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NPEJUCJHOBHE

HacTtosimasa xuura npeacrtasasieT coGoil ouepeanoii (Ho
HH B KaKOH Mepe He 3aBUCSLIMA OT NpPelblAYLHHX) TOM H3
pana cOOPHHUKOB 32734, BHIPOCUWIHX M3 JEATEAbHOCTH
HIKOJILHOTO MaTeMATHUECKOTO Kpy:KKa npu MOCKOBCKOM To-
CylapCTBEHHOM YHHBepcHTeTe H M3 (HepBOHaYa]bHO TeCHO
CBF3AHHBIX CO LIKOJbHBLIM KpyzkKoMm nipu MI'Y) matemaThye-
CKHX OJIHMIHAJ MOCKOBCKHMX IIKOJBbHHKOB. Takoe mnpouc-
XOXEHHe KHHTH OTPaXKEeHO yXKe B CIIHCKE ee aBTCPOB, mep-
BHIl M cTapwH#l B3 KOTOpPHIX B BOspacte 23 Jer norub B
napTH3aHCKOM oTpsifie Gosee uem 30 et romy Hazan. C unme-
HeM cryjgedta Joanka Ulkaspckoro cBA3albl MHOTUE Tpaiu-
uHuu TOH paboTbl ¢ UHTEPECYIOWIUMHCA MATEMATHKON HIKOb-
HHKAaMH, KOTOPYIO H [0 Cell JeHb BEAYT CTYAE€HTHI MeX2aHHKO-
MmareMathHueckoro daxkyabtera MIY; B wacrtroctH, oT
Hero ujaeT ynop B 3To#l paboTe HAa pelleHUue 3afad TOBHI-
nieHsod Tpynroctu !). IlostoMy MBI COunH YMECTHHIM H B
9TOH KHHIe, KaK U B HEKOTOPBIX efl NpeauiecTBYIOWHX, MO-
CTaBUTh HA NEPBOE MECTO B CNHCKE aBTOPOB HMS 4YesJOBEKA,
KOTOPBIl He MOI, KOHEeW!O, NMPUHHUMaTb pPeajbHOr0 y4acTus
B paBoTe mo ee cOCTaBJAEHHIO, HO KOTOpPHIH OKas3aJs 3HaAuH-
TeJbHOE BJIHsiHHE Ha cocTaButedeli. OaHAKO Hapany ¢ Tpa-
JHLUHAMH, HAYIIHMH ellle OT JOBOCHHBIX BpeMEH, B KHHTe
0TpaxKawTcs U HeKoTopble 60/1ee CBEXKHE BJAHSHUSI — U O HHX
X0ueTes cKa3aTb 34ech HeCKGIbKo Oogee noapodio.

DTy KHHTY MOXKHO paccMaTpHBaTb KaK 3aBepluaioniuil
stan pa6oTel No nepepaboTke Buweniero 6oxee 20 Jet
TOMY Hasajx COOpHHKA 3ajxad o 3JeMeHTapHOH# reomer-
pun 2); npu 3TOM B NpOLECcCe NOArOTOBKM HOBOIO BapHaHTa

1 HMcropun xpymxa npu MIV nocesiiena cratea B cGopuuke [L1]
(cm. circok sTepaTyphl Ha cTpP. 356-—366), rjle pacckasaHo ¢ TOH POJ,
KoTOpPYIO chirpan 3aeck Jfapua Ockaponu Ul ks apckn i (1918—1942),

2y Umeercsn B Buny wuura: JI. O. Wraspckun, H. H. Uen-
nos, M. M. SIranowm, M3Gpanuble 3ajaun u Teopembl 3JEMEHTaPHOM
MaTeMaTHKH, 4, 2, recometpus (mjanuMerpus), M, Tloctexusgar, 1952,

4



Ha3BaHHOI KHHIMM OHAa HACTOJBKO pas3pocaach, 4TO ee OKa-
3a/10Cb YMECTHBIM BBITYCTHTb B CBET B BHAE TpeX OTAeNb-
HbiX TOMOB (ABYMS OCTaAbHBIMH SBJSIOTCSE KHUTH [4] H
[13}). Ilpn sToM aBTOpaM NPHULIOCH YYHTHIBATH TO, 4TO 3a
pcrekwne 20 et cama 3JeMeHTapHas reoMeTpHs KOpEH-
HpiM 00pa3oM H3MeHHJa CBO€ JIHLO; 3TO OBJAEKJO 3a coboll
HeOOXOUMOCTb HM3MEHeHHs M XapaKTepa [OCBSIILIEHHOTO
el 3ajaunnka. B camom fese, ecay elle CPaBHHTENLHO
HeNdaBHO OCHOBHOe CcoAep:KaHHe 3JeMeHTapHoil reomer-
pHY COCTABJANM 3aJa4H Ha J0KA3aTeJbCTBO H Ha NOCTpoe-
HHe, CBA3aHHbie CO CBOHCTBAMH TPeylOJbHHKOB, OKPYXKHO-
cTefl H QUryp, nosyuaeMblx KOMOGHHUPOBAHHEM MHOTOYTOJb-
HHKOB H OKDY:XHOCTeHl (UMeHHO Takue 3ajauf, K CJ0BY
CKa3aTb, COCTABJAMAIN OOJBHIHHCTBO B YKa3aHHOM B MOCAEA-
Heill CHOCKe COODHHKE), TO CeroAHs 3TO HalpaB/ieHHe BbI3EI-
BaeT CpaBHHTeNbHO Manablfi uuTepec. [locaennee yacTHUHO
00bACHACTCS TeM, 4TO «TPaAHLHOHHAS 3JeMEHTapHas reo-
MeTpudA» Oblla B 3HAUUTENbHOH CTeleHH MODPOXK/AeHA TeMH
pasienaMy MareMaTHKH, PAcUBeT KOTOPbIX oTHOCHIcHA K XIX,
HO OTHIOAb He K XX BeKy (d KOTODHIE CaMH y:XKe B 3HAUH-
TeJhHOH CTeNeHH yTPaTHAH CBOH Oblioll 6/1ecK B raasax yue-
HblX U Jo0uTenefl MaTeMaTHKH)— CUHTETUHECKOL eeomer-
pueid 'y u npoexrusnod eeonerpueii?), OaHaKo <«npupoja
He TEPIHT MYCTOThi» — U MeCTO «KJAaCCHYECKOH» ajJeMeHTap-
HOH TeoMeTPUM HA HalIUX Iia3ax HauMHAOT 3aHUMAaTb He-
KOTOpble HOBbie HanpaBJ/eHHs, CBSI3aHHble ¢ AKTyanbHOil ce-
ronHa npobiaeMaTHKOMH ).

['oBopst 0 Tex caBurax B oOlLIEHAayUHBIX HHTEpecax, Ko-
TOpbIE BbI3BAJH ONpeAe/ieHHOe «CMellleHHe aKlUCHTOB» B Ma-
TeMaTHKe, 3a/€BlIee H 2/eMeHTapHYI0O TeOMeTpHIO, Halo B
nepByl0 oyepelb CKasaTb 00 OJHOM CHeUH(pHYECKOM THIIE
3ajJay, KOTOpbe B HACTOfALEE BPEMA NPHBJEKAlOT 60JblIoe
BHHMallle MaTeMaTHKOB H «noTpeduTesnei» MaTeMaTnki. Mol
HMEeM B BHJYy TaK Ha3blBaeMble «3a7a4H HAa ONTHMU3ALHUION,
CTassilllHe CBOell Ledpi0 HAXO0XKACHHE «ONTHMAJBHOIO» (ca-
MOro Jyuilero) u/au 1no kpaiiHedl mMepe «AOCTaTOUHO XOpoO-

1} Tak uasbiBaercs TO HanpapjeHue [eoOMETPUM, KOTOpOe HUTHOPH-
pyer mayume ot P, Jlekapra «amajHTHUecKHE» METOABl, OCHOBAHHHLIE
Ha METOJe KOOPAMHAT H IO CYWIECTBY CBOASIUIHE TeOMETPHIO K aaredpe.

2) Cwm., vanpumep, ra. 14 xuuru . C, M. Kokcrep (8]

3y Cp. . M. SrnowM, DaeMenrtapHas TeoMeTpus INpexie H Te-
nepb, M., «3nanne», 1972, (3ameruM, 4YTO COMOCTaB/eHHe HACTOAMEeH
KHUCH C H43BaHHBLIM B [OACTPOYHOM INpHUMevaHWH ) Ha npeabiaymiedl
CTPaHHLE 32JaUHHKOM MOMKET CYMHTb BLIPA3HTEIbHON WAAOCTPALHeH
psAga cQOpMyNHPOBAHHLIX "B 3TOH OpOIIIOpe MOJOXKeHHI.)
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mero» pexuMa paboThl OTAENLHOTO MeXaHH3Ma HJAH 60Jb-
ol cHcTeMbl (MexaHuueckod, OMONOTHMuECKOH, PKOHOMHYE-
CcKOM HMJAM KakKoifi-inGo emue). XapakTepHBIM [J5 HauUiero
BpEeMEHU HHTepec K 3aJauaM TaKOTo poja BbI3Baj K MKH3HH
uesiblil psa HOBHIX HalpaBJieHHI MaTeMaTHKH — CBOEro poja
HOBBIX «MaTeMaTHUECKHX HayK», pa3BUBAIOIHXCA ¢ OO/bILON
HHTEHCHBHOCTBIO. DTOT NOBOPOT K HOBOH TeMaTHKE OTPAa3uICcs
Y Ha TeOMETPHH, ONPEAENHB, B 4ACTHOCTH, NOABHEM BHUMAaHUSs
K OAHOH Bo3HHKILEH enle B XIX Bexe peTBH MaTeMaTHKH, —
K TaK HasblBaeMo# duckperroti eeomerpuu (0 Heil cM., Ha-
npumep, [24] u [25]), neoxkunannsim obpasom «ronabuiedl B
CTPYIO» COBPEeMEHHBIX HCKaHHIl.

OcHOBHBle 3a1aYd JHCKDETHON TeOMeTpHH KacaloTcsd
«IVIOTHEHIIMX YKJAAL0K» PaBHBIX QUITYP H «pefualilinx no-
KDBITHH» paBHbIMH (urypaMu — 3nech Tpebyercs pacno-
AOMUTH, CKAXeM, 8 HEeKOTOpPol oeparnuteHnod obractu @
TIJIOCKOCTH WJH NPOCTPAHCTBA HauboAblilee 803MONHOE Hlic-
A0 Henepecekarwuwuxcs «xonutly s3adannol pueypsr F uau
nokpoite @ raumenbwum wucrom pasgroix F ueypt). Ta-
Kan NOCTAHOBKa 3ajlay WAET OT TEOPHH HHCeJ — U NEPBhIe
cepbe3Hbple pesyabTaThl B 061acTH AHCKPETHOH TIeoMeTpUH
MOJAYUYHJIM  CO31aTeJNH TeOMeTpHUYECKHX METOL0B TeOpHH
yicesa: Hemenkufl matemarux I'. Munkosckufl, pyccxue
I'. @. Boponoii, A. H. Kopkun, E. H. 3onorapes, Hopge-
xew A. Tys. Brnocaencrsnu, ofHako, 3THM HanpaBJeHHEM
3auHTepecoBaiuch # reomerpol. OcoferHHo BO3POCAD BHHMA-
HHe K JHMCKPeTHOH reoMeTpHH, KOTAA BBHISICHHJOCH, YTO MHO-
rile ee pe3yabTaTbl NPHJIOKHMB B HEKOTOPBIX M3 CBA3AaHHBLIX
C «ONTHMH3aUHOHHBIMH 3ajaYaMu» HOBBIX HampaB/jeHUsix
MaTeMaTHKH (HampuMep, B MMelollell 60/bIIce NpHKIagHoe
3HaYCHHE «TE€OPHH KOAHPOBAHHs», H3yualvliell ONTHMAAbHblE
peKuMbl pabOTL! TeX WM WHBIX JHHU{ CBA3H). ,

Hpyroe HanpaBieHHe TeOMeTpHUYECKHX HCCJIeL0BaHuI,
POACTBeHHOe IUCKPETHOH reoMeTpHM H IepBoHavaJsbHO Ha-
XOJHBIUCeCS B TECHOH CBS3U ¢ TNOCHeAHeld, NpelcTaBiasieT
co6oil Tak Ha3wiBaeMmas kombuunaropuas ceomerpus. Ilox
3THM Ha3BaHHEM NOHHMAWOT paslies] TeOMeTPHH, B KOTOPOM
paccMaTpUBaIOTCd 3afaud O HAXOXKIEHHH B TOM HUJAH MHOM

1} HanGosmbumyio posb B IDHCKPETHOH TIeOMETPHH HrpaloT 3ajpaul

O «nJjotneimeil yrnajike» duryp uHa Bcell (Geckoueuno#!) mjockocTH

MAH BO BCEM NPOCTPAHCTBE M O <«peluaiinieM TOKPHTHH» Beed mio-
CKOCTH WJM BCero NpPOCTPAHCTBA; OJHAKO B TaKOH NOCTAHOBKE 3TH
8alaud jaJgbine, yeM chOPMYJHPOBaHHBIE HaMH, OT (B TEPBYIO OuYepeib
uutepecyomeli nac speco!) npobaeMaTHKH KoMOMHATODHON TIeOMETpHH,
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OTHOIIEHHHA KONTHMAaJbHLIX» KOHQHrypaumii, o6pa3oBaHHbIX
KOHEGUHBIM YHCJAOM TOYEK WIM reoMeTpUuecKHX (H-
ryp. Ilpun 3TOM THnHMYHble NI KOMOGHHATODHOH reoMeTpuH
3a[1a4YH CBSI3aHbl ¢ OLEHKOH TeX HJ/JIH HHbIX LeJBlX UH-
cest — OOLIUHO YHCJa TOYEK HJH (QHTYD, KOTOPbIE .MOTYT
BXOJIHTb B YAOBJETBOPHIOLLYIO YCAOBHSM 3a7a4d KOHQHUTY-
paunio. FIMEHHO TakKMM XapakTepoM paccMaTpPHBAaeMbIX
3fechb 3ala4 U OODBACHAETCH ImpujaratenpHoe <«KOMOHHA-
TOpHAs» — Belb KOMOUMATOPUKOI HasbiBaeTcd pasaea ad-
re0pbl, B KOTODOM MOACUHTBLIBARTCS YHCJAO TeX M HiBIX
KOMOIHAIHA KOHeYHOT O 4HCJ a 3JeMeHTOB, YA0BAETEO-
PAICIIHX 32Ja2HHBIM B GOPMY/IHDOBKE 3a]a4i yCJAOBHSIM,
3anayd KOMOHHATODHOH TeOMeTPHH OTJHHAIOTCA Ouelb
6oMbIIHM pasHod6pasueM; OpH 3TOM (ODMYJHPOBKH HX,
Kax MpasBu/0, ONMPAIOTCA JIHUIb HA caMble [POCTble Teo-
MeTpHuecKHe IOHATHA H (akThl W JOCTYNHBL JIOGOMY
WKOIbHEKY. Pemrenns ke 3amad KOMGHH3TODHOH TreoMer-
pPHH 3a4aCTYIO OKasbLlBaloTCA BECbMa CJA0KHBIMH; Leabld
psill OCHOBHLIX A/ 3TOTO pasjesa 3ajiay He pelleH Hu i10
ceft meHo. OQHAKO 5Td TeMaTHKa MOJCKAa3plBaeT W AL 3a-
“LadY, KOTOpbie MOXHO NPeAJ0XKHTb HauHHAIOLleMY MarTeMa-
THKY, HanpuMep HHTePeCYOUeMycsl MaTeMaTHKOA MIKO.Ib-
HUKY CTaplIHX KJA4CCOB, — MMEHHO Takue 3aJayH H CO-
CTaBJAIOT OCHOBHOE COJepiKaHHe HACTOAWETO CcOOpPHHKA.
Pykonnce knurn 6bpiia npountada H. B. Bacusbesbim
u JI. M. Tomosunofi, 3ameyaHusi KOTOPBIX [O3BOJHJIH
BHECTH B TeKCT LeJ/blll psiz ycopepieHcTBoBaHul. OueHb
NOJIe3HO OblIO 00CYKJeHMe OTAENBHBEIX 3a4ay € MOJOLBbIMU
MaTeMaTHKaMH, H3 YHCJa KOTODPBIX 0CO00 XOUeTCs OTMETUTh
®.JI. Bapnaxosckoro, I'. A. Taabnepuna, B. J1. ['yrenmaxepa,
A. M. Jleonrosuua u M. Y. draoma. B. I'pioudaym (Custtas,
CIOA) u T'. A. Touosn (Epesan) o6paTuau MOe BHHMaHHE
Ha He 3aMeUYEHHYIO MHOIO paHee JHTepPaTypy, HMEIOLWLYIO OT-
HOWIeHHe K TeMe KHUTH, MEepBbIA M3 HHX MOAEJUICA TaKxkKe
CBOMMH COOOpDaKeHUSIMI, KacaloWiUMHCs OAHOH M3 npuee-
ACHHBIX B KHUT'e 3ajau. Ha pasHbIX CTaausix MOATOTOBKH
KHHTH K neyaTH MHE OKasblBaJu COAECTBHE MHOTHE MOH
Jpy3bd; 34eCh B NEPBYH0 ouepelb Xxotve’Joch Obl Ha3BaTb
JI. Y. TomoBuHy, 6e3 noMolilu KOTOPOH 3Ta KHUTA, BEPOATHO,
HUKorpa He yBufAena Obl cBetra. MHe NpUATHO BbIpa3HTh
3/1eCb HCKPEHHIO [PU3HATEALHOCTE BCEM, KTO TAK WY HHaue
IPHHAJ yyacTHe B CO3JaHHH 3TOH KHHIH,
H. M. ferom



VKA3AHHY K HOJIb3ROBAHUIO KHUTOH

Hacrodamas xunra npeiacrasaser co6od cGOpPHHK 3a1avy,
YCAOBUSL KOTOPLIX CONPOBOKAAIOTCA AOBOJBHO NMOAPOOHBIMH
KOMMEHTApPUAMH. IDTH KOMMEHTADHH CONIep¥KaT onpelese-
HHS HEKOTODBIX HEe3HAKOMEIX IIHPOKOMY 4YHTaTeJIo IIOHd-
Ti#, CBA3AHHBIX C paccMaTpuBaeMblMi 3aAayaMil; HHO-
ria — KPaTKyl0 HCTOPHIO BONMPOCAa M yKa3aHue Ha BO3MOXK-
HEE <«TIPOAOCIKEHUA» TeMATHKH 23a7nad W Ha CBA3aHHBIE C
HEell HepelleHHble BONPOCHI; 3aYacTyIo — CCBLIKH Ha JONOoJ-
HUTEJbHYI, HHOTla JAOBOJbLHO CHeUHasJbHYIO JHTepaTypy.
Kunura moxer ObiTh ucmosnb30Bana B paboTe MIKOALHOTO
HJIH CTYAeHUYECKOro KpysKKa (MJAM IpoceMuHapa) M 1415 ca-
moobpazorauusd. [lpn  ucnoaszopanun xuuru » pabote
Kpy’KKa eCTeCTBeHHBIM SIBJIfETCS paccKas PyKOBOAHUTeNs 08
obllell TeMaTHKe 3a4ad H, BO3MOXKHO, pa3fop pelleruil He-
KOTOpBEIX HauboJiee XapakTepHBIX HJAH Hanbojee TPYIHBIX
3ajay; OZHAKO ’KeJaTelbHO, 4TOOBl OOJABLIYIO YacTb 3ajad
VYACTHHKH KPYIKKa peluyin caMd. PYKOBOAUTENIO clelyeT
ocob0 06paTUTH BHUMAaHHe yyallHuxcAd Ha (yKasaHHble B
TeKCTe KHUTH HJANH HAHJeHHble CaMOCTOSITEJbHO) HepellleH-
HBIe MTOKA 3aj7auH, H60 ¢ TeMaTHKOH KHHIH CBSI3aHO MHOIO
JOCTYIHBIX JJIs1 HauHHaIOUX ripobneM, KOTOpble MOTYT HO-
CAYXKUTh TPAMIWIMHOM AJS TOCAeAYIOIHeH HCCael0BaTeNb-
ckoit padorel. [Topanox paszbopa Ha KpYy»KKe MOJTYYEeHHLIX €ro
VUACTHUKAMH pe3yJbTaTOB MOXKeT ObIThb, HanmpuMep, GJH30K
K omucaugomy Ha crp. 21—22 knuru [l. Ilofia «MaremaTu-
yeckoe oTKpbeiTHE» (M., «Hayka», 1970).

Haa toro uroGul 006/€TYUTh PYKOBOAUTENID MOTHBHPO-
BaHHBIA BHIGOD TeMaTHKM KPYXKKa, CKAKeM HEeCKOJIbKO MOoj-
pobHee 0 cojep:kaHuK Hacrosiuiell KHHIH. CoOpaHHble B Hell
3azaud pa3buTbl Ha IIECTh OTAENbHEIX LHKJOB, IDHYEM Je-
JieHWe 5TO B 3HaUMTEJbHOH CTeneHW YCJOBHO — Tak, Ha-
npyuMep, sICHO, 9To 3ajAauu 82, 83 mukiaa 5 1 HEKOTOpLle cJe-
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AylOIHE 32 HHMH CBOGONHO MOTIJIH Obl GBITH OTHECEHEl K
unkay 1, a samauu 61—63, 64 6) u HexkoTOpble ApyrHe H3
pukaa 4 — K MKAy 3. ITa yCJI0BHOCTb UNEHEHHsl MaTepuana
KHUTH MEXJAY OTAeJbHBIMU LUKJAMH 3aJad 9acTHUHO 3aje-
paeT faxe kuuru {4] u [13], npenwectrywomue Hacrosued,
B KOTOPbIX TaK:Ke 3aTPOHYTHl HEKOTOPbl€ TeMbl, KOTOpble
Gpiin 6Ll BMNOJAHE YMECTHbI W B HacTofllell KHHUre, —
06CTOSTENBCTBO, O KOTOPOM CTOHUT, ObITb MOXKET, Ipeaylpe-
nuTh TIpenojaBaTefsi, coOGHpaloLerocss HCMOOAb30BATb 3TY
KHHTY B paoTe MaTeMaTHUeCKOro KpyxKka. Henocpen-
CTBEHHO KombOuwaropuoil eeomerpuu (0 Hell TOBOPUTCH B
[Tpednuc/aOBRHH K KHUIe) TOCBSILEHB JuIlb ABA MOCASAHHX
LHKJIA 3aJaY, Ha KOTOpble Xo4eTcd 0c060 o6paTHTh BHHMA-
nue untateseil. OQHAKO W MHOTHE JNPYTHe 3agaud — B nep-
BYIO Ouepellb 3TO OTHOCHUTCS, MOKaAYH, K MuKIaM 2 ¥ 3 —
TakKe Hapesiipl KOMOHHATODHOH reoMeTpHell.

Heckombko unoil xapaxkrtep umeorT nukiasl 1 B 4 — oBH
HOPOXKAEHEl TeM pa3lesoM TeOMEeTPHH, K3 KOTOPOTO Bbije-
Juaach KOMOMHATOPHAsA TeOMETpHs, a HMeHHO Teopuel 6bi-
nykavix Gueyp (cM. onpenenerust Ha ¢1p. 55—56). B reomer-
pun cosnannas B XIX Beke Teopus BHIIYK/IbLIX QUIYD
3aHUMaeT ceroJHsd oueHb OGogpuioe Mmecto. CBA3aHO 3TO ¢
TeM, UTO ofllee MOHSATHE <«TeOMETPHUYECKONl (HIYpLI» Kax
[POU3BOJBHOIO MHOMKECTBA TOUEK NJIGCKOCTH HJIH NPOCTPaH-
CTBa SIBJAETCS Ha CAMOM JleJie HaCTOJNbKO CJIOXKHBIM, 4TO
€r0 U K I'€OMETPHH-TO OTHOCHTbH PHCKOBAHHO, CErOAHS 3TO
MIOHSITHE CKOpee CUHTAIT OTHOCSIIUMCH K TOonoAoceuti!)
HJIM K MaTeMaTHUeCKOMY aHaJu3y (K Teopuu MHOJMCECTS).
Hukakue reoMeTpuueckie MOAXOAL K NOHHMaeMOH TaKHM
08pa3oM «TeopHH (UTYP» OIPOCTO HEBO3MOKHBI, — U 1751 TOTO
4TOGH 0UEPTHTE KPYP «JAOCTYMHBIX TeoMeTpHi» OOBEKTOB,
NPUXOAHTCSI HAK/IA[AblBATh HAa paccMaTpuUBaeMnle «(UIYPHI»
Te€ MU HHBle JOMOJHHTE/bHblE OrpaHHdeHHsi, CaMblM IpO-
CTbIM M eCTeCTBEHHLIM H3 KOTOPHIX siBJsieTcsi TpeboBaHHe
BBLIOYKJIOCTU. B HacTosimee BpeMs TeODPUs BEIIYKABIX GH-
Typ BbIpoc/a B 00JbIIYI0, aKTHBHO Pa3BUBAIOINYIOCH HAYKY
CO CBOMMH MeTOJAMH W CBOHCTBEHHOH TOJIBKO eH TeMaTH-
KOH 2); aHayeHHe 3TOH TEOPUH CHJIBHO BO3POCJIO H B CHIY

YY) Tak HaswiBaeTcs BuijenuBmasicss B XX Beke H3 T[EOMeTPHH
HayKa, XxapakTepH3yIoulascsl OPraHH4YecKHM CIHSHHEM MeTOJ0B H TOYeK -
3PEHMsS, HAYLIUX OT TEOMETPHH, ajiredOpr H MaTeMaTHUeCcKOTO aHaJjusa.

2) Tlo stoMy noBoay cM., wHanpumep, [27]—[30] wnim ku#mry:
JI. A, JliocrepHuK, Boinykame ¢urypm m Muororpannnku, M. Foc-
Texusnar, 1956, .



TOro, 4YTo Ha ee MeTOAAaX B 3HAYHTEJbHOH CTEMNEHH OCHOBAHH
JuckpeTnas eeomeTpus 1 KomOUHATOPHAS eeomeTpus (CM.
[Mpenucaosue). OTparkeHneM BO3POCUIETO 3HAUCHHA TEOPUH
BHUIYKABIX (DULYD ABAAETCA TO, YTO B OOJBUIHHCTBE CTPaH
Mipa NOHATHE BbIHyKJIOH (Qurypbl BXOAUT CeroJHsi B IUKOJb-
HBIY KYDPC MaTeMaTHKi !).

CaMbpiMH NPOCTBIMH (MJIOCKHMH) BLINYKJABIMH (QHTYpa-
MH SBJIAIOTCA BBHINYKJIbEe MHOTPOYTOALHUKHY, NpH
3TOM OYeHb BaKHOI SABJISETCHA BO3MONCHOCTH 3AMEHUTH NpO-
U3BOAbHYID NAOCKYIO 8binyrayio ¢ueypy F «cxoab yeoduno
Oauskum K Hetly binyKAoiM MiHO20ye0AbHUKOM M, Hanpu-
sep, snucaHHbIM B F. Ha ofcy:knenne cvbicla B3STOTO B
KABLIYKH BbIPAXKCHUA B H3BECTHOI Mepe HauesgeH LUK 3a-
pa4 1, B KOTOPOM, BIpoueM, 3TO 00CYyXKIeHue He JOBOAUTCA
A0 KOHLA; CTPOro JOKa3bizaeTcs u NoapolHO ofcyxaaercs
cpOpMYAHPOBAHHOE VTBEpHIeHIe, ckaxkem, B KHure [30]
HIH B crartbe [28]. Brimenenwoe kypcusom ¢soficTBO BHI-

NYKJIbIX MHOTOYTOJMBHHKOB MO3BOJMSIET CUHTATh HX, B KAKOM-
TO CMbICAe, «CAMBIMH TTaBHBIMH» (fIJIOCKHMH) BBINYKJ/IBIMH
(HrypaMH — OUEHb MHOTHEe CBOHCTBA RBUIYVKJIBIX MHOTO-
YrOJbHHKOB YIA4€TCA 3aTeM aBTOMATHYECKH [epeHecTH Ha
BCe BLINYKAbE (GHUTCYPH, OCHOBBIBASCH Ha 3TOH BO3MOK-
HOCTH «HPHGJAH3UTDY KaXKAYVI0 BBIUYKJAVIO QUIYPY BLITYK-
JILIMH MHOTFOYTOJLHHKAaMH. .2T0 00CTOATENLCTBO JeJjiaer Co-
O71a3HHTENLHON TONBITKY H3J0MKEHIS HEeKOTOpoll  yacTu
obuieli TeOPUH BHIIYKJALIX (PUIYD HA (TOCTYIMHOM H MPHBHIY-
HOM IDKOJbKUKaM!) YyDOBHE BBLINYK/JABIX MHOTOYTOJbLHHUKOB.
Hacrtodamuii cGopHuK 3a1au HH B KaKOll Mepe He HpeTeH-
LyeT, KOHeYHO, Ha pellellle cToAb obluell MeToanyeckoil 3a-
llaud; OAHAKO HaM XOYeTcd NOPEKOMEHXOBATb UHTATEAAM
IpOAYyMAaTh BONPOC O BO3MOMKHOCTH NE€PEHOCa TE€X WM HHBLIX
pe3y/bTaToB COOpaHHLIX B HHKiae 4 3a71a4 Ha (0POU3BOJIb-
Hble!) TUIOCKHE BBIMYKJIble (BUIYPDI.

3Be3n0UKaMH B HacTOAIEH KHHre OTMEyeHH! Te 3a71auyH,
KOTOpble HaM KaxKyTca 0oJee TPYAHBIMH, a ABYyMf 3Be3A04-
KaMH — caMble TpyAHBIe 3ajaud. Bce cojpep:KaHHe KHHIH
pas3buto Ha Tpu uacTH. IlepByio U3 HUX COCTABASIOT YCA08UA
sada4. [Ipeanonaraercs, uro 4uTaTejdb HAYHET C MOMBITKH
CaMOCTOATeNbHOTO pelleHus. 3ajfayd. Ecaun 310 eMy ue
YAACTCA, TO OH MOXKeT 3aTJfHYTh B KOHell KHUTH, rie codpa-

1) Cwm., uanpumep, A, H. Koamoropos, A. &. Cemenonugy,
. D Haru6HH P. C. Uepracos, [eomerpun, 6 k1, M, «IIpo-
cpemenner, 1972, m. 39 § 1 ra. II; . Mous, O, Ilayﬂc I’eowerpm,
M., «Ipocsewmenue», 1972, § 4 ra. 3,
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Hbl OTGETbl WAN YKA3AHUs K PelleHuIo, ¢ TeM, uyTolObl Aanee
npoA0/KATh AyMaTh Haj peileHHeM 3aiayd. Bropyio yactb
KHHTH COCTaBJSIIOT peulenua 5a0a4; ux CJAefyeTr YRTaThb JHID
noc/e TOro, Kak 3ajauy yAa/loch pewlnTb camomy (160
cpaBHeHHe HaHJAeHHOTO pellleHHs C NPHBEJEHHBIMH B KHHIe
MOJKeT OKa3aThCs NMOYUHTeJbHBIM) HJH ecJH 3ajada OYeHb
VK JOJTO He NOAJAaeTcs pelnenulo. Bnpouem, B cayuae 3a-
J,a4, HOMepa KOTODPHIX IIOMEeUeHp! 3BE30UKOfl, Wi — Tem Oo-
aee! — IByMst 3Be3OUKaMH, 3TOT NOPAAOK paboThl MOXKeT
ObITb N H3MeHeH: 3/leCb He 3a30pHO HayaTh NONLITKY pelle-
HHS 3aJa4d Cpa3y C O3HAKOMJEHHS C NPHBEJCHHBIM B KOHLE
KHUTH «yKa3aHnueMy, HJH JaKe NPOCTO 03HAKOMHUTbCA C NPH-
BeJeHHbIM BO BTOPOH UaCTH KHHTH «pelleHHeM», paccMaTpH-
BAasl COOTBETCTBYIOWIHI TEKCT KaK BK/JIOUEHHYIO B HACTOSLLUA
3aJ1aUHUK <TEOPHIOY.

K KHHre DpuJOXKEeH MOBOJBHO 00CTOATENLHBIT CIHCOK
JUTEpPaTyphl (He NpeTeHAYIOUIHIl, BOpodeM, Ha IMOJHOTY H
He HCUepNbIBAIONIHN BCe HCHOOJb30BAHHBIE COCTABUTEJIEM
HCTOUHHKH), HACTOJAbKO NOApPOOHLIl, 4To ero o6beM Halo,
BHJYMO, CHENHaJbHO - apryMmeHTHpoBaTth. Ileppas wactp
"CIIHCKA aJpecoBaHA UHTATeN10, 3aHHTEPECOBaBLIEMYCs He
KaKoil-1u60 KOHKPETHON 3ajnauell M3 YHCIa COOpaHHbLIX B
nacrosileM cGopuuKe, a BCeM TeM HampasJeHHEM, KOTO-
poe 3TOT cOOpHHUK NpeacTaBaseT. B 3710l uactu Oub.auorpa-
N pepeuncaIed pPs KHAD M craTeil (B NOXaBJISIONIEM
GOoJbLIMHCTRE CBOEM BMOJHE JAOCTYIHLIX HavHHawleMmy
MaTeMaTHKY), VAeJsIOHX MHOrO Mecta TeMmarTHke, OJu3-
KOH K TOH, KOTOpOil NocBsmieHa Hactosasd kuura. Has
yIoOCTBa uuTaTesell 3Ta 4aCTh CIHCKA JHTEPaTyphl HMeeT
JNOIOJHUTEIRHYIO pyOpHKALHIO ¥ Ha3BaHHBIE B Hejl KHUIH H
CTaThd MHOTAA CONPOBOKIAIOTCS KPATKHMM aHHOTALHAMY,
XapaKTepH3VIOUIHMH HX coxepskanpe. OJHaKo OCHOBHYIO
YacTb CIHCKA JHTEPaTyphl COCTABJAET ero BTOpAas uacTb,
cojep:kailas nepeyedb paboT, HeNOCPeACTBEHHO CBA3aH-
HBIX ¢ cOOpaHHBIMH 37ech 3axadaMi; 3TH paGoTn pasbHTH
Ha 10ecTh TIpynm, OTBEYAIOWHX INeCTH LHKJIaM 3ajau,
Bropoit pasgen 6uGauorpaduueckoro cnucka ofpalleH
B NepBYIO Ouepelb He K yualleMycs, a K MNPEnoaaBaTedio,
noxkeaaBUleMy HCIOJb30BaTh 3Ty KHHTY B cBoell padore.
Elwe onna Kateropus Jull, Ha KOTOPBIX paccuutad o6CTOS-
TeJBHBIl CNMUCOK JHUTEPaTYpHl, — 3TO T€ UHTATE]H, KOTOphe
noxeJgannd O6bl HCNpoGOBATh CBOH CHABl B MONBITKE CAMOCTOS-
TeJbHOHN HCcefoBaTe bCKol paborel B_.ofsaactu KoMOuHa-
TopHOH reomerpun. Xouercss o6paTuTh BHHMaHHe HA TO, YTO
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«KJaccHyeckas» ajJeMeHTapHas reoMeTpHsi JOCTHIJIa CBOEro
HACTOSILIEr0 pa3BUTUS B NePBYIC ouepelb 6.aroaaps ycH-
JIUAM JHi, He IPUUUHCASIBIUNX cefs K upodeccuonataM-mare-
Matukam, — 6oJiee BCEro YCHAHSAM MHOrOUYHCJAEHHbBIX [UKO/b-
HBIX yuuTeJell B pasHbiX cTpaHax mupa. Hawm kaxercs, uto n
KOMOHHATOPHASL TeOMETPHs, KOTOpas CMeno MOXKeT Mpe-
TEHJ0BATh Ha MNOJOXKeHHe <<3JI€M€HTapHOﬁ reoMeTpHy Ha-
WX AHell», B COCTOAHUHM 3aJOXHTb (yHAAMEHT [Jist cAMO-
CTOATENbHOIO HayyHOTO TBOPYECTBAa MHOTHX JmoGHTesei
MaTEMaTHKH, HAaunHash C Y4allWxca cpenHell WIKOIbI — u
IIPU COCTABJEHHH HACTOSIIEH KHUI'H Mbl XOTeJIH AaTh HAUH-
HAOWIHM MaTeMaThkaMm MaTtepHas AJd HX HCCICAOBATeAb-
CKOH paboThl.

Cnucox 3ajau,
npeASaraBuiuxcd Ha MaTeMaTHUYeCKUX OJUMIHaAAX

Mtuorne u3 cofpaHHBX B HACTOALIEM COOp:IHKe 3327134 B
pasHble rOAblI Npeaarajich Ha MOCKOBCKHX, BCECOIO3HBIX,
MEMAYHAPOAHBIX H JIPYLHX ILIKOJBHBIX MaTeMaTHUeCKHX
onuMnuagax (0 MOpsiiKe NMpOBedeHH KOTOpux cM. [4], a
taxkKe kuury [11] u [12], cnenyansbio NOCBSIIEHHBIE MOCKOB-
CKHM H MEeXAYHAPOIHLIM OHIMNHAZaM); HHKeCJedyiolias
tabanna (He mpeTexaylouiasi Ha aOCOMIOTHYIO HOJHOTY) CO-
ACPKUT HOMepa 3THX 3ajAad:

Oanmnnana HoMepa 3azau
Mockosckad, I Typ 2, 14, 23, 24, 25a)—G), 26a),
45 a)—6), 47, 79 a), 97 6)
Mockosckasn, II typ 36), 10, 11, 15 a)—6), 19, 21, 33a),

35, 45 B), 51,a)—6), 52 a), 57 a).
58, 646), 67 6), 95a). 106

Bcepoccufickan i 80

Bcecowasnasn 16, 18 a), 48, 54 a), 55 a)
Mex pynaponuas 38 a), 87a)

Bcecoosnast saounas 40, 119

Bpuranckaa 81, 946), 12006)

Beurepexan (uM. . Kwopmaxa) | 3a), 4, 26 s)

Tpu atom sazauu 36), 10, 14, 152a), 16, 23, 24, 26 a),
33 a), 458), 46a), 57a), 58, 79a) u 976) npemnaranuch
yuamuMesl 7-x uad 8-X KaAaccoB, a OCTa/bHble — ydalliMCs
cTapliux KJaaccos.



SALAYHU

1. OILEHKHW PACCTOSHUMH

B s1oM wuefoavilioM HHKJe colpaHbl 3afadd, CBA3AHHEIE € OLe¥-
KaMH paccToanufi MEKAY Toukamu unau mexknay durypamu. Ienrpans-
HBIMH 37€Ch, BHAHMMO, cjelyeT CUATaThb HeECJOKHble 3agaun 6—I10, mo-
CBALIEHHDbIE BaXKHOMY MNOHATHIO paccTosxus mencly Osyma gueypamu
(nampumep, Mexay aByMs auHEsMHM) Dy u D (cp. § 4 xuurn [29] nan
n 2.4 cratbu [28]). OTHOCHTE bHO OGHIErO TOHATHSA PACCTOSIHHA MEMXKIY
aByMsa oObektamMH X H Y, KoTtophle MOTYT OBITb caMOll pasHOll NpH-
poinl, cM., Hanpumep, 10. A. Wl pe i xep [38].

1. B nmpocrpaHcTBe naHnt nBa tpeyroabhuka ASBC
AB\C,. loxkaxnTe, uTO0 HanbOJbIIHM H3 BCEX PACCTOSHHI
MM, tne M= ABC1Y), a M, & AB\Cy, asasercss camblii
Gonbion u3 mepatw orpeskos AA,, AB,, AC,, BA, BB,
BC], CAl, CB] n CC[

2. B npoctpaHnctBe naunl Asa orpeska AB u 4By Ho-
KaXKHTe, YTO PaCCTOsiHHEe MexJAy ux cepennnamu M u M
He NPEeBOCXOAUT NOAYCYyMMbl paccrosiuuil AA, u BBy mexny
KOHLlaM{ OTPe3KOB M He MeHbine (aGCOJMIOTHON BEJUUHHDL)
noJypassoctd paccrosiiuiit AA; u BB,.

B xkakoMm cayuae MM,=%(AA1—|—BBI)? A xorza

MM, =+| A/, — BB, |?

3. B mpocrpancree naun asa orpeska AC u BD pannn 1.
Hokaxure, uro:
a) xorb ofHO u3 paccrosuuit AB, BC, CD n DA He
2
MeHblle 1—2—;

6) ecau orpesxku AC u BD nepecexalorcs, T0 X0Tb OAHO
u3 paccrosiuuilt AB, BC, CD u DA ne Goabue V_;-;

1) To ectb Touka M mnpuuaznexut rpeyroasuuky ABC; Tpeyro.b-
HHK 371€Ch MOHHMAETCS KaK 4aCTo MAOCKOCTU, OFPANMUCHHAs OTPE3KaMi
AB, BC u CA.
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B) ecaun orpesku AC u BD jexar B OQHOH MJIOCKOCTH,
HO He mepeceKaloTcs, TO XOTb OAHO U3 paccreanuil AB, BC,
CD u DA 6onbue 1.

4, Tlycts BRINYKJIBIN 4eThipexyronbHyx ABCD Takos,
g0 AC + CD = AB + BD. [loxaxute, 4TO ‘B 3TOM CJYy-
yae BepmiuHa A YeTHIPeXyroJibHHKa pacro/oxeHa OauKe K
pepuinHe B, uem k Bepmute C.

CoxpaHsgeT JH CHJY YTBepKJeHue HacTOsiuiefl 3aAaudy,
ecti JeTblpexyroabHHx ABCD ue BbIyKabI?

5. Ha niockoctu mauw uersipe touku A, B, C u D. [Ho-
Ka:KuTe, 4To! .

a) ecaum Toukdu B n C npunaanexar orpe3xy AD u cum-
METPHYHbl OTHOCHTEJNLHO CepefHHBl S 3TOr0 OTpe3Ka, TO
cymma paccrosHuil jio6oit Toukn M naockoct ot Touek A
i D He MeHbUIe CYMMBl PacCTOAHUI TOfl Ke TOYKH OT TOYEK
BuC

6) obpaTHO, €CAH cymMMa paccrosuuii qwoboft touku M
niaockecTd OT touex A u D He MeHbLIe CYMMBI PacCTOAHHUM
TOA e Touku OT Toyex B u C, 1o Touku B u C npuHan-
Jgexar orpesky AD W CHMMETPHUYHBI OTHOCHTEILHO Ceped-
Hbl S 3TOTO OTpe3Ka.

6. a) Panuycnl aByx okpy:KHocTefi' Sy U S pasHbi 71 H
ra, a paccrosHHe MexAy uxX ueHtpamu O; u Op pasuo d.
Uemy paBHO HaWMeHbLlee pacCTOsIHUE MEX1y TOUKaMu
oKpyxHocTell? YeMy paBHO Haubogblliee paccTOAHHE MeEKAY
HX TOYKaM#?

6) OtBetnTe Ha TOT Xe Bonpoc C 3aMeHOH OKPYKHOCTeH
St 1 S OorpaHHYCHHBLIMH STHMH OKDYXKHOCTAMH KPyraMu

- Ki 1 K.

flcio, uTo HHM HauboJblIee DACCTOSHHWE MeXKAYy TOouKaMH ABYX (-
ryp, HH HAHMEHLLIEE H3 3THX DACCTOSAHHA e XapaKTepH3yloT GJaH30CTh
caMux GQHUrYDp ADYr K APYry: TaK, Ha puc. 1,a duryps Fy n Fa pazexu
olna OT JIPyrofi, a HauMeHbllee paccTosiiHe AB MemxAYy HX TOUKaMH
mano; na puc. 1,6 amuum Ly n L, noutw coBmaxaior, a Handogbliee
paccrossine MN wmeXay HxX ToukamH Beauko. l'opasjio aydue xapak-
TepU3yeT B3aHMHOe pacroJgoxeHne xsyx duryp ®y u D; cieayiomas
Beanuuna. Has xaxipol tTouku A Quryper @y nafizeMm caMyo 6aH3-
Kylo K Helt Touky B ¢urype @, (puc. 2); nanee OTPENeHM K a H-
6oabmee paccrosuue AgBe M3 Bcex TakHx paccrosHuit AB. 9o
paccrosune AoBo HaswmiBaeTCs paccrofnuem OT qbueypbz ®y Jo puey-
pot Oy 1 o6o3Havaercst uepes p (D, Oy).

BesidunHbl, CTpPOEHHE KOTOPLIX CXOMHO CO CTDOCHHEM BeNHUHHLL
(D, @2), BCcTpeuaroTcss B coBpeMeHHOH (0cOoGeHHO NPHK/IAZHON) Ma-
TeMaTHKE JOBOJBLHO YacTo; MOITOMY Ha Hpollecce oGpa30BaHHA YHCaAA
(@, ®3) yMeCTHO OCTaHOBUTbCA GoJlee noapoéﬂo. Haunt6oabmee
U3 KaKoro-To Muomecrsa gucen M = {a,b,¢,...} (B Jurypusx cxo-
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Kax BBbIIHCaHbl YHCJa PacCMaTPHBAEMOrO MHOXECTBA) 4acTo 0603Ha«
4yaeTcs CHMBOJIOM

_ max [aq, b, ¢, ...] 1031 max x;
xeM

afech OykBH max o0pasyloT COKpalieHue JATHHCKOrO CJOBa maxi-
mum— «nanfoaelnnii», a 3annuch X & M uHTaeTcs TaK: <«UHCAO X

Puc. 1.

NPHHAANERUT MIOKECTBY M», HWIM «X¥ — KAaK0Oe-TO HHCJIO W3 MiOMKe-
c¢tBa  M» (& — TeOPeTHKO-MHOXKECTBEHHHH  311aK  NPHHALICKIOCTH
o6beKTa 3ajaHHOIl COBOKYNHOCTH, HJAH MHOMKe-

CTBY, 2JEMEHTOB). AHaJOTHUHO 3TOMY Ha H- Ag
MeHbUlee U3 UHCeN TOFO JKe MHOMKECTBA @
M= {a, b, c,...}obosnayaercs Tak: - f£a ! g
. . T Q
min [a, b, ¢, ...] HJIH min x, T HH
xeM £ 5 HH
. P2 —
rae min ecTb COKpalleHHe JIAaTHHCKOTO ¢J0Ba t >
minimum — «HanMeHsmui», Buillle Mpl BUAETH; \ t 4
YTO BeJHYHHEL XS —
min AA, u max A4, )
A=, A,=d, AEeD, A=, Puc. 2.

(mepBas 3amuch YMTaeTcst Tak: «HauMeHbluee u3 paccrosuuil Aida, rie
Touka A; npuHagiexur ¢urype @, a touxa Az — durype Op»; anas
JIOTHUHBIA CMEICT HMeeT M BTOpAas 3alHCh) ABJAKTCA Mano yAauHbIMH
XapakTepHCTHKaM# OTKaonenus ¢uryper @ ot ourypst @, Topasno
Jyulle MOAXOANT XA 3Toli neau Beaumuuna p{(Dg, @2), KoTOpas onpes
JeasieTcd Tak: CHadajda Mbl, (UKCHPOBAB Kaxylo-1H60 Touky A (KOTO4
pas B nHanbmeiiem Gyner cuuTathes mnpHHajaexauled ¢urype @y),
.o6pa3yeM
min AB,

Be®,

T. ‘e, MHBMMYM BceX paccrosnuii AB, rge B -—nponsBoibHas ToUKa
durypu @,; nosyuennylo Beaudumy ofosnauaior cuMmsoiom p(A, D2)
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W 4acTO HAa3bBAOT paccrofruem ot Touku A do gueyper @2 1), 3atem
HILETCS BeMHUHHA

max min AB (uan touHee, max ( min AB)),
A=®,, B= D, A=®, B=d,

T. €. MAKCHMYM BCeBO3MOJKHBIX BE/HYHH Bmi(r{x) AB, noayuennpii B
E Dy .
npennonoxentn, 4yTo A npoferaer Bce Touku uryper @g; 3TOT «Max-
CHMYM BCEX MIHHMYMOB» H obosiauaerca uepes p(Dy, @).
Brioc/sieACTBHM B 3TOIl KHMIE MBI €IIC He pa3 BCTPETHMCH C BeJH-
ypHaMH, OOpPA30BARHBIMH  aHAnOrHuNUbLIM  oGpasoM  (cp., Haupumep,
cTp. 24 nan 35).

OcTanopnMcst, HAKOHEH, elie Ha ONHQM MOMEHTE, XOTA M HeCylme-
CTBEHHOM JJf 3agauy 3TOr0 LHUKJIA, HO 3aCAyKHBAIOIIEM BHHMAHUS
C TOUKH 3peHHs 00CYH(AacMbIX B TOCAENYOIHX IHKJIax npobxem, Ilon
¢huieypoll Mbl TOHUMAEM NPOU3BOALHOE MHONKECTBO TOUEK; HO NPH 3TOM,
CKaMeM, yxXe Bmir:p AB, ripe A-—kakas-10 (QUKCHPOBAHHAS TOUKA

(=

niockocetd, a @ — (myIockas) ¢uUrypa, BHOJHE MOXKET H HE CYuecrso-
sarb. B camom pene, mycTb K — ckax<eM, MHOXKECTBO BCEX BHYT-
peHHHX Touek Kpyra ¢ uentpom O u paanycoM r (T. e. TAKHX TO-
wek M, uto OM <Cr; npu s3ToM Toukx N orpaHuHBaoIlefi Ham Kpyr

OKPYIKHOCTH X, st koTopuix ON =r, mn Kk K wue npuuucasnesm), a
A — Buemnss [10 OTHOWIEHMIO K Kpyry TOYKa, B TakKOM claydae

Ar/lnin AM  ne cymecrsyer, u6o ecau No-— (mepBasi) ToYKa Tmepece-
=K

yeuust ayda AQ ¢ oxpyxkuoctelo X (puc.. 3), 70 nas Beex MeK
uveem AM > AN,, Ho cpenu touek M =K Hafifyres Taxkue, AJAsS KO-
Topeix AM cxoab yronuno 6auszko k ANy B cayuae, xorga

1) BcnomuuTe, HampHMep, M3BEeCTHOe OIpejejcHHe PaccTOSHHA OT
Touk# A IO mpAMOfl @ Kak AJuHB ¢ NEPNeHAHKYAIpa, ONYWEHHOro n3
A ua a; sicuo, 10 d = p(4, a),

16



min AB  me cymectsyer, paccrosiune p(4,®) or A go @ onpene-
Bed

NS0T KaK (TOUHYIO) HUNCHION 2panb, WIH uxgumym') jpnuu Bcex oOT-
peskon AB, rpe B = O

p (4, ® = inf AB;
B=®

npu sToM BesmunHa §= inf x, rae X — HexoTOpOE MHOXKECTBO wyucen,
EE=D.

onpeneasiercss M3 ycaoBHI: x 2= § s Becex x & X, CyIIECTBYIOT

x=X, ckoas yroxzuo Gau3xHe K { (Tak uro ec/d min x
xe X

cymectyer, 10 inf x= min x). TouHo Tak ke B Tex cayyasx, KO-
xe=X xeX -
sa me cymecrsyer max o (A, @), uwacto ynoGHO paccMaTpHBATh
A=d,
(rounyro) esepxuioio epanb, uan cynpemym?) pennuun p (A, ©g), rae
Aes (D1Z

o (@, 0y) = sup p(A4, )= sup inf AB;
A=, A=s®, Be®,

NpH 3TOM SUP y ONpejeasieTcsi KaK TAKOe 4HCI0 1), YT0 y << N AJIA
ysY

BceX ye& Y, HO pasHOCTL N ~—Y, TAe ye& Y, MOMeT ObTh CKOMb
yroauo maaoi Ilpu stom, ecau onpenenutsb paccroanue p(®;, O:)
oT ¢urypet @y g0 Gurypsl Os Takx:

p (0, )= sup inf AB,
A=®, Be®,

TO, CKaeM, PacCTOSIHHE MeKAY BHYTPEHHOCTAMH IBYX KDPyros He Oy-
JeT OTJHYaTbCS OT PACCTOSIHHS MEXKAY CaMHMIH KpyraMmu.

7\ a) Ilyets Ty u Ty — KOHTYPH JABYX Napas/enbHO
PAaCIONOXKEHHBIX Ha MJIOCKOCTH DPaBHOCTOPOHHHX TPeyroJib-
HHKOB C OOIUHM LEHTPOM H CO CTOPOHAMH, COOTBETCTBEHHO
paBHbiMu | u 2. Uemy pasHo paccroauue p(7y, T2) ot Ty
no T»? Uemy pasuo paccrosiuue p(7Ts, Ti) ot Ty no T?

6) Ilycte Ky 1 Kz — KOHTYpPBI OBYX NapaJjiesbHO paco-
JIOXKEHHBIX Ky6oB ¢ oOWHM UeHTpPOM H c pebpamn 1 u 2.
Yemy paBHo paccrosinue p (K, Kp) ot Ky 10 K,? Uemy paBHO
paccrosinue p (K, K;) ot K o K;?

W3 pesyabTatoB 3amaum 7 BLITEKaeT, 4TO ONpeJesieHHOE BHILIE Pac-
CTOSIHHE OT OAHOK (HILYPH [0 ADPYrOf He CUMMETPUUHO. PACCTOSIHEE
p (@, ®2) ot durypsr @) no urypsl My MOXKET ¥ He PAaBHATHCH
pacctosiHuio p(@z, @) or durypn Dy 10 Qurypu ®,. Oanako 31O
«pacCTOsSIHUE» YZOBJCTBOPAET [LPYTOMY BaKHOMY CBOHCTBY OOLIYHLIX
paccrosiHmii.

1) infimum — no-naTHHA Hu3Wee.
2) supremum — HO-JATHIHY 8blCULEE.
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8. Tycts @y, O u @y — TpH IPOH3BOJILHBIE uryphL
a) JlokakHte,uTo cyMMa paccrosHud or @y no ®; u
ot My no ®; He MmeHbie paccrosiiust or @y go DOj:

0 (D, ©y) + p (D, D) =0 (D, D).

6) MoxKeT a4 HMeTb MeCTO HEepaBeHCTBO
0 (D1, @) + p (D, Dy) < p (D3, D)?

Wirorpa oxashiBaeTca yaofHee XapakTepH3oBaTh oTKAcneune ¢u-
rypei - @y or ¢urypsl Oy Hauboavwius 43 OnpeleNeHHpIX paiee pac-’
crosaduil o7 @y do @2 u or By do @y Tloayuennass TakuM 00pazOM
BeJHMHEA HA3BIBACTCH paccrosnuem meoe Oy queypamy ®y u Oz u
oBGosnauaercs uepe3 P(d,, ®2); Takum obpazom:

P (D, ®,) = max [p (Dy, ©y), p (B, D).

dcno, uto paccroaune P(®y, @2) yxe cummerpuuno: pis moGLIX
asyx ¢uryp @y n @Oy scerna v
p ((I)li (DZ) =P ((DZ! (DI)'

Kpome Toro, P(®Dy, ®;)=0 B ToM cayuae, korza ¢urypsl @ n @2
coBnanamnTtt).

9. a) Ilycts Si— oxpyxHOCTh ¢ ueHrpom Op M pajany-
cOM ry, S3— OKpPYKHOCTH ¢ ueHTpoM Uy M pajguycoOM fz;
paccrosiiue O OZ Mexny nentpaMu S; U Sy 0003HAUUM ue-
pes d. Uemy paBuo paccrosinie p(Sy, S2) OT OKpY)KHOCTH Sy
0o OKpymHocTH S; U paccrosiiue P (S, Sp) Mexay 3THMH
JABYMs OKPYXKHOCTAMU?

6) HMsmeusiTca auM paccMaTpHBaeMble PacCTOSHUS IpH
3aMeHe oxpyxHoctell S; u Sy kpyramu K| u K,, orpanuues-
HBIMH 3TUMH OKPYKHOCTAMHE?

B) Ilycrs @y, @y, @3 — Tpu durypul. Joxakure, 4TO
cyMMa paccTofinil memay ®; u My u mMexay @ n Oz ne
MeHpllle paccroanug mexay @ n Dz

P (D, @) + P(D;, ©3) =P (D), Dy).

10. Ha aucrte Gymary nocrapiena kaaxca. Jas xaxnof
HyTpeHHel ToukH A KJISKCH HaX0AuM OJAHXKXaHmylo K
et ToOuky B orpasuuuBawmollell KJIAKCY JHHUH, 34aTE€M H3
BCEX MNOJYUYEHHBIX TakuM '06pasoM (IJs pasHbIX TOYEK

1) Wi «moyTH coBmanawmoTs — Tak, HAOpHUMeEp, PaBHO HYJO pacs
CTOsIHNE MeRAY OKPYMHOCTBIO S M TOfl e caMOfi OKpyxkHoCTbio S’
€ 0AHOH «BLIKOJIOTOH» (T. €. HCKJIOMEHHOH M3 paccMOTpenns) TOUKoOH.

[Tlo noBoay ewe oaHOro omnpeleseHus pacCTOSHHA MeXAy (mno-
CKHMH) ¢HrypaMy (Tak Ha3LIBAEMOE «CHMMETPHYHOE paccTOsIHHE») CM,
HHKe, CTP. 4]
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kag9Kchl) paccrosHuil AB BpiGupaem camoe GoJgblioe pac-
crosine A B). AHaJIOTHYHO [JIft KAXAO BHYTpeHHEl TOUKH
A KJIAKCHL MBI HAXOAUM U CaMylo nanekyio or A Tou-
KY C orpanuuuBaoulell KJASIKCY JIMHHM;, 3aT€M H3 BCEBO3-
MOKHBIX (06pa3oBaHHLIX I/ BCeX TOYEK KJAKCH) pac-
crosinufl AC maxoaum caMoe MaJgeHbkoe paccrosuue Ay;Ca.

a) Kakoe us paccrosuuit Goaswme: A8y uan AyCs?

6) Moxer nu wmyerb Mecto paseHcTBO A By = A,Cy?
Ecau MOXKET, TO AJ4 KJAAKChl KAKOH (opmbi?

Pazymeercs, sagaue 10 moxuo mpuiaate ejeiviomyio dopmy. Has
Kkaxaofi BuyTpeHHe# TouxH A naockoit Gurypsl @ («KJIAKCHI») HAXOAHM
Ty H3 Touex orpaunnumsaiomieil @ anuum 1, Kortopad HaHKe BCeTO
k A; paccrosiue AB ot A g0 3710#t Touku B auHpu I' oGo3davaes uepes -
n(A), a ran6oavbwee u3 sBeex paccroanuit AB = u(A4), obpaso-
BalHblX MM  BCeX BIHYTpeHEHX Touek urypst @ — ppocto uepes
p (= AB;). Auanoruuio stomy nycth v(4) = AC — paccrosune ot A
ro camoft nanekofl or A Touku C amnuu I, a v = A,C; —wau-
Memnbliee u3 peex paccrosnuit v(A4), ofpasopaiHblx AJs BCEX TO-
yek A = @,

Taxkwm oGpasom, comepmanne 3agaun 10 cocraBiser cpaBHeHHE
IBYX BEJHUYHH 1) :
p= max u (A) = max min AB u v= min v (4)= mia max AC

Aes Asd BT A=D Asd® C=T

(cp. Boile, crp. 16).

11. Paccrosius ot Herotopoit touku M go sepunn A
u B pasHocroponHero tpeyroibHuka ABC pasubn MA =
n MB = 3. Uemy moxeT paBHsTbcA paccrossane MC ot
Toukd M 10 TpeTbeil BeplUHHL! TPEYTOJbHHKAP

12. Ilycte Ay, As ..., Ao — Kakue yroguo 1000 To-
YeK IJ0CKOCTH. [loKauTe, YTO Ha M0OCH OKPYIKHOCTH pa-
Anyca | Hafizercs Touka M, cymMMa paccTosiiil OT KOTO-

poit 1o Touek Ay, As, ..., Ayp He MeHbiie 1000.
13*. Ha nnocxoctu gana gaomanasa A4, ... A, Ta-
Kasl, 4To

AA = A A=A A= ... = A4, =1
u
60°<C £ A4 A, <K £ A A A <K £ AAA ...
oKL Anp A Ay 120

1) . Tounee agech G0 Gbl MUCATD

p== sup inf AB u v= inf sup AC
A=® BeT Aes® C=l

(cp. co ckasaunpM Ha cTp. 17). -
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NpH 3TOM KaXKJble 1Ba 3BEHA JIOMAHOMH, cOCe/lHHe € OHHM
H TEM Ke 3BeHOM, PachoJOKeHbl M0 ONHY CTOPOHY OT Hero
(puc. 4). Jloxazxute, 4T0, KAKOBO Obl HU ObIIO YHCJAO 1, pac-
' crosinne AgA, HHKOTAZ HE npes3oil-
et 3. . )
14. Ha niockocT# naHbl 1B€ TOYKH
A n B, paccTosiHHe MEXIY KOTODPBIMH
pasHo d. IToctpoiiTe kBanpar, Ha rpa-
Hillle KOTOPOTO JIeXaT 3TH TOUKH, TaK,
uTOOBl CYMMa pacCTOSIHHEA OT TOukH A
IO BEepLUINH KBajJpaTta Obiia HauMeHb-
weil #3 BO3MOXKHBIX. UeMy paBHa 3Ta
cyMMar?
15. Uepes onny touky O mnpoxo-
Puc. 4. JST yeTblpe npamule [y, Iy, I3 1 1y (npsa-
Mble 3aHyMepOBaHBI B MNOpPAJKE Bpa-
[LIeHHS YacoBOil CTpesnKH; ¢M. pHc. D). Hepes npou3BOIbHYIO
touky A, npsiMoit /; nposefena npauasa AAq |l [y a0 nepece-
uenust ¢ Iy B Touke Ag; ue- z
/ ¢

Ay

pes Touky A, mposeseHa
npsimast  ApAsllly no mepe-
ceueHns ¢ I3 B Touke As; ue-
pes touky A; nposenexa
npsmas AzA;llly no mepe- L
ceueHus ¢ /4 B Touke Ay ue-
pes A, mposejleHa mpsimas
ABll; no nepeceuenns c
[; B Touke B.

a) Jlokaxure, uTo

OB < 04,

Puc. 5.

1
6) [oxaxure, uto, Gojee TOrO, BCeraa OB<T OA,.
Moker au 6LITh yayullleHa M 3Ta NOCJAeAHAA OLEHKA?

2. OUEHKHU YI'JIOB

LenTpanbioe MeCTO B 3TOM HHKJE 3aJay 3aHUMAIOT TECHO CBHA3al-
Hble MeXAy co0of 3azaun 25—32, uauAHAIOIHECST CO CPABHHTEJLIIO
‘IPOCTHIX BOMPOCOB H OBICTPO INPHBOAAIIHE K BeCbMa CJOMKHBIM 3a1a-
YaM HJIM K npo6aeMam, KOTOPHIE CErOJHs He yMeeT pellHTh Hukto. IIpn
3TOM HeKOTOpble H3 He peLIeHHBIX [0 CHX TOp 3ajay, CBI3aHHHX
C OLEHKaMHM YIJOB, MOTYT OKa3aTbCAd H HE OYCHb TPYAHLIMH, U MBI PEKO-
MEHIAYEeM YHUTATENIO MOCTAPATBCA CaMOCTOSATENBHO OTBETHTb Ha Te€ HJH
VHbI€ U3 NOCTABJCHHBIX HMXKE M He HMEIOIMX [OKa OTBETOB BONPOCOB
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HAH caMOMY cOPMYAHPOBATh HOBLIE 3ajzadi, POJACTBeHHBIE COGPAHHLIM
31ecCh.

Ilpu peurenuy 3ajgay 3TOFO 1WIKJA CJAejyeT HMETb B BHAY onpe-
NeJEHHOE <«XOBAPCTBO» pacCcMaTpHBAeMOl B HEM NPO6JeMaTHKH: 31eCh
COBCEM NPOCTHIE N0 YCJAOBLUIO 3adayd CIJIOLUIL H PSIIOM OKAa3hIBAOTCA
RECbMA HEJETKMMH, NpHueM CJI0KHOCTh ABYX, Kasajoch Obl, BecbMa
CXOJKHX 33/ad 3auactylo sBjsieTcss coBceM pasHoi. Tak, B TO BpeMs
KaK 3ajgaia 25T) ABAdETCS CPaBHUTELHO MPOCTOH, B TOYHOCTH aHauo-
ruunas eff 3aj1a4a o0 ouenke HauG6oaAbIero u3 o0pasoBaHHLIX /1
TOUKAMH YIVIOB [0 CHX [0p He peIlcHa, XOTs €€ NhiTadlCh pelHTh
MHOTHe H3BECTible MAaTeMAaTHKH; NMOA0GHO STOMY H3 ABYX BechMa /M3«
KX 1Mo dopMyaupoBke 3amau 32 u 34 (cp. CKazaHHOE 1O TOMY HOBOLY
Ha CcTp. 33) BTOpas pewlaeTcsl COBCEM JIETKO, a Neppast sABlsercs O/4-
Hoft M3 TpyaHelnux Bo Bcell Kunure., [loyuuTaJbHO TaKkiKe conocrabde-
nne 3agay 31 a) u 32a) ¢ X cTepeoMeTpuueck¥MH anajgoramu 31 6) o
32 6) (uam jaxe cpaBHeHHe COBCeM MpOCTOR 3ajaud 33a) ¢ 3anaucih
33 6)), wuamocTpUpyiollee TUIIHYHOE [AJ8 KOMOHHATOPHOH reoMeTpHi
pe3koe Bo3pacTtallde TPYIHOCTEHl NpH nepexone OTF IJIAHHMETPHUECKHX
npofjeM K CTePeOMETPHUSCKHM HJH «MHOTOMepHBIM» (Cp. €O cKa3sat-
HHIM Ha cTP. 33 B cBs3# ¢ 3anavefi 32).

16. Cemuyroapaur A1AA434,A5;A6A; Brincan B OKPyXK-
HOCTh. JlOKAaXKHTe, UTO €CJH LUEHTP 3ITOH OKPYKHOCTH Je-
JKHT BHYTPH CEMHYTOJLHHKA, TO CyMMa YTJIOB NMPH BEpIUH-
Hax Ay, As 1 As Menbiue 450°.

17. Ilycte M — npousposbHas TOUKa, Jexallas BHYTPH
NpaBHABHOrO n-yrosaeHuka. Jlokamwurte, 4to HaflAyTcs ABe
TakHe BeplWHHbl A U B n-yroibHuka, uto

(1—-—) 180° <</ AMB < 180°.

18. B octpoyroasuom Ttpeyroashuke ABC Guccextpuca
AD, menuana BM u Bwicora CH mnepecekaiorcsi B OJHOH
TOUKE.

a) Hoxaxure, uro yroa A TpeyrosbHuka Goabiie 45°

6) VYxaxure Bce 3HaueHWs, KOTOpble MOxer uMmers ZA
NIPH BLUIOMHEHHH VCJAOBHH 3aJaud.

19. Kakne 3HaueHusd MOMKET HUMETb YIoJ, TOJ KOTOPBIM
NHaroHa/nb Ky6a BHAHA M3 TOYKH €ro IOBEPXHOCTH (KOHUH
JHaroHaJ Il HCKAOYAIOTCS M3 PACCMOTPEHHUS)?

20. B xoablie, orpaHUYeHHOM KOHUEHTPUUYECKHMH OK-
pyKHOCTIMH pajguycoB R u r ¢ ueHtpoM O, B3ATHl HABE
touky A u B; paccrosaue AB pasuo 1. Kakoe HaumMeHbliee
3HayeHyue MoxKer uMmeTb yroa AOB?

21. Kax npoBectH n Jaydefl ¢ HavyajgoM B ORHOH TOuke
IJIOCKOCTH TakK, 4TOObI CYMMa BCEBO3MOXKHBIX HONAPHBIX
VIJIOB MEXKAY ITHMH JdyyaMu Obiia HauOOJbLIEH H3 BO3-
moxubix? (ITog yrviom Mexpay JByMs JydaMH 37ecCh
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nonumaercsl yroJ, He npeBocxoxsuuii 180°) Uemy paBHo
970 HanboJ/bllee BO3MOXKHOE 3HAYCHHE CYMMBl YIa0B?

22. Ilyetb a4, @z, ..., Gr — KAKHE-TO R [0J0KUTEJNbHBIX
uncesn. Ha ayue OX oTknaznbiBaercs orpesok OXy = xy, roe
Xy — KakKoe-TO OJHO M3 4UHCea @y, Qz, ..., Qy, 3aTeM Ha
ayue XY 1 OX; orknanbiBaercsi otpe3ok X;X; = Xx», rie
Xo— €Lle OJHO M3 Tex XKe yHcel daj,
Qg, ..., ap, 1 ayu XY obpaiueH B Ta-
KYI0 CTOpPOHY, 4TO HampaBsJeHHe Bpa-
wenns ot ayva OX; x ayuy OX, npo-
THUBOMOJOKHO HANpaBJeHHIO Bpallle-
HHMs1 yacoBoil cTpeaxu (prc. 6); 3a-
tem Ha Jayue XpV, L OX, oTkaanul-
paercst 0Tpe3ok XoXj == x5, I'lle X3 —
elle OAHO M3 Tex Kke R yucesa, U Ha-
npapiaense ppamenus or 0Xy x OX;

Puc. 6. COBMAfAeT C HampapJeHHeM BpalleHHs

or OX; x OX,, u T. A.; HaKOHel, HA

aydye XpVYpo 1 OXp_y oTkAaABIBAETCS OTPE30K Xp_1Xp =

= Xp, TAe X; — NocJeJHee U3 B uucesa ai, Qg ..., Ok, 1 Ay4

OX_, nosopaunsaerca po nojoxeuns OX, B Hamnpas.e-

Hni, o6paTHOM HanpasJeHHIO BpalieHHsA YacOBOH CTPEAKH,

JlokazknTe, UTO Npu AAHHBIX YHCAAX Qp, dg, ..., Qp <HOOJ-
HbliT» yroa nosopota X;0X, GyaeT HaubOJBIINM, eCdil

XX X< e SCXg,

H 6yﬂeT HaHMEHbLIIHM, €CJH
,’C1>.\'2>.’C3,>/ ‘o >xk.

23. Ha njockocTH RaHO cenMb IPSIMBIX, HHKAaKile JBE H3
KOTOPHIX He mapaJjgienbHel. Joxaxure, uro Hafinytca ABe
H3 3THX NPSIMBIX, YIOJd MEXAY KOTOPBLIMH MeHbmie 26°.

24, Kaxoe nHauGoJblee 4YHCJAO OCTPHIX YIVIOB MOIKET
HMEeTb BLIIYKJBII 7-yrOJAbHHK?

Has Toro yTOGHL MOACHHTL COjAEpIKAHKE TNOCAEAYIOell TPYIH
3ajau, naM Oyner yno6HO oGpaTHThCA K ojuio#l 3apade, kortopas 6baa
BKJIOUEHA B NpPelIUecTBYIOWH{I BEIYCK ceplin «DBuOanoTeka MareMaTtu-
MeCKOTO KpyxKa» (cM. 3agzauy 45a) u3 kuuru [4]), HO no cCyulecTBy
11€JHKOM IPHMBIKAET K HACTOALLEMY. LHKJY,

3apaua. Ha naockocru famer Tpu Touku A, B, C; yeasr tpe-
yeoavruxka ABC Mot 0003nauunm uepes o, B u vy, ede o <<y << B. Ka-
KUe SHOYeHUS MO2YT UMeTb BeAutuHbl Yyeao8 o, b u y?

Haa kaxkux tpoex touex A, B, C OJocruzaiorca nauboasviuee U
HAUMeHblIee 3HAYeHUs Yyeao8 o, § u y?

Pemeunne. flcHo, uT0 HAaHMEHBH UH Yyrol ¢ TPeyroJbHUKA
ABC ne momer 6biThb Goawvmme 60°, IOCKOJNBKY CYMMa BCEX TpEX €ro
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yraoB pasua 180° = 3-60°% oamako swauenwe 60° yrom o l'IpPlHHMaTb
moxkeT (puc, 7,a). C npyroii CTOpOHBI, Yroad o MOMKeT OblThb CKOJb
YrOAHO MaJ; eCaH XKe CUMTaTh, uyTo ToukH A, B u C moryT npHaayfe-
KaTh OAHON HPAMOR (oHH 00Pa3’yioT ‘B 3TOM CJyuae <«BHIPOKAECHHDBIA»

A A
B & A 3 c 8 ¢
s ~ & )

Puc. 7.

TPeVrOMLIIK), TO CTaHQBHTCH BO3MONKHHEM H paBerctso a=0 (puc.7,6,
rae LBAC = £BCA = 0). Taxnm oSpasom,

0 < o < 60°.

Auascrnuo wanGoabwnifi yroa B rpeyrorsnuka ABC ue mo-
KeT ObiTo Menbmre 60° (160 Hiaue cymMMa Tpex yrjaos Oblia 6ol Melb-
me 3-60° = 180°); pabencTBo ke [ = 60° saBaAeTCA BO3MOMNKHLIM
(puc. 7,a). Slcuo Takke, uTo yroa [ MOMKeT OHTb CKOJAb YroaHo O.u-
30k K 180° mam pamxe pasen 180° (vak,.Ha puc. 7,0 LABC «1pe-
yroabuuka» ABC pasen 180°). HMrak

60° <P << 180°.

Haxouen, «cpemuufl> yroa y TpPeyroJpHHKa, KAK MBl yXKe BUISH,
MoxeT OwiTh pasen {0 (H6o Ha puc. 7,0 paBHLI HYJIO ABa yraa «Tpe-
yroapnuxa» ABC). §cuo TaxKe, UTO Yros y HHKaK (€ MOXKeT ObiTh
TYObIM HJH NPAMBIM; OJHAKO OH MOXKET ObITb CKOMb YroAHO OJH30K
K mupaMoMy (cM. puc. 7,8, rie yroa A pasuodeipeuioro Tpeyronb-
nnka ABC ouens maJ), I'Io;uTowy

0 << y<<90°.

flcHo, uTO KaK 3Hauenue o == 60°, Tak u suauenue P = 60° pocrtu-
raloTest JHW b aas touek A, B, C, ABAAIOLHUXCA BepUINHAMA PABHO-
CTOPOHHE2O0 1PeyroJbiiKa; 3sHauenus ke o =0, y=0 u P = 180°
JOCTHraloTCsl A4 J10 6Bl X Tpex TOuek 00wot npamoit).

Crporo rosops, HaM cJaeioBano Obl emle A0Ka3aTb, 4TO Yraul o,
B u y Moryr npuuumath /1100 ble 3HAYEHHA B YKA3aHHLIX Tpejenax.
Onnako sTa nocaeadss YaCTh pelueHus 3ajgayu (CBojAsdascd, cxa-
}Kem, K nocrpoenuro tpeyroabuuka ABC, paumenviinit -yroa A KoTo-

) 3amertbre, uto 3paueHHs o = 60° u f = 60° pocruraoTcst AaA
@AHHCTBeHHOH KoubUrypalHH TOUeK (C TOUYHOCTBIO O € 3aMeibl
J060it NoAo6HOR e, yTo, pasyMmeeTcsi, BOOOIUEe He MEHSET HHKAKHX
yraos)., Oanako 3suauenuss o = 0, y = 0 u f = 180° gocrmrarorcs aas
MHOTHX Kouurypauuii, #60 Touka B na puc. 7,6 MOKeT GblTb NpPO:
U38046H0 pacnionioxena na orpeske AC,
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poro paBeH 32MaHNOMY yray &, NPOU3BOJBHO BLIGPAHHOMY B TNpenenax
0 << o << 60°) sBAfieTcs AOBOJBHO NPOCTON, H €8 MOMKHO ONYyCTHTD,

3ameTnMm elle, uTO ONpeAedeHHEe CaMOro MaJoro BO3MOXK-
HOTO 3HaYeHHsl & ¥ caMOro G60oabLIMOTO BO3MOXKIOFO 3Haye-
uust [ He NpeACTaB/igeT HHKAaKOro TPYAa: KOHEUHO, HaHMEUBUIHI Yro.
TPEYroJIbHHKa MOXKeT GbiTh CKOJMb YTOAHO Maa (a AJst «BHPOXKJACHHOTO»
TPEYroJbHHKa OH MoOXeT pabHaTbed (), a HanbOJBIINI Yroa Moxer
6LITh CKOJb yroano 6au3ok K 180° (w1 naxe paser 180°). Taxum oGpason,
HATEPEC 37eCb INPEICTaBiseT JHUIb Onpefeedde Haunbonabuero
BO3MOJKHOFO 3H3UEHHS O H HAMMEHbLI €r O 3HaueHus B-—u 371
NOCRe/IHHE 3aJla¥H  HACTOJBKO XapaKTepHsl [JIi COBpeMeHNOfi Mate-
MaTHKH, YTO O HHX CTOHT MOrOBOPHTH NMOApPoGUEe.

Hasi Toro 4roGel mosicHATH, YTG HMEHHO B YCAOBHAX 3THX [BYX
3amau 9BJAAETCH OCOBCHHO THIMYHLIM, MbI HeCKOJBKO H3MEHHM ofo3na-
uenus, Bynem paccmatpuBath BcerOo3MOXHBIe TpeyroabHukn MiMails
NACCKQCTH; YIVB TA4KOro Tpeyroabhuka npu pepiruHax My, Ma: u Ms
Mbl 0GO31MauNM uepe3 oy, oz U o3 [IpH 3TOM UAMMEHBIIHM MOXKET OKa-
3aTLCA J10 60 H U3 YII0B Oy, Ga, O3} 3TOT nausMensuiud yroa Mmsl odo-
3HAUHM TaK
mina rae j=1,2 nan 3

i J
(T. e. «MHHMMYM» — HJH HaHMEHLIlas — H3 BeJUYNH O1, Kz, «3). AHa-
JOTHYUO 3TOMY nauboabuiuri W3 YII0B Oy, G, O3 0003HAURETCT CHM-
BOJIOM
max o ,, rae j=12 3
i 7
(cp. Boie, cTp. 15).

Yeaopumea ewe Tpofiky {My, Ms, Ms} Touer maockocTn 0603Hauath
cuMBoJoM Pz B TakoM cayyae 3agady OIEHKH HAaHGOJLILIETO
BO3MOJKHOTO 3HaYeHHs HAHMEHLIIEero H3 YyIJOB Gy, O, &3 (T. €,
1anbONbINEr0  3HAYeNHs BeJMUMHBL  Min ;) MOXKHO 3amHcaTh Tak:
Hadru !

max ming ., rre j=1,2uwnm3 &P ——{M M }

& i !

(17aiiTH  MaKCHMYM 110  BCEBO3MOXHLIM Tpoiikam Ps = {My, M,, M;}

TOUEK IJIOCKOCTH MHHHMYMa N0 | BEJIHYMHBI ;). AHAJOTHUHO 3ITOMY

3ajaya OLEHKH HaHMeubluero 3Hadenins paunb6oaburero yraaf

TPeyroJbHUKa (T, €. BeJHUYHHB Max o;) B HamHX HOBHX 0GO3HAYCHHAX
; .

3aMICHIBACTCS Tak: HatiTi

rr(;an m]a‘(a] i=12 3 P,={M, M, M}

Hueuno 3T0T («MHHHMaKCHBII» W «MaKCMHHHBII») xapaktep 3agau of
oneHkax yrjiaos o 4 P tpeyronabHuka ABC Mbl M XOTedn MOAYEPKHYTS.

Oo6paTnMcs Telepb K BONPOCY 00 OHelKe CpPeAHEero yraa y.
3pech cpady He SICHO, COCTAB/AET JH <TJIAaBHYIO» YacThb 3aRauH OlieHKa
BeJHYHHBl Y CBEPXY HJH CHH3Y; OLHAKO TOCKOJDPKY H3 DpHuC. 7,6 BUAHO,
YTO paBeHCTBO Y == 0 sB/seTCS BO3MOMKHBIM, TO HaM OCTaeTcs Haltd
aub BeamynHy maxy. Ho Tyr mac mozacreperaeT ciopnpua: oKasbl-
BaeTcs, YTO HaHOGOMBIIEr0 BO3MOMKHOFO 3HAuYeHUst y Boolule He ¢yl e-
CTBY€T-— Yroa y MOXeT ObTh CKOAb yroaso 6ausok x 90°, mo pa-
Bencrso y = 90° neposmoxuo. B TakoM ciayyae roBOPST, UTO Y BeJH-
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yiHB Yy HCT MA4KCHMyMa, HO CyllecTByeT (TO4HAR) 6BepXHAR epans,
wan cynpemym — takoe uucao I', uTto y ue Moxer npessoftty I', HO
. MOXeT ObITb CKOJIb yroaHo 6auaka x I' (cp. Beimwe crp. 17). B namem
cayuae BepxHsisa rpaub [’ yraa y pasua 00° uTo 3amHcHBaeTcs Tak:

supy==90° (uau s;)lp y == 90°),
3

Herpyano nousth, ¢ ueM CBs3aHO OTCYTCTBHE MaKcuMyMa Y Be-

avuBlel y. SlcHo, uTO BeJAMYMHBl MAax o; WJH Inin ¢; HaBepHOE Cyiue-
o i

CTBYIOT: B€lb H3 TpeX VYIJOB Ci, Otz H (3 BCETJa BO3MOXKIO yKa3aTh
HanGoAbLIHfl (KOHEeUHOo, NauGOJBIIHMH MOTYT SIBHTbCS M JiBa H3 HalOUX
yIAOB MJM Jlaxe BCe TPH — €CAH BCe OUH PaBHB) W HaHMeHbIuil.
O/MaKO UYHCAO BCEBOIMOXKILIX TpoeK Pz = {My, M, M3} touex mnumo-
CKOCTH siBasgeTcd GeckKoneduHnnl M. [losToMy 3mech yxe Heb3s py-
MaTLCs, UTO Halijlercs Taxas TPOHKa, KOTOPOH oTBeuaeT nandoJbliee
3Hadenye yriaa y: Beib NEPEXOIHTH OT OLHON Tpolikn Ps TOUEK K ApPY-
rofi, KOTOpofi OTBeuaeT GOJblilee 3HAUEHHE YIJA 7y, Mbl MOXEM CKOJb
YrOAHO MUOTO pa3 — M NIPH 3TOM MOIKET OKa3aTbCsl, UTO Kaxiblii pas
oCTaeTcst Kakas-To Tpolika P, «jyuiias», 4YeM BCe BCTpevaBLiHecs
Ham pauee. IlosTomy MBI MOZKeM DpacClleHHTh JHIIb Kak Hauly yaady
TO OOCTOSITENbCTRO, UTO AJs BeJHUMH o M f§ HX BepxHHe rpand (mep-
Bas M3 KOTOpBIX pamna 60°, a BTopan — 180°) nocruramorcd, T. e. 9TO
cyuiectsyer max oo u max . Jdas seanunnst e y ee (TO4HAR) HUMKHAL
epany  (uad  uHgumym — cp. crp. 17) pgocruraerca (u pasuna 0), a
Slupy = 90° HENOCTHAKUM, noao06HO TOMY Kax I BEJHUHHDL

7 TAe A -— HaTypafblioe HHCJO, sup— =1 nocruraercs (K 3TOMY
n

1 o1
3HAYEHHIO e MBl NPHXOJZHM, NOJ0XHB n=1}, HO mf7=0 HEJ0-

f
7

!
CTHHHA (T. e, BCJHYIiHA -I—I. HMEeT MakKCHMyM, HO HE HMCeT Mnnnxry:\ma).

Pan s3anau, 0 KOTOPBHIX HHKe rofijer peub, HauHuaeTcs C COBCEM
npocTHiXx 3afay 25a) —B) H ¢ o6oGuialoilell HX pe3yabTaThl 3ajadn
25 1), aHIbL HeMIIOrHM §oJee CIOXKHOH, YeM ee YacTHbie CJIAyuan:

25. a) Hauwm uerhipe TouykH nJockoctd. okawxiute,
4TO M3 3THX TOUEK MOXKHO Bui6paTh TpH, ABJASIOLIHEC Bep-
UIMHAMH TPeyroJibHHKA, OAHH H3 YIJOB KOTOPOTO He IIpe-
BOCXOANT 45° 0mHAaKO PacrnonokeHHe TOUeKk MOIKeT ObITh
TAKHM, UTO HH OZHMH K3 TPEYTOJbHHKOB, BEPIIMHAMH KOTO-
PBIX CAYXKAT TPH M3 HAIIHX TOUeK, He UMeeT MeHbIIero
45° yraat).

6) HaHpl nsTh TOUEK TJIOCKOCTH. JlOKaxKuTe, 4TO U3
3THX TOYEK MOKHO BBEIOPATh TPH, SBJSIOLIHECS BEPIIHHAMH
TpeyroAbHHKa, OAHH H3 YIJIOB KOTOPOrO He NPEBOCXOAHT
36°, 0lHAKO pacHoJoXkeHHe TOYeK MOXKeT ObIThb TaKHM, 4TO

1) Tpu TOuKkH, npumaziexkamie OJIHOH InpsMoli, 34eCh paccMat-
PUBAIOTCA KaK BepPIIMHBI «TPEyroJbHHKa», ¢ yraamu 0, 0 u 180°
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HH OXHMH H3 TPEYroJbHHKOB, 06pa30BaHHBIX TPEeMsSl M3 HHX,
He HMeeT yrIjia MeHburero 36°.

B) JlaHbl mectb Touek IJIOCKOCTH. JlokaxKuTe, 4TO H3
3THX TOYEK BCErfa MOXKHO BbIOpAThb TPH, ABJAAOIHKECT Bep-
UIHHAMH TPEYTOJbHHKA, OJHH YroJ KOTOPOro He NPEeBOCXO-
aut 30°% OXHAKO pACHO/OMKeHHE TOYEK MOMKET ObITh TaKHM,
9TO HU OJAMH H3 0GPa30BAHHBIX 3THMH TOYKAMH TPEYrO/b-
HUKOB He MMeer yrIJjia, MeHbliuero 30°.

'T) Ha niockoctH paHb n Touek. Jloxaxkute, uTto H3
9THX TOYEK MOXKHO BBIOpAaTh TPH, SABJSIOLHECS BEPIIHHAMU
Tlpeyronbmma, OJHH H3 YIVIOB KOTOPOTO He TIPEeBOCXOAHT

80°
n
YTO HH OJMH H3 TPEYIrOJbHUKOB, BEPUIHHAMU KOTOPBIX CaAY-

*KaT Kakhe-TO TpH H3 HAIUX 71 TOYEK, HE HMeeT yrJja,

180°
MCHbBHIETO PR

3 OAHaKO pacnosiokeHue TOoHYeK MOIKET OLITb Tax¥M,

Kaxum nonxHo OBITD pacroJioxKeHue s TOUeK, AJda TOro

yTO0Bl HE CIMH u3 00pa3oBaHHBIX TPOHKAaMH TOYeK Tpe-
180°
?

YTrOJbLHHKOB HE HMeJ yIJaa, MeHbUIEero

ITosichnM cBA3p 3ajau 25a) —r) ¢ pasolpauuofi Bble 3azauell
c6 oueHke yraoB TpeyroanHuka, IlycTs ua nsockoctu namo n Touex
My, Ma, Ms, ..., My; BceBoamoxkuble yraw MMM, (rme i, j u &
NPHHUMAIOT JioOhle pasHBle 3HaueHls U3 uuciaa pomepos 1, 2, ..., 1)
Mbl 0603uaYHM uepes oy, Oz, Og, ..., Oy, TAe N — YHCAO BCEBO3MOMK-
HbIX TPOEK I, j, & pasjHuHbIX HOMEDPOB (HJIH <HHIEKCOB»), KaXKILlfl H3.
KOTOPBIX MOMKET HMeTh OAHO K3 sHavenu#t I, 2, 3, ... umu n'), Hau-
MeHbU'HH H3 YIJOB @y, @2, ..., Ox MBl 0003HAUHM MPOCTO 4e-
pes o; TaknM o6pasow,

a=m]ir1aj, rie J=1223 ... un N.

sIcHO, YTO HaAHMeHbllee 3HAUCHHE, KOTOPOE MOMKET MpHIHMaTh
penuynna o, o6pasyemas Nas pasubix cucteM P, = {My, M., ..., Mn}

1) Ygpeno N, wau N(n), Takux Tpoek PaBHO YTPOCHHOMY HHCJIY: Cz

TPEYroJbHHKOB € BeplIMHAMH B  MaHOBIX TOuKax, Trie Ci ==
_nr—1)(r—2)
- 1-2-3
oGpasom,

— YUCAQ COYETAHUI U3 N 3AeMEeHT08 NOo 3, TakuM

n(n—1)(rn—2)
2 ? -

N(n)=3C} =

B HACTHOCTH,
N4)y=12, N(B)=30 u N(6)= 60.

Bropouem, TouHOe 3HaueHue BeauuuHbl N (#) HaM HHrfe HUHXKE HE [OHA-
JnoOHuTCH,
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‘w3 1 TOUEK IMJIOCKOCTH, ecTb npocto 0; a = 0, ecju Kakue-1mGo Tpu H3
pAIuX TOuek npuxadsenar o0noil npamoil. 3aialuMcs Tenepb LEJbIO
paliTH Han6onbllee BO3MOXKHOE 3HAUEHHe, HJIH MAKCUMYM, BEJU-
yHHBl O, JOCTUraeMuil IpH noixoasiueM BbiGope cHcTeMul #n M3 1 TO-

yeK TJIOCKOCTH, 3TY BEJIHYHHY MH 0003HAYUM yepes a HJH, NIOCKOJbKY

oHa, OYeBUAHO, 3aBHCHT OT YHCJa n TOYEK, — yepe3 &(n):
a (n) = max @ = max min a,
n c9”)1 I
J=1,2 ... nm N (n), Pn={M), My ..., My).
3311311:{ 25T) yTBepKAAeT, 4TO .
- 180°
A () =— ()

B UAaCTHOCTH (cM. pa3o0paHHyio BhIe 33afauy 00 OLEHKe YIJOB Tpe-
yroJwlika u 3ajiaun 25 a)— B)),

Q(3) = 60°, @(4)=45°, @(5)=36° n a (6)= 30°

Takum o6pasoM, ckaxeM, AAA cayudasl @lecTu TOYEK ILIGCKOCTH H aH-
MEHBW Ml yroJ ¢ H3 uHCIa 06pasoBaHHBIX STHMH Toukamu N (=60)

YTJ0B TaKOB, 4TO
0<Ca<{30°.

O6paTtumcs Tenepb K OLEHKe HaUBOJbBHIETO H3 YIJOB Oy,

26. a) Ha naockoctu manpl geTwbipe TOukH. Jlokaxkure,
YTO M3 3THX TOYEK MOXKHO BLIGpPATh TPH, ABJSIOMHECS Bep-
IWHHAMH TIPAMOYTOJILHOTO HJH  TYNOYLOJABHOTO TPRYTOJb-
HHMKA; OXHAKO pacno/olKenHue TOUYEK MOXKeT OblThb TaKHM,
YTO HHKaKHe TPH H3 HHUX He SIBJAIOTCA BEpIUMHAMH TYyIO-
YrOJBHOTO TPeyroabHHKa 1),

6) Ha nJjockocTu paupl nsTh Touek. JloKawmute, uTo H3
- 3THX TOYEK MOXKHO BHIGDATh TPHU, SIBJASIONINeCs BeplUHHAMH
TpeyroabHuka ¢ Haubospmum yraom ==108°% opHako pac-
NOJIOXKEHHE TOYeK MOXKeT GbiTh TAKHM, UTO HH OJIHH U3 Tpe-
VFOJbHHKOB, 06pa30BAaHHLIX HAIIHMH TOYKAMH, He HMeeT
yraa, Goabwero 108°

B) Ha nnockoctu jganbl mecTb Touek. JloxaxkuTte, uTO
M3 3THX TOUYEK MOXKHO BHIGpaTh TPH, SBASIOIIMECT BepIIH-
HaMu TpeyroJbHHKa ¢ HanGosabwnM yrioM ==120°; oxnako
PACTIOJOXKEHHEe TOYeK MOXKeT ObITh TAKHUM, UTO HH OJHH W3
TPEYTOJILHUKOB, OOPA30BAHHBLIX 3THMH TOYKaMH, He HMeEeT
yraa, Goabiuero 120°,

M KakHxX pacrnosoxeHuil Ha IJOCKOCTH UYeThIpeX, Co-
'OTBETCTBEHHO NSITH M II€CTH, TOUEK H3 HHUX HeJb3d BHI-
6paTb TpH, SIBISAIOUINECS BepIIHHAMHU TPEYTOABHUKA C YIVIOM,

') Cm. noacTpouHoe mpuMeuaHue Ha crTp. 25,
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GoabwinM 90°, cooTBeTcTBeHHO GombmuM 108° mau Goub-
wam 120°?

B cpsisu ¢ 3agayamMu 26 a)— B) MOXKHO HOBTODHTL [OYTH BCe CKa-
3aHHOe N0 NOBOAY 3ajau 25 a—r). PaceMoTpum no-npewieMy £ Todex
My, My, Ms, ..., M, nlockocTH; cOpa3oBaHHble STHMH TOUKAMH BCe-
sosmoxupie yravi M M;M. o6o3nauum uepes oy, O, @3, ..., On, TAE
N — ofmee 4ucao Beex paccMaTpHBaemsbly yriaoB, Hau6oabmuil u3
BCEX ITHX YIJIOB MBI 0603HAUMM uepes f:

y J=123 ... nau VN,

B =maxa

J
a HaHMeHDbIlee BO3MOMNKHOS 3HaueuHe Naudodbiuero yraa b, H0CTH-
raemMoe npH NOAXO/IsilleM Bhifope cHeteMbl Pn = {My, Ma, ..., Ma} To-
YeK MJIOCKOCTH — yepes f (uan uepes ((n), HOCKOJABKY paccMaTpHBacMas

BeJIHUMHA 3aBHCHT, OYEBHAHO, OT f1):

B=minf=minmaxa, [J=1,2 ... nau N;

Py Ty /
n={My My, ..., Mn}

Torza w3 paszofpanpofi Builie 3afayu 00 OUEHKE YIJOB TPEYrOJbLHHKOB
H H3 pe3yJbTaToB 3ajay 26 a)— B) caenyer, 4T0
B(3)=60°, P(4)=090, Pp(5) =108 u B(6)=120%

TakuM o00pasoMm, B cJaydae, CKa)KeM, BCEBO3MOKHBIX cHcTeM Ps =
= {My, My, Ms, M;, Ms} natu touek niockocTH HauGoabuwwii yroa f3 u3
qucaa onpefenseMuix 3THMH Toukamu N (==30) yrios Beerga 3ax/mio-
ueH B Npejenax

108° < B <C 180°

(scno, uto P = 180° ecan kakne-THGO TPH H3 HAUINX MATH TOUEK NpU-
Halaexar 00Ol npamol).

3anaun 26 a)— B) HHUYTb He Tpy/ailee 3ajgau 25a)— B); Ha 3TOM
OCHOBAHHH MOXHO OblIO OBl TPEANOJOXKHUTB, UTO U ofwas 3agada
onpelesienus BeJH4HHBL P(N1) SBARETCH HECHOXKHOH M, Bepiiee BCEro,

-iii- (=180° — 2a (n); sra

(dhopMyaa, OUeBHAHO, cripaBejsuBa npu n =3, 4, 5 u 6). Buumareab-
HBIM aHaJH3 pe3yabTaToB 3azau 25a)— B) u 26 a)— B) oOHapyKHBaer
TOJBKO OJHO 3aMeTHOe pas3juuie MeKAY HUMH, KOTOpOe MOXKHO BOC-
OPHHATL KaK CHFHAJA O TOM, 4TO 3afaud o6 OlleHKe BO3MOXHBIX 3Ha-
ueHHH HaWMeHbWEro yMa o (= mjin @,) u HanGoibpmero yriaa

umeer caeayiownii otmer: P (n) = 180° —

P (—maxa,) MOryT pacxonuTbCA M MO XapakTepy OTBETOB H WO TPy-
J

HOCTH pelreHHs: B TO BpeM# Kak BO Bcex 3ajauax 25 a)— B) (u B obumeit
safaze 25r)) mpauGogbilee 3HaueHHe O HAWMEHBUIErO VrJja Bceraa
peanusayeTcsi AJas €LHHCTBeHHOU cucTeMbl P, TOUYEK ILIOCKOCTH,
B 3ajauax 26 a)— B) namMenbuiee snauenne 90°, coorserctBenuo 108°
¥ 120° yraa B = max oy gocturaeTcss AJsS GeCKOHEUYHOT O uHCaa
pasumix (T. €. He NOOGHLIX MeXAy coboi) cucTeM % TOYEK ILIO-

ckoctd (rAe n=4, 5, 6). Oniuako WrHOPHPOBATH 3TOT <CHrHAM» He
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, cnellyeT, — U JeRCTBHTENbHO, HUXKecMenyiomue 3anaun 27 a) —B) yke
COBCEM HEe NOX0XH Ha 3ajaun 26 a) — B): OHM 3aMeTHO TpyJHee Kak
STHX 3ajau, Tak W 3ajaq 25 a) —r).

27*. a) Ha nJjockoctd naHel ceMb Touek. Jlokaxure,
‘4TO M3 3THX TOYEK MOMKHO BHIGpaTh TPH, fBJAIOLIHECS Bep-
IUMHAMM  TpeyroipHUKa, HauGOJBIWIHA  yTOJd  KOTOPOrO
=120°.

6) Ilyctb @ — mo6o# yroa, Goabwuit 120° (yron ¢
MOXKeT ObiTh CKOsb YrogHo 6auaok x 120°, HaupuMep, MoO-
xKeT ObiTh papen 120°17). [loxaHTe, YTO Ha IJIOCKOCTH
MOXKHO Tak BbIOpaTh CeMb TOYEK, UTO BCE YIJIBL BCeX Tpe-
YPOJILHUKOB, 06pPa30BaHHbIX KAKUMH-1HO0 TpeMms U3 3THX
TOYEK, MEHbIlE yIaa @.

B) Hoxaxure, uTo pe3ysabTathl 3ajnau a) ¥ 6) coxpa-
HAI0T CHJY B B TOM c/yuae, ecJld BMECTO CEMH B3fTb BOCEMb
TOUEK IJIOCKOCTH.

Takum ofpasoM, MBI BHAHM, UTO BEJHUINA

min p (= min max e, specs J == 1,2, ..., N(a)
P e, 1

g)n:"—{Mlv My o0, Mn})

npu n =7, 8 NpoCcTo He CyWecTBYET;, BMECTO liee NPHXOAUTCA
paceMaTpuBaTh UHCJAO ¢ '
;ﬁf B (= (17131 mjax aj),
n “'n

XOTOpoe MOXKHO 0003naunth TeM e cumpoiom f(n)!). Ilpn sroM
B()=P(8) =120 (=B (0))

OJHAKO Da3JHuHe MeXAY CaydasaMu f == 6 u n = 7 uau 8 3zaxgouaerca
B TOM, 4TO B IEDBOM CaYy4de BeindyiHa MAX ¢ == = (6) = 120° go-
7 ="

cTHTaeTCs a8 HeKoTOpel Koudurypauun P TOUEK, a RO BTOPOM
U B TpeTbeM 3HaueHHe § = 120° HeXOCTH XK H M 0.
3ajpauy onpejeseHus BeJHUHHDI

B (n)==inip (= inl max a;)
E Py 1
BNEpBEIe, Kak OYATO, NOCTAaBH aMepukanckuii marematuk JI. B aio-
menTadab ([39], crp. 132); »1a 3amava [0 CHX NOp HE pewieHa.

Bupumit Bewrepckmit matematnk [Tan 3 p néwi, KOTOPOMY TpHHAIJIe-
MaT KaK MHOTMe sipKHe pe3yJbTaThl B pasHoo0pasublx obnacTax

') Hcnoab3oBaHue B 3TOM ciydae Kak OYATO ViKe <«3aHATOrO»
0003HaueHHs ONpaBAbIBAETC TEM, YTO BO BCEX CAYYasiX, KOTAA BeJH-
ypHa min B cywecrtsyer, oua pasHa inff (=P (n)). :

p L%
n n
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MaTeMATHKH, TaK H IIOCTAHOBKH elle OGOJbLIEro YHCAa HepeuleHubx A0
HawHx aHell npo6jeM apudMeTHYECKOrOo, aHaJHTHYECKOro H reoMeTpuue-
cKoro cojepxauus (cm., nanpumep, [40]), npeanosoxui, uro

180°

A npu Bcex n =6

ecJ 2k—l<n<2k, TO f}_(n) = 180° —

H uto JocTueaerca 3T0 3uadenue yeaa B{n) auwws npu n =106 0O1-

HaKO J0Ka3aHO INOKa (BeHrepckumMH Martematukamu Il dpnéumew o
I''CexepemeM) Auus, 4T0
& . N 180°
ecau n=2% (rne k>=2), 710 peftcraurensno P (n) = 180°— o

H

ecn 2"l n<2® (rre £ >2), 1o 180°— ;’§l<ﬁ( 1) < 1800—%3—

([41]; nocaeauas omenka MOKET GLITb €lUe NEMHOTO yaAydIIeHa).

OfpatumMca CHOBAZ K NPOH3BOMbLHBIM cucTeMam Pn = {My, My, ...
eve, My} TOUEK IUIOCKOCTH H K oﬁpasosamlblM 9THMH TOYKaMH

n(n—1)(n—2 g B
N (n) ~ae=1(n=2) yraam MMM, Vecaosumes o8o3na-
2 J
/
4aTh 5TH Yraibl, KK H BBIIE, Yepe3 & = Oy, 02, U3, ..., 0§ HJAH uepe3
B =B P2, Ps, ..., Pn, rae Tenepp a1 << 02 =< O3 = ... =< Oy, CO-

oteetcTBeHHO Pr == P2 == P3 = ... = Pfn; Takum oOpazoM, Hanpumep,
B = pi—>3r0 yrom an, a & = a1— 310 yroa Py (1 BoOSwWE P; =
= on-s, & Oy = Pn-s). 3 pesyavrara umkecreayioumeil sajaun 29
CJIelYET, YTO OUEHKH BO3MOXKHBIX 3HAueHHH BCeX ITHX YIVIOB CBOAATLA
K HaX0XKJAeHHiO

nin—1y(n—2)

dJ:SyuBa’ rae 1<K IJ<C 3
H ‘
§J=inf5j, Thae '1<1<—m”—“—%-(5—13;
(?ﬂ
npH 5TOM
0<a,<a,;(n) npu 1<J<—m—?——lgﬂ
. )
B,(n) <B,<180°  npu 1<1<”(”_]g(”—2)

(ficHO, YTO pacCcMaTpHBaeMble BEeJHYMHE @ s M iy 3aBUCAT OT uHcaa 7
TOUEK IMIOCKOCTH, TaK 4TO HX YMECTHO "06031auaTh uepes oy (n) #
B ().

HomnonuutensHas npoGdeMa COCTOMT B ONpEREJEHHH TOro, NpH Ka-
KX J foctHranTcs Beanunnsl Gy () H Bs(n). Tax, manpumep,

npu n = 3 3ajaya CBOJHTCH K ONpEJe/eHHI0 Tpex qHcesn a(3)=a,(3).
02(3) u B(3) (=a3(3))~—u Mul 3HaeM, 4TO

33)= @1(3)=60°, @x(3)=90° m P(3) = as(3) = 60°,
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npuueM sHauenns G(3) n P(3) nocrurawoTes, a 3Hauenne d@,(3) — mer

(etp. 22—25). Ilpu n == 4 TpebyeTcsa onpeaeanTb BoceMp uucen Gr(4),

rae 1 <<J =<8, u uernipe uncaa Bs(4), e | <</ << 4; ussectuo xe

HaM, 4TO ‘
B(4) = G1(4) =45% @, (4) =45 (=as(4))

B(4) = Bi(4) = 90% Ba(4) = 72°

W 4TO BCe 3TH 3HaueHua docruearorca (cM. 3agaun 25 a), 26 a) # HHXKe-
caeayomue sanaun 28 a), 6)).

A MoxeT GuITb Bbl CAMH CyMeeTe OIpelesHTh Kakue-1HGO ellle H3
peauuns Gy (n) " Ps(n)? Bo3MoxHo, UTO 3aKauyd  BHIYHCJCHHA YIJIOB

@3(4) u Ps(4); a:(5) u P2(5) ue sBAsOTCS O0COGEHHO TPYIHBIMH; CPaB-
BHTEJbHAA NPOCTOTA BONPOCA O BeJHUHHE uHuchaa G(n)==Gi(n) mOA-
CKa3blBaeT TaKkkKe NONBITKY ONpefeseHusl BeJHYHHB Oz(n).

H

28. Tlyete A, B, C, D — npousBosbHEle YeThipe TOUYKH

TJIOCKOCTH; ¢ == @y H qp — JABa caMble MaJeHbKHE U3 3aja-
BaeMblX 5TMMH ToukaMHu 12 yrsios, a f = f1 # Pz — ABa ca-
MbIX Goabmux yriaa  (Tak uTo o ==.ot < op =T ... =<

= B2 << P = P). Hokaxure, 410

a) 0 << ap << 45%

6) 72° << Ba << 180°.

Jast xakux uetsepox Touer A, B, C, D pocrurarworcs
3HAUEHHA o = 45° u By = 72°7

29. Ilyete My, M, ..., M, — npou3BOJbHEE 7 TOUYEK
nJaocKocTH; ofiiee uHca0 06pa30BAHHBIX 3THMH TOYKaMH
yraos M;M;My, (rne i, j 1 k& npuHuMaloT JIOOBE H3 3HaUe-
Huit 1,2, 3, ... uan n) oGoszuaunm uepes N(n)!). [lokaxure,

n{n—1)(n—2)

4T0 — —————— U3 3THX YIJOB MOIyT pauaATbc 0

"(L%(L:g)— yryoB — paBHsAThCs 180°

Pasymeetcsl, aHaJOTHUHBIE «3afaudl O OLEHKAX YrJAOB» HMEIOT
cMbica M B crepeomerpuu. Hyete P = (M, M,, ..., M.} — npon3po.s-
Has CHCTeMa # TOYEK NPOCTPaHCTBa (Tagagd TMOCTANOBKA 3aJauu ne
3anpelllaeT, KOHEYHO, BCEM TOUKaM, DPHHAANEXKATb OJHOH MJOCKOCTH);

nin—1)(n—2)
onpeneasieMple  3TuMH Toukamu N (n) (= ———2*) yrios
MMMy Mpl, B OTIHUHE OT IJIOCKOTO CAYYas, YCMOBHMCA 06031ayaThb
GoapminMu (rpedeckumu) 6yksamMu A u B, cuutaa no-npexcsemy, 4To

A=A <A<A;<...<A, u B=B >B,>B > .. >B,,

Tak 4T0 A = A; —3T0 HaHMEHbINHUA H3 3a4aBacMbIX HAWIUMH 7
rouraMi N yraos, a B=Bi—unau6oabmunil 3ameram cpasy Ke,
4TO pe3y’abTaT 3ajaui 29 HOJHOCTBIO COXpaHsieT CHAY H 1J4 npocTpan-
CTBa, TaK 4TO 3/leCb TakxKe Tpebyercs onpegenuts n{n — 1) (n —2)/3

1) CM. noacrpouHoe mprMedanue Ha cTp. 26,
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. — 1) (n—2 .
Bequyni A, =;up A, n n_Oz___G)_Qz__)_ BeaHYHH B = 10171} BJ
n n

(M BHACHHTb, KaKHe H3 3THX BEJHYHH MOTFYT LJOCTHraTbcs). Tak,
sagada 30 yTREpXKAALT, UTO

A(4)=A;(4)=B, (1) =B (4) =60°,
npryeM 3TH 3HAYCHHA YTJIODB AunBrocruaxum B, TAK 4TO B Chaydae
YyeThIpEX TOUYCK NPOCTPAHCTBA
0<CAKB0° n 60°<CB<C180%

A mMoxer ObITh, BaM YyZACTCs CAMHM OIpeleJHTb BeJHUHHBL K(S)
u B(5) (cp. [42]), K2(4) u Ba(4); Tem e unraTesNsM, KOTOpHE 3HA-
KOMBI C MOHATHEM k-aeprozo (e6xiudosa) npocTparcTea '), MOKHO 10-
PEKOMEHAO0BaTh NPOAYMaTh 3afauyl 00 omnpejeseHHH BeJHYHH K}k) (n)

H ng) (n), CBI3AHHBIX C CHCTEMAMH /I TOUYEK k-MEPHOTO eBKJMIOBA MPO-
CTpaHcTBa (Tak, HaIpUMep, 3/ech

AR (k4 1)= maxA=60> u B® (£4 1) = minB=60°
: Prt - Ppt1
— noueMy?).

30. Ilyere A, B, C, D — npou3Boblble yYeThipe TOUYKH
NpoCTpaHCTBA; 06pa3oBaHHble STHMH ToOukaMH 12 yrios
(£BAC, LABC, LACB, ..., ZBDC) mbl 0603HaUUM Ye-
pe3 Ay, As, ..., Ap. Joxaxkure, yto

a) HauMeHbIIHi u3 yrnos Aj, As, ..., A Bcerga He
6osbine 60° (HO MOxKeT ObITL paBed 60°);

6) HanGonbwinit u3 yriaoB Ay, Ag ..., Aip He MeHblue
60° (Ho MoxeT GbiThb paseH 60°).

Yraxem elle, 4TO «3ajain o0 OLEHKAX YIJIOB» MOKHO CTABHTb
A HEeCKOJbKO mo-ApyroMy. Jlo CHX mop Mbl BCerga CUHTAJH 4UCAO 1 TO=
YeK TMJIOCKOCTH HJIH NPOCTPAHCTBA 3a 4 a HH B M-— H IIPH 9THX YCJIOBHAX
CTPEMUJIHCL OYEHUTH Te UAU UHble U3 Y2A08 Oy, O2, ..., Ox (HIH
A, Az, ..., Ax). OfHako TaKyi0 NOCTAHOBKY 3aXa4d MOXKHO ¥ «0fpa-
THTb» — MOXKHO 3apaHee 3aAaTh Te HIH HHHE OyeHKu Oaa (OLHOTO
HJIH HeCKOJIBKHX) Yen08 oy, ty, ..., &N {coorBercTBeHHo Ay, Ag, ..., AN)
U TOCTaBHTh BONPOC O TOM, IPH KaKOM 4uc¢/Ae n TOYEK NJIOCKOCTH HJH
MPOCTPAHCTBA 3TH OLGHKH MOTYT GBITh YIOBJEeTBOPeHbl, MH orpanme
9UMCS 3/1eCh JHIIb JBYMSI IpHMEPAMH MOLOOHON NMOCTAHOBKH 3ajad, IpHe
HajJeKaluMH, Kak Gyaro, sce Tomy xe [laay Dpadmy.

31. Ilpu kakom umncae n tTouer My, My, ..., My
a) IJIOCKOCTH;
6)** mpocTpaHcTBa
HX MOXKHO paclnojIOXuTb TakK, YTO HH OAMH H3 YIJOB

1) Cwm,, manpumep, B. A. Posendeann U M. §raowm, Muoros
MepHBEle NPOCTPAHCTBA, OHUUKJOMEIHMs 3JeMEHTApHOH  MaTeMaTHKH
(O3M), kn, V (reomerpus), M. «Hayka», 1966, crp. 349—392,
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MMMy (rme i, j, & — 910 Kakue-To U3 HOMepOB 1, 2, ...
.ss, 1) He OYyAET TYIBIM?

32. Ilpu xakom uucsae n Touexk My, M, ..., M,

a) NJIOCKOCTH;

6)** npocTpaHcTBa
HX MOMKHO DacClOJOXKHTb Tak, 4T0 Bce yrant M:M;My G6yayt
OCTPBIMH?

Taxnm obpasom, B 3afaue 31 TpeGyercss PacnoOJOXKHTb 7 TOUEK Tak,
4yToObl BC€ YIVIH ¢, Qg ..., Oy (COOTBETCTBEHHO YIJIbl Ay, As, ..., Aw)
6bin << 90°% B 3agaue 32 HecTporoe HepasBeHCTBO oy <<90° (umu Ay <<90°%;
speck J =12 3, ... umn N) 3ameHsiercsi CTPOrdM HEPABEHCTBOM
oy << 90° (nnu Ay << 90°). Pasymeertcs, aast TOro 4tobbl Tu Hepaseil-
CcTBa OBLAH BO3MOXKHBEI, HeOOX0AHMO, 4YTOGLI BCe Beauuunul By (rne

n(n—1)(n—2)
J=12 .., ——————
6

JIOBHE elile He TapaHTHPyeT BHIMOJHHUMOCTH ycJaoBuid 3azau 31 u 32,
B KOTOPHIX ONpEJeJCHHBE OrPaHHUEHHS NAKAAJBLIBAIOTCY Ccpa3y Ha
BCe yriabl Oy, COOTBETCTBEHHO Ay, UTO B CBOIO ouepelb MOKET NOj-
CKa3aTh HOBBE NOCTAaHOBKH (IIPAMBIX» 3a7ay, B KOTOPHIX 4HCIO A 3a-
JlaHo, a OLEHHBAIOTCA YIJIBL Oy HJIH Aj.

I1. Dpaéw ykasan peilenus (nNPOCTBIX) MIaHMMETPHUECKHX 3ajatd
31 a) u 32 a) u BbICKa3aa NpennoJoOXKeHHe 06 QTBETax, KOTOphle HMEloT
sanaun 3! 6) u 326), 3anauy 31 6) BrepBuie, KAK GYNTO, PEIIMJIA H3BECT-
Hblll roanauiackuii Matemartnk Hukonmaac Kéidinmep u AL Bépauiik
(N. H. Kuiper, A. H. Boerdijk); oaHako 3T0 peilleiHe ocTaJoCb He
OonyGAHKOBAINBIM, TaK YTO HATHPOBATH pelleHHe ITOfl 3agaud NPHXO-
aurca 1962 r., korga Oblla namedartana NOCBAUIEHHAs 3TOH TeMaTHke
craTbs [43] H3BECTHBLIX CNELHAJHCTOB 1O KOMOMHATOPHON reoMeTpun
Jliogpura- Jlanunepa u Bpauko F'prou6aywma, 3agauy 326) snep-
Bhle (OueHb cJ0KHO!) pemns B ToM ke 1962 r. aurauiickuii MaTeMatTHK
I Kpod T {44]; B 1963 r. -6osee npocrbie ee pelIeHHs MOJAYYHJIH TOT
we B, Tpioun6aym (cratba [45] KOTOPOro COmEpKHT OOCYNRAEHNA
psAja NPHMBIKAIOWIMX CI0a BOMPOCOB H TOCTAHOBKY HOBBIX 3ajad) H
punuptit Hemeukuit goruk Kapa Ul tTe [46]. [3amerum eme, uto npu-
Hagnexawee JI. Hanuepy n B, Fproubaymy pewenne szanaun 31 0) He-
MeAJICHHO NEPEeHOCHTCsT U HA CIydYall PACIONOKEHHS A TOUeK B R-MepHOM
(eBKJII0OBOM) NPOCTpAHCTBE '); HANPOTHB, 1O MOBOAY «R-MEPHOrO aHa-
sora» 3axaun 326) npu R = 4 MOXKHO JiHilb YTBEPXKAATh, uTO (OOTBET-
cTBytoulee (Hanbo/bllee BO3MOXHOe!) UHCIO Vi TOUEK YAOBJIETBOPAET
HEep4BEHCTBY 2k <y, < 2% (nouemy?) ]

3anaud 32 w 31 1pebyloT yKaszaTb TaKHE pACIOJOXKEHHR TOYEK B
NJOCKOCTH UJH B NPOCTPAHCTBe, uTO Kam/ble TPH H3 3THX ToueKk obpa-
3YIOT OCTPOYeoabHolli (COOTBETCTBEHHO OCTPOYSOAbHLLIL UAL NPAMOY2OLb-
Hbui) TPeyroabHuK., JTOT NOAXoM K 3aAayaM 3l u 32 cpasy moackasbt-
BaeT CleAYlolnyue HX BapHAHTOLI.

) Oelin =<C90°% O0mHAKO OHO 3TO Yyi-

33. Ilpu xarom uucae n todek My, M, ..., My
a) IUIOCKOCTH;
6)* npocTpaHCTBa

'} Cm. noxcrpounoe npuMeuanHe Ha cTp. 32.

2 A O. Uxaspckud u ap. 33



NX MOXHO DPacnoJOXHTb TakK, 4TOOb BCe TpeyrofbHHKH
MMMy (tne i, j, k=1,2, ... nau n) Gblan DpAMOYroJb-
HBIMHU?
34. Ilpu kakom uucne n touek My, My, ..., M, .
a) TJIOCKOCTH;
6) npocTpaHcTBa
X MOXHO DAaclOOXKHTL Tak, 4TOOBI BCe€ TpeyTOJbHHKH
MMMy 6blH TYHOYTONBHBIME?

YkaxeM, naxkouel, uto sanaud 31—34 MOXKHO CuHTaTh HOCTAaTOYHO
THNHYHBIMA AJ5 TOH yacTH KOMOHHATOPHOH reOMEeTpHH, KOTOPas H3ydaer
(B TOM HJIHM HHOM OTHOIIEHHH ONTHMAJbHLIE) DPACHOJOXKCHHS KOUEYHOTO
yicJa TOYEK Ha INIOCKOCTH HJAH B OPOCTPAHCTBE: Belb $ICHO, HTO
B 9THX 3aJauax OCHOBHBIM SIBJSETCS BONPOC O HAHOOJbLIEM BO3MOKHOM
Gycae A TOUeK, MPH KOTOPOM MOTYT GbIThb BBINMOJHEHBl YCJIOBHA 3al1add
(v 06 OTBEUAICIIHX 3TOMY <IPEAEILHOMY» 3HAUCHHIO 7 DPACHOJOKEHUSK
Touex). B kauecTBe emte oamnoro 6AH3KOrO 110 xapakTepy npHMepa yno-
MaHeM 3feck 06 uayweili ot toro xe I[I. D paéura [40] 3anaue, Tpe-
Oyomiell ykaszaTb Hauboavwee 603MOCHOE utcao n Touer My, Ms, ..., M,
(Ha TJAOCKOCTH WA B IIPOCTPAHCTBE) TQKUX, 4TO 8Ce TPeyeOAbHUKY
MMMy asamorca pasuobedpenrbisu. DTa 3agaya Obiia pelleHa B
1962—1963 rr. yxe ynomunasmuMmcst Boime I', Kpodtowm [47]: mau-
GoJblilee COBMECTHMOE C YCAOBHSIMH 3aZauy 4YHCAO TOUEK B CAydae ILIO-
CKOCTH 0Ka3aJ0Ch paBHbIM 6 (COOTBETCTBYyWOIas KOH(HIypalus 3azaerca
NATEI0 BEPUIMHAMI NPABHABHOTO MSITHYTOJBHHKA M €ro IEHTPOM — CM.
3ajauy 36 kuurn [13] n puc, 8,a), a B cayuae npocrpanctsa — 8 (3nech

Puc. 8.

«ONTHMAJbHAsl» KOHQHIYpallis TOMEK B3a/aeTCs TeMH e ecTbio Tou-
KaMH TJIOCKOCTH R ABYM# TOUKaMN NEPHeHAMKYJspa, BOCCTABJCHHOIO
B UEHTPE HATHYrOJLHHKAZ K €ro MJOCKOCTH, YAaJeHHBLIMH OT MJOCKOCTH
Ha paccTosiHNe, PaBHOE PAafMyCy 7 ONMCAHHOR BOKDPYT HATHYTOJbHHKA
OKpYyxKHOCTH; pHC. 8, 6). Tlocneansa xe 3ajaya NOBOJBHO TECHO NPHMDLI-
KaeT K IPHBJAEKaOUeMy Gosbllloe BHAManue (cMm., Hanpumep, [40], [48])
BOTIPOCY O TaKHX PacloJioXeHHs X ToYeK (Ha HJIOCKOCTH, B NPOCTPaHCTBE
HJIM B MHOTOMEPHOM NPOCTPAHCTBE), IJ8 KOTOPHIX ofuee #uc.ao ! pa3-
ALY HBLX NONAPHbIX PACCTOAHUL MEHCOY TOUKAMU ABASNETCH CPAGHUTEAD~
HO MQAbLM: HampHMep, naufoJblliee YLHCJIO TOUYEK, KOTODBIE MOXHO pac-
DOJIOKHTb Ha IJOCKOCTH Tak, YTOGH HMCJIO pa3HblX MONapHHIX PaccTos-
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HHI MEXIY HMMH He NpPeBOCXOAHJIO ABYX, paBHo 5 (cM. 3amauy 35 G)
kuurd [13] 1 puc. 8,8).

"35*. KaxoBo HanGoJblilee YHCIO Jydell B MPOCTPAHCTBE,
006D a3yIOLKX NONAPHO TYIbIE YIABI?

-36. a) M3 oaHOl TOUKH B IIPOCTPAHCTBE BHIXOAAT TPH
ayda. JloxaxkHTe, 4YTO XOTb OJWH H3 IONAPHBIX VIJOB
MeXAY 3THMH JyuaMu He npesocxoaut 120°% oanako Jayuu
MOMKHO NPOBECTH TaK, UTO HH OJMH M3 IONaPHHIX YIJIOB
MEXIy HHMH He Oymer menslie 120°

6) 13 oaHofi TOYKH B TPOCTPAHCTBE BLIXOAAT HeThipe
ayda. Jloxaxurte, 4YTO XOTb OJHMH H3 TMONAPHHIX YIJIOB
MEXAY 5STHMH JiyuaMHd He TPEBOCXOJHT &, TAe COS o ==

1
= — 5 (M sHAuMT, o & 109°2816”); oaHAKO JIyuyH MOMKHO

IPOBECTH TaK, YTO HY OIHH #3 [OMAPHBIX VYIVIOB MEXIY
HUMH He OVeT MeHblIE «.

B) M3 onHoit TOYKH B NPOCTP2HCTBE BBEIXOAAT MATh JY-
uefl. JlokaxuTe, 4T0 XOTh OAMH M3 HNONAPHLIX YIVIOB MEXAY
THMH Jy4aMd He npesocxoiut 90°; 0aHAKO Jyud MOXHO
IPOBECTH TaK, 4TC HY OJHH H3 YIVIOB MeXIy HUMH He Oy-
JIeT- OCTPBIM. '

r) llokaxnte, yTo yTBep:KAeHHe 3a7a4d B) COXPAHSIET
CHJIY M /15 LIeCTH Jaydeil B IIPOCTPAHCTBe.

Iyers Iy, Ls, ..., 1n —n aydell B npoctpanctee, Haumeubmu it
U3 monapHbiX YIA0B MeXK1y 3THMH Jydami oJo3yauuM uepes3 i, I mycTb
(1) — nauMeHbUWIMA Taxofl yroa, uro, Kaxoger Obt i Coiaun Howu n
ayued,
~ Y<@(n)
(apyrumu croBamy,

p=min £ (/;;;), rae i, j=12,...nmn
i
H

Q(n)=supPp=supminZ (/;l;), L j=12,...,n
Q L

n nl;

Qn={11, [2’ ey ln}

um pawxe @ (n)==max min £ (l;, /;), DOCKOJAbKY B3A€Ch MAaxCHMYM
i, ] .
i
peqmauHLl  Pp=min £ (I3, {;), i, j=1, 2,... mam n, paccmarpusae-
i .-

MOA AT BCEBOZMOMHBIX cHCTeM n = {1, Iy, ..., n} u3 n ayuei
B NpOCTPAHCTBE, BCerxa AOCTHTr aeTCs; #CHO, 4TO yroa @(n) 3asd-
cut ot yucaa n). OQuesnguo, 4to

¢ (2) = 180°;
2% 35



Nanee B3 pesyabTara 3ajaun 36 BLITEKaeT, uTo

@ (3)=120". o (4)=a =~ 109°28"16"; ¢ (5) =0 (6) =90

Jloxa3zano Takxe, 4To
@ (7) ~ 77°517 587, @ (8) =~ 74°52/ 107, @ (9) ~ 70° 31" 447,
@ (12) ~ 3°267 06”7  uw @ (24) ~ 44° 427 52"
¢

(em. ra. VI gunrn J1 @efiew Tor [24] u crateio P. M. Poduacon
{49]); onnako TouHOe 3naueHMe @(n) HH NPH KakoM n > 9 u n == 12, 24,
Kak OyATO, HEH3BECTHO, XOTA AOCTATOYHO NPABLOIOA00HLIE THIOTE3bi
0 BeJMuHHE yraa ¢{n) npeanoxens IPH Bcex 7 B pnTepmate 12 < n <
<< 24 w nas n == 10, 11, 25, 26, 28, 30—33, 42, 44, 47, 48, 52, 59, 60,
80, 110, 119, 120 u 122

YrakeM emie ORRY npcGaeMy, CBS3AHYI0 € PACCMATPHBACMBIM KpY-
roM Bonpocon. Brie mul Bugeau, uto @ (5) == ¢(6) (=90°); or amepu-
Kanckoro Martewatiga P. M, Po6uncowna [50] mmer 3ajaua
nepeluCAeHa 8CeX TAKUX N, YT0 .

P(n—1)=g¢(n). (+)

Kpome n = 6 a1uM cBONCTBOM NOYTH naseproe ofaanaer yucao n = 12;
PoGuucon poxkasan, uro, nomMuaMo 6 u 12, uM wMoryr obaaxaTh JHIIB HHC-
na 48, 60 u 120, u upeamosoxua, uro upcaa 6, 12, 48, 60 u 120 co-
CT&BAMIOT NOMHM{ HAGOp 3HaueHdfl A, YAOBJSTBOPSIOLLHX YCJOBHIO (%)
(3T0 noka He A0Ka3ako HH Aa1 KarRoro A == 6). Haxowel, saMerum, uro
npobaemartika 3anay 35—36 coxpaHsieT cuuy H Ans R-MepilbIX (eBKANIL0-
BBIX) OPOCTPAHCTB, TAe k& > 3; B WaCTHOCTH, CPABHHTEJBHO HEC/IOXKEH
«k-MepHULIfl BapHaHT» 3afaun 35.

3. OLEHKHU NJOWALEW

UeurpadbublMi B 3TOM LHKJE 3axad HANO, BUAHMO, CUHTATbL 3a-
nauy 58—60, nauupalowMecs ¢ npeanarasilieflicd HEKOrAa HA- OAHMOHAze
MOCKOBCKHM HIKOJALHMKaMm 3ajfau 58 M poncTsenHoll efi «3anauy o 3a-
nnatax Ha Kadrade» 59 a), B Takoil (opme BBefeHHON B OOHXOZ Moo-
KOBCKHX NIKOJbHHX MaTeMmaTnueckux kpyxkos E. B, Auukuasim {51
Hexoropble apyrue Tevbl, HauaThble 3afayaMH 3TOTO LUHK/AaE, HAXOANAT NPO-
LOJKeHHe B uuKJe 3ajau 4.

37. oxaxure, UTO HU OLHUH U3 TPEYTOJIbHHKOB, BIICAH-
HBIX B BLINYKJBIE MHOTOYFOJBHHK A, He MOXeT HMeTh
60oMbILYIO IJoIadb, ueM HanGouabiuuii (mo nJaomany) w3
BCEX TPEyTONbHHKOB, BEPUIHHBI KOTCPBHIX COBIAZAIOT C Ka-
KMMH-TO TpeMd BepuivHamu M.

Teopema 3apauy 37 ykaspiBaeT, 4TO [JiIR PelIeHMs caeixyomel aa-
HauH: GARUCATb 8 CAHHOLIL MHOSOYZOALHUK TPeyeoAbHUK Haubo.1otuel 803+
MO%CHOU naou4adu, ROCTAaTOYHO DPACCMOTPETh BCE TPEyTOJNLHUKH, Beplliu-
Hbl KOTOPLIX COBNAfal0T € KakuMu-AuGO TpeMms BepUIHHAMH AAHHOTO
MHOTOYrObHHKA (TakMX TPeyroJibHaKoB OyfeT KOHEUYH OeE uHuceao), —
¥ BLIGpaTh U3 HHX HauboJbuinil No nJoWaiH.

36



38. B tpeyrosbuuk ABC Bnucam TpeyronbHux PQR
‘(em. puc. 9). JToxaxkuTe, YTO MIOWaAL XOTH 6Ll ONHOTO U3
tpeyroasuukos APR, BPQ u CRQ
He TIPEeBOCXOAHT 8

1
a) — OJaomagd TPeyroabHHKa

1
ABC;
6) maIomamH  TPeyroJbHHKA p

PQR.

JII060NBITHO OTMETHTH, UTO TaKKe #

nepusmerp xora OGor 00HO20 u3 Tpe-
yeoasnuros APR, BPQ u CRQ ue npeso-
cxodur  nepumerpa TpeyeoasHuka PQR Puc. 9
(cp. ¢ sagauefi 386)). CoorBercTByMOLIEe .
yTBepKAeHe GbL10 CcHOPMYIHPOBAHO J10O-
BOJLHO JABHO; OAHAKO AOKA3aTH €ro AONTO He yaasanoch. Jluup 8
60-x Tonax Hallero Beka B pasHbIX cTpaHax Ouio HalJAEHO Ccpasy fie-
CKOJIbKO [10Ka3aTelbCTB Toro, uto APQR He MOXKeT HUMeTh (AWMEHb-
LI MepHMETP U3 Beex H3obpaxeHnbix Ha puc. 9 Tpeyrosbrukos. 1o no-
BONy HCHOML3YIOMHX 2eomeTpudeckoe Ougdepenyuposanue (cp. [l
ctp. 317 w panee) noxasatenscts sToro ¢akrta cm., wsanpumep, {7},
crp. 81 —83 uau B. A. 3anrananep {52

R

39. Ha npoxonxenusx cropon yraos A, B, C tpeyrob-
Huka ABC 0T/I0KeHbl OTPE3KH, PaBHBIE MPOTHBOMOSOKHBIM
cropouam {puc. 10). Ho-
KaxKuTe, 4To juIomaib mno-
JIYYHBUIETOCA UIECTHYTOJIb-
unka >138, rge § — nio-
manbp tpeyrodbinka ABC.
Mosxker a1y OpITh yaydlneHa
3Ta oueiKa? ‘

40. [loxaxute, 4YTO B
J1000M BBINYKJAOM IIECTH-
yroJbHuKe Haliaercst Aua-
_ rOHanib, KOTOpas OTCeKaeT
\ - OT HEero TPeyrodbHHK IJIO-

!
Puc. 10. wain < S, rae §—nio-

manb IHeCTUyroNbHHKA.

Moxket ju OBITh yJaydileHa coaep:kaluasicsi B 3TOH 3a-
Jlaye OLieHKa?

41. TlpoTHRONOJIOKHBIE CTOPOHBLI BBIOYKJAOrO  LIECTH-

yrosneHuka ABCDEF  napannenbunl. JloKakuTe, YTO

1
SACE > 9 SABCDEF'

a7



HOna xaxux mecruyroibHukoB ABCDEF ¢ mapagnenb-
HBIMH MPOTHBOMOJIOXHBIMH CTOPDOHAMH HMeeT MeCTO paBeH=

CTBO Sace = 5 Sapcper?

42* a) Ilycts [I=ABCDE — BuIDYRABI NATHYTOJNbHHEK,
n = abcde -— NATAYTOJLHEK, 0CGDa30BaHHBIA cepelMHAMH

Puc. 11.

ctopoH nartuyroavunka fI (puc. 11,a), S u s — nnomann
nATHYTOoAbHUKOB /I u n. JlokaxuTe, uToO ,

3 I
TS>S>7S

6) Myere Il = ABCDEF — BHIYKJBI — LIECTHYTOJb-
HuK, 1= UVW — rpeyroabhuk, o6pazoBaHHBIl cepend-
namu U, V u W «raasuwpix» nuarouanei AD, BE u CF
utectuyroasauka I (puc. 11,6), S u s — miaomanu I u
7. Jlokaxkure, 4TO ’

T8> s3>0,

V

Moryr au 6biTh yAyyllleHbl OIEeHKH 3ajgau a) u 6)?
43. Ilycte M = ABCD — BRINYKALIT YeTHIPEXYroJdbHHK
nacwagy S, Q — Touka mepeceueHusi ero jauaronasein AC
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u BD, P u R — takne touku ctopon AB u CD uetipex<
yroasHuka M, uto PQ [fAD u QR BC (puc. 11, 8); nimo-
wans APQR o6osnauum yepes s. Hlokaxure, uto

0<S<'§78.

Mozxet JH ObITb yaydileHa 3Ta OleHKa?

Bor eme oaHa 3aiaua Ttoro xe poaa. lycre 4 = ABCD — ennyx-
avll wetoipexyeoavrux, Ay, By, C1 u Dy — cepedunot eeo cropon BC, CD,
DA u AB, 4— weroipexyeoavrux, oepanudennoil npanoimuy AA,, BBy,
CCi n D01 (puc. 11,2), S u s—mzomadu yervipexyeoavHusos 4 u .
TpeGyerca dokasars, 410

I

=
8]

S>s>%8.

dra sasaua Gbl1a nocTaBdaeHa B 1943 . pyMBIHCKHM MaTCMATHKOM
T. Tonosuun (T. Popoviciu); ona Onl1a unamedaTaHa B PYMBIHCKOM
wypuane Gazeta Matematica, ojuako pelueHne ee HHKOrfia, BHIHMO,

1
e nyBauxosasock. (HeTpyamno BH1eTb, 41O § =§S, ecou ABCD —

1 .
napasaaesiorpaMmm; =6—S A8 BBIDOMKICHHOrO «UETLIPEXYTOJIbIUHKa»

ABCD, nse Bepuruiibl KOTOPOrO COBMNAZAIOT.)

44%, [lycts T; u To— ABa TpeyroabHUKE CO cTopoHavH

ai + a;
a), by, €1, COOTBETCTBEHHO Qp, ba, C2, U NYCThb & ——l/ ——>

by + b3 ci =+ ¢,
b= ]/ 2, = 1/1—2——2— . Hoxaxure, uto

CYIIeCTBYET TpeyroanHK T co ctoponamu a, b, ¢ u uro,
ecan Sy, S; u S — naomann tpeyroasuuxos Iy, 7o u T, 10Y)

a) S=V S8y
1
0) S=+5(S1+ S)).
B kaxux caydafix HepaBeHCTBa 3azau a) u 6) obpa-
LIAIOTCSA B PABEHCTBA?

45. Ilycts S — I0MmA 1b uerbipexyroasiuka ABCD,
a,b,c u d— AnuHBl €ro MOC/1e10BaTeIbHBIX CTOPOH, € U [ —

1) JlpyrEMH CJa0BaMu, ecau CTopousl Tpeyzoiseruxka T [34210T¢a
cpedrnuMuU KB8AOPATUYUHBIMU COOTBETCTBYIOWUX CTOPOH Tpe-
yeoavnukos Ty u Tp (em, wampumep, . O. IUkasapcxui,
H. H Yennos H M SHraom, Habpauusle 3agaun 0 Teopemsl
aneMeHTapHofl MaTeMaTHkn (apudmeTHka H . aarefpa), M. «Hayka»,
1965, crp. 71 u caen.), ro naowadv T we menbwe cpednezo eeomerTpu-
4ecK020 U He MeHoule cpednezo apugpmerudeckoz2o naouiadeli Ty u To.
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JJIHEBL QHaroHanNeit, a M H N — IJIUHBL «CPeXHUX JTHHHAY,
COeIUHAICIINX CEPEAHHL NPOTHBOMNOJOKHBIX CTOPOH HYeTHl-
pexyroapHuka. Jlokamxure, 4yro:

2) S < (& + 2);
:

6) S < T (m? 4 n?;

B) S<F(a+0) b+

B Kakux cayuyasix HepaBeHCTBa 3aiay a) — B) ofpa-
[1al0TCs B PABEHCTBA?

46. Tlpoexuuun mMueoroyronbHHka M Ha ocs Ox, Ha Gue-
cexTpUcy 1-ro ¥ 3-ro KOOPAHHATHBEIX yIJOB, Ha ock Oy n
Ha OuHCCeKTpUCY 2-TO U 4-TO KOOPAMHATHBIX YIJIOB COOTBET-

CTBEHHO papBHHl 4, 3V'2, 5, 4V 2. Ilromans MHOrOyrods-
nuka pasva S. Jlokaxute, 4TO:

a) §$ < 17,55

6)* ecq MHOTOyroabHHK M BHIIyKABH, TO S == 10.

47. «Tloaocoliy HasLBaeTCsd YacTh IIJOCKOCTH, 3aKJI0-
yeHHasi MEXAY JBYMS TapasielsHbIMH npaMBIMH. Ilyers
Ha IJOCKOCTH MAHBl HECKOJBLKO IMOJOC PasHOH MHPUHBL, HA-
Kakne JBe M3 3THX I10JI0C He napannensssl 1). Kaxk syxHO
CIBUHYTH TOJOCH TapajiesbHo caMHM cebe A71s TOTO, 4To-
OB NACIIAAb O6pa30BAaHHOTO B NepeceYeHHM MHOTOYTOMb-
HUKa Oblia BO3MOXKHO GoJbluef?

48. JIBa paBHBIX TIPIMOYrOJbHHKA pacrnojoXkKeHb Ha
MJIOCKOCTH TaK, YTO KX KOHTYDPHI NepecekaroTcsl B 8 TOUKax.
Jloxaxute, uto njouians obuieidl 4acTH 3THX OPSMOYTOJb-
HUKOB GOJibllie TIOJOBHHLI IJIOUAJH KAaXKIOTO W3 HUX.

49. Tlo nmpsaMoauHeAHOMY KaHady, HMeEWIIeMy MIHPHHY
1 u noBopaumBatueMycst Ha 90° O OTHOILEHHIO K CBOEMY
[IepBOHAYANBHOMY HanpaBiaeHuio (cM. puc. 12), mnuawBer
njoT. JlokaxuTe, yTo ecJAW MJIOILALb MJOTa paBHa 2 V2
(ny emle Gosbuie), TO OH HABEPHSIKA HE CMOMKeT pasBsep-
HYThCHA Ha MOBOPOTe H TPOMONIKHTEH JIBUXKEHHE MO KaHaiy.

Tlonyuennast. B 3amaue 49 olleuxa siBAsieTCcs ROBOJBHO TPYGOf, —
BHAMMO, PEaNbHO HJOT, KOTOPBHl MOXET HPOIJIBITL TO OINHCAHHOMY B
3TO# 3ajavc Kauajay, NO/UKeH UMeThb MJIOLLAalb, 3aMeTHO MEHBINYIO ucM
2172 (~ 2,83). C apyrofi CTOPOHbI, HETPYAHO YKA3aTh NPHMCPH T.IO-
TOB, KOTODEIE CMOFYT NpPOIJHTH IO ONHCAHHOMY B YCIOBHH 32]1aul

1) To ecTb He napa/jiesbHbl HUKaKpe JBE NpPAMbIE, OrpaHHUHBAIO-
HIHe pasHble NOJIOCHL
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KaHaJjay, B KadeCTBE€ I[IpHMe€pa MOXKHO Has3BaTb KBaI[paTHbIl:l IIn0T NJao-

. . nt B
pans 1 uan noayspyesti NAOT MAOWALH 5~ 1,87  (pne. 12,6);

HETPYAHO TOCTPOMTH M NJIOT ele OoJblledl MAOWANH, KOTODBIH MOXKeT

Puac. 12.

pasBepHYTbCl B HalieM Kanade. Amepuxaickuit matematuy JUk. X a m-
Mepcan [b3] mpepnonoxua, uyto HaHGOADbBWI HH TIOT, YAOBIETBO-

s 2
pAKINHI YCAOBHIO 3ajaud, HMeeT IJOIAAb 7-}—; (~2,31) 1), on-

HAKO MOKa 3TO NPEANOJOZEeliHe HUKEeM He oKasano (HO U He ONpo-
BEpPriyTo),

50. Hoxaxwute, uT0 J1060e TpeyroJbHoe CeueHHe TeTpa-
sapa (TpeyroybHON NHPaMHUABI) MO MUION(AAW MEHbIUE XOTb
OLHOH H3 ee rpasem.

51. Cousinlle HaXonuTcd B 3eHHTe. Kak pacnojsioKuTh B
HPOCTPaHCTBE

a) maxkeTHK ¢ MOJIOKOM (T. e. npaBMbem TETPasap);
6) nmerckuil KyOux

Tak, uToObl oTOpaceiBaeMast 3TUM npeaMerom tenb (puc. 13)
uMesla HaHOOMBIIYIO BO3MOKHYIO IJICHIALb?

52. Jlan Tpeyrosapnuk 7.

a) [lomectnte BHyTpr T LEHTPaJbHO-CUMMETPHIHBIH
MHOTOYTOJbHHK m HauboJbliell BO3MOXKHOH IJIOLLA/H.

Uemy paBHa NJomaib m, ecau miaowans I pasna 1?

6) 3axawounte 7T B BBIIYKJALIA LEeHTPaJbHO-CHMMETpPHY-
HBIl MHOrOyTOJbHUK M HauMeHbLIedl BO3MOKHOH IVIOIIAIH.

N fu 2 .
) Moxere Bbl yKazaTb MJOT nﬂomann‘7+?, KOTOPBIfT B cO-
v

CTOSIHHU NPOINJBITL MO KaHaldy, He 3aCTPSB HA pa3BOpOTe Kauanaa? |



Yemy paBHa miomanb M, ecan nuomwans T pasna 1?
53. B npannom Ttpeyrodbuuke 1 BpiGepHTe TOUKY Q Tak,
utoObl OTHOUIGHHS MJIOWIAJed ABYX dYacTeH TPeyroJbHUKaA, '

El it IRy

Puc. 13.

Ha KoTopble pasduBaer T npoxoxsimiad uepe3 Q npamas /,
3aKJ0YaJdich B BO3MOXKHO GoJee TeCHbIX mnpefedax (310

Puc. 14.

OTHOLIEHHe, OYCBHAHO, 3aBHUCHT OT BbiGopa mpaMofl [—cw.
puc. 14, a).

Kakumu 6yayT 3TH npeiensl IIpH CaMOM yZadyHOM BHI-
Gope Touku Q?
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3anaun 52 n 53 cBA3aHB! C ONpeleicHHeM «CTEMeHH 1l e He
TPaJbHOCTHY (HIM <UEHTPAJbHO-CHMMETPHUHOCTH») TJIOCKOH (hH=
rypol. SICHO, TG 1As HENTPAaNbLHO-CHMMeTPHunoH QHurypul F (nanpumep,
L Kpyra WM mapajnenorpamMma) Touky Q BHYTPH F MOXHO BHIOpaTh
Tak, uTo6bl OTHOIWEHHe Sy:Ss Mmiomagel uactell, Ha KOTopHe pa3bH-
paeT F npoxoasmas uepes @ mpsiMas [, Boo6Iie He 3aBHCEJO OT
Beibopa [ (¥ Bcerma pasHMIOCH 1): Wist TOTG AOCTATOYHO TPHHATH
3a @ yeutp cumsmerpun $urypst F (puc. 14,6). Tlostomy nmas ue
AMeoied UeHTPAa CHMMETPHH QHrypel F fpefedsl, B KOTOPLIX BapbH-
pyeTcsi oTHomlenue Sy:S» nuomageil paccMaTpuBaeMbIX dacTell ¢ury-
pul F (rme touka Q BwGpana Tak, 4ToOB 3TH Opejeanl ObIIH BO3MOXK-
HO 00Jee TeCHBIMH!), MOTYT CJYXKHTb OLEHKON TOTO, A0 KAakoll cTemenn
Hawia (Gurypa sBAAETCS «HE HEHTPAJbHO-CHMMETPHYHON»,

BerpeualoTest Takke CHTyauuH, TpeGyiouiie 3ameniTo Oanuyr0 ¢hu-
eypy F yentpaabHo-cummeTpuurod cueypoit F’; TUpH 3TOM eCcTeCTBENHO
CTpeMUThCA Tak BhIGpaTh 3Ty ¢urypy F’, uto6el oHa Obl1a BO3MOKHO
«6auxe» X F: yanpumep, ecau F’ cocraBaser dwacts F o (¢p. 3aia-
yy 52a)), TO ecrecTBeHHO TpeGOBaTh, uToOH maowans F’ Oeia BO3-
MOIKHO OCavtued, a ecan F’, nanpotus, cofepxut F muytpn cebs (cp.
3anauy 520)),— uTo6nl Maowab F’ Gbia Bo3MOxHO Mewpuier. Tlpn
stoM ortuoweuste F':F (mmu F:F’) naowapnelt ¢uryp F u F/ (pas-
Hoe | JAJs HeHTPadbHO-CHMMETPHUHBIX (BHTYD H TOJBKO AJAs 1HX!) TaK-
He MOJKHO [pPHAATbD 3a OUEHKY <«CTelleHd cuMmMerpuuHoctds £F. [lo
5TOMY NOBOAY CM. CHEHHAaJblO MOCBSIIEHUYIO «OLEHKaM CHMMETPHUHO-
cti» Guryp neppyio yactb Kuuru B. 'prou6ayma [19], a takxke pax
3ajnay U3 Kuury [29].

OTMeTHM HaKOUEl, YTC 3afaul 52 n 53 MOKHO OTHECTH K TOMY
«MUHUMAKCHOMY» THIIY, KOTODBIl ¥acTo BCTpeuaeTcsi B 3710fi kunre. Ha-
NpHMep, NOCTAHOBKY BOTpOCca B 3ajauye 53 MOKHO ONHCATb TaK: NMYyCTb
Sy u Sy (rne St = S:) —naomwand ¥acTell, Ha KOTOpBE REJHT hU-
rypy F (B nawmem cayuae — tpeyroabnik T) mnpoxoadmas uepe3 (u-
KCDpoBaunylo Touky Q npaMas [ Mubl HauliHaeMm c Toro, 4To HumeM Ta-
Kyl npamyio lo, uro npu ! ==l oTHowenne S;:S; MHHUMAAbHO,
T. €. HlIeM BeaHuHHy

min (8;:S:) (rze [ nmpoxoaut uepes @, T. e = Q).
i

HNanee mul BpIGEpaeM Taxkyio Touky Qo durypst F  {rakyio Touky
Qo & F), paa xoropoit BeawmunHa min (S;:S8;) MaxcuMmaasua,
i

T. €. HileM BeJHYHHY
maxmin($;:S,), rne [=Q u Q&F
Q 1

s1y-10 Beanunsy k(F) (cp. Bwue, ctp. 16) MBl U OpHHHMaeM 3a «CTe-
neHb CHAMMeTpHuLoCTH» Gurypel F. 3ameTuMm emle, yto B ofuleii 3anaue
00 oueHkax cTemeHH cuMMeTpuuHocTH k(F) ¢urypm F Tpebyercs yxa-
34Th TaKiKe Te npededvl, 8 KOTOPoLX MONCET UIMEHATbCA Geduiuna k(F)
0as pasnoix ¢ueyp F; tax xak k(F) <<1 u k(F) = | A% 1eHTpaJbHO-
CHMMETPHUHBIX GHIYp, TO MOCAEAHH BONPOC CBOAHTCA K HAXOMXKAEHHIO
rakolt ¢urypw Fo (smbupaemoil M3 ompejeneHHOro kaacca & ouryp,
HanpHMep M3 MHOJKECTBA BCEX BHINYKJLIX MHOIOYTOJBHHKOB), YTO MM
F = Fy Bennuuna &(F) pocTuraeT MUHHHMYMa, T, €. K HaX0XK/eHHIO
m}in max m;n (S1:82), rae I=2Q,QeF u Fesf
Q
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(B KJAacce BBIMYKJABIX MHOrOYrOJbHHKOB MHHHMYM k(F) peanuayercst
‘UMEHHO [JIs1 TpeyeoabHuxa — cM. 3afauy 36 m3 kuurm [29]; cp. Takxke
3anaun 33 n 34 Tofi xe KHUTH).

54.a) B enunnunom kBaapate K pacrosokeHa HeKoO-
ropas ¢urypa @ (KoTopas MOMKeT COCTOSITb M M3 He-
CKOJIbKHX OTZeNbHBIX KycKoB). Jloxkaxure, uto ecnu O ne
COMEPIKHUT Mapsl TOUEK, PACCTOSIHHE MeXJy KOTOPHLIMH paB-
o 0,001, to nnouwanr @ He npesocxoxur 0,34.

6) MoskcTe sin BBl YJAYUHIHTH ONeHKy miolazd @, yxa-
3aHHYIO B YCJOBHH 3aj1auu a)?

55. Jan xpaapatr K co croponoii | u HEKOTOpOe UHCHO
MeHbIHHX KBaJApaToB, ofliasf IJIOMIa/lb KOTODBIX He npe-

1
BOCXOMHT = . Joxaxure, uyto

a) Bce «MeHbIIHe» KBaApaThl MOXKHO 0(e3 TepecedeHHs
pacrosioxuTh B KBaunpate K;

6) «MeHbIIME» KBajapaTbl MOryT OBITh TAaKOBBI, 4YTO HX
He/b3s PACHOJIOKHTh 6e3 NepeceueHHs] HH B KakKOM KBaJ-
pate co croponoi <l.

3anavya 55 yTBepKiaeT, 4TO KBaipaT co cropoHoir | ssaserca
«caMO# NJIOTHOH YNakoBKOH» M/ BCeX CHCTEM KBajJpaTos ofmeli njo-

1 . . .
manu *2— (HJI}’] KBajapar njaouianau 2 — «caMol MAOTHON YIaKOBKOE» A4

cucTeM KBaapatoB ofwedl maomand 1) 8 xaacce scex Ksadparos: HA
B OAMH MeHbINHH KBAApPAT HE/b3S YJAOKHUTB 110 0y 0 CHCTEMY KBad-
paToB 3ajaHHON MJIOWAAH TakK, YTOOLI OHH HE [epeceKaduch MexKAY
coBofi ). Onnako «B Kaacce BCex NPSIMOYTO/bHIKOBY MOMKHO YKa3aTb X
MEHbIlIHe MO NJAOMIAAH <«SLIMKH», KyZa MOXKHO «YJI0XKHTb» € cobJone-
HHeM TpebyeMbIX yc/IoBHE JIOObIE CHCTEMbl KBAAPATOB 3aaHHOl oOuefi
oW anu:  Tak, Hampumep, HeZABHO  aMeDHKAHCKHE  MaTeMaTHKY
H. Kaefitou u M. Kpuarep [54] nokasann, uto arolyio cucremy
keadparos obuwjed naoujadu <1 MONHO B3AKAOHUTL BHYTPo NPAMO-
yeoavruka co croponamu | u V'3 (u ¢ naomamsio V'3 = 173 ... << 2)
TaK, 4rof6l HUKGRUE 0B8a K8adpara He NepeceKaiuics mcody codod
(4 3TOMY YyCJOBHIO He YIOBJETBOPSET HHKAaKOMH NPAMOYrobiHMK €O
croponame | u g, roe a <<}/ 3). Pasymeercss, «ynakoBKoii» mis Beex
CHCTEM KBaApaToB naomwaxn | He MOMKeT CHOYKHTb HHKAKOH OpAMO-
YrOJIbHHK, MEHbHIAst CTOPOHA KOToporo << 1; opnako ofmuil sompoc 06
OTBLICKAHHH TNPSIMOYrOJbHWKA HOUMEHbULe] 803MOINCHOL nAOAdU, BHYTPD
KOTOPOTO MOXHO €e3 HaJOXKeHHI 3aKJIIOUHTL JIOOYI CHCTEMY KBajpa-

1) Io npyromy aTy 3ajauy O caMmMOil NJOTHOH YIAKOBKE CHCTEMBL
KBaApaTOB MOXHO CHOPMYJIHPOBATL TaK: MJs KaXA0H KOHKpeTHOD
CHCTEeMbl KBajpartoB Ry, ke, ..., k, HaxoauTCcd BeJHUYHHA mina, riae
a —cropoHa kBajapata K, B KOTOphIl MOXHO YAOXKHTE Ry, Rz, ..., ka
6e3 HaJoXKeHM; 3aTeM HULIETCA my?‘x mina, rie A ~—BCEBO3IMO K-

Hble CHCTeMbl KBaapaToB ki, ki, ..., YIOBJETBODSIOUIME TOMY eauU-
CTBEHHOMY YCJOBHIO, YTO ofmiash UX MJOLLAib He [PEBOCXOAHMT 1.
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%0p ofumef miomann =< 1, noxa, kaxercs, He pewen (MoXeT GHITH,-
TAKUM  NPSAMOYIONBHHKOM  SBJSAETCA «(1 Xﬁ)-npﬂmoyronbmm»
J. Kaefirona 1 M. Kprarepa?). MoxHo Takxe cTaBHTb BOIPOC O OpO-~
H3BOJabHOH Gurype F («fAllEKe») HaHMEHbUIEH BO3MOXKHOH NJIOLIAIH,
BHYTPH KOTOPOIl MOMKHO DPasMecTHTb 0e3 HaJoXKeHHH Mo6yio COROKYM-
HOCTb KBajapaToB ¢ ofmell milomansio << [ (cp. ¢ TaK HasbiBaeMoil
npoGaemoit Jle6era, o xoTopofi rogoputcst Ha ctp. 85) wiu
3aMeHATb CHCTEMBl KBAaADATOB CHCTEMaMH HHBIX (QUrYp (CKamKeM, paBio-
CTOPOHHHX TPeyTOJBHHKOB MM KPyros!)) sapannoil ofulefi mnmouiany,
sl KOTOPbIX HajJ0 YKAa3aTh «YHHBEPCAJbHYIO YIAKOBKY», OJIHAKO BCE
3TH 327124, BHAHMO, BECbMa TPYAHBL

CM. Takxe HeckolpKo Oojee pauHiolo, deMm pabora {54], crartiio
H3BECTHBIX CHElHAHCTOB N0 «koMORHATOpHOH maTeMatuke» A. Mewupa
n JI. Mozepa [55] (3 kotopoll ykasama W Zpyras jgutepatypa), Iui-
POKO TPaKTYIOILYI0 COOTBETCTBYIOILMII KPYr BONPOCOB (B Hel, B yacT-
HocTH, GBI 1OCTaBJAeHA pelicHHAas uepe3 rox Kaefitonom u Kpnare-
poM 3ajaua HaXOMACHMS TAKOr0 HAaUMENbIIETro & HuTO Kaxdy:o
cucremy rKsadparos obujell naowadu 1 moxcHo 6e3 Hoaoxexutl pacno-
A0XCUTE 8 npasoyeossrure pasmepom 1 X a).

56. a) OTpe3ok AJAUHE | DOJHOCTLIO MOKPHIT HEKQTO-
PbIM YHCJOM MeHLIIMX O0Tpe3koB. JlokasaTp, 4TO H3 3THX
OTPE3KOB MOXKHO 0TOGDATbh HECKOJNbKO HeHEepPEeK P bl B a 10-
MU XCS OTPE3KOB TaK, YTO CyMMa IJIMH OTOODAHHEIX OT-

peskoB Oyner =4 .

6) Ksaapar co ctopoHoil | NOKPBLIT HEKOTOPBIM 4HCJIOM
MEHLIINX KBAApaToB, CTOPOHLI KOTOPHIX MapaJiieJbHbl CTO-
poHaM HCKOMOro kBajpara. JloxasaTb, 4TO M3 YHCIa 3THX
MEHbIUHX KBaAPaTOB MOXKHO BbI@paTb HEKOTOPOE UHC/I0
HeHepeceKa}OIlLHXCH Mexxay coboi KBaﬂpaTOB cymMa

njaomanel KoTopsix >

Dopmyanposry 3anau 56 a) n 6) noBoaAbNO GIH3KH ONHA K APYrofi;
OfHAKO Pa3pble MemxAY (GUCYPHPYIOUIHMH B YCJAOBHSIX 3THX 3aj7ay 4qHC-
AaMB 5 W o ABJSETCH OYCHb: 3HAMHTEMbHDIM. MoxHo, BipoueMm, npei-
MOJIOKUTb, UTO Takol 6oJblION paspulB BLI3BAH 31€Ch BOBCE HE CYHIe-
CTBOM Jesia, a JHIUb HAWIUM HEYMeHbeM 3alloJHUTh 3ToT mpoben. Meqo
B TOM, YTO pe3yJabTaT 3ajxaud a), OueBUTHO, SIBJACTCS TOHHGIM, T, €. He
Moxer OblTh yayumien (nouemy?). Oanako pesyabTaT 3agaun ©) 3ape-
AOMO TOYHBIM He ssBJAgeTcs Kouxpernple nmpuMeprl cicteM KBajipa-
TOB, NOKPHIBAIOIIMX 3ajJaHHBII efMHMYHBI KBaapar c cobaozenieM
YCJAOBHI 3a1aud, a Takwxke HexoTopble ofline coobpakeHHs 3aCTaBAsIN
AYMaTb, YTO M3 KaXJIOH T4KOH CHCTeMbl KBajJpaToOB MOXKHO BHIOPaTh

1
Henepecekanecs KBaaparhol, 06114(1}1 ﬂ:’lOll&aab KOTOpbIX HE MPHbLtleI

) Cp. co ckasauumim Ha cTp. 118 o Tax HasuBaemoifl, «obpaTuoi
3ajaue Masab(paTTh.
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{upuueM 3Ta NOCNEAHSAR OLEHKA yKe He MOxeT ObiTh yaydinenal); og«
HAaKO 3TO npeanoJoxeude, chopmynarposanHoe ewe B 1928 r. n3Becrt-
HBIM BEHIePCKHM .MaTeMatHkoM Tubopom Papngo B ero nuceme [56] x
pelakTOpy BeIyHlero MOJICKOTO -MaTeMaTHueckoro xypuada Funda-
menta Mathematicae Bannasy Cepnunckomy, A0Ka3aTb HUKOMY He yja-
Joch, Buuto f0Ka3aHo TobKO (MpHuYeM HECKOJBKHMH PasHbMH DYTAMH —
eM. A, C. Coxonun [67, P. Pano [568], B. A. 3anraaaep [59]),
yro runoresa T. Pano cnpaseannBa n1a CHCTeM P aBH Bl X KBaZpaToB
€O B3aHMHO Napas/IefbHbIMH CTOPOHaMH '), OJHAKO He YAaBajoCh yCTa-
HOBHTH, HACKOJBKO CYILECTBEHHEIM fIBASETCA 3/]eCh NPeANONOKeHHe O pa-
BEeHCTBEe KBaapaToB NOkpuTHA, B 1950 r. BeHrepckuii MaTeMaTHK
P. Pano («mourn oanodamuneu»?) TubGopa Pamo) nokasaa [58],
YTO U3 KaXAOH YHZOBJETBOPAIOWIEH YCJAOBHAM 3aiaud 56 6) cHcTeMbl
KBaJpaToOB. MOXKHO BHIGpaTh NMOJCHCTEMY HETEPECeKAIOUHXCs KBAaAPATOB

nJiomain > B 1960 r. senuurpanckuit reomerp B. A. 3anraua-

[
8,75°
gep [59] HeckoNBKO YAYUWIMJ 3TOT pe3ysabTaT, 1I0Ka3ae, 4TO U3 TaKo#
cHCTeMbl KBajpaTOB MOXHO jaxke BLIODATb MOICHCTEMY Helepecekaio-

HXCA KBaapaToB ILIOUIAAH >§—6_; OAHAKO NOJIYYEHHBIC C MOMOIIbIO

)
pasnoro poja yxumperufi peaynbratel,P. Paxo m B, A. 3anramnepa
TOXEe, BHIHMO, HE SBJSIOTCA OKOHMUYATENbHBIMH, W OHH ropasgo OaHKe
K «rpy0oMy» pe3yabTaTy 3ajaud 56 6), 4eM K THIOOTETHYECKOIi OLCHKE
T. Pano.

TMocrapaeunyo T. Pano sanauy Mmoxuo chopMyaHposaTth eue u

tag. [lyers # = {Ki, Ks, ..., Ky} — npousBosbinas cicreMa KBajgpa-
TOB C NApPanAeIbHLIMU CTOpOHaMH Ky, Ks, ..., NOKPBIBAOIIX €1UnyuY-
Hblfl KBalIpaT;, uepes Z:{Kil,, K; RS K; } Mbl OyjeM o6o3nauath

MOACHCTEMY M3 Henepecekaio Lu HXCHA KBaipaTOs Halllefi cucre-
Mbl (nmocagidHee YCAOBHE MOXKNO 3anucaTs Tax: K; 1K; =() npn
’ r q

pcex p, g =1,2, ..., nup==4q), a uepes s{¥) — NOKpLIBAEMYIO KBA-
nparamua K;, K;, ..., K; naoumans. Mol X0THM OlpefesTh 4HCa0
1 2 n

= mi (& *
° mg}nm;xs( ) (+)

(ApyruMH cioBaMH, Mbl CHayaja BHOHpaeM M3 cuCTeMbl A NOJACHCTEMY

2 Bo3MOkKNO Gonbuwiedl nmaomaiu s(F), a 3areMm HIEM Ty H3 CH-

creM X, nas Koropol Beanwunna max S(Z) menbpue ncerod)):
@

1) Ananorvuso 3TOMy B paGore [58] A0Kasauo, Hanpumep, uTO
ecau naockaa gueypa F edunuunoil niowady NOKpyviTA HEKOTOPLIM Huc-
AOM PABHOLX U NAPAAAICAOHO PACNOAONCEHHBIX TpeyzoabHukos (na-
NpHMED, PABHOCTOPOHHHX), TO U3 UX HUCAA MONHO Bbl6pATs CUCTEMY
Henepexkpoulealouuscs TpeyeoAbHuxos obweld naiowadu =[5, onmako
HHYEro He M3BECTHO O TOM, KAK 3aMEHHTCS 9Ta OLEHKAa, ecin moTpefo-
BaTb OT TPEYTOJbHHKOB MOKPHITHE JHIUbL HX MOAOOHSA (TOMOTRTHY-
HOCTH), HO He paBeHCTBa.

2) Benrepckne rpaHCkpunuuu Gamuauii 3THX ABYX MaTeMaTHKOB
oueHb O6au3ku oara K Apyroit (T. Radd u R. Rado), o ue naesTHYHMI.

3) Bnpouem, 3sech npasusbiee GbIIO OBl TUCATE, O = i:;lcf max s (£)
.? .

(cp. Bbie, c1p. 17).
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T. Pla/m% npennonomn.u, uT0 0= 1/4'), ZOKA3aHO0 e MOKa Jyub, YTO
o>1/8

57. B kBaaparte co CTOPOHOM l PacnoyioKeHo Kakoe-To
YHCIO TOYEK, HHKaKHe TPH H3 KOTOPBIX He NpHHAJIERAT
OJlHOM npﬁmoﬁ"’). Jlokaxure, 4TO ecan 4YHCITIO 71 TOYEK npe-
pocxoaut 101, To '

a) cpelidl 3THX TOUEK HANAYTCS. TPH, SBJIAIOUHECH Bep-
IIMHAMH TpeyroJbHHKa njaomand Menbiueil 0,01;

6) GoJsee TOro, CpefiM HalIMX TOYEK HafAyrcs TpH, fB-
JISIIONIHECS] BepUIHHAMH TPeyroJqbHHKA, MJOMIAjb KOTOPOro
ne npesocxonut 0,005.

3anaua 57 TecHO CBfi3aHa ¢ OJHOM HEe PeIeHHOR RO CHX NOP NPO-
6aeMoll, o xapakTepy GaH3KON MHOTHM OOGCYXKAQIOWHUMCH B 3TOI KHUTE
3ajauaM, — Mbl HMeeM B BHAY TAK HASBIBAEMYI0 MPOOIeMy Xeita-
6pona {cm. [40] nan crateio [60] BMAnOre anrAHACKOro MaTeMaTtHKa
K. PorTa; no nosony 6onee ajeMeHTapHBIX acleKTOB Mpobaemot Xefi-
Gpona cm., Hanpumep, [61]). Paccmorpuht n Touek Ay, As, ..., An, pace
TOJIOKEHHEBIX B eNAHHIHOM Kpyre (MJaH B eIHHUYHOM KBanpaTe); TOrAa
HaHMeHbIIYIO U3 miomanefi Bcex TPEYrOAbHAKOB € BepUINHAMH B
BbIOpaHHBIX TOYKAaX MOXKHO, OueBHANO, 0003HAuuTh Tak (cp. cTp. 24):

;mjmkSAA . G j k=1 2,..., 1)

BuiGepem Terepb u3 pcex cucteM P, = {4y, Az, ..., A,} Touer Hameft
ob6nactn F (kpyra ua¥ KBajparta) Ty, LI KOTOpOfi 3Ta BeJHuYHHA

imf.mk SAiA].A,z npunEMaeT nanGoabmee 3sHauenne, [IpoGaema

Xefin6pona TpebyeT OnpeneSHTh
S(n)=max min Sy 4 4.,
o bbb 1%k
rae
i, , k=1,2,..., m Pp=1{Ay, Ay ..., Ay} 1 Bce ;= F

{cp. ctp. 24; 3nech ToyHee Gblao Our mucath S(n, F}, Tak Kak nogyuels
HOE 4NCA0 S 3aBUCHT, pasyMmeercsi, H OT KOJAUYeCTBa 7 TOUEK H OT 08
aacty F); nockoabky TOWHOe BblumeJenne unucsa S(n) npeacrasaser
co60l1 upe3BHYaliHO TPYRHY0 3ajaavy, TO dawe TpebyioT JHMllb

) Ipumevanne npH KoppekType B camoe nocrennee
ppema {cMm. [69a]) ynanock MOCTPGHTH CHCTEMY MOKDLIBAIOWIKMX EAHHHU-
Hblil KBajJpaT_ Napajje/]bHO pacloOXeHHblX KBajpaToB, OMNPOBeE P
rawouylo ranoresy Pano (mpuueMm 371a cucteMa ' COCTOHT H3 KBals
paToB BCEro 0syx pasHbIX PA3MepoB), 4YTO, BHpOUEM, leJaeT eme GoJjes
HHTEpeCHOfl 3ajauy onpejeseHus HCTHHHOrC suauesns yucaa o. [3a-
MeTbTe ellie, UTo TMPH 3aMeHe B YCJAOBHAX 3ajauu 56 6) KBagpatos M p s«
MOYTOJbHHKAMHU ONpele/IFEMOE aHAJOTHYHO (%) UHCIO O OKasbl<
BAeTCs PABHLIM HYyaio (odeMy?).]

2} B arofl 3amaue MOKHO M He TpeGoBaTh, 4TOOHI HHKAKHE TPH
TOUKH HE NPHHALJIEKAJM OJHOH NpPSAMON, — BeAb B TAKOM cayuae 3TH
TOUKH SHBJSIOTCA BepUIHHAMH (BBIDOXKIEHHOTO) <TPEYroJbHHKa» Hyses
801l njowany,
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OomeHUTHh S(n), B HaCTHOCTH Npu GosblIuX 3HAYeHHsAx n, 3anaua 57
, HMeeT UMEHHO TaKo# xapakTtep: oHa Tpe6yeT YCTAaHOBHTb, UTO

S (n, K&) < 0,005 npu n>101

(3nech Gyxeol K@ 03nauaoT, 4Teo B KauectBe obnactd F Gepercss exu-
HHUHBII Keadpar).

58. B nmpaMoyroJpHHKe IIowaid o KB. €A. pacioJo-
JKeHbl JeBSITb MHOTOYIOJBHHKOB IIOWAaAM 1; HdOKaxKHuTe,
YTO CpeAM HHX HAUAYTCA JBa MHOIOYTOJbHHKA, IIOLIAb

o 1
oflend yacTu KOTOPBIX HE MeHbHIe 9

59*. Ha xadrane momanu 1 umerorcs 5 3annar. Joka-
KHTE, UTO

o 1 .
a) CCJH IJIoLIaab KaKIO0H 3aIllJiaTbl 2—2-, TO HAUAYTCA

JIBe 3alaaThl, NJ0UlaAb of0well yacTu KOTOPBIX He MeHb-
1

e —5—;
6) B yCJOBHSIX 3ajaud a) HaWAyTCA TPH 3amjaThl, IJIO-

o 1
1ajb O6Medl YaCTH KOTOPLIX He MEHbIIE 55
B) e€C/H maomaib obulefl yacTH Jo6GBIX JABYX 3amjiat
i o : .
==, TO HAHAyTCs TPH 3amiaThl, IVIONLafb OCLIEd YacTH

3
KOTOpPLIX He MeHbUIe ——-40 .

Pasymeercsa, «kadran» ¥ «3angaTe» — TO JHIUb, TAK CKAa3aTh,
«000J104Ka» 3agaun 59, KOTOPOil MOXKHO MPHAATh U CJAEIYIOUIHH, ropas-
Ao Oonee OOBIUHBIH /a8 3aJdauHMKAa 01O TeOMETpuH BUA (Cp. ¢ 3ana-
yel 58; Mbl orpaHHuHBaeMcsl 3Jech JHmIb 3agauedt 59 a)):

Bryrpu xeadpara M naowadu 1 pacnoaodscenst 5 MHO20y20AbHU-
Ko My, My, Ms, My u Ms (koTopble, KoHEYHO, He OO0Si3aHbl ObITH Bhi-
IMYKJABIMH H MOTYT [aMe COCTOSATh H3 HECKOJBKHX OTHAEJbHBEIX KYCKOB),
Joxasare, 4ro ecau naowadsv kandozo u3 MHOZOY2OAbHUKOS == 5 10
Haloyrca 08a MHO20YeOAbHUKQ, 00WOA 4ACT6 KOTOPLLX umeeT naouiads

f
> 7—‘ .

Iipu pacemorpéunn 3T1oit 3amadyn (T2K Ke, Kak B cayyae 3ajgau 0)
W B)) UEPBOHAYAJNBHO CO3JaeTcA BIeYaT/eHHE, YTO KOHKPETHBIE YHCJA0-
Bble JAHHbIE B YCJOBHM 3aMaud [OJOKHB MaJjlo OTpPaxKaTbCsl HA ee pelle-
mun, B camom pese, ecTecTBEHHO AYMaTh, YTO 3aMeHa B YCJIOBHH pac-
<MaTpuBaeMON 3ajadud vHCJIA s OrPaHHYHBAIOMEr0 CHH3Y MHJOMAlb
KaXAOro H3 MHOrOYroabHukos («3amnat») M; (rme i=1, 2, 3, 4
miH- 5), NpousBoAbHEIM yHcaoM o (TakuM, uto 0 <C o =C'1), He npuBe-
JIeT ‘K CYHIECTBEHHOMY YCJOMHEHHIO pelleHHs: KOHEeUYHO, B «0fmef» 3a-
‘Jaue OTBeT JOJIXKeH HMeTh XapakTep He 4HC/AA, a HEKOTOpofi (yukuuu
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1 . 1
f(a) or o (npu o=, MpurIMaioue/ sHaUeHHe 1}, HO wmetT ocuopa-

HHii npeanoJaraTb, uTo 3Ta GyHkuus Oyier croxuofi, Ha camom mene,
OJHAKO, HAIUM HaJeXIbl 3/eCb He ONpaBABIBAIOTCS — M (HIYPHPYIOLIAs
B pelueHun «obuiefi» 3afaun QYHKUHA [(a) oKasbiBaeTcs HMelolieil 10-
BOJILHO HEOXKHJAHHOE CTPOEHHE. ’

Utofel moHsTh, 4Ero 3Jech MOMKHO OXKHJaTe, ofpartumcs x OGoJee
MPOCTOMY CAyHaio, KOTa UHCAO «3amaaT Ha Kadrane» {MHOTOYLOJbHI-
KoB M; miomann =o, PAacCHoJOKEHHBIX BHYTpU kBaapata M) paBHO
BCero JHIbL 1 BYM, fcHO, yTo ecau maomanu «3amaats My n Ms we

1

NPEBOCXOAAT TO 3TH «3amiaTbl» MOLYT BOBCE He IepeceubcHt

?y
o \\ @ \ N }zoc-,
“ 2
* / 7%
a) g)
Puc. 15.

‘(puc. 15,a), T. e. mAOWAAb HX MEPECEUCHHS MONET DABHATHLA HIYAKO.
p
OpxHako ecad 00e 3TH «3aliaThl» HMEIOT MJAOMIAAH >—2—, TO OHH YIKe

nensGexHo mepecekyrcd (un6o ksagpaT M maomaanm | Hesns3s paszGuth
Ha HeMepexpLIBAILKecs YacTH, IIOLLaib

KaKI0H H3 KOTOPEIX >'Q—); npH 3TOM

nnowanb nepecedenusn My u Ma, Kak jer-  1foeeen
Ko BHAETh, Oyast He wseHouwe 20— |
(puc. 15,6). Takum oGpa3om, B 3TOH 3a-
Jlade MBI BBIHYMK/EHbl PasIHiaTh OPUBO/S-
HiHe K COBCeM pasHbiM CHTYalusiM CJay-

1
yay a<§- H 0>-—, B COOTBEeTCTBHH C

2’
yem rpaduk dyskuun f{a), yxassiBaio-
el HAMMEHBUIYIO BO3MOXKHYIO njowanb 7
nepeceuenns <«3amsat» M, u M, npex-
ctaBasieT co6off JOMAaHYIK  JIUHHIO - Puc. 16.
(puc. 16).

Temepp MBI MOXKeM oOpaTuThest K oOwefll 3amade (npu peLieuuu
Korop50)y“1 YMECTHO NEPBOHAYA/NbHO OlPAHUUUTHCS, CKAXKeM, Cjydaem
n =

60%*. Buyrpu keagpara M nuomanu | pacnosoxeHbl
n MHoroyronbHukos M, M,, ..., My. [oxaxure, urto:
~a) Ecau nuomane KaxAOro M3 MHOTOYFOJIBHHKOB M;
(rme i=1,2,3, ... niu n) He MeHbllle o, TO HAHIYT-
Cf TaKHe -ABa M3 HallWX MHOTOYTONBHHUKOB, ILIOWAMb
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hepéceqeﬂuﬂ KOTODHIX He MeHbIIe fn(a), rae
r—1 r o —1 r

fn(@) =——|na——) npu Lo —;

C 2 n n

n

sgecy r=1,2,...,n (%)

(C,ZL—-:”—(EQ:—I—)— uncao couetTaHui us n mo 2), Ipn
3TOM OUeHKy (x) (rTak XKe, KaK H pe3yJbTaThl HHKec/e~
oyiomux 3agay 6) H B)) yAYUILHTb YiKe Helb3sl (T. e. MHO-
royronshuky My, ..., My MoOryt GbITb TAKOBBI, UTO HHUKa-
Kile IBa W3 #HX He HMEIOT nepeceueius maomagn > fp{(a)).

6) B ycaoBusx 3azaun a)  Halinyrcs Ttakune k£ (rae
1 = B < n) H3 HAIUHX N MHOTOYTOJbHHKOB, [0LWaAbL 00-
el YacTH KOTOPHIX He Menbwe [ (a), rre

, C"f_’_ll k—1 r—1 r
B () = —=—no— ) mpu <oKL —;

i c; n n

r=1,2 ..., n (x%)

— 1) ... — k 1 o
(3Llecs Cﬁ=n(n 1'2 (nk - )—Imcno coyeTanuil

U3 n 1o k>. '

B) Ecau H3BeCTHO, YTO IICLIAAL IepeceyeHHust KaKIblX
h n3 Hawmux MHOTOYTOJBHHKOB (rae A -— Kaxoe-10 (HKCH-
poBannoe uenoe uncao; 1 <h < n) ne MeHblle o, T0 Hail-
NyTCs Takvue B MHOTOYTOJNBHUKOB (THe R TakKe HUKCHPOBA-
1o; h < k< n), nowaisb o0uleil 4acTH KOTOPBIX He MeHblle
[P (@), Tre

ckl E—h
fguma):_——(cga— - c;l)

CiCrZi
ch_ Toli i
mpnt —L a5y r=1, 2, ..., 0 (sx%)
ch ch

[flcno, uto 3azaua a) mnpeacTaBiaseT co0Of YaCTHBI
cayuali sagayn 6), a sanauva 0) — uvacTHBI cayyall 3aja-
uyp B): ecsad B 3ajnaye G) NOJNOXKHTHL & = 2, TO MBI NpUIeM
K Oynxuuu [P (a)={, (@) (cM. 3amauy a); npu k=1 Mbl
NPUXOIUM K He focTapadiolieli HUKakofl nHpopManun GyHK-
upu fil' (@) = @); ecau B 3ajave B) MNOJNOKHTL-/ == 1, TO Mbt
-npuieM K ¢yukuun [ 9 (o) =[® (a) (cm. 3apauy 6); npu
h =k Mbl uMeeM [ R (o) = o). OnHako pemarp 3ajnauy
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60 ecTecTBeHHO B mocjexoBartejpHOCTH: 60 a) — 60 6) —
60 B), HE cTpeMACL Cpa3y ¥XKe NOJYYHTb caMbiil obuuilt pe-
3yabTat ()]

3anaua 60 oxBaThIBaeT He TOJBLKO pe3ysabTatel 3agau 59 a) — B),

HO M pe3yabTaT Gosee npoctofl 3agaud 58, B camoM fese, ecau uucjo
1 MHOTOYrOJAbHHKOB («3amiats) M; paBHo 9, a niaomajap Kam/Ioro 3

HHX COCTaBJACT '5—‘ JoIaln conepxauero HX BCEX KBajparta (H..'XH

1 | 2 2
npaMoyroaeruka) M («kadraHa»), TO MOCKOJABbKY ?<?:W<§’

dopyyna sanaun 60 a) NpHEOINT K caeAyIOllell OUEHKe MJIOUAAM MO~
DapHLIX NePeCceuentl MHOrOyroJbliMkos Alyl XOTb 07110 U3 3TUX nepe-
ceyentit o MAOUIAAN HE MeNbIe YeM

1 1 2 1 9 1 4 l
o(g.—_—>=—.<__.l>_—_—o—~:-—'
c2\"'s 2/ 3 \s 3B 5 45

-rTAe 3a 1 mpHuATa IAOWaib NPAMOYTOJbHHKA, BHYTPH KOTOPOro Cojep-
JKATCH BCE MHOrOyroabuuky MM, <

3anauam 58—60 moxmo npuaate dopMy, GJH3KYIO K TOM, ¢ Kako#
Mbl HEOLUOKDATHO BCTPEUAJHCh B NpeiIIeCcTBYIOHX NHKAAX 347144,
Byngem oGo3nauath cumpomama My, M,, ..., M, ne Tojipko camu pac-
nOJ0NKENHBIe BHYTPH KBaapata M mmoeoyzoavtuxu (T. €. reoMeTpHue-
ckHe (UTYPH), HO TaKXe H A40uady 3THX MHOrOYroJbHHKOB (uucaal):
aHaJOrHY10 ITOMY CHMBOJOM MiIiQ iy (rae iy, i2, ..., fr — KakHe-TO

k pasnwix u3 uucen 1, 2, ..., 1) MBI 060311aYlM K&K nepeceienue MHO-
20[20AbHUKO8 Mil’ M;, ... M"k" TaK N 1n1014adb 3TOTO mepeceye-
Z

nus, YcnosHMcs, KpoMme TOro, o0o3HauaTh CHMBOJOM J NpoOH3BOJLROE
sanonuenne Ksaapata M Mmuoroyroabunkamu My, Mz, ..., M, nao-
waan = o.

Hurepecyoman wac Qynkuus fn (o) (cMm. 3azauy 60a)) moxer
6uiTh onicana cAenyomuM oGpasoM, Mpl HauleM ¢ TOro, YTO 414 [ 4 H-
Horo pasMmemenus % wsHoroyroasuuxos M; wayrpu M (aasm xannofi
cHctembl «3amrat» M;, na «xadbraue» M) uHulem gBa MIOTOYTOJBHHKA
M n M;, nepeceuenne M;; KOTOPBIX HMeeT HaudO0.16uiy/0 TLIOWAAD, T, €.
HILLCM BEAHYHHY
max My, rae i, j=1,2 ...,

i, .

saTeM, PACCMATPHBAs BCEBO3MOKUB € cHcTeMbl % MHOTOYTOJILHHU-
ko M, maomaAanm = @, HuleM TY U3 HHX, AJA KOTOPOH Hafilennas pa-
Hee BeanuyuHa max My; nMmeer naumerouiee 3uaveHHe, T. €. HIIEM

i
fan{e)=minmax M;;, rie 4 j=1,2,...,n 1 minM;>a
R i i.

CoBepruenu0 aHAJOTHUHBIM O0PA30M MOKHO OMUCaTh H (UTYPHDPYIOLLHE

B 3atauax 60 0) u B) GoJee ofuiue QpyHKUHH fﬁf) (a) u [if' B (a):
'iﬁf) (a)=min max M,
R A, iy
rae i, ip .y ik=1, 2, ...,n H min M, > q,
i

18 eee Ig?
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COOTBETCTBEHHO

th, k) — i .
fur @ (@)y=min max M;; _ ;,
R 172 k

By eenndp

rae min an _,_]-h>a; Iy gy woes dy M fu for ove jh=1, 2, .. N

Tipu atom dopmyasl (%) — (##x) yTBEepXKIaIOT, 9TO rpaduKH BCeX 3THX
QyHKLU TPEACTABIASIOT COGOR NOMauble: Tak, HampuMep, npu n=>5
{cayuafl, paccamarTpdsaemblil B 3agade 59) dopmyabl (#) — (##x) npaior

{(rposepbTe 3710!):

0 upn O<OL<%,
1 1 ! 2
— g — I =
g ¢y P oFpSesg
3 2 3
15 (o) = o — o py g<a<—5—,
3 3 3 4
5 e~ opH —5'<°‘<§'

4
20 — 1 npH §~<a< 1

(cM. pue. 17);
0 upn 0 a<%,
—l'a~—1~ npH %<a<i,
3 2 5 5 5
I (a) =

g ¢TF W =S

4
l 30 — 2 npn —5—<a<l,
3
O npu 0<a<—5—,
3 3 4
i () = o— mpu g<a<—5—,
4o —3 mpm —;—gagl,

"

4
O npa 0o —,
(5) — 0

5 (0)= 4
5ag — 4 npu —§<a<l
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(CM. puc. 18, Ha KoTOpoM coGpaunr rpabuku GyHkuui y=f(5”(a)=a,
y=iQ (@) =Fsta), y=1§ (o), y=1" (@) u y =F (a):

0 npu 0<<a<0,l,
1 1
( 711—% opu 0,1 <<a <03,
&9 (@)=
° o — —;— npu 0,3<<a <05,
—3- L 06 <{a<l;
Foe—5 mpr 06<a<h
( 0 npu 0<Ca<0,3,
2 1
f(52’4;(a)=< Fe—F npn 0,3 <Ca <08,
2 a—1  mu 06<ag]
H
O mpn 0<<{a<<0,8,
2, 5) _
KM@= 5 3
5 &= npH 06 <<axl

‘(eM. puc. 19, Ha xKoTOpOM H300pakKed U rpaduk BYHKLUK f(sg’ 2 (@) =a;
BLIMHIUHTE CAMH 3HAYeHnst QyHKuuH fg3,4) (a), i‘53' ¥ (a) u fé4'5)(0,).
gA gy
1

Puc. 17.

33METHM TaxKiKe (9TO 06CTOSITENILCTBO apeacrasagaeT HHTEpec Ana HEKO-
TOPbIX TEOPETHKO-BEPOATHOCTHLIX PACCMOTPEHUl;, cp. HHXKe), YTo UpH
HEeOrpaHu4YeHHOM yBeJUUYEeHUH UYHCJAa N <«3amaaT™ (QyHK-
una fa(a) wseoepanudenno npubaumcaerca & pynsyuu fo(0) = o
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COOTBETCTBEHHO 3TOMY (DYyHKUMH f(,f) (o) 1 ffth' B (a) npun-—>co crpes
&

narea & pynxyuan [P (a)=a® n fl. B(a)y=ak.
3anauu 59 u 60 ecrecTBenHO QOPMYJHPYIOTCS TaKXe H B T€PMHHAX
Teopuu 8epoATHOCTell (BOTMPOC 06 OLEHKaX BEPOATHOCTEH CIOXKHHIX CO-
6bITHIT) ; paccMaTpHBAJHCH OHHM B
9 NepBYIO oucpejb HMEHHO B 3TOM
1 cBn3i. CXOAHBIMH BOHpPCCAMU B
40-X ropax 3aHHUMaJICA U3BECTHBIH
¢dpanuysckuii Matematux Mopuc
®pewme [62], ncnoabzosaBwnit
IAsT MX pelllennsi crnenHunyeckue
TEOPETHKO-BEPOSITHOCTHLIE  TIOA-
xoanl.  DopMmyab (%) — (#x%)
BIiepBLle, Kak Oynro, GbLIM BbI-
nucaiel B padote [63], rae onu
JIOKA3BIBAAHCh UNCTO aarebpan-
HeCKH, NYTeM CBEJEHHS CCOTBET-
CTBYIOUIHX 3a74aui K pelleHuio
HEKOTOPBIX  CHMCTEM  JIHHEeHHBIX
P ef : : ypaprenufi. [Tosxe Gopmyast ()
6 0’7"5”’3““‘—‘0'5 "7 % 4 (#%) coBcem ApYrMM DyTeM
noAydYHa CTyjenT MocKOBCKOTO
Puc. 19. yuusepcutetra C. A, Ilupo-
ros [64], dcnonabzopabmiHii a9
HX BBIBOJAA METO/ALI TaK Hasbl-
BAEMOTO AUHCHHO20 NPOepAMMUPOBAHUA, CBA3AHHBIE C OTHICKAHMEM Ta-
KHMX TOYEK 3aJaHHLIX B NPOCTPAHCTBE BEHINYKJBIX MHOTOTPaHHHKOB, KOTO-
pole Hanbonee (u/iH HaHMeHee) YAAJeHbl OT QUKCUPOBAHHBIX IJOCKOCTEH.
3aMeTHM B 3aKJIOYEHHE, UTO B CTaThe [64] pasBuThie aBTOPOM Me-
TOAH ¥CHOJb30BAHL ANA pPellleHHs ellle OJHOH reOMETPHUYECKOH 3alauH,
OMH3KOH KO MHOTMM 3ajauyaM, pasGHpaeMbiM B HACTOAWMEH KHure,

Puc., 20.

Hasonem («cummerpusHoim») paccTosHueM MeXAY NBYMS MHOTO-
yvronbuvkaMy M H N naowads muoscecrsa. Towex, Hpunadienauyux
pPOBHO OOHOMY U3 3TUX O8YX MHO20Y20ALHUKO8'); Tak, paccros-

1) B noutu oOMENpHHATHIX 0B603HaueHHsIX: CHMMETDUYHOE DPaccTosi-
He A(M,N) wmexay M n N passo naomazu Muoroyrojshuka R =
= (MUN) \ (M N) (4acTo cam.S3TOT MHOTOYroJbHHK OGO3HAYAIOT
yepes A(M, N)). . ) :
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HHe Mexay n3o6paxcennbiMu Ha puc. 20,4 TPEYroIbIIHKOM M KBajapa-
TOM PaBHO OOHIEH MJIOINAaAM 3aMITPHXOBAHHBIX HacTell TPEyroJbHuKa U
KBaapara (3T0 ompejesderue ONPABALIBAETCA TeM, YTO MajoCTb oOlpe-
JIENIEHHOTO TaKHM IyTeM «PacCTOsSIHHS» CBHJETebCTBYeT O OBiaH30CTH
JApYT K Apyry Mmuoroyroanuukos M u N —cm. pue. 20,6). C. A. Tlupo-
TOB 33/aJ/Cs BOUPOCOM O HauboAbuieM B03MONHOM ducie @) MHO20-
yeoavrukos M, Ms, ..., KoTOpbIe MOMHO pasmecTiTs 8 eOUHUYHOM
kgadpare M rak, urober (cummerpuuHoe!) paccrosanue mexdy KaIooimu
Osyma u3z Hux 6vi20 = o, OTBET Ha DNOCTABJEHHLIH BONPOC OKAa3bl-
BaeTcsl JOBOJBHO HEOXHIAHHBIM:

1

o
Q[W] mpy 1 >=a >7,
1

P

¢(a)=

oo npH =,

rae KsajipaTHble CKOGKH 0603HadaiorT I eyl '9acThb unciaa (MOKer
6biTh, Bl CYMEETE CaMOCTOATE/IbHO 3TO [0KA3aTh?). .

4. HECKOJIbKO CBOWCTB
BbIITYKJIbIX MHOTOYIOJIbHUKOB -

BonmyKabMH ¢purypamMun Ha NJIOCKOCTH HasbiBaworcest -
ryphbl, KOTOPbIe MOMKHO ONHCATb KakK nepecewernie (OOULYIO 4aCTb) HEKO-
TOPOLl CUCTEMbL NOAYRAOCKOCTE, B3SATHX B KOHEUHOM HIH GeCKOHEUHOM
yucae (puc. 21, q; sicHo, yto, HanpuMmep, Kpyr K MOXHO INpeiCTaBAATh

é)

Puc. 21.

ceGe Kax repeceyeHHe OeCKOHEYHOTO MHOMkeECTBa colepmawnx K nony-
nJocKocTed, OIDaHUUYCHHBLIX BCEBO3MOXKHBIMH KacalollUMHCA K npd-
Mpivu). Ecoy ke orpaHnuHTbCfl uUrypami, [OJydaeMbIMH B lepeceue-
HUH KOHe4n020 YHueJa NOJYNIOCKOCTeH, TO Mbl NPHAEM K KJacCy B bl-
NyKABX MHOTOYroAbHHKOB (puc. 22,a). Anasoruydo sTOMYy
(c samenoft MOMYNJIOCKOCTEH MOAYNPOCTPAHCTBAME)  ONPEAEVSIOTCSH
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(o6une) BbINYKAbe GHFYPH W BEINYKABE MHOTOIPAHHHKH B TPOCTpaH+
ctee. HMHoe onpepeseHHe BHIBYKABIX ¢uryp (6e3pasnuuHo, Ha mnJo-
CKOCTH MJH B NpoCTpaHcTBe!) 3akA04aeTCA B TOM, YTQ BHIIYKJIasg
¢durypa posxua Hapsdy ¢ awobeimu O0syms ceoumu Toukamu A u B
codepacats u geco oTpe3ok AB, coedunsrowuil aTu Touku (cp. puc. 21, a,
i 22,a c puc. 21,6 u 22,5, HAa KOTOPHIX H300paXKeHL HEBLINYKJH € -
¢uryphr).

Teopus Bumykabx Quryp npeigcrapiser co60fl OGUIHPHBI H akK-
THRHO Da3BUBAIOIMUIICA pa3fe] MaTeMaTHKH, KOTOPOMY IOCBSIIEHO
MIOKECTBO KHHT H cTaTeil. Pacuper 370ftl BeTBH reoOMeTpHH BO BTOpOfl

Puc. 22.

nonopune XX Bexa crmocoGCTBOBAI YBeHUEHHIO HHTEPECA K BBLIIYKJILIM
MUIOTOYroJbHHKaM ¥ MHOTOIPAHHHKAM, MOCKOJIbKY MHOTHE DPe3YJBTATH,
OTHOCHAIIHECS K «OCI{MM» BHIIYKJIBIM (DUTYPaM, MOTYT OBITH CBENEHBI K
3aJayaM O BLIIYKJAMX MHOrOYroJbIHKAaX H MHOTOTDaHHMKAaX. Bo3mox-
HOCTb TAKOTO CBEICHHSI ONpeledcTCs TeM, YTO Kawoyio NAOCKYHO Bbl-
RYKAYIO  uypy MONCHO 3UMEHUTL CKOAb  YeO0OHO OAuskum & Hel
BOIILYKADIM  MHOZ0J20AbHUROM (@ COLINYKAOE TEA0 8 NPOCTPAHCTEE ~—
BOINYKABIM MHOSOPDAHHUKOM)T TaK, LANPHMED, NOHUMaeMoe B JoG0oM
DPUHATOM B reOMETPHH CMbICide ') «paccTosinde» MeXKAY BHIYKAOH (H-
rypoil Ha IJOCKOCTH H BTHCAHHBIM B HEC BLIMYKABIM MHOTOYTOJBHHKOM
MO2KeT OBITb CIEIaHO MeHblie MOGoro Hameped 3afdaHLOr0 4YHCIE, €CIH
TOJNBKO UHCAO CTOPOH MHOrOYrOJbHHKA B34Tb [IOCTATOUHO OBOJBILNM,
a caMi CTOPONBI -— MadbiMi 2), Tunmuumbili 7151 paliero BPEMEHH HHTe-
PEC K «KOIEYHOH»> MaTeMaTHKe Takie Bbl3Baj POCT HHTEPeca K BHIIYK-
JbIM MHOTOYIrOJLHHKAM M MHOFOTPaHHHKAM B CHJY Cyry00 <«KOHeUHOH»
APHPOABl TOCJACLHHX: TakK, BBIIYRJLIA MHOTOYLOJABHHK Ha [JIOCKOCTI
MOKCT OBITb 3alaH YKa3aHUeM KOHEYHOTO MHOXKECTBA ero BEepIUHH Ml
KOHEUYHOH cHCTeMBl 06pasylollHX 3TOT MHOTOYTOJbHHK MOJAYIJIOCKOCTel:.
CylecTBEHHYIO POJIb CHIPaJo H HEOXKHAAHHO BO3HHKINCE GOJBLIOE NpH-
KAaJHoe 3HadeHue Y4YeHHst O BBIMYKJABIX MHOTOYTOJbHHAKAX H MHOTO-
rPaHHHMKaX, CBA3AHHOC CO 3HAYeHHEeM WX s AUHeHH020 npo2pammu-
posarus (cp. BhLIe, cTp. 54), ABAAIOUIErocss OCHOBOH MHOTHX NpHMeile-
HUil MATeMAaTHKH K 3KOIOMHYECKUM HayKaM.

1y Cp., HanpuMep, Boie, ¢rp. 14—18 nau 54.
2) Cwm., manprmep, mn. 4.3—45 craten [28] nmu Honosisenue I
K kunre [29].
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Co BCeMH 3THMH OGCTOSITENbCTBAMH CBH3aHO IOABJCHHE B MOCJAEN-
HHe TOJBl DPSila KKHT, CIENHANbHO NOCBSIIENHBIX YUEHHIO O BbINYKJLLX
MHOTOTPaHHHKAX, Bpoje, Hampumep, ofmuproil (okoso 500 cTpanuy
6ombmoro ¢opmaral) monorpadbun B. I'pron6aywma [65], cpasy ke
BHI3BaBIIek ouedb Ooabwoll mutepec. Ilpn 3ToM npHMeuartesbHO, UYTO
GOILUIHHCTBO H3/1araeMbiXx B 3THX KHHTFAX Pe3YJbTaToB (MHOTHE M3 5THX
pe3yJbTaTOB OTHOCATCH K KOMOUHATOPHOU ecomeTpuu, OGCYMLEHHIO
npo6/1eM KOTOPOi B OCHOBHOM H IOCBALLEH HacTosAluii cbopuuk ')} Ooniio
noJiyueHo 3a nocsennune 10—15 7aeT; rtak, nmanprMep, OCiORiAd TEOpeMa
cozepxkartenbHoll Kuurd [66] Oblna poxasava aummbs B 1970 ¢

B nacTostmeM LHKIE 3afad Mbl, OIHAKO, COBCEM ¢ Racaeces Co-
BDEMERHOTO DA3BUTHS YUeilsl O BBIYKABIX MHOTOTPANIHKAX, OrpaHHuY-
Basicb GoJsiee TWPOCTBIMM 3ajJauaMH O BbIIYKJBIX MIOTOVIOJbHHKAX, B
OCIIOBHOM KONIENTPUPYIOMKXCS BOKPYT TaK HasbBaeMOil «j13GnepHMCT-
PHUECKOIT TE€OpPeMBl O BHINYKJBLIX MHOTOYTOJLHHKAX» (3a%aya 75).

61. Toxarkure, uro

a) BCAKHII BHINYKJALL] MHOTOYTOJbBHHK ILIOMIAAH | MOMK-
HO 3aKJIOUHTh B HapantesorpamMm NJoLIaAn 2;

6) TpeyroJbEUK IJIOUWAAH | Hedb3s 3aKJIIUHThL B Iia-
paJdiieorpaMM nJomagn << 2,

62%, Jlokaxure, uTo

4) BCSKHI BHINYKJBIT MHOTOYTOJBHUK MIoWAAd 1 MOxK-
HO 3aKJIOUMTL B TPEYTOJbHHK MIOWAH 2;

6) napaJaneaorpaMM njaouiaiud | Heanssl 3akJIOUHTh B
TPeyroabHUK IoWmaitn < 2.

3acay)KHBaeT BHHMAHHS CBOCOGPA3NLI «NMapaseiusMm» MCKAY 3a-
nauaMy 61 u 62, KoTopble MOXKHO CHOPMYIIPOBATL TaK:
Jokasare, uro Kawdetd 8etiyKkabul mrozoyeoavaux M nacwacu |
napaiiei0epamm
MONMCHO 30KAIOHUTL 8 p P naowadu 2; oounaxe ecau M
TPeYSO.16HUK
TPeYeoNbHUK N
ecTo nacwiadu 1, 70 eco Heab3s 3aKAOUUTL 8
napaatieioepamm
napaaieacepamm ~ .
naowjadu, mensiuel 2.
Tpeyeo.ab HUK
63. ITycrs M — BBHINYKADBIT MHOIOYTONLHHK Twiomanu S
n [ — npoussoasuan npsmas. Jokaxure, 410
a) B M MOXKHO BOHCATb TPEYrOJbHHK, OAHA CTOpOHA

3 &
KOTOPOro napajaenbia [ i miomaab KOTOPOro = ¢ S;

1) Cwm., manpumep, KHHTY [22], HeAHKOM NOCBSIUEHHYIO pEMIENHIO
caeyoliell AOBOJBHO UYAcTHOH 3alaun: xaxoe rHauboibuiee wUCAO Tpe-
yeoabHbix nupamul (TeTPa’APOB)  MOJNCHO PACROAONCUTL 8 HPOCTPUH-
cTee Tak, 4robol At0bule 08¢ NUPAMUOHL CONPUKACAAUCH RO HACTH 2panu
xaxcdoli u3 Hux (OpH TOM aBTOPY TaK M HE YAAJOCh DEIIHTL 3Ty 3a-
Lauy 10 KOHLaA).
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6) MmuoroyronbHuk M # npaMyw [ MOXKHO BeIOpATh TaK,
uTo B M Henb3s BOHCATb TPEYrONbHUK, OJHA CTOPOHA KO-

3.
TOPOro napaaseJibHa l H [Jjoumaab KOTOporo > = S.
p p 3

64. B Buimykawi = muHoroyrosbHuk M = Ad,... A,
BOHCaH MHOroyroipHuk M’ = A{A% ... A, BepuinHamu
KOTOPOrO CJAYXKAT CepelHHBl CTOPOH n-yroabHHka M

Puc. 23.

‘(puc. 23, a). Hoxamute, 410 ecau P # S, COOTBETCTBEHHO
P’, H S/, — mepuMerp U NAOM{Alb MHOTOYroabHUKOB M u
M, To: ,
i
a) P>P' >4 P npu seex n=3;
Al
1
6) S>S’>?S opu BCex n=4.
Moryr au OblTh yaydumedsl OUeHKH 3azay a) U 6)?
65. B onHy ¥ Ty e OKpPY:KHOCTL K BIHCAH BbINYKJbII
muoroyroasHuk M = A4z ... Ap ¥ BBIIYKJIBI MHOTOYIO/b-
HHK M’ == A{A5 ... A}, BepluMHAMU KOTOPOTO CJYIKAT ce-
PeAMHLl JYI, CTArHBAeMBIX CTOpOHaMH n-yroasHuka M
(puc. 23,6). Hdokaxure, uto ecan P u S, COOTBETCTBEHHO
P u §’,— nepuMerp H n/I0MATb MHOroyroapsukos M u M,
TO:
a) P"> P,
) 8>S,

npyu4deM paBeHCTBO B oboux clyuasaXx HMEET MeCTO TOJbKO
JAS PaBHJbHOTO H-YroabHnka M.

Teopema 3ajaun 65 RONCKA3LIBAGT OAMH BAKHBII Pe3y/bTaT, Ka-
CAOINHIACH BBHINYKJABIX A-YTOJbHHKOB. SICHO, 4TO ecau MHOroyrodabHuk M

3TOfi 3ajauy sBJAETCA HENPABHJBHBIM, TO MHOroyroabHHK M’ asasetcs
«6osiee mMpaBHAbLHBIM», ueM MHoroyroabuuk M. Ilocnenmee yTBepKaeHue
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MMeeT CJeAYIOUWHl CMbICT: ecan M HMeeT OZHY HauGoJbIIYIO CTOPOHY
JUIMHBL @ M OIHY HAaHMeHbLIYI0 CTOPOHY AJHEH b <C a (3aMeTbTe, uTO
STHM CTOPOHA@M OTBeYaloT TaKXKe HaHOOJbUlas H HaHMeHbIIast H3 CTH-
THBaeMbIX CTOpoHaMH M ayr OKpyxHOCTH!), TO HaunGoJjpllas CTOpOHA &’
MHoroyroJsHHKa M’ GyneT MeHbllie @, a €ro HauMeublias cropona b’ —
6o.ablle b, Tak 4TO

a—b <a—b,

T. €. «pa3bpoc» MEXJy AJHHAMH CTOPOH 3jechb yMeHblnuTca., Ecin xe,
cKaxem, M HMeer HECKOJAbKO CTOPOH OJHOI M TOH e HaHGOJbHICH
ANHHBL @, TO, pasyMeeTcs, MOXKeT CAYUHTbCA H Tak, 4TO HaHGoJbiIas
cropouna M’ Gyner NMeTb MPEXH0OW AMMNY a (Tar OyneT o6CTOATH Neao
B TOM cayuae, korga M GyneT nmetb ABE COCeOHuUe CTOPOHBL AMHHBI a);
OHAKO NPH 3TOM UHCJIO PABIBIX a CTOPOH OyAeT y MHOTOyroJbnuKa M’
MmcHblle, uem y M (i TakKe UYHCJAO CTOPON, UMCIOIIHX HaHMEeHbLLIYIO
nauny b, B Tom cayuae, ecnd A uMenr HEeCKONBbKO Takux CTOPOH,
6yzer v M’ wmenbwe, vem y M), ITostomy, ecan Mbl OyleM Miorokpat-
HO TNPHMEHSTb MCOOJAB30BANNYI0 B 3azade 65 KOHNCTPYKUHIO, T. €. OT
wHOrOyroabhyka M’ mepefigzeM K MuoroyroJbunky M, Beplinnamu Ko-
TOPOTO CJAY2KAT CePeiHHBl YT OKPYKHOCTH, CTATHBAEMBIX CTOpOHAMI
M’; zatem ot M C TIOMOILBIO TOTO JKE mpHena nepefiieM K HOBOMY
muoroyroapunxy M/, i T. A, TO MBl NOAYUEM NOCAEA0BATEALHOCTD

M>M>M >M"—-...

«Bce Gosee TIPARHJALIIBIX» MHOTOYIOJNBHHKOB, BIMHCAHHBIX B HAIIY OKPYXK-
HOCTE (B TOM CMBICIE, YTO pasjidie MEXKAY JIHHAMH caMmoil O01LUIOR M
caMoll MaJaoit CTopOou MHOrOYroapHhHKa OvieT BCe BpeMst YMeHblIaTb-
cs 1)), mpHueM nepHMeTpbl H NJOMIAAH 3THX MHOTFOYTOJbHHKOB MOHO-
TONNO BO3PACTaloT. DTH cooOPa’keHHsl NOACKa3bIBAIOT (1O HE J0Ka3bi-
F210T!) BBIBOA O TOM, YTO U3 BCeX BRUCAHHBIX 8 OQHHYIO OKPYICHOCTS
- YOAbHUKOS  HQubOAbIULe NEPUMCT) U NAOUIGOL UMEeT N pasu i b-
Hbl il n-yeoavHux (CM. HMXe 3ajauy 71).

66. Ilyctn M, n M; — nBa MHOrOyroJbHHKA, BIHCAHHBIE
B ONHY H Ty e OKpyxHOCTb K (OHM MOTYT MMeTb M pas-
HEle YHCJa CTOpPOH), Py u P; — uX nepumeTtpel, a Sy u Sy —
X naomaan. Jloxaxute, uto ecnu Hauboanuiag CTOPOHA
MHOTOVIOJILHUKA A’h MeHbUIC Ha}”\IQHbLUeI’I CTOPOHBI MHOI'O-
yroJabHuKa My, TO: .

a) Py > Py

6) S > S, -

3azaua 66 (W3 KOTOpOM, B YacTHOCTH, BBITE€KaeT, uto ecau M, u
M, — snucanrnvie @ oxpymHOCTo K npasuisvHble p-ye0ibHUK U
G-YeoabHUK W p > §, TO MHO20yeoAbHUK My umeer Goavpuiud nepumerp

u 60./lbLL[jIO rmozqaot;) SABJSAETCA CPaBHHTEJABIO HECJOXHOH; OAHaKO
GOJBITHHCTRBO JIOKa3aTedbCTB YTBCP}KﬂePIHI“l 3TOR 3anaud CYIIIECTBEHHO

1) Ilpu sTOM, €CJH, .CKAXKEM, MHOrOYroJbHHK M HMeeT p CTOpOH
nauboaviell AJHHBL @, TO, BO3MOXKHO, TCJAbKO mnocte (p — l)-kpaTHOTO
1IOBTOPCHHS Halleil CIepalHH 3aMEHbl OIHOTO MHOTOYFOJBHHKA IPYruM
MLI IPHAEM K MHOTOYFOJbHHKY, HaHﬁOJIbmaﬂ CTOpPOHa KOTOPOTO M € H b-
ue a
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HCMOABL3YIOT CBOMCTBA TPHIOHOMETPHUECKHX (YHKUMA (u4uTaTesib MOMKET
CUHTATL 3TO 3aMeuaHue MmojcKaskoli, o6jeruamoumeli peulenne 3apauy 66).
J{0BO.IbIO HEOKHMAAHIOE «UUCTO TedMETPHUECKOe» LOKA3aTelbCTBO COOT-
BETCTBYIOUIHX (aKTOB, He Tpeylolllee TaxKe 3HAHHA ONpPeNeJeHHN TPH-
FOHOMETPHUSCKHX (YUKW yraa, OLIo Aano H3BECTHBIM aMePHKAHCKHM
mateMatHkoM . Yeneuwckuwm [67]; B OCHOBe 3TOro J0KA3aTEJNbCTBA
JEKHT HCMOIb30BAHHE METOMA MAaTEeMaTHYECKOH HHAYKUHH
NS [0KazaTedbCTBA  CASAYIOWEH TeopeMbl: 8 11000M Tpeye0abHUKE
C > Z B

BA LA+ 2B
31eCh MOXKHO NPHMCHHTb HHAYKHHIO!).

ABC scezda (nompoOyfiTe-ka IOTAnaThes, Kak

67. a) Jse touxku 4 u B naIockocTH, paccTosHHE MEKRY
KOTOPEIMHM  DPaBHO }, CO2/HHEeHbl BBHIIYKJIOH JIOMaHOH

APy ... P.B (1. e. Takofi /0MaHO#l, 4TO MHOTOYTOJbHHK
AP\Py ... P,B Boimyxabift). JoxamuTe, 4yTo ecju cyMmma
BHEWIHUX yIJ0B JOMaHOl npu toukax Py, P, ..., P, pas-

W o
Ha o < 180°, To maumHa JgoManoil He nmpesocxogur 1 Pcos— .

6) Hafizute TOT W3 BLIIYKJBIX MHOTOYTOJLHHKOB CO
CTOPOHON AJUHBL @ H CYMMOH BHENIHHX YIJIOB IIPHU BepuUiH-
HaX, He NpPUJeraiolix K 3TOd cTopone, pasuo# [20° xoto-
pbuifi HMeeT HauBOJLINYIO MJIOUIAMAD.

68. loxaxure, yTO B BBIMYKJbIYI MHOTOYIOJbHHK € ILJIO-
mazsio S M nepuMeTpoM P Bcera MOXHO 3aKJIOUHTH KPyT

paanyca —-.

3anauy 68 wmoxuo chopmyanposaTh emwe © no-apyromy. B teo-
PHH BBINYKJIBIX MHOTOYFONBHHKOR (¢ BOOSIIE B TEOPHU BHIIYKAbIX (-
ryp) NPHUATO NOHHMAThb TEPMHH BN UCAHHBIH KPYT MHOrOYIOJbh-
nuka M (1 COOTBETCTBEHHO €ro ONMHCAUHBIH KPpYT) HE Tak, Kak
TOHHUMAIOTCS 2TH TEPMHHLl B IIKOJbHOM Kypce MaTeMaTHKH, Aas TOro
4TO0Bl OTTEHNTb 5TO Pa3JHYMe, MBI B [ajbhelfillleM NOHHMAaeMble B Ha-
eM HOBOM CMbICAE TepMHHbl GyaeM mnucath ¢ Oonpmoll Oyxsel: Buu-
caudbli Kpyr ¥ Onucaunsii Kpyr. A HMeHHO, B TEOPHH BBIIYKJALIX ¢H-
TYP RPHHSITO CYHTATh, YTO KA % 06l (8binykasil) muozoyeorsnux M
umeer Buucanuoul kpye k, 3a KOTOPLIl MPUHUMAIOT HPOCTO KPYr H a H-
60VbuIero BO3MOMKHOTO PAAHYCA, LEAHKOM 3aK/IOHAIOUHACH BHYTPH
muoroyronsuuka M (puc. 24, a), Ananorwyno stomy Onucanneim py-
eom MHOTOyronpH#wka M waseiBaetcst kpyr K HaWMEeHBIDEFO  BO3-
MOXKHOTO pafdyca, sakmodamownit M euyrpu cebs (puc. 24,6). Ilpu
3TOM JerKo BHAeTh, 4To OnHcanHpi KPyr BHINYKJIOTO MHOTOYTOJBHHKA
06513aTebHO ABJASETC € AUNCTBEeHH B M. B caMoMm aede, ecn MHO-
royrosbuuk M 3akmodaercs BUYTPH O08yx wpyros Ky u K ommoro u
TOPO Ke pajiuyca R, To OH 3akaiodaeTcsi H BHYTPH oOpas3oBaHHONl mepe-
ceaenneM Ky # Ky «aunswt» L, — a 3Ha4yuT, H BUYTPH OMHCAHHOTO BO-
Kpyr L xpyra k, jvaMeTpoM KOTOPOTO #BJAfETCA XOPAA, COSAHBAIINALA
«YLJABL> JUH3bL (pHC. 25); uo AcHo, uto k meusme Ky (n Kz), u 3ua-
wuT, KpyrH Ky n Kz He moryr Guitb OnHCcaHRBIMM KDYraMH MHOTOYTOJb-
muka M. Hanportus, Bnucaumbix KpyroB BuIyK/blli MuoroyroapHuk M
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MOXET HMeTh M H OT 0, TaK, HANPHUMEp, OTJHUHHI OT KBagpaTa npamo-
Y20a6nuk uMeeT OeCKOHEUHO MHOro Bnucamnbix Kpyros (pnc. 26) 1).

Pre. 24,

Beanunnm paanycoes Brucannoro v Onucanunoro Kpyres MHOro-
YyroJdbilika ualle BCero 0603HaualoT 6}'}({381\!}1 r u R. B srux obosna-
yenudx ycaosle 3ajaul 68 MoxKII0 NEPENHCATb B BHIAC CJCIHYIOLWErD
HEepaBeHcTBa: S

—<r
P\v

KOoTOpoe Tpelyercs A0KA3aTh; 3xech S, P # 7 -— naoilafb, nepuMerp H

paanyc BnucaHHOro Kpyra BBLIIYKJOTO MIIOTOYToJdbHHKA. (DToMy Hepa-
BEHCTBY MOXKHO NpHIaTe emie u caeayowmuin sux: Pr—S = 0; ero
ofollienye cOJAePKUTCA B PCIIEHMH 3ajaun 75, dABJAslomlelica «raaB-
HOli» B 3TOM HEKJe 3a]ad.)

'} 3ameTbTe, 4TO €CAM BRINYKJBIA MHOTOYroJbHAK M HMeeT BRH-
CaHHbIl KPYyr B IIKOJBHOM MNOHHMANRH 3TOrO TepMHMHA (T. €. Kpyr, Ka-
carowusiics ecex CTOPOH MHO20YSOAbHUKE), TO 3TOT- Kpyr 006A3aTeJbHO
6yneT ¥ BnucanubM kpyrom M, 0aHAKO Kpyr, OTPaHHUHBAEMEI OKPYXK-
HOCTLIO, npoxodawet uepe3 ace gepulunbt MHo2oyeoavnuxka M (onncan-
Hblil KPYr MHOTOYIOJBHHKAZ B IUKOJBLIOM NOHMMalMU 3TOro TepMMHA),
MoxeT H He ObiTe OnncanueiM kpyrom M (nouemy?). .
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69*. JlokaxKuTe, YTO H3 BCEX BBINYKJBIX YeTHIPeXyroJb-
HHKOB, HMEIOLUIMX HXaHHBlE JJIHHBL CTOPOH a, b, ¢ U d, Hau-
60bemyxo I0IIagb HMEET TOT, BOKPYT KOTOpOI‘O MOXKHO
OIHCaTbh OKPYKHOCTb.

Acuo, 4TO yC/IOBHE BHIMYKJAOCTH PAacCMaTPHUBAEMBIX HETHIPEXYTOJb-
HUKOB B (OPMYTHPOBKe 3afaud 69 He SBISETCS CYUWIECTBEHHBIM: Belb
AN HEBHINYKAOTO HeTHIPeXyToMbHHKA ABCD nerxo ykasaTb 6buiyKAblil
UETHIPEXYTOJIBHHK, HMEIOUIMA Te Ke JIHHB CTOPOH, 4TO H HCXOAHbI,
H 60blLyi0 momans (puc. 27,a); MOITOMY BIHCYeMBIi B OKPYXHOCTb

Puc. 27.

YeTBIPEXYTOJBHHK CO CTOPOHaMK @, b, ¢ n d umeer HauSOABUIYIO 1.0~
mab Ccpein BCeX BOOOHIE YeTHIPEXYrOAbHHKOB (BBIOYKABIX HJH He-
BRIYKJIBIX) € 3THMU JAJHHAMH ctopoH. Ilpd 2ToM noio6HOe mnoJoxeuns
nena mMeer OOGMUN XapakTep: 044 KA 0020 HEBbINYKAD2O MU020-
yeoavruka M s8cezda movcHo HadTu Boinygkabii  mHoeoyeossrux M,
umerouuti 1€ nce Odaurbl CTOpoH, 41O u M (M TOT XKe MOPAACK CHeIO-
BAaHHSl CTOPOH), HO O0abwiyio naowade, npuyeMm mepexoi or M r M’
OCYLIEeCTBsSIeTCs]  aHAJOTHYHO TepPexoay OT ueThlpexyrodsinka ABCDH
K ueThipexyronbuuky ABC’D. na puc, 27,0, HO B HECKOJBKO 3TAMOB —
Tak, B H306pameHHON Ha puc. 27,0 CHTyalHUd MBI CHauaja OTpaxkaeM
wacte DEFGH xoutypa 3aj1aHHOTO MHOTOYroJbHHKA M OTHOCHTEbHIO
npsmoll I, == DH, nonyuast muoroyroasink M, = ABCDE'F'G'H, xoto-
PBIH MOXHO, MOXKAaAYH, CYeCTb «60Jee BBIMYKJBLIM», YeM HCXOANBIH MHO-
royroibuek M; sateM orpaxaeM JoMmMaHywo A G'F/ OTHOCHTEbUO mps-
Mol [p = AF’, upuxogs K <OOUTH BBITYKJOMY» MHOTOYTOJAbIHKY
M, = ABCDE’F'G”H’; zateM orpaxaem JjoManyio BAH’ oTHOCHTENbIO
npsMoit Iy = BH’, mnpunxoad K BLIOYKJAOMY MHOIOYTOJbHHKY
M’ = A’BCDE’F'G"H’. 9ta npoielypa HO3BOJAET BO MHOFHX 3ajauax
(B TOM uucie M B OCHOBHOH B 3TOM. LMKJe 3a1au <«H30MEPHMETpHUYECKO
TeopeMe O MHOFOYFOJBHHKAX» — CM. 3aauy 75) OrpAHHUATECH DAcCMOl-
peHHeM OJHHX JHLIb BbiNYKAbLY MHOFO}’I‘OJ’IbHHKOB K KOTODHIM MOXKHO
CBECTH 110 G bl € MHOTOYTOJbIHKH 1),

1) OTHOCHTENbHO [0KA3aTEbCTBA TOTO, HYTO ONUCAHHBIM MyTeM
K@K /L bl i HESHIYKIBbiH MHOTOYTOJNLHAK MOMHO NepeodpasoBarb B Bbi-
mykaoeif, cm., nanpumep, P, ', Buur u H, i, Kasapuuos [68]
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70**. a) loxaxuTe, 4TO M3 BCEX BHINYKJLIX UeTHPeX-
VrOJAbHHUKOB C AAHHBIMH yraaMu') M JaHHHIM TlepHMeT-
pOM Hau6oJbLIYI0 MJOLIALb HMEeT 4YeThIPEXYTOJbHHK, B
KOTODGI# MOXHO BIHGAaTh OKPYMKHOCTb.

6) Jlokam#uTe, WTO H3 BCEX BLINYKJBIX A-YTOJBHHKOB C
JAHHBIMH yriaMd!) W NaHHBIM IepUMeTpPOM HaHOOJLLIYIO
IJOUIaJb MMeeT A-YIOJbHUK, B KOTOPBIL MOXKHO BIHCATb
OKPYHHOCTb.

Qopmyanposka safau 69 n 70 a) ouenb NOXOXKH IPYr Ha Apyra. D10
CXOJACTBO CTAHOBHTCA elle GoJiee 3aMETHLIM, €CNH BCIOMHHTb, UTO BCE
YeTHIPEXYTOJAbHUKYE HMEIOT OJHY H Ty K€ CYMMY yrjoB, a HMetnio 360°,
Tak 4To 3ajgauaM 69 u 70 a) MOXKHO npHIaTe CJAeLYOULYIO popMy: .

a) Ha scex 4ETOIPEXY20NbHUKOB ¢ dannoimu croporamu (u Oantoll
cymmotd yeaos, pasHoit 360°) Hauboasiuyo niowads UMEET “eTblpex-
YCOAbHUK, KOTOPbIE MONHO 6RUCATL 8 OKPYNHOCTb.

6) H3 8cex ueTbipexyeOnsHUK08 ¢ OauHbimu yeiamu U OaHHOM
CYMMOL CTOPOH HAUGOALUIYIO NAOULA0L UMEET YeTbIPeXYeOAbHUK, 8 KO-
TOPLLE MOXHO BRUCATE OKPYICHOCTb

Ananorus mexnay samauamu 69 m 70 a) He sBasercs cayyailHoll —
oita MMeeT rayGokue OcHOBaHUsA, OfbACHeHHe KOTOple OJliaKO, 34BeJI0
6bl Hac CJIMIUKOM JaJIeko.

Obo06menne pesyastaTa 3agayu 69, asasoruunoe yTBep:KieHHIO 3a-
nayn 70 6) ¥ BO3NMKAIOILES NIPH 3aMeHe UYeTHIPEXYroJbHHKA NPOHA3BOJMbs
HLIM A-YrOJbHHKOM, TO:e HMeeT MECTO; OANaKo Hanbosee Npocroe Ao-
Ka3aTebCTBO 3TOrO NPEAJOXKEHHs ONMHpaeTcss Ha (0OlIyl0) H30nepHMeT-
pUHECKYIO TeopeMy (cM. nuXe 3afaun 76 m 77 W oTHOCAINMICA K HHM
TEKCT; ¢p., nanpumep, Kuury [27] uan § 5 kuuru [29]).

71. Jloxaxkute, 4TO CpeiM BCEX nN-YTOJbHHKOB, BNUCaH-
HbIX B JIaHHYIO OKPYKHOCTb S, NpaBHAbHBIA A-YTOJbHUK
ameer

a) HaubOoJbIIYIO MJIOIANb; .

6) HanGoabLiKl MepHUMETP.

72*, Jloxaxute, 4TO CpedH BCEX £-YTOJbHHKOB, ONHCaH-
EbIX BOKPYT JAHHOH OKPYXHOCTH S, npapH/bHbI A-yroab-
HUK HMeeT

a) HauMeHbIIYIO NJOMIANb;

6) HanMeHbIIHH NMEPUMETP.

Gopmynnposky 3azay 71 W 72 MOXHO ellle HeCKOJbKO VCHIHTH
(BopoueM, 3TO yCHJeHME SBJAETCH JIOBOJLHO Heraybokum)., Brime mu
y/Ke YKa3bpiBa/lW, 4TO B TEOPHH BHIIYKJLIX MHOTOYrOJBHHKOB CYHTAIOT,
4TO K a XK A B {i (BBINyKJbi) MHOroyroisHHK M nMeer BnucadHH i
Kpyr 2 1 Onucasdubfi kpyr K: BnucanueM (COOTBEeTCTBEHHO

f} B sapmasax 70a) u 6) CumTalOTCH H3BECTHHIMH HE TONBLKO BeJjiu-
YHHB YIVIOB MHOTOYrOJILHMKOB, HO ¥ MOP S 10K CIENOBaHHS 3THX Yr-
JJOB JAPYr 3a JAPYroM BAOJb KOHTypa MHoroyrogbHmka, (TpeGoBanue,
4YToOL - MHOTOYTOJBHHK ObLN BHINMYKJBIM, O3HAuaLT, YTO HU OAMH K3 YIJIOB
He JOJDKEH MPeBOCXOoxuTh 180°)
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— OnucaHHBIM) KpPYyroM MHOTOYroiibHHKa M 31ech Ha3HBAOT NPOCTO
nauboasbwull kpye, B3akmodaoujutica enytpu M, u naumens-
wu b Kpye, codepaawguii M enyrpu ce6a (cm crp. 60—61, B yacTHOCTH,
puc. 24, a u 6).

Ho sicHo, uto écam BHINyKJBH n-yrombuk M umeer kpyr K cBouM
OnucaHHsIM KPYrOM, TO CYIIECTBYET BNHCaHHBII B K B CMBIC/IE IIKOJib-
HOH TeOMEeTpPHH BBIHYKJABIE A-yroasHuk M, nepumerp ¥ nJjomajab KoTo-
poro He MeHbllle mepuMeTpa ¥ miowaad M —rak, ecan M 3akmodaer
ueutp O xpyra K BuyTpu ceGsi, TO ME MOXKEM CIBHHYTb BCE paclojo-
MEHHbIE CTPOro BHYTpH (He Ha rpabuue!) K sepmuas M mo pagmycam
kpyra K, npuas TeM caMmblM X n-yroJbHEKy Mi, BoucaHHomy B Kpyr K
B TNPHBBIYHOM HAM H3 CpejHel IKOJL CMbICAe H colepxkaliemy M BuyrpH

Puc. 28.

ce6a (cM. puc. 28, a, Ha KOTOPOM uacTh MHOroyrosbuHka M; nsoGpaxena
NYHKTHPOM). AHAJIOTHYHO ITOMY, ecau R — BrucauHblfi Kpyr BbiykJoro
n-yroapuuka M, TO MBl MOXeM CABHHYTH NapajjesbHO BCe He Kacaio-
wuecs k cropoust M, npmis TeM caMblM K ONHCAHIIOMY B UIKOJBHOM
cMeicie BOKPYr k& n-yroasuuky M,, cogepxaitemycs B M u, 3uauut,
umemouleMy #He Oojbmue yeM M mepu-
MeTp H miomans (#a puc, 28,6 4acto
MHOroyrogbiuka M; uzofpakeHa nyHx-
tupom). [losromy u3 pesysabtaros 3a-
nau 71 u 72 caenyer, 4T0 U3 BCEX BOOG-
e BHRYKAGIK T-YfCOABHUKOS € OQHHOIM
Onucannoim  gpyeom K nauboaswud
nepumerp u naowade umeer BNUCAH-
noui 8 K (B IIKOJBHOM CMBbICAS) #pa-
BUALRBUL N-Y20AbHUK; AHAJIOTHYHO 3TO-
MY, U3 8Cex 6OLINYKAbLX N-Y2OAbHUKOS
¢ Oawnum Bnucanwoim xpyzom k_ auu-
Merbuile NePpUMETP o NA0Wade umeeTt
onucannel  80KpYe kB npasusbHoll

©R-yeoAsHUK. A TaK KaKk AJsi MDaBHAL-
HOTO n-yroabuuka My = A4y ... An (puc. 29) ¢ paauycamu omucau-
HOTO W BOHCAHMOIO KpPYlOB, PABHLIMH COOTBETCTBEHHO R # r, udeed
(3nech O — LEHTP NPABUIBHOIO A-YrOJibHUKA)

no o
80 —2rtg 180

Puc. 29.

AA, = 2R sin
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R . 360° 180° -
SOA‘A,-:?RZSIH n =rtg n ’

TO nepumerp P u maomanap S n-yroabuuxa My TakoBer:

(<] o

H P=2nrtg

P =2nR sin ;
n n
S=—;—nR?sin 0 u S=nr? tgl—io——.

Teriepp n3 pesyabraros 3agau 71 u 72 BuiTekaer, uto Hepumerp P u
naouiado S APOU3BOABHOCO BHINYKAOSO N-Y2OAbHUKQ C8A3axHbl ¢ OAll-
Hamu R w r paduycos eeo Bnucanwoco u Onucawnoeo Kpyeos coo0T-
HOW CHUAMU

) 1 {s] {e]
2nR sin 80 =P Z=2artg liO
H
~no o
—;-nstin 360 =S=nrltg 1?10 ,

mpHYeM paBeHCTBA BO BCEX 3THX COOTHOWIEHHSX HMEIOT MECTO JHlb
B CJY4ae npasuAbHO20 N-YroabHHKA.

Ykaxewm elle, yTo NOCKOJIbKY H3 BCeX BIMCAHHLIX B KPYT M-yroJb-
HAKOB HaHOOJbWIYIO IUOMAaab HMeeT IpPaBHIbHBEI, a CpelH
ONHCAHHEIX BOKPYI HErQ A-YrOJbHUKOB MpaBHIb-
HBbIl UMeeT Ha HM EeH b1 Y IO [JIowab, TO npea-
cTaB/geT HHTEPeC H3BeCTHas «KOMOWHHpOBAH-
Has» 3ajfaua, B KOTOpofl TpebyeTcs onpedeiursd
Munumym cymmol naouadu snucanHozo 8 Aa-
woul  (ckaxeM, eaHHnuHbll) kpye K muozco-
yeononuka M u naowadu onucarHo2o 8OKpYye
K muoeoyzoasnuka N, cropowsr KOTOpozo Ka-
carorca K 6 sepuunax M (puc. 30; snech uuciao H 27
CTOPOH  MHOTOYIOJNBLHHKA MOMXKeT OblTb  JIiO-
6bIM); 9TOT MHHUMYM, Kak OKaspiBaercd (CM.
JAx. Aneasr u JI. ®yxke [69]), mocruraercs Puc. 30
hib ¢ éc)saapam (1 B coryuae eAHHHYHOTO Kpyra pa- e
BeH 6).

73. Ilyere R u r — cootBeTcTBeHHO paxnycs OnucaHHO-
ro 1 BrHcanHOTO KpYyrOB BHINYKJOTO H-YTOJAbHHKA  (CM.
Bbille puc. 24, a u 6). Jlokaxute, 4To

R 180°

T>sec —.

(]

?

B kakom cJydyae OTHOLU¢HHE —15— TOYHO paBHO Se€C

B caygae n =3 u3 TeopeMm 3ajaud 73 caenyer, uto paduycet R
U r ONUCAHHOZ0 KPYea U BRUCAHHOZ0 KpYea nPOU3BOAbHO20 TPEYSOAbHUKA
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'€BA3aNbL HEPABEHCTEOM

-lri = sec l830 =sech0°=2, T e R>=2

’

\

TakHM 00pa3oM, OHa 06pamaeTci B 3TOM CJydae B H3BECTHOE COOTHO-
lWeHne MEXAY pajuycaMH JIBYX OCHOBHEIX CB3&RHBIX C TPEYTOJDBHHKOM
kpyros (cMm., manpamep, 3agauy 94 a) us xuurn [4] u mmorue npyrue
3ajayy M3 MOCAEIHEro paszjesa 3TOH KHUTH),

74. a) Moxaxure, 4TO U3 BCeX TPEYTOABHHKOB HAHHOTO
nepuMeTpa HauboOJbUIYIO MJOWAAb HMeeT TNPaBHJbHLIH
TPeyroibHuK (H3omnepHMeTpHUecKas TeopemMa O
TpeyroJdbHHKAX);

6) IoXaXKuTe, UTO M3 BCEX YETHIPEXYTOJbHUKOB AaH-
HOro mepuMmeTpa HaubGoJBLIVIO NJOIMATbL HMeeT KBaapar
(H3onepuMeTpHTIECKAasT TeopeMa O YeTH PeX-
YyroasHHKAX).

75*. JlokayKuTe, UTO W3 BCEX BHIIVK/BX A-YrOJLHUKOB
JAHHOTO HepHMeTpa HauboJblIYI0 NJICHIAAL HMeeT Inpa-
BUJLHBI 7-YIOAbHAK (H30MepHMeTpHYECKasd TeOo-
pPeMa O BHHOYKJAHBX MHOTOYTOJABHHKAX).

3apaun 74 w 75 cBA3auLl CO CTADMHHON W BaXKHOH 3ajnaueil o Tak
Ha3LIBaeMbIX «H30MepPHMETpHUECKHX Qurypaxs, T. e. guaypax rocrodau-
HO20 nepumerpa (NMEHHO 3TOT CMBICH HMeeT 3aUMCTBOBAHHBI H3 Tpe-
YECKOTO fA3blKA TEPMHH «H30MepHMETPHYECcKHe» GUrYpH), BHOHPaEMbIX
H3 OnpellesieHHOTO Kjaacca (Hryp; 3adada o6 usonepumerpax Ttpelyet
BLIACHHTH, KaKas M3 paccMaTpUBaeMBiX (H3omepHMeTpHUecKux) GHUIyp
HMeeT HaHMGONRBPUIYIO NAOMAdD, & USOREPUMETPUHECKAS Teopema
VKa3nBaeT pellienHe «3alaud 06 U3omepHMeTpax» (CM. 10 5TOMY TNO-
BONY, HATPHMED, NOETYNHYIO WIKOJAbHUKAM Kuury [27] nan Gonee cepbes-
nyio kuury [30]). Tax, nanpumep, 3amaya 74 a) YTBEpKIAaeT, UTO B
KAacce BCEX TPEYrOJBHHKOB pelleHHeM «H30NEPHMETPHUeCKOfl 3a1aud»
CAYRHUT MPABUALHOIL TPEY20AbHUK, T. €, VMEHHO 1Js51 HETO NpH 3ajaH-
1O BeJWYHHE TIePHMETPA TPEyroJbHHKA JOCTHUTAeTCsT MaKCHMYM IL1O-
UIaJB; anaJoOTHUHO 3ToMYy 3allava 74 6) yTBepmaaer, uTo B Kjacce
QETHIPEXYTONLHUKOB «H30NEPHMETPHYECKHM CBONCTBOM» O0JAanaeT xead-
par. Bonee Toro, 3 obofmatoweil pesynpTarTsl 3ajzay 74a) m 6) oc-
HOBHON TeopeMbl 3amaud 75 BHITEKAaeT, YTO B KJAACCe BCEX BHITYKJIBX
n-yroasuukos (a 3HauuT, H BCEX A-VIOJLHHKOB BOOGHIE; CM. BbillUe,
crp. 62 u puc. 27) pelieHHeM H3OMePHMETPHUECKON 33K4YH CAYXKHT
npaguAbHbll n-[20AbHUK.

Pasymeercsi, MOCKOABKY MaoMmanp (GHrypel e IHHHYHOFO MNEPH-
MeTpa, mnopoGuoit Aamnofi durype mepumerpa P ¥ wiaomanu S, par-

Ha ~p7, 10 B H30NIEPHMETPHYECKON 3ajaye MOXKHO CTaBHTbL BONPOC
He o HauboJviuefi BO3MOXKHONI mnaomanan aAxsg ¢UTyp ARAHHOTO HepH-
METPa, a O MAKCUMYMe OTHOWIEHUS g niowadu K Keadpary nepu-

METPQ; TIPH 3TOM 3HECh YK€ MOMKHO CBOBOLHO NepexonuTh oF (BMryphl
K mo6Gox neno6RHOM e, T. e. BoBCe He 0Basarenbno TpebomaTs mO-
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~ .
crosucrBa nepumerpa Gurypn. Takum 0G6pa3oM, «H3ONEPHMETPHUECKAA
" TeopeMa O BBIYKJBIX 7-YTOJbHHKAaX» YTBEDMKAAeT, uTo Cpedu 8cex obi-

RYKABLX N-Y2ZOAbHUKO8 MAKCUMYM OTHOWEHUA docruzaerca dan

PZ

npasuAbHO20 fN-yeoibruka. A Tak -KaK /A [PABHJIBHOTO A-yroJb-

uuka My, 0ueBHIHO, HMEEM ‘ . '
180°

bz 4n n

(cM. Ha crp. 65 Qopmyan, cpaseiBawone nepumerp P o naomans S
NPaBHIBHOrO f-yroJbHUKA ¢ pafHycoM R OnucasHoro BOKPYF HEro
KpYra), TO «H30MepPHMETPHUECKYIO TEeOpeMY» MOKHO Takxke 3amfcarThb
B BHAe CAeAYIOHIero HeDaBeHCTBA, BLITOJHSIOINETOCH “AAA BCeX A-yroJib-
HHKOB: -

S { 180°
Sy Ty

31eChb DABEHCTBO JIOCTHFAGTCH TOJBKO JJIst APABUALHO20 N-YTOJbHHKA.
Mokno Takxe cthopMyaHPOBATL <«H3ONEPUMETPHUECKYIO TEOPeMy» H
B BUAE YTBEpPKIEHHA O TOM, 4TO cpedu gcex (BBINYKALIX) A-Y20AbHUKOS
OanHoL nAOWadu HOUMEeHbLUL UL nepuMeTp UMEET NPABUALHOLI
n-y20AbHUK,

76. Jokaxure, 4TO Kpyr HMeeT GOJBIIYIO HJICLIANb,
yeM J000H BbiYKABIH MHOTOYTO/NbHHK OAHOI'O C HUM NepH-
MeTpa.

Pesyabrar sanaun 76 pmenaeT B Buicmef cTenenu npasaONOA0GHON
CIeAYIOIYIO (3HAMEHMTYIO!) <«H30HEPHMETPHUECKYIO TEOPeMy O BLIMYK-
JbiX (DHTYPax»: U3 B8CeX HAOCKUX BbINYKALIX Queyp OaHHO20 Nepumer-
pal) Hauboavuwiyro naowjade umeeT Kpye-—B CAMOM je/e, B CHIy Teo-
peMbl 3amaux 76 mjowaab Kpyra ©GoJblie YeM IJIOWajnb JMOGOro Bbl-
OYKJAOro MHOTOYrOJIbHUKA OJHOTO € HHM NEepUMeTpa, a KaXIYyI0 BBIMYK-
ayw ¢urypy F MOXHO 3aMeHHTb OAM3KHM XK HeH (HaupUMep, BIHCaH-
HBIM B F) BHOYKABIM MHOroyronbHHKOM. OIHAKO H0Ka3aTeJNbCTBOM
«UM30NePHMETPHYECKON TeopeMbl A/AA BHIOYKAHX QUTYpP» mNpHBeneHHOR
pacCcy:KAEHHE CJIYIKHTb, PA3yMeEeTCsi, He MOXKeT (XOoTa OH NOTOMY, 4TO
B 3TOM pAacCy:K/[eHHH Mbl IIHKAK He YTOYHAJIH CMBIC/a BHIpaXKeHHs «3a-
MEHHTb (QUTrypy ApPYyro#, Oau3KONl K Hell», UTO JMLIGET HAc BCAKOH BO3-
MOXKHOCTH OOCYIHTb BONDOC O TOM, HACKOJbKO OJH3KH IO BeJIHYHHE
nJOLIadK M TePHMeTphl «Gau3KUXy (HIYD); NMO3ITOMY UHTATENI0, 3aHHTe-
pecoBaBIIeMYyCsl 3TOH ofmeli TeopeMmoff, MpUAeTcsl OOPATHTbCA K MHOMN
autepatype (cm., nanpumep, wuura [27], [29], [30] mam crateio [1]).

77*. JokaxuTe, 4YTO I/ BCAKOIO BBIITYKJAOFO MHOIO-
yrombauka M ¢ maomanapio S, nepuMetpom P, pamuycom
Bnucaunsoro kpyra r u panumycoMm Omnucandoro kpyra R

f) A cnenoBaTesbHO, H H3 Bcex Boofule RAOCKHX (GHIYp LAaHHOTO
nmepHMeTpa, KGO HEBHUIYKJAYIO MNUIOCKYIO (HTYPY MOMXKHO 3aKJIOUHTL B
BHOYKAYI0 GUTYDY MeHblIero nepuMerpa # Oosbliedt naomajgd (no-
uemy?),

3* ' a7



(cm. BeIIE puc. 24,a n 6)/mvxer0T MEeCTO HepaBeHCTBa:
a) P2—4nS > (P — 2ar)%
6) P?2—4nS > (2nR — P)~.

Bo3amoxiiocTe  «npuGaH3nTb» KaxXAyl Benykayio oburypy F o oBul-
DYKJBIM  MHOrOYroabHHKOM M 1nojckasbiBaeT COpaBeiuBOCTb Hepa-
BEHCTB 3afau 77 a) u 6) (B KOTOPLIX TNPHIETCA TOJBLKO, OBITb MOXKET,
3aMeHHTb CTPOrHe HEPABeHCTBA Ha HECTPOTHE) IS B Ce€ X BBIMTYKAMX
puryp:

P2—4aS=(P—2nr)? n P2 — 418 = (2nR — P)?,
rre P, S, r 1 R — nepuMerp, niomais, paasyc Brucawuoro xpyra #

" paanyc Onucanuoro kpyra K Buinykiaoft ¢urypw F (Bnucanubit u
Onucaunuifl XKpyrs 3jecb HO-NpexHEMY OIpeje/sioTces Kak nauboabuiul

Prc. 31.

Kpye, 3akmosarouuiica 8 F, COOTBETCTBEHHO Haumenbuiuidl Kpye, codep-
scawuti F euyrpu cebs; oM, puc. 3l,a u 6). Ecan 3TH yTRepKIeHnd
ClipaBejJIUBH, TO OTClofla TeM Gogee caelyeT, uTo das arobot esinyk-
a0t gueypor F
N 1
2 . —— —_—

P 4nS =0, " P2 < i
(«H30TePHMETPHYECKO® HEPABEHCTBO AJsl DNJOCKMX BBINYKAWX !)  du-
Typ»), TPHUYEM PABEHCTBO 3J€Cb HMERT MECTO TOJLKO HJs (Hryp, ne-
puMetp P KOTOpBIX paBen 2:r, COOTBeTCTBEHHO padexd 2nR, T, e.
TONBKO AN Kpyea, Ans kotoporo durypw F, & u K (a 3suauuT, 4 nepu-
MeTPBl HTHX (PUIYP) COBINALAIOT.

5. 3A0AYH HA MAKCHMYM U MHUHHMYM,
CBA3AHHBIE C NMOHJATUEM HUAMETPA ®UTYPLI

OunamerpoM d xouweunol cosokynnoctu {4y, A, ..., An} To-
YeK HasblBaeTcsl HaAUbOAbULEe U3 NOAQPHBIX PACCTOAHUL Mewdy
paccmaTpusaeMbimy TOUKAMU

d=max AA; 4, j=1,2...,n
i ]

1) Cm., BnpoueM, NOACTPOYHOE NPHMEUYAHHe Ha NpeAblAyliell CTpa-
HRELE,
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(puc. 32,a; pasyMmeeTcsi, BO3MOXKHO, UTO HECKOJbKO COSIUHSIOUIHX
Halld TOYKH OTPE3KOB paBubl d — cM. HuXe 3agauy 87); auamerpoMm
(m0cKOH naM npocTpancTexnoil) ¢uryps F naswiBaetcas Ha w6 o 4 b-
wee u3 paccroanuti mescly ToUKaMu pueypol'):

d == max AB, rae A BeF

(prc. 32,6, nomoGHO TOMY H auaMeTp Kpyra — 3T0 HauGoJbliee U3
pacCTOSIHHA MEXKAY TOUKaMH Kpyra). B stom uukae sagau cofpau pal
NpeIoKEHH, TaK WU HHaue CBsi3ad-

ILIX ¢ TOHsATHeM juaMerpa (UIypsl
(paccmatpuBaeMas ¢urypa MomeT co- A\
CTOSITb H H3 KOHEUHOrO 4YHCJA TOUeK).
[leHTpaJbHBIMH 33€Ch SIBAAIOTCA 3a- o

Aayu, lpHUMBIKaroUuiHe X IBYM 3HaMe-

HUTBIM npofJeMaM, CTOALIMM Mepea Ma- d
TeMAaTHKAMH BecbMa [aBHO H A0 CHX °
nop ell@ MOJHOCTBIO HE pelleHHbIM:
npo6aeme bopcyka—cM, 3aga-

yt 101—104 u oTHocamuiics K HuUM e
TekeT, u npobaneme JleGera—cm. a )
sdagaun 93—100 u oTHOCAMIMICA K HHM Puc. 32
teker. (C mpencrassenHo#i 3asauamu He. oe.
3TOTO LHKJAa NpoOAEeMATHKOH CBsi3aHO

CueHb MHOTO ellle HHKeM He DeHIeHHbIX 3a1ay, H B KOMMeHTapufix K OT-
JeJbHBIM 3aja4aM Mbl 4acTo OyaeM YKasbiBaTb Ha BONPOCH, OCTai0-
Lidecs noxka 0es3 oTsera.)

C coxepxanueM coGpaHHBIX HMKE 3a4ad TECHO CBS3aHbl KHHIH
B.T. Boarsnckorou U L. Tox6Gepra {15], [17], a Takxke BTO-
poit paszgen kuurd I Tproou6aymsma [19], nocsaumennsie B nepByio
ouepeAb npoGaeme Bopcyka. [lasbueiiiiee passuTue HAel, 3a70KeHHBIX
B TeX HJH HHHEIX H3 COOpPaHHBIX 3[7eCb 3alay, MOXKHO TaKXe HaiTH
B knurax I. Xansurepa u I'. JeGpyunuepa [16}, JI. Han-
uepa B. Tpioun6ayma u B. Kau [18], U M. SAranoma [20]
JI. ®Pestem Tora [24], U. M. dranoma u B. I, Boarauckoro
[29], B. Baswke [30), a Takxke B crathax B, I Boarsaunckoro
u M. M. SIraoma [1]u [28].

78. Joxkaxure, 4TO: .

a) AMaMeTp MHOTOYIOJibHHKA paBeH Hanbosbluedl H3
JAuarodaJsiel Mjad HauboJ/bllef B3 CTOPOH MHOTOYIOJbHHKA,

6) AMaMeTp BBIIYKJOrO0 MHOTOTPAHHHKA pPaBeH ero nau-
GoJsblelt AHAroHaJdH WJAHW HauboJblueMy pebpy.

79. Ilromane

a) napaJaesorpaMmma;

6) YeThIpeXyroJbHUKa

1) B cayuae (comepkaiiefi 6eCKONEUHOE MHOXECTBO Touek!)
¢urypot F nmpaBuibnee 6bio 6bi, KoHedno, nucath: d = sup AB (cp.
Bbille, CTP. 17); OTHOCHTENbHO (OOBLIYHO BHINOJHAKWIHXCA B PeajbHBIX
reoMeTpHUYecKHX 3ajlayax) YCAOBHil, mpH KOTOPHIX HauboJ/bllee H3 pac-
CTOSHUHA MeXAY TOUKaMH (UFypHl peaNH3yeTcs, H CIef0BaTeNbHo,
sanuch ¢ = max AB sipasierca 3akouHol, cM., Hanpumep, [1].
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‘paBHa [; Kakue 3HauYeHHss MOXKeT NPHHHMATL €ro Axa-
METP?

80. Ilycth P — nepuMeTp BBHINYKJAOTO MHOTOTPAHHUKA
M, 1. e. cymma JauH BceXx ero pebep, a D — auamerp M.
Joxaxure, uto P > 3D. .

81. Tlo kauany wmupuHsel 1, KOTOPHII B ONPENeJEHHCM
Mecte nosopaunBaer Ha 90° mo OTHOUIEHWIO K CBOEMY Mep-
BOHAYAJIbHOMY HanpasJjenulo (puc. 33), NJbIBCT BeTKa

nuaserpa d (OoHA MOXKeT HMETb JI0-

i 6yio (opMy; TOAILMHOR BeTKH ML
i npencOperaen). Ilpu kaxom panboas-
!‘ neM d BETKA MOMET HMETh Taxyw
’, TTTTTY dopaty, uTOBEI HPOMJLITL OBODOT, He

3aCTPAB B HeM?

B a1oft 3anaue ecrectBenHo XapaxTepu-

d,f 30BaTh «pasMep» BeTKH ee pHamerpoMm d ==
Z = AB, Tak KaKk sCHO, UTO MOMXHO YKa3aTh
[’ BETKY CKOJb YroAH0 GOJbMION .14 B, Td-

KVIO, YTO OHA CMOKeT CBOGOAHO MHHCBATL NO-
BOPOT Kanaja: AJs 3TOro TONEKO HEOGXOHHMO,
Puc. 33. yTo6Ll BeTKa Oblja J0CTATOYHO H3BUJIHCTOH.

82. Ha nsockocty manw n touek (rjge n =2, 3, 4 uan
5), paccTosiHHe MeKJIY KaxKAbIMH ABYMS M3 KOTOPBIX He
mennme 1. Jloxaxure, uTo nuametp d 3TOH CHCTEMBl TOUYEK

a) =1 opa n =2 unn 3;
6) = V2 (~ 1,41) npin n=4;
1+ 5

B) = V (= 1,61) mpu n =35,
npuyeM BCE€ 3TH OUCHKH HABJAIOTCH HAUJAYUYDINMU Ha BO3-
MOMKHBIX,

OGo3naynM HaWMeHblIee BO3MOXKHOE 3HAUEHHe JHaMeTPa CHCTe-
MBl 71 TOUYEK MJOCKOCTH, KamKAbe JBe H3 KOTOPbIX YAajeHH ApYr OT
apyra Ha paccrosiine =1, uepes d(n), wam do(n):
d(n)=minxr}axAiA,, roe i, j=1,2,..., 1

7 1 i,

Ppn={Ay, Az ..., Ap} m n}ir} AiA ;=1 (%)
i,

sanaua 82 tpefyer onpefeauTh Beauunny dx(n) nmpm n=2, 3, 4 n 5.
Hspectno Takixe, 4To
d, (6) =2c0s72° (~ 1,90) H d, (7)) =2,
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[NPHYEM ONTHMAAbLHBIE C WHTEpecyiomlefi Hac TOUKHM 3PEHHR KOHpHrypa-
unit 6 wim 7 Touek usaGpakenn na puc. 34 (em. Il Behtman-n
I, pnéw [70]); omnako uuxaxkue BGpyeue 3HA4EHUR Beautunvl dx(n)

Az

noKa, BHIUMO, HEu38ecTHot. AHAJOTHYHO 3TO-
My, ecad BenuunHa ds(n) onpepenserca TeM
e yeqaosuem (%), rae Pn = {4, Az ...
.., Apn}— cHCTEMa TMPOH3BOJBHBIX N TOUYEK
(TpexMepHOro) NpoOCTpPaHCTB &, TO MOUTH
oueBuAlo, 4to daz(n)=1 npu n =2, 3 n 4
(nouemy?). C apyrofi cToponbl, H3 pe3yib-
TaTa 3ajaud 31 6) muk.aa 3anad 2 noutH we-
Megaenno caeayer, uto d, (6) >=172: 3710
BLITEKAET W3 TOrO, YTO ecai CTOpoHni AB n
RC apeyroabunca ABC o6e =1, a AC<}'2,
10 LABC obsisaresbHo ocTpu i (nocsaed-
Hee cpasy caeayeT H3 Teopeul, oGpaTHOM
teopeme [ludaropa; nomoraer Bam 370 3a-
MeuaHue YCTaHOBUTb CBSI3b MexAy Hepa-
senctBoM dy (6) V2 n sasausi 316)?).
C apyrofi cropousl, puc. 35,a,6 (Ha oOIHOM
H3 KOTOPBIX H300paKed Tak Ha3blBaeMblil
npasuiensitl oKTA3dp, a Ha BTODOM — Hpa-
GUALHAA TPEY20AbHAA NPUMA C KBALPATHBIMU
GOKOBBIMU ~ TpaHsMH) NOKas3blBaeT,  4To

d.(6) < V2, rarum obpasonm,

d;(6) =12 (= 1,41),

Puc. 34.

NpHYeM <«ONTHMAaJAbHAA» .KOHCI)HpraHHH 3 6 Touek sABJReTCH HeE

a)

Puc. 35.

enuncrteennoit (puc. 35). Haxouen, K. liorT1e [46] ycranosua,

YTO

4,6 =22 (L sy,

7

7



Hurakue Opyeue snadenun seauyudn ds(n) nam weussectanl. bBoJaee Toro,
ecsn 0603uauHTh uepes dp(n) Ty ke Benuwuny (#), rae A, Az ...
.«., An—npoH3BOJbHbIE A7 TOYEK K-MEePHOTLO eBKAWAOBA 0 pO-
cTpancTBal), TO, NOMHMO YKa3aHHHX BHIUe 3HaueHuil da(n)
ds(n) U TPHBHAJBHOMN (OPMYJIBE

dy(ny=n—1 npH Beex n=2
(MO)eTe Bl ee OGbACHUTL?), TOYNO H3BECTHLl JAUWL 3HaueHus dp(n)
npu k<< n42:

dp(n)==1 apy 2<In<Ck+1

(5T0 TIOYTH OUYEBHAIIO) H
—
2
1 +? npu  k ueTHOM,

V I+ (Qk(igf_)_l mpH Rk HeyeTHOM

dk(k+2)——

(em. K. o tre [46]).

Ipejcrapasior HuTEpeC M npubaudenusle OUEHKH Beauunnbl d(n)
npu Goabliux 3HaveHusx n. M3 Huxecaenyionied sagauu 83 xax 6ynro
. BbITeKaer, uTo dg(n) upu Goab-
oM # pacreT TNPHUMEPHO Kak
SO V. DTy OlleHKY MOKIO cne
: HEeCKOJIbKO YTOUYHMTh; paccMoTpe-
. : : HHE «IIECTHYFOJIbHOH KOHHTY-
b, b, . palliH» TOYeK Ha MJOCKOCTH (CM.
B T T puc. 36} nO3BOJIAET 3aKJIOYHTD,

9TO MPU GOJMBLILIOM 7

oA A da(n)~

~ -1—/2—11—3—1/7 (=~ 1,05Vn)
Vn

: B TOM CMBbBICJE, 4YTO OTHOLIEHUHE

B 2V'3 . —

~ d; (n): l/—‘%-—l/n

Puc. 36. 14

o
o

Oeeer

npH nh—> oo, Anasornunble COOGpaKeHHs NO3BOJSIOT 3aKMOUHTh, YTO
npu mobom 2

B
d, (n)~c, Vn,

riae Cp — HEKOTOpPOe TOCTOSIHHOe UHCJIO (3aBHcsilee, pasyMeercs, OT k);
OZIHAKO TOUYHOE 3HAYeHHE ITOro YHC/IA HE H3BECTHO HH TIpH KakoM
k > 2 (B 4acTHOCTH, He H3BECTHO L a)Ke UHCJIO C3).

') CuM, noactpoyHoe npuUMevaHue Ha cTp. 32.
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83. Huametp d cucremn {A4,, As, ..., A,} Touex naoc-
KOCTH paBeH |, a HAUMeHblllee U3 TOMAPHLIX PACCTOAHHUI
MeXJy TOUKaMH paBHO u. JJokaxure, uto

2(Vn +1) .,
a) p< LT
2V3(Vn+1)

3(n—1) :

3anaua 83 B ompejeJeHHOM CMbicae «ofpaTnas 3anaue 82— pa-
HCe MBI 3adaBaJy min AiA; =1 (nam ==1) u ouennsaay max A;A; ==

i

=d (rme i ]—1 2, o n); Tenepb Ke Mbl, HalpOTHB, MpeRnoJa-
raem mn3BectHuiM max Aid; ==d (=1), a muwem minAd;A; = p. [lo-
ITOMY SICHO, YTO pe3yabTaThl 3afaun 82 MOMKHO NEepeuCTONKOBATH Kak
(Tounmpe!) onenxu paccMaTpHsaeMoro B 3agaue 83 uncaa p o= p(n)
npu He6oABIINX 7; HANPOTHB, H3 pe3yasTaTa 3amgaun 83 BEITCKaeT, 4To

V=1,
2 i

6) Goaee toro, p <

a) dz (”) =

6) d. (1) > ———(Vn —1)

(no moBo#y yAyullleHHs W HOCJAE[Hell OLEHKHW CM. IpUMeuanue B KOHUE
pewenus 3axaun 83).
Sanaun 82 u 83 MoxHO CHOPMYJHPOBATHL emle B KakK 3a[auM OLUeH-
KM OTHOILENUS
max A;A;
min A;A; '
NpH  3TOM CTANOBHTCH sicHOH ux 6aM30cTh K 3ajave 3 nukaa L.

rre i, j=1,2 ..., 1

84, Bce 3BeHbst 3aMKHYTOl 7-3BeHHOH JoMaHOH (ObiTh
MOXKeT, caMolepecekawlllelicss, HO «HEBHIPOXKIEHHON» —
TaKOH, 4TO BCe BEePLIMHBEL JIOMAHOH PasJHuHbl H BCE 3BeHbs
NPHHAJIEKAT PA3HBIM NPSAMBIM) pPaBHEI .

a) YeMy paBHO HanMeHblllee BO3MOXKHOe 3HaUeHHe NHa-
MeTpa JOMaHoH, ecan n = 2, 3, 4, 5, 6?

6) Ilpn xakux n AuaMeTp JOMaHOH MOXKeT pPaBHATbCA
1? Ilpu xakux n OH He MOXKeT paBHATBCS |, HO MOXKeT

6bITb CKOJb YTOZHO 6JAU30K K 1P
85. Bce cTopoHBl BHIIYKJAOrO 71-yroJibHHKA anamerpa d

paBunl 1. Jlokaxure, uto
a) ecau n=3, to d==1,

6) ecam n=4, 0 2>d>=V2 (=~1,41);
1+1/5
B) ecan n=>5, 10 2>d>—5— (=~1,61);

r)* ecan n==06, to 3>d = VQ + V3 (~1,93),
npuyYeM HH OfHA H3 3THX OUEHOK He MOXKeT ObTb yayullleHa.
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Ecau d ecto duamerp 8viNyKA020 N-y20AbHUKG CO. CTOPOHAMU OAu-.
Ho 1, TO, KAKx HeTpyOHO noxasars,

- n
5 OpH - 1 4ETHOM,
d<
n—1
5 NPH 1 HEYETHOM;

TakuM 0Gpa3oM, OTbiCKaHHe HauGOJAbIIETO BO3IMONKHOLO 3HAue-
n
uis 1) A(n) pnamerpa d He mpeACTaBJAsSeT Tpyna <d =A ()= 5

n—1
9

HJH Jla)Ke BCE BEPUWHHBL — TpHHalsexaT oanofi npsamoit), CosceM uuofl
XapaxkTep HMMEeT 3afaya OTHICKAHMA HAMUMEHLUIETO BOSMOKHOID
auayenns ') O(n) auamerpa d. B samauax 85a) u B) yrBepmpuaercs,
yronpu n =3 u b

A «BLIDOKACHHBIX» A-YrOJLHHKOB, pAd BEPMIHH KOTODBHIX —

sin (n—1)90

) 8 (n) =———g5— | ()
sin -

7. e. 8(n) paBHO duamerpy npasUALHOZ20 N-YeOAbHUKA €O CTOPO-
Hoti 1: B caMOM JeJsie, OUE€BHIHO,

sin 3= 190"

3 sin 60°

T 180° = smepr — | =0

sin
3

H
sip (8= 1 90° B

5 _ sin72° s _14+V5
TB0° = singec — 208 36°=—g—=20(5).

.

sin
5

Takxke n npu n ==4 seswuuna O(n) paswa duamerpy V2 npasurs-
Ho20 4-yeoavnuka (xBamparta) co croponoid 1, C ppyrofi cTOpoHH, mnpH
n = 6 pennuyupa O(n) oKasnBaeTcss Me Hblie JAHamerpa 2 MpaBddb-
HOro G-yrospbHuka co ctopouofi 1: B 3azaue 85rT) yTBepkKaaercs, 4TO

) i . o =
6(6)=m—251ﬂ75 -—-V2+V3,

1) Ecan OTpaHHUUTBLCS MHOKECTBOM N pn CHCTHHHBIX» (HJIH «HEBHI-
pPOXKICHHBIX»)  BHIIYRJALIX  /-YTOJBHUKOB, TO HAA0 CYHTaTh, YTO
A(n)=supd nopu n>3, #o He A (n) =maxd, mnOCKONbKY HaHBONbL-

'Mn : ‘Mn 7
Liee 3HaueHHe BEJHYMHH 4 3llech He N OCTHTAeTC#H; B NPOTHBONO-
JIOXKHOCTB 9TOMY BO Beex caydasx O(n)==mind,
n
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T. e.. yro O(6) paBHO paduycy OKpPYMHOCTU, ORUCAHNHOI 80KPYZ npa-
8UAbHO20 . 12-y204bHUKA €O CTOPOHOW -1 —- MOJIOBHHE AHaMeTpa 3STOrO
12-yroabnnka.
3ajaue onpenesieHHss HaHMEHbLIEro BO3MOXKHOTO 3HAYEHHS é(n)
AnameTpa BBHINYKJAOTO DAaBHOCTOPOHHETO f-YTOJbHUKA €O €TOpoHOH |
'nocpsmena cratha [71] Benrepckoro reomerTpa C. BuEume, KOTopomy
3STOT BOnpoc Owa mocrasien Il. dpnémeM; emle paHbile TOH Ke 3apa-
ueil 3auumadcs HeMenkuii matematuk K. Pefiurapart [72]. C. Busue
yCTanoBuj, 4TO AJds BCeX HeUYeTHBH X < 3HaueHne §(n) 3anaercst
(opmyioit (%) (0AHAKO NHIb NPH 72 NPOCTOM OPABHIbHLIA 71-YTOJb-
HHK CO CTOPOHOH | siBjisieTcs eQuUMCTBEHHLIM BHITYKJABIM /-YTOJLIHKOM
anamerpa O(n), Bce cToponbl KoToporo paBHel !). Ilpm weTtnHoM #,
He ABMARIOLIEMCS UeJOf CreneHsl0 wucaa 2, Beauunpa &(n) ompejne-
Jasercs no gopmyJe
1
6(n)=———9T, : (**)
2 sin

7. e. 8(n) paBHO TONOBHHE AHAMETPa MPABUIBLHOTO 2£-YrOJbIHKA CO
cTopoHol |, nokasaTeabcTBO (hopmynrel (##) npu n = 6 H COCTaBJSET
OCHOBHOE comepwanne samaun 85r). Ona n==2% rne k=3 (u k—
lesoe YHCAO) BejHYHHY O(n) NOKA HHKOMY He YIadoCh ONpPeResHTb;
NI0Ka3aHo ToabKo [71], uTo B 3TOM ciydae

. (n—1)90°
1 Slﬂ—n— .
T SIS e (+2+)
s n

(t. e. uro Besuunna O(n) 3akawuaeTcs MeXAY AHaMETPOM NpPaBHJb-
HOTO f-yroJibHUKa €O CTOPOHON | u nosoBHHON IHAMETPA NPABHILHOTO
2n-yronbiuka co CTopoHoi 1), npuuem npu k = 3, suahmo, ofa Hepa-
BEHCTBA B COOTHOHIGHUM (*%%) — CTpOrHe,

86. unamerp

a) TpeyroJbHHKA,

6) ueTHIPEXYrOJbHUKA,

B)* BBIIYKJOTO YeTHIPEeXYTOJbHHKA
pasen 1. Kakumu MOryr ObITb

1) maomans,

2) nepumerp
9TOT0 MHOTOYTOJbHUKA?

Ecan nHamerp (BHINYKJOTG HJAM HEBHIIYKJOTO!) ‘n-yronbHuka pa-
Bew 1, TO, KaK Jerko mnokasaTh (cp. ¢ pemicsdeM 3apnaunm 86),

2<P<Ln,

rae P — pepuMeTp 7-YrOJbHHKA, TIPHAYEM 3TO JBOAHOE HEPaBEHCTBO
HeJb3st yayulluTh (T. €, NepHMeTp n-yroJbHHKa AHamerpa | Moxer
6BITH CKOJIb YFOOHO OJAM30K K 2 W CKOJIb YroAHo GaH30K K n; paBeH-
ctBa P = 2 n P = n BHNOAHAIOTCA /Jist «BLIDOXKJEHHBIX MHOTOYIOJb-
HUKOB», Y KOTODHIX HECKOJBKO IOCJAELOBATE/bHBIX BEPUIHH — HJAH HaxXe
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BCE BePIUHHbI! — NPUHAANEKAT ONHOM NPAMON, HAH HECKOJLKO BepUiHH
cosnanaioT). Taxkmke ©w mHepuMeTp BEINYKJIOTO #A-yrodbHHKA JHA-
Metpa 1 Bcerma Goapmie 2, HO MoXKeT ObITh CKOJb YrogHO OJH30K K 2;
OJIHAKO 3afiaua ONpelleJIeHHs Hauboavlieeo BO3MOXKHOTO 3nauenns I1(n)
NepHMETPa BLINYKJOrO 7-YroJibHHKA gHamerpa 1, BHAHMMO, menpocTa. He-
TPYAHO TaKXKe MOHATb, uTO TMJaOWaAb S(#n) (BLIMYKJIOTO HAH HEBLINYK-
Joro) n-yroabiuka M gmaMeTrpa | BCerfa MOJOXKUTENbHA, HO MOMKET
OLITb CKOJb YFOAHO MaJolt (paBeHcTBOo S = 0 ROCTHraeTcss A8 «BHPOHK-
JeHTHOTO» N-YTOJbHHKA, BCe BEPIIHHBI KOTOPOTO MPUHALAENKAT OJHOI
paMoil); OAHAKO oOIpeleseHie HAUubOAbLULEZO BO3MONKHOTO 3HAUEHHS
Z(n) naowanu MHoroyroapHuxka M pmamerpa 11!) Moxer okasaThes W
TpyaHO#i 3agaueil.

Hepumerp P u naowade S npoussoavnod naockod sounykaod Qu-
eypot F Ouamerpa | (cMm. crp. B5—B6) ydosaersopaoT wepasencTsan

T

<P O<S<T’

1
npHYeM HanGOILIIVIO TWIOMAb 7 13 Beex duryp auamerpa | umeer

JHUIB Kpye, B TO BpeMsl KaK HauboAbIIH{l nepHMeTp it umeloT GeckK o-
HEeUYHO MHOTO pa3HbX BHIYKAWX ¢uryp amamerpa | (cm., HampH-
mep, [29], § 6). Ecan xe durypa F He
ofA3aTeJbHO ABASETCHA BBHNYK-
JOH, TO HO-NpexHeMy

T

O<S<-4~,

oaraxko mepumerp P > 2 duryps F
MOXKeT ye OulTb cK0Ab yeodno Goab-
wum (na puc. 37 usoGpaxena durypa F, nepuMerp KoTopofl no cpase-
HUIO C €e JHAMEeTPOM OvUeHb BeIHK).

IMycte A u B —rtakue paBe Toukd GUTYPHL (UJaM MHOXKeCTBA TO-
uyex) F, uto paccrosinve AB = d spnsiercs Han6GOAbLWI MM H3 pac-
crosrufl Mexay toukamu F (cM. prc. 32, a, 6 Ha cTp. 69); Toraa ouamer-
pon F HaspiBaeTCsd He TOJbKO YHC A0 d, HO Takke M oTpe3ok AB
(unorza AB naspiBaiOT «1HaMETPOM-0Tpe3koM» durypu F). Ot L. 3 p-
Jéura [73] naer 3anava onpeleseHus Houb0AbUIe20 BO3MOMHO20 UUCAQ
(?NL(ML’T[)OB (HO]IHM&EM}_JX 3eCb, K&K O TOM CBHACTEJLCTBYET CaMQ HC-
NOJAb30BAHHE MHOKECTBEHHOro 4YHCAd, B CMBICJAC «ﬂHaMeTpOB-OTPGSKOB»)
KORQUHOCO MHOMECTBA TOUEK,

87. a) Ha njockocTu JaHbl 71 TOUEK, PACCTOAHUE MEKILY
Kax¥ABIMU IBYMSI U3 KOTOpHX He Gosbite 1. [lokaxure, uto
U3 3THX TCYEK Heqab3sl BLIOpaTh OoJsiee n nap Touek TakKHX,
YTO PACCTOSIHHE MeXIy BbIGPAHHBIMH TOUKaMH DPaBHO 1.

Moxer nu udcno map Touek, yAaJeHHBIX OLHA OT Apy-
roii Ha paccTofgHHe 1, paBHATLCA n?

6)** B npoctpaHcTBe JaHBl 1 TOYEK, PACCTOSHHE MEXKIY
KaXABIMH ABYMS H3 KOTOPHIX He Goabiue 1. Joxaxure, uto

') Herpynno suumeTs, uTO mJoiladb BeJAHUHHBL X(n) OydeT uMeTb
06s3aTe/bHO B Bl IT Y K JI Bl [T 71-YTONBHHK. )
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3Ta CUCTeMa TOYEK COAEepXKHUT He Gosee 2n — 2 map Touex,
paccrosinve MexIy KOTOPBLIMH paBlo .

MoxeTr JHu YHCJHO Nap TOYEK, yAaJeHHBIX OnHAa OT ApY-
rofl Ha paccrosinue 1, paBHsitbesa 21 — 27

3anaun 87 a) u 6) MOXK1O Takke cHOPMYJHPOBATH CJIEAYIOLIHM OO-
pasoM: dokaxute, 4TO HAUbGOAbUiee BO3MONCHOE HUCAO OuAMETPOs Bbl-
NYKA020 N-Y20NbHUKA PABHO N, @ HAUGOAbUIEE HUCAO OUAMETPO8 BbIRYK-
A020 MHO202PAHHUKA € N gepuiuHamil («BBITYKJOTO N-BEPUIHHHUKA») paG-
no 2n— 2. Ilepmast M3 3THX 3ama4 He SBJAAETCH OCOGEHHO CAONKHOMN,
BHepBbie Olla Obina, Kak GyATO, pelieHa 3HaMEHHUTBLIM UIBeHllapCKHM Feo-
metpom Xefiniem Xondom u E. [Tausuunem [74]; 8 1965 r. oua
6blia NpeasioIKeHa IAF DelleHHs WIKOJAbHHUKAM Pa3HbIX CTPAaH — yuacT-
nnkam VII Mexnaynapoanoii oauMiuaabl M [OJY4YHJA JOBOJLHO MHOTO
peuwrenni. ['opasno Oosntee Tpymuoit sBuasercs 3ajgada 87 6). CraTea
[73] ne conepikana peweHus 3TOro BoOmpoca: B Helt Ipaéul AL A0KA3bl-
Baj, yTo HauboJjbllee BO3MOXKHOE UYHC/JIO0 AHAMETPOB A-TOUEIHOTO 1.1 O-
CKOTO MHOXKecTBa paBHO n (pe3yabtaT Xonda — [TanBuna, cocTapaaio-
MH coleprKaHHe 3a4aun a)) H CO CCHLIKOM Ha JIPyroro BeHTepCcKOro Ma-
TeMaTnka A. Bamonbn (A, Viszonyi) BeicKasmBaj NpeanodokeHue o
TOM, 4TO B CJyuae COOTBETCTBYIOUlell CTEPEOMETPHUECKOH 3ajJlaud 3To
upca0 papHo 2n — 2 (pesysbraT 3anaun 0); ero He3aBUCHMO N0KAa3ay
B 1956—1957 rr. B, I'piouGaywm, seurp A, Xenmem u noask
C.Crtpaunesunu[75]).

Bpocamwoileecs 8 Toaza pa3nuude B CTEHNEHH TPYAHOCTH 3ajay
87 a) u 6) co3MaeT WAOXHE NEPCNEeKTHBLI TPH TONBITKAX IepeneceHus
pe3yabTaToB 3THX 3alau pa OOWHA CcAy4all R-MEPHOTO €BKJIHIOBA APO-
ctpauctsa '), M nefictBurenbno, ofuias 3ajnada onpedenenus HauboA6-
ueeo 8o3moxcno20 qucag Nyp(n) duameTpos n-To4edHo20 MHONCECTBAQ.
pacnoaoscenno2o 8 k-meprosm (eBKIULOBOM) HPOCTPAHCTEE, He pelliena
[0 CHX TMOp, — ¥ MOKa Aaxe He BHIHO HUKAKNX OOHANEXKHBAIOUIHX IMOJ-
XONOB K pelleHHI0 3Toit 3ajau. JIerko, KoHeuHo, BUAETb, UTO

Ny (n)=C} (21(12__1)_) npu a<<k+1,
HO paxe, CKaxkeM, TOUHOe 3uauende pesanuuHsl N,(6), BHAHMO, OCTaeTCst
nenssectHeM. [lomnmo GopMya Na(n)=n u Nz(n)= 2n—2 (pesyw-
TaTel 3amaun 87), Mbl 3naeMm anib, uto Ni{n)=1 npn Bcex n (=12
dopMmyna He NPEACTABJAsET HU Majeliilero uHTepeca, NGO OUEHHBAETCH
37eCh UYHCIO LHAMETPOB MHOMKECTBA TOUEK ONHON npamoil) H uMeeM
HEKOTODblE OIL€ HKH Ans «o6mux» Beauunn Ny (n), Hanboaee cunn-
Hble pe3yJbTaThl B 3TOM HalpasJjeHHH noayuns Tor ke Il S paéum
[76], xoTopuiit yeranoBua, uTO

Ny(y=pn?+ oo No(n)=ni . (1-2)
" BooOule : . |
v, sz (tl)=<-2—'—"2—’n—>ﬂ.2+ ey
(3—4)
N2m+1(”)=(%—'-2'n7)fl2+

1) Cwm. noacTpouHoe npuMeuaHue Ha cTp. 32.
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rlie ToukaM# OO63maueu {MOKA HEUIBECTHBI, GHITH MOXKET HXame  OTPH-
IaTe/bHEI1) «OCTATOYHLIf " uleH» f, MaJblii MO -CPaBHEHHIO C BEIMHCAH-

. r
HBIM YJEHOM B TOM CMBICJIE, 4TO 11:1'1 —n—2'=0 (pasymeeTcsl, 5TOT UJCH,
: n—>»oo =

r=r{kn) b dopmyne nan N.(n) 3aBucHT B OT n H oT k) 1).

$lcio, YTO ecH He OTpPaHHUHUBATDHL YHCIO N TOuEK, oOpasyio-
mWAx MHoxecTBo (uau ¢urypy) F, 1o u umcao N(n) KHaMeTpoB 3TOft
(GUrYypHl MOXET BBITL CK0Ab Ye0OHo Ooavuius. Ilpu stom, ecoin F —
«HenpepuiBHasy (HAW «cnJolnHan») Qurypa, cojepxamias OGECKOHEUHO
MHOTO TOUEK, TO He HCK/IoueH
jAake H TOT cayuail, KoTAa K a x-
K as {rpaHuudas) Ttouka A ¢u-
ryput £ nveer «auaMeTpanbuo
NPOTHBONOJIOKHYIO» TOUKY, T. €.
TaKylo Ipawpduyic  TOuUKy B,
uto AB — guaverp durypu F?).
Taxk Oyzer obcrosiTh AeJ10, Ha-
npumep, B TOM cJaydae, Koraa
(naockan) Qurypa F — 3t0 Kkpye
(prc. 38, a), HO naneKo He TOJb-
K0 B 3ToM cayyae. Tak, ecad

Pic. 38. - curypa [ orpanuueHa TpeMs Ay-

ramu: wAB, wBC n wCA on-

HOTo panuyca d, MOCTPOEHHBIMH

Bie paBHocToponnero AABC co croponoit d ua ero croponax (puc. 38, 6).

TO TaKxKe KaxX/Aas TrpaHHuHas Touka F wMeeT «JAHaMETPasbHO

HpOTHBONONOXKHYIO> (cM., Hanpumep, § 7 kuuru [29); durypy F

" BrepBble paccmaTpuBan ¢panuysckuii mexannx XIX Beka ®. Pedqao

(F. Reuleaux), mo uMeHH KOTOPOTO OHA HA3LIBARTCA TPEY20.AbHUKOM
Peao).

Or toro e Il Dpnéma [77] nper eme o180 moBONBITHOE
oGobwenne 3anay 87. Ilpumem, ans mpocTots, aumaMerp QUrypst (MHuo-
KecTBa TOo4ek) F 3a eIHMEUNY JnHel; xopay AB mauupl >=a, co-
enuusomy ase toukd A u B Qurypol F, Mol Ha3oBeM a-0uamer-
pom F. (Hpyramu cioBaMH, xopana AB =1 B TOM ¥ TOJbKO B TOM

A

!
cayyae aBadeTcs a-gnramerpoM F, ecnid — = a, rpe d — aunamerp F.)

d
slcno, uTO TOHATHE @-IMaMeTpa HMeeT CMblCa Toabko npu 0 <<a << |
npu 3ToM l-guametpel ¢urypst F coBnanaior -c¢ ee (OOGbIUHBLIMH) 2~
meTpamu (T, € ¢ «JAHaMeTpaMH-OTpe3xkamM»), a O-guamerpamu ss-
fsoTes Bee xopawl F,
3agaua 3paéma COCTOUT B OUCHKE HAUDOALUICZO BO3MONHOO
#ucaa N(a, n) a-Ouamerpos n-roueunoeo muoxcecrsa. Ilpn 3toM, B mpo-

Lo

1) II. @ paéw [76] nokasan Takke, 4To B JaeBod uacTd QopMyda
(1—4) Beanmuuny Ng(n) MoxuO 3aMeHuth (BooQuwie ropops, Goabiueil
yeM N (n)!) Benuuunoit Mg (n) — Haubosvwium BOZMONCHOIM HUCAOM
pasuolx medxdy coboil (HO He o0si3aTenNbHO paBHblX d) OTPE3KOB H3

o
unciaa C;t OTPE3KOB, COCAHHAIOINHUX MONAPHO HAILH 7 TOUEK.

2) Ilo mOBOLY pPOACTBEHHBIX 3a7au, CBS3AHHBIX C pPACCMOTPEHHEM
(onpenmenseMbIX HECKONLKO NO-HHOMY) Nap «AMaMETPa/bHO HPOTHBO-
TIOJIOXHBIX TOYEK» B KOHEYHBLX cucreMax touek cM, B, I'pion-
6aywm [45].

V8 )



THBOIOJIOKHOCT 3ajlaue onpejenenus.yncaa N(n) oObKHOBEHHHIX NHA-
MeTPOB, 3TOT BONPOC ABJISETCs coAepKaTeJbHBIM JaXe AJA TOYEK Of-
HOR NP AMOHR.

88. Ilycrs Ay, As, ..., Ap—n n0CAEI0BATENbHBX TO+
ueK oxHoi mpamofi; 6yaem cuurtartb, uto 414, = 1 u 3ana-

InM HekoTopoe uHcito a (rae 0 <Ca <C1). UeMmy paBHO
: C2 _n (n—1

HauGoJsblilee BO3MOXKHOE YHC/AO TeX H3 n= 5
orpeakoB A;A; (rne i, j=1,2, ... niu n), LJAHA KOTOPHIX
=a?

Yro ke kacaercs o6umefi ouenkn uncaa N(a,n) a-AHaMeTpPoB MJO-
CKOTO HJH TPOCTPAHCTBEHHOrO 71-TOUEUHOTO MHOMKECTBA, TO 3AeCh HaM
K3BeCTHO BecbMa Mago. Koweuno, ecqH 7 Mano, TO ONPeleNHTh YHCIO
N{a, n) werpyano: Tak, Jerko uouath, uto ecan Ngp(a,n) ecTb HaH-
Go/ibillee YHCAO @-HAMETPOB CHCTEMHl M TOHYEK, DACMOJOKEHNBIX B
k-MepHOM eBKIHIOBOM TNPOCTpaHCTBE (Tak YTO COOTBETCTBYIOUIHE
IaHHMeTpHUecKass M CTepecMeTpHUecKas 3ajauH COCTOAT B onpelelie-
HuH Beqnuun Na(a, n) u Ni(a, n)), 10 npu acex a

N2 ((l, 3) =3s N3 (aa 4) =6
U paxe poofuie
Ny (a, n)= Ci (z ala=1)

D) ) npu Bcex a ¥ Bcex n<{k+ 1.

Ilas npyrux uneGoabmux snauennit n peawuuusl Na(a,n) u Ni(a,n)
" TakiKe NMOAAAIoTCst BBIUHCJIEHHIO.

89. Ha naockoctn nmauer a touek Ay, Ag, ..., Ay, pace
CTOSIHHE MeXIY KaXJbIMH JBYMSI H3 KOTOPBHIX He INpeBOC-
xonut 1 u 3ajgaHo Takxke uucao a (rae 0<a< 1), Yemy
paBHO Hauboubllee BO3MOXKHOe uuciao Ng(a,n) OTpe3KoB
AA; (rae i, j=1,2, ... uaun), AAHHA KOTOPBIX =>a, €CJH

a) n=4; .

6) n=>5;

B) n=26
(uncio Na(a, n), pasymeercs, GyfeT pPasHHIM [/ Pa3HBbIX
3HaueHui a)?

OﬂHaKO AAs CHCTEM M3 NPOHU3BOJABHOTO (6bITb MOXKET, BE€Ch=

Ma 6oablicro!) uMcaa n TOYEK NJOCKOCTH HJM NPOCTPAHCTBA NOKa H3-
BECTHO Kak GyiTo, JHllb YTO

3m nmpu a=1,

3m? mpu 1>a> ]/22 ’
N,y (a, 3m)={ _
2

‘? npi 3 =a>?

Lo v veeon,
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OTKyZIa TaKxke CJefiyeT, 4TO npu BCex # > 4
V2 )_ [ n?
N?( 2 y = 3 ]v

rie KsajpaTHble CKOGKH O03HAYalOT LENYy dYacTh uuciaa (3 p-
néw [76]).

Haxonen, ykaxem elle oauny Takxe uaymyio ot [I. Dpaéma
[73] sagauy, B H3BecTHOM cMbicie OGP ATHYIO 3alaue OLUEHKH YHC-
Ja N(n) nmnamMeTpos A-TOYEUHOrO MHOXKecTBa, Hasosem munuduamer-

@
pon & cucremnl {Ay, As, ..., An} Touex HanMeubwee u3 C, pac-
crostnuii (uncen) A:A4;:

b=minA;4; rae i, j=1,2, ..., n
i i

a Takxke Te U3 orpeskoB A;A; KOTOpbIE HMEIOT 3Ty HaHMeHbUYIO AJU-
Hy & (puc. 39). 3amaua, 0 KOTOpPOH 31eChb HEET pedb, COCTOHT B OIpe-
: JeJieHHy  HAubOAbULee0  BO3MONCHO20

qucaa v{n) Mmuxuduamerpos n-tro4eu-

Q\ » HO20 MHOJKCecTéq.
%) & HeTpyaHo nOHATb, 4TO B CAyuae
b g CHCTEMBl TOUEK OJHOH I p MO it coot-

BETCTBYIONlee HHCAO0 Vi(f) paBHO

vi(n)=n-—1

Q

o (mouemy?); OIHAKO YK€ TOYHOE olpe-

JleneHHe uucaa vz (n), OTBEUAIOUIEro

COOTBETCTRYIOMEH nJAaHHUMETpHUYe-

CKOMH 3ajaye, NpeacTaBjseT Goabliue

“ TPYOHOCTH. [3ameTbTe, UYTO MJaHHMET-

9w puueckas 3ajada onpefeseHHs uHCAA

Prc. 39. Na(n), t. e. sapnaua 87 a), pemaertcs

’ cpaBuuTesbHO Jerko.] [lostomy (ecan

HCKJIOYHTL MAaJ0 HHTeDecHbIfl cayuaft

HeOOABWMX 11 — CM. HUXKe 3ajauy 90) Ham 37eCh NPHXOAMTCHA AOBOJb-

CTBOBATHCA JIUIIL TeMH HJIM HHBIMH Ol eHKaMH uHcaa v(n) (cM, 3a-
nauy 91).

o

80. Ha nnockoctn paHel 4 touku Ai, Ai As, Ai, pac-
CTOSIHHE MEXIY KaXKIBLIMH ABYMf H3 KOTOPBIX HE MeHblie
1. Uemy paBHO HaunGoOJblllee BO3MOMXKHOE UHCJHO COEAHHSIO-
HI¥X NOMapHO 3TH TOYKHM oTpe3koB A;A; paunsl 1?

91. Ha nnockoctu gaubt n touex Ay, Ay ..., An. Jo-
KaxKuTe, YTO €CIH HH OfMH u3 otpe3koB AA; (rue i, j =
=1, 2, ..., n) He Menbue }, TO yuca0 paBHHEIX | oTpes-

KoB A;A; He DpeBOCXOAHT 1.

Heckonbko yTounus cocraBisiiomue peulexre 3ajfaud 91 paccyxpge-
rus, 1. D p ném [73] nokazan Taxkxke, 4TO

Vo (1) << 3n — 6;
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ONHAKO 3TO yCH/JeHHEe pesyjibTata 3ajgaun 9! ssssercq nososabHo Ges-
ubiM. Hcnoab3osaB coscem apyrue - (n ropasfo 0Oosee CJOXKHbie) C006-
pakeHHs, IpAé cyMmMes TaKKe YCTAHOBHTb CYWECTBOBAHUE TAKHX ABYX
HOJIOMKHTEIBHLIX YHCea €4 B €2 (rae ¢q << C3), uTO

3n—e Vr >v(n)>3n—c, Vo

NpyH BCeX 1, 3TOT pe3yabTaTt ABASETCA, BHAHMO, CAMBIM CHJAbHLIM H3
BCEX HM3BeCTHBIX JO CHX NOpP, CBSI3aHHBIX ¢ ouenkamu yucaa v(n). (Pa-
3yMEeTCsl, MOXKHO TaKXe HOCTaBHTb BONPOC 00 omnpeneseHHH Hauboas-
Le20 B03MONMHO20 ducaa V(a,n) a-MUHLUOUAMETPOB A-TOHEYHO20 MHO-
acectsa {Ay, As, ..., Ay} munugnametpa O, rae g-MHHHZHAMET-
p oM HaswmBaeTcs kaxias xopla A;A; nauun [ takas, uwro /6 << g;
OAHAKO TPYAHOCTb OUEHKH uHcJa v(n) AeaaeT MaJjo HEPCNeKTHBHOR 3a-
a4y HaXoXJeHus uucaa v(a,n).)

C nousthamu anamerpa (H a-gmamerpa) ¢urypsl F cBAsana eme
OlHA 3ajaya, CTOSULAs HECKOJbKO B CTOpOHE OT Hamiell OCHOBHON Npo-
6neMaTHKH, HO NpHBJEKaTeJbHas TeM, YTO 37eCh Mbl HMeeM caydail
HOJIHOrO peIleHHs BOMPOCAa, KAKUX — YBH! — paHee MOUTH He BCTPevalfH.
Haszosem meHTpOM (COOTBETCTBeHHO a-ueHTpomM) buryps F ce-
pedury ee Ouasmerpa (COOTBETCTBEHHO cepeduuy ee a-0uamerpa); COBO-
kynHocts L[ (F) Bcex HeHTPOB (COOTBETCTBEHHO COBOKymHocTh I[(a, F)
BCEX Q-LeHTPOB) Qurypnl F Ha3oBeM ee HeHTpPaJbHOR durypoi

——"
7

S

AR
SRR
s

Puc. 40.

(cooTBeTcTBEHHO q-menTpanabHoft ¢Gurypoi). Tak, wuanpumep,
uentpaapunie ¢urypul L(Kp) u L(Ks) kpyra Kp u ksagpara Ke co-
CTOST W3 eAMHCTBeHHOH ToukM (puc. 40,q,6); nentpansuas ¢urypa
L (Tp) npaBunbHoro TpeyrosbHuka Tp COCTOHT H3 Tpex TOueK, obpa-
3YIOUWHX TPeyroJIbHHK Tp B [ABa pasza MeHbluero pasmepa (puc. 40, 6);
uentpanbHas ¢urypa L{(P) TpeyronbHuka Peso P (cM. Bhuie, cTp. 78,
B uvactHoctd pHc. 38, 6). mpexacrasiser coGof KOHTYD B jBa Dpasa
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MEHBINErQ <«BLIBEPHYTOTO Tpeyroabuuka Peno» p’ (puc. 40,¢); a-ueH-
Tpanbhoil ¢urypeit L (a, Kp) xpyra Kﬂ panuyca 1 ABJASETC KOHLEHTPH-

yecknii ¢ Kp kpyr kp pauuyca l — — {puc 40, 0)

92%, Ilyctv F — npousBossHaa (suinykaas) ¢urypa,
AHaMeTp KOTOPOH Mbl NpuUMeM 3a eJHHHuy aJjunbsl. O6o3Ha-
UMM Yyepe3 2 auaMeTp UenTpaJbHOn ¢uryps I (F) dury-
pul F; uepes z(a) — nHameTp ee Q-UEHTPAJbHOH (Uryps
L (a, F). dokaxure, uto

! % ecan durypa F naockasm,
a) <y
V2
l 5 CCJIH durypa F npocTpaHcTBeHHAasd;
6) z(a) << \
2
! 1-—%—, ec.H ¢urypa I naockas,
<

-
]/l — L ecom ¢urypa F npocTpaHcTBEHHAA,

9

IpuuyeM BCE€ 3TN HepaBeHCTBA YJAYUIIHTH YyiKe HEIb3d.

Hetpyano nousth, uTo ecan ¢urypa F «oxnomepsas», T. e. oTpe-
30K, TO OnpejeiadeMble AaHAJOTHYNO YCJAOBHIO 3ajgaun 92 Beauuunb 2
u 2(a) pasunl O u 1 —a (puc. 41). Ykaxem eumte, uro 3agaua 92 -

GOneiTHA B TOM OTHOIIEHMH, HTO

a 3/ech He NPOHCXOAHUT

r A — OGBIUHOTO  yBeJHUEHHA TPYIHO-
S | CTH 3alaud J§pPH mnepexoie ot

. i . MJIaHHMETPHUECKOTO BapHaHTa
[-él:.@_;” 3ala4H K CTePeOMEeTpHYECKOMY

7 (1 MHOroMepHOMY): peluenne

aHaAJOTHUHOM 3ajauH, nocTabjeH-

Puc. 41. HOW AJst  (BBIOYKJABIX)  (HCYD

NPON3BOABHOTIO uHCHA &

u3Mepenni, rae k == 3, HHUeM NPaKTHUECKH He OTJIHYAercs OT pelieHHA

cTepeoMeTpHYecKkore BapHadTa 3azaud 92, M oTBer 3Jech OCTaeTcs

TeM e: ecqn 25 (a) ecTb HaHGOJBbLINA BO3MOKHEI AHAMETp Q-IEHTPaJb-

Hoit Qurypn L[ (a, F) (3mech F — kaxasd yroaHo k-MepHasi BbillyK/as
¢urypa anametpa 1), To

T2
zk(a)= 1/1—-‘12—— aast Bcex k=3

2
(HO z(a)y=1— % nz{a)y=1-— a). B 10 ke BpeMs mnaHHMeT-

pHUecKH#i BapHaHT 3ajaun 92 yxke oTaMuaeTcs OT CTepeomeTpuqecxoro
" U R-MEDPHOTO W -—— HEOXHAZHHBIM 06Pa30M — OKa3hBAETCA HECKOJIBKO
croxnee ux (em. OI I dyrxennu {78]).
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93. Hokaxkute, 4T0 Kaxayio o¢urypy F auamerpa |
MOXHO 3aKJIOUHTh B
a) ksaapat Q co CTOpoHOH 1;

=
6) kpyr K panuyca ‘33 H

Ve g , . V3

B)* mpaBHJbHbII WECTHYTONABHHK P 'CO CTOPOHO —5—;

r) npaBwibHslii TpeyrojoHHk T cO cTOpoHO#H V3,
npunyem HU oxpHy u3 Quryp Q, K, P, T Heab3s yMEHLIIHTD,
coxpanup ce (GopMy, ¢ TeM, YTOOL .OHAa NpOAOJIKALA YIAO0B-
JIETBOPATH YCJOBHIO 3aJlauH.

84. a) Hdau tpeyroavuur T = A ABC (1. e. Mbl 3HaeM
BCE €ro CTOPOHLI H yribi). M3BectHo, uTo Kpyr Rk paauyca
r MOMKHO UEJHKOM 3aKJIOYHTh B 7T
(puc. 42,a); xakuM MOmeT ObITh r? C ’
Wspectno, 4to 7 MOXKHO LeJHKOM
gakmouutb B Kpyr K paanyca R
(puc. 42,6); XxaxuMm MoxKeT OHiTb
R?

6) Hau tpeyroapuur I = AABC.
W3secTHo, 9T0 Kpyr » NepeceKkaeT Bce
ctopoHsl T (He mponosKeHUs CTOPOH,
a HMEHHO CTOPOHBI — puc. 42, ). Ka-
KIlle 3BHAUeHHs MOKeT HMETb Pa’dHyc P
3TOTO Kpyra?

B) MrullinHas HOpKa HMeeT TpH
poixoga M;, My, u Mz TI'ze noaxua
cuneth Kouka K, 115 Toro uro6nl pac-
cTosiHNe OT 3anumaemoil K mosnuun
JIO CaMoro JaJieKoro H3 TPEX BHIXOJOB
H3 HODKH OblJI0 MEHbLi€ BCEro?

r) BroiBexuTe u3 peuleHHst 3agauu
a) pesysabTar 3agadud 93 6) mas Toro
caydasi, korga ¢urypa F coctouT u3
KOHEYHOTO HHUC/IA TOUEK.

$lcHo, uTo B ycmosun 3agayu 94 a) Besu- Puc. 42.

YHHA r MOXeT OblTb CKOJb YrojgHO Maja

(minr =10 uam, rounee, infr = 0-—cm,

Boitie, c1p. 17), a BendaunHa R — ckosnb yroAHo Besuka (mocsienHee
MOXHO nepelaTb CHMBOJHYECKON 3alMCbio sup R == o0); Takum o6pa-
30M, pedb 3/ech HAeT 00 OTHICKAHHH Bequyun maxs # min R (oaua us
HHUX ONpele/seTcsa Opolle, YeM APYyrafd — Kakas MMeHHO?), AHAJOrHYHO
5TOMY cojAep¥kaHue 3ajauu 94, 6) cocraBifeT HaXOXJAEHHE BeJHYHH
infp n supp (4 3gech OAHy H3 9THX ABYX BeJHUHH HaliTH npome
Apyroit), 3afaua 94 B) B HEOZHOKPATHO YyXKe YNOTPeGAABIIUXCA B 3TOM
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Kpure o0o3HaueHuax MomeT OuTb cHOPMYyJHpOBaHA TaK: YEMY paBHo
YU

P=minmax KM;, rae i=1, 2 nau 3,
K i .
H 4T0 npedcragaser cobol MHoscecT80 Towexk K (0HO MOXKET COCTOATH
M U3 eIMHCTBEeHHOH Touku!), AAs KoTophix max KM; = P. 3ta 3anaua

H

ABJAETCA J0BOJbHO MNPOCTOfi; TaKXe H YCJAOXKHEHHEe ee, HOJydYaemoe,
€cH CYHTATb, 4TO MBILIHHAA HOPA HMeEeT 4eTuipe WA GOJblee YHCAO
BoixonoB M, Ms, ..., He aBaseTcs ocoGeHHO cepbe3ubiM. QAHAKO cay-
yaji NPOM3BOJBHOTO uHcAa M BHxoAoB My, M., ..., M, U3 HOpkn u
HecKOJAbKHX Komek Ky, Ki, ..., Ki (COCTaBASIOUIHX E€MHHYIO «KO-
L1aupi0 KOAJHUHMIO®), MJsi KOTOPBIX HAA0 BHIOpATh cHCTemy HRaubodce
BLIFOJHBIX HO3HUHMH, TPHBOAHT YKe K CYLIECTBEHHBIM OCJAOKHEHUsM,
KOTOPbIE MOXKHO ellle YBeJHUHTb, NPeNOJOKHB CKOPOCTH 0era pasHHX
KOIIEK Pa3uMYHbLIMH N 3a1aBafcbh 3ajaueli 0 TAKOM «ONTHMAJBHOM»
pasmeinenun Touek Ky, Ki, ..., K, llT06bl HauboAbUee u3 paccToaxudl
KiM; (ege i=1,2, ...,k /—1 ... my pacctoanue KiMj usme-
pRETCA 8 3A8UCAUUX or Homepa i eduuuqax dzuﬁm, 3aaBaeMBIX CKO-
poctbio Gera -1l KOLIKH) 0810 MeHbuwe B8Ce20.

95. a) Ha nJjockocTH 1aHO KOHEUHOE YHCJIO PaBHbLIX
KPyroB, KasK/Jble TPH H3 KOTOPBIX HMeOT OOIIYI TOYKY.
JokaxuTre, uTO BCce KPYrd UMeOT OOLIYIO TOUKY.

6) BeiBenuTe u3 pesyabrata 3ajaduu a) elle OAHO A0-
KazaTeqbCTBO YTBepxJAeHus sazaud 93 6) ans duryp F,
NpeACTABJASIOMINX COOOH KOHEUHOE MHOMKECTBO TOUEeK.

3anaua 95a) yTBepKIAeT, UTO €CAL N pagHbIX Kpyeos OGpowenst
H@ MAOCKOCTb TAK, 4TO KaxcOble TPU U3 HUX MONCHO RPOKOAOTH OJHOL
ueAoil, TO U 8 Ce Kpyau MONCHO NPOKOAOT6 OOHOL weAol. YTBep¥iaeHnue
3TOfl 3adaum JAONycKaeT 3nauuTejbpoe oboOlieHHe: B Hell He HAAO Tpe-
6oBaTb, uTOGBI BCe Kpyr#n OBLIR DaBHB MexXay cofofi; Gosee Toro,
3/€Cb MOXKHO JHa)k€ 3aMEHHTb A KPYTOB Al NPOUSEOAbHLIMU NAOCKUMU
ebinykavimu  ueypamu, Ilocaeanee obobmenne NpPENNOKEHHA 3ajgaun
95 a) npuUHagJeXHT - HeMELKOMY MaTeMaTHKy Jayapay Xea.ad
(E. Helly); nmo ero umenu oHO HasbBaeTcs Teopemoilt Xeuaawu,
Teopeme Xenan, ee BapuauTaM, OGOGLIEHHSAM H NPHJIOMKEHHUAM HOCBs-
meda cojepxaresasnast kuura [18]; Muoro Mecra ypeteno 3toit Teopeme
Takxe B Kgurax [16] u [29].

Ecrectsennuiii BapuanT TeopeMbl 3ajauu 95 a) npHHALJIEKHT BCH-
repckomy matemathky T, F'amnaawu (T. Gallai), koTopwi#i, npezanono-
JKUB, UTO Kaxcdvle 08a U3 3Q0QHHBLX HQ NAOCKOCTU R (He 0053aTesbro
PAaBHBIX) Kpyeo8 MOMHO NPOKOAOT6 OOHOL ueaoti, TOCTAaBHJA BOMPOC
0 HQUMEHbUIEM HUCAE % U2A, KOTOPbIMU, HABEPHOE, MOMCHO HPOKOAOTYH
ece kpyeu (Tajgnam mpeANOMOKUA, UYTO 3TO UHCIO SBJAAETCA KOHey-
upM). Benrp JI. Crtaxo [79] nokasan, uro «unciao [amnanm» % < D
HMEIOTCA CBeJeHHst O Tom, uro JI. Jlauuep cHH3HJA 3TO YHCJAO [0 i
(NpHYEM HOCTeAHHH De3YJILTAT YiKe SIBAACTCS OKOHYATENbHSIM), OLHAKO
noKa 3TO hurie He onyGamkosano. ITo mosopy «3agauu [Nannau» cu.
xuury [18] u 2-e usmanue xuuru [24], rae umeioTcsl TakxKe HHbE Ba-
pYanTBl 3TOH 3alaul 4 YyKasaHa [OMOJIHHUTe/JbHasl JuTepaTtypa.

B sanave 93 cnpamiuBaeTcs 0 HAMMEHbIIeM KBaipaTe, Ha H-
Menblfilem Kpyre M T. 1., BHYTDb KOTODBIX MOXKHO 3aKJIOUHTb KadK-

84



Oy nnockylo ¢urypy F auamerpa |. Tak kak nmaMerp KBaapaTta,
Kpyra ¥ T. nI., fOKpuBawowero Qurypy F, He MOXeT ObiTb MeHble
nuamerpa F, To H3 3TOil 3afauM cjefyer, UYTO CTOPOHA & HAUMEHb-
IIero KBajpata (COOTBeTCTBEHHO pajMyc R HaMMeHbllero xpyra, CTo-
pona b HaHMMeHblIero nNPaBHJIbHOIO IIECTHYrOJbHHKA, CTOPOHA ¢ HaH-
MEHbIUEr0 NPABHJABHOTO TPEYroJbHHKA), B KOTODBIH MOMKHO 3aKJAI0YHTDH
Kourpernyto Gurypy F puametpa 1, sakalouaercs B- mpejeaax:

Ve
0707 ~ t5—<La<<1, .
05— <r<VE <05,
/3
o.,5=i< b<'—3 ~ 0,577,
2 3
1<e<V3 ~ 1,732,

nNpUYEM HETPYAHO BHAETb, YTO BCE 3ITH OLEHKH SIBJASIOTCS TOUYHBIMH
Ve 1

(-—2——-3T0 CTOpOHA KBajpaTa JuaMmerpa 1;3 — pajuyc Kpyra jua-
metpa | ® 1. ). HauGosapuieffi H3BeCTHOCTHIO M3 BCex 3af4au TaKOTO
poia nomb3yércs sajada 0 HAUMEHbUeM KpY2e, KOTOPbLM MOMCHO HO-
Kpoire 06y guaypy Juamerpa 1; 3Ta 3ajada Oblia NOCTaBJeHA H
pewteda B 1910 r. uspecTnnlM aunrauiickum Matematikom [, ¥, E. IO -
rowm [80], B cuay uero pesyabrar 3agaus 93 6) yacto Ha3LBAKT TE€ O-

pemoit lOura {a kpyr paauyca —kpyrowm IO=Hral.

3
3

C 3apaueft 93 cBsizaHa opHa u3BecTHass npoOiaeMa, KoTopas He
peulenna 0 CHX NOp. YCJOBHMCH HaswBaTb Kaxayiw urypy F, KoTo-
poil MOXKHO NOKpHITb 10 6Yyio durypy f auamerpa 1, ynusepcasvrod
NnoKpouUKOl — O HATJAAHOCTH 3[ieCb MOXHO NpelcTaBuTh cefe caJ-
deTky F, KOTOpO# MOXHO [OKDBITb HMeEOilleecs Ha CKaTepTH HATHO f,
[pHYeM HAM H3BECTHO JHLIb, YTO AHaMeTp nstHa <c1. Eme B 1914 r.
3HAMEHHTBI (pannysckuii Matematuk Anpu JleGer (H. Lebesgue)
B Oecege ¢ BenrpoM M. Ilasnowm mocrasua 3ajayy 0 HaxOXKAEHHH
YHUBEPCAALHON NOKPLUUKIL HAUMeRbULel 803MOMHOL naowadu  (Han
HAUMEHbUIE20 BO3MOINCHO20 nepumerpa); 3Ty 3ajgayy (B nepsylo oue-
pelb B ee OTHOCSUIEMCS K MJOWAAHM BapHAHTe) B HacTOsllee BpeMd
HasplBaloT npoGsaemodi Jleb6era. B 1920 r. M. ITan pacckasax
o cpoell Gecege ¢ JleGerom B cratbe [82], B KOTOPOH OH H3J0XKHA BCE
MOJYYEHHBIE KM [0 3TOi mnpoGaeMe pe3yJbTaTel. BrocreacTsun mpof-
seme. Jlebera 6nina MOCBsAILleHa [OBOJbHO OOJblIas JHTepaTypa (M,
Hampumep, 0630p ee B KuHure HeMmenxoro MarteMaTHka . Memxo p-
ckoro [81]); oamako mnodyueHHble 37eCh M0Ka Pe3yJbTaThl HHUKAK
HEJb351 CUMTATh OKOHYATEIbLHBIMHU.

Hetpyauo BHaeTh, YTO IJIOUIAAM YHHBEDPCAJbHBIX MOKpPHILEK, (GHry-
PUPYIOIHX B 3agade 93, TaKOshHI:

— 12 = = 2
SQ =1 1, Sg 3 1,047,
/3 3V3
Sp =_—— 0,866, S; = e 1,299;
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TakuM 06pasoM,
ST>SK>SQ>SP,

T. €. CaMOi «3KOHOMHOH» H3 3THX NOKDPHIUEK SBJAETCA NPAsUAbHbLIE
wectuyeorbnuxk P, waiiienublii ynomunasmmmcs Buime M, Ilaaowm
[82]. To, uto urectuyroabunr Ilasa P sgeasercs «Jyulllefi» HOKPBIIKOW,
gem . kpyr IOura K, cpasy ciepyer u3 TOoro, 4to P MOXHO BOJAYYHTDH
u3 K, orpe3aB or K 6 cermMeHTOB, OTBEUYAIOUINX HEHTPAJbHHIM YyraaM
B 60° (cp. puc. 43,a u ¢). OQHako W WECTHYTOJAbHHK P He sBAsSETCS
-€aMOl BHITOAHOH K3 BCeX BO3MOXKHBIX MOKpbIIEK (CM, HHXKE 3a-
Rauy 96 6). |

96. a) Jloxkaxmurte, uro Kamxayw ¢urypy auamerpa |
MONKHO 3aKJIOUHTh B IIeCTHYrOAbHUK U, moJyuaeMhlil H3
kBajgpata Q= A,;A,434, co crtopouoii 1 orTceueHuem OT
NOCNENHET0 ABYX TPEYrOABHHKOB A; H A, 06pa30BaHHLIX
CTOPOHAMH KBajapaTa @ H KacaTeJbHBIMH K BIHCAHHOMY
B Q Kpyry k, nmepneHAHKYJASpHBIMM OHCCEKTPHCAM §TJIOB
Ay n A; xBagpara (cp. puc. 43,6 u 8).

6) Joxamxure, uTOo Kamiayilo ¢urypy auamerpa 1
MOXKHO 3aKJ/I0UHTh B (HENpPaBHJbHBIH) BOCBMUYrONbHHK V,
NoJay4YyaeMHl U3 DNPABHJBHOTO  HIECTHYTOJbHHKA =
= A,4,4;A,4546 co cTopouoi L33— oTceueHueM OT IO~
CJeAHero ABYX TPEYTOJALHHKOB A; M Ay C TOMOWBIO Kaca-
TeJBHBIX {; M I3 K BOUCAHHOMY B P Kpyry &, nmepmeHiHKy-
A9pHBIX Onccextpucam yraos A; m Az IHeCTHYroJbHHKA
(cp. puc. 43,2 u 0). ' s

Sdeno, wto usobpamenuniit na pue, 43,3 BOCHMHYTOBHHK V =
= BCA,DEAAsAs (ero ykasan U. [laxa B yxe HasmBaBuleiica pa-
6ore [82]) sBnsercs GoJee SKOHOMHON MNOKPBLIIKOH, 4eM NPaBHIbHbIA
IeCTHYTO.TbHHK P; ero miouiaib

2V3
3

S, =2——5— ~ 0,845,

Onnako n V eie He ABASETCS CaMOM SKOHOMHOM NOKpPHIIKOR. A uMen-’
HO, HeMeukuit matematur P, Hlnpar [83] nokasax, u4To ecsu mpoBecTH
aee ayru: ~FH un TGH oxpyxkuoctefi paauyca | ¢ HeHTpaMK B Tou-
kax C u D (puc. 43,0), xacawowmuecs cropon AiAs n AsAs BocbMu-
yrombunka V B Toukax F u G u nepecekawwmmuecs B Touke H jnmaro-
naan AsAs BocbMuyrodbnuka Vo (6uccextpHce ero yraa As), 1o, orpe--
saB o1t V-gBa kpuBoaumre#insix Tpeyrombuuka FA;H n GAs;H, M 1o-
ayuuM  (kpuBosuHeifHbifi!)  pecatnyrombuuk W == BCADEAJFHGA,,
OrpaHdyeHHbl 8 OTpe3KaMH NPAMEIX M 2 1yraMn OKDYXHOCTeH; 3TOT .
gecarnyronsuuk W (oM. puc, 43,¢e) Bce emle sBAsETCA YHHBEPCAIbHOH
nokpuikoi. Ilpa stom
Sy ~ 0,844;

necstuyroapniik W kak 6yAro siBJseTEs caMbiM MAaJBM IO MJIOMAILH
H3 BCeX H3BECTHBIX JO HAcTOYILEro BPEMEHH YHHBEPCA/bHBIX MOKpLI-

m B -



Puc. 43.

A

—q
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wek 1). Ofnako y HAC HET HUKAKHX OCHOBaHUA OXMAaTh, uto W oKa-
HKETCSl HMEHHO TOH YHHMBEpCAJbHOR MNOKPLILKON HaHMeHbuell BO3-
MOXKHOH MUIOMadH, OThICKaHHE KOTOPO# COCTaBJasieT cojepxKanne npod-
aempl JleGera; Oosee TOro, 1O CHX TOP, KakeTcs, NaXe HeH3BECTHO,
apaseTcsi Ju W MUHUMQAbHOL ROKPHUUKON B CMBICJAE AMEPHKAHCKOro
reoMeTpa Buktopa Kau (V. Klee), 1. e. takoil, uro umkakas sactb W,
noJgyyeHuass oTO6pachiBaHHeM OTACJbHBIX KYCKOB 3TOH (QUTYpH, yxe ne
ABASeTCA yHHBEPcasbHol mokpoiukoi 2) (P. Inpar npeanosaran, uro
Jeno OGCTOMT HMeHHO Tak, OJHAKO MHHHMaJbHas B cMbicae Kan no-
EpHIIIKA BOBce He 00f13aHa GLiTh HaWMeHbleH 10 MJIOWA/AH H3 BCeX
BO3MOXHBEIX — XOTA Gbl NOTOMY, YTO TA4KHX NOKPLILUEK MOXeET OblTb He-
CKOJIBKO M OHH MOTYT HMeTb PasHble nJouwlaan),

Craxem eule HECKOIbKO CA0B O CTE€peoOMEeTpHYECKOM Ba-
pnante mpobaembl Jlefera, TpelyionleM yKasaTbh . NPOCTPAHCTBEHHOC
7e10 O Kaumenbuieeo 803MONCHO20 06BEMA, BHYTPH KOTOPOEO MOICHO
saxkaroiure aoboe teao duamerpa 1. ra npobiema spasercs ewie 60-
Jee CIOXKHON, 4YeM COOTBETCTBYHOUlasd IMIAHHMETpHueckast 3apaua, H Y
HAC CETONHA HMeeTCs eile MEHbIle HaZeXj] Ha CKOpOe ee pelleHHe.
Paaymeercs, pesyapraT [Onra momer ObiTh TepeHeCeH Ha NPOCTPAHCTBO
coBceM npocto. CoOTBETCTBYIOWAs CTepeOMeTpHYECKass Teopema Oblia

1) Hetpynno noxasaTh, uTo HanMeHblUas (1o AJAOUIAAH) BBITYK.as
(urypa, KOTOPOH MOXKIIO HOKPBITH H PABHOCTOPOHHHA TPEYLOJABHHK €O
* CTOpoHOH | u Kpyr auameTpa 1, «HATAHYTa»
H& PaBHOCTOPOHHHII TPEYrOJbHHK H  KPYT,
PACHOMIOKEHHbIe Ha IUIOCKOCTH Tak, 4YTO HX
LUeHTPhl COBWANAIOT; IJomWlanb 3TOR (HrY-
pot Z (puc. 44) Sz =~ 0,825. Takum obpasom,
nopeieas, B KOTOPbIX MOXeT 3aKJi4aTbcd
naoWanh  (HeH3BecTHOH wHam!) HaWMeHblefl
(Bwimykaoit) «nokpoiky JleGeray» X sBAAOT-
€l AOBOJIbHO Y3KHMH

0,825< S, <S, < S, < 0,845,

Puc. 44. yTO, BOpOUYEeM, HHCKOJbKO He objeryaer Ha-
xomaeHust burypor X.

2) B. Kau BBea mnoHsTHE MHHHMaJabHOIM yHHBepcasbHOH mno-
KPHILKH B CBS3U €O caepyioweii 3anauefi (cM. [19], ctp. 64): o noka-
3aJ, uTO B NJAaHHUMETPHUECKOM CJyyae MHHHMA/JbHAs YHHBEp-
canbHasl MOKPHILKA He MOMKeT OblTb ouenb OGOJABWION MO AHaMeTpy
(rag, HampuMep, ee JHaMeTp HaBepHsAkKa <I3) M MOCTaBHJ 3ajauy cb
ofipedenenuy Ouamerpa wauboavuied (IO [LHAMETPY) FAOCKOU MUHU-
MAADHOL YHUBEPCAALHOL NOKPoLUKU, A TaKyKe COOTBETCTBYIOIUHX BeaH-
YHH, ONpeJesNeHHLIX Al CTepPeoMeTpPHUeCKHX (a .Moxer OHTb,
N MHOTOMEDHBIX) MHUHHMA/JbHBIX YHHBEPCAJBHHIX MOKpBHIMIEK, €Cau
¥ B TIPOCTPAHCTBCHHONl TeOMETPHH BCE MHHHMAJbHBIE YHHUBEPCAJbHbLIE
NOKPBILIKA oOrpanuyensl no jpuamerpy. Oamako anramuanuw [ D ra-
cTtoH [84] moxasajn, 4TO 8 NPOCTPAHCTBE CYUWECTBYIOT MUHU-
MOAbHBIE YHUBEPCAABHBIE NOKPLUUKU CKOAb YeOOHO 6G0abuioeo Juamer-
pa, Tak 4TO OTKPHITHIM OCTaJICA JIHHIb BONpPOC 06 OULEHKAX BO3MOKIIBIX
AMaMeTPOB M JI OCKH X MUHHMAaJLHBIX YHHBEPCaJbHBbIX IOKPHILIEK,
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JIOKa3aHa Jaxe paublie naanumerpHyeckoil —cm. I'. 1O nr [80]1); —
olla [JacHT, 4TO Kaxodoe Tearo Ouamerpa | MONCHO 3aKAIO4UTH BHYTPb

wapa K paduyca # o6beMa

4

-
= —”—’8—6— ~ 0,95,

K

‘TIpHYEM 3Ty OLEHKY Hedb3st yayumute. Opnnako map MOura K nasep-
HfKa #He fABJAseTCS YHHBepcadbHOH (NPOCTPAHCTBEHHOH) NOKPLIIIKOH
HaHMeHbIIET o BO3MOXKHOrO oObeMma. «lIpocTpancTBenHniM BapHali-
TOM» TeopeMbl 3aaud 93T) MOKHO CUHTAThb AOKA3aHHYIO aMepHKaH-
ckum marteMatukom JI. Tefimom [86] rTeopemy o BO3MOMkHOCTH 3a-
KAIO4UTL Kaxcdoe Teao Juamerpa | e npasuavHuli Terpasdp T ¢ peb-
pox V6 (o6bem sTOrO TeTpasapa pasel VT=]/3~ 1,73, 1. e. on
Gompme ob6bema wapa IOura), a BapuanToMm TeopeMnl 3anaun 93 a) —

TeopeMy Toro ke ['efina, COrJIaCHO KOTOPOR YHUBEPCAALHOLL APOCTPAH-
CTBEHHOLl NOKPLILIKOL ABAAETCA TaKKe NpasuvHvli okTaadp Q ¢ peb-

pom 1 o6beMoM

6
2
V3
VQ = T =~ 0,866.

Haxonen, poacrsenubii TeopeMe 3amauu 96 a) pesysbTaT yTBEPIKIAeT,
4TO 0T OKTaIOpa Q MOKHO ellle OTpe3aTs TPU npumvikaoujue K ezco
TPEeM BepuiuHaM nupamudvl, oTcexkaemovie OT Q NAOCKOCTAMU Ty, Ty U
T3, KACQOUUMUCS BNUCAHH020 8 Q wWapa w U napastesbHoimu ouaeo-
HAABHLIM NAOCKOCTAM OKTA30pa; TOJYYEHHHIH HenpaBHAbHHIN 1l-rpan-
uuk I’ (BnepBhie xak Oyaro ykasanubii B. Tprouéaymom [87]),
BCE ellie sBJSeTCH YHHBEPCAJbHON MOKPLILKOI, a 00beM ero paBeH

Vp= % —V'3 ~ 0,768

(10Ka3aTeJbCTBO 3TOrO pe3yJbTaTa M BHIPA3HTENbHBIE YePTEKH HMEIOTCA
B kuure B, I, BoaTtsanckoro uw M. L. Tox6epra {I17}). Tlpn
3TOM H OJWHHAZUATHrpaHHHK I TakXKe, BHAHUMO, He fBJATETCA JAake
MHHHMMAaJbHONH NOKPHWKOH B cMuicae Kuan (cm. crp. 88), oTkyaa yxe
CleflyeT, YTO OH HE MOXKeT SsBJSATLCS pellenuem npoGaembl Jlebera.
YKaxeM, HaKOHell, 4YTO JJsi k-MepHOTO (eBKJHIOBa) TWPOCTPAHCTBA
TaK)Ke ClpaBelJuBhl TeopeMbt o «wape IOQura» (painyc COOTBETCTBYIO-

k o
mero k-mepHoro mapa paseH W) n o «terpasape [eiina»
(peSpo urpamomero poJb 3TOTO TeTPasApa <IPABHJABHOTO KR-MEPHOTO

1 -
CHMIIeKCa» paBHO Ve (k+1) ).

Jlo cux mop MB KCKAaAM HOKDBIIKH Jas Bcex GHUTYp 3aZaHHOTO
nuaMeTpa (KOTOPH NPHHEUMAJCH 3a eAHHHLY JAJHHBI); ODH 3ITOM
MBI YIOMsHYJH O [BYX BapHawTax npoGaemsl JlcGera, B KOTOPBIX

) DnementapHoe L0Ka3aTeNbCcTBO «TeopeMsl o mape lOura» co-
Jepxutesa B 3aMeTke A, Kup w [85]. .
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. . < ~
. ROKPBILIKH XapaxkTepuayores (B RIAHHMETPHYECKOM C/lyyae) cBoOel naa-
yadoto- 1 CBOHM nepumerpos. Onuako H caMy NOKpBIBaeMble GUCyp
(HAH JHHMH) MOXKHO XapakKTePH30BATH pasﬂumu HX «Pa3zMepaMi».

97. a) SlcHo, UTO KaXKAYI MJIOCKYI0 JIOMaHYIO AJIHHBL |
MOXKHO 3aKJIOYHTb B KpYyr pamnyca l: aas 3Toro pocrartod-
HO, uTOGnl HeHTp O Kpyra coBmajgaj ¢ ONHHM M3 KOHLOB
JOMaHOH. A ueMy paBeH paauyCc HauMMeEeHbUIEr O Kpyra,
B KOTOPBIA MOXKHO 3aK/IOUHTb KaXKAYI0 JOMaHYI AJHHB |?

6) SIcHO, YTO KaXKAYIO IIOCKYIO 3aMKHYTYIO JIOMaHVIO

mepuMerpa 1 MOMXKHO 3aKJIOUHTL B kpyr pagnyca <Kt

AJs 3TOTO AOCTaTouHO, yToObl HeHTp O Kpyra cosmaa ¢ Ka-
Koii-1u6o Toukol JsioMano#l. (B astom cayuae nas moboi
ToukH M JomMaHON zumHa KaKoro-TO u3 JABYyX Kyckos OM

: 1
JoMaHoO# Oyner < , B TeM Oosee Oyner 4—2— paccTon-

une OM.) A uemy paBeH paauyc HaMMeHbIIET O Kpyra,
BHYTPb KOTOPOTO MOMKHO 3aK/IOUHTh KaX{1ylo 3aMKHYTYIO
JIOMaHYIO AJAHHBL 1?

98. a)* S$5lcHo, uyTO ecau CTOpOHA NPABHALHOTO  Tpe-
VYTOJBbHHKA MeHbllle 1, TO HAWAYTes JoMaHble AJHHBL 1, KO-
TOpble Helb3st 3aKJAO4YHTb B 3ITOT
TPEYrOJbHUK: MPUMEpPOM 31eCh MO-
JKET CAYKHTB MPOCTO OTPe30K AJH-
Hbl 1. A ecsin cropoHa NpaBHJBHOIO
TpeyroabHHKa Goabie 1, TO MOXKHO
JIM 3aKJIOYHTb BHYTPb HEro Kaodyro
JIOMaHyI0 AJHHB 1?7

6) MoxHO /g 3aK/IIOYHTb B

Puc. 45. MPaBHJIbHEIN TPEYrOAbHHUK €O CTO-

poroft | KaxAyl0 8binyKAYyHO JOoMa-

Hyl0 AauHbl 1? (Jlomahas AB nassiBaercs BLIOYKJOH,

€caH BMecTe ¢ oTpe3koM AB oHa siBAsIeTCS rpaHulefd BBI-
NYKJIOr0 MHOTOYIOAbHHKa; CM. pHC. 45.)

Koraa mnt B 3afauax 97 u 98 roBopHJaH: @ AOMaHHX, TO 3T0 GbiNO
BbI3BAHO JHIUb XKeJaHHeM H30exaTb 3aTPYAHEHHI, CBA3AHHBIX CO CJOXK-
HOCTBIO CaMOro TOHATHA NPOM3BOJBHOI JIMHWH: BO BCeX 3TUX 3a4a4ax
MOXKHO CBOOOJZHO TOBOPHTb HE O JOMAaHBIX, a O (KPHBBIX) JAUHUAX
BJMHEB | — 3TO HHKaK He mNOBJMseT Ha pesyabTar, (Beap mnpoussonn-
HYIO JIHHHIO MOXKHO € OUeHb O6OJbIIOH TOYHOCTBIO 3aMEHHTb MHOTrO3Beli-
HOft JIOMaHOH, CKaMewm, Bhn#cafHow B Ty Juuuiol) B samawax 97 a)
H 6) MBI 323EMCSl BONPOCOM O Kpyee H& WM € H b1l €T 0 BO3MOKHOTO
pazuyca, B KOTODbIfi MOXHO 3aKMIOYHTbL Ni06Yylo- JIHHHIO 3aZaHHOH AJu-
‘HBl (@ MOKeT OblTh, BBl CMOXKeTe PeHIHTh BONpOC M O Ksaopare ¢ wau-
MeHbInell BO3MOXKHON CTOpPOHOH, o6GaanaouleM CXOAHBIM.  CBOMI-
CTBOM?); OJIHakKO B 3ajaye 98 TaK NOCTaBHTH: BONPOC, K COXKAJNEHHIO;
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. HeJb8A: HO CHX TNOp HEHIBECTHO, WUEeMYy paBua CTOPONA HaHMEH b-
HI€T O NpasuAbHOO TPeyeOAbHUKA, WAH Kakopa (Bunykaas) durypa F
HayMeHbll el BOIMOXHRON NJOIMANH, TAaKHE, YTO KaXKAYIO -JIOMaHYIO
anuEnl 1 MOXHO sakaiounts B I (3TOfl 3amaue TOCBSILEHA CTaThd
[88] Bumnoro anraumfickoro matematvka A. C. BesHkoBuua!l) —-
CM. mpHMeuaHue B KOHUE pelllenusi 3anaud 98 a)), wim, COOTBETCTBEHHO,
B F (s10T Bapnant npobaemn Jlebera uaer ot aMepukanua Jleo Mo-
3epa-—cp. [89a]). .

Bor ewe onnu A0BOABLHO HEOXKHAAHHLIA BapuauT Tteopemul [Qwra.
YcnosumMesl na3biBatTh COBOKYIHOCTH NPSIMBIX -[JIOCKOCTH OT PaHHYEH-
H O, ecan Kaxible JIBe NpAMBE 3TOH COBOKYIHOCTH IIEDECEKAIOTCs] U
COBOKYIMIOCTb TOYEK NepeccueHHs NpsiMbIX orpaHuyeHa. JlmameTpowm
TakoH COBOKYNHOCTU NPAMbLY Mbl HA30BeM IHAMETP MHOXECTBA TOYeK
nepeceyeHus MNpPSMbIX: TPH 3TOM, CKa)KeM, JAHAMETP MHOXECTBA, CO-
CTONIIEr0 U3 TpeX NONapHO MepeceKalolnxcst NpsAMbLIX, COBMajaeT ¢ aHa-
METPOM OfpPA30BANHOTO HMH TPEYFOJbHMKA KaX TOYEYHOIO MHOMKCCTBA
(¢ 1HaMeTPOM MIiIOKECTBA €ro BEPIUMH) B TO BPeMs Kak ANAMETP MHO-
HECTBA, COCTORUIETO H3I UeTLIPEX NPAMLIX «OOIIEr0 MNOJNOXKEHHT», YXKe
BOBCce He 00f13aH pPABHATLCS NHAMETPY 00pa3oBalioro 3THMH HDSMEIMH
(BEIMYKIIOr0) ueTHLIpeXyroJbHuKa (noueMy?),

89. a) Ha nsockocTn A2HO HEKOTOPOE MHOXKECTBO Ips-
MBIX, Ka)/ble TPH H3 KOTODLIX MOXKHO Iepecedb KPyroM
paanyca |. Jloxas:KuTe, 4TO BCe NpsiMble MOXXHO Hepeceub
Kpyrom paauyca 1. (prr CUHTAETCA MepeceKaollluM mps-
MYI0, €CJIH OH HMeeT C Hell XOTst Obl 0HY OOILYI0 TOYKY.)

6) S$lcHo, 4TO €CJAH MHOMKECTBO NPSIMBIX HMEET JHa-
MeTp I, TO BCe 3TH NpAMBIE MOXKHO Nepecedb KPYroM pa-
anyca L;—Sw B KayecTBe TAKOTO KPyra MOXKHO B3fITh, Ha-
npumep, «kpyr IOHra» (cMm. Belme 3agauy 936)) mHomKe-
' CTBA TOUEK IlepeceyeHHss HaiUX npaMbiX. Jlokamxute, 4TO
HauMeHbU UM KPYyroM, KOTOPBIM MOIKHO Iepeceyb BCe
npsMble JI060TO MHOXKECTBA NPAMELX nuaMerpa 1, apasercs

KpyT pazmyca ——-—(~ 0,289).

Hakoneun, pozcreenuoll Teopeme IOura siBasiercss 7 Teopema, JOKa-
dannass B 1914 r. BHIHBIM HEMEUKHM MaTeMaT#koM Buasresvmom
Baswxke [90] u ouenuBawmas paauyc BAucaHHo20 Kpyea BHNYKJIOTO
MHOTOYTOJMbHYKA MJH TPOW3BOJABHON MJOCKOH BHIOYKAONH GHrypoi (CM.
suie c¢rp. 60 u 68, B uwacraoctH pre. 24,a u puc. 31, a). Slcno, uro
panuyc r Buucansoro xpyra £ BBINYKJOFO MHOTOYrosbhHka M pguamer-
pa 1 menpwe !/» (u6o nuamerp & Meubime guamerpa M), Ho MoxeT
6LITE CKROJb * yrojuo O6au3ok K /o (rak 6ymer o6CTOATh jeno, ecad
"M — npaBunbubLIil MHOTOYTrOJABLHHK C BeCbMa GOJBIIHM YHCJOM CTOPOH);

1) Io nomomy Apyrux 3aﬂaq casaauub}x C MOKPLITHEM duryp Tpe-
yroabunkamn, M, I, dracrou [89]
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C aApyrofi CTOPOHBI, BEJHUHHA 7 MOXET OBITh H CKOJb YFOAHO Maneh
(ecnu MHOTOyTOMBHUK M sABASETCH OYeHb «TOHKHM», HalpHMep ecid
M — IpAMOYrOAbHHK ¢ OYeHb MaJelbKo#i Membllei cropouolt), Takum
c6pazoM, 3agaua o6 OLeHKe BeAHYHHB r paguyca Kpyra, Brucaxworo
B MHOroyroapuuk M amamerpa 1, He ABJAETCH OCOOEHHO COACPHKi-
TeJIbHOIL: 9CHO, UTO 3/eCh BCEria

%>r>0,

npHYeM 3TH OLEHKH jajee He MOryT OblThb YJYYILEHBL.

Bonee uutepecuoli spaseTcs aajaia oOLeHKn paanyca r Broucau-
11070 Kpyra & B TOM cJjydae, Korja raM H3BECTHA WUUPUHA MHOTOYrojb-
unka M, T. e, mmpnmua A camoii Y3KOil monocs (oOpasopanuofi
ABYMS MAPaJAeAbHBIMH [PAMBIMH), B KOTOPYIO MOXHO 3aKIIOUHTL MHO-
royroasing M (puc, 46)., Pasymeercs, AuaMetp 2r Xpyra k He MOXeT

Q) 0)
Puc. 46.

GLITb GOMbIIE [HPHHBL A MHOTOYrOAbHHKA (HO MOMET ObiTb papei A -—
cm. puc. 46,6), Tak uto, ecam A =1, TO r<—2—. Tpyanee HalTH

HauMeHbIIee BO3MOXKHOE 3HayeHHE, KOTOpOe MOMKeT HMeTb pa-
juyc r BIHCaHHOTO Kpyra MHOroyroJsHuka M wmupiusl 1 cOOTBET-
cipylomnii  pesysibrat (cM. 3ajauy 100) u cocraBiaser cojepixanue
Teopemb Dasmke.

100. a) JlokaxuTe, UTO B KayK[blH BBIMYKJ/bII MHOTO-
yroapHuK M wmupuHEl | MOMXKHO 3aKJIIOUHTbL KpYr paiuy-
1
'?5".
6) ITokaxuTe, YyTO CYLIECTBYIOT BBIMYKJble MHOIOYTOJb-
HHKM WHPHHBL |, BHYTPb KOTOPBIX HE/Ib3sl 3aKHIOYHTb HH-

ca

KaKoit Kpyr paguyca > - .

Takum obpasom, ofosHadasi, Kak OOBIYHO, uyepes D, A, R ur dua-
#etp, wupuny, paduyc Onucannozo kpyea u paduyc Bnucarnnoeo kpyea
BLIIYKAOrO MHOTOyroJbeHKa M, umeeMm:

V3

ecau D=1, ro 05= % <R 3~ 0,577; ApyTHMH CJOBAMH,

v
Rceraa —é— <£—< }_31 (reopema IOnra; acuo, 4TO eCaH AuaMerH
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M papen 1, to anamerp Onucansoro kpyra K masepnoe ==1, u 3ua-

1
ecau N\=1, ro 3

(reopema Basmxke).

rol —

1 1
<r << 5 NPYTHMH CJOBaMH, BCeria 3—<£<

101*. JTokaxurte, uto

a) 100y COBOKYIHOCTh KOHEUHOTO uucia TOUeK Ha
HJOCKOCTH MOXKHO pa3GHTb HA TPH UYACTH, Kaxknaasd u3 Ko-
TOPBIX HMeceT MEHbIUMI AnaMeTp, yeM HCXOAHAsS COBOKYI-
HOCTb;

6) mwobofi BuIyKabi!) MHoroyroapsuk M Ha maocxo-
CTH MOXKHO Pa30UTb Ha TPH MHBOTOYTOJBHHKA, KaxkIAblll H3
KOTOPLIX HMEeT MeHbINHI AnaMeTp, ueM M.

102**, JokaxuTe, uro:

a) JIOGYI0 COBOKYMHOCTh KOHEUHOTO YWC/a TOUEeK B NPO-
CTPAHCTBE MOKHO pasfuTh HA YeThipe UYacTH, Kaxaas M3
KOTOpLIX HMeeT MEHbIUMH JHaMeTp, uUeM HCXOJHAf COBO-
KYIIHOCT®;

6) 6ol BRIMYKAHI!) MHOrOrpanHnk M moxkno pas-
0UTb Ha ueThipe MHOTOTpaHHUKA, KaXABIH U3 KOTOPHIX
HMeeT MeHbUINH AnaMerTp, uem M.

3anauy o paszbueruu (MJAOCKUX WJIH NPOCTPAHCTBEHHBIX) dueyp Ha
HOUMEHbIIEE BO3MONCHOE 4UCAO0 4ACTed, Kauodas u3 KOoTopulx uMeeT
Mmerbuiull Ouamerp, 4em ucxoOuasa ¢uzypa, BIEPBHE MOCTABUA BUIHLL
noanbckuil mateMatHk Kapoa Bopcyx [91]; no ero umenuw owa Hasw-
BaeTcss 3anauveil bopcyxa, $cno, uto ang pasuwmx ¢uryp F (xo-
TOpBIE MOTYT COCTOSITH 1 H3 KOHGUHOTO UHMCJIa TOYEK) HCKOMOe 4HCI0
yacTefl (B maabHefimeM Mbl ero Oylem o6ospauaTh uepes b(F)) 6yaer
pasnpiM. Tag, uanpuMep, sICHO, 4YTO MJisl HEPAaBHOCTOPOHHETO
Tpeyroavunka T umeeMm b(T)= 2 (puc. 47, ¢ u 6); onHako AJas p aB-
HOCTOPONHETr O Tpeyroabuuka Io, oueBunuo, b(To) =3 (puc. 47, 8),
HGo mpwu pasbuenun 7o ma Jge yacTH ofHA M3 HUX 00d3aTesNbHO OyieT
colepkaTh IBe BepLIHHB o, a CJeJoBaTenpHo, OyleT HMeTb Takol xe
naMerp, Kak [ AHAnOTHUHO 3TOMY /JIsi TIPABHIBHON TPEyroJbHoH
nupamMnabl (TeTpasapa)} /7 umeem b (7)== 2, ecau guamerp /7 pasen ec
foxosomy pebpy (puc. 47,2), wo b([I) = 3, ecau nuamerp /I pasen
pebpy ocHosauust (puc. 47,0; B 3TOM cJyYae yiKe OCHOBAHHE NHPAMUIbI
HeJb3sl PasGHTL Ha ABE 4ACTH, KHAMETDP KAXKIZOM M3 KOTOPHIX MeHblue

1) 3amernm, uto B ycaoBusx 3agzau 101 6) u 102 6) moxso oTOpO-
CUTb TpeGOBaHUE BbINYKAOCTU paccMaTpHBaeMblX GHIYP, u60, CKaxeM,
KayKIblH HEBHINYKJBI MHOTOYFONBHAK MOJKHO 3aKJIOUHTh B BHITYK/IBIT
MHOTOYroJIbHHK M* Toro e nHamerpa («BunykJas obosouxka» M, xou-
TYP XOTODOH MOXKHO NpeicTaBAsTh cebe o0OpPa3OBAHHLIM HATAHYTON
Ha M u crpeMsmeficda COKPaTHTLC PE3HHOBON JeHTOR) — W pasbue-
nue M* na uwacTH MeHblllero nMaMerpa NopoXaaer u pasbrenie Ha 4acTH
MEHBINero HaMeTpa HCXOZHOrO MHOLOYroJbHuKa M.
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amamerpa ). n b{({I)=4, ecnu [T —npaBunbHB @ TeTPasap, T. €.
Bee pebpa IT umeior opHy u Ty Xke pauny D (puc. 47, e; 3aMerbTe, 4TO

. mpn pasOuenun /7 Ha Tpw YyacTH XOTb OfAHA M3 3TUX uacTeh Gyner coaép-
¥aTb cPasy A Be BepUIMHH NHpaMHAw [I, W 3HauHT, AMaMerp 3TOH
vacTH Gyaer pased D).

K. Dopcyk npeimonoxua, UTo Kamdyio RAOCKYO dueypy MOMHO
pasbuty HA TPU 4ACTU MeHbUle20 OuAMETPA, 4 KajiCOyio MPOCTPANCTBEH-
HYo pueypy — Ha ueTbipe WACTU Merbuleeo Guamerpa, HO (0Ka3aTh 3TO
yTBepKACHHE €My YAaJoCh JMHWb JJIA caydas nAo ckK ol duryps (cp.
Hinke sagady 104 a)). Pesysbrarsr sagauw 101 a) u 101 6) penaior
JIOBOJILHO BEPOATHBEIM YTBEPKAEHNE O TOM, YTO KaXKAYIO NJOCKYKO ¢u-
TYpY MOXKHO Pa30HTb Ha TPH 4YaCTH MEHbHIEro JUaMeTpa: Belb ecJd 3T0

2) 7y &

Puc. 47.

cupaBelJMBO JJIsT OGO KOHeUHO!t COBOKYIMHOCTH TOUEK, KOTODAS MOMKET
cofepKaTb H OYCHb MHOTO TOYEK, TO TPYAHO JOMYCTHTb, YTO CYHIECTBYeT
tdurypa F, ans KOTOpo# 3To yTBepKAeuwe repsieT cuay (mbo ourypy F
MOXKHO 3aMEHHTb «OYeHb T'yCTOF» KOHEHHOH COBOKYMHOCTBLIO TOYEK 3TOH
¢urype). OnHako Ao0Ka3aTh obmyio Teopemy Dopcyka o naockux
durypax, Hcxoaa K3 pesysbTaTa sagaun 101 &) (win U3 pesysnbTata 3a-
paun 101 6)), Henbsa. Tak e OBCTOHT Jeso ¥ B clydyae NPOCTPAHCTBA —
pesyabTaThl 3afgaud 102 (oHW npHHA[e)KAT BEHIEPCKHM MaTeMaTHKaM
A Xennemy # Il Pesecy [92]) nemaiorT oueHb HPaBIONOLOGHBIM
OTHOCSIIIEECA K T€OMETPHH B APOCTpaHCTBE mpeinonoxkeHne Bopcyka, Ho
OHH He JAOKasblBaloT ero. B Teuende paga seT MHOTHE MaTeMaTHKH B
PasHkEIX CTPaHaX MHITATHCh [OKa3aTh, HTO KAKAOS HPOCTPAHCTBEHHOE
TENO MOMKHO PaAsSGHTb Ha UeThIpe YacTH MeHbllero jgmaMerpa. DTo J10-
kasanan B 1956—1957 rr, I', dracron [93], B. 'poubaym [87) u
A Xennem [94] ) ’
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3amerum eme, uto K. Bopcyk [9]1] npeanosoxnn Takme, uto
KaK00e TeAO k-MepHOZ0 €8KAO0BQ NMPOCTPAHCTER ') MONCHO pasbute HA
k1 uacreid menvwiezo OuameTpa; 3TO, OLHAKO, B ROJAHOHA Mepe He
H0Ka3aHO W [0 CerOfHAIIHero IHA (B YaCTHOCTH, He [OKa3aHO jame
RAS1 k-MEPHBIX <BBIIYKJIbIX 'MHOrOrpanHHKOB» — noauronos), [lo stomy
uosoay cM. Kuury B. . Boaraunckoro u U I, Tox6epra [17]
(nan Bropyio wacts kuurn B. 'piou6aywma [19]), rae nogpoGuo pac-
CKa3aHO 06 HMEICINWXCS B HAacTOsIlee BPeMS B 5TOM HANPABJEHHH pe-
3yAbTATaX H O CBA3AHHBIX € 5TOH NPoOIEeMaTHKON HepelleHHbIX 3ajavax.

OGo3anaunM Tenepb uepes 6 == 8(n, F) HauMeHblee TaKoe
uneno, uro ¢hueypy F (nmamerp koTopoll MH jfajee Bce BpeMmst Oyaem
CUHTATL PaBHBIM [, T. €. YCJAOBHMCS NPHHUMATb 32 € AHHHUY AJH-
B Bl) MOMHO pa3bure Ha n dacted Ouamerpa << §; npuw 3TOM NPenIno-
Joxenue DBopcyka Moxuo 6ynet chopMynupoBaTh . KaK YTBepKIEHHE
0 TOM, uTo 048 kaxdod naockod gueyper F npeeraa 6(3,F) < 1, a
0aa . kawdod npocrpaHcTeennoil Gueyppt @ o06a3aTeNbHO
8(4, @) << 1. Takasi mOCTaHOBKA BOMPOCA MOACKA3LIBAET TaKXke 3aAauy
cnpenesenns yawsMenbmero uncaa 8 = 8{n), Takoro, uTo KaNOYIO
Gurypy F nuamerpa | MOXKHO pa3buTh Ha 7 uacTeil AnmameTpa << &:

8(n)=mind(n, F), rme d(F)==1 (3necp d (F)— nnanerp F).

B sToit 3a7au€, BOpoueM, YMECTHO Pa3JnuaTh NJAAHHMETPUHTCCRHH
M CTepeOMETPHUECKHN ee Bapuanthl, oGosmauas uepes O2(n)
n 83(n) uncna, noJyyeHHsle B NPEINONOKEHHH, YTO MBI paccMaTpuBaeMm
TOJIbKO TJOCKHe GUTypel F WIM Takke W NpocTpaHceTBemibie Teaa O.
Orbickanne xapaktepucTnk 6(n, F) ¢urypsl F mupemcraeiser co6oi
TodHYIO (GOPMYJIUPOBKY 3aiauM O pasbHeHuH F HA «BO3IMOXKHO MeHb-
ume» YacTH, rje pasMepnl uacrefl OonpeAessioTcd ux OuameTpomu, a 3a-
naua o peawunnax Ox(n) m 83(n) (wam paxe o peauunHax Ox(n), oT-
BEYAIOLIMX 3afaue pa30ueHHs Ha U4aCTH BCEBO3MOXKHBIX k-Mepuw X
¢uryp F) — cymecrBennoe yrtounenue npoGaemsl Bopcyka, Tpebyomen
Milip AOKA3aTh, YTO

8, (3)<!l u 8;(4)<1 (mam mame, uro 8z (k4 1)<1),

HO He Tpelymwlliell YETAHOBJCEUS TOYHLIX 3HAYEHHH COOTBETCTBYIOIHX
BeJNYHH,

103. Ilycte Kp, Ke u Tp—xpyr, KBaapar d paBHO-
CTOpOHHME Tpeyrosbuuk munamerpa l. Hokaxurte, uyro:

B) 8(1, Kp)=0(2, Kp)=1; 83, Kp) =L (= 0,86);
8 (4, Kp) =YL (~ 0,71 85, kp)=+V10=2V/5 (~0,59;

6(6, Kp)=4(7, Kp) =~;—(-—=O’,5‘)r (ApyruMu CIOBaMU, B 3TOMH

3ajaue TpelGyercsl AOKa3aTh, 4TO KPyr AHaMerpa | He/b3sd
pa30uTh Ha IBE YacTH, HHAMETpP KaXIEOH H3 KOTOpHIX < 1
€Fo. MOXHO pa3buth Ha TPH YacTH, LHAMETP Kaxiaoil u3

1} CM. noactpoysoe npHMevanue Ha crp. 32.
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) /3
KOTOPpBIX <]——, HO HeJib3fl pas3bHUTb Ha TPU yacTH AHaMerT-
= 2 :

-

/3 .
peB < 1-2—‘1/1 T. A.; OpH 3TOM [AJs NPOCTOTbI Mbl CUHTAEM,

4TO BCE «YaCTH» Kpyra M IAPYTHX paccMaTpuBaeMblx (Uryp
CaMH HOPEACTABJSIOT COOOIl «CBsi3Hbie» (PUIypel, T. €. He CO-
CTOSAT M3 HECKOJBLKHX H30JUPOBAHHBIX KYCKOB).

6)5(1, Ko) =15 8(2, Ka) =1L (~ 0,79); 8(3, Ke)—

4
— ‘50 V20 (= 0,71); (4, Ko)= & (==0,5);

B 8(1, Tp)=05(2, Tp)=1; 63, Tp) =L (= 0,58);
8(4, Tp)=0(5, Tp) = (=0,5).

Bce pesysbratsl 3azaum {03 (M HékoTOpmle Apyrue, 3aHMCTBOBAaH-
HHIE M3 CTaTbH aMepHKauckoro reoMerpa P, JI. Fpexema [95], B Ko-
Topo#t BeuMcaeHbl Bce 3nauenns 6(n, Tp) mas n << 15) coGpaus B
Tabauue Ha crp. 97.

Ho HackoabKO NpHGAHKAIOT Hac STH Pe3y/bTaTH K pellleHHio obuiedl
3ajaud onperneseHHs (3aBucsmHx of ¢urypsl F) seauunn 8(n,F) n
peanund 8(n) (rounee — 82(n), 83(n) m 1. n.)? Ilourn ue npudbnu-
KT — Jake yCMOTPeTb H3 NOJYUYeHHBIX pe3yspTaToB KaKue-a1H60 co-
Hepxatenblble (akTbl, KacawouHecs GeCKOHEUHLIX IIOC/eN0BaTebHOCTEH

quceJ
8(n. Kp), 8(n,Tp) u 8(n,Ks), n=123 ...,

Mbl HE B COCTOSIHHH, XOTSl, KOHEUHO, 3aTPATHB HEKOTOPHIE YCHJHf, MBI
cMOTJIH Obl, BEePOSITHO, ONpEfe/dTb, CKawmeM, euie # BeauudHsl 6(8, Kp)
unu 6(5, Kg) t). Uro ke xacaercss uncesn

8y (n), rne n=1, 2, 3, 4,

) Pasymeercsi, mosiyueHHbie HaMM YHCJAEHHBIE pPe3YJALTATHL HJJIIO-
CTPHPYIOT TO OOCTOATEABLCTBO, 4TO Beauunusl 6(n, F), rae poap odury-
pol F urpator Kpyr Kp, Ksaspar Ksé u pasnocroponuuit TpeyroibHHK
Tp, yObIBAIOT C POCTOM M,— HO 3TO BHITEKAeT M3 CaMOTO CMbIC/Ia pac-
cMaTpHBaeMbIX BeJMUMH M He HYXKAAeTcs B JOKasaTesabcTBe. Menee
TPHBHAMLHBIM SIBJSIETCSE TOT (DAKT, YTO 9TH BEJUYHHB! NIPH NEpexoie OT
n kK n-+1 youBalor me Bcerpa: Taxk, O(2,Kp) =0(l,Kp) =n
8(7,Kp) = 6(6,Kp);  8(2,Tp) =8(1,Tp), 8(5,Tp) =8(4,Tp) =n
8(7,Tp) = 6(6,Tp). Omnako noayyeHHble HaMH pe3yJbTaTel JOCTaB-
JSIOT HaM BecbMa MaJso HH(OPMAUHH O MHOXKECTBaX

MKp={l, 6, ...}, MTp‘={1, 4,6 ...} u MK3={"'}
Takux HomepoB n, uro 8(n, F) = 8(n-+ |, F), rne F—onna us pac-
cMaTpUBaeMbiXx HaMHM Tpex (Hryp; TaK, HAOpUMEp, Mbl HE 3HAaeM gaxe

KOHEYHBI JIX 3TH MHOXECTBa HJIH- OECKOHEeuHBl (U He ABJSETCA ¥ MHO-
xeCTBO My, mycteim!),
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TO peaynbTaT Sajaun 103 mo3BoJfeT AWML YTBEPKIAATh, UTO HAPALY
¢ TPHBHANbHEIM PaBEHCTBOM

6, (1)=1
(160, pasymeercsa, 8(1,F) =1 npu moGoit ¢urype F!) umeer. Mecto
TakKe H 6oJiee ray6oKoe PaBEHCTBO

82 (2) =1. M

B camoMm gene, sedb - 0:(n) = 6(n, F), rne F—xakas yropmno
(naockaal!)  durypa, #u mockoaeky (2, Kp) = 6(2,Tp) =1, 7o
02(2) =1, oTkyna u BuerrekaeT coorthowenne (!). IlpaBna, nafinennsie
naMH anauenus seawuns O(a, Kp), &8(n,Tp) u 06(n, Ke) mnossoasor
TAKKE YCTAHOBHTD, UTC, CKAXKEM,

5.3 =12 (= 0g6), 0, (0 >L2

—

(=071 ud, (7) =5 (=05) (1)

(3ameTbTe, uTO Aad ouenok 82(3), 82(4) w 82(7) MBI Mcnonb3yeMm Beau-
yunbt O (n, Kp), xorophle — BO BCSKOM caydae npH n =3, 4 u 7—
Goabme, uem O6(n,Tp) u npu n =3, 4 Goxabvwe, ueM &(n, Kg), nbo
02(F) = mFax d(n, F), rpe F npoGeraeT MHOXKeCTBO BCEX NJOCKHX OGH-

ryp AuameTpa 1); 0QHAKO B NPOTHBONOJOXKHOCTL cOOTHOWeHwio (!) 3TH
Pe3yJibTaThl HeJdb3si CYATATh OKOHYATeJbHBIMH: BelIb MH He MOIKEM OHTb
yBepeHbl, CKaXeM, B OTCYTCTBHM TaKoil miockoii ¢urypsl F pmamerpa I,

ato 8(3, F) > 8(3, Kp) (= -K;—)

('!), TO OHHM HBa CaMOM [eJi€é OKasbiBalOTCAd TOYHBIMH, KAK HNOKasblBaerT
craeaylomas sajaua.

)
BHpO‘XeM, 4TQO KacaeTcs OLeHOK

104*. Jloka)kuTe, yTO KaXKAYyI0 ILIOCKYW ¢urypy aua-
MeTpa 1 MOXKHO pasbuTh

S
a) Ha 3 yacTH puaMmerpa <—]73—(z 0,86);

2
Y2 (~ 0,71
1

6) Ha 4 wactu nHaMerpa <
<4 (=05).

B) Ha 7 yacreil nuamerpa

Takum o6pasoM, umeeM

3 2 i
3 (2)=1 &(3)= V , 6 (4) = V2_ i, (7)=§. (1
OﬂHaKO NOMHMO 3THX pesy:maros, TpHBHaJIbHOI‘O paBeHCTBa
o1
d(m=—, n=123 ..,
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B KOTOpOM HOMep (Mur «mHiexc») | BHH3Y yKa3mBaeT, 4TO pedb 3AeCh
uaeT 0 pa3GHeHHH HAa 4acTH O AHOMe p HEI X Hryp, T, e. OTPe3ka, #
[OYTH CTOJIb XKe OUeBHIHOTO COOTHOMIeHHSA 1)

0z (n)y=1 mpu n<k

fOKA HEH3BECTHO Kak OYATO HH O X HOTO TOYHOrO 3HAYeHHS BEJHUHH
8(n).

3uauenne 8,(3) 6n10, no cynlecrsy, HafigeHo eme K. BopcykowM
[91] B 1932—1933 rr. (cm. rakwke [I. Tefia [86]); suauenns 6:(4) u
82(7) Bouucaenst B 1956 r. wemenkum reomerpom I'. Jlemumowm [96],
TH[ATENbUO H3YUHMBUIHM BONPOC O BO3MOKHBIX 3HAaUeHHsIX Besauunn O, (1)
npi Heboabmux n. Hukakofi cymecTsennoil HHGOPMAUHH He N0CTaBIsgeT
HaM H® TO OOGCTOATeNbCTBO, UTO BO BCeX paBeHctBax (!!!) umeem
82(n) = d2(n, Kp) 2): paHee BHICKA3BIBAJIOCH IMPEINOJNOMKEHHE, UTO
82(n) = §(n,Kp) npu Bcex n (u pame uro Os(n) = 8s(n, ), rae
Il —map, a Tax:Ke, 4TO 3Ta 3aKOHOMEPHOCTb DPACNPOCTpaHSETCSs M HA
MHOTOMEDHbBIE NMPOCTPAHCTBA), HO STH THIOTE3H B JaJbHellllleM e MOoJ-
TBepananch, M cerogus MBI He 3HaeM Aaxe, CYMECTBYET JIH XOTb OAHO
otauuuoe ot 1, 2, 3, 4 u 7 suayenue n raxoe, uro O8:(n) = 8(n, Kp) —
BO BCAKOM Clay4ae I[OCHe[HEe DPAaBEHCTBO He BHIHOJHAETCHA HPH
n=>5un =6 (nonbiTaiiTecb caMy 9TO J0Ka3aTs!),

Uz npunagmexamux A, Xennemy [94] u B. Tpron6aymy [87]
pelieHHll CTepeoMeTpu4eckoeo BapHaHTa mnpoGaeMbl bopeyka BrTexatoT
ouerxu: 03(4) << 0,998 u 03(4) << 0,989; ogmaxo Aaxe u mHOCAeNHASA H3
5THX OLEHOK 3aBefOMO He siBjasieTcss TouHoH, HeonHOKpaTHO BbICKa3bi-
Baaochk npennoaoxenue (cm. . Fefta [86], . Xaasurep [97]), uro

b = o4, 11y = VIEVE

Geito onpesentesto I'. Xagsurepows [97]); onamako sto mpeanonoxe-
HHE TTOKa HUKEeM He A0Ka3aHO (HO M He onpoBepruyTo). Moxkuo GbuIo Ob
TAaK¥Ke TMPeNfioNONKUTh, 4TO H 1npH Rk >3 HMeeT MecTo PaBeHCTBO
Su(k+1) = 6(k+ 1, 1™, rae IHI®) — (k-mepunift!) wap, oagnaxo,
NOMHMO TOTO, YTO Mbl elile He HMeeM MAOCTATOUHBIX apryMeHTOB AJf
offocHoBanMst 3TONW THIOTE3bl, CAMO 5TO MNPEANONOKEHHE Majo uYTO

(= 0,888; Tounoe 3mauenne &(4, )

1) OHo BbITEKAET, HANPHMEP, H3 CYHIECTBOBAHHS B R-MEPHOM eBK/H-
JIOBOM MPOCTPAHCTBE TaK HA3bIBAEMOrO NPABUALHO20 cumniexca (aHa-
JIOr NPABHJBHOIO TPEYrOJAbHHKA HA IJIOCKOCTH HJM IPABHJILHOIO TeTpa-
31pa B NPOCTpaHCTBe), HMewomero k-4 1 BepmHH, KaX b e IBe H3
KOTOPHIX YAaleHH OAHA OT APYrofi Ha paccroanue 1 (cM. moacrpounoe
npuMeyadue Ha cTp. 32).

2) 3aMeTHM TakKKe, YTO M CaMH YCTAaHOBJEHHBIE HAMH DaBEHCTBA
Ba(1) == 6(1, Kp), 682(2)=0(2,Kp), 82(3)=38(3,Kp), 8;(4)=05(4, Kp)
B §2(7) = O6(7, Kp) HUMe0T COBEpINEHHO pa3Hbiif XapakTep: B CaMOM
nese, 82(1)=0(1,F) past nwo 60 (nnocko#t) burypm F (a nosromy,
KoweuHo, M aaa xpyral); 82(2) = 8(2, F) ana p 2 & a nnockux ¢uryp F,
B ToM uHcae mast kpyra Kp ( pas TUPaBHABHOTO TPeyroJisHuka 1p);
B T0 e BpeMs paBedHcTBa 02(3) == 8(3,F), 06:(4) =8(4,F) =
8:(7) = 8(7,F) u3 Bcex MIOCKAX BUIYD BHIOJIHSIOTCA TOABKO ANA
&= Kp (moxaxure 3710!),
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MOXKET JaTh, NOCKOJLKY 3uauenns senwuun O(k 11, IIM) pe u3BecTHH
NOKa HH TPH KakoM k > 31).

[lo noBogy APYTHX He DEIIEHHHIX A0 CHX TNOp 3aday, CBA3AHHBIX
¢ npobaemoit bopcyka, cm. B. I'. Boarauckufi v U L. Tox6epr
[17lu B.Tproun6aywu[19]. .

B saksioyenne ykameMm, UTO M OCHOBHHE JJsi 3TOTO ILHKJAa 3aja-
yn 103 u 104 (za u MHOrHe mNpelUIeCTBYIOIHE HM) TakXke MHMeIOT
IPHBLIYHYIO HaM yXKe «MHHUMakcHyio» ¢opmy. B camom nene, uncno
&8(n, F), wnanpumep, MOXKHO ONHCATb cnezxyromnM o6pasom. Has «xa-
wa0ro GHKCHPOBAHHOTO pasbuenns %En Gurypsl F Ha n Hacrel
fi, f2, ..., fn MBL OmpenensieM gncaO

0(Rp)=maxd (f;); i=1,2 3 ... umi n,
t

rae d(f) — Quaserp Qurype [; najee, paccMaTpuBas BCE€B O3 M 0 X-
H b e pa3bueHus F Ha n yacTel, MBI HIIEM BeJHUYHHY

6 (n, FY=mind (#,) = min max d (f;).
R R i

n n

Haxkonen, xapaktepuctuka O83(n) muoxectsa Mp(1) = M, Bcex maockux
(nBymeprBIX) Guryp F anaMerpa | onpenensieTcs Tak:

8 (n) = max §{n, F)=max min maxd(fl)
Fem, F &,

Ananornugo 3TOMy MHUHHMakcHYIO (HOPMY HMEIOT H 3ajavuH, cad-
sanHple ¢ MpoGaemol JleGera (cm. Buime sagaun 93—100). Tax,
HanpuMep, 3agauy o kpyee [Onea (cm. 3amauy 93 6)) mMOXKHO chopmy-
nupoBaTh Tak. Pamnyc Onucannoro xpyra. K durypst F MoXeT 6uiTh
onpejesed Kak paanyc R waumeunnbmero xpyra K = K(O,p) (rne
O —uentp K, a p— ero paauyc), conepxaero F puytpu cebs:

R=minp, rne K(O,p)>DF
(3nech D -— TEOPETHKO-MHOMECTBEHHLIl 3HAK BKA04CHUS ONHOTO MHO-

wecrBa B Apyroe; 3amich K D F uuraercst Tak: «burypa F, nonumae-
Mas KaK MHOXeCTBO TOUSK, lesnkoM npuramaexkur xpyry K»). Tlocae

V3
sToro paamyc Rp =—3 ] Xpyra IOura onpenenseTcs Kak
Ry= max R=maxminp, K(0,p)DF, FeMy(1),
Fegp, (1) F K

rae My (1) — coBokymHOCTH BCeBO3MO)KHbIX TJIOCKHX «/IBYMEPHHIX» (i~
ryp auamerpa 1 2),

1) Hssecrno ammb, uwro 6(k ™) =1, B ToO BpeMa kax
S+ 1,11y << 1 (JI. A, Twectepnuk u JI.T. Wuupeas
man [98], K. Bopcyx [91]; no noBoay s/eMeHTapHO# TPaKTOBKH cO-
oTBeTCTBYylomero ¢dakTta B ciydae 2 = 3, T. €. B ¢jiydyae OOHIMHOTO Tpex-
MepHoro npoctpascrea, c¢M. Jo6Gasnenwe x  pasgeday 1 wuneu

B.lumukuna w B.A Yenenckoro [99]).

z) MoxkeTe aM BB 3amlHCaTb B «MHHMMaKCHON» (bopme sanaqy o

kpyee baswxe (3anaua 100); apyrue sajauu 3TOro HMKMa? .
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6. 3A1AYH O PACIIOJIO)KEHHUH TOUYEK U OUTYP

3anaun, co6paHHBle B 3TOM HeGOJBIIOM IHKJE, MO CBOEMY Xapak-
Tepy BecbMa OJH3KM K 3aJadaM LHKJIa 5, uTo OGBACHIETCS NPHHAMJEXK-
HOCTBIO 3afad OOOHX 3THX UHKJIOB K KOMOUHATOPHOU ceomerpuu (CM.
Ipenucnosue). TakkKe u gonoanuTenbdas JUTEPaTypa, KOTOPYIO MOXKHO
TIOPEKOMEH0BAaTh UHTATENI0, JKeJAolieMy TIay6Ke MO3HAKOMHTECS C
TeMATHKOH, HaMeUeHHOH! COOpAHHBIMH HHIKE 3aJayaMH{, B OCHOBHOM COB-
nafaeT ¢ YKa3aHHOM B Hadase HMKJIA 5 (IIOMHMO HEPEUHC/EHHBIX TaM
KHAC H cTarell, Mbl HasoseM eme o63op [26] u crateio [23]). Cpasun-
TeAbHas§ OTPAHHUYEHHOCTh UYHCAA 3ajay ITOF0 [UKJAA CBs3aHA, CKOpee,
¢ 6oraTcTBOM NPEACTABACHHON HM npoGaeMaTHKH, YeM € ee GelHOCTbIO:
cTpeMJeHHe K IIOJHOTE 3/eCb HEBO3MOXKHO, U MOTOMY COGDaHHBIE HHKe
3ajayd MOTYT CJAYXKHTb JIMIIb NPEACTABHTEAMH OGLIHPHOrQ Kpyra mpo-
GJsiem, BeCbMa MHOTHE H3 KOTOPHIX IIOKA HE DelleHbl.

105. CkoabKO KpYroB paauyca ! MOKHO NPHIOKHTD !)
K JaHHOMY eIMHHYHOMy Kpyry K Tak, 4To0sl

a) HHKaKHe /1Ba M3 ITHX KPYIOB HE IEPECeKaJIHCh;

©) HH OJHH W3 KPYroB He colepiKajy BHYTpH ceBd LEHTp

ApYroro;
B)* CKOJIbKO KPYroB paauyca | MOXKHO pacloNoKuTh

Ha IIJIOCKOCTH TaK, YToOBl BCe OHU MepeceKasad JaHHbIA eiu-
HUYHBIA Kpyr K, HO HH OJHH H3 HHX He COLepKaJ LeHTp
K unu neHTp Kakoro-nun6o eme H3 pacCMaTpHBaeMBIX Kpy-
I'oB?

3anaun 105a) — B) MOKHO HepeHeCTH M B CTEPEOMETPHIO, 3a1aBast
BONPOC O HAUGOAbUIEM BO3MOJNCHOM HUCAe eOUHUUHbIX Ulapo8, KOTOpblLe
MOOCHO APUAONUTL K pasnomy um scem wapy K ¢ rtem, urober aru
wapel He nepecexasuct Mmemcdy co6otl, COOTBETCTBEHHO UTOOBI HU 0OuM
u3 wapoe He codeprcar yenTpa Opyeoeo (cHopMymupyiiTe caMH CTepeo-
MerpuyecKuil BapHaHT 3ajaun 105 B)). DTH BOmpoch He KaXYTCs 0CO-
GeHHO TPYAHBLIMH; OCOGEHHO TPOCTO M ECTECTBEHHO 3BYYHT INEPBBIH 43
HHX, KOTODBI MOXHO BOCIDHHHMATb KakK BONPOC O Hauboaviuem ducae
Mmarepuanbuslx (CKaxeM, OHJIHAPIHBIX HJH KPHKETHBIX) apos, Koro-
pole MOXMCHO NPUAONCUTD K PABHOMY um 8cem wapy. VctopHio CooTaeT-
CcTByIOIUell 3ajduH, HEOXKHAAHHO OKa3aBluefics BecbMa TPYAHOH U B
TeyeHHe psifla CToJeTuR (!) He nojadaBaBuieficsi HHKAaKUM TIONBITKAM
pemnTh ee, BeayT o6bino orT 3uamenutoro Horamna Kenaepa [100],
yxasaBmero B [611 r. Takoe pacnoJsoKeHHe MaTepHaAbHLIX LIADOB B
NIPOCTPaHCTBE, NPH KOTOPOM KaxKIblil 1ap kacaeTcs Oeexadyaru cBOux
«cocesieit»., C IPYrofl CTOPOHBI, HECJIOXKHbBIC, XOTb H HECKOJBKO TPOMO3X-
KHe pacCyKIeHHs, 0asHpyIOIiHecs Ha HCIO/b30BaHHHM (DOPMYI H TeopeM
«reOMeTpPHH Ha MOBEPXHOCTH IWiapa» (cgepuueckol eeomerpuu) moxa-
3LIBAKOT, YTO K UIaPy HMKAK HeJ b3 s TPHIOKHTh H4eTbipHAC4ATL WU

1) Tlnockne (M pacnoJoXKeHHBIE, pasyMeercs, B OAHOM IJOCKOCTH)
$urypst F u Fi Ha3bIBAIOTCS - NPUAONCEHHOIMU APYT K APYTY, €CJIM QHH
He uMeloT OOWHX BHYTPEeHHHX TOYEK, HO HX TPaHHUB = cO-
npukacaiores (T. e. F u F; HMelOT XOTb OJAHY ofulylo TpaHHYHY IO

. TOUKy). ~ R . .
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Gosbule paBHHIX €MY Hemepecexalmomuxcs ' («MaTepHaJBHHIX>) LIAPOB
(3TH paccyxIeHusl NpHBejexbl, Hanpumep, B Kuure JI, ®efew
Tor [24]). -

TakuM ofpasom, MOCTaBJEHHBIA BONPOC CBOAHTCS K BBISICHEHHIO
TOTO, MOMHO AU npuaoKcuTe K wapy K rpunadyare pasnox emy
HenepecekarouXxca Wapos WA HeJb3fl, — H HMEHHO 3TOT BOTPOC, NOMY-
yuBWKA Ha3BaHHe npoG6GuaeMbl 13 wapoB, OKasaica BOBCE He IpO-
creiM, B 1694 r. mo TOMY mOBOAY Pa3BepHY.Jach AaxKe JOROJBHO OKHB- .
JeHHas TNOJEMHKA: H3BeCTHbll aHTAMACKHI ecTecTBOHCOLITATeNb TOro
ppemenn Hesun I'peropu c asaprom yreepxian, uro 13 mapos K
Wapy NPHJIOKHTH MOMKHO, a erosonmnoHeHT, resuasbHbii Mcaak Hbio-
TOH, HACTauBaJ, 4TO HeJb3fd, — HO [0Ka3aTh CBOIO NPABOTYy HH TOMY
i apyromy (za, u Helorony Ttoike!) ke yaagoce. IMo-Bupumomy, nepeoe
PCleHHE TMOCTABJEHHOTOQ BONPGCA — a HMEHHO JIOKa3aTeJdbCTBO NPABOTHI
Hpiotona — 6o pano aumbs- B 1874 r. (1. e. uepes 180 ser nocae
gickyccuu  Hetorow — I'peropn!)  nemenxum reomerpoM  Pynoavdom
IFonmme: 310 peulenne 6b0 onydamkoBano B cratee [101] apyroro
nemenxoro matematuka K. Beugepa. TIogom mo3sxke pemenne [onne
6Ll10 eme YCOBEPUIEHCTBOBAHO ero cootedectsenHukoM C. [woHTe-
powm [102]. Opnako BecbMa CJIOKHBIE H 3amyTaHHBIE PacCyKIeHHd
Fonne — lonTepa, HameuatanHble K TOMY K€ B MaJOH3EECTHOM # TPYI-
HOJOCTYIHOM JXYpHaJje, He MNpLHOOpeJH NONYJSIPHOCTH, H MHOTHe Cle-
LHAJNCTLl 1O 3THM BOMpocaM (HampuMep, OJAMH M3 NePBLIX aBTOPHTETOB
B paccMmaTtpuBaemoil obaactu JI. ®efiemr ToT) CKJICHHB CUHTATh, YTO
nepBoe YAOBJETBOPHTENbHOE pellcHHe 3anadd jamu B 1953 r. (uepes
259 gaer nocne auckyccnu HbloTon — I'peropul) Haluu COBPEMEHHHKH —
3HAMEHHTHIH TroajsaHicKHii anre6pauct bapreas Jleenbepr Bau fep
Bapnrneu u HeORHOKPATHO YNOMHHABIIMHCA B 3TOI KHHTE HEMELKHIY
aornk Kapa Hlwrre [103]. Heckonvko Gosee npoctoe (110 Bce euie
JIOCTATOYHO cJoxKuoe!) [0Ka3aTenbCTBO TOro Ke (bakTa HPeJJOKHA HE
Tak ZaBHO anrauiickuil reomerp won JInu [104]1).

106. KakoBo nHan6oJbliee YHCJIO KBaapaToB, CO CTOPO-
HOI 1, KOTOpble MOXKHO NPHJAOKHTb K AaHHOMY €AHHUUHOMY
kBaapary K Tak, yTobbl HHKaKie Ba M3 HHX He nepeceka-
JHCB?

Benrepckuii reomerp Jlacmo ®Pefiem Tort [106] npeanoxua B
naMAaTb 3HaMeHHTOl aHckycchn HploTon — I'peropn (nmpaBbiM B KOTO-
poit okasaacs sce e HbioToH!) Ha3bBATD HLIOTOHOBH M UHCJOM
(Beimyknioft) durypu F uauboaswiee wucaro n(F) pasnoix F dueyp, xo-
TOopble MOXMCHO npuaoxute K F rax, urobot wuxaxue 0se us Hux He
nepecekaaucy; Tak¥uM o00pa3oM, sagzauy 106 MoxHO cHOPMYJIHPOBATH
K4K BONDOC O HEBIOTOHOBOM WHeje Kgadpara. §ICHO, 9TO  HBIOTOHOBO
YHCJO «IOCTAaTOUHO BBITSHYTON® mJIOCKO# Gurypsl MOXKeT ObITh CKOJb
yroauo GoabmuM (puc. 48); NOITOMY HHKAKHX OLEHOK CBEPXY HbITO-

1) HOns k-MepHBIX eBKJHAOBHIX NPOCTPAHCTB, T'ie R == 3, cooTBeT-
CTBYIOIIAst 3a[ava elle He peillleHa; MO JIOBOAY UMeIOIIXCA PE3ynbTaTos
cM., Hanpumep, crarbio [105] H3BecTHOrO Kananckoro reomerpa Iaposbaa
Ckotra Magponanena Koxcere p a (mau KOKCTepa KaK Henpasmb-
HO NIPHHATO y Hac NHCATh).
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HOBBIX HHCEA B C € X MAOCKHX (GHIYD yKa3aTh Helb3d 1), H CMBICH HMEIOT

AMIUL 3aXaYH, CBA3aHHBIE ¢ ONpelesieHHeM HbIOTOHOBHIX HHCEJT KO H-
kpeTHH X ¢uryp. Tak, B 1965 r. yJauluMcs MaTeMaTHYECKOR IIKOJL
Ne 2 npn MockosckoM YyHHBepcHTeTe OBlIa MpeAsoXKeua 3ajzaya onpe-
HeNeHHA HLIOTOHOBA HHCIA Npaguabno2o Tpeyeoasruxka (cM. [109]) —u
9Ty 383a4y TOLAa JKe PEeliH0 HECKOJbKO HiKOJAbHMKOB, Tlozxe cxoluo#

Puc. 48.

samnaued OomnpeeJeH!ss HBIOTOHOBLIX YHCEH npasu/lebtx MHO20Y20AbHIL-

ko8 3aHuMavica BeHrepckuil reometp K. B é p € ik u [110], koropsiit omnpe-
e 9TH 4HCaa /s BCeX N-YrOJNBHHKOB, rae n 5= 5.

TpyaHocTh 3afaud ONpelEsEeHHs HbIOTOHOBLIX 4HCEN (BBHIMYKJBIX)
Guryp noBjekaa MONBITKH MOAH(PHKALHM H YIpOILeHMA 3TOH 3ajauu.

107. Uemy paBHO HauboJiblllee BO3MOXKHOE YHUC/IO Heme-
peceKkamIuXcsl OJHHAKOBBIX H MapasyieIbHO JXPYT ADPYTY
pacIooKeHHbIX

a) TPeYroJbHHKOB,

6) KBaZpatoB,

KOTOpble MOKHO NPHJOKHTL K PABHOH HM H HapasleibLHO
UM pacrnojoxeHnHoil ¢urype F?

1} Ouenka cum3y naerca HepaseHcTBom n{F) == 6, BoiTeKaOMHUM H3
paboret I, Xaasurepa [I07], 0 KoTopoit MBI ellle CKameM HHKe.
Ouenkn ubioToHOBa uKcna n(F) (mnockoh, sunykaol) ¢uryps F B 3a-
BHCHMOCTH OT €€ «CTeNeHH BHITSIHYTOCTH» (KOTOPYIO MOXKHO XapaKTepH-
3oBathb, Hanpumep, orwomenvem d(F):A(F), rae d(F)— nuamerp
burypst F, a A(F)— ee wapuna; cM, sbime, cTp. 69 1 92, B yacTHOCTH
puc. 32,6 u 46) Goum ganel JI, ®ehemem Tortom [108]
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3anaua 107 sBAfeTCS COBCEM HECJOKHON — JONOJHHTENBHOE Tpe-
GoBaHHE O TOM, uTOOBI MpUKJanbiBaeMble K F Hrypsl He TOJNLKO GBI
paBHB F, go Takke w napaajgeabHo F pacnoanoxens (T. e.
nosyyaauce u3 F He IPOM3BOJBHBIM Osudxceruem §, a ofs3aTejbHO na-
puatenbHbIM nepeHocom T -—cp. pHC. 49,a ¥ 6) CHABHO COKpamaeT Ko-
JIHYECTBO BO3MOMKHLIX BAPHAHTOB PACHOJOKEHHS (GHIYp H TeM BecbMa
ynpoutaer 3anauy. Jra moaudmurauns «3agaun Hptotona — I'peropu» 1)

b

&
Puc. 49.

EEJIeT CBOe Hayatao, Kak OyaATo, OT BHANOro lBeHllapckoro reoMerpa ['yro
Xansurepa [107]; mostoMy cooTseTcTBywinee unciao A(F) moxuo
6bl10 - 6 Ha3BaTh WHCHOM XalBHrepa (BuOykaol) durypsr F.
I'' Xansurep [107] nokasan, 4to 044 6Ce X NAOCKUX BbINYKAbLX )
gpueyp F '

6<Ch(F)<8

Ol NPeanooXuA Takke, uto h(F) = 8 TONbK O ANA napasresoepam-
Ma (UeThipbMs rogaMu no3xe 310 jokasaqan I. T'pémep [HIH] u
B. 'piou6aywm [112]). Hauboapmux ycnexos pobuiacs 3jgeck Bpanxo

) 3ameruM, BnpoueM, UTO NEepBOHAYAJBHYIO 3ajady of onpeneJe-
HHM YHCJAA KPYrOB WJAH 1IapoB, KOTOPbie MOXHO NPHJIOXKHTb K paB-
HOW HM BceM ¢urype F, MOXKHO paccMaTpuBaTb H KakK MOAM(HIHMPOBAH-
HYI0 YKa3aHHBIM 'o6pa30M npobJjeMy, NOCKOJbKY Ka kK bl # paBHbl
kpyry (mau mapy) K xpyr (max map) MOXKHO nofyuuTh u3 K napas-
JICIbHBIM TIEPEHOCOM.

?) Tlo ‘mosoay- 3amauu OlleHKH «uHCa Xansurepa» nast ne o6 -
3aTedbHO BHOYKJIBX naockux ¢uryp cm, K. Xaap6epr, E. Jle-
pul, ECrpayc[l13].”
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N

3
Fpon6aywm [112], yeranosusmmit, uto 948 npocrpancréennsix (@bl
nykavix) Teal) @

12 < A (D) < 26,

npryeM ofa Kpalinux 3HaueHusa jocruraiorcsa: A(®) = 12, nanpumep,
nast Terpasdpa (TpeyroipHofi mupamnan) @, a h(®) = 26 pas napaa-
aeaenuneda (W ToaAbKO jias napasietenumneaa). B. [pouaym ycra-
HOBHJ TaKXe, UTO JJs HPOCTPAHCTBEHHBIX BBINYK/ALIX Tex @ uucap Xan-
Burepa h((M) MoxKeT HMETb BCe H4eTHble 3HAUeHHs B mpenesax
12 << h(D) << 26 (COOTBETCTBYIOILME ApPHMEPBl  CTPOSITCS  JOBOJILIIO
NPOCTO, — KakK?) u Npeanosjoxuda, 4to A{®D) MoxKeT HmeTh TOJBKO Y€ T-
Hble 3HaueHHs (NocClefHee NMOKa elile, KaK OYy/ATO, He [0Ka3aHo).

108. Ilycre npanm xpyr K panuyca 1 u xpyru K;, K,

Ks, ..., menpunie kpyra K. Jokaxkute, uro
a) HauWMeHbiuee 4HCIO KpyroB K;, Ko ..., KOTOPBIMH
MOKHO TIOKpHITh KpyT K, BCerpa == 3;
/3
6) ecau panmycht Kpyros K;, Ko ... MeHbiue ]2 , To

31O uHCcao Gyner >4, B
)
B) ecium paguycnl KpyroB K, Kj ... menbuie %— T0

3TO 4HCJO == b.

MosKHO M yJAyYUINTb OLEHKY 3ajxau a)—B)?

109. Hoxaxkute, 4TO HaWMeHbllee YHUCIO OJMHAKOBBLIX
kpyroB K;, Kg, Ki, ..., KOTOpHIMH MOYKHO TOKPBITh KPYT
K BnBoe Goabliero paauyca, paBHO 7.

371ech Mbl CHOBA CTaJKHBaAeMCs ¢ THNHYHBIMH IS HacTodmled KHH-
'H MHHHMAKCIBIMHM [OCTANOBKaMH 3anau. 3apauu 108, 109 moxHO no-
HUMaTh KaK 3afaud o «HanGojee 3SKOHOMHBIX» IIOKPBITHAX IaHHOTO
(ckaxkeMm, enmpHutioro) xpyra K PpaBHBIMH KpYramu, rje HpHJIarareb-
HOMY «3KOHOMHBIfI» CjlefyeT NpHIaBaTh CJACLYIOUHI TOUHBIA cMblca. Mol
paccMaTpHBaeM BCEeBO3MOXHBI e HOKpHTHA $n Kpyra K 3anan-
HBIM YHCJAOM 4 (BoOOLIe roBOps, MeHbwHX) KpyroB Ki, K, ... paany-
coB Ry, Rz, ... M KaXj0e TaKoe NOKDHITHE XapakTepH3yeM M a kK cC M-
MaJbHhBbl M PARHYCOM

R(Pn)=maxR;, rpe i=1,23 ... umn,
i

HCIOJb30BAHHBIX B HeM KpYrosn. I[a.nee Mbl HIIEM TO H3 paccMmartpHpae-
MBIX HOKprTl/lI"'l .@n, KOTOpOMY OTBedYaeT HaHMEHbIIEE BO3MOXKHOE
-

) HNas k-mepnpix (Buinykawix) 1ea F T. Xansurep {107] nony-
unn onenky h(F) <<3*—1; B. Tprou6aywm [112] ycrasosun, uTo
» stoM cayudae k%4 k =<Ch(F) << 3*—1, rae o6a KpalHHX 3HaAYCHHsH
- BOCTUTaloTCA,
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" sHaueHne )
R(ny=minR(P,)=minmax R, i=12 ..., n
: P, £, i

n .
g’n={K!» Kz, LKD) Kn)

@paauyca Kpyros NOKPHTHS» R(Pa).

M3 camoro cMmwuicia Bequyun R(n) caenyer, uro R(1) =1 (uano-
MHHAeM, YTO paauyc Kpyra K Mbl npuHHMaeM 3a eIHHHNY Auuun), M3
pesyanbrata 3agaud 108 2) Buitekaer, uto Takke # R(2)=1(=R(l)).
Hanee, sennuunw R(3) u R(4) onpeneasitorcss pesyabrataMd 3afad

108 6) u B):
R(3)=—V2—§—(z0,866) u R(4)=12—.2_

na puc. 50,a u 6 u306paxeHm cHCTeMB n kpyros (rae n=3 u 4),
OTBEYalOUIHe ITHM 3HAUEHHSM PaJHYCOB «KPYroB NOKPHITHA». HauGosee
SKOHOMHOE IIOKpHITHE KpPYyra MHATLI0 DABHBIMH KDYraMp oOnpeiejun B
1915 r. aurguiickuii mMateMatik . HeBuuasp [114]; ono uszobpaxeno
Ha puc. 50, 8, H eMy OTBeuaer 3HaueHHe

R (5) ~ 0,600.

HeopasoxpatHo ynomudaBuinfica B 5Tof KHHre B, prou6aywm (uacr-
HOe cooOlLleHHe) NpeAnosaraer, uTo «HanGosee 3KOHOMHBIM» MOKDPBITHEM
kpyra K wecrero (paBHBIMHM) KpyraMu fBJsieTcs TO, KOTopoe H306pa-
XKeHO Ha puc. 50, e; ecam 3To mpeanosoxesue (gokasaTb Kortopoe Ipiou-
Gaymy NOKa He y&ajoch) BEpHO, TO

R (6) ~ 0,557.

Haxowuen, u3 pemenus 3azaun 109 suTexaer, uro
1
R(7) = (=05)

(puc. 50, 0). Oanako Kakoii xapakTep HMeer ofmast 3aBUCUMOCTb WHC-
aa R(n) or nomepa #? Kak BHYHCIATH (TOUHO WJH NPHOIMKEHHO)
BeAHunHbl R(n) mpu n > 7; demy paBHo, manpumep, uyucio R(8)? Kak
OmHCaTb MHOMECTBO TAKHX HOMepOB 7, UTO

R(n)=R(n+1);

KakHe emle HaTypajbHHE YHCI3, Kpome n = 1, BXOAAT B 3TO MHONKe-
¢tB0 (# ecTh Ju Takue vuucaa)? Kax ounenurts Beyuunuy R(n), ecan
HOMEp f CPaBHHTeJbHO BesHMK? Ha Bce 3TH BONDDPOCH, KpoMe, MOXKanyi,
nocaefHero 1), Mbl HOKa OTBeTa HE HMeeM.

(=~ 0,707);

1) Hekotopyio uuboOpMauHio, OTHOCAIMYIOCH K 3TOMY MNOCHeIHEMY
BONpPOCY, BIYMUYHMBHIH UHTaTejb CyMeeT H3Baeub u3 ra. III kHurd
JI. Dettema Tora [24] unu u3 Beeneuns x xuure K. A, Poaxep-
ca [25]; Tak, manpumep, H3 H3JIOMKEHHBIX B THX KHHTAX pPe3yJbTaToB
BbITEKaeT, 4TO

YVan 1 { Vo 1 1,1 )
R ~ ry = | =% —— P %——:-_—+P ,
() %3 Vn ( Var Vn P Va (")

rie «oCTaToyHblii wieH» P(n) HMeeT «GoJee BHICOKHI NOPAAOK MAaJOCTH

weM V__» B TOM CMHICHe, 4To mpeden orHowenus P(n): V_'_ CTpe-
r - Vn ‘
mutcs K O npu 1 — oo,

’ /
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IpoGaematnka chaegyoulefl 3agaun  SBJASETCT B ONpeIe]eHHOM
cMblcae «IBOHCTBEIHOf» MOCTAHOBKE BONPOCA, XAPAKTEPHOH Mt 3amad
108, 109.

110. lan xpyr K pamuyca 1 u Kpyru ki, kg, ks, ... pa-
JMYCOB 71, 3, I3, ..., MeHbwHe Kpyra K. Jlokaxure, uto

I .

a) ecam BCe pammycel r;> - (3mece i=1,2,3,...),
TO B Kpyr K HeJAb3s 3aKJI0YHTL ABYX KPYTroB R; Tax, utTo6si
OHH He Tepecekasich Mex a1y coloii;

6) ecau BCe r; > 2 V3 — 3, 10 B K Heab3sl 3aKJAIOUYHTb
TPeX Kpyros R; Tak, yToObl HHKakue ABa M3 HHX He Iepece-
Ka/JqHCh Mexnay cobof,
npuueM jajee YAYULIMTb OLEHKH 3ajpad a), 6) Heasss: B K
MOYKHO 3aK/JTIOUHUThL [Ba Helepecekaloluxcsd Kpyra pajauyca
1/2, cOOTBETCTBEHHO TPH Kpyra panmyca 2 \/3 — 3.

B sToft 3ajave HILyTCA BCEBO3MOKUBlE 3anoaHenus Pn kpyra K
HEMEPECEKAIOIIUMHCS KPYraMu Ry, Ra, ..., kn MeHbIIEro paniyca; npu
3TOM HAC HHTEPECYET «HaHGOJNee IKOHOMHOE» 3amoJieHHe Kpyra K kpy-
ramu ki, ks, ..., kn, T. e. samonmenne K xpyramu paguyca r{n), rie

r(n)=maxminr, i=1 2 ... uun .9’,1:{/61, ko «ovy By}
oy’ll i -

HanGosee 3KoHOMUBIE B 3TOM CMblcae 3anoqneuns K dsyma, Tpems,
GOTOLpOMSA, NATHLIO W CeMbIO KpyraMmH mnsobpamensl Ha puc. 51, a—J,
13 koropulx (u H3 perlenus 3agaun 110, cBasannofl ¢ HEPBHIMH ABYMA
H3 3TUX PUCYHKOB) MOIKHO YCMOTpeTh, 4TO:

r(1)=1 (310 ouesnauo!);

r(2)-————;—=0,5;

r(3)=2V13 — 3 (=~ 0,464);

r(4)=)2 —1(=~0414);
V5

V5 +Vi0 +2vV35

r(6)=r(7)=%~(z 0,333)

r(5) = (=~ 0,370);

(cMoxeTe BBl caM¥ 3TO f0KazaTv?) 1),

1) Kondurypanuio, o6pasoBaHHyi0 # ONHHAKOBLIMH KpyraMH, «HaH-
Gosiee  SKOHOMHO»  3aNOJHSIOUIMMH  GOJIBLIME  KPYT, JIErKO HOJYYHThb
«3KCIEPHMENTAIbHO» — JOCTATOYHO PACCMOTPETb, KaK pacnonoxarca f
OIMHAKOBHIX KPYrJIMX KapaHamell, TYro CTAHYTHIX BEDEBKOH HJAM Desu-
nwosoit jentol (cp. C. Kpasutn [115], roe ykasaHuer camble SKOHOM-
Hble 3amOJIHeHHS KDyra n paBHBIMM Kpyramu npu 2 << [9; oM. Takxke
[clslﬂéaﬂuylo ¢ paccMatpupaeMoll 3jech Tematnkofi crateio K. Llana

1.

~108
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C BeauyHeaMH r(n) CBA3aHB IOYTH T€ XK€ BONPOCH, YTO H ¢ Be-
suuuHamu R(n) 1); Tak, HampHMep, HECKOJbLKO HEOXHIAHHOE PABEHCTEO
r(6) = r(7) HenaeT cofepxkKaTe/]bHOH 3aJauyy OINHCAHHA MHOMKECTBA Ta-
KHX 3HaueHuil n, Jad KoTopuix r(n) ==r(n-4-1).

PasyMeeTcst, OTHocAllMecs K KpyraM 3agaun 108—110 moxHo ne-
PEHOCHTL W Ha LIAPbl 8 MPOCTPAHCTSE 2); KPOME TOTO, MOXKHO BHIO-
H3MEHATh U [LIAHUMETPHYECKHe UX BapHAHTLI, 3aMeHAs KPYIH KaKUMHU-
g6o xpyrumu durypamu. Ilpd 5TOM 37ech BO3MOXKHBI Da3Hble MOCTa-
HOBKH «BHIOH3MEHEHHOH» 3ajayH, NOCKOAbKY MOXHO 3aMeHUTb (HrY-
paMH uHofl GOPMBI KAK «OCHOBHOMN» Kpyr K, Tak u mokpeBawomue K
‘H(nn samoauswomue K) Kpyrn (BMECTO KOTOPBIX B 3TOM CJyyae ecre-
CTBEHHO paccMaTpuBaTh GHCYpH, HMewlIe Ty Xe GOpMY, UTO H
«ocHoBnas ¢urypa» K) HAM paccMaTpPHBATH BOOPOC O NOKPHITHH HJIH
3aM0/MHeHUH OTIAHUHOA OT Kpyra Qurypwl F sxpyeamu. Tlpu stoM B cay-
Hae, ckaxeM, noxpoitua urypsl F menpwumn F u noxoGusivu F du-

rypamu fi, fo, fa, ... Mbl (B COOTBETCTBHH €O CKasaHHbIM Ha crp. 104
B CBA3M ¢ 3ajaYaMH O <«NpHKJAABIBaHHH» (DUIYP) MOKeM CUHTATH
§i, f2o ... TONBKO TmoOAOGHBIMU F (mONyYaeMbIMH U3 F IpOH3-

1) Tak peayaotatet ri. III xuurs [24] (cM. Takke Bsepenue K
guure [25]) 1O3BOMKIOT  3aKMIOYUTH, -4TO CHPaBelLJHBA CJEAYIOM AN
«acHMITOTHYECKAsT» (T, e, MO3BOJAIOIAs OUEHHTb BeJHYHHY r(n) mpH
Goabimom 1) dopmyna:

Vo 1 [ Va 1 0,95

r(n)=~ — | = —+p(n) =~ —=+p (1)},
‘/4-—15 Vn )}1_2- Vn Va
rae p(n) umeer GoJjiee BBICOKHA MOPSAOK MAJIOCTH ueM -V—l_— (cp. co
n

cHoCcKo#l Ha cTp. 106).

2) Ecau oGo3HaunTh GHIYDUDYIOUIHE B CTepeOMETPUHECKiX BapuaH-
TaxX 3a4a4Yd O MOKPBLITHH KDyra n MeHbIIUMH KPYramMH H O 3anoJHeHHH
Kpyra # Kpyramu BeJHYHHB! uyeped Rs(n) u rz(n) (rae Huperc 3 cuuay
060o3Ha4aeT, 4TO 34eCh 3TH BeJHUHHB ABJIAIOTCA PaAMYCaMH TpexMep-
HBIX wiaposd), To u3 cooduaemsix B 1. VII kuuru [24] m Bo Bpegennn
K kuure [25] pesyabraroB (KOTOpble, BHJIHMO, BepHBI, XOTS HX NOKa
HHKOMY He YIaloch J0Ka3aTh!) CACAYOT «aCHMNTOTHYRCKHE» (BopMyJIH

—_— 83—
Rs(n)=V5 V= _3_1___+ e

o VT Vi Vit

Ly
7 1 0,84
V T ey
H

V3 Vn V

=z

ry(n) =

B KOTOPLIX TOYKAMH 00O03HAYEeHBI WIeHBI, MMeEIOllHe G60/iee BLICOKHH IO~

1
Ve

PALOK MaJIOCTH YeM
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BOJLHLIM npeobpascsanuem nodobus & puc. 52,a) umw nopo6unimu F
HmapansaeibHO F pacnoJOXeHHH MU (nogysaemMbiMy u3 F
eomoreTuel y; puc, 52, 6),

&

»

Puc. 52,

TlepBHIT M3 BONPuLCOD, BO3HUKAIOMIKHX B CBA3H C 3aJaYaMH NOKpbls
Tun (naockoin!) burypel F NOXOOHLIMH efl H MAPaJJA€eJbHO Pace
MOJOXEHHB MU (QUrypaMH, OKashiBaeTcs He CJHUIKOM CJAOKHBIM,

111. JoxaxuTe, 4TO KaxAblH OTIMYHBIH OT MapaJJiesno-
rpaMMa BBIIYKJABIH MHOrOYTONBHHK M MOXKHO 3&K/JIIUYHTD
B TpeyronbHuk T, nosnyges-
HbI HPONOJKEHHEM TPEX CTO-
pou M (puc. 53).

- 112%, JloKaxKuTe, 4TO Kax-
AL OTJIMYHBIH OT mapasnaeno-
rpaMMa  MHOTOYroJbHHK M
MOXKHO [OKPHITH TpeMs Mo-
no6ueiMe M 1 nmapannenibHO
M pacnojsoXeHHbHMH MHOTO-
VIrOJbHUKAMH (HO HeJb3st MO-
KPBITh ABYMSI TaKUMH MHOTO-
yroapHuKaMul); mias mnapad-
JejorpaMMa Ke P HauMmeHb-
mee YHCJAO MeHbWIHX P # mapaniensHo P pacroJioXeHHBIX
napanjeiorpaMMOB, KOTODBIMH MOMHO MOKPHTb P, pas-
HAIETCS YeThIpeM.

Pesyabrar 3agaun 112 (BepHBIfi He TO/bKO AJ% MHOTOYTOJbHHKOB,
HO B AJA TIPOM3BOJILHBIX NAOCKUX SLINYKAbLX ueyp) TOTYYH] HaspaHue
Teopems [oxGepra—Mapkyca (cm. [117]; B HeckosbKO HHOM
(opme TOT Ke pe3y/bTaT NONYunaA Hemeuxui reomeTp @. JIesu [118]).
BeccriopHblit  MHTepec  NpeiCTaBJSET  CTepeOoMeTpudecKud  BapHaHT

H1



reopemsl [oxGepra — Mapkyca, roe MOXHO OXHAATh, UTO HaHMeHblllee
Bo3MoxkHoe uucao g(®) uryp, MeHpUIMX AAHHOR NIPOCTPAHCTBEHHOH
BHINYKJOA ¢urypel @ (HanpuMep, BBHIIYKJIOTO MHOTOTPAHHHKA), NMOA0G6-
#plx @ w nmapannenbHo @ pacno/oXKeHHBIX, KOTOPBIMH MOXKHO [OJ-
HOCTbIO NOKpHTh @, aas pasublx uryp (pasHBIX MHOTOTDAHHHMKOB)
KoseGneTca Mexay 4 (OHO PaBHO YeTHIpeM JJISl TPEYTrOJbHON NHPaMHAL —
rerpasdpa) u 8 (OHO paBHO BOCBMH [Jjs napasiefenunedo — ¥, BUIH-
MO, TONbKO Aas Hero). OZHAKO 9Ta CKOpPee BCErO CHPABEANUBAA Teo-
pema, BrepBble cdopMmynupoBaknas, xak Oyaro, eme B 1957 1.
I'' Xangsurepowm [119], no cux mop HiikeM He jAoKasaHa (mo 3ToMy
noBoAy cM., Hanpumep, Kuury B, I boaTtsuckoro u U L. Tox-
6epra[l7]) 1).

Uro ke KacaeTcsi 3ajgaud MOKPHITHA MJOcKOfl urypel (ckaxew,
BBINYKJOTO MHOTOYroJbH#Ka) F MewpwinMu F u mogoGueiMu F, HO ne
0053aTeNIbHO TNapajjies]bHo F  pacnonoeHHBIMH (HrypaMd, TO 3/eCh
NpoCTO peulaeTcs caeaylomas 3ajfaua,

113. JokaxKuTe, YTo Ka:KALIH MJIOCKHH BBIOYKJILIA MHO-
royroJbHuk M MomKeT ObiTb MOKPBIT TpeMs MeHbliumu M
U n1ono6HbpiMH M MHOTOYTOJbHHKaMH.

OaHaxko HCUEPNBIBAIOILETO OTBETA HA BOMPOC O MHHHMAJbLHOM YHC-
e nopobublx M u menbwux M Guryp, KOTOPHIMH MOXKHO MOJTHOCTGLIO
noxpuTh M, Teopema 3agauu 113 we HaeT: SCHO JHIIb, YTO 9TO YHCIAO
paBHO O8YM U AU TPeMm, HO HEJb3d CKA3aTb, AAA KAKUX MHOTOYTOJbHH-
KOB OHO paBHO [BYM, a IJsi Kakux rtpeM. [losnHOe ommcanne KJjacca
BLINYKJLIX MHOTOYTOJBHHKOB (dsH, 06liée, MJOCKHX BBUIYKJIBIX GHryp),
fI9 KOTOPBIX 3TO YHCJO PaBlio, CKameM, J8yM, 1aTb, BHIHMO, COBCEM
He NPOCTO, XOTS MOXHO, HAIpUMep, AOKa3aTh, UTO HAUMEHbLUILE HUCAO

TpeyzoabHUKA
MEHBLUIUX pey M u nodobroix M MHOE20y20AbHUKOB, KOTO-
RPAMOYSOABHUKA

POLMIL MOJCHO NOAHOCTbIO nokpotTe M, pasno 3, ecau M ecto npasuae-

. TPeyaoabrux,
HbLil u pasHo 2 @nporusHom caydae (cM., nanpumep,
NPAMOY20NbHUK,

[20]; pasymeetcst, «mpaBUJbHBII NPAMOYTOJBHHK» — 3TO K8adpar),
$lcwo, 4To npuBelmlan K NOCTAHOBKE NOCJEAHHX 3a4ay MoIHuka-
uus «npodaeM O TOKPHITHH (GHUrYP», CBOAAINANCT K 3aMEHE «OCHOBHO[O»
kpyra K npoussosbuoil (Bwimykjoi) turypoit F, momyckaer u sapuad-
Tl (MJH TouHee — 0600HIeHNs), CBA3AHHBIE C OTPAHHYEHHEM P a3-
MepoB nokpuBaomux F ¢uryp. Tak, Hampumep, HMeeT CMbICH 3a-
Laua ONpeleNeHHs TAKoz0 HaumerHovu ez o uucsa g = gk, F), uro
sadannyro ¢ueypy F moxcno noxpeite g pueypamu fi, fo, ..., fq, no-
dobnotmu F ¢ rkoagppuyuentom nodobus =< k u napasseasvno F pac-
noaoscennbimy (T. €. TOMOTETHUYHB MR F); MOXKHO Takke B [o-
crefHell 3ajgaue OTOPOCHTbL TpeGoBaHHe fTapaJjiesbHOr0 F pacho/noxkents
¢uryp fi, f2, ..., COXpaHHB JAMIIL Tpe(OBaHHe MX MO A OO H A HCXOA-
Holl urype F H (3anaBaemoe BLIOpaHHBIM YHC/AOM k) OrpaHHUeHHe HX

1) B camoe nocnemiee Bpems kuummuesckuit Matemaruk I1. C. Co ai-
Tan [120] nokasan, ytro cHOpPMYJTHPOBAHHOE MpeNJIOXKeHHe BepHO AMA
OJIHOr0 YaCTHOrO KJAacca LEHTPaJbHO -CHMMETPHYHBIX BBIIYKJBIX MHOFO-
TPAaHHHKOB, — TO [IOKAa SIBJAECTCH -CaMbIM CHJIBHBIM pesy.nb'rarom B nag-
HOM HalpaBJIeHHH.
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pasmepoB '). Buauskas K copMynHpOBauHOM BHILE, HO BCE Ke HE CO-
BceM 3KBHBAJIEHTHAsi €Hl 3agaua HOJIYUHTCH, €C/AM MBI, HAIpOTHB, 3ada-
Oum 3apanee 3uadenue 4ducia g nokpolsaouux F (1 nonobubix F Had

nofo6ubix F u napaaneasHo F pacnosoxenuwix) ¢ueyp fi, fa ..., [e
a uckare Gydem Hauboabulee B803MONCHOE 3HAueHue R, Takoe, 4TO
Kos(guyuenror nodobus fy w F, f» u F, ..., f¢ u F moeyr G6uiro ace

He Ooavuie k. HakoHeu, B omnpe/e/eHHOM CMBICJAe <IABOHCTBEHHBIMH»
copMy HPOBAHHLIM ABJAAIOTCH 3ajayd O 3anoJJHeHHH F nemepe-
cekaromuMucs (nogoGHelMH F, HAu roMoTteTHUHBIME F) ¢urypamu [y,

fe, ..., TpHUEM 37eCh MOMKHO TOCTABHTB, CKaXKeM, 3alauy onpedesexus
TaK020 HAUbOAbuie20 803MOMHO20 Hucaa e = e(k, F), uto 8 F
nomecrarca e Henepecekarowuxca Gueyp fi, fo ..., fo, wadOan u3

Koropoix nodobua (uau comoreruuna) F ¢ koagpuyuentor nodobus,
He MeHnowium 3a0aHH020 3apanee uucaa k?). OpHako Bce TaKHe 3a-
faud (MX YACTHBIMH ciaydyaamu asasiorea sagaud 108—110), soofute
TOBODS, MOBOJBHO CJOXKHB, H MBl [OKa
objajaeM MO HX INOBOAY BecbMa CKpOM-
Holl mudopmaumesr (cp. [20]).

Bot, Hakomen, eme ojaHa 3ajavda o
TNOKPLITHH (PHTYP.

114*. KakoBo Haumenbliee 4uc-
JIO NOJOC INHPUHBI 1, KOTOPBIMH
MOYKHO IOJHOCTBIO TOKPHITb KpPYT
paauyca R {puc. 54)?

3amaua 114 cocraBisieT YacTHBIN CJIY-
yall caefywoomeli Goaee oGweill «npobaembt
IolleyeK», KOTOPYIO mnocrasua B 1932 r.
u3BecTHLI nosbckuit Matematnk A. Tap- Puc. 54
CKH ! KAKOBO HaumeHbliee HUCAO NOAOC B
wiupunol b («IOIEYEK»), KOTOPBIMU MONC-
HO NOKPLITG NPOU3BOAbHYIO NAOCKYr0 @ueypy F (<<;my>>) JlioGonbiTHO
OTMETHTb, YTO NpofJeMa 3Ta oKazajach ROCTaTOUNO TPYAHOH, H B Tede-
HUe MHOTHX JeT ee PellleHne OLIIO0 M3BECTHO TOJALKO AJA CIyudas KpyrJod
«<AMBI» (T. €. AJ9 CIydas, KOTOPHIH COCTaBAfieT copep:KaHue s3anadu 114);
Jaxe AAA Caydas, CKa)keM, TPEeyTOJbHOH «siMbl» He ObIJIO H3BECTHO HH-
KaKHX IOAXOROB K ee peuteniio. «IIpoGaemy jfouleuer» BuepBble PEUIT
B 1950 r. mononoit patckmit matematuk T. Banr [119]; snocaeacTBuu
3TO pellleBHe HECKOJbKO pas ynpoirajnoce u oGobwajocs (cm. [120],
a takxe nugopmanmio [121] o pabGorax [119], [120]).

Ofpamasch Tenepb K 3ajauaM O MOKPHITHH (6osee HJIH MeHee mpo-
uspoabHoi) urypel F xpyeamu pammyca | wau uHOro (HDUKCHPOBAH-
HOTO pajuyca # O 3anoanenun F Kpyeamu, Myl HauHeM CO CjAenyooulelt
HECJIOXHOH 3ajaud, NpuUMBIKamomlel K npobjemMaTdKe MPeAblAyLero
LHKJAa 3a71a4.

1) PasymeeTcs], 3leCh HMeeT cMBICA CYHTATh, yTo 0 << £ <C 1: jnerxo
pouaTb, uto g(k, F) = 1 npu Beex £ =1 (u Beex F).

2) U agech -mHTEpeC mnpeicTaBaseT omnpexpesenne sennuuu ek, F)
qumb npu 0 < k << 1: ouesugno, uto e(l,F) =1 n e(k F) =0 npH
Beex k > 1 (u Bcex durypax F).
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115. Kakue 3naueHMS MOMKeET UMETh HauMeHbIuee BO3<
MOXKHOE 4HCI0 KPYTroB AHMaMeTpa |, KOTOPBIMH MOXKHO NOJ-
HOCTBIO NOKPHITh

a) TpeyrodbHHK;
6)* BHIMYKJbLIH MHOrOyroJbHHK
IuaMerpa 1?

3mecy TOXE BO3HHKaeT cojepxkartelbpHad 3ajada s(pdekTHBHOTO
onucauyus Tex ¢uryp (se 00513aT€NBHO MHOTOYTOJBHAKOB), MJS KOTO-
pHIX paccMaTpHBaemce B 3ajaue 115 wHCJIO0 MMEST TO MJAH HHOE XK O H-
KpeTHOe 3nayenHe; 3Ta 3ajgava JErkQ peInaeTCsi A TPEYTOJbHHUKOB
(cm. pemenue 3anaun 115 a)), HO A NPOH3BOJBLHEIX TJIOCKHX GUIYD
(M jame Ansi UPOH3BOJBHBIX BHIIYKJIBIX MHOTOYrOJILHHKOB) OHA, BH-
AHMO, BOBce He npocta. [o nosoay nepenecenus pesyabTaTos sapauu 115
B reOMeTpHiO B NPOCTPaHCTBE (MM Jae B k-Mepuylo TEOMETPHIO) CM.,
nanpumep, [20].

Hakounen, saMeTuM, uTO, cKa)eM, 3ajlau€ O IOKPHITHH (BEINYKJOI)
durypsl F HalMeHBIIMM BO3MOXKHBIM WYHCJAOM KpyroB paamyca R n
«/IBOHUCTBEHHON» efi 3afaue © nomemlenHn B F HauGoJbllero BO3MOXK-
HOrO UYHCJA HeNepecekalolinxcs KPYroB paianyca 7 MOXKHO RPHIATh
GopMy BOmpoces O HauGoJee «PauMOHANBHOM» C ONpeleNeHHOH TOuKH
3PeHHsl pasMeulen#H BHYTPH F KOHEUHON CHCTEMBI T O 4 €K — UEeHTPOB
3TUX KpyroB. IIpn sToM, ecim cuuTaThb YHCJIO KPYroB 3aJaHHMIM, a TIOA-
Jexalel ONpelefentio, HANPOTHB, BO3MOXKHYIO BeIHUHHY pPafHYCOB
3THX KPYrOB, TO B 3ajmaye o nokpuTuu o6nactu F kpyramu Ky, Ks, ...
ee.y Kn ¢ nentpamu Qi, Q2 ..., @» u panuycamm << R (puc. 55,q)

Puc. 55.

pacnonoxenne Touek @1, Qz, ..., Qn ZOMmKHO GLITL Tak#M, YTOGHI Ka-
#daqd Touka obaactu F 6oira ydasena ne 60aee wenm na R xoTe or
O0OROU H3 3THX TOHEK; APYTHMH CJAOBAMH, HINETCS BeJaH4HHA

R(n)=minmaxmin AQ;, rze i=1, 2, ..., n
P, A i .
AEF; ¢n={Q1, QQ: “eey Ql’l}

(TaK Kak 5TO YHCJAO CYLIECTBEHHO 3aBHCHT 0T BhGopa obractu F, To
Gosee mpaBuabHO 6bLIO GH MHcaTh 3mech R(n, F)). Auanorsuno stomy
B 3ajaue o 3anoanenuu obnactn F xkpyramm ki, k2, ..., Ry © ueutpa-
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MH @y, G2, vv¢y §n ¥ paauycamu B=r (puc. 55,6) uam Tpebyercs,
49TOGbl paccTOAHUEe MOy Kaw ObiMu 8 Yy MA u3 To4eK i, Gz, ...
ciw Gn ObLA0 He mMenbuw e 2r = d, T. e, 3[eCb HIIETCA BEJTHUUHA

d(n)=maxmin Q;Q;, rae i, j=1,2, ... 1
EEN

gjﬂ={er QQ» ey Qn}; Bce QiEF-

JI. ®etiem Tort BO Bropom H3jgamum xuurd [24] Qopmymupyer
3TH 3alayd KaK 3anauy of £ CBA3aHHBIX COIO30M JHKTaToOpax, pesH-
JEeHUHH KOTOPHIX HaJ0 TaK pacHoOJIOKMTb B NOJABAACTHOH HM 06/acTi
F, uT0GBI HX KOHTPOJAb Hal F 6bIT BO3MOMKHO 60Jee NOJHBIM, T. €. YTO-
Ot HaubGOMbIIE e H3 PACCTOSIHHE OT TOUKHM o0aactd F o 6auKai-
1efi pPe3uJeHUHH OblI0 BO3MOXHO MEHBLILIHM, H 3a%a4y o0 n Bpa-
MAYIOINMX  JAHKTaTOpax, HaHMeHbINee H3 pacCTOABHE MeXAy
pe3u/ieHUHAMH KOTOPHIX KeJaTesnbHO, HA0OOPOT, caeaaTb BO3 MO K HO
6o0nbuUlHM;, B MaTeMaTHYeCKOH JHTepaType BTOpad H3 ITHX 3amad
MOTYYH/IA TaKKe BHIPA3HTeJbHbBlE HA3BaHHS «3ajayd O BPAKAYIOUIHX
6paTbax», HIH «3agayd o6 n MHzauTpomax». Hapsiay c 3THM nepByio H3
NOCTABJCHHBIX 3ajay BIOJHE MOXKHO NPENCTaBAATb cefe Kak BOUpPOC
o nau0oJice DAalMOHANBHOM paclpeleseHHH Ha mnjaowlafu F, ckaxew, n
KHOCKOB C MODOMEHBIM, Tje €CTeCTBeHHO CTPEMHTBCH K TOMY, UTOGHI
Hauboplilee DACCTOSIHHE OT TOYKHM HJOWEIH A0 OaukKalillero KHOcKa
OblIO BO3MOXKHO MeHbille (cp. HMKe 3apnauy 117), a BTOpyIO 3anauy, —
HANpHMep, KaK BOMNPOC O palHOHAJbHOR NOCaiKe [epeBbeB B caiy F,
rfge yMmecTHO A00HBaTbCsA, 4YTOOBI HAUMEHbIiee H3 pacCTOAHIN Mexay
KOPHSIMH [epeBbeB ObIAO BO3MOMKHO GOJBIIHM. YKaxeM elle, 4TO COOT-
BETCTBYIOIIHE 3aJayd eCTECTBEHHO IMEPEHOCSATCA B CTEPEOMETPHIO HJIH,
cKakeM, Ha NoBepxHocTb cdepbl (cp, nuxe 3axauy 120; JI. @edem
Tor {24], dopmyanpys 3TH 3azauy, NpPeANoaaraer, 4TO <«AHKTATOPbHI»
HBYT Ha apoo6pasHoil MiaHeTe, KOTOPAs NOJHOCTBIO HM NOLBJIACTHA).

EcrtecTBenno, 4to TOCTAHOBKH COOTBETCTBYIOUIMX 32la4 MOMKHO
TaK¥ke «BLIBEPHYTb HAH3HAHKY», CUHTAs, HAMPOTHB, 3aJaHHLIMH BeJH-
yngbl R, COOTBETCTBEHHO 7, & OTHICKHBAA HAUB O bULEe BO3MOXHOE
uucao n = n(r, F) nenepecexaroujuxca Kkpyeos paduyca Z=r, KOTOpbLE
MONMCHO pABMECTUTL 8 3a0annol ob6aacTu F, COOTBETCTBEHHO H A U M € H b-
wee goamoscnoe ducao v = v(R, F) kpyzos paduyca << R, Kotopoimu
MONCHO PROAHOCTHIO NOKpeiTe ueypy F (cm. Te ke puc. 55,a4,6 mHa
crp. 114). MMeioT cMBICST H HEKOTOPble «KOMOHHHpOBaHIHbIE» 3ajauM, B
KOTOPBIX Yd4acTBYIOT cpa3y o6Ga 4yHcaa 7 B vV H TpeOyeTCs YCTaHOBHTH
CBA3b MeXJY HHMH; B KauecTBe NpHMepa 3JeCb MOXKHO Ha3BaTh, CKa-
xeM, npHHafaexkamyo Tomy xe JI Pefiemy Tory (em. § 4 ra. 111
kuuru [24]) Teopemy, coriacHo Xotopoit 04s awboeo wUCAQ @ U KAXK-
Bodi otauunoli or kpyea K paduyca a gueypor F

n(a, F)<%v(a, F)

(rak 4rto, ecau obnactb F MoOXHO mOKpbiTh 40 Kpyramu pajMyca @, TO
B Hell HeJb3f PasMecTHTb Gojee 29 HemepeceKaioUWUXCA KPYroB TOTO ke
pasMepa; sicHo, uto ecau F—st10 kpyr K pammyca g, 1o n(a, F) =
= v(a, F)=1),

K sTo#t ke kaTeropud npobseM OTHOCHTCA H CASAYIOUIAA HEC/IOHK-
Had 3ajava. ’
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116. Ilycte M — BHIOYKABIA MHOTOYTOMLAMK, a M —
(60JbIIHI) BBITYKJABI MHOTOYTOABHHK, [MOJyuaeMblil U3 M
CABHTOM BCEX CTOPOH /M Ha paccTosiHie | BO BHEUIHIOO
cropory (puc. 56). Hokaskure,
uTo

n(l, My=v(2, m).

117. a) Kak pacnojaoxurn
Ha Kpyrjoil macwazn n(=1,
2, 3,4, 7) KuUOCKOB ¢ MOpO-
JKEHBIM  HaufoJiee  BLIFCAHDLIM
cnocoBom (T. e. Tak, yToOLl HaH-
oapuiee K3 PacCTOSIHHI  OT
TOYKH Iolanu ao Oukaitiie-

Puc. 56. ro Kunocka OblI0  BO3MOXKHO
MEHBUIUM ) ?
6) Kak nan6o1ee BBIOAHBIM CIOCOOOM paclOJOXKHTh

~

Ha KBajnparHoil miaowain n (=1,2,3,4) KHOCKOB ¢ MOpO-
JKeHBIM?

ITo nosony 3anaun 117 6) cu. padorw [124] kananues JIx. Ul ae-
pa n A Meupa, rae ara 3azada (QaxTHUECKN pelllena Ads  Beex
n =<9, a trakke padotst Hx. [Taepa [125], nocsswennble crepeomer-
puuecKoMy BApHAHTY TOIl e 3ajaun.

118. a) Uemy paBeH paauyc lauMeHLIIEr0 Kpyra, B Ko-
TOpPBIA MOXKHO NOMECTHTBb 1 ToueK (n =2, 3,4, ..., 10,11),
OIHa U3 KOTOPHLIX COBIAZaeT ¢ LEHTPOM KpPyra, Tak, 4TOObI
paccrosHue MeXIy KamKIbMH JABYMS TOUKAMH OBIIO He
Menblre 1?7

6)* CKOJbKO TOUEK MOKHO HOMECTHTH BHYTPH Kpyra
paauyca 2 Tak, 4yToObl OJHA M3 TOUEK COBIAJajia C IeHT-
POM Kpyra H pacCTOsiHMe MeXKAY KaXKIAbIMH JABYMSI TOU-
KaMi OblI0 He MeHbline [7?

EctecTBennaf MoOAM(DUKANHs paccMaTpHBAEMbIX Bhitie mnpobjeM o0

NOKpHITHH Gurypnl F xpyramn Ki, Ko, ... u o 3anoasennu F (Henepe-
CEeKAIOUIMMHUCS) KpyraMu Ry, Rs, ... BO3HHKAEeT, €CJH OTKA3aThCA OT
TpeGOBaHMsl paBeHCTBa BceX KpyroB K; mau k; (roe i=1, 2, 3, ...).

Hexkoropsle (Bnpouem, HOBOJLHO OelHble) pe3yJabTaThl, CBA3auible €
PacCMOTpPEeHHEM KDYIOB 08YX HIH HECKOAbKUX GHUKCHPOBAHHBX
P a3Mep OB, HMeIOTCA B KHHTe [24] (CM., B YaCTHOCTH, 2-e H3gaHHE ITOH
kyurn). UTo Ke KacaeTcs 3amad O <«IIOTHeNUIEM» 3anoJHenuH Gury-

put F dmKCHDPOBAHHLM UHGJIOM 1 KpyroB &y, kg, ..., kn MpOH3-
BOJAbHBIX pPa3sMepOB MM <ABOHCTBEHHOR» eii 3afaun NOKpHTHA F
«HanGoJee KOHOMHOA» cucreMoii n kpyros Ky, Ko, ..., K, npoussons-

"HBIX pasMepoB, TO 3Ke€Ch Mbl NOKA HE HMeeM I04YTH COBCeM HHMKAKMX nail-
HBIX, YTO MOXXHO NPOHAMOCTPHPOBATL CACAYIOUIHM 3MH3010M #3 HCTOPHH
MaTeMaTHKH. :
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TFeoMeTpam cTapIero NOKOJEHHA XOPOIIO H3BECTHA TaK Ha3blBae-
Masi 3afgava MaabdarTTu, Tpebyomas snucarse 8 danuvii AABC
TpU Kpyea Tak, 4robbi Kawdeul u3 Hux Kacaacs 08yx CTOpoH Tpe-
yeonvuuxka u 0eyx Opyeux xpyeos (puc. 57,a) 1). Hemuorue, omHako,
3HAIOT, YTO COOTBETCTBYIOWIas 3ajaua Obuia copMyaHpPOBaHa H3BECT-
HbIM HTaNbAHCKMM MaTeMmaTHKoM kKonmna XVIII u navasa XIX BB,

Pnc. 57.

Jix, ManpdatTa 2) CHeAVIOIGHM 086pasoM: AoMecTuTs 6 Oanubti Tpe-
yeoavnur ABC 1pu nenepecexaroujuecs rkpyea ky, ks u ks nauboavuwied
603MOYCHOE naowjadu (T, e. KaK 3ajada O IJIOTHEeHAleM 3anoJiHCHHH
TpeyroJbuuka Tpems xpyramu) ®). Jx. Maasdartra #2 comuenaJscs, 4To

1) Cwm., nanpumep, K. Axamap, DieMentapuas reometpus, 4. I,
M, Vunearns, 1957, [puGasnenue E — «3anaua Maabpartus,

2) Bnpouem, uspecTHOCTh JixKaudpamyecko Maub(paTTd HOCHT, eCjaH
MOJKHO TaK BBIDA3HTHCS, CKOPee «HEraTHBHBLI», YeM <«HO3HTHBHBLIN» Xa-
paxTep: NpH YIOMHHAUM 3TOr0 HMEHH MaTeMATHKH 4alle BCEro BCMO-
MHHAIOT MHOTOUHCJCHHBIE Heylaunble NONbITKH ManbdaTtTi HafiTh 06-
wyw GopMyay AJa  pelnends ofmero aare0paHdecKoro ypasHeHHS
5-fi cTerneHH, a TaKKe COKPYLIHTeAbHYIO (H HEeCHpaBeAJHBYIO) KPHUTHKY,
¢ KoTOpo# on ofpymuicsa Ha paboTel HTAJILSHCKOTO Bpava H 3aMevaresb-
Horo MaTemaTuka-moGutens [laomo Pyddunu, pasuero nepeoe, XoTi
B HEKOTODBIX AETAJIAX M HEMoJIHCe, 10Ka3aTeJbCTBO TOTO, YTO Takoi dop-
MyJibl BOBCe He cyllecTBYeT: MaabdaTTe cymMesnm BepHo HaulynaTtb
cnaBoe 3BeHOo B paccyxpeHnsx PybduHu, HO okazancsa abCOMIOTHO He B
COCTOSIHVH OLIeHUTh T1yGHHY M OPHTHHAABHOCTL HCC/Ief0BaHUH MoCaeAHErO.

8) Tounee roBops, moctaBjeHnas Jx. MasapdarTn 3agaua dopmy-
JIHPOBAJACh TAK: BAUCATO 6 OGHHYID TPEY2O0AbHYN ApUsMYy Tpu (Hene-
pecekaiomuxcs) yuaunopa (BHICOTa KOTOPHIX paBHAa BbICOTe NPH3MbI)
Hauboabulezo - 06uleco 06vema; OgHAKO fCHO, 4TO 3Ta 3ajavya pasiio-
cHABHA cOPMYJHPOBAHHOH 3aflaue O TPEYTOJbHYUKE,
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pewente COOTBETCTBYIOIIER «3afayn O Haubosaee 3KOHOMHOM ‘3afoJiHe-

HHM TPEYroJAbHHKAa KPYraMH» BO BCeX caydasx jaetcs puc. 57,a; ne'

COMHEBaJHCh B 3TOM, BHAHMO, H MHOTOYHCJIEHHBIE ABTOPHI, pelIABIIHE
«3apauy Maabdartu» Bnocneactrun (k. Maanbatrtu ykasan aare 6-
panyecKoOe pelICHHE 3aA34d O NOCTPOEHHN H300paKEHHBIX Ha
puc, 57, a xpyros Ry, k; M ks, NO3BOAAIONIEE BLIYHCIHTB — ¥ TOCTPOHTH
UHPKYJeM R JHHefIKON —— HX paauychl; handoJee H3SIHOE YHCTO T € O-
MeTpHUeCKOe pellenHe Toil e 3ajaud JaJj ONHH H3 KPYIHe[mIHX
reomerpos XIX B. mBeiinapen fxo6 ltefinep).

JInwe B 60-X rofax Hallero CTOJETHs, B CBA3H ¢ NOXBEMOM HHTE-
peca K TeM BORPOCAM, KOTODble HHiHE OGBEAHHSIOTCH HA3BAHHEM <KOM-
6uHaTOpHAas reoMeTPHsi», MaTeMaTHKH BHOBb ofpaTuauCh (cM, paboThl
[126], B xoTopmix, BrpoueM, ykazana u GoJee paHusis JUTepaTypa) X
ucxoanoil sajgave Maaspatty (a TakKe K T4K HA3BIBAEMOl «06paTHOM
sanave Mauabdartu», Tpebyooulell yxasare Taxod uaumerbuiul no nao-

ugadu TpeY20AbHUK, HTO 8 HE20 MOJICHO ROMECTUTHL Tpu Henepelx’pbtsaio-’

wuecs Kpyea sadannvix pasmepos — cMm. [127]); npm 3ToM 0Ka3aJjoch,
.~ UTO COOTBETCTBYIOLIME 32734l SIBJASIOTCA AOBO.ILHO TPYAHBIMH, Tak 410
AJsi BBIMOJHEHHS CBSI3AHHBIX C HAMHM pacyeToB NPHULIOCH Aaxke mpube-
ratb kK OBM. PasymMeeTcs, 1as Tex uln HHBIX KOHKPETHO 3aJaHHBIX Tpe-
YTONBHUKOB COOTBETCTBYIOINAsT 3ajaya pellaeTcs JIErKO: Tak, HanpHMmep,
«MJIOTHefillee 3afoJHEHHe» N PpaBHAbHOTO TPeyrolibHuKa Tpems
KpyraMi H3o6pakeHo Ha puc. 57,6; ewe npolle BHAETb, 4TO JAJaA «J0-
CTATOUHO BBHITSHYTOTO B BHICOTY» PaBHOOEIPEHHOTO TpeyroJbHHKA pelle-
nie paetcs puc. 57,8. Ognaxko B ofiuleM cayuae yka3aTbh HeTKHe KpHTe-
PHH paclonoXkeHHs «Kpyros ManbdaTte» (B NepBoHauasibHOM NOHHMA-
HHH 3TOTO TEpMHMHA) HOCTATOYHO CJOXKHO; NMpPH 3TOM HHTEPECHO, YTO HH
B OAHOM cJydae 5TO PACIONOKEHHe He COBNAjaeT ¢ H300pareH-
ELIM Ha puc. 57, a (cm. [126]).

OGpartumMcs1, Hakowell, K HEKOTOPHIM (BooGmie roeops, eme Gogee
CNOXKHBIM) CTEpeOMeTpHUECKHM 3aRaUaM.

119. MoOXKHO /M Ha HENPO3PAYHOA NJIaHeTe, HMeEICIneH
tdopMy mapa anamerpa D, pacnosnoxuTh 8 cranuuil Ha6a10-
IeHHS TaK, 4yToObl Ji060e KOCMHUECKOE Te10, NpUBAHKaIo-
uieecsd K MJaHeTe, B TOT MOMEHT, KOrjla OHO HaxoAHTCHd Ha
BbicOTe D Haa TNOBEDXHOCTBIO HJIaHEeTbl, OBIO BHAHO IO
Kpalfinell mepe ¢ ABYX CTaHLHii?

120*. a) Kak nmoMectuts Ha cdepe n (n——2 3, 4, 5, 6)
TOYEK TaK, u4ToObl PaccTOsiHHe MeXKAy OaHKAHUIMMH ABYMSA
U3 3THX ToHeK GBLIIO HAHGOJbIIHM?

6) Kax pasmecTuTb Ha chepe eXMHHUHOrO paauyca Hau-
6oJbllee BO3MOXKHOE HHCJIO TOYEK, ecan Tpebyercst, uTo6bl
paccTosiHHe MeXJy KakKIbIMH ABYMS M3 3THX TOueK OLLIO

>V2,
2) >Ve.

3anzave 120a) (B KOTOPOHl €CTECTBEHHO. He OTPAHWUMBATLCS JHIIb

NEePEeYHCICHHBIMI HeﬁOJIbIHI/erI 3HaUYEeHHAMU fl) NOCBAlUleHA OrpoMHaA
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auTepatypa (cM, mo sTomy moBopy ra VI xanrn JI Gefiema ToTa
[24], B "wacTHOCTH BTOpOe H3NaHHe 3TOM KHHIH); OXHAKO TOYHHIX PE3YJib-
TAaToB 3MeCh HMEeTCH BecbMa HeMHOro. OnTHMalbHble pPaCHONONKEHHH
Ha cdepe 7, 8 u 9 Toyek H300paxkeHHl Ha pHC. 58, a— 8 (Ha KOTOPBIX
JIHHHAMH COEJHHEHB! Te TOYKH cdephl, PacCTOsIHEE MEXKIYy KOTOPHIMH
paBHO MHHHMAJBHOMY M3 HONAPHBIX PACCTOSHHMI Mexay Toukamu). [lpu

Puc. 58.

n > 9 Hu3BeCTHO pelIeHHE 3afauyd JHWL IS caydaes n = 12, goraa
TOUKH PAcChojaraloTcs B BEPIIHHAX BNHCAHHOTO B Cepy NPaBHJALHOTO
HKocas’Japa, H n == 24, Koria TOYKH pacno/araioTCst B BEepIIHHAX BIIH-
cauHoro B cdepy «moaynpaBHJALHOTO» 38-TpaHHHKA, OTrPAHHYEHHOTO
32 paBHOCTODOHHHMH TPeYroJbHHKaMH H 6 xBajapaTamu (B KaXIOH Bep-
IIHHE MHOTOTpaHHHKa CXO4ATcA 4 TpeyrosabHHKa u | KBaapar),



PEIHEHHUS

1. IlycTe nanfoabiuee 13 J€BRTH PACCTOAHHI MEIKAY BEPUIHHAMH
HAWNX ABYX TPEYrOAbHMKOB OyleT PaBHO @, W nycTh M — npoussos-
Has Touxa Tpeyroabuuka ALC u My — npoM3BOJABIAA TOUKA TPeyrob-
unka AB1Cy (puc. 59). Hoxamewm, wro MM << a. TIposenem uepes M
NPOU3BOJALHYIO TPAMYIO, JEKAUIYI0 B ILIOCKO-
cti  Tpeyroabviuka ABC u  mepecekawmyio
CTOPOHBL 3TOFO TPEYrOJIbHMKA B Toukax P u
Q. Y3 yraos MyMP u MiMQ no xpaiineit
mepe oxann He meupuie 90% nycrTe TakuMm 6y-
ner, nampumep, yroa M{MP. B rtaxkom cay-
uyae K3 paccMOTpeHHs Tpeyroasunka M MP
cpazy caeayer, uro AMiP > MM, Hance
nycts AB ecTs Ta cTopona  TPeyroJblHKa
ABC, na koropoil sexut Touka F. XoTs 6bl
onun u3 yraos M;PA w MiPB ne wmenbuie
90°; nyctb 310 OyneT, HampuMep, yroa MPA.
B rtakom cayyae MiA > MyP wu, caegosa-
temvno, MiA > MM, Tlocrynas Ttemeps ¢
Toukoi M; Tag ke, Kax Mpl paHbllie NOCTYNa-
au ¢ Toukoli M, noxaxkem, uro AM; << A4y,
rae Aq—oaua M3 BEpWHH TPCYTOJbHHKA
AiBiCy. Ho no ycaosuio AAy < a, oTkyja
¥ CJeAyeT ChnpaBeMJHBOCTD [Alllero  yTBep-

WACHHS,
Pue. 59. 2. [TpoBeneM wuepes cepeauny My otpes-
ka A1By orpesok MiA"H AA u oTpesok
M,B’ 3 BB (pHc. 60,a). ITpu s1om uernipexyroaviuk MiA;AA” Gyner
napaanenorpaMmom '); nosromy AA’ 3 AyMi. Anajornuno 3tomy sB-
JsieTcsl mapajjenorpammom ') u uernipexyroibHuk MiBiBB’; nostomy
BB’ 3 BM;. Slcno, uTo mapaniespnbie MeXay cobofi orpesxn AA n
BB’, npobeziennbie Yepes KOHUB OTpe3ska AB, jexar B 0oAHOH NJOCKO-
¢TH T, mpoxoasumieir uyepes npamyio AB. Coeamnum Temepp Touky M
¢ ToukamMn A’ u B’; npn 3toM B Tpeyroasiuukax MAA’ v MBB’ (nexa-
WEX B oaHOM naockoctn m!) 6yaeMm naMets: £ MAA = £ MBB’ (u6o
AA’ || BBy, MA = MB (tak xak Touka M — cepeanna otpeska AB)
u AA’ = BB’ (tak xak AA’ = AM, BB’ = B/M,, a otpesxn A M,
B B;M; pasun). CrepoBaTesbHO, 3TH TPEYrOJbHUKH DPaBHB, W 3HAYNUT,
A'M=B'M u £ AMA = £ B'MB. Ho u3 mnocnejHero paBeHCTBa
BHITeKaeT, uTto Toukd A’, M u B’ nmockoctn m npunadaexcar 00HOU
“npamotl; TakAm oOpasom, «jiomanas» A"MB’ cocrapader omHH oOTpe-

1) DTOT mapaanesOrpaMM MOMKET OKa3aTbCsl BbLPONOCHHbIM, T. €.
BCE ero BEPIIMHE! MOTYT NpHHAZJeXaTh OJHOH TIPAMOIL. )
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BOK, H TOouka M sBasercs cepepuHoil crtoponnl A’B’  TpeyronbHHKa
A'MyB’.

Tak xax MiA" = A4 n MB’ = BB, T0 HaM ocTajaoch Jullib AO-
Ka3aTb, uto wMeduana MiM tpeyeosvuuxa A’MiB’ ne npesocxodur
noaycymmot eeo cropon MiA" u MiB' u He menbe ux noaypasHocru.
Ho 310 ycranaBauBaercs 3JeMeHTapHO: NPOAOKHM Menmany M;M 3a

4s
v
A Y
[N
\ N
v A N
Bl o \ \\
N T~ WM .
T
AY \ ‘\\94'
\\ \ /
Y !
\ SO !
N NI
\, 7
5y Y,
a) é)

Puc. 60.

Touky M ma paccroaune MQ = MM u coenminm Q ¢ A (puc. 60, 6).
M3 pasencrsa Tpeyroabiukos M;B'M u QA’M umeem MB’ = QA%
CeA0BATE/BHO,

QMIIM == }WIQ
H

| MyA” — M B | =| M A" — A7 Q| <M Q<M A +A' Q=M A'+M,B’,

YTO HAM U TPeGOBajOCh JOKA3aTh,

H3 npopenennoro nokazaTeabcTBa HETPYIHO TAKXKe YCMOTPETb, UTO
MM, =—2—(AA1 + BB)) B TOM M TOJBKO B TOM CJyuae, Korja OTpes-
Ku AB u AiBy aesicar 8 odnoi naockoctu w AAy || BBy, a nanpasaenus
orpeskos AAy u BBy (o1 A K Ay, coorBercTBenno or B k Bi) odu-

1
Haxkosuo, M M= 5 | AA; — BB, | B ToM ¥ TONBKO B TOM cJayuae,

korna AB u AiBy aexcar 8 odnoii naockocru, AAl| BBy u nanpasac-
His 0Tpe3kos AAy u BBynportusonoaoownrol

3. a) 3amkHyTas ueTpipexsBennas JgoMmanas ABCD wmoxer npen-
CTaBJSATb COGOM: 1) ILIOCKMH BBINYKJHI UYeTHIPEXYroJbHHK (puc. 61, a);
2) nJockul HEBHIOYKJBIE uYeTeipexyronbHuk (pHc. 61,0); 3) camonepe-
ceKalluiics YeTnipexyroabHuk (puc, 61,68); 4) Hemnockuii uyeTHipex-
yroabHUK (pHc. 61, 2). Bo Bcex cayuasx

ZABCH+ £ BCD+ ~ CDA 4 £ DAB < 350°.

B camom . nene, B cayuae puc. 6l,a 3Ta cymMma pasuHa 360° (cymma
YIJIOB BBIIYKJOTO 4YeTBIPeXyroJbHuKa); B cayuae pHc. 61,6 oHa paBHa
2/LCDA  (u6o. £BCD + £CBD) 4+ (£LBAD + LABD) = ZCDM +
+ £LADM = ZCDA), a ZCDA < 180° B ciyuae puc. 61,8 Ta xe
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cymMa pasHa 360° — 2ZAQB; nakowen, B caywae pac. 61,z sta cyMma
MeHblle OOme#l CyMMBI YIJOB ABYX IUIOCKHX Tpeyrojbunkos ABC u
ADC, u60o no H3BeCTHOMY CBO&CTBY Tpexrpauubix yraes <ZBAC +-

B
4\

e/

Puc. 61.

¥- 4ZDAC < £ZBAD n £BCA 4 £DCA < ZBCD. Tostomy B0 BCex
cydasx OJMH H3 HETHpPEX YIJIOB, ONHPAIOUIMXC HAa <«Auaronamuw» AC -
H BD, ne 6oavuwe 90°. Ho ecam, ckaxem, ZABC < 90°, 1o o6a orpes-
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Ve
2 ki
AC rpeyrossunka ABC 6waa 651 MeHbie 1, 9TO MPOTHBOPEUHT YCJIO-
BHIO 3a7auH.
Herpynno yGemurtbcs, uto nu onms m3 orpeskos AB, BC, CD u

xa AB w BC ue MOryT 6biTh MeHbllle TAaK KaK HHaue CTOPOBA

DA ne 6oabvme

2
D) JHHIB B TOM cayuae, ecan ABCD — xsadpar
. 2
€O CTOPOHOIT  =5—
6) Ecan «anaronamu» AC n BD werthipexyroasnuka ABCD nepe-
cexaloTcs, TO 3TOT  UYCTHIPEXYFOJAbHHK  NJOCKHH,  BBIDYKJbI
(puc. 61,a). Ho B TakoMm cayuae

Z ABC 4+ # BCD + £ CDA 4+ ~ DAB = 360°,

W SHAUKT, XOTb OJHH H3 STHX WETHIPEX YLJIOB He MeHbule 90°. Ho ecan

V—

ZABC = 90°, 7o 06a otpeska AB u BC ne Moryr GuTh Gosblie

B NPOTHBHOM cJayvae Mbl nmean 6ot AC > 1, _
Bee orpeskn AB, BC, CD u DA Gyayr ue meHbue —1—/32—

auillb B ToM cayuae, ecan ABCD — ksadpar co croponoit 3

B) Ecan «awaronasu» AC n BD uermpexyroasuuka ABCD nexar
B OJIHON NJOCKOCTH, HO HE TEPECEKalOTCs], TO 3TOT UETHIPEXYFONbHHK -—
HeBBIIYK/bIE HJH caMmonepecekalomniics (puc. 61,6,68). Ecan Touxku A,
B, C 1 D pacnonoxkens Kak Ha puc. 61, 6, to

£ BAD 4 £ BCD= £ ADC — £ ABC< £ ADC< £ ADB 4+ « CDB.

Mosromy uepasencrsa ZBAD = LADB, £BCD = ZCDB He Moryt
BHIMOAHSTHCA OAHOBpPEeMeHHo, 1 an6o AB > BD=1, qudo BC > BD=
= 1. Ecan rtoukn A, B, C u D pacnonoxens, kax ua puc. 61,78, 10
XOTb ONHH H3 YIJOB (BBUTYKJIOrO) YETHIPEXYTOJIbHHKA ABCD ne mens-
wie 90° no ecam, ckaxeMm, LABD = 90°, to AD > BD = 1.

4. By eM JI0KA3bBATh TpedyeMoe yTBEpKAEHHe OT HNPOTHBHOFO.
Ecau pbinykablit  uersipexyroabuuk ABCD  (puc. 61,8) Takos, urto
AB = AC, to 4BCA = £ABC; 1o B TakoM cayyae, OUEBHIHO,

£ BCD> ./ BCAZ>= £ ABC> « DBC,

v 3naunt, BD > CD. CkaanpiBas 3T0 nocjejgsee HEPABEHCTBO € HC-
XofnbM HepaBenctBoM AB = AC, MH nosayuaewm, uTo

AB + BD > AC + CD.

Ho 3To npoTHBOpeuuT YCJIOBHIO 3ajayd; 3HAUHT, Hallle NPeANOJOXKeHHe
o ToM, yto AB = AC, 6bL10 HEBEPHBIM.

Heprmlo BHIETb, UTG eC/H 4YeThipexyroabnuk ABCD neBBINYKILIA,
10 mepamencta AC 4~ CD = AB--BD u AB = AC. . COBMECTHMHL
(puc. 61,¢e).
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5. a) Ilycte N — Touka, CHMMETDHUHAd TouykKe M OTHOCHTENbHO
o6mei cepenunbnt S orpeskos AD u BC (puc. 62). B Takom caydae
yeteipexyroapuikd AMDN uw BMCN — napaasenorpaMmbl, BTOpol H3
KOTOpBIX JexuT BHyTpu mnepsoro. Ho ecanm oamn BBIMYKABIA YeTHIpex-
YrOJBHUK JIeXKHT BHYTPH APYFOro, TO NEPHMETP €ro MeHblle NepHMeTpa
BTOPOrO YeTHIPEXYTOJblIKA; NO3TOMY

MA+ MDA+ ND+ NAZ=MB+ MC+ NB+ NC,
2MA -+ 2MD Z=2MB + 2MC,
MA 4+ MD > MB + MC,

HJTH

4TO H TpebHoBaNoCh NOKA3aTh.

Hetpyauo BumeTb, 4To paBeHcrBo MA 4+ MD = MB-+MC
HMeeT MeCTo Jullb TOria, Koraa Touka M cosnadaer ¢ A wau ¢ D
(B 5TOM cayuae BHPOIAeHHBIE «HapasmnenorpaMMer» AMDN u BMCN
COBnaaaT — OHu  ofpamasTcea B8
IBaXKIbl B3ATHIL orpesok AD).

6) Tlpumem 3a Touky M muo-
CKOCTH cnauaJda Touky A, a 3arteMm
touky D; Torga B CcHAY YCJI0BHA
3ajauy NoJy4nuM

AD > AB + AC
" (+)
AD>=BD + CD,

OTKYAa BEITEKALT, 4TO
2AD Z=AB + AC 4 BD 4 CD. ()
C apyrofi CTOPOHLI, B CHJY HEPABEHCTBA TPEYrONbHHKA HMeeM

AD < AB +-BD " AD < AC + CD, (%%)

Puc. 62.

4 3HaudT,
24D < AB + BD + AC -+ CD. (I

‘M3 cpasuennn wepaseucre (1) u (1) suitexaer, uto
AD = AB + BD + AC + CD;

HO 3TO BO3MOXKHO TOJABKO B TOM CJydyae, KOTLA Kak oba HepaBeHCTna
(*), Tak u ofa HepaBeHCTBa (*+) 00pAULAIOTCA B PABEHCTBA.

Ilepsoe 13 HepaBeHCTB (*¥) ofpamaercss B PaBEHCTBO JHIIb R
TOM caydae, KOorfa Touka B npunamiexut oTpesky AD, a Bropoe —
xorpa Touka C mpHHAZMRKHT oTpesky AD; Taknm ob6pasom, obe T04-
Kku B u C doaxner npunadasenars orpesiy AD. A rtemeps, nampumep,
nepeoe B3 paBEHCTB (%) (Beib 3TH HEPABEHCTBA, KaK MBI 3maeM,
obpalialoTcst B paBeHcTsal) gaer

AC + CD = AB + AC,
AB.==CD.

Ho nocnennee paBeHCTBO PaBHOCHABHO - TOMY, uTto oTpeskn AD u
BC umetor o6myo cepepuny Sl
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6. a) O6o3naunM TOUKH MNepeceueHHs OKpyxkHocTed Sy H S2 ¢ ux
aunpell nenrpop 040: uepes Ai;, By u A,, B, npuuem nyctb touka Op
npunagiexur aydyy O31By, a Touka Oy —ayuy 0.8, (puc. 63,a—s;
ecau OKpYXHOCTH Sy M S» KOHHEHTPHUECKHEe, TO B KauecTBe JIHHHM len-
TPOB MOKHO BBHIGpaTh J100Y0 H3 NPOXOAALINX uepe3 oOWHA HeHTp

Puc. 63.

Si » Sz npaMeix # 00o3HaunTh uepe3 A; 106 Y10 U3 TCUEK ee mepece-
YyeHHs ¢ OKpykKHOCTbio Sy, a uepes Az — mo6Yyl0 H3 TOueK ee Tepece-
yenust ¢ OKpyxHocTeio Sp). O6o3naumm, nanee, uepes M; u Mz npo-
M3BOJIbHLIE TOUKH OKpyxKHocTe#i Sy M S, M3 paccmorpenns ueThipex-
yroavuuka O;0;M:M,, oueBupnO, BHITEKaET

MM, < M0+ 0,03 + O, My, wn MM, << A\0¢ + 0,0, + 0,4,

T. e ‘
MM, < AjAy,

OTKYZla CJeLYeT, UTO HauboAbuiee PACCTOAHUC MENCOY OKPYICHOCTAMU
pasno orpesky AyAz, 7. e. d -+ ry -+ re. C npyroft CTOPOHEI, €CJIH OKPYXK-
poctn Sy B S; He mepecekaioTes, T. €. d > ry-fr2 (puc. 63,4a), nmn
d << ri—ry (puc. 63,0; 31ece Mbl AJ7 ONpPEHECHHOCTH CUHTAEM, 4TO
ry =ry), TO H3 TOro ke uernipexyroipHuka O0;0.M;M, cnenyer, uro

0,0, <O M + MM, + M,0,,
MM, > 0,0;— OM; — O, My = 0,0, — 0B, — 0:By,

nau

1. &. MiMy = BB (puc. 63, @), COOTBETCTBEHHO, UTO
OM <00, 4 O My MM,
wim
M1M2 = OlM‘l - 0102 - 02M2 = OIBI - 0102 - OzAz,
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T, e M,Mz > BiA: (puc. 63,6). Takum o6pazoM, B caydae puc. 63, a
HaHMeHblllee pAacCcTosiHHe peajusyeT oTpesok BB, a B cayuae
puc. 63,6 — otpe3or BiA:, Tak UT0 3TO HAuUMeHbuiee PACCTORHUE pas-
HO d—r;~r2 (puc. 63,a) wau ri—d—r; (puc. 63,6). Haxonen,
eC/IH OKPYXHOCTH Sy H Sz nepecekamoTest (puc, 63, 8) HJIH KacaloTcs, TO
HanuMenblllee pacCTOSHHE MEXAY TOUKAMH OKPYXHOCTell paBHO HY JIO.

6) SlcHo, uro Hambojbliee pacCTOSHHe MeX1y TOUKaM¥ KPyros
Ky u K» Bo Bcex caydasix paBHO HaHOOMbUIEMY pPacCTOSIHHIO MEXIY
TOUKaMH OTPAaHHUHBAIOUIMX 5TH KPyrH oxpyxnocreil Sy m S.. Haumenn-
Llee e pPacCTOsiHUE MEXKAY TOYKaMH KPYroB OTJHYHO OT HYJASA JHIb
B TOM CayYae, KOrja OTPAaHHUHBAONIHE KDPYrH OKPYAHOCTH JexKaT 0fua
pHe apyroil (cM. puc. 63,a), u B 3TOM c/iyuae OHO DABHO HAHMEHbIIEMY
PacCTOSIHUIO MeXIY TOYKAMH OKpY:KHOCTell.

7. a) Ecan T;— MeHbminii 3 JABYX TpeyrosbhukoB (puc. 64), 1o
paccTosnue oT Touku Ay Tpeyroabuuxa Ty (IOHHMAaeMOro Kak AUHUA,
a ile KaK YacThb MJOCKOCTH 1)) o Gammafimefi K HEH TOUKH Tpeyrodb-

wuka T, GyleT OANHM H TeM JKe A Bcex

/3
Touek Ay — OHO GyjeT pasHo 6 ; IO3TOMY
p(Ty, Ty)= —63~ Paccrosnne xe oT TOU-

ku Ap Tpeyrosbuuka Tp 10 Gamxaitmed X
nefi TOUKH Tpeyroapumka Ty Oyjger Goablie
BCErO B TOM cJdyyae, Korja Touka A, cosma-
IlaeT C BEDIIMHOH TPeYroJbHHKA, MpUYeM B

3TOM CJyYae OHO pPaBHO
Puc. 64. Vs
3
Ty To) ="
6) Ecnn Ky — Meubliuil w3 ABYX Kyéos, TO paccTosHue OT TOY-

k1 Ay xyba K; (IOHHMaeMOro Kak nOBepXHOCTb, a HE KaK dYacTbh Mpo-
crpauctnal 2)) po Gumkaiimeli Xk Heil Touku KyGa Ky 6yger oanum

33 moaromy

u TeM Ke Jas Beex Touek Ay — oHO GyIeT pasuo 575 T0ITOMY

1
p (K1, K2)=-2—. Paccrosuue e ot Touku A, Ky6a Kz no Gauxaiimeft

K ueil Toukn kyGa K; Oymer wauGoabliuM Torxa, Korxa touka As co-
BOafaeT ¢ BepUIHHOf Kyba, mpHYeM B 3TOM MOCHEAHEM cCJyyae OHO
V3 V3

paBHO 53 TOSTOMY p (Ks, Ky) =5

8. O6oznaunm p(®Py, W) = a, p(Ds, ©3) = b, 1 nycts A — npous-
poJabHast Touxa ¢uryps @y (cm. pue, 65, a, na kotopom Oy, @y u O3 —
3aMKHYThle KpHBBle aAunuu). Tak Kak HanGoOJbmee 13 paccTosHui
or Touku ¢urypsr @ A0 camoil 6sH3KOH K Helt TOuKH ¢urypst @, pas-
HO a, To ¢urypa (D; comepKHT TaKyl0 Touky B, 4To paccrosime ot

1) Ecnu non tpeyroabuukamd Ty u T, mOHUMATh 4ACTU NAOCKOCTU,
10 paccrostuue P (T2, T1) He H3MEHHTCH; OJHAKO DACCTOAHHE p(T,, Tz)
6y11e1' B 3TOM CJiydae PaBHO HYJIO.
Ecnu noa xyb6amu K; u K NMOHHMAIOTCH 4ACTU NPOCTPAHCTSAA,
70 paccrosuue p(Kz, Ki) ne usmennutcs, uo paccrosuue p(Ki, Ka) 6y-
JileT PaBHO HYMO.
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Toukn A ¢urypst @y Ao Touku B urypst @» we mpesocxoaut @, Jaa
Jiee, Tak Kak HanOoJdbllee M3 PacCTOsHHA OT Toukr ¢urypw @,
Ao caMoR 6su3koil K Helt Toukm Quryphl @3 paBHO b, To AN TOUKH B

=
e
ANy a7

Puc. 65.

durypsl @2 MOKHO OTHCKaThb Takylo Touky C durypmt @z, uto pacs
crosinHe oT ToukH B duryper @, no roukn C ¢urype @s He npesoc-
xoaut b. Ho u3 nepapencts AB =< a u BC << b caeayer, uto

AC<LAB+ BC<Ca+ b

TaKAM o6pasoM, anst kax a10f Toukn A ¢urypst @y nafizercs Taxas
touka C ¢urypst @s, uto AC<< a+ b = p(Dy, ©3) + p(D,, D3), T. €,

o (Dy, @) < p (D, D) + p (D, D3).

6) Moxer. Tax, ecan durypa @y comepxutcs B durype Dz, a du-
rypa @y comepxurca B ¢purype @3 (puc. 65, 6; znece @y — D3 —uac-
TH MNJAOCKOCTH, a He Juuuu), 70, oueBuaHo, p(D V:)=0 u
p(D,, @3) =0, oTKyma, OOHAKO, elle BOBCE HE CJAEAYET, YTO
p (s, @y) = 0; TakuM o0O6pa3oM, B 3ITOM Cjaydae BO3MOXKHO, HYTO

0 (D, B3) =0, o (Dy, @3) =0, a p (D3, D)) > p (D, Dy) 4 0 (D3, ©3)=0.

9.a) 3aMeTHM TnpexAe BCEro, 4YTO HaUMEHBIIEE pPacCTOsHUE - OT
Touku A (oxkpyxHoctu pammyca 0) mo okpyxuoctu S ¢ uentpoMm O
‘peaansyerca orpeskoM AB;, rae B, — 6amxaillmas k A Touka nepe-
ceuenusi npsamoil OA ¢ okpyxuocteio $ (u6o ecau M — npousBosbHad
TOYKa OKPYKHOCTH S, TO B 0603HaueH X puc. 66 ¢, 6 AM=A0 — OM=
= AOQO — OB, = AB,, cootBercTBenno AM>=0M — OA=08B, — OA=)
== AB,)); nosromy, ecin OA ==d, a paauyc OKpy}RHOCTH S paBeH r,
TO Haumensutee paccroanue or-A 0o S paswo d—r usu r—d.

PaccmoTpuM Teneps nBe okpyxuoctd Sy # Sz ¢ uentpamu Oy u O,
Ecan oxpyxuocTe Si pacnosioxkena gue Sp (puc. 66, 8,2), To Hau6o-
Jiee ynajeHa OT OKPYXKHOCTH Sy rTa 'Touka A; OKpyXHOCTH Si, KOTOpas
pacnoaoscena Qaaviue gceco or yenrpa S, T. e, GoJee pajekas oT Oz
touka Ay mepeceuenus ¢ S; aunun uentpon 0,0: ofenx oxpyxHoOCTed
(u6o ecnn M — nponsBogbHas TOYKA OKPYXKHOCTH Si, To B o06o3ua-
YEeHNAX pHC. 66, 8,2 MOQ = MO] -+ 0]02 = A]Ol + 0102 == A]Oz);
T4KHM 00pasoM, B 3ToM cayuae p(Sy, S2)= A1Bz = d 4+ ri1—rs Ecan
OKDYXKHOCTh S3 pacnonoxena swyrTpu -okpyxuocta Sz (pue. 66,9, e),
T0 Gamxe BEero K ueHrpy O okpyxuocTH -S; Oyaer Goaee Ganskas
K- O Touka A;. mepeceuedHss ¢ Sy Junuu uentpo 03103 OKpymHOCTE
Sy un S; (860 ecau M — nponsBosbHAas TOYKAa Sy, TO: B 0603HAYEHHAX

127



puc. 66,0, MOy = OM — 0,0, = 0,A; — 0,0, = 0,A;, coorBer-
CTBEHHO MOz = 0,0, — MOy = 0105 — A10y = A10,); HO3TOMY
anech P(Siy, S2) == A1By == rz — |d —ry|. Hakoneu, ecnu OKpYKHOCTH
Si-u S» nepecekatorcs (pHc. 66, x, 3), TO H3 BHEHUIHHX MO OTHOWIEHHIO

S,

Puc. 66.

K S» Touek okpyxHoctH S; uauGosee gajekoil or O ssasercs Ta
Touka A; nepeceuenns ¢ Sy auuun neutpoB 0,0: obenx OKpy:Hocreil,
paccrosiine KoTopolt ot Sy paBuo d 4 r{— 7y, a H3 BHYTPEHHHX AO OT-
towennio kK Sp ToueK OKpyxuocTH Sy GamKe Bcero k. Oy BTOpas TOU-
ka Ap mepeceuenus Si ¢ amnuelr uentpoB 0,0, paccTosiuMe KOTOpOH

128



ot S, pasno rz— |d—ry]; rakuM ofpasom, paccrosiune P(S1, S»)
OKpYXKHOCTH Si OT OKpyxKuoctt Ss paBuo B 3TOM C/y4ae Haunfo/abluemy
u3 BoipaxkeHuii d 4 rqi—ra U ro — |d —ryf.

HUrak, ecan OKpy®HOCTH S; H Sp; JexaT oJHa 6xe Jpyroi
(puc. 66,6; cioga Mbpl BKJIIO4acM H CJy4afl BHEIIHEro KacaeHA [BYX
okpyxknocrei), 10 p(Sy,Ss)=d+ri—r2 v p(S2,Ss)=dFr2—ry
nostomy P(Sy, S2y=d -4 ry—r2, rae A OUDCASNCHHOCTH NPHHSATO
ry == ra. Ecau OKPYXHOCTH S, nexut suyrpu Sy (puc. 66,e; cloga Mbl
BKJIOYaeM H caydaff BHYTPEHHErO KacaHHA [BYX oxpy}KHOCTem TO
(S, Ss) =d+ri—roup(Sy,Si) =ro— [d—r|; 3necs P(5,,Sp) =
= d + ry — r;. Hakoneu, ecau okpyxuoctd Sy u Sz nepecexalorcs
(puc. 66, o, 3), 10

oSy, Sy)=max[d+ri—ry, ro—{d—ril] 1 0(Sy, S))=

=max [d—r 4 ry ri—{d—rz|]
T. €, ’
P(S, Sp)=max[d4+ri—ryd—ri+ryro—|d—rl, ri—|d—rsl],

OTKy/la 0es oco0Ooro TpyAa YCTAHABJMBACTCH, YTO €CAHM r4 == f2, TO
P(S, So)=d+4ry—r,

6) Ilycts Ky n Ks — kpyeu, orpannuennsie oOKpyxkuoctsmu Sy #u Sa.
Ecan okpyxioctH Sy m Sy sexat oama BHe APYro#l, TO, OYEBHIHO,
(Kl,Kz) = 0(S;,S82) u p(Ky, Ki) = p(Ss, S)): nosromy P (K, K;) =
= P(84,S:z). Ecmu 0KpyxKHOCTD Sz JIeXKHT BHYTPH OKpyXHocTH Sy, TO
p(Ki Kz) = p(Sy, S2), o o(Ko, Ki) = 0; nostomy snece P(Ki, Kp) =
p(Ky, Ky) = p(S,,Sg) = P(Sy, Sy). Hakorew, ecan OKpyXHOCTH Sy
H Sz nepecekaorest, 10 P(K, Ko) = d4r—ry u p(Ky, K)) =d —
—7ri<4rs;, Tak wro npu ry >=ry umeeM P(K, Ky) =d 4 ri—ro=
= P(8,,S:). Takum o06pasomM, B0 BCeX cayuasix

P(Kly K2)=P(Sl! SZ)y

xoTa pasencTso P(Ky, Kz) = p(S1, S2) Moxer ¥ He HMeTbh MecTa.
B) Tak kak P(D;,®;) —>310 nauboabuwas W3 BeJHdnn
p (D, @) u p(D2, My), T0 B cHAY pe3yabraTa 3agaud 8a) HMeeM

p (D, O3) < p (D), D) + 0 (0, ©3) P (D, D,) + P (D, ;)

P (Ds, @) << p (D, Dy) + p (D ©) P (Dy, D) + P (D), Dy),
OTKYIa H CJEAYeT, uTo
P (D), @;) =max [p (D), D3), p (Dy, ©))] <P (D), D) + P (D, D).
10. a) Slewo, uro p (A) =ABy= min AB ~— 310 paauyc uau-
BeT

6GoJIbllIero M3 KpYroB ¢ leHTpoM A, emle sakjaiouaiomerocss BHYTPH
«kJIAKCeel» @ (puc. 67,a); meanunua W == max p(A) ects paauyc
As @

Hauboabwezo ua scex saxawouenuolx sHyrpu O kpyeoe (puc. 67,0; co-

OTBETCTBYIOIIME KPYr % HasbBaeTcss BrnucaHHBM Kpyrom du-

rypet @ 1), Aunasornuno stomy v (A4) = AC,= max AC —>310 pazguyc
ce’rT

) Cp. crp. 68 u puc. 31,4a,0.

5 MJ. O. IUgaapckufi u Ap. . 129



HAHMEHbUIEr0 H3 BCeX KPYrop ¢ IHeHTpoM A, KOTOPHIE COREpKHT dn-
rypy @ BHyTpH ceba (puc. 67,a); v== min v (A) ecrb pamuyc mau-
Asd

mervuteao u3 ecex cofepxcaujux @ snyrpu ceba kpyzos (puc. 67,6;
stor Kpyr K HaspBaetca OnncaHHBM kpyrom ourypm @).
Orciona caenyer, uto

p<Cw.

6) Vs pemrenns sanauu a) BHITEKaeT, YTO PaBEHCTBO W == V HMeeT
MECTO B TOM H TOJLKO B TOM ciaydae, koria ® — Kpyr (u cienosaTesb-
Ho, n = K = @) 1),

Puc. 67.

1. Ecau MA, MB u MC — paccroanus or npouseoasuoli touxu M
naockocTy 0o sepzuuu pasuocroponne2o Tpeyeoasnuka ABC, To orpe-
gox CM wue 6oavuwie cymmer paccrosnuit AM u BM u ne mervue ux
pasnocTu (cM., Hanpumep, 3afady 134 6) kuurn . O. HIkasapcrulii
H. H Yenuos, M. M. draom [13]); Takum o6pasoM, B HalleM
cayuae

MB— MA=1< MCMB+ MA=5.

TlpenocTaBiisieM uyHTAaTeN0 CAMOCTOSITENIbHO YOCAMTbCS B TOM, 4UTO
paccroaune CM MomeT npuuuMaTh a0 60e€ 3HAUEHHe B HHIepBaJe
1 << x <5 B 4acTHOCTH MOXeT PaBUATLCS 5 W MOXKeT paBuatecd 1.

12. Tlyetse My u Mz — nBe nNpoU3BOJBILIE AHMAMETPAaNabHO
NPOTHBONOMNOKHB € TOUKH OKpy:xuocTH S paanmyca 1. B raxkom
cayuae MiMs = 2, u ciesopateabHo,

A/!]Al + IWQA] > 1‘/!11)”2 == 2,
MlA2 + MzAz =2,..., MlAlooo + MZAIOOO =2
(MiAy + MaAy = 2, ecam Touka Ay npunamjexur orpesky MiMs, un
MAg+ M:Ay > 2 Bo Beex ocrambubix cjiyuasnx). [losremy
(M A; + Mz Ay) + (M]Az + M4} + ..o 4 (MiAjoeo + MeArgs) =
= (MA; + M4 + ... + M Ayg0) + :
+ (MaAy + Mo Ay 4 ...+ MyAje00 = 2000,

0

') Ecuin onpenennTb BeJHYHHLI L H V PaBEHCTBAMU == Sup mf AB
A=® BeT

nv= inf sup AC, TO  4X 3HAYGHUR  COBRAAAYT M Iasm dus
AedCerl
ryput @, ABAAIOWIEACA «NOUTH KPYTOM» {€p. €0 €HOCKOH Ha cTp. 18),
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f 3HAUMT, XOTb OHA U3 ABYX Touek M; m M, HaBepHsika yROBJeTBODSIET
YCIOBHIO 3ajauM: CyMMa PaccTOsAHHA OT Hee A0 Touek Ay A ..., Ao
He Menbuie 1000,
13. Ham nazmo nokasars, uto Bce paccrosinua AeAy, Apds, Aods, . ..
., A¢An Menbuie 3. lycts Ap — Kakas-10 13 Bepuiun As, As, ..., 4n
(nockoabky Aedy = 1 <C 3, 1o nas BepmIMHbl A; HET HEOBXOAMMOCTH B
JOIOJHUTENbHO! NPOBePKe 3aK/iouenus 3aiaun). OnHileM BOKPYr Tpe-
yroabunkos AgAdAs, A A2A3 AAsdy, ..., Ar—2hsAr  OKpyRIOCTH
Cl, Cy, Cs, ..., Cr_r; ux"ueHTpsl o06o3HauuM uepes Oy, O, 03,
, On_y (puc. 68,a, rae & = 5) -
paCCMOTpHM aomanylo  Ay010:05... 4> “
. Ox—1As. OueBuano,

A4, <40, +0,0,+0,0,+ ...
0490, + 0, 4=
=A4,0, 4+ (0,0,+ 0,0, + ...
o0, 504) +0p 4.
Ilycts S; ecrtb cepeinHa  orpeska
AoAr. U3 tpeyroapunka A;S:01 Haxoxum
A Sy

AOOX - AIOI = €0s / OleSl =
L
_—2
- Z AyA Ay
cos 5
Ho mo yeaosuio £ A4 Ay <<120% cie-
I0BATEJNbHO, %—6—9<60°
1
A0 < ———2-—— =]
) O Teos 600 T
AunanornuHo moxasbiBaeTcs, 4TO
Puc. 68.
A,0,_ <L

TakuMm 06pasoM, naM OCTaercs TOJMBLKO OUEHHTh JUJIMHY JIOMAHOM
010203...04—y. TlpoBegem wucpe3 Toukn Ao u Ay OKPYKHOCTH

r 4
Cy C3, «o.y Cp_y, DaBubIE COOTBETCTBENHO OKpY:HOCTAM Cay Cs, ...
o 4 ’
oovy Cooy; UenTPH 3THX OKPYXKHOCTEH oGo3nauum uepes 0, Oy ...
s
eee s Op ;. Mu ytBepxaacM, uTo
A 4 N4
0,0,=0,0y5 0,0;=0,03,
0,0, = 050} 04 _0,_;=0%_,0,
3Y4 T MY ey VROV E T VROV R—1"

Heficreurensuo, napa okpyxuocreli Cy u C» paBHa mape OKPyxKilo-

o 4 o
crefi C; v Cy ecaM CIBHHYTH NEPBYK Napy OKPYXHOCTefl Tak, 4ToGHl
orpe3ok AjA, mepewen B paBHBIH emy orpesok A¢dy, To 3Ta mapa’
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o . 71 ‘
coBnajseT ¢ mnapoil okpymuocted C, u C, ). Orcrona cJAENYET, HTO
C, .
0,0,=0,0,. Ananoruuso napa oxpyxuocreii C; u Ci pasua nape

N ’ ’

okpyxrocteil Cy m Cg (nBHMKeHNe, nepepoismee otpeaok A:A3 B oTpe-

30k ApAi, coBMelllaeT DepBYIO NMapy OKDPY:KHOCTe#dl co BTOpOfi); mo3TOMY
1PN

0,0; = 0,0;. - Touno rak ke  XOKasmBaioTcst U pasedcTsa 0,0, =

.’ I3 7
=0304, “aey Ok_QOk__l:Ok_QOk_l.
Taxkum o6pasom,

0,0,+0,0,+ 00,4+ ... +0,_,0, =
= 0,05+ 0,05+ 050+ ... +0,_04_,.

Ho Bce touku O, O',, O:, .. O:_, pPacrosNoXKeHsl 1Ha neprnenau-
KyJsape, BOCCTABJAEHHOM K OTPeaKy A@A B ero cepeauiie S;. Ecan obo-
anaunTh cepemunb oTpesson Ay, Agds, ..., Ar—aAr—y uepes Sy, S,

, Sk—1 (puc. 68,6), TO JETKO NOAYUUTH

1 AA A
0,51 = AiS, tg £ 04,8, = 4 tg “STE050,
1 A A A
055, = 0,5, = 4,5, 1g £ 0,4,S, = tg S22

038, =0,5;=A,S;tg £ 0;4;5; =5t
O S, =04 1Sp1= Ay Sy 1€ £ 0y Ay 1S4y =

—it L AA Ay
= 2 g 2 .

A TaK Kax no YC¢J0BUWIO 3anaud
60° < £ AA A, < L AAA < < LAy yA, A, <1207,
T0 }
1 o o
o 1g30° < 0,8, <08, <058, < ... <O;_lsl<%tg60.

. H3 nocaennux HEpPaBEHCTB BBITEKALT
4 I e 77 r ’ ’
0,0, + 0,0, + 030, + ... +0,_ 50, _; =0,0,_, =

=0,_,8,— 0,5, < 2(tg60° tg 30°)

1) Iocaensee ycaoBue, no CYWIECTBY, JOJKHO GLITH BKIOUEHO B O Ti-
pelelieHne OKPYKHOCTH 02 (u6o uepes Tourn Ao u A, npoxoasT
dee OkpyxuoCTH, paBupie Cp; HAM H3 HHX HAIO BHLIEANTH o;:my) Ana-
JOTHYHOE 3aMeyanue MOXHO CAeaTh H 06 OKPYXKHOCTAX C3, C4, R A
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¥, 3HAYHT, '

0,0, + 0:0; + 0,0, 4 ... + Ok—2ok-—l (tg 60° — tg 30°) ==
_ (= V3 ) V3
T2 <V3 ) 3

OTKYZAa OKOHYaTeJbHO HMeeM
AuAk < A001 + (0102 + 0203 + o b Ok—QOk—l) + Ok-—lAk <

1”3
1+ 4+ 1<2,58<«3,

yTO W TpeloBaNoCh JOKA3ATh.

IIpumeyanue. Beimo Ob HHTEPECHO ONPeNeTHTh TOUHOE 3HAUEHHE
inf ApA, (orHOcHTenpHO 0603HaveHuit cM. c1p. 17), mOcTHraemoe B yc-
JOBHAX 3ajaud 13, a Takxke 06ayMaTb BONPOC O TOM, HeMb3si JH Te
WJH HHBIE H3 3THX YCJIOBHH OCIa0HTh MM OTOPOCHTD.

14. Mur yTBep:k1aem, yTo HCKOMBIM sBasercs kBazpat AA1BB,, nua-
TOHaNbI0 KOTOPOTO siBAsieTcss oTpe3ok AB; cymMa paccrosnuii ot A o
BePUINH 3TOro KBajpaTa pasla

AB+AA +AB, = AB(l + V) =(1+Vy2)d T B_Ff

B camom gmene, mycts CDEF — npousBoabHbI
KBajpaT CO CTOpPOHOW f, Ha CpaHHUE KOTOPOro
Jgexatr Toukd A u B (puc. 69; touka A sexur
Ha ctopone CD), Ouesuauo, 4TO

AC+ AD=h, AEZ=h, AF Z=h,

Ce/I0BaTeNbHO, HAuOOJBIMIHM  CpeAH  OTPE3KOB
AC, AD, AE, AF amnsetca oaun us otpeskoB AE ¢ I3
unn AF. Tlycte, manpumep, 3To GYHeT OTpe3oK
AF. Tak Kak M3 Bcex TO4eX TPaHHIEI KBajpara
CDEF ot touku A wuauGonee ypajena OAHa H3 Puc. 69.
ero BepmuH (cp. ¢ 3apmaucit 1), To AB << AF.

Hanee, us Bcex nap rouek kBanpata CDEF nanGojee yaasensl
Apyr ot Apyra Bepuwwuust C w E (uau D u F; cp. uwxke 3apauy 78 a));
Nno3TOMY

A

AB<LCE=V2h
Orciona umeeMm

1
ACHAD =h = ]/-2 —= 4B " E?h/V—Q AB;

nostomy, Tak Kak AF = AB,

AC 4 AD + AE+ AF > 7’2:/13 +-L Ap+ aB=aB(1 + VD).

Ve

JIeI‘KO BHAETb, 4YTO 3HAaK paBeHCTBA HMeeT MeCTO T.OAbLKO [Oa4
xsaapara AA(BB;, T. e. TOJNbKO 3TOT KBaApaT — HCKOMBIN,
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15. Tlpomomxum orpeakn AsAs 10 mnepecevenuss ¢ Iy B TouKe Cn
BA, no nepeceuenns ¢ A:C B Touxe D (puc. 70,a). Ecan 06o3nauuth
OAy = x, AxAs =1y w OB =2z 10, nockonsky AC = A0 (u6o

R y ]

Puc. 70.

A1A>,CO — napaanesorpamm) n AsD = OB (n6o AsDBO — napaaneno-
rpamm), GyneMm umets AC = x, A3C = x —y n AsD = z. Jlanee 3a-
MeTHM, yTO B NnoJo6GHHX Tpeyrosbnukax A;0C u AsA4C (HanoMHuM, 9To
AsA, || A:01) otpeskn AsA; v AsD apasioTest cooTBETCTBEHHBIMH (10O
043 || AD); nostomy

A,C A, C X __x—y
A4, anp’ "% YT Tz
win
xz=yx—y) -

Haiee:

a) XoTb OIHMH H3 OTPE3KOB § W X — I, B CYMMe COCTaBJAAIOUIHX OT-
pe3ex X, He NPEBOCXOAHT MOJOBHHBI 3TOTO COTpe3Ka, a BTOPOH M3 HHX
Melbie camoro otpeska x. [Tostomy

1 I
c — e =—— g2
g (x y)<2,x X= ¥

4, CcJe/l0RaTeJdbHO,

1 1 .
2 .
x2<2x, T. €. z<2x.

6) M3 atoro ke paBencTea x2 =y (x — y) nmeeMm

)C2 ( x.‘Z \,2

; x 2 x?
B

xz=xy—y2=—21——— 1

) .
NOCKOJbKY (%— - y) == 0; nostomy
2 %

r0 HEPABEHCTBO oﬁpamaeTca B paBeHCTBO B TOM <Jyuae, Korjaa

y =—)2‘— " % — y =0 (cM., nanpumep, puc. 70, 6, Ha KOTOPOM BCe YIJIHl
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A,04,, A;04; A;04; nw A,OB pasubl Mexpny co6ofi); -nosroMy omuo
He MOXeT OblTb Y/AYulleHOo. }
16. B cuay Teopemsl O BIHCAaHHOM YrJje HMeeM

LA = %‘VA2A3A7 = 180° — % YA, A,4,,

£ Ay = 180° — % VA, £ As = 180° — % YA AsAg

(caenafite weptex!), otkyna

LA+ 2 A3+ £ A;=3-180° — %UAYA,AZ o Ay =

== $40° — % (360° — Y AsA;) =360° 4- % ~ AgAg.

Ho nockonbky ueutp onacaHuoil Bokpyr cemuyroasuuka Aids. . Az
OKPYMKHOCTH JICXKHT BHYTPH cemuyroabhuka, =~ Agds << 180° u 3uauur,

AAI-I—4A3+4A5<360°+%180°=450°.

17. Tlycte AB — casas 64uskas K paccMarpuBaemofl touke M m3
BCceX AMATOHatell W CTOPOU HAllero NPaBHJIbHOTO A-YroJdbHHKa. Ecau
touka M npumapaexut pnarosaan AB, to LAOB = 180% ecau we
ota He npuHaiaexut AB, To Tag Kak Touka M JeXHT BHYTDH MHO-
royroJbHiKa, HafifeTcs Takaa cocexnss ¢ B pepmuua C, wro C n M
Jexar no oaHy cropouy npsamoii AB (caenafite ueptex). flcuo, uto

1 el
4 BAC:—Q——-360°=-———. Ho touka M we Gosblue yjganesa oT
n n
auaronann AB, yeM ot AC; mo3ToMy ona JexHT Mexy OHCCeKTpH-
coii AK yrna £BAC w puaromanvio AB (momxer 6wtb, Ha AK), u
3{1AYHT,

189°
2 MABS £ KAB=-00;
anajoru4io
180°
Z MBA < T.

Tenept nmeem
£ AMB < 180°
H

2 AMB— 180° — 2 MAB — 2 MBA > 180° — 181—?= 180°<1 — —’H

4T0 U TpeboBanoch JOKas3aTb. :

18. a) He mnpencrasaser Tpyna nocrpoexue AABC ¢ 3ai1auuniM
(octpuim) yraom ZA = a rtakoro, ure Guccektpuca AD, suicota CH
B MeanaHa BA nepecekaloTcs B ONHOH Touke Q@ 10OCTaTOYNO OTAOKUTH
Ha cropoue AU yrna UAV = a npoussoasunit otpesok AC, onycTuth
u3 C ua AV nepuenpuxyisp CH (euicoTy Gyayuiero TpeyroJbHixa
ABC) n coepunutb cepeauny M otpeska AC ¢ Toukoit Q nepeceyenus
CH u Guccextpucet AW yraa UAV (4 tpeyroasuuka ACB); npsamaa MQ
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O6yleT SBASTLCA MeAHAHOH HCKOMOTO TPEVTOJbHHKA, a Touka B mepes
ceyennst MQ n AV — ero sepmnHo#t (puc. 71). M3 nocrpoennsd, B yact-
HOCTH, CJAEAVET, YTO 3aJaHHeM Yria ¢ HCKOMBI TPEYroJbHAK Onpefe-
JIfieTes «OQHO3HAUHO C TOYHOCTBIO A0 MOJ06HS»: TO 3HAUUT, YTO, 3aMe-
uiB orpesok AC KakuM-1u60 HHEM oTpeskoM AC!, Mbl TpHieM X
AAC'B oo AACB, 1. e. yrium A ABC
NONHOCTbHLIO ONpPefeadaoTcs 3aja-
HueM Beanunusl a << 90° '
Ham ocranoce ybGeauTbes, 4TO,
ecsd o << 45°, To £ ACB = vy Tynoii.
Has atoro mposeneM uepes C npsamyio
CE (rne E mnpumannexur ayuy AV)
tak, uro £ UCE = 2a; npu 5ToM
L ACE = 180° — 2a = 90° > a (ecan
o << 45°), u smnauut, AE > CE. C npy-
roit cropons, Tak Kak £ AEC = a,
10 AACE papnoGenpeHnbii; npaMas
CH | AE —ero OHccexTpuca H, 3Ha-
uut, EQ — tpertns 6uccextpuca A ACE.

Puc. 71. N Ho tak xak AE > CE, 1o EQ nepe-
cekaer AM B Touxke F, pacrojoeHnon
;' AF AE AM
mexny M n C (I/IOO 75=—EE>1, a W:l » . OTKYIa,B CBOIO

ouepenb, BHITeKaer, uto FQ mnepecekaeT cropoHy AB TpeyroabHHKA
AMB, 1. e. E pacmnosoxeno mexay A u B. Ho orcioga caepyer, uTo
ZACB > ZACE z 90°, ut0 H Tpe6oBasoch TOKA3aTh.

6) 3ameTuM HpeXKAe BCEro, UTO -npu yeeauuenuy yeaa UAV = a
or 0 po 90° otBewarmnil o yeos ACB = vy monoronno yboeisaer. Tlpu
ppamennn gyda AV puc. 71 Bokpyr A B TakoM HanpasJeHHH, uTO
pospacraer, yroa y; = ACH == 90° — «, pasymeercs, yOotsaer; HOKa-
*eM, 9TO mpH 3ToM ybeisaer W V2 == HCB, a 3HaunT, 0 Yy == yi + Y2

H _ AH AH

o, uto  tgy, = Fe = Ho Ar =ctga y6oIBaeT

HC ° BH~ HC
C POCTOM @; MOKAKEM, YTO —%Z— C POCTOM & pacTeT, OTKyia R
OyaeT clefoBath, 4To tg vy, yObIBaeT ¢ POCTOM o, T. €. UTO C POCTOM O
yObIBACT Yy _
IIposenem npsmylo CB’|| MB (rae B’—rtourka aysa AV). Tax
BB’ cQ
1= MC, " == AB; 3 ; 20
kak AM MC, 10 BB AB; 1no3’toMy, NOCKOJbKY BE Qi
n AQ — Buccextpuca A ACH,
AB BB’ cQ AC 1

BH = BH ~ QH  AH ~ cosa’
AB
Orcona caeayeT, 4T0 —7 C pocTtoMm & pacrer (u6o cos o yOuiBaer),

Bff
a 3HAuYUT, PACTET C POCTOM @ H Am _ 4B -1 g
E ) p B0 = BH , UTO W 3aBep-

maeT pacCcyXkieHHe,
Takum ofpasom, npu pocte o oT O 10 HEKOTOPOro yraa o (e
ae > 45° B cuiy pesysiwTaTa 3agaum a)) yroa y = ZACB 6ymer Ty-
OuiM; B Tpenenax ke oo < a < 90° yron y 6yvoer ocrpeim. Ham oc-
TAETCSA JIHOIbOMPEAeaHThL BeJIHUMHY o st 9TOro u3MenmM pHe. 71
TakuM o0pas3om, yToO6hn Ha HOBOM ueptexe . (rae Touku B, H, Q u B”
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saMenenst na By, Ho, Quu By, n BMecTo o Mp THUIEM @o) Oblio
CBy L AC, 1. e LACBo=1vy =90°. Ilo-npexueMy Mbl HMeeM
AB 1 .
=% — — _: uo Tak kak AACH, u AACB,— npamoyronbhbie
ByH, coS Qg
C OCTPHIM YIJiOM €, To, moaaras AC = 1, noayuaem AH,; = cos o,
ABy == 1/cos oo 1 BoHy = 1/cos ag — €0s oy, TaK YTO

1/cos ag 1

= s uian 1 — cos? gy = cos ag,
I/cos ay — cos ag €OS Oy .

T. €.
cos?ag -+ cosay— 1 =0,

oTxkyna Ge3 Tpyna noaydaeM (Belb YroJa Clo OCTphiiil)

/B —_
Fi-l V51 _sies.

€08 O == ) , HJIH Oy == arccos 5

\

I/ITaK, C YCAOBHAMH 3ajaudl COBMECTUMBI CJAeLYIOHIHE 3aueHua

yraa o
90° = a >ay =~ 51°50’.

19. Tlycts ACy; — nmaronaas KyGa K = ABCDAB:CiDy, 2 M —
TOuKa MOBepXHOCTH K, npunapdexamas, ckaxem, rpanu ABCD. Haii-
ZeM chHauvaga HauGoabmee 3navenwe ZAMCi; Mp nmeem (cie-
naiite yeprex!)

Z AMC,=180° — £ C1AM — £ ACIM.

Ho ZCAM wexny nmaronansio AC; n ayuom AM maockocta ABCD
6ymeT, Kak H3BeCTHO, Melblie BCero B TOM caydae, koraa AM copna-
paer ¢ mpoexuueh AC «uakaounoiy AC; ma maockocts ABCD,

C\C i
1. e. LCiAM = ZC,AC = B, rue, ouesnano, tgB =

AC V‘2 ’
oTKyaa no tabauuaM naxoaum f = 35°15752”, A Taxk kak naumeibiiee
snauenue LACiM = 0, To

LAMC;=180° — £ C1AM — £ AC M < 180°—PB=n0 (=~ 144° 44’ 08"},

V2
2
fCHO, uTo, BHOHpas Touky M na aywe AC pocratouno 6ausko kK A,
Mbl MOKeM JA00uTbCf TOro, utobnl ZAMC, 6o CKOMb YrOAHO

OMH30K K o,

HaiiieM Tenepp nanmenbuiee spayenue £ AMCy Ounwem Bo-
Kpyr K cqepy o; sicHo, yro AC, — puHamerp 6 U 4TO I[O3TOMY M3 JIO-
6oit Touxn o orpesok AC; Buaen nopa yraom 90°. A Tak Kak u3 Bcex
TOYEK BHY TP H OKDYXKHOCTH ee AHaMeTp BHAeH mox yraom > 90°, rto
M3 BCeX TOYEK BHYTDPH ¢ oTpesok AC Bumen mnox yraom > 90°% crue-
I0BaTe1bHO, AJs Bcex Touek M nosepxmoctd K umeem ZAMC, = 90°
u Jgumb aag 6 (otauuseix oT A u C;) Bepunn K (OHH OpHHALIENKAT O)
3TOT yroa pasen 90°.

Hrak, -’
W0° < £ AMC < o (=~ 144° 447 087),

re O MOXIIO ONpPele]HTh PaBEHCTBOM ig a=—=— tg f=— . IIpu sToM

NpHYeM 3TH HePABCHCTBA AaAblIC yXKe yaAyUllHTb HEJb3d.
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20. Slcuo 4TO eCc/u R < , To TpebGyemoro orpeska AB ue cy-

.-
IIECTBYET; MOITOMY MOMKHO CuHTaTth, ut0 R 2—2— (1« R>=r). Ecau ot-

pe3ox AB caABHnyTh NapafdenbHo, ckaxkeM B HaNpaBJeHuH onymenuoro
“u3 O na AB nepnennnkyispa, yaaass AB or O, to ZAOB ymens-
LTCA; MO3TOMY MOMKHO CYUMTATh, UTO OAMH H3 Konuos AB, ckamxem A,
npitHaANe RUT  Ooapluelt OkpyxHocTH S; mnpu sToM B OpHHALMECKHT

sak/mouentoi sHyTpr S ayre © = Y B;B, pannyca | c uneutpom A4,
rae B vpunamnexur S, a B — Menbilefi OKpyxuOCTH § HJAR m‘peaxy
OA (cnenafite ueprex!).

Mpoegem #3 O kacaTeasuyio OB, K cofepraieil @ OKPYKHOCTH.
Ecan Touka By npHHaaJexuT 6, TO npH ABHMNKeHHH TOukd B 00 ¢ yroa
AOB = o cnauana yseamuusaerca ao suauenus AOBy, a 3atem uaud-
HaeT YMeHbluaThes; ecam B ue NPUHALAEKHT O, TO O [PH [ABHKEHHH
B or By no Ba uamenserca monotouuo. TakuM o8pa3oM, BO BCeX cay-
yasx min o oTBeyaer cosnameuuio B ¢ By uay ¢ Ba.

Ecin R—r =1, 10 mino =0, u oun orsedaeT Toure B, otpes-
xa OA. Ecam R~r <<1, 10 u3 (paBmoGenpenuoro!) A OABy; n u3
A OAB; noaysaem

_ ZAOB, _ 1 ”___1->
SIH—E———-—TR‘ (a COSZ/}OB]——I QRZ
"
_ R4
cos £ AOBZ = —2Rr——.
Ho
RY4-r2—1 _(1__ 1 )__ RP+Rr?P—R~—2Rr+r
2Rr 9R2) 2R?r -
o 2R*r T 2Rr R !
OTKYAa CJEAYeT, YTo
ecau r{ N R~ L, TO €0S £ AOBZ.{ % cos £ AOB,,
>"T7% <
u caedosaresso,
% AOB2{§ £ A0B,.
=
OxoHuaTeJbHO. MOJTyyaeM: ecan r =R — ; , To mina= £ AOB,==
\
1
=Qarcsin—§—R—; ecat R — 1< R———, to ming= £ AOB; =
2 2 l
=arccos—R———'_§1%r——; ecad r LR — 1, to mina ==0.

[TpumMevanne AHANOTHUNO MOMKHO pelIHTH H BONPOC O HAU-
6oabwem Bo3MOXKHOM 3HaueHHH £ AOB = o; upd 9TOM MOXKHO CYH-
TaTh, 4TO TOYKA B NpHHALNERHT OKPYNKHOCTH §, a A — jyre ¢ UeHTpOM
B n paamycoMm 1, 3axaioueHHOfi BHYTPH paccMaTPHBAEMOTO KOJbIla.
Aunajg¥3 CcOOTBETCTBYIOUIE 3aladn O BO3MOMHBIX 3HAUEHUAX Yyraa o
Tpebyer pasanuenaa 14 (!) cayuaes (cp. ¢ samaueit 44 kumrm [4]).
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21. Myers hy, I, ..., ln —Kakue-TO n ayuefl, BHIXOZAIUHX H3
toukn O. Ecan ayun [y W [, nanpasjedbl B NPOTHBONOJOXKHBIE CTOPO-
ubl, T0 £ (ly,ls) = 180° u pas s 6oro Tpetbero Jyua Iy cymma
L, ls) + £ (I, 15) = 180° (nezaBucumo oT noaoxenus Is). Hcximo-
YHM Temepb H3 malleid CHCTEMbl BCEe Mapbl NPOTHBONOJOMHO HanpasJieH-
HblX ayuell; nyctb Iy, o, ..., In (rme m << n) — ocTaBmIdecs JyuH.
3axpenuM ayud Is, ..., lm, a nyy [y OyleM moBOpauwBaTh; pPaccMoT-
puM CyMMYy -

L=z, LY+ 2, B+ oo + 2 L)

H BBISCHHM, KaK H3MeHHTcs cyMMa L npm nosopore ayuya [, Ha Ka-
KGi-To MaJplii yroa ¢ B nojoxenue /|, T. e. cpaBHuM L ¢ cymmoil L',

o 4
nonyyaemoh u3 L npu samene ayua [y aydom /;. Herpyano Buagetn, yro
cymMa L MoxeT yOoiBaTb Kak npu Masaom nosopoTe [; Bokpyr O B
ORHOM HAampaB/JeHHH, Tak H 0[PH TNOEBOPOTE B IPOTHBOHOJOXKHOM Ha-
1paBJeusl JMllb B TOM Caydae, €CJM B HavyaJbHbll MOMEHT Jy4 [ Ouix
NPOTHBOMOJNKEH OAHOMY M3 Jayuefi l», ..., [m (N clefoBaTesnnHo, npH
nosopote Iy B #1060 M nampaBieHnH yroJ [y ¢ 3THM JydoM yObBaeT);
9TQ, OJHAKO, HEBO3MOXHO, TaK KaK Mbl Y)K€ BHIKHHYJM BCe Naphl
B3aMMHO NPOTUBONOJOKHLIX Jyueli. Takum o6pa3oM, npM BpalleHuu
Jayua {; Ha MaJbiil Yyrol ¢ B KaKoM-TO OJHOM HanpaBJeHHH cymMa L
ne Oyder ybosare. TIpy 3ToM MOryT ¥MeTb MeCTO jBa caydas: jubo L
OCTaeTcst TMOCTOSIHHON IPH B Ce X NOJOXKeHHsax ayuya [y —H Toraa Mul
HanpaBAM [y MPOTHBOMOJOXKHKO [3 H 3aTeM OTOpPOCHM-06a 3TH Ayua; JHGO
npu Bpallenun [y B paccmMaTpuBaeMom HampabJennn L chavajia BO3-
: 0

pacracT, a mpH nmepexoie Jayda [, uepes HeKCTOpoe mojoKenHe I  oua
HaygeT yOblBaTb (ecau cyMMa L nerocTostHa, TO OHAa HE MOXET BCe
BpeMs BO3pacTaTbh, TaK Kak npH noBopote [y ma 360° cymma L mpu-
XOAHT K CBOeMY INpeXHeMy 3HaueHuio). Ho L Moxer mnayatb yGbiBaTh
npH nepexofe !y uepes NOJOKENHS l? JHLIb B TOM cJydae, ec/H yroJly
€ OAHHM U3 Jayueft ls, ..., I, cHauaja Bo3pacTan, a NpH nepexoie He-
pes l(,) Hayaa yoObiBaTh, T. €. €CaU l? NPOTHBONOJNOKEHN OAHOMY
13 ayueil o, ..., Im. B 310M cayuae Mpl moBepHem Jayu /i O noJome-’
HHSA l?,a 3aTeM OTGPOCHM l? BMeCTE ¢ MPOTHBONOJOKIILIM €My JYUOM;
npH 3TOM obulee UMCIO Ayuell YMEHBIIMTCS Ha ABA.

TTpopomxkas mocTynmaTh TaxkHM ke 00pa3oM, Mbl CMOXKeM AOATH 10
TAKOTO NOJOXKEHHS, KOf[a Y HaC JHGO OCTaHeTCs] € AMHCTB el H bl i
Jy4, a#60 Ie ocTaHeTcss HH O A HOF o ayua. Takum oBpasom, ne ymeHo-
WAR CYymMbL NONAPHbIX Y2a08 MeXCOy AyLamu, NPOU3BOALRYIO CUCTEMY 1

T ayuel MOJNCHO 3aMEHUTb COBOKYNHOCTbIO k nap npoTusonoA0MHO Ha-
npasaennvlx Ayueit (ecad n == 2k ueTHO) uau cosoxynHocteio k nap
NPOTUBONOAOIHCHO HANPABACHHBLX AY4eli U euje 00HO20 aAyda (ecam n =
=2k -+ 1 HeueTHO). B mnocsepnux AByX cJayyasgx CymMa BCEBO3-
MOXKHBIX TONApHBEIX YIVIOB MKy JYyYaMH COOTBETCTBEHHO paBHA

k2. 180° U (k2 4+ k) - 180%

oHa. He 3aBHCHT OT pAaCnojgokKeHHs Jgyuell (TakOro, uTO 'BHINOJHSAIOTCH
chOpMYAHPOBAHHbIE BHUIE YCIOBHA) H sBJAseTcs Hauboabuweid n3
BCEX BO3MOXKHBIX. :
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22. PaccMOTpPHM KakHe-JaHGO TP MOCHENOBATENHLHHIX Jyya oxX,
OX;n OXi p TARE 2<TiCh— l) H NOMEHSIEM MECTaMH OTpe3KH x, u x

i+1
tak yTro Hapuc. 72 X, X;=X; X‘+l=xiﬂ XX =Xt._lXi== ;41 Pac-
croanue OX; _,=r, | (ua Teopemul [Tndaropa craegyer, 4To OHO PaBHO

Vx?—i— xg—l- oo x?_l, HGO OX=x, (=r) OX2=1/xf+x§(=r2).
sz -+ xs Vx -+ x2 -+ x3 (— rs) HT. Jl) MB  0003HAUUM
npocTo uyepes r; Toraa OX; = Vs x? (=r) 0K} = Vit + Xj =

(— r ) OXH_I —'OX;+1 = Vr + x -+ xL+l (= r;.1) TaK 4TO TOYKH
Xiqpu X¢+1 IpPHHaAJeKAT ONHOH OK-

pymuoctu ¢ uentpom O (¥ paarycoMm

z+1) Ionaxqu 4TO

ecau x~<x,~+1, 0 £ X; 0X; >
> Z Xt—lOXt-H (u 3HQUUT,

£ X,0K, > £ X,0X] )

Orciona yxe CaeflyeT YTBepKAEHHE

3ajau, HGO, MeHsst FO0CAE10BATE]ILIIO

Puc. 72 MeCTaMH [apbl COCEJHHX OTPE3KOB X;

s H Xit1, Mbl MOMEM pacloJOKHTb 3TH

OTPe3KH B BO3pacTaomeM MOPAAKe —

u npu 3toM £ X,0X, yBequuutcsi, UM PACIOJOKUTL UX B yObiBatouieM
nopsinke — u 0pu 37oM £ X;0X, yMeHbIIUTCA.

Hawm, ouernano, gocratouno yGeaHTbCs, 4TO OpH x;<x; , TOUKZ

7
X ;.1 pacrosoxena paavume or npamoil X; (X, uem Touka X; |,

4 4 I's 4
T. e uro X, \P>X; P,rae P u P —npoexuun 1o9ek X; 1 X;
Ha Xt._lXi. Ho u3 nogo6ua (npsMOYro/ibHEX) TPeYroJbHHKOB OXi—1Xz

XiP XX, X, P
w XX, P creayer, uro LAl Ui S S PN 2 Y
XX 0X, Xigl
x;  EE

, OTKyna XL._HP = . Touno TaK ke (c KCIIOJIb~

= 2 2
Vr + x; Vr x‘
7 4
30BaHHEM TOro, 4to A OX;_(X;n A XiXi+lP ) BBIBOJMM

1) Ha puc. 72 usofpaxen caywaft { > 1; cayvafl i==1, rae nagmo
noa0KuTh X = O (37T0T cayuah aBasercss Golee HpOCTbIM) npeso-
CTABJIAIEM PACCMOTPETh YHTATENO, .
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~

OTKYJAa yXe B cAelyeT, 4ro IpH xi<xi_H

7 7
X;pyP>Xi P m £X,_0X; 0> 2 X, 0X),,.

23. Ilepenecem napa/iielbHO BCe HAINH OPsIMBIE TaK, 4TOOH OHHE
NPOXOAUNU uepe3 (HKCHpOBaHHYl0 ToukKy O. IToayuenusie 7 DPAMBIX
paslienat noasblii yroa ¢ sepmanofi O wa 14 yacTel; MO3TOMY XOTb
O/l H3 YIJIOB GyneT MeHbiie (HOJm B CJy4Yae DaBeHCTBa BCEX YIJIOB —

He GoJbiue) uem T4 =25—7—~ < 26°, Ho yraml mMexay mnepedecei-

HbIMH OPAMBIMH GYIYT PaBHBl YrJaM MeXKAY HCXOLHBIMH NPSAMBIMH, 4TO
K JI0KasbiBaeT yTBEPKIEHHE 3aJauH.

24. HanGoJblwee 4YHCAO OCTPLIX VYIJIOB B BLIIYKJIOM MA-YrOJibHHKE
paBHO Tpem — OHO HE 3aBHCHT OT n. HelicTBATenBHO, cyMMa BCeX BHeLl-
HHX YIVIOB f#1-yroibHuKa Bcerga pasBua 4d. Ho ecau Obl xakofi-mu6o
N-YyrOMIBHUK (71 == 4) uUMeN d4eThlpe OCTPHIX BUYTPEHHUX yraa, 10 BHeLI-
HHE YIJbl, JONOJHHTEJIbHEIE K 3THM BHYTPEHHMM yrjaM, ObLiH OB TYy-
MbBIMH, ¥ MX cyMMa Obl1a Obl Goablie 4d; 1mMo3TOMY cymMMa BCeX BHEIl-
HHX YIJIOB H NojaBHO Obl1a Onl Gosbliie 4d. To, uto npu modoM 72 = 3
CYILECTBYET 7-YTrOJbLHUK, MMEIOWK{ TPH OCTPHX YIJja, MOYTH OYEBM/IHO.

25. Hauynem c 3aMeuaHHsl, HCIOJb3YEMOIO B PeIICHHH 3TOH H MHO-
rux nocaexyromux 3axad. IlycTe na miaockocTH 3afaHo Kakoe-iubo Ko-
HEYHOe YHCJ0 1 TOueK; Torjfa aubo ece atu touku My, Ma, ..., Ma
npunadiexar o0noil npamoll, Aub0 CYWECTBYET BblNYKAbLE M-Ye0AbHUK
T (rae m <Cn) ¢ sepwunamy 8 m 43 ITUX TOUEK Tarol, 4TO OCTAAb-
Mble n-— m ToYex (MX MOJKET U He OblTb, €CIAH M = 1) pacrnoAONCendl
enyTpu wau ra epanuye T (MuoroyrosbHHK I HasbiBaeTes BBINYKJ Ol
060J0YKO0l Hamux Touek), Jlas jloxkasaresbcTBa pacCMOTPHM mps-
Myio I’ Takyo, 4TO BCE TOUKH JiexaT IO OLHY CTOPOHY OT I/, ckamewm,
BEPTHKAJBHYIO NPSIMYIO, PaCIOJIOKEHHYIO CJeBa OT BceX Touek, Byaem
asHrath I BNpaBo A0 TeX NOp, [I0Ka OHAa HE «YIPETCsi» B OAHY U3 Ha-
WHX Touek (KOTOpyl Mbl ofo3HauuM Oyksoil Mi). 3arem Oyaem Bpa-
maTh [OJyYeHnyio upsMyio [ Bokpyr Mj, ckameM, B HanmpaBleHHH Bpa-
LielHs 4acoBOH CTpenkH, IO TeX NOp, HOKa OHa He «yIpercd» B elle
OJHY H3 HAIUHX TOYeK — B TOUKY Ms; NOJYUEHHYIO NpAMYy0 0603HaYHM
1y (I moxer u cosmacTe ¢ I;; ecau ! mpoxoaur yepes 3 uiu OGosee u3
HallUX TOYeK, To mnycThb M, — camas nanmekas or M; H3 3THX TOuek;
€C/IM BCe TOYKM NPUHALAeXaT [y, TO paccyXIeHHe Ha 3TOM KOHUaeTCs).
TNono6ueM ke oGpasom Mbl Gynem 3aTeMm Bpamats [y BoKpyr Mz B Ha-
NPAaBJIEHHH BPALlEHHS YaCOBOH CTPeJKH 10 Thojoxenus ls, rae la npo-
XOAHT yepes M u ewe yepe3 onuy Touky Ms; 3aTem 6yineMm Bpamathb /o
BOKDYr Ms 10 moJoxenust [s, Tae s NPOXOAUT yepe3 Mz H emie uepes
oany Touky M, H T. A OKOHYATEJNbHO MBI TOJYYHM A-YFOJbHHK
T = MM, ... M, co croponamu /i, Iz, ..., Im, 32KAK0YAIOIHUI BHYTPH
ceOsT B Ha TPAHHIE BCE HAIUH TOUKH 1),

a) —B) 3aMeTHM npexie BCEro, 4YTO eCJAH TOUKH PacloJOoKeHbl
TaK, 4TO OJHAa MJH HEeCKOJbKO H3 HHX JieXXaT BHYTPH BHIIYKIOrO

1) BoT 3aMMCTBOBaHHOE He W3 MaTEeMAaTHKH, .a H3 OOBIIEHHON XKu3-
HH paccyXIeHHe, NpelCTaBJsioleecs, OJHAKO, NOCTATOYHO yOGenuTeb-
HEIM. ByjneM cunTaTh, YTO Hall¥ TOYKH — 3TO KOJBILIIKK HA IOBEPXHOCTH
3eMJH (Ha TNJOCKOCTH); HaGpOCHM Ha 3TH KOJBILIKH DE3HHOBYIO JIENTY,
KOTOpasi CTPEMHTCH CHKaThCA H CTaTbhb BO3MOXKHO GoJjee KOPOTKOH; TO-
ria 3Ta JeHTa W NpHMET (GOPMY MCKOMOTo MHoroyroabhuka T.
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MHOTOyrobHHKa T ¢ BepWIMHAMH B OCTaJbHBIX TCYKaXx !), TO XQTb OLHH
13 06pasoBaHHBIX 3THUMH TOYKaMH yrioB =< 30° (1. e. << 45°; << 36°):
B TOM Chayvae, Korflla Touka D jexur BHyTpH Tpeyroabnuka I = ABC
C BePIIMHAMU B TPeX APYrux Todkax {puc. 73,a)), 3T0 cAeiyeT H3 TOro,
uro cymma 6 yraos BAD, CAD, ABD, CBD, BCD, ACD pasna 180°,
o ~

H 3HAYHT, XOTb OAHH U3 9TUX YIVOB <

3 = 30°% ecan ke T mmeer

Goabuwe 3 cropon (pHe. 73,6), TO, 4TOGH OPHATH K TNpeRLIAyHIEMY

Puc. 73.

cAyyaio, AoctaToudo pazfuth T Ha TPEYroJbHHKH MArOHANSMH, BbIXO-
NAllUMA M3 oxHOl BepwiuHb, TakuM o0pasoM, HaM OCTAaeTCs - JiHIb
pPaccMOTpeTh CJayuafl, KOrla HaHHble TOUKH HBJSIOTCA BEPIIHHAME BBI-
HyKAOTO 4YeThIPEXYroJbHHKA (pHC. 73,6, 3agaya a)), OATHYTOJAbHHKE
(puc. 73,2; sajada 6)) HJIM IIECTHYroJbHHKA, (pHe. 73, J; 3azaua B)).
Ho B cayuwae puc. 73,8 cymma 8 yraos BAC, DAC; ABD, CBD; BCA,

360°
DCA; CDB, ADB pasua 360°, 0 3uauuT, XOTb OJMH H3 HAX< 0

== 45% B u30GpaxkennoM ma puc, 73,e cayuae cymma 15 yraos BAC,

CAD, DAE;, ABE, EBD, DBC,...; DEC, CEB, BEA pasua
3. 150° .

5= %

B u306paskeHHOM Ha puc, 73,0 cayuae cymma 24 yraos BAC, CAD,
DAE, EAF, ABF, FBE, EBD, DBC; ...; EFD, DFC, CFB, BFA pas-
na 180° (6 —2) == 4-180°% u X0Tb OZHH U3 ITHX YriI0B <i'—2148—0= 30°.

180° (5—2) = 3 - 1§O°, "H XOTh . OfMH M3 HHX <

') Mu cunraemM, YTO HMKaKde TPH H3 HalIHX TOYCK HE IpHHalje-
AT OfHOH npaMoH, n0O B TPOTUBHOM CJydae HeEYero AOKA3LIBATH —
CM. MOACTPOYHOE NpUMeYaHue Ha cTp. 25, , ’
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Ecan HamiM TOYKH DPacIOJIOXKeHb B BEpUINHAX APABUALHOSO YETH-
pexyroabRHKa (KBaapaTa), NATHYrONbHHKA WJH IIECTHYrOJbHHKA, TO HU
OJHH H3 TPeyrolbHHKOB C Bepliunamu
B Tpex H3 HalIMX To4YeK He HMeeT
yraa, 6oabmero 45° (cooTeercTnen-
HO = 36°% > 30°).

r) Ilyers Touku My, M,

M, npoHyMepoBaHBl TaK, uTO
ZM MiM; — yrost BeITYKJIOTO f1-yTOJb-
uuka T (rne m <Cn), BHYTpH H
Ha TrpaHuue KOTOPOro pacloJioKeibt
BCe HallX TOUKH, H uT0 Jayun MM,

/w‘M3, Mng, caey A’hi‘ﬂn_i, A/“/Wn .

CAeAYIOT OIMH 3@ [APYrHM B 3TOM X
HMeHHO nopsiaxke (puc. 74; Bce 3TH

Jy4H NPOXOASIT BHYTPH H MO rpaHuue Puc. 74.

yraa MaMiM,; HekoTophle M3 HUX MO-
rytT # cosnafiatb). Ecau N — touka na mnpoposxenuu jayua MM, 3a
Touky My, TO
180° =L NM My = £ NMM, + £ MMM, =
={L MiMoMpn -+ £ MiMpMo) -+ (£ MoMiM3 + £ MsM(M, +
+ £ Mp— M My).

N n yrnos
Hostomy, ecau ece year MMM, (rme i, j, k=1, 2, ..., n) ne
Merbule o, TO

180° = na, ¥ 3HAUHT, o< 130 . (%)

Ecnu mawiy n TOYEK COBNANAalOT ¢ BEPUIMHAMH INIPABHALHOTO
o

. Ipu
3TOM, AJS TOro uTo6B HepaBeHCTBO (*) 06pallaf]och B PaBEHCTBO, He-

06x011M0, 4TOOBl BBINOJHSJAHCH CJEAYIOUIHE VCAOBHA (M 4TOOH 3TH
YCIOBUST HMeNH MECTO AJs K a3 A0 H BepIIMHL MHOTOYroJbuuka 71):

180°
N 1y £ MiMMp= £ M\MsM, (=

MMy = MM, (u uroGsl Gblin paBHE Ka K Abl € JABe COCeAHHe cTO-

poHbl MHOroyrosbH¥ka T, T. e. 4TOGbl 3TOT MHOFOYTOIBHHK OBl Pa8HO-

CTOPOHHUM) .
2) £ MoyMMp= 2 MM M3+ £ MsM\M, + ...

180°(n — 2

et 2 My MMy =81 —2) (” )

6bl 3nHaueHne KaXKAOTO yma MHOTOYToAbHHKAa M, T, €, 4TOGH 3TOT

_n-yroJibHHKa, TO HHOAHH M3 yrao M;M;M, He menbme

=al, T. e. urobnl ObL1O

(= (n — 2) a) — u TakuM xe GLLIO

, 180° (n — 2)
MHOTOYTOJbHEK OBV pasnoyzoasusim |c YTIOM] =},

TakuMm 06pasoM, mp onHu u3 yraos M:M;M, ue wmensie

TONXbKO IAs CHCTEMBl A TOYEK, COBIajaionied ¢ gepuiunanu  npa-
BUNDHOCO n-YTrOJbHHKA,
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26. CHoBa HayHeM C MNOCTPOEHHsS BHINYKJAOrO MHOrOyrojbuuxka T
(BBIMYKI0lT OGOJIOWKH HAUIHX TOYEK; CM. Hadago peweudst 3apaun 25),
BHYTPH H Ha TPaHUiE KOTOPOro PACNOJIOMKEHBI BCE HAILUH TOYKH, & Bep-
WIANBl COBMALAIOT C KaKuMH-TO u3 HHX. Hasee, ecau touka D jexkir
BuyTpH A ABC == T (puc. 73,a), 1o nockoasky < ADB -+ £ BDC -
'+ £ CDA = 360°, to Xotb oawu H3 yraos ADB, BDC, CDA &yuer

360°
>
m-yrogbHgKa I C BepUIMHAMH B M H3 HAWINX TOYeK, rAe m == 4, To
LOCTATOUHO pas3buth T Ha TPEYrOJAbHUKU [HATOHAJAMHE, BBIXOILALIUMHU
13 opHo# Bepwuubl (puc. 73,6). Takum o06pasom, ocTaercsi pacCMOT-
peTh caydafi, KOTHA [daHHbie TOUKH SBJSIOTCA BEPIIMHAMH BBITYKAOTO
MHOTOYTOMBHYKA,

Ho cymMma yraoB BHINYKJAOTO n-yrodbHuka, rae n == 4, b u 6, coot-
BeTcTBenno pasna 180°(4 — 2) = 360° 180°-3 u 180°-4;, mosToMy xOTb

=120° (1. e. >>90° >108°); ecanu xe touka E nemuT BHYTPH

360° R
OJIUH YroJi BBIULYKJIOrO YeTHPEXYrOAbIHKA 2= = 90°, x0Tb OaHH
3. 180° o
yroJl BBITYKJAOrO HATHYTOJbHHKA. >——5—-—= 108° u xoTh oauu yroa
4. 180°

BBITYRJIOTO WIECTHYTOJIbHUKA == = 120°, 410 U ZOKa3BIBAET yTBEP-

6
XKIEeHHs 3a8adu.

M3 pemennss sajgau a) — B) CAeAyeT, 4TO HUKaKHe TPH U3 HALIMX
TOueK He 0GPasyloT TPeyrodbHHKa ¢ yrjoM, Goanbmuwm 90° coorser-
crBeHno Goapinm 108° wam 120°, ammb B TOM Caydae, KOrjAa TOUKH
SIBJISIOTCS]  BEPIINHAMH BBIIYKJIOTO PaBHOYeOAbHO20 HeThIPeXyroJabHUka
(IpAMOYrosbHHKA), PABHOYrOJBHOIO NATHYTOJbHUKA UM PaBHOYIOJb-
HOTO IECTHYTONBHAKA (CM. TakXe HawaJlo peuleHns sagaun 27).

27. a) 3ametum, uto ecau us uucaa wecru roek A, B, C, D, E, F
NAOCKOCTU HEAb3S BbIO6pATL Tpex, 00pasylowux TpeyzoabHUuK ¢ 00 4 b-
wum 120° yeaom, TO 3TU wects TOHEK OGA3ATEAbHO ABAAOTCA 8epuiu-
HaOMU ULeCTUYSOAbHUKA, BCe yzabl KoTOpozo pasust 120° (cp. ¢ pemte-
nueM 3agaun 26 B)). B camom pene, ecau touku D, E u F jexat BHYT-
pu Ttpeyroabunka [ = ABC (cp. puc. 73,a), TO KaXABf H3 YIioB
ADB, BDC n CDA < 120°, amub ecan D — Touka, u3 KOTOpOh Bce
CTOPOHLl TPEYrOJbHHKA BHAHHB NMOA yraoMm B 120° Ho Takke M KamJbld
n3 yraos AEB, BEC, CEA we npesocxomur 120° numb B aHAJOTHYHOM
caydae, 4TO HEBO3MOXKHO, ecad Touku £ u E paszauunsl'). Ecanm touxkH
E u F nexat BHYTPH BBIIYKAOrQ ueToipexyeoavuuxa T == ABCD, 1o E
0oBs3aTenbl0 NPUHAAMEKHT ABYM TPeyroJbHHKaM ¢ BepUIMEAMH B Ha-
LIMX TOuyKax, Hanpumep Tpeyroipuikam ABC u ABD; wo Toraa, co-
I1aCHO CKa3aHHOMY BBHIINE, HH OIHH H3 O0Da30BAHNEIX HAIIUMH TOUKa-
M4 YIJIOB He mnpeBocxoaut 120° jummb B TOM cayuae, ecan uH3 E Bce
CTOPOHB! 0§ 0 # X TPEYrOJLHHKOB BHAHBI NOA yraamud B 120° uto #BHO
HEBOSMOKHO. TaK Ke ONPOBEPraeTcs H NPEAIIONOXKEHHe, UTO TOUKA
JIEXKUMT BHYTPH BBIIVKJOro naruyeoasuuxa T = ABCDE, xorpa oxa
TOXKe 00s13aTeJJbHO TNPHHAIJNEXHT Cpasy He CKOJABKHUM TPEYrOJAbHU-
Kaa ¢ BePLIHHAMH B HAUIHX TOYKAX,

1) HerpynHo BuAeTb, YTO BUYTPH TPEYroibHHKA HMeeTcAd JuGO
€eIHHCTBEHHAs TOYKA, W3 KOTOPOH Bce CTOPOHBl TPEYrOJLHHKA
BHAHH NOR yraaMmu B 120°, qn6o HM OZAHO#A Takofi TOukH (Cp. C pe-
iueHueM 3agmayd 75 kuury [4]).
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[TpeanosoxuM Tenepb, Yro HaM.JaHo GOJbIIe MecTH TOueK
nnockoctd, EcaH HUKakpe TPH H3 HHX He o6Gpa3yioT TPeyrolbHHKa C
GospiinM 120° yraom, to mepsbie wiects Towek A, B8, C, D, E, F nonx-
HBl 00pa30BLIBATL ILECTHYFObHMK, BCe YIJBI KOTOporo pashbl 120°
Ecau ke G — ellle K4Kas-TO M3 HAWHNX TOYeK, TO ¥ WecTb Touek A, B,
C, D, E u G Tak¥ke [0JK'bl SIBAATHCS BepHIAHAMH ILECTHYTOJbLHHKA,
Bce yranl KoToporo pasiubt 120°% 1o 3To fIBHO HeBO3MOHO, ecan G OT-
auuiia ot F.

6) [lycte ABCDEF — npou3BOJIbHBIE  IIECTHYrOJNbHHK, BCE  YIVIbL
KoToporo paBHH 120°. B TakoM ciyuae HM OJHH H3 TPEYroAbHHKOB, 00-
pasopaunbix Tpema us rtouek A, B, C, D, E u F; pe umeer Goabiero
120° yraa (cp. ¢ pemennsvu 3agau 26B), 27 a)). Ilycrs, aanee, G —
Touka Guccextpuchl FG yraa AFE, oueub Ganskas g sepuune £

£ 7

r]

a) 6! 8

Puc. 75.

(pHc. 75,a). Ecan sameuntb Touky F 1oukoii G, To Mbl NPHAEM K IIe-
cruyronshuKky ABCDEG, BecbMa G6AH3KOMY K LIECTHYTOABHHKY
ABCDEF; npu 3TOM BCe Yrabl Kax/I0TO H3 TPEYTOJLHHKOB, 0GPa3oBaH-
HbIX JioOLIMM Tpemsa u3 Touek A, B, C, D, E u G GyAyT He OPEBOCXO-
JAHTb HauGoJbllero 3 yrioB wectuyroipHuka ABCDEG (yraa AGE),
KOTOPLIH MOXHO CIeAATh CKOAb yroduo 6.u3kuMy K 120° u, B yacTHO-
CTH, MeHbUIHM YyIJa @, — AJS 3TOFO HaJo TOJbKO BHIGPaTh Toury G Tak,
yTo6sl paccrosune FG GbUIO 10CTATOUHO Maso. TakuM o06pa3oM, HaMm
OCTAETCA JIMIIb TPOCJACANTh 3a TeM, 4TOOb BCe YIJbBl TPEYroJbUIKOB
AFG, BFG, CFG, DFG n EFG 6blan menblile . i
- Jlcuo, uro mockoneky £ AFG = £ EFG = 60°, TO TpPEYroNbHHKH
AFG uw EFG uukak #e MOTYT UMeTh Goabliero 120° yria; HOSTOMY
ycJjoBHe 3afaun OyAeT BBIIOJAHEHO, eCJH Mul AoObeMcs, uTOoOB HaHGOMDb-
wHe yrasl TpeyroabHukos BFG, CFG u DFG 6pinu menbwe @. Ho ecau
cropodbl AB u ED oueHb Madab (N0 cpaBHeHuio co cropoHamu FA
H FE), t0 manpasseuns cropon FB u GB tpeyroasuunka BFG 6yayr
ouelb OJHM3KH K HalpPaBJCHHIO CTOPOHBl FA IecTUyroJbHHKA, 8 Hanpab-
nenua cropon FD u GD rtpeyronbuiika DFG —K Hanpapjieddi0 CTO-
pount FE wecruyrojsnuka: BeAb AASL TOro, 4ToObl NONACThb H3 TOUYKA
B TOUKY B, Hago cMecTnThes B Hanpasienwu FA ua paccrosHme FA,
a 3aTeM CMECTHTBC H3 Touxd A Ha ropazio Mmembuiee paccrosuue AB
(puc. 75,6). Tlpu atom yroa BFG wu yron BGG,, rne Gy— Touka Ha
nponoaxennu orpeska FG 3a rtouky G, OyAyT oueHb OJH3KH K YrJay
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AFG, paenomy 60°, a yron BGF. 6yxer ouens 6an3ok k 120% B yact-
HOCTH, ecan omoxﬁe}me % LOCTAaTOYHO MaJio, TO 3TOT yroi® 6yrer
menpe yraa ¢. Touno Tak ke yron DGF toxe Gyner Menbne yraa @,
€CJIH TOJIbKO OTHOILEHHE TF‘ LOCTaTOuHO Mauo. (MoOmHO Takxe che-

natb o1peskn AB m ED paBHbH MU Majsomy otpesky FG: npu stom
. 6ynem umetre £ BGF = £ DGF = 120° — cm. hmxe puc. 76.)
Hakouell, nmpeanoJoXum euie ITOMOJMHHTENAbHO, 4ro cropona FE
(n napaaaenbnas el cropona BC) Bo MHOT O p a3 Goablie CTOPOHHI
DC (n croponnt FA; puc. 75,8). Ilpn stom nanpasaenus cropou FC
- GC tpeyroabnuka CFG 6yayr BecbMa G6JU3KH K HalpaBJeHHIO CTO-
pounl fE mecTUyroapHuKa: Beib A TOrO, yTeOB TONacTh ¥3 Touku F
B Touky C, HaM HaJl0 CMeCTHTbCA B Hanpasienny FE Ha paccTosiHHE
FE, a 3arem eme CMeCTHTbCS1 Ha TOpa3fo MeHblIHe paccrosuua £D u
DC. Tlostomy yramt CFG u CGGy 6yayT B 3TOM caydyae BecbMa G/M3KH
K £ EFG = 60° a yron CGF 6yzer ouenb 6au3oK K 120°% B uacTHO-

CcT T eHH E.QH_E.Z_)_
H, €CJiH OTHOIICHHSA FE FE

cratouno Maae, To yroa CGF Gynmer MeHblie
3a/laHHOTO yraa .

Tarum o6paszom, pas TOro uyTo6bl BCE YIJbt
_BCEX TPEYroJLHHKOB, OGpa3oBaHHble TpeMs U3
touex A, B, C, D, E, F n G, 6ulau MeHblIE ¢,
HAZo TONBKO, uTOOH paccrosune FG u oTHoile-

6y11yT no-

—ﬁ £D ﬂ H £Db 6 0CTaTOYHO
" FAr FE' BC © FE UM A
M2JabIMH.

B) Slcno, uro, Kak 6B HH ObLIM DacnoJto-
MEHb Ha -VIOCKOCTH BoceMb Touek A, B, C, D,
E, F, G, H, ua uux MOXHO BHOpaTh' TpH, ofpa-
3YyIOIIHE TPEYFONbHHK, ONHH H3 YIJOB KOTOPOTO
> 120° (cm. pewenue 3amaun a)). Ilyers, nasnee,
ABCDEF — nenTpasnbHO-CHMMETPHUYHBEI  IIECTH-
. YTOJIBHHK, BCe YIJbl KoToporo papubl 120° u G
H H — rakne Touku BHYTpU mero, uro FG 3t CH 3= AB (puc. 76). Ecan

Puc. 76.

- A
OTHOWIEHHS —p— H Fm
TPeYroJIbHHKOB, 00PasoBaHHbIX KakMMu-1u6o Tpemst us touek A, B, C,
D, E, F, G u H, 6yaytr meubie Jio6oro 3agansoro yraa ¢ > 120° (cp.
¢ penienueM 3ajauu 6)). '

28. a) Ecjn Bce RallH TOYKH NpHHAMJEKAT OTPe3Ky, TO [ABa HaH-
MeHBHIKX yraa passbl O (1. €. o2 ==0; cp. ¢ 3agauer 29); ecau TOU-
ka D npurnagnexur A ABC, To nBa yraa TpeyroJibHHKa, cKaxeM, A H
B, octphie u Menblune u3 «uacTeit» BAD u CAD, coorsercteenno ABD
n CBD, stux yraos <<C45% TakuMm 06pasoM, HaM OCTaeTcsl paccMOTpeTb
caywal gewnyxaoeo uervipexyeoavbruxa ABCD (cM. Hayano pemenus
sanaun  25), Tax xkak, waupumep, < ABD+ £ BDA+ £ DAC +
+ £ BAC=180° uw ZCBD+ £ BDC+ £ BCA+ £ DCA = 180°,
TO Ka’KjJas ueTBeDKa YIrJ0B CONEPKHT YroJ, He NPeBOCXOASIHH
o (= 180,
KBapaT (M TOJbKO B 3TOM ¢/yuael), yrol Gy P aBeRr 45°,
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" 6) Ecam Bce HaMM TOUKH NPHHATNEKAT OTPE3KY, TO IBa- GOMBHIAX
- yrna paBust 180° (1. e. Ba = 180°% <M. 3amauy. 29); ecm D — Touka
BHYTPH TpeyroibHHKa ABC, To 1Ba M3 Tpex «BHYTpeHHHX» yrios ADB,
BDC u CDA 6ynyr = 90°. Ilycte Tenepp ABCD — punyKAbIil ueTs-
© pexyroasuuk H D) — ero uaHGosbwHit yroa. B stom cayuae / D = 90°%
kpome Ttoro, ZDAB+ £ ABC + £ BCD + £ CDB + £ BDA = 360°,
350°

H 3HA4YUT, XOThb OAMUH H3 3THX [ATH yrjiaoB =72° <=7~A—5——), yeM H
ycTaHapanBaeTcs, yTo P2 = 72°.

. PaBenctBo P, = 72° nocruraetcs, ecam Kamiaeld H3 Qurypupyo-
IIHX B MocAefHel cyMMe NATH YryioB paseH 72°,

29. Paccmotpum n rtouek My, Ma, ..., Mn, npunadaexanjux 00-
Hoi npamod. fcuwo, uto B 310M Ccayuae Bee yraot M;M;M, pasuwm O
nin 180°% HaMm Hajo TOABKO omnpeienutb uucio P(n) yraos, paetbix 0
u uncio Q(n) yrios, pasubix 180°,

Ecan TO4KH pacnosoiensl Ha NPAMOf B «ECTECTBEHHOM» MODAIKE:

M, My, Ms, ..., ur. g, 10 180° paun 1 - (n —2) yrios M:M;M; ¢
Bepminuoft M, (3mech { o0s3aTensnHo paBHo 1, a j MOMKET NPHHHUMATD
modoe uz n—2 auavenwit 3, 4, ..., n); 2(n—3) yraos M;MsM; ¢
Bepunoit M (i mMokeT pasHaTbes | wim 2, a j=4, 5, ..., n),
3(n—4) yraos M;MM; ¢ Bepummmoit M, ...; (n—2)-1 yraos

MMn_sM; ¢ Bepumnoft M,_( Taxum o6paszom, obwee uncno Q(#n)
yriios,\paBusix 180°, TakoBo: -
Q(n)=1(n—2)+2 (0 ~3H+3-(n—+ ... +(n—2)1= ‘

' a{n—1(n—2)
I T—
TOC/IE/Iee PABEHCTBO JETKO IOJYUHTh, TOJb3YSCh, HANpuUMep, MeT0-

JNOM MaTeMaTHUYeCKON HHAYKIHH').
Yucso P(n) papupix 0 yrios MOXKHO HalTH U3 DOPMY.Ibi 2)

P(N)=N(n)—Q(n)(__. n(n—12)(n—2) _ n(n—lé(n—Q) _
_ n(n—l)(n—2)>
=Lnm e

HJIH OOACYHTATDL TEM )ke METOJO0M, 4YTO U BbIlIC, — NDH 3TOM noay4uTed
tbopmynal)

P(n)=Ch+ Chg+ (C3+ Chg) +(C3+Chog) + -
o (Chs O Gt O =

(n—1)(n—2) . (n—2)(n—3) 1.2
n(n—1)(n—2)
-—-______.._3___._

(mouemy?).

1) Cwm., nanpumep, M. C. Comuuncxkuft, JI. U. Tonosuna,
U M. draowm, O Maremaruueckoil munykuuu, M., «Hayxa», 1967, §t
yacTH I, B yacTHOCTH npumep 6 Ha cTp. 18. : :

2) Cm. moacTpodHOe NpuMevanHe Ha cTp. 26.
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30. YTBepxaeHne 3ajaul BBHITEKAET H3 TOTO, 4TO Ka K AH A Tpe-
YT OJAbHHUK HMERT yroJ, He mpeBocxolsitunil 60°, ¥ yros, He MEHbUIHH
60° (cp. Boiwe, cTp. 22—23; HpH 3TOM, eC/iM TeTpasip (TpeyroibHas nu-
pamana) ABCD npasunbubli, T. e, BCe e€ro rpanH — NpaBHJblibe Tpe-
VTOJILHUKHM, TO HH OAHH H3 Tpeyroabnuxos ABC, ABD, ACD w BCD
He uMeeT yraa, Goabumero 60°, M HH OZUH H3 HHX HE MMeeT yIjia, MCHb-
wero 60°.

31. a) Paccmorpum BrINyKJBIi Muoroyroabhuk T ¢ Bepiiuuamu B
KaKuX-TO M3 HaUHX TOYEK, COLEPXKAIHI BHYTPH cebs OCTajbHLEIE TOUKH
(cM. Havano pemtenns sagauu 25). ITpu stom

1° Econ uncao BepminH T 60Jblie WeTH PEX, TO XOTb OJHH
yroa ero TynmoH (cp. 3azauy 24); HO 3TO 3HAUYHT, YTO HEKOTOpPbie TpH
H3 Halux TOYeK (CoBmajaloilie ¢ TpeMs BepuwHHamu 1) oBpasyioT
TYNOY20Abrblli TPEYTOABHHK. .

2° Ecnu uncao sepiuun T PaBHO UeTBIPEM, TO HH OJMH M3 €ro yr-
JIOB He fIBAAETCS TYNbIM JIHIUL B TOM Cly4ae, eciad I — npamoyeonbHus
ABCD. Tpu stom Buytpn ABCD ne moxeT nexaTbh uM OHA W3 HAMINX
Touek, HO0 ecau Obl Takasg Touka £ ualliach, TO H3 YCJIOBUHS O TOM,
4YTO HM OAHH U3 ueThipex yraos AEB, BEC, CED w DEA, cymMa Ko-
TOpbIX paBHa 360°, He Tymoil, BHITekaJ0 Obl, YTO BCE TH dYeTLIpe Yrja
npaMble; HO 3TO 3Hauug0 Gbl, uto AEC = 180° > 90°.

3° Ecnu ymcao Bepuud T pasHo Tpew, To BHYTpH T = ABC
TaKKe He MOKET JICKATb HH OLHA H3 HAIIMX TOYEK, TaK Kak ecan E —
BHYTPeHHss Touka Tpeyroibiuka ABC, To XOTb OJHH H3 TpeX YIJOB
AEB, BEC u CEA, cymma kotopeix pasua 360°, — Tynoit.

Takum 06pasoM, BO3MOKHOE YHACAO TOUYEK, Y/OBJCTBOPSIOWHKX
YCIOBHIO 3a1aud, — TPu (BEPLIHHBI OCTPOY2OAbHOSO WM NPAMOY2OAb-
HO20 TPey20AbHUKA) NAH 4eToipe (BEPUIMHB APAMOY20ALHUKA).

6) SIcHO, 4TO B TpPOCTPAHCTBE MOMKHO YKa3aTbh BOCEMb TO4YeK, 00-
Jlafalomax TpeSyeMblM CBOICTBOM: INIPHMEDOM TakKOH CHCTEMBI TOUYEK
MOXKeT CJYXKHTb CHCTeMa BEpITHH TNPSIMOYIroJbHOIO Hapa/ieneninena
(nanpumep, xyba). Ilokaxem Tenepb, uTo ecau cucrema n rtodek M;,
My, ..., My npocrpancrea takosa, uto Hu odun us yero8 M;M;Mg
(rne i, j, k — KakHe-TG TPH u3 HoMepoB 1, 2, ..., 1) He A84RETCA TY-
nowm, To n <5 8. .

ITyetb T—3BBinNyKaas 060109Ka HAallHX TOYEK, T. €. HAl-
MeHbULULL 8bINYKALIE MHO202paHHUK, codepicatquli snyTpu cebsa (u Ha
epanuye) sce touxu My, Ms, ..., Mn. DTOT MHOTOTPAHHHK MOXKHO TO-
CTPONTb AHAJOTHUHO TOMY, KakK Ha ILIOCKOCTH CTPOMTCSI BHINYKJas 060-
JOYKA KONEUHOTO MHOMKECTBA TOUEK (CM. 11auajo peluenus sajzaun 25).
A uMmenno, BHGepeM «HOCTaTOYHO JajeKyio» IIOCKOCTb T, T. €. Takylo,
yTo Bee touku My, ..., M, pacnosioxens no oany cropony or m. Ja-
Jaee OyneMm CABHTaTb 3TY IJIOCKOCTH NapaJile/bHO caMol cebe, npuOau-
XKasg ee K HAlIUM TOUKaM [0 TeX HOp, NOKa OHa He «HATKHEeTCH» Hna
OAHY H3 HHX, CcKameM, Ha Touky M,. Tlocie s3TOro HauHem mOBOpauH-
BaTb MJIOCKOCTb BOKPYr J0GON mpoxojsie# uepes My npsamofi; npH
3TOM IUIOCKOCTh B KOHIIE KOHIIOB «HATKHETCS» Ha ellle OJHY H3 HaLIMX
TOUeK — Ha TOuky M. [asee 6ynem noBopauuBaTbL NOJYYEHHYIO TJIO-
CKOCTb Y»Ke BOKpYyr npsMoit MM, mo Tex mop, noka MH He MHpHAEM
K TaKO# NJOCKOCTH 7y, 4TO B 3TOH IMJIOCKOCTH JexaT TPH Hak O6oJblie
M3 HalUX TOYeK; NpHYeM Jexaliue B TMJOCKOCTH I TOUKH MOXKHO
34KJIOUUTL B (IVIOCKHE) BHIOYKJIHI MHoroyroibHuk I'y = MM, ... Ma,
BEpIIMHAMH KOTODOIO SIBJSIIOTCS HEKOTOPbi€ H3 HALHMX TOYEK — B B HI-
nykKaylo o60JOUYKY MNpHHAAJZEKAUMX J5; TOUeK (CM. Haualao
pelenns 3apaun 25).
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Tenepb HayHeM NOBOPAYHBATH -TJIOCKOCTb 3 BOKPYr npamoit MM,
B npoTHWONO/OKHOM HANpABJCHHH, MOKa Mbl He APHAEM K IJIOCKOCTH
T, coaepKames TPH uax OoJblle H3 HAIIHX TOYeK; BCE 3ITH TOUKU
JexaT B BEPIUHHAX H BHYTPH HEKOTOPOTrO BBUIYKJOIO MHOTOYIOJIbHHKA
I's, npeacrasasiowero co6ofi cmexuyio ¢ I'y rpawb Hckoporo MHOro-
rpananka T. 3atem 6yaeM nosopauHBaTh My BOKpYr npamoi MsM; B
TAKYI0 CTOPOHY, uTOOH BCe HAlUM TOUYKH, HE INpUHALMEKALLHE NPAMOl
"MyMs;, octaBanuch € OfHOR CTOPOHBI OT IIJIOCKOCTH, NMPH ITOM Mbl Tak-
HE B Kakoil-TO MOMEHT «HATKHeMCS» Ha OAHY M3 HalIHX TOueK, 4To
ONpPeIeHT HOBYIO IIOCKOCTh T3, B KOTODOH HMeeTCsl BLUIYKJABIE MHOrO-
yroasung s, BepimIMHB KOTOPOro COBOANAIOT € HALIHMH TOUKAMH —
BbIYKaass 000JI0UKa NPHHAAACKAINUX 513 Todek; ['s sAsurTcs elile ORHOM
(Takke cmexsofi ¢ I'y) rpambio MHororpanuika T. TlpojoamuM 3TOT
npoiece, NOBOPAYHBAs CHAayada IJOCKOCTb T4 BOKPYT BCEX CTODOH MHO-
royroabnuka Iy, a satem mocTynas TakHM ke oGpas3oM C MJIOCKOCTAMH
7z, M3, ... Tak Kak BCero TOYEK Yy HAC — KOHEYHOE 4YHCJIO, TO Mbl B
KOHIle KOHIOB IIOJYYHM BBINYK/bl Muororpanuik T, Bce BepLIMHBI KO-
TOPOro COBOajalT C KaKuMH-TO H3 HallHX TOUYeK M TakKoll, 4to BcCe

Toukd My, M,, ..., My Jexar BHYTPH UAN pa TrPpamuue 3TOTC MHOTO-
rpaHunKa l). .
3aMeTHM Temepb, yTO B HauieM cayvae gce rouxu My M, ..., M,

6yoyr cayxmuts gepuiunany mrozoepannuxka T, B camoMm mese, v oipa
W3 HaIUHX TOYeK HE MOXKET, pasyMmeercs, NpHHALJIeXRaTb pedpy MHOro-
rpadnuKa I, Tak Kak HHAYe HEKOTOpPbIA yron M;M;M, Gwin Obl pasen
180°. Hanee, xaxpuas rpaub t; muororpanuika T (rge {— OfHH H3 HO-
MepoB 1, 2, ...) MoxKeT colepxKaTb We (0Ablie 4CTbipex W3 HALHHUX TO-
YeK, [PHYEM ITH TOUKH iBAAIOTCs JAHOO BepIIMHAMH (OCTPOYTONBHOTO HIH
NpAMOYroabHOro) Tpeyroabinka I'y, mnfo BepuimHaMu OpPSMOYrOJbHUKA
I'i (cp. ¢ peuwenseM 3apaun a)). Hakoneu, uukakas “3 HAIHX TOYCK
HEe MOXKeT JexaTb BHY TP H MmMuororpannska T. B camom nene, ecau Ou
Touka My Jexana Buytpu T, To npoxonsulas uepes Mp maockocTb A,
nepneHauxyaspuaa orpesky MMy, paccekama ©6u1 Muororpanuuk T na
IBE 4acTH; MPH 3TOM Ta uacTs T, KoTopas pacnojomkena ¢ APyro#t cTo-
pOHBI OT A, ueM TOouka M, Takxke HOMKiHA Obina Obl CONEpP:KAThb He-
KOTODble M3 HAIIUX TOUYeK; Ho ecaun M, — Kaxas-1u60 Takas Touka, TO
L MMMy —1ynol (novemy?).

Hanee, ecau M; u M; — dse sepuwunwt T, 10 8ecy muoeoepanntx T
YeAUKOM 3AKAIOYQETCS BHYTPU  «CA0A», O2PAHUHEHHO20 RPOXOOAULUMU
uepes M; u uepez M; naockoctamu h; 4 hj, nepnenOuKkyarspHoimi OT-
pesky M:M; B camoMm pexe, wekoTopas yacTh muororpasnuka T Jamure
B TOM cJydYae MOrJa Obl JiexkaTh, CKaxKeM, MO JAPYrylo CTOPOHY OT IJO-
CKOCTH Aj, YeM Toyka M;, ecam Obl 1O 3Ty CTOPOHY OT Aj UMeJHCh Obl
TOUKH Halleli CHCTEMB, 0O ecad Obl CYWECTBOBajd Takasd Touka My,
To & MiM;Mp 661t OBl T Y I B M, .

OGosnauynm Teneps uepes To,- Ts, ..., Tp MHOrOTpauHUKH, MOJY-
yalomuecs U3 MHororpansdka T mnapasjesbHBIMH TEPEHOCAaMH COOTBET-
CTBEHHO Ha BeKTOPH M Ms, MiMs, ..., MiM,. Mbl yTBep:KIaeM, 4TO
HUKQKUe 080 U3 ITUX MHOZ0SPAHHUKOS He nepecexaroTca. B camom aedne,
ecanm wmuororpannuk Ty == T JexuT, CKaxeM, <«Bblle» TNPOXOMAmEi

1) Muororpanuuk T MOX10 npeacTasiaTh cefe kak o0pasoBamMHbIA
HaTaayToll ua -tToukn My, M, ..., M, «pe3unoBoil TeHKOH», KOTOpAd -
CTPEMHTCS COKPATHTBLCH, B TO BpeMs KaK 3TH TOYKH ee YJAepIKHBAIoT
(cp. co ckasaHubIM B cHOCKe Ha cTp. 141).
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uepe3 Touky My M nepneHaHKkyJasprofl orpesky MiMi maockoctd Ay (372
NJOCKOCTL TPEATIONaraeTca 34ech TOPH30HTAAbHOM), TO MHOrGIPaHNMK
Ti JeXuT «Bpllte» MApPavIeTbHOR Ay IJIOCKOCTH A;, NPOXOAsICH uepes
pepmuHy M; wmuororpannuka T; (mnockocts A; noaywaercs u3 Ay na-
paJJielibHbM NepeHocoM Ha BekTop MiM;). A Ttar Kak, no nOKasam-
HOMY Bbille, MuHororpannuk T; pacnosioxken «Hume» WIOCKOCTH A, TO
muororpanuukd T n T; ue moryT nepeceubcss. AHajoruuno joxasniBaeT-
cfl, 4TO He MOryT nepeceubcss H MHororpaumuku T; u Tj, roe 4, j 71
(sametum, uto muororpanuux T; noayuaercs. uz muororpanmuka T; ¢

Bepwinnofi M; mapaznespnpM meperiocoMm Ha sexTop MM, - MM, =

= M:M;).. .

Haxonen, zamernm, uro Bce muororpauuuky T =Ty, Ty ..., Ta
3aKICUeHbl BHYTPH BiBoe Gosbitero T no JuHeiinbiM pa3mMepaM MHOro-
. ’
rpannuKa X, BepUIHHAMM KGTOPOTO chyxKaT ToukH My, My, ..., My,

1 a1’ i i1 .
roe MiM;=2M M, (mi=2 3 ..., n). B camom pene, Muoro-

rpaHunk Ty, OYEBMANO, UEJHKOM 3aK/Ji0uel BHYTPH MHOrorpaninka 2.
Haunee,. nponseossnas touka P’ muorerpannuka T; (rie i—oxnn H3
HOMepoB .2, 3, ... UAM £i) NOJYYaeTcsl napadJje/bHbiM [epeHocoM Ha
BekTop MM; w3 nexortopoit Toukn P Muororpannuka Ty nostomy
PP = M\M;, wn anausnt, M\PPPMi—napaaaneaorpamm Ho or-
clofa caeayer, uTo cepenuna @ orpeska M;P’ cosnagaet ¢ cepenHnoi
otpeska PM; W, 3HAUNT, NPHHALJNEKHUT BHINYKAOMY MHororpannuxky Ti.
Ho ecan cepeanna orpeska MP’ npuiaanexnr muororpannuxy T, TO
Touka P’ NpHHAIZeXMHT MHOTOTPAHHHKY X, «roMoTeTHuHOMY» Ty c nen-
TPOM ‘TOMOTETHH (MJM. «PaCTAKEHHS OT TOUKH») My n KodGpHLHEHTOM
TOMOTETHH (PacTsiiKe:rns), PaBHbIM 2.

Tax kak wmuororpauunxu Ty, Tg, ..., T, nonapno Be nepeceraoTcs
U BCe NpHNaAAeaT MHOTOTPanupKy Z, 10 -

vyt o oV,

’

rae vy, Us, ..., Un — 0Obemn mucrorpauunkos Ty, To, ..., Ta, a V—-
ofbem muororpannuka X. Ho, ouesnaso,

Vg == Uz == ... =0, =10y,

B 1I0CKOJbKY JHHefinble pasMepnl MHOTGrpannvka 2 BABOE 00JblIe
JNHHEHHBIX PasMepoB MuororpaiinHka Ty,

’ : V= 801.
Takum o0pa3zom, umeeM .
) nvy < 8uy,

OTKYAA H {JaenyeT, UTo
n< 8.

ITpumevanune W3 pewennss zagaun 6} BHITCKAeT, uYTO paBeH-
CTBO n = 8 MOeT HMeTh MeCTOo TOJBbKO B TOM Ciydae, KOria BO-
cemb muororpannnkoB Ty, Ti Ts,...., Ts (rae BBIMYKJABI MHOTOTpaH-
uuk T) = MM;M;3 ... Mg umeer BoceMb EepIINH) NOJHOCTHIO 3aNOJHSIOT

4 4 B o
miororpauank .= MM, ... M; marce Coaemux, uem T, anneinnx
pa3MepoOB, 4TO BO3MOXKHO, TOMbKO ecan MMM .., , My — npamoyeois-
Hblit napaisesenuned (noyemy?) '
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VkaxeMm eme, 4TO B TOWHOCTH TaKHE K€ DPAaCCYMICHHS MOKA3LI-
BalOT, uTO HauGoabilee uucao Touek M, M., ..., M, m-mepuoro es-
KJAHAOBA MNPOCTPAHCTBA (CM. NOACTPOUHOE UpuMeyaHiue Ha cTp. 32),
TaKHX, UTO HY OAMH H3 yraos M MM, (rze i, j, k=1, 2, ... uan n)
He #ABJAETCH TYNsIM, PaBHO 2™ (COOTBETCTBYIOUIHE TOYKH SIB/SIOTCA
- BepHIHHAMH  NPAMOY20AbHOO NAPAAACAOTONA — B  YACTHOCTH  Kyba —
M1-MEPHOTO NPOCTPAHCTBRA).

32. a) Tak Kak YyKe 9eTHIPEXYroJbHHK HA NJAOCKOCTH HE MOXKET
HMETb TOJbKO OCTpele yrabl (cp. ¢ pewenueM 3ajgauu 31 a)), TO HC-
KOMO€ YHCJO TOYeK 7 == 3; 3TH TP H TOYKH NOJKHBl SABJIATLCA BEpLIH-
"HAMH OCTPOY2ONbHOZO TPeyeoAbHURA.

6) M 3nxecs, nono6uo pemeusio 3agauum 31 6), MB pPaccCMOTPHM
wnaupensuind goingrasni sroecoepannux T, cogepiauinit BHYTPE H Ha
rpaHHLe BCe RAIUH TOWKH, 3TOT MHOTOrPalHHK JOJMEH MNPEACTABIATDH
coboit Boimykabli n-Bepuninuk ¢ pepuwnnama My, My, ..., M., sce
rpaHun KOTOPOro, B CHAY pe3yabTata 3ajiaud a), #ABAsI0TCAa OCTPOYeoAbL-
HbIMU Tpeyeoabruxamu (cp, ¢ pelurendem 3agaun 31 5)).

slcno, uto JeTRo HafiTH CKOJBKO YrOAHO TAKHX BbIGYKALIX «4-Bep-
IWINHHKHKOB» (TPEyrOJbHBIX NHPAMII — TeTPasipoB), OTKVia cagiyer,
4To 4 TOUKH YCJAOBHIO 3ajaul yIOBJACTBOPATh MOT Y T. BuscugM Te-
HEPb, KaKoe CTPOElHe MOKET HMeTb YAOBJeTBOPSIOWUL YCJAOBHIO 3a-
JauH - «5-BePIIHHIIKY.

Bocnosbsyemess TeopemModi dfiaepal), B cnay KoTopol 4HCAO
Bepimay B, yncno peGep P n umncao rpaneit I moGoro BHIGYKAOTO MUO-
rorpauuiika CBA3aHbi 3aBHCHMOCTHIO

B— P4 =2 (©))
B naweu cayyae B = 5; ¢ apyrofi cropomsl, Tak Kak kaxian n3 I

rpaneil conaepuT 1c 3 pebpa M Kaxkloe H3 pedep NpH CueTe <0
rpadfAM» 3A4CUHTHIBACTCA [ABaXKAbl (M5O OHO. NDUHAIJCKHT ABYM rpa-

HAM), TO P == 7 I'. Taknm o6pasowm, mogaydaem

5“%f+1’=2, orsyna =6 u P=-‘Z_r::9,

t) Cm., wanpumep, . O. Mxaspcxu@p, H H. Heunos,
M. M, flraowm, Ms0panusle 3azaun u Teopesul sjeMeliTapuofl nare-
MaTHki, 4, 3: [eomerpua (ctepeomerpusn), 3aiasa 48 u ciel; no
NOBOAY JAPYrHX JOKA34aTCJAbCTB H  OOCYIKASHNA Teopemsl Diiaepa CM.
rakxe kuiry [2], [3), [8], [24]; . Ilo# a, MatemaTiyeckoe OTKPHITHE,
M., «Hayxka», 1970; T. Pagemaxep n O, Tenanyu, UYscaa u Qu-
rype, M., @usmarris, 1965; JI. A, JlwocTepuuk, Bunykise Gurypst
u muororpannnkn, M., Focrexuszar, 1956; M, J1akaToc, Jokasarens-
ctBa u onposepxkenus, M, «Hayka», 1967, W. C. Comuuckui,
JI. U. Tomosuwa, M. M. draom, O matemaruyeckofi HHIYKUUH,
M, «Hayka», 1967, cratvio B. I, Auiknuy3se, MHOrOyroJbHUKH H
MHOTOTPANHHKH, JHUHKJIOIEIHA 3JeMenTapuofi MmateMaTHkd, Ku. [V
(reometpun), M., @uanatrus, 1963, crp. 382—443.

3ameTHM elle, - YTO HCTOJb30BaHHe Teopemu JDflaepa u cpazad-
HBIX ‘¢ Hell pacueTOB AJf BhICHEHHs CTpoenns S-pepmuuuuuka T npex-
cTaBJsieT oGOl THOMYHYIO «CTpesib0y H3 Tyuexk no BOPoGhAM», HOO
3ECh COOTBETCTBYIOIIAA 3akada BecbMa mpocta (Bcero b Bepuwii; Tpe-
YrOJbHEIE TpaHH); OANBAKO yKe B CJyuae # == 6 HCIO/Ib30Banue 3TOM
TEOPEMbl MOXKHO CYHTATb ONPaBLAHHBIM,
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Hanee, Tak Kak ofllee 4Hcno BeplixH paBHo Bcero 5, to T, pasy-
MeeTcs, He MOXKeT HWMeTb NsTUrpasnblx yraos (ufo pebpa T. mMoryr
COEMHSATD KaKyio-AW60 BepIIHHY My MakCHMyM € 4eTHIPbMA APYrHMH
BepLUIHHAME); YHCJIO TPEXrPaHHBIX H UYETHIPEXTPAHHBIX BEPIIMH 0603Ha-
ynm yepes By u Bi Tlpu atom cunras pebpa T «mo sepmmpam», Mbl
CHOBa MOJIYYHM YIBOCHHOE HX uHca0 (160
Kaxja0e peGpo COeAMHSAET [BE BepLIHHBI);
N09TOMY, KpPOMe OueBHIHOTO paBeHCTBA

By + B, = B =5,
MBI €I1e MOMXKEM HanHucarthb
3By + 4B, = 2P = 18;

pemass 3Ty cHCTeMy ABYX YpaBHEHHH, no-
ayyaeM B3 =2 u By =3. Ortcopa Bbl-
TeKaeT, YTO MATHBEPIUHHHHMK T HMeeT cxe-
MaTtHueckuii Bna '), wusobpamxenusii ga
puc. 77,  T. e. npeacraBaser coboll Tpe-
VrOJIbHYI0 GUIMpaMuAy, Had «GHTETpa3ip»
(1Ba TeTpa’zipa, CJAOMKEHHBIX PaBHBIMH
OCHOBAHHSIMH).
Puc. 77. Herpyano yGenmTsca B CYLECTBOBa-
HHH  VAOBJCTBOPSIOLIETO  BCeM  HaWHNM
ycaoBuaM  OmreTpasapa T, | OTKyAa BHITEKaeT, ¥TO0 H D TOueK
My, My, Ms, Mi, Ms, ya0oBIETRODAIOUINX YCJAOBUIO 3afadi, CYLIECTBO-

Puc. 78.

BaTh MOI‘\yT. HOna npumepa pacemoTpuy OPaBUABHYIO TPEYro.biiyio
mipamnay (tetpasap) M MMM, cocuosanuem MMMz (puc. 78, a).

1) Pue. 77, kak u puc. 79,a, 6 uuxe, H300paxawT «KoMOHHATOP-
Hbll THN» - MHOFOTPaHHHKA, T. €., NEPEfalT JUlilb CXeMY B3aHMHOTO
pacmoJioKeHusi ero BepuiMH, peGep H rpamefl (uuca0 K-yroJbHBIX rpa-
Hefl M [-TpaHHbIX BEpIIHH, TAe R u [ =3, 4, ..., «COCEACTBO» OTHE/b-
HBIX TpaHell WJH BEPUIHH, A€ COCeNHHEe TPaHH SHBJAIOTCA CMEXHBLIMH
no pe6py, a coceiHHe BepUIHHB COeIHHEHB peGpoM, W T. 1.), HO HE
«pa3Mepel» MHOTOTPAHHHKA, T. €. He IJHHB ero pebep, mjowagu rpa-
Hefl, BeJMUHAB IVIOCKHX' M JABYCPaHHBIX YIJIOB, U T, A. {cp., HanpHuMep,
c¢Tp. 20 H cJed. HA3BaHHOM. B [pPeAbAYIIEM NOACTPOUHOM HpHMeEua-
AR KH)hru JA. O. WIkaspckoro, H. H. Hennora, H. M. fr--
JOMa), . :
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Ecau TAOCKHE YIJIbl TIPH BeIIHHE 3TOrO TeTPasapa mpasbie, T0 Yrod o
pebpa M M| ¢ DIIOCKOCTbIO OCHOBAaHHA TaKoB, 4TO & (3aMeTbTe, 4TO
€cJH CTOpoHbl Tpeyrosbhuka MiMsMs paBHBl 1, TO KaTeThl Tpeyrodb-

HHKa MIMQM,'; PaBHH —]{22

MQ _ V3/3 - Ve > Ve
MM, V2/2 37 2

) r’
Nostomy, ecnu Mbl  ciaerka «nofuuMeM» Bepmuny M, TeTpasapa

T. e, (p<45°

’ .
M M,M;M, (nocie bero IIOCKHe yrabl npH HOBOH Bepuixne Mi cra-

HYT OCTpbIMU), TO Yrold ¢ OOKOBBIX peGep € IJIOCKOCTBIO OCHOBaHHS
BCce eme Byner <C45° m, cuMMeTpmyno- OoTpa3us Bepuminny M, oTHOCH-
TeabHo TockocTH MiMyMs, Mbt npugem k 6uterpasnpy MM M;MzMs,
BEPIIHHBl KOTOPOTO YAOBJETBOPSIOT BCEM YCJAOBHAM 3aZaud. [lpn atom
MaJgoe BapbHPOBaHHE TMOJOMEHHs BepIINH MNOJyUYeHHOro OHTeTpa’sapa
M MiM2M3Ms TpHBOAMT K MHBI M CHCTEMAM UATH TOYEK, YIOBAETBO-
AKX YCJIOBHIO 2aJaul, OTKyJa BhITeKaeT CyllecTBoBaunne Geckored-
HO20 WHCiA pasaHYHLIX (T. €. He NOMOGHBIX) MATepoK Touek My, ..., Ms
HPOCTPAHCTBa, TakKHX, 4To Bece yram M;M;M, ocrpoie. Onnaxko wiectu
Touex My, M, ..., Mg, ydosaersoparoujux Tpebyemoim YCAOBUAM, YKE
He cyWecTBYeT, [IOKA3aTEJbCTBO 3TOTO U COCTaB/IsieT TIJIaBHYIO
YacTb PELICHHA 3aLayd.

Bosspamasice k puc. 78,a, 3ametuM, uto (OpPH TOM ¥Ke NPEANOJO-
Kenun MoM; = 1)

1= MiM3 + MGM3 ~ MM5 + MMa < M{M3 -+ M{M;=2.

OkasbiBaeTcst, UTO HMEHHO 3T0 OGCTOAITENHCTBO MO3BOJSET JOCTPOUTH
TpeGyeMblit OWTETpasap, «nponosxass nupamuay MMiM:Ms sa ocuo-
BanHe M M.Ms: B ciydae YIOBJETBOPSIOLIETO BCEM YCJHOBHSIM 3alaif
6uterpasapa MM M M3sMs (puc. 77) o6s3aTeNbHO

M M3+ M M5 < M M3+ MM (+)

HepaBencrtso (*) MOXHO YCTAHOBHTb DAa3HBIMH CIOCOGaMM, XOTs
COBCEM NPOCTOr0 [0Ka3aTéJbCTBA OHO HE HMeeT: BeAb MNpH €ro BhIBOJE
HaM HEOOXOIHMO WCHOJb30BaTh B Ce€ YCJOBHS 3ajaud, B TOM 4HCjIe
B oTHOCamuecs K (ne ¢urypupywomeir B (x)!) Touke Ms. Mp noka-
JKeM €ro ¢ NOMOUlbio anmnaparta sekToprot qazebpel.

OG6o3nauum BeKTOpH MsMy, MsMa, Ms;Ms; w MsMi (puc. 78,6)
uepes @y, @z, @3 W @i DTH BEKTOPHl HE HE3aBHCAMBL €CAH TJIOCKOCTH
MiM/M;s nepecexkaer oTpesox M:Ms; B Touke P u muockocts M;MaMs
nepecekaer otpe3ok M.M; B Touke Q, TO

_ _ MP
MsP = Aa, + (1 — A) a;, rae A-—m,
M
- M
MeQ =uiB + (1 — p) @y, rae u=7w‘1%.
TaK 4To

MgQ = o,a; + aqa; + asas;
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rae
a=1l—p a=pd a=p(l—2),

T, €.

0<ey, @y a5<! 1 gyt ta=>_0—p+prtp(l=-24)=1
— M

A rak kak ay= M;M,=vM;Q, rae v= MSQ4 >1,

as =Bya, + B.a, 4 Bsas,
rae By, By, B3>0 n ﬁ|+32+ﬁQ~—V>1

Lo cux mop MBI Bce elle He HCMOML3OBAJNH TOrO 0OCTORTENLCTBA, UTO
Bee yral MM;My sisasiorcs ocrpsismu. Ha sisbike BeKTOpHOH anreGpht
3TO O3HAuaeT, YTO BCe C(KAAApHble NpoussedeHusn a;a; (rie i, j=1, 2
3 unn 4) noaoxmuressust (160 cxasspuOe NPOH3BeleHHe BEKTOPOB, o6pa:
3YIOLUIHX OCTPbIfI YroJ, NOJOKHTeNbHO!); HaM IOHAA00HTCS elle nOAONU-
TEAbHOCT6 CKAAAPHBbIX npoussedenud MMy MMy = (a; — ay) (as — a,)
0 MiMs-MpMy = —ap{ay—a;)= ax(ap —a,), tae k=1, 2 na 3
(3ameThbTe, yTo - H3 HepaBeHCTBa ar(ar—ay) >0 caAeyerT:
@) > a,a;). M3 nocneiHux HepaBeHcTB, B YACTHOCTYH, BBITEKAeT,
4TO He TOALKO 0 <C oy, @2, o3 << 1, 1o u 0 << Py, P2, Ps << 1, Tag,
Hanpumep, . :

a{>aa,=a, (Bra; + Boa, -+ Bya3) =
=ﬁl
Bi<1

(Tak e MOXHO BbiBecTH W mepasenctsa P2 << 1, Ps <1, koTopuie
HaM, BnpoyeMm, He monanodarca). [lanee umeem

(8= ay) (8 — @) = dyay — (2, + @) o, + a; =
=a,a; — (a; + @) (B101 + B.a; + Bsas) + @y (Bray + B0, + Bias) <
< (B1 4 Bs -+ B3) @pa5 — (az -+ a3) (Bray 4 Boas + Baas) +
+ a; (Bi1a1 + Beaz + Bsas) =B (2205 — a1a; — @105 + ar0,) —
— B (ag - aza4) — B (”g’_ a3a4) <B (‘12“3 —aa, —aa;+ a?) ==

=B (a; — ay) (a; — a)) <(ay—a;)(a; — a,).

a; -+ B, (a,a,) + B; (a,a,) >wp

OTXyJZa H CIeAYyeT, UTO

Ho otciona yXe HEnocpeICTBEHHO CAEAYET HEPABEHCTBO (#), MO
CKOJIBKY

M M3+ MM == DM MG -+ B = (ay — a,)’ + (a3 — @)’ =
= ag -+ a§ — 2a.8, — 2a5a, + 2a§ = a% + ag — 2aya, +
+ 2(a,0, — a0, — a0, + a}) = (@, — &3)” + 2 (2, — a,) (a; — @),
a
MM + M M3 = MM+ M AT = (4, — @) + (a; — @))" =
= (@, — a3)* + 2 (2, — @) (a5 — @)
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Ilepeiinem Temeps K caydaio wectu Touek M, M., ..., Ms npo-
CTPAHCTBa, Y/AOBJETBOPSIOINX YCJOBHK 3a3J1ayH (HECKOJLKO NO3kKe Mbl
yOenuMcs, uTO 3TOT caydail HeBO3MOXKeH). OTBEYAOWKA 5THM TOUKaM
«uecTuBepwiHHAKK» T ¢ Bepmunamu M,, ..., Ms nomxed umets I' Tpe-
YTOJbHBIX TpaHeil u (cp. cO CKa3aHHBHIM Ha cTp. 151 nmpo nATHBepLUMH-

HHK M M MoM3Ms) P=%1‘ pe6ep; Tak KaK uKcae Bepwiny B T1yT
pasno 6, To 3 gopmyas Jilnepa (D) caenyer

3

6——2~1‘+1‘=2, a sgauyur, ['=8 uw P=—TI=]2

o] o

Hanee o603naunm, noaobHo TOMY KaK Mbl NOCTYRAJH Bbllle, HHCAO
TPeXFPaHHLIX, UeTBIpeXrpPaHHblx W nsATHrpanublx Bepmuu T uepes
B;, B, n Bs (wecrurpanpblx Bepunn mectusepmnnsdk T, ouesuano,
ne nmeet). Cuntass Bce pebfpa «noO BepmIMHAM», H3 KOTOPHIX OHHM HCXO-
AT, HoJyuaeM

3B, + 4B, + 5Bs = 2P = 24, (1)
Ho B;+ B, + B;=B=6, . e.
4By 4 4B, + 4By =46 =24. (2)

Hs cpasmenusi (1) u (2) caemyer, uto Bs = Bj;. Tlostomy, ecan
Bs; =0, 10 u Bs=0; clepoBaTeJbHO, B 3TOM CJy4ae Ml HMeeM
By, =B =6, u wnororpaunux T orpannuen BOCEMbIO TPEYTOJbHLIMH
TpaHsiMH, KOTOPbIE CXOJAATCS NO YeThipe B IIeCTH BEPIIHHAX, T. €, HMeeT
cTpoenne, usobpaxeunoe na puc, 79,a. Ecau xe By =1, 10 T umeer

Pnc. 79.

Bepuny My, H3 KOTOpOH BhixOAAT peépa MMz, MMs, MM, MMs;s
B MiMe, Benylmue BO BCeE OCTajbHble BEDIUHHBI MHOTOIpAHHHKA; NpH
3ToM HAPSAY C STHME NsTbio peGpamyu ¥ ngThio pebpamu MsM,, MaM,,
MM, MsMs u MM, «3ampkalompMu» cxopsiuecs B My narts Ttpe-
yronpunix rpaBefi, T nmeer eme zaBa pebpa, pasGupaioiliie (UCKPUBJEH-
noe!) «ocnoBanue» MMM, M:;Ms MHOTOrpaHHHKA Ha TPH TPEYroJb-
HHKa; NpRHAB, 4To 3TH pebpa eyrs MoM, w MyMs, wmbl npumem x MuO-
rorpannuky T, usoGpaxkendomy Ha puc. 79, 6.
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Ho B caywae wusofpaxeHHoi mna pHc. 79,4 4YeTHIPEXYroJbHOI
Ounupamunel  (okrasapa) M M:MsM,MsM¢ npuMenenwe HepaBeHCTBa
(%) K «ocTpoyroabHoMy 6uterpasppy» MMM MsMg Raer

MgMj + MgM; < M M3+ M M2,

& TO € HepPaBCHCTBO B INMPHMCHEHHH K <<OCTp0yFOJIbHOMy GHTQTPHE)IIpy»
Asz;Ms/”sMi, naer

M M3+ MME< MM] + MM3,

4TO H JIOKa3blBAeT HEBO3MOXKHOCTb PacCMaTpPUBAEMOrO pPacloJoeIHs
wectd Touek My, ..., M, yROBAETBOPAIOIIHX YCJIOBHIO 3ajaul, B cay-
Yyae MHOrOrpaHHHKA T usobpakenHoro ua puc. 79,06, NpUMCHEHHE He-
paBeHcTBa (%) K <OCTPOYrOJbHOMY OHTETPa’ApPy» M iMaMsMeMy  naet

M M2+ MyME < MM? - MgM2,

a 3TO e HCPABEHCTBO B npuMenendn K Ourterpasapy M MM MsMs
naet

MM? ++ MM5 < MM+ M M3,

YTO JOKa3biBaeT HEBO3MOXKHOCTb H TaKOTO pAacCIO/OKeHHA LIecTH
TOYCK,

HTak, 4ucro TOYeK npoCTPAHCTSA, COBMECTUMOC C YCAOBUAMU 30~
Oauu, mosxcer 6oiTo pasuo 3, 4 uau 5

33. a) PacemoTpum Kakyo-1H00 KOHEUHYIO CHCTEMY TOYeK, YHAO-
B/IETBOPSIIOIUKX YCJOBHIO 3afaud, H nycTs AB—unaugoapuee (HIH
01HO M3 HaHOOJbWHX) cpediHd MONAPHBLIX DPACCTOSHHE MeXKAY HaulUMHU
Toukami. Ecam C —kakas yroguo otanunas or A u B Touxa Haimed
cucrembl, To TpeyroabHuk ABC npsMoyroabubii, u AB -—ero Hau-
Gonbmaﬂ CTOpOHa; TO3TOMY 704ka C NPUHAGACHUT OKPYHCHOCTU S
¢ Juamerpom AB. Ilycrb D —ewe ofHa M3 HAIUMX TOUeK., DTa TOuKa
TaKKe NOJIKHA JeXaThb Ha OKPYXKHOCTH S; KpoMme TOro, Kak Kak Tpe-
yroabiiik ACD, BRucaHHBI!I B OKPYXKHOCTb S, MpsIMOYrOJbHBL, TO OAHA
n3 xopa AC, AD u CD pgonxua coBnaiaTh ¢ AHaMeTpoM S; Tak Kak
toukn C u D oTamuunl oT B, TO AMaMETPOM MOMKET CJAYKHTb TOJLKO
xopaa CD. Ecau E — eme oxna TOYKA CHCTEMB, TO OHa TaKKe IIpH-
HainexKUT S M TOXKE AHaMeTPaabHO NpotuBonoJoxua C; cliefoBaTebs
0o, Goabuie HeToLpex pPA3AUNHBLY TOHEK HAWA CUCTeMa 00epicarbt He
MOXCET,

M3 pnokxasannoro cjenyer, 4TO YCJAOBHIO 3a[aYd  YAOBAETBOPSIOT
JIEUb T P H TOYKH, SIBASIOIHECST BEPUIHHAMU NPAMOY20ALHO20 Tpeya0Ab=
HUKQ, UM Y€ TH P e TOUKH, SIBJISIOIIHECST BEPHIMHAMH APAMOY2O0N6HUKA.

6) OxasniBaeTcsi, 4T0 H 31eCh HAUOOAbULEe BO3MONCHOE HUCAO TO-
4eK, YO0BAETEOPAIOUUX YCAOBUK 3a0atl, PABHO 4eTblpem; ONHAKO pac-
NOJOKEHbl 3TH YeThipe TOYKH B MPOCTPAHCTBE MOTYT OBITH PA3HLIMH
cnocoGaMHu:  TeTPasnpoB (TPeyroJbHLIX [HPAMHA), BCe TPaHH KOTO-
PHIX — NPSAMOYrOJIbHbIE TPEYroJbHHKH, CYUECTBYET IOBOJBHG MHOT O,
OueBHAHO, HANPHMEP, YTO YAOBJETBOPSIOT YCJHOBHIO 3ajaud Touku My,
My, Mz u My, tae AMiM:Ms npaMoyronbHblii ¢ rumotenysoift Ma:Ms,
a 11/12M4 1 MiMzMs.

ITycte Tenepp My, M,, ..., M, —npousBosbpHble TOUKH B MpPO-
CTPAHCTBe, KaiKAble TPH H3 KOTODPHIX ABJSIOTCS BePIIMHAMH NPSIMOYTOJibe
HOTO TpeyroJpHuxa; Aokaxem, uto n <5 4. Ecin MyMz; —1uan60ib-
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mee (WaH. 0lHO W3 HAMGOMBIUMX) CPEJH TOMAPHBIX PACCTORHHE MEXKLY
HalWHMH TOYKaMH, To Bce ToukH Ms, ..., My npunapiexar chepe %
c nnametpom MiM, (Benb njs moGoit tpeTbelt Toukn M; yron MiM:Ms
npaAMON;, cp. ¢ pemenneM safaun a)). Jasee orGpocim ToukM My
u My, Toria, eca n =4 u ecan
MsM,—mnauboavmee {(um oi- 4
HO H3 HauGoJbIINX) cpeilH Tnomap- .
HBIX DAacCTOSIHUil MeXAy OCTasi- r ¢
MUCA TOYKAMH, TO TOYHO TAK XKe Bce
ToukH Ms, ..., M, npunamjexar
chepe o ¢ puamerpom MsM. Hane-
uie Mbl PaccMOTDHM ABa caydas.
1°° Chepst T u ¢ coBnaA-.
nawrt, T. e 0 MM n MM, —
Juamerpor  chepm £ (puc. 80).
B srom cayuae M MMM, — Bnu-
CaHubll B «BOJBUIYI0 OKPYKHOCTE»
S chepu T npamoyzoibHuk; nA0-
crocTs MiMsMoM, Mel panee Gynem
$untath eopusonrassvrol. Muoxe-
ctBo ToueK M chepbl L Takmx, 4ro
AMMM npamoyroabuw i,
pacnajfaeTcs Ha TPH NOAMHOMKE-
CTBa, XapaKTepU3YEMBIE YCJIOBHIMH
L MMiM; = 90°, £ MMsM, = 90° Puc. 80
n £ MMM; = 90° nepmast u3 uux He. ob.
€cTh nocrpoeudas na MM, Kax na
laMeTpe «BepPTHKAaJAbHAA OKDYKHOCTb» — NEpecetente X C HAOCKOCTBIO
7 L MsMy; BTOpOe M TpeThe— TaKHe e OKPYKHOCTH, NOCTPOEHIIBIE
Ha orpeaxax MMz u MiM; (cm. ToT xe puc. 80). Jlerko BuueTh,
4TO Halle MHOXeCTBO Touek M
H emle TPH AaHaJOTHUHBIX  MHO-
JKeCTBA,  OTBEUANOWHE  CayyasM,
korna A MsMsM  upaMoyroabhbii,
N MMM HpSIMOYTOJLHBIH 3
A MMM upaMoyroabuslil, ne ne-
pecekaloTcst B TOUKAaX, OTJHUYHBIX OT
My, Ms, Mz u Mi— 3uaunr, 3nech
M, N <4, W naule MHOXKECTBO TOWEK
ceonutcst Kk {Ms, Mo, Ms, My}
2° Chepol 2 u 0 paszauu-
H b, B Takom cayyae Bce OTAHUHbIE
or My 1 My Hawu TOuKH, T. €. TOU-
kn M, ..., M, npunaniexar
OKPYIKHOCTH § — JIHHHI mepeceye-
uust chep = u o (puc. 81); oTciona
Puc. 81. YHCJI0 3THX ToueK << 4 (Bemb s —
NJIOCKasl JWHHSA; CM. DelleHHe 3aja-
YW a)), W 3HayuT, oduiee YHucao pac-
cMatpHBaeMHX Touek =< 6. OgHAKO M 3Ta OlEeHKa BO3MOXKHOTO UHCIa
TOYEK MABJAETCS 34BHIUEHHON; cefiuac MBI nOKakeM, 4T0 noMumo Ms u
M, Ha OKPYXKHOCTH § He MOXKET jexaTb HH O X HO TOUKA.
3aMeTHM NpeXKjie BCero, 4ro ecan P u Q — jiobble 1Be H3 TOUEK
M, ... ,M,, to Hu odun uz yearos PMQ u PM;Q wue mosxcer ObLTo
npambim, B camom fege, ¢ OIZHOH CTOPOHEL ecid GH HMeJH MECTO
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pasenctBa £ PMiQ = £ PM:Q = 90°, 10 no Teopeme [ludaropa mu
HMeNH Obl

M P+ M,P = M\Q* + MQ* = M M3;
M1P2+ M1Q2=M2P2+ M2Q25PQ2,

OTKYJa ¢ OUEBHIHOCTBIO BBEITeKaeT, uto 2M M3 = 2PQ? 1. e. MMy =

= PQ, u wmpl npumsd 6bl K caywaio 1°, a we x cayualo 2°. Ilycts re-

) neps B A PM(Q, ckaxem, Z M\PQ=

P q = 90°; nmokaxeMm, 4TO Toria H

£ MQP = 90°.  eficrButesnHo, H3
pasencrea (puc. 81 a)

M P? 4 MyP* = M Q*+M,Q (=M M3)
clefyer, u4to )
M1Q? ~ M P? = M,P? — M,Q%

T nostomy, ecan M;Q?— M P? = PQ?
Pre. 8la. (1 ZMiPQ=90°), 10 TaK e MyP? —
— MyQ2 = PQ2 (nu 4 M:QP = 90°),
Tpeanosoxum Hatee, YTO YCIOBHIO 3ajauk YAOBJETBOPSIOT MNATH
touek — My, Mo, Mz, My, Ms, rae Mz, M, u Ms npunagiexar usobpa-
xeHnolt .ma puc. 81 oxpymuoctd s. Tak kak smbo ZMMsMy = 90°,
aubo £ MMMz = 90°, To Touka M; NpHHALJEKUT OAHOH H3 [ABYX
(mapasaenslibix) IJIOCKOCTef, TpO-
BeJenHblx uepe3 KOHIBL OTPe3Ka / /
MM, n neprneHAHKYJAAPHBIX 3TOMY
orpesky. Touno tak xe My npuHai-
JeXHT H aHAJOTHUHON nape MJIOCKO-
cref, orBevaoineii otpesky MsM;, a
TaKXKe elle OXHOH mape MJIOCKOCTelH,
oTBeuaiowelt orpesky M Ms, 1. e,
My mpubanIeKUT NepeceueHnio Tpex
YKa3aHHbIX Nap ILIOCKocTell, NOHH-
MaeMblX Kak TPH MHOXMECT8Q TOYEK.
Otu Tpu’ napp njaockocrtedt [, Il wu
Il cxemaTnueckd wH30GpaxeHul Ha
puc. 82 (Ha HeM JdaH «BHJ CBEpXY»
Ha 3TH TPH NAapbl IIOCKOCTef, MO-
JYY4eHHBLII B - NPEAIOJOKEHIH, UYTO
nockoctb MsMMs eopusonransna),

Orcidna caenyer, uto M; mnpuunan- ‘ Z
JIEKHT OIHOH H3 ABYX (napa.iens-
HBIX) NPAMBIX M3 U M4 (TpAMas Mg Puc. 82.

NPOXOAHT uepe3 TOUKY M, npamas
M, NPOXOAMT 4epes Touky M,), mpexpcrasasomunx cofofi paccMaTpHBae-
Moe nepeceuenue nap wnockocredt I, Il u 111,

Ho TouHO.TaKHe Ke DacCyK/JICHHS MNOKA3HIBAIT, YTO TaKkKe H: My
NPHHAANEKHT JnGo ms, audo my. Orciona cnepyer, uro Toukn My, M,
Mz n M, gexar B OAHOH NIOCKOCTH — B TJAOCKOCTH NPAMBIX M3 H My,
T. €. (B CHJIY peaysabTara 3ajaud a)) 5TH TOUKH SIBJISIIOTCST BepUIHHAMHU
npamoyeoasrusa 1. o otpesok MM — nanGonbimuii #3 coeguusio-
WHX HAlM TOYKH OTPE3KOB — JOJ/KEH fBAATLCH AHardraasio II;
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a rtorga MsM; — sropass mmaronanme II, w Ml CHOBA NPHXOIHM K €AY~
vao 1°, rne MsMiy = MyM, u rae ofumee 4ucao TOYEK PABHO YETHIPEM
(1 Touka M5 BoOOGUIC He CyuiecTBYeT).

34. Yucao n moxcer 6bite cKOAb YeoOHO- seauxko. B camom jene,
nycTh, CKaxeM, Ha nJao0ckocTH'!) Bmbpano n touek My, M,,

., Ma, ynosiaeTBopswolux ycnaoBHio 3aaauu. Coeanndm MeXaAy coGoi
Toukn My n M, n uepes M; u M nposenem npsimple my || ma 1L MM,
OHH OrPaHUYHBAIOT HEKOTOPYID NOJOCY, NpHUEM 8Ce Aexcaujue 6re ITOW
noaocet rousn M rakosv, uro AMM:M rynoyeorvned. Tloctpoum ana-
JIOTHYHBEIE [OJOCH], OTBEYAIOMIHE Ka XK XBLIM ABYM H3 HallUX 7 TO-
n{n—1)

2
9HCJa HaM AaxKe He ny)Kuo), Bce 3Tw nosocsl me mMoOryT ganominTb
BCIO TJOCKOCTb, HBO KaXJas NpsiMas, He napaineapHass HH OAHOH M3
HALINX 1I0J0C, YePecekaeT COBOKYMHOCTb BCEX IOJOC 710 KOHEUHOMY
4UCAYy OTPe3K08, W 3HaUHT, COMEPIKHT TOUKH, He NPHHAIEKALIHE HH
onnoit noaoce. Ilpucoenunns Taxywo Touky AM,.p4 K HAlIEUM n Toukawm,
MEl noayusm 4 | Touek, MO-NMpeRHEMY YAOBJETBOPAIOWUX YCAOBHIO
3alaup; 3aTeM TaK Ke MOXIIO HaliTH 71+ 2 TOYKH, — U 3TOT Hpoilece
MOIKHO MPOAG/KATH HeOrpaHiuerno,

35. Jlerko BujeTn, YTO NMPOBECTH UETHIpe Jyua, HONapHO 06pPAasyIo-
MHX Tynble yrabl, MOXKHO: LOCTATOYHO, HANpHMEp, coeintuth ueutp O
npasuionoco terpaadpa ABCD co Bcemu ero BepllMEaMH (scHO, UTO,
nanpumep ZAOB > LAOB = 90°, rae Oy — uenrp rpanu BCD 1e-
Tpasapa). ZloxkaxeM: Tenepb, UTO HEAb3A YKA3ATbL OOAbUIE 4CTLIpEX AY-
Yeli 8 NpocTpancTse, NONapHo 06Pa3yIOMKX TYMble YIrIHL.

Ilycts {3, s, {3 u [, — uerTsipe jayua, BOHIXOAALIHX H3 OAHOM TOY-
kn O ¥y ponapHo o6pasyiomux TYNHE YRabl, Ty, Mg, i3 H Tty — MJOCKO-
cTH, mpoxoasiuive depes Touky O M NepneHAMKYNsipHbIE COOTBETCTBEHNO -
K ayuam Uy, la, I3 u {i. Bee nyun, o6pasyiommne Tynsie yrasl ¢ ayuom Iy,
LOJKHBL JI€XKaTb 00 APYIYIO CTOPOHY HJOCKOCTH g, uem Jayu I Bce
ayuy, ofpasyioliMe Tynsie yrasl ¢ ofouMH aydamMu [i Wl IDOAXHB
J€X¥AaTh BHYTPH JBYIPAHHOTO yrua, 0OGpPa3oBaHHOTO TNOAYIIOCKOCTSMH
Ty B M2; 3TOT aByrpaHubifi yroa (puc. 83,a) ocTpeud, TaK Kak yroja
MeXAY NepHenAHKyaspHBIME K €ro rpaHsM JaydaMu Tynoil. Bce ayuw,
06pa3yiomue TYNbie Yrasl ¢ KaXIABIM H3 Tpex aydeit ly, [y, li, nomkus
llexkaTb BUHYTPH nepeceuenisi ABYTPAHIBIX YIJIOB Twilz H Mtz DTO Tie-
peceuenye — Tpexrpanuelll yroa sumnams, uwauw OABC (puc. 83,6), y ko-
TOPOTO MO JOKA3aHHOMY BHILE Bce ABYrpaHusie yrabl octpuie. JIyu li
IOMKEH JIEKATh BIYTPU HETO; MOKaKeM, uTo OH o0pasyer oCTphle yriul
€O BCEMHU OCTaJIbHBIMU JyYaMH, JACKAIKMH BIYTPH 3TOro yrja.

Ilyets mnockocts, npoxoasmasi vepes OA u ayu li, nepecexaercs
¢ rpanpio BOC no ayuy OA’. Opun M3 ABYTPaHNLIX YryoB ¢ pebpoM
OA” octpmil; mycrs 370 6yner yroa AQA’C. Torna ece Osyepannsie
yeaot rpexepannozo yeaa OAA'C octTpwle; oTCiOda CAemyeT, 4TO0 U
8re NAOCKUE j2avt 3TOr0 TPEXTPAHNOrO Yrjia Toxe ocTpole (CM., HAnpH-
mep, pewenue zamauu 28 xuuru . O. lkaspcroro u np., Ha-
spanHoli B chocke Ha crp. 151), Ho ZLAOl cocrasasier 101bKo #acTth
yveaa AOA’; caenosatenvuo, yrop mexzy Jaydamun OA w L octphii.
Ananornuno ayu I, oGpasyer ectpuie yram ¢ OB u OC. Tlostomy Bee

YeK; BCErO Mbl NOJY4HM C?z= nojoc (3anHe TOYHOrO HX

1) Tlpoaymaitte, kak Buonsmenserca 3Td pacCyKjeHne, ecid Deub
HAeT O TOMKaX NPOCTPAHCTBa (BNpoMeM, YchoBUIO 3ajaud 6) He mpo-
THBOPEYHT CJAY4Yal, KOTA4 BCE TOYKH JIEKAT B OAHOH MIOCKOCTH}.
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Tpu ayua OA, OB, OC nexaTr no ojfuy CTOPOHy c JydoM l; OT mio-
CKOCTH J;, a 3HAUHT, H BCE BHYTPEHHHE TOYKH TPEXIPaHHOro yrja
OABC nexaT 1O Ty Xe CTOPOHY OT Ili, 4TO M ayu ;. CrlepoBaTesbHO,
Ka X I bifi ayd [s, pacrnoJ/IOKeHHbli BHYTPH TDPEXTPAHHOTO yria Jtyfaits,

Puc. 83.

JIeHT N0 TY K€ CTOPOHY OT IJIOCKOCTH T4, M 3HAUHT, HHKaKON Takof
ayu 5 He MoxerT 00pasoBaTh TYymoH yroda ¢ [, DTHM ¥ JOKasbiBaeTcd
Tpefyemoe yTBepKAEHHE.

36. a) Ilycte OA, OB u OC — pannsle ayun. Tak kak

£ AOB 4 £ BOC 4 £ COA < 360°,

rje PaBencTBO HMEET MeCTO, JHIIb ec/M BCe JYUH AexarT 8 00HOL niao-
CKOCTU {cyMMa IUIOCKMX YIrJIOB Tpexrpanuoro yria =5 360°), 1o xore
360°

3= 120°, npuueM HH OaMH YroJ He MEHb-

00uH U3 ITUX Yer08 <<

me 120°, nHWb ecau 8ce Ayuu nexnar
8 00wOU naockocTu u obpasyror Me-
awdy coboll pasrovie Yyeavl.

6) «/lyumumu» 3aech OYAYT JydH
OA, OB, OC wu OD, nepecekawouue
chepy ¢ uentpom O B BepllHHAX
npasusvrozo terpasdpa ABCD (cm.
pewenue 3azaun 120 a) s cayuas
n=4; cp. €O CKa3aHHBIM B KOHHE
pewenns 3apayu 120 a). Hanee, BoicoTa
DP mpasunpHOTO TeTpadnpa ¢ peb-
pom | pasua DP =) AD? — AP? =
Puc. 84, 1 Ve

= ] — = - (AP — pamuyc

3
OMHCANHON OKPYXHOCTH npasuabHoro A ABC); us nonofus u3odpa-
HKeHnbixX Ha puc. 84 (npamoyroabunix) A DPM u A DQO umeem

br __ DQ
M~ DO’
T. €
DQ-DM 2 6 6
OD=~Q~——~=-—(DM)2:DP=%:~—V—36—=—f—,

DP 3
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H u3 npamoyroasioro AODN nonyuaem

.o oan_ L. V6 V6 L,
sm?—-—DN.OD-—2 e cosg=1—2sin =3

B), r) Tlepsoe yTBepxKjenne STHX 3ajay mpeAcraBaser coboil ie-
TIOCPEJACTBEHHOE CJIeACTBHE pe3yabTata 3ajaun 35, a BTOpPOE MOUTH ode-
BHIHO — TPH B3AUMHO NepnenOusyAfipHble TIPSIMble 3aQal0T UIEeCTb V-
Yeli — TAKHX, YTO HHKAaKHe ABa H3 HHX (M/H H3 BLIODaHHBIX NATH H3
STHX HIeCTH xyuefi) me o6pasyloT ocTporo yraa.

37. Ecan XYZ — Tpeyroabunk, BHOHCAHHBIT B JauHblil MHOTOYrOJb-
Huk M (puc. 85,a), u PP, —cropona M, ma KOTODO# JieMuT BepIIH-
Ha X tpeyroabnuka, 1t0 Juéo APYZ, AXYZ u APYZ pasuoseauxd

Puc. 85.

(korpa PPy || YZ), mu6o xora Ot oauu u3 Tpeyrossuukos PYZ u
PiYZ wumeer G6upuiywd miIomagb, dem XYZ (TOT, BepllMHA KOTOPOTrO
6osiee ygaaena or npamoii YZ, uem Touka X). Taxkum o0pas3oM, BO Bcex
cayuagx CymlecTsyer BmMcaHubiii B M rtpeyroswnnx PYZ, Bepmnna P
KOTOPOTO CcoBmafaeT ¢ sepmuupoii M, a niomaje He MeHbUie IJIOMLALH
AXYZ., Touno Tak ke TNOKa3bBaeTCs, YTO MOMHO HalTH BIHCAHHBIR
B M Tpeyrosmbnux FPQZ, sepmnnHa Q KOTOpPOro TOXKe COBMajzaeT ¢ Bep-
munok M, a unowaab He MeHpine miomaan PYZ (puc. 85,6) m, na-
KOHell, — BnucaHHulfl B M Tpeyronbinuk PQR (uept. 85, 8), Bce BepIUuibI
KOTOPOrO COBNARAIOT ¢ BePUIMHAMH MHOrOYTOMBHHKA, .a IVIOMAAbL He
menblie paowagu PQRZ. Ortcioga wuw chaepyeT yrBepxKjense 3afavui.

MMpumeuwanune. Herpymuo Bumers, uyto Buucaunusix 8 M Tpe-
YrOJbHHUKOB, HMEWIIHX OAHY H Ty e IJjoliajb, OOJbIUYIO IJIOILAAH
BCEX J[PYrHX BNUCAHHBIX TPEYrONbHHKOB, MOXKET ObiTh HECKOJAbKO -
(B cayuae ApasunbHoeo . wecTuyeonbHuxka M HX UHCJO PaBHO 2) HJH
Jaxe 6eCKOHEUYHO MHOTrO (wanpumep, B ciydae Ttpaneyuuw M).

6 J. O. Ngaspekuf # ap. 161



38. a) [Taowadu Tpeyeorsnuxos, umerouittx obwuil yeoa, OTHOCATCA

Kax npoussedenus OAUH CTOPOH, 3AKAMOUQOWUX 3TOT - Yeoa | HOO

S =Lab sin C); nmosTOMy B ofo3naueHusix puc. 9 (crp. 37)

ABCT 3

Sapg _ AP-AR ~ Sppg  BP-BQ  Scop  CQ-CR

S T AB-AC’ Spac BA-BC’ Scpa CB-CA"

ABC

- . 1
Ecan 6wnl nce 5TH OTHOIUEHHS ObZJIII>4—, TO, NEPEMHONKHB HX

npaBele uacTH, Mbl HMCJU (321

AP AR-BP.BQ-CQ-CR 133 1
>( )=‘s‘4"

ABT-BCT CAY g
Hin
AP-BP BQ-CQ CR-AR _ 1
AB? BC* AcT T

Ho mnockomky AP+ BP=AB, To B cuHJy H3BecTHON Teopemb
O CpedHem apupMeTHIecKom U cpedrHem 2e0MeT pUYeCcKOM LBYX BeJAHYHH

2 P
(ab<(a—:12—b> npu JoGuix @, b>0, Tax Kak a+b} — ab=

—_D 2 AP 2 2

—(a=b, =0}, uveem AP-BP<(AP*_BP :AB T. €.

\=2) 2 Fa
M <—l— W anajoruuno

ABT T NG ° ~

BQ-CQ I CR- AR 1
BCT ST Acr ST

Tostomy

ABY T BCT T AC? 1) T ehe

AP-BP BQ-CQ CR-AR (1)3__ 1
S

Tlonyuennoe npoTupopeune ¥ AOKaswBaeT TpeGyemoe yTBepKIenue.

6) [lycrs AiBy, B.Cy, CiAy—cpeanne auuun AABC. Hazosem
COOTBETCIBYWUMWHMHN Te CTOPOHb TpeyroabuukoB A3iB,Cy
FPQR, KOHUB KOTOPBIX PAacnoJOMKeHbl HA CTOPOHAX OAHOIO H TOTO ke
yraa Tpeyroabuuka ABC. Torja MOTYT npeacTaBHTbCA [ABa CJayyas:
ai60 HafLeTC Tapa HemepeceKaloLMXCs COOTBETCTBYIOIHX CTOPOI, Ha-
npuMep PQ u CiAdy, 1. e. PQ UenHKOM J€XHT BHYTPH TPEYEOABHUKA
C.:BA, (puc. 86,a) wm suytpu rpaneyuu ACA,C, (puc. 86,6), anbo
BCe COOTBCTCTBYIOUIHE CTOPOHL MONAPHO mnepecexkaloTcs (puc. 86, 8).
ITpu atom, ecan PQ nemmkom gemurt BuHYTpu Ttpaneunn ACACy u, ua-
npumep, R nexut Ha orpeske ABj, To PR JeXUT BHYTPH Tpeyzoav-
nuka ACiB, (puc. 86,6); ecan R nexur Ha otpeske B,C, to QR ne-
HAT BHYTPH Tpeyeosvruka BjAiC. Tlostomy ocraercss paccMoTperhb
TOJBKO JBa cayyas: AMG0 naidercs CTOPOHA SNUCAHHOZO TPEY2OAbHUKA,
nanpumep PQ, aexwauias eHyTPU COOTBETCT8YIOWLE20 TPEYSOAbHUKA
CBA| (moscer 6biTo — HA e20 epanuye), Jnbo 8ce COOTBETCTHYIOUUE
napoi cropon Tpeyeoabnukos PQR u A\B,Cy nepecexaioTcs. :

162



PaccMoTpuM cHauwana weDBHE cayuah (puc. 86,a) um noka-
KeM, uTo Spro << Spoa- OueBuaio,

1 )
Sppq _ g PQ- B4 _ BH
SPQR _;. PQ-RH, RH .’

N
rae BH L PQ u RH: .l PQ; nocieluee OTHOLICHHE pAaBHO £—~<

NR
N
<_‘f,l1é =1, rae N u N; — Tours nepecederna BR ¢ PQ u ¢ C,A; (u6o
A€y — cpenuss auuKs Tpeyroapunka), [Tostomy
S
SBPQ <1,
PQR

=— YTO ¥ TPebOBaJIOCh L0KA3aTh.
Paccmorpnum Teneps Bropofi cavdail (puc. 86 8). Tak kax PQ
1

nepecexaer C;A4;, 10 1160 BP < BC) == é— BA, nmuto BQ < BA, = —é— BC;

Puc. 86.

NyCcTh JUI ONpeJeJIeHHOCTH BP<LBA Mpavan PQ nepecexaer mpo-
AOJIKEeHHe AC B Tako#l Touke K, '-ITO C JeXHT MexkAy K u A. U3 rtoro,
4TO BP< BA, cnenyer, yro AR< AC, uGo B NPOTHBHOM CJIy=
yae QR u A 1B, He uMesH 66 o6imux Toqex 3uaunt, Ha npamoi KC
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umMeeMm caeayiomufl nopszok touek: K, C, By. R, A. Orciona BhTekaet,
UTo

SQPR>SQPBl’
TAK Kak OpH obulem ocHoBanun PQ Buicora RH: Ttpeyroabnnka PQR

Gosblie BricOTH BiHy Tpeyrosbhuxa B,PQ (u6o Touka R pansie oOf-
cront oT Bepmunbl K yraa PKA, uem B;). TouHo Tak ke Hafijem, uTO

Sope, > Sapsy
Sare, =Sacn =7 Sasc

M3 conocraBsaeliia HOJYy4eliHbIX Pe3yJbTaTOB C/ICAYeT, UTO

1 o
Sper> 7 Sapc
H 31!81”1'1‘,

3
SARP + SCQR + SBPQ<Z Sapc

M3 71pex cnaraeMblx B JeBOHl uyacTH XoTa Obl OAHO He {oaulie

1 .
T ABC (cp. c 3anayeit a)) o, CJI€LOBATENBHO, MeHblie S uTO M Tpe-

PQR
60BaNoCh A0Ka3aTh.

39. TlockoapKy naoIany JBYX TPEYFOJbIHKOB, HMEIOmMX PaBHbIA
yroJ, OTHOCATCS Kak NPOH3BELEHHSt CTOPOH, 3aKJIOUAIOLHX 3TOT YroJ
(cp. Hauaso peuledus sazauym 38a)), To (cM. puc. 10 ma cip. 37, rae
nong}xeno BC =AU = AV =a, CA=BW =BX =b, AB=CY =
== CZ = ¢)

ST T L A Lk L
Sapc  Sasc be be Ie

a? + b2 + c? .
Saxy T Sapy = (—_T + 2) S.

AnraJjornuno

a4+ b2 + ¢?
Spuz T Spwx =( ac +2) S

. a2 + b2 + 02
SCV\V + SCYZ - ( ab + 2) S.
A Tak Kax, OYEBUIHO,
Saxr T Spzut Scyw + Sapy + Spwx + Seyz =

=Syvwxrz + 2545c = Svvwxrz T 25
TO
a4 b? + ¢? a? -+ b2 - ¢
Svvwxrz= {(_‘T’_ + 2) + (_EE_ + 2) +
a? + b+ ¢? ’ N
+(———aT——+2)]S-—zs_

=[(a?+b2+c2)<—a%+—;—c+—bl;)+4]&
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Jlasee HaM OCTaeTCs TOJLKO BOCHOJB30BATLCS TeM, UTO
a® + b? b? 4 ¢? . a4 c?

@ 2 T 2 T =P
2 2 2 2 — 2
(H60 HampHMep, a_‘—;;’_bs_gf a +bab 2ab __(a abb) >O> ut)
b2 _a+b+tc
+_ Zc_._———-—-————abc >3, Tak Kak
g3+b3+03 3 — a® + 83 4 ¢® —3abe
T abe e abe -
(a+b+c)(a2+b2+cz—ab—ac——l)c) -
abe -
1 (a4 b+ c)[(a®+ b>—2ab) 4 (a® 4 c?—2ac) 4 (b2 4 ¢2—2bc)]
=7 abe -
_ L atbtol(a=b+@=c+ (=0 _,
2 abe =
TTostomy + b2 2 g2 B2 L 2
a’ a?+¢ c
(e + b2+02)(ab+ +bc> ( ab + ac + be )+

+(L+£+ﬁ)>2+2+2+3—9
ab " ac ' b7 Y
H 3HA4HT,

Syrwsrz = {(a2 + b7 4 ¢?) <%+% + —b%) + 4] S > 138.

OueBupHo, uto ecan Tpeyroabiuk ABC pagunocroponnud (1. e.
@ =b =) —u TONLKO B 3TOM ciyvae —Syvwxyz = 138S.

40. O603HaudM TOUKK NEPEeceuenus «IrJaBHBIX» auaronaneit AD, BE
u CF wecrnyroavunka ABCDEF uepes P, Q u R (puc. 87). B raxkom
ciayqae

SAQB + SBQC + SCRD + SDRE + SEPF + SFPA <

<S ~S,

ABCDEF RSSS

Q

1
no3TOMY IJIOUaAb XOThb OAHOTO H3 3THX WIECTH TPEYrOJALHHUKOB <T§ S

(rae paBeHCTBO BO3MOXHO JIHHIB B TOM CJyuae, Koraa A PQR «ctsaru-

) Tax kax a® 4 034 ¢ = 3abc npu Bcex a, b, ¢ =0, T0
x+J+Z VxJz

npyu Beex X, ¥, 2 == 0 (N5 [0Ka3aTesbCTBA HOCTATOUHO INOJOXKUTL B HC-
XonHOM HepaseHCTBe a® = x, b3 =y, (3 = z) — B Tako#i dopme noc-
JeJ(Hee HepaBeHcTBO (CBsi3bIBAIOLIEE cpeduee apudmeruteckoe ¥ cpednee
2eomeTpu{ecKoe T P e X UHCe) HCIOJB3yeTcd B pellleHHH OIHON H3 HUXKe-
CHeAYIOWHX 3aAaY.
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Baerca» B TOuky). I[lycrs, Hanpnmep, SDRE S B TakoM cayuae,

ecau CF| DE, 10 S SDER S a econ CF ) DE n, ckaxewm,

‘ touka C 6auxe x mpamoit DE
1

_

cpE<SpresTF S
YiayuilieHo HepapeilcTBo 3ajauH
OLITb He MOKeT, Tak KaK NJIOoMaau
BCeX  TPEYroOJbHHKOB, OTCEKAEMBIX
nuaronaxsimu AC, BD, ..., EA
LIECTHYTOMbHHKA

s o A QT npasuasHO0 ;
SN \ i
~. \ ABCDEF unacmann S, paBsibl ?S.
b - yepes BepIIHHY

yem F, 0 8§

41. Ilposenem

A Hawerc mecTuyroJabRHKa APSAMYIO,

Pic. &7. napaaneasnyio BC || EF, uepes Bep-
umny C — npaMyio, napasiefsiiyio

AB | DE, u, uaxoHel, uepe3 sepmHHy £E — npaMylo, napajjenbHyio

AF (| CD, n o6o3nauuM TOUKH @epeceueiiss NPOBEJACHHHX NPAMBIX Ye-

pes P, Q u R (puc. 88). QueBugno, uTo, craxeM, neppas M3 OPOBEJEH-

HBIX HaMH NpAMbpIX npoxoauT BuyTpu ZCAE — Belb B NPOTHBHOM CJAY-

yae oHa 0wl nepecexana au6o BC, an6o EF. Touno Tak Ke NBe OCTaB-

wnecst Opsmble GYAYT NPOXOAHTD

BHYTPH COOTBETCTBYIOLIMX MM yTI- 8

aoe A ACE, orcioaa caelyer, yTo

N ACE conepxur A PQR. Ho tak

Kak y ugeTnipexyroabnuukos ABCQ,

CDEP uw AREF npoTHBOMONOXKHbBIE

CTOPOHBl Mapafiefbhbl, TO 3TH ue-

TBIDEXVIOJBHHKHE — I1apaJJesorpam-

mbl, Anarosann ke napagienaorpam-

Ma IeJUT €To nJollaib MNONoJaMm;

OTCIONa BHIHO, 4TO naomanb AACE Puc. 88.

Ha Beauyuny naomamy A PQR

6oablie Bcell ocraBmlelics NJOMIaAN

HWIECTHYTOJbHEKA, T, €, COCTABJASET HE MeHee NOJOBUHBI BCel MNJOWaan

NOCAEAHETO, UTO HaM M TpefoBasech JOKa3aTh.

Papencrso SACE:?SABCDEP’ _ OUEBHIHO, BHINOANFETCS B TOM

H TONBKO B TOM cJAyyae, Koria ToukH P, Q u R coBnazaior, T. e. Jviib
JAAS WECTHYTFOJBbHHKOB, NPOTHBONOJOKHEE CTOPOHBl KOTOPHX He TOJbLKO
napajnebHbl, HO U PABHb. MeXAY coboli.

42, a) Ycno, uto (cM. puc. 11, a Ha cTp. 38)

S—s= SeAa + Sago + Soce T Sepa T Sape =

1
=% (SEAB +Sasc T Sscp T Scpet Spea) < 23 (— 2 S)’

. 1
n6éo beAa =—‘—1—SEAB, TaK Kak eq — cpennsas JuHus A EAB, u 1. 1.,

a Sgas+Sasc+...+Spra <25, NOCKONBKY BCE TPEYroALHUKH
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EAB, ABC, ..., DEA cocraBasioT 4acTh natuyroabtuka /T ¥ nepexpols
BaIOTCH He Ooaee wem no 8sa. OTci01a cpasy caeiyeT, 410
1

S>‘§‘ S,

NpPHYEM 3TO HEPABEHCTBO He MOXKeT OuiTh YAYyYIUeno: Begb ec/H <ISTH-
yroasuuk» [ oipoxkaaetess B AABC (1. e. epwuusl D u E «nsatuyrons-
uuka» f1 cosnasawt ¢ C; oM. puc. 89,a), To n ofpamaercst B YeThiPeX-

yroabiuk abCe naowain 5 S, a ecan D u E ouenb 6ausku k C, 10 §

1
MOXHO CHeNaTb CKOJb YTOZHO OJH3KAM xis.

3
CnoxHee 1OKa3aTh HePaBeICcTBO s<—4— S. s 3TOro mpexie BCero

sameTisM, uto ecan J1 smpomaaercs B AABD B cuay Toro, yro mep-
waiel £ u C canBalores coorsercTserio ¢ A u ¢ B (pnc. 89,8), 10 n

A Q 8

Puc. 89.

3 .
obpamaercst B Tpaneuno ABcd miowaan T S, aecan E u C ouens

6anskd x A ¥ K B, T0 m10maib n MOXKeT GbITb Cle/laia CKOJAb Yo A-
HO OAH3KOH K TS'

Hanee npefnosoXAM, 4TO NATHYroasnux [ gedopmupyerca Tak,
yto ero BepwmHa A ABHXKeTca N0 mpoxoisilelt uepes ee HayadbHOe
noaoxeune npamoit [l BE (puc. 90,4a); npu 3TOoM mnaowains S nATH-
yroabuuka 1, oueBuUAHO, He MeHAeTcd, apuueM /I ocraercA BLINYK/BIM,
noka A nepememaertcst B npefenax orpeska A’A”, roe A* u A" — Touku
nepecevenust | ¢ npoaoaxkenusMn cropod CB u DE nsaruyroabuuka.
Ecau tenepb 0603uayuTb paccTOsIHUA OT Todek b u d o upsivoil ae || /
yepes Ay W Nz, TO NpH cABHre TOUKH A 10 npamof [ Ha paccrosiude
AAy = p (rae p ellie yMECTHO CUMTATb MOJIOM(HTEJbHBIM HJIH OTpPHLA-
TeNbHLIM B 3aBUCHMOCTH OT HampasjeHust oTpeska AAy ua npsmodt [,
KOTOPYIO, TakuM 006pa3oM, MLl OydeM CuuTaTb HAAPASACHHOU) S U3Me-
HHTCH HA BeJAHUHMHY .
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OTKYJa CJeJAYeT, YTO H3 BCeX DAaCCMATPHUBAEMbLIX MATHYTOMbHHKOB: [T nan-
6oJibluee H HaWMeHblllee 3HAYEHMsi S JOCTHTAIOTC JINsi (BBLIPOXAEHHDIX)
«nsiTHyroabunkos» 1’ = A’BCDE u II"” = A”BCDE 1),

IMycts [1" = A’BCDE — 1ot «msatuyroasuuk» 1, 1as  KoTtoporo
s’ == s, TAe § U §’ — [IOMAAH TSATHYTOJbHUKOB 1 ¥ 7/, oTsevaouux [T
uw [l’'; E—ta u3 sepmnn D u E «nsituyroabnuka» /17, xotopas Goabiie

Puc. 90.

(nan, mo Kpaiimeii Mepe, He Menblle) yjaateHa oT npasoit A’BC, uem
BTOpas Bepuldua. byipem Tenepb cioBa jedopMmupoBath [I’) nsuras ero
sepwuny E wmo npamoit l |l A’D (puc. 90,6). B ToyHOCTH Kax Bhille
YCTAHABJLBAETCS, YTO TNPH TaKoi AedopmMauny (BBIPOKICHIOrO) <«MsiTH-
yroabuuKa» /17 (ocTaBasionlell ero BHINYKABIM) naowanb S’ (=S) nsirtu-
yroabiigka f17 ue meusieres, a miowans §° orsevawomero /I’ mATHYroab-

, ” 14
HHKA n’ QOCTHTaeT MakCHMyMa Ans «natuyroabHuka» [y = A'BCDE’,
rne E’— touxka mepecevenuss lp u A’BC. Haxouen, casunem A” u B
Broab E’C coorBercTeedno B moaoxenus E” u C; npu 3TOM Mbl OpHIEM
K «OATHyroabHuky» [Iy = E'CCDE’ toil ke naowain Sp, 4To ¥ nATH-
yroabHuK [1, a mjomans oTeedamouiero [/ «mATHYTOABHHKA» Hy BO3-
pacrer. Ho sicHo, wto aqsa Taxoro «msituyroasiuuka» II ¢urypa n ofpa-
nlaerTcs B M306paxeHHBIl Ha pHC. 89,0 ueThlpexyrosibHHK (TpaileuHio)
ny = abcde niowmann S, Tie 3

S <=2 Sy=T 8,

UTO M JOKa3blBACT YTBEDIKIACHHE 3ajayH.

1) 3To yTBEepIKJCHHE MOXKHO CUMTATH CNpPABEUMBBLIM W LJs caydas
abllealll, xorga Bce paccMaTpHBaeMble IIHTHyI‘OHbHI/IKH HMeIoT - O [ i-
HaKOBH € MJOLAAH.

168



6) Slcio, uro pasencrBo § == 0 OCYyIeCTBJASIETCS, HanpuMep, A
wiectuyroabinka I/, «rnapubie» pnaronanun AD, BE wn CF xortoporo
nepecekalTcsi B ONHOK TOUYKe M JAeNsTCS B Hell mononaM; paBeHCTBO

S:—ZS OCYIecTBAseTCsl Ads  (BLIPOMKAEHHOI0) «IeCTHYTOJbIHKA»

Il = AACE, sepminu B, D 1 F x0Toporo coBnagaloT cOOTBETCTBEHHO
¢ A, ¢ Cwuc E (puc. 91). Orciona yxe ep
cAenyeT, uTO OLEHKAa HACTOsefl 3amadn ;
(ecan TOABKO HaM YIAacTCsi ee JA0KAa3aTb)
HHKaK He MOMET OblTh YJAYHYIIEHA,

[TocTynuM Tenepb aHAJOTHUNO pellie-
HHIO 3afaun a), T. e. OyneMm nedpopMmMupo-
paTo [, apuras pepunny A IecTHYro.s-
unka no npsimoit [} BF (puc. 92,a); Be-
anynna S npH 3TOM He HameHnTes. $cHo,
yro Bepwuusl V u W Tpeyroamnika T
GyayT 0P 3TOM OCTAaBaThCsl Na MecTe, a
Bepuruna U OymeT IBUTaThC MO NPAMOI
Il I, Tounee — no otpesky U’U’ srtoit npsn-
MOil, oTBeyawieMy «obgactd Boinykjocta» A’A” mecruyroapuuxa L
(rme A’ m A” — touku nepeceuenns [ ¢ CB u EF). Hautoabmeny u
HavMeHblieMy 3nayennsiM s = Syvw OYAyT oTBeuats Kouwus U’ u
U” orpeska U'U”'); nycts, wanpumep, s ==, e § — naouialb
" = AU'VW, oTBeqaloniero (BHPOIKJEHHOMY!) 1mecTHyroabHuky [’ ==
= A’BCDEF.

Hanee 6yvaem nedopmupoBarts I, nsuras E no npsamoit [y | DF
(puc. 92,6); ecan E npoGeraer orpesok E'E”, rme E' m E” — Touxn
nepecevenust {y ¢ A’F u ¢ CD, 1o V npobGeraer HeKOTOpLil OTpC30X
V'V, a U u W ue mensiorcs; u3 Bcex Tpeyrobaukos U'VW wanGo.as-
wylo naomags s Gyzer umers auto AU'V'W, qubo AU'V'W — cka-
wem, AUV'W. 3atem, neficteyst ananorudno (puc, 91,8, rae D'D” [ E'C
u s =Sy 2 Syryrw)s sameunm I = A’BCDE’F «uectu-
yroasuukoM» " = A’BCD'E’F toft me naomand, H306pakeHHbIM (g
puc. 92,e; uawoseu III"" 3aMeHHM  <«IECTHYrOJblHKOM» [TV =
= A’A’CD’E'F, rne Ml cyntaeM, uto B coBnapaer ¢ A’ (pre. 92,0).
O6osnauaa orsevatownin U1V rpeyroapuuk U”V”W (puc. 92,0) ue-
pes 7TV, ero niowans— uepes sV, cepeauny cropounl E'D «iuectH-
yroapiiuka» LITV —uepes Q, a Touxy nepecevenis E'D’, cxamem
¢ V"W, — yepes R, oueBHAHO, NOSYIHM

EF |4 A8

Puc. 91.

. 1
s <8 <" < KWV =S gy < Sprgyr = Spngyr =7 s

YTO M J0Ka3bIBAET YTBEPKIAEHHE 3a/1auM.

43. fcwo, uto s =0, ecau AD || BC, panee Mel §yleM CYHTATh,
yto AD ¥ BC. [onomium A PQR po napaanenorpamma PQRT
(puc. 93, a). Hoxamewm, uro sepwuna T napasiercepamma PQRT npu-
Hadaexcur Ouaeonary AC uertipexyeoavhuxa ABCD. B camom nene,
ecmu Ty n T, — Toukn nepecewenusn npamweix PT;||BC u RT.| DA

1) Ecan orpesok U’U’” nepecekaer mpamyio VW, T0 nanMmenbiee
snayenre s = 0 poctHraercs aas Toykun nepeceuenus U'U” ¢ upamoit
VW, a nanboabuiee snauenwe — AJA OAHOTO M3 KOHUOB oTpeska U'U”.
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'
£ |/” '3 F NG A:B

Puc. 92.

Puc. 93.
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¢ anaronaaso AC, To ouepuiNoO,
AT, AP DQ AT, DR DQ
AC ~ AB ~ DB AC — DC DB’
OTKYRa M caenyer, uro Ty = Ty = T.

Hanee, B cuay PQ 3 TR tpeyroavuuku APC u ARC umewt onu-
HAaKOBble BBICOTH, ONywlewHbie Ha HX ofwyio cropody AC, a caenosa-
TeAbHO, H OXAHNAKOBBE (J0WAAH ¢. 3aTeM wuMeeMm (3aMeTbTC, YTO
Spgr = Srer = s)

AC AC
0=3S = =5,
APCT QT °QPT-T QT
¢ ApPYyroil cTopoHLI,

A AC AC

Ty

SABC=WU=76 " SADC=»T—C-G,
TaK 4TO
. AC Ac: A
SzszBC*‘SDAc“‘(AT *‘777) AT TC G_'AT~TC-QTS
Hrax,

s __AT-TC-QT AT2~TC_(AT>2 TC
S AC? Ac: TV AC AC?

n6o B pasbupacmoM ciyuae (n3obpamennoM Ha puc. 93,a) QT << AT.
. Bocnoab3yemcs Teneph HepaBeHCTBOM

. XA4+Y42Z\3

Xyz < (__tgL) , (+)

rae X, Y v Z — npousBosbHbIe MOJOKHTENbBblE YHCJA (cp _petuenue

sagaun 39, B wacTiOCTYH CHOCKY Ha cTp. 165), Tlososxus B (x) X = Y =
AT are

= b Z=-71—C—’ NOJYYHM
2TrC
§_</AT)2 (2TC*<< ac Tt A |
S (Ac AC )\ 3 =
2AT 4 2TC\3
_ AC __ 2)3_ 8
o 3 —\3) T2
T, e
4
5<%
yTo HaM B TpeGoBatOCh A0Ka3aThb.
4
M3 peuwennss 3afaud BbIT€KaeT, YTO PaBeHCTBO -—;—=~27 o3na
vaet, yto QT = AT, 1. e. yro Q@ = A u suaunr, Touku D, A, B npu-
1exaT OLHOH NpsMOH, H uTO Ar e T, € AT _ 2 (cM
HaaJjexaT OHOH NpsiMOll, B u =0 "% A =73 "
HanpHMe uc, 93,6 —% 2 H IOT iT____D.&_._Qf‘,;.
npHMep, pHC. »0, The—pm =3, HOMyAC be = DB



== —; 3aMeTHM elle, YTO B TO BPeMs Kak Ha pHc. 93, a touka T cTpoHT-

3
¢4 KaK 4CTBEpTas BeplUHHA papaJjjesorpaMma ¢ Bepmuuamu R, Q u P
T 2

na pnc. 93,0 3Ta TOYKa ONDEARMSETCA PABEHCTBOM ac =730 Mo

TeM no uefi BoccranapimpaeTcst Touka P). Ecau e neBnpoxieHHb
yersipexyroabink  ABCD  noctatoyno GaH30K K H300pameHHoMy Ha
puc. 93,6 (BHIPOKACHHOMY) <«UeTHIPEXYTOJbHHKY» (M TOUKa Iepeceye-
HHst croponint AB uetplpexyroapHuka ¢ npamolt QP || DA 6Gauska x Tou-

p s
ke P piuc. 93,0), TO OTHOLIEHHE g Moxer ObITb CHeNaHO CKOJb
4
yroano 6JaAU3KHM K 57 OTKYa CRellyeT, uTO YaIYMUIHTL OLEHKY

4
s < 57 S Heanss.

44. B pemennu 3TOH 3ajJauM HECKOJABKO pa3 HCHOIb3yeTcsi afdre-
pauueckoe HepaBeHcTB0o Komu?)

(AX -+ BY)? < (A2 + B?) (X2 4-¥?) (+)

(rne A, B, X, Y — no/MoxHTe bHbIE YHCAR), CNPaBeLHBOCTH KOTOPOro
BLITEKAET U3 TOro, YTO

(A2 + B2) (X2 4 ¥?) ~ (AX + BY)? =
= A?Y? -} B2X? — 2ABXY = (AY — BX)?

U3 3TOrO JOKA3aTeabCTBA HepaBeHCTBA (%) CJAeIyeT, Y4TO paBeliCTBO B
nem pocturaercs aumb npu AY = BX, wimn npu A:B = X:
3aMeTHM Temepb, UTO €CJAH, CKa:KeM, g — HaHGOMABLIHI H3 OTDPE3KOB

a, b, ¢, To
@ = (@4 ) < [0+ e+ Byt er)] =

= L1070 + (e + )]+ (5101 + buey) <

<4 V(i +03) (¢ 4+ ) =0+ 4+ (V2 0) (V2 c)=(b+e¢)

(30ecb MCROJAL30BANO [RPABEHCTBO (%), B KOTOpoM mosoxeno A = by,
B =by, X =oc¢, Y=c2), u znauur, a < b -+c¢, 1. e Tpeyrompunx T
CO CTOpOHAMH @, b H ¢ CylU[eCTBYeT.

Hanee, nycrs f1y, he u h — BbicoTel Tpeyroavuukos Ty, T n T, omy-
LIeHHBIE, CKaXKeM, Ha CTOPOHB [JHH @), Gy U @; B TAaKOM cJaydae, oue-
BHJIHO,

1

i
Si=%d1h1~ 32:‘2‘02/12 H S= ‘2"‘1/1‘

1) Cp. szapayn 289 u caea. kuurm J. O. Hlxaapckoro,
H. H Yenuosa, U M. fraoua, HassadHo#l B NOACTPOUHOM MpH-
MeuaHHH Ha crp. 39.
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C npyroﬁ CTOPOHBI, TPHMEHEHHE TEOPEMbl KOCHHYCOB K Tpeyronbxm-
Kam T = ABC, T1 = AlBici )il Tz = AszCz naet

accos B = a2+c:—b2 — (a%+a§)+(0%’:c§)—(b%+b§) -

2 2 2 2 2 2
aj < ¢y — bj a;tc;—0b 1
= 7 + 7 2 = — (a;c; ¢os By - a;c; cos By)-

Bozpoas ofe yacTH MOCACANErO DABEHCTBA B KBAApaT, MOAyHaeM
242 2 l 2
a’c? cos? B = T {aicy cos By - ase, cos B,)?,

OTKyja, CHOBa Hcnoabays () (rae Tenepb Hajo HOJOKHTE A = aj,
B =ay, X =c;cosB;nY = cycos By), umeem

; 1 5
a’c’ cos’ B < T (af -+ ag) (CI9 cos® B+ cg cos® BZ),

2 2
HJIH, TOCKOJBKY ay - a4y == 2a2,

1
s’ B 53 (c? cos” B, + ¢5 cos’ BQ),

rae paBcHCTBO HMEET MECTO JIHIUbL B TOM CJyyae, Koria

ay:ay==cycos By:cycos B,

. 2 1o, o
C npyroit cToponusl, ¢ ='§(01 + 02); BBLIUNTAA NOWJEIHO U3 3TOro

paBencTBa HOCJe/Hee HepaBeHCTBO (M MCMONb3ys TO, UTo 1 — cos? o =
= sin% & NPU BCeX @), NOJy4aeM

1
¢*sin® B> 5 (c? sin® B, + ¢5 sin’ 32).

Ho, ouesumuo (caenafite ueprex!), csinB=h, ¢sinB =h, u
¢z sin B2 = h»2; Takum 00pa3oM, HMeeM :

2> % (h1+ 13),

re YCAOBHS PABEHCTBA — Te Xe caMble, YTO H BhILIE,
Teneps Mbl MOKEM IepefiTH K pemendio sagau 6) u a) (B 3T0M
HMeHHO mopsiake!).
6) OueBunno (3nec5 MBI CHOBA HCUOJb3yeM HeEPaBEHCTBO (=),

a Takxke TO, YTO a% -+ a.;l =2a2, h% -+ hg < 2h2),
1\2 D)
B & +89)] = [ (h + )| < (1) (@ + &) (5 + 1) <
< (L)Q‘Q 2. opr h)? = S2
~\7 as -« —'Z ((l TEOD
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H 3HAYUT, 1
(i +8) <8,

rJ¢ PABEHCTBO HMEET MecTO, JHIIb eCJH
a;iay=c1cos Byic,cos B,

u
a13a2=h1:hz=clsin31:cg Sil'le,

T. e. ecan cosByicos By =sinB;:sinB:, T. e tgBi=1tgB) u
By == B,, nocse uero HalH yCJIOBHS MPHHHMAIOT BHI
Qpiay==Cy:0Cy

uyto {COBMeCTHO ¢ paBencrsoM By = B») o3navaer nodobue Tpeyronb-
wrkoB Ty n Ts.
a) Tax xak

1 2 1 2 .
[5 S+ =88+ |5 (55— 8] =83,
TO U3 peayabTaTa 3ajaud §) caeayer

1 S
>§ (Si+ 8) =V SiSy;

1
HpH 3TOM, TaK Kak S=? (S; -+ Sy), auus ecau tpeyroavuukn Ty u

T, nono6uu, u %(SI—E—SZ):}/SISQ, gumb ecan Sy — Sy = 0,

T. e. ecad TpeyroibHuku Iy ¥ T» paBHOBEJHKH, TO PABEHCTBO B
3ajzaue a) WMEEeT MeCTO, JHIUb ecyau Tpeyrodbhukd T4 u Ty nogoGHH U
PAaBHOBEHKH, T. €. eCJ OHH PagHbL.

45. a) Ilycte ABCD — paccMaTpuBaeMslii  ueThipexyroabHug, O —
TOYKA IIePECeyeilHsa ero AHarouajcit 1 o — Yroa Mex1y AHaronaasMu
AB=a, BC=0b, CD = ¢, DA = d, AC = e, BD = {cm. puc. 94, @,
rie ueTsipexyroablink ABCD — Boinykawil). 3aMeTHM DpeXae BCero, 4To

1 .
S=SoAB+SOBC+SOCD+SODA=—2—OA-OBsma+
-+ OB-OCsina—i———;—OC-ODsina—{——;OD-OAsina:

[OA-OB40B-0C+0C-0OD+0D-0A]sina=

f

o= 1o~

=5 (0A+0C) (0B +0D)sina =y efsina, (<)
OTKYyAA HerlOCpeIlCTBeHHO BLITEKAET YTBEPHKACHHE 324auu 2);

S=gefsina<pef=rl(et ) — (e~ NI< 4+ ()

wl
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1
TIPH 5TOM PaBeHCTBO S=—4~ (e? 4 f2), oueBuAHO, HMEET MECTO B TOM

U TOJbKO B TOM cayuae, Koraa o = 90° u e— [ =0, 1. e. nas uersl-
PEXYTOJLHHKOB, OUAEOHAAU KOTOPLIX PABHbL U B3AUMHO NEPneHourl-
AAPHDL

6) UeTnipexyroJbnuk, BepmMilaMH KOTOPOTO cayKart cepennunt K,
L, M u N nocnenoBaTesbHbix CTOPOH HCXOAHOrO HETHIPEXYTOJIbHHKA,
ABJISETCS,, OUEBHAHO, NAPAJICIOrPaAMMOM, CTOPOHLI KOTOPOro  pasHbl

Puc. 94,
NeJOBHHAM AHaronalell HCXOJHOTO HETHIPeXYTOJbHHKA H RapaJfJesbHbl

STUM AMarouansM: B caMoM jene, Tak kak KL u NM — cpepune auunn
L ABC u A ADC (puc. 94,a), o KL|NMJJACu KL=NM =%AC;

1
Touno rak e KN LM 2730' ITosromy, ecan 06o3nauuTh HA0=
wanp napaaaenorpamma KLMN uepes s, To 1)

s=KL+LM sin 4KLM=<%€)(% )sina:%efsina=—‘lﬁ S.

C 1npyroil CTOpOHH, NPHMEHSST HEPABEHCTBO (#%) pelendsl 3axauyu a)
Kk napaanrenorpammy KLMN ¢ aunaroHaasmu KM =m un LN = n,

1) 370 chenyer TakxKe H3 TOTO, YTO

1 1
Sakn T Scue =71 Sasp T ‘4‘Sc30=
OTKY A
$=S—(Syxn +Spxr T Scm+ Spun) =

1 1 1
=s—(-4—s+zs)~_-2—s.

1

skt TSpym= 5 S,

%SIIS
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no;1yuaem
s i
2

S<—i— (m? 4 n?),
OTKyAa caeayer, uTo
S<-—;—(m2+n2). ()

Ilpn sTOM paBEHCTBO 3[eCh HMeET MeCTO JHIe B TOM caydae, Korla
m=nu KM.L LN, 1. e xoraa napaanenorpamm KLMN — xsadpar
(uTO B CBOIO OdYepejb CHOBA MPHBOIUT HAC K TPeGOBAHWIO PABEHCTBA U
nepnenfuKyASpHOCTY GuaeoHaseil HCXOLHOTO yeTeipexyrogphika ABCD),
B) IlpumenuM teneps K napaaienorpammy KLMN pewenns saza-
4n §) paBeHCTBO (%) pelueHus s3ajnayd a):
i 1 . 1 .
—2—~S=s=—2—KM-LNsm4KQL=§nm sin B,
rge f— yroa Mmexay cpeanumu auuuamu KM u LN geTbipexyronbuy-
ka ABCD; otciona caeayer, 4to

S = mn sin p < mn,

rie PaBeHCTBO HMEET MeCTO JHUb B cjaydae B == 90° T. e. mas yers-

pexyroasiuka ABCD, paa xortoporo napaanesorpamm KLMN asaserca

poMOOM — AJIST YETBIPEXYIOJBHHKA C PABHbBIMU OUA2OHAAAMUY.
3aMeTHM Teneps, 4To

|

m=KM< (BC+AD)=—;~(b+d)

vof

n= LN <%(AB+CD)=—;—(a+c),

npHyeM nepBoe HePaABEHCTBO Oﬁp&[ﬂaeTCﬂ B pPaBeHCTBO, JHWL ecaH

BC || AD; anaaoruuuo n== —;— (@4 c¢) auws aopu AB|{ CD. Odas toro

1
q100Bl [OKa3aTh, CKAXKEM, HEepaBeHCTBO n1<§—(b+d), NOCTATOUHO

oryomHuTs OT Toukn K otpeskn KC’' 3 BC n KD’ 3 AD (puc. 94, 6).
Taxk kak npu 3T0M 4veThipexyroanuuku KBCC’ u AKD’D cyrs napanse-
Jorpammnel, To CC’ 4 BK n DD’ # AK; nostomy CC’ % DD’, u suaunr,
CC’'DD’ — napaaaenorpamm. Cepepuua M cropount CD aBasercs, oue-
BHAHO, TOUKOfi TEpPEeceyeHuss jAHaronajefi 3T0T0 Iapajiesorpamma, T. e,
M siensietess U cepedunoti orpeska C'D’,

Tenepb, oTkaajmBas na upojpotmennn KM 3a touky M otpesox
MKy = KM u coeaunsin K, ¢ C’, noayunm, aro A K\MC' = A KMD'
(6o KM= KM, MC' =MD" u £ KMC = £ KMD’); nosromy
K;C' = KD’ u, 3naqnr,
2m=2KM = KK, < KC' + C’'Ky==KC' + KD' = BC + AD =10 - d.
Ienp Takxe, uro 2m = 2KM = BC+AD = b +d, aump ecau
KC'Ky — npsimas gmnns, T. e. ecan BC || AD. Awanormuno ycranapiu-

BAaeTCH M HePaBencTBO 21 <3 a -+ b, ofpamiaiomeecs B PaBEHCTBO JUIUb
npu AB || DC.
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OKOHUATEILHO MOTYUaeM
S<mn —(a+c)(b+d)

yTo U TpefoBaaOCh JOKa3aTh. PaBencTsBo 3i1ech HMeeT MecTo, JHINb
ecan AB[DC, BC{AD u AC = BD, 1. e. ecin ueTBIPeXyroJhHiK
ABCD — npamoyeonvruk.

46. a) TIlockoabKy mnpoeKnHH MuOroyroabunka M Ha ocu X H Yy
pasuel 4 1 5, 1o M LeJHKOM 3aKJI0UAETCS BHYTPH MPSAMOYTOJAbHHKA
ABCD = P pasmepom 4 X 5 = 20, cTOpPOHBl KOTOPOTO Mapamiensibl Ko-
opAHHATHBIM yraaM. Te xe cooépan\emm yBemaarnT Hac, 4To MHOro-
yroabiHg M 3akmouaercs BHYTPH IPAMOYTOJbHHKZ abcd = p pasmepo
3V2 X 4V2, cropors KOTOporo napaJsiiedblibl OnccexTpucam [y n
KoopAuHATHEIX yraos, [losTomy M mnpunagnekur mepeceden uio
Q = P p (N1 — TeOPETHKO-MHOKECTBEHHBI 311K Aepeceqenud), 1 1Ham
0CTaeTCst JIAUIb BBRIICHHTB, MPH KAKOM pPACHOJNONKEHHH £ W p njoliaino
BOCBMHYrosbHuKa @ (MOMKeT ObITb, BBIPOXKIEHHOTO, T. €, HMEWUEero
MeHee BOCbMH CTOPOH) OyAeT Haudoavuiedl.

Herpyano moudTs, uto MIHPHHA UPAMOYroJbHHKA P B nanpasienun
npsamoit &y pasna 4,52 B camom gese, ecau ACy — NPOSKUHs AHATO-
wanu AC npamoyronbuuka P Ha npsmyio [y u E — touka nepeceuenus
croponsl AB = 5 npsmoyrospuuka ¢ npamoi C1E 1 ACy (puc. 95), To
AE = AB + BE=AB+BC=5+4+4=9, orkyla Cchesyer, urto
ACI—-V:—45V2 Taxum o6pasoM, MepneHAHKYJAfpHbIE [y CTOpO-
HBl TPAMOYTOJBHHKA p OTCEKAIOT OT £ 1Ba paBHOGENPEHHLIX NPAMO-
yroneipix tpeyroasinka AUV u CYZ, cymma BeicoT fia n he KOTOPLIX,
onymenex nHa runotenyssl UV n YZ, pasna 4512 —3)2 =
=1,5}2. CyvMma nacmageif 5THX TPEYrOJALIHKOB, OYEBHIHO, PABHA

By 1 = [(hg + he) + (g — k)] =

-—1—[(1 YTV 4 (h, — hoy| =225+ La " el
=3 I\b (hy—1¢) ]“ o 9
(mouemy?); oua Gyser MuHEMAJbHA, ecan N4 = hic —u B 3TOM ciydae

Sapy T Scyz =22

AwnanorHuno 3TOMy M IIMPHHA NPSIMOYTOJbUMKA P B HanpaBs/eHHH
npamoit s Takxe pasna 4,5 V2 (mpoekunss BDy nuaronanu BD nps-

Moyroabuika P ua npamyio BDq| Iy pasua 4—;}_§—=4,5 V2);, no-

3TOMY mapajsejbHble [; CTOPOHBl p oTcekaloT or P (paBHoBeApeHHbIe
npsmMoyrosisibie) A BXW n A DRT, cymma Bbicor hp u fip KOTOPBIX,

omyllenHsX Ha ruroTenysst XW u RT, pasua 45) 2 —4V2 =05y 2.
Cymma noomaneil 3THX TPeYro/IbHHKOB, paBHast

2 ! 2
hy+ hp = ) [(hB +hp) (g — hD)Zl =
1 — h,—h )2
=5 [(0,5)/2 Y+ (hp— ho)2l‘—“0:25 + _(_E_Q_D)_,
nocfvur‘aeT MHHHMYM‘a 0,25, ecnﬂ‘ha == fip.
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OxonuaTe/IbHO MBI 3aKJICUaeM, uTo nAowade Q ue Goaviue Hem
20 — 2,25 — 0,25 = 17,5,

omyﬂa W BbLITEKAaET TpeGyeM()e HepaBeHCTBOI
S 17,5,

Hetpyano Bunpers, uto Muoroyroabuik M moxker ObITb Taknm, uro
S = 17,5 (u3o6pasure ero!).

MNpumeuanne To, 4To naowaib BOCBMHYroabHHKa Q Gyzer

nrauboasllleil B ToM cayuae, Koraa ha = fc rie ha, hs,
he wn hp—sBoicotnt  Tpeyroapunkos AUV, BXW, CYZ wu DRT
(puc. 95), MOXHO yCTaHOBHTh H 6e3 BCAKHX pacucToB, B camoM jeaey

™ e

N At 75
AL UU]M //-. [
a Uo\\ N 7\ z
£l

Puc. 95.

ecau npamele UpgVy u YoZo (CTOPOHBI IPAMOYrOJBHHKA Po) CUMMETPUY-
Kbl oTHOcuTeAvrHO yenTpa O npasmoyeosvruxa P (Ha puc. 95 stu nps-
Mble H300paskeHEl MNYHKTHPOM) M BHCOTH Tpeyroabnukos AUV, n
CYoZy paBunl, a upsamsle UV u YZ (cTOpOHBI NpsiMOYroJbHUKA P B APY-
FOM, NPOH3BOXLHOM NCJIOIKEHHH) He CHMMETPHUHBl OTHOCHTesNbHO O, TO
oGwennnenne Tpeyroarnukos AUoVe n CYoZo, oTpesaeMbix npsaMbiMu
UsVo u YoZo or p, oranuaerca or oOGbelHHEHHs aHaJOrHuYno noay-
yaeMuix Tpeyroavuukos AUV wn CYZ nBymsa «nonockamii»  (paBHO-
Gounbivu Ttpaneuuamu) UgVoVU wu YoZoZY opnolt u Toft Ke «IH-
pHHb» (ofHON BpicoTnl). Ilpw 3TOM Jierko BHOeTb, 410 Ha puc. 95
Suwwu > Svizzy, B enay uero Sayy,+ Scyz, <Savy t Scyz.
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~Auanoruuno yCTaHaB/HBaeTCs. # HEPABEHCTBO

Spx,w, + Spr,T. << Sxw T Sprre

rae BuicoTol Tpeyrobntixos BXoWo u DRoTo pasust.

6) Aupanoruyso peiuleHH!0 3aJauH a) YCTanaBjaHBAaeTcs, §TO HCKO-
Mbifi MHOrOyroaeHHK Al 3akdouaeTcs BUYTPH nepeceyenns Q@ = P p;
npu 3ToM, DOcKoabKY Al mpoexTupyercs B YeTHIPeX HAnpaBAeHisX OT-
pe3kaMu 3a3anuofi B YCJAOBHH LIHHBL TO OH MMeeT TOUKI Ha BCex
BOCBMI CTopoHax Bochyuyrodbnnka @ = RTUVWXVYZ. Odosunaunm 314
BOCEMb TOYSK HOCICI0BATEJALHO uYepes f, f, 4, v, @, X, y u 2z (puc. 95; -
HEe ICKJUYENO, uTO HEKOTOphle
U3 HA3BAHHBIX TOUEK COBMAIYT
¢ BepwmHavmyu @ uad Memiy co-
6ofl); TaK KaK MHOrOVPo,ibHUK M
BbiIIVKJBIE, TO OH 00A3aTeabHO
6yleT coJepaTb BHYTPH Bbl-
TYKJBHT  BOCLMHYTOJAbHUK — § =
=rifuvwxyz (KOTOPLIH TaXIKe MO-

WeT (GAKTHIECKH HMeTh <C BOCh- A
M cropox!}, BO3MOXKHO, coBna-
jiast ¢ mus. Takiw o6pasoM, sawa
3a71a4ya CBOJIHTCA K TOMY, YTOOM
yCcTauoBlTh, Korja Oyaer wau-
Mernosuied niowazb 4.

3ameTHy mpeme BCero, UTo
€CAN BepIUHHB { H 2 BOCHMH-
yroablinka ¢ 3axpemdeHsl, To,
CTPEMSICh  YMEHBIMTh ILI0LIA1L Puc. 95
A zrf, Mbl Bcerja MOKeM CIABH- e
HyTb £ B O1HY H3 Beplinn R uan
T pocbumuyroavuuxa Q. B camom meje, ecaw 2z se cosmaiacT ¢ R u t
ne cosmagaer ¢ T, 10 B cayuae, xoraa zf 3 RT, maowmans A zrf Gyaer
Meliblie BCero NpH COBHAIEHHM 7 ¢ TeM u3 KOouuoB oTpeska RT, xoTo-
plil 6aike K npamofl zf; ecan xe zf | RT, 1o niowaas A zrf Bosce He
3aBHCHT OT NOJIOKEHHA TOuKi ¥ Ha RT, 1 Mbl ClIOBA MOMEM CuliTats 3TY
Touky cosmajawowei ¢ R wan ¢ 7. Agasoruuyo, ecian z cosnaiaeT ¢ R
wau ¢ cosnaaaer ¢ T, To (paBubiit HY/O) MUHUMYM ILTomain A zri go-
CTHTAeTCA, KOUAa 7 COBMalaeT ¢ TOH e TOUKOH; ecsH e U 7 cOBfa-
paet ¢ Rt ¢ 7, 10 naM 0Ge3pasanuno, Tig PacmoioxuTs ((GUKTHB-
HYIO!) «BepIIHHY» 7 BOCHLMHYTCJbHHKA ¢, H MBI MOMKEM CBOJOIHO CyH-
TaTh ee cosnanawomeft ¢ R nan ¢ T. Pasyaeercs, 3T0 paccymiense co-
XpaHfeT CHAY H B NpUMEHEHHH K JI0GOfi APYroil Bepiilue BOCHMHYTOAb-
HHKA ¢, TaK YTO MOXKHO CMeJO CUUTATH, 4TO 8 C e Gepuilinbl § cO8nada:oT
¢ Kakumu-1o sepuusamu Q.

Ho >THM uHalik 3axk.J0YeHHs O BHIe BOCHMHYTO/IBHHKA ¢ HaHMeHb-
1eil BO3MOMKHOI MIOmajH He orpanxuusaiorcd, [Ipeanosoxum, uanpiu-
Mep, UTO 6epwiuna r 3TOrO MHOTOYLOJbHUKa cosnadaer ¢ epuiunod R
MHOTOyrosmsuuka Q (puc. 97). SIcHo HpPH 3TOM, UTO eCjH § COBRajgaer
¢ Y, 1o naowmane A yzr GyneT meubile Bcero (a uMeHuo 6yger = 0),
eCJIY TakXKe H gepuiuHa 2 BOCBMUYTOJBHHKA § €08hadeT ¢ TOH ke Tou-
Ko R; ecan xe y = Z, To Mbl TakXKe MOXeM CYHTaTb, 4TO ((QUKTHE-
Has) BepwdHa z cosmazaer ¢ R, Janee sicHo, uro ecqaum y cosnajgaet
c Y, To no Tem xe cooBGpakeHUsiM H X COBHazer C Y; TOYHO TaKk Ke,
ecad x cosragaer ¢ Y, TO u y cosmafer ¢ Y; noaroMy aubo obe TOUKH
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x u y cosnagawor ¢ Y (puc, 97,a,6), an6o y comnajaetr ¢ Z, a
x—c X, npuueM B NOCAEIHEM CAyyae TOUKA W TOXKe KOJNKHA COBIACTb
¢ X (puc. 97,8). TouHo Tak Ke yCTaHABAHBAeTCA, 4TO JHOO TOYKH [ H
1 o6e coBnapaioT ¢ U, auGo f coBnajpaer ¢ 7 ¥ TOrga TOYKH u4 H U ofe
10KHB coBnacte ¢ V. Takum o6pa3oM, eci TOYKH 7 ¥ 2 COBHNAAAIOT
¢ R, toukn x n y—c Y, a Touku f u u—c U, To 160 nBe ocrammue-
cfl BepLIHHBI U M W BOCBMHYTOJIbHHKA g ofe cosnaaawT ¢ W (puc. 97, 4q),

Pue. 97.

mu6o v cosnajaetr ¢ V, a w—c¢ X (puc. 97,0). Ecau Toukn r u z
copnagaioT ¢ R, Toukn x u y—c Y, touka {—c¢ T u'ToukH 4 B v —
¢ V, To B cayuae, Korja Touka w coBmajfaer ¢ W, Mbl TPUXOHHM K
nsatayroabHuky RTVWY Bo Bcem nogoGunoMy NATHYTOJbHHKY puc. 97, 6;
€CcaM Ke TouKa @ coBmajaeT ¢ X, TO «BOCbMHYTOJBHHK» ¢ ofpaniaercs
B nsatuyroneuuk RTVXY Toro e rthna, 4To W JiBa TNPeAIUECTBYIONIHE.
Hakonei, cayua#i, Koria TOUKH r U 2 coBmajgawT ¢ R, Touka y —c¢ Z,
TOUKH ¥ U w —c¢ X, Touka ¢t —c T, a Toukn u u v—c -V (puc. 97, 8),
$BJASIETCST HEBO3MOXHEIM, HGO OPH 3TOM MBI MOJKEM elie YMeNbUIHTh
niomanb (BHIPOKIEHHOTO) <«BOCBMHYroJbHHKa» ¢ == RTVXZ, copMe-
ctuB 2 ¢ Z n.r—c T. Tlosromy nuTepecylomiuii Hac BOCOMUYSOAbHUK G
ciasateavro 6yder 8uLpONCOeHHbIM, a HMEHHO, OH 6ydeT npedcrasaars
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coboi aubo uervipexyeosvrus Tuna RUWY (puc. 97,a) uaw TVXZ,
aubo naruyeoasnur Tuna RUVXY (puc. 97, 6).

PaccmoTpum oTH ZBa caydas nocdegoBatenbno. Bojee npocTelM 3
HUX SIBJASIETCS TOT caydail, Korja <«BOCBMHYTOJbHHK» ¢ HaHMeHbLIE
naowanun obGpamaercss B yeTopexyroabuurg RUWY uma TVXZ,
Heno B T0M, uTO0 nA0wAdl uervipexyoavrtikos RUWY u TVXZ sosce
He BQBUCAT OT 83AUMHO20 PACNOAONEHUS NPANOY2OAbHUKO8 p U P,
B camom pgene, nyets AB =a (==5) u AD =b (=4) — cTopoiinl
NpsAMOYroJbHAKAa P; OTpe3sKH CTOPOH 3TOr0 MPAMOYTOJIbHEKA, OTCEKae-
MBIC CTOPOHAME TPAMOYroAbHNKA p, ofo3HaunM uepes o, f, y u 6, Kak
3TO ykaszaHo Ha puc. 97, a. B Takom cayuae

Srowy =S4 BCD ™ S Spwy ~ Scyr T Spru =

— ab——la—B)at (b—V)B+(a—8)y+(b—a) o=

AUw

= b — 5 [a (- y) + 6 (B+8) — (0B + By + vb + b0)] =

—ab— g l(@+y)at B +0)b—(aty) B+o)
Ho (cp. ¢ peumedneM sagaun a))
a+v=V?(hA+hC)=V§3—2@=3

5 = V2
B+o=V2(hy+rh)=V2 1/2—=1,

OTKYyJAa U chepyer, 4To

=5-4—-%(3-5+I-4——3~l)=20—~1—-16=12

5 2

RUWY

HE3aBHCHMO OT pAaCHOJOXKEHHS NPAMOYrOJbHUKOB p P. Touno Tax xe
ycTauaBJadBaeTcs, YTO

Srvxz=Sascp ~ Sarv = Spvx — Scxz = Spzr =
= ab— 5 [(b—8) at (a—a)B+ (b —B) y+ (a—y) o] =
1
=flb—-2—[(I3+5)a+(a+\’)b—(a~l-v)(ﬁ+6)].
T, € |
1
STVXZ=5'4—'-2_(['5+3'4_3'l)=20_§'14=13'

[epefizem Teneps K TOMy c/Ay4alo, KOTJA «BOCLMHYTOJLHHK» §
aKTHYeCKH #ABJASETC NATHYyroJdbuunkom (cp. puc. 97,6). Onua
CTOpONa 3TOr0 MATHYFOJbHHKA LEJAHKOM TPHHALIEKHT CTOPOHE p H
oIHa — cTopoHe P; paccmaTpuBas OTAENbHO C/AyYaH, KOTAA CTOPOHA §
NPHHAJIEKAT Gosblileli W MEHblIe# CTOPOHE P M KOrAa CTOpoHa § mpHu-
HajJexuT OoJbpliefl W MeHbIeH CTOpPOHe P, MbI NOJYUHM CAeAYIOUiHE
qyeTblpe THNA PAcCMaTPHBAEMbIX MATHYTOJBHUKOB,
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1° Odna cropona naruyeosvnuxa ¢ npunadaexcur 6oavuweld cro-
pone npamoyeonenuxa P (nanpumep, cropoue AB), dpyeas — 6oavued

Puc. 98.

cropone p (ckaxem, cropone cd; puc. 98,a). B atom cayuae, oueBHIHO,
nMeeMm

Sq =3 Sascp = Sarv — Sawy — Scyz ~ Spzr =

=ab_%[(b—é)a—i—(b——y)ﬁ—l—vz“i-(a——Y)6]=

TVWYzZ =

=ab_%[(a—}-ﬂ)b+6a-—(a+v)5+v2—ﬂ\?],

HJM, TNOCKOJBKY a==5, b=4, a+y=3 (r.e.a=3—y)nf+o6=1
(1. e. B=1-—39),

Sq=5-4——;—[(4—y*—6)‘4+6-5—-35+y2—(1—6)y]=
. =20—%[16—5v—26+v2+6v]=
=208+ [B+(E—y—8)y]>12

1608 =0, y>=>0ny+40 <5 (rakkak yy<<3nu 6 < 1).
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2°. Odna cropona naruyeoavruka ¢ npunadremur Goaswed ¢To-
pone npamoyzosbruka P (nanpumep, . cropoue AB), dpyeas — menvuwed
cropore p (ctopose ad; puc. 98,6). B atoM caydae umeem
S¢=Srrvwr="Sascp = Sarv = Sswyr ~ Scrz ~ Sprr =

—ab— 5 [(b =)o+ (b =P+ (a—8)y+5]=

= ab — 5 [(a+B) b+ ya — (o + ) 6 — Py + 2] =

=54~ (= y=08) 4 y-5—30— (1 —8)y+087] =
=20 — L6 —70+yd+ 8] =20—8+ 4 (T—y—8)8>12,

TaK Kak 8 = 0 u, oueuno, y+ 6 << 7.

3°. Odna cToponu RATUYEOAbHUKA q NPUnadsexcur Goavwed CT10-
POHE Rpamoyeosvnuxa p (CcKaxeM, cropcue ab), a Jpyeas — menotuedl
cropone npamoyzorerusa P (ctopoue BC; cm. puc. 97,0). Toraa
Sy=Sruvxr=Sasco ~ Savv —Ssrx ~ Serr ~ Sprv=

= ab— g la2 4 (@~ )P+ (a—0)y+ (b —a) 8] =
= ab— (B +v)a+ 0 —(a+7y) 5 — o +a?] =
=5-4—%[(4—-a—-é)-5+6~4—36—(1—6)a+az]=
=20——;—[20—6a—46+a6+a2]=
= 20— 10+ 5 [45 4 (6 —a — ) a] > 10,
nockoanky 8 = 0, & = 0 u, pazymeercsi, o -+ 6 << 6.
4°, O0Ha CTOPOHA RATUY20AbHUKA ( nAPUHAOAEHUT MeHouiell CTO-

pore P (uanpumep, cropoue AD), dpyzas — menovuied cTopore p (cro-
posie bc; puc. 98, ). B sTom cayyae mosyyaem

Sq =Srywxz = Sapcp— S

=ab———;—[(a—ﬁ)a+ﬁ2+(b—5)\’+(a“\’)5]=

S

avw —Sewx — Scxz ~ Spzr =

—ab— @+ a+yb—(B+8)y+p —op]=
=5-4——;[(4—p—y)-5+v-4—v+ﬁ2—(3-—v)ﬁl=
| =20~ 5 [20— 88 — 2y + B2 + Byl =
=20~ 10+ 2y + (8~ B~ v)B] > 10,

m60 B0, y0# pHy<s
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Takum o6pasom, Bo Bcex cayuasix Sq == 10; pasencrso Sq = 10
BMeeT MeCTQ, HanpuMep, €caH B YCJaoBHAX pHC. 97,6 o =38 =10
(puc. 99). B stom cuayuyae BOCBMHYTOJbHHK  BBIPOXKAAETCA B IMATH-
YroJIbHHK, @ ¢ BBIPOJKJAeTCs B TPEYFOJbHHK (TOYeMY?).

* c=Xz¥Yzws=r=
B /

/
&

N a
Asll=V=tzu=p =T=r=sz
\y e
Prc. 99.

47. Tlnowanb OyreT Haubosbliefl B TOM ciayuae, KOTAa BCE TMOJOCH
CHBHIYTH B MOJOJKEHHE, NPH KOTOPOM OHU HMEIOT OOIMH LeHTP CHM-
wmerphi. JloK23aTesbCTBO 5TOFO, allasiorHyioe peulennio sapauu 46a)
(cM., B 4aCTHOCTH, NpHMedallle B KOHIE 5TOr0 PeNICHHS), NPeroCTaB-
JaeTcss 4ATaTeo.

Il puMeuyuanne. Yenorue «CHMMETPHYHOTO PaCHOJOKeITHA» BCEX
10J0C SABJASACTCS AOCTATOUHDL M AJd TOro, yTOOB TJIOmMAaJb HX ne-
peceucnus 6bl1a 1anboJbluefi M3 BCEX BO3MOJKIBIX, HO OHO MOXKeT H

Puc. 100.

e GBTh HEOOXOANMB M 1A 3TOro (cp. oueBHambie puc. 100, a,
U 0, Ha KOTOPHIX TLIOWaAb nepecedennss noaoc I, /1 u IIl oxunakopa).

48. ITycte mpamoyronwnur AB1CiDy co croponamn AyBy =.a n
A\Dy = b u niomaabio S OTCeKaeT OT PaBHOrO eMy NPsMOYFOJbHHKA
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ABCD rpeyroavuuky AKL, BMN, CPQ u DRT (puc. 101, a). Hoctpoum
3TH YeThipe TpeyrojabhHxa Ao npamoyroabnukos AKLA’, BMNB/, CPQC’
u DRTD’ (31y omepanmio MOXHO NIOHHMaTb K4K CBOCOGPA3HOE «3aTH-
6anne YroJkoB» GyMaxXHOro npamMoyrossnka ABCD) u j0KaxeM, uTo

By
A L Mg
' N~
we” o8 D,
i
a,<qﬂ, At AP
DR q ¢
2 a)

Puc. 101,

nszoGpaxennnie Ha puc. 101, @ TonmkmmMum JuHHAMH Tpeyroavuuxu AKL,
B’MN, C’PQ w D'RT nomapuo ue nepecekalorcd; OTCIOfA yxe Gyner

cJe0BaTh, YTO

Saake T Sasun T Sacrq+ Saprr <SkrLmaeqrr

T. €. 4TO
S

1
KLMNPQRT >"2‘

S.

B camoMm jfene, ABa «cocelHHX» Tpeyrosbuuka, ckaxeM A'KL u B'MN,
HE MOTYT Ilepeceubcss NOTOMY, uTo awbas napanienbas AD || BC npa-

Maa [, mepecekawmas orpesok LM
cropoust AB mnpsimoyroasuuka ABCD,
oTneasieT HX Apyr oT jpyra. Ecam xe
HMeIoT OoO6WYyl0 TOuKy F  «npoTHBOnO-
JIOXKHBIE>  TPEYTOJIbHHKH,  HaOpuMep
A'KL w C’PQ (puc. 101,6), 10 npoxo-
Jautast uepe3 F npsimasi, napassenbHas
AD || BC, nepecekaer runorenyssl KL u
PQ 3THX TPeyrobHUKOB B TakKHX TOU-
kax U u V, uro UV << AD = b; oga-
HAaKO 3TO DOPOTHBOPEUHT OUYEBHIAHOMY
nepasenctsy UV > 44Dy = b.
ITosyuennoe mnpoTHBOpEUHe H  110-
KasbiBaeT TpefyeMoe YyTBepXKJeHHe,
49. 3akmouum njaor F, mpo Koro-
pHii MBI CuMTaeM, yTO €ro IJAOHIaAb

=2 I/2 M UYTO OH elle ile JOCTHT no-
BOpPOTA KaHaja, B HauMeHbliW# BO3-
MOKHBIH npsiMOyronsHk P=ABB2A,,
OrpaHHueHHHl  OeperaMn xajaia H

S N
(R ANOAN
Q:\’\' g Q

o

5

Puc. 102.

JBYMsI NepHeHI¥KYJspHmMH Geperam otpeskamu (puc. 102). Tak kax
mromanp maota =2} 2, 10 Tem Goree >2) 2 maomans ApsMo-
yroapnuka P mdpuub 1; mostomy, ecim A u B — TOuKM IepHeHIHKY-
JSPHBIX- KaHany cTopoH AsAs u ByB; npaAMOyro/bHHKZ, B KOTOPHX 5TH
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croponbl compukacaiorest ¢ F, 1o AB 2 A\B, =2V 2. Orcona, » Tou-
HOCTH KaK B pellleHHH 3ajaun 8] HuiKe, yCTAHABJIHBAETCS, YTO €CIH I/OT
MOXKET MPOHTH MOBOPOT KaHaJa, TO B IPOLECCce CBOEro ABHKEHHA OTpe-
30k AB (a 3HauMT, H BeCb IJIOT) HOBEPHETCA 110 OTHOLIGHHIO K CBOEMY
NepBOHAYAJILHOMY NOJOKEeHHIO Ha yroa > 45°

PaCCMOTpHM Teepb TO MOJ0XKeHHe maoTa £, Korga oH nosepﬂyﬂm
poBiio Ha 45°1); mpH 3TOM NPAMOYrOMbHHK P, KOTODBII Mbl CyuTaeM
KECTKO CKDEHJEHHBIM C IJIOTOM, TaK¥Ke noBepHetcss na 45° mo ormoule-
HHIO K CBOEMY HMCXOLHOMY MOJ0NKeHHIo (HpAMOYroanHuK P B nponecce
IBHMEHHs [JIOTA MOXET, pa3yMeeTcs, N BbIITH 33 npelessl Kamada).
B st0T MOMEHT CTOPOHH NPSIMOYTOJbHHKA, NePBOHAYAIBPHO COBIAfal0-
e ¢ GeperaMu Kanana, COBHAAYT ¢ KAXHMU-TO NPAMBIMH [y # [r nep-
NeHINKYAsSPHBIMH OHCCeKTplice 00pa3oBaHIOrO KailaioM yraa; paccros-
nue sexay Iy u [y pasno 1.

[Ipambte {; u lo He MOryT CHYCTUTBCS <HHIKE» H300paKenHbIX HA
puc. 102 npambix l? H 13, TaK KaK MHAue fepecedenile OTpaHHYennofl
l; w I, nomocsl ¢ KapanaoM pacmajsoch Obl HA JBa IapaJ/ies orpamma

naomann 2 (HamoMuuM, uTO Kak INYpHHA Kadaja, Tak W pacCTod-
nne Mexnay [y u lp paBusl 1) # (cocTosiHii M3 0AHOro Kycka!) mioT
sakmioyaacst Obl B OZHOM H3 3THX [apaajesorpaMMoB, T. €. €70 0~
manbs Osnia Obf paxe <]/2. Ho ecnu Iy ¥ [» pacnosoXenbl «Bbliie»

npamsix 1Y u lg, TO TJOWAjib Nepeceuents o6pasoBaHuofl /y u [y no-
0
ROCH ¢ Kana/doM OTMHYATCS OT MJOMATH ABYX orpammicuumx 1§ n [

napasaeaorpanMon miaomany )2 (oun 3amTpuxoBadbl ma puc. 102)
TeM, 4TO OT oOmlell NJOWAZH NapanienorpaMMoB OTHHMAIOTCS ABa
Madablx» napaqanejorpamya KLMN u PQRT, a npubaBasioTcA paBibie
HM, HO mnNepekKpbbBatmumuecs napamenorpamme KOMN u
OQ'R'T/, DTuM [0Ka3aHO, 4TO ILIOWAJAb NEPeceueHUss OrpPaHHuYeHHOl [y
u lp mojocel (cofepxkaulleit NpsMOyroipuuk P, a 3uauyuT, ¥ maor F)
¢ KamanoM MeHbiie ofwell miomaan 2V 2 samTpMxoBaHuBIX  Ha

puc. 102 mapaanendrpamMmos, a 3nauuT, TeM OoJdee Oyaer <2 ) 2 wu
nJaowanp naora Fl

50. HokamkeM [OpeiBapHTEIbHO, UTO eCAu 8 NpoCTPancTse darby
dee He napanaeavrsie npamvie a u b u u3 Tpex nocaedosarenvHovix TO-
yex Ay, Az, As npamoid a onyuienor nepnenduryaapor A1By, AsBa, A3B;
Ha npamyo b, 10 AxBs menvue 00HO20 u3 d8yx orpeskos A(By u A;3B;.
lleucmme.%no npopeeM uepes mpamyio b b [AOCKOCTH M, napaanenb-
uyio npamofi a {puc. 103) u nycrs A, Az, AJ— npoekiHH Touek Aj,
Az, As wa nnockocts M. Ha ocnosawum Teopemnl O TPeX NepreHAHKY-

4 ’ 4
aAgpax 3akmogaem, uto AB,, A)B, A B; L 6. Tak xak orpesox

s 4 4
A,By, oueBHIHO, MeHblIE OXHOTrO H3 ABYX otpeskos A B, A3B; To

otpe3ok A28, menbuie ofmnoro H3 aByx otpeskoB AiBjy, AsBs, uro u
TpeboBaJOCh N0KAa3aTh.

INepeiinem Temepb K .pelIEHHIO MOCTABJEHHON 3aMauH.

1°. Tlycts B TpeyroabHoii nupamupge (rerpasape) ABCD ceuenue
RCD npoxodur uepes pebpo CD (puc. 104, a). B tpeyroavuuxax ACD,
RCD, BCD nupu obmem ocuoBauuu CD BHICOTH, OnyuleHHBIE Ha 3Ty
CTOPOHY, CYThb MEpHeHIHKYJAApHl, paccMoTpenunte Bbime. Tak xak R

1) Cu. nogctpouroe npumeyanue %) Ha crp. 303.
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nexuT Mexay A ¥ B, 10 Spcp MeHblie nOWAAM OJHOTC M3 Tpe-
yrossuukos ACD n BCD.

2°. Tlyctb cewenne APR npoxodur uepes eepuiuny A TeTpasupa
(puc. 104, 6). Coenunum P ¢ mpotusoJexaulet Bepmuuoit D Tpeyrone-
nuka BCD. Torpa B terpasape PABD tpeyrosbnoe ceuenwe PAR upo-
XOMuT uepes pe6po AP; nosromy 60 Spar << Spap au60 Spar <

Puc. 103.

<< Sapp. B nepsom cayuae umeeM Spar << Sape, Tak kax A PAB
ecTb uacTb Tpeyrogbunka ABC; To BTOpOM caydae, TpHMeHfs K cede-
uuio ADP tetpasapa ABCD pesyawrar n. 1°, uaxomum, 410 Sarp
Menblue IJomaax ogHo# u3 rpaneit ACD wnauw ABD, mostomy u mno-
IABHO TO K€ MMEET MeCTO IC OTHOWEHHW K Spar. Wtax, nawe yrsep-
JACIHS NOKAa3aHo H AJAA 3TOr0 BHAA TPEYroOJbHBIX CEYeHHH.

B
R
D
=
A r
0)
Puc. 104.

3°. PaccmorpuM, Hakomell, cedenne PQR wuauGosee obujeeo suda
(puc. 104,8). Tlponssoabuyio Bepmnny P tpeyrosburka PQR, nexa-
mylo Ha peGpe AC TeTpasipa, cOeIHMHHM ¢ KoHuam# B u D nporuso-
nosoxuoro peGpa BD. Tlo nokasaunomy B n. 2° Spgr MeHblle mJO-
maju xorst O6bl OnHoOfl rpamu Terpasapa PABD. Ho nas no6oit rpauu
rerpasapa PABD naiipercs pasHas efl map 60blIas rpaHb TeTpasapa
CABD. [Jeiictsuteanuo, rpanb ABD y 3THX IBYX TeTpasipos obmas,
A PAB u A PAD cyts vactu A ABC, cootsetcteenno A ADC, a Spsp
MeHbuie aH60 Spap, dH60 Secp, Tak kKak PBD ecrb ceuenne Terpa-
sapa ABCD, npoxonsulee uepes ero pe6po. Otcioja caenyer crnpabBeg-
. IMBOCTb TeOPeMBbl.

51. a) Ilpoexuus moGoro MHOTOTPaHHMKA HA INJOCKOCTb €CTH MHO-
TOYrOJIbHUK, BEPIIHHBl KOTOPOTO SIBAAIOTCS HPOEKHHAMH  HEKOTOPBIX
BepwIMH MHororpanr¥ka. Tak Kax y TeTpasjipa dueThipe BepIIHHEI, TO
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B 3aBHCHMOCTH OT BHIGOpa IJIOCKOCTH TIPOEKUHHA €ro MpOEKHHs MOKeT
6biTh GO TpeyeONbHUKOM, NHGO 4eTbipexyeonvruxom. PaccmoTpuM oba
3TH cayuast. .

1°. Ilyets npaBuabubiit tetpasap ABCD mnpoektHpyerca B Tpe-
yeoavbHuxk A’B’C’, coBmapaioounil ¢ NpoeKuued OAHON H3 ero rpaxeil —

r
D

Puc. 105.

rpaun ABC (puc. 105, a). Tlo wasecTnofi dopmyse nas miowagd opro-
roHaNbHOH MPOEKUHH IJIOCKOH (Uryphl nMeeM

Sarprcr = Sapc 03 9 < Sypc

3eCb @ — yrol MeXAYy IVIOCKOCTbIO rpaH# H [JIOCKOCTbIO HPOeKIMH,
{lnomane npoexuuu Gyner waubosbuied, xorna cos ¢ =1, ¢ =0, 1. e.
koraa naockocts ABC nmapaanesbHa NJAOCKOCTH POEKUHH; B 3TOM

cayaae -
2y 3
Sarprer =SABC=~"-‘a ’
4

rae a —pebpo npasuabHOro tetpasapa ABCD.

2°. Mpasuabubtit Tetpasap ABCD npoextupyerca B 4ersipexyeons-
nux A’B’C’D’ (puc. 105, 6). Bocnoabayemea ussecTnoit (popMynon aas
MJIOLIAAH YETHIPEXYTOMbHUKA:

1
Sapep =5 AD B C sing,

rAe o — yroa Mexnay nuaronassmu A’D” u B’C’ ueTmipexyroabunka
A'B’'D’C’ (cwm. pewenne sagaun 45a)). Ho A'D’ u B’C’ sasasotcs
(oproronanbubiMu) npoekuusmu pebep AD u BC Terpasapa ABCD.
Tostomy A'D’ = acosy, B'C'=acosy, roe a =AD = BC, a -} u
¥ — yravl, oGpasopannbie pe6paMu AD u BC ¢ MIOCKOCTBIO [POEKIUH.
Maowans Sy grcrp =3 a? cos 1 cos y sin & GyAeT Hauboabuiel, ecan
cosP=cosy=sina =1, 1. e. mpu P =79 =0, a = 90°,

Uro6bl noayyuTh TaKyilo OpOSKUMIO TeTpa’apa  uanbonblledl mjo-

manu, nocrpouM Ky6 ABCDA’B'C'D’ co cropouoit ﬂg& U BOULHIEM
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B Hero Hpapuabbifi Terpasnp ACB’D’ ¢ pe6pom a (puc. 106). Oue-
BH/IHO, YTO NpoexkuHefl aroro Terpasjpa Ha mobyio rpaHb kyba Gyier
KBaJPAaT; yroJ MexAy AMaroHajsiMH KBaJapaTa — NPAMOH, a caMH JMaro-
uHagn pasusl pebpam TeTpasapa. Taxum o6GpasoM, HauGoJbllas RJaO0-
mafb  4eTHIPEXyroJbuoi TIPOeKLLHY
2
a
TeTpasapa pabHa 5=, UTO 6oJblue, HeM
2
HaunboJblliasg TJIOIIA/b —f ero Tpe-

YrOaBpHON NpOeKLHY,

WUraxk, u3 8cex oprozonaivHblx
npoexyull npasiALHE20 TeTPaddpa Hau-
6oabuiyro naouwade umeer kgadpar, no-
Aydarowuica  npu NpPoeKTUPOBAHUL
TeTpasdpa Ha NAOCKOCTL, NAPAALLAb-
HYIO 21006IM OB8YM €20 CKPeujusaroujum-
c8 pebpan.

6) Slcuo, uro TeHb (OPTOroHAaMb-
Has OPOEKUMst HAa MJIOCKOCTb) Kyba
ABCDAB,C1Dy ¢ pe6pom a mpeacTai- Puc. 106.

JaseT  COGOH  YeHTPaAbHO-CUMMETPUY-

o I[NNI Y 4

noul wecruyeosvius ABiC1C D" A" (koTopblil MOMKET «BBIPOKAATHCSD
B IapalienorpaMm), NDPOTHBONOJOXKHLIE CTOPOHH  KOTOPOrO  PaBHH
¥ mapasjiesibHbl; 5TOT WIECTHYFOJbHUK COCTOHT H3 TPex napaJjJesorpad-
MOB — npoekuuil Tpex rpanefi ky6a (ua puc. 107 — rpaneii AAB,B,
ABCD wu BB.CiC; npoekuuy 0oCTajbHBIX TPex rpaneil 3alOJHAIOT TOT JKe
wecTHyroapuuk). O6o3nauuM yrasl, KOTopble 0Gpasyior 3TH TpH rpand
C NJIOCKOCTLIO IPOEKUHH, depes a, fb
u Y, Toraa

S, .., . =adc
A A8 a’ cosa,
S .., ,=4a°c
ABCD a? cos B,
;s s s =a’co
B'B'Cc/C arcosy
11
u
SA'B’C'C'D'A'=
17171
Puc. 107. == g2 (cos a + cos P -+ cos y).

C apyrofi  CTOpPOHB, OUEBHJHO,
a= y (AA’, AD), B= « (A4, AA)}), y==« (A4’, AB),

rae AA’ — «mpoexTupyomasi» npaMasi, NapaaieJbHAs HANPABAEHHIO
COJIHEYHBIX Jlyueli (Mbl NMPeANONOKHIH, YTO OHO [EePHEHIHKYJISAPHO MNJO-

CKOCcTH npoekTHposanns), Pasaaras ennnuumnlil BekTop Ae Hanpasae-
g AA’ 1o cocTaBARIOWIMM, HANPABAGHHBIM NO (B3aHMHO NEPNEHAHKY-
Jaspubim!) pebpam AD, AA, n AB xyGa, nonyyaeMm

Ae = Ad | Aa, 4 Ab,
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rae
1 = Ae’ = (Ae)* = (Ad + Aa; + AbY’ = Ad’ + Aa] + Ap® ==
== (Ad)* + (Aa,)* + (Ab)?
Ad = cos qa, Aay = cosf, Ab ==cos y.
Takum 00paszoM, noayyaem
cos?a -+ cos? B+ cos? y= 1.
Tenepb H3 aaredpauyeckoro HepapeHcrea !)

atbto ey
3 <]/ 3 )

(rme a, b, ¢—npoH3BOMbIILIE NCJAOKHTEILHBIE YHCJA), BHITEKAIOUIETO
H3 TOrO, 4TO
a? ++ b% 4 ¢? a+b+e\?

3 3 )

= —;— (2% 4 202 + 2¢% — 2qb — 2ac — 20¢) =

= g [(a= )+ (b — o) + (c ~ a)?] >0

(paBencTBo B (%) HMeeT MecTo JHMUb NPH a = b ==¢), mosayuaem

, cosa+cosfB - cosy

S o= <
ATBICIC'D'A 3a s

3 Vs
rje paBeHCTBO JOCTHraeTcsd JHIIb NPH O == P ==y, T. e. IPH HOPOEKTH-
poBauny Kyba 8 wanpag.ienuu e20 Ouazonaau (B HalleM caydae AMAro-

TN SN Sy S Y 4
naam BDy; B 3TOM cayuae mpoeknus A;B\C;C'D A" Gyner mpexcras-
JTh 00Ot I paBHJbHB i MEeCTHYTONbHHK) .

] 2 2 2 _
<3@2]/cos o 4 cos? B 4 cos Y _ 3a '=QZV3,

MMpumeuanue, IlpegoctaBasieM yHTaTeMI0 CAMOCTOATENBHO pa-
300path cjyuafi, KOTAa COJIHIE He HaXOJAUTCSHA B 3CHHTE, T. € KO-
ria Telb NPEACTABASET cOBO# napaiseasbHyio, HO, BOOGIIE TOBOPS, YKe
He 0643aTeJJbHO OPTOrOa/dbHYI0, HPOEKHMIO HA MJOCKOCTb — Ipa-
BWJILHOFO TETPAdAPa, COOTBETCTBEHHO Ky6Ga (npH 3TOM [O-APEXHEMY
MaKCHMYM IJIOIIAAH NPOEKUHH JOCTHLAETCH, €CJaH pPacloJOXHTb pac-
cMaTpUBaeMblH MHOFOTPAHHHWK Tak, 4TOObI COJiHEeUHble JY4YH OblAX na-
paJiesibHbl ABYM HDOTHBOMNOJOXNKHBIM pebpaM TeTpasipa, COOTBETCTBel-
HO [Quaroxajn kyfa), a Takke CjaIy4aH, KOTJa TeTpadip He sABJSIeTCs
NpaBHJbBHBIM HJAH Ky§ 3aMeHSeTCsi NPOH3BOJbLHBIM (CKaeM, NPAMO-
YrOJbHBIM) TapaajiesienHue oM.

1) Cp. A. O. Wikaspckuis, H H Yenuos, 1. M. fIrnowm,
Hs6paunsie 3ajaud u TeopeMHl 3/eMEHTADHON MaTemaTuk# (apudme-
THKA H ajarebpa), 3apaun 281 —283,
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52. a) Ecan O — uenTp HCKOMOTO LEHTPaablio-CHMMETPHYNOIO MHO-
TOYyroabHUKA M, TO, CHMMeTpuuHO oTpa3uB ot O paunbii AABC =T
BMeCTe € rm (KOTOPHII npH 3TOM nepeliaer B ceds), MBl yGexumcs, uto
m suncan takke u B A AyBCy = Ty, cummerpuunniit A ABC oTnocH-
TeabHo O. A Tak Kak nepecevennel) n =T (1T TpeyroabHHKOB
T u T, sBasneTcs, OUEBHIIO, LEHTPAJbHO-CHMMETPHUHBIM MHOTOYTOJAbIH-
koM ¢ uentpom O, 10
Hauboabl  BNUCAHABLL
6 T yenrpaseHo-cummeT-
Puunbll MHO20Y20AbHUR
¢ yentpor O  cosna-
gaer ¢ n.

Teneps HaM ocTanoch
gpICpath Touky O Takum
cbpasoM, uToOBl  MHOTC-
VIOABLHUK n=TNT
nMen manfoabWyio
EO3MOMKHYIO N0 a1k,
B saeucumoctn or mnoso-
wenug toukn O MHoro-
YPOALHEK 1 MOMKET ObITh
napaasseacepammom  (puc.
108,4) nan  yenTpaasLo-
CUMMETPUYUHBIM wiecTu-
yeoavnusos (puc. 108, 6).
OzaHaxko cpasy BUANO, 4TO
B CJ1yuae, Korjaa N nped-
cTapjsieT codolfi napaane-
JOTPAMM, BCETJa MOXKIO
TaK H3MEHUTb MOJOXKeHNe
toukn O, urofel n cra’a
LIECTHYTOJIBHUKOM W yBe-
JRUNICA N0 IJIOWAain (cM.

puc. 108, a) 2). Cnenora- A Q\/P ¢
8y

TeJblo, HauGoapiuui bnu-
capnblii B JanHHBI  Tpe-
yroabuek ABC unenTpanb- &)

HO-CHMMETPHUHBIH  MHOFO-

VrOJMbHHK  JOJeH  ObiTb Puc. 108.
WECTUYROAbHUKOM.

OGo3nauuM  UWeCcTHYTONBHUK 1  uyepes KLMNPQ  (cm.
puc. 108,6). Hasa Toro uTo6n nuoliaib 7 Oblia BO3MOXKHO 6OJblie,
nago, 4ToObl cyMMa maoirajaeil TpeyroabHukos LBM, NCP n QAK
6uiia BO3MOJKHO Menbiie. Ho Bce 3t Tpeyroabunku mnojo6ust A ABC;
nJaomalb KaXKAOro Hu3 HHX OTHocuTes K naomann A ABC  cootset-

LB NP’ AK?
CTBCHHO, KAK —pg, —rps H AB?

H, CJIe}‘LOBaTeJIbHO, CyMMa ux

1} Cp. petnerne 3anaun 46 a).

2) TapaanesorpaMm, oauH Yros KOTOPOTO COBMAlaeT C YIJOM Tpe-
yroaeiika ABC, a npoTHBOTONIOMKHASL BEPHIMHA JIEXKHT HA TIPOTHBOJE-
Kalle#l CTOPOHE TPEYroibHHKA, MBI A8 YROOCTBA CYHTAEM  «IIECTH-
YroAbHHKOM» € JBYMf IPOTHBONOJOMHBIMH CTODOHAMH, PaBHBIMH
HYJIO, : :
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LB? 4+ NP? - AK?
AB? . Cre
LOBaTeJIbHO, HAM OCTaeTca BHIOpaTh Touky O TakuMm 06pa3oM, 4ToGbl
cymma LB2 -4 NP2 4+ AK? Gbina BO3MOXKHO Menbluefi,
Tak xkak NP = KL (mpoTHBONOJOXKHBIE CTOPOHLI MIECTHYTOJbHHKA
KLMNPQ cummerpuunsl oraocHreasio O H, caefoBaTenbHo, PABHEL), TO

AK 4 NP+ LB=A.. + KL+ LB=AB.

naomaznefi oTHocHTes K maomanun A ABC, kak

Ogosnaunm AK =x, NP=y, LB=2 AB=x+y-+2=a He-
TPYANO [OKA3aTh, uTO CyMMa x2 4 y2 - 22 goCTHraeT MHHHMYMa TpH
a

Y=y =z=3n JeficTRUTELEO,

4 2 2
(2242 4+ 22)——3(-3—> =(,‘-2+y2+z2)_&1‘"%2)_>0
(cp. ¢ peweruem 3agaun 51 6)). Takum ofpasowm, cymma x% + 42 + 2?2 =
= AK2 - KL? -+ LB? Gyner wMeTh HaHMEeHbUI¢e 3HAUEHHe, €CJIH
AK =KL =LB=A—f~ (r.e. x—y=x—2=y—2z=20), B stom

cilydyae TJoMiazb Kaxaoro H3 TpeX TPeyroJbHHKOB, OTCEKaAEeMBIX OT

I
A ABC croponamn AA(BCy, pasua T SABC ", CIeJ0BaTeNblO, S, =
2
=3 Sapc

Ocraercsi BHSICHNTD, I KaKOTO NojoXKenus Toukd O HMET MecTo
paseuctsa AK = KL = LB. Coexguuum toukun C u Ci llpamaa CCy
npoxoaut uepes O u mepecexaer AB u A1B; B Toukax, KOTOpHIE Ml
o6osnaunm 4epes D u Dy 13 coobpaxenufi CHMMeTPHH CJEAYyeT, 4TO

0D =0D, DC,=D,C,

1
a us roro, uro KL =—3—A131, BEITEKAeT

DC,=—13«DC.

Orciona nodayuaem
CD=D0=0D,;==D,C,
2

CO=—3~CD

U 3HAYWT,

— gakaouennvil enyrpu A ABC orpesok npamod CO Odeaurca rou-
roii O 8 ornowenuw 2: 1, ciuras or sepuitrsl. TOYHO TAK Ke JOKA3bi-
BAETCS, UTO OTPE3KH MPSMBIX, HPoXoasamux uepes touky O u mepunuy A,
COOTBETCTBEHHO B, 3ar/ioueHHble BHYTPH Tpeyrosbuuka ABC, nendrcs
toykoii O B oTnowenuu 2:1, cuntast ot BepwuHpl. M3 3T0rO0 HETpyaHO
puiBecTH, 9to O ecThb TOuKa nepecetenus Mmeduan tpeyrosehuka ABC;
‘ 2

B 2TOM caywae naowjale wectuyroibhmka m=n =T (1T, pasua 3

2

naomany S rpeyroasnvka T =, e S=1].
‘ ¢
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6) Tlycte A ABC 3axnioueH BHYTPH BBIYKJOrO . LEHTPANBHO-CHM-
MeTPHUYHOrO MHOroyroabHHka M c nentpom O. CHMMETpH$I OTHOCHTEJNb-
Ho O nepepoaut M B ceba u neperonHT A ABC B A A’'B’C’, xoTopstit
TakxKe, OUEBHAHO, JOJIKeH sakmiodaTecst sBuytpn M. Otciopa caenyer,
YTO HauUMeHbWUL N0 NA0WAdU BBINYKAbLUL UEHTPAABHO-CUMMETPUlHbL
MHO2OYEOABHUK C LEHTPOM cummeTpul 8 Touxe O, 3aKAUAIOWULE BHYTPU
ceba A ABC, cosnadaer ¢ RAUMEHbULUM BbINYKAIM MHOSOY20ALHUKOM,
codepocauium suyrpu ceba NAABC u AN A'B'C', 1. e. ¢ soinyxarod
o6oaro0ukoi weeru Toex A, B, C, A’, B/, C’ (cp. ¢ navasom pelue-
HHs 3agaun 25; 1ak kak A w A’, B u B’, C u C’ cummeTpuunn OTHO-
cutesipro O, To 3ta BLlnykAag 060A0UKA — L eHTPAJbHO-CHMMET-
pHYHB A MHOrOyroasuuk ¢ unentpom O).

ITepeceuenue A ABC u A A’B’C’ Moxer ObiThb Napaisesoepammom
HAN UEeHTPANbHO-CUMMET PULHOLM ULeCTUYE0AbHUKOM, B nepBoM cilyuae BH-
nykaas o6ogouka touex A, B, C, A’, B’, C’ npeacrasiser coboit uzo-
Gpaxennui va puc. 109, @ napanneaorpamm ABA’B’, nnomans KOTOPOro

8 A

¢
a) 4)
C ' |
0
A
8
8)
Puc. 109.

He modxceT ObiTo Meroule yosoennoll naowadu A ABC. B camom pede,
. Saparp=4Sa08;

HO S,4p > "flz"SABc’ u6o ecsin 661 Boicota OP tpeyroabunka AOB Guia

Menblle nojoBuHbl BbicoTHl CH tpeyroabuuka ABC, To touka C’ naxo-
nunack 66l Bne A ABC (3a croponoit AB) u mnepeceuenne A ABC
u A A’B’C’ ne 6110 GBI MapajlieorpaMMoM.

7 . O. Wknapckufl ¥ AP, 193



Bo BTOpOM cayuae BHInyRJAas 000J0YKa PACCMATPHBAEMBIX TOUEK
npencraBiasier  co00f  HEHTPaJbHO-CHMMETPHUHBI  IHeCTHYTOJBLHHK
AC’'BA’CB’ (puc. 109,6), mnaomwajnp KOTOPOro B TOYHOCTH pasHa
ydeoennoil naowadu A ABC. B camom jeue,

Sacparce =Soap +Soas ¥ Socar +Socrat Soper + Sopc=

= 25545 + 2Spcar + 2Sopcs
HO
Sous =Soan

160 AO ects menuana Tpeyroabunka AB'B, n anasoruyno

Socar=Soca Sosc’ = SoBc
CleJOBATENbHO,
Sacpacce = 25048+ 2S0ca + 2Sopc =28 ape-
Tlpocrefimuii mpEMep HEHTPaJIbHO-CHMMETPHYHOIO MHOTOYIOJbHUKA
(nanMeHbliell BO3MOMKHOf) NAOLIAAHK QSABC (T. e. mmowann 2, ecau

SABC = 1), saxkaiouaomei suytpu ce6as A ABC, _uOCTaBJmer napaa-

aenoepamm ABA’C (puc. 109, 8).
53. flcuo, uTO KaxZas OTAMYHAA OT yewrpa TAascecTu M (rouxu
nepecevenus meduax) BUyTpennss Touka @ tpeyroasanka ABC wuaxo-

JUiTca BHYTPH XOTb OJIHOrO M3 TPEYroJIbHHKOB T.10INaJH §SABC’) oT-

cekaeMblx 0T A ABC napa/Jie/ibHbIMU €r0 CTOPOHAM DPSMBIMH, Mpo-
xofamumMy depes M (puc. 110,a); nosromy npamaa [, npoxoaswas

Puc. 110.

yepes Q W napaasenbHan «OCHOBAaHHIO» OTCEKAeMOro TPEYroJLHHKA, Ae-
mt A ABC na dyacty, OTHOLUeHWE MeHbLIeH K3 KOTOPBLIX K Oosblueil

6yner Menblue yeM
4 .5 .
(9 SABC). 9 SABC——4.5.

C zpyroii croponnl, ecan Q == M, 1o oTsowenne Si:S2 naowaneh ua-
cTel, Ha Koropble pa3zbusaior A ABC, npoxonsamas uepes Q =M
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npamasn l, BCErJa 3ak/1ouaeTcs B npepesax

4 S _5
§<—Sz<-4—.

B camom npmene, ecan npsmas [ nepecekaer cropoust AB u AC Tpe-
yroabuika B Toukax U u V, a npoxonsmas uepes M npsamas l || BC
nepecexaeT 3T croponm B Toukax Us u Vo, To B caysae UM > MV
u3 puc. 110, 6, rne UyP || AC, caenyet

Savv = Savw, T Svwm — Syvau = Savyy, * Snup +

4
5 Sascs

+ SUQPU - SMm' = SAUnVu + SUaPU = SAUQV“

IIO3TOMY 34€Ch

Sy L A0 _ 4
S 5/9 5°
UBCV
Ho
SAUV
Suscy
NOCKOJILKY
1
Savy =Sasp ~ Smus T Supy <Sasp = b} Sasc
ngo UM = MV no upeanonomenuo, BM == 2MD > MD, n 3uauur,
SMUB = SMDV'

Hrak, nanGosee Bbiroauofi swBasieTca Touka M, mas Kotopofl pac-
CMaTpHBAEMOE OTHOIIEHHE NAOWlajefl k 3akjioueHo B mpeledax

5 4
7=k 5

54. a) Byaem cuutate croponnl kBaxpata K ropMsoHTaJbHBLIMH H
BEPTHKA/bHLIMKE H CABHHEM NapaatejbHo odurypy O ua paccrosuue
0,001 B HanpaBaeHHH OJi0fl H3 CTOPOH XBaJApaTa, CKaMKeM, cAesa Ha-
npaso. Tak kaxk @ pe coaep:KHUT TOYGK, YlaACHHBIX APYr OT jApyra Ha
paccrosanue 0,001, To noayuennas TakuMm cisuroM Qurypa @’ xe nepe-
cewerca ¢ Qurypolt @; nanee, ofe OHM pacroJaraloTCss BHYTPH NPsIMO«
yrosnbHHKa, TPH CTOPOHH KOTOPOTO COBNAAaloT cO CTOPOHaMH K, a ueT-
BepTas IoJyueHa M3 npasoil cTopoHs K casurom ee Ha 0,001 Bmpaso,
CaBunem Tenepe @ na TO XKe paccrosuue 0,001 B Hanpassaeunu, obpa-
syiouiem yron B 60° ¢ HanpaBjeHHEM INEPBOHAUYAIBHOTO CIBMra, CKa-
KeM, BUpaBo u BBepx {puc. 111,’a, rne &' u &’ — BeRTOPH paccMaTpu-
BaeMbIx ciByros). IToanyuennasa durypa @’ coiepxkurtces BHYTPH KBaid-
pata K; co ctoponoft 1,001, noayuenuoro u3 K CIBHIOM ero npasoit
H BepxHell cropon na paccrosiuHe 0,001 BO BHEMIHIOW O OTHOIUEHHIO
kK K cTopoHy (M pname B HECKOJbKO MeEHbLIEM MPAMOYrOJbHHKE, UTO
HaM, BIpOuYeM, COBceM He OyAeT BaXkHO); KpPOMe TOTO, OHA, TaK Ke
Kak n @, ne nepecekaer . Ho, Gosee Toro, @ ne nepecexaer Takxke
B gueypor @', B camom gzene, ecau HekoTopas Touka A NJOCKOCTH
OHOBpEMEHHO NpHHaAIeXHT u @ u @”, uw A’, coorserctBenso A”, —
Toukn ¢urypsl @, KOoTopble HepeBOAATCH- B TOYKY A - mnepsbiM,
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COOTBETCTBENHO BTOPLIM, H3 paccMaTpHBaeMbix casuros, 10 A’A = a’'n
A”A = a”’; nostomy B Tpeyronbuuke AA’A” umeem AA = AA" =
= 0,001 v £ A’AA” = 60°, u snauur, A’A” = 0,001, B TO BpeMsa Kak
Taknx AByx Touek A’ & A” durypa @ no ycnoBuio He COAEPRKHT.

Takum obpasom, TpH nenpekpusaotjuecd Gurypst ®, @® n @
onnofi W TON XKe NACHIaid S (BeAb 3TH (QHTYpH PaBHB!) PaCIOJOIKEHBI
B KBajpate Ky naomaau (1,001)2, otkyna caenyet, 9to

(1,001)2
3

N

s < < 0,34.

6) Pasymeercs, moayuennas B 3ajgaue a) ouenxka 0,34 mas mno-
mwand ¢urypst @ Be aABAAETCH Hauayqwied 603MOJNCHOU;, Taxk, na-
npuMep, BBIIE Mb OTMeuaad, uto ¢urypa @7 (Tax xe, kax @ u @)

’

Pue. 111.

COMEPAKHTCS He TOJNbKO B KBaipate Kj, HO M B MEHbLIEM NPSMOYroJibe
HUKE, NJOIlalb KOTOPOro jerko oienuTh. OAHAKO moAo6HOe yrouneline
pellleHHs 3allaud a) TPHBOAHT AHUIL K BeCbMa HE3HAYUTENLHOMY YCH-
JIEKHIO [OJYYEHHOTO pe3yJbTaTa; MOITOMY Mbl TeNepb HECKOJBKO J[o-
HOJHAM COOTBETCTBYIOIIEE PACCYKICHHE.

3aMeTHM, 4TO Hall BHIBOA O TOM, uTo ¢urypw @ n @ ue umelor
OOLIHX TOUEK, coXpansgeT cuay aad aiobnx aByx ¢uryp @y n @., noay-
ueHHblx 13 (O casuramu (napajsenbHbiMM [IEpPEHOCAaMH) Ha Takue ABA
BekTOpa @y = OMy u a» == OMy, uro Bextop MiMz (xkotopwift orpedaer
capury, nepesonsitemy @: B ®p!) umeer pauuy 0,001, Onuako ecau
IIHHB BEKTOPOB @y ¥ a@s OTAHUYUHB oT 0,001, To MB yikKe He MOKeM
6biTb yBepeHb B ToM, uTo ¢urypw ®; n @; He nepecekawr O, [lo-
9TOMY MOCJEJHee 3aKJIOUeHWe MBI 3JleCb 3aMEHHM CYIecTBeHHO Gogee
cnabbiM  YTBEDXKACHHEM O TOM, 4TO XOTh OJHA H3 3THX ABYX (uUryp
HMeeT «He CJAHIIKOM Goabilloe» nepeceuenne ¢ @: B caMom [ede, ecau
naowaib ¢urypsl @ paBHa s, TO XOTb OXHA H3 IBYX (Hemepecexawo-
muxca!) ouryp @©, u @, wanpumep, durypa @, nepecekaer @ no

9acTH, NJAoUlajJb KOTOPOH <-§ s. Orcioga B CBOWO CUepefb CJEAYeT,

3
uyro naouads o6Gwsedurnenun dueyp O® u Oy ne npeeocxodm-gs.

BepHeMcsi. Tenepb K ONpejefieHHLIM B peWIEHHM 3ajauyd a) Gury-

pam @' 1 @ § mpeanOJOXKAM, YTo BeKTOpH a4’ = OM u a”’ = OM”"
OTBCHAIOIIHX WM CABHIOB 1Mo AJHHE H NO TIOJOXKEHHIO Ha [JIOCKOCTH
coBnajaioT ¢o cropouaMd pomba OM'MiM” ¢ aunaronassio OM,y, rae
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OM; = a;') (puc. 111,6). Tak xak npn stom @, nonyuaercs ua @D’
cusurom ua sexrop M'M; namunt 0,001, a @'(=®) ue comepxur yna-
JEHHbIX ApYr OT Apyra na paccrosinve 0,001 Touek, o @' ue nepece-
kaeT @y Touno TaK e joKasbiBaercss, uyto W @' He mepecekaeT My,
T. e urto @ u @ me nepecekaiotcs ¢ o0bvedunenuen © UMD, du-
ryp @ u @y Takum o6pasom, ofllas MJAOLLALb, nokpbiTaa ¢Qurypami
D, Oy, D' u @ ge Meubuie yeM :

3 7
§s+s+s=§s.

Ho Bce atn durypw, ouesnmno, cojaepxkarcs B Kpaipate K co cropo-

nwo#t 1 - 0,001 V'3 < 1,0018 (1 maxe B HECKOJbKO MeublieM K KBa-
pate, uTo, BnpoueM, anilb BeCbMa HECYILECTBEHHO MEHAET MOJMYYeH~
HYIO HHxKe ouenky). Otciona caenyer, uto

TZ-S < (1,0018)? wu, suauur, s <—§-(l,0018)2 < 0,287,

Hpumeuwanue T[logyuenunas s peulenun 3amauu  6) oueHKa
§ < 0,287 Taxxe, pasyMmeercs, ue sBASeTCH TOUHOH; OblIO OB XKeJsa-
TENbHO yAyylWIuTh ee (WM Naxe HAHTH TOuHOe 3mauenwe infs, mocru-
racMoe NpH YKasaHHBIX B 3alaye YCAOBHSX 2), UTO, BIPOYEM, BHIHMO,
COBCEM He MpPOCTO), o

55. a) [Tepsoe pemenue O603uaunm CTOPOHBI  paccMaTpH-

BaCMbIX KBAJPATOB Yepes ai, s, A3, ..., Gn, TAE Q4 =2 Q2 3= ... == A,

npH 3TOM Mo yenosuo  aj + ai 4 ... 7 _ c
I

e + ai <§. Byzem BkaaabBaTh

HAll  KBaApaTel B «6OJLLION» KBax-

pat K == ABCD co cropouoit 1 rak: I ]

CHauana npuioxuM K cropoue AB 2
kBanpata K nocrefoBatebHO KBagpa-
T AB,CiD\, B1ByCoDs, u 1. 1., KaK 3TO
n3obpaxeHo Ha CXeMAaTHUYeCKOM
puc. 112. Ilpu arom croponw mnpuso-
JKeHHBIX K cropoue AB  «kBaapartos
l-ro psaga» nocnexoBaTesbHO paBHBHI
@y, Gz, ..., @, __ (roe <HoMep» ny — | A 8, 8, 8

nocaenuero Keajapata l-ro psiga mo-

KET, pasyMeeTcsl, PABHATbCA EIHHH- Puc. 112.

Le), H 5TO BJOWKEHHE MLl MOPOLOJ-

#aeM 10 TeX 1op, MOKAa OHO OCTaeTcd elle BO3MOMKHBIM, OTKYAa CJ/e-
ZyerT, 4to

a+ay 4 ... +a, 1 <1, w0 a+a+ ... +a,. +a/z. > L

l’ ﬂ; [ CZ

beud

) Ilpn sTOM, pasymeercs, oKasbiBaeTcss, 4TO JJHHA BEKTOpA

oM, == g, pasia 0,001V 3 — nnune nmarouasu pomba co cropouoit
0,001 n octpsM yraom B 60°% _TakuMm ofpasom, Bextops OM, = a,

n OM; =a; nago HanpaBHTe no GOKOBHIM CTOpOHaM PpasHOGes-

peHnoro Tpeyroapuuka OM;M, co croporamu aamn 0,001 '3, 0,001)3
H 0,001.
2) Ornocuteanso cMuicaa sanuck inf s cm. crp. 17,
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Orceuem Tenepr ot K ¢ nomomsio npsmosi Iy = DiCy noaocky
TOJUMHBl @1 H OylIeM INOCJIELOBATE/bHO MNPUKAANLBATL «KBaJAPaTul
2-ro pshaa» ¢ JUIMHAMH CTOPOH @y, @, iy, -+« @p_y K npamoit Iy
cBepxXy (cM. TOT e pHC. 112), noka sto 6yzer BO3MOMKHO;, 0OpH 3TOM
Mbl GyIeM HMeTb

a,, -+ ay 1 + ... an2_1< 1, Ho a,, + A, 41 4+ ... +an2*l+an2>l.

3aTteM Tak ke oTceueM oT K ¢ moMownio mnpsimoil Ip || AB eme onny
N0JOCY IIHPHHBL @n, H <«KBa&paTel 3-T0 psijd» €O CTOPOHAMH
Qp, Qp oy 1> ++- Qg ) OYA€M BKJAABIBATL B OCTABLIYIOCS 4YacTb KBaL-
para K wmpunsl 1 —ay—a, B, ToYHEe, B PaCHOJOKENHHYIO Hal
npaMolt [z «0GEeCKOHEUIYI0 MOJYIOJ0CY», MNOCKOJIbKY BEPXHIOW CTOpO-
ny DC xpajppara K; Mbl noka ocTaBUM Ge3 Buumanus. [Ipu stom, ecau
KaXABWH pa3 Mbl ofpbiBaeM TNpOLece 3aM0JHEHUs ONpeneNeHHOro psja
KBaJApaToOB JHIUb Torja, Korja cropoia BC kBagpata K ne nossosseT
BMECTHTb B Hallly HNOAYHNOJOCY €lue OAHH KBajapaT, H ecaH BCEro Mol
NOJYYHM TaKUM NyTeM R PSAICB «MEHbLIHX» KBaJLpaToB, TO aHAJOTHIHO
BLITHCAHHEIM BBHIIIE HepaBeHCTBAM OyIeM HMETb

g, T ay it ta,  <Lnoay,ta, g+ tay e, >0

T L T T T S S S B R T N T I |

ak—}-ank_,_l—}— coe Fa, <t

{roe m << ng << nsg<<... << ngs<< N, pa3yMeeTcs, UHCIO KBAaApaToB B
k-M pARLYy MOXEeT PaBHSTBCS ejHHuIE).

Has Toro yTO6E YCTaHOBHTHL BO3MOXKHOCTL TpeGyeMOro pasmenle-
AR N «MaibiX» KBaApaTOB BEYTPH €IMHHUHOTO KBaipaTa K = ABCD,
JIOCTaTouHO YGeaHThCst, UTO

al—f—anl +an2 + ... +ank<] (= AD).

Ho rak xak ¢+ ay+ ... —}—am_l +a, >1, 10
ay+ a3+ ... —I—anl> 1 —a
yMHOXKasi CTOAIINE CJeBa CJaraeMble COOTBETCTBEHHO Ha dg, HA as, .
Ha @, A BHIPakeHue CIpaBa — Ha a4, (< an_l<a o= .. <a2),
nosyyaem
g+ad+ ... +ad>(1—a)a
2 3 n 1) 8n,

AwasernuHo 3TOMY H3 OTHOCSIIMXCH KO 2-MY, K 3-MY, ..., K (E—1)-my
pAAY KBAaAPaTOB HEPABEHCTB MOJyYyaeM

2 2 2

Gyt ot oo Hay > (1—a,)a,,

2 -2 2

anz"‘l + anz+2 + e + aﬂs > (l - anz) aﬂd’
2 )
- 1+1+a 1+2+ +a"k>(l_a”k—1)a”k'
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CnoxuM Tenepb nonydennble £ — | HepaBencTB:

a§+a§+ +a,2,k>

>(1—a) ap, + (I—anl) ay, + (1_‘%2) a4y, + ...+ (1 — a,}k_l) ank>

=Z(l—a) a4 +(1—a) anz—l—(l —a) a"3+ +(1—al)ank=
— (l — al) (an1 -} an2 + an3 4+ ..+ ank).

Ofo3nayumM 4epes G CyMMy NJOmazeil BCeX 7 «MadblX» KBaapa-
1 .
TOB; G<—2- mo ycgosHio 3aiaud, Torma crosilass B Opasoif 4acTd
NOCMe/llIer0 HepaBeHCTBa CYyMMa DABna

2 2 2 1 2
0= =@y 4~ - -, < 5 —aj.

Takum OL’)p a3oM, noJgyuaem

[
_ a(f) > (l — “1) (anl -} anz -+ “,13 + ... + a”k),

2
OTKYRa
1 2 1 2
o T4 '2_—“14"@1
anl-{-aﬂz-{-..-I-at,1 <l—a1 =1- —a
H 3uaUUT,
1
‘5““1‘1"‘%
a1+anl+an2+...+ank<l-—————l————(—1—+al=
R —
i—~2(1 —l—2a2
—1___2_._;_[—1_Lﬂ____.2a_1)2./1
o 1 —a - 2 1—aq >

4TO U TPeGOBAJOCh J10Ka3aTh. ;

Bropoe pemenune TpeGyemoe yTBepiKICHHE MOKHO TaKKe
JI0KazaTh MeTOJOM MaTeMaTHYeCKOH HHAYKULHH [Ipn 3ToM
HaM OYJeT yA0GHO HEeCKOJBKO ero oGOGMHTb (A0Ka3aTb Gosbliue HHOr1a
Jerye!l), 3aMeHHB CNELYIOULUM: ecau cymma naowjadeid n xKeadparos co
CTOPOHAMU Qy, Qa, ..., Gn (UA€ MBI HO-NPEXHEMY CYHTAeM, 4T0 @y ==
Z=as = ... 22 Qn) HE Npesocxo0uT NOA0BUHbL NAOWAOU NPAMOY20AL-
nuka P = ABCD c¢o croponamu AB =0b u BC=1c¢ (1. e ecan

1
sn=a?+a§+ +aiv<§ bc) uecau g < b <<c TO 3TU K8aO-

parol MOXHO Ge3 nepecewenus pasmecruTdo sayTpu P. Tlpu n =1 s10,
pasymeercs, oueBHAHO; GyAeM CHYHTATb Tenepb Halle YTBEpXKAEHUE AO-
KasauHbIM JJf JI0GOro uHcjaa KBaJpaToB, MEHBINET O Kakoro-to
3a/laHHOTO YHCAA 7, M AOKAaXKeM ero JJAsf caydasa f KBajpaTos.
IpunoxuM nocaeioBaTe/bHO KBaJpaTel CO "CTOPOHAMH a1, d2, ...
2:., @m K cropone AB = b npamoyrojphuka P, Kak 3T0 NOKasaHo
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Ha puc. 113. (Tlpn 3ToM Mul cuntaeM, sto (m 4 1)-i KBa’lpdT BJIO-
KHTh B «nogocky» ABED, yKe HeaL3, T. e. uTO ay —|— as+...4+am+

+ amyy > b)) Ecan cymma a, + a, o+ u naowaneli m

KBaJpatoB (noaoOHble o6o3Hayenus Mul GyieM yﬂ01p66ﬂﬂTb v B ab-
HeilllleM) He MeHbile NOMOBHAM naomann apsamoyroaennka ABED,

!
(T. e. —Q-a,b » TO NAOUIAAbL OCTABIUIIXCA A — M KBAAPaToOB HE [PEBOC-

XOANT  NOJOBHUB  TAOIRAAH  [IPAMO-
3
yroavunka D,ECD, u no npeanonoxe-
HHIO HUAYKUHH HX MOXHO pa3MecTHTb
B 3TOM NPAMOYFOJbHUKE 0e3 nepeceue-
nui; nosToMy HaM HafO JHUIL Pa3o-

D

OpaTtb cayuafi, Korza sm<—2—a;b

(n m < n).
3ameTuM npexame BCero, 4TO B

a
paccMaTpHBAEMOM  CAyHaAe dp < —QL:

D & Lie
7 BeIb €CIH a; -2 2 , TO, OYEBHIHO,

s ) 2 2
H a2+a3+...+a SBCLK’ a

A 8, K8
4 TakK Kax, KpoMe Toro, a? Zaa,, >

Puc. 113. 1
>SkLEp TO Su>y SABED ( “1b)

1
(311ecx; TaKkxe al<§b, u  3HaynT, a;<<b—a;; B caMoM

1 2 1
eJsie, eCcJyiH q; >? b, TO yKe 8§y =ay > ?alb. ) Hanee Mol MOXeM

1 .
CYHTATh, 4TO S, > 7“’ (b + a,): neficTBuTeNbHO, ecau Gl OBIO Sp==

=aj+ g+ ... -I'-¢1,21<——:12—a1 (6 + a;), 0 Mbl uMean G

2, 9 2 2 - | 2
agtat ... Fa,=s,—a|< 5 a b+e)—a=
l b . S
=50 (b—a)=53Sppkc,
~— H 110 NpPENOJOKEHHIO MHAYKIHMN BCE KBaApaThl ¢ 2-TO0 40 HOCJIERHETO
MOxKHO Oes mepeceueuuit PasMeCTHTL B ppsimoyroJoHuke BBEC.
1 i
C apyrofi CTOPOHH, Sy < — 5 ah < 5 @ (b + a;); oGoznauum uepes k
Takodl nomep (rae m<<k < n), '—ITo
2 2 2 1

Sp=aj+a+ ... +a,< 5 (b—}—a[),

HO

sk+i=af+a§+ +ai+ai+l>al b+ ay).
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Hanee nmeeMm
2, 9 2 2
a;ta+ . tap=s5,—a; <

1 9 1 1
Sga(b+a)—ay=-a (b—a)=75Sppre,

OTKyJa BBITEKAET, 4YTO BCE KBaApaTW ¢ 2-ro mo k-ii mMoxuo 6e3 nepe-
ceueHHil PacnoaOXKuTh B npsiMoyroasHuke ByBEC, u

2 2 2
atay+ ... tfa=
2 2 1 2 2
=Sy = 0]~ Qg >3a1(b+a1)—a,—ak+l='

1
ab — ai + (7 aj — ai+1> =

nof—

1 1
2—2—alb—a%+<§a%—afn)>?alb—ai

H 3HauMT,

a caeaoBaTeJsbEO,

. 1 1
ai+l+ai+2+ +afl=sn—sk<—2—bc—§alb=

1 1
=5b(c—a)=5Sprcp:
¥ BCe ocTasuuecss KBaapatel (¢ (k -+ 1)-ro mo n-ii!}) Moxno Ges nepe-
ceuellns pa3MecTUTh B npaMoyrosabauke DECD,

6) IlokamxeM, uTo ecau 0sa Ksadpara co CTOPOHAMU M U n MO~
eyt Guite Be3 nepecevenus pacnoaosiceHsl eHyTpu Keadpara co cTopo-
HOL a, TO m -+ n << @; OTCIA yiKe
Gyner caeloBath, uyto 0s8a Keaod-

para co cToponoil 5 (cymma mio- Ky

majgell KOTOPBIX B TOUHOCTH pasHa ¢
o K2

i o

1
—2—!) ne moeyr ObiTe 6Ge3 nepece- By

croporoid << 1. B camom peine, ecau
Ky n K;— nBa Hemepecekaioumiuxcs
KBajzpaTa, TO Haijerca upamas [,
KOoTopasi UX «pasjensner»,.T. €, Ta-
Kas, uto K; u Kz Jjexar no pas- 1
B bl e cropoubl ot [ [HeficTsuTe/ bHo,
nyctb A1 = Ky u Ax = Ky — Takue
TOYKH HAIUNX KBAJPaToB, 4TO HUKA-
KHe Apyrue ToukH Kij, coorBeTcTBeHHO K3, He yaaaeHel APYr OT Apyra ua
paccrosinue <CAi4, (puc. 114); ueped [ Mul 0603HauuM OPAMYIO, mep-
neuaukyasnpuyio AjA; o NPOXOAALLYI0 uepes cepepuny S oTpeska
AsAy. Ecan 6bi kBazpat Kz comepikal TOUKY B, pacnosoXeHHYI no Ty

uenull pasmewierol 8 Ksadpare co A'l
1
1

Puc. 114,
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xe cropony ot [, yto B Touka Ay, TO on (N0 OUEBHIHOMY 'CBOHCTBY
kBajpaTal) Hapsiny ¢ ToukaMH Az m B cozepxan Obl H Becb OTPE30K
A:B; wo npu stom anas 6anskoit Kk A2 Toukn C otpeska A:B Habep-
uska Guio 660 A1C << A4Ay (w60 ecan A.D 1 AiAs, 1o B ofo3uaue-
unax puc. 114 £ Ad:B < £ AyA:D = 90°), yTa npoTHBOpEUHT oOmpe-
neaentio Touek Ay H Aa
Iposenem Temeps npsamyio [ = MN, pasgensouyio aBa kBaiapara
Ki u Ky co croponamu m u n, pacnofoxkentble 8 kpaipate K == ABCD
co croponoll a (puc. 115, rae ksaapa-
7 & ¢ Tol Ky u K H300paKeHbl NYHKTHPOM);
nyctb Ky momajgaeT IPH 3TOM B 4acTb
2 ABMN xBagpara K, a Ky —B uacTb
v % P, MCDN; xpome TOro, mycTb eme
e < A £ MNA < 90°. CaBuHem Tenepb KBai-
¢ AN pat Ki B manpasnesun BA, a 3atem
B Hanpasaenuu DA Tax, utodm ero
R, / “iM  pepmuum  (oBosnauum ux Py n Qi)
nomaau na croponsi AB un AD kpaa-
. pata K, ananoruuno cnsuiem K2 B
4 ‘01 RN yron € «xBazpata K. (Cosunytole
! \ AN KBajApaThl Mbl  DO-NipeKHEMY OyaeM
4 - ”\EB ofosnadats uepes Ky u Ki) Coenn-
1 wiMm A ¢ uentpom O; xBazpata Ky =
Puc. 115 = PiQ:R:T1 (B HOBOM €ero moJOXKe-
’ : HHH); NOpPH  3TOM H3  PACCMOTPElHA
OMICAHHON BOKPYr UeTbIPEXYTOJblHKA
APyO;Q; oxpywnoctd 6Ges Tpysa BuITekaer, uto L O AP =
= 2 0,QP =45 u L0AQ, = 45°. Orciona cnenyer, uTo Ipa-
masi AO; — Guccekrpuca £ BAD, u, s3Hauut, oHa coBNajaeT ¢ AHaro-
Hampio AC xBagpata ABCD. Auanornusoe paccy:Kjenne MOKaspBaeT,
410 guaronans AC npoxoaHt u depes uedtp Oy kpaaparta Ky = PyQuR:Ty
(B HOBOM ero MOJIOXKEHHH), MycTh OHa mepeceKkaer cTopoHbl RyT| u RqTs
ksagpatos K; u K, B HekoTOpbiX Toukax U u V.
3ameTuM, 4TO

AU+ VC<LAC=aV2;
JOKaxXeM, uTo

AU V2 cvye
m=R1T1<~2—V— H n=R2T2<-2}——;
o1Ciofa H OYyAET cJelloBaTh TpefyeMoe HePaBCHCTBO
Ve Ve
m+n<—2——(AU+CV)<TAC=a.

B camom gene, mycts npsMas RyT1 nepecekaer npambie AB u AD
B Ttoukax E u F; nonoxum /£ FEA = a (torna ZEFA=f=
= 90° — a). M3 paccMoTpenusi npsaMoyroJsublx tpeyrossuukos PyTHE
n QR\F ¢ ocTpeiMu yraaMH @ H B M OAHMM KaTeTOM AJMHBL M, IIO-
Jayuaem -

EF=RT\+TE+RF=m+migat+mciga=
I 4+ sinacosa

=m(l+igatclgo)=m sifn ¢ cos
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C 1pyroii CTOPOHbI, TPHMEHSST TEOPEMY CHHYCOB K TPEYroablAKaM
AUE wn AUF, y woropuix £ UAE = £ UAF = 45°, £ AEU = q,
L AFU = p = 90° — a, uveeMm

sin 45°

UVE—ay 3045 pp . qy SIN45° 4y Sin45°
sina ’

sinp cosa ’

H 3HAUHT,

EF=AUsin45°( ! 1 V2 sina+ cosa

+——) AU %5

sin o cos a sina cos a
Taxum ofpasoM, moayuasm
AU 1/2 sin@ 4-cosa I +sinacosa
2 sin o cos o sin ¢ cos a
Ho sina 4 cosa < 1 4 sina cos a npy Beex 0 << a << 90°, nocko.bky

(l+sixwacosa)—(sina+cosa)=l—sina——cosa+sinacosa=

=(l—sina)(l —cosa) =0
NO3TCMY

AUV—22>m.

Touno 1akK e AOKA3HIBAETCA U HEPABEHCTBO

cv X2 V2

/’l,

ueM W 34BEPIIAETCH PACCYIKAEHME,

56. a) Tlpexpae Bcero HCKMOYHM H3 DPacCMOTPEHHs] BCE Te OTPE3KH
TIOKDBITHS, KOTODbie CaMH 11eJHKOM HOKPBIBAIOTCA OAHAM HJIH HECKOJL-
KuMH H3 3THX oTpe3kos. [locne atoro aanyMepyeM Bce OCTaBlIHeCs OT-
Pe3KH B ONpEJeNeHHOM MNOPSAKE cAeAyiomuM obpa3oM, Bynem cuurtats,
YTO Hall HCXOAHBIY OTpe3ok O #JuHBl 1 pacnoJiokeH TOPH3CHTAIbLHO.
Hasorem mepBH M TOT M3 OCTABIIHXCS OTPE3KOB TOKDHITHS, KOTOPHIN
NOKpHIBAaeT JeBblll KoHenl oTpe3ka O (OTMETHM, uTO TAaKOH OTPE30K MoO-
KeT ObIThb TOJAbKO 00K, TaK Kak ecau Obl ux ObuI0 ABA, TO TOT U3 HEX,
npaBbiif KOHeW KOTOPOro JAesee, MOXHO orGpocuth). J[lasnee Hasosem
BTODbH M TOT H3 OTPe3KOB NOKDPBLITHS, KOTOPBIH COJAEPAKHT NpPaBuil Ko-
Hell NMepBoro oTpeska. Mbl yTBep:KAaeM, 4YTO TAKOH OTPE30K MOMKeET CHITh
TOXe TOJBKO 00un. [eficTBUTENbHO, NYCTh Takux oTpeskoB asa: Oy
n O, u nyctb JaeBblill kowen Oy pacnonoxen Jjepee JaeBoro konua Oo.
Ilpu stom, ecau mpaBulii konen (4 pacnojoXKeH npaBee NPaBoro Koti-
ua Os, to orpe3ok Oz ueaukoMm comepxurca suytpu O (u n03TOMYy 0Ll
HaMH paHblle HCKJIOUEH W3 PACCMOTDEHMA); ecan Ke npasblit Koweu O
pacrnoJoKen Jiesee npasoro konua Oz, TO oTpe3ok O3 UEIHKOM NCKpPhi-
BaeTca oTpeskoM Oz M nepBbIM OTpe3KOM (cllesiafiTe COOTBETCTBYIOULE
yepTexKn!).

TouHO TaK KE CYHIECTBYET eCQUHCTBerHMbli OTPE30K, MOKPHIBAIOUWIHIA
NpaBelil KOHel BTOPOro OTPe3Ka; Ha30BeM 3TOT OTPE30K TPETbHM,
n 1. n. OTMETHM BDH 3TOM, YTO HUKAKUe J6a OTpe3xa, umeroujue oba
deTuble uau 064 HEYeTHbIE HOMEPA, He nNepeceKaroTca: B CaMOM [eJe,
ecan Gbl, HanpuMep, NepBblii ¥ TPETHUH OTPE3KH TEPECEKANCh, TO OHH
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NOKPLIBa/IH Obl LEeJHKOM' BTOPOfi OTPE3OK, Yero, M0 NPEeANOJIOKeHHIO, He
MoxeT ObiThb. [anee ofmas AaHMHA BCEX OCTABHIMXCS OTPE3KOB NOKPLITHA
3aBefloMO ne Menbiie | (aawubl oTpeaka O). Orcioona caegyer, 4T10 MM

o6urasi AJHHA BCEX <«HEYETHBIX» OTPE3KOB HE MeHblle 3, Han obuwas

|
AJHAHA BC@X <«HYETHBIX» OTPE3KOB HE MEHbILE 5 A 510 u mokaswiBaer,

YTO CYHIECTBYIOT HeNepeceKkaloulHecss OTPE3KH NOKPLITHR, ofulas aauHa
KOTODBIX He MeHblle -

Ipumep oTpeska O, MOKPHITOTO «B IMIAXMATHOM MOPALKE» UYETHHIM
4HCIOM «BenbiX» H «USPHBIX» (HJIH UETHBIX» H «HEYeTHBIX») OTPe3KOB
OJIHHAKOBOH - IIHUBL, JMIIb CONPUKACAIOMIMXCS CBOHMH KOHLAMH (MaH
HepeKPLIBAIOLIHXCA N[O CKOJb YrOAHO MaJjblM YacTsiM), MOKa3blBaeT, 4TQ
NOJYYEHHYIO B 3TOfl 3a/laue OUEHKY HEAb3R YAYHHLUTb.

6) BriGepem caMbuit 60nbLWIOH U3 KBAZPaToB MOKpHITHS (060~
anaunM ero K;) u oTOpOCHM Bce Hepecekalouecss ¢ HUM (He MPEBOCXO-
IsAIHEe €ro pa3MepaMH) KBaJApaThl; SICHO, YTO €CJAH IUIOHlafb KBad-

pata Ky pasuanacb kj, To He mokpmTas K; nsomanb, NOKpbiBaeMas

0TOpONIEHHBIME KBaapaTaMu, Gyner <8kf (160 ona npejcTaBJsieT CO-

6oit OKpyxawumylo KOHTYp Ky «nojocky» wmupunsl <Sky). 3ateM suife-
peM caMbii 60JbLINONH M3 OCTABMHXCS KBajAPaToB H CHOBA
OTOpPOCHM BCe KBaJApaThl, MepeceKaiolHecs: ¢ pPacCMaTpHBaeMblM KBaipa-
ToM Ka. Ilpomoamas mocTynaTb Takum ke o6pa3oM, Mbl BHIACIHM CH-
CTeMy HeNepeKpHBAIOWHXCA KBaapaTos, ofmas mJomaib KOTOPHIX He
MeHbllle BOCBMHKPATHOM MJOMAJAH OTGPOIUIEHHBIX KBAaJApaToB — OTKyla H
BLITEKAET yTBEPXKIEHHE 3a/auH,

[Tpumeuanue, [lpennoxenysii B pellleHuu 3anauu §) MeTOx MO-
J)eT ObiTb HCTOJAb30BaH H B («OJHOMepHOi») 3ajfaue a), The TakXke BO3-
MOXHO HayaTb C Ha M 60 b €T 0 H3 NOKPHIBAIOIIHX paccMaTpHBaeMblf
orpe3ok O menbmux orpeskoB O;; s3aTeM, 0TGPOCHB BCe NepeceKaloumiue
oTo6parHbill 0tpe3ok O) OTPE3KH NOKPHITHA, B3ATh HaUGONbWHA H3
OCTaBIMHXCH, U T. &, lIpyn 5TOM MBI TOJYYHM CHCTEMBbl HENepeKphi-

. 1
BAOMNAXCA OTPE3KOB obutefi AJNHHDBL /-5-. OIIHEKO, B TO BpeMa Kak

B 3ajaye a) MOJYyuYeHHAs TaKMM IIyTeM OLEHKa JerKo MOXKeT OBTb YCH-
JeHa H JO0BeleHa O HAWIYYUIEro BO3MOXHOTO pe3yibTaTa, B ciydae
3afayn 6) cHTyauHs OKasplBaeTCs CcOBCeM HHOH (cp. €O CKa3aHHBIM
Ha ctp. 45—47).

57. a) PaccMoTpuM BHOYKJAYI0 060a09KYy M nalllix 7 TOYex,
T. €. HAOUMeHbUIUL BbINYKAbLE MHO20Y20bHUK, COOepcauiuil 8HYTPU U HA
epanuye 6ce nawy TOYKY (cp. ¢ Hauajom pelienus sapaun 25). Iyers M
€CTb BBIMYKJBH k-yroabuuk AiA:As...As, BHYTPH KOTOPOTO J€XKAaT OCTaB-
myecd n-—k touek (rme n == 102). Ecam n >k, 10 Bunifepem onxHy
(UPOM3BOMLHYIO) U3 BHYTPEHHHX Touek {(0603naunM ee uyeped Apyy) H
COeIHHHM OTPE3KaMH CO BceMH Bepiinnamu M, pasbus Tem cambim M
Ha Tpeyroabnuku. Jlajee, ecnu elne ogHa TOUKa Axgs, He sBJSOmAACH
BepwiHHOfl M n orTnuyHas OoT Apyi, NPHHALICKHT TPEYrOJbHHKY € Bep-
wHHaMK Ay, A; v Aj, TO MBI COEIHHUM ee ¢ 9THMH TPeMs TOYKaMH, pa3GHB
1eM cambiM A A;Aj;A; Ha TPU MEHBIIHX TPEYrOJbHHKA, 3aTeM TOYHO TaK
e NMOCTYMUM C TOUKOH Agyg, H T. 4. — J10 nocaeHell Touku Ay, Ecnu xe
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n =%k, 10 Mb pasobbem M Ha TpeyrosbHHKH [HATOHAJSIMH, TIPOXOAL-
IMMH Yepes KaKyio-TO OIHY BepurHHy Ay 3TOrO f-yrosbHHKA.

Hrax, Bo BCex ciaydasax Mbl MoxeM pa3bure M na nexoropoe uuc-
40 t Tpeyeosvnuko8 ¢ 8epuiunamu 8 sauwiux To4kax. OuenuMm uucao f,
Cymma yraos Bcex ! TPeyroJbHHKOB pa3Ouenust paBha f-180°% ¢ apyroit
CTOpOHBI, oua paBia cyMMe (k— 2)-180° yraos k-yrogsiinka M, yseau-
YeHHO! Ha uyucao (n— k)-360° — ya cymMMy BCeX <«BHYTPEHHHX» YIJIOB
Hamero pastuenns. Mrak

- 180° = (k — 2) 180°  (n — k) - 360°,
OTKY 12
t=2n—k—2

TakuMm oGpasom, uncao ! TPeyroNbHHKOB HMeET HAaHMeHblee 3HayeHHe,
paBloe n-—2 B caydae k = n, T. e. B cjy4ae, KOrla B Ce HallH TOYKH
NPHHALIEKAT Tpanule BHIYKJAOA 06onouky M. A Tak Kak MO YCJIOBHIO
n = 102, To { == 100. Ho nocko/bKy mJollanp MgoroyroJeiuka M, pas-
6uToro Ha Hamu { TPeyroJbHHKOB, 3apenoMo <1 (n6o M sakmouaercs
B KBaapaTe njomajad 1), njomans no kpaiinei mMepe OAHOro #3 pac-
CMaTpUBaeMpIX TpeyroJibHukoB <C0,01.

6) Cnpoektupyem namn 7 Touek Ay, As, ..., An (rze n = 102)
Ha KaKyl0-To, CKaXKe€M TFOpH3OHTa/bHYIO, cTopony AB comepkamero Bce
3TH Touku ksamparta K. Paso6rem AB na 100 nenepexpiBalomIHXCH OF-
pesxoB ammpul 0,01; Torga XoTb Ha OIHOM H3 OTPE3KOB Da3sMeCTATCA
He MeHbllle Tpex npoexnufi Touek Ay, ..., An!). Tostomy Kakue-To TPH
U3 HallMx ToYek — HasoseM Hx Ai A; u Ay — mONALyT B O4NY <«NO-
nocy» P umpuue 0,01 u. mnomamu 0,01, npoekTupywowywocs na AB
B paccMaTpHBaeMLIii OTPe3oK. A OTCIOLa B cuay peayabrarta sanaus 61 6)
cJefyer, yTo

1
Sa,,a, <5 0,01 =0,005.

58. Ilyctb naowjadu scex nonapubix nepeceuernutl paccmarpueaemvtx

MHO20Y204bHUKOB My, Ms, ..., Mg Menbvuie TOrja naonlaib 4acTu

. —9_1

MHOTOyronbuuka M,, ne mOKpHTON MHOroyroibuukoM My, Gosbuie
I 8 )

I— ‘§‘= <5 TJIOL1ajAb YaCTH MHOTOYTOJIbHHKA Ms, He NMOKPHITOH HH MIIO-

9
I 1 7
royroJbHEKoM M), Hu MHOroyroabHHKOM Mo, Gonbue | — v —-—§=—g—;
nJouajib YAcTH MHOTOYrosipHHKa M He NOKPHITO HH MHOTOYTOJib-
nHKoM My, uu muoroyronbHukoM M,, nu MuoroyronbHukom M;, Gosbiie
1 1

[
I — 9T F g =79 r--; NIOWAML UACTH MHOFOYro/bHUKa My, ue
NOKPHITOf WM OOHHM H3 MHOroyroabuukoB M, M., ..., Ms, 6Goabme
1 1
9 9 ST 9 9
8 pas

1) Ecan 6b unca0 Touek paBHsajoch 101, To onn morau 6 coBnacTb
¢ xonuamun AB u ¢ (99) Toukamu aenenust AB; onmako npu n > 101
chOpPMYJNHDOBaHHOE YTBEpXKJeHHe OGECCOPHO HMEeT MecTo (moyemy?).
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IMostomy nnomaas o6 be AU HE HH A MHOTOYroabHHKOB My, Ms, ..,
“3+., My B 3TOM cityqae J0aKHA ObITh GOJbIIE YyeM

8 7 6 1
I+5+g+g+ - +5=5

YTO, OJXHAKO, NPOTHBOPEYHT MPEINONOKEHHIO O PACIOJOKEHNHH BCEX MIO-
rOyroJIbHHKOB BHYTDH NPSMOYTOJbHUKE INIOMAIH b.

[MoayyenHoe IPOTHEOPEUHE H [OKA3bIBAGT YTBEPKIEHHE 3a1aUuH.

59. a) Mup Hcnosnb3yeM B pelieHHH BBeJeHHBbIE Ha CTP. 51 06o3Haue-
HHS; JIPYrUMH caoBamy, KadTanw noomaau 1 mbl ofo3uaunm ueped M,
a sansatel — uepe3 My, Ma, M;, M, u M;, npuuem te xe cumsoasr M
uM; (roe i =1, 2, 3, 4 nan 5) 06030a4al0T TakXKe # YHCIA ~— NJIOMATH
KadTana (==1) W sansaT, Aa’ce, ckaxem, Kak nepecedenue sammat My
H M, Tak ¥ WIowanb STOTO fepeceuesyss, Mul 0GO3HauuM uepes Mig,
H T. J. 3aMeTHM HpexKje BCEero, 4To H3 HePaBEHCTBA

I 5

M1+M2+M3+M4+ M5>5-—2—=—2-

>1

cAejlyer, 4TO HAMIH 3aNAATHl HEH3GEIKHO NepecekaroTcs; 3amnada COCTOHT
B TOM, 4uTOOBl OUCHHTb HaHOGOJBWI YIO mnjoOmags NepeceyeHus ABYX
3anJar.,

Mbupr yTBepKIaeM, UTO

M— (M 4+ M+ M+ M, + M)+
+Mp+Mp+ M+ o0 FM5)Z0 (D)

(rze, xak Mb 3Haem, M =1). B camoM Jnese, pasHoCTs
M— M+ M+ ...+ M;) Onia 6bl He oTpuuarensia, ecan Obl 3a-
NJ4THl IONAPHO HE NEepeceKasHch: TOrAa OHa Onisa Obl paBHa IIOWLALH
TOH 4YacTH KadTaHa M, KOTOPyl0 He TOKPHIBAET HH OJHA 3amniata.
OnHaKo HAIM  3aMJAATHl  [EPecekaloTcss, ¥ B CHAYy 3TOrO CYMMa
My + Mz +...+ Ms oxaswiBaetcs ropasgo GoJblie TOKPHTOR 3anna-
tTamu yactu S kadrana M (ue npesocxoasuefl, pasymeercs, M = I1):
[eJ0 B TOM, 4YTO, cKa)keM, ofmas yacte Mo 3amnat M; u My yuuThl-
BaeTc B 3TOH CyMMe 08axdsl, MOCKOJAbKY OHA BXOAMT W B CJarae-
moe M, u B cmaraemoe M, lwenno nas Ttoro, utoObl yCTPaHHTS H1CT
HEJOCTAaTOK, MBI OLEHHBAEM BeIHUHHY S (HeABHO QHIypHPYIOLIHM B
(1)!) BeipaxenueM

s=(M+ .. FM)— (Mt ... A M)

Ha camoMm Jesie HreeT MeCTO Haxe HepaBeHCTBO § << S: B caMoMm jfese,
yacTb KadTana, MOKpHITas C€pa3y Tpe M s 3anaaTaMmy, {(CKaxeM, Yacrb
Miszs) BOBCe HE yUMTHIBAeTcs B § (IOCKOJABKY OHA CO 3HAKOM - BXOIHT
B caaraempie My, Ms, M; u ¢ ofpartubiM 3HakoM — B ujgeHd —Mqs,
—Mys, —M;3 BBIpaKeHHs S); OJHAKO HEPaBeHCTBO § < S HaM Jaxe
BBITOJHO H Y€ BO BCSIKOM CJayuae He JHWaeT CHJAB AajbHellnde pac-
cy®nennsa. Temepb Mbl MOXKEM HAMHCATh . .

M—(My+ Myt e + M) (Mpg+ M+ ovv + M) =
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OTKYJa NOJyuaeM -
MMt o MM Mot s R M)~ M

1
;5.7_1=

rof co

M 3HaUAT (MOCKOJBKY oOOIlee YHCAO «NONapHBIX TNepecevyeHHil  3a-

b L 3
nnat» My pasuo C, = 10), X0Tb OLHO H3 uncenm My, ..., My Gyner
He MeHbllle yeM

3 3
0=,
2 20
[Monyuennass naMH OUEHKA, OZHAKO, XYk e TpeGyemoli ycaoBHEM
| S 2
3a/lauH  OUEHKH €(=_26); 7I03TOMY TNpPHUBEJEHHLIE PaCCYyXKACHU:

Halo YTOUHHTb, BMecTo HCIOAb3OB2HHON BHIIE <«YKOPOUeHHOI» Gop-
MY.JIbl

M—EMi+211Mi,>o, ij=1,2...,5 (1)
B i i

rue 2 My==Mi+My+ oo+ My, D Myj= M+ Mg+ ... + M,
MBI H};HﬂﬂelleM «[IOJIHYI0» (hopMyay

M= 3 M; 4 3 My — 3 Mige + 3 Mg — Mizgs 0. (2)
®opmyaa (2) caenyer H3 TOro, 4TO

S=2M;—ZM,-,-+ZMi!k—ZMijkt+M12345, 3

OTKYyAa YKe BHITEKAeT, YTO CTOsilee B JeBofi 4acTH (2) BhHpaKenue
paBHo M —S == 0. B camoM pese, Mb YyiKe BHJeJH, UTO BeJHUHHA

.s=2 Mi"z M;; Moxer ne paBusThC S, NMOCKOJABKY B Hell BOBCe

He YYMTHIBaloTcst yuactkd Mijx KaQTaHa, HOKPHITHIE Cpa3y TpeM s 3a-
nnatamu M;, M; u M, Tlostomy Gosee TOuHOe BhIpaxenue aas S
' RaeT cyMma 2 M; — EM” + E M;jr, Takxe, ojHako, ellle He
o6fa3aHHas coBnajath ¢ S, TOCKOJbKY 37ech YuHTHBaercs 0saodol
Kaxnasa uyacte Mijp, MOKpHTAs cpasy weTHIPbMs 3angataMu (Tax,
yacTb Migzs KadTana B mnocieflHeM BHIDAa’KEHUWHM YYMTHIBaeTCs CO 3Ha-
KOM - B BOCbMH caaraembix: My, Ma, Ms, My; Mizs, Mz, Miss, Mags;
¢ o6paTHBIM K€ 3HAKOM OHa (ULYDHDYeT TOJBKO B ILIECTH YJEeHax:
'_MIZ, _‘/wi:). '_A/]My =—iVi23, —M2A H —May).
Taxiim 0Gpa3oM, Mbl IPHXOANM K BhIPaXKeHHIO

Z M;— 2 M+ 2 Mije — EMiikl:

KOTOPOE YIKEe «NOYTH PaBHO» S: eJHHCTBEHHbIM HCTOUHHKOM OIIHOKH
3Jlecb MOXeT SBHTbCH TO, uTo 00mas 4acTb Mizas Beex ma Td 3anniar
NOJNHOCTBIO 6vinadaer M3 Hauledl (anre6pandyeckofl) CyMMBI, YyyacTBy#
BO BceXx 0€3 HCK/IOUEHUS] €€ CJaraeMbiX — KaK [MOJOMHTeNbHHX (HX
uucsao paBHo 5 - 10 = 15), Tak u, OTpHLATeNbHBIX (HX 4YHCIO PaBHO
10 4-5, 7. e. cuoBa 15). Yurs 370 0GCTOATENLCTBO, Mbl MPHJEM K COOT-
poweHuio (3), oGecneyrBaoUleMy CHpaBeJJHBOCTb HepaBeHcTBa (2).
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Touno Te e paeCyXKAeHHsi, NDUMEHEHHBIe K KycKy M kadrana,
NOKPHITOMY «3annataMu» My, M, My u M;s, -npnBoast & HepaBeHCTBY

—ZM11+2M1ii—2M1ijk+M12345 =20, i, ], k=23 405
i i, f

Takue Xe HepaBeHCTBa MOXKHO 3anHcaTh U aaa KyckoB Ma, ..., Ms
Kaq;TaHa

— X My + Z Myj— ) Moz + Mipeis 0,

Ms — 2 Ms; + Z Msij — Z Msije + Migss 20

IIpocyMMUpOBAB BCE 3TH COOTHOIIEHUs, OTBeyaiomue obmactam M,
M,, ..., M;, noayuum (mposepbTe 310!)

SIMi— 2D M43 2 Mije—4 D Mijrr +5Myssis =0, (4)

: 1
ITpuBaBup Tenepb K (2) yMHOMXKeHHOe Ha 3 HepaBencTso (4), mbl npu-

JEM K HepaBeHCTBY, B KOTOPOM BOBCE OTCYTCTBYET CYMMA 2 Myjx:

2 1 1 2
M= Y Mg Y Mip =5 3 Mijpi+ 5 Misss >0 (5)

M3 (b) Takxe caenyer

M——g—EMi+—;—EMU>0 ' (é)

(3ametuM, uT0 uacTb Mizaus KadTana M BXOAHT B KaXKAYI0 H3 UATH
o 1
ero gacteit Myjz1, B CHAY 4ero 2 My = 5My2345 B ——3—2 Mg +

2
+ 3 Miosis <O)-

Tenepb MBl yXKe HaXOAHMCA Yy caMOro KOHIA peluerHs sajayd. Us
(6) monyuaem

Yomy=2 Y M- sm> (5.—)-3=2;

0TCIONa, IOCKOJBKY oOOWiee uyncio obaactedi My paBro 10, caenyer,
YTO XOTb OJHA U3 HHX HE MEHBIIE YeM

i
2:10=—,
5
HEprnHO BIUIeTb YTO PaBEHCTBO 3]1eCh 6yll€T HMETb MECTO JIHIIb

torga, Korga S =M (1. e. korna gect xadTaH HOKPHIT 3amjaTamu),

Bce M; = ;, Bce M;r ONHHAKOBH (n PaBHE! —5-=-—23 A BCe
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Mijer = 0. Ot coobpaxeHnsi NnO3BOAAIOT HOCTPOHTHL NPHMep, NOKA3bl-
BalOWHH, YTO TOJYUEHHYIO OUEHKY yaywwurs neavza (cM. puc, 116, rie
widpbl Ha KpBajpaTHKAaX, HA KOTOpble pa3s-
6uT npsMoyrosbHHK M, urpalowni poas
«kaTaHa», NOKa3bIBAIOT, KAKHM H3 3a-
nrar ¢ HoMepamMu ot | jgo 5 3TOT
KBaAPaTHK [PHHAAJERKHT, HANOMHHAEM,
4TO I;alrmarm pMOI‘yT COCTONTb H M3 He- 2525 (34135 |45
CKOJIKHX OT/JEJbHBIX uacrefi).

6) Pemenme 5Tofi 3ajgaud BO BCeM 1231128 | 1251734135
aHaJOrMYHo pelleHHio 3axaud a). Boc-

NOAb3YeMCH TeMH e HepaBeHCTBaMH (2) 1hE 234\ 235|245 | 345
H (4), 4T0O W paublle; TOJbKO TeNepb,

npuGasuB X (2) HepaBeHcrtso (4), ymHo-

1
KEeHHOe Ha o MBI nony;mM clenyiolee Puc. 116.

HEDABEHCTBO, M3 KOTOPOro @binadaer He HHTepecyiouiuit Hac 34ech
7 EM,-,-:

{ 3
M=o YoM+ ¥ Muge— ¥, Musi+5 Misss >0 ()

Hs (7) caepyer, uto Tem Goaee

M—%ZMt+%EM1ik>O k ®)

(noqemy?) H, 3HauMUT,
' > L 1 1
ZM;ik LM; (5'?)——1=~4—,

1 i
max Mje = - T ( 10) 50

(o6mee uucno «TpOHHbIX nepecevenuil samnar» M;j, Takke pasno 10,
TIOCKOJIBKY C5=10) IMpn 5TOM paBeHCTBO 37eCh BHINOJHSETCS NPH

TeX XKe YCIOBHAX, YTO H B 3aixaye a) (cM. ToT xe puc. 116).

-B) DT1a 3ajgavya owenp Guauska K npexpaymuM, CHOXHM Te Ke
HepaBeHCTBa (2) H (4), KOTOpble MCNOJNb3OBAJHCh B pelIeHHH 3ahad
a)— 0); npH 3TOM Mbl NOJAYYHM CJeflyiolllee HEepaBeHCTBO, H3 KOTOPOIO

8binadaer BOBCE HAC TeNeph HE HHTEPECYIOILUH Yaen 2 My
M= D Mij+2 3 Mije~3 2 Mijer + 4Mias >0. (9)

Hs (9) crenyer, uto Tem Gosee
M= M +2 X Mijr=>0 (10)

12 ({13 (14|15 {23

{mouemy?) u, 3mauur,
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Iosromy
max My > E~:(2- 10) =—§—.
2 40
Cayuail pasenctsa 3pech ykasmpaer puc. 117 (Ha HeM npsMOYroas-
HUKH, Ha KOTOphie pa3buBaeTcs mpaBas 4acTb «KadTaHa»,” B TPH pasa
6oJbile KBaJpaTHKOB, Ha KO-

T T TOpnle pa3bura ero JjeBas
A2 13 74 123 74 4acThb).
22t it 22 60. ITynxTol a)-—B) 37T0f -
SESH 125; 34 safaui  ABAsOTCHE  00606-
/ 1 : yi 60 MOXHO BOCHOJB30-
! BaTbCA TEMH Xe€ HAEfMH, UTO
fﬁ 3 4 234 230 H B pemenuu 3agaud 59,
77 N Hass toro uytobwnl 00JerynTh
7 it }"5 NONNMAHHE pELIENnHs, YMECT-
! HO, OAHAaKo, cHayala (Kak

9T0 ¥ PEKOMEHNOBAaHO Ha
Pac. 117. crp. 49) ppaccmoTpeTb qacT-
mell cayuali n =5,
a) 1. Pasymeerca fs(e)==0, 7. e rpabuk dyskunn y = fs(a)
pacnonoxeHn B Bepxueii noaymaockoctd {puc. 118,a). Janee us ne-
paBenctBa (1) pewenns 3agaun 59 (ctp. 207) caeayer, uT0 ecin

BCe M;; =0, T. €. y ==[5 (@) =max M;; =0, 1)

TO
1

I—sa>M— 3 M>0 re O0<a<y ()

(370, BnpoueM, oueBnaNO).
I, 13 Toro me wepagencrsa (1) Takike BHITeKaeT, 4To

DMy =DM~ M =50 —1,

H 3HAYHT,
5a — 1
y="Ts (@) = max My > 15— (1)

(pnc. 118,6; wnanommuMm, uro ofllee uHcI0 mnepeceuenuit M;; pasuo
2

Cg=10). Hepasencrso (11) nmeer MecTo BCerna, HO paseHcTso
B HEM, 03Hauamllee, YTo

56—1 1 1
y=hlo)=—pG—=5¢— 15 (1la)-

BO3MOKHO, AMlIb ecan (1) obpamaeTca B paBeHcTBO M, 3HAUHT, BCe.
Mijp =0 (0 S=M) u ecan Bce M; = a. Ho 310 o03na3uaer, uro,
ckaxeM, «nepeceuennsss Mys, Mys, My, 1 M5 NOKPHIBAIOT MHOrOYroJb-
HiK M; Ge3 NepeKpuiTHH; APYTHMH CJAOBAMH, UTO BLINOJHNIOTCS aHAaO-
ruunbie (I) pasencTBa, B KOTOpHIX peub HAeT .0 «3amiatax» My, na
«kadTane» M;, a cneoBaTenbHO, YTO UMEIOT MeCTo W aHajsorvunue (la)
HEPABEHCTB4, OUECHHBAIOWIKE OTHOIMICHHE NJAOIlaAH «3amiatul» My

210



2)

Puc. 118.
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¥ naomann My = a «kaTanas, rie TONLRO_ TENEPH  UHCAO 3amiaT

paBHo yxe He 5, a 4 M naomane 3anaatel paBHa He M= a, a

Mus = 5a — 1
" [

ba — |
0<——10—-:a<

D1n coobpaKenus HaloT

, HJ ‘ <a<g % (116)

1
5

| -

I11. Crepyromufi war B TOYHOCTH/ AHAJOTHYEH PpELICHHIO 3alaud
59 a). B cuay nepaBencTsa (6) (npeacTaBasioliero cof0il «yKOpOueH-
HOe» HepaBeHCTBO (5), moJydeHHoe KoMOHuupoBauueMm {2) u (4), npu-

‘yeM TaKHM, 4YTO M3 (6) BbInaJa 4jeH c E M,-jk) umeem (puc. 118, 8)
D M =2 M;—3M > 100 — 3,
U 31ayur,

O —
y =15 (a) == max M,»;>—l—9m—3—. (m

Hepasencrso (111) Bmnonnsercs npy BceXx o) OLHAKO PUBCHCTEO B
HeM, o3Hayaollee, UTo

10a — 3 3
— — — 11
y=hlo)=—7Fg—=a-, (11la)
MOKET WUMeTh MeCTo, ecau Bee M; = o, u E: Mijgr==0, T. e. sanna-

T M; mepexphiBaloTcs He Gosee uweM HO TpH (MO TPH OHM NEPEKPHI-
Y
BaTbCsy MOTYT, uGO- ujeH Z M;ir B (6) orcyrersyer). Ilpu stom nepe-
ceuenust M;; MOryr Mexiy coGoi mnepeKpblBaThca He Oosiee yeM [0
nBa; Ho ecan My, Mys, My n M5 nokpeiBaior My, nepekpuiBasich
He GoJiee yeM IO JBa, ToO HMEIOT MmecTo aunaJjordynwie (Il 6) uepa-
BEHCTBA, TJe TOJbKO Temeph <«KadTan» HMeeT e Iuomlags M =1,
a nsomaap My = o (rak uto paccmatprBaeMuiii Bapuant (II6) oue-

HHBaeT OTHOMIEHHE IJIOIMEAH «3amnaTel Ha My» x My = @), «3anaaTh
: 10a — 3
Ha KadTaue» UMelOT ue njomagp My=a, a naomanb M;; = 0’

R UHCNO «3ansaT» yMmenbliaercst Ha oy (T, e. pasuo ne 5, a 4). Ta-
KitM 00pa3om, Mbl NOJYyYaem

I _ 100 —3 2 2 3
F<—q <y owm p<e<y. (11i5)

IV. Ha cneayiomem 3Tane ananuza cHTyalun HAM NPHAETCS YUH-
ThIBaTh yXe M «3annatel Ha M;;». B npumenenwn Kk Myz (noxpbitoMy
«3anaatamu» Miz;) HepaBeucTBO ThHma (2) npHHEMaeT BUR

Mz — D\ Migi+ X Migij— Migss >0, 4, j=3,4,5. (IV)
i ij

=10

[=1%)

Buinucap nomoGHbie HEpaBeHCTBA, cOcTaBjeHHble AAs Beex C
nepeceueHnft 3annart M;;, ¥ CAOKHUB HUX, NOJYUHM

DMy =33 Myge + 6 Myjry — 10Myz05 0. (1Va)
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Ha tpex nepasencrs: (2), (4) » (IVa) MOXKHO COCTaBHTb TaKyl® HX
KOMOHHAUHIO, KOTOPAs He COOePICUT HU 4AeHa C E Mk, HU wrena ¢

: i
EMiikF B camMoM jene, caoxuB (2), (4), yMHOXEHHOE Ha 5 0

1
(IVa), ymuoxenioe ra & Mbl MPHIEM K HePaBEHCTBY

1 t 1
M*‘szi‘*"g‘EMil——G‘Mmsets?O- (Ive)
Hs (IV6) cremyer Takxe cnpaBei/iHBOCTb «YKOPOUEHHOTO» HEPaBEHCTBA
M——;—ZMi—{-%ZMi;)O. (IVs)

Tarkum ofpasoM, umeer mecro nepasencrso (puc. 118, 2)

2 My >3 > Mi—6M=15¢ — 6 u, snauur,

.. [5a¢ — 6

y="s(a) = max My; = —z—- (IVr)

Ipu 3toMm, ans Toro ytoGut (IVr) o6pamanoce B pasescrso, T. e. uToO

61110
150 — 6 3 3
y——fs(oz)——-————10 =5a- %, (IVF)
150 —
Hajo, 4TOGbl BHIIOMHAMHCL paBenmctea M;=a, M = ~g_ H e

66l 6o110 Myasss = 0. Ho ecnu Myasss == 0, To nepeceuennss My; HOKpbGI-

BalOT M,, nepecekasicb He Gojiee ueM TPEe XK P a THO, H 3HAYHT, B AIpH-

MeHeHHH X M; MH HaXommMcsi B BhlpaxaemoM HepasenctBamu (I116)

nojoxenu#, Tonpko B (I116) Teneps mamo samenuts M =1 na My = a

(1. e. OLlEHHBATh OTHOUIEHHE <«NJOIlAjel 3aMaaT» A;Iu K gnnomanu Kad-
150 —

raa» My = o), M = o sameuuts Ha M”=——10—- H YHCAO 3a-
IJaT CYHTATbh PaBHBIM 4:
2 150 — 6 3 3 4
-4—<—‘0—-a<'1, T. e. —5-<f1<5- (IVe)

V. Ham ocraJoch TOABKO ONpefeaHTb 3HAUSHHH, NPHHHMaeMbte QyHK-
N 4
el y == fs(a) npu a>g. Haa sToro Mbl BEINULIEM HEPABEHCTBO

THna (2), cocrTaBleHHOE A/ TPOfHOro nepeceuenuss Mias 3amnat:

Mg — 2 Mgy + Mysses 20, rae i==4,5. V)
i

IlpocymmupoBas 10 moAOGHBIX HEPABEHCTB, OTBEUAIOUINX C§= 10 muoro-
yroabHukaM Mjs, noaydnm

D Myjr — 4My g+ 10M 54 2 0. (Va)
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N
. TakaM o6pasoM, MH Teneps MUMEEM YyXe U eThlpe HepasedcTna (2),
(4), (IVa) u (Va), ceasnBaouye Hmecrts BeJTHIHH M, 2 M, Z Mij,
‘ZM”k, ZM”kl H M5, NOITOMY MOXHO NONOGPaTh TAKYIO HX
KoMGHHawmo, M3 KOTOpoll emnadyr waewst ¢ X, Mijk, ¢ Z Mijht u

¢ Mjagss. O storo mu caoxum (2); (4), yMHO)KeHHOQ na = 5 (IVa),
3 1
YMHOJKEeHHOE Ha o (Va), YMHOXEHHOe Ha T HOJyuHM
2 I ~
M—€ZMi+I—OZM”>0. (Vo)
Otciona caenyer (puc. 118, 8)
D Mip=4 3 My — 10M > 20 — 10, u anauur,
2000 — 10
y = {5 (@) = max Mij>——————10 . (VB)

Ipu 3stomM, aas Toro utobut B (VB) HMENO MECTO pPABEHCTSO, T, €.
yTO6b! 6bLLIO
10

y=fs(a)=&°‘]g—=2a—1, (Vr)

HeoOX0AKBMO (M J1OCTaTOYHO), YTOGHl BHINOJHAMNCH HEPaBEHCTBA THIA
(IVe), rme M =1 3ameneno na M; = o; M; = o 3ameHeno Ha
My = 20— 1; 4 3ameneno na 5:

—‘Z—<(2a——l):a<l, T e %<a<l. (Vn)

OxoHuaTe/bHO MBl TPMXOAMM K BHINHCAHHBIM Ha cTp. 52 (m m3o0-
GpaKeHHLIM na pHC. 17) 3HauenuaM QyHKUMH y = fs(a)
6), B) CoBepHICHHO aHAJOTHYHO MOXKHO HAHTH M BCE 3HAUEHNS

G ysrnui fék)(a) u f(5h‘ %) (@), onpemesenue KOTOpHIX Tpebyerca 3ana-
uamu 60 6), B); MBI OCTaHOBHMCA 3/eCb JHIUb Ha (BhIHCanuoH Ha
crp. 52 ¥ usoGpaxennoil Ha puc. 18) dyHKuME f(53) (a), npenocrasus

YHTaTeqi0 CaMOCTOSITENLHO HafTH TOYHble 3HAyeHHs BceX JPYTHX pac-
cmarpuBaemblx ¢yukuui. [Ipn aTOM OCHOBHYIO poab mo-npexsneMmy Oy-
IyT Wrpate Te Ke HepaseHcTBa (2), (4), (IVa) u (Va) —=n «rex-
HHKa»- PaGOThHl CBOJAHMTCA K DasyMHOMY KOM6HHPIpOBaHmO 3THX Hepa-
BEHCTB.

B pemenun 3agauu 596) Mb yRe umenn HepaBeHcTBO (7), M
KOTOPOro Bhinas (6ojiee HaM HEHYXKHBIA) usjed 2 M;j, a TakxKe «yKo-

poYeHHOE» HEPABEHCTBO

1 1 '
M—g Y Mt ¥, Mie >0, ®)
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noJayuexHoe H3 (7). Us (8) nonydaes

> Mije = D My —2M >5a0 — 2,

3 50 — 2
i (@) = max Mijk>—'1_0_"'
(namoMmunm, uto ofulee uHCJAO TPOHHBIX Nepeceueunit samaat Mija pas-
HO C;, T. €. Takxe pasuo 10). [Ipu stoM pasencrso

5a~2 1 !
o —L
=" =5%"3

HMeeT MecTo, eciu 3ami1atel M; mepexpeiBaiorcs He Gosee ueM T p e X~
KpaTHoO, T. € eCIi

2
€<a<

wi| wo

(cm. Bbuue (I116), monyvenHoe TOYHO B TAKHX IKE NPEANONOKEHHAX).
Jas Toro uroBpl HalTH 3HAYSHHSH (I)yummn f‘s’ (a) B caeaywoueM

. . 3
HHTEepBa/le 3HAUCHHH @, T. €. [pH — o< croxum  (2), ymHO-

N 5 !

5 1
HEHHOE HA o HEDARCHCTBO (4) u ymHOXKeHHOE HA -} Hepasenctso

(IVa); Mbl mosyuum HepaBeHCTBO

M——XM g 3 Mije = Mizgis =0,

o
H3 KOTOPOro BbiaJd HE TOJBKO YJEH C Z M;j, HO M uJeH ¢ 24 Mkt
Ham 6yner HyXeH <«yKODOUEHHBIH BapHaHT» 3TOro MNOCAEAHEro Hepa-

BEHCTBA: 1
3
M—-S—ZMz +'8—2Mi1‘k>0.

U3 KOTOPOTO CJAELYET, 4TO

D Myje >3 2 My — 8M > 150 — 8,
M 3HAUUT, 5
3 o — 8
f‘(r’)(o.) maxM”k 10
IIpu s10M, A TOTO 4TOOLL 6le'[0 )
@) -8 _3.,_4
f3” () = 10 2475

HeoGX0fHMO, 4TOGHI MHOroyroanbHukn M; mepecekannch He Gonee ueM
YeTopeXKpaTHO, T. e uToOb GblIO

3 4
5N0S3
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7
Haxonen, cyoxns HepaBeHCTBO (2), yMHOMXeHHOe Ha"—lo— HepaBeH-

) 2 ;
¢TBO (4), yMHOXeHHO® Ha F HepaBencTpo (IVa) ©# yMmuoxennoe Ha

3 v .
p HepaBencTso (Va), mbl npuieM K Takoi KoMOMHALUMH HalIHX Hepa-
BEHCTB, B KOTOPOH OTCYTCTBYET HE TOJBKO YJEH ¢ ZM” (3T0T uneH
HAAO MHCKJIOYATb KaXKAHM pas, KOTAa HAC HATEpecyeT OHeHKa AAf

9
max M;;x), HO TaKKe H UJEHH C ) Miikp 1 € Mysays

3 ] -
M= g My 3 Mige >0,

13 aToro mocJennero HepaBeHCTBA HOJydaeM
< .
> My =6 3 My — 20M = 300 — 20,

s 300 — 20
fé)(a)=maXM”-k= T=—"3G-2-

TIpn 3TOM paBEeHCTBO
1§ (0) =380 ~2,

OYCBHIHO, HMEET MECTO JIHIUb OpH

%<a<l.

ITocne storo orHocsierocss kK caydaiwo 7 = 5 «Bpenmenus» Mb Mo-
XKeM mepedTH K pemenuio (ofumiux) 3ajgau a)— B), KoTopbie OyaeMm
pasbupaTh mOCJAEJOBaTeNbHO, XOTs, KOHEYHO, 3ajaya a) COCTaBJfeT
uyacTunlfl cayuaft 3amauu 0), a 3apmasn a) ® G) — gacTHelil cayuait
3a/auu B).

a) [lepBoe pewenue Ms 6yieM HMCXOAHTh H3 aHAJIOTHYHOTO
nepaseHcTBY (2) (crp. 207) M JieTKO JOKa3bIBaeMOTO, HaNpHMep, METO-
JIOM MaTeMaTHYECKOH HHAYKUHMH HepaBEHCTBA !)

M—ZMi'}'ZMixiz— Z Milizia_l-
i iy iy i1, @y B
v =D X My e R (=DM, 20
il’ iz""’ir 172 r
iy, igyeee=1,2 ..., (1)

1) Cm., nanpumep, I'. Tlonna n I'. Cere, 3anaun u Teopemn H3
anaausa, T. 2, M, Focrexnsnar, 1956, zanaua 21 ota. VIII; H. . B u-
neHnkun, KomGuuaropuka, M., «Hayka», 1969, crp. 25; cp. A. M. I r-
aoMm 0 U M Hraowm, Hesnemenrtapublie 3agaun B 3JIeMEHTaPHOM
wagoxkennd, M. loctekuzmar, 1954, pemenue sapaun 78a) B MHOTHX
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- (uymepauus Gopmys He3aBHCHMa 0T pelllenus -3ajauu-59; o6o3HaueHHA
anajoruynsl ynotpebasnBilkmcs panee). BHinuimeM TakXKe HePaBEHCTBa
tHna (1) A KaXZOro U3 71 MHOTOYroJbHHKOB (3amiat). My, M, ...
eeoy My B CHOKHM HX; MBIl [IOJYYHM

2 Mi - 2 2 Miliz + 3 Z Mi‘,i;i; - 4 2 Mi'liziail + tee
A (=) Y Mg g e+ (1) aMy =0 (2)
(cp. ¢ nepaBenictBoM (4) Ha cTp. 208). 3aTeM BHiNHeM HepPaBEHCTBO

2 nn— o o
Tera (1) mas seex C,,=—-2— «aBofinbix nepecevenuity M; 4,

MHOTOYTOJIbHHKOB H CJO0XHM HX; Mbl OyaeM uMeTb

DM =3 My DM s — e

e (TR EM R (SDPTRCM 0. (3)

Touno Tak XKe, npuMenss «OCHOBHOE HepaBeHCTBo» (1) ko Bcem «Tpoii-

HblM NEpeCceYeHUAM>» Mhlyla H cKkJaanbiBan C TNOJyunBIIUXCS Hepa-
BCHCTB; KO BCEeM <«UCTBEDHLIM HEPECeUCHHAM> Mi;i;i,i‘ B CKJaanbiBas

4
Cﬂ NOJMIYYHBIINXCA HEPABEHCTB, H. T. ., Mbl HOJAYYHM CJAECAYIOHLYIO CH-

cTeMy COOTHOUIEHHN:
|| -3 AN
zMixi2i3_423M1112t3t4+ v +(__1)r CTZIML'liZ---i + ..
/ + (=" CMy >0, (1)
DM+ +(_1)r_4C¢EMili2...ir+
oo F(=D"CIM, =0, (5)

PRI (]

HocraBum Temepp CAeRyIONYIO 3ajauy: HAUTU TAKUE 4UCAQ Xy, Xo,
X3, ..., 4T0 npu caosuenuu nepaserncts (1), {2), (3), (4), ..., 83arvx
¢ Ko3gpgpuyuenTamu 1, xi, Xo, X3, ..., U3 NOAYHUBUIL20CH HEPABEHCTEA

soinasu Obt Gce 4aeHbl € z 1yiyiy c Z Byiylylp uT.0. 8RAOTS

do 4aena ¢ EM,- iyeeni (IlJ'lﬂ 3TOrQ  HaM, OYEeBHAHO, MNPHAETCs
r

apyrux; I 1. Exos, A, B. Ckopoxon, M. V. Sapeuxo, Ene-
MeHTH Komémaropnxn Kuis, «Buma mxona», 1972, crp. 12—13.
[Ans nokasatesibcTBa (1) MOCTaTOYHO 3aMeTUTb, YTO NpaBas Uactb
(1) Bblpaxaer #acTe Mmuo20y20abHuUKa M, He nOKpuITYO Hu OOHUM U3
MHO20Y20AbHUKO8 M. DTO 0OCTOSATENLCTBO OYEBHAHO npH # = |; na-
Jee, BHIUTA H3 COOTBETCTBYIOIIErG P aBEeHCTB A, YKAa3blBaioUlero Be-
JWUHHY OJOWafuW 4actd M, He NOKDBITOH HH OIHHM H3 MHOIOYFOJb-
uukoB My, M. ..., M., nogo6HOe XKe paBEHCTBO, BLIPaXKalOMiee 4acTb
MHOTOYrOJIbHHKA Ma 1y, He MOKPHITYIO MHOTOYroJbHHKaMu
My, n+1, M2 ng1, ..., Mn, n31 (CHOBA 71 MHOrOYroOJLHHKOB!), MBI HO-
xaxeM (1) aas caysas n 4+ | MBOroyroabuukos M;]. .
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HcroJib30BaThs r— 1 HepasenctB). [Ipm 3ToM MBlL mpHeM K Takofl cH-

cTeMe ypaBHEHHH: .
—1 +3x1 —3x3 + X3=0,

1 — 4x1 -+ 6x2 —_ 4X3 -+ x4‘: 0,

—1 4 5% — 10xy + 10x3 — 5x, + x5 =0, 6)
................ N (

(=1 + (=D re (=) 2 Clxy (=1 T3 Chxg
vor FCTx,_y =0,

Han, B §oJlee cHMMeETPHYHOH ¢opume '),
1 2 3
Cyx; — Cixy 4 Cyxy =1,
Cx C4x9+C4x3—C4x4——1

¥ e & & & % & 8 s s o« s e s L T S Y

Crosfy— Croaty+ Cloxy— oo+ ClI3x, =1, (62)
Cror¥ = Cioixy+ Cljx; — . ‘_Cr—lxr—2=l'
Cle)— Clxy+ Clxy— oo +CT7%,_,=1.

Pemenne cucremul (6a) umeeT BHI

_(r=D({r—-2 _ r—2 (r—2)(r—3)
UETR =D T T R r—n -
(r—3)(r—4) 2.1 (

X3 = ey Xpep = =

r{ir—1) ° TR v (r = 1)

(npoBepbTe, YTO 3TH 3HAYEHHS HEH3BECTHHIX JEHCTBHTENBHO YAOBAETBO-

psloT napleit cuctemel), Taxum oGpasoMm, cJoXuB r-— 1 HepaBeHCTB:
r—2

(1); mnepaBenctBo (2), yMHOXKeuuoe wua ;  HepameuctBo (3),

r
(r—2)(r—3) .
rir—10 °’

y B T. I, Mbl NOJYYUM

YMHOXKeHHoe Ha HepaBeHCTBO (4), YMHOXKEHHOE HA

(r—3)(r—4)
r{r—1)

EM T LM A 3 M,

+Ar+22Mi1,...,ir+2_ +(_1)N—rAnM12...n>0_, (8)

1) «Marpuiia» 3TOfl CHCTeMH IOJY4YaeTcs H3 TPEyroJbHOH MaTPHILI
lai; || mopsiaxa r, rie .

c! H i=],
a”={ ¢ mPE =] i j=1,2 ...,
0 opu [ <,

orGpacbiBaHeM NEPBBIX ABYX CTPOK H HOC/ACAHHX ABYX CTOAOUOB,
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rae kKosbouumentst Aryi, Ary2, ..., A, HETPYAHO BHMHCATH (uro,
BHpOYEM, HaM He OYRET HYXKHO), ‘
M3 nepasencrsa (8) TaKXe CJAelyeT <«YKOPOUeHHOe» HePABEHCTBO

M——-XM, 1) ‘S’M,, (8a)

(nouemy?), n 3naunr,

Y L, % r(r—1 ri{r—1
LM,-,—}(r—I)ZM,-———(—Q—)M>(r~I)na———(2—),

T. €.

1 rir—1 r—1 r{r—1
max My; =2 —|(r.— ) na — ( ) =2 o — { ). (A)
(i, 0 C, 2 n—1 n{n—1)

Ilpn stom pasenctso 8 (A) MOXKeT HMeTb MeCTO, AHIUL ecaH AAA BCEX
k <r npu 06HIX KOMOMHAUHSX HHAEKCOB i1, fg, ..., in =12, ..., 1
umeeM M; ik=0, T. €. €cJaH MHOTOYroJbEHKH M; mepecekaloTcs

Lo [

Be Goaee ueM no r. Ho meTpyaHo npu noMolin Meroaa MaTteMa-
THYECKOR HHAVKLUMH I0Ka3aTh, UTO INOCJEJiHEE BO3MOXKHO, JHIIb €CJH

-
0.< 7.
TaknuM 06pa3oM, OKOHYATEJNBHO TIOJyUYaeM
r—1 rir—1) r—1 r
=9 — — <—
Iaf@) =2 —pa— g e T <a<T,

r=12...,n (%)

4YTO M TpefOBaJOCh HOKa3aTh.
Bropoe pemenne. B OCHOBe MHOrO peueHHs 3ajay a)— B)
B M3BECTHOM cMbicie Jexar puc. 116 u 117 (ctp. 209 u 210), n3obpa-
JK2I0IHe OnTHMaJbHble B CMbiCJA€ HaMMX 3ajay a) —B) pa3bueHns
MHOroyrosbinka M na uwacty M; Hama 3agmaya Oymer cocToaTh Kax
pas B OTHICKAllHH 3THX ONTHMAaJbHBIX pa3CueHuil kpagpata M.
YcaoBuMes CONOCTABAATh KaXKJOH cucteMe & TMOKPHIBAIOUIMX KBal-

pat M wmuoroyroawuukoB My, Mz, ..., M, cucremy u3 n -1 HeoTpn-
HATEJbHBIX 4HCea Xo, X1, X2, ..., Xn, rne xh—n/toumdb yacru Ksadpa-
Ta M, nokpuiToi MHOSOY2OAbHUKAMU HaQuieli CUCTembl 8 TOYHOCTU
k-kpartno (snece k=0, 1, ..., n; UHCJAO X YKasbiBaeT MNJOWAJb
“yacTH KBajpaTa M, BOBCe He MOKPH TOH MuoroyroabHukamu My).
CoBokynnoctb uuces (Xo, X1, ..., Xn) Ha30BEM XAPAKTEPUCTUKOU Cu-
cTeMbl % wmmoroyroabuukoB My, Ma, ..., M,. flcHo, uTo 1as Kaxnaof
XapaKTePHCTHRE (X1, X2, ..., Xn)

xo+ x4 oo Fap=1 (9)

(6o cTosmee caeBa BHpameHHe paBHO ofuiell muomaan keanpata M)
W YTO €CAM CHCTeMa MHOrOYTOJLHHKOB Y/OBJIETBOPSET YCJOBUAM 3aiaun,
TO >

O xgt+t-x;+2-x+ ... + nxp=np,
rrea<<p<<l, (10)
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n60 crosimlee B JAeBOH YACTH BHIPaxeHHe COBNAfaeT ¢ CyMMOW -mioila-
Jlefi BCceX MHOTOYTOJIbHHKOB ‘CHCTEMbl (3HAUUT, OHO = na U =g n-l=n).
Heckonbko Menee oueBHAHO, UTO Kax Oa A cuctema n -+~ 1 HeoTpuya-
TeasHbLX ducea {Xo, X1, ..., xn) ydosaeTsoparowux ycaosuasm (9) 4
(10), asaserca xapakTepucTukod xoTo OOHOU cucTemvt R MHO20Y20Ab-
Hukoe My, M, ..., My, naowadei = a (T. e. Takux, uto min M; == o).

Mns ﬂOKaSal‘e.ﬂbCTBa MOCAENHETO YTBEPKAEHUA pa3obbeM KBal:
par M da n -+ | yacreit, mJIOUIAAN KOTOPBIX COOTBETCTBEHHO DPAaBHBI Xo,

X1, ..., ¥n (cM. (9); HekoTOpbie M3 3THX YacTefl MOTYT HMeTb HyJe-
BYIO MJAOWIAfL, T. € OTCYTCTBOBATH). j-10 u3 Hamux uactedt (rpe [ ==0,
I, ..., n) pasobbeM Ha C,’l paBHbIX uactefi (Tak 4TO MJOMIAlb KaXKIOW

I
4acTh paBua -E-'].- xl); 3TH 4acTH Mbl GyIeM CUHTATb TIOKPLITHIMH BCE-

n
BO3MOXKHLIMH Pa3/JHYHB MY TpyINaMu fI0 j H3 HAWHX 7 MHOFO-
yrosbHHKOB (TaK 4TO KaK[as Takas 4acTh OKa3biBaeTcs MOKPHITON 8
TOUHOCTH j MHOTOyroJbHukamu !)). B cuay mosHolt CHMMETPHYHOCTH UO-
CTPOGHHOH CHCTEMbl MHOIOYIOJIbHHKOB 3/eCh

MI=M2= s =‘Mn,

a Tak Kak, cormaceo  (I0), cymma maomajefi BCeX MHOTOYTOJbHUKOB
paeua nf, To
Mi=82>a rne i=12...,, o

OmHcanuylo CHCTEMY 7 paBHBIX 1O MJIOWAAM MHOroyroabuukos My,
M, ..., Mq, AMEIONLYI0 XapPaKTEPHCTHKY (X0, X1, ..., Xa), Mbl Ha30-
BeMm KaHOHUMECKOH CHCTEMON MHOTOYTOJIbHHKOB, omeqaxomeu AanHoit

XapaKTepucTHKe, SICHO, YTO AJ/I KAHOHHYECKOH CHCTEMB C,L TIONaPHBIX
nepecedeHuii MHoroyrosbHukos My, M., ..., M, Oyaytr Bce paBH
Mexay co6ofl. A tak kak ofmias njowagb 3THX C?, nomnapHHX mepe-
CEUeHH MHOrOYroNbHUKOB, OUSBUIHO, DaBHA

xy+ Clxy+ Clrg+ ... + Clx, (1)

(nmockonbKy Kaxjaas 4dactb M, mokpuiTas MHOI‘()yFOJlePlKaMPI CHCTeMBL
B TOYHOCTH TpPEXKPaTHO, NpPHHAIJEKHT C3—3 [onmapHLIM Mepeceye-
HHSIM MHOTOYIOJLHHKOB CHCTeMBl; KaXAas uacte M, MOKpbITaA My,
M;, ..., M, B TOYHOCTH ueTHIPEXKPATHO, NPHHALICKHT C4 NoNapHEIM

ﬂepeCE‘IeHHﬂM, M T. ), TO B 3TOM clyuae 8Ce nOnapHole nepecedenus
muozoyzoavrukos My, M, ..., M, 6ydyr pasuot

fﬂ(x(h X1y o v ey xﬂ)=

C 2 C2 C2
—5 % -+ 3x3+ i+ ... -[--C—;Z-xn=2xg—i. (12)

Cn Cn n =] n

1) HanomHuM, 9TO YCJOBHS 3ajfay¥ He HCKJIOYAIOT cJydyasd, Koraa
HEKOTODHE H3 MHOroyrojibHakoB My, Ms, ..., M, cOCTOAT H3 HECKOJbe
KUX uacreft,
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lloxa»(eM RpeXae. BCErO, UTO 048 CUCTEM MHO20Yy20AbHUKO8 M,
My, ..., M., oreewarowux 3ada;mou xapaxkrepuctuke (Xo, X1, ..., Xn),

. MUHUMYM Beauuunvt Mmax M, pasen fn(xo, X1, ..., ¥a) (1, crenosa-
iy, iy
TEAbHO JAOCTHIAeTCsi s Kanouuqecxoﬁ CHCTEMbI, OTBEHaloWeld JaHHOM

5 i
xapakTtepuctuke). B camom nene, cymma C, nonapHbix nepecesenui
Mis, Mis, ..., Ma—y, » MHOTOYIOJIbHHKOB CHCTEMEI BCeria HMeeT 3ua-
yene (11), — u nosromy Hanboabllee U3 3THX Cf1 nepeceyeHnil HUKoria

[
HEe MOXKeT ObiTb MeHbmie ———-# uyacTn cymmbl (Il), 1. e. Beanununl

n
faxo, x4, ..., Xa0).

Tenepb HEOGXOAHMO OTHLICKAT TaKylo XapAKTEPHCTHKY (Xg, X1, + . -, Xn)s
yaosiaersopsawomylo  yejaosuam  (9) uw (10), nan  xkoropoil  Beau-
unHa  fa{Xo, X1, ..., Xn) 6BARETCA HauMenbumeil. Mp  yTBeEp-
KAaeM, UTo 048 3TOU XQPAKTepucTuxku u3 n -+ 1 uucen xo, Xy, .... Xn

OTAUMHbL OT HYAR AUULL 080 KAKUX-TO COCEOHUX HUCAQ Xi U Xiypy WAU
Al 00HO 4uCA0 x.. B caMoM fene, NPEANOJNOXKEM, YTO 3TO HE Tak #
YTO X; €CTh NEPBOE OTJAMUHOE OT HYJS H3 YHCEd Xo, Xt, ..., Xn, 4 Xm—
nocJje/lHee OTAHUHOE OT HyJs H3 3THX uHced, npuueM m — [ 2= 2, nycThb
emle s ONPefeJNeHHOCTH, Xm == X  3aMeHHM  XapaKTepHCTUKY
(X0, X4, .., Xn) HOBOH XxapakTepuctTHxoit (Yo, Y1, ..., Yn), TAKOH, uTO

Yy, =x,—x,=0, Y =% + £,
Y = Xy T %p Yp =X, — %, ecan m>I+2,

(13)
yy=x— =0y, =x.,+2%

Yppo =Xy, 90— X, e€cH m=I+4 2,

a BCe OCTaJbHbie YHCJA Y; PaBHbl COOTBETCTBYIOHNIMM uHcaaM xi. Slcno,
YTo XxapaxTepuctika (Yo, Y1, ..., Yn) TaKkKe YIOBJETBOPRET YCJO-
“BusM (9) u (10), nockoabky

Yo+t oo TYn=x0F+ x4+ ... Fxp (14)
: O yot+tlogn+ ooo Fayn=0-x+1ex;+ ... + 1y (15)

C IpYyTO#l CTODOHBI, AJST Hee DPa3HOCTb MeX[y HOMEpPaMH MepBoro oT-
JIMYHOTO OT HyJAd 4Yi#caa H HOC/ENHEro OTJHYHOTO OT HYAS 4YHcha Ha
©AHHHIY WJH Ha JBa MeHBIe, 4YeM [Js MepBOHAYANLHON XapakTepu-
CTHKH (Xp, X1, <. ., Xn).

Ilokaxem Ttenepb (noawbsysch opmyaamu (12) u (I3) u yeno-
BUEM m — [ 2= 2}, uTo Beerfa [n{Xo, X1, «viy Xn) — o (Yos Ytse ., Yn) =
= 0. TlpuBescunas #a crp. 222 Tabiuna HCY4epOLIBAeT BCE C/y4aHl, KO-
TOpble MOTYT MPelCTAaBHTLCS NPH OHEHKe YKa3aHHOil pasHocTH. Takum 00-
pPasoM, nepexol OT XapaKTePHCTUKH (Xo, X1, ..., Xn) K XAPAKTEPHCTHKE
(Yo, Y1, ..., Yn) TOABKO YyMEeHbUW a€T 3HAYCHHE MaX M, ;. Tocse-

th 12 ~
LOBATebHO NPHMEHAS STOT NpHEM CTOABLKO Da3, CKOAbKO HaM mOTpe-
6yeTcs, Mbl NpPHAEM K TAaKO# XapaKTepHCTHKE, B KOTOPO# Auuib 00O,
uau 06a coceOnux 4ucaa GYLYT OTAU4AbL OT HYAA.
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m l f (% Xy woos %) =T (Yoo Upeover ¥y)
. 1
me=2 1=0 X, =5 >0
Cﬂ
-’ _ +C? (}‘_
m>2 |1=0 g — I T2
Cﬂ, Cn
—ci=ct _ +cC? ¢l —1
m>2 |l=1 gy L L, S 50
1094 C,
: Ci—Ci —c%_+C? c ., —c!
Si42li>2 X 1+1 2m 1 ? m 1.2 l>O
Cn Cfl

Ho YIOBJAETBOPAKOWASA 3THM YCJAOBUAM XAPAKTEPUCTHKA HOAHOCTLIO

onpedeanerca ycaosusmy (9) u (10). A mmenuo, npu _r_;_l <f3<"r7

m;aeeMV
Xp—y=r—np, (16)
xp=nl-+1—r.
Tenepr u3 dopmyant (12) maxoaum
n (0: LR 01 xf—l» xr, O: LR} 0)=
0 npy r <2,
c?
(nﬁ—}—l—r)—i npe- r =2,
= C, (17)
2 Co
(r —np)—— +(n13+l—r)— npu r> 2.
n n

IMockospky Mbl moayyusin HeyGHBawmyw Gyuxuuio or B, a

HaHMeHbllee BO3MOXKHOe 3HayeHHe [ paBHO @, TO JAJAd TOro, YTOOH
HafiTH HHTEPECYIOMIHA HAC MUHMMYM BEJHYHHH [,, OCTAETCA JAXIIbL 3a-
mennts B (17) B na a. Kpome TOro, MOKHO HECKOJBKO YNPOCTHTb (hop-

myay (17). Hrak,
r—1
n

€cJn

<e<L, 10 fal@)=
" ,

r—1
c,

(-3}

(+)

6) 3azauy 6) MOXKHO PEIIHTh aHAJOTMYHO NEPBOMY HJH aHaJOTHY-

HO BTOPOMY peHIeHHIO 3ajauu a);

Mbl 3J€Ch OTPAHUYHMCA pelleHHeM,

KOMHDPYIOUWIHM BTO P O € petlenne, B TOUHOCTH, Kak W Bullue, 37eCh TOKE
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MOXKHO BBECTH MOHSITHE XAPAKTEPUCTUKU (Xo, X1, ..., Xn) CHCTEMH $
Muoroyronbeukos My, ..., Mn (npHYeM NO-TIpeXHEMY YIOBAETBOPSAIOT-
cs1 ocHoBHble ycioBrs (9) u (10) ), u onpere/nTb KAHOHUUECKYIO CHCTEMY
MHOTOYrOJILHHKOB, OTBEYAlOmYy0 XanHOH XapakTepHucruke. Jas xanoHu-
yeckoft cucreMnt cymma C, naomajell  R-KpaTHHIX  NepeceveHui

M; MHOTOYTOJIbHUKOB GyJAeT paBHA

'1i2"' ik
k k ’
Kot Cho%pp + ChioXppet oo +Chxy, (11

H CJIe10BaTeNbHO, KaxKAoe H3 3THX nepeceucHnil OyxeT HMeTh IJIOWalb
(k) — '
fa (xo, Xy eees xn)——

k
Ck+l 1’

] k
=gt %t +_% Z cF" (12)
Cn. C n > n

Janee, kxax u Bble, HOKA3HIBAETCH, YTO APU 30OQHHOI XAPAKTEPUCTUKE
(%o, X4, ..., Xn) CUCTEMbBI MHOSOY2OALHUKOS MUHUMYM BeAUHUHDBL
max Mi .1, OocTuzaerca OAs KOHOHUHECKOW CUCTEMbL U  pased
ey k
ffl (*o *ps + - -» ¥p,)- JlOK23aTEABCTBO TOTO, 4TO BYHKIHS f,(f)(xo, Ky oeey Xp)
MOXET JOCTHTHYTH MHHHUMyMa JIHIIb B TOM CJydYae, KOT[a u3 uucea
X0, X1, ..., Xn OTAUYHO OT HYAS AUUb OOHO EOUHCTBEHHOE HUCAC UAU
dea cocedrux wucaa, TOXKe NPAKTHUECKH HE OTJIHUAETCA OT HU3JIOKEH-
HOT'O — HOBasi XapakTepHcTuka (Yo, Y1, ...; Yn) BBOAMTCH 34eChb B TOU-
HOCTH Tax e, KaK Bbille, a NpHUBejeHHan Ha cTp. 222 rtabiuua 3ame-
HAETCH CJeAYIolLel:

m 14 filk) (Xgr Xpo vees xn)_.fizk) (Yor Ups ++os Un)
m<k (< m—2 0
m=k Ism=2 xl—lT>0
n
' —ck_+Ct ck-!
m>k |I<k—1 g 2t O ot
C, ck
—Ch—Ck_ +Ct ¢kl —1
m>k |l=k—1| x——t_mzllm ., m 1o
Ca C
—ck —c*_ +ck - chl—ck!
=2k l ’+1km1 = mlk oo
C, ck
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Bee nanbeefimne paccyxieHHs - OAHOCTBIO COXPAHAIOT cHay. Ham
OCTaeTCsl NOITOMY 3aMenHTh B dopmyne (17) uncio 2 Ha & a B na o
H npoussBecTH HeoOXxOAumble ympollaiomlHe npeo6pasoBanus. Oxonua-
TEJLHO T10Jy4aeM, YTo

ct-! rk—1) r—1 r
£ (a)=—£k—l(na ~—'—) (npn ————<a<—). (+»)
cr k n n .

B) DTy 3a/lauy TaKKe MOMKHO DEIMTb aHaJNOCHuiG (BTOPOMY) pe-
IIeHHIO 33/la4d a) H DelleHHIo 3a1a4u §); OLHAKC SJ1E€Ch HYKHE HEKO-
TODLIE H3MEHEeHUst MPOBEfICHRBIX BHIIe paccykpeunit. [Ipexpe Bcero
BbIAGIMM TY 4acCTb KBajgpaTa M, KOTOpas MOKPhITA MHOTOYrOJbHUKAMH
M; ne menee uyem (h— 1)-kparno, u NycTh MJOIMaJb 3TOH YACTH KBaj-

1
para paBHa v (rne vy = 1). Coxpansiz nmpemuuii cMbici 3a 0603Hade-

HaeM x; (rme {=0, 1, 2, ..., n), MBl YCAOBHMCS TeNepPb HA3BLIBATL
XapaKTEepPUCTHKON cHcTeMbl & mNOKpbBAlOWUX KBaapaT M Muo-
royroabnukos M; cosoxkynnocre n—h -+ 2 wucea (Xn—i1, Xn, Xng1, ...
..., Xn); IPH 3TOM WUrpaloliye BaXKHYIO POJIb B pellieHHUsIK 3amay a) H 0)
ycaosus (9) u (10) 3amensitcs ciaenyOmHUMH:

X g Fx, o Fx, = (y=10, (9%

1
Y
0-xy 4 Chxy+ oo +Che, =BCh (2B (10)

(Buipakenne, crosiiee B JeBofi wactu pasenctsa (107), pasHo cymme
miomaneli Bcex A-KPATHBHIX MePeceyeHHil MHOIOYTOJBHHKOB CHCTEMBI).
Ounpepenene KaHOHHUYECKOHN CHCTeMbl MHOTOYIOJBHHKOB, OTBe-
qaomeii NaHHON XapakTeDHCTHKe, MEPEHOCHTCH Ha pacCMaTPHBAEMBIH .
cayuafl 06e3 BCSKHX H3MEHEHMH; NpH 3TOM INO-NPeXKHEMY CyMMa MJoma-
Jeli Bcex H-KpATHBHIX mepecevueHHil MHOTOYIOJIBHHKOB faeTca ¢opMy-
aoii (11"),—u ciegoBaTenbHO, KaXAOe H3 3THX mepeceueHuit Oynaer
nuMeTh tomiangy (127) (cm. crp. 223; 3Ty miomiany Mbi 3Aech 0003HaUHM

yepes fﬁ,h’ k) (xh_l, gy oo xn))‘
JlorazaTesbCTBO TOro, YTO NPH 3aJaHHOH XapaKTepuCTHKe (Xn-i,
Xh, ..., Xn) HaNMeHbllee 3HAYEHHE max M. JIOCTaBJsIeTCs
(il""’ ik) ll"'ik
byukunen ffzh'k’ (¥p—1+s%ps++ s ¥,),  HE OTVHYAETCH OT H3JIOKEHHOTO

Bbille. 37eCh CHOBA MHHHMYM (YHKUHH filh’ k) (Bu—1> Xps o+ o5 X,) MoO-

HKeT JOCTHraThed NHWb B TOM CjAyyae, KOTAa TOABKO OOHO uau dsa
COCCOHUX U3 HUCEA Xh—i, Xh, ..., Xn OTAUYHOL OT HYyAf. B caMom pgeue,
OPeAnONOKUM, YTo m— I = 2, rae x;1 (I = h — 1) — nepBoe oTAHYHOE
OT HyJf M3 HaIlHX 9HCE], X, — NOCAEAHEe OTJIHYHOE OT HYJIA YHCI0
H Sl ONPEAeAeHHOCTH IOJIOKHM: Cﬁ,‘_lixm,/,\)cf”"x,. 3aMeHHM

XapaKkTepHCTHKY (Xn=1, Xn, vsey Xn) HOBOA  XapaKTepUCTHKOH
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{(Ya-1, Y&, ..., Yu), OTaAnuAOWIeica OT upexHed JHIIL YHCAAMEH

Yyy=x—x=0 y,,=x !/m~1=xm—l+ch—| Xy
i m--1
ch!
Y =X, x, mpu m>I1-42

- Ch:l
mhI—I h—1 (13,)
Cl +Cl+l

yy=x—x=0 y ,=x,,+ ch—1 *p
I+1
h—1
= S =42
Yiee™= ¥4 ™ amr B TPM M +2.
+1
s XapakTepHCTUKH (Yr—1, Yh, ..., Yn) TAKIKE BHIIOJIHAITCH YCAOBUS
(9') u (10”), mockosbKYy HMEIOT MecTo pasectBa (14) (rae x; = yi == 0

mpui<<h—1)u
UnF ChattnarF oo F Clyp =24+ Chyxpyu+ -+ Clx, (15)

(cymMa, cTosLlas B JeBOH 4acTu. papeHcrsa (15'), ortauuaercs or cros-
Hiefi cipaBa CyMMBbl Ha BEJHYUHY
h—1 h—1
Cl n Cl )

h h
xl<— C?+Cl+!+cm—-l o1 - Cpy ch=1

n~1 m—1

Janee rabanuam Ha crp. 222 u Ha cTp. 223 coorBeTCcTBYeT TabaHLa,
npuBefieHHas Ha cTp. 226,

Tenepb, Korna jfokasamo, uto m-—Is<{1, xapakTepucruka

(Xh—t, Xp, ..., );ln) olmosuaqx-xohonpenemeTcsl yeaosusiva  (97), (107),
Hmenno, npu (r;L] <Py < ~C—;— HMeeM
n n
l
-k~ pCh pCl— €l
fropm———, gpm—— (167)
Cr—l Cil—ll
Hanee, noasayscs Gopmyaoit (12'), naxonnu
(h, k _ )
{220 ..., 0 £ %,0 ..., 0)=
0 mpu r <k
c* r—nh
Z'EC—;:T(BCZ—T_C’;) npu r =4k,
=1 CuCry L (17
U nnk Bk -
7 (C,.C -1 Cr-—lcr) + ﬁCZCr-f L
- npa r >k,
£ ~h—1
Cncr—l

8 . O. llkaspckudl u #p. 225



] o ] it— 30 ,
0<l@+ay—n " Q+y—D—Q+y—w) " (-] ————"Tr=
. i —y _fo
1—uW U -
—_ =439 Ty == MU 1 =
lm.y %Ul_ﬂlmoﬁ N&G =40 ’ =
- - - - [~ u -y +
( 20— 30) G+_MUIMU
-4
= 52
0<le " W~ — (+y—w) - (y—w] Ty =
i~ Zio
—w U U u bt
_ =494 NRHAMWI ¥ ﬁTﬁmUva
— L — —
kwl OI8O 1 B0+ TR0 — 1Zio
v U
1d g Hmol MU 1 Nmo
0< 1—w x PPN |—w *
s R N A e o
u 1—w
o) ierto)
o< Ity 1=
I =30
o.
(U1 s U TUgY M (Y e Uy I Uy)
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OTy 3amuch MOXKHO YOPOCTHTb, H Aad MoGOro r == h monyunm

ckl k—h
R Q0 %, 0 e, 0) =t (c" - ch).
fn ( r=1"r ) Cicfif ni3 vk r

Mpr upuman X QyHKUHH, 3aBHcAmefi oT ABYXx napametpos f§ # Y.
Tlpu ¢QuxcuposaHHoM [ 3Ta QyHKHHs #BJAseTca HeydbiBaioliell hyHK-
nueit o1 y. [1osTOMY Yy caedyeT NpHAATL HaHMeHblliee BO3MOXKHOE 3Ha-
yenie, pasuoe 1. 3aTeM, paccy:las COBePIIEHHO Tak e, 3aveHseMm P
na o. OKOHUATEJIbHO MOJY4aeM

ck-l E—h
(h, k) . r—~1 Ry h
o (o) = cieh-! (C”a k C’)’

-1 <a\—;. (#4%)

Cr Cr

raer Bb]6l{paeTC${ H3 yCJ0BHA

61. a) Ilycte AB - cropoHa BBUIYKJAOrO MHOroyrogsunka Al mo-
maant 1, C— Touka MHOrOyroJbHHKa M, HaHOoJee yaasndeHHas
oT AB (unm ojma U3 Takux Touek, ecan M nmeer mapamaaeabnyio AB
cropony). Ilpamas AC pmeaut wmHO-
royroawnux M wma ase uwactu My n
Mz (puc. 119; onna u3 sTux uacteft
MOXKeT W He cyimectsosath), Ecau
Dy u Dy = TOUKM MHOTOYrOJBHHKOB
My, coorBerctBenno Mz, HaHu6o-
Jee yjpajeHHBE OT npaMoil
AC (nam xakue-To H3 TaKHX TOYEK),
i AB npoxonur uwepes rouxy, C, a
L1 AC u [2]] AC —uepes Touxku Dy /
u Ds, 10 npsmuie AB, I, 1 u I
00pa3yoT HeKOTOpBI napajnedno-
rpamm /I, sakmovalomuii M BayTpu .
ceds.

Tak xak muoroyronbhuxkd M; u M: Buinyrase, To M; coxepxut
AADC, a M: comepwur A AD,C. Tlpamas AC deaur napairseno-
epamm I wa psa wapamnenorpamma /1 u f1,, npuyem

1 1
Sapc=7551, " Sapc=7Sn,

OT1cona caeayer, 4To
Sp=8p+31,=2S4pc+2Sapc < 28y, + 28y, =28y =2,

uT0 M TpefoBanoch AoKkazaTh (ecad S << 2, TO MH MOXKEM YBeqH-
YHTb 3TOT MAapasJIelIoTpPaMM Tak, 4ToGul OH mpojonaxKana 3akmoyate. M
BHYTpH cebs). :

- 0) Ilycrs [T — mapaanejorpamu, cogepxawni suyTpn ceba A ABC
naomans |, YuespwuM [/, CABHUYB NApaJiebHO €ro. CTOPOHM 10 Tex
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Nop, NMOKa OHH He <«YNPYTCA» B BePIIHHBI TPEYrOJNbHHKA; nycThb A —
BepLIHHA, Yepe3 KOTOPYI0 HPOXOASIT [BE CTOPOHH NOJYYEHHOFO TaKHM
oGpazom napaanenorpamma /1 = APQR (puc. 120). Ilposenem uepeaC
npamyto [l PQ Il AR; Touku nepeceuenus ! ¢
AB n AP o6osnauum uepes D u E. Torna,
OUEBHJHO,

1

ScapSScpe = ) ScorE
"
S <S8 = S
Puc. 120. CAD SSCAE ™ 9 PCRAE’
oTKyAa 1 cienyer TpeGyemblfl peaysbprart:
1 1 1
Sanc=Scap TScap< ) SCQPE + ) Scrag = ) SAPQR’
T. €. s/
SAPQR 225 =2

(eqin C ecThb BHYTPEHHsis Touka cropousl QR, To Sapgr =2
TOJIBKO B TOM cayuae, ecau B cosnanaer ¢ P).

62. a) Bnumem B panublit Muoroyroabudk U tpeyrosbuuk A3AsAs
nanboabnlel BO3MOXHON muomwanu (cp. 3agauy 37 Ha ctp. 36 n
ornocsmuiics K wmell Texer), [lpeanosouM cHadaja, YTO NJIOMIAlb
sTOrO TpeyronbHuka ne 6oabme /2. IlpsMble, npoxopsuiue uepes
Bepnnbl Ay, A2, As TpeyrofibHUKa MapasjesibHO €ro NMPOTHBONOJOKHEIM
cToponaM, o6pa3yioT Tpeyroabuuk I, naomans Kotoporo paeua 48.

Moxaxewm, uto U aexwcur ueauxom enyrpu T. JLeACTBHTENBHO, ecaH
Touka M wmuoroyroabuuka U gexut Bue T, To M paavme xots 6o oT

Puc. 121.

oanofi u3 cropou A AidzAs (nanpumep, o A1Az), YeM TPOTHBOIOMOK-
Hast 3ToR cropolle Bepuinna Ttpeyrodenuka. Ho Ttoraa snucauswii B U
Tpeyroabiuk MA3Ax no naomanu Gosvine A AjAxAs (puc. 121, @), uro,
OHaKO, NPOTHBOPEUHT ONpelejenulo TpeyrosbHuka AijA.As. Hrak, B
paccMaTtpuBaemoMm caydae U 3akjouen BHYTPH TpeyroJbuuka T 1io-
Waln =T 2, uTo # TpeGOBaJoCh AOKa3aTb (u6o sicHo, uto Torma U

28



MOXKHO 3aKJIOYHTL ¥ ..BHYTPb TPEYroJIbHHKA, IUIOULafb KOTOPOTO
paBHa 2),

o 1
Heckoabko GoJee Ca0XKHBIM SIBJISETCA Caydafl, KOTAa SAKAYA,>§

‘(puc. 121,6). B xaxayio H3 "acTeil, oTpesaeMEIX OT MHOroyroJbuuka U
croponamua A AjAxA;, BnumeM HaHO6ONBWHH NO MJIOWAAR Tpe-
YrOJbHHK, OCHOBaHHE KOTOPOTO COBNAJAaeT ¢ COOTBETCTBYOmeHl CcTopo-
Hoi A A AxAs, u uepes cmoGoaubie Bepilunsl By, Ba, B; 3THX Tpe-
YFOJALHHKOB TPOBEJEM MpPsAMble, napasjelbHble HX OCHOBAHHAM. Mbl
noayunm uaekotopbiil Tpeyrombuuk C(CsCs. CoBepluenso aHajoruuio
npeaniAylleMy aokaspiBaercd, yre U npemut menukom suytpa A CiCxCs.
JHoxkasxem, uto

Scicicy < 254,8,4,8,4,8;

A Tak xax mociexmsas maomanb me Gogasme 1 (1. e, maowazn U), To
oTCIofa M caeayeT TpebyeMoe iiepaBeHCTBO.

PaceMoTpuM OTHeNbHO wLieCTHYrodabHHK ABsA:B:1A3B: u onucau-
EbIH oxoso Hero Tpeyroabuuk CiC:Cs. ITomoxum

Sa,4,8, ) S 44,8, S 4, 4.8,
Saan Y Saaa M B T
A AAs AA:A AAyA,
Torpa ’
S + S + S
Ao Dyt Ay A8 T Saap, F S mam

Sa.4,

TaK KagK MO YCJOBHIO SA1A7A3>%’ a2 MIomais BCEro MHOTOYroJb-
nuka U paBHa 1.

TlpononxuM CTOpPOHBl TpeyroibHuKa AiA:As, Kak ykasano una
puc. 121,6. OTveTHM, uyto oTHOmleHHe BHICOT A ByAid: n A Asd A,
onymeHHblX Ha o6uiyio cropouy Ads, paBHO oTHOmCHMIO MrOWateft
STHX TPEYrOJBbHHKOB, T. €. paBuo As. TOUHO TaK ¥Ke OTHOMIEHHE BBHICOT
A BoAAs 1 O ApAA;, onywennnix Ha oburyio cropouny AjAs, pasno Mg,
a oruomwende BpicoT A BiAzA; u A AiAxA; onymenuslx Ha ofmylo
cropony AsAs, paBro Ay OtTciona Ge3 Tpyna nosyuaem '

ED 4 GE_ GAy B _, - GD _ FA_
A4, v @A, T A4, AH M AA, T A4,

Tlostomy xosdduunent mnomoGus Tpeyrombunkos C1C:C3 u A1AxA;
pasen
CiC;  CiD+DEHEC,
A A, AA,

e= 1 4 Ay 4 Ay + As.
Takum obpasom,
S
CCoCs =(1+r+ Ay -+ Ag)?,

S 4,4,
229



4 Tax Kax, KpoMe TOTO, OUE€BHAHO, UMeeM
S 4,B,4,B, 4B, _ Saa,4, 7 Spoaa, + Sga,a,+ Spaa, -
S4,4,4, S 4,44,

=l+)\:1+k2+)h3

TO OKOHYATEJLHO NMPHXOLHM K DaBEHCTBY

SCIC‘;CfS

S =144+ 24+ A;.
A\B,A,BAB,

3 storo paBencTBa 1 chaeilyeT, YTO

Scie.c, <2
TaK KakK
SapaapSSy=1L a A4k +A<L

DTuM 33BEPLIAETCH L0KA3aTEIbCTBO.

6) Tlokaxmem npemjue BCero, uTo KBalApaT €O CTOPOHON I
 HCSB3A 3aKJAOUNTH HH B Kakoi TpeyrodbHHK maomann << 2. Tlycts
A CyC:Cy onucan Bokpyr kpagpata AidsAsA, Tak, ®ak 3To H3006pa-
weno na pue. 122,a. Tlpomonxum croponbt Asds n Asd; kBagparta

Puc. 122

1o mepeceuenna eo cropoHamu CsCs, C1Cs, coorserctBenno Ci:Cy, C.Cy
Tpeyroaenuka B Toukax D, E n F, G. Taxk kak £ AA3D u £ AsAsF
npampie, 10 £ A:DCs w £ AFCs tynble. [anee

£ AEA A+ £ AGA; = 180° — £ EA,G = 90°,
2 A A E 4 £ AA G = 90°,

oTKyna caenyer, uto auGo £ AAE < L A2EA4, nnbo L AAG <
< £ A,GAy; npeLnoNOXKHM AN ONPENENEHHOCTH, YTO HMEEeT MecTo
NepBOE H3 THX HepaBeHCTB. B tarkom caydvae :

, AE < A, = A, Ay< A,D

H uz puc. 122, a (rae DK [| ECy) ¢ 04eBHAHOCTBIO CJELyeT:
v Sapc,>Saece Sepc,<Scc.cy
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Takam ofpasoM, MBI TOPHIIIM K ONHCAHHOMY OKOJIO KBazparta
‘A EDC,, nnomans kotoporo. sesswe maomazn A C1CaC; n Takowmy,
yTo Ha OJHOH cTopone A EDC, nexaT 1 Be BepUIMHB KBaapara (ecJsH
yxe y A CiC,C; GHla CTOPOHA, Ha KOTOPOW JiekaT [Be BepIUHHLI KBai-
paTa, To 3TOT 3Tan PelIeHHs MOMKHO OHNYCTHTD).

O6o3naunm Boicoty A A1A4,Ce, onymennywo na cropouy Aids, ue-
pe3 f; nyete A u {1’ — TOUKH nepeceuyenHst 3TOf BLICOTHl CO CTOPOHAMH
AjAy n AA3 xeanpata (puc. 122,6); HH' =1 (cropoue KBaipara).
B Takom cayuyae :

Sc.aa h chﬁm_ —p

5
Suaan 2 Saan

n, cJaeaoBarTeN1buo,
S4,4.0 1

YA
SHA‘AJH, 2h

Seai'n _ Seat Suaan +Saan _ n h n 2
‘SHAquH' : SHA4A3H' 2 2h

TouHO Tak e MoKa3blBaeTcs, YTO

Seare B L

OT1ciofa BeiTeKaeT

Se.n ool h 1
o =1+~—+—=2+<—~1+—)=
Saadae 2 T T 5T\ 2n
L TV
““(1/7‘1/@7) =2
T. €,

ScEp=2

YTO H TPeGOBAIOCH A0KA3aTh.

Ho ecaum BOKpyr xsadpara naomazad | Henp3s ONMHCATH TPeyronb-
HUK miowmagy << 2, To H BOKPYr HPOH3BONBLHOTLO APAMOY20Lb-
nuka A1A2AsAr nnomaan 1 Heabssa omucath A CiCCs nnomann << 2.
JleficTBHTEIBHO, NPEANOJOKHM, YTO 3TO HE TaK, H NOCTPOHM KBajipar
A‘AZA;A;, cropora Aj;Az Kortoporo cosmazaer ¢ Goabilel cTOpoHOi
AgAs npAMOYTOJIbHHKA, a . OCTaJbHBIE CTOPOHBl PACHOJOXKEHH B Ipo-
crpauctBe Takum o6pasom, uto mnpsimoyroabHuk Aid.AsA; upencras-’
€T COGOil OPTOrOHAJLHYIO NPOEKUHI0 KBajpaTa Ha IUIOCKOCTb IIPSMO-
yroapuuka (puc. 122,8; aas atoro, ouesHAHO, Hajo, utobul GBLIIO

-—2—§=cos Q, THA€ O — YroJq MexAy IJOCKOCTAMH KBaipaTa ® nps-
[PNPN4
moyroapyuka), OGo3naynm Ranee yepes €CyC3; TpeyroabHHK, OMHCAH-
o ’ 4t .
HHfi Boxpyr kBanpata A;(A;A;A, ¥ npoexTHpyOWHACA B TPEYTOJIbHUK
CyC:Cs. Tak Kak HPH OPTOrOHAIBPHOM NPOEKTHPOBaHHH ‘Kaxaas ¢urypa
fiepexoAHT B (Urypy, mAomagb KOTOPOfl paBHA IO 2AM NePBOHAYA/IbHOR
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$Urypsl, YMHOMXKEHHOGH Ha -COS O, 'TO -OTHOUleHUe naowaded ¢uzyp
npt;snpoemuposauuu He fgeunercn.s CJIQLLOBaQT;JIbHO, ecau SC.C;C,§
. o
<254,4,4;4p TO ROJKHO OMTb H C:CQC;< B TO BpeMs
Kak nocJejiHee HEPABEHCTBO HIEBO3MOKHO.
Hanee, ec/n BOKPYr ApamMoyeoAbHuxa mjomajd | Hesbssa omucaTb
TPEYrO/IbHHK TIIOMIaAH, MeHblIel 2,-T0O H BOKPYr NPOH3BOJbLHOTO
napassesoepamma Ai1AsAsA; uenpss omnucaTb Tpeyrosbhuk C;C2Cs, nio-
majb KoToporo Gulna Gbl mensine 2. JleACTBHTENBHO, NPELNOJIOXKHM, YTO
3TO He Tak, H MOCTPOHM ctepy, AHAMETPOM KOTOPOH siBAsieTCss GOJibiuasn

4 s
nnarosans AiAs napaanenorpamma; myctb A, # A, — TOUKH nepece-

ueHusi cdephl ¢ NEPHEHAHKYJAApPAMH K IWIOCKOCTH [apaJljesiorpamma,
BoccTaBiaennbiMM B BepunHax A u Ay (caenaiite ueprex!). B rtakoM

’ 7 N

Clyyae OUEBMAHO, 4TO YeTHIpeXyroibHux A;A,A;A,; — niockuil npamo-
YTOJBHUK, KOTOPHII NMpoekTHpyercss s napaaienorpamm AiA:A3A.. O6o-
aawiB yepes C,C,C, TPeyroJbHHX, ONHCAHHBII BOKPYr NPSAMOYIoJb-

YW
4,4,404

/ s o
nuka A;A3 A3 A, v npoexTupylouutiica B TpeyroapHuk CyCoCs, Mbf, Kak
Bbille, BLIHYXJEHH GyIeM 3aKM04HTb, 4TO HJOLaldb TPEYroJbHUKA
TNV, - . 14 ’
C,CoC;  MeHbmle nBOiHOHA miomanu npamoyronbunka A A,A;A;, uTo
HEBC3VMOXKHO ).

63. a) ITposesem 1Be npsmble, napaiatenbusie [ B pacnoJoxenHbe
no pasuble cropoHsl 6T M, ¥ 3areM cABHHEM WX Tak, yToObl OHU MpO-
LM Yepe3 KakHe-TO Bepiuuunl A u B
MIIOFOYTOJMbHHKA; TPH 3TOM Mbl TOJY-
9nM onMcannyio BOKpPYr M «monocy»,
OPpaHUYEHUYIO [BYMs NapaJjiesbHbiMU
! npsmpimu [y B Ly, DIpoXxoasiuuMmu
uepes A u wepes B (puc. 123). Odo-
3HAYUM paccTosiuMe MexXay [y u Iy de-
pes d W upoBejeMm euie TPU mapal-

4 4

Jeabuvle - [ mpsmele [, Iy um -l

Jleqsiie  HalWy <«IOJOCY» Ha deThipe
d

Gonee Y3KHE = «ITOJOChI» - [HHPHUHBI Z';

4
nycts /| mepecexaer koutyp M B TOu-

. r

kax P n Q,aly,—8B R u S Ilycrs na-
Jee p ecThb cropona M, npoxopsmasn
yepes P (Moxer OblTb, OfHa U3 HBYX
TaKHX CTOPON); TOULO TaK Ke §, I H  S+— CTOPOHBl MHOTOYrOJbHHKA,
npoxoasiuine cooTsercTsento uepes Q, R u S: Ilnomans Tpaneunn Ty,

Puec. 123.

) To cywecTtsy 34ech HCIOAL30BAlO TO, 4TO B agpunnoi eeomer-
puu; K XoTopol OTHocaTcst Teopembl 3amay 62a) u ©6), KsBagpaT ne
oTaMYaeTcs OT MNPOH3BOJBHOIO napa/jenorpaMma (cp., nanpumep,
[8 ro. 13; 1. M. Sirsrom u JI.C. ATawnacsan, [eomerpuueckne npe-
o6pa3oBants, DNUKKJONENNs 3jieMeHTapHol MareMaThkH, ku. IV (Teo-
meTpusi), M, @Puamarrus, 1963, n. 63; 1. M. Irnom n B. I, Am-
KnHy3se, HMiaen n metonn adduHHON M NpPOSKTUBHOH reoMeTpuu, 4.1,
Addunnas reomerpus, M., Vunenrns, 1962),
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orpanuueHHofl npsiMeiMu Iy, L, p u g, paBHa, OUeBHAHO, PQ~—§—; TOYHO
TaK e IACIafb Tpameuuu I, OFpaHquHHQﬁ lo, &2, r B s, paBHa
RS- 5 Tak kak obnepnunenue Tpaneuuii Ty u Ty comepxutr M (6wth
Moxer, coBnagaer ¢ M), o
Su<Sq,+Sp,=PQ- S+ RS- % =

Paccvorpum Tteneps A ARS u A BPQ, BOHCaHHbie B MHOTOYT0Jb+

i 3 1 3
nuk M. Ouesujuo, SARS=~2—RS- 1 d; SBPQ_'Q_PQ'Td’ cJaeno-

BaTeJbHO,

3
SARS+SBPQ=(RS+ PQ)- 5 d=

d
=2 re+re)- 235,

b/ R E

Ho B rtakoM cJayuae

3 3
HJH SARS>—8—SM HJIH SBPQ>—§SM,

YTO M [OKa3hlBaeT yTBepkKIeHue 3aJadl,
6) Ilycte M — npasuavroul  wectu- L
yeoavrux ABCDEF, a | napaisessna cro- Puc. 124
pore AB mectuyroabhuka (puc. 124), a- ue. :
aee, nyctb PQR — snucanuwit 8 M Tpe-
YroMbHUK HauGoJbliefl BO3MOXKHON IJIOIMaAH, onfHa cropoua. PQ koTo-
poro mapaatesbia AB. Ecan P u Q JexaT COOTBETCTBEHHO HA CTOpO-
Hax AF u BC mectnyroibHHKa, TO, OYEBH/IHO, BepUIHHA R A0JUKHA TpH-
napaexxaTh DE. [lpumeM ANHHY CTOPOHE! WIECTHYrOJbHHKA 3a -1 1 06o-
3HauuMm paccrosanve AP = BQ uepes a. B TaKOM cJyuae, KaK Jerko
NOJCYUTATD,

PQ=AB+PG+QH=1+—Q—+-2—=1+a

aV3 Vs
2 2}

hPQ=RS——AG=V3 _

cJef0BaTENbHO,

=(2—a)

_ V3 _ V3 2y
SPQR——2—(1+a)(2——a) o ="13 2+ a—a?)=
V3 1\2
| r={—g)]
[TosTomy, mast Toro urobul SPQR Oblia HanbGonbumedl BOS3-

. : 1 1
M 0 X B 0}, ReoOxonrmo, yToOH OHJIO @ — 5= 0, a= —2—-; TOrJ 2
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Ho niomans Bcero wmecTHyronbHuka M pasHa

3 /3
_61/3 3Y3

65048 7 5

(O — ueHTp WECTHYrOABHIKA); OTCIOAA CJAeLyeT, HTO HauGOJbIIHA MO
njaomanu snucanuutii 8 ABCDEF TpeyroabHHK, 0AHA CTOPOHA KOTOPOrO

napanasenbua AB, nMeeT mIomMais, PaBHYIO —s“SABCDEF' uTO U Tpe-
60BaIOCh LOKA3aTh.

7 !
64. Slcuo, uro, ckamenm, A\ A, — cpeanss anuug A A, 443 1. 1
NO3TOMY B 0003HaveHusx puc. 125

a) Pl=AJAL 4+ AJAS 4 ASAL - o AL AL ALA =

1
=='2_(A1A3+A2A4+ von T Ap Ay Agdy) >

—

(4, Bl + B;A ) 4+ (A;B; 4 B3A) 4+ o0 + (Aan + B4;)] =

>3
= 1 UABy+ Bid) + (4B + BA) + oo (AnBo + Bad)] >

1 1
>—§'(A1A2+A2A3+ e +Aan =§P \
(HepaBeHCTBO P’ << P ¢ 0OuYeBHIAHOCTHIO caeayeT H3 TOro, 4TO BLINYK-

Jbtit Muoroyrosesuk M’ sakiiouaercs BHYTpH AM).

6) S—8§8 =S +S o+ e S ’ ;=
4.4 AI 4y4,4, AnAn—I n

71_( aa,4,+S VTN Hoe TSay4,_,4,)=

[Q(SABA +Sa,,a,t oo +Sa,8,4) T

1
+ (Sap,m, + Sa,8,8,+ - +Sa8, 8|S —(23 )=5S,

‘ 1
OTKYy1a Cpasy BhiTekaer, 4To S’ > 5] S; nepaBenerBo S’ < S aBasgercs

QUEeBYAHBIM,

. . 1
W3 31X paccyxJAeHHil TakkKe caeiyer, uto pasencrso P’ =—2—P

1
MOXKET HUMETb MECTO JHINb A TPeYeOAbHUKA, 3 DABEHCTBO S’———§S—
TOADbKO A YeTbipexyeoAbHuKa;, mpy A => 3 pe3y/bTaT 3ajauu a) Mo-

JKeT OulTb ycHJeH TaxkuM oGpasom: P> P’ >§P; AHAJOTHYHO 3TOMY

npu n > 4 pesyabTaT 3aiaduH §) MOMHO ycUAHTb Tak: S>8’ >—;— S
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(npu n = 3, COOTBETCTBEHHO NPH £ == 4, HAlIH HepaBeHCTBA BOOOGIIE

3aMeHAWTCs Ha paseucrea: P’ =5 P, coorBeTcTBEHHO S'=% S).

Has n > 3, cooTBercTEEHHO AN 1 > B, HepaBeHCTBA
I

P>r >2

P u S>S’>%S

Yaydienvt GoiTo He MOSYT! 3TO O3HAUAET, UTO 3Aech mepumMerp P’ muo-
royronbunka M’ momer GuTb ck046 yeoduo 6ausox m K P, W K ?P;
COOTBETCTBEHHO NJiomwaib S’ muoroyrodeunka M’ mMomer OHITb CKO.b

y2eocHo bauska 1 k S, 1 K5 S. B camom zexe, ecau n-yroabnuk M,

I

. L’% ' A3=A4= =hy
a)
' Ay=..=An_, ='A',,
A, .D An~1
—5
E AZ=A3=_":A"_1 F An
0)
Puc. 125, ' Puc. 126.
rae # > 3, «BHpoxaaerci» B 0Tpe3ok AB, rae Ml cuntaeM Ay =
= Ay =A, Asy=A,=...= A, =B (puc. 126,a), To, OUEBHIHO,
A=A, A; = A:L = C (cepeanna otpeaka AB), Ag =,.,, = A;_l =B,

Tak 4TO <«MHOTOyroJes#ks M’ cosmagaer ¢ TeM ke oTpeskoMm AB
P = P (== 2AB); nostomy ecnu M ouenb GJH30K K 3TOMY <«IpeleJib-
HOoMy» moJOKenno, To P’ 6ausko x P. Ananormuno sToMy, ecam M
«BHIpOKNaeTcsi» B 0Tpe3ok AB Tag, uto Ay = A, Ae=As = ... =
= A,y =D (touka orpeska AB) m A, = B (cMm. puc. 126,6, na
kotopom D — cepeanna otpeska AB), 10 M obpamaerca B otpesok EF,

rae E n F — cepeanns orpeskos AD u DB, Tak urto 3jecs P/ = 2—P;

OTCIOfA CJeAYeT, YTO H JJsi HCTHHHBIX» (BHIMYKJBIX) A-YTOJbHUKOB,
GAM3KHX K 3TOMY. <IpPEIEAbHOMY» MHOTOYIOJLHHKY, BelHuMHa P’ MoxeT
6LITb CKOJMbL YrOAHO 6JH3KA K- 5 P.

CoBepuleHo TakduM ke o6pasoMm, ecau A-yroabHuk M, rie n = 4,
«BHIpOKAaeTCA» B Tpeyrombuuk ABC mnaomamu S, npuuem Ay = A,
, Ay = Ay, = ... = A, = C, 10, 04eBHIHO, MHOroyroabuux M’
ofpamaeTcs B 32lITPHXOBaHHLIN Ha pHuc. .127,a mapaasnenorpamMm mjo-

2 =
Hiagu 78, OTCIOla BHITEKAeT, YTO0 W AJA «HCTHHHOTO» A-YrOJbHHKA M
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BeJHYHHA S’ MOKeT ObITb CKOAMb Yroono 6/H3KA K ~— S Aranoruuno

3TOMY, ecau n-yroawuuk M, rae n = 6, «BprO}Kl!aeTCﬂ» B TPEYroJbHHK
ABC TaK 4TO Ai———Az=A As——A4——B 1] 5-—-...‘—"—‘An—-
(puc. 127,6), to M’ cosnamaer ¢ M u S’ =S, otkyza caegyer, uto

Co_ o

A=Ay = = Ay Ay=Ay=.=An,
4 4 8 A T
Ay A Ay A=A, 4, Az=Ay
a) gj
Puc. 127.

npn n > 6 niomams S’ Momer ObTb CKoab yrogmo Gamska x S. Og-

1
11ako NpH N =5 HepaBeHCTBO S>S’>—2—S MOKHO YCHJHTb, 3aMe-

HHB €ro CACAYIOUIHM: —2— S>S’>—;— S {cm. suime 3anauy 42 a)).

65. Tax xak A OAA;, o6pasosannmii - nentpom O okpyxuocets K
paanyca | H aByMst ee ToukaMu A; u Ay, Taxumy, uyro £ A,04; = 20
(cm. pue. 23,6 ma crp. 58), uMeeT, oueBuaHO, ocHOBaHHe A;dy =
= 2sin o H MJoOManb SOA1A2=—2~Sin 20, TOo mepumerp P u mao-

maib S BIHCANIOrO B €NHIHYHYIO OKPYXKHOCTL K BBIIYKJOLO A-YTroJh-
nuka M, CTODOHAM KOTODOIO OTBEUAIOT LelTpanbible Yriael 20, 2a, ...
, 20n, paBubl (MBI 3]1€Cb CUHTAeM, UYTO LEHT) OKPYMKHOCTH 3aKJIOUEH

gl—;yTpH M)
P=2(sina; +sinc, 4+ ... - sinay)

= —;—(sin 2ay - sin 2ay + ... -F sin2a,).

Takum o6pa3oM, 3agaun a) n'6G) CBOAATCA K AOKA3aTeIbCTBY NEPABEHCTB

a) sina; +sina, + ... Fsina, <<

+ o, .y Foa,

. O .ot ap
< sin 5 ~+- sin 5 —|—...—|-5an—,

COOTBETCTBEHHO
6) sin 20; -+ sin 20, - ... - sin 20, < sin (a; -+ a,) +
+sinfay + a3) + ... 4 sin(a; 4- ay),

rae O<ai<90°, i=1,2 ...,n0 040+ ... -} a,=180°
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Ho, nanpuwmep,

2 [sin (a; + @) + sin (@, + @;3) + ... 4 sin{a, + ;)] —
— 2(sin 2a; 4+ sin 20, + ... 9 sin2a,) =
= [2sin (a; + @) — (sin 2a; - sin 2a,)] -
+ [2sin (ay 4+ a3) — (sin 2a, + sin 2a5)] + ...
ver +[2sin(ay, + ;) — (sin 2a, - sin 2a;)] ==
= [2sin (@, + @) — 2 sin (@, + @) cos (o) — a,)] +
-+ [2 sin (@ -+ a3) — 2 (sin (@, + a3) cos (o, — az)] + ...
eor F[2sin(an 4 o) — 2sin (@, + o) cos (a, — u;)] =
= 2 sin (at;+0,) [1—cos (a;—a,) | 42 sin (ay+a;) [ —cos (ay—as)] + ...
.. + 2sin (0q + ay) {1 — cos(ag —ap)] 20,

rjile¢ PaBEHCTBO HMEET MECTO, TOJBKO €C/H Oly==0l, 0la==0g, ..., Oln==Cl1,
T. €. €CAH Oy = Olg == ... == Qp, B A-YroJbHUK M npagusbtbiil.

Touno TaKk e J0OKa3bIBACTCS H {IEPABEHCTBO @ ).

66. 3ameruM npexnae Bcero, uto ecau AB=a u CD = b — dse
xopdu odnoi oxkpyscroctu K (¢ yenrpom O m, ckakeMm, ¢ paany-
com 1),a” AB =2a u T CD = 2§ > 2a) — craeusaemoie 3TUMU XOP-
damu dyeu (rne B << 90°), ro

AB _ TAB

¢D ~~¢Ch (+)
u
S, —AB
Saos 4B (+0)
S cD
COoD

B camom geae, Tak Kak AB = 2sina n BC =2sinf (cp. ¢ peue-
HHEM 3afauu 65), TO HEPABEHCTBO (%) OSKBHBAJEHTHO CJAEAYIOLEMY:

2sina _ 2a sina _ sinf
gsinp ~ 2 " 7B

BcnoMuiM Teneps, 4TO OPH X — 0 oTHollenue

(rze yron x

n (o]
p3MepsieTcss B paumanax!) cTpeMuTes k 1, a npu x = —2-(=90) uMmeem

sin x I 2
= ——==— & (,63<C I; 370 gesaeT HepaBencTBO (») npaBAOMHO~-
X ﬂ/2 P > ’ 1 p ( ) p
LOGHEIM, HO, pasyMmeercs, He IoKaspiBaeT ero. OXHAaKO ecan npupate X

sin x

M aJao0e€ npHpamenue E, TO OTHOlIeHHE 3aMCHUTCA Ha OTHOWICHHe
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sin (x 4 §)

-
, KoTopoe OyleT Mexbuwie nepBOHAUaAbHOro, udo!)

x+E
sinx_sin(x+§)_
x x+E
. =xsinx+§sinx—xsinxcosg-—xcosxsing__
x(x+§) -
xsinx(l—cosg)—i-g(sinx-—xcosxSig§>
= ’ X+ E)
__ xsinx(l —cos§) Ecosx __ . sing .
T ra L Gt L

37eCh NEPBOE CJaraeMoe MONOMHUTEILHO B CHay nepasenctsa 1 > cos§,
a BTOpOE NPH JIOCTATOYHO MaJoM § — B CHJAY H3BECTHOTO HepaBEHCTBA
tg x > x (cM., nanpumep, puc. 128, rae 2tg & ==

=Sopp 2% =Sexr. opg, ¥ B CHIY TOTO, 4TO,
BbIGpaB § A0CTATOYHO MaJbIM, Mbl BCETAa MOXKeM

caedaTh OTHOUICHUS CKOJb VIOAHOQ Grus-

kuM K 1. Takum o6pasoM, NpH MOCJAEJOBATeNbs
BOM yBeJHUEHHH 3HAyenus X Ha Maauie § OTHO-

wenue Gynet Bce BpeMa TOJLKO VY 6 bl

BaTb, OTKYA2 H BHITCKAeT CNPABEAIABOCTb He-
paBeHCTBa (*).
Touno Tak e — C HCMOJb30BaHHEM TOTO,

T, [
Puc. 198. 41O SAOB='§S’"‘1 HSCOD=—2—smﬁ,——

NI0Ka3biBaeTCA H HEPaBeHCTBO ().

a) OGo3sgauiM CTOPOHB MHOFOYroJbuHKa M, B3ATEIE B HEBO3-
PacTaOULEM NO BEJNUNKE NOPSIKE, uepes i, s, ..., Gm, 3 OTBE-
yampolipe UM Ayrd OKpyxHocTH K (B Yraosoil Mepe) — udepes o, oz, ...
..., O, QHAJOTHYHO 3TOMY CTOPOHLI MuHOroyroabuuka M., B3aThe 8
HeyG6bBalOmeM NOpAike, 0003HAYHM uepes by, bz, ..., bn, a 0T
peuaromue um ayrs K —uepes B, Pz, ..., Bn. B cuay (+), yuuro-
Bas yCJIOBHS 3a/adH, HMeeM
a2>a,>b1>b2‘ >bn

am am—1
A= . = —_— = e -
= = = b e >3,

Cm Qm—1 o2

Bocnofib3yeMca Temepb CACAYIOMHM H3BECTHBIM CBOACTBOM HEPABRHCTB
(C TO/IOMKHUTENLHLIMY YieHAMU)

a_ ¢ a ate ¢
ecJ T>E' TO —5->—-—-——b+d >d'

1) Yuratenb, 3HAKOMBIA ¢ AHpdepeHIHAJbHBIM HCYHCICHHEM, cpasy
YBHAMT, UTO 37eCh, N0 CYLIECTBY, HCHOJNB30BAHA  OTPHILATEJbe
X cos x — sinx __ sinx
— = Gynrnud Y= "

HOCTb npoussodnod y ==

.
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B CaMoOM Ji€Jie, B HallHX NPCANONOXKEHUAX, Hanpnmep,
a _ a—|—c=ab+ad-ab—bc__ d a c) 0
Y be+a b+ d\z " a)”"

: a-tec c
H TOYHO TaK XKe [OKa3blBaeTcs, 4YTO m>7' IocaeaoBareibHO

NpHMEHss HECKOJAbKO pa3 3To CBORCTBO HEDABEHCTB, IIOJYYaEM

P amtaprt oo a
27 U+ Omer + o0 0 T 0

H
_é1_> b+ b4 ... +bn-1+bn=£1
Bi ™ Bi+P+ oo +Ba-1+Bn 2m *
Hrak,
P, e P, by
LR L L2 1
2.71'/(21 2n<ﬂl.

a b
A rtax kak —->-—-% 10 P, > P, uto B TpeGoRaAoch XOKA3aTh.
1

1
6) Pemenme 9Tofi 3amayd, Aanajoruunoe PEHIEHHIO 3ajaull  a)

(TOABKO POJib liepaBescTBa () 34ech BYAET HFPaTh HEPABEHCTBO (#%)),
ApefoCTaBseTca YATATENIO.

67. a) [Ipexxze BCero 3aMeTHM, UTO eCAU PACCHATPUBREMAR AOMA-
Haa cocTour eceeo us Oeyx 3gemves AP u PB (puc. 129,a), 10 TeO-
pema cnpasediusa. JlefieTeuresbHo, npopomKuM npamylo AP 3a Tou-
Ky P U Ha NPOAOJIKeHHH OTJOXKEM 0Tpe3ok PQ == PB. Tax kak A BPQ

Pue, 129,
. © —— ) d —
pasao6eapentni, T0 £ BQA== 180 ; BPQ = 1802 a; caeno-
BaTeAbHO, TOuka @ TpPHHALNEXHT TOCTPOCHHOH Ha orpeske AB pyre
OKDYKHOCTH, BMeljawplledil yroa —8—02:2. Hyre AB »Toli OXpy:KHO-

CTH oOTBeuaeT LeHTpaibHell yroa 180° —a; Tak Kak xopaa AB =1,

TO OTCIOla CAENYET, YTO PajHYC OKPYHHOCTH paped —— . Ho
) 2¢os —
» 2
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AQ = AP + PB ne npesocxonuT fHaMETpa 3Toll OKPYKHOCTH; CJie<
JLOBATEABHO,
AP 4 PB < L o
cos
uto W Tpefosafnoch Rokazath, Ilpn stom AP -+ PB =——IT TOJBLKO

COS —-
2

B TOM cJayyae, ecanl Tpeyroasiunk APB paBnoGenpeHHbli.

Joraxem Temepb TeOpeMy METOLOM MaTeMaTHUECKOH
nuAyRULua [pednoioxcum, 410 Haue yreepiclenue 8epHo 04 8cex
N-36eHHBIX AOMQHBLX, U GOKQICEM, 4TO 8 TAKOM CAyuae OHo Gyder Takice
cnpasedaugo u dan (n - 1)-3gennoil aomanot APP, ... PnB. Ilponon-
UM cropousl AP, u P3P, Beinykiaoro muoroyrosasunka AP\Py ... PpB
jo uepecevenuss B Touke P (puc. 128,6). Tak xak cywuMa BHEHIHUX
yraos JoManofi npH Py m npu P, mo ycnosuio menbine 180°, 1o P
Oyzer aexatb Ha mnpoao/mKenun APy 3a Touxy Py, Jlanee, uemmmit
yron QPPy tpeyroabnuka P(PP; paBed cymMMe BHEWHHX yrjioB PPiP;
u PP.Py muoroyroabuuka AP(Py ... P,B; orciona ciemyer, uto cymma
BHEIUHUX yrioB n-3genuoil gomauolt APP3Py... PuB npu P, Ps, Py, ...

., P, Oynmer paBua cymMMe o BHEWHHX YrJaoB (n -~ 1)-3BenHoii Jo-
matiofi APyPy... PnB. Tak Kak Mbl CUMTAEM, UTO TeOpeMa yiKe HOKa-
3aHa JAf BCEX N-3BEHHBIX JIOMAHBIX, TO AJHiia Jomanoit APP;P,...P,B

e MpeBoCXOAUT ———-, Ho nauna aomaunoit APyPs...PnB, ouenui-

cos 7

HO, Melpule AAMHBL aoMauoit APP;y .. P.B (nGo PPy << P\P + PPy);
cjaefosarenbyo, jagauua Jgomaunoin APiPs...P,B u nogaBuo MeHbue

, 4ToO U TpeGQBaﬂOCb J0OKa3aTh.

cos =
08 —
2

6) OTa 3anava ovenb Oau3ka X npeamectnyiomeft. Ilpexnae scero,
ACHO, YTO U3 BCex Tpeyroabnuxkos APB ¢ ocuoranues AB = a o Buem-
HuM YraoM mpH Bepiuuue P, pasnpiM o (1. e. yraoMm APB, pasubM

o
a’tg —
\ 4

denpennblil TpeyronbHukK (y Hero BeICOTa GoJbwe Bcero). To, uto BCA-

KMl BBIOYKJLIT A-YTOJMBHHK, Txe n > 3, co cropouot AB =a u pnau-
HOl CYMMOH BHEMIHMX YrJIOB HPH BepllHuaX, oTauuuslx or A u B, pas-
tel

a’tg —
2 2y
1o 120°, mmeeT msomanp, GOJABLIYIO T =l lfd

180° — @), wanGouanllylo maowanb | PaBUYIO HMEET DaBHO-

» JOKa3nt-

BaeTCs aHaJOTHYHO PeILeHHIO 3alaun a).

68. OGosnauuM JJIHHB CTOPOH pPAacCMAaTPHBAEMOro A-yrodbHuka M
yepes as, Az, ..., @n M [OCTPOHM HA KaKAOH CTOpPOHe OSpaileuHbiil
BHYTPb M OpPSIMOYroJBHHK LUHpPHHBL vk Cyvma naowmaget atux nps-
MOYTOJILHHKOB 6yJIeT, OUeBnIHO, PaBia

S S S S S
a,T)—-{-az—P——{—...-l-an——P—=(a,+a2+ +a”)T=PF=S'
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w= @ TMOCKOJNBKY OHH 06s3aTeNbHO GYIyT NepecekathCsi (Mepecekaiorc,
HampuMep, KaxK/ble ABa NPAMOYTOJbHHKA, NOCTPOEHHbIE HA ABYX CO-
CEeIHUX CTOPOHAaXx MHOroyrojbHuka M), TO noKpwiTas HMH [J0-
manp Bcerga Oyner <<S. [losTomMy Hamu n mNpsAMOYrONBHHKOB HeE
MOTYT IEJHKOM IMOKDHITh Becb Muoroyroabnuk M; Ho ecan Toyka O
OCTaeTcsl He IOKPHITOfl INpsIMOYroJibIHKaMH, TO Kpyr pajuyca % c
veHtpom O e nepeceder M OJHON CTOpoHH M, T. e. GyIeT UeAHKOM
3aKmaouatbess BHYTpH M.

69. [TepBoe pewenune, [lpeobpasyem nogoOHO UYETHIPEXYroJb-
HUK ABCD (rne AB=a, BC=1b, CD=¢, DA=d) ¢ xosddu-

c
UHEHTOM MOA0GHUs k=;; npu sToM cTopona A’B’ mpeoGpasoBanoro

yeTbipexyroasinka A’B'C’D’ craner papHoli cropoHe CD 4eTBIPexyrodb-
HHKa ABCD. Csomum Tenepnb uweroipexyreastuxn ABCD u A'B'C'D’

7 '

Puc. 130.

paBubIMH CTOPOHAMH, Kak ykaszano Ha puc. 130. Ilaowmans scefi ofpa-
sopapuciics Guryper ABCD'C’D pasua, ouesuano, S pep+Sapcrip =
== (1 + &%) SABCD‘ W3 Ttoro, wurto uetnipexyroawvuuk A'B’C’D’ no-

noben uetwipexyroabnuxy ABCD, caenyer, uro £ BCLD' = £ ADC!
(napuc. 130 L BCD' =/LC+ L A, £ ADC =360°— (£ D+ Z B)).
Ilpoussenenns cropon tpeyroasHukos ADC’ u BCD’, 3aki0vaiomux
paBupie yriBl, Takxke ‘paBuni: d(R-b)= b(k-d). Taxkum obpasow,

S apcr = Spcpr B CACAQBATEILHO,
Sapcorerp =1+ #*) Sapcp =Sappcr

Yetepexyrodpuiik ABD'C’ sBasietcss Tpaneyued: napaieNbHOCTh CTO-
pou AB u C’'D’ cpepyeT M3 paBeHCTBA BHYTPEHHHX HAKPECTJEKALIHX
yr/ioB, ofpasoBanublx BM# ¢ cekymeil CD. Ham uago BHISACHHTD, B Ka-
KoM cuayuae naouade Tpaneyuu ABD'C’ ¢ sadaunbimu O0CHOBAHUAMU

AB =au C'D’—;k-c:% O6yder nauboarvwed, T. & B KaKOM

cayyae 3Ta TpanenHs HMeeT HauGOJbIIYIO BHICOTY.
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Ttposenem C’Pl| D’B n paccmorpuM Tpeyroauurk AC'P, nmemomni
Ty Xeé BHICOTY, 4TO H Tpaneuus ABD'C, u ocuobanme (Mbl cuHTaeM;
4T0 a == ¢)
. 02 a2 —_ 52
A1)==44B'—'CID,==¢1—-—E~==-——7;——.

Pasnocts xBaapaTcB GOKOBBIX CTOPOH 3TOr0 TPEYroJbHHKA NPH 3ajaHe
HEIX CcTOpondX ueThipexyroubnuka ABCD  sBasetcss (HKCHPOBaMHOM,
LeficTBHTeaRNO, IO TEOPEME KOCHRYCOB

AC"* = AD? 4+ DC’* — 24D+ DC’ cos 2 ADC’,
C’P?=D'B?= B(? CD'* — 2BC-CD’ cos » BCD',

H TdK Kéak

, AD-DC’=BC-CD’ u .~ ADC'= , BCD',

TO

ACT — C'P2 =P (k+ 6)" — b? — (kd) = (d® — 1) (1 — &?) =

_ (@) (a2 =Y

= L

Iycers C’H — Bricora -A AC’P. Toraa
ACI2=AH2+ C,HZ, C/P2=PH2+ C/Hz,
s (@E— ) (@ —bY) >

AC” —C'P = = AH? — PH? =
=(AH + HP)(AH — HP),
H T4aK Kak
c? a*—¢?
AHiHP=AP=AB—PB=a_.T—_—__E__ (+)

(370 paBeHcTBO BHLHIOJHAETCH AHGO KOrZa B JIEBOM €ro 4actd CTOHMT
3HaK «maoc», an 60 KOrAa B JeBOH YaCTH CTOMT «MMHYC»), TO

2 __ p2
AH::HP=—”——a—f— (++)

(npruueM 3HaK B JIeBON YacTH paBeHcTBA (#%) NPOTHBONOMNOXKEH 3HAKY
B JieBGIl HacTu (#)).

PagenciBa (#) ¥ (%#) TOJHOCTBIO ONPENENSIOT NOJOXKeHHe Toukn
Ha cropoie AB. A ecan OCHOBanHe BLICOTHI, ONyLIeHHOW H3 Bepunum C’
Ha cTopony AB, He 3aBHCHT oT YraoB Tpeyroabnmka AC’P, 1o acwo,
yTo BbicoTa .C’H GyaeT naunGoJviuell B ToM ciaydae, korpa cropona AC’
Tpeyroavunka AC'P Gyner manGoabumief, 1. €. Korna AC’ = AD 4 DC’,
LADC' = £ D+ ZB=180° u sokpye uervipexyeonvuuxka ABCD
MOMCHO ONUCATH OKPYIHOCTD.

C zpyrofi CTODOHEI, HM3BECTHO, UTO BCErla CYiyecTsyer eOuHcTeeH-
HOl 4eTHIeXY2OAbHUK, CTOPOHbL KOTOPOO, B3ATble 8 ONpedeneHHOM na-
pROKe, umeroT naneped sadannvie Oaunst a, b, ¢, d1) u KOTOpbUL MOXNC-

) Pasymeercs, a, b, ¢, d pomxue GbTh Takosw, urcln Boobuie
MOP CYIEeCTBOBATb YETHIPEXYFOJAbHHK ¢ 3ITHMH JUIMHAMH cTOpoH - (AAs
4ero HeoGXo4uMO, 4TOGH HauGoabWIMA H3 OTpe3koB a, b, ¢, d Oua
MeHbIIe CYMMBI Tpex APYIux), ,
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#o anucars 6 Kpye. TlocTpoeHHe STOro YETLIPEXYrOJbHUKA HETPYLHO
YCMOTpeTb H3 BbILIENPHBEAEHHMX paccyxaenuil: oTaoxum AB = a;
snan otpesku AP = AB—~—C'D’, PC' = BD' = BC -+ A'D’ u AC' =
= AD 4 B’C’, mbl ¢pa3y moxeM nocTpoutsh touky C’, a caegosatess-
HO, u HafiT BepwuHy D uwetwipexyroaouuka ABCD. Ilpu stoM B yean-
BHY Hawefl 3an1ayd HeT HeOOXOAHMOCTH TpeGoBaTh, UTOGHI MOP A A O K
cTopon B uerslpexyroacHuke ABCD 6ua onpesesen (mpeanosorkenue,
M3 KOTOPOro MH HCXOAHJH B HallleM peIeHHH): ecJH B KaKoM-JIHGO
yeteipexyronbuike KLAIN cTopoHB creayioT, nanpuMep, B HOpsxe
KL=uaqa, IM=d, MN =056 NK = ¢, To miomajb ero MeHblie IJO-
majl uertnipexyroabrnra KolLoMoNo (Kolo = a, LoMy = d, MNy, = b,
NoKo = ¢), KOTOpBII MOXHO BOicaTh B KPYI, 4 IUICIAAb NOCACIHErO
YeTLIPEXYTOJbHEKA (PO KOTOPBIL MBI CuHTaeM, urto uentp O onucau-
HOfl OKPYXXHOCTH pPacHoJ0!KeH BHYTPH HEro) paBia MNJIOMIATH YeThl-
pexyroabuuka ABCD co cropouamu AB =a, BC =158 CD =y,
DA = d, koTopblit MOXKHO BNHCATb B TOT ke kpyr ¢ ueatpodm O, ubo

Puc. 131.

yeToipexyroabunkd AeBoCoDo 1 ABCD cocToAT H3 OZHHAKOBLIX Tpe-
yroaptiukos (A OKoNo = A OCD, u 1. a.— cM. puc. 131, 4,6), 105~
KO 10 Pa3HOMy CJIOXKCHHDIX 1).

Bropoe pewmenue (cp. ¢ mepseM pewrenueM 3anaun 70 a)).
PaccMOTpUM B4 YETHIPEXYTO/bHUKA C OJHIAKOBBIMH CTOPOHAaMH: Ye-
Thipexyroapnk ABCD, Bnucauublii B OKpyXKHOCTh S panmyca R ¢ LeHT-
poM O, m npyrofi uerbipexyroabuur AyB;Ci1Dy  (cM. cxemaTHuecKnit
puc. 132, a,6). Ilpencrasum ceGe, uTo ueThipexyroJpHHK ABCD map-
HHDHBIA H uTO Mbl Je(ODMUDYEM ero, MeHas yrabl Tax, utobel ou mepe-
wen B versipexyrombuk AB;CyDy. Tlpu stom paBuoGeipeHHeie Tpe-
yroavuukn ABO, BCO, CDO u DAO, mocTpoeHHbie Ha CTOPOHAX YeThl-
pexyroabiika ABCD, MeHAIOT CBOE IOJOXKEHHE H OKOHYATeJLHO

1) MoxHO [oKa3aTb (CM. pemeHdHe sajgaun 74 6)), uto naoujads
UeTLIPEeXY20NbHUKA €O (TOporamu Oaun a, b, ¢ u d, Koropeul MOXCHO
snucars 8 xpye, pasna V(p—a)(p—b)(p—c)(p—d), 2de p—
noAynepuMeTp 4eTbLPexXy20AbHUK®; OTCIONa TaKXKe CAefyeT, HTO 9Ta n/10-
Iajb He 3aBHCHT OT MOPAJKA PacHoOJIOXEHHsA CTODOH,
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sanumalor nonoxenne A4B,04, BiC10,, C,D,0Osu D,A,0, (puc. 132,6).
CpaBunm naomann uyetupexyronsiukos ABCD u A,B1CiD;y.
Mpl meeMm

Saso =Sapo, Ssco=3SBc0r Scpo=Scpos Spao=Spa0.:

Coenunum Toukh Oy u Og, O2 1 O3, Os v Oy, Oy u Oy OxpyxHO-
CTAMH pajnyca R ¢ LEHTpaMH COOTBETCTBEHHO B Toykax By, Ci, Dy
n Ay JloraxeM, 4To 08a HPOTUBONOAONCHOIX Y2AQd HETHLPEXY2OAbHUKA
AsBCi1Dy menvuwe cootsercrayiouiux yeaos uervipexyzoavnuxa ABCD,
a ocraasHbie 080 yeaa — boavwe coorsercrayrouux  yzaose ABCD,
INpennosoxum, nanpumep, uro £ Ay << £ A; B TakoM cayyae U3 cpas-
neuus Tpeyronbuukos ABD u ABDy (rpe AB = AiBy, AD = AiDy)

Puc. 132,

smiTekaer, uro B,Dy, < BD, a torpa us cpasuenus tpeyrossunkos DBC
u DiB:Cy sakmouaeMm, uto £ Ci<C £ C. [ajee, Bce yIMJB 4YeThipex-
yroabukka A43ByCyDy we moryt OuiTb Menbilie COOTBETCTBYIOLIMX YIJIOB
yeThipexyronbauka ABCD; ecan e NpejiONOXKHTb, 4YTO, HaIpHMep,
£ By > £ B, 10 AiCy > AC (BblTekaetr u3 CPaBHEHHs! TPEYroJbHHKOB
~“BAC u B1ACi) u £ D1 > £ D (BuiTekaeT H3 CPaBHEHHSI TPeYroJbHH-
koB DAC u D;A,Cy). Takum o6pasom,

LAy= O0,A\By + £ 0,ADy— £ 0,A,0,=
=/ OAB+ L OAD — £ 01A\0, =2 A— £ 0,;A,0,.

Ananornuno
/L By=/,/B+ 2£0B0;, £Cy=4C— £0,C0,,

L Di=4D+ £ 03D,0,
Ho tak kak

(£A— LAY+ (£ C— £LCy)=(LBi— £B)+(£L Dy~ £ D)

(6o L A+ / B+ £C+ £D=4 A+ £ B+ £ Cy+ £ D,=360°), 10
£ 0,40, + £ 0,C,03= £ 0,B,0, + £ 0:D,0,

H, CJe/i0BaTeNbHO,

Scem. A,0,04 + SceK'r. C.0:0,~ Scex'r. B,0,0; + Scexr. D,0s04
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Tak xak pasnocTb

Sasco—SaBcip,=(SaB0, +SB c.0,1S¢p.0,1Sp.4.00)Sa .00, =
—SAABIO\ + SB;C,O;, + SCIDIOA + SD1A104 - SALB;CIDl +

=+ Scem‘, A,0,04 SCeKT. B.0,0, =+ Scem. C,0,0, Scem. D004

Kak BuaHO u3 puc. 132, 6, pasra miomann ueTeipexyroabiuka 0;0:050,,
OTPaHMUEHHOTO YETBIPbMS JAYraMi OKPYKHOCTEH, To 1% 10KasaTeds-
CTBa TOro, UTO

Sascp >Sabe.D,

(a MMEHHO 3TO H COCTABJfET COMEp)KapHe Hallefl 3afgaud), AOCTATOUHO
nokasaTb, UTO0 AA0ade 3T0T0 Oyeoso2o 4ervipexyzoavruxa 0102050,
8ceada 6ydeT nOAOM UTE AbHO I,
TMocnennee  yTBepKIeHHe  HMeeT
CRENYIOUNA CMBICH, 3apaHee MBI He
MOxeM OblTb  yBepeHd, UTO JYyrd
0,0, u 0:0; ue nepecekyred, T. e.
4TO HAIl AYTOBOH UETHIPEXYrOJABHHK
He OyjeT HMeTb BHIa, H300pakKe-
Horo Ha puc. 133. B sztoM cayuyae
«ABYYTOJbINK» PQ  Gyaer BLiud-
Tatbesl M3 OOWell maowlany, Tak Kak
OH Oyzmer BXOAHTb H B CEKTOp
A10104, 1 B cextop Ci020; Ham
Ha{0 J0Ka3aTh, UTO IMOWAZb3TOrO o
IBYYTOJBHIKA HHUKOTAA HE MOXKeT
NPEeB30HTH CYMMbl IJomajgell ayro-
Eplx  Tpeyrosblukos  010:P  u
03;0,Q; MMEHHO 3TO Mbl HMEJH . B
BUAY, TOBOPSI O [OJOKHTEJIBbHOCTH
N0 JAYTOBOTO UYeTBIPeXYTOJb-
nuka 0,0:0;0, (ubo B. cayuae, Ko-

5
rra. 4eThIPCXYTrOgbHUK HMeeT Taxkol N g
BUJ, KaK H300paxkeno Ha puc. 133, z

33 INJOLLAJib €ro CcJeAyeT HNPHHIATH Puc. 133.

YHCO SO.OBP -+ SO;O4Q — SPQ).

3amerus, 4to Bece ayru 0,0, 0,0, 0,0, n 0,0, HMewT o1un
B toT xe paamyc R m T0,0,4+70,0,=70,0,+ 70,0, (u6o
£ 0B0y,+ £ 00,0,=, 0,4,0,+ £ 0,C,0,). Taxkum o6pasom

lv0102 + 700 — (70,0, 4 70,0, =
= (70,03~ 70 —70,Q) + (70,0, — \'Osp —70,Q) =0;

noaromy X0Tb onno H3 Bbipaxenuii  0,0,—70,P—70,Q u T0,0, —

— TOzP — T0,4Q  HEOTPHIATENBLHO. HpeanonomnM, 4TO  HEeOTpHUA-
TeapHo nepsoe. Iosepuem ayry OP Bokpyr Oy B monoxenne O4Py, a

zyry 0.Q n «asyyroabunk» PQ Bokpyr Os B mnosoxenue OZPZQZ
(puc. 133); npu stom Gymem umers ~ 0, P1+"0,Q, = "0,P + ~0,Q<
< 70, O, Orciona Cclefyer, 4YTo «ABYYrOJMbHHK» Png‘ HE MOXKeT
nepecekatbess HH ¢ ayrofi 0P (oH He nepeceKaercsi € <«KPUBHIM
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cektopoM» OiPyP), un ¢ nyrot O:P (oH He mepecekaeres C «KPHBHIM
CEKTOPOM> OszP), noatomy Sp, 0 = SPQ<SO 0.p M TEM Gouee SPO<

<Sp,0.p +S0,000:
ITHM N 3aBeplliaeTcs AOKA3aTeAbCTBO.
©70. a) ITlepBoe pemenne (cp. CO BTOPHIM pelIeHHEM 3ala-
un 69). PaccmoTpum  uernipexyroasuuk ABCD, onHcamnblii  BOKpYT
OKDYXKHOCTH § paauyca r ¢ uentpom O, U IpYyrofl YeTHIPEXYTOJbHHK
AiBC\D;, wumerommii Te Ke caMmple YIAB 1 TOT Ke NepHMETP
(pic. 134,a,6). U3 touxu O omnyctum nepnenaukyispu OK, OL, OM

Puc. 134.

n ON mHa croponsl uwerhipexyroabinka ABCD 1 paccMOTPHM YeTHIpEX-
YroJlbHHKA AlA"101K2 - A;’VOK, B1K102L2 = BKOL, C1L103/”2 ==
= CLOM u D;M,04Ny = DMON, yraum A,, By, C; u D kotopuix co-
-BOajaloT ¢ yraami uwertwpexyrogaentika A(BiCiDy. OgeBnano, uTO ecau
AiBy > AB, 10 ADy << AD (aan J[0Ka3aTeabCTBA JOCTATOUNO HAJA0-
AHTb APYT Ha Apyra uetuipexyroabunkn ABCD w A4BiCiD; Tak, 4to6l
nx yrael A W A, coBnamu); B 3TOM cjayvae OyleM HMeTb TakKxke
B.Cy < BC, CiDy>CD. Tak Kkak nepmieprx YETBIPEXYTOJbHHKOB
ABCD u AyB,CiD, pasisl, TO
AB + BC + CD + DA = A]Bl + BICI + ClDl + DXAI;

(4B, — AB) +(C,D; — CD)= (BC — B,Cy) + (DA — D1 4)),
HJIH, OPYTHMH CJOBaMH,

(A,B, — AiK; — ByK,) + (C}D) — C;My — DM ) ==
=(B,L, -+ C,Ly — B,Cy) + (AN, 4 D;N, — D A4,),

KiKq -+ M1M2 = LoLy + NNy,
Ho 3710 03mnauaeT, uto

Sk.k:0,0, T SMiM;0,00= SL,L,0,0. F SW.N,0.00



TaK Kak BCe 3TH qe‘rmpexyronbmmu—npnmoyrombﬂuxu 'C OIMHAKOBOH
BbIcoTOf r. Tenmepb u3 puc. 134, 6 BUAHO, YTO

Sasep — SAIB.CxDi =
={(Sano0xk, T SBk.0., T Sci0.mF Spmow,) —Sasen, +

+ (SK1K20102 - SLzonsoz + SMLMZOSOA - SN2N10104) = 801020304 *

OTKYAa U CJIELYET, HTO
SABCD > SAlBIClDl.

Bropoe pemenne IlpnveM wu3BecTRWH HaM NCPHMET) HCKO-
Moro ueTbipexyrosabhuka ABCD sa enunuuy, u nycte A'B'C'D’ — xa-
KOft-1nBo  ueThIpexyroabnuk, mnoaobumit  ABCD. Toraa miomans

ABCD pasua oTHOLICHHIO =7 [VIOWAL! ueTHPEXyrobiiKa A'B'CD

K KBajapary ero nepumerpa (u60 Ko3QQHUHCHT MOI06HA UETLIPEXYT0.1b-

uukos ABCD u A’B’C’D’ paseH OTHOUIEHHIO WX NEPUMETPOB, T. €. —
7

P
a naomans ABCD pasua naomann A'B’C’D’, yuuoxenHofi Ha Kpaj-

L

paT kospduunenta mogodus, T. e. paBHa S , — H Haua

Poop
3ajzaua CBOAHTCT K TOMY, UYTOOB HQUTU TOT U3 4eToLpexyz0AibvHUKOB,
umerowux Haneped 3adanneie yeavl, 048 KOTOPO2O OTHOUIeHUE RAOWAdU
K K8adpaTy nepumerpa useer Haudoavuiee 803MONCHoe 3Hayexue, Hawm
TpedyeTca 0Ka3aTb, 4YTO HCKOMBIM OyIeT uetmpexyrodbiux ABCD,
KOTODPBIH MONMHO ONUCATO OKOAO OKPYNCHOCTU.

IToctpoum Ttpeyroasunk ABF, ABa yrja KOTOPOTO PAaBHBI yriaaM
A u B uckomoro uertoipexyrosbuuka !). Ham wmago mepeceus 310T Tpe-
yroaeuux npsimo#t CD nannoro manpaBjenHs Tak, 4TOOH y IOJyuHBILIE-
rocs ueTeipexyroabuiika ABCD oTHolleHHe MIomajid K KBaApaTy HepH-
MeTpa OblI0 BO3MOXHO OoabniuM, Bnuumem B Tpeyroasnuk ABF okpyx-
HOCTb ¢ paguycom r M uertpoM O u nposeieM npamyio CD sanaunoro
HailpaBJeHHs TakuM o0pa3oM, yTOOB OHa Kacajach 3TOHl OKPYMHHOCTH

1) Takofi TPeyroJAbHHK HEBO3MOMKHO NOCTPOHTL JHIUL B TOM CAy-
yae, KOTZla CyMMa K a X A Bl X JByX COCEAHHX YIJIOB YeTHIPEXYrOJbHHKA
ABCD pasna 180°, B 3TOM HCK/IIOYHTEJbHOM CJyyae TeODeMa HACTOA-
pledl 3ajaud NPUHUMAET BHI: 00KQ3aTb, 4TO U3 B8CeX NAPAANENOZPAM-
MO8 € OQHHbIM OCTPbIM YeAOM U OQHHbLIM NePUMETPOM P HAUBOALULYIO
naowads umeer pomb; HO 3TO cjaeAyeT M3 TOTO, UTO ILVIOWIAAb mapaJj-
JiejJorpaMMa €O CTOPOHaMH X H ¢-—X (TAe ¢ — NOJyNepHMeTp mapajs
JieqIorpaMMa) M OCTPBIM YIJIOM O, paBHasi

2 2
x(c—x)sina:[v%--—(—; —‘x) ] sin o,

OyLeT HAMGOABIMEH IPH X ==¢ — X ==

mla
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. (puc. 135,a). Jloxaxem, wuto werbipexyzoavrux ABCD o6aadaer
Tpebyemoim CEOUCTEOM, T. €. UTO ecam C’'D)—npoussoapuas nps-
Masi, napaaieabHas CD, To ~
SaBep ' Sape'p’ )

(AB + BC + CD + DA)? = (AB+ BC"+4 C'D’ -+ D"A)*"

O6o03nayuM ko3hbuunent mnopobus Ttpeyrospuukos FCD u FC'D’

Puc. 135.

gepes k (k Moxer ObiTo GoJbilic HJIH MeHpllle efunHubl). OueBHIHO,

yTo

Sapr= OAB+SOAF+SOBF—'—r(AB+BF+FA)’

. 1
Scor = Sopr + Sorc —Socp =g " (FD + FC — DC)
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Scrpyp = KScpp =5 rk? (FD + FC — DC)

Orciona
1
Sapcp="Sasr — Scpr =15 (AB+ BF 4+ FA) — (FD 4 FC— DC)]
n
Sapc'pr =Sapr— S¢iprF=
=%r[(AB+ BF + FA) — k2 (FD 4+ FC — DC)]

umm, ecan oGosnauurb AB 4+ BF 4 FA wepes 2p, a CF - FD — DC
~uyepes 2q:
SABCD =r(p-—q)
Sapcrpr =1 {(p — kq).
Nanee, u3 nopobust Tpeyronenukos CDF u C'D'F caenyer
C'F+ FD" — D'C’ = 2kq,
OTKY LA
AB+ BC+CD 4 DA =
=AB+ BF 4+ FA— (CF 4 FD — CD)=2(p — q),
AB 4 BC' 4+ C'D' 4+ D'A=
=AB+ BF + FA—(C'F4+ FD' — C'D’)y=2(p — kq).

B cuay 3TOro HepaBeHCTBO (%) NDHHHMAaET CJEIYIOILUE BHI:

r{p—4q) r(p—k%q)
4(p—q)* = 4(p—kg)*’

1 p— k2
= .
p—q”~ (p—kg)

Tlepenocsi o6a wjeHa HEPAaBEHCTBA B JIEBYIO YacTb M YMHOXKas ero Ha
(nonoxuTeIbHOR) HHCIO (P — g) (p — kq)2, nonyuum

(p—kqP —(p—q)(p— K2q) =0,
9TO 10 PacKPBLITHH CKOGOK W 'YNPOLIEHHH JaeT
(L~ k) pg=0,

a 370 NOoCNelnee HEPABEHCTBO, OUEBHIHO, CIPaBeJHBO. JTHM M 3aBep-
nraeTcst JOKasaTedbeTBo. :

0) Peulenne 3Tofi 3ajadM  ana/JOrHYHO BTOPOMY peLIEHHIO 3ala-
uy a).. Paccmorpum cuavana, AAS NPOCTOTH, cjyuall NSTHYrOAbHHKA,
i nyctb M = ABCDE n M" = A’B’C’D’E’ — 1Ba NSATHYrOMbHHKA C Ile-
pumeTpami P n P’ n niomanamu S u S’, nMelomlie paBHblE Yriibi, TIPH-
uem M onncan BOKPYT OKDYXHOCTH § pamnuyca r, a M’ ne nmogoben M
(puc. 135, 6, 8). Has Toro urofbl 10Ka3aTh HEPABEHCTBO

’ S S’ : .
TR (++)

OTKY 2
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or6pocuM coorsetcrayiowne cropousl DE u D’E’ matuyronbunkos: M
n M’ (rakwe, uro LD+ L E= £ D"+ £ E* > 180°) u npopomxum
npumblkatomue K DE u x D’E’ croponnt f0 Mx mepeceuenusi. [Ipu stom
Mbl [OJYYHM JBa ueroipexyroabhunka ABCT wu A’B’C’T’ ¢ coorser-
CTBEHHO pAaBHBIMH YyrjaMH, nphyeM uertwipexyroibhuk ABCT onucan
BOKPYr OKpyxuoctd s. Jlas ynpomennsi BEIKAAAOK GyaeM CUHTATb, 4TO
pasMepbl HCXOJHBIX MATHYTOJBHHKOB BbIGPaHBl Tak, 4TO paccMaTpupae-
Mble UeTHIPEXYrOJIbHAKH HMEIOT OJHHAKOBBIE NEPHUMETDPH, paBHble Py
(BBIMOMHEHUST 3TOTO YCJAOBHSI BCerja MOMKHO HOOHTBCH, NPeobpasopas,

’ - _— .
ecaH Halo, nstuyroasHux M’ nopobuo). SlcHo, uro SABCT— 5 rPl,

' 1
obosnayum eme Sy proips = 5 arP,, T1e 0 — HEeKOTOPOE MOIOKHTEMD-

Sypor

HOC YHCMO (paBHOC S ); B CHJQY pesyabTata 3ajadf a)

ABCT
a1, npuuem o =1, anmb ecan A’B’C’T’ Toxe onmucan BOKDYL

OKPYXHOCTH, T. e ecan oH pases ABCT. [anee oGo3uaunm

DT 4+TE—DE=p u. D'T"+TE—D'E" = kp;, 3pecs k— K03d-

¢uunedr nogobus A DE'T" w A DTE. Tax xak (cp. ¢ pemenseM
1

1
3ajaun a)) SDTE=§ rp, 10 Spiprp = 5 k?rp.
Jlanee nmeeM )
S=Sy=Ssscr — Sper’
P=AB+BC-+CD+DE+EA=
=(AB 4 BC + CT - TA) — (DI +TE — DE)

S = SJW’ = SAIBICITI _— SD/E/T/;
Pr=A'B +BC +CD +DE+EA =
=(A'B 4B C'+CT +T A ) (D'T" + T'E' — D'EY).

ITo3TOMYy HEpaBEHCTBO (#*) HPHHHMAET BHX

—;-rPl—%rp —;—arPl ——%k?rp
>
(Py—py (Py—kp)* !
HaH A
1 aP; — k*p
Pi—p 7 (Pr—kp)y’

(P1— kp) > (P, — p) (aPy — £p).

Ho -mocnesnee nepareHcTso HeHCTBUTE/ILHO CNPABE/AJIHBO:

(Py— kp)? — (Py~— p) (aP, — k?p) =
= (P, —kpy —(Py—p)(Pi—Fkp)+ (1 —a)(P,—p) P, =
=Pp(l—=k)?+(1l—=a)(P,—=p)P1>0
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‘(cp. pewrenue 3ajgaun a)), Tak Kak | —a =0, a Py > p no caMomy
onpeliesIeHHIO 3THX BeJHUHH. B mocaenHeM mepaBeHcTBe CTOHT 3HaK >,
a He =, TaK Kak, ecid | —o-=0, a =1, TO ueTHIPeXyroJbHHKH
A’B’C'T" w ABCT paBHBl; TO3TOMY, IAf TOTO UYTOOH MATHYroabHuK M’
6n1 oramued ot M, wano, utob6m A D'E'T’ 6ma orauuen ot A DTE,
T. e, 4To6H Gbi10 k& 7= I; Takum obpasoM, ecan (1 — ) (Py— p)P1=0,
To Pyp(l — k)2 nasepuoe =>0. ]

Penlenne 3ajaud A5l ¢ay4ast OPOH3BOJBLHOTO £ [POBOJAHTCH M e-
ToloM MaTeMaTHUYeCKOH HuAYKULHH Ono HHYeM He OTJH-
waercs OT NPHBEJENHOr0, H BCe BLIKJIAAKH HMEIOT B TOYHOCTH TakKoH
JKe BIJA; TOJbKO BMECTO TMSITHYTOJbHYKA HAZO BCHOJAY TOBODHTb 00
1-YTOJBHUKE, & BMECTO UETHIPEXYTO/bHHKa — 06 (# — 1)-yroJbHHKe, AJd
KOTOPOTO, COTJIACHO NMPEANOJIOKEHHIO HHAYKIHH, TeopeMa cuHTaeTcs yxe
JloKa3anHoll (3TO MO3BOJASET YTBEPKAATh, 4TO o << 1).

71. a) Ecam Bnumcannslfi B OKpyRHOCTh S n-yroabuuk M ue ss-
AA€TCA NPasuAbsbiM, TO Yy HEro HaBepHsiKa ecThb CTOPOHA, MeHbuiafd
CTOpOHLI @ BrHcandoro B S npasuabuoro n-yroaonuka Mo, [anee,
MOJKHO TaKiKe CuuTaTh, yTo M mMeeT H CTOpPOHY, 6OAbUIYIO a: Helt-
CTBHTCJBHO, TOCAELHee He HMeeT MecTa TOJLKO B ToMm caydae, ecan M

|
LleIHKOM BIHCAH B Ayry S, MmeHplyio ;i wactu S; no Torga M za-

KJI0UaeTCs BHYTPHM CErMeHTa, OTCCKaeMOro OT OTPAHHYEHHOTo S Kpyra
croponocit My, a B 3TOM cayyae no-
CTATOUHO  OTPa3UTh  CHMMETPHUHO 51
9TGT CeTMCHT OT COOTBETCTBYIOULEH - ~.
cropoubl Mg, uTOOBl yGeantbes B . |
CNPaBeNJAHBOCTH HepaBehcTBa Sar << / i
< Su, Haaee, we meuss naomann ’ X \
BUHCAHHOrO B S MHOMOYrOJbHHKA / !
M, MOXKHO NOMEHATB €ro  CTOPONB! Dy, !
MecTaMH Takx, uToObl camast 00Jb- °
wast ¥ camas magas croponst M
OKa3aJHCch PALOM: B CaMOM JeJe,
nepeMeHa MecTamMH JBYX COCE Ji-
uux cropon AB u BC pnucannoro
B S wmHoroyrogbhuka M ne MeHseT
naomarn A ABC, orpaunueHHOro
STHMH CTOPOHAMH W AHAFOHAJbIO
n-yroJbHHKa, a 3Ha4uT, e MeHseT
nromtann M; npumensis ke 9T0 mpe-
o0pa3oBaHHe HECKOJBKO pas, Mbl
BCEra MOXKEM CIeNaTh COCeIHHMH.
IBe moGble cToponnl M.
PaccMoTpuM  Temepb TPeyroge- .
HHK, OTPanH4YeHHbl  HanGoJbluell
cToponoli AB, maumenblueii cropo- Puc. 136.
noit BC n auaronaasi AC (moxer
GbITb, NPeABapHTENbHO NpeolpPas3cBaHHEr0) MHOTOyroabHHKa M u 3ame-
HUM ero Ha A ABC, rie cTopona ABy = a. Mul yTBepmKIaeM, uTO
Sapc™>Sapc; B camom nese, us puc. 136 cpasy Bmano, uTo TouKa B,
pacnosiokena Gammke K cepenune So ayru ABC, uem Touka B, u 3ma-
unr, A ABiC nameer 604 b 1Yo Bricoty, uem A ABC. Tarum o6pazom,
OT MHOrOYroJbHHKa ‘M MB HepexofiM K MHOFOYToabHUKY -Mi, opna
CTOpoHa KOTOpOro OyZer yxe paBHA @; NPH 3TOM SM,>SM'

: %51



HNanee, ecnu My otnmuen ot M,, To MBl npeoGpa3yeM €ro ONHCaRms
HBIM cnoco0OM B HOBHII MHOTOYroabHHK Mz, HMeomuil Gosblrie pas-
HHIX a cTOpoH, uem M; u Takofi, uro SM2>SM‘. Ilpouzsona sTu mpe-
06pa3oBaHHsl HECKOJbKO Pa3, MBl NPHIEM K MHOTOYroJAbHHKY Mg, npu-
yeM B npolecce npeofpa3oBaHHsl MHOTOYTOJbHHKOB HX HJOWARH Oy«
LYT JHINb BO3PACTATb; MO3TOMY Sy >S8y.

6) Pemenve 3ajaud npaKTHYecKH He OTJAHYALTCH OT peleHHs 3a-
IauM a); eAHHCTBEHHOE pas/iHuHMe COCTOHT B JOKA3aTeNbeTBe TOro, YTO
npu 3amene A ABC ua A AB(C (cm. puc. 136) nepumerp MHOTOYroJb-
HHKa yBeawuupaercs, OTnoMuM Ha npopo/kedusx AB n AB; orpeskd
BD = BC u B:D; = B;C (COOTBETCTBYIOIHE NOCTPOEHHS BOCHPOU3BE-
ngennl Ha pHc. 136 nynktupom). Tak kak £ ABC u £ ABiC — Buemw-
HHE YrJel papnoGenpennsix Tpeyroabiukos DBC n DyBiC, o

£ ADC = / ADIC=% 2 ABC (:-é AABIC);

nostomy Teukd D m Dy npunamiexar moctpoenHo#t Ha oTpeske AC xak
Ha- XOpHe AYyre OKPYKHOCTH, BMEINAOUlef 74 ABC, u upu usobpa-

KeHHOM Ha puc. 136 pacnosnoxennn cropon A ABC u A ABC xopaa
AD, Gymer Gamxke K ueHTpy So 37108t myru, uem xopma AD, otkyma u
clenyer, 4to

AB{+ B,C=AD,>AD=AB - BC.

72. a) Oano wu3 caMplX H3AWHBIX N PAMB X J0Ka3aTeJncTs 1)
HYXXHOTO HaM pesyaetata TakoBo. Ilyers M u M, — HenpaBuJbHBIA U
NPaBUABHBIH A-YTOABHUKH, ONHCAHHBIE BOKPYF OJHOH H TOH Ke OKpYXK-
HOCTH §; 0GO3HayuM emie 4epes K onu-
caunblit BOKpYyr Mo Kpyr M uepes oy,
02, ..., On — CerMeuTsl Kpyra K, or-
cekaembie OT K CTOPOHAMH A-yrOJAbHH-
kKa M, (puc. 137). B rakom cayuae,
OYeBHHO,

Sy, = Sk = (So, + 8o, + -+ + ).

C npyroi#l CTOPOHBL (H 3TO caMoe BaX-
HO& MECTO BCero paccyxnenus!t), cTo-
pount M otcekaioT or K TOuHO TaKHue

4 7

7/
A € CerMeHTHl o), Gy vney O
KOTOpble, OAUAKO, MOTYT H HepeKpl-
Puc. 137, BaTbesl, O003HAYNM MEPECeUEHHS CerMen-
I4 4 7

T0B Of H c;, Gy U 0y O3 H Oy ...
(HEKOTOpBIE H3 3THX MepeceyeHufi MOIYT M OTCYTCTBOBaTb, T. €. HMETh
-naomanp 0) uepes 0:2, 0’;3, 034, .... B rakom cayuae ofmas mnno-
wane wacrty kpyea K, pacnoaoscennol swe mHozoyzoassnuxa M, Gymer

1) O npamelx W KOCBEHHBIX NOKA3aTENbCTBAX TEOPEM O MaKCHMY-
Max M MHHHMYMAaX TeOMETPHUECKHX BEJUYHH CM., HATIPHMEpP, NpeHc/o-
BHe K Kuure [4]; KocBeHHBl e JOKasaTeJbcTBa TeopeM 3ajad 71 u
72 uMewTCs, HanpuMep, B crathe {1]. . .

252



paBHa :
(S +S 4+ .0+ S ,)—-(S s S+ . +S .
9 % %n %12 923 Tni
’ ’ .

s+ oo S, "acTn Oy, Oy, ... kPyTa K
2 %n

YUHTHIBAIOTCS ABAXKAB), M SHAWHT, jaomlaAb 4acTH F  MHOrOyroJib-
HHKa M, pacnonoxkeuno#t BHYTpH K (3Ta ¢urypa F samrpuxosaua ua
puc. 137), 6yner pasHa

(néo B cymme S, 4+ S
o o

SF=SK—-(SO,+SO,+4...+SU,)'+(S, +S8, +...+8, )>

I p) n %12 Oy %1

>Sg = (Sq, + Sg, F oo +Sg ) =Sy "

Takum o6pasoM, yxke 3Ta d9acte M (a Tem GoZee BeCb MHOTOYrOMb-
puk M!) OyneT uMmeTh MJOWAAb, NPEBOCXOAAILYIO IJIOLIAAB SMa upa-
BHJBHOTO A-yronbuuka Mo,

Jlerko Buneth, 4T0 paBeHCTBO Sp=Sy (1 Spy==5,) sbnon-
HSIeTCSl JIMIIb TOTJa, KOTJa BCe BEPUIMHLI MHOrOyrojbHuka M npunan-
JexaT OKpyxHocTH kpyra K, T. e. Toabko B cayuae M = M,.

6) Taxk xax nepumeTp P ¥ muomanb S MUOTOYFOJbHHKA, ORHCaH-
HOro BOKDPYr Kpyra K paauyca r, CBsI3aHBl OYEBHIHBIM pPaBeHCTBOM

=—2—Pr, TO pesyabTaT 3aiaud 6) HENOCPEACTBEHHO RLITEKAEGT U3

pe3yabTaTa 3ajauH a).
73. Uz dopmya (cMm. cTp. 65)

180° 180°

2nR sin =P u P>=2rlg pant

rae P — nepuMerp n-yroJbHHKa M, HeIOCPeICTBEHHO CJeLVeT, YTO

. 180° 180°
2uR sin— = onritg pat’
e R 180 180° o
°No (o 0 )_ 180/
T}(tg - ).(sm o) = see—

(roe, OYEBHAHO, PABEHCTBO HMeeT MECTO JHHIb B CJAY4ae NP aBH.JIb-
HOT O n-yroabuuka M).

74. a) DTa mHecnoKHas 3alava HMEeT MHOTO pelleHyfi: BOT OAHO
n3 sux!), o dopmyne Tepouma nromane S TpeyrosbHHKA CO
cTOpoHaMy a, b U ¢ H nosynepuMeTpoM p paBHa

S=Vpp—a)(p—b)(p—c),
S2=p(p—a)(p—1b)(p—c)

OTKYIa

Ho TaK Kaxk
(p—a)+(p—b)+(p—c)=3p—(a-+ b+ ec)=3p—2p=p,

1) Jlpyrue pemienus HMeIOTCs, HanpuMep, B Khurax [27] u [29]
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TO RO TeopeMe O cpenneM apndMETHUECKOM W CpelHeM TeoMeTpHuue-
ckoM (cp. ¢ peurenneM 3ajgaud 39 uu 43)

- — - 3
(p-—a)(p—-b)(p——c)<[(p a)+(P3b)+(P C)]3=_2E7_’

-

U c/eJ0BATENLHO,

3 4 2

S<cp ol sV
27 27 9

rjie PaBeHCTBO MMeeT MECTO JNIb B Cayyae p—a=p—b=p—c¢,

T. €. B cayuae @ = b == ¢, —Korjia A\ ABC siBasiercst pa3nOCTOPOHHUM.

6) DTy samauy MOMKHO PELINTh AHAJOTHYHO pPeIIEHHIO 3ajaun a) i),
BocnoabsyeMcs mpexiie BCero pesyanTaToM 3ajaun 69, B cuny KoTo-
poro KamAaulfi wersipexyroabHuk A(B;CiD; umeer ue Goabmiyio mnjo-
waab, ueM ugeteipexyroaenux ABCD ¢ TemMd e AJAMHAMH CTOPOH
AB = AiBi =aq, BC = 31C1 = b, CD = C1D1 = ¢ 1 DA = Duqi ==
= d, KOTODHI MONHO 8MUCAT6 6 OKPYNCHOCTb. T[103TOMY MBI MOXeEM
¢ €aMoro Haua/ja OTPAHMYMTHCH JHWIEB BHHCYEMBIM B OKPYMKHOCTb ye-
Teipexyrosbuukom ABCD., Hajinem Temepb (opmyay aas maomaid S
Takoro yetsipexyronsuuxa ABCH.

OGpaTimMcs K OCHOBIIOMY RJf fepBOro pelienns zagaun 69 puc. 130
(ctp. 241), rge Tenepp Oyaem cuutath, uto ADC’ u BCD’' —st10 He
noMaHble, a OTpe3ku (rak Oymer obcrosith meqo, ecan ABCD mowmno
61UCAT6 8 OKPYICHOCT6 — CM. meppoe pettienne 3alaun 69), Beime mu
BUIAEMN, UTO €CJH SABCD = 8§, 10

SABD/C/ =(1 —r?‘

TakuM 06pa3oM, HaM JOCTaTOYHO HafiTH miomanb Tpameunu ABD'C’,
Tpaneuns ABD’C’ cocroutr uz tpeyroasuuka APC’ u napaanedo-
rpamMa PBD’C’ ¢ ofuiefi BEICOTOl; MO3TOMY

Spaprcr i Sapg = 2BP 1 PA=2D'C' (AB— D'C") =
_<Qc.£_> ‘ (a—ci)=-—2—02—
- al’ a a? — ¢?

H0BATe/bHO, ecaH 0003HAUHTL S4ppr = X, TO

a4+ ¢ ~ 2¢? a4 ¢t
aZ S=SABD’C'=Z+az_Cz 2= 2 — ¢?

a2
S=F==*

Takum oGpasoM, samaua GyaeT pemieHa, ecsd Mbl BHIPa3HM Hepes a
b, ¢ 1 d nmomanp ¥ tpeyroseuuka APC’,

1) Cu. cHocky Ha cTp. 253.

2) Ecam @ =¢, 10 poab cropon AB =a un CD = ¢ uertmipex-
yroashika ABCD wmn otBopuM croponam BC =b u DA = d, rue,
ckameM, b > d; cayuail ke a = ¢ u b = d, 1. e. caydai NPAMOY20A6-
Huka ABCD, amasetca coBceM TPOCTHIM, ‘
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Ho cropount A APC’ paBunt

2 _
AP = AB — DC’-a—~%—=————a_i(~a)
PC’=BD,=BC+A,D,=b+d—C—= (lb+€d (—B),
Ac? —AD—I—B’C'—d-{—b-———M(_y)

noaToMy B cHay Qopmyan epona
I=Va@—a)n—B)(n—7),

e

— 5 (@+ B+ ¥) = 5 [(a? = ¢%) - (ab + be -+ od + da)] —

=@t @—a+ato)b+dl=2Ears—cta),
) .
n-—-a=’—21—(ﬁ+y—-a)=—2%[(ab+bc+cd+da)—(a2—'c2)]=
a-te

(—a+b+c+ad),

o W@+ e) (b + &) = (a+ ¢) (a — o)) = 25
n—ﬁ=%(a+v—ﬂ)=—2%[(a2—02)+(bc+ad-—ab—cd)]:

C(a—b+ et d),

=g (a+c)(a—c) +(d — b) (a— )] =*

5 y= (@B~ y) =g [(a? — )+ (b + cd — be — ad)] =

=5 l@to)@—o)+(b—d)(a—al="E(a+b+c—a)

Takum 06pa3oM, OKOHYATEJHHO HOJyYaeM

(a—[—c)(a-—c)><

4a?
XV(—a+btetd a—b+tctdiatb—rctdiatbte—d=
Y =a (===,

o=

a?

rae p= %— (a+b+ctd)= % P — noaynepumerp ABCD. A 1o

a® . -
CKOJBKY S = aQ——CZ—Z, TO. MBI NPUXOIUM K caenyiomtefl (ofobwatonei

(popmy.rxy Tepona l)) gopuyre 0as naowadu wernipexyzorsnura ABCD,

‘) dra dopmyna obpamaeTrca B ¢opmyay [lepona, Korna CKaxeM,
Bepmunm D u A uermpexyronbuuka ABCD campalores, H nosTOMY
d=0.
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KOTOpPbLIE MOMCHO 8nUcars 8 Kpya:
S=V(p—a)(p—0){p—2c)(r—d). (¢)

JlanbHefiline paccyXAenHa OueHb MOXOXKH i1a pelleHHe 3aj]aud a).
Ham sago safiTn TOT u3 uernipexyrosnuxos ABCD ¢ daunnoim nepu-
MmeTpom 2p, KOTODHIE HMeeT HaHO6GOJbINYK IJOMAAb, NPH 3TOM
MOXKHO 3apaHee C4dTaTh, uTo BOKpyr ABCD MOXKHO ONHCATH OKPYXK-
OCTE H UYTO TMO3TOMY npHmennMa dopmynaa (x). Ho Tak xak
(p—a)+ =0+ (p—c)+(p—d)=

=dp—(atbtctd)=4p—2p=2p,
TO, B CHJY TeopeMbl O cpexHeM apH@METHYECKOM H CPeJHEM reomMe-

TpHIecKoM !):
( r+y+z41£3\
TradERLy, (++)

xyzt <
HMeeM
S=(p—a)ip—Hp—c)p—d)<
((n—a)+(p—b)+(p—-c)+(ﬂ—d))

256 !
H 3HAYHT,
PZ

S<~1€,

rie paBencTso JOCTHraercs TOAbKG B TOM cJaydae, Korga y (Bmucye-
MOrO B OKPYKUHOCTH!) ueTwIpexyrosibiivka ABCD Bce CTOPOHB! paBHbL:

p—a=p—b=p—c¢c=p—d, T.e a=b=c=d,

apyrumu cjaosamu, gorna ABCD — kgadpar.

IMpumeuwanne. Jas nokasateabcTBa OCHOBHOH (GOPMYJIH  (*)
MBI HCIIONB30B2JH ONucaHHoe B pelleHuu 3angauyd 69 mnocrpoenue. Ox-
Hako 3Ty GoOpMyay MOKHO BLIBECTH H (€3 NpPUBJEYCHHs UYepTexa H
KaKHX OBl TO HH ObLIO reOMETPHUECKHX KOHCTPYKIHMiA. B camom 1ene,

2 — 2 2
") Tak kak (—x—;_ﬁ) —-xy=(x y) >0, 10 (xé—y) > xy,
ne Xt
xt+y 24t
2 T 4R

>V zf ; manee, 66oznauas

>V xy , u anasornuno

=9, noJydaem

- 4
=]/"—*2‘—y V A S VYV VYV =V,

YTO pPAaBHOCHJABHO (#); DPaBeHCTBO  3/1€Ch AocmraeTca TOJIbKO HOpH
x=Yy=2=I,
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LS BBUIYRJOrO YeTHIDEXYrOJbHHKA cO croponamu AB =a, BC = b,
CD=¢, DA=d, yrnamu A, B, C, D u nnowazasio S, OueBHIHO,
HyeeM 1)

1 . ! .
S=SABD+SDBC=§ad smA+-§-bcsmC,

48? = a?d?sin? A 4 b%¢? sin® C 4 2 abed sin A sin C.
Ho Tak Kak B CHIY TeopeMmbl KOCHHYCOB

BD?=q? |- d? — 2ad cos A

"
BD? = p? 4- ¢2 — 2bc cos C,
TO
a4+ d? — 2ad cos A= b? + ¢2 — 2b¢ cos C,
T, €.
a2 = b? — 2 - 4% = 2ad cos A — 2bc cos C.
TTostomy

1
_Z_(a2_b2_cz+d2)2=

== q2d? cos? 4 -} b2¢? cos? C — 2abced cos A cos C =

== q2d? (1 — sin? A) - b2 (1 — sin? C) — 2abed cos A cos C =

== g2d? 4- b%¢c? — [a?d? sin? A - b2c? sin? C -+ 2abed cos A cos C) =
= a?d? - b2c? — [4S2 4 2abed (cos A cos C — sin A sin C)],

OTKyZa CJeAYyeT, YTO

.482 == q%d? - p2c? — -:i—(a"’ — b% — ¢2 -} d?)2 — 2abed cos (A - C). (xx#)

Eciu xe uersipexyrombiuk ABCD moxcer 6oite 8nucan 8 OKpyic-
nocts, 10 A4 C = 180°, 1. e. cos (A 4 C)= —I1; nostomy 3aeck

168? = 4 (a?d? + b%c?) —~ (@ — b? — ¢? 4 d?)* 4 8abed =
=4 (ad 4 bc)? — (a®? — b2 — c? 4 d?)? =
=(a"’-—b2—vc2 + d? + 2ad 4 2b¢) (— a® 4 b2 + ¢?—d? 4 2ad + 2b¢)=
=[(a+d)? — (b —c)P][(b+c)* —(a—d)]=
=(—a+4btc+d)(a—b4ect+d)(atb—cHd)(at+ b+ c—d)

YTO, pa3yMeercsi, PaBHOCHJbHO PABEHCTRY (%).

75. OfHO Hu3 CaMBIX KPAacHBBIX AOKA3aTe/]bCTB H30MEPUMETPHUECKO(
TeopeMH A7 (BEINYKJBIX) MHOTOYrOJILHHKOB CBfI3aHO € paccMoOTpenHeM

) Hertpyzuso Buzerts, uTo BCe IpHBOAAWME K (GopMyne (xxx) pac-
‘cyxJeHuss (M cama 5Ta GopMyaa) COXpausloT CHIy H JI9 HE B bl-
NyKJOTO MHOIOYrOJbHHKA, — 4TO, BIpOYeM, AJfA HaIU¥X Uejel Hecy-
LeCTBEHHO.

9 . O. Ikaspcku® u Ip. 257



TAK HA3HIBAEMBIX «BHYTPEHHHX NapajuleJbHbIX 060J0YCK» MHOTOYTOJBHIKA
M. CpsureM Bce CTOpOHBI f-yroabhuka M = My BHyTpb Ha opHO
H To xe (Manoe!) paccTosHue O, noayuennbie npsmbie o6pasyior
«BHYTPEHHIOIO TNapajfejbHyio o0oaouky» Mg mMuoroyroasuuka M -
punbl 8 (puc. 138,a). Ilpu stom orosopka o «Manoctu» 6 osHauaer
JKlTb, YTO MH OyAeM HeNnpepH BHO CABUTATL croponnt M BHYTPS,
Habmoas, Xak MeHfaeTcs nph 3ToM Mmuoroyroaouunk Mg (puc. 138,6,8).

M=Mp

a)

Puc, 138.

flcno, uro npn yBeanueunn O BepuwiHHBL Muoroyroabunka Mg 6ymyrt ne-
peMelaTncs N0 OGHCCEKTpHCaM YIJIOB MHoroyroJbnHka M (6o kamnas
gepliuna Mg paBHOyZaseHa oOT HBYX cocelmHX cropon M —cm,
puc. 138,a); ©mpH STOM ONpPEJEJEHHbIM «KPHTHUECKHM» 3HadenusMm &
6yzeT oTBeuyaTb CJAHSHHME JIBYX BepIIHH «BHYTpeHHell oGogouku» Mg
MmioroyrolbHuka M, T. e. ymenbmiende wuuciaa cropon Mg (na
puc. 1386, 8; myoroyroabhukn Mg, OTBeyaiolue MNONLOOHBIM «KpHTHUE-
cknM» 3HavyeHnsM O, H300paeHbl KHPHBIMH Juuusmu). [lpn sToMm
«Kpaiiee» 3Hauenne O, N0 KOTOPOro Mbl MOMeEM JOHTH, PaBHO, OYEBHI-
HO, paauycy r Bnucansoro kpyra wmmnoroyroabuuka M (cp. puc. 24,a
Ba crp. 61); nostomy «o6oJsouky» M, MOXKHO Ha3BaTb «fAPOM®» MHOrO-
yroasuuka M. Hetpyano BuueTs, uro «sppo» M, Muoroyronssuka M
npeacrapasetT cobofi Touky O, ecam M nMeer €IHHCTBEHHBA
Bnucaunsl Xpyr £ (rouka O sBjserca LEeHTPOM Kpyra k; B 3TOM CJay-
Yyae MOCJeJHUN «HCTHHHBIH MHOTOYFOJMbHHK» Mg sIBASIETCA TPEYTOJbHU-
KOM HJM JPYrYM MHOTOYIOJbLHHKOM, B KOTOPHI MOJKHO BIHCAThb KPYT,
n O ecTb LEHTP BIHCAHHOM OKPYKHOCTH 3TOTO TPEYTOJNbHHKA, CM.
puc. 138,6) u M, sasaserca otpesxom 0;0;, ecau M HMeeT MHOTO
Buncaunelx KPyroB (H LEHTPHl 3THX KPYroB 3anojusioT oTpe3ok O0s;
B 3TOM cJayyae «o00oJouku» Mg 00g3aT€NbHO «NEPEeNnpLITHYT» THN Tpe-
yrogphuka; cp. puc. 138, 8 ¢ puc. 26 ma ctp. 61).

OGo3HaynM Tenepb uepe3 /M MHOTOYTOJbHHK, CTOPOHBH KOTOPOro
napaajeablibl CTOpPOHAM [LAaHHONO MHOreyroibHuka M wu  xacawoTed
OKDYKHOCTH pajuyca l; njaomazb S, MHOroyroJbHHKa m MH 00603Ha-
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yum. yepes S. JlokaxeM, 4To 048 Kaucdozo (8binYKA020) MHO20Y20Ah-
nuxa M.
Pr—8 —sr? >0, (#)

rie PAaBeNCTBO HMEET MeCTO JHilb I/l MHOTOYrOJBHHKOB, BCE CTOPOHLI
KOTODHIX KacaloTcsl OIHOM OKPYKHOCTH, T. €. I MHOTOYrOJbHHKOB,
ONUCAHHBLY BOKpYe OKPYILHOCTU (B UDIKOJABHOM MOHHMAHUU 3TOTO Tep-
MHHA); BbIBOJL 3TOr0 HePaBeHCTBA IPEJCTABJSIET COOOH LEHTPaJbHBIH
OYHKT pewennst 3ajaun. Juass Toro uTo6bl YCTAHOBHTH CNPaBeIJH-
BOCTb (%), pacCMOTPHM, KaK MeHAeTcs e8eautuna Pr—S-—sr? npu
nepexooe OT mHozoyeoavHuka M Kk e2o «sHyrpennel napasieavroll 060-
aouker Mg, T. e, u3ydum 3nadeHHs

[(8) = Pyrs — S5 — srs

HHTEpecylomlefi 11aC BEJAHYHHBI, BLIYHC/JCHIbIe IJAA BCEX MHOTOYrOAbhH-
kos Mg, e 0 << 8 < r.

Mpeanonoxum npexpe seero, ure M{=Mgs 1 My=Ms — nana
MHOTOYTOJIbHHKA OJHOIO «CJO0fi», T. 8. TaKHe, YTO HM OTBE4aeT O AU H
H TOT JKe MHOTOYFOJbHUK Mg == Mg ==m (ua puc. 138,6, 8 «ciou»

MIOTOYTOMBHUKOB Mg OTAeNEHB JAPYr OT Jpyra MHOTOYTOJbHHKaMH,
H300paXKenHsIMH KUPHHIMK auuusamu), O6osuauum oTsevaomue Oy u O2
suavenHs ¢yukunn f(8) uepes

F@)=F=Pr —S —sri u f(52)=fz=P2f2—32—52'"§,

rAe B CHAY Haliero mupeanogoxennst sy = sz(=0) ). [loxkaxem, u1o
ecan 8§ — 06, =0 >0, 10

S, =8 +P,8+08> n P =P,+05-20.

B camom pgene, MHoroyrosabHuk M; noayuaercs k3 M, «iancrtpoil-
KO#» Ha cTopoHax M, psina npsIMOYTOJIBHHKOB WiHpuHHL O (ofuiast ma0-
magb BCeX ITHX MNPAMOYTOJbHHUKOB
paBHa P38, a cymMmMa Bcex HX <«BHell-
HHX» CTOpOH pasna P;) u, Kpome
TOrO, elile MPHMBIKAIOWHX K BepUIniam
Mz <«KycOYKOB» MUOrOyroJslinka m’,
noaodbuoro #my ¢ KO3PQPHUIHUEHTOM IO-
nobuss & (puc. 139). Bce BMecre 31H
«KYCOYKH»  COCTABJSAIT  MHOTOYTOJb-
HHK m’, TaKk 4To HX o0llasa Iomans
paBHa IJIOWAAH S’ MHOrOYrOJbHHKA
m', 1. e. 0-6% a cymMMa ux «BHell-
HHX» CTOPOH paBHa Hepumetpy p’
MHOTOYroJibHEKa m’, T. e. 208: Benb Tak Kak MHOTOYTOJBHMK ) OMH-
caH BOKPYN OKPYKHOCTH pamuyca O, TO ero miomanb s’ u nepumerp p’

cB3aHBl cooTHowenHeM §" == — p’0. A Tak Kak, Kpome TOr0, OYEBHAIO,
2

1) Pa3symeercq, BeJHuHHA © MOMeET H He DaBuHATbeA § (MOXKET
6uits 6oanbme §), u6o My u M Moryr npHHaAJeXaTb KaKOMY-TO
BHYTpEHIIEMY» CJIOI0 MHOIOYroJbHHKOB Mp.
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q9Trd
r1=r2+6

(nouemy?), ToO OKOHYATEILHO TONYYaeM
fo—F = (Pyry — Sy — syr3) = (Pyry — Sy — syr7) =
= (Pyry — Sy — 0r3) — (Py + 208) (r, + 8) +
+(S;+ Pd + 08%) +o(r; +8)° =

Pacemotpum Temepb, xak Mensercs Beanunuaf {d) = Pgrg — Sg—

9
~— sg7s TPH Tepexole uepes <«KPHTHYecKoe» 3nadenue O, oTpevaloulee

«nepecTpolike» MHoroyrosieinka Ms (a HMeniuo — yMeHbIIEHHIO 9HCIA
ero ctopon). SlcHo, uTO npH 3TOM BesqHUHHBl Pg, rg H Sy He nperepie-
B2IOT 3aMeTubix HaMenenuil (u6o c¢ pocroM § oun MeHsIOTCA Hempe-
PLIB HO); BEJIHUHHA YK€ Sp MEHSETCS «CKAUKOM» (BHE3aMio BO3pacTas
BCJIEICTBHE «TIePeCTPORKHS
y MHOTOYTOJBHHKA  Ml; M,
Te Ke pue. 138, 6, 8). INo3To-
my eeauuuna f(8), coxpanasn
— c60e 3nauenue 8 npederax
Kancdo2o «caos», npu nepe-
x00e OT CA08 K CAOI0 CKAde
| Koo6pasno ybeoisaer: rpabux
— dynkunu f(6) umeeT xapax-
t ' . Tep  «CTYMeHUaTofi»  JHHHH
CO cTynenbKaM#l TOCTOSBHOM
 BHICOTH, oOmycKaioutefics npH
Puc. 140. NBHKEHHH BHIOAb «OcH O»
or 8=0 no 8=r (oM.
ycaosHblii puc. 140). A rtag xak 3nauenuio 8 =r, 1, e «anpy» M,
Muoroyroabunxka M, oTeeuaeT Qynxuns

f(ry=P,r,—8, ~sr}=0

oy
-
@

(n6o 3pech, oueBuano, rr =0 m S, =0, xora, Bo3aMoxHO, Pr=£0),
10 3nayenwio 8§ = 0 (T. e. mcxoxmomy Muoroyroawuuky M!) oTpeuaer
HeoTpHLATeabHas Beanunna f(4), 1. e,

f(0)=Pr—8—s5r22>0,

YTO HaM H Tpe6OoBaJOCh A0Ka3aTh.

SIcHo, 4TO paBeHCTBO B (*) HMeeT MeCTO JHIUL Torja, Koria cy-
IIeCTBYET € IHHCTBEHHB i «CI0ii» MHOrOoyroJbuukos Ms, T. e. Ko-
raxa Bce croponsl M paBHOymajeHbl OT Toukn O, aBjsiolmiefics «aapoM»
M —xoraa M onucan 80Kpye OKPYNHOCTU.

YMHOXKHM Temepb BCe uJeHbl HepaBencTsa (%) Ha (HONOMKHTEJb-

HOE) ulcao 4s:
4Psr — 48s — 48%r2 > 0,

nocse yero npeoGpasyeM HOJyueHHOE HEPABEHCTBO Tak!
— 458 2= — 4Psr + 4s2r2,

P2 — 458 = P2 — 4Psr + 45?12,

HJIH
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T. €
Pt —4sS = (P——er), (**)

PaBEHCTBO 3JIeCh BBINOJHACTCH TOJBKO Ml ORUCAHHbIX BOKpYe OKPYI-
#ocTu MuoroyrosabHuKoB, OTC0fa, B YaCTHOCTH, CJAefyeT, UTO RIS Kax-
JOT0 n-yroabHuka M

P — 458 >0, (xxs)

o

HJIH, TOCKOJIbKY HaH6OJIbHJyIO njaouranb f tg Cpead BCEX ONMHCAR-

HbIX OKOJIO eIMHUYHOrO KPyra #H-YrOJbHHKOB M HMeeT MPaBHJbLHBLY
1-yroabHuK (cM, 3afady 72 a)),
p? 180°

‘3?245 =4nig Pt (#xxx)

rlie PABEeHCTBO MMeeT MCCTO TOJIbKO B TOM CJydae, KOr4a f-yrodabuuk Al
ONHCAH BOKPYr OKPYMIOCTH H KOPJa OTBEYAWINHH eMy A-YrobiiHK M
NPaBHALHBIH, T, €. Koraa M — npasuasuoil n-yroJbHUK.

ITpumeuanue U3 HepaBeHCTBa (*+%%), B HACTHOCTH, CJELYET,
YTO Cpeld BCEX N-YIOMBIHKOB C N aHHBIMU HAHOPABJACHHAMHU
2

CTOPOHN HauMEHbIUee OTHOLICHHE (paBHoe 4s, T, e, Kak Jerko

P
S
BUIeTh, =4 (tg 4+ tg oo Ftg %—"), roe Ay, A, ..

, Ap — yrant n-yronbunxa) HUMEeT N-Y20AbHUK, ONUCAHAbLL B0KPpY2
OKPYHHOCTU,

p? A A A ‘
Sl G+ P4 o +te ) 0

STO HePaBeucTBO SIBJAAETCA YCHJACHHEM <«H30MepHMETPHUECKOro HepaBed-
cTBa» (###%), 60, KaK MOXHO IOKasaTb (cp. ¢ 3agauelt 7206)), ecau

Ay, As L., An—ymb[ (BBINYKNOTO)  N-YTOAbHEKA, T. €. eCaH
A Ay 4 An = (n—2)180° 10

A A A 180°

- tteg+ o tg g >atg ——.

76. Mbl yme HEOJHOKDATHO OTMeuand, 4YTO JJf [pPasHILHOro
n-yroJibuHKa
P 180°

—82—_4t n

(cp. crp. 67), a Ans A-yroJblHKa, OTHYIOLO OT NPABHILHOTO,
180°

p?
—S—>4/1 tg

C Apyro#t cTOpoHB, AaA Kpyra maowanu S = mr? B mepumerpa (anu-
Hbl OKPYXHOCTH) P == 2;1r, OYeBHIHO,
p? 4r%r?
= ——— = 4.

S mr?
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180°

,Ho nockoawky (cp., Hampumep, crp. 64—65) uncno ntg

‘paBno nJaowaay S NPpaBHJbHOIO AN-YrOJbHHKa M, ONHCAHHOTO
BOKpYr Kpyra e}_IHHH:lHOI‘O paanyca, a ™ paBHO NJOWAAH CaMOQro 3TOro

Kpyra, 10 4ntg

2

IeHUE T MECHbHIE, YeM I MHOTOYroJibHHKA.

77. a) [oxasaTenbCTBO 3TOr0 YTBepPIKJEHHA OJH3KO K pelieHHio
3anaun 75. Tam wMbl Bugeau, 4to Pr— S —sr2 2= 0 (nepaBencTo ()
ua crp. 259); agecs P, S u r — nepumerp, niowans u paauyc Bhmcan-
HOTO' Kpyra TpPOH3BOJBHOTO n-yroJpHHka M, a s — njowaib 7-yrojib-
HHKa m, CTOpOHBLI KOTOPOro mapaajenbHel ctoponam M u kacatwres
Kpyra paaumyca . Ho Tak Kak, O4YeBHAHO, TJOHIaAb § MHOTOYrOJb-
HHKa m Gojblle NIOWALK T €IHHHUHOIO KpPyra (Cp. ¢ pelleHHeM 3a-
llaun 76), To TeM GoJaee

o >4n, oTkyma M cjeayeT, UTO AJs Kpyra OTHO-

Pr—S—ar2>0. (H

TpeoGpasysn 370 HEPaBEHCTBO B TOYNOCTH Tak 7Ke, KaK MHl 1peoBpaso-

BbiBaAH B peUleHHH 3ajaun 75 HepaBCHCTBO (x) (T. €. yMHOXKas ero
" Ha 47, ¥ T. &), Mbl OKOlYaTeJbHO
A NOJYYHM

P?—4xS>(P — onr)? (1)

(cp. ¢ HepaBeHnCTBOM  (#%) Ha
cTp. 261).

6) B pewenun zanaun a) cy-
MICCTBEHHYIO POJb Urpaja «BHYTpeli-
nsist 060J0YKa IWHPHHBL O0» MHOTO-
yroapHuka M, a B KOHEUHOM cueTe—
«BHYTPEHHAsT 000J0UKa IHHPHHEL I'»,
rae r — paauyc Boucamnoro kpyra
(3ta  ofojouka BLIPOXKJAJACL B
TOUKY HJH B OTPE30K — CM. BHIBOJ
HepaBeHCTBa (%) 1ma cTp. 259).
3pech 11aM, HAnpPOTHB, NOHATOOHT-
¢t «(Brewinsas) o0060J0uka (B CMbIC-
ae §1. Hliteiinepa) wmnoroyrosabnuka
M wmupunst A», rae A — Hexortopoe
YHCTO, T, €. COBOKYNHOCTbL 8CeX TO-
ueK, yoaseqHolx (B CMBICHE, YKa3aH-
HOM Ha c1p. 15—16) or M ne 60ao-
we 1em Ha A, B 4aCTHOCTH — BHeHI-
HAg 060J0uKa WHPHHB R, rae R —
panuyc OmucaHHOro Kpyra MHOro-
yroabruka M, Jlerko BHAeTs, YTO (NOHHMaeMasi B YKa3aHHOM CMBICJAE)
«0bogaouka» mupudbl A ctopouwn A{ds = a1 Mmuoroyroamuuka M

N YN/
npenctapaser coGolt npamoyroabnHk AjAsAs A| mupuubl 2A co cpe-

Heit aunmeii AiA», HONMOJHEHHBII ABYMs MOOJYKPYraMH paguyca A
¢ uenTpamu Ay u Az (puc. 141, a); 370 onucaHue MOXKHO Aaxe NPUHATH
3aonpeaeneHHue «6ojoukHy orpeska AA,. TlpennosoxuM Tenepn,
4r0 A = R, W TNOCTPOMM TaKHe <«060Jouku» (WHpHHBEl R) Aad BceX
CTOPOH n-yroabhuka M. DTH n «060404ex CTOPOH»  NHOAMOCTHIO - NOKPbI-

Puc. 141.
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garoT sayTpcrnocTo M. B camom nmese, mociegHee yTBepmiente 6bLI0 Obt
BepHBIM Jlake H B TOM Cayyae, ecjH Obl Mbl paccMaTpuBagn He «06o-
JIOYKH CTODOH ILMPHHBEI R», HO JHMiIb «OGOJOYKH CTOPOH ILHUPHHBI r»
(a, pasymeetcs, r < R!): Beab HajMuHe He TNOKPHTOH «0GOMOUKAMU»
wupHeEBL r ToukH O jgokasmiBaso Obi, uTO paccrosnue O OT BCex CTO-
por M GoJblue 7, T. €, MTO CYLIECTBYeT LEJHKOM 3aKJIOueHHas BHYTpH M
okpyxHocts (¢ uentpoMm O) papuyca, GoJbluero r, — 4to, 0AHAKO, fpO-
THBOPEUHT OMPEACJCHHIO BENHUUHBEL 7.

ficuo, uyto naowaAb HsobpaxenHoit wa puc, 141,a ¢urypst, oTse-
yatwoieir cropone 4,4, = a; n-yronpHUKa, paBHA

ap+ 20 + A2
TaKHM 06pasoM, cyMmya mJowageit Bcex £ «000/04eK CTOPOi» LIH-
puuet R paBna

(a1 ay+ .. +an) 2R 4- nuR? = 2PR 4 nnR.

ITostomy, ecam oGO3HAYUTL uepe3 Sy, Sz, ..., Sp IJIOMAAHM uacTei
fi, f2o ..., [n DJAOCKOCTH, MOKPHITHIX HAUUMH «0GOJOYKAMH» |-KPaTHO,
2-xpatHo, ..., n-Kparuo, TO, NOCKOAbLKY B cymme 2PR + nnR? mioma-
ndefi Bcex <«oboaouex cropoH» ofGaactd 1, f2, ..., fn yuHTHIBAIOTCH
1 pas, 2 pasa, ..., n pa3s, Mbl HMeeM

2PR 4+ nntR2 =8, + 25, + 383+ ... +us, (1)
(0pH 3TOM HEKOTOpBblE U3 UYHCEN Sy, S2, ..., Sa MOTYT, KOHEYHO, H Pab-

HATBCA HYJIO).
3ameTuM Temeph, uTO MJAOU(AJb BCeH «OBOJOUKH A-yroJvHnka A
WIHPHILL R», OYEBHAHO, paBHA

S+ PR+ R

(bopmyma Ilrefinepa). B camom jene, BHewmsis 00 OTIOILE-
HHio K M wacth paccmarpuBaeMoil Qurypst F COCTOHT U3 IOCTPOEHIIBIX
Ha ctopoHax M npgMOYroJbHHUKOB IUHDHHH R M H3 CEKTOPOB KPYrOB
painyca R ¢ uentpamu B Bepmmnax Ay, Az, ..., An n-yroavunxka M.
IMpr sToM cymma miomajeil npsMOYroJbHHKOB, OUEBHANO, paBHa
(a1 4 az -+ ...+ an)R = PR. C npyroii cropousl, sepuiune Ay oTse-
YaeT CeKTOp Kpyra ¢ LeHTpaabHeiM yraom 180°— Z A (puc. 141,06) 1)),
T. €. C HeHTPaJbHbIM YIVIOM, PaBHBIM BHEUIHEMY Y2Ay N-YroJdbHHKA IIpH
BepmHuHe Ay NMOSTOMY CyMMa BCEX LEHTPaJbHBIX YIJIOB BCEX CEGKTOPOR
paBHa CyMMe BHELUIHX YIJIOB n-yrosbuuka, T, e. pasua 360°, u smaunt,
cyMMa IJOIajell BceX CEKTOPOB paBiia MoJHON muowazn fR? Kpyra
paxuyca R. A tak xak Bes Qurypa F pacmajaetcss ma uactd [y, fz, ...

seay fn, TO
S+PR+aR=s1+s,+s+ ... +sa (2)
Berynras teneps (2) us (1), monyunm
PR+ (n—1)aR?—S=s5,+2s34+ ... +(n—1)sg. (3)

Ho (u BoT TyT Ham BmepBhie noHano6uTes To, 4To mppHna R «obo-
Jgouku» F muoroyrosbunka M pasua paauycy ero Onmcannoro xpyral)

AR < sy 4+ 2554+ ... +(n—1)s, (4)

1) Jdas uaraaguocTd na puc. 141, 6 nsobpaxkena «BHelwiHsas 000-
JI0UKa» MuoroyroJenuka M xakofi-ro wupuusl A << R.
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B camoM pnene, oGnactb, o6pasoBannas oGbelHHEHWEM N KPYros
pannyca R ¢ nentpamii B Bepmnax Ai, As, ..., An n-yroabmika M,
ROKPHITA «060J0YKAMH CTOPOH» -YTOJBHHKA He MeHee dem 2-KparTHo:
HefiCTBHTEAbHO, KPYr C UEHTPoM Aj, OYeBHAHO, LEJIHKOM BMenm[aeTcH
B «0Goa0ukH» cTopon AqAn u AAy; Kpyr ¢ uentpoM A, NENHKOM BMe-
waetcss B «oGoaouku» cropon A4y m AzAs, u 1. aA. Tlpu atoM ecTte-
CTBEHHO, 4TO 4acThb F, MOKPHITast cpa3dy A BY M Kpyramu, BXOAHT B [3
(wan B fi, mam B f5, ..., — TaK, oGnacTb, NOKPBITasi KPYraMu C HENT-
pami Ag n A, BXOEHT B <«oGoaouku» ctopou Aida, A1A: n Azd; a
06sacTh, NOKPHITASt KpyraMmn ¢ Bepwmuamu A; u Aj, ecau Takosas cy-
WeCTBYeT, — B «060/0uKkU» cTopon AAn, A1ds, A2As 1 AsAL); uacts F,
NOKPBITAast TpeMs Kpyramu, BXoauT B f4 (mwin B fs ...), v T. 1 Ha-
KoHel, yacTh F, nokpuitas (n—1) kpyramu (ecan Taxkas uacts F
CYWeCTBYeT), BXOXHT B [n. UTO ke Kacaercss 10 uacTH F, MOKPHTON
RHAWHMH 7 KPYraMl n-KparHo, TO TaKoBas NPOCTC OTCYTCTB8YET: ecan Gui
CYILeCTBOBAJAa TOUKA (Q, DOKpLITass BCe M HAIHMH N Kpyramy, To
3Ta TOYKA OTCTOsIa Obl "OT BCeX BepHidn Muoroyroabnuka M na pac-
cTosnHR <CR; HO B 3TOM ciayuae Kpyr ¢ uentpoM Q u pamnycoM <R
LeJHKOM colepsKan 6ol BHYTPH cefs MHOrOyrosabHuk M, — urto, oAHaKo,
NPOTHBOPEUHT ONpefedennio Beanuuuss R. 3TH paccyXienus ¥ AOKa3u-
BaloT cootnomenne (4) (cp. ¢ BuBomoM dopmyant (1) 1),

Brrynrasn teneps (4) u3 (3), noayunm

PR—S8—naR?>0 (+)

*

{cp. ¢ HepasenctBoM (I) pewennsg safaum a)), oTKyJAa NoCAefCBAaTENb-
HO TOJydaeM
4AnPR — 4nS — 4a2R?2 >0,

— 4nS >—4aPR + 4n’R2,
P? — 4nS > P? — 4nPR + 4n®R2,

HJH
naua

", HAKOHEI,
P? — 418 > (2R — P)2, (++)

78. a) Ilycth A, B — aBe npoH3BOAbHBIE TOUKI MHOTOYroJblinka M.
Slcno, 4TO MOXKHO HANTH ABE TaKHe IpaHHYHBE e Touku A’, B’ muoro-
yroibHuKa, uto paccrosinue A’B’ me Mepbumie AB: A0CTATOYNO NPHAATH
3a A’ n B’ touku nepeceuenus upamoiit AB ¢ KOHTYPOM MHOTOYTOJb-
nnxa M. Hanee, cymectsyior ase Ttakve sepwmuus A7, B” wmnoro-
yroapuuka, yto A’B” = A’'B’; B camoMm geae, ecan A’ — Touka cTO-
POHHl @ MHOTOYTOJIbHHKA, TO 32 A’ MOXHO IPHHSTH TaKkylo Bepuiny M,
4T0 @ npoxozut uepes A’ u yroa A”A’B’ ne ocrpuiii. Touno Tak xe H
Touxky B’, ecsim TOJNBKO OHA OTJIMYHA OT BEPIINHLI MHOTOYrOJbHHKE, MOXK-
10 3aMenuTh pepuuuol B” Tag, uro A”B” = AR/,

) TakuM ofpasoM, paccrosinue Mex1y 106 bl M1 ABYMs, TOUKaMH A
1 B munoroyroavnuka M we GoJbine Kakoit-16o H3 cTOpoH HJAH JAHAro-
Hajedl MHOrOYroJbHHKA, OTKYZA C OUEBHALIOCTLIO CJACHYET, 4TO AHAMET-

1) B (4) crour 3mark <<, a ne <3<, w00, KaK JETKO BHjETb, CYyllie-
CTBYIOT MpHHanjexamue f; (Mau fs, wau f4, ...) yyacTKH, He MOKPHITHIE
HY OdHHM H3 PacCMaTpHBaeMBIX Kpyros paanyca R (cm. na puc. 141, 6
3aIUTPHXOBAKHYIO 4aCTh HepecedeHuss «oboaoueks cropon Aidz # A2d,
n-yroapnuka M),
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pPOM MHOTOYTOJIbIHKA ABJSETCS] HanGo/bIlasl M3 ero Anaronaniell Han Han-
6osblliasi CTOPOHA,

6) Pemenne aHaJOTHYHO pEUICHHIO 3a/au¥ a) B OPejOCTaBJseTCs
YHTATeNI.

79. OGo3naunM AHaMeTp UETHIPEXYroabHHKa uepe3 d; TaK Kak mjo-
maab S (BHIOYKJOTO HJAH HEBHIIYKJAOTO!) UYeTHIDeXYroJbHHKA paBna

1 . .,
—2—ef sing, rae e W [— JJHHB €T0 AHATOHAJEH, 4 O — Yroad MemXay

auarcHaaaMu (cp. peweune 3anauu 45 a)), 1o

1 .,
S<7d2

(n6o e<<d, f<<d n sina <<1); caenosateavno, ecan S =1, 10
d*>=2 n d>V 2. Papenctro d=]/2 BHINOJIHACTCH Aaa Keadpara
naomain | (man gas a1060T0 YETBIPEXYroOAbHIKA, OuQ2OHAAl KOTOPO2O
B3aHMIO NePHeHOURKYAAPHbL 1 PaBHLL MeKAY co00H, a BCe CTOPOHBL e
NpPpeBoCX0oasT Auarosageii).

C apyroit croponsl, auaMeTp d ueTHIPEXYrOAbHHKA (napanieso-
rpaMma) nJaouwaid 1 MoxeT OBTh CKOJAb YyTOAHO BeauK (mpu-
Mep: NpPAMCOYTroJbiK co croporamu aamn N u /N, roe N — seauko).
IosToMy BO3MOKUBIE 3HAUCHHS d TAKOBbBL:

V2<<d< co.

80. Tlyctp Ay u A;—18e naubonee ypageunnse JAPYr oT
npyra sepwunsl M; AA; = D — puametrp M (cM. sagauy 78). Ilpo-
BeleM uepe3 BCe BepPUIMHLI MHOrorpanHHKa TNepnennukyaapiusie Aidz
TIOCKOCTH; ICHO, YTO «KpaiHHMH» u3 HMX OYAYT ILIOCKOCTH I M o,
npoxoasiune uepes A; n Ay (6o ecam 6m M cogepxai Toury B,
DACIOIOIKENHYIO, CKayKeM, N0 [OPYIyl0 CTOPOHY OT g, ueM Ay, TO
Ger10 661 A(B > A1A; = D). Tlposenendble MJAOCKOCTH Pa3oBeioT To-
BepxuocTb M Ra pax croes. Kaxawil H3 3THX CJI0€B COCTOHT MHMII-
MYM H3 TpeX KycKoB TpaHefl (HEKOTOpBle H3 HIIX.MOLYT 0Ka3aTbCd H
UeAbIMH TPAlAMH), pPasTpalHyeHHbIX Mexay cobofi orpeskamu pefep M
(MoKeT OBITb, LEeJBIMH peGpaMiu); sicuo, UTO B Kak/JIOM ciloe Oyner ne
MeHbIIe TPeX TaKHX OTPE3KOB pelep, BeAYHUIX OT OANON M3 HAUIHX
NAOCKOCTe K caefyiomefl miockoeti. A Tak KakK AJHHA TAaKOFO OTpe3xa
pebpa He MeHbIle PACCTOSHHA MeXAY IJOCKOCTAMH, TO CyMMa AN
BCEX «IIONEDPEYHBIX» (T. €, HE MapasJedbHbIX MPOBEJCHIBIM MIOCKOCTN)
pefep M He MeHbile YTPOGNHOTO PAacCTOSIHHA MeKAY KpafiHUMH IL1OCKO-
cTaMIl, T. e. =23D; Npu 3TOM PaBEHCTBO 3/6Ch HEBO3MOXHO (MOyeMYy?).

81. MepBoe pewenune. [lpoexeM ueped «BHYTPeHHHIT yroas M
KaHaJa OKPYMKHOCTb, KAacalollylocsi ee «BHEIINHX» Gepero B TOUKax A
n By (puc. 142,a); scuo, uro paguyc R = Odq¢ == OM = OB, 310
OKDYKIIOCTH ONpeneaseTcss H3 COOTHOoMenus (3aMeTbTe, UYTO CTOPOHA
kBanpata OaMb pasua R —1)

2(R—1)2=R?, otkyza R=2-1+V 2(~34l),
H 3HAYHT

ABy=RV 2=2V 2-+2 (=~ 4,83).

Herpynno nomsrts, uto BeTKa, HMelomias (OpPMY AYTH OKPYKHOCTH
AyB, nponabTh uepe3 mOBOPOT Kanaja ¢ MO X € T: Belb NPH NOBOPOTE
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BOKPYT TOUKH O na 45° B OHY WU B JPYryio CTOpOHY T A0By 3aHu-
MaeT RoJIoKeHke A M, cooTBercTBeHHO MB0 (puc. 142,a)—mu s

000HX 3THX MOJIOXKEHHSX BETKa Jajlee MOMKeT CBOGOIHO ABHraTbCa 110
OJHOMY HJIH APYroMy KOJIEHY KaHaJja.

HoxaxeM Terepb, uto ecau duamerp serku AB=d>2V) 242,

T0 Kakyio Ovt Gopmy 3Ta BeTKA HU UMEAA, OHA He CMOXNeT npo-
nAbiTL Yepe3 nogopoT Kanaig. B camMoM Jesie, ecid BETKa pacnofoxKena

N

e
EY

FY
8

) 2)
Puc. 142.

o 14
B MpAMOJHHelIHOM yuacTKe KaHasa ¢ Geperom MA; u-ecau ee xoneu B
pacuosoxen OJHke K MOBOPOTY Kamanaa, yem kouern A1), to (uampas-

1) Mbl moxeM cyHTaTh KoHubl A M B puamerpa AB BeTkd Koueu-
HBIMH €e TOUKaMH, AJA 4Yero MOCTATOYHO IPOCTO <«OBJOMATbh» BETKY,
HUXKe OyAer nOKasaHo, 4To fmaxe 4dacTh AB pertkn Heuszbemuo 3a-
CTPSIHET B MOBOPOTEe KaHaJja.
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JeHublit) oTpe3sok AB (RJaMHA KOTOPOTO NPEBOCXORUT 2V§+2) co-
craBageT ¢ «buccextpucoiy MN kanana (T. e. ¢ ofme#t GHccekTpHCOIt
oOpasopanHblx O0OWMH GeperaMd KaHaja YriaoB) o0s3aTejibHO T YT O il
yroa. B camoM neJe, eciM CABHHYTbL NapaJjefibiio BETKYy B TaKoe TNO-
aoxkenue AyBy, urou xouel By coBnan ¢ M, 1o konenm A; oTpeska Bid,
3aifiMeT TOJOXKeHHe Ha H3o6paxenHofi Ha puc. 142, a4 nynkTHpPOM
ayre PQ okpymuocty paanyca d >2 V 242 ¢ uentpom M. Ho ecan
AreTPQ, o L AMA < 45° (6o paxe HaHOOJblIEE H3 BO3MOIKILIX
3Havennit aroro yraa, a umenno Z PMQ, Gyner <C45° rtak xax PM >
H yl

>2V 2-4+2>V2), u snauur, £ NMA, > 90°. Ana’ornuno TOMY,
KOTZla BeTKa NOCJC TOBOPOTa O6YAET MJBITh MO BTODOMY <«KOJEHY» Ka-
Hana, TO OHa 3aliMeT mogoxenue ABs, rie ywxe Toyka A, Gymer pac-
noJjoxena GaHXKe K MOBOPOTY, ueM By (MG0 «liepeBepHYTHCS» H IIIbLITh
Najee LPYrHM KOHLOM BIEPe] BeTKa J¥aMeTpa >V 2, pasymeercs,
ne CMOXKET); NpH_3TOM yron Mexjiy BzA> u MN Ttakme GyieT TymbiM,
a yroa mexny A:B, m MN (o6paTuTe BHMMaHWe Ha HATIDABJEHHE OT-
pe3xkos!) — ocTpbiM. Ho Tak Kak B nponecce [BHMXCHHS BETKH IO peKe
yroa mexay AB u MN wmensercs HenpepLiBHO, TO BeTka obsAsa-
TeJALHO JOJKHA OyaeT npofiTh uepes Takoe noJoxeune AB, npH KOTo-
pom wmbl Oyaem HMeth Z (AB,MN)=90°, 1. e. AB L MN1),

[Myers C n D — TouKM nepeceueHust oTpeska AB ¢ 6eperauu MAg
u MBy pexu (puc. 142,6). Tax xak CA<<CA' =V 2 u DB<} 2, 10
CD=AB—~AC—DBE>(2)Y 24+2)—V 2—} 2=2
Orcoaa caeayer, uto ecan MP — paccrosimie ot M po A—E, TO

MP=—;—CD>1,

n TeM Goaee >1 paccroauve FP no AB ot toukn F nepeceyenns Bet-
k1 AB ¢ oTpesxoM MN.

Ilpeacrasum Temepb BeTkKy AB nawBylleii mo OLHOMY M3 TPAMOJN-
HefigpIX PYKaBOB Kapaja. B TakoMm caydae Bce Touku A, B u F Gyayr
HaXo[UThCSl BHYTPH KaHada (KOTODPBHIA 3/leChb MOXKHO MOHHMaTh HPOCTO
KaK I1070CYy IUMpHIB |, OrPaHHYEHHYI0 NapaIelbHBLIME NPAMbIMA);
NOSTOMY  BHYTPH  KaHaja OyleT HaxoawTees u  Bech A ABF
(B cuIy 8ubnyKAOCTH TOJAOCH; CM. ompeaelenune Ha crp. 56). Ho 3710
HeBO3MOXKHO, TaK Kak (mOHMMaeMasg B CMbicae [asHOro Ha cTp. 92
onpejeseHHs) WM PHH a TYHNOYrOJABHOro Tpeyroasiika ABF (a Tynbim
apasercs yxe £ AMB, xoropuit menbmwe £ AFEB), 1. e wupuna camod
Y3KOLl R0A0CHL, 8 KOTOPYH) MOXMCHO 3QKAIQUUTHL ITOT TPEYeOAbHUK, PaBHA
€ro HauMeHblne#l BhicOTe, T. €. paBma FP > 1, A orcioga caenyeT, 4TO
BeTKa AB yxe N0 KaHaly WIHPHHBL | NPONABITH HE CMOKET,

BTopoe pemenne 3Ty 3ajauy MOMKHO TakXKe pPelINTb aHa-
JIOTHYHO pelnennio (6Ju3Kol K Heft 1no cloxery) 3agauun 49. Boamox-
HOCTb TpPONABTL AJs BeTKH Amametpa 21 22 ycranasaupaercs
JIETKO (CM. MEpBOE peleHHE); OCHOBHAsl TPYIHOCTb 3aKJIOUaeTcss B TOM,

YTO6Ll YCTAHOBHTb, 4TO HHKakas BeTKa amamerpa 4= AB>2 VZte

1) Cp, nogcrpousnce npuMedanune Ha ctp. 303.
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He CMOXKET NPOIVILITh MOBOPOT Kauaja, He 3actpas B Hem. Ilpen-
craBiM cefe Temepb XECTKO CBA3aHHbIl ¢ BeTKoi AB ¥ 3awaiouaiouiiit
BETKY BUYTpH cebst npsmoyroabuuk II = A,B1B:A, wupuss 1, ase cro-
pPOHBL KOTOPOTO JexaT Ha Oeperax kamaja (puc, 142,8), u Gyaem cie-
IUTb 3a JABHMIXKEHHEM 3ITOTO NPAMOYrOJbHHKZ B [POUECCE JBUKEHUS
BeTKH. Kak M B INepBOM peLICHHH NOKAa3slBaeTCA, UTO MNPH HBHKEHUH
BeTKH Blepej H pa3BopoTe BeTKH OTpe3ok AB, a ¢ HUM M UPSMOYroJb-
uuk Il, mosepuercst Goee ueM Ha 45° '), Cocpelortounm Teneps BHHMA-
HHEe HA TOM MOMEHTE B Npoliecce ABH:KeHUsT BeTKH, korga croporst A By
u A:By npamoyeonrvrura Il okxascyrca nepnenduxyaapuroimu «Ouccesr-
pucce Kanaaa» NM,

ITposeaem uepes touky M mpamyio C'D" = [" 1. MN u no apyrywo
CTOPOHY OT Hee, ueM Touka N, — IpaMYio CID;=I”§I', ylaJenHyio

ot I’ ma paccrosune 1. Ecan nuamerp AB setkn >2V 242, 10
B paccMaTpHBaeMblil MOMEHT Haliercs TOUYKA BETKH, DACHOJNOKenasn
B Tpeyroaphuke C'ND’; Benp anuameTp Kaxioro H3 u3o0pakellblX H2

puc. 142,68 powmdos CcMC’ u D] dMD’ pasen CiM =DM =} 6>
>2Y 242 (noueMy?), ~ U BeTKa HHKAK He CMOXKeT INOMeCTHTbCst B OA-

HOM H3 3THX ABYX pomOoB. Ho B rakom cayuae mnpsmoyroavuuk II
B 9TOT MOMEHT DACHOJOMKHTCH MeXKIY KaKHMH-TO ABYMs NPAMbIMR [
14 ’

H [y, mapannesabHBIMH Opsumbim [ “11 H ylaJeHHBIMH APYr OT f[pyra
Ha TO" JKe paccrosHue [; 3T npsiMple Ha puc., 142,86 pacnosoxenst
7
Buie npaAMeix !, coorBercrsenso [, Ilpamoyroasuuk I moxer npu
5TOM, pasyMeeTcs, H BLIHTH 3a Opefe/bl KaHajda, HO eC1H Hallla BeTKa
MJBIBCT MO Kauajy, TOo OHa 006s13aTe]bHo GydeT 3aK/JI0YeHa BHYTPH 00<
paszoBaHHOlf npsMbiMH [ M [y ¢ «BHemHHMH» Geperamu KagaJla Tpane-
vun CyDyDC. Oxanako auamerp tpamennu CiD(DC meubuie auamerpa

[N Ay g 4 o
tpaneunn C;D;D°C’, ofpasoBauHofi ¢ Teyu ke Oeperami Kaupaia 0ps-

7 ’
moimn £ u [} (aerko Buaerb, 4to CiDi1DC MOXKHO NOMECTHTb BHYTPH
[N N N4 “ rn’
CIDIDC'), a 1ocaelHHH, Kak HeTPYAHO BHAeTb, pasen C;Dj=

=272 4+ 2. D1uM 1 A0KA3LIBAETCSH, YTO BETKA nuametpa d >2 Ve+2

APOMJbITL MO KaHaldy He cMoxeT (60 oHA He MOMECTHTCA BHYTDH
rpaneunu C;D,DC!).

82. a) n =23. flcuo, uto cHcreMa ABYX HJH TPex TOUeK, pac-
CTOSIHHE MeKJAY KaXIbIMH JBYMS H3 KOTODBIX HE MeHbllie 1, umeer
Juamerp = l: ecau paccTOsIHHe MeXJy ABYMs TOYKAMH, HJIH Bce IO-
napHble pPacCTOAHUA MeXAy TpPeMs TOouKaMH, paBHBl |, TO AMaMeTp CH-
CTeMbl TOUEK paBeH I.

6) n = 4. Yersipe TOUKH HA IJIOCKOCTH HJIM SIBJSIIOTCS BepPIUHHAMH
BLIOYKJIOTO YeThIpeXyrogapuuka (puc. 143,a) umam Tpu u3 HUX o0pasywor
TPeyroJbHHK, BHYTPH KOTOPOro  pacmo/aoxesa  ueTBepras  TOuKa

1} Bor ewe oAall0 NOKa3aTeNbCTBO STOrO! SICHO, YTO HAUMEHBLIHHA
YroJ, Ha KOTOpblil MOMKeT NOoBepHYTbcs OTpe30K AB, He MeHbiue H30-
OpaxeHHoro mna puc., 142, yraa p = 90°—2a, a

1 Y>V§
2V 242 2

sin f = cos 2a=1—2sin2a>l-—<
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(puc. 143,6). B nepsom cayuae xoTa 6Bl OAHH H3 YIJOB uYeTHIPEXYIoOJbe
uMKa, cxaxem yroa A A:As, Gyner ne menbiwe 90°, Otaoxum na cr0-

ponax Az4; n AsA;s 3T0rO yraa oTpesku AzAf = A,A} = 1;10r12 A{A§<
L AAy Ho ecnn AyA7 = A,AT=1 1 £ A{A,A5>90° 10 AJAS >V 2
(TeopeMa O TpeTbHX CTOPOHAX JNBYX TPEYTOJbHHKOB € JBYMsl COOTBeT-

CTBEHHO DPAaBHBLIMH CTOPOHAMII); MOITOMY w A4, >V 2 Taxum o6pa-
30M, B 3TOM cCJyyae AHaMeTp Hamefl
CHCTEMBl 4eTHIPeX TOUeK He MeHblle
yeMm Vo2=1,41...

Ecan uetmpe touxku Ai, Az, As, Ay
pacrmonciKeilnl  Tak, Kax H3oGpaxeno
na puc. 143,06, 10 xoTa OBl OxHE H3
Yr.J10B AIAI,AQ‘ AgAgr/la, Aa/]/AAg HE
mexswe 120°, Orcioda B TOYHOCTH, Kak
BHIe, 3aKJIOuaeM, YTO B 3TOM caydae
LNaMeTp CHCTEMBl TOYGK He MEeHblle

¥V 3=1,73 ... (V'3 ects ocuopante
pasiofeIpeHHOro TpeyroakHuka ¢ (o-
KOBBIMU cToponamMil 1 u  yraom npu
pepuanne 8 120°).

Hrax, o Bcex cayugasx [AHamerp
cuctemp  Touek He Menpure V2=
= 1,41 ..., #nHaMeTp B TOUHOCTH P a-
pen V2 B toM (1 Toabko B TOM)
c1yuae, KOraa TOYKH PaclojoKeilbl B
Bepiinuax xeadpara (puc. 143, 8). A, ! 1

B) n = 5. [TaTb ToueK Ha TIOCKOD- "3
CTH #BJSIOTCH BEPUIIHAME  BHIIYKIOrO
natuyroapnuka  (puc. 144,a), Hau ’ !
yetelpe u3 nuX o0pasyioT BLINYKABIL
YETHIPEXYTOIBINK, BHYTPH  KGTOPOTO
pacnoJgoskena  maTag  TouKa  {pHC. A Lt
144, 6), uail Tpi TOUKH oGpasyioT Tpe- !

YIOJABHIK, BHYTPH KOTOPOrO 3aKaioye- &)
HBl GCTadabuble ABE TOUKH {prc. 144, 6). Puc. 143
PaccMoTpuM nNecaefloBaTeILHO BCE 3TH : )
caydat,

Ecan narp Touek o0pasyioT BLINYKJAHN RATHYTOJABHUK, TO XoTa Gul

o (56— 2).180°
OINH B3 YrJA0B NATHYroJbuuKa ne Menbme 108 (——- ———5—)

Ay

Ecan, nanpumep, £ 414243 == 108°, 10, nOBTOPAS MOYTH HOCJAOBHO pac-
1 5

cyxaenus peuenns sagaun 6), Mbl JOKarKeM, 4To A1A3>—i21/——— =

1+V'5
2

= 1,61... ( = 2 sin 54°ecTb OCNIOBaRHE paBHOGeAPEHHOTO Tpe-

YroJbuuKa ¢ GOKOBHIMH CTopopaMH | u yraoM npH pepuinine B 108°).
TakuM o06pasom, B 3TOM CJayyae IHaMeTpP CHCTEMBl TOHEK HE MeHbIUe

1+V's

p) = 1,61 .44 .
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Ecau nsTh TOueK pAaclo/ioXeHB TaK, Kak 3T0 U300pakKeHO Ha
puc. 1_41, 6, 10 IMaMETP CHCTEMBI TOUEK TOXKE HE MOKET ObITb MelbuIe
1+V5

2 '

Heiicrsurensno, u3 uerbipex yraos AiAsAs, A:d5A., AsAsAy n
AA5A: ') no xpaiimeli mepe nBa He mpeBocxomaT 180°; myctb 3To 6y-
nyt, nanpumep, yrast AidsA; n A:45A.. B Takom ciyuae cymma Tpex

Pue. 144.

yraos Ay AsAs, A2AsAy n AuAsAy 6yner Gomvure 360° (ona Oymet mpe-
BoCX0AMTh 360° na seauunuy yraa As:A5;As). CremosatenbHo, XOTA Gbl
OMMM M3 3THX Yrjos Goqbiie 120°% nycte 310 OyieT, HANpUMep, yroa

A1AsA5. B stom cayuae 4,4, >V 3=173...> -1—+—2l£—5— (cp. ¢ pe-

\

urepMeM samayu G)).

Ecau, HakoHew, NATh TOUYEK pACHOJIONKENbl Tak, Kak 310 H300pa-
XKeHo Ha pHC. 144, 8, TO omuIueM BOKPYT BCeX MATH TOYEK KPYr® pa-
nuyca 1/2; oueBMAHO, HUKaKMe JBa W3 Hux He mnepecekyrtcsa. [auee,
eCJTH, HATNPHMED, KPYr C HeutpoM B Touke A, mepecekaer cropony Aid
tpeyroabuuka AjdsAs, 10 gaunbnt otpeskos AP u AP, rpe P ects

) 3nech, nanpumep, £ A;AsA; ectp yros, Ha KOTOPHE HAfo IO-
BepuyTh AsAy BOKpyr As B HaAmIpaB/JeHHM 1O YaCOBOH CTpeJNKe,
4TOGE COBMECTHTb ero co cropomoiét AsAs yraa; Takum o0GpasoM, yrabt
A1A5As 1 AsAsA,, BooOWE TOBOPS, HE PABHBI:

£ AAsAy + L A3As A = 360
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/3
npoeknns A; na A1As, ve Mensue ]—2—; neifcrureasuo, AP =

; B
=Va=apr>y 1-4 _Y3

4 2 2
Takum  o6pasod, B  sTom caysae A4, > ) 3>

14+V'5
—-

(1160 A A =1, APL I )

Ecan xe nu oams u3 Kpyrop ¢ UEHTPaMH BO BHYTPEHHHX Toukax A, H
As He nepecekaer cropon Tpeyroashuka AiAsAs, To naomanbs AidaAs
I 1\2 7

60oblle 2—2—:1(—2— =3 (BHYTPH Tpeyroablika MOMeumaiTca ABa
Kpyra paamyca 1/2 u TpH cexkTopa, CyMMa HEHTPAJAbHBIX YIJIOB KOTOPBIX
paBua 180°). C npyroit croponsl, xoTs Gbl OAHH H3 Tpex YIrioB Tpe-
yroapunka AqAsA; ne npesocxoaut 60° nyerb, nanpumep, £ A1A2Ads<<
= 60° n, ckaxen, 414, << 4242, B takom caydae

5 =
AAYV 3
4 s

1 .
Satits =y Mdy+ Ay sin £ AiAuAy < o 4,42 sin 60° <
1 3Hay4yurT, _
A,AYV3  Ba
N

OTKYJXa BEIT€KaeT, YToO

51 14 ~ 1+V5
A,A >]/——:>]/__=V4=2>_-T—.
o 213 3,5 2

1+

H’TaK, BO BCEX Cayuasx dua,uefp CUCTeMbL HE MeHbuie

1+V5
= 1,61 ...; AHaMeTp B TOUHOCTH DaBeH ——-iQV—-B TOM (11 TOJILKO B

TOM) cJydae, KOTZa TOYKH DacloJOMXKEeHB B BEDIIHHAX NPABUALHO0
naruyeoavnuxa (pHc. 144, e).

[Bo Bcex cayuasx n =2, 3, 4, 5 HanGoJee BHITOANHM B CMBIC/IE
HacTodllell 3ajayH pacnoJOXKeHHeM A TOYeK OKaselpaeTcd TO, TpH
KOTOPOM TOUYKH pAacHoJOXKeHbl B BePIUIHHAX /pASUALHO20 A-YTOJbHUKA
(«npaBHALHBIA 2-YroAbHHK» — 3TO OTPE30K); OAHAKO npH A7 > 5 1eno
6yner o06CTonTh yxKe He Tak (CM., B YacTHOCTH, puc. 34,0,6 na
crp. 71) ]

83. a) Omuuiem BOKPYr Kaxjoll M3 HALIHX N TOYEK KPYr pajauyca
—;—; tak kak minAid; = (rme §, j=1, 2, ..., n), 10 T8 Kpyru
He nepecexkarorcqa, OnumeM Ianee KPyr ¢ LEHTPOM B OIHON M3 HalIuX
TOoueK (Kakol YroJHo) pagHycoM l—l—&; TaK KaK KOHLEeHTPHYeCKHi

C HUM Kpyr pajuyca | CONEPIKHT BCe HAIIM TOURM (MGo max A;A;=1),
TO Hall GoJbWIMH KPyr HapepHsAKa COJAEPXKHT BCe MNOCTpoenHble paHee
%. TakuMm 0Gpa3oM, Mbl BHIHM, UYTO 7 TIONapuo_  He

p

nepecexalomuxca Kpyrop pajuyca —2— UCJHKOM ColepkaTca B Kpyre

Kpyrn pajnyca
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paamnyca l+%. CpasuuBas Tenmeps njomais GoJbLIOro Kpyra ¢ of-

meil nAolafgbio COXEPKAUKMXCA BHYTPH MaJgblX KPYros, MOAy4acMm
It 0
w1 nr
1+ 2) > (z) '

2 ( 2<l/n+l> (0

YVn—1 n—1

OTKY A

1+%>V?—l_—;—, H 3HauHT, N <

6) Hcononnsosap rte e camble paccyszenHs, 4To H BhlIe, HO 3a-
MCHUB COLepXAallHil BCe HalUM TOYKH Kpyr panuyca ! Ha (TakkKe CO-

Jep:KallHil BCe TOYKH!) Kpyr paauyca l—3—3 (cm. samauy 93 6) uuxe),

HoNyuHM
n(l;’ >>nn(g)2,
OTKy & - .A_(/_ )
2Y3 (=2V3ln+1) g
YA (=1 I @

Npumewanue, Ouenxu (1) u (2) ne ABAAIOTCH TOYHLIMH H
naloT JIHIOb BecbMa TpyGoe mnpeiacTaBjedue 06 HCTHHIBIX 3HAYCHHAX
virepecylonHx Hac Besuund, McnosnnzoBaupele B pemlenuu  3a1auf
ccofpaKeHUs: IMO3BOJAT TOJYYHTb H HECKOJbKO JyulllHe OUeHKH. Tak,
vanpamep, samensis QuTypupyowHi B pewenun 3agaun 88 «kpyr

3 3
10ura» K pa:mycaL3— «mwectuyroabaukoM Ilama» co croponoft -3

3
(naomwans 3toro mecruyroabunka I pasua , a MepuMeTp pameH

2

2V 3, no mosoay kpyra K m mectuyronpinka I cM. sagauy 93 m
OTHOCAILRIACT K Hefl TeKCT) M YYHTHIBAs, YTO IJIOWAAb «BHeEIUHel mas
paanenvuoli oGonouxku wupuusl A» durypst F naomand S u nmepumer-
pa P pasua S+ Ph + mh? (cp. c pemmenueM 3azauu 77 6)), Mbl BMECTO
HCMOIB30BAHHDLIX BblIe COOTHOIICHHE MOIYYHM CjeAyiollee:

V3+V3u+n( ) >nn(‘z‘)z

OTKy1a _ _
a(n—Du2—4yY 3p -2V 3<0,
T. €.
2V3+V12+2V3n(n—1) 3
p< at—1) (

HakoHel, ecan yuecTb €Ie W TO, YTO PACNOLONCEHHLIE BHYTPU BbUILYK=
aoll ueypot F pasHvie Henepecexaroujuecs Kpyau nokpouisaior 3asedomo

N 3 .
Menblue Hem Goa0 OT noAHod ee naoujadu F (mo NOBOAY ITOLQ
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BaXKUOro pesyantata cMm. naupumep, § 4 ra. III kuurn JI. @eftem
Tor [24]), ToO mociequift pe3yabrat MOMKHO YCHJHTb TakK:

(5] <2 {3

2
OTKY /A
(Gn— an) nr—12u —6<0,
T. €.
6+1/35+6(6n—n1ﬁ3) “
n—n) 3 ’

Saserum eme, yto Bce Qopmyast (1) — (4) moxasLIBAIOT, 4TO C

pocTOM # BesaHuHHA M(71) yOblBaeT NPHMEPHO Kak ns (1) -

_'/T::
V n
TeKaeT cJeRyiOas «acHMITOTHYecKas» (T. €. cupasBeiaupas npu 6oib-
wux 1) dopmyna:
2
pr)<—— (r)

Van

(ee «acumnToTHYECKHUI» XapaKTep OmpejessaeTCH TeM, UTO IPH 7 GoJb=

2 nt1) 2 h (n) 1)_

B TOM cMBICJe, 4yTO lim
n—1 Vn n->o 2/) n
Auamoruyno stoMy, dopMyasl (2)—(4) IPUBOAAT K CACAYIOULMM «aACHMII-
TOTHYECKUM» (OopMy.JaM:

mom fy (n) =

! N ~. ,
n(n)< 3 7.; (=~ 1,155V n); (29
N (,1)<M_§_n-__l.: (z 1,05 Y n); (3)

n |

B(n)< (4)

1

Vo

84. a) fcHo, uTo auaMeTp paccMaTpUBaeMofl JOMAHON HE MOMET
Buis Meubie |, Herpynno BumeTs, uTo npu =3 H 1 =5 0oH MOKeT
pasHAToCA | — MpUMEpAaMU  MOTYT CAYXKUTL NPIAGUALHBUL Tpeyeolb-
hux co cropouoft 1 (puc. 145,a) wu npasussnas naruyzoarvHaa 38e3da
{«npaBusbHBIA 3Be3AUATHI NATHYTOJIBHHK> — PHC. 145, 8; 3aMerbTe, uTO
npy n =3 puamerp JoMaHofl o6s3aTenAbHO paBusercs 1).

PaccmotpuM Temeps 4-3Bennyio gomanyio ABCD. Tak kak A ABC
n A ADC pasuoGenpensbie U HMewT obwee ocHoBanue AC H oguua-
KOBBIe GOKOBBIe CTODOHB (OHH == 1), TO (UIOCKOABKY 0O YCAOBHIO 3a-
Raun Teuka B ue cosnadaer ¢ D) 3TH ABa TpPeyroJbHHKA Pacno.i0xKersl
IO Pa3HB e CTOPoHBl OT HX .006mero ocuoBauua AC, T. e. ueTbipex-
yroastuk ABCD — pouo.

Huamerp pomb6a R = A;424344 co cTopoHOR 1 paBen nauHe Ha-
Qoabllefi puaroHany; ara JuaroHans OyJeT Kopode BCEro, €C/AH HaH-
foabwiui yron pomfa nMeeT HAUMEHbUIYIO BOIMOXHYW Beauuudy 90°
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(ecin peannsyeTcs min max A;), T. e. ecnd pom6 olpamiaeTcs B Ksa-
R i

dpar (puc. 145,6); B 3TOM cayuyae anamerp pom6a paBeH V2.

Ilpu n = 6 paccmorpuM «aBy3y6eus» ABCDE, rpe AB = BC =
= CD = DE = 1; na «ocuosanun» AE «nBy3yGoil muabl» mno Ty Xe
cropony or AE, uTo u cama «iuja», HOCTPOHM paBHOGELpeNHHI

8
Puc. 145.

A AFE, rpe AF = FE =1 (puc. 146,a). Scno, uro ecmu AE ouenn
Majo, TO AMaMeTp noctpoenHwil Jomanoii ABCDEF 6ymer ouenp 6au-
30K K | —ero mMomuo chenaTs CKoAb Yyroamno 6auskuMm K 1, ecau
suGpate AE = § pocrarouno MaisiM. A Tak Kak | gnamerp 6-3BeHHOM
JOMaHOH paBHATLCH HE MOXKeT (CM. HHXKe pellleHHe 3ajayd 6)), TO
HaWMeHbIIEro 3HauyeHHs auaMeTpa O6-3BeHHOH JoMaHoil Boobme He
cyuectTmyerT (XOTA AMAMETP H° MOXKET GBITb CKOAb Y200 HO
6ausox k1),

6) Slcuo, yTo npH M0GOM HeYEeTHOM A JHAMETP A-3BEHHON JO-
MaHOH MOXKeT pasHATbcA 1; COOTBETCTBYIOIEHME IIPHMEDHl JOCTaBJAIOT
NpaBIJIbHEIL  TPEYrOAbHHK TNpPH n==3 # [pPaBHJbHHI 3Be3ndaTHlil
n-yroJbhuK Tipy n >> 3 (cM. puc. 145, 2, na Koropom n = 7). Hoxaxem
Tenepnb, 4To ecau Ouamerp l(n) n-3eennol AoMaHOL, 8ce 38eHbA KOTO=
poii  pasnbt 1, Tome pasen 1, 10 n 0064A30aTeAbHO HEHETHO,
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Tlycte AB n CD — nBa mecoce/lldX 3BeHa JOMAaHOfl, yIOBIETBO-
paloWlel ycaosuaM 3apaud (rae n > 3); Mbl yTBepxuaaeMm, uro CD
nepecexaer AB.

Heficteutensno, ecau I(n) = 1, to obe toukn C n D jnexar Buyr-
pH ABYX Kpyros paiuyca | c uewrpaMu A u B, T. e. nmpHHa;jexkar
«JInu3e», obpasopannoii B mepeceueHHH 3THX Kpyros. Otcioza cpasy
cneayer, uto C u D nexar no pasHsle cropoust ot AB, néo ecau C
JIEKHT MO KAKyIO-TO ONMpeleseNHyio CTOPOHY oT AB, TO BCe OCTajbHble
TOYKH DPACCMATPHBACMOIl  «JIHH- ) )
3bl», PACHOJIOMKEHHbE N0 Ty XKe A A m-2
cropouy ot AB, uto u C, yna-
geunl o7 C wMmeubiie ueM Ha |
(chenafite ueprex!). A Tak Kak
AB ecTb «romnepevyHUK» JIHH3BL,
pasbuBaiouluii ee Ha OB YacTH,
10 CD nepecexaer AB.

PacemoTpum Tenepb jse 1mo-
aymiaockocti Py u Pa, Ha Koro-
pble pa3duBaeT MJIOCKOCTh Mpd-
mast kKakoro-ingo 3sena A4,
wameit  gomanoit  Aids... A,
(puc. 145,2). Ilycte Touka Aj
JIEXKHUT B rmogymiaockoctn Py, To-
raa A JeKUT B MOJYIIOCKOCTH
P; (u6o AzA, nepecexaer A 4s);
TOuKa As NERHUT B MOJYIAOCKO-
ctu Py (u6o A4As mepecekaet AAy); Touka As MexuUT B MOMYHIOCKO-
ctn Py (160 AsAs nepecexaer AjAs), u T. 1., T.e. Bce BEPUIHHBL JOMAHOM
¢ HeueTHbIMH ioMepamu (kpome A;) Jexar B noaymiockoctu Py, a Bce
BEPIIHUE! ¢ YeTHBIMH HOMepaMu (kpoMe Ap) — B moaymiockoctu Py Ho
aeubst AzAs 0 AiA, NOManol nepecekalTes; OTCIONA CAeLyeT, 4TO Tou-
kK As 1 An nexar B oanoii u Tofi e moaymaockocti. CleaoBaTe bHo,
fl HEYeTHO, YTO HaM M TpebOBaAOCh A0KA3ATh,

Hertpyauno BuIeTb lagee, 4rto mpH A0 GOM 4eTHOM f = 2m = 6
nuamerp I(n) momaHofl MOMeT OuITb (K06 Yyeodno 0auzox Kk 1: s
TOro0 uYTOGBEI yGeqHThCH B 3TOM, HOCTATOYHO paccMoTpers «(m — 1)-3y-
6yio nuny» A1As ... Aym—y, 10OA06HYIO H306pakenHOH Ha puc. 146, 6 1 «3a-
MBIKAIOWYI0» ee KBYX3BeHHYIO JIOMauYio Aem_1AdzmAy, r1e Asm_1Aom=
= AymAy = 1; scHo, uto npu pmoctarouno mMaaoM Aidsm-—y AuaMerp
nocrpoeHHofi Takum nyreMm gomanoit AiAs. .. Aem_iA2m Oyler cKoML
Yroauo G6/u30K K 1.

Takum o6pazoM, ecam [(n) ecTb JHaMeTp H-3BEHHON JOMaHofl,
YAOBJCTBOPSIIONLEH YCAOBHIO 3afauH, TO

min/(n)==1 1npu BCeX HEYETHL X n = 3;

Ay AJ, Az Azm-1
a) 6)

Puc. 146.

inf/(n) =1 (w0 min/ (n) He cyumecTByer !)) npa Bcex 4 e T H bl X
n>4, HO HEOXKHIAHHBIM 06Pa3oM
minf(4) =V 2

85. a) Quepuano (160 YCJAOBHIO 3aRauH YAOBJSTBOPHET JHMIL Apa-
BUALHbLLE AAiAzA:;).

6) Slcho, UTO KaXable KBe TOYKH pa3GHBAIOT NEpUMETP paccMaTpH-
BAEMOr0 4eTHIPeXyroAbHHKA HA J[Be YacTH, AJUHA XOTb OAHON M3

1} Cp. poiwe, crp. 16—17,
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KOTOPHX =< 2; OTCIOfa BHITEKAeT, UTO ANAMETD YETHLIPEXYTOJAbHHKA
d(4) << 2 (d(4))=2 nas «BHPOMAEHHOIO» UYeTHIPEXYrOJAbHHKA, BCe
CTODOHBl KOTOPOTO MpHHalJiexaT oanoil mpsamoil), C apyroii cTOpoml,

B cuay pewenns 3aiaun 84a), d (4) =V 2 (d (4)=V) 2 roawko b
TOM CJayuae, ecal pacCMaTPHBAeMBlil UYETHIPEXYTOJBHEK — K6adpar).

B) B cuny pesynerara sapaun 82B) anamerp d(5) BHINYKJOTO

- L+V5 |

NATHYTOMEHHKA He MOKeT GbiThb Mehblue IiHamerpa ——2——(z 1,61)

OPaBHALHOIO IMATHYTOJBLNKA TOJLKO 405 npa-

=
(n d (5) =l_4;}_/_°
2
8uabH020 naTuyeoasuuxa), C npyrofl CTOpOolB, Tak Kak BCe AHArOHAIH
pacemarpusaesoro nstuyregaenuka AydsAszAAs neyvme 2 (nanpumep,
AjAs < A1 + Apds = 2), 10 d(8) << 2 (cp. ¢ 3anauelt 78; d(B) =2
L5 BBIPOXAEHHOTO «HSITHYTOJBIIKA», TPH COCETiHe BepUIiibl KOTODC-
ro npunajgexaT oaHoil mpaoi). ’

r) Tak Kkak xaxpnas auarosaap mectnyroawunka  AiAsAsdidsAs
Bceraa = 3 (manpumep, A4y << Ajds + A2As + A3dr = 3), 10 ero
nnamerp d(6) Bcerna =<3 (d(6) = 3 nJaS BLIPOXJAEHHOTO «UECTHYTOMb-
HEKa», BCE BEPUIHLI KOTOPOTO npHHajsexaT oxiofl npameil). Caox-
Hee HAlITH HauMeHbILIEC BO3MOXKHOE 3uauenne d4(6) Anamerpa 8vi-
NYKA020 PaBHOCTOPONHErO IIECTHYTOJBHEKA €O CTOpPOHAMH AMHEH 1.

PacemorpuM pasnocroponnnil Tpeyroasnik A;AzAs co croponoit d.
INpogeieM W3 Ka’KOOil €ro BEpHIMNE Kak H3 HenTpa AYry, ccemnso-
myio ase apvrie sepuminl (pue. 147,@). Cepenmunt nyr AgAds, Asds u

B,

Ly
&

85

6)
Puc. 147.

AsAy ofosnauum cooteTcTBenno uepes A, Ay wAe; B Takom cayuae

A1A2A3A,A5Ae €CcTb> BRITYKALIT MIECTHYTOJBHUK, BCE CTOPOHBI KOTOPOTO

paBubl Mexay coboit, Tak kak ayra AiAs paBna 60°, To £ A;A 1Ay =
30°

== 15°; orciona nerko BHBOAHTCS, UTO £ AgA1As=60° -+ 2.15°=

= 00° n £ AjAzAs = 180° —2-15° = 150° Takum ofpasoM, y wecTi-
yeoavuuxka A1AAsALAsAs uepedyrorea yeant 90° u 150°. U3 Toro, uto
L AgA1As = 90°, £ AiA2As = 1560°, sakmouaem: Aedas << A1ds = d;
orciona caejyer, yTo AHaMeTp wectruyroapnuka AiA:A3A.AsAs pasen d
(d pasumt puaronann AiAi;, AxAs, AsAe, AiAs, AsAs u AsAq storo
wecTHyroapuika), TIpeAnosioXiuM Tenepb, YTO CTOPOHBI IIECTHYTOJbHH-
Ka paBHH 1; B TakoM caydae duamerp d pasen 2sin75° = 1,93.. Ilo-
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KaXeM Tenepb, UYTO HUKAKOL WeCTUYeOAbHUK O CcTopoxamu daunot | He
MONCET UMETL MeHbuwiul Juamerp.

IMyers B1B:2B3BiBsBs ecTb KaKoii-TO BBINYKJLL I1HECTHYTONbHUK,
BCe CTOpoHBI KoToporo pasubl 1 (puc. 147,6). Taxk kak cymma Bcex
YrJIOB luecTHyroJbhuka pasita 180°(6 — 2) —720 HaiayTca JABa coO-
ceHUX yrJa LIECTHYroJbHHKA, CyMMa KOTOple He MeHblUe YeM
2.720°

6
TOM XOTH Obt oZuH u3 yraos Bz, Bs Goabme 150°, 1o pmaronans, co-
eAMHAIOUAst BTOPBIE KOLIB CTOPOH, CXOASIHXCA B 3TOM yray, Oyjer
Goasure uem 2-sin 75°. Jdokaxem, Temepb, uto ecan £ Br << 150° #
£ B << 150° 10 BBy = 2sin 75°,

= 240°, uyctb, nanpumep, B, u Bs — takue yrasl, Ecam npu

B
Ha tpeyrosnuuxka B, B,B; naxozum BB, =2sin 42 2 4 B;B;B, =
=90° — 4232 H, CJIeIOBATE/IbHO,

— 90°,

' B
1313334=<433+ 4 2)

Tenmeph mo Teopeme KOCHHYCOB M3 TpeyrosbuMka B;B;B, nmeem

B,B?= BB} + BB5 — 2B;B,+ BBy cos £ B|B3B, =

=144 sinQ—BQ—Z—Llsin—B—Q—cos [(83 +-%i)—90°}:

2
. . By T, ( B, ; _Bz_] .
=1 —-4sm—2—[sm Bs —|——2—)—sm 3 | =
4\ _ew Bs . By B4 B, _
=1 8 sin 5 SIHTCOS———Q——
- . B? . BS 32 + BJ o)
—I—I—Ssm——Q——sstm( 3 — 90°),
Taxkum oGpasoM, paccrosiune BB, 6yser HaHMEHbLIMM, KOrAa Bbipa-
JeHnde sin —g—z—sin —%Q- (sin —B—Q:gﬂ - 90°) 6y1eT HAHMEHbILUM.
Bocroabayemes: TeM, 41O -
By . By 1 B, — B; BQ—I-Bg\)
sin—= sin —== 3 (cos 5 cos. D) .

Creposatensno, npu 3afanucit cymme ZB2+ £ Bz = ¢ (no ycaosuio
0 = 240°) BHIpaxeHue sin-—2isin~2—3 GyHET TeM MeHbIUe, yeM GoJbile
6yneT mo aGCO/OTHON BesHUHHE pasHocTs LBz — ZBa. Ho no yeno-
BHIO HH ONHH M3 yrioB By, Bj; ne npeBocxozmT 150°; mostomy npH 3a-

IaHHOA cyMMe O Bobipaxedde sin ——2—— sin —53— (cnepoBartesniio, H
B, B B B
sin -—2— smT3 sin [ == + =3 90° — a 3Ha4uT, U Aadua B;By) Oyner

HauMeHbIINM, ecayu £ Bz = 150" mm Z B3 = 150°%

N

277



Ipennoaoxum temepn, uro £ By = 150°, £ Bs = 0 —150°. B ra-
KOM CJiydae HMeeM
2 K 0 L3 Y (=] H o o
BBy=1-8sin75 sm(-Q—— 75 )sm(—2~— 90 )

Ho 3amerum Temepb, uro B wectnyroabHike AiAA3AAs5Aq
(puc. 147,a) £ A, = 150° u £ A2+ £ As = 240°; nostomy

A A% =1 + 8 sin 75 sin (120° — 75°) sin (120° — 90°).

H3 cpaBuenusi BHIpaKenuii 4. Ble o AlAf HENOoCPEeCTBEHHO cJe-
ayet, uro BB,>=> AAy=2sin75° (udo ¢ = 240° cJaesoBarenbHo,
sin (% — 75°) > sin (120° — 75°), sin (% —~ 90°>>sin (120° — 90°));
npn sroM BB, = A;A; 1oipKO B TOM cayuae, ecan £ By= /4 A,
£ By = £ A,.

Takum ofpasoM, MBI 3aKJ0uaeM, YTO Wi OOUH BbINYKAbLL LLeCTi-
YeOAbHUK O CTOpoHamu Oaunot | He umeer oOuamerpa, mewbuleeo
2sin75° = 1,93...; Ouamerp uwiecruyeoivruxa pasen 2sin75° & TOM
(u TOonbkO 8 TOM) cayuae, kKoeGa wiecTuyeoasrux umeer eud, uzobpa-
sennbll Ha puc. 147, a.

B 3ak/mnouenie 3aMeTHM elle, UTO, OUEBHIHO,

o

2s5in 75° = 2 cos 15° =2 cos 33 =

3
e X2
=2l/_1+—CQOS30_=2 ___2.2_=]/2+|/3'

86. a) Slcmo, uro ans ngomaxn S ¥ nepumerpa P TpeyroJb-
unka ABC namamerpa 1 (Tpeyrosmbnuxa, HanGoJblias CTOPOLa KOTO-
poro paBsHa l; cp. samauy 78 a)) cmnpaBefJNBEl HepaBencTBa

V'3
O<S<—T (=~ 0,433) " 2P <3

(P=2 B <«BHPOXKAGHHOM» CJyuae, KOr/la BEPIIHHBLI TPeYroJbHHKA
NpHHAAAeXaT OAHON npsaAMOfl, H P =3, ecJu BcCe CTOPOHB TPEYroJb-
HHKa paBHBl 1, T. €, €CJAH TPEeYyroAbHUK pagrocropounuid; S =0 B
«BBIPOKJCHHOM» ¢Jlyyae, KOrja BCE BepIIHIIB TPeYroJbHHKa IIPUHAA-

o . 3
aexaT onnofl npsimoll, v S =~ » KODla Tpeyroabluk ABC pasno-

CTOPOHHUL — CP. ¢ 3anaueil 74 a)).

6) IMaowans S u nepumerp P uernpexyroabnuka ABCD
anameTpa 1, T. e, ueTHIPEXYroJbHHKA, HAHGOJbLIAS CTOPOHA HJAH Hap-
Oonbliasi guaroHasnb Koroporo paBsa 1 (cM. sapavy 78 a)), y[AOB/IETBO-
PAIOT llepaBelcTBaM

0<S<

3‘=0,5 " 2< P4,

B camom pedse, scuo, utro S > 0, npuuem S MoxeT ObITb CKONb YTOJAHO
6in3ko K Hyno (papeHcTBO S = 0 JoCTHraercss AJfl «BHIPOMJEHHOro»
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YeTBIPEXYTOAbHHKA, BCE BepIIMHBI KOTODOTO MPHHARJENAT OAHON mps-
moft). C apyrofi CTOPOHBI, y4UHTHIBas, 4TO B Hamem caydae AC <K | o
BD < 1, u3 dopmyas

1

SABCD=7

AC - BC - sina

(rze o —yron MexIy AHATOHAJ/ISMH YeTBIPEXYTOJNbHHKA, CP. C pelle-
HHeM 3ajau# 45a)) — pacCMOTPHTE OTJeJbHOH csyyail BBLIMYK/IOrO H
Cyvail HeBBIYKJIOrO ueTbipexyroabiuka ABCD), nonydaeMm

S<%ol2-sina<

1
"gv
rfe DaBGHCTBO JNOCTHraeTcs JHmb B TOM cayuae, koria AC = BD =
=lna=290°

Iasnee sicHO, 4TO ecad Auamerp uersipexyroabhuka ABCD pasewn |,
TO HH OAlA €ro CTOPOHA He MOXKEeT NPeBOCXOAHTb l; MO3TOMY

P <4,

npudeM P MoXeT ObiTb CKOJb YrogHO GuM3K0 K 4: JOCTAaTOYHO JIHILIb
IIPEANOoJOKUTb, YTO Tpeyroassuk ABC pasroctopounuit co croponoit I,
a Bepunna D (neBmimykjoro) uwerbipexyrosbHika ABCD noctatouno
6au3Ka K BepuinHe B.

C zapyroft CTOpOHBI, €CaH pPACCTOsiHME MeXKAy ABYMa Toukamu M
u N yeTsipexyroipnka pasuo 1, TO juHua KaxAo# M3 ABYX JOMaHBIX,
Ha KOTOpbie AeJNUTCA KOHTYp MHOroyroJbuuka Toukamu M m N, me
Meublle |, H 3HAUUT,

P>2

npu stoM mepumerp ABCD moxer OblThb cKoJib yrogno OJH30K K 2,
€C/H  TOJIbKO BCE BePUIHHBI YeTHIPEXYroJblHKA JOCTATOYHO OJN3KH K
npaMoit MN 1),
B) Hepasencrsa
1
0<S < 5 o P>2

COXPAaHSIOT CUMy H AJd BHINYKJAOT O ueThipexyroabiuka ABCD; on-
HaKO 3ajaua ONpele/eHHs Haub0Abuieed B03MONCHO20 SHAYEHUA nepi-
MeTPI sbinyKkA0eo uervipexyeorsruxka ABCD Ouamerpa 1 (7. e. 3anaua
00 OTBICKAHUH BbiAYKA0e0 4eToipexyeosvnuka ABCD OJduamerpa 1 u
Hauboabuleeo BO3MONHOO NEepuMeTPa) SIBAAETCS AOBOJLHO CJOXK-
nofi, Pemenue 3Tofi 3ajaud MBI pacusieHMM Ha P TUAros.

1°. Huamerp MN seinykjoro uetspexyroasanka ABCD Bcerna
coBrajgaer ¢ HauGoJpliell AMATOHAJABIO HJAH ¢ HaunOOJbIIefl CTOPOHOIl
UeTHIPEXYIOMbHNKA, T. €. DaBen HaHGOJDLIIEMY H3 UIecTH oTpesko AB,
BC, CD, DA, AC w BD (cm. samauy 78 a)). HokaxeM 1enepn, uro 0an

1) AHasoTHYHO MOXKHO IIOKasaThb, 4YTO, CKaeM, mepumerp P naru-
yeoavnuxa ABCDE nnaverpa | ymoBJeTBOpSET HepaBeHCTBAM

2<P <5,
npuyeM P MOXKeT ObIThb CKO/b YrogHo GJM3KO H K 2 4 K b,
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2100020 BLINYKA020 HeTbipexyzonrvhuka Quamerpa 1 u nepumetpa P
naiderca Aubo TpeyzoabHuxk 1020 Me Juamerpa | u nepumerpa = P,
Aub0  avinyxavll 4etvipexyeoavnux Ouamerpa 1 u nepumerpa = P, y
KoTOpo2o ofe OuazoHaiau u no kpaiued Mepe O0OHA CTOpowa pasHbi 1.

PacemoTtpum cayuail I orpesox manumt d =1 ectb cTopona
AB uermpexyroasuuka ABCD (puc. 148), Ecin AC << d, 1o Oynem

al
Puc. 148.

nopcpaunBath cropony BC Boxpyr Touxkn B rtax, uto6s yroa ABC yge-
JUUBBAJCA A0 TeX 1op, moka aubo ueTeipexyroaviuk ABC'D (npemne
uyeM CTaHeT HEeBHINYKAbM) BLIPOAHTCS B Tpeyroasuux (puc. 148, a),
anGo suinoannutcs paBeHcTBo AC =1 (puc. 148,6). Kag Mu noxaxem
Raavlile, B 060HX caydasx

1>Dc’>DC, (+)

oTKyaa 6yHeT cleA0EaTh, UTO IHAMETD {GHITH MOXKET, «BHIPOKAECHHOr0»)
uethipexyronenika ABC’D rno-npexneMy pasen l; HETPYAHO BHRETS,
uTO mepHMeTp ero == P.

Ecoin  ABC’D — uernipexyroabnux ¢ guaronadabio  AC = d
(puc. 148, 6), 1o, nosopauusas ctopony AD ananorHuHo TOMY, KaK MHl
3TO Jle]laJH paHee co cTopoHoil BC, MOXxHO §yneT, He yMeHbllasi nepi-
Merpa P, npuittn anbo K ueTwpexyroswunky ABC’D’, BbhiponnBLIeMycs
B TPeyroJbHHK, JH60 K udersipexyroapuuky ABC’D’, y xoroporo BD' =
= d. Takum ofpasoM, MJs Toro uToGH JAoKaszatb Aasa caydas 1 cdop-
MYJHPOBAHHOE BHINIE YTBEp:KJAeHHe, JocTatouno yOGeAHTbCS B Crpasel-
JUBOCTH HepaBeHncTBa (*),

2°, JlokaskeM cnauaJa, uto

DC’ = DcC.

Ilas sroro mocrtatouno nokasath, uto £ DCC’' = £ DCB + £ BCC’
sakaioueH B npeaeaax or 90° no 270° Tax xax ueTwipexyroaphnk ABCD
BHINYKABH, & Tpeyroasaek BCC’ pasnoGenpenuntii, To

< DCB < 180°, £ BCC <907,

otkyna £ DCC’ << 270°, Hanee, 8 A ACB cropona AB =1 sBasercs
nanGoablielt, 1 nosromy £ ACB = 60° a snauurt, u nogasno £ DCB >-
> 60°. Ho B A AC’B (puc. 148, 6; paccmoTpure camu 6Gojee TPOCTOI
cayuah pue, 148,a) rtakxke AC’ = AB, u nostomy £ ABC’ << 90°, a
apaunt, B nopasno £ CBC’/ << 90°. otkyna £ BCC’ > 45°.

Hraxk, .

£ DCC’"= £ DCB -+ £ BCC’ >60° + 45° = 105° > 90°, -
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AC/,IIogaDmeM teneps, uto DC’ <{ 1. Tlycte O — Toura mepeceuenus
H ; Toraa

DC" 4+ 1=DC’+4 AB< (DO + 0OC’) 4 (A0 + OB) = AC’ + BD < 2,

4TO 3aBepIIAET NOKA3ATENLCTBO HEPABEHCTBA (*).
3°. Ilepeiinem Temepr k cayvaio Il orpesox aammpt d = 1 ectb
Anaronaab AC yetupexyroabuuka ABCD (pune. 149). Ilycts AB —

Puc. 149.

TAKas CTOPOHA YeTBIPEXYrOJAbHHKA, YTO CyMMa YIJIOB HYETHIPEXVIOJbHIIKA
ABCD, npuaexamux g AB, ne npesocxoant 180°:

£ BAD + £ ABC < 180°.

Ha nponommxennn otpeska AB 3a Touxy A BO3LMEM HEKOTOPYIO 6aH3-
xyio K A Touky A’ u nocrpoum CC’ # AA’; npm stom A’C’ = AC. By-
JleM YBeJHUHBaTb oTpe3ok AA’ mo tex mop, noka au6o oaHa H3 €T O-
poH dethpexyroabunka A’BC’D ue cramer paBuoit | (puc. 149, a),
an6o yerwipexyroavunk A’BC’D (npemie ueM cTaTb HEBEIIYKJBIM) Npe-
BpaTUTCA B TpeyrojbHHK (puc. 149, 6). JIuaMeTp nNoCTpoennoro 4eThl-
PEXYTOJbHHKA TMO-NpeXHEeMy, OUEBHAHO, paBeH l; [OKaxeMm, UTO €ro
nepnMetp = P. Oraoxum AB’ 4 CB; Toraa

Z B'AB-+ £ BAD = £ ABC + £ BAD < 180°,
OTKYZa caeayer, uto aoMmanass B’A’D o6vemaer nomanyio B’AD. Tlo-

9TOMY
BC+ AD=BA-+ AD << B'A’ + A’D=BC’ + A'D;

KpoMe TOro,
CD<LCC'+C'D=AA"+C’'D.
M3 5TuX ABYX nlepaBeHCTB moaydaem

AB4+BC+ CD+ DA AB - AA -+ C'D + BC’ - A’'D ==
= BA’ 4+ BC'+C'D+4 A'D,
YTO HaM H TpeGOBaOCh AOKa3aTh,
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Hrak, Mbl yGexnanch, uto nepuMetp P’ uertwipexyrosabunxa A’BC’D
He Menbile mepumetpa P yetweipexyrosshuka ABCD ¢ Tem ke auamer-
pom. Ilpn stom smbo uerwipexyroiibHHk A’BC’D Bmipoxnaercs B Tpe-
YrOAbHHUK, JIHOO Y BLITYKJOTO YeTeipexyrogbhuka A’BC’D onna H3 CTO-
pon paBHa ero anamerpy. Tem caMbiM Mbl CHOBa NPHXOAHM K ciay4aio I,
KOTOpBIl 6blT pa3o6paH Beiue. TakuM 06pa3oM, BMECTO BCEBO3MOMHBIX
YeTBIPEXYTOJBHHKOB AHaMeTpa | Mbl MOXEM Temepb OrPaHHUHTHLCS JAHIIb
BHIDOKACHHLIMH «UETHIPEXYTOJBHUKAMH» (TpeyeoasHukamu), ff KOTOPbLX
P <3 (cm. 3amauy a)), U TakuMHu uersipexyeoavnuxkamu ABCD, y ro-

TOPbIX
AB=AC=BD=1.

4°, Mycrs ans onpexpenennoctn BC = DA (puc. 150). Ha cropo-
ne AB xaxk Ha OCHOBAHHH TOCTPOHM MO Ty Ke cTtopony oT AB, uto u

Puc. 150,

veTnpexyroapiuk ABCD, pasuoctopounuit tpeyroasuuk ABC’ (co cTo-
ponoir 1), ITokaxcewm, uro

DC’ + €'B>DC + CB, (++)

T. e, uTo ueroipexyeonvnus ABC'D npu tom sce duamerpe useer ue
Menobwull nepumerp, uem deroipexyeossiux ABCD. ]

IMokaxem cnavana, yto £ C'CD > £ C"CB, rae touka C” uje-
xuT Ha npogosmxenun C’C sa touky C. Iloctpoum okpyxuocrs BCC’
¢ uentpom A u paamycom 1; nycrb npsiMass CD BTopoil pas mepecexaer
3ty oKpyxiocts B Touke K, Tak kak | = BC’ z= BC = DA (u Toukn
B, C,C’, cootsercrsento A,D,C’, npuHalJe:KHT ABYM pPaBHBIM jayram
OKpyxHEOcTell paauyca | ¢ uentpamu A, coorBerctBeHHo B), To ToU-
Ka D nexur e gagwiie oT npamoit AB, uem rtouka C, a C — He jaJjb-
we, yem C’; nostomy ~KC' 2= "FC’=60° = ~C'B, rae FC'||AB; or-
€l01a H CAeYeT, 4To

1 -
Z c’cn:i KC' >

—lé-VC'B — ,C"CB. -

M3 »storo HepaBeHcTBa BBITEKaeT, 4T0 OGuccektpuca MCN yraa
B’CB (rouka B’ sexut na npogomxkenun DC 3a toury C) JI€KUT BHYT-
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pi yraa C’CD, n cienoBateqbho, nepecekaer orpesok C’B B HeKoTOpOil
touke G. Ecan CB’ == CB, 1o takxe GB’ = GB, u 3nauur,

DC +C'B=DC"+C'G+GB=DC’ +C'G -+ GB >DB =
=DC 4+ CB' = DC + CB,
4YTO ¥ AOKA3bIBAET HEPABEHCTBO (#%).

Takum o6pasoM, gaznee Mbi MOXEM OrPaHHYMTbCR TAKHMH HETbLpeX-
yeoavruramu ABCD, y xoropeix

AB=BC=AC=BD=1.
5°. B cayuae, KOTZa BLIIONHEHB! NOCJENHHE YCA0BAA 1. 4°, BepIIH-
net A, B u C uernipexyroavhunka ABCD 06pasyioT paBHOCTCPOHHAI
TpeyrosbHuk co croponoll 1, a Bepwmma D npusapnemnt ayre AC

g L
’

¢

R
I N A
N - R
' N - "”J/‘»

p o n o
A B Q M ﬂl]--.._‘\»%_
A
a) 6)

Puc. 151,

oxpyxnoctn paaumyca | ¢ nentpom B (pue. 151, a). IMycts D'—ce-
penuuna nyru AC, 1. e. TAD" =T D’'C. Tlokauem, uTo

AD’ 4+ CD’ = AD + CD, (s5%)

T. e. uTo werotpexyeorvrnuk ABCD’ npu Ttom xe anamerpe 1, 4TO n
ABCD, umeer He menvuuuid wem ABCD, nepunetp.

B camom geae, ecin P gexut na mpogomkenud D’D sa Ttouky D,
TO

£ PDA = 180° — £ ADD’ =% ~ADD' = % “D'c =« D'DC.
Ho, xak xopouio ussectno, ecan Dy ects ta rouxa npamoii PQ, koro-
PAs UMEETH QUM € H b UL Y 10 CYMMY paACCTOAHUL 00 3a0aHHbLX TOUeK A
u C, pacnoJoXKeHHbX 10 0IHY €TOpoHy oT PQ, 70 £ ADP = £ CDyQ.
(210 caenyer M3 TOroO, YTO eCJaH TOYKa J cuMMerpudna A OTHOCHTEJb-
HO mpsamoii PQ, To Anas Bcex Touek M mpsmoi PQ umeem AM + CM =
= AM 4 CM, a HauMeHBIIYI0 CYMMYy pacCTosHuii 1o Touek A n C
nmeer Touka Do nepecevenusi PQ ¢ otpeskom AC, n0as KoTopoll Kakg
pas £ ADoP = £ CDyQ; cm. puc. 151, 6.) flostomy touka Dy cosna-
naet ¢ D, — oTKya B cleyeT HepaBeHCTBO (#**).

OxonuyaTe b0 noaydaeM

BA+AD +DC+CB<<BA+ AD" 4+ D'C + CB.
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ITonBenem wmrorn. Mbl BHAHM, uTO wersipexyzoaonuk ABCD, 0as
KOTOpO20 oOTHOwenue nepumerpa P k Ouamorpy d = | makcumasvuo,
XQPaKTepusyeTca YcAo8usmu

AB=BC=AC=BD=d (= 1), AD = DC.

Iepumerp P Ttaxoro uernipexyrosbuiika ABCD’ (cm. puc. 151, a), oue-
BH/HO, PaBeH

AB+ BC+ CD’ -+ D’A=24B + 24D —2 -+ 4 sin 15° =
=24V 6—) 2>3;

HepaBeHCTBO P >> 3 10Ka3blBaeT, 4TO BCTpEUaBUIMMHCH HAM B mpouecce
nedopMalHy HCXOJAHOTO YeTbIPeXYroJbHHKA CJIydastMd, KOrjla O <BHI-
poxjanca», ofpamasch B TPEYrOJbHHK, MOMKHO IpeHeOpedn: Beldb
Jis TpeyrosabHuka Auamerpa | Bcerga P =<C 3. Taxum 06pasoMm OKOH-
YaTeNbHO Mbl IOJydaeM CAelylouylo (TouHyO!) OLeHKY [/ mepHMeT-
pa P Buinykjoro yersipexyrossunka ABCD anametpa 1:

2<P 24V 6~V 2 (= 3,03). *

[Mepumerp P = 2, KOTAa <YCTHIPEXYIOJbHUK» BBHIPOKAASTCS B OTPE3OK;

nepumetp P—=2+4F 6 —¥ 2 Hmeer 10abKO mOCTpOSHHBI B NpoUEC-
ce peuleHusl 3ajlaud pomOoud (UeTHIPeXyroibHHK C ABYMsi IapaMH pas-
unix cocepnux cropon) ABCD’, nBe paBiipie CTOPOHBI KOTOPOTO H
Gosbluasi H3 auaroHastefi (OHa SBJASETCH OCBIO CHMMETPHH pomGomnma)
paBubl 1,

87. a) HokaszatenbCTBO Mbl TIpoBeIeM MeTOLOM MaTeMaTH-
HecKOfl M H YK I HH, SICHO, YTO YHCJIO HAHGOJABUIHX H3 OTPE3KOB, IO-
NapHO COeAMHSIOIHX TPH TOUKH, He MoeT OblTb GoJblie Tpex (Belb
3nech ofiiee yucao OTpeskoB paBuo Tpem!), Ilpenmonoxum Temepp yxe
JIOKa3aHubIM, YTO HAub0AbULyt0 OAUHY U3 HUCAQ OTPEe3K08, NONAPHO
coefuranuux 300anHble N — | TOYeK NAOCKOCTU, MOSYT UMETb He Goee
4wem n—1 orpesxos; [NOKaMKeM, UTO B TaKOM CaAyuae HAUGOAbULYIO

nn—1)

dauny u3 uucaa Ci= O0TPe3ko8, NONAPHO COLJUHAIOUUX

3adannbie n touek Ay, As, ..., An RAOCKOCTU MO2YyT umeTv He (oaee
uem n OTPe3Kos.

[lposenem BCe auaMeTphl Hamefl CHCTEMBI M3 f TOUEK ILJIOCKOCTH,
Ecau us xaxgofi w3z touek Ay, A, ..., An HCXOLAT ue GONee ABYX
LHAMETPOB, TO, CUHTAsE STH JHAMETPbl «HO KOHIAM», Mbl [OJYYHM UHC-
M0 < 2n; HO npH 3TOM KaxIblH AMaMeTp 3acCUMTBhIBaeTCs ABaxAb (H60
OH coeiuilsfieT 7Be TOYKU!), Mmo3toMy obuiee UHCJIO AHAMETPOB He Ipe-

|
BOCXOIHT —2—-2n=n. Takum ofpasom, HaM OCTaeTcst pacCMOTPETh

JUIIb TOT cayuafi, KOTAa, CKaxeM, w3 seputuust Ay ucxo0ar tpu Jua-
merpa Ady, AA; u AtA, (1, MOXKeT ObiTb, KaKHE-TO enle AHaMeTphl
Hallel CHCTEMBl TOuek) 1),

Tax kak Air'li == AlAj =3 AlAh = 1, a AiAj, AiA;‘, AjAh < ], TO
un oauu u3 yraos A;Ai14;, AiA1As, AjA1Ar ue npesocxozut 60°; mycTb
AiAjAj—unau6GoabW i U3 3THX TPeX YIJIOB, T. €, INYyCTb OTPE30K

1) 3ameruM, YTO TOJBKO mpH pa3Bope 3Toro Gojee CJO0KHOTO CAY-
yasi Mbl BOCHOJIb3YEMCSt CAEJaHHBIM paHee <«HIAYKTHBHBIM TIPeANnoJo-
JKEeHHeM», KacaioWUMCa YHC/AA JHAMETPOB COBOKYMHOCTH H3 ft — | TOUKH,
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AjA, npoxoaur suytpu (ocrtporo) yraa A;AA; (puc. 152). Tag rax
JAMaMeTp Hamell CHCTEMBl ToueK paBeH I, TO Bce TOYKH NpHHAAIENKAT
3alITPHXOBANHOMY Ha pHC. 152 KpHBOMUHEfiHOMY Tpeyroabhuxky T, of-
pasoBanHoMy nepecevyeHHeM Tpex Kpyros Kpi, Kpi n Kp; panmyca |
¢ uenrpamn A, A; n A; Ho A ects ennu- ‘
CTBennas TOUKa Mepecedeniis Tpeyrojbuuka T
¢ okpyxuoctbio Okpr ¢ uentpoM Ax ¥ pa-
anycom 1, 1. e. Ay ecTb eARHCTBenHas Touka
Tpeyroabuuka T, ynajemnas or A wa pac-
crosine 1 (nowemy?). ITostomy H3 BepIHHBI
A, namefi cHcTeMBI TOUEK MOYKET HCXOAHTH
JUIIL € XHHCTBEHUBT AHAMETP, a HMEH-
no AxAi. Ynaanm Temepbp Ax u3 uHcaa pac-
CMaTpHBAEMBIX TOUEK; Yy Hac ocTanyres A — |
TOYEK, CO[IACHO MNPEAHOJOIKEeNHI0 HHAYKUHIL
cay:Kamux KoHuamu mne Goaee ueMm n— 1 oT-
peskoB manusl 1, Tlpncoennuns x stum 7 — |
TOUKaM TakiKe H TOuKy Ap, MBI NPHIZEM K HCXOXHON CLCTEME A TOUEK,
umeloeit e 0oJee

(n—1)+1=n

nuameTpoB: 71— 1 IHaMeTPOB, COEAHHSIOUIMY TNOmapHo n'— | Touek,
ROAYYaeMblX HCKJI0YenneM ToukH Ag, u 1 nuamerp AiAn.

Herpyano BuIeThb, 4WTO YHC/IO0 AMAMETPOB A-YIOJBHHKA TIpH jmio6oM
n MOXKeT paBHATbCcA A, —CcM. puc, 153, a, na xoTopom H306paxen

»
A,

A Ay

Puc. 153.

npasuabHbil N-YroJbIHK € HEUeTH B M UHCAOM 7 BepWMH  (37eCh
n =15), nan puc. 153,6, va KOTOpPOM H300paxeH WPABHJALHBI MHOIO-
yroacuik AsAz ... An—1 ¢ HeUETHHIM uHCAOM N1 — | == 2m — 1 Bepmun
(snece n— 1==5), a nocieanas sepuinia A, n-yroasuura A14zA;3.., Aa,
roe n==2m ueTHO, upuiamiaexur ayre An,—;A; OKpPYyKHOCTH pa-
nuyca 1 ¢ uenrpoM Am.

[BoT. emie OxHA KOHCTPYKIHS, HPHJAOKHMAsS OLHOBPEMEHHO W K €Iy~
4ao YeTHOTO H K CAy4alo HEUYETHOT O 7: NycTh BepwHHH Ay, Az
n An (Bunykiaoro) n-yroabunxa Aids ... A, 06pa3yioT npaBHAbHBI
Tpeyroabhuk co ctoponofi 1, a Bepummumt As, Ay ..., An—i npunagse-
xat nyre A.An OKpyxHOCTH paamyca | ¢ nenrpom Ay (puc. 153,8).]

6) Bocnoab3yemcst onsiTb METONOM MATEeMAaTHUYECKON HH-
AYKIHH SICHO, UTO YHCAO JHAMETPOB CHCTEMBI H3 UYeTHIPEX TOHEK
npocTpaHcTBa (CHCTEMBI BEPIHH TPEYTOJBHON NHpPaMuibl, HJH TeTPasapa)
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HE MOXET HpeBOCXOZHTL 2-4—2 = 0,—Beib B 3ITOM cJjaydae
 YHCIO OTPE3KOB, INOMNAapHO COEAMHSIOIHX HAWH TOYKH (4HCI0 pebep
Tetpasapa), pasHo 6. Ilpexanosmoxnm Temepn yke [OKa3aHHBIM, YTO
HauboAbULYI0 OAUHY U3 HUCAQ OTPE3KOS, NONAPHO COEOUNANWUX OaH-
Hble N — | TO4ex NpocTpancTea, Moyt umere He Gonee vem 2-(n—1)—
—2 = 2n — 4 0Tpe3xos; NOKamKeM, uTO TOTHA HAUGOALUIYID OAUHY U3
4ucaQ OTPe3K08, NONAPHO COCOUHAIOWUX KaKkue-aubo n Touek Ay, A, ...
., An npocrpancrsa mozyr umers we 6oaee dem 2n — 2 oTpeska.

IlposeneM BCe OTpe3KH, COeQUNSIOLIHE MOMAPHO HAUIM #I TOUYCK,
Huesno auameTpoB Hallell CHCTEMBI TOUEK, HCXOAALUHX H3 OnpejeseHHON
Toukn A; (rme { moxer pasuatbea 1, 2, 3, ... wau n), obozHauum ue-
pe3 8;; B TakoM cayuyae ofilee MHCAO AHAMETPOB CHCTEMbLI GyaeT PaBHO

{ ,
'2—(61+52+ wee A+ 6y)

—Beab B cymMme Oy 824 ...+4 8n xawaulil AnaMeTp YuHTbIBAETCS
asaxasl. Hasnee paccMoTpuM OTAenbuo [ABa ciaydas.

1°. Cywecrsyer taxas rouka Aj;, uro 6; << 2. O16pocum 3Ty TOUKY;
Mbl NPHAEM K cHCcTeMe n— | Touek, umewoulell, MO cJenaHdOMYy mpel-
MOJIOXeHHI0, He Oonee yem 27 —4 puamerpa ). IlpucoennHns Tenepnb
K NOJydeHHOH TakuM o0pa3oM cucreMe H3 n— | TOUEK TaK:Ke H TOY~
Ky Aj, Mbl BepHeMCsl K HCXOAHOH CHCTeMe TOueK, HMemomefi He GoJjee
ucM

2n—4)+2=2n—2

INaMeTpoB.

2°. Kamdoe wuz wuucea &, Os ..., 6; ne metHowe 3. Hna toro
yTOGBl OLENHTb KOJHYEeCTBG AHAMETPOB B 3TOM (HauGojee ciaomuoM!)
ciayqae, paccMOTpHM mepeceuenne (oburyio wacrs) [T wapos Ly, His, ...
..., I, paguyca | ¢ uenrpamu B Toukax Ay, As, ..., An. Tak kak
KaXabll H3 paccMaTpHBAeMBIX IIAPOB COJAEPXKHT BIYTPH BCE Hauld
TOUKH, TO W [/ cOJAep:KMT BHYTPH Bce HAWIM TOYKH (HJIH HATAHYTBIA HA
IHX  «BBUTYKJbA  n-Bepwnuuuk» 2) M), Hewo, uro [I — suinmyx.oe ?)
Teno, OrPalluCHHOE 11 «KYCKAMH» Oi, Oz, ..., On chep C¢hy, Coha,
..., Cppn, aBasiouruxcs nosepxuoctsamu wapos [y, [, ..., I, (ua
puc. 154 s1o Teno [7 u3oGpaeno Adst TOrO MPOCTEHLIEro caydas, KOrjia
muororpaniiuk M ects Terpasap). Kakpaas u3 «xpusosaupeifinblx rpa-
neit» 0y, Oz, ..., On Tena I npeacraBaset coGoft 4acTh OJHON H3
chep Cohy, Cohe, ..., Chn, BBICCKAEMYIO H3 3TON cdepbl 1 — | 1WapaMH,
OFpAHHYEHHBIMH - OCTAMBILIMH 1 — | cdepamy; Tax, lUanpuMep, <«rpaHb»

1) 3ameTum, 4YTO JHilb NpH pasdope 3Toro (oJee NMPOCTOro ciaydas
HaM [PUJETCs BOCHOJb30BATHCS «HHAYKTHBHBIM MPEAINOJOKeHHEMS, Ka-
CaioUIUMCA CHCTeM U3 #— | Touek mpocTpancrsal

2} MoxHo cuuTaTh, UTO BHINYKJAas oGomouka M HamMX Touek (cM.
Haua/Io peulenus 3ajnaud 31 6)) npeacraBiasieT co00il BBTIYKABI MHOTO-
Fpalliuk ¢ f BepUIHHAMH («BBITYKJBI 7-BePIIHHHHK»), HOO ecau Ol
Kakas-qu00 M3 HALIHX TOYeK MOmaia BuHyTpb M, To u3 nee He Mor Oul
BHIXOAMTh HH OJHMH [IHaMeTp CHCTeMBl (cp. ¢ 3apnauelt 786)), —m a1y
TOUKY MOIKHO OBLIO Obl BOBCE HCKJIOYHTL M3 PacCMOTPEHHs.

’) Vs npuBefeHHOro Ha cTp. 56 BTOPOro onpejeseHHs BBIMYKJ/bIX
TeA Cpasy CcAefyeT, UTO nepecedertie mOOGOr0 YHCIA BLIMYKJABIX Tel
(B 4aCTHOCTH, 406020 4UCAG WAPO8) CHOBA NpedcTasiser cofod soi-
nyx.aoe reao. i

286



0y — 370 uacTb coepol Cqhy, BHICEKaemast u3 Hee wapamu Ly, I,
vou, I, Ho xaxnpii wiap sbicekaeT u3 chepol Cghy «mamouky» (uau
«chepuyecKUil Kpyr»); Gy -— 3TO IePeceuenne paAjia TAKHX «LIANOHeK»;
TakuM o6pasom, o; (rme j paemo 1, 2, 3, ... mIm 1) — 310 CBOEOOpas-
HEIl «KDYFOBOH MHOTOYTOJIBHHK», OrpaHHYeHHEIH (Ha noBepxHOCTH coe-
put Cgh;) HEKOTOpBIM MHCJIOM JAYr OKDYMKHOCTEl; 9TOT MHOTOYIOJILHHK O
SIBJSIETCSl «BBIYKJBIM» B TOM
CMBICJE€, YTO  «BBIOYKJBIM>
fBJaseTcsl OCCKOHEYHBI KO-
HYyc {pasyMmeeTcsi, He Kpyro-
BOH, a C HenpaBHJbLHBIM <OC-
HOBaHHEM>»),  0Opa3oBaHHbI
BCEMH JIyuaMH, COEIHHSIOMH-
mu ueHtp chepu C¢h; ¢ Tou-
KaMH  MHOTOYroJbHHKAa Oj.
[BTtor komyc nmpexpcrasader
coboii nepeceyenHe HEKOTO-
poro  uMcaa OOHKHOBEHHBIX
KPYroBHX KONYCOB, OTBEUalO-
IMHX <«lIANouKaM», [epeceye-
HHMeM KOTODBIX siBJAsieTCsl Oj.]
«CTOpOHBI»  MHOTOYrOJbHHKA
0; —3TO  YacTH OKPYXHO-
crefl, no kotopeM chepy Co;
nepecekaiotT Apyrue  cdepol Puc. 154.

Co, Cqbg, eeey Cpioy, Chjyy,

Cchn, a ero «BepuiMHb» — TOUKH, B KOTOpHIX cdepy Ce¢p; mepe-
cexatoT cpasy nBe man 6oJplie H3 oCTatbubix A — 1 chep. 3ame-
THM Tenepb, YTO UYHCAO bj BepIINH «KPYrOBOIO MHOTOYIOJbliHKa» §j He
Menblle Oj, ~— BeAb B YHCAO BEPIIHH O; HABEPHOE BXOAAT Te O; Bepuiuu
MHororpanadka M, koTtopee yaasenwst oT A; ma paccrosinne 1: ecau
Ar — takas Bepmmna M, uro A;Ax =1, to A, npuuamaexur Ce;
nenTpoM A; u panguycom l; A, aBAseTCS BePHIHHN O MHOTOYrOAb-
HHKAa Oj, NOCKOJbKY B Touke A, mIepecexalotes 8x (1. e. ==3) cdep,
LEeHTPaMH KOTOPHIX sBasioTci Op Bepmmd MuOrorpanuuka M, ymaaen-
HBIX OT As Ha paccrosune 1, TakuMm oGpasom, Mbl uMeem b; = 6; + &5,
rie §; =3 u g =0 (smech j=1, 2, ..., n); APYrAMH CJAOBaMH,
KaxK/Jbplli 13 MHOTOYTOJNBHHKOB O; HMeeT bj == 3 Bepiiuu (a 3HAyuT, H
b; == 3 cTopon), T. e. 0; He BHIPOKIAETCS B TOUKY MHIH B YTy OKDYK-
HOCTH M He MOXET ObiTh «JIBYYrOJbHHKOM» (HJH <«/JHH3CH»), T. €. He
MOxeT ObITh OTpalUyYeHHBIM BCEro ABYMS JyraMH OKPYMKHOCTell.

Tenepp Mpi yxe O6JH3KO NOAOILIM K hawell neau. Ilpumenum K
«HCKDHBJIEHHOMY BBINYKJIOMY MHOrOrpannuky» /1 Teopemy 3iiiepal),
B CHJIY KOTOpOIi

B—P4TI=2 (3)

1) Bra Teopema crnpaBeiJHBA HE TOJBKO AN OOBIMIILIX MHOrOrpaH-
HHKOB, HO H JJIs JIOOLIX «HCKDUBJEHHBIX MHOIOTDaHHHKOB», rpy6o ro-
BODs, YCTPOEHHBIX TAaK €, KaK OOBIYHBIE MHOTOIPaHHHKH, T. €, MOdy-
YeHHBIX H3 HUX Takofi Jedopmauveii rpaHell ¥ pebep, npu Kotopofi onu
HE PBYTCH M He CKJEHBAIOTCS, MO TPaHM MepecTaloT OblTb IVIOCKUMH,
a pe6pa — npaMoaunefinpiMi. Ilo stomy nosoay cM., .umepaTypy, yKa-
3aHHYIO B CHOCKe Ha cTp. 1561,
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rae B, P u I' —uucno Bepuin, peGep u rpaneft mMuororpauunxa, Coot-
HoweHHe (D) MOKHO TaKKe MEPENHCaTbh CJAEAYIOWUM 00pPa3soM: ’

P=B+4TI-—-2 ' 3
Ho B namesm cnyuae
IF'=np
(«muororpaunux» /I umeer # rpaseit oy, G2, ..., On),

P g (b4 byt ves 4 by) =

=’2[‘(5|+62+ cee +6n)+é‘(81+62+ vos Fep)

(u6o B cymmy by-+bs+...-+ b, uncna cropouw Bcex «rpadei»
Gy, Oz, ..., On KaxJI0€ HCKDHBJEHHOE «Pedpo» «MHuororpaxuuxas [I
BXOIHT ABAXKAbl — B COOTBETCTBHH C TeMH ABYMS «IpalisiMH», KOTOPBIM
OHO NPHIAANEIKHT), HAKOHET,

Bt g (erteat on +en)

(u6o B cymMMme g1 82+ ... €n Bcex «anHmuHX», T. €. OTJHYHHIX OT
Ttouek Ay, As, ..., An, BepwinH «Muororpatuuxas JT xaxnas BeplIHHA
3aCUMTHIBAETCA MHUHHMYM TPHXKIbl: Belb KaKjaasd M3 YUHTBIBaEMbIX B
3TOR  CyMMe BepIUHH NPHHAMMEKAT MHHHMYM TpeM H3  «rpaHefi»
01, O2, ..., On «MHOTOrpaHHHKa»), Iloacrasnas 3Tu 3uauenus [, B
u P B coorHowenne (), nonyuaem

4 B0y o ) (e b e e e <

<ntn+ 5 ('31+62 ces Fen) =2

U

TS s ) <=2 (e ek o) <202,

1
uyto M TPeGOBAJOCH [OKA3aTh; Belb -§—(6, +8 4+ ... +84) B TOU
HOCTH DaBHO CyMMe AHaMeTPOB-OTPE3KOB MHororpanHuxa M.

C 1pyrofl CTODOHBI, JIETKO MOCTPOHTb HPHMEP BBIIYKJOTO «/1-Bep-
weHRAKay M, HMEIWEro Touwo 27 -—2 JHaMeTpoB: AJds 3TOr0 J0cTa-
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TouHo nposecTH cdepnt Chy n Cehy pagmyca | ¢ ueHTpamMu B BepuiH-
Hax Aq u A: npasuiboro terpasapa AjA»AsA. ¢ pebGpom 1. Hx mepe-
cedyenne cofepxuT Ayry AsA;; BubepeM Ha 3Toit myre Touru As, As, ...
..., An. Toraa Beinykias ofoaouka n touek Ay, Az, As, Ai, ..., An
npecTaB/aseT coGofi BHIMYKJbl MHOFOTDAHHHK € A BEpPIIMHAMH, YHCIO
JHAMETPOB KOTOPOTO PaBHO

6+2(n—4)=2n-—2

(cp. ¢ puc. 153,8 ma crp. 285; cgenafite camMu uepTex, OTBedatouliui,
CKaKeM, 3HaUEHHUIO N = 6)

88. Mui GyjeM HCrosb30BaTh ykasaHHble Ha CTp. 78 obosuayeund,
ne 3aGpIBasg HPH 3TOM, 4TO peub 37eCh HJAET NPO TOUKH OJHOM M p f-
Mo . Uro6ul ynoBHTh OOMIYI0 3aKOHOMEPHOCTb HayHeM C HeSOMbIIHX
sgaueunit n. )

1°, fcuo, uyto npu n = 2 umeem: N(a,2) = 1 npu Bcex a.

2°, Koneuwo, N(J,n) =1 npnu nio6GoM uucje n TOuRK; B 4acT-
woctd N(1,3) = 1. Ecan &e a < 1, To ckoab OBl Oau3k0 K | uncao a
He GblJIO, MOMXKHO PACHOJOKUTbL HAUIM TPH TOUKH TakK, YTO UHCIO OTPe3-
kos A;A; nauuel == a O6ymer = 2

(puc. 155, a). Hauunas co suavenus Ay

1 A’O‘C 3,45
a=-, MOXIO noGuTbCA, YTOGDL a)

YHC/IO HE MEHBLINX @ OTPE3KOB COB- Ay A
naao ¢ OGHIEM YHCJIOM OTDPE3KOB ! A3
A;Aj, 1. e paBusitoch 3 (puc. 155, 6). 6)

3% N(1,4) =1 (cu. m. 2°); npu A, Ay y
Beex ke a << 1 moxno nobursea Ar%° ) 0 fy
TOro, 4TOGBl YHCAO HE MEHbUIHX @
orpesko A;A; (tze i, j=1,2, 3 A, Ay
win 4) Oso =>4 (puc. 155,8). Aroo- oAy

. 1 2)
Hasunan co suavennft a<<—, 4ic-
2 Ao oAy
0 He Menbliux a otpesxos Aidy A As
MOXHO caeaats =5 (puc. 155, e), 3)

‘ |

a NAUHHAA CO BHAUCUUA @ ==, ~— Puc. 155.

paBubiM 6 (pue. 155, 4).
2. N(15)=1, N(a, 5)=6 npu a< I; N(a, 5)>8 npu a<‘i;

. 1
N (a, 5) =9 npu a<-3—; naxorett, N (a, 5) =10 npu a<% (coe-

JiafiTe CMOCTOATENLHO OTBEYAIOUIHE ITHM CJAyHasM UEPTEKH).
[Tpusenenublx nPHMEPOB JOCTATOYHO, WTOOHI YJOBHTL OGILYI0 3aKO-

1
Fr  Mbl JOMKHEL CHEPECTPOUTH»
pacnosioxenue Touek Ha otpeske Ayd,, HauGosee pPALHOHANLHBIM
006pasoM TrpynIHpYs HMX B OKPECTHOCTAX K --1 7Touek, dedsufux
orpesok AsAn wa k paBubix 4acTelt (KOHUB OTPe3Ka Y4HTHIBAIOTCH).

HOMEPHOCTb: MEPECTYNUB 3HAYeHHE g ==

10 O. O. Ulkaspckufi u ap. 289



OKOHuaTeaEHO MK NPpH 3TOM noayvaem:

Na, n)=
1 npu a=1,
n? }
‘—4—, eCcan n 4e€THO I 1
- P iy
7> ©CM 1 HEueTHo J

€CJan n neyutcs Ha 3

€eCcJH n pe peantcs na 3

3n?
g v €CMI A jeamTCH Ha 4,
=1 322—3 1 1
— 5 €cJil 1 HEYeTHO, npu ~é->a>7,
3n? —4 )
3 , €CJH 1 YETHO, HO M€ JieJuTca Ha 4

C’Z’_l(_nz_;_ )”p" 12>"/n—1’
Ci(—— n%;”) npH agnl—l‘

n BooOwe ;
O e = ﬁ>a>—3~,

ecan n=1k 4 r (rne k, I, r — nenne uncaa n 0 < r<k) 31eCh k<f'n — 1.
89. a) Corsacno pesyabrary 3anauy 87 a) mmeem: Ni(l14) =
= N (4) = 4 (cMm., naipumep, puc. 156, a); B euay pesyavrarta’ sanaun

-82 6) nmeem: N (a, 4)=C4=6 npu a<—1/2—2 =~ (0,707 (H AHIWB 1pH

a<< 22 ; CM. pHC. 156,6). Ecau xe 1>a> V22 , 70 N(a, 4)=5

(pnc 156, 8).
6) . Cornacro peayabraTy -3ajaun 873) umeenM: N (I, 5)—N(5)~—5
(pnc 157 a); comacuo peslebTaTy sanaun 82 B) umeem: N (q, 5) =

.’“Cs—*l() npu 4 = V5 0618(HT0J1bK0DpHa<V52_]
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2
= Vs g1 Cm puc 157, 6). Yro we kacaercs smadentit 1>a >
5—1
>——'—""“V_2

, TO 31€Cb MOX HO HCNIONB30BATh ONTHMAJbHBIE PACHOND KEHHA

i

A' A1 A;, Ah 43
Alw-’; Ay As Ay 4,
A3 :
Q) & )}
Puc. 156.
‘ Ay Ay
A5 A3 As As
A1 Az 41 Al
a) )
Ay Ay
. 5
A A,
: 8)
, Puc. 157.
2 5—1 "
YeTBIPEX # TPEX TOUEK: NpH ——V;> a> V—2 uveem N (a, 5) =9

—

22 woayuacw N (a, 5) =8 (pue. 157,¢).

(puc. 157, 6), mpu 1 >a>
10* 201



As

Puc. 158.
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B) 3ajmaua pemaercs apaJOTHYHO 3axayaM a) H 6) ¢ HCIOJb30Ba-~
HAeM pesyanTata 3ajgaud 87 a) M aHasora sajgaud 82, oTHocdmerocs
x cayuaio n==6, O TBerT:

6 npu a=1,
12 npu 1>a>—]{2—2- (=~ 0,707),
V2 V5—1
N (a, 6) = 13 npu 5 >az= 5 (=~ 0,618),
V55— 1 s
14 npu 3 >a> ST (=~ 0,526),
1
15 upu TsinTer = ¢

(puc. 158, a — 9).

90. Uucno vo(4) << 6, u6o uuaue W uHUCJAO OHAMETDOB CUCTEMBl ue-
TeIPEX TOYEK IUIOCKOCTH MOr/JO OBl DaBHATHCS «HOMHOMY» UHCIY LLECTH
COeNHUHAIOIIYX Haufd TOYKH OTPE3KOB, a B CHJAY pesyiabrara 3ajayl
87 a) »r1o ue tak. Oxnaxko uucno pasublix 1 or-
PE3KOB, COEIHHFIOIIHX TOUKH HamIe# CHCTEMDL A
H3 ueThblpeX TOUeK IMJOCKOCTH, MOMKeT paBHATDL-
cqa 5

V2(4) =5

(puc. 159).
ITpumeuwanne OueBHIHO TakKke, UYTO
v2(3) = 3 4 BooObuwe Ay A,

vy, (/1)=Ci(= _rdn_;_ll) mpu <<k 1,

91. Tlyers A; — kakas-nH00 M3 HAWIHX TO-
uex. IIposenem oxpyxmocts S ¢ uentpom Aj u A,
paguycom 1; Torma Ha STOH OKPYMHKHOCTH MOTYT
Jexatp He 0oJjiee IIECTH TOUEK HAIed CHCTEMBI Puc. 159,
(u60 paccrosHHe MeX1y KaXIbIMH JABYMSI H3
3THX TOYEK == l; €CJH YHCAO pPACHONOKEHHBIX ‘
‘Ha § ToueK paBHO 6, TO OHH SBJAIOTCA BepILIMHAMU NPABUAb~
4020 IIEeCTHYroJbHHKA co cropoHolt 1). Takum o6pasom, uucao pas-
HBlX | OTpe3koB ¢ KoHUoM A; 00a3aTeqbHO =C6; CyMMHPYs BCE Takue
OTpe3KH «O0 HX KOHUAM», MEl IOpUAeM K udcay 67, KOTOpoe ewe Hamo
pa3mesiuTb IOMOJAM, NOCKOABKY KAXKALII OTpe30K HMeeT 1Ba KOHUA,
Orciona ® caepyer, uto obliee YHCAO COSAMHSIONHX HAIUH TOYKH OT-
Pe3koB IJHHBL | oGg3aTedniio < 3h. :

‘ 92. Mbl mauyneMm c pasfopa 3ajaun a) — GoJjee uyacTHOH, HO 3aTO
H HECKOJibko §0Jiee NpoCcToll, YyeM 3ajaya 0).

a) Ilycrs AB = z(F)= z— nuamerp uryps L (F); Aids =1
‘M BiB3 = | — guaMeTpnl' HCXORHOH ¢urypnl F, cepeAHHaMH KOTOPBIX
(sBasiiorest Toukn A u B (puc. 160). Tak xak oTpesox AB apasierca Me-
nuanoit A AB(B;, 10 1o mu3BecTHON Qopmyne s IAUHBI MEXHAHBL
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TPEYTOJbHUKA HMEEM
& = AB = o (2483 + 245} — B,B)
! 2 L
<=T(2A_Bf +24B}— 1). n6o B,B,= 1).

TipuMenuM Tenepb 1y xe (OPMyJy ILJs AXHHB MELHaHB TPEYroJ/be
nika Kk A ByAjA;, u x A ByAjA, ¢ mennanamu B1A n By A:

. 1 3
BA* = (2B AT+ 2B, 43— A45),  wm  BA'<,

nocxoabky Ajd, =1, a BjA;, BjA, < 1;

.:a\o:

[ .
ByA'= £ (2ByA] + 2B,A5 — A A3),  wmn BA’<

nockoneky AyA; =1, a B,A,, B,A; <1
‘TakuM o6pasom, nmeem

2 (B, A? +32A2)<2(%+%)=3,
OTKY/la W BHITEKaeT TpeSyemMOe HEPABEHCTBO

i
2= [2(BA + B AT) — 1] —(3— 1)——2—

g“%- , Lo ) b

Takum oOpasoM, Ml yme no0Kasaan TpeGyeMOe HEPaBEHCTBO Ans
€TE€PEOMETPUHECKO20 BAPHANTA 3aJaul; HaM OCTaN0Ch TEALKO YBEANTDbCA,

£, B,

4"‘ 81 v 7 A AZ
. a

Puc. 160,

x:no B ST0M . €AYude €ro yayuuth HEAb3 8, N OTAENBHY PACCMOTPETH
HAQHAMETPUYECKUD: BAPUAHT 3ajayd, TIe OLEHKY .M O XK H O -YJAYYIIUTD.
HauneM Mul ¢ .cymecTBenno. Gosee npocmro c.ayqaﬂ npoc'rpan-
CTBEHBH X duryp.

- I°. Ecan ¢urypa F. nponpauneenﬂax T0 BCce OTpesxn BiA,,
B A;: B2Ay -n :ByA» moryr paBuaThea 1 (4an 3TOFO. HEOGXOKHMO — H
ROCTATOUHO, — YTOOH paccMarpupaeman ¢urypa F comepmxana npa-
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puabiniit Terpasnp AiA:BiBa ¢ peGpom I; em. puc. 161, ua xotopom
n3obpaxen mnpaBuiabHbl TeTpasap T ¢ peGpom | u ueHrpasdbuans ¢u-
rypa L (T) astoro Tetpasapa, npeacTaBaAUasn CcOGOA UIeCTs TOUEK,
ABJAIOUIMKCH  BEPIIMHAMH  [IPABHJBHOLO :

2 B
OKTa51pa .0k - AHAMETPa—5— |. [Tosromy
371ech
5
e=12
2

2°. Ham ocranocn paccmotpers Gojce
CT0XKHBIA cayuait naockoti Gurypnt F. Bol-
BeAGHHOE Bblllle [1€PABLICTBO

V2
2

RE 5
COXpaHAeT CHAY H B 5TOM cjayyae; Of- Puc. 161.
Hako ecnu touxkd Ai, As, By u By puc. 160 .
npuHagsekaT OJHOW nsockoctd, TO pasenctsa  AyBy = A8 =
= A2By = A:Bs =1 He MOryT Bce HMeTh MeCTa; MOSTOMY HEBO3-
2 .
MOMHO H paBedcTBO 2 =—7—. Mol nokamem, uro ecau ueypa F

2

naocKan, T0Z<S npudeM orpeaorc AB = 2z npunumaer nHauborp-

1
2 ’
. |

wee B803MONCHOL 3HAUeHUe 227 8 TOM cagqae, Kkozda dse u3 ToUSK

Ay, Az, B, Bz causarorca mexcdy cobod u uervipexyzorvrux A1A.B:8,
ofpawaerca 8 (paBHOCTOpOHHHUA) Tpeyzoasrux A A.B, ¢ ocHoBauem

1
A By = | u cpeanelt nuuueds AB =2 =5 (puc. 162, a).

‘A =8, v

kol

Al

Pue. 162.

Ilna nokasarespCTBA 3aMeTHM MpeXae Beero, yro otpesku A A,
w 'BiB3 ua puc. 160 MOKHO cuMTaTh We NpPpHHAZAGWAmMuwMmd
npAMoH AB, ‘u60 ecan, ckamem, 0Tpe30oK BiB; npuUnamiewur npsa-
Moit “AB u' Touka B pacnosomena sne otpeska AB, 10, NOCKOJbKY
AB: << | (nﬁo A " By — ToukH BBIIYKJIOMH qmrypu F Huametpa. 1) u

BBz—i . MBI . nonyqaeM AB <

7 M 3UAYUT,. paceMaTpHBACMan

"2"
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xoudurypauns touex Ay, Az n By, B 3aBenoMo ne Gonee BHronna, uem
n3obpaxkennas na puc. 162, a.

Tlpennonoxum venepb, uto 7ouku Ay # By aexar no odny cro-
pony or npamoi AB u uto AyBy = A.B; (puc. 163). 3ametum, npexne
Bcero, uro oTpe3kH AjA; m BiB: MOXHO cuMTaTh HemepecekKalw-
mumucs. B camom pnene; ecan On ous nepecekaanch B Touke O

SP~ ‘Al 8, . fg’sz

Puc. 163.

(pnc. 163,0), To 0Tpe3sok AB, oueBHAHO, UEAMKOM IpHHaAJeKan Gl
BHINYKJIOMY 4eTHIPeXYroJbHHKY aibiasbs, tne a1, by, az u bz — coor-
BETCTBEHHO cepennnnl orpeskos OAy, OBy, OA: u OB; (nouemy?).
A Tak Kak B cHay pesyabraTta 3ajaud 78 a) AnMaMeTP UETHIPEXYroJb-

nuka aibias:b, pasen a1a2=b,b2=—1§- (Beab AiBy, BiAa, AB,,

B2Ay << 1, u 3naunt, Q1by, byay, asb,, b.a; <—;—), TO AB<—;—, n 3na-
unT, Xondurypauusi, Haobpaxkensas Ha puc. 163, a, Takke HHKaK ne
MOxeT ObiTe OGoJleeé BLIFOJZHON YeM Ta, KOTOpast H3o6paxeHa mHa
puc. 162,a. Ho wm cayuait, xorna orpesku A;d: u B¢B; ne nepece-
xaloTca  (puc. 163,0) Ttakke HeBO3MOKeH, HGO B 3ITOM cayyae
Touka As neXHT Ha oKpyxuocTH S; ¢ mnentpoM A: ® pamuycom 1 u
BHYTPH OKPYXHOCTH Sz ¢ uentpoM By H paanycoMm 1 uan na ueil (Beab
BA; << 1Y), a touka By sexur Ha Sy u Buytpn S; (uau ma S)), —no
toria Aids v ByB, Moryr ne mepecedbces, JHMb €caH Toukn A,
H B2 ofe coBnapaoT ¢ TOuKoil mepecevenust Sy H Sz, H MH CHOBZ nHpu-
XOINM K KoHbUTypaunun puac. 162, a.

OxoHuaTe/bHO MBI noJyuaeM TpebyeMblil pe3yabTaT: rHauboabuiee
anavenue z ortpeska AB docruzaerca 8 Tom cayuae, xoeda Ay = B; u
A1By =1 (puc. 162, a); npu sToM

2=

6) O6mas 3apmaua 6) GiM3Ka K €€ 4acTHOMY CJydal0 a); NOITOMY
ee pelmlende Mbl M3JOXHM Goaee KpaTko. Cuntas, uwto na puc. 160
Tenepb npo orpesku A;A; n ByB. aub H3BecTHO, uTo o6a owU TO
jlIWHE He NPEBOCXOAAT HEKOTOPOH - GHKCHPOBAHHOR BeJHUMHBI @, The
0<<a<<{l, MBI MONYuWM- W3 Tex ke Tpeyroabuukos ABiBi, BiAiAs
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e

w:BaA4A4,, uto B panbme!

2__ ap2_ 1 2 2 2
2’ = AB’== - (24B} + 24B} — B,B})
H

1 ;
- AB] =1 (2B,A + 2B, 4] — A, 4}),

1
ABj = (2B,A7 + 2B, 4 — A A3).
Orciona caenyer

2 1
2= AB% = [(B,A] + B A + By AT + BoAT — A, A7) — B B3]

Ho Ttax xak BjA,, BjA,, B:Ay, ByA; <1 n 4,4, BBy = a, T0
1 P
22<T(4_2a2)a T, €. 2{ l""—é‘-.

Jlanee ™Mbl onsiTh 6yneM paccMaTPHBATL NPOCTPAHCTBENHBIA W MO~
CKHH cJIyuan pasliejbHo.
1°, Ecan Halm TOYKN PACHMOJIOMXKEHBl Kak YrOAHO 6 NpOoCTPancTse,
o3 .

a .
TO PaBeHCTBO 2= 1—7 MOXET HMeTh MECTO: Iaa 3TOrO

nreo6xonumo (M A0CTaTO4HO), uyTOGH durypa F comepiXaia TPeyrodb-
nyio nupamuay (terpasap) Ai1A:B1Bs, rae AiBy = AiB; = A:By =
= ABs =1 (u Aids = B1By = a; cp. puc. 161), Takum obGpasom,
B ¢Ayuae (TepeomeTpuieckol 3afnaun

z(a)= 1/-1_—-—-—0—27-

a2
2°. Ecau ¢urypa F naockasa, To paBencTBo z=]/l-——2—— He

M OXeT BHONHATLCS, HOO HEBO3MOXKHO, UTOOH B H300pakeHHOM Ha
puc. 160 (mocxow) UeTBIPEXYTOJNbHHKE A,AszBi HMeJH MeCTO paBeH-
crBa ABy = ABy = ABy = AsBy =1 u AiA2 = BiB, = a. Dror
cnyuali 3aMeTHO OTJIHYAETCS OT JIJIOCKOTo; HanboJee BhIFOAHA 3LeCh H30-
6paxennas na pue. 162,6 Tpaneuus AiAOBzBi, y KoTopoit A1Bs =
— ABy— AsBy =1 u AA; = BBy = a; 1ast Toil TPaneuHy, Kak

MBI NIOKaXKeM HEMHOTO HHXE,

Kak u soime, 3akmouaeM, uto orpesxu AyA; uw BB, ne moeyr
npunadaexcars npamoid AB; B camom jene, ecanm Gbl, cxamem, OTpe-
sox BB, npunagnexan npsamoit AB n Touka B nexana sue oTpes-
ka AB, 10, nockoasky ABa <1 (160 A u Ba— TOUKH Bbmymon du-

rypst F puametpa 1) u BB, > -, MH HMeJH GH

>
. a a?
AB=AB, — BB, <t—5 <1~ -
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a a
(rze paBencto | — 5= {— —5 HMeeT Mecto quulb npa a = 0 u

npH a = l); no3ToMy 3TOT caydaidl MeHee BhIroZern, uem H300pa)ceHHasn
Ha puc. 162,6 7tpaneuusn. CrlefoBaTeNnbHO, Mbl MO-IPENKHEMY MOMKEM
cuHTaTh, YTO TOUkH Ay M By JexaT no ofuy cropony or mpsamoit AB,
a Touknt A, u B — N0 APyryo.

JameTHmM Tenepb, YTO B CAMOM BHIFOJHOM CJaydae OTpPe3KH Al/lz
u BiBs 6yayr ofssatenpHo pasdbl a (a He Ooasuie a). HeficTBrrtens-
Ho, ecar Gul ma puc. 160 mbl umenn 6ot A1d: > a, BBy >a (uau
ecn OBl HMEIO0 MeCTO XOTb OJHO M3 3THX JABYX UEPaBeHcTB), TO MUl
MOTAM 6Bl «yMeUbUIHTH> ueThipexyronbiuk Ad28:B4, pasuovepuo «cts-
nys» otpessit Ayds H BBy k HX cepeHtan A, COOTBETCTBIIHO B,

T. €. 3aMCHHUB HX PAaBHLIMH @ OTPe3KaMH A A, u B] Bz' [Mpu stom
IAPTAN AN 4

avameTp uernipexyrossunka A A,BuB, 3AKJICUEIHOrO BILYTpH

A4A:B2By, Opt1 66l MeHbule AHAMETPA HCTHIPEXYTOLITHKA A(AzB?Bi,

U MBl MOrJd Gbl cnsmxyrb OfMIl H3 ABYX OTPC3KOB A] A, u B B2

CrameM OTPe30K AIAZ—on.nb npamoit -~ A8 B Takoe MOJ0KeHHe

I I{4 14 // 14" 4

A[ Ay, utobul puamerp uernipexyroaohnka Ay A, ByBy  Bce eime
Gotn <<l (coenafite caMOCTOSTEJBHO COOTBETCTBYIOU{UE YepTexKH, OT-
Beyaouue caydasm puc. 160, 2 u 6). A Tak KakK JJ9 HOBOTO UYETbIPEx-

yromvuuka Aj A 'B; Bl .
2=AB>AB==:

(rne A'—cepemma A”B") To uerhipexyronbuik AA2B:8( ‘3ase-
AOMO HE ABJSETCS CAMBIM BbIFOHUbIM. ‘

Cuurasn, uto A,B1 > A:B; u uto orpeskn Ad, u B Bz Ke nepece-
KQIOTCA (cp. puc. 163,5; paccmoTpure camu Gome GpOCTON cayuah,
korxa A1As u B(B: nepeceKaloTcn), Mbi [peXkie BCero 3aMeTHM,
yro pasenctBO ABy=A:B: wuesosmoxuo. HelicTsutensuo, =
3TOM cayyae uerntpexyroasuik A1A:B:Bi obpatusnca 6ul B napatseso-
epamm; HO KBaapaT XOTb ONHOfl W3 AMAroHAJeH ‘mapajasésorpaMmma He
MeHDLII@ CYMMBI KBAJPATOB HEpaBHBIX ero CTOPOH (u6o XOTb Ofui yron

napanrenorpamma 3>90°) —u ecam, ckamem, A Bj> A, A + A B,,
10, nockonbky A(B2 < | n A4z = a, Mt umesn Gol

2
22=ABZ=AZB§<}-a2<(I—aT)

(rie mocsexuee paBeHCTBO MMeeT MeCTO JHIML fpH a = 0); noaTOMy
napamenorpamm A4,8:B, 3aBefoMo He BLICOLHES H30OpAKEHHON fia
puc. 162, 6 Tpaneuuu.

Hanee Hec/OKHO NOKA3aTh, YTO ec/d ueTnipeXyroJnHux A A:B.By
«caMplit  Boiroambii» '), 10 A;B: = BjAs = 1: B camoMm pmene, ecaH,
ckaxem, AB; <<l, TO uam jocTaTo4HO HOBEPHYTh caerka B(B: Bo-
Kpyr. By BO «BHEIUHIOW» N0 oTHOWeHHd K A14:B2By cropoHy — U Mt
1eM campiv ypequduy AB, T. e. «yayqmnm» xoudurypaumo. Touex. Ha
paseucts ke ABy = B;A = | u u3 paBeHcTB AxAz = BBy = a cae-

') OTHOCHUTE/IbHO CYHIECTBOBAHUA "TAKOTO «camoro nquero» HeTbl-
pexyronibHuKka - cM., Hanpumep, kuury -[30] uau craten [I] u (28], wau
Hanonuenne I wunre {29] ‘
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ayeT, uro . A A4A:By = A A1ByBy~—u snauur, A,A:B:B; ecth  aed-
CTBUTEJIbHO H306paxkennas Ha puc. 162,60 paenoéeapenmm Tpaneyus.
* QO6o3naunm Temepb Goabliiee ocnoBanne A(By 3Toli Tpanenun ue-
pes e, rie NokHO O6HTb € << 1 ¥ omyctuM u3 Bepmun Az n Bs nep-
nenaukyaspu AP w B:Q na ocnosanne A;B,. B TakoMm cayyae, oue-
BHIIHO,

B A} —BPP=A A — APT  (=A,PY),
BPP— AP’=B A} — A A} =1—d"

A Tak xax, ¢ npyrofi cTOpoOHH,

, B;P?— A\P*=(B,P + PA,)(B,P — PA)

H

B,P+PA,=A,B,=8, a B]P—'PA]=B1P_B1Q=PQ=‘4232v
TO MH HMEeM

AB B]Aé—AlAg l-—-a2

CaegopaTesho, .

—AB=-(a,B +AB)———1—( + "_“2)
2= —?(ll' 22‘—“29,~T—~,

1 —a? .
rie -e>—7— (160 A; B, — Goavlnee ocHoBanue Tpaneumu), 1uo. e < .
. 3ameruM Tenepp, 4TO JNPon3Belenue
1 —a?

e 2
]

He 32aBUCHT OT BEIRUHRH ) TakKuM 06GPazoM, TAOUAAL NPAMOYTOALHUIKA
KLMN ¢ ocuopaunem KL =1e¢ n (Meibmei OCHoBamm) BLI-

L 1 —a? o )
cqmn KN=-—?~—- nmeet p "
n3BecTOE (T. €. 3apucanlee NN W N
ML OT 3ajannoi  Beanun- v \\\ AN \\\ \\\

unl @) 3vavenile s = | — a2,
Ho ecam cpaBuuth . 1Ba
FPAMOYTOJbEMKA  OAHOR M N
JOf. Me maomany s — npg-
MOYTONbHYK, KLM’V co_ CTO-.
ponamn KL ==¢ n KN =
11— a? K i
— " npﬂmoyronb- : - ‘ )
anx KL'M’N’ co .ctoponamu . . - P"C' 164. .
KL =e' >e un KN = S L PN
1 —a?

'=~f—e,—~., .TO, TIOCKOIBKY 3am1pmosamme Ba pue., 164 npaméyrodis-

pukn LL’ M’R n NN’RM paBnOEemmn T. €.
NN’ N'R=LL’- LR

Wz /\’ KL>1<N—~LM>LR
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nosyuaem o
"NN'< LL".
CuaenoBatelbHO,
KN 4 KL’ = (KN — NN’} + (KL + LL") =
= (KN +KL)4(LL" — NN’)>KN + KL,

1 —a?
H  3HAUHT, 8HAYEHUE CYMMbL e+~—e~—— oTpeskoB KL (=e) n

. 1 —a?
KN (———-—e——— Oyder Tem Goasvwe, vem Goavwe Geatuuna e. Ilo-

3TOMY B YCJIOBHAX Lameft 3a4aui geAuuuna

z=—$—(e+—!—j—‘f—)

e

npunumoer nauboavuiee 3srauenue, xoz0a seauuuna  A\By = e npunu-
Maer HaubGoabuiee 803MOxCHOe 3Huauvenue e = 1. Ho B 3TOM mnocaemueM

caydae, oyeBHIHO,
1 1 —a? a?
=g (1 + > =] — =

OTKYZa H cjelyeT TpeGyeMblll pe3yabrat:

a‘l
z(a)=1 IR
93. a) Kaxawii ksaiapar, 3axkmouaiomuii BuytpH cebs uawy ou-
rypy F, Bceraa MOMHO YMEHBUINTb ¢ TeM, YTOGH XOTsd OBl ofila mapa
NPOTHBOMOJOKHBIX CTOPOH KBajpaTa «ynupaJachk» B (urypy (puc.165),
Ho ecain A u B — Touxkn ¢urypst F ana-
A MmeTpa 1, Jiexaliue Ha IIPOTHBONOJOMKHBIX
CTOpPOHaX  KBaapaTa, cojepxaumero F
BHYTPH ce0d, TO paccTosiiHe Mex1y 3TH-
MH CTOpPOHaMH KBajaparta (HJH, YTO TO Ke
camMoe, CTOpOHa KBajApaTa) HE MPEeBOCXO-
nut AB, a AB << 1. C gpyroit cropons,
AICHO, YTO Kpye nuameTrpa | weqn3a 3a-
K/AIOUHTh HH B KaKofl KBajapar, CTOpOHa
KOTOpOro MeHpuie I,

TakuMm oOpasoM, HaMMeHbIUH{l KBai-
paT, B KOTODHII MOXKHO 3aKMIOUHTH J I0-
% 6y ourypy auamerpa 1, nMeer cTO-

pouy, paBHyio 1
Puc. 165. 6) [Tepsoe pewmenune Ilokames,
- : UTO . HAUMEHbUIAA W3- €ONEpHKaHMX GHry-
py F oxpyxuocrefi 1) . obsizareabuo €o-
0epalcu1 audo dse touku F, asasouuecs Ouamerparvro npoTUEONOADN-
HOLMW TOYKGMU ITOL OKPYICHOCTU, 4100 Tpu TOuku F, Asaawouiuecs egp-
WUHAMI OCTPOY20AbHO20 Tpey2oavHuka. B camoM jiene, ecaH -OKpyxK-

1) ITo TNOBOJlY CYIECTBOBANMS TaKo# «Hanyullefi» H3 COACPNKa-
wux F oxpyxuocreft (1. €. comepmxamell I OKPYMXHOCTH: HAH MEH b-
Wero paguyca) cM. JUTepaTypy, yKasaHHYIO B CHOCKe Ha cTp. 298.
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BocTh S, conepmamas F Buytpn cefd, BOOGILE HE COREPKHT TodeK F,
TO €€ MOXHO CXKaTb, HE MeHss ee LEHTPa, C TeM, YTOOBl HOBas OKPYHK-
HOCTh YyXKe cogepikana Touky A duryput F (puc. 166,a4). Ecan S co-
JEPKHT e AHHCTBennyto Touky A $urypul F, T0 €€ TaKKe MOXKHO
YMeUbIIHTh ¢ TeM, uToGhl OHa NpOJOJKaaa coaepXKaTh F BHYTpu cels:
JIS 3TOFO IOCTaTOYHO CABHHYTb cierka S B wanpasiaenun OA (rae O—
nentp S) c¢ rem, uToGH OHa BCe elle COAEpKana f BHYTPH, HO YiKe He
NPOXONHIA HH uYepe3 OAHY TOUKy F, M NOCJIE 3TOr0 YMEHBLWIHTb CABH-
HYTYI0 OKPY)KHOCTH OIHCaHHbIM Bbiie crniocofom (pue. 166, 6). Hakouney,

Puc. 166.

ecnn S comepxHT ABe HAR Gosee Touek F, HO Bce npuHapaexamme F
TOYKH S pacnonokeH Ha OxHONl aAyre AB, Kotopas wMenbslle moay-
OKPY?KHOCTH, TO MBI TaKXKe MOXeM SaMeHHTb S MeHbleil OKpPYHHOCTBIO,
Bce eule comepxkaimeit F BHYTPH celsit /s 3TOTO JOCTaTOUHO CJerka
caunyTs S B Hanpasaennn OM, rme M — cepegnna xopast AB,
¢ TeM, 4To6h CABHHYTas OKPYKHOCTb TO-TIPeXKHeMY CcOfepiKana F
BHYTPH, HO YXKe He NpoXOAuia HH uepes omHy Touky F, u nocae
STOTO  CTapHM CHOCOGOM  YMEHBIUHTb 3Ty CABHHYTYIO OKPYIKHOCTh
(puc. 166, 8). :

Puc. 167.

OTciona BHITEKAET, YTO ecau cojepkauias F BuyTpu ce6s ORpyX-
HocTh S yKe He MOXeT OhTb 3aMeHeHa MeHbIled, To ona Jmbo copep-
XKAT aBe Toukw A n B, sBasolnecs AHaMeTPajbHO NPOTHBONOJIONK-
vy Toukamu S (pue, 167,a), amu6o comepxnt Tpu toukn A, B n C,
aBJs0INKEcs BepuHHaMA octpoyroabhoro A ABC (puc. 167,6). B nep-
BOM Cayuae

2R=AB <}, T. €, R<—;— (< -lfaﬁ-),

301



rae R — papunyc okpy®HOCTH §; BO BTODOM Ciy4ae XOTb OAHH H3 Yr-

a08 A ABC oymer =00° (u6o cymma Tpex yrios == 180° = 3-60°), u

ecan 90° = A = 60°, to :
BC 1L Y3

R— < =L
YT osinzA C 2sin60° 3 3

C apyro#t cropoubl, TaK Kak PajHyC ONHCAHHON OKDYKHOCTH RpABUAL-
Hozo A ABC pmuamerpa | (v, e. AABC, rae AB = BC = CA = 1),

ST

paseH , TO OLEHKY

V3

R<

YAYUIHTE HEAb3d,
Bropoe pemenune 3afada B) yTBepHKAaeT, 4TO Kaxiaywo G-
rypy £ opuamerpa | MOXKHO 3AaKJIOUHTB BHYTPh [PABHUJABHOTO IIGCTH-

-
/

. V3
yroaoiuka [ co cropouott }3 . Ho orciona caenyer, uto F moxmo

3
3aKMOUHTH M BUYTPL KPYra pajuyca ——z—, -— a HMEIHHO BHYTPb Kpy-

ra K, omcaunioro BoKpyr wecruyroaniivka [,

B) Paccmorpum colepxkamuit F(ckonb yrogxo Goabmroi!) wecr-
yroaeuuk ¢ yrnamn 120°, ofpa3oBamuplii B mepecedeuud Tpex comep-
wauux F (orpauudeuubix napasebibiMH NPAMBIMH) «mOJOC», obpa-
3ylowMx Memay coGoit yrast 120° (puc. 168). COausum 3zatem Memay

(1N

Puc. 168.

co00f - Mapaaiensisle CTOPOHBl WIGCTHYTONbHUKA. 10 TeX 0P, [0KA OHH
we «ynpyrca» B F. Tak Msl moctpoum «omucauuslél BOKpyr F» (1. e,
Takoll, , 4TO BGe ero.CTOPOHBl compHracawTea ¢ F) pasnoyeoabusul uie-
cruyrogpuik w = ABCDEG, Bce yras xoToporo pasusi  120°

: 3aMeTHM. Tenepb, YTO eCNH. MB{ 32UKCHpYEM HANDABJEHHE CTOPONbLI
AB wectTHyrofsuuka (PaccMaTPUBAEMOil KaK BEKTOP » UJIH ~KaK -Jyd, Ha-
npasnennpit ot A Kk B!) 3agas ero, ckaxem, yrjaom o, 00pa30BaHHBIM
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AB ¢ KaKMM-TO nponsBoano bUKCHPOBANHLIM HA TWIOCKOCTH nyqom 1,
3a/1aI0IIHM «Hauano OTcYeTa YLAOB», TO MbI NOCTPOMM yKasalHBIM  06-
pasoM eAHHCTBEHHB I INECTHYTOABHHK i = w(a), OTBeYaioHil
BHOpanuoMy Hanpasiennio AB. Q6osnaunm paswocts AB— DE cvo-
pPOH w uepe3 p. DTa Pa3HOCTb MOJNOCTHI) ONPEAENSAETCH IHECTHYTOMb-
HHKOM i, KOTOPbil B CBOIO OuYepelb ONHO3HAYHO ONpPENeNfseTCA No

yeny o mexny AB w I, vakum o6pasoM, p spasercs QyHxuned a—
1 MBIl MOXeM nHcaTh: 0 = f(a).

MMycrtb, ckaxeM, Iaf MeX0AHOTO iecTHyroabhuka, AeBoCoDoE Gy
nmeem AoBo > DoEos, Tax uro (OTBevaloWMil 3TOMY IECTHYTONLHUKY
yroa o Mel 0603HaUNM Yepe3 CLo)

f (ao) == AoBo — DDEO >0

Bynem Temeph «NOBOPAUMBATH» NIECTUYTOJbHUK Wi, HETPEPEIBHO MEHAR
yron o (cKaxeM, yBeJHUHWBAsi €ro) M KaMiaulil pa3 paccMaTpuBag oni-
Camnbi  BOKpYTr F  -paBHOYTOJBbHBI WIECTHYrONBHBK i == w(ot) =

= ABCDEG raxoi, uto - £ (AB, )= a. Tlpn n3amenenun w GyayT mMe-
HATBCS JMHBL €70 CTOPOH, a CJ€10BaTeNbHO, H PAa3HOCTh

p=f(a)—-AB CD.

Ho KOTrJa YroJa oo 3aMennTCR Ha O + 180°, Mul. OpHIeM K TOMY XKe
CAMOMY. IWeCTHYTOJLHUKY (oo - 18()°) = wfay) = AeBoCoDE .G,
9TO M paBblle; TONLKO TENepb posb «nepsoii» cropons A¢Bo mecTn-
yroabunka 6yneTr Wrparth. CTOPO- : ) .
na DoEo, a ppaw npoTnsonosox-. AR - v . . L
Hoit eli croponnl DoEy —- cTopo- i
na A.Bo; nostomy

p (g 4 180°) = DyEy — AgBy =
= — (AoBo — DgEy) <0. '

TakuMm o6pa3zoM, npr yBejuue-
nuH yraa o na 180° Beqmynna
p = [(a) mensaer 3nax: ecau ona
paHblie 6HlJa  TNIOJOKUTENLHOMH,
TO Tenepb CTaHeT OTPHILATENb-
noii, n naoGopor ). A Tax xax
NP MaJbix H3Menenusx o e-
CTHYTOJIbHUK  w(®)  ocTaeTcs
GIM3KUM K CBOEMY .NPeXHEMY
NOJIOIKeNHIO, TO TaKke H pas-
nocte  p(a) = AB— DE npn Puc. 169'
3TOM  MEHSieTCH . M2aJ0, HHBIMH
cnoBaMy, f(a) ecTb HenmpephBHASA (pynxunﬂ oT o ). A orcona,
B CBOIO Ouepelb, CAEAYeT, YTO, HEPEXQAST OT NONCIKUTENLHBIX 31aueHuit
X OTPHIATENLHLIM, Gynkuns f(a) AONKHA TAE-TO MEKAY 31AYEHNsIMA
a9 WM oo-+180° aprymenta npunaTh snausenne 0 (cM. puc. 169,
méGp"a/Ka}oumu BbleImJleHHbm rpaqu @yH}(unn p f‘('oc)*-—-Bamno
1) Ec.nn p(ao) = 0 T. e € ‘camoro BEVELE AgBo = DOEO, 10 Becr;
9TOT 3TN, pelienus 3azaun B) ABJAETCA AMIIEMM, '
2) 'Cm., nanpumep, P. Kypawt i I Po66nnc Urg takoe ma-
TeMaTHKA. M «ITpocemenue», 1967, §§'5. 1 6 ra. Vi, cp Taxme_
§2mmrn[29}. R i R TR TR A T

-] A,
<
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31€Ch TONBKO TO, 4TO 9TOT rpadux npeiacraBiaseT cobofi HenpepuBHYIO
kpuByio!l). Takum o6pasoM, BOKpPYr F MOXKHO ONHCAThb TaKOR DPaBHO=
YTOMbHBIA IECTHYTOMbHEK W = ABCDEG, npoTHBONOJOXKHBIE CTOPOHBE
AB u DE xoToporo pagubt Mex1y coboii.

3aMeTHM Tenepb, YTO pacCTOsHME MexAy JIOOHMH ABYMS ODOTH-
POTIOJIOKHBEIMH CTOPDOHAMHM IUECTHYTOJNILHHKA i HE npegocxoour 1 -—3To
yCTAHABJAHBAETCA B TOYHOCTH TakK e, KAK B PeIIeHMH 3a71a4H a) JIOKA-
3LIBAI0CH, YTO DACCTOSIHHE MEMXAY CTOPOHAMH KBAXpaTa, COAEpKAIMHMH
toukn A n B durypel F, 6yaer <1, CasuHeM Temépb KamxKayld H3 CTO-
poH LIECTHYTOJbHHKA i Napaniienbud BO Bue (N0 OTHOIIEHHIO K (H-
rype F) Tak, uToObl paccToAnHst MeXAY KaKABIMH MapajsjiesbHBIMH
CTOPOHAMH ¥ €Ta20 B TOYHOCTH paBHO l; NpH 3TOM YCJIOBHMCH CABH-
raTh Kax<Able OB NPOTHBOIMOJOMKHBIE CTOPOHB! 4 HAa OAHO H TO Xe
paccrostnue. Mpl yTBepijaeM, 4yTO B IOJYUHBHIGMCSl LICCTHYTOJIbHHKE
[;] == abcdeg mpOTHBONOJOXKNBIE CTOPOHH TOXe paBubi: ab = de. B ca-
MUM Jleqie, TOCKOMBKY Mbl cauuyan ctopous! AG uw DC wa onxHo n
T0 Xe pacrrosuve no noacxkenua AyGy, coorBetcTrenno D Ci, TO

Puc. 170.

BA, = ED; (u60 AA, = DDy; puc. 170, a); naaee, nockoasky BC n EG
Mbl CABHHYNH 10 TOJOXKeHus Bic, coorsercrsenno Ey¢ una onxuo
n To xe paccrosune, to ABy = E(Dy; Haroueu, nockonbky A8
n DyEy MBl CABHHYJH 10 IOJIGKeHUs ab, cooTBeTCTBeHHO de Ha OMAHO
U TO e paccrosiue, To ab = de.

JokaxeM, HakOHEl, YTO NOAYYCHHBIR Ilectuyroawnuxk LI npasurs-
noul, B camoM pene, o6pasoBaHHBI MPH NpoJoJxeHuu cropou bec, de
n ga wectuyroaviuka Il tpeyrospuk T = PQR saBasieTcs npaBHJb-
HbIM, TIOCKOJILKY Bce yrast ero pasunl 60°. IlosToMy BCe BLICOTHI Tpe-
yroabtiuka T HMEIOT OAHY M Ty ke AaHuy /1. A Tak Kak paccTosuu#
MeMAY JIOGBIMH JABYMS NPOTHBOROJOMHLIMH CTOPOHAMH IIECTHYTO/b-
mKa [ uMelT OfHO M TO Ke 3Hauenue I, To TpeyroawbuuKH. Pab, Qcd
H Reg — 310 pABHOCTOPOHIIHE TPEYroJbHHKH C OANOA H TOfl e Bbi-
cotoil 1 — |; mo3TOMY OHH PaBHB MeXKAY cofoii, U 3uauut, ab = cd =
== eg. To4HO TaK Ke HoKasbiBaeTcs M uto bC = de = ga. A Tak Kaxg
ab = de, to wectuyroabuux Il aBaserca He TOJNBKO DABHOYTOJbLHLIM,
KO H PABHOCTOPOHHUM, T. €. OH — NPABUABHBI.

Takum o6Gpasom, M y6eauance, uTo Kaxcoyro ¢ueypy duamerpa |
MOYCHO 3AKAOYUTL 8 NPABUAbHOLLI WeCTUYeOAbHUK, PACCTOSHUE MeXay
NPOTHBOMOJIOKHLIMY CTOPOIIAMR KOTOPOro pasuo 1, T, €. B NMpPaBHJIBbHLIA
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N 3
HEeCTUYTONIBHHK €O CTOPOHOH '—3‘— (M 3HAYHT, C pagHyCcoOM BIHCAHHOrO

V3

1
Kpyra r=— — ctg 30° == 55 Cp. pHC. 170,6). A Ttak xax kpyr aua-

metpa 1 nenbsﬂ, OYEBH/IHO, 3aK/JIOUHTh B MEHbLIH{ NPABU/IbHBIA LIECTH-

3
lg—— AJA CTODOHB 3a-
Kaiouaomero F npaBHJBHOTO LIECTHYTOMbHIKA YAYYIUHTh HEAb3fl,

r) llepBoe pemesnue. M3 Toro, uro CTOpOHA MNpPaBUILHOTO

Tpeyro/bHHKA, ONMCAHHOrO BOKPYF Kpyra asaMetpa 1, pasua )3, Boi-

TEKAa2T, YTO B NPABHALHbIL TPEYroNbHUK, CTOPOHA KOTOPOrO MEHbLIe V_—,
34B€10OMO HeJsb35l 3aKJIOUHTh Ka X Ay ¢urypy ﬂuamerpa I: B8 Takoit
TPEYTOMBHUK HEJAb3s MOMECTHTH
kpyvr nmamerpa 1. Jloxamem
Tenepb, 4To Kaaw 0y 1o uaypy
F duamerpa 1 MOXHO 3aKAI0O-
YUTOL BHYTPL NPABUALHOZO TpPE-
yeo.aeuura co croponoi V3.
Ilyets @’ — HexoTOpas mps-

Masi, He mepecekaomas Hameld
durypst F; casuseM a4’ B Ha-
npasaeund ¢urypel F po mnoJso-
JKeHHs @, B KOTOPOM OHA CONpPH-
KOCHEeTCH B HEKOTOpoil Touke A
¢ ¢urypoit (puc. 171). Touno
TaKuM e 00pa3oM HaiiieMm nps-
Mble ay, Qz, a3, Q; U a5 TaKHe,
4To
Z(a,a))= £ (aj, a;) =

= £ (ay a3)= £ (ay a;)=

= £ (ay, a5) = £ (a5, a)=60° a,
‘(rme, uanpumep, Z(a,ay) — p 5

uc. 171.

Yroa MexJay HApAMBIMH @ H ai),

He mnepecexawoumue durypy F u
conpuKacaiomuecs ¢ ee rpauuuedt B Toukax Ay, Az A Ar um As (em.
70T e puc. 171). Ilpsamble @, a; H a;, a Takke OpsMble dy, as H a3
06pa3yioT ABa npaBHabHBIX TpeyroabHuka I u Ty, omHcauusie Bokpyr F,
Mpl yrBEpKIAEM, UTO CTOPOHA XOTb OOHO20 U3 3TUX 08YX Tpey20abHu-

k08 ne npesocxodur V' 3.

Bocnoab3yemest Tem, uTo cymma paccrosiguiit MP, MQ u MR or
BuyTpenueir Touku M pasuoctopoHuero tpeyroabuuka ABC co cropo-
woit a po cropou AB, BC u CA TpeyrosbliHKa Bceria paBsa BblcOTe A
TpeyroIbHUKa; B CaMOM fJede, OYeBHIHO (caenafite yeptewx!):

YroJoHHK, TO MOJMYYEHHYIO HaMH OURHKY ab <

1
'5“"’=SABC=SMAB+SMBC+SMCA=
=—2—aMP+—;—a-MQ+—%a-MR=—%-a(MP+MQ+MR),

R ciacjoBaTtelsibHoO,

MP 4-MQ 4 MR="h,
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Mostomy cymma pacctrosunit MP, MPy,, MP,, MPs, MPi u MP; of
npousponenoil Touku M durypst F o0 npsiMEIX @, @y, Q2, O3, Qi ¥ Qs
paBHa cymMe BuicoT A u hy Tpeyroapunkos T u Ty (6o MP -+ MP; 4
+MP,=h w MPy+ MPs+ MPs = hy). C npyroii cTOpOHH, CymMMa
MP + MP; paBua paccTOSIHHIO MEXAY NapasiedbHBIMH TPAMHMH @
¥ @3, OTKYAa NMeeM

MP 4+ MP; < AA, <

(n6e. I — 310 guamerp durypn F); TOYHO TaK e HAOKa3HIBAETCH, UTO
MPy+ MP, << AA <] H MPy + MPs < 4pAs < L
A rteneps nmeem
h+hy=MP -+ MPy+ MPy -+ MPs;+ MP,+ MPg =
= (MP + MP3) + (MPy + MP,) + (MP; + MP5) <3,
O0TEYAa W CJAeAYET, 4TO XOTb OjHa M3 BeJHuHMn A: M hy He NPEBOCXO-

AT ‘7, a CJeioBaTesbllo, CTOpPOHA XOTb OJHOTO M3 TPEYroAbHukos T

= 3
n Ty ne npesocxomut Y3 |nbo & — 970 BLICOTA NPaBUALIOTO Tpe-

yToJbinHKa €O CTOpOHOH V§)

Bropoe pemwenne Ecan fpofoakute no6ble TPH HECMEKHLIC
CTOPONBl (PUTYPHPYIOIIETO B YCJIOBHH 3aJaui B) IPABUJLHOTO IECTH-

33 s BHYTDb KOTODOTO MOKHO 3aKJOUNTh
kKaxayw ¢urypy F nanamerpa 1, TO MBl NOJYYUM NPABHALHBEI Tpe-
yroneauk T co cToponon VS , Takxe, oueBHAHO, o0aanalomWyi Tpe-
6yeMbm CBONCTBOM.

.94, 2) Slcno, 4TO pafHyC Kpyra, k MokeT GbTb CKOb YTOAHQ  Mad;
Crnpyroﬁ CTOPOHBI, .HaH0OAbIIHM OH OYAeT, ecal R xacaeTcs Bex
rTpex cTopon T (ep. nmxe -pemenite 3anaunm 100); Taxkum ob6pasom,
0 << r < ro, Ta€ ro — panuyc snucarnozo kpyea T.

*'Anagornuto ‘kpyr K, pasyMeeTrcsiy MOMKeT ObITb CKOJb "yrOABO Be-
AWK, TakuM 0OpasoM, HaM ocTaeTcs HalTH naumenviutud xpye K, sa-
warod@owuii sHyTpy Odannvtti Tpeyeoavrux T = A ABC. IlviameTp Kpy-
ra, comepxaulero BHYTpH cefs tpeyroabunk. ABC, ne MoxeT, pasy-
Meercs, OblTb MeHblle HaN0oJblel CTOPOHBI ABC, HogTomy, ecau
TPeY20AbHUK ABC Ttynoyeoavubld (U npamoyeoabuoil), W NOCTPOEH-
ULl Ha napGoJblIel €ero CTOPOHE KPYr COAEPKUT A ABC enyTpd cebd,
10" duamerp Haimenvuieco  codéprawezo A ABC  rpyen caenadaer
¢ nauboavuell croponoii N\ 4BC B 3TOM cayuwae (pnc. 172, a) ~

yronbhyka [ co ctoponoit

(n6o. :anamMeTp : TPEYroOJbHAKA PaBEH -€ro nan6oavet cTopone; cm. 3a-
nauy 78 a)).

- Tloxdem ~Tenepe, 4TO ecau Tp€J€0ﬂbHuK ABC 0CTpoY20AbHbIL, TO
Haumenowun  codeprcaryum - A ABC kpyeom 6yder onucansvul . Kpye
TPEY2OAbHUKL, ABQ APYTUMH CAOBAMA, ‘HaM Tpebyercs.yCTapoButh, HTO-
“ecan HexoTopuiit- Kpyr Ka copepaut A ABC BuyTpn ce6a; 1o paanyc K
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-fe, MOXKeT OuniTe Meubtiie pamumyca R onucauuoro sokpyr A ABC xpy-
ra K. OGosnauum uentpnt kpyros K n K, uepea O n O, (puc. 172,6).
Touka Oy JeXHT BHYTPH (MAH HA CTOPOHE) ONHOTO H3 TPeX YrioB
AOB, BOC n COA, cxaxeM, BHYTpU (diu ua cropome) yria AOC.
Ecau Oy nmexut Ha npogoaxennn BO, to, ouesmauo, OB > OB, ot-
kyZa u caepyer tpebyemoe. Ecam rtouka O; ne JeXHUT Ha NPOIOJKE-
nuu BO, 10 oma nexHT BuyTpu (MaM Ha CcTopoue, oTauMuuoi ot BO)
oauoro u3 yraos ABO u CBO, nampumep yraa CBO. CoezunuMm Tou-
ky Oy ¢ toukamn A, O u B. U3 gsyx yraos AOO, u BOO; no xpait-
neit mepe ofmn Tymoft (tak kKak yroa AOB wenbue 180°, uGo Tpe-
yroabuux - ABC  ocrpoyrossusiit, 0 £ AGQOy+ Z BOO; > 180°) —
nyctb 310 Gyzet yroa BOO,. Torma B Tpeyroasuuxke BOO; cropoua BO
MeHbiie cropoust BOj, oTkyaa u cuaeayeT Haule yTBEpPXKICHHE.

Puc. 172,

Ho paguyc R omucannoro kpyra A ABC pnasmetpa 1, nauGonblumit
yroJd o KOTOPOro 3akawuaercs B npefedax 60° << o <C 90° (mocseniee
03HavaeT, YTO HAUl TPEYTOJbHUK OCTPOY2ONbHOIE WAU NPAMOYSON6HbILT),

BCerjpa paseH (cp. ¢ nepssiM peurcHueM 3agauu 936)); Hau-

2sina
Goupliee 3uayenue
i 1

2sin 60° V3

ai npaunumaet, ecad o = 60°, u A ABC pasuocroponnuti. dtum K f0-
Ka3biBaeTce, YTo ;

1 /3

03 <R 1—3‘;
npuaem R == —;—; ecnt A ABC  tynoyeoavrond  tiau npﬂMoyaonoHpui
(ecim wauGosblumit yron Tpeyroapmuxa o = 90°) u R =—g» ecm

A ABC npasunsroli (4 ero naubosbwuit  yrox- o = 60°), [Takum
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o6pa3oM, naubosbuiee BOIMOXKHOE SHavenHe R JOCTHTaeTes And € A H Ny
CTBEHHOT O TPeYroJbHHKa AuameTpa |, a Haumenovuiee — RJisi M H O«
T ¥ X TPeyroJbHHKOB.]

Mpumeuanne. Ha crp. 60 orMeuanoch, uto TepMud «OnHcan-
Hbill KpYr (BBINYKJIOr0) MHOrOYroJibHHKa» HMeeT B TeOPHH BBINYKJBHIX
&Hryp HHOH CMBICH, YeM B LIKOJLHOM Kypce reoMmeTpuu. Peayasrar na-
cTOsilell 3aj@4YM IIOKA3BIBAET, YTO 3TO PacXOXKJAEHHe SBJSETCA Cylle-
CTBEHHBIM: JJI1 TYNOYrOJLHOTO TPEYTOJbHHKA €ro ONHCAHHbI KPyr
(B IUKObHOM NOHHMAaHHH 3TOr0 TepMHHA) He coBnajaer ¢ OnmcanHbM
Kpyrom (B cMbicae pasHHoro Ha ctp. 60 onpepeaenus) — cM. puc, 172, q,
HA KOTOpPOM NYHKTHpOM Hu3oGpaxken omucannbii kpyr A ABC.

3ameTuM elie, UTO HHXKE MBI BEIBOIHM pe3yJbTaT 3afaud 936) us
pesyabTarta 3anaun .94 (cm. pewenue 3azaun r)). Ho MoxHO H, HaoGo-
pOT, BbIBeCTH pe3yJabtaT 3ajaun 94 a) w3 pewetns 3amayn 93 6), rae
OLII0 NMOKAa3aHO, YTO HaHMEHbUIHA cogepxkamuil ¢urypy F (B nannom
caysae A ABC) xkpyr an6o COAep:KHT ABe AHAMETPAJbHO NPOTHBOMO-
JOXKHBIE TOYWKH F (cnydafl TYHmoyroJbHOTO HJH NPSIMOYTOJBHOTO Tpe-
YroabHHKA), An60 COmep:KHT TpH ToukuM F, me mpuuansexaune oxxoil
NOJYOKPYKHOCTH (cayyafl OCTpOYrONbHOrO TPEYTrOJbHHKaA),

6) Herpyano BHEeTb, uTo ecad Kpyr ® rnepecekaer (le Kacaercs,
a NMeHno nmepecekaeT) kKamiwit M3 orpeskos AB, BC u CA, 1o
€r0 MOKHO YMEHBWHTh ¢ cobJiofeHHeM TpeGoBannii 3agaud (cp. ¢ pe-
mwennem 3agaun 100); mO3TOMY HaWMEHBIUHM H3 YIOBJAETBOPAIOIIEX Yc-
JOBNSIM 33184l KPYros (TOuHEe — NPENENbHBIM AN YMEHBIIAIOUINXCH
no panuycy KpyroB ) OVIET snucauwubill Kpye TPEyroJbHHKA, Kacalo-
wniics Becex crtopon 7. Takum ofpasoM, infp = re, Toe ro— paauyc
pnicantoro kpyra T (oTHocuteabHo o6osHauenuit cM. crp. 17).

Ananornuno ITOMy, €caH Kpyr % nepecekaer orpeskn AB, BC, CA
¥ OTPaHHUHBAIOLIAA €ro OKPYIKHOCTb O HE TIPOXOART HU uepe3 oamy us
-BEpiIHH TpeyroaeHnka T, TO % MOMKHO YBeJH4HTb, He Hapylias HaJO-
JKeHNbIX Ha Hero tpeGoBanufi {(cp. ¢ pemenuem 3agaun a)). Tarum
o6pa3oM, MOXKHO JNOGHTbCH, uTOGHl OKPYMHOCTL G Kpyra » mnpomJaa
cHauana yepe3 OJIHY, a 3aTeM WU uepe3 ABe BePINHHBI Tpeyroguhuxa T,
NPH 3TOM, eca O upoXoaut uyepes Toukn B i# €, TO MOMKHO CHUHTATD,
uto % mepecexraeT orpesok BC = a. [Ipeanosoxum nanee, yto @
nepecekaer BTOpofi pa3 otpesok AB B touke D. Ecam D cnemaerca
no cropone AB, mpurasch or A x B, T0 (B ToM cayuae, Korna Z A
Tpeyroasnika T — o ¢ Tp B i) pagHyc p OKPYIKHOCTH O cHAdajia yMmellb-
waetcs, noka D npoxoznt orpesok AP (rae P — ocHoBanne BhICO-
Toi CP TpeyroJpHnka), a 3ateM HauuHaeT yBeJHUHBaTbes (ecan £ A
TYnol, To p TOJBKO yBeamunBaercst, xorzra D meuraered ot A x B
o0BACHNHTE caMu 3TH 3akonoMepHoctH)., Taxkum o6pasos, «npejesbHL-
mMu» 1o BeanuuHe (caMbIMB GoabmnMu!) 3iech OYRYT OTBEUAIOIHA €O-
pnagennio ToukH D ¢ Bepmunoii A kpyr, onucasHbit  BOKpYT
—25—;—;‘— n (oTBeyaomul cosnaje-

AABC =T (ero panuyc pameH
pno Touxn D ¢ Bepmmnofi B) Kpyr, npoxonsmnii uepes Toukn C u B

a .
n wacaommiica croponst BA B pepunne B (ero paauyc pasen SsinE’

n6o xopae BC namnbl @ 371ecb OTBEUAeT BNUCAHHLIA yroa sesnunnsl B).
Bnpouem, nocaennmil Xpyr MOXKHO CUNTATH TiepeceKaiomum orpesok AC
Julllb B ToM caydae, ecin £ B = Z C (cpenafiTe caMM uepTex; no-
ueMy?); B NIPOTHBHOM K€ Cyuae POJb «NpejleibHOFO» Kpyra % Gyner
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wirpdrh npoxoxamiufl ueped toukd B m C xpyr, Kacawwmuiica npamoi CA
a

Touke C; ero paguyc paBeH m——p .
B pazuyc p 2sin B

TakuM o6Gpa3oM, ecan az= b > H, COOTBETCTBEHHO 3TOMY,
A= B = C, 10 «yyacrBOBaTb B KOHKYpCEe Ha 3BaHHe HaUGOJBLIETO
b

a
10 BeJIMUHHE KPYra ®» MOTYT JHIIbL KPYT Pafuyca —— = — =
by y Pyr paity 2sin A 2sin B

_ c
T 2sinC
a b c
2sinB "' 2sinA’ 2sinAd’

a .
SIBAACTCA  KPYF PajHyca 5———p-, NPOXOAIUHI Uepes KOHLbI B uC

(onucauHblfl Kpyr TpeyroapHuka T) W KpPYr¥ paauycos

flcwo, 4TO HanGOJBIIHM H3 3THX Kpyros

nauGosbinefi cropoust BC = @ n KacawowWwriica B Touke B HanMeubluei
cTopoust AB; MOITOMY OKOHYATE/LHO HMEeM

(rme pajuyc ro 8AUCAHMO20 KPYra JIETKO, pa3yMeeTcd, TAK:KEe BLIPA3UTH
yepes [JIHHDL CTOPOH H YIJbI TPEYroJbHHKa T — 370 MOXKHO Jame
cllefiaTh MHOTHMH Pa3HbIMK CIOCO0aMH).

B) Slcuo, uto ecan KMy, KM, KMs; << P, 1o xpyr ¢ ueurpom K
u paguycoM P rnoanoctsio mokpeisaer A MiM:M; Takum o6pasom,
Halla 3aflaia CBOJMTCR K 3ajlaue a) O HauMedbileM Kpyre, UeJAHKOM
nokpwmBaowem aanusiii A MMMz Orciona cieayer, uto koika K
[OJOKHA 3aHATb [O3NIHIO B HEHTpPe onucaHHoro Bokpyr A MMM,
Kpyra, ecau A MMM octpoyeoronoid (miau npamoyeosvHoil), U B ce-
peaune HauGosbureir cropoust A MMaMs, ecain 3T0T TPeyroJbHUK TYnO-
y2oaprbld (U NPAMOY20AbHbIL); TPH 3TOM BO BCeX CAydasX NOJOMKe-
Hue K KOLIKH oNpejensieTcs O JHO3HAUYHO.

r) yers A, B, C—Taxkue TPH U3 JaNUBIX 7 TOUEK, UTO HAUMEHb-
wui codepacawyuil ux Kpye K He menvuie Haumenouie20 Kpyei, codep-
slcatyeeo ar00ble Opyeue Tpu u3 Hawux Touex. Mbi yTBepiKaaeM, uTo gce
Hauu TOYKU nexar eHyTpu Kpyea K, oTcioga M M3 pesyabTaTta 3aja-
Yy a) yxKe cpasy ciegyer mpeisoxeune 3agaun 93 6), Homyctum, uro
3TO He TaK: NycTb OJAHa H3 HAWHX Toyek (oGosmauum ee D) nexur
BHe K. PaccmoTpHM zBa cayuas.

1°. Tpeyronbunkg, ABC—TynoyronbHbB{ WA T PAMO-
yroabun it (puc. 173,a). Ecam € — sepmuaa Tynoro (npamoro)
VIJ4, TO B cHy pe3yabTata 3agauu a) K ecte kpyr ¢ aunametpom AB.
Ecan touku A, B u D nexar na onuoft mpsimo#t (puc. 173, a). To, oue-
BUIHO, HAaUMEHbUIHA COAepKAlHi uX Kpyr umeer auamerp AD > AB,
YTO NPOTHBOpeYHT ycsaoBHio BhiGopa touek A, B u C. Ecanm touxku A4,
B, D o6pa3syT octpoyroabublil Tpeyroasuuxk (puec. 173,6), 10 B cuay
pesynbtaTa TOfl Xe 3ajady HAMMCUbIIH{ cOAepKamuil HX Kpyr ecTh
OMHCaHHBIH KpYr, JHaMeTp KOTOPOro HPEBOCXOAMT JIOOYI0 U3 CTOPOH,
B YACTHOCTH HPEBOCXOAHT AB, 4To CHOBAa NMPOTHBOPEHHT HaLIeMy Mpeld-
nonoxenuio. Ecan ke, nakonel, tpeyrosbuHk ABD tynoyroawlbtt i
NpAMOYroabHbll (puc. 173,8), To, Tak Kak yroa npu BepmuHe D ofs-
3aTeqibHO ocTphlfi (Huaue D me Moxer JiexKaTb BHe Kpyra K), cropoua,
Jexauias ‘B 9TOM TPEYroAbHUKE NPOTHB. TY[Oro HJAW NPSMOro yraa,
Gonbwe AB. Paguyc ke nauMeHLILEro Kpyra, COllepiamero- Touxu A,
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A
/

Puc. 173.

Puc. 174.
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B, D, pased nonosuue 3TOl CTOPOHBI, — M MBI CHOBA NPHXOAUM K APO- .
THBOPEUHIO,

2°, Tpeyroabuk ABC —ocTpoyroabubii (puc. 174). Hai-
JeTCsl Takasa CTOPOHA 3TOr0 TPEYroJbHHKA, 4TO Tpeyroaouk ABC n
touka D HaxonsaTcs MO OIHY CTOPOHY OT TPAMOf, HA KOTOPOH Jewmut
sta cropoua, [Tycrs Aas onpejeneHsocTH 3To Gyger cropoua AB.

Touka D nexuT BHYTPH (HJM 12 CTOPONIE) OZUOrO H3 TPeX YIJIOB
CAB, CBA u yraa, BeprukaabHoro ¢ yrjoM ACB. Eca nameet Mecto
OJMI H3 NEPBBIX JIBYX Caydaes, HanpHMep, ecan D gexut Buytpd (uam
na cropose) yrna CAB (puc, 174,a), to coenuuum Touky D ¢ Toy-
koft A; nyctb £ ectb BTOpas TouKka nepecedeHus orpeska AD ¢ oKpyx-
nocteid Kpyra K. Ecan AE—ﬂuaueTp kpyra K, to AD 6Goavue
anametpa K, u xpyr, colepxamuii 4 n D, He MOXeT GbITb MeHbile K,
T. ¢. Mbl npHxoAuUM K mpotusopeunto. Ecau ke AE ne ects muamerp K,
To dentp K - jmexut BHYTPU oauoro u3 tpeyroasuikos AEC u AEB w,
3HAYHT, ONMH H3 3ITHX TpeyroibHukos (nampumep, AEB) ocrtpo-
yroabusit. Ilyers D’ — 1akaa touka orpeska ED, uro u tpeyroan-
1k AD’B ocrpoyrosbuslft, T. e. yroa ABD’ octpeiii (B 4acTHOCTH,
touka D’ Moxer n cosmazats ¢ D). Haumenbwnii Kpyr, comepixaiuit
Tpeyrosbittk AD'B, ecTs omucaHHBI KPyr; MO 3TOT Kpyr 6osblie, ueM
KPyr, onucaHubiii BOKpPYr Tpeyroabninka AEB, 1. e. uem K (370 creayer
M3 TOrO, UTO B 3TOM Kpyre Ha cropony AB onupaercss Medpiuit yron).
‘C pmpyroit cropoust, Beakuit Kpyr, comepiawuit touku A, D, B, conep-
kuT Takike H Toukw A, D, B, T. e. Mbl CHOBA OPHILAM K HPOTHBO-
‘peuttio.
* Hawm ocranoch eme paccMoTpersb caydail, korga Ttouka D jemut
BHYTPH HJAH (1a  CTOpPOME yraa, BepTHKadbHoro ¢ yraom ACB
(puc. 174,6). B stom cayuae coeanmuum Touky D ¢ A u B; xors oauu
w3 yraos DAB wny DBA Gyaetr octpeiM; nycts, manpumep, yroa DAB
‘octpolit; E — Touka nepecedenus otpeska DA ¢ okpykuocthio Kpyra K.
Tpeyroavuuk  AEB  ocrpoyromwuntit (£ AEB = £ ACB, /£ EBA <
‘<< /£ CBA w £ EAB octpuiit no npegnonoxenuo). Hanbuie nosto-
‘PAIOTCA Te 3KE PACCYACAEHHS, YTO U BLILUE.

95. a) PaccMoTpuM MIOXKECTBO UGHTPOB nawMx kKpyros, Tak kax
Kam/Ible TPH Kpyra HMelOT OOMYIO TOYKY, TO [JA KAaWIABIX TPEX LEHT-
poB KPYroB HaijeTcA Touka Q, yjaljeHmas OT KaXKJIOTO M3 ITHX LentT-
poB ne GoJjee ueM ua r, rie r— OBUIMIT paguyc BCeX KPYroB CHCTeMbi
{(stuM cBoitcTBOM oOgdanaer ofumad TOUKa Tpex KPYroB C HEHTpaMH
‘B wmawux Toukax). Kpyr ¢ LeHTpOM B 3TOft Touke Q H pamuycom r
‘3aKJ/UOUAaeT BHYTPH cebs TPH paccMaTpHBaeMble TOUKU (LEHTPBl KPYros
‘Hallieil COBOKYHHOCTH); TaKHM 00pa3oM, Kaxobie Tpu U3 YeHTPO8 Kpy-
1208 MOJXCHO 3aKAOUUT6 8 Kpye paduyca r. PaccMoTpum temepb pocra-
iTquo 0OABUIOH KpYr, COAEpPHKALUA BHYTPM BCe HALIH TOYKH, — MYCTh
'3TOT Kpyr Orpandded H OH YMEHbHIAeTCs, CTArHBas HawWu Touku. Scuo
‘(6mu3kue cooOGparKeHuA MCNOMb3OBANHMCh B pellendH 3afayu 93 6) a
MO CywecTsy — M B pellenuu 3axaun 94 a)), 9TO HAl «CTSArABAIOWIUACA»
'Kpyr CMOTYT 3aaepikaTh JHIIL [Be TOYKH, NOMaBIUHe La ero nepude-
‘PHIO M IBISIOIMMECH AJf Kpyra JHaMeTpadbHO NOPOTHBOMNO-
MIOMHBIMHE, MWJIM TPH TOUKH, SBJSIOM(HECH BepUIHHAMH BIHCAHHOTO
B Hawl Kpyr ocTpoyroabnoro tpeyroabuuka. Ho nmockosbky pac-
icToRHMe MEXAY JIOOLIME ABYMS TOUKAMH <7 M KAMIBIE TDPH TOUKA
'MOMHO 32KJIOUMTbL B KDPYr pajmyca <if, TO OTCIOAA CJCLYET, YTO 6 ¢ ¢
YEHTPLL -KPY208 MOKCHO 3aKAOMUTL 8 Kpye paduyca r. Tlocnepmee e
-yTBepIKAEHUE - 0311a4aeT,” 4yT0 Hafigercs -Touka O'— LEHTP 3TOro comep--
HKawero BCe TOYKH Kpyra, — yAafeHHass oOT LEHTPOB BCeX HALIuX
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KpyroB He Gousee ueM Ha r. Slcuo, uto 91y Touky O 6GymyT comepmarts
B € € KPYrd Hauiell COBOKYMHOCTH KPYroB.

3 .
6) TloctpouM KpyrH pamHycoB 3~ ©C UHTpaMu BO BCex Hallux

Toukax. Ecan jnaMetp COBOKYNHOCTH ToueK pased 1, To amamerp Jio-
Goro TpeyroJbuHKa ¢ BepIUHHAMHM B JaHHbIX Toukax =<1, Orciona m m3
pelleHHs 3ajauf a) cIeayeT, UTO JAJs KaXKAhX TPeX H3 HaulHX TOYeK
Hajijercss Toyka Q — LEHTp HAHMEHBUWIErO Kpyra, IOKPHIBAWOILETO 3TH
TPH TOYKH, — yjajeHHass 0T KaxXJo#l H3 TPeX TOueK Ha paccTosinHe

<73

Touky Q — 6ynyT nepecekarthcsi. Ho Torpa B cmay pesyabTaTa 3alia-
yl a) BCe HAlIH Kpyr# OyAyT mepecekaTbes. Hx obmas Toska O

; TO3TOMY KaX/Able TPH U3 HAMKX KPyros GyAyT uMeTh ofumyio

yianena Ha pacCTosinhe < OT KaxXXIOH H3 7 TOUEK, no3TOMy

3

3
Kpyr pamnyca —m— € LEHTPOM O nokpblBaeT BCe HAWIH N TOYEK.

96. a) Mut 3uaeM (cMm. 3amauy 93 a)), uro Kamiywo ¢urypy nua-
meTpa | MOKHO 3aXJIOUHThb BHYTpPb KBajapata K co croponoit . Ecan
Tenepb NPOBECTH UeTHIPe KacaTelbHHIX K Bnucannomy B K Kkpyry, no-
1oGHBIX M300paXKeHHbM Ha puc. 43,6, KoTophle oTceKaloT oT K ueThipe
Tpeyroabiuka Ay, A, As u Ay (puc. 175,a), 710, Kak JE€rko BHAET,

Az Ay

Puc. 175.

KaxJas (BHYTpEHHsf) TOuYKa3, CKameM, TPEYrOAbHHK A,, yianeHa or
KaaoHl (BHyTpeHHefl) TOUKHM TpeyroJbHUKa As Ha paccrosiuue =1, n
nosToMy, ecan Ay COIepxHT BHYTpH TOukH ¢urypn F (mnamerpa 1),
To As He MOXeT CORepXKaTh TakHX TOueK, H Hao6opoT. Touno 1O Xe
caMoe MOJKHO YTBEPXKIATb H TPO TPeyroabHHKH A2 M Aj mostomy,
ecan Mul nokpeiin ¢urypy F amamerpa 1 kBampatom K, To no kpai-
Heil Mepe OfHH M3 KaMJblX JABYX TPEYroJbHHKOB Ay U As, Ay u A4 sB-
asieTcst «nycreiM». Ilocnenuee yTBepkuenHe MoxHO pacmingpoBaTh Kak
YTBEPKACHHE O TOM, UYTO «IYCTHIMH» $BJAAIOTCS AHO0 Ay u Ay au6o
Ay v Ay, mu6o As u Ay 6o As m Ay, T. e, BOBCEX CAYYAAX KaKHe-TO
HBa COCEOHUX W3 TPEYTOJbHHKOB A;, A9, Az M Ay — uTO W JIOKaspiBaeT
NpeAJIOIKEHHE, COCTABJAIOLIEEe COAEPKaHHE HacTosleR -3anaun.
6) Mul 6yzeM paccy)aaTb NOYTH TaK e, Kak. NpH  pelieHHH 3a-
" pau¥ a), OAHAKO TEeNepb. Mbl ‘HCXOAUM He H3 KBajapara K, a-n3 dury-
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. opRpyomed B- 3agave 93 B) miecTHYroabHOR «noxkpmuikHy II. Otceuem
ot I mectb «yronkoB» Aj, Az, As, Ai, As ¥ Ag, NPEACTABASIOINX CO-
6oii TPEYroNbHUKH, OTPaHMYEHHBbiE JBYMS CTOPOHAMHE YrJa IIECTHYrOJb-
Huka {I/ u xacaTeJpHO# K BrnHCaHHOH B Il OKDYXHOCTH, NMepneHAUKY-
JapHOH OHCCEKTpHCE paccMaTpuBaemoro yraia (puc. 175,6). Tak kax
no-npekHeMy Bce (BHYTPEHHHE) TOUKH, CKaXeM, TPE€YTOJbHH-

“Ka Ay ynanenst oT qio6ofi (BHYTpeHHefl) TOUYKH TpeyrosbHHK2 Ay Ha
paccTosinne =1, TO IpH NOKPHTHH WeCTHYroaenukoM Il nponssonb-
HOfl ¢urypu F nuamerpa 1 XOTb oMM H3 KaXKAbIX ABYX TPEYroOJbHHKOB
Ay m Ay, As u As, Ag w1 Ag OcTaHeTcs «nyCTEIM», 31€Ch BCEro Mbl HMeeM
BOCEMb BapDHAHTOB TPOEK <«IYCTHIX» TPEYrOJbHUKOB, KOTODHE MOXKHO
NONYYHTh, BHIGHpAs 10 OJHOMY TPEYrOJbHAKY H3 KawkAON Taphl:
Ay, Az, As; A, Az, As; Ay, As, Asy Ay, As, Ae; As, Az, Asp My, Aa, Asg
Ay, As, As; Ai, As, Ae. Ho HeTpynHo BHAETH, UTO Ka3K L asf H3 3THX
BOCBMH TPOEK TPEYIOJbHHKOB CONEpKUT ABAa HE COCENHWE (H He NpPOTH-
BONIOJIOXKHblE) TPeYroabliHKa, — YeM H JIOKA3HBAeTCH, 4TO H300paXeH-
HHIM Ha puc. 43,3 BOCBMHYTOIBHHKOM MOJKHO IOKPHITE JT10GYyio ¢i-
rypy F nnamerpa 1.

97. a) Ilyctb S—cepennna noMadoli AB, T. e. Takada TouKka,
uto aomannie AS u SB umeior oaHy M Ty Xe mauny 1/2. B rakom cay-
yae Kaxnas Touka M JomaHo¥ TakoBa, yTo aJaHHa JoManoii SM ne
npeBocxonuT 1/2, n TeM Gonee paccrosuue SM <C 1/2, otkyna caenyer,
uTO Kpyr paguyca 1/2 ¢ nentpoM S uennKoMm IokpuiBaer somanyio. Ta-
KUM 06pa3soM, Kandyio AOMAHYIO OAUHbL | MONHO NOKPbITL KpYaom
paduyca 1/2, u uucno 1/2 ymeHblInTs He b3 1, HOO OTPe3oKk pannb 1
HEBO3MOXKHO, OUYEBHIO, TNOKPHITE KPYroM paauyca <C1/2. -

Puc. 176.

6) JokameMm, UTO BCAKYIO MNAOCKYIO 3AMKHYTYIO AOMAHYIO Nepu-
METPA 1 MOXCHO 3aKawuurs B8HYTPL Kpy2a paduyca 1/4. Ilycte A —
NPON3BOJbHAA TOYKA Hamiefi JOMaHnoi, B - takas TOuKa JOMAaHOMH, YTO
o6e YacTH JIOMaHOM, COeiHHsOUiHe ToukH A ¥ B, nMeioT ogny H Ty
Mme pamny 1/2, Q-—cepennna otpeska AB  (pue. 176). Ilposemem
OKPYMHOCTL pannyca 1/4 ¢ nentpom B Touke Q. MH yTBepxiaem, uTO
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BcA JoMawaf GymeT 3aKJI0YATHCA BUYTPH 3TOX OKPYXKHOCTH, T. €. UTO
paccTonite ot 10 60 Touku M nomatiofi go Touku Q ue Goabiue 1/4.
HdefictBurenso, nyctse M’ — touka, cHMMeTpHuHas M OTHOCHTENbHO
Touku Q. Coemunum M u M’ ¢ toukamu A u B. Tak xak AM ue 60ib-
e 4acTy NOMauol, 3akmouednoft mexay rtoukamu A w M, a BM wne
Gosbllle wacTd JOMAHOf, 3akmouenHoir Mexay Toukamm B u M, To
AM 4 BM ne Goabiie yacTH JnOMAHOH, 3aKAIOYEHHOA MeXNY TOuYKaM#t
A u B, 1. e ue Goabwe 1/2. Ho us puc. 176 HETPYIHO YCMOTDETDH, UTO
AM = BM’', BM = AM’, QM = QM’. H3 paccmorpenuss A AMM’
BBITEKAET, 4TO

MM = 20M < AM 4+ AM’ =AM + BM < 1/2,
oTKYyIma
QM < 1/4,

a 9TO 1aM H TPedopassoch LoKa3ath,

C npyrolt cTOpoHB, AMaMeTDP NOMauON nepuMerpa I momer
OuTe cxoab yroguo Gansox x 1/2 (tak 6yner, nanpumep, B TOM Cay-
yae, ecay foMauas HPeICTaBaAeT coBofi pomO co cTOPOoHOH 1/4 u oueus
MAsNBIM OCTPLIM yraoM). A Tak kak duamerp Kpyea, COAEpKallero Jo-
Mattylo, OYeBHAHO, HE MOMKET OuTh Meublie duamerpa AOMAHOL, TO HU-
KaKol Kpyr pammyca, MeHbuiero 1/4, He MOKeT MOKPbIBaTh JMI0 06 Y0
IJIOCKY!D 3aMKHYTYyi0 JoMauylo mepumerpa |. CaejgoBaTenbHo, HCKO-
MO2 3uHaucHu@ pajuyca kpyra pasuo /4,

98. a) Paccmotpum mpasusbusiit Tpeyroavtiuk ABC co ctopounoit a
# nposesem uepes BepuivHy C npsamyio CF, o6pasyiollylo co cTopo-
uott CA webonvioft yroa @ (amecn £ — Touka cropoust AB, puc. 177, a).

C[=0

o 2 B

Puc. 17T,

[lycrs nasee G - cepepuna otpeska CF, E «—fipon3sonbuan TOYKA CTO~
pount AC Ttpeyrosabiuka,  GDC — nomaHnasi, CHMMeTDHYHast JIOMaHON
GEF otrocutensno toukn G. Ecam: £ CFE < £ FCB, 1o (tpexsseu-
#aa) nomaunas CDEF uenauxoM 3ak/iouaeTcs suyTpu tpeyroasnuxa ABC.

C apyrofi CTOPOHBI, HETPYAHO BHIETb, WTO HU 8 KOKOU PABHOCTO-
POHHUL  TpeyeonvHuk, meHou ul t1peyzoarvruka ~ABC, aomanan
CDEF ne modsicer Gotre 3axawouena. B camom nxene, mycTh paBHOCTOPOH-
uuit tpeyrossiuk A(B(Cy Menbure Tpeyroasinka ‘ABC, H nycTh Raxe
nomanaa, CDEF cnsunyra Tak; yro ee xouel C coBmajaer C. OHHON #3
BEPLUIRH — CKaxeM, ¢ Bepuinboli’ Cy — 3TOro TpeyrosbHHka (camoe Bbl-
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f‘bliHOIE AJS HAC pacnojoxkenne nbmaﬂbﬁ!): Hp’ennono}m{nx ene, vﬁo

1
£ AC\F <-2—
ApPOCTO JIOMaHyio oT BHcOTH CyP; Tpeyrosibhnka); TOMKY nepecedeius
C,F u A\B; o6osuauum uepes F, (puc. 177,6). Us cpasuenusn Tpe-
yroabuukos ACF u AC\Fy (tpe A/Ci<AC=a, CF, =CF u
£ CiA\F| = £ CAF = 60°; 3nech Mbl HCXOLHM H3 TOTO, YTO Touxa F 3a-
katouena B HYTpu AACF1 ")) Bhitekaer, uto £A,F\Cy, > LAFC (1Go

sin £ A F,Cy, _ ACy AC _ sin £ AFC
sin60°  C,;F; T CF ~ sin60°

£ A;C By =30° (B npoTHBHOM CJyyae Mb OTpa3um

n o6a yraa AF,C; n AFC tynne), a snaunt, £ A\C/F; < £ ACF; no
B TakoM CJay4ae Jexaias no Ty e cropony ot CiFy, uto n Touka Ay,
sepwnna E nomanoit CDEF suitaer sa npefean tpeyroasuuxa 4,CiFy,
a’ awaunt, aomanaa CDEF uuxak me mectutca B tpeyroabunk A CiB.

Outenum Teneps pauuy aomanoit CDEF. Jlna Toro utoOnl AJunka
JaoManoit GEF (cocrasasiomwel nonosnry Beeil Jomanofi CDEF) Gblna
HaVMeHbIlel BO3MOXNON, Haao, uyToOb UMeJNo MecTo PaBeHCTBO
£ FEA = £ GEC wan yrobu npamas FE npoxoanaa uepes Touky G,
EuMMeTpHUNYI0 Touke G oTHocHTesbHO cTopoHw AC Tpeyroavunka ABC
(puc. 177,a; c¢p. poipe pewenne 3aunayn 86s)). Ilpn 37TOM, oueBuaHoO,

FE4 EG'=FE 4+ EG' = FG’,
TaK 4TO HaM OCTaeTcs JWlUb ONpenennTs AAMnY ovpeska FG'.

Iyctb Tenepb Touka F’ cuMMeTpHuna Touke F OTHOCHTEJBIO NpdA-
moft AC; uepea P w Q wmbn 0603HAaUHM OCHOBAHMA NEPNEHANKYASDOB,
onymennsix H3 1odek G u F na npamyio CA (1ouxn nepeceuenns GG’
u FF' ¢ CA); u3 rtouky G’ onyctuM neprnenanxyasp- G'H na npa-
myo FF’. B Takom cayuae T

FG' =VFHTF GHT;
KpOME TOro, .
G'H = PQ = % cQ
)2

FH = FQ+ QH =FQ + PG’ = FQ + GP = FQ ++ FQ = FQ

(PQ = —; CQ un GP= % FQ, u6o G‘P — CPeAnslt JMHUE TPeyroJb-
npxa CFQ). A Tax. xax us pacemorpennss ACFQ A CFA 3akmouaem:
CQ=CFcosg » FQ=CFsing,

C o o sin./ CAF . . . asin60° . .
o CF=ca sin £ CFA ‘_“sin (60° 4+ @)’ =

- ) Ha pue, 177, 6 n3obpaien caMmbiii BHTOAnb Ham cayuall, Kerma '
Fi=F i CiFy = CF, ‘ 2 ‘
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TO OKOHYATEJIBHO HMEEM

-
#

’ 2 2
CD+DE+EF=2FG’=21/(%—CFsincp) +(-;—CFcosqa) -

_ 2asin60° 9
~ sin (60° 4 )

—-sin? cp+—c052q) =

a sin 60°

=mV1+831n2@

(1160 ]/—% sin? @ + 7: cos? =—; V' (sin2 @ + cos2 @) + 8sin? ¢ =
|
=5 V1 —{—SSin?q)).
M epxka 0 ApU MAIOM yeae @ OAUHQ MO——X
Bl YTBCPIK/JAEM, YTO AP M oyeae @ 60+ )
XV1+ 8sin?¢ aomanoii CDEF 6Gyder mewnswe a. JlokasartenbcTso

STOTO HECJOXKHO, 0AHAKO OHO TpeGyer HeKoToporo BumManus !). Ecan
yroJ @ oyelib MaJl, TO BeJHUHHA SIN @ O4eHb OJH3KA K CAMOMY YIJIy @

(B pasuanHoit Mepe; BeAb H3BECTHO, YTO (p“-TO %:1 ; ¢ upyrofi
2 2 ‘

CTOPOHB, coscp-—1—25m22 -2 (g) =I——%—, TaK 4To

sin (60° - @) = sin 60° cos @ -+ cos 60° sin @ =~

~ sin 60° (l - ——) ~+ €05 60° - ¢ == sin 60° +- cos 60°- ¢ — 51_11261 ?==

= sin 60° (1 + clg 60°+ ¢ — %.qﬂ)‘.

Hanee,
a sin 60° —— V14 8sin’¢
sin (60° + @) V1i+8sin'e sin (60° 4+ ¢) *
sin 60°

Lo

') Yurateds, 3HaKoMbifi © OCHOBAMH JubdepeHHaIbHOro UCun-
CJICHHSA, MOXET TIopasfo mnpowe [oKasaTh, YTO HPH MAJBX @ AJdHA
a sin 60°

sin (60° -+ @)
9TOr0 JOCTATOYHO 3AMETHTH, UTO mpn @ = 0 mHaumre Buipawenne ofpa-

V1+85m2(p gomanoft CDEF Gyaer MeHblue ot AAs

aeTcsl B @, ¥ MIPOBEPHUTH, YTO NIpH @ == (0 npoussoduasn ( a sin 60°
e R e pre=nne S (50° + ¢)
XY1+8 sm2 (p) IO NEePeMEeHHOR § OTpiyaTeoHa | U anauuT, DYHKUUS

a sin 60°

—-_._2'_ 5
6 Loy 60° -9 YV 1 8sin? ¢ npu Bospacranun ¢ y6uBae T).

fleo)=
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Vi - 8sin? ¢

TAaK uYTO HaM HALO0 JHIIb OUEHUTh MHOXKHTEJb ETYCRETR ycra-
sin 60°
nopus, 4ro on Memsute 1, Ho npn manux ¢
V1+8sinfg _ V1 82
sin (60° +¢) N
sin 60° I+ ctgb0’-¢—70o
I - 8¢?
I 2
( V 3 02 q’)
./ LT
= V 2 -
4+ —= p— = ¢?— —
V3 P 3 ¢? V3 ¢ + (P

A Tax xaxr npu MaJoM ¢ BeJgH4uYNHa

2 1
me sem 8¢? (a TakKe H uem o 9> =
3 V3
Tenb ApoCH, crosiiiefl B MOCAEHEM BHIPAMeEUMW NOA 3HAKOM pajiukana,
6yneT GoJblie YHCJHTENs, M 3HAYMT, Bcag Apo6b Oymer sensue 1.

Hrax, MB yCTaHOBHAH, YTO MOKHO HaHTH TakoH yroa @, 4ro AAH-
na [ noayuennoii jgomanoii 6yner mMeunbue al'), Tlostomy Moxuo
HafiTH Takylo jgomanyio CDEF, pnuna ! xotopoit pasua 1, B TO BpeMst
KaK CTOPOHA @ HAHMEHbUIET O DaBHOCTOPOHHEro TPEYrOJIbNNKA, B
KOTOPLI MOXHO 3aK/MOYNTb JIOMaHyio, Gyier 6oasuwe 1. Ho B Takom
€nyyae B TPEYTOJBHHK CO CTOpoHO#l b, rie a => b >> 1, 3aBefoMO HeAb3H
GyneT 3aKkjaoUUTh N106 Y10 JOMaHY!0 AJIHHBI l—TaK Hanpuvep, B

9TOT TPEYroJbHHK Heab3s OYAeT 3aKJIOUuUTh HaflILEHHy}O JIOMaHYI0
CDEF.,

HNpumeuanne. C noMomeio nnd)cbepenuuanbnoro NCUHCACHNA
sin 60° ST IR
—————V 1 + 8sin?
sin (60° - @) Vit A
AOCTHraeT CROETO MHHHAMYMa TPH @ = o =~ 3,67°, 3TOT MHHHMYM pa-
pen [p = 0,982, Taxum ofpasoM, O4uHa CTOPOHbL HauMenbulez0 Tpe-
YeoabHUKA, 8 KOTOPGIL MOJNHO NOMECTUTb NOCTPOEHHYIO AOMAHYIO

@ 6yneT 3HaunTeNpHO 6OJB-

“), TO 3HaMeHa-

HETPYABO MNOACYHTATHL, YTO BHIpa)XKeHHE

CDEF, orseuarouiyo yeay o =~ 3,67°, pasna Tl-~ 1,018 CymectByet
)

NpPEeANOJIOIKeHHe, YTO 3TO 3HAYeHHE $BJAETCA «CaMBIM JY4IIHM» B TOM
€MBICE, UYTO 8 Kan ool paeuocmponuuu TPey2oAbHUK (O CTOpOHOu

1
az o 1,018  smoxno saxawouurs K a0 yro aomanyo (n -Aame
0

#) C noMouinio Tabauu Jerko HafiTy, HanpHMep, YTO

sin 60°

= 610 ——— VY T1+8sin?1° ~0,99< L
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Gosee TOrO — KamAYI0 KPuBYi0) Gaunbr 1, B TO Bpemsa Kak B npABHIBHBIT
TPEYroNbHEK €O CTOPOHOM b<l— HeJb3st 3aKJIOYHTHb, HAampuMmep, no-
0

cTpoernyio Bblwe JgoMauyio CDEF; onnako 3T0 TpenoJoxeHue (Bol-
CKa3aHHO® BHAHBIM anraHiickaM MaTematdkoM A, C. BesukoBuueM
[88]) HHKeM 10 CHX NODP HE [OKA3aHO. o

6) Mycte MN...T —Boinykaas Jjomauas, AL — ayu, pacnogo-
KeHHBIR NO Ty ke cTopory ot npamoit MT, uto M jnomauas MN...T,
u obpa3youuil ¢ aroit npamoit yroa LA,T = 60° npu 3Tom Touky A
Mbl BblOepeM na npojposkeuuuw I'M sa touky M Tak najeko oT 3IToh
toukn, uro ayu AL ue sazesaer nomauywo MN...T. Byigem nsurats
Touxky /Ay no wmanpasdeHno K Touke M o Tex nop, noka Jayd AiL wue
«ynpetcs» B Jjgomanyio MN...T, 370 noJjoxKenue Jay4ya Mbl 0003HAYHM
yepes AK, a touky (MaM OLNY M3 TOYEK) €ro CONPHKOCHOBEHHS C JIOMa-
woit MN ... T -—uepes P (rouka P wmoxer u cosnagaTs ¢ M;
puc. 178,a,6). Ornowum ua Jayuse AK orpesox AC = 1 u noctpoum

M=A=Pep
ar L 6)
Puc. 178.

pasuocropoduuft peyroabuuk ABC co cropowoh 1, cropoym AC u A8
koroporo npunamaemar aydam AK u AT. Mu yrsepxpaaem, 4To ecau
Oauna romanold MN ... T ue npesocxodur |, TO 3Ta AOMAHAA YEAUKOM
npUNAdAeKHCUT NOCTPOEeHHOMY Tpeyeoasnuky ABC. .

B camom fesie, NyCTh Halle YTBEpMKIGHHE HE HMeeT Mecra H Ayra
P...T nomauoit nepecexkaer cropory CB tpeyronsuuxa ABC B (otauu-
woit ot B!y touxe Q, kak 370 H3oOpameno ua puc. 178, a, 6. [poekuun
touek ‘P u Q na npamyio AB o6oamauyum ‘uwepes’ P, u Q,; Tak- Kaxr
£ PAPy = £ QBQy = 60°, 10, oueBugno, PPy == AP; (snak paseyi
ctBa ‘otHocHTCA K TOMY cayudw, korpa Touka A coBnamaer ¢ £ u nad-
Hel 0Goux «orpeakoB» APy u PP obpawmaiorca B 0; pue: t78,6) u
QQ1>Q13 KpOMe TOro, OHEBHIHO, PQ>P1Q1 A Tenepb umMeem

i MN..T =gan. M...P+aa P.. Q+an Q..
>P1P+PQ+QQ1>AP1+P1Q1+Q3—‘1‘13&"»

qto npomnopeqm Hamemy npeunonomemuo ‘0 ToM, uto pn,
MN. T<1. - ce
: TaKnM "06pA30M, C(TOPOHA HauMeHvbuwieeo npasuibrozd Tpeyeons-
HUKQA, BHYTPL KOTOPOEO “MOWHO A NOMECTUTD 2100 410 BbINYKAYIO r0MA-
HYyto daunsl 1, pasua’l. .
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"'99. a) Ilyctb So— Kakas-To OKPYKHOCTb, TepecéKaiomwan Bce N
HALIRX: NpAMBEIX. ByneM nocaefoBaTesbHO YMeNbIIATbh 3TY OKPYKHOCTD.
Ilpexxne Bcero, ecny OKPYXKHOCTb Sy HE KacaeTcsi NMKakod W3 nabiux
NPAMBIX, TO €€ MOMKHO 3aMeHHTb KOHLEHTPHUECKOH ¢ HEH MeHblueH
OKPYXHOCTBIO Sy, Kacalolleficss OIHOM M3 NpsMbIX {a HMEeHHO Toll, Ko-
Topasg JHanbllie BCETO OTCTOMT OT uUeHTpa So— pue. 179,4a). Hanee,
ecid Sy KacaeTcs e THHCTBEHHO R Halllel NpAMOi @, TO MH MOXeM
€lle YMEHBIINTL S3, cOXpanas TOuKy Kacauust Sy ¢ a u npubauxas

Puec. 179..

uemp Sy mo . nepneuﬂnxympy K a 110 TeX nop, HOK3 nonyqe}maﬂ
OKPYXKHOCTb Sz He KOCHeTcs eule. ORnoW -npsamoii. b (em. puc. 179, 6).
Jaxee; ecan OKPYKHOCTb: Sz, Kacaercs TOALKO ABYX -HENAPaLIeAbHbIX
npAMbIX '@ M b, uaH eCIH ona KacaeTcs Gonmuero YHCAA TIPAMBIX, RO
COJePIRUT OFPAHNHEHIYIO TOUKAMH Kacauus ¢ :nPAMBMH a u. b ayry,
Goaswiyio 180° n CBOBONRYI0 OT TOYEK Kacauis ¢ APYTHMH HAWEMH Tpsi-
MBIMH, TO 3TY OKPYXXHOCTH MOJKHO NPONOMKATL YMENbLIaTh, OCTABAANA
€€ Kacalomleiics NPAMBIX ‘d H b— nns 5TOro AOCTATOUNO CHBHHYTEH
nENTP Y OKPYHMUOCTH NG GHCCEKTPHCE 06pazoBanHOTO NpaMbMM @ ¥ b
yraa, npuOaniKas ero K Touke nepecevenns a u b (puc. 179,6)., Ta-
KM 06pasoM, Mbl YGeHEAEMCH, UTO CLIUECTBYET ORpymHOCTH 'S, nepe-
CeKAIOUIAA 6€L HAU NPAMbIE U AUOO KOCAIQWARCK 061X NAPAANCALHDIX
npamoix a u b, Au00 Kacarouancs Tpex npamoix a, b, obpasyowux
oHuCaHNbL - 80Kpye S TPEJZOAbHuK (cp. ¢ HepEbIM peme)mem 2ana-
uu 93 6)).
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Ho scmo, 4ro ecnn cpefd HAWMX NPAMHIX €CTh JBE NAPAMJICAbHLIS
npsaMble a ¥ b, TO paiHMyc HHMKakofi mepecekaiolliefl HX OKPYMKHOCTH He
MOXKeT ObiTb MeHble NOJOBHHbBI PAaCCTOSHHS MeEXAY MPAMBIMH; OITOMY
paccTosiHue MeXAY a u b He OGonapmie 2, a 3HA4UT, PAAHMyC Hamsell
oxpyxHocTH S 'He Gosblue |. Ecam xe cpefn HamIHX npsMBIX eCTb TPH
npsMble @, b n ¢, o06pasywoulHe OMHCAHHBI BOKPYF S TPeYroJbHHK, TO
HHKaKas OKPY:KHOCTb, nepecexaiomasn-.a, b un ¢, ne Moxer OBITb MeHb-
me S: B camMoM JeJe, B ITOM cayuae TpPH NOJOCH WHPHHE <<2r (rae
r—pajgnyc S), Aas KOTOpbX HpAMBIE @, b H € SIBASIOTCH CpeLHHMA
JHHHAMH, He HMeloT olmux #M Bcem Touek (puc, 180) ©, sHayur,

Puc. 180.

He CYUEeCTBYET TOYKH, YRaAeHHON H OT &, H OoT b, U OT ¢ HA paccTod-
uue, medsitee 7. [Tostomy B 3TOM caydae r < 1, yto nam d TpeGoBa-
20Ch 10KA3aTh,

6) B cuay pesyabTaTa 3amayd a) uaM JOCTATOYHO [0KAa3aTb, 4TO
Kaxdble TpU U3 PACCMaTPHBAGMBIX NPAMBIX MOXKHO Hepeceub KPYyrom

/3
panuyca LG— Ho mawn Ttpy npaMble o6pa3yloT TPEYrOJbHHK, KaXKAad

cropona kortoporo =< l; mostomy nepnmerp P Tpeyroabhuka <3, OGo-
3HayuM yepes r pajHyC BIHCAIIHOLO KPyra 3TOro TpeyroJbhuka. B cuay
pesyabrata 3afgayil 72 6) H3 BCex ONMHCAHIILIX BOKPYr Kpyra paguyca r
TPeyroJIbHHKOB HAHMeHbIIHA nepuMerp P (paBHBIA, KaK JIErKO BIIETH,

6 V3 r) UMeeT N PAaBHABLHDL A TPeYroabHUK; HOITOMY mad Jawboro
TPEyroJbHHKA BeJHYHHbLI 7 H P cBA3aHLl HePaBeHCTBOM 6V3 r< P,

PV3 3¥3

T. A rax kak B HameMm cayyae P <{ 3, 10 r < T

HIH r <

3
== —g "+ UTO N JOKa3uiBaeT TpefyeMoe yTBEpPIKACHNE.

To, uT0 oOuUEHKY 3ajayn YJAyYINHTbL 1eab3f, [OKa3blBaeT HPHMEP
Tpex CTOPOH NPABUALHOZ0 TPEeY2OAbHUKA €O cTapouolt 1,

100. a) Pemenue 3TOfl 3aayy OYyeHb MOXOXKE Ha peLIeHHEe 3afauf
93 6). 3amerHM mnpexae BCero, UT0 Hauboavwuuil Kpyz R, 3aKA04Q0-
wuica 6HYTPU BbULYKAD20 MHO20y20AabHUKG M, 006A30TeabHO KacaeTcs
aubo deyx napasresvrvix cropon M, aubo tpex cropon M, obpasyro-
wux -onucannsll 80Kpye k Tpeyeoabrux. B camoMm nene, eciu Kpyr k
HEe KacaeTcs HU OAHON CTOPOHLl M, TO Mbl MOXKEM, HE MEHR# UEHTPA R,
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N

«pa3flypaTb» €ro A0 - TeXx NODP, HOKA OH' He KOcHeTcs cropounl M
(puc. 181,a). Hanee, ecin k xacaercsi e THHCTBEHHOH CTOPOHH a
MHOTOYFOJIbHHKA M, TO MBI TaKKe MOXEM YBEJHUHTb R, HE BHIBOAS €ro
sa mnpeflensl MHOroyroMsHHka M; [as 3TOro . KOCTaTOYHO CHBHHYTH
cierka k neprneHiuKyAspHO @, OTOABHHYB €ro OT @, a 3aTeM YBeqH-
uHTh k& npexuuM cnocoGom (puc. 181,6). Haronmen, ecan & Kacaercs
IBYX HemapaaJeJdbHB X CTQROH @ H bh muoroyromwuuka M, To
MBl TaKxKe MOMKEM YBeJHUHTb k, NpefBapHTE]bHO CABHHYB €ro c/erka
B HamparjeHud GHCCERTPHUCH 06pazoBanucro.aq u b yraa (pue. 181, 8);

Puc. 181,

TAKKe MOXKIIO HOCTYNHTb W B TOM CJlyuae, KOria k kacaertcs Tpex {(uad
. 6onee) cropon M, He 006pa3yIONHX ONHCAHHOTO BOKPYr k Tpe-
yroambuHKa (puc. 181, 2).

Ho ecnn nauGoabwinfl Kpyr k£ H3 BCeX KPYroB, 3aK/IIOYAOUIHXCH
Buytpy M (Buucaunwii kpyr M B cMpicie npuBeseHHoro Ha crp. 60
onpefiesienys) KacaeTcst ABYX NapajulesbHHIX cTopod [i H I MHOrO-
yroasHuka M (puc. 182,a), T0 ero pamuyc r paseH NOJOBHHE IUMPHHEL,

o6pa3oBannofi npaMuiM [; M [y TONOCH, W 3HAUMT, I =—2->—3—, TaK

KaK LIHpUHA 95TOH MOJOCH B CHJAY YCJIOBHs 3afayd paBHA 3Mechb I,
IlycTe Tenmepb KPyr & pajuyca r KacaeTcs Tpex cTopoH [y, ls B s mno-
royroibauka M, o6pasyiomiux ONHCAHHHIE BOKPYT R- (H OXHOBpEMeEHHO

11 A. O. Hikasapckul ® AP. ’ : 321



Bokpyr M!) Tpeyrombunx ABC (puc. 182,6). O6osznaunm CToponL!
A ABC uepes a, b u c, a ero BbCOTH — 4epe3 hq, Ay U he; NycTh elle
@ = b = ¢ u, 3uaunt, ha << ho << he. Taxk xax

1 1
SABC=—2—(a—+b+c)r=—2—aha,

TO .
at+b+c¢ _ b ¢
haz—T——‘-r:(I—i—z—l-E)rgBr,
1, 3HAUNT, :
r= ! hg

Ho sbicota ha omucannoro sokpyr M rpeyroasunka ABC Huxax He
MOKeT OBIThb MeHbIUe WIHPHHEE | Muoroyrospuuka (cM. puc. 182,6);
nosTomMy fig == 1 1

1

r>_3"

9T0 HaM H TPEGOBAJOChH JAOKa3aTh.
1 .
6) PaBencrBo r = — wumeeT MecTo, cKaxeM, ecau M ects #pa-

3
suAbHbtl  TpeyeoavHux  IHMpHHEL | —~ PABHOCTOPOHHMH  TPeYTOABHHK

i L
k
0
o
g
d
s’
. /
- 4
l; A

a)

Puc. 182.

’

¢ BuicoTOR 1: ACHO, YTO B HEro Heab3sd 3aKJIOUHTh HHKAKOro Kpyra

paiauyca >%.

101. a) flcyo, 4to ,pasbhenHe MHOMKECTBA TOYEK HA TPH HACTH,
YACBAETBOPSIOEe YCJAOBHIO 3ajayH, JErko HpOU3BECTH B TOM Clyuae,
KOrja 4YHCJO n# TOUeK paBHo 2 (npu 3ToM OJHa U3 yacTedl 6yleT Haxe
o6si3aTeibHO «OYCTOH», T. €. He OyneT COAEpPKATbL HH OJHOH TOYKH)
Hon = 3. DBocnonb3yemcs Temeph METOAOM MaTeMaTHYe-
CKOfl MHAYKIHH [PELUNOJOXKHM, YTO MAJS KamxJAOH COBOKYIHOCTH
M3 1 ToYeK YTBEPXKICHUE 3ajaud [0KA3aHO, M TOKaxXeM, YTO B TaKOM
caydae OHO OyAeT CnpaBeAauBO H JUiA COBOKYNHOCTH u3 £ - | -Touek,

- 822
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U3 peaynbrata 3apaun 87 a) BuitekaeT, yTo JHG0 KaxKAad TOUKA
CHCTEMBI M TOYEK fIBJIAETCSI KOHIIOM POBIO IBYX «JHAMETPOB» CHCTEMU,
au60 XOThb OJHA TOUKA SBJseTcd KOHHOM eJHHCTBEHHOrO pauaMmerpa
(60 B NPOTHBONOJOXHOM Cdayyae oOllee YHCJAO NHAMETPOB GBJIO Ol
6oublie m; cp. ¢ pemenneM 3ajnaud 87 a)). Taxum ofpasom, B wuamrefr
cucteMe n -1 Touek HaBepHsxa Halgercs TOYKa A, ABAAIOWAsCH KOH-
LOM He Oosce uyem Osyx ouamerpos. VICKMOUMB H3 PacCMOTPEHHS TOU-
Ky A, MBl HOJYYHM CHCTEMY f TOUEK, KOTOPYIO, COMJIACHO MPEANONONE-
HHIO HOAYKUHH, MOXHO pa3fuTh Ha TPH YacTH MEHbLIEro JAunaMerpa,
Ilpucoesnuns rtemeps TOouKy A K TOH NOXCHCTeMe, KOTOpas He coj1ep-
KHT KOHIOB HCXOASUHMX H3 A JHaMeTpoB, Mbl pasofpeM £ --1 Touex
Ha TPH YaCTH MeHblero JAHaMeTpa.

6) Pacnpe/eAnM MHOMKECTBO Bep LW HH wMporoyrombumxkal) M
MeXy TpeMs NOJAMHOXECTBAMHM, KaxK/[IOe H3 KOTODbIX HMeeT IHAMeTD,
MEHBIIN{I AHAMETPa BCEro MHOKECT3a pBepUIHH Muoroyroapuuka. [lasee,
pa3o6beM BeCb MHOTOYTOJLHHK Ha TPH YacTH Tak, YTOSH MOPOXKJEHHOE
3THM pa3fHeHHeM MHOTOYTOJbHHKA pachpeieseHde MHOMKECTBA BEPLIHH
MHOTOYTOJbHUKA Ha TPH TNOACHCTEMbl OBLIO HMENNo TeM, O KOTODOM
ObII0 CcKalano B Havyaje pelllenHs 3ajfadd. [lpm 3ToM B CHAY pe3yab-
TaTa 3ajaun 78 a) 2) kamxaas yacTb MHOroyrosibuHukd M Oyler HMeTb
MeHbuIBfl JHaMeTp, YeM BeCb MHOIOYTOJLHHK,

162, a) Pemtenne 310 23ajaul OueHb OGaAW3KO K pellieHHI0 3a7a-
yu 101 a). Slcuo, 410 ecnw 4Mca0 Touek n << 4, 10 Tpedyemoe pasbue-
HHEE COBOKYNHOCTH 7 TOUEK Ha 4eTHpe 4acTH BO3MOXKHO (npH n << 4
HEeKOTOpble H3 uacTeft GyAyT name «nycrsiMux), Ilpeamonoxum Temneps,
YTO MBI YK€ [OKa3aJu BO3MOKHOCTb pACHPEReJCHHA MeX1Y UYeThbipbMs
COBOKYNMHOCTSIMU TOUYGK MEHbIIero JHaMeTpa CHCTeMB H3 7 TOueK H
paccMOTPHM cHcTeMy H3 # -1 Touek. 3ameTuM, YTO H3 pe3y/braTa
sagauyn 87 6) BeITeKaeT, YTO B JIO0OH COBOKYMHOCTH M TOYEK JHaMeT-
pa 1 umeeTcsa TOUKa, H3 KOTOPOH HCXOLAT He Gojee Tpex AHMaMeTPOB
cucteMel. B camom gene, ecaim 6bl M3 KaKAOH TOUKH UCXOAMJIO HE Me-
Hee yeTbipeX [IHAMETPOR, TO ofilee YHCIO JHAMETPOB B CHCTeMe /N
TOYeK ObL10 Obl HE MeHee ueM

1

(u60 u3 KaxmON M3 M TOYEK HCXOMMT UeThIPe MAM GOoJbuIee YMCI0 Aua-
MeTPOB H KaXKIBI{l AMAMETP MMeeT JARa KOHNA), B TO BpeMs KaK YHCIO
LHMaMeTPOB He MOXKET NpeBOCXOAHTb 2m — 2. Vickmouws Temepb U3 CH-
cremsl 17 -1 Touek onmy Touxy A, M3 KOTOpO#H HCXOAuT He 6osee Tpex
JUaMeTPOB, Mbl B CH/IY NPEINONOKEHHsT HHAYKIHH CMOXKeM pa3bHTDL
OCTaBILHECsS 7 TOYeK Ha 4eThipe 4acCTH ¢ COB/IONeHUEM YCJOBHS 3ajaun;
IIOCJIe 3TOr0 HAM OCTaHeTCsl JMIIb NPHCOEAHHHTL TOuKy A K Toli vacTy,
B KOTOPOi{l HET KOHIA HH OJHOrO M3 HCXOISI(HX H3 A NHaMerpos.

6) Pazofpem Ha ueTHIPe YaCTH COBOKYIHOCTD BePUIHH MHOTO-
rpasunka M ¢ cobawogeunem -ycaoBuil sajaud a); 3areM pa3ofbeM Ha

1) Herpyano 3aMeTutb, uTO TpeGOBaHWE B6INYKAOCTU MHOTOYTOJIb-
HEKa M B NpPHBENIEHHOM pACCYXK/JEHHH HE€ HCNO/NAb3VeTCd.

2) Ccblika Ha pesynipTaT 3agaun 78 a) moApasdyMeBaeT, uTo B Ka-
YecTBe BEPIIHH (MHOTOYroJbHBIX) dacTefl M BHCTYNAT JHLIb Kas
KHe-TO BCPLIMHBI BCSr0 MHOTrOYrOJIbHHKa (Hero Jerde JOCTHTHYTb, €C/H
mioroyronbHuKk M evinyKavii; cp. ¢ NOACTPOUHBIM INpHMEYaHHEM Ha
cTp. 93).
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"eTHIPE YacTH €aM MHOFOTPaNHHK TaK, YTOOH OPH 3TOM BEPIUHHBI MIIO-
TOTPAHHHKA PACHPEJCIH/NCh MCKAY YETEIpbMsi €ro YacTMH B COOTBET-
CTBHH C Y€ YCTaHOBJEHIBIM HX pacnpefejenueM. B cuay pesyabrata
3afaum 78 6) AMAMETP Kaxki0F M3 UeTelpex uacTeli MHOrOrpaHHHKa Oy-
JIeT MeHblIE XHaMeTpa CaMOI'0 MHOFOTPaHHIKa.

103. a) B sToii 3anaue peus HAeT o pasbuenuu Kpyea Kp emunuu-
HOrO [HaMeTpa Ha h «BO3MOXKHO MeHbUIMX» uacrteil Fy, ... Fn, npuyem
BhHIDAXKele «BO3SMOXKHO MEHbIUHX» HMeeT CJAeAYIOUIHH TOYHLIH CMBICT:
Tpebyercs, uTOObl Ouamerp Haubosvured (no duamerpy) us uacreil
G6ra 8o3moxcHo MeH bule (T. e. HLIETCA BeaudnHa min max Fy). Jaaee

i

Mb! 6yaeM paccMaTpHBaTh OTACIBHO Da3ilble 3HAUEHUS .

1°. n =1. Pasenctso 0(l,Kp) = 1 ouepunuo: Beap §(1,F) =
ansg Bcex F

2°. n = 2. flcno, uto ecanm pasburs Kpyr Kp na dge uactu Fi H
F», TO TeM caMLIM Pa300beTCst Ha JiBe uacTu [y M f2 Takxe u orpaui-
unpaowas Kp oxpyxuocts Oxp. (Ecam Bcest oxpyxuocte Okp uedi-
KOM NPUHAAJERKNT OLHOHM u3 uacteit Fy uam Fe kpyra Kp, To ZuaMmerp
cooTBeTcTRYIOmMEel uyactn Kp Gyger pasen L) Ilyers A —oana u3 To-
YeK CONPHKOCHCBEHHS y4acTKOB fi U fo OKpyxuocTR Orp (Kampaulf H3
KOTOPBIX MOXKEeT COCTOATb H3 MHOTHX uactefl), a B — Touxa, duamer-
paasro nporusonoaosnas A. Slcno, uto Ta B3 wactell fi M f2 OKpyK-
nocte Okp, KOTOpas COXEPXUT TCuKy B, umeer puamerp 1; nostomy

8(2, Kp)=1  (=8(1, Kp))

3°. n=3. Ecan kpyr Kp pasutr Ha 7pu uacta Fi, Fy n F3 10
TeM caMBIM H orpaunnunBaiomias Kp okpyxuocte Okp pasfuta Ha TpH
vactd fi, fo # fs. (3Zech Takke MOXKHO HIFHOPHPOBATH BO3MOXKHOCTb
TOro, 4To Kakag-To M3 uacTeft Fy, F2 u F3 xpyra Kp BoBce He coaep-
wut touex Owp.) Tlpu 3ToM (ayroBas) HJHHA XOTh OXHOfl U3 uacTefl
fi, f2 m fs oxpyxkuoctn Oxkp (Kamxpaas H3 KOTOPBIX MOXKET COCTOATbH H3
MHOTHX AYr) Oyaer 2= 120°; mo B TakoM caydae ata dacts Okp 00s-
3aTebHO COJZEpKHT TOUKH, OTCTOSIIUME ORHA OT JAPYrofi Ha HLYroBoe
paccToaane z= 120°, T. e. TakHe TOUKH, UTO COEJHHAKINAA HX XOpia

]/3

cTArHBaeT Ayry == 120°, u 3mHauuT, cama Xopia = —5— V (u6o =

= sin 60°ects pauma xopael xpyra Kp, cmmr&axomen LYry B 120°).

Pa36uts kpyr Kp Ha Tpu yacTH AHamerpa 5 OueBHAHO, MOXKIO -

Lf3

(puc. 183, a); nostomy

~ 8(3 Kp) =

4°. n =4, 5 uny 6. CoBeplleHHO KaK BHINE, 3aKJIOUAEM, UTO €CJH
kpyr Kp pasGuT Ha ueTeipe, Ha nATb HIM HA WeCTo dacTell, TO XOTb
oXHa U3 COOTBETCTBYIOIHX yacTedl fi, fa, ... okpyxuoctn Gxp 6yaer umerb
350° 360")

4

). Ho B TaKOM cayuyae 3Ta 4acCTh OKPYXKHO-

(zyrosymo) Aauny >90°( ), COOTBETCTBEHHO >72°<

L[ 350°
" 60( 3

ctH OKp CORePXKHT TOUYKH, YAaJeHHble NPyt OT ApYyra Ha YrJOBOE pacs
crosnue = 90° cooTBetcTBeHHO = 72° M 3= 60° T, e, ToukHu, OTCTOf-
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. o . Ve
e OxHa OT [ApYyrofi Ha pacCTOHHE > —z—, COOTBETCTBEHHO

2 N
’ —_— /9 ———
' 2%— VIO —2VE u>= % (BeaHuHHbL !2—2 = sin 45°, 71— Vio—2ys =
= sin 36° u ,;1— == sin 30° cyTb ANHHEL XOPJ OKpYyiocTH OKp, CTATHBAIO-

= 3
mux ayrn u 90° B 72° m B 60°). Pasbure kpyr Kp na uerpipe 4acTd

Puc. 183.

22 , Ha IaTh yacteft guaMeTpa —}1-]/10—2]/3 i ua

1
1IeCcTb YyacTel AnameTpa 5 oueBHANO, MOXHO (puc, 183,6 — 2); mostToMy

IHaMeTpa

9 1 v /= 1
5(4,;(,,):_1/%; 6(5,Kp)=~4—1/10—-2V5. 8(6, Kp)=5.

5°. n="7. Ecnu xpyr Kp pa36ur Ha ceMp yacTell Tak, uTO Bce 3TH
WACTH COAEPKAT yacTH OKpy:xHoctH Okp, TO Ta U3 uacTei, KOTOPOII

npuajaexut uentp O kpyra Kp, nmeer guamerp >§. Ecar xe xpyr

PasbuT Ha ceMb uyacTefl Tak, 4TO Hé 60.blle 1IECTH W3 HUX COJEPIKAT
TOYKH OKpyxkHccvi Okp, To Okp pasobpetcd Ha MIeCTb (MAH MeHbIIe)
YacTelt, H, KAk Bbllle, [OJYYHM, YTO XOTh OAHA M3 ITHX vacrell
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okpyxHOocTH OKkp UMeeT AMaMeTp >L Paabuts kpyr Kp H3 cemb ua-

5"

cTeit Tak, 4TO JAHAMITD Kax0#l U3 3THX '-laCTel/I OYE€BHIHO, MOX-

1
2 s
HO — Beab Kp MOXKHO pa36GHTb H Ha: HIeCTb yacTell ¢ cobJlojenHeM fo-
caenero yenosus. Takum o6pasoM, HMeeM .
1 .
8(7, Kp)=~5 (=296, Kp))

6) 3mech TpeGyeTcsi pa3GHTLb Ha BO3MOXKHO MEHbLIINE YacTH K8al-

par Ks puametpa 1, T, e. kpagpar ABCD co cropouoi H junaro-

2
2
HaJspo 1.

1°. n = 1. dcno, uro §(1, K8) =

2°. n = 2. Ecau ksajpar Ko = ABCD pasdut Ha Ose uwactu F n
Fp pmamerpa <C 1, T0 ero NpOTHBONOJIOKHBIE BEPUIMHLI [PHHALAEKAT

PAsHBIM YACTAM; NYCTh, HANpPUMEp, BEPUIMHLL A

D C  w B upupmagnexar uyactn £y, a sepwnun C u
D —uactu Fs. Ecam npu srom cepeanna E cro-
poubt BC mpunapsexXut gacTe Fy xBajiparta, To,
2 QYEeBH[IHO,

£ d1=d(Fl)>AE=VABZ+BE2=

7 ’ 0
/I TV,
rae d(F,) — nnametp uwactn Fy, a, ecoim E npu-

Puc, 184,
Hagaexxur uvacta Fo, 10 dy=d(Fy) = ]/10.

Taxum_o6pasoM, BO Beex Cayuasx XOTb ONHO 3 umucen di u dp 6y)1eT

l 10 Y10

= I . Tak xak pa3dute Ke ma 4Be uacTu AHaMeTpa 1

BO3MOXK~

no (puc, 184), 10

8(2, Ke =l—/41(l.

3°. n =3, Ecan kBanpar Ke = ABCD pas6ur ma rpu uvactu Fy,
Fa n F3, TO Kakue-TO 1Be €ro BepIUUHB NPHHAJIERAT O L HO N YacTH.
Ecan 3T jBe BepIIMHBI KBalpata ApPOTUBONOAOICHble, TO JHAMETP CO-
OTBETCTBYIOWElf 4acTH paBen |, T. €. OUeHb BEJHK; [O3TOMY MBI MOMEM
CuHTaTh, YTO OJHOH YacTH (cKaxem, 1) TpHHAANEKAT ABE COcedHue
sepurnnel A u B kBaapara Ks. Ilyets K uw L — touxku cropon AD wu
BC xBanpara Ks, npHHajsexauye TON e uYacTH Fy, YT0 M BepIH-
el A m B, u naubonee yganenuste ot A, cooTBercTBeHHO OT B; 06o0-
suaynM eme AK =x u BL =y (puc. 185,a). B tougke K cxomsarcs
ABe yacTu pas3buenusi kBagpara Ka, ckaxeM, Fy u Fo, Ecan npu atoM
« epmikHa C TakKe NpHHALJEKHUT yacTd Fa KBajparta, To

dy=d(F\)=BK, dy=d(F;)>=CK,
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OTKYyJaa, aHaJOrH4YHO CJayvyalo 20, YCTaHaBJIHBaéTCH, 4TO XOTb ONHH H3

nnaMerpoB dy u ds wacreit Fy m F2 Gyxer 21/ +— = VIO

UTO HE JaeT HHMKaKO} BHITOJAE MO CPABHEHHIO C paaGHenneM Ks na nBe
YacTH. H03T0My MbI MOXEM CcuHTaTh, 4TOo BepwiHHa C KBajapaTa mpH-
HafneXKUT Tol wacTn Fs, KoTopas cxofutes ¢ Fy B Touke L H (1o
aiasoruyilofl npuyrHe) sepuinHa D npunasexnr wacta Fy kBajgpara '),

Puc. 185.

Odo3uauum Teneps uepes N Touky ctopount CD, B koTopofi cxo-

asres wacte Fo u Fa; myets CN = 2, DN = 22 — 2z (puc. 185, a).

[Touka N croponst CD, B xotopo#t cxomaarcs uwactu F» u Fs, o06s3a-

TeJbHO CyllecTByeg, u60 Bepmuna D npumagnexut F,, a Bepuiuna

C — F3; ¢ npyro#l cTopoubl, 1 O X Ha Touka cropouw CD pe npunan-

JIeXKUT yacTH F, kxBaxpata, MO0 B NPOTHBHOM CJyuyae Mbl HMeAH Oul

di =d(Fy) = AN u d(F{) = BN, a xorst 6bl oauu u3z otpe3kos AN
V1o

H BN > T ] B TakoM cayuae Mbl HMeeM

d[=d<F1>>-AL=]/%+y2 u d1>BK=1/§+x2;

“Lanee _ ( _
d2=d(F2)>KN=]/(L22—— x)z + (—K;— —2)2

dy=d (F3) > LN—]/(————-@) 422,

Hertpyano mnouaTb (M AOKa3aTh, YTO MBlL U CHAEJTAeM HECKOJIBKO
HUXKe), 4TO HauOoJee BBIFOANBIM SBJSETCS Takoe pasduenue Ks Ha
vactu Fiy, Fo 0 Fs, Koraa

AL = BK = KN = LN,

1) Paccmorpute camu (MeHee BHIIOIHBIA) cayuait, Korza H B TOU-
ke K, u B Touke L cxoasrcst uactu F, u Fy KBajpara.
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T. €. KOTja )
I 2 Yoy 2 2 .
_§_+y2=__;_+x2 (_]../_Q__x) +<L2£.__z)=<‘_/2__y) ._%_22.

Hs sTix papencTs moayuaeM mpexje BCEro

V2 : VZ
x=y ® z=—p——z ne z=-,
OTZ{y}la naJee CﬂeﬂyeT, 4yTo
’ w3 . 1)
x(=y)=‘1,‘ i AL=BK=KN=LN =112
0 -~ 1

JoxgaxemMm Teiepb, YTO LEHCTBHTLIBHO
11230
16 °

6 (3, Kg)=

TTpexkne BCEro, sCKO, YTO KBAAPAT MOWHO pa3burs Ha THHL 4acTd

. - V130 B
C-ua,uerp Kaxcdorl 13 KOTOPublX pasen ———1—6—-; TaKoe pasdHCHHC H20-

< V2
Gpameno wa pue. 185,60, rae AK=BL=—I€)— =3

==DN—l———(———CD) H, oueBuauo, d; = AL =

i
dye=dy= KN = LN = CP = DP = ;630

EaBJIBaeTcs, 4TO ecau ksadpar Ke paszbur wa kaxue yeodHo T/
wgctu Fy, F, u Fi; 710 JQuamerp xore 00HOd uz Hux He

. TTouTy Tag ke Jcrko ycra-

MeHbE V 116 B camom pxene, ecan Ha pie. 183, a -
BK = /%er? < V? . AL—}/—+J < V“’. \
T X < V—Q— ny< VGQ— s HO B TaroM cJydae DK—;—;E—-—JC>7 L)Z
u C‘L=—V—22_——y>7}g2 ,~H TaK Kaxk XOTb OJHH H3 OTPE3KOB
CN =72 u DN = V; — 2 He MeHLIIe —;—AB =—VZ‘Z, TO XOTb OAHH

us orpesxkos LN u KN
V2 ) V130
>1/( ) ( 6/ = 1

V130

16 °

ITostomy

0(3, Ke) =
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4°, n = 4. Iycrs xBaapat Ke pas6ur ua uertipe wactu Fy, Fa, F3
H Fs. Ecou npu stom Ome Bepliudnl Kg NOpHHAAJEXAT. OAHOH H

o . 2
TOH e YacTd, TO AHAMETP 3TOH 4actH = %——, T. €. BeJUK |Beab
V2  Viz V130 )
2 16 16 °J°’
MO3TOMY HaM BBIFOJHEE CYHTATb, YTO BCE YEThipe BepLUMHSl NpHHAILJIe-
#aT ueTeIpeM p a3 ub M yacTaM. Ho B 3ToM caywyae guaMmeTp Toff H3
uacTef, KOTopas COAEP:KUT UeHTp Q KBaaparta

‘BeJIMYHHA maJgo oranuaercs or & (3, Kg) = ———

c

Ks, He Meublue paccTOSHHS 5 oT Q mo Bep- g

unie ksazpata. PasbuTe Kse Ha ueThHpe 9acTH

L

%, O4eBHIHO, MO:KHO (pHc. 186). Ta- ,;'1 |

KHM 00pasoM, \\

JuaMmerpa

1 —— ] — 2\
8(4 Ke)=. Q
pamm———— )
A g
B) DTa 3ajaua cBfA3ana C pa3fneHdeM Ha
BO3MOXKHO MEUbIINE YacTH PABHOCTO pOHHe- Puc. 186
To TDeyI‘OJIbHI/IKa Tp co CToponon 1. ) ’
1°. n = 1. fcno, uto 6(Tp, 1) =

2°. n =2, Tar xak xoTL ojna H3 nByX wactelt Fy m Fs, na Kovo-
puie pasbusaercsa TpeyroavHux 1p == ABC, conepxuT Ibe BepLLII/II{bI Tp,
paccTosliie MeX1y KOTOPBIMH paBsHo 1, To H

6(.4 Tp) =1
3°. n =3, Ilycts Q—heHTp IPaBH/JIBHOTO TpEVI‘OJIbHHKa Tp._
= ABC; toraa paccrosune MeXny moGeMH nByms w3 rtosek A, B, C
3
n Q Oymer = lfg—- (n6o 3 — 970 pajnye omucaHnoll Boxpyr I1p

okpyxuoctu), Ho npH pasbuennnm Tp ua Tpm uacta Fy, Fa-u F3 XoTp
olHa M3 HHUX OyaeT 00513aTeJbHO COAEPXKAaTh A B €
M3 HalIHX YeTbIpeX TOHeK; I03TOMY JIHMaMeTp

. V3
COOTBETCTBYIOIiell uyacTH Byier =-—5—. 70

3
V3,

paccysxaeHue nokaswisaer, uto 6(3,Tp) = —3
u3 puc. 187 caenyer, 4o pa3bute Tp Ha TpU

yacTd JAHaMEeTpa MOXHO, T. €. UTO

3
Puc. 187. 8(3, Tp)== V3

4. n=4 nm 5. lycrs Ay, By n Ci——cepe,wubl cropon (mpa-
BH/IBHOro) Tpeyroavunka Ip = ABC (puc. 188,a); B TakoM cayyae
paccTosiHue MexAy JIOObIMH JABYMSI M3 INECTH TOUYeK A, B, C, A, By, Cy

1
6yner >§. Ho npu pasbuenun Tp Ha 4eTvipe 4acTH WAM HA NATH
yacrelr 06s3aTesqbHO HafiJieTcs 4acTh, COAEPIKamlas JBE K3 3THX LIECTH
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. 1 '
Touek; AHaMeTp aT1ofi uactm Gyner =—-. FHa srtoro paccysnenus

L.
2!

2
caeayet, uro §(4,7Tp) 2% u 0(5 Tp) = C ApYrofi 'CTOPOHBL,

Puc. 188.

nzobpakennoe Ha puc. 188, 0 pasGuewne Tp Ha ueTblpe UacTH HAOKA3bHl-
BaeT PaBeHCTBO
1

Slcuo, uto Tem Go.see u

IMMprwmewanune, Aumanornudo cayuaw 4°, HCOOJAB3YA H30GPANEH-
uete Ha puc, 189, a mecaTb TOuEK, pacCTOAHHE MEXAY KaXIAbIMH JABYMS

LN
AIM/

)

)

Pac. 189,

MOXHO  YCTAHOBHT, yto  6(9, Tp) = %;
1

13 KOTOPHX =

_3"’
puc. 189, 6 mokaswisaert, uto O (9, Tp)=?,

104. a) JlwoGyio naockywo ¢urypy F mmamerpa 1 MoxHo 3akiio-

unTh B Apaguavheil wecruyeononuk I = ABCDEG co cropouoit 3
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n aHaMeTpoM BhHcauwroro xpyra 1 (puc. 190,a; cm. Bue 3aga-
yy 93B)). Ho Jerxo BuAeTb, YTO KaXAb H3 H306DaXkeHHBIX HA
puc. 190 natuyronbukos OMBCN, ONDEP w OPGAM wnmeer anaMerp

(AnaMeTprl 3THX NATHYrOJbHHKOB DaBHBL JAMHAM OTpeskoB MUY,

3
2
NP u PM — croponam mpaBu/JbHOTO TPEYrojibHUKa, BOMCAHHOLO BO BIil-
cannblii’ Kpyr wectuyroapiuka III), Pas6uenne wectuyronennka I ua

Puc. 190.

STH TPH MNATHYTOMBHHKA DOpoxAaeT pasfuenue ¢urypul F na TpH ua-
. (3
CTH, AMAMETP KaXA0# U3 KOTOPHIX g%——.
6) Kaxayio naockyio ¢Hrypy amamerpa | MOXKHO  3aKJICUHTH
BHYTpL Keadpara Ks co cropowoir 1 (pme. 190,6; cm. poize 3ana-
uy 93a)). Pas6us Ke cpepuumMu JHHHSAMH Ha HeTHIPE MEHBIIHX KBaj-

Ve
2

para puaMmerpa , Mbl TeM campiM pa3ofneM H F Ha uetslpe dacti

2
IHaMeTpOB <]—2—.
B) OGpatumcs cHOBa K (QHIYDHpPYIOLIEMY B pelUCHKH 3amain_a)

npasuabromy wecruyeonvruuxy Il = ABCDEG co cropoloil 3

onucaHHOMy BOKpPYr ¢wurypst F nnamerpa 1. Herpyanmo supers, uro
Hso6paxennnie na pHe. 190,68 mectuyrosbHEK abcdef B miects
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HATHYTONBHHUKOB ziiMafS, BQbaM, CNcbQ, DRdcN, EPedR w GSfeP

HMEIT AHaAMETp —2—‘, OTKyJda , KaK H BbllI¢, CJaeIYeT BO3MOXHOCTb pas-‘

. 1
6uenns F Ha ceMb wacTell nHaMeTpa < R

105. a) Tak Kak eJMHHYHEIH Kpyr, Kacaomufica K, oueBHmwo, BH-
neH u3 uentpa O kpyra K nox yraom 60° to x K Heab3s NPUJIOKHTb

o

GoJsbile  MIECTH (:6_0") HeMepecekaioluxcs eJHHAYHBIX  KPYroB.
LllecTs Kpyros, oueBHAHO, NPUWJIOKHTH MOXKHO (puC., 191, a).

)
Puc. 191a.

6) Ecan O; u O — UEHTPH [ABYX HpHJOXKeHHHIX K K eIXHHHUIBIX
kpyroB Ky u K, Takux, uro O; He JexuT BHyTpu Kz, a O He JexHT

BHyTpH Ky, T0 0102 =1, 001 = 003 = 2 u £ 0,00, =2 arcsin—}Iz
~ 20,0° Orcioia BBITEKAaeT, YTO K S MOXKHO NPHJAOKHTH ne Gosblue 12
(12 eCTb Iesas wacTb ApoSH %) eIMHAYNBIX KPYTOB Tak, 4TO HHU

OIMH H3 HHX He OyjaeT cojepxaTb BHYTPH ceGs LEHTP IpPYyroro Kpyra;
12 KpyroB, OueBUAHO, IPUJOXKHTL MOXKHO (puc. 191,6).

B) Ha puc. 191,86 nokasaso, u4To 18 Kpyros, YIOBJETBOPSIOLIUX
YCJAOBHIO 3a7auyd, Pa3MecTHTb MOXHO (llecTh KpyrosB puc. 191, 8 umeior
LHeHTPhl B BepIIMHAX HPaBHJAbHOIO IIECTHYrOJbHHKA, BIHCAHHOTO B K,
ocranbuble 12 —B BepuUIMHAX KBaApaTOB, HOCTPOEHHBIX HA CTOPOHAX
BIIHCAIHOrO INECTHYTOJbHHKA BHe ero; cp. ¢ puc. 208 umxe). To, uro
Gousblile 18 KPYroB pa3MecTHTh He/b3sl, CIeAyeT H3 pesyabTata 3ajia-
yd [18: mpH TaKOM pAcHOOKEHHH LEHTPH BCeX KPyros (BKJlOYas
neutp O xpyra K) oGpasoBbiBanu Obl cucTemy u3 20 mau GoJjbiue To-
YeK, 3aKJ/IOYCHHBIX BHYTPH Kpyra pajuyca 2 ¢ LeHTPOM B OXHOH -H3
oTHX ToueK O WM TaKHX, YTO DPacCTOSIHHE MeXKAY KaXKIBIMH NBYMS H3
9THX TOUEK He MeHblle 1, B To BpeMs Kak B cuay 3ajauu 118 6) Taxod
CHCTEMBI TOUCK HE MOXKET CyIIeCTBOBATb,
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Puc. 1916, B. -
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106. IlepBoe pemenne. Ilycrs O — medtp OCHOBHOrO KBam-
pata K, Oy u Oz — HeHTPHl NPHAOKEHHBIX K HEMY HeMepeceKalouHXes
ksagpatoB Ky u Kp (puc. 192,a). Tak Kak HauMEeHbLIEE pACCTON-

HHEe OT NLeHTpa €AHHHYHOrO KBajpaTra g0 €ro rpadiilbl paBHO "Q‘, TO

otpesky 0,0, 00,, 0,0, ue menbiie 1. Hamee, Tak kak xsagpatsi K
u K, conpnxacaioTes B Hekotopoil Touke A, 10 00; < OA + 0,4 < V2
(160 nanGonbiee paccTos-
HHE OT LEHTpa eAHHHYHOTO
KBajpata JO €ro TpaHHIbL

. CaepoBartennb-

2
2
o, Touku O, it Oy jexar piy-
Tpit Konbua ¢ uedtpom O, or-
PAHHYEHHOTO OKPYAHOCTAMH

pasuo

1125
A K
’ 7l6ls
P

Puc. 192,

panuycos 1 u ¥V 2; a rak kak 0,0, 1, 10 yron 0,00, B cuny

pesyibtaTa 3agaun 20 He MeHblle 2arcsin—2—l%—2:z4l,4°. Orciona

crenyer, 4T0 K kBaapary K Heab3sl NpHIOKHATH GOJblle BOChMH Hele-
pecekaoINXCs eAHHHMUHBIX KBagpaToB, Tak kak 9-414° > 360° so-
cemb KBaapaToB K Ksazpary K DOpUAOKHTb, OUEBHAHO, MOXKIO
(puc. 192, 6).

lIpumeuyanne, 3Ty 3aiauy MOKHO TaKiKe PeUIHTb, HE MOJb-
3ydChb TPUTrOHOMETPHUECKHMH Talsauuamu. 2 arcsin ?]—/-g— eCTb yroa mpu

BepimiHe  paBHOGeJPEHHOTro -  Tpe-
YroJbHHKa € GOKOBBLIMH CTOPOHaMH
Y72 n ocuosammem 1. Ipnioxum
IPYT K ApPYry [eBsiTh TakHX Tpe-
YrOJIBHUKOB TdK, KaK 3TO YKa3aHo
Ha puc. 193. Cymma nJuH OcHOBa-
HHH BCeX 3THX TPEYrOJbHUKOB Gy-
7 JeT MPeBOCXOAHTH NJAHHY OKPYMKUO-
p CTH pajmyca V2 : jeficreuTensHo,
uc. 193. 5
2Y2 < 2-314.1,42 < 893 < 0.

, 1
Orcioga suiTekaer, uto 9-2 arcsin 57:>360°, a 3T0 HaM B Tpe6oBa-"
J10Ch TOKa3ath,
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Bropoe pemenune. IDycts ABCD — mecxomnmit xsampar K:
LJHHY €r0 CTODOHbl Mbl NpHMeM 3a exauHnuny. PacecmoTpum xmagpar
A’B’C’'D’ co cropoHoii 2, MMelomuil o6mWHA TEHTP ¢ KBaapatom K u
Te Xe HanpasjenHst cTopoH (puc. 194); nepumerp xBaapata A’B’C'D’, .
ouesunno, pased 8. IToxameM, yro AaMHa [ yactH nepuMeTpa KBajgparta
A’B’C’D’, BhicekaeMoOll CTOPOHOH OJHOTO H3 DPHKJalBIBAEMBIX KBajpa-
TOB, He MOeT OblTb Menblle I; oTcioona Oymer caeioBaTh, 4T0 K K

L}
! ££98 '
v,
B :M'V Fy
) rr G
' ~SFy r
iV AT, —A
/) “ qw L
(&)
, F
a) & 6) z
Puc, 194,

HeJb3sl NPUJAOKKHTL GOJbLIe BOCLMH HE HAJETaOUNX APYr na Jpyra
KBaipaToB, PaccMOTPHM BCe BO3MOXKKHBIE IOJIOXKEHHS HNpPHUJIOMKENHOro
KBajpara.

1°, Iyers wu odna u3 sepwun xsadpara A'B’C’'D’ ne nonadaer
8HYTPL npusoxcenrozo Keadpara (cayuan keaaparos EFGH w EF1GiHy
Ha puc. 194,¢). Ecan npu 3TOM JuMIIb O I H a BepUIMHA HPHJOKEHHOTO
KBajJpaTa nomagaer BHyTps kBagpara A'B'C’D’ (kak B cayuae Kaspa-
ta EFGH), 10, 0Gosnauns yrosm mexay croponamu BC u EF uepes o,
6yneM UMETh ‘

1 1
I~ MN = MR+ RN — ERtga + ERclga= (tgu + -7 | =

1/ 12
=14 — tgg————=| =1L
+2(Vg Vtga>

Ecan ke IBe BepilMHBE NMPHJICKEHHOTO KBAajApaTa NONajyT BHYTPB
kBanpata A’B’C’D’ (kak B cayuae xpaapara EFGiH,), 10 ouesuaxo,
I=MNy= NiLy = 1.

- 2° Ilyere odua us sepuiun xsadpara A’B’C'D’ nonader enytpe
npusoxcennozo xeadpara (ksaapatel AFyGeHis, EsFsGsHy n EF Gufls
Ha puc. 194, 6). Ecau npusoxKeHHBLA KBajapaT CBOeil BepLIMHOI NPUMbI-
KaeT K KBanpaTy ABCD B oTMHYHOH OT BepIUIHHEL TOYKE FPAHHUBL (Cay-
yai ksanpara EsFsGsHs), 1o

I=MB'+ B'N=(PB'+ B'Q) + (QN — PM) =1 (QN — PM).
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Ho (puc. 194, 6)
PM=EPtga, QN=RQiga, RQ—E,P=RB—E;B>0,

TaK Kak o << 45°. Caenomatenso, QN > PM u [ > 1. D1n ®e pace
CYXKIeHHS TPHMEHHMbI B TOM CJyude, KOTJa NPHIOMKEHHBIA KBAaipaT
NpHMBIKaeT BepPWHHON K BepiiMuHe kmaxpara ABCD (cayual xBazparta
AF2GaH,);, B 3TOM caydae Toabke P'M’ = Q'N’ W, cnenosatensuo,
| = M'A"+ A’N’ = 1, HakoHen, ecqu NpHJIOKEHHBII KBaapaT OPHAMbI-
KaeT K BepmuHe ksajapata ABCD cropouwoii (cayyaii  ksagpata
E4F464H4), TO < ’
=MD +D'Ny>MN,>=G,F,=1

Takum o6pa3oM, Bo Bcex cayuasx Aauma vactd MN  nepumertpa
A’'B’C’D’ peficTBHTENBHO He MOXKeT ObiTh MeHblle I,

107. a) Scuo, yro cropoust AB tpeyroasuuka T = ABC Bo BuyT-
peHHell TOuKe 3TOH CTODOHBI MOXeET KacaTbCst JHIIb OOUH 1e fepece-
Kalomyil 7T, paBHEII eMy H napajJeJbHO eMy pachojoKeudblfi Tpe-
YroJabHHK, MO0 fABa TakuX Tpeyroabuuka Iy m T, ofsa3areqpHo nepe-
cekyrea (cpenaiite weprex!). Ilpm 3TOM, ecim ecTh TAaKOH TPEYrONBHHK
Ty, KOTODBIA compukacaerca co croponoit AB Tpeyroasuuka I, To K
sepmiwne A (4 K Bepmiune B) MOXKET npPUMBIKATL He Oosee ueM OOUAH
ne nepecexatomuit wu T, uu Ty tpeyroabnuy To (pasuwi@t T ¥ napan-
nenvho T pacmosioeHHbifi); €CHH Ke TaKoro TpeyroJpuuka Ty Her,
TO K BeplIHie, CKaxeM A, MOTYT NpHMBIKATb 08 paBibx T ¥ napan-
JIeJbHO €My PACHONOXKeHHHX Tpeyroabuuka T’ u T7, me mepecekalomux
nn T, wm ppyr "npyra. Tak ¥agk 5T0 pacCyKjieHWe COpaBeiJHBO 117
Ka3X Z0# CTOPOHB TPeyroibHHKa I, TO H3 HEro BHITEXaeT, YTO HHTe-

(WA
¢

5T0 4HCJIO MOXKeT OblTb paBHO 6, mokasmlBalT puc. 195, a, 6.
Puc. 195.

FANN «\\\\\\\\\\\

6) Mlepsoe pemenue. flcuo, uyto k cropoue AB xBagpara
K = ABCD wmo0HO NPHJIOXHATb 00UH, 08d niau Tpu pasusix K # nmapaa-
JaeapHo K pacrnosoxeHHBIX KBajpaTta, He mepecekawomux K H He mepe-
cexaomuxca Mexay cofoft (caenaiite ueprex!). Tlpu 3ToM, ecam K
cropode AB npuioxkeHb 06a KBaxpaTa TaK, 4UTO TPETBErO yKe MpPHAO-
JKHTb Heab3sl, WJIH Tpu KBajpaTa, TO mocje 3Toro K cropoHam BC u
AD kBagpara K MOXKHO JONOJHHTENLHO NPHJIOMKHTL €IE TOJABKO MO
dea HOBBIX KBalpaTa, a 3aTeM K cropode CD - ToMbKO 00us KBajgpar,
310 paccyxieHHe (KOTOpOe Mbl [PEAOCTABJSEM UHTATENI0 HECKOJbKO
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JIONOJHHTb), NOKa3hIBAET, YTO HCKOMOE UHC/IO NPHJIOKEHHEHX K K H
napanensbHo K pacrosoXeHHBIX HeNepeceKawlHica KBAApaTos <X 8;
TO, YTO OHO MOXKeT GBITb paBHO 8, caenyer u3 puc. 192, 6.

Bropoe pewenne Ickomoe uncno < 8 B cuay pesyserara
sagaun 106; puc. 192, 6 moxasciBaeT, 4yTO OHO MOXKeT DPaBHATHLCH 8

'108. a) Tak kak kpyr K wenp3s pasGuTh HAa ABe 4YaCTH MEHBIUIEro
I numamerpa (cM. Bwimie sagauy 103 a)), To ero u Heab3s NOKPHITH ABY-
Ma kpyramu Ky n K, nuameTpoB << I, Muaue nmaMmerp nokpurofi Ki
wdcTh K M [HAMETP «OCTaTKa» (UEJHKOM NOKPHITOro KpyroM Kz)
6bli Obl 06a Menbine I,

6) — B) Pesysvrtatwi 3TuX 3ajau caenywor u#3 Ttoro, uto (3, Kp)==

Iy : :

123 , coorBerctBenHo & (4, Kp) = Vf (¢m, Ty ke 3apmauy 103 a)).

To, uro oueukn 3anauy 6), B) YyJAYUIIATb HEJAb3s, [OKA3LIBAIOT
puc. 51,0,6 (crp. 111); mas sapasu a) sto oueBuaHo (M6o K MOXKHO
NOKPHTb Jaxe O HHM KPyroM auametpa ).

109. Tax xag nuameTp MEHBLIHX KDYros paBeH paauycy R «Goub-
moro» Kpyra K, TO KaX[ABIH H3 MEHBUIHX KPYroB NepeceKaeT OKPyXK-
HOCTb GOJBLIOTO KPyra B TOUKaX, OTCTOSIIIMX APYr OT Apyra He G6oJib-
me 4eM Ha R, ¥, cJeI0BaTeJbHO, INOKPLIBAET AYI'y 3TOH OKDYIKHOCTH,
He Gouaomyio uwem 60°. Orciona
ClIefyeT, YTO AJs TOro, 4TOGHI
TIOKPLITE BCIO OKPYXHOCTHh
kpyra K, tpebGyercs me MeHblue
wiecTt  MeHbUIHX KPYroB; [pH
5TOM IIECTH KPYroB OKa3hlBaeT-
¢ AOCTATOYHO TOJBKO B TOM
clyuae, KOrja 3TH KPYrd HMeT
IuaMeTpaMu IIeCTb CTOPOH mpa-
BHJILHOTO MIECTHYTOJIbHHKA, BIH-
CaHHOTO B GOJLLIYIO OKPYXK-
HOCTb, 2 BO BCEX OCTAJbHLIX CJY-
qagx Tpefyerca He MeHblie CeMH
kpyroe. Ho ecnu oOxpy:KHOCTH
60J1bLIOTO Kpyra MOKPBITA
LIECTbIO KpyraMu, To Tpebyercs
€lle HE MeHbIIEe OIHOIO Malellb-
KOro Kpyra, 4to6bnl NOKDHTb
OCTaBIUYIOCST 4YacTh  (OJBbIIOTO
Kpyra (u6o mepBble mIeCTb KpPY-
rOB HE IOKPHIBAIOT, HalNpHMeD, Puc. 196
uenrp Gouabuioro Kpyra). Ilpu : :
9TOM OJHOrO Kpyra OKasblBaeT-

Cf JOCTAaTOYHO [/  TOro, 4TOGH  MOKPBHITH  OCTABINYiOCA  4acTh

I
Goubiroro  Kpyra (CM. puc. 196; us roro, uro 01M=-2—R, clenyer,
uro O¢M ecTb MefHaHa NPSMOyrosbHOro Tpeyrodsiuka 004 ¢ yriom

B 30° H, clOeloBaTe/bHO, OM=—;—R). TakuM o0pa3oM, naumexbliee

uucao Kpy208 paduyca —%—R, KOTODbIMIL MOJCHO NOKDPBIT6 Kpye paduy-
1

ca R, pasno 7 (cp. ¢ paBecrBom O (7, Kp)=—2-; samaua 103 a)).
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110. a) flcuo, uTo auaMeTp OODBEAHHEHHSI ABYX HeNepeceKaloulHXcs
KDYros He MeHblIe CYyMMbI HX paauycoB (cp. Bhimle 3ajgauy 66)), or-
Kyla H clenyeT, uto nsa kpyra Ky n K panuycon >5 HeJb3f M0-
MECTHTb B KpPYyr, Pajuyc KOTOPOro paBen l, T, e. MeHblle CyMMbl pa-
nnycosB Ky u Ka.

6) IlpenamosoxuM, 4TO MBI HMeEM TPH HelePeceKalomuecst Kpyra
Ki, K2 n Ks pagnycos >2)3 —3; B TakoM caydae nepuMerp
A 010,03, ofpasosaunoro ux uentpamu, >12)3 — 18 (u6o xamziasn
cTopona sTOro Tpeyroaennka >4 3 —6). Ho B Takom cayyae pa-

12V3 — 18
mnyc R onucannoro soxpyr A 010,05 kpyra > ————— =4 —
Y pyr £ Zih0s wbyra =T

— 23 (ubo paiMyc Kpyra, ONHCAaHHOTO BOKDYT DPaBHOCTOPOHHETO

33’
JAHHOIO mepuMerpa P HauMeHbIIHHA pPajuyC OMHCAHHOTO KPYyra MHMeeT
npasuibHelll TPeyroabHMK — cp. Bbimle 3ajgauy 716)). I[lostomy, ecnu
A 040,03 ocrpoyzoasrbl, TO BHYTPH HETO 3aBeIOMO He Hafijercs
TOUYKH, KOTOpasi Obiyia Ol ygasena H ot Oy, u ot Oz, u or Oz Ha pac-
crosimne <4-—2) 3, 1. e. Taxoii Toukn O, uTo Kpyr ¢ neatpom O

pamuyca 1=0(4—~2¥3)+(2V3 —3) mor 6u NOKpEITh B Ky, U K,
Y :

TPEYroabHuka nepumMeTpa P, paBen a H3 BCEX TPEYTOJALHUHKOB

3.

Ecnn A 0,0:03 tynoyzoasbubil, T0 yTBepKALnNE 3a4aun GYMeT elle
6oee OueBHAHBIM, KGO B TOM cayuae HanGoasias cropona A 0,00,
ckaxeM, cropona 0,0, — HaBepHsiKa GyIeT He MeHblle

V0,02 +0,0:>V2(4V3 —6)2 =2V2 213 —3),
OTKyLa CJeAyeT, u4To obnesunenne xpyros Kj; # Ka yxe HMmeeT jana-
verp > (23 —3) (22 +2)>1 (cm. samauy 606)) u He MOXeT.
nomMecTuThesd B Kpyr K.

To, uro onenku 3azau a), 6) yaAyuIHThL HeAb34, NOKa3bHBAWOT
puc. 51, a, 6.
111. Tlpexae BCero 3ameTHM, UTO €CAM BBIOYKJBIT MHOFOYrOJbHIK
M He TpeyrosbHHK M He mapannesorpaMm, TO Y Hero Hainytes dee
HeCMeNCHble U He napaanedseHsvie cropomel. B camom nene, ecau M
HMeeT =5 CTOpOH, TO, NOCKOJBKY K cTopoHe AB npumbikaior dse
JApyrue CTOPOHBl U NapaJenbHOf ef
MOXeT OBITh JHIIbL OO0HQ CTOPOHA
MHOTOYrOJbHHKA (MO0  BHIYKJBIT
MHOTOYTOJMIbHHK I MOXKET UMETh TPH
napaJjuie/iblible CTOPOHBL — NoueMy?),
TO JAasd Kaxmoit cropomsl AB
HafijeTcss He CMeXHas ¢ Hefl H He
napaasensHasn eil. Ecan ke M—
Puc. 197. 4eTHIPEXYTOJMbHUK, TO Tapbl HECMeXKs
HBEIX H HemapaJie]bHEX CTOPOH Her
JHIIB Y TNapa/yesqorpaMMa B CHJY caMOro OnpejefeHHsi napaJsieno-
rpamma. Ilpomomkum Temepb 3TH /B BHIOpAHHLIE CTOPOHBI A0 HX Ilepe-
CeYeHHsi; MBl HOJYYHM HOBHIH MHOrOyroibHuk M; ¢ menbumnM, ueM y M,
YHCJIOM CTODPOH, BCE CTOPOHEI KOTOpOro (moHMMaeMbie 3jechb KaK MNpfs,
Mble JIMHHH) SBJASIOTCA OJHOBPeMeHHO M croponamu M (puc. 197)¢
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TlponenviBasg 3aTeM TO K€ caMOe H C MHOTOYTOAbHHKOM Mi, ¢ Muoro-
yroipHukoM M,, mosyyaemMbiM TakHM ke obpasom u3 My, m T. #, Mbl
Gy/neM MoJiyuaTb BCE HOBBIE MHOCOYPOJBHHKH, UYHCJIO CTOPOH KOTOPBIX
Bce BpeMsi OyneT yOGbLIBaTb, 3aKOHUHUTbCA 3Ta NOpPOUEAYpPa MOXKET
JHUIb Ha TPeyeoAbHuKe HIH HA RAPAAALAOSPAMME.

Ecin oKOHuaTeNbHO MBI TOJAYYHIH comepxamuit M rpeyeoavuus,
TO Halle yTBEPXKICHHe AOKa3aHo. IIycTb Temeps Mbf NMPHULIA K RApPaAA-
seaoepanmy ABCD, Bce CTOPOHBI KOTOPO- ,
ro cojnepxkat cropount M. Tak kak 3TOT 77
napajjienorpaMm, o YCJACBHIO, He cOBma- . '
paer ¢ M, to kakas-to Bepuinsa ABCD — ALL” /
cKaykeM, ' Bepminua A — He HPHHAAMEKHT =
M. Myers K — 6auxaiimas k A TouKa c10- K,
pount AB, npnnanﬂemamaﬂ/‘j\/l, n KL— -7
Boixonsuias us K cropoHa M, ue cosma- 2 P '
nawowasa ¢ apamoit AB. Tak kak muoro- “-""F ==
yroabuuk M BHOYKJb, OAHA €ro CTOpoHA
npunajiexur cropone AD napanneso- Puc. 198.
rpaMMa u OAHa ero ctopona PK mpuHan-
nexkut npsimoit AB, To cropowa KL MOXeT WATH TOJABKO Tak, Kak 3TO
n3oGpaxeno Ha puc. 198. Ho B atom cayuae npsamsie BC, CD u KL, co-
Jiepkalige CTOPOHBL MHOTOyTOJIbHHKA M, ofpasyior TpefyeMblil ycsio-
BHCM 331341 TPEyrOJbHHK.

112. TIpexpe Bcero, sicuo, 4To 060 Napansienorpam, MNOA0GHBL
nauHoMy mapaanenorpammy Il = ABCD, menblinii eroc n napajjieibHO
{1 pacrmosioxenHBI, HMEET Te e NANPABJEHHS CTOPOH; $CHO, YTO OH
HHKAK He MOMKEeT IOKPHITb OJHOBPEMEHHO [Be BEPLIMHBI HCXOAHOTO Ma-
paaneqorpamMma [1. Orciona caefyer, uTo NOKpwiTh I Tpema nono6-
HBLIMH €My, MEHbIIMMH ero ¥ MNapasjenbHO €My DACHOJOKEHHLIMH Ia-
pPaIIeIOrpaAMMAMH H e J1 b 3 sl — MHHHMAJbHOE YHCIO HEOOXOAMMBIX st
TOr0 napasienorpaMMoB == 4 (mo uucay sepuun 7). IToxpwite [T
ueTolpeMa TapajliesorpaMMamMu ¢ coG/IOfeHHeM YCJOBHH 3ajauM, oOue-
BHHO, MOMKHO — AOCTATOYHO pacCMOTPeTb ueThHIPe mapaJuiesorpaMma
ny, f2, ng ¥ n;, noxydaeMsle U3 /I PaBHOMEDHBIMH CXKAaTHSAMH (roMoTe-
THAMH) K ueTipem BepmuuaM [I ¢ xoadduumentamu ckatas R, rvie

1 > k> ~1—2— (coenabte ueprex!),

Ilycte Tteneps M — oTauuneii OT napasseaoepamma  BBITYKJIBI
MHOTOYrOJbHHK; TOTAA, COIJIACHO pesynapTaTy 3aiaun 111, ero moxio
BAK/MIOUUTb B TpeyroibHuk PQR, noJydeHdsill TPOAOJIKEHHEM Tpex
cropol, ckaxeMm AnA|, ArApy1 1 AjAry,y, muoroyronsurika M (pue. 199).
Paspesxkem M na Tpu wacru my, ms u ms orpeskamu OB, OC u OD,
rge O — puytpenusas Touka M, a B, C u D — Toury ero cropox A4y,
AwArsr 1 Aid;ps. CoxMeM Tenepb paBHOMEpHO MHoroyrodbHuk M K
Bepuige P Tpeyrospuuka PQR. Ecian xo3dduUHEHT CKaTHR [OCTa-
TOUHO OGJM30K K EIWHHLUE, TO MHOrOYroJbHuk M, nosayuaemwi H3 M
pPaBHOMEpDHBIM CyKaTHEM K BepluuHe P Ttpeyroapnnka PQR, ofs3aTens-
HO [OKPOET HPUMBIKAOMYI0 K P uacTe my Muoroyroisuuka AM; ans
TOro 4ToObl yGenHThCH B 3TOM, AOCTATOYHO CPABHHTb IPaHHUbl MHOrO-
yrogseHKoB My H my (OpPOBEAHTe caMH aKKypPaTHO 3TO paccyKueHuel},
AHanOTHYHO 3TOMY TOKA3KIBAETCS,, YTO MHOroyroabuuku M. m Ms, mo-
Jqydaemble U3 M DaBHOMEDHBIMH CXKATHAMH K BepmuHam Q u R Tpe-
yroneunka PQR ¢ menplmumu 1 (HO AOCTATOYHO 6M3KUMH K 1!} KO3 du-
HMEHTaMH, [O/HOCThIO NOKPOIOT 4acTH fMg M M3 MHoroyrosbhnka M.

339



-~

A tak kax oGbeauHenue vacTefl my, Ms U M3 NAET MOJHBIA MHOTOYTOJb-
HHK M, TO 5THM M JOKa3biBaeTcsi yTBepXK/IEHHE 3a1a4H.

Lns toro utoGul DOKa3aTh HEBO3MOMKHOCTb MOKPHITHA (<HEBLPO-
KAEHHOro», T. €. He O0pallaloerocss B OTPE30K) BBITYKJIOTO MHOTO-
yroabHUKa M Osysa romoteTHunbiMH M M MesbIUAMH M MHOTOYrofib-
HUKAMH M U My, [OCTATOYHO 3aMETHTb, UTO €CJH My ¥ My P 4 BH b, TO
OHH TOJYYalOTCSL OXMH M3 JPYrOro NAPAAACAbHbLM NEPEeHOCOM B He-
KOTOpPOM HanpasaeHuu ! (cMm., nanpumep, § | ra. | BTopoH uacty wuuru:
U M fdraowm, Ieomerpuueckne npeo6pasosanusa I, M., Tocrexuszuart,

¢ TR ¢ Arer R
Pruc. 199.

1955). Ho B TakoM cayuae mupuHa 00Be0uHeHus my U My B NEPIeH-
IHKYJSIDHOM [ HanpaBjieHHH, T. €. LIHPHHA CaMOH Y3KOH cojepkauied
My ¥ My NOJOCH, OTPAHHYEHHOH ABYMs NapasienbubiMu [ npaMbiMu [
H [, Gyfer TaKod e, KaK IIMPHHAZ Ka K AOT O H3 3THX MHOTOYroJb-
HHKOB, H 3HAUHT, MeHbule, YeM LIHPHHA B TOM K€ HanpaBJEHRH MHOrO-
yroabHHKa M (cnesaiite yeprex!). OTciofla yxe CIeAyeT, U4TO LEJHKOM
HOKpBITh M MHOTOYIOJILHHKH 1) H M2
He Moryt. Ecau ke my u my ve pas-
H B, TO AOCTATOYHO 3aMEHHTH MeHbIUUH
M3 HHX (CKa)KeM, ) TOMOTETHUHBIM /13
, © LEHTPOM BO BHYTpERHed TOUKE My
{" MHOTOYTOJILHHKOM /115, paBHBIM /7], YTO-
6bl NpUATH K PacCMOTPEHHOMY panee
cayyalo (460 ecad my H M) HE MOTYT

5 é‘o:‘« 5
el
TS el

s

RS

&g&;ﬁ%‘“‘ HEeJHKOM NOKPHITH M, 10 TeM Gojee
SR MOKPHITh M HE MOTYT MHOTOYTOMb+

XS5 3 HHKH M1 B Mg).
113. Me1 yxe 3HaeM (cM. 3aja-
A uy 112), uto KamALl oTAudHbl OT na-
4, 5 “pasnesoepamma  (BHLIIYKJABIH)  MHOrO-
yroJbHuK M Moxer OblTb TOKPHIT
Puc. 200, TpeMs = MHOTOYrOJbHHKAMH, 01006~

ueiMg M u mensumu M; TakaM obpa-
30M, OCTaJIOCh JIHIIb [I0Ka3aTh, YTO 3TO BEPHO H JJs NAPAALLEA0-
epamma Il = ABCD. Ho mnapaasenorpammbl ny == AB{C1Dy 1 ny ==
= ApBC2D;, nonyuennsie u3 II paBHOMEDHBIMA CXHATHAMH K Bepmu-
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wam A n B ¢ Gmmskamn kK 1 (no, pasymeercd, Meuswumu 1) Kosdpdu-
UueHTaMM CXKaTHsi, <«HOYTH MNOKPHBAOTY [I: HENOKPHITOH ocTalercs
aullb  y3kas nonocka CDD,C,, npumulkamomas K cropose CD
(puc. 200). C ppyro#i cTopoHrl, ecad B Tyno# (uaw npswmoil) yroa [7,
t0 AC > CD, u, ciaerka yMmeubwns /7 nogo6Ho, Mb MOAYYHM mapadje-
aorpamM nz = AsB3CsDs, nnaronanp AsCs; kortoporo Bce eme > CD,
U TIOTOMY, HAaJOXKHB ns Ha nonocky CDD,Cy tak, uro6ul AsC; commaaa
10 HanmpaBJEHHIO €O CpeAnefl JHHHEH 3STO! NONMOCKH, MBI IMOJAHOCTBHIO
rokpoem /1 Tpe M s napannenorpaMMami i, fiz U Ha.

114. Tlycts % ecTb HauMenbliee LEJN0E YHCAO Takoe, uTo £ == 2R 1).
TprroxuM k2 nogoc KpasMn APyr K APYrY H NOJOXKEM Ha o6pasoBas-
WIYIOCS UIHPOKYIO IMOJIOCY AaHHBHI KPYT Tak, 4To6bl OH Kacajcd OAHOH
ee rpanunul. Toraa kpyr GydeTr JexaTh L@JAHKOM BHYTDH NOJYYHBIICHCT
nosocer (puc. 201,a). Mul yrBepkiaem, YTO MEHbULUM, Hem k, wucaom

noaoc wupuxsl | Haut Kpye noKpoiTh

HEAb3A.

———— _ Jlns moxazaTesbCTBA IOCTPOUM

7 N nosycgepy, «3KBaTOpoM» KOTOPOM
ra AN

Puc. 201.

COAYXKHT fauublii Kpyr (puc. 201, 6). PaccMoTpuy Temepb npoH3BosbHOE
nOKpuITHE Kpyra nosocaMi. Uepes rpanunsl noJioc npoBeieM IJIOCKOCTH,
MePHeHAUKYASApble K IJAOCKOCTH Kpyra A0 nepecedeHus ¢ noaycdepoit.
Kaxpnoit nonocke mnokpelTHA 6ygeT COOTBETCTBOBATb .Ha mnoJgaycdepe
NOJAYIOSAC BRICOTH 1 HJH MOJYCerMENT BLICOTH <= 1; COOTBETCTBYIOI{HE
BCEM IMOJIOCKaM IOJYNOosicd H MOJYCerMEHTBI LEJHKOM IOKPBIBAIOT MOJY-
coepy. OOpaTHo, HyCTb AAHO HEKOTOPOE NOKDHEITHE NOAycdepbl NOAY-
TosicaMH  BBICOTEL | M TOJYCerMeHTaMM BBICOTHI =T 1, OrpaHHUYCHHBIMH
OKPYKHOCTSIMH, IJIOCKOCTH KOTODHX HEPHNeHAUKYASPHBI NMJIOCKOCTH Orpa-
HHYMBalomero noaycdepy «Gosbmoro Kpyra». CHpOeKTHPOBaB OpPTOro-
HAJBHO 3TH MOJYNOsICa M TIOJYCerMEHTH Ha IJIOCKOCTb JAaHHOTO KpPYyTa,
NOJYYUM HOKPBITHE KPyra IOJOCKaMy INHPHHbI 1 (MBI cuMTaeM, uTo Cer-
MeHTbL - BEICOTHl MeHbIIe | OTBeyaloT moJjocaM IMMPHHB 1, Jumib OJXHH
Kpaii XOTOpHX mnepecexaeT Xpyr). ITosTomy MBI MoxXeM nepedopMyJH-
poBaTh 3a7aUy TaK: KAKUM HQUMEHOLIUUM HUCAOM HOAYNOACO8 6blcoTvl |
U nonyceeMentos BulcoTbl <1 MmosxcHO nokpuiTe noasycepy. Ho oue-
BHIHO, YTO CYMMa ITOBEPXHOCTeH BCEX 3THX IOJYHNOACOB M MHOJyCerMer-
“TOB He MOXKeT OblThb MeHbIUe nopepxHocTH noaycdepe. Tak Kak

1) Hpyrumu caosamu k = [2R] -1, ecan 2R He ecTb uenoe uHC-
JI0; B nNpOTHBHOM e ciayuae k = 2R = [2R] (3zech npaMbIMu CKOG-
KaMH 0003HaYeHa HeJas wacTh yHcIa, T. e, Hanboabllee Nesoe
YHCJI0, He NpeBocxoAsAliee AanHoro; cp. crp. 80),
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NOBEPXHOCTH MOYNOACA HAM TIORycerMeHTa BHICOTH | paBua mR (Hano-
MHHAeM, YTO IIOBEPXHOCTh C(EPHYECKOro MOsCa 3aBHCHT TOMbKO OT
BbICOTHI, HO He OT pPacuoJoXeHHs Iosca Ha cdepel), a NOBEPXHOCTb
noaycdepsl pasHa 2mR2, TO OYEBHAHO, UTO €CJAH YHCJIO £ MNOAVIOSICOB
H IIOJyCeTMEHTOB TaKOBO, 4TO

kAR <2aR?, HJTH k< 2R,

TO 3THMH £ MNOJYMOSACAMH H INOJYCerMeHTaMu Toaychepy TOKPHITh
Heab3Hd, —YTo H TpebOBA/IOCh JOKa3aTh.

115. a) Jnamerp Tpeyroasuuka I paBed ero HaHGOJbILER CTOpOHE
(sanaua 78 a)); ecan A ABC = T rtynoyzosbubiii Wl RPAMOYeO.1bHBLLL,
TO Kpyr, nocTpoennnifi na nauGoapiieli cropone AB xak na anamerpe,
noaxoctsio mokpoeT I (puc. 202,4), # B 3T0oM CJyuae HuTepecyiollee

Puc. 202.

Bac uncsqo pasho 1. Ecanm xe A ABC ocrpoyeoavubitl, TO €IiMHCTBEHHbI
Kpyr ndamertpa |, KOTOpPET noxkpeieaer cropony AB ==1 storo Tpe-
YrOJMbHHKA, HMeeT orTpe3ok AB ¢BOHM. AuaMeTpOM; HO 3TOT Kpyr X
noaoctblo A ABC ne nmoxkpupaetT (puc. 202,6), Tak 4To 3jech
HHTepecyolllee 1ac yucao = 2.

QGo3uaunM Tenepb TOUKM [epeceteHust OKPYXKHOCTH Kpyra Ry co
cropouam AC n BC tpeyrosbunka uepes, By u Ay M3 npaMoyronb-
upix tpeyroasunkes A4:C u BBC ¢ octpuM yraoMm C cieayer, 4To

CA =CAcosC=bcosC u CB;=CBcosC=aqcosC,

rne AC == b, BC = a. Tloaromy tpeyroasuukd CAB u CBiA: ¢ 06-
MM YrJIOM H TIPONCPLHOHA/BIBIMA CTOPOHAMH f0006HbL, NpPHYEM KO-
apduUMeHT noaofHa 3THX TpeyroabHHKoB pasedH cos C. Orcioga cie-
IyeT, uto AHameTp d omucannoro Bokpyr A A;B:C kpyra ks pasen
DcosC, rne D— apuamerp Kpyra, onkcanuoro Bokpyr A ABC. Ho B
CHJIY TEOPEMEl CHIIYCOB

e 1
sin C sinC '’
H C/Ie10BATELHO,
. cos C
d=DcosC=———F = cigC,
sin C g
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A Tak kak L C = 60° (u6o waubonbwei cropoue AB Tpeyroe-
uHka ABC nportuBosexur ero HauGoabwiit yroa C), To

1
=cltg CLctgb60° = —< .
gl xCcClg V3

<

Takum ofpasoM, B stom caydae A ABC moxuo nokpeITh Kpyra-
MH ky u ke nuametpoB = |, u TpeGyeMmoe umMc/a0 pasio 2.

6) Msl 3HaeM, YTO HamMembliee UHCJAO0 KPYroB Anamerpa 1, koTo-
PHIMH MOXKHO TOKpHTs A ABC nnametpa 1, paewo 1 (ecauw A ABC
TYNOYrOJIbHEIA MM npaMoyroabunlil) uau 2 (ecau A ABC ocTpoyroin-
HHli); ma puc. 203 u30Gpamen mectuyronbnux w = ABCA1BCy awa-
merpa | (smecb AB = BC = CA = AAy = BBy = CCy = I; yran w

ks

4] ]

A \
&
Puc. 203. Puc. 204.

nonepemenno pasubl 120° m 150°), KOTOpHI! HeAb3s HOKPHTL MEHbLINE
4YeM Tpems Kpyramd Juamerpa | (mouemy?). J[lokaxem Tenepb, uTO
Kaoc 0oLt sonykasii muozoyeonssHux M OduameTpa 1| MONCHO NOKPHITO
Tpems Kpyeamu ouarerpa 1.

Bocnonwsyemcs aas 3toro peayabraToMm 3azaud 93B), B cuay Ko-
TOPOTO KaxXIblli Muoroyroabuuk M pamamerpa 1 MOXKHO 3aKJ1}Olll/llb
B OPaBHJABHBIA IUecTHyroabuuk [ == abcdef co cropouofi 33

(puc. 204). Paso6vem Tenepy [ ma Tpu pomGa ¢ yraamu 60° u 120°
abcO, cdeO u efa0, rne O —uentp II. uaMeTp KaxIOro TaKoro
pom0Oa paBeH ero HauGo/blredl AMArOHAJ H; HO ecau P — ocuoBaHue mep-

NEeHANKYJsipa, ONYIWEHHoro u3 b ua ac, 1o
2V3 Vs _ |
3 2

ac = 2aP == 2ab sin 60° =2 sin 60° =

3

Onuuiem Teneps Ha OTpe3Kax ac¢, ce W ea JJHHBI | Kak Ha AHaMerpax
KpYr# k¢, k2 W ks; 3TH KDYIH NOKPOIOT HawWu TPH pPoMOGa, a 3HAUHT,
NOKPOIOT MOJIHOCTBIO IUIECTHYTOJMbHUK [If, a 3HAYHT, MOKPOIOT M MIOFO-
yroJsHuk M.

Hrak, unrepecyioniee Hac uuc/1o MOXKeT pasusathes 1, 2 mam 3.

ITpumeuanne. SlcHO, 4TO pesynbTaT 3amaun ) COXpaHser CUTY
¥ A TPOM3BOJBHHIX (Jake He o00s3aTeIbHO BBINYKIbIX) IJIOCKHX
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¢uryp auamerpa 1 (2Js KOTODHIX Benb ToxKe cHpaBejJiMBa TeopeMa 3a-
Nauu 93 B)) : -

116. Paccmotpum  n = n(l; M) wenepecekaioumuxcs Kpyros Ky,
ks, ..., ka pamuyca 1, pacnosGKCHHBIX BHYTPH MHOroyrossuuka A,
HeTPYZHO BHAETb, YTO HEHTPhl BCEX 3TUX KPYroB OYAYT NpHUALICKATb
MIOTOYTOJBHUKY 11 (noueMy?). 3aMeHHM Tenepb 5TB A KPYros KOH-
ueHTpudeckuMu ¢ numn Kpyramu Ky, Ko, ..., K, pamuyca 2. Mst
YTBEPZKIAEM, UTO [OBble 71 KPYrOB NOAHOCTbIO NOKPooT m. B camoMm
neje, ecmu Obl CywlectBoBaJa Touka A & m, He TOKpLITas HH OIHHM
13 n «oapmux» Kpyros Ki, Ka, ..., Kn, TO HeHTPH BCex 3THX KDPyron
Gblad 6Bl yiaadenst oT A Ha paccTosude 2= 2 u K UHCAY 3aR0JHSIOUHX
M xpyroB ki, ks, ..., Rn MOXKHO ObIIO 6b TPHGABHTH KPYT Kn4t pa-
ruyca 1 ¢ ueHTpoM A, OYEBHIHO, He BHIXOAAlMM 3a mpefean M W e
Lepecekalolluiicss HH € OJAHHM M3 NPEAMIECTBYIOWHX 7 KDPYros, 4TO,
0jHaKO, NPOTHBOPEUHT onpedesendro uucaa n(l, M). Taxkmu obpasou,
MHOTOYTOJBHHK /1 MOXKHO NOKPHTb f KpyraMmp pajyyca 2, OTKyAa B
CHAY ONpeleJeHus Yucaa v(2,7) U CAeayerT, uTo

nz=v (2, m).

117. Tlycts nanGoaviiee paccTosiHHe OT TOUYKM [jomasd o 61n-
JKalflzero Kuecka paBHo r. B rTakom cayuae kax[as Touka NJolLann
OyLeT HAXOAHTbCH Ha DaccTORHHN, He GoabiieMm r, X0Ta Oul OT O/HOTO
KHOCKA, T. €. 7 KPYrOB C LEHTPaMH B TOUKaX pPAaCMOJOMKEHHS KHOCKOB
MOJHOCTBIO NOKPOWOT nuomaib. O0paTHO, ecaH NJOWIAJb YIAeTcs Mo-
EPLITh 7 KpyraMu pajuyca r, TO, NOMECTHB. KHOCKH € MOPOXKEHBIM B
LeHTpax 3THX KPYroB, Mbl MOKeM OBITb YBepeHbl, YTO paccTosHHe OT
KaKA0H TOUKH MJoWlafAd A0 OauzKalllero KHOCKa He IMPEeBOCXOMHT f.
TlopToMy Hamla 3ajadya paBHOCHAbHA CJAeAYIOINEd: nNOKpoiTo (KPyrayie
LM KBAADATHYIO) RAOWAOb N KPyeamu B03MONCHO MeHbule2o paduycar
(cp. sazaunm 108, 109). B npanpuefirem Mbl npHUMeM painyc Kpyriaof
IJIOUIad HJAH CTOPOHY COCTaBJSOLETO MJaoWanb KBaapata 3a 1.

a) 1° n=1,2. Tak kak kpye paduyca | Heiu3s NOKPbITH 0BYMA
rpyeamu mewvuieeo paduyca (3amada 108 a)), TO pagmyc XOoTb OIHOTO
U3 HallMX JABYX KPYros ofs3aTeqbHo OyAeT == 1, T. e, IBa KHOCKa He
J1a10T HHKAKOH BBIFOJBl MO CPAaBHEHHIO C OJIHHM KHOCKOM, PAacloJo-
JKCHHBIM B LeNTpPe MJIOLAH,

2°. n = 3. PasjgemM naomanb TpeMs pajgHycaMH Ha TPH PaBHBIX
cextopa OAB, OBC w OCA ¢ uentpanbubiMp yraamd s 120°, Han-
MeHLIIUM KDYTOM, NOKphiBatommuM Tpeyroibauk OBA, sBaseTcs Kpyr ¢
HenitpoM B cepexune M xopast AB; scHO, uTO OH . SIBAsieTCA TaKKe
IHAHMEHBIINM KPYroM, NokpuiBaiomym cektop OAB. Tloctponm Ttpu Ta-
kux kpyra Ki, K: u Ks, nokpoBalomux cexropst OAB, OBC un OCA;

Vs -
5TH TPH KPyra pajmyca ——— TOKDPHIBAIOT, OYEBHAHO, BEChb KPYr pa-

nuyca 1.
Tak xak kpyr K paanyca | Heas3s nokpeiTe Tpems Kpyzamu. mMeHb-

weeo, Hem paduyca (cM. 3amauy 108 6)), To wmauboaee 6bi200-

V3

2 -
HbIM  pPACNOAOHEHUEM KUOCKOB8 ABAAETCA TAKOE, NPpU KOTOPOM OHU Ha-
XODﬂTCH B cepezudHax CTOPOH HpaBHJIbHOl"O Tpeyl"OJleI/IKa, BIIHCAHHOTO
B KOHTYP NJOmaja® (APYTHMH CJI0OBAMH, KHOCKH HOXOOATCA HG Tpex
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paduycax naowedu, obpazyrouiux dpye ¢ dpyeom yeawt 6 120°, nd pac-
cToanuu — OT yenTpa naouiadu; ca. puc. 203, a).

3° n = 4. B toynocTH, Kak ¥ Bbule (cM. cayuall n == 3; ¢p. ¢ 3a-
raneit 108 B)), nokaswiBaeres, uTo Kpyr K pagHuyca | Heab3s TMOKpPHITH

YOILIPEMSL KDYTaMi pajWyca, MCibIIero 7 Hauboiee Bv1200HLIM

Puc. 205.

PACNOAONCCHUCH HETbIPEX KUOCKO8 HA KpyeAol naowjadu n6a8eTca T1a-
Koe, npu KOTOPOM OHU C€0BNQAJAOT ¢ CepeduHami CTOPOH BRUCAHHOCO
8 naowiade ksadpara (puc. 205,0).

4°. n = 7. B pemecunn sagaun 109 GblI0 1OKA3aHO, YTO HAHMCHbB-
Llee 4HCJIO KPYroB pajinyca 1/2 KOTODBIMH MOXKHO HOKPHITH KPyr pa-
anyca 1, paBHo 7. M3 paccy:xnuenuil, HCNOJb30BAHHBIX IPH peLICHHHU
3TOll 3ajauM, CJeAyeT TaKxe, UTO CeMbI0 KpyraMH, PajHyC KaxkKJoro H3
KOTOpPHX MeHbuie 1/2, xpyr paauyca | HOKPHITh Hesb3d, Takum
o6pa3oM, pelleHHe HacTosiHlefl 3ajaul 0OACKasblBaeTcsd  puc. 196
{érp.  337): HauboAce Bol2OOHLIM PACNOAONCEHUEM CeMU KUOCKOG Ha
Kpyeaolh  naowjadu . ABAAETCA  TaKoe, npu KOTOPOM O0UH KUOCK
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pacnoagaaerca 8 yewTpe nAowadu, a OCTAAbHbLE WECTs — g cepedunax
CTOPOH NUCAHHO20 8  NAOWA0L  NPABUALHOZO  WIECTUYSONGHURA
(puc. 205, 8).

6) 1°. n=1,2. Jlerko MNOHNTb, YTO ecaHm M = 2, TO NOJIONKEINHE,
NpH KOTOPOM ONHH KpPYT COZEPXKHT ABE NPOTHBOMNOJIOMKHLIE BEPIINHBL
KBaAPaTHOH MJIOLUALH, HEBBITOJHO; IMO3TOMY €CTECTBEHHO CUHTATh, UTO
OIHMH KpPyr coiepxuT pepminubi A u B KBaxparta, a BTOPOHl — BepHIH-
uot C w D.. Ecan tenepe E u F—rouxku cropon BC u AD, To uan-
GoabIUHi M3 AHAMETPOB ABYX KDYroB HE MeHblle HAHGOMbIIEr0 H3 OT-
peskos AE, DE, BF u CF. Orciona, B TOUHOCTH KaK NPH DEIIeHHH 3a-
paur 103 6), Mbl 3akgouaeM, 4TO NPH Haubogee SKOHOMHOM MOKPHITHH
kBajfpara ABCD Osysms Kpyramu 3TH KPYFH OKA3bIBAIOTCS OMUCAHHBIMIL
BOKpyr npamoyroabuukos ABEF u CDFE, rne EF —cpenpusas nu-
Hua xsaapata ABCD; nostoMy rnauboaee gvl200HbIM PACHOANGNCCHIEM
08YX KUOCKO8 HA KBAOPATHOU NAOWadU SBAALTCA TAKOE, NPl KOTOPOM
3TU KUOCKU pacnoaeaioTcs Ha cpednetli aunuu MN naowadu na pas-
HbLx paccroanuax /s ot ee yeutpa O (puc. 206, a). [fcno, uto odun
KHOCK 11e/16c006pa3sH0 PAaCOOJOXKHTh B LEHTpe mioulajiu.]’

I

Puc. 206.

2°. n = 3. 3lechb ONATb HEBBIFOANBIM SIBSIETC MOJOXKEHHe, TpH
KOTOPOM [Be NPOTHBONOJOXKHBIE BEPLUIMHBI KBajpaTa I[OKDPBHIBAIOTCH O/-
HHM KDYroM; IO3TOMY MOXKHO CYHTaTh, 4To ‘Bepminael A u B mnoxpsi-
BaeT Kpyr ki, Bepuinny C —kpyr k2 B Beputnny D — xpyr ks Ilyers
Teneps L — Touka croponn BC, npuHaggexkauas Kpyram- Ry U R
K— touka cropount AD, mpuHannexamast xpyraM ky u ks; M — Touka
cropounl CD, mpunajnexauias kpyraM Rz u k3. ‘B Takom caydae mnam-
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Gonblunfi H3 pajlMycoB Tpex KpyroB OyneT He MeHblle HanGoablIero #3
otpeskos AL, BK, ML n MK. Otciona BHARO, yTO Hama 3ajaya CBO-
IHTCA K 3ajade o paszbuenun keajgpata ABCD Ha TPH uacTH BO3MOXK-
HO MeHbulero guaMeTpa (cM. pemlende 3ajgadu 103 6) wu, B uacTthOCTH,
pHe. 185,6 ma crp. 327); Hanbosaee BHIFOJAHBIM ciayuyaeM SIBAsETCA TOT,
xorna AL = BK = ML = MK, u KHOCKH pacmoJ/loXeHbl B Cepeannax
3THX OTPE3KOB, T. €. OCUHM U3 KUOCKOB PACHOAONEH HA CpedHeld AuHuud

MN ksanpata ABCD wa paccrosnuu —11_6. or croporst AB, a dsa dpy-
eue — g cepedunax otpesxos LM u KM, coedunsowux cepeduny M
croponst CD ¢ raxumu toukamu Ku L cropon AD u BC, wro DK=CL=,

(puc. 206, 6).

3°. n =4 B TouHoCTH Kak npu pasGope cayuas n = 4 peleHus
3apaun 103 6), ycramaBamsaeTcsi, uUTO npu Haubo.ee 8vl200HOM pac-
NOAOKHEHUL HETLIPeX KUOCKO8 HA KBAOPATHOL naoujadu 5Ti  KUOCKI
co8nadaroT ¢ YeHTPaMu 4YeTolpex MeHbuiux Keadparos, Ha KoTopeble Oe-
AUTCA naowabs ceoumu cpednumu aunuamu (puc. 206, 8).

118. a) OGosnaunM uepes R, paauyc HauMeHbUIEro Kpyra, B KO-
TOPBHI MOKHO 3aKJIOYHTb A TOUEK, ONHA H3 KOTODHX COBHajaer ¢
LEeHTPOM Kpyra H pAacCTOSTHHSA MeXKAY KaXKIbBIMH JBYMsi H3 KOTOPHIX He
menplie 1. Hama sagaua coctouT B TOM, 4TOGLI ONpEAEHTh 3HAYEHHS
Rn TIpH HeCKOJbKUX NePBLIX 3HAUYEHMSIX A,

1°, CoBepuIeHHO OYEBHJIHO, YTO

R2=R3=R4=R5=R5=R7=I

(BHYTpH Kpyra paiHyca | MOMKHO MOMECTHTb CeMb TOYEK, PacCTOSHHS
MeXAy KaXABIMH JABYMSi M3 KOTODBIX He MeHblle l: N0CTATOUHO NpH-
HATb 33 3TH TOUYKH UEHTP Kpyra H IUeCTh BEPLIMH NPAaBUJLHOTO BRHCAH-
HOTO HIecTHYroJbHuKa; puc. 207, a).

20 HyCTb BHYTDH Kpyra pajuyca R pacnonox{eao n TOuek, Tax
YTO OIHA U3 TOUYEK COBIIAjJaeT C LEHTPOM Kpyra M DacCTORHHS MEXAY
Kau/IbiMH IBYMS H3 TOYeK He Meuble l. B -Takom caysae n—1 n3
9THX TOUEK PAcCIOJOKeHH BHYTPH KOJbHA C LEHTPOM B #-i Toure Ao,
06pa3oBanuoro oKpyknocTaMu panuycos 1 u R. Ilpu 3ToM paccTosiHHe
MeXK1y KaMKIBIMH IBYMs M3 3THX fi— | ToueK He MmeHblie | U xoTa Owbl
OAMH W3 YIrJI0B, HOX KOTOPHIM BHIHBI M3 IEHTpa KOJblla OTPE3KH, CO-

]
€JHHSIIOMAE 3TH TOYKH, HE TIPEBOCXOIHT ni—q—l JT0 3aMeyanue yka-

3LIBAET Ha CBsI3b HACTOsIEN 3amayy ¢ 3apaueft 20.

Ecan n =8, n—1 =7, To Hawa 3ajaya CBOANTCI K TOMY, yTOCH
HafiTH HaAMeHplIee 4yHcIo R Takoe, HTO BHYTPH Koablla ¢ uentpom Ay,
06Pa30BAHHOTO OKPYXKHOCTAMH paguycoB | H R, MOXKHO pacroJoXHThb
nBe toukd Ay n Az, mas Kotopnix paccroanue AjA: we neusme 1 u

yroa AiAcAs He npeBoCXOZHT ‘70 . B cuny pesyanaTa 3anaun 20
6 o

A7s1 9TOrO Heo6xoauMo, YTOOH OBIIO 2arcsm 35 —3?0— Orciona

‘caegyeT, 4T0 Ry == 1180" = 1,15'... (puc. 207, 6).

s 2 sin 7
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CoBepIIEHHO TAK XK€ HAXOIHM
1 1

8 sin —
) 1
R“=m_l,61
* 10
Mpumeuanne Ortmerum, uyro mpu n > 11 Mpl GyzeMm HMCTb
Ry ——5—>1 1, COOTBETCTBEHHO 5TOMY, HaHGOJee BLIFOLHCE PacloJio-
n .

Puc. 207.

HeHHe 1 TOYEK yxe He GyAeT TakuM, Kax -Ha puc. 207,6 (cM. pemrenue
sagaun 20). Tak, Hampumep, ¢ NOMOILbIO BTOPOH H3 GOPMYJ perleHHs
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Riy _ 300° _
: o T g OTKYNA Ry3 ==
=2 cos 30° = V3 = 1,73 ...;pacnosoxenne 13 Touex BKpyre pajuyca

V'3, ynosaersopsmomee yCAOBMIO 3ajagH, GyleT HMETh BHI, H3o0pa-
KeHHBT Ha pHc. 207, 8..

3agaun 20 HeTPYIHO BLIBECTH, YTO arccos

6) Pemwcune 3Toli safaun GJAH3KO K DPEILIEHUIO 3a7aud a) H TaKKe
OCHOBBbIBAETCS HA TeopeMe 3aiayn 20. .

Ha kampaofi crtopome Aavun | npaBHABHOTO INECTHYTOJbLHHKA Blie
ero moctpouM KBagpar (puc. 208). Bepmnunl XBaiApaTos, He ABJAIO-
[iMecst BepliNHAMH HCXOZHOTO IXeCTH-
YTOJBHIKA, CJAYKAT, KaKk JETKO BHIETH,
BEpLIKHAMI TNPABUJALHCIO JBEHAANATH-
yroabuHka. Paanyc kpyra, OIHCaHHOro
OKOJ0  3TOTO  JIBeHAAUATHYTOJdbHUKA,
pasen -;—: sin 15° = 1,93 ... Takum 06-
pasoMm, BepUIHHH BCEX KBAJAPAaTOB BMe-.
CTe ¢ HEHTPOM IIEeCTHYroJbHHKa 06pa-
3yIOT cHCTeMy H3 19 Touek, KOTOpYIO
MO K-HO B3a2KJIUATL B KPyr pajuyca
1,93 ..., 1. e. paauyca, MeHbuLiero 2;
HIPH 3TOM paccTosHne Mexay Oamxait-
LIHMHA H3 3THX TOYeK PaBHO .

[Tokaxxem Temepb, uyto 20 TOUexK,
VI0BJETBOPAIOIIHX  YCJAOBHIO 33734y, Puec. 208.
HeNb3d TOMECTHTH BHYTPH Kpyra
paavyca 2. B pemenun sagaud a) Mbl
NoKa3aJH, 4T0 PajiuyC HAHMEHBIIero Kpyra, BHYTPH KOTOPOIO MOXKHO
nomectutb 10 ToWek TakK, YTO OJHA M3 TOUEK COBMNajaeT C LEHTPOM
KPyra M pacCcTOSHHMs MeXAY Ka:KJABIMH ABYMsl TOUKAMH He MeHblre 1,

paseH == 1,46 ... TlostoMy BHYTPH KOJbLA, OrpaHHUEH-

2 sin 20
HOTO KOHLEHTPHUECKHMH OKpY:KHOCTAMH paguycos 1 um 1,45, Heab3s
NOMECTUTb [EBATh TOUEK, DACCTOAHHA MEXKAY KaKIBIMH HBYMS M3
KoTopuix He Menblie I, TouHO Tak e MOMXHO IMOKazaTb, 410 BHYTPH
KOJbLA, OrpaHUuYeHHOr0 KOHUEHTPHUECKHMM OKDYMKHOCTAMH pajHycOB
145 u 2, nenp3s momecTHTb 13 TOweKk, paCCTOSIHHST MexAY KamAbIMH
JIByMst H3 KOTOPBIX He MeHblle l: yros, nof KOTODBIM BHIEH H3 LeHTpa
KOJIblla OTPe3oK, COGHI/IHH;OHIHI"{ KaKHe-J1H00 [Be H3 3THX TOUYEK, HE
3+ U45) 983> a 13-283° > 360°. Orciona cre-
2.2.145
nyer, uto ecau 20 Touex, yOosaeTsopIOWUX YCAOBUlO 3ada4u, nome-
warores 8HyTPU Kpy2a paduyca 2, To AubO cemb TOHeK NOMEUaoTCa
enytpu xoavya C, 00pa3zosarnoeo OxpydCHocTaMu paduycos 1 u 1,45,
a 12 rouwex — eHe a3TO20 KOAbUQ, AUOTG B80CeMb TOHEK NOMEYAIOTCA
eryrpu C, a 11 —eane C (20-h Toukoift B OOOHX CJaydasix sBJIfeTCS
neutp O okpyxuoctu)., PaccMoOTpHM OTAedabHO 06a 3TH cayuas.

1°. Cemv rtodex Ay, As, ..., Az pacnoaoscenst enyrpu roavya C,
a 12 rouex Bi, Bi, ..., Bia— 6ue sroco koavya (puc. 209,a). Mul
GyaeM cduTaTh, 4TO KAK NePBLIe CEéMb TOYEK, Tak H mocaeaykomue 12
TOYeK ceAyloT NPYr sa APYroM B BLINHCAHHOM TNOPAAKe npu o0xone
"BOKpYr uenrpa Kpyra. OTMeTHM IpeXje BCEro, 4TO HU OAHA H3 NEPBBIX
CceMH TOYEK He MOXKeT GHThb pacloJoxKeHa BHE KOJbla, 006pa30saHHOTO
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okpyxuocTsMu pazuycos | u 1,30, Heficreurtensno, ecan OB, Hanpn-
Mep, Touka A; Jeana BHe 3TOr0 KOJbHa, TO Kamabifi 3 yraos A,0B;

Puc. 209.

u A;OBs, tne O —ueutp Kpyra, a By n B — nse Gummaiimne K Ay
Touku B, pacnonoxeHusle ¢ pasublx cropon oT OAy, Gpin Gbl He MEHDb-
3+ (1,3)°

ure arccosm:%ﬁ" .o+ (oM. pemenue 3amauu 20). Caego-
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BaTenbiO, Mbl uMean 6o £ B10B; > 51,0° Hanee, 8 chny pesyasTara
sanaun 20, kaxaoil u3 yruoB ByOBs, B3OBy, ..., B1OB, B,0B,
He Menbuie 28,3° (cM, Boiwe), Ho

11-28,3° 4 51,0° > 360°,

OTKYZA& H CJelyeT Halle YTBepXKIeHHe,

Takum 06pa3oM, MLl MOXKeM YTBeDKAaTb, 4T0 12 TOUeK pacnoso-
awenvt 8He koavya C, a cemb TOUEK — BHYTPU MeHbULE20 KOAbYA €, OF-
pasosario20 okpyxroctamy paduycos 1 u 1,30. Ilpu sTomM, B cuay pe-
3yabTaTa 3ajJaud a), BCe MNOCACANHE CeMb TOUeK HE MOTYT JexKarh
BHYTPH KoOJsbUA, O0Pa30BaHHOTO OKPYXHOCTAMU pagnycos 1 u 1,15,
Ilyctb, Hanpimep, Touka Ay JeXRMT BHeE 5TOro KoJbua. [lajee MOXKIO
noKasaTh, 4TO XOTS O OLHA U3 INECTH OCTAJBIBIX TOYEGK DACMOJO0KeHA
ere Koavya ¢, obpasosannozo oxpyncHocTamu paduycos | u 1,10: mefr-
CTBHTEJBLIO, €CMH OBl BCE LiecTh Touek A, As, ..., A7 Jexaau srytpd
5TOTO KOJbUa, To yrasl A:0A4s A3;0A4,, ..., AsOA; Guig Gn e MeHbIe

Qarcsinﬁz54,0°; yraet 4,04, u A;0A; Gpuaa 6l HE MeHblie

1
2 in —— °
arcsin 7713 45,2 , a

5.54,0° 4 2 - 45,2° > 360°,

Iycte By u Bz —touku B, naubosee Gauskue k A; ¥ pacnoso-
XKeuuble ¢ pasublX CTOPOH OT OAi;’_B? tTakom cayuae yrast A3;0Bp u
—~—32i|—2(.113f; ~ 20,0° m yroa BiOB: ne
mensire 40,0°. TouHo Tak e, HCHOAb3ys TQ, UTO OAHA H3 OCTAJbHBIX
ToYek A pacnojokKeHa BHE KOJblla ¢, MOXHO INOKa3aTb, YTO ONHH H3
34 (1,1)2
2.5
~2.16,8°=33,6° Ecaun 310 TOT MKe yroa B;0B», xoropuii ¢Hurypupo-
BaJ Yy wHac BHIUE, TO OH JAOJXKeHn OHTb J[a)e He Meublie 4HeM
20,0° 4 452° 4 16,8° = 82,0° (ufo yros ™Mexiy KamKABIMH ABYyMs H3

~A;OB; ne MesbLie arccos

yraos ByOB,, B;0Bs;, ..., B120B; ne Mmennme 2 arccos

Toyek A ne Menpme 2 arcsin = 45,2°); B 3TOM Caydae Mbl Ipi-

1
2. 1,3
XO04HM K HpOTHBOpe‘-IH}O, TaK KaK

11-28,3° 4 82,0° > 360°.

Ecau xe cpepu yraos By;0OB:, B:0B;, ..., B2OB;y ecrb oaui, ne
menbmiuit 40,0°, m onpun, me Membmui 33,6°, TO MBI TakxKe TNpHICH
K NPOTHBOPEUH!0, €C/IM TOJbKO BOCIOJb3yeMCsl TeM, uTo B CHJY pe3yb-
Tata 3ajaud a) He Gosee NCBATH M3 Hamux 20 Touek MOryT Obltbh pac-
MOJOXKEHH BHYTPH OKpYXKUoCTH paanyca 1,60 n, caepoBaTelbHO, He
6osice OBYX M3 Touex B 3akmiouaioTcs BHYTPH 3Toit okpyxHoctd. [lo-
5ToMY no kpatmei mepe 8 u3 12 yraos B;OB,, B:0Bs, ..., B120B,
HE MeHbIIe ueM Qarcsinﬁz28,9". Taxkum oOpasoMm, B 3TOM
cayuae cymma yraos B;OB; -+ B:OBs ...~ B120By He meHbule ueM

40,0° 4 33,6° - 6-28,9° - 4-28,3° > 360°.
‘BTuy u 3akanunBaeTca pasbop cayyad 1°,

351



-/

2°. Bocemv Touek Ay, As, ..., As pacnoaoxenel snytpu xoavya C,
a 11 rouex B\, B, ..., Bjy—s6ne 31020 koavya (puc. 209,6). Tlpu
5TOM, B CUJY pesyabTaTa 3ajayM a), Bce BOceMb Toyek A He Moryr
6LITb pacroJoXeHbl BHYTDH Kpyra pamuyca 1,30: Xors Obl. OfiHa U3
9THX ToYeK (OyAeM CuuTaTh, 9T0 3T0 A) HAaXOAHTCS B HE 3TOTO Kpyra.
Hanee CcOBEPUICHHO aHAJOFHYHO TOMY, Kak MHl paccyXIain TpH pas-
Gope cayuas 1°, MOXKHO 0OKa3aTh, 4TO H3 BocbMH Todek A He MeHee
L BYX JiexaT BHe Kpyra pammyca 1,25: ato ciaepyer u3 TOro, uto

ey | . ! o o o.
6.2a1c\sm 57195 +2‘-2arcsm7—l-—5—~ 6-47,1° 4+ 2 40,3°> 360°

A4

3uauuT, KpoMe -A;, elle KaKaa-To A3 Touek A JeXUT BHE 3TOrO Kpyra.
Hakouen, TOYHO Taxk e TOKaxKeM, 4TO H3 BOCbMH ToueK A He mence
Tpex Jexar BHe Kpyra pamuyca 1,15: sTOo Ciepyer u3 TOro, uTO

4.2 arcsin —1——— “+4.2arcsin a 4.51,5° - 4+ 40,3° > 360°

1

2.1,15 2-1,45
C/ICZOBATEIbHO, KPOME TOUEX, YHOMAHYTLIX BbIle, eme oxxa Toyka A
JICIKHT B H € 5TOTO Kpyra,

[Tycts Tenepp By H By — Touku B, nauGosee GaH3KHe K Touke Ay
H pacnonoxennsie ¢ ofeux cropon or OAy; B Takom caydae yrau
3+ (1,8)
2.2-1,3
B1OB; ne menbwe 51,0°, Touno Tak ke, MCHOJb3ys TO, YTO €emle OAHA
u3 Touek A JexuT BHe Kpyra pajpuyca 1,25 u oxma — BHe xpyra pa-
auyca 1,15, MOXKHO mokasaTth, uto oaud H3 yrics B;OB; B;0Bs, ...
3EWUBE 9. 911°=~482. Ecan
: 2.2.13 ~C T o
KaKHe-1HGO 1Ba W3 3THX Tpex «BOJLMIMX» YrJaOB COBNALAIOT, TO COOT-
BETCTBYIOIIMA yroJ me Memslie uem 20,0° -+ 24,1° 4 40,3° = 84,4° (uGo
Kaxaei H3  yraoB  A;04,, A;0A4; ..., AsOA; He Menbnle ueM

A,0B; n A,0B; ne wmenbme yeM arccos ~ 25,5°, 1 yroa

..., Bi20B; e Menblie 2 arccos

2 arcsin =~ 40,3°); B 3TOM cCJydae Mbl HNPHXOAHM K TNpPOTHBO-

1
2- 1,45
pedllo, Tak Kak

: 10-28,3° + 84,4° > 360°,

Ecnu xe u3 yrmos B;OB,;, By;0Bs, ..., Bj;OB; ojpud He Menbue
51,0° apyroit we wmeupmie 48,2° u Tpernii He Menbile 40,3°, To Mbi
CHOBA NIPUXOAUM K NMPOTHBOPEUHIO, TaK KaK ”

51.0° 4 48.2° + 40.3° -+ 8-28.3° > 360°,

2Tum 3aKkaqumBaeTcs pasbop cayuas 2°,

Taxum o6pasom, HauboJsbulee YHCJAO TOYEK, KOTOpHE MOXKHO. pace
TOJIOXKHThL ¢ COBMIONEHNEM YCIOBKA 3afaun, pasno 19.

119. Mox HO; AAA 3TOr0 [IOCTaTOUHO ') pacnoaosxurs o71u cTaM-
yuu 8 eepuiuHaX BNUCAHHO20 8 NOBEPXHOCTL NAQHETH. Kyba.

B camom gene, u3 Touku A NOBEpPXHOCTH TJaHeTH BHAHH BCE
TOYKH, pacnoJOXKeHHbe Ha BhHcoTe D Haj Kpyrom («mamnoukofi»)’ Ha
TNOBEPXHOCTH NJaHETH ¢ HeHTPOM A W paguycoM Q; 3Jech BeJHUHHA P
onpejfessieTcsl M3 TOro YCJOBHA, HTO «YIJoBasg Mepa» P COOTBETCTBYIO-

L

1) ¥ neo6XOAHMO,
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f

medl ayrd r «Gonblioft OKPYXKHOCTH» (OKPYIKHOCTH, panuyc KoTopos:
paBen paanycy —- cdepnl) YIOBJICTBOPAET PABEHCTBY

04 D2 1 1

©S0= Gy =TD3DE 3 T & pTarcesy

‘(puc. 210). C gpyro#l cTOpOHH, «YIJIOBOE PACCTOSHUE» Py MEXAY ABYMSA
COCCAHHMH BepLIMHAMH BOMCAHHOrO B cdepy Kyba Kak pas paBHO

1
arccos~—: B CaMoM Jede, ecad O ects T
Pad ~
uneHTp kKy6a ABCDAB,C:D; ¢ pe6- e b \\
poM @, a A u B— aBe ero coceaiue / , \
BepuHpl (caejaite ueprex!), To, Mo~ 4 AN
L

CkOJMBKY aunaroHans AC| kyfa pasHa
VacT ot =
=VaB+BC+cCi =Vl =
=ay'3,

yron AOB = p; onpepeisietcss u3 paBHOGEADPEHHOTO TPEYTONLHHKA

ay 3
¢ OGOKOBBIMH CTOPOHAMA 0A=OB=——2~—— H ocroBauiem AB =a;

I09TOMY, B CHJIYy TeOPEMBbl KOCHHYCOB,

a2=(a12/3~)2+(alg§)2_2 «/T_aV3

3 Cos 0 =
3n? 3a?
R N
T, €.
3a? 2
3 — ¢ I
cos p; == 37 =73
2

OTci0fa M BHITEKAeT, YTO ecld DOKPHTh chepy BOCEMbIO Kpyramu
YIVIOBOTO pazHyca @ C UGHTPaMH B BEpLIHHAX BMHCAHHOTO Ky6a, TO
Kaxgas Touxa Ky6a OyIeT MOKpLITA [10 KpafHel Mepe ABYMs KPyraMm, —
4TO HaMm ¥ TpeGOoBanOCh AOKA3aThb.

120. a) PaccMotpum nocaenosaTesnbHo caydaw no= 2, 3, 4, 5 u 6,

1°. n == 2. OueBniHO, UTO B 2TOM Caydae Haubosee 6bi200HO nC-
MeCcTuTh 08€ TOYKU 8 OHOMETPOABHO NPOTUBONOAONCHBIX TOUKAX chepbt
(puc. 211, a); paccrosinpe MexX1y STHMH TodYkKamu OyaeT paBHO 1aHa-
MeTpy 2R cdepsl.

2°. n = 3. Ilnockocth, MpOBeficHHAd Yepe3 KaKHe-AHOGO TPH TOUKH
cepnl, nepecexaer cdepy mo okpy:xkuoctn S. Jing Toro uroGu Hau-
MeHbllee K3 PACCTOSIRHMAl MEXKAY BCEBO3MOMKHBIMH NapaMK M3 TpeX TO«
ueK ObIIO HaHBGOJbIINM, HEOOXOANMO, YTOGHI 3TH TOYKH pacnofarafiuch
B BEpUIHHAX PABHOCTOPOHHE20 TPEYrOJbLHUKA, BIHCAHHOIO B OKPYK-
HOCTL S; UpH STOM DacCTOSHHE MEXKAY KaKABIMH JBYMs TOUKaMH Gy-

xet passo r 3, rae r—pamuyc okpyxuoctd S. Ho paauyc r

12 4. O. Ulknapckuit ¥ ap. - T . 353



OKPYKHOCTH S, moayuyeHHolt B ceueHun cdephl He MOXKeT GuITh GoJblle
painyca R cdeps, npuuem r = R TOJIbKO B TOM CaAydae, €Ciad mnjo-
CKOCTb Ceueiliss NPOXOIHT Hepe3 UeHTP chephl (S eCTb Gonbiasg OKPYK-
nocts chepnl). OTcloma clefyeT, 4To HQuOOAEe 6bl200HbIM PACROAOCKHCE=
HUCMH TPEX TOUEK GyQET TaKoe, npu KOTOPOM OHU NOMEUQrTCaA 8 8ep-
WUKAX — PABHOCTOPOHHE2O  TPEYeOAbHUKQ, BMUCAHHO20 8  GOAbUWIYIO

Puc. 211.

0 ipyscHoCcTy cpepor (puc, 211, 6); paccmmme MeXAYy KaXKIbIMH ABYMs
TOYKaMH B 3TOM cjyyae paBHO R

3°. n = 4. Paccmotpum npe)xne Bcero CAeAYIOILYIO 3ajauy: pac-
noaosicute Ha cepe paduyca R ueroipe rouku A, B, C u D rax, urobot
paccroanus or D 0o ocraseroix Tpex Touex Oviau He Menvuie 300anHOE
BeAUUUNHDL O U HOUMEHbUIee U3 NONAPHLLIX pPACCTOARULL MexcOy Touxamu
A, B u C (oGosnaunm ero uepes b) 6oi10 Goi 803#m0%cHO GOabuium. Tak
Kak no ycaosuio paccrosuts DA, DB u DC ue menvllie a, To Touku A,
B n C unaxoastca Bue o6sacté gauHOfi cdepsl, BbicekaeMoi mapom LI
panuyca @ ¢ neurpom B Touke D, OTcio/la aHaJOTHYHO caydalo 2° MOx-
HO 3aKJI0YNTh, yTO ToukH A, B u C cjeayer pacnojoXXuTb B BepliHHAX
PaBHOCTOPOHHETO TPEYroJbHHKA, NMpHUYEM OMHCaHHAsST OKOJO 3ITOro Tpe-
yroJbHHKA OKPYXKHOCTb S Ho/KHa OLTb GOJLLIOH OKPYXHOCTHIO cdepw,
ecin a<C R V2, u [omKHa coBnafaTh C OKPYKHOCTBIO, O KOTOPO
map I mepecekaer cepy, ecin a>=RY'2 (R ectb pamuyc cdeph).
ITpu sTOM, OueBmMmHO, B nepsoM caydae b =R V'3, a Bo BTOpOM b=
=r} 3, rie r ecTb paauyc OKDPYXKHOCTH S.
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Teneps ocTaercs TOJLKO HAfiTH TaKoe 3HaueHHe @, TPH KOTOPOM
Haumenswiee u3 paccroanull a, b Oviao Got 803moKcHo Goabuwinm. Ho ue-

TPYAHO BHAETS, UTo ecitn a =RV 2, 10
a?=2RV a — r?

{puc. 212); otciona noayqaem

4R2q? — gt ’ (2R2 — a?)Q
2. —p2 XN TR,
=R R iRz
najee, Tak Kak b=r V3—, TO ., oo
. 2=3r2=3R2_3(2R“—-a)-.

4R?
Hs nocaennell GopmMyikl HETPYAHO BBIBECTH, UTO

ecar. a@= % R% 10 bl== g— R?,

ecJqu a2>§-R'~’, TO b2<-§R2.

Otciofa caeayer, uTo pewenuesm 3adaqu 6yOyr CAyxUuTs YeTHIPE
toukn A, B, C u D, pacnonoxennsle Ha cpepe HA PABHHIX PACCTOSIHHAX
Apyr OT Apyra:

AB= AC = AD = BC = CD = BD = 7

B
=) 5%

T. €. 4eTvipe TOUKW, PACNOAONCEHHbLE 8
BEPUILHAX BNUCAHHO20 8 chepy n pa-
sgusrvHeeo rerpasdpa (uept. 211, 8).
4° n=2>5, 6. 3ameruM mnpexze
BCETro, UTO Ha cgepe paduyca R Henv3s
pacnoaomurs 6oabuie 4eTvipex TOYEK
TaK, 4robu. paccrosnue mencdy Kac-
doeimu  Osyma u3 3Tux TOUeK 6b6LA0
6oabue RV 2. Bro yrBepikienne pas-
HOCHJABHO  CJICAYIOLIEMY: 43 OOHOIl
Toyky (ueHrpa cdepn) HeavdA npose- Puc. 212
¢ty Goaee ueTbipex Ayueli, NONApHO : '
o6pasyiowux Tynsie yeasl (CM. Bhille
sagauy 35). IlosToMy pelllenne 3ajau# B cayuasx n=>5 u n =6 0y-
JeT JAaBaTbCsi TAKHMH DacloJIOMEHHAMH TOUEK, [PH KOTOPbIX HauMeHb-

Ilee M3 TIOMADHBIX pACCTOAHMEl MemIy ToukaMu pasuo RV 2.
B cayyae n =6 uMeercs eAHHCTBEHHOE Takoe pacloJOKeHHe,
napaemoe puc, 211,09 (wecrs rTowexk 8 sepwunHax NPABUALHO20
oxkTaadpa, snucasno2o 8 cgepy); B caydae n ==5 MOKHO HaliTH
6eCKOHEYHO MHOTO TakHX paclojoxeHud (cM., Hamnpumep,
puc. 211,e, rae BOCeMb M3 MONADPHBIX PAacCTOAHUE MeXKAy TOYKAMH
paBast RV'2, a npa— pasum 2R).

6) U3 ordocamuxcs K cayuasm n =5, 6 3azaun a) paccy:KASHH
clefyerT, 4TO OTBeT Ha Boupoc 1° JgaeTcst wecToto BepUIMHAMH BIMCAN-
Horo B cdepy NMPABMABNOTQ OKTas/pa; OTBeT Ha Bonpoc 2° naercs dme-
Jom 4ersipe (M 34€Chb MOMKHO YKa3aTh GECKOHEUHO MHOTO PA3HBIX
pacrnonoxeHui).
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OTBETbl U YKA3AHU4A

1. Hoxaxute, 10 ecan XY — NpoH3BONBHBIY OTPE3OK, NPOXOAALUHI
yepes M (rme X n Y — toukn cropon A ABC), a K - He npuuamnerxa-
mas eMy TOYKa, TO HaHGOJBIIHM H3 BCEX orpesxos KL, rpe L= XY,
asJasercs aubo orpesok KX, aubo orpesok KY.

2, [IpoBennte uepes cepesuny M; orTpeska AiBl oTpesKi
MA #AA u MB 4 BB, Bocnonbsyfitech TeM, uTO Mejauana Tpe-
YrOJBHHKA Beerjga He GoJblie NOJYCYMMbl T€X ABYX CTOPOH, KOTOpbIe
OHa He JIeJHUT NOHOoJaM.

1
Pasencrsa MM, =5l AA| = BB;| wuMeioT MecTo, JHIIb €CAl

AA¢|| BBy

3. a) Yernipexyronbuuk ABCD moxer GbITb: 1) MJIOCKHM, BHIMYX-
JABIM; 2) IJIOCKHM, HEBBIIYKJABIM; 3) IJIOCKHM, CaMOIepeceKarolluMCs;
4) wuwennockuM. Jokaxure, uto Bo Bcex cayuaax ZABC+
+ £ BCD 4 £ CDA + £DAB << 360°.

‘ 6) Ecau otpesku AC u BD nepecekaioTes, TO YETHIPEXYrOJBHHUK
ABCD BbinyK.JaH .

B) Ecau «auaronanmu» AC u BD njiockoro ueTHpexyrojbHHKa
ABCD ne nepecekalorcsi, TO 3TOT YeTHIPEXYTOJBHHK HEBB N YK J bl i
Ha caMoONnepecekaloUlHfcCsl; pacCMOTPHTe OTAeNbRO o6a caydas.

4. Bocnodb3yiTech MeTOAOM [OKasaTesbCTBa OT nporusHoro. Ecad
yeThipexyrodbiik ABCD He BRIMYKablil, TO YTBEPXKAEHHE 3a4a4u MOXKET
0Ka3aThCsT HEBEPHBIM.

5. a) Orpasure Touky M cumMeTpHuHO OT ofmeil cepefHHHl OT-
peskos AD u BC.

6) [lpumure 3a Toury M naockoctu touku A u D.

6. a) HauGoubliee paccTosifue MeXKAY TOUKAMH OKPYIKHOCTeH paB-
o d -} ry + r2, a HauMERbIIEe — UAH d — 7y — F2, WY 1y — d — ra, HAH 0,

" 6) HauGoJbiuee paccTosiHHe HE MEHSETCSt OT 3aMeHbl OKPYKHOCTell
KpyraMHi, a uanMeHbpllee oOpaulaeTcs B HYJb HJAH COXPaHAeT TO ke
aHauenue, YTo H panblle,

7. a) p(Ty T2)='V‘§3‘§ (T2 T1)=—V—53—(=2p (T, T3)).

1 V3

6) p (K1, K3) =gip (K2 Ky) =3

8. a) Bocnoabsyiitech onpeAeaeHHAMH BEJHYHH p{Dy, D),
p (D, Os), p(Dy, (1)3) u TeM, YTO AJs JOGhX Tpex Touek A, B u C
peerga AC << AB+ B

6) MO/KQT
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9. a) BocnoansyfiTech TeM, uTo ecqw TOYKa A ymanenma ot ments
pa oxpyxuocTH S pammyca r Ha paccTosiiHe d, TO HaHMMeHbllee pace
crosiune p(A4,S) ot A no orpyxuoctu S pasno |d—r|. Hanee pac-
CMOTPHTE OTAEAbHO pasHble CYYaH B3AHMHONO DACMONOKEHHT OKpPYXK-
noctell Sy u Ss.

6) Bcerﬂa P(Ky, K2) = P(S1,S2), #Ho Boamoxkno p(Ki, Ks) &
7= p{S1, Se). ‘

B) Bocnoaeayiitech onpegenenuem sesanunubl P(®y, @z) B pesyin-
TATOM 3ajxauu 8 a).

10. Bocnoan3yiiTech TeM, §TO (j)HprprIOLHPIH B YCJOBHH 3a1auH
otpesok AB paped panuycy nauosbllero xpyra c lentpoM A, ueau-
KOM 3aKJI0uaiollerocs BHYTPH KJAKCH, a oTpe3ok AC — paauycy uau-
MeHbIIero kpyra ¢ uedtpoM A, cojepikamero KJaAKcy BHYTPH cefs.

11. Bocriosbaylitecs TeM, 4TO ecan MA, MB u MC — paccrosuus
OT TPOH3BOJLHON TOUKU [JIOCKOCTH IO Bepumn PABHOCTOPOHHErO Tpe-
yroapunka ABC, 10 Becerna AM -+ BM = CM = |AM — BM]|.

12, Bocronwyme% TeM, uto ecan My wm M2~—1113e aHame T~
"pPasbHO MPOTHBOMOJONKHbIEe TOUKM paccMaTpHBAeMON OKpyXK-
HOCTH, TO MA + MA: =2 (rrei=1,2,3, , 1000).

13. B sanauye TpefyeTcd I0KasaTb, 4TO paccmﬂﬁne oT Toukn Ap
Ao moGOft 13 BePLIIH JIOMaHOl He APEBOCXOMHT 3. Ilycrp Ay — Kaxas-

To Bepmmna Jgomasoir (k=2 3, 4, ..., n—1 uan n). OGosnayum
uepes Ci, Ca, ..., Cr—1 OKDYKHOCTH, OUNNCaHHEE BOXPYT TPeyrOJbHH-
KOB A()A‘Ag, AiAzAa, iy Ah_zAh_iAh; yCcTh Oi, Oz, P h—y —

LeHTpH 3THX Opr}KHOCTeﬁ. B rtakom ciaydae
A()Ak AQO[ —l— (O 02 0203 + LR + Ok'—2ok—lb) + Ok—lAk1

Tak uTo octaerca ouenuts orpeskn A0y um Oreidr u nomanyio
0,0:05... 041 '

FOKaMIITe uto Ae0y << 1, ArOp—1 << 1 u uToO
0.0+ 0,05+ 0305+ .. + Op—y0k—1 < (tg60°-—-tg30°)=V3 .

Jas  noxasaTenbcrBa TIOCCATIEro HEDABEHCTBA PACCMOTPHTE HAPSAY
C OKpYIHOCTAMH Cs, Cs, ..., Crey elle ¥ pABHEIE TPEABIIYIUM OKPYXK-
nocru C2, C%, ..., Ch—1, npoxoasuiue uepes Touku Ay u Ay

14. MckombiM 6y,&er ksagpar -AA;BB,, auarowannid KoTOpOro
sBasietcst orpesok AB; symma paccrosuuil oT A 10 ero BeplWH paBua
(t+Y2)d :

15. Hokaxute, uto ecis OAy=1x, Ads=y, OB =12z u ecan
C u D — Touky nepeceyenns npoposnKenusd A:As ¢ L, COOTBeTCTBCHHO—-
npoponxernns BA, ¢ A:C, o A:C=2x, AsC=x—y n AiD =
Janee YCTAHOBHTE, YTO X2 = Yy(X — y).

a) Bocnoasayiitecs Tem, uro ¥ (¥ — y) <—2— x2,

N 1 . -
6) Bocnoasayiirecs teM, uTo'y (¥ — y) << — x2. Hepabeuncrso 3aja-
4

9y 6) yJayuiieHO OLITb HE MOKET.

16. BocnospayfiTech TeopeMofl 0 BeiHUHHE BOMCAHHOTG (B OKpYK-
HOCTB) yraa.

17. PaccMoTpuTe caMylo GaH3KY0 K Touke M M3 BCeX AMaronased
H CTOPOH NpPaBHJBLHOTO /-yrOJbHHKA. .
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‘

18. a) Hocrposite A ABC ¢ 3anandbM OCTPLIM YIJIOM ¢f, TaKol,
yMT0 ero OuccekTpuca AD, Beicora CH u mexmana BM nepecexaiorcs
B. ONHOR TOouKe Q, M JOKaxKHTe, 4TO ecan o << 45°, 10 £ ACB =y
TYHOH.
_ 6) Joramure, 4TO NPH YBeJHUEHUH Yria o OTBEYAIOWHMH & yroa
ACB =y (cM. yKkaszawHe K peLIEHHI0 3afaud 2)) MOHOTOHHO ybbigaer,
B CHJY Yero JOCTATOYHO ONPENEJNHTb TAKOH yrod . Qo, KOTOPOMY OTBe-
uaeT yroa ye == 90°% nokaxure, uro cos?op 4 cosap—1 =0, T. e
cosao————.KEQ—l—- Orser. 90° > a > o (= 51°50'),

19. Ecan AC, — pnaronanb ky6a, o —— TOUKa €r0 MOBEPXHOCTH, TO
90° < é__AMCi = o, TAe yroJ o oOnpeAessercs paBeHCTBOM fga =

(Tak yT0 00 & 144° 44’ 08").

= ——

2
20. Hanmeuruuit BO3MOXKHBI YIoa paBeq
arccos(l —-52—2), eCJIH R>r>R-—.—}e—;
R?+4r2—1 1
arecos ——gp—,  ecan R———R—>r>R—1,
0, ecau R—1Z2r.

21. HauGosbuiee BO3MOJKHOEe 3HAUeHHe paccMaTpHBaeMOfl CyMMBL
yrios pasHo k-180° npu n = 2k uernom u (R® -+ k)- 180° npu n =
== 2k + 1 HeweTnoM; OHO JOCTHraeTcd IS £ T[ap NPOTHBONOJOKHO
HanpaBJenHblX Ay4el HIH JJf & Takdx nap Jiyuedl M eue OfHOr0 mpo-
H3BOJIbHO 112IPaBAEHHOTO Jyya.

22. Tlycte OXi—1, OX;, OX;j4-—Kakue-T0 TPH MOC/IENOBATENBHLIX
Jyuya U3 UHCJA DACCMATPUBAeMBIX HAMH, M OYCTb X; 7= Xiy1. [loMensii-
Te MeCTAMY OTPe3KH Xi M Xiyi (HOBBIE ayan — OX;_, 0X;, OleH)i
ROKa#uTe, 4T0 eead X; << Xiyt, 10 £ Xiw1OXipy > £X;_0X[ .

23. TlepenecuTe napamiespHO BCE paccMaTpHBacMble NPAMLIE Tak,
yTOGLl Ol NPOXOMMIH Yepe3 (BHKCHPOBaHNyIO Touky O,

24. Bocnosabayiitech QOpPMYJOR AN CYMMbl GHEWHUX YINIOB  BHL-
NYKJIOr0 MHOI'CYTOJLHIKA.

25. PacemoTpuTe BHIYKAYW0 o6oaouky T Bcex Touek, T. e,

HOUMEeH bLL U BBNYKABLE MHOZ0Y2OAOHUK, TAKOLH, 4TO 8Ce paccMar-
PUBAEeMbIC TOUKU PACNOAONCEHbL BHYTPU HESO -UAU HA €20 2PaHuye.
- a—8) Ecau T comepXHT BHYTPH XOTb OAHY H3 HAINUX TOUEK,
TO CYLIECTBYET TPeyrOJbHHK C BepligHaMu B TPeX U3 HAWHX TOUEK H
TOYKa BHYTPH [erc; onenure uacts yraoB A ABC, Ha KOTOpHE HX
rensit npamsie DA, DB u DC (rze D npexur srytpu A ABC). Ecau
BCEe TOUKH pacnonoXensl B Bepmuuax T, To BOcnonssyhtech dopmysioi
IS CYMMBI YIJIOB MIOTOYTOJBHHEA.

r) [pennoaoxmure, uto Toukn M, My, ..., M, npoHyMepoBaHLI
TakuM o0pasoM, uto L M,M;M;— yrog BHNyKJOro m-yrosbuuka 7T
(rae m=<<n) u uro ayun MM, MMs, MM, ..., MiM, caenyior
Ipyr 3a ApPYroM HMEHHO B 3TOM MOpPSJAKe; Aajee BOCNOMb3YHTECH TeM,
uto ectn N — touxa ma npono/kenud Jiyua M;N 3a touky My, 1o

180°= L NM\Mp= <« NiM, + £ MngM'g + L MMM+ ...
A eoo L Myt MiMp.
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Jas toro uyToGH HH OAMH H3 TpeyroabHukos M;M;M, ne umex
o
MEHbIIEro —-~ yIMa, f TOYEK JIOMKHE pacnojararTsCs B BepLIMHAX

npasuabH020 N-YroJbHUKA,

26. Ecau spimyxkaas o6osouka T HalllMX TOYEK COHEPXKHT BHYTPH
XO0Tb OJIHY H3. HHX, TO JOCTAaTOYHO BOCIOJIb30BATLCA OUEHKOH Aa%
EHyTpennux yraos ADB, BDC wn CDA, rae Touka D nexut Buytpn
A ABC; B TpOTHBHOM Cjydae BOCMOJb3YHTech GOP syaofl AAA CYMMbI
YIJI0B MHOTOYTOJbHHUKA, - ‘

Hu ogun u3 TpeyroabHHKOB ¢ BePIIMHAMH B HAIIMX TOYKAX HE
COnepxHUT yraa, Goabwero 90°, coorsercTBenno 108° m 120°, anub B

' TOM Cay4ae, €cH TOUKH SBJASIOTCS BePINMHAMU PABHOYEOAbHO20 MHOIOs
YrOJIBHHKA (APAMOYSOALHUKG B CIydae 4ETBIPEX TOUEK).

27. a) Bocnoabsylitech peayabratoM 3ajaud 26 B).

6), B) Paccmorpute (cKaxKeM, LEHTPaJbHO-CHMMETPUUHEIH) pPAaBHO-
yroabupiit wecrayroasiuk ABCDEF, rne AB <« FA € EF (3nak <
o3nayaeT «MHOTO MeHblie») H Toukn @, H ua OuccekTpucax yraos F
n C WeCTHYroJbHUKA, PAcHOJOMKEHHble Ha OJMIIAKOBOM H OYe€Hb MaJaoM
paccrosinuu or Bepmmnn F u C. ‘

28. a) Ecau Boinmykaas o6osouka T HaliNX TOUEK — OTPE30K, TO
ot = 0; ecaH OHa TPeYroJbHHK, TO op << 45°, Ecau T = ABCD — ye-
TLIPEXYFOJILHHK, TO BBIUHCIHTE cymMmbl yraoB £ ABD 4 Z BDA
+ L DACH+ £ BAC nu £ CBD+ £ BDC 4+ £ BCA + £ DCA.

6) Ecau Buinykaas ofosouka T HAIIMX YeTbipex TOUEK — OTPE3OK,
10 o = 180°% ecam T — tpeyrosibiuk, 10 f2 == 90°. Ecau T = ABCD n
D — cammit Gosbwioit m3 yraos T, To BbluHcaute cymmy £ DAB 44
+ £ZABC 4- £/BCD 4 £CDB + ZBDA.

29. PaccmoTpuTe cayyaii n Touek onHOH NpsAMOL.

30. BocrosipayfiTech  peayJabTaToOM . 3ajayd, pazobpaHHol  Ha
crp. 22—23. 3Hauennst A = 60° u B == 60° peanusyoTcs aas verwpex
BEPLIKH HPaBUJIBHOTrO TeTpasapa.

31. a) Ilpn n = 3 uau 4.

- 6) Ilpu n < 8. Paccmorpute BoinykKayo ob6oanouky T Beex
paccMaTpPUBAEMbIX TOUEK, T. €. H AU MEH b Ul U i MHOZ02PAHHUK, colep-
aawuid eryTpu (W Ha epanuye) 6ce HaulL TOYKW; NOKAXKHTE, 4TO B
paccMaTpuBaeMOM ciyuae HH oAna u3 Touexk Mi, Mg, ..., M, mHe Mo-
keT sexkaTh BHYTpu T —Bce oun apasiorcs sepwunanuy T. danee
paccmoTpuTe MHOrorpaHuuku To, Ts, ..., Tx, noayuyaemole u3 T napaa-

JEJbHBIMH [epeHocaMu Ha BeKTopsl MMz MiMs, ..., MiM,, u 1o-
KaXXHTe, uyTO HHKakue ABa u3 MmuororpanuukoB Ty =T, T, Ts, ..., Ty
He MepeceKaioTCss M UTO BCE OHM 3aKJIOUEHB BHYTPH BJBOE GOJbLIEro
(no nHHeSHLIM pasMepaM) MHOrorpanEMka X ¢ BepmmHamm My, Mj,

P g
M3, ..., M}, rae M} nonyuaercs B3 M, mepemocoM Ha Bexrop 2MiM;,
W3 cpapuenns o6beMoB MHororpasHukos T u I M BrTexaer Tpebyemblil
pesyJbTar.

32. a) Tombko npu n = 3.

6) Ilpu n <{ 5. Herpyano nafiTh mpuMephl MHOTOTP2HHHKOB C Ye-
TLIPbMs BepllpHAMHK (TPeyroJbpHas MUPaMHIa, HAH TeTPasdp) B C NATHIO
BEpUIHHAMH, BCE TPaHU KOTOPHIX ABJAIOTCS OCTDOYTOJbLHBIMH TPEYros-
HUKAMH; NPH 3TOM B Cydae n == 5 MOKHO YCTAaHOBUTL (3€Ch MOXET
70MOYb, HANpHMEpP, TeopeMa Jiijaepa, CBA3HBAOILAS YHCIO BEp-
IIHH, 4HCAO pebGep M 4aCH0 rpaHeil BLIDYKJOFO MHOFOTDAaHHHKA — CM.
kuurn [2), [3], [8], [23] uau sapauy 48 wumrm: J. O. Hlxaapcrui,
H. H. Yennop u M. M. Araowm, Hsbpanubie 3agayy H TeopeMH
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ssieMeHTapuofl MaTeMartukH, 4. 3, Teomerpus (crepeomerpust), M, Toc-
TexuanaT, 1954), uto B 3TOM Ciydae MHororpannuk T == M M,MzM M,
06S3aTe/IbHO JIO/IKEH NPEACTaBAATH OG0 «TPeyroJbHYI0 GHIHpaMuIys
{(nnu Ourerpa’ddp), noOJyueHHYIO U3 AByX Terpasapos M M.MsM, u
MMMsMs, cnoxennnx o6wum ocHoBannem MiMaMs;.

Hanee (caenaTh 3TO MOMKHO, HANPHMEpP, € NOMOUIBIO BEKTOPHOR
aare6per) ycraHoBuTe, 4T0 048 TAK020 Ourerpasdpa M M:MsMMs ¢
WeCToI0 OCTPOY 20 AbHbBLMU 2PAHAMU 00A3ATENLHO

MgM3+ M M3 < M M3+ M M;, (+)

Ipeanosoxure, HakOHEL, YTO CYILIECTBYHT MLIECThb TOUYEK, Y/0B.e-
TBOPSIIOHIMX YCJAOBHIO 3aJaduH; B TaKOM ¢Jydae OHH /JOJIKHBI SBJSTHCH
BEPLUIMHAME <«BBINYKJIOro 6-Bepiuuunkas T, orpanud4enioro HEKOTOPBIM
YHCJIOM ~ OCTPOYTOJbIBIX  TPEYroJbHHKOB, C  [OMOIIBIO TEO pe M bl
Difinepa (cM. BHIIE) MOXHO YCTAHOBHTb, YTO HCKOMHIH 6-Bepuini-
HUK. T MoxeT sBaATbCA JHOO  <«UETHIPEXYrOJbHON  GHOMPAMUIOLN»
M MMM MsMe, o6pasoBanHoll ABYMS UeTHIPEXYrOJbHHEMHE OHPaMHIA-
Mt M MMM Ms 1 MMoMsMMs, cnoxennsivu oBIHMM OCHOBaHHEM
MMoM3M,, nHGO «HCKPHBACHHOH HATHYrOJIBIOH NHPAMHION», B KOTO-
poit «pepuinHa» Ms coelMHEHA CO BCeMd BePHIMHAMM <CJIOMaHHOTO
5-yroswHoro ocuoBauusty M MoMsMiMs, «cioxennoro» us Tpex Tpe-
yroasuukos M MoMs, MMM, u M M;M;, pacnonoxesuslx B p a 3-
HH X mIockocTsix. Ho B ofonx caydasx MOKHO npufitu K NpOTHBOPE-
YHIO, HCNOMB3YS TO, YTO KazkJbBle NSTh H3 HANIHX TOYEK SIB/ISIOTCS Bep-
weHaMH  GuTeTpasapa, LA KOTOPOTO  BLINOJISIOTCH  COOTHOMIEHUS
THOA (*); 3THM JoKa3blBaeTcs, 4YTo ciayuail A =6 (um n > 6) #AB-
JISIeTCS HeBO3MOXKHBIM. .

33. a) Ilpn n = 3 nm 4.

6) Taxxe Jmuups npr n = 4. Bocnoasayfitecs teMm, uto ecan My u
M; —paBe caMmble pajeKue APYr OT Apyra u3 Hallux Touek, a Mj
U M;—Be caMble faJdeKHe H3 OCTABUIHXCS TOYEK, TO BCe
TOUKH mpunamnexar chepe X ¢ anametrpoMm MM u Bce Touku, Kpowme,’
6bITh MOXKeET, Jub Touek My u M., —cdepe o ¢ nuametpom MsM,,
(T. €. Bce oHM OPHMHAANeRKAT mepeceuyenunto chep = H 0); najnee
PAcCMOTPUTE OT/eAbHO CJyuad, Korga cdepsl £ H O COBNajalOT H KO-
r1a OHU Pa3JHUHHL

34. Tlpu mofom; AMs AOKa3aTe/bCTBA BOCTOJAb3YHTECh, HAmpHMED,
METOZOM MAaTeMaTHYECKO!l HHIYKIIHH.

35. 4. Jlna noxasatenbcTBa YAOOHO BOCHOJIB30BATLCA TeM, uTO ecaAu
gce Qsyepartvie Yeavl TPEeXePaHHO20 Ya2aa OCTpule, TO U 6Ce €20 1.10-
cKlle Yyeabl — OCTpbie. -

36. a) BocnoabayfiTech TeopeMOH O CyMMe IIOCKHX YIJIOB Tpex-
IPaHHOTO yTJa.

6) Bocnoabsyiitech pesynbTaroMm 3agaus 120a) (aas n = 4).

B) Bocnouassyiitece pesysratoM 3ajayn 35.

37. Jloxasxkurte, uTo KaxAbil BhOHcaunbii B M TpeyroaHur XYZ
[0 NJOMafM He GoJblie MO Kpabinell Mepe oxHoro TpeyroaeHuka PYZ,
BepuidHa P XoTOporo coBmnajgaeT ¢ Bepmuuofl M.

38. a) BocnoabsyiiTechb TeMm, YTO IJIOWLAAHM TPEYTOJBHHUKOB, HMEIO-
mHX O6LMH yros, OTHOCATCA Kak NMPOU3BEACHHS CTOPOH, 3aKMNOYAIOLIUX
9TOT YroJI, H METOAOM JIOKa3aTeslbCTBa OT NPOTHBHOTO.

6) Paccmotpute oTaenbHO caydaf, Korja BCE€ CTOPOHHBl TPEyroJibe
HHKa PQR nepecexaloT COOTBETCTBYIOIUHE CTOPOHBI  TPeyroJbHHKA
A|B\C,, o6pasoBanuoro cpednumu aunusmu Ttpeyrosphuka ABC, wu
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‘cayuaii, KOTHa y 3THX TPEYrOJbHHKOB €cTh napa Henepecexalomuxcn co-
OTBETCTBEHHbIX CTOPOH.

39. Bocnoab3yhTech TeM, WTO NJAOUIAAH TPEYTOJbHHKOB, HMEIOUIHX
paBHble YIJIbI, OTHOCATCS KaK IPOH3BEJEHHS IJUH CTOPOH, 3aK/oYalo-
WHX 3TH YILJBl, H TeM, YTO CyMMa KBafpaToB ABYX (NOJNOKHTENbHBIX)
4HCeq He' MPEBOCXOJHT 'HX YIBOCHHOrO NPOM3BENeHH:, a CymMma Kyos
Tpex (MmOJIOXKHTEJNbHBIX) WYHCEN — HX YTPOCHHOTO HPOHU3BENEHHI.

YayumieHa oOueHKa 3ajayd OblTb He MOXeT (OnpoBeprawmuii mnpu-
MEp: PABHOCTOPORHUL TPEYTOJbHHK).

40. [loxaxuTe, 4TO XOTb OMHH TPEYFOJBHWK, OCHOBAHHEM KOTOPOrO
SIBJISIETCS CTOPOHA IIeCTHYrOJbHHKA, a BEPIIHHA NPHUHAJJIEKHT JAHAro-
HaJW, COeAMMsiomell JBe BepIIHHB UICCTHYTOAbHUKA, Oauxkafiluue ¥

1
OCHOBAHHIO DACcCMATPUBAEMOTrO TPEYrONbHUKA, HMEeT NJ0Llalb <€ S.

Yayumeno HepaBeHCTBO 3aiadu ObITh He MOXKeT (OMpoBeprammii
npaMep — NPasUAbHbLI IECTUYTOMbHNK).

41. Tlposenute uepe3 Bepuuanl A, C u E MIeCTHYTOABHAKA [1Psi-
Mble, COOTBETCTBEHHO NapaJiesbHbie BC | EF, AB\DE wu AF|CD, n
paccMOTpHTe 06pa30BaBUINECs aPAMICTOTPaMMAL.

Pagseuctso SACE =3 SABCDEF uMeeT MecTO ANA LIeCTHYTOJb-

HHKOB, NPOTHBOMNOJOXKHEIE CTOPOHBI KOTOPHIX NapaJiefibHbl M pagusl.
l T
-42. a) HepageHcTBO S >7S MOXHO BBLIBECTH H3 PAacCMOTPeHHsA

oTpe3aeMblX JAHATOHAJNAMM MATHYFOJbHHKA [] TPeyTOJNbHUKOB, AJS KO-

TODPBIX CTOPOHBI NATHYTOJNbHHKA A SIBASIOTCS CPEJHMMH JIHHHAMU; s

TOTO YTOGBI YOEAHTLCS, UTO 3TO HEPABEHCTBO HeJIb3s YJYYIIHTb, HOCTa-

TOYHO ~TIEJNONIOKNTDL, UTO  BEpLIMHBL D u E naruyronpuuxa [1 ==
= ABCDE cauaucso ¢ C. :

3
Has Toro 4to6pl 10KAa3aTh, YTO HEPABEUCTBO § <TS (ecan TOMB-

KO OHO CHOpaBeiNHBO) HEJb3A YJAYYLUIHTb, AOCTATOUHO IPEATIONONKHTB,
uyro Bepuwnnbl E u C causawtes, coorsercTBento ¢ A H ¢ B; npu
stom [T obpamaercst B Tpeyrogeuuk ABD. na toro ke, 4To6bl HOKa-

3
3aTbh CHPaBEeAJHBOCTL HEPABEHCTBA § < S, AO0CTATOUYHO paCCMOTpeTb,

KaK MeHseTcss IIODIafb «MaJoro» I‘lSlTHyI‘OJIblIPIKa n TpH TaKo# ne-
¢opmallid OCHOBHOTO msiTHyrosibumka. fI, ne mensiomiell naomanu /1,
npu kotopol [T o6pamaercs B A ABD (aTy nedopMauuo IPHXOIUTCA
NPOBOANTL B HECKOJBKO TANOB).

6) Bosmoxuoctn papeHcrBa s = 0 aBjadercs OUEBMANOH; paBeH-

CTBO § = —4 S OCYINECTBASAETCA A «BBIDOKIAEHHOIO» IECTHYTOJbHU-

ka Il == ABCDEF, sepmuunt B, D u F KoToporo cosnajiaior, COOTBET-
cteenso ¢ 4, ¢ C u ¢ E. llanee paccMoTpHTe, KaK MeHsercss § Npu
(MHOI‘OCTeﬂeHHOH) ZeOPMANHH WeCTHYTONbHHKA I, ue mensouefl ero
naomand u nepesopswmeir I B A ABC, ana Komporos—‘hS.

43. Pasencteo s == 0, oueBHAHO, BO3MOXKHO. Jlas ﬂoxasaTebecma

4
mepasenctBa § < — S Bocmoabsyfitech TeM, uyro Bepmmua T napa/me-
aoepamma PQRT npmanne}xm nuaronand AC 4eTHIPEXyrosbHUKa; WC-

x+y—+z

H0JIb3YHTE TAKKe HEPABEHCTBO XY2 < ( 3 ) , HMeoLee . MecTo 1%
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' 4
JOOBIX TONOXKHTENbHBIX X, Y, 2, Pasencrso S—_—"é?SOTBelIaeT cayuan

npuHasiexnocty A, B u D oxHoit npsiMoit u ToMy, uto AT : AC=2: 3,
44. Bocnonb3yiiTech HEPaBeHCTBOM

(AX 4 BY)P << (A% + B"’) (X2 Y%),

chpaselHELIM aad Jlo6elX mogsoxkuteblnix 4, B, X, Y.

Pasenctso B 3agaue a) HMeeT MecTo B cayuae pasedcrea Tpe-

yroapnukos Ty u T, a B 3ajaue 6) — B cayuae HX n0d0o6ud.
. . 1 .
45. a) Bocuoabsyfitees ¢opMmynoi: S=}2— ef sina, rae o — yroa

MEXKAY MHATOHA/SIMH UeTHPeXyTroJbHuKa,

6) Ilpumennte pesy/inTaT 3ajadl a) K naganrenorpamxy Bepum~
1Bl KOTOPOTO COBNAJAOT C CepeHHaMH IOCJeJ0BATENbHBIX CTOPOH ue-
TLIPEXYTONbHEKA.

B) Bocnosnesyfitech TeMm, uTO AJMHA cpenHedl JAMHHM (BBIIYKJIOrO)
YeTLIPEXYTOJAbHHKA HE TIPEBOCXOAMT TNOJYCYMMBl JUJIHH CTOPOH, KOTOpPbIE
STa CPEAIAA JIHHHS He NepecekaeT (CP. TAaKKE YKasaHHe K PCLIGHHIO
3ajayn 6))

46. a) M3 ycaosufi sagaun caedyer, uro M 3axmioyeH BHyTpU
(4 X 5)-npaAMOyroabHUKa P, CTOPOHEI KOTOPOTO [apasyiesbHbL OCAM KOOp-
JHHAT, H BHYTPH HAKIOHEHHOTO K HeMy mog yriom 45° (312 X4V 2)-
NpAMOYroabliAKa p; HAHAWTE, KOrja Iwowajge nepecedeuHus Q
np;MOYTrOIBHUEOB P U p 6yaeT HanOoablIEH,

6) Paccmortpure nepeceuenyie Q QULypHPYIOMMX B DelIeHHH 3a-
Jadi a) APSMOYIOJbHHKOB P M p; Halloute, NpH Kakux YCJOBUAX Oy-
JieT HauMenbuted TJAOIAAL BINUCAHHOTO B 3TO Hepeceyerue (MOMKET
OblTb, BBIPOKAEHHOTO!) BOCLMHYMONBHHKA ¢, HUMEIOLIErc BepIIHHB Ha
Bcex cropoxax Q.

47. TTonocet HOMKHBE HMeTb OOIUME IEHTp cuMMeTpHH (cp. ¢ peule-
pueM sajzauu 46 a)).

48. JloctpoiiTe ueTHIPE NPSAMOYTOJbHEIX TPEYrOJBHHKA, OTCEKAeMBIX
ot npsmoyrosbaika ABCD paBuw M eMmy npsiMoyrossuuxom A:B8,CiD;
IO TPSMOYTOJbHHKOB H [LOKAXHUTE, YTO 3TH NPAMOYTOJbHHKH HE OyayT
HMeTh COWKX TOYEK.

49, 3akmouynuTte «inoT» F B HaUMEHbIUHA BO3MOXHBIA NPAMOYroJib-
n#k P, orpauxvcHHb Oeperamu xaﬂaﬂa H IBYM$ NEPHEHAHKYJIADHBIMH
xagany OTPe3KaMH; DAcCMOTPHTE, . KaK OyZeT JBHraTbCs 3TOT NPAMO-
YrOABHMK (KOTOPBIE CuHTaeTcs }xﬂcmo CKpPeNJIeHHBIM ¢ TIOTOM) fpH
FEWKeHHH F, I LOKAKETE, UTO eCaH MioWlap «aotas =>2)'2, 10 b
Kakoil-To MoMenT F {(a ¢ uuM u P) noseprerca Ha yroa 45°. Paccuor-
piTe, KaKOe NOJOMKEHHE MOJKET 3aHHMaTb B 3TOT MOMEHT P, H BbBe-
JiTe OTCIOAA TIPOTHROPEUHE C NPEZNCACKEHHUCM SF =2)2.

50. PaccMOoTpHTE TOCAEZOBATEAbHO CJyuan: KOUAa CeYeHHe Tpo-
XOAUT uyepe3 pefpo TETpasApa; KOrAa OHO HNPOXOAUT uepe3 BepLInHy
1eTpasipa; OSwHN cayyail.

51. a) Paccmorpute oTpesnbHO cayyad, KOrja NpPOEKUHA ABJAETCS
TPEYFOJIbHHKOM ~H KOT/la oHa mpeicTasiseT COOOH YeTHPeXYroJhHUK;

BOCI‘IOJ‘IbSyfITQCb TE€M, UYTO JHAroHanu YeTHIPEXYTOJbHUKA ABJSIOTCA |

npoexkuuaMu pebep retpasapa. OTser. HauSoabluaa no mnxoufann
NPOCKIUHA NPABHIBHOTO TETPa3fipd HPeAcTaBiser coGoit xeadpar.

N
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6) B ofuwem cayvyae mpoekuusi KyGa mpeicraBaser co6od (uens
TPaJbHO-CHMMETPHUHLI) LIECTHYTOMbHHK, COCTABJEHHBII M3 Tpex na-
paJjiesorpaMMoB — Npoekuuii rpadefi KySa; BOCNOJNb3YHTECh PaBeHCTBOM

. . a+b+c¢ a?+ b2+ ¢
naoilajeil rpaueil Ky6a M 1epaBEHCTBOM —5 < —

Orser. HanGoapmas no naomajau npoekuus Kyba npencTaBaseT co-
60l npasuULbHbLE WECTUYSOAbHUK.

52, a) HauGoabmuii 1eHTPalbHO-CHMMETPHYHBIH MHOTOYTOJBHHK 71,
3aKJIOYalomuiics B JAalHOM TpeyrojibHuke I M HMEWMHH JaHH B H
neutp O, mpeactaBasier coGoii nepecevenne I ¥ TpeyroavHuka Ty, CHM-
merpuunoro 7 oTHocuTeabno Toukdn O; mo3TOMy 3ajzaya CBOAWICH K
TOMY, YTOOBl HAlTH TOYKY O, 145 KOTOPOH INepeceueHHe TPeYro/JbHHKOB
T u 7| unmeer naunboabiyio. Bo3MoxHy©0 miomais. Orser. Touka O
JIO/KHa COBIACTb C TOYKOU nepecevenus smeouan Tpeyroabnuxa T; mJjo-

2
Liafb m papia — MJOMAAH T.

6) HanMeubIuufi BHINYKJABA  LEHTPAJbHO-CHMMETPHUNLIA  MHOTO-
yroabHuk M, cojmepxawuii BHYTpH ce0si HaHHBIl Tpeyroaehuk T H
nMeloWKi uenTp B JanHoil Touke (O, COBmajaer ¢ BHINYKAOH 06 o-
nAoukoit (cp, ¢ pewennem sagaun 25) touexk A, B, C, Ay, B, Cy, rae
AABCy =Ty cummerpuuen A ABC == T ortnocatensno Touku O
TakuM 00pa3oM, 3ajaya CBOAHTCS K BHOGOpY Takoit toukn O, utobbl
sTa BhHINyKJsasg obogouka OBJa BO3MOXKHO MeHbliell mo mJaowazpn. O T-
e T: [lnomans M pasua yasoenHol njouraau T,

53. Mcxkomas Touka coBmanaer ¢ Toukoil M nepeceuenus meduan
Tpeyroabuika 7T mpeienbl, B KOTOPLIX 3aKJIOUAeTCS OTHOLICHHE £ ya-
cgeﬁ T, na xotopule neaur T npoxopsamast yepes M npsiMas, TakKOBHI:

4
T=k>g

54. a) Hapsagy ¢ ocnoBuoil Qurypoir @ (xkoTopasg MOxeT M co-
CTOATh M3 NECKOJbKHX OTAeJbHBIX KYCKOB) pacCMOTpHTe TakXe (¢H-
rypet @ u @, noayuaemblie u3 @ mnapasJenbUBIMH TNEPENOCAMH HA
paccrosude 0,001 B HanmpaBiaenud OAHOH H3 CTOPOH colepxaiuero O
KBajipaTa M B Hanpapjenun, of6pasyiomeM yroa 60° ¢ manpasienuve
[EPBOrO NEpeHoca; J0oKaxuTe, 4T0 HHKakue aBe n3 duryp ©, ® n @”
HE MepeceKaTCs. .

6) Ilycts OMiM; — paBHOGeZpCHHBII TPEYrOJLHUK €O CTOPOHAMH
OM;=0,001 - V3, OM,=0,001 - V'3 u M;M,= 0,005 paccMOTpuTe
durypul @y u @, noayueHHnie M3 ocHOBHOH ¢urypn @ mnsiowann S
napajieJbHBIMH TlepesocaMu pa BekTopn OM; u OM,. Ilycts @) —
Ta M3 3THUX QHIYD, IJCLIajb HepecedyeHHss kKoropokt ¢ (D He mpeBocxo-

AHT o (mobasa n3 ¢uryp @; n @, ecan obe OHH YLOBJAETBOPAIOT 3TO-

My YCJAOBHIO), W mycTb OTpe3ok OMi, otBewalomuii Bextopy OM;s na-
panjenpHoro nepenoca, nepesopsuero @ B @y, nanpassaeH no OHCCeK-
TPUCE yria MeXIY BeKTOpaMH (UrypHPYIOIINX B peEIIEHHN 3aJauH a)
nepenocos (mepepopsumnx @ B @ u B ®). M3 paccmorpenns coso-
KynHoctn yeTwipex ¢uryp @, @y n~@’, ®” MOKHO BbIBECTH, uTO § < -
<< 0.287.

55. a) IlepBoe pemenne Ilycrb CTOPOHEI paccMaTpHBaeMbIX
KBA/APAaTOB PaBHbl Qy, A2, A3, ..., Qn, TJe Q1 = A2 =03 = ... = Qu
TpeGyemoe BJOXKEHHE BCeX KBaipaTOB B KBajparT K MOXHO ocCylue-
CTBUTL TaK: CHAauaJja BKJaJbiBaeM, BIVICTHYIO JIPyr K JApYyTy, KBaapaTH
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CO CTOpOHaMH a1, (2, ..., @, UPHKAALLIBAA AX OLHH 3a Opyr#m K
«HHXKHeH» cTopone [ [0 Te€X HOp, MOKa 5TO OCTAeTCS €llle BO3MOXKIO;
sateM, OTpesaB OT K MOJIOCKY IUHDHHBL @4, COLEPKAUIYI0 BCE VJAGKEWH-
Hble J0 CHX 10D KBaapaTbl, Mbl YKJaAblBA€M auaJOrHYHBIM CIOCOBGOM
nocnepyiolune Ksanparsl, HauhHas ¢ (mi -+ 1)-To, IPHKIANEIBAd HX K
HUXHEH CTOpPOHE ocTaBllefics yacTH K, H T. A.

Bropoe pemenune MeronoM MareMaTHUCCKON HHIVKUHH (HH-
AYKUHst NO WHHCJAY KBaApaToB!) MOXKHO JAOKaszaTh caexaywouiee, Oojee
oButee, yeM HaM Tpedyercs, NpeNJOKEHHE: ecau cymma naoujadesd n
ksadparos He npesocxodur 1/2 naowadu npamoyeoavruxa P co cro-
poramu a u b u cropona Hauboavwieeo Keadpara He RpPesocxoour
MeHbuerl CToporbl npamoyzoabuuka P, To sce K8adparet xoxHo Ges
HAAONCEHULE YA0ICUTD 8 NPAMOY20AbHUK P.

6) [dokaxurte, 4To eciu déa Keadpara cO CTOPOHAMU M U 1N MOJNC-
HO 0e3 HQAOXNCeHull pPacnosoXcuUTL 8 K8adpare CO CTOPOHOU a, TO
m+n < a; OTCIOAA, B 4acTHOCTH, OyAeT CJeL0BaTh, YTO B4 KBajApata
co cropoHoit 1/2 Heap3s 0e3 HaJOMKEHHI pAacmoJOXKHTL B KBajpare,
cropoHa kortoporo << l. g nokasaTenbcTBa BBILEAEHHOTO KYPCHBOM
NPeJJIOMEeHHs. NpPeANONOKHUTe, YTO KBAAPAaThl €O CTOPCHAMH M U #
BMECTH/HCb B KBaApaT K co CTOpoHOfl a; CABHHbTE HX K MPOTHBONO-
JIOJKHBIM yraaM K.

56. a) Mcexmouurte U3 paccMOTpenus BCE OTPESKH NOKPHITHH, KOTO-
pble TOJHOCTHIO NOKPHIBAIOTCS JPYTHMH OTPe3KaMH TOKPBITHA, 3aTeM
ngpeHyMepyfiTe BCce OCTaBIIHECT OTPe3KH B CTECTBCHHOM TNOPAIKE H
pPacCMOTPHTE OTHENBHO UCTHBIE» M «HEUETHBIC» OTPEe3KH.

6) Or6pocbTe BCe KBAaApaThl MOKPLITHAS, NepeceKalouinecs ¢ cambiM
6oabMM H3 3THX KBaJPaTOB; C OCTABLIMMHCH KBajpaTaMu mOCTyuaiite
aHaJIOTHYHO.

57. a) JokaxuTte, Yt0 BHIMYKJIYI0 060N OUYKY pAaCIOJOKEil-
HBIX BHYTPH KBajpaTa Touek (T. e, HaUMeHbIIHff BHIIYKJHBH MIOro-
YIOJNIBHHK, COJAep:KallM BHYTPH M HA rpaHule BCe 3TH TOUKH) MOXKHO
pa3buTh Ha TPEYroJbHHKH . ¢ BEPUIHHAMH B HAIUHX TOYKaX; OLEHUTE,
KaKHM MO2KeT OBITh 9HCJI0 5TUX TPEYrOJbHHKOB.

6) CupoekTHpyiiTe BCEe TOUKH Ha OJHY CTOPOUY 3aK/JIOYaloero
HX KBaApaTa; BOCIO/b3YyilTeCch pe3ynbraToM 3anaun 61°0).

58. OQueuure mjomagp o6 beAHHEUHA [AeBATH paccMaTpusae-
MBIX MHOTOYTOJABHHUKOB.

59. Bocnoaesyiitecs TeMm, 4TO (B yKasaHHBIX Ha cTp. 5] obosnaue-

HUAX) .
DMy — D Mij+ 3 My — 2 Myjer + Miggis =S, (1)

rie S — miomanb BCEl NOKPLITOH 3amiaTaMH uyacTH KadTana, EMiz
= M+ My + M; -+ My + M5 — cymma mroniaged BCEX 3amnJiar,
2 Mij=Mig+ M+ M+ ... + Mys—Cymma BCex NONAPHEIX me-
peceuenuil 3amaaT, # T, 4. BuTeKawomum u3 (1) HEpaBeHCTBOM

M'—EMi"l‘Z‘Mij_‘ZMijk+2A1ijkl—M12345>0, (2)
a TaKkKe POACTBEHHBIM (2) HEPABEHCTEOM

M =23 My 43 Myjp — 4 D) Migri 4 5Miga05 >0,  (3)

NONy4aeMEIM KOMOHHHDOBANHEM HEepaBeHCTB THmA (2), MPHMEHEHHLIM K
oTmeabunM 3amaatam My, M, Ms, My, Ms (rze, Hanpumep, «kapran»
M, nokpuit «3anuatamu» My, Mis, My u Mys).,
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. 60.2) Ileps oe pemenune. BocmoarayfiTech HepaBeHncTsoM
(cp. ¢ ykasaHueM K 3ajaue 59)

M- 2M, +2M:i EMi‘ii +~--+(—1)'2Mi1}-2,,,,r'+_,..
e (=1 Myg o0, iy By eea=1,2 i, n
(noKasaTh €ro MOXKHO, RANPHMEpP, N0 HHAYKUHUH) H HEPABEHCTBAMH,

NOYyYaeMEIMA  KOMOHHUDOBAHHEM HePaBEHCTB STOr0 THIA,. NpPHMEHeH-
IBX K «3anaatam» M: ¥ BX napumM nepecevenuaMm M, . X HX Tpoii-

HBIM HEPECcEUeHHSIM Miltzz'," Hroa

ZMi _‘22Mi\i:»+32Ml’1i213~42M’f1i7i3i4+ e
+(_I)r—]r2’[wi1i2.‘.ir+ e F =D My 20

DMy =33 M, 6 DM =

e FEDTICEEM L s (DT 20

Z MiAiQia —4 2 Miliziala + ..

-3 p3 - '
+ (1) CrZMiliz...ir‘F el (=DM, >0

Hanee nano wafiTH Takylo KOMOUHAUMIO BBIMHCAHHBIX HEPABEHCTB,
B KOTODO#H OTCYTCTBOBaJHM OB WIEHH C Z M, © Z My g0 1T R

BINIOTb IO 4YJI€HZ C EM i
2

Bropoe pemenne, QGo3naunuM nJjomaibp kKBaapara («xadra-
Ha») M, nokpeiTyro MHoroyroabuukamu My, M, ..., M, («3annatamus)
8 TOYHOCTU k-KparwO, uepe3 Xp: COBOKYNHOCTH # -+ | HEOTPHUATENbHBIX
uuacen (Xxo, Xj, X2, ..., Xn) MOXKHO HA3BaTh XAPAKTepuUcTuxold JAaHHOM
cucrembl % mHoroyrosbHukos M Ilokamxure, uTo KaxXIas CcHCTeMa
(%0, %1, X2, ..+, X¥n) B3 n--1 HEOTPHLATENbHBIX HHCe], CXe

xotxn+x+ oo Frp=1
n=0ex+1ox1+2 %4 oo +nex4p>na,

;.
ves lr

CAYXKUT XapaKTePUCTHKOA HEKOTOPOH CHCTEMBl MHOTOYTOJILHHKOB,
Ham wnago HafiTH CHCTEMY MHOTOYTOJNBHHKOB (M OTBeyawmoulyio efi

XaPaKTePUCTHKY), IAS KOTOPOH NOCTHraeT HAHM M EHbIIET O 3HAUCHHA

peauuuna max M; ;. Jlokaxure, 4to A L aHHOH XapakTepHCTHKH

(xo, x1, %2, ..., Xn) MHHUMYM max M, AOCTHraercs B cayuae odu-

HOKOBbLX nAOmAnedl Bcex R-KPATHHIX Nepecedenuil M” . i, MHOrO-
yroaeuukoB M; (rae k=1, 2, ..., n), a B caysae nepemeuuoﬁ
X4PaKTePHCTHKH — [JIA XapaKTePHCTHKH (Xo, X1, X2, ..., Xa), B KOTO-
POH OTAUUHBL OT HYAR AUt 084 COCEOHUX HUCAQ uAl OOHO 4uCA0 (RAf
yero Hajo yGemHTHCH, 4TO B NPOTHBHOM CJYy4ae XapaKTEPHCTHKY MOXe

HO H3MEHHTb C TeM, yrobul BeaudyHHa max M i, YBEJHUHJIACh), :
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6) CM. ykazanue Ko BTOPOMY pELICHHIO 3aJlauH a).

B) DTy sagauyy MOMKHO peIIATb aHAJOrHYHO 3afayaM a) — G);
TOABKO 371eCh YMECTHO Ha3HBaTh XAPAKTEPUCTUKOL CHCTeMbl $ muOro-
YTOJBHHKOB M; COBOKYNMHOCTH fi = A 4 2 4HCea (¥h—1, Xn, Xht1s ooy Xn)
(KOTOpBIE HMEIOT TOT Xe CMEICJ, YTO H BhIIE); HPH STOM BHIITHCAHHbBIE
B YKasanun KO BTOPOMY peLICHHIO 3ajlaUd a) YCJOBHS 3J€Ch 3aMEHAIOT-
€ CHeAYIOUINMHU:

xh_l—l—xh—i- oo 2, <L
Ch=0rxy g+ Clx,+ Chyxp + .o +Clxy>cla.

61. a) Tlyctb AB — cTopoHa BBITYKJOrO Muoroyroabiuka. M mnio-
wani 1, C—Touka (Mau OAHA W3 TOuEK) MHOroyrosbhuxka M, Haudo-
aee yaanennast oT AB. Jokaxure, uto M MOXKHO 3aK/MIOUHTbL B .Napa.i-
JenorpaMM IJOIAAX == 2, OJHAa CTOPOIA KOTOPOrO COMAEPXKHT CTOPO-
Hy AB MIOroyroibHHKa, a ABe COCEIHHE C HEeHl CTOPOHB Napajfiesib-
ue AC. ’ :

6) Paccmotpute copepmxaumuii A ABC npomanu 1 napaajenorpaMy
APQR, Bepuiuna A KOTOpOro coBmafaetT ¢ BEPIIHHON TPEYrOJbHHKA,
_a cropoubl PQ # QR npoxoisT uepes sepwHHsl B u C; gokamuTe, uTO
IJIOIA b 3TOrO Hapanienorpamma ==2.

62. a) Bnumyurte B Jjannblii Muoroyroabuux M naomanm 1 Tpe-
yroaenuk ABC nauboavuter 803moscHot naouiadu (cp.'c 3agaueli 37)
H paccMOTpHTE OTAENbHO cjaydau, Korga maoimanb A ABC ue upesoc-
xomut 1/2 1 xoraa ona npesocxoaut 1/2. ) .

6) Ilpene Bcero nokaxkuTe, uTo KBaLpaT Cco CTOpoHOf |
HeJb3sl 3aKJIOUHTh B TPEYroJbHHK ILIOWajAH << 2. 3aTeM nocjeioBa-
TeJbHO IOKa:KHTe, YTO MPAMOYTrOJbHHK IIomand | Heib3sd 3a-
KJIOUHTh B TPEYrOJbHUK MJAOWAafAd < 2 H 4YTO mapananeaorpamu
njomany | Heab3s 3aKJIOYHTh B TPEYrOJbHHK IJIOHIAXH < 2; OPH 3TOM
HCnoJab3yfiTe TO, UTO OTHOUIEHHE mnjaomane#t ¢uryp coxpansercs upH
OPTOrOHAJIBHOM MPOCKTUPOBANUH,

63. a) [lyctb mpamaa ! He mepecekaeT MuoroyroabHur M, A — ca-
Mas Osuskas K [ sepwuna M (usu onHa M3 camblX OMI3KHMX BepULH},

4 7/
B — pepuinna M, naubonee ynaseuuas or [ Hasnee mycts I}, ly, 5 —
napaaieabuble | npassie, measmue otpesok AH na 4 pasube uacTh;
N 4
npsiman I} (Goiee 6auskas k A) mepecexaer koutyp M B Toukax P u
s
Q, a mpaman [y —B Toukax R mu T. HdoxaxuTe, yTO njoMiadb XOTb

oxHoro u3 tpeyroabnukos ART m BPQ ue meuswe 3/8 mnomanun M.

6) Hafinute BuHCAHHBIH B npaguAbHbli WECTUYSOAbHHUK TPEYTONb=
HUK HauOoJbllell BO3MOMKHOfl TJOUALH, OJAHA CTOPOHA KOTOPOTO -na-
paJjesbia 3a/laHHON CTOPOHE IIECTHYTOJbHUKA.

) 64. Bocnoassy#itech TeM, 4to A;A;—CPELLHHH anuua A A A4
A;A; — cpennsas A A Ay A;A4 HT L Ilpu n >3 pesyabrar 3anaiu
a) MOJMKHO YCH/HTb TaK: P>P'>—;—P,-HPHL!QM 9TH HEpaBeHCTRA xanee
VCHJHUTh HeJb3S; mpu n>4 pesyssrar 3afaud 6) MoxeT GblTh yCHJIEH
Tak: S> 8’ >—l2— S, npuyem npu 7>>5 5TH HCPABEHCTBA YCHJHTD HeJb35;

OTHOCHTEJNBHO cJaydad n==5 cMm. 3agauy 42 a).
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65. HepapencTsa safauy paBHOCHABHBI CJEAYIOMUM! .
a) singg Fsinay 4+ ... +Fsinay <<

< sin On—l2-ag -+ sin az—}2—a3 + .. -l—sin&’—‘_zl_—cl—l

i
6) sin 2a; -+ sin2a, + ... -+ sin 20, <<

o <Usin (o - ag) + sin (0p 4+ ag) 4+ ..o - sin(an 4 @),
rae 0<Cea, <90° (i=1,2,...,n)u oy 4y + oo +a, =180°
66. BocnosbsyiiTecs TeM, uto eciy AB u CD — e XOpAu OAHOH
okpyxHocTd S ¢ nertpom O u~ AB << T CD < 180°, 10

iiB—>;1£— u i‘i>—j—{£.
D ch Soch CD

67. a) BocnosnbsyiiTecb MeTO/OM MaTeMATHUECKOR HHAYKUHMH (O
YHCJY 3BEHLEB JOMAaHOIl),

6) PasroGeipeHHLII TPeyrodabHHK €O CTOPOHOH a (on Oyder Haxe
PaBHOCTOPOHHUM),

68. Tloctpolite mna kaxkpoft cropome M obpamenuntii Buytps M
NPAMOYTOMBHHK WHPHHLL —5-

69. llepsoe pemenne. IlpeoSpasyiite YeTHPEXYroNbHUK MO~

: c
po6u0 ¢ koadduuresToM nogobus k=:-(—1- U TIPHJIOKHTE K HCXOIHOMY

paBHEIMH CTOPOHAMH; BBISICHHTE, B KaKOM CJydae mHoJaydeusas ¢urypa
OyzeT uMeTb HanGOJbLIYIO BO3MOXKHYIO NJIOUALb. '

Bropoe pewmenue PaccMoTpute ABa 4YeTBIPEXYrOJbHHKE ¢
OJHHAKOBEIMU CTOPOHAMH: BIOHCAHHBIA B OKpykuocte S ¢ neurpom O
ueThipexyroibuik  ABCD u  OTJH4HBHL OT HEro HYeTHIPEXYrOJbHUK
A4BiCyDy; npeinonoxnTe, UTO MIAPHUPHLIA uweThpexyroapuuk ABCD
aedopmupyercss 8 AiB41CiDy, npuuem Tpeyroasunku OAB, OBC, OCD
n ODA sauaMaloT nosble noaomenns A(Bi10i, Bi1Ci10,, CDO3 u
D1A1Oy; cpaprute naomaau uetsipexyroasuika ABCD u «aedopmupo-
BaHHOTO» uerhipexyroabuuka A(B:CiDy.

70. a) Ilepsoe peumrenne, PaccMoTpuTe aBA YeTBIPEXYTOMb-
HHKA C OJHMMH H TEMH e YrJaMH M OJHHM HEpPUMETPOM: ueThIpex-
yrombuuk ABCD, onvcanublii BOKPYr OKPYXKHOCTH s ¢ nentpom O, u
apyroit werpipexyroapunk A3B1CiDy; n3 O onycTure nepneHiHKY/IApPSsI
OK, OL, OM, ON wua cropounl ABCD u paccmMoTpuTe «CKpeIJeHHbIE»
¢ uerpipexyroabunkom A;iB1CiDy uernipexyrogsunkn A1N101Ke=ANOK,
B1K102L2 = BKOL, - C;L103M3 = CLOM u D1M104N4 == DMO}V,
yrasl KOTOpHX coBnajaiotr ¢ yrnamu A(BiCiDy; cpaBunTe nJoitain ye-
Teipexyronsunkos ABCD u A1B,CyD;.

Bropoe pewenune [lycts yram A u B Tpeyroavuuxka ABF
paBHBl HBYM (COCEIHHM) yrJaM DacCMaTPHBAEMOTO HYeThIPeXYTOJbHHKA;
3ajaua CBOAUTCH K TOMY, uToGbl mepeceds A ABF mpsamoll paccmatpu-
BAEMOrO - HANpaBJeHHA TaK, YTOOE y NOJYYHBLIEroCs HeTHPEXYrolbHHKa
OTHOLICHHE TJIOMALH K KBaJpaTy meprMeTpa ObIJIO BO3MOXKHO GOJBLINM.
Cpabuute jBe Cekylime: Kacawllyiocs snHcanHoll B A ABF okpyxHo-
cru cekyiyio DC u wuyo cekymywo DiCy.

6) Bocnoabsyiitech MetojfoM MateMaTH4ecKoll HMHAYKUHA (10 duc-
Jy CTOPOH - MHOTOYTOJIbHHKA; CpP. C yKa3aHHeM KO BTOPOMY peLIEHHIO
3aj1aun a)).
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71. Ecan poucauwnbli B S n-yroabuuk M ne sBaseTcs mpa-
BHJIBHBIM, TO y Hero HaHaeTca CTOPOHA, MeHbIIAs CTOPOUL BHH-
CaBHOTO B S npasuabhozo n-yroabHuka Mo; MOXKHO Takke CUHTATh,
uto M umeer cropony, Gombuyio croponn Mo, M uTO 3TH ABE CTOpO-
ol M saBpawTes cocefnumu. JIOKaXKHTe, 4YTO TNPH 3aMelie COOTBET-
CTBYIOIHUX ABYX cTopor AB u BC wmuoroyrombrHka M HOBLIMH CTOpO-
namu AB’ n B’C, rue AB’ pasuo cropone Mo,

a) nepumetp, 6) NJOLLAIbL

n-yroapuuka M yBeauuates.

72.ca) Ilyete My B Mo — RenpaBHIBHEI M TIPABHALHBIY 1-YFOJb-
HHKH, OIHMCAaHHble BOKPYT OJHOH OKDPYMHOCTH S; onmiuiuTe BOKpyr Mo
Kkpyr K u paccMOTpHTE 4acTe muo2oyeoavnuka M, pacnoaoacenuyro
enyrpu K; pokaxute, yro yxe 3ITa uvacts M 1no maowaaum He
Mmenbuie M.

6) Bocnoabayiitech pe3yabpTaToM 3ajaun a).

73. Bocnoawsyiiteck pesyabTataMu 3amau 71a) u 72a).

74. a) Bocnoawsyiitece ¢opmysoit I'epona paa naomaan S rpe-
YroJIbHHKA CO CTOPOHAMHU @, b, ¢ H NOJYNEPHMETPOM p:

S=Vpp—a)(p—15)(p—o).

6) BocnoabsyiiTech pesyabTaToM 3afaud 69, a Takxe ciaenyionled
dopMysoll Aaa maomain S TaKoOro YeTHIPEXYrOJbHHKA €O CTOPOHAMH
a, b, ¢, d ¥ nonynepuMeTpoOM p, KOTOPBIH MOXKNO BIHCATb B KpPYT:

S=Vp—a)(p—>b)(p—rc)(p—d)

(3Ty GopMyNy MOKHO J0Ka3aTbh, HCIOJb30BAB KOHCTPYKIIHIO, NDHMEHEH-
HYI0O B IEPBOM pelIeHHH 3ajgaun 69).

75. PaccMoTpuTe CHCTeMY «BHYTPEHHHX MapallesIbHbIX OO00J0YeK»
Mp MHOTOYrOJMBHMKOB M, mosyyaeMbIX OpH ONHOBPEMEHHOM CIBHIe BCEX
cropon M BHyTpp M Ha oano W To ke (HeGoabloe) paccrosinue &
JUIst 10Ka3aTe bCTBa HePaBeHCTBA .

Pr—S—sr220,

rae r—pajudyc Bmucanuoro kpyra wMuoroyrosibHika M (B cMwicae
puc. 24,a); §-— naomajgb ONHCAHBOTO (B <«HIKOJBHOM» CMBICJE 3TOTO
TePMHHA) BOKPYT €IMHHYHON OKPY2KHOCTH MHOIOYTOJbHHKA 71, CTOPOHMB
KOTOPOro Hapadlie/ibhbl cTopoHam M, paccMOTpuTe COOTBETCTBYIOLLYIO

Beguunny Pyrs — Sp —sﬁrg, BLIYHCAEHHYIO AJs MHOTOYroabunxos Mg,

H BLISICHHTE, KaK OyleT MeHAThCS 3Ta Beauuyuua ¢ poctom O.

76. Bocnosbayiitech pe3ysabTaToM 3ajaud 75.

77. a) Cp. ykasanue K peliennio sagayu 75.

6) PaccmoTtpute «BblIyKAble 0GOJIOYKH LIHDHHBL A» BCex CTOPOH
MHOroyroJbeuka M (T. e, COBOKyNMHOCTH TO4YeK, OJHKajillee paccTos-
HHE OT -KOTOPHX 10 cToporsl A;A;yy He mNpeBOCXONHT A; 3jgech A —
KaKoe-TO MNOJOXHTEJbHOe uucao, [ =1, 2, ..., n, OpUYeM NPHHATO,
4t0 Apyy = Ay); 10KaKuTe, uTO ecaH A = R, TO COBOKYNHOCTb TaK
NOCTPOEHHHX 0060/10Y€K CTOPOH NOJHOCTbIO TOKPBIBAET «BBUIYKJYIO
00G0N0YKY IIHMPHHBL R» caMoro MuoroyroabHHka M (COBOKYNHOCTB TO-
Y€K, HauMeHbliee paccTosinue a0 M. OT KOTOpHX z= R), njapomanb Ko-
Topoit. pasna \S 4+ PR + aRe,
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78. a) Ilycte A W B — 1Be NpPOH3BOJEBHLIE TOUKH MHOTOYTOJbHAS
Ka M, nQoxkaxuTe, YTO CYUIeCTBYIOT [Be -TaKHe BepUIHHH MHOTOYIOJb+
HHKa, PacCTOSHHE MEX/Y KOTOPBIMH He Menblie AB.

6) Pemaercs asanoruuno sanaue a).

79. Bocnoab3yiltech TeM, 4TO RnJAOWAadb S BBIIYKIOTG HETHIPEXs

1 . .
yroasruka ABCD pasna 5 AC+BDsina,rne o — yroa MeKAy AHAro-

naasMi vetepexyroivnuka, Orser. V2 <K P < oo,

80. Tlycts AB — pmamerp muororpaHusika M; npoBemdre uyepes sce
repiriabl M nepnenankyaspuuie AB n0CKOCTH H OHEHHTE CYMMY AJIHH
vactell peGep M, nonanmux B KaxABN H3 «CJI0EB», Ha KOTOPbIE 3TH
IAOCKOCTH paccekator M.

§1. Orper.d<{2V 2+ 2; 3naucuned = 2 V2 -+ 2 peaausyercst nas
BeTKi, umepilel ¢opmy nyru OkpyxeocTd. PaccMortpurte Ttaxoe mo.ao-
ARHHE BETKH, NP KOTOpOM 07pe3oK AB == d nepnennukyssuped GucCek-
Tpuce oGPa3z0BaHHOIO PEKOH yria wiu cp. ¢ peulenueM aajgaud 49,

82, 2} CuesugHo. P

6) Paccsortpure OTIeABHO CaAyYaW, KOTZA TOUKH SIBISLIOTCA  BED«
prifaMy  BLIYKJAOrO  4eThiPeXYTOJbHHKA W BEPIIMHAMH TpPEYroJbHHKA,
DHYTPH KOTODOrO 3aKJ0ueHa ueTBepTasl TOYKA; YCTAHOBHTE, UTO [IHa-
MeTP OYACT HAUMCHbIIAM, €CJAH TOYKH fABJIIOTCS BePIIMHAMH K6adpar.

B) Huamerp cucTeMbl TOYex OYIeT HaHMEHBIUUM, eCJAH TOUKH fB-
JNSOTCST  BePIIBHAMH  NPASUALHO0 NATUYeOAbHUK (CP. C YKasaHuCM
K pelieHHuio 3azaun 0)).

83. a) OnmuilnTe BOKPYr KaxAON H3 TOYEK OKPYKHOCTL jHaMer-
pa p; ouciure OOGIYI0 IJOMIAAb BCEX OTPAHHUEHHBIX ITHMU OKPYiK-
LLOCTSIMH KDYTOB.

" 6) CM. ykazanue K pelleHHIO 3aZaud a); BOCIOJAB3YHATECh DPe3yiib-
TaToM 3anauy 93 6). .

84. a) Tipn n =3, 5 nuameTp JoMaHOf MOXKeET PaBHAThCH I
npH n =4 nauMCHbIllee BOSMOXKHOe 3Hauenue Imamerpa paszo V2
npd no== 0 AxHavMeTp He MOXKET paBHuTbcA 1, HO MOXeT CbiTb CKOJAb
yroaro 6ausox Kl

6) Ilpu aioGom HeuweTHOM # > 3 AMaMeTp JOMalofi MOXET P a B-
HATbCH |; Npy Beex UeTHBIX 7 2= § AMaMETD JIOMaHOW He MOMKET
pasilaTbea [, HO MOXKeT ObTb CKOJAb yroamo 6,MH30K K 1.

83. a) Ouesunzo.

6) HauMenwimum auameTpom obrafaeT Ksadpar. )

B) Haumeunmum anametpoM o08/ajaeT npasuibablll AATUY2OAbHUK.

r) HauMenbuinM pguaMmerpoM o6JgafaeT WIECTHYTOJbHHK, YIJH KO«
. Toporo nomepeMeHHo pasup 90° u 150°

86. 2) 0< SV 3/4 1 2< P8,

6) 0S8, n2<P <.

B) HepapencTBa Afs MJIOWAAH OCTAIOTCA TEMM ¥Ke, 9TO M B 3a«
naue a), uo s mepumerpa P umeem: 2<P <24 V6 — V2, wuau-
GOMBIUHA nmepUMeTP HMeeT pomboud (YeTHIPEXyroJbHHK € ABYMd napa-
MH paBHBIX cmexunx yraos) ABCD, y xoroporo AB = B(C = CA =
= DB =1, AD = DC. .

87. a) CucreMy n TOueK NJIOCKOCTH MOXKHO BHOPaTh Tak, uTo6H
UHCAO ee NHaMeTpOB («ZHaMeTPOB-OTDE3KOB») PpaBHAJOCH #, OJHAKO,
5TO YHCJAO0 HE MOXKeT npeB3ofity n. JloKaszaTh NocjedHee YTBEPKAeHHE
MCXHO METOLOM MaTeMAaTHUECKOH HMHIAYKIUHH, TpH 3TOM
OT/ENLHO PACCMATPUBAOTCA CaAy4Yad, KOPJa H3 KaXAod TOYKH HCX0AaT
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we 6onee ABYX NMAMETPOB, B KOTAA €CTh TOUKA, W3 KOTOpOfi HexomsT
== 3 AuaMeTpOB.

6) Uscao AuaMeTPOB-OTPESKOB CHCTEMBL f  TOUGK TpocTpaHeTsa
MOMKET paBHATbeA 27— 2, HO He MOXKeT NpeB3oiTH 21n — 2. Jlokazats
noCHeHee YTBEPKIEHHE MOXHO METOJO0OM MAaTEeMaTHUECKOf
HHIYKUHUH A HMenyo, 0603HaYbTe YHCJIO AMAMETPOB, HCXOAAUIMX H3
Kaxnoil us n Touek uepes O4, O, ..., 8n, H paccMoOTpHTE OTZenbno
clyyay, Korga Hekortopoe uucio 8; << 2 (rme i=1, 2, 3, ... uau n)
u xorga sce 6; = 3. TlepBbl#l cayuail Jerko OTOPOCHTH, BOCHOJb30BaR-
UIHCb MHAYKTHBHbLIM NPEANOJOXKEHHeM, KacalomHMes cHeTeM u3 1 — |
TOYEK; BO BTOPOM, GoJsee CJIOXKHOM caydae paccMOTpHTe oflLyIo uacTts /7
n wapos paguyca | ¢ menTpaMs BO BCeX HAMIHNX TOYKAX H C MOMOLIbIO
TeopeMb OJijgepa O-BLIYKIBX MHOTOTPaHHHKAx (rpass KOTO-
pbIX MOTYT GLITh He ILIOCKHMH) H3YUHTE BO3MOXKHOe ycTpofictBo Teaa /1.

88. Ecan T—lj>a>_k_l—T (rne £ << n—1), To namu # TOUEK

11e/1€C006pa3Ho TPYNNHPOBATh OKOJMO R TOUEK, Heslux oTpesok AiA, Ha
k— 1 paBHBIX yacTefl (KOHLBI OTpe3Ka CIOfa BKJOYAOTCH), pasbHB HX
Ha k rpymm; B c/iyyae, KOra A jaeT NPH AeJEHHH Ha B OCTATOK 7, T.e.
n=Fkl4r, v noayuum k-—r rpynm mo [ Touex W r rpymm 1o l+l

TOUYEK, COOTBETCTBEHHO YeMy H3 Cn HOIaPHBIX paCCTOHHHH Mexay Tou-
xamu Ay, As ..., As wmB OyzeM umers (R — r) Cl +’Cl+1 MaJbIX
paccTosuuil, a Bce ocTasbHble OYIYT He MEHbIIE 4.

89. Mcnoabsyiite pesyabratsl 3anau 87 a) m 82 (nas pewennus 3a-

Iay# B) HaM MOHaXOOHTCS TaK:Ke aHaJOr pe3yabrara 3afaud 82, or-
Hocsuiicd K cayuaio 72 == 6 -—cM. TekcT Ha crp. 70); B cjayuafx, Ko-

rAa YHACAO0 HE MCHbIUMX @ OTPE3KOB Menblle MOJHOrO 4ucaa Cn nomnap-

HBIX DPAacCTOSHMA MeXay TOuUKaMH, YROOHO CYHTaTh, YTO HEKOTOPHE H3
5THX PacCTOSHHI OYeHb MAJEI.

90. .

91. Bocnonb3yiitech TeM, 4TO Kaxjas Touka A; Hamed CHCTEMH
TOYEK MOZKET CJYXKHTh KOHUOM <I 6 MUHHAHMAMETPOB.

92. a) Paccmorpure (bnrypy, 06pa3oBaHEYI0 TeMHU nnaMeTpaMH
AiAs u BiBsy duryps F, cepennnet A B B KOTOPHIX fIBASIOTCA KOHNAMH
nunamerpa ¢urypsl 2(F); Bocmoab3yfiTech TeM, 4TO MeJAHaHA TPEYroJb-
HHKAa CO CTODOHAaMH [JHH @, b u ¢, Jeasmiad NOMoJaM CTOpoHy MJiH-

| vro—o—— .
HBl @, paBHa —2—]/2172 -+ 2¢2— 0% u BHIACHHTE, B KaKOM CJIyyae OTPE30K

AB Gyner uMeTh HaH OO AL II Y0 BO3MOKHYIO JIJIHHY.

6) Pemaercs aHaJoruuHo 3ajiaue a).

93. a) Ilpeanosoxure, uTo oaHa napa NPOTHBONONOXKHLIX CTOPOH

KBAaApaTa YNHPACTCA B rPAaHHLY Qurypsl F.

: 6) BocnoabsyfiTece MM TeM, YTO HaHMeHLHIAS OKPYMKHOCTB, COJEP-
)Kallasg BHYTPH ceba ¢urypy F, o06sa3aTesibHO CONEPKUT JHGO REE
TOYKH F, saBafiollnecss AUMaMETPaNbHO TNPOTHBOIOJOMKHLIMU TOYKAMH
OKPYXKHOCTH, JIGO TPH TOUKY, ABJAIOL(HECH BEPUIMHAMH OCTPOYTOABHOTO
TPeyroabHHKA, WX Pe3yabTaTOM 3a/1a4H B).

B) Ilyets I — copepxamuit F INeCTHYrOJbHHK C paBHbMH 120°
yrJaMy, BCe CTOPOHBI KOTOPOro yNMHpalTcs B KOHTYpP durypw F; pac-
CMOTPHTE, KaK MEHACTCH 3TOT LIECTHYTOAbHMK NIPH HENPEpBIBHOM H3Me-
HEHHH HANDABJCHUS <«NEPBOA» €ro CTOPOHEl, M BBHIBELHTE, YTO MOXKHO
HaliTH Taxko# omucaHHb BOKPYr F IHECTHYTOJMBHHK, NPOTHBONOJOXKHBI®
CTOPOHBL KOTOPOTO paBHHl MeX1y co6oi,
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r) lepBoe pemenune PaccmoTpute ‘ABa ONHCAHHBIX BOKpYP
F paBHOCTOPOHHHX TPEyroJibHHKA CO B3aUMHO flapaJi/lesibHbIMK (HO «mpo-
THBOMNOVIOIKHO HANPABJACHHBIMH») CTOPOHAMH.

Bropoe pewmenue Bocnoabsyiitecb pesyiptaroM 3anaun B),

94. a) O <Cr <Cry, TAC ro— DafHyC BNUCAHHOZ20 KPYra TPEYroJb-
unka T; Ro < R <C oo, rue Ry~ pajuyc ORUCANHO20 KPYra TPeyroJbe
uaka T, u T—ocTpoyroabusbiii; a/2 << R < oo, rae @ — HauGo/Ib-
was cropora TtpeyroapHuka 7, # T—He 0CTpOyroabHHA

6) Ilycts a, b, ¢—cropousl tpeyrombuMka T, a A, B, C—ero
Yyrasl W oa 2= b = ¢; nycTb emle fo— paddyCc BIHCANHOrO KPYra 3TOro

TpeyroasHuka. Toraa ry << p < o @ cosec B.

B) Bocmoabp3yfiTech pe3yapTaToM 3a4aud a).

r) Hoxaxure, dto ecan Ky, Ks, Ks, ...— HanMeusiie KpyrH, co-
fepiKalllie BCEBO3MONHBIE TPOUKU M3 HALIMX TOYEK, TO HaHOOJMBLIH{
13 9THX KPYFOB COAEPHIIT B C € paccMaTpUBaeMble TOUKH.

95. a) PaccMOTpuTE MHOKECTBO LENTPOB BCEX HMEIOLIHXCH KDYrob
H HAMMeHbIUNH KPYT, MOJHOCTHIO <«NOKPHIBAIMIMA»> 3TO MHOMKECTBO.

6) HOCT)pOHTe Kpyru pamycos]/ 3/3¢ LEHTPAMH BO BCeX TOYKaX,
coctasasomax Gurypy F.

96. a) OrtpexbTe oT KBanparta 3agaun 93 a) uernipe «yrosxas, mno-
106ubIX QUryPHPYIOMHM B YCJAOBHE HACTOsIIEN 3ajaue; BOCIOJb3YATECH
TeM, 4TO JBa NPOTHBOMNOJOKIBIX M3 HHX TAaKOBBI, YTO BHYTPEHHSA TOY-
Ka OJHOTO YyiasieHa Ha paccTosuHe == | OT KaXaofl TOUKH Apyroro.

6) Cp. ¢ yxasanues K pelleHHi0 3aiaud a),

97. a) [lpumurte 3a ueHTp x\p}ra cepefuHy JOMaHOM,

6) Kpyr paguyca Y/,.

98. a) DNycts ABC — npasuabuslii Tpeyroabunk, CF (rze F — rtou-
Ka cropounl AB) — npsmas, oGpasyioinlass HeGOJBIIOH yroa ¢ cO CTO-
pouoll CA, E — npoussosbuas Touka cropoust CA tpeyrosibHuka, G —
cepeanua otpeska CF, CDG — nomanas, cuMmmetpuunas Jjomadollt FEG
otnocutenpHo touk# G. Ecam yroa ¢ man, to jgomanas CDGEF saknio-

yaercsi BHYyTPH A ABC u ne MoxeT OBITh 3aKJIO4€Ha BHYTPH paBHO-
CTODOHHEFO TPEYTObIUKA, MEHbLLCEO A ABC, otkyna ClelyeT OTP H-
naTeJbHB OTBET Ha NOCTABJEHHH{ BONPOC.

6) Hda, Momxno.

99. a) okaxure, uTo CyLIECTBYeT OKPYKHOCTb, MEepeceKaiomas Bce
HAIIM OpAMBle H Takas, 4TO OHA KacaeTesl ABYX MNapaJsesbHBIX H3 Ha-
LiYX NpPAMBIX HWJIH BIHCAHA B TPEYrOJbHHK, 00pa3OBaHHBIH 'rpexvm u3
3THX NPAMBIX,

6) Jdoxaxure, uyTO Kaxjaple TPH M3 DaccMaTpPHBAeMbIX INPAMBIX
MOXHO mepeceun kpyroym pamuyca V 3/6.

. 100. a) JokamxuTe, YTO HAKMEHBIUKH KDYr, 3ak/JIOUalOMHHACS BHYT-
pH BHIOYKJIOTO MHOrOYroJeHuRa M, ofgsatenpHo kacaercss aubo JAByX
napanfensuelx- cropon M, anbo Tpex cropon M, obpasyomux npu mpo-
LOJIKeHHU OCTPOYTOJBHBIA TPEYrOAbHHK.

6) Takum sIBJAsieTCS, HANPUMEpP, NMPaBHALHBIK Tpeyronbrmx

101—-102. a) Bocnonb3yme(:b METOOM MaTeMaTH4ecKoHd HHAYKLHUH;
HCnoMb3yHTe pesynbraT 3ajadu 87 a) (uau 87 6) ).

6) Bocrosbayiitech. pe3y/1bTaToOM 3ajauH a).

103. a) Ilpu n = 2—6 paccMOTpHMTEe uacTd, Ha KOTOpble pacna-
JaeTcsl OKPYKHOCTb kpyra Kp; mpu n = 7 OTAeJbHO PacCMOTpHTE Cay-
Yad, KOTHa Bce 7 HacTefl Kpyra coJepkKaT YacTH €ro OKPYKHOCTH H
KOTAa Takux dacTed =I6.
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6) B cayuasax n = 2—4 pacCMOTpHTe, KaK DACIPEACTIOTC MEeXy
HacTAMIU KBaApara ero BePLIMHLL

B) B cayvasx n=3,4u 5—6 paccmotpute 3 Bepmunel Tp; 3 pep-
WHHL H UenTp Tp; 3 BepluHL TP U 3 cepeuHbl ero CTOPOH.

104. a)—sB). Bocnombsyfitech pesynbraTamy 3azau 93B); 93 a);
93 B} COOTBETCTBEHHO.

105. a) 6; 6) 12; B) 18 (Bocnoam3yiitech pesyabTaToM 3azaun 118 6).

106. 8. Bocrnosab3yiTech pesyabratoM 3azaud 20 uau paccuoTpure
" KOHLEHTPHYECKHHA € JaHHBIM M IapaJie]bHO JaHIOMY paclo/I0KeHHLI
KBajpaT co ctoporo# 2.

107. a) 6. 6) 8. .

108. a)—B). Bocuosab3yiitech pesyabTatamu 3ajauy 103 a).

109. Bocrnosb3yfitech TeM, 4TO HH OJHH 13 KDPYros £y, ks, ... He-
MOKeT TOKPHITb Gouabwrylo 60° Ayry OKpPYKHOCTH Kpyra

110. a) Bocnoawsyiitech pesyabTaToM 3ajxaun 6 0).

6) PaccmoTpuTe TpeyrosibuHK, o6pa3oBauHbifli HEHTPaMH Tpex aa-
KAIOYeHILIX BHYTPH K HenepeceKalOMXCA KPYros; BOCIOJb3YiiTech pe-
3yapTaToM 3ajzauu 71 6).

111, [lokaxute, 4TO BCAKMH BBLIMYK/BIH MHOTOYTOJMLEHK M MoXuo
3aK/MIOMHTb B TPEYTOJbUHMK WM NapasijenorpaMM, CTOPCHaMH KOTOPOIo
SIBJSTIOTCS] TPsIMble, COEp2Kallie CTOPOHDI d :

112. BocnoJabayiitech pesyapTaTom 3agaun 111,

113. Bocnosb3ylitech pesyabtaToM 3afaun 112. )

114. Onnuwinte Ha JaHHOM Kpyre, Xak Ha askpaTtope, noaycgepy u
paccMOTpHTe TMOJYIOAcAa M- NMOJYCErMeHThl CGeprl, KOTOpHIE NpPOeKTi-
pyloTcs B HOKpbIBaiomHe Kpyr nodocku. OTeeT. k== [2R]-+ 1 uin’
k= 2R.

115. a) 1 nim 2.

6) 1, 2, umz 3 (cn. zamauy 93 B).

118. Paccmorpute n(l, M) nemepecexkaroliuxcss Kpyros paauyca 1,
pacnooxeHuplx BHYTpH M, m n(l, M) KOHNEHTPUUECKHX C HHMH Kpy-
roB paauyca 2.

117. a) BocnoawsyiiTech pesyJabratamu 3anay 108 u 109.

6) Cepepurte 3ajayy K BONpocy 06 «ONTHMAJIbHOM» NOKDBITHH KBaj-
paTta paBHEIMH KpyraMmu, =

118. a) O6osnauum paiHyc Haumenvlie2o Kpyra, BHYTPH KOTOPOro
MOMKHO TOMECTHTb # TOYEK TakK, UTO OAHA H3 TOUYEK COBNAJAeT € HENT-
poM Kpyra H DaccTOSiNHe MEXAY KaxAbIMH AByMa H3 TOueK =1, ue-

pes Rn; Torga Ry=Rz=...=R; =1 u R, ==—;)—cosechi—l npu

n=28,9, 10, 11. [l1a noKa3aTeJbCTBA 3TOr0 BOCHOJL3YRTECH Pe3Y.ibe
tatom 3ajaun 20.

6) 19. To, uto BnyTpH Kpyra papuyca 2 Heab3dsl moMectTutb 20 ToO-
uek, V/JOBJETBOPSIOILUX YCJACBHIO 3a]auH, CleayeT U3 pesyabTara 3a-
ngaun 20 (paccMOTpHTe pasHble BapHAHTHl DACIOJOXKEHHS TOYEK).

119. MoxHO — JIOCTaTOYHO PACHOJOXKHTL 3TH CTAHUMH B BepIH-
HaX BIHCZHHOIO B NOBEPXHOCTb MJaneThl Ky6a.

- 120. a) Tlpp n =2, 3 pewenyde  3a3ayu NOYTH OYEBIAHO; IpH
n =5, 6 oHO caenyer U3 peaynbTaTa 3agauu 35. Ecan n = 4, 1o npea~
BapuTeNbHO HANO0 PelldTh 3ajauy: pacrnos0xcuTe Ha cepe weToipe TO4=
ku A, B, C, D rtax, urobu paccroanus DA, DB, DC sce Goian =a,
. a Haumenvwee us paccroanud AB, BC, CA 06bia0 603MONMHO

Donbuwum.
6) Hcxomoe uncao Ttouek paBuo 6 B cayuae 1° mw 4 B cayuae 2°,
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