o CraH-
napTHHIME fAeiicTBHTeNbHBIME Kodd@unuenramu. Hocme aro-
ro MBl TOAYYaeM MHOMKECTBO I'HIEPAeMCTBHTENLHBIX YHCE,
3aMKHYTOE OTHOCHTEJbHO BCeX apHpMeTHmYecKHmx omeparuii:
cxiafbIBasA, BLIYATAA, YMHOMKAA MId Qedd jse Jpobu yxa-
30HHOTO BHfA 00 OOLIYHBIM HpaBmiaM, OoJydaeMm Apodh Ta-
KOTO JK€ BHJA. . ‘

Tarum o0pasoM, He mMeA NOKAa HCKOMOIO paCIOUpeHwusd,
MBI yiEe CMOINIE Ha3BaTh HEKOTODPHIE €ro 9JIeMeHTH, [aTh
nM ©EMeHa. JTAMEH VMEHAaMi HBIAITCA sammcd  BHAA
P(e)/Q(e), rne & — mexoropnlit cumBoA. Bomee TOro, MEI
MOMKeM CYIUTH W O TOM, KaKast M3 [OByX sanmuceil ofosmada-
er Gomblnee wucxo. B camoMm pese, pocraToudo yMers ompe-
1enATh, obosmadaer AW JAHHAS 3AMACHL MONOMUTENLHOS, OT-
pUNATEeNbHOe HAU BYIeBoe 4mciao (IMOCKONLKY a > b Torma u
TONLRO TOTa, Korga ¢ — b > 0). Benomumas, uro smak mpo-
61 MOJKHO OOPE/eJIUTh IO BHAKAM YUCAHTEIA H 3HAMEHATE-
A, MBI BAIHM, 970 JOCTATOYHO YMETh ONIpelelATh 3HAK
P(e), rue P — muorowren. Jdrto pgexaerca Tak. Jlerko Bm-
AeTh, WTO 3HAK BENHUMHLI ¢, + a4,& ... CoBmajaer co 3Ha-
KOM @, ecnm a, 7 0. B camom pene, mobaBxa a,e +... Gec-
KOHEeYHO Maja, a CKIafbBaA OonoKATeNsHoe (oTpHma-
TeApHOe) gHeno ¢ OeCKOHEYHO MaJbBIM, MBI LOJyYaeMm
MOJOMATENLHOC (COOTBOTCTBOHIG OTPHIATENBHOE) Tncio. Bos-
MOKeH, ofHaKo, cayuail a,=0. DymeMm cumrars pmna ompe-
NeJieEHOCTH, UTO € — HOIOKATENbHOe OeCKOHEYHO MAajioe.
Brrmecem u3 mamero Muorowrena € B HamGoxpizeil BoaMmoix-
HO# CTeIIleHH, T. €. IPEJCTaBAM €ro B BI/P

et (ay + appie ...,

rie a, y:ke oranuno ot 0. Temeps scHO, 4TO 3HAK BCEro BHI-
pasKeHHA OmpejieaseTcd 3HAKOM BHIpamenusi B cKobrax (mpu
YMHOKEHAN HA MONOKATENHHOE UHCIO BHAK He MeHAeTcA),
8 3HAaK BHIpAKeHHA B CKOOKax (KaK MBI yiKe BHJENH) ompe-
RejaAeTcs BHAKOM THCIA dj.

Ilosicunm crazamHO® Ha mpmMepe. ITycTh MEI X0THM Cpas-

14 e? E2+e”

LUt TECAR T Py WIH, APYTHMH CIOBAMHE, CPABHHTE
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AX PasHOCTH

1+e® 246
1-+4+¢ 2 4 €2

¢ HyreMm. Brramenssa ary pasHocTh 0O OOBIYHEIM LOpPABHIAM,
moayJaeM

U4e)@+et)—(t+e(@+e®) _ e(—243c—5’)
( +¢) (2 +¢%) M+e(2+¢) °

Bupgno, uto oma orpumarenbHa. 3HAUMT, HEPBOE YHCIO MEHL-
nIe BTOPOFo. '

ITo cymecTBy, MBI yiKe MOCTPOMIE HCKOMOe HeapXmMeso-
BO pacmmperne. HysKHO awWms mocMOTpeTh Ha Hamd pac-
CymIeHHA ¢ jpyroii mosummm., J{o cuUX 10p BHPaKeHHUS
P(e)/Q(e) paccMaTpuBaiINCh HAMH KaK HMEHA (HACTOAMIUX)»
ranepaeficTBUTENBHBIX YHCEN (B3ATHIX HEU3BECTHO OTKYHA).
A Temeps OHH CTAHYT CAMHMH THIEPAEHCTBUTENLHBIMH YMC-
aamu, PaccmorpmM  ¢dopmanbubte Beipakennss Bupa P(e)/
/Q(e), rne & — mexoTOpEIH cuMBOX, a P m Q — MHOTOWIEHH
¢ peficteuTennHbIME Koagdumuentamu, npudem Q # 0. Ilpo-
Bo3rjamas, 4To o0’beKTaMu, a B JJAHHOM clIydae rameppeiicr-
BUTEJILHBIMA YHCIAMHZ, MBI OOBABAM HMMEHA, & B JAHHOM CIy-
yae BhIpayKeHus, wim saoucd Buma P(e)/Q(e), Mp 6num
He coBceM TouHHL [lemo B TOM, 4TO, OYEBH[HO, [BEe pPa3ITHY-
HEIEe 3aMUCH MOTYT BHIPAKATH OJHO M TO K€ YHCJIO0 (HMHBIMMI
cxoBaMd, OBITH BYMS PA3JIHYHBIMH MMEHAMU OJHOTO M TOTO
/e dmenma): Tak, HaOpUMep, €CTECTEeHHO CYMTaTh, 4TO 3a-
ouch (82— 1)/(e — 1) Brpamaer To ke caMoe umCa0, UTO
n (e +1)/1. Bynem BmaswiBats aBa Beipaxkenuas P(e)/Q(e)
n R(e)/S(e) oxsusanentneiMm, ccam P(g) - S(e)=R(e) -
-Q(e) (paBeHCTBO MOHMMAETCA KAaK pPABEHCTBO MHOroYJe-
HOB, T. €. KaK PABEHCTBO K03()PUOMEHTOB NpM ONMHAKOBEIX
crenensax), Jlerko mposepuTsh, uTO OTO oupejeNenue meiict-
BUTEILHO 337aeT OTHOMIEHWe JKBHBAJCHTHOCTH, pasbupaio-
mee Bce Bpipaskenus smaa P(e)/Q(e) ma waacco. Itm Kiac-
¢el Mul m OGymeM Ha3HBaTh UIEPAEHCTBUTENLHBIMH YHCIA-
mu. CnoskeHsme, BEHIYMTAHWE, YMHO)KEHHEe H [EJIGHME THIep-
AcHiCTBHTENBLHEIX YHCEN ONPeJeisoTCA M0 OORYHBIM IpPAaBH-
naM. Tak, BanpuMep, ecanm o — Kiace, cofepammit P/Q, a
p — wmace, copeprramuit R/S, To umx cymMoit HasmIBaercs
Knace, cofgepsxamuit (PS -+ RQ)/SQ, a upoumsseneHmeM —
knace, comep:samuii PR/QS. Jlerko mposepuTh, 49TO 3T0 Omm-
pefielieHre KOPPEKTHO, T. €. He 3aBHCHT OT BHIGOpa saeMeH-
108 P/Q B K1acce o m R/S B riacce B (B pesyibrare moary-
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walOTCA PA3HEIE OpEJCTABUTENIN ONHOTO W TOTO Ke Kjacca).
AnajnormiasiM o0pasoM MOKHO ONPeJeinTh BaATde 06GpaTHO-
ro n HPOTHBONOJOMKHOTO, Hyih u exununy. Herpyamo mpo-
BEpHTh, 9TO BCE AKCHOMBI NOJA IIPE 2ToM OYAYT BHIHONHE-
gpi, MsnoskeHHas KOHCTPYKIUA XOPONIO HU3BECTHA B ajre6-
pe: MOCTPOEHHOE Mojie HA3BIBAGTCA MOJeM pPANHOHAIBHBIX
pyuxnmit ¢ koapdunmenramu 8 R u oGozmauaerca R (e).

HaM ocraxoch ompefenuTs TOABKO IOPANOK, yKasaB, Kax
BLI6paTL U3 [BYX pa3IHYHBIX PI/IIIeplIeﬁCTBI/ITeHLHLIX qucen
(r. e. W3 MBYX Pa3INUHBIX KJIACCOB HKBUBANEHTHBIX JpPO-
Geil) Gompimee. [lasA 3TOro HYKHO BEIYECTH OJHO YHCIO U3
APYroro W OOpeAelnTh, Oymer Ju pasHOCTH (OTAMYHAS OT
HYJA, HOCKONLKY YHCIa PasiuyHbl) MOJOMUTENIBHON HIH OT-
prnarensHoit. YtoOL ompenenurs, GyAer JM OTAMYHOE OT
HYJA YHCIO o IOJOKATENBHBIM HIH OTPHUIATEILHBIM, BO3b-
Mem ero mpepacrasmrens P/Q. 3mecs P m Q oramumnl ot 0
(Q orTam4HO OT HYASA mO OOpefieNeHmio, P — moToMy uTo0, 1O
HaIeMy IIPeNOJIOMKeHNI0, pasHocTh He pasHa (). Brimecem
p uMCAHTENEe W B 3HaMeHaTede ¢ B Hamboxbimeil BosmokHOM
CTEIeHH:

P=g¢"(anta,et+...), Q=c'"(bit+bet+..), a, b#0.

Uncao o Gyger DOIOKUTENBLHBIM, €CiId a, U b, uMmelor oqm-
HAKOBbIG BHAKH, M OTPUIATEJLHBIM, €CNH OHH HMEKT pas-
Hhie 3HaKH. B rauecrBe yIpasKHeHUs uMTATENb MOMET LpO-
BEPUTHL (3TO0 HETPYAHO), UYTO HpejIaraeMoe ompe/eleHue
KOPPeKTHO (T. €. YTO HEBAJKHO, KAKOH HMEHHO W3 JKBHBa-
JEUTHHIX OpejCcTaBATeNeid B3ATL) M UTO BHINOJHEHBI BCE AK-
cuoMbl ynopsagouyernoro noia. [locrpoenmnoe ymopsagouennoe
nome [R (¢) moHO paccMaTpuBarh KaK PACOIMPEHHE IOJA

JIOCTATOYHO OTOMKAECTBHTL JeHCTBHTENILHEOE UHCIO T C
KJIaccoM OKBHBANGHTHBIX [poleil, comepmamuM apobn z/1.
Ocranoch aumnL OOKas3aTh, YTO aKCHoMAa ApxuMena He BEI-
NOJHAETCH, DPeXbABAB OECKOHEYHO MAJNBIH ajeMeHT. ITUM
snemenToM Gymer, KoHeuHO, € (rogdHee, KIace, COmepsRalIMii
€/1). B camom pmeme, € + &4 ... + & <{1, Tak Kak pa3HocTh

n pas

1 — ne nonommTensHa (3HAK ompefesnseTcd CBOGOMHBIM tie-
HOM, a 1> 0).

Wrar, mcromoe pacuimpenme mocrpoeHo. Ha stom mpu-
Mepe MOMHO HPOMIIIOCTPHPOBATh HEKOTOPHIC MOHATHSE, 00-
cy:upasmueca maMmu. [[pobn

a,+ae+ ceita,E®
kR
bo+b18+ voo - bpe
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Gymer Geckomewmo Mamofi, ecnm mepBoii mHemymeBol Koads
(HIEeAT a; B YUCHWTENE DPACIONO/KEH IIPaBee, TeM HePBhi
neHynesol kosQdunment b, B 3HaMenartese, T. e. ecau [ > s,
Ecam me t<s, To npoOn Gymer OeckomeuHo Goxbmroil. Fcim
e =8, To Apo0bL OymeT KOHEYHHIM THIOEPeHCTBRTENLEBIM
YHCIIOM, CTAHAAPTHASA YaCTh KOTOPOro pasHa a./b,. Haupnmep, ,

2 3
[ 2e
e, &% —T—::__T— GECKOHETHO Malble,
1 1-4-¢
L, It Gecxomeano Goxbmme,
€ g°+ 2
1+e g%t eb

— q 1 eficTBATENLABIC YUC-
T2 254 308 KOHeTHbIe Tuuepaeiic b

na (crampaprEas gacts mepsoro paema 1, sroporo 1/2).

§ 5. HOBBLIE TPEBOBAHHUA
R M'ENEPAEVCTBUTENLIDLIM UYICIAM

Mraw, Ml mocTpomam HeapxaMeaozo pacmupenue K (&)
moas JelicTBmTenbHBIX umces. Ilocrapaemcsa Tereps HOHATH,
XBATUT Nd ero and of0CHOBAHHMA HPUBEJEHHBIX BHIIE (KO-
CTAHAAPTHLIX pacCyXAeHMIIY.

ITpamep ¢ sbluncienumeM npousBonmoit dymemmm y =z°
CTOQHOBHTCS BINOJHE KOPPEKTHHIM: HYKHO CKAa3aTh JHAIIb, UTO
npousBofrod (PyEROmuE Yy = 2® B CTaHOAPTHOH TOYKe I Ha-
BLIBAETCA CTAHapTHAs uacTh orHomenusn dy/dz. [eficrsu-
rensuo, st{dy/dz)=st(2z + dz)= 2x. Xyme obGcrout nemno
¢ apyruvmmn mpumepamu. Ilpw mDombiTke npoauddepernupo-
BaTh KOpeHb Heo0X0JUMO BBHIYUCAMTE pAa3HOCTHL Yz -+ dx —
—7V& ®, B 4aCTHOCTY, M3BJISYL KOPEHb M3 T'HIEep/eilcTBUTEIE-
Horo umcia z +dx. A B mamem nmoise [R(e) rmmeppefict-
BHTEIBHBIX UYHCEJ KOpeHb M3BJIEKATH MOMKHO He Bcerja.
(B xagecrse ympaskHeHHS WHTATENb MOKET MPOBEPHTH, UTO
B HeM He CYIIeCTByeT rumep/eiicrBATeNLHOr0 HYHCIA @, A
KoToporo a® =g¢.) Eme xyme fleno o6CTOHT ¢ ompefercrmeM
HETEerpalia; TaM HeoO0XOAMMO CHIAAHBATG BENHYWHSBI BHAA
f(z), rme z — runeppeificrBuTENIbHOE UHCIO, B TO BPOMHA KaK
Jymrnusa f ompemenena TONBKO Ha MeHCTBHTENLHBIX dHCIAX.

Ve u3 oTOX mpEmMepoB ACHO, UEro HaM He XBaraer.
Ham Bym®EHO yMeTh BHIUHMCIATH «3HAUCHHAY CTAHAAPTHBIX
$yrEOUit (3a7aHHLIX OEPBOHAYAILHO Kak (YEKNAM ¢ peii-
CTBHTENLHLIME AapryMeHTaMd W BHAUYeHHNAMH) Ha THOEpjeli-
CTBATEJBHEIX apryMenTtax. J[PYTUMH CIOBAMH, UIA Kammoi
¢ymrnaa  f: R—>R meobxoAuMo HMeTH ee «IHmeppeiicr-
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prTenbEHIE amamors *f: *R—>*R. Ilpn sroM, KoBeuHO,
gHAUCHHA *f Ha CTABMAPTHRIX YHWCIAX [OJIKHBI COBIAJATH G
COOTBETCTBYIOIUMY 3Hauenuamn ¢yHxnum f. Jpyramnm cao-
pamu, *f momxmo Geith mpojossxenneM f. Taxme amasmorn
LT Y HAC [AA Omepamuidl CIIOMeHWs, BHIYUTAHHA, YMHO-
senya I menenna. Ho sroro mamo: mam HYKHBl TaKHe aHAa-
gorm # paA ppyrux ymknuil. Eciu 651 omm Onlnm, mpm BBI-
THCACHAN KODHA MBI MODIH 6B  paccMoTpers (yHKIMIO
sqrt(z)=7Vz (¢ neficTBHTENLEBIME apryMemTaM:m U 3Hade-
HIAMH), 3aTeM B3ATh ee IPojo/uxeHMe *sqrt W ompenennTh
IpOM3BONHYI0 KaK CTAHJAPTHYIO YacTh OTHOMIEHHA

(*sqrt (z + dz)— *sqrt (z) )/dz.

Wrax, maa xampoit cranmapreoil ¢ymrnum [ (PyHrmmn
¢ TMeHCTBHTEJLHBIME APIYMEHTAMH H 3HAUYEHHMAMU) HaM HYMK-
HO EMeTh ée rmneppelicTBoTensHoe npoposxenue *f. Ecam
or *f amgero me TpebeBaTh, TO 9TO TPHBHAIBLHO! MOMKHO CUH-
TaTh,  9TO BO BCEX JEHCTBHTENLHBIX TOYKax *f mpmuuMaer
Te jKe BHAUEHHUA, UTO ¥ [, & B HECTAHAApPTHHRIX TOoYRax *f
nMeeT Kakme yrofmo sHauemnsa (mampmMep, mymm). fcHo,
0IHAKO, 9TO OT TAKOr0 NPOJOJIKEHHS HUKAKOTO TOJKY HeT:
OpHE BHYACACHWH NPOMBBOAHOHN KODHA, HaOPHUMeEp, HYKHO,
grolnl pyEROuA *sqrt obnagana ceoiicTBOM

b—a
*sqrt (b) + *sqrt (a) *

KOTOpOe MBI HWCIOIb30BAIM IPW dToM Bhrumcienmd. ITockomnn-
Ky TPYAHO IpeJcKasaTh 3apaHee, Kakue HMEHHO CBOHCTBA
MOTYT HaM moHagobuthcs, Oburo OBl sKedaTenbHO, UTOOHI
dymrOuA *{ §pma Kaxk MOKHO Oojlee mOXosKa Ha (PYHRIHIO
j: B mpmeane *f mommma o0majaTh BCeMH cBolicTBaMH, KOTO-
peiMu o6tagaer Qymxnua f, GbiTh Kak OBl ee «eCTeCTBEHHBIM
pacmpocrpasermeM» ¢ R ma *R.

CroBa «BCeMH cBoficTBaMHW» HYJKIAITCA, OJHAKO, B IIpa-
BHJIPHOM TONKOBAHHH. Bpapg nu Mol xoraMm, urobsr *f, mos-
pakag f, Oblia ompefiejieHHOA TOJNLKO Ha JeilCTBHTENbHBIX
yueaax. Taxmm o0pasoM, HaM HYMKHO BBIJEIHTh HEKOTODBIA
KIacc CBOMCTB — KJIacC TexX CBOHCTB, KOTODHIE MBI XOTHM
coxpanute. Ilpasmabubiii BpiGOp 9TOrO KiIacca WMeeT pemla-
0IMee SHAYGHME [UIA yclexa HAMEr0 HOCTPOSHHA CHCTEMEL
rAnepeicTBATENbHEIX grcea. Ecam sToT Kmace 6ymer camm-
KOM y30K, TO OT HalWuua npofoikenmid *f me Gyner monan-

Ecam ;xe, Banpotws, oH 0y/eT CAWIIKOM INMPOK, TO cama
BO3MOXHOCTL IIOCTPOEHUA CHCTEMBl TIHnepheliCTBATeNBLHEIX
4jce I OMPEe/ICAeHNA OPOJOIKeHRH OKayKeTCA IOJ yIrposoi.

3t

*sqrt (b) — *sqrt (@) =




Wrar, mama riasmas 3ajgaua — OUACATh, KAKWe CROMCT-
Ba CTaHJapTHHIX (PYHKOUI MBI XOTMM COXPaHWNTH OpPH Hepe-
xole OT AeHCTBATENLHBIX YHMCEA K FHNepAedcTBATENLHBIM,
Ects nmBe BO3MOMEHOCTE 3TO cjeaath. llepsas BosMOMHOCTL
COCTOAT B NpPUMEHEHHH METOJOB MATeMaTHYeCKOH JIOTHKMN,
MosHO cKasaTh, 9TO IpHA Nepexone OT AeHCTBHTENbHBIX Y-
ceI K ramepieficTBUTENLHEIM COXDAaHAIOTCH BCe CBOMCTRA,
KOTOpble MOKHO BHIPA3HTH Ha ¢A3bIKe MEPBOTO HOPANKa».
Msr ofcyanMm aToT OyTh (B WacTHOCTH, O0BACHUM, YTO TaKoe
f3bIK NMEPBOTO HMOPAMKA) B JaabHeiIneM.

A cefluac MH 0OCYZMM BTOPYI0 BO3MOMKHOCTh, ITO3BOJA-
omyio ofoiiTacs Golee «KyCTapHHMHO» CpPeACTBAMH H He OpH-
GeraThb K cBefenmMAM u3 Jormkn. HoHeumo, mpm 5TOM Mul
6yJdeM HMCOLITHIBATL HEKOTOpPHIE HEYR0OCTBA, WCIONb30BATEH
0o6Xo7HKe MaHEBPH H T. I., HO 3aTO He morpefyerca 3Ha-
KOMCTBO ¢ MaTeMaTHYEeCKOH AOTHKOIL.

HanomnmMm caryanmio, B KoTopoli Mpl Haxommmcs. Mol
mpefmonaraeM, 4ro moMmMo noxasi R jeficTBETenbHBIX YH-
ceq mMeeTca 0ojee MHEpOKoe ymopAjodennoe nome TR rm-
nepAeficTBATEALEBIX 4ncea, BEmouaomee R xak mopmmo-
sKecTBo (elje pas MOAYEPKHEM, 4TO CyllecTpoBanme *R €
AY;KHLIME CBOMCTBaMM fBIsAETCA OOKA TONBKO THOOTE30il, a
He fokasamubiM (axrom). Ilycte mna kamnoit pymrmmm [ ¢
HefiCTBHTEALHEIME AapryMeHTAaMHM HWMEEeTCA e eCTECTBeHHOoe
pacnpocTpaHeHHne, ee «(THOepAedCTBUTENRHEI aHAIOT» —
yrrOMA ¢ ramepjeiiCTBUTEIbHBIMA apPTYMEHTAMHM M 3HAYe-
uuamu, Ilpm stom ¢ymrmua f momer OBITH QyHKOHEH He
TOJNLKO OJIHOTO JIefICTBHTENBLHOrO AaprymMeHTa, HO W ABYX,
tpex B T. A.; $ymenua *f pasymeercs, RKOMKHA HMETh TO
e caMoe uMCeJ0 apryMentos. JlaA mpocTOTHI MBI OKa He
OymeM paccMaTpUBaTh YAaCTAYHLIX (YHKOWE w Oylnem cum-
trath, urto f (coorsercrBenHo *f) ompejeneHa mpm BCex
fleHiCTBATENBEBIX  (COOTBETCTBENHO THIEPNEHCTBUTENLHBIX )
aprymenrax. Copmynnpyem Teneps rame TpeGoBanue («aHa-
s0TH 06I27a0T TeMH Ke CBolcTBaMu, 4TO H MCXORHbie PyHK-
nun») Gomee TOYHO.

Bynem paccmarpmBaTh CHCIEMBI YDaBHEHWI Bupma f = s
N HEPaBeHCTB BHMA [55S, JeBEe M NPABEE YacTH KOTOPHIX
coep/RaT KaKue-TO HeiicTBHTeNbHBIe (QYBKIMHE NeHCTBHTENL-
HEIX apryMeHTOB, HeficTBHTeNbHbIE KOHCTAHTH H IEPeMEeH-
Hbie — 9T0-HEOYIL BpONie

sin(cos(z))=y +exp(z), 27y —2 -z, [z]=v.

JTa cmereMa Cofep:KHT DepPeMeHHBIe Z, Y, Z, OJHOMECTHLIE
¢yuknum sin, cos, exp, [ ] (memas wacTh), #ABYMecTHLIE
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Gy KT (cosxenme, BhluATaHNe, YMHO)KeEHE) B KOHCTaH-
ry 2 (HOHCTaHTH JiIA e[mHOOOpasma Mbl GyjeM CumTaTs
QyHKILAME HYaA aprymenTos). Bce Bxopamue B cucreMy
(YEKIII HMEOT 10 HAIleMY NPEeJNOTOKeHNI0 rumepieiict-
purenpEble amamorn. OfGosmaunm ux *sin, *cos, *exp, *[ ]
*f ¥— ¥. p HaOmmeMm CHCTEMY

*sin(*cos(z) )=y *+ *exp(z), zF y*— 2% -z, *[z] =y,

KOTOPYI0 €CTeCTBeHHO Ha3BaTh (TAIepAefCTBHTENbHBIM aHA-
JIOTOM HCXOJHOI».

B xaYecTBe BO3MOMKHBIX 3HAYEHHH NEePEMEHHBIX TOi CH-
cTeMbl MOTYT (HrypmpeBats mni00bIe THIEepAeHCTBHTENLHLI0
yuciaa. Tem cameiM mpmoGperaeT CMBICH BODPOC 0 HAINUIH
A OTCYTCTBHE THIepHeficTBUTENLHBIX pemieHuHl »Toli cnm-
creMbl. 1I0CKONBRY MEI mpejlonaraeM, YTe BXOJANINE E HEE
(PyHROMH  ABIAIOTCA OPOJOIKEHUAMH  COOTBETCTBYIOMINX
Qyurguii peficIBETENBHOrO apryMEHTa, TO BCAKO® (jefict-
BHTCJALHOE) pemieHNe MCXOMHOI cucTeMbl OyHeT OfHOBPEMEeH-
Ho pemenueM HoBoil cmctembl. Taxmm obpasoMm, ecn:m mCXop-
Hag CHCTeMA OMeeT peIleHns, T0 H ee TunepaeiicTBHTENb-
Hollf apagor umeer pewenufa. Mpl morpebyeM m oOpartHOro:
6CAKAR CUCTeMa YPAGHeHUli U Hepasencrs, eunepdelicTeu-
TeAbHblUI aHaA02 KOTOpol umeer (eunepleiicTéuredvHole)
peutenus, 0oarcna umers JelicTEUTeAbHbLE DEULEHUS.

Ipunppuneeiii guratens mor Obl yKas3atrh HAM HA TO, 4TO
LOHATHE (CHCTeMA ypaBHeHHEl B HepaBeHCTB» He olnpefeie-
HO HAMH: MH BCET0 IHINb OPUBEJHE OfmH npmmep. Tem ca-
MBEM H Hame TpeOoBaEWe He NOJYYMIO TOUHOH (hopMmyuu-
posxu. YroGsl OTBETHT:, HA ITH BO3PAIKEHHUS, BBENEM MOHSA-
time Tepma. BnifepeM cuerHEI Halop CHMBOJIOB, 9JIEMEHTEHI
KoToporo OyAeM HAa3BIBaTh nepeMmennblMu. ByjaeM Hasbl-
BaThb TepMmoMm NIOOYI mepeMeHHYIO, a1060e RelcTBATENBHOS
queao, a Tarme JgooGoe Beipakenue BHpa f(fy, ..., t.), TH®
f— {yurnua n geiicTBATEJBHBIX apryMeHTOB, & Ly, ..., bn —
moctpoennble paHee TepMbl. Tem camuiM sin(cos(x)), a(y,
exp(z)) (a — QyHKOUA CIOMEHHA) M T. O. CTARHOBATCA TEp-
mamu, Cncremoit (roumee, cucreMolf ypaBEHeHmii u Hepa-
BEHCTB) BHA30BeM KOHeuHEI Habop samuceil Buja = s mau
ts=s, rge t @ s-— Tepmsl. [IpusefeHHBIH HaMH RBIe OpU-
Mep CHCTeMBI HOANA/IaeT HOJ 9TO ONpeJejecHHe, HYIKHO TONb-
KO 3aMeHHUTh OpHBGHUHEEEe o6osHaueHmA THHA x Ty Ha
a(r, y), rie a — QynKnua ciomenud, m T. 0. Oopememnm
Tenepp NOEATHS peuleHus cHcTeMEl. Ecim B TepM HOACTABHTE
JeficTBHTENbEbBIE YHCIA BMECTO HOEDEMEHHEIX, TO OH Hpuob-
perer HeRoTOpoe HeHCcTBHTeNbHOe 3HAaUeHHe. Pemerme cum-

8 g, A, YcuenCxkul 8



cTeMBl — 3170 Takoll Habop sHaueHmit mepeMeHHBIX, OPH KO-
TOPOM JeBasd M HpaBas yacrTd a000ro paBeHCTBA ! = §, BXO-
JAMEro B CHCTeMY, mpuoGpeTaoT OJHO ¥ TO Ke 3HAYEHNE, a
neBad M npasas uyacTu Jgio0oro mepaBeHCTBa t 7= s, BXOAAMIe-
ro B CHCTEMY,— PasHbIe,

Ilo mamemy upepnososkenmio BcAKag (QYHKOuUA ¢ AeiicT-
BUTEJILHBIMU apPIyMEHTAMH M SHAYCHHSAMU HMeeT runeppreii-
CTBHTGNBHBIA aHamor («ectecrBennoe mpomosnkenue»). Ilo-
HATHEe THOePHAEilCTBHTENLHOTO aHAJNOra JEeTKo pacupocTpaHs-
eTcs Ha TepMbl — 4Te0BI MOAYUYMTH AHAJOT TepMa f, HANO
OpOCTO B3aMEHATh BCe BXONAIINE B Hero (yHKINA HAa HX
ranepaciicTsuTenbuple anamoru. Ilpomesnar a1y omepamuo co
BCEMH TE€PMaMH, BXONANIUMN B KAKYIO-TO CHCTEMY S, MbI I10-
ayuum cucremy *S, KOTOPYH €CTECTBEHHO TAK)Ke HA3BaTh
ruoeppeficTeuTenbHBIM aHajorom cuctemsl S. Ilockoabry B
Hee BXOAAT (PYHKOUN C TUNEPACHCTBHTENLHBIME apryMeHTa-
MU M 3HAUEHWAMH, BMECTO HEPEMEHHBIX MOMKHO TIOJCTABIATE
IPOM3BOJIBHBIE TIUOepAelicTBUTENIbHEIE UHCaa., | umepneiicr-
BHTONBLHBIM peIIeHmeM cucreMsr *S HazoseM Takoli Hafop
rHOepReHCTBHTONbHBIX 3HATCHUH HEPEeMEHHLIX, NPH KOTOPHIX
BEHIIIOJIHEHBI BCE BXOJAINNE B HEE YPABHEHHS M HEPABEHCTBA,
Teneps Momuo copmynupoBarb Hame TpefoBaHHe K clCTe-
Me TUmepAeiicTBUTENLHBIX UHCEJd U K THINepReilCcTBUTENLHBIM
agasoraM ciaefyomnm o6paszoMm.

Hycre S — npoussoavhas cucrema ypasHenuli u Hepa-

sencrs, *S — ee eunepdelicréureavuviti awnaaoz. Ecau

*S umeer (eunepdeiicreurenvnbie) peutenus, ro S doaoc-

Ha UMeTb JelicTéuTesbHblE PEUEHLS,

HanoMunM, 4T0 BO3MOJKHOCTL IOCTPOSHHA HeapXHMeJo-
Ba YOOPAMOYEHHOTO pacmmperna K moas R um Takmx ru-
nepedcTBUTENBHBIX AHAJIOTOB *f HnA Bcex MefiCTBATENbHBIX
Qyaxnuil f, Koropsie GBI y08IeTBOPAIN CPOPMYIUPOBAHHOMY
1pe6oBaHNIO, OCTAeTCHA IIOKA BCETo JuIub runoresoit. (Msr
OyneM HaseBarh 9Ty runoresy OcHoBHo#l rumotesoit.) B cie-
gylomux naparpadax MBI 00CYIMM HEKOTOPHIE €€ CIeICTBHA.
A K BODPOCY 0 HIOCTPOGHWH CHCTeMBI I'HHep/eiicTBHTEILHBIX
yucen ¢ TpeOyeMbIMU CBOHCTBAMHU MBI €I BEPHEMCH.

§ 6. IEPBBIE CJEJCTBHA

B sToM maparpadye MBI OpuBeJieM HECKONBKO HPEMEpOB,
MOKAa3hIBAKINNX, KaKHe CAeJCTBUA MOKHO BHIBECTH U3 cdop-
MyJaupoBaHHOR B mpepbimyimem naparpage OcHOBHOH rumo-
Te3pl. OKaspIBaeTCA, YTO HECMOTIPA HA TO, 4TO CHOPMYAHpPO-
BanHOe HaM# TpefoBaHHE OAHOBPEMEHHON pPAa3PELIMMOCTH
cuCTeM YpaBHEHUH ¥ HEepaBeHCTB KaKeTCA BECbMA YaCTHBIM,
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OHO HMEeT caMbie PasHOOGpasHLIe CJIEACTBHS W JOCTATOUHO
nas obocHOBaHU{l 3HAUHTENLHON dYacTnm pPacCyMACHHM ¢ rn-
gep/eflcTBHTeNbHBIME TUCIAMH,

IIpuumep 1. lUyers f— dymruma omgmoro pmeiicTBMTENH-
HOTO apryMeHTa, HPHHIMAINag ToJAbKO 3Havemma 0 =m 1.
Jloxamenm, 9ro QyHKOHA *f npHEMMAeT TOABKO 3HAYeHHA O
n 1. [lna aToro paccMoTpuMm cmereMy

Hx)=#=0, [(z)#1,

KOTOpasA IO IPefUOJIOMKEeHNI0 He HMeeT JAeHCTBUTENLHBIX pe-
mennii. CiregosarTensmo, He mMeeT (rHOepAefiCTBUTENLHEIX)
pelIeHuil ¥ ee aHaJor — CHCTEMAa

*¥f(z)7# 0, *f(z)7* 1.

IIpamep 2. lIyers f m g — yEROET ofHoro meitcTni-
TeALHOTO apryMeHTa, MpHUueM MHOMKeCTBa uX HyJell corma-
paior. (Maoskecrso Hyme#l (YHKOMEH — MHOMKECTBO TeX 3Ha-
YeHWI apryMeHTa, OPH KOTODBIX 3HaUYeHWe (QYHROHM pPaBHO
0.) B sToM cayuae u MHOMKeCTBA IHOEPAEHCTBUTENLHBIX Y-
cell, ABIALOIIeCH MHOKeCTRaMHM HyJAed ¢Qymrmuin *f m *g,
cosnagaior. Horajxem »ro. B camom fgexe, xaxpmas um3 cH-
cTeM

(1) f(2)=0, g(z)7*0;
(2) g(z)=0, f(z)*0

He wuMeeT pelficTBHTenbHBIX pemenuil. CnefgoBaTensuo, He
UMeT TunepAeficTBHTENbLHLEIX pelmeHAd W mx agasoru. Ilo--
aToMy a1000ft rumepmeHCTBUTENHHLIN HYNb (QyHrmmm *f 06sa-
sap (uro0nl He OBITH pemenmeM amajora cmereMsl (1)) 6BITH
HyJeM B [asa *g @ HaoGopor.

JTOT mpEMep MO3BOJAET OLPEJIGNHThL IANEePHeHCTBHTENE-
HBIE QHAJOrM HE TOALKO Nid (YHKNui, HO W JJId MHOKECTB.
ITycres A — upomsBoNbHOE MHOKECTBO [AOHCTBUTENLHBIX Wil-
cen. PaccMoTpuM OpOM3BOJIBHYI0 (DYHROUI f, MIA KOTOpOHX
A — muomectrBo myneii. (Taras ecTh: [OCTATOUHO HOJO-
RUTh, Hanpumep, f(z)=0 mpu 2 € A 1 f(z)=1opaaz & A.)
Pacemorpum temepn rumeppeificTemTenbHEIR aHamor *f GyHk-
nunn { u MHOMecTBO *4 ero (runepHeficTBATENBHBIX) HYyJeil.
Kax MsI BupgnM, MmuOMecTBO *A He saBucur or BEIOOpa PyHK-
nuu f. Ero Ml B Haz0BeM THUOEpPAEHCTBHTENBHLHIM aHAJIOIOM
MEORecTBaA 4.

IDpumep 3. Mo MoKeM Temeps paspeminTs BKIYATH
B CHCTeMB! HapAgy C paBeHCTBAMH [=S§ M HEPaBeHCT-
BaMu {ss W BammcH Buia S A, rAe $§ npejcTaBiAAeT
cofoit Tepm, a A — MHOMKeCTBO AelicTBHTeNnBbHBIX wmcen. Ilpm
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pTOM pemennaMm GyayT Taxme wmabopnr (feficTBOTENLEKIX]
g ruoepReHCTBATENbHLIX) 3HAYEHHMH MEPeMEeHHHIX, IPH Ko-:
TOPHLIX BHIIOJHEHBl BCO pABEHCTBA M HEDABEHCTBA, a 3HAYe-:
HIe s ODpuHajueRnaT MHEOKecTBY A. I'mnepmelicTBHTEILHEBIM.
agamoroM sanuem s< A Gymer *s< *4, rme *s — rumeppeii-
CTBUTEJLHEIN amalor TepMa S, a *A — amaNor MHOMKECTBA
A (B yxasamHOoM cmbicie), Taxum o0pasoM, y BCAKOH cm-
CTeMH PABEHCTB, HEDAREHCTB W BRuOUeHHH (T. e. 3ammceil
Buga s & A) mospasercsa runepfeiicTBuTenbHEBIN anasor. Jua
TAKMX CHCTEM OCTAeTCA B CHJI® CBOHCTBO OJHOBpEMeHHOII-
Pa3PemIEMOCTH: eClIH TIUIepAeilcTBUTENBHBIE aHAJOT CHCTe:
ML EMeeT (rumepjeliCTRBHTELHBIE) pEUIeHHA, TO HCXOJHAR
cucTema mMeeT (geficrBurenvHuie) pemenna. Utolw yBRu-
NeTh 9TO, JOCTATOUHO 3aMeHmTh S A ma a(s)=0, rme e —
(yHROUS ¢ JefCTBHTEILHEIMI APTYMeHTAMH M 3HAUEHIAMU,
MHOKECTBOM HYJIeil Koropoit snmserca A. AHamorAIHBIM 06+
pPasoM MOKHO AOGABIATL B CHCTEMY M YTBEDHKJGHAA BHAA!
s A (uro samensietca Ha a(s)¥ 0).

IIpamep 4. Ilyers A — mycroe muosKecTso. Honamen,:
uro *4 — mycroe MuEO:Kectso. B caMom fexme, cmcrema

rs 4

HE mMeeT [eifiCTBHTENLHBIX pelIeHuil, MOsSTOMY M - CHCTEMA
re=*4A me umeer (rumepjeiicTeUTedbHBIX) pememnmit, Pac-
CMOTpeB CcHcTeMy z & A, moXydaeM aHAJOTAYHEIM 00pasoM,
uto ecmm A CofMepHHUT Bce NeWCTBUTENbHBIE wHMcaa, TO *A
COTIEPIRUT Bee rumepfelicTRUTesibHBIe wmeia, Tawxum ofpa-
30M, THIEPAeilCTBUTENbHbIM aHAJOrOM MHOMecTBa K 6yjer
maokecTBo  *R, tak wro mamm 0603HaYeHWA COrNACOBAHEL.

Urobpl He OHTH H3JIMIIHE MHOLOCAOBHBIMH, MBI B Jailb-
neiimeM GyaeM H03BOAATE cebe HEKOTODHIE BOJBLHOCTH pPEd,
Wmenro: BMecro Toro urofsl roeopurh 0 cucreme S m ee
neficTRUTETBHEIX DeIleHUAX, a Tawke o cucreme *S m ee
PHIEPAeHCTBATENbHBIX POMeHnAX, O6y/ieM FOBODHTH -0 AeHcT-
BHTEJILHBIX W THOEP/AeHCTBUTENLHEIX PEIICHUAX CHCTEMEI S,
(Pasymeerca, roBopa o rumepfefiCTBUTEIBHEIX DEIIEHUAX
crcreMsl S, MBlL Ha caMoM Jieje OyAeM WMETL B BUAY THOep-
ReficTBuTeNbHBIE pelneHuA cucTeMbl *S.) 9ro mosBoxHT HaM
COKOHOMHITE MECTO W HE NHCATH JBe CHUCTeMbl, OTIHYalOou(i-
ecs YT OT Apyra aumb 3pe3foukaMmu. Hampumep, B mociep-
HeM OpHMepe MBI MoIiIm OHI cKasaTh, YTO «cucreMa & € A
He nMeeT JMeliCTBUTeNLHBIX peIIeHHUil u, CAeMOBATENLHO, He
HMEeT B THIOepAeHCTBUTENBHBIX pemeHHil, moatoMy *4
oycTOoY,
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Opumep 5. Ecnm A =BNC, 10 *4A=*BN*C. B ca-
MoM Aede, Ka/KaAafg H3 CHCTeM
zeB, z=C, 2 & A4,
ze=4, 2 B;
zed, 2&C

ge mMeeT MeHCTBUTeNLHBIX, H, CIEJOBATENLHO, rmmepieiicr-
pareapupix pemenuil. (Tounee, caefosano 68l rosopmth 006
anagorax atux cmereMm!) Orcona monyuaem, 910 *B N ¥C < %4
(nepras cucrema), *A < *B (sropas) m *4 < *C (r1petssn),
oTKy/Ja BeITeKaer, uro *4 < *BN *C. B ravecrse ympamme-
HOA YHTATENb MOJKET DpPOBEPHTh  AHAJOTHYHEIE CBOMH-
cTBA JIPYTHX TEODeTHKO-MHOKECTBCHHEIX omepanuit (ec-
au A=BUC, ro ¥4 =*B ] *C; ecntu A=R\ B, 10 *4 =
= *R\ *B).

HamoMBmM, 9To Hamm TpeGoBaHNA K CHCTeMe THuepjeii-
CTBHTEJILHBIX YHCEJ COCTOAJIH H3 [OByxXx uacteit. Bo-mepbsx,
*R  pmomkmo OBITH YHOPAZOYEHHBIM HEAPXMMENOBEIM HOIeM,
pacmupsaiomuM [R. Bo-srophix, momkHH cymmecTBoBaTh aHA-
jJorn jaa Bcex MefiCTBETONBHEIX (DYHRIHIA, YHAOBIETBOPHAIO-
mie TpeGOBAHHIO ONHOBPEMEHHON paspemEMOCTH CHCTeM
ypaBHeHHI. JTH TPeGOBAHMA OKA3HIBAIOTCA M30HITOYHLIMH:
ToT aKT, YTO THOEPAeiCTBUTEILHLIE 4HANOTH CIOIREHEA,
VMHOKEHHA H T. I. npespamaioTr ¥R B mone, MOMKHO BhIBe-
ctn u3 Tpe6oBAaHOA OJHOBPEMEHHON pa3pelTMMOCTH CHCTEM
ypasuenuil. Iloxamem aro.

Ipamep 6. Illyers a4 @ m— Qymrnmn  caosxe-
HIA U yMHOMKeRHA HelicTBHTEJNLEBIX dmcen: a(xz, y)=z +y,
m(z, y)==z +y. Dynroum ¢ @ m (xKax @ a00be GYHEKOEO G
HeifCTBHTENLEBIMH APTYMEHTAMHE W BHAYGHHAMH) HMEKT IH-
nepmeficTBHTENbHEEIE aHAJOTH *a u *m. JTu amasorm M Gy-
NeM paccMaTpPHBATh B KAYeCTBe CIOKEHHA M YMHOKEHHA
rHOepAeficTBHTENBLHEBIX uHCeld. AHAIOIHYEEIM 00pasoM, pac-
cuorpeB QyHrOmm N (B3sArne npormBomonoskHoro) mw R (maa-
THe o0paTHOr0) W WX TIHOepAelCTBHTENLHBE AHANOTH, MEL
OIpejeaNM B3fATHE HOPOTHBOLOIOIKHOTO M obparmoro B *R.
(HeGonpmaa TOHKOCTH: MB! paccMaTpHBAaeM JUOIL BCIOAY OI-
peneneseble ynrnum, a yHkmEA KA NOEePBOHAYAALHO He
onpepenesa B 0. 9To Jerxo mompaBHTH, HAnpEMep, A0OIpe-
nenus ee m cuutad, wTo R(0)=0.) lloxamewm, 4to BBejgeH-
Hble TakEM ofpasoM B *R omepanum yaoBIETBOPAKT  Ak-
cuomMaM moiA. JTO jlenaerca cosceMm mpocro. Ilposepmm, ma-
npoMep, 4To B ¥R

z(ytz)=z-yta-z
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Tax rak R — moxe, To cmerema
m(z, a(y, z))*a(m(z, y), m(z, 2))

He mMeeT JeHCTBUTENLHHIX pelieHmil. JHAYAT, OHA HE EMeer
u THOep/eiicTBUTENLHBIX pemennii, T. e. Tpefyemoe CBoiic-
BO BHIIONHEHO ¥ -B *R. AHaJOrWYHO OPOBEPAIOTCA H  OC-
TaJgbHEIe aKkcHOMSBI moJiA. Mer paceMoTpHM ANA TpPHUMeEpa ele

1
opmy: #-—=lmpu z 70 (ec mpiGop oObsacmAercA Kedaml-

eM IIpPOMLIIOCTPIPOBATL, ITO y4eT ycioBma z 7 0 He cosja-
er Tpymmocreit). Cucrema

270, m(z, R(z))# 1

He mMmeeT JeilcTBUTENLHBIX M, CJIeNOBATeJLHO, rumepneiicr-
pETenbHbXx pemennil. lloaTromy Her rumepAeficTBHTeNBHEIX
z, mia kotopeix z70 u *m(xr, *R(x))¥ 1, 1. e. nuA Beex
FAMEPAEiiCTENTeBHEIX %, 1A KOTOPHX & 7 0, BBINOMHEHO
*m(z, *R(z))= 1.

Ipumep 7. llpogonwana RBHraThcs B BEHIOpAaHHOM Ha-
MPABNEHHN, MBI JOMKHH npespatuts *R B ymopsagoueHHoe
mojie, ECXoad u3 TpefoBaHUA OTHOBPEMEHHON paspemIMMOCTH
cucreM B *R m R. JlpyruMu cropamu, HAM HYMeH IHIep-
HeHCTBHTENBHEIN aHamor oTHOmeHHS wnopsaaka. OrHomenue
mopsaaka Ea R, Kak H BCAKOe JByMECTHOE OTHOIIEHHE, eCTh
HEKOTOpOe MOJMHOMKecTBO MHOMecTsa R X R map peiter-
BHTeNLHBX ymeea. OnpemennM puaa xamporo S — R X R ero
agajor crepyiomuMm obpazom (cM. mpumep 2). Pacemorpuu
QYHKOHIO § [BYX JeHCTBUTENBHBIX apryMEHTOB, IS KOTO-
poit s(x, y)=0 pasmocmasEo <, y><S. Pacemorpuum
ep rHmepaeficTBHTENLHEIH aHasor *s m MHOKecTBo *S Tex
map rmmeppeiicTBETeAbHBIX uwmcex <z, Y>, A  KOTOPHIX
*s(z, y)=0. Kak m B npumepe 2, Jerxo mposeputh, uTO
MHOMKeCTBO *§ BaBHCHT TONBKO OT MHOKecTBa HyJell (QyHx-
O S. 9Ty O0My NpOmeAypy MOKHO HNPUMEHNTH H K OT-
HONIEHWIO IOPANKA, paccMorpes MHoskectBo Ord Tex map
{z, y?> neilcTBHTENLHBIX dMCEN, MJIA KOTOPHIX <}y, ero
amamor *Ord m ompegenus mopsAmox B *R Tak: rmmeppeiict-
BUTEJBHOE THCIO & MEHLINE THIePReiiCTBHTENLHONO dHCiIa Y,
ecan napa <z, y> npmHagme:xuar *Ord,

Temeps B OcuoBHOil rmmoTese MOKHO HAPALY € paBeHCT-
BaMu ! =g§, HEPABEHCTBAMH BH/Ia [ 8 U BKIOYCHUAMMI
t= A BRmMOYaTh B CHCTeMbl W HEPABEHCTBA BHAa [ <§ #
t < s. Takue sanncu HyKRHO PacCMAaTpPUBATH KaK COKPANEHA.
nasa ord (¢, s)=0 = ord(¢, s)7 0, rae ord — PymxUA, MHO~
MeCTBOM HyJeil roropoit asngerca Ord, ’
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Jlerro mpoBepuTh CBoficTBa mopagxa. B camoM neme, em-
creMa
<y, y<z

ge HMeeT JeiiCTBHTeNbHBIX pelleRMil, II03TOMY OJHOBpEeMeH-
Hoe BBIIOJHEHHe CBOHCTB £ <y M Yy < Z HEBO3MOKHO M JIJIA
runepiefiCTBUTeNbHBIX YHCed. AHAJIOTMYHO cHCTEMA X < Z
ge nMeeT MeHCTBHTERLHBIX pelneHNil, H03TOMY HUKAKoe TH-
pepAeficTBETenbHOE wHCIO He Medbine camoro ceGa. Haxo-
Hell, PACCMOTPEB CHCTEMY

z#y, z<dy, y<a,

ge NMeMINYI0 pemieHuil, yoesmjaeMcd, 4TO H3 NOOBIX ABYX
pa3YHbIX THIIePAeHCTBHTENLHBIX YHCed OJHO MEHbHIE ApY-
roro. PaccMoTpes cuHeTeMmy

z<y,ztzdy+z

‘GensaeMen, 9To0 M3 * <y caeayer xtz <y -tz nm T &

Tem campiM *R ppespamaercd B ynopagoueRHOe moJe.

Ilpumep 8. Ilycts A — npousBoaLHOE MHOMKECTBO jeii-
cTBiTenbHBIX umcen. lloxamem, uro A — *4, B camom pgene,
ecii a €A, a f— dyHroua ¢ mHoMecrsoM Hymell A (mpum-
mep 2), 1o f(a)=0 n, suauur, *f(a)=0, 1. e. a = *A4,

Ilpumep 9. Ilycts A — KOHEIHO® MHOMECTBO JeHCTBU-
TeauHBIX guced. llokaskeMm, 410 B 3TOM ciyuae *4 = A, 1. e,
HOKAKINX HOBBIX 3JeMeHTOB *A4 no cpasHenuioo ¢ 4 me co-
JepHuT. '

Ilycrs, mampumep, 4 cofmeprkaio TpHU AeilCTBUTCALHBIX
ncaa p, ¢, r. PaccMorpum cucremy

zFp xFq x¥Fr,ze 4,

Ona me mMeer [MeliCTBHTENLHLIX pEINEHUil, 3HAYHT, HE HME-
er n ranepjeificruteapHrx peimreHuit, Ho Besxoe r & *4,
oriHYHoe 0T p, ¢, T, Obuto Onl ee pemeHueM. SHAYHAT,
*4 = A.

IMpumep 10. Ecrecrsenusii Bonpoc, BOZHEKANOMIMIL
HoCHe pPacCMOTpPeRHMs IPEJbIAyINero mprMepa, TAKOB: a 4To
Oyaer maa Gecromewnnx A? Mel Bmpmennd, uTo BCAKOe AeficT-
BHTEJBHOE I, UpUHAANCHKamee A, npuHagmexur B *4. Aua-
JorugyabiM 00pasoM BCAKOe AEHCTBHTENBHOE Z, HE IIpUHAJIE-
mamee A, me mpunapne:mur n *A. IlooToMy Bce HOBEHIe die-
mentsl *4 mo cpapmeEmio ¢ A o0sa3aEn GBITH HECTAHJApT-
noivn, OxaswniBaercs, 4T0 oum o0Asarteabno OyayT, ecam A
Geckoreano! Hpemne 4eM IPHBOAHTEL 9TO Ppaccyskjenue, 06-
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patEM BHIMAHNe Ha TO, YTO 3TO MEPBOE DPaCCyKACHNS, MCe
morpaylomee Hagmuue Oecromeuno Maasix B *R. Jlo cmx
Hop MBI CChLIANUCH TOabKO HA OCHOBHYW rmmoresy, H, Cne-
JOBATEIbHO, BCE HAINM paccy:MueHNA OLLIH COpaBeInBhl I
a1a cayqas *R = R. ‘

Hrax, noxasem, uto ecnit A Geckomeumo, 70 B *4 cy-
MECTBYIOT HECTaHAapTHBe (U, CiCA0BATENLHO, HE UPHHAJ-
nesamme A) saeMentsl. JT0 JIOKA3aTENbCTBO BHAYHTENBHO
crosaee yike Berpevapmuxca (Koropsle GLimm mOUTH  Oue-
BngHE). Ero njewo moxmo omumcars Tax. Pas A OGeckomed-
HO, CYWIECTBYeT BeUecTBeHHAA (QYHKOUA f, He OrpaHmuen-
pan csepxy ma A. Torjma ee amanor *f Gymer HeorpamHveH-
mpiM Ha *4. 9710 3maunr, WTo cpean 2= *A  maligyres
HOCTaHapTHBE: ecam Onl Bee aneMenTel *A Gpinm cram-
JapTEB, TO H Bee 3mauvenus [(x) uopu z=*A4 OGean Osr
CTAamJAPTHEI, I MHOMKECTBO ATHX BHadenmit Owino Or orpa-
HOueno ceepxy Gecromeuno GoapmumM ruaepieilcTBUTETLHLIM
YUCITOM.

ITpoBenem Temeps 9TO paccymEpcuue noxpouo.

Ilyerr, A Gecroneuno. Paccyorpum ¢yHxnmo f ojHOro
NeliCTBATENLHOTO0 APTryMEHTA C JeHCTBHTEJNBLHLIMA 3HAYEHI-
AMI, He mABaAUIyIocs orpaEmvennocii ceepxy ma A. (Utobsr
DOCTPOHTHL TAKyIo (PYHKRUI, CCTATOTHO BHOPATH CUETHO®
noamuokecrso. A  ={as, ay,...}, A'=A uw nDonomuTh
fla,)=n, f(z)=0 npu z¢ A".) Tax rar Qyuxnua | me
OrpaEHYeHa, TO HiA ai000oro ¢ cyuecTByer Taxoe x € A4, yro
f(z)>c. OGosmaunm 10 x uepes g(c). Mur mmeem pse
$yrrnuy f m g ¢ TaxuMn cpoiicTBamu: g(c)= A upm Beex
meiicTBETENLOBIX ¢, mpmueM ¢ << f{g(c)). Paccmorpum Tte-
neps runeppeiicrsureapuble amaxoru *f m ¥g Qymrnuil f u
g U JOKarKeM HEeCKOJIbKO YTBED:KASHNT 0 HHX.

1. *g(c)=*A4 npu Bcex ramepjeiicTBHTENHHHIX ¢. B ca-
MoM fleqe, cucrema g(z)¥ A He MOMKeT UMeTh THneppeiicr-
BUTEJIBHBIX PpeIneHHi, Tak KaK He uMena JelCTBHTCALHBIX
peluenni.

2. e<*f(*g(c)) mpum BCeX THOEePASHCTBATENBHBIX ¢,
B camom nexe, cucrema z < f(g(r)) He mMeer rumeppeiict-
BOTOILHBIX PEMIeHNil, TAK KAK HE HMEET NeHCTBHTEeILHBIX.

3. Ilpn Gecromeuno OOMBLIOM TOJOMKHTENLHOM € UHCIO
*g(c) mecraupmaprao. B camom pene, eciu Gnr *g(c) Gwuto
cragfapTERM, To B *f(¥*g(c)) Obuo Gpr crampaprmbmiM (*f
Ha CTAHMAPTHHIX YHCIAaX HNPHEEMAeT CTaEJAPTHRIO 3HAYe-
nag, Tak kar npopomxkaer f). Ho aro mporueopeunrt mepa-
BEHCTBY ¢ <*f(*g(c)) m TOMY, HTO ¢ — IONOKHUTENLHOO
Gecxomeqrno Gompimoe.
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Taxnm ofpasoM, *g(c) mpu Gecromeumo GoabmoM ¢ mpeft-
cragaAeT CcoGoH HecTaHZApTHO® TIUOEPAeHCTBHTENLHOS YHC-
g0, UpuHamneskamee *A, uro m TpeGoBalOCH HOKA3aTh.

CoreryeMm o0paTHTE ocofoe BHIMaHHe Ha BTO paccysie-
pue, HECMOTPA HA TO, YTO OHO MOH@T HOKa3aThCA IOHAYA-
Jy CTPAHHBIM H [|a’Ke HECKOIbKO HCKYCCTBEHHBIM, HOCKOIb-
Ky BCe HCIOAL30BARHHBIO B HeM NpHeMH HE pas HaM eme
BCTDETATCA,

§ 7. OTPAHHYEHHOCTD U IPEJEJIBI

B opegeigymeM maparpade Mbl mOKasamu, 4To 0606
KOHEYHO® MHOMECTBO AeHCTBHTENbHHIX wuced A pasHO CBO-
eMy rumepjeficTeuTeabHOMY aHanory *A (m, clefoBaTenbHO,
*4 COCTOMT TOJBLKO M3 CTAHAADTHHIX HAEMEHTOB), & JUIA JI0-
Goro Geckoneunoro A MEOXKecTBO *A4 COZep/HHT HOCTAaHAAPT-
HBIe 9jeMeHTHl. J7T0T -(baKT MOMRHO PACCMATPHBATH C pAasIHy-
EEIX TOUSK spemua. MoKHO CuMTaTh €ro JOGOOBITHEIM CBOIH-
CTBOM CHCT@MBHI THHEpIelCTBUTENLHBIX 4uced. [[pyras Toura
apeHHfA, KaKYIOAAcA Ha N6PBLIA BIMIA]L HeecTeCTBEHEOIT
1 gasme abcypaHOH, cOCTOHT B TOM, 4TOOMI BHIETH B STOM
CEOHCTBG ONpOJAEAEOHHS® KOHEWTHOCTH MHOMKECT-
pa. Ilpeacrasmm cefe Ha MHHYTY, YTO MBI HO 3HAGM, 9TO
THK08 KOHEYHLIe W OGeCKOHeTHHI® MHOKecTBa. Torga Mal Mo-
JReM oDpejenuTh GeckoHegHOS MHOKECTBO KAK TaK0e MHO-
mecTno A, rmmeppeilcTBHTeNsHEIE adamor *4 Koroporo €o-
Hep/MAT HeCTAHZAPTHEIG diaeMeHTHL. Mer moieM fame JoKa-
3LIBATH pasHAble CBONCTEA OOCKOHPUHBIX MHORECTB, HCXOAA
H3 sToro ompefesaeHnd. JloraskeM, HaupmMep, 9To ecam C =
= 4 UB Geocxomeuno, T0 X0TA Gbl 0jHO H3 MmHOecTB A H
B 6ecromeumo. B caMoM [ene, KaK 0TMe4aJoCh B Ipe]IH-
ayuiem maparpade, *C=*AU*B, Do nDpeamoN0KeHHIO
*C  cojepsROT HECTAHJApPTHBII  BJeMeHT, 3HAYMT, €ro
HOMMHO COJepP/KaTh L0 KpaliHeil Mepe OJHO H3 MHOMECTB
*4 n *B.

910 paccy;IeHMe BEIMMIAAMT aGCyDIHBIM: MBI [OKa3LIBa-
€M OUSBHIHEIL (PaKT ¢ HCIOJIH30BAHUEM B38IaJj0YHOTO THIEp-
ReficTBATENHHEOr0 pACHIOpEHHS, CAMO CYIECTBOBAHHS KOTO-
poro moka BechMa coMmHmTensmo! Cormacmrecs, OFZHAKO, 4TO,
HecMoTpA Ha CBoK0 aGcypamocrs (wnm Onaromapa eit), »r0
paccy)sgenns BecbMa u3Amuo. OneHHBIIHH BT0 HBAIIECTEO
YNTATENh MOMOT CUYHTATh, YIT0 OH MOEAJN ABIMKYIIYIO CHIY
LecTaHZAPTHOIO AHAJHW3a; BCO JalpHeldIIee H3JIOMEHHS CO-
CTOUT JUMp B HPAMEHEHHH TOi Ke HJeN B ADYTHX CHTY-
anuax,
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Ham nepsriit IpHMeD OpUMEHEHNA HECTanJapTHOrO aia-:
Jn3a — HECTAHAAPTHOE [IOKA3aTeNbCTBO cae/lylomell (Beck-}
Ma CTaHJAPTHOH) TeopeMul:

8CAKOe O2panuMenHoe CeckOHeuHOoe MHOXcecT80 OelicTeu-

TEABHLIT UUCeA UMEET NPeJedbHYIO0 TOURY.
Jlorazatennctso 6yeT COCTOATH B TOM, YTO MBI JagUM HO-
BEle, HeCTaHRapruele (HO, pasyMeeTcd, OKBHBAJCHTHBIS
OOBIYHBIM, CTAHNAPTHHIM) ONpE/ENeHIIA OrPAHMIEHHOrO MHO-
;KeCTBAa H MOpelelbHOH TOYKHM, IIOCJAE Yero TeopeMa CTAHeT
nouTty oueBmjHoll. Ho BHavajme HanoMHNM CTaHJAPTHHIE OH-
pejelieHuA.

Muoskectso A feiicTBUTENBHEIX 4uceNl HA3BIBAGTCH 02pd-
HUYEHHBIM, CIN OHO COFEPHKUTCA B HEKOTOPOM OTpE3Ke, T. e,
ecaN CYI[ecTBYIOT TaKide JeHCTBHTENLHEIE YHCIA D U ¢, UTO
p<z<gq gna Bcex z= 4. Toura a HassiBaeTcA npedeasv-
Holi Toukoll MHOMecTBa A, eCHH ANA BCAKOTO IOJIOKHUTENE-
HOTO & B MHTepBale (a—g¢&, a-t¢&) Hailgerca TOUKA MHO-
ectsa A, OTAHIHAA OT Z. :

Hecrangapraoe ompejenenite OrpaHUYEHHOCTH BECHMA
mpocto: A orpammueno, ecan *A uHe comepyRuT O0ECKOHEYHO
Gonpmux rumepAeiicTBUTENBHBIX wuCed. llokaykeM, 4UTO OHO
PaBHOCIJIBHO cTaHjaprHOMY ompefeinenmioo. Ilyetn A orpa-
HHYeHO B OOBIYHOM CMBIC/IE, T. €. COJAEDPIHHUTCH B HEKOTODPOM
orpesre [p, ¢q]. Torga cucrema

zed, x>q

He HOMeeT RefiCTBHTENLHBIX pemieHHI, MOITOMY He HMeeT I'd-
nep/ecTBUTENLHBIX pelleHuil, o, CIe/0BATENLHO, BCE 3Je-
MeHTH *A He Goabime ¢ (B CMBICIE HMMEIOMMErOCA HA THOEp-
AeflCTBHTENLHEIX YHCAAX NOpAARA). AmanormussiM obpasoM
Bce saeMeHTH *4 mHe menbime p. Iloaromy Bce saemenTH *4
rkomegnrl, Temeps Hajo porazaTh o0paTHO® YTBep:Kje-
mne. llyers A He orpammueno (B 0OBIYHOM cMBICHE).
Torga manbo piIA BCAKOrO MAeHCTBHTENBLHOrO p Hadigeres
ze A, nna roroporo z < p (A He OrpaHNYEHO CHH3Y), JII-
60 juA Beagoro JeiicTBUTENBHOTO ¢ HaiimercAa r = A, mia
rotoporo x>gq (4 He orpammueHo csepxy). Ilyers, ma-
npumep, A4 me orpanmyeno cBepxy. PaccMorpuM ¢yHEDEIO
f, koTopad 1o KaXKAOMY JeiiCTBHTeNLHOMY ¢ pmaer z € 4,
I Kotoporo z > ¢. [Ipyrumu caosamm, f(¢)= A u f(¢)>¢q
npi Beex pelicturensHsix ¢ Torma *f(g)e *4 (cmcrema
f(g)# A me mmeer pememnmii) m *f(q)>g (cmcrema f(g)¥
P q me mMmeer pemeHnmil) TpH BCOX THIEDPAEHCTBHTENBLHBHIX
g. Baas ¢ momoskmrennEnM M OecKomeuno GoAbINNM, YBH-
AuM, 910 *f(gq) ecrs GecromeuHo Gonpmoil (Tak Rak *f(g)>
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> ¢) aaement mmo:xectBa *A. Taxmm ofpasom, 4 me orpa-
gIUeHO H B CMBICI® I'HOepAeiiCTBUTENHLHOIO ONpENelenus.

JlamuM Temeph rumep/eiicTBHTeNbHO ONpPEfeNeHHe Ipe-
peabHOl TouKM. OHO TaKOBO: CTABJAApPTHO® UHCIO @& HA3LIBA-
erca npedeavroli Toukol MuomecTBa A mellcTBATENBLHBIX
yiicesl, ecam *A ComepHAT HeCTAaHJApTHOe THOepAeHCTBH-
renpHOE uHCHO, GeckomeuHo Onmaxoe kK a. (OrMernMm Bask-
HYI0 OTOBODKY (HeCTaB[apTHOe»: eciam Onl ee He OLLI0, BCA-
ruii anemeHtT A sBasncd Gl ero mpenensmoit Touxoil.) o-
KajKeM, ITO 3T0 OmpeflelleHNe PAaBHOCHILHO CTAHIAPTHOMY.
ITycTs @ — mpefleibHaA TOYKAa MHOMKecTBa A B CMBICIe CTaH-
napraoro ompegeneHms. Torma AnA BCAKOTO JAeHCTBETENLHO-
ro & >0 cymecrsyer Takoe x = A, uwro ¥ a u z <(a — e,
a+ ¢). Paccmorpum (yHKOEIO f, KoTOpag [aeT OfHO U3 Ta-
xnx z mo & (opm ¢ < 0 pmoompesiennmM ee kax yropHo), Tor-
na upHa Bcex e > (0 mMeem

He)= 4, f(e)# 4, f(e)<ate, f(e)>ame.

Kasknoe M3 3THX COOTHOMEHH{T COXPAHMTCA W HOCAE NEpexo-
la K THOepjeiicTBATeNbHLIM UHCIaM: JaA Bcex e € *R,
e > 0 nMeeM

*fle)=*4, *f(e)#a, *(e)<a'te, */(e)>a~e

(0CTATOYHO PACCMOTPETH UETHIPE CHCTEMEI, KAKAAf H3 KO-
TOpLIX HE HMEeT PEelIeHHA OTHOCHTEJNLHO &:

f(e)#A4,e>0; f(e)=a,e>0;
fle)ytate, e>0; f(e)yPa—e, ¢>0).

Bosnyem nomossmresanHoe Geckomeuno manoe &, Torma *f(e)
Gyner ounemenrom *A, oramumbiM or a. Hpome Ttoro, *f(e)
GecroHedno OMU3KO K @, TAK Kak pasHocTh *f(e) — a 3a-
KIKNTeHa MEMAY — € ¥ € H, CIeJ0BATEILHO, ee MOMYJIb MEeHb-
e ¢ M MeHpme JoGoro CTaHAPTHOTO IOJOKHTENBHOrO Ul-
cia. HTar, 9KBUBAJEHTHOCTL OLpejieleHnil HAIOJOBMHY J0-
Kasana. JloxaskeM o0paTHOe yTBepHJCHHE. ‘

IIpenmonosknM, 970 @ He ABIAETCA IpeAeAbHOR TOUKON B
CMBICIE cTaEjapTHOro ompefenenud. Torga HaiiercA Taxoe
e >0, 4ro B mATepBane (@ —e, a- €) HET TOUEK MHOKECT-
Ba A, OTAWYHBIX 0T @. [[pyTHMH CIOBAMIH, CHCTEMA

x>a—¢g, z<ate a7 azrsA
(paccmarpupaeMas Kak CHCTeMA OTHOCHTENBHO Z) He HMeer
pemenmit. (O6paThTe BHMMaHHe HAa TO, YTO, B OTINUNG OT

TIpedEIAYINETO PACCY:KJeHNA, € B BTOH CHCTEMe ABIACTCA He
nepemenHoil, a KOHCTaHTOIl — Takoil e KOHCTaHTOH, KAk n
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a.Y Cornacno OcmoBHOll rmmoTess aTa CHCTEMa HE HMEeT m
runeppeiictenTensupix pemennit. Ho mo6oit mecrammapTasbiit
pnemenT *A, Geckomeuno Onmaxuili k a, ABasncA Obl ee ri-
neppeficturensnbiM pewenueM. lloatoMy e me sABnsercs
npefensHoil Touro# MHOKecTBa A B cMmBIcae rameppeficTau-
TEJBHOIO ONPEeNENeHUA.

Temeps y Hac Bce roroso, 4rToGH 3aBepmOTh JOKasa-
TenncrBo ofemamnaoro B Hauane maparpad)a YTBep:KIeHNS,
Ilyerp A — orpammuecusoe GeCKOHEUHOe MHOMeCTBO jeifcr-
puTenbueix wncest. Tax xax A Geckomeuno, *4 copmepmur
HECTAHNAPTHBIR BseMeHT S (TaK0BO THIepPAeiiCTBHTENBHOS
onpenesenue Geckomeunocrr). Tak kKak A orpaHmueHo, TO
§ — Komeumoe rumepjeiicrsuTesbHO® YmHCAO (B CHIY THIep-
NefCTBHTENLHOrO oONmpejeJeHnsa orpaHmdYeHHocTm). Hax n
BCAKO® KOHEYHO® YHCI0, § NMEET CTAHJapTHYI0 9acTh 4 —
cTamfapTROEe wucno, GecroHmeyno Gmmaxoe kK s. Omo m Gyger
npefenbHoil Touxkoli Mmomectsa A (B cmay rmneppeiicTsu-
TeJLHOTO ONpefieeHna IPefebHOA TOIKA),

Mger BEAMM, WTO ROKA3aTEALCTBO CTRHOBHTCA NOYTH TpPH-
BHaJBHEIM, Ha 5T0 MOMHO BO3pas;mTh, KOHEYHO, YI0 BHTO
yopomenne — QUKNUA: BCsA TPYNHOCTH IIepeHECEHA B JOKa-
8aTEXHCTBO SKBUBAJIEHTHOCTH CTAHMAPTHHIX M TUmepAeicTBH-
TeJIBHBIX oIpejieneHnd OeCKOHEUHOCTH, OTPAHMYEHHOCTH U
upefiensHo#t Touks. Ho npuBepsKeHIeB HeCTAHapTHOIO aHa-
nUsa 3TO BO3Pa’KEHWE HE CMYTHT: OHH CKaKyT, YTO CTaH-
JlapTHHIe OmpejieNieHAsA BOOOI(e He HYJKHBI, & HYMKHO ¢ Hada-
Ja ¥ 0 KOHIA HOXb3oBarbea HecraumaprasimMa, [lpm srtom
BOOpPOC 00 SKBUBANEHTHOCTH, KOHETHO, OTIajaeT.

He GypneM mpopomKaTe 5T0Oro BOOOpaKaeMmoro amajora
MeKIy DHTY3HACTAMH HECTAHJAAPTHOrO0 aHANA3A M CKENTHKA-
MHA., BmecTo sToro MBI IpHBeJeM HECKOJILKO IPHMEPOB, KO-
TOpEe, OBITH MOMKET, LOMOTYT WHTATENI0 COCTABHTHL COGCT-
pennoe MHeHme o0 sTom mpexmere. IlocMorpmMm ¢ rumeppeii-
CTBUTEJLHON TOUKM SPCHUA HA IOHATHA, IO TpafuIHu
OTKDHIBAIOIIM® KypPC MaTeMaTHUYeCKOr0 AaHAJIN3a,— DOHATHA
HOCAefOBATEeNbHOCTH | IIpeJena.

IToctenosaTenpHOCTEIO HaseiBaeTcA (yHROAA, KoTopad
CONOCTABNACT ¢ KA:KIBHIM HATYPAJLHBIM UHCIOM 1 HEKOTOPOe
HeACTBUTEIbHOS YHCIO, HABBIBAEMO® N-M WICHOM IOCIeNo-
. paTeabEOCTH. ECTeCTBEHHO OMHJAaTh, WTO THIEPAEHACTBHTEN b~
HEI aHAJOr HOCHENOBATENBHOCTH OYy/MeT COmOCTABIATL C
Ka/KJbIM THNEPHATYPANbLEBIM YHCIOM R HEKOTOPO® THIepjeii-
CTBUTEABHO® 4MCIO0. JlaMuM TOUHEIE OUpPEefeNeHHuA.

Pacemorpum mmoskectBo [N HaTypansHBIX WHCeX H ero
raneppAeficTeutennHsiit asanor *N, Ouementst MHOKecTBa
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#N  Mpt OyAeM HassIBATE 2UNEPHATYPAALHBIMU HUCAAMU.
Jlerxo BIJETH, YTO BCe HECTAHAAPTHLIC THIePHATYDPAILHLIC
yicaa GecKoneuHo senuxn. B cadMoMm xpene, Ais JI060ro CTaH-
JAPTHOTO 4HCJIA ¢ CHCTEMA

re N, r<q, z#0,..., TGy

rje (¢ o0o3navaer meaymo gacthk ¢ (HamGolbllee @06 YIC-
10, He IpeBocxofsmies g), He mMeer pemenuit, Ilosrosy
BCAKO® THICPHATYPWILHOE WYICHAO0, HE O0JbIEe ¢, MOMKHO
copnaiiate ¢ oguum m3 gmcex 0, ..., ¢, H, CleAcBATENBHO,
OpiTh cTamgapreRM. Taxk Kaxk ¢ MomHO BHIOpaTh IIPOU3-
BOJBHO, IOJIYYaeM, UTO BCAKOE KOHETHOE THIePHATYPajlb-
noe gmeao craggaprao. IlosroMy Bce mecramamapTibie
rImepHaTypanbHele yHcaa OeCKOHEUHO Beankuw. Takme Gec-
KoHeuHo OoJplOHe TUOEPHATYDPAILHLIE UHCHAA gelficTBHTeNb-
HO CYINeCTBYIOT: [OCTATOYHO B3ATh QyHKmuiof(x)=_z -
+ 1, yGenutbes, uro cuctemsr f(2)éEN u f(z)<z me mue-
0T pemeHnmit (u, caemoBarensHo, *f(r)=*N  n *f(z)==z
N1 BCeX rumepheiicTBUTeNBHBIX r) H B3ATH *f(a) pud mpo-
H3BOJALHOTO 0eCKOHEYHO 0OMBIIOrD a. ’

Ilyers a@o, @i,...— DPOU3BOILHAS OOCHEIOBATEIBHOCTE.,
Pacemorpum dyurmmo o, paa xoropoil «(i)= a; mpu HaATy-
pajipHOM I, 3HAUEHMA e ¢ (r) mpH I, HE ABIAIEMCH Ha-
TYPaJLHBIM YICIOM, MOTYT ObITh BHIGpaHbl Kak yromso. Pac-
CMOTPHM TeIeph B3HAUGHMA *o HA THOEPHATYPAIBHBIX YIC-
nax. DyHKOHIO, COIOCTABIAIIIYIO ¢ KKIHM TI'HIepHATY-
pPaJbHEIM UHCIOM 3HaUYenue (QYHEINH *o HA HeM, Oypem
LaselBaTh gUneplelicTeuTebHblM AHAA0ZOM ROCAEF06ATENb-
nocru a. Mul OymeM HCOONB30BATHE BONLHOCTH DPEUH, HAZHI-
pag *a (o) (OpH THOEPHATYPAIBHOM ) ®©-M WISHOM IO-
CIeOBATENLHOCTH @ W 0003HAYasg ero 4, TakuMm ofpason,
npu mepexofie u3 AeiicrBUTennHOiT obnacTm B rumepaefcTBi-
TEJBHYI0 Y K0l MOCIe[[0BATEABHOCTH «BBHIPACTAET IHIED-
7elicTBHTEeNLHEIH XBOCT».

Urobrl cxazaunoe B OpeiplaymieM afsale ©Talgo Kop-
PeKTHBIM, HY/KHO NpPOBEPHTEL JINIIb, YTO 3HAYEHN® @, HpI
" FHIEpAEHCTBATENTHHEIX » He 3aBHCHT oT BbGopa QyHRIEH o,
B caoM pgeme, myCTh o M G — ABe (PYHKIHE, COBIAJAI0-
e Ha HATYPAJbHEIX aprymenrtax. Torga cmcrema

zeN, o (@) #a)

He mMeer pemiennii, m, ciefoBatenpHo, *ay H *a, coBmaza-
10T Ha BCEX PHIEPHATYPAJBUBIX apryMeHTax.

Temeps MBl JOJUKHBL CHCTeMATHYECKHI HEPEBOANTH OIpe-
JeMEHNA PA3NHYULIX CBOICTB IIOCIE0BATEILHOCTEIl Ha TH-
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nepAeiicreuTensEeii AskK. Hagmem ¢ mamboiee mpocroro
CBOICTBA — OTPAHMYCHHOCTH. BoT crangaprHoe ompejeseHue:
MOCIe/0BATeNbHOCTS o, @y, ... OTPAHWYEHA, eCaH HaligyTcA
TaKkpe JelCTBHTENBHBIE p K ¢, 4T0 P < a; << ¢ OpH Bcex 1.
Beoomunaa copmepmanume npefsigyiero maparpadga (rmmep-
JefiCTBATENbHBIA BAPHAHT OLpeAeNeHUs OIPAHAYEHHOCTH IS
MHOECTB), MOKHO MPeRNONOKHTL, YTO HOCIEeN0BATEIBHOCTD
orpaHMYeHa TOrJA M TOJBKO TOr[a, KOrJa BCe 86 WIeHH (Kak
HAaTypaabHBIE, Tak ¥ runepmarypaibobie!) wxomeunmsr (T. €.
@, — KOHEYHOE THIepJelicTBUTeNbHOE Ynciao npu Beexn &*N).
JlokasaTembCTBO SKBUBANEHTHOCTH HOYTH TaKoe »Ke, KaK H
ana maokects. Ilycte 4 =a,, @, ... OrpaHum4eHa B CTaH-
JAPTHOM CMBICIE M p << a, < ¢ OpH Bcex (CTAHAAPTHEIX) Ha-
typanbHsix n. Torga raskpas M3 cucTeM

neN, a,<<p;
neN, a,>q

Be mMeer pemenmit, (Bosee dopmansuo cmemosamo 6pr Ha-
MUCaTh He 4, <p U 8.> ¢, a a(n)<p nm a(n)>gq, roe o —
$yEKOUA, TpodoIIKAIINAs ¢ Ha apryMeHTHl, He ABJIAIIINe-
ca HATypadpuBIMH, cM. BHIe.) IlosroMy a, 2 p w a. < gpaa
BCEX THMEPHATYPANLHEIX 7 (B TOM 9HCIe H HECTaHZAPTHEHIX),
HO3TOMY &, KOHEUHO.

Jloramem tenepp obparsoe yrsep:kfaenme. Ilycrs mocae-
0BATEILHOCTh a4 =d,, d;,... He orpaEmuena. Torma omHa
aubo He orpammdyeHa ceepxy (r. e. JJIA BCAKOTO JeiicTBH-
TENBHOIO ¢ HaljleTcsi TaKoe HATYpAIbBHOE R, 49TO &, > q),
au6o oHa He orpamuyena cmusy (T. €. IS BCAKOro p Hail-
Jercd N, ANA KOTOPOro a, < p). llycre, mampumep, ona He
orpamvena cpepxy. Paccmorpmm ¢ymruuo N, Koropas na-
ernmo g, T.e. N(¢)=Nu ang > ¢ ma Bcex pelicrsu-
TENbHBIX ¢. Paccympgasa o6braubiM 00pasoM, moxydaeM, 9TO
OpH BCeX IMOepPHeiCTBUTENLHBIX ¢ CHPABEAJIUBEI COOTHOLIE-
rua  *N(g) = *N u a+n > q. Baas g OGecromeumo Goiub-
MM B OONOMHUTENBHBIM, oGHapyHuBaeM, uTo mpm n = N(q)
renepeficTBETeNbHOE YHCIO @, Oyjer Geckoneuno GoabmuM,
Utak, sKBUBAJIGHTHOCTH CTAHJAPTHOrO M HECTAHJAPTHOIO OIl-
pefelleHUil OTPAaHAYEHHOCTH NOCJEJ0BATEILHOCTH [OKa3aHa,

Boxee cio:HO# 3aja4eil ABIAETCA ONUCAHHE HECTAHAApT-
HOTo ompefienenusn mpejena. Ilocrapaemcs BCOOMHETH, OflHA-
Ko, Kak MBl ODpefcrasiaanm cefe npefen, HaumHAasA H3YUaTh
MateMatnuecknii amanns. Ilo-mammoMy, ciepyomas d¢op-
MYJEPOBKA BEChMA HpABAOMOmOOHA: «UHCIO a €CTh Tpe-
el I0CJefl0BaTeNbHOCTH Ty, Liy. . -, SCHA OGCKOHETHO RATEKHE
WIEHH STOH IOCIe0BATENBHOCTH (eCKOHEUHO ONH3KH K a»,
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Temeps ee MOMHO HCTONKOBATL BHONHE GyKBaNLEO: Gecko-
HEYHO HAJNEKNe WIEeHBl — 3T0 L, ¢ GECKOHEYHO OOJNbUINMH I'H-
NEePHATYPANLHBIMA 1, a OecKomeYnas GIN30CTH L, K 03HAUA-~
eT, 4T0 %, — a Geckomnedno Maxno. ExmacrBenuHoe 06cTOATOND-
CTBO, HYKHAOOIeecs B YTOUHEHUH, TAKOBO: TpebyeM id MEHI,
uTo6el ¢ce OecrOHeYHOo [alekme WiIeHHl OBIIN OOCKOHEYHO
OAM3KT K @, WIW HAM JOCTATOUHO TOTO, UTCOLI HEKOTOpblE U3
gnx Oowmm TaxoBsl. OKasbeiBaeTcd, yro ofa BapuaHTa OTBETA
IPHBONAT K OCMBICIIEHHBIM NOHATHAM: LEPBHIL («Bce») maer
olipe/lelieHNe Mpejesaa, a BTopoil («HEKOTOpHIe») AaeT ompere-
JieHHe mpejelbHON Towkd. H DpefeNbHBIM TOUKaM MBI €Ie
BEPHEMCS, a ceifuac [OKaMeM JKBHBAJIEHTHOCTb IBYX OIpe-
JeJIeHUN mpefeda.

CramgaprHOoe onpegenenme. Jucio ¢ HasbBa-
eTcsl npefeaom MOCIHEROBATENBHOCTH &g, L1, Lz . .., €CIH L
aoboro € > 0 maiiercsa takoe M, uTo IS BCeX HATYPAJB-
HBIX 7= M BLINOIHEHO HEepPaBeHCTBO |z, —al <e.

FnmeppeficteuTenbnoe omnpegemxenue. Ync-
J0 a HasbBaeTcA npedeaom TOCIEIOBATENLHOCTH  Zo, s,
Zay ..., eCHE A 11060r0 OGecKoHedHO OONBINOrO IMIepHATY-
PAJIBHOTO N PA3HOCTH I, — ¢ 0ECKOHEUHO Majua.

HaumoMHEHM, 4TO @ B TOM, H B /PYIOM OIpEIeNeHUH IHC~
na a u x; craugaprasie. Ilyers a sBnserTcs mpejemoM mocie-
NOBATENLHOCTH Z;, Zi,... [0 CTAHAAPTHOMY ONPEEeNeHUO,
n — Gecronewyro Ooxblioe rumepHaTypamsmoe wueao. Joka-
AeM, UTO I, —a GeCKOHEUHO Malo, T. e. 4To |r,—al <e s
A1060r0 MONOMATENLHOIO CTAaHJApTHOro €. B camoMm pene,
oyers € > 0 — cragmaprHoe wnCiI0. Torga mo ompejeseHuIo
HaiifeTca Taxoe cramgaprHoe M, 9To AAA BCeX CTaHHApT-
HBIX n > M BHIOJHAETCA HepaBeHCTBO |2, —a| <e. Torma
OHO BBINOJNHAETCA H JiaA GecKoHeyHo OONBINHX THOEPHATY-
pamsERX n (Tak Rak cucreMa heN, n>M, |z, —al>e¢
HE IMEeT peIIeHHii), YT0 HaM U HYKHO.

JloxaxkeM Temeph oOpaTHoe yTBepssieHme. llyers a He
ABIAETCA HPENEJOM IOCIEJOBATENLHOCTH Zg, Ly, Zz,... (B
cMbicie OOBLIYHOTO oOmpejleNeHuA). JTO 03HAYAET, UTO JUIA
HexoToporo (cramgaprrOTO) AelcTBuTensHOro £ >0 m mua
ao6oro M maiifierca (crampaprHOe) HarypasbHoe n = M, mis
kotoporo |z, —al=>e. Kar o0siuno, paccMorpum (PyHKIHIO
f, naomyio n no M, 1. e. rakyo ¢ysrouio, yro f(M)=N,
f(MY=M u |z, —al e ana xwboro peitcremrenvroro M.
Bosemem Tenepn n = *f(M) ana Geckonevno GonbImoro ramep-
neiicreareasaoro M. Torma n=*N, n=2M nlz, —al = ¢
(a10 noKasbiBaeTcA OOBIYHBEIM 06pa3oM C IOMOMIBIO HOAXOZA-
mux cucreM, He mMelomux pemernnit). Torga n — Gecromeu-
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no GonpImoe rEmepHATYpANLIOe uYmedo0, a |z.—al =e, 18
€ — CTAaHAAPTHOG TONOHTEILHOS UHCAO H, CIe0BaTelbHO,
r, Ho Gecxomeunmo Gmmsxo K a. Taxmm ofpasom, mecTampgapT-
HOe ONpefiesiende Ipejiesia TaKidke He BHIIOIHEHO.

Jlokasas papHOCHJIBLHOCTL CTAHJAPTHOTO B HECTAHJAPTHO-
ro ompefieNeHHil Npejena, TOCMOTPHM, KaK BBRITIAAAT He-
CTAaHAAPTHBIE JOKA3aTeJbCTBA CTAHAAPTHHIX TeopeM. Hawmem
C CaMBIX IIPOCTHIX.

EngmacTBenHOCTH npexena. JJoxkasmeMm, 4T0 Hocie-
JNOBATEILHOCTE Lo, Ziy... HE MOMKET HMETH HBYX PpAa3EBIX
openenos a @ b. B camom pene, B aTOM ciyuae x, mpm Gec-
KOHEYHO GOJBLINOM THIEDPHATYPAJLHOM R HONMKHO OnITH Gec-
KOHGUHo OJH3KO W K &, H K b, mootoMy a u b 0ecKoHETHO
Gausku, Ho Tak Kax OHE CTaHJZAPTHHI, TO 4 =b.

MoBororHOCTSs Dpenmexa. J{okameM, d9ro ecan
Zn <y, UPHE BCEX I, Ln—>a, Yo+ b, To a<<b. B camom pge-
ne, mycrb n — GeckoHeuno GONBIIOe THOEPHATYPAJILHOE YHC-
no. Torga a=st(x.), b=st(y.) (uepea st(p) obGoszmazaer-
€A CTAHAAPTHAA YaCTh KOHEYHOTO TI'HIEPAEHCTBHTENLHOIO
gnena p). Tak Kak &, <Y, OpH BCeX CTAROJZAPTHLIX N, TO
DTO HEPABeHCTBO CHPABENAMBO M I BCEX [HUIEPHATYDPATE-
HEX n. Jlerko unposepuTs TawKe, YT0 H3 pP < ¢ CaeAyer
st(p)=<<st(g). ITosromy a =st(z.)<<st(y,)=0.

Hpepea cymmen JlokameM, 470 eClHd Z, ==I,t Yy,
Tun>a, Yo—>b, 10 2,—>a+b. B camom pene, pasemcrso
Zy =T+ Y. CUHPABEIIEBO JIA BCEX HATYDPANLHEIX, & B3HA-
9nT, M JAaA BCex ruuepEatypanbuuix n. Ilosromy z, mpm
Gecxoneuno GOABIMOM n PaBHO Z, -+ Y. = a + (6ecrkomeuHo Ma-
noe)+ b+ (6eckomesno wMmainoe). Kax MB BEgenm, cysma
Oecromevyno Manelx 0eCKOHEUHO Malla, HOYTOMY Z, OeCKoHeY-
B0 Ommsko K a+b npm OeckoHewHO OOJLIINX TIHOEPHATY-
PAIBHHIX A,

ABayoraumo MOMRHO /[OKa3aTh, UTO IIpefe] HNPOESBeNeHHA
PaBeH NpON3BECHUIO Openenos (mpm »TOM Gyfer MCOONL30-
BaR TOT (PaKT, UTO MpoH3BeReHme G(ECKOHETHO MAaJIOro
H KOHETHOIO TIHIEPAeHCTBHTENALHKIX WHCeA OCeCKOHEYHO
MaJo).

CxomuMocTs MOHOTOHHOH OTpPAaHHUYEHHOI
nocinegoBatenpnocTH Ilyery 2, <z, <...— MOHOTOH-
HO HeyOHBaIOmWasd OTPaHUYEHHAA MOCIEHOBATEILHOCTE. [o-
KayReM, UTO OHA HMeeT mpejed. Bce ee Gecrkomewsno mamerue
uNeHs KOHEYHH (IO OUPEJEeNeHHI OIPAHWISHHOCTH); OCTA-
J0Ch [I0KA3aTh JUIDh, 4TO WX CTAaHJAPTHB® TAaCTH pPABHHL
Hyers m m n — psa GeckoHewno GOALUINX THHEPHATYPAJb-
HBIX 4@caa A OycTh $t(Zm)7 st(za). Ilyers gns ompeaenen-
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moctn m <n. Torga st(z.) <st(z.) (st(z.)7 st(z,) mo mpex-
DOTOMKEHNIO, 8 st(rn)>> st(r,) HEBO3MOMHO, TAK KaK B HTOM
CIy4ae Tm > T, UTO NPOTHBOPEULUT MOUOTOHHOCTH). Pac-
cMOTPHM (CTAaHJAPTHOE) UMCIO @, WA KoToporo st(z,)<a <
<st(z.). Torna za <a, z, > a. Bee unenu z, co craggapt-
HBIMH £ yJOBIETBOPAKT HEDABEHCTBY #, <& (TAK KAk I, <
< Tm B CHWIYy MOHOTOHHOCTM, & Z,<a). lloaromy cucrema
2, > @ He HMeeT HATYDPANbHLIX pEINeHHH, HO KMEST FHIEp-
parypaigbuoe pemernue (k==n). Ilonyuenmoe mpormsopeume
HOKA3bIBAET, YTO Hpefmodokenue st(r.)7 st{x,) mosKHO,
910 U TpeboBanIoCh,

Paccmorpes Heckonbko mpEMeHeHHit runeppeficTBETEND-
HOIO OIpefe]eHHA Dpejeia, mepeiiileM Temeps K HOHATHIO
OpeflelbHOE TOYKE IociexoBareapHocTH. CTamAapTHO® €ro
ompejielleRde TAKOBO: @& HA3HIBAGTCHA NPEAENbHOH TOYKOH mo-
CIEeSI0BATENILHOCTE Zoy Ly, ..., OCIO JIA BCAKOO MOJQMKHE-
TENLHOTO & ¥ BCAKOro N Halifercd Takoe HATypaabHOS N =
= N, opm roropoM |z,—al <e. J{oxameMm, uTo aTO CTaH-
RapTHO® OUOpefeieHAe OKBUBAJNEHTHO CcleRyiomeMy (y#e
YOOMUHABINEMYCA) HECTAHJADTHOMY: 4 HA3bIBA@TCH npe-
deavroll Toukoll mocnegosaTeabHOCTE {z,}, ecim mpu Heko-
TopoM OeCKOHEIHO GOJLHIOM THOEPHATYDAJLHOM 1 UHCIO &
0ecKOHOTHO GIHBKO K 4.

Iycrs Bumonueno crangapraOe ompejenenme. Kax o6bru-
HO, paccMoTpuM QYHROUIO, Aa0Myo # 1o g, N, T. e. Takyw
¢yarnuo f, gto (ompm & > 0 m npomsBonbHOM N) BLIDOJIHA-
orca csofictea f(e;, N)e=N; f(e, N) >N 1 lzjun —
—al <e. OGruHOe pacCy/AEHHO [OKA3HIBAGT, UTO OpH JIO-
60M DOJNOKHTONBHOM THOEPNEHCTBHTENLHOM & I Lpm JoboM
ruoepaeficrBurensEoM N wucao n =*f(e, N) Oymer ra-
DepHATYPANLHEIM wHCaIO0M, 60xpmum N ® rtaxuM, yro |z, —
—~al <e. Baas & > 0 Gecrkomeunmo MmauslM, a N GecronedHo
GONLIINM H LOJOMRHTeJLEEIM, Halijem Gecxomeumo Gonnmioe
rHOepHATYPANLHO® YHCIO 7, JAAA KOTOPOro |z, —al Gecko-
HEYHO Majo, Y10 H TPeGOoBANOCH [OKA3aTh.

OGpatHO, OyCTH CTAHAADPTHOE ONpPEJeNeHH® He BLIIOIHE-
no. Torma mafinyrca rakme € >0 u N, 4ro |z, —al = enpnm
BCeX HATYPAJbHHX n =N m, CIefoBaTeibHO, |r,—al=e
Opd BCeX rHOepHATYpadbHEIX n, 60mbmux N. Tax kax Bce
Gecroneunmo GonbIIme IEOEPHATYDAJLHLIE N TAKOBLI, HH OJHO
us z, opu Oeckomeuno Gomnmnx n He Momer OnTh 6ecko-
Heuno 6numako X a4 (pasEmma |z, —al Gombime momosmTeNH-
HOTO CTAHZAPTHOIO THCIA E).

Mrag, mb foxasand SKBHBANGHTHOCTh CTAHApPTHEOIO K
HeCTRHAAPTHOIO OIpEAeNeHER mpefedbHOH Toukm, B kauect-
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Be meMejIenHoil marpajpl IOAYyHaéM JOKa3aTenantTBO Cnéay-
omeil 13BeCTHOH TeopeMBbl:

6CAKAR O2pAHUYEHHAR nocaedo8aresbHOCTL UMeeT npe-

deabhyro TOUKY.

B camom pmeme, paccMoTpMM TpOW3BOJNBHEBIN ee WiIeH €
fecroneuno Gonpnmusm HOMepoM. OH 6ymeT KOHEUHEBIM THIIEP-
HeilcTBUTENBHLIM YHCHOM  (DOCHEeR0BATENLHOCTh OrpaHmde-
Ha), a ero cramjapraad yacts OyfeT NpefeabHOI TOUKOI.

§ 8. HENPEPLIBHBIE @YHRIIHH 11 ROMIIAKTHOCTD

Caegymomans TPASUIHOHHAA T€Ma KYPCOB MaTEMATHIECKO-
I0 amaJmsa — cBoficTBa mempephBEEIX Qymrnui. [Ipugepwm-
BafAch HTOH TpAAWINH, [AJAHM HECTAHJAPTHOE OUpe/iejeHNe
genpepeiBHOocTA. OHO, KaK H OLpejejeHue Ipejesa, IOYTH
JIOCIOBHO BOCHPOU3BOAHUT «HAWBHOE» omnpejenende (yIoMH-
gapmeeca B § 1): Qynruus [ HempepbiBEA B TOUKEe Z, eciad
ec 3HaueHHEe B GECKOHEIHO GJIHMBKUX K L TOUKAX GECKOHETHO
fam3ko K smagenuio B Touke r: &’ &z = f(z')= f(x) (3mecw
&~ o3ma4aer GECKOHEUHYI 0IM30CTH).

Crasammoe TpeGyeT YTOYHEHWH B HECKOJIBKAX OTHOMIEHH-
AX: MOIKHO IU Z OBITH CTAaHJApPTHRIM? UTO [geiarh, ecam [ —
He BCIOJIY ompepesennas Qyrrnus? Jdagum TouHOE omlpeene-
gue. llyers f— Qyuriua ¢ JeficTBHTENTbHEIMA 3HATEHUAMH,
oIpejleJenuas Ha HEKOTOPOM MHO;KecTBe M JelCTBHTEIBHBIX
gncena. (Mpr paccmarpmBaem (YHKIOUE OFHOIO AEHCTBUTENb-
HOTO apryMeHTa, YATATEeJbh MOKEeT NPOBEPHTH, YTO CIydaii He-
CKOJUBKHEX apryMeHTOR HUWYYTH He ciaoskuee.) [loctpomm rm-
nepaeficTBHTeNLHELIA apajior GyEKuuE f— QyEKOEI0 *f, om-
pefeeHHYI0 Ha MHO;KecTBe */ M IDUHEMAIOLIYIO THIepaeil-
cTBUTENbHEE 3HAuennsa. Mo OyueM [eifiCTBOBATL B TOYHOCTH
TaR ke, KaK U JJIA HocjefoBaTensHocrell (Rorga M pasms-
nocs N). Bosimem mpomsBonbHOe mpofonkenne F dyHK-
nou [ Ha Bce pelicTBHTenAbHBIE HYHCIA, cOBmajamomee ¢ f
pa M m xaxoe yrogmo ma R\ M. BosbMeMm rtemeps rmmeppeii-
CTBUTENbHBI amamor *F ¢yuxkmum F ® orpamuuuM ero
Ha *M, 1. e. GyJeM HHTEPECOBATHCA €I0 3HAYCHHAMHI JHIND
Ha smeMmenrax mmomkectea *M. Jlerko mpoBepuTs, 9TO mOdY-
geanaA QyuKnua 6ymer ompefenarscs ¢yrkumeir f m me Gy-
JieT BABHCETH OT TOTO, KaKoe mpofoiskenue F stofl Qpynxuum
Mbl B3ad, B camoMm fiene, ecnm Fy m Fz — ABa OPOJOIIReHHs
dyrrumm f, To cmcTeMa

zeM, F (z)+F,(z)
He mMeer pelicrBmTenbEBIX pemengil. IloaToMy oHa me uMmeer
H THoepAeficTBATeNbHBIX pemeHmid, T. e. *F,(z)=*[,(x)
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upn z € *M. Takum obpasom, s rampoli Ppymknunm f ¢ neii-
CTBHTGNLHBIMH 3HAYEHHAMHN, OIpEJeNeHHON HA HEKOTOPOM
muoKecTBe M JIBﬁCTBH’IGJIbHLIX 4Hced, MBI MMEEM Tumeppeii-
CTBHTENBEBI ananor *f ¢ o6macthio onpeue.ueﬁua *M u ru-
nepaeficTBUTENbHEBIMY 3HAYCHASM.

IIycrs f: M —R — mpomssonsuan ¢ymkmmsa. Omnpege-
JHEM, 9TO 03HAYAeT HenpephiBHOCTh f B Touke x < M. (OGpa-
TiiTe BHAMAaHEe: ¥ — cragjapraaa touka! Ml eme BeroMHIIM
06 aTOM, ofcysJas paBHOMEDHYIO HerpepsiBHOCTH). Mmen-
HO: 3TO SHAYHT, 9TO I BCHAKOIO THOepAeiicTBHTeXbHOrO
uncaa ¥’ € *M, mus Kortoporo z' & z, cnpasennuso *f(z') =
~ {().

Teneps MBI [OMKHBI HOKA3aTh, UTO ITO ONPEHCICHHE DK-
BIBAJEHTHO cTaHjaprHoMy. HamoMumM crampgaprHOe Ompeje-
nenme. Oymguna [: M —R mnaspiBaeTcs HempeprBHOI B
touke z& M, ecam pmua Beaxoro € >0 cylecTByer TaKoe
8 >0, aro aus seex ' € M, mia woropux |z” — x| < 6, cnpa-
sejumBo mepasenctso |f(z')—f(z)| <e. Ilyers ¢ymrmua f
HEIpPepPHBHA B CMBICIE CTAHAAPTHOro ompejedenns. IlycTsb
z' €*M n z’ = r; noramewm, aro *f(z’) = f(z), 1. e. uTo muA
aoboro cragpapreoro & >0 cmpasemiuso [*f(z")— f(x) | <e.
Tax rar f menpepbiBHA B OOBITHOM CMBICJHE, HAWETCH TAKOe
6>0, uro mia Beex cramAaprTEBIX & € M, INA KOTOPHIX
lz" — x| <4, sumonneno |f(z')— f(z)| <e. Ilpusnanoe mua
HAC pacCysH/JeHUe NOKA3BIBAET, UTO H A BCEX THOepaeicT-
BHTENBHBIX Z', B8 KoTopeix z € *M n |z’ — x| < §, Brimos-
neno mepasenctso |*f(z')— f(z)| <e. K wmeny taxux z’ o1-
HOCATCH, OYEBUJIHO, BCe OECKOHEIHO OJH3KHE K & dIeMeH-
el * M,

O6parno, nyeTs f He ABIAETCA HEOPEPHIBHON B OOHIIHOM
cupicae. Torga maliferca rakoe & >0, 9ro npm arobom 6 >0
mafinerca <z €M, pua  Kotoporo |2’ —zl <8 m
lf(z')—f(z)| =e. Kar o6wrumo, paccorpuM &’ Kax QyHx-
uno or O, T. e. paccMorpuM Qyurnmo X, Aad Kotopoidl mpu
Bcex 8> 0 swmonmemsr cBoiictea X(8)= M, |X(8)—z| <8

1f(X(8))—f(z)| =e. Teneps ' =*X(8), tne 6 — mouo-
HHTedbHOEe OeckoHeuno Majoe, OyAeT rHMepaeiiCTENTEILHEBIM
gueroM, [ Kotoporo |z’ — x| = [*X(8)— x| <& m nuatomy
' ~z, mo I*f(z)—f(z)| =1*{(*X(8))~[(z)| =e m mo-
aTOMy *f(a: y% f(x).

ITocmoTpEM Teleps, KaKHe HOKA3aTENbCTBA HMOJYYAlOT Te-
Uepb TEOPeMBl O HEIPePHIBHBIX (DYHKIUAX, JOKA3HIBAGMBIE
B 11060M CTaHZAPTHOM Rypce aHaimsa.

Henpepusnocry €Y MME HeIpEepPH BHE X
dyarnui ycrs f, g — dyuxuun, oupeneieHAbe HA MHO-
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wectse M o HenmpemBHBI® B TOUKe . Torja IX CcymMMa
h: h(u)=f(u)+ g(u) unempepriBua B TOuKe r. B caMOM Je-
de, ecnm x Xx, x €*M, 10 *h(2')=*f(z')t*g(z")=
= f(z)+g(x)=Nh(z). (Ms BocHOAL30BANHCE TEM, UT0 @ &,
i ¢~ d saeser a+c=b+d. Iro gerxo cuexyer m3 CBOICTB
0ecroHeYHO MaJblx, o0cy:Kpasiiuxcda B § 3.)

OrpaHuvYennocTh HENPEepPHBHON QYBHKIHH
Ha orpeske. Ilyers f— dyuxnus, onpemeneHas U nempe-
pBiBHAA BO Beex Toukax orpeska [ ={[a, b]. Jlomaskem, 4TO
ona orpamuvena. JIerko morasarp (cp. HeCTaHapTHBIE OIpe-
JGIeHHSA OTPAHHIEHHOCTH MHOKECTBA M IOCJIEOBATENbHO-
CTH), YTO OrpaHHIeHHocTh (YHRIUM [ PABHOCHJIBHA TOMY,
aro *f(z) womeuno juin Beex x < *1. Jlerko Bugers, ato *I co-
CTOHMT U3 BCEX THIEPIeHCTBHTENBHBIX YHCEN Z, A KOTOPBIX
a<z<b. Bce oHH KOHEYHBI, H MX cTagjlapruag actb st(z)
upmEagiae:xar [a, b] (ecim st(z)<<a, 10 z2<<a, a ecan
st(z)>b, To z>b). B cnny mempepsiBHOCTH B TOUKe st(z)
u3 z~st(z) BeiTekaer, 4ro *f(z)~ f(st(z)); Tar Kax
f(st(z)) cranmapruo, 10 *f(z) KomeuHo.

Yurarear MosReT Oposeputs cebs, OTBETHB Ha BOMPOC:
I0YEeMY 3TO PacCY/KIeHHE HeMPAMEHAMO B PaBHOH Mepe R HEH-
tepsaxy (a, b) BMecto oTpesra [a, b]? (/lnn murepsanos
YTBEep;KACHUE, OYEBUAHO, HeBepHO: (yHKIEA Y= 1/x oupe-
JeleHa U HeIpephiBHA, HO HE OrPAaHHYCeHA HA HMHTEPBAJC
(0, 1).) Meao B TOM, 9TO MBI IOJNB30BAJINCH HEIPEPHIB-
nocThIo f B TouRe st(z) u, ciefoBaTENbHO, HAM OBLIO HYMKHO,
y1o0ul st(z) mpummajie;kamo 001acTH ONpefeJeHusa (YHKIIH.
A pna uutepsaia (a, b) sTO He Tak: ecam z=ate, e
£ > (0 — 0eCKOHEYHO Maloe, TO 7 MPUHAIEKUT 00HaCTH Ompe-
nenenus *f, B 1o BpeMsa kaw st(z) me mpmmamue;smT ofmacTu
ounpenenenud QyHKIuA f.

TeopeMa O DNDPOMEMYTOUYHLHIX SHAYCHHAX.
Ecan f— nenpepsisuas na orpeske [, b] dynruusa, f(a)> 0,
f(b)<<0, 710 cymecTByeT Takoe JAeNCTBUTENLHOE YHUCIO
z=a, b], uro f(z)=10. Iforasem aro. Hagmem co caegymo-
I[er0 TPOCTOTO 3aMeuaHusd - (HEKAK He CBA3AHHOTO C THIEp-
neiicteurenbubiMu  wncaamu). Pasobrem orpesor [a, b] ma
n paBHBIX YacTel W MOCMOTPHM HA 3HAKH { B TOYKAX pas-
Guenusa, Ecnu xorsa 6m1 B opmoil u3 nux f pasma 0, T0 moxa-
3hLIBATH HEUEro, eciu ke HeT, TO HafljleTca oTpPesoK pazdue-
HEA, HA KOHIAX KoToporo f mmeeT pasHusie smard. Odo3magnma
€ro KOHIb 9epes3 Ln, U Y,. Torma cCupaBeiIuBbl TAKLE YTBEP:k-
penna: |z, —yal =(b—a)/n, z., y.<=[a, b, f(z.)>0,
f{y.)<<0. Temepb BcmoMHEM O IHOEPJCICTBATEIBHEIX THCIAX
11 BO3BMEM GEeCcKOHeTHo Jajeriie WISHsl HOCIe0BATEIBHOCTE
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Z. 1 Y, IIyers N — Gecromeuno Gompilioe TEIEPHATYPAILHOS
aucao. Torga |zy — yyl = (b~ a)/N m Geckomeurmo Maio, mo-
sToMy Zny =~ Yy U st(zy)=st(y~). Tax xar zy, y~=[a, b],
To u z=st(zy)=st(y~) ppunamie;rur [a, b]. B cmry menpe-
prisrocta f(z) GeckoneuHo OAMBKO K IOJOKATEALHOMY THC-
ay *f(ry) m orpmnarensHomy *f(yx). Epuncrsennoe cram-
AapTHOE THGIO0, JITIA KOTOPOTO 9TO BO3MOIKHO,— HYJIb, 3HATHT,
f(z)=10, 710 H TpEboOBANOCEH JIOKA3ATH.

OGpaTtuMcs Teneph K NOHATHIO PABHOMEPHO HEnpephBHOR
¢yrrurr. CorilacHO CTaHZAPTHOMY oupejenennio Qyuruas f,
onpenenennasd Ha muo:kecree M < R, massiBaeTcA paBEOMEp-
HO HeOpepuiBHON, ecam nns Bearoro & >0 maliercs Taroe
6>0, 9o m =z yeM, lz—yl<8 soTEKACT
lf(z)— f(y)| <e. Hecrampaprroe onpesenenme Tpelyer, 4To-
Obt 1A mo6BIx 0ecKoHETIHO OAMSKUX THOEPAeHCTBHTeNbHBIX
z, y=*M smauzenusa *f(z) m *f(y) Geunm Geckomewmo Gmns-
Ku. [Ipm mepBoM B3IiIAfie HA BTO HECTAHIAPTHOE ONIPEMEICHUS
paBHOMEpHAA HEINPePLIBHOCTE HUYEM He OTIHTACTCH OT He-
mpepHBHOCTE B I06oit Toake mumkecrsa M. Ects, ommaxo,
Ba/KHAA PASHUIA: B OIPEJEJCHAN HEUPCPLIBHOCTHE B TOUKE X
ToYKa  00A3aTEeIBHO CTAHAPTHA, 4 B ONPEJEIeNHA PABHO-
MepHO# HempephIBHOCTH 00€ TOUKH £ W y MOTYT OBITh THIIEp-
NefiCTBATENbHBIMA.,

JlorasaTeqpcTBO SKBHBANEHTHOCTH CTAHTAPTHOrG H He-
CTaHJAPTHOTO OHpENIeCHNH pABHOMEDPHOH HEIpepPHIBHOCTA
NpOXOANT AHAIOIMIHO HpHBeNeHHbIM Bhime. Ecam | pasmo-
MEpHO HelpepEIBHA (B CTAHJAPTHOM CMBICAe), a x u y Gec-
Komewrno Onmskm, To |*f(z)— *f(y)!| Membme moforo cram-
napraoro & (BeiGepem O mO e, MONB3YSCH ONpEENCHHCM, K
samernM, 910 |z —yl <8). Ecnm me f me asaserca pasmo-
MEpHO HeOpepHIBHOX B CTAaHAAPTHOM CMEICIe, TO HallgercA
takoe €>0, uro mas moboro >0 wmaiimyres z mw y ¢
lz —yl <8, {f(z)—f(y)| =e. Pacemorpum o1 z u y Kax
¢yurxuum o1 § mw moACTABUM BMECTO § GeCKOHEUHO MAajoe qhc-
mo. Torpa lz—yl<d, z=y, mo [*f(z)—*f(y)|=e,
*{(z) % %[ (y).

Teneps mpueefiernoe B § 1 paccy:xnenme (mpaxruvecku
6e3 maMeHEHRHMIT) MOKHO PaCcCMATPUBATH KAK BIOIHE CTPOFO8
MOKa3aTeIbCTBO TEOPeMBI O TOM, UTO BCSAKAA HeNpephBHAA
(QYEKUAA Ha OTPE3Ke PABHOMEPHO HENpPEpHIBHA.

B camom fleme, nycTs [ ompejeseHa M HeNpepsIBHA HA
[a, b]. loraieM paBHOMEPHYI0 HEIPEPHIBHOCT. IIycTh x, y —
OpOU3BOJNbHEIE 0OECROHEYHO OAM3KUE TIHHEpAeHCTBUTENbIIEIO
auncaa m3 *[a, b, T. e. a<z, y<<b. Torma st(z) = st(y)
pasusl, o0o3HauaM umx ofmee 3madepume uepes ¢, flcHo, Wro
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c=[a, b]. (UMerno amecr BajKHO, ITO Y HAC OTPE3OK, a HE,
cKaskeM, muTeppai.) Torma (B CHJIY HENPEPHIBHOCTE B TOU-
re ¢) *f(z)= f(c), *f(y)= f(c) m, cremomatemsmo, *f(z)=
=~ *f(y). PaBuoMepHaA HenpepsIBHOCTH JI0KA3aHA.

o cux mop MBI paccMaTpPHBAIHM CBONCTBA HEIPEPHIBHHIX
(yHKUHd, OmpefleIeHHBIX HA OTPe3Kax AelicTBmTeNbHON mpsA-
Mo, Hax m3BecTHO #3 OOBITHBIX KYPCOB MAaTeMaTHIECKOTO
amajamsa, MHOTHE M3 STUX CBOHMCTB HEIPEPHIBHEIX HA OTpE3Ke
¢yurnmil copaseguusel m gia QYHROUE, oUpeJereHHEIX Ha
IPOM3BONLHEIX KOMIAKTHEIX MHO:RecTBaX. B atom maparpade
MBI IOKa’jKeM, KAK COOTBOTCTBYIOI{H® YTBEDKIGHHA MOTYT
6BITH IONYYIeHE METOJAMA HECTAHJAPTHOTO AHANH3A.

IMockoapky Mel orpanmauBaeMcs (IIOKAa) HOAMHOMECTBAME
nedcTBUTENbHON mpsAMOM, HaM OyAeT [0CTATOYHO TAKOTO ON-
pefiesieHAd KOMIAKTHOCTH:

muoxectBo A= R HaBLIBaeTca KOMRAKTHLIM, €CIH OHO

BAMKHYTO H OTPAHUYEHO.

HaIIOMHIZ[M, 910 MHOKECTBO A HA3HIBAETCA BaMKHYTEIM, €Cid
Jd BCAKOH TOYKE ¥, He mpuuajiexkarmeil A, malfiferca raxoe
€¢>0, 970 €-OKPeCTHOCTH TOYKE Z (MHOMKECTBO BCEX TO-
ek y, M Koropux |z —yl <e) me mepeceraercs ¢ A.

Hax 00pl9H0, MBI JOKHEI BHAYale [aTh HECTAHIAPTHO®
orpesieJienre KOMIAKTHOCTH, II0CKONBKY I OTpPaHAYEHHOCTH
TaKoe OIpefieieHde Y HAC YIKe eCTh, HAM OCTAJOCh HANTH
ero jJiA 3aMEKHyTOCTH. Bor omo.

Mnomecreo A< R massiBaerca samknyruly, ecim mis

BCAKOTO KOHEUHOIO THIepAefCTBATENLHOT0 YHCIA Y, IpH-

Hajte;kamero *4, ero crampaprEas gacts st(y) mpmmap-

nesur A.

IIpumensaa 3710 ompefeleHHNe, HANpPEMEp, K HHTEPBAIY

I=(a, b), BHAUM, 970 OH HEe ABIAETCA BAMKHYTHIM, TaK KaK
gncno a+e (e >0 — Oeckomeuno majsoe) mpmmague;rur *J,
a cTagjapTHag 9acTh 3TOro WHCNIA, PABHASA @, He IPHHALIe-
sur . [lokaskem, 9T0 HAIle ONpPElENEHH® DPAaBHOCHILHO
cragnapraoMy. Ilyete A 3aMKHYTO B CMBICIE CTAHJAPTHOIO
oupejieJiens, Y — KOHEYHO® THOepHeiCTBATENBLREOE YHCIO,
npmeague:xamee *A, x —ero craEgaprHag gacTh. IlycTs
z Be npmaajue;kat A. Torga maiigerca Takoe (crampaprmoe)
€>0, dro HuKaKoe JeACTBHTENbHOE 2, A KOTOPOIO
lz—2] < e, ne npuaame:xur A. Cuacrema

lz—2zl<e, z=4

(c enmHCTBEHHHIM HEHM3BECTHHIM z) He HMeeT AeilCTBHTeNh-
nbix pemennil, Ho y ABasercsa ee rmmepaeficTBHTENbHBIM pe-
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menney. Honyuennoe npornsopeune ¢ Ocmosmoll rmmoresoft
IOKA3bIBACT, 9T0 T € A.

Ilycts Teneps A me sBisgercs 3aMKEYTBIM (cordacuo
CTAHJZAPTHOMY OLpeJeNeHUI0) H TOYKA X Ta camad, JUIA KOTo-
poii TpeGoRaHUA OIpeNeleHnAsA He BHIOMHAKTCA, JTO 3HAYAT,
yto x He mpuHamIexrur 4 u 910 Aaa BeaKoro € > 0 maiimerca
y us A, paa roroporo ly —z| <e. Paccmorpum s10 y Kak
pyuRuuo 0T €, T. €. PACCMOTPHM TaKylo ¢yHKIUIO f, 9TO
(mpu e >0) f(e)= A4, |f(e)—zl <e. Temepsr nerxo mpose-
pHTH, 9TO Y = *f (&), T/ie & — 6eCKOHETHO MAJIOe HONOKHTENE-
HOe THCJIO0, OyAeT ramepieiiCcTBATENBHEIM YHCIOM, TPHHAJIe-
mamuaM *A, Gecrkomedno OAHSKHEM K X M, CIET0BATEILHO,
KOHETHBIM, CTAHAAPTHAA YacThb KOTOPOTO HE OpPHHAX-
ae;rnT K A.

Hrak, MB JOKa3aMN SKBUBAJIEHTHOCTH CTAHAAPTHOIO I He-
CTAHAPTHOTO ompefenennii saMmrmyrocrd. ([lpyroit cmocob
LOKa3aTeabCTBA COCTOHT B TOM, UTOOBI COCIAaTHCA HA HECTAH-
mApTHOE OUpEe/eeHne IpefelbHON TOYKH M HA TO, 4TO0 MHO-
#MecTBO A BaMKIYTO TOTJia M TONBKO TOTAA, Korga 4 copep-
JKHT BCe CBOH npejgenbubie TouKH.) Tawkmm oOpasoM, mpH-
XO/IEM K TAKOMY ONpefielIeHuI0 KOMIAKTHOCTH:

A komnakrno, ecau maoboit snement *A Geckomedso Gim-

B0K K OJHOMY U3 9ieMeHToB A.

BenoMmunas QoKasaTedbCTBO TEOPEMEL 00 OrPABAYEHHOCTH HE-
OpepLIBHEIX (DYHKOWHA HA OTpe3Ke HJIN O PaBHOMEpHOH He-
HMpepPHIBHOCTH HENPEePHIBHON Ha OTpes3ke (QYHKIUH, MHl BHIAM,
4T0, OO CYIIECTBY, B HHX HCIONH30BAHA MMEHHO KOMIIAKT-
HOCTB OoTpeska. IlpojeMomcTpHpyeM 5T0 HA IpPHEMepe HKOKaza-
TeJBCTBA TEOPEMbl O pasHOMepHOH HempepmBHOCTH. Ilycrs
$ynxnua f mempepriBHA Ha KOMIaKTHOM MHO;KecTBe A. [lo-
KaKeM ee PABHOMEDHYI HENPEepHBHOCTh, HpPEABAPHTENLHO
BCOOMHHB COOTBETCTBYIOINEe HECTAHJADPTHOE OlpeeleHue.
Ilyers z, y — Gecromewno Oamskue diementnl *A. B cuny
KOMIAKTHOCTH MHOsKecTBA A dieMeHTH £ B y GecKOHEYHO
OIMSKE K HEKOTOPRIM Z,, Yo =A. Torma 2o~ y, (ro=z=
A~ Yy~ y,); Tak KaK I, H Y, CTAHNAPTHE], TO T, = Y, B cuny
HeNPepHIBHOCTH f B z, mMeeM *f(z) = f(zo)=f(y:) = *{(y),
moatoMy *f(x)= *f(y), wro mw TpedoBanoch OKA3aTh.

Mgt elile BepHEEMCSH K IAHHOMY BbINIEe HECTAHZAPTHOMY OI-
PeJiesieHNI0 KOMIAKTHOCTH, 00CY;KJaA HpAMEHeHWd HECTaH-
AAPTHHX METOMOB B TOLOJOTHH. A ceilac BCOOMHHM O IpH-
Mepax, ¢ KOTOPHIX Mbl BAIHHAJIN HAIIEe 3HAKOMCTBO C HECTAH-
mapTasiM ananusoM. IlepBeiii m Bropodl DpmMepH CTAHOBATCA
BIOJHe fACHBIMH, €CIH OLpe[e]dTh HpousBoguy® [ (a) Kar
CTAaHAAPTHYI 9acTh orHomeHusa dy/dz, rae dx — GeCKOReTHO
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mazoe, a dy=*f(a+dz)—f(a). (Bo BTOpOM upHMepe Mbl
cpean Opovuero HMCIOAb3yeM TOMOAeCTBO

Yy—Va=(y—z)/(Vy+Vaz),
KOTOpOe BepHO H ;iaA rumepReficTBHTeJBHBIX 2 H J, Pas cH-
creMa

Yy—VYa*(y—z)/(Vy+ Va)
He HMeeT FeHCTBUTEIBHEIX pemrenuil.) _

B rperseM mpuMmepe (ompejenenme UHTErpana) CTaHAAPT-
HAagd (PYHKOUA [ OpojoaeTea mo *f, mocie uero BRIpaKeHHA
flatdz), f(at+2dz), ... f(a+(H—1)dz) npmobperaior
CMEICI. JTOr0, OJHAKO, M&JO — HY/RHO O00BACHATEH, ITO TAKOO
cyMma GeckoHeuHO GONBIIOro 4MCHa ciaraeMblx (mMeHHO, H
caaraeMbix). JT0 AEIAeTCA ¢ IOMOINBIO Takoro mpmeMma. Om-
pefeanM (B OGHYHOM 4CTAHAAPTHOM» MUDe) QYHRIUIO

S(n, dz)=[f(a)+f(a+dz)+...+f(a+(n—1)dz)] do

(n — marypanssoe, dz — peiicTureanmoe umciao). Coorser-
cTByOUuil HeCTAaHJAPTHHIA aHAJAOr HpeAcTaBrAeT cololl
¢ysrngmo *S ¢ runepHEATypaibHEIM U I'EIOEPAeHCTBHTEILHBIM
aprymenramu. Iloacrasus 8 mee H u dz=(b—a)/H, nmony-
guM raneppelicTenTeasHoe wmeao *S(H, dr), crampaprEyO
94eTh KOTOPOTO MBI M HABHIBAeM uHTEepa.tom (CTAaHAAPTHOH)
dyaxyan f no (crampaprEOMY) oTpeskry [a, bl

Yerpeprrili npuMep HaM® Yyxe pasoOpam. Ham narmii
OpEMep — OPHMED HEUBMEPUMOTO MHOMKECTBA — CTAHOBHICA
TAK)Ke BOOJIHO HACHHIM, B HeM MBI JOJMKHBL paccMOTPerh
yurumio z(n, z)=(n-i 8HAK JIBOHYHOIO PA3J0OKEHHA YHC-
na z). 910 pyurnusa ua muomecrsa N X R B {0, 1}. Ee ru-
LepAeicTBHTONbHEIA aHanor ecth QyHrnma *z ma  *N X *R
co spasenuaMu taxke B {0, 1}. Budepem Teneps Gecroneuwno
GoabINGe THIEDPHATYpaNbHO® 9ueido H H paccMOTpHEM 1T0
cramgaprase gmcma x<[0, 1], mra  Koropux
*z(H, 2)=0. Iro MHOKeCTBO (CTAHAADTHHIX) AEHCTBUTEINE-
HBIX 9ECEeNX # Oymer HemsMepmMbIM mo JleGery. (10, KOHEUYHO,
HY:KHO elle '[lOKas3arh, HO [OKA3ATeJBCTBO HECIOKHOE: OHO
OCHOBBIBAeTCS HA TOM, 4T0, rpybo rosops, moboid HETEDPBAI
BAIOJHAETCA DTHM MOOKECTBOM HALOJIOBHHY.)

Ilecroit mpasmep (mpmHEagdeskammmii Jirepy) moapobmo
pasdmpaerca ma c¢. 64—65 crarom JlrokcemGypra [53]. Tau
Zle1aeTcd HONBITKA DAa3BACHHTH, KaK XOJ PacCyRAeHEHA Jii-
7iepa CTAHOBHTCA KOPPEKTHEIM (C COBpeMeHHON TOYKH 3pe-
HUA) B CBETe HECTAHJaPTHOIO AHANH3A,
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§ 9. IOCTPOEHNE CHCTEMBI
T'HNEPJENCTBATENBHBIX 9HCEJ

O6parmMes, HAKOHET, K BOIPOCY O CYNICCTBOBAHMN THIep-
mefiCTBHTENbHBIX 4mces. Todwmee sTOT BOmpoc ciemyeT cgop-
MYJNApPOBAaTh TAK: MOMKHO JHM HOCTPONTh PACHIMPEHH® MHOMe-
cTBa [elCTBHTENBHBIX UHCCH, AJA KOTOPOTO BBINONHANACH GBI
Ocnopmasn ronmoresa. Hamommms, wro OcHoBEasa rmmoresa
rpebyeT, TT00HL:

(1) uMemoch HEKOTOpO® MHOMKECTBO *R, AaA KOTOpOTO

R *R;

(2) man rampoft pysknuma f: R"—>R  mmexacy meroTo-

pas ¢ysrmua  */: (*R)"—>*R, seaaomanca npopol-

HEENCM HCXOJHOIL;

(3) nmwfasn cmereMma ypaspennit @ HepaBeHCTB, rmmepaefi-

CTBUTCIBHBIN aHANOr KOTOPHY EMeeT (rmmepreificTBETENE-

HEIE) pemienns, mMeda JeHcTBATENbHEe perreRuA (0 TOM,

9TO0 MOJKET CTOATH B MEBHIX W IPABHIX IACTAX ypaBHeHHI

T HEPABOHCTB, CM. Ho/polHee BhIme);

(4) *R copeprano GECKOHEYHO MANBIC DIEMEHTH!, OTIHT-

HBIC OT HYJIA.

B aroM maparpafe MBI noKajeM, KakmMm o0pasoM »THM
rpefoBanuaM MOKHO yhosiersopmth. Ilpasna, mam mpmpercsa
npuaAThE (€3 JI0Ka3aTeJhCTBA HEKOTOPOe YTBEepIKJeHrne N3
TEOpHI MHOKEeCTB (CylUecTBoBaNNe HEeTPHBHANLHOTO YIBTpPa-
QuabTpa HA MHOJKCCTBE HATYPAJBHBIX WHCEN, CM. Jaiee).

Bepuemca x mameil neproii DOTBITKE NOCTPOCHHA CHCTEMEI
rEOepAeliCTBUTeNbHBIX IHCEN, KOTJA MLl HA3BAJIH TEOEpRei-
CTBUTENBHBIMA YHCJIAMH ILOCHEOBATCILHOCTH JAeHCTBHTENb-
HHIX 9YEces. JTa HONBITKA Iposanmaack B § 4. Urtobsr mcmpa-
BUTH J1€JI0, BCIOMHEM, Kaxk mpoumcxonut nepexox or @ k R
(TouHee, KAK OH MOM{ET NPOMCXOJUTH B OfHOM H3 BAPHAHTOB
MOCTPOEHUSA CHCTEMBI JEHCTBUTENAbHBIX THCEN H3 PAfHOHANDL-
peIx). PaccMmarpmBaroTcs BCeBO3MOMKHBIe (DYHIAMEHTAJILHEIO
TIOC/IE[0BATEIBHOCTH PAIHOHAIBHBIX YUCENT, T. 6. TAKHe IO-
CJIeIOBATENBHOCTH, 4T0 Aus Jdioboro £ >0 cyigecrsyer orpe-
BOK JIHHBI €, COJIep/KAlUil BCE WIEHHI HOCIEOBATENHHOCTH,
KpoMe KOHEYHOTO dmcia, [[Be TaKue II0CJIe0BaTeNLHOCTH
Zn A Yo HABBIBAKOT SKGUBAACHTHBIMU, €CIH Tn — Yn CTPEMATCH
¥ 0 upx n— o, JT10 OTHOIICHAC BKBABAJCHTHOCTE pasbumBaer
$yrgaMeHTANbHEIe IOCIAEJ0BATENLHOCTE HA RKJIACCE, KOTOPHI®
W Ha3LIBAIOTCA JMEMCTBATEILHEIMA THCIAMA.

Teneps, nabpas JOCTATOUHYI0 WHEPUEI0 MHEMICHAA (Kar
BHIUM, HHEPIUA MHILIEHAA — 910 He Bcerga IWoxo!), ofpa-
TOMCA K Hapiel 3ajade — NOCTPOCHHIO MHOKECTBa rumepyeli-
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cTBHTEILHEIX gnced, OKashBaeTCA, YTO MH JAOCTHTHEM IENH,
€CJH OT IOCJIeOBATEIbHOCTEN IepelileM K KiaccaM MOCIER0-
BaTeBHOCTEH, CUNTASA, ITO JIBE HOCIE0BATENLHOCTH Loy Ly, - - »
H Yo, Y1, ... 30T OJHO O TO i€ THIEP/EHCTBATEILHOE TIC-
70, €CHA X, =Y, LA GONBUINHCTBA HATYPAILHEIX YHCEN 1),
Tyr, KoHEYHO, HEHOHATHO, YTO 03HAYAT CJI0BA 1A 00Ib-
LIAHCTBA 1Y,

Hna maraaguoctn OyaeM upejcraBisTh cefe, 9TO IIPOBO-
IUTCA IOJOCOBAHHME [0 BOUPOCY «CUYUTAThH JIH IOCJE0BATENH-
HOCTH &, H Y, coBOafamuMuy. B HeM rodocymouminmMu ABIA-
0TCA HATYPAJLHEIE YHCJIa, OPUIEM THCIO 72 TOJOCYET «3a»,
€CIH Zn = Ya, U «OPOTHEBY, €CIH I, 7 Y.. ByjgeMm cuurath mo-
CIeIOBATEJIFHOCTH Xn U Y, COBHAJAIOI{UMI, ecam GoJbling-
CTBO HATYPAJBHBIX THCEJ TOJOCYIOT 3a 3710. Hy:xmo olwsac-
HATHL JHINb, KAKOBA CHCTEMA MOJICIeTa [ONOCOB, T. €. KaKime
MHOJKECTBA HATYPAJIBHBIX YHCEJ MbI cUMTaeM «OOJBIIMMI»
(comepsramumMu «GONBIIMHCTBOY HATYPANbHBIX HHCEN), & Ka-
KHe «MaJILIMHY (COJepIKall[dMU «MEHBUIHHCTBO» HATYPaIb-
Bpix uncen). llepeumcaum Te cBolHicTBA, KOTOPBIM MOMKIA
V/[OBJETBOPATh CHCTEMA TIOJiCIeTa TOJIOCOB, T. €., [eJeHne
MHOECTB HATYPAIbHBIX THCEN HA OOILINHEe W Malble.

1. JIwo60e MHOMRECTBO HATYPANbHBIX UHCEN ABIAETCA IHOO
Goapirmy, ando MaisiM. HH 0HO MHOMKECTBO -HE HBIAETCH
GompuruM u MaaeM ofuoBpemenHo. ([omocosamue momsLHO
BCErJla [[aBaTh OTBET.)

2. MuosrecTBO BCEX HATYPANBHBIX THCEJI GONBIIOE, MYCTOE
muossectBo Magoe. ([Ipepnoskenne, sa KoTOpOE romoOCYIOT Bee,
HpHHUMAETCH. )

3. Nouwosmenne (o N) moboro Manoro MEOMRecTBA ABIA-
ercAa GOMBIINM, JOIONHEHUE JI000T0 OONBIIOr0 MHOMKECTBA —
MadeM. (M3 AByX IPOTHBOUONOKHBIX 3aKOHOLHPOEKTOB IOJY-
gaer GONBIIUICTBG I'OIOCOB POBHO OJHUH.)

4, JTlwo6oe NMOOMHOJKECTBO MAJOT0 MHOMCCTBA ABIAECTCH
MaubIM, J1000¢ HaJAMHOKECTBO GOJNBIIOr0 MHORECTBA — 0OJIb-
muM. (YTpaTus 9acTh IoJX0COB, OTBEPrHYTHIH B3aKOHOUPOEKT
HE MOKeT CTATh IPHHATHIM.)

5. O0pearuenHne ABYX MAJbIX MHOMECTB ABIIAETCA MAJBIM,
mepecedeHne NBYX OOJBIIMX MHOJKECTB ABJHAETCA GOMBIIIM.
(Ecaz xampag H3 JByX IPyHnl TOJOCYWOI{HX HE oGpasyer
GONBINAACTBA, TO OHI H BMCCTE He 00pasylT GOJBHINHCTBE
{«EEBOBMOIKHOCTD KOQJIMUMITY ); €CIH KaJKHadA W3 IPyHI co-
cTaBIAeT GOJNBIIMHCTBO, TO TOJOCYIOIIUE, BXOALINE OJHOBPE-
MeHHO B 00e TPYIIEI, ViK€ COCTABIAIOT OONBIIMHCTBO.)

Idrm TpeGoBanna BechbMa cuibHEL. Urolsl noHATH 810, pac-
CMOTPHM CJIydail KOHEYHOTO MHOJKCCTBA TOJOCYIOINUX (HOIy-
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gapmuiica samenod N Ba HEKOTOpoe KOHETHOE MHOMKECT-
Bo M). MosxHO a@ TOrHa yHOBIETBODHTH THM TpPeGOBAHMAM?
Onnm coocob modrn oueBmied, BeibepeM OZHOTO W3 (TOJOCYIO~
max» me< M m mazoseM GOIBIIAMU BCe MHOMKECTBA, COHEp-
Mmallfe M, a MajJsMH — BCe MHOJKECTBa, HE COflep:Kalime m
(«nmrratypa» m). [lpm Takom onpejeneHVH JerKO DPOBEPHTH
Bce cpoiictBa 1—93. OxrasniBaeTcd, UTO BTHM HCYEPOEIBAIOTCA
BCe BO3MOKHOCTH Y[OBIETBOPHTH TpeGoBammam 1—5 pana
cayTas Komegnoro Muoskecrsa M. B camom pene, mycth mMe-
erca pasfmenue Bcex MHOYKECTB Ha GonbInme B Maible, YAOB-
nerpopsiomee Ttpebosammam 1—5. Paccmorpmm Torma Bee
fonpmime MHOMkecTBa W BeIGepeM B3 HuUX MHOKecTBO M,, co-
JepsRal(ee HaHMEHbIIee BO3MOJKHOE YHCJIO BIEMEHTOB (cpejn
Goxpmmx MmHOMRecTB). Muomectso M, memycro. Ecam ono
COJIEP/RAT DOBHO OJWH BJEMEHT M, TO B CHIY cBolicTBa 4 Bce
MHORECTBA, cofepikanine m, Gyayr GodpmuMH, a B CHIY
cBoOCTBA 3 BCe MHOMKECTBA, He cojfiepyrainme m, GYAYT MaJsl-
mu. Ocrazocs morasatsh, 910 M, He MOKeT cojiep;Karh Oonee
OJHOTO 3jIeMenTa. B caMoM fiere, B 9TOM CJIydae ero MOKHO
Gowio Go1 pa3bmTh Ha JiBe HENyCTHle HelepeceralIumecd da-
crg M, w M, 9Otu wacTH JOKHHE OITH MaxeiME (Tar
Kar cojep:kaT MeHBINe 9jiementos, dem M,), a mx 00®B-
equmenne M, apnagerca GoJpmimM, 9TO TPOTHBOPEIHT TPebo-
BAHHUIO J.

OraspiBaeTcs, OHAKO, YTO NPH CYETHOM THCIE TOIOCYIO-
IN¥X BO3MOMKHBI CHCTEMBI TOJOCOBAHHHA, YHOBAETBOPAMOIAE
rpeGopanaaM 1—5 W He cBOJAUIMECA R YIOMAHYTOMY TpH-
BHAJIBHOMY caydaio. [pyruMu cI0BaMp, MOKHO Tak pasduth
BCE NOJMHOKECTBA HATYPAJBHOTO psAfa Ha (OJIbIIne W Malke,
q71005I BRIDOJHAJNCH cBoMcTBa 1—5 m amwboe onHodIeMeHTHOR
mHOKecTBO Oprio maneiM. Torga (B cuny cmoitcrsa D) m aio-
foe KomeYIHOE MHOKECTBO OyjeT MajeiM, a (B CHIY CBOii-
cTBA 3) BCAKOE MHOMKECTBO ¢ KOHEUHBIM JIOIOJHEHHEM
(o N) — Gompmmm. Taxum o0pasoMm, K TpeGOBaHHﬂM 1—-3
MO;KHO §e3 nmpoTmBopednsa Jo6ABHTH W TAKoe:

6. BeAaroe KOHeTHOE MHOKECTBO ABIAETCA MAJLIM, BCAKOO
MHOJKECTBO ¢ ROHEUHBIM J[OIIONHEeHHEM — COJbIIEM. (Hpn ro-
JI0COBAHHN MHEHUE KOHEJHOT0 9HCHIa FOJOCYIINHX HecyIecT-
BEHHO.)

PasGnenme Bcex HOAMHOMKECTB HATYPAJLHOTO PALa HA
fonplime H Maidble, yjAoBIeTBopsioinee TpeGosammam 1—6,
HA3BIBAGTCA HETPUBUALBHLIM YAbTPAPUALTDOM HA MHOMKECTBE
HaTypanbHBX wmced. Mnl me Gyzem oGcysmmare mofpoGHO,
KaK MOJKHO [I0Ka3aTh CYI[eCTBOBAHH® TAKOro pasfumenus.
CraskeM NHIIb, 9TO BTO JOKA3ATENBCTBO HCLOAB3YET TPAHC-
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durrTEYI0 EHAYKOOO (H, CIeAOBATENLHO, TAK HABBIBAGMYIO
axcmomy Bhifopa).

Moxaswem Temepb, 9T0 Taxkoe pasfHcHHe mO3BOJACT MHO-
CTPOMTH CHCTEMY THIEPASHCTBATENLHHIX duUCceN, YHOBIETBO-
pawmylo tpefosarmaM Ocmopmoft raumoreast. Mrar, myers
durcnposaEo pasbmeHue, YLOBIETBOPAIONiEe TPEOOBAHHAM
1—6. HazoseMm fBe NOCJE[OBATENBHOCTH Iy, Ly, ... H U
Uiy +.. OKBUBAACHTHLIMU, €CIH MHOKECTBO T€X N, OPH KOTO-
PHIX Ty = Yn, ABAAETCA Gonpinnm. B cuny rpeGosammsa 2 Bed-
Kafg TOCIeA0BAaTeNBHOCTs DKBHBAJeHTHA caMoii cefe. [loxra-
JKEM, WT0 IOCTPOGHHOG OTHOIISHU® TPAHBWUTHBHO: €CJIH IO-
CIEOBATENLHOCTh & OSKBUBAJICHTHA HOCIEZOBATERILHOCTH U,
a4 OOCJIeIOBATEIBHOCTD J OSHKBUBAJEHTHA IIOCJIETOBATEIBLHO-
CTE 2, TO & SKBUBMJEHTHA 2. B camom Jexe, obosHA4NM
wepes A, B u C MEOKecTBAa TeX HATYDPAJBHBIX 7, HPA KOTO-
PHX 4 =ln, UYn = 2Zn B Tn = Z, COOTBETCTBeHHO. 10 yCaOBHIO
MuosectBa A m B Gonpmime. KpoMe TOTO, M3 X, =Y B Yo =
=z, CIeJlyeT Z,=2,, moatomy A N B < (., Cornacao Tpedo-
pammio 5 muomecrso A N B apnserca GompmuM. Temeps Tpe-
Gopanme 4 rapamrtEpyer, 310 C TaKme ABIAETCA GOJNBIIMM,
910 H Tpe60oBATOCE.

M=t BEUM, 9T0 BBEEHHOE OTHOIIEHNE pPedIeKCHBHO, CHM-
MeTPHYHO (9TO OYEBHIHO H3 OUpPEfeJeHHA) X TPAHSHTHBHO H,
CIeA0BATEIBHEO, pa30EBaeT BCe MOCIENOBATENBHOCTH AeficTBH-
TeNBHHIX YHMCEJ HA KIACCH DKBUBAJIEGHTHOCTH, T. 6. TAKHO
RJI&CCHI, UTO AI00BIe IBE IIOCIEMOBATENLHOCTH OJHOIO KiIacca
BKBUBAJEHTHR!, a JI00BIE [Be IOCHEHOBATELHOCTH H3 DA3HBIX
KJACCOB — HET, JTH KJIACCHL MBI H HA30BeM rumepredcTsim-
reAbEBIME YHcaaMu. Yro eumie mam mymuo? Hysxmo, 91065
MHOJKECTBO JeHCTBOTENbHBIX 9HCEX OBIIO TOAMHOMECTBOM
MHOJKECTBA TUOepAeilcTBHTENbNBIX. Hy o yMeTh A Kasm-
ot GyHERUED ¢ feliCTBHTEIHHBIMA apTYMEHTAMH H 3HAYCHHA-
ME CTPONTE ee runepieiicreutenbusbtit amaixor., Hysxmo mpo-
BepHTB, UYT0 n1100afg CHCTeMa YPABHEHHH H HEPABEHCTE,
rEnepeiicTBUTeNBHBIN aHaJOr KOTOPOHl mMeeT rumeppeiicTnu-
TeJBHBIG peINeHHsd, UMeeT AeilCTBUTENbHBIe pemenus. V, ma-
KOHeI, HY;KHO YOeguTLCs, 9TO Cpejld IHmepAeiicTBHTeNLHEIX
gncenl (paceMaTpuBaeMBIX KaK YHOPAJOUEHHOE Ioxe, cM. § 6,
opuMepel 6, 7) cymecTBylor GecKOHEYHO Malkle, OTAHYHLIE
0T HYJIA.

Yrobm cmemats R mogmmo:xectsom *R, orosmpecTsmM
KaK0e [elCTBHTENLHOE YHCIO & C TOCJAeJ0BATENBHOCTLIO
z, z, 2, ..., TOUHEE, ¢ CofepyRAIIAM ee KiaccoM. IIpm arom
pPA3HBIM JENCTBHTENBHBIM YHCI&M COOTBETCTBYIOT PA3HBIO
RJIACCHI: X, Z, X, ... HE DHBHBAJEHTHO Y, Y, 4. .(MHOKECTBO
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TéX 7, HPH KOTOPLIX N-¢ TAEHH COBUAMAT, HYCTO H, CIENO-
DATENbHO, ABIAETCH MAJBIM).

NOyers f: R—R — ¢yuxuus ¢ geiicTBuTensnpiMa apry-
MenTaMu ¥ sHaveHmaMu, OnpejenoM ee IMIepAeHCTBHTENb-
muit apanor *f: *R—*R. Ilyers z — npomssonbmoe ru-
nepaeficTBuTeTbHOE YHCIO, T. €. KIACC DKBUBAJEHTHEIX IIOCHIe-
noBaTensHocTell JefCTBHTENLHEIX umced., PacemorpuM Ipo-
JI3BOJMBHYIO TTOCIEOBATENBHOCT Xy, Ty, ... H3 BTOTO KIacca
1 npumeHum f ko BceM ee unemam. Hizacc, copepsrauimil mo-
JYIEHHYIO TIOCHeOBATENABHOCTE (%), f(21), ..., MEL H Oygem
cunrath smavdenneM f ma z. Hysmo nmposepurs, 910 3T0 OI-
pejfielientie KOPPEKTHO, T. ©. UTO TOJYYEHHHI Kiacc He B8a-
RICHT OT BHIGOpA TOCHE]IOBATENBHOCTH Zo, L1y +.. B KIACCE T.
B camom pnene, nycTh Zoy Tyy oo« H Yo, Y1y o o .~ IPOU3BOILHEIE
[I0CIe[0BATENLHOCTH, JIEIKAUINE B OJHOM Kiacce. JTO 03HATa-
€T, UTO Ly = Y «JJIA OGONBINUHECTBA MY, T. 6. UTO MHOKECT-
B0 M Tex n, IpH ROTOPHIX = Y,, Goxnpmioce, Hamo goxrasars,
uto f(x5), f(2e), .o @ f(Yo), f(y1), ... TWAT B OFHOM KIac-
ce, T. €. UTO MHOMKECTBO TEéX 1, IpH KOTOPHIX f(2n)=f(y.),
Goasmmoe. Ho 970 odveBmamo, Tak Kak oHo cofep:kut M (ms

2= Yo cienyer f(z.)=7F(yn)), & BcAKOE HAIMHOKECTBO
$0apIIOT0 MHOJEECTBA 00nbiIoe (CBOMCTBO 4).

AHAJNOTHYIHO ONPEeNeAIOTCA W THIEPIeHCTBATENbHEE 8HA-
gorm A QYHKOEE HECKONBRuX aprymentoB. llycrs, mampu-
iep, f— QyuKIuA OBYX AeHCTBATENLHBIX apTyYMEHTOB ¢ pefi-
crparensEbiMu 3EavemnaMu: i R X R—R. Onpepermm
ee rumeppeiicTemTenbHBIN amaior *f. Yrobwl mpumenmrs *f
K JBYM TUIepfeficTBETEINbHBIM YHCIAM & H ¥, BO3BMEM TO-
CNEIOBATENLHOCTH Loy X1y o+« H Yo, Yty ».., AM IPHAAIIEIHA-
mue, 1 B Kawectse *f(x, y) paccMoTpmM Riace IHOCTefoBa-
TenabroCTH f(Zo, Yo), flZi, yi), e ﬂona}geM,Eoppemnomb
370TO ONpepenerus. Ecmu x5, Tyr vee B Yoo Yyy + - —ADYyTHE
d7IeMEHTHI KIACCOB Z M Y, TO In= 2, A GOABIINHCTEA 7
Un = Yn 71aa GoXbmImHCTBA N, T. . MHOKecTBa P =

’ !
nlxn—xn}nQ nl Yn= Yn) Gonpmme. B cmry cmoiictBa 5
amuosectso PN Q ranme ABACTCS 60.TII>HIHM T. €, IMst

GONBIINHCTBA 7 CHOPAaBeINBO Zp=1Tn W Yn=1Yn OHOBPE-
smenno. IIOCKONBRY [/ BTHX 7 BHIIOJHEHO H PaBEHCTBO
1 (2ny yn) =  (%ns Yn)s wOPpeETHOCTH foAsama. ToTHO TaK
me o0cToHT Aeso A (pymxuuit Goapiinero wmeya apry-
MEHTOB.

Hymuo uposepnTs, 9TO IOCTPOSHHEIE THIEPAEHCTBUTENE-
Bhle aHANOrH GYAYT UPONOIKEHUAMH HCXONHBIX (DYHKIHII
¢ JeilCcTBUTENBLHBLIME apryMeHTaMy® H SHAUEHUAMH. JT0 Ove-

61



BHJHO cJefyeTr m3 onpepmenenmil. [Tposepmm Temepb, 910 BCA«
Kafg cHCTeMa YPaBHEHHH W HepaBeHCTB, WMelonias runeppei-
CTBUTEJIbHBIE PEIIeHNsA, WMEeT U JeilCTBOTENbHBIE pelleHus
(kaK Bcerga, CiAefOBANO OBl TOBOPHTH O CHCTeMme, Tumepreii-
CTBHTEJABHEIH aHAJIOT KOTOPOH mMMeeT rumep/eiicTBUTE/bHBIE
perieHnsd, HO MH He OyfeM cTonb mejgamtuussr). [lycTh, Ha-
OpEMep, CHCTEMA

H(g(z, y), 2)=2z, h(z)*h(y)

HMeeT rmlepAeiicTBATeNbHbIE pemieHdsa Z, Y, 2. PaceMoTpuMm
TIOCJIE/IOBATENBHOCTHE Loy Liy +..} Yoy Yty o2} Zoy Ziy «o., IPH-
Ha/UIe}Ral[ie COOTBETCTBYIOUIMM HKJIACCAM SKBHBAJEHTHOCTH.
Torna g (2o, Yo}, (%, Y1), ... DpEHAZIERHT Kaaccy g(T, ¥),
a f(g(xo, yO)! Zﬂ)v f(g(xh yi)y Zi)1 .+ .—— RJaaccy f(g(xs y)s Z)'
TlockodpRy z, Y, 2z 1O HPEAIIONCKEHHUIO SABJAATCA PeIIeHH-
ME cHCTeMEI, TO f(g(%n, Yn), %n)= 2z, HiA GONLIIAHCTBA I.
Hockomery  h(z) #* h(y), wocaenosatenvHOCTH  h(Z)),
h(zs), ..., @ h(yo), h(y1), ... He DKBHBANEHTHH H MIIOJe-
CTBO Tex 7, OpH KoTopoMm A{z,)= h(y,), mamoe. Torga muo-
JKECTBO TeX n, IPH KOTOPOM A (x,)7 h{(y.), ABusgercs Goxb-
muM. Tak Kak mepecedeHHe [iBYX OONBIIAX MHOKECTB
ABNAETCA COMBIIAM, TO MHOKECTBO TeX R, IPH KOTOPOM

f(g(xny Yn), 22)=2a, h(za)# h(y.),

ABiagerca GompmnM. 3Hawwt, omo menycro! Tawxmm oSpason,
cucreMa MMeeT M J(eHCTBUTeNbHEIE DPEelienIls,

AmanormgaerM oGpas3oM 06CTOHT fieNi0 W ¢ NPOH3BONLHOMN
cuecTeMofl ypaBHeHHH W HeDaBeHCTB: €CJIH Z, Y, Z, ...— €€ pe-
menne, {z.}, {y.}, {2,}, ...— coorReTcTByIOIIHE moCHEmOBa-
TEIBHOCTH, TO MHOKECTBO Te€X K, HPH KOTOPHIX JelicTBUTeNh-
HHE 9HCIAR Tny Yny, Buy :.. ABIAIOTCA DPOIICHHAMH CHCTEMEI,
ABAeTCA GONBUINM H, C/IE0BATENLHO, HEIYCTO.

Ocrazoch TpoBepurh, 4T0 CpPeAH TIHIEPAelicTBHTEILHLIX
THcesa CYLIECTBYIOT OECKOHEYHO MaJjble, OTIUYHBIE OT HYJA.
Hoxomnrenpupis 6eCROHETHO MAJBIM THIEP;CHCTBATENLHEIM
guciaoM Oymer, HampuMep, Kaacc mociaefosarteabroctn 4, 1/2,
1/3, ... (unmE m0Goi Apyroif mOCHEfOBATENLHOCTH IOMOMKII-
TeIBHHIX [elicTBUTeNbHRIX umcels, cxopsieiica ® 0). Haum
HY/RHO TIPOBePUTH, HUTO 9TO THUHEPAEHCTBHTENLHOE UHCI0
(o0osHaTmM ero wepes €) IOMORUTENBHO, HO MeHLIIE JI060TO0
CTAHAAaPTHOrO IIOJOKATEILHOrO duciia. Uro0H J0Ka3aTh 3TO,
MBI JIOJREBI BCHOMHHUTH, KaK OIpefeasercs MOPAJOK Ha MHO-
secTBe rumepreiicTBrTeabHEIX qncel. On oUpeJeNaeTCa B €O-
OTBETCTBEE ¢ ofuiell cxeMoil MOCTPOCHUA THIEPHEHCTBHTENE-
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HOTO amajiora A o0oro OTHOINGHHMS HA MHOKECTBe ei-
creuTedbubix uumcesd. Hymuo B3ATh QymKnuio | AByx pneii-
CTBUTEALHBIX APTYMEHTOB, JUIA KOTOpOil cBoiictsa f(z, y)=0
n r <y PABHOCUJIBHBI, U PACCMOTPETH €e IHuepleilcTBUTEeNb-
HeIil apagor *f. ['mmeppeiicTBHTENBHOE UHCIO X HABBIBAETCA
MEHBIIAM TUHepjeficTBHTeabHOT0 Yucaa ¥y, ecan *f(x, y)=0.
ITocMorpuM, 4TO aeT HaM dTa KOHCTPYKIHA [UIA IOCTPOEH-
HOH OMHCAHHBIM CHOOCOGOM CHCTEMBI THUOEPAEHCTBUTENbHBIX
ypcea. Ecau £ — Riace mocie oBaTelbHOCTH Loy L1y vy & § —
KJIacc TOCae0BATeNbHOCTH Yo, Y1, ..., TO *f{(Z, ¥) ecTh RiIacc
mocJe0BaTeabHocT f(Zoy Yo), f(Z1, Y1), ... PaBencTBO 9TOTO
knacca mymwo (1. e. kaacey rnocuaejposarenbrnoctr 0, 0, 0, ...)
osmagaer, 4t0 [(Z., Y.)=0 mua OoxpmimuCcTBA 7, T. €. UTO
Z, <y, masa GompmmnctBa n. Takum o6pasoM, 4T00B BHIfC-
HUTh, BEPHO Jd & <<y JUIA THNEPAeHCTBUTENBHBIX THCEN &
H JJ, HYKHO B3ATH IOCIEIOBATENBHOCTH Loy L1y ... M Yoy Yty o« -
B Kjaccax & W Y ¥ BBIACHHUTH, SBJIAETCH JIH MHOKECTBO
TeX R, NPH KOTOPHIX Zn << Jfy, OOJIBIIAM.

Ham uysmuo 6510 mposeputh, ito 0<<g m 4yto & < p pus
n1000T0 CTAHAAPTHOIO TOJOMKUTENBHO0 p (HANOMHAM, 4UTO
& — Kqace nocienosarensnoctn 1, 1/2, 4/3, ...). 9ro mpocro:
0<e, rak wak 0<<1/n upm Bcex n (a wmuoomectso N
Gonpimoe), ¢ <p, Tak Kak 1/n<p pgna Bcex HATYpPATb-
HBIX 7; KpPOMEe KOHEeYHOTO YMCNa, & BCSAKOE MHOMKECTBO ¢ KO-
HOYHBIM JIOHOJHeANEeM Malioe (CBOWCTBO 6 «cmecTeMBl mojicie-
Ta TOM0COB»). OTMETUM, YTO 37]eCh MBI BUEPBHIE BOCIOJIB3O-
BaJHCh CBOWCTBOM 6, 10 CHX IOp BCe HAIIM PaCCYy’KICHHA
OBIIE CIIPABE[IKBBL W B CIyYae «IAMKTATYph» (Koraa GoJb-
IIAMA CYUTAOTCA Te H TOJBKO T€ MHOKECTBA, KOTOpPhIE CO-
JAep;KaT HEeKoTopoe HATypaibHOe dmexo N). B stoMm cuyuae
ABe IIOCJHECOBATENLHOCTH 2KBABAJCHTHEBI, €CJIM COBIAJAIOT NX
N-e wiensl, m Bce runep/efiCTBUTEbHbIC THCIA CTAHAADPTHBL
(Knacc HOCHE/OBATENBHOCTH Lo, Ly, ... COBLAZAET CO CTAH-
TAPTHBIM THCIOM Zy).

§ 10. HECTAHJTAPTHBIIX AHAJIN3
1 MATEMATHYECKAA JIOTURA

Mp yHooMHHAJNH, UTO CYIIECTBYIOT ABa Crocofa H3IosKe-
HHA HECTAHJAPTHOIO AHANN3A — «KYCTAPHHI» M «HAYTHBLI»
(mcumosb3yoOInuUii MaTeMaTHIecKyo JOTHRY). [lo cax mop ma-
e H3jo;KeHme ciaepoBano mepBomy. Cefivac ke MbI IOCTa-
paeMcsa 00'bACHHTH, U€M MOKET OBITE HOJE3HA MaTeMaTHde-
cKasg JIOTHKA JAJA o0JerieHnsi IOJIb30OBAHUA THIEP/eiicTBH-
TeJLHBIMH THCAAMH H [ HX IOCTPOCHHA,
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Hama OcposEas rmnoTteza IMacmia, 9T0 YTBEKICHIA
0 PaspemIEMOCTH CHCTCM YpapneHH{i H HEPaBReHCTB ORHOBpE-
MenHo meTHHEHHE mam doxuel B R n *K. Ha camom pmene
MOKREO YKa3aTh ropasfo Gosce mupokuil kiace yreepirjienuii,
KOTOpHIE OJIHOBPEMEHHO HCTHHEH min noskmpl B R 1 *R. Ho
Hpe)RAe YeM YKasarh BTOT KIACC, HAM IpHercs o0CyAuTh
HeKoTOphle (yHAMEHTANbLHEIE JIOIIIeCKEe LOHATIA.

Panee MuI roBOpHAE 0 CHCTEMAX YPABHEHHH M HOPABEHCTD,
COCT&BIGHHNX H3 QYHEKIUUl JeHCTBHTCABHBIX AapryMeHTOB,
a TarkmKe WX aHAJIOIaX, COCTABINEHHBIX N3 QYHKUNA rmmeppeii-
CTBUTEJNLHBIX apryMenToB, TaK, HAUpAMep, MOSKHO ObLIO pac-
CMOTDETh CHCTEMY

sin(z)=y, sin(cos(y))#z

m ee rameppieficTBUTeNbHEIH aHANOT
*sin(x)=1y, *sin(*cos(y))+*z.

Bonee ecrecTBERHO, OHAKO, CYATATH, YTO B CHCIEMY BXOAAT
ge caMr QYEKIAMN, a UX uMeHa, T. e. 0603HaTaoNe X CHM-
poanl, Ilocne TOro Kak STHM HMeHAM IPUIAH CMBICH, T. €.
¢ Ka)RIBIM U3 HEX COIOCTaBNCHA Kakas-To (DYHOKIHA, MOMKHO
TOBOPHTH © POIeHHAX CHCTeMBI (IIPW [AHHOH HHTepHpeTAIrHuU
BXOAIINX B Hee uMeH). IIpm oT0M, BMECTO TOro 94to0nl BBO-
NUTh pasHbie MMeHa A QYHKIUE A ee ramepieiicTsurenh-
HOTO aHalora, Mel Oy/ieM CYHTATh, ITO HMEETCA OTHO HMA,
ROTOpOE [BYCMEICJIEHHO — HMeeT feiicTBHTeIbHBIH CMEBICH H
THHEepPeACTBATENbHBIH CMBIC.

OnuuieM Bce 310 Golee (popmanbmo. PaccMorpmM BceBos-
MOKHBIe QYHKIMH JIeHCTBUTONLHEIX APryMEHTOB € NEeficTBI-
TeJbHBIME B3HAYCHHAMH (C IPOH3BOJBHBIM THCIOM apTyMeH-
10B; (YHKIUHE HYJIA apryMeHTOB OTOMMIECTREM € NeHCTBH-
TENbHBIMH YHCIAMH) H BBeJeM I HUX mMeHa. Jlad sToro
potbepeM Karoe-HUOYIH B3aHMHO OJHO3HAYHOE COOTBETCTBHE
MEKy MHOMECTBOM BCeX TaknxX (QYHKIOHA X HEKOTOPEHIM
MHOJKECTBOM [, BJIEMEHTHl KOTOPOTO Mbl OyneM Ha3HIBATh
EMeHaMd. JJeMeHT MHORecTBa I, CONOCTABIGHRBIA ¢ mammoil
dynrnmeit, Oymem HaswiBaTh ee umerem. Ecam dymrnns
HMeeT n apryMesToB, OyIeM HAa3bIBATh COOTBETCTBYIOHIHH eif
CHMBOI N-MECTHbIM, WA CHMBOJIOM 6a4¢HTHOCTU n. Tarum
00pasoM, HYNbLMECTHbIE CHAMBOJBI CyTh MMeHA NeHCTBHTENb-
merx gEcen. Mmena (anements I) 6yAyT mcHompsoBarsed mpm
06pa3oBaHUD TEPMOB.

DurcupyeMm cueTHEII CHHCOK CHMBOJNOB, OTIHIHEIX OT
BIeMEHTOB [, 9IeMEHTH KOTOPOTO HA30BEM NEPEMEHHBIMU,
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Teueps TEPMBI MOIKHO OIPEfeAUThH KAaK BLIPAJKEHNA, COCTAR-
JeHHbIe [0 CJASNYIONIAM IPABIIIAM:

(1) Bcakas mepemeHnad eCTh TEPM;

(2) BeAxm#l ByIbMeCTHHIH (YURIMHOHAILHLIN CHMBOX €CTh

TEpM;

(3) ecnim u-— n-Mecramll (QYHRNWODANLOHIE CHMBOX,

a by ouuy b — TepMEL, TO U(Ly, ..., L) — TEPM.

Hanpmwmep, f(z, h(y)) = g(g(z, z), t) Oymyr repmamm,
ccam Z, Yy, z— mepeMenmnie, kb — ojmoMecTmEIR yHHOEO-
HAJIBHBIH CHMBOJ, { — HyJAbBMECTHHIT, a f I g — AByMeCTHEIE,
Har BmpmM, ompefencHEme TEPMOB HEKAK HE aOeJUIHDYET
K CMBICAY BXOJSIMEX B HEX CEMEBOJOB — BaJRHO JIHINE, KAKYIO
BAJEHTHOCTh HMEKT BXOIAINEe B HAOX caAMBOXHL. IlosTomy
napAxy ¢ MCXOXHBIM CMBICTOM TEPMOB (BOBHHKAIOIINM, KOTHA
¢ mMepeM i comocTaBaserca Ta caMasg QVHRIIHA, AMEHOM KO-
TOpOIl OHO ABIANOCH) MOMNIHO NDHAATL UM APYrofi, rmncpuei-
CTBETEJBHBIH CMEICH, COMOCTABUB ¢ i rumepreficTBHTCIALHBIA
amamgor atoif ¢ymrinm. Orarkercd, 4ro mpw TOR H Jpyroi

NMs @yHKuun

e
DedcTenTenshan MMnepacACT BUTE NbHBIY
PyHKUMs f ananor “f ymxunm £

Puc, 14

MHTePIPeTANNA HCTHHHBIMU OYAYT ONHE H Te e (GOPMYIHL,
Ho mpeiie MBI JOMKHBI OIPEJIEIATH MORATHE POPMYIHI.

Hepeuncanm npasniaa nocrpoenns ¢opmyr. Ecmm § u
t, — repMmsl, TO 3anuch (I, =1,) asaserca Qopmynoit. Ecam ¢
n ¥ — gopuyns, 1o sammen (GAY), (9 V), (9= ),
“]o— dopmyns,, KoTOpHEe YHTAOTCA  (COOTBETCTBEHHO)
«@ T Py, «@ mIm Py, «BCHAE @, TO P», «HEBEPUO, UTO @P».
Ecan ¢ — ¢opumyna, a § — nepemernad, to sammcn VEP H
dE¢p — dopMyasl, KOTOpLIE THTAIOTCH «IJIA BCEX & BEPHO @y
g «cymectByer &, mad xoroporo Bepeo ¢». Qopmyramm Ha-
BBIBAIOTCSA TOJLKOG T€ 3aTHECH, KOTOPHe MOJKHO IOJYIUTH HA
OCHOBAHNH MPHBEJIENIIBIX I1PABILI,

Hrar, nonarme $opmyrsl ompeneneno. Temeps HANO 05T
ACHITH, KAKOH CMBICH Ipmjaerca dopmyiam, Ilpeasaparens-
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go BBejeM momsaTHe mnapamerpos Qgopumyianl. IpyGo romops,
napaMeTpst OPMYILI — 3TO Te MEPEMCHHBIC, OT 3HATCHHI KO-
TOpPHIX 3aBUCUT HeTHHHOCTH (opumyasl. Toumoe ompejenenue
napaMeTpoB Taroso. Ilapamerpamu Qopmynst (¢, =t,) sasud-
J0TCSL BCe NEePEeMEeHHble, BXOjAlINe B f, min B f,. Ilapamerpst
dopmyasr P Te ke, uro m y dopmyant ¢. ITapamerpamn
dopmyr @AY, @ V4, @ = | ABIAIOTCA BCE INEPEMEHHEIE, SIB-
nswimecs napamerpamMa ¢ nam . Ilapamerpamm Qoparya
VEp u AE@ asaarorcs mapamerpsl QOPMYNBL , OTANINLIE
or & Hampmmep, mapamerpamn ¢GopMyasl

FaVy((f(z, k@) =g ) A 1(E=1)
ABIAIOTCA NepeMenHsle 2 u f, a fopmyna

Jz(f(z, 1) = 7)

HE WMeeT MapaMeTposB.

Hac Gyner maTtepecoBaTh BOIPOC 06 HCTUHHOCTE W IIOJK-
goct opmyd. UTo6B OH mMeN CMBICH, HY;XHO CleiaTh ABe
Bemu. Bo-nepsrix, mykuo QUECHPOBATH UNTEPRpeTAUUIO Ha-
[ero A3bIKa, T. €. 00BACHUTh, KAKOBO MHOKEcTBO M BO3MOIL-
HBIX 3HAYeHMI IepeMemHHIX (HOCHTENh HMHTEPHpeTanui) o
KakEe (YHKIOAM Ha 9STOM MHOIKECTBE CONOCTABJISIOTC
¢ QYEKLUOHATBHEIME CEMBOJAMHA. BO-BTOPBIX, €cian HAc HI-
TepecyeT MCTUHHOCTE (DOPMYIHI (p, MMEIOIIEH apaMeTpsl, TO
HY/KHO YK23aTh 3HAYCHHA HTHX HAPAMeTPOB, CONOCTABHB €
HAMU KaKHe-TO 9JIEMEHTH MHOKecTBa M.

Wrak, mycTs ¢mrcmpoBaHa HEKOTOPas HHTEPIPETAUAA 1
KaRaoMy mapamerpy (opMyJBl ¢ NPHINCAHO HEKOTOPOe 3Ha-
yenme, Apadoieeca aaementoM M. Torpma dopmyna cramo-
pETCA Anb0 mermEHOM, Janbo doxumoit, M me Gyaem Toune
ONHCHIBATL IIPABMIA, 110 KOTODHIM 3T0 NIPOUCXOMHAT, HATESCH,
- aro cMerca 3uakos A, \/, ], =, V 2 3 sgcenm u3 ux massa-
unit. Ilpusenem meckoabro mpmmepos. Qopmyaa

JaVy (h(y) = z)

He NMeeT mapaMeTpoB m OyJeT MCTHHHON B TOM CIy¥ae, eciam
QyEkumsa, obosnauaeMas CUMBOIOM A, SIBIAETCA MOCTOSIHOL
na M. (OrmermM, WTO IpH HepECTAHOBKE KBAHTOPOB & X
Vy ora dopmyna mpespamaeTcssi B TOMIECTBEHHO WCTHH-
.By10.) Dopmymra

Fz (h(2) = )

HMeeT OfuH mapaMerp y um OyneT HCTHHIOH IPH JFAHHOM ero
3HAYCHHM TOT/{A M TOALKO TOT/IQ, KOTAA 9TO 3HAYCHAE BXOMUT
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B o6aacrs smauenmit Qynnmmn k. ®opmyna
Ay ((h(z) =k @) A "1 (2, 1) = 1))

He mMeeT HapaMeTpoB @ Oyjer MCTHHHON B TOM CiaydTae, eciam
cueTeMa :

h(z)=Fk(y), [(z, y)*y

nMeeT pPeIleHus, T. e, CYINECTBYIOT TaKkme Z,, Y, <M, dr10
3HaYeHre COMOCTABJAEHHOW € CHMBOJIOM h (i)yHKIHI]ZI Ha Xy
PaBHO 3HAYEHUIO COHOCTABISHHOX C CHMBOJOM £ (yHRUAA
HA Jo, & 3HAYEHHE COIOCTABJIEHHOH ¢ cHMBOJOM [ (YHRONH
Ha mape (Z,, Yo) He PABHO Y.

Hamm npasuna moctpoenua QopMyn HONYCKAOT, B 9acT-
moctH, u gopmyis Buga VEA, rne § me smasercs mapamer-
pom A. Hanpumep, MOKHO IOCTPOUTH (POPMYITY

Vaz(f{y) =25(),

B KOTOpOﬁ Z He BXOOHUT B BBIPAMKECHHE IO/l KBAHTOPOM, HJIH
Jopumyry
Vadz (f (z) = v),

T7le £ XOTA W BXOTAT B A, HO He ABIAETCA ee IapaMeTpoM.
Bynem cumrath, uro ¢opmyast HEA m VEA, y krortopeix
t He ABuagercd mapamerpoMm A, EMEIOT TOT jKe CMBICH, YTO H
ucxomuasa gopmyna A.

Hrar, MB mMeeM [Be HHTEPIPETALMH HAIIETO H3HIKA —
HCXOHYIo, fedcTBuTeNbEYI0 (¢ HOcHTesneM [R), W HOBYIO,
runepeiicTeaTenbEy0 (¢ HocuTedeMm *K). OGoGmenumeM Tpe-
foBaHAA OJHOBPEMEHHOH pAa3peIIMMOCTH CHCTEM YpPaBHEHHIT
H HCPABEHCTRB ABIAETCA CIEAYIONIAN NPHUHIWI, HA3BIBAEMBIH
RPURYUROM neperoca WIN npunyunom Jelibnuya.

IIycre @ — Popuysa 6es napamerpos. Tozda ona odno-
6peMERHO UCTUHHA uay A0xcHa 6 R u *R.

Jlerko moHATE, 970 BTOT HPUHNAN AEeHCTBUTEIbHO HABJIAET-
ca o0obmenneM mamero craporo rpeosanmus. B camom meie,
[JIA RaRAOU CHCTEMBI YPaBHEHMI H HepAaBeHCTH JeTKO HAMU-
catb dopmyny, yrBep;Rpammynw (Ipm AefCTBUTENLHOA nnd
runepeHCTRUTENbHOA WHTEpIIpeTanun), 410 cucreMa (Wid
ee THIepAefiCTBUTEABHBIM aHANOT) HMEeT penieHHA. JTa (op-
Mysia uMeer BAR Ixq,... L., THE T4, ..., L, — ICPEMEHHHIE,
pxoasuime B cmcremy, a ¢ mmeer Bag (... ((P; A ) A
APs) A ...), tme Rampmaa gopMmyna ¢; mmeer Bupy (=)
wnn | (¢ == 5) ¥ COOTBETCTBYET OJHOMY U3 YPABHEHHI M HE-
PaBEHCTB CHCTEMEI,
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MosKHO IOKa3aTh, WTO JUIA HAMIETO0 A3BIKA (BKII0TAIONIETo
cIMBONEL I Beex (PYHKOui) NpmEOUD IepeHoca ¥ Tpebopa-
HIle OJ\HOBPEMEHHON PaspeuINMOCTH CHCTCM ypaBHEHWi 7 He-
PaBeHCTB PAaBHOCHWIBHBEL. TeM He MeHee OPMHIAN HepeHoca
BagacTylo yhno0mee IPEMeHATH. llpoJeMOECTpHpyeM 9TO HA
HECKOJIBKHEX IpIMepax.

Ms1 TOKa3HBANH, YTO €CHH MHOMKecTBa Hyuleld ¢ymrumit
¢ IMeHAME [ U g COBIANAIOT, TO M MHO;KeCTBa Hyled (ymx-
nmit *f m *g cosunagaior. Temeps Amd BTOr0 AOCTATOYHO 3aNm-
caTh YTEEDK/ICHAE O COBIAJEGHME MHOKECTB HYyJNed B BHJ®

dopMyIEL:
Yz (((f(z) = 0)== (g (2) = 0)) A\ ((g(z) = 0) = (f (z) = 0))).

Eme npmmep. Mpl [oRa3niBaiy DKBHBAJEHTHOCTH CTAH-
FAApTHOTO M HECTAHJAPTHOTO OIpefieleHNil HEeNpPepPHBHOCTH
B Touke z (QyHKmEE [, ompefeleEnoii ma MuOskectBe M.
Temeps 8T0 MOMHO cpenath Tak, IlycTs [ HenpepeHBHA €O-
IJacHO CTaHJAPTHOMY omnpefencsnio, £ € M u GeckoEeIHO
6amsro k z. {owasem, aro |*f(z")— f(z)| membme moGoro
cragpapraoro € > 0. BeiGepem (crammapreoce) § > 0, gna Ko-
Toporo dopMyna

Viyse M) A (ly —=z|<8)=(I/(») = 1(#)| < e)

NCTHHHEA HA MHOMECTBEe AeilcTBHTENbHBLIX duces. Torma oma
peTHHEA B B *R, m, mofcrasaad ' BMECTO Yy, mOAYyYaeM Tpe-
6yemoe. (Ormernm pmpe meranm. Bo-mepmmix, ofpaTnte BHEMA-
nge, uro sra QopMyNa He EMeeT HapaMeTpoB: z, € @ 0 —
HEe IIepeMEeHHBIE, & CHMBOJIEBI, M300pa:RaIIEe COOTBETCTBYIO-
ume JefCTBETENLEBIe Yocaa. Bo-BTOpHIX, NPE HANNCAHON
dopmynsl MBI yootpefumn psag coxpaimtennit, Bmecro ye= M
caeposano maumcarb m(y)=0, rae m — QpyERUEA, MOOMKECT-
ROM ByJell kortopoit cayskur M, sanmem TEma la-— bl <e¢
caenyer pacmuppoars kax ord(d(a, b), ¢)=10, rae ord —
cGosnatenue Ang QYHKIEE ABYX IEPEMEHHBIX, IS KOTOPOH
ord(x, y)=0<a2 <y, a d— ofosmauenme pia (yHRIHUH,
pas koropolt d(z, y)=lz—yl, m 1. 1)

O6parHo, nycth f me Amasercd menpepriemoil. Torpa mafi-
zercs takoe & >0, aro dopmyna

Vo((6>0)=Ty((1y — 2| <OA(/(y) =1 (2)| =#)))

6yner mcruunoit 3 [R. Torma oma Gymer metummoit m B *R
(rpmrnED mepemoca), H, B3fB GCCKOHETHO MaJOe HOJNOMKH-
TexbHoe O, MBI HaiifleM COOCTBETCTBYIONiee eMy rumeppeiicTsm-
reaxbroe y. 9to y Oyner OGecxonewno Oamsko K z, &
1*f(y)—j(x)| = & m, cnegosatennmo, *f(y)# f(x).
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W3 »Toro mpmMmepa BEJHO, UTO HCIOJL30BAHEE HPHHIANA
nepenoca TO3BOIAET CHEATh MHOTHE pacCymIeHHA Kopode
(B OCHOBHOM TOTOMY, 4TO OTHajfaer HeoOXOLUMOCTH IIepe-
XO[MTh OT HMCTHHHOCTH yTBRep#enma tuna Vzdyy(zx, y)
K QyEKIEH, Aaomeld mo z Takoe ¥, 910 Q(r, ¥)).

ITpesxme wemM MATH FAALbINe, OTBETAM HA BOIPOC, KOTODHIH,
BO3MOKHO, Y:Ke Bo3HEK y umrarens. Ilpmemun mepemoca
YTBEPIKAAET, UTO TENEPHeHCTBUTONbELS dncaa 00JafamoT Te-
MH ¢ CAMBIMH CBOMCTBAME, YTO M CTAHJAPTHHIE [6HCTBH-
Teapapie pcia. Ho cTamfapTHBe YHCAA YAOBIETBOPAIT aK-
cuoMe ApxdMmena, a TAmepHeHCTBUTEINLHEIE HE YAOBIETBOPA-
10T, He mpoTmBOpeunT Ay 5T0 HPARNUIY mepercca?

Bor uro mmuier mo sromy mosogy Maprum Jlesuc =HA
c. 26 «IIpmraagmoro HecramiaprEoro amaamsay [3}: «Jleiid-
HUI TOCTYJMIPOBAX CYIIECTBOBAHHE CHCTEMEI YACEN, mMelonei
Te JKe CBOICTBA, UTO W OOBIUHBIE UMCIA, HO COflepKameil or-
ananEbie oT Hyaa Oeckomeumo Mamsie... OpHaro MTO3UUAR
Jlelibnuna Kaxkerca ogesupno aGeyppuoi. O0ngmsie geitcTnm- -
Te/AbHBIE THCHA, KOHETHO e, MMEIOT II0 KpaiiEmell Mepe OfHO
cBoficTBO, KOTOPEIM He ofmapaer emaemoe JleitGmmieMm pac-
IApeHne. A MMEHHO: CPein AeHCTBHTENLHEX WHCea HeT Oec-
KOHEYHO MAJbIX.

Ilapagokc ycrpamserca TOYHRIM BEIOOpOM (OPMAABHOTO
A3biKa B TEPMHHAX COBPEMEHHOH JOIMKH (CTONb Ke KeCTHO
OTipe/iesIeNHOr0, KAK U ABKIKHM IporpaMmupoBanus mid o0BM).
Taxum oOpasom, mpmunun Jlefi(HADA yTOYHAETCH: CYMIECT-
BYGT pacIIdpeHHe NeHCTBHTENLHBIX YHCEN, cofepsraiiee Gec-
LOIGYHO MAaJble DIeMEeHTH H HMeEIONiee Te jKe CBOHCTBA, UTO
I JeHCTBATENLHBIC UHCHA, NOCKOJABKY DTH CBOHCTBA MOTYT
Oulrb BeIipaskensl B gopMansHoM f3miKe. OTCIONA BARIOTIACM,
9To CBOHCTBO OBITH 0ECKOHEUYHO MAJBIM HE MOKET OBIThL BBI-
PAJKeHO YKABAHHBIM CIIOCOGOMY.

B camom pexne, mompoGyeM sammcars akcmoMy Apxmmenia
Ha HaileM A3bIKe. XoUeTcHd HALUMCATE UTO-TO BPOJO '

Ve ((e >0)=

= (E>DVEte>)VEetete>)V L))
1o, pasyMmeercs, Kaxjias gopMyna 06s13aHa EMETh KOHEUHYIO
ponay (u Ee copiepkars Muororoumiil). Momuo momsiTarsed

saumcarh arcmoMy Apxmmena B gopMme (A BCAKOIQ UHCIA
cyuiecTsyeT Goubliee ero HaTypalbHOE):

Va3y (v = N)Alz<y)
(rax Beerma, y=N =m z <y - coxpallends; HAUPEMep,
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y=N mago momumarh kak n(y)=0, rae n — QyHKIAOHANL-
HBI CEMBOIN, KOTOPOMY COOTBETCTBYeT (YHRINA, IPHHEMAIO-
mas smadenue O B HATYPAABHBIX YMCIAX, W TOJBKO B HHX).
Jdta dopMyna ABALETCS QOPMATBUBIM AHAIOTOM aKCHOMBI Ap-
xnmeja u, pasymeeres, mctunua B R. Ciaejposarelbro, oHa
HeTHEEA H B R (UpumENuD Iepenoca). ITo He IPOTIBO-
peunT ToMy, 4TO mojie ¥R He SABIAETCS apXuMeJOBBLIM, IIO-
CKONBKY IIpm uHTepuperanmu B [ »ra Qopmyna osmavaer
AWINb, 9TO AJA BCAKOTO THIIEPAEHCTBUTENBHOTO WHCIA CyDle-
croyer Gojbliice e€ro ruilepHATypasbHoe dumciao. [loaromy —
KAk ®W CHeJ0BA0  ORKUAATL — HOKRAKOTO HPOTHBOPETHS
B/leCh HET.

Msr ysmmenu, 9To faeT MaTeMaTHIECKAA JOTHKA NPH IC-
nmonn3oBannu runeppeiictrBurelbubix unced. Celfvac mul pac-
CMOTPEM BOHPOC O TOCTPOCHUH CHCTEMBI TUMEPAeHCTBHTCIb-
HBIX THCCJ ¢ IMOMOUIBI0 METOM0B MATeMATHYECKOU JOTHRIL
Oxa3splBaeTcda, 4TO CYLIECTBOBAHWE CHCTEMBl runeppaeiicTu-
TeIbHBIX YHCEeJ], YAOBIETBOPAIOMEll HAIMEM TpeOOBaAHUAM,
AIBASCTCA TIPOCTHIM CAE[CTBHEM OJHON H3 OCHOBHBEIX TEOpeM
MaTeMATHIECKOH JOTMKE — TeopeMil KommarkrtmocTHn Man-
nesa. '

IIpeskne uwem ¢opmynmpoBaTs 3Ty TeopeMmy, BBEJEM Ie-
KOTOpble OCHOBHBIE [JIsi MATEMATHYECKOH JIOTHKH IMOHATHA
(sBEIKA, Tepma, (OPMYNEl, WHTEPIPETATMH A3BIKA) B 9YTh
Gonee o0IIell cHTYAllHm, 9€M UMEBIIAACA y HAC pamHee. I1a
o0mmocTs OyeT mMoJe3Ha HAM W BHOCAEACTBHH, UDPH 00CYiK-
JIeHNH HEeCTAHTAPTHOH TOIIOJOTHIH.

[Iycrs urcuposan mabop cammonos {P, Q, ...}, snemen-
Thl KOTOPOTO MBI OyJleM Ha3blBaTh npPeduKATHLILMU CUMEOAAMLL,
n uabop {f, g, ...}, smemenTH KoTOpOro GyeMm HA3BLIBATD
dynryuonassueimu cumsosanu. Iyers KamjIoMy DpefHKAaT-
HOMY H KaRIOMY (YHRIHOHAJBIOMY CHMBOJY IIOCTABJIEHO
B CCOTBETCTBHE HEKOTOPOE HATYPAJbHOE YHCJIO, HA3hiBAEMOoe
YUCAOM AP2YMEHTO8, WIH 6AAEHTHOCTHIO, COOTBETCTRYIOIIETO
cumBosia. B Takom caydae ropopAT, WTO 3ajaH HEKOTOPHIi
A3BIK (TOYHEee, ONHOCOPTHHINA A3BIK NepBoro nopsaaxa). o cux
IOp MBI PACCMATPHBANH fA3BIK, B KOTOPOM /I KasKaoil Qymx-
LKA ¢ JefCTBUTENBHLIME APTYMEHTAMH H 3HAUCHTAMHE MBI
uMenn (QYHKUTOHAILHBIH CAMBOM ¢ COOTBETCTBYIOU{HM TUCIOM
apryMeHTOB; NPEINKATHBIX CHMBOJOB Y HAC He OBLIO.

OmpepenuM Temeps momATHE (QOPMYIH JAHIOTO S3HIKA.
ITpe;ge wem maBath QopMambHOE ONpejeJdenne, HPUBEAEM
HECKONBKO mpumepoB dopmyn. Ilycrs sA3bik comep:KuT mpe-
nAmratusle cumpoasl P, Q, R c¢ wumcaom aprymemtos 0, 1, 2
_ COOTBETCTBEHHO H (PYHKI{HOHAJLHBIE CUMBOALI f, £, h Tarike
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¢ gucrom aprymentos 0, 1, 2 coorsercteenno. Torma dopmy-
JAMH 9TOT0 A3bIKA OYAYT, HAUpAMep, TAkHe 3HAKOCOICTAHMA:

Vz(Q (x)= R (z, z)),

(FyR (2, y)=(Q (2) A Q(w))),
Va(f =g (z)),

dx (h (x.z y) =h (h (x.z x)’ g (y)))z
(FzR (z, z) \ P).

(Bropas w3 stux opmyn, HANpAMEp, IATAETCH TAK: «ECIH
cyIecTBYeT Taroe Y, 4to mMmeer mecro R or z, Y, TO mMeEOT
mecto Q ot z 1 Q or w».)

Ecnom sTHX nIpEMepoB okaskeTcs JOCTATOTHO, ITOOEI €O3-
NaTh SACHOe IIpeficTaBlienne O UOHATHH (GOPMYIs!, TO IOCIe-
Jyiollee TOYHOE OLpeNeJIeHHEe ITOr0 IOHATHS MOMKHO CMEJo
npomyctuTh. Tem me MeHee magum ero. Brifepem m sadurcm-
pyem GecKOHEIHYIO0 MOCTENOBATEIHAOCTS CHUMBOJIOB, HA3BIBAE-
MBIX nepemennvimu, Ilycts 910 GyNyT, BAampuMep, CHMBOILI
z, Y, 2z, U, Uy, W, %y, ... Oupenenenne TepMa jaercd, IO CyIOe-
CTBY, Tak jKe, Kak w pambiue. merno:

(T1) mobas nepemernas m aw0Goll $YRKIHOMATBHBINA
CHMBOJ C HYJeM apryMEHTOB CYTh TE€PMBI;

(T2) ecnn TepMHl ¢y, ..., tm YiKE MOCTPOCHSHI, & § — QYHEK-
IMOHAJBHBIH CHMBOX ¢ m AapryMemETaMH, TO BBIPAKEHHE
sty ...y tm) eCTB TEpPM.

TepmaMm HazHIBAIOT Te W TOJLKO T BHIPAKEHHA, KOTOPLIE
MOJKHO IONYYHTh TYTeM MHOTOKPATHOTO NPUMEHEHHA TIPABHJI
(T1) un (T2). Haoprumep, 1pnt HPEAATHIX BHIIIe COINAIIEHIAX
0 BAJIGHTHOCTAX CHMBOJOB f, g, h BRIpaKeBHA

z, [, g(z), hiz, y), h(k(z, z), g(y))

apasaorea tepmamu. OupeferuM Teleph HOHATHE (OPMYJEL
crenyomuM 00pazom: ‘

(®1) ecun t m s — Tepmer, To ({=s)— dopmyna;

(D2) ecam ty, ..., tm — TEPMHI, & P — IpefuKaTHBINA CHM-
ol ¢ m aprymenrtamu, 1o P(f, ..., tn)— opmyna; ecam
P — npepuKaTHEBIA CHMBOJ € HyJeM apryMenTtoB, To P —
Qopmyna;

(D3) ecam P u Q — popumyasr, o [P, (P A Q), (PVQ),
(P = Q) (amraetcs: «me P», «P u Q», «P nnm Q», «ecam P,
10 Q») — PopMyiIHI;

(D4) ecinm P — Qopuyna, a & — nepemennas, to VEP o
JEP (umraercs: «uis Beex E pepmo P» m «cyrmiecTByeT Ta<
koe &, uto P») — dopMydsL.

"



@opMynaMi Ha3bIBAIOTCA TG H TOALKO TG BHIPASKEHHA, KO-
TOPEIC MOMCHO HOJYIMTh IYyTeM MHOTOKPATHOIO HpHMEeHeHu:l
npasma (DP1) — (P4). Unmrarenr nerko ybepures, 4T0 Opi-
BeJEHHBIE ONPENedeHnsd TepMoB H (OPMYI OPEJCTABIAAIOT CO-
Goil ofolIMenHa WMEBHINXCA y HAC pauce OOpefeneHiil na
ciyuail IPOWSBONBHOIO A3HIKA.

Wrax, mouarne opMyast onpefeneno, Temepsh Ml X0TOM
ofcynnTe, Kakoil cmbica mpmpaerca QopmymaM. [Das srtoro
HYHKHO ITPE’KJie BCEro NPHJATh CMBICK BXORAUINM B OEX H[e-
JHKATHEIM B QYHKOZOHANBELIM cmMBomam. lMenmo: Kasnimro-
My UPEANKATHOMY CHMBONY C YHCIOM APTYMEHTCB MM HYSLHO
LIOCTABETH B COOTBETCTBHE /M-MOCTHHIH NIpemKaT, HPHHAMA-
muil 3Havends «HCTHHAY H (IOKEY, & KaKIoMy (GyHELHo-
HAJILHOMY CHMBOJY C TUHCIOM apryMeHTOB M — BEKOTOPYIO
m-mectaylo ¢ymrnmo. (Bce st mpepmrars m (ymnunn
HODKEK, KOHeYHO, OHiTh 3aJaHBL HA OXMOM H TOM e MHO-
JKecTBe, & 3HaYeHHda (OYHRNUAH JOMKHH OPHBAJNEIRATD TOMY
e mHOMecTBY.) Ecnm sto cmemamo, To rosopAT, 4TO 3ajiaHa
unrepnperayus Aspika. Todmee, ITYCTH HMEETCA HEKOTOPLLT
m3pi L ¢ mpepmraraeiMu camsordamu (P, Q, ...} u ¢ymiymo-
mampmeiMu cumsonamu {f, g, ...}. Onpesennts waTepnpera-
o saseika L osmavaer:

1) mmbpars mexoropoe MHO:xeCTBO M — mocmrens mmrep-
nperanum;

2) ¢ KaKJOBIM DpeANKATHHIM CHMBOJIOM P Balemrtmoctu m
COIOCTABUTL HEKOTOPHIM M-MECTHBI TpejnnKat, T. e. HEeKOTOo-
pyio ¢ymknmio P, apryMmeRTaMu KOTOPOH ABAAITCA KOPTCHT
(1. e. XOHEUHBIE TOCNOTOBATEILHOCTH) M3 M BICMENTOB MIIO-
secrsa M, a smauemmamm —cmMBonst M (mcrama) u
I (aoms): o v

3) ¢ ramgpIM (QYHXIHOHANBHEIM CHMBOIOM | BAJIEHTHO-
et k comocrarmth Hexoropylo dymxumo f, craBAmyo B co-
orseTcTBHE JN1060ft K-dIeMeHTHON NOCKENOBATENLIOCTH Bile-
mentos M mexoropmit smement M. (B stom ompenerennu
qucia m W K MOTyT GBITH DaBHBl HYJNIO; (QYHKIHOHANBITEIM
CHMBOJIAM € HYJIEM apPIryMEHTOB IIPW MHTEPIPETalUf TOJKHbI
COOTBETCTBOBATE 3JeMeHTH M, a OpPefuKATHEIM — CHMBOJEL
U ulJL)

UT00E OKOHYATENBHO ONpPEAEGIHTH CMBICA (OPMYN, HATO
O0BACHATS CMBIC APYTEX BXOJIIEX B HEX 3HAKOB. Kak mpa-
BHJIO, CMBICH HX fICEH M3 HX HasBaEEA. Mpl orpammummcs
TeM, 9T0 NIPHBefileM HECKOIBKO IPEMEpOB.

Ecnm a — xomcramta (myanmecTEsIE (DyHEOHORANBHLI
CHMBOX), & Q — OJIHOMECTHBIII IpeJMKAaTHEI cAMBOI, TO (O~
mynta Q(a) Gymer HCTEHHOH B TOM H TOIBKO TOM cryqae,
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KOTJa »JeMeHT a MBo)kectna M, CONOCTABNEHHBIH ¢ CHMBO-
noM a, ofaagaer cmoficteoM (), comocraBieHELIM C CHMBO-
aom @, 1. e. rorfa Q(a)=MH.

Ecan z — nepemeruas, 10 BOIpoc 00 mCTAHHOCTH (OPMY-
aut Q(x) mpmuob JPETACT CMBICH JIIMIL HOCTe (bm{carmn 3HAYe-
mua nepemennoil z. Tounee, nycrs B januoil HETepUpeTaIHE
¢ mocmrenem M cmumsoay @ coorsercrsyer yHRUIA Q ¢ ob-
gactbio ompepencaun M u smademmamu H n JI; torma sctmm-
raets Qopmyast Q(z) (B wroil mmrepuperanuu) Oyner 3aBH-
CeTh OT TOTO, KAKOK aneMeHT x, € M B3AT B KauecTBe smadge-
Hus nepememnoit z. Mamenro: Q(z) Oymer mcTmmEmHONl 11pH
& = r, TOTRA ¥ TOJBLO Torfa, rorga Q(z,)=H.

Ananornuao meTuEHoeTh Qopmynw h(z, z)=h(h(z, z),
g(y)) sasucmr He TONLKO OT BrIGpanuo#l maTepuperalnut, Ho
o oT 3EAvYeHmH mepeMenmnIX £ B y. Jra Qopmyna Gymer mc-
THOHA OPH £ =, H § = Yy, €CA0 3jieMenTl 2, € M u y, = M
raroBe, 910 h(z,, 2,)=h(h(z, ,), g(y.)).

Paccmorpum temeps Qopuyny =¥ (2). Ee mermaRcers
yie He 3aBUCHT OT SHATEHUA Z, & HOJHOCTHIO OUPENeIteTcs
prbopoM muTepuperanma. Wuemmo: sra ¢opmysia mcermuna
B janumoil wWHTepIpeTanus TOI[A H TOALKO TOTAR, KOvaa
Gyurnua Q npaeuMaer smavenme Y xota 6p1 ma ofmoM die-
mente M.

Herurnoers Goparyast

dz(h(z, y) = h(k(z, 2), g (1))

TAaK;Ke HE SABHCHT OT 3maueHnst mepemennoilt z. Ee mcrma-
HOCTh NOJHOCTLIO OOpejenserci Bbl6OpOM HHTEPHPETAI{HH
U 3HAVMEeHHA HepeMeHHOH V.

Qopmanppoe oOpeJieIeENe HCTHHHOCTH MPOBORUTCA IO
y#e yoommuasmeiica cxeme. My BBOgEM noHATHe «mapa-
merpa Qopmyasl» (mepemenHoff, oT sHauemma KoTopoil Mo-
#KeT 3aBUCETHh HCTUHHOCTL (DOPMYIBI) H ONpefAesaeM HCTHH-
BoeTh (JOPMYJBl [PH JAHHEIX B3HAYGHIAX €€ [apaMeTpos.
DopMyasl, me cojep:xallide HDapaMeTpoOB, HA3BIBAIOTCA 3d-
kpuiTelMu fopaysamu, unu cyxcdenuani. l{ax TOABRO MBI
JuKRcHpoBANN KaKYI-TO HHTEPIpETAnMi0 S3LIKA, BCE BaKPEHI-
11 GOPMYIBI HPEBPAINaloTcd B HCTHUHHBIE HIH JIOJKHLIO
BLICKA3LIBAHMA,

C noMmoInpl0 BBEJEHHON TEPMHUHONOTHH MOMKHO OUDHCATE
cuTyammio ciexyiomum obpasoM. Mm paccmaTpmBaeM fA3LIK,
cogepamuil pynKNHOHANbLHEE CHMBOIH AIA KOKI0H QyHK-
UH ¢ AefCTBATEILOLIMI aprymenTaMu u smagenuamd. 06o-
smaunM atoT f3nik RL. flamik RL mmeer mBe maTepmpera«
nna — ACHCTBUTEALEYI H THOepjeiicTBHTCABHYI, B geficr-
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BUTEJILHON HMHTEPHPETANAN KUKIOMY (PYHKIHOHAILHOMY
CHMBONY I[OCTaBlIEHA B COOTBETCTBUe (PYHKIHUA ¢ meficTBH-
TeJIHHBIMHM apryMeHTaMd W B3HAYeHUAMU, B TUmepaeiicTBH-
TeJIbHOIl MHTEpIpeTanny — ee THOepAeHCTBATENbHBIH aHANOT.

Ilpuunun nepenoca teneph MOMHO cPOPMyAUPOBATL TAK:
B [eHCTBHTENLHOM M rUiepAeliCTBATENHEBIX HHTEPIPeTalAX
WCTHHHBL OJHA W Te ke 3aKpeiteie (Qopmyas aseika RL.
B noruxe ects cmemmannEOe manMemoBamWe IAA Tawoil cd-
Tyanum: JiBe HHTEPHpPeTAnud HEKOTOPOr0 H3BIKA, B KOTO-
PHIX MCTHHHBI OZHH K Te JKe 3aKpbIThie (POPMYJEI, HA3BI~
BAIOTCH IAEMEHTAPHO IKGUEALLHTHBIMLUL,

Vcnonnsys o1y TepMEHONOTWIO, 3ajayqy MOCTPOGHHS CH-
CTeMBI PHHePAEHCTBUTeNBHLIX YHCEA MOKHO CHOPMYINPOBATEH
TAK: HYKHO HOCTPOWTL wuteprperanuio saswmika RL, ome-
MEHTADHO OKBHBAJEHTHYIO CTAHJAPTHON ~ JIeHCTBHTENBLHO
HHTEPIPETANNA, HO COAED/Kamyl0 OECKOHEYHO MAaible, OT-
JMTHBIE OT HYJIA.

Y6eanmes, 9T0 HaM HYKHO HMeHHO 3T0. B caMom pene,
nycTh nMeeTCA Tarag uuTepuperanna u M — ee HOCHTENE.
B namesm g3biKe mMe0TCA CEMBONBL, m3o0paKamoigne BCO
meficTBATeNbHbIe  (YHKOUH  JIefiCTBHTENbHBIX apTyMEHTOB.
B wactmocrm, mam Kampgoro NefiCTEHTENLHOTO Ydcka (HyJb-
MecTHOHl (YHKAHNA) HMeeTCd KOHCTAHTA, ero usofpakar-
. miag. 3Toil KOHCTAHTEe IPH WHTEPIIPETAIHHA COOTBETCTBYET HE-
xroropuiil ameMeHnT MuOMecTBa M. Ecam ¢ m d — RoHCTaBTH
M PasHbIX efiCTBUTENHHBIX WHCEd, TO UM COOTBETCTBYIOT
pasnnie oueMeHnTnl M, mmage ¢opmyiaa (c=d) Gwmma Obr
JIOKHON B CTAHAAPTHOH MHTEPHpeTAaOHM H HCTHHHOHR B Ha-
meit, OToMaecTBAAA Kamgoe JeilCTBUTENLHOE YHCJIO C COOT-
BETCTBYIOMIM dleMeHTOM M, MOMHO cudTaTh, 4T0 R sABIA-
erca uopmuoxkecteoM M. HyikEo npoBepnTh TamKe, dTO
dyurnun ma M, comocTaBiieHHBIE ¢ KayRAHM (QYHHRIHOHAIL~
mpiM cuMponom sseika RL, cramosarca mpu aroM mpopjoske-
HUAMEA cooTBercTBylomnx Qymkmuit na K. IIyers f— dynk-
NUOHAJILHEIA CHMBONI C 72 aPTYMEHTAMH, & Ciy ..., Cn — KOH-
cTaHTH, o0o3Havalomue n JeHCTBHTONbHBIX dmceda. Torga
dopmyma f(ci, ..., Ca)=d Oyaer WCTHHHOA B CTaHAAapPTHOM
WHTEpHpeTaiun, ecam d-— KOHCTaHTa, 0003HAYAKINAd B3HA-
geHne f Ha YHCIAAX Cyy ... C, (TOUHEE, 3HAYeHNHO (YHKIHHA,
0603HadeHHON CHMBOJIOM f, Ha 4YHACIaX, 0003HATEHHBIX CHM-
BOJNIAMH Cy, ..., Cs). B COOTBETCTBHN C NPHHNHIOM IIepeHOCA
sra (opMyma OymeT HCTHHHA B HHTEPHpeTalHA C HOCHTe-
aem M. Ilostomy sHauesnme (QYHKOUE C apryMenTaMu u
sHavenuaAmMu B M, coormercTByOmeit cuMpoily f, Ha 3ie-
menTax M, 06G03HAUEHHBIX CHMBOJAMH Cyy ... Ca, DPAaBHO
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ssnementy, ofosmauaemoMy cumBoiaoM d. DT0 ® 03HZUaer,
uro GyEKIEN Ha M ABIAIOTCA NPOMOIIKEHUSIMHU COOTBETCTBY-
onux $yrrnuit na R.

IMocMorpuM Temeps, 4Yro MoMKeT JaTh MaTeMaTHUYeCKaAd
JOTMRA JJIA HOCTpoeHu#a mutepnperanum aseika RL, snemen-
TAapHO DKBUBaleHTHON cramjaprHoii. llpempe uem oTBeTHTH
Ha 9TOT BOIPOC, BBEJEM IIPEIBADHTEILHO HECKOILKO MOHS-
tuit, Ilycrs ¢urcmposan nexoropmit sismk L. Ilyers 7' —
HEKOTODPGE MHOMECTBO BaKPHITHIX (DOPMYJ 9TOrO SA3BIKA.
Bypem rosopmrs, 9T0 murepuperanus & ssbika L ABasiercA
modeawvro T, ecau Bce Gopmyast ms T merumnanl 8 P. Bosb-
MeM B KauvecTse L paccMorpemmnlit peime sssik RL (¢ cum-
pomamu ausa Beex ¢ywrnmii ma R), B wauectse T — mmo-
wectso Tr BCeX B3aKPBITHIX (JOPMYJ 9TOTO A3LIKA, HCTHH~
HBIX B CTAaHAAaprHOH ero marepmperanuu. Torga, B COOTBET-
CTBUY C HAIIHM OIPE[eJeHNeM, CTAHNAPTHAA HHTEPIPeTATN,
TAaK KE Kak U Jodasg cmcreMa TMOepRefcTBUTENbHBIX HUCE,.
Oyger mojennio miA Tr.

Tloramem, 910 B mwboit moneaum mia Tr Bce 3akpHITHIO
dopmynnt ssbika RL, me sxomsmume B Tr, GyayT JosHbL
B camom pexe, ecim ¢ — sawphiTas gopMmylia, He BXOAAUAA
B Tr, T0o @ Jojxma B cTaHRaprHoil mHTepmperanmu. Torpa.
¢opmyna |¢, orpunanme opMmMyasl ¢, MCTHHHA B Hel ¥,
ClIeIoBATENBHO, BXOAWT B Ir. 3HAYHUT, |@ HMCTHHHA B II0-
6oit mopmenn muoecTBa Ir, a ¢ momua B a00ofl Mojend
muoxecrsa Tr. Taxum ofpasoM, B moOofl Mojeny MHO-
skectBa Tr WCTHHHBI T W TOJBKO Te (OPMYIBI, KOTOPHIO
HCTHHHBI B CTaHAApTHOI Momeman. JloKasaHHOe MOKHO cdop-
MYJHPOBAaTE TaK: ecau I — MHOMKECTBO B3aKPBITEIX QOpMY,
HCTHMHHBIX B HEKoTOpod muuTepuperanun & saseika RL, 1o
ceoficrea Tre=T u Tr=7T pasuocunbb. Temepsr 3agaty
OTBICKAHUA CHCTEMBI THIepHeiCTBHTENBHBIX WUHCEN MOJKHO
chopMynupoBaTh TaK: HAUTH MOJAETb MHOMKecTBa 1r, KOTO-
pasd, paccMarpusaeMas KaK YIODAAOUYEHHOe IToje, He Y/0B-
JeTROpsAeT aKcmoMe ApxmMena.

Ilpeskpe wem samarthes srofi 3agaveil BIUIOTHYIO, BBEEM
euie OJIH TEPMHH, OTHOCAIMMECA K NPOUZBOALHOMY H3BI-
Ky L u npoussoapHoMy MuOmecTtBY I 3aKphITBIX ($OpMY
asprka L. HasoseMm Muosectso I coémecTHbIM, €CIU CYMECT-
ByeT ero Mojejab, T. €. eCiH CYyIeCTBYyeT HHTePOpeTanus
sspika L, B KoTopoit mcrmmusr Bce Gopmyast us 7. Temeps
ECe TOTOBO A TOro, uTo0s cHOPMYIHPOBATH TEOPEMY KOM-
nakTHOCTH MajanileBa, yyEe VHOMUHABIIYIOCH BHIIIE.

Teopema romMmumaxtrocTi. [lycrs ureercs npous-
eoabrblli Asblk L u npoussoavnoe muoxecréo T sarpoirois
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opmya aroco aswika. lycre waxndoe roueunoe nodmuoxecr-
6o T, muomecrea T coemecrno. Toeda u ece mmomecreo T
CO8MECTHO. :

IJra TeopeMa NOKA3bIBAaeT, UTO JAAA IOCTPOGHUA MOJENN
mHomectsa I [OCTATOYHO yMETh CTPOMTH MOJENA BCEX KO-
HeuYHBIX moaMEOMKectB MuOkecrsa I'. (OOpatmoe oueBmamo,
TAK KAaK MOJIeJb MHOMKECTBA ABAAETCH H MOJIENBI0 BCEX €ro
KOHEYHBIX MHOAMHOkecTB.) J[oKas3aTeIbCTBO 3TOH TEOPEMBI
MBI ofcyauM mossKe, a IOKAa NPOJEMOHCTPEPYEM, KaK C ee
MOMOIUBI0 MOKeT OBITH HOAYUeHA CHCTEMa rHuepaeficTBH-
TEALHBIX 9HCEJN.

IIpessne Bcero, moGasmm K mamemy smaniky RL {cogep-
JKameMy (YHKOHOHAJILHBIE CHMBOJBL UIA BeeX QYHEUUH Ha
MHO)KecTBe [R) elme OfuH HYIbMECTHBIH (yDKOHOHAMLHBINL
cuMBon ¢ (OTHWYHBIH OF Bcex papyrmx cuMsoaos). lomy-
yaercAd HOBHIH, pacmuperHbi#t sswik RL,. Yrobut sagars
NHTEepNpeTanuio Hamero s3bika Rl., ByXHO B3ATH mpoma-
BONBEYIO muTepuperamnio g3pira RL, Br6paTs B ee mocuTeno
KAXOH-TO pjeMeHT X OOLABUTH ero 3HageHneM HoGaBIEHHOIO
cumsorra ¢, HaoGopor, eciim MBI mMeeM Kakyio-10 HHTepIpe-
raguio assika RL, To m3 Hee tpusmajpEmiM obpasoM 1o-
nyvaercd mETeprmperanud asbika RL — myxHEO mpocro 3a6uITh
0 CHMBOJNE C W O TOM, Karkoil 2JIeMEHT €My COCTBeTCTBYET.
PacemoTpun Temeph HEKOTODPOE MHOMECTBO 3aKPHITHIX (rop-
mMyn T. mosoro smspika. OQmo Oymer cofep:xarb, BO-IEpPBEHIX,
BCe paementHl Ir, T. e. BCe 3aKpwiThle (hopMymsl gzpika RL,
HCTHHHEI® B ©r0 CTAHJApPTHOH HHTEPUpPETAnHH, H, KpPOMO
TOTO, CYCTHO® MHOMKeCTBO QOpMya BHAA

G(c,0)=0, G(c, 1)=0, G{(c, 2)=0, ...

rae G — mByrectunil QYHKIMORAIbHBIN cmMBox, ofozmauam-
muit Qynknuio, g roropoit G(z, y)=0<2>y, a 0, 1,
2,...— HyZbMecTHHe (QYHKIHOHATLEEE CHMBOJB! f3biKa R,
CQOTBETCTBYIOIUe neficTeuTenbEbM wmeaam 0, 1, 2, ... Hawu
JIOCTATOTHO JOKAa3aTh, 4TO 3T0 MHOMkectBo (7.) uMeer -
nenb. B camom pene, ecam ecTh Takadm MoJenb, To, 3a0pB o
CHMBOTe ¢, MBI IoayduM murepoperanuio sasmika RL  (ue
BRJIIOYAIDIIET0 CHMBOI C), ABJIARIIYIOCH MOJSILI MHOMKECTEA
Tr. Jra Mopmens (Kak ynopagodeHHOe moie) Gyjger meapxu-
Me70oBOIi: ee 2JIeMEHT, COOTBETCTRyIommil cmMBoay ¢, Gvaer
GecroBeTHO GOXLIIITM,

Wrax, ocramoch pokasaTh COBMECTHOCTH MHOMKecTEa 1.
Jlasg pToro cormacHo TeopeMe KOMIAKTHOCTH AOCTATOYHO 10-
Ka3arh COBMECTHOCTH JI060T0 KOHETHOI0 NOAMHOMICCTEA
mEomecTtBa 1. IT0 Oymer CHEJaHO, €CHNM ME [OKayKeM
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COBMECTHOCTE CeMelcTBa
T.(n)=TrU{G (c, 0)=0, ..., G(c, ny="0}

npu aio6oM R, Tak Kak awo0oe KoHEYHOe DoJceMeficTso ce-
meiictea T, comepssmrcst B HexoropoM 7. (n) mpm pmocraTod-
HO OonpmoM n. UToOnl [A0Ka3aTh COBMECTHOCTH ceMeiicTBa
T.(n), Hy™BO UTOCTPGHTH €ro MOAENb. IJTO OUYeHBL INPOCTO:
EO3BMEM CTRHJIApTHYI0 uHTepnperanwm gspika RL m pac-
mmpuM ee No uuTtepnperanum assika RL,, cuuwrag, aTto ¢
pHTepHpeTHpyeTcsa Kak uwucio n-+ 1. Ouwesmpmmo, 9T0 BCS
dopmyasr cemeiicrea I (n) OGyayT HCTHHEBI B 9TOH WHTEP-
ppetanuu. TeM caMBIM MBI OKa3ald COBMECTHOCTH ceMedcT«
pa T.(n) mpm mioboMm n; orcoja IO TeOpeMe KOMIOAKTHOCTH
OOJIy49aeTcsl coBMecTHOCTh cemeficrsa T.; Mopeap 3TOrO Ce-
MeficTBa, Kak MBI BRJENH, IPEBPAIaeTCH B ECHOMYIO CHCTE-
My TrHIepAefCTBATENLHBIX 9HCeN, KaK TOAbKO Mbl 3aly-
JeM 0 C.

[lpmsememnoe paccys:enne BechkMa NIPOCTO; TaxmM 00«
pasoM, OCHOBHAA TPYAHOCTh B HOCTPOGHHU CHCTOMBI THIIEpP-
NeHCTBUTENLHEIX 9YHCEJN COJACDIRITCA B TeopeMe KOMOaKTHO-
crn. O6cyamm Temeps, KaxuM o6pasoM DTy TeopeMy MOMKHO
norazats. Cymectsyor (mo kpaiimeil mepe) napa cmocofa ee
nokazaTeancrpa. OME K3 HAX aHAJIOTHUEH OHNMCARHOMY BHI-
me cnecoby MOCTPOCHUA CHCTEMbI IHOepedCTBUTeNbHEX
YHCeN ¢ HOMOINLI0 KIACCOB KBUBANEHTHBLIX HOCICHOBATENb-
nwocret. Mp1 me Gyuem moppobmo rosoputk o HeM. Jipyro#
Merton (moskanyil, Gojee €CTECTBEHHBIH) COCTOMT B HpHMe-
HeHAW ONHOM N3 INERTPAJLHLIX TeOPeM JOTHKH — TeOPeMEl
Ténenss — Maxsmesa o moanore. K coskanenmio, Toumas
JopMyIRpoBKa 3TOH TEOpPeMEl AAJNCKO BLIXOJUT 34 DaMKH
HACTOSAIMEro M3JOMEHHS, HOYTOMY MBI BLIHYKAEHLI Orpanu-
YATHCA B 9TOM MecTe HedoPMAalbHBIMH KOMMEHTaPHAMIA,

Ecau wpeITaThCd OmHMCATL CMBICT  Teopembr I'épens —
Maxsmesa o momsore B OfHOW ¢pase, MOMKHO CKa3arTh
TaKk: 9Ta TeopeMa Jlaer CHHTAKCHYeCKWH KpUTepmil COB-
MecTHOCTH MHOMecTsa (opmyn. Hpurepmii asror Ttakos.
OnpefieniAeTcs NOHSTHE BLIBOAMMOCTH JAHHOH GopMyinnl @
us pammoro MHo:zectBa Qopmya 7. My He MomeMm JaThs
3jileCh TOYHOFO ONpEJeJeHUA HTOT0 HOHATHA, TAK Kaxk OHO
NoBOABHO TrpoMosfKo, CHameM &INIIb, 9T0 BLIBORHMOCTL @
3 T 03HAUaeT, UTO CYINECTBYET NOCIE0BATENBHOCTH (Op-
MyJ, Kakaad H3 Koropnix unpmuajuiekut mmbo T, ambo sa-
panee (QUKCHPOBAHHOMY MHOKECTRY (DIEMEHTHI KOTOPOTO
HA3HIBAIOTCA aKcHoMamu), Jub0 nmoxyvaeTcad M3 IPEABIAY-
IUX WIeHKOB IIOCIEZOBATENLHOCTE L0 ONPOJeNeHHHM DPaBH-
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nam (3TH mpaBmia HA3HIBAIOTCA NpPaBMJIAMHA BEIBOJA), NpH-
geM uocnepueil gopMyaoh 9T0il 1OCHEIOBATEIBHOCTH ABIACT-
ca gopuyaa ¢. IocaemoBarensnocts Qopmyn, obaagaroman
OMNICAHHBLIMH CEOIICTBAMU,. Ha3biBaeTcs 6u16000M (OPMYJIBL @
u3 muoxectsa gopmya I.°Taxum o0pasoM, BEIBOXUMOCTH
n3 T osmauaer, 4To Cymectsyer BuiBoj opmynst ¢ us 7.
Vire m3 9TOTO OMMCAHUA CTAHOBHTCA ACHBIM TaKoe CBONCTBO
BHIBOJUMOCTH: ecau (opMyNa ¢ BBEIBOJUTCA U3 HEKOTOPOTO
MHOKECTEAa I, TO B 9TOM BBHIBOJE WHCIOJNB3YETCH IHLIL KO-
Beunoe uymcao gopmynr m3 7. Todmee, cmpasemiuso Taxoe
yTBep:aenue: ecau (OPMYNA @ BBIBOAUTCH U3 MHOMKECTBA
T, to cyuecTByeT Takoe KoHeuHoe mommmosmectso I < T,
gro Qopmyna ¢ BeBoauTCA u3 Muomectsa 1. Hawomer,
Ha30BeM MHOMeCTBO DOPMYI RPOTUEOPEUUBLIM, €CII U3 HEro
BLIBOMUTCA OJHOBPEMEHHO Hekoropas QopMyna ¢ H ee OT-
prnauue . |@. Temeps Bce rotoBo WA GOPMYAUPOBKU TEO-
pemst I'épens  (roumee, reopemnl I'émens — Manvnesa)
0 TmoJHOTe,

Teopewma. Hycre L — npouseoavrilii s3blk (MOMHOCTHIO
creaoBano Obl CKazaTh: OZHOCOPTHBEII A3BIK IEPBOYO IIG-
pAnka, Ho y Hac Apyrux u me Gpuro), T — mMHoxecrso sa-
kpuirblr fopmya arToeo aswika. Toeda caedyrmowue ceolicrsa
pasnocuavrbl: a) T coemecrno, 6) T nenporusopeuuso.

JTa TeopeMa MO3BOASET 2AMEHUTL CeMaHTUUYeCKoe (T. e.
afeapyollee K MHTePHPETALUAM) CBOHCTBO COBMECTHOCTH
Ha CHHTaKcHyecKoe (paccMarpusamouiee QOPMYNBL TOTBKO
KaK 3HAKOCOYETAHHA, B OTPHIBE OT HMX CMBICIa) CBOICTBO
HenporusopeunsocTH. M3 Hee i;erxo BhITeKaeT TeopeMma
koMmaxkTHOCTH. B caMoMm Qiene, pas COBMECTHOCTL COBHAJAGT
€ HCIPOTHBOPEYUBOCTHLIO, HY/KHO [0KA3aTh JHIIL, YTO €CJIH
BCAKOE KOHEYHO€ HNOIMHOKEeCTBO JAHHOIO MHOMeECcTBa 3aHpbI-
TEIX (OPMYN HEOPOTUBOPEYHBO, TO X BCE MHOMECTBO He-
npoTtuBopeduBo. [lpyruMm caoBaMu, HYKHO [H0KasaTh, 4TO
€CIN JaHHOe MHOKecTBo I HIPOTHBODPEUMBO, TO HPOTHBOpE-
YUBO M HEKOTOpOEe ero KOHEeYHOe MONMHOKECTBO. A 3To
cregyeT M3 YIOMHHABIIETOCH BHIII® CBONCTBA OTHOMIEHHA
BeIBoAUMOcTH. Bejp ecnu us muomectBa I BeiBOmATCA (Op-
MyJBl @ W |9, ToO (OO OTMEYABIIEMYCA CBOWCTBY BHLIBOM-
MocTH#) HafigyreA TaKue KoHeynble mommuomectsa Iy, u T,
muoxectsa I, 9ro m3 T, BeIBOmUTCA @, 4 m3 I, BHIBOAMTCA
“lo. Torma ms wromeumoro mmuomxectsa I, U T, poBogsrca
Kak ¢, Tag U | @, ¥, CIIOBATEJIbHO, OHO HPOTHBOPEYHEO.

TaxuMm o6pasoM, TeopeMa KOMIAKTHOCTH JIETKO BHTeKa-
et w3 teopeMsr I'énenss — Mansmesa o moanote. (Ms1 Hasw-
BaeM Teopemy o monmore Tteopemoit ['éxens — Manpmesa,
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a me mpocto TeopeMoil I'émess, Kak 3TO Wacro HRemaercd,
TAK KaK HOTepecywinuil Hac BapuanTt Obli BOEPBHIE [IOKA3aX
A. V. Maasnessim; I'énenp goxasan paBHOCHIBHOCTL COBMECT-
HOCTH A HEeNPOTHBOPEYHABOCTHA JIMHIb Il A3BIKOB CO CUETHBIM
MHOMECTBOM HpPE/IMKATHEIX B (OYHKIHOHANLHBHIX CHMBOJOB.)
TaxnM o6pasom, OCHOBHAs TPYAHOCTH B IOCTPOEHHHM CHIEP-
FeHCTBUTENBHBIX YHCEJ 3AKII0YeHA WMEHHO B J{OKA3aTellb-
CTBE TEOPEMBI O MMOIHOTE,

K comanennio, moapoGHoe ofcyienne NOHATHA BHIBO-
JUIMOCTH JlalleKO BBIXOJUT 32 PaMKH HAINETo W3I0KeHNA,
1 MBI BHIHYSK/[EHBl OTPAHUYUTHCA YiKe CKA3aHHBIM.

Maremarnyeckada JOTHKA MO3BONAET TaKAe UPOSCHATH
BOTIPOC O HEEeJUHCTBEHHOCTH THHEepPAeHCTBUTENIBEOTO pac-
npenud MHOEeCTBa JeificTRurennHbIx umcena. Orasbizaeres,
YTO MOAHO IOCTPOUTEH CHCTEMY THiIepAelCTBATENLHBIX dHCel
(7. e. murepuperanmio a3bika RL, sreMenTapHO DBKMBAJCHT-
HYI0O CTaHJApTHOH), HUMEWINYI CKOIh YIOAHO OGOJBOIYIO
MomEOCTh., TeMm cambiM *R me epumcrsemHo. Ho aro we
TaK CTpPamiHO, TAK Kak BCce wuHTeprnperanmum sssika RL,
DJIEMEHTAPHO ~DKBUBJIFHTHBI® CTAaHJAPTHOH, oSleMeHTapHO
OKBUBANEHTHL APYr Apyry. lloatomy omm, xora m mHe oju-
HAaKOBHI, B HEKOTOPOM CMBICIE ¢HEOTIHIMMEIY.

§ 11. <HECTAHTTAPTHBIX AHAJIHN3»
NI «<HECTAHTAPTHAAI MATEMATIKA»?
(TONOJIOTHYECKHUE HPHUMEPDI)

TepMuE «HECTAHZAPTHLIA AHANAZY MOMKET YIOTPeOGAATH-
¢ B JIBYX CMBICIAX — Y3KoM H mupoxoM. Jlo cmx 1mop MBI
TOBOPHJAN O HECTAHAAPTHOM QHAAW3e B Y3KOM CMEICIe, IO-
HUMas [Of OTHM CPABHHTENbHOE HMCCIE0BAHHe CHCTEMbl R
JefCTBUTEALHLIX 4mcesa m cucTeMbl *R rmmeppeiicTeuresnn-
HbIXx umcen (roumee, moGoit ma cucrem *R). B pesyanrare
TAKOTO CPAaBHEHHUS MBI He TONBKO (M, OBITH MOKET, HE CTONb-
KO) momydaeM cCBejemus o cpoiicTBax ¥R, HO m Doxyuaem
CEe[ieHNA O CBOIICTBAX OGHITHON JeftcTBHTeNbHOH mpsmoii K.
Bosamkaer sxenamme pacopoCTPaHHTL DTOT Meroj Ha Ooxee
mupokyo o6aacts. I'le MOKEHO OKHIATH IOJB3EL OT TAROIO
pacupoctpanernuda? BepoaTtHo, TaM, rjie HEET pedb O 9EM-TO
GecKOHETHO MaloM MIN OeckoHeuHo O0OJLIIOM, T. €. B TO-
nojorud, Teopud nuddepeHNMANbHLIX YDABHEHHI, MexXaHUKe
u r. 0. B Tomodormm, mampmmep, XoTesoch OB pacumpocTpa-
HHUTh Te ONpefieleHHA HpefedbHON TOUKE H Ipejeira, Ko-
TOpHIE YIOMHHAJINCH HAMU BLIINE, HA CIyJail MPOM3BONBHO-
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r0 TOMONOTHYECKOTO mnpocrpancrsa. Husxe Mu1  obcymmu,
MOKHO JH 9TO CHEJNATh, W €CIH MOKHO, TO KaK,

HamomMunM, uTo Takoe TOLOMOTHIECKOS NPOCTPAHCTBO
(p ofurgmom marematiueckoM cmiicae). Ilyers sagamo me-
KOTOpoe MEO:KecTBo X. JIeMEeHTHl BTOTO MHOMKecTBa OyHyT
HAa3bIBATLCA Toukamu, a camo X — npocrpancreos. Ilycrs,
moMumo X, sagaHo HEKGTOpOoe ceMelicTBo Mmomecre I, axe-
MeHTH KOTOPOT0 #BIAIOTCA moaMHo:kectBamMm X. IlycTe ce-
Meficreo T obmagaeT TakuMH CBOMCTBAMU:

(a) cGpemumenme mGoro 4mcla MHoKects m3 I nopn-
mageRar T :

(6) mepecevenme nwHOro0 KOHETHOrO YHCAA MHOMKECTB 13

nprHamremur 71

{8) mycroe mmomeciso & ® Bce upocrpamcTso X uOpm-
mamaexar 7.

B TaxoM cayuae rosopar, uTo na MHOMECTBe X BBE/IEHA
ronoaoeun T'; nmapy <X, T> (mnum, Gonee BomsHO, camMo X,
AuImIE ImojpasymeBas mpucyTtersme I') HA3BIBAIOT TONOAOZU-
YeCKuM RPOCTPAHCTEOM, a INogMHOKecTsa X, BXOAAmHe B
T,— oTkpulTeiMu  ROOMHONCECTEAMU TONMOJOTHYECKOr0 OpO-
crpauncrea <X, 1.

IlpmseseM HECKOALKO HPAMEDPOE TONOJNOTHYECKHX OPO-
CTPaHCTB.

1. Beegem Tomomormoo Ha MHOKecTBe R neiffcTBHTENH-
reix uncex. Hasosem toury xR enyrpennei rouroi
mEOectBa A R, ecam cymecrsyer Takoe &>0, uro
mo6asa TOYKA Y, OTCTOAIAA OT & MeHee d4eM Ha & (B TOM
yfciae W caMa Touka z), BxoguT B A. Hasosem MmEORecTBO
AR orkpuirein, ecanm moGasg TOYKA £ BTOCO0 MHOMKECTBA
sBisieTcA BEyTpeEmeil, [Ipyrumm caosamm, MuosKectBo A
OTKPLITO, €CNE [uA Ji060 Toukn r € A maliferca Tawoe
e >0, 910 mHTepBan (r—e¢, z+¢&) ABAAETCA HOAMHOMKeECT-
soM MHOmectBa A. Jlerko mpoeepurh, 9TO cemeiicTBO BCEX
OTKPBITHIX (B YKA3aHHOM CMBICIE) OOIMHOMECTB MHOMKeCT-
Ba R ofGmamaer caoificTramMm (a)—(B) mH, clefOBaTeILHO,
ABISETCA TONOJNOTHEel Ha MHOKeCTBé K. 9ITa TOIOJOTHA
HA3LIBATCH ecTecTéennoli Tonoaozueli Ba R.

2. AmpamormudsiM o6pasoM MOKHO BBECTH TONOJOIHI0 M
ma MHOMKeCTBE BCeX ToueK maocKoeTd. Mmenmo: Touxa z
Ha3BIBAGTCHA 6HYTpeHHell TOUKOH MHOmecTBa A, ecnam Haii-
nercs Takoe € >0, uwro Kpyr ¢ HeHTPOM B TOYKe & pajmy-
ca ¢ nexmxoM pxomut B A. Muomecrso 4 Tower mmockocT:
HA3EIBAGTCA OTKPLITHLM, €CJIHE BCAKAA ero TOYKA MABIAETCA
BEyTpeRHe#. Mul momrydaeM TONONOTHI0 Ha HIOCKOCTH, Ha-
BBIBAEMYIO €CTECT8EHHOU TonoAozuel,
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3. HOycrs X — mpousponbHoe MHOMKecTRo. MoKHO BBECTR
rononorsw Ha X, o6LABEB BCce OOAMHOMecTBA X OTKpHL-
teiMu.  (JIerko nposepmTh, YTO UPH TAKOM OLNpEJIeICHAN
cpoiictsa (a)— (B) eeimonumiorca.) Taraa Tomosorus Hasw-
BaeTcsa Juckperrol.

4. Ilycts X — mpomsnonbEoe Muosxectso. MosXHO BBE-
c¢TH TomoJormio Ha X, B KoTOpoli GyAeT BCero Jsa OTKPBITHIX
MHOKECTBA ~— mycToe Mmoskecteo m Bcd X. Caoficrea (a) —
(B), oueBM[HO, BLINOJXHAIOTCHA. JTOT TPUMEp TOMONOTHH IPO-
THBOMOJOKEH OPEeNbIYINeMY — B HpeslaylaeM IpuMepe Bce
MEOKECTBA OLIIM GTKPHITHIMA, & B TOM OTKPHITLIMH 00BAB-
JA0TCA MWUIL T€ MHOMKeCTBAa, KOTOpHe Heib3d He O0OBABHTH
TaKOBBIMHU (OO coiicTBy (B)).

HompitaeMen o6bacEuTh, KakuM o0pasoM HOHATHO TO-
HOJIOTHIECKOr0 IPOCTPAHCTBA CBA3aH0 ¢ MATYMUTHBHON mpeeil
«6nusoctay, «orpectaoctn» u T. A. Ilonsitaemcsa, mampmMep,
HOPIATh TOYHBIA CMBICH TAKOMY BHIDULERMIO: «IJIA BCEX TO-
YeK, AOCTATOYHO ONHU3KHX K TOYKE @, BBIIONHEHO CROICT-
Bo F». Ilycrs cuadanma nopx TOYKAMH MBI HOHOMAaeM TOYKH
meficrpuTenbHEOl mpAmoit (1. e. peficTBHTeNbHBIE WTHCIA).
B s1oM caysae yEasammce BHpayKeHHe MOMKHO YTOYHOTH Cle-
nyioumM ofpasoM: cpoiictso P BHIDONHEHO JIAA BCEX Z,
70CTaTOUHO OIHM3KMX K @, TOIJ]la W TOJILKO TOTRA, KOTHA Cy-
mecTByeTr Taroe & >0, wro ceofictBo P BHIDONHEEHO ANA
Bcex z, Ana woropuix |z —al <e. Hampumep, mns Bcex z,
MOCTATOTHO OAM3KUX K 1, BLIDONHEHO TaKoe CBOMCTBO:
0,99 < 2* < 1,01 (arobm mpomepnTsh 370, JOCTATOYHO, HANPH-
smep, Baath € =0,001). JIpyroii mpumep: [ia BCeX «, foCTa-
TOYHO ONH3KEX K 7, BLINONHEHO EEDABEHCTBO COSZ <
=< —0,999.

BosHuKaeT ecTECTBeHHAsA 8ajava: NEPEHECTH dTO0 YTOd-
HeHUe C OPAMOH HA Jpyrue TONOJIOTHIECKHe HPOCTPAHCTBA,
HaOpHuMep, HMpHJaTh TOYHBIA
CMEBICH TAKOMY MHTYHTHUB-
HO HCHOMY YTBEPIKAEHHIO:
ecin ayd ADB pepecexaer
opsmyio I, T0 AaA BCAKoi
rogkm B’, nocrarouno Gaus-
kot K B, nya AB’ rtanme Pamec. 15
Gyner mepecerats upsamyio [,

IIpupaTe CMBICH BEIDAMEHHUIO 1A BCEX JOCTATOTHO ONm3-
KHEX» OKAa3hIBaeTCAd BOSMOMKHEIM ciefyloriuMm oOpasom. Ilycrs
Ha MHOmecTBe X Bpeiena TomojoruAa I, mpeBpamanimas
ero B Tomoiormieckoe npocrparcrso. Ilycrs P — meKoropos
CBOHCTBO, KOTOPHIM MoryT o6najgars, miam =He obmajats TO9-
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xn X; mycts a — Toura npocrpametsa X. Bynem rosopurts,
Y10 CBOHCTBO P BHIMTONHEHO JiA BCeX JOCTATOULHO GIM3KHX
K @ ToueK mpocTpaHceTBa X, €CHM CYIIECTBYeT OTKDBITOO
(1. e. mpumajmexamiee cemeiticrsy I') wmuomecrso U< X,
coflepiKalnee TOYKY @, JIf BCEX TOYEK KOTOPOTO BHIIOJHEHO
coiicteo P, Jlerxo mposepurh, 9410 ecim B Kauectse X B3~
T0 MHEOKeCTBO R JICIICTBHTENBHEIX WHCEN, 4 B KauecTRe | —
€CTeCTBEHHAS TONOJOTHA HA HeM, ONKcammas B npumepe 1,
TO TIIpHUBeenHOoe TOJLKO YTO oOIpejeenne pPaBHOCAILHO
nMepumiemycs pauee. CHopMYNHPOBAHHOE BHIIE YTBEPIKEHNO
0 Iyuax MOJKET Teneph OLITh YTOYHEHO caeayomuMm o6pa-
3oM: «ecnum nyd AB mepeceraer mpAMYW [, TO CyIIECTRYeT
OTRPHITOE MHOJKECTBO, cojepixaiiee TOuURy B, pua mwodoil
roukn B’ woroporo myu AB’ mepeceraer npamywo I».

IlpueenieM eime HECKONBKO IPHMEPOB, ITOKABZHIBATOIIIY,
RaknmM o06pasoM pasnuvyHble IMOHATHA MEPEHOCATCH ¢ JieiicT-
BHTEIBHOII NpAMOI HAa NPOM3BONBHBIE TOIOJOTHUYECKHE IPO-
crpancrea. JlagmM ompejeneHus npenena m IpefeabHOI
TOYKN IOCJAEOBATCALHOCTH TOYEK TONOJOTHYECKOrO Lpo-
crparctea X. Ilycrs z,, zi, ...— NOCIENOBATEABLHOCTh TOUYEK
TOIOJIOTMYECROTO OpOCTpaHcTsa X, ¢ — HEKOTOpas €ro TOod~«
ra. 'osopsAT, 410 @ ectp npedea TOCHENOBATENLHOCTH X,
zy, ... ecam m00oe OTKPHITOE MHOKECTBO, COUepsKamiee a,
COJePIKAT BCO UYJEeHBI DTOH MOCHEJI0BATEIBLHOCTH, 32 HCRII-
YeHWeM KOHEYHOrO 4mcjia. l'osopAr, 910 a ecthb npededb-
HAA TOUKA TOCHENOBATONLHOCTH Loy L4y ..., GCIH J10-
foe OTKpBITOE MHORECTBO, COepsrallee ¢, COgepsKUT Gecro-
HEeYHO MHOTO IIeHOB 5TOM MOCIeNOBATEILHOCTH.

Basgapiit kiracc TOIMGHOTHYECKMX MOPOCTPANCTB COCTABIA-
oT xaycmopdosut npocrpancrsa. IIpocrpanctso X wnasnisa-
erca zaycdopfosvim, ecnu
g mIo6sIX PasIHYHBIX TO-
‘4eK Z W Y CYIMECTBYIOT He-
IepPeCceKaomuecs OTKPHITHO
muomectea U un V, conep-
#amume x u Yy (coorser-
cTBeHHO) . JIeTRO mpoBepuTH,

Puc. 16 9T0 TPOCTPAHCTEA MOpHME-

pos 1—3 =xaycmopdosdr,

B TO BpeMsA KaK HPOCTpaHCTEO mpmMepa 4 He xaycpopdoso
(ecam B X copgepsrurca Goxee ommoro siaemenrta). Bombimug-
CTBO OPOCTPAHCTB, BCTPEUAIOMINXCA B MATEMATHIECKOI Hpak-
THKE (a TAK!Ke B € NPHJIOKEHHAX, B TOM YICIHe BOSHHBIX,—
oM. [4], ra. 9, m. 3), orassiBaloTcs xaycmop(OBEIMH; TAKOBEI,
B YACTHOCTH, BCE TAaK HA3BIBAEMbIe MeTPH3YeMBIe OPOCTpaH-
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ctBa. B HexaycnopdoBHX IIPOCTPAHCTBAX MOIYT BOSHEKATH
HEORIJaHHBle AIBNEHHUsA: HANPHMED, OQHA ¥ Ta ’Ke IOCIHeNo-
BATCABHOCTh MOYKET HMeTh JBa DPasHBIX mpejena. Xaycaop-
(?0BBI IPOCTPAHCTBA HEPEJKO HABBHIBAITCA TaKkMe oTdc-
AUMBIMUL.

IlosHakoMHBINNCL € HECKONLKMME 06pasmaMm MOHATHI
Tonosorui, ofcyiauM, KakmM o06pasoM MOMKHO NPHMEHHTE
MeTOipl HCCTARHFAPTHOTO ANANN3a K TONOJIOTHYECKHM NPO-
crpagcTeaM. Ha mepBriil B3TiAg aTa sajada KaykeTCA BECh-
Ma tpyaHoil. Pamsme (B R m ero pacmmpemmsax) B ompe-
JleieHUAX 0eCKOHEYHO MAlBIX YYaCTBOBALO CIOKEHHE; B IpO-
H3BOJILHOM TONOJIOTHYECKOM NPOCTPAHCTBE HUKAKOIO CJIOMe-
HUA, pasyMeerca, Her. Har e oupegenars OGeCKOHEUYHYIO
O6nu30CTL?

Msr ceffuac mompofyeM ommcarh B OfIAX deprax cxemy
IPUMEHEHNSA MeTO/0B HECTAHJapTHOO aHajiu3a K NPOu3-
BOJNBHBIM TOIGJOTHICCKUM LPOCTPAHCTBAM.

Ilyctes A — mpousBonbEOE MHOMKECTBO. DIIEMEHTHI €ro MBI
GyneM, cregya M. Jlesucy [3], HassBaTh HMHAUBHZAMH. Dy-
JIeM CYHMTaTh, YTO WHJUBUALI CaMHU HE MABIAIOTCI MHOMECT-
BaMH. (ITO0 He 0YeHb CYIIECTBEHHO — IEHOH HEKOTOPOro
VCIOMHEHHA IMOCACAYIONWNX KOHCTPYKIUHA MOHO Onuio Gb
obofiticr Ges sroro Tpefomamus, Ho ynobmo.) Paccmorprn
TEHEePHh BCEBO3MOMKHbIE MHOJKECTBA, KOTOPHIE MOKHO IO~
CTPOUTH, OTHPABIAACH OT 3leMeHTOB A, 3a KOHEUHOE YMCJIO
uiarop. lIpespe ueM YTOUHATH CKasaHHOoe, IPHUBEEM He-
CKOJLKO MpHMEPOB Takux Mmuoskects. lIpeskpme Bcero, aTo
BCEBO3MOJKHEIE MHOMKECTBA WHAWBUIOB, T. €. BCEBO3MOIKHEIE
nogmuoskecrsa Muomectsa A. MuomecTso Bcex Takux moj-
MHuOKecTs obosmavaerca P {A). Ha cuepyomeMm mare Mwul
MOMEM PacCMAaTPHBATH MHOMKECTBA, JJIEMEHTAMH KOTOPLIX
ApgA0TCA (HapALy ¢ UAAUBHAAMH) ¥ MHOKECTBA WHINBU-
Ao, 1. e. moaMuoskectsa A UP(4). It MHOMecTBA CHOBA
MOJKHO HCIOAb30BATH B KAYeCTBE BIEMEHTOB B JajbHelimnx

MOCTPOCHNSAX.
Ilpusemem remepn Gosmee tounsre Qopmyanposru. Onpe-
JeJUM HOCIHCHOBATEAbHOCTE MHOMKecTB A, A, 4, ... Tax:

Ay=A, Ay, =AUP(4;)). Mbr monyuaem, ogemujuo, mjid
KasRgoro A BO3pACTAIONIYI0 INOCAeJOBATEJNLHOCTh MHOKECTB

Ajc A, cA, ..

ee obwenmEenue Oynem (rarsme cieays M. [lesmey) maswi-
BaTh cynepcrTpyrrypoi ¢ npguenjamMun A 1 o003HaYaTh ero
S(A4). Taxnm ofpasoM, Hajl KaKABIM MHOMKECTBOM HHIIMBH-
noB A posmuraer cynepcrpyrrypa S(4).
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Toscanm, 3auem Mul TpeGosanm, wrobnl smeMenTHl A ca<
ME He ABIAINCH MHOMKECTBAMH. JTO HYKHO I TOro, uToOnl
PasHEe «YDPOBHEU» Haniedl CyHePCTPYKTYPHI He CMENINBAJIHCH.
Hanpumep, eciim 61 A, mapagy ¢ smeMenTtama a m b, co«
nepano (B rauecrse sneMental) mmoectso {a, b}, 1o A4
7 P(A) nepeceranucs Goi: Mmomecrso {a, b} Moxmo Gnur0
0 paccMaTpuBaTh H Kak sjieMeHT A, H KA MHOMKCCTBO
aaeMentos A, T. e. Kax smemernt P (4).

Temeppr MbI, TOMHMO «CTAaHZAPTHOH» CYHmepCTPYHTYpLI,
ONWCAHHOH BLIIe, OOCTPOEM e (HEeCTAHJAPTHOe» paciImpe-
HUHe, B HEKOTOPOM CMBICJI® HEOTIMYEMO® OT CTAHAApTHOHX
cymeperpykrypel. Hysmmo 00BACHATE TOIBKO, B KaKoM
CMBICIE OHO HEOTJHIAMO W B USM 6r0 HEeCTaHJapTHOCTD.
Ofcy:ipenre HECTAHNAPTHOCTE MBI OTJIOMKHEM, & IIOKA 3aii-
MeMCsl HEOTIHYHMOCTHIO. »

HeornmanMocts craHgapTaoil CymepeTPYRTYPH OT He-
CTAUIAPTHON OyjieM, Kar M OpesKne, IOHEMATh B TOM CMBICTE,
YTO B HNIX MCTHHHEI OJJHH X 1€ JKe 3aKpHITHIe hopMyasr (cy-
SE/IOHAA) HEKOTOpOoro fAssika. OCTayoch ONHUCATh DTOT A3BIK.
@opmyasr aToro A3HIKA GYyAYT CTPORTHCA M3 KOHCTAHT (T. e.
mMeH) JiA BCEX »ieMenToB cyuepcTpykTyps S{4) m ne-
DPEMEHHBIX € NOMOITHI0 BHAKOB & (CHMBOJIA NPAHAJIEHKHO-
cTH) H = (3HAK DAaBEHCTBA), JIOTHYECKUX 3HAKOB (KOH'BIOHK-
OHH, [I3BIOHKOHE, OTPUNAHHA H T. O.) ¥ KBaaTopos (o6m-
HOCTH ¥ cymectsopanus). JIpyruMum cIoBaM@, STOT ASHE
CONEPHUT ONWH-EUHCTBEEHHI [BYMECTHRIH HpPeNUKATHEIA
CUMBOI «IpPHHAJICKHOCTEY (A ymobGecrBa dYTEHHMA BMECTO
&(x, y) OGymeM nncats, Kax 310 OOBIYHO MEJNAIT, Z € Y)
u §eapmioe UHCIO HYJIbMECTHBHIX QYHKHEOHAILHEIX CHEMBOIOB
(370 ®m OYyOyT KOHCTALTE)-— CTOJALKO, CKOJIBKO BSJICMEHTOB
nmMeetca B cymepcTpykrype S(4). Mo mpepmomaraeM, urto
GHNCHDOBAHO B3AMMHO OJHO3HAT0E COOTBETCTBHC MEHRTY
OYHKNIOHANBLHBIME CUMBOJIAMH H 2MCeMEHTAMH CYNEPCTPYK-
Typer S(4).

JToT ASLIK EMEeT CTAWJAPTHYI HHTEPUPETANHI0, B Ko-
ropofi Hocurenem seagercsa S(A), ¢ HYIbMeCTHHIMA (PyHK-
OHOHAILHBIMA CHMBOJAMH COLOCTABISIOTCA COOTEETCTBYIO-
IMe mM 3JEMEHTHL cynepcTpyRTypsel S(4), a mpeamraTHOMY
CHMBOJIY € COOTBETCTRYET OGHIUAOE OTHOICHNE NPUHALICHK-~
HOCTH, T. 6. (YHKOWH, CTaBAINasg B COOTBETCTEME HApPe
z, y=S(A) cumBon U, ecimu x =y, u JI, ecnm z & y.

PacemoTpuM  Temeps NpoH3BOALHYH (e ofg3aTeAnHO
CTAHJAPTHYIO) HHTepuperanumio 9toro sssika. OGosmavnm
ee HocmTeab uepes S, Ha muomecrne *S mmeerca Ommapmoe
OTHOLIeHHE, COOTBETCTBYIOINEe IPEIKATHOMY CHMBOIY <. Mu
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6yneM obosmagaTh 9T0 OTHOmeHMe *< m nucath z*< y, ecan
napa <z, ¥y’ (3gecs z,y = *S) HaxoAUTCA B DTOM OTHOMMICHHH,
1. e. ¥=(z, y)=MHN. Kpome toro, 8 *S marepupermposamsl
Bce (PYHKUMOHANLHBI® CHMBOJELI f3bIKA (HAOOMHEM, UTO BCO
CHE HYJILMECTHHI); ADYTAMH CIOBAMHA, € Ka)KIHIM DIIeMEH-
oM s=5(4) comocTaBleH HEKOTOPHIH 2I6MEeHT MHOKECTBa
*S. JumeMeHT MHOMecTBa *S, COOTBETCTBYIOI[HH HIEMEHTY S
uz S(4), 6ymeM oGozmauats *s.

Msr TpeGyeMm, uToGnI [AiA EHOBOH mWHTepHperamue Gbul
CIpaBeINB OPUENUI I[epeHoca, T. €. OBUIA HMCTHHHEL TO
MO CaMble BaKDHITHE (OPMYIH pPacCMATPHBAEMOro S3LIKA,
910 W B craafaprHofi ero wmHTepmpertanuu. IlompoGyew,
8HasA 3TO, MPOACHUTH yerpolictso MHOKecTBa *S. C RamabM
puementoM s < S(A4) comocrasnsmerca smeMenT *s < *S; mo-
TYT XM JBYM DA3NUYHLIM 3IeMeHTaM §; n S; = S(4) 6nr1h
OOCTABIEHLL B COOTBETCTBHC OJMHAKOBLIe diaeMeHTH *57
Jlerxo Bmaers, uTO HeT. B camoMm pexe, myecTth ¢ B Cp—
KoHCTaHTH (T. €, HYJLMECTHbIe (YHKIHOHANLHEE CHMBO<
A1), COOTBETCTBYIOINNE 2leMeHTaM S, M §;. Paccmorpmum ¢pop-
Myay ¢;=¢;. B S(4) sra Qopmyna noxHa, TAK KaK HH-
TepupeTanueil KOHCTAHTHL ¢, CIYKHAT 9JIEMEHT §;, HETEpIpe-
Tanuedl KOHCTAHTHI C; CHYJKHT DIEMEHT §;, & DIEMEHTH S
7 S, pasnuumsl. SHayut, m B *S sra Qopmyna Oypmer momEa,
T. €. HATEPOPETAUMM KOHCTAUT €, E C; B *S — 9I6MeHTH
*s, u %g, — OynyT pasauwasl, Taxum o0pasoM, MHL IOCTPOH-
AU B3ANMHO OJHO3HAYHOE COOTBeTCTBEE MeEay S(4) m me-
KOTOPHIM HOJMHOMKECTBOM MHOKecTBa *S. OIEMEHTHL 3TOTO
HOJMHOMECTBA €CTECTBEHHO HA3BaTh CTAHOAPTHLIMU dae-
Menramu *S. Temepr cramopmTcA HACHBIM, 4uTO *S MOKHO
CYHTATH PACHIMPEHMEM CYNePCTPYKTYDHI S§(4), oro:xmecTsus

S(A4) ¢ meroropoil gacTbio MHOKecTBA *S.

IocMoTpuM Ha 2TO OTOMECTBIOHHE 00I€e BHEMATEILHO.
Hycrs a= A — merortopstit magmsug, a X < 4 —méroTopoe
MHOKeCTBO HEAMBHOB. Torma m a, # X ABIAIOTCHA diIeMeHTa-
mu cyneperpykrypst S(A). VUm cooTBeTCTBYIOT HEKOTODHIE
axeMeHTH. *¢ m *X B ee mecrampapTHOM pacmupennm *S.’
Haxonares om omm B oTHomenum * & ? Jlpyrumm ciosamwd,
pepao am B *S, uro *a*e=*X? Jlerko nomaTh, 4TO 3TQ
BEPHO TOI[@ H TOJABLKO Torfa, Horia a = X. B camoM pene,
OYCTh € B Cx — KOHCTAHTHI HAIET0 A3HIKA, COOTBETCTBYIO-
mue ¢ 1 X. HerpurocTs CyKIeHUA €. € C€x B CTAaHJAPTHOH
cymepcTpyKTYpe 03HAYAET, CTECTBEHHO, 4To ¢ & X; HCTHE-
HOCTH OSTOr0 e cysijenma B *S oswagaer, uro *a *= *X,
Tarms oOpaszoM, IpH BAOKEENU cynepcTpyrTypsr S(4) B *§
COXpanfgeTCA OTHOMEHIe NPHHAIERHOCTH,
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Rampomy saementy Y n3 *S MOKEHO mOCTaBHTH B CO-
OTBETCTBUE HEKOTOPOe HOAMHOMKEecTBO *S, HMEHHO HOAMHO-
mecTeo Tex x € *S, mua wotopelx B *S ummeer Mecrto z *e Y,
IlocMoTpuM, KakuM OymeT 9TO MHOMECTBO MJIA HEKOTOPLIX
cramgapTHhX oiaementos m3 *S. CaMplil mpocToil mpmmep —
mycroe Mmuosectso 2 =S(A4). Emy coorsercrByer cran-
napTHEL anement *& € *S u, jpamee, MHOMECTBO BCEX TeX
z = *S, nna xoropeix z* & *J, Jlerko moHATH, 9TO ITO MHO-
/ecTBO nycro. B camom geme, B S(A) mcrunma dopmyna

Ve (re O)

(mamommuM, uTo V — KBAHTODP «JIA BCEX», | — 3HAK OTPEH-
manus). dra ¢gopMysa B CHIYy HaIIero NPEAIONOMKCHUA HC-
tuHEa #© B *S. 310 3Hauur, UTO A4 Beex X = *S HesepHo,
yro z*=*J, 1. e. Yro uUHTEpecyOlee HAC MHOMKECTBO
Iy CTO.

Uyrs Gonee caokandi mpumep. Ilyers a m b — mexoro-
pere unausuns, X = {a, b}). MuoxecrBo X sABAAETCS DiIeMeH-
TOM cymepcTpyKTypsl S(A) ®, 3HAYAT, C HUM COIMOCTABIEH
nexoropuiii snement *X ua *S. Haxoe mommuomecrso B *S
emy coorsercreyer? Jpyrumum ciosamu, mif Kakux z < *S
BHIIONHEHO cooTHomenue x *e *X? Jlerxko Bujern, 4ro 370
tak mpu x = *a u x = *b. Ho, ObiTh MOMKeT, 6cTh M ApyrHe
z=*S, npu woropeix z*= *X? OxassiBaeTcsa, UYTO JPYTUX
uet. Ure6p DOHATH 9TO, paccMOTpPEM (POpMyTy

Vi(recx=(r=1ci) \V (& = a)),

B KOTOPOil €z, € M Cy CYTh KOHCTAHTHI, COOTBETCTBYIOINHE
anementam X, a, b cymepcrpykryper S(A4). dro dopumyna
nctunna B S(A4), tax mak X ={a, b}. 3maunr, oma mecrmu-
Ha 7 B *S. Dr0 o3mauaeT, uTo NMI0GON plleMeHT X < *S, musa
rotoporo z *& *X, pasen aubo *a, nubo *b. Tarmm obpasonm,
areventy *X coorTsercTByeT moamuoskectso {*a, *b}.

Byner nu tax scerma? CdopmyaupyeM 5TOT BOIPOC TOU-
nee. Paccmorpum mpoussoapbHOe Muomkectso X< A. Ewmy
cooTBeTcTBYeT anement *X € *S. PaccMoTpiM mopMH0MKECTBO
B *S, cocrosmee u3 Beex Tex & € S, mua Korophx x ¥& *X,
OueBuymHO, 2TO IOJAMHOMRECTBO COJepHuT BCe *a@ nuA Bee-
Bo3MosKEEIX a € X. MoKer nW OHO CONEpIKaTh UTO-HEOYAL
eme? Jlerko BuAETH, YTO JPYTHX CTAHAAPTHEIX HIEMEHTOB
OI0 He COJepskHT: Bejab ecau 6ot *s *=*X npm nexoropoM
s=S(A4), To (U0 OPHHINIITY OEPEeHoCcAa) OKazaloch OBI, 9ro
s€ X, Ho, xak MBI YBHAUM HIIKE, MOTYT CYHI{ECTBOBATH
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ICCTAHJAPTHLIE DIEMEHTH Z, 1id Rorophx z *e*X, Bosmnm-
KAOIIYI0 CHTYANUI0 MOKEO OPOWIIIOCTPHPOBATH TAK:

X

Puc. 17

JleBslil pmeyHOK m300paskaeT CHATYaIWid B CTAaHJAPTHOH Cy-
MEePCTPYKTYpe: MHOMKeCTBO X CONeP/RHT DIEMEHTH a, b, ¢, ...
Cmpasa maobpaskena curyamua B *S. Ilo-npeskmeMmy siemen-
el *a, ¥b, *c¢, ... HAXONATCA B OTHOMEHNN *& K DIEMEHTY
*X; HO HOMHMO HHX MOTYT MOSBHTHCA HOBHIE HECTAHJAPT-
HEIE 3IEMEHTHI, TAK/Ke HaXO[ALNHecHd B OTHOMEHNM *& K pie-
menry *X.

Hopo6usiit adderT MOKET BOSHEKHYTEH (M, KaK HPABHIO,
BOZHHKAET) M HA Gonee Bhicoxmx yposeax. HamommmMm, uro
wepe3 P(A) wmbl ofo3madannm ceMeficTBO BCeX MHOMKECTB
nuguBnfoB. Muoxectso P (A) (xaw m nioGoii smeMeHT
S(A4)) mmeer amamor *P(4) B *S; nna seaxoro X = P(4)
aunement *X HaxomuTcA B OTHOmERHH *& ¢ *P(A); omHako
MOIYT CYIIECTBOBATL W HECTAH/ApPTHBIE DJIEMEHTHI, HAXOJA-
mueca B ornomenun *& ¢ *#(4). Taxum obpasom, B *S§
MOIyT DOABHTLCA He TOJLKO «HOBLIE MHIWBHILI», HO H HO-
BHIe MHOJKECTBA WHIBIOBY.

Crpykrypy *S MoKHO paccMATpHBATE KaK pe3YIBTAT
KOHCTPYKOHM, NOXO:Kefi Ha wnmocrpoerme S(A). HMwmenwmo,
MOMKHO HpejcTasuTh cefe femo Tak: MH BKiIagbisaeM A B
Gollce MUPOKOE MHOKECTBO &f,; 3aTeM PACCMATPABAEM MHO-
icecTro ¢, AmnAoTeeca o0wejgmmenueM S¢, C HEKOTODPEIM
ceMeiCTBOM MOJAMHOMECTB MHOKECTBa &¥,; BaTeM paccMa-
TpuBaeM &,, pasHOe o0BenumHEHHI0 S¢, ¢ HEKOTOPHIM Cce-
MEHCTBOM HMOAMHOMECTB &4, B T. 1. OTimume sTOro mpomec-
ca or mpomecca mocrpoeHus S(4) COCTOHT B TOM, UTO™ MBI
GepeM Ha Ka)KIOM IUare HE BCe MHOJMHOKRECTBA, a TOJIBKO
mekoTopsie (OHE HasmBaloTea «BEHyTpeEEmME»). Cdopmyrn-
pyeM ckaszammoe Togumee. [lycrs *S — mpomsBoibHOE pac-
mrpenne S (A), yroBieTROpA0IIEe NPHHEOUNY NepeHcca.
Torma c¢ymecrBy0T IOCHEROBATEILHOCTE MHOMKECTB S, <
c, o, <=..., a1 Koropoit A <, Hip < UP (i)
Op® BCex i, B B3aWMHO OQHO3HATHOE COOTBETCTBEE MEKIY
*S n ofbeuHEHUEM BCEBO3MOJKHBIX MHOMKECTB S¢; LDH BCEX
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{; mpm »TOM COOTBETCTBMH OTHOmEeHHe *& Ha *§ mepexonmt
B 00b[YHOC OTHOHIEHHE HpPHHAIEKHOCTH Ha ofbegmmenud
scex &%, Kpome toro, ecan z € S(4) m BXoinT B MHOMKeCT-
Bo A; (manomuum, daro S(4) MH cTpomIE Kak obnejHmenie
poapacraomeit menm muomects A, <A, <... ¢ Ag=A =n
A=A UP(4))), 10 anementy *z mmoxmecTsa *S cooTner-
CTRYeT BIIEMEHT MHOMRECTBR .

Taxum ofpasoM, MHOKecTEO *S MOMmeT OLITBH NMOCTPOETO
rak: cHavana pacmupum A 0 mexotoporo S¥, a sarem
GymeM nDpEMEHAT: OOBITHOE HOCTPOSHHE CYHEPCTPYRTYPHL.
Ha &, ¢ TOl pasHENEH, 9TO Ha KasKAOM IIare paccMaTpuBa-
I0TCA He BCe MOJAMHOMKECTBA, a TOJILKO HeKoTopsle, Bce ato
MOIKHO BHJSTH Ha pHCYHKe,

3auepHEeHHBI® KDYKKA M CIUIOWIEHIe JUEAN #306pamalor
CTaHZAPTHBE O0BEKTH H CTAHJAPTHOE OTHOIICHHE NPHHAJ-
JIeSRHOCTH. JauepHEHHBIe KPY/RKM HIUKHEr0 ypoBHA u3ofpa-
MA0T MEAABHAL H3 A, 3aUepHEHHBIE KPYIRKH CAEYIONIero
YPOBHA — MHOKECTBA WHAMBHAOB B T. n. CBeTible Kpy:RKH
N IUTPUXOBHe JauEHH wiobpamaior pobapienmble (H@ECTAH-
HapTHbIE) DIeMeHTH. DBH/HO, YTO HA KaXKJOM YPOBHE NOMB-
JAI0TCA HOBHIE DJICMEHTEI H YTO Y CTAPLIX MHOKECTB HOAB-
AATCH HOBBIE DJIEMEHTEI.

Jdra cxeMa, KOHEYHO, BeCbMa YCJIOBHA, HO, GLITH MOMeT,
croco6CTBYeT CO3FAHMIO O0Iero HpejCTABICHHA O CTPYK-
Type HECTAHJAPTHEIX Pacmupenmil.

Temeps M0KHO 00BACHUTH, KaK IOPOHCXOZHT, HAODHMED,
IprMeHEeHHEe HECTAHJAPTHEIX METOJOB K TOHOaOrmH. Touru
HCCNeyeMoro mpPOCTPAHCTBA OOBABIAITCA WHIUBHNAMU. 3a-
TeM MBI HaJCTpamBaeM HAj HOMI CTAHJAPTHYIO CyNepCTpyk-
TyPy ® paccMarpHBaeM ee HECTAHJAPTHRIE pACIIHPEHIS.
B mecrampgapTEOM pacIImpeHAH HOABIAOTCA HOBBIE, HCCTAH-
mapTHLIe TOYRHE. Tomomorms (ceMeiiCTBO OTKPHITHIX MHO-
FMECTB) TAKKe ABIMIETCA DIAEMEHTOM CYHepCTPYKRTYpPHI, Mo~
BTOMY BOSHEKAET COOTBETCTBYIOMAH 00BERT B HECTAHAAPTHOM
pacmupernd. Ero «saememtsi» (1, e, vmemenTsl *S, maxo-
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mAMEecs B OTHOINGHUH ™€ € HUM) MOMHO pacCMarpuBaTh
AR HEeCTAHJAPTHEIE (CTEPLITHIE Muo:KecTsay. Hammoe crau-
JADPTHOS OTKpbiToe MHCKecTBO U mmeer amamor *U B me-
CTAaHJIAPTHOH MOJENH; DTOMY AaHajory «IPHHANIEKATY «T0
FKC» CTAHJADTHEIE TOuKH, 4yro m U, @, BO3MOKEHO, HEKOTO-
peie mecrampgapranie Toukd. CJ0BO (NPHHANIEIKATY BIATO
B KaBBIYKHM, TaK KaK OHO mpejcranifger coGoil HEeKOTOPYIO
BOJIBHOCTH PEYH; KOPpeKTHee Obo OH TOBOPUTL «HAXOJUT-
¢ B OTHOHIEHNH *&» BMeCTO «mpHHAmIexaThy. [lo amaxo-
IIYHEIM OpNYAHAM B3AITO B KABLIYKM «T€ KE»: Beib HA
camoyM Jene Mmuoectsy *U mpmmapie:kar HE CaMH DIEMEH-
1ol MEGKecTsa U, a BEX HECTAHZAPTHEIC AHANOrH (BICMEHTHI
HeCTaHapTHON MOJENH, OTOM{IECTBIAeHHHe ¢ HuMm). Mer,
onHaro, OymeM mosBoasTh cefe nomcOHELIE BOMLHOCTH, Ha-
NesACh, UTO YHTATENb CAM FOCCTARHOBHUT KOPPEKTHLIO (I.opuy-
auporkn (ecam saxouer). Mrax, mpm mepexope ® Hecrat-
JIAPTHOH MOJIEAN CTAPBIe OTKPHITHIE MHOIKECTBA MOUYT HDPHOO-
perars HOBLI® (HECTAHAApPTHBlE) TOYKH; KPOMEe TOrO, MOLYT
ICSBATHCA HOBHE (HECTAHJAPTHRIE) OTKDHITHIE MHOIKECTBA.

Iloxrasmem Ttemepd, Kaxmym obpaszoM B HecTaEgapTHOH HH-
TepHpeTanuN BBOOUTICA IomATme <«Geckomeumoli GamsocTH».
PaccMoTpuM cHAYANA CHTYamuio B CTAHAAPTHON HMOTepIpeTa-
nua. Ilyets o — cTappapTEasg TOYKA TOMOMOTWYECKOTO MpO-
crpamctea X, PacemorprM Bce CTARJADPTHEI® OTKPSHITHIO
MEQJKEeCTBa, cojep:ramue z. PaccMoTpmM mepecedenyme Beex
oTHX MHOMecTB. Fcaum mpocrpamerno X oTmeammo, TO 3TO
Iepecedenne COJEeDIKUT eANHCTBeHBY Touky z. (B camom
fene, ecim y 7, T0 CYHIECTBYET OTKDPLITOe MHOIKECTBO, CO-
JepsKaniee £ W HE COjlep/Kariee ¥; IOITOMY TOYKAa ¥ HE BXO-
INT B IePeCcedeHre BCeX OTKDBITHIX MHOMKECTB, COJep:KaIgux
TOUKRY Z.)

Jlo cux mop BCe mAIIM PACCMOTPERAA OLIIA CTAHIAPTHHL,
Tlepexona x HeECTaHAAapPTHOI HHTEPIpPETAIAHM, M 3aMedacM,
970 B pAacCMaTPHBAEMOM IE€DPECEYCHNA MOLYT NOSBUTHCA
HECTAHJapTHRIE TOYKH, oTnHIELIe OT Z. Toumee, MoTyT maii-
TuchL Takme z < *§, oramunsie ot *r, 10 04 4106020 (cTaAH-
daprnoeo) orkpuitozo muoacecreéa U, codepacaujezo (cran-
dapruyro) rtoury z, ewvinoaneno z*< *U. Tourm ¢ TarUM
(BEHIIENEHHLIM  KYPCHBOM) CBOHCTBOM HA3BIBAIOTCH Oecko-
HeuHo 6auskumu K x. MHOKECTBO BCeX TaKHX TOYEK HA3HI-
BaeTcsa Monadoli Touknm z. B cayuae xorga X mpepcrasaser
co00fl - nefiCTBUTENLHYI0 NPAMYI C eCTeCTBeHHOH TONOJOrH-
e, MBI NPHXOAUM, IO CYIIECTBY, K TOMY JKe CaMoMy OI-
PelleIeRHI0 MOHAJBI, YTO0 W PpAHbINE (ecnn OTBIEYLCA OF
TOro, YTO TEIeph paccMaTpuBaeTcA APYToil A3HIK),
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B repmmmEax Momaj yAaeTcsa AaTh KPUTEDIH OTHENINMO-
ctu (r. e. xaycaopoBoCcTH) TOMONOIMUECKHX IPOCTPAHCTR.
HamoMuuM, 410 TOMOJOrHYeCKOe IPOCTPancTBO X HABHIBAET-
cA OTJEGNHMBIM HPOCTPAHCTBOM, €CIHM I BCAKHX TOUYCK Z
M Y 2T0r0 OPOCTPAHCTBA, AAA KOTOPHIX 7 Yy, maligyred
HeIepecekalonnecsa oTkphiTeie MuoRectsa U n V, copepxa-
myie x u y coorsercteenno. OrasmiBaeTcs, YTO IpocTpal-
cTBo X OTHEJMMO TOTJIa U TOJLKO TOTHA, KOTJa B €r0 HECTall-
JApTHOM pACIIAPEHHN MOHAAB! JIOGHIX [BYX CTaHAapTHBIX
TO9eK He INepeceraorca. JlpyrmMm  ciIoBaM®, OT/ENH-
MOCTh DPOCTPAHCTBA 03HAUAET, UTO HE CYIeCTBYeT (BO3MOK-
1O, HECTAHJapTHOU) TO4YKH, Koropag Opura 6p GecKOHCUHO
Gam3Ka K ABYM PasiMYHBIM CTAHZAPTHEIM TOTKAM.

Hymxuo yToumdTh, ONHAKO, YT6 MBI WME€EM B BHJIY, To-
BOpPS 0 HECTAHMAPTHHIX pacmupenrsax mnpocrpamcrea X. [lo
cHX mop MBl TpeGoBaJH JHIDL TOT0, 9TOOB B HECTAHIAPTHOM
pacmupeRnE Cynepcrpykrypsi Hag X OBIA WCTHHHBI Te
e 3aKpHTHE (OPMYIBI, 9T0 H B CTAHZAPTHOM. JTOTO, pa-
3yMeeTcsA, MAJ0: MB NOKHBI OOBACHHTH TaKHe, B UeM ke
COCTOAT 0COGEHHOCTH PpaCcCMATPHBAGMBIX HECTAHHAPTHBIX
00pexToB (MHOMECTBA *S W OTHOMIEHHA (IPHHATIEKHOCTI
*<), ormmmualomme WX OT cTaEfapreEIX. o cmx mop ¢f
5TOM He OBIIO CKA3aHO HE CIOBA, W BCe HAamA TpeboBaius
® *S GoiIm BEINOJAHEHAEI H B TOM CIydae, KOTAA B KAYECTRE
*§ pagra cama cymepcrpyrrypa S(A4), a B wagectse oOTIO-
menns *& B3ATO 00BIYHOE OTHOINEHHE IPUHAJIEKIIOCTI.
flcmo, ojEako, 9T0 B 3TOM CJIydae «HECTAHZAPTHASY TOIO-
JOTHA He JaeT HUYEero HOBOTO II0 CPABHEHMIO CO CTAHIApPT-
woit. IlosToMy MHI [OIKHEEI ¢HOPMYIUPOBATH KAKHS-TO TpPE-
GSoBapWs K HECTAHJAAPTHHIM 00LEKTAM, KOTOphle OTAWYaiH 05l
X OT CTAH/APTHRIX. ITH TpeGoBamNA HOMKELI OLITH fiOCTa-
TOYHO CHABHBI, YTOGB! ¢ HX IMOMOLIBI0 MOKHO OBLIO PA3BUTH
COfePIRATENLHYI0 TEOPUIO, W, KPOME TOIO, JOJNIKHBL GHITD
TakuMH, 9TOGB MX MOYKHO OBIIIO Y/AOBIETBOPHUTH,— BEADL
econ MH morpefyeM or *S CammIKOM MHOTO, TO Takoro *S
npocro me Oyjaer. Pamnme, Korja MEL paccMaTpHBANH He-
CTAHJAPTHEI amanu3 B Y3KOM cMblcae (i geilicTBuUTENL-
HOI mpamoit), TakuM TpeCopanmeM O6nlia HEAPXUMEIOBOCTD
noia rumepjeicreurenpusix uucen. Ee okasamocs mocratod-
HO [ DPasBHTHA coiepskarenbHOf Teopum. H coskanenuio,
CBOMCTBO HEAPXWMEIOBOCTH HCHOJIB3YeT cuenudury Jefict-
BHTEJBEBIX UYHCEN — HANHYHEe CJHOKeHust m wopamka. Jlms
cIyYasd OPOU3BOJLEOTG TOMOIOTHIECKOr0 OPOCTPAHCTBA HYIK-
HBl KaKue-To cyInecTenuo Gonee o0mime mMOHATHA U METOJBL
Ofnu @3 TAKEX METOJAOB MBI BIOCAEACTBHE ommmeM, cdop-
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MynmpoBaB TpeboBamme «HANPABIEHHOCTHY, OTINYANOINEe
HECTAHJAPTHOE PaCIIMpeHMe OT HCXOAHOI CTAHZAPTHOH cy-
nepcTpyRTypsl. C €ro noMoInsio KpUTepunil OTAEeIUMOCTH IIO-
Ay9aeT CAeAyIOIyH TOYHYIO QOPMYIHPOBKY.

IHycrs Qurcmpopano npoms3poibHOE HECTAHAAPTHOEC pac-
MIHpeHNe CYMepCTPYKTYPsl HA TCIOJIOTHUECKOM TIPOCTpaH-
ctee X, /A KOTOPOTO CHPABEIABE NPHHIMI MEPEHOCA N
rpeGoBanNe HANPABIEHHOCTH. D sTOM ciiyuae MOHAQABI IO-
ObIX JABYX CTaHAaPTHBEIX TOUYEK HE OepecekaloTcsa Torga i
TOJBKO TOIJA, KOTJAA HCXOJHOE NPOCTPaHcTBO X OTHEIUMO.

JloKa3aTenbCTBO HTOr0 KPHUTEPHH COCTOUT M3 [ABYX da-
creit. Hymuo powrasarp, uro ecam X OTHEAMMO, TO MOHAILI
Ee TepecexaloTCcd, W, HAnpoTHB, uTo ecanm X HeOTIEIUMO,
TO MOHAJB HEKOTOPHIX JBYX CTAHJAPTHBIX TOUEH Iepece-
ralorca. TpebGosanme HaPaBIEHHOCTH WCHOIL3YETCA JHNIb
BO BTOPOIl 4acTH, MOITOMY MBI GTJIORUM ero (GopMyIHPOBKY
U IpUBeJieM BHAYale LEePBYIO dYacTh jokaszarenscrsa. Orme-
TAM, YTO KaK IPHBOAMMOE HUIKe PACCYKJIEHHME, TaK M ero
cropecrnoe odopmienue (¢ HECTAHJAPTHO IICHAMAEMEBIMH
CI0BAMII THINIA «IIPHHALIEHKATHY, (BRAIYCHA» U T. II.) BECHh~
Ma THOHYHBL IS HecTammaprtHoro amanmsa. Ilyers mpocrpan-
CTBO ABJIAETCH OTACNUMBIM. JlOKa)KeM, 4TO MOHAZHI PaRIHU-
HLIX CTAHJAPTHBIX €ro TOUeK He mnepecexaiorcda. Ilyers 2
U Yy — ABe pasiH4Hble CTAHAAPTHBIE TOYKH OPOCTPAHCTBA,
Iloramem, uro Momamel p(z) m pn(y) mHe mepecexaroTcs.
Tax xax TpeGoBamHe OT/ENNMOCTH BbLIIIONIHEHO, TO CYIIECT-
BYIOT OTKpbiTHe Mmuosectsa U m V, comepmamme ToukH
z u y, He WMeomue ofHIX cTaAapTHLIX Touek. Pacemor-
pum cooTseTcTylomue uM obnertsl *U n *V B mecranaapt-
HOH HHTEpOpeTanuu. JT0 — «OTKPHITHIE MHOKECTBAY HECTAMH-
paprmoil mutepuperanuu. OHH «cofepyHaT»y TOUKM T H Y.
Yroep:maenne o toM, yro mMuomecrsa U m V me mepecera-
I0TCA, MOMReT ObITh B3anNCaHo B BHUAE CYRJSHNA HaIIero
S3bIKA:

TNIx((r=cw) A (r=cy));

3716Ch Cy, Cv — KOHCTAHTH (T. €. (YHKIAOHAIBHEIE CHMBOJLL
¢ myJeM apryMeHTOB), COOTBeTCTRYyIom(ue sjiementam U n V
B craHjgaprTHoil muTepuperanum. Byayum ucruEHO B CcTaH-
JApTHOH HHTepPIperallnu, 9T0 Cy:;KjeHHe (COINIACHO IPHHIM-
ny nepemoca) 00s3amo ObiTh MCTHHHLIM W B HECTAHAAPTHOM.
3ro osmauaer, uto *U m *V «me mepeceraworca». OTciofa
CIEYCT, YTO M MOHAMBI TOUEK & W Y HE TePeceKarTcd, Tak
KaK MOHAJA TOMKH £ «BHKjOvena» B Muo:xeciso U, a moma-
Ia TOYKH J «BHJIOYeHA» B V,
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B npupenenmoM pacCy)RA6HAM MBI INMHPOKO TOXL30BA<
AACH ¢BONLHOCTAMH pEUM», WCIONB3YH HEKOTOPHe CIOBA B
HOPCHOCHOM CMEBICHE; HAZGOMCH, UTO UUTATENb CMOMET (eciad
BaX04eT) BOCCTAHOBATL KOPPEKTHBIN ciocoG Beipakenna. Ha-
mpEMep, KOrja MBI TOBODPMAHM, 9T0 MOHAJA W(I) «BRIIOUEHA»
B U, MBI EMeIn B BHAY CISLyIONIee: BCAKMII DIeMEHT MOHa-
msl p(z) paxopmrea B orRomenmu *& ¢ *U. Ilpmeriuxa
K TaKOr'0 poja MEPeHOCHOMY CI0BOYHOTPeONeHHIO COBEPIIEH-
HO HGOGXOJIHMa Ui IOJHOTO OBJAJNEHHA MeTonaMm HeCTaH-
JIApPTHOTO aHanmaa.

Hrak, ofma M3 MONOBHE [J0KAa3aTEILCTBA HECTAHAAPTHO-
ro Kpurepua orgenuMocTs 3asepumeHa. Ilpespge weMm mepeii-
TH KO0 BTOpOii, HaM HeobxommMo cdopMyampoBaTh TpeGona-
HAE HAOPAaBIeHHOCTH. K CcoKajieHWn, ero QOpMyInpoBra
MOM(GT IOHAYANY MOKasaThCH HECHONBKO HCKYCCTBEHHOH
€e CMbICA NPOACHAETCA JHMINL IPH NPEMEHEHHH DTOTO Tpe-
Gopauna.

Haumem co caepymoimero npocroro samevaunmsa. 1lycto
Ha cynepeTpykrype S(4) sajamo mexoTopoe OGuuapHce oOT-
momiene HR(z, y), DpumueM ydacTBYIOIEe B HeM IIAPh
{z, y> UMEIOT CBOHMH WIEHAMH DJEMEHTH HEKOTOPOro. (K-
caposaasoro yposud. Chopmynmpyem »T0 Toumee. Hamowm-
HuM, 910 cymeperpyrrypa S(4) npejpcrasaser coboi ‘o6Bean-
neune MHOMectB A, A, ... e A,=A, a A, =AU
UP(4)). Tax Bor, mame HOpefNOloKeHHe O OUHAPHOM OT-
momerinm R ma wmuoskectse S(A) coctout B caemyiomem:
cymecteyer taxoe N, uro musa mioboii mapmr {z, ¥, Haxo-
fAmmeiicA B ormonteEmA R, DIeMEHTHl & H Y OPHHAIPIEMKAT
muoxkecrsy Ax. Bynem paccmarpuasatk B faibmefiimeM ToNb-
Ko OuHapHbie OTHOIIEHNA ¢ ONHCAHHBIM CBOIICTBOM, HAa3bl-
Bag MX OTHOIIGHMAMH KOHEUEOI0 YPOBHA. IJTO CBOIICTEO
103B0JIAET PacecMaTpPHBATh GHHAPHOE OTHOMICHUE KAK DICMENT
CYNepCTPYKTYPH € IOMOINBE H3BeCTHOro Merozia Hyparton-
CKOI0, -OTOMAECTBAANINEro mapy <z, Y? € MHOMKECTBOM
{{z}, {z, y}}. Ecnm = m y npumagneskat yposuio Ay, TO
muoxecrso {{z}, {z, y}} mpumajnemur yposmio Ay, (rax
kak {z} m {z, y} npmmamgnemar Ayy,). Tem cameim moGoe
MHOKECTBO NOHEMAaeMbiX no HypaTOBCKOMY YIOPAROYEHHBIX
nap {x, y>, rue z, Y < Ay, CTAaHOBUTCA 5IIeMEHTOM Ay,;.

HanomumMm, 4To mepBoil mpoexnueil orHomenua ! masni-
BaeTCA MHOMECTBO BCeX TexX Z, AnA KoTopex R (xz, y) maeer
MecTo NIpHE HexoropoM y. Hasosem oTmomenne R Hanpasaen-
nblM, ecam A aio0oro Komeysoro Habopa Iy, ....%n, die-
MOHTH KOTOPOTO BXOJAT B NEPBYI0 mpoeKnuo oTHomenud R,
Halifierca y, Haxopamuiica B oTHOmGEME R co BeeMu Z,
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JlpyruMu c10BaME, yCIOBHE HANpPaBIGHHOCTH COCTORT B Cie-
LYOMeM: eCIN JJA Kakjaore z; u3 KomeuHoro HaGopa
Zy, ..., T, Halifercsa y, aaa koroporo R(z;, y), To cymecr-
BYeT efuHoe y, npd xoropoM R(z;, y) OpH BCex 2.

C npoMompK NHOHATHA HANPABIEHHOTO OTHOUIGHMA KO-
HOYHOTO YPOBHA MBI U copMynupyeM TpeGOBaHMA K HECTaH-
napTHOl WHTepUHpeTal#M, OTINYAIINE ee OT CTaEAAPTHOIL
Iipemme ueM chopMyIUPOEaTh BTH TPeGOBAHWSA, HAIOMHNM,
g10 ¢ EKampiM aaementoM S (A) comocrapien HEKOTODHLT
srement *S. Hrak, mycre R — npon3poibHOe HANPABISHHOE
OTHONIeHWe KoHeYHOoro yposuf. Msr TpebyeM BHIIONHEHNA
CleyIOImero ycIoBmA: cymecrsyer Takoe y < *S, uro mpua
m1060r0 CTaHZAPTHOTO 2z, BXOAAMIET0 B HEPBYI0 IPOEKIHIO
orgomenna R, summonmeno R{z, y). Sra d¢opMmynnpoexa
tpeGyer paswacuenua. Hemomstmo, wro osmauaer R(z, ¥):
BeIL I — DIEeMeHT CYHepcTpyKTypel S(A), a y — siement
ee pacumpenusa *S. O6pacumm sto. HamommmM, 4r0 OTHO-
MieHAe KOHEUHOr0 YPOBHA pACCMAaTPHBAETCA KaK DIEMEHT
cyneperpysTypel S(A). Kak u BCAROMY ADYTOMY DIEMEHTY,
eMy COOTBeTCTByeT Heroropsil saement *R <*S. Taxr »mor,
tpebyeres, urobsl (*z, y>»*&*R gna moboro bieMeHTa
z=S(A), BXoAsAmero B IepBYI0 HPOERNUWI0 OTHouieHHA 2.
SueMeHT ¥ ¢ TaKHMHZ CBOMCTEAMM JOJHEH CYMeCTBOBAThL YA
1106010 HAOPABICHHOIO OTHOmMEHWA R KOHEUHOrO YPOBHH.
B atoM m cocrour Tpebopaune HAIPaBIEHHOCTH.

3necs Tpefyerca emte oOBACHATL, 4TO 03HAYAET 3aNUCH
(*z, y>. Cpenaem sto. Jaa mobuix anementoB ¢ u b uwa *S
CYIIECTBYeT M ERUHCTECH aJxeMeHT ¢ *S, mua KOTOpOro
a*ee, b¥*ec nm uz t*=c¢ cuepyer, uto {=a nam t=1>
pasg moBoro 1 € *S, (Jro caeyer U3 TOTO, UTC AHAIOTHUHOO
cnofictso Bepro B S(A).) OrToT dIEMEHT ¢ eCTECTBEHHO
obosmaunts uepes {a, b}). OBozmaumm ramwme {a, a} we-
pes {a} m {a}, {a, b}} uwepes <a, b>. Taxum obpasom, Mu
npujanm cMbica Buipakenmio {a, b> mas MOGHX dIEMEHTOB -
a, be*S,

Cdopmyamposanubie TpeSOBAHHA MOSKHO KODOTKO BLIpa-
8NTH Tak: ecam B (crampaprmoi) cymepcrpykrype S(A4)
A Ja060ro KOHeTHOro nadopa DHIEMEHTOB MOMKHO HAWTH
aneMeHT, HaXONAILICA €O BCEMI HHMH B KAKOM-TO OTHO-
MeHnA, TO B HECTAHJAADTHOM pACHIMPEHUA MOMHO HANTH
DIEMENT, HAXOJAIMUNCA B 9TOM OTHOIIGHIM CO BCEMH CTAail-
JAPTHBIMHE.

Ha nepswii martnag sto TpeGopamme (OymeM Ha3HIBaTh
ero tTpeGoBammeM HANPABJIGHHOCTH) BGHINIAAHT NOBOJBHO Gec-
cMpiciiennsiM, UToGsl OmpaBiaTh ero, HY/KHO, BO-LIIEPBHTX,
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IOKa3aTh, WTO OHO BHINONHHUMO, T. €. 4TO NIAA BCAKOI cy-
mepcTpyETypel S(A) wMommo maiitu ee pacmupenue *S,
VIOBIETBOPAIONIES NPUUIMIY NepeHoca ® TpebGopaHuo Ha-
OpABJIEHHOCTH, M, BO-BTOPHIX, HPO/IEMOHCTPUPOBATH MOJE3-
HOCTH IIOCIEHeI0 [Js [OCTPOSHHUA HECTAHJAPTHOTO aHAaji-
sa. Haumem ¢ mepsoro. '

Hak m B ciaydae moms mnepuenc'mmenbﬂmx qmnce,
HOCTPOSHNE MCKOMOTo pacmupenns *S (rodmee, JoKazaTesb-
CYBO €r0 CYIIECTBOBAHNA) MOMeT OBITH OCYIIECTBIGHO pas-
nuuesiMpr MerogaMu., OfnH W3 MeTO/0B HCHOMAB3YET TEOpPeMY
0 KOMO@KTHOCTH, APYTOfl — HETPMEBHANLHBIE YAbLTPaduiIbTpPs!,
EnuncTeenBEIM  CyLIECTBEHHLIM OTINTHEM BO3HUKAIOMEH
3JIeCh CUTYAIUM OT CIydYas TMuepaeficTBHTENLHBIX YHCEN SR-
agerTcd, TOMRAIYH, TO, YTO HYMKHO PACCMaTpHBATH YIBLTpa-
¢urbTpsl me EHa martypadbmoM pame N, a ma BeroTopnIx
APYIUX MHOMECTBaX. 3a noiapobmocTaMu (B ToM UHCIE 34
TOYHBIM OLpeJeJeHueM YIbTPamIbTpa HA HPOHIBOILHOM
MHOKECTBE) MBI BHOBb OTCHIIAaeM wguraTend K Kuumre [le-
puca «IIpmKnagnoil HecTaHpapTaELH ananns» [3].

ITepeitmem Temeps K 0OCYRIEHHUIO BTOPOTO BOIPOCA — BO-
Ipoca 0 TOM, KAKyi0 IONL3y MOKHO M3BAeYb M3 TpeboBamus
Hanpasienucctn. Mol ofemiajn mCHoAL30BATHL €T0, 3aBepmas
JOKa3aTeILCTBO HECTAHapTHOro Kpurepua oriaeammoctH. Ho
A Havajga NPONEMOHCTPHPyeM ero B Oosiee mpoctofl cu-
Tyamuy, NOKa3as, 4TO B IPUMEHEHUH K CYHepCTPYKRTYpe
¢ MHOReCTBOM HHAUBHAOBR K OHO ;aeT RaM HEKOTOPOe Heap-
XMMe[[0BO pacllimpeHde »Toro mnoad. B camoM jexe, pac-
ceMoTpuM Takoe ormomenme R(x, y) mHa wMuomecrse [R:
R(x, y)<=-z<y. Ero nepsoil npoexumeil spnseTca Bed

, TaK Kak [UiA KajK[O0ro uUmcia CymecTsyer OGoubimee.
Bomee Toro, iifi KaMKOro KOHEYHOTO MHOMKECTBA WUMCE]
MOJKHO HAHTH 4HCIO, KOTOPoe GOJbINe BCEX HIEMEHTOB DHTO-
T0 MHOKECTBA, II09TOMY OTHOuIeHwme R sABjfeTca Hanpas-
nmenubiM. Temeps ocraeTcd NMPUMEHHTh NPWHINI HANDABIEH-
HOCTH W HOJYYUTH Takoe (Hecrampapruoe) ¢, uro R(z, c)
npn Jgo0oM CTaHJaPTHOM HEHCTBHTENHHOM YHCIE Z. ITO C
n Oyner OGeckomeuno GonpmuM. MoskHO Take nposecTn
nogobHoe paccy;kmenue M ¢ GeCKOHEYHO MalbiIMH BMeECTO
fecroHeyHo OonbpmuX; 7Ad BTOr0 B Kauectse R Hy:mxHO
B3ath orHomenue (z =>0) A (y > 0) A (z>p).

TlepeiimeM Teleps K B3aBEPIIEHMI [OKA3aTEILCTBA He-
CTAH/JAPTHOTO KPHUTEpHsi OTAeAuUMOCTH. IlycTh Tomomormye-
CKOe TPOCTPAHCTRO He ABIACTCH OTAeauMELIM. Ilyers z m y —
TOYKH, AJS KOTOPHIX HE BEINMOJIHEHO TPeGOBAHWE OTHEIHMO-
cTH. JT0 O3HA1aeT, 4TO JI00EIe OTKpHITHIE MHOMectsa U
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n V, gna roropux z€ U n yeV, meor ofuyw TOUKy,
OnpeennM Taxoe OTHONIGHME:

R(a, b)= a mpencrapaser co0oii mapy OTKPEITLIX MHOMECTB
U, V>, npuvem U copmepssur z, V comepmur y,
a b apuserca oOmiell Touxoil mmoskects U u V.

Y6enmMcs, UTO 9TO OTHOMIEHNE ABJASTCA HANPABICHHLIM.
Jlia sT0TO HYKHO PACCMOTPETh HPOHW3BOJLHBIN KOHETNDII
nabop ai, ... @n, KORABIHI U3 YIEHOB KOTOPOTC HpHHAJJIE-
AT HepBOH OpoeKOum oTHOIMEHHMA R, m maiitm Taxoe &,
gro R(a;, b) npm Bcex i. Pas xampmplit w3 a; mpmHALIEIKHT
nepBoil mpoernuy orHomenusa R, TO OH TPeJCTABIAET CO-
6oit mapy <U, Vi, rae U;— OTKpEITOE MHOIKECTBO, CcOmep-
Mamee 2z, a V;— OTKPBITOE MHOJKECTBO, CONepiKamee J.
Pacemorpum mepecewerns F = [|U; 1 G = [|V,. Dru me-
peceueHNa ABAATCA OTKPHITHIME MHOMmectsamu. (B ompe-
JCIeHTN TOMONOTHYIECKOTO HPOCTPAHCTBA MBI TpefoBanu,
qT6OBl KOHEYHBIE IEPECeYeHHS OTKPHITHIX MHOMKECTB Onuin
OTKPEITHIMU MHOKecTBaMu.) Muomxectsa F u G cojepmar
Z Wy COOTBeTCTBeHHO, TaK Kax A TOYEK Z W §J HApPYImIaeT-
cs1 TpeboBanme OTHENUMOCTH, TO Muomkectsa F m G umelor
ofmyio rouxy. Bass ee B xauectBe b, momywmm, aro R(a;, b)
upu Bcex i. JTUM 3aBepIIAercA HPOBEPKA HAIPABICHHOCTH
orHOIIeHNA 1.

Ilo cux mop Bce Bamm paccysKIeHus NPOUCXOMIIN B
cTanfapTHOH wmurepuperagmd. Teneps mepeliieM B HecTau-
AapTHYI0 M BOCHOJNbL3yeMesd TpefopaHMeM HANPABICHHOCTH,
Cornacno stomy Ttpebosammioo Haiinerca taxoe (Boobume ro-
pops, mecramgmaprHoe) b, wro R{a, b) pmua awoboro crau-
HapTHOTO @, BXOJAUICT0 B MEPBYI NPOEKTHI0 oTHOomenua R,
Hdpyrumu caosamu, be* UN*V gna mo6oit mapsr crampapr-
HLIX OTKPBITHIX MuOKecTs U u V, mra xoropeix z€ U n
y< V. Torna b mpunajmexuT 1 MOHANE TOUKHA Z, X MOHAE
TOYKHM J; CIeI0BATENBbHO, DTH MOHANLI mepecexalorcsa. Tem
CaMBIM MBI 3aBEpIIaeM J0OKa3aTeNbCTBO HECTAHJAAPTHOTO KpH-
TEPUA OTHAEAUMOCTH, CHOPMYANPOBAHHOLO BHIIIE.

IlpuBenem emie opun OpHMEp HECTAHJAPTHOTO KPUTEPHS
CTANJAPTHOr0 TOHATHA. JTHM MOHATHEM OYJeT KOMIAKT-
HOoCTh. MBI yiKe EMeiu HeCTaHJAPTHHIA KpHTepuil KoMIaxT-
HOCTH MHOJKECTBA NEMCTBUTENLHBIX UHCeN, Teneph 0600uiuM
ero Ha IPOM3BOJILHEIC TOLOJOTHIECKME HpocTpamcTsa. Ha-
NOMHHM, 9YTO TONOJOTHYeCKOe IpocTpaHcTBO X HABHIBACTCH
KOMRAKTHLIM, €CIN W3 N00ro DOKpsITHA HTOT0 IPOCTpaH-
CTBa OTKDPHITEIMH MHOJRECTBAMH MOKHO BHBIODAThH KOHETHO®
popnorperte, Jpyrumu ciosaMu, X KOMIAKTHO, €CiHH A
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amboro cemeficTsa o OTRPLITHX (B mpocrpamctee X) mme-
mecTs, ofpasyoniero mokpsiTme npocrpauscTea X (910 BHA-
YHUT, YTO BCAKAS TOUKA HpocTpaHcTBa X NPUHAMNEIKHT XOTA
6ol ofHOMY W3 MHOMKeCTBa ceMmeiictBa o), CyIIECTBYeT KO-
Hewnoe mojceMeiicTso &’ C ¢, rawKe ofpasyiomee DOKPLITHS
npocrparctsa X. CpoiicTBo KoMnmawTmHOcTH (HHOr7A ©ro Ha-
3LIBAIOT TAaKiKe CBOHMCTBOM OHKOMNAKTHOCTR) ABIAETCA Of-
HOM #3 BayKHENMIAX CBOMCTB TONONOTMYSCKUX IPOCTPAHCTB.
JlapuM Temeph HECTAHMAPTHHEIA KpATEpWH KOMIAKTHOCTH,
Wmenno: mpocrpascTBo X KOMOAKTHO TOTJa H TONBKO TOT/Ia,
Rorja ao0asd TOYKAa €ro HEeCTAamjapTHOTO pacmmpenus *X
OccromegHo 6nmsKa K KaxoH-EEGYOL W3 CTAHAAPTHEIX TOUEH
pToro pacmmpenus. J[pyraMu croBaMm, X KOMIaKTHO TOr;a
I TONLKO TOrga, KOrjaa o0Be/MHEHMe BCEX MOHAJ CORMAACT
¢ MHOJKECTBOM BCEX TOUYEK HECTAHAPTHOTO PACHIVDEHHS UPO-
crpancrea X,

TlonpiTaeMcd WBNOKHUTE OCHOBHYI0 U0 J0KA3aTENLCTRA
KpATepHs KOMOAKTHOCTH. [Ipm 5TCM MBI, Kak W Opesie,
OymeM MUPOKO MOAH30BATHCA BOIBHOCTSAMH PEUH, CHCTEMa-
THYECKA OTOMKIECTBIAAA OOBEKTLI CTAHAADPTHOI WHTEpHpeTa-
IHA ¢ COOTBeTCTRYIOMUMHA KM O0BEKTAMH HECTanmapTHO
nuTepuperanun. Viray, nmycts mpocrpaEcTeo X KOMIAKTHO.
JloraskeM, 9ro BCAKasg {BO3MOIKHO, HECTAHJAPTHAA) TOUKA
Gecromeyno 0amara K HeRoropeill crampaprHoil touxe. Ilyers
z — npomsponsuas (BO3MOIKHO, HECTAHAAPTHAA) TOUKA HpPO-
crparctea X. Ham myxBE0 HaliTH CTAaRJAapTHYIO TOUKY,
K Kotopoit oma Gecromeuno Onusxa. [Ipenmomommm, uto Ta-
KO TOWUKH HeT. JTO 03HAYAeT, UTO MIA KasKaoll crampapr-
HOHl TOYKH @ CYHIECTBYET OTKpLITOe MHOMKecTBO U, He co-
mep:Ramee ToYKH & (BCEOMWHaeM oupejeiienue Mmomamst!).
3TH OTKPHITHIE MHOMeCTEA 00pasyioT moxpsitae. Buifepem ua
Hero xomeunoe mopuokpwitie Uy, ..., U, 970 mopunorpuitie
fymer comepyRaTh BCE CTAHJAPTHHIE TOUKM NPOCTPAHCTBA,
HO He Bce Hecrapjaprusie. [loatomy cyxjenne

Ve((ze X)=>(zcU)V ... V(zeU)),

raacamee, to MuEOMmKectBa U, ..., U, ofpasyor moxpsitie,
6ymeT WCTUHHBIM B CTAHJAPTHOM WHTEPHPETATHN H JOMKHBIM
B HECTAHJADTHOI, YTO OPOTHBOPEYNT NPHHNAIY IepeHoca.
Wrak, B ofEY CTOPOHY KpuTepuil KOMOAKTHOCTH [OKa3aH.
[oxasem renmepn obparmoe yreepuigenue. Ilyers mssecTHO,
YT0 BCAKAA TOUKA 0(eCromeyHo Oun3Ka K HEKOTOpo# craH-
naprroit. IloxaskeM, 4To M3 BCAKOIO MOKPHITHA MOKHO BBI-
6patp KoHeumoe moAmoKpsiTHe, IIycTh o — HOKpPHITHE, H3
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KOTOPOr0 HeanssA BHOpATh KOHEYHOr0 NOJmOKRpHITHA, Pac-
CMOTPHM OTHOIICHU®

R(U, z)== U ecTh MHOKeCTBO H3 HOKPHITHA ¢, 4 & — TOUKA
NnpoCTPaHCTBA, He mpmHagiexaman U.

Tar Kak HOKpHITHE o HE HMEeT KOHETIHOrO MOIOKPHLITHA,
10 8T0 oTHomeHme Oyjer Hampapnemmpim. Coraacmo TpeGo-
BAHMNI0 HAUPaBICHHOCTH, MOIKHO HaliTH (BOSMOMKHO, HECTAH-
LApPTHYI0) TOYKY ¥, KOTOPasd EAXOAHNTCA B BTOM OTHOIEHIE
¢ JMIOGBIM CTAHIAPTHHEIM OTKPHITLIM MHOMKECTBOM H3 HAIIETO
nokpuiTHA. IlokameM, uTo OHa (B HPOTHBOPEYMH C Ipej(-
monoikenueM) He Oyner OecKomevyHO OnHM3Ka HH K OfHOit
cTaEfapTHON Touke. B camoM fexe, mycrb @ — IPOB3BONE-
Hag craHEpaprtHEasg Touka. OHA COAEPKHTCA B KAaKOM-TO I3
MHOKecTB nokpoiTuA. OGo3HauamM 3T0 MHOKecTBO uYepes U.
ITo ompenenenmio Geckomeunoit GamzoctT: BCe GECKOHOYHO
GnusKMe K @ TOYKH TakMe cofep:xarca B Muomecrse U. Ho
TouKa = He cojepxmurca B U. 3maumr, oma me Mos;xer GHITh
Gecronegno Oamsrofi ® a. Ilonyuemmoe mpormsopeume sa-
BEPHIAET [0KA3aTENLCTBO HECTAHJAPTHOIO KDUTEPHA KOM-
HDAaKTHOCTH.

IloppofGuoe mOKA3ATENBCTBO DTOTO KPHTEPHUA MOKHO HaliTh
B ¥awre M. Jlesuca [3], yie HeopmOKpaTHO yIOMHHABINeii-
ca Bamm, Ha ¢. 113 (caepcrsme 1.7). Tam e MoixHO Haiith
¥ JIOKA3aTeNbCTBO PACCMOTPEHHOI0 HAMA HECTAHJAPTHOIO
KpmTepus otgeaumoct® Ha ¢. 114, reopema 1.2

C moMoIOpI0 HECTAHJAPTHOTO KPUTEPHA KOMOAKTHOCTH
MoxHO0 . 6e3 0c0B60ro Tpyma 0KA3aTh SHAMEHHTYIO TEOPEMY
TrxoHOBAa 0 KOMUIAKTHOCTH NPOM3BEJCHUA IIPOH3BOALEOTO
9YHCXa KOMIIAKTHEIX HIPOCTPAHCTB, JTO [OKA3aTENLCTBO TaK-
e mmeercss B kumre [lesmca — ma c. 118 (Teopema 2.6).
OTMeTHM, 9TO «CTAHJAPTHOE» JOKA3ATENLCTBO 5TOH TeOpeME
NOBOJNBHO CHOMKHO (B YaCTHOCTH, HCHONB3YeT AKCUOMY BLI-
Gopa). HecraugapTublil aHamH3 I03BOIAET (CHPATATHY LpH-
MEHeHHA AKCHOMBI BHIGOpPA B OCHOBHEI® KOHCTPYKIUA
(a mMenHO B NIOCTpOeHME HECTAHJAPTHOH MHTEpPIpeTANMN
¢ HY;KHHIMHE CBolicrsaMu). 370 — OJHA M3 OPHIEH TOTO, UTO
HEeCTAHAAPTHGI® J[0KA3AaTENbCTBA YAcTO OKA3BHIBAIOTCA MPOIe
CTAHJZAPTHHIX JOKA3aTelIbCTB TOX K6 CAMbIX TeOpeM.

Ha sToM MB 3aKamgmBaeM o0CYy:K[eHHe NPHMEHEHHA He-
CTQHJAPTHEIX METONOB B TOLOJXOIHH,
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§ 12. JENBHUIL A «APEBHAA HCTOPI»
HECTAHJAPTHOI'O AHAJIM3A

Bospacr mecrammaprHOro amaamsa Kojnebmerca (B 3aBm-
CHUMOCTH OT TOYKH 3PEHHs) OT ABYX C IOJOBUHON [eCATKOB
0 Tpex coTem jeT. [{Ba ¢ modoBimoil AeCATRA HONYYUTCA,
ecnd Ccu4MTaTh, YTO HECTAHMAAPTHBIN AHAJIN3 BaPOIHICA
ocenpio 1960 r., xorma ero ocmomsatenn, Ab6paxam PoOnmcon,
clenal JMOKJAaj HA OJHOM M3 ceMuHapoB JIpwHCTOHCKOTO
VHUBEPCHTETA O BO3MOMKHOCTH NPHMEHEHNA METOJI0B MaTe-
MATHYECKOH IOrMKH K O0OOCHOBAHHIO MaTeMaTHYeCKOr0 aHa-
nusza. Tpucra ner nojyddTes, ecaM CUNTATh HAYAIOM He-
CTAHaPTHOr0 aHaiM3a [OABIGHUE CHMBONOB OCGCKOHEUHO
Maabix dxr m dy B Tparrare Jlefibumma «Hossil meropmy
(em. [7], c. 166).

TpynHo cxasath ¢ yBepeHHOCTHIO, HACKONBKO B HefiCTBU-
TexpHOCTN JleOnum Oblr GIU30K K HIESM HECTAHJAPTHOrO
aganus3a. Hax mmmer cam Po6uwncom B [61], rm. 10, «ucro-
pus mpemMera OOBIYHO LUINBTCA B CBETE €ro O3 HEHIIero
passutis., Ysxke Gosee uyeM MOJBeKa BCe 0030pbI HCTOPHH
rudpepeHnnaNbHOT0 U MHTEIPAIBHOI0 HCYHCIeHI GCHOBLI-
BAIUCh HA YBEPEHHOCTH B TOM, 4YTO HOHATHE 0(ECKOHEUHO
MaJblX H GecKoHeYHO GOMBLINHX, eC/lH Jajke M HelpoTHEOpE-
quBo, OecrmonesHo JUIA pasBHTHA aHanmsa. B pesyuaprare
B paoTax »TOr0 IepHOa BaMETHO pABJMUNe MY CTDO-
rocThio, ¢ KOTOpOM paccmarpusaiorcs upeu Jleituuma m ero
mocaefosaTeneli, W CHUCXOJUTENBHOCTBIO, HPOABAAEMOH K
IIPOBO3BECTHHKAM HJeH Mpejeia». XapaxkTepHO, HAIpUMeEp,
cieaymwmee BbhickashiBanme Amnpu JleGera or 3 pmexalpsn
1926 r. «Becrkomeuyno wMambie ObIIM KOTJA-TO TYMAHHBIMH
CYNIHOCTAMH, BCTPEUYABINUMUCA B HESCHBIX H HETOYHBIX
gopmynmpoBEax. Bce pasbACHWIOCL BHOCIEACTBHE G1aro-
napa mouaTuio mpepena» ([6], c. 6).

Cuumras, 910 maem Jleii0HAA W UM CTOPOHHEKOB IOHA-
THA OPEJeILHOr0 Imepexofia MepHinch JBOMHHBIM CTaHIApTOM
[IPH HECIPaBe/JIHBOM CKIOHEHHW BECOB IPABOCYAUA B IIOIb-
3y mpejesaa, PoOMHCOH IIpefiaraeT BO MHOTOM IIepecMOIDeTh
00y KAPTEHY BO3HHKHOBEHWS W pa3BHTHA MaTeMardde-
cKoro amaausa ot Hrwroma m Jleiidunma mo Komnm m Beiiep-
mTpacca., JTOT IepecMOTp MPHBOJMT K 0ojee IMONHOMY IpH-
3HaHMIO sacayr Jleifidmmua, m cam JleliGumi mepemeriaercs,
TakEeM 06pasoM, W3 paspsAda reHueB TPeThero Kjiacca B pas-
PAN TeHHEB BTOPOro Kiaacca (37ech MbI HOJNB3YEeMCH KJIACCH-
duranueit, npegroxenuoii Crauncrasom Jlemom [8]: B aroit
KIacCHEKANMA TeHHH TPETHEI0 KIACCa HOAYIal0T IPHKHE3-
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HEHHO®, a TeHEHE (ojiee BEICOKOTO BTOPOTO KIacCa — NUNIh
ITOCMEPTHOE OPU3HAHUE).

TTocrapaeMcs m3I0RATH ECTOPHKO-MATEMATHIECKHEE B3TJIA-
net Podmucora. OrmernM, OfHAKO, YTO 3/leCh €CTh BOBMOK-
HOCTh BHACTH B JPYTYH KpaiiHOoCTh, mpmuucas JlefifHmmy m
ero TIOCIe0BATENIAM HAIIM CErONHANIHAE B3TIAMAG, CIOAHB-
[inecA mOJ BINAHAEM HECTAHTAPTHOro amaam3a, UTobwr GHITH
B COCTOAHEU [ATh (OO0BLEKTHBHYIO» OMEHRY PAHHUX 9TANOB
Pa3BUTHA MATEMATHIECKOT0 AHAIN3A, HYKHO TPoYecTs pado-
THL €r0 OCHOBaTeNell IJasaMd HX YYEHAKOB M COBPEMEHHH-
KOB, 9TO, NO-BAJHMOMY, HEBO3MOJKHO CJIe/aTh, He IOTPYy3HB-
LWKCh B KYJABTYPHYI atMmocdepy Toro BpeMeHn. ABTop, pasy-
MeeTCs, HH B Majelmefl creleHnH He TPETeEAYET HA 3TO.
(Rax, BopodeM, He mperengyeT Ha 3T0 m PoOHmECOH, KOTODELI
nuoier: «Hamwm samevanuns mo meoOxommmoctu 6ymyr ¢par-
MEHTAPHBIMH, TAK KAaK MOXHAA HCTOPHA AHAamsa JeRHT 34
mpefenamn Kuurmy.) Ilepexoms r m3nosenumo B3rasagoe Po-
fuHCOHA (MHOTHE W3 KOTODHIX HETPAJHWIMOHHLI), MBI XOTHM
HAIIOMHATL YHATATETI0 06 ONACHOCTH WX HEKPATHIECKOTO BOC-
OpHATHA: «OyGaura, Kak Ccygma GecHpucTpacTHHE m Gra-
ropasyMHEblil, BCEeT[a COTJIAmIAeTCA € TeM, K10 HOoCHefHmMI
xzamnyerea eil» (A. C. Ilymrus «Onposepskenna Ha Kpu-
THRHY).

IIpeskue weM manaraTh CBOK TOUKY 3peunns, PobrHECOH
pesloMupYeT CTAHJAPTHBIA B3LNIAX HA HCTOPHIO PAa3BUTHA
MAaTeMaTHIECKOTO aHanma3a B cregyomux caosax ([61],
c. 260):

«Hocme pgmmrensmoro mepmona, B TeIEHHE KOTOPOTO GBHLIA
onpefeNiemsl MIOMALH, 00BeMBl ¥ KACATEIbHBIE B PAsIHIHBIX
YacTHRIX CIy4YaaAX, BO BTOpOiI IOJOBHHE CeMHAOIATOrO CTO-
nerna HporomoM m (HECKONBKO II03Ke, HO HE3ABUCHMO)
JlefiGamuem Germa mocrpoena ofuias Teopus aAugdepeHAPO-
BaHHS B WHTeTpupoBanus. Kacadch 0G0CHOBAHMA BBENSHHBIX
oM momArtaii, Heiotom ofpamanca 10 K GeCKOHETHO MAaJbIM,
TO K IpefedaM, TO HEIOCPe[CTBeHHO K (usmuecKoll AHTYH-
OUHW; €r0 HEHOCPe[CTBeHHBIE IOCIe0BATONH HpPeAN0YHTaNN
nocaeguee, C pmpyroit cropombl, Jleitbrmiy u ero mociemoBa-
TeNId pa3BUBAIA TeOpHI0 HCXofdA u3 pudepeHiualos mnep-
BOTO W clefyoInux mopankoB. Texmwgeckme ymoberBa 000-
8HAYeHHIl, ECH0Nb30BABIIAX MHPQEePOHIAAIE], TPAEBEIN K OBI-
CTpOMY pasBHTHIO AHAJNH3A H ero UpmiokeHnA B Eppome,
rae oud Opiid mpmEATH. OQHAKO BEYTPEHHHO IIPOTHBOPEUHS
3TOf KOHIENNHH TPUBEJIE K OCO3HAHHUIO TOTO, IT0 HE00X0H-
MBI KAaKWe-TO APYIEme OCHoBammd. Jlarpamk cumTal®, 410 eMy
ynaioch HafiTw OOAXOAAINUE UyTh, B3AB 3a OCHOBY Teiio-
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posexoe pasnoswemme dynxnma. Ho mepsoe crporoe ofocmo-
BAHMEe MaTeMAaTHIeCKOro amaimsa OpL10 AaHo Jmmb Howmm.
Ocnmopoii Teopunm Homnm OrlIo mOEATHE Npenena, KOTOPO®,
_6ynyam BHepBHe BHIBEHYTO HbBIOTOHOM, BIOCIGACTBEA IOK-
gepsmBanock JdamamGepom. Bosee dopmaibmoe m3iIoMKeHne
MeTomoe Homm 6rnimo mamo Beiiepmrpaccom (rkoToporo B He-
Koropoit cremenu mpefsocxaTEn Boxbmano). Ilocae cosdmamun
TEOPHN TpejielioB HCIONL30BanAe GeckoHeYHo OGOomEmIAX I
6ecKOHETHO MAaJHX ODPEBPATHIOCs B 000pOT pedd, IPHMOHME~
MLI B BLIPA/KCHEAX THIA A... CTPeMETCH K OECKOHETHOCTHY,
Jlambueiinice pasBuUTHe TEOPHM HEAPXHMEAOBBHIX Hojel 6nl10
[eJAmKOM IIpeflocTaBieHo axreGpe.»

JToT cTaHAAPTHLL B3TAAN, Mo MueHHWI0 PobmmcoHA, B HE-
KOTOPHIX OTHOIIGHHAX ¢(JIOMKeH OBITH AOMONHEH HIE [ake
msMeHeH»., B JoxasateancTeo dToro PobmHCOH mTpHBOAHT
60IENIOe KOJMUECTBO BHIEPs/HeR u3 coummenmil JleilOmmma m
APYTUX YHOMAHYTHIX Bsime aBTopoB. Hak cumraer PoGmm-
COH, «... oTHOmeHHe Jlefifmmma K OccKoHeIHO OGONBHIEM
n GeCKOHEYHO MAJEIM BoAMIAHAM B Amajn3e B OCHOBHOM
0CTAaBAJNIOCH HEM3MEHHEIM B TeUeHWe ABYX HOCIeJHEX feCATH-
netmil ero msEE. OH HONHOCTHIO OfOOPAN MX BBEJeHHe, HO
cUdTall HX <«HealbHBIMA 9IeMEHTAMM, HOXOOBHIMH MHEMEBIM
gmeaaM. OTH HAeANbHBIE DJIEMEHTH HOMIEHAIOTCH TOM IKe
saKomaM, 910 m o0nrgmsre ymenaa, Tem EHe Menmee OHm Ipef-
crasanioT cobolt me Gomee geM ypoGmeie (mrmum, meoGxomm-
MBI® TaA obmerdemma paccykneHn# m orkpaitEd. Beerna,
NpH KeJAHAA, MOJKHO HCKIYETH BX HCHOJH30BAHEE H Bep-
HYTLCA K CTHNI0 aHTAIHEIX MATEMATHKOB, PacCy:jad B Tep-
MUHAX BEIHYHH, [OCTATOYHO OOJBEX (HIE MaNHX) HIA
toro, 9T06ul ommbra Onina Membmie. Jiofoil Hamepeyd sajfaH-
poii. Bce »TO OTYETIWBO W HEOZHOKPATHO YTBEDPHIAETCA B
coupnennsnx JleiiGauna» ([61], c. 261).

IIpmsemem Teumepsr meKoTOpste m3 BHICKasuBammit JleiiG-
nnna, uETEpyeMerx PofmaconoM. (Mo mcumombzoBaim mepe-
Bopst A, II. IQumxesnsa [7]; ecim He orosopemo mpoTEBHOS,
cTpamnns yKaszaHEH 1o [7].)

«... Hymnuo BocnpummMars GeckomEeqnoe mojpoGHO TOMY,
KaX 9TO JIeNaeTCH B ONTHKE, KOTKA CONHOYHEIE IyIH CUHTA-
J0TCA TpHXOAAmMEMA #3 GeCKOHEYHO yJaJeHHOH TOYKA W IO-
9TOMY DapaJJeldbHBEIMA.. M KOTHA EMewTCA pasiEmIHBIe
nOpAAKA 0eCKOHeYHOro =i OeCKOHeYHO MAJLIX, TO IOHH-
MAOTCAd OHH B TOM JKe CMEICTe, B KAKOM 3eMHOH Imap cIm-
TAETCA TOYKON IO CPABHEHWI0 ¢ PACCTOAHHEEM A0 HEIO[BHIK-
HBIX 3Be3j, a IIApAK B HAIIAX PyKax — TOYKOH# IO cpaBHe-
HOI0 € PajAycOM B8eMHOTO IIapa, TaK YTIO DACCTOAEHE [0
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[HeIONBIKEBIX 8Bes/l AnnAerca Gecromewno GecKOREUHRIM HIH
feCKOHETHOCTLI0 GECKOHETHOCTH 1O OTHOIIGHNIO K AWaMeTpy
mraprka. Byecro Geckomeuno Gompmoro miam GeCHOHEYHO Ma-
JIOTO KOMMYECTBA MOMKHO B3ATH KOJIHYECTBO HACTOJNBKO (ONb-
1Ioe WIE Maloe, HACKOJILKO 9TO HYKHO, 9T00L omEOKa He
npessaia sagapnoil. OTnmume 0T apXEMeZOBCKOTO CTHIA
pacCy/MAeHAI JIUNIE B BHIPAJKEHHAX, KOTOpHe y Hac Goixee
HETIOCPEJCTBEHHBIE W JIyTNIe IPHCIOCONIEHE IS HCKYCCTBA
usobperars» (e, 190).

«.Ecim Kro-To He jKeiaeT paccMaTpHBATH GECKOHEUHO
GoNpIIEe H MAjble B CTPOrO MeTaU3MIECKOM CMBICIE, KAK
peaibHO CYIIECTBYIOINEE, OH MOKET IONB30BATHCA HMH KaK
,,IACANLELIME MOHATHAMH', KOTOPHIE COKPAIAIOT PAaCcCyMie-
HuA, H0{00HO MHEMBIM KOPHAM B OOBIYHOM amHaumae (BpoOje,

nanpasmep, ¥—2)... Tarmm ke o6pasoM npefcrasisior Gomes
TpeX H3MepeHHil..— BCe 9TO JiA YCTAHOBIGHUA HjiecH, clo-
CoGHLIX COKpAllaTh PAaCCY;KAGHHA B OCHOBLIBAIOIHXCA HA
peansHOCTAX.

He caenyer sce ke BoOGpaskarh, 4TO0 Hayra 0 GeckoHed-
HOM VHEH/RAGTCHA BTAM OODSCHEHHEM H CBOJHTCA K (DEKOUAM,
Rr0O HOCTOAHHO OCTAETCSH, TOBOPHA ASBIKOM CXOJACTHKH, CHH-
rarteropeMaruieckag GeckomeyHocts, Hampumep, ocraercs
BepubiM, uro 2 pasmo 1/1+1/2+1/4+1/8+1/16+ 1/32
B T. K., 9TO €CTh OECKOHEWUHHI pAN, B KOTOPOM cOmepmarcs
cpasy Bce napoGm ¢ umeaureneM 1 ¥ €O SHAMEHATONAMH,
o0pasyOUAME Y[BAHBAIONIYIOCH TEOMETDPHYECKYK NpOrpec-
CH10, XOTA 87leCh YIOTPeGMAIT BCe BEpPeMA JHIIL OGBIKHOBEH-
HBI@ THCIA N XOTA He BBOIAT HOKaKOil GecKoHeIHO MAaJoil
_ npobm mam npobum ¢ GecROHEYHBIM SHaMeHaTexeM... Ilpasmna
KONETHOI0 COXpAHAT CcIy B 0eCKOHeuHOM, KaK ecad Obl
CYIECTBOBANH AaTOMBIL.., XOTA OHH BOBCé HE CYIIECTBYIOT,
g00 Matepua B jeiicTBuTenpHOCTH MenmMma 0e3 KOHIA, H,
HaobopoT, mpasmia GeCROHETHOTO COXPAHANT CEIY B KOHEU-
HOM, KaK ecad On mMeJguch MerTa(H3mIecKde GECKOHOUHQ
MaJEe, XOTA B HAX M HeT HYKAHM H XO0TA felJeHAe MATEDUH
HUKOT/IA He TIPHXOAHT K GeCKOHEYHO MAJLIM JACTHNAM, JTO
06LACHASTCA TeM, YTO BCE YOpaBIsAeTcA pasyMoM H 910 mEA-
ye copceM EHe Oburo 6nl WA HayKd, HO IPaBWjIa, a 9TO HO
coriacosaioch Gb1 ¢ TpHpOMOi BepxOBHOro Hagana» (c. 192—
193). (910 BHCKaswBamme Jleli0EWIA MOKHO Ipm KenanmA
paccMaTpuBaTh Kak (JOPMYJNHPOBRY NPHHLUIA OEPEHOCA, YTO
NaeT eme OJHO OCHOBAHHE HASHIBATH €T0 TAKIKE {IPHHIHIOM
Jlefibamman.)

«..Ilo mpasje roBopa, A caM He CINIOKOM YOEMK[eR, 4To
HAJI0 PAcCMATPHBATL GecKOHeYHEe B GECKOHETHO MAJILIG HHA+
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e 9eM KAK HMealbmble BN W X0opomo ofocmopannsle QHK-
nuu...» (marmpyem mo [61], c. 263)

«..HecpaBuuMBIME BeIHYNHAMH 51 HA3LIBAI0 TaKWe, OJHA
3 KOTODPBHIX HHUKOr/la He CMOYKET HPEeB3OWTH ADPYryw, HA Ka-
KO KOHEYHOe YHCi0 ee Obl HH IOMHOJKUIH, TAK JKe KaK 3TO
poumMaer Eswrmup..» (c. 189).

Ilpusepmem eije HeckoNRrKO IjETaT (HA BTOT pas OTCYTCT-
Byonx B momorpadmm PofuncoRa), KOTODEIE MBI 3aHMCT-
ByeM s [7].

«..fl moramy, wro dzxdxr m ddr cyrs Beamumpnl, 0O
IIpE HX YMHO/KeHHHM Ha OecKoHeuHoe 4YmHCI0 (HO BHICIIEe,
nnm GecKoHeYHO 0ECROHEYHOe) OHHE JAT OOBIKHOBEHHEIE BE-
mugrHey (c. 188). '

«..]Ilpm norazatenscTBe A TNPHMENs)I HECPABHIMO Malble
REIUINHE], HALPIMEDP pPa3HOCTh JBYX OOEIKHOBEHHBIX BEJH-
uIH, HEeCPaBHUMYW ¢ CAMIIMI BejgmduHamum, Eean f  He
omudanch, HX MOKHO fcHee BCero OOBACHUTH TaKuM 00pa-
soM. Ecxm ®T0-mu00 He RENACT JOMYCKATH OECKOHEYHO Ma-
JiBle, TO OH MOReT HPUHUMATL BeJIMYHHLI HAaCTOJLKO Malbie,
HACTOJNBKO €My TPECTaBIgeTCA MOCTATOYHEIM, UYTO0H OHH
GbLIM HECPABHHMBIMI H I[OPOLIANH COBEPHICHHO HecyllecT-
BeHHYI0 omuOKy, MeHblny Bcaroit pawmuoil. ITomoGmo Tomy
KAK B CpaBHEHHHU ¢ HEGOM 3eMIA OPHHOMAETCH 34 TOURY,
& finaMeTp 3eMid 3a GECKOHEYHO MAJNyI0 NIIHINO, TaK MOYIIO
JO0Ka3aTh, UTO €CIW CTOPOHBI YIVIa BaKIIOTAIOT OCHOBAHEE,
HECPAaBHHMO MeHbillee, 4eM OHH caMd, TO o0pasyeMbiii myO
yron Oy/ieT HECPABHHMO MEHBIIE NPAMOTO, a PA3HOCThL CTO-
poH Gyfer HECPABHMMON ¢ CAMIMHI PAsHANIHMECH CTOPOHNAMH;
PA3HOCTH IIEJIOTO CHIyca, CHHyca MHOIONHCHHA H CceKaHca
TaK#e OyAyT HECPABHHMBI ¢ CAOMHMH DasHAIINMIICA, H TaKske
OyIyT C pasmoCTSIMH XOpjBl, AYIH H Tamresca. A Tak Kak
OHA CaMH CYTh GECKOHEeWHO Malsle, TO pasHocTH Oymyr Gec-
KOHEeTHO $ECKOHETHO MAaJBIMH H CHHYC-Bep3yc Gymer Gec-
KOHEYHO OECKOHETHO MAJIBIM H HCCPABHHMEIM C HPAMBIM,
VmeeTca GecKOHeTHO MHOIO MOPAJKOB KaK GeCKOHEUHHIX Be-
INIuH, Tak @ GeckoHeyHo Maubix» (c. 187),

«..HOBBII ABanu3 GeCKOHEUHHBIX pPACCMATPHOBACT He JIH-
AUA W He UHCIA, HO BEJNIHHLI BOOOINE, KaK 35TO AEJAAET
oOpikHOBeHHAA - Anredpa. JTOT AHamu3 COJEP:KHT HOBBII
AJTOPHTM, T. €. HOBHI c10cO0 CKIAZBIBATH, BEIYHTATH, YMHO-
yarhb, JeNHTh, H3BIEKATh KODHH, COOTBETCTBYIOMMI He-
CPaBHUMEIM BeJHTHHAM, T. €. TeM, KOTOphble OECKOHEIHO
BeJUKH HIH (eCKOHEYHO MANhl B CPABHEHHEH € ADYTHMH...»

(c. 166).
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Meronrt Jleii6runa rocnoacTBOBAAR B KOBTHHEHTAMBHOR
Espone B Teuenme Gomee wem 50 mer, Opgmaxo Bo Bropolt
monoBrEe XVIII crosmerms mavanmcs NOHCKE anbTepHATHB-
HBIX OyTe#l HOCTpPOEHHA aHAnU3a. B KagecTse TAKOIro NyTH
Jlarpam mpejnaral paccMaTpPHBAThL PA3NOKeHHA (YHRKIIN
B CTeIIeHHBEle PAJLI, MPeANONATas, MO-BRAUMOMY, WTO Jiolad
nE 104TH Jio0ag QYyHKUMA MosKer OBITh PA3NOKEHA B Ta-
Koif pax. Jlamambep mpejnaran momsTHE LpejeNa B KadecTse
BCXOJIHOT0 JUIA MOCTPOCHHA MareMaTHYecKoro axanmsa. OH
mueax;

«['oBopAT, 9T0 ofiHAa BeamUAMHA ABIACTCA NpPENeIOM NPY-
roff, ecam BTOpad MOieT NpPEGIMBUTHCST K mepBoit Gamie,
9eM Ha J00YI0 3aaHHyI0 BeXMunHy.. Teopmsa mpepelios AB-
asetcA ocHoBamumeM mojnunpol Meradumsurmn puddepen-
OAQJIBHOIO0 HCYHCJAeHHA.. B anddepennmanbroM meumelennn
peub HACT He 0 OECKOHEYHO MAJBIX DEANYNHAX, KAK B5TO0
00BITHO YTBOPHNAIOT; pedb HJeT JUILb O IpeJelnax KOHel-
HBIX BeautnH.. TepMmuuoM «0CCKOHEUHO Madaf» NOJL3YIOTCHA
JIAIE KaK COKPAIIGHAEM...»

I BeickaseBanuna Jlamambepa BRINVIAIAT KaK M3I0KEHIS
(x0T I He BIOIHE TOUHOE) COBPEMCHHOH TOUKH 3peHHS Ha
npeged. Moo Obiio Onl IpeION0RATE, 4TO € DTOTO Bpe-
MeHE NOHATHE OECKOHCYHO MAJLIX Gy/leT MOJHOCTHI YCTpa-
Heuo. J710, 0/[HAKO, He Tar. Howmu, paccMaTpuBaeMulll 06EITHO
KaKk OCHOBATC/Jb COBPEMEHHOIO LIOXX0Ja K IOCTPCEHHI0 aHa-
733, HCIIONb3yeT NOoUATHE OCCKOHEUHO MaJoli BeJHYHHEL.
Ilbitasich O0'BACHHTHD B COBPEMEHHHIX TCPMHHAX, uTo Homm
HAa3BIBAET «BEJAMYHHOII», MOMKHO UPEINONOKUTL, UTO BETUTH-
Ha — 3T0 (PYHKOHA ¢ JeliCTBHTENLHBIMU SHAYENHAME, OIpe-
NeleHHAA HA YUOOPAMOUCHHOM MHOJKeCTBe (e3 HambGOILIIero
aaementa. Homm, ofHaK0, OTHIONbL HE CBOJUT BEJAIHHHI K
pyurrmam. HaoGopor, om rosopur o QyHKGHA RKaK 0 COOT-
HOUIeHNH, CBA3BIBAIONIEM /Be Beduduubl. B erc manosmxenum
0eCKOHCTHO Majbie W Ipefessl (PUIYPHPYIOT KaK PAEHOIPAB-
Hble KOMIOHEHTH 000CHOBAHHMA aHAJH3a,

Hpounaocrpupyem crmias umanokenus Howm ma mpnme-
pe 3HaMeHHTOH «omimOku Homny — ero «J0Kz3aTEaBCTBA»
TOrO, 4TO cyMMa (yHKNUOHAXLHOro pafga u,(z)-+ n,(z)+...,
COCTABICHHOTG N3 HENPePHIBHBIX (PYHKIEN, HenpepslBHA.
QOopmyauposka Homra Boirasgut suonne cospesenHo: «Ecam
pasiIHnuHbIe WIEHH pAAa.. ABNAITCA (DYHKIHAMK OXHOH n
T0il ’Ke IepeMEeHHOH &, HENPEPHIBHBIME IO OTHOINEHHIO K
a70il mepemennoil B OKpeCTHOCTA RawHOH TOYKH, B KOTOpOit
PAR CXOZUTCA, CyMMa pAfa TarkKe ABJAAETCH HENPRPHIBHOM
B OKPECTHOCTH 3TOH TOUKHY,
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JloKasaTeabCIBO, OfIHAKO, AMEMIHPYET K GeCKOHOTHO Ma-
amM BelmdmHaM. BBoada o6o3nadeHnA

g (z)=u,(z)+...Fu, (5:7,
s(z)=1lims.(z), ra(z)=s5—s.(x),

Homm paccMaTpuBaeT «OpHpalleHNf, KOTOPHE MOJNYYAIOT BTH
Tpr QYHKOEHA, KOIfla 2 YBEIMIABACTCA Ha GECKOHETHO Ma-
ayo sexqmumny. Ilpmpamenue s, Gymer GeckoHedHO Mauoil
BOIMYARON...; OPHPAINEHNe I, CTRHET HECYMECTBeHHEIM...,
€CJIA BBATH N 09€HB GONBIIHM...».

Ha srom paccyxpenue Kowm saxamgmpaercsa. B repmum-
HSX HECTAHIAPTHOTO AaHalm3a ero MOJKHO IPOUATATH TaK:
pasuocts |s(z+a)—s(z)| ouenusaerca kKak He IpPeBOCXO-
gaman [s(z+a)—s.(zta)l +is.(z+a)—s.(z)| + Is(x)—
—s.(z)!, Bropoit wiem OeckomeuHo Manx upEm GECKOHETHO
MalBX ¢, & Hepsulid u Tpertuil GecKoHeIHO Maln Opm Gecko-
geuno Gomemmx n. JT0 paccy)KjeHHe, ONHAKO, HEBEPHO:
8. (z+ a)— s.(x) Geckomeuyno Man nmpu GeCKOHETHO MAJBIX ¢
B cTaEXapTHHEX n (a Be mobnx!).

BepmysmmEcs K sTOMY yTBep:KAeHMIO (Ve TOCIe NpEBe-
RKeEHOro AfeneM KOHTpOpEIMepa — pAfa ¥M3 HENPEPHIBHBIX
QyHKRImA, cymMmMa Koroporo paspsisea), Homu dopmynmpyer
TAKO® YTBEDIKIEHUE: 6CHH U;-— HEeHPepsIBHEIE (YHRIUD H
€CYMMa Un+ ... -+Upr—y Beerjia Geckomeumo Mala npm Gecro-

HETIHO GONBIIOM 1 B 1’ > ny, T0 PN Z L; CXORHTCH K HEIpe-
poiBHO# (yEKOuA. 3nech yixe u GopMyanpPOBKa TpedyeT meTol-
KoBaHAA, Ecam TonKoBaTh 9T0 TaK: Wp () + .o + Up—y(7)
Geckomeuno Mana mpm nw00bix GecKoHewHO GOMBUIMX N T
n’>n w moboM (He ofasaTenbHo cTaHAApPTHOM!) I», TO MBI
OPHEXOAEM K HOHATHIO PABHOMEDPHOU CXOAWMOCTH, (HIYPH-
PylolleM B COBPCMEHHOM BAPHAHTE AHAJOTHIHOW TEOPeMEHI
(o mempepsIBHOCTH Hpefella PAaBHOMEPHO CXONALIETOCA pAja
HeIIpepHBEBIX (PYHKIH).

Crazanmoe IOKa3biBaeT, 4TO TOYKa spemma Homm, mo-mm-
JEMOMY, Be TaK HpOCTAa ¥ HE CBOAUTCH, K&K 3TO MOJKET
I0Ka3aThCHd, K HEYETKOMY H3JI0;KeHNI0 HAIIUX HEIHOITHHX
B3IVIANOB.

Ha sroMm MBI BakomzuM 0030p «zapesmcil» HCTOpHE He-
CTAHJAPTHOTO MATEeMATHIECKOTO0 AaHAIHm3a (B KOTOPOM MEI
crefopanm PoGmmcomy) m obparmMmcda x papyromy, Goiee co-
BPEMEHHOMY HCTOTHHKY II€CTAHJADPTHOTO AHAIH3A — MATe-
MATOYECKOE JormKe. DBolee KOHKDETHO, STHM HCTOUREKOM
CTANIA HECTAHJAPTHHI® MOJeNA AKCHOMATHYECKHX CHCTECM.
O mEx MH pacckaikeM B clefylkomem maparpade,
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§ 13. POBUHCOH H «HOBAS HCTOPH Sy
HECTAHZAPTHOIO AHAJN3BA

Arcmovarmueckmit MeTo[ m3yueHud KAaKOH-TO MAaTeMAaTH-
YecKo# CTPYHTYpH cocTonT, rpyGo TOBOpPA, B CIEIYIOIEM.
Mel BLIjiesiieM HEKCTODHI® CBOHCTBA paccMaTpHBaeMOil CTPYE-
TYpLUl H HA3HBAEM HX &KCIOMAMH, 3aTeM MEI BHIBOJEM I3
AKCHOM DA3NAYHEIE CHeJCTBHA (T€0DPEeMEl). JTH TeopeMEl §y-
AYT HCTHHHBI B paccMmarpuBaeMoil crpykrype. Boxee toro,
oHA GyAyT HCTOHHB HE TOJIBKO B PAcCMATDHBASMON CTPYK-
Type, HO H B JwGoil fpyrofi, B KOTOpOil MCTEHHET AKCHOMEL,
Mosser orasaTbCff, WT0 CYIIECTBYeT MHEOTO CAMBIX DA3HHIX
CTPYRTYP, YHAOBIETBODAIOINUX AAHHCH cEcreMe axcmoM. Ham-
7aA TaKkas CTPYKTYpA HASHBAaETCA Modeavlo paccMaTpuBaes
Mol CHCTEMEI AKCHOM, XOPOIIO HWIH ILIOXO, ecld CHCTOMA
AKCHOM HMEET MHOTO Pas3imyHbix (HemsoMopdHEIX) Morxenei?
OT0 SABHCHT OT TOIO, ¢ XAKOH IeNBi0 CO3/aBANach aKCHOMA-
radeckan CcEcreMa. EKemm oma, mojc0HO CHCTeMe AKCHOM
moJiA, OpegHASHATEHA JUIA TOro, 4To0Bl BEIENHTH OOINHS
CBOMCTBA PAsAMYHAEIX CTPYRIYD H €JWHBIM METOJOM WOXYZATh
PesyanTaTH 0 BCOX 9THX CTPYRIYPAX, TO WeM pPaanoo0paszHes
MOZeNE bToH AKCHOMATHIOCHON CHCTeMy!, TeM Jaydme. Pas«
HooOpasume MOJieNel CHCTeMBl QKCHOM HONA CBHAETENLCTBYOT
0 WEPORCH DpmMeEHMOcTH Teopum moxei. (To me camoe
MO/KHO CKa3aTh ¥ IPO 8KCHOMBI FPyON, Kojeq @ T. H.)

CymecTeyer, OfRHAKO, M APYroii HOAXON K AKCHOMATHIE+
CHUM CHCTEMAM, COTIACHO KOTOPOMY AKCHOMATHYOCKAS CHCTO=
Ma [oMKHA BOBMORHO GoNee MOTHO OTpa:RATH CBOHCTBA
OAHHOA KOHKPSTHOH CTDYKTYDE], HANpHMep MHOMECTBA Has
TYpaIbHHX 9YEced., IIpmMepoM aKCHOMATHIECKON CHCTEMSI,
COBHAHHOH ¢ TaKOll IeAblo, ABIAITCA arcmoMEl Ileamo, xa«
PAKTepUBYIOUNe HATYPAJXLHEIA DA KA MEOKECTBO N ¢ BH-
ReNeHHKIM BIEMEHTOM (ooosnaqaemux O H HA3LEIBAEMBIM
ByieM) H o;mouecrmon omepamnumeit {oGoamavaemolf S m Has
srIBaeMoit mpubapieHmeM eJUEHIHE! WJIH B3ATHEM HOCIEAY-
IOLIero) :

1. YVa (0= 8 (a)).

2, YaVb((S (a) = S (b)) = (a = 1)).

3. (Arcmoma wmapgyruum.) Ecnm mmoxkectso M <N ra-
KoBO, 910 O € M 1 mna Bearoro a € M eemmongeno S(a)s M,
10 M =N,

OTH AKCHOMB! IDPeJHASHATEHE [JIA TOr0, ITOOH KaR MOIK-
HO HOJIHEe OTPAKATE CBOUCTBA BaTypaldpHHX wmced. [losromy
ofmapyeERe CTPYKTYPH (MHOxECTBA N 6 BRIIGISHHEIM
BIEMEHTOM M OAHOMECTHOR omepanmedi), KoTopas yAOBJIET-
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popana GBI OTHM AKCHOMAM, HO CHIbHO OTJIEYANack 6 or
00BITHOIO HATYPaJBHOLO pHfa, 03HAYANO OBI, YTO TH aKCUO-
MEl HeyopieTBopETenbHBL. H cuacThio, OKaswIBaeTCcda, UTO
HaflTH Takyw CTPYRTYpYy Henssd. Mmenno, mMeer MecTo
TaKoe yTBeps;ijeHue (KarTeropmyHOCTh akcmoM lleaHo).

IIyers N — mpomasonbpEOe MHO;KecTBO, O — mioBoil aie-
MeHT N m S — Qymruma, onpefenesnad #a N co 3HaIeHHA-
Mr B N, mpnueMm seimommensi csoitcrsa 1—3. Torma cyme-
CTBYET B3aMMHO OJ{HO3HAUHO® COOTBETCTBHE MEKAY MHOjKe-
crBoM N @ o6HYHBIM EaTypaibEbM pagom N, mpm xoropoM
spnemertry Oe&N coorsercrByer HAaTypamnbHoe wmeao O,
a ¢ysruma S mepexonuT B yHKINI NpHGABICHUA €TIHIIE!
(rak rosopaAr, ctpykrypul N @ N maomopdmmn).

JlokasaTeascTBO 9TOTO0 YTBEP:JEHAA [OCTATOYHO HPOCTO,
¥ MBl DpHBeeM €r0, YCTAHOBHM HCKOMOE COOTBETCTBHE Ta<
KHM o0pasom:

Harypannesie wmcna daeMertt N
0 0
1 S (0Y
2 S(S(0)y
3 S(5(5(0)))

O6osmaums S (S (... S(0)...)uepes S™(0), Mo:KHO CKA3aTH,
RS e
m pas

910 HarypamsHoMy umcay m& N craBuTes B COOTBETCTBHO
saement S™(0)e N, Hy:muo fokasath, 9T0 9TO COOTBETCTBHE
B3ANMHO OHO3HAUHO, T. 6. 4ro S"(0)# 8"(0) npm m+*n
n u9ro nwboit z =N paser S™(0) mpm meroropom me N,
Ecnr $™(0)=8"(0),m#*n u m,n>0,108™*(0)=8""*(0)
mo axcuome 2 [rar man S*(0)=S(S*-1(0))]. llpmmenas
BTO pacCy:KIeHHEe HECKOJIbKO pas, HaxopmM,dro S™ " (0)=0,
T. e. S(a)=0, rge a=S"""'(0) (ana oUpeAETeHHOCTH MEHI
paccMaTpHBANA Caydail m > n). A 5T0 IPOTHBOPEYAT AKCHO-
Me 1. Uro6m saBepIIuTh JOKA3ATCJNBCTBO B3AHMHOH OHO-
SHAUHOCTH, HY/KHO DOOKa3aThb elle, 9T0 MHOMKecTBO M =
= {0, §(0), ..., S*(0), ...} cosnagaer co Bcem N. Iro BHe~
HOCPEJICTBEHHO CJIeyeT B3 aKcHmoME Hugyknuu. Mraw, B3a-
AMHAA OJHOBHATHOCTh HOCTPO@HHOTO. COOTBETCTBEA JOKa3aHa.
To, uro mpm »TOM COOTBETCTBHM HYNb HEPEXONHT B dle-
menr O, a ¢QyHKIEA DpnaBleHEA eJUHANN — B (DYHKIZIO
S, ogesupno. Taxum oGpasoM, KaTeropudrocTh akcuom Ileamo
moKasaHa, :

Tarkmm ofpasoM, MOMHO CKa3aTh, 9TO AKCHOME IleaHO
«IONTHOCTRIOY ONHCHIBAIOT HATYPAIbHEIG THCJAA,
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Opmako cucrema awxcmom Ileamo mMeer caenymolnmil me-
FOCTATOK: OHA IIPC/IOJNAraeT 3apaHee H3BECTHHIM IIOHATUE
MHO;KecTBa (9T0 HOHATHEe (QUIypuUpyeT B AKCHOME HHIYK-
pun). Xoresoch Gbl, YTO0B BCE AKCHOMBL OBIIM 3AlHCAHLL
B Bije OPMYyJ HEKOTOPOro fA3BIKA HEPBOro mopsjxa (ma-
1moio0ie MePBHIX JIBYX aKCHOM: 9TH AKCHOMBI HpPEJICTaBIAIOT
coboit opMysbl A3BIKA MEPBOT0 TOPAAKA ¢ OZHHM HYJb-
MECTHBIM H C OJ[IIEM OJ(HOMECTHHIM (DYHKI[MOHAIBHBIMH CHM-
poaamm). Hpwm stoM xortemocs Ovl, aroGrl ¢BOficTBO KarTero-
prguocTH (m30MOpQUHM BceX Mofelell Toli CHCTEMEI aKCHOM)
coxpaumiocs. H coskamenmio, teopema I'éfenss o moaxore m
€6 CJIEJCTBHE — TEOPeMa KOMIAKTHOCTH —— PaspyIualoT Ha-
RexAy Ha NOCTpPOeHHe KATeTOPHUNON CHCTEMBI aKCHOM B
AI3BIKE IEPBOTO HOPAAKA — TAKOH CHCTEMEI AKCHOM  HE CY-
HIECTBYCT HA AIA KaKoil CTPYRTYPH, cojepsramieit Gecxomed-
HOe dYHclio adeMenToB. IloscimM, moueMy Tak HOXYYAeTCH.
BosbpMem B KagecTBe cmcreMspl akciHoM MmHoskectBo I Beex
BaKpHITEIX (POpMYJ, HMCTHHHBIX B faHHO{I cTpykrype. flcmo,
4T0 3Ta CHCTEMa AaKCHOM caMas OoibINas M3 BCEX BO3MOK-
HBIX; €CJIM OHA OKAa’KeTCA He KaTeropnynoii, 1o #w mawbas
Apyrad cHCTeMa aKCHOM, BANNCAHHBIX HA TOM i€ A3LIKe, 06
Oynmer Rarteropuunoil. [lanee, mpmMeHsia paccyAeHuA, ama-
JOTHYHBIE HCIO0JIL30BAHHBIM B § 7, MBI MOJKEM IIOCTPOHTH
Mojenb MHOKecrsa I, CYIIeCTBOBamme KOTOpOil mpoTuBope-
9uT TPeGOBAHMI0 KAaTerCPUIHOCTH, HHLIMH CIOBAME, (HOCTAH-
JApTHYIO» Mogmeis MuokecTsa 1.

Hpuremennoe Beime o0cy;rmenue aKCHOMATUIECKOTO Me-
Tofla (BeChMa HETOYHOE M PACIJIBIBIATOE) MOHATOOHIOCH HAM
A TOro, WroOH 1TOKa3aTh, KAKEM 00pasoM NCCAe0BaHIE
BO3MOMKHOCTEH 3TOT0 METOJa NPUBOJAHT K IOHATHIO HECTAH-
papreO# Mofenu. I 1960 r. MeTOABI IIOCTPOEHHSA HECTAHTAPT-
HBIX Mojenell (H ¢ IOMOIBI0 YIABTPAQHABTPOB, H ¢ MOMOIIHIO
TeopeM IIOJHOTHI M KOMIIAKTHOCTH) Opuam JlaBio pazpabora-
HBl O XOPOIIO H3BECTHHl CHEIUaNHCTaM II0 TeopuE Mojeneii,
ofHEM m3 ocHoBartedxell Kotopoii 6511 A. PoGmucom. (Coser-
CKOMY YHTaTeJSi0 OH H3BECTEH II0 pyccKomy uepesomy [11]
€ro MOHOTpPaMH; HEeCTAHJAPTHOMY AHAJM3Y IOCBAIIEHH! TPH
8aKJIOUATENBHBIX Tnaparpadga 9»ToH MoHorpadmm — maparpa-
$rr 9.4, 9.5 u 9.6). OcraBanoch «BCero JHINILY COSTUHNTE MX
¢ HAeAMH O IPHMeHEHHH (eCKOHEeYHO MAUILIX BeJIHMYIH B aHa-
jm3e, UTOOBl HOJIOMKNTH HAYAM0 OYPHOMY Pa3BHUTHIO HECTaH-
AApTHOTO aHAJIH3A.

IIpocneamm 3a mcropmeit sroro passurusa, B 1961 r. mo-
aeunack cratba A. Polummcoma «Hecramgaprasii amamms»
B Tpymax Hmpepaamackoil aragemmm mayx [60]. B crarne
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fr1im maMeYeHH! KaK OCHOBHBEIC IOJO/KEHHES HECTAHNAPTHOTO
8HaTM3a, TAK H HEKOTODHIe ero NpPHIOKeHHMA (HampmEMep,
K aHaJATHUeCKoH Mexammke). B a1oit crarse PobGmucom,
B wacrEOcTH, nmcas: «Hamia rnaBmas Iesab — IOKA3aTh, 4TO
®TH MOJeJ N [RIOT eCTEeCTBEHHBIH IOAX0[ K CTApoid IOYTeH:
HoOif mpofieMe MOCTPOEHEA HCINCACHEHA, BRIOTApINero 6ec-
KOHEYHO GoxbiEe M OECKOHEUHO Mallble KoJmuecTBa. Hax:
XOpONIO H3BECTHO, HCIOJH30BAHHG 0ECKOHETHO MAanblX, Ha-
crofiumpo samjuimaemoe JleiGnunem m Ges KoneGammit mpm-
HEMaeMoe OitepoM, ObLIO JIe3aBYHPOBAHO C IOABJICHHEM
MeTofoB Homu, mocraBHBIIEX MATEMATHUECKWE aHAIH3 HA
TBEPAYIO OCHOBY». (3aMeTuM B CKOOKax, 9T0 3a TBEPHOCTD
OCHOBHI Ha[0 OBLIO IJATHTH M CIOJKHOCTBIO almapara, @ OT-
HajenmeM OT (PU3MIECKOH HATIAHOCTH.)

Hragr, no 1961 r. mousrme OecKOHEYHO MAJNOH L OCTO-
AERO# Beamuunnl, GECKOHEYHO MAJOr0 9HCIA, TPETEPOBA-
Joch Kak B JIydiieM CIydae HeCTporoe, a B XxyjuieM — Gec-
emprcaennoe., Pobmucon [60] smepsnie ofmapy:xmi, uto ato-
MYy TOHATHIO MOKHO WPHJAATH TOYHBIA MaTeMaTHIeCKHH
emprcn '), (IlpnMeuartensHo, 4To DPHMEDHO B TO e BpeMsA
ObLI paspymieH H Apyroit Mmud) — mud o6 mHepPTHOCTH WHEPT-
HHx raszoB: B 1962 r. Geio o6HApDYIKEHO, WTO HHEPTHEIO
rasel COOCOOHBI BCTYmaTh B xuMmuueckue coepmmenusal [y--
MAeTCs, YTO 70 9TOr0 MOMEHTA K3 MHOIOX XHMHUYECKAX Ja-
Ooparopmit Golr OB ¢ T030POM HW3THAH BCAKHE COTPYRHHK,
KOTOPOTO HATAJILCTBO 3acTaN0 OBl 3a IOMBITKOH BACTABHTH
HEEPTHHIA ra3 ¢ 9eM-HuOY[b COeMMHUTHCA, JTOT MO30P MOt~
HO OpuI0 OBl CPABHHUTH JHIIb ¢ MO30POM, IOKPHIBABIIAM JCT
TPHAUATH HA3aJ BCAKOI0 MATEMATHKA, PaCCY/RIABIIETO O
GeCKOHEYHO MAaJbIX THCJAX.)

B Teuenue DOCHEAYIOMIHX BOCAMH JIeT BLUIIA B CBeT
Tpm Momorpadumm, H3jarallue HECTAHAAPTHYI TCOPHIO:
B 1962 r.— xnmra V. A. [[ix. JlokcemGypra «Hecranmapr-
Belit aHanm3. Jlekum;m o poOmHCOHOBOM Teopum GECKOHETHO
Mansix ® Oeckomedno Gouapumx uucen» [50], B 1966 r.—
kumra camoro A. Pobmncoma «Hecrampaprabiit amanma» [61]
B 1969 r.— kaura M. Maxosepa n J[x. Xmpmdenna «Jlex-
nna 0 HecTaHJApTHOM amamm3es [54] (w3 77 crpammm sTmx
«Jlernmity meficTBETeNLHOH NPAMON OTBEASHO HEMHOTHM Go-

') HamonmeHde CMBICJIOM HNOHATEH, TPajHOUOHHO paccMarpHBae-
MEIX KaK He HMeIOLHe CMBICJIa,— Ba/KHBIH [mar B Da3BHTHHE HAYKW,.
Opyrofi BaskHHI 1IOAr — OTHATHe CMBICAA Yy NOHATHH, TPARIRIHCHHO
OPM3HABAEMBEIX OCMBICASHEBIMA (HMEHHO TaR HOCTYORI JhHIITeHH ¢
ODOHATHEM OHOBPEMEHIOCTH, H 3TO HOJOKIIO HA4AJI0 TEOPHH OTHOCH-
1eJIBHOCTH),
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e ABYX! GHECTAHAAPTHHIA amann3» MOHWMASTCA BJech B
camoM mEpoKoM cumiicie). HamGoapmmit pesomaHC BEI3BAJIA
xuura Pofumcoma, Beiuegmas B m3secTBOH cepmm «Mccie-
MOBAHHEA II0 JIOTHKE H OCHOBAHMAM MaTeMaTHKHWy., B pgesaTH
[epBEHIX THaBax ©9TOH MOHOrpa(MHE CONEPIRANOCh KaK IO-
cTpoeHHES HeOOXOAHMOTO JOTEKO-MaTeMAaTHICCKOTO alrapara
{co ccoutkoit ma A. WM. Manrmeea xar aBsTopa Jeskamefl B
OCHOBE 9TOI0 AammapaTa TEOPeMEl KOMIAKTHOCTH), TaK H
MHOTOYHCICHHBC NpWIOKeHns — K JnuddepeHnuaibEOMy I
AETErpAJBHEOMY HCYHCIGHHIO, K 00L(eil TOmOJOIMH, K TEODHHA
$yERUmi KOMILIeRCHOH DepeMenHo#, ¥ Teopmm rpyon Jlm,
K rogpoamHaMuKke u Teopunm yupyrocru. Coenmalisublii mHTE-
pec IpejcTABIAET LOCJHeMHAA, JeCsAras INABa, B KoTopoit
ABTOP M37TaraeT CBOH B3IVAJ HA HCTOPUIO DPA3BETHA MaTe-
MAaTHYECKOTo aHanusa. XOTHA KEmra Po0mHCOHA, BEIgepHaB-
mas He OJHO H3JAHWEe, W CHIrPAJa SHAYATENBHYI0 pOIL B
pasBOTHH HECTAHJADPTHOrO AaHAJIW3a, ee BPAN 1M CIefyeT
PEKOMOHHOBATH [ HATAILHOIO 03HAKOMIEHHA; OHA HAIM-
cama c/x%aTo W TPYIHO.

Ilommmo Bmixoja Kuura Pofmpcoma, 8 1966 r. B mecram-
MapTHOM aHaJnse Hpom3ouuio elue ojuo coObrtme. Hloasmiace
crates A. P. Bepucreiina u A. Pofunmcouna [21], B xotopoit
BHEPBEIE METOJAMH HeCTAHNAPTHOTO auaiusa Obuio mody-
YeHO pelleHHe paHee mocTaBieHHOH mpobueMsl, oTHOCAMmelicA
K OOBIYHBIM, «CTaHJAPTHBHIMY MAaTeMaTHIeCKEM O00BeKTaM.
s smaroxkos moscuuM, Kakas npoGiema mnmeercd 37ech
B Buay. Peus mpger o npobieMe MHBAPHAHTHBIX HOXIPOCT-
PAaHCTB JUIA MOJMHOMHAJLHO KOMIAKTHBIX Omeparopos (ome-
patop T Ha3pBaeTCA NONMHOMHAJABHO KOMIAKTHEIM, €CIH
vommakres ounepatop p(I') HAA HeKOTOPOro IOIMHOMA P
¢ KOMILUIEKCHBIMH Koa(ppmuumentamu), HKparkas mcropus Bo-
mpoca Takosa. TeopeMa O CYIeCTBOBAHHU HETPUBHUAILHOTO
HHBAPUHAHTHOTO 3aMKHYTOTO HPOCTPAHCTBA IS KOMEAKTHBIX
olepaTopoB B cemapalelbHOM KOMINIEKCHOM TIHiAbGepToBOM
mpocrpanctse Opuia pgoxasaHa [Isk. dom Heiimamom B Haua-
ne 30-x romos. (Hax msBectHo, Bce cemapalenbHEI® THIlb-
GepTOBEI TPOCTPAHCTBA M3OMODPPHEI (KAHOHAYECKOMY» IIPO-
CTPAHCTBY [, COCTOMINEMY K3 NOCHEJ0BATEIbHOCTeH KOMK-
JIGKCHBIX WHCEJ, CyMMHUpPYeMbIX ¢ KBAafpaToM; 9TO KacaeTcd
HecenapalelbHEIX HPOCTPAHCTB, TO [JAA HOX HasBaHHAA
TeopeMa oueBmpHa.) Jloxasarenncreo Heitmama, ojmako, He
6riio omyGamxoBamo. Ta sxe TeopeMa A KOMIAKTHBIX OM9«
paTopoB B MPOW3BOMLHOM GaHAXOBOM IPOCTPAHCTBe HAZ IO+
neM KOMIUIOKCHBIX wmcea ObUTa YCTAHOBJIEHA BIOCTENCTBAR
H. Aposmatizou ® H, T, Cynron (18},
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B ogepre II. P. Xammoma «Bsrasg B rans6eproBo mpo-
crpamctBo» [31] B KauecrBe pmeBaATON mpobieMbl GUTypEpyeT
nocrapinenras K. T. CmuroM 3ajgata o CyILeCTBOBAHHE HH-
BapHAHTHOTO IOJNPOCTPAaHCTBA Jif Takux omeparopos I B
ruisGepToBOM IpocTpaHCTBe lp, A KOTOpHIX omeparop I?
KoMmmakrTeH (Bce rakue I, OYEBH[HO, UOJNMHOMHANLHO KOM-
nakTHe). Pemernme 9r1oit mpobiemst nm  OBIIO IOMYYEHO
A. P. BepmereitnoMm m A. PoOuHCOEOM MeTOgaMH HECTaH-
DAPTHOTO AHANW3a; OHW JIOKABalHW, 4T0 JI0O0H MOJHHOMAAIL-
HO. KOMHAKTHHIH OIeparop B TmAb0epPTOBOM IIPOCTPAHCTBE I
AMeeT HeTPUBHAILHOE WHBADWAHTHO® 3aMKHYTOe IOAIPOCT-
pamcrso. II. P. Xanmom O03HAKOMHICA € JOKa3aTEIbCTBOM
ABYX HA3BAHHBIX ABTOPOB W HepepaboTal mX J0KA3aTeILCTBO
B cBOe, We WCIOJNB3yIONlee HecTapgaprueil amanms [32]:
B nanpmeitinem Bepucreits, mcrmonbpsys HecTaHjapTHHI aHa-
am3, pacupoctpanmi Teopemy DBeprcreiima — Po6uHcona HA
cay4ail HOJIMHOMEAJIBHO KOMIAKTHBIX ONEPATOPOB B HPOH3-
BOJNBHBIX 0AHaXOBBIX NPOCTPAHCTBAX HAJ HOAEM KOMILIEKC-
mbix wmcen [20]. CpammumrenbHo HejaBHO Teopema 00 HHBA-
. PEAHTHBIX HOAUPOCTPAHCTBAX MIAA KOMIAKTHBIX ONEPATOPOB
Oplta 00o0uieHa (TarkKe € TOMOINBI0O METONOB HECTAHAAPT-
HOTO aHANM3a), HA OOliee INMUPOKUI RIACC JUHEHHBIX TOIO-
JormuecKux 1npocrpamcTs, Yem Gamaxosn [30]. Bmpouem,
crexyer ormermth, aro B. . Jlomomocos mokaszam (cram-
RapTHEIMM METOJlaMM), B 9aCTHOCTH, 9TO BCAKHH OIEpaTop
B GeCKOHETHOMEDPHOM GAHAXOBOM IPOCTPAHCTBE, KOMMYTHDY-
IR ¢ KOMUAKTHBIM (B T€M CAMEIM BCAKEN HOJMHOMHAAIL-
HO KOMIIAKTHBI), HMMeeT WHBAPHAHTHOE IIOIPOCTPAHCTEO.
Cm. [12], ¢. 427—428, npumeuanme pepaxtopa (E. A. To-
pEHA), KOTOPHIl HA3BIBAET JIOKA3aTENLCTBO JlomoHOCOBa Go-
liee IPOCTHIM, 9eM BCe M3BECTHEIE paHee,

Teopema Beprcreiina — PoGmucora npeacrtasiser coboi
OTHIONIb HE -e[[UHCTBeHHELIH (XoTsA, GHITE MOKeT, Hambolee
o¢QeKTHbI) nIpuMep IPUMEHEHHA METONOB HECTAHJAPTHOTO
apanmsa. Yucno m pasmoo6pasme TakMX NpAMEHeHHH (sa-
JIOHEHHBIX, KK MBI BHeaH, emle PobmmcomoM) meyxiIoHHO
pactyr. Ilpmioikenma HecTamJapTHOIO aHAIU3a BHYTPH Ma-
TEMATHKH OXBATHIBAIOT OOMHPHYI0 OGNACTL OT TOMONOTHH
(cm. [1], e 210—211, [19], 529], [36]) mo Teopmm mmfpepe-
peHIHAAIbELIX ypasmeHmii [17], Teopmm mep m BeposrtHOCTEl
(» ®oTOpOll BO3HHKAeT BO3MOKHOCTh HOHEMAHHA BEPOATHO-
cTE COGBITHA Kak OTHOWEHHT GECROHEYHOTO umela Omaro-
IPHATHLHIX HCXOM0B K oOuleMy dmeay Hcxomos), oM. [22],

[26], [42], [46], [47], [58], [59] u reopmm mrp [68]. Beec-
KOHEYHO MAJBIe WHONA (B CMLICAe HECTAHZADPTHOTO AHANM3A)
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OKABHLIBAIOTCH IONE3HLIMH B HCCHeNoBaHHE OeCKOHEYHO MA-
ALIX BeINYAH B CMEICIEe CTAHJAPTHHIX YIeOHEKOB -aHAIH3A
(dymrnmit, crpemammxes K mymo), o, [43], [45].

Yto Racaerca BHEMATEMATHYICCKHX NPWIOIKEHHH, TO Cpe/ln
HEX MBI BCTpPEYaeM Jaske OPHIOMKEHAA K MareMaTHIeCcROR
3KOHOMHKe (paccMarpuBaeTcd PHIHOK ¢ 0eCKOHEYIHO GOIb-
IIMM YACIOM YYACTHHKOB, KAjKIblil E3 KOTOPLIX BHOCHT Gec-
romeuno Manniid Braax) [23], [24]. Muoroo6emaromaym BEITIA-
[T WCHOJb30BAHNE HECTAHAPTHOLO THIH0EPTOBA MPOCTPAHCT-
Ba *l, puA DOCTPOeHHA KBAHTOBOH MeXaHHKH (TPajAIAOHHO
dopmynupyemoil B TepMouEax «00BIHOTO» mpocTpamcTsa lp),
em. [28], a rtawme [55] (paccmarpupaercA HeCTaHIAPTHOE
onpepenenne (eliEMAaHOBCKOrO mHTerpasa mo myram), [41]
(paceMartpmBaeresl GecKomedHAasa QIYKTyamus Ooda B Gec-
KoHeuHO Mauiofi oGmactu) m [40]. A B cratmcrmueckoit Me-
XaHOKe CTAHOBHTCH BO3MOJKHEIM PACCMATPHBATH CHCTEMHI H3
GecrkoHeurHoro umcia vuactum, cM. [35]. Marepec ¢mau-
KOB K HECTAHZAPTHOMY AQHAJIA3Y OOYCJIOBHI IOABICHHO
€r0 NOOYJSADHBIX M3IOKEHHH B (UANYECKAX KYPHAIAX
([64], [66]).

IloMumo mpmmeHerui K pasnuyHbIM 061acTaM MaTeMaTH-
¥n (E He TONBKO MATEeMAaTHKH), HCCIENOBAHHA B o0IaCTH
HECTAHAPTHOTO AHAJHM3a BWIKYAT B celd X HCCIETOBAHNE
caMHX HECTAHJAPTHBIX CTPYKTYp (cM., manmpumep, [37]).

B 1976 r. Boimn cpasy TPUM KHETH 1O HECTAHAAPTHOMY
AHAAH3Y: «JremeHTapublil amamusy u «OcHopammA HCYHCIe-
mruA Oeckomewno wmampix» I'. JIx. Heitcmepa ([38), [39])
n «Beefenne B Teopuro Gecromeuyno Mansixs . J[. Crposma
n B. A. JIix. JlorcemOypra [62]. Ilepsas us mux opejcras-
asier cofoit HATUCAHHEIY ¢ HECTAHJAPTHHIX MO3UNHRA yueGHHK
IO MaTeMaTHIeCKOMY aHAJIM3y — THOa yue0HMKA JJIA BTY30B
¢ [OBHIOIEHHBIMA TpPpe0OBAHHAMA [0 MareMaruke, B oTolt
xHure GONpMOe YUCAO OPHMEPOB W YOPajKEEHHH, ONHAKO
MHOTHE JOKA3aTeAbCTBA [AAHE JUINb JCKU3HO, CAMO CYIeCT-
BOBAHHE MOJA TUHEePAeHCTBETeNbHBIX YHCEN M HEKOTODHIA
BapHAHT DpPHHEIUNA MEePEeHOCA IPOBO3LIAINEHHl B KAIeCTBO
axcuoM. Bce meobxogmmoe 06GOCHOBAHHE MEpPEHECEHO BO BTO-
Py KHATY, T€CHO CBASAHHYK € HEPBOH M BHICTYIANINYIO
B KadecTBe DPYKOBOACTBa .Iuas mpemogasareneir. «Ocmosamus
ucuncieHEnA GeCKOHETHO MAJBIX» COZEPIHAT TOT MAaTepHAl,
KOTOPHIH ClIefyeT LpefBAPHUTENbHO H3YyYHTh, YTOGH KBAIH-
(UOUPOBAEHO HCHOJB30BATH B TPENOJABAHHH «JIeMEHTAp-
peiii asanms». Haxomen, kmmra Crposna m JlwokcemOypra —
570 yHAaMEHTaTEHAd MOHOTpadmsA, BHI3BIBAIOINAA TPH YTe-
HOH TPYLEOCTH Jake ¥ CHEIHUATUCTIOB,
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B 1977 r. spmaa xmmra M. [leemca, pycckmli mepeBoR
rotopoi [3] _y#e BEOJIHOKPATHO YHOMEHANCH HaMA. ITa KHE~
ra, moskalyit, B HamGonbmed CTeNeHHm LOAXOAET [JIA nep-
BOro osmaKomiIeHma ¢ mpexmeroM. CioBa «IOpHKJIaNHOE He-
CTAHTAPTHHIH AHANA3» CYTh OYKBAALHHIA IIepeBOR AHIIHit-
CKOTO Ha3BAaHHA KHNTH; COJeP/RAaHU0 KHETA G0JbIIe OTBEYANO
fb1 pasBaHN® «HECTaHJIapTHBIﬂ AHAJNH3 O €ro NPUIOHeHHA»
Npd IOHEMAHUH TePMHEHA (HECTAHJADTHHIA aHAAH3» B IIM-
poxom cmbicie ofIneit aGcTpakTHON TeopHH; JEACTBATENBHO,
TlepBad TjaBa KHECE DOCBAIIEHA HMEHHO TAKOA TEOpWH,
& OCTAJIBHK® IMABHl — IPHIOKOHHAM sToit Teopmm. Tax,
B TIaB® BTOpod ofmMme HOCTPOEHHA HEPBOH IVIaBHL IpEMeE-
HAIOTCA K H3YYCHHIO MHOMECTBA AeficTBHTENbHHX umcen Ry
a B I7aBe TpeThell — K HM3yYeHHI0 MeTpmiecKAx m, Goiee
00110, TONOJOrHICCKEX HpocTpamcTs. B riaBe wersepToi
paccMaTpPEBAETCA NPHIOKEEAe METOOB HECTAHJADTHOTO aHA-
JEza K 8ajadaM HCCIeOBAHUA HOPMUEDOBAHHHIX JEHOHHEIX
TPOCTPAHCTB, & B IWABe LATOH — K HCCIEOBAHEI TEIbGep-
TOBA TPOCTPAHCTBA l;; NEHTPANLHO® MECTO B Hochefmeil ria-
Be BAaHAMABT [IOKA3aTeJhCTBO paHee yHoMuUEapmeiica Teo-
pemu Bepncreitna — PoGrRcoma.

Brirs Mmosmer, -HamboNpIIyio NOXb3Y HECTAHZAPTHHE MO+
TOJBI MOTYT OPAHECTA B 00JACTH NPUKIAJHOE MaTeMaTHKE —
HefjapoM PHBNRE W HIKeHepH Tay JM0AT rosoputb o «Gec-
KOHeUHO MajoM» u «BGeckomedno Gompmom». B 19811, B ce+
pum «Lecture notes in mathematics» Brinuia xeura P.JIytoa
n M. Tose «Hecrampaprusili aHaj®E3: DPAKTEIECKO® PYKO-
BojicTBO ¢ mpmioykenumAmE» [48]. B srofi xumre mocme ma3mo-
JMeHUA OCHOBHGLIX DPEHIUIIOB HECTAHJADTHOTO AHAJNE3A pac-
CMATPHBAIOTCA BOLIpPOCH TEOpHE.Bo3Mymenmit, I'pyGo rosops,
8ajaYa TeODWN BOMYIIEHHA{ COCTOMT B Cle[yIOIeM. Wnmeerca
Kakofi-ro ofwexT (MuHcrowieH, NTEHeHEHHE omepaTtop, amrefpa
Jla, neddepernmaarnos ypaBHenme  T. n.). Ero gyTe-uyTh
meMenAoT. Haxk cBasamnl cBolficTBa IOMydHBHIErocs OOGLEKTA
co cpoiicTBamm mcxogaoro? Ha Asmre mectampapTHOrO asa-
iamsa 8ajiada crasOTcA TaK. McxofER 00BeKT HBAACTCA
craBfapreeiM. MaMemenme, KOTOPOMY OH mojiBepraercs, Gec-
KOHEeYHO Majno. UTo MOJKHO CKa3aThb 0 CBOHCTBaX HM3MEHEH-
HOTO OOBEKTa, €CIM HAM MH3BeCTHHR! CBOHCTBA HCXOMHOTO?
M= Bmpsiv, 9T0 DOHATHA HECTAHJZADTHOTO aHajx@sa ¢$Erypu-
PYOT Y:He B caMmoil mocTaHOBKe 3ajau# (& HO TQJBKO B €
pemennn). Pazymeercs, MOKHO OBITATHCA HEPEBECTH B3aKaTy
Ha ASBIK KIaccHuecKoro amanmaa (Ge3 GecKOHEUHO MajbIX) H
pemars 6 KIACCHISeCKHME CPeCTBRAMH, HO, KAK HHIIYT &BTO-
PH DaCCMATPEBAEMOH KHETH, B pe3yasTaTe OPUMEHEHHA HE-
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CTAHTAPTHEIX METONOB MOABIMIOTCA (Kak maammste (opmy-
JEDOBKH, TAK M HMATYATHBHO 0Gojee fACHEIG JOKA3aTOJILCTBAY
(c. 127).

B wactmoctm, B 8-M yporxe uwacrm IV xmmrm Jlyrma =
Tose paccMarpmpaerca npmobpeTHiag MHPOKY H3BECTHOCTD
(B memanoit cTemenm OjarofapA YCHIRAM MaTeMaTHKOB KPY-
ra H. Byp6axm, cm. [25], [5]) Tak masmBaemas «mpobinema
yroKk». 97a mpoGmema CcOCTOHT B TpefoBanmm OOBLACHUTS,
raxmM ofpasoM y ypaseenns Bau mep lloxa

eit (*—1)dtz=a,

I7le & DOMORHETENBHO B AOCTATOYHO MAJ0, MCHe3aeT Ipe/ieib-
HEIfT THERI, KOIZla mapaMeTp 4, BO3pacras, IePEeXONHT 1uepes
spauenne 1. Tepmumm «yrra» ofBACHAeTcA TEM, YTO BTOT
HEKT B IPOIECcce CBOEro npespamends mpmoGperaer gopmy,
HADOMEHAPIYI0 KOHTYpP Jeramel yrxm. Paccmorpemue na-
paMerpa & He IPOCTO KAk Majoro AeHACTBETONLHOIO, HO KaK
(eCKOHE6YHO MAJIOT0 THENePHeHCTBATENLHOTO THCHA OKABAJNOCH
Jiis 31Ol BajavYM 4peaBHIaiiHO MOJEe3HLIM.

B sarmoumrtensunoM uaparpade HeaBHO BHIIEIIErO
yueGroro mocobma A. I'. Kycpaera m C. C. Kyraremanse
«Cy6naddepennmanny m mx mpaMeHenua» (Hosocmbmpcek,
1985.— 88 ¢.), massammom «Homyc Kuapra», asropm, mpm-
BeJs COOTBOTCTBYIOI[G® ONPEHEeIeHHS, YHASHBAOT HA C. 121
«C TEePBOTO BSIVIAKA HEBO3MOKHO HOHATH HE CBOHCTBA KOHY-
ca Kaapra, HE caM cyeica ero $OpMalbHOIO OLmpefedeHHAy.
Tocnenyomue CTPAHAIE HOCOOEA MOCBAIIEHL PA3BACHEHHIO
®THX CBOHCTB ¥ 9TOr0 CMBICAA HA fASKIKe HECTAHIAPTHOTO
amanmsa (OpHEIeM OTMEYaeTCs, UTO «C KAUECTBEHHON TOUKE
speHEd EHPUHATE3EMATLHEE KACATENBHEE KOHYCH IPe/CTaB-~
aAA10T €060l PesyAbTATHl PASMIATLIBAHEA MHORECTER B
MOKPOCKOI») .,

Hapany ¢ maiosKkeHHEHIM B Hamedl KHEKKe IOAXONOM K
necragiapTEOMY amammsy (BocxopamuM K Pobmmcomy) cy-
IMecTBYeT ® mpuoGperaeT BO3PACTAKIIYI0 LONYIAPHOCTE ADY-
roit monxon. Ilpm eToM mopxofe GecKOHEYHO MAJILIe BIGMEHTHI
He «m306peTaoT», CTPOA PACIIEPEHEA ReACTBATONHLHOM HpA-
MOl HJIE APYTHX MATeMATHYECKHX CTPYKTYP, & ¢OTKPEIBRIOTH
BEYTpE 8TEX CTpYRTyp. Ham mpegmaraercs cudraTs, BEampa-
Mep, 4910 GeCKOHEYHO Mankle Beerfa Onum cpepm AeicTBd-
TeNBHBIX WHCAN, HO INpPOCTO MH HX HO BHJE/IN, HO HMeA
CPeficTB BHIGNETh CpeJin OCTallbHbIX,

CKasaHEO® Ka/KeTCsi IPOTHBOPEUMBHIM! Belhb MH JK6
BHAeM, YTO B NONE MeHCTBHTONABHBIX UHCO] CHPABOJIEBA
axczoMa ApxmMea H, CAeZOBATENLEO, HET 0ECKOHOYHO Ma-
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aex. Kax sxe mx mMommo tad «oTkpsith»? BemommmM, onma-
Ko, ofcympuenne akcwmoMpl Apxumepa W ee (OPMAILEOTO
aganora B § 10. Mu Bmgennm, 9To BOONHEE BO3MORHA CHTYa-
OudA, B KOTOpPOii akcmoMa ApxmMeja He BHINOJHAGTCHA, B TO
BpeMsa Kak ee (OPMaNbHEI aHANOr ABIAETCA WCTHREON (op-
smynofi. Hav Temepp mpejmaraercss cYuTaTh, 9T0 HMEHHO TaK
N o0CTONT 76710 B «OOHIKIIOBEHIEIXY AEHCTBHTENDHEIX IACIAX.
ITpn atom Bce OGBIYHEBIE TeopeMBI, KAcaOINuecd NeHCTBHTEND-
HEIX WTICEJN, OCTAIOTCA B CHIC, TAK KAK WX JIOKA3aTelabCeTha
Moryr OwiTh (opManuz0Bambl, W B OTHX (HOPMATH3aNUAX
HCOOAL3YeTCH He HHTYHTHBHO MOHUMaeMad aKcmoMa Apxu-
Mena, a ee (POPMANBLHBIA AHAJIOT.

CrazammHoe, pasymeercs, Tpedyer yroumenma, Mnl mame-
TOM Jumb obmy ero cxemy (ciaegys pabore Heancoma
[56]; nmpyroit cuocol yroumenua obcysxpaercss B [33}). Pac-
CMOTPHEM AKCHOMATHYECKYIO CHCTEMY TEODHEH MHOMKECTB H
FoGaBEM K Hell HOBOe HeompefielsAeMoe IOHATHE I — CTaH-
DapTHO® MHOJRECTBO» (B [OMOTHEHHE K Y/He HMEBIIeMYCA
HeOTpefleAeMOMY TOHATHIO «X — DIEMEHT MHOMKECTBa ¥»).
Ilpn oToM COXPaHAIOTCA BCE HMEBIIHECA paHee AKCHOMBI
aT0lf cumcTeMHl (HHIEro He FOBOPAINNE, €CTECTBEHHO, 0 HOBOM
DOHATHA «OBITH CTAHAAPTHBIM»), 8 TaKMKe A06aBIAKTCA HO-
BBle aKCHOMEI, ['py6o roBops, 9TH AKCHOMBI COOTBETCTBYIOT
NPEHLANY HePeH0Ca, HPHHIUIY HAIPaBAEHHOCTH B BO3MOM-
HOCTH paccMaTPHBATH MPOU3BOJBHBIE MHOJKECTBA B CTAHIADT-
Holt cymepcrpykrype. llpm »roM oKasmiBaercs, 9TO BO3HE-
Kalolllee pacHIHpeHHme AKCHOMATHIOCKOH TEOPHA MHOMKCCTB
ABIACTCA KOHCEPBATHBHEIM B TOM CMEICHIE, YTO BCAKAA BHI-
BOJEMAA B OTOM paclinpeHEE Qopmyila oOwYHOH Teopmu
MHO3KECTB (T. €. He COAepKalllad MOHATHA «CTAHJAPTHEIAN)
BEIBOJAEMA H B O0BIYHO# Teopmm MHOKecTB. TakmM oGpasoy,
IaA «cTapelx» (OPMYA «HOBBIE» CpefiCTBA JIOKA3aTelLCTBA
PaBHOCHILHEL CTapBIM», XOTA — H B 9TOM madoc Bcero He-
CTAHJAPTHOTO AHAIH3A — (HOBHIEY» [IOKA3aTEAbCTBA MOTYT
ObITh GoTee KODOTKEMH H €CTECTBEHHLIME, 9eM «CTaphie» J0-
KasaTeJbCTBA TE€X Ke YTBeP)RAeHZH.

Paznmune Memay poOHHCOHOBCKEM IOAXOA0M K HECTAH-
MapTHOMY AHAJH3Y H HOBLIM, AKCHOMATHYECKEM IOHXOJOM
K HEeMY LPOABIAEGTCHA HE CTOJHKO B MareMaTHYECKHX Pe3yilb-
TaTax, KOTOPhle € HMX IIOMOLIBI0 MOTYT OBITH HONYYIEHH,
CHOJNBKO B TOH LO3WHHH, ¢ KOTOPOH MEI HX paccMaTpPEBaeM.
IIpososrnamas, 410 GeCKOHETHO MaJjble — 3TO CYIIECTBOBAB-
masg BCerfa PealbHOCTh, AKCHOMATHYECKHI NOXXOJ BAOXHOB-
asger Hac Ha EX 6e300fA3HEHHOE HCIOAL30BAHAE HE TONBKO
B KadecTBe CPeJCTB JOKA3ATeNBbCTBA, «IONE3HEIX (HKmmIi»,
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HO W KAK TOJHONPABHBIX MATEMATHIECKHX OOHEKTOB, MOTY-
IMZX BXOAUTH B (POPMYNNPOBKE HAINMX yTBeDpenmi., By-
nyliee passHTHe HCCTAHJAPTHOTO aHANM3a IOKaKeT, Ha-
CKORBKO 9TOT B3IIIAJ] ABIAETCA IIOXOTBOPHEIM.

B macrosiiuee BpeMs HeCTAHNAPTHEI aHalH3 3aBOEBEIBAET
Bce Oonbmee npusuanwe, COCTOMICH DA MeMMYHAPONHBIX
CHMIIO3MYMOB, CIEIHATHHO HOCBAIEHHBIX HECTABJAPTHOMY
apammsy m ero mpmiomenmam [51}], [52], [34]. B rteuennme
IOCHe/(HAX [EeCATHNETHH HeCTAHAAapTHHIA aHanms (TOIHEee,
pIeMEHTAPHEI MAaTeMATHIECKHH amagums, HO OCHOBAHHBIH Ha
HECTARH/JAPTHOM UOOJAX0Je) NpemojiaBalcA B PAAE BHICIIAX
yueGrrix sasefermit CIIIA. Hexoroprie mrorm rtaxoro pofia
npemopiaBanma OBUIM  ITI0/[Be/{eHBl B METOJMYECKOA CTAThE,
ony6umxoBarHOR B 1976 T. B «AMepuKaHCKOM MaTeMaTH-
qeckoM e;remecsaunuke» [63].. Crarba sakamumBaerca cJje-
aywommEMa gpasama: «Omacenus, ... 9T0 Te CTYAEHTH, KOTO-
prie O6yayr E3yIaTh MaTeMarmyecKWH adalEma IPH IOMOUIN
HHQUEATE3AMANBHLIX (6ECKOHEYHO MAJBIX) BIEMEHTOB, B
MeHbIle# CTeNeHA OBNAJIEI0T OCHOBHBIMA HABBIKAME, KONMKHBL
6niTh, 063 coMHEHHSA, CHATHL. DBojee TOro, IpejCcTaBAAETCH
BECHMA BEPOATHEIM, YTO WCHOIL30BAHEEe HH(PWHATE3WMATL-
HOro TIONXO2 CHAeNAeT KYPC MAaTeMaTHIecKOro aHajim3a To-
pasge Oosee KEBHIM W YBIEKATEJbHGIM KaK A IIpeHofa-
BaTexeH, TAK M A CTYIeHTOBY,

§ 14, CYIIECTBYIOT JIH I'IMIEPJENCTBUTEJBHbBIE
YUCJA «HA CAMOM [IEJIE»?

Koreuno, HecramfapTHHIe THOep/cHCTHTENbHEIE YHCIA
(T. e. runepaeficTBETENbEBIE YHCIA, HE ABIAOIIAECH HeHCT-
BHTEALHBIME ) — JKOBOIBHO-TAKK HeoOHUHBIe 00BekTel. Ha TO
OHE W BasplBalTCA HecTapgaprHeiMA. Ho dro smaumr me-
ofpraanie? HeoObrumbie osmavaer HempuseIHBle. Bepgs To,
K 4eMy OPHBBIK, y;Ke IHepecTaeT ONIIYINATHCA KakK HeoObIu-
moe. M ® HeCTaHAAPTHBIM YHCIAM HAXO LPOCTO NpH-
BHIKHYTb.

IIponecc mpmsBBIKAHBA K HECTAHNAPTHBIM 9HCAAM BCTpE-
9aeT H3BECTHBIE ICHXOJOImYecKwe TpyAHOocTH. He BCeM cpasy
JeraeTca HQHATHBIM, TOe OTBOTUTCA MECTO JUI HOBHIX YHCell.
Jlns GeckoHeYHO GOJBLIMX YHCEJI TAKOe MECTO HAXONATCSH
¢ Oonpmied (xoTf, ckopee BCero, JOKHON) IEFKOCTBIO — Ifie-
TO B OTPHUATENLHOH NIH IONOMKHTENTBHON OGECKOHEYHOCTH.
B sToM cMBicie HCHXOIOIIYECKH MPOIle OCBONTHCA C HECTAH-
[apTHEIME THIePHATYPAIbHBME YHCIaME. Besgkoe Taroe 9mciio
feCKOHEYHO BEIMKO M IIONOKHTENbHO, 0HO 0OJbIIEe BEAKOTO
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BaTypanpHOro. ITo cymecTsy, HpeACTABICHES O TAKOM YHCIY
yxe GbiToBANO (XOTA M He B CTPOTOM MOHAMAHHA) B Cpele
MATOMATHKOB: CJIOBOM «IYrod» ¢Tajllo 0603HAYATHECA B IOCIEN~
HEe BpeMA HATYDAJBHOS YACIO0, IPEBOCXONANIee BCAKO® pa-
BYMHO® KOJAYeCTBO, DBeckomeumo Goapmime rumoepreicTsm-
TeJLHBEIS YACIA MOTYT OHITH Y3KE HE TOJIBKO IIOJNOKHTENIBHS,
HO ¥ OTpHUATENLHH: OecroHeYHO GOJIBIIOS OTPALATENHHOS
CI0 MEHbIIe '), a HOJ0KATeNbHOe — (oNbIIe BeeX OOBITHEIX,
CTAHRAPTHHIX Yuceia. Ho Bemp ecTh eme KOHEeIHEBIE He-
craEjapTasle TAcaa. | e momemaiorcea opn? OHE DOMEIMAOTCA
MO KAy pHellcTBATENLHBIMHA, BAMOJHAA HYCTOTHL MEKIY HE-
Mn. Ho passe cymectsywr Ttaxme mycrorTsi? 9T0 KAk 0=
cMoTpeTh. Pasymeercs, ecam CTOSTH Ha TOf TOUKE BPEHEA;
9T0 BO3MOKHBI TOJBKO (CTAaHZApPTHBIE) [eHCTBUTEILHBIO TAC~
jla, HAKAKAX OYCTOT MEKAY HUMH HE OKaKeTCA, Jla | 3a-
OOJXHATH ®TA NYCTOTH, CyLecTByd onm, Obuio OB HeueM
(Begp DpE BeIOpamHHON TOYKEe 3PEHMS HEKAKAX HECTAHJAPT-
HEIX YHCEJ mpocto Her). Ilepexon OT [eHfCTBHTEILHLIX THCEN
K KOHEUHHIM THIEeDAeHCTBATONbHBIM YHCIAM IyTeM fAo0aBie-
HAA K NepBHIM KOHEUHHIX HECTAHJAPTHHIX YHCEJ HPOMCX0-
OHT &WANOTAYHO TOMY, KaK OCYLIECTBASETCA NEpexof OT
pamnOHANBHEIX YHCEN K [elCTBHTCHALHBIM YHCIAM ILYTEM
mobaBleHEA K IepBBIM YHCeJd HPpalHOHAILHBIX. Mppanuo-
HaJbHBIG UHCNA PACHONAraloTC MEHIY palHOHANLHLIMM, H
AICHO® IOHNMAHHO BSTOr0 TOMe HepPeJKO BLI3LIBAET y yua-
IMEXCA NCHX0JOTMYCGCHNe 3aTpyauenns. /I B s1oM caydae
TOMKO MOMKHO (XOTA 5TO N 09YeHs HeYHOOHO) CTaTh Ha
TOYKY BPEHHA, 9YTO 4icaa OHBAIOT TOJLKO PANHOHAJLHEIE,
H pnda pelficCTBHTeNBHBIX d9ices Torjga He Oymer Mecra Ha
Hamell umcrmosoit ocm. Ilpampa, B Taxom cayuae MBI 107~
MHEE OyfieM OTKA3aTLCA OT TAKHX NPHBBIYHEIX BO3MOIKI0-
cTelf, KaK, CKa/KeM, BO3MOMKHOCTL H3BJIEUb KBaJDATHBIA KO-
pesb 3 mw0boro moiomuTeibHOro wucaa, (OTKasHIBAfCh OT
HECTAHJAPTHLIX THCET, MBI TaKike HumaeM ce0d HeKOTOPHIX
BO3MO)KHOCTEHl — HO HA 9TOT pa3 BO3MOMKHOCTEll KaK pa3s
HeIIPABEIYHEIX, TAKUX, KAK OPABO PAcCMATpABATh GECKOHETHO
Mauape ¥ Gecromedno Godbiume 4mesa.

Homewno, ananor#a Me)KIy KOHEYHEIMH HeCTAHJAPTHLIMA
YHCIAME H HPPALMOHAJIBHBIMH THCIAMH CHPABeINBA JUILE

') TepMEHOZIOTMA MAaNOUPEATHA: GECHOHEWHO 604bWi08 OTPHIAs
TOJXbHO® YHCJIO XAPAKTOPUSYETCA KAk WHCIO, KOTOPOE MeHblie Hi0GOro
ymcra HeKoTopol# cosoxymuocrm, Memo B ToM, 4TO0 BeckoHedHO Godbe
IIEe YECAA (KAK MOJOKHTeNLHBIS, TAK H OTPHOATENBHEI0) BEIISIAIOT=
8 TeM, YTOo mX gOCONIOTHAA BENWTEHA 604bule BOAKOTO (CTAHAAPTHO<
r6 HATYPANHHOIO YHCIA .
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N0 W3BECTHBIX NPEJeOB: APPAIEOHANBHEIE UHCIA SATMONHAOT
TaK Ha3bIBACMEIE INCAM MEHAYy pPAHOHANBHBIMA YHCIAMH
(oo omHOMY HpPPAUHOHAJBLHOMY YHCIY HA KKAYIO INEIb),
a 9T00Bl MONYYNTh KOHEUHYI0 YACTh rHIepAeficTBATENbHOM
ocn, HAMO KasKuoe MeHCTBHTENbHO® YHCIO PasiyTh B HHTED-
Bax (upasja, GeckonHeuno Mmaxniil). (Bemp MbI BUIHM 3Be3fsl
TOYKAMH, XOTA HA CaMOM [eje OHH JUCKH. AHAJOIHIHO
MOJKHO CYHTaTh, YTO TO, YTO MBI ¢BHJAM» KaK TOYKH Ha
NeHCTBUTENbHON oOCH, HA CAMOM [elie OpeicTaBideT coboi
HHTEpBaJ ¢ LEHTPOM B HellCTBATENbHON TOYKe, T. €. MOHANY.)

IIpoumras mpemsigyiiue CTPOKM TOr0 maparpada, gmra-
TeJIh BUPABE HCOBITAThL 3aKOHHOE HejoymeHHe, UTo 3HAUMT
«MOYKEO CYHTATh TaK, a4 MOKHO H 3Taxk»? A Kak Ha caMoM
pexe? BecampeamiuHas-T0 9YHCIOBAs OCh H3 Yero COCTOHT —
TONbKO H3 PaljOHaJIbHEIX THCEJ? HIAX TOJBKO U3 JeficTBI-
TEAbHBIX? MJA KOHEUHBIX THIEPACHCTBUTEIBHBIX? HJIE W3
BCOX THOepJeilcTBHTENHHBIX, KaK KOHEUHBIX, Tak H Gecko-
HeuHo Goapurux?

YroObl OTBETHTh HA 9TH BOIPOCH, HAMO LIPENIIE BCETO
mOHATH, YTO "BHAUAT CJOBA «HA CcamMoM [eje», B ueM :xe
BAKNIOYAETCA HTO CaMOe Jea0? A Jeso B TOM, MTO HAN0 FETKO
pasimIaTh MATeMATHUYECKYID 1 (H3HTIECKYI0 peasIbHOCTH.

B marematuueckoil peasbHOCTH CYLMIECTBYIOT pA3JIAYHBIO
yucaosele cucrembl (€Cau YroJiHo, MO;RHO Ha3bIBATH HX HUC-
aosuinu ocamu): N, Z, Q, R,*R. amxgaa m3 HEX IpejcTas-
ager coboil JHHEIHO YHOPAMOYEHHOS MHOKECTBO € OIpe-
JCNCHHLIME Ha HEM OllepalUfAMA CIQKeHHA M YMHOMKEeHUA.
Hasxgyio W3 3THX CICTeM MOKHO CUUTATH PACHIEPeHOEM
npensiyiiell (ODpHYEM I HOPANOK, H Pe3yAbTAT NPUMEHEeHOA
omepanuil COXpRHAIOTCA JIA «CTAPHIX» DIAEMEHTOB) H, TAKMM
00pa3oM, DHCAThH

NecZcQcRcoc*R,

Ypcaosas cmerema (mam umciaosaa ock) [R  Bojeaserca
TeM, WTO ee BIeMeHTH (JefiCTBHTEJbHBIE WHUCIA) BIAMMHO
OJHO3HAYHO, H ¢ COXDAHEHHEeM HOPAJKA, COOTBETCTBYIOT TOY-
KaM reomerpaueckoff npamoii. Kasamocs Oni, 3710 0GCTOS-
TEILCTBO ABIACTCA PEINAIIUM: IeoMeTpHYecKasd. IpAMad
(Toumee, mpAMAaA C BHJEACHELIME HAa HeH /ByMA TOUKaM@,
Ha3BAHEBIME COOTBETCTBEHHO «HYJAbY W «eJHHMIA») | HaeT
(TOAJEHBYIOY TACIOBYIO OCE.

Ogpnako caMa TeoMeTPHYECKAA IPAMAA LpPeJCTABIAET CO-
Goro ofbvext MareMmarmdeckoll (a me ¢mamueckoii!l) peandn-
HOCTH — B JGEHOM (¢Iyiae O0BEKT MATEeMAaTHYECKOH CTPY-
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TYpHE!, ONHCHIBAEMOI COOTBETCTBYIOLIMMY AKCAOMAMHE K Ha-
spiBaeMod «esramposa reoverpus». Ho Bens mommo pac-
CMaTPHBATh H JIPYTMe CHCTEMBI AKCHOM I IOJYYaTh APYIie
Te0MeTPHIl, B KOTOPBIX NPAMEIE IABAR OYyAYT 06IaaTh Jipyra-
MH, He;KeJH B eBKJIW/(0BOH reoMerpmu, cpoiictBamMu, Bee Mui
3gaeM, UTO0 OBIBAIOT HeeBKIUAOBHI reomerpum. Cpenm HEX
BEIfleAI0TCA TeoMerpust Jlo0aueBcroro m reomerpuss Pumana,
B reomerpun JloGauesckoro HapymawoTesa (0 CPaBHCHHK ©
eBKIHOBOII reoMeTpHeil) sHeM HEH e csolicTBa mpAMoil, T. e.
cBolicTBa, xapaKTepU3yiollue IOBeJeHHe IPAMOHI B OTHOIIE-
HOW J[pPyrHX IPAMBIX, HO BHYTPEHHHE CBoiicTBA KarKmoif
nOpAMOil CcoXpaHAOTCA: Toukdn Ha mpamoit JloGauesckoro
PacmoIosKeHH TaK jKe, KAk ma mpamoit Eskampa. B reomer-
pum Pumana mapymaiorca me TOJIBKO BHEINHHE, HO A BHY T-
pPeHHHe CBoiicTBA OPAMOH: IOPANOK TOUEK HA TipAMOI
Pumana nuwiguen, oH NMOJ00CH HOPAMKY TOUEK Ha OKPYii-
HOCTH (B CTPOrOM MATeMATHYECKOM CMBLICJHE €r0 Jake Helb-
84 HA3BIBATH IOPAAKOM). A MOJKHO UPHAYMATH W TAKYIO
«HECTAHJAPTIYIO» CHCTEMY AaKCHOM TeoMeTPHH, B KOTOpPOH
TOYKH BHa npaMoit GyAyT pAacIoNOKeHBl TaK JKe, KaK Ha
raneppeiicteaTenbHoil ocn *R. WTak, MBICAHMB Pa3IHIHBIS
TEOMETPUH, ¥ HM COOTBETCIBYIOT pA3JIHYHBIE UYHCJIOBLIS CH-
CTEeMEI,

Ho rorma ecrecTBenHO CHPOCATH, KOTOPAA 3Ke U3 IeOMeT-
pmil, ®, B JaCTHOCTH, KOTOpOE jKe W3 LpPEeJCTaBICHHI O reo-
MeTPHIECKOH MPAMON, OMACHBAET pealbHoe PE3MIECKOe HPO-
CTPAHCTBO W, B JaCTHOCTH, PEANbHYI0 (PUH3UTECKYI0 HPAMYIO.
31ech HAaNO OTYETIHBO HOHHMATH, UTO T€OMETPAYECKOE OIHCA-
Bre (E3HIecKoll pPealbHOCTH BO3MOJKHO TOJLKO ¢ H3BECTHOI
cTemenslo npubausmrenpnoctd. Tak, miamery 3eMIs MOMKHO
ONHCATh Kax MIap, KaKk s/LINICOM] M KaK TeONJ: M bepsoe,
H BTOPOE H JajKe TPeTbe ONUCAHUA NPHOJAWSHTENLHBI, XOTSH
TOYHOCTh HX Bo3pacTaeT (HO He HANO AyMaTh, 9TO UeM TOU-
HOCThL BEIINE, TeM OLHCAHHE JyTile; HOMIHHHEYKI PEBOJIOIHI0
IPOH3BENI0 HMEHHO Npe/cTaBleHHe 0 3eMJe Kak o Imape m,
cKopee BCero, aTo IpefcTaBleHHe HaBCErla OCTAHETCH «ca-
MBIM TIaBHBIM» ). IIpm He caminxoM GONLIIEX M He COROIKOM
Maugbix (10 CPABHEHHIO ¢ Pa3MePOM UeJOBEKAa) IIPOCTPAHCT-
BEHHBIX pasMepax (pmamyeckoe IPOCTPAHCTBO € FOCTATOTIHOMN
TOYHOCTHIO ONUCHBaeTcA o0bHON reomerpmeii Esxampa.
Ilpn sHaumTeNBHOM YBeNMUeHHN HIYM, HANPOTHB, YMEHbBIIE-
HUA pPasMepoB 9Ta TOTHOCTh HAYAHAET pPACIIATHIBATHCA.

O Toum, Rak ycrpoeHo (UIIYECKOE IPOCTPAHCTBO B 0UEHD
GONBIIOM H B OUeHb MajOM, Mbl 3HAaeM elle HETOCTATOTHO.
Ho-sraumomy, obmenpuraAToll ABIAETCA TOIKA BDPEHHA, MTO
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fpocTpaHcTBO B metoM xomewHo '). JIyw crera, manpasnennrift
13 HEKOTOpOoil TOUKE TAKOr0 HpPOCTPAHCTBA B KaKy-1H00
CTODOHY, BepHETCA B Ty :Ke TOUKY C Apyroil cropomsr (ma
O 2TO BEPHO CO MHOKECTBOM OroBopok). He mcrixoueno, 4To
JBa aCTPOHOMHYECKEX 00BeKTa, BHANMEIX Ha Hele B PasHBIX
MecTax, CyThb OJHH H TOT Ke OOBEKT, BUANMEIA ¢ PAasHHX
cTopoH. B ojmom u3 pacckasoB YajIca repoit pacckasa, co-
BEDIIHB KOCMIIYEeCKoe nyrenreCTeue, BO3paliaeTca Ha BeMJHO
BEPKANbHO OTPAYKEHHLIM — HENb3fA HCKIIOIHTh B TaKylo BO3-
MORHOCTD, JOMYCKAeMYI0 B TaK HA3LIBAeMBIX HEOPHEHTHpYe-
MBIX OpocTpaHCTBax. VTak, MH Majio 3HaeM, Kak Befier cels
IPOCTPAHCTBO B yAAJeHHBIX 0T Hac paiiomax. Mmr mamo (xo-
T8, KOHETHO, 0Y€HD MHOTO 10 CPABHEHHIO ¢ IPOINILIM BEKOM)
suaeM B o Mmmkpomupe. OfEa u3 cephesHO obcCy:RAaeMEBIX
TUNOTE3, JeaIllad B OCHOBe TAK HA3EIBaeMOL TeOpHH KBaH-
TOBAHOA IPOCTPAHCTBA-BPEMEHH, COCTOHT, HAIpHMEp, B TOM,
9TO0 BpeMeHHBIE M HPOCTPAHCTBEHHEIE NPOMEYTKE He MPO-
GuMBl HEOTPAHUYEHHO, & UTO, HANPOTHB, CyMeCTByeT MHUHH-
MAaJBHBI BO3MOMKHBIH JJIA TAaKHX NPOM(,.KYTKOB KOHETHBIH
pasmep. Ecnm 6w aro Ghuio Tak, Bce (U3MUECKHe BEIHTHHEL
maMepAnEcs G5l TOMbKO HaTypaabEbIME®) gmenaMn. IIpormso-
NOJOKHAA TOYKA BPEHHS COCTOHT B TOM, 4YTO CYINECTBYIOT
GecKOHEYHO MaJjbie pasMepsl M OeCKOBeTHO MaJibie HHTEpBA-
ALl BPEMEHH. JTa TOYKA BpeHWA OPHBONET K TOMY, 9T0
QusmdecKEe BENIHYMHLI NpPECTABIANT co0ol0 rmmeppedcTBH-
TedbHBE (H TPETOM He 0GABATENHHO AeHCTBHTENbHEIS, 8 BO3-
MO:{HO, HecTaHmapTeHble) umcna. Hakad m3 T0YeK B3PeHHA
Gnmae K [elCTBETENLECCTE — aBTOPY HEW3BECTHO. TeM HO
Menee aBTop yOGesmgeH, 4To a06asg MaTeMaTHIecKasds KOH-
IeNIAA MOMKeT ONHCHBATH HEHCTBATENBRHOCTh HE HCUIEPIHI-
paolaM 06pasoM, & #Emb OpuOIE3HTENsHO, OTPYGIeHHO.

Beite moOkeT, BO MHOTHX CJydYagx Boo0Iie Heleaecoos-
PA3HO CIpPAINEBATH, KOTOpaA M3 faHHOH COBOKYOHOCTH Ma-
TeMATHUIECKEX Mofieiell Jyume onmceBaeT (QEIWIECKYIO
HedcTBETENbHOCTE, [lo-BHANMOMY, PA3YMHO IPUHEMATHL NPUH-
YUn MHONCECT8EHHOCTU MOGedell W CIHATATH, 9I0 HeilcTBU-
TEJBHOCTh ONHCHIBAETCA CPa3y Ienoil COBOKYHIHOCTBIO MaTe-
MATHYECKEX MOJeJeil, JaCTHRIHO U POTHBOPEYANIAX ADPYT
apyry. Tak, ckopee Bcero, pasyMHO CYUTATH, 9T0 QUIHYLCKOS
OpPOCTPAHCTBO OXHOBPEeMEeHHO ONUCHBAETCA HECKOINLKH-
MHE MOJeNSMH, Of[HA M3 ROTOPHIX — O0HIYHAA eBRJIH0BA Te0-

') Opgmako cTOJIb BENAEKO, 9TO yTRep:neHme «Bcenennasn GecKomew-
Ha) OINHCHIBAET DealbHOCTh He XYiKe, UeM YTBe[:feHHe «3eMif —
mapy,

) A MomeT OuTh IHUEPHATYPAALHEHMET
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setpms, Apyrag npefnoiaraeT MummMadLEHE OpocTpamCeT<
BeHuE pasmep («KPANT MPOCTPAHCTBAD), TPETHA — CYIIECT=
Bopanme OBCKOHEWHO Maipix paccrogEmd m 1. 7. B stolt
CBA3H II0I€3HO BCHOMHATH, YTO B TPYAAX OCHOBONONOKHHOKOB
MaTeMaTHueckoro amanmaa — Hsrorona u JlefiGamma — mpo-
CIEMUBAIOTCA DA3NHIHEIe MOJeNE MHpo3jaHumA. [osopa
o6pasHEo ® y/Ke IO ONHOMY 8TOMY BeckMa orpybiaerno, Jlei6-
HUIl BEJEN MOP KaK MOBAHOKY, COCTABICHHYI M3 MeXniaiimmx
9SACTHI; MOJKHEO HHTEPECOBATHCA OTHOLIeHHeM ORHOU H3 wa-
crun, dy, Kk papyro#t, dz. Map HeoToma mempepniser @ He-
NpPEePHIBHO MEHAeTCA ¢ TeYeHHEM BDPEMEHH; mepeMeHHHe (IO
Howrony gparwenrst) z, Y, ... CyTh QYEKOHE BPeMeEH H
MORHO HHTEPECOBATHCA CKOPOCTAMH HX H3MeHEHHA (Paror-
cusmy wo Hewromy) £, ¥, ... Takum olpasoM, ecam Kapru-
Ha Mmupa Jlefi0Huna BEIOONHEHA B TOXHAK® MO3AWKH H Me-
HAeTCcHd TAK, KaKk ecaa Gm MBI BCTPAX®BAMH KajelocKon
4Yepes GECKOHEYHO MAJLIe IPOME;RyTKH BpemeHm di, TO Kap-
toHa MmEpa HioroHa BanmcaEa MACIAHRIMA KPACKaM®, KO-
TOPHIE €IN® He YCHENH BaCTHITE M HOTOMY TeKYT 110 HOBepX~
HOCTH XOJCTA.

Hrak, me mcraoIeHO, UTO HpefcTaBieHAe O GocKOHEUHO
MaJeIX PACCTOSHHAX, Maccax, 8apsgax H T. I. XOPOIIO CO-
orsercrByeT (mamveckolt peanpHocTm. Torma AuA omacaHEES
91X 0OCKOHEYHO MANMX BeJminH Tpelynrca GecKoHewHO
Manete wmeaa. Ecam sxenars, 9100BI BTH YHCIA MOINIE IO~
BepTaThCA OORIYHEIM apH(MOTHYECKHM ONepauuAM, Hemsbe;x-
HO BOSHHEKA&IOT 0ecKomnewHno Gombrime uymena (KaK pesyabTATHL
TeNeHAA efWHEANL Ha GOCKOHETHO Malme), A TAKIKe TAKHO
HEeCTARHEJIAPTHEE YHCIa, KOTODPHE He ABIAIOTCA HE (ECKOHETHO
GonpmaMA, BEE OeCKOHETIHO MANHIMA (KAR pesyiIbTATH IpH-
Gasnerna GecKOHEWHO MAJEIX K OOKYHEIM [eHCTBHTENBHHIM
wucaam), Honyuenmaa cacresa renepHeiicTaNTeNAbHLIX THCEI,
BRIYAIIAA BCe MelCTBHTEAbHBE KaK HOJCHCTEMY, Ipe-
TeHAyeT Ha 70, uTO0H ofcay:KmBath (E3WYeCKHE MHUD EHe
XYiHe, TeM 5TO fienaeT O0NWIHAA YHCAOBAA OCh,

JAOBABJIEHHE IOPA ROPPERTYPE

B centabpe 1088 r, B TamxenTe mpomexogmn Ilepemiit BceMmp-
HE KoHrpecc OO0mMecTBa MaTeMATHYeCKOW CTATHCTHRE M TEODHH Be-
poaATECCTeR MMeH®m DBepmynnm, 19-4 cexnmsa ®TOro KOEIpecca HA3LIBA-
nack «HecTampaprHEbi aHamms B TeOPEE BepoATHocTel». Hexoropne
E3 YYaCTHEKOB CEKI[HH HMEIM BO3MOMKHOCTE OBHAKOMATBCA 6 TOJBKO 4TO
sumepmelt kuprofl [69], HocBAmMERHOH HecTAHAAPTHEIM MOTOLAM B CTO-
XaCTHTeCKOM AHAAHMS6 M MaTeMATHuecKold (uamke m copeprxamed CBHI-
e MOJYTHICAYHE CTPAHNI,



IIpzaoxmenmS®
«HECTAHJIAPTHOE» IIOCTPOEHHE CTEIIEHHOI'O PATTA

B.I. Kanogell

YnraTeas HACTOAMEH KHATH, KOTOPHH mosxeaax Gpl moj €e BJIRA-
BHeM Y3HA4Th 3 TPYLOB KiaccumkoB Martemaruka XVII—XVIII BB,
Goarmie o TOM, uTO cAenagu JlelifHmm ® ero moclke 0BATENH HECTaH-
FAPTHEIMA» METOJAMH, DOJYYRT 0cofoe Yi0BOIBCTBH® IPHKOCHOBEHHA
K DOJJHHHBIM MaTeMaTHYECKHM DIefeBpaM, NPHPOa KOTOPHIX KO KOH-
1la He pacKphITa ® N0 ceff AeHL. Yero cromt, HampmMep, IHPOBEEHHOS
Oitmepom pasaoxenme cmayca sa MEOxuTenn! Ho mompobyfite mpose-
CTE KODPEKTHO B paMKax HeCTaHJapTHOIO AaHalm3a BBIKIAJKE HA
c. T—3T0 COBCEM HE NPOCTO W IOKA, KAk KajkeTcA, HAKOMY HO Yha-
sock B moaHo# Mepe. (B paGore [53], ma KOTOpyH0 cperaHa B BTOH
CBA3H CCHUIKA Ha ¢. 56, o0ofiffleHR HEKOTOPHIe NYHKTHL 2HI6POBCKOrO
paccy;aeHAA) A [pyrde SKCHEPHEMEHTH Jiijepa @ ero coBpeMennu-
KOB ¢ GeCKOHEYHOCTAMY Booline HAXONATCHA B HACTOANIES BpeMA BHO
10JIS 3PEHHA (HOBOTO)» HECTAHJAPTHOIO RHAJIH3A.

YUnraTens, B3ABLIME Ha ceOA TPy H3YUeHHS JTYyIHAX MaTOMAaTH-.
YeCKHEX TPAKTAaTOB TOro Bpemenm (Haopumep, «Impdepennmmansuoro
ueumesieHuAy Jleomapna Siiepa — opHoro m3 Hambojee OoraTwix mpes-
MH COYHHEHHH 3a BCI0O HCTOPHIO MAaTEMATHKH), TAKIKe MOKET, K He-
KOTOPOMY CBOEMY YHUBIeHHD, 00HADPYKUTH, YTO MHOTEEe MareMaTmie-
CKHE OTKpHITHSA, E3BECTHHIE CEHIac B TOM BHJe, KOTOPEHII OHR NpEHHAAX
oCHe (KOIIMAHCKONY PEKOHCTPYKIVH OCHOB aHAJHW33, NePBOHATANLHO
6bLTH CHeNaHBl HA OCHOBE «HECTAHJADTHHIX» paccy)KAeHMH. 3mech Mt
paccraskeM o0 OHOM W3 TAKHAX OTKPHITHE — Da3lioKeHME (QYHKIEH B
CTeIeHHo® paAmd.

Crencuurie PAXH — OQAH H3 IJABHBIX. MHCTPYMEHTOB AHAJIH3AR, A B
awobom yueGHEKE, BKIOYAIMEM TEODHI pAXOB, OPHBEACHO DPas-
NOHEHAO

t0=10+02 c—a+ 52 e—at+ ..., ()

DpaBas 9aCTh KOTOPOTO HassiBaerca psafoM Telmopa. s Toro wTobl
BAaNHWCAaHHOE PAaBEHCTBO JaKTAUECKH BHINOJHAIOCH (B CMhIicae O6BIYHO-
ro ompegeieHEA CXOJUMOCTH DHna), A0cTaTouno notpefoBarh, gToGH!
$yERDEA [ yHEOBIETBOPANA, HAPEMED, TAKOMY YCIOBHIO:

B HEKOTOPOM HEHTepBaJe, COfleD/KamieM TOYKA 4 H Z, BCe Opo-
m3Bojtable f*)(E) ©cymecTBYWT M OrpaHAYeHE! 1o a6CcoiioT-
HOM BeJHYHH® uHcaoM M, He saBmcAmEM oT k m §, (2)

(M B3anm pas mmocTpapEa mpocrefimee w3 TpefosamElt Taxore
pora.)

Bripog papenctsa (1) B mpepmono:xenmm (2) (mng raroM-nubo
IpYroM) B COBPEMEHHBIX yIeGHHEKAX NAETCH OGEITHO C MOMOILI0 OMEH-
KR octaToyHOro wieHa paga Teitmopa, Taxoft moaxopm Geix ocHoBaH
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JlarpamseM. Opgmaxo cam Te#nop moayumn HasBaHALI ero mMeHeM
pan sagonro no Jlarpamsxa (B 1714 r.) coBepmerHO mHBIM myTeMm. Ora,
HepBOHAYAIBHAS KOHCTPYKI{AA, B3ATaA HaMp us npexacaosua M. fl. Ba<
roackoro K «Auddepeunuansuomy mcuncaennio» Jditnepa [70], ceogur-
€A K CIHeHyoleMy PacCy:KIeHHIO. ,
dadmrcupyem GeckoHeuno Gonpmoe EaTypanbHOe umcao n. Torpa:

1
uncao dr= ——(z — a) Gyaer Gecromeuro mambrv. Mcxoas ms gopuy-

ast papdepennmana  Gymsmmn df(8) = f(& 4 dz) —f(8) (c. 55)
MOIKHO ONpEAednTh BTOpoil Anmfdepennmar — KBagparT omeparopa di

d*f(8) = d(df(8)) = df(§ + dz) — df(§) =
= [{(§+dz+de) —f(§ + do)] — [/(§ + dz) —f(§)] =
= f(§ + 2dz) — 2f(E + dz) 4 f(§);
-ero TpeTh CTEleHb
@f(8) = f(§ + 3dz) — 3f(§ + 2dz) + 3/(§ + dz) — f(%)

(B mpaBoit wacTE CTOAT 3HaKouepenylomuecs GuHoMmanbHbie Koaddu-
OneHTH) @ BooOme nw06yo crenedb d* ¢ HATYpanbHbIM (KOHEYHBIM
nian GecroneuHo GonpmnM) IOKaszarteneM A.

B 10 jKe BpeMA HENOCPEICTBEHHO u3 ompepeienusa d caegyer

(& + dz) = f(8) + df (§) = (1 + DI (E),
rage 1, ecam yrogsg,— CHMBOJ TO;KAeCTBENHOro omeparopa. Torga
F(E 4 2dz) = (L + &)f(§ + dz) = (1 + d)*f(§),

m Boobme f(E + kdz) = (1 4 d)*f(E) npm mobom k. :
Tem cambiM f(z) = (1 + d)"f(a), TaR Rak a -+ ndr = z. Pas-
ao:REB OuEoM mo Qopmyae HeoToHA, MBI DPUXO UM K PaBeHCTBY

n
f@) = D) Ctdtf(a). (3)
k=0

O6muit waenm cyMMbl B mpaBofi yacTr mpeofipasyeres K Buay
p @, n—=1) ... (a—k+1) d*f(a)(@—a)f
Cn di® o = Kl dah nt

a*f (a) 1 k-1
ankmk— (z—a)®, rae P, = 1-(1-—7) (1-— ~ )

[Tocne sT0r0 paBeHcTBO (3) MOJKHO NMEPENHACATH CAEAYIONEM 0Opasom:

S d"f (a) h
== P . 4
1() kz:o w i 4)

(IlonyueHEHO® COOTHOWISGHRE IMDPHMEHACTCA B HCYACJCHMH KOHEUHRIX
pasHocTelf, rje OHO mM3BecTHO Kak (opmyna Hrwrona — ectecTBenHO,
JUIA KOHEYHHIX n B KOHeYHO Maiwix dz [71], e. 31—32.)
HNansme Teitaop sameuaer, yro mpa OeckoHeyHo GOJNBIMIOM B E KO-
neynoM k xodddunmert P,p Gecromewno OIM30K K eJUHENE, & OTHO-
da*f(a
OICHne P TarKe OeckoHeuHo GAmM3KO K HPOM3BOJHOH [™) (a)
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pOny Gecromewmofi Manmoctm dz. CremomaTenbuo, k-ff 9IeH CYMMH B
ppaBoit gacty (4) Gecromeyno Malno OTIHYAETCH OT COOTBETCTBYIOHIe-
T0 uwieHa B upasoil wactm (1), ecaH HATYpAJIbHOE k KOHEYHO, & IOTOMY
[pocTo coBumajzaeT ¢ EuM, mbo GecrouedHo Mansie cyTh «uynm». Haxo-
gell, WieHH ¢ GeckoHevyno GonpmmEMu HoMepaMm % B (4) mpocro orGpa-
CEIBAIOTCHA, M MB! OPHXOAHNM K pasnoskenumwo (1).

IloraseM Temepk, KaK 3TO pAaCCy:RIEHHE MOKHO B3aRIIOYHETH B
CTPOTHE paMKd HECTAHIAPTHOTO aHanmaa., DBriBox paBeHcTBa (4) He
BLI3BIBAGT CEPELE3HEIX COMHEHHUNl (XO0TA B JyXxe KOHHeINBH macrosameil
KHUrK ciejoBanmo Ou1 mucath f* Biecto f, wero Mt He menaem). Onpna-
xo mepexof oT (4) ® (1) — W, B 9ACTHOCTH, HPHOPUPOBAHNE GCCKOHETHO
OONBLINX HOMEPOB — BBINVISAHT MOHO3PHTCABHO. UT0GH NPOACHUTE BTOT
MOMEHT, 0003HaYAM

_d @

b BTkl gt

(r— a)h, B

(k)
= f_T(a_) (z - a)k'

3 k

sSm=bo+ b+ ... +bm, Sa=Bo+Bi+4+ ... +Bn

(k¥ & m — marypaxbHble ymeaa, KoHeuHble mian GecROHeTHO Goanmme).

BooGe, mia fokasareanbetBa pasencTBa (1) Ha ocHoBe «rmmepneid-
CTBHTENLHOTO» ONpefienenud mnpepgena (c. 47) ROCTATOUHO HPOBEPHTH,
910 f(z) &~ sp puaA d06oro GeckoHeYHO GOJBIION0 HATYPAJIBHOTO 1.
B Bwiroje coormomenms (4) GecwoHeuHoe n WPOM3BOJBHO, TAK UTO ©
yd4etoM (4) JOCTATOUHO JI0OKa3aTh, UTO S, & Sp HMEHHO JAIA BTOrO
darenpoBannoro n. (HamoMuEM, 4YTO 3HaK =& O3HaYaeT pPaBeHCTBO
¢ TOUHOCTDLIO {0 GECROHEeuNo MAaJOro CJIAraeMoro.)

HaumeMm ¢ oneHKU BeawduH by, Br m padnocTd Pi = bp— Br piasA
kroHeuHbIX u Gecroneuno Gonpmmx k. Tpefopamme (2) mpegmonmaraercs
chopPMYIHPOBAHHAM B paMKax CTAHJAPTHBIX YHCEN, ® TO3TOMY NyCTh
crangapraoe 3 > 0 TaxoBo, 4TO

f®(8) cymectsyer mw |f® ()] < M ()

ana moGoro KOHEUHOro HaTypanbHOro A m mwoboro cramjgaprHoro § ma
HEKOTOpOTO BHTepBana, cojep:kamero a m z. «OcHOBHAAg rmmoTe3a»
Ha ¢. 34 (wam wpEANuUN meperoca Ha ¢, 67) Ho3BOJAET PACIPOCTPAHHTD
(5) ua Bce Oecroweuno OormLmime k W BCe HeCTaHIapTHHIe (rmmeprefi-
cTBOTesbHbIe) § m3 (HECTAHZapTHOTO AHAJNOTA) TOTO Ke HHTEPBaIa.
Vixe opHOTO TpeboBaHHsA HeIpephlBHocTE f(*) (BBITEKAIOmMerd ®3
cymecTBoBanua f*+D) moctaTouno, 4TOGEI YTBEP:RAATH:

dk
LD 0 @t0,), 0<0,<ki ®

(cwm., manpumep, [71], ¢. 19; upm k = 1 — teopema Jlarpamxa). Orcio-
na BBOAY OecKOHeUHOH MaloCTH dr HeMe[JIeHHO CIEAYeT

bp &~ By u fr &~ 0 qua romeunwIx k. 7)

ITycTs Temeps umcio k GecKOHEUHO Beduro. Umeno e ¢ = 2|z — af
CTaHJAapTHO, ® NOXTOMY IpH 0ecKoHeYHOM Kk BBIOJHAETCA HEpaBeH-
cTBO c* < k! (KOTOpOE JerK0 MOJKHO BLIBECTH mCXOAsa m3 Goxee GBicT-
poro pocta (aKTOPHANA IO CPABHEHHIO CO CTEIEHBIO ¢ JIOGHIM (uKCH-
poBaHHLIM ocHOBaEHeM)., CiefoBaTensHo, (x—a)* <272k, m Mut
HaxonaM ¢ moMompbio (5) m (6), 1TO

Br| < 2M-27% gaa wasgoro GecKOHEIHOro k, 8)
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Hantme nam rorpebyerca

Jdemuma. Cywyecreyer Seckoneuno Goavlide Harypaivioe m < n
rakoe, uro cymma Om == |Bol &+ [Bi]| + ... + |BPm| 6ecroneurno maia,

Ilocne pnokazaTessCTBa JIeMMBI CJAOMHOCTEH Y;ke HeT. Mmenno:
ecim m TAKOBO, KAK YKasaHO, TO ¢ moMmompo (8) MOMKHO DONYyYETH
ONEeHRY

n n
I’n—snl<°m+ E |ﬁk!<0m+2M 2 2—k<
h=m-+1 k=41

<O, 42M.27m,

T. e 8y — Sn = 0 (m Gecroneyno) m s, & Sy, wT0 m TpefoBANOCE,

JNokxaszaTeabcTBO JeMMBLL VckoMbIME cBoiicTBaME 00na-
paer Hambosbmee (KOHedHOoe HIH OeCKOHEYHO GoJbImoe) 4mCHO m < n,
Js1 KOTOPOTO BHIIOJHSETCH HEPABEHCTBO O << m~l, 3T0 wmeiro m
GeckoHeyHo 60JBIIOe, IOCKONBKY JI000@ KOHETHO8 m YROBIETBOpPSET
BallNCAaHHOMY HepaBeHCTBY Omarofaps cooTHomenmio (7). OGparHos
gicao m~! 6yner GeckomeuHo ManwM. ClleTOBATENEHO, H CYMMA Om
GecKOHEYRO Masia, T&K KAK On < m~! mo BuGopy wumena m. Jlemma
ROKa3aHa,
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