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NPEJHNCJIOBHE

MHorue BaxHsle 3aZaud COBDPEMEHHOH aHaudTHueCKoft Teopuw
quces MOryT OuITh (DOPMYAUPOBaHH B TepMUHAX 3JIEMEHTapHOH
MaTEMaTHKU W NOHATHA npeaeta Wid Jake NpOCTO NOHATUA 6e3-
rpaHMuHO BO3pacTaiollero napamerpa. TaxkoB, HalpuMep, 8aKOH
npocreix uuced, teopema Y. M. Bunorpagosa o Ttom, uto BCe
HOCTAaTOUHO OOJBIUNE HEYETHHIE UYMCJAa — CYMMBI TPEX MPOCTHIX
yiuces, M KOJMYECTBO COOTBETCTBYIOIUMX MPEACTaBJECHUH Bbipa-
®aeTcs npocToft npeaenbHo#t (acumnrotaueckol) dopmyJiof, Teo-
peMBl O CUeTe MEJABX TOUEK BHYTPU pacUIUPSIOUIMXCHA KOHTYDOB,
O TMOBEAEHUH JpPOOHBIX uyacTelt nocae10BaTENbHOCTEH U MHOrue
apyrue. Bmecre ¢ TeMm pelieHHe COOTBETCTBYIOULHX, CPOPMYJaUpO-
BAHHBIX B MPOCTHIX TEPMHHAX NMpoO6JeM 4acTto TpefoBalo BECbMa
CJIOWHEIX M Ha NEPBHH B3rAAL AaNEKMX OT TEOPUN HWCEN CPEACTS.
Tak, 1o HegaBHErO BPEMEHM 3aKOH MNPOCTBIX YMCEA MCT OHTh
¢GOCHOBAH TOJBKO € IOMOILBIO TEOPUH (PYHKLUE KOMIJIEKCHOrO
nepeMeHHoro, u nossieHue B 1949 r. moJHOCTBIO 3JEMEHTapPHBIX
aokasatemscts A, CenmsGepra, u II. Oppewa u A. CeanGepra
SIBIJIOCh KDYMHHEIM COOBITHEM B Teopun uuced. Teopus Qynxuuft
KOMIIJIEKCHOI'O NMEPEMEHHOr0 CYIUECTBEHHO NPUMEHANACh U B aLIU-
TUBHBIX 337auyax (NepBOHayasbHble BapuadThl [Tapau-—Jlurrasyza
peiuenui npobaemnl Bapunra), pasnuunpx Teopemax O paciipere-
JEHWH OPOCTHIX uMCed U uX 06obuiexutt, pewenun A. O. lesp-
donpa VII npobiaemnl ImanGepra ¥ MHOIMX APYrdux Caydasx.
Psagel Pypbe W TPUTOHOMETPHYCCKHE CYMMBI WrpaioT (PyHAaMmeH-
TaJbHYI0 DOJIb B alJWTUBHBIX 3ajayax, Teopus MoJeHd (yHxkuuft
Haj aGCTPaKkTHHIM MOJEM KOHCTaHT M aiarefpauyecKkas TOMOJOrHs
noJyyaloT BCE BO3DAaCTAoONlEe 3HAYEHHE B COBPEMEHHOH Teopuu
yucesn. Bce nepeyncaeHHble TPaHCUEHIEHTHRIE METOIBl MPUBOAAT
B pAAe CAyuYdeB K BECbMa CWJIbHBIM M TOYHHIM pe3y/bTaTaM, ©
OT HAX MOXHO OXHJaTb eue oueHb MHororo. He moxer GmiThb
W peud 06 OTKa3e OT TPAHCUCHIEHTHHIX METOAOB B COBpEMEHHOH
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Teophn unces. OIHAKO ECTECTBEHHHIM IKENAHWEM HCCAENOBATENS
ABJAETCA OTLICKAHME BO3MOXHO OoJsee apuMeTUYecKoro mnyTH
K pelieHunio aJeMeHTapHo ¢dopMyaupyemot npoGaemu. IToftumo
OUEBUIHON0 METOAWYECKOTrO 3HAYEHWS TaKOFO MYTH, OH BaXeH
elle TEM, YTO YaCTO JaeT MPOCTOR M eCTeCTBEHHHIH B3risid Ha
TOJIyYEHHBIE TEOPEMBl M NPUYHMHBI, OGYCJOBAMBAIOUINE HUX CYIe-
cTBOBaHue. YacTo 3/7€MEHTapHBIMU METOJAMH MOXHO ILOCTHIHYTb
pesy/IbTaTOB, HEJOCTYNHHIX IIOKA CHJbHBIM aHAJAUTHYECKUM Cpeld-
cTBaM, AeHCTBYIOIMM B JApPYrHX CJayyadX BecbMa 3(QQeKTHBHO.
TakoBO, Hanpumep, 10JOXKEHMe C OWHApHHIMU 3a1dyaMd  THNA
npo6aems Fonba6axa; HanboJee BaxHbe Pe3yJbTaThl 34€Ch BHIBO-
JATCS C TOMOLLBIO SJMEMEHTapDHOrO METOAa pellera JparocdeHa,
paspaGotannoro Burro bpynoM. B GoabLiuHCTBE M3BECTHRIX CJy-
yaeB, ONHAKO, 3JIEMEHTApHbIE METOLBl, B OCHOBHOM J[aBas pelue-
Hue MNpoOAEMBl, BCE K€ YCTYNarT TPAaHCUEHAEHTHHIM MeTOAaM
B OTHOLUEHUH HaJAbHEHIIWX yTOUHEHHH MHOJyyaeMblX [IpeAe]bHBIX
COOTHOIEHUH,

B nacrosmee Bpemss BecbMa MHOTHE 33alauydl alrajiUTHYECKOR
TEOPHH MOryT OBbITb [EHIEHB BJAEMEHTAPHBIMU CPEICTBAMU; COOT-
BETCTBYIOLINE pEWEHNs MyGJMKOBAJINCh B PHAAE XKYPHAJIOB H
mouorpaduit. ITpeacrasasercs nenecoo6pasHBIM HECKOABKO CHCTeE-
MaTU3MPOBaTh X, BHECTH BO3MOXHBIE YNpPOIEHHS u co6paTh
pMecre. JlanHas KHura crasut ceGe STy Ueab. 3A€Ch COGPAHB
9JE€MEHTapHbIE METOJB B aJJAMTUBHBIX 3ajayaX, B 3alayax CcueTa
HeJBX TOYEK BHYTPH KOHTYPOB (aCUMNTOTHYECKas reoMerpus
yuces), B TEOpUH pacrpeaenaeHus npocTax yucea. ['nasa 10 conep-
AT JeMeHTapHoe nokasartesnctBo 0. M. ManuHa pumanoBoft
FHNOTEe3b [/ MIUNTHYECKUX noael (yHKuu# Hajg KOHEUHBIM
nojeM (TEOpeMB O CpaBHEHUSAX TPETheH CTeneHu). IDTO 0Kasza-
TeJbCTBO NEPEPaboTaHO M YNPOLIEHO aBTOPOM €r0 MO CPaBHEHHUIO
¢ mepBOHauaibHBIM BapuaHTom 1956 r. I'maBa 12 uanaraer Bnep-
Bole nocTpoenHoe A. O. 'eabosa0M 3JeMEHTapHOe J0Ka3aTelb-
CTBO €ro TEOpEeMBl O TPaHCUEHAEHTHOCTH yucea Buma o (a, B —
anrefpanueckue unciaa, a0 u 1; B uppaunoHanshce) Jis
C/yuas BEILeCTBEHHHX @ W B.

3amMeTHM, 4TO «CTeNeHb BJEMEHTapHOCTH» NpeIaaraeMslX
B pa3JdyHBIX [JaBaX METOAOB pasiuyHas. B mnpoGaemax cuera
HeJaBX TOYEK B KOHTypax, no CYILeCTBy, Heab3a obofituch Ges
NOHATUS MJOIAAKM KPUBOH, KacaTeJbHOH M pamMyCa KpPUBH3HBI,
T. €. MOHATHA ONpEeNe]eHHOro WHTerpaja u npousBogHol. B coot-
BETCTBYIOIMX TJaBaX 9STH TOHATUA B npocTefimledl c¢opme
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npumeHsatorca. B rnae «TpaHCleHAEHTHOCTh HEKOTOPHIX KJAaCCOB
Yuces> MPUMEHAETCS TMOHSTHE aAre6pandecKoro 4HC/aAa U MOHATUE
npoussognoft. Te naparpadwm!, rie NPUMEHAIOTC MOHATHA NMPOU3-
BONHOM HJIM UWHTErpajsa, OTMEYAIOTCs 8BE3MOYKOH. 3ameTHM, 4TO
TakuX naparpaoB B KHUIE HEMHOrO.

Urenne kHuru TpeGyeT HEKOTOPHIX MO3HAHUH B 3/]EMEHTapHOH
Teopuu uucea. JJocraTouns cBesexus B o6bveme kHuru M. M. Bano-
rpagoBa «OCHOBB TEOPUH UUCEI» U MEPBBIX YETBIPEX IVIdB KHUCH
B. A. BenkoBa «3aemeHTapHas TEOpUs uucesd»,

ITomumo A. O. Teabdponna u 1O. B, Jlunnuka, coasTopaMu
ganHo#t xnurm ssasiorcd A. M. Buworpanos u 1O. M. Maunn.
A. O. Teabdonn cocrasui raaent 3 1 12, 10. B, JIMHHUK — riasb
I, 2, 4,7, 8 9, 11, A. WM. Busdorpagos Harnncan raasel 5, 6;
10. WM. Manun — raasy 10.



FJTABA |

AJJIUTUBHBIE CBOMCTBA YHUCEJL
METOL J. I'. IIHAPEJIbMAHA. TEOPEMA T. MAHHA.
TEOPEMA I1. 2PJEIIA

§ 1. AxnuTuBHBIE CBOUCTBA MOCJHENOBATENBLHOCTEH

BYIIEM paccmarpuBarb GeCKOHeYHbIEe 10C/JAe10BaTE/bHOCTH
UEeAbIX 4uCeJ, HauynHawmuecs € Hyad:

0, a;, Qy Qag ... (1’1’ 1)

3pecs 0<ay<ay<l...

ITocnepoBarenpuocTa Takoro poga Oyaem o603HauaTh GOJb-
IINMH  JaTUHCKUMHU  OYyKBaMu;, HanpuMmep, [OC/IeA0BaTEIbHOCTD
(1, 1, 1) o6osnauum 6ykBo#i A. Wuorza nam nupugercs paccmar-
pUBaTh PasAuyHbIC MOCAELOBATEABHOCTH TaKOro BuUI3; B 10100-
HOM cJyuae Oyaem cHaGxaTb yucaa suga (1, 1, 1) aByMs uHAEKCaMU:

0, ay, a9, 33, . .. (1,1,2)
rge i=1, 2,..., N n obpasywor N mnocj1e10BaTeNLHOCTER A,
Ecau pmaunl N nocaegoBatenvHocTe A; (i=1, 2,..., N)

(cpean KoTopelXx MOI'yT OBITh W OIHHAKOBHE), TO Gynem
Ha3biBATH CYMMOH A; HOBYIO MOCAENOBATEAbHOCTb Aj—~...+ Ay
BHIA ‘

0, bl’ b-z, ba,..-’

bj==ay, +ay ... 2Ny

€CThb CyMMa KakuxX-J1u0o u3 NN qucesa HallUX MOCAeLOBaTeNbHOCTEN,
B3ATHIX Kaxaas no ojgHomMy pa3dy. Ilpm satoM nonyckaiorcs o
ClaraeMble @, MO KOTOPHIMH MH GyaeMm mnoHumare yucao 0
(i=1, 2,..., N); nonyunBwmecst yucna b, GyAyT paccuuTh-

rpe
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8aThCd OAMH H TOJNBKO OJMH Pa3 W YNOPSNOYMBATLCH NO BO3-
pacTaHuIo. :

AnauTHBHAA TEOpHA YHC/IA M3y4YaeT CBOHCTBA ONepamud CyM-
MHPOBaHHUA MOC/JACAOBATENLHOCTEN; B YaCTHOCTH OMUCHIBAET YHC/a,
TIONyuMBLIUECS B PE3YAbTaTE CyMMUPOBAHUA NOCAEAOBATEALHOCTEN,
ITpn 5TOM BHLAEJAIOTCH CAyuyau, KOraa B pes3y/braTe CyMMUDOBa-
HUS OTrPaHMYEHHOro uuc/aAa NOCAeJOBaTe/hHOCTEH, noJyuaoTcs
BCE LEJbe YUCAa WM BCE JOCTaTOUHO GOoJblUHE LEabe YUCIa.

Ecau nocnenosatensHOCTs A HOCAE CYMMUPOBAHUS CaMoit
¢ co6of &k pas maer BCe lieJble YUCJIa, TO OHA HasbiBaerca Gasu-
com k-ro nopsaka. (Pasymeercs, oHa Gyzer torga u 6asucom
nopsiaka ky > k.) B sneveHtapHO#t Teopuu umcesa U3BECTHA TEO-
pema JlarpaHxa O TOM, YTO BCSKOE YUCJIO €CTb CYMMa YeThipex
kBaapaToB. TakuMm 06pasoM, NOCAEAOBAaTEJBHOCTh KBagpaTtoB Q
ectb 6asuc 4-ro nopsaaxa. ITocnegosarenbHocTs KyGos o6pasyer
6asuc 9-ro nopsaka (YTo yXkKe TPYAHO OGOCHOBATh 3JEMEHTap-
HBHIMM METOAaMH).

WHorma paccmartpusaoT 6asucHbe CBOHCTBA MOC/IEL0OBATE/b-
HocTefl, MpUHUMAs BO BHUMaHUE HE BCE YMCJA, 8 JULIb AOCTaTOYHO
Gosbine uucaa. Ecam nocnegoBarepHOCTH A NoOCjae CyMMUDOBa-
Hust B pas [JaeT MOC/eA0BaTeNbHOCTb, KyAa BXOIST BCE AOCTa-
TOUHO O6oabluine uucaa, TO 6yaeM HaseiBaTh ee 0a3ucoMm k-ro
nopsigKa Ajas AOCTaTouHo GoJbuinx uuces. Takoe moHsTHe LeJe-
coo6pa3Ho, TaKk Kak BO MHOMMX CJAyvyasX OCHOBHHEIE CBOHCTBA
CyMM IOC/ef0BaTENbHOCTEH BCKDHIBAIOTCA TNPH  HaGJIIOAEHUSIX
Haj OOJbIUIMMH YUC/IAMH; Ha CTPYKTYDY MaJblX €e ujaeHoB GyIyT,
€CTeCTBEHHO, BJUSTH JHUIb HECKOJIbKO HauyaJbHBIX YJIEHOB MOCJe-
IOBaTEJbHOCTH.

CorsacHo usBectHo#i Teopeme Y. M. Bunorpazoma {1}, cym-
MHPOBAaHHE MOC/AEJOBATENBHOCTH P NMPOCTHX uHcea (CO BKJIoue-
Huem 0) Tpu pasa ofpasyeT NOCIEAOBATeAbHOCTL P-j- P P,
Kyia BXOJST BCE JOCTaTOYHO OOJbIUME HEUeTHhle yucaa. Takum
06pasoM, NoCAefA0BaTEJIbHOCTL P o0pasyer 6asuc 4-ro nopsiaka
Ans pocratoyHo Goapmux uucen. Ilocaeposarenbrocts KyGos,
KOTODPYIO Mbl paccMaTpuBanad paHee, oOpasyer 6asuc 7-ro nopsa-
Ka aas jgocratouyHo Gosabmux uucea ([13], [14]). B 1930 r.
JI. T. Wnupensman [30] mocraBun npobiaeMy u3yueHUs CyMMH-
poBaHus noc/AenOBaTeNbHOCTEH OOMIErO BUja, CBEAEHHS O KOTO-
PBIX KacalTcs JAUlIb «MJIOTHOCTH» pPACHOJIONEHHs B HUX YJIEHOB,
[TonsTue ¢RAOTHOCTH» MOCAGZOBATENbHOCTH A onpejendetcs no
JJI. I, WHupeasmany crenywouium o6pasoM.
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Mycte A(n)= )Y, | —uucacBas QYHKUAS M[OCJEAOBATEMb-
_ e;=n
HOCTH, KOJIMYECTBO ee Y/IEHOB, HE MPEBOCXONAMMX 7 (IpH nox-
cuete ay==0 onyckaercs). Toraa

A (n)

0=<<——=<1,

[Tromuocmero d(A) nocinenoBaTeabHOCTH A Ha3bIBaeTCA

An)
“nt

d (A) = inf (1,1,3)

3amerum B Bume nmpumepa, uto ecau 1E A, 1o d(4)=0. [anee,
d (A)=1 Toraa u TOALKO TOrla, KOIja A COAEPXUT BECb HATYy-
paabHui paa. [110THOCTL NOCIEAOBATENBHOCTH KBAAPATOB, KyOOB,
npoctoix uucea pasHa 0. JI T. [lHupenbman aoxasan caemryio-
Iy!o BaXKHYIO TEOPEMY O MJIOTHOCTH CYMMB NOC/€10BaTe/NbHOC-
el A u B.

Teopema 1. 1.1 (JI. I'. UWuupensman).

dA+B)=d(A)+d(B)—d(Ad(B) (1,14

Jlns [0Ka3aTenbCTBA PacCMOTPUM HATypasbHble 4ucaa cer-
Menta |1, n] u BBexeM uucaosbie pynkuun A n B: A(n) u B(n).
Hanee o6osHauuM: A B=C; d(A)=0; d(B)=30; d(C)=1.
Ha cermente [1, 7] nexut A(n) uucen uz A, Kaxaoe U3 KOTO-
poix sxoaut u B C. Ilycte @y, a,,q1 — ABA COCEQHUX YHCIA TAKO-
ro Buaa. Mexny HuMu JexaT yucia

ak+1, ak—{—Q,..., ak+l=ak+1—1,

KoTophie He mnpuHagaexar A. Hexoropoie u3 stux uucen Gyayt
Bxomuth B C= A -} B: HanpuMep, TakuMu OyIyT uucaa a, - r,
rie r&B. Yucno uucen nocaefHero Bujaa, OUEBHAHO, Gyndet
B (/). Takum oGpasom,

Cm=Aam+ B0,

)

rae CyMMa WIET M0 OTPe3KaM MEXAy YHCIaMH BUIA @ W Qp,q.
Hanee: B({)=p.L Takum o6pasom,

C)=AM+BRNI=AM+B(r—A@m)=
=AM —f)+pfn=a(l—Bn-+pn
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aaa Beex n==1. Orciona
— e inf C (1
T—d(c)-—":lf—;(l—)za—}—ﬁ—«aﬁ,

4yTo # gorassiBaer (1,1, 4).
Hepasencreo (1,1,4) yzo6Ho sanucath B Bhje

1l —d(A+B)<(l —d(A)(1 —d(B), (1,1,5)

OTKYyZa JIErKO BBIBECTH [0 WUHIAYKUUKA HEPaBCHCTBO, TFOIAHOE AJs
MoBOro uucaa CaaraeMeix:

d(Al—}—---+Ak)>1~—§ (1 —d(A4)) (1,1,6)

M3 nepasencrsa (1, 1,6) caexyer npocras, HO BaxuHas TeopeMa
JI. T. Ulnupeasmana.

Teopema 1.1.2 (JI. I. lllanpensman). Beaxas nocaedo-
BAMEALHOCHIL NOAONCUIMNCALHOL NAOMHOCIMU — 6a3UC  Hamy-
paasHo20 psoa.

B camom mene, u3 (1,1,6) nas oxHo#t m Toﬂ Ke [mocaeso-
BaTEJALHOCTH A WMEEM IIpH A+ A= AW

-t

d (A= 1"2 — .
[Tpu pocratouno GosblOM % nMeeM
d(AD)> . | 1,1,7)
Bsuay storo Ha cermente [1,7] komuuectso uucen A®) Gyger

n
0osbule 5 - Ecau a; npoGeraer cucremy uucea A'®, me mpe-

BOCXOAAWUX 7, TO uncen |a;| ¢ npucoenuHennem 0 u uucer
|n— a;| B coBokynHocTH Gyzer Goabuie -1, H OHU HE MOryT
6mTb Bce pagamuyubl. Otrcioga umeem: n=a; -{-a;, — cymma
asyx uncen A'®, tax uro A ects Gasuc He Gosee ueM 2k nopsa-
Ka. JTa TeopeMa HalAeT BakHEIE MNPUJIOKEHAS B CAEAYIOLIMX
rjlaBax.

§ 2. Teopema I'. Manna
Hepasenctso JI. I'. lluupensmana (1, 1,4) He siBaserca Tou-

HEIM, 1 JOMYCKAET 3aMeuaTeNbHoe yCHIeHHE. ITycts, kak n panee,
C=A+ B.
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Teopema 1.2.1 (I Maun). _
d(C)=min (d(A)+ d (B), 1) *). (1,2, 1)

Mpb moxeM cuntath, He Hapylwas obuthoctd, uro d(A) -4
- d(B)=<1; ecam 910 HepaBEHCTBO HapyIUIaeTcss, TO MB BCerja
MOXeM BBHIGPOCUT B OJHOH M3 ROC/AEIOBATENLHOCTEH HEKOTO-
poe KOJIWYECTBO NOCTATOYHO JAJNEKAX UYHUCEed TaK, YTOOH Yy HOBBIX
nocaenosareasuocted A', B” 6uto d (A -+ d (BYy<1ud(A)-+
~+d(B) cxoap yroawo 6Gausko k 1. Torma us (1,2,1) Gyaer
cnenosath, ut0 d (C)=d (A -+ B’) cxoxs yrogHo 6ausko Kk 1,
a sHauut, d(C)=1.

Wrak, cuuraem, uto d(A)-4-d(B)=<< 1. Hago nokasats, uro

d(C)=d(A)+d(B) (1,2,2)

Jloka3ate bCTBO ONMUPAETCS Ha OCHOBHYIO JIEMMY.
HMemma [lpu raocdorm nz==1 mnaifidemes m&[l, n]

maroe, 4no
Cn)—C(n—m)=(0-+B)m, - (1,2,3)

(war u panee, a=d (A); f=d (B); 1=d (O).

Jloxasate/bCTBO 2TOH JIeMMBl JOBOJNBHO 3aTPYIHUTENLHO,
0aHAaKo HepaseHCTBO (1,2, 2) u ocHoBHag Teopema (1, 2, 1)
BHIBOAATCA M3 Hed 6e3 Tpyna.

Iycrs (1, 2, 3) noxasano. Paccmorpum cerment [1, n— m).
IMo ykasaHuo# semme TaM Haitzerca cermetr [n-—m—m' -1,
n—— m], rie KoauuectBo uucea C He meHbme uyeM (a—-8)m’
Buineaum u3 [1, n— m — m'] kpafiHu# Npasbli cerMeHT ¢ 1M0106-
HBIM K& CBOHCTBOM ¥ MPOXOJKaeM 3TO DacCyxACHUE pallee.
B pesyabTate, oyeBUAHO, NOUXOIMM K HepaBenctBy (1, 2, 2).

Tenepp nepeftneM X AOKasaTebCTBY Hame#h semmel. DBynem
paccMarpuBaTth MOAMHOMeCTBa cermexta wucea 0, 1,..., n. Bynem

CYUTaThL, UYTO néC, ub0O uHaye AJag uucaa 7 JeMma TpUBHANbHAL
npn m==1

C(m)—C(n—my=C(n)— Cln— )= (a-+p) 1.

¥) Jra Teopema, OhBIIAA NPeIMeTOM YCUANH MHOPHX MaTeMaTHKOB,
6nta moxasaHa [ MaxHoM B 1942 1. [42]; B 1949 r. 3. Aprun u Wepk
[32] mamm Gosee mpocToe NOKA3aTedbCTBO, elle 6ofee ynpouieHHOE
A. 51, Xudyupbim [28], M3M0WEHUIO KOTOPOLO MB! 3[eChb CAGIYeM.
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Cucremy uncen H [0, n] Gymem HasuiBaTh HOPKAAsHOL,

ecan ana moGux aucen f&[1, n]; FE[L, n), FEH); fEH
umeem: f— f'— néc H. Ecam nocaepoBatensHocts € ofnapaet
TeM CBOHCTBOM, YTO OTpesk#W ee B cermente [0, n] o6pasyioT
HOPMa/IbHYI0 CHCTEMY, TO J€EMMa Jerko pokaseiBaerca aias C(n).
MMeHHO, MYCTh 72 — HAWMEHbIUEE HATYPaibHOE HUCIAO, HE BXO-
asiee B C; Torma m<<n, u6o no ycaosuo, nC.

Iycte s&(n—m, n); rorna 0< s+ m—n<_m. Torna
s&C. Bynb 310 He 1aK, umemu 6n: S&C; m&C. Ilo csoficTry
HopMaabHoCTH §S—-m —~n&C, wo s+m—n<m, a m—
HanMenblliee 4uc/io, He npuHagsewauniee C. Bsugy sToro Bee
uucaa s&(n — m, n) sxoaat B C. CheaoBaresbHO,

Cmy—C(n—m)y=m—1.

Tak xak m&C=A - B, 10 momxHo 6ute A(m)-}- B(m)<
& m— 1, Kak JIErK0 BUOETh, PacCyx/1ad, KaK MpHM AOKa3arelb-
ctse Teopemnr 1. 2. 1. Takum o6pasowm,

Cmy—Cr—m=A(m+Bm=@+pPm,

yTo nokasmBaet (1,2, 3).

WUrak, teneps RysmHo monycTuts, 4yto C=A -} B ne o6.a-
[laeT OfINCAHHBIM BBIlIE CBOHCTBOM HOpMaibHOCTH. B 3TOM cay-
yae Mb GyaeM BBOANTb OCOGHIH METOX OTpeIeNeHHOrO PacluupeHns
MHOoxecTB B mu (, kKotopoe OGyleM HasbiBaTh <«IOAXOIfA-
muM pacmuperneMs. Ilycrs C He o6nasaetr CBOHCTBOM HOp-
MajeHocTH. Toraa B wunrepsane (0, n) Hadlayrics uuchaa ¢, ¢
TaKHe, 4TO

c&C, JEC, - —nE&c
Tak xkax C= A B, 10 o1CI0Aa
c+c—n=a-b (aE A, bEDB). (1, 2, 4)
ITycts 8, B — MHUHUManbHOE YUC/AO, S KOTOPOTO BHIMONHSETCS
(1, 2, 4). OHo Gyner Ha3eiBaTbC 6Ga3ol HalIEro paciUpeHHs.
YpaBHeHue
¢4 —n=ai8,

GyieT uMeTb pellleHne B uucaaX ¢, ¢/, @, YIAOBJIETBOPSIOUIUX
yenosusm: ¢&=C, ¢'&C;, a& A; ¢ ¢/, a&(0, n). Bece yuosne-
TBOPAIONING YKa3aHHOMY YPaBHEHWIO W LaHHBIM YCJOBAAM 4HCHE
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¢, ¢ of6bemuHuM B MHOxecTBOo C*, Wwmeem: C[\C* — nycroe
mHOXecTBO. O6benuHeHune

CUC* = Cl

n OyneM HasHBaTh MNOAXOAALHM pacmnpeﬂnem muoxecrpa C.
PaccMOTpUM BbIpaweHne

By —c. (1, 2, 5)

Ecan ¢ npoGeraet uncaa MHoxectsa C*, 1o aHauenus By —+n— ¢
06pa3yloT MHOXECTBO B*, B CHly YyKa3aHHOro Boliie ypasHe-
aus uucna (1, 2, 5) MOWHO mnpeacTaBuTh B BUge ¢’ —a, rae
CECH aC A

[ycrs b* — moGoe uncao u3 B*. Tak KaK OHO HUMEET BUA
Bo-Fn—e¢ 10 b*=8,=0; TaKk Kak b¥*=( —a, TO b*<C
< ¢'<n, TaK uTO BCE uncaAa B*¥ gexar B unrtepnane (0, n).
Nlanee, Tak kak b*C B* 10 b*C B, n60 wHave us b*=c —a
caenoBano 66 ¢’ =a-}b¥& A+~ B=C, uro Hesepno. Taknm
o6pazom, B*(\B—mnycroe MHOxectso; B* naexur B OTpeske
(0, n). Tloaoxum

BB*=

MuoxectBo By 6yneM Ha3bBaTh MOAXOMIIAM paclinpeHneM
MHOXecTBa B.
Hokaxem Teneppb, yto

A+31=C1.

Mycts a€ A, b,EB,; nokaxeMm, uto a-+b,EC,. Jubo
by B, mbo by B*. Ecn b&B, 10a+b&EA+B=CCCy;
ecn bEB*, 10 a-+-bECCC; m6o a-+-b,E&C. B s10M
cayuae, Tak Kak byCB* 10 by=B¢+n—c; EC, Tax uro

'=a+b=a-+By-+n—CC
"+ —n=a4BECA+B=C "EC, 'CC '

10 onpeneneHnto C*¥ HaxOauM
Crl=a + blEC* C Cl'

Urak, A4 By C;,. O6patho, nycts ¢€&Cy, Tak uto ¢&C
6o ¢C*. Ecm ¢SC, 10 c=a-+b, aCA; b&BC B,
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Ecau we ¢&C*, 10 b* == ¢ — a npn HEKOTOPOM @ BXOAUT B B*.
Umeem: c==a--b*C A+ B¥ C A+ B;. Takum o6pasowm,

C1‘= A + Bl.

Danee, n&C. B camom nene, n&C; ecan 6u nEC¥, 10
B COOTHOWICHHH ¢ ¢’ —n==a-} 8y Mal MOrid Gbl MOMOKHUTE
d=n, u noayunaocs Om: c=a-+F&cA-+B=C, uro
HEBOSMONKHO, TaKk Kak ¢&C.

Ecan pacumnpenHas mnocaenoBatensiocts Cy eme He HOp-
MaJbHa, TO paccMmarpuBaeM MHOxectBa A, By, C;; 3zaech
A-+ B =Cy; nEC,; NOJ0KEHHE BIOJHE dHANOrMUYHO NPEAbl~
aywemy u ana muowects A, By, C; MOxeM npuMeHuTh npex-
[eCTBYIOUINE PACCYHACHHUS,

CHoBa Haxonum 6asy ajs pacwuupenus §;, MHokectsa - 587,
C} w nonaraem

BlUBf=By CUCI=GC

U HaxoanMm, 4TO
A+ By=2Cy n&Cy

[MponomxaeM STOT npouecec A0 TeX Mop, MOKa OAHO M3 pacHid-
penHpx MHOWecTs C, He OKaKEeTCR HOPMaabHBIM. TaKkoi MOMeEHT
HeNpeMeHHO HACTYIHUT, U60 NpY KaXI1O0M PaCIiIpPEHNH Mb BBO-
ouM Hosele yucaa B uHTepsal (0, n). Tak HaxOAUM KOHEYHBIN

pana MHOMXKECTB
B=ByC B C...CBp
C=C()CC1C...CCk.

Ipn s1OM BCAKOE B, ,; COREPHUT uHMCAA, HE BXOAAUIME
B B, n ofpasyouwue B ‘rak uto B, .1=B,\JBy; 10 xe
kacaetca Cp1=CUCE (O<p<k- 1)
Ilycry B,-—Gasa pacwwpennst or B, u C, k B, .1 4 Cy 4.
Umeem
A+4-B,=C; n€C, (O=p=<<hk)

Hanee, Cj, — HopManbHoe MHOxecTBO, 8 C, mpu O<Cp<<h—1
HE HBJAIOTCE HOPMAJBHBIMU.

Ilaa passHefinero HaMm BYxHO Oyaer OOHADYXHUTh HEKOTO-
phle CBOHCTBA MOAXOAAMMUX paciuupeHui.
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Mul HauHeM €.J0Ka3aTeNbCTBAa HEPABEHCTBA .

B> (<sp<i—1) (1,2, 6)
3amerum, uro B,EB, =B, \JBi_,. Ecmu B, EB;_,, 10
BH=B}L—1+’1_C’

rie ¢&Ci4CCu Tk uro c<n wu B,>B,, Ecm
xe B,& B, 1, 10, N0 onpenenennio B, CyUECTBYIOT uRCA2 ac A,

E o ¢ EC; Takme, uTO
¢+ —n=a-+4B,ECA+B,1=C (1,2,7)

Beuny storo, no ceoficrey. MunmmaapHocTd B, 4, B, =P, 4
Onnako ecimu 6u1 B, =8, 4, 10, no onpenerenno C;_;, umenn
6u u3 (1,2, 7)

CE C:_1 C CP" C’E C:_] C CP’

~uto uesepHo. Urax, B, #B, 4 1 B, >B,4. OGosnaunm uepes m
' HauMeHblUEe MOJIOKUTeNbHOE 4uCa0, He Bxogauiee B C,. [oka-
. HEM CAEAyIOLIee YTBEDKACHHE,
Ecm ¢c€C O<sp=<k—1) u c&(n—m n), 10
~C (n—m By 1),
v IlocTaTouHO N0Ka3aTh, 4to ¢ -+ m — n >B . N3 c&(n — m, n)
crenyer: m—¢—nc (0 m) W, MO ONpPENEIEHUIO 7171,

m + ¢ —n&Cy
Bsupy Ttoro uro

Co=C, U CtU Clu-.-U Choy,

MBl 6y}1€M B JajabHelileM pasauyarbh ABa cayuas:

1) m~+c—n&C,

B stoM cayuae
m-4-c-—n=a-}-b,; aCA, b,E&B,

Ho mGC u ¢&C,, 1aK Kak ¢ C;. B cuny MunumanbHoCTH B,
JOJKHSB UMETB: b >{3u Ognako ecan b, ._.B TO, MO onpeneJe-
HUIO C;‘;, AMen Gbl m& Gy, uto HeBepHO TaKk Kak Ci C C, C Cp

a m&C,. Tostomy b w>>B, #, CTano GuTs,
m-4-c—n ==;a—|-b S b SR e
AH OCCP

e e e e Bl AT IRTRT

4TO NOKa3hBaeT Haule YTBep?KEEHHe.
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2) Ecmu =m-+c—nEC @@<<v<<k—1), 10, 1O
onpeaenenuto CY, NOMKHB WUMETh

(—a=f,+n—c" aECA EC,
orkyna ¢ =c —a>f,=8, (cornacio (1,2,6)), u nawe
YTBEDIKEEHHE AOKA3aHO.
Iokakem elle paBeHCTBO
Ci(n)y—Ci(n—m)y=
= Bi (m—1) O<p<k—1). (1,2 8)
PaccMOTPUM COOTHOIIEHHE
b=B,+n—c¢ (1,2,9)

no onpenenednio By u Cf w3 cCy crenyer: b= B u o6parHo;
ecn ¢ (n — m +B,, n), To b& (8,, ) u o6paruo. Bingy sroro
Ci(m—Ci(n—m—4-8,)=Bj(m—1)— Bi(@3,)

Ho B cuny npeasiaymero yrepxaenus Ci(n—m--8,)=
= Cj (n — m); nanee, Bcsikoe b& By supawaerca B Buze (1, 2, 9),
rne  ¢<n, Tak uro b>B, m  Bi@)=0. Orciona
Cy(n)—Ci(n — m)y==B;(m—1), uro cosnanaer c (1,2, 8).

Mul MOxeM Tenepb nepefiTm K IOKA3aTEJAbCTBY HaLIel JeMMbl
Tak kak C, nHopmaabHo, 10 K A, B, C, MOXHO TNPHMEHUTH
uepaseHctso (1, 2, 3), kak Gbl0 mokazaHo Boiwe. Kwveewm:

Co(m) —Cp(n —m)=A(m)+B,(m), (1,2, 10)
LAE 7, KaK H paHee, — HaUMEHbLIEE HATYPaJIbHOE YACIO, HE BXO-
nsmee B Cp; nveeM, mC A u mc By, 1ak uro A (m)= A (m — 1);
By (m)== By (m —1). Bsuny onpeaeaseHuit
C,=cyyc*ycty...|u i,
B,=B\B*UBiUJ...\U Bi.1
rge MHOXECTB2, BXOAAILUE B 9TH OODEANHEHHS, HE UMEIT O6ILUX
9/1E€MEHTOB, Halaem, o6osHauas CJ ==C*; Bf==B*:
Ce()—Cp(n—m)=C(M)—C(n—m)—+
k—1

-+ 2 {Ck(n) — Ci(n— m)},
=T

B, (m)= B, (m — 1)==B(m— 1)+ Zo B (m —1).
o=
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" W3 (1, 2, 10) HaxoauM OTCiOAa
k-1
C(m)—C(n—m)+ ZO (CE(n) — C*(n — m)}=
=
k—1

=A(m)-+ B(@m— 1)+ ;OB;‘(m—l).
s (1, 2, 8) umeen
Ci(n)—Ci(n—my=Bi(m—1) (0<n<<k—1)

Ot6pachisas B IpeAsLIylLleM HEPABEHCTBE CyMMbl DaBHBIX UIEHOB,
noAyunM

Cm—Cn—my=Am)-+B(m—1)=
= A(m)+ B(m)=(a+B)m,

YTO [OKa3blBaeT HAlly JeMMy e TeM caMmbim Teopemy 1. 2. 1.

§ 3. Cymectrenuble xomnoHeuTol. Teopema [l. 3prema

V3 reopemn I ManHa mu snaum, uto ecan A — nocuaenc-
BATEJAbHOCTb TOJOXKUTEAbRON MJAOTHOCTH, MeHbuleh 1, a B — apy-
ras noc/ei08aTe/NbHOCTb MOJOKHUTENLHOH MIOTHOCTYH, TO OT CJO-
wennd A ¢ B [JI0THOCTh YBE/NUHBAETCA.

Taxum cBolicteoM  00/Malal0T HE TOALKO MOC/AEA0OBATENb-
HOCTH [OJOXKUTEAbHOH [LIOTHOCTH, HO # HEKOTOpHE nocaeno-
BaTesbHOCTH HyJepo# maotnoctu.  [locaenoBatesbHoctn B,
KOTOpble 00/13a1ai0T CBOHCTBOM YBEAHUYMBATL [JIOTHOCTh JIO0OHR
nociaegosaressHocTd A mosoxuTeaprofl naotHoctn < 1,  ecan
UX CAO0KHUTb € A, HA3BIBAOTCS CYUECIMBEHHB MU KOMIOHEH-
mamu.

B 1936 r. [l. Dpaew [38] ebiBes cOBEPUIEHHO 3JeMeH-
TapHbBIM NMyTEM OJHY TeopeMy O HHX, KoTopaa Oyaer 31ech
H3JI0KEHa.

Teopewma 1. 3. 1 (Il. Opmew). Beswui 6Ga3uc ecmes
CYULECTIBEHHAS KOMNOHEHMA.

boasee rouuo, ecan B ecms 6Ga3uc l-20 nopadrxa, a A — no-
caedosanmessrocnts noaoscumessHol naomruocmu d (A) =3 >0,
mo npu 8<1

d(A+B);B+EQ§l;—6—). (1,3, 1)
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Mpl GyaeMm noxaseiBaTh gawxe GoJee OGLULYIO TeOpemy: NyCThb
uensle yncaa, << B He npunapaexauve A, o6osHaualoTcd ye-
pes by, by,..., v nycts by <<n< by a, < n< ayy,. Monoxnm

E=by+by+...4 b, — 2D

QuesunHo, E=0, ubo b; =i
E
in yucen sgn

Kak oxasbiBaercs, CyWEeCTBYeT He MeHee X - =

Bnaa a--b, rae aCA; bE& B, npuueM HaM HyxHO Gyser #c-
noJb30BaTh JulUb uucaa b==0 n eme oxHo bEB.

CnepBa [oOKameM JeMMY.

Jdemma. Cywecmsyem uyesoe [>0 maroe, wmo ecms

Lo E
no Kpaiinell mepe —- wucea b, cpedu wucer <<n euda a;-1,

a2—|—1,,,,

Hokasareabcrso. Ydcio peweHut ypasneHHs
a+v==0

B LEJLIX MOJNOXKHUTEIbHBIX T, a, b<In, ectv E. HmMendo, nas
3ajaHHoro b===>, ecto b, — r pewenuit, n60 uncao uucen a < b,
ectb b, — r, u xaxuaoe a paer pewenue v. Cymmupysa no r=
=1, 2,..., y, HAX04UM, YTO MOJHOE UMCAO pelleHUH ecTb

E=’§(b,~r).

Ho uncio BO3MOXHBIX 3HAUEHUH T He NPEBOCXOANT 71, B HAKAETCA
X0t On OJQHO 3HaueHue U, cKaxem I, nas KOTOpOro €CTb He

Menee % peweHu#i ypaBuenas e+ I=»0; a, b n.

ITepefiaem K MOKa3aTesbCTBY TEODEMEL.
Tax kak B ecTb 6azuc /-ro nopsmka, 10

I=bW 4. 4+ 6ECB.

OG6osnaunm p, KOAMYECTBO d4uces b B MHOwecTse a - bV
(s=1, 2,..., {). Ilokaxem, uto

E
ptpet. =

B camom aenme, B MHOXECTBE 4ucCea Buaa

a+ Y + b
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ne Gosee py—py uucen b. [elicTButensHo, MHOXeCTBO @~ bV
COOEPKUT 1y umcen b u HEKOTOPble u3 uacen a. Ecan npu6asuts
b® x uucaam muoxecrsa a -+ b, To p, uucen b nawr He Gonee
g uucen b; uucaa @ naiot He Gonee py uncen b. Tenepn BO3bMEM
uncaa supa @+ b - b L p. Oun conepxar e Gonee p, +-
-} pg -+ 13 uncen b, 4TO BUAHO, €C/AM MPUMEHUM TO XKe Paccyx ie-
uie Kk cymme a0V bW g b Anzaorauno MHOKECTBO
y b . c
ancen a0 -, bW =a -] Gyner comepwars ne Gosee
gy + ...+ p, uncen b. Ho muowecrso a -/ conepxur no xpati-

E
He#l mepe — uucen b, TaKk 4TO XOTS OBl ONHO U3 {1, CKAKEM [ip,

VIOB/IETBOPAET HEPaBEHCTBY

E
>~
(““k/ln s

E
TaK uto MHOKectBo @~} b'") conepxut e menee - uncen b<<n.

Ho muoxectso a -{- b9, rae 6'" = 0, conep*ut posHo x unces a.
Mostomy muomecTBa @ -- 69 (yuntwisas u 6 =0) coaepxar
no Kpa#ine#t mepe x—}—% pa3iuuHBIX LeAHX uncen =3 n. [lanee,
d(A)=28; 8&(0,1). HMmeem: ecmu x=f(n), T0 f(b,)=86,

otkyasa b,—r=f(,)>3%b,; b,= ; _r_ 5 - Orciona

14244y v+ 3 '
Ez—————"% =3q=gp 0T

Takum oGpasoM, ans yucna N uucen << n MHOKecTBa a - b'Y)
uMeeM

N>x—|————a————y—’ Y=n—x)
= 2(1—3) In = -

OG603HaunM NpaByio 4acTb 3TOro HepameHcTBa uepes ¥ (x). Jlerko
Bugers, uto W (x)— BospacTaiomas ¢yHKuas; B 9TOM yOexpaem-
s, noacyuthBag, yro ¥ (x - 1) — W (x) > 0. Orciona

N=Ux)=YQRn)=tn 2(16—-6) {1 —12)2,12:

=n<8+.§.ﬂ.‘2’7_.6_)>,

YTO # JOKA3LIBAET TEOpeMy.
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[ocaegosatenpiocts {x™} (x =0, 1, 2,...) npn mo6om
m >0 o6pasyer 6asuc, Kak ObIO CKa3aHO B Hauaje 3TOH raaBhI
W Gyzer nokasaHo B caesyiome#t raase. Taxum ofpasoM, 3Ta
MOCAeN0BATEAbHOCTE ABJSETCA CYILECTBEHHOH KOMMOHEHTOH. Mo-
ryT OBITb CYHIECTBEHHbiE KOMMOHEHTH, KOTODHE HE SBJIOTCSA
Gasucamu. ITpumep Tako# xomnounentsl 6bla1 ykazan 1O. B. Jlunuu-
koM [12]; oanaxko 5TOT mpumep He saeMmenrapen. lllropom u Bup-
suurom [50] Obla HailaeH npuMep, TpeSyomull JHIIb saeMeHTap-
HBEIX pacCyxIeHnH.



FJTABA 2

SJEMEHTAPHOE PEHIEHWE I[POBJEMBI
BAPWHTA U ITIPOBJIEMBI FTHJILBEPTA — KAMKE

§ 1. O npoGaemax Bapuura u N'nanGepra — Kamke

IIpo6aema BapuHra CcOCTOMT B HCCJAeAOBaHUM BGa3MCHBIX
CBOHCTB mnocaefoBaTedsHOCTA 71-X cTenenet: {x"} (x=0,1,2,.),
n==1. Kak 6b10 yxe CKasaHO B rJaBe 1, NOCAEROBATENBHOCTD
kBagpaToB (n==2) of6pasyer Gasuc 4-ro nopsaxa. B 1909 r.
M. I'nas6epr AoKaszas, YTO MOCJAEAOBATENbHOCTb R-X CreneHed
ofpasyer 6asuc, YT0 YU COCTaBWJIO B OCHOBHOM pellieHue npos-
nemsl Bapurra. OaHako pag cBA3aHHBIX € 3TO# npoGremodt BO-
TPOCOB OBl DPELeH JHIIb 3HAYNTEJBHO MO3XKE, a HEKOTODHE U3
HHUX OCTaHCh HEepeieHHBIMHU.

Buian co3gansl HOBhle MOILHbIE MeToan ['apan — Jlutrasyna u
H. M. Bunorpaagosa, no3soquBLIAE HE TOJBKO PEWHTb DA BO-
NPOCOB, OTHOCAILKXCA K mpoGaeme Bapunra, Ho ¥ pgajneko mpo-
IBUHYTH Apyrue nmpoGaeMbl aHaJUTHUECKOH TCOPUH UHCEN.

Hayuancs sonpoc o Buae ¢yHKuMK g(n) — MMHUMAJABHOM
nopsaoxke 6asuca us creneHef {x”} 419 Bcex uHcexs; 3TOT BO-
poc Gull B OCHOBHOM pemieH uHmubickum matematukom C. [Tunns
[43] B 1936 r.c moMOwmbIO yKa3aHHHIX METOHOB. Mayuaica Tak-
Ke Bompoc o nosefeHud dyHxuun G (n) — MuHEManbHOM Gasu-
ce u3 n-X creneHe#l sl GosbluX uncest. 314ech Haubogee CHIb-
HHfl pesyabTar Gbim nmoayued WM. M. Bumorpamosmm [1]:

Gmy<n@Blnn-11) 2L

Kpome Toro, msyuanace acumntoruueckas dQopmyna aas KoJn-
YecTBa MpencTaBaeHutt uucna N B BuIE CyMMH S H-X CTeneHef

x4 xr=N. @1,2
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Bce ykasaHHple paGoTh nmo npoG.aeme Bapuura Gninu Bunod-
HEeHH C TIOMOUbIO FAYOOKUX W MOIIHBIX aHANMTHYECKUX METO-
0B, DNEMEHTADHBIMU METOAAaMH HOKAa MOXHO JHLIbL B OCHOBHOM
peunth npobaemy Bapunra — q0Ka3aTe, 4TO n-¢ CTEHEeHU YUCEN
06pasyioT 6asnc. DJeMeHTapHOe 10Ka3aTe/lbCTBO 3TOR Teopembl
6uio noayuero 1O. B. Jlnnuukom [16] B 1943 r. A. . Xununn
[28] nan m3smHOE W3JNOKEHHE ITOrO JAOKA34ATENbCTBA, KOTOPO-
My Mbl GyZEM CJIEIOBATh.

C npoGaemott Bapunra cxomna mnpoGaema ['uanGepra o cu-
cTeme zmo@amosux ypaBHeHmz

+x”=Nn,»
n—1+ +x n.—l n~1’ (2; 1)3)
x1+--'+xS=Nj’

roe x;=0-—nense uucaa, 3Ta npobaeMa paccMaTPUBANACH
9. Kamke B 1921 r.; Gosee CHJpHEE pe3y/bTaThl = OJYYEHH
K. K. Mapmxanumsuan {19}, {20]. .

B 1950 r. I'. B. EMeapsinos [8] mpoxoaxua HCCACNOBAHUS
K. K. MapmxaHuiBuag, a Takike Jaa 3/AeMeHTapHOe pelleHue
npobsemsl  'mabGepra — Kamxe, KoTopoe 6yAeT  u3J0XKEeHO
B 3TOH raaBe.

§ 2. OcnoBHas JeMMa B 3JEMEHTAPHOM peMIECHHA
npoGaemsl Bapunra

Mycts A, — nocnenosatenpHoCTs n-X  crenenedl; A® —
cymMmMa k£ nocaemosatenpHocTed A,. Ecau Mu  IOKaxeM, uro
npy focTatoyno GoabwoM £ A% umeer mosOuHTENbHYO MAOT-
HOCTb, TO Teopema 1.2.1 noxaswiBaer HaMm, uro A, — 6asuc Ha-
TYpaJAbHOro psiaa. Beudy storo GygeM 3aHMMAaTkCd JOKa3aTesb-

(R : -
creom toro, uro d(A ) >0 mpu &>k (n). Ilycts m>0.
PaccmorpuM ypapHenme _ :

gt x=m (=0 2,2,1)
I'chrb 7 (M) — uncao peuieHufl ypaBHeHus (2 2,1). B nanpueft-
eM 4acTO BCTPEYAIOMIMECH CAOBA: YUCJO PEIUEHHH ypaBHEeHus
6yneM cokpaumieHHo - 3amucuBath: - LP.Y. YUucao - -nz=2 Oyzem
CYHTaTh (bPIKCMpOBaHHHM- CcpopmmepyeM Tenepb OCHOBHYIO
AEMMY,
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JNemma 1. Cywecmgyem k==~k(n) maxoe, 4mo npu A1060oM
N=1

Rk
rk(m)zBN;‘-_ (l==m=<N) 2,2, 2)

[Moxaxewm, uro u3 7aemmp 1 caeayer, uro d(A (g;) > ‘0. Hmeem
re Q) +ry () +...+r, (N)=R, ()
€CTb YUCJIO pelleHHl#l HepaBeHCTBa
b ard L xt <N 2,2, 3)
Ecnu x; YAOBIETBOPAET HEPABEHCTBY

] azn

N

0<<yx

TO CcuCTeMa umcen (Xy ..., Xp) YAOBNCTBODSIET HEPABEHCTRY
(2,2, 3). Takum oOpasom, HepaBeHCTBO (2,2,3) umeeT He MeHee
) P

N \ * peleHufl, Tak uTO
)
kR
n

R0 ()" @29

Honycrum teneps, uto d (A izk) )y==0. Toraa npa moGom ¢ >0
u nopxodsueM N NOJyuuMm.

ABY (N <eN.

[Tpu aToM N MOXHO CYUTATh-CKOAb yroAguno GoJbiuM. [Ipume-
Had oueHky (2, 2, 2), natinem .

N

N
R, ()= 3 'rk<m)=rk<0)+ »Zrk;(m)<“r+

m==Q

+BN” A""(N)< 1+8 eN"

4TO  MPOTHBOPEUNT (2,2,4). MpH LOCTATOUHO MAIOM e. I/ITaK,
d (A(k) )>>0. MH MOMKHH TEMeph BHBECTA OCHOBHYIO JEMMY.
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§ 3. JleMMBl 0 JuHeHHBIX YPaBHEHHAX

Bee panphefittue ypasHeHus GyayT AHOPAHTOBH (ueJ0UHC-
JeHHbIE).
Jlemma 2. [Tycms 8 ypagrenuu

Mz Faz,=m @31

ay, @, m—uyeasie; |ay|<<|a|<<A; (a, a)=1.
Y. P. V. (2,3,1) nod ycaoguen [z2;|=<< A (i=12) ne npesoc-
34
lag| ”
Mp moOMeM cuuTaTh, 4TO @y >0, HHaue MOKHO B KaKIOM
pellleHUN 3aMeHuTh 2y Ha (— 2y).
Iyctb (2y, 29), (2}, 2,)— ABa DPasAMuHBIX PEILEHUS YpaBHe-
uua (2,3,1). Ua pasencrs

a2+ ayzy=m,
a2 ey, =m

xodum

HaXoIuM

a3 (2, — 2 =a; (— 2z, - 2y)-
Hanee, (a5, ay)=1, 1ak ut0 2,— 2,==0 (mod a)) u |z, —
— 2y | =ay.

Uncao pewennit (23, 2;) mox ycaosueM |z;|=<<A (i=12)
HE MPEBOCXOMHT KOJUYECTBA YHCEA 23 B 9THX DEIIEHHSX 104
ycnoBueM |2, =< A. Ho pasHocTb uncesn Buja 2, LEJUTCH Ha
a,. Ecau ux uucno £, 10 uMmeem

g (t—1D=<<24; fs = b lsg—,

4TO0 W TPeGOoBaNOCh 10Ka3aTh.
Jlemma 3. Ilycms 8 ypasnenuu

ayzy+...Faz,=m 2,3.2)

umeen: \a;|<<A (i<</l); max |a;|=H (<) (a,....q)=
=1, Toeda Y. P. V. (2,3,2) nod ycaosussu

lzil<4 (<)
He npesocxodum

B AT L @39
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Mbur gokasanu yxe aTy semmy npu /==2. [lonycrum, uto /=3

H 4TO I/ cAydas [/ — | Heu3BeCTHHIX JeMMa 3 yxe yCTaHOBJEHa.

[Mycts max |aq;|==lag,|==H. DByxem pasznuuaTb aBa cayuas:
i

1) ay=ay==...=q,1==0. Tak kak (a, ..., q)==1,
tak ut0 |a,|=H==1, n ypasnenne (2, 3,2) umeer Bui z,=—
=t m, tak uTO 2, NMpUHMMaeT He O6OJee OJHOrO 3HAUCHHS,
a BCE OCTadbHBE 2; M0 a6COMOTHON BelUuHHE HE MPEBOCXOAST
A, u noromy npunuMaior He Ocaze 2A -1 <34 3uauenni.
Taxknym o6pasom, U.P. Y. (2, 3, 3) B yKasaHHBX yCJOBHAX B HaLIeM
cayyae He NPeBOCXoauT

11 A
BA) ™ = B, (2,3,4)
4TO MOKA3HBAET HAWy JeMMy HJas caydas 1)
2) Tlycrs x0Ta OB OJHO W3 UHCEN @y, dyy..., @y OTJIHUHO
or 0. Torga cywecrsyer
(aly (22 TSN al*l)::&
a
TToaowuM H' -—max;——‘—~ (i<<!— 1) Ilycre uucana 2z, 2y..., 2,

yoOrJISTBOPAIOT —HalieMy ypaBHEHHIO (2, 3, 2) #u HepaBeHCTBaM
12, 1< A (i=<!). Ionownm

Yot Ba,=mn @ 3,5)
Tak uTO
G2t aant. o y=8m
H
dm'ta, z;=m. (2, 3, 6)
3necn :
-
B’ |< 3] lai| 2| <IBH'A,
=i
TaK 4TO

|m | < IH A 23,7

Mu samennan, TakuM 06Das3oM, HCXOAHOE YypaBHeHHe (2, 3, 2)
ypasrenusmy (2, 3, 5) u (2, 3, 6). B ypanennu (2, 3, 6) d << | a;|;
G, a)=(ay...,a)=1.1.P.V.(2,3,6), 17 kotopsix | n’ | << IH'A,

12y} =< A <{IH' A re npeBoCXOZUT —r]:]—fl B cuay aemMe 2. Tlpu
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3aganiom m’ ypaBHeHue (2 3,5), B cuay RHAYKTHUBHOrO mpen-

HOJOXKEHHUS, HMEeeT C(l) pelennil B LEAMX Z;, lz;| << A.

OTcioma caenyer, qTo uncao pewenutt (2y,..., 2;) ypaBHeuus
(2,3, 2) non ycaosuem |z;|<< A (i<</), He TPEBOCXOLUT

3IH'A At
]al' ()H/ Bllal BIT:

4TO W JOKA3bIBAET JEMMy 3.
Teneps PaccMOTPUM COBOKYIHOCTb BCEX YPaBHEHUH BHaa

a2+ ag ...+ a, 2,=0, (2.3,9

roe |o; =< A@i<</). Ilycre A; — KaKoe-nudo UHCHO, CBA3aHHOE
¢ A cootnomenusmn: 1 << A<<A;<< B, A", 1>>2. Mu xotum
oneHuTs csepxy cymmy Y. P.V. (2, 3, 8) npu ycnosvm uTo | 2| <<
<A (<))

Nemma 4. Cosoxynumoe H.P. Y. (2,3,8) He npegocxo-
dum B, (AA)L

Bynzem cuoBa paanmam PR Cayuas:

1) ay=ay=...=0a,;=0 (takofl cayualt TOXE HYXHO yuu-
TeBath). [l 9TOTO  CaIyvas uucao pemeHuft (24, ... ,2,), oue-
BHOHO, HE MPEBOCXOAUT

(@A +1) <(BA) = B Al =B,A B A" = B(AA)™
2) Xors Gel onuH w3 Ko3(hPUUUEHTOB &; OTAMYeH oT 0, u

(@, aq,..., 2)=8=1.

[Tycte B 2TOM cayuae
H=max(a,|,|ag}..., |a )y HE&[LA]

nyCTb m — neaoe 4ucJao Takoe, 4ro
< H<e. @ 3,9

[ns-omHoro ypasHenus suma (2, 3, 8), rme 8==1# H ynosaer-
BOpSeT HepaseHcTBaM (2, 3, 9), uncao pemrenuit z; (] z;| << Ay),
B cwly AeMMLI 3, e Hpeaocxozlm .

AU A e

=B =BG

B,
o §m'+'f
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: A .
Janee, u3 (2, 3,9) suaHo, u4TO ia,[g—ﬁ—(zgl). Taxnm o6pa-
80M, UYHCJO YypaBHeHuH, rae COG/IOZAIOTCS HEPABEHCTBA THNa
(2, 3, 9), He npesocxoanAT

i
<2 A+ 1) = B,Alg™™
A cymma coorsercreytomux Y.P.VY. we npesocxoaur

A-tom

—mil [ - -l
B,——A—B,A’Z"’ == B,(AA,) "1 2--Um,
C)’MMPIpYﬂ 9TO BBIPAKECHUE MO BCEM m,>/0, HaXooIuM COBOKyII‘
HYIO0 OUEHKY

B (AA) .

3) Xors 66 oxmn mu3 XKo3(puunenros a; orauued or 0, n
(@, 89..., a)=8>1

B sTOM cJayuae 3aMeHsieM ypaBHeHnue suia (2, 3, 8) Ha ypas-
HEeHUE

a a
—21+ +“zz=0§ <§l:,g) L

A
Uucno A samMensieTcs Ha MeHbluee uucao v, Yeaosue A= B A"

MOET OBITb HAPYWIEHHBIM, HO OHO WHCMOJbL30BAAOCH JHIb B
nyukte 1), a He B nynkre 2), 2 B nanbpHeMiuem M Gyxem omu-
parbcst Ha nyHkt 2). B cuay paccywnenutt nynkra 2), npu gas-
nom 8 u |2;|<< A, cosoxkymroe YU.P.Y. e npesocxomut

A\l AA 1
B ('g Al) =Bl"(’”§Ti)T—~ (2,3, 10)

Ilaﬁee, 3<< A. CymmapHoe Y. P.Y. npu pasHbXx 0 He NMpeBOCXO-
IHT .

A
B(AA) Y o @,3,11)
=i

Hpn q == 2 uMEeT MECTO 3JEMEHTapHO A0Ka3biBaeMoe HepaBEH-

CTBO
A

1 q
Zr?"<q——l'
n==l
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Hcnonbsysn 310 HepaseHCTBO npu ¢ =/(— 1 =2, Haxoaum aJ1
(2, 3, 11) ouenky
B, (AA). @ 3, 12)

Ouerka (2, 3, 12) Bmecte ¢ pesysabratoM cayvas 1) AoOKaseBaeT
aemmy 4.

Byzem Tenepb paccMaTpUBATh KOHEUHBIE MHOMNECTBA HENbIX
yuces, KOTOPHIE MOTYT CONEPXaTL W pPaBHbIE MexAy Co00il uucha;
€CJH YWC/IO @ BCTPEYaeTcs BO MHOkecTse A pPOBHO A pas, 10
6y.ieM roBOpuUTh, YTO €ro KparHocts B A ecTb A==A(a)

[Tycts ¢ — xakoe-160 1ea0e uucjo. PaccMoTpum ypasHeHue

x+y=c¢ xE4; y&b (2, 3, 13)

Jlemma b. B ypasrenuu (2, 3, 13) wucro pewenuii He npe-
gocxodum noaycymums 4. P.Y.

x—y=0 (xCA yE€A)

x—y=0 x&B, y&B).

[las KOKa3aTebCTBA 3aMETUM, TO KAWAOMY 3HAaueHnw x&=A
B ypasHenun (2, 3, 13) orseuaer He GoJsee OAHOTO 3HAUEHUA
y=y, B, a cudTaqs KpaTHOCTb, AJA [JAHHOFO X TOJyYaeM
He Goaee A(x)p(y,), rae A(x) —xparnocts x&A n p(y,)—

KpatHocts y, & B. Hanee, ouesnauo, A (xX)p(y,) << %(()\ (N +

+ (2 (v)?). CyMMUpye IO X B yUUTHBAsl, YTO DA3HBIM 3HAYCHUAM
X JO/MKHH OTBEUAThb pAa3Hble 3uaueHds y,, MNOAYuUdM, 4TO CyM-
mapHasa ouenka Y. P.V. (2, 3, 13) ne npesocxoxut

7 20@P+ 5 0 @ 3, 14)

x€A yeEB

YTO, OUEBWLHO, COBMAJAET ¢ NMOJAYCYMMOH uucen pelleHul yka-
3aHHBIX BBILIE ypasBHeHuil.

HenocpeacTBeHHBIM CAEACTBUEM JAEMMBlI ABJAETCA TaxkoH e
pesyabTaT asas cayvas A=B.

Nemma 6. 4. P.Y. x+y=c(xEA, yCA) He npegocxo-
dum 4. P.Y. x—y=0(xECA, yCA).

[lycts Tenmepb £ u S — NpousBOJIbHBIE HATypadbHBIE 4YUCJIa,
[Mosoxkum £2° =/ n Gydem paccMaTpuBaTh ypaBHeHHe

xl *l—x*’*—-.,,-—'r—x,:—’(l.
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[ycts Ay, Ag ..., A;— KOHEUHBE MHOXECTBA WYHCeJ; MyCTb
mHOoxKecTBO A; (1 << L<l) COAEPKUT pasUuHBE YUCAd @y,
a; C KPaTHOCTSMH A, Ay, ... Hac 6yaer nurepecosats U. P.

Xy g+ Fx=c x;CEA(1<<i=<<]). (2, 3,105)
Ecan nonoxuTsb

x1+x2—+—...—}—xl=x,x 4=y
1.

"2' i

igreee

vof =

(é €CTh, KOHEYHO, LEJ0E 'lI’lC.’IO), TO JAaHHOC YpaBHCHHE MOXHO

nepenucaTb B BHAIE
Xx+y=c¢
W TPUMEHATH K HEMy TOJAbKO 4TO [IOKasaHHyw JemMmy 5. Pac-
CMOTPHM, KAKNM MHOXKECTBAM HO/IKHB MPUHAAAENKATh YUCAA X
w y. Tak Kak x;cA4;(1=Si=<</), 10 X MO¥eT OHTb JIOCHM
UKCIOM  BHAA zl—!—22+...—{—zl, rae z,«EAi(lgzg?);Toq-
Z
HO TaK Ke y MOKer OHTb moﬁbm YHC/IOM TOFO Xe BHAA, Tie
<i<g
TONBKO zEA (=i 2)
g
B cuny aemmnt & nostomy U.P.V. (2, 3, 15) He npeBocxoauT
noaycymmsl 4. P. Y.
X —y=0 2, 3, 16)

B CASAYIONX ABYX ODPEANOJNOXKEHNAX:

1)
x=z1+zq—f-.._-7f—zl,

7

y=zl—i—-z'2—-}—...+z’[,

¥

rae
5 EA, z;EA,-(l gzgé). @ 3, 17)
2) X ¥y uMeer Ty *e dopMmy, HO ‘
aw€4, . #A€A, 1<i<g). @318
g+ Lo J
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-B o6oux cayudsnx ypaBHeHue (2;-3,.16). mower 6mb nepe-
-nucaHo B BHIE

—2i)+(29—22)+ +(z —~7 )===o @3,19)

Mp npuxommm TakuM o6pasom K smsoay, uro Y. P. V.
(2, 3, 15) He npesocxoant noxycymmsr 1. P. Y. (2, 3, 17) B npea-
nonaoxennax (2, 3, 17) u (2, 3, 13), 1. e, He NpeBOCXOAUT TONY-
cymmar 4. P.Y.

!

é(zt—"zl)——o ziEAi, z;EAi((l éig\%)

=l

N — ) =0, ZEA , #ZEA @ghga.
| L LN

Dt

T

‘ ‘
Ypaenenue (2, 3, 19) nmeer 8 nesolt uacrn 5 ClAraeMux, T.e.

BABO® MEHbLIE, ueM IepBOHauaibHOE ypasuenue (2, 3, 13). Ilo-
naras

ol

{
’ 2
(zi'—‘z;'):x’ 2 (i — 2)=
.=?1+ 1

-

=l

MH MpPHBOAKM ypasHeHue (2, 3,' 19) x Buay
x—+y=0

B MOXEM CHOBa NMpUMeHHTb K HeMmy Jemmy 5. CosepuieHuo Tem
Ke nyTeM, Kak OT ypassenus (2, 3, 15) Ml npuuuM K ypaste-
Hawo- (2. 3, 19), Teneps 0T ypasHenus (2, 3, 19) b mpuzem,
OUEBUAHO, K ypaBHEHHIO

T~

(u,-{—u,—-u, — Ui )=z 0, (2, 3, 20)
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npuYeM HaM TNpPHIETCAd pacCMaTPHUBATh CYMMy uucea pelieHuf
STOMO YPaBHEHUA B CAENYIOLINX (YXKe YeTHPEeX) MPEeANOM0OKEHUHAX:

D uy w, ui, i’ A,

2) u; u, ui, ll{ EA[ ’
. 7+t

8) wy, wy, w, i CA ,
!
7t

4) u, wy, ui, uy €A
3l
< T

Tax xax /==%2° TO MH MOXE€M NOBTODUTbL 3TOT NpPOLECC § Pa3.
B pesyipTaTe MBl, OUEBUAHO, NPHUAEM K YDaBHEHAIO

k
DU+ —
___y(‘ss—lﬂ) _____.___y(fs)}:o, (2,3,21)

NpUYEM HaM MPUIETCS paccMaTpuBaTb CyMMY YHCeN peleHuft
STOr0 ypaBHeHHs B 2° DasIMYHBIX MNPEANOJIOKEHHAX, a UMEHHO:

1)y €A, YWE A, ..., yEA,
D I €A 37 € hrnr 0 3l 1< j0)

2%) J’fﬁEAmhka:o cor J’(kj)eAke’ )I
Ecau MB NOJOXHUM
W=yl 4+ 1) <i<2)
TO ypaBHenue (2, 3, 21) npumer npocTo#t BuUA
yO4y® 4y h—
—ylsTlen 60 —0, (2,329

[Ipn sTOM peur uIeT O CyMMe 4YuCeA pelleHui ypaBHeHus
(2, 3, 22) B crenyomux 2° MPEANOONKEHUAX, OTAUYAEMHX APYT
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OT Apyra 3HaueHusmu napamerpa m (O<<m=<2°— 1)

J ( (9] g
y”*y”—#y’—{— +_‘VU
rne
N ) 9]
y(lj EAmk«H’ .ygj €Amk+‘b cves J’k EA(m+1)k
(=12,...,2%.
Takum 06pa3oM, MBl MOXKEM (OPMYAUPOBATh OKOHUYATEALHHIH

pesyabTaT Hallero BRIBOAA B BUAE CJAELYIOUIEr0 NPELTIOKEHHS.
Jlemma 7. Y, P V.

x1+x2+.-.+xl:c (xieAi, 1<i<1)
He npesocxodum cymms H.P.Y.
1)+y(2)+_.__}_y(~zs_l)_yms"lﬂ)__“___y(zs)_:a

y —y,)—]—y‘”—!— Ay, I
y(l EAmk+17 )’2 eAmk+2)-. - y([?EA(m_{.nk [IRIEEEE)

8 npednoaooicenunx m=0, 1,..., 2°— 1, [Tpu amom [=k 2°.
Mpr BuauM, 4TO JeMMa D €CThb YaCTHHIM cayua#t aemmst 7
npy k=s=1, /=2 .

§ 4. JokasaTeabcTBO OCHOBHOMN JeMMbl

[TepexonuM K JA0OKa3aTebCTBY OCHOBHOH neMmbul 1. Mer Gyzem
JAOKa3BIBaThb ee 110 WHAYKUUY, nepexold or 7 — 1 Kk n. [las ycrew-
HOrO OCYUIECTBJEHHS TaKoro Mepexofa BMECTO UCXOJHOrO ypas-
Hedus npobaemsl Bapudra

N+ x4+. . Fxp=m (m<N)
l.

1

rae x;==0, Tak uto x;<<m "< N"(i<<k), b1 Gyaem paccmar-
pUBaTh ypaBHeHue °

Fe)+fx) .. .+ flxp=m(m<N)  (2,41)

rae f(x)=ax" 4 a1 x* -, ..+ a, 1 x <+ @, — noauHoM, KOTO-
puil MOXeT 3aBuceTb OT # ¥ N TaK, 4TO
1

lay|=B,N"(O<i<cn), a0 2 42)
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YacTHHM ClyuyaeM Takoro noJaunHoMa Oygper f(x)=x".
OcHosHaa Jnemma | OyneT caeactsueM Tako# GoJaee obuleft
JIEMMBL.
Az
Jlemma 8. [lpu | x; | << N" u nadaescawe sobpannon k=
=k(n) 4.P. Y. (2,4,1) ne npegocxodum

R
=1
B,N" * (2.4,3)
YcTranoBuM BEpHOCTh 2TOro pesyantara npu n#=1; f(x)=

=qyX -}-a,. Tlonoxum £(1)==2, tak uro ypasHesue (2,4,1)
NpUMeT BHI

ao(x1+x2)=m—2a1, lelgN (l=1,2) (2,4,4)

Jlng Kaxaoro x; BO3MOXKHO He Goaee 2N-1-1=C3N suauenuf,
¥ N0 X; HaxoanM He Gojee OJHOrO Xy, Tak uto Y. P.V. (2,4,3)
He npeBocxoauT 3N, ueM Halla JeMMa JOKaseBaeTCs Mpn n1==1,

ITycts temeps n > 1 W pawia JemMMa BepHa IJs SHaueHns n— 1.
[Moaokum k(n—1)=~k"
k="Fk(n)=2n2°", s=[4lg, ] — L (2,4,5)
K ypasueuuio (2, 4,1) npusenum snemmy 6. Iloroxum
k

K &
=0 (&) y= 2 f(x). (2:4,6)
=1 im-g——l—l
B cany saemmu 6 r,(m) ne npesocxonut U.P.Y. x —y=0,
I
rae x, y sajaorcs  gopmyaamm (2.4,6); |x;|<<N" |y i<
1
sz;N"(lgié-g—), . e U.P.V.

B
K]
-21 {f(x)—Fvd}=0 24.7)
==
NpPH YKa3aHHLIX panee orpannuenuax |x;l |y;|.
B ypasnenuu (2, 4,7) caenaeM 3aMeHy MepeMeHHBIX: NOJOXKUM
x;=y;-+h; u Oyaem paccMaTpuBaTh CHCTEMBl uucen (y,, A;)
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(l é%), npaueM y;, A, MOryT NpPHHAMATL /moGole sHayeHus
| i

B cermenre [— 2N7', 2N7‘], or uero U.P.Y. (2, 4,7) moxer TOAb-
KO yBeauuuThCs. Kawxaoe caaraemoe B (2, 4,7) npeoGpasyercs B
BUE

fith)— )= g_)o 2 A +Hh)y T~y " =

= 2 té n—v : A

Beenem HOBYIO TNIEPEMEHHYIO, TIOharas

v4-t=u,
TaK 4To
n—v—t=n—u t=u—mw.

IMocae saemeHTapHHIX NpeofpasoBaHult MOMYUNM

Fih)—f(y)=h ¢ (i)

rae
n
o ()= 2 a,,y""
u=
ecTh noanHOM crenenn (n — 1) ¢ xosdpduunentamu

n—1 B
—_ Za Ca—-vhn—-'a—.! (lST)-

n—ov i

Msl BHZMM, 4TO 3TH KO3((PUHUEHTH 3aBHCAT OT uucex A;. Ypas-
. R
nenue (2,4,7) B HOBBIX NepeMeHHbXx (Y, ;) (z<7) 10y UuT

BH AL
Moy (M) +hapa (W) 4. .+ R0, (v,)=0. (2,4,8)
T3 7 )
1 il
3nech y;, K, E[—2N", 2N"] u kosdduurentn ¢;(y;) sasucar

or uucen h;.
Wrak, r,(m) He npesocxoant coBokymHoro Y.P.VY. (2, 48)
Opd YyKasaHHWX orpanudenusx Ha |y;|, |A;].
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§ 5. Maasueiimue oueHku ry(m)

Hcenenosanne r, (7) csenedo Hamu Ha ountenky Y. P.V. (2, 4,8).
Mu Gynem cuutath hy,..., h, ¢GuUKCHpOBaHHHIME W OUEHHBATH

npu stux ycaosuax Y.P.V. (2,4,8). 3mecs 6ymem npuMeHsITh
aemMMy 7, rae poab x; GyayT urpatb uucna h; @;(y;), a poab
yucaa [ — uucao é:?n 2% k,=2n.

MHO}KECTBIE A; cocroat us uncen x; =h; o; (y,), rae h; sagaun

u \J’i’ggNTl'
o snemme 7, mpu yxazanHumx ycaosusx YLP.Y. (2,4,8) He
npesocxoadt cymmst 4. P.Y.
s—1
)

y(”-{—y(‘“—}—,..—{—y(f*”——y‘? Wy =0 (2,5,1)

npu 2° BO3MOXHLIX YC/AOBUSIX, OTBEYAIOLIAX 3HAYEHHSM NapaMeT-
pa p=0, 1,..., 2 —1:

W=y ) a=i<2),
y(ij)EAp. kot (l = igko)-

s cayuas, nanpumep, =70 ypéBHeHne (2,5,1) 6ymer Bwiras-
JeTh TakK:

Lt b o b U o)
..—i—{y,“s ’—f—y‘ss ey +y‘ss-’ |-
.__{ @iy . @y 25 ]+1)}—
Y, +J, Tty
—{ ’+y‘ ’—}- Ay} =0,

WIH, MEHAa HOPSNOK CJaraeMuX,
1

2 251 RSt @5
T S ‘}~{—

+{ Gy e O S M N (25»} +
Yyt ety »! Al &

_l+l)

t 2 - S 2
et DT — = =0
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kaaoe us uncen y\” ectn specs uncao Buza hy o, (v)"), rae
i
|9\ << 2N "™; nosToMy mocieAHee ypaBHeHHe MOXET GHTh mepe-

Nn1uCcaHo B BHUHIOE
ity ) @
mfo @ +o @D+t @ ) —
—

1 s
(2 +1y %)
— 1 (7, )—...—e(o )}+

3
§

Fhefe@ ) b=
(1)

T T {'v"ko (Wr) - - — P, (v/(?js})} =0.

Hosaraa gas KpaTkocTH

|l)' &) - (2S_l] (ss"‘+1)
‘Pi(vi )‘"‘Pi(’vi )+'-~+?i('vi )"“Pi(’vi )—...
. i .
@ =2 (ISishy),
MBI MOKEM MEPeNdcars 5TO ypasHeHue
hzy -+ hezy ... 4 hy 25, = 0. (2,52

VYpasHenutt Takoro Tuna Mu Bcero Gymem uMerb 2°, M COBOKYI-
HOCTb WX MOXHO 3amiicath B BHAE

ko
Db gsitmigi =0 (0=m=<2"—1) (2.5,3)
= .

Mu 6yzem paccmMaTpuBaTh Anlub ypaBHeHue (2,5,2), ocraabHble
ypaBHeHUst BeayT ceGs aHanoruuso. Kak O6bli0 onpeaesteHo pa-

Hee,
n
o (V)= E} a;, , ",
Lisom

rie
n—1i N

) g U Do , k
a;, ,‘zéa,,cn_vhi <z<~2—),
e



§ 5] BANLHEHIMAE OWEHKH 7y (1) 39
v 1

Tak Kak On/I0 MPEAfoN0XKEHO, YTO | a,,]QBnN_'; n [h,[<2N'?,
TO UMeeM

n—-1 u—ov—1 a——_l n—1

)a,,,,|=3nv§01v”c;:3m' " =BN" vgoc,'::;,

T. € BBUIY U=n
u—1

a5, )= BN " - @ 5.4)
i n—u

. 7 n—u
Manee, “tak kak | o) |<<2N", umeenm |o)] =B,N ",

B CUJY 4Yero
u—1 n—u n-—-1
n

=BN" N " =BN ,

() B4
EICe

OTKYyla
n—1

o, ()| =B,N " (i<h2%; j<2)

n—1

|| <<B,N " (i<<k,2%. (2,5, 5)

Taxum ofpasomM, B ypasHeHud (2, 5, 3,) KakIOe 3SHayeHHe z;
MOXET IPHHUMATh TOJBKO 3HAYeHWs, oOrpanuucHHbie (2,5,5).
[Ipu s1OM 2; MOXMET MMETb nosTopenud. OLEHUM YUCAO TAKUX
nosropenutt, 1. e. Y.P.Y. z;=2, rae z—uuciao nog ycaoeu-
amu (2, 5, 5). Mmeem ypasHeHue

§s—1) s —1
e (@) A0 T ) — e @ T 0y —
c— e @) =z, (2,5,6)

JIAs 9TOr0 TPUMEHMM MaTEMaTUUECKYIO HHAYKLMIO, NOATOTOB/IEH-
HYI0 HaMu paHee,
Ilepennmem ypaBHeHWe B BUIE

¢: (vf,”)—!—soi ('022))‘{"~-+‘Pi (Ui-k'))=z""¢?i ('U(ik,+ 1))---...
s—1
et e @ T T e @Y, (2,5, 7)
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YTO MOKHO  clenaTh, Tak Kak K =k(n—1)>1, 2A(1)=2 4

-1
umMeeM 2° 7 S A/, Kak HETPYAHO MOACUMTATH.
[TpaByio uactb ypasnenuit (2, 5, 7) o603HauuM uepes m’, Tak

YTO
9 @)+ o0 )=m". 25.8)
Ilas aprymMentoB B npaso#t dactu (2, 5, 7), T. . yucen
o) w1<j=<29,

BméepeM Kakue-1u60o 3HAueHns B A0OYyCTUMOM AJd HHX CErMeHTe
i 1

aHauenn#t [ — 2N", 2N"]; Torna w m’ npuMer onpeneneHHoe
anaueHve. K ypasuennio (2, 5. 8) npumeHuM paHee HaMd BBHICKa-
3aHHOE NpEANOoJOXeHHe MareMmaTuueckod wunaykuun. Mmeem:

n
o (V)= > a; , y" " — noJavHOM CcTeneHn n — 1;
u=1

p=1 n~1\ u—1
lay =B8N " =B,,(N )T, (259)

n—1
{m'|=B,N " .B cunry nocreiHero HepaseHncTsa poa N
n-—1
MONeT Teneps urpath wicao ¢,N " (¢, >0 — KoucTanta), u Hyx-

HpIE YCa0oBUA cO6I0IeHHI. BBI/IlIy 3TOr0 MHB MOXEM YTBEpPKIaThb,
’ n-1 1

1
yro Y. P.Y. (2, 5,8) npu |"0(,-].)1<2Nn =2<N n )n—i nMeeT
OLEHKY:

—1 k' kR — 1
- > e (2,5,10)

PRI

-1 =BnN n .

Tpu stom v Guimn duxcuposans npu &' -1 << j << 2°. Yucao
SHauYeHHH 3THUX UHCEA HEe NPEBOCXOLHUT

i 25 _ '

1 S 4

(2N"—f—1)2 & =B,,Nn_" ‘ (2,5,11)

O6mee Y.P.Y. (2,5,7) umMeer OLEHKY, NOJYUYEHHYIO MEPEMHO-
wenueM (2, 5, 11) u (2, 5, 10), uto zaer

B, N’i‘—;‘i—' ) (2,5,12)
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Takum o6pa3oM, B ypaBueHuu (2, 5, 2) KpaTHOCTH KaxaOro
z; He npesocxoaut (2, 5, 12).

Hanphefiinee CBOAMTCS K MOJCHETY Y.P.Y. nuneHubix ypas-
HeHn#t Buma (2, 5, 2), MpUyeM 2; MMEIOT KPaTHOCTb, HE TNpPEBH-
waomywo (2, 5, 12). Ilpn stom uucna h; dukcupoeanss; MH
AOMKHBL Tepe6paTh BCE BO3MOWHOCTM AAf HUX. MB npuwmau
K pesyabTaty: r,(m) He nlpesocxonm CYMMBL 4HCEN pemeﬂun B

n— S—n+1
HeMmX 2;, |2;|<<B,N " ¢ xpatHocTaMu h; < c(n)N n
ypasHeHuHl BHAa-

ky
igl Pyrori Zurori =0, (2,5,13)
rpe p mpoGeraer snauenns 0, 1,,..,2° —1, auwucna b, (1 <7<

=< 2° k,) He3aBUCHMO ADPYT OT Apyra NMpoGErawT BCE Lesie Yucaa
1 1
o n .,
OTpesKa (— AN",-F2N )
§ 6. Oxonuanue pOKa3aTeAsCTBA

Ocraerca ouenuts coBokynHoe Y.P.Y. (2, 5, 13). CHavana
¢duxcupyem uucaa h;.
OGo3nauuM ueped ' Kakylo-HUOYAb OlpEJeAeHHYI0 CHCTEMY

yucen A; (|hi[< N, lgigg-) u uepes U, (') — uucno peue-

Huft ypasuenua (2, 5, 13) npn sto#t duxcuposanHo#t cucreme I’

U NMpd HEKOTOpDOM OaHHOM [, NPUYEM HUMEHTCA B BUAY DCLICHHUA
n— 1

2;, yAOBJeTBopsiomue HepaseHcTsaM | 2;| << B,N " uxaxaoe z;
of —nti

CYNTAETCA C KpaTHOCThIO A; << B,N " . B cuay BhBegeH-

Horo B § 5 umeem

25 |
nm=<3( I, 6.0),

rae cymmuposanue no ' uzer mo Bcem nonycmem CUCTEMAM
unucen h; CienosaresnpHo,
251

re(m) < éo (;Uu (1‘)).
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[Tpu pasinuHLlX 3HAueHWAX p. ypaBHeHusa Buma (2,5,13) Huuem
HE OTJMYAIOTC ORHO OT APYTroro; COOTBETCTBYIOULHE OrpaHHue-
Hns Ha BEJUYMHB pelueHud Takxe coBNanamT. Beugy storo mul
MOKEM OCTaHOBUTBCA Ha YPaBHEHUW, OTBedawouiem p=—=0, 1 Ha
cucreme uncea U, (I). TToayuum

m=2' R U0O=8, 24,

rae Uy() ects U.P.V.
h121+h222+...+hk02k0==0 (2,6,1)

.. k
npy gaHHo# cucreme I uuced A, (} h;| <<2N%; L<—2~>, 3nech |2, | <<
n—1 25___n+1
< B, N " ug uneer kpatuocts A, << B,N " | Ilycrs UX(D)
ects Y. P. V. (2,6,1) B npeanonoxeHnn, UTO KawI0e 3HaueHue
2; (uuraercd OJHH p‘as; QUYEBUAHO,

25 —n4-1

D) <|B,N ™ > Us ()
W, TaK Kak k;=2n,
UO (r) j— BnN-Z (25-nr+1) U=§ (r)’
re (1) = B,N? (2571 37 7% (), (2,6,2)
r

O6parumea k cucremam yucen [, Kaxamoe I' mpeacrasaser co6ott
HEKOTOPYIO JONMYCTUMYIO CUCTEMY 3HaueHuH Beex h; (1 i< -’;-),

Mexay Tem uucao U% () nmcauocTeio onpenensercd 3HaUEHHIMA
nepBLHX £, ==2n u3 37X uucen (1 =Ci<<2n), ubo TONLKO OHM
BXOJ4T B ypasHeHue (2, 6, 1). Brifpap HEKOTOPYIO ONpeleeHHYIO
cucreMy I', MBI TeM CaMblM OJHO3HAUHO ONpEAENAEM H HEKOTO-
pyto cicremy I 3Hauenn#i uucen hy, Ry, ..., hy, Ho ecun,
o6parro, BrOpaHa onpeleneHnas cucrema I wucen hy, hy, ..., Ay,
TO elf COOTBETCTBYET He oJHa cucTeMa I', a CTOAbKO, CKOALKMMH

= , k
crocob6aMi MOXKHO  «JOBHOpaTb» OCTAJNbHBIE hi(2n<1<—2—>;
1

TaK KaKk Kaxjaoe A; [JONKHO MPUHALIEKATH OTPE3KY (—— IN",
1

+2N">, TO OYEBUAHO, uTO OAHON cucteme [’ coorsercrmyer
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He Gonee ueMm
.i .k_ — 2n —k— -2
c(n)(N") 2 =c(n) N
cuctem [I'. ITostomy
k
SO <=cmNT T B Ui,
iy I’
n—1

3gecy U%(T") ecTh uncno peuieHu# B UENHX 2, [ziléBnNT
(1 << i<<2n), ypasuenus (2, 6, 1) npud aanuo#t cucreme I uncen
1

h; k| <<2N®™ (1<<i<<2n), M CymMHpOBaHHE NDOH3BOANTCA
no BceM TakmM cucrtemam. M3 (2, 6, 2) mMnl mosyyaem nosTomy
k
= —2
95, 5 :
ry (m) B, N2\ ntl) Nj2n ; U:‘:) ()

a5+ n v o
= B,N*? ) AFV_‘ oI, (2,6,3)

Hanee npuMeHuM JeMmy 4 (yC/IOBHA NPUMEHHMOCTH €€ BHUOJ-
HeHbl). Ma Hee Haxoaum

S ULT) = B, (AB)" = B,N"
2

Ilocne storo ouenxa (2, 6, 3) Aaer Ham

—— 1

T (/72): BnNQ (25+]—n) N2n~1 —_ BnN‘Z-ES‘H——l:B N
n ’

YTO 33aKaHYMBAET [AOKAa3aTEJAbCTBO OCHOBHOH JeMMmbl 1 4 npuBo-
AWUT Hac K UeJn.

kR
n

§ 7. Hocranoeka mnpodJemsl I'mabGepra — Kamke

Kak Owouio ckasado B § 1, npoGaemMa COCTOUT B H3YyYeHUH
cUCTeMBl JAHO(DAHTOBLIX YpaBHEHUH

x?‘i‘*'}’f‘—}—xg: w
n—1 n—I1 n—I| —_— .
X e Xy =Ny, (2,7,1)
4+ x-+... 4+ xs=N,
3zecy uucna x; == 0; npaseie yacta Ny, N, ..., N, nomxus Guith

GOALILUMY YUCTAMH pa3anyHbIX NMOPALKOB POCTA B COOTBETCTBHUH
C JIeBBLIMA 4acTaMHu. Mbl {IpeanonoKuM, 4ro CyweCTByioT CUCTEMBI
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peanpHEIX uncen /y > 1,...,0,4 > 1; 4y <1,..., 1, 4 <1 Takux, 4r0
R )
= —=
LN'<< Ny<ips " N," (k=12,..., n—1). (272
Kak nokasan K. K. Mapmxaunwsaan [19], aas paspewinMoCTR
cuctems! (2, 7, 1) Heo6X0auMO BHINOJHEHHE YCJOBUM:
N,(n —1)*.., 17
— 1 n_l...ln—‘
Nos(n—1) =0(mod R);...;
hn—1...1
n(n—1)"... N,

n-1 -1
P Nt — 6 (mod R), 2.7,3)

n n—l N,
rae nn—10",,. 1*

R=|n""(n—1y"t, 1"

n n—1.,. 1

JlokaweM 3TO yTBEpKiaEHNE.
Tlycrb umerot mecto pasenctsa (2, 7, 1). O6o3nauum uepes D,
nepBufl U3 QETEPMUHAHTOB, BXOAAUIMX B JeByl0 4acTb (2, 7, 3).
[Tpumenas npocrefiiuye npasBujia cueTa C JETEPMUHAHTAMU, HAXO-
UM TOCAeL0BATENLHO

2l (n—1)..1n
Dn——‘_‘— T N
va(n—-l)...l
Yt (n—1)rL
=@m—DD........=¢r—-1X
va I...1
S e — ) (n— 12, 2%
Xn—2)| . . . e e e e e ==X
va(x\.-—l) 1...1
27 o — 1) (% —2) (n 1y-e,..3

—1

X~ (n—3)!} - - :
va(xv——l)(xy-—Q) l...l ‘
===l — ... 2 1 D X, (e 1), (K — 1 )=

= 0 (mod R).
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Mu OyneM [oOKa3uBaTh TeopeMy: d4s docmamoino 00A6UL0Z0
S=_S8(n) u ra6opa uucea Ny, Ny;..., N,, ydosremsopaowux
ycaosuan (2,7,2) u (2,7,3), cucmema ypaguenni (2.7, 1)
paspewuma, DNeMeHTapHOe pelleHue 3TOH npobneMbl MO aHalo-
rd# C H3J0XEHHHM paHee pewteHueM npobaemsl Bapwnra nocr-
poero I'. B. Emenbsinosum [8] B 1948 r. 3aece mu Gyaem cie-
IOBAaTh €ro0 H3JO0XEHHIO.

§ 8. locnenoBaTen b HOCTH LENOYHCIEHHBIX BEKTOPOB
H MX NJOTHOCTH

ViMeqa B BHAy 5JeMEHTapHOE MOCTPOEHUE pelleHns MpobaeMsl
Tunb6epra — Kamke, Mbl JOKHB MEPEHeCTH HM3M0XKEHHBIE BhILIE
HAENW TIOTHOCTH W CJAOKEHHE MOCAENOBATENbHOCTEN LEeHX 4acen
Ha UENOYUCJEHHbIE BEKTODHL

B naavuetitieM Mb OyneM ROJAB30BATLCA CJACAYIOIUMA 06O-

sHaueHusmMu: m, A. B,..., T, Z—BeKTopH C UEJOYUCIEHHLIMA
HEOTPUILATENLHBIMA KOOPANHATAMM mpocTpancTea £7

{4}, {7}, {(m}—xaxue-m60 muoxectsa uerouMCICHHBIX
BekTopoB E%

17\/{——cosorcynﬁocrb BCEX UENOYHCIAEHHBX BeKTOpoB £

M} — COBOKYMHOCTS HENOYMCAEHHHX BEKTOPOB E", KOOpIH-
HaTel My, My, ..., M, KOTODHIX YAOBJETBOPAWT ycaosuam (2, 7, 2)
u (2,7,3). Ecam BekTOp & NPUHAANEKHT K MHONKECTBY {Z},
Gyaem mnucath, Kak OObIUHO, dE{Z}. Ecau Bce xoopaHHAaTH

aByx Bektopos 4 w b, 1. e. a, w b, (k=1, 2,..., n), cea3ausl
CoOTHOWEHuSMH @, << b, (=1, 2,..., n), TO GyseM nucare:

aC b (@ we npesocxonut» b). Croxenue nocaenosatenbHocTel
UENOUNCIEHHHX BEKTOPOB OMNpPEENSeTCs aHaJOMUYHO CAOKEHHIO
YHCAOBHX MOCAeOBateAbHOCTEH B cMbicae JL. I LLlnupeamana:

{A}—}—{ Y=1c}, rne {L:}——COBOKynHOCIb BEKTOPOB ¢ BHAR
c=ua+teb ac{af b€ {B}
¢==0; 1; eg=0; 1; e, }¢35%0.

Choxenne BeKTOpOB noHMMaeTcs B o6muHOM cMbicne. Cpas-

HEMOCTb BEKTODOB MO CKAaNAPHOMY MoayaMo &==b (modg) osua-
uaeT: @, =0b, (modgq) (k=1,2,..., n).
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an | @l
Ecam a=|{ 4 , |, 10 () & osHauaer BexTOp | @y |
d1 |ay |

[170THOCTD MOCAENOBATEIBHOCTH LEJOUMCIEHHHX BEKTOPOB
E" onpesenfercss aHaAOrdyHO TOMY, KaK 3TO AeaeTcs AAf YUC-
noBeix nocaenosateavHocTeRt JI [, Llnupeabmanom:

D {A}=int AL
m {N}
rae m npoGeraer sce {_l\7}> rn {Z}~qnc.no BEKTODOB {71} He
npesocxonamnx 72, 7 {N} — yacao sextopos {N}, ne npesoc-
XOMAUIAX 772, {Z} Ha3bIBACTCS 6a3UCOM {Xl} nopsaka [, ecau
Kamani BEKTOp ﬁE{N} MoxeT GpITh TPEACTaBJEH B BUAE
m=a 4 dy+...+ a,
e o, C{A} (i=1,2,....k k<))

§ 9. Heckousko nemm

31eCb MBI JIOKAXKEM HECKONBbKO JEMM, BIOJHE aHAJOTUYHBIX
TeM, KoTopsle 6blau usnoxkeunt B §§ 3 u 4.

Newmma 1 [lyems Fy={P,}, F,={Q,} — 0se xoneunse
clicmemsl yeaonucaennsx 8exmopos E" u raxcowii P € F
caumaemca a; == 1 pas, Kaxcowi sexmop Q; & Fy— coomsem-
cmeenno b; pa3. Toz0a Y. P. Y.

P+ Q=2 2.9,1)
206 7 — 10608 HUKCUPOBANKNIY LEeAOUUCACHHNY BEKMOp He
npegocxodum noaogunst cymme 4. P. V.,

P,—F=0u Q,—Q=0, 202

20e O== — nyaesoll sexmop, Komopuld s 8 OdassHeli-

Oee e O O

wem Oydem oboznarams npocmo «O».
He#crautensno, ypapHenne (2,9,1) coniocTasnier KaxAOMy i

ONMpENEACHHOE f, T. € KakaOMy U3 @; DaBHHX BEKTOPOB D Jio-
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6ot u3 b, pamHmx Q;, uTO maer
2 L
o+ b
aibj = —f— N
a Tak Kak npu i) 7% iy BEKTOp P,-1 # P; , TO He paBHH COOTBET-

CTByIOLlME uM B cuiay ypasHeHua (2,9,1) Bextopwl 61‘1” @214
neposareasio, 4. P.Y (291)<—1— Ea‘%—f—Zbg rlleZa%—-f-
Caen oL, IR A s =79 Bt 4 YT , %

- ¥ b3 — cymma H.P.V. (2,9.2).

Jlemma 2. [lyems dano 2%k, KOHEHHBLX CUCMEM BeKMOPOS
G;={M;; } (i=1,2,...,2°k,), npunen Kaxicouii sexmop /Wij € G
cuumaemest a;; =1 pas.

Paccmompun 4. P. Y.

M1+7M"2+...—{——/17105k =7
b 0

— (2,9,3)
MEG  (=1,2,..,2%

Bgedex 2° cucmes UYeAOHUCAEHHOLX BEKINOPOE {?} suda
.};j = M(J‘»l)kon + M(;’—-1)k0+2+- . -’J‘_M(j—ukowo (2.94)
(j=12,...,2.

Tozoa 4. P. Y. (2,93) ne npesocxodum cymms wuces peue-
HUll He3a8uCUMbX YPABHECHU

FOLTO L A B ywS)
2 1 - ——1+ 2
‘;’—|—y‘?+...+y(2s Ly ‘k—...—y‘j‘*o, (2,9,5)
P RERUIALEIRRRE ERRERRRLYATACEERLER o
PO Y0 78T — — y®=0,

20e 8ce nepemerupe j-Ii cmporu npobe2armm He3Q8UCUMO 3HA-
yenus (2,9,4) ¢ coomeemcmeyOUUM LUCAOM NOBMOPEHUI].
HeficTBuTeIbLHO, paccMaTpuBad IBE CHCTEMBl BEKTODPOB

{M1+M?+"'+ﬁgs-’]ko } u {717125-1,?0 +1+,,,+Mgsko }’

MH MOXeM fNpuMeHuTb K (2, 9, 3) nmemmy 1| uw noayuurs nBa
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ypaBHeHus
My — M) + (M — M;)"{" ot (/['I:"’ko —_— ;W—;s—l ko) =0,
(MBS—Ikqu -—M;s—_lko-{_l ). (Mg ko —Ms ko) =0,

K kaxnoMy ©3 3THX ypaBHEHRH ONSTb NpuUMEHAeM JeMMy 1, g,
TakuM 06pas3oM, B § IAroB MBI NOJNYYHM YTBEDKAEHHE JNeMMH 2.
Jemma 3. 4. P V.

hy 2, - h‘zz—q 4.+ k2= E (2,9,6)
20 ()2 = T, | hi| << p, p — nexomopoe ur cuposannoe nucao,
T,
T= :Tn—i , =0, p<<T; (i=12,...,n)h; urcuposans,
T
(hy, hy...,h)==1, He npesocxodum
i)
* max l hi '7{ ‘ (2)9)7)

Inn v=2 umeem: hyz, - hazg=mm. [k |>|hy), (b h)=1 n
hg 2,= m (mod hy). Bexrop 23 onpeseniercs ozmosnalmo mo
Moayaio hy U nosTOMY MOXET NpUHEMATL He Goaze B I h{lj\i}

snayenntt. Kaxmomy BeKTOpY zg OTBEvarT He (oJee OOHOro z,

[lycts Tenepb JMemMa BepHa L7 v—l u nycrb max [A;| =

=|h,| (i=1,2,...,v). Ilycrp (hphy oo By )=138
|y} (sl Ay Y gy
max{T1 s a sees ’T}_H'

Torna U.P.Y. by 2+ haZy+...+h 12, =23 Y ue IPeBOCXO-

r7 [N . .
aur B (—TL—,)};)-—, npuueM Kaxnoe sHaueHue () Y C v H T.
Hanee, ouesuaso, (3, A)=1 u L.P.Y.

6)_’+h,2v=ﬁ
Oyaner v H
T () ryr (B (5 {F))
(H'y | Ay [P NG '

4yTO H TpeGOB&HOCb JOKasarh.
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. Jlemma 4. Cymma 4. P. Y.
k2, + hozs ... A2, =0, (29,8

20e ()2, C T; hy; npoGezatom nesasucuno cezmenm[— 2p, 2p|,
xoopdunams gexmopa T, m. e. T,<<Bp"* T,=2p, Oyoem

He Ooaxee
r {N1y'-1
B(—-%T}Lp' g v=4n%
Hns cacrem {Ay, Ay ..., A}, cozepxamux He Gonee ILBYX
h; # 0, BosbMeM TpuBHabHYIO onenky U.P.Y.(2, 9, 8): B(r {N} !
03TOMY CyMMa 4UCeN pEIIeHHH B 3TOM  Cayuae 6y11er
He 6onee

— B (r={N})" r
B(rr{N})p'= —Q#) P = el }) S —p(2.09)
Ocratomuecs cucreMs {f;, Ay, ...k} pasoGbem Ha Kaaccu 1o

uxX o6uleMy HanGoapmeMy AenutTesao 3. I/t TeX CHCTEM, Y KOTOPBIX
2p ?pJ

(hy, By, ..., h,)y=1, pazaennm cermeHT [1, 2p] na yactu Fmis Bm |»

4uCa0 Kortopux Oymer He Goaee Blnp.
Iycre H==max|h;|. PaccmoTpum Bce cucreMbl, 4js KOTOPHIX

HE[QmJA, g—f; Cymma Y.P.V. (2,9,8) nns Bcex Takux
ypasHeHuft B cuay naeMmsl 3 He MPEBOCXOIUT

ST IO (5. 2) () < 5 CrTD™ o o

2m Ve
G U I

re P smeem e

(2,9,10)

Cymmupys (2, 9, 10) no Bcem m >0, noayynM B 3TOM CJy-
yae: cymma Y. P. Y. (2, 9, 8) He npeBocXORUT uucaa

B (rj—{;ﬁ-,;});l" . (2,9,11)

.PacecmatpmBas tenepn cucremst ¢ (By, hg,..., h)==3, 3ame-
TUM, . YTO BHIPAXKEHHE MJIA CYMMBl 4YUCea pewleHu#t ypaBHeHus
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(2,9.8) nonyunrcs B sTOM Cayuae 3ameHo# B (2,9,11) Ha %,

B pe3yabTaTe 4ero Mul NMOJAYYHM a8 (PUKCHPOBAHHOrQ d: CyMMa
Y. P. V. (2,9,8). He npeBOCXOAUT 4KCAa

Iyt o,
B(lﬁi%}l—gffn. 2,9,12)

Tak kak v >>n--2, T0 npu CyMMAPOBaHHN 110 BCEM 3HaUEHMAM

3 MB noayunM cxoasuluica pag 25#, T. €. KOHCTaHTy, 4TO 1
[
NOKA3WBAET BO BCEX CJYYasX YTBEDPKIEHNE JEMMEL
Jloxkawem Telepb OCHOBHYIO JEMMY.
JMemwma 5. [Tycms sexmop mG{N}, mC T, TE{N).
Paccsompus MHOHECMBO BeKHIOPOS

Tn fn(x)
T=| I F@= ) o
\.T, .f:.(x)

20e f;(x)==ayx - ay,x' ...+ a;; — nosunon ¢ yeasiu
Koaigbunuenmann, nputesm ay % 0 u 3e8ucum moavko om

Ji X npofezaem 8ce yeawe 4ucaa
1

a;=0;,(j, T)(E>1), |ay|< B,Ta = B,p. (2.9,14)
Toz0a cywecmsyem K= K(n) maxoe, umo 4. P. V.
F(x)+F(xp+...+F(xy)=m, (2,9,15)
20e | x;|=<p, e npesocxodum ducaa

K
B, L. (2,9,16)
p

§ 10. JdoxasaTesCTBO OCHOBHOI JieMMBl

Ina n=1, T. e. A1 BeKTOPoB mpocrpancrsa E', KoToptie
6yayT OGBIKHOBEHHAIMI AUHEHHBIMU NONUHOMaMU ax — b, OHO oue-
BuaHO, npuuem K (1)=1.

Ilpeanonoxum, 4TO YTBEDKAEHHE JEMMBb CNpPaBeNJdBO AJA
BCEX BEKTOPORB-NOAMHOMOB NpOCTpancTBa £, u 0603HauuM COOT-
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sercTeylomee K (n — 1) == K. TTonoxum teneps K==29/*""22X14,
U PacCMOTDHUM ypaBHEHUE

F)+Fx)+...+Flxpy=m, (2,10,1)
1
lx; l<<p= TE i=1,2,..., K); ”ZE{N}

IMpumenss k (2, 10, 1) aemmy {, samenum ypasuenne (2,10,1)
ypaBHeHHEM

[Fe) —FON +~{F)—F(a } +...+
+{F@x) —F) =0, (2,10,2)
Pl 7

rIe x; y; He3aBUCHMB ¥ 3aK/IOUEHW B uHTepBane [—p, pl.
Monowum x;=y;-L h; vtne y; w h; He3aBucuMo mpoGeraroT
cerMmeHT [— 2p. 2p|. orTvero umcno pewenutt ypasuenus (2,10.2)
TOMBKO yBeawuntcs. J1as kawaof ukcHpoBaHHON CHCTEMbl 3HA-
wenuit (hy, hg, ..., h,) mbi noayunm ypasnexue

2

hy 1 (¥1) -+ e ©e (Vo) ... hye 9 (V)=0, (2,10.3)
) 2 %7 3

riae ©; (y;) — BEKTOP-TIOAMHOM C KOODAWHATAMU
n—1 (h n—2 (i) . .
(na‘Jnyi _l_[|nyi +---+Zn_|ny-~-’ aOl)’

rae )/;i;! =<2 (y=1, 2,..., n—1). 9T BEKTOPH-TOINHOMEI

®; (¥;) BCe WMEIT MOCTOSIHHYIO fIEPBYI0 KOODAWHATY @y, U

TOTOMY. paccMarpuBas Bce BeKTOPH ¢; (y;) Jexamuma B E*71,
MBI [OJYYUM JOIOJHHTENLHOE YCIOBUE

by by .. -, =0. (2,10,4)
7

Byaem Ternepb paccMaTphBaTe CHCTEMY BEKTOPOB-TIOJNUHOMOB
h; ¢, (y;) Kak cuctemy @; n3 nemMsl 2, npuueM Ko==4n

9s = /o8 K1 . ’ (2,10,5)
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910 naer uam 2° ypasHenuf! Buja

"“'+x)) _

it D)+ @ O e 0 (08— 1 (0
om0 O et B Lo ) o —
e, =0,  (210)

rae yY’ He3aBHCHMO npoberaloT npomexyTok [— 2p, 2p].
Brlpaxenus, sakaioueHnble B Kawao# #u3 4n ¢UrypHelx cko-
6ok, CyTb BEKTOpH 2; u3 E", ymosaersopsiomiue ycaoBuio

Cn—lp -1
Pzl 2,
ap

M, COTNaCHO WHAYKTHBHOMY MPEANOJNOKEHHUIO, KOKIKH TakoH Bek-
25

TOp Z; MOBTOpAETCs He Goaee BB P

p(n—-x)’ pas.

TaxuM o6pasoM, Mbl npugeM K 2° JuHeHHbHIM ypaBHEHUIM
BB

hlil + hgzg + ces +h4n’24n = O,
h4n+lzin+l + h4ﬂ+924ﬂ+9 L g + h4n+4ﬂ24ﬂ+4ﬂ= 0’ (2 10 7)

. . .

h;—(-inﬂzg-lnﬂ +. . -'{— h!;?% =0,
rae
Cn—ipn_l
H)zc= :
ap
. o
M Kaxnuf BEKTOp 2; MOBTOpAeTcs He GoJjee Bp(f:_“, pas; uuc-

na xe h; yLOBIETBODAIOT YC/OBUIO

K
K
,§ h;=0. (2,10,8)
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3acrasasa h; npoGeraTh Bce 3HaueHnd, skmoyas (0,0,....,0,),
B ort0pacuiBas ycaosds (2, 10,8), Mu -JHiib YBEIUUHM CYMMY
Y.P.Y. (2,10,7). Ho Torxa, npumensa gemMmy 4, noayuum: cymma
4. P.V. (2,10,7), roe Kaxani#t BeKTOp cuuTaercs 6e3 nOBTOpEHMH,
He OymeT NPeBOCXOAHTh YMCIa

{IZ} )An (pd.n) i" (2, 1 0’9)

35
Tak kaK KaxIe# 2Z; MOBTOpAETCs He Gouee B—p—_—); pas, TO uc-

KOMasi CyMMa Y.P. Y. (2,10,7) ¢ yuyerom nosropeunn Gyner He
Gonee
in

B (T LN})M (") ( mim) =

P n+])(4”—l) pmzspmss’ pK
=B, AT =B, ;‘; ,  (2,10,10)
yro # TpeGOBaNOCh HOKA3aTh.
PaccMoTpuM Tenepb BEKTOPHI-MOJHHOMB BHAA
Xy
Fo=| % (2,10,11)
X

n {F, (x,-)}—nx COBOKYNHOCTb, FI€ X; mpo6eraet BCe HaTy-
paavHsie uncaa, OueBMIHO, STH BEKTOPH YAOBJIETBOPSIOT BCEM
ycaoBMAM OCHOBHOH seMMbl. JlOKaxeM, YTO NJAOTHOCTh {Fl(xi)}
NOJOKUTENBHA,

He#cTBuTeasHO, GUKCHDYR BEKTOP 772‘6{-1\_/}  paccMatpusas
BCE LEJOUHCAEHHBE BeKTopu £E", cpemn mHux Fi(x;) = m, Mu
MOXEM, COr/aCHO OCHOBHOM nemme, Haitta uyucao K(n). Pac-

cmatpnBas Hanee Bce Fy(x;)cC7 ¢ uucnams noBTopenn#t ay,
YA0B/IETBOPAIONIAME YCAOBHIO

" Fip} X
2 aq ;= B,,m:

Jual

) (2,10,12)
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noAyunM
re {F,(x,)} g
Y o<, TR G
Al m’z
=l n
OTKyZa
{F1 (x; )}
y a;my
- T j=1
r}ﬁ{Fl(xi)};c "/—5———2%’”,’: ;
my,
I “F' X; m’ N
althioal s, (2,10,13)
ro (N} ro ANt

u1o 71 TpebOBANOCh NOKA3ATD,

B anautusuelx 3apauax Tuna npobaemul Bapwura wunes naoTt-
HOCTH UMCJAOBHX nocaeposatensiocreft B cmucae lunpeanmana,
KaKk M3BECIHO, OCBOGONWAAET OT HEOOXO0AWMOCTH U3yuaTh apud-
METHUCCKYIO CTPYKTYpY MNOCAEL0BATEAbHOCTH, €CAM OHAa HMeeT
NIOJAOKHUTENALHYI TAOTHOCTL, [l uesouncaennislx BEKTOPOB £7
npu n > 1 nonobumift daxt He wmeer mecTa. Ieficreurensto,
nycTh {A}—Ka}(oe~nn6o MOAMHOKECTBO {N} OGosuauum  ue-
pe3s A apudmeTHuecKyl0o XapaKTEPUCTHKY {A} T. €. TPaBuJo,
NO3BOJfIONIEe B KOHEUHOE YUCA0 AeHCTBNUI OTBETWTHL Ha BOMHpOC
0 NMPUHAANEHHOCTH HaNepen 3a1aHHOTO BEKTOpa M K {A} Ilyctn
{B}-corso:(ynnocrb BCEX Das/JuuHblX BEKTOPOB, KaxKAb# u3
KOTOPBHIX UMEET Bul

5=, 4,&{a},

i=1
rae K npoberaer BCE uenane monoxuresnnusie uyucha. Toraa

MHOXEeCTBO {B} YMEET HETPUBWAJIBHYIO apWPMEeTUYeCKyto Xapak-
TepucTuky B. B camom aese. nycrh, Halpusep, xapakrepuctuxa U

TaKOBa, UYTO HCKJ/JIIOYAET U3 {A BCE BEKTOPLI BUIA

‘o...o_c -,-
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TOrAa, OUE€BUIAHO, BCE 3STH BEKTODBH HE lpUBaLNEKaT A K{B},

T. € MHOXECTBO {A } €C/IN ¥ MMEET NOJOXUTEALHYIO NMOTHOCTL
(llTO, KOHEYHO, BO3MOXKHO. TaK KaK OHO MOXET COAepXKaTb,
Hanpumep, BCE OCTaJbHBIE BEKTODH, KDPOME YKAa3aHHBIX BbII_Ue),

He fBaseTcs 6GasucoM And {’\/} ChenoBaTeabHO, BOTPOC MOXHO
CTaBuUTb aullb 06 OTHICKAHWM CBOHCTBA MHOXecTBa B, ecau

sazmana COBOKymHOCTh BekTopos A} co cmofictsom ¥ u satew,
apasercs mu {A} Gasucom koweunoro nopaika mas {B}, ecan
D {A}>O. PaccyMoTpum Juimb BEKTOPH

'
— m
m :n-l s
m
yAOBJETBOPAIOUINE YCIOBHIO
My my<<...<<m, (2,10,14)
OHDCHEJIHM IIJIOTHOCTb MHOXKECTBA {;4} MO OTHOWUIEHHUIO K {B}
- r=1a _
D{3) {A}_—mfr {{B}} (2,10,15)

rae m npoGeraer BCe LENOYHCJEHHBIE BEKTODH {ﬁ}, i JOKa-
KeM JeMMy

D5y ({A} +{4}) = 2Dz {4} — Dy A}, (2,10,16)

Mycts M & {E} yriopsigounM {71} {E} TdK, UTOOH KaMIbIR
npenbmvmmn BEKTOD «HE IpeBocxogna» nocaenyomero, Torxaa,

ecin {B} £ {A}. 1o npu mexoropom < {B} mattayres
g & A {_} u 8y & [A) 1aknx, uro &, (C 7, @ < mw ecTh X0TA OBl
OlMH BEKTOp b & {b} Takcll, uro a; C b a, UYucno Beex
TaKuX BEKTOPOB = /2 Oyner s, {E} —rn {71} Myers D5y {74}:
=a>0; Torma ra, .= 1A} >ars, _5 (B}, c1enopatento.
B MPOMEXKYTOK MeK1y BEKTCPaM# d; W @, TOMAAeT HEe MeHe:
ra, . 5, {B} sextopos

. FE[Afa)
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IMpocymmMupoBas Temepp HX MO BCEM TaKHM [POMENYTKaM, MH
NOJyUnM

(A + @) =m{d e Sra-aa {Bl=
=rz {4} 4o (= {B} —rz{4}),

uau
ra ({A) 4+ {A}) = 2ar7 {B} —arz {4}
Oreeae () -+ (2D @
ro ( A ar
T T TR

Dizy ({A}+{A}) = 22 — o,

Janee OueBUAHO, YTO, B3AB JOCTATOYHO GOJAbLICE YUCAO S, MM
s
— 1
noayuum Dy} (3] {A})>7, OTKyHa HENOCPENCTBEHHO BHITE-
i=1

Kaer, uTo {A} apasercs GasucoM nopsaaka 28 AAf MHOXeCT-
Ba BEKTOPOB {E}

ITpuMeHnM [OKa3aHHYI0 /€MMY K COBOKYIHOCTA BEKTOPDOB
{F, (x,-)}. OTO MHOXKECTBO YIOBJETBODSET YC/IOBUAM JEMMH #
AAOTHOCTb €r0 MONOXKHUTEAbHA. Jlatee U3BECTHO, YTO BCAKUH BEKTOP

Iy n—-1

’
N
npencraBuMelf B BUAZE CyMMbl BEKTOpPOB 43 {F, (xi)}, JOJIKeH

YLOBAETBODATh HeoOXomanMblM ycaosuaM  (2,7.3). 310 ycaosue
(2,7,3) u asagerca cBolictBoM B MHONMECTBAa BCEX BEKTOPOB

NPEACTaBUMBIX B BHAE CyMMbl Kakoro Gbl TO HU OBLJIO 9HC]a Caa-
FaeMeIx u3 {F, (x,-)}. Tak xax D{p} {F, (x,»)};D{Fl(x,-)}>O,
TO TakuM 0O0pasoM NOKa3aHa OCHOBHas TEOpeMa.



FrTABA 3
MPOBJEMA PACHPEINEJEHHUS MPOCTBIX YHCEJ

§ 1. Unchaosnle GYHKIMNA B CBA3H MEXKNY HAMH.
OueHka 4dcaa MPOCTHIX B OTPe3Ke HATYPAJbLHOTO pAxa

DIEMEHTAPHBIE METOAH B PAacrpeleJeHud MNpPOCTHIX, Onupa-
JoIMecs Ha usyueHue CBOHCTB uncaoBumx ¢yHkuutt Mawxrosasrta
u Mébuyca A (n) u p(n)

ok +1, n=1,
A(n)={glp’ ::zk’ p(m)={(— 1 n=py ...
> e 0’ pg/n’

FAE p W p, — NPOCTHE, TOJNYYWI4 CHABHOE pAa3BUTHE B NOCJEA-
Hee spema Gnaromaps paGoram A. Ceasbepra u Apyrux Marte- .
MaTHKOB, TponoJkasiux ero paboth. IlpuseseMm pam cBoHcTB
oTHX (YHKUHMH, XOpPOIIO U3BECTHHIX, KOTOPHE HAM MOHAAO0ATCA
B JlaibHediem.

[Ipexne Bcero,

2e@=I[14u@)] ={(1)
din pin

, n=1,

3,1,13
,n>1’ 3,1,1)

A npu mpoussoasHo# U (X), ecau

V(n) =X, U(d),
din

TO
De@v(F)=2e® Yva)=
kin kin dkin

= dzml Ud) X p (B) = U(n). (3;1,2)
el 2
e
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M3 3TOr0 mnocsaeaHero COOTHOMIEHHUS CAedyeT, TaK Kak

Inn=2A(@d),
dn

4TO
A= Yp@mg ———zu(d)lnd
din
Ianee, ecau
1, n=1,
p(m)= {0 n 1,
10

E!\As

p(é) p=Y Yu=

n=<<x dn

=Yu@l;] 6y

d=x
Orciona caexyer, uTo npu x =1

= Y e Y o)

n< X n=x

WAH 4YTO

3 e

n=<x

(3,1,4)
CoBepuieHHO Tax e

W= Y Am= Y Yp@mns—mr=
n<x n==xdln
=4§

[;]p.(n)ll x=

n<x

{ }In—p(n)-—{— Z“—(n—)ln%.
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Ho tak kak npa ¢ >0

L S In? Xdt 4 O(n? x) =

X
xs In? ¢t % 1 0 (" x) = O (x), (3,1,5)
TO
X
2 {7}"“(”)‘““‘]——0(@
1 1
Ianee, BCaencTBHE ,,Z T=1nt~.|_ c+0 (7)’
=t
® () N\ e AR n
2 n lnll—_z n , E—"C—{—O(x) =
n<x n=<yx ksi

n<x din n=<x
ITosTomy
$()= X A(n)=0(x). (3.1,6)
n=ux
Bocnoaszosasmics gopmynosi Crupanura, M 6yleM HMEThb

2 nn=xIx—x-4+0(Inx)= Z ZA(d)__

——ZA(d)l J ‘A‘”) 2A(d){d}=
d=x n\x d=<x
=x ¥ 2240w
win 4uTo
’ > é(—”)_lnx-y- om 3L

A x
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Sra nocnenHss GopMysa yKasHBaeT HE TOAbKO Ha GECKOHEYHOCTh
NPOCTHX YHCEN, HO W JaeT NpeACTaBJeHue 06 WX KO/JuuecTBe
Ha orpeske [1, x]. IleHcTBHTENBHO,

34— 3 e 3 e

n=Ex P=x pisx
= Y Z24om=mx+0x),
p=x
ApyruMme CJAOBaMH, 4HUCJAO NMPOCTHIX HE TOJILKO GCCKOHe‘{HO, HO
A psan ¢ diICHaMHu l_I‘l]_)E pacxoaunrca. Boaee TOYHYIO KOJUYECTBEH-

HYIO OUEHKY JUIA WHCJa NMPOCTHX MOKHO MOJAYYHTS, OLUEHHB CHi-
8y ¢(x). Mu Gyaem umerh nanee

xInx —x O(Inx)__EA(n) [i]=

=3 10 y =3 ZA(k)—-zap(i;—),
k<——- = k<2—

€CJ¥ BOCMOJb30BAThCSA MPeo6pasoBaHueM

2 U(n) Z Vimy= X V(n) Z: U(m). (3,1,8)

m< <X
n

m-<_.
n
x
Orciona, no Il JI. YeGhiuieBy, 3ameHsss X Ha < W BHYHMTa#, MH
6yneMm nMeTb

Zlnn———? 2 lnn-—xln2-}—0(lnx)-—2np( )

n<x n=<x
= n=< o 2

—224»(2n> YO—4(5)+4(5) - <o @LY

BcrencTeue MonoTOHHOCTH ¢ (x). Ho dymkuns ¢(x) nenocpen-
CTBEHHO CBA33daH2 C w(X) # H(x),

s=Y1 HOgy=Y1

p=x ph=x

NE@O=r@+5V3)+...==)+ 0(V¥).
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Je#AcTBHTEIBHO,

r@=Iw+0 V%)= 2 2o (V‘)
= ‘“”"‘“"—‘)-;-o(vx)——‘”x)

lnx
nxEx

[#] —1

+ Z ‘P(”)[mn ln(n 1)]+0(Vx)_4{n(fc)

ne==!

+ T oD =42+ [ Hbr e oD =

nEX

X
—x t -
= art2ms s [ 4w owD. oo
Teneps u3 HepasBeHctBa (3, 1, 9) Mm 6yzeM HMETh

7 () > m2 4 o(mg ) G,1,11)

TO €CTb mpocreniee yeGbIIIEBCKOE HEPaBEHCTBO CHU3Y AJs = (X).
Huxe Mpl mpuseseM [0Ka3aTebCTBO aCHMITOTHUECKOro 3aKOHa

ang w(X), OpYruMH CJIOBaMH, OLEHKY  (x)== X +o0 [-f—J

Inx]’
a cefiuac OCTaHOBHMCA Ha BONpOCE O 7€ NpPOCTHX GACEH

B apudMETHYECKOH nporpeccun.

§ 2. Teopema Jlupuxjie 0 GeCKOHEYHOCTH MPOCTHIX
B apudmeTuyeckoifi mporpeccuu

Hanomuum ocHoBHHIE CBOHCTBa XapakTepos Moxyis D > 1.
Bce xapaxTepst MyJbTUILIHKATHBHKL, Y (1) y (m) =y (nm), u ecau
X 7 Xp APYTMMH CAOBaMM, HEr/ABHBIA XapaKkTep, TO

N N
|2 x @<l X @) U] <200, G.2.1)
Un>U+1/ UN>0’

rae h=¢ (D) — dynxuua Dinepa. -
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Ecnu y (n) — zefcrBureabhuift xapaxtep, Y 7# Yo TO

o ,
N\ 1
Lp=Y L2 (3.2.2)
n=1\
CXoAnMMOCTb 9TOTO pdia 447 JAoGOro HerJaBHOro XapakTepa
obecnequsaercs HepaseHcTsamu (3.2,1). HeictsurensHo,

1A

, R

OTKyZa TaKkkKe

‘L(X)__ ‘L@‘<._ L(Xzz L= 323)

Ilna noxasatenbcTsa (3,2,2) mel pacemoTpuM  dyHKuuo {J/(X)
O<x]1)

U )—Zl ”’X"—Z[Zud)Jx —2/‘ ",

=| -din

[Ipexkpe Bcero sameruM, 4TO

= 142G+ el (2 =pi...p).

Orciona caenyer, Tak Kak y (p)=1.—1, 0, uto BCErza f,=0

u f,==1, ecau BCE v, ueTHME, IDPYTUMH CJOBAMM, €CAU M =1
. 1
{lostomy npn 1>x>7, X >

’(x)>2x = S xPdt+ 0=

n=1

— ﬂ_S o= 1T V
V= 1
2

+0(1)>2]/l -
=l —(1—x) 3
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Lanee, npn

Y (k
Si= Y42 Si=L(.

™
inas

Ri(x)= U(x)— O) =ZX(”) 1_{"xn_ ZZ%Z 1f:lx+

n==|
\ n Lt
+ Y (Sa—Su) T~ 2 =

n==|

—me)[ — n(l_x)J ESnu-’C

B cuny (3.2 3)

1 X
28,,+1x ——O[Z n} of m x).
n=1
IHanee, ¢ nomowbio npeoSpasosanng AGeas Mol OyleMm HMeThb

o0

xﬂ xﬂ
Y00 s ||

_ v xn _ xﬂ . x’l—l-l Xﬂ+l
T A T\ n(l—x) 1—x#1T T nf)({I—x

n=I

Ry ==

<

[

<1—fx Zl

n=

xn xn+1

TFxd. . Tt 1Fx+..+x*

o)

xn
<l—x Z{l—{-x—}- T

n=I|

X" (1 —x)x"

TnmED) T Tandd

xn+1

xn \Ei
T IFxF. A “"n(n-f-l)]'*“hz T =

hEn—}—l ( l—lx)’

Tm= Y x(® |T.I<h
23]
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3uaunr,

U(-’C)--"=O(ln l—l—x)' U(x)>2Vll-x

ecrn L(y)==0. 310 nporuBopeune u jpokasmsaer (3,2,2).
Hanomaum rtakxke, uTo

h, n=/(mod D)
Z y (nly= I'==1(mod D),
. 0, n==/(mod D),

rne cymma Bsfta mo Bcem ¥, (/, D)=1.
Ilyctes Tenepy y (n) — onsTh HernaBHb# Xapakrep. Toraa

3 Hns_ 3 10 9o

nxx n=x din
A k A
__2 7(”) (n) 2 7()__L() 2 X(n)n (n)+R(X),
n<x - k<-
rape

Reg= 3 1820 ) 1T (1)

_—_o[% ZA(n)]:O(I).

x
i k>
>%

n=x

[oo]
Kpome storo, B cuny (3,2,1) pan Z__U”_leﬂ cxomsuuitcs,

n=1
I'Ioaromy MBl NOJyyYaeM COOTHOLIEHKHE

Lo Y20, (3,2,4)

Mm 6yaeM Takke MMeThb AJAs HErNaBHOro xapakrtepa y, (1)

zl% Zp.(d)ln L =x+t 27—(—”—)#1)—-——

n<x din n=<l

‘ k
= VLe® gy £ FLE ) FUARE 1y £ 4 R
Ry < n<x

L YEN



§ 2] TEOPEMA OUPHXJR 65

rae
RW=YLut 0(%): o( l—ln§)= o)
[MosTomy
ZX____—-(”)’? ) Inx-+LAX+0Q). (325

Hsz (3,2,4) w (3,2,5) careayer, uto npu y (i) HErJaBHOM Xapak-
Tepe

2 pd (n)nA () __ s mnx-+ o0, (3,2,6)
n=<x

(=1, L) =0,
800“{ 0. L(h0.

Ecau we y ==y, — rMaBHblil xapakTep, To

Fu@A® ¥4 o()=lnr+00) (27)

n<x n=x

CnoxuM 10 BceM y JeBbe u npassie yactu (3, 2,6) B (3,2,7).
Mul 6ygeM Toraa UMETb

lnx+[2 8(X)]lnx+ 0() =ZA—’(I’i)Zx(n)>.O. (3,2,8)

pES U X
Honycrum Tenepb, uto L(})==0 na19 xapakrepa TPeTbero poua,
He jelicTBuTenbHOro xapakrtepa, Toraa u L()_()': 0, mpyrumn
caoBaMu, B 3TOM cayuae d(()=28(y)=— 1. Tlostomy

(1—lnx=—Inx> 0(1)
Ato nporusopeude mnokasmpaer, uTo L(y) 7~ 0 ana xapakrtepos

Tperbero poaa. Jlasm xapaktepos BTOporo poaa d(y)==0, Tak
kak L(x)7Z 0 B cury (3,2.2). Tlostomy A/ BCAKOro y 7 Y

1MAM) A
YyrEst_o. (3,2,9)
n=x
Mmu TENMeps MOXEM J0Ka3aTb TeopeMmy, HECKO/IbKO Goaee
cHabLHYIO, 4eM Teopema [lupuxje o nporpeccusax.

5 A. O. TI'eavdona, 0. B. Jlunnng — 1664
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Teopewma 3.2. 1. Ecau D> 1, [ geave, (D, N)=1, mo
‘“"‘WM

mp_ 1
Zx = x40, (3,2,10)
p="1(med D)

20e p— npocmee wucaa, a ¢ (D) — pyuxyusn Iiaepa.

IMycte =1 (mod D). Ymuownm uaeswse yactu (3 2.6) u
(3.2, 7) na y ('), coOOTBETCTBEHHO, M CAOKUM 110 BCeM Y. Mu Oy-
JEeM UMEThH

ZA(I’ Z “”“‘(’” —lix - 0(l)=

n=x

=) Y “Prom=e0 Y ZZ4o

n=x

p=x
n = ! (mod D) p =1 {mod D}

Ha ocHoBanuu (3,2,3), (3,2,6) m (3,2,7). 210 W [mOKasuBaeT
Hally Teopemy.

§ 3. OcropHble HEpaBeHCTBA 1M OLIEHKU YHCAA
OpOCTHIX B HATYPaNbLHOM psike

ﬂepexonmvl TENEpb K JAO0Ka3aTenLCTBY OCHOBHBIX TMpenelib-

HHIX T€OpeM pacripefeNeHns NPOCTHX UUCes B HalypaibHOM DI
u nporpeccusx. Mbl ywxe snaem u3 (3,1,10), uto

o=t o St +o D=4 +o (%)

ADYruMn CAOBaMH, 8T0 u3 ¢(X)==x -0 (x) creayer
X X
r(x) = 4o (m) (33,1
Cosepuienno Tax xe, onpeneass npu D > 1, (/, DY=1 ¢yuxuun

cbDyxy= X 1, ¢@x)= g A(n),

p=<x n=x
p=1(mod D) x =1 (mod D)
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MB OyIzeM HUMETb

ey ) — b
=(, D; )= AW 4o (y7)=Y ten—tln=l
. n:l(mod Dy n=x
+0(Vx) = YJﬂ+Zj&m (V%)=
f(l,x x
= Tox +O(TH‘7})

Orciona HENOCPeACTBEHHO caedayer, uto ecan $(/, X) == }Tx—*—
“+ox)h=¢®D), 1O

w(, D, x)= ;e t 0 (—"—) (3.3,2)

Inx
Onpeaeaum Tenepp (PyHKUHUHA

Mx)=Zpm MGEx= 3 p) (333
neex nEx
. n = {(mod D)
rae (/, D)y=1, u nokaxeM, 4TO BMeCTO OHEHOK ¢yHKuu# ¢ (x)

4 ¢ (/, X) MOXHO BOCNO/BL30BATLCS 6OJEE TNPOCTO MONYYEMBIMH
oueHkamn ¢yukunt M (x) 1 M (/, x). IlpeasaputenbHO NOKaKeEM,

uro npu 1>V %

A=[—_V]_[_"_.]= b n=[:]’ (3.3,4)

mF 1 o n ?f[E],
rae &<} X —uenoe uncno. [leficTuTENBHO,
“=l§J—[n—H=[§]—H’:§]+{%}—'m’i—ﬂ=
[{ R ]zo’
x

x
ecan {h }; TGED 3Haunt, A== 1 TOraa ¥ TOAbKO TOIA3, KOria



68 . NPOBJAEMA PACTPEREJNEHUS fIPOCTBIX 4YHCEJ - frn. 3
BHIIOJMHEHO OOGpaTHOE HEPaBEHCTBO {£}< —X . Ho s stom
P p A STEED

: X
cayuae npu k= [7: ] MBl GyleM HMETb

%{E}<gn(nx+ =

X

<
(n+ 1) E— @+ {7}

X

= 1.

A

)7 —=

n
CrnefoBaTeIbHO, OKOHYATE/BHO,

X - nox X
i=n+ 3l =r+{i}
X
A n = [E].
Iycrs V(n) — uucao peanteneh yucaa n. Toraa Bcaencrane
3,1,2)

vim= Y1, Yo@ v(;i) =1 | {3,3,5)
d/n d/n

Hanee, Mbl 6yzeM BMETh OUEHKY

=Y vo=33 =3 11 =3 [7]-

=2+ X [r—e-o|]= X[i]-
‘ n,é'l/x rxVx<asx ) xﬂ&l’x
—[Vx][ﬁ/—;;]“—ﬁ]+_<n2<x([ﬁ]—[n+l]>”=
_22[ ]-|—0 (Vx)—x=2x Z ——x—{—O(Vx)
A=V n=V.

=xhn x+(Q2C— 1)x+ o(Vx) (336)

scnencreue (3,3,4) u ouenka 2 —=lx+4C+ O( )

k<x
D10 — u3BecTHan oueﬂxa Hupuxae. Tenepb Mbl MOXEM AOKa-
3aTh JEMMY-
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Jemma 1. Ecau M(x)==o0(x), mo
: x X
"(x)=lnx + o(lnx)’ (3:3.7)

Ecau sce He moasko M(x)y=o0(x), Ho u M{l, x)==o0(x)
das scex [< D, (I, D)=l mo u

"D =p o (), 639
20e ({, D)=1 n h=9 (D) — dyurgus Siiaepa.

PaccmoTpuM  HemocpencTBeHHO BHITeKawomee u3  (3,1,1),
(3,1,3) u (3,3,5) coorHOIEHNE

) EMd)[ln—— V(%) +2c]=4@ —m 20

n=xd/n

M3 5TOr0 COOTHOWIEHUS, MEHSIA NOPAAKHA CyMMHDOBAHHA, MBI TO-
X —_—
nyuaeM npn moGom N, N=[—],t<]/x,

¢ —[x]420= Xpm X [lnk— V(EH+20=

X
n

=Y e W (Z)—mm W () +

n<N
b 3 mofe(E)- v
wE)=ini-Ztom*)—F v+ac[i]=

X
<
=

~o(Y )

B cany (3.3,6) ¢ nomompio (3,3,4) MB OKOHYATEJNBHO MOJY-
YyaeM HEPaBEHCTBO

po—H<c[ XY E4m(£)VT 4+

nsN

_|_kztllnk——V(k)+2C fmax| m(3)[]<
<cl[ -+ 2max | m (%)

lshst

t1n t]
’
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rge Cu Cy oT y ¥ t He 3aBUCAT. DTO HEPABEHCTBO [OKa3biBa-
eT, 4T0 ¢ (X) == x -~ 0(x), TaK KaK NPH CKOJb YroaHo G6OoJb-
IWOM, HO (UKCHpPOBaHHOM ! M ycaoBun M (x)==o0(x) MOXHO
8pI6paTh X CTOAb OOJAbWIUM, YTOGH BLUIONHAAOCE HEPABEHCTBO

<z

Ho u3 ¢ (x)=x-Fo0(x) B cury (3,3, 1) creayer (3,3,7).
3aMeTuM Teneps, uTo ecaum ¥ (7) — FAaBHBIE  XapakTep MO-
ayas D, 10 '

S LWA@=3 A+ 0(nx)=

= ¢ (x)+ O (In x), (3:3.9)

TaK Kak 4ucao D meautcs Ha OrpAaHUUCHHOE YHUCJAO0 TMPDOCTHIX.

Hanee, ecaun y (n) — Heraasuuift xapakrep moayas D, To, MeHas
X

MIOPSLOK CyMMupOBaHns, npu N== [7],

YumAm= X xm Y v@nl _

max lM x)

l<k<t

=X n=x d/n
——Z x(m)p(m) 2 (B In k= Z X (n)u (n) W( )+
n=x ks— n<N
+ Z (Mot ) — My, n — 1)) W(%):
N<n=<x

= Y 2 e W(E)~ M MW (5)+

n=<N

b3 o n[w(E)-vis

N<n=x
W(%): 2 Y (&) Ink,

x
kEi

] (3,3,10)

rae

D—~1
M ©y= Xy Rp®= 2 xO M x)=o(x)
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B (peanosoxeHunsx Hawel gemmul. Tak Kak

W(x)= Zx(k)lnk=

k=<x
= Yy®msx Y m( )Zx(k)—oanx)
h=x n=<x-—1 k=n
To B cuay (3,3,4) mul noayuaem u3 (3,3,10) HepaBeHCTBO

2x(ﬁ)A(n)< C[ 21“%+IM0<X’ t£>[mt+

n<x n<N

-3 F)rl<
. n=t
<G[§mttmaxy(y 2 limg, @31

rre Cn C, OT X u t HE 33aBUCAT, €A X == {2 JTO HEPABELHCTBO
110Ka3bIBaET, UTO Np# ¥ (1) HETJAABHOM XapakTepe

Yy (m) A (n)=o0(x), (3,3,12)

TaK Kak B npaeo#i wactu (3,3,11) MOXHO ¢ B39Th CKOJIb YrOaHO
GOJbLIINMH, 8 X B39Th CTOJAb OOJAbIIUM, uTOGH OblAM  BHIIOJAHE-
HbEl HEPaBEHCTBa

M (1 %) |[<% a=n=n,

4YTO BO3MOXHO B CHJAy yciaoBu#t Hawe# naemmsl. Ho Ttorma mpm
() =o0(x)+x
1 ’
Y= X 20) Y 1 mAm=F 4o,
1

n<x

roe /'= 1(mod D) w h== ¢ (D) — byuxuns D#iepa. Us sroit
nocjaegHe? oueHky yxe caenyer, B cuay (3,3.2), yTeepxuaeHue
Hawed aemmu (3,3,8). Jlemma 1 cBomuT ouenku GyHKUBHE T (X)
u ©({, D, x) na onenkn oyskuud M(x) n M x). das stux
NOC/AEAHNX OLEHOK HaM NOHAaA06fTCs HEKOTOpPblE HOBWE COOT-
HOLIEHHA U OLEHKH OGLLLexo Xapakrepa.
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Ipexne Bcero 3amerum, YToO

Yo@wd= T [Z (d)ds]

d/n d/n s =0
—In?%, n=p",
d? 32 [H (1 ___ps) ] — 92 lrlp ]nq’nzpqu’(3,3’13)
S pin s ==0' 0, DiPaPs / n,

rae p,q. Py, Pes P — pasdnuunsie npocteie uucaa. [Tostomy

2 Z p (d) Int -—1n9x+21nx ZA(n)—}—

n=<x d/n n<x

—{-an<xA(n)A(m)—nng(n)lnn=21nxq)(x) —
— x4+ B AMAm+O)=

= (x)Inx 4 Z A(n)q)( >-1—O(x)—q)(x)lnx+

n<x

+,5, A®Am+0(), (3314
TaK Kak

ngx A (n)1n n="§x[q)(n)—q)(n — )] =9 () e —

— 2 gwm 1+ H+om=40mr+t 0w

n<x-—1

B cuay (3,1,6). Hasee,
3 3 vios— 2 ones (2

n=<x d/n .
=X “ Mn) ]nn 2!’-(’1){x} In® x71

'l<x n=sx
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) BOCHOJ!bByEMCﬂ Tenepb COOTHOLIEHHEM

Z Zp.(d)ln ﬁ-lnx—l—Z A(n)_anx+o(1)_

n=<x d/n n=<x
=Zv_§f_)m—z =Y wL[mEtcto(L)|=
=X i n=x
= 3o 3 3 d-cofs]l+
=3 nsx Rt
-+ O[—}E In%}:Z”—fl—n—)lng%—l- o).

gepueiM B cury (3,1,2), (3.1,4), (3,1,5), (3,1,6) n Hepasen-
CTBOM

Fouon{Ehm 2 "1< Y L= 0.

n=x

Mbl Gynem TOraa MMETb OLEHKY

2 z b (@) 5 =2xInx+0(x), (3,4,15)
n<x d/n
OTKyZa CJaeiyer, uTo
h@)= X AmA(@m=
nms<x
=2xinx — () nx 4+ O(x). (3,3,16)
Beenem Ttenepwr B paccmotpenve dynxuuio ¢ (x),

— A{n) A (m) bi(n) =g (1)
$a(x)= Z T Inam y In rlz -
ﬂ<x

nm<sx

1 ( ) 1
=ty ¥ “"(k)[mk mm]+o(lﬂx)=

k=<x—1

—-2x—q)(x)+0( )+ 2 2nlnn—¢@inn40@m __

Inx nln®*(n41)

=2x —¢(x)+ O(

n=x—I

) . (3.3,17)

Inx
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Torna
B@+iw= Y Am+ Y PLH
n=x nmsx
=2x+0 ( s ) (3,3.18)

PaCCMOTpI/IM Tenepb COOTHOLUCHUE

RO= Y Yp@uwd =2mx Y A@m-—

s = ifmin)
— > A@mwmn+ » AR)A(m)+ O(lnx)=
nzln(ﬁgd Dy nmnfml(infod D)
=0l x)lnx4+ X An) A@m)+ Ox),

mn=<x
mn =1I{mod D}

BEPHOC BCACACTBUE TOrO, 4TO

Y Amma=¢@nme— ¥ LEED L 50y

n<x
nz=](mod D)

=¢(,x)Inx 4+ O(x)

IIpexne Bcero samerum, uro npm g > 1

Z Z P(d)1n2-§=2lnsz(n)—{— O(lnx)—

g/n d/n n<x
n=x d/n
— Y A+ ¥ A A(m)= O(ln“x)—-l—
o i
+ o[ Y Ay {-]4— o[ ¥y mp[ﬁ”—_— 0(x).
n=x P<x k=2

§ A(n) m;_le (m)= mgsxA (n) A (m).
g/mn qg/mn
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HOSTOMY, €Cau ¥o— IVIaBHHR XapakTep MOAyad D, 10 1pn
D EPT‘ .o .p:"

Z Xo(”)EP (d) In* %= Z p (m) 2 Z p (@) In? 2=

d/n m/D - n<xd/n
m/n
=2 21n“%+0(x)=2xlnx—}—0(x)

nx<x d/n

B cuay (3,3,15). -Manee, ecnmu y (n) — HeraaBumlh Xapaxrep
smonyas D, To

D Yp@nt g =Y p@m Z 2 ()=
k<-—

n<x d/n de= x
d
=O( Z ln“’%) = 0 (x).

n<x

Otciona M yie [OJyYaeM OKOHYaTelbHo, uro npu /I =
= 1 (mod D)
2x1nx

RI“"WZM 2 1) Qe @1 G =5 4 0.

n=<x d/n

3HaunT, Mhl UMeeM
Y AmAm=4G=2 xme— "

nm<x
nm =l (mod D)

— 4, ) Inx 4 O(x),
h=0 (D). (3,3,19)
BOCno/b30BaBIIACE TUM COOTHOLIEHHEM, MBI TOJYYAM TaKxe
_ An) A(m) bi(hn)—d (n—1 __
fhx)= 2 In nm 2 Inn -
nm=x nsx

am=1{(mod D)

q)llgxx) + Z q:l(;sn) +00)=

n=x

=— 4G9+ ;% + 05 ) (3.3,20)
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OTKyZa yXe CclenyeT coomomeaue
YO D)+l x) =5 x+ o(
Hanee, Mt GyaeMm HMeTh

> p(n)m-’;—:o( > 1n%)=0(x)=M(x)lnx—

n=x n=x

_ngx*‘ (n)‘%A (d)=M(x) mx—-n;)]c A(n) pr(n k)=

) . (3321

=M (x)lnx — Emp 2p(p-R)=

=M@zt Y 1an(—”f~)—- 2 mp ¥ ulh)=

pP=x p=<x B x)

p
=M©)mx+ Y Jk(rq)M<%\)-{—O(x)

n<x
anu

M (%) In s = — 2 A(n)M<£\+ 0(x)=
==Y emwy(E)+om @32

n=Ex
Bcrasasa B npasyro vacts  (3,3,22) BmecTO ¢ (%) €ro BhIpae-
e u3 (3,3,18), Ml Gyzem umernb

Ak 2
Mx)Inx= zp.(n)[ 2 _T(rf)‘EAZf—{’L“%+

n=x x

A(k)A(n)p x —_
+km;<x ok m +O[n2x ”<1+1“£)]

=2xom+ Y A"”“’”M( )+ O (x1nlnx)=

inkn
kn=ux

= Z A(k)A(")M( )—-I—O(xlnlnx),

in kn
kn=<x
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TaK Kak

X

=x n<l+xlnx7>=5 <1+ln_) + O(x) =

x

—=x S Tﬁw + O(x)=xlnlnx4 O(x). (3,323)

OT1croa cnenyer HEPaBEHCTBO

(M) | nr< Y %]M( >,—|—0(xlnlnx)
kn=sx

CkJ/1anpiBas MOYNEHHO 3TO HEPABEHCTBO € MOJYYaEMHIM HENOCPE-
creeHHo u3 (3,3,22) uepaBeHCTBOM

(M@ nx< Y A(n)lM( )[—}-—O(xlnlnx)

n=<x
Ml 6yaeM uMeTs, B caay (3,3,18),

M) Inx< Y A(n)lM\ )

n=x

+ Z A Am mnM—I—O(xlnlnx)—

inmn
mn<sx

= Y B+ um—4—n—ne -0l mu(Z)+

—t—O(x]n]nx)<2 Z n“M<7>l_'M<n—+l>|]+
Zl+1nn‘ \-)_M<T_T{T>H+O(xlnlnx)=

+of
—o 3 )

4+ O(xInlnx)=

+O[H 1+lnn n(n—l—l)]
=2 Y ]M( )[-{— O(x1nln x).

n=<x
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MTak, MH MOJyuusl HEPaBEHCTBO

| M(%)] Inx < Z )M( )’—l—O(xlnlnx) (3,3,24)

AHanoruuHbBIE€ HEpaBeHCTBa MH NOJydYnM Teneps s | M/, x)|.

§ 4. OcHoBHble HEpaBEHCTBA NJf OUEHKH YHCJ]a
NpOCTHIX B MPOrpeccusx

Korma wMmb nokaspiBaim TeopeMy 3.2.1, TO MB OONYyTHO
AOKa3saud, 4uTo

L= w, LALI i LT O(Nl—)¢0 (3,4,1)
n= n=1\

AJ19 BCAKOFO HErJaBHOro xapaxrtepa moaynas D. Bocrosabsosas-
WHCh 5TUM, Mbl 6yIeM HMeTb

1=— 2 [__fz’_zlzp‘(d) ZX(”)P‘(”) Z ZT

nsx din n<x k<=—
N e
=L Y LR Lo,
n=<wx
OTKY/a CJICE.yET, 4yTO
Y LOL® (1) (3,4,2)

nIE X

AAS BCAKOFO HersasHoro xapakrepa moayas D. Ecam xe y,(n) —
rnaBHBIH XapakTep mozyni D, 10 :

l= Zxo(n)Zp(d)— Z Xo (M) (m) 2 Xo (B)=

-
n=sx nsx k<——
n

=Y umem s@[5]=

nEEx d\p
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=Yu@ Y nmem[Z—{Z}=
d\D

n=<x

d)' Yo
= Y0P Y e 0=

diD n<x

%
=t ¥ ey g,

nsx

2 X_oif%u_@_—_ o), (3,4,3)

n=x

Tak Kak ¢ (D) F# 0.
Hanee, 13 (342) u (3,4,3) ™Mbl mOJyuaeM Takxe, uTo

Z - D)z @) 2 (e () ”(”) =0(), (44

n<x nsx
n=I(mod D)

OTKyZAa CJAelyeT, uTo

rae (,, D)==1, {'=1(mod D) u cymMma B3Ta 0O BCEM Xapak-
TepaMm Moayas D.
Paccmorpum rteneps, npu (/, D)y==1, cooTHoueHue

pMI T =Ml Dmx— ¥ ) IA@D) =
din

a=[(mod D) n=<wx
n=<x n=1(mod D)

=M, x)Inx— Z A(n) Z (k) =

n<x kn=<cxy
kn=1(mod D)

=M@ Hmx— Y mp N =
p=* pn p;l(ﬁcﬁlD)
=M, x)Inx -} Z lan( 'L, —> 2 X .

(p.D) 4 (P. )

X Inp Z u(pk) = M(l, x) 1nx+

p2k= l(mod D)
phsx

+ Y AmMrLE)+ 0w
mD=1

pp’=1(mod D), nn’ = 1(mod D),
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OTKYyaAa HEeNnOCPEACTBEHHO CJelyer, 4To

M( Dinc+ Y (n)A(n)M(n'1,§)=

n=<x

=M@ R)nx+ X pm N AR+ 0=

=<x
kn=I(mod D)

=Ml Dnx+ Y p@)e) np(\' i, {-)—1» 0), (3,4,5)

n=<x

rae ongTs nn'=1(mod D). M3 3Toro CoOOTHOWIEHHA ChaenyeT
pek e BCETO HEepPaBEeHCTBO

M, x)!lnx<ZA(n) w (e >| L 0@, (346)

n=x
rae onsts an’=1mod D. BcraBass teneps B npasyw 4acTh
(3.4,5) Bmecto ¢ <n'1,—fi-) ero selpaxenne u3 (3,3,21), Met Gynem

UMETH

M, x)lnx—{-ZXo(ﬂ)P-(”)L(D) 7 r0<n (limi) )]""

- 2 %o (W) 1 (1) Z %’n—)—}— O(x) = M(/,x) In x—

n=<x km=<x
nkm=[(mod D}

AR)A (m)p(n) Yo (R) (1) (n)u(n)
— 2 T lnkm _+<p(D) Z +

’ kmn<x n=x
kmn=! (mod D)

+Oxinlnx)y=M({ ©Hlnx— Z A A

In km
km=x
(km, D) =}

X M ((km)'z, %) 1+ O@lnlnx,
OTKYyaa y}Ke C-’TeﬂyeT HepaBeHCTBO

k) A ’
M@ | nx < Y xo(km)‘l%km@!/w(km)/,%)!—{—

km=<x

4+ O(x1nlnx), 3,4,7)
rae (km) km = 1 (mod D). Cxaspmsas (3,4,7) u (3,4,5), mum
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OyaeM MMeTb Teneph, 4YTO
2{ M%) lnx < Zxo(n)A(n)|M<(n’l, 2|+

A (n) A (m)

+ Z Xo (mmy = e Inmn

mn=<ux

rze onate nn'=1(mod D), (nm) mn==1(mod D). Hanee, or-
Cl0/a CIeIyeT, uTo

2 MeD <Y @ Y am|mlen D)+
g=1j nzg(r;og D)

<(nm)’l, %) H-0@ining, (348

D
A (ny A
S Y Awsm

g=Il mn=g(mod D)
mn=sx

M ((q'z, min)] 4 O(xlnln x)=

D

=Y @ Y [B@n+hn—ign—D)—

g=l n=g(mod D}
n<TX

—bugn—D)|M(¢h Z)|+0wrming< DX

xi’xo(q) Y |mlen %)

g=l n=gq (mod D)
n< x

X3 olcfm)

n‘:—q(mod D)

D
+ FHAn X

m{os =l m)ll+

~+ O(xInlnx)
B cnn) (3,3,21), roe ¢9¢' =1 (mod D). Ho tax xax

2Xo(‘1) 2 O<1+lnn>!M<‘”7>‘ jmla n:D>H<

<ZX0(Q) 2 (l—i-—nlnn)n(n-{-D) O(x 27&17)7'2

n= q(mod Dy n<yxy
<x

== 0(x |nln x),

\
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TO, CJEIA0BATEALHO,

M (x| mx< (D)S‘xo@) ; (g %)+
n_“-_;u\n:dD)

—+ O (xlninx).

Ho aerko sugers, uro npu (/, D)=1

o X |uled)l= Zlmes)ll=

nz. mod D)
© D—l
<| X F|mled)l=lnlzm)l]+ow|=
n=g (mod D) k=0
=o[ n(n+1)}+ 0 () = 0 ().
[TosToMy OKOHYATENILHO AJ4 moénc;: {, (¢, D)==1 umeem
D
Mo |ne<z ¥ 0@ ) M0 5)|+
g=!

-+ O(xIn Inx). 3,49

§ 5. JloxasaTeabcTBO NMpelefbHbIX TEOpem
IJs pacnpeieerRus NpocThiX B HATYPAJLHOM piie
¥ nporpeccusix

Hepasenctea (3,3,24) u (3,4,9) nossosnar HaM HOKa3aTh
oueHkn M (x)==o(x) u M (, x)=o0(x) n1a Bcex [/ u D,
ecar H00aBUTb K HUM COCOpaMeHns, YUUTHBAIOULKE KOJeGaHus
pynkuntt M (x) u M (/, x). [Ipexne Bcero us nepasexctsa (3,1,4)
caedy er, yro

|3 el 3 el

n=<x
A 4TO

M (n)
D atnm| <t 351

yEnekx
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CoBeplcHHO TaK ke u3 ouewok (3.4,2) # (3,4,3) caenyer,
y10 npu (/, D)=1

¥ o ¢(D)ZX(1)ZY(H)M”) oq),

nex n<Ex
n=l({mod Dy
rae {'=1(mol D) u cyMMa CripaBa B31Ta MO BCEeM XapaKTepam
modayns [). 10 COOTHOUIGHHWE B CBOIO OUEDPENh HPHBOAUT K
OUEHKe

M| My MG S w()
| X aaEnl= Y R Y uRe
ysnsx n=<x

n=Il(mod D)
+ Y tWl<e, @59
nE';(?n{dD)

rae C=C (D) —nocrosHHasd, OT X W [ He 3aBUCAIafA.
Hepasenctsa (3,5,1) n (3,5,2) npusomsT Hac K caeaymwoieh
AemMme,
Jemma 2. Ecau x>t>1, mo Ha unmepsare |x, tx]
ralldemcnr mouxa q maxas, 4mo

M @< (35.3)

Cosepuenno mar oice, ecau x>t >1, mo Ha unrmepsase
|x, tx] Halidemca mawxan mouka ¢, wmo

M 9I<EL, c=cm, (3.5.4)

20e C ne 3asucum om I, t u x, ({, Dy==1.

Ecan M(x) wmenser 3Haxk Ha [x, fx], TO eCTh TOYKA ¢ TaKas,
8 kotopo#t uan M(g)==0 nam M(qg) M(g+ 1)<<0. Ho Bropoti
ciAyuall HeBO3MOMEH, TaK Kak M(g) orauuaercs ot M(g-4-1)
He GoJee YeM Ha eNMHUIY W 06a LEAbEe uuCaa, 3HauuT, ecau
M(q) meHser 3Hak Ha [x,fx], TO ecTb TOuKa ¢, B KOTOpOH
M(g)==0. Eciu we Ha [x, fx] M(x) He MeHAeT 3HaKa, TO
us (3,5,1) umeem, uro

....QQI Z -— =X min IMy )l[lnt—-—%]<4,

Xy’ UL

min
=yt xekstx
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otkyna ®u caeayer (3,5,3). Ianee, -ecnu M{(/, x) menser Ha
[x, tx] snak, TO, TaKk ke KaK W B TpPEIIIECTBYIOMIEM CJyuae,
ecTb Takoe g Ha [x, tx], uto M(/, g)==0. Ecm we M(, q)
He MeHseT SHaka Ha [x, tx], To onate u3 (3,5,2)

L MUY 1 M) 1
min 7 (kZ_ 5 << min 3 [lnt x]<C°’

T y<ix o xEy<tx
=

rne C, 3aBHCHT TOJBKO OT [). 9TO HepaBeHCTBO SKBUBAJIEHTHO
(3,5,4).
JNTemma 3. lfbueem Mecmo oyenka M (x)=o0(x).

Ionaras U(x):-_;[M(x) |, mpr Gyunem umers u3 (3,4,24)
paspeaus o6e ero 4acTu Ha x Ilnx, uro

U(x)\mle (\-l-o(‘”‘ } (3,5.5)

n=sx

[Tycrts . ,
‘ 8==1im U (x) > 0.

X —+ 00

Torma mnpn mobom ¢, 6 >e >0 u x>x(), UX) <06+

dykcupys e, Mpl BHOUpaeM ¢, 3aCTaBassd €ro TOMLKO MOAYH-
HATBCH YCAOBHUAM

£, 20<0Int. (3,5,6)
B cuay neMmn 2 MBI MOXEM yTBEp®kAaTb, 4TO HafieTcs TaKoe
gw * << g, <<t***1, naa xortoporo I/I/I(q,?)|<5q’e Ho Toraa

M@+ 0) | | Mgy |+ <qu_,_ <ll([)lfltk'

ecnn v Int < 5q,. Hoaromy, ecmn 0<<v<< [1 q,;] TO

U(Qk+7’)<m~

Ho uucaa n, YAOBJETBOpAIOINE HEPABEHCTBAM

5 5
n<i<at+Z=(1+5)w G5
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OnMpeneasiorcs ¥3 HepaBeHCTB

1 ’
pk-—___-[ = ﬁ]<n<[ﬁ]=pk<m+:- 358

2 4k
1“}_1 t
Hanee,
‘ 1 pk e __ 5 A
Y a=mhtat=n (14t g)+al
pkénSp; .

1B, ] << 3. (3.5.9)

3uauut, Korna n yanosaeTsopser HepaseHcTBam  (3,5,8), ro

x\ _ 10 , _[lmx L
U(;)gm. 3amerus, 4TO 1pH m—[fl??—"‘Z-J
m ‘ | 5 m

— i — ar
2 'n“’”“’\l‘*'m)’*'zpk
k=1py<n=p, !

_'?.hllnxt {1+%)+0(Z|Bkl¥)+0(1)=
=Alnx-+0(1) A>0), (3,5,10)

X
Mbl HENOCpEeACTBEeHHO moayuaem u3 (3,5,5), sameHss U(;.) Ha

10
i A/ BCEY 1, yNOBJETBOPAIOIIMX  HEPaBEHCTBAM (3.,5,8),

¢ Ha 0--¢ 0ad OCTaAbHBIX £, H4TO

v =LY %—kzlp h) _ ++
nTx =lpp= n<;¢
+ Intinx ln X 2 g< 710 (lr;nlr::x)

_ <(6+e)(1_x)+ 101+ 0‘\‘“ 1nx>.

Or1ciona yxe HEMOCPENCTBEHHO CHEAYeT BEPHOE NpH MOGHIX e
# ¢ > Dy HEPaBEHCTBO, HIOTy4aeMOe NMEPEXOAOM K BepXHEMY ripe-
neny Cclesa,

10 I

b<O+90—V+ig A=Fpm+0(gy)
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Ho toraa MOxHO noaoxuth ¢— 0, # MbH NPUXONMM K MPOTH-
BOPEUHBOMY, RPH XOCTaTOUHO Goabuminx t u 9>0 HEDABEHCTBY

B0l — N4 < b 1_%>, nt> 2>t

3uaynt, 0=0 u M(x)=o0(x).

Nemma 4 Feau ({, Dy=1, D>1, mo wweem msecmo
ogenra M (I, x)=o0(x).

JloKa34TeNbCTBO 3TOH JIEMMBI HUYEM HE OTJAAYAETCH OT JOKasa-
teascTBa JdeMMel 3. M3 nepasencts (3, 4, 9), noaaras h=2 (D),

U, (x)=~l—(M(l x)] rnoJyuaeM HepaBeHCTBA

. X\ /ninx
U(x)ghlnx 2/0((]) ;1 ‘?l\-;z‘/\—!—o\lnx )’ (35.11)

q=I n=<x
sepHbie aas amwoboro /, (4, D)==1. Onartb noJjaraem

f==T1im max [x(q) U, (%))

x-—co l=g2D

Torpa, npu mobom 2, §>e>0, x=x,(2), U (0)<b+e.
9—¢ < max x (9) U, (x4) nas GeCunc1€HHONO MHOXKeECTBA Heorpa-
EXES

HnueHHo pacryumx X
To nemme 2 BHOUpaeM uncaa ¢, u3 uHTepBana ¥ < g, < 124+

TaKue, 410

2C
| M) | <EZ | My g+ 0) | <o B,
ecn vint<Cq, 3uauut, nas 0<”<[16q¢kJ
U1(9k+7’)<mt

x
Ho nns toro urobml — Haxomwai(b B FPaHHUAX

n<i< (1+T..t) oo (3.5,12)
4UCS0 1 AONKHO YAOBJACTBOPATL HEPABEHCTBAM

1 X ’ '
pk—[ C 9r :,\ <[ J pk<pk+1’ (3’5’13)

1J‘-lnt
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Auanoruuno (3, 5, 9) MBI GyneM MMeThb

Sp= Z ln———}—ak ( mt)—{—pk

14530 Pk

t2k+1

(3.5.14)
rae B, =0(1) no otHoweHno K x u £ Tak Kak npH 7, yAOBAET-
gopsomeM HepaseucTaMm  (3,5,13) U (x)<f—n£t  npu

m=[Llnx __ 1]
12 Int P)

i“sk =mln (1 -mc—t) +i@kﬁ:=—_mm(1+§;)+om=
1 .

k=]

n| 1+1nt> (3,5,15)

=klnx 4 0(1), A= AT,

Cc
nF €W 1 ynosrerso-
paer uepaseHcTBaM (3,5,13), u uepes 04 ¢ B ocTambHBIX Cay-
yadx, Mbl F10JyYaeM HepaBeHCTBO

212401)(0(!)U,(x)]<m;—;[(9+s)[;% i ]

+1n t iSkJ+ O(ln lnxx>

k=]

T0, 3amenss B (3,5,11) U, (%) Ha 2

=L 0+ —N+ QIHC}-FOK‘”“"“;‘) h=o(D). (3.5,16)

[Tepexoas K BepxHeMy mpeleny CneBa, Mbl TOJYyYyaeM Hepa-
BEHCTBO

bt O+ (1 — N+ 32

WiH, TaK Kak & >0 fpOHU3BOJLHO, HepaBeHCTBo

B 0(1—0+ 28 < T9(1—3),

BEPHOE MpH lnt>f1—g}—Z
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STo mocaenHee HepaBEHCTBO M MOKasmBaeT, yro §==0, apy-
FAMHA CJOBAaMH, JOKa3blBaeT HaIlYy JeMMY.

W3 nemm 1, 3 u 4 HenocpeactseHHo cienyer teopema 3.5. 1,

Teopema 3.5. 1. HUwmewom mecmo acumnmomuuecxue
oyerKu

w ()= o (ﬁ) G517

TR T 1 X
" Dy 0) = 5o o (m—x) (3,5,18)

20e (D. =1, a o (D) — pyuxyus Disepa.
3ameTuM, uTO, MIPOBOAS B JeMMax 1-—4 HemHoro 6oJsee TOYHHIE
X
OlIEHKH, Mbl MOTIJM OBl 3aMEHUTb O<IH}> B Teopeme (3,5,1) no

X Inln x
Kpaline#t mepe Ha O(m_x] o ) Ho, no-sunumomy, cyulecr-

BEHNO yJAYUUIATb OCTaTOuHHM uied B ¢opmynax (3.5,17) n
(3,3,18), ocrasasce B pamkax meroma A, CeanGepra, Hemnss,

x
¢ oueHp OOMLIIMM TPYNOM €ro MOXKHO JOBECTH A0 O(WTx)

(¢ >0 npouspoasHO). V3n0MeHHEA METOX [OKa3aTeNbCTBA Tpe-
HBeNbHHX 3aKOHOR pacnpeieneHns npoctux Halizen A. Censbep-
rom [46], npuyem uzes ucnoansosatus B 3To# cxeme Cenbbepra
M(x) Buecro ¢(x)— x 449 [OKa3aTeqbCTBAa 3aKOHA pachpene-
JeHusl IPOCTHIX B HATypaanHOM psge npuHaaiexur A. I'. Iocr-
unxkosy u H. H. Pomanony [22].

DeMeHTapHOE N0Ka3aTe bCTBO Teopems [npuxJe mpuHaine-
xut I, Wanupo [47]. Ias noayuenns B dopmyaax (3,8, 17) u
(3, 5, 18) ocraToudoro unena Tuna Anamapa — Banae-Ilyccena,
APYruM# CJIOBAMH, OCTaTOYHOro uaeHa suia O (e ') rae A >0,
1>97>>0, NOCTOAHHbE, MOXHO WCIOJB30BATb 3JAEMEHTAPHO
noayuaemyio oucuky (cm. [7])

4 (n ,
Y 100 — 0w @+ (51}
nxx
roe y - mobott xapaktep Moayas D—mu t TPOUSBOJILHO, HO,
K COXaJIEHHUIO, NMepexol OT 5TOH OUEHKH K OCTATOUHHIM UJIeHaM
B (3,5,17) u (3,5,18) noxg HEZOCTaTOUYHO 3SJEMEHTAPEH M Tpe-
Gyer KOHTYPHOro uHterpuposanus. ITostoMy mm He 6yjem ocra-
HaBAMBATLCA Ha BOMpoce 06 OCTATOUHOM UYJIEHE M 3afiMEMCs HEKOTO-
PHIME APYrHMH BAPAAHTAMK BHLLIEH3N0KEHHBX 9/IEMEHTaPHRIX HAEH,
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§ 6. O NpoCThIX YHCAAX B NOCHAENOBATENLHOCTAX,
HeCKOJbKO GoJiee OOHIHX, YeM MpOTpeccUu

JloxaxeM 9aeMEHTAPHO OAHY TeopeMy O OGeCKOHEUHOCTH
MMpOCTHIX qiCean B padax, OTJARYAIOUINXCA OT nporpeccuﬁ.
[lycts © 5% 0 n nefictButennno. Iloaoxum

d@=1+ 4 Yl — = )" a0 @36
2 o

DTOT psl CXOAWTCH, TaK Kak

L —(n— 1y n““‘:o(zlg>. (3.6,2)

it

Orcio4a HENOCPEACTBENHO CJAEAYET, YTO

R i e 1
FE=r x4 +0(3). (3.6,3)

n=x

Nanee, mbpr 6y1em uMers

2,1?3 In[x ]an 21n<1+%)251{_ﬁ=

n=x n<x n=x k=n

=_:—.,x-iT mx—i—a(r)]nx-—Z%[% —t1+a('€)]+

4+ O(l)—.—:é’x‘“ nx--0(1). (3,64)

PaCCMOTp UM NPOCTOC TOXKAECCTBO!:

=Y LV A=Y20% L~
n i 1 n k

n=sx ns x din n<sx k<——
i QAR —ix A (n Ak
S 2ER(E) o0 X+ Bk o(3)=
=x T x
[ A
=L mx+a(z)zﬁ;§§%+0(1), (3.6.5)
nxx

KOTOPOE MOMYYAETCH, €CAH BOCHOAL3OBaTHCA  COOTHOLIGHMAMH
3,1,6) n (3,1,7).
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Conocrasass cooTHowenus (3,6,4) » (3,6,5), Mm Buaum,
uTO

() Y=o . (3.6,6)

n<x

PaccmorpuM JOMOJIHUTEABHOE TOXKIAECTBO, WMEHHO:

A
T A
<*‘ an n<x
_._ZP‘(H)I Z .A -”\{,L(n)’ +
~ niti Bitic =
n=x k<._. u<,¢
ta@ YL ns L Vel s o=
1 L X/
n=<yx a—
=a(r)z ”1&"‘)7 1n—+ o). (36,7)
TaK Kak n=x
I x .
FInE=00), (3,6,8)
n=Ex
H
UANESE x],x 1] X X _
nsx oyl o
'Z 2**(‘1)1" +0o(1)=
n=<x din
n<x

Conocrasaas (3,6,6) u (3,6,7), MBI BUAUM, YTO

o (t, x)= %‘-(;féz 3()Inx--0(1),  (36,10)
e n.<x
0, 0,
a(:):{_ v Zg;zo (3.6.11)
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[Mokaxewm, uto npr mo6om t % 0 8 (t)==0, apyrumu caoBamu,
410 BCeraa a(t) % 0. [le#tcTBuTenbHO,

Re[3¢(0, x)+4o(n, ) +0(21 x)]=
= QZAr(l") [cos(tlnn) -+ 1=

n=x

=[3 4 43 (x) 5 (27) | Inx 4+ O (1), (3,6,12)

OoTKyJa W caenyer, 4to 8(T) — 1, Tak Kak CA€Ba CTOUT

HeoTpullaTe bHad Beanunda, TTostomy 8 (x)==0; t £ 0 u a (<) z£ 0.
3nauwut, ecam 1 0, TO

A0 o) 1 0; ZA(")-——InxTO(l) (3,6,13)

n1+x
n<x nsx

ITycrb Tenepb @ v a JeHcTBUTE bHM, a4 >0 u P(x) mHoro-
YJeH

Ko s

-
P@E)= 3 @, ay= 5 P(e™ ¥y dt.
§

ke —§

Ha ocHosanuu (3,6,13) Gviem umers

)
R Pl Aqn) I A ()
Y57 HR= Y aer e P m e =

n=<x R==—§ n=x

=aylnx -+ O(1). (3,6,14)

ITycte  U(2) — nepuonuyeckan AelcTsBuTeabHAas  (yHKU#s
¢ nepuonom 1, U(z-+ 1)== U(2) — HenpepriBHas, 33 WCKJIIOUE-
HUEM KOHEUHOrO 4HC/AA TOYEK pasphisa nepsoro poaa Ha [0,1].
Kak n3BecTHO, I/ TakoH (YHKUUM MOXHO Haitty npu aAwoGom
¢ >0 nBa MHorouneHa Py(2) u P,(2) takux, uro

P < UD<PED, (1P = Pyen)dz s,
0
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Hostomy

Bl peapn s

n<x

S
@M
m
al:
%
a
-]
| —
[~
=
3

OTKysa Ha ocHOBaHud (3,6,14) snBoguM

1
Spl(e.mif)dtlnx—}—O(l)s 2U(aln%> o) <

[} n=x

i
< 5 Py(e™*)dt In x + O(1).
0

ChnepoBaTeAnHO, TaK Kak & MOXeT OBTb B3jTO CKOJb YrOAHO
MalblM, Mbl MOXEM YTBEPKAaTh, YTO :

J0lam S| ER=Fv(sm L) 2L 4 00)=
n=x P=x

=S Udtinx—+ OQnx). (36,15
0

Coornowrenne (3,6,15) MOxeT OBITE HCMOJB3OBAHO AJH 1OKa3a-
TeJAbCTBa TeopeMmbl Tuna [lupuxie oas OomHOro KJacca 4YHCJAOBHIX
psaoB, panee yxe paccMarpusasmuxca A. O. eapcponpom *).

[Mycte m>1, r=1, ¢g=1—nueane uucisa. Paccmorpum
rpynny mnoacTaHOBOK

Lo(xX)=mx—+qm -+ k (k=0,1,...,m— 1)

[Toncrasum r BMECTO X B Hawu auHelnnie Qopmul. Mul nosyunm
m 4ucea MNepBOH TrpyImsl. OTH » YUCEA [OACTaBUM B HALUU
auHedinnie gopmsl, Mbl noayuum m? uenanx yuced. ITOT NPOIECT
MBI TIPOJOJIKUM HEOrDaHHYEHHO M NMOJy4YuM 4YucJICBOH pan L. Bee
yucsaa 3TOrO psja, Kak Jerko BuaeTb, OYAYyT DAas3jHyHB, YTO
HENOCPEACTBEHHO CJedyeT 3 Buga MoOoro uucia N, npuHanie-
Kaulero K pany L, umeHHO ,

s 1 g
Ns=m'r4+gm ”:n_l —}-Zkim‘ (s=12..)
=0 .

%) Cm. aureparypy & paGote [7].
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rpe ky(i==0,1,..)— npousso/bHbie ueane, 0=k =< m—1.
[Mostomy N npunamemm K pagy L, ecau

mr+qm <N<

<m+D)tgm B 1 (36,16)

NpH# KaKOM yrogHo s =1,

HepasenctBa (3,6,16) sBasioTCS HEOOXOAMMBIMA A JOCTa-
TOUHBIMU YCJIOBAAMA NMPHHALICKHOCTA yucia N k psiny L. bBosee
noaApoOHO CBOKCTBA DAOB Tuma L paccMoTpeHs B padorte [7].
HeTpyaHO BaMETHTb, HTO MHOMXECTBO LEJBIX YHCEJ, YAOR/IETBO-
PRIOUIUK YCIOBHSM

N= m <f fREr)Fto<st=mis=12..) (617

rge {—iesoe uuca0, OTJAUYAETCA OT MHOXKECTBA YHCes, olpe-
AejisieMmX HepaseHctBamu (3, 6, 16), Juiub Ha MHOXECTBO MIOT-
HoCTH reomeTpuueckoll nporpeccuu. Ho ycaosus (3,6,17) moryr
6biTk nepenucavsl B opue

in N In [l+ 7 tqm }
r++ —— m——-l . kr-{— m——l)”’s
Inm =S+ Inm

Ot m’),

Apyrumu caosamu, B dopme
N

/
r-+4 —— \
m-—l i .
T In 1+r+ q"n';—\ . (3;6,18)
m—1 /

In

=

Inm

ITocTaBuM Temeps» BOMPOC O YMCJAE MPOCTHIX YuCeN B psajge L.
Tak Kak yCJIOBHE NPHHALIEKHOCTH uyucla N K L ¢ TOYHOCTHIO
10 MHOMECTBA unced, 0Gpasyoiinx reOMeTPIIECcKyo NPOrpeccuio,
ectb ycaosae (3, 6, 18), To onpegeaum gynxuno U (x), N0I0KUB

1 1
1, OéXémIﬂ(l—}—~—-—————)=)€m

r4 ——— qm
0, x0<x<1,
Ulx—+ )= U{x)

Ux)=
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Toraa ycaosue HPUHALJEKHOCTHA YUCIa N & L C TOYHOCTBHIO A0
OUEHbL PEAKOro MHOXECTBA 6y11€T UMETH BUA

- N
|
r+q )

m-—1
inm

== 1,

U
Bocnoabzosabmncs coornowenvenm (3,3,8), noayuaeM Teopemy

2‘ 1np=—»1—ln(l—‘r——-——l—« Inx 4 o(Inx),
; Inm r+ qm -
-1

m

OTKyJa, B YacTHOCTH, cJeayeT GEeCKOHEYHOCTb MPOCTHIX duces
8 pany L. EcTecTBEHHO, uYTO, WCMOAB3YH 33KOH pacrpeaeacHus
NPOCTHX YHCEA € XODOIIMM OCTaTOYHBIM WJISHOM, MBI MOKEM
HafiTy YACAO NPOCTHIX 4YuCea A0 X B paay L ¢ 6OJbIOHR TOUHOCTHIO.
dopmyna (3,6,16) moxer OwTb G6e3 BCAKUX OCAOKHeHHH
3JEMEHTAPHO AOKa3aHa W ANd apupMeTHueckol nporpeccun. Mn
fygeM MMETb TOTAa COOTHOLIEHHE

2 lnpU[ } (D)§U(t)dt1nx+0(1nx)

OTKY4a yxe 6yjer crenosats u Qopmyna

y _ Wp_ 1 L]
Z p '—qo(D)lnmln(l ‘ rt qm)lnx+o(lr1x).
:—‘l(glosde)peL m—1
= ‘ (3,6,19)

Ioxaxem o6oGuienne Qopmyan (3,6,13), #3 Koroporo
HENoCpeACTBeHHO OyaeT cjaenoBath W CooTHomenne (3, 6, 19).
He#icTBUTENBLHO, €CaH Y Z Yo ¥ ©# 0, To oueBngHO, 4TO

Z l(f‘li)t = + 0| —> ’ g == i nlf-nz (3,6,20)

n*E X nom]
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Hanee, 6yzeM uMerh

2 x(n)lnn___Zx(n)l}(n) NP 4L -

nt+it pitit Rt
n=x nsx

x
kh=<—
n

Z X(ﬂ)J\(n)+0(1)zO(l) (3621

nitic
nEx

B CHJY CXOAMMOCTH psga B Jeso# uactu (3,6,21).
CopepuieHHO TaK e Mhbl MoJayqae

Vg (n 1(n) A(n)
y L V@ in % =mx+ tmhm_
nEx din n<x

n)u (n) R
L 2 3L

n=x

<
= YLOED Lo (3622
n=x

B cuay (3,620) wu Toro, qToZlnz—:-—O(x). Conocrasass

n<x

(3,6,21) u (3,6,22), Mm BuAHM, yTO BCerga upa T 08 ¥ #
YLOLW—3q nmx+00)  (36.23)
n‘\“x
0, a£0,

ges t)—-l—— 1, a=0.

3aMeTuM TaKxke, uTo npu T ;‘: 0

nH—n ‘_. nl—rir
n=x n<x

8 cuay (3,6,13). Hdokaxewm, urto sceraa 8(y, ©)==0. Mol Gynen
BMeTh MpEXAS BCEro

Re [3 PRALECEI I ETCI Z z f,i‘lﬁ,(”)]

n=xx n=x

= YAl [1 +Re%’?] =0, (3624)

ey

.
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OTKyla CJAERYET, YTO
(3443 (x, )24 29] x4+ 0(1)=0.
3Haunt, TaK Kak 3(¥% 27)=—1, 0, T0 ¥(y, 7)F# —1,
B NPOTHBHOM CJyuae J€Bas YacTb MOC/EAHEr0 HepaBeHCTBa
6hisa GH oTpuilatejpHOU npu Goabliom x. Takum o6pasom, scerua
yun s WL __ o, (3,6,25)

nitit
n<x

ecau TOJALKO HAR Y 7 Yo WK © 2= 0. OTCl0la yxe HenocpeacTseH-
uo caenyer dopmyaa (3,6,19).



FrTABA 4

9JIEMEHTAPHBIN BbIBOJL 3AKOHA PACTPEIEJEHUS
NPOCTBIX I'AYCCOBBIX YUCEJ. OIHA TEOPEMA
O IOUYTU MPOCTHIX TAYCCOBBIX YUCJAX

§ 1. Beeneuue

B HacTofulefi riaBe MpeArnoJaaraeTcs 3HAKOMCTBO C 3JIEMeEH-
TaMA  apUPMETUKM HEJBIX  KOMILIEKCHBIX  «rayCCOBHIX»,  u-
cen a--bi, roe i*==-—1; a, b — obuudple neasie uncaa. (Cwm.
1o 3TOMY MOBOLY, Hanpumep, kHwxky JI. . [Hnupeasmana [31].)
Cpenn HAX BHIEJAIOTC NPOCTHE raycCOBH YHCHAZ, TaKue,
kak 114, 3, 2i u 1. . Ml uHTEepecyeMcs BONUPOCAMA ACHM-
NTOTHYECKOTO CYETa TayCCOBHIX MPOCTHIX 4MCEX BHYTDH Dpac-
WHUPSAIOIKKCA KOHTYDOB.

Ilns HEKOTOPHIX KOHTYDOB 3TH BOMPOCH CBOASTCA K pac-
CMOTpeHHbIM paHee SJEMEHTAPHBIM MyTeM 3aKOHaM pacrpejene-
HHS MIPOCTHIX 4YdCEN B apu(IMeTHYeCKUxX mporpeccusx (CM. ria. 3).
Tak, 4uC/IO rayccoBblX MPOCTHIX yucea p BHyTpH Kpyra |2 |< R
ACHMNTOTHYECKM pABHO YBOCHMEPEHHOMY 4HCJAY MPOCTHX 4YHCesn
suga x* -+ y?* <R Ora npocrtele uncaa COBMAfalT € yuCcaOM 2
W14 NPOCTHIMA uucaaMu Buja 4z - 1. KoamuectBo Takux uuced,
He MpPeBOCXOAAUMX R% MMEET aCUMITOTHYECKOE BhIpameHUe

R? R
@ InRZE  dTR’

TaK YTO HCKOMOE HaM{d KOJIMYECTBO UMEET aCAMNOTOTUKY
2R
nR’

OpHako B cayuae KOHTypa OOLIEro Buaa BOMPOC He CBOZUTCA
K pacnpeie’eHuio OOGHYHBIX MPOCTHX UYHCes B [MPOrpeccumn.
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DnementapHoe peleHde 3TOro Bonpoca no merony CeanGepra
maHo B 1956 r. WU. B. UYynawoBckum [25]). Mm Gyzem specs
C/e0BaTh €ro H3JOXEHHIO.

Mn Gyaem ynotpebasTh chaenywonive o603HaueHus. Maisima
rpeueckuMu OykBamu (kpome w) GyZeM OG03HauaTh LEJBE rayc-
COBBl uMCJa, GYKBOH & — M06oe KoMIIEKCHOe Yucao (He o6s3a-
TeJALHO Lienoe), GykBaMu p, o, T-— NPOCThie TayCCOBH UHCJA.
CumposoM [§] o603HauuM Leaoe rayccoBO 4HCIO, TAKOE, 4TO

~ Re[§] —%<Re8 << Re[§] —[—-:12—

1

m [§] — 5 < Im& << Im [&] + .

D —ofnactb  Ha MJIOCKOCTH  KOMIJIEKCHOrO  MEPEMEHHOro,
R=max &}, M, — MHOXeCTBO WeJAHX FayCCOBHIX uuCea A,
teD

TakMX, 4TO Ha JuHEM [ cymectByer & ¢ ycaosueM [E]=A;

D
Z = 2} 1. Haxowen, 3HakoM = 000sHauaeM 00aaCTs, oupe-
ANEM;

D
menseMyio Tak: £ - Torma u TOALKO TOrAa, Koraa &v < D;

L L
aHaMOruHO BHAKOM — 0603HauaeM JHHAI TaKywo, 4T0 & =

TOrAa 4 TOJMBKO TOrga, Koraa &v & L.

ByxBamMu ¢y, €3 ¢3... OyaeM o0003HauaTh BelIECTBEHHHIE
HOCTOSIHHELE,

Mur foKaxeM s7eMEHTapHHIM NyTeM CASAYIOILYI0 Teopemy.

Teopema 4. 1. 1 (M. B. Uynanosckutl). Ecau cymecmsyem
aunus L, cgasnas (uau cocmoawas uz O (1) csaznnx wyc-
K08), codepacaman 2paruyy obasacmu D u maxas, #mo
ZL—_‘:BR, mo

2 lnRz +0 (lnR /lnlnR) @11

p€D

OueBugHo, uyTO 6€3 orpaHuyeHdus OOGLIHOCTH MOXHO CUHUTaTh
o6aactb [) cHMMETpUYHOH OTHOCHTEAsHO nosopota Ha 90° (r. e
Tako#t, uto § D Baever i€ D, —8& D, —it & D) Taxott
Mbl ¥ OyZeM cuuTaTh 06aacThb D aas ynoGcrBa paccyxaeHuft.

Cnepyer 3aMeTHTb, YTO C NOMOULBIO TEOPHUH AHANUTHYECKUX
¢GyHkuui (2 AMEHHO uUyTeM NpUMEHeHWs psanoB ['eKKe) MOXHO
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MONYYATh B3aKOH pacChpene/teHns CO 3HAUUTEASHO JydIUM OCTa-
TOUHBIM ufneHOM (cM., Hampumep, KyGumoc [9] IIpaBza, Ky6u-
AI0C [OKA3LIBAET CBOIO TEOPEMy A/ FOMOTETHYECKH DpacCuIUupsio-
HIMXCS KOHTYDOB, HO HETPYIHO YCMOTDEThb, YTO 5TO OrpaHuueHue
SBJIIETCA HECYIIECTBEHHHIM U Jlerko cHuMaetcsl). loxasartenscTso
npu 3TOM TpeGyeT UCMOI>30BaHAS CYETHOrO ducaa pamos I'ekke.
IletiHOCTb ke mpuMeHsemoro sgech meroga A. Cembbepra cocTrout
B €r0 MOJHOK 3JEMEHTapPHOCTH.

Ham monagoburcs ¢yHxuus, KOTOpyl 0003HauuM uepes ¢ ()
U onpepeiuM Tak (mas o = O):

1, ecmn o —opna u3 exnnun (1, i, — 1, — i),
0, eCaM o NeANTCA Ha KBAApaT 4UCAa ¢ MogyaeM > 1,
g(@)= : (+1.2)
(—1)*, ecitn a==p;...p, ¥ NPOCTHE py,...,p, HEAC-
CONBAPOBAHHbIE.

Ir1a yHKUUA UrpaeT [Jd LEABX [3ayCCOBHIX YHCET pOJb,
aHaJIOTHYHYI0 poau ¢ynkunun Mebuyca A UeAbIX PALMOHA/b-
HBIX Yuce/], W 00/1afaeT aHaJOTMYHBIMA CBOHCTBaMu.

§ 2. Heckoabko BcmomorartedbHbIX (opmyda

B npomecce pgokasatesnnCcTBa  TEOPEMBI HaM moTpelyercs
HECKOJBKO BCMIOMOraTe/bHbIX (POPMYJA, KOTOPHE yIOGHEe BHIBECTH
penBapHTENBLHO.

OTMeTuM CHayala HECKOMbKO CBoHcTB dyHKuuun g (2). ITpexae
BCEro, OYeBHIHO, UYTO

Z 4, ecqiu x — OojHa W3 EIUHMI,
u|1q(a)— 0, ecta |x|>1. *2,1)
Hanee,
g __ 1 r _
1 |2| |al“’_1=r2, ‘2‘ ( 2 1+O<ﬁl—» 1@=
=a|=r =<|ej=r 1=pg=<".
lal
1 ]
=77 3 Yot ol Y y)=om
=|v|=r elv I<<|ul=<<r
TaK 4TO
=0 (4.2.2)
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QOueBHAHO TaKKe, YTO

3 g@=0(". (4,2,3)

I=<|a, =<7

[anee, HaM mMOHAaZOOMTCA HECKOABKO (POPMYN C NMPOCTHIMH YHC-
namu. Ilpexae Bcero, o4eBUAHO, YTO

my|= Y oLl (4,2:4)
p, & )
e |
A Tak Kak
Zk In|p|=0(? : (4,2,5)
P,
lekl=r

(310 — npocToe cJAeACTBHE H3BECTHOM CBSI3M MEXAY MPOCTHIMHU
rayccoBbIMM ¥ MPOCTBIMH DAallMOHAJBHBIMH YHCJIaM#, HO MOFJIO Obl
6uiTh JA0Ka3aHO ¥ G€3 CChIIKY Ha NMPOCTHIE PALlUOHAJbHBIE YHC/A),
TO JIErKO BHAETb, YTO

3 =00 (4.2,6)
ek
1eFl=r
IMosTomy
In
Y ompi= ¥ Y lel
t|v[<r I=s[vi<<r p.k
el

o,k 1=<<)vi=<<r
|e¥|=r vip 1p*i=r
_nr? In|p| Injel|\ __
T4 Zk IPEI’+Or - TR/
e 3
THEY fok1=r
__ur’ Injp| 2
e 4 zk‘ lpﬁis +O(r)
P,
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Orciona & w3 %, In|v|==rllnr-4 O(r}) crenyer

l<ivier
¥ ‘““l’,' = 4Inr - O(1) 4.2,7)
p e 7
le® jer '
Tak KaK 2 -ligr—ﬁ-:O(l), TO TaKxe
Io® l<' k=2
‘“P“Pﬁ = 4lnr -+ O(1). (4,2.8)

lel=r

Ham nonapo6stca Takxe (QopMyant

2 1;1\,'!:‘—“1“2"""1"—0(1“ r), (4.2.9)

e

B3N l<r

1<

= 2xlnr-cq+ 0(%). (4.2,10)

B sak/oueHHe JOKaxeM OLEHKY
X 1=B8r(Zi+0n, 4.2,11)
'
cymt. A€My
[p—Aj=r
cnpasexauByo npu r == 1. UMenno ans nocaennelt ouenku cyiue-
CTBEHHO, YTO0H JuHus L Oblna cBasHOH uam coctosaa us O (1)
CBA3HBIX. KyCKOB. MBl nokaweM oueHky (4, 2, 11), cuutas au-
Hilo L CBASHOH.
okasatenncTBO Kpatine npocto. Ecau g TakoBo, 4TO Ccynte-
crByeT ACM; c ycaopuem |p—A|<Ir, TO B CHAY CBA3HOCTH
aunug Lo Hattgerca >>min(Zp, r) umcen NEM; Takux, uto
p— )| << 2r. Hoatomy

) X 1Smin(Z.n Y L
® AEMy ®

cym, A€My |p—N|=<2r cym, A€My

jpo—A)=r jp—Aj=r

C zpyrof#i CTOpDOHH,

> % I=s X 1L

[y NEM . NeMy | P A
cym. A€My —ATy=2r =N |=2r
lo—risr '
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-~

Z <mm(Z r)<r(ZL+r)

cym. AEML
Cop— A=

ITostomy

u ouenka (4,2,11) noxaszaHa. Tem ke cnocoSoM OHa HOKa3H-
BaeTcd ¥ B cJayyae, xorna amuus L coctour u3 O (1) CBA3HHIX
Kyckos. IIpuxoguTcs pacCyxaaTh O KamKIOM KYCKE B OTAe/b-
HOCTH U IOTOM CYMMWDOBATh,

Ws oneHkn (4,2,11) oyesuannim o6pasom caenyer (npu v £ Q)

2 l=p57 |921+0< [—{—1) (4,2,12)
;LE— *€D
a -TaKxe

2 1<t (4,2,13)

Us (4.2,13) u u3 Z; L R crenyer, uto npu |v|<<R
y 1 <lvl B (4)2)14)
My

v
CnenoBaTedbHo, ycaosue, HAaNOXKEHHOE Ha D, BBINTOJHACTCA

D
" 114 DT, a MOTOMY Mbl BIpase OyAeM NPUMEHATH K < opmyanl,
nioayueHHsle ans D. DTuM MH BNOCAEICTBUM 6yIEM MOJh30BATHCA.

§ 8. JloxasateancTeo (opmyabt s Z In*|p| +
pED

+r 2 mlp|lno|
patD

B sToMm maparpade MB ZOKaXeM CJICAYIOULYIO JEMMY.
Nemwma 1. Hmeem mecmo dhopmyara

gy 2 mfplinfs|="2 Y 140w @3n

€ x€D

o
o

P°€D
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KOMOPpYI0 MOJNCHO Kanucams u max

EIH“IPH-;,— Y mjp] Y mfo]=
A

pED lel=VR
4mR

21+0(R’) (4.3,2)

x€D

dxsuBaneHTHOCTh (4,3,1) 1 (4,3,2) BUgHA 43 TOrO, YTO

3 mfefinfsl= X mlpim]s|+ 3 infe|infs|—

P“ED P°€D paED
lel=VR lsl=VR

=2 Ifplinje]=2 X mfe] X Info|+OR)
e lel<sVR - ce—

=<V, |sI<VR

B cuay (4,3,2).
I1g noKasaTenbCTBa eMMbl 1| MOABEPrHEM HEKOTOPHM IMPEos-

pa30BaHUAM CyMMy Zlnﬂ v|, rae a3z 0.
vE %

v£0

C omuoft cropory, B cuay (4,2,4)

zln le_E 2 ln|p|1n|c|

v e— "€ = p.G, R, m

v:,_“() v3£0 pk[v |y

__ lﬂiPllﬂl | Infp|In|s|

= 1= — 5 1

e, % k.m D e, k,m D
Y€ I Yy
V¢0 P-io,
v:{Pk'gm}

(rme {p® , o™ } o3HauaeT Hanmenbluee obmee KpaTHoe uucen p¥, o™
np uyeM BBUAY CHMMETPUYHOCTH 06.1aCTH [ OTHOCUTEIbHO TIOBOPOTA
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Ha 90° GespaznuuyHo, Kakoe M3 YETHPEX HaUMEeHbWUX o6 UX
KpaTHHX noapasyMeBaercs). [lostomy 6aaromaps (4,2,1)

G 2 Inf | ¥ | =

ju FegR
vea—
gt

,2 sw 3 Blell § -

ju-<R e.o.k,m ¢
* {p” ot

= ¥ olelnicl Z Zq(a)— > wlplmfel

p.o.R,m p.o, k,m
*C€ TR m) m} {okam} ep
;z—

C npyro#t cropousl, moab3yacs (4,2,11) u (4,2,9), HAXOIUM

21112[»;,1:‘—;7, > 1n9[%] =IEIT’ Y owmx4
eD oo x€D
v=0 «[3]ep [Z]=
Fle
b 3 (o)
[z}
el 3wl 3 W) -

HIE

= |0

RSP FTRERECIE N
2o ISOH

olin e o (D)
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""T"FZ 2 }nl|s| ?FZ—F!GZDITF

—}—0( Z I—;a—lln(l

",;%: V=

x€ED

[F]

IToacuuThHBaEM

. :Icl(a)lﬂ 2

¢0

Z ln|‘__

[z]=°

D)ol o)

v:,tO
1 q () 2 1 Ynjp|
=7 [a] VP 4
r€Dla|=(x] |z &
0 a0 DS b
v3£0 iy
___12 Z In|p 2 q (o) 2 R
= - - 4 ]_a—F I"P_
*€ e * <ol X
x50 [ pk| <] "“sl;% =] |
S
1 2 2 Injp| 2 q(2) 2 1
T x 4] ok «|? F =
nxeD = le <1\‘ | <'x| fu]
i P lel=| ok b ST R
a0 w20
1

=~ Y6 m|«

|+0) = 16““2 1+ O(R mo (42:4),

(4.2,1) u (4,2,7);
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x
x
[3] #

[ra. 4

=0R)+0( ¥ 1)=0R) mo (422 u @23y

Jaj=R
aZ0
3 seof 3 pml+])-
R
= <la12;ﬁR‘;—‘ ;n I_i_‘ 2| 1;"1_)-—:
a0 [i]io ms——r
=o(Xm 2 % 2 @)=
<€D me=2|x| i
20 lal=—-
—o( 3 3 )= o
’;eilg m=<2]x|
3 so-offir+ wif)=o 3 k-
e | EISR
=O<| =R Jn2m>_—0(m<2R]n?m 2R
#0 M7 = PIES

B urore nonyuaem

Y g@ Y wy =" N 14 ory
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W, 3HauuT, .
, 161
Z ln[plln[o]=-——-;?ﬁz 14 0(RY.
g,a.lz,m r€D
{e*. o™} €D
A TaK Kak
Y mjpimje|=4 Y el
g,c,k,m p€D
{p*.s™} €D

+ Y o] 4O0R)=

£, ¢ HEacCOUMUPOBARMI
po €

N \
=4 Y 1p|+ ¥ InlpfIn|o|+O(R)
€D ,a
f p‘;ED
TO JeMMma 1 noxasaHa.
3ameTuM NOMYTHO, YTO, NPHMEHAS PaCCYHIEHUS HaCTOSLIETO

- \
naparpaga K Cymme 2 In|v| BMecto Z In*|v| (oum co-
ve—g,vio . ve%v:;o

OTBETCTBEHHO YNPOWAIOTCA), Ml MOFH Obl TOAYYATH OLEHKY
(4,2,6) 6e3 ccolakM Ha CBS3b € NPOCTBIMH  DallMOHAJbHBIMA
YUCNAMU. :

§ 4. PexyppeHTHasn OlleHKAa OCTATOYHOrO WieHa

Wz (4,3,1) caenyer
Yinlp|+ Z‘“‘h‘;{;‘;f” o Vi | 4

(132 PUED peD
+4M21n|p1m|ox+m5’lnmm -+
chD

1 VIn|glln|a| R
+41n1e2 mipel P el —

‘B
pseD
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=% 1+O(r§>+o<m1¢2m|p|2 >

+O(T—ﬁ 1n|pa m

1 1 Injpllnje\
+0<ﬁ22% E In|po | >—

lp |;§
=2 21 +0(ir)+olz X )+
€D m=<R
+o(zz 27 X tnol)=
m=<R P
ipals—"—}f
fplz=la]
:
— 3 irofroldr 31 3 e+
€D m=R ol _g
+0(az 2 % o) =% 2 1+ 0(ag)+
m=R §<ipis—1z €
o[z -fi-?)+0<af§e Y w2 ’Tp'fe‘>=
m=R m<R n',; £<|PI$§
=—:— 1—{-0( 2) (vt BocnoabsoBanuch (4,2,5) n (4,2,8))

LIS L TECR) RERIE AR
‘ x€D :
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Orciona (Bsuny npumennmoct# (4,4,1) k oGaactu ic)) cie-

nyert:

Y wp Nmej+; Y ‘“1{1""?11"“' 2 Ino|=

lel<yR" ce[—: 1p‘tlg} °6_
=v21n]c|< 2 mlPH"‘}f 2 %[)=
lo|=R el b '’
: IPIS;’T? ,P::;_/—
= 3 bl Zwleitt 3 )+
VR<|s|=R pe—- 9162
+o( X miol 3 mlolpg 3 St
lo|<VR le|<VR ]P1|p\:1fR ‘
R =
ﬁ;?‘:]ﬂ( Egl+o(l°l m<Rl+l)))m|cl+o(R)
=1 Y (Yt o(Z 1)) mis 4
VR<|s|<R  *€D
rofe 3 w2 Y trome
VR<|s|=<R 1n%<mslnR

=81:R2 1_+_O<Rq 2 -’17-1>+O(R2)=

x€D . m=InR

=RV L o®RmnR)

x€D
(Mu BocnoabzoBatuch (4,2,5), (4,2,12), (4,2,8), (4,2,6)).
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IMonyyaem
I 1 I
Y mfpl ¥ omiel 4 ¥ SO S o=
=<VR D o
PISTR % o 1<V R °E—
81
=2 N 1 L o®RmmR).

*€D
1
Ymuoxas 3Ty CpOpMyJIy IOYJIEHHO Ha T H 3aTEM BBIUKTAadA

ee us (4,3,2), Haxoxnm

zanIPH—4 2 1r1]p|21n[<,‘__E Z mllilll:cltlx

pED =VR
. ! °E—_ ot |<V R
x Y 1n1c|=§:—’321+0(1221n1n12). (4,4,2)
D x€D
GEE

CylecTBenHo, 4T0 B (4, 4,2) K03(hGUUMEHTH TPY BTOPOM H TPETh-

eM ujeHaX JIeBOfl 4acTu HaxXOAATCA, € TOUHOCTBIO [0 3HaKa,

B TAKOM € OTHOIUEHHH APYT K APYTY, KaKk Ko3(phuuueHTs mnpu

MepBOM M BTOPOM uJeHax JeBoH uyactu opmyas (4,4,1).
[Tonoxum tenepp

Zm[p}:%Z 1--G (D), (4,4,3)
peD . x€D
rae G (D) — ocTaTOuHBIH# 4JIeH, BEJMYMHA KOTOPOroO, OGUEBUIHO,
sasucut o1 o6Gaacru D. Iloacrasum (4,4,3) B (4,4,2):

Zlnelp[—-lnRzln]M—zln p[ln 21;"?2‘14_
x€ED

p€D p€D
+InR-G (D) +
Fo(Ymint 3 4)=225Y e oot
pED m<—- +€D '
i
+0( L > 21nR21+lnR Q (D) + O (RY)
m=R Plsg x€D .
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(mb Bocnoab3oBamics (4,2,5,));

Y el EmM—— Y mipl Y14

le I<VR ae-— lp|<VR ’GFD
! D\__ 2 njp|
+ z_mlp\a<9)——n 2 le® 21+
fpl<VR le{<VER =€D

+o(z ¥ ‘{‘p‘\i")+0< Y mm>+
\')p=VR lpl<VR
+ Y mlelo(Z)="2F Y14+ ¥ mppla(Z) +

ol <VR T x&D 1p|<VR ’
-+ O(RY

(cornacno (4,2,12), (4,4,1), (4,2,8), (4,2,5));

Infeliniz| § 2 InfplMini<]
2 e }I;‘“‘“‘—“ PZ Tinfeel Z

13 aE—— xe—
lptl <VR lpv| VR
Injpllnf<] [ __2 Inlpiinic|
+ 2 e A=+ PZ ol i ge | ZG:D I+
1p1]<VR leri<<VR
Injelln|= Inlp{ln]<]|
+O<ZL ; [ptllnfp‘t>+0( 2 In|pt| >+
I p.T
lps]<VR fpti<VR
Inlpllnhl ____g_ Infp[In|x|
+ 2 TInfpr| (P'C> R 2 In{pt| X
[
;m<VR ler|<VR
= Injp|ln|=|
X Z : 1+0<VR 2 In [z | 2 1>+.
m=<_R_ *€D ps VR
e i ler{=VR =y
2 ﬂlP““lTl
+OR) +? Injpt| (m)

P,
et | <VR
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T
.- . msSR  p,t .x€D

ro(yRY 3 R Loy
m= T
Rlprié_‘@
+ 3 o -4 32 3

lm<VR

—4 2 ln[p[—{—O(;t-—l—I](—%R—%——:l—}));bl‘{“

+0(R“)+ Y %‘ a(z)=

[p‘:[g‘;/k_
—B2ORY 2 Y mlpl X1 Y
‘D lp|<VR m=-X D

+o(r ¥ & X %)—}—O(REH—

YVR<m=R R<n<1nR

i S L

- 1p|<VR
ot [=<VR

x¥1to(r 3 mel+o(e Yk ¥ 7‘n>+
€D 19!51’@‘9“““[ "<hf§1n}1??e S

+ ORY+ ,,2 TIP‘TT’G<91> ,Z;HF

lpt|<=VR
o 3 Houms 3 ugtpiog-
a=InR 9'1
S D AT RSP R

Ipr|<

(cornacuo (4,2,12), (4 4,1), (4 2,8) (4,2,9)).
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[Tocae noACTaHOBKHM MOJNYYEHHBIX BBHIpaXEHAR AJd

Y wel Y omig Y miel Y SELUEL S e
D

=R 1pl=<VR D Pt D
el v AN 1ot |=<VR e

B Qopmyay (4,4,2) u cokpauleHnit noaydaercs

wR-GO+ 5 Y mlpla(2)—g Y nlplnltly

_ - In| pt |
leI=VR P
let|=<VR

> G(:%); O(R*InlnR),

T. €
CO==737 3 mlsla(Z)+
P |=VR
b 3 Halllal2) o (cees)
‘\p:lgVﬁ

Orciona HEMOCPeINCTBEHHO CJeAYeT JAeMMa.
Jdemma 2. Jag G(D) cnpasedaiusa pexyppermHas OUeHKQ

1 (D
e <7z O Wlel-|a(T)|+
lpl<VR
Injelln]<] D
+1b]nR Z In|pt) <1:>
Ha stoft pexyppeHTHOR OIleHKe B COUYETaHHM € pacCyKie-

1pri<VR
HUAIMH CJIefyoulero naparpaga u GyZeT OCHOBAHO [0Ka3aTess-
CTBO 3aKOHA paclpedeneHusi MPOCTHX rayCCOBHX UHCE!L

Relnin R\
+o(ERFR). @aw

D
§ 5. «OcTpoBKu» ¢ MaabIMH 3Ha‘lEHHﬂMHIG<~V->|

Hawa samaua ceftuac — yGeantbcsi, B TOM, 4TO B Kpyre
|&] =< R cyuiecTsyeT 40CTaTOUHO GOJbLUIOE KOAWYECTBO AOCTATOY-
HO GOJILLINX KPYKKOB, TaKuX, YTO A9 HaXOAAULUXCA B HUX

D
v|Q = )| AoCTATOUHO MalL.



114 MIPOCTWE ¥ TIOYTH NPOCTHE FAYCCOBB UHCJA [ra. 4

. D
Ilng sTOro ‘CHauama OUEHHM CYMMY G V—), rie 1 <

z<|vi=y
< z< ¥y =< R; HauHeM C CyMMH 2 G(@);
I=|vi=y
D\ __
2 G(v 2 <Zmlpl——2 )=
l=<jv|=<y I=<<|vi=<y xe D
- Z nip| L —-—1_1:- 2 VE i +O\]Tl>+
lpI=R t=|v|=<y l=|v|<y 1€D
D
€7
+0(1)>=2 lnlp]- 0¥+ mlp| Y1
e 5;3 ;R<IplsR ye?
¥v£0

Y ,VI—PEIJI+0(zLy)+O(y*)= Y mlplx

t=pri=y =€ ReipI=rR
y
X (17 3 1 0[5+ 0 ey P10 (RY=
x€D *€D
=41ny21—|—0(R2)——41r1y21—{—O(R“)——-:O(RQ)
x€D x€D

(10 (4,4,3), (4:2,12), (4,:2,10), (4,2,5), (4,5,8) u (4,2,6)).

A torza m
a(2)=o®y. (45.1)
e<|v|=y

Ianee HaM MOHanOOUTCS oOueHka pasHocty G (TD) — G<p
Mycrs |v|<<R, |p|<<R min(|v||p|)=h =u nycrs
ofi1acth A——-*—}-D Vcnosue, nHanoxenHoe Ha D, cnpasennu-

)

*

D
BO€ Inas ~ u g—, 6y,ae1‘, KdK JIETKO BUAETH, CNPABCAAUBO H AJd
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A. TloatoMy Ko BCeM 3TUM TPeM 06.1acTaM NpUMEHMMa GOpMya
4,4,1), a Takwe H K A—IT) H K A-—-%. J%E]

Y omei=z X i—3 X R

D D P9
PGA—';' 2 €A——

v chA—-?
R2
it o)
n 7{—}-1
caenyer
4
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4 R?
<2 1-|—o( = ,
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—D
xe-‘:
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x €A
€2
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Ho nerxo suzers, uto ecan ’E =~ n E—E_ , TO CYILECTBY-

er 516 = Takoe, uto [§—§|<R ”Tzwt ] (LIOCTaTO'{HO B3STh

=D
E%), a TaKxke EQE—}: Takoe, uto |§—§&l=C R“J;M

3

v
( CTaTOYHO B3ATh §g==§ — | AHaJOruHo OGCTOMT Aeno mpu
<

w/
, —é [Tpumenas ouenkn (4,2,11) u (4,2,13) « ZII—’
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=0
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xE—~ x?
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-+ W. (4,5,2)
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|0()— o)l <%+
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| 2 aB)l= X |l

z<|v|=y vy

— (4,5,3)
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Orcioaa BHOHO, 4YTO MOXHO Tak nonoGparb NOCTOSIHHLIE €3 H

ce(cs >0, ¢4 > 05, YTO [pH BBHINOJHEHHU YCAOBUH 2 >%‘ , V<<

|o2)

§
<< Re
Hrak, HepaBeHCTBO BHIIOAHAETCA B OGOMX C/ydasx.
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19 12
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§ 6] AOKASATE/NBbCTBO TECPEMH 11y

Mz (4,54), (455) 1 us|v|= I(udo]v-—vo]<_j—l
caenyer

N

_cgtey
Nemma 3. Ecau u>s > 3+ s,u<Re S mo

Halidemes vy (u <|vo| = ue —s—) makoe, wmo npu |v—v,|<g

SV
é-—————tc()! 6ydem B8bNOAHEHO HEPABEHCIBO
8

|0(2)| <375 (456)
§ 6. JlokasaTeabCTBO TeOpeMbL
Jeuma 4.
G(D)-—O< R ) (4,6,1)
Violg/ .

IoxasniBateh Aemmy Oyaem nmo uHaykuuu. Ilycte R== Ry =
= 300; nonycruy, uro npu seexv(l < [v|<VR)

D' BR® BR?
lG(v\')\é ]vl2f/1nlnl—§—l é\v‘zvm (4.6.2)

(rze B=1)
QuesuHO BOOSLIE, YTO G<Q> < R re ‘ ( >
v !V ‘2 ’
[Tpou3BOJBHYIO MOCTOAHHYIO ¢y IPUPaBHsieM K ¢y Cunras Bbl['lOJl-
HEHHBbIM HCPABEHCTBO

CeR

B
—— = (
3 —= <= (9,
9y Inln VR,
noJoxKuM B Jemme 3
B

9 ?/"ln n V&

§=



120 NPOCTHIE W [OYTH [POCTBIE FAYCCOBBl HYUC/IA [ra. 4

sln slnay\ )
Yucaa u, <O = n=< "ZZE — —-——c—-"— | onpeienHM Tak:
: 1 1

/

DB,

3 grT——mT
Up=9¢ Y Inln YR T —————
9, Vinln VR

ney g
U, ==upe $ <TaK yTo u,e __-u,m}
pu
angt_.:st_s_ﬂ_ﬁ‘.o__l
2¢4 4
U npu

3
18¢4 l//lnln VRy<<nR,

cetcy
8

Cs es +1 -
ycnosus u, > < Un >2 j S,u,<<Re 6yAyT BLIMOJ-
4

HEeHHl, U 0O JemMme 3 Haitxercs v, , (nn<;v0,n,"<un+1) raKoe,
YTO A7 BCEX v, YIOBJETBOPRIOWMN  YCAOBHIO |V — v, , | <<

<5—%"1|, 6VAeT UMEThb MECTO HEDABCHLTBO
2 2

B

21veY 1nln VR

B cuny (4.4,4), (4.6,2), (4.6,3), (4.4,1) Gyzer:
oDl<= e Y lel|a(Z)|+

(4,6,3)

P/
lp1=<|VR
1 Infpjln|=| {R’InIn R
T R 2 et ] \p:)JVO TTha oS
13
lpt|=VR

BR Rinlp|inix|
é41111133;/1r11n VE( Z fel* lnlpH— Z !Ptlglnm)

lpl=VR !p1<VR
ciEs (Y
8WmRYInln YR, ~ : be I¥
O=mn=t  ap<ipl=upypg
vaoﬂl
le~vo,ni=-

Cg
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1 , Injp|Injtt RannR)
+7 2> e T Ol SR R <
T
un<p”~\$un+]
S“"O,nl

19—, 15—

B
= R—~————( ‘lﬂlpl Zl—i—
410 R /lnln]/RI “

p]E
1§ Injp|ln|t| Z \
TT 2 Tnle )
[ m= R
e | <VR M=
2
_ BR Y . I( > mip|+
$inR Vinln YR (&=, %on up<iplZag g
S“’On!
|P—"O,n1<

€3
1 ln|p|1r1|-cf) [R*Inln R
+4 Z In|pt| +O( In R >_—
K
un<[ptplsu,,+1

Sivpnl
——

=y al=" g

— BR
41n R3‘/Ln in VR

x X X wlel+g Y )
m=R p.\l/“ e

lprl=
. BR v 1
1810R VinIn VR g,

4 [ Voo | R lnton R
x(z X dolgm))rolSa).

Iln<fﬂ$un+l
s1vp py

Bl

o, |*

11—\:0” =<

Cg
8 v
{ Oynl g \ ;vn I

8

Tak Kak TO, OUEBWIHO, -

? 1>M+O(s|v0n[) 0< eyl 1)

Uy <|"l<un+l e

S]vo n,
]x-—vo'n]< ..
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[Tpono/mkaem:

|G| < BR

4mR%/ Tl g X

57 5 o))

R

<)/ E
"8I ﬁ;%fogs,(%%sg + O( IVosml>+
o)+ B =y

T 93 1n2205?/R1: Itn VR + 181n RS%%—V_?TX

Xo{ 3, s+ olFRpA =y

0=n=t¢
c1,B'R? Rilnu, /R? Inln R\
T 8561c,c3(ln In V??—)“‘+ < In R >+ O\ In R )

Ho us onpepenenus u, BUIHO, 4TO
1,=9¢s Y 1nln V R + O ().
[TosToMy Hamy BBEIYHC/JAEHHA AAIOT
BR2 cmB‘Rﬂ /R In ll’lR
3/ + ) inR >-
Inln VR 656104cb(m In VR)3

| G(D)| <<

Ilpu R,== ¢y 6yner, caenoBarTelbHo,

BR2 ClgBng BRZ
1Dy <

——— =
nln V R (ln I Vﬁ)% 3/ Inln R

BR2 oBiR2
-+ bR e Gisll'R 3 (19 >0, ¢;3>0).
(mn YV R)? (VRS

4
[Tpn 33>T::—0'rcroz1a C/eLyeT, HaKoHel,

BR?
laD) =55
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TMonGepem Teneps aaa B, R, MOCTOSHHHE 3HAUEHHS TaK, 4TOOW
BBIMOJIHAMUCE YCAOBAS

B> 1 Bs> Cu Ro 300: Ro?cll’ 1866::/“1 In V—l—?;<
<R,

P B _ <o,
Y IR, 9% Intn VR,

OueBugno, uto 310 MOXHO caenate. [Ipn R<C R, toraa G6yner

BR? BR?
< R*<< <
| G(D)| << 6R* << 3'/ In In R, 3[/ InlnR*

CornacHo  HalluM  BHUYACJEHWsM, HepaseHCTBO | G(D)| <<
2
< BR
Y Inin R

(6o w3 R<<R, V2 u |v|>1 creayer l—‘%gRo, U L

GymeT TOrAa CTpaBefuBO0 u 0pu R<IR, }V 3

‘G (—?—)( HEDABEHCTRO BHIMIOJHSETCH). A TOrIa OHO CMPaBeaauBO

u npn R=<2R, a sHauut, ¥ npy R<C2R, yV'9 u 1. A4, Cle-
pomateabHo, npu mo6om R. Tax Kak B nocrosHHOe, TO JeMMa

4 poxasana.
M3 nemmbl 4 Hama Teopema CaAEAYET HenocpeacTseHno. [eft-

CTBHUTEJBHO,

Y=g Ynlel+ o Inf=-2r it

peD pED p€D x€D
G (D) 1y 2
‘l“lnR‘l*O(mRZ ‘E)"nmRZl‘l‘
peD _ R €D
m=R
lel | )
+0(1“R?/1“1“R + lansRm ® RmeGD *
lel=—
R? R? 1
Ry iR lansRmaln (i;-—{-l)
2 \ R?
= 1 —_— )
T‘lﬂl'?xgl-) _0<1nR3/ nin R/’

4 TeopeMa A0Ka3ana.
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§ 7. Oxna TeopemMa 0 MOYTH OPOCTHIX FayCcCOBHIX uHCAAX

ITourn npocTeiMy M 6YIEM Ha3bIBATh UUC/AA, UMEIOUIHE JIHLIb
OrpaHMYeHHOe 4YKCJA0 pAeduTenedl. ITH 4ucCjaa, TakuM 06pason,
1puGANIKAITCd MO CBOUM cBOHCTBRAM K ApocToiM uucaaMm. Hau-
Bosee O6aM3KUMH HO CBOMM CBOHCTBAM K MPOCTHIM 4MCAaM eCTecT-
BEHHO CYWTaThb UMCaAa Buaa pp’, rae p, p’ — IpPOCThle YHCIa.

Mertonamn ri. 5 MOXKHO BHIBECTH, YTO HEMPUBOIWMHIE 1EA0-
QUCAEHHbIE TOJIHHOMB GECKOHEYHO MHOMO Pas MPUHUMAIOT I10YTH
MPOCTHIE 3HAUEHUSA; NMPHHUMAOT AU OHH GECKOHEYHO MHOro, pas
NPOCTHIE 3HAYeHUs, A0 CUX TMOp HEU3BECTHO.

B u4acTHOCTH, HEA3BECTHO, CYLWIECTBYET MU GECKOHEUHO MHO-
ro MpoCTHIX uyHcea Buza p==x’-- 1.

OueBnaHO, 3TO PABHOCUJBHO BOMNPOCY O TOM, CYUIECTBYET
an  GecKOHEUHO MHOTO TayCCOBHIX MPOCTHIX  4uUCeA BUAA
X -1

[IpuGimixenueM K 3TOMy BOMPOCY SBJISETCA BOMPOC O cy
UIECTBOBAHUA rayCCOBBIX NPOCTHX uuCes Buaa X --1iy, rue |y | =<
< ¢(x), u opu X — o0 & (X) — MeANeHHO Bo3pacTaolilan QyHK-
unst. Tax, HEIJeMEHTapHHIMM aHAAUTHUECKAMU CpeacTBamu (Tpu-

HuMas runoresy Pumana gpas psgos I'exke noas k(l/f—l))

MOXKHO [10Ka3aTh, 4YTO CYUIECTBYET 6eCKOHEYHO MHOro MPOCTHIX
3

yyuceJa yKasaHsHoro Bmie Buga ¢ ¢(x)== O((Inx)?). Ecau Bme-
CTO NPOCTHX rayCCOBHX YWCED PacCMATPHUBAaTh MOYTH APOCTHE
yucna Buma pp’. rae p. pf — MpocThe udcaa [aycca, TO MOKHO
COBEPILEHHO 3JEMEHTAPHO [0Ka33aTh O HHUX TEOpeMy [0A06HOrO
rana (cm. WM. T, KyGumoc, 0. B. Jlunnux [10]).

Teopema 4.7.1 (M. IN. Ky6umoc. 10. B. Jlnunuk). Cyue-
cmeyem OeCilOHeEHO MHO20 NP NPOCHILLX 4licea py, marxux,

Ymo
= X*~y*, 4.7.1)

y=0 (IlnX). 4,7.2)

20e

Ona [OKasaresbcTBAa PacCMOTPUM  KOJABUO V§<524<R
Ha KOMILIEKCHOH MJOCKOCTH rayccoBnix uucesa. Koauuecrso mnpo-

CTHIX TayCCOBBIX UUCEA P nozx yenosuem ) R<|p|< R 6yner
B 3TOM KDYre He MeHee ¢ (CM § 1 oro#t rmasw, rae geno
CBOZHTCA K TOACYETY npocmx aices p==1 (mod 4); p< RY.



§ 7] oaHA TECPEMA O HOYTH MNPOCTBIX TFAYCCOBBIX 4YHCAAX [25

Y KaxIOro Takoro 4acaa p; OTMETHM |p;|==r; W arCp;==c¢;.
OueBnaHO, HaltoyTcs no KpalHed Mepe 1aBa uncaa Pj, 4 p;

B HalUIEM Kpyre Takue, 4To

2 In R
arcp; — | =|arc 2 | =B ==,
|arcp; —arcp; | l ” B
CoctaBuym uncio p; p—fl' Hneem
N InR - ;
arcps, p; =B 75 ey, p,|=BR.

Takum o6pasoM,
b, P, =X-+1ly, y=BlR=BhJ

v‘{TO W AOKAa3bIBACT HAlly TEODEMY.



TJTABA 5
PEHIETO 3PATOC®EHA

[Tpunuun <peiteras 3parocdeHa GBI U3BECTEH €lle 10
namie#t spel. MM moab30BaanCh A NMOACYETa KOJMUECTBA MPO-
CTHIX uucesn B 3afianHoM uHTepsaste. B 1919 r, Barro Bpyu [33]
u B 1946 r. Arae CemsGepr [45] npeanoxunu HOBhE (OPMH
9TOr0 METONa AJA OLEHKH YUCAa TNPOCTHIX YUCEeN B ABYX OCHe-
JORATEJbHOCTAX Cpasy. ManoxeHuio 3THX SJEMEHTaPHHX MNPHH-
nunoB ¥ GYyAYT MOCBSUICHH . 8 u 6.

§ 1. <«/ipoiinoe mpsamoyroJibHOe pemeTo»

IMpexae uyem wusnarate uaen B. Bpyna, nosnakomuMcs Ha
KOHKPETHOM MpuMepe ¢ BuoM aBoHHoro peutera. CnoBo <«aBoH-
Hoe» OYZET O3HayaTb B JajdbHeHllieM, YTO METOA «peLlera» npu-
MEHAeTCH Cpasy K JABYM TMOC/AeN0BAaTeIbHOCTAM. B kauecrse
BLIIIEYTIOMSIHYTOrO TIpUMEPa AOKaXeM CJEAYIOULYI0 TeOpeMy.

Teopewmad. 1. 1. Pro, cocmasaennslii u3 oGpamunsx 8eau-
YIH «CAU3HEYOB», CXOOUMCAL. )

Iycrte =, (x) o3HauaeT uWcaO mnap dnnsneuos, Kaxauh u3
KOTODHIX He mpesocxoauT X. Wines nokasateancrBa Gyner cocro-
ATb B MOJYUYEHUH HETPUBHAJNBLHOH OLEHKH CBEpPXy AJad Ty (X).
Tlocne sTOrO yYacTHLIM CYMMHpPOBaHHEM JETKO TOJAYYaeTcs Teo-
pemad. 1. 1,

Mmu Haynem ¢ noxasarenbcTBa Teopemsl 5. 1.2,

Teopema 5.1.2. fas =, (x) npu x>Xx, 8epHa oyexra

6,1,1)

20e ¢, Xy— NOAOICUMENBHbE QOCOANOMHBLE NOCMOSIHKDLE,
Bynem «BbiceuBaThb» BCE UNC/Z B [1OCJAER0BATENLHOCTH &,
=n(n -4 2), KOTOpHE ACAATCA XOTH Gl Ha OLHO NPOCTOE YHCAO
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=2z, rae z<Vx, n=<<x. O6osHauuM uepe3 R npouzseseHue
BCEX NpPOCTHX uucen=<z Ecau Mb B MeTone «peuieras oCTa-
HOBUMCS Ha UYETHOM wmare 2Z, TO MOJY4YHM HEPAaBEHCTBO

m(x)<x~2 pIRE D YD I T

Rpla, P1Pzi R pip2iay,

R > . (5.1,2)

Pr...Papl R p1...pepla,

INpn sTOM uucia 2 W & noxa mnpoussoasuuie. Mx Beayunnamu
MBl pacmopsaMMcs B JajdbHeHuieM. B Kaxao#l n3  HapyKHBIX
cymm B (5,1,2) wucaa py...p; (1 <</=<2Fk) cuurawrcs TOMBKO
OIUH pas.

IMycre d=pypy...pp p(@)#£0, d=1 (mod2). Beruucaum
CYMMy

.s,,__ 3L (5,1,3)

dla,
Cymma (5,1,3) paBua uucny pelieHn# cpasHeHUs
n (n+2)=0 (modd), A 5,1.4)

a4 UNCJAO peleHnd 5TOro CpaBHEHHR PaBHO UNCJAY peIleHMH
© (d) cucrem

n=0 (mod d,), } 5.15)

n+2=0 (mod d,),

did,=—d. Ho ecan n<<x, 10 uyucao pewenni cucremm (5,1,4)
paBHO

76 [8]<<1
W, CAENOBATENBHO, YHCJO pelleHuf (5, 1, 4) pasiuio

XD 4 e@)  (o<1)
nan

Si=x20 L6 (). (5,1,6)

Ecin ke d==0(mod2), To S, Gyzer pasHo uucay pemeﬂuu
CpaBHeHus

m(m-{—l)—EO(mod-;—) (ms %)'
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d aHaJIOrUYyHO NpenbpiAyuleMy nojgydaem

S —xr<%>+ec(i> (3.1,7)
a=*"y z): b

Us pasenctra (5,1,6) u (5,1,7) Mpl MOMXEM B3aKJIOUHTb, 4TO
BCeraa

" (d
Sdzxr(g)

467 (d), (5,1,8)

rae )
t(d), eciun d=1(mod'2),

' (d) =
v (d) 1<g—>, ecan d==0(mod 2). (5,1,9)

[Toncrasnm ouenky (5,1,8) B npasyiw uacts (5,1,2):

ﬂsz(x)<x( 5"<m+ 2 v (pips)

P1pP2
DI R pipe ' R

-+ Z R‘ P ”2’”)+Z B+ Y o)+

o P2p
.« Pog! pip2y R

ok Z Py pa). (5,1,10)

P1.. . Pyp! R

\
Ho cymma Z v (py...p,) HE NPEBOCXOAUT BEAAUUHHL
J SN pr ' R

n” (2
2’ qu: (2) < 2’-—‘—".(! ).
Cnepnosarennsho,

Yo+ Y Yt
piR

pp2! R

4 Y e <o) Y Lo G

1+.-Pyp R r=2k
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Jlns 3aBEpIUEHM OUEHKH wg(X) Mbl elle LO/KHbI OLUEHHTH
CyMMy :
. Z ¥ (Ps. . Prrsr)

R Pr.--Poksr
R TRl _
+ 2 f_ﬁi;ﬁifﬁ.‘-’_)_;__“=7‘2k’ (5,1,12)
, : 'R Pr.. . Popye
1eoa

?
%+ 2
xoropad gonoquser nepsbi ured B (5,1,10) xo npoussesenns

h—5) I (1=2) (5,1,13)

3=p=<z

Has ouenku cymmu (5,1,12) BOCMO/IB3yeMCA HEPaBEHCTBOM

(2 1>r
l = p
<< =z
Pi...Pr r!
pl...pr!R

OHO 10BOJILHO IIpOCTO JAOKAa3bIBAETCA MO HUHAYKIHA. Ho wu3-

BECTHO, 4TO
1
—=Inlnz—+c.
22 +

p=z
Hoaromy Mbl MOXEM 3amnucaTtb

y 1 < (Ininz ¢y
- Pi...D, r! .
plu-p,lR

Ha ochHoBauuu 3TOH OLEHKH MBI 3aKJawuaeM, 4YTo abCcoJoTHAR
sequunHa (5,1,12) ne Goabiie CyMMbl

21Inlnz + 2c)

r! '

(6,1,14)
r=2k+1

[IpumenuM K 3TOH CYyMME U3BECTHYIO OUEHKY
">(e)
e
u yBuaum, uro (5,1,14) ne Oogbuie CyMMB
2e¢ In In z - 2ec >’

r
r=2%k+1
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[Monoxum Tenepp k£ =2¢Inlnz--2ec; OKOHYATENHHO HAXOLHM,
uto (5,1,12) He npPeBOCXOANT BEJAMUMHKI

2—‘2k
<1n4z'
YuprhiBas 9Ty OUEHKY, MOJAYYHM, HTO

N T(ppe) TPy Pop)
i QP+V—— D Db

o pr Y 5]
PR pips | R ' Pi... P2l R bak
r(d T (p) 1
= Y@ P ra= ][ =)+ 5
d| R p==z

Y 2 1
=z Il '—3)++=
d=p=z

Moncrasasas 31y OueHKy u ouenky (5,1,11) B npasyo uacts
{5,1,10), natizem

ng(x)<§]](1 — 2V (L5

P
p=3

s toro uTOGH BBIMOJIHANOCH HEPABEHCTBO

2k X
= (2) < Intz >’
1

AOCTATOMHO MOMOWUTh z==Xx?*. YuuTwBas tenepb, 4to

/ 2 ¢
1 — = —,
\ p><ln“z

3==p==z

rae  ¢p >0 -— abcomoTHas MOCTOAHHAas, MbBl N3 HEPABEHCTBA
(5,1,18) noayuaem

75 (X) < ¢ 455 (Inln xR

ITOH OLEHKR yxe AOCTaTOYHO [Js [OKa3aTe/abCTBA TEODEMBbl
5.1.1.

Iro pewero OHAO HA3BAHO <«MPSIMOYTOJBHBIM», MOTOMY 4YTO
Mbl Ha BCexX 2% 114arax noJb30Ba/JquCh HEH3MEHHBIM KOJAUECTBOM
NPOCTBIX UKCeJ O/ BHICEUBAHHUS, paBHHM w(2). B caenywouwen
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naparpage Oymer usntomeH Merox B. Bpyna, xorTophi#l MOxHO
6p130 OBl HA3BATb <ABOHWBIM TPEYrOJbHBIM DELIETOM», TaK Kak
TaM ¢ YBEJAMYEHUEM UYHMCJAd IUaroB B DEIUeTe KOJAUYECTBO HCMOJb-
3yeMBIX UHCEJ YMEHbIIaeTCH.

§ 2. Pemero Burro Bpyna

B 1919 r. Burro BpyH npeanoxua ciaeaywowuft Meron pe-
mweta. ITycts naM 1aHa apudmernueckas nporpeccus

AAED, AR20,... (D, =1 0A<TD) G20
W M0CJAEI0BATEILHOCTh Pas3/INUABIX MPOCTHIX Uuces
Py Pe-or Py
¢ ABYMS CepusiMi UX BBI'ETOR COOTBETCTBEHHO
Qy, Qy Qg ..., a,, O0=a;<<p;
by, by by..., b, 0=Z0,<p,

Il1s mpoCTOTH H3JOKEeHWs B nagpHelmiem Mbl OyaeMm npeamno-
Jarate, 4T0 @; 7 b;. Hazo nccaenosaTp KOJHYECTBO UHCEJ NPO-
rpeccunt (5,2,1), KOTOpHe =ZX W OTJIMUHLL OT BCEX UHCEa BUAA

hpi+-a;,  Ap; b
3o xkoauuectso B. Bpyn o6ossauaer cumBosoM
P@A, D, x; aibypyy agbeps; ... 5 ab,p,)
uan, TaKk Kaxk ouenku B. Bpywa He 3asucat or 4, aq;, &, 10
9TOT CHMBOJ MOXHO YNPOCTHTb!
P(D’ X5 Py Paseses pr)‘

Ilna  BbiBO#A pEKYpPPEHTHOH (OPMyJAb 3TOrO  KOJHUYecTsa
3ameTuM, uto unciaa (5,2,1), monaaalwilne B MPOrpeccuio

)‘pr + a,
CHOBA 06paayt0T apldcpMETV!‘-lEBCKny nporpeccuo

)‘Dpr-{_ Ar’ Ar <prD’ ’ (5232)

rae A, jerxo onpepesnts. Te ke uucna (5,2,1), Koropeie 1o-
nam 8 (5,2,2), HO HeupeACTaBUMBK B BUIE

hpit-a, kit b;
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npn l=Ci<Cr—1, cymecrsyT B KOJNYECTBE

P, Dp, x5 aybips; o 5 apab,_{p,y).
AHazornyHOE pacCyxjeHue nposeneM aas uucea us (5,2,1), npen-
CTaBUMBIX Kak

Ap, b,
B pesyasraTe Hawe Koaunuectso (A) Oyaer pasHO
P, D, x5 aibypy; .. 5 apyboap.y)-—
— P, Dp, x; atbypys .. 5 a,_b,_p, ) —
— P4, Dp,, x; atbypy; .. ;5 a, b, p, )

nan, B 60Jiee KOPOTKOH 3anucy,
P(D, x, pi, Poy ++ s D)=
=P(D, % pr-eos )= POpp X pes ) (5,23)
rae (2) npm BTOpPOM UJEHE CUMBOJUSMDYET CYMMY [IBYX OJHO-
TANHHX BeJuunH. B panbHedueM Mbl OyJeM [M0JAb30BAaThbCH Ta-
KAMHM CHMBO/JMYECKUMH KO3(DOUUMECHTAMA LIS YODOIUEHUS 3aM1CcH.
W3 dopmyasr (5,2,3) BHBOLUM

PD, %, i ... » p)=P(D, x)—(2) P(Dpy, x)—

~ @ P(Dpy x, p)— 2P (Dps, %; p1, p)) — ... —

— Q)P (Dp, X5 Pis--s Pry) (5,2,4)

Ko Bcem unenam npasoit yactu npumeHum gopmyay (5,2,4):

PD, %, Py p)=PD, x)— @) X P(Dpar %)+

o=r

r
2 9 .
+(2) ZJ Z p(Dpap(y X5 P1seees Pﬁ_l).
e=13<ua
Ecau BbIépOCI/ITb qaCTb YJEHOB M3 IBOHHOH CyMMBl, TO B CHJY
HX HeOTpuuarebRoCTH NOJyUnM

P(D, x, P, P)=PD, )—(2) 3} P(Dp, %)+

o= r

+ (@) BN @ppy 55 P by (528)

rle © — HEKOTOPas 06JacTh CyMMMPOBAHHA o, B, UEIMKOM BXO-
asmas 8 1< B8<as=cr.
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IycTs  tenepe r==ry >r >ry >... >, =1 - uease
YUCA3, TOYHBIMH 3HAYEHHAMH KOTODHIX DACNOPSANMCH B AaJb-
nefileM. 7

Torza, nosropsisi npouecc ¢ npumeHenueMm Qopmyrst (5,2,4)
n BhIOpachiBad U3 KaXcIOH UYETHOH CYyMMHbl YaCTb WIEHOB, MTOYUYUM

P(D, % p--vs p)Z=PD, ) — (@) X P(Dpa 5+
+@) X 2 PDpp, ©)—

a=ri=<nr;

8> e

—@) 2 2 X PDppp, 0+

a=rf=riy<n
a>B> 7

+@H X 2 X
axrf=riy <<
a>f>y

P{Dp.ppps X)—...
rd=ry v
>3

I L N T Y

@) X X PO X

e=<<r A=r

—w 308 b0 s an
o >E> oo A ﬂ> ?

P(d, x) eCtb 4nCAO 4JCHOB apudMETHUYECKOH mnporpeccuu

¢ pasHoCTbio d 1 HauyaasHEIM wieHoM A < d, He NPEBOCXOAMIINK X,
[Mostomy

P(d, x)=§+e, 6] << 1.

i

= X
Ecaa 8 (5,2,6) xawanit u3 P(d, x) sameHurs Ha YE
104y4uM -oWubKy R, HE NMPEBOCXOAAUlYI0 KOJUYECTBA BCEX CJa-
raeMeIx ¢ yuerom koaddpuuuentor 2. ITostomy

PD, % Py .. p,)>.%—<1—2 ¥ ?1;_;_

TO

e=r

+2 Y ¥ Tullﬁj_'“_

oy Krog=<r

@y > ag
: . 1
g V- Z ) —R (5,2,7)
sl pa‘pus Py
2 = 0'2'14—1 < rr; 2”—{—1
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OLKEBHHHO, Y4TO BCE 3TW UWICHH B TOJABKO HX MOAYYUM Cpean
TE€X YJEHOB MPOU3BEACHUA

0‘1‘2’0 Pa, 542?"1 "2 “%‘\:"1 paa
..(1-— y 2 )(1—- b} —_'—2——~), (5,2,8)
, \ L
“QnS’npaZn L1 =7y p“2n+l

JUIS KOTOPHIX
ay >y > >, (3,2,9)
CrenoBaTebHo, KOMUYECTBO UX He $OJblIe yeM

Q=2ry+ 1)@r -+ D*...2r, -+ 1)} (5,2,10)
4, TakuM 06pasou,

IRI<Q.

Ilycte cymma unenos (5,2,8) ¢ ycnomruwem (5,2,9) Oyzmer E
Toraa Mm MoxeMm mnepenucats (5,2,7) B Buae

: P(D, x, pl,...,p,)>%E———R.

Cofepem otaeanHo cJaaraemsle E MO URCAy MHOXKHUTEJeH Tak,
yro E Gymer 06o3HauaTh i-KpaTHOE CYMMHDOBAHHE:

E=1—FEW LE® __ L pn __ gl (5911)
1
[ Boiuncaenne E upowasosutcs no crynensy. Ilycrs E, Ccyuma
BCex uaeHoB ua (5,2,8), VHAEKCH KOTOPHX HE TOJbKO YIOBJET-
sopsior ycaosuio (5,2,9), Ho BCe >7,. DTO BOIMONKHO TOJBKO
A7SL TIEPBBIX 2M — 1 UHAEKCOB 0y, Oy, .., %y, 1O YCJAOBUAM
MOCTPOEHUS: 04 =1 f), Qg=<Iy, Og=<ly, Hp=Clo, Ag<iTa...,
Tom == Ty Qoo == e Ml CHOBa MOKeM colpaTh WX 10 KpaTt-
HOCTH CYMM H HanuCath

Ep=1—Ey +Eq — . +E ™2 —EZ" ™" (5.2.12)

Jra cymMa sXodur B E, u Kaxa0e U3 € C/Iaraempix Ey ecth
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yacth caaraemoro E'Y, Hanpumep,

E(ﬁ) = 9 ——;
y Z palpaq
LIRS ro ag = 7y

>

F2 — 92 V ) N
m — v' yd .
i p!Z'p’l,n
a1 = rU 2y =7y -
oy > fm, Gy > r
2> 0

B stux ofosHauenuax E=EFE, ..

Jdnaa nepexona oT E,, x E, ., BBEIEM 3JEMEHTAPHHE CUM-

MeTpuUeCKue Cl.)yHKIJ.VII/I BE&/JINYUH

2 2 2
, veees (rmu < 1) (5,2,13)
p"m—{—l"" prm+|-—E—2 p"m
H. 00603HaYUM uX uepes S“’+ b S(f?l)_,_ T S,n +1, TaK HTO

==V — ;i )
Awnanoruuno (5,2,12) namuuiem

0O 2m) 2m - 1
Epay=1—EY  +EY  —. L EY, —EWmA D,

Em+1 CTPOUTCA W3 UJEHOB, Y KOTOPHX [MepBHe { UHIEKCOB
> Iy OTO JaET Takue BO3IMOXKHOCTH:

1) Bce { uHmekcoB He OOJbIIE r,; CyMMa 3TUX UJEHOB
pasHa S(r,lz)_i_ 1

2) Tonbko mepBHN WUHEEKC >7,; 9T0 [3aeT BeJUYUHy
E(”Sm+| B camom nene Eﬁ,l,) €CTh CyMMa BCEX 4WJICHOB C HH-
NEKCOM > T, 4 S,,,+|-cumme'rpw{ecxaﬂ (yHKLUSA, BaUHTHI-
Balolllass BCE MPOUBBEACHUS C [— 1 COMHONKUTENAMH, Kauablii
WHIEKC KOTOPBIX = 1.

3) ToabKO 1Ba IEPBHIX HHIEKCA > F,. 3TO Iaer

(2)51—2)

i+ 1) Bce i uHIEKCOB >, 310 Haer
Ewn"
B uneaom Ml noayuaem
) oli — 1 29 oli —2
EQ =89 ERSETY + ERSETA 4. L EY (5.2,14)
npuyeM fpasas YacTh OGpHIBaeTCs mOC/Ae 2m-ro 1ara, Tak Kak
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y Hee y, <=, [losTomy

B = G+ B (O 4 B D)

( (2m-—l +E(1)S(2m—2)_]_ +E(2;z~2) l_}_

+E£§’"‘-”)+(S<2'”’ +E‘”S””"“2’+.-.+
—}—E(,,le—Q)SS,?,).{_]-I—E(?m—I)Sm ) — (2m H)_{_

+ ERSem | +...+H;3,’”—2’S§,§>+l+5,‘,3'”" YA

CpaBHyuM TOJYUYECHHOE BHIDAXEHHE C NPOM3BEICHUAMMU:

m
2
O |
V=fm+l+'
+E<”2;m_2) (2m—1))(1 S(>+1—|— +l (t)Jr 1)—-
._1_(sm+l+E}}3+l)+(Sﬁ>+l+E‘” 1+E£3))--..

-—(S(Q'"+”—|—Em ) + +E(Qm—2)s(3) .
—!—Ef,m — ”Sf,? l)+ (%) _*_(S'(ZmT?)_i_Egl)S(rgm_F—#l I)_{__
+ +E(2m -—2)8(4) +E?m - 1)83> ) —

+ +E(’m - I)S(‘)

B panbHefiuieM MBI TaK PACNoOpSgMMC BEJMYKHAMA S,(,’,)+,,
4TO npu BO3pacTaHud j OT 1 20 i OHW MOHOTOHHO YOHBAaIOT
u Bcerga < 1. ITocne sToro 3ameuaHus pacCMOTPUM CKOOKH,
HaunHaa co 3Haka ‘*) w manbwe. ATm CcKOOKM TO aGCOMOTHOH
BeJMuKHe YOBIBAIOT, TAaK KaK KOJMYECTBO CJAaraeMelX B Kamaoh
U3 HUX paBHO 2m W, KPOME TOrO, OHM 3HAKOINEPEMEHHBL.

CaegoBarebHO, CyMMa BCEX CKOGOK, KOTOpHE BXOAAT B MO-
cleliHee NPOU3BEACHME M HE BXOIAT B E,.,, MEHbUIE, YeM mep-
Bas U3 HUX.
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Beenem o603Hauenus:

Yy 2
. 1-}7--) m=1,2,..., 1
V=I’m+~l + v
"

Torna, UCNOAb3Ys KX, MOXHO 3anuCaTb HEPABEHCTBO

Em+1 >Em“m+1 (S(Qm R ‘ (rrll)Sg”—l{-_ﬁ- b +
Ao ESTTISD L) (5,:2,15)

B MPEANOJ0XCHUN, YTO

1>S(l)+ >S(2)+l> >Sm-[-l

Jlns sneMeTapHeIX CAMMeTpuuHBIX dynxkumi SV, S
o>, S 0T i pasANUHBIX IOAOKHMTELHBIX BEIMYNE UMEIOT MECTO
HEPABEHCTBA

S 23(2) NG

35
i > i—DnSo > i—2)8® >>W-

(Ux MOKHO nonyumb BBOAA 1OJUHOM f(X) = x! — SWxi-1.L
+S .4 8y npuMenss K HeMy  €ro MpPOU3BOLHBIM
TEOPEMY Pomm.) U3 aTux nepaseHcrs caeiyer

S Su‘n

¢ 8(2) .
SV > g > > D waw
N ecin SW <1, 1o
1>S“)>S(2)>...>S“)-
Kpome toro, sepHa ouesnka:

s B (5,2,16)
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6o pid j==2 5TO HepaBeHCTBO BHIoAHseTca. Ecau oo BsepHo
aas j—1, To u3 HepaBeHcTsa

jS(j) - S
(i —j 1) SU-D ~ 1

noayuaem (5,2,16).

Crie1oBaTenbHO, HaM OCTAETCS YAOBAETBOPUTH YCJOBHIO

SW1

Jas »toro Hamo BHOpaTh HHUEKCH 7, TdK, YTOOB A/ Kaw-
noro m cymma seanuun (5,2,13) 6oia < 1. Mu Oyiem shGu-
paTh HPOCTBIE YHCAA Py, Po, ..., P, B MOPAAKE HX €CTECTEEHHOIO
pocra py==3. Jlanvie, nyctb fy >h >>1— ABa HOJOKHATE/b-
HBIX YHCJ/Ia, TIpHYEM AA8 K, NOJUKHO BBIMOJHATHCA YCJIOBHE

0<C2Infy< 1.
B cuay Toro uro
\ 1 VA
S =hmwta 0,
3=p=w
{ 2 Cs Py
\1_;>“1ﬂ2w+0\1n36>’ (8,2,17)
d<=p=w /
CYL{ECTBYET W ==, HAauhHas C KOTOPOro
0L Z %<ln hy
w<p<wh
B
) 2 2
I —)>% (5.2,18)
w=p=wh

Teneps BHOEpeM WHAEKCH £, TaK: MNyCTb p,1 —— HanboJblIee
I 1
h 53
NPOCTOE YUCAO << P, ; p, — HauboJsbuiee MOPOCTOE=<IpP, A T. L.,
2

NPOO/KAEM 3TOT NPOHECC 4O D, . TPHYEM P, > wy..
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I'chrb p,k-——HanmeHbmee npocroe 4ucao, OlIPEACJACHHOE Ta-
KuM - cocoGom. B cuny (5,2,18) nonyuaem:

r

B
0lo= Y <k,
vy
(5,2,19)

"ot

0<a= Y <,

v-—-rk-{—l
1
=8>
V,I,L B
(5,2,20)
h—1 )
I 2\
w= I (1—75)> 5%
=rk+l

Y wuac w0 p’k HAUMEHbIIEE MPOCTOE UYUCJAO UPH YCJAOBHH, 4YTO

i
Wk

h
Wy <prk <pr .

Hyers p,,  — HanGosblee MpoOCToe 4ncao << w,. Toraa

4]
1
0<5k+1= 2 p—v<lllhﬁ,

v=rppit!

Tk

’ 2 1
sa= [I (1=7)>g-

v=rpq ]

Tenepb moCTapaeMcst NPOJO/MKUTb CHCTEMY HHAEKCOB VXKE Hera-
BUCAMO OT p,. 31ech Mbl UX JQONKHH TNPOCTO 10AGHparb TaK,
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uTo0bl BBHITIOJIHAJANCD HEPaBEHCTBA:
Tl

\ 1
0 op 2= Z p—-<lnh0,
v-srk+2+l v

™n N
\lB
0<Gn+1=2p—; <1nh0 (fk+1=1),
ve=1

Th1
we= I [1=7)>a
=rpget!
it
w= 11 (1=5)>%
v rp el

= 1=7)>5

Uro0sl 9TU HEPABEHCTBA OBLIM BLIMOJHEHSH, [OCTATOUHO B3ATH
p1==3 ¢ ycJaosuem

1 2 1

L<mn (1 —--> x 5,2,21

P1 < 0 P >h6 ( )
(TaK Kak B KaXOBlH HHTEPBaA MOXHO TNOMECTUTb 10 OIHOMY
uuciay).

[lyctb  sTOoT npounecc yxe 3akonHued. ITpocrsle uucaa
Pryyopre++r Pr, 33BUCAT HE OT D, @ TOJALKO OT KOHCTaHT h o h
Torna us (5,2,21) caeayer:

R<prp;]pf’!'.2"'p‘;,'kp3k+1 ---p;:né-

2 2 2
kR gk .
=p/p.p, ...Pr prk+1...p;k=
1 i
.1+2(h—+h—2+...+;§)
== ¢ (h, hy) p, =

Bl —nk B4
TR , h—1 o
=c(h h)p <cp, (5,2,22)
npuyeM ¢’ 3aBUCHT TOALKO OT h a Ay, .
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Tenepp u3 (5,2,15) MB peKyppEHTHHIM MyTeM BHIBEIEM
OUeHKy IJs-E, ,=F. Bpenem o6o3HaueHue:

o = S(2m+2)+E(l)S(2m+l) + _}_E(2m—1)5\3)
m+ o

m-1 m>~m-+1 m4-1 (5:2r23)

roraa (5,2,15) npuMer Bux
Ey > Eywy— Oy
Ho wmyh2>1, = <1, cleposaresHo,
Ey > wg (Ey — h? DQg) > mymq (£ — R D).

Hanee, myry hi >‘1,
E3 > w3 By — Oy > mywy (By — h2 Og) —
— Tg 703 B Dy > meny (Ey — h2 Oy — hi Dy).

W, Hakonew,

Ep1 >mme. . Ty (Ey— h? ©g —
— Rt D — . D, ). (5,2,24)

Paccmorpum (5,2,23). Mer nmeem

SV =25, <2mhy <1 ((=12,..., n41)

[MTonaras t==21nhy, nonyuaem

g2m+e c2m+1

m“<(2m+2)‘_{_5(1>(2m+1)'+ +E(2m—l)t . (6,:2.25)
Us (5,2,14):
EDuy =80, 4+ ED ”ll-l—? 4 Y <
< o (f . ED, (5,2,26)
B wactnoctn, Epli i<t Ey), @ Tak Kax E"‘—201<1, TO
W<ttt r=mn. (5,2,27)



-

142 PELIETO HPATOCOEHA fro. 3

Ipu nanuuur dopmyn (5,2,23), (5,2,26), (5,2,27) MOXKHO pekyp-
PEHTHBIM CIOCOOOM JaTh YHCJAOBYIO OLEHKY BEJIHYHHAM

EY u o,

Hanomuum, uto Ef,’,' €CTh CyMMa NDPOH3BEACHUH NO | MHONKHUTE-
Jel, VHIGKCH KOTOPHX yOHBAlOT W BCe >1,. [lostomy scero
NP ~(2m—1),
RN SR Somis # He GOJBbIUE TAKHX BEJANUMH.
Bynem uckarb ouenxky P, pas moGoro . Ilycts my— He-
KOTOPHIH (PUKCHPOBAHHBIM HHAEKC Em, W 1NyCTb BBIOPAHBl KOH-
CTaHTHl €y W R TAK, 4TO

EQ < cy (k) (5,2,28)

(>0, MoxHO BHOpATL MPOU3BOJILHO, a 3aTeM 3aAath ¢, 06e
KOHCTAHTHl MOXHO NPOHU3BOJMBHO yBeinuupare). Torga us (5,2,26)
BBIBOJINM

[iNi—L ] >i-z

_J ~—
Bl 1 < 5 au(ehy (\i’zl)l +(Kf_2)! NI |

Ecau ¢y==1, 10 nepBbi#t ueH MOKHO BHECTH B CKOOKH, He
Hapywast HepaseHCTBa. (C/eaoBatesbHO,

k
RN
{ 3
Ei;,)o_.}_2 MoJyuYnM OTCloa, 3aMEHAsd ¢y Ha C()l

2

Epy 2 col * (k)
W 7. 1. B KOHHE MOJy4uMm
m—mo
EW < ¢y (k) I (m == my).

ToacTasass a1y oueHky B (5,2,25), moayuynMm HepaBeHCTBO
1 \2m-1 1\8

. 9 m—m — —

B < g g N
N P TR R R e @m4+nretog

. (m = my).
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CHOB&, He Hapyllas HEpABEHCTBA, MEPBHH UJeH MOXHO BHECTH
ol CKo6Ky. B pesynbrate nosyusm

m-—mg _1_ ) <_1.> .L
O, < oo (R F Yy F— Rl k1 (52,20

Tloacrasaas Ty oueHky B (5,2,24), nocjae HECAOKHHX MPeos-
pasoBaHnil NMOJaydnM

Ep STy . Ty (B — hidy — .. — hEmOCD,,,O 1
i 1
CYRr 9 kA R 1

- hamo TECy (Tk)'m0+4l {Z T opE T
4

1 L — (2 * hy(ehyyrm

~x—1} (L7 hi(ch) L (5,2,30)
1— hi(zh)2l%

1
Ecan h; (zR)%"* <1, T0 MB TOMBKO YCWAUM HEPABEHCTBO,
1

0oTOpPOCHB B OLEHKE BEJHUNHY (Zkhj; (=R ™o

Epa >wmy oo T (B — By®y — 1200y 4y —
t ot
. , e 1 !
h3m0+2co (Tk)2m0+4l k (1 R —Ej — E — 1> \
— T I+ (5,2,31)
- 1 * (zhy2hy /

Hias toro utobsl 3HaueHue C¢KOOKkU Obl10 HanboJbliee, HYXKHO
, 1

ask
B34Tb TAKOe &, B KOTOpOM (pyHKuusa A%/ JOCTUraeT  MHHU-
1
MyMa. ITuM 3HaueHueM Oyuer k__——-Q—,

Ml umeem £V <<, Ecam B39Tb ¢o==2, my==1, i=1, 10
yeaosue  (5,2,28) Bmmoaneno. Kpome TOro, yumtbias, uTO
/e=—12_ t=2Inh,, (5.2,31) npumer Bux

N Rh2(Inh)S12(1* — 5)
=Ep > T ... Ty <51 —/Zofpe*rj%,),h,‘my)(&?ﬁ?)

npn ycaoBun, u4to BHnoauserca (5,2,30) uam 3KkBUBajJEHTHOE
€My HEepaBEeHCTBO
lhyln hy <1,
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[as 2voro  OKasuiBaercss [OCTaTOYHO HOMONHTL fg==1,29,
OTKYy A2

In ky < 0,255. (5,2,33)
Boiuucaenns pawor
Ihyn hy <709 <1
Hanee, B cuay (5,2,12) u (5,2,19)
, :
- 2
E=1—Er=1— Y =121 > 1 =2k,

V=71+1
Kpome toro, u3 (5,2,23) u (5.2,16) BeITekaeT OlEHKaA:
5 5
(Dg < 4!“ T‘ — *E (2 In ho)i.

YuuTbiBas uUCJAEHHOE 3HAUYeHHWe BCEX HYXKHBIX HaM KOHCTAHT,
6es Tpyna mojydaem

E>-1%~1r1ﬁ2 e Ty =03 lrI<1 —

v=1

va ) (5,2,34)

[Monowum h= %g- <1,29=nh, [IloacraBum 3Tu 3sHauYEHHs . B
5,2,11)

,
2
P(D, %5 Py, Py« ) >035% H<1 ",T,) —R,
rae
Rt
R epr ™t =cpl?,

Wan
x 0,3¢ ,
P(D, X5 pi Py .. w P) > 5 W—cml"-
IMpw BhiGope hy GblIN HAJMOKEHH YCJAOBUA
1 2 i
— < Inh 1— = 1
Pt < nhy 1 P > hﬁ

Ias BHOosHEHUs 2TUX ycaoBuH mnoaowuM py==7. Yucaa
2, 3, 5, 1akum o0pa3oM, HE yuacTByloT B «peiere». las toro
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yTOGB OHH A€ BXOJAWJIM B HAlly IOCJAEIOBaTENbHOCTh, MONOKAM
D=2.3-5=30 u GyneM paccMaTpuBaTh MPOrpeCcCHIO

Dh+4, (A, D=1, 30-+A<x

[Tycts Temeps py, Po, ... P, — BCE NPOCTHE ducaa (Kpome Tpex
, 1
NEPBHIX) << X
t

5 .
pr~— HanboJblliee NPOCTOE 4YHCJIO, He NMpeBocxoddumee x . B Ta-
KOM cayuae

7.9

6h 8
P@30, x, 7, 11, .., p,)>30(lrf’jc)2 ox®

HaunHaa ¢ HeKoTOpOro X ==J, NpaBad 4acTb HepaBEHCTBA CTa-
HOBHTCS MOJOXHTEAbHOR U CTpeMuTcs K GeCKOHEYHOCTH, €C/H
X — ©O
B camoMm Hauaje MB TUPEANONOKUM, YTO M KAXAOrO YuUCHa
Pi» YYacTBYIOUIEro B «pellere», Gepercs ABa BhYeTa @; W by,
NPHYEM TaKHX, 4TO
a; #£ b,

I10 ycaosue OO HAKOKEHO AA9 TOro, 4TolH YNpOCTUTH
cxemy merona bpyna. Ha camom e nene B a1y Ccxemy (C He-
60/bIUMH YCTOXKHEHUSIMU) YK/IaAbIBaeTCA M Chaydall, Koraa ais
HEKOTOPHX uucea p; (B KOJMYECTBE, CKaXeM, He 6ojiee 4eMm
In x) ’

aizbi.

B Takom Clydyae MHOXKUTEAH
2
- =)
| Di
COOTBETCTBYKILME 3ITUM 4YUCHaM W BXOIAULHE B [POUIBCACHUE

fI (1 — -;7) | (5,2,35)

=
GYLYT 8aMEHEHB MHOXUTENSMH

=)
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M ecnn mMb o603HauuM ueped N; HPOU3BEAEHUE HCKIIOYHUTE/b-
HBIX uKncen

PiPis . .- piq:—'—}vl’
TO0 B HepaseHctse (5,2,34) smecto npousseienus (5,2,35) mo-
SIBUTCSL MPOU3BELEHME

(2116

pi1=p,
p;1 Ny

Ero moxHO npeo6pazosaTb K BHAY

pu<1+p.~l> Il <1—E/'

il

l/l, CJIe10BATC/ALHO, B obuiem ciaydae NnoOJy4nM OHLEHKY

64¢ ’ 1
P(3O,x,7,11,.,,,p,)>30(mx‘) l (\l_ETT)“‘
PN

8 .
— X . (5,2,36)
3aMeTuM, uYTO BCErJa BHIIOMHSETCH HEPABEHCTBO
P2,x 3,57 ...,p)=P@B0,x 7, 11, ..., p)

HoaTomy, Haunnas € HEKOTOPOTO X ==Xy, IOJYHaeM CaMylo
o0luylo OUEHKY CHUSY:

P@ x5 8. pp>e [ 1+ = ey 623D

piNyg

3anasasn wbhiversl @; =0, b;==—2, MB T[0JyYdEeM TEOpPEMY O
NOUTH MPOCTHIX «OAU3HENaX». :

Teopewma 5.2.1. Cymecmsyem OCeCcKOHEHHO MHO20 nap
quces, q,q——2, maKux, umo Kaowdoe u3 HUX UMeem He
doaee 7 npocmulx MHOMCUMeEAEl.

Ecau we bl mosoxuM X ==2N u 3ajaiuM BhHuerH Tal-
aauel -

a; = 0 (mod p;),

b, = 2N (mod py), ecau p; 12N,

U a;==b;,=0, ccan p;| 2N, T0 00ayuum BIOpYK TEOPEMY.
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Teopema 5.2.2. Cywecmayem maxoe N,, umo npu N >N,
8ce2da uMeem MeCcmo pelterie YpPasHeHUs

IN =g, + ¢q,

20e g U gy — noumu npocmeie 4ucaa, umerouue He bosee
7 npocmeix MmHOJNCuUMENEH.

3aMeTHM, YTO KOHCTaHTa 7 He sBJsdercs Hauayuweil. Ee
MOXKHO YMEHBLIUTb 3THM XE METOJ0M, HO /s 3TOoro norpeto-
8a10Ch OBl 3HAYUTEILHO YCJAOMKHUTH BHIKJI3AKH.

Ouerka csepxy aas8 QYHKUKM

P(D, X5 pl’ -'->pr)

IpOU3BOANTCS COBEPUWIEHHO dHAJMOrMUYHBIM 1yTeM, C TOH TOJABKO
pasxmueﬁ, 4YTO Mbl HAYHHaeMm BbI6paCblBaTb «JUHIHAE» 4yucaa Ha
HeueTHOM uucjie. B pesyabrare foJIy4yuM

P@ x3,5...r0<c|] <1 —l—;,l_—l)ﬁ%'

JARY

Hapo ckasarb, 4TO KOHCTaHTa ¢ B 9TOH OUEHKEe MNoJayyaercs
DOBOJLHO 0O0JbLIOH.



FrJ1ABA 6
METOJA, ATJIE CEJIbBEPTA

§ 1. Ouenxu A. CennSepra

B 1046 r. Hopsewckui marematuk Atne Ceabbepr [45]
APERIOKNI IPYTYIO HICW AN MNOJYUEHHS OUEHOK CBEDXY METO-
aom pemera. OHN 3HAUUTENBHO MPEBOCXOAAT MO TOUHOCTH BepX-
Hue onenku B. BpyHa, wusioxenHme B npeasayuieit raase.
C usnoxceHust cyuiecTsa 5Toft HOBOM MRen Ha npumepe Ounap-
HOM 3ajaud Mbl M HayHeM 3TV TIJaBy.

OGosnauum uepes P(N) uuc/i0 pemieHunil ypasHeHHs

N = p1 + p‘l’
rae N — uejoe 4yeTHoe unucjao, Py,Py — NPOCTHE 1 Kaxi0e U3 HHuX
>]/N Yepes ( 0©00603HauuM MNpOU3BEAEHUE BCEX MPOCTHIX

<V N. B takoM cayuae, uCnob3ys W3BECTHble CBOHMCTBA dyHK-
uun Mé&6uyca, MOKEM 3aMiCaTh:
PN)=3 M e@, a=n(N—n(r<N). 6L
a, d| a, B
al1Q
(B nanbHefiniem mndg  ynpouleHus, Mol OyzeM OMycKaTb yC/oBHE
d | Q, nompasymesas ero.) K coxanexulo, tounas dopmyaa (6,1,1)
aag P(N) Huyero He HJaeT B TaKOM BHIE.
Wpes Bepxuedt oueHxn Cennfepra 3akjaouaercs B TOM, YTOOH
saMeHuTh Cymmy 3w (d) B (6,1,1) apyro#t cymmo#i 3 g, rae
dla, dja,
d<z
z<i N'™*, ¢ ycaosuem, 4To BCerjia
S pd< Y pa (6,1,2)

dxa’l dia,

d NOJAYUYATH BO3MOKHOCTH MEPEMEHBI CYMMUpOBaHHA.
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B HaieM KOHKDETHOM CJydae 3Ty WIEI MOMXKHO OCYLIECT-
BUTb Tak. Tlosmoxum:

py=A==1,
pg== Z)\dl)\dz, i <d<z, (6,1,3)
d=l—ii:;2-, k==(dq,d3)

di<Vi,desVz,
pg =0, d>z.

Bce aeanrtenn B (6,1,3) GeckBaapaTHbL.

Ay mpu d >1-—oKa [POU3BO/LHEIE BELIECTBEHHBIE UYWCJA.
Mx BesmunHaMiy MBI pacrnopsauMcs B JajabHeHimeM.

Ecau ycaosust (6,1,3) BBINOJHEHB, TO MBI I[10Jy4deM

2 pa=( X 1) =3 v(@).
d]an dja, d\an

d<z d<<yy

Takum o6pasom, Hepaseuctso (6,1,2) neficrBureabHO YyIO0B-
JIeTBOPEHO, U MBI IOJy4YaeM OHEHKY

PIN<I N pd__z (Z Aa)?- (6,1,4)

a, dla,
d<z d<1/z

Ecan kBanpar CyMMBl MpencTaBuTh B Bilde ABOHHOH CyMMBl o
M3MEHWTb MOPALOK CyMMUPOBAHHS, TO (6,1,4) NpUMET BUA

PN X N xdlx@ 1 . (6,19

dy<Vz 9=y — ( d1d2>

BHYTpeHHﬂH CymMMa e€ouHiAll  BBIUUCAAETCA  aHAJAOTUUHO CyMme
(5,1,4) u pasna seauuune

/dd2>

NATR A

~d ey [ L2, (6,1,6)

ko

rae

@)=+ ((d.dhf))‘ | @.1L7)
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Kpome toro, ans GeckBagpaThuX &, u dy CNpaBeAnuBo DaBeH-
CTBO

[dydg\ __ N (dx)‘c,v (dsg)
| )= 0.1.8)
Beenem o6osHauenue
d
f(d)== @ (6,1,9)

u moxctasum (6,1,6) B (6,1,5) ¢ yuerom (6,1,8) u (6,1,9)

\ A
pv<n ¥ X s/ @+

d1$1/; dgﬁl/z

SR Y LA TE

dy SV& d0<V'

N (dy) T (dy). (6,1,10)

KpoMe TOro, ecau BBeCTH CyMMy

R= 2 |}]=(@ 6,L.11)

d<Vz

W yuecth, uto Ty {d)=<+t(d), TO BTOpas IBOHHAR CyMMa B
(6,1,10) He mpeBocXOmuT BeIWUMHHB R? 103TOMY

Pay=nY Y f(d)f(d fe) R BLIZ)
&H<Vz dz&lfz

3ativemcs  uccaegoBaHueM asoftHoRt cymmm B (6,1,12). Bsenew
GYHKLIHIO

A=,V —+5): (6.1,13)

pir
Ilna Hee BrINOJAHsAETCH paBeHCTBO

fB=Y3 /).

dlk
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(CnenoBaTenbHo,

2},3 d; f(dx) f(d2>f(k)==
Z Z f(dl) f(d) yfl(d)—

i <Vz dogV

E A, (6,1,14)

r=
rae
N M
V= —4771) (6,1,18)
rid
a<Vz

MH nonyunnu KBaApaTHUHYl0 (OpMY. 3[eChb HAaCTYMJd MOMEHT,
Korja CHAEeAyeT BOCHOJB30BATLCS NPOHU3BOJBHOCTBIO A, 1HpH
d™>1 u BHOpaTh ux TaK, WroGH 3HaueHMe KBaxpaTHUHOH hop-
MBI OBLIO MUHUMAJBHRIM Npu Ay = 1.

st HaXOKOEHUs 3TOr0 MUHUMyMa 3aMEeHnM ycaoBue Ay =1
IDYTHM, M3 HEro BHTEKaoulMM. YMHOXKUM MpPaByld ¥ JIEBYIO
yactu pasencrsa (6,1,15) ua p(r) 1 OpPOCYMMUDYEM TO BCEM
r<Ve.

B pesyabTare noayuum

Y= Y0 ¥ =Y 2 Ye@=1=1

revVz r<vVz d<yz rld

2 py,=1. (6,1.16)

CrenoBatenbdo, HAM HYKHO HaWTH MUHUMYM  KBaApaTAUHON
cdopunt (6,1,14) npu gonoaguteabHom ycaosuau (6,1,16).

Tlpumennm uckyccTseHHnt mnpuem. PaccMorpun  HOBY10
dyHKUMDO

F(vl’ y‘l’ ~--’JI[V';]> u))= Zf] (r)J/?—‘Q‘D 2 P‘(r)yr)‘ (6»1717)
rsvVz r<Ve



1562 METOZ ATJIE CEABLBEPTA [rn. 6

rae o — noka npouano.n'bﬂan BEIleCTBEHHas BeJUUuHa. MUHHUMYM
F npu ycaosuun (6,1,16) cBssaH ¢ MCKOMHIM MHHUMYMOM DaBeH-
CTBOM

min E=min( ¥, fi(y7)—2maxo. (6,1,18)

r<v¥z -
Ho ¢dynkuuio F MBE MOXEM nmpeofpasoBaTh:
_ Y GANECA I (J)

Ff}’b)’m-n»yw;]’ w)= Efl(r)<yr fl(”) my fl(r)

_ A
r<Vz r<vVz

W3 aroro paBeHcTBa 3aKai04aeM, YTO B TOYKE MuHumymMa F
HENPEMEHHO JOJKHO BHINONHITLCS PABEHCTBO

u{r)
¥, ._..maxu)f Oh (6,1,19)
CrnepoBaTeanbHO,
min F = — (max v)? 2 —;i%— (6,1,20)
1
r<Vz

Jlas ompeneseHns BeauuMHB max o noacrasum (6,1,19) B (6,1,16)
W HalaeMm

maxao:—-——i—2~r—~- (6,1,21)

Jie(n)
r<vVz

Hs conocrasaenust pasercre (6,1,18), (6,1,20) a (6,1,21) moay-
yaeM

\‘ h(Ny:= : (6,1,22)
e fx <r)

r<Vz r<1/~

Hepasenctso (6,1,12) npx406peTaeT BHL

G -+ R (6,1,23)
I (n) .

ngVZ_

P(N)=

IIns 33BepIICHHs OLEHKHM HaM HYXHO BBIMHCANTL  CYMMY B 3Ha-
meHartene npaso#t uacta (6,1,23) v ouenurs seamuuny R.
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Haunem ¢ ouenkn R. Hanomuum, uto

R= Y [A|:@.
L

C nomouisto QopMy/nl OGpauleHdsT BHPAsuM Ay uepes CyMMy
3Hauenntt ¢, B paseucrse (6,1,15) monowxum r=—mk
A4
Ymp = iy
mkld_
d<Vz
YMHOXKUM TIPaBYI0 ¥ J€BYIO YaCTM 3TOTO DaBEHCTBAa Ha (k) n

MPOCYMMHPYEM MO BCEM ké—l—/—f, (b, m)=1.

Y v®ym= Y »® Y fb=

Py ld
k= 1/;7;2' k=< % Zl<.l/'z
(B, m)y=1 (R, m)y==1
. Am — V Amy .
- Z b (%) Z f(mv) S (V) Z p (k)= f(m)
1/2 Ely _Vz kv
k= — = Z..i S -
k. v]_l m
(m, v)=1
CrenoBaTedbHo,
=) Y b me (6,1,24)
p<VZ
m
(B, m)=1

INoacrasuM B pasencrso (6,1,19) snauenve max o n3 (6,1,21):

= “Er; 7
B AG p?(n) °
Z f1 (n)

n=<vVz

Momyuns 3HayeHve y,, HAXOMUM A,

o fm 1 u? (B)
= EES Y D 21} AR
p<’Z

"<V’ (&, m)=1
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M3 atoro paBeHCTBa yxke TPUBHANBLHO CJELYeT OlEeHKA

Pl < Fy= II(lﬂf(p)yl'

plm

Paccmotpum nosyuenHoe mnpousseieHue, Mul umean f(r)==1,
F(p)==2, ecan p==3, CICIOBATEJbHO,

- 9"(1 —5 =

pim p>3

) / 2\-—-1
=2 ) . 2,
!E \1 ) < c(lnm)

3aMmeHas B 3TOH OLIEHKe POCThIe JeJMUTeN YACaa /1 BCEMH IIpo-
CTHIMM 10 /7, Mbl, KOHEUHO, AaeM OueHb rpyfyio OUEHKY 3TOMY
npoussegeHuio. Ho 3To He mOBAMAET HAa KOHEUHBIH pesy/abTat.
Takum 06pasom,

[y << o (Inm)™

IToncTanass 37Ty OUEHKY B R, MoJyuum

R<<cIn®N E ':(d)<cl/ z1o3 N,

d<

1y _
R*< 2 In® N. (6,1,25)

Insa sasepurednst onenku P (N) HaM 0OCTaI0Ch BHUKBCAUTH

s = Y

n=Vz

[leTansHOro BHUNC/AEHUS 3TOH CyMMBI MBI HE OYyAEM IDHBO-
AUTh, A8 TOrO 4TOOb HE 3arpOMOXKIATh TEKCT HJMHHBIMH BHI-
Kaagkamu. HamernM TOJBKO OCHOBHBIE IHAard 3JEMEHTapHOro
BHYMC/IEHHUS 3TOH CyMMbL YuTaTens, eC/au TOXeNaeT, MOXET Cam
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6e3 Tpyna BOCCTAaHOBUTH uX. PasOuBaeM Hawy CyMMy no Aead-

teaam uucaa N:

) _ p2 (n) i
2 Fi(n) d%_ 51 f(ﬂ)H f(p>

n=v: d=Vz dln
ns'l/z
n,N)=1] .
=Y L\ ey
; p(d 2 -
[”N‘?() ) nH(l———’;> dﬂvcp()
d=Vz Vi IR
n< 2
in, Ny=1
Sd \ \ S,1
= L ol 1,2
Z Qp(d) ™ ) ¢ ()’ (6) 6)
ajN
d>exp (VI )

d<exp (VinT)

rae ¢ (d) — dyukinua ditiepa.
Bropo#t mar — ouenuBaeM S, ana d<<exp (Vln r

Se= Y EEOTT (142

n<x pin
(n, N)z!
~ Y Ewm Z t(d) __ Z B@OR@ § )
hmi P (d) T e {d)d n
= =X
I nst
in, dN)=1

BHyTpeHnHSI1 CYMMa YK€ BBIUMCHSETCA SJEMEHTapHO [0 CXeMe

3 e 3 (3 o Lol
n=<_ n= vin
(n, Nd)y==1

WaMeHsi MOPAAKH CYMMHpPOBAHWs, MBI CBEIEM BCE K CyMMe
< (n) 1
Z — =7 In*y 4+ O (Iny).

n=sy
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[Moacrasass 3HaueHHe BHIYUCAEHHOH CyMMHKI B S; U 3aMeéHdsl CYMMB
NpousBeneHusIMy, Haliaem

g | (B e

N
=N

©

M3 sTO#i OlleHKR mnoayuaem

A\ Si /\ Iy > ity
), e ~i| —_ II n*z 4
= d 2 Y ——12
R p(d) M\ p” p—1
d<exp(VInz) pP=N

+ O (u'® zInin 2). (6,1,27)

—

Ecan xe d >>exp(})/inz), TO NpUMEHMM TDPUBMANBHYIO OUEHKY
S;,=<S<<cin’2.

) __r
2 so(d><“"22 & e

AN =1 p lp,I N
d>exp(Vin 2) Py . Pp>eXP Vin 2

In N
Ho uucao N moxer mmerh He Gojee 2 TTin 7 Pas/muHbIX 1upo-
CTBIX MHOKUTEJEH. ‘
Vinz

Ecmv bt 5t
Inln* N’
(w (N) — uncho upocThx geautene#t N):
(p < wf (N) exp (— ]/lnz)II< 7 >

Py PRI N pIN|1—
Py v Py > exp (Vin z)

< co*(N)InNexp(— )} Inz)<<exp (——% V In z>.

TO [OpHUMEHAEM TPUBHUAJILHYIO OLEHKY

Ecan xe k>mlﬁr;—z;—, TO
i
{ p;NPi.—l {
YR 7 <exP< 7} mz)

Py Pp| N
PyePp > exp(VI z)
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Coenusssg 5TH OLEHKH, NOJyYaeM

) — L
d‘|'/7'v . cr)(d)<clnzexp< V1n2><c,
4> exp (Vinz)

IToxacrasass ato HepasenctsBo u (6,1,27) B (6,1,26), oxonua-
TeJbHO Hallaem

=t I ) e

-+ O(n'3 2 1nIn 2).

n<Vz

IloacrapasieM 3TO paBEHCTBO M ouem(y (6,1,25) B (6,1,23):
P(N)<80(N) o, + ¢ <z z)ns 1n10° N 4 czIn® N,

N
f‘»‘TwTO
PN <8(1 ¢ TA) W) o,

an=[T(t =) Tl (' —5=)-
pIN PN

. p<N

H €¢I MOJMOXKUM 2 ==

rie

CoBepuieHHO 3HAJOMMYHO MOXHO MOJY4YHTb OUEHKY CBEpXy s
KOJUYeCTBa nap «O/Jau3HElOB»:

In 1n?
R <3G i (1T s),

rae . \
G=2 II (1————“(1)__1)2').

N>p>2
DTY OUEeHKM OTJAMYATCA OT Npeanonaraemeix 8 8 pas.

§ 2. Teopema llsnpeabmana

BaxHoe npnaoxeHue OWEHOK cBepxy 413 P(N) nan
JI. T. Wunpeasman 8 1930 r. [30]. Coenunns 3Ty .OueHKY cO
CBOUM [JAOTHOCTHRIM METOAOM, OH MOJYYHJ CASNYIOULYIO TeopeMy.
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Teopewma 6.2.1. Kaocdoe yesoe wucao npedcmagumo 8 gude
CYMMbL He foaee HeM €y, RPOCMbBIX CAaaembx, 20e¢ ¢, — ab-
CORIOIMHAR HOAONHCUMERLHAR NOCMORAHHASR.

Ira teopeMa Obl/Ia TEPBHIM NPUHLUMTHAABHLIM IIArOM B pelle-
HUW aJUTHBHBIX 3a1ad ¢ nmpocrTeiMu yucaamu. Koocraura au- -
penbMaHa ¢, umena sHauenue 8- 10% B manvHeliem ona cHuma-
gacb u B 1951 r. Wanupo u Bapra ¢ nomoubio ouenok A, Cenb-
Gepra noayuuin c¢,==20. BoJjee CJAOKHBIMU aHAJIUTHUECKHUMH
meronamur V. M. Bunorpazossim B 1937 r. 661710 MOJNYUYEHO ¢y << 4
A% BCEX AOCTaTOYHO OOJbIINX UMCe.

IMepeftnem Kk nokazatenasctBy Teopems! [luupenbmana. IlycTs
n =< x — uucaa, MpeICcTaBUMblE B BHIE CYMMH [BYX HPOCTHIX
cnaraembix. Ilpumenum uepasencreo [lleapiua

(2 Poy'<(X P X D).

M3 Hero BHTEKaeT OLEHKAa CHHU3Y [/ KOJAWYeCTBA uncel n' << .x

(> Py
===, : 2,
~ S P (6,2,1)

n=<x

[das ypcantens Mbel AOJKHBI IMMOJAYUYNUTb OLEHKY CHHU3Y, & AJi1 3Ha-
MEHaTeaq CBEPXY. OueHuM YUCAUTEb:

R TR

n=<x Pi+4Pesx
Py, Py < %
CaenoBaTtensHo,
(Y Po) =ci, (6.2.2)
n<=x

rjie C>0~——36COJHOTH3H IMOCTOAHHAA.
OueHuM BHAMEHATENb, I 3TOFO  BOCHO/L3YEMCH OUEHKOH
csepxy B ofmieMm BHe:

P(n)écn{l 44 )mgn,

pln

Y rm=ainY [0 +2). 629

n<x RZx pln
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Briuucanm cymmy B (6,2,3)

SI0+3/ =2 (X4)=

n<xpln n<x d|n
1
= — = ==
Ylam 2 1=¥ 22 (d1d>2+22 ady =
didy=<x dids / dydy =< dide =<
“pit k=(d1vd21
n=g
\ER! Vo1 t(n)
— —L =
<'x}.‘kfl 22v§v3+2 no
k=ux Vive T X n=<wx
(v1.ve)==1
1 1
<x< EFMZ\—F) +cntx=<<c’x
k=<x V=X

rae ¢’ — aBconoTHas MOCTOSHHAS.
Ioncrapass a1y onenky B (6,2,3), noayvaem

Y 3
Z_ P < cy s (6,2,4)

n=<x

M3 uepasencrs (6,2.4), (6,2,2) u (6,2,1) Haxo4NM OUEHKY CHH3Y

2 1> ax, (6,2,5)

n'=x

rae gy >0 — abcooTHas MON0KNTENLBAR [TOCTOSHHAA,
CocCraBuM TOC/EAOBAaTENLHOCTD UNCe]

1, ny. ny .., _ (A)

T. €. 1 ¥ BCe unCjaa, NPeACTABHMBIC KaK [ABa NPOCTHIX. i1a OCHO-
paHun oueHkn (6,2,5) Mb MOXKEM (KasaTh, UTO MOC/EI0BATEb-
HOCTb (A) MMEEeT MNOJMONKHTENbHYI I1OTHOCTh B CMuicae 1llHu-
peasmana. CaemoBatenbio, (A) MOXKeT CHyKdTbh GasucoM HaTy-
paabHOTO psiza. Wam, apyrumu caoBamu, CylecTBYeT Takoe Ieoe
YHCAO R, 34BUCAUIEE TOJBKO OT &), 4TO J1000€ uuCjaI0 7 ecTb
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cymMa He Gonee k craraeMHx u3 (A):
m= 3 ny +3L (6,2,6)
i=e

npuyeM cymMa enmumn B (6,2.6) umeer He GoJiee R CjaraeMhix
W €€ MOXHO MNPEICTaBHTb B BUAE CyMMBI ABOEK M TPOEK, a Kax-
noe n;==p; -+ pi. CrenoBateabHo,

m= Z Py

v=3k

n teopema lllHupeabmana noxasaHa.



rTABA 7

O PACHPENFJEHUY JPOBHbLIX UACTEH
YHCJOBBIX MOCAELOBATEJIbHOCTE#M

§ 1. Tlocranoeka Bompoca

HyCTb NaHa Oo0C/JACH0BaATENbHOCTE BCUIECTBCHHBIX YHUCEN

B Bavernr Borenn (7,1,1)

Haxomum aas wawgoro ee uiaena B; ero apoGuyio wacts {3}
(cm. onmpenenenue B [3]) m coctasuv COOTBETCTBYIOLLYIO MOC/e-
J0BaTCALHOCTD APOSHBIX vacTefl

Bibs Baboon Babe (7.1.2)
Bee uncaa (7,1,2) aewar na orpeske [0, 1). [Ilas MHOrux Bompo-
COB TEOpHMYM YHCEJ BaXHO 3HATh pacrpeneneHne umcea (7,1,2) Ha
orpeske [0, 1). Bseagem 1oHatHe o ¢YHKUUN pacnpeeneHus
npoGueix yacreft B, Ias 0<Iy<1 oGosnauum uepes v,(y)
koJauuecTBo 3Hauenntt |8;} Takux, aro j=<<n uw {B;} <y Pyuk-
us

V(=" (7,13)

[I0Ka3BIBAET pAClpeleleHne MepBHX 71 WISHOB MOCJIEAOBATEIBHO-
ctn (7,1,2) na cermente [0, 1). Ecam asa Bcsikoro § cyuiecrsyer
npeses
lim V, @)=V (7.1.4)
n-+o0

10 V() naswaetca dyukumedl pacnpegenenus (7,1,2). Ilpu satom
V (7) — ney6nisaromas dynkuus; V (0)=0; V(1)=1. Ocobenno
BaxeH cayuall, korga V(y)==7Y; B 2TOM CJyuae [IOC/IEACBaTE/]b-
HOCTb (7.1.2) Ha3bIBaeTCH paBHOMEDHO pacrpese/iedHol (W paBHo-
pacnpezesienncit)Ha orpeake [0, 1). Ecau aas pasHoMepHo pacupene-
JeHHo# nocaenosarenbHocty (7,1,2) 3anath Kakofi-1u6o cerMeHt
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{2, %) =[O0, 1), TO mpu n0CTaTOUHO GOJBUIOM 72 KOJHYECTBO
unenoB (7,1,2), nexawux B [oy, ag], O6yger uMeTb Bux

(33— 03) n + 0 (n). (7.15)
Becbma cyumiectBeHHH NPHM 3TOM 00Je€ TOUHRIE OLEHKH OCTaToy-
Horo uzaena {(7,1,5), T. e. noayueHue BuipaxeHuH Buaa

vy () = 17 o(p—?n)—), | (7,1,6)

rae p(n)==n*, p(n)=(nn)¥ u 1. n

B ananuTruecKo# TeOpuM HHCEA YACTO BO3HUKAWT BOMPOCH
0 pacnpeneseHun nocjaenoBaTennHocvett Buma {af(n)}, rae o —
3a0aHHOe Yucao, a f(7) — 1e/ouucaeHtas nocJae 0BaTeabHOCTb.

a
Ecan a panuoHanbLHO, TaK YTO a=-{7; (a, ¢ =1, 10, oueBuaHoO,

{af (1)} mower npuxumath aumb 3uavenus O, %, %, ,q—;—l
¥ 10TOMY paBHOMEDHOrO pacnpeieneHus He MOKeT ObiTh. Oanako,
€C/IM o WPPALMOHAJNbHO, TO paBHOMepHOe pacnpexeseHue {of (7))
ABJAETCA NOBOJLHO OOLIUHBIM apieHueM. Tak, ecan f(n) = ayn* 4
+anf ' - - a, — uenouncaennbiit noauHoM crenenn k=1,
to {af(n)} pasuomepHo pacnpezenena. M. M. Buxorpamos |1]
nokagan B 1937 r., uro mocAexoBatesnsHOCTb {up}, rie p npo-
Geraer 10ApsA NPOCTHE UNCJA, 0 HPPALHOHAJBHO, DAaBIIOMEPHO
pacnpeneneHa. IJTO CBOHCTBO MNPOCTHIX UKCEN JIErJO B OCHOBY
nasnoro M. M. Busorpasosmm pewtenus npobaemsl ['ompaGaxa.
SuiemenTapHoe I0Ka3aTeJbCTBO TECOpeMbl O paBHOMEPHOH pacnpe-
JeJNIEHHOCTH TOJMHOMHAJBHHIX MOC/€A0BATENbHOCTEH C COOTBET-
CTBYWILUMA  KOJHUCCTBEHHBIMY  OUEHKaMu  JAaHO B padore
WU. M. Buuorpanosa {4]. Ono npeacrasiaser co6o# ajneMeHTapHnii
gapuant meroga . Beitia ouneHku tpuroHoMerpuueckux cymm [41].
Mbl U3JI0KUM 34€Ch HYXKHY!O HAM 4acTh 3TOH paboTH, a TaKKe
padory M. M. Bunorpanosa [5] 1953 r.. rae z.JemeHTapHbMy
METOLAMU W3yuaercst nocaenoBarensHocts {ap}. Bymer usmoxeHa
TAKXKE OJHA BCIIOMOraTeabHas TeopeMa O APOOHBIX 4YacCTsX.

?

§ 2. Jiemma o pasHocTAX

Caenys U. M. Bunorpanosy (4], mbl AokaxeM 31ech JeMmmy,
KoTOpas OyaeT HaM HywHa B AaibHeHmeM. Ilycts Aada cucreMa
uuce '

Bi<<Be=..<Bp..., (7,2,1)



§ 2} ' AEMMA O PA3HOCTSX 163

aexautux B orpeske (0,1]. Coctasum ApoOGHHIE 4acTH pasHocTef
(3 —P (7.22)

rae 8 u B’ Hesasucamo npoGerawor uucaa By, B ..., B, Ilycrs
s moboro 1 & [0, 1) uucao T, npobubix poaed (7,2,2), mes-
WMX 7, BeIpaxaerca ¢opmyao

T, = n -- BA, (7,2,3)

rae A=n u B ne 3apucut oT 7. Torjga a/s noc/aei0BaTeAblOCTH
(7.2,1) myeem upu mobom p & [0, 1)

7.2,4)

Cof -

¥, (p) ==np -~ B (nd)°.

3ameTUM CrepBa, 4TO, HE Hapyilas OOUIHOCTA BBIBOJOB, MOWEM

3aMEHNTh Kaxa0e W3 uucea B; Ha Oawkafmylo K HeMy CJ/IeBa
S

apobb -+ §—uenoe (HoBoe uncao 8;). Ilpewae scero, oT racko#

’ 2
3ameHB uucaa §—f' usMeHmioTca He GoJee ueM Ha -+ Komuue-

ctBo HOBHIX uyucea {B — £}, newauwix B orpeske [0, y), Gyzei
OTAMYATBCA OT KOoJauuecTBa crapux uucen {3 — '}, coraacuo

opmyae (7,2,3), ne Gosee uem Ha n®-= = 2n A=
(7.2.3), He 6 22 | BA = 2n 4 BA

== BA Ha ocnoBaHnn Hepapenctsa gis BA. Taxny ofpasom, sua
dopmyan (7,2,3) ne mensiercs. Ecan Tenepp mas HOBHIX dicen B,
u3 (7,2,3) smpoaunrcd (7,2,4). to us (7,2,4) 6Gyaer cienoBarb, 410

1 3=
HOBBIX UKCes 3; B CErMeHTe AJnHbI P ynet aexath BB Y nA =

= B y'nd, rak uro ¢opmyana (7,2,4) Gymet BepHa 4 IJs CTAp BIX

anced B

. N
BBuly 37T0r0 MOXEM CUMTarh, 410 B;== oo rae0=<<s; < n—

uesble 4ucsa.
S
Mycrs komnuectso uacex (7,2,1), pasuix — (0 << s < n),

: . z
ecth 2. Torma koauuectBo .apoGett psna (7,2.2), pasHBEIX -

{0 << z<n), Oyzer

n—1

E XsTsizr (7,2,5)
gux()
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roe §-~~2 onpeneasercs no moaymo n B orpeske {0, n). Pac-

CMOTpUM CYMMY
n—1k—|

DD SN (1.2.,6)

s=02==0

rae ¢ — xkaxof-an6o BueT Mo MOAYII A.
CoraacHo (7,2,3), uvicem aas (7,2,6) Buipaxenne

kn -+ BA. {7,2,7)
[Toaowxum
kR~
Ss. B Z Osiz
g=0
Cymmupys (7,2,6) no ¢=0,1, ..., 2 — 1, Hafizem
n -
3 S8 w=Fkn - BEA. (7,2,8)
s=0
Monoxum teneps
Se p=4Fk-+< (7.2,9)
Hawef sagauett Gyner noaydeHue. OUEHKA 149 |sg ,|. Mmeen,
n—1 n—1
oueBnaHo, 3, S; ,==kn, Y, k=kn, orxyna
s=0 s=0
n—1
D e ,=0 (7,2,10)
§ =0}

ans mo6oro k. Otciona, 8 cuay (7,2,9) o (7,2,8).

n—1 n—1

Z Es k= Z (Ss k"'k)g
§==0
n—1
== 3 8} g+ — 2k ==BEA.  (1,2,11)
S e (

Cymmupys no k==1, ..., n, Haiinem

n n—1
Y & p=BrA. (7,2,12)

Racl s ue(
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[TosokuM nB;=s;, u uzobpasuM (cM. puc. 1) Kaxaoe s; B BUAE
JIOMWAAU NPAMOYroJAbHUKA, OrPAHUYEHHOTO NPAMEIME X ==,

=i+41, y=0 y=s; (=0, 1, ..., n—1). Ilycrs npn
TOM

max (5; — iy==0", min(s; —i—1)=d, s" —d'=L (7,2,13)

Ha kaxno# ropusontaibHoll npsmol y =0, 1,..., n—1 oIMeTum
TOUKY €€ NEePeCeueHHs ¢ 3alTPHXOBAHHOH 004acTsio (KpaHHiow

4

Puc. 1.

JeBYI0 TOYKY, €C/A¥ OHa He OJHa). OTH TOuxkH OyleM Ha3hl-
sarb orMeueHHbiMd. [Iycte M, {(x; §) u M,(xy §")— ase’
Takue Touku. Mmeem, ouesunnmo,

o |
xﬂ_«x,—_——asl+asl+|T...*{-asg«i—32"31"1‘551‘52—51’

rae 8, §3— OTBeuaioiine s, " TOuku Ha ueprexe. [Iposesem
npsaMylo y==x —x; -+ ;. OHa nepeceyeT NOpsMyl0 X ==X, B
HexoTOpo# Touke K (Xy Vo). Wmeem :

y2"S1=x‘2—xle‘!~s|+€sl.33¢81=MiKi

rae MyK — pacctosnue Mexiay touxami My u K.
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Takum ofpasom, cootnomenue (7,2,12) naer

Z MQKQ—"'—"B’ZQA; (7)2)14)
My, K

rjge CyMMHDOBaHHe uEET no mapam M, K, npuuem 10 *e K
onpeneaneTcs OTMEHeHHnMyu Touxkamn My n M, Taxum o6pa-
30M, 214 cymMuposanna (7,2,14) nyxHOo nepebuparb napel or-
MeYeHHbIX Todek M;, M, HaxoauTb TOUKY K ¥ Onpenensith

MK Tiposedem npsMym:

y=x42ET (7,2,15)

[onycTis, YTO 4HCJAO0 OTMEYEHHBX T[OUeK BHILUE HTOH npaMod
R n

nau ua neft GyfeT =5 (B NPOTHBHOM CAyuae Takylo OUEHKY

fyA€T WMETh UHCJAO TOUEK HMKE HEe WUaM HA Hell, | Mol pac-

cyxnamm Om Tak we). Ilposemem eme npamylo

y=sp TET (7,2,16)

Huwe see uad Ha HeHl uMeercs He MEHee
A
===t 7,217)

@TMEUEHHbIX TOueK. Kawmas U3 HMUX MOXeT OHTb CO&IUHEHa
¢ Kawjaol u3 Touek, aewamux Ha npsmoit (7,2,15) wam shule.

Coorpercrsennoe 3Hauenue MK Oyjer == i%[l' Us (7,2,14)
HMEEM
1 1 n I
1-6/2<-11—1)—2—=Bnm, l=B(nd)z. (1,218)

Hrak, BcH JIOMAHAS JMHHA JEKUT B [10JOCE MEKAY MNPIMLIMU
y=x-+9d; y=x-3", rae

ol =

6" — o =/== B (nd) (c"=0; d=<0)

! )

Orciona umeem: sok== B (nd)3, § ,=+k - B(nA)?, uto u no-
Kaa3nlBaeT JEMMY.

IMocnesoBareabnoe NpuMEHEHHE 3TOH JeMMH CBOJMT BONPOC

0 pacnpeneneHnu nocaenosarensuocta {P, (n)}, rae P, (n) — no-
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JAMHOM crenedn £ >1 ¢ UppaunOHaABHEIM CTapmuM Kos3ddn-
HUEHTOM, K BONPOCY O pacrmpeaeJeHdand APOGHBIX vacTed noJu-
HOMa HU3WEH CTemeHH. DTUM MyTeM MOXKHO J0Ka3aTth, YTO A4
NOMMHOMOB P, (n) ykasaHuoro Buaa (rie % MOXeT H pas-
Hatscst 1) {P,(n)} pasHomepHo pacnpeneiesa. Msl He Oynem
Ha 5TOM OCT4HaBJkBATbCH.

§ 3. Jlemma ¢ HemoJHOH cHCTeMe BbIYETOB

ITycts p > 1-—npocroe uncnao, xotopoe 6yAeM B JaibHeH-
WEM CYHTATh JOCTAaTOUHO GouabwuM, u f(X)~— uesotucaeHHas
dyukiug, 3amanHas npy x==0, 1, ..., p— 1(modp). Ilycrs

§s=0,1,2...,p—1 (7,3,1)

Ilas kaknoro § COCTaBUM HOBYIO LEJOUMCICHHYIO (YHKUAIO €
TOoll e o6nacTblo 3amaHus:

fs () =f(x)+sx (7,3,2)
¥ PacCMOTPUM BBIPAKEHUS
fs (%) .
), 039
rpe x npoberaer cucremy uucen 0, 1, 2,..., p—1. Ilycm
vr, (T)—Konmqecrao apoGeit (7,3,3) noa ycaosuem
{fs (x) }<T Oy (7,3,4)
IMycts ussectHo, uto npn masom s=0, 1,..., p—1 u mobGomM
Y& 10, 1) umeem
vr () =1p - Bp' ~%. (7,3,5)

[Tycts py — xakoe-nb6o yucao =<p, M mycTs £ npoGeraer
(BooGile roBops, HEMOJHYK) CHCTEMY BBIYETOB, COCTOSILYIO U3

qucen 1, ..., py. Hac Gyaer unrepecorats dynkuua p,(y), no-
Ka3blBaioiilas, CKOJIbKO pa3 NPOUCXO/JUT COOBITHE:
f ()
‘é - 3 At 4
o< {-2<x (7,3.6)

Korja ¢ npoBeraer yKasaHHYw CUCTEMY BhIueToB. MeTomoM Tpu-
roHOMETpHYECKUX CyMM, paspabortanHpiM M. M. BuHorpanosem,
Ge3 Tpyla MOXKHO M0Kasarh, YTO ‘

m) =1+ Bp' ~% Ig*p. (1,3,7)
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Mu 6yzeM uCC/aen0oBaTb TOT XK€ BOMPOC 3JAEMEHTAPHHIM 00Pa3oM
1 NOKAKEM TO Ke cooTHouleHue. Byaem obosHauate uepes (x);
(f) obaactu usMeHeHus aprymenros x u f. PaccMoTpum cymmy

TIIn(es=y),

s=0(x) ()

rie uepes V, (u) oBosHauena ¢yrkuas, pasHas 1 npa 0=Snu<y
u 0 npu y<cu<l. Bynsem cuuraTe cnepsa, uto fp — uucao
HE 11e10€; KaK MHI YBUJUM W3 OKOH4ATENbHOrO peay/bTara, 3TO
He Hapywaer obwnoctd, [lpn x=f u3 Haliel cyuMMbl BbLIe-

JAeTCA YICH
) {9 (739)

KOTOpHIH Kak pa3 Hac uHTepecyer. Paccmorpum, Kakue dJensl
MOJAY4AIOTCsH NpH X 7 L.

[Tpn pmaHHBIX X, ¢, AAa KOTOpuiX X — ¢ =50 (modp) BHpa-
#Kenue S(x—1) npu s=0, 1l,..., p— 1 npoberaer noaHyw
CUCTEMY BLIYETOB; TO K€ KacaeTcs suipamenus f(x)-s(x — 7).
ITo onpenenenuto pyuxuun V., (z) cymmuposanue no s s (7,3,8)
npH STHX YCAOBHAX JAaeT BEAHUHHY

(vpl (7,3,10) -

TAK KAK 7P UOPEAIOJONKEHO HeleasiM. Takum o0pazoM, CymMma
(7,3,8) pasHa

p X v {5 +iwin o — 1 (13.11)

[42]

Ty e cymmy (7,3,8) Mbl MOKEM pacCMOTDPETb NO-4HOMY, (UK-
cupys § m X U CyMmMupys no £ PaccMOTpUM np# HaHHHIX §, X

CyMMYy

Ilpy s==0 noxyyaem wiex V, ({%Qnyl Cymuupys f0 x,

HoJayyaeM Ha OCHOBaMun ycaoBui (7,3,5) BblpaweHue

PP+ Bppt . (7.3,13)
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[Mycte s 7 0. Paccmorpnm nosepenve cyMmmsl (7,3,12). 3aech ¢
npoberaer anauenns 1, 2,..., py. [oaaras f(x) -+ sx=y, pac-

CMaTpPHBAEM CYMMY

Yo ~— St "\ . )

e e
()

§ 4. Cpaprenue ABYX CYyMM
Hapsany ¢ cymmott (7,3,14) cocrasum Cymmy
X — 87
S (5,
)
¥ pPacCMOTPUM DPasHOCTh

Yv s = 3vifE=2)) aa

(:‘) &

s
ITpeacrasum qucao > B BUIE

s a ; 8

=1 _ a =1 Ty == Dy 16, =21

7 q1+51m’ (a1, q1) r=ps 0=
Ecan gy £ 1 a, £ 0. Ilpu stom ¢y =<<p.. U3 cermenra (1, p]
v3MEHeHUst { BBELOEAMM, HauMHasg C NMPaBOro KOHHA, MOJHBE CH-
creMs Beuetos (modg); nycte TakuMm 00pasOM  BBLIEJCHO p,
qUCEa, W OCTanuch uucaa 1, 2, ..., po, COCTaBAHIOUIAE HENOJ-

s
"yt cucteMy BoiveroB (mod g,). IlpescraBum > B Buie
a,+ 0; .
qs qata’

Ecaun upu s10M gy==1, @3==0, TO Ha 3TOM OCTAHOBHMCS: €CIu
3T0 He TdK, HPOJOJLKAM 3TOT LPOUECe [asee, 10Ka He [pHieM

w=py GhI<l (2 )=l

K 3Hauehulo g,=1, a, =0. Tak Kkax 590 B 5.

fO 4uCA0 waros Hauiero mnpouecca Oyser Blgp. Koraa ssaue-

Hae ¢ npoderaer MOJHYIO CHCTEMY Bb4eTOB (modgq;), Tak we
. ¢

celsl BEAYT M BENAYUHB Yo — aqf W X -—aif; 0D# 2TOM ‘Tl;:
11

— . [TonobHple #e pacCyxACHAS [NPUMEHUMH H K MOLYJASM
i
@4 +.o» Qp.i Y, BBOLS TOHATHBIM U3 MpEAblAyllero obpasom
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0603HaueHuss p,, Pa, Py, Pi ..., DoayunM aas (7,4,2) oxoHua-
TeJbHOE BRIPAaXEHHE
RU”S’ S)_R(x, S)) (7)4)3)
rae
P, P, 2
RG 5)=25 (q—l 4~ N i ) (7,44)
ana §=1, 2, ..., p— 1. 3aecs yureHo, uTO0 npu g,==1,

ak=0, MBI MOXEM JAullb JAaTh TPHUBHAJBHOE 3HAUEHUE 17
COOTBETCTB)’IQILLEH CYMMBI BIlH‘JGHHﬁ

v = vt

Bynem Ttenepn cymmuposars supaxeune (7,4,2) no x==
=0, 1,..., p—1; s=1, 2, ..., p— 1. Bonay (7,43) yxa-
3aHHAs CyMMa DPaBHa

ZZM%@*RMS (7,4,5)

(8) (x}

O6osHauum uepes W (y) xoanuecrBo uucen y,<_y. Torna
2Ry, H=XRE )(W(x+1)— W (x).  (7,46)
X X

B cuny ycaosus (7,3,5) umeem

Ws(y)=y— Bp' —*. ~ (7.47)

Beumy srtoro n (7,4,4) (7,4,6) noayuaer BupaxeHue

ZR(x,s)+B<1_L S+ +”k"+p,;>pl—io‘ (7.4,8)

vak uto (7,4,5) noayuaer ¢opmy

Bplwioz(‘l_{__ 4 +pk“'_}_p) (7;4,9)

O6paTuMcs K OUEHKE nocjaenHen Cj‘VlMH Cnepsa OUEHUM CYMMY
MePBBIX WJEHOB

P
- (7,4,10)
L3
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s a i .
3uecy umeeMm: —p—:j-%——};—. KonnuecTBo uncen s, Ans KOTo-
1

pHX g; OYAET JewaTb MeXay ‘g% u 5—{3—1 npu k=0, 1, 2, ...;
Py 1

ST 2 s 6yJeT UMeTb OLEHKY

¥4
Bp 55— zﬁpl = B .
I8 ag| _. 1
B camom nene, W3 pasencrTaa il = BLIBOI UM
P gz i 4101

-{qls——a1p1<l-‘f—l; NpU Kaka0M 3a1aHHOM ¢ UYHUCIO COOTBET-

CTBYIOMUX 3HaueHull § 6yacr Bpﬁ; npd  YKa3aHHBIX  3Haye-
. _

HUAX ¢y COOTBETCTBYIOUIEE uucae sHauenutt s Oyper B ;’&X
1

/’
X 2/2 :

Yuuowxan ua %‘-—Bp‘ 2% = B2% n cymmnpys no s, noay-
yum oueHxky Bp. Cymmupys N0 pasan4HBIM R, HaxoAuM 0O6mLYIO
OLCHKY

Bplgp. (7,4.11)

2

Taxam xe obOpasoMm oueHuBaeM Z?’ VUATHIBAR, HTO Ty == py;
2
s

/

, p; . N
P, << py, 3atem V L (jsck-—1). flna pacuera S Pr  33METHN,
? ok 47 i

5

5

s 0 f
UTO KOJAHYECCTBO UHMCEN S, IS KOTOPHIX ;)—:—::—1— —, rue
1 ~
7pk<7<pk» 6YHEeT, OUEeBHIHO, B%, TaK HTO  COOTBET-

CTBytolas CymMma LOJAYUYAT OUCHKY

dipi=DBplgp. (7,4,12)
$ .

Hakoneu, nosmyuaem oneHky aasa mo6oro 3uauenus § u k= B lgp.
Takum obpasom, noacraroska (7,4,11) n (7,4,12) 8 (7,4,9) naer

Bp*—t1n?p. (7,4,13)
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Bosspawasce k (7,4,2) u cymmupys no (x) v s==1, 2, ...
.., p—1, Haxopnm

ps“‘ yV({v‘.—SI})'—'y Zv {x—st} +Bp2"°lgp
S=lx) s ==1{x)

B nocnegdett cymMme mpu HaHHBIX S, { DPOU3BOIUM CYMMHU-
pOBaHUE 10 X C OYEBUAHBIM pE3YJIbTaTOM [Yp]; CyMMUDYS elle
10 8§, f, HAX0AUM

el p(p— 1)+ Bp*— % 1g* p. (7:4,14)
Cpasuusas (7,3,12), (7,3,14) u (7,4,14), naxonum

pZ (B =+ B2 =1g'p, @415)

OTKY.la

N ({E = o = apt -5igp, (7:4:16)
(r}

4TO ¥ [IOKasplBaeT Haule yrsepxaenue (7,3,7).

§ 5. duemenrtapuniit Boisog H. M. Bunorpancea
HEKOTOPLIX TeOpeM O NOCAeXOBATENLHOCTH
NpOCTHIX Yucen

B 1953 r. W. M. Buuorpagos [5] ykasan 3/1eMEHTapHbIf
MyTb K WCCJAEI0BAHNIO TMOBEASHWS APOOGHMX uactell {op}, rie
4 — 34JaHHOE UHCJI0, a p npoberaer noc/aen0BaTeNbHOCTh NPO-
cTeIX uncen. B nanHOM m caeayiouieM naparpadax Mel BOCIIPOU3-
seneM paborty [5]. Beemem dyHkmuio

¥ (2)=V,({zh—1, (7.5,1)

rae V, (@) — dynkuns, senennas s § 3 (0<<y<1).
HyCTb g > 1 — nenoe uncio, (@, 9)== 1, 0 < a << g —1. Uay-

43eTC noseieHne APOCHLIX YacTel CUCTeMbl YuCes: -‘-lqﬁ-, rae
ps= N (N—oo) u ¢g< N
Teopema 7.5.1 (M. M. Busorpanon).
¥ vl =@+ anrer, (7,5:2)

p==
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.
20e ©(N)= Z 1, e>0-—croas yeoddo aanast KON

p=N
cmasma u
]

au e 5 o
F=Y ET%+N 5, (7,5,3)

C aHanHTHYECKOH TOUKM 3DEHWd JaHHAsg TeopeMa YKe COo-
gdepxut B cebe OCHOBNOH Tart pelieHua TePHIPHOH npobaeMe
[Fonpabaxa u BHIBOAA COOTBETCTBYIOIEH ACHMITOTHKH. 3aMeTH,
aro  $opuyra (7,5,2) Oyger HETPUBHANBHOH, €CaWw ¢ pacTer
syecie ¢ N Oolcrpee, yem N°. Jlokas3aTeAbCTBO TeopeMel 7,31
OCHOBBIB2CTCA Ha PAAe BJICMEHTAPHBIX JEMM.

Ilycte pavo peaapHoe umcao 2. IlpeacraBum uuciao o 8
Popue
S4+g (AQ=1 0<Q=q. (54
Q ' Qs AT = ”

Aemma L. [Tycms § — peansroe wucao, ¢ — yeioe 4ucio,
o — qucao, 3adannoe (71,5,4). Tozda ‘

fe4Q~ | i
E V. (ax -+ g);<2. (1,5,5)

Q==

/

X ==C

Mul MOWeM CYHTaTh ’Q> 2, n6o npn Q=<2 aemMma Tpu-
suajasHa,  HWmeem: ax - B=— ‘E—"%Cl; J(x)=pBQ -+ 0{3 .
Donowum:  f(x)=n-4»-4A(x), rae n-——ieioe HUCJIO
O <<»<{1, 0= (x)<1). Vmeem

r-+ x4 p(r)
e - py = L2 0},

rae r—— HauMEHbUIUH HEeOTpauaTeILHBH BHUeT AX -1 (mod),
o (ry==»(x). Hepasencrso

O<{ox+Br<lx

MONKET BHMOAHATBCSH AL npu r=Q —1; 0, I, ..., [{Q], rue
apy  LeJoM y() MoCAeAHee 3HaUEHHE MCKJIOYAeTCs; 3TO  Haer
< 4Q -~ 2 3navenudt r. OHO 1ABEPHO BLIMOJHSETCS /WU TPH
r=0, 1, ..., [1Q—2], . e npu >7Q — 2 3uaueuusx r. Ta-
KuM 06pAa30M, YKCJIO BHIIOJAHEHHH HAIUEr0 HEPABEHCTBA HMEET
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sug 1Q + @, roe | D] <2, Tak u4TO CyMMa, BXOAAMIAS B JEBYIO
sacts (7,5,5), paBHa

=GR+ —1Q—1Q—0)=0>
WM JIeMMa [OKazaHa.

JNemwma 2. [{ycms h— yenoe, x npoGezaem X, nocaedo-
aamensHblx 4ucea psoa 1, 2, ..., g, y npobezaem He3asi-
cuMo om X Yy 4Huces moz20 e p}zaa, 83QUMHO npOCINBLX C q.
Toz20a waecen

Y Y, () )
Azw” ) <4qngpr. (7,5,6)
X
Jlerko noacuwrath, yro npun ¢ =< 70 Jjesas vacTe, He npe-
socxoaamaa g (9j(g), Oyrer menbwe mpasoit. [Tosromy Gyrem

!
cyutaTh ¢ > 70. [lpu 3apanHOM y mpencTaBuM %— B dopme

(An Q=1 0 Qo=<Xyp It
a4 T ll., noKa He ﬂleﬂEM K Hekoropomy X,

ae1 = 0. Tlpumenss
aeMMy 1, nerko y6emuTnCst, 4TO u4acTh ABOHHOH cymmbl (7,5,6),
OTBEYaloILaa 3aJaHHOMY V¥, To abcosoTsol BeAUYnHe HE MpeBoC-
XOLNT

)’___ “o

Xo X, X\
2(G+o et )

a BCA [BOHHAaZ CyMMa @MEeT OUEHKY afCoMOTHON BAMYMiiH

cBEpXy
2
Do+ .+%’i>. (7,5.7)
"

3aecy uncna n, Qg Qy .... Q. Xy Xy, .... X, 33BUCHT OT y.
Haitnem ouenxy cymmel (7,5,7). Bulgeaum 0180 43 cjaaraeMbix
2X
0"

Eny orBevaeT cucTeMa ycaosuit
2 A0 =1 0 X
paBHOCHJIbHAA CUCTeME YycJaoBult

yQ—Ag=t (4 Q=1 0<Q=X [t|<F).(759

Mocaeanee n3 ycaosu#h (7,5,8) naer X<|—‘t1i, 103TOMYy  CJaa-
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2X 2 -
raeMmoe —6 MOXHO 3aMEHHTL CJaraéMblM -a—l%—(. FpeTLe a 4eT-

seproe u3 ycaopuit (7,5,8) samenum Gosaee rpyObIMu
0<Q=<gq <3

pn (Q, ¢)=23 neproe u3 ycaceuit (7,5,8) BHMOMHIETCH AUUIL

npu |¢|=#3 (¢, uenoe). Ilpu sTom Q u |f| ompemeadioT 23
2

nap sHauenuH y u A, 1 CYMMA COOTBETCTBYIOIMKX CJIaracMux al—q—

¢
q S q
2 06, 20 =14 o

Beuay storo cymma (7,5,7) He mpesocxoAdT

w3 3 b

I<Q=xyg 0<t$—Q—

Oyzer =<

uro npu g >70, Kak gaer mpoCTOH 4Yuc/aeHHHIH moxcuer, Oyaer
< 4g (In ¢)> I10 noxasweaer (7,5,6).

Jemma 3. [Iycms x npocezaem X Pa3AUMHBLX HUCEA
pada 1, 2, ..., g, a y He3asucumo om He20 npobezaem Y
pasantnblX qucer 3mo2o ogce padq, 63AUMHO NPOCMBLY <
g, (@, q)==1. Tozda dan cymmu

s=33m

I
unmee uepaeeucmso
JS1<<2(XYg)'/2Ing. (1,5,9)
[Tpnmenum uepasencrso Komu — Bynskosckoro k cymme S,
[Tonyuum
e x Y| Y, (=)
NELSIPRAC-SIE
X ¥

Cor/lacHO OCHOBHOMY nNpHHLHAY OHEHKH UBOMHEIX CYMM 110
WM. M. BunorpazoBy, 3TO HEPaBEHCTBO JUIbL yCHJNTCH, €CAH B
ero npasoi yactu OyneM NpoOM3BOAMTL CYMMHUDOBAHUE [0 BCEM
sHaueHuaM x==%5=1, 2, .., ¢. Ilycrb y, npoberaer Te xe
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3Ha4y€Hud, 41O Yy, HE3aBUCHUMO OT Y. Ha ocHoBanuu C€Ka3aHHOro
noJy4uM

srax $ 33wt o0 X,
:

=1y

rie
g—1 ,
AL AR NN IR LY
Sy = A q)“"\ q / ‘4-‘}7{\4/;7‘\47/}’
vy u==0 u v

rae y'y=1(mod ¢), v-— BauMeHbIUH HEOTPHUUATENbHHIH BHIUE]
Y (mod g). Kormga y; npoGeraer cBou Y 3HaueHud, v npobe-
raetT Y pasinuyHbBIX uYucesa psga 1, 2, ..., @, B3aUMHO TPOCTHIX
¢ g. Pazo6bem cymmy S, Ha [OBe CyMMbl, W3 KOTODHX MHEpBas
COMEpKUT c/laraemmle ¢ < y¢, a BTOpas -— CJaraemsle ¢ i == yq.

_ a8
B xawao#i u3 Hamux CyMM MHOMUTEJb IY(—E~)6yﬂeTHOCTOmb

« fuv
HBIM KOO((UUUEHTOM Npu CIaraeMoM ‘IR(‘(]—\M K nocnennum
/

C/IaraeMblM KaxIOR CyMMBl B OTAEJABHOCTH [PUMEHUM JeMMy 2;
ﬂOﬂquM

Sy <4 (In gl (1 — )+ 4g(In ¢)* y==4¢ (In ¢)*,
1 SI2 <AXYg(ng®  |S|<<2(XYg):Ing.

Nemma 4. [lycms x npodecaem pad pasaudHslx 4ucea,
codepacamuxca cpeon X nocaelosanteAsHsl X Ueasx 4lcen, a )
npobezaem HE3QBUCUMO ONL X PSIC PA3ANAHBLX Hiucenr, coldep-
HQUNXCH cpedn Y nocaedosamessiolX HEALLX 41CEA BIAUMHO
npocmbux ¢ q. [Torooxcun

s =V ¥y (o)
5“242‘l"(.. q /;'
X ¥
Toz0a umeenm
\S|=BXYFy;  Fo={ 5+ v+ + XY; ng.
(7,5,10)

X
Ecmn X > ¢, pasobbem OTpe3KH U3MEHEHHR X Ha B—q— oT-
pESKOB, U TAaK e 10CTYmuM C OTpeskom uameHenus y. [locae
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3TOr0 INMpUAEM K CyMMaM, pacCMOTPEHHbIM B JemMe 3. Takum
06pa3oM, TOJYYAM OIEHKH:
npn X<<q, Y<<g¢q

l

|S| = B(XYq)® lnq—-_—XY< 0 \T

XY) Ing==BXVFy

upn X<<g, ¥>q wm apn X >¢q, ¥ <<gq

I 1
. Y 5 X 7
1S1=8 - (Xqq)* In¢+- B 7 (Xqq) * Inq=BXYFy;

mpu X>¢q, Y >¢q
3
)S|=B§ —f]—q"‘?quBXVFo.

Nemma 5. [Iyeme | <<U<N, 1 <<A<<U, U+A<< N,

s=y 3w ()
Xy

20e x, y npofezaiom yeable Hucaa, npudadiexncauue ¥ 08yM
803pacmanuus nociedosamersnocman, npuvexm (y, q)==1;

U<x=UHE <y, @51

a 8 OCMQALHOM X, Y He3asucumsl. To2da urseem
NA?
|S|=B—Fy
1

v =(1+ g+ S (o

Bynem cuntath, 4t0 F;<C&,. rae, kek n panee, £ >0 —
AOCTATOYHO MaJas KOHCTaHTta (B NMPOTHBHOM Caydae JgeMMa Tp-
BrafkHa).

[lycTts ry — HanGoJelIee LEIOE UHCIO 04 YCaoBueM 270 =g Fih,
V3 obnactu (7,5,11) (cM. puc. 2) BHAEJUM <HEpBBIE», «BTO-
pHIE>, «TPETbH»; ... <«r-e» 00JacTH, COrJacHO CxeMe, yKasaH-
HOlf Ha ueprexe. 3mecs r-1 06JacTb OKAa3bIBACTCH MPSMOYIOIb-

A
HAKOM C OCHOBaHUWEM JUIHHBI oF W BLICOTOH mauHB, uMewouieh
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TOUHHH MOPANOK (n€Bas ¥ HIXKHAS CTOPOHB TPAMOYIOJb-

NA

Ur

HUK2 K ob6sactm He mnpuunciasiorcs). Yweao r-x obaacrefi pasHo

271, CoraacHo nemMe 4, uacth cymMbl S, OTBevawias ONHOH
u3 r-x_o6aactel, 6yaeM HUMETb OLEHKY

A NA U22’ 1

T U ( + NA q - T

U2y T
+qNA2 ) Ing==

NA2 _
= B Fy (In g™,

7 Yacte cymmbnl S, oTBevaiomas BhLIe-
JeHHHIM ofnacraM,  OyaeT  UMeTb
OLIEHKY

y
B

NA A
B 0 7 —B U2 F'

ITostomy

1S1=84% (21 2?’1:(1 +1)FA=

NA?
=B —F,
Puc. 2. Ur

yeM JemMa IOKa3aHa.
Jdemma 6. llyems << U<N, 0<A<<U, U+A<N

=337 (%),
N

X

a 8 OCMAALHOM X, Y HE3QBUCHUMbI, NPOOE2Qi0mM UeAble HUCAQ
u3 0syx so3pacmanuux nocaedosamersnocmell; (y. qgy=1
N 3HQYeHUust Y no8mopsiomcs  Kaxooe He Oosee M pas.
Tceda umeenm
1

( 1 U 1 q\7 2

|S|1=BNMFy, Fo={g+ 5 + 5+ )7 (ngh
3ameTM. YTO HOCTaTOYHO paccMaTpuBarh caydaph M=1 n
== 1. Yacte S cymmbl S, paccMoTpesHas B Npesblayuielt aemue,
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Oyzer wMeTh oueHKy BNF, OcraBmasics uwacte cymmm S, rue
CyMMHUpOBaHHE HAET B 00JaCTH

N
U x<< U4, 0<J’<m

no aemMe 4 OygeT MMETb OLEHKY
1
N/ 1 U 1 U\NT
Ay (w+x g iy me=5nA

Nemma 7. Iycme x, y, m npofe2aiom 83aUMHO BPOCHLBLE
¢ g noaojCumensHoie 4ucaa, npuxadsedcaujue mpem 8ospa-
cmanuum nociedosamersHocman. Ilycmes npu 3mom

U<x<U, xym<N, (x y=1,

I<ULN, U<U<2U

a 8 OCMAABHOM X, Y, M HE3a8UCUMDbL. IToaooicun

s=3 33w (=)

X y m

20e

To20a umeen
L, U, +
|S|=BN"Fy  R=(p+g 4+,

CHoBa Gynem cuutath, 4TO F3=zf, (§) — moCTAaTOUHO Mamas
KOHCTaHTa), WHaue NeMMa TpuBMaabHa. [lanee uMeeM

0, ecin (x, 1,
2 p@d= (0. 9) >

dix; d/y 1, ecmn (x, y)==1.
Bsuay »10ro

S=3r @S,
rae ot
xzyz; ( xym)’

X
roe x', y' mpoGeraer uuciaa =,

af\e

, ecan (x, y)==d; cymmupo-
BaHue uletr no o6Jactu

U 7 , N
T <Y< Hm< 5.
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[pu N;=<< N uucno nap y', m noa ycnosueM y'm == N, paBHO
B,N*1. Tlostomy npu d=< F; ' no aemme 7 Haigem

1
Ntte qd\7 .
ISdI——Br—-(fnLdN-k =100 (ngp=
=B,' 7~ Fa(lng)*
a npu d > F;"' umeem
1S4l =B, = BN p,

dmyna JErko caepyer jemma 7.

Jlemma 8 4BafeTCR AOBOJBHO CJOXHO (GOpPMyAupyeMof, HO
9JIEMEHTapHOH JemMmoit u3 ussecTHO# MoHorpaduu . M. Buno-
rpanosa (cM. {1}).

i 1
Jdemma 8 [Tycms 0<c<—6—, 0<lo=t =, Ostp=<

% 1 — o0, P— npoussedenne npocmux Huces, He npesocxo-
dawux N°% N> N, [loaoscum r==InN,

Inr

D____,rin(l-i—c;

u paccmompus Oeaumeau d wucaa P.

Hx moocro pacnpedesums no D' <D cucmenman, nputenr
028 KQmCOOL cucmeMb, cyuecmsyem c80e ¢ no0 YCAOGUEM,
4mo 3Hawexue w3 smol cucmemo y008AeMEOPAEM Y CAOBUAM

pd=o!

Hrsn nexomopeix cucmem Gydem o< NP, a 01 xawdod u3
ocmansHox cyuwecmsyem yeaoe yucao I' >0 u dse so3pa-
CManuue nocaedosamersHOCMu  HAmypaibHol X Huces X, y
marux, wmo x & (py, @\ T =(N?, N?**°\. [lpn smom ace
yucaa d paccmampugaenmoll cucmemut, 83amuie Kancdoe I' pas,
U MOALKO UX NOAYHUM, eCAu u3 8cex npouzgedenud Xy 6bi-
Oepem auws maxue, 045 Komopeix (X, y)==1.

Ilas  moKa3zaTesbCTBA PAacCMOTPUM T — HauboJbliee  Ie/10e
YHCA0 A8 KauAOro

2(‘+C)‘ —‘QNO-
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B cuany ycnosu#t H3 ¢, ¢ uMeEeEM

o1 InN InlnN—Inln8
A+97 <33, “—l<s—qaFg
Inr

<< o &

ITonoxum b=[In N] ¥ pacCcMOTpuM BCE HECBO3PACIAIOUINE CH-
cTeMu b yucer: .
=t =t, (7,5,12)

rae t; MOXET NpuHAMaTth sHauveHue 1, t—1, ..., 1, 0. Ilycms
I, — uucno yncen paga (7,5,12), pasueix s. Yacaamu 7, £y, ..., 4
pan (7,5,12) ompeneaserca noJxocteio. OTcioga Cjielnyer, 4TO
4uCJIO TaKux psaoB Mmenblie D,

ITpu ;>0 nosxaraem

(?j.___2t1+c)'/—l, F/=q)jl+0=2(1+0)’j_

[pu ¢;==0 nosaraem

Beakoe d =< N aBadeTcs npousBefeHUeM =< b NpPOCTHX JjennTe-
aefl. Byab 3TO He Tak, MOJAYHMUIu OBl

2:3...00+2<N;, m24,...+n@G-+2)<<InN

win
ImNInInN<2InN—1,

4TOo HEeBO3MOXHO npu N > N, Pacnoaoxum mpocree nesuresnn
d B mnopaake yOwbisaund. Ecau uncao- ux h<b, noaoxum:
Pr=...=pp==1. Toraa nonyunm: d==p;...p,. Cpean ps-
OB fy, ..., £, Hallpercqa €OMHCTBEHHBIH pAL IOA YCJHOBHEM

oy<pj<F; mpn £,>0, }

¢j=p;=F;, mpn ¢=0. (7,5.13)

Bynem rosoputs, 4TO paccMaTpuBaeMoe d CBA3aHO C STUM

paaoMm ty, ..., t,. Tlonaras o=, ... ¢, noayuam: ¢ < d =<
<< ¢! Ilycte ¢ > NP. PaccMOTpHUM COBOKYNHOCTb BCEX d, CBs-
SaHHBIX € HaHHBIM psaoM &, ..., t,. Ilycts B — nHaumenbluee

1eJoe unucao, A KOTOPOro ¢y ... q:B>N? (mpu f==1 noaxa-
raeMm ¢;... ¢gy==1). :
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ViMeem
1. Ppt == NP Qpeg N <p;...<pa<N'+’;
(91... %)m = NPore,

[Tonouum X=Proo Py V=Pt Pp}  P0==91...P Jlerko
yOemuThCS, 4TO xé(%, cp“‘f'f]c(N" NETorel Ilycrs, nanee,
bopists oou Ly tﬁ+1, <o Lgipy — BCE 3HAUEHHS f; DaBHM f. ITyctn
X, Y HE3aBUCHMO npo(‘)eram BCE TPOM3BEIEHHS C YCJAOBUSIMHA-
(7,5,13) u ycaosnamu

P> P Pert = =P

rAE HEPABEHCTBO Py ==ps,; HANO MOHUMATh KaK HEpPaBEHCTBO
Pr > Ps.1» €CIR pg > 1, B KaK paBeHCTBO py == p, 4, €Can py= 1.
B Ttakom ciywae xy coBnagaer ¢ OUHWUM M3 uncen d Haued
CUCTEMBI, TOJAbKO €cau (X, y)==1 # uncA0 MOBTOPeHu#l paseH-
cTBa xy==d Oyner Cg‘l+k2. [Mpunumas nocaeanee uucao 3a I
npuxoaMM K JokasaTenbcrsy Jemmnr 7. Ham Hyxen Gyaer auwb
4acTHBI# Cayualt 2TOH JeMMBl, KOTODHIH MH CHOpPMyAuUpyeM Kax
CAEACTBUE.

Canencreune. Ilycrs v-—xoncranta mox ycaosuem 0<C
<v=<0,1; P— npoussenenne mpoCTbIX YUCEN, HE TNpPEBOCXOAS-
wux N'3; d npoGeraer geanteaun P, He npesocxonsuiue N

Inin N
D=(1n1\]) In(l-v) »

Torma Bce sHauenus d moryT GuTh pacnpeneaeHn cpemu D' <D
4eHOB, YacTh 9TUX KJAACCOB BKJIOUZET TO/MbKO 3HaueHus d noa
yCaOBUEM

1
d= N3

[las Kaxmoro 3 OCTaAbHHX KJAcCOB CymlecTByeT uenoe />0
@ [BE BO3paCTalOIIHE MNOCJAENOBaTeAbHOCTH (X) # (V) HaTypafb-
HBIX HKCEJ NOA YC/IOBHUEM

1 L
N3 Zx<< N3

raKkde, 4TO BCe YuCJa KJaacca, B3aTele Kaxaoe [ pas, @ TOMbLKO
9T UYMCJ/Ia TNOAyuuM, BHIOUpas Cpedl BCeX MPOUSBEACHUH XY
TUWb YAOBJAETBOPAOLINE YCACBUAM

xy<<N (x y)=1
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§ 6. Mloka3areanCTBO TEOpEMb!
[Tyete v<{0,1 — cxoab ylronHo Manag KOHCTaHTa. P — npo-
m3seneHue Bcex plQ, p<< N3;

I -

3
N <p=N
pta

— Yy @
S= Z\l,( ; ) (7.6,1)
pP=N
Viveem u3 aaeMeHTapHHX Coobpaxenaft

S 3 wen ()=

dlp (m q)———l
=N

=S+ 2 v, (M)+BN§_ (7.6.2)

PlP =N

3necs py, p, NpPOGEraloT MPOCTHE UUCAA W CBA3AHBI JHIL YCJO-

BUEM Py, P << N.
B nBofino#i cymme B npaso#i uacru (7,6,2) Bce 3HaueHun
1 2

x==p, Jexat B untepsane (N3, N3). Ero wmoxuo passuTh
Ha BlIn N oTpe3kos, yKa3zaHHuX B Jemve 6. Bsupsy 3toro, upu-
MeHAs Jaemmy 6, Haipem A4 3TOR ABOHHOH CyMMbl OUEHKY

2 1

_1 3 2
B,NH‘(N 3_1‘__/%._‘_%_{_%) =B,N'+‘FL--

O6patumcs Kk gesoft wactm (7,6,2). 3mecy BCce 3Hayenus d
pasofbeM Ha KAacChl. Kak ykaszaHo B caeactsuu jemmu 8. [lo-
ayunm Be N¥  Kknaccos; s uucesn OJHOrO ¥ TOr0 e Kaaccad
. (d) noctosuHO.

PaccvoTpuM cnepBa Kjacc, IAs KOTOPOrO, COTJIACHO Caef-
cTBUIO U3 JeMMbl 8, mMomHnO ykasaTb H >0 u xBe Bospacraio-
HIMe MOCJAEN0BATEIBHOCTH (X), (V) HaTypa/bHBIX 4ucea € ycilo-
BHEM

1 2.,
N?<x= N3
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TAKMX, YTO BCE YHC/Aa KJ/aCCa, MOBTOPEHHblE Kawaoe H pas,
M TOJBKO 9TH UYUCAA MOJYUYHM, €CJIH W3 BCEX TPOM3BEAEHUNl Xy
BHIGEpEM JNLIbL YIOBJAETBOPSIOLINE YCJIOBHAM

xy=<<N; (x, y)==1

[ns BHIGpaHHOrO KJacca COOTBETCTBYIOWIAs 4acTb CYMMH B Je-
Boft wactu (7,6,2) mocne ymuowenus Ha p(d)==1 (nocross-
HBIE B KJACCE) U UMCA0 f MpUMET BHULI

Z 2 Z 7, ( ax;zm > ’ 7.63)

rge CyMMUpDOEAHHE HIET 110 oGJaacTu

I 2
N“§<x£N3~+v; xym<<N; (x, y)=1

K cymme (7,6,3) npumenum Jemmy 7. PazfuBaem oTpe3oK usMe-
HeHns X Ha BInN cerMeHTOB BHA3, YKa3aHHOro B JeMMe 7.
MMocne s1oro auaa (7,6,3) HaxoauM OLEHKY

2 t
E 3

SN SN AR
BN (N 3+ = +?+N) == B N'*"F,,

rre Fy—=F (cm. (7.5,3)).
[lasiee 7acCMOTPUM YKa3aHHBIE B CAEACTBAN K JeMMe 8 Kaacch,

comepxauie JauIp 3Havenue d € veaoBasvu d =S N§+v. Mu
paccMOTpuM Jnilh Kaacce ¢ p(d)== - 1; cayua#t p(d)=—I
TpaKTyeTcst aHaftoruyHe. Hacts cymmsl B .Jaepoft uacta (7,6,2),
OTBEUAIcIIan BCEM TaKUM KJaccaM, MOET ObTh 3anucana B BHAE

SI+SN+SW adm
Z 2w

d>— m<~~
q
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. N + .
B rtakom ciyuae pasobn€M OTpesok [‘7, N3 ] 3HayeHu

x=d Ha Blao N orpesxoB Buia, ykasaHHoro B aemue 6. [Tpu-
MeHss 3aTeM JemMmy 6 K &', MOoayuuM OUEHKY
i i

agtve [ L N? 1 4‘2‘_ 1+8
BN (gt Sty ) =8NR

Yactb cymMmpl S, OTBEYAlOULYIO 3a4aHHOMY ¢, MOWHO mpea-
CTaBuUTL B BUHAEL

2 _
[
N p s '\ u
(@] 2 n(5) =20 Zuig)
i(f 8lq u=0
Kak u3BeCTHO (CM. [3]), »T0 BHIpaxenue HMEET OUEHKY
Bz (q) = B+N*,
TaK 4TO
. v N N e
‘S [——-B Z W—BQT.
d<;~v

3navenus d, sxogduige B S, pacmpenensiorcs 1o oTpeskaw
[1 _N_] (J_’_ ___L] (N ﬁJ
S I s e—Dgl v \2%r b

e
rae So= []/_;J Ilas wactu cymmer S, oreuaioulell nepsomy

OTpE3Ky, HalljzeM OUEHKY

N a1/ L
Bape=aNY

Paccmorpum yacts S(S) CyMMbI 8", orsevarouywo obuwemy Buay

OTpesK <N ] Ona pasHa
PR s =g s P
A . [adm
Z Z q)"( q )
del&(s—~l)q<m$-—1!-
T d

IMToumenum Jemmy 5, Geps 8 neit ——N-——— BMECTO A n N
I 1 y o oep ss—1 o0 sq
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emecto . Iloayuum pas S(s) oueHky
i

fra. 7

BN (S 48 =8 (L4 4 (g

Takum o6Gpasom,
1

i S(s)= BN (% 1 1%)5

s§=2
Broca ato B (7, 6,2), noayuaeM OUEHKY

3 v (3) =

P=N

OTKyJa HENOCPEACTBEHHO cJaeayeT Teopema 7,5,1.

(7,6,4)



FTABA 8
CUET LEJBIX TOYEK B KOHTYPAX

§ 1. Hocranoeka sala4u. XapaxkrtepHuoie npoGaemsl #

ITlyers  mana raancas *)  3amkHyrtas  nsockas kpusBas C
(cm. puc. 3), OTHeCeHHas K CucTeMe IeKkapToshx KoopauHat xOy,
¥ BHIDAXK2EMas ypaBHeHuIMn Y ==0,(x) (HMKH49 4YacTh) @
y ==y (x) (Bepxuas uacts) Mn Oyzem cuutarh, 4TO TIJAAKOCThH
KpPNBOH TaKOBA, 4TO CYHIECTBYWOT 4
nepBbie W BTOPHIE MPOW3IBONAHbIE
wi{x), i(X) BHYTpH cermeHTa
[P Q] (8B Toukax P u Q »3TO
MOXKeT Hapylarhes).

ITnomann, 0XBaThiBaeMas KOH-
TYPOM KpUBOH, BHIDaxaerca B
BUAE

y=%(x)

y=%(x)

B —_————— —

Q
s=§<mx)—

—o(x)dx. (8,1,1)

B rto# xe cucreme KOOpAMHAT DACCMATPHBAEM PEINETKY MEMBIX
TOUEK, T. € COBOKYNHOCTh TOYEK (X, ¥) C [EeAbME KOOpIH-
HaTaMH, W OTMEUaeM TOYKW, JeWallide BHYTPH M Ha KOHType
KpuBOfl. IDTO YMCAO, QUEBHIHO, BBHIPAXKAETCH B BUIAE

2 a@l— X le@®)l (8,1,2)

P=x=Q P=x=Q

Puc. 3.

*) Hactoamasn raaBa cuéTeMaTHUeCKW WCTONb3YeT fIOHATHE rAAAKON
KDWBOH, ¥ DOTOMY B HeH NPHMEHAIOTCA SJAeMeHTh aHamu3a B oObheme,
YK433HHOM B NPCAMCAQBHH.
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rae LeAne TOUKM KOHTypa, nmemwomue abcupccnl P wan Q, ecan
OHH C}UL CTBYIOT, HE 3aCUMTHIBAIOTCA (MOWHO nO6GaBUTb HX
x (8,1,2), ecan morpe6yercst). CpapHenue (8,1,2) u (8,1,1) 6yner
€CTECTBEHHbIM, €C/AU IJIOMmaAb S A0CTATOUHO BEJAMKA U KOHTYD
HEe CAMILKOM  <«u3BHAWCT». Mpl GyzeM npousBOAMTH TaKoe
CpaBHEHUE nJas CayvaeB, Koraa () — P BeJIHKO, a KDHBU3HA
KOHTypa AOCTaTOYHBIM 006pa3oM Mana (paauMyc KpUBH3HH JO-
crarouno Beauk) Ecan L — nepuMerp Hame# kpuBoi (annHa-
ee KOHTYDa), TO 4YHUCJO HeJHX TOueK BHYTPH H Ha KOHType
¥PUBOH OTAWuaeTca o7 naowand xpuso#t § He O6oaee ueM Ha
KOJIMUYECTBO TMEPEPE3aHHBIX €€ KOHTYPOM TOPH3OHTAJBHBIX [10-
JOCOK, OFPaHNYEHHBIX TOPU3OHTAMAMH Y =1, y=33—+ 1 win
BEDTHKAJALHMX [OJOCOK, OrpPaHUYEHHBIX BEPTHKAIAMU X ==X,
=xy~ 1. Uncno Taxux uosocok umeer ouesky BL. Ecaw
N — 4uc/I0 HeAblx TOYEK BHYTPH M Ha KOHTYpPE, TO UMeew,
TakuM o0pasow,

N=S§-+ BL. (8,1,3)

IMosenenune ocratounoro uaeHa N — S== R 3asucur or Kpu-
soft C. Uctopuueckn nepssMi KPUBHRIMHU, NCCAEAOBAHHBIMU B 9TOM
OTHOWIEHUN, Obl/i OKPYXKHOCTH M runepfosa nMECTe ¢ aCHMil-
TOTaMu.

[lns okpyx)HOCTH X —F,\/‘?—R“2 nepumerp L ==2xR u oxsa-
TRIBAEMas maoumlann S==nR? 1aK 4TO uUMeeM

N==zR'+p(R) p(R)=DBR (8,1,4)

Has runepboJibl Xy ==n (1 — DEA0E UUCI0) BMECTE € KOOPAMHAT-
Ml ocsiMd x==0 u y=0, 4BIAOWIMHCT €€ acUMNTOTaMHy,
BOMPOC O CUeTe HEJLIX TOYEK BUYTPH TOJYYaIomerocs KOHTypa
Obla1-mocTanneH eue [Inpnxsae B ¢BA3R ¢ npobaemoll pmeanreds.

Hyctb t(m) = > 1 —uucao neautenedl umcra  m;  MyCTh
Sim

D4+ ... A
n

— CcpeiHee  YHCAO  geanrench

T{n)=

o 4ucen m =< n. MoxeM HanucaTtb

nT(n)= Z T (m) = 21—_- Z 2 1—-2[}’;] (5,1,5)

m=<n xy=n x<n x=1
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Kosvuectso (8,1,5) ecth, OUEBHAHO, UHCHO TUEJABIX TOYEK
B o6nactn xy=<n (x >0, y > 0). [Ipuatom, oueBuaHo, L0IKHO
OuiT: x=1, y=1, otkyaa x=<n, y=<n. [loayyaem o6Gaacte,
n3obpaxenHyo Ha puc. 4. Jauna xoHtypa L 3mecs Oynet Bn,
TaK y1o no ¢opmyae (§,1,3) noayuum

N=S§-- Bn. @16 ¢

Hanee, tak Kak ¢QyHKuas y-—_——%———
yOniBaomas ¢GyHKLus, TO

S=nY -4 Bn LD vl

m=n |

KaK JIerko BuIETh u3 ueprexa. Bosspa-
masce K (8,1,5), noayuaem

T(m= Y, L4+B 319 Puc. 4.

ms=n

&

A1y xe dopMyay mbl MOrax Obl MOJYYHTh HEMNOCPEACTBEHHO H3

(8,1,5), 3amerus qTo[£]=g +{ ; }; TaK Kak Oé{ ;’z }<1
to u3 (8,1,5) caeayer (8,1,8). Omnako reomerpuueckuil MOZXOA
K CYETY LEJbIX TOUYEK B KOHTYpE MO3LOJ’ET MOUYTH HENOCPel-
CTBEHHO YJYYLIHTh OLEHKY OcTaTouHoro ujeHa N— S. HMwmenno
B CHJYy CUMMETPUN KOHTYPa OTHOCHTEALHO OHCCEKTPHCH Y ==X

Mbl HENOCPEACTBEHHO BBHIBOAMM U3 YEPTEKaE

N=2N; — ”/”
rae N — upcno UeAHX TOYEK B JCBOM KOHTYPE, OTCEKaeMOM
OT HaHHOro BepTukamsio X ==} n. Oiciona

N=nT(=2 Y [;]——[Vﬁ]h—

rVn Ve
=2 Z 2 —n-+BVn=8+BVn,
X =] )
no TeM xe cooOpakeHudM, 1O KOTOPHM Mbl BhBean (8,1,7).
Vn
. Taxnm oGpasom, monaras V==2 2 —g ~— 1, UMEEM
X == ]

N=V-+p@); p)=8)n (8,1,9)
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C Havana HEHEUIHEro BeKa, MCC/ISJOBaHWS MHOTWX MaTeMaTHKOB,
nauutas ¢ I. &. Bopounoro [6] u W. Cepnuuckoro [49], 6wban
HallpaB/JEHH Ha OTHICKAHME <«TOUHKEIX OLEHOK» [OrpelHocTel
p(R) B ¢dopmyae (8,1,4) u p(n) B dopmyre (8,1,9). Iloa stum
TIOHUMaEeM - CJIeRyIoLIee.

[Tycts B dopmyne (8,1,4) R— co. HUmeem: p(R)=O(R).
Moryt cymectsoBaTh ¥ (Kak Mbl yBuIUM) B HEHCTBUTENbLHOCTH
CYLIECTBYIOT TaKkHe [OJOKHTeAbHbE a, 4T0 & <_ 1,1 p (R) = O (R*):
HuxHIOI rpaHb TaKUX YHCeA Ha3oBeM &, Toraa Anas moboro
e >0 umeem

‘ p(R)=B,R»*+* (11 Bcex R).

B 10 %e BpeMs COOTHOMIEHWE
p(R)=BR*—* (ana Bcex R)

HEBEPHO HM ans Kaxoro & >0,

Ynucno oy © Ha3kBaeTC TOYHBIM TOPAIKOM [MOTPENIHOCTH
B dopmyae (8,1,4). AHanOrMuYHO BBOAWTCH TOUHLIA TOPSLOK TO-
rpemwHocTd B Gopmyne (8,1,9). OrteickaHHMe TakuX TOUHBIX MO-
pSIKOB Ha3bBA€TCSd COOTBETCTBEHHO NpoGJeMoH Kpyra u mpo-
Oaemolt nmeauteneft.

B 1914 r. I'. Fapan [39] nokasan, uto 419 nmpobaeMsl Kpyra,

a(,;?lz—. B paGorax B. Sfpuuka [40] nokasauo, uTO a0<§,

onHaxko mpobaema Kpyra U npobaema genutenaeH oCTaloTCs Hepe-
IUIEHHBIME U MO CHE BpeMA.

B 1917 r. . M. Bunorpanos [1] npeanoxna 3JeMeHTapHbI#
METOA A/ CYUeTa LeJBX TOUYeK B KOHTypax ofulero Buia, KO-
Tophi#t Oyaer speck uzaoxed. [as npobGaeMel Kpyra OH [Aaer:

2
%< 5 5 A4 npobaembl peanTtenct: ay =< 3

§ 2. Popmyauporka teopemel M. M. Bunorpanmora *

Mnbr Gynem paccMaTpMBaTh YUC/JAO0 LEJIbBIX TOYEK BHYTpPH ¥ Ha
KOHTYpe Tpanelun ¢ KDUBOJAWHEHHBIM BEpXOM y==f(Xx), rae
y' = 0 — HeyGniBaoulas ¢yHkuus, tak uro ¥y’ >0; nycre or P
10 Q nmeoT dMecto HepasencrBa a =<y’ <8 (puc. 5). Ecan mu
Gynem nofoOHBIM OOpasoM yBCMMuMBaTh KDHBYO, TO aauHa PQ
¥ BCE OPIAMHATH YBEJAMYaTCs B OAMHAKOBOE YHCAO n pas; y
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n
HE HM3MEHHTCHA, a2 J” YMEHBIUWTCS B 7 Pas ¥ 3aMEHHTCA Ha "—’E

BBuny STOrO TP yBEJWYEHAH KOHTYPa B 71 pPas TOHOOHHM
a r p

obpaso, -— < y" < . Ho xpome n0o106HOro u3MEHEHUs MOMKET,

OueBN/HO, CYUIECTBOBATL U GoJaee 06-

ulee n3MeHeHWe KpuBOH, passysaHue /
B OECKOHEUHOCTH, TakK q
KOHTYpa , Takoe, 4TO . e

npu yseauienun PQ B n paz Oy-

a ” B 0
— N — Ka3bBaeTrcd, 4
zer <y < 0 eTcs, 4To

I
|
!
ans  OLEeHKH OCTaTO4YHOro 4Jj€Ha B |
cpopmyne Aad 4ucaa UedslX TOUYeK Hau- |
GoJee CyleCIBEHHO KaK pas 3To ycCJao- ;

ol

a ” B
ne — — , TdK 4YTO €CJd OH
Bue n<y<n’ OHO Puc. 5.

co6.11044€TC, TO MOXHO DasfyBaTh
KpuByio, JedopMnpys ee ¢ COGMOAEHMEM DTOTO  YCAOBUA,
U OlEHKa OCTaTOYHOrQ 4YJIEHa OCTaHeTCd MOCTATOYHO TOUHOM.

Ham myxno uckats |/ (x)] =2/ (x) — 2 {/(x)}. Cnas-

HbIH BOﬂpOC—OTHCKaHHeZ{f(x) }, a 910 apudmernyeckani
X

BOMNpOC.

Ilycte Bua f(x) u oBa yucaa Q u R onpenensiorTcs peauuu-
#o#l napamerpa A — oco; mycTth, Kpome A — 00, R— Q — oo,
Hccaenyeics acuMNTOTHUECKOE BbIPaXKEHUE MJIs CYyMMHI

x=R

S=2 {f(x)} mpr A— oo

x> Q
Mp HanoxuM orpaHuuesde Ha f(x), cunTas, YTO CYINECTBYET
f'(x) monotonHO wospacTamomas, uw f”(x) >0, npuuem nas
1 1
Bcex A > Ay, BA < f'(x)< e k ¢ukcuposano; k== 1; x ua-

MenseTca 0T Q nmo R; Q<<x < R.
Ilycts npu BospacTaHuun A, R— Q pacteT Tax, uTo

2

3
lim (A1g4)°

Im =774 =0, 8.2,1)
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Teopewma 8.2.1 (M. M. Bunorpaaos). [Iycms k, A, Q,
R—uucaa nod yecaogusmu: k=1, A >25, Q< R; u 0an
Q<< x << R, 1(x) umeem smopyio npoussoduyw f"(x), npuven

. 1
= S ()<< I Toz0a umeem mecmo Hopiyaa

X= R
Y i =25%+q, (8.22)
x> Q .
20e

2
3

gogggk(&}Q+l>(AlgA) (8,2,3)

JlokazaTenbCTBO TOH TEOPEMBI HAaYHEM C HECKOJIBKHX JEMM.
JNemma 1. Ecan a— pearsnoe 4ucao, mo npu BCAKOM
> 1 wmoscro ydosaemsopums HEpaseHcnEq

—lax—y<L, 0<x<s,

o= ¥ |<w. ¥<

yeanMu 83auUMHO npocmpsu qucaamu X u Y.
270 u3BECTHas TeOpeMa TeopHUH HenpeprBHBIX  Apobel

(cn. [29]).
Jlemma 2. HyCﬂlb umMeeM N HNeavlx HOAOMUNIEABHLX HUCEA
X], XQ, ree g Xll; 0<X’éN(i=1, 2, sy I’L). (8,2,4)

Toze0a, He Hapyutast ROCAE)08AMEASHOCINU UX PACNOAONCEHUSA,
3a uckaowenuem menee wem N U3 HUX, MOJCHO 8C€ OCHQNL-
Hole pa36ume Ha 2pynnul, y008AeMBOPSIOULUE MAKOMY Y CAO-
8UI0: 4UCAO HAECHO8 m Kadxc0old marxoil epynhsi

X Xn+'2) Tt s Xa»,m

e+
pPasHo HQllﬁOﬂbwe.My u3 ysacmeynounx 30ecy Hucen, mag 4mo
Xeusm  (i=1,2, ..., m).

Jlemma TpuBnanbta npu n<N.
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Mycte n=N. Pauworpm« rpynmy  us X| nepBuX UJIEHOB
(8.2.4) Xy, Xy ..., Xx, Hycre X'*" — nauboaswee u3 scrpe-
wawoumxcs anech uncea Torsa audo XY =X, mbo X' > X,
Ecan X' = X,, 1o rpynna swaeasna. Ecan we X' > X, 1o
BO3bMEM rpynny a3 X' neppaix unenos (8,2,4) X, Xy ... Xgan
Mycrs X'® — wauboavuee 3 srux uncer Judo X > X,
mbo X=X Ecan X = XY 10 splaejenue 3aKCHUEHO.
Ecan ner, X' > X, w Gepem rpymy w3 X, X5 ..., Xy
¥ MOBTOPHM TO ke, YuCao uJenoB [OYYeHHBIX TPyl BCe
pospacraer: X{ < XV <XM< ..., Ho sBce urenn < N
3uauut, 3aeCh He Gonee ues N WIEHOB, T. €., DPAaCCMOTPEB He
6osee 4em N rpynn, cosepliuM eeigenenue. Ecau nocae nepsoro
BbLIe/eHUs ocTanock < N u/aeHOB, TO BCe AO0Ka3aHO, HHauye ke
OMATh HAUHEM BbLIICJICHHE C !EPBOre OCTABIIEroCs WieHa u T. I

3ameuvanne Ilycts X,.,, X,.9 ..., X,.m—OKHZ U3
rpynn. Torga X;<<m(i=a-1, a+4-2,..., a4 m). Ilosiomy
i=a+m

1
')"('i*.
f==a i

=

Ckaaanieas 043 BCEX rpyunm, [nojay4uM, 4TO HRCJA0 Trpynn He
NpeBOCXOANT

n
Z 160 UuCaAO0 rpymnn = sl = Z
X’

iw=]

Jdemwma 3. [Tycme X >0—yeroe; Y — yeaoe 83aumno
npocmoe ¢ X; (Y, X)=1; M — geave u P(z) — maxaa pyui-
yus 2, wmo 04n AKOuX 3Hawenud o u B u3 pada z=M -+ 1,
M2, ..., M-+ X oydem |P(x)— PP < C, 20e C— 3a-
Oannoe 4ucao. To20a umeom Mecnmo HepageHcmea

M+X
< Y {———w—-yz“LP(z’}—%XsC—l-%,

1
—C'““f,\ X
go=M 41

HJaa

M+X
| 2 {2 - l=cty

e M 41
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ML X
O6osuauum S = 2 { y—zi# } W  pasnumaM  Jpa
z=M+1 -
cayuas:
1°. C + g Ho, ouesumno, 0=<S<TX, rak uro

X X 1 X i

JeMMa NO0oKdizada.

2 C+ ; <‘§.

Ilycrn P— naumensinee 3nauedve P(2) npu z=M-+ 1,
M2 o, M+ X f()=F+ Q(2), 2% BCEX YKa3aHHBIX
manennt 2 6yner U< d(2)<C

[lycrs [Pl= K, { P} =< Torma S moxHo 3anucate Tax:

= Y K D (2)
. N\ 2+ K+e+ P02
S= p { X }
z=M+

Mowno Yz -+ K 3aMeuuTh €ro HaUMEHLILMM  BHIUETOM MO
“moayaws X. Tak kaw (¥ X)=1, 10 u Oyaer npoberarb B He-
KOTOPOM 1IOpAAKEe 4ncaa

0, 1,2 ..., X—1,

korna z=M-+1, ..., M+ X Cymma S npusenerca Kk Bumy
g=X—1

s | gt

u=0

roe mpu scex uw==0, 1,2, ,,.. X—1 6yner 0S¢ (1)< C.
Pa:ofiem BCe ujeHB HAalWero psia Ha e rpyniue. B nmepso#
rpynie nycte 6yavr uucaa ioa ycaosnem 0<<u<l X — C—e,
a vo Bropot X — C— e=<xu<(X Ilas uucea uepsoft rpynnsl

NMEEM HEPABEHCTBA 0<lf~+—e;r_q'(u)< 1, a ans uucen BTOpOH
FPYIHIBI Og——u—iﬂ(u) <2, wubo 22(— >C—f—% 3uauur,
eC/IH [10J0KUM

{u+c;{(—¢(u)}=u+:;¢(u)+h(u)’
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TO ans uucen nepsoft rpynnw A (w)==0, a ana sropo#t rpynns

h()=0 wnm h(u)=-— 1. Bo sTOpoi#t rpynne He Gonee C—+¢
u=X—1 u=X—I
v oute4 ¢ @) ute+ ¢ ()
u=0 u=0
5-()(2—__1—)%—C-e+e§<& aan %———%—-Cg&

MonoGupm xe obpasom Ss% X—%+e+c, TaK 4TO B
1 1
cuny — = —+e< 5
lx 1l _c<cs<lxyloyc
2 2 ] 2 ’
1

1 1
—5—C<S—5X<5+C

yTo ¥ TPeGOoBaIOCh JOKA3aTh.

[NMepexoanm Kk moxasareabcTBY Teopembt 8.2.1. Mp pazoGnem
€ro Ha HeCKOoJAbKO 3TalloB.

1°. Ilycte / n /-1 nexar B npomexyrtke (Q, R). Toraa
UMEEeT MECTO D3BEHCTBO

FUAD—=FO=f"+3 03,
[TosToMy B paae uucen

Fael+1y £{Q1+2) ..., F(RD (8,2,5)

: 1 1
Pa3HOCTb MEXIY IBYMS COCENHUMY == n =< Ecaw  nan-

= kA Al
Menbliee ducao u3 (8,2,5) o6osnauum X, 10 HauboJbliee u3 HUX

< K- R;Q. lanee, uncno uucen psama (8,2,5), He BRIXOM;A-

mux u3 npegesos U m V> [, 6yzer << kA (U— V)-+ 1.

2°. Bo3bMeM UMC/IO t, YIOBJIETROPAIONIEE HEPABEHCTBAM:
4<T<VA. [Tlo nemme 1 HaflneTcd OAHaZ WM HECKOJBKO
nap X, Y noa yCAOBUSAMH —%<Xf’(x)——- Y<%; (X, V)=
=1, 0< X< Bufepem omny u3 Hux, o6o3Hauas ee
X(x), Y(x). IMonaras x=[Q] 41, [Q]+2, ..., [R], noayunm

X(1QI+ 1 X(Q]+2)..... X(RD (8:2,6)
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LENBIX NOJOXUTEIbHBIX YHCEA, B3 KOHX Kaxzaoe ==t Bce stn
4iCaa, KpoMme, MOxeT GbTb, T, U3 HHX MOryT OuITh MO JeMMe 2
pa3Gutel Ha rpynmel aemmsl 2. [lycTb oaua taxkas rpynna Oyner

X+ 1) Xag-+2), ..., Xz +ny)

Cpeau ee unenos, Hanpumep, X (xg)==n, Toraa

— Ll ) — V)< 2 O < ),

rax wro f(x) =2 L 1oy,

ns
PaccmorpuM Tenepb Cymmy
x=e od-ng
g,= Y {f®}
x>as+l

Monaras x==x;-} 2, Hallzem

Pamg X T g

’ 2
Qo= Y {f)F2f (x)+ 5 f [t 2 @]}
Fmm o —X ol
(—1<p@A<D).
Ho — ny<2<ng ubo
z=mx— X5 et i<y <<a+ng

o+ lss x g a7,
Taxum o6pasowm, :

2=a o—Xg+n g .
C= ¥ {f&)+ )+t @)=
gma g—xg 41
Ze=g X g1 6 nss
sSTs {”sf (x5) + 2V (xg) -+ T z24:3(2) 2}}

fs

’

Zoeet o—X ot
u60 f’(xs)zzr—f;—:i)——{-?gs—; srece |81<1, e (<1 0 o(2)

2z
coxpanser snak. Bupaxenne 3 S (xs+2p(2)) zakawveno
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e 1oz, 12k uro pasio b 8 z>’(k’>l

e ez AT T pasto g7 o =1)
OG6o3sunayas %(-Z—> =0 (2), ysuaum, uto ¢(2)=0u =1, o1-
KyAa W ToayumM Hamy dopmyay. 3mecs z=a;—x;+ 1, ...

PER] 43—x5+ﬂs.
Ilonaras

M=a,—xg5 X=ng Y=V (x); PR)=nf(x5)+
+loto@)gy; c=lt4 b
T 247 T 24
npuieM x ycuaosusMm geMmul 3, Ilpumenss ee, Hattnem
s 1
S -+ -
Hanuinem Taxue HepaBeHCTBA AJA BCEX TPYMM, a AJd TEX YUCEN X

psaa
=[Q+1, [Q+2 ... [R] (8,2,7)

KOTOpLIE HE BXOAAT HU B OAHY M3 rpyni, HanuueM HEePaBEeHCTBA

s

n
&

—s=<{f(x)}— % < —; Arux uncen < t. CIOXKUM 3TH HEpa-

seHCTBa nouaenHo, samenas [R]—[Q] Ha R— Q-6 |6|<1.
Torana Oyner
X=R

Y @ —t®— Q)'<H,

*>Q

=,§('%‘~+§§~+%)+~§-r+§;

rae

) naer mo BCEM rpynnam. dra cymma pas6uBaerca Ha [Be

§
CYyMMB!
ng ng 1
Yetsm) » 25
s s
[lepBas cymma mewpite (u6o n;< <)

(3 +3 )Vm\(— + 53 ) R—Q+1.



198 CYET HENHX TOYEK B KOHTYPAX ra. 8

Bropas cymma 2%_—:% 7, rae T—wuucao rpyni. Tak Kak

s
t>4 1 «VA 10 nneen

H (453 R— Qe+ T (3.2.8)
3° Ins ouenxn T BOCIOJMB3YEMCS TEM, YTO
<Y+ (82.9)
rae X mpoGeraer 3HadeHus
X(Q1+ 1 X(Q1+2)..... X(R). (8.2,6)

OunennM, ckoabko pa3 B psae (8,2,6) mosTOpSsieTCs OAHO M TO XKe
sHauenve X.

C xawasim pannsiM X MOryT OHITb CBA33aHW JWUIL TaKHE
aHaueHus Y, KOTOpDble YIOBJETBOPHIOT HEPAaBEHCTBAM

—ln ) —rE<t, —l<xrw—r<i

IToaTomy

Y>— L dn s (e
Y>> — < 4 XK, K— nanvensuce n3 uncen pama (8.2,5)
Y <X/ ()44 < x(k+259) 4
xk— 1<y <x[k+B229) 4 1,

Hucno sTUX 3HaueHu# Y HE MPEBOCXOAUT

A -

R—Q 3
X v —[—7.
Bor ckoabko Y moxer 6uTh y ognoro X. C kawnmo#f naHuoH
napo#t X u ¥ Moryr OhITb CBS3aHb JWIbL T€ YucJaa psaa (8,2,5),
KOTOpblE yHOBJETBOPSIOT HEPABEHCTBAM
1 1
Yy —— Y+ —

— <S <—5—.
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/
Yucno TakuMx 3HadewuH Ha OCHOBAaHWM CKasauuoro s 1° kf" x) >

>k12> He GoJblie yem

BA L 1<ar A, oo < <VA X<
3uauut, ¢ naHHBIM X CcBa3aHO He GoJee ( R AQ+ >3k
ypcen paga (8,2,3) S (IQ]+ ..... f/UR ]) A noromy u B ps-

ny (8.2.,6)
X(QI+1,.... X(RD

nauHeift X sctperurca He 6oJee yeMm CTOAbKkO pas. B camowm neae,
X(L) B aTOM pagy ecTb 3Hauenue X, nogoGpautoe mas f' (L)
TaK, 4T0

— 1 XW /W= r< I 0<x<)

T. €. X cBazaH co 3HaueHueMm f’ (L), a MBI MOACYUTANH, CKOJMLKO
TakuxX 3nadennfl cpasaHo ¢ X. Ux, craao 6witb, He Gosee uyem

R-Q
k <3 + 2 'cX)
A noromy us (8,2,9)

X<=

1<k Y 38225 +5 2 %)<

x>0 3R—Q R 15 A
<1e(7 1gA+3—Q+ >
160 Zl=7§<% Wz (8,2.8) naxoaum
H (34 54) R—Q++ 5o (587019443820
TP <R—Q(g+ g+ e B+ 2rd s
Mycts 1=y Alg A: vorna 4 <1<} A, u Gyner
H<k‘iA—O)\:AIgA\)+k—+
+(R—Q)<2'1+274>+1<
R-Q 3
<2(2Z¥ 4 1)A1ga® (a>25)

D10 H KOKasuBaET OCHOBHYI0 cpopmyny
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§ 3. lipumenenne dopmyan H. 5. Conuna *

Mel noayuuan OCHOBHY! OUEHKY IJs CYMMBI ADOGHEIX 4acTedt

x<R
¥ {fw)= 83,1
x>Q
rae
2
iG[<2k<-R—%Q + 1>(A Ig A)%- (8,3.2)
Orciona
5 5 R—Q
%Q [f()]= §Q ) —=5*—a. (8,3,3)

[las moacueTa mMepBOrG uJeHa Upapof 4acTH mpnMeHseM (hopmyiy
H. 5. Conuna (cm. [23)).

X

Myets p (x)=[x] —x ~{— 55 o= S p (x)dx. Torma

2 /(x)— Sj(x)dx Tp0) /) —o@f(@)—s(®B)f (V)

o (@) f (@) - g ST(x)e(x)dx.  (8,3,4)

Ilpun sToM

P <g;  le@I<+.

Ecan eme f”(x) coxpauwaer 3Wak, TO BBUAY TOrO, uTO & (X)
coxpapsieT suak, ® ecain |f7(x)|=<p wHa cerMenre [Q, R], 10

b
577 () s (e | <H (8,3,5)

Kpove toro, pasymeercs, |s(0)f'(0)| <% n |e(@)f (@)|<k.
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[Tostomy (8,3,4) m (8,3,3) maior

x=<R R :
> f))={f(x)dx4-p(R) f(R) —
x>Q Q

—r@Qf@Q—25%4n 839

rae

, 2
H<S+26 (B30 1@ %, ean

B kauecTBe npuMepa npumMeHeHus Teopemsl 8.2.1 paccmoTpum
ceMelicTBo napabos, 3aBHCAILAX OT NapamMeTpoB n, a:

y="—~+x—s, n>0 —a<<Q<R<ua

a

N\

3xecs  uMmeeM: y’:}j, p==2, y":%, b1, A=2

—2—. Hlm

ypcaa 7 HeaslX TOUeK BHYTDH KOHTYpa MOIYYHM
T—a (R — QY+ p(R LR @£ ¢
+2R—Q—-25% n
[Hl<1410(51g 57 <8@ma)? (§>25).

§ 4. OGo6meHnue teopemnbl 8.2.1#

rmax

Iycte Ha ayre KpuBo#t oTHOLIEHUE < a5 r—panuyc Kpu-
min
susnel. Torma f7(x) coxpanser 3uak; f'(x) MoHoToHHA. ITycTsm
oHa BO3pacTaer.
1% Iyers | f(x)|=<1 Ha Bcelt ayre; f'(x) 0. Mmeem:
3
g = by

~———— orciona

3

’1_<f”(x)<2_5—c': = I'max-
r r
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r :
Toraa B oGosHauenusx § 3: monmaras p=1; A=——; k=

250

E]

3
=2%q. Jlanee, n3 yi — yo= | y"dx BrBOMMM

o]

R—Q+<2 R—Q<or

Toraa, ecam T — 4ucAo uHeAblXx Touek; S-— naouwiags KpuroH,
Halaem

T—-—S+?(R)f(R)—P(Q)f(Q)—'—'—-—f—H (8:4,1)
A npu >25
256
, 5 B 2 + 2
|H<++ 220(22c+1)( . m_—) <1953 (rInr)?. (8,4,2)
2%s 2%
[4
3 m
we gun, — Q'
7 T 7
NE GXA
Q
z
0 Q
Puc. 6.

2° Tlycte | f(x)|==1 scoomy wna ayre (puc. 6). Or=4k;
OS==1; menss poab oceil, noayunm aas obaactu 2 uucao ue-
NBEIX TOUEK

r=S§ +P(/)R—o(h)Q— (L —h)+ H
4 2

JH" <196 *(rinr)3,
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Yncno uenmx Touek B npsiMoyrodeHuke ORnS Gea cropon OR

8 0S oyzer: T+ T'+[Q)/(Ql=IRI|/ (R)), Tax uto:
T=[RIVR]—RI/ Q] —T,
T'=S+p((R)R—p(/(Q)Q+ 5 (F(R) —F Q)+ H",
S=R/(R—QUQ—S

—T'=8S—R/IR)+QUQ—e/(RNR+o(/{QNQ+

+ 2 VR — Q) — ",

Orcrola HaxoauM

T=[RI/ (R) — QI @)+ S— R/ (R +Qf (Q —
—p(F(RYR+p(/ (@) Q45 U (R — Q) — H'=

—=S+/R(IRI—R+5) —/@ (1A — Q45 ) —
—BZL IR/ (R) — RW (R — 1 (R) + R/ (R) +

+QRI/ Q4+ QU Q] —f( Q) — Q] —H =
=S+p(R)/ (R —p (@) Q) —(R—|RYp R — R+
+Q—IQPUOQ -/ Q) —H =
=8+pR)/(R)—p(Qf Q)+ H;
4 2 4 2
|H” | << 141963 (rinr)® <2063 (rign3.  (8.4,3)

3° Ilyctb B HexoTOpnX Toukax ayru nm |f(x)|<1, a
8 apyrux > 1. Ilyry nm wmowHO pasbuth Ha He Goaee uem 3
yactu, B Kawaoh uz wkoux |/ (x)|<<1 auGo = 1. M60 na wuelt
1 (x) MOHOTOHHA; CKaxeM, €Ca# OHa BO3pacTaeT, TO €C/AW OHa
BHauane >0, 10 moayuum pasbuenue #a 1 wan 2 ayru. Ecan
oHa Obina BHauase < 0 u < — 1, TO mnoayuam pasuedue
Ha 3. 2 wm | ayry, ecn <O n >—1. rona 2um 1 ayry.
O6Gaacth Q pas3obbeTcs Ha << 3 OM3LIOHKTHHIX obaacteft. B Kax-
no# obaactu npumensem (8,4,2) uwan (8,4,3) u ckaagblBaem:

T=S$+p(R/R—p QS Q—53R—Q+T (844
: 4 2
|| << 60a3 (rinr)3.
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§ 5. PacnpocrpaHeHHe HA 3aMKHYTHH KOHTYp*

ITycts € ¢ maomansio S orpaHmueHa xourypom C (puc. 7)

rmax
T min
wtpuxoBanuasa, @7 — Humxnas  062aacTh; T——qnéno TOUEK ¢
UeJpiMH  KOOpAHHAaTaMu Ha gyre nsm. Ilo dopmyne (§,4,4):

ecan T — YucC/a0 TOYEK BHY TP U

KOHTYpa, TO

<o. IlpoBoauM nBe BepTHKa/JbHbiE Kacareabhsle. 2 — 3a-

2
T+y=S8-B(rlnr)?3.
Jabwm uckaicunts 7, 6epemM romMo-
TeTUUHHH, 10 BecbMa GJAU3KUH
KOHTYD, [/ KOEro HeTr HeJBIX
ToueK Ha sepxHefl ayre. Otciona
2
Puc. 7. T=S8-+B(rlan?, r=rpau

B KauecTBe HpuMEpa PAaCCMOTPHM SJUIUMNC
ax® - 2bxy -+ cy?< M,
b —ac=— D0, a>0.

Ecan ucxomusiit smnnc ax® 4 2bxy + ¢y* << 1, T0 nanumit noay-

QaeTCs PaCWIUPEHNEM B ]/M pas; kpueusna Gyzetr B /M pas

= coust,r=p} M; nnomam Q ecrs == % )

rmax
MeHbUle, 0= -

min
M3 npeabaymero nMeem

1 2

T =—)1‘/A%+ BM? (InM)3.

OTmetuM, 4o u3AOWeHHuH 3ech meton M. M. Bunorpanosa,
HECMOTPS HAa CBOIO 3JEMEHTAPHOCTb, laeT OUEHKH MOrpPeIliHOCTH,
KoTopble B ofutem cjyuae MOryT ObiTb YJAyulleHb He 6oJiee ueM

2

na mpoxuteas (g r)d. Taxoe yayuiienue MOweT OHITb CHENAHO
NpUMEHEHHEM CJOMKHBIX aHaJuTuueckux meroios. I. Jlanmay [41],
REHCTBYS aHAJIUTUUYECKNMU METOAAMM, NOKasad CJASLYIOULYI0 Teo-

. 1
pemy: nycib @ >0 eCTb UEJOE YUCAO0; MYCTh MpH FTRUSD



§ 5] PACIIPOCTPAHEHME HA SAMKHYTHH KOHTYP 205
HaHo cemeficTBO (yHxuuft f(u), saBucsmux OT napamerpa A— oo

¥ Takux, 4T0 f” (K) CywEeCTByeT W HENpPEpPHIBH3; f(%)> 2,0
<FO<L 1 @>5 (A> 1),

Torna ecmn S— maoulags nod OTPE3KOM KPHBOH Ha cer-
mente [1, w], a T—unucio UeNBIX TOYEK TaM e, He cuuras
ocH, TO

H]

JTo yayumiaer usJOWEHHmH 31ech pesyasTar M. M. Bunorpa-
2

goBa B (lgr)®  pas. Ho nansuefinime yayuwenns B obuiem

C/lyuae HeBO3MOKHBL ITO cJjenyeT u3 peadyabrata B. SlpHunka

1926 r.. cyuectsyer KpuBas L, 3aBucamias ot napametpa A m

YAOBJIETBOPRIGLLAS YKa3aHHBIM paHee yCJOBUAM, IJad KOTOpOH
2

IT—8|>ad (85,2)

OnHako 1A YacTHHIX BUIAOB KOHTYDOB, KaK, HalpHMEp, OKPYX-
HOCTb WM 3/JIANC, HUMEIOT MEeCTO Jyullde pe3yabTaThl, uem
(8,5,1), xorg, Kak ywe rosopuwsiock B § 1, TOuHHH mOpALOK
T— § cie He Hafine.

Veaosue § 4 a4 OTHOIUEHWMS DPAINYCOB KPUBH3HEL HE BHI-
nonusieTcs AJa caydas runepboJasl, orBevaiouleli npobaeme ge-
autenedl, OAHAKO 371eCh BO3MOXHO BHAOHM3MEHEHHE H3J0XEHHO-
ro MeToaa, cocrosallee B pa3GueHMH KOHTYpPa Ha KyCKH, BHYTDH
KOTOPHIX OTHOCHTENLHOE M3MEHEeHWE paguyca KPHUBHU3HB NOOYC-
Mo (em. M. M. Bunorpanos [1]).

Taxum ©oOpasom, Hanprmep, A8 NpobaeMs AeauTeach moJy-
4aeTcsl COOTHOILERHE

1 5
p(n)=Bn’ (ign)°
B dopmyne (8,1,9).

Hanomendslit 31ech 31€MEHTapHHIA METOR (4eTa UeNHX TOo-
YyeK B KOHTYDax NPHMEHHM ® K TpPeXMepHsM mpobieMaM, Ha-
npuMep K npobJeMe cuera TOYEK BHYTDH U Ha cdepe

x‘z_i_ya_l_z%:Ri.



TABA 9
O PACHIPEAENEHUY CTENEHHBIX BbLIYETOB

§ 1. Onna reopema W. M. Bumorpanoea

B uactoame#l raase mm GyieM paccMaTpuBaTh pacrpenese-
HHE  CTEMEHHHX BHIYETOB W HEBLUETOR cTenend /{ >1  pad
6oanitoro fnpocroro moayas p==1 (mod/). Mu Hauuem ¢ wus-
aoxenus saementapuoro wmevona WM. M. Busorpanosa (em. |4]).

Teopewma 9. 1.1 (. M. Buunorpanos). /Tycmep™>?2
~ npocmaoe uncao, {>1, p=1(mod ) u wucaa 1.2,...p—1
paz6ume Ha Kaaccer Ay Ay..., 4, 8vwemos u nesuiuemos
- cmenenu no mooyaw p.

[lycme a He Oeaumcs Ha p; b— npoussoasroe yesoe 4uc-

20 u 0< h<lp. .

Koaunecmso ¢; wucea i-20 xaacca A; (z—-O‘l, Hl—1),
codepocawuxcs 8 npozpeccun ax—--b (x=0,1,..., h—1)
umeem 6ud

h
a=;+4, O.L1)
20e
A;<2T
[Ipu amonm
A
— ¥ P
T= Z‘ z<xy 41 ) ©.1,2)
=) {y

u cymMmupoganue no y udem npu OGHHOM X, NO BCEM
y<Ziyn=1
3ametuM, yro #8 (9,1,2) crenyer
T==Bp (Igp)" (6,1,3)
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TaK 4TO . .
A;=BVp igp ©(9.1,9)

Hokazareanctso reopems 9. 1.1 ocHOBhBaeTcs Ha TpexX JeMm-
MaxX., KOTOPhIE 34€Ch HPHBEIEM.

Newwma 1. [llyems A,B-— peastnse wucaa, k>0
— yeaoe;

6
A= §+Ek_ O g<k (tLg)=1, |0|<1)
¢, m— yeave wucaa; 0<m=<< g Toz20a
c+m:]~l ! y i .
Y {Ax+Bl=— mg+ gem+1) o<1 (O.15)
x=c

JlokasaTenncTRO 9TOR JIeMMbl BO MHOFOM CXONHO € /0Ka3a-
TEALCIBOM JeMMbl TAaBH 7.
[Noncrapum Bmecto A ero snauenne, umeem: Ax - B=

=SS e ()= Bg+ ' . Npn svou [ (x) — muret

Hag (OyHKUMA X, TaK uTQ Npn ¢ << x << ¢+ mqg — 1 f(x) aexur
Mexiy wpahuumu suavennsmu f(c) w f(c-+ mg—1). Pasnocrs
3TUX Kpaluux 3sHadeHult 10 abCcoMOTHOR BeAMunHE He GoJblle
mq—1 . o

‘ 5 ]gl. 3uaunt, ueane uucar [f(e)] u [f(c mg— 1))

otauyawTcs He GoJee ueM Ha €AVHUILY.
Cymmy B aJaesoii  uwsctu  (9,1,5) pasoGbem Ha m CyMmm:

c+igtg—1
S=8S+ S+ +Sa s Si= Y {Ax+ B}.

¢+ ig

Pacemorpum onny u3 takux cymm S, Ecan umeem paseHctBo
[f(c+/pl=|[(c+ /g +qg — Dl=n. 10, nonaras f(x)=n -
+Ax) O<rA<]1 mpn cHjg<x<c+tjg+qg—1)
uMeeM

ctjgtq -1

s=" ¥ tetie ) Y rke g
/g r=0
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u60 fx— n npoberaer BMecTe € X TOJIYI0 CHCTEMY BHIUETOB
(modg). Wa (9, 1,6) naxomum

S=%+% (i ©.17)

EBcan xe uncaa [f(c+jg)] v [f(c+jg-+g— 1)} ormuaworcs

Ha eQuHHIly, TO O003HAUMM MEeHbIUEE U3 HUX N U T[OJOKHUM
f (¥)=n--X (x); Toraa nns paccMaTpUBaeMBIX 3uauennh X
umeeM: 0 <A (x) <2, mpuuem xkpafinue snaueHus A (x) AOJKHBI
aexatb 8 orpesxax [0, 1) u {1, 2). Auasornuno nupegmaynieMy
HaXOAUM

~1

5= 3157
q

r==0

r+l(x)}= FEME) yugreas w re=
q

npnOsrgq-—Q,{ 7

==qg— 1 u nonaras 3==0 wmr §==1, natluen

q—lr () i 1¢+/‘q—‘r9«|
| X q —
— ———e —— a = —m— - — P
S Z q 2 8+ q Z A (x)
re=() c+Jjg
q 1

R e RN NNy R RN NCRE)
oTKyAa

S/"‘—-‘%--l-m (lpsl<<D). 9,1,9)

3aMeTuM TENeph, uTO 3Hauenue J, Lis KOTopHx [f(c--/q)] #
#[f(c+Jjg-+g—1)], moxer Gwrb TOMLKO 0aHO., CKaansiBas
f0Jy4eHHble Bupaxenua aaa S, npuaem K Qopmyne (9. 1, 5).

Jemma 2. [lycmesp™>2 — npocmoe 4ucao; o -— 0dHO u3
wncea 1,2,..., p—1; B — yeaoe wucao, Mmozyuee Menamscs
¢ uamenenuen o, h< |1, p— 1] —yeroe wucao.

IToaodicun

h-l

Sp= Z{f—’f—:'—ﬁ} Ly=3§, — —g- (9,1,10)
K==
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To20a
-1
YiLi<r
a=1

20e T 3adaemcsi hopmyaod (9,1,2).
Jna uccrenosanus gaHHOK CyMmbl S HallneM HECOKPaTUMYIO
to

tO - T i——— ——— M 6
npo6b;’; MOA YCAOBURME —- == —- - — Iz s xo& (00 10,1 < 1.

Toaoxum my= [—] hy=h— myx,(my >0, 0 < h<lxy). n

xo—1

pazobvem S, Ha uactu: S, == 02 {ax—i—ﬁa}_]_z {ax—t—Ba}

x==0 moxo
K nepsofi wactm S, npumenum JgemMmy 1, momaras g=ux, U3

h
dopmyast  (9,1,5), ecanm npumem mox,=h—h, my<< %

HAXONUM JIJA CyMMbl S, BbIpaweHue

1 i h \ , .
=g h—m+gn (5+1)+S%  Inl<L

rue
L‘o+h1—] + .
, \ ax
Se = Z {“-‘p—ﬁi} (Co= moxu).
x=cy

Hanee Tax xe nocrynaeM C HOBOH cyiwmoﬂ S... IMonaraem

a ty

— : 0 x << hy; (Bx)=1, |0 1;

) X1 anlx <X i (tuxy) [6,1<]L

. h
’”1:[/\’—11]’ hy="hy —mx;, 0<hy <X

U aHaJOru4yHoO MNPEKHEMY MOJNYyUYaeM BbIDaXKEHUE

=gt by (E+1 )+ i<t

c1-thg—1

S;"—"Z {%—61} , €y == myx, -+ myxy.

X==Cyq

IMponomicaeM 3TOT NMpPOLECC Ralee; MH BAZUM, 4TO A, Ay, A,,. ..
yObBaloT, TaK 4TO Ha HEKOTOpOoM ware  Oyrer A,,,==0, u
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nponecc 3akonuntcs. [locnenHee paBeHCTBO UMEET BUL

1 1 h
S(:':Tz‘hn+—2_9n(i+l>: an|<1y

rjae

a _ Ip 8, . 6
E_xn-l_xn”n 0<xn$~hm (m n)_‘l } n]<1r
", = [%}’;] = %‘L i hy,=h,— m,x,=0. CxaapsBas nonry-

, ny
uennbie poipakennd i S,. S, ..., S, naxomum

| 1 h \
_ ! AP S T (e
=g hH 2"°<x0 L) 2D‘\x |1>

o1Kyna

p
1_a_~_sa_7:_-.2~[~

1%
1eig S[( )+ ()t

+(\% _}_1)]. ©,1.11)

B nconoavedt cymme uncaa x;, h; 3aBUCAT OT @ U OMPELJ tOTCS

ATUM 4dCJAOM.
Ias ouenkn cymmsl coGepeM B HeH BCe CJ:TaeMmble Buxa

h
;‘ -+ |, rae x uMeer O4HO W TO Xe 3HaucHue. PaBenctso
i

@ty 4

pox xh
3aMULIEM B BHIE

ax;=pt;+y, yi= p‘,‘ .

Orcioaa BUANM, 4TO Y; — LeJ0e uicao; (v, X;)=1 u ax; =y, (mod p)
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0<\y,] <3 \ Ecau x;, y; 3agaHbl ¥ yAOBJETBOPAT AAHHBIM

ycnosmm, TO (npn duxcupoBaHHHX a, h;) onpeneasercs f,.

h:
J/7 OLEHKY CBEPXY TEX YJAEHOB ;‘ﬂ{— 1, rae Xx; paBHH 3axau-
i
gomy uncay x (0 < x =< k), pacCMOTPHM COOTBETCTBYIOUIHE 3HauE-

2e\
una %, v;. Tak Kak |y, | € (0, ihi 1, TO ¥/; MOET MPHHUMATH JHUIL
i/

suawenns ZH 1,742, 4 [fx—] B3aUMHO mnpocTele ¢ Xx. Ilpm Ba-

6paHHOM Vi YUCJIO ¢ ONIPEAEASeTCA U3 CPABHEHHA aXx; =y, (modp)

Hanee, = ‘ < , U OSTOMY CyMMa YKa3aHHBIX urenos —{-— 1

He npesncxo;m?‘? (I)_’T /'», rie cyMMa Gepercd MO BCEM

.
y:l,?,...,{‘?], B3aUMHO TpPOCTHIM ¢ ¥ ITO JOKa3hlBaer

aeMMy 2.

Jlemma 3. [Tyems 4ducaa p, a, B, onpedeasiomes, xax a
npeduidyuied aeamme; b, Y — geavle H1caQ E( 0, p). llycms R, —
Koauuecmso mex yuces o.x—+B. (x=0,1,2,...,h—1), dan

KOmMOopsLX

I 7
[Toroocum
H@B hy)=R, — 1, ©,1,12)
Toz0a
p—1
2‘H(a,ﬁa,h,1)l<27. 9,1.13)
a==]
DTa JeMMa JErKO BHLIBOAUTCHE 43 aeMMbl 2. 3ameTuM, uTo
ax4fa—y\_ fax4B,\__,__ 1
{ P } { p }'— '

eCJaW HauMeHbUINH BLIUET @ X - B, MO MOAyMO p JAEKHT B OTpE3Ke

©, 7). u—~—;§-, ecad OH JeXMT B OTpeske [y,p). Bsuay etoro
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neAyunAM
hd A-1
S8 =3 {3 e !

[To aexme 2 nveeM

p—1
2"
1

a=

h |

Si"—351<: T; Zi

S—--—!<T

OTKyHa
p—1 p—1

2 ISa—Sl—Z | H (b)) | 2T,

a=]

YTO W JOKagLiBaeT JeMmy 3.

§ 2. HdorasarenncTBo Teopemn 9.1.1

TTepefinem k poxasarenscrsy teopemnl 9.1.1. Ilyers j— onmHo
3 uucen 0,1,2,..., /—1. Cocrasum (p — 1)/ :/ nmpoussene-
HU#

a (ax -+ b), 9,2,1)
roe o npoGeraer BCe uyucaa kJjacca A; W HE3aBHCHMO OT a
x=0,1,2,..., h— 1. Il kaxnoro u3 3TUX npousBeaeHt onpe-

AeTUM YHCIAO U CPABHEHHEM:
au--b=a(ax-+b) (modp) O<<u<p) (9,2,2)

O6oanaunm uepes D uncao npowssepenntt (9,2, 1), s KoTopsxX
COOTBETCTBYIOULVE 3HaueHus u MeHblie A, D10 KoanuecrBo D MH
6yZeM BBIMUCASTL IBYMS DPasHBIME CriocoGaMu; CpaBHEHMEe HX U 1aCT
HZM HYXHOE [OKa3aTeJbCTBO. PacCMOTPHM CHauasna Te Npousse-
nenns (9, 2, 1), KOTopble OTBEYaloT OAHOMY W TOMY K€ 3HAaUEHHIO .
Nyctb aa’ = 1 (mod p), Toraa cpasrenne (9, 2, 2) MOXHO 3aMeHHTb
cpasiennem n=ax -+ B, B,=aba’— ba' u ne saBucur or x.
IMpumenss nemmy 3 029 3a0aHHOrO BHAYEHHS & ¥ CYMMHpPYS 0O
BCEM SHAUEHMSM 0O, HAXOLHM

D_z’:_l ’l_ + 2 H(a, B, h, h). (9.2,3)

.

Tenepp nopcuvtaeM D apyram cnocodom, OCTaBJSs B NPOHU3BE-
peunsx (9, 2, 1) x nocrosuuuM. Ecau npm eroM ax + b=



$ 2) AOKASATE/NBLCTBO TEOPEMH 9.1.1 213

—1
£=0(mod p), TO BCE g—l— COOTBETCTBYIOLIHX NPOH3BENEHHH n0J-

KHBL OpiTh nmpruncaedst K . Ecan ax -~ b=0(modp), 10 370
4RCA0 eCTb OJHO U3 €, uucea Knaacca Aj codepwKaulnxcs B Ha-
weH nporpeccun. B stoM cayuae. B cuay (9.2.2). au—+b npn-
HaxnewnT Kaaccy A;,; (wicio i—/ nago GpaTb nmo moaymo /).
M3 Bcex uucen a cyulecTByeT, BBUAY 3TOrO, €;,; TakuX, Md Ko-
Topux u (0, k). Orciona

D=cye;+tcicppu~+-otcrgciyatn 9.2,4)

rae n=pT_1, ecau cpaseHne ax+b=0(modp) (0 << x <<

« h— 1) paspewnmo, u 4==0 B NPOTUBHOM CJyuae,
CpasHuBast (9,2,3) u (9,2, 4), noryuam npa BeskoM i

CoCitCiCiatenat oy iy M=

=2 Pt Y Habuhh),  (©:25)

rae crpasa cymmuposanne o a & A;. TMomoxum B (9.2,5)i=0,
¥ u3 noayueHHOR dopmyas souteM mousenuo (9, 2,5). Tak Kak
qUCAA €, Cjogs-n. s Cpypoq JULIL TOPAIKOM OTJAHYAIOTCH OT €y, €y, s
vy €, TIOAYUHM '
2 2 2
(eg—c) (1 — )+ ..oy — )t =
=23 H @ B ) — 23 H(a, B. 1 B), (9.2,6)
o’ .3
npuueM B MpaBo# uyacT# a, & Npoberaet BCe 4WCAAa KAaccoB A; o

Ay o nemme 3 mpasag 4YacThb HalUero paBeHCTBAa He INPEBH-
waer 47; nosromy npu moboMm r

(e, — cr+i)2 -+ (e, — cr—l)‘z < 4T. 92,7

Orcrona
t—1

2120 (¢, — e <AT({—1). 9,2,8)

[Monoxum rtenepn

g+ ¢y 4t
1

=E‘, Cl=2+ap
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TOrjaa WMeEEM
=1

D@ =) 2TU—1),
Y
1—1

TaK Kak 3, 8;=0, 10
i=0
1—1

zaa+1208%<2r<1——1),
OTKyna
B <27 (9,2,9)
Ecan pgawHas nporpeccus ax—+b(x==0,1, ..., h—1) ue

- h —1
CONEPAKHUT HYJb, TO, OYEBHLHO, ¢ = 8, =A, A <727 — d <

+1
< 2T. Ecny :xe OHa CONEPXKUT HYJb MO MOAYMO P, TO € == /1_[_1 ;
—1, 23 _
Ar:Br_-IT; A3<2T5+ 1+ ‘ el . nanee, 8, =¢;—F¢,

. T
TaK 4TO }6,-;<£—<-—
f1—1

A <27k1+1+21><”

4TO K 3aBEPLIACT JOKa3aT€/JbCTRO TEOPEMEL

§ 8. Jipyrue saemeHTapHbie TEOPEMBl O pACTpeLeIeHAU
xapakrepoB. Hepemenunsie npoGaemsi

Ha sspike apudmernueckoll teopud xapakTepoB (CM., Hanpu-
mep, [3]), teopema 9.1.1 wumeer mnpocTyo (OPMYTUPOBKY.
[lycts p=1{(mod /)-—mpocroe uucno, a y (#)— HerJaaBHbY
xapakrep /-#t ctemenn no moxymo p. Torma umeem

(A1
PIRICE )

< 2UT. 9,3,1)

Menee rtounas copmyauposka (npu Hcrmoab3oBaHuu  (9,1,4))
6yner

S
(ax - b) I = Bip g p. (9,3,2)
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3aMeTuM, uTO Cayuall pacnpenesieHus XapakTepoB B MNpOrpec-
cuu ax-+b Jerko cBoauTca Ha Cayuall pacipemcseHds  ux
B pany mnocaeacBarteabHnix uuces x=1,2,.... H{H <p— 1)
B camom gpene, tak kax a Bubupaercs =z=0(modp) TO
x (ax - b)=y (@) . (x -+ ba), rae aa’ = 1 (mod p). Ecau usBectuo,
4TO .

Y 1

7
| 3 2@ =8p"1gp, 9.33)
y:=

TO KEMEeM TaKxe
h—1 !

ixgoX(XﬂLba’)]:B/IJ?lgm (9.3.4)

oTtkyna caenyer (9, 3, 2).

Mp Gynem jgafee 3aHUMAThCs HErJABHHIMM XapakTepaMy BTO-
po#t crenenu (KB3aAPAaTHUMBIME XapakTepaMmu), Ka  UMEK 1AMH
HaudoJee NPOCTY CTPYKTYPY. Kak H3BECTHO, MO BCHKOMY UpO-
CTOMY uucay p>2 TaKkue XapakTepsl 7,(/m) COBNaiaioT € Cu-

m
Bosamu Jlexauapa (i?> CHn XapakTepu3yloTca CBORCTBaMUL

1) y,(n) sanano wa meamix wncrax 0, 1, 2,...n
npunumaer Ha wux snavenus 0, + 1 nmy — 1;

2) vp(n) nepuonnuno: y,(n—p)==y,(n);

3) xp(n) mymbTUnARKATUBHO: ¥, (mn)==y, (m)7, (1),

4) y,(n) Xora 6bl NpU OAHOM 7 TpUHUMAeT 3HauyeHne — 1.

Yerhipe Takux cBOHCTBA ONpeAeasioT Qyuxuuio v, (1) Kax

3navenne cumpona Jlexauara (}'33 Crpykrypa dynxunu y,(n)

NpeACTaBAfeTCa HeCAOWHOH. ITa (yHKUWs uveer 60ALLIOE 3HA-
yeHune B avaautuueckoll u  aareOpanyeckoli Teopum uuceda, u
NOTOMY H3YUaeTCsd MHOTHUMH aBropaMn Ha npoTswenun O6oJee
160 aer. Ilepspie pesyasbraTel 06 €e aHaMMTUUECKOM MOBEASHWM
¥pu p— o0 Obt moayuens: eme K. &. Tayccom B 1796 r
C Tex nop ™Mbl y3HAIW CPABHUTENLHO HEMHOrO 00 aHANUTHURCKUX
CBOWCTBAX ¥, (7). 3nech wuMeeTCs pad  HepelleHnnx npobae
UPeACTaBAAIOIINXCA BecbMa TPYAHHMU, PaccMoTpuM pdaa uuces:

Yo 2p (@)oo xp(p— 1) (9.3.5)
QOuesuano, y,(1)==1. a manee B 3TOM pAagy CJSAyIOT UHCAQ
~+ 1w — 1. Ecam y,(m) =~ 1, To. KaK M3BECTHO M HA3HI-

Bae1Cs KBajparuuusim Bhiuerom (mod p); ecau y,(m)=—1,
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TO m — kBanpartuuneitt Heswiuer (mod p). Ecan m=p*<p
(m — xBagpar). TO, OYEBUAHO, m — KBaapaTHuHu# Bhiuer. Pac-
crosHue Mexay coceaHnumu wBaaparamu pi<p u (w4 1H<p
ne npesocxoaut 2 )/ p 4 1; crano 6uth, B paxy uncea (9, 3, 5)
PAcCTOdHIE MEMULYy COCEAMUMA KBAAPATHYHBIMM BBIUSTAMH TaKwe
ne npesocxoant 21/ p -+ 1. Boupoc o paccrosnnm mexay cocen-
UMM KBAaApaTWuUHLIMM HeBwMeramp BecbMa TpynaeH, WM. M. Buwno-
rpancBuy eme 6oJee COpOKa JeT Ha3al BbICKA3aH paj runores
0 pacipeieNeHdy KBAADATHUHBIX XapaKTEPOB, HOTOPHIE Mbl 3IECH
npUBELEM,

Fnnoresa 1. Paccmoanue wmencdy cocednusu rsadpa-
muynsi Mu  Hegodemaru 8 psady wucea (9, 3,5) ecms By
apu oo € >0 u p— oo,

Ipyrumu  cnosamu, ecau d (p) — MAKCAMAJAbHOE pPacCcrosiHue
MeXIy cocefHuMu Hesplueramu B pagy (9,3,5), o mnpm mobom
aajganHom ¢ >0

lim 49—, 9,3,6)
pow P

OcoBerno uHTEPeceH A% AHAMUTUYSCKON TEOopUM uvces yacTHalH
Cayyalh 3TOH TIUNOTE3H — FUNOTE3a O MOBEACHHH HAUMEHLUIErQ
KBaJgparuyHoro Hesbiiera N(p) B psay (9, 3, D)

F'umoreza I.

lim Y2 o 9,3,7)
pmw P
npu aw6ox 3adaxnor & >0,

Boupoc o HauMeHbUWIEM KBaApaTHYHOM BHIYETE pellaeTCs
TPUBRAJILHO: YHCAO 4 ecTh KBAUPATHUHLIE BhiueT; ecau 2 u
3 — KBaApaTWYHBIE HEBBIUETH, TO 6=2-3 ecrb KBagpaTU4YHLIH
BueT M T. M. OJH3KO, eCJH MBl MOCTABUM BRONPOC O HAUMEHb-
meM N pOCTOM KBaADATHUHOM BblYETE P (p), TO TaKO# BOIpOC
BECbMAa TPYJEH.

I'mnoresa IL

lim 202 9,3,8)
p—o P '

npu awbox 3adarHors & > 0.

B HacTosiuiee BpeMs MBI elle OYeHb JaNeKH OT HOKa3aTelb-
CTBa DTUX TunoTes; 0COGEHHO TpyaHOH npescTasasercsa runoresa [,
OaHo#t M3 OCHOBHBIX TUNOTE3 COBPEMEHHOR aHANUTHYECKOH Teo-
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pu#  umcen ABMARETCA pacUIMpeHHas rumoresa PuMaHa ans
L-psnos [lupuxse. Ecan sta runoresa BepHa, T0 BepHH (9, 3, 7)
u (9, 3, 8) naxe B Gosee cuabHOM dopme: N (p)=B (lgp)%
P (p)= B (lgp)®, Ho pmas runoressl | CymecTBEHHHX OPOJBH-
WEHUH He MmoJyuaercs.

Paznuuusie TeOpeMB O CB3W  YKa3aHHBIX THMOTE3 MEXIy
cofoii ¥ ¢ apyrumu runoresamu umewrcs 8 padore 10. B. Jlun-
Huka u A, Pensu [17]. B mansom maparpade Mpl H3/0MUM TaKxke
pe3yAbTATH, MOJYYEHHBIE A7 CQOpMYJUPOBAHHBIX THIOTE3 SJe-
MEHTaPHBIMH METOJaMH.

Teopema 9.3. 1,

N ()< 2-1~ + ]/p +—41—. (9,3,9)

INycrte N (p)==n. 3amMeTuM KCTaTd, YTO 1 — MPOCTOE HKCJIO:
eCaN n==mMy, TO ¥, (1) ==-—1, m60 y, (ng)=-—1; ecau
n; = num n; #£ 1 (i=1, 2), noayuaercs npotusopeune. Haftnem
uncao & & (0, n) rakoe, uro p-4-E=0 (mod n). Tax rak &< n,

10 %, )=y, (p +8=-+1, Tax uro Xp<pj:e>=—1. Ho
‘”+E>n U TONABHO %—}—1>n. Orciona  n< —%——}—

TOraa

-+ ]/P + z, yTo ¥ TpPeGOBaI0ChH BHIBECTH.
Teopema 9.3.2.

4(0) <2V ©3.10,

[Tyctn B psne (9, 3, 5) \IErKIIy gHakamu (— 1) rae-aubo
AMeeTcs pocseT auHb Gonbme 2}/ p.
[Iycts u-—mpoctoe JeBoe 4YHuC/IO TPOCBETa B COOTBETCTBYIO -
eM pany uucen
1;2>...’ P—"l. (9,3,11)

Torna _hveeM: ¥, (u4+8=-+1 ¢E=0,1,...,H), rie H>
>2 )/ p. Paceworpun uncaa N (p) (w8 =nu--nt, rae n=
== N (p) — HaumeHLnull Kpagpartuyust Hessiver modp, Mimeem:
vp (ru-nf)=—1 (=0,1,..., H); no teopeme (9, 3, 1)
n<2 Vo (p > 3). PaccTosiuue MexIy COCeIHHMU YHCJIAMH 71U -+
-k n% (modp) Gyner, ouesnaro, Menswe 2}/ p; ecmn H>2V p
to B paxy uucea (9.3, 11) Hafluyres, takuM o0pasoM, KBagpa
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THUHHIE HEBBIUETH HA PAcCTOSHWHM, MenbiteM 2}/ p, uto mpotueo-
peunso. At (8, 3, 10) nokasauo.

Ianbuetiinee nsyuenne ouenku N (p) 2MeMEHTapPHBHIMU CPEICT-
BaMi TpefyeT NPUMEHEHHUs SJEMEHTOB TEOPHH pacrupelesetius
npocteix wucen. B 1926 r. M. M. Bunorpanos [1] mokazan cae-
AYIOULYI0 TeopeMy.

Teopema 9.3.3 (M. M. Bunorpanos).

1

N (=28p""" (g p)} ©3.12)
20e e — Heneposo Huciao.
Has MOKA3aTeNbCTBA  PACCMOTPUM  UMCIa psina: L,2,...,0
rae py =V p (Ig p)*. Coraacno ouenxe (8,3,2), umeem:
Z Xp(m)=BV;1gP=BI§1;,- 9,3,13)

m=xpy
L L
Ecmn N(p)ép‘ %, 10, ouesmno, (9,3,12) Bepno, u60 p; 2 =

21/‘) (Igp)*. TlostoMy mMoweM mpearmoaarars, 4ro N (p) >

2
>p . lyere m<Cpy; y, (M)=-—1. Toraa cpenu npocrhx
jpenurenefl m MOXeT OblTb JIMIUb OJWH KBAaAPAaTUUHBIK HEBBIYET;
1
ecan G6b ux Gnisio Godslie, HepaseHCTBO N (p)>p]2 He MOTJIO
On BRIIOJIHATBCA. MTaK, ecau y, (m)==—1, TO unci0 m umeer
1

sun: m=pk rae y, ()=—1 ¢=N@>p’, uy, (=
= 1. Paccmorpum cymmy

S= Y 1. 9,3,14)
rp(my=—1
mz=p

B cuay (9,3,13) nmeem

S=H L 9,3,1
+ igp" (9,3,15)
C llpyI‘Oﬁ CTOPOHBI, M3 CKA3aHHOTO BbIUIE OUYEBHIAHO, YTO
S<S= X 1, - (9,3,16)
Mme=ql<py :

Npy=q=p,
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rie CYMMHDOBAHHE WIET MO TIPOCTHIM YHCAAM ¢ H MOJOXKATE/b-
HeM yucaam & Hwmeem

= Y [’iqi] (9,3,17)

Nip)=g=<p;
Ecmm Mu onyctum xBagpathele ckobxu B (9,3.17), TO o6uias
MOrPelIHOCTs HEe OYAST [PEBEIUIATh Z 1. Cor/acHo CKa3aHHOMY
g=nm
8 ra Ill, aTa norpewnocTs OyneT UMETb OUGHKY Bé“;—. Ta-
1

KuM 00pasoM,

Y Piy p Pr
S= 3 &4l (9.3,18)
N)=q
Hanee nmeem
N B .
2—‘-}—._]g1g 2 +Ct (9,3,19)
q=X
rae C — xoncranra. OTcrona
_ 1g py Bp,
Si=plg TgW(-pT+ oy (9,3,20)
Cpasnusaa ¢ (9,3,15), naxonnm
lgp
NG = 2 T%n lgm 6.3.21)
B
lg P et —}—1
Ig N(p)< g}ﬁ 1 B. (9,3,23)

Otciona, COMACHO OIpele/IeHRIo Uncaa py, BhiTexaer (9,3,12).
CaenaeM eule 3aMeyaHue, BaxHoe Jag faasuediero, Ecaa
BHUMATENLHO TpPOCJACANTL 3@ J0Ka3aTeabCTBOM Tteopemst 9. 3. 3,
TO BHAHO, YTO 31€Ch CYULECTBEHHO HE TO, UTO py == l/p (g )4

a Jdiib TO, qroz I (m):B—é‘—p. Ecnu Takas OueHKa BEpHa
m=py

a9 Kakoro-aubo sHauenud py ==p; (p), TO NpEABIAYILHE DACCYK-

JEeHNs MOKAasHBAIOT, YTO BepHa W oueHka (9, 3, 23).
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ITpumeHenne COBPEMEHHOR TEOpMM NPOCTHX YHCEJA, B 4YacT-
HOCTW TEOpeMbl O HauMeHblUeM MOPOCTOM 4YHCJAE€ B IPOrpeccHH,
DaHHOfl OJHMM U3 aBTODOB, MO3BOJAET AaTh CBENEHHS O BO3MO-
*HHX Goabmux 3Havennsx N(p). Tak I". Caane [44] u B. P. $pun-
aenaep |24] nokaszan, 4TO CynlectByeT 6ECKOHEUHO MHOrG upo-
CTHIX uucen p, ajs Koropux N{p) > C,lg p. C npyro# cropont,
uncna, rae N(p) >p° upn pandom e >0, ecan n cyuwe-
CTBYIOT, TO peaku. HazoBeM e-HCKJIOUHTEbHEIME  MPOCTHE
uncaa  p, ans  kortopex  N(p) >pt 10, B. Jlumunuk  [11]
ROKa3aJ, UTO NpH A0CTaTouHO GoapwioM N na cermente [N*, N]
qUCJIO TAKUX YUCes He npesocxomr koncrant: C (g) = 320x (g -

+2)¢ g, rae g___l -+ IJ B. P. ®pumnenaep [24] yaysiuna sty

OLLeHKY.

OrMernm eme MoGONBITHHH (DaKT: [J4 A0KA3aTENLCTBA TUMO-

4 —— £ * 1 P - JR—

tessl I' N(p)==B,p* 10CTaTouHO [OKa3aTh, YTO Y ¥, (Xy)==
Xy=N

1
=Bp2 + , ecat N — mo6oe unucjo cermenra [IgL;p,Plgq/’]-

§ 4. DaemenrapHble BHEOAB H3 HE3.JIeMEHTapHOH Teopemsl

Bepuemca k psay uucen (9,3.5). Onu cobpasyor nocaeno-

BATEALHOCTb 3Hakos - u —. IlycTs S— s3ajaHHOE uuc/a0, a
p— oo. Moxkno o0pasoBarth 2° pas/ituHbIX MOCJAEROBATENbH( Creft
3HaKOB —~ AW -— ZJUHBI S, U TIOCTaBHThL BOTMPOC, BCE JIH

TaKue MocJaesoBateJbHOCTH OyayT BCTpedarthes B pany (9.3.5) npu
p— 00, W KaKk 4acto 370 OyAeT NPOHUCXONUTh. IDTOT BONMPOC
usyuaaca I'. [lstipennoprom |36, [37] B mauane Tpumuaruix ro-
nos. I'. Hs#iennopr paspaora’s analuinueckKnf meron ans pe-
iweHus gawHoro Bonpoca. [lpi 3T1OM BO3HMK psA  BOMPOCOB
ajarefpanueckot Teopun unces. Hsyuenue aTux BONPOCOB B py-
kax I'. Xacce nano HoBoe Hanmpas/eHde anreGpauueckoit u aHa-
JANTHYECKOH Teopud yuces — ugyuenne rumore3 Pumaua aaa
n3eTa-PyHKURH Hall KOHEUYHBIMU NOJsiMU. 310 HanpasJeHne GypHO
pasBuBaeTcs B HacTosuiee Bpems, u B 1938 r. Buepesie npuseno
K npoaswkenwro B runotesax 1 u . [lpexnme yem szartponyrs
3TW BOMDOCH, MPUBEIEM OJHO 3JEMEHTapHOE paccyxaeHne o6
yKa3aHHBHIX paHee [OC/ELOBATEAbHOCTAX MJAUHBE S, NpHHALAEKA-
mee A. Bpayapy.

Ban nep Bapaen 10Kasan 3JeMedTapHBIMY  CPEACTBAMIY CJe-
aywuyio teopemy (cm. [28])
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Teopewma 9.4. 1 (Bau mep Bapaen). ITycms pad nocredo-
samensHbix wuces, Hanpumep pso (9,3,11) paz6um rna 0sa
Henepecexawuuxcs Mroxcecmsea. Ecan r— 3adantoe 4ucao,
u p >py(r), mo xoms 6u. 8 00HOM U3 3MUX MHONCECmME
MOJICHO BbL0CANMS HUCAQ, ACIKAULIlE 8 apUPMemutecKol npo-
epeccun daunpt riab-+b; £E=0,1,...,r—1.

Met He OyneM NMpHBONMTH 3JeCh /0KAa3ateabcTBa ITOH Teo-
PEeMBI, OTCHI/IAR YHTATeAs K MPOCTOMY HoKazatedscrsy M. A, Jly-
KoMCKOH [28], ¥ BhIBeJeM 3/iech JMullb CJAEACTBHE ee, YKa3aHHOoe
A. Bpayspom. Ilycrs sazano uncio s; BribepeM p >pg(S) Tak,
uT0o6bl Opa npumeHuMa teopema Baw aep DBaprmena, u B Kaue-
ctBe pasbuenns pana (9, 3, 11) paccmorpum ero pasbuenue Ha
KBaIpaTUUHbIE BEIUCTH M HEBBIUETH COOTBETCTBEHHO paay (9.3,5).
Bosumem nporpececuto a8+ & =0,1,...,s— 1) Teopemst 9. 4. 1.
Maeenr

xp (@4 b)=m, G==0,1,...,s —1),

- £he TMy-— OAHO # TO We yucao -1 mmi— 1.
Orcroaa uMeeM

1 E0d)y=ny,(@ (E=01,...,s—1; ad’=1(mod p)).

3aecs yucao cnpasa pasHo -1 wa— 1 aas Bcex suavenui &.
Takum obpasoM, cnpasennuBa

Teopema 9.4.2. [Tpu 3adannon s u p >p,(s) & prdy
qyucea (9,3, 11) sceeda Haidderics nocaedos8ameAsHoCHls U3
He MeHee S pAOOM CMOSUUX KEQCPAMULHHLX Bbi4emos ual
Heguiuenos.

Mul chopMyaupyeM Termepb HesNeMEHTApHYI0 TeopeMy, npu-
BOJSLLYI0 K ropaszo (oJiee CHJbHBIM [E3yJbTaTam.

[yets P, (%) =x"+ ayx" ...+ a, — uesnouncaentui mo-
JuHOM, KOo3(huurenTs kortoporo OepyTcd no moaymo p. Pac-
CMOTDUM <KDHBYIO TIO MOAYJMO P

yq — P’. (x) = O (mOd p). (914: l)

Jonycrud, 4t0 5Ta KPHBAd HENDUBOANMA [O MOILYMO P, T. €.
P, (x) == (Q (x))*(mod p). Bynem paccMatpuBaTh wuEIe TOUKH
Mo MOAyJ/io p, Aexamue Ha xpusol (9,4.1), T.e. Takme naps
ueanx uucen (X, y), AAa Kortopmx (9,4,1) npespamaercs B
TO¥AECTBO. PasyiuHbIMA Cpedu HuX OyAeM CudTaTb, pasyMeercsd,
HecpaBHHMHE MexAy coGo# (mod p).
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B 1941 r. A Betinp [51], passuBas ugeu [. Xacce u M. Jleit-
PUHFa, TYTEM BeChMa rAyOOKHX M HE3JIEMEHTAPHHIX aareGpanyeckux
coobpaxxenuit npuwes K [JOKa3aTeabCiBy «Tumote3sl Pumana
IV KPHBHIX 10 MOAYJIIO p». [las wenpuBoAWMOH KpHUBOHW BUA3
(9.4,1) (rakas kpusad Ha3BIBAGTCd SAAUNTHUECKOH npu 3 =<
=r=C 4 ¥ THOEPJINITHYECKOH npu 7 >4) U3  pesyibrarTos
A. Betina caeayer reopema.

Teopema 943 (A. Betinms). Hucao pazsuunsix yeavix
moverx no aodyar p Ha Henuscoumonr {(mod p) kpusoii(9,4,1)

PQBHO
p+1+R(@) 9,4,2)
20e

IR <rVp. (9.4,3)

Mm npuBegem 31eCh 2JEMEHTZPHO BHIBOAWMbBIE HHTEDECHHIE
CJACACTBUN U3 HesseMeHTapHo# teopemnt 9. 4. 3.

flycre Touka (X, y). PaccMaTpUBaeMas No MOAYMC p, JACKUT Ha
gpusoit (9, 4, 1). Torma mbe P, (x)= 0 (modp), y= 0{modp),
mso P, (x) == 0 (mod p); y,(P,(x))= - L. Pewmenatt (x. y)
nepsoro Tuna Oyaer He JoJee r, TaK Kak no teopeme Jlarpaika
cpaBienue P, (x)== 0 (mod p) umeer He OGoJee r kopueid. Las
KakAoro X Taxoro. uro y, (R, (x))==-1, naltayrca asa pewe-
g 4y 1 — gy (modp). O6o3naunm

S, = > 1, S — L
1p(Pr %)) =+I 1p(PAR)=—1
Toraxa
i
S+ - S-‘ = Z Xp (pr (X)),
x=0
S,-FS.=p40r  (18]=1)
Orcrona »
1’ r
S,=5+5 Y1, (P +05 9,4,4)
x==0

Beuay ckasandoro Beiue, cpasimBas (9,4,4) ¢ (9,4,2) u (9,4.3),
HaX0ANM

p—1
| 2, (P )| <<2rVp. (9,4,5)
pomy}
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dra ray0okaa oleHka, Kak yxe OblJIO CKa3aHO, BBHIBOAHUTCS
HesJeMEHTapHLIME cpeacTBaMd. ToMbKO AAs cayyas r =3 (311u-
NTUYECKUE KPUBbE) NOA00HYI0 oueHky B 1956 r. ynanoch BI-
Bectd saementapupivi cpeacrsamu 0. H. Manuny [18] {cm. ra. 10),

Obpatumcs k caeacrsuam ouenxkn (9, 4, 5). Ilpexae Bcero,
crenys I. Hstisennopry |36}, |37]. npumenum oueuxy (9, 4, 5)
K BOMPOCY O pacnpefeteHnd NPelNuCcaHHBIX [O0C/Iel10BaTeNAbHO:
CTell XBaapaTHUHBIX BBIUETOB HIUHB § ¥).

Iycts ey, 2q,..., €, — 33/8HHAY TNOCAELOBATELHOCTh 3HA-
ko = 1. Cocrapuy BhipaxeHue

IL,(0) = 5y (1 e, () (1 217, (6 4 1)...
(27, (x5 — 1))

Ouesuano, HS () =1, ecam uitcaa y, (x). y, (x -+ 1), .0, (x -+
—-5) 06pasyloT HYKHYIO HaM [1OCICAOBATENBHOCTb €. ..,8;
1, (x)=0, ecau 310 e rax. Taxum 0Gpasom,

p—1

N, = ZO II, (x) (9,4,6)

JOCTABASET YUCJAO MOCAEAOBATENLHOCTEN €,,.., & HA CErMeHTe
[0, p— 1] ¢ norpemmnocTblo, He NpeBblNawMmEd yucaa s; Mpw
9TOM, KaK BRAHO 13 Gopmy.s (9, 4, 6), AONYyCKaIOTCd YACTHYHBIE
na/nerauds OJHOH MOC/IENOBATENLHOCTH HA APYIYIO.

1 s
Buipasenne [] (x) cocront u3 uncaa 55 ¥ 2° — 1 BeIpameHuft

BILE gr Sy .ertaYp(@ (D), Tae D)= (xta)... (x5t a)

[Ipu nmocvatouyso OGoasmwom p Kpusble y*==d (x) 6yayT BCce
HenpusoAuMH (mod p), tak uro B cuay (9,4.8) noayuum

| Xy, @) <25 V. 94,7)
Yuyuteeas sro, noayuaem u3 (9, 4, 6)
N=E&+2svV2 (8<1). (9.4,8)

*) Paborn [, [atisennoprt |36}, [37] otHocuanch & ToMy BpeMenn,
korna ouenku A. Beiiaa ewe He ObtAM noayyednl. 34eCh Mb CleiyeMm
uunaomHoll pabdore crva. JIIY B. 3. Mopos 211,
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IMycts
2 < Vr . 9,4,9
ig* p ©49)
Toraa (9, 4, 8) naer
N —‘25 + 2elgp 95 (p>p0)- (9,4,10)

Otciona nonyyaem TeopeMy
Teopema 9.4.4. Feoau 2°< lg_'2”(p>po), mo 8ce2da

Hall0emess npednucanHnas nocaedo8amessHoCms gy, ..., e 3HO-
rKos 1 uau— 1, omeewawwas 8wuemar UuAn Hesudema
mod p cpedu uucea 1, 2,..., p— 1. Hucao marxux nociedo-
samensHoCmeld, cuumaemoe, KAK OblA0 YKA3IAHO panee, 8ulpa-
scaemcs acumnmomuieckol ghopuyaoir (9,4,10).

DT1a TeopeMa, KAK MbI BHANM, 3HAUNTENLHO CHJAbLHEE TEOPEME
9.4.2, HO noCJaenHas AOMYyCKaeT /eMeHTapHOe NO0Ka3aTe/IbCTBO.

BecbMa 3ameuatensHele caenctBusi u3 ouerku (9,4,7) Obuin
noayuessl B 1958 r. [l Bepmxeccom {34|. Ouu ssuanch unep-
BBIM 3aMETHBIM CABMrOM B ucchaegosanuu runores ! u ' § 3 co
spemenst pabotm . M. Bunorpanosa 1926 r. o nauMehbiiiem
KBaapaTUYHOM HeBblueTe, 0 Kortopo# rosopuiocs B § 3. Cdop-
MyJaupyem ase teopemn JI. bepmwecca.

Teopema 945 (. DBepaxecc) Jisa cxoas y20010

LI

Manoii xoucmanms 5>>0 d(p)==B,p" . Tounee: ecau
>0, e >0 — 3adannsie cKoas Y200HO MAALIE KOHCHIQHIbL,
mo npu p>p, (¢, 8) u awdonu N usees Hepasexciso

| N+4-H

2 (%) i<e H, (9,4,11)

n=N-1

T + 3
ecan H>p' . :
Orcioaa nerko BHIBOAUTCH Teopema
Teopema 9. 4.6 (. bepmxecc). [Ipu awbom gurcupo-
sannom >0 |

—_—
N@)=B;s p iVe . (9,4,12)



§ 4] 9JEMEHTAPHNE BBIBOAB N3 HEIMEMIHTAPHOR 1EOPEME 220

Mbr  BuguM, uro (9,4,12) ecrsb 3HAYWTENBHOE YCH/ICHHE
ouenku (9,3,9), rpyGo roBopsi, u3 5TOH OLEHKH H3BJAEKAETCR
KBaApaTHhi KOpeHb.

ITepexoaum x BeiBoay Teopemst 9.4.5 u3 ouenxu (9,4,5). Onu
OCHOBaH Ha HECKOJILKUX HECAOWHBIX JeMMax.

Jemma 1. [lycme r — Hamyparsroe 4ucA0, P NPOCHLOE
Lucao; h— yeace wucao uz unmepsasa (0, p). Ioaoxcunr

R
N Lm o
8= ¥ EE (9.4.)3)
B R
iMa HOAAPACM | —;u_:rf,h cean s==0(mod p)) Toedu
Pt
3 (S, (N < QY ol - ar Vp R (G.4,14)
e}
Freew
o1 h p -4 )
Vs, wnr = % N
LR e
y===t By Mgpe=l xomi

CucTeMH  Beadui My, ..., . Da300bEeM N3 183  waalla
flepsmit  kaacc 6Gyaer COCTONTEL #3 CHCTEM BEANUMH, TAE He
Sosee 5 pPA3AUYHBIX  BEJAMMME, ¥ K&MWAAA BCTPEUAETCA “eTHOE
qUCA0 a3, OCTAJALHLIE CUCTEMB BEAUUMH COCTABAT BTOPOH KJjacc.
Hucao  cucreM  [ERBOTO  KAACCd, CHEBWIHO, HE IPCROCKXOLHT
{2rY 0", a7 KaOKAOR  CHCTEMB BHYTDEHHRS CYMMa NO X He
MPEeBOCXOANT #, TAK MTO [I0JHAR CyMMa A48 TakuX CHileM He
nipesocxonnt (2r) ph’. Hucan cncreM BTOpPOro KAACCE, OUEDRAHG,
e Aperocxoaut BY. nas waxwaoft p3 HUX  BHVIDCHRHE OV MM3
AMEET BT

rHe S 2r, fy, He ...t HOU2PHG Hecpashumpe {mod p)
21, 8gv..., €, HE BCC Yernbe, MOKHO BHOPOCHTE TE MHOKUTLIR,
AS KOTOPHIX €, “eTHO n X ~+ 71, 7= O (mod p); uucac swauennh X,
rae x—4-n,==0(mod p), ne upeBOCXOZMT 2r. TIK WTO Haila
IYMMa OTJIBYAETCY HE 00Jee 4YeM H3 2r OT CyMMB

S ‘g{rAHI)jij«ipz\

o

/
A o
X
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rae 1< K=<<2r, w,...,u, nonapuo Hecpasuumn (mod p). Kpu-
Bas Y= (x—+uy)...(x-}-u,) Henpueoamma (mod p), ecan k
HEYETHO; B 3TOM Cayuyae, coraacHo ounedke (9.4,5),

Si<wmVp <4 Vp.

DT1a oueHKa cnpaBeiliBa #® B TOM CJdyude. Korga A uertHo.
Wmenno, onpeneanm y u3 yCa0BHS

(x-t-a)y=1(mod p).
Toraa cymma S npeoGpasyeics B AHAJIOTHUHYIO CYMMY £ -
nepeMeHHOH BMECTO k, uv3 xotopo# HYMHHO BHUYECTH 1, TAK KakK
y==0 He cooTBerCIBYET HM OAHO 3HAUeWuie X. Bauny svoro
NpU YETHOM R HAMEEM
ISi<<1--20—DVp <4rVp
M3 stnx pesyawntatos BeiBoand (9,4,14).

Tlycrs paner weame uncaa A >0, ¢ >0, £, N. Onpeaesun
orpesok [ (g, )

N—Lm< < 1\/—1~H—,-tp (9,4,15)
q q
Jdemma 2. [Tyems g npoCezaem pad pastuinsx HOA0-
HCUMEABHBX HeANX 4ucer 6 kKoautecmse Q, mawux, 4mo
Kaodne U3 HUX ACHCUM 8 URMEpPsane

(g1, 99) (9.4,16)
N gCe OHU B85AUMMHO nRpoOCmbL. HyC”Zb
2Hq, < p. (9,4,17)

To20a (npn dawnsix p, N, H) wmoowo das Kasdozo q
rocmpourns pad T(q) ugeawx #ucea t(0==t<q) 68 wosu-
wecrnge g— Q n maxuit obpasoxm, umo unmepsasw I(q, t)
dan ecex q u 6cex t 8 T(q) He nepecexaionics.

Ilna pokasaTenbCTRa 3aMeTuM, uTo jsa wuurepsanra (9,4.15)
¢ ONYHAKOBBIMA ¢ W pasHeIMu f BCerga passuunsl, k6o 0 < H<
< p. Nycrtv unrepsans I(g, ) u (¢, t') wnMe0T O6IWLYI0 TOYKY
g >¢. Toraa

" N+4tp N4+H-Atp N4tp _N+H-+tp

< q " q < q

pty —tq)+ N(¢ — q)<Hg
pitg —tg) + N —q>—Hg'.
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Ucnoabsys (9,4,17) Haxoaum
lptqd —t9+N(g — 9| < Hg<%.

QrCiola HENOCPeACTBEHHO C/SRYEr, uT0 CYWecTByer He Goaruic
opnofl napu f, ¢ Ld repecexaomnxcs HHrepsanos. Pan T (q)
MOMHO TEreps MOCTPOUTh A8 KAXKAOrO ¢ HYTEM HCKJCUEHUs
n3 paaa O=Cf<¢ BCeX Tex BeanuuH f, KOTOPHIE BXOAAT XOTS
6b B 0AHy napy ¢, £, CoorBETCIBYWIRYI0 ¢ 7% ¢. Koauuecrso
BENUYUH ¥, HCK/IOUEHHBIX TakuM o6pas3oM, He rnpesocxoant @ — i,
CAEAOBATENDHO, MBI MOXKEM NOCTPONTL Pags 7 (g) Takue, 4TO
KaMHA H3 HEX BKJIOUaeT ¢ -—  uncea £,

[lepexoguM K zokasareibCTBy teopems 9.4.5. Ilocratouno
PPaCCMOTPETs sHauenne F/ moa ye/0BuaMa

>

j—, —_—4 %

pt < HIp? 9,4,18;

i
5 +5
n6o qapn H >p Tpefyemoe nepasedcTBo caenyer a3 (9,3,1).
HonyctiM, yto aas nekotoporo N, u H nox ycaosudamu (9,4,18)
HMESM
N + H
fnh\i -
(“;‘ H. (9,4,19}
1—-N+1

Tlokaxem, 4TO 5TO NPEUNOJNOKEHHE IIPHUBOAAT K [IPOTHBOPEYHE:
ans pocrarouno Gosbuworo p. Jas Kakoero-au6o noJ0KNTeNLHOrG

g < p nMeem
N+H g—1 NA4H
¥ (_”_\_ Z 'i)
i \p/ \p :
a==N-}-1 =0 n=N-41
n—— tp{mod q)
[fonarasm BO BHyTpeHHe# cymMe n==—{p-l gz, sameuaem, uro

2 W3MEHAEeTCd B CErMeHTe

[N+l+tp N—i—H+tp]
q ’ q
¥ upoGeraer uenwse uncna orpesxa (9,4,15). Iaxee,

F)=5)=F))
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TaKk uto u3 (9,4,19) sniBoaum
S| e
; AP
=0 z2&Kg ¢
Tpusenam JIeMMy 2, npw{eu q Oyayt npobderars UpoOCTHE 4UCAA
“HTePBaJa K2p4 p4 Ycnosue (9, 4, 17) BHINOAHUTCA B CHAY

49,4,18). Yucno ueawmx g, o6o3Hauednoe yepes Q, pamHo

1 s
4 i1 ‘/T), 21
Q=r(p')—='5p ©.428)
Cyumuopys (9,4,20) no scem npocteiM g, Hafinenm
g—1
A \ i IR
He=3X Y| ¥ L=
g i==0 2&1g, ¢
' v al 'z‘ %!
= AN oY
‘EZ% }- p“',éanHq
g €Ty 2&€lg. 6 ¢

13K Kak 4ucno weasix 2 B /(g f) MeHswe 2H g7, 4 mee

seauununl  f, Kpome Q, upuHamrewar 7(q). Ilaiee, Zq"‘”<
!

< 2p 4@ B CWJIYy HepasewcTs 4Ad gq. Hoaromy MBl WMeeM
yy * EaY
P HQ (= —4p oy LS
g <1 g ze ta.
np¥ KOCTATOUHO Oonbmidx g (uMeew Q—~o(p4') (cM. ta, 3).
Mycte [ oanauaer Kaxko#-nm00 M3 HalWX WHTEPBAIOB [(g, £).
BCe TaKne MHTEPBAL HE MEDECEKAIOTCH N0 JeMve 20 YACA0 ux

4 NPEBOCKOaNT
Sg—a<pria (9,4,22)
q

Pauee chopMyaapoBaHHbIt pesyanaT nepenumeM s Buge

2 ] 2 EAISN. ”Q (9,4,23)

I z€r
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Ilas moGoro uenoro >0 umeem

3 (3=r 3 3(2)-

s€l

(57 Fonf wl<2m)

(recwona

#
- Lo
V‘/nﬂ—m\gzh) z '"2
| ' m- p
me= me=1

CuenoBarenHo,

- 2R,

N . - z
};_Issm)!;ah =3

ne zel

Tenepb cymmupyes 10 Bcem [ ¥ ucnoassyem ouenky (94,24}
aas unpcaa wHrepsanoe /. Toraa us (9.4,23) noavuum

eliQﬂ

Y Xisum > ap Qi

I n€r
TTonoxum

"13"{ (9.4,24

i1
h = [’g" £ HP
Torna (10J1ly4ynM HeDABEHCTBO

I 1St i> e nan

{ ngl

[Ipumenum wepaseHcTes §easgepa (cm. {2]). Honyunm

X i’“"l,." . 7
Eism<{2 3} T{E 3ot
i ngl I néel I nef

n, CJeNOBaTEJIbHO,

: i
VN @ e S HQR G T T
S Ysmir ST e e Thy

7 mel
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(Hpﬂ 3TOM YUYTEHO, 4YTO KOJAUYECTBO LEJBbIX UYd{eJ B HHTEpBAAE
!

I ne npesocxomur 3p ¢ H). Tak kaKk Halim AHTEpBadl He
TIePeCceKaloTCs, MOXKeM HamnucaThb

2HM$W>W\Wmh

TOMOCTaBIIsA € PesyAbLTaTOM JeMMBl [, HaXO0ikm
)h@ﬂ/wrw+wvnh (9.4.25)

Mo aakony mpocThlx uuces (cu. ra. 3) useem

i

o
P

~
Q>af igp’

o

5

gpt. Jdaaee H >

©f r

Tonokum tenepr 7> - Mbi wmeew: >
B 48
. Beugy 3Toro., npu AOCT2TOUHO OGOALIOM 2 AcBaR
wacte  (9,4,25) cranosutcs Goaelie npasoll, B MH  HMeeM npo-
THBOpeuue. ITO ACKaspiBaet Teopemy 9.4.5. Herpyauo sunzers,
yTO, TIOMUMO OCHOBHOM ocuenku (9,4,8), 2zechr HCMOABL3YETCA
B yCI/ieHHONR QopMe paccyixuenue, npupeniuee Kk teopeme 9.4.2.
Teopema 9. 4. 6 0 HaunenblIEM KB2APATUHHOM HEBHIYETE BHBO-
HUTCR 3 HEe Ha OCHOBAHMK TAKHX IKE paccyxueHall, Kak teo-
pemMa 9.3.3 supoantcd us onenuy {6,3,13) (cm. samevanus nocas
auBoaa dopmyan (8,3,23).



FJTABA 10
DAEMEHTAPHOE JOKA3ATEALCTBO TEOPEMbI XACCE

§ 1. HocranoBka samauu

Ilycrs p >3 - mofoe NpOCTOE YHCAO, @, b — HEJBE uucia
O6oznayum O6yxkeol N KoauuecTso pentedutt CpaBHenus

viz=x? -} ax - b (mod p) (10,1,

[CHWTAS BA MEJOUHC/JEHHBIX pelerus (Xy, ¥,) H (Xg V) CAnHa-
KOBBEMH, €CHU Xy ==X, (mod p), ¥ ==y, (mod p)). Ormerum npex-
e Bcero, 4yro K cpashenno (10,1,1) 7nerko CBOAHICE ofHulee
CpABHERME BHIA

vl=au® 4- oy - a,u - ay (mod p), (10,1,2)

rae ;3= 0(modp). B camom mese, yMHOXKUM 008 YaCTH CpPaBHE-
. (10,1,2) Ha @' n nonowum y=—az0, x=au-+a, rae
3a’ == 0y (mod p). HoBbie HEu3BSCTHBIE X, ¥ OK@XKYTICR CBA3EH-
urimy cpasuennem Bnpa (10,1,1),

Ecan auckpumunant 4a® - 270% muorounena x®4-ax b
ACAATCA HA P, TO nNOACUKTaTh uucao N merpyano. B camom
Aede, Torga cpashenue x* -+ ax - b==0 (mod p) umeer no xpaii-
He#l Mepe ABYKDATHHIl KOpEHb, TaK YTO CYLIECTBYIOT TaKue HeJime
HHCHAE Xy B Xy, UTO X°-4-ax -} b= (x — x¢)* (x — xy) (mod p).
Otcloxa caenyer, uto npu X = x, (mod p) cpasvenne (10,1,1)
9aBHOCUARHO CpaBHenno vI== x — x; (mod p), KoTOpOE, OUEBNANG,
umeeT (32 HCK/MoucHHEM x==x,(modp)) p peulenult, ecau

[Xg— X Xo— X
v_ﬂ_;*_‘>=~—1; p-—2 peijedus, ecan (——————‘
seu, p— 1 pemwenne, ecns xy==x, (modp). CoorsercraeHuo
STHM TPEM BO3MOXHOCTAM HodyuaeM N=p-}1, p—1 wm p.

Ocraercsi, cienoparensho, pasoGpath cayyalh, xoraa 4ae®--
- 27b¥z£ 0 (mod p). 10T CaAyua#h ropazmo TpyHAHEE M BMECTO

)__1 H, HaKko-
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TOYHOI'0 pE3YJabTara MbBl CMOXKEM INOJYUYHTb [ABA 4HUC/I2 N anun
aCHUMIITOTUYECKYIO OLEHKY C TJAaBHBIM YJAEHOM p 4 OCTaTOUYHBIM

unenoM nopsaxa )/ p . Tounas hOpMyTUPOBKA TaKOBa:
Teopema 10.1.1. Yucao pewennii N cpasunenus (10,1,1)
npu ycaosuu, 4mo 4a®--27b* == 0 (mod p), ydosaemeopsem

NeDaBeHC N8 Y
iN—pi<2Vp. {10,1,3)

(Pazyneerca, cayua 4o’ —- 27h¥==0(modp) ~OKHO OuAC
66 HE MCK/IOUATD, TAK KAK COTAcHO nposeJeHHOMy noacuery,
torga I N—pi==0 umm | u, cuesuaso, 1/2] npu moGom p.}

Hepaseﬂcmo (10,1,3) npencrassser coGefi BnepBble A0Ka-
ganuplél Xacce |33} wactuuit cayuait obulero peayantara A, Bedas
OTHOCHUTEALHO HKHCAA peweHull cpasuenns F (v, v)== U (mod p), rue
F— mo6o#l MHOrouAeH OT [BYX HEHSBECTHAIX ¢ HEIHMMU KO({-
PRIHEHTEMH.

Ormerny  eme, g1o ouenka (10,1,3) asasercy nanayymes
BOAMOXHOMN: MOXHO J0KasaTe, 470 upH a== — i, bH==0

iN—p!
P~ 00 OTHONICHHE —q»—}—;{m NOAXOAHT  CKOAL  VPGUHO  Bluake

< ennmae (o, [27]).

§ 2. Chowenne pemesuii

“{Ipemae 4eM I0Ka3blBaTh TEOPEMY, HAaM HPUACICH HPOLEIATE
KeHOTOPYIO NOAroTosuteabuyo pafory. Mu Oymem paccmatpu-
BaTh MHOTOWIEHH ¥ pallMOHAXLHWE (DYHKUHH OT HEKOTOpO
$uKCupoBaHHOR pas HaBCEerda HEW3BECTHOH X, IpnueM B Kauyecrss
KO3DDRIUENTOB 3TRX MHOroWwIeHoB OYAYT (BUTYPHPOBATL KAACCH
BHIYETOB NO MOUYM0 p. B cooTsercrsnu ¢ »Tum COratleHueM
e Mpl GviaeM BCIOAY [HCATh DArEHCTBA BMECTO CPABHEHHE,
B 4&cTHOCTH, pH4BEHCTBO MABYX MHOFOUWAEHOB /7 (xX) n Py(x}
03HayaeT, 4TO KOO(PQPUIUSHTH NPH OIHHX 1 ¥CX SKE Creneusy
HEN3BECTHON X B 9THX MHOIOWIEHAX IMPEACTABANINT co()()s? OBAY
M TOT ke KJacC BeiueToB (modp), 2 paBEHCTRO ABYX Danuo:
Py (x) Py {x - RO MO

W ==t 03HAUAET PABCHCTBO MHOYQWIAC-

Q2 (x)

HOB Py (x)Qy(x) u Py (x) Q; (x). Byksamu a, & (8 oranyne o
COTJIAILEHHS, MPHUHATOrO B MPLAMAYUIeM TYHKTC) wibl ofo3Hayaem
rerepb HEKOTODHIE KJAAcChl Bhiuetows (modp), yaoraeTBOpsonike
cootnomenuic 4a® - 270 £ 0,

HaabHBIX (DyHKIMHA
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Hapia neab 1o-npexHEMY COCTOUT B OLUEHKE 4ucaa peumteHih
N ypasuenns (10,1,1), HO B Xo0zae 0K23aTeAbCTBA BawHEHIIYTo
poJabL GVIeT UrpaTh HECKOJbKO BUAOM3MEHEHHOE YpaBHeHue
4+ aX-+ b
X raxX) (10,2,1)
X "—r"IX 'n b

o=

peiehits Koroporo (X, ¥) Mpl pieM 3 o0JacTH  pAUHOHAILHBIX
dynxunit 67 HewssecTHOR X (¢ KO3(pPULKEHTAMH ONUCAHHHGTO
8112},

3aimemcs  ypaesensem  (10,2,1)  suumarennnee. [Ipexne
BCErO, OHO WMeeT ouesuaHoe pemedune X==ux, V=t 1. Menec
OUEBMIHO ¥ BECbMA BAWHO A AaJbHelillerg Jpyroe pemieHue:

p -1

Xe=x¥, Ve (x®ax- ~b) {10CTAaTGUHO 32METHTH, YTO
(xa—%—cm ‘[ b)"‘—xw{aax'}%—b NOTOMY 4TO  GUHOMAAABHGIE

pl
KosdduuneyTr W(z S j ol b==p) apa ijk =0 (mod p) aensr

cs Ha pj.
Cyiwectsyer npocTod ClOCO0 HAXOAMTH HEKOTOPOE TPEThE
pewenne ypasnenns (10,2,1), ecaw xBa peieHus yme usBECTHEL
Dror cuocod YAOGHO OMUCHIBATL PEOMETDHUYECKHM 93BIKOM, pac-
cmarprras ypaspenne (10,2,1) Kak «KpuBylo» € TEKYHIUMU KOOP-
auraramu X, V (HeusseCtHad Xx urpaeT poJb MapamMerpa, oOf
KOTOPOrO  33aBUCHT KOB(MMUUKEHTH ypaBHeHus Kpusoi). Pac.
CcMOTpUM 11apy TOoYeKk Ha 3710l xpusoll (X, Yy) u (X Y} 8
npoBeAeM HEPe3 ITY Napy TOUEK HPAMYI0 € TEKYIIHMH KOOpAH-
HatamMm X, ¥
X—X Y Y3
Xo— Xy Va— N

{10,2.2)

I roro uroOn ypasaedue (10,2,2) usmeno CMbCa, npeanono:
waM Bpemenno, 410 Xy 7 X; (10 ectb w10 BHIGpAHHBIE TOUYKB
ue cosnanawot). Ipamas (10, 2, 2) nepecekaerca ¢ xpusol (10,2,1}
B TPEX TOuKaX, JBe ©3 KOTOpPHX — (X, Y un (X Ye)—
u3BeCTHR. J119 OTHICKAHuS TpeThell TOUKH BHIPasuM VY uepes X
#8 YpaBHeHUs (1022) ¥ NONCTABEM  DE3YJbTaT B YD2BHEHME
(10.2,1).

){-*«4;-41;(%»@»;(”““”"(); CX) ) P ax- by =8

X Y

[ipa woprs Xy u Xy 9TOr0 KyOuUecKOro OTHOCATENbHO X ypab-
HEHUS U3BECTHH; ko3hdunuent npu  X® 1 gesoft wactH, npesa-
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crasamon co0OR CyMMy BCeX TpexX KOpHeH ¢ OGpaTHMM 3Ha-
KOM, paBeH

()’Z”)Y(i) (-1 ax - ).

O1cio1a HaXOARTCS TPETHH KOPEeHh:

3 A —_) \
.‘ig:——:-‘Xl“‘ ‘XQ"IT‘\X X‘

) (%" -}-ax —+b). (10.2.3)
Moncrasasn 9TO 3nadeHre B ypasueane npaMol (10,2,2), wau-
2eM 8TOTVIO KOODPAMHATY HUCKOMGH TQUKiH UepecedeHns:
YoV oy ST -
Ya“__"‘ —(\\/—QT—-)—\T (‘X;; o A]) -1 )"3. (\10,21‘)
Bmecre ¢ Touxof (X, Ya) Ha kpusofi (10,2,1) newur @ cam-
serpuuias et touxa (XN, — ¥ uveHHo ee Msl ¥ OyaeM cuyu-
TaTh GKOHUYATRALHBIM DE3YALTATOM OMHCAHHON onepanun  Han
TOYKAMHU (;X,, Yiy o (X, Yo
Ira onepauisi 060O3HAYEETCA CHMBOJIOM —~ W HA3BIBARTCH «CJO-
wengen» Touexk xpusoifl (10,2.1) uan, uTo BCE pasuHo, pelieHud
vpanueHng (10,2,1). Taxum ofDa30M, MBl IUIIeM

("\’1‘ ’) ‘%"& 2 2) —— (X'i’ - }?)r (‘\0:25;

LCRU BEARUMHBL X, Y. BHpawa0IcH qepea KOOpPARHATH 3a1an-
HEIX ABYX Todex 1o ¢opmyaam (10, 2, 3), (10, 2, 4).

Ocraercs eme pascbparh cayyaft Beipowpenws: X, ==X,
Bean npu atom Yy =~ Y, 1O npoxonsulas yepes touxn (X, ¥y)
w (X, —Y) npsman N -— X, =0 nepecekaercs ¢ Kpusoft
{10,2,1) cine B necobernennoll, GECKOHEUHO yraseHHol Touke,
KOTOpas COBilajgaeT ¢ CHMMETLHUHON K HeH. Mi He cTameM mpu-
iasarh 9TOH (pase TOYHBIR CMHICA U B paankefniem ofolizem
BO3AMONCHOCTL TNMOSRACHUA B Hallel KOHCTPYKuwd TaKOro «pere-
sty ypapHeHns (10,2,1) ¢ nomotleio  ReKOTOpOro QopMasbyo:
$0 Opuema.

Hakouen, ecan X, ==X, VY;=1V, T0, KiK [OIJ{Ka3LI82eT
reOMETpHYECKoe HCTosxosanue copmya (10,72, 3) u (106, 2, 4).
amecto ypasuenuns (10,2,2,) caeayer Hamucarh YPAaBHEHRE «Ka-
catensbofty k krusoh (10,2,1) B touke (X, }})

‘§X‘: +“
Yo (xF + ax - b)

Y ¥y = (- XD (026)
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8 sSaTeM peWATb STO YPaBHEHHE COBMECTHO ¢ YpPABHEHHEM
(10,2,1). OxosuaTenbHO MOJyuaeM
. 3 :-‘ [T
Xym= -2, 4 G TA (10,27
A} I
HX, + aX, + b

Btopas KoOpauHAta Y, TOUKH TELECCHSHUS ROAYUHTCH, €Ca4
nOJACTaBUTBL 3TO 3Hauexue Bmecro X & dopmyay (10,2.1); wHa-
MOMHHM eule pas, uYrTo A NOJAyuYeHus vaBocHHo# Touxm (X,
¥y) crenver BmecTo TOukd (X, V3) B3#Th CHMMETPUUHYIO K HeR
TOuUKy (X — Y3)

Onpenesennoe gopmyaamn (10,2.3); (10.2.4), (10.2,6); (10,2,7}
caowenve  rouex  Kpusof (10,2,1) B nefiCTBUTELHOCTH  YIO-
BAETBOPSET BCEM 2KCHOMAaM Ipynnosoil omepanud. Qo KoM
uMYTaTABHO: STO CjA€AyeT npsaMo u3 ompenetesns. OHO Takwe
ofnanaer HyJeM -— UM CAyKAT GeCcKOHeuHO VAajeHHas TOuYKa.
Hakownen, oo accounatubuo. Ho jva nocneanns ceofictea Ham
HM Da3y He NMoHAA0GATCA, ¥ M HE CTakeM uX [NpORepsTh, TeM
foJiee, UTO HEMOCPEACTBEHHAT [POBEPKAa aCCOLMATHRHOCTH 110
dopuMynaM CAOWEHHS TIPHBOJUT K JIOBOJBHO TDOMO3IKAM BE-
knankam. B gasneHetliem HaMm NpuAercs N0Ab30BATHCE  TOALKO
caeaviominy  thaktom: pasenctso  (10,2,53) papHocHJLHO paBen-
CTRY

(X Y~ (Xs Ya)=(Xs — Vol (10.28)

leomMeTpNURECKOE HCTOJKORAHME TMOACKA3hBIET, KaK IPORSPHTH
9TO VTREPK/IeHWe 6€3 BCAKMX BLIKJANOK: uepe3 Toukn (X;, V3)
1 (X3, Vi npoXOAMT Ta Ke rnpAMas, 4TO W uepe3 TOUKH
(X, Y 1 (X, Vi), a poan Tpersef TOUKY TIRpeCeueHusd Teneps
urpaer Touka (X5 Yo)

§ 3. Ocuoenan KOHCTpYHUES

Mp npekpauizey Teieph FOBOPHTHL O TOUKAX KPRBOR # CHO-
ra Oynem Ha3mBars napy (X, ¥) pawvonansnnx  ¢vaxkuaft o1
HeH3BECTHOW X, yROBAETBOpsiouinx ypasHenuio (10,2,1), pewennem
3TOrO ypasieuns. [IBa YaCTHRIX DPeMIEHHs MBI yKazaau B Hauajie
npeabIyrero NyHKTa. Tenepb ¢ noMomib® TOJbKO 4TO Ofpe-
JeJeHHOR ONEPAaLHH CJI0XEeHUA MBI NOCTPOMM K3 3TUX [BYX
peinennii  GECKOHEYHYIO B Of6e CTOPOHH  NOCIEA0BATENLHOCTH
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pewennt, koropas mnpeacraBaser co6oH kak On apudMern-
YeCKYI0 NMPOrpeccHio ¢ pasHOCTbIO (x, 1) ¥ HAayaNbHBIM UYJiCHON

Pl
(xP, (x%~-ax—+b) 2 ). Umenno, Mer nosoxknm
Pt
(X, V)==(x" (x*—ax-+8 *) (10,3, 1)
w ecan pewenne (X, V,) yxe onpeaeneno,
i..XnJ,-!' yn-».k])z(‘yn* yn)+(x' U’ (10’3’2)
(Xptr Vi)=(Xp Vo)t (x,—1) (10,3.3)

{(ficho, gro dopmynoft (10,3,2) ciaeayer wOJAL30BATHCH ANA HPO-
AOJDKEHHs MOCAe]0BATENbHOCTA BIPABO ¢ Awboro mecra, a dop-
vyao#t (10,3,3) — a1 npoacawxenns saeBo.) Ecam aas xaxoro-
10 HOMEPAa N B XOJI€ MOCTPOEHHS fOCAENOBATEeAbHOCTH OKaWeT-
en, uro (X, Vp,)=(x,— 1), T0 BMecTO pemtenna (X, Yo}
OCTaBUM B MOCJENOBATENbHOCTH fpoGes u  noaokuM (X, e
Vo) ==(x, 1). TTono6unim e oOpasoM, ecaw OpA NPOLOIKEs
HWR BJEBO MBI noHzeM no peuienus (X, Y, )==(x. 1), To Bme
cro pewenns (X, _q, Y,;) ocraBuM npobGean u mnonoxum (X,_,
¥pg)==(x, — 1). OueBngHo, 3TH COrnameHus OIHO3HAYHO ONpe-
AeASTI0T HEKOTOPYIO TOCAeIOoBareJbHOCTL  PElleHul  vpaBHeHus
(10,2,1), BO3MOXKHO, ¢ npobenanu.

Ilas BCAKOro Homepa #, aias Koroporo peuienne (X, Y,)
ONpeneNeHo, MpeacTasuM X, B BAle HECOKPATAMOTrO OTHOLWCHHS

P
bl ABYX MHOTOWICHOB OT HEU3BECTHOH .. Mu onpenennd atoe
n

OTHOWIEHHE ONHO3HAYHO, NMOTPeJoBaB. uToOB {Tapuuit KOs(pu
(IHENT MHOTOWIEeHa P, 0Ll paBeH eanHHLE.

BseneM, HakoHeu, GeckoHeuynyid B ofe CTOPOHH FOCAENOBA-
TeABHOCTH HEOTPUUATEIbHEIX LESIBX Yucesd. noJjaras

{'0, ecan byHkuma X, He onpeneneHs,
— CTenenyn MuorovJena Pn B OCTanbHbLIX CJAy4HanX,

A

Teneps Wbl yKe B COCTOAHUNA BLISCHUTH CBAI3b OMUCAHHONH KOH-
CTPYKLKK € TIOCTaBJEHHOH NepBOHAYaJbHO 3a/avedl OLEHKH ume-
na N pewenu#t cpasnenns (10,1,1). Tlepsuitt war B 2TOM us-
IPAaBJIEHAK COCTARJAET CJenyioInas
Jdewmma 1,
Ay —dy ~ 1= Ny —p.
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Cornacuo ¢opmyae (10,2,3), umeem

p-—l
X 1.—::w—x~_x( l1+(x3'+ ax—+b) 2 ] (x’+axtq)
) (x — xP)?

3amerus, 4TC CremeHs dHCAuTens P_; Ha eanndny OoJbiue
crelene adamedatens Q. B camom gese, AerKo BugeTh. UTC
N KPPt + R(x}

~3 ‘X e xp)‘z 3

rae R (X)-— MuOrodact CTSHeHd, He TNpesocxosiuet 2p.

BrunchnM creneids snaMenatens Q_; MO UDPOBEASHHU  HEOG-
xopumpix  coxpameunit, C omHo#  cTOpOHE, (X — xP) =
e=[x(x— D...(x —p-—1)]% ¢ Opyroil CTOPOHH, KaK u3recT-
HQY

1y s i B
A £ X¥—axr 4+ b
{x* - ax = DY T = ropexrro
p
MMostoMy Tipd co.\.pamemm U3  3HameHareas BHNAAYT Aultts
2 [R¥-ak - B .
wromBTeHn BAaa (x — &) ¢ Ci ~—»~p——t- bz = 1 ¥ MHOMHTENR:

gana x— /[ ¢ [F-+al - b ==0. {Iyctn 1 — YRCIO MHOMHUTENEH
1ePROTO, a 71 — mopom siga. Toraad_y=2p —2m — 1.
d_g—d,— V=p--2m—an, noromy uro d,==p. Yucro we
4 paBhuo 2{p — m)-— i, DOTOMY 4TO K&QKIOMY KJAaCCy Bsiue

fm R | == 1 COOTBETCTBYRT ABA DEUICHAS CpaBhe

gug (10, 1, 1), 2 KakIOMY KJACCy BHUETOB [/, 443 KOTOPOFO
A deql - b==10, cootsercrayer aulib o0aiH0 pewenne {/, 0)
70 aoKagpizeeT TpedyeMos.
(croBHEE TPYIHOCTH ROKasarTeancrBa ouenxut (10,1,3) cxom-
SEHTPUPOBAHB! B AOKa3aTeJRCTBe CJeAvIouero haxra.
OcHoBHASY AeMMa

/ i (F e O} )
dyy g d,,hi == “"dn k2

§ 4. Beigon veopemnl H3 OCHOBHON jemMb

Howaxe, Kaxk u3 OCHOBHOHR AcMMbl BHBOAATCH ouenka (i0,1,3).
Jemmwa 2.
£

dp=n* —{d_, dy—~ Dn—-d,
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[To ocHosHo# aemme, d,,o==2d,,,—d,+ 2.
Oueuano, a1 n=— 1 u n=0 nemMMa BepHa: NycTb OHz
BEPHA /I8 MHAEKCOB 2 M n--1, n=0. Toraa

By o= Uy — -2 =2 (- 1) — (d_y — d,— D)(n - D+
bdy] e dydy D, 2
= (b (- dy - 1) (1 2) b d,,

{Torofumy ke ofpasom npoxomut nuayxuas mas n < 0.

Hoxasatensvcteo onenru (10,1,3). Coraacno aew
vam 1 1 2, d, =n* — (N—p)n-+p. Dror ksagpatisil Tpex-
waen MpUHUMAaeT AJ4 BCEX LEJBIX 72 HEOTPHUATeNbHHIC 3HauCHU,
npUYEM IO ONPENEJEHUI uncesl d, OH He MOMET MMETb ABYX
NMOCNENOBATENBHEIX UEJAbK Hysell, TTOKaweM, uTO AHCKPUMHBEAHT
TAKOro TpexuieHa HENOJOXHTeNsH, B caMoM jese. #Haye Tpex-
yaeH uMea Onl B2 KOPHA ¢ H B B MPOMENYTKE MeWAy ABY-
M [OCNENOBATEABHBIMI leanMn uynuciaamm: n=<a<_f=sn 41
mpuuem o06a B3HAKa DAaBEHCTBA OJHOBPEMENHO HE MOTYT HMeTh
secra. Flo torza wucaa o v a8 He moram 6w Owih  0aHO-
apemMeHo uenpmi. ClaeroRaTenso,

(N—p)— 4p =<0,
T2aK HTO

TN —p <2 V.
Teopema moxazsaua.

§ 5. Jloxa3aTeAbCTEC OCHOBHOI JieMMbl

[IpucrtynumM K 10KazaTenbCTBY CCHOBHOH Jemmbl. Jlas aw-
60ro MHOrQuYJeHa P OT HEW3BECTHOH X CHMBOJOM CT. P Oyzem
o6o3HauaTb ero creneHs. Ham noHago6HTCA CAEAYICUIUA BCIIOMO-
raTeJbusifl aKT.

Jdemma 3. Haa scex n, 021 romopux @yuryuas X,
onpedesena, UMeem MECMO HEPABEHCMLB0

cr. P, >cr Q.

Mu goKaxeM 3TO HEpaBeHCTBO, (OPMaibLHO Hallds 3HaueHue
dyuxuun X, npu x=—=o0. [lycTs m eCcTb HyJb WU NEPBHH HO-
Mep nocle ouepenHoro npo6ena, m == 0. [lo nocrpoenno,
Xplew=00, Yyl # 0. Tlpeanonaras, 4I0 5TA COOTHOIIEHNAA
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CIpaBeA/MBH U HEKOTOPOTO WHAEKCA 7, BCAGA 33 KOTODBIM
ujaeT He npobes, JOKaXKeM, YTO OHW BBIIOJHEHH IS HHAEKC3
n-+ 1. Drtoro A0cTaTOdnO AN CRAPABEATHBOCTH YTBEDKACH@A
O CTereHsx unciutens W 3HaMeHatens QyHkunu X, ;. Kaxk noxa-
spiBaer pasedctso (10,2,1), AOCTaTOUHO NPOBEPUTH JHIilL, 70
Yl # 0. Honycrum ofpaTHoe. Bmuay Toro, uro apofs
X1+ 8Xp1+ b
xt+ax+0b
YUCANTENIN ¥ 3HameHaTeadd Gynxkunn X, HomkHa Gt URACHAGM
HEUeTHHM, 4TO BMecTe ¢ Voglw=0 maer X,  jleo==0
Ha dopmya (10,2,4) n {10,3,2) caenyer, uto
l —~— ¥y

IOKHE ORITh KBanpaToM, pasiHoCTh CTenereh

Vi = el (% = X) =
QOrcona HAXOMUM
L ¥y . , 1 ¥, )
X-—Xpa)l =1 am ———=F | = |,
T ntly _— ;
- oy e
10 €Clb
Yy - Rty (XpraX, -+ b) x: L
Xn ! X3 oo (x3 -f ax + b) X2 - -

X 3
MMocKoabKY X, |0 == X | == 00, OiCI0a Caeayer, uro —x—" joo == 1

C npyro# croponn, ns dopmya (10, 2, 3) n (10, 3, 2) BuTexaer,
470

Xp==— X — X, 4—“‘:"3)2 (& 4-ax -b). (10,5,1)
Or1cona Haxoaum
Xowr X,, (1 —Y ( a , b\
i e e A Gl
=27
Tax YTO 4
Knerl g
X 00 )

Ho w3 storo pasencisa B cuay c¢opmyast (10,2,1) caenmyer.
410 Y4 |e==—1, a 5TO NPOTUBOPEUHT CIEIAHHOMY NPEATIOND-
KEHHIO V. leo=0.

ITogoOHuiM xe 0OpasoM NMPOXOZHT WHAYKIAA BJIEBO.

Jlemma aoxasana,
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B noxasatennCTRE OCHOBHOH JeMMsl GYAeM pasiddath [ABa
ciyyvas.

a) He Bce dyuxunn X, 4, X, X, ouperenenol. $cHO, uro
43 nOCAenoBareabHOl TpoHKA QymKuuii Mower He OblThb Ofpe-
Aehena anile oaHa. Ecau He onpezedeHs cpeausis ¢yekiyd, 10

Kpa=x, Xpn=x, dy=1, d,=0, dy1=1,

470 YHOBJETBOPSET [OKa3bIBAEMOMY paseHCTRY. ECau xe we onpe-
RE/CHA ONHa M3 KpaHuux @yHKuMi, CKaKewm, npasas. TO B CAJTY
$opmyam (10,2,7)

Xn:xi

1o ecty d,=1, d, ==4, 110 sxecre ¢ d, ;==0 cHora uzer
YTBEDHIEHUE OCHOBHOH JAeMMul. TlonoOnwim e ofpazom npose-
pReTcd CAyuall, KOTA3 He OnpeieieHa nepas QYHKIU,

0) Bece dynknna X, 4, X, X, onpeneneHs.

Ilpusons Kk o0uieMy sHameHaTemo u cofupas nouchHMe “ASHN
g dopmyae (10,2,8) naxomnx

R —(x (v)n A= Py (Qn — Pd - (LA P (0 + ux 1'7:’ Q5
Kp g == —— TG0, P R Cm e

(xQp - Py (xPy + a@Q, ﬂ’f?(i)“ —2Y, (Af‘& K J! Q
o N (?(O — Py

HoaoGHun we o0pason

=y (106.3)

Nepemuowan novienne ¢opwyant (10.5.2) u {14,5,8) # npo
asBead  COKPAlNeHus, FoayHUM (M HOIROJAUM mé‘i: QUVCTETR
10/ POCHOCTH  BHIKJAAKH)

kin i PI

- ;bQ_p(VOn’f‘[n) (1(1,5,4)

Lis
Py
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Leab nocaenyiomux paccykAeHult — n0Kasatb, 4To
Qn-l Qn+1 == (xQn - n)g' (10’5»5)

V3 3Toro paBeHCTBAa OCHOBHAd JeMMa TMOJYUHTCH HEMEeLJIeHHO,
B cavom pnene, n3 dopmynnt (10,5,5) torma chaegyer, uto

Py Pru= (%P, — aQn)‘2 —4bQ, (xQ, + P,)

s

¥, 3HAUWT,
dyy -+ dn»(-l = CT. (Ppy Ppyy) =CT. (-’C‘z Pr)=2d, "{"‘ 2,

HOTOMY YTG B Cuay JeMMbl 3 crapmn#l wieH MHOrouJeHa
P,y P,, COBMagaeT CO CTaplHM 4JIEHOM MHOrouteHa Xx? P,

Ocraerca ycraHoBuTh paseHcTso (10,5,5).

HanomunM, yto B 06JaCTM MHOTOUYJIGHOB HMEET MECTO OJHO-
3HAUHOE PACTOJOKEHNE HA HeNpusoauMble MHOXHUTeMd. [lycts E —
HENPUBOIUMEIH MHOTOUMEH, ¢ >0 — moGoe nenoe uucao. Mer Gynes
rOBOPHTH, UTO MHOroutreH £[£° cTpPoro aendr HEKOTOPYH Heco-
KPaTVMYyI0 pallOHa/bHY10 (YHKIHIO, €C/IH €€ YUCANTEIp JeJUTCH
Ha F° HO He fgeauTcd Ha £,

s poxasateasctsa paseHcTBa (10,5,5) pocraToyHo ycra-
HOBWTB, 4TO ecan MHorouned E° crporo gemutr (xQ,— P,)%
TO OH CTporo neant Takxe @, ;Q,.; B camom gere, torza
Qn—l Qn—H
(xQn — P¥?
B3aUMHO TPOCT ¢ MHOrouwaenom (xQ, — P,)%. Ho mnockomuky ua
pasencrea (10,2,1) crexyer, uro dyukuus Y, (x* 4 ax-+b6) Q;
AJdeTca MHorowiaeHom, us pasencts (10,5,2) m (10,5,3) Oes
TPyAa TMOJyyaeTcd, 4TO 3HAMEHaTeMd Q, 4 U Q,.; AENIT MHOrO-
Qn—l Qn—!—l
(xQn — Pp)*
TOJLKO KOHCTAaHTOH, 1 T4 KOHCTAHTa paBHa eJUHHUNE B CHJAY
NPUHATON HaMM HODMHUPOBKHM CTapLIMX U/CHOB uucauteneit P,

Pasobbem BCe HerpuBopuMble fesurenn £ MHorodsesa (xQ, —
— P,)* na tpu rpynnsl, (OTMETHM, U4TO BCE TaKue MHOTOUAEHH £
geast RS.)

K nepsofi rpynne OTHeceM Te MHOroujeHn £, KOTOpbE
xeast R, Ho se geaar S. Us ¢opmya (10,5,2) — (10,5,4) cpasy xe
BHITEK2eT, uTO ecan MuorounteH E° crporo memut (xQ, — P,)%
TO OH CTPOrO AENUT SHaMeHatens Q,., W B3aNMHO MPOCT CO 3Ha-
meHarenem Q,_;.

4acTHoe npeacTaniser co00H MHOrOWIeH, KOTOpsIH

wied (xQ, — P,)t TeMm caMBIM, 43CTHOE MOKET OBIThb
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Ko Bropo#i rpynme oTHeceM Te MHOrouJeHsl £, KOTOpHE
penat S, Ho He gendr R. TouyHo Tak ke MOJydYaercsl, 4To ecad
mHorowies E° crporo meant (xQ, — P,)% TO OH CTpOro jmeaut
Q,_y 1 B3anMHO npocT ¢ Q4.

Hakonen, k Ttperbell rpynme OTHeceM Te MHOrouleHs E,
KoTophie messaT U R, u S. IToekossky

P,=xQ, (mod E),

uz ¢dopmya (10,5,2) n (10,5,3) caenyer, uro
R=2Q; (1 — Y,)(x*+ ax -}- b) (mod E),
S=2Q:(1+ V) (x*+ax -+ b)(mod E).  (10,5,6)

Muorouned E, peas mHorouneH (x Q,— P,)% He MOXeT nenutsh
Q> MOCKOJBKY P, n @, B3anMHo npoctsl. M3 ¢opmyas (10,5,6)
saTekaer, uro S-+R=4Q:i(x*-}ax--b)ymod E, T1ak urto
ecii E pgemur R w S, 10 F CTPOro AeadT MHOMOUJEH x3+
~+ ax - b (16 NpennosoKeHuo, STOT MHOTOUIEH HE MMEET Kpar-
HHIX KOpHeh).

Wrak, nycts E — HeKOTOpHI HENPUBOAMMHIA AeaUTE]b MHO-
rouwteHa x® -+ ax 4 b. Ilpeanonoxum cHauanza, uro Y,z=7E1
(mod £) (oTra 3amich NO ONPEJENCHUIO O3HAuaeT, 4TO UYMC/H-
TeJb HECOKPATUMOrO npeincTaBieHus ¢yHkuua Y, 1 He geaur-
ca Ha E). Torma us ¢opmyast (10,5,2) caeayer, uro E crporo
nenut R, notomy uto MHorowieH (x Q,— P, meaurcs mo’
kpafinett mepe na EZ ITomoOGueiM ke 0Gpa3oM MOJYYAETCH, UTO
E crporo geaaur S, no torga u3 ¢opmya (10,5,2) —(10,5,4)
seiTeKaer, uro E® crporo aeaur (x Q,— P,)%

Taxum 06pa3oM, OCTaeTcs TNPOBEPUTH Cayvaun Y,=11

(mod F). Tlycrs, nanpumep, Y,=-— 1(modE) (sropas Bo3-
MOXHOCTb pasfupaerca ananoruyuo). Torma E crporo gemur S
Mycts E% crporo aemar (xQ,— P)% a E¥Y'' crporo meant

(14 Y)?! (%~ ax - b) Qn Ouerunxo, EY crporo geaut Tak-

e dynkuno (1 Y )2(1— V) ==(1— ¥3). Ho

(x* + ax — Xn—a Xp)*
(€ + ax + b)*

(X (2 Xy Xa o)
- (- ax+ 0P

(1l — V)=




§ 5] AOKABATE/JLCTBO OCHOBHO JIEMMBEI 243

Kpowe toro, x = X, (mod E) u x* + xX, + Xs +-a=3x*ta==
== 0(mod E), Tak 410 2f==2¢ — 2 Hu, C/AEAOBATEIBHO, YHUCJIO
2f+ 1==2¢—1 meupbme Creneun, B KOTOpo# £ CTpPOro memut
(xQ,+ P)(xQ,— Py~ Toaromy E¥ ' crporo meaur R,
a E¥ crporo meautr RS. s ¢dopmya (10.5,2) —(10,5,4) cuoea
BoITEKAET TOrxa, 4ro £% crporo aemaT @,y Q-

ITUM 3dBEPUIACTCSH AOKA3ATENLCTBO OCHOBHOM JI2MMBI U OLEH-

ku (10,1,3).



FATABA 11
SJEMEHTAPHOE OKA3ATEJbCTBO
TEOPEMbI K. JI. 3UTEJIA

§ 1. ®opmyanpoBka teopemul. CpescTBa AOKa3aTeanCTEa

Teopema 3urenas o uncae kaaccoB A (A) OuHapHBIX KBaapa-
THYHHIX (POpPM (PYHIaAMEHTaJLHOPO NMCKDHMUHAHTa A yTBEpKAaer,
yro ecan A=— D<0, 10

.onh(—D) 1
lim ~hh = aLLy

D— o

d1a reopema, nokazaknaa K. JI. 3urenem B 1935 r. [48] anaan-
THUYECKKMY CPEICTBAMH, WrpaeT (YHIaMEHTaAbLHYIO DOJb B CO-
BDEMEHHOH aHAANTHYECKOH Teopuy uucest. 3/eCb Mbl H3/I0KUM
ROKa3aTeJbCTBO ITOH TEOPEMBl CPAaBHUTEJIbHO 3JIEMEHTapHBIMH
cpeacrsamy, ganHoe [O. B. Jluunukom [15] kak npuioxenne
onno#t maeun K. M. Bunorpanosa. :

B 1918 r. M. M. BunorpanosbiM 6blJIa BRICK33aHa MBIC/b
0 NprMeYyaTesbHOM CXONCTBE MEXIAY MOBEACHHEM NPHMHUTHBHBIX
peaJbHBIX XapakTepoB y (n) no GoavmwoMy Moaymo [) Ha uHTEp-
saje [1, D — 1] u nopeaennem gpyuxiun Jluysumna k (1) = (— 1y ®
(v{(n) — uncno BCEX TNPOCTHIX AeauTestell n) Ha TOM e HHTEp-
Baje. OCHOBOM TAaKOro CXOACTBA SIBJAAETCS (10/1HAs MYJbTHILIH-
KaTHBHOCTL 060oWX BHAOB ¢ynknufl. OnHAKO B TO BpeMa Kax
A8 CYyMM xapakTtepos y (n) cyuecrsyer oneHka WM. M. Buuor-
panosa [cm. [3]]

nzgxx(n):Bl/ﬁ In D (11,1,2)

ans moGoro x&|[1, D— 1], cymecTBoBaHUE ONEHKU THma
Z A(n) == Bx'% (¢y >0 -— xoncranra) (11,1,3)

n<x



§ 2] JIEMMB 245

ans Qynkuua Jlnysuaas A (n) aBA2€TCT HEpa3pelleHHOH npobie-
MOH, coBnamamomeff co «caabo#t runoresolt Pumanas mis {-yHk-
unu Pumana. '

Haa soiacHenus cpasy mexay onenkamu (11,1,1) » (11,1,2)
Y. M. Bnnorpanos ykasan Ha NOJME3HOCTb U3YYeHHs CTeneHy
nopun ¢yHkuny Jluysuaus A(n) npu 3aMeHE ee Ha Xapaxrep
y (7). TTpn mocTpoeHnn 3/1EMEHTAPHOIO A0KAa3aTeJNpCTBA TEOPEMBI
K. Jl. Sureas Ha ocHoBe ykasaHHOW ulen Mp OyIeM NPUMEHSTH
CleayloNie CpeacTBa: :

a) sJeMeHTH apudMeTHuecKol Teopun OHHapHEIX KBaIpaTHy-
HBIX OPM # peanbHHX XapakTepos, BxJouas ouenky M. M. Buno-
rpagosa (11,1,2) #);

6) saemeHTapHble CBOWCTBA RPOCTBIX uucea U HYHKILUA
Mé6nyca;

B) Olipeje/eHle B CBOMCTBa HENEpOBa 4YUCAQ;

r) saemenrapras anredpa;

1) NOHsATHEe O npesese (3TOrO0 MOXHO U uabexarb, HO TOIIA
HYKHO OYEBWAHHIM 00pa30M HIMEHUTh (OPMY/TIPOBKY TEOpeMsl),
¥ pAEeMEeHTapHOe CBOHCTBO HENpPepBIBHOH (DYHKILUML

K coxanenno, nokasareascTBO OYAET CTOMb e Hea(hPeKTHB-
HBIM, KaK ¥ ADYrue W3BECTHbIE A0Ka3aTe/bCTBA.

dopmyaa (11,1,1) He nossonsier 3GPEKTUBHLIX BHUYUCACHUH.

§ 2. Jlemmn

Co Ciyoois € Cisuiey €0 Eppeves Moo Tiy..., KAK 0 B OPYPHX
raasaXx  00O03HAYAWOT  TOJOXWTEAbHHE KOHCTAHTH; B  [ABYX
nocAeqHux psinax Oyayr BCeria Madble (Mem,me L—) KOHCTAHTHI.

Ilycts nam peadpHbIH npmm'msﬂmﬁ\ Xapakrtep y,(n) mo
Moaymo k>2 u uucao (9>~é—, He npepocxonsuwee 1.

Mgbl 6ygeM roBoputh, 4TO ¥, (n) obnazaer csoficrBom A (8),
ecau CcyulecTByer Takas KoHcTanta Cy(yp), 4TO npu mobom

N> Cy(xs) B cervente [N, N] nanzerca rakoe N, &[V'N, N,
e l’g] 1r () (1) | > N (11,2,1)

Co csoticteom U (B) cBsizaHa caenyomas JIeMMa.

*) BupoyeMm, ee MOXHO 3dMEHHTh W TPHBHATLHOH oueHKol: [
sMecto VD nD. ’
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| ocnoBuas nemwma. FEcau cywmecmsyem Karkoi-au6o

xaparxmep Y, (n), obradeowui csoicmeon A (B), 20e B;b—%,
mo npu D> Cy (Yp M) 6V0es umems

S 7@
h(—D)>D* ’ (11,2,2)

1@ =105(1 —B) + (11,2,3)

U My~ CKONL y?O(’HO MAN0E NONOHCUMENBHOE wllICCllpOBIZHHOQ
Hucao.

Iloka3aTenbCTBO 3TOrO PeIJIOKEHH A 6yner ONMUpaTbCad Ha
HECKOJABKO JEMM.

Nemma 1. Ecau p™>1, ¢y >qy > 1, mo
qx |
‘_ qp<—-—T- T (11,2,4)

=0

20e

[l noKasaTenbCTBA 3aMEHAEM BCE YUC/AA § MEXAY ¢, 4 29,
Ha @) BCe uucaa ¢ Mexay 2¢,-+1 m 4g, Ha 2¢, U T. 4. ©
OLIEHNBAEM JaJjiee CYMMy TreOMeTpHUYEeCKOH NpOrpeccuu Co 3HaMe-

I
HaTeneM s .
Jemma 2. Ecan umeem mecmo HepaseHCmB8o
{ 1
l h xk(n)u(n)f>N? \B>—2—> (11,2,5)
n=N;

1
u e — awbdoe yucao nod ycaoguesn 0< e<B— -+, mo npu

Ny > Cy(B. e, ) 8 ceamenme [Nfﬁ‘l‘“, Ny| waiidemesn yeaoe
wucao No&[N%17%, Ny| maxoe, amo :

| 2 e (A ()| > N, (11,2,6)
n=N,
[To cooGpaxeHnsM «peliera», HMEEM

Z e (M) ()= RGPS xk(m)l(m) (11,2.7)

g=<V N; m<1
72
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Orfepem Te 8HaueHus ¢, a1 KOTOPHX ¢3z= N [an unux,
cornacho (11,2,4), noayuum

@ Y nmim|<
NP g iaV m<‘_1

N1< 4N,

—ﬁ-t-a

)

N:_a“sqS_VN]
D10 nocieanee 4YACA0 He mpesocxomuT 4N, Tak uro

Zxk(n)p(n)-— D (@ X (MM (m)+ Ry, (11,2,8)

n=<N, q<N“ﬁ .1.\.,-1
\03

rae | Ry, | < 4N
Llonycram Teneps, uto npn q<N'*"* umeem Bceraa

| X nen )< M

n<~q-§
¥ MPUBEIEM TMPEIrNoJONeHne K npoTuBopeunio. Ha oCHOBaHU#
(11,2,4) Mn noayuam u3 NPeanoaOKeHus

| Y @ Y wmm|<

1-Bre N
<N, !

m==—

q2

1 —t
n<<CE N

—B+e

<

l=g=N]

IMoactasans 8 (11,2,8), naxomum

1 2 Te(mu(my | < (CE, o+ DN,

n\1

yro npormeopeunt (11,2,5). Ortciona caenyer, uTO NpR HOCTa-
TouHO Ooabmem N; HafileTcs ¢ Takoe, yrIo

}Z G| = (%7, g

m<-—3
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N,
Tonaras Ng=q—2‘, Mb BUIMM, 4TO Np<t N; u Ny > N¥-1-

IT10 W [0Ka3bIBACT JEMMY 2.
Nemma 3. Has awbozo xapaxmepa ¥ (n), npumumugro2o
(mod D), umeen ,
M ym)=BV DD, (11,2,9)
n=<w
20e x — abdoe Hucao.
Haanee, ecan v(n)— wicao npocmotc desumenei n, < (n)—
Yucao gcex e20 Qeaumeanel, mo

v {n) e, - _
2" — B < (n)=B,n

npu AGOM PUKCUPOBAHHOM € U 11 —> OO.
D11 Tpu coorHollenus, u3 KoTopux (11,2,9) ectv ussecr-
nas ounenka W. M. Bunorpazosa, I0Ka3blBalOTCS 3/EMEHTapHO.
Jemma 4. Ecau Q(x, y)=ax?+ bxy -} cy? — npuseden-
HQS NOAOJKCUMEABHAS KOPeHHas ¢hopama Juckpumurarnma — D,

mo
M

2 rm<e s,

m=M

20e r(m)— uucao pewenutl ypasuenus Q (x, y)=m, a M= D%
Jlns mopcyera AOCTATOUHO rpy6Go OLEHHTb YHCJIO UEJBX TOUEK
B obnactu Q(x, y)=< M.

§ 3. lloxasateabctBo | OCHOBHOH JeMMBbI

[Tycte naH peanbHbIH XapakrTep ¥, (72) obaanawiull coicreom

3
AB) ¢ 3;7, ¥ yKazaHa COOTBETCTBYMOMIas KOHCTaHTa Cy ().
Toraa, mo onpenenenmo csofictBa A (B) u no aemme 2, npu
1
MOGOM TOJOKHTENLHOM & <B— 5 o N>Cy(B, = y,) B cerven-
1

——

1€ [N‘J— ® , N)wuahzercs uucio N, Takoe, uTo
DR ACHOIGT YA (11,3,1)
n= N,

IMonoxxnm 3znechb
e=¢g,=0,01(1 —§). : (11,3,2)
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[Tycrs cymecrsyer GeCKOHedHas NMOC/AEAOBATENbHOCTL (hyHAaMEH-
TaJAbHBEIX MUCKPUMKHANTOB — D, (f==1, 2,...) mox yciaosuem

)
h(—D)<D;’ ™ () =10,5 (1 — B) 1, (11,3,3)

rae 7o — CKOJb YrOAHO MaJioe MNOJOXHTRABHOE (PUKCUPOBAHHOE
yicao. HaMm Hy:XHO NpHBECTH 3TO NPEINOJOKEHHE K 1POTHBOpE-
uno, BoseMem croab Gousmoe Dy=D, uto D; > C; (B, &, yp)h
1 BeIGEpEM

p

r______l___s
N=[2D0""2"" |=N,

Torna Hatzercs Ny & [D Nj|, N3 > D? raxoe, uyto
| 2 e (m A (m)| >N (11,3,4)
n=Ng

5

IMoaoxnm x(n)::(:,lg) U BBEAEM CYMMY
20 % (m) . ().
n=Np

CornacHo neMMe 3 H OCHOBHEIM CBOHICTBAM XapaKTepOB, NMeeM

) ;;, x (M) 1 (n) LV &D In (kD). (11,3,5)

Cpasuum cymmn (11,3,4) n (11,3,5), nccaeays BO3IMOXHEIE
pasanuusi B nosefeHnn A(n) u y (n).

Ilycts cnepsa py, Pa..., Pg-— Pa3ARUHBIE TPOCTHIE HUCAA,
s koropex yx (p;)=0. Torga pypy...ps<<D.

BeeneM MyawTuniukaruBuyo ¢yskunio ¥’ (1), KoTopas oTiu-
yaercs OT ¥ (n) TeM u ToabKo TeM, uto ¥ (p)=—1
(=1 2,..., s). Toraa noayunm

Z La )y ()= 2 xk(n)x(n)——z L)y (M) ...
j

n=Nj n=ENz

©w

\'Q

o (= 1y ZN T (1) 1 ().

s
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Hucno HalMx CyMMm He IPEBOCXOUT 2 <t (D)< B, D" npu
mo6om ¢uxcupoBanHoM & > 0. Kaxaas ua cymM, no Jemme 3,

ne npesocxoaut C; )/ Dk In(kD), v nosTomy
2 M)y (m)==B,N, VkDIn(kD).  (11,3,6)
n=<Ny )

ITpoussenem B atoit cymme 3ameHy Bcex y'(n) Ha A(n), uro
pasHOCHUABLHO 3amene 3HaueHn#l ¥y (p)==1 a1 p|n Ha A(p)=
=—1(p|n).

OGosunauum uepez Ap MHOMKECTBO BCEX TaKux uucen ',
KaWapll  mpocroff  meauTesb  KoropHx pln’  Oyzer umerh
r(p=-+1

W3 sonementapHoit Teopum KBaaparnudHex (HOpPM  XOPOILO
H3BECTHO, uT0 p COBMAZAET C MHOMECTBOM BCEX YUCEJ, APHMH-
TUBHO MNpEACTAB/JAEMbX Gopmamy nackpumuHadta — D. Caemosa-
TEABHO,

Z xk<nmn)===2xk(n)x(n)—2 Z 2 vy () -

l'l\., 2 n=<'2 2
D pj
+4 X Z e (W) (m) ..
piij%(D ne Ve
iy
N ) A A Y @y M. (1137
pp...p GQID —_ N2
[N nsE —-—
ppj....pp

Pazo6veM CyMMBl HA JBa THIA:
Ny
1) Te, B KOTOPHX p;p;...P,== =5
2) ocranbHHE.
CyMMbl IEPBOTO THMA B COBOKYIHOCTH HE NPEBOCXOAAT

PARUCRIN
Ny Y
y.__ |
g—-'<§\ﬂ’<N2

rie n' — CBOGOAHOE OT KBaAPaTOB 4YMCJIO, nMpuHaiiexamee Ap.
W3 saemenTapuoft Teopuu KpaapaTUuHLIX (OpM CJeAyeT, 4TO
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5Ta CyMMa He NPEBOCXOLHAT
1
&5’
5§ <Q<x M =Ny

rae Q (x, y) npoGeraer nposeneHHsle POPMEl TUCKPUMUHAHTA — .
N3 nemMbr 4 2nerko BHIBONUM

v 1 lng D
j = FERSGYE
._‘. Q X. y)< V

s
CymMupoBanne Ha Bce << 24 (- D) dopm Q(x, y) naer

__ y CelogsD
N“Z 2 0, y)< 2Ngh (— D) === 5 .(11,3,8)
BVGEQ X, NN,
Ho, coraacno (11, 3, 3),

--—"1 @)
h(— D)< D? R
TaK 4TO TOJyYaeM
2»( -—n (B) 1
N, 2C,N, logy D- D* - ==
b Z < 2/Vg 10Zy VD

N
l—)gsn'sNg

= ByN, logy D- D", (11,3,9)

Ny
Ilas cyMM BTOpOro THRa, rie p,-p,'...pp<b—2, uMeeM

2™ ZN (MY ()| < N: 2V EDIn(kD),  (11,3,10)

ns_.__s;__

pl. ,..PP

Ha OcHOBaHWM OueRnnHoO# moanduxaumu ouenxn (11,3.6).
Hanee, 2™ <€ N¢ no nemme 3. KoauuecTBO € CYMM BTOpO-

N;
rO THNA PaBHO KOJHYECTBY p,-p/...pp<5§, Tak uto ofulas HX
OlieHKa He NPEeBOCXOINT

c, Nz _l_/ﬁ%g_@_D_) N, (11,3,11)
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§ 4. llpoaomxenue nokasarteabcrBa. Jpyrue Jnemmbl
Ouenxu (11,3,9) u (11,3,11) nawor B coennnennh ¢ (11,3,7)

lﬂ;;, 1e (ML (1) | € NyD7091 @, (11,4,1)

8 TO BpeMa Kak, COI‘JI;ICHO (11,3, 4),

'l ZN Le (WA () > N0 = N0 U0 (11,49
=N,

4

b—g—t0

3
o sufopy N, unmeem Ny=< 2D < D® orxyza
oo (B >SN, LBLION
Benomunas, uro 4{()== 10,5 (1 — ) 4 0,1%,, moayuum, cpas-
uusas (11,4,1) u (11,4,2)
N-l‘-Lm,(B’) <N:~o,m ) :N;‘l,oﬁ (1-B)~9,17, (1 1‘4,3)
Mpu D> C,(B. My, %) monyunm oueBUIHOE HPOTHUBOPEUHE, LO-

KaabiBatomiee | OCHOBHYIO JeMMY.
Jdewmma b. [Tpu h— 0 umeen

In(l--m=1-1+0¢) (-+r'=14+00H)., (11,49
2de B> 0 — ¢purcuposarnoe uucro.
OJT1a JeMMa NOKa3biBAaeTCH Ha OCHOBAHWU OMPEACNCHUA UHCIA e
W HAaTypa/jbHBIX JOrapudMOB, a TaKKe CBOHCTB OOHIKHOBEHHOTO
6unoma HeiotoHa,
Ilycrs (— 2) — (pynnamenTanpnbit JTUCKPUMAHANT, a ¥, (1) ==

[—k
=\ — cooTBetcTByOIIUNH Xapakrep. IlycTh e — Kakoe-/u-
60 uncao, UKCHPOBAHHOE UOR YCAOBHAMU

0 <& < 0,01, (11,4,5)

HpennonoxunmM, uro

1
P
h(—Rky<k » (11,4,6)
¥, CuUATas B AajbHeHuieM A N0OCTATOYHO GOJBIUNM CP3aBHHTENBHO
1
—, BHIBEIEM U3 (11,4,6) HexoTopble CACACTBHA.
1
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HycTe gy — NOJOKATENLHOE YHCIO HOA YCAOBHAMIH
0,01 0
Ugsa<s. (11,4,7)

Mp Gygem paccMaTpuBaTh BhIPaXeHue

@)= 2o (11.48)

H B HeM, KaK 3TO JAe/NaJ0Ch PaHee, nocrapaeMcs 3aMeHUTb ¥, (1)
Ha A(n), a sareM OTCeATh uMCJaa, fessuigecs #a kesagparsl. Ta-
KuM ofpazom, mh Oyugem cpasHmBate (11,4,8) ¢

Ly (ay) =n<2k Ta(my (11,4,9)

Iyctn
Azei, (In B =A, k=i (11,4,10)
1

[TocMotpumM, yTo noayuntcs, ecan orcesib uz (11,4,8) umc-
Ma 71, COAEPXAIUWEe MPOCTBIE MHOXHUTE/W, HE ipeBocxoxsmue A.
Ecan o6o3naunts

[Leo=10 52 =3 %

g
TO TIOJY4UM

o]

o Y nmme (11,4.11)

1

Ly(a))=
q

a

A

1

A

/
wl

m

rpe Lo (ay) — pesymabTaT BHICEUBAHUS M3 L(aj) YKa3aHHEIX BHIILE
upcen.
HokaxeM cJaenyomyo OueHky: anas Joboro NZ=/k nMeeM

3 g No, (11,4,12)

N=<¢=<2N

B camom nene, mycts (11,4,12) ne Bmmo/HgeTcs Aaf Kako-
ro-m6o Nz=k. Tlycts a, = 1-—0,2¢;. Toraa uneenm

b, ~a Naraf Y g 0188 0,192 \J0.048y
1 g4 > Ns%é2N’ q'q > ==
(11,4,13)

N=sg=2N
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lbq\<I[< p"x)

g4
N=g=<2N p=<h

1\ 1 e
1an$IA<1+;,~,I>__BZn;__BA ‘

no Jemmam 1 u 5.
Haunee,

C npyron cropo:—m,

AT == (In kY2021 = (In &8 << (In NS, (11,4,14)

Dro 8o nporusopeunt (11,4,13) o xoxasnBaer JeMMy.
IMTonaras

I @@= H O 2 240 (11,4,15)

s<p< iy 1+p—a1 7>
1,@)=+1

AOKakeM CJENYIOIYIO JeMMY.
Jemma 6. Hasg awoozo NE[A, kY] uwucao npocmsix
yucea nod ycaoguen y,(p)=-+1, N=<<p=<2N, Gydem

N, <& N-0015sy, (11,4,16)

ITycrs 5T0 He Tak aas panuoro N. Hafizem wesoe uucao r, nas

kotoporo (2N) =£k"(2=<Cy<(3), u Gynem paccmarpusats Cl,
BCEBOSMOXKHBIX PA3/ANYHBIX MPOU3BEIEHHH MO r W3 HAWMUX Npo-
CTHIX uyucesa. Vmeem

CI’\.[1> > A/re -r(1+inr) .

(oueBuano, rl=ger'n ’),

3lnk 3 Ink

TR T R Inr<<inlnk,

Orcioga npu G0OJbLIOM £ uMeeM
CA{V, > Ni" k-O,?Gal.

Ecan Ny > N'-005y, 10
Chy, > kT k0 T6n,
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Bce nocrpoemme UpOU3BENCHUS sewar Mewxay &Y u A2,
Ink
f< T8 mink: Bce st npoussenenns PeACTABUMBl KBaApaTHY-

HEIMU cpopmaMn Q(x, y) nuckpumuHania (— &) u neMma 4 B 3TOM
C/lyuae HENOCPEACTBEHHO HaeT

—0,82¢;

h(——k)>/€7 ,

yto nporusopeuut (11, 4, 6) npn Goapwom k. Jlemma nokasana.

(OBo3ziavas
n (@)= ]I

A<IJ PR
()= +l p !

Mbl C TIOMOIUBIO 3TOH JIeMMB! MOJy4aeM IPOU3BEACHHE, MaKOpU-
pylouee I (a) no nemme 5

o< Y fadkSabx

A<p=tk i1
1R (D) =+1
>< A 2i)1~0,01551 < (]n k)‘0,0Q. (1 1’4’1"7)

OTtcrona cnenyer
Nemma 6a. Mpu N=k, ag==1—0,0058¢, uneen

Y 1d,lgs K N0, (11,4,18)
N=g=2N

Hoxasateasctso ¢ nomowbio (11,4,17) MOMHOCTBIO aHano-
raMHO fokasartennctsy ouedku (11,4,12).
Byaem cuntare @ QUKCHPOBAHHLIM M ODUHAANEKAULAM Cer-

MEHTY [1 —0,001¢,, —g—] [onaraa

) = _—l |~
[eo= 11 =52 01 5 [ (-
‘ 2espasa | pa,, ‘2?1;_& 1+[';17' 2Ep by
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[ra. 11
HaxXo4uM, o0beAnHSS Npeablayiiie OLEHKH,
1n I (ag) = B (In k)08, (11,4,19)
2 jegl g % =BN003: py N=k (11,4,20)
N=q=<<2N
Hanee, umeem
_ ® () lg Y (m)
Lyi(ay)= 2 o q—g; 2 o (11,4,21)
n=<ky gty 52}

m=

Ho aGeneso cymmuposansie u ouenka suga (11,1,2) maor
1
ww(m L(a)+ Bk % npu g=< k'S,
mer 3%001&1 npu g > k'S, (11,4,22)

k
m= 22

Moncrasum pesyasrar (11,4,20) n (11,4,22) B (11,4,21); 710
rAa MOJyunM

1
Li@)= Y &L@)+BE H+R, (11423

<k

933
rae

Rg, <& k0015 2 Iq—'li_‘ & HO.0015e,—0,003e1 < p—0.0015e, (1],4,94)

u=g=sk3

Nanee, (11,4,20) naer

=@+ 1429

g=u

k2
Hakonen, usBecTHas apudmeTnueckas OUEHKa
©(n)y= 0 (n")

npn aoGom duxcupoBannom N >0 maer

y uq_iJ< 0001551

P
qu

9=
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CnenosarenbHo, (11,4,24) u (11,4,25) nator

Ly (a)=I1(a5) L(a5) + BE™ O (11,426)
Yuntmpag (11,4,19), HatizeM oTcioaa

L =L (ap) X (ap)) ™" 4B~ "™ " (11,4,27)

[Monowum a;==§, 1aKk uro & [1 — 0,001 ¢, %],
Jeumma 7. Haa aw6o20 n& [k, &Y

Y oum<n 700 (11,4,28)

n=N

dTa NeMMa 10Ka3bIBAETCH C [MOMOIIBIO TPHUBUAJILHOH MOIH-
dukanny poxasarenbcrsa | ocHosHOHR emmbl: Hapywenne (11, 4, 28)
npuseno 6l K NPOTHBOPEUMIO € FHIOTE30MH

1
g
h(—RY<k
(Tlo cymecrBy, semma 7 -—— 4aCTHBI# CAyualt HECKOJbKO BHAO-
13MeHeHHOH I OCHOBHOM JeMMBbI.)

F@ ky)= 2 a,n?

n=khy

—a (11,4,6)

rue
a,=(— 1YY, hky=rh k="Fk"

B rtakom cJiyyae “MeeM paBCHCTBO

V n—ﬁ‘%w( > | — 96 (11,4,29)

ko tin

ero MOXHO fiepenucarts B BuUlie

Eﬁq—(g_) 1 g, (11,4,30)
q=k1k msk;km

q

3nech Ml MOXKEM BHIEMNTs ¢ >>ky w npumenuts (11,4,28) u
OUEBUIHYIO OHEHKY | Z a,|=<1, paccywnas, kak pauee. Toraa
m=<a

n0Jy4dM
LB)F (B, kg)==1-—2'F L. Bjp0.005, (11,4,31)
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win, yuntsisas (11,4,27),
LE)YF B ke)=(1 — 2+ (I[ ®)) 4- BLO!1, (11,4,32)
in I 8) < (in £, (11,4,33)
Orcrona Haxoaum
LE)F @G ks> ¢l e 0 poy 8—=1-40,001¢,,
L@ F@ k)<< —ci =8 e 1 0,001 ¢,
Ho
F@@=1—§+$—mié>1—$+ﬁa>%

2

(11,4,34)

Takum 06p330M, MBI IOJIY4YaeM BE€CbMa Ba)XHbIE HEPABEHCTBA:

8
LB >c, e " (in &0 npu B ==1-F0,001¢,,

' 11,4,35
L(§)<——— Cel e_““nk)osﬂpl/l@=1 — 0,001 ‘). ( )

§ 5. Il ocHoBHas Jsemma. 3aBeplieHHe NOKA3aTeabCTBA

Xapaxmep X, (n), 041 Komopozo umeer

1
h(—R<kD s (11,4,6)

dosocen obaadams csolicmeom U By npu B=1-—0,08¢,
Jlns fOKasaTebCTBA @ JNEMMb MPEANIOI0NUM, YTO STO HE TaK.

Toraa nattzerca N == £ takoe, uro aas moboro x &[N, N|
6yneM HMEThb

| 2wl (n) <<t 008, (11,5,1)
n=x
[Tonoxnm x==N. Cnoco6 «pewera» NPUBOANT K DPABEHCTBY:

2 @r@e Dpmmi=1. (1152)

m= -
q
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[Tpumem Bo BHEManue (11,4,22) n ouenkn
—B k
Y nmnt <
Ni==m=N, !
ana moboro N, Torma (11,5,1) w (11,5,2) nmanyr wHam, no

ToMy xe crnocofy, uto § 4:

. o X, ()
Me Y
m=VN

== | - BN0Gs (11,5,3)

rae
MP)= ZV 7, @ p(9) g7

Hanee, umeem
X 1, (mymPt=pr1,

rEm=VN
TaK YTO
Tg (m

QB = Y

i
m=<V'N

= L)+ Bk

Orcrona, wucnoasaya (11,4,35), nciyuaem

Q (p)>_;_ Cel e—m(ln k)O,OS upu p:: 1 + 0701 -
1 —etnm®SpuB=1—001¢,. [ (11,5:4)
Q (p)< - 2 Csl e 1

Tak kax Q (B) — menpepbiBHas (YHKIME, TO Cyulecrsyer
touka B unrepsare |1 — 0,001¢, 1-40,001¢], rne Q(B)=0.
INonaras B nepasenctse (11,5,3) B==0§, wmbl npugem k adcypa-
HOMY AJs G0JNbUINX %2 paBeHCTBY, KOTopoe u AokassiBaer Il ocHos-
HYIO JIEMMY.

Tenepp  MOXHO  HOKasaTh Teopemy 3ureni.  Bosbmem
g, & (0;0,01). Ecam cyumecrsyer mocratouso Gogbwioe £, ans
KOTOpPOro

1
—3

h(— k) <t*
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10 Xapaktep ¥, (1) no Il ocHoBHOH nemme o6aanaer CBOHCTBOM
A(1—0,08¢). " Ho Torma mno 1 ocHOBHOH neMMEe uMeeM A9
HOCTaToyHo Goapuinx D

rae
m (B) = 10,5 . 0,08 €4 + 7]0 = 0,84 €y + 710 < Oy85 Ep
100 7, MOkeT ObiTb BRIOPAHO CKO/b YrOAHO MaJhIM.

Mtak, ykasaHHHIX & Jualllb KOHEUHOE uHCa0, 4YTO TpeboBa-
JOCh IOKaszaTh.



FTABA 12
TPAHCILEHAEHTHOCTb HEKOTOPBIX KJACCOB YHUCEJ

§ 1. BenomorareasbRble NpPeRIOKEHHSAS

dencueunemﬂocn meeJI BBIa €° npn o anreopanuecxo'w,

== 0, u uncen suga a”, rae a % 0,1 anreGpauueckoe, b anre6-
panueCKoe UppalHOHa hHOe, [QOKAa3bBAETCS € HOMOULIO aHa/au-
THYECKNX CcpeacTs. Oas uucea Bmla € UCnoJAL3YITC CBOHCTBA
uHTerpata ot (yHkuu#h suma z*e“?, a ans wucen Buza @° euse
Gonee TOHMKHE aHaIUTHYECKHE cBOHCTBA (yHxuun @

Msl npusesem 31eCh J0Ka3aTe/bCTBO TPAHCUEHAEHTHOCTH 4YH-
cen Buma €° u a’ B cayuae, Korna o AeHCTBUTEALHO W COOT-
BETCTBEHHO JedcTBATENbHB @ >0 o b Mpu NPEXHUX yCAOBUAX
X aiare6panuyHOCTH, WUCNOJb3YIOLICE B CBOEH aHaAWTHYECKOH
yacTH TOAbKO Teopemy Posadas, Ham B mannHefimiem nonamoGatcs
IBE XOPOWIO U3BECTHHIE JEMMBI U3 aHa/H3a, MOKa3aTelqsCTBa KO-
TOPHIX Mbl BBMIY WX KpaTKOCTH MpPUBEIEM.

Jemma 1. Ecau sce 4ucaa a;  Oeilcmsumensns, om-
AUYHBL O HYASL 8 COBOKYIHOCHUL, HUCAQ %, ..., &, Oelicmeu-
MmeAbHbl U PAZAULHLL, MO HUCA0 OedcmBUmMEAsHIX HYyAel

gpyHryuu f, (%),

Pp—1
fn(x)—'z e k¥ Z a, X% a, -1 70 0<k<<n) (12,11)
E=0 =0

n
e npegvimaem N,= >, p,— L.
k=0
IleficTBuTEILHO, AOMYCTHM, YTO JIEMMa BepHa Ama n << g — 1.

HonycTum, yro 4ucJA0 ByJAeH HEKOTOPOH dyHKund [, (X) upeBbl-



262  TPAHCUBHAEHTHOCTb HEKOTOPHIX KJACCOB YMCEA [ra. 12

waer 4ucao N, Hawed nemmst. Torma yucno uysedt ¢Gysruun

pp—1

g
d?0  _ ’ ~ _ .
— e aa\’fq(x)c Z e(‘k ool ¥ Z bk. sxsqu-i(x)
R | s==0

PEBHILIAET YHUCAO qu:épk—-l 0 W3BECTHOH TeopeMe
T

Poans, Ml npuxomuM K OPOTHBOPEUHIO € HAWWM NOPEANOJONKe-
HHEM, KOTOpoe 1IpH ¢==0 eCcThb OYEBUIHOE CJEJACTBHE OCHOBHOM
Teopembl aareGprl. Jlemma noxasawa,

Jemma 2. Ecau wucao nyaeii deiicmsumensroll hyuk-
ywr f(x) e menvue g na unmepsase |a,b] u f(x) Henpe-
PbIBHA BMECME CO BCEMU CEBOUMU NPOUIBOOHBIMIU 00 G-U BKAI-
YUMEALHO, MO RPU Q<X << b umewom Mecmo HepaseHcmsa

e < = ma FO 0 0<p (12,19
a=sy=b

- HeficratennHo, ecnn f(x) umeer ¢ wuyneft Ha (a,D), 1O
f®) (x) uveer no kpaiimett mepe ¢ — v Hysett Ha (a, b). Honyc-
TUM, YTO 3TO OyAyT HYMH Xi...., X,_,, [PAYEM KaOKAHH HYJb
IOBTOPSETCS CTOJBKO pas, KaKoBa ero KpaTHOCTh. Torga pac-
CMOTPUM PYHKHUIO

94— v
F()=/f"(—X H(y —%) A= xl{...((j:)— Xg-)’
k=1

x=ux, (a<<x=<<b)

Dr1a ¢yHkuua umeer Ha (a, b) yxe ¢ — v 1 nysas. 3Hauut, no
teopeme Ponnas, cymecreyer Takoe &(a<<E=<b), uro F'97%(y)
umeer npu otoM & Hyab Ha (g, b); ApyraMe CJIOBaMH, HTO

FO @=0=f9®—X(g—,

OTKy1a
(b—a9"

() ___’f(q)(&)’ N\
e = 0 — o < G20

(9)
= Jmax 177

npﬂMblM CAeACTBUEM JSMMBl 2 sABJARETCSH caenyrouias  JaeMmma,
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. Jlemma 3. Ecau p u q— docmamodrno Goasuus yeibie
wucaa, f(x) ydosaemsopsem YCAGBUAM

pp—1

X) == & n* Qp, X°, n=< = p,
f() k‘;o Z R § p Pr P (12’1,3)

iak,slgeop \a_"\<90p, O<ki<n O<s<p,
20e 0, ne 3asucum om p, u ecau [(x) umeem Ha unmepsaie

(0, V'p) ne menee q>0p* nyaeit, 8>>0 we sasucum om p
U q, Mo OAKHCHEL BOLNOAHAMECS HEPABEHCMBA

1
—gnp+vo9

|F () <Ze : w<%, l<x<Vp, (1214

20e Y, om p u g He 3agucum.
HelctBUTENBHO, IO XeMMe 2 uMeeM, yTo

g—v
70 @) < g mex |19 (9] <

| 1
5 ¢lnp—~29inp+0(g) — 5 qlnp4Yoq
2 . 37

e PP e ,

q _
v Top o<x<Vp,

Toe Yo OT p U ¢ HE 3aBHCHT.

[Ipusepem Tenepb XOPOHIO HW3BECTHYIO JEMMy U3 Teopuu
aare6panyecknx uucell.

Jlemma 4. Ecau o, o5 o3— aszebpauieckue 4ucaa,
Apps e w3 — Heavle, | Ay po gs] <€, e 7 om p owe
3agucum, mo uaiu

p?  pr pl
lN‘_\ Zl kZJ Z Aki’ kg’ k3 a'k akg a'ksi > e ’ (12,1,5)
ky=1 kg=

roe 1o om p He sagucum, tan N==0,

IleHCTBUTENbHO, €CIH oy, 0Oy, O3 — aarebpanyeckue, To
CYLIECTBYET TaKOe LEJIOE @, YTO @0y, @dy @y OYAYT LEAbIMU
anreﬁpanqecngn YUCAAMK TIPUBEJEHHOrO MoJd R CcTemeHd v.
Toraa Nl——a*"N Gyger upeasiM uucaom storo noas. Ecau
N, — He Hya b, TO BCE €ro conpﬂmeﬁume N yﬂOBHETBOpﬂlOT

k
HepaBeHCTBAM [Nlt ’§<e7"" , Tae 7' OT p He B3aBHUCHT, a YHCIO
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v

IINV{® 6yner uennm paunoHadbHBIM, OT/JAUuHBIM OT Hyas. Otciona
1

W CNELyeT HEPABEHCTBO HAlIEW JAEMMBL.

Nemma 5. Fcau ap,(1<ch<<q l<<n<ip, ¢=2p)—
yeavie payuoHaibHble, | Q.| <<a, mo MOJCHO Haldmu yese
PAUUOHANBHbIE HUCAQ X1,...,X, B COBOKYNHOCHMU OMAUYHbIE
om HYas, mawue, 4mo

g
D x,=0(rn=1,...,p), (12,1,6)
k=1

npuner | x, | (1 <<k << q) oepanutens. nepageHcmsamu

X, | < x=3aq. 12,1,7)

[TetictBurensHo, paccMoTpuM JauHeHHsle ¢GOpMH OT g nepe-
MEHHBIX X,

q
Ly= gy  (1=<n<p)

B p-mMepHOM €BKJIMAOBOM TMpPOCTPEHCTBE HAa OCAX [JeKapToBoH
CHCTEMBl KOOPIMHAT Mbl OyZeM OTKJIaiblBaTh SHAYECHHS HALIWX
dopm Ly,..., L, npu X, npoGeraoiiux HE3aBACAMO APYT OT
apyra uejable 3Havenus uad uHrepBana |0, 3gal. Bce moayuenusie
Takum o6pasom (3ag -+ 1) touxu Ly,..., L, nonanyr B p-MepHui

ky6 — 3a?¢®<Cy,<<3a%? ofema (Gqé’a")”. Ho upn ycao-
BN g =2p

(62°¢%) < (39a)%.

3HaunT, YUCAO NOJYUEHHHX HAMYM TOYEK C LEJOYHCIEHHBIMU KOOp-~
nuHatama (Ly, ..., L,) Gosbuie ofbema p-MepHOro Kyba, B KOTO-
pOM OHH JOMKHH Jexarb. [Ipyrumy CJAOBaMH, CYmIECTBYIOT ABa
pa3aMuHBIX HaGopa HEMBIX YHCET Xi,..., Xy H X1y .eus Xg TAKUX,
Yo

q g q
kZl A Xp =k21 Ay n ks kZl A (X —xR)=0(l < n<<p).

Tak kak |x,—xr|<3ag, 10 Hama JeMMa [0Ka3aHa BBULY
TOr0, YTO YHCAA X, — X, B COBOKYNHOCTH OTJIUYHEL OT HyJs,
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§ 2. OCmue TeopeMbl O TPAHCUEHXEHTHOCTH ¢° m of
npy aareGpaudecKux M AeHCTBUTENbHBIX o, a, f

Hamm 71eMMB DO3BOAAIOT 10KA3aTh C/ASAYIOULME TEOPEMEL
Teopema 12. 2. 1. Ecau £ 0— delicmeumensnoe u

arzefpautecroe, mo 4ucao €° He aazebpautecroe.
PacemoTpuM QyHKLKIO

p 4
—_ konx
f)=2 X Cpnxte
n=0k==0
W OONYyCTHM, 4TO e’ = u, — anrefpanyeckoe, BMECTE € ®, YHCJO.

o

B,
\] np TOUKE

BosbMeM MpOU3SBOAHYIO MOPARKAE Y OT f(X), v=<
x=5(0=<<s<<In?p). Torna

rF P v
| kY py—mghk-m
(v) — v v—m ons
§) = C @V MRS,
=2 X Cun B~y (o=
Hanee, ecin o~—nenoe anrebpauueckKoe YHCJIO CTENEHH 7, 10

r r
=3 bt oV =3 BN (12,2,1)
k=1 k=1

rae b, m B, y—lenane uyuchna,

Hansa onpepenenns U OUeHKH uucead B,y BOCHOJAb3yeMcH
TEM, UYTO ypaBHEHUE CTereHu r pAJa9 o HeNpUBOAMMO, OTKyAd
clAenyer, 4T0 BCEe UHCAd &g, O, ..., %, COMNPAKEHHHIE o == 0,
mexay co0ofl pasuuHH B Oast  onpepefenus B, x  umeercs
cHCTeMa ypaBHeHu#H

s
—k N

D B, F=al (s=1,...,r).

k=1

HerepMuHanT 3TOH cucteMsl A eCTb jJeTepMUHaHT BaHaep-
MOHAa, OT/MMuHME oT wyas. [Tostomy

| Bpw|<| 2 Cgal | €Y, 1>>0, (12.2,2)
s=1 ]

rae | 3aBUCUT TOJABKO OT &
Tak kak umcia ® n oy ==¢” ajsreGpanueckue, 10 Hafipercs
uesoe uucao d rtakoe, uro uucaa dw u dw, GyAyT LeEABIMH
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anre6pauvuecKuMu  COOTBETCTBEHHO creneHedt ry u rg. [lostomy
VIMET MeCTO COOTHOMIEHHA

@)V = }3 B, n(dayr,
rs
(d o)V == y; B, ydw)", (122.3)

roe B,y W B, y—uease # yIOBICTBOPSIOT HEPABEHCTBAM
(12, 2, 2) co cBOUMH TOCTOSIHHEIMU | — 7; B T COOTBETCTBEHHO.
YunTpiBas HAnGOLUINE BO3MOKHEIE 3HAUEHHS Y U § W N0Jb3YiCh
pasedcrBamu (12,2,3), M nonyuaeM, 4To

ri—1ry—1

F =3 3 [Z Z Con Dl(; ns)m vg] (dw)* (doy)™,

vyr=0vp=0 k=0 n=0

(v ) Bp2
Dy, 1<ler, (12,2,4)
(v, 5}
rae Dk 2 vp, vg UEJBIE PALOHAMLHELE, a 6 ot p He 3aBucuT npH

v\l———, s<1n?p.

C nomoutbio JemMst 5 uncia C,, MOXKHO BHOPATbL HEIHIMHY,
OTJIMUHBIME OT HYJAs B COBOKYIHOCTH, Tak, 4TOOS! yIOBJIETBODS-
JAUCh ypaBHEHuUs

kZOZ ConDy n)\, ,, =0 0<<v<n—1, 0<wm<r—I,
=) 11==0

Oévé[fnnip], Ogs\[]np] P> pos

AR

npuueM G, , OYVAYT Takwe YROBJACTBOPATH HEpPAaBRHCTBAM
| Crn| <7, (12:25)
rae 8 — nocrosiunas, B3dras u3 Hepasedcts (12,2,4). Bri6pas

TaknMm o0pasom nenasie wucaa Cp ,, MB TOJy4aeM, uro f(x)
YAOBJETBOPAET yCAOBUAM

P P
f= X X C.#"e™, =0,
]C;,'nfgeepg, O<v<£2— 0=Cs=<c S0P

Tnp’ S2vv?
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rae C,,-— Ue/able, OTJNYHBIe OT HY/Ast B COBOKYMHOCTH, a orf
He 3aBMCUT. 3Hauut, f(x) uMeer Ha uHTepBate O < x < In'p
8

HE MeHee [—2‘%7] Hynett. Tlostomy f(x) yaoBiersopser scem yc-
1vs

aopusim aemmul 3. CiienosaTensHo,

w_;_-{opz

™ T Bvp vz ol R
i (x)\<“’ v, 0sx<Infp. (1226)

Ho uucaa

Foe 0= 0oss<lm)

6yayr anreSpauvecknmu. ITo aemme 4 uwan f)(s)==0 nan
f(v) (S) > e *7292’ (12)2’7)

rae <y OT p HE 38aBUCHT, TaK Kak B HAWEM CJIyyde YCAOBUS
nemMul 4 suinoanexst. Ho npu p > py nepasedcrsa (12, 2, 6) npu-
4yT B poTHBOpEuHe ¢ HepapeHcTBamu (12,2,7) u, sHaunt, f) (§) =0
2

<0 =< v [—5‘;], 0 << s<<In? p). [ToaToMy unC/10 NEHCTBUTEMbHBIX
Hyaefl f(x) 3aBesomMO npeBblIaeT 4p%, B TO BpeMs KaK 1O Jew-
me 1 oHO He moweT Owtb Goabwe (p-+ 1% p™>2. 10 npotu-
BOpeYHe ¥ JOKAa3pBaeT HEBO3MOMXHOCTL OJHOBDEMEHHOH ajireGpa-
WYHOCTH uucesa o u e®,

Teopema 12.2.2, Ecau a5 1 ub £ 1 — delicmeumensusie,
Ina
o’
20e Oepymcs deldcmaumensnoie 8emeu a02apug.mos, 6ydem uaiu
PAYUOHAABHOM, UAN MPAHCYEHOCHMHHM LUCAOM.

Cnencrsus u3 teopems 12.2.2. Ionoxus & ==10,
Mbl TOJYYaeM, 4TO AECATWYHBIE norapudmel BCex aareGpandyecKux
yuces HAM PallMOHaAbHBL, WM TpaHCUeHAeHTHbl. Ecam Mbl npen-
IIOJIOXKHM, 4TO b®==a npu asreOpanyeckoM, XeHCTBHTENLHOM W
UppaluOHaNbHOM o B ajreGpanyecKom noJaoxutelsHoMm b # 0,1
Gyser anre0panueckuM 4UCJAOM, TO MPHUIEM K M[POTHBODEUHIO
¢ yTBepxIeHWeM Hawieli TeopeMbl 3HAauMT npu Beilue CHOpMy.H-
pOBaHHBIX yCA0BHAX D Bcerga TPaHCUEHACHTHO.

HoxazareascTBo Teopems 12.2.2, Cxema goxasa-
TeAbCTBA 3TOH TEOpPEMH HUYEM HE OT/ANHUAETCS OT CXEMBl JOKa-
3aT€/AbCTBA NpeJlleCTBYIOLIEH.

NOAOHCUNIENbHD! € aﬂeedpalmecrcue qucaa, mo qHucso w=—
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Paccmotpum onars QyHKLHMIO
L&
f @) =2 X Cpad™ o™,
hee() nm)

rae a ¥ b yaoBAeTBOPSIIOT YCAOBHAM Halle teopeMsl. IToaowum
Ina

w==-—— @ XONYCTHM, 4TO w — aarefpanyecKkoe MppaNoHaIbHOE

uncao. Ilycrs t1akwe d — uenoe, Takoe, uto dw, da, db — nensie

anredpanyeckne unc/aa creneHed ry, ry, 3 COOTBETCTBeHHO. Tor-

na, B cuay npeacrasaenud (12,2, 1) n nepasencts (12,2, 2), msl,

6ygeM HMeTb, 4TO

P
" 6d” O () =d”" X Y] Gy (h+ no) ¥ b5 =
k=0 n==0

ri—l rg—1 rg—I \
-S55 (% Sanom, Jid o oy oy,

vi=0 vg==0 vz=0 \ k=<0 n=zp

(v.5)
l Dk‘”"'x, Y2, s

<P o<y P 0<s<In®p (1228)

lnp

IpUYEM BCE 4mcaa DSJ,',f,)VM ,, — UEJIE PaluOHaNbiibie, 2 6 orp

HE 3aBHUCHT.
Ilo nemme 5 uncna C,, MOXHO BBIODATH UEJABIMH PALUOHANb-
HBIMH, OTJIMYHBIMU OT HyJs B COBOKYNMHOCTH H TaKUMH, 4TO

p P
kZE)WZdOC D(,;:v vz.vg:()) ‘;Ck'ni,<ezep‘2»
Osn<<p, O<b<p, Os=vi=n—1|

0wty ——1, O0sCvys<ry—1,
i {__np
lnp_]’ =S¢ i?rlrgrs}’ p>py
rae 8 or p uHe sasucHuT W B3ATa 43 uepaseHcTs (12,2, 8). Bu.

Gpas TakuM 06pasoMm Cp,, Mbl BUAAM, 4TO AN QyHKUME [(X)
BLINOJHAIOTCS yCA0BUS

) (5} = O P inp ]
=0 0=v=[£-], oss<|5ri—] p>p

//\

Osts=<
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[To nemme 3, ycnoBust KoTopo#t ang HAEH QYHKIMM BHIION-
2

HSIOTCS, MBI Oy/leM HMMETh, TaK Kak g palleM Caydae q>§7‘Lr7’
1farg

410
( _.__..]_.__pzmp P o
va) (S)l<€ B rirerg ,Ogvgm, 0 éln‘p,

p>pe (122)

Ho mo semme 4, yc/iOBHS KOTOpOH B nallieM Ciy'uae TAKKe Bhl-
noausores, uan £ (s)==0 (s — ueaoe), Hiu

O () > e 0y gl 1_5“7 l 0<s<[Inp]. (12,2,10)

Ho upup >p, ycaosus (12,2,9) u (12, 2, 10) nporusopeyar apyr
ADYFY W, CJeI0BaTelbHO,

" 2
£ () =0, »:o,l,.._,[ll’ﬁ], s=0,1,...,[In* p}.
3HaunT, YUCAO AeHCTBUTEABHHIX Hyznel f(x) npeBbliaeT 2p?,
B TO BpeMs Kak 1o JemMme 1 oHo He Moxer Oblth 00Jblue
(7-+1)". 310 nporusopeuue M [OKa3bIBAET Hally TEOPEMY.
B cayuae, Korma o u COOTBETCTBEHHO @ U b — KOMIJIEKCHEIE
aqreOpanueckue ducaa, Haubosee mpoCTeiMu OyAyT IOKasarenb-
CTBA, OMNUPAIOIAECH Ha TEOPUI0 (QYHKHHH KOMAJIEKCHOTO Aepe-
menHoro. JJoGaensag emie OAHY WHTEPMOJFIUOHHYIO JEMMy B Ael-
CTBATEMbHON 00JacTn, MOXHO OblI0 OBl JaTh, HANPUMED, OUCHKY

na
OTKJIOHEHUS ~—- OT pauvoHaJdbHOH ApoOu %

Ind
Ho na sTOM Mm He GyldeM OCTaHaBJHBAaThbCA.
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