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Hpe,Z[I/ICJIOBI/Ie R aHFHHﬁCROMy HN3JaHuIo

OcHoBHafA 3alaua MEXaHUKK 3aKRJIIOYAETCA B BEIYUCIEGHUU UM KavecT-
BEHHOM H3YYeHHH BBOJMIONUHM IUHAMMYECKOIl CHCTEeMBbI C 3aJaHHBIMU Ha-
YalbHBIMH YCJIOBUAMH.

YucneHHble METOABI MO3BOIAIOT BHIUKUCIAThL TPAEKTOPUN HA KOHEUHBIX
BpeMeHHBIX MHTEepBalaxX, HO HeIPUMEeHHUMbI IpU GECKOHEYHOM YBelUUeHUU
BpeMeHU. 3afaya TpeX Tell JaeT TUIHYHBIN MpUMep: CYIeCTBYIOT U IIPOU3-
BOJILHO Malible BO3MYIIIEHHUA HAYATbHBIX JAHHBIX, IPHA KOTOPBIX OJHO U3 Tel
yxonuT Ha GeckoHeunocTh? Ha maTeMaTuueckoM f3bIKe 3ajada 3ariIiova-
eTcA B McclIeoBaHUM TPaeKTopuil BeKTopHOro oA B (Ga3oBoM MpocTpaH-
cTBe. Bynyuu naneko He pellleHHOi, JaHHasA npoGieMa BKJAIOYaeT B cebd
pasnuuHble 061aCTH HAYYHOTO 3HAHHA OT TEOPUM BEPOATHOCTEH U TOMOJOo-
ruu 10 Teopuu uuced u guddepennuainHoii reomerpun. Hurona Byp6aku
HaBepHAKA NPOCTUT Hac 3a CMeEIMIMBaHUE TAKOro KoludecTBa obaacTeid.

MaxkcBenn, boneuman, 'u66¢ u IlyaHnkape BnepBble MpeANOMUIN CTa-
THCTHYECKOE U3YUEHUE CIOKHBIX JUHAMUYECKUX CUCTEM, KOTOPOe U3BEeCT-
Ho ceifuac Kar sproguyeckad Teopusa'. OnHako MaTeMaTHUecKUe onpeele-
HUA U epBble BaxHble TeopeMbl MoABUINCEH Grarogapa k. dou Heiimany,
I:x. . Bupkrogy, 9. Xondy u II. P. Xanmonry, Aa 1 To B TPUILATHIX rogax
Hamiero croinetuf. B mocnegnue rogsl moABMIOCH HOBOE HaNpaBleHUe, OCHO-
BaHHOe Ha Teopuu WHbopManuu lllennona. OcHOBHOI pe3ylabTat, IMOMYUYeH-
ubiit KonMoroposbiM, PoxnunbsiM, CuHaeM 1 AHOCOBBIM OCHOBaH Ha Tiay6o-
KOM HCCIe0BaHHUU Kiacca CHJIbHO CTOXaCTHUYECKUX ANHAMUYECKHX CHCTEM.
B 3ToT Knacc BRAIOYAIOTCA Bee JOCTATOYHO HEYCTOHUMBBIE KiIaccUUecKUe
cucteMbl. Cpeiu 3TUX cHcTeM 0co0yIo polb UTpaloT reoje3nyecKkie MOTOKU
Ha [IpocTpaHcTBaX OTpHUIlaTelbHOIl KPUBU3HBL. ITOT clyyail usydaiaca Aga-
mapoM, Mopcom, Xeanyuaom, XondoMm, l'eabdpangom, Domunbim. C apyroit
ctropoubl, CHHAall foKasan, 4To Mojeih Bonbimana—['u66ca, KoTopas sABiAfA-
eTCA CUCTEMOI RECTKUX cep ¢ YIPYTUMH CTONKHOBEHUAMH, IPUHAIEKUT
TaKkMke K 3TOMY Rjaccy, YTO JOKa3bIBaeT «3ProJUUecKyIO THIIOTe3y».

l9proguueckas Teopus 3apogMIach B MeXaHHKe, HO MPEMEHHMa K JAPYTUM 061acTAM,
TaKue Kak Teopusa uucen. Hanpumep, kak pacnpejeieHa nepsas AccATHYHAA Lubpa cTe-
menn 2™: 1,2, 4,8,1,3,6,...7 (CM. npunoxenue 12.)



10 Ilpeducaosue k& aneautickomy usdanumn

dTa KHUra HU B Koell Mepe He ABIAeTCA 3aKOHYEHHBIM TPYIOM IO 3p-
roJIM9YeCKoil TEOPUH, a CChUIKA — BIIOJHE HCYEPIIbIBAIOIIIMH.

IIpeacraBiaennasa B 3Toi KHUre paGoTa OCHOBaHA Ha JEKIUHUAX, MPOUU-
TaHHBIX OJHUM U3 aBTOPOB BecHOU-oceHbio 1965 roga, KOTOphIi Tak:ke Ha-
nucan raaBy 4. Bropoii aBTop Obl1 0TBETCTBEHEH 3a JoKa3aTelbCTBa B Iia-
Bax 1,2 u 3.

Me1 Beipaskaem OnarogmapHocTh npodeccopam [llore-Bproa, X. Katan-
uucy u IL. I'epmany, Ix. Roanesckomy, . Pudy, JI. Isapuy, P. Tomy u
M. llepHepy, KOTOpbIE BLICOKO OLIEHWIH 3TU JeklUuH. Takske MbI 61arogapum
npodeccopa C. Manaenb6poiiTa, KOTOPBIit MpeAN0:KUI HAMKUCATh 3TY KHUTY.
Koneunnrtit BapuanT pykonucu 6b11 npocmotped . CunaeMm, KOTOpbIii nipes-
JIO}KUJT BHECTU HEKOTOpPhIe BajtHble U3MEHEHUA, 38 UTO MbI €My HCKpEHHE
OnarogapHbl.

B. H. Apnoavd
A. Asey



I'masa 1
JInHnaMmuyeckKk#e cucTeMbl

B aToii riaee NpuBeACHbI IPDUMEPbI AMHaAMHUYE€CKHUX CUCTEM K CBA3aH-
Hble ¢ HUMH l'[pOﬁ.T[eMbI.

§ 1. KRuaccuuyeckue cHCTEMbI

Onpepenenuve 1.1. Kaaccuveckan dunamuyeckasn cucmema (M, p, i) —
9TO0 Habop, COCTOALINI 13 TIagKoro Muoroo6pasua M, mepol u na M ¢ ne-
IPEPHIBHON TOJOMKUTENLHON MIOTHOCTLIO W OfIHONapaMeTpHvecKoil rpym-
Il @y quddeoMopdn3MoB MHOroo6pasna M, coXpaHAIOMUX Mepy:

11(A) = p(py A) npu Bcex ¢ u BeeX U3MepUMBIX A.

ITapamertp ¢ meficTBUTEIbHOE UIM nejoe umciao: ¢ € R uau Z. Ec-
am t € R, To rpymnna ; onpeaenfeTca B JOKaIbHbIX KOOPAMHATAX COOTHO-
[IeHUAMU:

=it ..., 2", i=1,...,n, n=dmM.

Ecmu t € Z, To ¢ — INCKpeTHasA Ipylna, NOpoKIeHHAA COXPaHAIINM
Mepy aupodeomopdpusmom ¢ = ;. Takyw cuctemy npuHATO 0603Ha-
ats (M, p, ), a ¢ Ha3bIBAETCHA ABTOMOP(MU3MOM.

[TPuMEP 1.2. KBABUNEPUOJHUYECKOE IBWREHUE. Ilycte M — aBymep-
Hblil TOp {(x,y) mod 1}, cHaGkeHHbIi 06p1uHON Mepoil dz dy, a rpynna
3ajaHa COOTHOIIEHUAMH

t=1, y=a, raea€cR.

IIpennono:um, 4T0 @ — palMOHATLHOE YUCIO: (¢ = g, p — lielloe YKo,

q — UeJ0e NOJIOMUTENbHOE YUCI0, B3AUMHO [IPOCTOE C P.
TpaeKkTopuu, COOTBETCTBYIOIMHE HavalnbhbiM ycnoBuam z(0) = xg,
y(0) = yo, yIOBIETBOPAIOT YPaBHEHHIO:

Y=1% + %(x —xp) (mod1).
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y B cuay srtoro, eciu x = q + wo,
TO y TpUHUMAET 3HaYeHWe ¥y + p U CO-
OTBeTCTBYIONIasA Touka na M cosmnagaer
¢ HavanbHOU (Zg, yo). Tarum obpasom,
Top M moKpbIBaeTCA 3aMKHYTBHIME Tpa-
ekTopuAMHU. Eciu o — uppalnoHaibHoe
YHeI0, TO Kamaaa op6uTa BCIOAY MIOTHA
(flko6u, 1835; cMm. mpunoskenue 1).

B Gomee o6mem cayuae, myctb T" =

= {(z% ..., 2") mod 1} — n-mepubIii
Top, cHabGmeHHBI Mepoil dzl ... dz",
U ; — OJHONAapamMeTpuyeckas rpymna,

a OllpenendeMas COOTHOIIEHUAMH

Puc. 1.3 a'vi = U.)i, 7, = 1, cee g Ty wi S R
RKasmnan op6uta Beiogy miotna Ha T™ Torga u TOIbKO TOrAa, KOTAA U3
Toro, 9to kyw' +...+k,w™ = 0npu k; € Z, cregyer, uyto ky = ... =k, = 0.

[TrumEP 1.4. T'EOAE3UYECKHE NOTOKH. Ilyecth M = T,V — yHuTapHoe
KacaTelbHOE paccloeHne HaJ KOMNaKTHLIM PUMaHOBBIM MHOTOOOpasuem V.
Enunnuneiit Bektop & € T1V,, racaTenpHbiil K V B Touke x, OJJHO3HAUHO
ompefielifieT reo3eJnYeckyio v, UMeIONyl0o B TOYKE & KacaTelbHbIH Bek-
Top £. OGo3Hauum uepes y(&, s) TOURY, MOMYUYEHHYIO OBHMEHUEM U3 ¥ 34
BpeMA § MO 3Toil reojileanyeckoii co ckopocThio 1, U depes

d =
th = d—s’y(g, 9) ot € TlV’Y(Eat) (10)

eINHUYHBIN BEKTOp, KAacaTelbHblil K ¥ B Touke ¥(§, t).

®opmyna (1.5) ompegenser ogHoNapaMeTpPHYECKYIO rpynny auddeo-
MOpP()U3MOB:

Gt! M — M, M =TV.

Onpenenenne 1.6. ['pynna (; HasbiBaeTcA zeodesuyeckusm NOMOKOM
na V.

MosHo mokasaTh,4To (; coXpaHfAeT Mepy fi, HHAYLUPOBaHHYO Ha M
MeTpuKoii Muoroo6pasus V (reopema Juysumnns).
YACTHBIE NPUMEPHI 1.7. Onucanue reofe3sndecKoro noToka Ha oOLIYHOM
TOpe B eBRJANA0BOM IpocTpaHcTBe E° nMeeTcA B npuioseHHHd 2, Ha /LTI
coupe — B paGore Karana [1] u ua rpynnax JIu, cHabGxeHHBIX €BOHHBAPHU-
aHTHOH METPUKOH, — B NpUIOkeHUsAX 3 u 4.



8§ 1. HKaaccuuecrkue cucmembot 13

HaHOHEH, 3aMeTHuM, 4YTO B MEeXaHHRKe reoge3nyecKUil MOTOK HU3BECTEH
IIoag Ha3dBaHHeM <«JBHiKeHHUe MaTepI/Ia.ﬂbHOﬁ TOYKH, BbIHy}RHeHHOﬁ nepemMe-
maTLCA Mo riaaKkoi MMOBEPXHOCTH V u ne HOﬂBep?lQeHHOﬁ IelCTBUIO HUKAKOH
BHEIIHEH CHUJIIbI».

H])yFHC MeXanu4deCKhue CUCTEeMEI IPUBOAAT K 6ojee 0OMMUM MOTOKAM.

ITpumeEP 1.8. T'AMUIBTOHOBBI MOTOKU. IlycTb p1, ..., Pl G1s ---» qn
(kpaTko — p, q¢) — cucTeMa KOODAHHAT B R*", H(p, q) — riagkas QyHE-
nua. Cucrema 2n auddepennuanbHbLIX ypaBHEHU I

dt ~ dp’ dt  dq

dg _9H dp _ HH (1.9)

onpefenseT ojJHONapaMeTpUUeCKYIO rpynmy auddeomMopdu3mMoB npocTpaH-
ctBa R?". Jma epynna Hazsieaemea 20.MUALIMOROBbLM nomokom 6 R>™.

Teopema JIuyBuaaa 1.10. [amurvmonos nomor coxpansem mepy
dpy...dp, dqy ...dqg,.

Horasameavcmso.
NuBepreunus monsa BexTopoB (1.9) paBHa HyIIO:

o (o), o (_oHY _,
dq \ Op dp \ Oq ' u
Teopema o coxpaHeHuH 3Hepruu 1.11. @yuruyusa H ecmv nepewiil un-

mezpaa cucmemsl ypasHenudi (1.9).

Zlmmsameﬂbcmeo.

d ~9g op " op \ ag

O6o3uauum uepes M nosepxuocts yposua H(p, ¢) = h. IIpu moutn

Beex h M ecTh mHoroo6pasue. ITo MHOrooGpasre WHBAPHAHTHO OTHOCH-
TeJILHO TIOTOKA.

dH _ 0H OH 3_H.(_5H):0. .

CaepctBue 1.12. Cywecmsyem UHBAPUAHIMHAA Mepa HA MH02000pa-
suu M.

j[ormsameﬂbcmeo.
I/IHBapI/IaHTHaH Mepa Ha M onpepejfaeTcA COOTHOLIeHHueM

do

dp=—7
K= [grad H|
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rae ||-|| — mauna, ¢ — s1emMeHT 06beMa MHOT00GPa3ua M, HHAYIMPOBAHHBIH
MeTpHKoii mpocTpancTsa R2".

Ecau cucrema (1.9) uMeeT HecKOIbKO NepBbIX HHTerpanos Iy, Iz, . . ., I,
T0 ypaBuenua (1.9) onpegelnfiioT KIaCCHYCCKYIO THHAMHYECKYIO CHCTEMY
Ha KamJgoM MHOrooOpasuu pasMepHocTu 2n — k, 3aJjaBaeMoM paBeHCTBa-
vmu Iy = hy, ..., Iy = hy, voe hy,..., hy — KOHCTAHTHI. [ |

.

YACTHBIA NPUMEP 1.13. JIHHEWHBIE KOJEBAHUSA B IBYMEPHOM CJIYYAE.
B 9TOM cJjy4dae raMujJbTOHUAaH H paBeH

W W
H =5 (p] +ai) + 5 (0] +p3)-

Cucrema (1.9) nMeeT ABa IepBBLIX UHTerpaina:
L=pl+d¢, L=p}+a.

CooTBeTCTBYIOIIHE MOBEPXHOCTU YPOBHA MMEIOT BH[ ABYMEPHBIX TO-
poB. InHaMHuyecKre CUCTEMbI, MHAYIIMPOBaHHbIe HAa 3TUX TOopax, U30Mop -
Hbl AHHAMHYECKUM cHcTeMaM u3 npumepa (1.2).

JIpyrue npuMepsl NpUBe/ieHbI B PUIOKEHUHU 5.
3AMEYAHHE 1.14. ['I0BAJNBHBIE TAMIJILTOHOBBI NOTOKH. IIpocTpancTBo R*™ B
npuMepe 1.8 MOKHO 3aMEeHHTh CUMILIEKTHYeCKUM MHoroobpasuem M 2" pasmep-
Hocty 2n, a H — 3amunyToii 1-dpopmoii w1 (= dH). Toraa cuctemy (1.9) momuo
3anucaTh B BHje

& =TIw, ©€M™,
rae I: T*M, — T M, onpexmensieTca Kak
w(lwi, €) = w1(€) npu Bcex € € TM,.

IIpuBegeM Temepb NPUMeEpbl CHCTEM ¢ OUCKPETHLIM BpeMeneM t € Z.
[IpuMEP 1.15. [IPEOBPA30BAHUA TOPA. Ilycts M — Top {(z, y) mod 1},
cHabmeHHbIit Mepoit dy = dx dy. ABTOMOpP)U3M ¢ ompegenseTcA Kak

o(r, y) = (z +wi, y+wa) (mod 1), w; € R.

Ecmn 1, wy, wy pannoHanbHO HeCOM3MEPHMBI, TO Kam/jad TPaeKTOpUA
TPYIIEI
{(Pn |nEZ}
Bcioay mwiotHa Ha M (cm. npunoenue 1).

lCumnnesTHyeckuM MHOroo6pasuem M2" HasblBaeTCA rilafiikoe MHOr006pasue ¢ CHM-
MJIEKTUYECKO CTPYKTYpOii, 3adaHHOil 3aMKHYTOil 2-¢opmoit w paHra n. I[IPUMEP:
w = dp A dg na R2"™,
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[TPuMEP 1.16. ABTOMOP®U3MBI TOPA. M U y — TaKue #Ke, Kak B Ipe-
JIbIAyIIeM NpuMepe, aBToMOp(dU3M  onpejelisgeTcd COOTHOLIEHNEM

oz, y) =(x+y, £ +2y) (mod1l).

Ha nuockoctu 310 — nuHeliHoe nmpeoGpasoBa-
HUe ¢ MaTpuuei Y

(11
(10_127

umeiolei gerepMunant, panubiii 1. Cregosa-
TENbHO, ¢ coxpaHaeT Mepy u. Ha pucynke 1.17
n3o6paennl o6pasbl MHOMecTBa A nox geficT- /
BHUEM cHauvalna oToOpaskeHUf @, a 3aTeM 0To- Vi
6paskenua @>. MaTpuna  uMeeT ABa feiicT- /
BUTEILHLIX COGCTBEHHBIX 3HAUGHHA A1 U Ag:

0< A <1< Ay /(pA

CregoBaTenbHO, OpH AOCTATOYHO GOJb- A //

moM n o6pas @™ A uMeeT BUJ 0OYEHDb JIHHHOM A

U 0YeHb Y3KOH MOIOCKH IIIOCKOCTHU (X, y). 0
Ha T? = M »srta nonoca pacmonaractcs

IpPUMEpPHO B OKPECTHOCTH KOHEYHOTO OTpe3Ka

OpOUTHI CUCTEMBI:

i=1, §=x -1

o teopeme flkodbu (mpumep 1.2), mo-
CROIbKY Ay — 1 — uppalnHoHadbHOE YHCIO,
™ A cTpeMUTCA K BUHTOBOH JHHUH, BCIOTY
IJIOTHO 3amoJdHAomel Top npu n — +00. Puc. 1.17

8 2. AGcTpaKTHBbIE JUHAMHYECKHE CUCTEMBI

Onpenenenue 2.12.  A6cmpaxmuoii dunamuyeckoti cucmemoti (M, p, o)
Ha3bIBaeTcA HAOOP, COCTOANINI U3 U3BMEPUMOro NpocTpancTBa M ¢ Mepoit p
U Ipynnsl g; apToMopguamoB mod (), coxpaHAIUX Mepy

(et A) = u(A)

pu Becex ¢t u Beex uamepumbix Aj; ¢; uamepuma na M x R.

2()TH(]CI/ITBJ'I]:HL') 3TUX MOHATHUIL CM. MNpUiIoHeHue 6.
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B nanbueiimem (M, p) — Bcerna npocmpancmeo JeGeza 6e3 aToMOB,
T. e. u3oMopdHo o Moayaio 0 orpesry [0, 1], cHabs;xeHHOMY 0GBIUHOI Mepoit
Jebera. B wacmuocmu, u(M) = 1.

Ecnu ¢; — puckpeTHas rpynna, mopo;sJeHHAA aBTOMOPGU3IMOM @, TO
TaKkylo cucteMy Mbl Gynem obosHauath (M, p, ©).

B nanbueiimem bl GyneMm onyckaTh TepMmuH mod 0. Bece panee pac-
CMOTPEeHHbBIE CUCTEMbI MPUHAMIEeHAT K YHCTy abCTPARTHBIX TUHAMUYECKUX
cucteM. Raxiioe KomnakTHoe puMaHoBo MHoroo6Gpasue M, cHaG:eHHOe ec-
TeCTBeHHOI Mepoit u, u(M) = 1, usomopduo orpesry [0, 1].

ITpuMEP 2.2 CXEMA BEPHVYILIH.

Ipocmpancmso M. Ilycts Z, = {0,1,...,n — 1} MHOKECTBO,
BlleMEHTaMHU KOTOPOro CIY:KaT 7. NepBbIX HEOTPUIATENbHbIX IeIbIX YKhcel;
M = 7% — npsamoe mpoM3BeeHHE CYETHOTO UHCHA 3K3EMILIAPOB MHO-
#ecTB Zyp. Torga snementsl M — ABycTOpOHHHE GECKOHEUHLIE MOCAEI0-
BaTeIbHOCTHU BIEMEHTOB Zy:

meM, m=...a_1,a0, Q1,..., TA€ a; € L.

Hsmepumasn o-aaszebpa muoxcecmsa M. dto — o-anrebpa, nopomaeH-
Hafg MHOKecTBaMM BHa:

Al ={ml|ai=j}, €L, j€ELn
Mepa pi. OnipeienuM HOPMUPOBAHHYIO Mepy i Ha Zy, NOA0KUB

/J(O) =Pos --- > N(n - 1) = Pn-1, zpi =1.

i o . .
IMycrs p(A}) = p; npu Beex ¢ u j. Mepa Ha o-anrebpe ecTb npAMoe
NpoU3BejieHNe Mep, T.e. Mepa [epeceveHys PasluuHbIX TeHepaTopos A7
ecTb POU3BEJEHNUE UX Mep:

.u{m | iy = J1, -5 Qi =.7k} = DPj1 - -+ Dis,

OueBnguo, uro (M, p) o6pasyer npoctpauctso JeGera.

Asmomopgusm . 3to — cupur. Ecnu m = (..., aj, ... ), TO

om) =(...,a,...),

rie a, = a;_1 MpH BCEX .
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HCHO, uTo ¢ — OlEeKTHUBHOE OTOﬁpa}{{eHI/Ie; YTOOBI AJorasaTb, YTO OHO
COXpaHfAeT Mepy, 40CTaTO4YHO paccMOTpeThb CABUI reHepaToOpOB:

o(A]) = {p(m) | a; = j} = {m' | a}y, = j} = AL,

CHeHOBaTeHbHO,
plp(AD)] = plAl ] = pj = p(A]).

O6osnavenusn. [luHaMuyeckasa cucTeMa, MOCTPOEHHAA BbIlle, Ha3bIBa-
erca cxemoit Bepuynnu. Ee npunsro o6osnauate B(pg, ... , Pn_1).
11
3775 ) COOTBEICTBYCT Hrpe «OPel HIM PCUIKay, KOTO-
pyio ucciaemoBan f1. Bepuymmu. Diaementamun M = Z5 ciymaT ABYXCTOpOHHHE
GecKOHEUYHbIE IOCIeJ0BaTeNLHOCTH HcX0JoB Gpocanuit: 0 — open, 1 — pemka.
MuomectBo A? (cooTBercTBenno A}) mpeicTaBifeT coGoil MIOMECTBO MCXOO0B
6pOC8HI/II‘/JI., B KOTOPOM IIoclie i-FO 6pOCaHI/IH BbIIIAlI «O0pe» (COOTBGTCTBBHHO BbIIIamaa
«pemkay). [loaTOMy eCTeCTBEHHO MOIOEUTH

3AMEYAHUE. Cayuaii B(

p(Af) = prob(4f) = 1.
[IPUMEP 2.3. [IPEOBPA30BAHME NEKAPA. Ilycts M — top {(z, y) mod 1},
cHabxeHbIl Mepoit dz dy. ABToMOpdU3M ¢’ onpenenseTcs COOTHOMEHUAMU

: (2:1;, %y) mod 1, mpu0<x< %,
¢'(z, y) =

(2:1:, %(y + 1)) mod 1, mpu % <z <l

Ilna usyuenus ¢’ ynoGHO BBECTU HHIYUPOBaHHOE npeobpasoBanue ' B Ha-
KpbIBaloieil miockoetu (z, y). leificTBre @' MOMKHO onHMCATDh CIELYIOMUM
ob6pasoM: cHauyaina copepiiaeM addunnoe npeobpazoBanue KpBajgpara, IpH
KOTOpPOM B HampabieHuu (z HPOUCXOAUT pacTAxeHHe B 2 pasa, a B Ha-
npaBneHun ocu Oy — caxaTue B 2 pasa. 3aTeM OTpe3aeM MPaBYIO MOJIO0-
BUHY OT IOJYyYMBIIErOoCA MPAMOYTrOJbHUKA M MOMEIaeM ee CBEpXY JeBOil
(cm. puc. 2.4). Ecin A C M u uMciio n cTpeMuTeA K +00, To @' A cocTonT
U3 «04YeHb GOJLIIOro YKcaay OTPEe3KoB, napalielbubix Ox.

Ynomsauem Tenepb 0 HEROTOPbBIX HpoﬁneMax Teopun JUHaMHU4YECKRUX
CHCTEM.
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Y
1 7
— N
" = __ =
0 I—  — x
QA
Puc. 2.4

§ 3. IIpo6GaemMbl BbIUMCIEHUA CPeIHUX

OpuMEP 3.1. 3anumasnch Teopueil ABumeHudA nnanet, Jlarpaum [1] npu-
el K cleAyiolleil 3ajave: BLIYUCIUTD (€CIH OH CYIIEeCTBYeT) mpefed

3
: l twit

k=1
rge ar > 0, ap U w, — ReHCTBUTENbHbIE KOHCTAHTHI, a Argz o3HadaeT
«apryMeHT KOMILIEKCHOTO 4HclIa 2».
[IpumEP 3.2. CBfkeM c moclefgoBaTelbHocTbio {27 | n = 1,2, ...} mno-
CIe0BATEILHOCTD MEPBLIX NU(P AeCATHUNOI 3alUCH e¢ WICHOB:
1,2,4,8,1,3,6,...

Oycts 7(7, N) — uucno, nokassiBaolee, CKOILKO pa3 nqudpa 7 Gurypupy-
et cpenu N mepBbIX WICHOB NOCTpOEHHOI mocnenoBaTeilbuoctu. Tpebyerca
BBIUHCIKUTL Ipeaen (eciu OH CyIecTBYeT)

po TN

pumep 3.3. Ilycts D — obinacte pumaHOBa mpocTpaHcTBa, y(t) — reo-
nesuveckad. Yemy paBHO cpenHee BpemsA, KoTopoe <y(t) nposoaut B D?
JlIpyrumu cioBaMu, MycTh

7(T) = mepa{t |0<t < T, ~(t) €D}
1 TpeGyeTcA BBIUHCIUTE Npefel (ecaH OH CYLIeCTBYET)

)
T T
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Tpu npeaplayiye 3agaui ABAAIOTCA YaCTHLIMHU CIIy YaAgMU 6odee obiieit
3ajaun:

Ilycrs f — woMmiexcHo3HAuYHaf, p-u3MepuMas QYyHKINA, ONpegeneH-
Had Ha mpocTpaHcTBe M auHaMuueckoit cuctemsl (M, u, ;). Tpebyetes
BBIUNCIKUTL Ipeaen (eciu oH CyIecTBYeT)

lim l‘/f(golmn)alt, rae m € M.

B npumepe (3.3) f sABnmerca xaparTepucTHdeckoil ¢yHrumenr TyD.
Camo co6oii pa3ymeercs, UYTO CYLUIECTBYIOT U JpPyTHe 3afadyH BBIYKCIEHUSA
CpeIHuX.

OpuMer 3.4. Ilyets (M, p, ;) — AUHAMUUeckas cuctema, A u B — n1Ba
U3MepUMbIX MHoOMecTBa MHorobpasud M. TpeGyeTcd BHIYHCAUTL Npejel
(ecu oH cymecTByer)

Jim a8

(eMm. puc. 1.17 u 2.4).
Mpeanonaraercs, UTo [IJIfl ¢AOCTATOUHO CTOXACTHUECKUXY CUCTEM ITOT
upenen paeed u(A) - u(B).

8 4. Ilpo6aemsl knaccudpurauuu. Uzomopdpusm
abcTpaKTHbIX JUHAMHWYECKHX CHUCTEM

Jlns Toro, uToGel MpoBecTU KiIACCUDUKRANUIO JUHAMUUYECKUX CHCTEM,
€CTEeCTBEHHO HCKaTh HX WHBAPUAHTHI OTHOCUTENbHO COOTBETCTBYIOUIEi
TPYNNbL: Tpynnbl ab@UHHBIX NpeoOpa3oBaHUl 1A Teofe3udecKHX IOTO-
KOB, I'PyNINbI KAHOHUYECKUX NMpeoOpa3oBaHUil 1A raMUIbTOHOBBIX CHCTEM,
TPYNNEI coXpaHAMUX Mepy nuddeoMop@usMoB ANf RIACCUYECKUX CHC-
TeM. AGcTpaKkTHbIE MHBAPHAHTDI UMelIT Gosee FWOHI/I?I CMbICI U 3aJa10TcA
cleIyIOIUM oNpeleleHHueM.

Onpepenenue 4.1. [IBe aGcTpakTHbIe JuHaAMUUYecKUe cucTeMbl (M, g, ©)
u (M', i, o) U30MOP PHbLfedIN CYIIeCTBY$F 13PMOP HU3M f: M —-> M
(mod 0) u3MepuUMBbIX IPOCTPAHCTB TAKOIl, YTO HUMENPUBEICHHAA JUArPAM-

Ma HOMMyTaTI/IBHa. '
M L4 M



20 Tnasa 1

Ananoruunoe omnpejeneHie Mbl MOTYYHM, €CIH ¢ 3aMEHUTH Ha .
11111 1111
I[TruMEP 4.2. Cxemsl bepnynaun B(E’ 38 8§ g) U B(Z’ YEE Z) H30-
MopoHel (cM. Memansud [1], Blum and Hanson [1]).
IIrumeP 4.3. IlpeoGpaszoBanus topa (1.15) He u3oMopdHBI aBTOMOpPdU3-
mam Ttopa (1.16) (em. ra. 2, 12.40).

IlpumEP 4.4. Pacemorpum Ha Tope T? = {(z, y) mod 1}, cHaGseHHOM
MeTpukoii dzr dr, aBToMoppUusMbI U ©':

oz, y) = Bz+y, 2z +y) (mod1l),
¢z, y) = Br+2y, z+y) (modl).

Onu o6a HemsomopdHbl aBToMopdusmam u3 npumepa (1.16) (em. ra. 2,
caencrsue 12.30), oamako Bompoc 06 uszomopdusme cucteM (M, p, @)
u (M, p, ') 1o cux mop ocTaeTcA OTKPBITHIM.

ITpumeP 4.5. Cxema Bepnynu B(%, %) nszomMopdHa npeobpa3oBaHUIO Tie-

RapA (I[OHa:}aTeIII)CTBD CM. B IPUIOMECHNHU 7)

OpHa U3 dyHAaMeHTaNbHBIX TPOGIEM IProJUUYECKOl TEOPUU COCTOUT
B HAX0KIeHHN HeOOXOAMMBIX U JOCTATOUHBIX YCJIOBHIl, IPU KOTOPBIX JBe
cxeMbl BepHyanu usoMopgHbI.

8 5. IIpob6aemnbl obmero ciy4das

[IpunuMan Bo BHUMaHHe pa3HooOpasue TUHAMUYECKHUX CHCTEM, MOKHO
0MKNAAaTh, UTO CUTYalHUIO yAacTcA NPOACHUTD, €ClIU IpeHe0pedb <UCKIIOUN-
TeNbHBIMUY ciaydyagMu. YTo6bl MPHUAATH CMBLICH MOHATHUIO (UCKIIOUUTEND-
Hbley, TPYNNY aBTOMOP()HU3MOB MO#HO CHaGIWThL TONOJOTHEH WIH Mepoii.
Hexuit knacc fuHaAMUYECKUX CHCTEM MOKET OBITh UCKIIOYUTENLHBIM B ab-
CTPaKTHBIX paMKax U O6IIMM — B paMKaXx KJIAacCHYeCKUX WIH HAaoOOpOT.

I[TpumeEP 5.1. CymecTBylOT abGcTpakTHbIe [JUHAMHYECKHE CHCTEMBI,
He peailusyeMble gudpeoMopdprusMaMi KOMIAKTHBIX MHOrooOpasufi
(em. . 2,12.39).

I[TrumMEP 5.2. CHcTeMbl ¢ «HepeMellluBaHHeMy B abCTpaKTHBIX paMKax
NpUHALIEKAT K UUCIy HCKIIOUMTENbHBEIX B CMbICIe claboil TOMoJorHu
(em. Xanmomt [1], Poxaun [1]). HaoGopor, Bce nuddeomopdusmel, Gnuskne
(B C-tononoruu) k aBTomophu3My Topa us npumepa 1.16, — «nepememu-
Baromuey (cm. [3]).
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CrenoBaTelbHO, B RJACCHYECKHX paMKax «lepeMelliBaHue» MOoMKeT
ObITh OOIINM clIydaeM.

I[TPUMEP 5.3. B abGcTpakTHBIX paMKax 3projudecKue CUCTEMbl ABIAIOTCA
o6UIMM ciydaeM B cMblcie ciaboii Tononorun (cm. Xaamour [1]). HaoGopor,
raMUNbTOHOBBEI cucTeMbl Ha H = const, OKpeCTHOCTAX reo3equueckoro Io-
TOKa Ha Tope (cM. IpUIOKeHne 2), He HproguyHbl. CM. TakKe CUCTEMY TPex
ten (ria. 4).

Takum o6pazoM, B KIaCCHUYECKUX paMKaX 3ProJUYHOCTL He ABIACTCH
o0muM ciryvyaeM.

O6man autepaTtypa K riaaBse 1
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3p1"0,Z[I/I‘IECRI/Ie cBolicTBa

II.I'IH onucaHuf CBOHCTB OpﬁI/IT B MeTpI/I‘{eCI{Oﬁ TE€OpUU AUHaAMHUYCCKRUX
cHCTeM BBOAHTCA Leblit HaGop MOHATHIL: HProJUYHOCTD, IepeMellliBaHue,
CHeKTp, SHTpONUA U T. . OnpejeleHysa 3TUX NOHATUIN HPUBeIeHLI B JaH-
Holt riaBe. X mpuiomeHUd K ONMCAHMIO KIACCHYECKUX CHCTEM CM. B Iia-
Bax 3 u 4.

§ 6. BpemeHHbIe U MpocTpaHCTBEHHbIE cpeIHHE

Onpenenenue 6.1. Bpemenndée cpegnee. Iycts (M, u, ¢;) — anua-
Mudeckas cucrema. Bpemennsim cpednum (ecim oHO cyliecTByeT) QyHE-
uuu f Ha M 1o ompejelieHUI0 Ha3bIBaeTCA BEIMUYHHA

N-1
* . . l n —+ 3
f(z) = Nl_l)I_'I}oo N ,,LE=0 fle"x), zeM, nel (6.2)

B JUCKPETHOM cCily4dae 1 BeJlndHnHa

T

* = 1 1 '

file) = lim o /f(sowc) dt, x€M, teR (6.2)
0

B HENMpephIBHOM CJy4ae.

Onpeneinenue 6.3. IlpocTpaHcTBeHHoe cpefgHee. Ilo onpegenenuio,
NPOCMPAHCMEEHHbIM CpedHuM Ha3bIBaeTCA BEIUUNHA

7= _/M f() dy

(nmanomunMm, uto (M) = 1).
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Teopema 6.4 (I:k.[. Bupkrod —A.f. Xunuunl). Hycms (M, p, ;) —
abempaxmHuan Junamuieckan cucmema, f € Li(M, p) — p-cymmupyeman
KomnaekcHosnaunan gynryus na M. Tozda:

a) f*(z) cywecmeyem nowmu sciody (corpauieHno: n. 8.), m. e. 6cidy, 3a
UCKAOMernuem, moaucem 6bl,mb, MHOHCECTIIBA MEPbL HYAb]

b) f*(x) — p-cymmupyema u unsapuanmua n.s., m.e. f*(pix) = f*(z)
npu ecex t, 3a UCKAIOUEHUEM, MOJCEI Obiilb, MHOICECTNEA MEPbL HY.Lb,
Heszasucumo om t;

c)
/M F (@) dp = fM fe) dp.

Jlnf MUCKPeTHOro cayuas J0KA3aTENLCTBO MOKHO HaiiTu y Xanamo-
ma [1], a aas nenpepsiBHoro — y Hempigroro u Crenanosa [1].

3AMEYAHIEE 6.5. Bpemennde cpegHee f* MozteT He cyllecTBOBaTh HIH He GBITh
PaBHBIM MPOCTPAHCTBECHHOMY cpeaneMy f(x) Ha MHOMEGCTBE, BCIOLY NIOTHOM
B M, name ecau f aHanuTn4eckasa oyHruua u (M, p, pt) KRJIaccuveckasn
cucrema (cMm. npumeps! 1.2 u 1.15, a Taxske npuiosenue 8).

3AMEUAHEE 6.6. IIpu casurax ua Tope (ra. 1, mpumepsr 1.2 u 1.15) f* cymect-
ByeT BCIOLY, eClId GyHKIMA f HeNmpepbIBHA WIN UHTErpupyeMa B cMblcie Pumana
(cm. mpunomenmue 9).

8§ 7. ApProguyHOCTb

Onpepenennie 7.1. AGcrpanTHas AuHaMudeckasa cucrtema (M, p, o)
Ha3bIBaeTCA dpeoduieckol, eciy A MOGOoH f-CyMMHUPYeMOil KOMIIIEKCHO-
snavnoil pyuruuu f € L1 (M, p) ee BpeMeHHGe cpefiHee PABHO ee MPOCTPaH-
CTBEHHOMY CpEIHEMY II. B.:

f (@)= f(x) n.s. (7.2)

TakuM o6pasoM, AldA 3PToANYEeCcKOil cHUCTeMbl BpeMeHHOe cpelHee He
3aBHCHT OT HaYaJbLHOH TOYKM .

10THOCHTENBbHO npuioskeHH#l 3ToH TeopeMbl B AudGhepeHLUaNLHON TeoMeTpUH
cM. npunoxenue 10.
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ITrumer 7.3. Ilycte M — obbequHeHHe OBYX HelepeceKaloIUXCA MHO-
#mecTB My 1 My monosKuTenbHOM Mepbl U NHBAaPUAHTHBIX OTHOCUTENBHO ¢
(em. pue. 7.4):

QDM] = Ml, QDMZ = Mg.

M, M,
Puc. 7.4

Mpu 3TUX yCIOBUAX NPUHATO OBOPUTH, uTO cucteMa (M, u, ) pas-
JJoMnmMa. PaB.TIO}KI/IMaH CucTeMa He 3projnvHa, NoCKOJbRY, eClIN IIOJOKUTDh

1 npuz e M,

Jw) = 0 npu x € Mo,

To BpeMeHHOe cpennee f* = f(x) 3aBucur ot z.

3AMEUAHEE 7.5. Bepuo u o6patunoe yrBepskaenue: ecau cuctema (M, p, @) e
3profuyYHa, TO OHA pPa3loUMa.

NleficTBUTENIRHO, eCIN cUCcTeMa He SProfudvHa, TO cymecTByeT GyHKUuA f,
BpeMeHHOe cpenHee f*(2) KOTOPOIi 3aBUCUT OT & U OTIHMYHO OT KOHCTAHTHI IOYTH
BCIOTY.

[Monosxum

My, ={=z

f (z) <a}, Ms = {=z

F(2) > a).
Ilpu moxoAmem BrIGOpe a CIpaBeJIMBEI HEPaBEHCTRA
p(My) >0, u(Msz) > 0.

Ilo Teopeme Bupuroga BpemMeHHGe cpelJHee MHBAPUAHTHO OTHOCUTEILHO (0,
cjiegoBaTellbHO,
(pM1=M1, (pMz ZMQ,

U Halla cucTeMa pasijoMumMa.
CaencrBue 7.6. AbGcmpakmuas JuHaMUYeCckaa cucmema 3p2oduyita 8 mom

U moAavKo mom cayiae, ecau OHa Hepazaoiuma, m. e. ecau 6ce UH6ApuUaH-
Hble umepumsvie MHoHcecmea umernimn mepy 0 wau 1.
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IIpuBenenHoe Bblllle paccysijeHNe 0Ka3bIBaeT Tak#e, YTO cUcTeMa 3p-
rOAMYHA B TOM M TONbKO TOM clyuae, ecau Mio0asd HHBapuUaHTHAA GYHK-
uua f € Li(M, u) nocrosinua 1. B.

[IpumEP 7.7. TaMunbroHoB noTok (Ti. 1, Teopema 1.11) HuKOra He GbIBa-
eT 3ProAuvecKuM, NOCKoNbKy aueprug H — unBapuantHasa ¢pyuriuus. Tem
He MeHee, reo/le3NUecKkUil TOTOK Ha YHUTAPHOM KacaTelbHOM pacclOeHUH B
HEKOTOPBIX CAyyasX MomeT GbITh aproaudeckum (cM. ri. 3, 17.12). Oxna-
Ko ecnu V oObIYHBI TOp, TO Teofe3nveckye NOTOKH Ha 11V He3proiuyHBI,
nockonbky dyHnknua G(1+r cos)? ApnAeTcA MHBADUAHTOM (CM. TIPUIIOKE-
nue 2)2.

Opumep 7.8. Bpawmenne p: ©+ — x + « (mod 1) orpymuoctu M =
= {z (mod 1)} aprognyto B TOM U TONLKO TOM CIydYae, eciu YHCIO ¢ Up-
pauroHaIbLHO.

Horazameavcmeo.

Mycts cuavana uncno « paunonanbho. Homomum o = p/q, p, q € Z,
¢ TIOJIOUTEILHO U B3aKMHO TipocTo ¢ p. llockonbky dynsuus f(x) = e?ria®
HHBAapHAHTHA, OTJAMYHA OT KOHCTAHTBI U U3MepHuMa, To cuctema (M, u, )
He HPTroUYHA.

Temnepb NpeANoIoOA UM, UTO YHClo « uppanuonansho. [lyers A — Muo-
#ECTBO C MOMOKUTENbHOH Mepoil, MHBAPUAHTHOE OTHOCUTEIBHO () B Aallb-
Heiimem Mbl gokameMm, uto p(A) = 1. Iockonbry p(A) > 0, A comep-
MUT TOYKY HAKOIUIGHHUSl X, T.€. NpU JMoboMm & > ( HalifeTca HHTep-
Ban I = (xg — 0,29 + §) (AAMHA KOTOPOro 3aBHCUT OT €) TaKoOii, UTO

WAND) > (1—e)u(l).
W3 unBapuantaoctu A u p nonydaem

pANe™I) > (1 —e)u(p™I).

Tarum obpasomMm, eciu nj, ... , Ny Takue lelable YUcaa, I8 KOTOPbIX OTPe3-
ru "1, ..., ©" I He nepecekaloTcA, oNy4YaeM

k

k
p(A) 2 pAng™I) > (1- E)M(Z 90"1’1)-

i=1

2TouHo Tak#e NpH BO3MYIIEHUAX BTOH MeTpukM Ha T2 TeofeanuecKkuil MOTOK He
ABNAETCA 3ProAnyeckuM (cM. ri. 4).
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C zpyroit cTOpOHBI, TpaeKTOPHH, COOTBETCTBYIONINE KOHIAM oTpe3ka I,
BcioAy MI0THBI (cM. Teopemy flkoGu B npunoxennu 1). Tar kar p(l) < g,
CYUIECTBYIOT lielible YUCHa Ny, ... , N, P KOTOPbIX MHOMmecTBa "1 1, ...,
@™ [ He mepeceRalOTCA U NOKPLIBAIOT M ¢ TOUHOCTHIO IO MHOM{ECTBA Me-
poi 2¢. CneoBaTeanHo,

k
”(Z gp""l) >1-2
i=1

u(4) = (1-¢e)(1 - 2¢).

TMockonbry € npousBoabHo, p{A) = 1 u cucrema sproguyna. G HoMoIIbIO
MOJOGHBIX pacCyIeHUil JOKas3bIBaeTCH, UTO CHCTeMbl U3 mpumepon (1.2)
u (1.15) sproguvHel BCIAEACTBHE TOrO, YTO UX TPAEKTOPUHU BCIOAY MIOTHBI
(cm. mpunomenwe 11).

JIpyrue npuMepsl cM. B IIpuiomeHnax 12 u 13. [ |

§ 8. IlepememuBaHue

IIyetn M — 1uelikep, HANOMHEHHBLIH HeCMUMaeMOil MUIKOCTLIO, CO-
croameit Ha 10% u3 pmuna u va 90% us maptunu (cMm. puc. 8.1). Ipeamno-
JIOKKM, YTO NepBOoHaYalbHo yacTh A B M 3anara mmunoM. Ilocie n BeTpsa-
XUBaHUH ¢ cofepskaHue J#HHa B Ipou3BoIbLHOM 0O0beMe B meiikepa OyaeT
paBHO

n
u(e" AN B)
n(4)

dusnuecKy ecTeCTBEHHO OMUJATh, UTO HOCe JOCTATOUYHO GOJBLIIOro

quclIa BCTpAXUBaHUii (n — 00) oA jHuna B 1o6om o6beme B BuyTpu M

Gymer nopaaka 10%.
dTa OpUBOAUT K CiefyIOlleMy oOIpeleleHuIo.

Onpenenenne 8.2. AGcrpakTHaa AuHaMmudveckaa cucrema (M, p, of)
eCTb nepemeu8antie, eciu

Jm plee AN B = p(4) - u(B) (8.3)

1uis M060i1 napbl H3MEpUMBbIX MHO:ecTB A u B.
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Puec. 8.1

OueBHJHO, YTO AUHaAMHYecKad CUCTeMa, N30Mop(dHaa mepeMeNInBalO-
mieit, cama o6nagaeT cBolicTBOM mepeMemuBanua. Takum o6pasoM, nepeme-
HiMBaHue ABIAETCA HHBAPUAHTHBIM CBOWCTBOM AMHAMUYECKHX CHCTEM.

CrnencrBue 8.4. Junamuteckan cucmema ¢ nepemeuiusaniem spzoouina.

Hokasameasvcmao.
Ilycth A — wunBapuanTHoe uaMepumoe MuosxiecTBo. Ilonaras B =
= M\ A, nonyuaem:

C yueroMm coorHomenus (8.3) aro o3navaer, uro p(A4) - p(B) = 0, o1-
ryzna p{A) = 0 uan 1. [}

Crneaylomuii npumep nokasbiBaeT, YTO 0OpaTHOe HEBEPHO: 3Proguvec-

Kaf cucTema He 06f3aTellbHO OOJI3Ha OBITh C HepeMeH_II/IBaHI/IeMS.

OpuMEP 8.5. Nunamuueckad cuctema M = {z (mod 1)}, p =z - = +
+ a (mod 1) sproanyuna, eciu YUCIO ¢ UppalHoHAIbHO (mpumep 7.8). dta
crcTeMa He ecTh NepeMellnBaHue, MOCKONbEY 06pa3oM Mainoro oTpeska A
CIY#UT OTPE30K TOM e ANUHBI, MepeceueHle KOTOPOro ¢ APYyTUM MaibIM

3Hao6opor, ecan u(M) = oo, To cipaBefnus cienyomuii pesyasrat (A.B. Hajian [1]):

Iyers (M, p, pt) — sprogudeckas cuctema ¢ (M) = 0o, A u B — aBa H3MEPHUMBIX
MHostecTBa. Toraa npu mo6oM ¢ > 0 Hali [y Tea ckoab yroaHo 6oibline AeficTBUTENbHBIE ¢
Takne, uyTo plpi AN B] < e.
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oTpe3koM D To mycTo, To HonoxuTelbHoll Mepbl. Hanpumep, aproguvec-
kue npeobpasoBanua TopoB (mpumepsl 1.2 u 1.15, rnasa 1) He MOTryT GBITE
nepeMelInBaHUeM.

[TpumeP 8.6. CpasHenue puc. 1.17, 2.4 u 8.1 HaBOAUT Ha MpeANONONEHUE
0 ToM, uTo aBToMopdusm Topa 72 us npumepa 1.16 u cxemn! Bepuynnu
ABAAIOTCA HepeMemuBanueM. [lo3anee Mbl JOKameM 3TO MPEAMOIOMKEHUE
(em. 10.5 u 10.6).

3AMEYAHUE 8.7. IloHATHe NepeMelInBanye 11 JUHaMHUYeCKUX cucteM (M, p, @)
MOKHO ONDENEINTh U B TOM Cilyuae, KOrja ¢ — 5HAoMopGu3M (CM. mpuUiosHe-
Hue 6), He Oy ay4u aBTOMOppU3MOM (CM. mpuiosxenue 14).

3AMEYAHEE 8.8. CymecTByeT 0JHO NOHATHE, 3aHMMalOIee NIPOMEKYTHOE I0JI0-
JKeHNe Me:Ky NOHATHAMH 3ProAHYHOCTH U IepeMellHBaHUA, KOTOpoe TaKkie fB-
If1eTCA UHBApUAHTOM 3PToAMYecKUX CHCTEM — MOHATHE c1aboro nepeMelBanys
(cm. Xanmom [1]).

MsI roopum, 4To JuHaMUYecKas cuctema (M, p, ©i) ofaadaem ceoticmeom
€206020 Nepemeliueanus, eciy

T—400

tim % [ luloe A B) - () - w(B)| de =0

B HeEIIpepbIBHOM Cilay4ac u

N-1

Jim 37 |u(e" AN B) — p(A) - p(B)| = 0
n=0

B IUCKPETHOM ciydae A /060l Hapel HM3MepUMbIX MHoOMkecTB A u B.

P.B. lakou (HeomyGanKoBaHo) AoKasali, yTo ecan cuctema (M, p, ) sproaud-

Ha, TO CyHICCTBYCT N3MCPHUMOe U3MEeHeHHe MOAYJ/A CKOPOCTH, KOTOpOE pealiludyetT

craboe nepemMelninBanue.

B.A.Poxaun [1] BBOANT NOHATHe TNepeMeIIMBAHNA n-T0 IOpALKA
(cm. Xanmom [1]) xak HOBbI HHBAapHAHT AMHAMHYECKUX CHCTEM: AMHAMMU-
uyeckan cucrema (M, u, ¢4) MO OmpeleleHHIO eCThb NepeMeLIUBAHHE N-T'0
nopsjKa, eciu

n

o lim e AN A N Ny, Ag) = [ s(40)

inf |t;—t;|—=+oc0 -

i£j i=1
npu no6oM Habope H3MEPHMBIX MHOMecTB Ap, ..., Ap. OObluHOE mepe-
MellUBaHHe ecTh YacTHbI cayuail (n = 2). OcTaeTcA OTKPHITHIM BONPOC,
cyllecTBYeT JIU NepeMellMBaHle, KOTOpoe He fiBlAeTcd NepeMellNBaHUeM
nopfgka n > 2.
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8 9. CnexTpanbHble HHBapUaHTbI

Myctn (M, p, @) — aberTpakTaas guHnaMuveckas cucreMa. OGoznaunm
uepes Lo(M, p) runnGepToBo MPOCTPaHCTBO ONpejenenunx na M Komi-
JERCHO3HAYHBIX (BYHRIUE, KBagpaT MOAYIA KOTOPLIX p-CyMMHUpyeM. Ec-
au f, g € Ly(M, p), TO HOT0HUM

(g = f fzdn,
M
rae E — BB.HI/I'-[I/IHa, KOMIIJIEKCHO COHpHI‘KeHHaH C BeHI/I‘{HHOﬁ Z,

171l = V£ 1)

Onpenenenune 9.1. Ilycrs f € Lo(M, p). Tonoxum
U f(z) = f(e(z)). (9.2)
Torpa orobpasenve U 1a3bIBaeTCA 0Nepamopom, uHOyUUPOSAHHBLM .

Teopema 9.3 (KRynmas [1]). U — ynumapnuwidi onepamop na La(M, p).

Horasameavcmeo.
a) U nuneen: ecnu a, b € C, f,g € La(M, u), 10

Uaf +bg) = (af +tbg)op=a(fop)+blgop)=a-Uf+b-Ug.

b) U ectb 6uexTnuBHOE 0TOGpamieHre, Tak Kak ¢ o6paTuM II. B.

¢) U ecTb u3oMeTpHsA, MOCKOIbKY (o COXPaHAET Mepy; AeficTBUTEINbHO,
€clIy NoIoKUTEL ¢(y) = &, TO

I = /M Flew)I? duly) = /M Flow)I? dulp(w)) =
— [ 15@)F dute) = 171
M

3AMEYAHUE 9.4. B HenmpepbieHOM cayuae (M, p, @¢) Mbl IOIYUYUM HempepbIB-
HYIO oJHollapamMeTpHyeckylo rpynny U; yHUTapHbIX oNepaTopoB.
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Puc. 9.6

Onpenenenue 9.5. flcho, uro ecnu aBe fuHamuyeckue cuctemsl (M, p, )
u (M', ', ¢") usomopouer (cMm. onpenenenne 4.1), ToO OHU ONPERENAIOT K-
BUBalleHTHbIe yHUTapHble onepatopsl U u U’, T.e. cymecTByeT H30MOp-
dusm F': Ly(M, p) — La(M', i') uto U' = FUF~! B cooTBeTcTBUM C
auarpaMmoit Ha puc. 9.6 (rae U' = F - U - F_,).

Caedosamenvno, uneapuanmst onepamopa U aeasiomes HeKomopwimu
unsapuanmany Junamuieckoil cucmemvt (M, p, ¢). Takue uneapuanmot
Hasvleaomes cnegmparvHstmu. NHTEepec K HUM BbI3BaH, B YACTHOCTU, TEM,
YTO MOMHO HAHTH MOMHYIO CHCTEMY CHEKTpPalbHbIX WHBAPUAHTOB ONEPATO-
pa U: Mepbl U CHEKTpaibible KPATHOCTH (OTHOCUTEILHO 3TUX MOHATHI CM.
Xanmorn [3]). Hanpumep, cnekTp omepaTopa U ecTh CNeKTpaibHbIH HHBa-

puant?.

HaoGopor, oneparopsl U u U’ 1ByX JUHAMMYECKUX CUCTEM MOT'YT GbITD
SKBUBAIEHTHBI (0 TAKUX CHCTeMax FOBOPAT, UTO OHH OJHOTO H TOrO e
CIEKTPAaNbHOroO THIA) 6e3 TOro, YTOGhI 3TH CHCTEMBbI GbLIM H30MOP(HBIMU
(eM. ra. 2, §12. duTponua. CM. TakkKe 0 <KOCBIX NPOU3BeleHUAX» AH3au [1]
B IpHIIokeHnu 15).

4B wHenpepniBHOM cayuyae, ecau Ui — WHAyOMpOBaHHaA YHHTAapHaa TpyNmna, To
criekTp Ut ecTh cleKTp ee MHPHNHHATE3UMabHOI0 ONlepaTopa, a Taks ke CIIeKTP, CBA3AHHBIH
¢ pasnoskeHueM eguHuLbl E, nasa roroporo no teopeme CToyHa
+00
2mwiA
Uy = / e N AE(A).

— o0
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Husxe mMbI INIPpUBOONM HECKOJIBbKO IPUMEPOB aPproguveCcKux CBOP'ICTB7 KO-
TOpbIe OOIIYyCKAlT TOYHBI nmepeBoa Ha CHeHTpaJ’IbHBIﬁ A3BIK.

Teopema 9.7 (dproguunocts). Cucmena (M, p, ) spezoduuna 6 mon
1L MoAbKO oM cayiae, ecau 1 — npocmoe cofcmeennoe 4uca0 UHOYUUPO-
sanHo20 onepamopa U.

Hokasameavcmeo.

Ecan f npunamnemur Lo(M, p), To f uHBapuaHTHa TOTJa W TOlb-
Ko Torpa, korga Uf = f. Ho ¢ sproguvyHo Torga u TOJALKO Toria, Korja
BCe UHBapUaHTHbIC QYHKIIMYU NOCTOAHHLI M. B. [ockoMLKY NOCTOAHHDIE M. B.
(QYHEIMH OTINYAIOTCA APYT OT APYTra ¢ TOYHOCTHIO 10 YMHOMKEHUA HA KOH-
CTaHTY, (¢ 9ProJUYHO TOTJA U TOALKO TOr[a, KOrja MOANpPOCTPAHCTBO pe-
menuit ypasuenusa U f = f umeeT pasmepHocTb 1.

B nenpepsiBHOM ciiyuae 3proAMYHOCThL (; SKBUBAIEHTHA TOMY, 4YTO
co6cTBenHoe yneao A = () uMmeeT kpatHocTh 1 B cnektpe Us. [

Teopema 9.8 (IlepemewnBanue). Juranuieckas cucmema (M, p, )
o6aadaem ceolicmeom nepemelueanus 6 mom U MOAbKO MOM cayide, ecau
npu awbuz f,g € Ly(M, p)

lim (U f |8 =(711)-(1] 8). 99)
Horasameavcmeo.

Ecnu f u g — xapakrepuctuyeckne QyHKIUH MOAMHOKECTBA MHOTO-
o6pasusa M, To (9.9) cBoguTCA K onpeneleHnio nepememnnsanud (8.2). B 06-
meM ciydae GyHKIUM f M g MOTYT GbITh ANNPOKCUMMPOBaHbI JHHEHAHBIME
KOMOUMHAUUAME XapaKTepUCTHUYECKNX (QYHKIUIl, U Mbl CHOBA BO3BpaNaeM-
CA K MpeABIAyNIeMy CiIydalo. n

B criekTpanbHbIX TepMuHAaX ACHO, uTo cuctema (M, u, p;) oGragaet ne-
peMelIBaHueM, ecli oHa 3proguuna u cnertp Uy (3a ucknoyennem A = 0)
abCoOMIOTHO HEeNpephIBEH OTHOCUTeNbHO Mepnl JleGera. O6paTHoe yTBep:-
nJeHue HeBepHo. MbI roBopum, uTo »projudeckasd AUHaMUUYecKad cUcTeMa
uMeeT cOOCTBEHHO HellpepPbIBHBII CIIEKTP, eclIi KOHCTaHThI ABIAIOTCA eAMH-
CTBEHHBIMHU cOGCTBEeHHBIMHU QYHKIUAMEU onepaTopoB U;. MoxHo nokasath,
YTO JJf TOro, YToObI AProAnveckas JUHAMHUUYECKAs cUCTeMa uMena cobeT-
BEHHO HENPEepBIBHBIN CNEKTpP, HE0OX0AUMO U JOCTATOYHO, UTOOLI OHa Gblna
cnabbIM HepemelnnBanueM (cM. npuMedanue 8.9).

PaccmoTpum Tenepsb ciyuaitl, Korjga cnektp onepatopoB U; nuckpereH.
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Opumer 9.10. Iyers M = {z | z € C, |z| = 1} — okpyskuocTh, cHad-
JAeHHaa 00bIYHON Mepoil i,

o=0-z, §=e"% weR

— ¢aBur Ha M.
Ilo onpenenenuio onepatopa U,

U2 =Uz)?=6%.2P, rnepeZ.

Tarum o6paszoM, z? — cobeTBennble GpyHRIUU onepaTopa U ¢ cCOOTBETCTBY-
oMy coGeTBeHHbIME 3HavYeHuaAMH 0P, MuoxectBo {2? | p € Z}, HasbiBa-
eMoe JUCKPeTHBIM cHeKTpoM onepaTtopa U, o6pa3yeT HOIHYIO OPTOHOPMHU-
poBanuyio cuctemy B Lo (M, ). Tem cambiM Mbl IPUXOJUM K CIEAYIOMEMY
onpeneneHHUIO.

Onpenenenuve 9.11. [unamuuecras cucrema (M, u, ) ecTb cucmema ¢
YUCMO MOYeUHbM CNEeKmpPOM, ecli coGecTBeHHble QYHKIUE UHIYIUPOBaH-
Horo onepaTopa U o6GpasyioT Gasuc B Ls(M, ).

Bepuemcsa k npumepy 9.10. ITo Teopeme 9.7 3Ta cucTeMa 3proaudna B
TOM W TOJIbKO B TOM clydae, ecii 1 — mpocToe co6CTBeHHOe 3HadeHue.
Takum o6pasoM, Heo6XoAUMOEe M JOCTATOUYHOE YCJIOBHE 3PrOJUYHOCTH 3a-
KJII0YaeTcA B TOM, YTO

pw ¢ Z mpu p#0,

T.€. YUCJIO w OO0MKHO OBITh HMppanHoHAALHBIM. MHaue roBopsA, Halla cHuc-
tema (M, i, ©) 3proguyia B TOM U TOILKO TOM clyd4ae, eCliil TPAeKTOPUH
mioTHbI Ha M (cM. npumep 7.8 u npuiosenue 1). B 3ToMm mocieanem ciay-
yae Bce coGCTBeHHbIe 3HaueHuA AP pasnuunbl 1 mpocThl. Hamia cuctema —
He IepeMellnBaloniasn, Tak Kak, nojaarad B (9.9) f = g = 2P, Mbl nmony yaem

(UP2P [ 2P) =07 £ (f [ )1 ] f).

Ecau p # 0, To lim 67" e cymecTByeT u ycioBue (9.9) He BpImoaHfeTcA.
n=oo
JTOT pe3yabTaT AONMYyCKaeT HeNocpeJCTBeHHOe 0000IIeHNe Ha 7N-MepPHLIH
TOP.
[IpuBeneHHbIN IpUMep HABOAUT HA MBICIb O CleIyOlleil TeopeMe.

Teopema 9.12. [ycms (M, u, @) apzodudeckan OUHAMUYECKAA CUC-
mema, U — onepamop, undyyuposannvili dugdeomopdusmon . Tozda:
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a) abcoalomunan éeauduna a0l codcmeennoti Pynkyuu onepamopa U
ecmb KOHCMAHMA 1. 6.}

b) rascdoe cofcmeennoe Inauenue nNPocmo;

c) MHONcECMB0 Bcex coGCmeeHHbLT 3HaveHuli onepamopa U ofpasyem nod-
epynny oxpyxerocmu {z | z € C, |z| = 1}

d) ecau cucmema (M, p, ) nepemewusarwas, mo eduncmeennoe coo-
cmeennoe 3nauenue pasuo 1.

Jorasameavemeo.
IIycte f — cobGcTBenHas GyHKIUA, OTBevawlias coGCTBEHHOMY 3Ha-
YCHHUIO A:

Uf = \f.

Tar wak U — yuwnrapusiit oneparop, |A| = 1; caegoBarensuo, U|f| = |f|-
OTciona Mbl 3akIIOUaEM, 9TO BednvnHa |f| MHBapuaHTHA; NOCKOALKY CHC-
TeMa PProfinuHa, 3To 03Havaer (cM. clefcTsue 7.6), 4To

|f| = const m.B.

B uactHoctn, f # 0 n.B. u |f|? € Ly(M, p).
Ilycth h — apyras coGcTBeHHaA GyHKIMA, OTBeYalollasn ToMY e cob-

CcTBeHHOMY 3HaueHuio A, uto u f. [lockoabry f # 0 m.B., TO MOMKHO cocTa-

BUTH OTHOIIEHHE % € Lo(M, p) u y6equTncs, 4To

v(k)=Uh_ M _b
PTUFTN T

CHB}IOBHTBHLHO, ’?L — WHBapuaHT. HOCI‘iOﬂbI‘iy cucTemMa aproamnvta, gellaeM
BBIBOH, 4YTO

h =const- f mn.B.

Tarum 06pasom, cOGCTBEHHbIC 3HAYCHUS MPOCTbIE, YTO AoKasbiBaeT (b).
Uz Toro, uto U f = Af, MbI 3armodaem, uto U f = Af; ciefoaTennho,

A =A"! — cobcrBennoe sHavenme. IlycThb 4 — HEKOTOpPOe COBCTBEHHOE

3HaueHue, g — COOTBETCTBYIOWas eMy cobeTBennad ¢pynrnua. Torna

Uf-g)=Uf-Ug=Au)(f-g).

CnefoBaTensHo, Ayt — coGCTBeHHOe 3HaueHue. ITo JoKa3bIBaeT (c).
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Haronen, ecan cuctema (M, u, ¢) — nepemewmnBamolasn, To, BbIGupan
B KauectBe f u g B (9.9) co6eTBennyIo GpyHKINIO, OTBEYAIOIYIO COGCTBEH-
HOMY 3HAUEHUIO A, MOTydaeM:

lim (U™f | f)=(f[1)-(L]f),
n—r0o0
T.e lim A" = const.
n—o0
Tarum o6pazoMm, A — 1. ITo mokasbiBaeT MyHKT (d). ]

Mepeuncneniple BhIlIe CBOKCTBA JUCKPETHOTO CNEKTPa UMEIOT anajo-
T'UU CPe/in CBOWCTB HenpepsiBHOro criekTpa (Cunait [2], [3]). flcHo, uto rpyn-
na co6CTBEHHbIX 3HAYEHUI eCTh HHBAPUAHT JUHAMUYECKOlH cucTeMbl. Eean
CIeKTD YHCTO TOYEUHBIH, TO 3Ta Ipylna o6pasyeT NOJHYIO CHCTEeMY HHBa-
puanToB. TouHee, clipaBelJuBa ClAeAYIOIAA TeopeMa.

TeopeMa o auckpeTHoM crnekTpe 9.13 (dou Heiiman, Xaamom).
a) llee spzoduieckue dunamuueckue cucmemvl ¢ HUCINO MOLELHBLMU
CneKmpamu U3OMOpPHel 8 MOM U MOALKO MOM cAyide, ecau OHU 00-
Aa0awm 00HUM U MeM Jce CeKmpoM.
b) Jwbas cvemnan nodepynna oxpyicnocmu {z|z2€C, |z|=1} ecms
cnekmp Hekomopotl 3pzoduteckotl cucmemvl, € HUCMO MOYEYHBIM
CNEeKmpoM.

HokasateancTBo cM. y Xanmoma [1]. Ono cBoguTCA K KOKA3aTEILCTBY
TOT0, UTO 3pProANyecKad CICTeMa C YUHCTO TOUYEYHBIM CIIEKTPOM H30MopdHa
KROMIIaKTHOI1 abeneBoit rpyie, Ha KOTopoll AeficTByeT BpalleHUe.

dTa TeopeMa MOKa3bIBAET, UYTO B ClIyyae AUCKPETHOrO CIeKTpa mpob-
Tema Kiaccu(UEanny MOAHOCTHIO pemeHa. C Jpyroii cTOpoHbI, HEM3BECTHO,
HampuMep, CYIIeCTBYIOT JIU KIaCCHYeCKHE CUCTEMBI, pealus3yIonyue JanHbIiH
JMCKPeTHLIH creKTp (niu neberopekuii Koneunoii kpatnoctu® ). HekoTophie
pesynbTaThl HA ATY TeMY NMpUBeJIeHbI B NpuiomeHuu 16.

§10. Jle6eroBckue crneKkTpPbI

Hauynem ¢ paccMmoTpeHus npumepa.

I[TpumEP 10.1. Bepuemcsa eme pa3 k npumepy 1.16 uz rn. 1: M —
top {(z, y) mod 1}, cHaGmeHHbIN 0GBIYHON Mepoii, aBTOMOP(U3M olpese-
JAieTCA COOTHONIEHUEeM

ez, y) =(x+y, r+2y) (modl),

5Qmnpeneneuue cm. B § 10.



§ 10. JleGezoscrue cnexmpot 35

U — onepaTop, HHAYUHUPOBaHHLIA aBTOMOPGU3MOM . XOPOIIO U3BECTHO,
9TO MHOKECTBO D dhyHKIMii

{()’Ihq(m? y) = 627r'i(pa:+qy)’ JR/AS Z}z

o6pasyeT MOMHBIH OpTOHOpMUpOBaHHbIi 6azuc B Lo (M, ). Muomecrso D
MOmeT GBITH 0TOMAecTBICHO ¢ pemeTkoi Z° = {(p, ¢)} C R%. Tockonbky

Uep,q = €p+q,p+205

To onepaTtop U ungynupyet Ha D aBToMOpdU3M u:

u(p, ) = (p +q, p+ 2q).

Horamem, uto (0,0) — eguHcTBeHHAA OrpaHiYeHHas TPACKTOPUA aB-
Tomopdusma u. llpeanmonoum, uaro (p, q) € 7? npuHATERUT OrpPaHUUEH-
Hoii TpackTopuu. Toraa cymecTsyer neioe uucio k takoe, uto u*(p, q) =

:(7’1)-

CaenoBatenbHo, ecin K — KopeHb k-# cTeneHM U3 eJUHUIbI, TO
K" (p, @) + K* 2u(p, q) +--- + ¥ L(p, q)

coGCTBEHHBIN BEeRTOp aBTOMOpdH3Ma 4 ¢ COOCTBEHHBIM 3HaueHHeM K.
Ho co6eTBennbie 3HaueHiA aBTOMOpQUu3Ma ¢ ABAAIOTCA COGCTBEHHBIMU

3HaYeHUAMHU MaTPULBI
11
1 2)°

U He ABIAIOTCA KOPHAMM u3 egununsl. OTciofa cienyer, uto (p, g) = (0,0)
u uto 72\ {(0,0)} pasnaracrca na MuomectBo I 0pGUT aBTOMOpdUIMA U,
U Kamaaa op6uTa HaX0OUTCA BO B3aUMHO 0JHO3HAUHOM COOTBETCTBHUU € Z.

Ho Bepuemca k D = {ep 4 | p, ¢ € Z}. D \ {eo,0} pasnaraerca Ha
op6utsl aBTomopousma U: C1,Cy,...,C;,...; @ € I. Eean f; 9 € Cj, 1o
MOKHO 3aMKUCaTh

Ci = {fi,n | n e Z}-

rae fin = U™ fio. llonBogsa utor, mMono ckasaTb, 4yTo H; — npocTpan-
CTBO, MOpOM#IeHHOe BekTopaMu op6uthl C;, u La(M, p) — npamas cymMma
npocTpaHcTB H; U ofHOMepHOro NpocTpaHcTBa QyHKIINII-KOHCTAHT, MOPOMH-
naeMbIX eg 9. Hamaoe us H; nnBapuaHTHO oTHocuTenbHo U u obnanaer
MOMHBIM OPTOHOPMHUPOBaHHLIM GasucoMm { f; »| | n € Z} Takum, uto

Uf'i, n — f'i, n+1-
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dTa cuTyanuf BcTpevyaeTcA JOCTATOUHO YacTo AJMA TOro, YTOOLI onpaB-
IaTh clieylollee onpeneleHue.

Onpenenenne 10.2. Iycre (M, p, ¢) — abcTparTHas gUHAMHYeCKad
cuctema, U — uHAyUUpOBaHHLIN yHUTapHbIH onepatop. ['oBopAT, uTo 3Ta
cucTeMa obragaer geferosckuM coekTpoM LI, ecim cymecTByeT mommbrit
OPTOHOPMMPOBaHHbIH 6asuc npoctpanctsa Ls (M, u), 06pasoBaHHbIH HYHK-
uuneit 1 u dynsuuamu f; ; (i € I, j € Z) Takumu, 4ro

Ufi,j = fi,j+1 A1f MOObIX i, j.

Torpa MomHocTh MHOskecTBa I OIHO3HAYHO OMNpe/ie/ieHa; OHA HA3bIBAET-
cA kpamuocmyio ae6erosekoro cnexrpa. Ecan muomectso I (cuetno) 6ecko-
HEeuHo, TO JeGeroBekuil CeKTp HaszbiBaeTed (cyeTno) Geckonednnim®. Ecan
MHOeCTBO I cOCTOUT U3 OJHOr0 3IeMeHTa, TO Ne0eroBCKUil CIIEKTpP Ha3bl-
BaeTcA NMPOCTHIM. AHAlOTUYHOE OTpe/eleHre NUMeeTcA U B HEIPepbIBHOM
cryyae.

Myemo (M, 1, ;) — Ounamuveckan cucmema, Uy — odHonapamem-
pudeckas epynna UHOYUUPOBAHHHIT YHUMAPHLLT onepamopos. Tosopam, wmo
ama cucmema umeem aebezoeckuil cnekmp kpamuocmu I, ecau rasiedwiii one-
pamop Uy (t # 0) umeem aebezosckuii cnekmp kpamuocmu I.

3AMEYAHUE 10.3. 3Ta TepMHHOJOTUA BO3HUK/A clleTyOmMuM o6pasomM. Pacemor-
PUM CIeKTpalbHOe pasio;keHHe onepaTtopa Uy, 3agaBaeMoe TeopeMoii CToyHa:

+oc
Uy = / TN AE(N).

— 00

Cucrema (M, p, p:) UMeeT 1eGErOBCKUI CIEKTDP B TOM U TOIBKO TOM CIy-
yae, ecnmu Mepa (E(A)f | f) abcomoTHo HenpepbiBHa mo Mepe Jlebera mpu aoGoi

f € La(M, p), (f | 1) = 0.

Teopema 10.4. /JuHnamuveckasa cucmema ¢ 2e6e206CKUM CNeKmMpom 00.4a-
daem nepemeuiusaHueM.

Horasameavemeo.
ITo Teopeme 9.8 HeoOxoaUMO dOKa3aTh, YTO AnA BeeX f, g € Lo

Urlgy={11)-(1]g).

lim
n—>00

STakoii cekTp NPHHATO HABLIBATL CUETHOKPATHEIM JeferoBckuM. — Ipun. ped.
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JTO SKBUBANEHTHO TOMY, UTO A KaMIbIX f M g M3 OPTOrOHAIBHOTO [0-
nonHeHusd K gpyHxnuu 1
lim (U™ f| g)=0.

n—0o0

HJocTaTouHo noKasaThb »To JiA cilydad, Korja f U g ABIAIOTCA Gasuc-
HbIMH BekTopamu. Ecmu f = f; j, g = fir, TO

<Unf | g> = <fi,n+j | fk,’r):

rjge npaBas 4acTb paBHa HY/IO, €CJIA k }é 1 WK eclu N AOCTaTO4YHO BEJIHRKO.
OﬁHII/IfI cnyqaﬁ MO:KeT OLITh BLIBEACH U3 paccCMOTpEHnHOro HaMH ¢ MoMOMbIO
HEeIIpepLIBHOCTHU H JIUHEHHOCTH. [ |

CaexncrBue 10.5. Asmomopdusn o(x, y) = (x+y, x+2y) (mod 1) mopa
M ={(z,y) (mod1)}

(em. npumep 1.16, 2a. 1) umeem aebeeoscruil cnexkmp (cm. npumep 10.1).
Caedosameavto, p(x, y) ecmv nepemeutuganue u, maxum o6paszom, speodu-
yen (cm. caedcmeue 8.4).

I[TpumEP 10.6. Cxembl BepHynnu uMeroT 6€CKOHEUHBIN cUeTHBIH JTeGero-
CRUIl CIIEKTp U, cleloBaTelbHO, BCe NpPUHALIEKAT K OJHOMY U TOMY iKe
CcHeKTpalbHOMY THIY.

Horasameavcmeo.

Horamem ato yrBepsaenue miusa B(1/2,1/2); te e paccymaenus
ocraloresd B cune u jaA B(p1,...,pn) ¢ TOYHOCTBLIO 10 o6o3Hadvenuil. Ha-
noMHUM (cM. mpumep 2.2, ra. 1), uto M = ‘22 roe Zz = {0,1} — a0
IPOCTPAHCTBO MOcHeJoBaTeILHOCTElH

m=...,m_1, Mg, M1, ...; m; € {0,1}.

BriGepem B KavecTBe OpPTOHOPMHMPOBAaHHOTO 0Oasuca B IIPOCTPaHCT-
Be Ly(Zg, 1), cCBA3AHHOM C 1-M 3K3eMIIIAPOM Zs, GyHRIHO 1 1 dyHRUNIO

() —1 mpux=0,
Yn\T) =

+1 mpuz=1.
Basuc a1a oproroHanpHoro gononnenusa Ly(M, p) B GyHRUHAM-KOHCTAH-
taM Ha Lo(M, p1) MBI OXyYKM, B3AB KOHEeUYHbIe IPOU3BeeHUA DYHRINI Yy,
C pasIuUYHBIMU HHAEKCAMMU:

ynl .....ynk'



38 Tnasa 2

Ilycts U — yuuTapuplit onepaTop, UHIYUUPOBAHHBIH COBUTOM (p:
m — m' (m; = m;_; npu mo6six ¢). HasoBem 1Ba s1eMeHTa U3 IOCTpO-
eHHoro 0a3uca SKBUBANCHTHBIMHU, €CIM HEKOTOpas cTencHb omepatopa U
[epeBOJUT OAMH 3jeMeHT B Apyroii. Torga 6asuc pasbuBaeTca Ha cueTHOE
MHO?KEeCTBO KJIaCcCOB 3KBUBaleHTHOCTH. Hamaplilt TaKkoit Kilacc SKBUBAJIEHT-
HOCTU HAXoJUTCA BO B3aMMHO OJHO3HAYHOM COOTBETCTBHU C Z: AelicTBUE
onepaTtopa U Ha KjIacc mepeBOANT HJIeMeHT, COOTBeTCTBY MKl n € Z, B 3Je-
MEHT, COOTBETCTBYIOMHUI n + 1.

CaepoBarensno, B Ly(M, p) cywecTByeT HmOQHBI OpPTOHOPMHUPOBAH-
HLIA Gasuc €, 4, p € Z+, q € 7Z Takroii, uTo

Uep, g = €p q+1 TpH JOGLIX p, .

Yucso p yKasbiBaeT HoMep KJacca SKBUBANEHTHOCTH, a ¢ € Z — HoMep Jie-
MEHT €p, 4 B COOTBeTCTBYIoLIeM Kiaacce. CiegoBarensno, B(1/2, 1/2) umeer
CUETHOKpATHBIN JeGeroBCKUN ClekTp.

Mycte M (M, p1,01), M(Ms, 12, p2) — nBe cxems!r Bepuymnau. Tor-
Ia CyILeCTBYIOT HOJIHbIE OPTOHOPMUPOBaHHbIe Gasuce! {1, f}]} u {1, ff,j},
cooTBeTcTBeHHO, HA Lo(My, p1) u La(Ma, ps) Tarue, uto

1 _ g1 2 _ g2 ;o
Urfij = fijw, Uafij = fij1 1pn mobeix i, j.
Uszomerpun Lo (My, p1) va La(Ma, p2), onpeneiseMas cOOTBETCTBHEM
1 2
L=1, fi;j = fij

IIOKa3bIBacT, 4TO ABEC Hallu CXE€MBEI BepHymm OOHOT'O 1 TOro ke CIIeKTpajb-
HOro Tuia. [ |

8§11. K-cucrtemMbl

B stom pasgeine MblI HaMepeBacMCA ONpeacanuTh OAUH RKjacC JuHaMu-
YEeCKHUX CHUCTEeM C CHJIILHO BEPOATHOCTHBIMHU CcBOMiCTBaMU.

Onpepnenenve 11.17. Jlunamuueckas cucrema (M, p, ) HasbIBaeT-
ca K-cucremoii®, ecin cymectByer moganre6pa’ 2 anre6pbl H3MepUMBIX

MHox¢ecTB (mod 0) 1 (cM. mpunozenue 6) Taxas, 4To

7OTHOCUTENLHO 0603HaueHuit C,A,V — H T. . cM. npuiaoseHue 17. Poxaud npugep-
MHBaeTcA cilefylomux (cTangapTHbIX) ob6osHaveHuii: 1 =9, 0 = 9.

8A.H. Konmoropos [2] BBea TOT Kiacc CHCTeM TIOJ HA3BAHMEM <(KBa3HDPEryIADHbIe
CHCTEMBIY.

93nech U B AanbHelimeMm peub MAET O g-aare6pax.
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a) A C A,

x> -~ ey
b) 1 ¢"A =0, rge 0 — anre6pa muoxects Mepsl () miu 1,
n=—oo

o -~
¢) 'V "2 =1, rie ¢, eciii BOCHOIL30BATLCA HETOYHOCTLIO PeYd, —
n=—oo

-~

aBTOMOp(}U3M, UHAYIUPOBAHHLIN  Ha 1.

B wenpeproisuom cayuae (M, p, ;) npUBeleHHbIe BbIIE YCIOBAA MOA-
7eRaT 3aMeHe Ha cledylolnue:

a) AC A mput >0,

b’) ﬂ QDtQ[ = 67
t=—0o0

¢) V pA=1
t=—0o0

Ilo onpenenenuio, cucteMa, usomopdHada K-cucreme, ecTb K-cucreMa.

OpumeP 11.2. CXEMBI BEPHYIIM (cM. Ti. 1, 2.2). Cremwt Bepuyaiu
aesaawmen K-cucmemamu.

Hokasameavcmeo.
Hanomuum, yto eciu B(pi, ..., pp) — cxema BepHyniu, To
i_ _ . . .
Al ={m=...m_y, mo, my, ...\ mj =j}, j€ZLy, i€L.

IIycTe /A — anre6pa, noposaeHHas A{, i < 0. Ecin ¢ — caBur, To
<,0(Af-.) = Ag+1~
CnemoBaTennHo, 2l — anre6pa, HOpOKIeHHAA TeHepaTOpaMu A{;, E<1lu
A C U,
4TO JORa3bIBaET (a).

C apyroit cTopoHbl, M0G0 TeHepaTop Ag anre6pbl T ectn cpq(Ag) =

= A}, 1 <0, ccu B3ATL ¢ > k — i, ¢ € Z. Mu1 nomyuaem cpoitcTBo (c):

o0

V oA =T1.

n=—od
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HokaszeMm, 4TO
o0
ﬂ ™A =0.
n=—oo

Hycrs B — noganre6pa anre6psl 1, KamIblii SIEMEHT KOTOPOi MpuHaIe-
JKAT Kakroif-HUOY b nojaire6pe, MOpOAeHHON KOHEYHBIM UMCJIOM IeHepa-
topoB A]. Herpyauo BuieTs, 4To KaxaoMy A € B cooTBeTCTBYeT dic-
10 N € Z rakoe, uto (AN B) = p(A) - u(B) npu Beex B € ™A, n > N.
TaxuM o6pasom, cootHomenue p(A N B) = u(A) - u(B) BblnonHAETCA ellje

o~ >
unpu Beex A € 1 n B € [ ¢ "A. B wacthocru, u(B) = p(BNB) =

n=0 oo
= [;L(B)F, T.e. (B) = 0 uan 1 pasa seex B € (] ¢~ "2 Otciona cnenyer,
o0 - n=0
aro ) ¢ "2 = 0, u MbI 3aKII0YaEM, UTO

n=0

0= ﬂ " A C ncp_”Ql.

|
n fes} n=0
CaenctBue 11.3. [lpeobpasosanue nexapa ecmv K-cucmema.
Horazameavcmso.
IIpeoGpasoBanue nekapsa uzomopduo B(1/2, 1/2) (cMm. npunomenue 7).
|

ITpuMEP 11.4. B ra. 3 mbI paceMoTpuM oOmKpHBIH Kiaace K-cuctem —
TaK Ha3blBaeMble Kiaaccuyeckue K -cucTeMsl. TOMY Kiaccy NpHHALIeKaT
aBTOMOP(H3MBI TOPOB, Feofle3NUecKyie MOTOKU Ha KOMIAKTHBIX PUMaHOBBIX
NPOCTPaHCTBAX OTPULATENBHON KPUBU3HBL, aHCaMOIH «YIPYTo CTaIKHBAIO-
mux cA yactuny Boabumana—I'nb6ca 1 MHOrMe APYrue CHCTEMBI.

llokamem, uto B guckperHoM ciyuael’ K-cucrembl umeoT Geckoneu-
ublii ne6eropekuii cnertp (Koamoropos [2]).

CrepoBatensio, K-cucteMbl ABIAIOTCA NepeMelINBAIOIUMHA U 3Pro-
auvHbl (Teopema 10.4).

Teopema 11.5. K -cucmema umeem ciemuorpamuubill 1e6e208cKuUll cnexmp
Ha 0pMO2OHAALHOM OOTMOAHEHUL K PYHKUUAM-KOHCTNAHIMAM.

IIpuBeaeM cxeMy JoKasaTelbCTBA, KOTOpOE MOJHOCTLIO JaHO B NMPUIIO-
skeHun 12,

10HenpepuiBublit cryyait cM. Cunait [6].
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HSUH U'HSH
A AL

Id N7 N\
............ UH H U'H o oeeeeanannn,
........... thj xhl XU_lhl H‘l
X hz
........... thl xh]_ xU_lhj e sreaaaa H]l
Puc. 11.6
Ilycts A — nopanre6pa uz onpepenenusa 11.1. O6o3naunm vepes H

noanpocTpancTBo Gyuruuit us Lo(M, p), mopomaeHHOe XapaKkTepUcTHIeC-
KUMU QYHKITUAMY 31eMeHToB nogaiareops! A. Ecnu U — onepaTtop, HHIYTU-
pOBaHHBII aBTOMOPdHU3MOM ¢, To cBoiicTBa (11.1) nomanre6psl 2 nepexogaT
B caepyiomue (puc. 11.6):

o
Hy= () U'"HC---CUHCHC
n=—0oo 00
CUT'HC---C |J UrH=Ly(M, ),
n—=—oo

rae Hy — npocTpaHcTBO, mopomsaeHHoe QyHknueit 1.

Ha oproronannnom ponoianenuu H & UH mnpoctpanctBa UH k H Bbl-
GepeM NOJHLIA OPTOHOPMUpOBaHHLIN Gasuc {h;}. [locaenoBaTenbHOCTD

o s U hj, by, Uhy, ...

nopos;kaaeT nmpocTpancTso H;. [IpocTtpancTsa H; mHBapHaHTHBI OTHOCH-
tenwHo U, ¥ MX opToroHanbHas cymma ecth Lo(M, 1) © Hy. CreoBaTenbHo,
€ClIy MOJIOKHTD

Ci,j:Ujhi, iEZ+,j€Z,
To yHkuun {e; ;} 1 GyHKUUA 1 06pa3yiOT MOMHBIN OPTOHOPMUPOBAHHBII
6asuc B Lo(M, p) © Hy Takoii, uto

Ue;; =€ j+1 InA Bcex i, j

(onpepeneHue 1e6eroBCKOroO CEKTPa).
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MosiHo forasarh, uto pasmeprocts H © UH GecrkoHeuHna (npunoze-
uue 17), crepoBarennho, neberoBekmii cuekTp GeckoHeyed.

8§ 12. duTponuA

Onpe,ue.rmM Ternepb MHBapuaHT JUHaMHU4YeCKHUX CUCTeM, HOTOprI'?'I He fAB-

Jf1eTCA ClIIeKTpajJbHbIM I/IHBa[)I/laHTOM11 .

Mycts a = {A4;}ie1 — usaMepumoe KoneuHoe pasbuenne M (cMm. npu-
noxeHue 18):

N(M\UAi) =0, p(A4inA;)=0 upui#j,
el
B nanwueiimem npennonaraetrca, uyTo I KOHEUHO (HJIM CUETHO).

Onpepenenue 12.1'2, Beauuuna

h(a) = =Y p(A;) log p(A4s),

i€l
rae log — nBouwunniii gorapudm v zlogz = 0 npu z = 0, HasbiBaeTca
asnmponueti h(a) pasbuenus c.

CymMMa B mpaBoil 4acTH MOKeT GbITh KOHEeUHO#l uau GeCKOHEeUYHOH, Tak
Kak 3meMeHTHI mocinenoBatenbHocTH {1(A;) log u(A;)} orpunatenbusr umn
paBubl myaio (0 < p(A;) < 1).
I[TpumMEP 12.2. PA3BHEHHE HA N 3JEMEHTOB OJIWHAKOBOW MEPEL.
B stom cayuae p(4;) = %, noatomy h{a) = log N. 3amerum, 4to ec-

1M o — HeKkoTopoe pasbueHue Ha N 3I1eMeHTOB, TO
h(a) <logN,

npuyeM paBeHCTBO HMeeT MeCTO B TOM M TONbKO TOM cliydae, €cllid Bce
9JIEMEHTHI HMEIOT OHY U TY e Mepy 1/N.
leficTBUTENbHO, QYHKIUA

—zlogz mpul <z,
z(x) =
0 npu z =0

113t10or unBapuanT Beesen A.H.Koamoropossim [4].
12QTHocuTenLHO BepoATHOCTHOTO ToAxofa cM. A. M. firnom u U. M. firaom [1].
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sY

Puc. 12.3

CTPOro BeIlIYRKJa, TaR RaK

2"(z) = loge < 0.

IToaTomy u3 HepaBencrBa Mencena MbI noly4aeM, YTO

ha) = 3 2(u(49) = N'Y 12(u(4:)) <
Nz(% Z,U,(Az)) = Nz(%) = log N.

Huaue rosops, h(a) ecTh He UTO UHOE, KAK B3BCIICHHBI JBOMYHBI JoTa-
pudM OT YuciIa BAEMEHTOB pa3CUeHusn .

3aMeTHM TaK#e, YTO eclu ABa pa3dueHHs YKBUBAJEHTHEI, T.€. OTIIH-
YaOTCA UL HA MHOMECTBE Mephl Hylb, TO OHM 061afal0T OJAMHAKOBOL
sutpomnueil. Hakouen, pasenctBo h(a) = 0 o3nauaet, 4To Bee Mepbl f(A;)
paBHBI HYJIO, KPOMe O/IHOM, paBHOI eJUHUIE.

Onpenenenue 12.4. Cpegusasa sHTpoNnuA pasGUeHUA ¢ OTHOCHTENlb-
Ho pasbuenna 3. Ilyetb a = {4; |i=1,...,7}, p={B; | j =
=1,..., s} — 1Ba UBMEPUMBIX KOHEUHBIX pa3bUeHUSI.

MoskHo npegmonosxutThb, uto p(A;) > 0, u(B;) > 0 npu Beex ¢, j.
Paz6uenne o MHAyUMpYeT Ha KamjoM B; KoHeuHoe pasbueHue

B;NAq, ..., B;NA,.

Ecau cuntars, uto B; umeer mepy 1 (B pe3yibTaTe NIepeHOPMUPOBRN),
TO 3TO0 — KOHeuHoe pa3bueHue, obaajgamoiee IHTPONUEI.

BsBemenHaA cyMMa 3THX HTPONHUIT 0 BceM D; Ha3bIBaeTCA IHMPoOnu-
el @ omuocumeasro  u o6o3HavaeTCA

VoS BN A, (p(Bi0 A
ha| ) = 2) Z;uwwl% 1(By)
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AHanoru4Hoe onpejieiieHue cymecTByeT U B TOM cliydae, eciu & U 3 —
CUeTHBIE U U3MepHMble pasbuenus (mpmioxenue 18).
B npunoskenue 18 npuBeseno A0kaszaTelLCTBO clegyloleil TeOPEeMbI.

Teopema 12.5. I[Iycmo «, 3, v — usmepumvie KoHeuHsle (AU CHemHbie)
pasbuenus. Tozda
ha | B) >0, (12.6)

npuiem pAGEHCME0 UMeem MeCMo & MOM U IMOAbKO MOoM Cayide, ecal
a < B (mod 0).

havB|vy) =hla|y)+h(B|aVy), (12.7)
a<f (mod0) = hialvy)<h(B]7), (12.8)
By (mod 0) = ha|y) > ha| B) (12.9)

hlaV B |v) <hlea]v)+h(B]7) (12.10)

Ilycts v — TpuBnanbHoe pasbuenne {M} u Bo3bMeM Y = v B BbINHU-
caHHbIX Bblme cooTHomenuax. llockoabky h(a | v) = h(a), nonyuaem

h(aVv B) =h(a) + h(B | ), (12.11)
o < = h(a) < h(B), (12.12)
bl | ) < h(a), (12.13)
h(aV B3) < h(a) + h(B). (12.14)

3amMeTHM, HaKOHel, YTO eClH ¢ — aBTOMOP(H3M H3MEPUMOro Mpo-
crpanctBa (M, p), To

plaV ) =e(a) Ve(B), (12.15)

ha | B) = h(pa | ©B). (12.16)

Onpenenenve 12.17. Jurpomnusa paszbuUeHUA OTHOCUTEILHO aBTO-
mopdusma. Ilycrs (M, p, ) — OuHAMHYECKAs CHCTEMa, @ — KOHEY-

HOe (Mau cueTHOe) u3MepuMoe pasbueHune Muoroo6pasus M. 3umponueti o
OMHOCUMEAbHO  HA3BIBAaETCA YUCIO

haVepaV---Ve"la)

nezt.

IIOHB?HEM, 4TO 3TOT OpeJel CymecTByeT. Tak kak n — DONOMKUTEILHOE
nenoe 9uciio, IMoJIOsKUM:

n—1

hy = h(aVeaV---Ve" a),

Sp = hn - hnfl.
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Jlemma 12.18. $n = 0.

Horaszameavcmso.
N3 cpoitcTBa 12.8 u U3 Toro, UTO

n—1

aVepaV---Ve" Ta<aV- - Veta,

caenyet, uTo hyp,_1 < hn. [ |
Jlemma 12.19. s, — ybblsawuids nocaedosamesbHocCmb.

Horazameavemso.
ITo cBoiicTBy (12.9) nmeem:

$n=hlaV---Ve"a) —h(aV---Ve"la) =
=h(p"alaVv---Ve

n—1

a). (12.20)
CrnenoBaTenbHO,

n—2

Sno1 = h(e" ta|a V-V e"la),

?

T.e. ¢ yuerom (12.15) u (12.16)

n—1

Sn—1 =h{p"a|paV--- V" a).
Mockoabky pa 'V -V " ta < aV- -V ¢" la, us cpoiictsa (12.12)
cirefyeT, UTO Sp—1 = Sp. [

Teopema 12.21. Iumponus h(a,p) cyuwecmsyem u pasHa

lim h(p"a|aV. V"t

n—ro0 a) ’

Jorasameawvcmeo.

{sn} — 3TO yObIBaIOIIAA TIOCIEI0BATENLHOCTD MOJOMHUTENBHBIX UHCel,
nmeloman npegen s. Ecan sametuTn, uto h, = h((x) +s81+...+ 8,, TO U3
TEOpPEeMBI 0 CpeJHUX apudMeTHUECKUX B cMbIcie Uezapo MBI 3akiiouaeM,
YTO

. hy
lim — = s.
n—od n

Teopema 12.21 caegyer u3 onpejencHua 3uTponuu h(w, ) U BoIpazke-

uug (12.20) aas s,. [}
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[MpuMeP 12.22. CXxEMBI BEPHYIIIN. Ilycts B(py, ..., pr) — cxema Bep-
Hyaau (cM. ri. 1, mpumep 2.2), ¢ — ee aBToMopdusm. PacemoTpum Koneu-
Hoe pasbueHue « ¢ k 3leMeHTaMH

={m|mog=1i}, i=1,...,k

HokameM, 4TO
k
—> " pilogpi.
i=1

Mockonbry p"Ay = AL, = {m | m, = i}, To @ Vpa V- -V " la
1MeeT 3IeMeHTaMy

AP AT N AT
Mepa KOTODPBIX paBHa Pj, * ... Pi,_,. 1103TOMy MBI 3aKa04aeM, 4TO
h(av"'vsonila) == Z Dig =0 Pip_y log(pio ' "”pin—l)'

10 5e-- yhn—1

CymMmupyd 1o ig u 3ameyvas, 4To

D

Sin—1

oIy YaeM:
h(aV---V " ta) = — Zpi logp; + h(a V.-V p"2a).
IMo uBAYKIUKE MBI 3aKII0YaEM:
hav.--ve"la) = n(— Zp,; logp,-),
i

OTRKYy[1a
= pilogp;.
i

Onpepenenue 12.23. durponua asroMopdusmald. Iumponued h(p)
asmomopdusma p HA3bLIBAETCA BEIMUMHA

h(¢) = sup h(a, ¢),

rjae o npoberaeT MHOECTBO KOHEUHBIX HBMEPUMBIX pasbuenuii. OueBugHo,
ato h(p) = 0.

13910 nouaTue BBesieno KonmoroposbiM [4]. CM. Tamme Cunaii [7], [8].
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Teopema 12.24. 3umponua h(p) — unsapuanm dunamuyeckol cucme-
mot (M, p, ¢).

Horasameavcmao.

Mpennonomum, uro cucremsr (M, u, ) u (M', ', ¢") usomopdus
(eM. ra. 1, ompenenenue 4.1). Toraa cymectsyet usomopousm f: M — M’
Takoil, uto ' = fof~1. Eciu @ — naMepuMoe KoHedHoe pazdueHue MHOIo-
obpasua M, To fa — uaMepuMoe KoHeuHOe pazbueHue MHOroodpasua M.
U3 (12.15) u (12.16) nonyuaem

h(fav...v for it
W &) = hifa, for) = tim MOV VI T T0)

. h(flav---Verla) . hlaVv---veila)
= lim = lim

n—oo n n—00 n

= h(a, p).

C npyroii cTOpoHBI, eclid ¢ NpoGeraeT MHOMECTBO U3MEPUMBIX KOHEUHBIX
pa3buenuit MHoroo6pasua M, To fa mpoberaer aHaNOTHUYHOE MHOKECTBO
s M'. CrepoBarennho,

sup h(a',¢") = sup h(a, ). =

IIpusesem cnoco6 BerumciaeHus h(p).

Onpepenenue 12.25. O6pasyroiiee pasfueHHe OTHOCHTEJILHO aB-
Tomopdusma. IlycTb a — usMepumoe pasbricHue, KOHEUHOE WJIH CUET-
Hoe, M () — mnopompgaeman « usmepumas ainrebpa. ['oBopar, uto o —
obpasywuiee pa3buerle OMHOCUMEAbHO @, €CIH

\/90 a)=T1.

n=—0oo

Teopema 12.26 Koamoroposa'‘.

omuocumeavro @, mo h(p) = h(a, ).

FEecau o — o6pasywwee paszbuenue

HlokazaTenbCTBO cM. B Ipuiosenuu 19.
IlpuBeneM npuMepsl TPUMEHEHHA BTOU TeOpEMBI.

[IruMEP 12.27. CXEMBI BEPHYIIH.
durponusa cxembl Bepuynnu B(pq, ..., pr) €cTh Beld4yuHa

h(p) = Zpl log ;.

14Cm. A. H. Koamoropos [2], [4], Cunait [7], [8].
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Hokasameavcmao.

Mycrs B(p1, -.-, pr) — cxema Bepuymmu. Anre6pa 1 moposxaaema
MHO3KeCTBaMH

Al ={m|m;=j}, j€ZL, i€L.
Paccmorpum paséuenue o = {A%, i = 1, ..., k} u3 npumepa 12.22. Tak
. . oo
wkak p"Ay = A!, amrebpa  \/ ¢"D(a) comepmUT Bce MHOMKeCTBa, IO-
n=—00

posgaomue anrebpy 1. CiegoBaTennno, a — obpasyiomee pasbuenye oT-
HOCUTENBHO (, U TeopeMa cieayeT us 12.22 u 12.26. [ |

Cinencreue 12.28.

1) Aas awGozo HeompuyamebHO20 HucAd a cyujecmeyem a6CmpaKmuasn
JuHamuveckas cucmema, @ UMEHHo — cxema Bepuyaau, sumponus komopotl
pasua a.

2) Mot sudeau (npumep 10.6), wmo sce cxemwt Bepuyaau npunadaexam
K odnomy u momy e cnexmparvHomy muny. Tax kax amu cremvl mozym
uMemb pasiudHble SHMPONUU, 4 IHMPONUA — UHBAPUAHIM, ACHO, LMO CY-
wecmsyiom abcmpakmubie JUHAMUYECKUE CUCTIeMbl, KOMOopble He U30Mopd-
Hbl, HO NPUHAOAEHCATL K OOHOMY U MOMY JHce CLeKMPatbHoMYy Mmuny.

CyluecTByeT rumoresa 0 TOM, YTO ecilu ABe K-cucTeMbl NpuHaieskaT
K OJHOMY M TOMY #e€ CICKTPalbHOMY THUIY U 06]a1aloT OXHOH U TOH e 9H-
Tpomnueil, To oHu H30MOopdHbI. U3BeCTHO MUIb, UTO OHH ¢1a60 H30MOP(HbI,
Kaz/an U3 HUX roMomMopdHa apyroit (Cunaii [9]).

K aromy e Kpyry BOIPOCOB OTHOCHTCA U pe3yabTar Mewankuna [1]:

B(p1, ...) u B(q, ...) usomopduol, ecau o6aadaiom odnoti u moi sce
sumponuetl u ecau p;, ¢; — OMPULATMEAbHbIE CMeneHu 00HO20 U 020 Jce
Ue.n020 wucad.

Hanpumep, cxemsr Bepuymmu B(Yy, s, Yes Yo Ys) 1 B(Mys Yas Yas V)
usomopdusl. Biatom u Xarcon [1] 06061uan 9TOT pesynbTar.

[TPUMEP 12.29. ABTOMOP®U3MEI TOPA. Ecnm ¢ — sprogmvecknii aBTo-
mop¢usm topa {(z, y) (mod 1)}:

o(z, y) = (ax + by, cx +dy) (mod 1), ad—bc=1,
TO, Kak nokasan Cuuaii [7], ero surponus pabua

h(p) = log A,
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rage )\1 — co6CTBeHHOe 3HaUeHUe MaTpulbl

a b
(¢ o)
MOAYIb KoToporo Goabine 1.
B Gonee o6imem ciayuae, eciu ¢ — 3proguuecKkuii aBToMopdusM r-Mep-
Horo topa T" = R"/Z" u maTpuua ¢ uMeeT r PasTUUHBIX COGCTBEHHBIX
3HaYeHUH A1, ..., Ap, TO

h((‘p) = Z logl)‘z‘,

|/\,;|>1

(em. Tennc [1] u ucnpabrenne AGpamosa [1]).

CaexncrBue 12.30 (Cwm. ra. 1, npumep 4.4.). Junamuieckue cucmemot
na T?, sadasaemvie mampuyanu

11 " 3 1
1 2 2 1
JInHamMuueckyie cUCTeMBI, 3aaBaeMble MaTpULIaMU

31 3 2
u
2 1 11
IpUHAaLIe:xaT K OJHOMY U TOMY e CIHeKTPalbHOMY THUILy U 001agarT oaU-
HakoBoli »HTponueil. HensBecTHo, n3omopdusl au ou. U3BecTHO aumib,

4TO OHU cabo U30MOPMHEI, KamIaa U3 HIX ABIAETCA CHCTEMOM-hakTopoM
apyroii (Cunaii [9]).

He U30MOpPHbL.

Teopema 12.31. durponua K-cucrem'®. Inumponus K -cucmemst no-
AONHCUMEAbHA.

Jorazameavcmeo.
Ilo onpegenaenuto 11.1, cymecTByeT nogainredpa 2 anre6pel 1 Takras,

4To
o0

o
0= prAC--cACEAC--C |/ grA=T.

n= n=—oo

15A. H. Konmoropos [4].
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JokasxeM, uTo B 2| cyllecTByeT KOHeUHasA moganrebpa B Taraf, 4To

\/ LD e V OB gnan>n'; n,n €7Z. (12.32)

kE<n kE<n!

Mpennonomum, 4To 1A KOHEYHON mopanredpol B € 2 cymecTBYIOT
neiple uncia n,n' Takue, uto n > n' u

\/ "B = \/ LD

k<n k<n’

Tak rak (M, ) — ne6eroBo MPoCTPaHCTBO, CYHMIECTBYET BO3pacTaio-
mad nociefoBaTeIbHOCTh By C By C -+ - C A roneunsix anredp B; Tarux,

qTo
\V ®Bi=2L
s IIPUHATOIo HaMHM IIpeaIoJoReHnA clieayeT, YTo
n k _ k
o (\/w%i)—Vw%i
£<0 £<0
npu Beex i. CnefoBaTenbHo,

p"u=\/ sok%l:\/so’”(\/ wk%i) =V(V o) =2,

E<n i k<0 i k<0

1 MbI IPUXOJAUM K HPOTHBOPEUHIO.
ycrs Teneps 3 — KoHeuHoe pasbuenue, mopo:;gamouee ‘B (cM. ompe-
nenenue [118.5). M3 12.21 mbI 3ariaioyaeM, 4To

h(p) 2 h(B,p) = lim h(B| ™ BV -V " f).

IocnegopaTenbHocTh 9 13,0 13V e~243,... — HeBospacTalomas, No-
sromy (cm. (12.9))

h(p) > h(ﬁl V sokﬁ)-

E<—1

HocTaTouHO JOKA3aTh Tenepb, 4TO

(81 \ ¢*8) >o0.

E<—1
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Ecau npeamnonouTh, YTo HMEET MECTO PaBEHCTBO Hy.i0, To 13 (12.6)
MBI MOXYUUIU Obl
B< V ¢*8 (mod0)
k<—1
U, cleoBaTelbHo,

Vets=pv(V &8) =\ ¢,

£<0 k<1 k<1

uT0 nporuBopeunt (12.32). ]

3AMEUAHUE 12.33. T'mpcanos [1] mpusen npumep gunaMudeckoii (He kaaccudec-
KOM) CHCTeMBbI ¢ HyIeBoH SHTponuell U 6eCKOHEUHBIM Te6eroBcKUM criekTpoM. Ho
3T0 — He K-cucTema.

I'ypeBuu [1] nokasain, 4TO OPUIUKIMYECKHII IOTOK Ha KOMIIAKTHOH IOBEepX-
HOCTH NOCTOSHHON OTpHLIATENbHON KPUBU3HBI UMeeT GeCKOHeYHbIH /1e0eroBCrINi
CIIeRTP, HO HYJIeBYI10 sHTponuio. CleloBaTelbHO, 3T0 KIaccHyecKkas cHCTeMa ¢
1e6eroBCKUM CIMEKTPOM, HO OHa He ABIAeTcA K-cHUCTeMoii.

3AMEUAHUE 12.34. Ilo ompeneleHHIO, SHTPONUA MOTOKA ¢ B HENPEPLIBHOM
cryvae pasna h(p:). Ecau (M, p, 1) — K-morox (cm. ompepenenue 11.1),
10 (M, p, 1) — K-cuctema. CrenoBatenbHo (Teopema 12.31), sutponusa h(p:)
K-noToka moiouTenbHa.

Teopema Kymuupenxo 12.35¢. durponua kiaccuyecKux cucTeM.
IHmponua KaaGcCULECKUT cUCMmeM KOHeYHd.

Horaszameavcmeo.

ycts (M, p, ) — RIaccudeckad cucteMa. Tak kax MHoroo6pasue M
KOMIAKTHO W IaJK0, OHO HeceT puMaHoBy MeTpuRy g. ledopmupyn g kon-
(hopMHO, MOMHO peANoNaraTh, 4To ee 31eMeHnT o6neMa paset dy. [lnomann
1106070 NOAMHOT000pa3if ecTh IIoMAajb B CMbICIe METPUKH g.

HasoBem wiaccumueckuM pasbueHnemM MHorooGpasug M ero KOHedHoOe
pasbreHue Ha KOMIUTEKCHI ¢ KycouHo AuddepeHupyeMbIMU TPAHUIIAMU; Ta-
KuM 06pasoM, cymMMma Iomazieit rpanun koneuna. [lockoapky M KoMnakTHO
U [VafKo, Takoe pasbuenue Beerga cymectsyeT (Cairns [1]).

C;[e.rlaeM ABa O4eBHIHBIX 3aMedYaHHusl.

16Cm. Kymnupenso [1].



52 Tnasa 2

1) HMockoabry M0G0 KOHEUHOE Da3fiieHue MOMKHO allpPOKCUMUPOBATE
KJIaCCHYeCKUM pa3bueHneM u sHTponud h(a, @) HenpepsiBHA M0 « (IpHIO-
menne 19), umeem:

he)=  sup  h(a; @)
& RjacCH4YecKoe
2) Ecin ¢ — noamuoroo6pasue pasmeproctr (dim M — 1) u mioma-
au S(o), To, nockonbRy M KOMIAKTHO, CyLIECTBYeT He 3aBHCALIAS OT O
MOCTOAHHAA A TaKas, YTo

S(po)
<A 12.36
Ilycts o — Kuaaccuyeckoe pasbuenue, S(o) — miomanb paHul ero
rKoMmIercoB. Torna
n—1 n—1 n S(Ol)
S(aV---Ve" ra) < S(a) + AS(a) + ...+ AT S () < A o1

W3 n3onepuMeTpuuecKkoro HepaBeHCTBa ClIelyeT, UYTO CYLIeCTBYeT KOH-
crauta C' > ( rakas, uto ecau N = dim M, to

p(A) NN L C-S(4y), the Ai€av---Ve'Tla

Ecau A1, As, ..., Ap — 3l1eMeHTbI paccMaTpUBaeMOro pasbueHus, To,
ucnonnbays (12.36), noxyuyaem

- S
S )™ <o 3D,
— A-1
CnegoBaTenbHo,
k
logz [N(A,-)(N_l)/N] < nlog A + const. (12.37)
i=1

Ho f(z) = logxz — Beinyrnas dyuruus, p(4;) > 0, > u(4;) = 1, nostomy
npuMenenue nepasenctsa Hercena K 1eBoii yacTu maeT

P nA)wr) > 37 () f (@),
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Honaras w; = pu(A;) "N, nonyuaem ¢ yuerom (12.37):

k
Z [1(A;) log pu(A;)] —UN < nlog A + const,
i=1
oTKy1a
k
— > (i) log u(4;)

=1 t
. m gN-log)\+%.

Ecau n — 400, TO
h(a7 ‘10) <N- IOg >‘:

u B cuiy 3ameuanus (1)

h(p) < N -logA.

B uTore genaemM BBIBOA:
Jas ar6otl kaaccuveckoil cucmemst (M, p, @) u nocmoaunoti A, sadasaemoi
nepaserncmeon (12.36), evinoanaemen HepaseHcmeo

h(p) < (dim M) - log A. (12.38)

CaenctBue 12.39. Cywecmsyiom abcmpdrHble JuHaMUYeCKUE cuCmembl,
He U30MOpPHble KAACCUNECKUM. IHMPONUL MAKUX cucmem 6eckoHedHd, Ha-
npumep, beckonednan cxema Bepuyaau:

11 1 1 1
B<§, 1, E, ...,22—n,... ) 22—n,...).

————

22" —n—1 pas

CaenctBue 12.40. FEcau pane cnexmpa dunamuieckotl cucmemsl ¢ Huc-
Mo MovYedHblM CNEeKMPOM KOHEHEeH, MO MAaKdA CUCMeMd UMEEMm HYAe6lio
SHmMponuIo.

Jorazameascmeo.

HeficTBUTENbHO, 9TO Kiaccuyeckas chcTeMa (KoMmakTHas abeleBa
rpylna KOHedYHOil pasMepHOCTH), Ha KOTOpoll meficTByeT Bpautenue. Cie-
AoBaTenbHo, A = 1 u, coraacuo (12.38), h(yp) = 0. ]
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IIpo6aema 12.41. HeusBecTHo, 3aBucUT nu 3HTponua h(y) Kiaccuyeckoit
CHCTEMBI HEeMpepLIBHLIM 06pa3oM OT .

3AMEYAHUE 12.42. Teopema KymHupeHnko cBasaHa ¢ pe3yabratamu M. ApTuHa
u B. Masypa [1]:

[Iyers M — woMmnaxTHoe riajgroe MHoroo6pasue, ¢: M — M — cTpyKTYp-
HO YCTOHYMBBIA C’l—J:[MQ)clJCOMopcpHsM, torga uyucao N(n) U30aMpOBAHHBIX HEIO-
IOBURHBIX TOouek mudpeomopdusmoB ¢, n =1, 2, ... BospacTaeT He Golee yeM
3KCIOHEeHIINAIbHO:

N(n)<C-e™, C=Clp), A=Ay

3AMEYAHHE 12.43. Hegasno Kymmupenro'” BBel HekoTOpble HOBble HeTpH-
BUANbHbIC MHBAPHUAHTEI aGCTPAKTHOM AMHAMUYECKOH cHUcTeMbl, A-3HTponuu.
Mycrs A — MOHOTOHHaA MOCIENOBATENIbHOCTh IEIbIX UCel

Arar <az<az <---.

Tor,ua A-BHTpOHIflﬂ aBTOMOpClJI/IBMa ¢ OTHOCHUTEJIBHO pa36nemm Q. ollpefdenfdaeTcHa

Kan
h(e® V.-V @)
7 .

ha(p, @) = limsup

n——+00

Mono6uo onpenenennto 12.23, A-sHTponusa paBHa
halp) = sup halp, ).

O6brunas suTponua noaydaercs, ecniu A = {0, 1,2, ...}. A-surponum mMoryT
pasinyaTh HEKOTOpble CHUCTEMbI ¢ 0GBIUHON 3HTpONUeil, paBHoit 0.

IIpuBegemM mpumep.

ycte A = {2"}. Torma A-sHTpONUA OPHUMKJINYECKOTO NOTOKA
(cm. rnaBy 3) paBHa h, 0 < h < co. PacemoTpuMm npAMoe npousBejeHHe
3TOTO MOTOKA Ha camoro ceba. Ero A-surponus pasua 2h, 0 < 2h < oo. Ilo-
CKONbRY 2h # h, npou3BefeHue He U30MOPGHHO OPUIUKIMIECKOMY MOTOKY.
Tem ne menee, onu 06a UMEIOT HYJNEBYIO 0OLIYHYIO ®HTPONUIO U CYETHO-
KpaTHbIil TeGeroBCKUl CIEKTP.
3AMEYAHUE 12.44. Hepasno Katox u Crenun [1]'® BBein HeckoIbKo HOBBIX He-
TPHUBHUAILHBIX HHBAPUAHTOB abCTPAKTHBIX AMHAMHYECKHX CHCTEM, CKODOCTH Iie-
PHOAMYECKHUX aNlpOKCHMAaLHH.

ycrs (M, p, ¢) — abcTpakTHad nuHaMuuyeckad cucrema, £, — pasbue-
Hue (M, p) Ha mHomecTBa C) Mepbl 71—1 (i=1,...,n). ABToMopdusm S, mpo-

ctpanctBa (M, p) HasbIBaeTCA MUKINYECKUM OTHOCUTENLHO pasbueHus &, , eciu:

17Cm. ero gomnag Ha MesayHapognoMm MaTtemaTtuueckom Kourpecce, Mocksa, 1966.
18Cm. ux mownajg Ha MexnayHaponHoMm MatemaTuueckom Kourpecce, Mockpa, 1966.
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a) Snén = &n,
b) (Sn)" = E, (Sa)* # E nna k < n (E — TomIecTBeHHOE Mpeobpasopanie).

ByneMm roeoputs, 4To @ gomyckaeT ammpoKCUMANHIO [MUKINYeCKUM Ipeobpa-
3oBanneM nopsagka O[f(gr)], eciin 115 BospacTaromeil mocie10BaTeIbHOCTH HATY-
palbHbIX YHCEN ¢, CYIECTBYET MOCIEA0BaTENLHOCTh pa3bueHmuii &,,, , cxoaamasnaca
Kk 1, B moCIeI0BATENBHOCTD aBTOMOpPHU3MOB Sy, HUKINYECKUX OTHOCUTENBHO &g,
Takux, 4To

> #($Cin A4, Cy,) = O[f(gn)]-

Ratox u Cremun JOKasajan HEeKOTOpbIe BadiHble TeOpeMbI, KOTOpbIe CBA3BIBAIOT
oIpefelieHUe IIoOpAAKa allllpOKCHMAalun IIepHuoaHYeCKUMU HpeOﬁpaSOBHHI/IHMI/I C
BHTpOHI/Ieﬁ U CIIEKTPOM. BamHocTh 3THX pe3yabTaToB MOTBepsraaeTcs TeM q)ﬂl‘{-
TOM, 4YTO BO MHOrUX CJay4asX BO3MOKHO IIOAYYHUTL HCKOTOPYIO I/IH(I)OPMGHI/I}O
0 CHOpPOCTAX anlnpoOKCHUMalnuUu KOHKPEeTHBIX CHUCTEM, Jaxie eClIHM TOYHO€e BbIYHC-
JeHue ClieKTpa HEBO3MOMHO. He}{OTOpBIe H3 3TUX TeopeM clejyromue:

1) Ecau aBTOMOp®U3M ¢ AONYCKAET aNIPOKCHUMALHIO NUKINYSCKHIMH Ipe-

o6pa3zoBaHUAMHU HOpAIKA 0(12#), toraa h{yp) = 0.
n° gn

2) ApToMop¢u3M, TOMYCKAIONIMH alMpOKCUMAIUIO [UKINYECKUME Mpeolpa-
1

30BaHUAMH NOPAAKA O(q— , sproguyuer. Boiee Toro, nMeeT MecTO CHILHAA CXO-
n

aumocte U9 = E, rae U — yHuTapHblit onepaTop Ha L?(M, p1), uHAynupoBas-
HbIA npeobpasoBanueM . Kak caencTBue, ¢ He 06i1agaeT CBOMCTBOM IepeMeNIy-
BaHNA, U MaKCUMAIbLHBIH cekTpaabHbiil Tun U cuHryaspem.

MoskHo HaiiTu Goabllle TeopeM 006 aNNpOKCUMAalUAX U HUX NPUIOKEHHUAX K
HM3YYeHHIO KOHKPETHBIX TUHAMHYECKHX CHCTEM TaKHX, Kak, K IpuMepy, oTo6pa-
JeHMe

Al Az Ag A3 AZ A1

WU I[IOTOK Ha TOpe

de _ 1 dy A

dt — F(x,y) dt F(z,y)
B crarbax Karka u Crenuna B «Joraazax AH CCCP» (1967), B sxypuanax «DyHk-
IUOHANLHBIM aHaIu3 U ero npuioxenua» (1967), u «Ycnexu MaTeMaTHUYeCKHX Ha-
yEe» (1967).
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HeycToiiunBbie cucTeMbI

B 5Toit riaBe MbI pacCMOTPHM MHOMKECTBO KJIACCHUECKHX AHHAMUIEC-
KHUX CI/ICTGI\/[7 Oﬁﬂa)laH)HlI/IX CyLHBCTBeHHO CTOXaCTHU4YEeCKUuMUu CBOﬁCTBaMI/]’
Y-cucteMmsr!.

Op6uUTLI Y-cHCTEM OYeHb HEYCTONYHBLI: ABE OPOGHUTHI ¢ GIM3KUMH Ha-
YalbHBIMH YCIOBUAAMM SKCIOHEHIMAIbHO «pa3beraioTcsy APYT OT ApyTa.
ATO CBOCTBO NPUBOANT K ACHMITOTHYCCKON HE3aBUCUMOCTH Gy IYLICTO U
IpolLIoro: Y-aBToMopGhU3MLI 3ProJHYHbI, ABIAIOTCA «IepeMellnBaHueMy,
061aal0T 6eCKOHEYHBIM Te6EerOBCKIM CIEKTPOM U TOI0KUTENbHOH BHTPO-
nueii, CIOBOM, OHU NPeACTaBIAIOT coboii K-cucTeMbl. Y-cucteMsl oGpasy-
IOT OTKPBITOE MHOECTBO B IPOCTPAHCTBE KaaccHueckux cucreM. Creaosa-
TelLHO, Bce CHCTEMbI, GIM3KUe K Y-cucTeMe, 06/1aJaloT TaKUMHU ke CToXac-
THYECKHMH CBOHCTBaMH. B YacTHOCTH, TO OTHOCHTCA K IeoJe3MUecKHM
MOTOKAM Ha KOMIAKTHbIX PUMAHOBbIX MHOTOGPa3UAX OTPHIATENIbHON KpH-
Bu3Hbl. TakoB NepBLIl NpuUMep Y-CHCTEM.

8§ 13. Y-cucremsl

[IpumeP 13.1. Ha tope M = {(, y) mod 1}, cHaGmenHOM pUMaHOBON
MeTpukoil ds? = dx? + dy?, pacemoTpuM DuddeomopdhusMm

o (3)= (1 2) () Gmoan.
dT0 — runepboaAUYecKUil MOBOPOT, T. €. MaTpula
(2)
1 2
uMeeT JBa elCTBUTENbHBIX COGCTBEHHBIX 3HAYEHHA A1 U Az TaKUX, YTO

0< A <1 <Ay

1Tepmun Y-cucTemsl BBedeH AHOCOBBIM. BykBa Y HcHoONb3yeTcs MOTOMY, UTO BTH
CHCTEMBI YAOBIETBOPAIOT «yciloBUIO ¥Y». B opurnnase — C-systems (ot «conditiony).
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Ilyctb X n'Y — nBa co6CTBEHHBIX HallpaBleHU A, COTBETCTBYIOMUX A1 U Ag.
Paccroanus B HanpaBieHun X «pacTATCUBAIOTCAY, @ B HAIIPABIEHUH Y «CKH-
Matotcsay. boree Touno, nycts T'M,,, — mpocTpaHCcTBO, KacaTeabHoe K M
B Touke m, X,, U Y, — IOANpOCTpaHCTBa, NapajielbHble, COOTBETCTBEH-
Ho, X nY, ¢*: TMy, — TM,(,) — nuddepenunannoe oTodpamkenue .
Torna

™€l 2 Av - €Il mpm € € X, (Mg > 1);
"€l < Az - [IE]] mpn € € Y, (0 < A2 <1),
rae || - || osnavaer gnuny (cm. puc. 13.2).
/
X
lg‘x\ Xm.
Y Y
m
Puc. 13.2

JTOT NpHUMEp CAYMHUT XapakTepHLIM MpeAcTaBUTeleM Y-CHCTEM,
K ONpeJle]IeHHIO KOTOPBIX MBI ceifuac mepexoauM.

Onpegenenue 13.3. Ilyerh ¢ — audbdeomopdusm kiacca C2 cpasuoro
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KOMIIAaKTHOI'0 puMaHoBa MHorooGpasud M kiacca C'°. OGozHauuM uepes
@*: TMy, — TM () nnddepennnan oTobpamenus .

Mut 2060pum, wmo @ ydosaemeopaem ycaosuiw Y, uau ymo @ — Y-dug-
deomopdusm, ecau cywecmsywom dea noaa kacameavHulxr naockocmeir X,
u Y, noaoxcumeavHbolx pazmepHocmetl marKux, 4mo:

1) TM,, — npanas cymma X, t Yp:

TM,, = X @ Vi
2) npu ecex ueablr noAgHUMEAbHBLT N,

™€l = a- eIl 1) €l <b-e™ €]l npu € € Xom,
1(™)*¢ll < be”"\lé’lla ™) €l > a-e*[lEll  npu & € Yo,

2de noaoscumensvHble KoHcmanmsl a, b, A ne sasucam omn u ¢, ||€|| osnaua-
em Oauny eexmopa &. Hpocmpancmeo X, HA36164CMCA PACMALUBAIOUUMCA,
a npocmpancmeo Yy, — CHUMAOUUMCA.

IIpumep 13.1 yaoBneTBOpAET ycloBHIO Y:
a=b=1, =X, e*=Xx (Ml =1).

IIpuBeaennoe Bollle onpeAeneHye pacnpocTpanaeTcA Ha HellPEePLIBHLIN CIIy-
yait.

IyeTs 4 rpynna ¢ napametpoM ¢t € R nuddeomopdusmor Krac-
ca C? cBA3HOTO KOMNAKTHOrO puManoBa MHoroo6pasus M knacca C°.
Tosopam, wmo ¢, — Y-nomox, ecau:

1) sexmop cropocmu %cptmh:o He pasen HYA;
2) TM,, — kacameavHoe NPOCMPAHCIEO 6 MOYKe M pazid2demca 6
nPAMYIO CYMMY:
TMy =X @Yy @ Zm;
20e Z, — npocmpancmeo, nNOPOYCOCHHOE 6EeKMOpPOM CKOPOCIU 6 m,
udim X,, =k #0, dimY,, =1 #0;
3) npu noaolcUmMebHOM GEULECMECHHOM T

(@) €l = a- M€l [[(p—e) €l <b-e M€, ecau € € X,
(o) €ll < b-e €]l (l(p—)*€ll = a- e ||Ell,  ecau & € Yo,

20e nocmoanHbie a, b, A\ noaoicumeavus: u e s3asucam om & u t.
Ycnosue 1 o3navaeT, UTO CHCTeMa He HAXOAUTCA B PABHOBECHOM COCTO-
AHUH. YcnoBre 3 onuchiBaeT moBefenue pemenuii cuctemsl (TM, (p)*).
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3AMEYAHUE 13.4. Herpynno gokazaTb, UTO:

1) mopmpocrpancrBa X, U Yy, 0AHO3HAYHO ONpENENHAIOTCH CBOUMHU CBOICTBa-
MH (U ABIAIOTCA HanGolee «PaCTACUBAIOMHMCHAY U (CUMAIOMHMCAY MO~
npoctpaucrBamu B T'M,, );

2) dimX,, = k u dimY,, = [ He 3aBucar ot m (k — HenpepbIBHasA GYHKIUA
OT m, IpUHHUMAaIOIad nejJo4YncjieHHble 3HaYeHUA Ha CBA3HOM M)7

3) X u Y, HempephIBHO 3aBHCAT OT M.

Haxonen, sameTum, 4To Y-cucTema He SABIAeTCA KIACCHYECKON CHCTEMOIT
(cMm. ompemenenme 1.1), MOCKOALKY MBI He MOCTYIUPOBAIM CyIEeCTBOBAHUE WH-
BapHaHTHOI Mepbl.

IlokameM Temepb, YTO, OTHPABAAACL OT ¥Y-AuddHeoMopdu3zMa, MOAKHO
IIOCTPOUTD HeI‘iOTOprﬁ y-HOTOI’i.

OpuMeP 13.5 (C. CME#I).

IIpocmpancmeo M.

Myets T? = {(x,y) mod 1} — mByMmepnsrit Top, [0,1] = {u|0 < u < 1}.
Tocrpoum uuauuap T2 x [0, 1] u satem oromaectsum T2 x {0} n T2 x {1}
o opmyie

((z, 9), 1) = (p(z, y), 0) = (z +y, z +2y), 0) (mod 1),

rae ¢ — auddeomopousm us 13.1:

() D) e

B pesyanTare MbI moJyudM KoMIakTHoe MHorooGpasue M. Ilyeth
(x, y, u) € M; orobpamenue p: M — S' = {u (mod 1)}, p(z, y, u) = u
Bciogy uMeetT panr 1. CremoBaTenbHo, MHOTOOGpasue M ecThb paccioeHHoe
npocTpancTBo® ¢ 6asoit S u croem Tuna T2,

llomox ;.

I'pynna auddeoMopduaMor @; MHorooGpasusa M onpeaeneHa cOOTHO-
IMeHUeM

£=0, §=0, =1 (13.7)

2HanoMHHM oOnpeneneHHe paccgoeHoro npocTpanctsa. llycts M — riaakoe, cBA3HOE,
KOMIIaKTHOEe MHOrooGpasue pasMepHOCTH n+ ¢, B — raagxoe MHoroo6pasie pasmMepHoc-
TH n, HazbiBaeMoe 6Gazoil, p: M — B — C?-guddepenuupyemoe oTobpaxenne, uMeOmee
BCIOAY paHr n W HasbiBaeMoe npoexuwueii. Ha6op (M, B, p) HasbiBaeTCA PacciOeHHBIM
npocTpaHcTBOM Han M, p~(z), (z € B) — cloAmMu. DTH clOM MMeEIT Pa3MepHOCTDb ¢
u nuddeoMopdHbl Mekay coboil.
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Puc. 13.6

Mempura na M.
Myets A1, A2 (0 < A2 <1 < Ay) — coBcTBeHHbIE 3HAYEHUA MATpPUIIBI

11
1 2/
Merpura na 72 x [0, 1] onpenenena coTHomenuem

ds® = AP A dz + (1 — Ap) dy)® + A3%[Aadz + (1 — A2) dy]® + du®. (13.8)

Herpyano ybenqutbes B TOM, UTO 3Ta MeTPHKa NHBapHaHTHA OTHOCH-
TelbHO oToGpaskeHud

(z,y,u) = (x+y, z+ 2y, u—1).

Wnaue rosops, sTa MeTpUKa COBMECTHMMA € HPOU3BEJEHHBIM BbIIIE
otomaectiaenrem T2 x {0} u T? x {1}. CregosaTensbno, 310 MeTpuka Ha M.
(M, ¢) — Y-nomok.
IIpoBepum Tpu ycrnoBus us onpegenenus 13.3.
1) U3 (13.7) caeayeT, 9T0 BEKTOP CKOPOCTH He 06GpalaeTcs B Hylb.
2) Oycts m = (x,y,z) € M. Onpegeaum TpHU HOAIPOCTPAHCT-
Ba X, Y., Z,, npoctpanctea T M,,: X, (cooTBeTcTBeHHO, V) kacaerca
cnosa T? x u v napannenen coGCTBEHHOMY HaNMpaBIeHUIO, COOTBETCTBYIOMIe-
My coGCTBEHHOMY 3HAaY€HUIO A; (COOTBETCTBEHHO Ag), Autdeomopdusma @
croa T? x {u}:
x 1 10
e: ly]l =1 2 0 y (mod 1),
z 0 0 1



62 Trasa §

MOANPOCTPAHCTBO Z,, KOIIHHeapHo BekTopy ckopoctu (13.7). Umeem:

TMm = Xm @ Ym @ st
dim X,, = dim¥,, = 1.

3) llycte € € X,,,; KOMIOHEHTSHI £ B cHCTeMe KOOPAUHAT (1, Y, 4) HUMEIOT
BUJ
(Sa 5()‘1 - 1)7 0)7 seR.

C nmpyroii cropoHsl, coriaacHo (13.7) matpuua auddeomoppusma @i
ecTh He UTO HHOe, Kak eqnHu4Hasa Matpuua. CiegoBatenbho, us (13.8) mo-
JTydaem:

1@DEN? = A2 s + (1 - M)A — 1)s]2 = AF - €))%,

OTKYJa

(D)€l = ALll€]l-

Tarum oOGpasoM, nepsas rpynna yciosuit 3 (onpenenenve 13.3) BbImonana-
eTcA, eCli NpUHATL a = b = 1, e = Aq.

Bropasa rpynna ycioBuil mpoBepAeTcA TaKUM ke 00pasoM.

flcuo, yTo mome 2-maockocteit X, & Z,, (coorBercTBenuo, Yy, & Z,)
rajJkoe U BIIOJIHEe UHTerpUPYyeMo; cleoBaTelbHO, OHO ompeneisAeT Haa M
PaceloeHHYIO CTPYKTYpPY®.

Hurerpanbupie MHOroo6pasus (MM CJIOH) COCTOAT U3 OPOUT, aCHMII-
TOTHYeCKH cOMMMKaomuxca npu ¢ — —oo (uam ¢ — +00) (cM. puc. 13.9).
B o6mem cayuae, Kak MbI YBUJUM, 3TO CBOHCTBO clelyeT U3 yCIoBud Y.

3AMEYAHUE 13.10. IIpuBeneHHas Bbllle KOHCTPYKLMA HOCUT 00IUIT XapaKTep.
Mycrs (V, po) — C-nudpdeomopdusm Ha MHoroo6pasuu V. Ecan B Tonoio-
ruveckoM npoussefenunt V X [0, 1] mb1 oTosaecTBuM Touxu (v,0) u (pov, 1), To
NOJyYHM KOMIIakTHOe MHoroo6pasue M.
Onpenenum Y-notok na M, monaras

pr(v,8) = (1o, t 45 — [t +5)),

rae v € V, s € [0,1], u [a] o3HavaeT nemyio 4acThb YHCIE G.

3PaccioeHHan CTPYKTypa Hajg MHOroo6pasueM M 3afaeTcA MojieM BIOJHE HHTErPHPY-
eMBbIX p-TinockocTeil. CBA3HbIE KOMMNOHEHTHI HHTErpalbHLIX MHOT006pasuii Ha3wIBAIOTCA
caoaMu. CIou — 3To MoAMHOTO0GpPa3uA PazMEepPHOCTH P.
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(Ptm

CYKMMalIolIeeCsI
CJIOeHnne

paciupsAmwIeeca
cJoeHne

Puc. 13.9

§ 14. T'eoge3svyecKHe MOTOKHU KOMIIAKTHBIX PUMaHOBBIX
MHoOroo6pa3uii oTpullaTelbHON KPUBU3IHLI

IIpuBegeM BaKHBII IpUMep Y-CHCTEMBI.

Onpepenenve 14.1. MHoroo6pasyA OTPHLATENbHOH HKPHUBHU3HBIY,

IIyeTs v TOYKa Ha PUMaHOBOM MHorooGpasuu V, TV, KacaTelbHOe
NPOCTPAaHCTBO B Touke v. JIBa HeKoIMHeapHBIX BEKTOpA €; U ey NPOCTpaH-
ctBa 1V, 3amaoT 2-mI0CcKOCTh. McxoaAmue U3 TOUKH v Teofe3lueckue U
KacaTelbHafg K HUM 2-MIOCKOCTD MOPOMIAIOT MOBEPXHOCTH Y. — PUMAHOBO
noaMHoroo6pasue MHorooGpasus V.

Ionunasa KpUBU3HA NOBEPXHOCTH Y B TOUKE v HA3bIBAETCH KPUBUIHOILL Ce-
uenun p(ep, ea) MHorooGpasusa V B Touke v 2-mrockoctu (e, €2). ['oBopsT,
uto V — mHoz006pasue ompuyameavtoll KpUSU3HDL, €CITU KPUBU3HA CCUCHUA
oTpulUaTelbHa NPH BeexX v U Beex (eg, e3).

Ecnu muoroo6pasue V KOMIaKTHO, TO HEOpPEpPLIBHOCTL KPHBU3HLI ce-
uenna p(e;, ez) obecreunBaeT cyllecTBOBaHMe OTPHUUATENLHOIl MOCTOAH-
Hoit —k? Tawoii, uTo

p(ely 82) g _kz

IIpH Bcex v U Beex (e, ez). [IpuMep MHOr00Gpa3ua oTpuLaTelbHON KPUBH3-
HbI CM. B npuaoskenuu 20.

40tHocuTenbHOro 3Toro monaATua cm. S. Helgason [1], ra. 1.
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HeycToiiurBOCTL reojieariuecKkuX MoToxKoB 14.2

leonesnueckuil NOTOK ¢; puMaHoBa MHoroo6pasusa V omnucbiBaeT BO3-
MOKHDbIC JABUMECHUA TOUYKHU, BHIHYHJACHHON ocTaBaThCA Ha TIJaJKOM MHOTO-
o6pasuu V U He HOJBepeHHOi AefcTBHIO BHelIHel cuibl (cM. npumep 1.4).
Ecmu V MHOroo6pasue OTpUUATENbHOH KPUBHU3HBI, TO Teole3MYecrue
CHIBHO HEyCTOHUMBBI: ecitn v, vy € 11V ,% To paccTosune lprv, prvg| sKC-
TOHeHIINalbHO Bo3pacTaeT co BpemeHeM t. Bomee TouHo, cipaBeanuBa cie-
nyomada Teopema, AokasaHHasa JloGayeBCKUM [Jifl IOBEPXHOCTEN MOCTOAH-
HO¥ OTpULIAaTENbHOM KPUBU3HLI M 006001IeHHAA A 1laMapoM [Jifl IOBepXHOCTeM
NpOU3BONILHOI OTpUIIATENbLHOI KPUBU3HLI.

Teopema Jlo6aueBckoro— Agamapa 14.3. Iycme V — ceasnoe kom-
naKmuoe puUMAHO80 MH02000pasue ompuyameisvnoli kpuesustvl. Toz2da 2eode-
sudecKull NOMOK HA KACAIMEAbHOM YHUMAPHOM PACCAOCHHOM NPOCIPAHCIT-
ee M =TV — Y-cucmena.

IpuBenem cxemy nokasatenbctBa (cM. puc. 14.4). lonHoe gokasaTenn-
CTBO CM. B mpuioxeHun 21.

reoge3mMvecKue

C TIOJIOXKUTEJBHON
aCUMIITOTUKOM
reomesmdeckue S (u)
C OTPUIIATENBHON
ACUMIITOTUKOM
Puc. 14.4
Oycrs vy(u,t) = ¥(t) = v — reomesudeckas, UCXOAALIad M3 TOY-
k1 w € ThV u mnapameTrpusyema cBoeil ayroii t. Eciu 2 — Touka MHoO-

5V — yHuBepcanbHoe HakpbITHe MHOToOGpasusa V.
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roo6pasua V, To depes nolyio Toury (f1) OPOXOOUT HEKOTOpas reofe-
3uyecKasn <y, UCXONANIaA U3 TOYKHM z. Ilpu £; — +00 OHA CTPEeMUTCA K
npefennHoii reogesuveckoi v’ (u',t), ucxonaumeit us rouru u' € TV,.

Ipu pasyMHOM BhIGOpe Hayana oTcYeTa Ha Y MOAHO JOKa3aTh, UTO

pacctosmne (y(t),7 (1)) <b-e M, >0, (14.5)

rae b u A — ToNoMUTeNbHbIe TOCTOANHbIE, He 3aBucAIne oT v,y u t. Takue
reojiesnveckue, Kak vy’ o6pasyloT cemeticmeo 2e00e3uecKUT, NOAOHCUNEAb-
HO acumnmomuieckur k . JokazaHo, 4To 3TH TPAEKTOPUU OPTOTOHAILHBI
K ceMeiicTBY (n— 1)-Mepubix noBepxnocreil (n = dim V'), Taxk nassiBaeMbIiM
00 UTEILHLIM opHrcdepaM ST,

Bynem o6osnauath uepes St(u) opucdepy, ncxopAamyio M3 Havalb-
Hoit Touku w € T1V u KoTopasA opToroHalbHa TOJOMUTENLHBIM aCHMIITO-
tam v (u, t). Ramnayio opucdepy moskHO HHTEpnpeTHpoBaTh kak (n—1)-mep-
Hoe moaMHoro6pasue B T1V — oO6beanHenne HopManbHbIX K TV enqunuu-
HBIX BEKTOPOB, OpUEHTHPOBAHHBIX B cTopony ¢t > 0. Ecaun v € T1V, To nnoc-
KOCTL, KacaTenbHad k opucdepe ST (u) u comepsamasn v, ectb (n— 1)-mioc-
KocTh Y, MmuorooGpasusa T(T1V,).

Ipouseens 3aMeHy ¢ Ha —¢ MOAKHO aHAIOTMUHBIM 06Pa30M ONpPENEIUTh
OMPUUATIEABHO ACUMNIMOMUYEcKUE 2eodesudeckue U OMPUUAMEAbHbIE OpPU-
ciepor S~ . Ilnockocts, KacaTennHan k opuctepe S~ (u) u comepraman u,
ecTh (n — 1)—Hﬂ0C}c0CTb X, MHoroo6pasus T(T1Vu). Wexona us onpenene-
HHUH, NOIyYaeM:

Thv)y=X,8Y,s Z,,

rie Z, — OJHOMepHOe IPOCTPaHCTBO, NOPOMIEHHOe BEKTOPOM CKOPOCTH
reoJe3sNUecKoro noToka. Ime ycaosue 2 Y-norora (onpepenenue 13.3).

Ycenosue 3 caenyer us cootHomenus (14.5).

3ameTum, uto noif X, u Y, BOOIHE MHTErPHUPYyEMbl: UHTETpalbHbLIC
MHorooGpasuamu ciysar opuchepnt ST u S~. CregoBareabno, nag 11V
UMEIOTCA JIBe paccloenibie cTpYRTYphl: ST u S~. dTu pacenoenbpie npo-
CTPaHCTBA WHBAPHAHTHBI OTHOCHTENLHO Ie0le3nyecKoro MOTOKA, Tak Kak
opucdepsl OpTOroHaNbHBI (17 — 1)-napaMeTpHYecKOMY ceMeiiCTBYy reojesu-
4YecKUX MHorooOpasus V.

Kaxk MBI yBUANM, CyIeCTBOBaHHE I HHBAapPUAHTHOCTDb 3THX PACCIOEHBIX
HPOCTPAHCTB [IPUHAJJIEIAT K YUCIY OOIIUX CBOMCTB Y-CHUCTEM.
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8 15. PaccioeHHble cTPYKTYPbl, acCOLMMPOBaHHbIe
¢ Y-cucreMaMu

Mokamem Tenepb, uTo anA Haubomee O6MIMX Y-CUCTEM CYIIECTBYIOT
JIBe pacclioeHble CTPYKTYPbI, aHAIOMHYHBIE OPUIIMKIAM M3 MpPeAbIAYIIero
paszjena.

Mycts (M,p) — Y-cucrema, tae ¢ — Y-nudpdeomopdusm M. Ec-
am m € M, 1o o6o3nauum uepe3 X, (cooTBeTcTBeHHO, Y,;) moie pac-
TATUBAOINXCA (COOTBETCTBEHHO, CkUMaloIXcs) k-miockocTeil (cooTBeT-
CTBEHHO, /-III0CKOCTEIH).

Teopema Cunana. 15.1%. Hycms ¢ — Y-dugdeomoppusm. Tozda:

1) cywecmeywom dea paccaoenua X u %, uHeapuaHmHsle OMHOCUMEAD-
HO , KOMOpble KACAMeibHbl COOMBEMCMBEHHO K PACTAUBAIOUEMYC NO-
a0 X, u cocumaiouemyca noaio Y,,. Caedosameavro, smu noas ecezda um-
mezpupyemot.

2) Ecau duddeomopdusm ¢’ : M — M C?-6ausok & p, mo @' — Y-ud-
deomopdusm. B wacmnocmu, paccaoenus X u % cmpyrmypro yemotiiusst
(cm. §16).

IIpuBepem cxemy nokasatenbcTBa. [lonHoe JokazaTelbcTBO CM. B TIpU-
noxeHuu 22.

Koncerpyrnusa 15.2.

JlokazaTenbcTBO OCHOBAHO Ha ciefyloieil KoHCTpykuuu. PaceMoTpum
IpOCTpaHcTBO momeil k-miockocteit, kacarennunix & M. [lyeth p — moue,
p(m) — k-nnockoctu us T'M,,. [IpeoGpazoBanue ¢ nHayuupyeT npeodpa-
30BaHMe B npocTpaHcTBe noneif. O603HAYMM 3TO MHIYHHPOBAHHOE TPeo6-
paszoBanue uepes @**. Ilo onpepenenuio,

1

%%

@™ p(m) = ¢*p(p™ m),
rae ¢*: TM — TM — nuddepennuan npeobpazoBaHuf ¢, KOTOPLII 0TO-
Gpamaer k-nnockocth u3 T' My, B k-nnockocts U3 T M, ().

IIpocTpancTBO NoM€ll p cHaG:eHO ecTecTBEHHOI MeTPHEOM |p1 — pal.
Takum 06pas3oM, 3TO NOJHOE IPpocTpaHcTBO. MOMHO H0oKas3aTh (CM. MPHIO-
seHne 22), 9YTO B CHILy aKCHOM Y-cucTeM oTobpaskenue ¢** (uau, mo kpaii-
Heil Mepe, HEeKOTOpas ero Moo UTelNbHadA enan crenelb (p**)") meficTByeT

6110 cymecTBy 5To 6bli0 AokasaHo B ctaTbe B. H. ApHoabga u fI.T. Cunasa [6] Xora
HUX paccy:{IeHUA Kacaluch YacTHOTO CIydafd MalbIX BO3MYINEHHIT aBTOMOP(HU3MOB JBY-
MepHOro Topa, A0Ka3aTelbCTBO paclpocTpaHAeTcA U Ha obmuil cayyail.
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KaRk CMHUMalollee B OKPpeCTHOCTHU pacTAruBaromero I1noJjAa Xm:
le*p1 — @™ p2| <O+ |p1—p2|, 0<O<1, (15.3)

opu
lp1 — Xom| <6, lp2 — Xm| <6,

rge ¢ goctatouno mano. Hepasemcrso (15.3) morasano mis ; fAcHO, 4YTO
OHO BepHO [JIA Beex mpeoOpasopanuii ¢, C2-6IU3KUX K ¢, IOCKOALKY go'*
C'-6ausko & *.

Ho u3 TeopeMEl 0 c:kuMalomux npeobpazoBanuAx ciedyeT, 4yTo oToGpa-
#eHNe, yIOBIeTBopAwIilee HepaBeHeTBY (15.3), JomyckaeT HENOABHIKHYIO
Touky. HeTpyaHo BueTh, YTO MojieM HEMOABMHBIX MIOCKOCTeH p 1Al
crnymut X. Ho gns ¢’ a1y poap urpaer apyroe noie p'. flexo, uto

pl = lim (QOI**)”Xa

n—ro0
©"*p'(m) = p(¢'m),

u noie p’ pactAruBaioieecd Lid ¢'.

Paccysaaa anagoriunniM o6pasoM ¢ o~ !, MBI MoXydaeM ciMMalole-
ecs moje, 6ausroe Kk monto Y. IMlostomy ¢’ — C-puddeomopdusm.

NupapuaHTHbBIE cioeHua 15.4.

Mpeanonomum cHavaia, uto cuctema (M, ) momyckaeT ABa WHBapu-
aHTHBIX cnoeHua & u % KacaTelbHbIX, cooTBeTcTBeHHO, K X u Y. Toraa
cuctema (M, ¢') obnanaeT Temu e cBoifictBamu. [leficTBUTeNbHO, NIOTE p,
HWHBAapUAHTHOE OTHOCUTENLHO (o, MoMyYaeTed ClefyIomuM 06pasom:

p = lim (¢ X.
n—ro0
Ho (¢'**)"X — moze mnockocTeii, kacaTelbHbIX Kk croenuto '™ % . Crefo-
BaTelbHO, Ipe/ielbHoe mone p' HHTerpupyemMoe, T.e. KacaTeldbHO K HEKOTO-
pomy ciaoernio Z’. Tem caMbIM 4dacTb 2 TeopeMbl HOKa3aHa.

B neficTBUTeNBHOCTU TO #e paccy#ileHHe JoKa3blBaeT cyllecTBOBa-
Hue cioenna ¥ . B camom jene, nmokpoeM (KoMnakTHoe) MHoroGpasue M
KOHEUHBIM YHCIOM JokanbHbIX KapT (Cj, 9); Kammoe U3 ¢; — HeKoTOpas
OKPECTHOCTDL TOUKH My, ¥; — oTobpamenue ;: C; — R"  (n = dim M).

B kammoil okpectnoctn C; pacemorpum ciaoenue X Takoe, 4TO
Pi(X?) — cnoenne obpasa t;(C;) Ha nnockoctH, napanienbtsie 4 (X ;).
KapTol MO0 BRIOPATH 1OCTATOYHO MaILIMU UIA TOTO, 4To6bI none X (m),
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racarenabioe k 2 B rampoit touse m € Cj;, 6bLIO I0CTATOYHO GIUBKO
K pacTtAruBammemMy nomwo X,,. IcHo, 4To ecnu TouKa 7 NPUHANNEHUT OJ-
HOBpEeMeHHO HecKoIbKuM (;, TO B TOUKE M CYIECTBYET HECKONbLKO MIOC-
kocreit XP(m).

PaccmoTtpum Temepn croenne X = "X, onpenenennoe na ¢"Cj.
dTu cloenus mokpeiBaioT M, u, Kak cienyeT u3 HepasencTBa (15.3), ux
KacaTelbHble TonA cTpeMATcA K X, Korga n — 00. U3 satoro HerpynHo
chelaTb BLIBOJA O TOM, UTO CyII€CTBYeT HpejienbHoe cloeHue &, KacaTelb-
Hoe K X,;,. TeM caMbIM Teopema NMOJHOCThIO JOKa3aHa. [

3AMEUAHEE 15.5. Ecau cucrema (M, ¢) goctaTouno umcio pas gudpdepeHuupy-
eMa, TO KamJblil caoil cioenns X Takze HOCTATOYHOC YHMCIO pa3 nuddepeHnu-
pyeM. AHaloruytoe yTBep#AIeHHe OTHOCUTENbHO CaMOro CIOCHUA HEeBEpHO: HOp-
MalbHble TPOU3BOJHBIE K CI0IM MOTYT He CyNIeCTBOBATh.

MoskHo foKkasaTh’, uTo cloeHue X, T.e. noie X,,, IPUHAMICHKUT KiIac-

cy C', ecin paameprocThb TockocTelt X, paBHa 1. [lo-BuauMoMy, B 06mem
crydae mone X, Heguddepennupyemo. Bo BeAakoMm ciyuae, cyImecTBYIOT
IpUMepbl, B KOTOPLIX MoiaA X, u Y, He npuHaanexar kaaccy C1l.

3AMEYAHHUE 15.6. IlpuBemenuoe BbImie AoKa3aTeabCcTBO oGobmaerca Aaa Y-mo-
TOKOB.

§16. CTpyKTypHaA YCTOUUYHBOCTb ¥Y-CHCTEM

JloraxeM Tenepb, YTO Y-CUCTEMBI CTPYKTYPHO YCTOIYIHBHI.

Onpenenenne 16.1. CTpyKTYypHasa ycTOHYNBOCTE.

A) Cmpyxmypras ycmoduusocmos duddeomopdusma.

Mycte M — woypasThoe “uddepenympyemoe MHOTo0Gpasue,
w: M - M — C"-guddeomopdusm.

ToBopsat, uto auddeomMopdusm ¢ cmpyrmypHo ycmoriius, eCiu B Ti0-
6oit oxpectHocTu V (Idps) (B C°-Tomonorum) TomkaecTBEHHOTO O0TOGpase-
nua Idy cymectByer ogpegriocts W(yp) (B-€'frononornu) nudpeomop-
¢dusma ¢ Takas, 4TO KakoB Ol HM Obul Audbeomopdusm ¢ us W(yp), cy-
mectByeT romeomopusm k us V(Idys), koTopslil noposgaeT cielyonyio
KOMMYTaTUBHYIO JHAarpaMMy "

M M

“B. U. Aproasg u fl. T. Cunaii [6].
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T.e. k o ¢ = 1) o k. NlHaue roBops, & npeoGpasyeT opOoUTHI quddeomMopdus-
MoB {¢™ | n € Z} B opGuts! audbdeomopdusmos {Y™ | n € Z}.

B) Cmpyrmypnas ycmotivusocms nomoka.

IIycts M-romnarTHoe auddepenupyemMoe MHoroobpasue, X — moie
C-nuddepeHnupyeMbIx BeKTOpoB Ha M, MOPOMIEHHOE TOTOKOM (¢

X(m) = %gpt(m) o’ m € M.
Tl'oBopAT, YTO MOTOR Py CMPYKMYPHO Yemoiivus, eciu IifA T060i okpecTHOC-
tu V(Idps) (B C°-Tononorun) tomaecrsennoro or6paxenns Idys cymect-
ByeT okpectnoets W (X) (B C"-Tononornu) nona X Taras, YTO KaKUM Obl
uu 6ouio mone Y € W(X) C"-qudpepenunupyemMpix BEKTOPOB, CYIIECTBYET
romeomoppusm k u3 V (Idas), koTopslit oTo6pamaet n106y1o op6uty noasa X
B KaKky0-To op6uty mona Y.

Jlanee Mb1 GyaeM mpeamonarathb, 4to r < 2.

3AMEUYAHUE 16.2. MosxHo 65110 GBI NpPEJNON0KHUTE,
uyto k — He mpocTo roMeoMop¢u3M, Ho aAuddeomop-
¢uam. JeiicTBuTennno, pacemorpum B R? cucremy

T=y, y=-z— Ky,

)
roe K — nonomuTenbHad MOCTOAHHAA. /f-%

Op6uThl MMeIOT BHA cnupaleii, a ocobafd Tou- 4 T
ka (0,0) — doryc (cM. pucp¥6.3). Ho rlgjtTeopeMe yr
ankape o co6cTBeHHbIX 3HayeHuAXx , K — HelpepbIB-
HbIil UHBapHaHT auddeomopduamob. CienoBaTelbHO, oxye
¢poryc (0,0) He Mor Gl GBLITH CTPYKTYPHO YCTOMHUH-
BBIM. Eop-l 1 L

Mosz¢Ho 6b1710 661 HONBITAaThCA NPEAJ0KUTh B HEIPEPBIBHOM ClIyuae olpejeie-
HHUE, aHaJoru4YHoe TOMY, KOTOpoe OBLIO AaHO B JUCKPETHOM Clly4ae: cymecTBOBa-
Hue roMeoMopdusma k B okpecTHOocTH V (Id)s), KOTOPBIH MOPOIKAET CIELYIOUWYIO
KOMMYTaTHUBHYIO nnarpaMnﬁ: the

Puc. 16.3

M

roge s — TOTOK, NOpoMIeHHBIH moleM Y. Ho Torga mnpemenbHBId DHKA
(cm. puc. 16.4) He 6bi1 6B CTPYRTYPHO YCTONYHMBBIM, NMOCKONbKY CBA3AHHBIH C
HUM TepHOJ €CTh HellpephIBHbIH HHBApPHAHT’.

HBMEHHGHHO BO3HURAIOT OBE HpOﬁHeMbI.

8Cm., nanpumep K. Coddington, N. Levinson [1].
9Cm. nanpumep, K. Coddington, N. Levinson [10].
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npejesbHBIN
LMKJI

Puc. 16.4

1) Karyio KoHUrypanuio UMEIOT CTPYKTYPHO YCTONYMBLIE OpGUTHI?

2) flBaAioTeA MU CTPYKTYPHO YCTOHUYHBBIE CUCTEMBI OGIIUM Ciydaem?
T.e. MO#HO JU NPUOIHU3UTEL CKOAb YTOZHO TOUHO IIPOU3BOILHOE BeK-
TOpPHOE Molle CTPYKTYPHO YCTONYUBLIM mojiem?

AnpponoB u IlonTparun [2] orBeTuan Ha THU BONPOCHI AIA ciaydas,
korna M ecthb cdepa S?(cm. npunomenue 23). IBymepHble MHOTOOpa3us,
ortanunbie o S2, pacemorpen Ilefikcoro (Peixoto [1]).

C Gonee cioxHOM cuTyanueil Mbl CTaTKKBaeMCcA B CIyUagX, Korja pas-
MepHocTb Gonbine AByx. Hampumep, cuctema us npumepa 13.1 eTpyKTypHO
yCToiunBa, XOTA U 04YeHb CIOHA (IProAnYHa, CO BCIOAY MIOTHBLIMU IHK-
namu u T. 1.19).

C apyroit croponsl, C. CMeiia (S.Smale [2]) npuBen nmpumep, KOTOpBIit
MOKAa3bIBaeT, YTO CTPYKTYPHO YCTOWUYUBLIC CHCTEMbI He 06pasyioT BCIOgy
IJIOTHOE MHOECTBO B IPOCTPAHCTBE KIaCCHUECKHX AUHAMUYECKUX CHCTEM
(cm. mpunoskenue 24). TakuM 06pa3oM, CTPYKTYPHO YCTOHUMBLIE CHCTEMBI
He ABJAIOTCA OGIIIM CIIy4YaeM.

Teopema AnocoBa'l 16.5. Jwé6as Y-cucmema (M, p) cmpyrmypno
ycmotivuea.

IIpuBenem ugero gorasarenbcrsa (cM. npuioxenue 25).
Ilyets W (p) — okpectnoctsb (B C2-Tononorun) auddeomopdusma
B npocTpaHcTBe AuddeomopduaMoB MHOrooGpasua M.

O¢cm. S. Smale [1].
11Cm. Anocos [1].
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Mpexssie Becero nokameM, uto mobomy ¢’ € W(p) cooTBeTCTBYET eMH-
CTBeHHbIH Manbiil romemopdusm k: M — M Taroii, uTo

@' =kopok™t, supdk(m), m] <e,

rae d[-,-] — pumanoBo pacctosnue. JlokameM Takme, YTO BelHUIMHA &,
3aBHcAWan oT ¢, orpannyena Ha W(p):

sup €<e€g.
o' €W (p)

Otciofa ciaeayet, uto auddeomopdusm ¢ cTpyrkTypHO ycroituus. Nleiict-
BUTEIbHO, KamaoMy €1 > ( MoHO Obl10 OBl IOCTABUTH B COOTBETCTBHE
HEKOTOPYI0 OKpecTHOCTH W (p) Tarylo, uto npu awoboM ¢’ € W(yp) cy-
mecTBoBan 6bI roMeoMopbusM &: M — M Takoii, 4To

(p’:k'ogookil sup d[k(m),m] < €1.
meM

Urag, ectn ¢’ € W(p) — nuddeomopdusm, 6nuskuii &k ¢ B C2-mer-
pure, To ¢ — VY-cucrema. Mpl yme nokasanu (Teopema Cunasa 15.1),
9T0 @ U ' UMeWT pacTArWBalmuecHd HHBapuHaHTHbIe cion X u X'

n CuMarlomueca MHBapHMaHTHbBIE CJIOU ¥ u %' Ecau cymecTrByeT &-Tro-

meomopdusm k: M — M Tanoii, uto ¢ = ko ¢ o k™!, To, monomun
m' = km, m € M, Mbl yBUIUM, UTO
dle™ (m'), " (m)] = d[k 0 ¢" (m), ¢"(m)] <e (16.6)

npH Beex n € Z.

Kpowme Toro, us onpegeieHus Y-cUcTeM BHIHO, UTO He CYIMECTBYET
Gonee oguoit Touku ', ynosiaersopsiomeii coornomenuio (16.6). deiicTBu-
TelbHO, MpH Beex & # 0 umeeM:

(") = +o0

B OJJHOM U3 JBYX CIyuaeB: n — +0C WIU N — —O0.

EnuncrBenHocth Hamero roMmeomopdusma k, eciid oH cylecTByet, Oy-
IEeT J0Kas3aHa, eclu KamJgoil Touke m € M mocTaBUTh B COOTBETCTBHE
e[IMHCTBEHHYI0 TOURy m' € M, ynoBiaerBopaionyio cooTHonrenuio (16.6)
npu Beex n. ClenoBaTenbHo, HEOOXOAUMO IOKa3aTh, UTO Takag Touyka m’
cymectByeT. Jlna Toro, 4To6el HAfiTH ™M/, BOCIONAb3yeMcA cleayioleil KoH-
CTpyKLueil.
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flcHo, uto o6paser ¢'™F (n > 0) KamAOr0 pPacTATHBAIOIErOCHA CIOA
B € X', 6ausrkoro K m, UMEOT TOYKH, OGnuskue & @"m (Gomee TOUHBII
CMBICT TOTO YTBEPAAEHHUA CM. B TeMMe A, npuiosenue 25). MoxHo moka-
3aTh (cM. JeMMmy B, mpunoskenue 25), UTO CpeaM THUX CIOEB CYIIECTBYET
eIMHCTBEHHbIIT cioit 3(m) Tawoit, uto ero obpassl ¢'"F(m)(n < 0) rarmxe
Gnuaku & @™ (m).

ToYHO TaK #e JOKA3bIBAETCH, YTO CYNIECTBYET, IPUTOM TONbKO OJIUH,
cuMaromuiica cnoit d(m) € ¥ Taroit, uTo ero o6passl ¢'™d(m) ocrarorca
GIU3KUMH K @™ (m) npu Bcex n € Z. Tar kak cioenua %' u %' Tpanc-
BepcalbHbl, TO 3(m) u §(m) nepecekaroTca B €[UHCTBEHHON Touke 1’ U3
okpecTHocTH M. Be3 Tpyna MoHO fokasaThb, uTo @' (m') = (pm)’ u uTo
otobpaskenue k: m — m' — mainbiii romemopdusm, eciu ¢ — puddeo-
MopdusM, C?-6Mu3RMIt K .

Cayuaii Y-notokoB 16.7

Teopema AHocoBa pacnpocTpaHAeTcA Ha ¥Y-TIOTOKM.

B(m)

N

T~ m @y(m)

B(m)Né(m)

Puc. 16.8

B sTom ciayuae nogoGuasa koHcTpykuusa (cMm. puc. 16.8) maer ama
cioa B(m) u 6(m), o6pasoBanubix TpackTopuaAMH Auddeomopdusma @},
aCHMMITOTHYECKUMH (COOTBETCTBEHHO, npu & — +00 mia 3(m) u t — —oo
nas §(m)) & Tpaektopun auddeoMopdusma @}, KoTopas NpeIcTaBIfAeT co-
Goii mepeceueHue cioeB. JTa opOuTa GnusKa & opobute @um (He Kak napa-
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MeTpPU30BaHHAA KPUBasf, a Kak reoMeTpudeckas kpusas). Jiag Toro, 4To6sI
HOIy4YUTh romeoMopdusm k, neo6xoaumMo B3fiTL Toury us B(m) N d(m),
HanpuMep, camylo 6JU3KYI0 B CMbIc/e PUMaHOBa PacCTOAHNA.

8§ 17. Jproanyeckue cBoiicTBa Y-CUCTEM

B arom naparpade Ml 6yneM nzydarh Y-CHUCTEMBI, KOTOpbIe 061a1ai0T
[OJIOKUTENbHO U HHBapuaHTHOI Mepoii y. [losToMy, B oTauune 0T npeabl-
ayuiero maparpada, Mbl OrPAaHHYMMCA PACCMOTPEHUEM KIACCUYECKUX [I¥-
HaMHUYecKuX cucteM (cM. ompenenenue 1.1).

HauneM ¢ wusyueHuA 3proguyecKux CBOHCTB aBToMop¢dusMa Topa
u3 npumepa 13.1. Ilycte M — Ttop {(z,y) (mod 1)}, cHaGenHbIil Me-
poit du = dx dy, p — aBTOMOpdU3IM:

o)+ D) e

Teopema 17.1. (M, p, ) ecms K-cucmema (cm. onpedeaenue 11.1).
Hlna Toro, 4yToGHl OKa3aThb TeopeMy, MOCTPOUM Hoganredpy 2 ainret-

o~

pwI 1.

Ilopanre6pa 2A 17.2

B nnockoctu (x, y) MaTrpuna

11
1 2
o0nagaeT OIBYMA JeficTBUTEIbHBIMHU MOJN0KUTENbHBIMHY COOCTBEHHBIMHA 3HA-

YeHHUAMH A1, Ao:
0< A <1 <Ay,

OTBeYaloUINMHU, COOTBETCTBEHHO, coOcTBeHHBIM HanpaBieHuaM X u Y. Ye-
pes Bepummubl kBajgpata 0 < z,y < 1 miockoctu (z,y) mpoBeaeMm mpf-
Mble, mapaiienbibie X u YV (eMm. puc. 17.3). 3TH npAMble pasnendaT KBai-
pat 0 < x, y < 1 na versipe Tpeyroabuunka 1, 17, 2, 2’ u napannenorpavm 3.
OToIecTBIAA NPOTUBOJOMHbBIe cToporbl 1 u 1',2 u 2’ kBangpara 3, o6pa-
3yeM TPHU HemepeceKaloluxcA napainienorpamma Py, P u P3 na M. O60-
3Havasn depes  moaydeHHoe TakuM oGpas3om pasbuenue M, nomydaem:

a= \/ p "B

n=0
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Yy
1
!
2
3
o
Y x 1

0 1 x

Puc. 17.3

Topanre6pa 2l ecTh 3aMbIkaHHe H3MePUMON anre6pst P(«), mopomaeHOH v
(eMm. mpunomenue 18),

A =Na) = \/ e="M(B).

Jlemma 17.4. [Iycmv A — 4ducao, maxcopupyiouiee 0AUHbL CINOPOH NApa.L-
aeaoepanmos Py, Po, Ps pasbuenus 3. Ecau woncmanma A docmamouro
Mmaaa, mo

1) Hepasaoxcumoinu saemenmanu aseedpol 2 cayxrcam ompesku, napdi-
AeAbHbBLE CHCUMAIOUEMYCA COGCMBEHHOMY HANPABACHUID Y .

2) Mepa (8 cmbicae dx dy) mHONCECMBA HEPAIAOHCUMBLY IACMEHMOB AA2e0-
pot A, dauna komopuix menvuie 1, ne 6oaee C -1, 2de C — nexomopan
nocmosauHan. B wacmuocmu, nowmu kaxcoslti Hepaszaoxncumolil daeMeHm
aazebpol 2 ecmv ompe3ok u He cBOJUMCA K MoUkKe.

Horasameavcmso.

Ecnu p — nenoe uucno, To ¢PP;, ¢ = 1,2, 3 — mnapannemorpamm,
CTOpPOHA KOTOpOro, napanenbuas X , uMeeT AanHy Menbiie AP A, a cTopona,
napamiencuad Y, uMeer 1auny menblie A A. ClenosatennHo, aneMeHTaMu
pasbuenud

BAT'BA--Ap™"8, nelt

Cly:KaT napaJjiejorpaMmbl, CBA3HbIE ROMIIOHEHTBI KOTOPBLIX UMEIOT BU

Pig NN Py,
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rae ig, - -+ = 1, 2, 3. CTOpPOHBI 3TUX NapallelorpaMMoOB, napaineibHble X,

UMEIOT ATHIY MeHblue A; - A, & ¢cToponbl, napamiensibie y, UMEIOT ATHHY

Menbiie A. Tak kak A; > 1, npu n — 400 MbI [I0Jy YaeM MEePBYIO YaCTD JeM-

Mbl. Ilyets L — cyMMa AAUH CTOPOH, MapaiaelbHbIX X, Napalierorpam-

MOB P1, P2, Ps pasbuenus (3. Auanoruynasa cymMma anfa paszbuenus P

paBHa A} - L. CrenoBaTenbHo, aHanornyHas cyMMa JUIAl @ MaopHyeTCA Be-

JTAYUHON

L def

1- A1

Mepa MHoOkecTBa 3eMeHTOB pa3bueHufl (r, CTOPOHLI KOTOPBIX Mapalielb-

Hbl Y, €CTb BeJIUYHHBI MeHblIe [ U 103TOMy Mamopupyercs Beanuunoi C 1.
|

L+ \) 'L+ (M) L+ =

Cxxumaromnieecsa cjioenue 17.5

PaccmoTpum Ha M nose BeKTOpOB IJMHHBEI 1, mapanfelbHBIX CHUMa-
IomeMycAa coGCcTBEeHHOMY HanpaBienuio Y. WHTerpanbHble KpUBbIE 3TOT0
[OJIA Ha3bIBAIOTCA cocumaruumnuca caoamu (cm. §15). Mer ropopum, uto
3TO caoeHue 3pzoduinsl, ecau ni06oe 06beJUHEHUE MOMOKUTEILHOH MepbI
CRUMaIOIUXCA cIoeB coBnagaeT ¢ M MOYTH BClogy.

Jlemma 17.6. Cocumaioweeca caoeHue UHBAPUAHITIHO OMHOCUIEALHO
U 2peoduiHo.

Hokaszameavcmeo.

NuBapuanTHocTh clieflyeT U3 WHBapUAHTHOCTHU HampaBienus Y.

Jlng Toro, uToGbl [JOKa3aTb 3ProAUYHOCTb, AOCTATOYHO YOEeIUThCA
B TOM, YTO Kas[blil cl0i BClOAy nuoTeH (cMm. mpuiozenue 11) wau gto
OH He 3aMKHYT (Teopema flkoGu, npunomenue 1). lokaneM 3TO OT MIPOTHUB-
HOTO.

Eciu & — 3aMEHYTbBIA cioit paaunabl f, To @"F — 3aMKHYTLIi
(B culy MHBapUaHTHOCTH) CIOH, aauHa KoToporo paBHa A% f. Ilockons-
Ky 0 < A2 <1, To, yeTpemiaa n &k +0o, Mbl noayuaeM Ay f — 0. Ho ato
IPOTHBOPEYUT TOMY OUeBHIHOMY (aKrTy, UTO IiuHA clof Goabire 1. ]

Horasameavcmeo meopemwt 17.1.
U3 onpenenenusn 2 acHo, uto A C 2. ITo — ycuosue (a) onpepene-
uusa 11.1 Y-cucrem. posepum ycaosue (c¢)

(7 o2 =T1.

n=0
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IIOCT&TO‘{HO AORa3aTb, YTO HepaaJJo3KHUMbIe dJIeMEHThbI

o]

V P

n=0

UMEIOT CKOJIb YTOJHO Manyio QJIHHY.
ITo nemme 17.4, HepasnoskUMBbIe 3IEeMEHTBI & A + + - A @ ¢ UMEIOT BUJ

AOQQOAIQ"'m(pnAn; Aﬂv"'vAneaz

rae A; OTpeskH, mapaiieibHble Y, AaMHa KoTopblx Menbure A. Ho ¢
— orobpamenne, cxmumamomnee B Az (0 < Ay < 1) pas B nanpasienuu Y,
clieaoBaTelbHO,

ApN---N (,DnAO

00pa3oBaHo OTpe3KaMM, NapallelbHbIMU Y M HUMeOINMHU MJIHHY MeHb-
me A}. YenoBue (¢) Mbl IOIyvaeM, YCTPEMIAR n K 0O.
Ipoeepum ycaosue (b). llyets H — 3neMeHT MOIOKUTENbHBIH Mephl

nepeceueHnnusn
o
M ¢
n=-—00

JTo o3HavaeT, uTo I — oOGbequHeHHe HePa3JOKHMBIX DIEMEHTOB U3
a, o~ la, o7 %a, ... u 1.1 IllyeTh € — uucio, yAoBAeTBOpAIONlee HepaBeH-

ctBy 0 < € <l Takoe, 4TO
C-l<eu(H),

rge C — mnocroaHHaa U3 JeMMBI 17.4. 3a HcKIlOYeHWeM MHo;kecTBa F
Mepbl, MeHbleil, ueM ¢ « (H), Hepas3nomUMble BIEMEHThI PasiomeHud «
UMeIoT Uiy, npesbimaromyio [. Tak kas ¢~ ! coxpauser mepy dz dy u
pactarusaeT B (\2)~! pas B Hanpabienue Y, MbI BUIUM, UYTO 38 HCKIIOUE-
HHeM MHomecTBa ¢~ " F Mepbl, Melblieit, ueM (M), Hepasnomumole aie-
MeHTHI pa3bueHus ¢~ "« UMeIT JIUHY, IpeBprmanmyo ()~ "l. Yerpem-
JAfl N K 00, MBI OJyYaeM, YTO 38 HCKIIOYEHUEM MHOKECTBa Mepbl, MEHb-
me ep(H), H cOCTOUT U3 CHUMAIOMIUX CIOEB.

W3 npousBOALHOCTH UHMCTa € U BPTOAUYHOCTU CHKUMAIONIIHXCA CIOEB
(1emma 17.6) crepyer, uro p(H) = 1. Takum obpazom,

(| #"2%= (2, M) (mod0).
n=—oo
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IIpuBeneHHbIe BRINE paccy:#/eHUd pacrnpocTpaHAlTea Ha C-auddeo-
Mop($uaMbl camMoro obiiero Buaa. HeaukaTHBIM BONPOCOM ABIAETCA KOH-
CTPYKUKA pa3bUeHUA, aHAIOTHYHOTO pa3bueHuio (3, U Mepbl IIOMAIN Clo-
eB. Ty TPYAHOCTbL ycTpaHAeT TeopeMma AHOCOBA [2], KOTOPYIO MBI ceifuac
chopMynupyem.

PaccmoTpum paccioenne pUMaHOBOrO 7:-MepHOr0 MHOT00Opasusa M

Ha p-MepHble ciou. Boibepem aBa quddepenuupyempix (n—p)-MepHbIX MHO-
roo6pasud II u I’ nokanLHO TpaHncBepcalbHbIX K cogM. Mbl npeinonaraem,
yTo ecau m € II, To cnoil mpoxoauT yepes m U nepeceraet II' B Touke m/,
U 4TO Touka ' OIU3KA K TOYKE 7 B PUMAHOBOI MeTpuke, HHAYI[HPOBaH-
HOIl Ha ciioe. ITo onpenenseT orobpasxenue f: II — II', nepeBogsmee m
B m'.
OnpepeneHve 17.7. AGcoiloTHaA HellpephIBHOCThL ciloeHUA. Ecan
npu 1106bIx napax MHoroo6pasuii IT u II' f — HenpepbIBHEBIA 0600IeHbIH
AKOOMAH U ecly 3TOT AKOOMAH HelpepbIBHO HM3MEHAETCA NMpPHU MalbIX fe-
dhopManuax MHoroo6pasusa II', To Mbl roBopuM, YTO cjOeHHE abCONIOTHO
HETpePLIBHO.

C wampoii C-cucTtemoil cBA3aHbl [Ba TpaHCBepcalbHbLIX clioeHua X
u % (cm. §15). Jua aTux croeHuit AHOCOB IOKa3an CleAyIOUYI0 TeopeMy.

Teopema 17.8. Cuoenua & u % abcoromuo HenpepovieHbl.

Mb1 He mpuBOAUM 3/ech JOoKa3aTeAbLCTBa TeopeMbl 17.8, KoTopoe cauii-
KOM JinHHOE. MBI TOJAbKO IpeAcTaBUM KOHEUHBIH Pe3ylbTaT, [HOMYIeHHbIH
¢ ee nomoiniblo. Paccymaenua, ucnoib3yeMble MpU JokaszaTelbeTBe 17.1,
o6o6marTes U MPUBOAAT K clelylomuM TeopemaM (AHocos [2]).

Teopema 17.9. Bce Y-cucmemwt (Y-duddeomopdusmvt uau Y-nomoru)
2p200utHbL.

Teopema 17.10 (em. Cunait [11]). Bearui Y-duddeomopdusm ecmo
K -cucmema.

HaoGopor, npuMep 15.5 nokasbiBaeT, 4YTO AJA Y-NOTOKA 3 MOTYT CYy-
IIeCTBOBATH OTAUYHBIE OT MOCTOAHHBIX cOGCcTBeHHbIe GYHKIUU. B aToM ciy-
Jae @y HEe MOsKeT HUMeThb neberoBcKuii CIIeKTp Ha OPTOroHaJlbHOM HOIIOJI-
HeHUHU K QyHKRUHAM-KOHcTaHTaM (cM. §10). CremoBaTelbHO, ¢; HE MOKET
6b1Th K-noTorom (cM. Teopemy 11.5). Kak nokaseiBaet cliefyiias Teopema,
npumMep 15.5 ABAAETCA eIMHCTBEHHLIM HCKIIOYEHUEM.

Teopema 17.11. Ilycms ¢, — Y-nomor Ha n-meprom mrozoobpasuu M.
Tozda
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1) aubo ¢, ecms K -cucmena,

2) aubo p; umeem coGCmMEEHHYIO HENOCMOAHKYID GYHEUUIO.

B nocaednem cayiae sma cobecmeennan PyHryuA HenpepuieHa, U cyuiecm-
syiom (n — 1)-meproe komnarxmuoe nodmnozoo6pasue V. muozoobpasus M u
Y-dugdeomopgusm p: V — V mawotl, vmo ¢, — Y-nomox, noayraemotil
u3 @ ¢ nomowsio Koncmpyryuu u3 samevanus 13.10 (§13 2a. 3) ¢ mounoc-
moio 0o usmenenus macumada épesenu t (t — Ct, C — roncmaunma).

CrnencrBue 17.12. [Teodesuveckuiil nomok Ha YHUMAPHOM DPACCAOEHHOM
npocmpancmee, KACAMEALHOM K KOMNAKMHOMY DUMAHOSY MHO2000pa3UI0
ompuyameavHoll KpususHsl, ecms K -cucmena.

Jorasameavcmeo.

Ilo Teopeme JloGaueBcroro—Apnamapa (14.3) reogesumveckuit moTOK
ecTb Y-cuctema. CnefgoBaTenbHo, o TeopeMe 17.9, oH sproguues. Ho, kak
nokassiBaet ciaeactsie 1116.10 (npunomenne 16), reofesnueckuii MOTOK He
nMeeT HenpepniBHOH cobcTBennoil dynruun'?. Tem caMpIM HCKIIOYaeTCA
BTOpas BO3MOMKHOCTL Teopembl 17.11. Takum o6Gpasom, us Teopemsr 17.11
MBI 3aKa04aeM, UTO reole3dyecKye NOTOKM HA YHUTAPHBIX PacClOeHHBIX
npocTpaHcTBax 71V, kacaTelbHbIX K KOMIAKTHBIM PUMaHOBLIM MHOT'006pa-
3UAM OTPHULATENLHON KPUBU3HDI, ABAAIOTCA K -cucTemamu. CieoBaTeinHo,
oHM 06J1a1al0T NONOKUTENbHO! suTponueit (Teopema 12.31, ra. 2), umeror
GeckoHeuHblii TeGeroekuii cnesktpl® (Teopema 11.5, ru1. 2), aBaAwoTea nepe-

memupanuem'? (teopema 10.4, ra. 2) u sproguunsr'® (caegcteue 8.4 ri. 2).

8 18. dproanuecrad runore3a boabimana—I'n66ca

HUpen u MeTodnl, u3nosmeHHble B MPEeAbIIYUIUX maparpadax, mpume-
HUMBI K IpoGieMaM KiIacCHYecKoil MeXaHUKH, HalpUMep, K MOJENU rasa
Boabumana - T'u66ca. B aToit Mogenu ras npeacrapiadet coboil TBepable 1Ia-
PBI B ANUKE ¢ TBEPABIMU CTeHAMH, HMeloneM (GopMy IPAMOYTOIBHOIO Ta-

12C yuetom topmyner I'aycca— BoHHe M0HO yTBep#AaTh, UTO MHOT006pasHe OTpPH-
HaTeJbHONH KPUBU3HBI He MOKeT ObITh Topom T'.

13]laa cay4ad MOCTOAHHON KPUBH3HBL 3TOT pesyibraT mnoxyudeH H.M. lembdanzom
n C.B.®omuHeiM [2], AnA moBepXHOCTell HEMOCTOAHHOH OTPHULATEILHON KPUBU3HBI
1. T. Cunaem [10].

14 ns cayuan MHOroo6pasuii MOCTOAHHON KPUBH3HBI 3TO AokazaHo . Xombom 1].

153T0T pesynbTaT moaydeH XemlyHAOM [1] u 9.Xondom AIA MOBepXHOCTell OTpHULa-
TeldbHOIt KPUBU3HBI U MHOTooGpa3uii MOCTOAHHOIN OoTpuULlaTe/lbHOI KPUBU3HBIL.
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pannenenunena. Ilpeanonaraerca, 4To ¢TONKHOBEHHUs APOB MeKaAY coboii,
pPaBHO Kak M IIAPOB ¢ MePeropojikaMi U CTeHKaMH aGCONOTHO yIpPyTH.

DproaudHoOCcTh Takoil cucTeMsl'® foraszana 1A noBepxHOCTell ypoBHeit
suepruu T' = const # 0.

McTOYHUKOM 3PrOJUYHOCTH TaAKHUX CHCTEM CIY#AT CTONKHOBCHUA.
PaccMoTpum npocTteiimuii cayuail AByX UAeanbHBIX KPYTIbIX YACTHUIl HA 1O~
BepxHocTH Topa T2, cHaGKEHHOTO eBKJIMAOBOH MeTPHKOR. YIPOCTHM 3aja-
uy eire Gonblite, HPeINOI0KUB, YTO OfHA U3 YACTHI HEMOABUKHA, a ApyTafn
BLIPOJUNACH B TOURY. 3ajaua CBOAUTCA K UCCIAENOBAHUIO NBUAEHUA OTHOM
4acTHUILI «Ha Gunnnapae B hopme Topay (cM. puc. 18.1) ¢ ynpyrumu cTomnk-
HOBEHUAMHU CO CTEHKAMHU HEIOJBUAHOM OKPYHHOCTH COMNIACHO 3aKOHY: YTOI
najieHusl (¢ paBeH yriy oTpas;seHus (3.

Puc. 18.1

B To e Bpemsa paccMoTpuM ainunTudeckuil Gmmnnapa (pue. 18.2).

163ToT pesyabTaT 6bLT c(HOPMYIHPOBAH B BHAe MPENNOIOMKEHHA, MOdyUHBIIell HasBa-
HHUe «Iproguyveckoil runotesnly. OHa BhI3Bala OMUBIEHHbIE JUCKYCCHHU, MONOMUBIINE HA-
yano 3proauueckoil Teopuu, KOrAa 3proJUYHOCTb He GbLIa HU JoKasaHa, HU OMPOBEPTHY-
Ta. Ho neHHocTh sproguveckoii npoGiemMbl AJAA CTaTUCTUYECKOH MeXaHHUKH, BO3MOMHO,
ObLIa NpeyBelHYeHa: Hac HHTepecyeT acHMITOTHUYecKoe MoBeJjeHHe rasza npu N — 00
(N — unedno vactun), a He npu ¢urkcupoadioMm N u ¢ — 400.
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JIIUIC MOMHO paccMaTpUBaTh KaK CINIIOCHYTBIH 3JIMIICOHA, IO KOTOPO-
MY TOUKa JBHKETCA, ONKChIBad reojiesandeckylo. OTpameHne COOTBETCTBY-
eT Tepexoy ¢ OJHOH CTOPOHBI TAKOI0 IIUICOUAA Ha Apyryio. TouHo Tak
JRe Hall TOpHYecKuil Guinuap] MOKHO paccMaTPUBATh Kak JBYCTOPOHHUIA
TOp ¢ OAHOM ALIpKON (OKpy#HOCTHIO). Touka mo TakoMy GUITHAPLY OBU-
#eTcA N0 reofle3snvecKoil, a oTpameHne COOTBETCTBYyeT Nepexoly ¢ OJHOM
CTOPOHBLI TOpa Ha APYTYIO.

Ho ecnu 1BycTOPOHHUI BIIUIC €CTh CIIOCHYTHIN 3IUTUNCOU/, TO ABY-
CTOPOHHUI TOP C ABIPKOH €CTh CINTIOCHYTaf HoBepXHOCThb poja 2. Tarkum
o6Gpas3oM, JBUMEHHE MO HalleMy OWIINapAy ecThb mpeledbHbIi ciayydail reo-
Je31YecKoro NOTOKAa Ha NOBEPXHOCTHU poja 2.

Puc. 18.2

dununcous obragaeT MOMOMUTENLHOW KPUBUIHON, MHTErpal oT KOTO-
poii paBeH 47 (popmyna l'aycca—Boune). [Ipu cunomuBanuu saiunconsa B
MINTIC, TONOMUTENbHAA KPUBHU3HA COCPEI0TAUNBAETCA Ha T'paHUIEe HIINI-
ca. [lna noBepxHocTeil poga 2 uHTerpai oT KpuBu3HbI paBeH —4w. Ciego-
BaTeNbHO, TOPUUECKUH GUIIMAap MOMKHO pacCMaTPUBATL KAk MpeenbHbIi
ciydail Teofe3snyecKoro MOTOKA Ha MOBEPXHOCTHU OTPHUIATENbHON KPUBU3-
HbI: BCAl KPUBHU3HA COCPEOTOYEHA HA YIPYTroil OKPYHHOCTH.

Pasymeerca, npuBefenyoe Bbile paccysxaenne (Apuoana [4]) ue Ab-
afeTcA NOKA3aTelbCTBOM 3PrOAMYHOCTH; TO e OTHOCHTCA U K CIyYalo,
KOTODBII MbI paceMoTpenu. OnHaKo, MCIOOb3Yf METOABI M XapaKTepHbIe
NOHATHA Y-cHCTeM (aCHMITOTHYECKHE OPOUTDI, PACTATUBAIOUMECH U CHALH-
Maromuecs paccioenud), Cunaii [4], [5] cymen nqokasaTs, uto Moaens Boabi-
mana—I"'u66ca sproguuna Ha Kam/JoM noamuoroo6pasun T = const # 0 u,
Gonee Toro, aBnferca K-cucremoii.

JlokazaTenbcTBa 3THX Pe3ylbTaTOB 3aHNMAalOT HeCKOIbKO CTPaHUIl U
UCHONB3YIOT TeOPUIO 0600IeHHBIX ¥Y-CUCTEM, PACCIOEHN KOTOPBIX Pa3phiB-
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Hbl. 3aMeTUM JHIIb, YTO OONIUH clIydvaill CBOAUTCA K 3ajaye o OwilIHapie B
KOHPUTYpaIlMOHHOM MPOCTPAHCTBE.

O6masa aurepatypa K riaBse 3

[1] I.B. Anocos, I'eodesuieckue nomoky Ha puMAHOBHLY MHO2000PAIUAT OM-
puyameavrotl kpusususl. Tpynsl UuctutyTa um. Cternona, 90, 1967.

[2] E.Hopf, Statistik der geoddtischen Linien in Mannigfaltigkeiten
negativer Krimmung. Ber. Verh. Sichs. Akad. Wiss., Leipzig 91, 1939,
pp- 261-304.

[3] fl. Cunait. Juuamuueckue cucmemvl €O CHEMHOKPAMHbIM Ae0E206CKUM
cnexmpon 11. U3B. AH CCCP, 1966, 30, Na 1, c. 15-68.



I'taBa 4
YcToiiuuBbLIEe cUCTEMBI

CymecTByeT 06IINPHBIA Kiace AUHAMUIECKUX CUCTEM, TPACKTOPUH KO-
TOpPBIX 06/1a8aI0T 3aMevaTelbHONH YCTOHYMBOCTEIO, He 3aN0NHAIOT SProfn-
4ecKUM 006pasoM IOBePXHOCTL YPoBHA sHeprun H = const U ocTaloTCA Bee
BpeMA B HEKOTOPOH 061acTu (HasoBoro NpocTpaHCTBa. JTO claydail cucTeM,
OMU3KUX K (MHTETPUPYEMBIMY CICTEMaM, U CHCTeM, K KOTOPLIM NpUMeHHMa
«Teopus BO3MyLIeHHi» HeGecHOl Mexanuky. K aToMy Kiaccy npHHARAEKUT
3ajavya TPeX Tel, a Tak#e HceleJoBaHHe OBICTPLIX BpAICHUIl TAMKEIOro
TBEPAOro Tela, ABHMACHUA CBOGOAHOM TOYKH MO [e0Ie3UUECKON Ha BLIMYK-
JNBIX TIOBEPXHOCTAX, CUCTEMbI ¢ aauabaTHUYeCKUMH MHBAPUAHTAMY U T. J1.

Toabko B mocnennue ronsl, nocie nosasienns padotr K.JI. 3ureas [1]
(1942) u A.H.Koamoroposa [5] (1954), MOHO KOHCTATHPOBATh OIpeje-
JIeHHBIN IIpOrpece B NCCIeJOBAHUM TAKUX cHcTeM. B »Toil riaBe MBI KpaTko
U3IM0MM COBPEMEHHOE COCTOAHNE NMPOGIEMbI; TOAPOGHOCTH ¢M. B paGoTax
Apnoanpa®.

Haunewm ¢ npumepa.

§19. Kauyeau u cooTBeTcTBYIOIee KaHOHUUYECKOeE
oToOpaskeHue

YpaBHeHuAa aBuskeHuAa 19.1
ypaBHeHI/IH ABUMEHN I MAATHURKA UMEIOT BUJ

qg=p, p=—w?sing, (19.2)

rie w — «coGcTBeHHasd 4YacToTay, KOTOpas 3aBHCUT OT [JIMHBI MasATHHKA.
RKauenn npencraBifioT co6oii MagTHUK, JJIMHA KOTOPOro [ MepHoJHYecKH
usMeHseTcA (oA OeficTBUEM uelloBeKa, KOTOPbHIl HAXOAUTCA HA Kavelsx,
cM. puc. 19.3) YpaBHeHnua IBUMEHUA Kavyeneil UMeIOT BUJ

¢=p, p=-w(t)sing, (19.4)
roe w(t + 7) = w(t).

1Cwm. B. Aproana [4], [5].
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Cuctemy (19.2) MbI HceeflyeM B NPUIOMEHHH 5, HCHONL3YA (a30ByIO
ninockocTh. YpaBHenusa (19.4) aBHO cogep:xat Bpemsa t. CregoBaTelnbHo,
pedb uaeT 06 MCCIeAOBAHUEM BEKTOPHOrO MO B TPEXMEPHOM MpOCTpaH-
cTBe p, ¢, t (cMm. puc. 19.5).

OTto6paseHue T 19.6

Havanbusie ycaoBua p(0) = po, ¢(0) = qo
OMpefieNIAIOT TPaeKTopuio ABMmeHuA p = p(i),
g = q(t). llpuanman Bo BHUMaHIe NEPHOAMYHOCTD
ypaBHenuii (19.4) mo ¢, MOMKHO OTOM/JIECTBUTH IO-
BepxHoctu t = 0 u ¢ = 7 M paccMaTpUBaTh ypaB-
nenus (19.4) B mpoctpanctee R' x S' x S'(p, ¢
(mod 27), ¢ (mod 7)). B peayanbrare MbI momy4a-
em oTtobpaenne T nosepxuoctu X(t = 0) B cebn:

T (po; g0) = (p(7); q(7))-

flcHo, uto /

(p(n), q(n1)) = T™(Po, q0)- Puc. 19.3

CremoBarensno, usydenune p(t), ¢(t) mpu ¢ — 00 CBOOUTCA K HCCAENOBA-
uuto urepauuii T™, n € Z. YpaBuenusa (19.4) — raHonudeckue, modTo-
My orobpaenue Tak:ke T raHoHuuyHo. MHave roBopda, T' coxpaHdeT miio-
maab dp A dq.

(P9

Puc. 19.5

Monosenue pasuoBecusa p = 0, ¢ = kmw (k = 0, 1) ABnAeTCA peleHHeM
ypaBHenuii (19.4). CienoBatennto, Touku p = 0, ¢ = km — HenoJBHKHbBIe
TOYKU oToOpamenus 1.
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HNurerpupyemsiii cayuait 19.7

YTo6bI Ay ullie MOHAThL CTPYKTYpPY oTo6Gpasienusa T', pacCMOTPHM IMpE3i-
J€ BCero «MHTErpupyeMslil ciayuaity — w = const. B aToMm cnyuae cuctema
KoHcepBaTUBHA, M03TOMY 3HEPTUA ABJIAETCA UHTerpanoM. MHave rosopd,
KpHUBbLIe Ha MOBEPXHOCTH X, 3aflaHHble YpaBHEHUEM

I: %p2 —w?cosg=mn

(eMm. puc. I15.1, npunomenun 5) — uHBapuanTHbI npu orobpanenun T

PaccMoTpuM yacTh NOBEPXHOCTH X, 3aK/IIOUeHHYIO BHYTpHU celapar-
puc (h < w?). Yro6sl ucenegosaTh oTobpaxenue T', UCIONL3YEeM KOOPAH-
HaThl geiicTBue-yroa I, ¢. Mosmuo nokasath (cM. npmiosxenue 26), 4to cy-
ImecTBYeT KaHOHHUYeCKoe IpeobGpasoBanue ¢: p, ¢ — I Takoe, UTo ypaBHe-
uue I = const onpepenser uaBapuanTHyto KpuByio I' = I't. Koopaunara
¢ (mod 27) ecTs yriosas koopauuarta Ha [, u B cucteme roopaunar I, ¢
oTobpaskenue T uMeeT BUI:

T: 1,0 — 1, o+ ).

NHaue roeops, kamaaa kpusas It noBopaunBaerca Ha yron A(I), ko-
TOPBIil U3MeHAeTcH OT OJHOI KPUBOU K APYroil, HO 0CTaeTcA MOCTOAHHBIM
BIOIb KamJoil KpuBoil (ecau ¢ BeIGpaTh 3a napamerp). Herpyano Bugers,

4TO I KPUBLIX, OAU3KUX K cellapaTpuce %pz —w?cosq = w?, imA(I) =0,

a 11A KpUBBIX, 6auskux K touke (0,0), imA(I) = wr.? Orcrona cnemyer,
4TO OJHA YacTh KPUBLIX Iy moBopauuBaercs Ha yroa A(I), cousmepumsrii
¢ 2w, a Jpyras 4acTh KPUBBLIX MOBOpPAYMBAETCA Ha YTOJ, HECOM3MEPHUMbBIH
¢ 27. PaccmoTpum utepauuu otobpamenusn T Touru x = (p, q), npuHaLie-
amelt kpuBoit I Taroit, uTo A = 271'%. Mpr1, oueBuaHO, UMeeM T"x = x.
CienoBaTenbHO, Kamaad ToYKa KpuBoil I' ABNAeTCA HEMOABUMHON TOUYKOI
otobpamenna T™, U TpaeKkTOPUA TOUYKU T COCTOMT U3 KOHEUHOro 4YHcia
Touek (cMm. puc. 19.8). Ecau yroa A(I), coorBeTcTByomuii kpusoit Iy, He-
COM3MepHM ¢ 27, To Toukd T™r 06pasyioT MHOMECTBO BCIOAY IIOTHOE Ha
kpuBoii I'; (cm. npunomenue 1). Haroner, sameTum, 4T0 nososkeHne paBHo-
Becus p = ¢ = 0 ycroiiuuBo: ecniu Bennuuna |zo| = \/p3 + ¢ mocrarouno
Mana, To Beanuuna |T"zg| octaeTca manoit nis Beex n € Z.

2370 ciaegyeT M3 TOro, YTO JMHeapU30BaHHbe B Hyle ypaBHeHus (p, ¢ < 1) coor-
BETCTBYIOT BPALleHUIO ¢ 4acTOTOH w (M. NpuaomeHue 5); TaKUM 06pasoM, 3a BPeMA T
MPOUCXOOUT MOBOPOT HaA YToal WT.
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1
1 7
T oo
6 13
10 4 b) 6
4 12
11 b}
Puc. 19.8
Heunrerpupyemsiii ciayuaii 19.9
IlycTh Teneph w — mnepuognyeckas HemocToAHHaA dyHknuA. Jomoa-

HUTEIbHO NPEANON0MUM, UTO w(f) ocTaeTcA JOCTATOYHO OAM3KON K wy, Ha-
npuMep:
2

w? =w2(t) =wg(1 +ecosvt), 0<e< 1, v=2E.

OToGpanenue T, cooTBeTcTBYIoMee PYHKINY w,, OIU3K0 K pacCMOTPEHHO-
MYy BbIlle oTo6pamenuto 7. 1o oTobpameHue coxpaHfaeT miomanb dp A dg
u toury (0,0), Ho He coxpaHseT HU 3HEPruio, uu Kpusbie I';. OcHOBHYIO
Iedb TeOpHM BO3MYIIEHHIl cocTaBifeT HcclelloBaHHe IMOBeleHUA UTepa-
ouit T* mpu n — o0 U € K 1. CymecTByIoT ABa crnocofa paccMOTpeHUA
npo06ieMbl:

1) ek 1, —00 <m <00 (Teopus ycTOHYMBOCTH);

2) e € 1, |n| < e7* (acumnroTuueckas Teopus k-ro npubaueHs).

OcHoBHOI1 pe3yJabTaT TeOpUH ycToiunBocTH BocxoguT K A. H. Roamo-
ropoBy (cm. § 21). Jia naurero npumepa oH yTBep#AaeT ciegyloliee:

Teopema 19.10. FEcau € docmamouno maro, mo omobpaxcenue T, o6-
aadaem uUHBAPUAHMHBIMU AHAAUMUYeckumu kpusvimu L'y, Gauskumu K un-
sapuanmusitm Kpussim I omobpaxcenus T. Kpome moezo, npu docmamou-
HO maaom € amu kpuswie I'. 3anoamaiom oGaiacme 6HymMpU cenapampuc
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(%p —wjcosqg < wg), uckI04as Muodcecmeo meput Jebeza, maaroti emecme
c

Nuaue roBopA, Opu JOCTATOUHO MAaJOM & WHBapuaHTHbIe Kpusble I'.,
sl koTopeix yroa A(I) «mocTaTodHO HecousMmepumy ¢ 27, He HCUE3aloT,
a aumb cierka gedopmupytorea. O6passr Tz touek x € I'c nemar Ha
KpuBbIX L.

U3 Teopembr 19.20 taxsme creayeT, UTO JIBHKEHHA, COOTBETCTBYIO-
e HavalbHbIM YCJIOBHAM, KOTOpble He NeiaT Ha KpuBbIX I'., a pac-
MOJ0MEHbI MeNsy 3TUMH KpHUBBIMHU, ycToiumpbl. JleficTBUTeNbHO, KpU-
Baf ['., MHBapuaHTHaA OTHOCUTeNLHO T, MpeacTaBifAeT co0oii B CHIy ypas-
nenuit (19.4) unBapuanTubiii Top® B mpocTpancTse p, ¢, t (g (mod 27),
t (mod 7)). CiepoBarenbHo, HHTErpanbHasg Kpueasa ypaBHeHuit (19.4), BbI-
XoOANlag U3 TOUKH, PACHONOMKEeHHO! MemIy ABYMA HMHBAapUAHTHBIMH TO-
paMu, HUKOI@ He MO:seT NOKUHYThL CJIOH, OrpaHuYeHHbIH ABYyMf TaKUMU
topamu (cm. puct. 19.21).

Puc. 19.21

Teopema 19.20 sBnfieTcA HeNOCPEJACTBEHHBIM CleJCTBUEM U3 Teope-
mer 21.11 (§21), mokasaTenbCTBO KOTOPOI MPUBEJEHO B mpuioxenun 34.

8§ 20. HenoaBuskHble TOUKH IEPUOAUYECKHUX IBHMKEHUH

YTo6k! My yllie MOHATH CTPYKTYPY 30H, PACTOIOHEHHBIX MMy KPUBLI-
M I, paccMOTprM HeloABHKHBIE TOUKYN 0ToOpasenua 1, u ero urepanuii.
ITH TOYKU COOTBETCTBYIOT MEPHOANUYECKUM JIBHMKCHUAM Kadelneil.

3’I‘. €. KBasuIlepruogn4decroe ABHM{eHHE KayeJei.
5

4Puc. ua padors1 B. U. Aproasga [5].
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daauntuyeckue U runepboanueckre Touru 20.1

Hckniovas B OKpecTHOCTU HENMOABUIKRHOM TOUKY BCe WIEHBI, HAUUHAA CO
BTOPOTO MOPAJIKA, MOIYYHM €ro JUHeHHYI0 YacTh, TO ecTh Auddepenua.
Nuddepennuan KaHOHUYECKOTro OToGpakeHNd eCTh KaHOHHUecKoe JHHel-
Hoe oToGpaseHue. JIluHeiiHble KaHOHMUEeCKHe OTOOpaeHUA DPacCMOTpPEHbI
B mpuiaoxenun 27. Ecau 3To nuHeiiHoe oToGpaskeHne runep6oaudHo (cooT-
BETCTBEHHO, TUIepPOONHYHO ¢ OTpasieHeM, SIIUITUYHO), TO TOBOPAT, YTO
HENOJBIKHASA TOYKA HA3LIBACTCA TUNEPOOINYECKON (COOTBETCTBEHHO, ['H-
epGoIMUECKOll ¢ OTpaMeHneM, NunnTHIeckoli). Hecnomuo nokasaTs, 4to
runepboauyeckie HEeMOABUKHbIE TOUKM HEYCTOHUYUBBHI He TOAbKO AdA JH-
HeifHON 4YacTu oToOpa)keHUf, HO U JUIfl BCEro HeNMHeiTHOro oToGpaskeHus
(Apamap). IIpo6iaeMa ycTOHUNBOCTH AMIMNTUYECKIX TOUEK H3BECTHA KaK
«tipo6iema Bupkroday. B obmem cirydae saaunTuiyeckie TOUKA JBYMEPHBIX
CHCTEM ABIAKTCA YCTONYMBBIMH (CM. IpiiioxeHue 28).

YeToiiunBOCTE BepXHero mnoJjiodeHUA paBHoBecusa 20.2

PaccMoTpuM Teneph HeMOABUMKHYIO TOURY p = q = 0 oTobpamenusn T,
u3 §19. lIpu ¢ = 0 oto6pamenue T, = T 3AMUNTUYHO B HyNe; NeHCTBUTENb-
HO, JUHeilHaA 4yacTb oToOpaienusa T npegcraBiadgeT co00il 3IIUITHUYECKHIT
NOBOPOT Ha yroll A = wt = 27r%. CnenoBaTelbHO, IPU JOCTATOYHO MalOM €
otobpamenue T, Tawme maunTuuno npu A # kx (k = 1,2, ...). Huaue
rOBOPA, YCTOHUYNBOCTh MOET U3MEHAThCA TOAbKO NIPU

o 2w 2w 2w
VRS 5 g (20.3)

Hecnoubie BoluncIeHnA MOKA3bIBAIOT, YTO NIPH ITHX 3HavyenuAx (Ha-
3pIBAEMBIX 3HAYEHHUAMH <llapaMeTpPUYecKOro pe3oHaHcay, CM. IPHIOKe-
Hre 29) orobpasenne T, meiicTBUTEIbHO TUNIEPOGOIHYHO B Touke p = ¢ = 0.
Nnaue roBops, nonozeHe cBO60JHOr0 paBHOBeCHA Kaveleil CTAHOBUTCA He-
YCTOHYUBBIM (A Kavelu HAYMHAIOT KoNeGaThes), eCly NPUCeIaTh BO BpeMs
1eJIoro yucia IMoJdynepruosoB cOGCTBEHHBIX Konebanuil. ITOT BLIBOJ IMIIH-

PHYECKH XOpOoIIo I/I3BeCTeH5 .

5Bnpouem, saMeTuM, UTo aMIAUTY A KoleGanuii cuctemst (19.4) octaeTca Manoii pu
JIOCTaTOYHO MaloM &, MOCKOAbKY, 10 Teopeme 19.20 TpaekTopusa npojeraetr Mexay KpH-
BbIMU I'c. DTo 06bACHAeTCA HelMHelfHBIM XapaKTepOM CHUCTeMbI: YacToTa A 3aBUCHT OT
aMIUINTY/ibl, KOodeGaHuA He YCHeBalOT ycUInBaThbes, U ycioBue (20.3) Godee He BBINOI-
HfeTCSA.
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0bJlacTy mapaMeTPUYecKoro pesoHaHCa

SN T

20 W 20 v
Q
o

Puc. 20.4

HenoaBu:knbie TOUKYU UTepanuii oro6pakenun 7.:
cyiecTBoBanue 20.5

PaccmoTpum Teneph HemoaBMkHble TOUkM oTo6paskennsa T7'. IlycTo
I' — vnBapuaHnTHaa KpuBad oToGpaseHud 1T', oGpa3oBaHHaA HENOJBUHHBI-
Mu Toukamu otoOpaenuii T (cm. §19). Iycts

dA
AI) =2r"0, g Fo

n-KpatHag utepauuna orobpanenus T Bo3BpallaeT Kamayo Touky I’ B mep-
BOHAYalbHOE MON0KEHe. ITO CBOMCTBO oToGpaxenun T’ mponajaet nNpu Ha-
nomenud manoro sBoamymenus (T — T¢). Ho, kak 6su10 mokasano Iyanra-
pe, npu docmamouno marom € omoopaxenue T umeem 2kn HenoodsUNCHbLT
moyer 66ausu kpueoti I'. [elicTBUTeNLHO, PACCMOTPUM [Be KpHBLIC, HHBa-
puaHTHbIe oTHocuTenbHo T 1 6auskue k I': kpussie ['t u '™ ¢ yraamu no-
Bopora AT > A > A~ (em. puc. 20.6). CiefoBarennto, orobpamsenue T mo-
BopauuBaeT KpuByio I'" B nonomuTenLHOM HanpaBieHuH, a kpubyo '™ —
B OTPUIATEIHHOM.

B pesynnTaTe 3TO cBoiicTBO coxpaHfeTca gad T.' mpu JocTaTOYHO Ma-
aoM ¢. CnefoBaTenbHO, Ha KamJI0OM paguyce ¢ = const cymecTBYeT TOU-
Ka r(p, £), KoTopas noj AeiicTBueM oroGpamenuda T cMelaeTcA Mo paau-
yey:

(I r(p, €)) = .
Kpome Toro, npu goctatouHo mMaioMm € TOUYKHU r(p, €) 06pasyiOT 3aMKEHY-
TYIO aHalIUTUUYeCKylo KpuByio R., 6auskyio k I'. Hamomuum, uto oTobpa-
skeHue 1) — RaHOHIYeCKOe, CleoBaTelbHO, OHO cOXpaHAeT IIoMmajAb. ITO
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%’%r

Puc. 20.6

o3HavaeT, 4To 006pa3 T kpusoil I, He MoKeT HaxoJuUTbcA HHU BHYTDH,
HU cHapy#u KpuBoil R.. CnepoBarennno, T'R. mnepeceraeT KpuBylo K.
(em. pue. 20.7). Ho mocronbry 7" cmemmaeT Ramaylo TOUYKy KpuBoil R,
no paguycy ¢ = const, Toukn nepeceuenus R, u T]'R. ABaAoTca Hemno-
IBHAHBIMK TouKaMmu orobpasienus 1. Takum obGpasoM, cyliecTBOBaHHe
HeNOJBUKHBIX ToUeR oTobpamenusa 1" B okpecTHOCTH KpuBoit I' nokasaHo.

Puc. 20.7
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HenopBuxHbIE TOUKH UTepanuii otobpaxkeHusa 7T;:
raaccudpuranua 20.8

PacecmoTpuM Temepb xapakTep 3THX HEMOJBUMHBIX TOUEK: BBIACHUM,
ABIAIOTCA N1 OHU ILIUNTHYeCKIMHY uiu runepoonandyeckumu. [Ipu € = () Bce
9THU HENOABUKHDBIE TOYKHU MapaboinvecKue U COOTBETCTBYIOT COOCTBEHHBIM
3HaueHUAM A1p = 1. CileJoBaTelLHO, IPU JOCTATOUHO MAJOM € BHINOJHAET-
cA A12 & 1 u runepbonuueckuil cIydail ¢ oTpameHueM HEBO3MOKEH.

C opyroii cTOpOHBI, PACCMOTPHM «pajialbHOe cMelleHney

Alp) = I(Tr(9) = I(r(0))-

B HemogBIIKHBIX Toukax oToGpamenusa T ¢yukuua A(p) uMeeT HYyIM.
B o6mem cayuae stu Hyau npocteie (A’ = dA/dyp # 0). Takum oGpasom,
Hyau, B KoTopeix A’ > 0, yepeaylorca ¢ APYTUMH HYJIAMH, B KOTOPHIX
A’ < (. CrefoBaTelbHO, YHCIO HENOABHIKHBIX TOYEK YEeTHO.

PacemoTpum Teneph BeKTOpHOe Mofe, 06pasoBaHHOE B OKPECTHOCTH
kpuBoii ' BekTopamH ¢ HavaioM B TOYKe Z W KOHIOM B Touke Tz
(em. puc. 20.7). Herpyano Bugers (puc. 20.7), uto unpgekc (npunoxenue 27)
9TOrO MOJA B HENOABIKHLIX TOUKAX ONpECNfAeTcs o Gopmye

Ind = sign(% : %).

CrnenoBaTenbHO, OJJHA TOJOBUHA HENMOABUYIHLIX TOYEK HMeeT WH-
nekc +1, a ipyrasa — unjekc —1. 3To o3HayaeT, UTO OJHY MOJOBUHY COCTaB-
JAIOT LIUNTHYECKHUE HENOJBU#HbIE TOUKHU, @ IpyTryl0 — Tr'unepboiudecKrue
HeNOoABHHbIe TOUKHN (HHIEKC D/UINNTHYEeCKOl TOUKY paBeH +1, UHOEKC I'U-
nepbonnveckoil TOUKM paBen —1). dumunrTuyeckue U runepGoIUUECKUE He-
MOJBH:KHBIE TOUKH WLIIOCTpPUpyloTesa Ha puc. 20.7.

PaccmoTpuM Tenepb 3MIUNTHYECKYIO HEMOABUMHYIO Touky T)'z = x.
TpaekTopHs 3TOil TOYKH cocToMT M3 Touek z, T.z, T2z, ..., T' lx.
CremoBaTelbHO,

o(Tiz) =~ ¢(x) + 2#1%.

Takum oGpa3om, Bce 3TH TOYKH ABJIAIOTCA HENOABUHBIMH TOYKAMH OTO-
Gpamenusa T"x 1 5AIUITUYHEL (BCe OHU HMEIOT Te e cOGCTBeHHbIe 3HaUe-
HHf, 9TO ¥ TOYKA Z). ITO 03HAYAET, YTO MHOKECTBO BCEX HLIHNTUUECKUX
HEeNOJBUMHBIX TOUEK pa3fiefieTcA Ha OPOUTHI, KaM/Jad U3 KOTOPBIX COCTOUT
u3 n touek. [lycth £ — uncno Takux opOoUT; TOrAa UHUCIO IUITUUCCKUX
TOYeK paBHo kn, a oblilee YMCIO HEMOABUAKHBIX TOUEK, KaKk 1 GbLI0 0TMeYeHo
B §20.5, paBHO 2kn.
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3oHbl HeycToiiuuBocTH 20.9

PaccmoTpum Tenepb OKpecTHOCTH HalJEHHBIX BbIlIe 3IMOTHYECKUX
u runep6oanveckux todek. Cnenysa B.U. Apunonsay (7], kamaan sniuntu-
JyecKad TOYKa «obIieroy Tumna (CM. Takxe Npuiokende 28) oKpyKeHa 3aMK-
HYTBHIMHM KPUBBIMH, HHBapHaHTHBIMHU OTHOCHTeNbHO T.'. ITU KpHBhIe 006-
pasyior «octpoBkm» (em. puct. 20.10). Kamapiii ocTpoBOK B MUHHATIOpE
BOCIPOU3BOAUT BCIO CTPYKTYPY B HeiloM — ¢ kpuBbiMu ['L, ocTpoBramu
BHYTPH 3THX KPUBBIX U T. 1.

Puc. 20.10

Mes 1y OCTPOBKAMM M KpUBbLIMHU ['; ocTaloTced elle 30HbI BOAM3H CHIEp-
Gonu4YeCKUX ToueK. IeficTBUTENLHO, PACCMOTPUM cellapaTpUChl THIepGoIH-
yeckux Toyek oroBpaxenusa 7. MoxHO noKazaTh’, YTO 3TU cenapaTpuchl
runepGoIMYecKIX TOYEK 00pasyloT CIOMHYIO CeTb, B OOHMIUX UYepTax H3-
o6pamennyio Ha puc. 20.10. OrkpriBunii ee A. Ilyankape nuncan ([2], t. 3,

chap. 33, p. 389%):

«IlopasaenibeA CIOMHOCTH 3TOil GUTYpPBI, KOTOPYIO A Jaxe He
nbITalochL n300pasuThb. Huuro He ABiaserca 6olee NOAXOAAMIMM,
yTOGBI JaTh HAM HpeAcTaBIeHUe O CIOKHOCTH 3a1adyl TpexX Tell
u, BOOﬁH.[e, BCeX 3ajay TUHaAaMHKU, B KOTOPLIX HET OAHO3HAYHOTI'O
HHTerpaja u B KOTOPbIX pAabl Boauna pacxogarcsa.»

SPuc. BocnipousseneH us pabor B. H. ApHoabia (4]
7Cm. H. Poincare [2], B. K. Meacruros [1].
8A. Myankape «Ma6panusie Tpyasn, T. II. — M. Hayka, 1972, c. 339.
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HBI/ISBGCTHO, o6aajaoT M ABHUKEHUA B 30HAX HeyCTOﬁ‘-IHBOCTPI Jproagnyec-
KHMHM CBOHCTBaMU. BOE}MO}}’LHO7 YTO cpedn 3ProanuvdeCcKruX COCTaBJIANIOUIUX
BCTpEYAIOTCA CUCTCMDLI C CHHTYJIAPHLIM CIHCKTPOM, a TaKn:me K-cuctemnr.

3AMEYAHHE 20.11. 3aMeTHM, uTO cyllecTBoBaHHe GECKOHEYHOro 4Hcia 3JIHI-
THYECKUX OCTPOBKOB IPU 3alaHHOM € < 1 He cilefyeT U3 HallUX paccy:;KkAeHUil.
B ciry mocnemueit reoMeTpuyeckoii TeopeMsl llyankape®, B konbIle, pacmonozseH-
HOM Me:/Ay HHBapUaHTHBIMU KpuBbIMH I, cymecTByeT 6ecKoHEUHOE UHCIO HEIO-
IOBIGHBIX Todek oToGpaskenusa 17 (n — 00) ¢ unAekcoM +1 (cM. Teopemy 19.10).
OpHaKo MOMeT CIYYUTHCA TaK, YTO HEKOTOPbIE U3 3TUX TOUYeK GyAYyT HE DILINIM-
THYECKHMH, a THIePGOTHIeCKHMH ¢ oTpaHenreM. UHcIeHHbIe SKCIEPUMEHTbI™,
N0-BHAUMOMY, CBH/IETEIbCTBYIOT B IIOJIb3Y TaKOI'0 BbIBOJA.

Crenyromye namocrpanuu (puc. 20.12-20.14) saumMcTBoBaHbl U3 paGoThl Xe-
HoHa u Xeiineca [1]; Ha HUX nM306paeHbl OpOUTHI 0TOOpayieHUA THHA 1., BBIYMC-
JICHHBIE C MOMOIIBIO KOMNbIOTepa. Bce TOUYKH, pacmoio;keHHble He Ha KPUBBIX,
NpUHAJIeKAT 0JAHONH-eJUHCTBEHHOI TPAEKTOPUH.

Y
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Puc. 20.12

9Cm. H. Poincare [3], G. D. Birkhoff [1].
10Cm. Teantang, Tpaes, 3yepa, Muxaitniosa, Moposos [8]; Oxoummcruii, Capbrues u
T. 4. [1], M. Henon u C. Heiles [1].
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Puc. 20.13

§ 21. uBapuaHTHbIe TOPblI U KBasullepHoauyecKUe
JABUKEHHA

IIpumep, paccmoTpennsiit HaMu B §§ 19 u 20, npeacraBaseT coboii yact-
HBIfl caydail ofmeit cuTyalu#, KOTOpad BcTpedaeTcAd A BCEX CHCTEM,
OIU3KUX K TaKk Ha3blBaeMbIM «MHTETPUPYEMBIM CHCTeMaMy.

A) Uurerpupyemsie cucteMsl 21.1

PaccMmaTpuBas HHTerpUpyeMble 3aJadl B RIaccHuecKoil MexaHHRe!'l,

Mbl O0HaApY:KMBaeM, 4TO A KakJOH W3 HUX OrpaHHYeHHbIe TPaeKTOpUU
6o mepuoguueckue, Tu60 KBasunepuoandeckue. Huaue roeops, paszoBoe
OPOCTPAHCTBO PACClIOEHO HA MHBAPUAHTHBIE TOPbI, HECYIIHE KBa3UIEPUO-
JUYECKUEe IBUMKEHUA.

OruMeEP 21.2. Ilycrh ¢asosoe mpoctpanctso 3 = T" x B™ ecthb nps-

Moe€ Tpou3Be/ieHre O paHUUeHHoH obnacTu B™ eBkiaugoBa npocTpadeTsa R
n P

u topa T", p = (p1, ..., pn) — KoopauuaTet Ha B", ¢ = (q1, ..., qn)

(mod 27) — roopaunatsl Ha T". CucTeMa raMUILTOHOBLIX YPABHEHHUI ¢ ra-

U Hanpumep, gBusieHHe CBOGOAHON TOYKM MO reofe3nyecknM Ha TPEXOCHOM BJLIHIICO-
upe uau tope (em. 1.7, ria. 1 u npuiomenue 2), Tamenoe TBepioe Telo (cayuyan ditrepa,
Jlarpansa u KOB&HBBCROﬁ) U T.O.
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I I I [N I N N
-08-06 -04 -02 0 02 04 06 08 x

Puc. 20.14

munbTonuanom H = Hy(p)

dH,

0 (21.3)

p=0, ¢=woi(p), rme wo(p)=

OIKCHIBAET KBA3UNEPUOJUUCCKOE ABUMKEHHE ¢ YacTOTaMHU w(p) HA HHBApH-
aHTHBIX Topax p = const. YacToThl UBMEHAIOTCA OT TOpa K TOPY; eclin

O*Hy _ Owo

arz oI

#0,

TO B KaM/0il OKPECTHOCTU Topa p = const cymecTBYIOT MHBapUaHTHbBIE
TOpBI, HA KOTOPBIX YacTOThI HE3aBUCHUMbI, a OpOUTHI Beroay mioTHeIMZ, Cy-
MIECTBYIOT TaKkKe APYTHE TOPbI C COU3MEPUMBIMHU UACTOTAMU; TaKUE TO-
PBI «MCKJIIOUUTENbHBIY B TOM CMbIC]IE, YTO OHM 00pa3yiT MHOMECTBO Me-
pel Hynb. Koopaunater (p, ¢) Ha B™ x T" HazbiBalOTCA KOOpAUHATAMMU
«1efiCTBUE-YTOY.

MoskHo f0oKa3aTb'®, uTO BO BceX MHTETPUPYeMBIX» cHcTeMax (aszo-

Boe MMpOCTpalHCTBO pa3jje/icHo r'uneproBepXuoCcTAMHU-CellapaTpucaMu Ha ul-
BapuaHTHbIe OGJIEICTI/I, Raxxjasg M3 KROTOPBIX paccjioeHa Ha MHBapuaHTHbIe

12CMm. npunomenue 1.
13Cm. npunosxenue 26.
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n-MepHble MHoroo6pasus. Ecian o6nmacTh orpanmvena, To 3TH MHorootpa-
3Ufl ABIAIOTCA TOPaMHM, HeCyIUMH KBasullepuojuveckre ABUskeHHA. JlnA
TaKoil CHCTEMBI MOT'YT OBITH BBEJEHLI lepeMeHHbIe AelcTBUHE-YTIold, 8 CUC-
TeMma MomeT ObITh 3amucana B Buae (21.3).

B) Cucremsbl, 61u3KHe K UHTerpupyembim 21.4

PaCCMOTpI/IM Tenepb BO3MYIIEHHYIO Cli)yHKI.II/IIO T'amuabTona:
H:Hﬂ(p)+H1(pﬂ Q): Hl(p7 q+27T) :Hl(pa Q) <<1

rge «BO3MyIIeHue» Hl «Majo». COOTBBTCTByIOH.[He raMmuJIbTOHOBEI ypaBHe-
HUA UMeIT BU:

. OH, . OH,
b=="5, G = wo(p) + o (21.5)

A. H. Koamoropos [6] nokasai, 4To jiid GoMbIIMHCTBA HAYaIbLHBIX YCIO-
BUil ABUIKEHUE OCTaeTcA KBasunepuogndeckuM (cm. Teopemy 21.7). Otciona
crenyet, uto cucteMsl (21.5) ne aproguunel Ha nosepxHoctu H = const u
YTO cpelu ProJJUIYecKHX KOMIOHEHT HMEIOTCA KOMIIOHEHTHI C JUCKPETHBIM
CIHEKTPOM, HONOMHEHNE K KOTOPBIM MMeeT HacTONbKO Malylo 1e6eroBCcKyIo
Mepy, HacKOJIbKO Malo Bo3mylienne Hi.

Mpeanonomum, uto ¢yurnus H(p) aHaruTHYHA B KOMILUIEKCHOM
oxpectHocTH [§] daszoBoro npocrpaunctea ) (Rep, Req € Q, |Imp| < p,
|Im q| < p), a Takme YTO HEBO3MYIEHHAAl CHCTEMa HEBBIPOMIEHA:

3&)0 82H0
det| 52| = det| =50 £ 0. 21.6
p o0 # (21.6)
Bribepem BesTop HecomamepuMbix'? uwactor w = w*. Mycers To(w*) —

HHBaPHUAHTHBIA TOP HEBO3MYINeHHOH cucTeMbl (21.3), uMelomuil ypaBHe-
nue p = p*, rae wo(p*) = w*. Toraa cucrema (21.3) umeer na tope To(w*)
9acTOThI w*.

Teopema 21.7. Fcau sosmywenue Hy docmamoyuno maro, mozda npu noy-
mu awbon'® w* cywecmeyem unsapuanmuuiii mop T(w*) eosmywennoti cuc-
memvt (21.5), u mop T (w*) Gausor k To(w*).

14T 6. (w, k) # 0 anA Beex HenwIx k.
153a uckmoueHHeM MHOMeCTBa Je6eroBoii Mepel Hyb.
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Boaee Touno: npu awbom o > 0 cywecmsyem ¢ > 0 u omobpaxcenue

p=p(Q), ¢ = ¢(Q) abcmpaxmnozo mopa T = {Q (mod 27)} 6 T(w*)
makoe, WMo 6 cuay 2aMuAbMoHo6bLE YypasHeruti (21.5)

Q=w

p(@Q) —p*[ <&, |a(Q)-Q|<e
npu ycaosuu, wmo 6 [Q2]

|H1| < e = e(a, w*, Ho, Q, p), €>0.

Kpowme Toro, Topsl T'(w)* 06pasyioT MHOKECTBO MOM0KUTEIbHOI MepBI;
Mepa [JONONHEHHUA K 3TOMY MHOMKECTBY CTpeMHTCA K Hylio BMecte ¢ |Hy|.
llorazarenbcTBo Teopemsl 21.7 MoHO HaiiTu B pabote ApHoabaa [5].

IloBemenue TpaekTOpHil B 5TOM JOTNOJHEHHH 10 CUX MOP HEJAOCTATOYHO
ugydedo. JlnA cucteM ¢ AByMA CTemeHAME cBoGoabI (n = 2) ¢azoBoe mpo-
cTpancTBo {2 yeTbipexMepHo. HuBapuanTHad runepnoBepxuocts H = const,
UMeIolafg pa3MepHOCTh, DaBHYHO J, pa3jeleHa Ha MHBapHaHTHbIE TODBI
BO3MYIIeHHOIl cucTeMbl. JononHuTenbHble 06aacTi 06pa3yioT TOpUUECKUE
KOJbIla MeMIy HHBapHanTHbIMH Topamu (cM. puc. 19.21). Hpu n > 2 un-
BapUaHTHLIE 7.-MepHbIE TOPBI He pa3felAIT runepnoBepxHocts H = const
pasmeprocty 2n — 1, a TpaekTopuu, He Iemamue Ha topax T (w*), MoryT
IPOJO/RAThCA BechbMa alleko BA0Ab noBepxHoctu H = h (em. §23).

C) lpuaoskenua u o6obuenua 21.8

Teopema 21.7 npuMeHuMa k¥ 0suiceHUI C80600HOL MovkU no 2eode3u-
4eckoll Ha NOBePIHOCMAT, OAUIKUX K NOBEPTHOCMAM SPAUEHUA UAL IAAUN-
coudam. JTa TeopeMa MO3BOJAAET NOKa3aTh YCcmolyueocms «nAdHemouday
8 oepanuiennoll naockotl kpyzosoti sadave mpex mea'®. N3 nee Momno Tarke
BBIBECTH YCMOULUBOCTIL ObiCMPHIT BPAULCHUL MANCCA020 HECUMMETLPUYLHO20
meepdozo meaal”.

Ho sTa Teopema HempuMeHHMa B TOM CJly4ae, eciid BO3MYIIeHHAA CUC-
TeMa HeceT GONbIIE YacTOT, YeM HeBO3MYyIleHHas (BBIPOKIeHHbI cayyvail),
IOCKOJBLKY NPU 3TOM He BhINOnHAeTcA yciosue (21.6):

0’ H,

det
e 092

=0.

16 A. H. Konmoropos [7].
17B. U. Aproanp [5].
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Cnyuaii «npeenbHOro BhIPOJEHUAY, KOTOPLINl BCTpevaeTcA B TEOPUU
KoseGaHuii (TOYKU paBHOBECHSA, IEPUOJNUECKIe IBIKEHHA) Takie TpelyeT
ocoboro paccMoTpeHNd. YKaseM HEeCKOIbLKO pe3yIbTaToB B 3TOM HampaBie-
HUH, 06o6malonux TeopeMy 21.7. B. 1. ApHoabn [7] nokasan yemoiiiueocms
noaoxceHull pasHosecus u nepuoduieckur deuxceHull CUCTEM C AByMA CTele-
HAMHK CBOGO/BI JJ1A 061ero sJIIUITUYECKOrO clyyas. B kauecTBe cieacTBusA
A.M. JleonroBuy [1] moxasan ycmoiiuusocms nepuoduieckur AazpaHicesuLr
pewenutl oepanuiennoll 3adaiy mpex mea (NAockol u Kpy2osot).

O6Gpa3oBaHye HOBBIX YacTOT HOCIEe BO3MYIIEHUA BLIPOMAEHHBIX CHC-
TeM HcelefioBalo B paGorax B.H. Apuonnza [8], [9], [10]. B rauectBe
cle[CTBUA N0OKa3aHa BeuyHad aguafaTuieckad MHBapUaHTHOCTb OeficTBHUA
npu —o0 < t < 00 B HENUHEHHBIX CHCTeMax ¢ OJHOIH cTemeHbI0 cBOGOLI,
napaMeTpbl KOTOPBIX U3MEHAIOTCA NePHOJAUYECKH, a TaK#e YTO «MarHUT-
Hafd TOBYIIKay ¢ 0CCCHUMMETPHYHBIM MarHUTHBIM HONEM MOKeT 6eCKOHEYHO
JIOJTO yIep#UBaTh 3apAseHHbIe YacTUIIbI.

Hanonen, 6 zadave n mea noayieHo MHONCECNE0 KBAUNEPUOOUHECKUT
dsusce HUL NOAOHCUMEALHOU Mepbl UIA Cyvas, Korga Macchel — 1 Ten gocTta-
TOYHO Majbl M0 CPABHEHMIO C MAaccoil «IIEHTpaiLHOr0 Telay. TU KBasuie-
pHOINYeCKUE IBUMEHUA NMEIOT «ILIaHeTapHbIiy XapaKkTep: SKCIEHTPUCUTe-
ThI ¥ HARJOHEHUA KEIIEPOBCKUX (OCKYIUPYIOMNX ) SIIHICOB Majbl, U TIH-
HbI 0OJBIINX Bcerja ocraloTced OIM3KMMU K CBOMM HavalbHbIM 3HAUEHHUAM
(cMm. B.U. Apronba [4]).

C npyroit ctoponsl, 0. Moszep npepnozxun o6obmenue Teopemsbr 21.7.
Mo3sep noraszan, yTo TpeboBaHue 00 aHATUTHYHOCTH B Teopeme 21.7 He 001-
3aTeIbHO: JOCMAMOYHO NPednosoicuims CYULECINB06anIe KOHEUHO20 HUCAA
npouseodnvir. Hanpumep, 01d cucTeMbl ¢ AByMA cTeleHAMH cBOOOAbLI Jo-
CcTaTouHo, 4ToObI ramuibTonnan H 6b11 nuddepennupyem 333 pasal

D) MuBapuaHTHbIe TOpbl KAHOHHYecKUX oTobpameHnuii 21.9

Teopemy 21.7 MoskHO copMyaupoBaTh HUHaUe, €CIU BOCMOJIb30BaTh-
cA «moBepxHocTAMH cedyeHus» Ilyankape—bBupkroda. Ilpeanonomum, 4To
B (23.1) nepBas KOMIOHEHTa BEKTOpa w OTIMYHA OT Hyia: wy 7# 0. Pac-
CcMOTpPHM TloAMHOroo6pasne $2"~2 ¢aszoporo npocrpancTsa {22n, 3aganmoc
ypaBHEHUAMH

¢ =0, H =h=const.

IlycTh  — Tovka momgMHoroo6pasua L?"~2, x(t) — TpaeKTopus ra-
MHUIBTOHOBOIT cucTembl (21.5), Brixopaman u3 z. OGosHauum vepes Ax
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NepByIo TOUKy MepecedeHus op6uthl x(t) ¢ ¥L2"~2 npu Bospactanuu ¢ ot
Hyaa (em. puc. 19.21). Orobpamenne A: ¥2"~2 — ¥2"=2 pnonne onpe-
JeNeH0 B OKPECTHOCTH Topa pasMepHocTH 7 — 1, 3aJaHHOTO ypaBHEHHA-
Mu p = const, ¢ = 0 npu w;(p) # 0 U IPH TOCTATOUHO MAIOM BO3MYIIeE-
uuu Hy. U3 Toro, uro

OH
OH _ ) #0,
on
clIeyeT, YTO B 3TOH OKPECTHOCTH HEPEMEHHBIE Pa, ..., Pni G25 -5 n

(mod 27) ABnAlOTCA KoopauHaTaMH OeficTBUe-yroa. Otobpaskenne A —
KaHOHHUeckoe (cM. mpuiomenue 31). PaccMoTpuM Temeph HeBO3MYIIeH-
Hblii ciyuait (Hy = 0). B cuny (21.3) oroGpasmesue A MO#HO IPeCTaBUTD
B BHAC

W
Aip, g = poa+wp) wilp)=2r5, (k=2...,n). (2L10)

Nnaue roBops, KamaAblil TOp p = const UHBapUaHTeH U NpH oTo6pameHun A
noBopavyuBaeTcsA Ha yroa w(p).

Ecnu Bo3amymenune H; JocTaTovHO Mano, TO COOTBETCTBYIONlEe KaHO-
HUYecKkoe oTobpamenue A mopepxHocTH %2772 6ausxo k (21.10). flcHo,
uto (n — 1)-MepHble MHBapHaHTHbIE TOpPbI OTOGpameHHA A COOTBETCTBY-
IOT N-MepHBIM MHBapHaHTHBIM TopaM cucTemsbl (21.5). Anamorom Teope-
™Mbl (21.7) mna Takux orobpameHHil ABIAETCA NPUBOLUMAA HUKE Teope-
Ma 21.11. Ilycth cHoBa w — (a3oBoe HPOCTPAHCTBO P, ¢:

Q=T"xB" B"={p}, T"={¢ (mod 2m)}.

Mpennonomum, uto B: p, ¢ — p'(p, q), ¢'(p, q) rnobanbHoe KaHo-
HHUYECKoe 0ToOpasseHue, T. e.

fpdq :j{ p'dq’
v By

A 1060i 3aMKHY TO# KpuBoil v B  (cM. npunomxenne 33). peanonomum
Takxe, uro oyHruuu p'(p, q), ¢ (p, §) — q aHaTUTHUECKNEe B KOMIIIEKCHON
oxpecrnocTH [§2] dasoBoro npoctpanctsa {2:

Re(p), Re(g) € 5 |Impl,|Img| < p.

Oyets A:p,q — p,q + w(p) KaHOHUYecKoe oToOpameHUe, 3alaH-
Hoe ¢yurnueit w(p), anamurudeckoit B [ u To(w*) — Top {p = p*,
w(p*) = w*}, MHBapUAHTHbIl OTHOCHTENbHO A.
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Teopema 21.11. Ecau omobpaxcenue B docmamouno 6ausko & mosxcdecm-
eennomy, mo noumu npu awbom'® w* cywecmeyem mop T (w*), uneapuanm-
Hotil omuocumeavrno BA u Gauskudl & To(w™).

Bonee TouHo, npu moGom « > 0 cymecTByeT € > 0 U oToGpazkeHHe
D: T — w, p=p(Q), q=q(Q) aberpartroro topa T = {Q (mod 27)}
B ) Taroe, 4TO

D(Q+w*)=B-A-D(Q),
A B

o]

Q— Q+uw*

Ip(Q) —p*| <a, [9(Q)—Q|<a,

ecau B [§}] BoINONHAETCA HEPABEHCTBO
Ip" —pl+1¢ —ql <e=ela, w", A, Q, p) >0.

Epome Toro, Toper T(w*) 06pa3yioT MHOKECTBO MOJOMKUTENLHOH Mephl,
JOMOJHEHUEe K KOTOPOMY HMeeT Mepy, CTPeMANIYIOCA K HYNID BMecTe
c|p’ —pl+|d — q|- Teopema 19.10 HenmocpeacTBEHHO ClefyeT U3 Teope-
mbl 21.11 npu n = 1.

Teopema 21.11 usBecTtHa ¢ 1954 roaa, XoTA ee foKa3aTelbCTBO HUKOT Aa
He Obulo omyGaukoBano. 0. Mosep [1] man ee nokasaTedbCcTBO HJIA ciydas
orobpamenuil wiockoct (n = 1). B 3ToM noKasaTenbCTBe UCMONb3YETCA
tononorusa R?. JlokasaTenbcTBO TEOPEMBI A NPOU3BOJBLHOTO 7, CM. B MpPH-
noxeHUn 34: Tomojoruveckas YacTh CBOAMTCA K MeTOAY TNPOHU3BOIAIINX
(GyHRUNA rao6anbHpIX KAHOHUUYECKUX 0ToGpamenuii (cM. npuiosxenune 33).

CpaBHeHHe Teopembl 21.7 ¢ 21.11 u 21.12

HeusBecTHO, MOHO 11 NOCTPOUTD JH0060E KAHOHMYECKOE AHATUTHYEC-
Koe npeoGpasoBaHue, 6AM3Koe K A, MCNONb3YyA cedeHUe MOAXOAALIel Ta-
MUILTOHOBOH cucTeMbl. CiaemoBaTenabHo, Teopemy 21.11 HEBO3MOMHO BbI-
BecTU U3 TeopeMsl 21.7.

1SI/ICHJI]O'-[3H MHO?KeCTBO Jeberopoii Mepbl HYb.
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ToyHo TaK #e, eCId OrPAaHHYUTHLCA TAMUILTOHOBOH cuctemoit (21.5),
TO TeopeMsbl 21.7 u 21.11 He NPUBOAAT K YKBUBANEHTHBIM pe3yibTaTaM.
HNeiicTBUTENbHO, YCIOBUA HEBLIpOMAcHHOCTU TeopeM 21.7 u 21.11

det‘g—;‘ 20, det| &

IpeAcTaBUMEBI B TeDMUHAX HeBO3MYyIleHHOU dyHRIuU ['amunrtona Hy B BU-
ne

9H, OH,
2 0.2 ;
dHO‘;éO det| 07" 0P| g
oHy
Jp

flcro, uTO TH mMocaedHMNE JBa YCIOBUA HezaBHCHMbI. Kammoe u3 HUX mgo-
CTaTOYHO HJIA CyOlecCTBOBaHUA WHBApUaHTHBLIX TopoB. Kpome Toro, BTopoe
yClIOBHE TapaHTUpPyeT Haluvie WHBapHAaHTHLIX TOPOB Ha JNHOOOM YpPOBHe
SHEPrUH, YTO BleUeT 3a coboil ycToiiunBocTh (cMm. puc. 19.21) B cayuae
IOByX cTemeHeil cBo6oabl (n = 2 B Teopeme 21.7, n = 1 B Teopeme 21.11).

Kpome Toro, B npumnoxenusax oba yciaosus (21.13) au6o ogHOBpeMeHHO
BBLITNIOJIHAIOTCA, JU00 HU 0JHO U3 HUX He CIpaBelJHBO.

§ 22. Teopua Bo3MyHIeHU

O6paTuMcAl K aCUMIOTOTHYECKON TEOPUH, T.€e. OTPAHUYNMCH U3YYEHH-
eM noBefleHUA TpaexTopuii mpu 0 < t < 1/e, rae e — Bosmyienne. Kpome
TOr0 MBI MOKEM TelNephb paccMaTpUBaTh HETAMHUILTOHOBBI CUCTEMBI.

A) Meron ycpeauenua'® 22.1

Oyers TF = ¢ (mod 27), ¢ = (p1, ..., @r) — k-MepHblii Top, B! = I,

I= (I, ..., I;) — orpannuenHas o6aacThb eBKIMIOBOI0 NPOCTPAHCTBA R’

PacemoTpum B (asosoM npocTpanctse w = TF x B! HeoaMymennyo cuc-
TeMy )

p=w(), I=0, w=(w1,...,w). (22.2)

flcno, uto 310 — 0606meHue cucteMs (21.3) us § 21: ramawtii Top I = const
HHBapUaHTHeH, U €Ccli YacTOThl w Hecou3aMepuMbl Ha Tope T, TO TpaeKkTo-
pun w(t) BCIOAY MIOTHBI Ha 3TOM Tope. B aToM cnyuae nBuenue (22.2) Ha

193ToT MeToa HcNoIb30Ball B HeGecHolt MexaHHEe eme Jlarpansx, Jamiac u Tayce.
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Tope T HasbIBaeTcA KBasuNepuofuveckiM. Ecin 4acToThl con3MepHMBI, TO
3aMbIKaHHe OPOUTHI €CTh TOP, Pa3MepHOCTh KOTOporo k MeHbine n (peso-
HaHCc).

PaccmoTpum Teneph BO3MYIIEHHYIO CHCTEMY, 0000IIaIONyI0 CHCTe-
My (21.5) us §21:

{‘P:w(I)+€f(I* Lp)’ rge {f(I7<P+27T)f(I7 90)’

I=ceF(I, ¢), F(I, p+27) = F(I, ),

ek 1
(22.3)

flcno, uto mpu ¢ & 1 sBomouus I(t) yaoBieTBopseT HEepAaBEHCTBY
[I(t) —I(0)] ~e < 1.

3amerHble (mOpAAKa efnHUNbI) 3Q(EKTHI SBOMIOUUE MOTYT HabIi04aThCA
UL HA JOCTATOYHO GOJLMIMX HHTepBalax Bpemenu ¢ ~ 1/e.

PacemoTpum Teneph npuMeHenune Teopuu Bo3mynieHuii. Ilycts f([) —
cpenHee:

F(I) = ﬁ_%"'%fr(l? @) dpy ... dpy.

PaccMoTpuM «ycpeHEHHYIO CHCTEMYY», UM (CUCTEMY 3BONIOUN»:
J=¢-F(I). (22.4)
Ilpennonaras, uto € < 1, nonyyaem:

1

[I(t) —J(t)| <1 mpmmobom 0<t< gz, (22.5)

rae I(t), ¢(t) — pemenne ypasuennii (22.3), J(t) — peurenne ypaBHeHus,
COOTBETCTBYIOIee HaYalbHbIM yeaoBuam J(0) = I(0).

MMpoGnema, koTopas Temepb BO3HUKAET, 3aKJIIOUAETCA B CIEAYIONIEM:
KAKAR cyuecmsyemn cen3b Meicdy ucmunHblM 603myuieHHbLM dsudcenuen I (1)
u dunamuroil ycpednennoti cucmemsvt J(t) npu 0 < t < 1/e? Bunoansemecs
au Hepasencmeo (22.5)7

B camom npocTom cnyuae nepuoandeckux asuzkenuii (k = 1) nerpyaHo
nokaszaTh (cM. mpunoxenne 30 u Boromo6os u Mutponoabexuii [1]), uto
ecnu w # 0, TO

1

[I(t) — J(t)| < Ce mpu mobom 0 <t< z.

Ho yie B cnyuae aByx uactotT (k = 2) cutyanusa Gonee croxHas.
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B) Kourpupumep 22.6
Iyers £ =1 =2, a > 1. PaccMoTpuMm cuctemy
p=1I, ¢ys=10L, Ii=¢, I,=cacos(ps—2).
flcho, uTo yecpenHenHad cucTeMa UMeeT BH[
j1 =g, .fz =0

(4TO COOTBETCTBYET MalbLIM cTpedaraM ma puc. 22.7). Paccmorpum Temepb
HavalbHEIE YCIOBHA

Il = 12 = .]1 = J2 = 1, Y1 = U) Y2 = arccos%.

1,J, 1(®)
— ==
I, J,
Puc. 22.7

HNmeem:

L(t)=L(t)=1+¢t, Ji(t)=1+cet, L) =1,

)= -1

HHaue roeops, N0 UCTeYeHUH BpeMeHH 1 /e ycpeHeHHOe IBIKEHIHE Y Tpau-
BaeT BCAKOE OTHOIICHNE K NCTUHHOMY ABMKEHMIO, KOTOPO€E 3aXBaTbIBaeTcsA
B PE30HAHC W) = Ws.

cjieaoBaTelbHO,
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C) MaremaTtuueckoe 060CHOBaHLe MeTona ycpenHeHuAa 22.8

CywecTBYIOT 110 KpaiiHeil Mepe 4eTbipe Pas3in4HbIX II0AXO0Aa K BOIPO-
¢y MaTeMaTHYeCKoro obocHoBanua Metoaa ycpenuenns. Iloka Bee yeTnipe
I03BOJIMIN HOAYUYUTh AOCTATOYHO CKPOMHbIE Pe3yIbTaThl.

1) MomHo NoAPOGHO HCCIENOBATH OKPECTMHOCMU YACMHbIE PeuleHul
ycpednennoti cucmemsvt (HAIPUMep, OKPECTHOCTH TOJOMEHHH paBHOBe-
cua (F = 0)). [putarupaomum Touksam cucTeMsl (22.4) cooTBETCTBYIOT
NPUTATCHBAIONIKE TOPLI (aTTpakTopbl) cucTeMsl (22.3). fleno, uTo B oKpecT-
HOCTH TaKor'o Topa HMeeT MecTo ycroiuumBocTb (0 < ¢ < o0). Cy-
IleCTBOBaHNE NPUTATUBAIIINX TOPOB /1A BO3MYIIEHHBIX CHCTEM JOKA38HO
H. H. Boromo6osim [2], 10. Mozepom [2] u U. Kynroit [1].

Takoil MOAX0] HENPUMEHNM K FaMUIbTOHOBBIM CHCTEMaM, NOCKONbKY
s Takux cucteM o teopeme Juysuiaiag 1.10 (ecm. ra. 1) npuTArupammme
MHO#{€CTBA (aTTPAKTOPbI) HE CYIIECTBYIOT.

2) Ornomenue Mexnay I(t) u J(t) MomHO uccieoBaTh 0aa Goabuiel
yacmu (8 cMvicae Mmeopuu Mepvt) HAYAAbHLLY ycaosull, npeHeGperas TOY-
KaMH, COOTBETCTBYIOmHUX pe3oHaHcaM. AHocoB [3] u Kacyra [1] nokasanu
TEOPEMBI Clle[yIOWero THIa.

Iyemv R(e, p) — mHoxcecmeo HavaavHulx ycaosuii 6 ) makux, wmo
npu Hekomopvix 0 < t < 1/e gvinoansemesn nepaserncmeo |I(t) — J(t)| > p.
Tozda

lim mepa R(e, p) =0 nnsa Beex p > 0.
e—0

MeToa, 0 KOTOPOM HET peyb, MO3BOJAET MONYUUTh AaHANOTHYHbBIE pe-
3yIbTAThI JUIA CHCTEM ropasfo 6oliee o6Iux, yeM cucrema (22.3), HO B 3TOM
U 3aRIIovaeTcA ero ci1abocTh: olleHKa Mephbl MHOMKECTBA HAYalbHBIX YCIIO-
Buii R(e, p) HepeaibHa U He COAEPKUT HUKAKOH MHDOPMAIMU O XapaKkTepe
aeuskeHusn B R(e, p).

3) Mo#HO HuccleJoBaTh ABIEHNE MPOXOMAKACHUA Yepes COCTOAHHE Pe3o-
HaHca.

4) Boubite pe3ynbTaToB MOKHO MOIAY YHTD, €CIU 02PAHUYUITBCA 2AMUAb-
MOHOBbLLMU CUCTIEMAMU.

D) IlpoxosgeHue yepes pesoHaHc 22.9

HauneM ¢ mpumepa

pr=L+L, ¢p2=05, Ii=¢, I)=ccos(ps— p2)-
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I, J,
1(¢)
Le
Il! Jl
Puc. 22.10

Yepenuennas cuctema umeet Buj (em. puc. 22.10)
jl =g, j2 =0.
PacemoTprM HavanbHbIe yCIOBUA, COOTBETCTBYIONMNE PE30HAHCY Wi = Wa!
©1(0) = ¢2(0) = I1(0) = I,(0) — 1 = 0.

ITocae HecnoMHBIX BBIKJIAA0RK IIOJNIy4YUM:

|I(t)—J(t)|:|I2(t)—1|=\/%/cosxzdx, T= %t.
0

CremoBarensHo, npu ¢ = 1/¢ pasnocThb cocTaBaser
1 1\| _

‘I(E —i(d)|=eve
TakuM 06pa3oM, IPU NPOXOMACHMM pe3oHaHnca wi; = ws opburta I(t) or-
nauvaeTceA OT OpOUTBLI YCPEIHEHHOro ABUMCHHA HAa BOINYUHY TOpALKA /€.
MozHo Tak#e 3aMeTHTh, YTo My4ok Tpaektopuit I(t), ¢(t), pasauyaromux-
cfl Toabko dasamu p(0) B HAYANLHBIE MOMEHT BpeMeHH, pacCceuBaeTcA Ha
9TOM pe3OHaHCe, IPUUEM paccefiiue BelUuuHbl Ip MpH NPOXOMACHHH pe-
30HaHCA w; = wg HUMeeT NOPALOK \/E (em. puc. 22.10). Ina obuieit cuc-

TeMbl (22.3) ¢ aByMA yactoramu (k = 2) MOKHO MOJYUYUTH CIEAYIONIYIO
teopemy?°.

20B. H. Apnoaby [12].
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Pasuocmo mexcoy mouHsim U YcpeoHeHblM PEUleHUAMU OUeHUBAEMCA Be-
AUNUHOTL

1

21
[I(t) — J(t)] < CVeln® 2 dan ecex 0<t< Z, (22.11)
ecau Bwl #0, 8w2 # 0 u gynryua

8w1 w Wa
AL, p) = ( F) ( F)
He ofpawaemes 8 Hyav 6 (). Orpanuuenne A # 0 o3nauaert, yto eciu A # 0,
TO CHCTEMa He 3aXBaTbIBAaeTCA B PE3OHAHC, IIPH 3TOM B cuay (22.3)

(dwl/w2) ;/__ [)

B npumepe (22.6) ycioBue A # 0 e Boinonusercsa: ¢yuruua AL, ¢) =
= I — [acos(p1 — @2) uamenner 3uak npu Iy = I, eciu @ > 1. 10T NpH-
Mep MoKa3bIBaeT, 4To ycioBue A # () HEBO3ZMOMKHO 3aMEHUTh aHANOTHYHBIM
yClIoBHeM 1A yCpelHeHHO! CHCTeMBbI.

HorkazarenbcTBo HepaBeHcTBa (22.11) ocHOBaHO HA TOM, YTO pacceu-
Baiolee AefCTBUE KaMKI0T0 pe30HaHCA MO TOPANKY BEIUYKMHBI COCTABIA-
et C'y/€ 1 4T0 cpeu GECKOHEYHO MHOTUX PE3OHAHCOB w1 /w2 = 1M /T TOABKO
caMblif cuabHbIi pesonanc In?(1/¢) (m,n < In(1/¢)) Tpou3BOANT 3aMeTHBI
s¢pderTt. Ina cuctem ¢ Goree uem AByMA dactoramu (k > 2) npoxoxaeHue
Jyepes PEe30HAHC He UCCIeNOBaHo.

E) YepenaHeHue raMMJIbLTOHOBLIX cucTeM 22.12

IlpumMeHM MeTOf yCPeJIHEHWA K raMHUJIbTOHOBBIM cucTemaM (21.5).
Ecau Beimonuserca ycnosue HeBbIposaeHHocTH (21.6), To Gonblias 4yacThb
HEeBO3MYLIEHHLIX opOUT 3proauuna na topax p = const. [loaTomy Taxue
CHCTEMbBI MOMKHO MpecTaBuTh B Buje (22.3)c I =p, p=q, k=n:

. OH,
cp_w(l)—i-e—al ,
. 0H
I=—¢ g’
rie
0H,

H:H()"‘EHl, wzw.
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YepelHeHHYIO CHCTEMY MOMHO 3anucaThb B Buae J = 0, Tak Kar

Eal _ 1 aHl (I: ‘10) —
F(J)= —(271_)11 f % —690 dey . ..dp, = 0.

HNuaue roBopf, B HEBBIPOKAEHHbIX IaMUJIbTOHOBBIX CUCTEMax 3BOJIOLNUH I1e-
PEMEHHBIX [eiCTBUA He MPOUCXOTHUT.

JTOT BLIBOJA MOeT OLITL CTPOro MOTBEPHAeH TeopeMoOii 0 coXpaHeHuu
KBasHNepHOANIeCKUX IBMKenuil (21.7). VI3 aToit TeopeMbl Tak#e cleqyeT,
4To

[I(t) — J(t)] < @ mpum mobom —o0 <t<+00, €<eo(a)

(mpu Becex HauaNbHBIX YCIOBHAX B claydae n = 2 U MpU

OH, o
or? oI
det oM, . #£0
oI

1Jis1 GoJblIel YacTH HadalbHBIX ycIoBUil B ofmeM ciryuae). Temepnb craHo-
BUTCA ICHON POJIb YCJAOBHIi coxpanenus B TeopeMe (21.7): oHU NpensaTcTBY-
10T sBomonun?l, Touno Takme B Teopeme (21.11) »BoaionuA HEBO3MOMKHA
B CBAI3U ¢ TeM, 4TO oToOpaszieHue ABAAETCA TI06albHbBIM KaHOHUYECKHUM.

C gpyroil cTOpOHbBI, IOHATHA TaKKE POJdb YCIOBUA HEBLIPOKIEHHOCTH.
HeitcTBUTENLHO, B Clyyae BLIpOiAcHUA op6uTa 06IIEro MoJ0KeHUA HEBO3-
MYIIEHHOH CHCTEeMBbI 3proinuyHa Ha Tope MeHbIleil pa3zmMepHocTH k < n,
HO He Ha TOpe pa3MepHOCTH 7. AJITOPUTM Te€OPUH BO3MYIIeHHUIT MO3BOIAET
B TOM clyyYae NpeJicka3aTh ycpeiHeHUe Ha Tope pa3mepHocTH k. Ho Torma
3BOJIIONNUA CTAHOBUTCS BO3MOMHON U IJIA KAHOHHYECKUX CHCTEM.

21MIpocToii npumep Bo3Mymenus HeHTpa (cm. puc. 22.13)

z=y+e1, =1y,
y=—x+e2, y=—-x—¢cy

y#e NoKasblBaeT 0coOLIH XapakTep KaHOHMUYECKHX CHCTEM: B IIEePBOM ciaydyae (KaHOHH-
YyecKHe) BO3MYIIGHHA cMellaloT op6HThL B HaNpaBlIeHNH, OPTOrOHAILHOM BO3MYIIEHHUIO,
He BbI3bIBafA HBOJMIOLUMH; BO BTOPOM ciayyae (HEKaHOHMUYECKO€) BO3MYIIEHHE BbI3bIBAET
3BOMIOLHIO K HYTO. [IpUMephI 5BONIOLIE MOH{HO 6BIIO bl IOCTPOUTL B UEThIPEXMEPHOM
MpocTpaHCTBe UIA CUCTEeM, COXPaHAIIINX 3JIeMEHT ofbema:

t=y, y=-=x—¢€y, Z2=u, U=—z+cu.
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Yy

A

M
&z

gx

?
(P
Z

Puc. 22.13

[TpumEP 22.14. PaccMOTpUM raMuibTOHOBY CHCTEMY

H:H[)“'ng(Ila--'aInaﬁolu"'v(an IEBnu
peT" ={(p1, ..., pn) (mod2m)},

2

THo 4y,

Ho = Ho(li, -, 1),

Jta cucrema umeet Buf (22.3) c k < n, | = 2n—k, a ycpeHeHHan cucrema
npeAcTaBUMa B BUJIE

j0=0, J0=(J1,...,Jk), (p0=((p1, ...,(pk) (mod 2'rr),
_OH
oy’

= = W, s i) (mod 2m),

J= J=(Jk+la"'aJn)s

rue

HI(J(DJ» lz/}): 1 % %‘"'%‘HI(JO: J; ©0, 1/’)‘1900-
(2m)" . .

Ecnu monyuyenHasa TakuM o6pa3oM ycpedHeHHas cHCTeMa HHTerpupye-

Ma (Kax, HampuMmep, B ILIOCKOH 3ajgave Tpex Tell) WiM GIn3Ka K MHTEr-

pupyemoii (Kak, HampuMep, B IIAHETHOM BapuaHTe 3ajadye 7. Tel), TO

MOMHO HORaBaTb22 cymiecTBoBanue COOTBETCTBYIOMUX KBasunepuoguvec-

KHUX peI.HEHI/[ﬁ VICXO,HHOﬁ cucTeMbl. JTH KBadulnepuognviecKrue ABHUMMEHUSA

o6nagaioT k «GBICTPBIMHY YacTOTaMi (wi, ..., W) ~ 1, NPOHUCXOZANIN-
MH OT HEBO3MYIIEHHOH cuctembl, u [ = n — k «MeIJIEHHBIMHY UYACTOTA-
MH (Wg41y «+ oy Wp) ~ E, IPOUCXOTANIUMH OT YCPEIHEHHOH CUCTEMBI.

22Cm. B. U. Aproaep [10], [4].
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B o6mem cayuae, Koraa ycpeJHeHHasA cucTeMa HEMHTerpupyeMma, o cBA-
31 Mexy pelleHUAMH BO3MYIUIEHHO! U yCpeAHEeHHO 3alau H3BECTHO MAaJo
name npu 0 < t < 1/¢. EAMHCTBEHHbIE Pe3ynbTaThl, KOTOPbIE N3BECTHBI,
[OIyYeHbl B paMKax moaxofoB 2 u 3 us (22.8).

3aMeTHM ellle, YTO Jaie B CIydae HEBLIPOKAECHHON CHCTEMBI OCTaeTCA
ellle UCCIEJOBATDh ABHMKEHUA B «30HaX HEYCTONYMBOCTHY (JOMOMHEHHU K UH-
BapHaHTHBIM TOpaM) B ciydae n > 2 W N0 KpaiiHeit Mepe mpu t ~ 1/e
umn t ~ 1/¢™. BoaMoKHO, B 3THX 30HAX CYIIECTBYIOT?® HHBapUaHT-
Hble (n — 1)-MepHbIe TOPBI «3UIINTUYECKOT0» U «TUINepOOIMIeCKOroy THIA
(o606menne Ha ciIydail MPOM3BOILHON Pa3MEpHOCTU NEPUOJMYECKUX JBHU-
senuit usz §20). Hamomuum, 9To npu n > 2 WHBapUaHTHBIE TOPbI pazmep-
HOCTHU 7 He JIeNAT FUNeproBepXHocThb dHepruu H = h pasmepHocTH 21 — 1.
CnenoBaTenbHO, «CenapaTpPUChIy YKa3aHHBIX «THUIEPOOTNUECKUX» TOPOB MO-
TyT YXOIOUTb OUeHb Jajeko 110 3TOoil rHIeploBePXHOCTH, BbI3bIBaA HEyCTOM-
YUBOCTbL CHUCTEMbI. AHATOTUYHBIII MeXaHU3M HeyCTOHUUBOCTHU HccilelyeTcsA
B ClleJyloleM pasjede.

§ 23. Tonoaoruyveckana HeyCTONHUUBOCTEL U ycaTbie TOPbHI

IlpuBegem Tereph npuMep>* raMUIbTOHOBBIX CHCTEM, YAOBIETBOPAIO-
muxX ycaoBuAM TeopeM (21.7) u (21.11), HO TONOAOrMUECKH HEYCTONUNBBIX:
Bennuuna |I(t) — J(t)| neorpannvena npu —oo < ¢t < oo. Ilo reopemam 21.7
u 21.11 Takas cucTeMa ycToituMBa npu Gonblileil YacTH HaYalbHbIX YCIOBHI
(cooTBeTCTBYIOIMME ABUKEHIA KBA3UIepuoAnYHbI). BekoBoil yXoa MCTHH-
noro pemwenusn I(t) ects Benuuuna nopsanka exp(—1/4/€), crenoatennho,
HEeyCTONUYMBOCTh He MOABIAETCA HU B KAKOM TIOPAIKE TEOPUH BO3MYIIEHHUIA.

IIpesae Bcero BBeAeM HECKOIbKO OMpeaeTeHuii.

A) Ycarsie Tops! 23.1

ycts T — unBapuanTHLI Top B Ga30BOM NpoCTpaHCTBE AUHAMU-
Jeckoii cucteMbl. IIpefnosumM, YTo JBUKEHHE CHCTEMbl KBa3UMEPUOINIHO
Ha T u TpaekTopuu Bclogy mIoTHEI Ha T. Mbl roBopum, uto T ycamolil

23Co0TBeTCTBYIOMYO MOTHMBALMIO MOKHO HaiiTu y B.H.ApHoabaa [14]. Rax Tosb-
Ko ®Ta paGoTa Obllla HamucaHa, [oKasaTelbcTBa Oblin AaHel B. K. MenbHuroBeiM [2],
10. Mosepowm [5] n T. A. Kpacunckum [1].

24TIpumep (23.10) mocTaTouno uckyccTBeHeH. OfHAKO HEYTO NOJOGHOE MeXaHHU3MY Lie-
neil ycaThbIX TOPOB, BBI3bIBAIOIEMY HEYCTOHUYHBOCThL, MOMET BCTpedyaTbcA U B 00IUX
3ajavax (HarmpuMep, B 3afiade TpPeX Ted).
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mop, eciiy OH TpeAcTaBisfeT co6oi CBA3HYIO KOMIIOHEHTY MepeceueH s ABYX
ycos T = M*™ N M~ — MHBapHaHTHLIX OTKPLITBIX MHOrooGpa3uil TaKuX,
4T0

lim |z(t) —T| =0 npu z(0) € M (ucxopaAmuii ye),
t——o0

lim () —T|=0  opux(0) € M~ (BxoaAwmuit yc).

t—+o00
Hanpumep, Top T": 2 = y = z = 0 B cucTeme
E=Xe, yg=-py, z=0, p=w (23.2)

A\t > 0, ¢ (mod 27) € T*, uacToThl w HecoMaMepHMEI) ONpefenneT
B mpoctpamnctse R xR xR x T* ye M+ paamepnocru I, +k (y = 2 = 0)
u yc M~ pasmeproctu [_ + k (x = z = 0).

B) Ilepexoaubie Topsl 23.3

Ilycts M — rnaaxoe mogmMHoroot6pasue mpoctpadcTtBa X, @ C X —
noaMHOzkecTBO npocTpadcTBa X. ToBopart, yto Q) zazopascusaem M B He-
KoTopoii Touke ¥ € M, ecnu rampoe MHoroo6pasue N, TpaHCBepcalbHOE
K M B Touke x, mepeceraet ().

Hanpumep?®, cnupane ) 3aropamuBaeT cBoil npegelbHbIH Muka M Bo
Bcex Touxax M (cm. puc. 16.4, ra. 3).

Yeateiit Top T HasbiBaeTcsi neperodHslm mopom, eciu oGbeJuHeHHE
Bcex o06pasoB ) mpousBonbHO# okpectHocTH U Kampgoit Touku & BXOAA-
mero yca M~ 3aropamupaeT ucxoaamuii yc M B Kamgoit Touxe n € MT
(cm. puc. 23.4).

Jemma 23.5. Topx =y =2z=0 6(23.2) ecms nepexodnviii maop.

Horasameavcmeo.

Oyers £ = (0, Yo, 0, vo), 7 = (21, 0, 0, p1). Tar rar 4acTOTH w He-
COM3MEpHMBI, CyNeCTBYeT IM0CAeloBATeNbLHOCTE t;, t; — +00 Takaf, YTo
paccTofsiHre Mek1y Po+wi; U 1 cTpeMuTes K Hyno. Pacemorpum vacth V/

okpecTHocTH U, 3a1aBaeMyIo cooTHolleHneM y = yo. Yepes & = |J U(t)
>0
Mbl 0603HAaYaeM MHOMECTBO BCEX TOYEK TpaeKTopuii, mexoasamux us U.

() cogepHuT MHOmecTBO o6pasoB g, V, rie gy — rpynna npeoGpa3oBaHmii,

-
253Ta unen yme 6b1a uenoabzosana CutHukoBeiM [1] u A. JleontoBuuem [1].
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Puc. 23.4

onpenengemasn ypaBHeHuamu (23.2). Ilpu noctatouno Gonbmux t; 3T 06-
pasel g;,V mepecexaloT oxpecTHOCTb TOYKM 7} (Tak kar A > 0). Touku
nepecevyeHNs 3aal0TCA YPaBHEHUAMU

y=yi, yi=e iy 0.

CrnenoBaTenbHo, {) coJepUT MHOMECTBO BceX NoBepxHocTell g, V, napad-
nenbHBIX yey M T u umetomux M cBouM npefenom; 3TH NOBEPXHOCTH y#e
saropauBaloT M1 B Touke 7), 4TO M JOKA3bIBAaET JTEMMY. ]

C) Ilepexoaubie uenouyeku 23.6

IlocnemoBaTenbHOCThL MepexogHbix TopoB Tp, Ts, ..., T, HasbiBaeTcA
nepexoaHoll yenoukol, ecii UX ycbl NepecekaloTcA TpaHcBepcalbHo clely-
oM o6pasom (cm. puc. 23.7):

MinMT #2, MinM; £#9,...,M} NnM; £#9

Jlemma 23.8. Iycmo Ty, Ty, ..., Ty, — nepexodnaa yenoura. Toz2da das
abotl okpecmuocmu U npoussoavnoit mowku £ € M| u awo6oil okpecmuoc-
mu 'V npouseoavroti mouru n € M} cywecmeyem mpaexmopus £(t) maxas,
Ymo

E0)el, eV
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Tl TZ Ts»l T

3
M; MM M M, M M, M!
Puc. 23.7
Horazameascmaso.
Paccmorpum Gynymee Q = |J U(#) okpectnocru U. Tlockonbky Ty —
>0

mepexogubit Top, To ) 3aropamuBaeT yc Ml+ B TOYKEe mHepeceueHus &;
yCcoB M1+ u M, . CiregoBaTenbHo, MHOroo6pasue M, nepecekaeT OTKPbITOE
mHoxecTBo {. ycrs & € M, N Q, toraa Besa okpectHocTsh Uy ToURHM &
npunagaexut 2. Byaymiee okpectaoctu U; npunagne;xsut (2. JoctaTouno
TIOBTOPUTD T€ #€ pacCcymaAeHUA s pas, YToObl y6eOuTbcAd B TOM, 4TO ) 3a-
ropaxusaetr M B Touke 1. [

D) IlpumMmep HeycToiiunBoil cucTeMsbl 23.9

Iyers @ = R? x T*> — natumMeproe mpocTpaHcTBO
Il: 127‘1017 P2, t ((pla ©2, t (IIIOd 271-))'26

PacecmoTtpum cuctemy, pyuruua ['amunbToHa KOTOpOIT UMeeT BUJA

H= (I} +13) + e(1 4+ puB) cos(py — 1),

DO | =

(23.10)
B = sinps + cost,

T.e. cucTeMy Aud¢epeHualbibIX ypaBHeHUH
pr="n, ¢s=D5, L =esinpi(l+uB),
I = g(1 — cos 1) cos pa,

rie p < € € 1 — aBa mapameTpa.

26ypasrenun (23.10) momHo 6blT0 6bI 3amMMcaTb B BHOE KOHCEPBATUBHON CHCTEMbI
¢ 3 cTemeHAMU cBOBOJLI.
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Teopema 23.11. Ilyems 0 < A < B. Ilpu awbom € > 0 cywecmsyem
po = po(A, B, ) > 0 maxoe, wmo daa 0 < p < po cucmena (23.10) umeem
peutenue, yoosaiemeopauee npu Hexkomopom t Hepasencmsam I»(0) < A,
L(t) > B.

B cuny nemmsr (23.8) a1 gokasarenbcTBa TEOPEMBI JOCTATOYHO HAWTH
nepexoguyio nenoury Ty, ..., T, Takywo,utols < AwaT; ul, > BuaTs,.
JTemma 23.12. Jas cucmemwt (23.10) aw6ot dsymepuuiti mop T, 3adan-
Hottl coomuoweHuanu I = o3 = I, —w = 0, 2de w uppauuoHaibHoe
Yucao, ecmos ycamuiii mop.

HNeficTBUTENbLHO,

1) Aacuo, uto T,, — uHBapHaHTHLIA TOp cucTembl (23.10);

2) mpu p = 0 TpexMepHble YChI ONPEAENATCA yPaBHEHNAMU

I, = £24/£sin %, b = w;

3) mpu p < pg(g) ycul eme cymecTBYIOT U MOTYT ObITh HaiifleHbI Me-
togoMm Apamapa (cMm. § 15, ri. 3). Paccymaenue nemmer (23.5) norkassiBaer,
yto Topnl T, Takme ABIAIOTCA NMEpexoAHbIME TopaMu. Hakomel, Mcnodb-
3yA BapuUallMOHHbIe (GOPMYIbI JUIA YCOB IPHU «MajJOM» jt, Mbl JOKa3bIBaeM
CREAYIIYIO TeMMY.

Jdemma 23.13. Iyems A < w < B. Toeda ucrodawuii ye M+ mopa T,
mpancsepcaabHo nepecexaem sxodawue yevt M Gauskuz mopos T, (no-
ckobkYy |w — w'| < @, 2de a = ale, p, A, B) > 0).

Jlna gokasaTenbcTBa 3TOIH TeMMbl HEOOXOAUM aHANU3, KOTOPLIHA mpH-

Begen B pabore B.U.Apnonbaa [13]. JToT aHanus Takme MOKA3bIBAET,
-1

aro a ~ p-eVe. U3 nemm (23.12) u (23.13) cienyer, 4To ycaTble TOpPbI

Tyyy .oy T, (w; uppanuonanbhel, |w; — wit1| < @, w1 < A, wy > B) 06-

pasytor nenoury. Teopema (23.11) caenyet us nemmsi (23.8), npiMeHeHHO

K 3TOMH 1emoyvKe.

O6masa autepatypa K riase 4

(1] B.H. Apuoasa, Maavie snamenameau 1. Uss. AH CCCP, Cep. mar., 1961,
25, No1, c. 21-86. Maawie snamenameaun II. Ycnexu mat. Hayk, 1963,
Ne 5, c. 13-40.

(2] I.I.Bupkrod, Junamuvecrue cucmenmst, M.-JI.: OTU3, 1941.
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[3] J.Moser, On Invariant Curves of Area-Preserving Mappings of an
Annulus. Gottingen Nachr. No 1, 1962.

[4] H.Poincare, Les méthodes nouvelles de la mécanique céleste, 1, II, II1.
Gauthier-Villars, Paris (1892, 1893, 1899).

[5] C.L.Siegel, Vorlesungen dber Himmelsmechanik. Springer, Berlin
(1956).



[TPuI0MKEHUE 1
Teopema fIkobu

(Cm. mpumep 1.2, ra. 1)

Iyets ST = { (mod 1)} — okpy#HOCTD, cHaGkeHHAA OOBLIYHON Me-
poit, ¢ — aBTOMOpuU3IM: * = = + w (mod 1), w € R.

Tpaekmopuu asmomopdusma ¢ 6ciody nAOMHbL 8 MOM U MOALKEO MOM
cayiae, ecau W UPPAYUOHAABLHO.

Horaszameavcmeo.

IIpeanonosxkum, 4To w panuoHaNbLHO.

Torga w = p/q, rae p, ¢ — Lelble YUCIa, YUCIO ¢ TMONOKUTEILHO U
B3alMHO npocTo ¢ p. ClieqoBaTenbHO,

Plr=rx+qu=z+p=2z (mod1l).

Taxum 06pasomM, TPAEKTOPUU COCTOAT U3 KOHEUHOrO YMcia TOUEK.
IIpeanonokum, 4To w UppanHoHAIbLHO.
Ilycts € S, Bece TOUKH "z pPasINuHbI, TAK KAK U3 paBeHCTBa

MBI 3aKI04aeM, 4To (n — m)w € 7Z; clef0BaTelbHO, N = M, TaKk KaKk w
uppauuoHaibto. [loaToMy TpaekTOpuA COCTOUT U3 GECKOHEYHOTO MHOKEC-
TBa pasiMuHBIX TOYEK, obrajaiolmero mpefenbHoil Touxoil na S! (St
KOMIaKTHOe MHokecTBO). Takum o6pasomM, npu JM06oM € > ) CylUIeCTBYIOT
pas3nuuHble Ielble YKcIa n U m Takue, UTO

< eE.

P e — o™
llockonbKy ( coxpaHseT paccrofinue Ha S', IpeAblIyliee HEPABEHCTBO
IPEACTABUMO B BUJIE

Do _ —|n—
Pz — x| <e, rme p=|n—m|.

CaenoBarennno pPz, *Px, ..., ¢*Pz, ... genst S' na oTpesku, Aauna
KOTODBIX MeHblle €. IIockoNbKy BelMuNMHAa € NIPOU3BOJbLHA, TeopemMa JOKa-
3aHa. [ |
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dra TeopeMa ABIAETCA YaCTHBIM ClyvaeM clefylomeil.

Teopema. [Iycms T" = R"/Z"™ — n-mepuoiii mop, cHaGxcenHbili 06bIYHOT
mepoti, ¢ — asmomopdusm © — x + w (mod 1), 2de w € R™, x € T".
Tozda mpaexmoput asMoMOPHUIMA © 6CIOAY NAOMHBL 8 MOM U MOALKO MOM
cayuae, ecau u3z mozo, ymo (k, w) € Z npu k € Z" caedyem, umo k = 0.

B HempepbIBHOM ciiyuae cnpaBefiiiBa cllegylollias Teopema:

Ecau ¢; onpedeasemea coomnowenuem X — X + tw (mod 1), 2de
x €T", t € R, w € R", mo mpaexmopuu asmomopdusna @; eciody niom-

Hbl 8 MOM UL MOAbKO MOM cayiae, ecau us moeo, ymo (w, k =0 npu k € Z"
caedyem, wmo k = 0.



I[IPHIIOXKEHUE 2
I'eoge3nuyeckue NMoToKkM Ha TOope

(Cm. mpumep 1.7, ra. 1)

Ilycts V — gByMepHBIi TOp, NOpO;kIaeMbIii BpalleHUEeM OKPYHOCTHU
paguyca r BoRpyT npamoit Oz, fexaiieil B IocKocTH oRpyaHocTH. Pacero-
fIHNE OT LEHTpPa OKPY/KHOCTH [0 OCU cYnuTaeTcA paBHEIM 1. V onpepensercs
yPaBHEHUAMH

x = cosy (1+ rcosy),
y = sinp (1 + 7 cos ),

z = rsiny,

rae ¢ — JOAroTa, 1 — IINUpoTa.

Puc. 112.1
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3aK0HbI COXpaHeHHA OJ9Hepru M MOMeHTa HMITyJbCa OTHOCHTEJIbHO
ocu Oz garoT ypaBHCHUA Teoge3nYCCRUX:

2% + (1 + rcos))2¢? = h = const,
@(1 4 rcostp)? = k = const.

I'eopesnueckuii morok va M = T1V mnoanyuaerca npu h = 1. O unsa-
pHaHTeH TNpU MoBopoTax ¢ — ¢ + const. [losToMy 3a HayanbHYIO TOURY
reoie3NYeckoil MOMKHO PUHATL TOYKY Ha OKPYMHOCTH C JI000I TONTOTOM.

Ha puc. [12.1 aBe reoge3uyeckue o611ero NONOMEHUA 1 U 3 pa3AeaeHbl
reo/Ie3NYeCcKoi ys.



[IPHIIOKEHHE 3
OBuskenue Jdiinepa—Ilyanco

(Cm. mpumep 1.7, ra. 1)

dTo — JBUCHEE TBEPJOro Tela BOKPYT ero nenTpa Taxectu. Pasmep-
HOCTEH (ha30BOro MpocTpaHcTBa paBHa 6. CylmecTByeT 4 mepBbIX HHTerpaia,
HE3aBUCUMbBIX U OJHO3HAYHBIX: sHepruA T U TPH COCTABIAIOIINE MOMEH-
Ta KOJMYECTBA ABHKEHUA 1M OTHOCHTENbHO (QUKCHPOBAaHHBIX oceil. Todurn
(ha30BOro MpoCcTPaHCTBa, LI KOTOPLIX 1 U/ NPUHIMAIOT 3aJaHHbIE 3HAYE-
Huf, 06pa3yioT B o6imeM ciaydae MHoroo6pasue M pasmepHocTu 2 = 6 — 4,
AaBasomeecd TopoM. Tar kak MHoroGpasue M HHBapHAHTHO OTHOCHTEILHO
AMHAMUYECKOr0 MOTOKA @, M HeceT HHBapHaHTHYIO Mepy i (Teopema JIu-
yBumis). CregoBatensHo, (M, p, ¢;) — Riaccudyeckas cucTeMa. ITO AOKA-
3bIBaET TakMe, 4To M HeceT Ha cefe IoJe KacaTelbHLIX BEKTOPOB, He HMe-
folee 0coGBIX TOUER, — HH(OUHUTE3NMaNbHBII TeHepaTop NOTOKA ;.

Mockoabry ficHo, uTO MHOrooGpasue M KOMIDAKTHO ¥ OPUEHTHPYEMO,
MBI 3akmouaeM, uto M auddeomopdio Topy T2.

RKanonunuecroe npeo6pasosanue ceogut cuctemy (M, p, ;) K cucteme
Buga ¢ = 1, § = a (npumep 1.2, ra. 1) (eM. npunomenne 26). Orciona cie-
ayert, 9To ABuzeHne diepa—Ilyanco B obmeM ciyuae KBa3UIEpHOLHIHO
U TPaeKkTOPHU BCIOAY MIOTHBI Ha M.

JlBa nepuOAMYECKIX JBUMCHUA HA3BIBAIOTCH, COOTBETCTBEHHO, pelec-
cueit u HyTtauuneit (ditep [1]).



I[IPrHI0KEHUE 4
I'eopge3nuyeckle MOoTOKM Ha rpymnmnax JIu

(Cm. mpumep 1.7, ra. 1)

Ecau M — rpynna Jlu, cuabsennan nHBapHanTHOH cieBa (WK cpaBa)
METPUKOI, TO reoJie3nYecKiil MOTOR UMeeT Ba#HbIe MPUIONEHUA.

Ecau M = SO(3) — cBasHas cocTaBaAKOMAA eJUHALBL IPYIIIbI Bpalie-
HuUil TpexMepHOro npocTpaHcTBa 3, To reofe3ndeckiii TIOTOK IpeAcTaBIs-
eT BpallleHusl TBEPAOro Tejla BOKPYT HemoABuHONW Tourku. Kampman opbura
COOTBETCTBYET KAKOMY-HUOYIb NBUMEHUIO.

I'pynna romoteTuil ¢ NoioMuUTeNbHBIMI K03(hQUIIMEHTAME U TPaHCIA-
nuil n-MepHoro ad@UHHOTO MPOCTPAHCTBA MOPOMIAET r'eoJe3UUeCKRUll I0-
TOK (n+ 1)-MepHOro NpOCTPAHCTBA NOCTOAHHON OTPULATENLHON KPUBU3HbI.

Pacemorpum rpynny S Diff (2) auddeomopdhusMoB KOMIAKTHOH pu-
MaHoBOil o6nacTu %, coxpanawmux Mepy. CooTBeTcTBYyOIMan anre6pa co-
CTOUT U3 BeKTOPHbIX moneit V Ha 9, ynosierBopaomux ycaosuio divV = 0.

dueprua (V, V) = /V2 dx npeactaBnseT co0oil IOJIOMUTENBLHO Ompe-
P

JeeHHYI0 KBaApaTHUHYI0 GOPMY A JAHHOTO BEKTOPHOTO IONA M OMpe-
JenfeT HEKOTOPYIO NPAaBOMHBAPMAHTHYH) PUMAHOBYIO METPUKY Ha IpyIl-
ne S Diff(2).

Teogesnueckue, COOTBETCTBYIOMUE 9TOH MeTpUKe, 00pasyoT Haealb-
HBIA (HecKMMaeMbIil 1 HeBA3KUI) MOoTOK Ha 9. MoMHO BBIUHCIUTL pUMa-
HOBY KPUBH3HY JAHHOTO GECKOHEUHOMEPHOro «MHoroobpasumy S Diff(2).
Hampumep, ecin 9 = T2 — Top {z, y (mod 27)} ¢ o6brunoit Mepoii, TO
1A JI000T0 ceueHus, coiepsRallero JaMUHapHblii IOTOK BHIA

Ve =rcosy, V,=0,

KpUBH3HA HEIIOJOxKHUTEIbHAa.
Cm. rakme: B.W.Apuonen [1] u JI. Aycnenpep, JI.Tpun u @.Xan
(L. Auslander, L. Green, F.Hahn [1]).



[IPUIIOKEHNE 5
IIpocToiit MaATHUK

(Cm. 1.13, ra. 1)

YpaBHeHMe ABUAeHUA MaATHUKA UMeeT BUA § + ksing = 0, rae k —
MoN0KUTeNbHAA MOCTOAHHAA. OHO 3KBUBAJIEHTHO CHCTEME

q¢=p,
p = —ksingq.

Ay

A
S
o

> Q
Puc. 1I5.1
p2
l'amuabTonnan umeer sug H = T k cos q, dasoBble TpaekTOPUM

uso6pasens! Ha puc. I15.1. CuctemMa nHBapnaHTHa OTHOCHTEIbHO 3€PKAlb-
HOr0 OTpajkeHufl oTHOocUuTedbHO ocu (¢ u npeoGpazoBaHuit

(¢, p) = (q+2Kn,p), K €LZ.

Touru (km, 0) — ocobbie: Touku (2wk, 0) — meHTpLI (YCTOHYMBOE paB-
nosecue), Touku ((2k + 1)7, 0) — ceana (HeycToitunBoe paBHOBecHe).
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CyuiecTBYIOT TpH THNA TPaeKTOpHii: TpaekTopuu 1 (Mannle komneGa-
HUA), cenapaTuca 2, COeAUHAIOMmAn ABa ceala, TpaekTopuu 3 (moaHble 000-
POTBI BOKPYT TOYKH [OJBECA).

EcTecTBeHHBIM (ha30BbIM MPOCTPAHCTBOM CIY;KHT HE IIOCKOCTH (P, §),

a qunuugp (¢ (mod 27), p). Takum oGpasom, IPOCTOH MAATHUK — IJIO-
fannbHasg raMUILTOHOBA CHCTEMA.



I[IPHIIOXKEHUE 6
I/I3MepI/IMLIe npocTpaHcTBa

(Cm. §2, r1. 1)

o-anre6poit % Ha MHomecTBe M Ha3bIBaeTCA ceMelcTBO coepHamiiux-
¢ B M MOAMHOKECTB, 3aMEHYTOE OTHOCUTEILHO ONEpPAalUil B3ITUS CUET-
HOro o6beJMHEHUA U Iepexofa K gonoineHuio. CUeTHO aJAUTUBHOE MHO-
JKecTBO QYUKW p Ha 9B ¢ HeoTpHUUATEILHBLIMHU 3HAYEHUAMU (BO3MOKHO,
GeckoHeuHbIMHU) HasbiBaeTca Mepoil. llyere A; € 9B, {A;}icr — cuerHoe
MHo#ecTBo, A; N A; = &, ecan i # 4. Torpa

M(U Az‘) = p(4i).
icl i€l

Ha6op (M, %, p), nnu npowe (M, p), HasblBaeTCA H3MEPHMBIM NPO-
CTPaHCTBOM; 98 — ceMelCTBO U3MEePUMBIX MHOJKECTB, 4 — Mepa (0THOCH-
TenbHO Beex 3TuX noHATuit cMm. Xaavom (Halmos [2]) u Poxaun [3]).

[lpuganuM CMBICA BBIPAKEHHIO «C TOYHOCTHIO 1O MHOMKECTBa Me-
pbl Hyaby. Ilyers A, B € %. O6oszuauum uepes A = B (mod 0), ecau
p((AUB)\ (AN B)) = 0. 310 OTHOWeHHE €CTh OTHOWCHNE YKBHBATCHT-
Hoct. KHinace @ ecTh kiacc MHOMECTB Mephbl Hylb. DakTop-MHOMeECTBO
oGosnaunm A (mod 0) — 310 anrebpa Byas, nockoabky, eciau

Al,Az,Bl,Bz c %, A1 :A2 (IIlOd 0), B1 :B2 (H’lOd 0),
TO

A1 U Bl = A2 U B2 (mod 0), A1 n B1 = A2 n B2 (H’lOd 0),

M\ AL =M\ A, (mod0).

Ecin A = B (mod 0), To pu(A) = u(B), crefoBaTenbHo, (i MOMKHO paccMar-
puBarh Kak ¢yHEnuio Ha B (mod 0).

Ilpu wucenegoBanun aGCTPaKTHBIX AMHAMUUYECKUX CHCTEM MHOMECT-
Ba Mepbl Hylb paccMaTpUBAIOTCA Kak MpeHeGpesiMo Maibie. ITO 03Ha-

yaeT, 4TO u3ydeHue Habopa (M, 9B, u) 3aMeHseTCA HccleJoBaHUeM HaGo-
pa (M, 3 (mod 0), p1), ROTOpBIA MBI HecTporo 6yaem oGosHauats (M, ),
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MOCKONLKY GYHRUUA 4 noaHocThbio onpepenseT 9B (mod 0) (wo me %B).
% (mod 0) HaspiBaeTcA u3MepuMoit g-anrebpoii va (M, p).

Mycrs (M, p) u (M', ') — nBa u3mMepumbIx npoctpancTea. ['omMmoMop-
¢dusm (n3MepUMBbIX npocTpaHceTB) ¢: M — M' ecTb clOpbeklus, cOXpaHm-
Iolan Mepy.

Nz A’ € #' cnenyer, uto

e HAYER u p(pTlAY) = p(4). (I16.1)

Tarum 06pa3oM, ¢ UHAYIUpyeT romoMopdusm o~ 1: B’ — 9% uamepuMbIx
anre6p. Eciu M = M', To ¢ mnaswiBaeTcs augomop¢usmom. Eciu ¢ —
6uexuun M na M', To ¢ HasbiBaeTcA M30MOPHH3MOM; ecid, KPOME TO-
ro, M = M', 10 ¢ HasbiBaeTCcA aBTOMOPGU3IMOM.

Oyers (M, ), (M', u') — nBa usmepumsix npocrpasctea. [oBopar,
uto otoGpamenue p: M — M' — romomopdusM 1o MOLYIIO HYIb, €CIU:

a) @ ompefeieH Ha BceM M, 3a UCKIIOYEHNEM, MOMET GbITh, MHOMECT-
Ba I Mepbl HYJIb;

b) (M \ I) ornuvaerca or M’ auiub Ha MHO#ECTBE MephI HYIb;
¢) ¢ coxparser mepy (mo ¢popmyne (I16.1)).

Ecmu (M, p) = (M’, '), T0  nassiBaercs sngomopduamom (mod 0).
Ecau otobpasmenusn ¢ n ¢~ ! apasorea romomopdusmamu (mod 0), To ¢
HaspiBaeTeA usoMopdusmom (mod 0); ecan mpu sToM coBnagaioT (M, u)
u (M', '), To ¢ — aBToMOpdu3m (mod 0).



[IPHIOKEHUE 7
HN3omopodrizm npeoﬁpa3OBaHMﬂ rexkapa U
cxeMLI Bepnyanu B A3 2)

(CM. npumep 4.5, ri. 1)
frt 7t f

Peun uper o noctpoennn nsomopdusma f (mod 0) Takoro, uto cremny-
lollasA guarpaMma AoMHHgOBITE ROM‘@IyTaTHBHQMZ

Onpenenenue f. Ilyectob m =..., a_y, ag, Gy, ... — TOUKA HA Zg. Ilo-
nomum f(m) = (z,y), rae
— —t — @i
DL N )
i=0 i=1

Oro6pamsenue f B3aUMHO OJHO3HAYHO, 32 UCKIIOUEHHEM TeX 3JeMEH-
ToB (z, y) € T?, y KOTOPBLIX Z WM y — OBoMYHaA Apo6b. Takue aIeMeHTHI
o6pasyloT cueTHoe MHOxecTBO. ClejoBaTelLHO, UX Mepa paBHa HYIIO.

[ coxpansem mepy. Hocrarouno paccmorpers A7 = {m | a; = j}
B KauecTBe 00pa3yIOUIX H3MepHMOii anre6ps! B Z2. MHomecTBO

0 -{(T gt 2 ) ]

cocrout uz 2!l npamoyroabEnkos gmuHoM 1 M mMpHHOI
TENbHO,

. CrnepgoBa-

1
olil+1

nlFad] = § = n(4d).
Huazpanna wommymamusna. Ilycts © u y 3amaust dopmyunoii (II7.1).
Nmeem:
f Y zy)=...,a_1, ag, ai, ...
pof Mz,y)=...,d 4, a), al,..., rTEea=a;1,
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(2w, %y) npu ag = 0,
T.e. 0 < <1/2

(23;, %(y + 1)) npu ag = 1,
T.e.1/2< 2 < 1.

fopof e, y) =

CienoBaTenbHO,
/

fopofTt=¢. u



[IPUI0XEHUE 8
HecoBnagenue Ha BCIOQY IINIOTHOM MHOKecTBe
I[IPOCTPaAHCTBEHHOI'0 U BpeMeHH6F0 cpeagHUuX

(Cm. mpumeuanue 6.5, ri. 2)

PacemoTpum cHoBa auHamMuueckylo cucrtemy u3 npumepa 1.16. IlyceTn
M — top {(x, y) (mod 1)}, cHaGenHslii Mepoii dx dy, aBTomMopdusm ¢
uMeeT BUJ
oz, y) = (x+y, x+2y) (mod1).
Ha naocxoctu (z, y) 9T0 nuHeiiHOe npeoOpazoBaHue ¢ MaTpuueil $ =
= (11). 9ta maTpuua umeeT 1Ba coGCcTBeHHBIX 3HAUEHUA: () < Ay < 1 < A;p.
Ilpamas:

T =s,
y=MA2—1)s, seR

B MIOCKOCTHU (Z, y) MHBAPMAHTHA OTHOCHTENbHO . ClemoBaTenbHO, KPH-

Baf vy:
x=s (modl),
y=(A2—1)s (mod 1),
Ha Tope M MHBapHaHTHA OTHOCHUTENBHO (.
Taxr kax uncno Ay —1 uppanuonainbto, Kpusas v wiotna na M (Teopema
fIko6u, npunosenue 1). C mpyroii croponsl, ecan m = (x, y) — TOUKA

KpuBO# 7, TO
©"(m) = Az, A3y) (mod 1).

Tak rar 0 < Ay < 1, umeem:

lim ¢™(m) = (0,0).

n—00

YcTaHOBUB T0, BO3bMeM aHATUTHYeCKYI0 pyHRUuio f(z, y) = e2rix
na M. Jlna nee BbINoJHAETCA paBeHCTBO:

N-1 Ner
% > fletm) = % Q2mizA]

n=0 n=0
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C.T'IeJ.IOBaTe.TIbHO, IIOCKOJIBRY o0bIUHAA CXOAUMOCTD BlleueT 3a co6oil cxo-

guMocThb B cMmbicte Yezapo n lim A} = 0, nonyvaem:
n—o0

Kpowme Toro,

f= '/M [z, y)dzdy = / e*™ dg = 0.

0

Taxum 06p830M7 KakuM 6bI HU ObLJIO M HA MJIOTHOM MOJAMHOKECTBE Y
MEI IOy 9aeM

Fm) £7,

xoTa f — aHanuTHdYeckan OyHKIUA.



I[IPHIIOXKEHUE 9
Teopema 0 paBHOMEpHOM paclipegejeHHNU I10
Moayao 1

(Cm. 6.6, ru. 2)

Hokamem® Teopemy Bons — Cepnunckoro - Beiinga: nyemo o — nosopom
oxpyacrnocmu M Ha yeoa, He cousmepumwill ¢ 27:

M={z€C, |z|=1}, ¢(z) =0z, 0= i

20e w — uppayuoHaivHoe wucao u f — HenpepvieHaa Gyuryus na M (uau,
no kpatineil mepe, ynryua, unmezpupyenan 6 cmvicae Pumana). Tozda epe-
MeHHOe cpednee gynkuyuu f cyuecmsyem eciody u coenadaem ¢ npocmpam-
CMBEHHbLM CPedHUM.

Horasameavcmeo.
1-d cayuaii: f(z) = 2P, p € Z. Umeem:

1 N-1 1 N-1 1 npu p = 0,
2y n,y— L n,\p — Np
N ; fle"2) =+ ;(9 z) %zpegpp_ 11 wp p % 0.

Tar Kar uMClIO w UppalHOHAILHO, MBI IMeeM
P Np
P —1#£0 wu |0 71|<2.
CiaegoBaTenbHO, BpeMeHHOe U IPOCTPaHCTBEHHOE CpeHIe COBNAaioT:

o _J1 mpup=0,
f_f(z)_{() npu p # 0.

2-1f cayxail: f — TPUTOHOMETPHUYECKUIl MOJIUHOM, T. €.
flz) = E apz?, p€Z, z€M,

1Cm. G.Polya, G.Szegd [1], c. 73.
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rige TOJAbKO KOHEYHOE YHCJO0 KOB(I)(i)I/IIjI’IeHTOB Gp OTIUYHO OT HYJIA. H3 1-ro
ciryydad nojydyaem:

}(z):ang.

3-i caywaii: f — neficTBUTelNbHasA HeNpepbIBHAA QyHRKUUA (HIH DYHK-
A, UHTerpupyemMasa B cMbicie PrumaHa; MBI UCHONb3yeM B JalbHeRlieM
TeopeMmy AIA ciydas, korga f — KycouHo HempepbiBHaa ¢yurnusm). KRak
U3BECTHO, KamgoMy € > () MOHO MOoCTaBUTh B COOTBETCTBHE ABa JelcT-

BUTEIbHBIX TPUrOHOMeTpUYecKUuX noaunoma P u P takux, urto

P (2) < f(z) < Pf(z) mnaBecexz€ M

[ P = P dn <
M

H3 BTOpOro ciyuas nomyuaem:

N—1
/ P-du < lim inf L flp"z) <
M N—oo N =0
) N1 (119.1)
< i = "2) < * dp.
< Jim sup ;} flp™z) < /MPE dys

CaepoBaTennto, limsup — liminf < &. Ho mockonbky 4mcio € mpous-
*

BONBHO, BpeMeHHGe cpefnee f (z) cymectByer npu Beex z. Us (119.1) cne-
IyeT, YTO 3TO cpejHee MOCTOAHHO, HOATOMY

Fe)=7. .

IlonyueHHbIit pe3yabTaT OoMycKaeT HelocpelcTBeHHOe 00o0lleHUe Ha
ciydaii mpeo6pa3oBaHtii Ha TOpax: BpeMEHHLIE M POCTPAHCTBEHHbIE cpel-
HUe HellpepbIBHBIX (QYHKIINIT COBIAa0T BCIOJY B TOM U TOIbRO TOM Clydae,
eclii TPAeKTOPUH BCIOAY IIOTHBI.



[IPHIOMREHHE 10
IIpuno;kenuna 3aproauyeckoii Teopuu
K IuddepeHuralibHON reoMeTpPHUHU

A. Agen [1] Bocnoab3oBaics Teopemoii Bupkroga s gorasaTenncTsa
cleyIoIero peayibrara.

Ecau M — romnarmuoe pumanoso MHo2000pazue pasmepHocmu mn no-
cmoannotl kpususnvi R 6es conpascennvir movwer, A = —V°V, — aanaa-

cuan om @Pynryuil, mo codcmeenHnsle 3naveHus onepamopa A — R

-1
puuamendvHbsl. B vacmuocmu,

Heom-

/ R-n<0.
M

Ecnu X — BexTopHOe nosie Ha M, 60X = VX,

(Z(X)g)ap = VaXp + VgXa,
Ric(X) = RapX“ X",

TO

[ o= DR+ (208} ~ RIX|? - 2Rie(X)] > 0.



IIPUIOMKEHHE 11
Spro,uuquRMe npeoObpa3oBaHUA TOPOB

(Cm. mpumep 7.8, ra. 2)

IlokameM, uTo mpeoGpasoBanusa Topos (mpumepbl 1.2 u 1.15, ra. 1)
SProAUYHbI B TOM U TOJIBKO TOM clyuae, ecld UX OPOUTHI BCIOAY ILIOTHEI
(unM: B TOM M TOOBKO TOM ciydae, eClid BpeMeHHEBIE U IPOCTPAHCTBEHHbIE
Cpe/HHe HeNPEePbIBHLIX GYHKIUI COBIANAIOT BCIOLY).

IMycte M = {(e*™™1, ..., e*™@n) | (zq,...,2, € R")} — n-MepHbIit
TOp, cHabMeHHLIH 06BIYHO0l Mepoii j4, ¢ — npeobpasopanue’:

e2mix ezm(x—i-w)’ rie w € R™.
Teopema. Junanuieckan cucmena (M, p, ©) speodusna 6 mom u moab-
KO moMm cayiae, ecau w u 1 Hecousmepumoi: uz (k, w) € Z, k € Z"™ caedyem,
ymo k = 0.2

Horaszameavcmeo.
IIyers f — unBapuanTHaa usMepumasa pyHruuA. Ee wosddunueHTs
Dypbe onpeAensgIOTCA BhIpajmeHueM

ar :/ c—27ri(k,w)f($) dp.
M
Koadpduumentsr @ypre byuruun f{p(z)) paBub
by =/ e—27ri(k,w—w) . f(iE) d,u — 627ri(k:,w) - ag.
M
HupapuantuocTs ¢yHKUUN f SKBHBaleHTHA paBeHCTBaM by = ap mpH
Beex k, T.e. ar = 0 unu (k, w) € Z.

Ecnu w u 1 HeconaMepHMBI, TO U3 BTOPOTo clyyad cleayeT, uto k = 0,
U OT HyIf MO:KeT OBITb OTIHYEH TOIbKO Ko3ddunuent @ypre ayp. Tarum

1B HenpepbIBHOM ciyuae: @y : 27T — e2mi(ztiw)

?B uenpeprsiBHoM caydae us (k, w) = 0, k € Z™ caegyer k = 0. Te e yciaosus
Heo6XOAMMBI H IOCTATOYHBI [IJIA IIOTHOCTH op6uT (Teopema flko6u, npunosenue 1).
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o6pasoM, GpyHKUHA f — MOCTOAHHA, U AUHaMHYecKasa cuctema (M, u, @)
sproguyna (cm. 7.2, ra. 2).

Ecnu cymectByet k # 0 Takoe, uto (k, w) € Z, To dyukuua f(z) =
= 27k, %) yppapuanTHa M OTINYHA OT MOCTOAHHOI; CIGIOBATEILHO, JUHA-

mMuveckan cuctema (M, p, ) He aproguyHa. [



[IPUNOMKEHUE 12

Cpennee BpeMs npebbiBaHUA TpaeKTOpPUU
B MHO3KeCTBe

(Cm. §7, ra. 2)

Teopema II12.1. Juuamuueckasn cucmema (M, p, ;) apeoduina 6 mon
u moavko mom cayiae, ecau epema T(T) npeGvieanus mpaexmopuu
{pez | 0 <t < T}, svixodaweti us mowku x, 8 NPOUIEOALHOM UIMEPUMOM
MHOMCEcmBe A acumnmomuiecky NponopyUUOHAIbHO Mepe MHoxcecmea A:

T(T) =wmepa{t |0 <t < T, gz € A},

+(T) (I112.2)

lim = u(A) Jdan nowmu scex x € M.
T—oo

Jorazameavcmeo.
Mpennonomum, uto (M, p, ¢) — sprogudeckas cucrtema, A — usme-

* p—
pumMoe MHomecTBo. Boibepem B coornomenun f (x) = f (em. 7.1, ra. 2)
f = %a (¥4 — xapartepuctnueckasa ¢pyHknua muoxectsa A). Toraa

T
(T o1 : "
lim = lim == | Xalpx)dt = Xalx)dp = p(A)
T Tooo T M
0
1A MOoYTH Becex x U3 M.

Hao6oport, ecnu cootHomenne (I112.2) BeimonnaeTca Anf Bcex U3MepHU-
MBbIX MHOkecTB A, To fuHamuveckan cucrema (M, p, ) sproguuna. locta-
TOUYHO 3aMEeTHThb, YTO MPOCTPAHCTBO, IOPOMACHHOE XapaKTePUCTHYECKUMHE
¢yurnuavu X4, miotHo Ha Ly (M, p). ]

ITpumep 1112.3. IIpumenum teopemy I112.1 K npeobpasoBaHUAM TOPOB.
Hycrs M = {(e?™1, ..., e2"®n) | z € R"} — n-Mepublit Top, cHab-
#KEeHHBbI 00bIYHOI Mepoil y, ¢ — npeobpa3oBaHue

©: 2T _y eZﬂ'i(achw)’ rie w € R".
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Ecnu w u 1 HeconsMepumbl, To cUcTeMa 3proguysa (npunoxenue 11).
CrefoBaTebio, TPH TOYTH BCEX HAYATLHBIX Toukax e2™* cooTmHolre-
uue (I112.2) Beimonuserca. Unave rosopa, ecau 7(N, A) — uncio snemeH-
TOB TOCJACA0BATEALHOCTH

627”:13’ 827rz(w+w)7 L ’e2wz(w+(N—1)w)

B U3MEPHMOM MHOHeCTBe A, TO

7(N, A)

lim = u(A) (I112.4)

N—oo

P TIOUTH BeeX HavaabHBIX Toukax e27e,

Jorasameavcmso.

HelicTBUTeNbHO, ecin MHO#ecTBO A namepumo B cMbicie floppana,
T.e. ecmn X4 MHTerpupyema B cMmbicie Pumana, To cootHomenune (I112.4)
BBINOMHAETCA IpU 000 HavanbHOIl Touke. JocTaTOUHO MCHONBL30BAaTh Te-
opemy u3 npuioxkenusa 9, noaomus f = X 4. [ ]

IIpuBegenHoe qOKA3aTENLCTBO JONMYCKAeT HeMocpeacTBeHHOe 06o6ie-
HUe Ha HellpepbIBHLINA cayuai.

Monyuennsiii pesyabrar, npunamiesmamuii II. Boxro (P.Bohl [1]),
B. Cepnuncromy (W. Sierpinsky) u I. Beitmio (H. Weyl) [1], [2], [3], uacTo na-
3bIBAIOT TEOpeMoii 0 paBHOMepHOM paclpefieleHun o Moayao 1.1 Do ogna
U3 IepBLIX dproJuueckux Teopem. HcTopuuecky ona poauaach U3 MNOMbITOK
Jarpamka [1] pemnts npoGremy «cpepHero aBueHus» (cMm. npumep 3.1,
ra. 1, u npunoxenue 13).

IlepexoauM Kk HEKOTOPLIM IPHIOHCHEAM?,

IIpuaoskenne I112.5. Pacnpenenenye nepBbix uudp B AeCATUYHON
sanucu yuciaa 2". (CMm. npumep 3.2, ria. 1)

B cucreme cunciaenus ¢ ocuoBanuem 10 umncio 2" 3anuceiBaeTCA B BUAE
E-10"+7-10"14+..., 0<k<9, 0<I, ...<09.

IlepBas nudpa B gecATUUHOI 3anucu yuciaa 2" ecTh nudpa k B ToM U
TOJbLKO TOM clyuae, ecill

k-10" < 2" < (k+1)- 107,

19nemenTapHoe AokasaTenbcTBo cM. B pabore F. P. Callahan [1].
20THoCHTeNLHO APYTHX Npuioenuit cMm. N. B. Slater [1].
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nin
r+logyok <1ogo2 < 7+ logyo(k + 1).

OGosnauaa uepes « = logy 2 U depes (na) pasHOCTb MEMIAY UMCIOM Mo
U ero nenoll 4acTbio, MOMYYEHHoe BbIlIe HCPABEHCTBO MOMHO 3alUCaTh B
BUjIE

logio k < (na) < logpo(k +1).

Ho o — uncno uppannonanbhoe; cilefoBaTeNbHO, THHAMUUYeCKad CHC-
tema x — z+a (mod 1) va S* = {z (mod 1)} sproguuna. CrenosatennHo,
gucaa {(na) | n € N} paBHomepno pacnpegenensl. B wactnoctu, nonaras
B (I12.4)

A = [logyg k, logyo(k +1)],

nonyyaem
(N, 4) 1
TN A L) = g (14 1),
N w(4) £10 L
Ho 7(N, A) ecTb He YTO MHOE, KAK YHUCIO LENBIX YHCEN B MOCIHe-
mobaTenbnocTH 1, 2, ... ,28~1 necaTnunas samuch KOTOPBHIX HauMHAETCA
¢ uudpsl k. B o6osnavennax us npumepa 3.2 (ra. 1) umeem:

lim
N—oo

pr = logyg (1 + %)

Taxkum o6pazom, B mocieJoBaTeILHOCTHU MEPBbIX NUDP AeCATUYHOIT 3a-
nucu uucen {2% | n € Z"'} BONPEKN TOMY, UTO IOACKA3bIBaeT NMPOCMOTP
[IepBbIX YJEHOB I0CIeJoBaTeJlbHOCTH, ceMepoK 0oJjblle, 4yeM BOCbMEDPOR.

JTo0 cBA3ANO ¢ TeM, YTo yucao a = log;y 2 = 0,30103 ... Gausko k 3/,.

3AMEUAHEE [112.6. Ilockoabpky Ta yacTh BpeMeHH, KOTOPYIO TOUKa 3progudec-
KOl cHCTeMbl IPOBOJUT B obGaacTH A, mpomopuuoHaabHa Mepe 3Tol obaacTi,
€CTeCTBEHHO NIOUHTEPECOBAaTLCA BeIUIHHON aucnepcun. HekoTopble pe3ynbTaThl
nonyunn CuHaii [1]. Hanpumep, nycts (T1V, p, ¢:) — reojesndeckuii N0TOK Ha
KOMIIAKTHOI MOBEpXHOCTU V OTpHULaTelbHONH KPUBU3HEL, A — 061acTh MHOr006-
pasusa 71V, orpanudeHHas KycouHo Aud¢epeHnupyeMoii noBepxHocthio. Torga
PastoCcTh MeAY CpeHUM BpeMeHeM, KOTOpOoe ToUKa ;& NPOBOJHUT B obinacTu A,
¥ Mepoii o6nactu A pacnpepenena no 3axony I'aycca M y[OBIE€TBOPAET LieHTpalb-
HOH NpeAeabHOH Teopeme:

Ca
. TT(‘T) [0 1 / —u?/2
lim 1{7‘ —pn(4) < —} = — e du,
A | T < Rr = O
—o0

rae 77(x) = mepa{t | prx € A, 0 <t < T}, C — xoHcTaHTA.



[IPun0OXKEHNE 13
Cpe,Z[Hee ABU:MKeHUe Iepurejius

(Cm. mpumep 3.1, ra. 1, u npunoxkenue 12)

Ilpu cospanuu Teopuu ABUeHHA Goabmux miadet Jlarpanmy [1] mo-
Hafo06MI0Ch BBIYUCIUTD CPEAHION YTIOBYIO CKOPOCTh CYMMBI MJIOCKHX BEK-
TOPOB, UMEIONUX MOCTOAHHYIO AMUHY U PABHOMEPHO BpaIalONUINXCA:

n
B H 1 . twyt .
Q= t_l)lil’loo 7 Arg’;l ape***, rpe t,wp €R, ap€C. (I113.1)

R

a,

@,
a,

@,

o,
al

Crayuait n=3
Puc. 1113.1. Cnyuait n = 3: HayanrbHbIE NON0KEHNUA BEKTOPOB

Teopema I113.2 (ecm. H. Weyl [1-5]). IIpednoaoscun, wmo yerossie
CEOPOCINU W), HECOUIMEPUMbL, T, e. eCAU

(w,k)=0ukeZ” mok=0. (I113.3)
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Tozda cpednee dsuscenue (I113.1) cywecmeyem, u evipasxcaemes kax 6a-
pulyenmpuyieckoe cpednee yea06blr cropocmer wy:

Q=pwi +... +ppwn, pr =0, Zpk =1 (I13.4)

Becoswie woafduyuenmot py 3asucam moavko om dAuH |ay| eexmopos.

OnpegenuM QYHRUMIO OT 7 MONOMHUTEIbHLIX HepeMeHHbIX p(;
Qa, ..., Q) KAk BEPOATHOCTL TOr0, YTO CyMMa INIOCKHX BEKTOPOB, HMe-
IOIUX TOCTOAHHBIE MJIUHBI (2, ... ,Q, U OPUEHTHPOBAHHBIX XaOTHUUECKH,
nMeeT JIMHY He MeHee «; (cM. mpuBoguMyio Hume dopmyny [113.12).

Torna:
p1 = p(laifs|azl,... )s
- (I113.5)
Pn = p(lanl; |azl,... , ).

B wacTHOCTH, IpH 1 = 3, eCiIM MO#HO 06pa3oBaTh TPEYTONbHUK ¢ JIHHAMU
CTOPOH |a1|, |az|, |as|, To (bopmyaa II. Boas):

Aywy + Asws + Asw )
Q= 1wy + ;z-f— 3Ws (I113.6)

rae A; — yrisl TpeyroibHUKA.
Ciyuaii, Korga TpPeyrojibHHEK CO CTOPOHAMU He MOKeT

6bITh mocTpoei, 6611 pacemorpen Jlarpainskem [1].
B o6mem ciryuae p MosiHO BIpa3uTh yepes ¢pyuruuu beccens Jy u Jy:

00
n

p(al;a%'-'«,an):al/ (Xlﬂ H Oékp dp.
0 k=2

Taxum o6pasom, COOTHOIIEHUE Y pi = 1 OmpelensaeT «TeOpeMy CIOHEeHUA»
nasa oynruuit Beccens.
Horasameavcmso meopemot 1113.2.
CooTBeTcTBYIOIAA JuHaMHuuecKkaa cuctema I113.7
Pacemorpum punamunveckyio cucremy (M, p, @4), rie

M=T"={z|2="(21,---,2n)}, 2k =20 g c R

— n-MepHbIH TOp, cHabmenHolit Mepoit dy = df ...d6, n ¢, — rpynna

TpaHCIAuui
twit

01z = (2191, ..., zpe™nt).



138 Hpunoscenue 13

Onpegeaum Ha M yHRIHIO:
n
=Arg ) lax|zr, 0< <2 (I113.8)

dTa QyHKUMA paspbiBHaA Ha cpese X = {z | a(z) = 0} u He onpenenena
n

Ha TaKk Ha3bIBA€MOM CHHTYJ/ISIPHOM MHOFOOﬁpaSI/IH S =

k=1
KOTOpOEe COCTOUT M3 BCEX BO3MOKHBLIX COCTOAHUI 3aMKHYTOH 7-3BEHHOIl

TOMaHoii ¢ 3aJaHHBIME JIHHAMH CTOPOH |ay|. Tem He MeHee, QyHHEIMA

Bl2) = Lalpiz) (1113.9)

t=0

ananutuuHa BHe S. [Ipegen (I113.1) ecThb He uTO UHOE, KaK BpeMeHHGe cpel-
Hee QyHKUUU [3:

T
j /6 piz)d (I113.10)

0

‘Arg Z ag e“‘”‘t

IIpocTpancTBeHHOe cpeaHee [113.11
Cuctema (M, p, @) ABIACTCA HProfUdecKoil 1A BeeX HEI0YHCAEHHO
HeCOM3MepUMBIX wy, (npunoskenne 11). Ecnu 661 pyHkuusa 3 Gblia UHTETPH-

*
pyemoii B cMbIciie PuMana, To ee BpeMeHHOe cpefiHee 3 = ) coBmagajio Obl
¢ IPOCTPAHCTBEHHLIM CPEJHUM 110 TeopeMe 0 PABHOMEPHOM pacilpeleleHUH

(npunoskenue 9):
Q=7F= /Mmz) du

Bo BcAkoM crydae u3 TeopeMbl Bupkroga cregyer, uto () = 3 nou-
TH JIfA BceX HavalbHLIX (a3. Hcememyem mpocTpaHcTBeHHOe cpefnee (3.
U3 (I113.9) cregyer, uto ¢pyHruua [ auHeiHo 3aBucut oT w. CliegoBareinb-
HO, MpoCTpaHcTBeHHoe cpealiee B ABIAeTCA auleiiHoil GyHKIMel oT w:

B(w) =pwi1 +...+Prwnp.

YT06RI BRIUMCIUTH, HAIPUMED, P1 TONOKHM

w =2m, wa=...=w, =0
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Nmeem:

_13
P11 = 271_16(271-5 Oa sy 0)3

1
B(2r, 0 / / (/ggd(h) dbs ... db,,
Tn— 1
0

u, coraacto (I113.8),

rue

/ da " 27, ecan ||a2|ez’”ﬂ2 +...+ |an|e2"w"| < |aal,
0, ecan ||a2|~927”.6'2 + oot a2 | > aq).
CrienoBaTenbHO,
p1 :p(|a1|; |a2|a SR |an|)7
rae
plar; az, ..., ap) =mepa{z € T | |azza +...+ apza| < |ea|}. (1113.12)

Takum o6pasom, dopmyna (I113.5) norasana.

Ionaras wq = we = ... = w, = 27, MBI JeTKo Hoay4YaeM », pp = L.
CyulecTBoBaHve BpeMeHHOro cpeanero I113.13

Nrar, dopmyant (I113.4), (I113.5) noxasanbl OJAA MOYTH BeeX Havalb-
HeiX (a3 Arg ap. UTo6rl JokaszaTb uX A Bcex HavalnbHbiX da3, I. Beiinb
(H. Weyl [4], [5]) BocnonbaoBaics 0co6bIM IPUEMOM.

Onpenenum Ha Tope M ¢yHKIUIO:

N(z) = ancebpauveckoe wucio mover nepeceverus z; kpusoil {pz,
=27 < t < 0} ¢ eunepnosepxnocmeio Y.

YciroBuMes 3acudTBIBAThL TOURY IepecedeHHs z; OZHMH pas, ec-
an ((z;) > 0, n munyc ogun pas, ecan 5(z;) < 0 (em. pHC M13.15).

MomHo IoKasaTh, uTo ¢hyHEUMA N(z) orpannuyenal. Kar ciemyer us
cooTHomeHnd I113.10, cooTHomeHUe

T
/ﬁ((ptz) dt — /N((ptz) dt| < C (I113.14)
0

BLITIONHACTCA paBHoMepHo na T".

1B narpammesom ciyuae S = J¥. Ecau, kpome Toro, n = 3, To S «OKPY{HOCTbY
n ¥ — nuHeliHoe nogMHorooGpasue; ciiefoBaTelbHo, GyHKUUA N(2) orpaHndeHa.
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™
obyacte .
N=1 2rw
z
objacts N=0
Puc. I113.15

Ho, mockonbry ¢yuruma N(z) KycodyHo HempepbIBHA, ee BpeMeHHOE
cpefHee CyNIeCTBYeT BCIOJY U PaBHO MPOCTPAHCTBEHHOMY (IpuioeHue 9).
C yuerom pasenctBa (I113.14) mokasaTelbcTBO MOMKHO CUHTATH 3aKOH-
YEHHBIM. ]
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IIpumep 3HgOMOpdH3Ma ¢ nepeMelliiBaHHEM

(Cm. nmpumeuanue 8.8, ri. 2)

Pacemorpum Ha Tope M = {(x, y) (mod 1)}, cuaGmeHHOM Me-
poit dx dy, npeo6pasopanue’

¢ (z, y) = (22, 2y) (mod 1).

=
a»

@ | @ | @S (o
@ | o | @
R s

Oy | @y |y | O

o | O (O

Puc. 1114.1

1Kar BugHo us puc. I114.1, sTo npeo6Gpa3oBaHue, N3BECTHOE MOJ HA3BaHHEM «yMHO-
JKeHHe XJ1e60B», faeT pellleHHe OXHON ApeBHell HMcTopudyeckoit samaun (20 r. mo H. 9.).
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B Gonee mompo6Hoil 3anucy npeoOpazoBaHue UMeeT cIeAYIOMUH BUI:

(2z, 2y), ecin 0 <,y <Yy

o, ) = (2z, 2y — 1), ecru 0 <<y YLy <l
2z — 1, 2y), ecn Yo <z <1, 0<y <Yy
(2z — 1,2y —1), ecmu Yy <,y < 1.

HpeoﬁpasoBaHHe @ CIOPBEKTHUBHO, HO He UHBERTHBHO: QD_]'WL COCTOUT

U3 YETBHIPEX IEMEHTOB.
IpoBoaA paccyIeHUA ¢ NPAMOYTOIALHHKAMH, CTOPOHBI KOTOPHIX Na-
pannenbusl ocAaM Oz u Oy, n 3aMevad, 9To 3TH NPAMOYTOILHUKU 06pa3yIoT
Gasyc anreOpbl U3MEepHMBIX MHOMECTB, MBI BUJUM, UTO (o COXDaHfET Me-
py: u(p rA) = u(A) nna mo6oro usmepumoro Muoxectna A.
[IpeobpaszoBanue ¢ ecTh NepeMeIlrBanue: sl T006bIX u3MepuMbIx A, B

Jim g (o™ AN B] = p(A)u(B). (I114.2)

HOHa3aTe.HbCTBO AOCTaTOYHO MPOBECTH HJA CllyUuada, Korjga B KBajgpart:

(2—1), 2p)x(§,2—p), IlmeZ".

Ectu N > p, To B comepmut 4V ~P npoo6pa3oB MHoskecTBa A oT-
HOCHTelbHO TpeobpasoBanna o~ V. Ramaplii u3 5TUX NpooGpa3oB UMeeT
mepy 4~ u(A), crenosarennHo,

ulp~NANB] =47 (4= u(4)) = p(A)u(B).

Hockonbky p npousBonbio, nonydaem (I114.2).
TouHo Tar#e Mo#HO ObLIO ObI I0Ka3aTh, YTO NpeoOpa3oBaHUA

Pk (IE, y) - (ka‘, ky) (mOd ]-)/ ke Z+v

coxpadsolue Mepy, 001agaloT CBOMCTBOM IepeMellnBanuA. Tak Kak
Ok © Pr = Prr, kyr € ZY, 10 {px | k € ZT} — momyrpynna c nepeme-
mUBaHHeM OTHOCHTEIbHO KOMIIO3HINHZ.

23Ta monyrpymnma MoskeT GBITh BeIpasieHa uepes MOJIHHOMbI Yebbimesa (em. R. Alder,
T. Rivlin [1]).
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Koceie IIpor3Be1€eHUA

(Cm. onpepenenue 9.5, ru. 2)

Iycts (X, p) u (Y, ) — ABa npocTpaHcTBa ¢ MepaMH, COOTBETCTBEH-
HO, p U q, (M, u) — npsavoe npouseesenne M = X x Y, cuaGmeHHOe
Mepoil 4 =p-q.

Mpeanonoxum, uro S: X — Y — aBToOMOpGU3M U KamJOMYy 3JeMeH-
Ty 2 € X mocraiieH B cooTBeTcTBUe aBTOMOpduam 7,,: Y — Y takoii, uto
oto6pamenue (z,y) — T,y usmepumo npu nodbsix x € X, y € Y. Torna
oToGpaxeHue @, OnpeaenaeMoe COOTHOLIEHHEM

o(x, y) = (Sz, Tpy),

M3MepUMO U ocTaBjisgeT Mepy /4 UHBAapPUaHTHOI.
HeiicTBUTENbHO, 0 TeopeMe PyOuHU, AaA M0O0H H3MepUMOIl GYHK-
nuu F'

n(p™'F) = / Xr(pm)dp = / (/ Zr(Sz, Tyy) dq) dp =
M X Y

:X/(Y/ Xr(Sz, y) dq) dp = /(X/ Xr(Sz, y) dp) dg =

¥

- /(/ Xr(x, y) dp) dq = p(F),

Yy X

rae Xr — xapakrtepuctuueckasa bpyuruua F.

Hdunamnuvecrasn cucmema (M, p, ) Hasvieaemesn kocvim npoussedeHuem
Junamueckux cucmen (X, p, S) u (Y, q, Ty).
Meumer M15.1. Ecau T, = T — nocroaunasa ¢yuakuud, To ¢ = SXT, u

Kocoe NpoKM3BeJeHne ecTh He YTO MHoe, Kak IpoM3BejeHre JMHAMUYIecKHuX
cuctem (X, p, S) u (Y, q, T).
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[IruMmEP I1115.2. BribepeMm B kauyecTBe S 3projguyeckuii aBToMopdhH3M
usmepumoro npocrpanctsa (X, p), B kauectBe Y — oEpysmHocTh S =
= {z (mod 1)}. Eciu a(x) — usmepumag byHRUUA, onpefeleHHasa Ha X,
€O 3HAaYeHHAMH B Y, TO

p(z,y) = (Sz,a(e) +y  (mod 1)).

Imo — kocoe npouseederue, ACCOUUUPOSAHHOE ¢ PyHEUUET O

KonkperuaupyeMm pacecMaTpUBaeMyl0 JUHAMHYECKYIO CHCTEMY, BbI-
6pas B kauectBe X = {z (mod 1)}, a B kauectBe S — 3proguyeckoe npe-
ofpasoBanue x — = + 3 (mod 1). B kauecTBe pyHKIUYN ¢ BbIGEpEM

an(z) =nz (mod1), necZt.

CnepoBaTenbuo, ¢ KamAbLIM TNOJOAUTEILHBIM HEIbIM 73 CBA3aHO HEKO-
Topoe Kocoe mpousBefeHue: Ausan (Anzai [1]) nokasan, 4To AMHAMUUeCKHe
cuctemsl (M, p, @p), ONpejeleHHble yKa3aHHBIM BbINIe 00pa3oM, NpPHHA/-
JeKaT K OJHOMY M TOMY K€ CIeKTpalbHOMY THUIY, He OyAy4n u3oMopHbI-

Mul.

1Bce nunamuyeckue cuctembl (M, i, ¢p) HMEIOT HYJIEBYIO SHTPOIHIO.
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I[I/ICRpeTHLII'?I CIIEKTP KJacCU4YeCKHX cHCcTeM
(Cm. 9.13, ra. 2)

Mycts (M, p, p:) — rIaccuueckad cuctema, U; — yHUTapHas rpyn-
na, nopos;aeHnasa auddeomopdusMom ;. PaceMoTpuM AUCKPETHYIO KOM-
noHeHTY crekTpa Uy, 3To — duckpemuutil cnexmp.

JunaMuyeckue CUCTEMbI, MOCTPOEHHLIE BO BTOPOIl UacTU TEOPEMBI
o gucepetHoM crertpe (9.13, ri. 2), ABIAIOTCA KIaCCHYECKHMMH CHCTEMaMH,
ecnu panr! abeneBoii rpynnbl coGCTBEHHBIX 3HAYCHHUIT KOHEUeH.

Bo Bcex u3BeCTHBIX NpHUMepax KIACCHYECKHUX DPTOAUUYECKUX CUCTEM
paHr OUCKPETHOr0 CMeKTpPa MeHbIIEe UIH paBeH pa3MEepHOCTU IPOCTPAHCT-
Ba M.2 EcrecTBeHHO NpPeNONOMHUTL, YTO 3TOT PaHr Beerja KoneueH. Bot
pe3ynbTaT, MOIYyUYeHHBIH B 9TOM CMBICIIe.

CoGeTBeHHbIe QYHKIIMH KJIACCUYECKOW CHUCTEMbI MOTYT GLITh BCIOAY
paspoiBubl (cM. npumep A. H. Konrmoroposa [1]), Ho ecan oHu HenpephIBHBI,
TO paHr AHCKPETHOro clIeKTpa MeHbllle WIU paBeH NepBoMy uucay bet-
™1 by = dim Hy (M, Z) npocrtpanctsa M. Bonee To4Ho, cnpaBejinBa ciie-
qylolas Teopema.

Teopema I1116.1. Ilycmos (M, p, p:) — kaaccuveckas apzoduieckasn du-

Hamudeckaa cucmema. Ecau cobemeennvle Gyrkuyuy uHOYUUPOSAHHOU YHU-
mapnoti epynnvt Uy HenpepvleHbl, mo

panz duckpemnozo cnexmpa < by.

HCHO, 4TO 3Ta TeopeMa ABJIAETCA ClIeJCTBUeM cne,uyrou_leﬁ.

Teopema I116.2. [ycmov (M, ju, o) — Kaaccuyveckas apzoduieckan Cuc-
mema. Panz nodepynnut duckpemuozo cnexmpa, 006pa306aHH020 COGCMBEH-
HbLMU 3HAYEHUAMU HEeNnpepui8HblL COOCMBEHHBLY HYHKUUT, MeHble Ul pa-
6en b.

IIpeskae uem noKas3bIBaTh 3Ty TEOPEMY, BBEeM OHATHE YHCEN Bpalle-
HUA.

1paHl"OM TPYNNel Ha3bIiBaeTCA MaKCUMaJlbHOe YHC/I0 He3aBHCHUMBIX IeHepaTopoB.

2370T danT ABAAETCA OGMUM /1A CHCTEM C HENpepbIBHBIMH COBCTBEHHBIMU (QYHKLH-
amu (Aen [2]).
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Yuecna Bpamenusa 1116.3

Mycrs (M, p, ;) — npeasiaymasn cucrema. Tar kak M — roMnarT-
Hoe auddepennupyemoe MHOroo6pasue, mo6oii nape Touer a,b us M Momx-
HO TIOCTABUThL B COOTBeTCTBHe AuddepeHnupyeMyio Ayry ab, 1auna® koTo-
poit orpaHUyeHa HEKOTOPBIM YKCIOM A, He 3aBUCANUM OT a U b.

MycTh, nanee, v1,... ,7p, — 00pasdyloliue IPyNIbI HeJIOUNCISHHBIX T0-
mMomoruit Hy (M, R). Kamaplit 31eMeHT 7y, — 9T0 3aMKHyTas Kpusas ua M,
KOTOPYIO MOKHO npejnonarath auddepeHnnpyeMoii.

Puc. 1116.3

Ecim a = {prz | # € M, 0 <t < T} — oTpe3ok TpaekTopuu, TO
ero KOHIObI CBA3aHbI HpI/IBOI71 ﬁ u3 ceMeiicTBa ab, BBE€JJE€HHOI'O BbIlIe. Taxum
Nfinainiie(T) — o — wyagiwo uhbeDPEIMNYAV LY TANVYHYTAY KDUaY

‘.’ 1

i

|
i
1

(em. puc. 1116.3'). 9To o3uavaer, 9TO CymecTBYIOT Lenble yuciaa ng(T') Ta-
KHe, 4TO

Y(T) =m (T)'Yl +o gy (T)Wﬂ :

MMycth (wy) — AmyanbHbiit Gasuc ® () MepBoii TPYNIbI KOMOMOIO-
ruit H'(M,R), T.e. 3aMKHYTbIX 1-hOpM TaKHX, UTO

/ 1 npui==k,
wi = .
- 0 mpu i #k.
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Nmeem:

/ wr = n,(T),
¥(T)

WM, uHayue,
T
/ (roeon) dt + f —— (I116.4)
8
0

rae (¥,wy) — 3Hadvenue 1-popMbl wy HA KACATENLHOM BEKTOpE ¥ K MOTO-
Ky ¢; B Touke @;x. Tak kak mmuHa Kpupoil § orpannyena Beauuunoit M,
noay4vaem:

lim l/wk ~0. (I116.5)
T Jg

T—o0

C apyroii cToponbl, U3 aproauydnoctu cieayet (7.1, ra. 2), uro

ﬂw

T

/’y,wh dt:/ (¥, wg) dp (1116.6)
M

0

AJIA IIOYTH BCeX HAaYaJNbHBIX TOYEK I, 1 IIpeJell He 3aBUCUT OT BbIﬁOpa TO4Y-
KH T Ha TpaceKTOpHUHU.

Taxum oGpasoM, uz coornourennii (I116.4), (I116.5) u (I116.6) 3araio-
4aeM, 4TO Mpefel

ng(T)

lim —o— = / (¥, wi) dpe < (I116.7)
T = Jy

T—oo
CyIecTBYeT MPH NOYTH BCeX L U He 3aBUCHUT OT Z.

Qucaa oy, = ¥ s k= 1,... by, Aeasiomes o6pasywouumy abesesotl
MYABMUNAUKAMUBHOT 2pynnot R, KOMOPAA HA3bEACTNCA 2PYNNOL Hucen 6pa-
werull.

flcno, uto R ne 3aBucuT oT Gasuca (7).

HeTpynHo BueTh, 4To ¢y ONpejenfeT KIace BelljeCTBEHHbIX MOMOJOr vl

Y=yt by Ve

qicla BpameHui fiy, ONPEJeNAIOT «FOMOJOTHYECKOE MOJOMEHNE» TPacKTo-
pHH 7.
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Beenenuem sToro nouaTHA MbI 06a3aub! A. Ilyanxkape [1], koTopsrit Boc-
MOMb30BANCA UM MpHU M3ydeHHH AnbdepeHnuaibHpiX cucteM Ha tope T2,
JlanbHeiinye HccleJoBaHUA CUCTEM

i=F(z,y), =G,y

na Tope T2 comepmaTca B padotax A. Jamkya [1] u K. J. 3ureas.

Jorazameavcmeo meopemo, 1116.24.

3ameTuM, 4TO, 0 HOCTPOEHHIO, PAHT I'PYTILI YUCe BpalleHuil MeHbIIe
uau paBeH b;, paBeHCTBO JOCTHUraeTcA TOJLKO B TOM Clydae, ecld 4HciIa
BpallleHUil 1uHeliHO He3aBucHMBbI Haj Z. [loaToMy mocTaTodHO [0Ka3aThb
CIeYIOIYIO IEMMY.

Jlemma I116.8. Ilodzpynna duckpemmnozo cnexkmpa, 06pa3osanHas coocm-
BEHHBLMIL HUCAAMI HENPEPbIBHLLT COGCMEEHHbLT PyHKuUL, ecmb nodzpynna
2pynnel wucea 6paujeHull.

Horasameasvcmeo.
Mycts f(x) — oTaAMYHAA OT HYJIA HelpepbIBHAA COOCTBEHHAA QYHKINA
nuddeomopdusma p;:

flpsw) = N f(z).
Oyuruua f guddepenupyemMa o HanpaBieHuio ¥(t):
(Y(®), df (pra)) = 2miX 2™ f (),

unu npu ¢t = 0:
(%, df (x)) = 2miA f(z). (1116.9)

BeregeTBun 3proAnYHOCTH cHeTeMbI U3 Teopemsbl 9.12 (ri. 2) caepyer, uto
| f(z)| = const.
Tar ran GyHruua f(z) HelmpepbIBHA, MBI 3aKII0YaeM, YTO

| f(z)] = const # 0,

T.€. ¢ TOYHOCTBHIO A0 IOCTOAHHOH

f ) = 2riv @),

4Cm. H. M. Tenndangp, . U. Ilanupo-Matenruit [1], Schwartzmann [1].
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rie t(r) — HenpepbiBHaA jeificTBATenbHan dbynknua ¢p: M — S, naa
rotopoil Beaeacrsue (I116.9) BoimosnHsAeTesA cooTHOLIEHNE

(%, dyp) = A (1116.10)

Takum o6pasoM, diyy — 3aMKHYTLI TOTOK B cMbiciae ae Pama® u xo-
TOPBIIl FOMOJIOTHYEH 3aMKHYTOH auddepennnanbuoit 1-bopme [dip]: diyp =
= [dy)]+dh. CregoBaTenbHo, Tak Kak ¥ KO3aMKHYTa ((p; cOXpaHAET JIEMEHT
ob6pema) u (I116.9) moskuo 3anucats B Buge (I116.10), umeem:

[ Golash = [ o) =

C yuerom I116.3 gocTaTo4Ho Joka3aTh, 4TO mepuoasl popmsl [dy] we-
aste. IIyers &: [0,1] - M — nuddepennupyemasn nerasa B M. Tar kax
tdopma dip romonoruyna [di)], nmeem:

/ dy) = / dp = PlE(1)] — PlEO)] € Z.
13 3

Caepnctue I116.10 (ApHoaspa [2], [3]). Hycms V — komnarxmmuoe pu-
MAHOB0 MHO2000pa3ie pazmepHocmu n > 2, He asafwugeeca mopom. Ecau
2eodesuteckull NOMOK HA YyHUMApHOM Kacameavrom paccaoenuu M = TV
ap2oduten, mo HenpepvisHble COGCMBEHHblE BYHKUUL — KOHCIMAHINbL.

Horaszameavcmeo.

Ilo nemme 1116.8 gocTaToyHO JO0Ka3aTh, YTO YHCIa BpalleHHil paBHbI
Hyato. Moxuo nokasats (Gysin [1]), 4To NpH cOeraHHBIX TOMONOTHYECKHX
NPEATONOKEeHUAX KaMAasa 3aMRHYTafA He TOMOJOTUYHAA HYI0 l-dhopma w
u3 71V sBasercsa MOSHATHEM 3aMKHYTOH (OPMBI, HE FOMOJOTHYIHON HYIIIO,
u3 V, Takme 0603HaYeHHOMY UYepes w.

YeraHoBuB 3T0, 3anumeM uucia Bpamenuii B Buge (I116.7):

M:/ (¥, w)n Ao,
v

rie 1 U ¢ — 3IEMeHTH 06hbeMa, cooTBeTCTBenHo, B V u cioe S 1.

5G. de Rham. Variétés differentiables. Hermann (Paris) 1955.
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Tax rak

Yo =0,
Sn—1
MELI 3aKiroyaeM, 4TO

o= [ )= f (] e



[IPUIOKEHNAE 17
CnerxTpsl K-cucrem

(Cm. Teopemy 11.5, ra. 2)

A. Ilopanre6pbl U3MEPUMBIX MHOKECTB

Mycrs (M, ) — usmepumoe npoctpanctBo. O6o3naqnmM vepes 1 ai-
re6py Bcex HM3MEpPUMBIX MHO:kecTB U 4depe3 () anre6py HOJMHOKeCTB
mepbt 0 unu 1 (peun Beerga ugeT o6 anreGpax no MOLYIIO HYID).

Onpenenenune II117.1. [lodarcebpa usmepumotx muoxcecms 2 anredpsl 1
€CTh YacTb 3TO! anreGphl, 3aMKHY Tafd OTHOCUTENBHO B3ATHA CUETHOTO 065-
eMHEHHUA U Mepexo/ia K AOMOJHEHHUIO:

u3 A € 2 ciegyer M \ A € ,

u cogepmut M.

Braiouenue I117.2.
IIycte Ay u Ay — ABe moganre6pel anredpel 1. YeroBuMceA 3anuchiBaTh

Ao C Ay,

ecau nmobomy saemeHTy Ag € 2y COOTBETCTBYET HEKOTOPBIl 3JIEMEHT
Ay € 24 taroit, uto 4g = 4; (mod 0), T.e.

p((Ag U A1) \ (Ao N A1) = 0.

Ilepeceuenue I117.3.
Mycrs (A;)icr — cemeiicTBo mopanre6p anre6per 1. O6o3Haunm uepes

2

el

HauboabIyIO U3 noganreGp aaredpel 1, copep:kaufyocs B kamaoi 2A;.
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CymmMma 1117.4
AnanornuneiM o6pasoM 0603HaUNM uYepes

Va

icl

CyMMY Beex mogaare6p anre6pnl 1 Takux, 9TO Kamgaf UX HUX COZEPIKHT
Bece ;.
IIpoctpancTBo Lo(2A). I17.5

Ilycth % — moganreGpa anredpol 1. O603HaUNM yepes Ly (2) moampo-
cTpaHcTBO npocTpaHcTBa Lo (M, p1), TOpo#/AEHHOrO XapaKTepicTHIECKUMH
dyukuuamu X4 snemenToB A € 2.

HeTpyaHo npoBepHTh, UTO UMEIOT MECTO ClIeIyIOl[ue CBOHCTBa:

u3 A C B cnegyet, uro Lo(A) C Lo (*B),
Ly([) %) =[] L2(2),

iel i€l
Ly(\/24) = [ L(20),
(174 i€l

L>(0) = Hy — mpocTpacTBO GyHKIUUI, TOCTOAHHBIX HOYTH BCIOLY.

B. CnekTpsr K-cuctem

Horamem cregyiomyio Teopemy (cMm. Teopemy 11.5).

Teopema II17.6. K-cucmema (M, u, @) umeem ciemuokpamuuiti aebe-
206cKuUll cnekmp.

Mo onpenenenuio 11.1 (ra. 2), cymecTByer nomanre6pa 2 anre6pbi 1
Takaf, 4To

oo oo
0= ] ¢"A...co™ACACAC...C |/ ...omaA=T
n=—oo n=—oo
(I17.7)
IIOI‘RH38TBHBCTBO TeopeMbl CBOAUTCH K AOKRA3aTEIbCTBY CJ€YIOIUX
JIeMM.
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Jlemma II17.8. IHycme U — yHumapHuill onepamop, uHOyuuposaHHbslil
Jugpeomoppusmon . Ecau o6osnavums H = Ly(2A), mo

xo
Hy = ﬂ UHC...CUHCHC
n=-—00 T
CUTHC...Cc |J U"H=Ly(M, p),

n—=-—oc

a ecau o6osHaxums spemenno H © Hy = H' (opmozonaisnoe donoanenue),
mo

{0}= () U"H'C...CUH' CH'C

n=—o<

o0
CU'H' c...C |J UrH' =L} = Ly(M,p) © H,.

n=—o0

Joraszameasvcmeo.

Oycts A € A, X4 — xapauTepuctuueckan GyHKIUA s1eMenTa A.
Torpga
0, ecau p(x) ¢ A,

UZa(x) = Xalp(e)) = { 1, ecan p(r) € A

0, cciuzx g A,
UXa(z) = { ¢

1, ecau x € p~LA.

C.TI()J];OBE-]TC.I'II)IIO7
U%A — ’%S”_IA'

Mostomy us onpenenenus Lo(2) nonydaem
ULy () = La (™).

Taxum o6pasomM, 1eMMa ciaeayeT u3 csolicts I117.5. [ |

Jlemma II17.9. Ha L) = Lo(M, 1) © Hy onepamop U umeem aeGezosckuil
cnexmp ¢ kpamuocmoio, pasnoti dim(H o UH).
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Jorazameavcmeo.
Buiepem B H' © UH' monuelit opToHOpMHUpOBaHHbIH Gasuc {h;}.
Oyecrs #; — 3aMbIkaHie MOANpPOCTpaHCTBa, nmopoxaedtoro {h;, Uh;,...}.

CnepoBaTenbuo, no noctpoenuto U?h;, F; momapno oproronanbubl. Tar

kak (cM. mpensaymyio nemmy) (| U"H' = {0}, cucrema {U7h;} nonna
n=—oo
B H":
H =0) . (1117.10)
i

YcTaHoBUB 9TO, 3alluiieM IpeJblaylylo JeMMY B Bule

LnJ UnH' = le,

n=—0oo

i

(G

U-"H' = L,

n=0

Takum o6pazom, ¢ yuetom (I117.10) noayuaem:

Ly= G U—n(@Z%‘;) =03 G U-ni;,

n=0 i n=0

niy, mnoJjarasa

H; = U U-ni,, (I117.11)
n=0
npeobpaszyeM K BULY
Ly=e) H. (117.12)
%

Mo popmyne (I117.11), ucxoasn us 6asuca {h;, Uh;, ...} B ¥, noctpo-
UM MOJHBI OpTOHOPMUPOBAHHEIH Gasuc B Hj:

{ei; ¥ UIn; | j ez},

Uei; =UU%h;) = U h; = ¢; j+1 1pu MOGLIX i U MOBBIX j.



Cnermpot K -cucmen 155

Wrag, ucnonbsyn cooruomenue (I117.12), Mbl 3araioyaeM, uto U umeeT
Ha LY} neberosckuii cnektp. IlopAnok ero KpaTHOCTH paBeH UMCIy NOANPO-
crpancts H;, T.e.

dim(H’' © UH') = dim(H & UH).

JemmMma I117.13.
dim(H 6 UH) = .

Noraszameavcmeo.
ITo nemme I117.8

... <dimUH < dimH < dimU'H <...

drto o3navaeT, uto dimH = oo u utro UH # H. B nporuBHoMm ciyuae,
HauyuHafg ¢ HeKoToporo n > (), BemmoaHAnock 661 cooTHommenue dimU"H =
= dim U™ H = dim{0}, 1.e. H = 0. Ilo Toit xe npuunne dimUH = oc.
Tax rax UH # H, momuo naittu 0 # f € H © UH. O6o3uauum F' =
={m |m e M, f(m) # 0}. llockoabry F € A u pu(F) > 0 naa f € Ly(2A),
MPOCTPAHCTBO
L={g%r|geH}

uMeeT GeckoHeuHyio pasmepHocTh npu dim H = oo (¥ — xaparTepic-
THueckan pyHruua F).
Touno Tare, T0ckoIbKY p(F) > 0 u dimUH = oo, mpocTpaHeTBO

Li={g%r | g€ UH}

umMmeeT GeckoHeuHylo pasmepHocTh. Ilyets Ly = L & Ly. Ecau g%F € Lg
unheUH, To
(8XF | h) = (gXF | hZF) =0,

cjejoBaTelLHO,
LyCHeoUH,

1 JOCTATOYHO A0Ka3aThb, uTo dim Ly = oc.

Tar wkar npocrpaHcTBo L GecKOHEUHOMEPHO, MOKHO BBIGpPaTh MHO-
¢JIe[OBAaTeIbHOCTh JIMHEHHO He3aBUCUMBbIX OIPAHUUEHHBIX AeHCTBUTEIbHBIX
dyHRUUA Ay, he,... € UH Tarux, 4To

Xrh1, Xrho,... ,€ L

OyAyT IuMHEHHO He3aBUCUMBI.
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YciaoBHana 3HTPONUA pa3bueHUA OTHOCHUTEJIbHO
Jpyroro pa3oueHUuA

(Cm. §12, ra. 2)

A. U3mepumsbie pazbueHus

Onpepenennie I118.1. Iycts (M, p) — u3MepuMoe IPOCTPAHCTBO; pas-
Guennem o = {A;};cr npocrpanctea M HasbiBaeTCA HAGOP HEMyCTHIX H3-
MEpPUMBIX MHOMKECTB TAKUX, 4TO

u(AiNA;) =0 wmpn i #j, H(M\UAi) =0.
ier

Pasbuenne o HaspIBaeTcs H3MEPHUMBIM, €CIU CYNIeCTBYeT cUeTHOEe MHOKEC-
TBO {B;};cr U3MEepUMBIX MHOKECTB TAaKUX, UTO:

1) kampoe B; ecTh o6beJlHeHNe 3IeMEeHTOB pa3bueHHdA «;

2) pns mo6oit mapsl A;, Aj 3neMeHTOB pa3bueHUA o cyllecTByeT By Ta-
koe, uto A; C By, A; ¢ By wiu A; ¢ By, A; C By.

Ecan pa361{eHI/Ie & KOHEe4YHO WJIHU CYeTHO, TO OHO U3MEPHUMO.

Onpenenenne I118.2. [[Ba uamepumbix pasbuenud o U 3, COBNAAAONINX
BCIOAY 3a UCKIIOUEeHHEeM, MOeT ObITh, MHOMECTBA HY/lb, HA3bIBAIOTCHA TOK-
JecTBEHHLIMU 1o Moayiio 0:

a=0 (mod0).

B manbueiimem Bciony moapasyMesaercA coBhagenue (mod 0).

Onpenenenne I118.3. YcmoBuMed sanuchiBaTh a < 3, eclid Aad Kamao-
ro B € B cymectByer A € a Takoe, uto B C A.

OTHomeHnne < €CThb OTHOIIEHHE MOPANKA HA MHOMECTBE U3MEPUMBIX
pasbueHuii.



IIPHIOMKEHHUE 18
YciaoBHana 3HTPONUA pa3bueHUA OTHOCHUTEJIbHO
Jpyroro pa3oueHUuA

(Cm. §12, ra. 2)

A. U3mepumsbie pazbueHus

Onpepenennie I118.1. Iycts (M, p) — u3MepuMoe IPOCTPAHCTBO; pas-
Guennem o = {A;};cr npocrpanctea M HasbiBaeTCA HAGOP HEMyCTHIX H3-
MEpPUMBIX MHOMKECTB TAKUX, 4TO

u(AiNA;) =0 wmpn i #j, H(M\UAi) =0.
ier

Pasbuenne o HaspIBaeTcs H3MEPHUMBIM, €CIU CYNIeCTBYeT cUeTHOEe MHOKEC-
TBO {B;};cr U3MEepUMBIX MHOKECTB TAaKUX, UTO:

1) kampoe B; ecTh o6beJlHeHNe 3IeMEeHTOB pa3bueHHdA «;

2) pns mo6oit mapsl A;, Aj 3neMeHTOB pa3bueHUA o cyllecTByeT By Ta-
koe, uto A; C By, A; ¢ By wiu A; ¢ By, A; C By.

Ecan pa361{eHI/Ie & KOHEe4YHO WJIHU CYeTHO, TO OHO U3MEPHUMO.

Onpenenenne I118.2. [[Ba uamepumbix pasbuenud o U 3, COBNAAAONINX
BCIOAY 3a UCKIIOUEeHHEeM, MOeT ObITh, MHOMECTBA HY/lb, HA3bIBAIOTCHA TOK-
JecTBEHHLIMU 1o Moayiio 0:

a=0 (mod0).

B manbueiimem Bciony moapasyMesaercA coBhagenue (mod 0).

Onpenenenne I118.3. YcmoBuMed sanuchiBaTh a < 3, eclid Aad Kamao-
ro B € B cymectByer A € a Takoe, uto B C A.

OTHomeHnne < €CThb OTHOIIEHHE MOPANKA HA MHOMECTBE U3MEPUMBIX
pasbueHuii.
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Onpepenenne I118.4. Ilycth {w;};e; — ceMeiicTBO H3MePUMBIX pas3tu-
enuii. 06o3HauuM uepes
Q= \/ a;

HaunMeHbIIece paSﬁI/IEHHe, coeprhaigee BCe ;. Huaue rosop4,

a = ﬂ AjlA; € aj nana Beex j
Jjel

Onepanus \/ KoMMyTaTHBHa U acconuatiBHa. C IPyToit CTOPOHBI, eCiIn
agad u B,

TO
avp<advy.

Onpegeaenue II118.5. Ilyers @ — wmamepumoe pasbuenue. MHoOmecT-
BO CUeTHbIX 00belUHeHHIl 37eMeHTOB pa3bueHUA « HasblBaeTcd anreb-
poit M(a), nopomaennoii pasbuenuem «.

HorazaHo, 4TO 1A N1000M nogaare6per A anreGpol 1 cylecTByeT U3-
MepHuMoe pa3bueHne « Takoe, YTo

A = M(a).
Aunredpa M(a) obaagaeT ciedyOLEMHE CBOHCTBAMH:

a=f < M(a) = M(B),
a < f <= M(a) CM(B),
m a; ) = \/ D).

(V) =Y,

IIpuBenennsie Beie o6o3uayvenus BBeaeHs! B 1932 A. H. Koamoropossim [3],
a tarme Poxauubim [3].

B. YcnoBHasa sHTponuda
Oyctb a={4; |i=1,...,r}, ={B;|j=1,..., s} — nBa usme-

PHUMBIX KOHEYHLIX MHO:ReCTBAa. He OorpannvuBas OGIHHOCTH’ NpeaIono:iumM,
uro p(A;) > 0, u(B;) > 0 npu Beex ¢, j (onpenenenue I118.2).
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Onpepenenue I118.6. Ilycth

z(t):{o npu t =0,

—tlogt mpu 0 <t <1 (norapudm ABOUUHBIH).

Yeaosnoti snmponuetl pasbueHus ¢ 0OMHOCUMEAbHO pa3bueHun [3 Ha3bi-

saemcsa eeautuUHa

p(BiN Ayg)
ha|B) =) u(B —
= Sum) |3 ( (B

CsoiicTo II18.7.

hMav g1|8)=h(c|pf).

Horazameavcmeo.
dnementamu a V 3 caymat A; N Bj, noaToMmy

/I,(BiﬂAjﬂBk)
CIHEE WET) o CLAEILy

gk
Ecan
i 75 k, ,U(Bi N Bk) = 0,

TO

hav A ) = Zu Zz( BM)) = h(a | §)

CsoiictBo I118.8.
h(a|B) 20,

IpUYEM PaBEHCTBO MMeeT MecCTo, eclu & < f.

Horazameavcmeo.
o onpenenenuio, h{a | 8) > 0
Tak rak p(B;) > 0, us h(a | 8) = 0 cieayer, uto

1 (BiN4;)
w(B;)

z

) =0 nmpu Bcex i, j.
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IloaTomy
w(BiNA;) =0 wm p(B;) = p(B; N Aj).
CsoiictBo II18.9.
h(aV ) = h(B) + h(a | B).

Jorasameavcmeo.
Ilyctn
w(Bi) = by, (BN Ag) = cir.

TOrga

h(B) + h(a|B) = Zbl log b; — Zzlb, l; Cb—k: log (i)—’j’)] =
—Zb log b; — Zzt‘ki [log cki — log b;] =

=1 k=1

= - chi log ci = h(a Vv 3).
ik

CsoiictBo I118.10. FEciu a < o/, 1o hia) < h(d).

Horaszameavcmeo.
B cuny npenpinyinero cBoiictsa u I118.8 umeem:

h(a') = h(a' V @) = h(a) + h(d' | @) = h(a).

CsoiterBo I118.11. Ecmn a < &/, 1o h(a | B) < h(a' | B).

Horasameavcmeo.
ITo cBoiictram 1118.9 u 1118.10 nonyuyaem:

hia | B) = h(aV B) —h(B) < h(c' vV B) = h(B) = h(a | B).
CBoiictBo I118.12.

havd | B) <hla]|B)+h(a|B).
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Horasameavcmso.
B cuny BeinyraocTu ¢yHRIuN z(z)

haVva' Vv )+ h(B) < hlaVB)+h(a V)

niIn

hava' v ) —h(B) <hlav ) —h(B) +h(d VB —h(B).

CnemoBaTenbHo, 1o cBoiicTBy I118.9,
h(ava'|B) < hla]|B)+hd |B).

CsoiictBo I118.13. Ecmu 8 < B, 10 h(a | B) = h(a | 3).

Jorxasameascmao.
IIyctb
#(By. N Bj)

,U/(Bj) = N(Blla | Bj)7

riue

{Bi} =8, {Bj} =0
Tar kak Mepbl p(B'y|B;) MONOKUTEIbHBI, 8 UX cyMMa IpH (GUKCHPOBaH-
HOM j paBHa 1, U3 BbIMYKIOCTH QYHKIUU z(%) cledyeT, 4To

> 2lu(Ai | By)] - u(By | Bj) Zu (Ai | By) - (By | Bj)

’ ‘.
Mockonbry B < B/, rampgoe B; ecTb 06beHEHHe HEKOTOPLIX Dy:

! .
B; = Bi;
kl
ciienoBaTelbLHO,
!
Bk
B]

—

> w(Ai| By)u(Bj, | By) ZNA\BM = u(4i | Bj).
!

Otciofa MBI 3aKkII04aeM:
> #lu(4i | BY) - u(By | B) < z[u(4i | By)).
k

YMHoskadA mpaBy1o U J1eBYIO YacTH Ha y(B;) U cyMMupys 1o 4 u j, noayda-
em I118.13. [ ]
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Ilpembigyuine cBoficTBa pacmpocTpaHAIOTCA HA CUETHbIE H3MepHMble
pas6uenun (cM. Poxaun u Cunaii [5]).

Ecan a u 3 — ABa cYeTHBIX H3MEPUMBIX pa3GUeHUs, TO o HHAYLHpPYeT
Ha KamI0M daeMenTe B; paséuenns 3 ¢ peHOpMUPOBAHHON Mepoii N3MepH-
Moe pasbueHne ap, ¢ 3HTponueil h(ap,), KoTopasa onpedeasem Ycao08HYIO
SHMPONUIO PasGUeHUs o OMHOCUMenbHO [3:

malp) = [ han)dus.

M|

3mece M |  — mpocTpaHCTBO, TOUKAMH KOTOPOrO ABIAIOTCH 3IEMEHTHI
pasbuenua 3. Mepa ug Ha M | B onpepenserca ciedylomuM o6pa3oM:

ecau p: M — M | B — ranonuuecran npoexyus u p~ ' (K) uamnepuno,
mo K C M | 8 nasweaemea u pp(K) = pup(p™1K).

HeTpynHo npoBepuTh, YTO Npeabiayliee onpenenenue sutponun ha|3)
coBIajaeT ¢ onpejeleHNeM, JaHHBIM B KOHEUYHOM ciyuae, Korga pasbue-
HUA o U [J KoHeuHbl. MoHO mpoBepuTh Take cBoiicTBa I118.7-1118.13 u
crefylonye cBoiicTna.

CgBoiicTBo II18.14.
Oyetb a1 < a2 <...< V an =a, torga lim h(a, | 8) = h(a | ).
n—00

n=1

g

o0

CsoiictBo I118.15. Tlycth h(a) < oo u B < ... < V Bn = B. Torna
n=1

lim h(a | f) = hie| ).
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BHTponI/Iﬂ aBTOMOp(pu3Ma «

(Cm. Teopemy 12.26, ra. 2)

JlokameM cledyIomyIo Teopemy?.

Teopema I119.1 (A. H. Koamoropos). FEcaiu a« — obpasyiouiee pasbue-
Hue omuocumeavro @, mo h(yp) = h(a, ¢).

IIpeskne Bcero npruBefeM HECKOJIbKO JEMM.
O6o3HaunM yepe3 ¥ MHOKECTBO U3MEPUMbIX pa3bueHHil ¢ KOHeUHOI
surponueil. lng saganusix «, 8 € F onpemeanm

la, 8] = h(a | B) + h(B | a).
Jlemma I119.2. |a, (| ecmv paccmosnue Ha F.

Horazameavcmeo.
flcuo, uto |a, 8] > 0. Ecau |a, 8] = 0, To h(a | 8) = 0, cienosa-
TenbHo, a < 3 (dopmyna 12.7, ra. 2). TouHo Takxe 3 < «, clefoBaTeNb-
Ho, o = (3. flcHo, uro |a, 8| = |3, a|. llo dopmynam (12.11), (12.12) u (12.9)
(ra. 2),
hlaly) =h(aVy) —h(y) <hlaVBVy) —h(BVy)+h(BVY)—h(y) =
=h(a|BVY)+h(B|y) <hla]B)+h(B]7)

TouHo Takke HMeeM

h(y | a) < (B[ a)+h(y|f).

Kpome Toro, Mbl 3ari04yaeM, 4TO

|, | < |, B + |8, 7]

JTemma I119.3. Ilpu durcuposannom ¢ sumponus h(a, p) Henpepviena
no o na F. Boaee moeo, ecau a, 3 € F, mo

|h’(()‘a (P) - h‘(ﬁs 90) < |O‘7 /6|

1HPI/IBO,E[HMOC AOKa3aTeJbCTBO OCHOBaHO Ha HAecAX A0OKa3aTellbCTBa Poxauna [4]
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Aorkazameavemeo.
Mo ¢opmyre 12.11 (ra. 2), ecau NOTOMKUTD

an=aVeaV...Ve"la, Bn=BVeBV...Ve" 13,
nojyyaemM

B(Bn | an) — B(an | Bn) = [Rlan V Bn) — b(an)] = [A(em V Ba) — h(B,)] =
= h(Bn) — ham).

Hockonbry h(- | -) > 0, monyuaem

|h(Br) — h(an)| < h(Br | an) + h(an | Br)-

C ngpyroii ctoponsl, (eM. gopmyny (12.10), rua.2)

Man | Ba) = haV...Ve"ta| fy) <
<(af Bn) +hlpa| Bu) +... + h(‘Pn_la | Bn)s

a tak kak 3, 3, ..., " 18 < By, nonyuaem (cm. popmyny (12.9), ra. 2):

h(an | Bn) < Ba| B) +h(pa | @B)+ ...+ h(e" o] ") = nh(a | B).

AnanoruunsIiM oGpasom,
B(Bu | an) <nha | B).
CymMmupys, nonyvaem:
h(Bn) — Bam)| < n[h(a | B) + h(B | @)] = nhla, B].

YTBepsaeHue JeMMbl MbI OJYYHM, pa3feluB NPaByIo U JEBYIO YacTU pa-
BEHCTBAa HA 1 U YCTPEMUB 7 K +00. ]

JTemma 1119.4. HKoneunsle pasbuenus naomuwvt ¢ F.

Horaszameavcmso.

Mycts a € F; o6ozuauum uyepesd Ci, Cs, ... — BIEMEHTHI MOIOHLH-
TelbHOH Mepbl pas3buenus «. IIpeAnonomuM, 4TO YHCIO ITUX EMEHTOB
0ecKoHeUHo.

IlycTh «,, — pasGueHue 3IeMEHTOB

C],...,Cn_l,En, ruge En:M\(C;[UUCn)
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Tak rar o, < a, UMeeM:

|, anl = h(a | an) + h(ay, | a) = h(a) — hlay) =

= p(En) log pu(E) Zu )log 1(C)-

Ho lim p(E,) =0,upand u(C;)log u(C;) cxonutes; cienoBaTenbHo,

n—>00

lim |a, a,| =0.
n—o0

|
Jlemma I119.5. FEcau oy, a2, ... — nocaedosamesbHoCms pazdueHul ma-
Kuxr, Ymo
a1<a2g g(]! <O!n+1<...,
(1119.6)

OO
Ve =1

mo mHodvcecmeo pasbuenutl 3 koneunol swmponuu marux, 1mo [ < g,
no Kpaiinetl mepe npu HEKOMOPOM N 6CHOJY NAOMHO 8 F.

ﬂoﬁ'a"}ameﬂbcmgo.

Ilo npeapiaymeil JeMMe, JOCTATOUHO JOKA3aTh, UTO A J11060r0 Ko-
HeuHOro pasbueHHA « M moboro § > 0 cylecTBYIOT HekoTopoe n U 3 € F
Tanue, 4To

B<an, o, Bl <d.

Mycrs Cq, Ca, ..., Cp, — 20emenThl pasbuenusa «. Uz (1119.6) cue-
ayer, 4To mpd Beex ¢ > 0 cymecTByeT HEKOTOpoe 7 U MHOMECTBA
Ci, ..., Cl, _, amrebpet M(ay,) Tarkue, 9T0

p((C;UCH\(CiNC)) <&, i=1,...,m—1.

Moctpoum pasbuenue 3 mHoxecTBa M; ero anemenTwl Dq, ..., Dy,
OIpeAeNAITCA ClIeJy0mUM 00pa3oM:

Dy =Cj, Dy=Cy\(G4NCY), Di=Ci\(Cin(CiU...UCLy))
npu ¢t =2,...,m—1,1u

Dy =M\ (C{U...UC},_,).
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flcno, uto 8 < o, 1

:ZM(CzIOgM +Zu ) log u(D;) —

=1
[ o]
-2 Z ,U,(CZ n Dj) log,u(C’l N Dj).
i, j=1
JTo Dora3bIBaeT, YTo |, (3| HenpepsiBHO 3aBucut or Cf, ..., C) _; u 06-
pamaerca B mHymp npu Cf = Cy,...,C) _, = Cp_1. CienoBarenb-
HO, |, 3| < & npu gocraTouno mamom d'. ]

Joraszameavcmeo meopemot 1119.1.
Ilycth o — o6pasyioliee pazbuenne oTHOCUTENbLHO . [lonoxum

an =9 "av...ve"la.
Torna
ar€az <. <, A1 S en
o
V (@, =1.
n=0

W3 npeppinyineit 1eMMBI clefyeT, 4T0 MHO#eCTBO B pasﬁmeHMﬁ B ta-
KX, uTo 3 < &y TP 10 Kpaiineil Mepe ofiHOM 71, I0THO B F. IlyeTh 3 € B.

ITonaras )\ = @ TTIAV...Vp? 1\ npu mo6om pazbuenun A u ao6om
[elIoM ¢, NMoJydaeM:

5171 < (an)nl - an—i—m—l'

CaenoBaTtenbho (eM. popmyny 12.12, ria. 2),

h(ﬁm) -<\ h(an+m—l)a

OTKYHa

h(ﬁm) < h(Qntm—1) .n+m— 1
m = n4+m-—1 m )
Ho

h(Ag) Al ?IAV...Vp?t))

q q

hAV...V272)) 2¢—1
= 51 ‘=g = 2h(A, p) mpu ¢ — oc.
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CnemoBaTenbHO, yCTpeMIAd m K +00, MOXydaeM:

h(B, ¢) < h(a, p).

Ho muoskectBo B minotuo B &, u h(f3, ¢) wenpepriBia B [ mo iem-
Me I119.3. CaegoBaTenbHo,

ha, ) > sup h(B, v) = h(p),

TO €CTh
h(a, ) = h(p)-



I[IPUNOAKEHUE 20
HpI/IMepr pPUMaHOBBIX MHOFOOﬁpasnﬁ
oTpHullaTeJbHON KPHUBHU3HbI

(Cm. 14.1, rn. 3)

PaccmoTpum rpynny G c¢ABUTOB U MONORUTEILHBIX TOMOTETHl MpA-
moit {t |t € R}.
dneMeHT g rpynnsl G BHIA

g:t—yt+zx, z,yeR, y>0,

MOKHO 0603HauuThL (Z,Y).
Ecau g’ € G coorBerctByer (&', y'), TO

ggt) =ylyt+z)+z' =yyt+y'z+a'.

JTOo IOKa3bIBAET, UTO €ClIM | 03HAYaeT 3aKOH KOMMO3UIUH rpynnsl G,
TO
1o T 't
(xvy)J-(xvy)_(yw+wsyy)'
EpunnunbiM snemedToM e ABngercd (0, 1). daementom, o6patHeiM (x, y),
z 1
caymut |—3, o).
Y ( y’ y)
Onepanusa L u nepexog K o6paTHOMY 3JIeMeHTY — omnepaiuu aupde-

penuupyemsle. CrenoBarenbno, G — rpynna Ju, anddeomopduas nomy-
nnockoctu {(z, y)|y > 0}.

Teopema I[120.1. MeTpuka rpynnel G. JesounsapuaHmuas mempura
na epynne G, ydosaemsopsiowan npu x = 0, y = 1 yeaosuo ds* = dz?+dy?,
umeem 6ud:
dz? + dy?
d52 = 72?4
Y
Horasameavcmeo.
Ob6o3nauuM yepe3 L x JeBoe JelicTBHE:

Lx(U)=X LU, X,UE€G.
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Ecau X = (x, ), U = (u, v), 10

Ly (U) = (“ 7 z %) )

CJIe,IlOBaTeJIbHO, KacaTelbHOe JIMHeilHoe 0T06pameHHe L},l uMeeT BUJ

Ly &= (Z_ig) npun €= (2) € TGx. (1120.2)

YeTaHOBUB 3TO, OlpeelnM MeTpuKky Ha airebpe Jlu T'G, ciepyomum
ofpazom:

(pl)e = (91)? + (p2)?, @ = <:§;) € TG..

B ramyoit Touke X u3 G 3T0 onpenenseT NeBOMHBAPHAHTHYIO METPU-
RY, €ClU IOJI0AKUTD

€18x = (Lx-1&| Lx-1§).

CrepoBarenbho, u3 cootnomennii (1120.2) nonyuaem:

(&) + (&)?

(€1&x = — F mpu X = (z,y) € G.
Takum 06pa3oM, MeTpuka ds? UMeeT BHJ:
dz? + dy?
d32 = Lzy (HZO.S)
Y
|

Omnpepenenre I1120.4. Tonynnockocts {(x, y)|y > 0}, cHaGmeHHasn MeT-
puxoit (I120.3), naseiBaetes naockocmeio Jobauesckozo.

InoGanbuan cuctema koopauHaT (x, y) HasbIBaeTcA Modeavio [lyanrape
2eomempuu Jobaiesckozo.

YenoBuMeA TMpelcTaBIATL TOURY (¥, y) MmIockoeTd JobGaueBckoro
KOMIUIEKCHBIM UUCIOM 2z = T + ¥.
Teopema I[120.5. U3omerpuu rpynmnsl G.

Cummempusn (z, y) = (—x, y) u 2omoepaduu

a,b,e,de R, ad—bc=1, (1120.6)

aeasomesn uzomempuanu smempuru (1120.3).
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,Z[ormsameﬂbcmso CBOJUTCA K MPOCTBIM BbIUYHCJIEHUAM, eC/IH 3aMeTHUThb, UTO

—4dzdz

ds® = s
T ema

rge z =2 —1y. -

Teopema I120.7. Veant mempuru (I120.3) cosnadaiom c¢ yeaamu esraudo-
801l MempuKL.

Jorazameavcmeo.
Beauuuna
dz? + dy?
2
Y
nponopuronannia dx? + dy?. [ |

Teopema I120.8. T'eogesuueckue. [leodesuveckue mempuru (1120.3) —
noaynpamote, napatteavivie Oy: xo, y > 0, u noayoxpyxcHocmu ¢ yenmpa-

#su na Ox. B wacmuocmu, cyujecmeyem o0Ha U MOAbKO 00HA 2e0de3uveckasn,
npoxodaujan iepe3 dse 3adaHHble MOYKU.

,Zlonasameﬂbcmeo.

Ilo Teopeme 1120.5, cuMMeTpua x — —x coxpaHfieT MeTpuRy. [lockonab-
Ky 9Ta CUMMeTpHfA coXpaHfeT Takie noaynpavyio z = 0, y > 0, ata
HOJTynpAMasA — reofie3uvecKasn.

O6pas reogesuueckoit x = 0, y > 0 nox JgeficTBUeM H30OMETPUU
(T120.6) ecTb reogesnveckad. Tarum 06pasoM, NOIYYAIOTCA Bee MOTYOKPYH-
HOCTHU C NleHTpaMu Ha ocu Ox U BCe MOAYNpAMbBIE & = Lo, ¥ > 0. ATU-
MH HOJYORPYMHOCTAMHU U NMOJYIPAMBIMHA NCYEPIIBIBAIOTCHA BCe reogesnvec-
KHUe, Tak Kak A4 11060ro BeKTopa NONYyMIOCKOCTH Beerja cyllecTByeT Io-
JTYOKPY#HOCTL ¢ weHTpoMm Ha ocu Ox (miu noaynpamas, napaiielbHas
ocu Oy), KacaTerbHafd K 9TOMY BEKTODY. [

Teopema I120.9. Kpusuzua. [loanas rpususna mempuru (1120.3) no-
cmoaxna u pasHa —1.

Jorasameavcmso.

MuBapuaHTHOCTL METPUKU OTHOCUTENLHO npeoGpaszoBanuii (1120.6) no-
Ka3bIBaeT, 4TO KpuBU3HA K mocToAHHA.

Eciu ABC = A — reoaesuueckuii TpeyroibHHUK, To M0 Teopeme [a-
ycca—bBonne

LA+ /B+/C =7+ // K do =7+ K x (mnomags TpeyroibHnka A).
A
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y at
1]
0|=B ————C <x
T
Puc. 1120.10

BriGepemM 3amITpMXOBaHHBIH TPEYTONLHMK B KavecTBe T'e0le3UYecKoro
(puc. 1120.10)

Ero yras! paBHBI HyIIO, rAnepGonnyeckyii 31eMeHT IJIoNaAu paBeH

do — rl.’t:;ly7
Y
ClleIoBaTelbHO,
r oo
mjaomans ABC = 2/ dx / % = .
0 rsin 6
Tarum o6pazom, K = —1. [

Teopema [120.11. AcuMIToTHUecKMre reojesuueckue. Ilycms
y(u, t) = y(¢) — eeodesuyeckan, napamempusoeannas daurnotl ceoetl dyeu,
g — mouka noaynaockocmu. Toz2da

1) wepes mouru g u (1) npoxodum zeodesuieckds u NPUMOM MOALKO
o0Ha;

2) npu t; — 400 (coomsememsenno, npu ty — —00) ama 2eodesuteckan
CIMPEeMUImes K npedesvHoMy NOA0NHCEHUID;
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3) amo npedeavroe noaodxceHue ecmy 2e0fe3uieckan, NPorodawas iepes
moyky g u nepecevenue y(+00) (coomsememeenno, y(—00)) kpusoti y
¢ ocvio Ox. Ima 2eodesuteckan Ha3bleaemMea 2€00e3UHECKOL, NOAOHCU-
meabro (C00MmBeMCmMeeHHO, OMPUYAMEAbHO) ACUMIIMOMUYECKOl K .

Horasameascmao.

Mycts y(t1) — Touka rpuBoit v. Yepes g u ~y(t1) IpOXoAUT OKpY:H-
HOCTb, UMeI0INana eJUHCTBEHHbI NeHTp Ha ocu Ox (B Tpejene 3Ta ORPYk-
HOCTBb BBIPO/JAeTCA B IPAMYI0, napaiensHyio ocu Oy). Ilo Teopeme 1120.8,
3TO JoKa3biBaeT yTBepaenue 1.

Y

o [yt T x

Puec. 1120.12

U3 ¢opmyasr (I120.3) ana merpuru BuAHO, 4TO mpH &1 — +00 (co-
OTBETCTBEHHO, mpu £ — —0o0) ¥(¢1) crpemurea Kk ocu Oz, T.e. K mepe-
cevyeHuio y(+o0) (cooTBeTCcTBEHHO, v(—00)) reofesnyueckoii y ¢ ocbio Ox
(em. puc. 1120.12). o genaeT 0UeBHAHBIM OCTAIbBHYIO YacTh TeopeMsl. Ta-
KMM 00pa3oM, reojieaudecKie, MOM0UTEIbHO acuMIToTHYeckre K (), fAB-
JAIIOTCA MONYOKPYKHOCTAMU ¢ MeHTpaMu Ha ocu O U MONAYIPAMBIMIE, Ha-
panennunie ocu Oy, npoxoadmue yepes y(+00). ]

Onpepenenve I1120.13. Opunuiaer!. TpaeKTOpHH, OPTOrOHANbHbBIE N0-

IHOHHTI/IG, peeneHHoe H. U. Jlo6aueBckumM.
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JOKUTENLHON (COOTBGTCTBGHHO, 0TpnuaTean0ﬁ) aCUMIITOTHKe reoje3u-
4eCcKoi 7Y, Ha3blBarOTCsA NOJOMUTENbHbBIMHA (COOTBBTCTBGHHO, oTpuuaTtelb-
HbIMI’I) opuyukraamu reoje3nyecKoi Y.

Teopema I1120.14. Opuyukasamu cayxcam OKPY#HOCMU, KaAcAMmenbHble
(ceepxy) k y = 0, u npamvie y = const > 0.

Horazameavcmeo.

Haiigem (misi ompemeleHHOCTH) MOJORUTENLHBIE OPUIMKILI TE0/IC3H-
YyecKoit 7.

ITo onpepenenuto 1120.13 u Teopeme 1120.11, 3T0 — TpaekTOpHH, OPTO-
roHANbHBIE HOLYOKPYHHOCTAM, NPOXOIAIUM Yepe3 y(+00) ¢ ueHTpamMu Ha
oct Ox (M pacrofioMeHHbIM Haj Heit).

Husepcens ¢ nomocom y(+00) = (0, a):

:c+z'yfa%_.71
T—iy—a

npeo6pa3yeT 3TH NOJYOKDPYMKHOCTH B MOIYIIPAMEBIE
y <0, x = const.

TpaekTOpUAMHU, OPTOTOHATLHBIMH STHM MOJYTPAMBIM, CIY#aT NpA-
Mble, napaiienbHele ocu Ox:

y = const < 0. (1120.15)

Ho nama unBepcus ecTh MHBOMIONKA, COXPAHAIONAA YTIbI, U €BKJIUIO-
BbI YIUIbI PaBHBI pHMAaHOBbIM yriaam (Teopema I1120.7). HosTomy oGpasamu
npambix (1120.15) oTHOCHTeNbHO Hallell MHBEPCHU CIY AT MCKOMbIE OPTO-
TOHATbHBIE TPAGKTOPHH: 3TO OKPYKHOCTH, IpoXojsAmue uepes y(+0o0), Ka-
catenbHble K ocu O U pacnonoxeHHble Han ocbio Ox (cM. puc. 1120.12). m

Teopema 1120.16. PumaHoBBbI OKpPYsHOCTU. Opuuyuraamu cayxcam
PUMAHOBBL OKpYHcHOCU GeckoHedHo20 paduycd ¢ yeHmpamu HA GecKoHey-
Hocmu.

Horasameavcmso.

PaccMoTpum Bee reofesudeckue, IPOXoAALIUe YePe3 TOUKY M: 3TO ce-
MeHCTBO NOIYORPYHHOCTEll, MPOXOIANIKNX Uepe3 TOUKY 1 U OPTOTOHATbHBIX
ocu Oz (Teopema I120.8).
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Wx TpaerTopuu, opTOroHanbHble B PHMaHOBOM (MM €BKIHIOBOM,
cm. Teopemy I[120.7) cmbicie, IMeIOT BUA PUMaHOBBIX OKPYKHOCTEH ¢ LEHT-
POM B TOYKE m. ITO — OKPYMIHOCTU MyuKa ¢ Toukamu Iloucene m u m'
(Touka m’ cuMMeTpuYHA TOYKe 1 OTHOcHUTenbHO ocu Ox). B wacTHocTH,
cTeneHb ToUku ocu Or OTHOCHTENbHO OJHOH M3 3TUX OKpYKHOCTell paBb-

1 2

4 !
Ha 4(mm)

n
m
Y
¥ (+9) x
m
Puc. 1120.17

YcTaHOBUB 3T0, pACCMOTPUM PUMAHOBY OKPY#{HOCTb, IPOXOJAIIYIO Ue-
pe3 HEeNOABHIKHYIO TOUKY 7o leofle3suuecKoil 7 U LUeHTp m Ha reojesnyec-
Ko#t 7y (cm. puc. I1120.17). Ecau Touka m ypanfeTca B 6eCKOHEUHOCTD IO 7,
T.e. ctpemuted kK Ox, To mm’ — 0. CiegoBaTenbHo, cTeneHb Touku ocu Ox
OTHOCHTEILHO Hallel OKPYKRHOCTH cTpeMuTcA K Hyno. Takum oGpazom, Ha-
14 OKPYAHOCTH B IpejieNie MePexoJuT B OKPYHHOCTE, Kacalolyloca ocu Ox
B Touke (+00) U MPOXOAAWIYIO Yepe3 TOURY 7, T.€. B ODUIUKI (Teope-
ma 1120.16). HaoGopor, ficHo, 4To TakUM 06pasoM MOLyYalOTCS BCE OPUIHK-
TBI. [

Teopema I120.18. [ycms v(u, t) uvy'(u', t') — dee ssaumno acumnmo-
muueckue 2eodesuieckue, napamempuzosantsvie dyeoti t. IIpu nodrodaujem
sbliope Havara omcyema Ha v u vy umeem:

d(y(t), ¥'(t) <ae™', ¢

WV

0,

20e d — pumanoso paccmoanue mexcdy mouramu e2eodesudeckuxr y(t)
u~'(t"), a — nocmoannas, e sasucawasn om t.
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Yy

Puc. 1120.19

Horasameavcmeo.

BriGepem Havana oTcueTa 1 Ha reofle3ndeckoii ¥ u n' — Ha reogesuuec-
Ko v/ Ha ogHOM M ToM e opunukie (cm. puc. 1120.19). Ecan m u m’ —
TOUKH TepecevyeHHA Ieofe3NYeCKuX y U 4/ ¢ OPUIUKIOM 2, TO AYrH 7m
u m paBubI (1 u 2 — napanneabHblie kpusble). [lyeth

T
nm

am =

1 <
Beruscaum mm' Ha opunuiie 2. YpaBHeHUe OPHIHEIA 2 HMeeT BHUI:
r=rsinu, y=r+rcosu,
OTKYJla, MCNIONb3YA COOTHOMeHKe A ds?, moaydaem:

m

- [

m

3

1 +cosu

TouHo Takme Ha OpUIINKIIE 1 umeem:

H !
nn' = tg UT” — g5
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AHanoruuHeie BbIYNCIEHUA MMOKAa3bIBaloT, 4YTO

t:mzlog‘tg%| —log thTm ,
— s ,
' =n'm' = log ’tg Un | _ log ‘tg ui‘ )
= 2 2
CrenoBaTennbHO,
Un Upt Up! U
et_th_tg2_tg2 tg2_n—>n'
o Um - Uy o LU _ Um o —)I’
t ) tg 5 tg 5 tg - mm
—y  —

mm' =nn -e L.
Ho pumanoBo paccrosnue d(m, m') MeHbllle WIW DPaBHO NJIMHE IY-
—
I mm', T03TOMY

—
d(m, m') < nn' - et

0O6o06menue 1120.20

OueBngHoe 0000II€HEe Mbl I[OJAYYUM, CHAOGOUB IMOJYIPOCTPAHCTBO
2, > 0 mpoctpanctBa R" MeTpukoii

(dz1)? + ...+ (dz,)?

()

dTo — mnpocTpaHcTBo JloGaueBCKOro TNMOCTOAHHOW KPUBHU3HBI, paB-
HOi —1. OpULHKIBI MpeAcTaBIAOT co6oil (n — 1)-MepHble MHOrOOGpa3ud,
a MMEHHO: eBK/JINIOBbI INIOCKOCTH &y, = C' U eBKIUJOBEHI cdhepbl, KacaTelb-
HbIE K INIOCKOCTH &, = ( U pacmnoloskeHHbIe o] IIOCKOCTBIO Xy = 0.

ds® =




I[IPHIOKEHUE 21
Hoka3zaTejJlbCTBO TeOopeMbI
Jlo6aueBcroro— A gamapa

(Cm. 14.3, ra. 3)

A. MHoroo6pasusa oTpuLlaTeJbHOI KPHUBU3HBI

HanomuuMm cHayana HeKOTOpble KIaccHueckye CBOHCTBA PMMaHOBBLIX
MHOroo6pasuii oTprulaTeNbHOHl KPUBHU3HBI.
Teopema I121.1. Iycms V — noanoe odnoceasnoe pumanoso mMuo2000-
pasue ompuyameavroll kpususnvt. Toeda:

1) Cywecmsyem o0Ha u moavko 00Ha 2eodesuveckan, NPoxodawas wepes
dse JdaHHble PA3AULHbIE MOYKIL

2) V dugdeomopdno esraudosomy npocmpancmey;

3) nycmv ABC — e2eodesuneckuii mpeyzoavHuk, yeast komopoeo A, B, C,
a cmopousl a, b, c. Tozda:

a? + b2 — 2abcosC < 2.

JoxasatenbcTBO MoMeT GbITh Halizeno B pabore C. Xearacona [1].
IIpAMBIM pe3ynbTaToM fiBadeTcA clelylollee cleJcTBHe:

CnenctBue I121.2. Yuumbigan eviuieynomanymoie npeonosoxcerus, pu-
Manoswvt cepol V' aeaaomea evinyrablMU, MO ecmb 2eodesuieckan umeent
He Ooaee deyr obwux co cdepoll moiek.

B. AcuMIITOTHI K JaHHOI reoaesniyecKkoii

RKak o6eruno, y(z, u, t) = v(t) = v o603HaUaeT re0AE3UUECKYIO, HCXO-
IAMYIO I3 & ¢ BEKTOPOM HaualbHOI cKOpocTH w U AnuHOi nyru t. Touka
Ha 7, COOTBETCTBYIOMIAA £, TaKKe 3anuchbiBaeTca dyepes (t). Pumanoso pac-
CTOAIHUME MeMmAYy AByMsA TOUKaMmi a u b oGosHauaeTca 4epes |a, b|. Yepes V
0603HAYNM TOIHOE, OJHOCBA3ZHOE PUMAHOBO MHOT00Gpasue OTpUllaTelbHOIt
KPUBUBHBI.
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Teopema I121.3. [ycms v/ — moura us V. Ieodesuweckasn, coedunsaio-
wasn v' ¢ mouroii y(t) € vy, cmpemumen k npedeay, ko2da t — +00 (coom-
semcmeenHno, t — —o0). Imom npedea asaaemes zeodesuyeckod.

Jorazameascmeo.
CwM. puc. 11214

X u 7(t) 7(t) 4
Puc. 11214

Tousu o' u (t;) onpemeldfAlOT Oy U TOJALKO OJHY Teoje3udec-
ryo y(v', uy, t). Homomum s1 = |v, y(¢1)|. Bosbmem &3 > ¢ u mpume-
HUM HepaBeHCTBO (3) Teopewmsbl ([121.1) K reoge3uyecKoMy TpPeyrolbHHU-
ry v', v(t1), v(t2). B oueBUAHBIX 0603HAYCHUAX HMEEM

(82)2 + (81)2 - (t2 — t1)2 < 28189 COS(Ul, 'U.g).

C 1pyroii cTOpOHbI, HEPABEHCTBO TPEYTONAbHUKA, IPIMEHeHHoe K v, v, Y(f1),
naet
’ ’
t1—|v,v|<31<t1+|v,v|,

OTKyJa
81 =1t + 0(1), t1 = +0o0.

Ananoruuso,
8o =ty + 0(1), to — +00.

B pesynbTarte nonyuyaem

lim cos(ug, ug) =1
o, A, cos(uy, up) =1,
TO €CTh

lim (@, u2) = 0.
t1,ta—=+00
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TakuM obpaszom, coriacHo Komwu, w; cTpeMuTesa ¥ mpefmeny u', Koraa

t1 — +oo.

TFeopesuueckan ~y(v', u', ) sABIAETCA NpENEIbHLIM OJIOEHUEM
¥(v', w1, t), MOCKONBKY BKCHOHEHIHAIbHOE 0TOOpasKeHHe exp,, HenpepbIB-
Ho. Teomesuveckan +y(v', u', t) HasbiBaeTcA noAoKUMEAbHOU dcuMnmo-
moil 7. OTpuuaTenbHble ACHMITOTHI ONpPeleAI0TCA NOTOGHBIM 06pa3oM
npu t — —oo. |

3AMEUYAHUE I121.5. Jlerko mokasaTb, UTO MOJOKHTeIbHad acHMITOTa K vy, HC-
XO/lAMAad U3 AaHHO TOUKM MONoMUTeNbHOi acumnToTel y(v', ', t) ABAAETCA HU-
YeM WUHBIM, Kak < (reoMerpudeckn). Takum o6pasoM, MOKHO FOBOPUTE O MOJIO-
FUTENLHON acCHMITOTE K -y, He YIOMUHAA ONpe/ieeHHyIo Touky v'. Boiee Toro,
MHO{€CTBO IIOJ0KUTENbHBIX aCUMITOT K 7 ABafeTes (dim V — 1)-napametpuyec-
KHM CceMeHCTBOM reofie3uUecKux.

C. Opucdepsr’ V

MMycrs cHoBa V' — mosHoe, 0HOCBA3HOE PUMAHOBO MHOrooGpasue oT-
punatenbiioil kpuBususl. Ilyets y(v, u, t) = v(t) — reogesuveckas u v' —
[POU3BOIbLHAA TOuKa u3 V.

Jemma I121.6. Pasuocmo

W', v ()] = o, v(0)] = $(¢)

cmpemumes K KoHeunomy npedeay L(v'; v, v) npu t — +00. Imom npedea
aeasemea CL-duddepenyupyemoii dynryueti v' u v.

Horasameavcmao.
Mpumewm t2 > t;. HepaBeneTBO TpeyronbHuKa, npuMenenHoe k v', (1),
¥(t2), nact

p(t2) = [v', y(t2)| = v, v(t2)| < |V, v(82)| + [v(t2), v(E2)| — |v, ¥(t2)] =
= V', y(t1)] — v, y(t1)] = o(ta).
Tarum oGpasoMm, p(t) MoHOTOHHO y6biBaeT. C Apyroil cTopoHbl, (t) orpa-

HHYeHa, TOCKOJIbKY HEepaBeHCTBO TPeyTolbHHKA, MPUMeHeHHoe K v, v, ¥(1),
Jaer

lo(t)] = 10", /(O] o, A(B)]] < [0, '],

1Cm. A.Tpanr [1].
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4dTO JOKasbIBacT cylecTBoBanue mpejena

lim o(t) = L(v'; v, v).

t——+o00

BTO])OC yTBepsiacHnue cjeayeT u3 HepaBeHcTBa

|[|fviv 7(t1)| - |1)1, 7(t1)|] - [|1)/, 7(t1)| - |'Uv 7(t1)”| < |U,v Ull| + |U7 'vlla

TO €CTh
|L(vy5 7, v) = L(v's v, 0)| < [0, vi] + v, vl

OyeBugHO, YTO
L(v'; vy, v) = L(v'5 vy, v1) = o1, (II21.7)

rie vvp anrebpandeckas Mepa vv; Ha OPHEHTHPOBAaHHOI reojesuuec-
KOH 7.

Onpepenenve II21.8. TeomeTpuueckKoe MecTO TOYEK X, MJIA KOTO-
puix L(z; v, O) = 0, nasniBaeTca noaovcumeaviot opucdepoti, upoxopsmeit
gepes Toury O Ha v, n Gyzaer o6osHayaThed depes HT (v, O).

Cornacno nemme (1121.7), HT (v, O) apaserca C'-guddepennupye-
MbIM noamHorooGpasuem pasmeproctu (dimV — 1). Ilyets vy — npous-
BoIbHas Touka Ha y. OTHomenne (I121.7) nokassiBaet, uto H (y, O) umeer
ypaBHenue

L(x; v, v1) = Ows.

Monyuaem opucdepsl, ABIAIOMKECA chepaMu GeCKOHEUHOT0 pajuyca ¢ IeHT-
poM B GecsoHeYHOCTH. PuManoBa cdepa ¢ IeHTPoM B TOUYKe a, NPOXOAAIasn
uepes b, Gyaer obozunauarned » (a, b).

Jdemma M121.9. Y (y(t), O) empemumen k H* (v, O) npu t — +00.

Joxasameavcmeo.
IlycTh & — Touka moJomuTedbHol opucdepst HT (v, O). Hmeem

o(t) = [a, ¥(t)] = 10, ¥(B)] = 0 mpu ¢ = +oc.

C apyroit ctoponsl, p(t) > 0. Taxum obpaszom, Y (y(t), O) mepeceraet
0Tpe30k reojeauueckoil y(t) B Touke b(t) (cm. puc. 1121.10).
Nmeem

|z, b(t)| = |2, v(B)| = |y (), b(t)| = |2, v(#)|—|O0, v(#)| = 0 @mpn & — +oo.
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8

Z(y(1),0)

o 7(t) 7

H'(y,0)

Puc. 1121.10

JTo 03HAYAET, UTO Ka#ad TOYKA MON0KATENbHON opucdepsr H (v, O) aB-
afercs npeAensuoit Toukoit cdep > (y(t), O) npu t — +oo. O6parHo, goKa-
AeM, UTo Takas NpelelbHasa Touka npuHamie:xut HT (v, O). lycts b(t) —
Touka chep > (y(f), O)uzx = t_l)iinoo b(t) . HepaBeHcTBO TpeyroibHUKa faeT

[z, (@&)] = [0, O] < [l2; ¥ @) = [b(2), v @) | + [1B(2), ¥@)] = 10, ¥(@)]| =
= |z, b(t)] =0 mpu t— +oo.

Tarum o6pasom, L(x; v, Q) = 0, To ecTb

+
x € H (v, O). -

Cnenctsue I121.11. Opucdepol a8a10mcea blnyKAbLMU U, €CAL KPUSUIHA

MHO2000pasus V ozpanuvena ceepry ompuuamevHoll nOCMOAHKHOL, cmpo2o
BbINYKABLMU.

Horasameavcmso.

Opucepa Ht(y, O) ABaseTcA npeeloM MapoB, MPOXoAAMUX Yepes O
U [EeHTP KOTOPBIX CTPEMUTCA K GeCKOHEUHOCTH BAOMb 7y, U 3TH WIAPbI BbI-
nyriaste (cm. [121.2). ]

Jemma I1121.12. ITyems H* (y, O) u H* (v, O) dee opucgepvt na .
Ecaua € HT (y, O) ud' € H* (v, O'), moeda |a, d'| > |0, O'|.
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Hokasameavcmeo.
Ilpeanonoxkum, uto |a, a’| < |0, O'|. U3 (1121.9) 3armoyaem, 9To Kazu-
oMy t coorBeTcTByeT Touka a(t) € Y (y(t), O) Taxasm, uro

ol =,

u Toura a'(t) € >.(y(t), O') raras, uro

lim o'(t) = d'.
t—+o00

Tarum o6pasoM, AJIA JOCTATOUHO OOIBIINX £, HMeeM
la(t), a’(t)] < |0, O'|.

He menasa o6muocTH, OpenoiouM, 4To Touka O NemuT MemIay Touka-
mvu O u y(t). llonyuaem crepyromee npoTHBOpeYre

la(t), y(B)] < la(®), o' ()] + |a'(t), v(B)] <O, O +]d(2), 7(t)] =
=10, ()| = la(), v(#)]-

Jlemma I121.13. [se noaoscumeavuvie opucdeprt HY (v, O) u H (v, O')
ompesawom 0dyey daunoii |0, O'| na raxcdoii noaoscumeavHoll acumnmone
K 2eodesuyeckoll .

Horazameavemso.

Ilycts v(a', w, t) — nonomuTEeNbHAA aCHMITOTA K Y, KOTOpas IHepe-
ceraer Ht(y, O') B Touke a'. Tousn ¥(t) u o’ onpenensior reogesuvec-
KYIO, Ha KOTOpOil BhiGepeM Touky a(t) Tak, uto |a(t), o'| = —L{a’; v, O) =
= |0, O], u Toura a' nemut mexay a(f) n y(t) (cm. puc. 1121.14). Ilo-
CRONBKY SKCIOHEHI[HATbHOE 0TOOpaNeHne eXp,, HeMpepbIBHO, NONyYaeM

lim a(t) =a€~vy(d,u',t) n |a,d|=—-L(d;~, 0).

t—+o00

OTcioga BLIBOAUM, UTO

[la, Y] 10, 7] < lla, a(®)] + [a(e), 7(1)] ~ 10, 1B)]] =
= [la, a(®)] + @' (), (O] = 0, YD) > 0 npu = +oc.

Takum o6pasom, a € H* (v, O). [ ]
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o o' 7(t) ¥

H'(y,0) H'(y, 0

Puc. 1121.14

Teopema I121.15. [oaoxncumeavHsle acumnmomsl K 7y A6AAWMCA OPMO-
20HANLHBLMU MPAEKMOPUAMU NOAOICUMEABHHLY Opucdep Ha .

Jorasameavcmso.

HNokazaTenbcTBo TeopeMbl [121.15 fABAAeTcA NpPAMBIM cleAcTBUEM
aemM 1121.12 u 1121.13.

Haronen, 3ametnm, uTo oTpunarenbubie opuctepst H~ (vy, O) onpee-
AAIOTCA aHATOTUYHO U3 OTPUUATEIhHBIX aCUMIOTOT (& — —00). [

D. Opucdeps: va 71V

YHuTapHO€e KacaTelbHOe paccioeHue MHOroopasua V oGosnadaercH
uepes T1V u p: T1V — T ABnfAeTcA KaHOHUYECKOH MpoeKIUeil.

Ilycts v — Toura Ha T1 V; u onpefienser reofesndeckyo y(pu, u, t) =
= vy(u,t) = ~v(t), nonbem koropoit B 71V cHoBa 0GO3HauaeTcs dUe-
pes ~(t). U3 pasgena B HaM M3BECTHO, YTO CYIIECTBYIOT jBe opucde-
pet HT (v, pu) = H*(u) u H™ (v, pu) = H™ (u), npoxogAmue 9epes pu.
Mio#eCcTBO YHUTAPHBIX BEKTOPOB, opToronaibubix Ht(u) (coors. H™ (u))
prons H*t(u) (coors. H™ (u)) U OPUEHTUPOBAHHLIX NOAOGHO © ABIACT-
ca (dimV — 1)-pasmepHubiM noamHorooGpasuem #t(u) (coots. S~ (u))
Ha 71V. llonmHoroo6pasus . nasviBaiorca opuchepavu usz 71 V.



184 Hpunosncenue 21

Teopema I[121.16.

1) Bee y(u, t) u nodmuozoobpasun 7€+ (u), S~ (u) asaswmen caoenu-
anu TV,

2) B kaxcdoti moure u € TV smu caoenus mpanceepcasvbisl, mo ecime

T(TYV)y = X © X5 Za,

20e X (coomeemcmeenno, X, , Z,) a6anemca KACAmeabHbLM NPOCMPAH-
cmeom & SV (u) (coomeememsenno, = (u), v(u, t)) © moure u;
3) Imu paccaoeHUA UHBAPUAHMHBL OMHOCUMEAbHO 2e00e3Uieckozo no-
moka @y
o1 (u) = A (pyu),
ey(u, t') = v(pru, t).
Horazameavcmeo.
(1) CnenyeT U3 camMoro NoCTPOEHUA CIOEB;
(2) Caenmyer uz crporoit Beimyknoctu HY (coors. H™) (em. T121.11);
(3) Cnenyet us teopemsr 1121.15. ]
NHBapranTHOCThL paccioeHuil CBOJUT ucclaefoBaHue AuddepeHnua-
na pf K uccaegoBaHuIo ero orpannduenuid ma T (w) (coots. T (u))
u y(u). Tenepnb, B 3aBeplleHne NPEANOIOMUM, UTO V fBIfAETCH yHHUBEp-
calbHbIM HAKPBITUEM W KoMmakTHOro pumaHoBa MHOrooGpasusa W oTpu-
naTelbHON KpuBU3HBL. B uacTHOCTH, KpuBu3Ha V orpaHndeHa CBEpXy OT-
puLaTeabHONH NOCTOAHHON — k2.
JTemma I121.17. Iyeme ry(t) — odnonapamempuieckoe cemelicmso
(s > 0) uucaosvir, C?-duddepenyupyemoir dynryuti. Mpednosoxcum, wmo

7y > k?ry (k= const > 0)

Oas gaxndwx s,t =0 urs(0) > 0, r4(s) = 0. Toeda

hlk(s — ¢
rs(t) < rs(O)M npu 0<t<s.
chlks]
IlIpednoaoscum mardice, wmo
lim 7, =0.

§——+00 t=s
Tozda, dasn docmamodno GOALWIUT HAYCHUIL S,
shlk(s — 1))

, 0<t<A.
ch(ks) i =

|75 ()| < krs(0)
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Hokasameavcmeo.
OyHRIUA
75(0)
I(t) = rs(t) — hik(s —1¢
(6)=ro(t) ~ iy Chlk (s =)
yIOBJIEeTBOpAET

I,(t) = E1,(t), 1,(0)=1,(s) =0.

Tarum o6pasom, [; BorHyT Memnay 0 U s U IpUHUMaeT HylIeBoe 3HaUeHHE
npu t = 0, s, cnegoBarensHo I, (f) < 0 mpu 0 < ¢t < §, YTO AOKA3bIBaeT mep-
BYIO 4acTb JIEMMbI. JTO TaKKe JJOKa3bIBaeT, UYTO A yBeanuuBaercs Mexkay 0
u s. Takum o6pazom, ig(t) < is(s) npu 0 < t < s. C apyroit cTopoHb!

shlk(s — t)]

I,(t) = #4(t) + kry(0) o]

B 4aCTHOCTH,

[(t) <Iy(s) =7,(s) >0 mpn s — +00,

OTKyla BTOpad yacTh Jerko BBIBOJUTCA. [ |
Teopema II121.18. Iycmo ¢ — eeodesuveckuii nomoxr nodmHozoo6pa-
sua TV . Tozda, daa 4106020 noaojcumeavHozo wucaa t
* —kt
97l < be (€

o 1Pl > ae™ gl ecau €€ X,
o gzl <be ™ lgll, ecan €€ X

Hoaoxcumenvhble nocmosannsie a u b Hesasucumor om t u &; || || o6osna-
yaem dauny eexmopa u3 T1V ¢ o6vtunoil pumanosoti mempurkoil.

<
lp7€ll > ae™ (¢

Horasameascmeo.

TokaseM TonbKO MepBoe HEPaBEHCTBO, CNPAaBEIINBOCTL OCTAIbHBIX
MoO3seT OBITh J0Ka3aHa TeM ke CIoCOOOM.

Ilycts v(0, u, t) = v(t) = v reogesuveckaa us V u nyctb x ToY-
ka us H*(y, O), nocrarouno 6nuskasa & Q. CymecTByeT onpejeneHHas
reogesuveckas v,(z, ugs, £) = 7,(t), npoxogaman uepes x u y(t) € 7.
Hame nepsoe HamepeHnue 3aKjaiodyaeTcsA B BLIYHMCJAEHAH PHMAHOBA PaccTO-
AHNA Mempy Touwkamu Y(t) u Ys(f), paccMaTpUBaeMbIMH Kak 3IeMeH-
o1 T3 V. IlyceTh 74 (t) — prMaHOBO paccTOAHHE MeHK Y MX MpoernuAmMy 7 (f)
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i v(t) ua V. Jlaa toro, 4To0bl BRIYKCAUTH T4 (t), paccMoTpuM mnoie Hko-
6u? 1(¢) BIOAD y, KOTOPOE OPTOTOHANIBLHO K Y M KOTOPOe 06pallaeTca B Hylb
npu t = s. Ilo onpenenenuio,

<R(77 "/])77 ) = _<V2d)7 V),

rae R( -, ) ABaseTca TeH30poM KpuUBU3HBL U V KOBapHaHTHAA MpPo-
usBojHad Baoab . Ilo onpeaenenuio, CCKUMOHHAA KPUBU3HA B ABYMEPHOM
npocTpaHcTBe (7, ¢) UMeeT BUJ

<R(73 lﬁ)')’v "7[J>
(2] o—

N3sBecTHo, uto p(¥, 1) > —k?, ciefoBaTenbHo,

p(¥, ¥) =

(V. ) > Rl
C npyroii cTOpOHEI,
(VZYP, ¢> = V<v¢a Il/}> - ||V¢||27
V(T ) = BV = YL e,
2
d
vol” > (i) -

Tarum o6pasom, auauHa ls(t) us ¢(¢) yaoBieTBopAeT HepaBeHCTBY

()" = (1)* > kI3,

DO =

TO eCTb

s > k%, n 1,00)>0, I(s)=0.

Jlemma (I121.17) u Knaccuveckas BO3MOMKHOCTD BeIGpaTh noie fIko6u ¢ Tak,
qT0
rs(t) = 1) + 0(1),

IpU &, TOCTATOUYHO GIU3KOM K 7y, aeT

chlk(s — )]

rs(t) < rs(0) chlks]

mpu 0<t<s. (1121.19)

2Cm. Jz. Muanop [1].
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Tenepsb J1erko BUAETb, UTO Yrod U3 ¥ U Y5 B Y($) CTPEMUTCA K HYIIIO NPH
s — +4o00. CregoBatennio, 15(s) — 0 npu s — +00 u u3 aemmsr [121.17
CHOBA BBITEKAET

shlk(s —t
|75(t)] < krs((])—[ ( )], mpu 0 <t <s. (1121.20)

shlks]

IIpn s — 400, vs(t) cTpemurea k Touke /() MOMOKUTENBHON ACHMIITO-
o1 ¥ (x, u', t) K v, u y,(t) crpemutea & 4/ (¢t). Ecau r(t) o6osnauaer pac-
crosinue ot y(t) 1o '(t), To u3 Hepasencts (I1121.19) u (1121.20) nonyvaem

(mpit s = +o00) r(t) < r(0)e ",
[7#(t)] < kr(0)e™*, mpu t > 0.

Tarum o6pasom, pumaHoBo paccrosanue ¥(t), ¥/ (¢) € T1V ynoBirerBopser
HepaBeHCcTBY

d((t), v/ (1) < r(0)V1+k2e ™ pua t>0.

U3 dero nerko BLIBOAUTCA MepBoe HepaBeHCTBO Teopembl [121.18.
B cBA3u ¢ aToii Teopemoii, cion AT (u) (coorB. H#~(u)) HaspiBaOTCA
«CHUMAIMUMUCAY (COOTB. «pacTAruBammumucay) cioamu 11V,

E. JokazaTelbeTBo TeopeMkbl JloGaueBckoro— Amamapa®

Teopema I1121.21. [ycmes W — womnarxmuoe, ceéasnoe pumMaHogo MHO-
2006pasue ompuyamenvHoll kpusususl. Tozda 2eodesuyeckuti nomor na T W
asagemea Y-nomokom.

Horasameavcmeo. _

Myets V =W YHUBepcalbHoe HakpbiTie W ¢ mpoo6pasoMm puma-
HoBoil MeTpuku W mop pelicTBHeM KaHOHHYECKOI NPOEKIUU T: W W.
IIpocTpancTBo V ynoBieTBOpAeT MPeNON0MEeHNIO NPEAbIAYINero pasjena.
CnemoBaTennHo, reofesnveckuii noTok Ha 11V ynoBieTBopAeT ycaoBUAM Y-
noroka: ycinoue (0) ABIAeTCA TPUBMANBHO BBINONTHEHHBIM; ycioBue (1)
crepxyeT u3 teopemsbl 1121.16; ycnoBue (2) cienyer us Teopemsi 1121.18.
3aBepllaeM [0Ka3aTeILCTBO MPOBEPKOH TOro, UTO m ABIAETCHA COBMECTH-
MbIM ¢ TpemA cnoenuamu V =W u ThYW. HepBaiFOMOTOHI/IquP{aH rpyn-
na (W) usomop¢Ha rpynne aBToMophHU3MOB W, nockoasky W cpAs-

3Cwm. [Im. Anamap [1]. lorasaTeascTra B pasaenax B u C 6b11M mpuBesieHb U3 paboTHI
H. Busemann: «Metric Methods in Finsler Spaces and Geometry», Ann. Math. Study,
Ne 8, Princeton Univrersity Press.
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Hoe. ['pynna 7 (W) peiicTByeT mak rpynma aBToMopdu3MOB U3 T1W: ec-

m ', u” € TyW cpapuumbl o mod 7y (W), Toraa #*(u') u 5% (u")
caMil ABIAIOTCA cpaBHUMBIMA o mod 71 (W). [ ]

3AMEUAHUE I121.22. Opucthepsl KOMIDAKTHOro, n-mMepHoro muoroo6pasma W
nugdeomoppHEI R™ L JeiteTBUTEABHO, pacCMOTPUM opHchepy #€%. Ona apas-
eTcA NapakoMNAaKTHRIM MHOroo6pasueM. IlycTb S — KOMIDAaKTHOE HOAMHOEECT-
o /1. Torma ©+S moKpbIBaeTcA AUCKOM D us ¢, ST (mpu mocTaTOYHO GOABIIOM
snauvenuu t). [IpooGpas <pt_1D fIBIAETCA OUCKOM, KOTOPBII MOKphIBaeT S B s+,
TaxuM obpasom, #T muddeomopduo R* ™, cormacuo caepyiomeit temme Bpay-
na (Brown, Proc. Cambridge Philos. Soc., 1961, 12, pp. 812-814) u Cranuurca
(Stallings, Proc. Cambridge Philos. Soc., 1962, 58, pp. 481-488): nycms M —
NaApaKOMNAKIMHOEe MHO2000pa3ue MaKoe, 4mo 4060e KOMNAKIMHOE NOOMHONCECTLE0
codepicumca 8 omrpsLmom muoxcecmaee, dufideomopdrnom eexaudosomy npocmpan-
cmey. Toeda camo M 6ydem duddeomopdro esraudosomy npocmpancmey.

JTOT pe3yabTaT HE BLIMOIHACTCH [JIA HEKOMIAKTHBIX MHOrooOpasuii. Pac-
ecMOTpUM mpocTpaHeTBo {(z, y) |y > 0,  (mod 1)}, cHabieHHOe MeTpHKOI

2 dz® +d2?
_y—z_

ds

layccoBa kpuBu3Ha paBHHeTCA —1 U yHHBepcalbHOe HAKpPbIBAIOUEe MPOCTpPAH-
CTBO AIBAfAETCA IIOCKOCTHIO Jlo6aueBckoro (cMm. npuiaossenue 20). Kpusaa y = 1
ABIACTCA OPUIIKIOM, TOMeoMOphHbIM St.

il

m,

Puc. 1121.23
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HorazaTeabcTBO TeopeMbl CuHaA

(Cm. §15, ra. 3)

Mycets (M, @) — Y-cucrema, X,, — moie pacTAruBamImuXxca k-mioc-
rocreit, Y,, — moie cxRuMalomuxca k-miocKocTeil.

MeTpuka Ha mpocTpaHcTBe Moleil k-nocKkocTeil

Onpemenum mpesje Bcero MeTPUKYy Ha MPOCTpaHCTBe k-MIOCKOCTeid,
KacaTeJbHBIX B TOuke m € M.

TM,, ectb npamMas cymma X,, ®Y,,, cregoBatensto, k-ninockocts Uy,
B T'M,,, uMeeT ypaBHeHUE

y = P(p) =z,

rae € € Xy, y € Yy, u P(Up,): X,y = Y, — nuneitnoe otoGpaskenue.
OnpepmenuM MeTpHKY C IIOMOMbI) HOPMBI JHMHEHHBIX 0TOOpaiseHuil

. !
P(Up,): ecmu Uy, u U}, — nBe k-nnockoctu us T My, To mono#sum

| U — U1In| = ||[P(Un) — P(Urln)” = sup |P(Up)x — P(U,’n)’l'|

MeTpura B mpocTpaHcTBe nodeli k-mmockocteil U onpenensaeTca cooT-
HOIIEHUeM

|U-U'| = sup Uy, —U,,|
meM

HMeHHO B TOM CMBbIC/IE clieyeT MOHMMATh PACCTOAHHE B HEPABEHCT-
Be (15.3) u3s §15.

MMycts Teneps Ry u Ry — ABa npocTpaHcTBa, uzoMopdueix R™ (n —
paamepHocTb MHOroo6pasua M). llpeamonoxum, uro R; (i = 1,2) — nps-
Mas cCyMMa ABYX MOANpOCTpancTB X; u Y; pasMepHOCTEl, COOTBETCTBEHHO,
kul:

Bh=X9Y, Ry =X, 0Ys.
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Iycts A: Ry — Ry — nuneiiHoe oToOpaskeHue Takoe, 4To

AXl - X27 AYi - YZ:

u
Ax| > plz| npuz € X3
401 > e , 2
[Ayl < zlyl mpmy e Vi,

rie ( — HeKoTopas MOCTOAHHAA.

Jlemma I122.2. Ilycme A — onepamop, undyyuposanHviii omobpasicenu-

em A, romoputtl k-naockocman us Ry cmasum e coomsemcmesue k-naoc-
rocmu u3 Ro. Toz20a 6 oxpecmuocmu naockocmu X,

AU — AV’| < p 2 |U = ).

Joxazamenvcmeo.
Ilo onpeenenuio uMeem:
|AU — AU’ | = sup |P(AV)z — P(AU" x| =

le|<1,
zEXy

= sup [APU)A e — APU)A 'z|.

le|<1
2EXo

Ho, ecin |z| < 1uz € X2, T0 A7z € X1 n |A7 2| <
TENbHO,

%, cllegoBa-

sup < sup
|z <1 Jel<p—1
z€X2 zE€EXq
u
sup |[AP(U) — APU")|A  w| < sup p " |A[PU) — P(U")]|.
b5 )
Ho

((P(U) = P(U"))z| = sup [(P(U) - PU))z| =|U -,
eEX
KpoMe Toro,

(P(U)-PU")z €Y,
Ccllel0BaTenbHO,

p=HAPW) = PO)]z| < p~?([PU) = PU]z| < p~2|U =T,




Jorasameavcmeo meopemvt Cunas 191

llorkazatennctBo HepasencTBa (15.3) us § 15 nerko cBoguTcA K JeM-
Me, ecid NPUHATL 3a Ry = X & Yo u Ry = X; @© Y, KacaTenbHbIe mpo-
crpanetBa My = X @ Yo U TMy-n(py = Xo-n(m) @ Yy-n(m) COOTBET-
cTBeHHO. B KauecTBe nuHeiiHoro orobpamennua 2 MoxHO IPUHATL AU de-
pernuan (¢*)"™ orobpamenua ¢". llpn gocTaTouHO GOJNBIIOM 7 HEPABEHCT-
Ba (I122.1) u3 IeMMBbI ABIAOTCA CIEACTBUAMU aKCUOM Y-CHCTEM.
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IlprsHak cTpyKTYPHOIl yCTOHUNBOCTU
AnaponoBa—IlonTpAruna

(Cm. §16, ra. 3)

MIpexne uem dopmynupoBaTh pesynbTaT AHapoHoBa—lloHTpsAruna,
HallOMHUM HEKOTOpbIe OIpefeleHu .

IIyets M — womnarTHad nuddepeHnupyemad NOBEpXHOCTh, X —
nuddepeHIpyeMoe BeKTOpHOe mole Ha M.

IIpocthbie ocobbie TOUKU

Ocoboil moukoil BEKIMOPHO20 NOAA X HasbIBaeTcd Touka T NMMOBEpPXHOC-

i M Takas, uto X (x9) = 0. Ecaiu g — ocobGas Touka BEKTOPHOTO MO,
TO MOKHO NpPeANONOKHTL, UTO %o coBlajaeT ¢ HadainoM (0, 0) noranbHOM
cucTeMbl KoopauHat (&1, #2). Ecin X, Xz — KOMIOHEHTBI BEKTOPHOTO

noafa X B Takoii cucTeMme ROOpAuHaT, TO

X1(z) = an1z1 + a1222 + o(|z1| + |22|), z1,22 — 0,

Xo(x) = ag121 + asaws + o(|z1| + |22]|), x1,22 — 0,
rue

0X;

ij

Q5 =
zo

Ecnu maTpuna (a;;) o61agaeT TolbKO cOGCTBEHHBIMU 3HAUEHUAMH C OT-
JUYHBIMU OT HYJA A€HCTBUTEILHBIMYU YACTAMHU, TO 0co0afd TOUKA &y Ha3bI-
BaeTcA npocmotl.

flcno, uTo 3TO ompefesnenue He 3aBUCUT OT CUCTEMbI KOOpAUHAT.

Cedaom HazbIiBaeTcA mpocTad ocolad TOUKA, B OKPECTHOCTH KOTOPOii
OpOMTHI BRITWAAAT TaK, Kak mokasano na puc. [123.1. Taroit oco6oii TouKoii
CIY}KUT HAYAI0 KOOPAWHAT CUCTEMBI

Ty = Axy,
Ta = pxe, A <0,
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&Ly

o
8

Puc. 1123.1

HpDCTBIe LHURKJIBbI

SaMHHyTaH OpﬁI/lTa BEKTOpPHOIr0 IIOJafA X nasniBaeTcf UUKAOM. HI/IHJ]
HHAEKCa HYJb Ha3blBaeTCA npocmbsviM.

CenapaTtpucshl

Ecmu v — Tpaektopus BekTopHoro noasg X, xo — TOYKa TPaeKTo-
puu -y, To 0603HaUUM 4epes v+ (xo) (COOTBETCTBEHHO, Y_(Zo)) MHOKECTBO
{z(t) |t > 0} (coorBercTBenuo, {z(t)|t < 0}), roe z(t) — pemenune cucre-

Mbl & = X (%), yooBaerBopsiomee ycrnosuio z(0) = xp 1 COOTBeTCTBYIOIEE
TPaeKTOPUH 7.

Hpe,[[eanbIMI/I MHOMeCTBaMU TPaeKTOPHUH 7y HA3bIBAlOTCHA MHOMECTBA

ﬂv,(x), ﬂ7+(x), ( 3aMbIKaHue).

zEY ey

TpaexTopus v HasbIiBaeTcA OOBIKHOBEHHO, ecliM BCAKAA TPaeKTOPUs,
BBIXOAAIIAA U3 TOUKH, NpHUHALIeKalell HEKOTOPOil OKPECTHOCTU TPaeKTo-
pHH, JONycKaeT Te jke NpejelbHble MHOECTBa, YTO U TpaekTopud . Tpa-
eKmopus, OMAUYHAA OMm 0co60l MoYKU U O0m 06bIKHOBEHHOU Mpaexmopuil,
Hasvieaemesn cenapampucoil (cMm. puc. [15.1 npunozxenue 5).

Teopema AugponoBa—Iloutparuna. 123.2. [Tycms S? — dsymepras
cepa, X — dudfepernyupyemoe sexmoproe noie na S>.
Hloae X cmpyrmypuo ycmotlivueo 6 mom u MOAbKO MOM CaAyHae, ecau

1) ocobble MOYKU U UUKABL NpoCITble U 1UCAO UX KOHEYYHO;
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2) He cywecmeyem cenapampuc, coedunawwur dea cedaa.

Haxoneu, scaroe eexmophoe noae na S* moscem Goimv annporcuMUPOSANO
(6 cmvicae C?-monoaoeun) cmpykmypHo Ycmolivuebm noiem.

Joxazameavcmeo cM. B pabore: De Baggis [1].
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IIpumep CmMmeiina

(Cm. §16, ra. 3)

Cmeitn [2] morasan cliedyIOIYI0 TeopeMy, KOTOpas MOKa3bIBaeT, UTO
B pa3MepHocTAX 6ofblle ABYX CTPYKTYPHO YCTOUUUBBIC CUCTEMBI He ABIA-
I0TCA CHUCTEMAaMU «O0LIero MoJoKeHUy.

Teopema II124.1. Cywecmsyem dugdeomopgdusm 1 mopa T3 maxoii, wmo
nu odun C-Gauskuil duddeomopdiuam ' ne asasemesn cmpyrmypro yemoti-
YUBHLM.

OnumeM KOHCTPYKIMIO, J€Kallyl0 B OCHOBE 3TOi TeOpeMBl.

A. BcnomorarteabHblii auddeomopdpusm ¢

Mycrs T? — Top {(x, y) (mod 1)}. Onpeneanm nuddeomopdusm ¢y
npamoro npoussegenusn T° X {z | =1 < z < 1} nHa ceba cunenyiomum o6pa-

()2 () () e

z = 52
2

P11 =

IIyctn B,/ wap paguyca Y/, c¢ umeatpom (0,0,2) B T? x R
2

(cm. puc. 1124.2):
2 +y’+ (2 -2)° < i
Onpenpenum nuddeomopdusm mapa B T? x {#]0 < z < 3} rar

B
Y

T — %7’
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Yeranopus 3To, moryuum Top T, otomaectsns T? x {—3} u T? x {3}.
HeTpynHo jokasaThb Cleyomyo JeMMy.

z

X: HaIlpaBJICHUE PaCTAXKCSHUA
Y: HallpaBJICHIE CyKaTUdA

T°x{0}

0 1 x
} }
Puc. 1124.2

Jlemma I124.3. Cywecmesyem dugdeomopdusm ¢: T3 — T3 maroii, wmo

1) e2o ozpanunenue na T x {z| — 1 < z < 1} ecmb @y;

2) e2o0 ozpanuuenue na B, ecmo pl;

Y/
2
. . . 3
3) ¢ ocmasanem unsapuanmuoii mowku x =y = 0 mopa T°:

(10(07 07 Z) = (0/ 03 ZI)-,

vecau 0<2<2, mo0<z <z ecauz=1, mo()gz’g%.
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3AMEYAHHKE [124.4. flcuo, uro T? x {0} — Top B T3, uuBapUaHTHEIH OTHOCH-
TenbHo . Orpanudenue nuddeomopdusma ¢ (uam @) ma T2 x {0} ecTs He uTO
uHoe, Kak gquddeomopdusm us npumepa 13.1 (ra. 3):

(Z) - G ;) (;) (mod 1). (1124.5)

HanmomHHM HeKoTOpble cBoiicTBa 3Toro guddeoMopbusMa.

Ha T? x {0} cymecTByloT gBa paccaoenusa % u %, kacaTcibible, COOT-
BETCTBEHHO, K pacTArHBamomeMy Moni0 X,, U CHRKUMAKWeMy NOIO Yy, (CM. 1eM-
My 17.6, ri. 3). Kamaprii caott uz % (wim %) seiogy mmoten B T? x {0}, Iepuo-
nuveckue Tousn' sroro nuddeomopdusma miorusr Ha T? x {0}. UTo6b1 moKAa3aTEH
Tocleauee yTBepskJAcHHue, A0CTATOUYHO 3aMETUTh, YTO BCE PalMOHANLHBIC TOYKH

/
(g, %) € T? mepuOAUYHEI, TAK KAK ( COXPAHAET 3HAMEHATeNb.

Ecau Teneppb mepeiiTu K guddeoMopdusMy ¢ Topa ’]I‘?’, TO 6e3 Tpyna Io-
Iy4valTcA cledyiomue cBoiicTBa. llepuoanveckue Touku auddeomopdusma ¢
ma T? x {z | -1 € z < 1} coBmajaloT ¢ NEpHOAMYECKMMHU TOUKaMH RHbdeo-
mopduama (T124.5), Tak me was u paccaoenua % u % B T? x {0}. Paccnoenue %
o6pasyeT HHBapHMaHTHoe cikuMalomee paccaoenne T2 x {z | —1 < z < 1}, caon
KOTOPOT'0 €CTh (IUNIOCKOCTHY Bufaa Yo, X {2z | —1 £ z < 1}, rae Y, — HeroTopbIit
cioit uz %

3AMEYAHHE 1124.6. Oxpy:muocTh = y = 0 Topa T ecTh «cemapaTpucay, co-
enuHAOman asa «cemaay (0, 0, 0) u (0, 0, 2).

B. Iuddeomopdusm ¢

IlocTpoum puddeomopduam ), Boamymiaa nuddeomophuam .
IIyers Gy cepa ¢ genrpom B (0, 0, 3/4) u paguycom d B T3:

Go = {(z,y, 2) | 2> + % + (2 — 3/4)? < d*}.

Moaomum G = o~ 1Gy, ¢(z,y,2) = (', 9y, z/) u samerum, 4to d
MOKHO BRIGPATH JOCTATOYHO MAJbIM JUIfl TOTO, 4To6bI G NG = @. Onpe-
IenuM 1) ClIeAyIOmUM 06pasoM:
oz, y, z) = (2, y', 2') Bue G,

w\x z) =
He 3 7) (' +n®(x, y, 2), ¥, 2') magG,

IT.e. Touru & € T? x {0} Tarue, 4yTO cyIecTBYyeT OTIMYHOE OT HyJIA Ledoe yucao N,
NpU KOTOPOM

pNe=¢.
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rae & — Heorpunareinbuaa C'°°-GpyHRIUA ¢ HocUTeleM B (7, HocTUTaIONIaA
makcumyma +1 B Touke ¢~ 1(0,0,3/4), a n > 0 — 4uca0, DOCTATOUHO
Majoe IJIA TOTo, YToObl oToGpasienue 1 6b1I10 AudheoMophHbIM.
3AMEUAHUE [124.7. O6pa3 cenapatpucel £ =y = 0, 0 < z < 2 nox nelicTBueM
nuddeomopdpusma ¢ obaagaer «kmosomy B (em. pue. [124.2). 3ToT KIOB Haxo-
nuTea B o6mactu T2 x {z | =1 € z < 1}, rae ¢ coenagaer ¢ ¢ = p;. B cury
sameuanus ([124.4) sra obGaacTh paccioeHa Ha C;KMMAIOMUECH CJIOH PasMepHOC-
TH 2 — IIOCKOCTH, napaineiasHele Oz U onupaloueca Ha cuMaromuect cion X.
IIycte

z Yy

. + = 1

VPpaBHEHHE CKUMAIOMErocs CIof B cUCTeMe KoopauHat (z, y, z). U3 caoes,
OMIPAIOMINIXCSA Ha KII0B» B, paccMoTpuM cioit F, 0l KOTOPOro ¢ — MaKCHMyM
(cMm. puc. 1124.2). 3TOT caoit 1u6O COMEPUT HepHOANUECKYIO TOURy & auddeo-
Mop¢dusMa P, T.e. TOUKY, A KOTOPOil cymecTByeT uemoe yucaio N # 0 Takoe,
4YTOo
pYe=pNE=¢  LeT

1160 He CONEP:KHT NepUOJHYecKOl TOYKH. B mepBOoM ciydae MbI IOBOPHM, YTO
CKIIIOB)» II€epruognuveH, BO BTOPOM Haa3bIBaeM <«RJIAIOB» HellepuogunieCKHM.

Jlemma I124.8. Juddeomopdusm 1) ne asasemces cmpyrmypHo ycmoiu-
8bLM.

Horasameavcmeo.

JTo clelyeT U3 ABYX ClIeIYIOMUX Pe3ylbTaToB:

1) IIpousBonbHO MalbIM H3MeHeHUeM BeTMYHHbI 1) B ONpeaeleHul aud-
¢peomopdusma 1 Mbl oaydaeM guddeomopdusm 3" ckons yroguo C1-6nus-
KUI K @ ¥ aHaJOrWUHBIH 1. YUuThIBad INIOTHOCTb IEPUOJUUYECKUX TOUEK
(cm. 1124.4) MoxcHO MPeANONOAKUTE, YTO «KII0BY fuddeomopduama 1) nepu-
OJUYeH, a «KII0By Auddeomopdusma " HeneprognyueH Win HaoGOPOT.

2) Eciau «xnoBby auddeomopdusmon ¥ u ¢’ ogHOBpeMeHHO nepo-
OUYHBI WIM OAHOBPEMEHHO HENEPUOAUUYHLI, TO HE CyHIeCcTBYeT rOMEOMOp-
¢dusMa h, 6IM3KOTO K TOMIECTBEHHOMY U TaKOMY, UTO

'Q/)"oh:ho'(/),

HeﬁCTBI{TEHBHO, h yCcTaHaB/inBaeT COOTBETCTBHE MexHMOAY <«KRIAIOBaMWny,
CHUMAIOUUMHU CJIOAMH U NMCPUOAUYCCKUMHU TOYKaMHU. [ |

Jlemma I124.9. HKoucmpyryusa duddeomopdusma  cmpyrmypro ycmoti-
yuea. B wacmuocmu, ecau v’ dugbeomopdusm, C*-6auskuii x 1, mo on
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makxce 00aadaem UHBAPUAHMHBLM MOPOM, aHaio2wiHbim T? X {0}, «waro-
80M», cocumaowium cioem, AHAA02UCHBIM Lg: um. 0.

Horasameascmso.
U3 yTBepmaenusa IeMMbI CIeIyeT CTPYKTYpHAfA YCTOWUMBOCTL «CEjl-
aa» (0, 0, 2) nudpdeomopdusma ¢ u guddpeomopdusma

()= 35) () wmoan

(cM. Teopemy AHocoBa, § 16, ri. 3). ]

Teopema I124.1 caegyeT U3 ABYX IpeAbIAYIINM JeMM: TaKme, Kar 1,
nudpeomopduam 1)’ He ABIAETCH CTPYKTYPHO YCTOHUUBBIM.
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lloka3aTeJbCTBO JeMM K TeopeMe AHocoBa

(Cm. §16, ra. 3)

Jemma A

Mycrs (M, ¢) — Y-cucrema. Tar kak Muoroo6pasue M KOMIaKTHO,
cymecTByeT uncio d > (), Takoe, YTo KakuM 6b1 HU 6111 map u3 7'M, ¢ ieHT-
pom p € M u panuycom d us T'M,,, orpanntenie Ha 3TOT 1Iap 3KCIOHEHIH-
anbHOro 0ToOpaseHns exp, B TOUKe p ecTb Auddeomopdhusm. YcTaHoBuUB
3T0, 3aMeTUM, 4TO0 ecad {¢"m | n € Z} — TpaekTopud oTOGpaMKeHHd @, TO
KapTa OKPeCTHOCTH 3TOi TpaekTopuu ecth {B,1%~ 1}, rne B — cymma ma-
poB B, ¢ nenTpamu ¢"m u paguycom d us TMgny, IpHUEM OTpaHHUEHHE
otoOpameHus ¢ Ha Kam/JbIil U3 mwapoB B, ecTb €XPyyn - O6ozHauuM ye-
pes X, pactAruBaomyoca k-mrockocTb X (¢"m) us TMyny, 1 uepes Yy,
cuMaiolyioca [-miockocth Y (p™m). NnBapuanTible pacTATUBAIOIHECA
pacciaoennsi & v HHBapUaHTHbIE CEMMAIOIUECH paccaoeHus % uHaynupy-
10T Ha B paccioenus:

X = 1/)_1.,0},”., A = 1/)_1@.
Harownen, npeoGpasoBatue p: M — M unaynupyet npeobpasoBaHue

p1: B> B, 1 =9 o,

orpaHUueHle KOTOPOTO 901|Bn oTobpamaer B, B B,y; npu OUYeBHAHBIX
orpaHn4eHunAx obnacTeil onpeneneHud npeobpasoBaHud ;. [lonokus unc-
10 d J0CTaTOYHO MalbIM, ciiou pacciaoenuit X1 u %) MoryT ObITh OpeACTaB-
JeHbl KaKk CJOM eBRIMJOBA mpocTpaHcTBa X, @ Y, c¢ nauyanom 0 = ¢"m,
B KOTOPOM HX ypaBHeHUA UMEIOT, COOTBETCTBEHHO, BUI

y=y(0) + fulz,y(0)) n =z ==z(0)+ gu(z,y(0)),

rie z € X,, y €Yy, a fu, gn U UX IlepBble NPOU3BOJHbIE MOMKHO CUUTATh
CTOMh MalbIMH, CKOIh HTOT0 MOMKHO HOGUTHCA ¢ MOMOUIBIO MOAXOMAIMIETO
BbIGOpa uucaa d.
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PaccmoTpumM cioit i, paceioenus %, cogepmamuii uentp O mapa B,,:
z = gn(y,0).

Oro6pamenne €: {Y, | n € Z} — {a, | n € Z}, orpanuyenye KoTopo-
ro €6ly, : Y, — a onpeneneno npu y € Y;, N B,, cooTHOMmEeHNEM

Cy = (gn(¥,0), v),

ecThb guddeomopdusm. CiegoBarennho, y € Y, MOMHO paccMaTpUBaTh Kak
KOOpAMHATY Ha Q.

Y]’l
[
B, X B, Ko
an N an+1
Puc. 1125.1

Tuddeomopduam ¢, npeobpasyer a, B ayt1 (eM. puc. 125.1). B ro-
OpAWHATAaX Y 3TO oNpefelsneT oToGpaseHue

02 =€ P16

o2: {Yn|n€eZt - {Y,|neZ}, (,02|Yn : Y, > Y.

Yreepmagenue I125.2. U3 onpedeaenus Y-cucmem caedyem, umo ozpa-
HUYeHue

‘102|yn Yy = Yo

— cumanwuieeca:

lpsyll < Ollyll,  0<O<1 npuanwtuay€ Y, B,  (I25.3)
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3AMEYAHUE I125.4. Boxee Touno, nepaBenctBo (I125.3) BeimoaHseTca mpu He-
ROTOpOit uTepanuu ¢* auddeomopdusma ¢ (B onpemenreHun Y-cucTeM HeoGXoau-
MO «yOMTbY» KOHCTAHThI). [l yOpoIeHys 3amucu Mbl GyfieM MpeAnolaraTb, 4To
nepagenctro (I125.3) yme Beinomnserca npu v = 1. llyets ¢ — nuddeomop-
¢dusm, C*-6auskruit k @. Paccnoenun %1 = v~ %', ¥ = ¢~ '¥’ u npeobpaso-
Banue, nHIynuposannoe auddoeomopdpusMomM go':

‘Pll: B — B, ‘Pll = ¢_150'¢’ SDIl‘Bn : Bn = Bnqa,

oIpejeluM, KaKk 3To ObLIO clelaHo Belme. Ecau auddeomopdusm ¢’ mocraTou-
1o C?-6mu30k & auddeomMophuaMy ©, cion paccioenus X GIU3KU K CI0OAM pac-
croenna X1 ¥ TpaHCBepcalbHBI CIOKO (ty,. ClleJoBaTeIbHO, CYHIECTBYET MPOEKIINA
mapa B, Ha a, BIOIb cloeB paccioenud X1:

II: B— {an | n€Z}, H|B‘,1 : By — ap,

KOTOpaf HelpepLIBIa U MpeodpasyeT Kamablii ciofl paccaoenua % B HEKOTOPYIO
TOYKY CHOA Oiy, @ UMEHHO — B 1 N .
Paccmorpum Teneps otoGpasenue (cm. puc. 1125.5)

oot € TIp| 6,
s: Yo |n€Z} = {Vn|ne€Z}, <p'2|yn 1Yo = Yoq1.

Y

n

Puc. 1125.5

Yreepmaenue 1125.6. FEcau duddeomoppusm ¢’ docmamouno C?-6au-
30K K @, mo omoGpascerue ph C-6ausko k pa: kaxcdomy » > 0 coomeem-
cmeyem qucao § > 0 maroe, wmo u3 ||¢’ — ¢||cz < § caedyem nepasencmeo:

sy — p2yl| < 3¢ npu ecex y € Y, N By, (I125.7)
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2de || ||z — C?-nopma.

H3 smozo pesyavmama HenocpedcmeeHHo caedyem, 4mo omobpasice-
Hue @) Oausko K @1 u npoexyua II: Qla, — auy1 Maaa, mak
KaE pla, N @10, = Qui1 U caou paccaoenun X mpawceepcads-
Hbl CA0I0 Qyy1. ITyemov meneps 5 — caoll paccaoenus %, codepacawuti
uenmp 0 = m wapa By.

Jlemma A. M25.8. FEcau duddeomoppusm ¢ docmamouno C?-6auson
£ duddeomopdusmy @, mo caoti ©'"3 6ausor k ©'m npu ecex n > 0. Hoaee
MoyYHo:
rn A
—, 1125.9
b mll < -2, (1125.9)
2de 8 — mo qucao, Komopoe exodum 6 nepasencmeo (1125.3).

Horasameawvcmso.
Mo yrBepmaenuio (I125.6), npu mo06om gannom 3¢ > ( cymecTByeT
0 > 0 taroe, uto 1pH ||’ — p||c2 < § UMeeT MeCcTO HepaBeHCTBO

ey — payll < 5.
Takum o6pasom, us (I1125.3) u (I125.7) monyuaem:

leaull < Ollyll + 2

Honoxum ¢ = ﬁ Toraa, ecau ||y|| < &, To ||phy|| < &, crenoBarens-
HO, ||phyll <&, ... U T. 0.
Ho ||m|| < &, nostomy yrBepupaenne (I125.9) norasaHo. ]

3AMEYAHEE [125.10. Hs (1125.3) u (I125.7) Tarme ciaeayeT, 4TO NpH BCeX y Ta-
KHUX, 910 ||y|| < C mMeer MecTo HepaBeHCTBO

le2"yll < e ecm 2 2.

JlelicTBUTeAbHO, eca |ly|| Z cu ¢ > TO

s
1-6’
eyl < Bllyll + 5¢ < Bc + 3 < c.
Jemma B

PacemoTpum Temepb cioit vy, paccnoenus &, KOTOPbIH MPOXOAUT Ye-
pes ¢"m. llyets v} C B, — cooTBeTcTBYOmMuii cioii paccaoenus X:

Yo = .



204 Hpuaoscenue 25

YpaBuenue cios v umeer Bug y = f,(z,0). OTo6paxkenne
P:{Xp|n€Z} — {7t |n €7}, 9|X":Xn—>fy,ll,

onpepensemoe npu ¢ € X, N B, cooTHomenunem Pz = (z, fn(z,0)), ecTsb
audpeomopdusm. Crefosartenbto, T € X, MO#HO paccMaTpHBaTh Kak Ko-
opauHatsl Ha ;. Jnddeomopdusm ¢, npeobpasyer v, B Y4, ;. B Koopau-
HaTax I 3To OIpeJelfeT oTobpamenue

03 =D 1'p192: {X, |n€Z} —» {X,|ncZ), w3lx, + Xo = Xot1-

flcuo, uto ¢3(0) = 0.

YrBepmagenue II25.11. Hz onpedeaenus Y-cucmem caedyem, umo
303|X" X, = X pacmasazusawuiee omobpaxycerie

llpsz1 — @3xal| > Ol|zy — 22]|, 20e © > 1, (1125.12)

npu ecex r1,x2 € B, N X,.

3AMEUYAHME [125.13. Bonee touno, yreepssaenne ([125.12) Bwimoanserca mpu
HEKOTOpOIl cTeleHH oTo6GpaeHNA @s; JJIA YNPOIeHUs 3anucu 6yJeM Mpearnola-
raTb, 4To 3Ta cTelleHb paBHa 1.

MycTb Temeps ¢ — guddeomopdusm, C2-6mskuit k @. Pacemorpum B, =
= 1B — cuoit paccmoenna X B B,, onpenensieMblit yciaosueM €5 (0) € By
(n = 0) (em. puc. 1125.14).

Y Yn+]

n

Puc. 1125.14
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Ilo memMe A, 3TOT cio# ecTb HeKoTopas okpecTHocTh nentpa O mapa By.
llyete y = ho(x) (x € X,,) umeer ypaBHeHue ci0f (3,. Eciu orobpamenue ¢’
J0CTAaTOYHO 6IU3KO K ¢, TO £ € X, N By, M0KHO BbIOpaTh B KauecTBe JOKaIbHBIX
KoopauHAT Ha By 0To6GparkeHue

E:{X,|n>20}—{B]|n =0} E|Xn:Xn—>ﬁn,

ompegenseMoe cooTHomenueM z — (z, h,(z)) mpu z € X, N By, ects auddeo-
MOppU3M.

3amMeTuM Temeph, 4To [0 HocTpoeHuio 3, npeobpasoBanue ) oTobpasaet Sy,
Ha (3,41. ClleoBaTelbHO, 5TUM onpejenserca auddpeoMopdpusm

oy = ETQ B {Xn [0 20} = {Xn [0 20}, @y ¢ Xn = Xnja.

YrBepmaenne I125.15. FEcau dugddeomopdusmot ¢ u @' docmamouno
C?-6ausku, mo dugdeomopdusmot p3 u @y Cl-Gausku:

dan kaxcdozo »x > 0 natidemes § > 0 makoe, wmo us || — ¢'l|cz < 6
caedyem:

—¢3(z) — ()| <

~ (3 — @3)(x1) — (3 — ¥3)(z2) || < > (1125.16)

1 — J,'QH
npu ecex x, x1, Tz € X, N By, n > 0.

Horazameavcmeo.

JTO HemocpeACTBEHHO cllefyeT U3 TOro, 4to ciou (3,, n > 0 GIU3KH
K cloAM 7, B C'-Tonojoruu, a 3To, B CBOIO oUepedh, cledyeT U3 MOCTPOe-
HUA Vp, Bn, OCyllecTBIeHHOT0 B TeopeMe Cunasn (cm. §15). [

Jlemma B. M25.17. FEcau duddeonopdusm o' docmamouno C?-6auson
K @, mo cyuecmeyem caoli 8, npuiem moavko odun, paccioenus %' ma-
kotl, wmo ¢'™0 Gausor k o™ npu écex n > 0. Boaee mouno, cyuecmeyem
mouka xo € Xo, npuven moavko odna, makas, wmo || xo|| < € npun > 0.

Jlns nokasaTelbcTBa HaM HeoGXOAMMA cleAyIONIasa JeMMa.

Jlemma I125.18. I[Iycmvs R — cymma esraudosvix npocmpancms R,
n 2 0, odnoti u moti sce pasmeprocmu. Hycmo

T=K+L:R—R, Tl|g :Ry— Rop1
— duddeomopdusmv. marue, ¥mo

1) K(0)=0, [K(z)-Kl>0lz-yl, ©>1,
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2) ILl[ <& [IL(@) - L)l <ellz —yll, ©-e>1,

npu a6sir ¢, y € R.
Tozda cywecmeyem mouka x € Ry, nputem moavko o0na, maxas, Lmo
nocaedosameavnocms T™x ozpanuuena u 0an smoti mouru x

|IT"e| < (I125.19)

€
0-1
npu scex n > 0.

ﬂormsameﬂbcmeo.

flcno, uto T~ :R, = R,_1 (n=1,2...) — nuddeomopdusm u

'l
R’Il

- - 1
T~y = T4l < glly — =ll- (125.20)

Nycts by(c) — map ||z|| < ¢ B R,,. Torpa B cuiy 1 u 2:

Tby(c) D byy1(Oc —¢). (1125.21)
Ipeanono:xum, 94To ¢ JOCTATOUYHO BEIUKO:

Oc—c2>c (1125.22)
Torga us (I1125.21) caenyer, uto T'h,(c) D by41(c) u nosTOoMy
T bi1(c) C ba(e),
U, TakuM obpasom,
T 1(c) DT 2b2(c) D ... DT "byu(c) D ...

Ho no (I125.20) nuamerp muoxectBa 1~ "b,(c) mHe Gombie, UeM
2¢(® — £)™™, a mocregHAA Beau4uHa cTpemuted K 0, eciu n cTpeMuTeA

K +00. CnegoBarensHo, nepecetenue (| T "by(c) cOCTOMT TONLKO U3 TOY-
n>0
KU x € bo(C), HO UMEHHO 3TO 1 TpeﬁOBaJ’[OCb JOKa3aThb: BeJMYKHAa

3

©-1

c =

yZzoBieTBopdAeT HepaBeHcTBY (I125.22). ]



Horasameavcmeo aemm ¥ meopeme Anocosa 207

Horazameavcmeo aemmo. B. 1125.23.

U3 yrBepmaenmit (I125.11) u (I125.19) cremyer, uTo oTOGpasie-
HHE @} YNOBIETBOPAET YCIOBUAM Npenbiaymieil Jdemmbl. JlocTaToyno mo-
nomuth K = @3, L = ¢} — @3, 38MEHUB € Ha » B HepaBeHCTBe OTHOCHU-
Tennuo L.

Hocrarouno momomuts » = £(© — 1), yTober, ucxoaa us (I125.19),
NOJyYUTh HEepaBeHcTBo [[p3"wo|| < €. ATo MokasbIBaeT JemMMy B. ]

Takum 06pazoM, MbI MOAyYaeM CiiUMalonuit cioit & paccenoenusa Y/,
KOTOPBIiT ocTaeTca 6MU3KUM K opbute ¢™m npu n > 0 B cMmbicae aeMMbI B.
Ecan puddeomopdpusm ¢’ goctatouno 6IM30K K @, TO TOT #e caMbIil Caoit
ocTaeTcA OIU3KUM K opbute ¢"m npu n > 0. UTo6el y6eauTbea B 3TOM,
JA0CTATOYHO IPHMEHHATD & (¢~ ! memmy A. Jlag ¢’ 1 pacenoenne Y’ pactaru-
Balolee, 1 cioii § 6nusok K m. CregoBatennHo, B cuiy 3aMevanusa (1125.10)
cion ©'"d (n < () ocraloTeA B OKPECTHOCTH OPOUTHI ™ B CMbICIE JeM-

MbI A:
I —n
llps ™"yl < C
Takum ofpazom, us neMMbl A u B BoiTekaet ciemyioiee yTBep#HeHEE.

Yreepasaenue [125.24. Ecau @' docmamouno Cz-muao}ch p, mo cy-
wecmsyem caoli 6 paccaoenun Y] 6 By marot, wmo caou ¢} *d (—oo < n <
< 4+00) u3 B, ocmaiomen 6 e-oxpecmuocmu yenmpa uapa B,,.

Tax kax ckaszaunoe evile sepHo dif ' ~1, Hailidemea caoll [; paccaoe-
Hua X, 6 wape By, komopuwiil o6aadaem mem dce ceéoticmeonm. Tar war caou 5
u 6 mpanceepcaavibl 6 By, cyujecmsyem moura nepecevenusn z = =N 6,
eduncmeennas & e-oxkpecmuocmu yenmpa wapa By. 'omeomopgusm k u3
meopemvt AHocosa mut onpedeaum, noaoxcus kim) = ¥z. Hempyono doka-
3amob, YUMo 8ce KOHCMPYKUUU Henpepul8HO 3ABUCAIM 0M MOYKU m; caedosd-
meavHo, k 2omeomopgusm. Omnowenue ¢’k = ko ovesudno, kax u mo,
ymo k €-6au30K K moicdecmeeHHoMYy 0MmoOpajiceHuo.
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I/IHTerI/IpyeMBIe CUCTEeMbI

(Cm. ra. 4, §19)

H{..HI/IyBI/IJ'IJ'Ib AOKasaaj, 4TO e€CJin B CUCTEeMe C 1 CTCICHAMHU ¢B0OOALI

. 9H ._9H _
==, 1= 3 p=P1,--sPn)s q=(q1,.---,q.) (I126.1)

MN3BECTHO N1 IEPBLIX MHTErpa’ioB B I/IHBO.TIIOI.]HI/I]':
H=F,F,...,F; (F, F)=0, (1126.2)

TO CHICTEMa MHTerpHupyemMa B KBajpaTypax.

B riaccuyeckoit MexaHHKe H3BECTHO MHOT'O IPUMEPOB UHTETPUPYEMBIX
3afad; BO Beex 3TUX mpumepax nuTerpanst (1126.2) 6pumu HaiigeHsL.

YpaBuenusa F; = f; = const, ¢ = 1, ..., n, onpeensoT UHBApUAHT-
Hble MHOroo0pasus cuctemsbl (1126.1). MosxkHO 3aMeTUTh, YTO BO BCEX MpPU-
Mepax HHBapUaHTHBIMH MHOT006pa3ufAMU CAY:KAT TOPBI U UTO JBUKECHUE Ha
9TUX Topax KBasumepuognuno (cM. npumep 1.2, ri. 1). Tokamem Temepb,
YTO Takad CUTyalluA HeusGexHa ANA BceX CHCTeM, NOMYCKAOIMMNX OMHO-
snaunbie naTerpaisl (1126.2). lokazaTerbcTBO 0CHOBAHO HA OYEHL TPOCTHIX
TONOJOTUYECKUX coo0paeHnAX.

Teopema I126.3. Ilpednoaoscum, wmo ypasuenus F; = f; = const, i =

= 1,...,n, onpedeaaiom romnaxmuoe ceasHoe muozoobpasue M = My,
u 4mo
1) sciody na M grad F; (i =1, ..., n) auneiino Hesasucumbl,

2) onpedeaumens det , onpedeasemsiti nuace (I126.7) ne pasen moor-

al
of
decmeenHo HYA10.

1se dyuxuun F(p,q), G(p,q) HaXoAaATCA B MHBOMIOUNY, €CiH UX ckobka Ilyaccona

(F, q) = 9F0G _ OF 9G

T 8p &g dq Bp

TOMMACCTBEHHO paBHAa HYJIO.
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Tozda

1) M saeasemcs n-mepHulM MOPOM, U OKPECMHOCITIL MHOo2000pasus M
ecms npamoe npouseedenue mopa u eskaudosa npocmparcmea T x R™;

2) sma okpecmnocms donyckaem koopdunamsl deticmeue-yeoa (I, p),
(I € B C R", ¢ (mod 27) € T") makrue, wmo omoOpascerue
I, ¢ = p, ¢ — Kanonuveckoe® u F; = Fy(I).

B pesyanrare ypasuenus (I126.1) npegcraBumbl B Bujge

I=0, ¢o=w{), rae w(I)*aH

oI’
U TpaeKTopuA Ha Tope M KBasumepuonuueckasa, Tak kak H = F; =
=H(I,..., I,), n ypaBuenus (I126.1) B roopaunarax I, ¢ — 310 ypas-

? ¢ pynruuneit Tamuabrona H(I).

HeHnuA 'amunbToHA
Joraszameavcmeo.
O6o3uHauenuna 1126.4

Bocnonbayemcesa cieayomumn obosHauenuamu. [ycts ¢ = (p, ¢) —
Touka ¢azoBoOro MpPOCTPAHCTBA [RZ"; rpaauent ¢yHruun F(z) oGoaHa-

aum grad F' =F, , ..., F,, . Torga ypaBuenus (II 26.1) sanumyrca B Bu-
ae

. 0 —-F

=1 grad H, I= (E 0 ), (I126.5)

rae E — eguHu4Hag MaTpuua n X n.
15 M0GBIX ABYX BEKTOPOB Z, y € R2™ onpeneauM KOCOCKaTAPHOE Mpo-
nu3BejeHue
[:Ev y] = (Im,y) = _[ya ‘ﬂa

rge (-,-) — o0ObIUHOE cKalApHOe NpousBeleHne. MOKHO MOKAa3aTh,
aT0 [2, y] mpedcTaBiasAeT co6oit cyMMy IITomaneil Ipoekuuil napanienorpam-
Ma CO CTOPOHaMH &, y Ha mIockocTH p;q; (1 =1, ..., n).
JluHeliHble mpeoOpa3oBaHif, KOTOPbIe COXPAHAIOT KOCOCKAIAPHOE MPo-
u3BeAcHUE
[Sz, Sy] = [#, y] ©pu moO6LIX x, Yy,

Ha3bIBaAlOTCA CHUMIINIEKTHYECKRUMHU HpeOﬁpaSOBaHI/IHMH. HaHpI/lMep, MaTpu-
na I 3ajaeT CUMIINIEKTHYeCKOoe npeoﬁpasoBaHI/Ie.

2CM. npunomenne 32.
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Ipoussenenue [grad F,grad G] = (F,G) HaswiBaerca ckoGkoil Ilyac-
cona ¢pyurnuii F' u G. flcHo, uto ¢pyHurnua F ecTb nepsblii HHTer paj cucTe-
Mot (I126.5) B ToM U TONLKO TOM cliydae, eciin ee ckobka Ilyaccona ¢ pynk-
uueii FaMunbTOHA TOMAECTBEHHO paBHa Hy/0. Ecnu aBe GYyHKIUN HUMEIOT
ckoOry Ilyaccomna, paBHYIO Hy/I0, TO TOBOPAT, UTO OHH HAXOIATCA 6 UHEO-
ATOUUL.

Koncerpyrknua. I126.6

PaccmoTpuM n BekTopHBIX Noneil Ha M:
& =TgradF; (i=1,...,n).

ITHU NOJA AUHElHo He3asucuMbl B Ram 10l Touke MHoroobpasusa M, Tak
Kak npeo6pasoBanue I nesnipomjeno u grad F; He3aBHCHMBL.

dTu noasa kacameavrot K M, Tak Kak UX OpOUTHI CIyaT pelleHNAMH
raMHIbTOHOBBIX ypaBHenuil ¢ ¢gyunruueii lamunbrona F; (3Tu ypaBuenus
nonyckaroT F; B kauecTBe nepBbIX HHTErpanoB, Tak kak (F;, F;) = 0 u kam-
naf TpaekTopud lemut B M).

Haxonen, noas &, §; kommymupyiom, nockoabky ux ckobxa Ju ecThb
He 4TO MHOe®, Kak MoJie CKOpOCTell raMUILTOHOBON CHCTEMBI ¢ (hyHKIHeil
TFamunbrona (F;, F;) = 0.

CaenoBaTenoHo, M — KoMNakTHasa cBA3HaA opbuTa rpynnsl R”,
IeficTBYIOLell TPaH3UTUBHO U AU depeHIpyeMbIM 00pa3oM; TaKUM 006-
pasoM, jokazano, uyto M = T". Kpome Toro, M 3ajano ypaBHeHU:-

mu F; = f; = const, u mona grad F; onpegensioT B oKkpecTHOCTH op6uthl M
CTPYKTYPY IPAMOro Mpou3BeJeHu .

Oycte temepp v;(f), ¢ = 1,...,n — HexoTopsli Gasuc 1-nuKIOB
Ha KamjoMm Tope My: F' = f, pacnono#eHHOM B OKpecTHOCTH opOuThl M.
PacemoTpum nHTerpaisl geficTBUA

Ii(.f)Zﬁ %pdq- (I126.7)
yi(f)

Tak kar det 24 # 0, ypaBHenue I(f) = I momHO paspemmuThb

of;

3Jlemma: ckobfka JIn ABYX TraMHILTOHOBBIX BeKTOPHbIX moneit £ = I grad F, n =
= I grad G ecTb raMuabTOHOBO mode ¢ dyHruueit MamunbTona —(F, G). JokasaTelbcTBO
CM. B NpUJIOKeHUHU 32.
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(B okpectHOoCTH Op6UTLI M) M onpemenuts Top M(I) = My (g, cooTBeT-
CTBYIOIIMIi 3alaHHbIM 3HaYeHuAM .

Ilonoxum Tenepb
q

ﬂL@z/ﬁ@, (1126.8)

o

rjie yTh UHTETPHUPOBAHNA — HekoTopas kpusaf Ha Tope M (I) (cnenoa-
tenbHo, p = p(I, q)).

Muorosuaunasa ¢yusuua S fABafeTcA npousBoaameil yHKIHeH
(cMm. mpmiosenue 32) KaHoHHYecKoro npeoGpasosanud I, ¢ — p, g, ompe-
JeNAIoNero KOOpIUHATHI AeficTBHe-yTol:

_988 __8s
P=% ¢ or (1126.9)

JTemma 1126.10. Popma pdq na M(I) samrnyma.

Horasameavcmso.

B neficTBUTeNbHOCTH AOCTATOYHO OOKa3aTh, YTO HMHTerpal oT pdq
BIONb GECKOHEUHO Manoro napannejiorpaMmma, kacateibtoro k M (I), paBen
HYJIO.

flcHo, uTO 3TOT WHTerpal ecTh cyMMa IUomafell MpoeKNUH Hapan-
JerorpaMMa Ha TIOCKOCTU P; ¢;. CleoBaTelbHO, AOCTATOYHO N0Ka3aTh,
aro [, n] = 0 gasa mo6eix BekTopoB &, 7), Kacateabusix & M (I). Ho, rar
6o110 nokasano B 1126.6, mo6oit BekTop, Racatenbublit kK M (I), ecth nuneit-
Haa kombunauusa BextopoB I grad F;. Ilo dopmyne (I126.2) sTtu BerTOpbI
yOOBIETBOPAIOT cooTHouenmo [grad F;, grad F;] = 0; Ho ] — cUMIIeRTH-
deckoe npeoGpasoBanue, nosromy [I grad Fj, I grad F;] = 0. Takum oGpa-
3oM, [€, n] = 0 u 1eMMa JoKasana. [}

Takum oGpasom, ¢popmyraa (I126.8) B meiicTBUTENIbHOCTH ONpedeifeT
MHOT03HauHy10 QGyHEIMIO S, a ypaBHenus (1126.9) onpemensior, no kpaiineii
Mepe JIOKalbHO, KAHOHNYecKoe npeoOpasoBanue I, ¢ — p, q.

Ilepemennsbie peiicTBue-yroa. 1126.11

B meitcrButensaoctu popmyist (I 26.9) onpenensroT riaobanbHoe KaHo-
HUYecKoe npeobpa3oBaHue, JIA KOTOPOro NEPEMEHHBIE P, ¢ 27-TIepUOJUUHBI
o .
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Yr1obel yOeOUThCA B 3TOM, 3aMeTHUM, 4TO NpH nro6oM I auddepeHnu-
an ot S(I, ¢) ects rnobanpuan 1-dopma na M(I). CregoBaTenbHo, TO #Hie
crnpaBeJMBO M OTHOCATEILHO d, onpegensemoro gopmyoii (1126.9).

Boruneaum nepuopst 1-popmser dy; Ha My Broas nukiaos v;. Ilo dop-
mydae (IT 26.7) umeem:

’dega,-:fd(dI) dIf as = - 2n1):27r5ij.

Tarkum ob6pazom, @; yrioBble KoopauHaTel Ha Tope M(I) u Teopema
JoKasaHa. [



[IPUIOAREHUE 27
JIuneiinbple cUMILJIeKTUYeCKUe oToOpaskenus
IIJIOCKOCTH

(Cm. §20, ra. 4)

Mycte A — nuHeitHOe CHUMILIEKTHUYECKOE OTOOpajieHHe II0CKOC-
1 (p, q). OToOpamenne A coxpaHser miomanb dp A dg, ciegoBaTelb-
Ho, det A = 1. lloaTomy npousBenenre cOOCTBEHHBIX 3HAYEHHH A1, Ag OTO-
Gpamenusa A paBHo 1. Ho Ay u A2 — [Ba KOpHA XapakTepUCTUUECKOrO
ypasuenusn det(A—AE) = 0 ¢ geficTBuTensHpIMU K03 punuentamu. Ciego-
BaTeIbHO, A1 M Ay 1160 06a qeiicTBUTENbHbIE, TU60 KOMIUIEKCHO COMpPSAAEH-
Hele: A\; = \y. B mepBoM ciyyae ofuH U3 KopHeil 1o a6codIOTHOH BeIUdHHe
oonbiie 1, a gpyroii MeHble 1:

2| <1< [Aql- (27.1)

coayyan 1

Puc. 1127.3

Bo BTOpOM cayuae

T=XMA =X = M2 =X’ A # A (127.2)
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clefoBaTelbHO, KOPHU pacrnojaraloTc Ha eIMHUYHOW OKPYHOCTHU
(cMm. puc. 1127.3). OcTaeTcs eme mpemuii cayuaii:

AL = Ay = £1.
I[TpumEP 1127.4. T'unep6oauyeckuii NOBOPOT:
1
P q = 2p, 54

WIH rUunep6oduYecKuil MOBOPOT C OTpaxeHueM:

P, g — —2p, f%q (cm. puc. 1127.5).

Q
R

Ax x

Ax

rurepOoIYe KT
TOBOPOT
C OTpaskeHmneM

runepbosItIeCKUITL
IOBOPOT

Puc. 1127.5

B o6oux ciyuasx opbura T"x Touru x = (p, ¢) JeAUT Ha runepbo-
1e pg = const. flcuo, yro HemoaBuuaa Touka O Heycroiiuunba. U3 riac-
CHYECKHUX TeOopeM JHHEHHOMH anre6pnl cilefyeT, uTo Jioboe oTobpaxenne A
nepBoro tuna (A1 # A2, Ay U A2 JefCTBUTENbHBI) €CTh THNEPOOIHIeCKHil
IIOBOPOT, BO3MOMHO ¢ oTpamenneM. Muaue rosops, mocie saMeHbl IepeMen-

HBIX €ro MOKHO 3anucaTh B Buge P, @ — AP, %Q.

ITpumeP 1127.6. IloBopoT Ha yroig « NpUHAJNEKUT KO BTOPOMY Kiaaccy
()\1 =e7' Ay = €za):

P, ¢ —> pcosa —gsina, psina+ gcosa.
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Jluneiinag 3amena nepeMeHHbBIX NpeoGpasdyeT 3TOT MOBOPOT B «IJIUIM-
Tudeckuit nopopot» (cm. puc. [127.7). B stom cayuae opbura T"z Tou-
kM £ = (p, ¢) ne:ut ua smiunce ¢ geutpom O. fleno, uTo HenoaBukHasn
Touka O ycroiiuuBa.

Puc. 1127.7

W3 KiaccMyecKuX TeopeM JIHMHeHO anre6phl ClIefyeT, 4To 11060¢e 0TOo-
Gpasenue A Broporo tuma (JA1] = [A2] =1, A1 # Az) ecTb amnnnTuyec-
KU [OBOPOT.

B nepsom ciyuae (I127.1) rosopaT, uro uenoasu:kuas Touka O zunep-
Goauieckas uau 4mo omoobpaycenue A eunepboaudno 8 moure O.

Bo Bropom cayuae (I127.2) roBopaT, 4To HemoaBuHag Touka O oa-
AURMUYECKAR uaw wmo omobpaxcenue A saaunmuino 6 mouke Q.

Haronen, Tperuii cayuait (A? = 1) HasblBaETCA RAPAGOAULECKUM.

3AMEYAHHE I127.8. Ilyems» A — saaunmuieckoe omobpascerue. Tozda aioboe
kanonuveckoe omobpaxcenue A', Gausxoe xk A, marwce sasunmuuno. JleficTBu-
TelbHO, KOPpHHU )\1 n )\2 HellpepbIBHO 3aBHUCAT OT A n J0J#HBI OCTaBaThbCHA
Ha ¢urype, o6pa3oBaHHON AeHCTBUTEIBHON OCBI0 U €IHHHUYHOII OKPY#HOCTBHIO
(cMm. puc. 1127.3). CremoBaTenbHo, OHH MOTYT HOKHHYThH €JUHHUHYIO OKPYHOCTD
TONBKO B TOYKaX A = %1, 4To cOOTBeTCTBYeT HapabolINiyecKoMy CIydalo.

HamomHuM elle MOHATHE monoao2uieckoz0 uHdekcd BeKTOpHOro monas. Pac-
CMOTDUM BeKTOpHOe mone £(x) Ha MIOCKOCTH P, ¢, KOTOPoe o6palaeTca B HYIb
B usonupoBaHHoil Toure: £(0) = 0. OHo ompenensier oTOGpajNEHHE OKPYKHOC-
i 22 = p*> + ¢° = 1 na ce6a B(e): S* = S*, no popmyne

§(e-x)

B(e):x = ———

[CRES]
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IIpu mocTaTouHo MaloM € ToHoJOTrHYecKas cTeleHb 3TOro oTobpaseHnA He 3aBU-
CUT OT € U Ha3bIBaeTCA MHAEKCOM IoiA B Touke O, uau undexcom moyru O.

Paccmorpum Teneps BektopHoe noine £(z) = Az — x. Ecau oroGpamenune A
He napaboandeckoe, To Touka () — M30JIMPOBAHHbII HYIb HOJA.

Teopema I127.9. Hudexrc sarunmuyeckoil mouku pasen +1, underc 2u-
nepGoauyeckotll moiku paseH —1, a underc sunepboauieckoli mouky ¢ om-
paxceHuem paser +1.

Teopema HenocpecTBeHHO cnenyet us puc. ([127.5) u (1127.7).
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YeToiiuuBOCTE HENoABUMHBIX TOUEK

(Cm. §20, ra. 4)

IIyetn A — amanuTuueckoe KaHOHMUYECKOe OTOOpaieHHe ILI0CKOC-
TH P, ¢, ocTaBufwIee HemoaBuxHoM Touky O = (0,0). IIpegmonomum,
yto O — 2MIUNTHYCCKAd TOuKka, T.e. 4To Auddepennnan orodpamenua A
nmeer B O co6CcTBEHHLIC 3HAYEHUA A1 — e_i”, Ay = ete,

I 1. Bupkrod! mokasan, 4To ey o HECOU3MEPHMO ¢ 27, TO IPH JIO-
6oMm s > ( cymecTByeT KaloHdeckoe orobpamenie B = B(s) okpecTiocTu
Touku O:

B:p,q— P,Q, B(0)=0,

Takoe, 4TO B KoopauHatax P, () oroGpaienue A mpeiacTaBuUMoO B cleayio-
el «<HopMalbHOH (opmey:

A'=BAB™':P,Q > P, Q.

IIycTs I, ¢ — KaHOHMYECKHUE MOJAAPHBbIE KOOPIUHATHIL:

2I = P? + Q?, © = arctg (g) ,

b < !
2I' =P? +Q"7, ¢ =arctg (g,) .

Torpa

I'—T= O(In+1)7

(1128.1)
o —p=a+ol+al®+...+a, 0"+ 0"
KosppuunenTs a, oy, Qa, ... HHBapUaHThl KaHOHUYECKUX Npeobpaso-
2 2 ?
BaHui, T. e. He 3aBucAT oT B. Ecau o # 2#% U cpeiu oy, Qi2, ... HalgeT-

cA OTINYHBIN OT HyaA Koaddunuent, To bupkrod HaseiBaeT npeobpasoBa-
Hue A «o6MUM ITUNTHYECKUM 0TOOpaskeHueMy.

1 Iunamuueckue CHCTEMBI, II. 3.
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Teopema I128.22. HenodsudcHas mouka o6iie20 2AAUNMULECE020 OMOo-
Opascerusn ycmotidusda.

Horasameavcmso.

JlorazaTenbCTBO COCTOUT B MPUMEHEHHH KOHCTPYKIIUN [0KA3aTelhCTRa
Teopembl 21.11 u3 ria. 4 (cm. npuioskenne 34) k npeobpaszosanuio (1128.1),
rae O(I"*1) npu I < 1 pacemaTpuBaeTca Kak BO3MYIIEHHE 0TOGpaMeHus

I'=1, o =p+at+al+...+a,I"

AHanoru4nele TeopeMbl MO#HO JOKA3aTh 1 OTHOCHTENbLHO yCTOHUNBOC-
TH MOJOEHHI PaBHOBECHA U BINIMOTUYECKUX ICPUOAMYCCKIX pPellleHuii ra-
MHJIBTOHOBBIX CHCTEM ¢ IByMs cTenenamu cBo6oast (cMm. B. 1. Apuoang [7]).

Haubonee cunbHblit pesyabraT 6bin noayuen 0. Mosepowm [1].

Teopema I128.3 (Mosep). Henodsuscnas moika KGHOHUYECKO20 AAUN-
muyeckozo omobpasxcerus A naockocmu ycmotivusea, ecau:

m m,
1) (87 75 27T§, 271'1./

2) (851 7507

3) A dugdepenyupyemo 333 paza. (Kar nokasano B pa6ore Mosepa [3],
9TO YHCJI0 TPOU3BOJHBIX MOKET OBITh 3HAYHTEILHO YMEHbIIEHO. )

Ilonnoe goxasaTenbcTBO cM. B ynoMmuHasineiica padote 0. Mozepa.
3aMEUYAHEE 1128.4. Ecam o = 272 To, Kak jorasan Jlesu-Yusura [1], Heno-

3 ?
JIBHKHAA TOYKA MOET ObITh HEyCTOH4YHBOIL.

2B. 1. Aproasp [7].
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IlapameTpuueckue pe3oHaHChI

(Cm. §20, ra. 4)

Ananuz ycroitunBoctu HemoaBuikHo#t Touku (0, 0), mpoBeneHHbIH
B §20 (ra. 4), ocnoBau na ugenax Iyanrape u Jlanynosa. OGoGiienne 1x
pe3ynbTaTOB Ha CHCTEMbI ¢ MHOTHMHU CTemeHAMHU CBOGObI GbIIO OCYIIECT-
BireHo Toabko B 1950 romy M.T.Kpeitnom [1], [2]. HecnemoBanua Kpeitna
Gbinu mponoizensl flkyGosuuem [1], Teabdannom u Jduackum [4] u T. 1.
HNsnosenne Teopemsl Kpeitna Gouto onytaukosano Mosepom [3].

Ilycth A — nuHeliHOe cUMIIEKTHYeCKOe 0ToOpanieHne! KaHOHUYeCKO-
ro mpoctpancTa R*™. OTobpasenne A HA3BIBACTCH YCMOUYUEHLM, €CIN TI0-
cremoBaTebHOCTH A™ orpannyera. OtoGpasenne A HasbIBaeTCA napamem-
pudeckl ycmotivuesim, €Cii BCe CUMILNIEKTHUECKHE 0TOOpaMKeHus, GlnusKue
K A, yCTOHYUBEI.

B mpusomenun 27 goxasano (1 Mcnoanb3oBano B § 20, ru. 4), 4To 3JIHI-
THYeCKHe 0TOOpakKeHuA mIockocTn R? mapaMeTpHYecKH yCTONUMBEL

M. T. Kpeiin namen Bce mapamMeTpuuecKkM YCTOHYHUBLIC OTOOpaHCHUs
npoctpancerea R2".

Jemma 1129.1 (Ilyankape—JlanyHoB). Muoocecmso coGemeeHHbLr
JHaYeHUll A CUMNACKINUYECK020 0MOOPANCeHUAs A CUMMEMPUIHO OMHOCU-
meavHo deticmeumenvrotl ocu u okpyscHocmu |X| = 1.

,ZIOH‘(IS(ImBJLbCTnBO.
yTBEpH{I[eHI/Ie JeMMBI cjedyeT U3 Toro, 4To XapaKTepI/ICTI/I‘«IECHI/Iﬁ Ino-

1T.e. A coxpanser KocockaaapHoe npoussesenue (€, n] = (I€, n), rme (-, ) — cka-
0 -—-FE

B 0 ), E — equHUYHAafA MaTpuLa n X n.

NfIpHOEe Npou3sBefeHue, I = (

CrepoBaTesbHO,
[A¢, An] =[¢,n] n ATA=1L
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JIMHOM UMeeT JeficTBUTENbHbIEe HOB(I)(I)I/IHI/IGHT]:I H B38HMH006paTHbIe KOpPHH:

p(\) = det (A — AE) = det (—TA' "' + AI?) =
=det(—A'"' + AE) = det (A" + AE) =
=det (—E + AA) = A" det (A — A1E) = A"p(A 7).

U3 nemmer (A29.1) BeIBOgUM Cle[CTBHE.

CrnencrBue I129.2. Co6cmeennvie 3navenus omobpadcenus A pasbusa-
omes na napvt u wemsepku. Hapwt cocmosm us A u A™1, npuuem A aexcam
Ha Oeticmeumenvioti ocu uau Ha oxpyrcrnocmu |\ = 1. Yemsepru cocmoam
uz A, A, AL AL, cummempuynvir omuocumensto deticmeumensroii ocu u
83aumMHO 00pamuuLr omuocumeavto okpyscnocmu |A| = 1 (em. puc. 1129.3).

Puc. 1129.3

CanenctBue I129.4. Omobpaxcenue A napamempudecxu ycmotivuso, ec-
AU BCE €20 COOCMEEHHble 3HAYEHUS PACTOA0KHeHbl HA okpyxcHocmu |A| = 1
u npocimoule.
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HeiicTBUTENbHO, eciM cOOCTBEHHbIE 3HAYEHUHA POCTLI H PACIIONOKEHDI
Ha [A| =1, To:

1) A ycroitauBo (o mpHyYHMHaM, KOTOPbIE ACHLI U3 PACCMOTPEHHA HOP-
MaJbHOH (QOPMBI),

2) coGcTBeHHble 3HaYeHHA BceX CUMINIEKTHYeCKHUX oToGpaenuit A,
Gnuskux K A, pacrnonomens! Ha |A| = 1.

JleficTBUTENBHO, B IPOTHBHOM CIyuae coGCTBeHHbIe 3HAUSHHA A 1 A~ T
oToGpaenuii A’ 6bL1M Gbl PACHONOMEHbI B OKPECTHOCTH €IUHCTBEHIOrO
H30/I1POBAaHHOT0 cOGCTBEHHOr0 3HaUeHHA oTo6paskeHusa A (eM. puc. 1129.3).

IIpeanonouM, HAYMHAA ¢ ITOTO MecTa, YTo +1 He sABIAIOTCA COGCT-
BeHHBIMHM 3HaUeHHAMH oToOpaskenns A. M. T. Kpeiin pasgenun co6eTBeHHbIE
3HAUEHHA A, pacHolokeHHble Ha |A| = 1, Ha OBa Kiacca: MONOKUTENbHbLIE
1 oTpuuarensHsle. lIpeanonoxum cHadana, 4T0 Bce cOOCTBEHHbIE 3HAYCHUA
oToGpaeHusA A MpocTble, U N0Ka)eM ClelyIOUyIo IeMMY.

Jlemma I129.5. Ilyecmov &1, &2 — dsa coGecmeenHblr 6exmopa ¢ cobem-
BEHHbIMU 3HAYEHUAMU, PABHbIMU, COOMBENCIMBEHHO, )\1 u )\2. Toeda au-

60 /\1)\2 = 1, aubo [51: 52] =0.

Horasameavcmeo.
U3 toro, uto A& = A& u Aés = A5 caenyer

[A&1, A&] = M X[y, &) = [&1, &),

OTKyJa
(A1A2 — 1)[&1, &] = 0. -
CnenctBue I129.6. Iycme 0 — naockocmv, UHEAPUAHMHARL OMHOCU-
meavHo A, coomeemcmeyouan 06yM KOMNACKCHO CONPAICCHHBIM COOCTIIBEH-
HBLM 3HAYEHUAM A1, A2, |A1] = |A2] = 1. Toeda:
1) naocrocms o opmozonaavha (8 cmvicae [-,-]) awomy cobemeenno-
My eexmopy &3, coomsemcemeyouemy 0pyeomy coOCIMBEHHOMY 3HAYe-
HUW0 A3,

2) dan 400600 napel He KoaiuHeapHwuir sexmopos & u n u3 o npoussede-
Hue [E, 1] omauiHo om Hyaa.

YTBepsaeurne 1 cieqyeT HENOCPeJCTBEHHO U3 TOT0, YTO AjAs # 1
u A2 A3 # 1, cnefoBaTenbHo, no nemme (1129.5) [£1, &3] = [&2, &) = 0.

YrBepmaenue 2 ciefyeT us toro, 9to ecau [&1, €] =0, To [€1, ] =0
npu mio6oM 7 (Tak kak mo yrBepsaenuio 1 [&1, &] =0 u [§1, &] = 0 npu
ao6oM &3). CrenoBaTenbHo, [€1, &2] # 0.
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Onpepnenenue II 29.7. CoGcTsennoe snauenue A, [A| = 1, A2 # 1, na-
3bIBAETCA NOAOHUMEAbHbIM (COOTBETCTBEHHO, OMpUYametbHsli) cOOCTBEH-
HBIM 3HAYCHHEM CHMIUIEKTHYECKOTo oToOpamenua A, ecau

[A¢, €] > 0 (cooTBeTcTBeHHO, [AE, £] < 0), £ € o,

Ha AefiCTBUTENhHON HHBAPHUAHTHOM IIOCKOCTH 0, COOTBETCTBYIOMIEH co6eT-
BEHHBIM 3HAYEHUAM A, A.

dTo onpelenenne KOppekTHO. JelicTBUTENLHO, BEKTOPSI AL U &, nema-
mue B mIOCKoCTH &, He Ko/uMHeapHbl, Tak Kak A2 # 1. Takum o6pazom,
B cuny caeacetsuA 1129.6 [AL, €] # 0 Ha 0. dTo o3HauaeT, uTo [AE, ] coxpa-
HACT TOCTOAHHBIA 3HaK mpu Beex & € 0.

3AMEYAHHE [129.8. 3Hak cobGcTBeHHOr0 3Ha4YeHHUA MMeeT IPOCTYHO reoMeTpHU-
yeckyto unTepnperanuio. lockoabry [€, n] # 0, ecau BekTop £ He mapaiineieH
BEKTOpY 7], IIOCKOCTh ¢ JONycKaeT KaHOHHYeckylo opueHTanuio. ClegoBaTelb-
HO, MO3KHO TOBOPHUTDL O MOJO{HTEIBHBIX U OTPHULIAaTEILHBIX MOBOPOTAaX.

Orpannyenue orobpameHus A Ha o €CTb JLIMNTHYECKHH HOBOPOT Ha
yroa a, 0 < |a| < w. Co6cmeennoe 3natenue A noaoxcumessro (COOMEEMCMBEEHHO,
ompuyameavHo), ecau omobpanenue A Ha o ecmb NOBOPOM HA NOAOHCUMEAbHbLI
(coomeemcmeenno, ompuyameavHsil) yeoa.

OcuoBHoit pesayabtaT Kpeiina yTBep:kaaeT, 4To cmoakHogenue 0syxr colcm-
6eHHbLY 3HAYeHUll 001020 3naka na oxpyicHocmu |A| = 1 ne npusodum k Heycmoil-
yusocmu, mozda kKak 0ea COOCMBEHHBIT 3HAYEHUA PA3AUYHBIY 3HAKOS MO2YNML NO-
kunyms oxpyxcrocms |A| = 1 nocae cmoaxnoseHus, 06pasosas marum 06pa3om
Yemeepky emecme ¢ 08YMA KOMNACKCHO CONPAYNCEHHbIMU UM COOCTNBEHHBLMU 3HA-
wenuamu (cm. puc. 1129.3).

Bonee Touno, nycte A(f) — cumMmnekTHUYecKoe 0TOOpaXeHNe, HENPEePLIBHO
3aBHcAllee OT £, U NMycTh 4ucaa +1 He ABIAIOTCA cCOGCTBEHHBIMU 3HaueHUAMU
npu |¢| < 7. [Ipenmonosum, uro npu ¢ < 0 Bce coGcTBEHHbIE 3HAYEHNA A, 0TOGpa-
seHUA A NpocThIe U pacIoloMeHbl Ha OKPY#HOCTH |A| = 1, Torga kak npu t =0
HEKOTOpble cOOCTBEHHbIe 3HAUEHNA A, CIHUBAIOTCA.

Teopema 1129.9. FEcau ece coGecmeenHble 3HAYCHUA, KOMOPblE CAUBAIOM-
¢, 00H020 3HAKA, MO NOCAE CMOAKHOBEHUA OHU OCMAIOMCA HA OKPYHCHOC-
mu |A = 1, a omo6pasxcenue A ocmaemcea yemotwuson nput < e, € > 0.

Msb1 nokameM 3Ty TeopeMy B IpocTelillleM cilydae, KOrja CIUBaIOTCA
Bce co6eTBeHHble 3HaueHuA A, Im A > 0. O6muit cnyvail cBoguTcA K Ipoc-
TelilleMy, eciii BLIGpATh KaHOHHYeckoe MoAnpocTpancTo R (t), cooTBeT-
cTByMWOIee | cTATKUBAKOIUMCA cOGCTBEHHBIM 3HAUEHUAM U KOMILIEKCHO CO-
NPSKEHHBIM ¢ HUMH.
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Hpe,[[l'IOJ'[O}‘{{HM OJA KOHKpPpeTHOCTH, YTO co6cTBeHHbIEe 3HAUEeHUA )\k Io-
JOKUTEIbHbI:

[A, €] >0 npu £ € oy

(0}, — TIIOCKOCTb, MOPOM/EHHAs COOCTBEHHBIMH BeKTOopamu &k, &,
rie Ay = Aply)-

Horasameavcmeo meopemst 1129.10.
PaccmoTpum kBagpatuunyio opmy [A€, &]. Ee 6ununeiinas nonapuas
¢dbopma HeBbIpOdeHa. [elicTBUTENLHO,

[AE, 0] + [An, &) = [A&, ] —[A7YE, 0] = [(A— A7YE, 1],

ecin [(A — A~H¢, ] = 0 npu mobom Bektope 7, To (A — A™1)¢ = 0,
ciefnosaTenbo, (A2 — E)A¢ = 0. Takum o6pasom, oTobpamenue A? umeer
coGecTBEHHOE 3HAUeHMe, paBHOe 1, 8 UMEHHO 3T0 MCKIIOUEHO 0 YCIOBHAM
TeopeMsl (A # +1).

CrnepoBarensHo, kBagpatuynan dopma [AL, €] nesviponcdena npu |t| < T,
sraioyana t = (. C gpyroit cTopoHsl, npu t < 0 sma dopma noaoscumeavro
onpedesena. JelcTBUTEIbHO, Ka#/IbIil BEKTOP 7) €CTh CyMMa CBOUX IPOEK-
Uil 7, Ha UHBapHAHTHLIE IIIOCKOCTU Ok, COOTBETCTBYIOLINE apaM cobcT-
BEHHDBIX 3HAYEHHIl Ag, g, |Ax| = 1. U3 caeactBusa 1129.6 Mbl 3akmouaeM,
4TO IIOCKOCTH O TMONapHO OPTOrOHANLHBIL (B cMbIce |-, +]).

Takum obpasom,

[An, n] = _[Ank, ] Z[Ank, e,
k.l

TaR KRak
[Ang, m] =0, ecim k#1 (Ank € o, m € 03).

Ho [Ang, 0] > 0, nocKOIbKY A, — TMONOMKUTEILHOE COBCTBEHIIOEC 3HACHHE,
u mostomy [An, n] > 0.
Nrar, dopma [A()E, £] noaoucumeavro onpedesena npu t < 0 u He-

sviposicdena npu t = 0. CleZoBaTenbHO, OHA NONOMKHUTENLHO ONpeLeleHa
npu t = 0, a, 3Hauut, u npu t < g, € > 0.
o [AA™E, A™E] = [Ag, €], Tar rar oroGpamenne A" cUMITeRTH-

geckoe. CieoBarenbto, opoura A™¢ npunamiesut suncouny [AE, £] =
= const, T.e. npu t < € orobpamenue A(t) ycroitunso. ]
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3AMEUAHUE [129.11. To e paccysaeHHe Noka3blBaeT IPH3HAK NMapaMeTpHuec-
KOl YCTOHYMBOCTH: CUMILIEKTHYECKOe 0ToOpasenre A mapamMeTpHYecKHd YCTOM-
YHUBO B TOM W TOJILKO TOM CIyd4ae, eclHl Bce COOCTBEHHLIC 3HAUEHHA Ap JIeaT
Ha OKpyHOCTH |Ax| = 1, A} # 1, ¥ Ha kasJ0M HHBAPHAHTHOM ITOIIpPOCTPAHCT-
B€, COOTBETCTBYIONEM KDATHBIM COGCTBEHHBIM 3HAYEHHAM A, A, KBaApaTHJHAsA
¢dopma [AE, €] nomomuTenbHo (HIM OTPHIATENLHO) ONpejeleHa.
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MeTon ycpeaHeHUA OJA NepuoardecKux
cucremM

(Cm. § 22, ra. 4)

Myets @ = B! x S — ¢asosoe npocrpancreo, B} = {I =
= (I, ... ,I;)} — orpanuvenuas 4acTb €BRIIJOBA IPOCTPAHCTBA RY, St =

= {¢ (mod 2m)} — oxpymuocts, w(I), F(I,¢), f(I,p) — nuddepenuu-
pyeMble GYyHKIHH, IepHOIMYECKUE 10 ©:

F:Q- R, f:Q- R, w:B =R,

HaroHeI, € < 1 — mansIil mapameTp.

Teopema I130.1. Paccmompun 6 ) caedywuue cucmentot:

¢ = w(l) +ef(I.p)
{j P (130.2)
J=eF(J), ede F(J)= % / F(J,) de. (1130.3)

Tozda, ecau w(I) # 0 6 Q, pewenus cucmen (1130.2) u (1130.3) ¢ oduna-
kosbLmu HavaabHotmu yeaosuanu I(0) = J(0) ydosaemeopsiom nepasencmesy

[1(t) — J(¢)| < Ce npu awbomt, 0 <t < %,

20e C — NOoCMoAHKAA, He 3asucauias om g.

Horasameavcmeo.
Monbitaemea ynyumuth cucremy (I130.2) mpu momoinu HOBOWH mepe-
MEHHOH
P =P, ) =T+eg(, p), g:Q—R. (1130.4)
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W3 (1130.2) u (130.4) caenyer, uTo

dg(P, ¢) (

P=cF(P,¢)+e P P) + O(g?). (1130.5)

Y1006BI YHHUYTOMUTEL Y/JICHLI NOPAIRA €, NOJOMHUM

f w(P k) dep;
0

oyuruus g(I, ¢) Bnoaie onpefenena, Tak Kak

2m

wP)#0 u (F—F)dp =0,

o

crefoBaTelbo, g(y + 27) = g(p).

Puec. 1130.11

Cucrema (I130.5) npunnmaeT BuL
P =¢F(P) + 0(e?). (1130.7)
Iycts P(t) — pemmenue cuctemsl (I130.7) ¢ HauanbHBIMK YCIOBUAMN

P(0) = J(0) = 1(0),
)

- |
P(t) = PUI(1). (). (1130.8)
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W3 (I130.7) oueBngHbIM 06pa3oM ciefyet, 4TO

|P(t) — J(t)| < C1e mpumobomt, 0<t< % (1130.9)
N3 (1130.4), (I130.6) u (I130.8) MbI 3araI04aeM, 4TO
|P(t) — I(t)] < Cqe npu m06om t. (1130.10)

Hepasencrsa (1130.9) u (I130.10) nokaspiBaioT Teopemy. OHH 10Ka3LIBAIOT
Takske, YTO HCTHHHOE IBUKeHHe COCTOUT H3 YCPeIHeHHOr 0 ABUeHUSA U Ma-
TBIX GBICTPBIX Kodebanuii (cMm. puc. 1130.11). [ ]
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HOBerHOCTI/I ceueHUdA

(Cm. 21.9, §21, ra. 4)

Mycrs H(p, ) — dyukuua 'amMuiabToHAa CHCTEMBI € 7 CTEINCHAMHU
cB0GobI (ClleloBaTelbHO, Pa3MepHOCTh (Ga3oBOro MPOCTPAHCTBA P, ¢ PaB-
Ha 2n). [Ilycte H = h — (2n — 1)-MepHas N0BEPXHOCTL YPOBHA 3HEPIHH,

aX:H =h, ¢ =0 — ceueHue MOBEPXHOCTH IIOCTOAHHON DHEPrUH pas-
MepHocTu 2n — 2. [lyeth ¢; # 0 B HeroTopoit o6racTu Y.y NOBEPXHOCTH i,
uP=(pa,...,pn), Q@ = (ga,...,qn) 06pa3yIOT CUCTEMY JOKAIBLHBIX KOOP-
aupat (cMm. puc. I131.1).

IIpegmonoskum, YTO TpaekTopud ra-
MUJIBLTOHOBOI! CUCTEMbI, BBIXOAAIIAA U3 TOU-
KU xy obmnactu Y, mepeceraeT y. Tor-
la, IpUHUMAasA BO BHUMaHue, uTo ¢ # 0,
MBI 3aRJII0YaeM, UYTO Bce ONU3KUE TPACKTO-
PUH Takke MepeceRaloT Y, H TeM CaMbIM
nojayuyaeMm otobpasenne A: Xy — Yo, I'ae
Y1 C 3o C 3.

Teopema I131.21. Omobpancenue A —
KaHOHUYeCKOe, M. e. 04 AI001 3aMKHYMOL
Kpueotl v Ha Xq

deQ:deQ’ (I131.3)

PdQ = padgs + ...+ ppdq,.

Puc. 1I31.1

Horazameavcmeo.

PaccMoTpuM TyUoK TpaeKkTOpHil, BbIXOAAmMHUX U3 v B (2n + 1)-mep-
Hoe npoctpaHcTBe {(p, ¢, t)}. Kpusble v n Ay — NpoerIMHU B NPOCTPAHCT-
Bo {(p, ¢)} ABYX saMEHYTBIX KpuBbIX 7' u A7', 06pa3oBaHHBIX HaYalb-

139Ta Teopema [JaBHO M3BecTHa, HO, HACKOJIBLKO MOM{HO CYAHTb, €€ J0KA3aTelbCTBO
HUKOrja He GbLI0 OMyOIMKOBaHO.
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HbIMH ToukaMH (! = () ¥ KOHEUHBIMH TOYKAMH WHTETPAILHBIX KpH-
BeIX p = p(t), ¢ = ¢(t) B npocTpancTe {(p, ¢, t)} (cm. puc. 1131.4).
CrnepoBaTennno, cornacHo teopeme Iyanxape—Kaprana

j[pdq—Hdt: ]{pdq—Hdt, (I131.5)
v’ Ay'!
rae
pdg =pidg + ... + pp dgy.

Ho H = const Baoan ' u Avy', nostomy

fHdt:}{Hdtzﬂ.
v Avy!

Hanee nomyyaem:

fpdq: fpdq u ]{pdq=fpdq-
b .

Y Ay Ay

Kpome Toro, g1 = const Ha X, noatroMmy

fpl dg1 = ]{ p1dg = 0.

v Ay

Tarum o6pazomMm,

%pdq—Hdt:]{PdQ, ?{pdq—Hdt:]{PdQ
' ¥ Ay’ Ay

,YI

u (I131.3) crepyer us (II31.5).
Teopema Jokasana. [

[TpuMEeP 1131.6. PacemorpuM 3agauy Bupkroda o Beiykiaom «Guinuapiey.

Ilyers I' — 3amkHyTas BeImykjaas kpubas Ha miaockoctn E2. Ilpep-
nonaraeTcd, UTO MaTepuainbHas Touka M aBmieTcA B 06iacTu, orpaHu-
yennoit kpusoii I', u uro coymapenus touxu M c wpusoit I mpoucxoaat
[0 3aKOHY yNPYTOro OTpaskeHUd — yroJ NaJleHud paBeH YTy OTpaMeHUuA
(em. pue. TI31.7).
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T ('b

qz
N

Puc. 1131.7

Cocrosnne Toukn M B MOMEHT OTpaieHus omnpejeisercd AByMsA Ia-
pameTpamu: yrioM nagenua a, 0 < a < 27, U TOYKOil coyJapenus ¢ rpa-
uuneii I'. llonosenne Touku coygapenusn A onpegensercsa anrebpandecKoil
nauHo#t ¢o ayru OA wpusoit T' (O — mpousBonbHO BhHIGpAHHOE HAUANO).
Nuaye roBops, MHOMECTBO cocTOAHMNA Toukn M (B MOMEHT OTpameHus)
o6pasyet Top T? B dhasoBom mpoctpancTse {a (mod 27), ¢y (mod L)}, rue
L — pavua gpusoii I'.

MEI onydaeM ecTecTBeHHoe oToGpaxenne A NogMHo#xecTBa 3TOroO To-
pa Ha ce6s: cocToANHE HeNocpecTBEHII0 Hocle OTpaMmea oT ' mepexoguT
B COCTOAHME HellocpeCTBeHHo Tepef Hepel cledyIomuM coyaapenueM o I

Teopema 1131.8 (. . Bupkrod). OmoGpascenue A coxpansem un-
meepaavHuill uneapuanm I = sina dgs A do.

Horazameascmso.

flcuo, yto Mexay AByMsA oToGpameHUAMU [BHieHHe Touku M moj-
YHHAeTCcA ypaBHeHUAM ['aMUIbTOHA B COOTBETCTBYIOLMIEM YeThIPpEXMEPHOM
¢azoBoM TpocTpaHcTBe. Bribepem B okpecTHOCTH Topa T2, 0 KOTOPOM To-
BOPHJIOCH BhINIE, 0co0yi0 cucTemy koopauHaT. KRampoil Touxe M mocta-
BUM B COOTBETCTBHE KOOPAUHATHI (g1, ¢2), TAE ¢ — DPACCTOSHUE OT TOU-
Ru M no ee opToroHanbHoil npoekuuu Ha I'y, g0 — AauHa ayru OT7 flcho,
4T0 B OKpecTHOCTH I' KOOpAUHATHI ¢1, g2 (mod L) o6pasyioT cucremy na-
rpaHskeBbIX KoopauHat. IlycTb p; U po COOTBETCTBYIONIHE UMIYIbCHI,
Macca M cuuTaetca paBHoil egunuie. fAcHo, yto Ha [ UMNyabesl p; U ps
COBIAJAIOT C COOTBETCTBYIOIUMH CKOPOCTAMU v:

p1 = |v|sina, pa = |v|cosa.

chIIEHVIH l'amuabTona ecTh KMHETUYECKAA QHEpPTrufA:

2
)
H = 7
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PaccMoTpuM B 4eThbIpexMepHOM NPOCTPAHCTBE Pi, P2, 1, ¢2 MOBEpPX-
HOCTBb Y, 33/laBaeMyI0 ypaBHEHUAMH

H:%, @ =0 (re|v=1, MEeT).

lIBu#eHHe OT OJHOTO OTpameHHA A0 APYTOoTo olpelenseT oTobpae-
nue A: ¥ — X. KoopausaTsl ps, go ABIAIOTCA JORAILHEIMH KOOPIUHATAME
Ha ¥ (a # 0). Ilo teopeme (I131.2), A — KaHOoHMuUecKoe oToGpameHuUe,
CIICIOBATEIBLHO, OHO COXpPAHAET 2-popMy

dps Adgy = sina dgs A da, -

3HGMGHT8PHOG JOoKa3aTeJlbCTBO 3TOH TeopeMbl INPpUBOAHUTCAH Yy
Ik . Bupkroda [1]; oHO conmpAmeHo ¢ IJIMHHBIMU BbIYHCIEHHAMH.
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IIpousBoaAainue GpyHKINNM KaHOHHUYECKHUX
oToOpakeHUi

(Cm. §21, ra. 4)

PesynbTaThl, U310eHHbIE B 9TOM [IPIIOMKEHNH, IpuHagiexaT ['amMuib-
ToHy U fArobOu.
A. KoHeuHble KaHOHUYecKle oToGpaskeHUA

IIycto

x:(a(.I)a (p:(pla"'apn)s q:(q19"'9Qn))v

— Touka KaHOHHUYecKoro mpocTpaHcTa R2™. Jluddepeniupyemoe oToGpa-
JKeHMe

Az =+ X = (P(p* Q)a Q(pv Q))v (P= (P17 ~"7Pn)a Q = (Qb ceey Qn))
Has3bIBaeTCA KAGHOHUYeCcKrumM, €ClIi OHO CoOXpaHAaeT HHTeraJIbHBIﬁ HHBapuanT
Ilyankape:

fpdq :f PdQ (1132.1)
¥

A'Y
A 1060 3aMKHYTOH KpUBOI 7.

W3 (1132.1) nas mo6Goit 2-menu cnefyeT coxpaneHe cyMMBbI ILIomaaci
NpOeKIHUH Ha MIOCKOCTH P;, ¢t

I(a)://” dp/\dq:/an dpNdq=1(Ao). (1132.2)

Nuaue rosops, 2-dopmer dp A dq u dP A d@) coBnagaior:

dpANdq=dP ANdQ, rtae P =P(p,q), Q@=0Q({,q).
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Ecau oGracTnh onpepenenusa ortoGpasmenusd A 0QHOCBA3HA, TO YCIOBHA
(132.1) un (1132.2) sxBuBanentHer. U3 (I132.3) caepyer, uro auddepennn-
anpuasa popma B R*™:

pdqg+QdP, rtme P =P(p, q), Q=Q([p, 9,

s3aMEHyTa (Tak Kak dp Adq+ dQ AdP = 0). Takum 06pazom, T0KaIbLHO MbI
nomy4yaeM $hyHKIHIO TOYKH IpocTpaHcTBa R>™:

T

A(w)=/pdq+QdP, e P =P, ) Q=Qp, 9)-

Zo

IIpennonosumM, 4To B OKPECTHOCTH TOYKHM & BEIUYUHBI G, ..., qn
u Py, ..., P, o0pa3yioT cucTeMy JIOKaIbHBIX KOOPAUHAT, T.€.

det (%—1;) # 0.

Toraa A(z) MoxHO cuuTaTb QyHKUUel 2n nmepeMeHHbIX P, ¢, onmpeneneH-
HBIX B OKPECTHOCTH TOUKHU P, ¢:

(P, q)
A(P, q) = / pdg+QdP, rne P =P(p, q), Q=Q(, q).

Onpenenenne I132.5. @yuruua A(P, ) uasbpiBaeTcA npousgodauet
dynryuetd KaHoHuteckozo npeobpazosanusn A.

flcHo, uTO A OmpejeNeHo TONLKO JOKANbHO U C TOUHOCTBHIO [0 NOCTO-
annoit. Us (I1132.4) caepyer, 9To

0A _n 04 _
5p=Q G =P (132.6)

JTemma I 32.7. Iycmov A(P, q) — dynruyus om 2n nepemeHHbT MaKas,

4mo
0*A
det (8P0q) #0

» |
e e ’
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leitcTBuTeNBbHO, Tuddepennuansuasn dopma pdq + Q dP = dA na R*"

3aMKHyTa, clefl0BaTelbHO,
dp A dg = dP N dQ.

|

K comanenulo, npouspoadmas dynkuua A obragaeT TeM HENPHATHLIM
CBOMCTBOM, UTO HE fIBIAETCA T'€OMETPUUECKUM OGBEKTOM: JeficTBUTENLHO,
OHa 3aBHCUT He TOJIbKO OT oToGpaseHHA A, HO U OT KOOPAUHAT p, ¢ B IIPoO-
ctpanctee R?",

U3 ypasuenwmii (I132.6) mbI 3ararouaem, 4T0 NpOU3BOAALIAA QyHKINA
ToM lecTBeHHOro oTobpaxenuna’ pasHa Pq. CleoBaTenbHo, Kamuioe KaHo-
HU4ecKkoe oTobpasieHne, 6JIHM3Koe K TOMKJECTBEHHOMY, 00jafaeT NMpOU3BO-
nAamei pyHruueit, 6auskoit K Pq.

B. HaduHuTEe3MMalbHBIe KAHOHUYECKIe 0TOoOpameHuA

PacemoTpuM raHoHuueckHe oToGpameHud S, NpousBodinue QpyHK-
unu Kotopeix Pg + £S(p, ¢; €) 3aBucaT auddepeHnupyeMbIM 06pa3oM OT
napametpa ¢ < 1.

Ecnu napameTp € man, To oTobpasenue S, 6IU3KO K TOHIECTBCHHOMY.

N3 ypasuenuit (I132.6) caenyer, uto pasiomenus B pax Teiinopa no e
¢yuruuit P(p, q¢) u Q(p, q) umMeroT cienyomuil BUA:

_,. 08 2 _ a5 2
P=p €8q+0(€), Q—q+80p+0(6), (1132.8)

rae S = S(p, ¢ €).

NupunnTesuMalbHoe KaHOHWYecKkoe oTobpaxienue S., 1Mo ompejene-
HUIO, CTh KJIACC SKBHBAIEHTHOCTH ceMelcTB S¢; nBa cemeiicTBa S¢, S.
IpUHajIeRaT OHOMY M TOMY 3Ke Kaaccy, ecan |Se — S1| = O(e?).
Onpepenenune I132.9. Oyuruusa Tourd ¢asoBoro npoctpancTsa S(p, q)
HasbIBaeTCA npoussodawel @GyHryuell uUHGUHUMEIUMAAbHO20 Omobpace-
Husn Se (uau dynryuu Famuavmona).

flcHo, uTo dyHENMA S ompedeleHa ¢ TOYHOCThIO A0 MOCTOAHHON. YOe-
JUMCA Temepb, YTO QYHKIUA S MMeeT TeoMeTPUUECKUil CMBICI: OHA He 3a-
BHUCHUT HHU OT BbIOOpa KAHOHMYECKUX KOOPAWHAT P, ¢, HA OT BeIGopa npeacTa-
BUTeNA S, B Klacce SKBHBATEHTHOCTI; 9T0 — oToGpamenue S: R?" — R'.

1910 — MHeMoHMuYecKHII NpHEM, [O3BOJAIOMU Jerko BOCCTAHOBUTL ypaBHe-
uua (1132.6).
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HeficTBUTENbHO, MyCTh ¢ — KpHUBafA, COENUHAIONMAA IBE TOYKH T,Y
npocrpancTBa R*": Jy = y — x. Honomnm ve = S.v, u nyets o(c) —
nonoca, o6pazoBaHHas KPUBLIME .,0 < & < €, U OpUEeHTUpPOBaHHAA Tak,
aro do, = — ¥ + ... (em. puc. 1132.10).

ITonoxum

_ / dp A dg. (132.11)  (5p,5q)
o(z)

B cuny coornomenunsa (II 32.2) unrterpan \
He 3aBHUCUT OT BhIGOpa KAHOHUYECKHUX KOOPIAH- T (dp,dq)
HaT, a B cuiy cooTHomenus (I132.1) ue 3aBucur
Puc. 1132.10

U OT BbIOOpa KPUBOii ¥, a 3aBUCUT TOIBLKO OT &
uy.

Jlemma I132.12. [poussodaujas gynruyun S unGuHume3UMAALHO20 KAHO-
HUYeck0z0 npeo6pazosanus S, onpedeasemcs COOMHOULCHUEM

S() = S() = & 1o (o) (1132.13)

u, caedosamenvHo, He 348UCUM OM 6bl00PA KAHOHUYECKUT KOOpOUHAmM p, q.

,Zlona.?ame./lbcmeo.
B cuiny coornomenuit (I1132.8), monaraa S.x — x = dx = (dp, dq), nony-
qaeMm:

e(S(y)-S(z)) = 6/ % dp+% dg = /(5q dp—3pdq)+0(?). (1132.14)

Y

C apyroii cropousl, o gpopmyae (IT 32.11) unterpan ot dp A dg o o ()

paBen
/ dp A dg = /’dp dq‘ ). (1132.15)

U3 dopmyn (1132.14) u (I1132.15) caegyer coornomenue (I132.13). m

NuBapuanTHOCTL NPOU3BOJALICH QYHKIMK S MOMHO BLIPa3UTh B MHOM
dopme. Ilycts A — KOHeuHOe KaHOHMYecKoe oToOpaskeHue, S, — WHGUHU-
Te3anuMalbHOe KaHOHUUecKoe oTobpamenue. AcHo, YTo KAaHOHMYECKOE OTO-
opamenue T, = AS. A~! Tarme unpuHETEIUMALHO.
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Jlemma II32.16. Ilpouseodawue gynuruyuu S u T ungunumesumaibHolr
KanoHuveckux omobpaxcerull S, u T, cea3aHbl coomHoULEHUEM

T(Ax) = S(z) + const. (I132.17)

Hokazameavcmeo.
Ilycte 7. u o(¢) — wpuBas u noBepxHocTh u3 nemmsl (I1132.12). Kpu-
Baa v = Ay coegunser tousun Ax u Ay. Kpome Toro, mpusse T.v',

0 < &’ < e, obpasyioT noxocy 7(¢), KoTopas ecTh He YTO MHOE, KaK
7(e) = Ao(e). (1132.18)

W3 coornomenus (I132.13) Mbr noxyuaem, 4T0
S(y) = S(x) = L I[o(e)
de ’

T(Ay) — T(Az) = d%z[f(a)}.

(1132.19)

Ho A — ranonmueckoe oToOpaskenue, CIefOBATEIbHO, M0 (oOpMy-
aam ([132.2) u (1132.18) Ifo(e)] = I[r(e)]. CpaBuusas c (1132.19), noxy-
qaem (I132.17). [ |

CrnenctBue II 32.20. Ilycmo B, u C. — ungunumesunaiviole KGHOHU-
Yeckue 0moOpaKyceHus ¢ npoussodauiumy PyHryUAML, coomeemcmeenno B
uC, A — Koneunoe KaHoHUu4eckoe omoodpaxcenue. Tozd0a undurnumesunao-
HOoe KaHOHUYecKoe omobpaxcenue

Bl =C.B.AC'A™! (1132.21)
umeem 6 kaiecmee npouszsodauiell GyHryUU
B'(z) = C(z) + B(z) — C(A™ ') + const. (1132.22)

HeiicrBuTennuo, us (I132.8) crexyer, uro npoussoaaman Gy HKIUUA IPO-
U3BeJIeHUA IBYX MHOUHUTE3NMAIbHBIX 0TOOpaMeHUl ecTh CyMMa HX IIpo-
U3BOAAMUX PYHKIUNA U 4TO NpousBojAman GyHKkiusa o6paTHoro oTobpaske-
nua C~! ectb pynknusa —C. Henoabsya 5Ty 3aMevyanua u demmy (1132.16),
nonyuaem (1132.22).
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C. RommyTtaTops! JIu u ckob6ku Ilyaccona.

Mycts Ae 1 B, — nBa HHOUHUTE3NMATbHBIX KAHOHHUECKHX 0TOOpasie-
Hus. Torga cymecTByeT nHGMHITE3UMaTbHOE KAHOHUUECKOE 0TOOpaKeHNe,
IpuyeM TolbKo oano, C. Taroe, 4TO

AByA_B_y = Cyp + O(a®) + O(?), a,b— 0. (1132.23)
dTo otobpasenue C, naspiBaetcsa kommyraTopom Jlu orobpaenuit A,

n B..
Jlemma [132.24. IIpoussodawan dynuryus C' omobpascenusn C. pasna 63a-

moii ¢ o6pamuvtm 3narom ckoore Ilyaccona npouseodawur gynkyuiit A u C
omobpaxcenuti A, u B,:

VC = —-|VA,VB], V — epaduenm. (I132.25)

Jorasameavcmeo.

Ilycts v — cHOBa KpHuBasA, coeJUHAIOIAA TOUKH & U y: Oy =y — .
PacecmoTpuM nATHyT0AbLHYIO NpusMy (cM. puc. 1132.26), o6pasoBaniyio ye-
ThIpbMA NIOJOCaMU:

o1 =By, —-b<e<0, or=v—m+...,

oy = Ay, —a<e<0, (90'2:’)’1—'}/24-...,

03 = Beya, 0<e<b, doz=7v—7v3+-.-.,

o4=Acvs, 0<e<a, dos=7y—m+...,
U 3aMbIKaeMyIo NAToH Monocoii ds, 06pa3oBaHHyI0 OTPE3KaMU, COCIUHAIO-
MUME COOTBETCTBEHHbIE TOUKH KPHUBBIX Y U Y4, 005 = Y4 — Y+ ....

Haronen, o603HauuM yepes T, U T, OCHOBaHUA NpusMbl. Takum o06-
pasoM, 2-1enb oy + 03 + 03 + 04 + 05 + Ty + T, = X obpasyeT 2-nuni,
roMonoru4Hsiit Hyno. Tak kak ¢hopma dp A dg 3aMEHYTa, TO B 0603HAUEHU-
ax (I132.2) nonyuaem:

I(o1) +1I(02) +1(os) +1I(os)+I(0o5)+I(7y) —I(7,) = I(X) = 0. (I132.27)

Ho no nemme (1132.12),

I(01) = —b[B(y) — B(x)] + O(b*),

I(02) = —a[A(y1) — A(21)] + O(a?),

I(o3) = b[B(y2) — B(z2)] + O(b?), (1132.28)
I(04) = a[A(y3) — A(x3)] + O(a?),

I(o5) = —ab[C(y) — C(z)] + O(a®) + O(b?).
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bl

Puc. 1132.26

C mpyroit ctopoust, |y — ya| = Of{ab), cnegoBaTenbHO, MHTErPATLI
oT Y. dp A dq 10 IOBEPXHOCTH T ONpEAEsieTCsl BbIPAKEHNMH

{ I(ry) = ablVB(y),VA(y)] + 0(a®) + O(b?), (1132.29)

I(1:) = —ab[VB(z), VA(x)] + O(a®) + O(b?),

Haronen, uz (I132.8) mbr saraiouaem, uto IVA, IVB BEKTOp-
Hple mond, coorBercTByomue A, u Be. CiegoBaTenblo, ¢ TOYHOCTHIO

mo O(a® + b%)

Alys) — A(y) = (VAys — 1) = (VA us — o) + (VA 02 — 1) =
= (VA,IVB)b — (VA,IVA)a =
= [VB,VAJb — [VA,VAla = [VB, VAJb.

TouyHo Tan:xe:
B(y2) — B(y) = —[VA, VB]a.

Tarum o6pasom, uz (I[32.28) caenyer, uto
I(01) + 1(02) + I(03) + I(04) = O(a®) + O(b?).

CpasruBan (1132.27), (1132.29) u (I132.30), noayuaem (I132.25). [}

Y
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I'no6anbHble KAaHOHHUYECKHEe OTOﬁpaH{eHI/IH

(Cm. §21, ra. 4)

B sTom OPpUJIOKeHUU MBI H3JaracM TONnoJornyechvue NpuyruHibl CyumecT-
BOBaHUA MepHOIJNYECRNX TpaeHTOpI/IFI B raMHJIbTOHOBLIX CHUCTeMax C n CTe-
NnedAMHU cBOOOIBI.

A. IIpousBoaAmune PyHKIHH

IIycte © = B™ x T" — kaHoHHYeCKoe mpocTpaHcTsBo, p: @ — B™ C
CR" = {(p1y...spn)} 1 q: @ = T" = {(¢1,...,qn) (mod 27)} — ko-
opauHatel Toukn x € ). OTobpamenne A: )} — () HazbIBaeTCA 240044bHO
KAHOHUYeCKUM, €CIH OHO TOMOTOITHO TOKIeCTBEHHOMY U yAOBJIETBOPAET pa-

BEHCTBY ‘
Y{pdq :]{ pdq (1133.1)
sy Axy

aaa noboro 1-nuuKiIa v, He FTOMOJIOTHYHOTO HYJIO.
Kak norasano B npuinosenuu 32, orofpaxeHue A JIOKalbHO 3aJaHO
npousBogauieit pyuruueit Pq+ A(P, q), rak rak

opP
det (w) ;é 0,
94 9A (1133.2)
oq’ or’
(Az = (P(z),Q(z)), PeB", QeT").

p=P+ Q=q+

CruepoBarensno, nokaibio gyuruusa A(P, ¢) yJ0BIeTBOPAET COOTHOIIE-
HUIO

(P, q)
Aro - [ @-gaP+o-Pde (1133.3)

Honomum A(x) = A(P(z), g(z)), rae z = (p(x), q(z)) € Q.
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Jdemma II33.4. Omobpancenue (1133.2) — 2za06arvHoe KaHOHUYECKOE
8 MOM U MOALKO MoM cayyae, ecau Pynryus A(x), onpedesennan coom-
Howenuen (I1133.3), odnosnauna na Q.

Horazameascmso.
IlycTn v — 3amrmyTtas kpuBas B (). Jlokamem, 4To

]!(Q —q)dP+ (p—P)dg=0. (1133.5)
¥
lletictBuTennbHo, (I133.1) sKBHBAIEHTHO COOTHOIIEHUIO
%pdq = %PdQ. (1133.6)
Iy Iy

B pesyanTaTe MbI molydaeM
]Q(Q—q)dPHp—P)dq:
- f QdP + PdQ — (qdP + P dg) — fd[P(Q — 9.
vy Y
Ipupamenue Benuunnsl P(Q — q) BIoabL 7y paBHO HYIIIO:
75 dP(Q — g)) =0, (1133.7)

MOCKONbKY 0TOOpa;eHue A TOMOTONHO TOIECTBEHHOMY OTOGpameHuIo.
Hao6opot, us (I133.5) u (I133.7) caegyer (I133.6). ]

B. TomoJsiorudyeckana jeMMa

IIycTh Teneph A — raoGanbHo KaHOHMYecKUH auddeomopdusm, T —
Top p =0, AT — o6pas Ttopa T orHocuTenbHo auddeomopdusma A.
Jlemma I133.8. Topw T u AT umewm no rpaiinedi mepe 2" moyex ne-
pecevenus (kaycdas mouka Gepemcsa npu nodcieme CIMOAbKO pa3, KAK06A ee
kpamuocms) npu yeaosuy, wmo AT onpedeasemes ypasHeruem

p=p(q), ‘j—z‘ < 0. (1133.9)

Kpome mozo, wucao zeomempuiecku pA3AUNHBLL MOYeK NepeceveHus no
Kpatineil mepe pasHo n + 1.



Tho6aavnbie kanonuteckue omoGpaicenus 241

Horaszameavcmeo.
Pacemotpum Ha AT pyHRIHIO

T

flz) = /p(.'l;) dq(xz), roe x= = (p(x), q(x)) € AT, (1133.10)

€xro

rfie IIyTh UHTErPUPOBAHUA ecTh HekoTopas kpuBas B AT. Oyurnusa f(x)
onpejeneHa KOPpeRTHO, Tak kak uHTerpan (I1133.10) He saBHCHT OT myTH
uHTerpupoBanud. [leiicTBuTeNbHO, NYCTh ¥ — 3aMKHyTad kpuas Ha AT.

Torna
fp@:%“ pdq =0,
¥ A1y

Tak kak A1 rio6albHo KaHOHMYeckoe oToOpameHue, A~ly C T,
aHna Tp = 0. Oyurnua f(r) — nuddepennupyemas GYyHKINA HA N-MEPHOM
tope T". B KauecTBe TakoBoil oHa B cuiy HepaseHcTB Mopcal umeer no
Kpaitieit Mepe 2" KPUTUUYECKUX TOUEK.

N3 (I133.10) cneayer, uto df = p(z)dg(z) ua AT. B Toukax mepece-
yeHusa AT ¢ T p(x) = 0 . ITo o3HauaeT, uTo Touku nepecevenud T ¢ AT
ABJAIOTCA KpUuTHUYecKnMHU Toukamu ¢ynkiuu f na AT. Haobopor, B cuny
yenosud (I133.9) B kampoit Touke dpyurnuu f Ha AT BeinonHAeTcH paBeH-
¢tBo pdg = 0 mpu mo6om dg; caegoBarenbuo, p(x) = 0, U MO3TOMY KPUTH-
vyeckas Touka x ecTh Touka nepeceuenusa AT ¢ T. Jlemma norasana. ]

CrnencrBue 1133.11. Topor T u AT umerom 2™ mouek nepecevenus, mak
KAK UT YpasHeHUs umelom sud
<),

HeticTBuTeNbHO, ecan dp A dg = 0 na T, To npeo6GpasoBanne

ap’
dq

dpll

dq

?

p=p(q), p=p"(q) (

u Ha T 2-gopma dp A dg pasna nyuwo.

p,qg—p—pq),q

ABJAeTCA KaHOHUYEeCKUM auddeomopdpusmoM. IToT quddeomopdusm cBo-
aut (I133.12) k (II33.9) ¢ p(q) = p"(q) — p'(q)-

1Cm. Milnor [1] 27 = o _obi, roe b; — i-e uncao Berru. KpuTuveckne TouKH He BbI-
pomieHbl, Tak kak d2f = dp A dg UMeeT MaRCHMAlIbLHBI{ paHT.
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3AMEUAHEE I133.13. B cayuae n = 1 (oro6Gpamenus koabua) nemma (I133.8)
ocraerca B cuie 6e3 ycaosusa (1133.9). llorasaTeabcTBO, UCIONB3YIONMIEE TEOPEMY
Mopaana, ne pacnpocrpanseTca Ha caydail n > 1. Heussecrtno, mepecexaiorca
au Topel T u AT npu n > 1, korga ycaosue (I133.9) He BhImonHAETCA.

Ecnu B nemme (1133.8) ocnabuts ycaosusa (1133.9), To nonyuaercsa Gonbmoe
YHCIO «TeoPeM 0 BO3BpalleHHH» CIeIYyIONero THIa.

IIpednoaoscum, wmo navarvisie anatenus a;,b; oceldl KenaepoBCKUT AAUNCOS
8 naockol 3adave n mea MAKOGH, MO MU daauncel He nepecerawmen. Tozda
npu aofom T cyujecmsyiom HaddibHble $ass’ l;, g marue, Wmo no npoulecmeu
8PEMEHU T OCU PAAUTLCOB 8 MOYHOCIU BEPHYMCA K CBOUM HAYAALHBIM IHALEHUAM.

3AMEUAHEE 1133.14. J[aa nemwmsr (1133.8) (6e3 ycinoBua (I133.9)) cymecTreHHo,
uTo0bl oTOGpaskeHne A 6pl10 AuddeomopdusMoM, Tak Kak Aaske B caydae n = 1
MO#HO HOCTPOUTE r100albHO KAHOHNYeCKoe 0ToGpasenue Tak, uro T u AT He Gy-
IyT IepeceRaThbeA.

C. HenoaBusiHble TOUKHU

HyCTb Telnepb A — rno6anbHoe KaHOHHYECKOe 0T06pameH1/Ie JyacTHOoro
THIA:

A:p.g—=p,gt+wlp) (w=(w,...,wn)). (I133.15)

[Ipenmonoxum, UTo Ha TOpe p = Py BCE YACTOTHI COU3ZMEPUMBI:

wi(po) = %%, m; €7, N€Z, (1133.16)

U 4TO «0OMOTKAa» HEeBBIPO:ACHHA:
dw o
det | == # 0. (1133.17)
dp v

Teopema I133.18. Haxcdoe 2aobaivno kanoHuvweckoe omobpaxcenue B,
docmamoyno Gauskoe k A (emecme ¢ npoussodnvimu), Jonycraem 8 okpeci-

HOCMU mopa p = po no kpatinell mepe 2* mouer® nepuoda N:
BNy = .
2Pazsr li, & — 910 yrael (mod 27); g; ONpeAeJsAIOT IOJ0KEHUE DIUIHICOB, [; onpe-

ACNIAKT II0JOoMEeHNe IIJIaHeT Ha dJIJINIIcax.
SEEI}KIIBH TOYKa ﬁepeT(:ﬂ Nnpu nojacyeTe CTWIBKO pa3, KaKoBa ee KpPaTHOCTh.
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Jorasameavcmeo.
B cuay (I133.15), (1133.16) u (1133.17) oto6paenne AN B okpecTHOCTH
TOpa p = po NMpPeJCTaBUMO B BHJE

AN:p g —p,g+a(p), roe a(py) =0, det (g—z) #0. (133.19)

Mozuo nonomuts a(p) = N(w(p) — w(po)).
Bausakoe oto6pasenue BY mosxuo sanucats B Buae

BY: (p,q) > (p+ Bilp, 0),a+ a(p) + Bo(p. @) = (P, Q).  (1133.20)

PaccMmoTpuM TOUYKH, KOTOpBIE JBUMKYTCA BJOIbL PAJUycoB () = ¢ TaK,
ITO

a(p) + B2(p, q) =0. (1133.21)

N3 Teopembl 0 HeABHOH GYHRIUHU cleAyeT, UTO

1) ypaBuenue (1133.21) onpeaensier Top, KOTOPLIH GIU30K K TOPY P = Po
U JBUKETCH BIOJb PajJUuycoB;

2) nBa Topa T u BN T umeroT ypasHeHus Buja

! "
dp dpq <oo.  (1133.22)

. _ 1 ot
p=p"(q), p=p"(¢q), rne dq<oo‘d

Tak kak oTo6pamenue B rio6annbno kaHomuueckoe, OHO 3adaeTcs
npousBogaAnieil pyuruueit suga Pq + B(P, q). Ilo aemwme 1133.4 dpyuruus
B(xz) = B(P(z), q(z)) onHosHauHa B ().

Pacemorpum teneps orpanuuenne gyuruuu B(z) Ha Top T. KRak nud-
¢depennupyemMas GyHKIUA HA n-MepPHOM Tope, OHAa MMeeT MO KpaiiHeil Me-
pe 2" kpurudyeckux Touer (cMm. teMmy I133.8). okamem, 4TO HTU KPUTH-
decKre TOUKU INpHHAAIeKAT mepecedenuio Topos T u BV T.

Nz dpopmyasr (1133.3) cnenyet, uto

dB=(Q —q)dP+ (p—P)dp, rae B:z=(p, q) = (P(z),Q(z)).

Ho no (1133.20) u (1133.21) @ — ¢ = 0 Ha namewMm tope T. CiefoBaTein-
HO, B KPUTHYECKUX Toukax ¢pyuruuu B na T BBINONHAETCA COOTHOLICHIE
(p — P)dq =0, u3 gero B cuny (I133.22) caeayer, uto P = p. ]
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3AMEYAHUE I133.23. JlokazanHad TeopeMa He HBIAETCH CIEJCTBUEM Je€M-
mbl I133.8: mas muoroo6pasus () — ¢ = 0 MOKeT He BBINOIHATHLCA COOTHOIIE-
Hue dp A dg = 0, Kak MOKHO BUJETh Ha IpHMepe KAHOHHYECKOro 0ToGpaskeHUA
P =3p1+4p>t+q1 + g2, P>=p1+3p2+qo,
Q1 =p1+p2+q, Q2=p1—q1 + .
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I[OR&S&TGJIBCTBO TeopeMbl O COXpaHeHHNUu
HMHBapHaHTHBIX TOPOB IIpU ciaboMm
BO3MYIMEeHVH KaHOHHNYEeCKOoro 0T06paH{eHI/Iﬂ

(Teopema 21.11 uz § 21, ra. 4.)

IlocTpoenre HHBapUAHTHBIX TOPOB ocyIecTBIeHo B pazaenax E—H sTo-
ro npuioenus. [Ipu 3ToM ncnonb3oBaHsbl deMMbl pasgenoB B-D. Jokasa-
TEILCTBO OCHOBAHO Ha MeETOJe IMOCIe0BaTEIbHBIX NPHOIMMEHUNH HBIOTO-
HOBCKOI'0 THIa, pa3paboTaHHOM clenuaibHo aad »Toil nean A. H. Konmoro-
pOBBIM [6].

A. Metoxn HrroTona

Meton HeioToHa HaxomaeHHA KopHeil ypaBHenud f(xz) = 0 ¢ 3agaHHoOl
TOYHOCThIO COCTOUT B 3aMeHe KpUBOH y = f(z) KacaTenbHOI K Heil B TOUKe
¢ abenuccoii g, KOTOpasA cUUTAeTCA aNllpoKcUManueil KOpHA x HoAJezkalle-
ro onpeaenenuio. Ecau | — xg| < &, To OTKIOHEHHE KPUBOI 0T KacaTeabHoil
ecThb BelMUMHA NOPAAKA €2, NPUBIMAeHHOE 3HAUEHUE KOPHA X1 OIpeles-
eTcA NUHeapU30BaHHLIM YpaBHeHHEM

flxo) + f'(xo)(x1 —20) =0

U, Cle10BaTeNbHO, BIM3K0 K Z ¢ TOUHOCTBIO 10 €2 (cM. puc. [134.1).
Htepupysa omnmcannyio oflepaliio, MoIydyaeM I[0CIeIOBATEIbLHOCTD
0YeHL OBICTPO CXOAAMMXCA MPUOIUHCHUI:

[Tni1 — Zn| < ClTn — 2n_1|%; (1134.2)

clienoBaTelbHO, B N-M HpHﬁHI'[H{eHI/II/I

n—1
| — 2| ~ g?
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Puc. 1134.1

dToT MeToJ Jerko oGobiaeTcA Ha ypaBHeHHA B 6GaHAaX0BLIX MPOCTpaH-
cTBax'; HO B aHa/NI3e Yallle BCero MpUXoAUTCA HMeTh f1ef10 ¢ HONHOaHAXO0BbI-
MM pocTpancTBaMu, u onepatop f'(zo) ! oTobpasmaeT 010 NPOCTpaHCTBO
B Apyroe. CuTyanuio WullocTpupyeT clefylollas leMMa, KOTOPYIO MOKHO
paccMaTpUBATh KaK XapaKTepHbIil mpumep. Poib HepaBenctsa (I1134.2) ur-

paet HepaBeHcTBo (1134.4).

Jemma I134.32. Illycmv L — onepamop, npeodpasyowuti $ynryuio f(z),
aHaAUMuUeckyl 8 Hekomopol Komnaekcuol obaacmu G, 8 gynwyuio Lf(2),

anaaumuieckyio 8 Mewvuell’ ofaacmu G — 0, mar, wmo npu a06oM

0<d<dy
ILflag-s <|fl&-077, (1134.4)

2de v > 0,00 > 0— abcoarommuwie nocmoannsie. Tozda npu awGom &
pad Y _|L®f| cxodumea 6 G — 0', ecau |flg < M = M(8') docmamouno

Mand.

Joxkasameavcmeo.
N 241 . ¢3/2 _ ¢3/2 o 3/2
OMyers M1 =677 1 da =077, .., 0641 =057, ..., My = M{'7,. ..,
3/2
My, = M , clefoBatenbno, M, = §2v+1,

1Cm. Kautoposuu [1].

23Tty nemMmy ucmoabzoban eme A.Kapran [1], craTba [1] KoTOpOro mpHHafAEeRAT K
YHCIY TMepBbIX paboT, OCHOBaHHbLIX Ha MPHMEHEHHN HbIOTOHOBCKUX NPUOAMKEeHHIl B Te-
OpeTHUECKOM aHaluse.

33nech u nanee G — § 03HaUaeT MHOMKECTBO TOUEK ¢, MPUHaAMexamux G, HO He NpH-
HaueMamux d-oxpectHoctu. llpumep omepatopa L, ynOBIETBOPAIOMEr0 HEPABEHCT-

d
By (I34.4) Lf = fé
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Torpa, ecin §; < %, %,, To Y, ds <&, D M, <2M.
ycts Tenepy G1 = G, Go =Gy — 61, ..., Gsp1 = G5 — 5.

Torpa us HepaBeHcTBa | f|g < M; MbI 3akmodaeM, uto |L° flg, < Mj,
Tak Kak u3 HepaBeHcTBa (I134.4) u |f|q, < Ms; MO#HO 3aKIIOUUTD, YTO

ILf|G,i = |Lfla.—s, < M26;7 < 03%% < 624! = My

Ho, tax kak ) d; < &', umeem G5 D G —4¢' npu Beex s. CnenoBaTenbHo,
B G — §' BBHINONHAIOTCA HepaBeHCTBA

IL7f| < My, Y |L7f| < D" M, < 2M;.

B. MaJjasie 3HaMeHaTeJaIH

Mycts f(q) — dyuruus ua tope T", ¢ = (g1, ... , gn) (mod 27):

fla) =) fre'®9,

k#0

rae (k,q) = k1qs + -+ + kngp, 1 0ycTh w = (w1,...,w,) — BEKTOP C UP-
palMoOHaNTbHBIMY KOMIIOHEHTaMu TaKoil, uto (k,w) # ko A HepaBHBIX HY-
110 nensix k, ky. PaccMoTpuM ypaBHeHHe ¢ HeM3BeCTHOH 27-NepHoanyecKoii
dyuruuneit g(q):

glg+w) —glg) = flg)- (I134.5)

JTO ypaBHeHHe JONycKaeT «popMalbHOe» pelleHne

= i(k7q) :L
g(q) g&%gke B i (T134.6)

Cxonumocts psna (I134.6) yTBepaaer cienyiomas jeMMma.

Jlemma I134.7. Ilpednoaowcum, wmo npu |Imgq| < p, f(q) asasem-
ca anaaumudeckoll Pymryued u wmo |f(q)| < M. Toeda npu nowmu
awbon (6 cmvicae Jebeza) eexmope w dynryus g(q), onpedeaseman psa-
dom (I134.6), — anaaumuueckan, u npu |Imgq| < p — § ewnoaneno nepa-
sercmeo |g(q)| < Mé™, v =2n+4, ecau 0 < § < dy. 30eco §p > 0 —
abcoawmuan (He 346UCAWAA OM T) TLOCTOAHHAA.
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IIOI{aSaTe.T[bCTBO 3TOM JIEMMbI4 OCHOBAQHO Ha HCIOJb30BaHUH 3JeMeH-

TapHbIX Pe3yJIbTaTOB TeOpuH AuoGaHTOBLIX anmporcumanuii. [leiicTBu-
TelbHO, pedynbrar Jdemmbl [134.7 ¢ dg = do(n, k) Bepen mia Beex w, OpH-
HaJJeKalnX BBefiennoMy Bointe MHoiecTBY (K ), nna kotoporo K > 0.
O6o3naunm gepe3 2(K) MHONKECTBO TOYEK wy TAKUX, YTO

le®«) — 1| > KN~ (1134.8)

IpU Beex
W, |w—wy| < KN7¥

v =n + 2 u Beex k, anfA kotopeix k| < N, kakum 6b1 HH GblT0 dncao N.
O6osnauum vepes Qo(K) MHOMKECTBO TOUER w, YIOBIETBOPAIOIIMX Hepa-

BEHCTBY .
leithe) 1] > K

flcuo, uto Q(K) C Qy(K).
Jemma 1134.10. [Houmu ramdas (6 cuvicae Jdebeza) mouka wy npuradae-

acum muoxcecney Q(K) ¢ coomeememsyowun K > 0 (u, caedosameasto,
npurnadaesncum Qo(K)).

k

v, v=n+2. (I134.9)

Jorasameavcmso.
Mycts ) — roneunas obracts B mpocTpancTsBe {wo} u

el®w) _ 1| < § npu nerotopoMm w, |w — wy| < d}.

Fk,d = {woz

flcno, uto Torga mepa mes(I'y 4 N Q) < Cd, rpe nocrosannaa C' 3aBUCHT
Toabko oT §). Bue obnactu |J, 'y kx|~ HepaBencTso (I134.8) Beimonusercs.
Ho

m%@Juxmﬂ)mQ<§:0Kmr”<cm;
k k

TaK Kak
Z|k|_" <o mav=n+2.
P

CJ‘[eH()BaTe.ﬂbHU,
me I I Q .1( — “.

ycts Tenepn f(q) = 3. fre!®9 — ananuruuecran Gpynrnus.
2

4Meron oLieHKH ManbIX 3HaMeHaTelell J/A aHATOTHUHBIX 3a/ja4 OCHOBATEeNLHO paspa-
Goran K.JI. 3ureznem [2], [3].
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JdemmMma 1134.11.

A) Ecau npu |Tmq| < p umeen |f(q)| < M, mo |fi| < MePl¥l,

B) Ecau |fx(q)] < Me **l mo npu |Tmgq| < p — 6, 0 < § < &y evinoana-
emea |f| < M&”.

C) Ecau npu |Imgqg| < p umneem |f(q)] < M, mo npu |Img| < p — 4,
0 < & < & evinoanaemen |[Ryf| < Me N . 577, 3decv 6y uv — ab-
coaomuble (3a6ucaLyLE MOABKO 0M 1) Koncmanmet, a Ry — ocmamox
pada Dypve

Ryf= Y frr'®.

k>N

Yro6bl JOKa3aTh I. A, I0CTATOYHO CMECTUThL Ha +ip KOHTYpP HHTer-
pHpoBaHHUA B popmyie
fr = /fe_i(k’Q) dq.

llorasaTenberea nyHKTOB B 1 C ClIeyOT U3 CyMMHPOBAHUSA reOMeTpHYec-
KUX Mporpeccuil.

Jemma I134.7 cieayet HemocpencTBeHHo u3 demm (1134.10) u (1134.11):
HeoO6xogumo BuIGpaTh wo € Qp(K), BOCHOABL30BATHCA COOTHOLICHUSA-
mu (I134.6), (I134.9), nyuxramu A u B u3z aemmsi [134.11 u smemenTapHbIM
HEPABEHCTBOM

e kT < C(v)d.
K
Cw)’
Bonee mogpo6HO MOKA3aTenLCTBO U3noxkeHo B pabote [1] B. . ApHoabia.

3aTeM [0CTAaTOYHO BBIOpaTh 0y < yTo ObI MOMYyUUTh JdeMmmy 1134.7.

3AMEUAHEE [134.12. Ipeamonosxkunm, uto wo € Q(K) u uro f = 0 mpu |k| > N.
Toraa pag (I134.6) craHOBUTCA KOHEYHO cyMMOoii 3aBHcAIeil 0T w. Kpome Toro,
yTBepaaenve aemmsl 1134.7 ¢ Tem e do = §(K,n) ocTaeTca B cuie IpH Beex w'
TaKux, 4To |w — w'| < KN~”. Eemn w € Q(K), 1o, no onpenenenno (I1134.8),
Bee ', |w — w'| < KN, ynosnersopsaior nepasenctsy (1134.9) npu |k| < N;
HO J0KazaTelbcTBO deMMbI [134.7 ucnoasayer HepaBerctBo (I134.9) nump npu
k] < N, ecan f =0 opu |k| > N.

C. Ha6pocor noxaszaTeabcTBa

Hanomuum oGosuauenus teopemsbr (21.11) (§21, ra. 4). Hyers Q =
= B" x T" ecTb 061acTh KAHOHMYECKOro IPOCTpPAaHCTBa, TOURY & U3 )
oGosnaunm ueped ¢ = (p, q), rae p = (P1, ..., Pp) — TOUYKA €BKIHAOBA
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mapa B™, ¢ = (q1, ... , ¢) (mod 27) — Toukra ua Tope T". OToGpamenne
A:p,q— p,q+ w(p) — «HeBoamymeHHoey. OroGpazxenne B ¢ mpousso-
asameit pyuxuueit (cM. npunoskenue 32) Pq + B(P, q) npeacrasiseT coboi
rnobanbHO KaHOHMYECKOe, aHanUTHUecKoe, ciabo Bo3aMyllenHoe oToGpasie-
nue. Tpebyerca HaliTH UHBapuaHTHbIe TOpbl oToGpaenua BA.
Crepyiomas uaes 3auMCTBOBaHA U3 TEOPUU BO3MYIIeHHH (IpuHiIo:ke-
e 30) W 3aKAI0YAeTCA B TOM, YTOOLI MONMBITATHCA «YHHUTOMHTLY BO3-
Myienne B nyTeMm 3aMeHbl MepeMeHHBIX (¢ MOMOIILIO MOAXOAANIEr0 Ka-
HOHMYecKoro oTobpamenusa C) ¢ npoussopsameii ¢pyuruueir Pg + C(p, q).
Oto6pamenue BA B koopaunatax Ca 3anuceiBaeTcA B BHjIe

C(BA)C ' =B'A,

rie B’ = CBAC 'A~'. Takum o6pasom, us cieacrpua (I133.20) npuio-
meHUud 32 Mbl 3aKJII0YaeM, ITO NpousBojAman GyHknug oTobpamenusa B’
uMeeT BUJ

Pq+B'(p,q) rtae B'(x) =C(z) + B(x) - C(A™'z) + O(B* + C?)
4TO MO3BONAET (YHUUTOMUTELY 0ToOpaxenue B npu ycaosun C
C(z) + B(x) — C(A™'z) = 0.

3aMeTHM Telepb, YTO ITO ypaBHeHNe IIPH JI0G0M GUKCHPOBAHHOM p [0
dopme B TounocTH coBnagaet ¢ ypasuenuem (I134.5) (¢ w = w(p), f = —B,
g = C). locTaTouyHo mony4yuTh Tenephb B obaactu 2 C Q (HO «caumEKoM
MaJloii») HepaBeHCTBa

|B'lor < B35, |Clar < |Blad™, (1134.13)

4TOObI HOCTPOUTEH HOCHEJOBATEIbHbIE NPUGNUMKEHNUA HHBAPUAHTHBIX TOPOB
Bo Bce Goniee Manbix oGracTAax. CXOAUMOCTL NPU 3TOM [JOKa3bIBaeTcA Kak
B nemme [134.3. HepaBenctea (I134.13) mokaseiBaoTcA ¢ HCIOAL30BaHM-
eM neMMmbl [134.7; oHu MMEIOT MeCTO «[alCKo OT PE30HAHCOBY, T.€. NMPH
w(p) € QK).

Uro6bl peannzoBaTh HaMeueHHY!0 B . E-H B o6uux ueprax nporpam-
My, HaM IpujeTcA NPUGErHYThL K elle HeCKOIbKUM HeGOIbIIUM (TPIOKaMy.
[Ipespme Bcero, okasbIBaeTCA, UTO NMPH «yHHUTOMeHUN» oToGpamenusa B
YI00HO OTPAaHUYNTHCA YHUUTOMMEHNEM KOHEUHOr0 4ucia 4ieHoB psajga Py-
pbe: ocTaTok pAfa Ry B MomeT paccMaTpHBaThCA KaKk UacTh «WIEHOB BhIC-
mero nopankar O(B?), O(C?). Takum 06pa3om, B Ka#JI0M NPUGIHHEHUU
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Mbl uMeeM B (II34.6) aumb KOHeYHOe YMC/IO PE30HAHCOB M MalbIX 3HaMeHa-
teneit®. C Apyroii cTOpoHBl, YTOOLI BOCIONbL30BaTheA deMMoil 1134.7, Heo6-
XOIMMO IIpex/e BCero HCKIIOYNTE MOCTOAHHDIN unen By (cpeanee 3aHadyeHne
ot B 1o ¢), a 3aTeM 106aBUTH «HEBO3MYIIeHHOe» oTOOpamenue A (Bapua-
IO YacTOT CM. Hie pasgen E).

Hakonen, 3aMeTuM, uTo Kak nokasan Mosep [4], meron Koamoropoga,
MOAUDUINPOBAaHHBII MOJXOZAIINM BbHIGOPOM UHCIA YIEHOB, OCTABIAEMBIX
B KaJI0M NPUOTUMKEHUU, OCTAETCA CXOAANMMCA U NPU HeaHAIUTUUECKUX
orobpamenunx. JeiictBuTensno, Mozep [1] norasan teopemy 21.11 gas ciay-
yafg n = 1 (oToGpaseHHA MIOCKOCTH) B MPEANOIOAKEHHH, UTO O0TOOpae-
Hue B puddepennupyemo 333 paza. Henasno Mosep [6] nan gorasarenbct-
BO, KOTOpOe TpeGyeT or paHMUYeHHOE UHCIO MPOU3BOAHBIX.

D. Kanouuueckue OToﬁpﬂ}l{eHI/lﬂ, 6am3KYe K TOMJeCTBEHHOMY

B sTom pasgene MBI BOCHONbL3yeMcH CIeAYIOIMUMU 0003HaUEHHAMM.
Ilycts F(§, M) — nmobas GpyHRUMA, o — HEKOTOpPOe YTBep:kIeHMUe,

B KoTOpoe BxoaAaT d, M u F'. Byaem roBoputh, 4To «x ucmunuo u | F| ﬁ My,

ecau cywecmeyiom adcoaomusie Koncmanmu® vi,ve > 0 u & > 0 maxue,
wmo
a ucmunno, u |F| < M&™™2 (1134.14)

AUWb npu yeaosuu, uyto 0 < § < §y, M < 6.

Jlemma I134.15. Iycmo G — Heromopaa komnaekcras obaacme u f(2)
Pynryus, anmasumuveckan ¢ G, komopaa ydoeaemeopaem HEPAGEHCH-
8y |f(z)] < M. Toeda npu z € G — § npouseodnas k-z0 nopadka anau-
muyHa u

dk f

<
ﬁ mM-

Jorazameascmaeo.
N3 dpopmyarr Komm

df|_ wop F)ds

dzk | 2mi [, (- 2R

£_Z|=(57

53ToT MeTon uanomen eme B kuure Boroao6osa u Mutponoascroro [1]. YacToTst w(p)
B MaJbIX 3HaMEHATEeNAX MOKHO GblI0 Gbl 3aMEHUThb Ha TMOCTOAHHBIE W € Qg .

ST. e. oHH 3aBHCAT OT pasMepHOCTH ofnacTeil, yOMHHAEMBIX B YTBepHACHHU «,
ypcaa MPOH3BOJHBIX U T. [., HO He 3aBHCAT HU OT QYHKUHUH, HU OT o6nacTeii.
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clenyeT, YTO

d* f

ot < k' Mok,
A

u Mbl nony4aem (I1134.14) ¢

V2:k$+1, (s():l 1/1:().

k! [}
31ech
k o
F(o, M) = sup % s
£,G,zeG—0s | dz

rae sup 6epeTCH Mo BCeM orpaHuyeHHbIM obnacTam G, BCeM aHaJIUTHYeCKUM

dyusguam f B G (|f| < M) n Beem z € G — 4.

3ameTuM, 4To B Hamux obosnayenuax CMI~™" ﬁ M u 4To U3 Hepa-
BeHCTB F' ﬁ MuG ﬁ M cnepyior uepaBenctBa F' + G ﬁ M., FG ﬁ M2

Tarum o6pasom, ecau F(§, M) ﬁ M, 10 F(C), M) ﬁ M (3mech C uv —

abCoNIOTHDIE MOJOMUTEILHBIE TIOCTOAHHBIE).

YTouHHUM Telepb COOTHOIIEHHA MemAY T106albHbIMU KaHOHHYECKH-
MH 0TOOpaMKkeHNAMI S, GIU3KUMH K TO#/IeCTBEHHOMY 0TOOpajKeHUIO, U UX
npousBogamuME gyusuuamu Pg + S(P, q). lycts

Q=B"xT" B"={p:|p|<v, peR"},
Tn = {q (mOd 27T)7 q= (Q17 vee QTL)}q
u [}] — rommiercHan obracth B §), 3ajaBaeMas HepaBeHcTBaMu |p| < v,

|[Img| < p,rie0 <y <1, 0<p<1.

JTemma I134.16. I[ycms S(P, q) — dynryus, anaaumuiecrkasn e [},
ydosaemsopsousan nepasencmsy |S(P, q)| < M. Tozda gopmyani

_ a8 _ .08 _
p=P+5. Q@=a+gp S§=5(P (I134.17)

onpedeaniom 2a06arvHblll kKaHoHUeckull dugdeomopdusm S:

P= P([)7 (I)a Q = Q(pa (I)§ S: [Q] —26— [Q] -4
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u 6 [Q] — 28 cnpasedausel HepaseHcmea

BS(]), Q) < 2
(P—P)—Tp A M~
8S(p, Q) < 2
(Q_Q)‘FT(I mM .

Jemma I134.18. [lycms P = P(p, q), Q = Q(p, q) — eaobarbnoe Ka-
HOHUuuYecKoe omolpaxcenue, anaiumuieckoe ¢ [}, ede ono ydosiemsopsem
nepasencmeanm |P—p| < M, |Q —q| < M. Tozda & Q) — 6 amo omoGpascenue
onpedeasemen gopmyaanu (1134.17), 2de S — anaaiumuyecras @ynryus,
y006.4emeopAULAL HePA6eHCMEAM

(p,a)
ISI§ M, |S(p, Q)—/ (Q—q) dp— (P —p)dg| § M.

Jlemma I134.19. Ecau S(p, q) u T(p, q) — Oee dynruyuu, anaaumuiec-
kue 6 (1], 2de onu ydosaemeopsiwm Hepasencmean |S| < M, |T| < M, mo
npoussedenue coomeemcmsyuuxr KaHoHudeckuxr omobpaxernuti R = ST
ecmy 2400a4bHuT KaHOHUYeckull dudfeomopdusm obaacmu [ — 36 6 06-
aacmo [2] — 28, onpedeanemotii npoussodaweis gynkyueil R, anarumuyeckoi

6 [ — 4, 2de ona ydosaemeopsem nepasencmsy |[R — (S +T)| ﬁ M2,

Oycts teneps A: [} — [Q] — ananuTudyeckuil raobanbHO KaHOHH-

ueckuii auddeomopdusm (o6nacts [}] sagaerca HepaBeHcTBaMu |p| < 7',
[Tmgq| < p'y 0 <+, p' <1).yers a™ |y —z| < |A(y) — A(z)| < aly — x|,
S ¢yuryusa, anaiutudeckasa B [£], S audodeomopdusM, KOTOPbIit
coorBeTcTBYeT eif no nemme (I134.16).
Jemma 1134.20. ®opuyaa T = ASA ™' 3adaem za06arbnoiii kanonuec-
kutl dugdeomopgusm obaacmu [)'] — 36 6 obaacmo [V] — 26, 3adasaemoiii
npousgodawet; Pynryuet T, anarumudeckoti 6 ('] — &, 2de ona yoosaemeo-
pAem HepaseHcmey'

|T(Az) — S(z)| § M*.
HORaSaTCHbCTBa IIpeamecTBYIOMUX JICMM BOCIHPONU3BOAAT AOKa3aTelb-

cTBa U3 npuioxenua 32, ucnonb3ya aemmy ([134.15) qna BoIducaeHus die-
nos nopanka O(e?). logpo6uoctu cM. B pabotax Apuoanaa [4], [5].

7B 3TOil leMMe TMocToAHHaA 60, KOoTOpasa BXOAUT B olpeaelieHHe HepaBeHCTBAa ﬁ, 3a-
BUCHT TaHKMe 0T Q.
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E. Bapuanua yacToThbI

[puctynumM Temepb K MOCTPOEHHIO MHBAPMAHTHBLIX TOPOB OTOOpamie-
Husg BA (cm. Teopemy 21.11, ra. 4).

UToObl MOHATHL BBIKJIAIRM, NpUBOAUMLIe B pasaeilax E—H, monesno
UMeTh B BHAY, UTO MOJOKHUTeNbHBIE uucaa 3, v, 6, M u p, K, § cBAsaHbl
HepaBeHCTBaMU

O<MLiKy<p<p K, 07! <1,
U 4TO V;, ¢; — abCoNIOTHLIE TIOCTOAHHbIE, ¥ > 1 > c.
IlocTpoenue Bapuanuu uactoThl 1134.21

HyCTb AuB— aBa ri1o6a’dbHBIX KAHOHUYECKUX 0T06pa}1{eHm{

A:p, q—p,q+wiq),

1 B ¢ npousBoasmeii pyuruueit Pg+ B(P, q). Honomxum

B(p) = (2“)_n/---/B(P7 q) dqy . .. dqn,

wi(p) = w(p) + %

Puc. 1134.22

U pacCMOTPUM KaHOHHYecKue oToOpamenusa (cM. puc. 1134.22):
Ai:p,q—p, g+wi(p), B =BAAT.

flcno, uto

BA =B'A;.

Jlemma o Bapuanuu uactor I134.23. Ilpednoaoscum, wmo 6 obaac-
mu |p — p*| <7, |Imgq| < p evinoanawmen nepasencmea 0~ |dp| < |dw| <
< Oldp| u |B(p, q)| < M.
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Tozda das 2a06aibHO20 KAHOHUYecKo20 omobpaxcenun B’ ¢ npouseods-
wetl gynryueti Pq+B'(P, q) maxoti, wmo npu [p—p*| < v—4, |Imgq| < p—48
cnpaeedaussl HepaseHcmea®

—
lwi(p) —w(p)| S M, |B'|§M, |B|S M,

20e
=(2m)™" / /B’(p7 q) dqy ... dgy
Horazameavcmeo.
lloctatouHo npumenuTs Jemmy (1134.19) & oroGpamenusam B u AA1_1:
Dq— D q— %—? YTOGBI NOAYUUTH HepaBencTro |B' — (B — B)| ﬁ M2 nm

F. I'maBHasa geMMa

Bocnoabsyemced Temepb oOleHKaMM [UIA MalibIX 3HaMeHaTeleil (pas-
nen B), uTo6bl ONYUNTH HepaBeHCTBa Tula |By | ﬁ M? nocre nogxonameti

3aMeHbl IepeMEeHHBIX C.

I'naBHaA koHcTpykuua 1134.24

IIyets A u B — rnobanbHble KaHOHHYeCKHe O0TOGparieHuA:

A:p,q—p, q+wi(p),

oto6Gpaxenne B onpejenserca npousBoaameit pyuruueit Pqg+ B(P, q), rae

B(P, q) P)+ Y Bi(P)ei™9),
k#0

IIycte N — monomuTenbHoe Lemnoe yncio. [lomomum

P. q Z Ck ’q)

0< k<N
(1134.25)
By(P)

OlP) = iy 1

8HOCTOHHHaH (50 B ﬁ 3aBUCUT B KOHEUHOM cueTe oT 6.
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O6osnaunm yepes C rinodanbHoe KaHOHUUECKOE 0ToGpaMmeHnue, onpeae-
nremoe npousBoaaueit pyurnueit Pg+C(P, g), u paceMoTpuMm rioGaibHoe
kaHOHMueckoe oroGpaxenne B; = CBAC AL, flcno, uto

B;A = C(BA)C™!

(cm. puc. 1134.26). 3amerum, uto A >~ BC > B;.

A B
C C
-------- o
A B,
Puec. 1134.26

I'naBuasa aemma 1134.27

JTemma 1. IIpednososcum, umo & o6aacmu |p — p*| < v, |Imgq| < p Pynx-
yuu wi(p), B(p, ) — anaaumuyecrue u ydosiemeopaiom HepageHcmeam

0~ |dp| < |dwi (p)| < 8|dp|,
|B(p, q)) < M, |B(p)| <M.

Ipednoaoacum mawsce, ywmo w* = wy(p*) npunadaexwcum muoncecmey Q(K)
us aemmvt (1134.10). Toeda

1) gynryua C(P, q) anaaumuxna npu |P — p*| < v, |Img| < p— 6
u ydos.iemeopsem 6 3moil 00AACMU HePABEHCMEBY

IC(P, q)| < M6~

2) npoussodawan gynryus Pq + B1(P, q) anaaumuueckoeo omoGpa-
scenusn By ydosaemsopsem 6 obaacmu |P —p*| < v—4, |Imq| < p—
Hepasencmeay

|Bi(P, q)| < M267"' + M + Me PN~ (1134.28)
npu ycaosuu, wmo (6 cayiae 1 u 2)

M<M<§; §<Ciy, 7<Csf, B<Cs 7 <CiN ",
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2de vi, vy > 1> Cq, Ca, Cs, Cy >0 — abcoromusie nocmonnuvie’.

,ﬂonasameﬂbcmeo.

13 uepasencts |dw| < 8ldp| u v < C4N~ ("2 rpe Oy < cie-

K
77
AyeT, 4To Bee wi(p) u3 obnactu |p — p*| < -y yOOBIETBOPAIOT HepaBeH-
eTBy |w — w*| < KN~("*+2), CnemosatenbHo, B culy 3aKIIOYHTENLHOTO
npuMevyanusa u3 pasfeia B yTBepsaenue idemMmsl [134.7 umeer mecto ans
tpuroHomerpudeckoit cymmel C. Iyers dg = do(n, K) — mocroannas, ymo-
MaAHyTaAa B neMMme [134.7. Torga, eciin Cs < g, To § < dg; TaKUM oGpaszoM,
nemma I134.7 yrBepmaaer, uto |C| < M§™* mpu |Img| < p — 4. Boxee
TOYHO, TO cocTaBafeT N. 1 Halleil TeMMBI.

3amernm aanee, uro | Imw(p)| < 6y < 3, ecan nocrosunas Cs (B Hepa-
BeHcTBe 7 < Co3) mocrarouno mana. llpu atux yeaoBuax otoGpamenun A
n A~ gaeamores guddeoMopbuaMamu:

{p, allp —p*| <+ |Tmq| < p'} = {p, gl lp —p*| <", |Img| < p"}

npu p'’ < p' + 6y < p. dTo no3BONAET TPUMEeHHTH Jemmy I1134.20
k AC™'A~1. Kpome Toro, eciu vy U vy (B mepaBenctBe M < 6%2) po-
CTaTOUHO Belukd, a nocrosaunas C3 (B HepaBeHncTBe § < 3 < (3) mocta-

<

TOYHO Mala, TO cooTHomlenusa y us nemm 1134.16, 18, 19, 20 npunnmaior

Buj HepaBencTBa < Mo Y1,

N3 nemm 1134.16, 18, 19, 20 ciaeayeT, 4TO B ycJA0BUAX IIaBHOM J1eM-
MBI C HOAXOAAMUM 06pa3oM BbIGpaHHBIMU mocToAHHbIMU C, v 0ToGpake-
nne B; = CBAC ™' A~ 3agaerca npoussoaameii gpyuxiueii Pg+ By (p, 9),
riae By (p, q) — ananutudeckaa ¢pyuruud npu |P—p*| < v—4,|Imgq| < p—p3
U YTO B 3TOi 0o6racTu

|Bi(z) — (B(z) + C(z) — C(A™ )| < M25". (1134.30)
Ho no ¢opmymne (I134.25) cnpaBennBo COOTHOMIEHHUE
B(zx) + C(z) — C(A™'z) = B + Ry B, (1134.31)
a o yrBep#aenuio C' nemmbr 1134.11 npu

|Img|<p-pB<p-9

9T. e.moCTOAHHBIE, 3aBUCATINE TONLKO OT PA3MEPHOCTH 1 1 NocToAHHbIX K, ©. llemma
YTBepsRAaET, UTO CYMECTBYIOT (A0CTATOUHO GObIINe) MOCTOAHHBIE V1, V2 U (JOCTATOYHO
Maneie) nocroanusie C1, Ca, C3, C4 Takue, 4To yTBepmaeHHA 1 U 2 neMMBbI peanusy-
I0TCA.
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CclipaBeJJHMBO HepaBeHCTBO
|RNB| < Me™PNpg=1, (1134.32)

Tak sar |B| < M, us dopmyn (I134.30, 31, 32) creayer (1134.28). ]

G. UupykTHUBHaAA TeMMa

IlocTpoeHne MHBapUAHTHBLIX TOPOB ONHpAETCA HA UTEPANMOHHYIO Mpo-
HeAypY, KamIbIil MIar KOTOPLINA OCHOBaH Ha cleqylomeil KOHCTPYKITHU.

NupyrTuBHoe noctpoenue 1134.33

Ilycts A u B — nBa raHoHU4YecKUX mpeoOpa3oBaHuA

A:p,q—p, g+ w(p).

MIpeo6pasoBanne B 3anaerca npoussoaawmeii byuruueir Pg + B(p, q),
N — monouTenbHOE Lenoe YKCaA0. BolNoaHUB Bapmanuio 4actoThl (pas-
nen E), nonyyaem:
Ai:p, ¢ = p, ¢+ wi(p).

n orobpasienne B’, sanaBaemoe npousBogameit ¢pyurunueit Pg + B'(p, q)
Takoe, uTo BA = B’A;.

IIpumeHuM Temepb OCHOBHOE IMoOcTpoeHWe pasfena F K orToGpase-
auaM A;, B’. Mul nonyyum kaHouudeckue otobpamenua C u By =
= CB’'A;C~'A7"; Tarum obpasom (cm. puc. 1134.34),

B;A; = C(BA)C™!

A B

A B,

Puc. 1134.34
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NuayrTuBHaa aemma I134.35

Ipednoaoxcum, wmo 6 obaacmu |p — p*| < v,|Imq| < p cnpasedausnt
Hepasencmea
0~ dp| < |dw| < O)dp|, 6 < 6o,
|B(p, 9)| <M, w(p®)=w"e€QK).

Onpedeaum pi uz coomuowenun wy(p}) = w*. lycms Pq+ B1(p, q), Pq +
+ C(p, q) — npouseodawue gynryuu omobpaxcerui: By u C. Tozda:

1) 6 o6aacmu |P — p*| < v, |Imgq| < p — § dynryua C(p, q) anaaumu-
veckan u |C| < Mo~V

2) o6aacme |P — p}| < v1,|Imgq| < p1 = p — B cocmasanem wacme
obaacmu |P — p*| < «v,|Imgq| < p. B camoit marodi us marux obaacmeil
dynruua By asasemesn anaaumuveckot u |By| < M25~" + Me PN g1,

3) 07 |dp| < |dwi| < 61]dpl, |61 — 0] <, |w1 — w| < § npu yeaosuu,
umo M < 615 § < Ciy, v < Caf3, B < Cs; v < C4N~2) |y < Cyry, 2de
nocmoanmsle vy, Vs, v3,vq4 > 1 > C1,05,C3,C4,C5 > 0 — abcoawomusie
NOCIMOAHHbBIE, O eCMb 3AEUCAI AUULL O PASMEPHOCINU T, TOCTILOAHHBLE O
u K, Ho He 3asucam om B, w, 8, M u m. 0.

Horazameavcmeo.

JokazaTenbCTBO WHAYKTHBHOM JIEMMbI HEMOCPEICTBEHHO CleqyeT U3
OBYX [OpeIbIAyINUX JeMM. JIBYyMsA HOBHIMH MOMEHTAMH ABIAIOTCA CleLyIo-
mue.

1) Cywecmsosanue p;.

CywmecTBoBaHUe p} BMecTe ¢ HepaBeHCTBOM |pi| < Cyvy cienyeT us
HepaBeHCTB

[dwa| < 057 dpl, Jwr —w| < MO, |22 - %‘ < M6~
(cm. pasgen E) u nepaBencrBa M ™" < Cgy (KoTOpOE monydvaeTcs U3 He-
paBencTBa M~ < §"27% < Cy¢~y npu JocTaTo4HO GOABLLUIOM ¥3).

Mpunumasa Bo BHMManue, 4To v; < (47, 3aKii04aeM, 4To 00JacThb
|p — pi| < y1 comepmuTed B obnactu |p — p*| < y — 0 (Tak Kar 6 < Cy7y).

2) Ouenka daa dynryuu Bi.

N3 paspena E cnepyer, uto cpegdee gpyHruuu B’ yaoBieTBopAeT He-
pasenctsy |B'| < M26~ = M.

Moncrasaaa M B cooTHomenue (I134.28) 0CHOBHO# JeMMBI, TIOTyYaeM:

M257"1 4+ M < M6 7. .
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H. JokasareabcTBo Teopemsbl 21.11 (cm. riu. 4)
IlocTpoenue 1134.36

Nusapuauntusiii Top T'(w*) oTo6pamennsa BA, cooTBeTcTByIOIIEro yac-
TOTe w*, MBI CTPOUM C IIOMOIIbIO MeT0/1a, U3JI0EeHHOr0 B IpelblayIIeM pa3s-
Jelie, U 3aBUCANIET0 OT nociefoBaTenbHocTu 0 < N < Noy <...< Ng < ...,
Ng — 00. ATy mocieloBaTEeAbHOCTh Mbl YTOUHUM B JajbHeilliem.

Ilocne Toro, kak nociaegoBaTelbHOCThL Ng BbhIGpaHa, MOCTPOEHUE TIPOU3-
BoAWTCA crefytomum o6pazom. Mer nonaraem A; = A, By =B, Ny =N
1 HCIodb3yeM HHIYKTHBHOE MOCTpOeHne U3 mpeapiaymero pasgena G. dta
KOHCTPYRIUA ONpeenfieT KaHOHUYeCKue oToOpaxeHus, KOTOpble MBI 060-
sHauuM Cjp, Ay, Bo; umeem:

B:A, = C;(B1A;)C L

A

Y

A,
Puc. 1134.37

Hcnonbays Ty e KoHCTpYRUMIO ¢ As = A, Bo = B, Ny = N, mbl
nonyvyaem A3B3C,; u T.1. Eenu A,, B, nocTpoennl, KOHCTPYKIHUA, U3-
noxennana B pasgeie G, ¢ A = A;, B = B;,, N = N, nospoiser Haii-
™ Cy, Agy1, Bsyr (eMm. puc. 1134.37):

B, 1A,1 = Cy(B,A,)C; L.

dTa KOHCTPYKIMA ONpefelseT Takme TOURH pf, w,(pf) = w*. O6osua-
aum Terepsb yepes Tg(w*) Top p = pi. Ha Takom Tope oroGpasenne A
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npejcTaBiafgeT coGoii TpaHCAANHUIO, onpeeadeMylo yacToToil w*. O6o3Ha-
yuM p}, = lim p,, u nycts T, — Top p = p;, a A — oToOpaeHue
§—00
.ok * _ *
AT, =T, Axq=q+uw".
Haronern, o603naunm

D, =C7'C;'...C;Y, D= lim D,.

5§—00

Top, uHBapuaHTHEIl 0THOcUTeNbHO BA, 3aaeTcA cooTHoIeHHEM
Y *
T(w*) = DTZ..
JlorameM Telephb, UTO paccMaTpHBaeMble INpefelbl CYIMIECTBYIOT U UTO
na T'(w*) Beinoanserca coornomenne DA, = BAD. ]
Cxoaoumocts I134.38

C yuyeToM HepaBeHCTBa z—: # () MOHO IPEANONOKUTD, YTO B [{1] cnipa-

BeIJIMBLI HEpaBeHCTBa
87 dp| < |dw(p)| < 8ldp|.

IIpeanonomum, yro w* npunagiesut Q(K). Io semme (1134.10) nou-
TH mo6as yactora w* npuHagnemut (K) mpu seroropom K > 0. Iono-
#uM fp = 26 u ompexenuM MOCIEIOBATEILHOCTD MOCTOAHHBIX € MOMOILBLIO
COOTHOLIEHUH

GL=6>0, 0a=065, 05=00. .. 0bp1 =00 ...
Ionoxum
1 1 n _ 1 n
Y5 = (53/2, ,65 — ,.)/3/4( +2), N. = 63 2 _ s /a( +2).

Torpa
=yl =Bl Nyy=NS
Yot1 = Vs Bag1 = P37, s+1 = 1¥g ™.

YT06kI ONpegeuTh Bee 3TH YKcia, J0CTATOYHO BeIGpaTh 4. OGo3HauUM
yepe3 « MONOMUTENbHYIO MOCTOAHHYIO, AOCTATOYHO GOJLINYIO A TOTO,
4T00bI ObIJIO BBLINOJHEHO

a>vy, a>2n+l, a>v+2.
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Eean 6 < C (rne 0 < C < % — alcoaioTHaaA MOCTOAHHAA, T.e. 3a-

BUCUT TOIbKO OT 1, K, 6y, a u mocroannnix v, Cj, KOTOpbIE BXOXAT
B MHIYKTUBHYIO JeMMY ), TO, KAK HETPYJHO BUIETh,

1)
1 245
Y B < & (1134.39)
2)
Y 6. <6 (1134.40)
3) mpu Beex s =1, 2, ... UMEIOT MECTO HEPABEHCTRBA
) <01737 <02676 <C37
’ N (134.41)
vs < CyN; s Ys1 < O,
rae Cp, Cs, C3, Cyq, C5 — nocToAHHBIE U3 UHAYKTHUBHON JeMMBbI,
3aBucsiue ot K u , BEIGpaHHBIX BbIIIE;
4)
1 o
- (SH+v)+1
e BNe = ¢ B 5,2 VT (1134.42)

Tlocroannas ¢ ynoBierBopset HepaBeHcTBY # < § < C. Tenepn yucia Ny,
OT KOTOPLIX 3aBUCUT Hallle IOCTPOeHNe, NOIHOCThIO ONpeleleHbl.

IIpeanonoxum Temephb, uTo Hamie oToOpamenue B; = B ume-
eT mpousBoasamyio ¢yaxuuiwo Pqg + B;(P, ¢), KoTopas yHOBIETBOPSET
Blp—pi| <m, |Img| < p1 = %p nepaBencTsy |Bi| < My = §¢. Ilo newm-
Me I[34.18 »To HepaBeHCTBO BLIMOJHAETCA, €CIU € B YCIOBHAX Teope-
Mbl 21.11 (ra. 4) pocratouno mano. [I[puHEMan BO BHUMaHUEe HEPABEHCT-
Ba (1134.41), HeTpyHO MOHATH, YTO YCIOBHA UHAYKTHBHON JEMMBbI BBIIOJ-
usaiorea npu A = A;, B = B, (Tak kak a > vy). ClenoBaTenbio, HHIYK-
TUBHafd JeMMa [03BoJAeT HaM HailTu Ay, Ba, Ca, p5 u T. 1.

Hokazem Tenepb, 4To B o6nactu |p — pi| < vz, |Imq| < pa = p1 — P
oroGpamenusi B, Ay cHOBa yIOBIETBOPAIOT BCEM YCIOBUAM UHIYKTUBHON
JIEMMBI.

HeiicrBuTennuo, us (I134.39) caenyer, uro py > 0; u3 (1134.40) u TpeTn-
eil YacTU MHAYKTUBHOH JeMMbI MBI 3aKkil0uyaeM, uTo A, YAOBIeTBOpAET
HepaBeHCTBaM

92_1|dp| < |dwa(p)| < Ba2|dp| ¢ 63 < Bo.
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Haronen, B culy BTOpo#i YacTH HHAYKTHBHON [IeMMblI, U3 Hepa-
BeHetB (1134.42) u o > 2v4 + 1, a > v1 + 2 noayvaem

3, 3
|By| < MPST™ 4+ MyemiMt . g1 < ghamva g ghletl) sl

HHauye roBop,
|Bz| < My = 4.

Tarum o6pazom, Bce YCIOBUA HHAYKTUBHON TeOpeMbl BHIMOMHEHbI 1 171 By
u A.2.

MoBropas Te e paccympenus, noaydaeM |Bg| < My, = §¢ B oGuac-
TH [p — pi| <7s, |Img| < ps.

Ilycte G5 — obaacte |p — p¥| < v, |Img| < ps. Toraa muddeo-
mopduamel C; 1 orobpamaior G4i1 B Gy, u B cmbicie Cl-nopmbl B Gyqq
crpaBelnBO HEPABEHCTRO

IC* —Elle, < 4, (1134.43)

roe E — TommecTBeHHOEe oTOGpameHue.

Toura p}  ecTb nepecedenue mwapos |p — pi| < 5, s — o0o. U3 ounen-
ru (I134.43) HeMendeHHO cleayeT cXOOUMOCThb oTobGpamenuii D;, s — 00,
Ha Tope

T =) Gs-

s>1

U3 nepaBeHcTB |B;| < 02 cnenyer, uTo Ha Tope T BbINOXHAETCA
ID;'BAD, — A,|=|B,A, - A,/ =0 1npu s— oo

Haronen, u3 |ws + 1 — w,| < 4, crepyer cxoaumocTs Ha T oToGpa-
MMeHuil A,
lim A, = Ayx:q— q+w'.

§—=00

CnegoBaTensHo, Ha T, BblNoNHAETCA

D 1(BA)D = A,..



[IPUNOKEHUE 35
Rounctpyrkuua Cmeiina Y-auddpeomoppriaMoB

(Cm. §12.3 ra. 3)

Cwmeiin [3] nowkasan, 4To He cyumecTByeT HeTopuueckux Y-auddeomop-
¢usmos. [IpuBegem ofuH NpUMep, ILTIOCTPUPYIOMINI €ro KOHCTPYKIHIO.

IIpocmpancmeo M.
Ilycts G — HunbmoTeHnTHaa rpynna Jlu matpul pasmepHocTu 6 X 6:

1 =x
1

—-
[e]

&= 1 X
1

=N

rae x, y, 2z, X, Y, Z € R. 'pynna G nuddpeomopdHa RS,

O6osnaunm uepes Q(v3) = {p + ¢v3 | p,q € 7} none uu-
cel, mpubaumalomee /3 panHoHAILHLIMM UHCIaMH, M 4epe3 £ = p +
+qV3 = T = p = ¢v/3 nerpuBnanbuelii apromopduam Fanya. PacemoTpum
noarpynny [’ rpynnsl G, 31eMeHTbl KOTOPOH YA0BIeTBOPAIOT COOTHOIIEHH-
AM

z,y, 2 € Q(V3),
X=%7 Y=3 Z-==

Hetpynno powasaTh, uTo rpynna [' auckpeTHa ¥ TpaBblif CMeMHBIN
rnacc M = {gI'} = G/I' komnakTeH.

OueBuaHO, YTO mepBasdg TromoTonudeckaa rpynma M wusomopdua I
U, clefloBaTelbHO, ABIAeTcA HeabeleBoil HUIbNOTeHTHON rpynnoi. Cireno-
BaTeNbHO, NPOCTPaHCTBO M HeTopHuecKoe.
Huddeomopdusm p: M — M.

OTosmaecTBUM a1eMenTol g € G ¢ (x, y, 2, Z, Y, Z). Oupegeaum oTo-
Gpamenue ¢: G - G

@(.’IJ, Y, %, X', Ya Z) = ()\iﬂ, Hy, vz, XX* ﬁya 77Z)7
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rie

A=2+3, 1/=(2—\/?_>)2, p==2-+3.
@ aBnfeTca aBToMopdusmom G, mockonbky g = Av. CiaegoBaTenbHo,
@I’ =T u @ onpepenser auddeomopdusm ¢ npocTpancTsa M:

@: gl — p(g)T.

(M, p) asanemca Y-duddeomopdusmon.
dnement anrebpel Jlu TG, rpynnet G uMeeT BUJ

0 a b
0 ¢ 0
0
0 A B
0 0 C
0

Metpura
ds® = da® + db® + dc® + dA® + dB? + dC?

Ha TG, onpefenseT NpaBOMHBAPUAHTHYIO MeTPUKY Ha (G U, ciie[joBaTelbHO,
pumManoBy MeTpury na M = G/I'. Aare6pa Jlu TG, pasbuBaeTca B CyM-
My X + Y, rae saementsl X (COOTBETCTBEHHO, Y') MMEIOT BUJ

0 a O 0 0 b
00 0 0 c 0
0 (cooTBeTCTBEHHO) 0
0 0 B 0 A0
0 0 c 0 0 0
0 0

IIpu mpaBLIX TpaHCAANUAX IPOMCXONUT pacllelUICHHEe KacaTeldbHoro mpo-
crpaicTBa T'Gy B Kamoil Touke g € Gt

TGy =X, +Y,.

CnepoBaTenbHo, KacaTeiabHoe npocTpaHeTBo T'M,,, B Touke m € M Tax:ke
paclLiennseTcs:
TMp =Xp + Y

Hetpyano 3amMeTuTh, 4TO NHHEliHOE KacaTelbHoe oTo6paskenue dp AB-
afeTcA pacTAruBaiomuM Ha X, U CHUMAOMUM Ha Y,.
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