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NMPEAUCIOBHE

®Tta KkuHHra mnpexpctasiser cobofi uyeTBepTHH U3 COOPHHKOB
2a1ay, OTPAKAOUIMX ONLIT PaGOTH UIKOJbHOTO MAaTeMaTHYECKOTO
kpywka npH MOCKOBCKOM TOCYyZapCTBEHHOM YHHBEpCHTETe H
MATEMATHYECKHX OJHMMNUAL MOCKOBCKHX HIKOMbHuKOB ). Tlepaniid
H3 COODHMKOB Obl1 MOCBAlLEH apudMeTHxe u aaredpe; B HEro,
B YaCTHOCTH, Obll BKAIOYEH pa3nes, INOCBAllenHblii HepaBeHCT-
BaM, W 3HAYHTEJbHOE MECTO 3aHANH a’AreOpauieckue u apuMeTH-
yeCcKHe 3aJZay# Ha OTHICKaHHe HauGOJbIIMX H HAUMEHbUIMX
BeMuHA, JTa KHUra uMesna Haubojee CHaCTIAHMBYIO Cyib0y: OHA
BHIEPKANa UEeThpe N3JaHHA, MEpeBOAMNACh Ha fA3bIKH HAIHO-
HaJIBHBIX pecrtyGaHK H Ha HHOCTPAHHBIE S3LIKH W, BHIUMO, 06pe-
Ja CBOIO uHTAaTenbckyw ayautopmio. QnHako cyae6a JBYX
NOC/AEAYIOWHX KHHI, IOCBAUIEHHHX TeOMeTpHH, Obljla CcOBCeM
HHOH.

1) Bor npeawecTBylouite KHHIH 3TOr0 psja:

1) . O . Wdgaspckuit, ' M. Ageabcou-Beabckui,
H.H. Yenunos A.M fAraom M. M fAraowm, HabGpauuwie 2ajaun
H TeopeMbl 3sJeMeHTapHoii MaTeMaTHkH, 4. 1, Apudmeruka u anreGpa,
I'ocrexusnar, 1950, 296 crp.; J. O. Ulkasapecxuil, H H. Uenunos,
H. M Srnowm, Hsbpanuble 3agaud u TeopeMmet..., 4. 1, Apudmernka
H aJjrebpa, mu3j. 2-e, nepepaGoTaHHOe M JONOJIHeHHOe, [‘ocrexmssgar,
1954, 455 crp.; TO 3Ke, H3A. 3-e, crepeorunHoe, dusmarrus, 1959;
A. O kaspcrkui, H H. Uennos, U. M. Sdraown, HUabpau-
Hble 3aJaud ¥ TeopeMmbl 3JIeMeHTapHOH MaTeMaTHKH (apudMeruka un ajre6-
pa), H31. 4-e, ucnpaBaesHoe, «Hayka», 1965, 485 crp.;

2) . O. Wkaspcxuit, H H. Hennors, U M. draowm,
HisOGpaHHble 3ajauM ¥ TeOpeMbl 3/leMelTAPHON MarteMaTtukH, 4. 2, [eomer-
pus (nnannMetpus), Focrexusgar, 1952, 380 crp.; J. O. xkasipcku i,
H. H. Yenuos, N. M. Siranowm, Hsbpaunbie 3agaud u Teopembl
n%agﬁnme'rpnu u3a. 2:e, nepepaGoTanHoe u AonoNHeHHOe, «Hayxkap, 1967,

cTp

3) I. O. Wkasspckuit, H. H. Henuos, N M. Siraowm,
HsGpannvie sagaym u_TeopeMbl sjeMeHTapHON reomerpus, 4. 3, Feomer-
pus (crepeomeTpHa) Tocrexnsgar, 1954, 267 crp.
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Bropas kuura cepuu Onia  MOCBAIIEHA MIAHHMETPHYECKHM
3amavaM. BnepBHe osa Bwmaa B cBer B 1952 r. w go 1967 r.
He nepeusnasanack. [lox6op HemaGnOHHHX 3aJay reoMeTpHyec-
KOTO COJep¥aHHd, KAaK O TOM CBHHETENbCTBYET BeCb OMNBIT
pabGoTH, MIKOJLHOTO MaTeMaTHYeCKOro Kpyxka mnpu MIY u
MaTeMaTHYeCKHX ONMMNMAJ, fBAfeTcA ropasno Gosnee TPYRHHIM
IeJIOM, 4YeM cocTarjeHHe apHMeTHYECKHX, anreGpanyeckux,
KOMOMHATODHHX HJAH YHCTO JOTHYECKHX 3a4ay,—H Y. 2 KHHTH
«M36panHbie 3agaul M TEOPEMH . ..», OCOGEHHO B €€ [1ePBOM
uzgaupu 1952 r., 6nia, B ouenb GOABIIOH cBOeH yacTH, 3a-
NOJIHEHA JOBOJBHO CTAHAAPTHBIMH 3aJayaMM Ha TMOCTPOeHHE H
JOKa3aTebCTBO, DEIIeHHs KOTOPHIX JOCTATOUHO JajleKu OT Tex
pHEeMOB M METONOB, KOTOpHIE BCTPEYAIOTCH CErojgHs B MaTeMa-
THueckoH nayke. B 1967 r., B mnepBylo ouepenb Onaronapsd
nomomu B. TI. [lanamomoBa, yzanoch BHIIYCTHTb HOBOE, MHOJ-
HOCTBIO nepepabOTaHHOE H3JaHHE ITOH KHUTH; OJHAKO H B CBOEM
noC/iefHeM BAPHAHTE OHA B MeHblUel Mepe sIBASETCH «OJMUMIHAI-
ckuM» ') 3amaunuKoM, uem nepsas kuura cepun «BuGmmorexa
MaTeMaTHYeCKOTO Kpyxkay». TpeTbs Kuura cepuH, MOCBALIEHHAH
cTepeomeTpuu (ee ocHOBHHIM cocTaButeneM ssasercd H. H. Yen-
HoB), BHILIA B cBeT B 1954 r.; oHa He mnepew3naBanach HU
pasy, xoTa pa6oTa Hax MOATOTORKOH HOBOTO ee H3MaHHS BeAeTCs
y¥e J1aBHO.

PaGorta naj c6opHukaMyu reoMeTpHUYECKHX 3a1ay TaK 3aTsaHY-
nachb emie W MOTOMY, YTO COCTaBHTENH He 3aXOTeju TOHTH MO
npocTefimieMy nyTH. B TO BpeMs Kak reoMeTpHs B I1€JIOM nepe-
WHUBAeT B HACTOsALEe BpeMsl ONpelesIeHHBH KPH3HC, CBI3aHHBIH
¢ ray6okoit nepecTpoHko#t Bcell MaTeMaTHuyeckol HAyKH, OAHH
JIOBOJIbHO y3KkuHl pasjen 3jJeMeHTapHoH reoMeTpHH G6eCCrIOpHO
HAXOJHTCS CEerojHd Ha noibeMe —3TO Y4YeHHe O TaK Ha3eIBae-
MHX «TE€OMETPHUYECKHX 3KCTpeManibHbX ’) 3amadaxy», T. €. O 3a-
Ja4ax, CBA3aHHbIX C OTHICKAHHEM HaubOo/bIINX ¥ HAWMEHBIINX 3HA-
YeHHd reOMETPHYECKHX BENHYHH M C HAXOMCAEHHEM YHCJIEHHBIX

1) To ecTh OT/IMUAIOWMMCS HECTAHIAPTHOCTBIO YCAOBHH 3ajay H METO-
JIOB MX pelleHHst (COCTaBHTENH TMpeAJaraeMbiX Ha MaTeMaTHYECKHX
COPeBHOBAHHSX 3aJjay JO/IKHBI CTPEMHUTHCH HCKJIIOUWTH BO3MOMKHOCTH
TOTO, 4TO KTO-JHOO0 H3 YUaCTHHKOB CODEBHOBAHUS YXKe DaHblle BCTpedaJics
cO CXOIHOH 3ajadefi HJM C paccyxkieHueM, GJH3KUM K pacCyXKIeHH!O,
NPUBOASINEMY K PElIeHHIO 3ajauH).

%) MareMaTHYeCKHHl TEPMHH <«IKCTPeMYyM» OGbelHHSET MOHATHSA HaH-
GoJbLIErO 3HAYEHMH, MJIH ¢MAKCHMyMa», M HaUMEHbLIErO 3HAYEHHS, HJIH
«MEHHMYMa»; TI03TOMY «3KCTPeMaJjibHble 3ajauny — 5TO 3aJlaud Ha OTHICKa-
HUe MaKCHMYMOB ¥ MHMHHMYMOB (T. €. HAaunGOJNLUINX H HAHMEHBIIWX

3HaueHui).
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OLEHOK, €TABSUINX CBOEH HENbIo Paco3HaBAHAE’ B -KAKOM-HGO
CMHIC/IE «BHTOLHBIX» HWIH «IKOHOMHUYUHHXY» reOoMeTPHYECKHX KOH-
¢urypaunii. Temarnka STOro poxa mopojauna B NOCIEBOCHHME
roInl Jaxe leskie GoJbiliHe HalpaBjeHuds, CBOETO poAa HaYKH,
TAKHE KaK KJMCKPETHad reoMerpus» (cm. kamrm [21], [221)%)
HAH «KOMGHHaTOpHas reometpus» (cM. kmurm [23]—[27]),
KOTOPYIO CMeJI0 MOXHO Ha3BaTb «3/eMeHTapHO reomeTpHelt
Bropofi mnonosuunl XX Bexa». MHTepec K reoMeTpHYeCKHM
3KCTpeManbHHIM 33/laYaM eCTECTBEHHO CBA3aTh C paclBeTOM TexX
HanmpaBjieHuH MaTeMaTHKH, KOTOpHE OTHOCSTCH K OTHICKAHUIO
ONTHMAJIbHHIX AW 3KOHOMHYHBIX PEXHMOB PaGOTH OIpejeseHHBX
MeXaHM3MOB MJH CJAOXKHHX CHCTeM. B nocnexgnue pgecsituneTtus
odopMuicst menbfl piAi HayyHbX HampasjieHu#t («aHHeHHOe IpoO-
TrpaMMUPOBAHHEY, «JIWHAMHYECKOE IJIaHHPOBAHHE®, «TEOPHS HTpY,
«HCCNeIOBaHNe ofepanuily, KONTUMANbHOE YIpaBJeHUEY, «TeOpus
nudopManuu» M T. X.), KOTOpble CHeUHalbHO 3aHHMAIOTCS 3aaa-
4aMH TAaKOro pojAa; B HEKOTOPhIX M3 HHX HAXOJUT MpsAMoe
NIpHMEHEHHE JHCKDETHAS TeOMeTpHs.

Takum 006pa3oM, cOGOpPHHKH IeOMETPHUECKHMX 3dJa4 MOXKHO
Obu10 cienath 6ojiee SPKHMH H JaXe, B ONPElE/IeHHOM CMEICTe,
6ojlee HAyyHO aKTyaJbHBIMH, pE€3KO YBEAHYHB B HHX JIOJMIO
«9KcTpeManbHbixy 3axad. OnHaxko npu nepepaGorke 2-f yacTd
«M3bpannbIX 3ajnay M TEOpeM» PAA «IKCTPEMaJbHHIX» TCOMETDH-
YeCcKHX 3ajfa4, COJepWaBIUMXCS B 1-M H3JaHAM STOH KHHIH,
Obl1 Jawe HCKAIOYEH H3 Bhimlemumiero B cseT B 1967 r. ee 2-10
H3jauud ). D10 06CTOATENHCTBO TECHO CBA32HO ¢ BO3pOCINeH
PONEI0 32334 HA OHEHKH IeOMETPHYECKHX BENHYHH M [eOMeTpH-
YeCcKHe HEepaBeHCTBA: HAM Kas3anoCh, YTO TAKHM 3a1a4aM yMecCT-
HO TMOCBATHUTH OTAeHbHHE cGopuuk. Boaee Ttoro, npu pabote
Hazx Hacrosiled KHUrof Mbl yGeXH/AHCh, YTO KOJAHYECTBO 3aciy-
WHBAIOLIHX BHHMAHHMS TEOMETPHYECKHX SKCTPEMaJbHHX 3anay
TakoRO, YTO HX UeJecoobpa3Ho pa3GuTb HA JABAa OTHAEJLHHIX
c6opHuka, (POpMajbHO COBEPLUEHHO HE3aBHCHMBIX H Jawe HUMe0-
Li¥X HECKOJAbKO pasubiff XapaxkTep: B TO BpPeMs Kak 3Ta KEHTa
ODHEHTHPOBaH4, B IePBYIO oO4Yepenb, Ha pa3bop HEKOTODPHX
«K/1aCCHYECKHX» TeOMeTPHYeCKHX 3aXay Ha MaKCHMYM M MHHH-
MyM {CM. IMKJ 3aKa4 3) H HeMmOCPeNCTBEHHO UX NPOJOTIKAIONIUK

3) Yncna B KBalpaTHBIX CKOGKAX OTCHLIAIOT YHTaTeNs K cmrcxy
JuTepatypsl Ha crp. 313—-318.

) 3aMeTHM, uYTO;, HeCMOTpHA Ha 310, Kuura [l17] COMEPMCHT BCe e
HeMmano 3ajad, Kotopble OulH bl BMOJHE YMeCTHH B HACTOSMNEHR KHure;
faKaMy SIBASIOTCS], Hanpumep, sagaus 11—13; 16 3537, 4%, 4850
# Lesbiil pAx APYrHX. B

&

\



/

‘OKCTPEeMaibHHX reoMeTpHdyeckux mnpolneM (UHKA 3amaqy 4),
noxroropafemas CAeAYIOWans KHHra Tolt ke CepuH B 3HaYHTEJb-
HO ‘6onbuieit cTenend -OyneT NOPOXIEHA TEMH HAlpaBJAeHHAMH
reOMeTPHH, KOTOPHeE NPHHATO HMEHOBAThb «IHCKDETHORl reomer-
puefi» M «xoMOHHATOpHOH reomeTpueiry,

_ Orta xHETa npexcrtasaseT co6OH odYepeNHOR BHIOYCK CepuH,
oTpaxaule JONroJAeTHHH ONBIT IIKOJbHOTO MAaTEMaTHHECKOTro
Kpy&Ka npu MI'Y u MOCKOBCKHX MAaTEeMaTHYECKHX OJIUMITHAL —
NpeeMCTBEHHOCTh 3JeChb NOAYepPKHUBAETCH CaMHM CITHCKOM ee
apTopoB. DopMynHPOBKH HEKOTOPHX 3agay cOOpHHKA
(nanpumep, 3azay 38—42) B Kaxo#-TO CTeNeHH HaBedHbl HOBH-
MM HA[paBlCHHAMH MAaTeMaTHKH; OXHAKO HApALy ¢ 3THUM 31ech
nMeeTcss OONbIUOE YHCHO (KJIACCHYECKHMX 3aJay HA TeOMeTpH-
YeCKHe IKCTPEMyMBI», MCTOPHS KOTOphiX BocxoauT K XIX Beky
HIy ABAgeTcd ewe 6onee gpeBHe# (TaKOBHl, B YaCTHOCTH, MHOTHE
3azaun uukna 3). Ho eme BaHee TO, UTO peluieHH s cobpaH-
HbiX 37ecCh 3a7a4, Kak TpPaBWIO, CJACAYIOT TPajAuLUAM, CJAOWHB-
IWHMCS B IUKOJbLHOH MaTeMaTHKe B Hawasle 3TOrO BeKa W OYeHb
CHAbHBIM B TeUeHHe TOro mepuona paGoTH HIKOABHOTO MaTeMa-
Tryeckoro Kpyxka npn MI'Y, xorza camolt spxo#t ¢urypoit
Kpy®Ka Obl1 CTYJeHT MEeXaHHKO-MaTeMaTHYeCKoro ¢akyabTeTd
Tomux Ilkagpckuii ') — gpyraMu ciioBaMy, «HPSMBIM METOZAMY»
pelleHHs 9KCTPEMAbHLIX 3aka4 3JeCh OIPENENeHHO OTHZaeTcd
nOpefNOUTEHHE Mepel «KOCBeHHBIMM Metomamuy. [locnenuee
OGCTOATENbCTBO MPEACTaBIACTCH HaM BaXHBIM; MOTOMY MHI
NMO3BOIHM cefe OCTAaHOBHTbCH HA HeM HOIpobHee,

Xopouo H3BeCTHO, YTO PEIIEHHS «IKCTPEMANbHLIXY 3a4a4, He-
3aBHCHMO OT TOTO, OTHOCHATCS JH OHM K apudMernke, aiaredpe,
TEOMETPHH HAHM MareMaTHueCKOMY aHajH3y, MOTYT CTPOHUTbCS
ABYMS NPHHUHMNNAABHO PA3NHYHBIMH Oy TaAMH. [Ipameir Ha3piBaeTcd
TaKO€ [0Ka3aTe/bCTBO KaKoro-1u6o 3KCTpeMalbHOTO CBOHCTBA,
B KOTOpOM, CKaweM, OmnpejesjeHHas Qurypa HemocpencTBEHHO
CpaBHHBAETCH ¢ NMpou3soabHoit Apyroft ¢urypoit, yzosiaersopsio-
uiefl BCeM yCJIOBMSIM NOCTAaB/IEHHON 3ana4H, M IOKA3pIBaeT s, YTO
nepeasg ¢urypa nayyme (MAH He Xywke) kKaxxo# npyrof.
Hanpotug, xKocsennoe K0OKa3aTeNbCTRO CBOXHTCH K PacCy®ACHUIO,

1) McToprH WIKOJBHOTO MaTeMaTHyeCcKoro Kpyxka mpu MIY =&
MaTeMaTHYeCKHX OJHMITHAJ MOCKOBCKHX IIKOJIbHHKOB NOCBSIIEHA BBORHASA .
cratbs (cTp, 3—50) kuurn [15], u3 KoTopo#, B 4aCTHOCTH, YHTaTe]b
MOXKeT Y3HAaTh, HOYEMy Ha HEPBOe MECTO B CIIHCKe aBTOPOB MePBHIX KHHD
- cepun «BuGanoTexa MaTeMaTHuYecKOro Kpyxka» mocrabiaed Jlasux Ocka-

posuy llIkaspckuit, B Bozpacte 23 sieT NOrHGMIHA B NapTH3AHCKOM OTPAAS
B 1942 r., 1. e. 3a0Jr0 A0 Hayala paGOTH Haj ITHMH KHHFAaMH. -
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nokaskiBalouleMy, 4ro Bce (Hrype, Kpome kakolto oxanoft
(un# HECKOALKHX), He MOFYT CAYXHTb peuieHHeM 34A4YH, HO-
CKONBbKY a8 Kawnof Takoit (urypum MOxHO HaltTH ZApyryio,
AyyuIylo; 4eM OHa, -OTKYHa yue H JenaeTcs BHBOX O TOM, 4TO
pelieHHEM 3aJayH ABASETCH Ta €LMHCTBeHHas (urypa, KoTOpyIlO
Mbl HE MOXKEM (YNYUYIIHTb» (HAH OAHa uau GoJjibllee 4uCAO H3
TeX HEeCKONbKHX ¢uryp, KOoTophe He MOryT OHTb yJyulIeHsl).
Oanako paccyxXAeHHe TaKoro poJad COXEPKHT - CyLLeCTBeHHbIH
npo6en, 3akmoyaouuiics B TOM, YTO eC/]H Halla 3azadya BOBCE
He MUMEeT peleHHus, TO MNONYYeHHHH BTHM NyTeM BHBOJ
MOMKET OKa3aThCs OMHUOOUHLIM; 00KA3ATeAbCT80 Xe CYu,ecTs08a-
Hus pelieHHst 3ajJa4yH TpeOyer HCIONAb30BAHUA COBCEM JPYTHX
coo6paxeHn#, KOTOphHE €CTeCTBEHHO OTHECTH K TONOJOIHH —
«Maajguiel cecrpe» reomeTpuH, BO3HHKIIeH B XX Beke H cerojHs
yCrnenHo KOHKypHupyomed ¢ K.naccmecxoﬁ reomeTpuell, H3 KOTO-
poll oua BBHLIEIHNACE.

‘Cnny KOCREHHBIX MeTOJ0B B IeOMETPHYECKUX 3KCTPeMaJbHBIX 3ajauax
BrepBHiC B NOJHOH Mepe OHEHHMJ 3aMeuaTeqabHBl wBeHlapckuil reomerp
nepsofi nososuHbl XIX Bexa $Ixo6 Wlreiinep; Gosbinoe MECTO 3aHHMAJH
OHH H B TBOpuecTBe cospemeHHnka llrefinepa, Bhjatomerocs HeMenKoro
ananucra Jlexena dupuxie.

Bo sBropoii mnojosuHe XI1X Bexka ¢ peskoii kputukoh llreiirepa
u [Jppuxae . Boictynun 3uamenutoli Kapan Befiepmrpace; ero KoH-
CTPYKTHBHAs KDUTHKa H CBfA3aHHHe ¢ Hel HCCHAEeAOBaHHS SIBHJHCH
TeM 3€PHOM, H3 KOTOPOro BHOC/JEICTBHH BLIPOC/IA TONOJOTHS — HO
OXHOBPEMEHHO OHH HAacCTOJMLKO CHJIbHO CKOMIIDOMETHDPOBAJH KOCBEHHBIS
MeTOJbl pellieHus. 5KCTPeMalbHBIX TeOMEeTPHUECKHX IIpo6JeM, UTO B MepBOi
NOJIOBHHE HailleTc BeKa INMOCJeAHHE MOBCEMECTHO CUHTAJNHCh «HEHAaYYHBIMH»
(ua1, BO BCSIKOM cllyyae, HejocTaTouHo crporumu). «HeoGxozumo oco6o
OCTaHOBHTLCH Ha 3ajaYax OTHICKaHHA HauGOJbLIEr0 HJH HAHMEHbIIETO
SHaveHHst ..., —nucaa B 1947 r. cocTaBUTeNb pelieHHil K NOCJAEAHHM
U3NaHUAM «DJEMEHTapHON reoMeTpui» 3HameHdHToro )Kaka Apamapa
npod. JI. Y. Ilepenenxun. — Jleno B ToM, uro B GoJlee TPYAHBIX 3ajauax
TZKOTO PpOJa aBTOP NpPSIMO DEKOMeHAyeT pelarbh 3ajadyy, MCXos H3
npednonoscern, 4T0 cywmecrsyer ¢urypa, Ajst KOTOPOH HMeeT MecTto
skcrpemyM. Takolt nyTh pelueHusi, 6osee UM MeHee eCTECTBEHHHA B Ty
_®NOXy, KOrAa cocraBjsJ/achk KHura Ajamapal), MBl cyuTaeM B HacTosmMiee
BpeMs HenpHeMmJeMuIM...» {cM. [13], erp. 13—14). OnHako aBTOp OTHO-
camedca K ciepyonemy HCTOpHYeCKOMY nepuoay Kuuru {21] npu conocras- °
JIEHHH NpPSIMBIX M KOCBEHHBIX METOJOB DEW€HUs SKCTPeMaJbHBIX [EOMeT-
pHUECKHX 3a/1aU N1POSABJIAeT VIKe HeCcKOJbKO 6oMbulyio yMepeHHOCTs. «Ecan
OCTaBHTh B CTOPOHE cO0GpaMkeHHs 3CTETHUECKOTO H AUAAKTHYECKOrO HO-
pfjKa,~— FOBOPHT OH, — TO KOCBeHHbIl MeToj.peAcTasasercd GoJee. ecte-
CTBEHHLIM H, BOOGHIE rOBOPS, BEPOATHO, Takke H GoJiee 1e/1eCOOGPA3HEIM,
Ecan' umeTs B BHAY /MWL OnpelefieHHE NOKA elle HEH3BECTHOH JKcTpe-

1) To ect B konue XX meka (H. f.).. =~ = =



*, MANBRON (HTYpH, TO. ECTECTBEHHO OTJOXKHTb H2 JaibHefinee BONpoC O ee

-C)’MECTBOBBHHH, npepe BCero- C/AeAyer 3aAaThes- BOMPOCOM O TOM, B

KaKux cydasx (1 KaKHM o6paaom) 3ajanHas ¢urypa Moxer GHTb Yiyu-
mena. [IpH - 9TOM...  KOCBeHHHE METOL - AOKa3aTeJILCTRA HE ABJNETCH

(BHOJIHC a.nemeﬂrapnum H YHCTO - rEOMETPHYCCKHM..

O6parumMcst Tenepb . K. PSIMOMY METOLY noxaaa're.nbcma, KOTOPHI
yXke B CHJIY TOTO, 4TO OH fABJfercs NPSMHEIM, OpeAcTasiasiercs Godee

-yOenHTELHEM. 34eCh BOIPOCH CYUIECTBOBAHHS HE NPUXOLHTCA CTABHTh

OT/ENBHO, TMOCKOJIbKY OHH aBTOMaTHYEeCKH peIlaloTcsi B nmpolecce JOKasa-
TeabcTBa. Kpome\Toro, npsiMoe AOKas3aTeNbCTBO 4YacTo YAAeTCS CBECTH
K CaMaIM IIPOCTBIM TIPEAJIONKEHHSM 9/1€MeHTAPHON '€OMETPHH, B TO BpeMs
KaKk B KOCBEHHOM MeETOAe 3TO IMpHHUHNHANLHO HeBo3Mmoxkuo. Ho 3aro
NpsIMOe JI0Ka3aTesIbCTBO 4acTO TpeGyeT GOJbluiero HCKycCTBa; HO3TOMY
HUCTODUYECKY TAKHWEe JOKA3aTesibCTBA HAXOAMMCH, KaK NPABWJO, NO3jHee,
KOrHa YyxXe OblIM H3BECTHH MeHee H3sllHble KOCBEHHBHE pelleHHd Co-
OTBETCTBYIOMMHUX 3ajau» (cM. [21], ctp. 26—-27).

Mb cTOo/ib MOAPOGHO - BOCAPOH3BEJIHM pa3Hbie MHEHHS O. CO-
OTHOILGHHH NPAMBIX H KOCBGHHBIX MeTOJOB pelHeHHd 3ajad Ha
MaKCHMYM H MHHHMYM, [IOTOMY YTO CYHTaeM 3STOT BOMIPOC BeCh-

‘Ma ° OPHHUHIIHAJbHBIM, HPH 3TOM HAM - KAXKETCH, UYTO €CIH

roBoputh 0 OGyaymieMm, TO OHO GECCHOpHO BHICKAKETCH B
110Jb3Y KOCBEHHbLX METOJOB (3HaYeHHE KOTOPHIX B COBpEMEH-
HOH [OpHKJAJHOH MAaTeMaTHKe BO MHOTO pa3 MNPEeBOCXOJAUT
poib MpAMBIX - MeTOROB). Te coOOpaweHus 3CTETHYECKOTO TO-
psiaxka, B KOTOPHX MHOTHE aBTOPHl BMAAT [OMOJRHTE/bHLIE
apryMesThl B IONb3Y NPAMBIX METOJOB, HH B KOEM cllydae
He cJeldyeT [DHHHMATh BO BHHMaHHe: IIpsiMble MeTOIb - «Kpd-

-CHBEE» KOCBEHHBIX JHWb B CHJIY cBOeH O60Jbuiell CIOWMHOCTH,

foA06HO TOMY Kaxk CTapuHHbLie, BechMa H3bICKaHHBIE METOHH
Haxox/JeHusi nnomiasedi kpuBoauHedHmx ¢Uryp Kawkyrcs Gosee
KPacHBBIMH, 4eM BHITECHHBLIAS HX aBTOMaTHYecKas Npouesypa
peienus COOTBETCTBYIOMIHX 3aJa4 ¢ NOMOUIBIO MHTRTDANBHOro

‘ncuucnenust. KoHeyHo, cloxHble MeTOIbl, TpeOYyIOU{le OTTOYEH-

HOTO MacTepCTBA, KaXKYTCH HAM KpacHBee MPOCTHX HPHEMOR,
CBA3aHHHX C HCIO/JL30BAHHEM B DELICHHH 3aJaYH aJEeKBATHOIO
MaTeMATHYECKOTO anmnapara; OAHAKO OHH HeH3GewHo ycTynamoT

'MECTO 3ITUM IPOCTHIM IIpHEMaM, Takwe u YTBEDKACHUE O «HE-

‘snememapﬂocm» KOCBE€HHBIX METOLOB, CBA3aHHBIX C HEOO6X0aU-

.MOCTbIO JAaBaTb 3JeCh N0OKa3aTenbCTBO CYU[ECTBOBAHHA, HMEET,

OHTH MOWKET, YHUCTO BPeMEHHLIH XapakTep, HOCKOABKY TPYIARO
upeacxasan KaK ~H3MEHHTCA 34 Onmxafimme gecatTuneTHd

'97ieMenTapuas reometpus. Oauako Ceronns B 3ajaduuKe

A IKOJNbHHKOB HPHXOJIHTCH NpennoYeCTb npamslie MeTOAN
pelieHusn 3KCTpeMaiabHBIX 3a4a4, MNOCKO/JbKY nOKa Mbl HE HMEEM

_-ROCTYNHOH JHTEPATYPHl, HAa KOTOPYIQ MOKHO GHIO Ghi COCAATHCH

bY)



B CBA3H ¢ Teopemamn cyuiectBoganud ), [To osToft mpuyune u
B HacTOALIER KHHUre pacCMATPUBAIOTCH MNOYTH HCKJ/IOYHTENBHO
. IpsiMBlE METOLH PELIEHHS 34144 HA MAKCAMYM H MHHHMYM; OJHAKO
YHTATE/I0 XOYeTCH NOPEKOMEHIOBAaTh fIPOXYMaTh HOJYyYeHHHE
pe3ynbTaTH TaKke H ¢ mo3uuui crarsu.[1] (cM. Takke [lomon-
‘nenne | & kvure [30]), pesxo mpoTHBOpeyamie#t TpaaMUHAM
" IIKOJIBHOTO MaTeMaTHYecKoro kpywka npu MI'Y, Ho orpawalouielt
HEKOTODbIE BAXHBIE METOOJOTHYECKHE YCTAHOBKH HalUX JHe.

dra kuura copepxutr 120 3azay, pas3GuTHX Ha 4 NUKJa,
. IPHYEM Je/leHHe Ha LUK/AB B 3HAYHTENbHOH CTeneHH sBaseTcd
| YCIOBHBIM: JIeTKO, HampuMmep, YCMOTpeTh TayOOKOe pOXCTBO
' OTHECEHHBIX K pa3HbiM LHKJaM 3akay 46 u 94a), 47 u 94s),
75 u 104a) uam 8la) u 1046). ‘Beck TekcT pasbur Ha TpH
yacTu: «3azauny, «Pewienus» W HareyaradHble B KOHLE KHHTH
«OTBeTHl M YKa3aHua» KO BceM 0e3 MCKJIOUEHHS 3axayaM.
Tlpeanonaraercs, HTO 4YHTATEAb KHHTH CHAYyala monpogyer
PEUINTh 33444y CaMOCTOSITENbHO; B CJAydYae HEyJauH peKOMeH-
ZyeTcsl HOCMOTPeTh B TOC/IedHeH YacTH KHHIMM YKa3aHHE
(mim oTBeT, KOTOPHH TOXE MOWET MOJCKAa3aTh peLIeHHe 3a-
Jlayd) M MpOJOKATH AyMaTb HaJ 3anauell; penieHH e xe cle-
AyeT YHTaTh TOJABKO TNOC/Te NPOJOMKHTENbHOIO Pa3AyMbs Hax
3anaueil HAM NOCHE TOTO, KAK ee YAan0ch peiwnTh 2). [Ipuiokennbi
K KHHTE ChMcOK Jmrepatyphl (cM. ctp. 313— 318), Hu B Kaxoi
' Mepe He NpPETEHAYIOUHH Ha ITOMHOTY M He HCYepNHIBAIOLLUA BCe
HCIIONb30BaHHBIE 2BTOPOM HCTOYHHKH, o6pamien Oonee K mpe-
TO0JaBaTeNI0, YeM K YYalieMycsl; OH MOXET OKa3aThCs I10/e3HbIM
B CJHy4ae HCMO/b30BaHUA KHHIM B paboTe (IIKOJBHOrO UAH
CTYIEeHY€EKOr0) MaTeMaTH4YecKOT0 KpYiKKa.

B paBote Hax 3aToft KHUrOH aBTOPY CYLIECTBEHHO NOMOIJIH
BeTePaHbl HIKOJIbHOrO MaTeMaTHYeCKOTro Kpyxka npu MI'Y B.T". Boa-
Tauckuil n JI. V. Tososuna, Takxe Kak M OH SBAFIOLIMECS yUeHH-
kamu [, O. llkasapckoro: ond BHUMATeNBHO MPOYHTANH DYKONHCH
KHHTH, ¥ HX 3aMedYaHusl NOMOTJIH YCTPAHHTb PHJ AedeKTOoB H3J/O0-
KEHHS M YJAYYUIMTH peliedus HeKOTOPHX 3aza4. [IpH moaroroBke
KHHTH OBUIO HCHONAB30BaHO mepBoe Hamanue 2-# yacTH «Mabpan-

1) Cm., enpouem, kuury H. Ctuupox, Y. Un uH, [epsue nous-
T Tonmomoruu, «Mmp», 1967 — BO3MOKHO, <«IEPBYIO . IaCTOYKY» HOBOTO
BaXKHOT'O HaNpaBJeHUsl HAyYHO-NONMYJSPHO AHTEPATYPHl MO MaTeMaTHKe.

2) D10T NOPALOK MOKET.GbiTh H3MeHeH A5 Gojee TPYJHBIX 3ajay,
OTMEUEHHHX OJHOH 3Be3/0UKOH, ¥ 0COGEHHO MJs CaMBIX TPYAHBIX 3ajay,
HOMepa KOTOPHIX TIOMeYeHbl ABYMsl 3BE3J0UKaMHU: ‘3[eCh MOKET oKa3aTbes
PasyMHbBIM HAaYHHATH C O3HAKOMJEHHS C YKa3aHHEM HJN JaXe cpasy uH-
TaTh peHleHHe 3AJUAYH, HCHOPUPYA NPUAAHHYIO KHHIe QOpPMY -3agausuka,
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fHX 3aXaY ¥ TEOpeM...», COCTABJEHHOE B COTPyIHHYECTBE
¢ H. H. YeHtoBHM H ZApyruMH pabOTHHKAMH IIKOJLHOTO MaTe-
MaTHYECKOTO KpyxKa npu MI'Y; B nepepaboTke M JONOJHEHHH
MarepHana 2-# vactn «Msbpawnnx 3amauy Goabluoe ydactae
npunsin B, T1. Tlanamomos. Heckonbko 3axay ceoGuiuan aBTOpPY
COCTaBHTEJH reoMeTpHUecKoro Bunycka [14] «bubanoreuxn duan-
KO-matTemaTHuecko# wkonsi» H. B. Bacuabes (sBuBlumiics Takke
OCHOBHBIM COCTaBHTEJIEM HCIIONb30BAHHBIX B HACTOALIEH KHUre
00630pOB 3243y MNOCHAEZHHX OJNHMITHAMA, HANEYATAHHHX B WKYpHasie
«Matematuka B mwkone» —cM. Ne 3 u 5 3a 1965 r., Ne 5 3a
1966 r., Ne 1 1 53a 1967 r. u Ne 4 3a 1969 r.) u B. JI. I'y-
Tenmaxep, a Takke B. JI. Pabunosuu (Ilerponasnosck-Kasax-
cradckufi) u I'. A. Touwosn (Epesan). . I'. Tormau (Apsamac),
B. J. T'yrenmaxep, B. JI. Padunosnuy u 3. A, Ckoner (fpo-
CaB/ib) MOAEMHJAHCH C ABTOPOM CBOMMH pelI€HHAMH HEKOTODPHIX
sanau. M. B. JleTHukoB mNpHHAT 3HayuTeJbHOE y4yacTHe B MOJX-
TOTOBKE B3CKH30B 4Yeprexeld; B 3TOof pabore emy noMmoran
B. B. $upcos. MHe npuATHO BHPAa3uTh 3JECh BCEM MepPEUHCIEH-
HBIM JIHUAM CBOI0 HCKDEHHIOW MPUIHATENBHOCTD.

H. M. Aeaom



CIMUCOK 3AJIAY, NMPEIJATABIIUXCYH
HA MATEMATHYECKHX OJHMIIHAIDAX

Hixe nepeuncieds HOMepa Bcex 3azay Hacrtosiuiero c6op-
HUKA, NpPEeANaraBlIMXCyd HA Pa3TUYHHX MaTEMaTHYECKHX OJIHM-
nuagax ). o 1959 r., Tak ckasarh, «nepBoil OMMMIHANON CTPAHKY
AB/AA/IACh MOCKOBCKAaf IHIKOJbHAS MareMmaTuwdeckasi OJAMMIHAAE,
npoodsuiafca ¢ 1935 r.?); oanako 3ateMm cuCTeMa NpOBEREHHS
OJIKMITHAJ, 3HAYMTE/LHO YCIAOKHHIAch. [10BOJOM K TOMY sABUAMCH
MeXIYHAPOHHIE MaTeMaTHUYeCKHE OJMMIIHAE, IepBas H3 KOTOPHX
6ui1a nposexena B 1959 r. B Byxapecte (Pymuuns)?), Heo6xo-
JUMOCTb COCTaBJIEHHS KOMaHIbl I/l YYaCTHA B STHX COPEBHOBA-
HHSIX BhI3BaJa K XH3HU BCEPOCCHHCKHEE MATEMATHYECKHE OJIMMITHA B
(npoBoasiteds ¢ 1961 r.), kortopwe HauwHas ¢ 1967 r. Hasw-
BAlOTCH BCECOIO3HHIMH. PakTHUeCckH NepBOH BcepOCCHHCKOH WM
xawe BCecolo3Hod onnmmnrazocit 6mna XXIH wmockoBckas oiHM-
nuraza 1960 r., B KOTOpOH NpPHHHUMANH yyaCTHE W IMKOJABHHKH
u3 JPYrHX TOPOJOB; TaKkKe M PAMKH BCEX BCEPOCCHHCKHX OHM-
nHal He OTPaHHUMBAMMCh OJHOH juilb Poccmifckoll dexnepanuefi.

MockoBCKHEe MaTeMaTHYECKHE OJMMOMANH, KaK H OJUMNHAAbL
B JPYTHX TOpPOJAxX, NPOBOJMJIMCH B JBa Typa (KOTOPHIM HHOTZA
MpeUIecTBOBAA ellle INpesBapuTe/bHbd TYp, MPOBOAMMBIA TIO

1) B npuBegenHoil Ha cTp. 14 Tabauue NPeACTaRJEHb MOCKORCKHE, BCe-
poccuiickue (BceCOIO3HBlE) M MEXAYHapOAHBIE OJHMIHAAL (2 YacTHUHO M
3a0uHble oauMnuazel). Psag 3ajau c6opHHKA 3aHMCTBOBaH H3 MaTepHasoB
JpYyTHX COCTA3aHKH WKOJbHHKOB: TaK, HallpuMep, 3ajaua 10 npeanaranace
HAa TeJNEBH3HOHHON OJIMMIRaje, NpoBOXMBILEHCs B OKTs6pe 1965 — auBape .
1966 r. mesTpaJbHBIM TeJIeBHAeHHeM; 3ajada 4 npepsaranacs B 1965 r.
Ha TpajuuuoHHON onammnuaze uM. Hanusnda Apassi BeHrepPCKHX HIKOJb-
HHKOB; 3ajjaya 4la) 3auMcTBOBaHa M3 3ajay GpHTchxou WKOJIbHOH MaTe-
Mamqecxoﬁ onumnuags 1965 r., u 1. a.

(Dopmylmpoaxm HeKOTOple H3 npejJlardBiliuXcs Ha onnmnnanax

’337ay B 3TOH KHUre HECKOJbKO H3MEHEeHH.

%) BoJee crapoi sBasieTcsl JEHHHTPAfcKas Ma'remamqecxax onuM-
nHaja, 3ajauH KOTOpPOMH, ONHAKO, OCT2I0TCA HeJOCTYNMHEIMH COCTABHUTEJAM
cGOPHHKOB 3ajay, BXOISINUX B ¢«BHOAHOTEKY MaTeMaTHYeCKOro Kpykkar,

3) Cu. xnury E. A. Mopososoi u U. C. MMerpakosa [I6].
12



v N #
" mkonam); sanayd I Typa (0T60pOYHOro) SBASMHCH OGHKHOBEHHO
(1o He Bcerja) Goitee NpPOCTHIMH, yeM 3ajauH Il Typa, caywus-
[Iero OCHOBHHM ITaNOM COPEeBHOBaHHS !). B NMpOTHBOMONIOKHOCTD
_9TOMY, Bcepoccuiickas (BCeCOI03Has) H MEXAYHAPOIHAA ONHMIKALN,
K Y4YacCTHIO B KOTOpHIX HONYCKAIOTCHd JHIUDb noﬁeumem»l npex-
HIEeCTBYIOUIHX STalnoB COPEBHOBAHHA, NPOXOAAT B OJHH TYD.
O6imyo cxeMy MpoBeJeHHS OJHMNHAJL MOXHO TIpeacTa-
BHTb TakK:

1 TYP — IWIKOJIbHbIE OJHMIIHAIbI

}

Ul Typ — paiton sacunan
yp—1p Hble (FOPOJCKHE) OMUMIHAABL ouNTIHALA
i |

[l Typ — o6nacTHule (kpaessie, pecnyé:mxancxne)
OJIMIT KA bt

{

3aK/MoUHTeIHBIH TYP — BCECOIO3HAA OJNHMIHaAa

4

Me)xgyuapogﬂaﬂ oauMIIHaza

MockoBckas onuMmuana urpaer B 3Toll cxeme poas Il Typa.
Baounas o/uMnMana (3axavyH KOTOPOH, fipeijaraemsie Ans peuie-
HHS J0OMa, EeCTECTBEHHO, HEeCKOJbkO Oojee TPYIHH) NpHPaABHH-
BaeTcs ko II Typy; oHa Tamkwe HMEeT BCECOIO3HBI XapaxTep
(ycnoBusi 3agau nevatamorca B «Komcomonbcko# mnpasiae» H
«Yuntenncko# -razeres). Ha ropoacknx, o6nacTHuix (Kpaeswix,
pecny6/IHKaHCKHX) OJHMIIHAaJaX H Ha BCeCOi03HOH (panee—sce-
poccuiickoll) onuMmHMane 3ajayH NpeanaraloTcs OTAENBHO- yua-
INHMCS K@OKAOFO M3 YETHIpEX CTAPLIMX KJA4CCOB CPefHeil LIKOMb;
B MEXJYHApOAHOH ONMMIMAE YYacTBYIOT, KAK npaauno yuatiecs
cTapiiiero (BBIMYCKHOTO) KJacca.

‘B npusenenHoft nuie Tabiune sanHcaHHOe pxmcm»mu (apa6-
ckuMH) HuPpaMM YHCIO BO BTOPOH KOJIOHKE YKa3biBaeT HOMEp
MOCKOBCKON (Mex JyHapoXnHoH) olHMIHAAN, €CAH MECTO
npoRe AeHud ommnuazxu HE yxasuaaewca TO 3THM MecTOM Onuia
Mocksa.

1) CM. BBOBHYIO CTaTbI0 K KHHTE AA‘JI emaua [15]. .
’ ' ' 13



M sanaun :OnEMnuana Tox Kaace Typ
1 X111 1950 7—8 I
2 X111 1950 7—8 11
3 XXI1 1958 8 I
5 9, Uernnbe (IOrocnabus) 1967
6 5, Bpounas (Ilosbwa) 1963
7 : XXI 1958 8 [
8a) XXVI 1963 10 11
9 XXVII 1964 11 II
102) I Bcecotosnas, TGuaucu 1967 8—9
106) I Bcecorosnas, T6uaucu 1967 10
12 I 1935 9—10 I1
14 IV Bcepoccniickast, XXVII 1964 10—11 I
16 : XXVI 1963 9 I1

20a) X111 1950 7—8 11
206) X111 1950 9—10 11
24a) XXVI1 1963 10 [
246) V Bcepoccuniickas 1965 9

26 VI Bcepoccuiickas, Bopornex 1966 10—11

276) XXV 1962 9 11
28 XXI1V 1961 10 11
29 XXV 1962 . 9 1
30 XXV 1962 7 I
31 VI Becepoccuiickas, Boponex 1966 10—11

32 XX1 1958 9 11
35 XXIII 1960 9 I1
37 3aounas 1966 8—10

38 111 Bcecowsnas, Kues 1969 8

41a) V scepoccuiickas 1965 8

42 3aounas 1966 8—10

43a) XX 1957 7 I1
436) XX 1957 8 11
48 \% 1939 9—10 1
49 I Bcecorsnasn, T6uancu 1967 9

50 I Bcecoro3nas, TGHaucH 1967 8

56 2, Cunast (PyMmbrHns) 1955

576) 9, Lerunbe (IOrocnapus) 1967

60 XI1X : 1956 10 1
61 XXI11 1959 9 11
62 XV 1952 9 1
65a) X 1946 9—10

67 | V Bcepoccuiickas 1965 9ull

766) XX1H1 1960 7 11
86 XXV 1962 9—10 - 1
87 VI Beepoccuiickas, Boponex 1966 10—11 1
90 111 1950 7—8 1
91 X111 1950 9—10 I
94 X1 . 1948 7—8

1022) | 3, Becnpem (Berrpus) - 1961

—




3AAAYHU

1. BAJAYH CMEIIAHHOTO COIEPXAHHUSA

1. Hapucyiite Ha maxmartHO# Xocke ¢ oGhiuHOH packpackoi
noJjefl OKPYWHOCTh HauGOJblIEero BO3MOXHOTO pagHyca Tak,
yToOH OHa HE mepeceKkajsa HH OAHOTO 6en0ro nons,

2. B TpeyrosbHuHK BhHCaHa OKPYXHOCTb, @ BOKPYT HEe OIH-
cad kBaapar (puc. 1). JlokaxuTe, YTO BHYTPH Tpeyro/bHuKa
HaxonguTcs Gojiee MOJOBHHH HMEepPHMETpa
KBajpara.

3. U3 Gymarm BbIpe3aH MHOIOyros-
HuK. JIBe TOYKH €ro rpaHuubl COeNHHS:-
10TCH  OTPE3KOM, IO KOTOPOMY MHOYO-
YronbHHK cKJIanmBaercs. Jokawkure, yto
NEePHMETP MHOTOYTO/bHHKA, ABJAIQLIETrO-
e KOHTypoM (HTypH, moay4HBimeHics
Noc/e CKIaIbIBaHHA, MEHbIIEe MepuMerpa
HCXOIHOTO MHOrOYTOJbHHKA. Puc. 1.

4. JloxaxuTe, YTO €CJAH TPH YrJa YeTHPEXYTOJbHHKA Ty-
Hbie, TO JHaroHaab, MPOXOJAULAA Yepe3 BepiliuHy OCTPOFO yria,
Gonsie BTOPOH AHArOHAJH.

5. Cropout AB u AD napannenorpamma ABCD pasun
cootserctBesno 1 u a, / BAD =a, tpeyroasuux ABD ocrpo-
yroapusii. TIpm kakux @ H & yeTepe Kpyra pamuyca 1 ¢ LeHT-
pamy B BepPIIMHAX MapannelorpaMma IO/HOCTHI0 HOKDOIOT na-
panienorpamm?

6. Bce yrau n-yronbuuka A,A,4,. .. A, pasun Mexay coGoli;
OpHE 9TOM. . :
A4, <AL AA S - An-lAn\ ApA,.



Kakue 3HRaYeHHS MO¥ET HMETh OTHOIIEHHE %ﬁ-?
- ‘ . 112

.7. Bayrpu Ttpeyronbhuka ABC BuwGpana Touka O; Ha ny-
yax OA, OB n OC oraoxenn BexkTopw jpauam 1, JIoxaxkure,
YTO ANMHA CYMMH STHX BEKTOPOB: MeHpuue 1.

8. a) Kak Bu6path u3 25 rektopos OA4,, OA,, OA,,..., OA,,
rie O—ueHTp MpaBHAbHOTO 25-yrombvuuka A;A,A5. .. A,;, HEKO-
TOpPOEe YHCJIO BEKTOPOB TaK, 4YTOOM E/Ha cywu 3THX BEKTO-
poB Ohlia BO3MOXHG GONbLIEH?

6)* Yemy paBHa 9Ta A/NMH3, €CHIH BCE pacCMaTpHBaeMhie
BEKTOPH EIUHHYHbIE? ~ ’

9. CyMMa IIHH HEeCKOJbKHX BEeKTODOB MJIOCKOCTH paBHa 4.
JoxaxHTe, YTO H3 3ITHX BEKTOPOB MOWHO BHIOPaTb HEKOTOpOE.
yucao (MoweT ObiTh, OAHH) TAaK, YTO JJAMHA CYMMbI BhIODAHHHX
BEXTOPOB mper3oiaer 1.

MoxkHO HOKa3aTh, 4TO ecau cymma OAUH HECKOAbKUX 86KMOPO8 RAOC-
rxocmu He menvwe n (n=3,14159...), mo cpedu Hux moxno evibpamo
KQKOe-mo. 4UCA0 6eKmopos, 0auna cymmet Komopetx npeesotdem 1 (mpu-
YyeM YHCJIO U 3JeCh HeMb3s 3aMeHHTh MEHbLUUM; CM. IIPHMeuaHHe B KOHile
pelneHust HacTosel 3ajayn). AHAJOrMYHO STOMY MOXHO IOKa3aTh, 9TO
ecau CYMMa OAUH HECKOAbKUX 66KMOp08 NP OCM PAHCMBA He MEHb-
we 4, mo u3 Hux MoHHO eotbpams wacme max, wmo OAUNG CYMMbL 0mMO-
Opannstx sexmopos Gydem npesocxodume 1, npuueMm 3jech yxe uucao 4
HeJb351 3aMEHMTh MeHbINUM 1).

1) [1N1I0CKOCTD MHOTHA HA3LIBAIOT «EBYMEPHLIM MPOCTPAHCTBOM» (a Tps-
MYI1O JIHHHIO — OXHOMEDPHHIM IPOCTPAHCTBOMY), NPHIHCHIBAS OOBLIKHOBEH-
HOMY TPOCTPAHCTBY HaHMEHOBaHHe «TPeXMepHOro». MoXHO TakiKe BBeCTH
NIOHATHE «R-MepHOro (eBKJM08a) NPOCTPAHCTBA», YACTHHIMH CJAYYaASIMH
 KOTOpOro (OTBEYAIOIMMH 3HayeHHsM R=1, 2 u 3) sBasdOTCA nNpsAMasd,
NJIOCKOCTh M (06nI9HOE) npocTpaHCcTBO. IIpy 5TOM B k-MEpHOM €BKJHAOBOM '
NPOCTPAHCTBE €CTECTBEHHO ONpelenisioTcss (k-MepHhle) 6exmopo (GoJiee
TOrO, CaMO TIOHAITHE K-MEPHOTO INPOCTPAHCTBA OCHOBAHO Ha MOHATHH
BeKTOpa; cM., Hanpumep, B. A. Posendeanrn u M. M. fAraom,
MHoroMeptble NpOCTPaHCTBA, DHUMKJONERHS 3JIeMEeHTapHON MaTeMaTHKH,
KH. V, «Hayka», 1966, crp. 349—393); sto mesBossieT paccMOTpeTh H
«k-MepHuIl BapHaHT» 3afaun 9. IIpu 5ToM OKasnBaercd, 4TO QaA. 803
MONCHOCML 86i60PA U3 NPOUIBOALHOL CLCMEeMbL 8eKMOPO8 R-meprozo eskau-
dosa npocmpancmea maxoid  nodcucmemsl, OAUHA CYMMb KOMOPHX npe-
eocxodum 1, docmamouno, 4mobol cyMMa OAUH UCXOOHLIX 6eKMOpPOs 6o,
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‘10. TlpoxexTop ocpemiaer )

a) ‘maockuit yron B 90° (ksampant; puc. 2); E
. 6) TPEXTPaHHWR Yroa, BCE MAOCKHE Yriu KOTOPOro pas-

g 90° (oKranT), : S

Prc. 2.

Kakoe HawMenplliee 9HCIO TMPOKEKTOPOB HEQOOXOAHMO I
TOro, 49To6bl OCBETHTH BCI0 TIOCKOCTH (BCE MpPOCTPaHCTBO)?
KakoBHl pacnojoXeHHs MHPOXEKTOPOB TakHe, 4TO, TOMECTHB HX
B 3a3JaHHBIX MYHKTaX M HANpaBHB MPOXKEKTOPH HALJIEWALLUM
06pa3oM, MOXHO OCBETHTh BCIO MJIOCKOCTb (BCE MPOCTPAHCTRO)?

11#*, lllkag, nmeomuit B nnane ¢opMy OpIMOYTOJLHHKA €O
CTOpOHAMH a u b, HaZo BLIHECTH M3 KOMHATHl; KOPHIOD, B KOTO-
pHifi B3 KOMHATH BeNeT JBepb - IWHPHHB K, HMeeT wHpuHy d

He MeHbule

—1
{ (k—1)! % upH k ueTHOM,
I\

npu k HeueTHoM,

TIpHYEM TNOCTOSTHHAS Ckrne MOXKeT OHTb 3Jech YMEHBILIEHA (MOXKHO nO-
Ka3aTtb, 4TO

. -
Cr=tk— l)a,i ’

rie Op—NJOWaib NOBEPXHOCTH INAPa B . k-MEPHOM €BKJMZOBOM MNpO-
CTPaHCTBE). - ‘ B e

1) B .o6Genx 3ajauax--a) W 6) -cuuTaeres, TG TIpaHUHH . KBaZpaHTa
(COOTBETCTBEHHO OKT3HTa) NPOXKEKTOp. He. OCBellaeT.. NN
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(prc. 3). Tlpu xaxux pasmepax mkaga ero MO)KHO, He pasbu-
pasi, BLABHHYTbL B KOPHAOD?

12, Ha nosepxHoCTM Ky6a HallTH TOUYKH, M3 KOTOPHX €Tr0

" IMaroHanp BHAHA TOJ HAHMEHBIIUM yrjoM (KOHIUH caMo# aHa-
TOHANM IIPH 9TOM B pacyeT He

Homwama HPUHHEMAIOTCHA).

a 13**%, TToMecTuTs B KY6 OK-

PYKHOCTH HaHGOMBILIETO BO3MOK-

ﬁf HOTO pajauyca.
&

14. Ha xaxoe Haumesbluee

<=2/~ YHCAO TPEYIrOJIbHBIX  IHPAMHI
(TeTpasapor) MOXHO pas3GHTh
Puc. 3. Ky6?

15. Ha nnockoctu paus (RooGuie roBOps, HEBBITYK/bIE) YeThl-
PeXYTONBLHUK M MATHYTOJBHHUK, TPHYEM HHKAKAad BepIIHHA OJHOTO
He TNpPHHALJIEXUT CcTOpoHe apyroro. KakoBo Han6oJbiee BOSMONK-
HO€ YHCJI0 TOYEK MepeceyeHHd HX CTOPOH?

16. Kaxnasle gse cocegsne CTOPOHB IIOCKOIO (camorepe-
cexatouierocs!) 14.yronpHuka B3auMHO NMEPTEHJUKY/IPHBE, HHKA-
KHE JIBe CTOPOHH ero He MpHHamiexarT onHo mpsiMoll. Kaxoso
ranbosbliee BO3MOKHOE YHCIO TOYEK CaMOMEPECEYeHHS CTOPOH
T4KOTO MHOTOYTOJIbHHKA?

17. Ha xakoe nauGospiuee 4HCJIO HacTeil MOryT pasGuBaTh
NNOCKOCTh:

a) ABa TPEYroJIbHHKA;

6) IBa HpPSIMOYTrONBHHKA;

B) IBa BHITYKJBIX 7Z-YTOJbHHKA?

18. a) Ha xakoe unucio yactefi MOryT pasGuTh IJIOCKOCTH .
IBe B3aMKHyTHe JIHHHHM, OJHA M3 KOTOPHX SBIAETCH OKPYX-
HOCTBIO, a BTOpas—rpaHulel kBagpaTa?

6) ** Ha kakoe uuciao vactefi MOTYT pa3GHTb NMPOCTPAHCTBO
JIBe 3aMKHYTHE TMOBEPXHOCTH, OJHA U3 KOTOpHIX siBisieTcs cde-
pofl, a BTOpas — MOBEPXHOCTHIO KybOa?

19 Ha' xakoe HanGosbliee UHCIO TPeYTONbRAKOB MOXHO
pa36uTh_Tpeyronbauk T Tak, YTOGH. B- KAWIOM Y3/1e NOTydeH-
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" Ho#t ceTH nuHEA (STH Y3AH He NOJNXHH pa3GHBAThL HA 4aCTH
_ e¢TOpOoHH TpeyroAbhHxa T) CXONMNOCH OJIMHAKOROE YHCJIO OT-
pe3xoB? ’

20. B BHNYKIOM MHOTOYTOJIbHHKE TPOBEJEHH BCE €ro AHa-
ronaau. OHM pa3GHBAOT 3TOT MHOTOYIOJBHHK Ha psx OGonee
MEJKHX MHOroyroibHukoB (puc. 4). Kakoe nauGonbliee umcno

Puc. 4.

CTOPOH MOXET MMETh MHOTOYFONLHHK pa3GHeHHs, ecnd Mepso-
HAYQJIbHEIH MHOTOYTOMBHUK WMeEeT

a) 13 cropos; '

6) * 1950 cropon?

21, Kakoe namGonbiiee YHCIO TOYEK CaMorepecevyeHns Mo-
WeT HMeTb 3aMKHYTas JIOMaHas, cccrosulas 3 »

a) 13 3BeHbeEB;

6) ** 1950 3BeHbeB?

22, a) Buytpn kBagpata ABCD co cropouo#t 1 pacrnono-
WEH BHITYKAHH MHOrOyronbHuK M, maomiazs KOTOporo Gosnb-
me !/, JlokawuTte, uTO Hafimercs npsamas [, mapasienbras
cTopone AB kBanpata M mepecexamollas MHOTOyroipsuk M mo
OTpe3Ky I/uHbl, Gompuiefl 1/,.

6) * Buytrpu kBazpata ABCD co cropono#t 1 pacmonoxena
caMoHemepecekaiouiasics Jjgomanas L, jaumHa kotopoft  60sb-
me 1000. Jlokaxure, 4TO HaHpeTcs npamas [, napauiejbunas

19



OIHOH M3 CTOPOH Rsanpara H nepecelcalom&a nomaﬂylo L 60![51!1&'
yeM B 350 ‘TouKax. 7 : e

23 BﬂyTpn KBajapara ¢O CTOpOHOH 1 nposeaeﬂa Takas
noManasi, YTO KaxHas NpsAMas, NapajienbHad CTOpPOHe KBad-
pata, nepecekaer ee ue Gonee yem B oaHOH Touke, JlokawuTe,
YTO ANHHA JIOMaHOH MeHbUIEe 2, NPHYEM IJs KaKAOTO dYHCAd
1< 2 cymecTByer nomanas aasuw [, yaoBieTopsioulas - Tpe-
GyeMOMy yCJIOBHIO.

24. Kakoe naubosbiiiee YHCAO KAETOK MOXET mepeceub

a) orpe3ok npsamofi, mnpoBedeHnbl Ha aHcTKe Gymarn
«B KJETKY» PasMepoM m X7 KIeToK;

6) GpowieHHas Ha nMCT OyMaru «B KJAeTKy» uraa Andun 200
(3a eauHHLY INHHH OPHHATA CTOPOHA KJIETKH)?

[OTpe3ok (mnn «urma») cUMTAEeTCHA MEPECEKAOUUM KIETKY,
€C/TH OH MIPOXOIHT Yepe3 ee BHYTPEHHIO TOUYKY.] '

Ananornuno pettennio 3anaun 246) MOXKHO TaKKe OHEHHTb HAHO0Jb-
mee 4ACAO KyOOB MpocTpaHCTBeHHON 1) ceTkH Ky6oB co cTopoHo# I, ko-
TOPble MOKET Hepeceyb «HrJia» (T. €. NPAMOJHHEHHBI OTPE30K) NaHHOH
BauHbl L. Dojee cnoxHBIA Xapaktep HMeeT ONEHKa HauOOJBILErO BO3-
MOXKHOrO YHCJIA KBaApaTOB JIMCTa OyMaru «B KJeTKy» (MJH uyHcaa KyGop
1ipocTpaHcTBeHHON 1) Ky6uuecKkofl ceTH), KOTOPHIE MOXKET Nepeceub (Npo-
H3BOJIbHAS) JIMHHA AaHHON AMMHH L (Tak, HanpHMep, MOXKHO NOKAa3aTh,
uTo Jueus AauHB 200 He MOXeT nepeceus Gosbire 429 kJeToK JHCTKA
GyMaru «B KJeTKy», HO 429 KJeTOK oHa mnepeceyb MOXKET)—OLHAKO
M 3Ta OUEHKAa MOXeT GHlTb MOJyueHa CPeLCTBAMH 3JIeMEeHTapHOH (ILUKOJIb-
Holt) MatemaTHKH (cM. B. JI. Pa6uunosnu [39]).

25. Moxuo am pasmectHtb 1600 Touexk B KBazpate €O cToO-
pono#l 1 Tak, uto6H nOGOH sakmouaroUMiicd BHYTPH KBaapaTa
npamMoyroibHuk maomaaun 0,005, CTOPOHH KOTOPOro mnapas-
Je/lbHL CTOPOHAM KBaapaTa, COREpKan BHYTPH xOT# Oul OmHy
H3 3THX TOYeK? ’

26. Ha naockoctu 3asan tpeyronbhuk ABC. Touka D mpo-
CTpaHCTBa BHOHpaeTcs TakuM o6pasoM, 4TO y TeTpasapa (Tpe-
yroabuol nupamuapty ABCD Buicota DP siBnsieTcss HaiMeHbuiel
H3 ueThpex ero BhcOT. [le mMoxer pacnonarathcs Touka P?

27. Bce CTOPOHH BHOYKIOTO MHOTOYTONbHHKZ M HepH-
Merpa p==12 u mnowagn s cm;pmym BO BHEILHIO cmpouy

1) Y1 paxe «k-mepHOil» (cp. TIOACTPOUHOE npumeqamre'l) Ha c1p. 16},
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e paccToguue 1; mepumerp. 06PA3CBAHHOTO . CABHRYTHIMH - NIpS-
WMK 66n1b1Ier0 MHOTOYrONbHKKa M (puc. 5) oGosnauum vepes P,
.-a ero njowaip—vyepes S. Jlo-
KaxuTe, 4TO
) P—p>6;

6) §—s>15;
-+ B)* ecnm MHOFOYTONbHUK M
ABASETES = YETHIPEXYTOJIbHHKOM,
0 P—p>=8u S—s>=16; %

r)* ecam BCe Yrial MHOTO-
yronbHuka m tynse, 10 P— p <8
uS—s<16.
28. B npsiMoyroabHuke pas- Pae. 5.
MepoM 20X 25  pacrnosoxeHO
120 xmanpartos co cropono# 1. Jlokaxure, 4yTO B NpAMOYrofb-
HHKE MOXHO IOMECTHTh KDYr IuaMeTtpa 1, He nepecekaomui
HH OJHOTO KBaJpaTa.

29. MOXHO 14 B NPSMOYTOJIBHUK TIOI{ag# 1 NOMECTHTDH pAR
HeNepeceKalolyXCcsi KpPyroB Tak, 4TOGH CyMMa HX paXMyCOB
pasusnach 19627

30. Ha miockocTH zanbl- 25 TOYeK; H3BECTHO, YTO M3 JIO-
Onix TPEX TOYEK MOXHO BHIGPaTh ABe, PACCTOSIHHE MEXAY KO-
TopuiMH MeHbmie 1. JdokawuTe, 4YTO CpeiM STHX TOYeKk Hai-
nytes 13, KOTOpHE MOXHO MOKPHTH KPYTOM pammyca 1.

31%. Ha nnockocTu llaHbl 100 Ttouek. [MHokaxure, uTOo HX
MOHO MOKPHITh OJHHM MM HECKOJNbKHMH HENepeceKaioLuMucs
Kpyram, cymMMa JIuaMeTpoB KOTOPHX MeHbiie 100 u rtakumy,
YTO paCCTOSHHE MEXAY JIOGLIMH JNBYMSI TOYKAMH PasHEIX KpY-
roB NPeBOCXOAHT 1.

82. Tlyctb m-—HauMeHbLlee YHCAO KPYroB pamuyca 1, Ko-
TOPHMH MOKHO TOKPHTb ~BHINYK/HH MHOTOYrOZBHHK M, n-=Ha-
HGoJIbIIee YHC/IO KPYToB AMameTpa 1, KOTOpHE MOXHO pacno-
JOXKHTb TaK, 4TOOH HHKaKHe IBa prra HE TepeceKanuch H
4yTO6H BCE MX ILEHTPB MOPHHALNENANH MHOTOYTONBHHUKY M.
Kaxoe us uncen Gombuie —m wan n?

33. Ha xpyrnom crtone pammyca 25 nexar »n MoHer pa-
“huyca 1. Jlokaxure;. 9to.. ecan n > 625, TO MOHETH HaBepHOe
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YACTHYHO - [IOKPHRAIOT OAHA: ApYryio;, a ecnnm n< 144, 10 Ha
CTON MOMCHO TIOJIOXHTD "€lie OJHY MOHETY Tak, 4TOOH OHa’ He
HEepeKpHBaNach € IOJOXEHHHIMH paHee,

Ykasanuue B 3afaye 33 oneHkH (B obuleM cayuae crosa paguyca R;
Ha KOTOpOM PacCIiosaralorcsi MOHeTH pajiHyca 1, OHH MMeloT CleLyHowuit
BHJ: €CJIM UMCJO n MOHeT Goabme R2, To MOHeTH HaBepHOe TepeKphl-
Batorcst, a ecan n < 0,25(R—1)%, To Ha CTOJ MOXKHO NOJIOXKHTL MOHETY,
He NEPeKPHIBAIOIYIOCA € TIOJIOKEHHBIMH DaHee) NOJYYaiOTCH CPABHUTEb-
HO HECJIOKHO; OlHAKO OHH fABJASIOTCS BecbMa rpy6mMi. DoJee ToHkHe
paccy¥/lenus NO3BOJSIOT J0Ka3aTb, 4TO Npu- GoJbuioM pajauyce R crona
YHCJIO HEeNepeKPHIBAIOMHUXCH MOHET He MOXKET 3aMeTHO IIPEBOCXOLHTb
0,9-R2?, a yucno MOHET, MOJOXKEHHHX Takum o6pasoM, 4To GoJjbiue Ha
CTOA yKe HeJb3s TOJOMHTL HH OJHOH MOHeTH, He NepekpbiBaouieiics
C MOJIOKEHHBIMH paHee, He MOXKeT OblTh 3aMeTHO MeHbie ueMm 0,3-R2?
(cp. ¢ ror. I xuuru JI. Peftema Tora [21]).

34. Monpsuoe nose uMeer GopMy KBadpaTa co cTopoHoH 12;
OT HAXOZALIETOCH HA TEPPHUTOPHM MOJS HCTOYHHUKA J MPOREAEHA
CUCTEMA IPAMOJHMHEHHBIX aPLIKOB TaK, YTO PACCTOfHHE OT Kax-
JOoi Toukn moas mo Gamkalulero ¥ 9ToH TOYKE aphiKa He Ipe-
Bocxoaut 1. Jlokaxute, 4To obumiad AAMHA apHikoB Goabme 70
(utMpuHOH aphIKOB MBI NpeneGperaem),

35. Ha xBanparTHoM yuacTKe co cTopoHoil 100 pactyT (Huavng-
puyeckne) nepeebst pasuyca 1. Jokawure, 4TO €CnH HA 3TOM
yyacTKe Henab3f HPOJOKHTH

© 600 000 1 -
OO HESRE (ckonb yromwo ToHky0!) nps
coceoccooo0o0o00o MOJIMHEHHYIO TPONMHKY AJIMHEI
-0 c © 00 0 O 0 O o N
ey 10, He 3akeBaioOULYI0 HH ONHO-
eco0o0oo00 000000 TO ZJepeBa, TO YHCJAO AepeBb-
ee oo oee o009 €B Ha yuacTKe He MeHee
© 0 00 0 C o O 0 0 0 o .
©0 00 0 ofe—orTEC 0o 400.
00 ¢ 0 0 0 0 ©06.0:00 o
0 0 o 0 o
socenceosccans 36%*. B uentpe kpyrnoro
©000000c 000000 caga paauyca 50 pacnono-
-] 0o o 0 o0 ]
DI wena Gecenka B; (UnamuApH-
Qo000 0000 YecKHe) JepeBbd pacTyT B
0 0 0 0 O 0. 0

y3nax CEeTKH KBaApaToB Co,
Puc. 6. ° croponodi 1 (pmc. 6)., Toxa-
WHTE, UTO NOKa pajHyCH BCex

i 1
JepeBhEeB OCTAIOTCH. MeHbie VaRT ~ 5501 (=~0,019996), Bux

u3 Geceigkn He OyAeT INOJHOCTBHIO 3dC/AOHEH- AEPEBLIMH; OZHAKO
1 —

Kak TOJIbKO pajguyC JepesbeB JOCTHTHET 5—0=O,0_2, uenoBexk,

cuggiuuit B:-6ecexe, He YBAAHT IPOCBETA HH B KAKOM: HAMDAB/ICHUH,
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o .37*. 3anopomenunit cherom napk I7 pasmepom 300 X400 #
‘pasGuT napasieabHHIMH CTOPOHAM NPAMOYToabHHKa [T JOPOKKAMH
Ha xBagpath 100 # X100 »; no rpaHnue napka Takke HIAYT

nopoxxu (pxc, 7). FlyTHuk moxer
“pPOCTBIC ¥ WIH TPIMO 110 CHEry ¢
menbmielt cxopoctoio u. Kax gon-
WeH OH HJITH, YyToOH mpolity H3
OZHOTO YI/a Tapka B IPOTHBOIMO-
JIOXHBI B Kpatvaiiniee Bpemsa? Hail-
JuTe 3TO KpaTuaiimiee Bpems (3a-
BUCsILIEE, OYEBUIHO, OT BeJAHYHH
un ).

38. B uenTpe moss, HUMelOLlie-
ro d¢opMy KBaapata, HAXOAHTCH

HATH NO AOpOXKKAM CO CKO-

f

Puc. 7.

BOJK, 4 B BEPUIHHAX KBAJApaTa —ueTeipe cobBaku. Boak MOxXeT
6erath IO BCEMY TOJI0, @ COOAKH-— TONBKO 1O ero rnepHdEepHH.

Bonk 7nerxko MOXeT CHPaBUTbCA C

Co0aKoH, HO 070NeTh ABYX

cobak oH He B cocTosHuH, Jlokawure, 4TO e€Cau coBGaku MOTYT
IBUTATBCA CO CKOPOCTbIO, npeBumatouiei g 1,5 pasa Hau6onb-
IIYI0 BO3MOXHYIO CKOPOCTb BOJIKA, TO OHM MOTYT HE BHIIYCTHTb

BOJIKA U3 mpenesoB noad,

39. Kopa6apr K, 3ameuaer xopabnp K,, Haxomswmuiics Ha
paccrosunn d oT K| M NLBYIHE .0 CKOPOCTHIO U B HANPABACHHH,

‘TIepIeHAUKY/IIPHOM  MPSIMO#t

£

Puc. 8.

KK, (puc. 8). Kopabnp K,
HyXJIaeTcs B MOMOUIM H TO-
TOMY XO4eT 06paTuTh Ha cebs
BHuMaHHe Kopabns K,, KOTO-
puifl, onHako, He 3amedaer K,
U NPOJAOMMAET HATH TEM Xe
xkypcom. Hackonbxo Moxer
npu6an3uThed .kopabab K, K
kopabmo K,, ecau

a) ckopocts K, TaKxe
paBHa v xanuras kopabnsa K,
B Ka¥/Jbi MOMEHT BpeMeHH
BEIET €ro MpAMO NO HANpPas-

Jqiennio K, K, (xotopoe, pasymeercs, BCe BpeMa MeHseTcs B
npouecce asmenus 060HX Kopabnedt);

6) ckopocTs Kopabnsi K, paswa 4 < v, a kanutan K, cpasy
HCXQOUT M3 TOro, YTO HANpaBJAEHHE IBHWEHUsS Kopabns K, He



A3MEHHTCH, W BHOHpaeT Kypc cBoero kopaGas B COOTBETCTBHH
C STHM TNpeIrNOo/IOKEHHEM? : : LT

~ 40. Typuct 3a6nyauncs B Jecy; oH 3xaer c¢opMy naeca, HO
He 8HAeT, FAe OH HAXOLUTCH. _ T

a) Ecan nec npexacraBaser co6o# kpyr nmamerpa d, 70
IBHrasgch 1O TpPAMON JHHHH B KAaKOM-YFOIHO (PHKCHPOBAHHOM
HalpaBJeHuH, TYPUCT 3aBEXOMO BHHAET U3 Jeca, npolas nyTs d:
110608 0Tpe30K AJMHHH d, HaYHHAIOWMHCA BHYTPH Jieca, nepeceyer
ero rpauuuy (puc. 9, a).

6) Ecan nec npeactaBaser co6off MOAYIUIOCKOCTE U TYPHCT
€Ay4Yalno 3aMOMHHJ, YTO OH OTOLIEN OT IPaHHIM Jeca Ha pac-
croduue d (HO He 3HAeT, B KaKOM HANPABJEHHWH OT HEro Haxo-
OUTCA FPaHHlla), TO OH MOXET BHHTH H3 Neca, npoiad B M060M
HanpasiaeHuu orpe3ok AB pnuen d, a 3ateMm OGOHAS OKPYXK-
HOCTh S ¢ UeHTPOM B HcxomHo# Touke A u paauycom d: 3TOT
nyts jaaunsl d--2nd (= 7,28d) unaBepHoe BhBeHeT €ro. Ha
TPaHHLY - /1eca, PACHOJONKEHHYI TJe-T0 Ha paccrosuud d ot
To4kH A (puc. 9, 6). ’

MoxeT nm TypHCT BHGpaTh APYro#l myTh, KOTOpHI HaBepHOe
BHIBEAET ero U3 sieca paHee TOro, Kak Ox Ipoluer paccrosnue d,
cootBeTcTBeHHO (1--2m) d?

Sanaun 40a), 6) HAYT OT H3BECTHOrO AMEPHKAHCKOLO MATeMaTHKA
P.. Beaamana (cM. crp. 161 —162 kunru [40] ujas ykasaHHyO IOJ
TeM e - HOMepoM 3aMeTKy). B cayuae 3amaus 40 a) HeTpyaHo HailTh
ONTHMAJIbHBIH TyTh, oOfeciieyuBalomuif BHIXOX H3 Jieca 3a KpaTyaiimee
BpeMs; OAHaKo Opu APyroil Qopme Jeca sT0 BoBce He Jerko. B. A. 3 aa-
rajaaep [4]1] Hawes caMblii BHrOAHBIA MyTh B. TOM Cllyuae, KOrAa -Jec
npejcTap/sieT co6oil AOCTaTOMHO Bumnyruﬁ NPSIMOYIOIbHHEK, OTHOLIEHMe
GoabLreli- CTOPQHK KOTQPOro K. MeHbIleH > 2,278 (u aaa. TOro. caysas,
KOFAa Jiec npejcraB/sieT cofofi 6ecCKOHEeY HYI0 NoJocy WHpHHOR d);
OIHAKO KAKOA NyTh Cllelyer BHMOPATL B TOM .CHyide, KOFA3. JeC AMeer

. a ! - . ' '



;q:opmy NPSMOYTONbRHKA C OTHOMIEHHEM CTODOH, MeHblunM 2,278 (aampn-
mMep, GopMy KBajpara), HJH, CKaxkeM, GopMmy TpeyrodbHHKa (HanpuMep,
1ipaBHALHOTO Tpeyronbunxa), BHIHMO, [OKa elle HEH3BECTHO. l'Io no-
Boy. 3ajamH 406) cm. Ix. P. Hc6en a [42]. - ‘

41. Ha neGonbmom octpoBe O (pasMepaMH OCTpOBA Mb
B JanbHefilieM npeHeGperaeM) CTOHT IMPOKEKTOD, OCBEUIAIOUIMH
OTPE30K MOBEPXHOCTH MOps IaHHOH B 1 xm; 9TOT mnpomexTop
Bpauiaercs, copepmas. oxud obopor B Munyty. Kartep momxen
npo6GpaTtbcs K ocTpoBy O, He 6yaAyun OﬁH&pY)KEHHHM (T.e.Hn pasy
HE TI0TaB B Ayy npoxcexropa)

a) JlokaxuTe, 4TO ecNu CKOPOCTh U KaTepa Menbiue 800 x/mux,
TO OH HE CMOXET He3aMeTHO MOAOHTH K OCTPOBY.

6) ** BulsicHUTE, IPH KAKUX 3HAYEHHAX CKOPOCTH U KaTep CMO-
WET BHIMOJHATH CBOI0 3aJa4y W HE3aMeTHO MOJOHTH K OCTPOBY.

42, Ha xpaio - xpyrnoro Oacce#ina cTOHT AHIpeHl, KOTOPHIi
He yMeer mJapaTh. B uenTpe OGaccefina waxoautcs Buxrop,
KoTopHil 6eraet Gnictpee Auapes.

a)* Cmoxer. i Buxtop yGewars ot Amaped, eciu OH mna-
BaeT B 4 pasa mejpnensHee, uem Geraer Anmpeii?

6)** TlocrapallTech OTBeTUTH Ha TOT K€ BONpOC, e€cCaH
Augpe#t Geraer B k pa3 OGnicrpee, uemM Buxtop mnaasaer, rie
k& > 1 —3anansoe yucio.

2. TEOMETPUYECKHE HEPABEHCTBA

Bésbmast 4acTh 3aau 3TOro UMKJA HMEET CJeAylOmHil Xapakrep.
PaccmarpuBaerca onpefiesieHHas reomerpHueckas ¢urypa F (dame Bce-
[0—TPeyrofbHHK); OAHA HJH HECKOJbKO H3 - XapaKTepH3YIOWHX STY
¢urypy F BeJHYMH H3BECTHBI TOYHO HMJH (pexe) H3BeCTHH [pejeJisl,
B KOTOPHIX 3aKJIOYAlOTCA 3TH BeJIHYMHEL. 3ajjauya COCTOMT B TOM, YTOOLI
OLEHHUTH HEKOTOPYIO [PYyryi0 BeJIHYHHY @, CBSI3aHHYIO C QJurypoi»'x F,
T. e. JOKa3aTh, YTO 3Ta BeJHUWHA YJOBJETBOPAET HepaBeHCTBAM BHJAA

u<a< U, ()

rae uncaa u H U, BooGule TOBOpA, 3aBHCAT OT ychoBui 3ajauu. Ilpw
TOM HaflZenHOe JABOMHOE HEPABEHCTBO AOJIKHO ObiTb TOY HBIM; BTO
SHAYNT, 4TO AN KGxd020 WHCAA X, 3aKJIOYEHHOrO B HaiieHHHIX Tpeje-
j1ax (B HalueM CAyuae TakKoro, uto u =< x < U), jomkHa cyimecTso-
BATH YJOBIETBOpAIOWAs YCIOBHSAM 3ajaud ¢urypa F, pas xoropoi
BeJMYHHA @ paBHa Xx; A Kaxdozo- XKe UHMCHAa X BHE YKa3aHHBEIX
TipeAesioB TaKok (pm'ypu F cymectBoBath He 40X 1 0. TakuM o6pasom,
nojiHoe pernenye sajnaunm TPeGyeT [0Ka3aTeIbCTBA TOFO, YTO JJs K @ K-
Koro uucna x B npefenax (x) cymecrByer ¢urypa F, pas Koropoit
a=x, OJHaKO B PelUeHHsX 3a4aY.9TOr0 IHK/Ja MOC/ejHee (Kax NPaBHIO,
npmmnnﬂa.nbno Hec.noxmoe 1) paccyxpgenue 06HHO - onyckaercs: Mul

~-1) Cp: ¢ peiuenHem 3ajaud-94 6) u3 BuKAa:-3agau 4,
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OTPaHUYMBAEMCH JIOKa3aTeJbCTBOM TOrO, 4YTO (B YCJAOBUAX -oGCYXJa-
eMOH «THNHYROH» 3ajaun) BeJUUHHA 4 Bcerja Membumie U~ H  He -MOXeT
OniTh MeHbIUE 4, NPHYEM OHAa MOKET OHTb paBHa 4 M MOKEP OHTH
CKoJNb yrojaHo 6auska Kk U, )

43. IIBe crtoponn tpeyrombuuka ABC pasum a u b. Kakyio
BEJHYHHY MOXET HUMETb

a) HanGONBLIMA YroJ TPEYrOJAbHHKA;

6) HAUMEHbIIWH yros TPEyronbHHKa?

44%, Cropona AB tpeyroabunka ABC paeHa 1; CTOPOHH
AC=b n BC=a #e nupeBocxoaaT HexkoTOpoH sennuynnnt M wu
He Menbme m. Kakne 3HaueHus MOXKET IPHHHEMATh BeJHYHHA
a yraa ACB TpeyronbHuka?

45. a) Kakune snayenus MOWET NPHHHMATH BeJHYHHA

1) yria A tpeyroabunka ABC;

2) yrna B;

3) yrna C,
ecnn AIB<LC?

6) Tlnomame TpeyronbHuka €O CTOpoHaMH @, b u ¢, rIe
a< b<c, paBua 1. Kakne 3maueHus: MOKET IPHHHAMATb

1) cropona a TpeyroibHuKaE;

2) cropona b;

3) cropoHa ¢?

46, Tpeyroqnuuk ABC :

a) omHCaH BOKPYT OKDYXHOCTH panmyca 1j

6)* BOMCAaH B OKPYWHOCTb paiuyca 1;
panuychl BHEBNHCAHHBIX OKPYKHOCTEH TpeyrojbHuka (CM. HHke
puc. 21) o6o3radum uepes r,, r, U r,, viae r,< r,<.r.. Kakne
3HAYCHHS MOWKET MPHHUMATH

1} paanyc r, BHeBOHCAHHOH OKPYXKHOCTH;

2) pamuyc ry;

3) pamuyc r.? .

B crepeomerpuu -poap TpeyroasHuka ABC wurpaer . TerTpasiap
(nponssosibHasl Tpeyrofbhas nupamuia) ABCD; BMecTo ONHCaHHOH
M BNHCAHHOH Opr)KHOCTeﬁ TpEYroJAbHUKa 37eCh BLICTYNAKIOT ORUCAHMAR
" enucanras cepor terpasapa (puc. 10, a, 6)1), a poJp BHEBNHCAHHBIX
Opr)KHOCTeﬁ UTPAIOT TaK Ha3biBAaeMBIE BHEGNUCAMHbIE Cd)epbl VTeTpasnpa,
Kacawiuecs MJOCKOCTe BCEX €ro rpaneﬁ, NpHYEM XOTb OXHOI 1110+
CKOCTH —B TOHKE, npnﬂazme)xam.eﬁ He caMoit rpaHy, a ee NpoJIC/IKEHHIO.
Yueso BHEBNHCAHHBIX cq)ep TeTpasfipa HE MOXKET TPEeBOCXOAHTb C-€ M H:
KaXabniil Terpasip ABCD umeeT 4eThIpe «gHegnucaxHbie cgepbt 1-20 podar,

1) Cwm., Hanpumep, )K. Anamap, dnementapnas reomerpas, 9. II
{ctepeoMerpus), Yunegras, 1958, 0. 475 u pemenue 3apaun . 701,



KaXAas w3 KOTOPHX Kacaercss Ofnoft rpaHy TeTpasipa u mpojomkenuil
Tpex AODYrHX ero rpaHedt (puc. 11, a); 4HCJIO Xe <BHEBRUCAHHLIX Chep
2-20 poda», KacaloWKEXCcs npogo/mkenuit AByx rpaueit 'y u Iy 3a ux obuiee
pe6po r, a xsyx apyrux rpamefi I3 u I'y—3a npunagiexamue 1

Puc. 10.

BepiunHb (puc. 11, 6), He Goablie Tpex, HOO U3 KaMABIX ABYX «d4eThipex-
CKaTHLIX KpblU», OMpeje/ieMblX Napod NMPOTHRONOJOKHLIX peGep 7 u r',
BOHCATh cepy MOXHO He GoJee yeMm B OAHY Y).

1) CM., Hanpumep, XK. Anamap, DnemedtapHas reoMerpust, 4. 11
(crepeomerpus), Yunenrus, 1958, n. 475 u pewenue sagaun 701. [Hann-
yne y TpeyronbHruka ABC weThHi pe X OKpymKHOCTeH, Kacalomuxcs BeeX
ero cropod AB, BC u CA (cMm. puc. 21 ma crp. 40), Moxer OHThb
NOSICHEHO TaK: 0ée CGHCCEKTPUCHL YrJIOB, OGPa30BAHHBIX CXOIASIIUMHCS B
Touke A cropoHammu TpeyrosisHuKa (yria A W BHEIIHETro yIJa TPeyroJib-
HHKa NpH BepwHHe A), nonapHo nepecexkaioTcs ¢ 0symsa GHCCEKTPUCAMH
yrJioB, 06pa3OBaHHBIX CXOASALIMMUCS. B BeplliHHe B CTOPOHAaMH, B demoi-
pex TOUKaxX —IEHTPaX pacCMaTpHBaeMblX OKpyxHocTeH (M0 Kakzas u3
3TUX UYeTHPEX TOYeK paBHOYAANEHA OT BCEX CTOPOH TPEYrONbLHUKA).
AHasOrHYHO MOXKeT GbITh NOSICHEHO HasHyne y TeTpasipa ABCD Bocbmu
cdep, xacaomuxca ecex ero rpaneit ABC, ABD, ACD w BCD: 0Ose
GHCCEeKTOpHAJ/IbHbIE -JIOCKOCTH ABYTPAHHBIX YIVIOB, 06pPAa30BAHHBIX CXOAs-
muMHcss 1o pe6py AB rpaHaAMH Terpasipa, NONapHO INepecekaroTcs
¢ Jsyma GHCCEKTOPHANLHBIMH IUIOCKOCTSMH JIBYTPaHHBIX YIJ08, 06paso-
BaHHBIX cXofdmumucs no pe6py AC rpaHaMmH, 1O 4emsipesm TPsMbIM,
COBOKYIHOCTB KOTOPHEIX NPEICTaBAsieT coG0f reoMETpHUECKOe MeCTO TOUeK,
pasroyOarennsix om naockocmeti ABC, ABD u ACD; najee stH 4emsipe
npsMple nepecekaloT 0ée GHCCEKTOPHAJbHEIE IJIOCKOCTH ABYTPaHHbIX
yryoB ¢ pebpom BC B gocomu TOUKax —LEHTPAX pacCcMaTpHBaeMHIX cdep.
(3ameTuM elne, YTO B NPOTHBOMOJIONKHOCTH CJAYUYAI0 TPEYTOJbHHKA, peab-
HOE yHCAO chep, KacaloWuXCsl BCEX rpanell TeTpasnpa, MOXKET OKa3aThes
B MEeHbWHM BOChMH—B CHIy NapajlleJbHOCTH HEKOTOPHIX H3 pac-
CMaTPHBAEMBIX TIIOCKOCTEl H HPAMBIX; 3TO OGCTOATENLCTBO [PUXOLHTCH

" YUHTHIBATh OpH. pemenuy 3ajaud. 47.)] ‘



Puc. 11,
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47. Tlycrp pamuyc p smucasuoll cdepw Tetpasapa ABCD
(puc. 10, 6) pasen 1; paguycH ero BHeBmuCaHHWX cdep 1-ro
poaa (puc. 11, a) o60o3uayum 4epes P ,, Pp, Pc ¥ Pp (FH€, CKAMEM,
eepa paaumyca p, Kacaercs MPOTHBOMOMOXKHOH Bepuimun A
rpann BCD TeTpasipa H NpOJOMMEHHH Tpex APYTHX rpaHeii),
a paiauycn BHeBmucaHublx ¢ep 2-ro poga (puc. 11, 6)—uepes
Pam Pac ¥ Pap (rae, Hanpumep, chepa paamyca p,p BHHCAHA
B «YETHLIPEXCKATHYID KpuIuy» ¢ pebpom AB unu ¢ pebpom CD).
Kakum mower OHITb

1) pammyc pg4; 5) pasuyc pap;
2) pamuyc Qg 6) paanyc ¢,
3) paanyc p; 7) pamnyc pgp,

4) paauyc Qp;
eI Py PRSP Pp?

3ajauy 47 MOKHO, OUEBHMJIHO, PaccMaTpuBaTb KaK «CTepeoMeTpHUe-
cxufl ananor» {naanumerpuyeckoil) sagaun 46a). MoxkHO Takke anaJjo-
rudHO 3ajaue 466) mocraBurb BONpoOC O oUeHKaxX AJs BeJHYHH 04, Pg,
Oc. Op; Pap PAc M P4p B TOM caydae, KOrha paduyc onucaHHod
“cpepor mempasOpa paser 1; OLHAKO 3TOT BONPOC SABJAETCA JAOBOJLHO
caokHeIM., HerpylHo yGeauTsest, uro ecau paduyc P onucannotl cgepot
mempasdpa pasen 1 u pg—paduyc HAUMEHbui el BHEBNUCAHHOU
cghepol, mo

0<pa <%(z 0,6667) |,

2
NpUYeM paBeHCT30 pA='§ AOCTUraeTcsa JMilb JJis1 OpPpaAaBHABHOTO

Terpasapa ABCD, u uro paduyce. eHesnucanneix cgep 2-20 poda
B 5TOM CJlydae BOBCE He 02DAHUYCHbL

0 < pap Pac: PAD< @

(cM. puMeuanHe K pelteHuio 3ajaun 47, 1)); oIHAKo HAaXOXKASHHE TOYHBIX
OLEHOK BeJIHUYHH Ppg, Pc H Pp (TAe TMOJOKEHO P4 < pp<=Pc << Pp) Tpe-
Gyer yxe ropasio Gompwnx ycuauit, I. M. bapowu [43] nokasan, uto
ecan pdBuyc onucansot cepve mempasdpa pasen 1, mo

0<ppsV 2V 3 —23(=0,68125), 0<pc< 1)-;—?’— (== 0,7698),
0<pp< . ’

SileCh PaBeHCTBO pB=V2 V¥V 3—3 =# gocraraetes Aaa n paBHJb-
HO#H nuHpamups. ABCD, jsyrpasuufi yron ¢ InPH OCHOBaHHH
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KOTOpOH oNpefieIieTcsa H3 Yy CAOBH A
cos p= S——Q—-kz— N
Tkt 1
rae uucao B =~ 0,68125 ecTs kKopeHh BO3HHKAIOLIETO B PEIEHHH COOTBET-
cTByomleli 3afayn GHKBajpaTHOTO ypaBHeHHS x*--6x2—3=0 < TaKhM

0,68125

2,44791
pamujipl, Bennunna pe Momxer GbITb CKOJIb YFORHO GaAHM3KOH K 3HAYEHHIO

4Y3
9

B eiuHUuHYI0O chepy!) «oceBomMy ceueHHio» ABM mpaBuab-

Horo TeTpasapa ABC{D, (r. e. ecit Bepmuuw C u D TeTpasipa-

ABCD npunagnexar pe6py C(D; npaBuiasbHoro terpaszipa ABC,D,
CUMMETPHUHBL OTHOCHTeJIbHO cepeinHbt M 3Toro pefpa u JOCTATOUHO

o6pa3oM, COs == " (p:\.\-73°50’30">—n TOJIbKO AJsi 3ToH nH-

, ecau Tetpasap ABCD Gyzer 6aH30K no ¢dopMe K (BIHCAHHOMY

6mu3kH K Touke M; cMm. puc., 12, @)—Ho 3HaueHHs 4 ]g3 OH JOCTHUTaTb
A Y »
&
2
P
g9 ¢

He moxkeT, HakoHel, semuuyvea pp MoxeT OBITB CKOJBb YTOLHO Giu3ka
K 1, ecu terpasnp ABCD saBasercss npaBuAbHOR NMHEpPpaMHIOR
coyeHb MaJoi BocoTolt Aip=DP (puc. 12, 6).

48. Kaknvu moryt GuiThb Tpn oTpeska h,, P, 1 m,, paBHbie
NPOBEJEHHBLIM M3 OJHONX BepUIHHBL BHcOoTe AP, Guccekrpuce AK
u menuane AD tpeyronbhuka ABC?

49. fTyctb h, =P, =m,, vne h,= AP, B, =BL n m,= CF —
NpOBEIEeHHBIE W3 TPeX Pa3HbIX BEPLIHH HEKOTOPOTO TPeyTOJbHHKA
ABC Buicora, Guccextpuca u mMeanasHa. Kakoe 3Hauenue Moxer
HMeTb OTHOMIeHWe HauGonblilef CTOPOHH TpeyroibHuka ABC
K ero HauMmeHblleH cropone?

50. Mycrs h,=m,, rae h,= AP—nanGonbimas H3 BHCOT
ocTpoyronbhoro Ttpeyronbuuka ABC, a my, = BE-—wuenuana,
nposenennast u3 BepumHn ‘B. Jloxawure, yro / B<60°,
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51. Mycts AP=h,, AK =P, n AD = m,~—BHcoTa, 6Hccex-
TPHUCA W MemHaHa Tpeyroabuuka ABC co CTOpOHaMH AC=bn
AB ==c. [lokaxure, 4to . ~

a) ecan 7—{——0—::71;—, 0 / A< 120%

1 1 1 o,
6) ecau _17_+7=E_’ 0 /A= 120%

1 1 1 o
B) ecian —b—+?=r—n_a_’ 0 JAZ120°

52, Ocuopanne BC tpeyronsunka ABC pasno 1, a yron 4
pased o. Kakue 3HayeHHs MOMXET IPHHHMATH JAJMHA MeJHAHHI
AD=m, 31010 Tpeyro/bHuKa?

53. Meauansl AD u BE tpeyronpnuxka ABC B3alMHO neprieH-
aukynsapael, Kaxum mowxer 6uiThb yroa C 9TOro TpeyrobHHKa?

54. Kakyio BeJHYHHY MOXET MMETb OTHOMIEHHE BHICOTH A
NpAMOYTOJBHOTO TPEyrO/NbHHKA, ONYILEeHHOH HAa THHOTEHY3Y,
K PajguyCy 7 BOMCAHHOM B TPEYTOJBHHK OKPYXHOCTH?

55, Kaxumu moryt 6ui1b yrasl B, AC, n C,AD, wexny nuaro-
Hanbio AC, npsimoyrosabnoro napannenenuneia ABCDA,B,C,D,
u.zuaronanamu AB, u AD, ero rpanei ABB,A, n ADD,A,
(puc. 13)?

&
'\
f N 4
8 :
67! \\
/)— —————— > NG
e ~
4
7 4
Puc. 13. Puc. 14.

i
56. Boxpyr mapa omucaun ummungp I u xouyc K (puc. 14);
O00GbeMH UMIMHADA M KOHYca oGo3naumm uepes V, u V,. Kaxoe
HauMeHbllIee 3HAYeHHE ¥ MOXeT HMeTh V,, ecam V, =17 Yemy
paBeH yroJ mpu BepLIHHe OCEBOTO CEdEeHHS ONHCaHHOTO Konyca K
061>ema v?

.



57. B terpasape (tpeyronsnolt nupamune) ABCD-Bce pe6pa,
kpome pe6Gpa AB, He nperocxoasT 1. Kakoe anauenune Mmower
uMeTh O0DBEM TETPasiapa, ecau

a)* taxwe w AB<1;

6) AB>=1.

b8. Bunyknas nomanas nnmun d BpalaeTcs BOKPYT NPSIMOH,
coequnsiiomiefl ee koHun. Kakoil MoweT 6uITh nuowagp roayqeH-
HOH TakuM NyTeM INOREPXHOCTH BpalUEHHH?

59. Iaomanpe xBazpara K pasHa 1, a njouiaib BIIHCAHHOTO
B Hero npsmoyronsHuka Il pasuserca s. Kakyio BEAHYHHY MOKET
HMETb §, €CJH

a) I we AB/SETCA KBAAPaTOM;

6) Il —«kmaxpar?

60. namerp Bnucanuoft B Tpeyroabunk ABC oxpymHOCTH
pasen 1. Yemy moxeT pDaBRHATLCHA CTOpOHA d BIHCAHHOTO B Tpe-
YTONBHAK KBAaapaTa, JiBe BEPIIHHE KOTOPOTO JexaT Ha OCHOBA-
Aud AB TpeyroabHHKA (He HA ero MPoKoAKeHusx!), a ABe Apy-
rae—Ha croponax AC n BC?

61. n orpeskoB €aMHUYHON AJAUMHHW TNEPECEKAIOTCH B OXHOR
TOYKE; HUX KOHIB NOCASAOBaTEAbHO coegmnenti, JloxKaxkuTte, 4yto
X0Ta Ob OZHa CTOPOHA TOJYYEHHOTO TakuM OGpasoM 27-yrofb-
HHKA He MEHbIIe CTOPOHH NPaBHIAbHO-
ro 2n1-yronbHWKAa, BIHUCAHHOLO B OK-
PYXHOCTb auaMerpa 1.

62. Tpeyroavnuk ABC nipsmMo#i BD
pa3buT Ha aBa TpeyroabHuka ABD wu
CBD. JHokawute, 4TO CyMma palHy-
COB r, H r, OKPYXKHOCTeH, BIHCAHHKIX
B Tpeyroabuukd ABD u CBD, 6oabuie

pazuyca r OKDYWHOCTH, BIHCAHHOH B
Puc. 15.
Tpeyroabuuk ABC.

4

63. Ilycts M—npous3sonbHas TOYKa BHYTPH TPEYLONbHHKA
ABC; toukn nepeceuenus AM, BM u CM ¢ npOTHBONOIOKHBIMH
cropoHamu BC, AC # -AB TpeyroJbHHKa 0GO3HaYHM uepes Ay,
B, u C; (puc. 15). [lokaxure, 4yTo cymma

MA, + MB, -+ MC,
He NpeBOCXOAMT GoabuieHt CTOPOHHE TPEYTONbHHKA #BC.
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64. Jlar Tpeyroabiuk ABC u BHYTpH Hero “TaKas TOuKa D,
410 o : c
AC—AD>=1 u BC—BD>=1

Hoxaxure, 4t0 aas moGoRk Touxkn. E croponm AB uMeeT MecTO
HEPABEHCTBO ‘ :
EC—ED=1

3. 3AJIAYA HA OTbLICKAHHUE HAWBOJIbIIUX
¥ HAUMEHbUIMX 3HAYEHHUA TEOMETPUYECKHX
BEJIMYUH

IlenTpasisHEIME B 3TOM HHKJE 3ajau Halo, BHAHMO, CUHTaTh KJdc-
cuueckne 3agauu 706) ¥ 75, KOTOPLIM MOCBALIEHA HOBOJNLHO GoJbias
sautepatypa (cM., Hanpumep, 8§ 4,5 u 9 ra. VII knure P. Kypanrta
nrl. P066HHCa [2], § 8 ra. 1 Kuuru .C. M\. Kokcrtepa [12],
§ 2 crarbu B. T. Boarauckoro v U. M Sraowma [1]), uau
Jlaxe BCe CBSI3aHHBIE C 3TUM KPYrom npo6JeM 3amaun 69—80. danbHei-
Ulee pasBHTHE HEKOTOPBIX TEM, HAYaTHX COGDAHHBIME 3ieCh 3aJauaMy,
MOXHO HalTH B CJAEAYIOUWEM LHKJe 3ajau.

65. [au yroa u BayTpu Hero Touka. [lpoBesmure uepes aTy
TOUKY NPSMYIO TakK, YTOOL ObIIM HaHMEHLIUUMH

a) njowaib TPeyroibHHKa, OTCEKAeMOro OT Yria NPOBEJEH-
HOlt mpaMoii;

6) NMepUMETP STOr0 TPEYTOAbHUKA.

66%. Buytpn yrna BAC BuiGpana Touka M H uepes sty
TOYKY TpoBejeHa npamas / Tak, uYTo OTpeaoK uv, BhiCeKaeMuill
Ha ITOH mMPAMOH CTOpPOHAMH yria,
HMEET  HAHMEHBIUYID BO3MOXKHYIO
JJHHY.

Hokaxure, 4T0 ocHoBauue N
NeprneHauKynspa, ONYUIEHHOIO U3
toykn A Ha npsmywo UV, cummer-
pu4HO TOuKe M OTHOCHTENRbHO Ccepe-
munbl S orpeska UV (puc. 16). [3ro
YC/IOBHE OJHO3HAUHO onpenenser
npamyto UV; oxgrako 3anaua no-
CTpOeHHs B3TOH mnpaMo#i no yray
BAC v Touke M uupkynem u nuHeHKoH, BooOuie rogops, pelileHa
OLTh HE MOXET.] '

67. [lepumerp Ttpeyronbuuka ABC pasen 2p. Kakoe Hau-
Gonbliee 3HAYECHHE MOXET HMeTh JJIMHA 3dK/IIOYEHHOrO BHYTPH

2 A O. lxknspcekud n agp. - 33



TPeYTONbHUKA W mapaineinsHoro BC orTpeska racaTenbHol k
BrincanHot B ABC oxpyxHocTu? J[Ing Kakoro TpeyrojibHUKa
(kaKux TpeyroJbHAKOB) TOCTHTAeTCS STO 3HA4YeHHE?

68. a) Mansol otpesok MN u npamas [. Haftaure na npsMoti I
TOuky X, u3 kotopo#t orpesok MN BuaeH noxa HauGONbUINM
yriom,

6) Ilanw otpesok MN u okpywnrocth S. Haliaure Ha okpyx-
HocTH S Toukm X n Y, u3 xoropux orpe3ok MN BuIeH moj
AanbONbIIAM H TOJ HAUMERbIIUM YTJaMi,

69. a) Jawwnl npamas ! m jase Toukn A u B 110 ojany cTOpoHy
ot 3Toft mpamoit. Haliznte na npamoit [ touky X, cymma pac-
crosgHuft koTopoft 10 TOueK A M B uMeeT HauMeHbLIEE BO3MOX-

HOe 3Ha4YeHHMe.
6) Jlana upsimas / u zmse Toukn A ¥ B 10 pa3Hble CTOPOHH

or nee, Hattaure nHa npamo#t / Touky X, pasHOCTb pacCTOAHHH
KoTtopo#t mo Touek A m B umeer Hauboupiuee (ro aGCoMOTHOR
BeJIMuMHE) 3HauYeHUe,

70. a) Brommute B aanumi TpeyroabHuk ABC Tpeyro/bHuk,
ONHAa CTOPOHA KOTOPOrO COBNAajaeT ¢ 3axaHHoO# Touko#t P cro-
poH AB # mepHMeTp KOTOPOTO HMEEeT HaMMEHbIIee BO3MOWKHOE

3HaueHHe,
6)* BrnmmmTe B HaHHBIH Tpeyronbanx ABC TpeyronsHuk

HAUMEHBIIETO0 BO3MOXHOTO II€pHUMETpAa.

71. Haliaute TpeyronbHHK HaUMEHbINETO BO3MOXHOTO MEpPH-

MeTpa, 3Had

a) zBe BepwuHel A u B u npamyio [, X0TOpoH npHHaAnERuUT
TpeThsl BEpIUINHA;

6) BepuinHy A u npamble [ B m, KOTOPHIM NPHHALIEKAT ABe
ApYrHe BepILUUHBL;

B)* Tpu npsambie [, m H 12, KOTOPHIM HpﬂHalIJIe}KaT TPpH Bep-
LIHHK TPeYrOJbHHKA, .

3anava 71 B), pasymeercs, BecbMa GamM3Ra K 3axave 706), HO He
COBMAajaeT ¢ Hefi: B TO BpeMsl Kak B NeDBoif 3ajaue HIIETCH TPeyrodb-
HHUK, BepU.IPIHbI KOTOPOro npuHajgiexaTrT TpeM. QTPpEe3KaM AB BC u
AC BO BTOpOH 3a7a4ye BepPIIWHBI HCKOMOIO TpPeyroJbHHKA MOFYT npu-
Bagnexath (GeCKOHEYHBIM) NP AMEBIM [, m U n.

72%, Buawure B aHrbi YeThipexyroabauk ABCD yetnipex-
YTONBHUK HAMMEHBIIErO BO3MOXHOTO nepuMerpa. Hokaxnare, uto
aTa 3ajaia, BoobLie rOBOPSE, HE HMEET PEHICHHS B COGCTBEHHOM
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- cMplcne caoBa (T. . TAaKOTO, YTOOH STHM peUieHHEM  CIYXKHA
HACTOSMIMH YeTHPEXYTONbHHK, BCE YeThipe BEPHIFHH KOTOPOro
pasnnytbl), Onnako ecam yeThipexyroaphik ABCD moxeT OHTb
BIOHCAH B OKPYXHOCTb, TO DElI€HHEM 331aYH CJAYMHT HCTHHHHH
4eTHPEXYTOJIbHAK, MPHYEM Haxe He OAHH, a4 GeCKOHEYHO MHOTO
TaKHX YeTBIPEXYTOJbHUKOB (B 3TOM clyyae CyuiecTByer 6ec-
KOHeuyHoe ceMelcTBO Buucanibx B ABCD 4eTHpexyroib-
HHKOB OJIMHAKOBOTO [EpPHMEeTpa, TAaKHX, YTO BCE OCTaJbHHE
paoHcanble B ABCD yeTHpexXyroOTbHHKH HMERIOT yike O6OAbUIRA
e puMeTp).

Ananoruuno 3amauaM 7006) H 72 MOXHO INOCTaBUTh H CHELYIOHIYIO
Gosee ofwyo 3agauy: 6 OawHeil n-yeoasnuk AA,...A, snucame
n-yeoavrux X1 X,... X, Haumenbluiczo 4 :
603moocHo20 nepumempa (puc. 17). Ilpu g
9TOM OKashiBaercs, UTO €CAH 4YHCJIO 7
HeuYeTHO, TO 5TA 33a5aya, aHAJOTHUHO
3afiade 70 6), Bo MHOrHX CIy4aAX HMEeT
elHHCTBEHHOE («Xopollee») pellIeHHE,
OfgHako ecaH YHCJIO 7 YEeTHO, TO
Zeno Bcera ofCTOHMT Tax e <IJOXO0», 4 A
KaK H B cayuae sagaud 72: Kak npa- < nZ
BHJIO, 3JeCh HCKOMOro (HAacTOSIIEero) /\’,

n-yrofibHEKa BOOGUIE HE CYIIECTBYeT; X, y
€CJM XKe OH eCThb, TO UHCJO pelneHHH

3anayd  o6s3arejpHo Oyger 6GecCKo- A p7 Y
HeuHO GOMBIIUM: B HN-YyLOJBHUK ’ " 7

A A,... A, MoxHO GyaeT BOHcath Gec- Puc. 17.

KOHEYHO MHOrO pAas/HYHBIX HA-yroJbHH-
KoB X;X,...X, olHOrO # TOro e MEPHMEeTpa, TaKHX, YTO BCE OC-
TaJbHBIE A-YTOJbLHHKH, BIMcaHHele B AA,...A,, 6yayr umers Gosb-
WHE TEPHMETDP ueM 3TH.

73. Bruumre B jganubft ‘Tpeyroashuk ABC TpeyroabHui,
CTOPOHBI KOTOPOTO HepNeHuKYJAsipHnl paauycam 0A, OB, OC
OMUCaHHOH OKDYXKHOCTH. BHBeIuTe M3 3TOTO NOCTPOEHHS eule
oano peulenne 3agaud 70 6) Ang OCTPOYrONbHOTO TPEyTO/NbHHKA.

74*%. Bimmute B nannui Tpeyroapuuk ABC Tpeyronssuk
XYZ rak, 4ToOn BeNMYHHA

m- XY4nYZ+p-ZX,

TAe m, n, p—3aJaHHbe INOJOXHTEJIbHHE YHCa, GblJIa HAHMEHDb-
nieft (T. €. YTOOGH OhlA HAHMEHbUIHM H3 BOSMOXHBIX «BEC» BIIHCAH<
noro 8 ABC «npoponioyROTO TpeyronabHukay XYZ, tae «yneib-
Hpifl  Bec» 1) mpoBONIOKH, M3 KOTOPOH M3TOTOBASIOTCH CTOPOHM
XY, YZ u ZX, paBen COOTBETCTBEHHO m, 7 H p).

1) To ecTb BeC eIHHHUH JJIHHHL,
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75%. -Hattaure - - o
a) BHYTpH Tpeyro/ibhuka ABC;
6) B NJIOCKOCTH 3TOr0 TPeyTO/bliHKa _
TOYKy X, CYMMa DACCTOAHMA KOTOPOH OT BEepUIHH TPeyroJib-
HHKa ABJSETCH HaumeHief, : :

76. Haitaute

a) BHyTpH yernipexyronbanka ABCD;

6) B mIOCKOCTH STOrO YETHPEXYTOJbHHKA
Touky X, cymma paccTosHui KOTOPOH OT BepiiiH YeTHPEXyrob-
HHKA fBASIETCH HAUMEHbINEH.

77. a) Onuwnre BOKPYT XanHoro tpeyrosbHuka ABC pasuo-

CTOPOHHHH TPEYTONbHUK TaK, YTOOB! MEepIeHJHKYAfpbl, BOCCTAB-
nednnle B toukax A, B u C K cTopoHaMm 3TOro pasHOCTOPOHHEIO
TPEyro/bHHKA, Nepecekanuch B O/HOH Touke. BeBeauTe U3 310TO
NOCTPOEHHS eule OJHO pelieHHe 3axaud 75, '
* 6) Bnuwmte B gaHHbfi TpeyroibHHK ABC paBHOCTOPOHHHIL
TPEYTONLHHK TaK, 4TOOLL HEpPIEHAHKY/SAPH, ONyLIeHHbE H3 TOYeK
A, B n C Ha cTOpPOHH 3TOr0 PaBHOCTOPOHHErO TPEYrOJbHHKA,
nepecekanch B OAHOH Touke. BhiBeauTe H3 3TOr0 nocTpoeHus
eile OJHO peilieHHe 3ajJayn 75.

78. a) [lycrb ABC-—paBHOCTOpOHHH#H TpeyrosabHuk, M—
TOYKA B ero maockocTH. Jlokawurte, 4TO BCeria

MAL MB + MC.

B kakom cayuae MA=MB - MC?

6) BuiBenuTe M3 pe3ynbTaTa 3a;aud a) euwle OAHO pelleHHe
sazayn 75. :

79*%. Hafizute B nnockocts tpeyroiabwuka ABC  Takywo
TOuky X, 49TOOH BeHYHHA

m-XA+n-XB+p-XC,

rae m, n, p— A3aHHLIE NOJOXHUTE/IbHLIE YHCIA, UMeNla HauMenbliee
3HayeHHe.

3azave 79 MOXKHO NPHIaTL CAeAyWYI (OpMyJauposky. [lycrs A,
B, C — Tpu nyHKTa, B KOTOpble JOJHA II0CTABJSATHLCS NPOAYKUHS IPOEK-
THPYEMOTrO 3a80Ja; MPH 5TOM [OMH NPOAYKIHH, HOCTABJISEMble B MyHK-
7ot A, B u C, nycts 6yayT m, n u p. [Ie Halo MOCTPOMTL 3aBOj AJs
TOr0, 4TOOH CBECTH K MHHHMYMY IPEACTOSHe TPaHCIOPTHbHE pPacXoibl
(3gech Mul npeneGperaeM pacxofamu Ha cTpoutesbetso jopor AX, BX
n CX, coeguusomux nyHkT A, B u C ¢ 3aBofoM X, H CuMTaeM TPaHC-
TIOPTHbIE PACXOAbl MPSAMO NPOMOPUHOHANLHEIMA IPOHSBEAEHHIO KOTHIECTBA
JIOCTaBJIEHHOrO rpysa Ha AJIMHY NyTH)?



N

80*. Tlycrs rtpeyroasunk ABC pasroGexpentnfl: - AC =
= BC> AB. J1na xaxo#t Toukn M mnnockoctu Beamunna MA +
+MB—MC Gyner nauMensmef?

3anaua 80 (HEKOTOpHle MOMEHTHl B pelI€HHH KOTOpOil ABATCA, HAJo
AyMaTh, HEOXHUAAHHEIMH AJSI UUTATEJIsI) XOPOILIO HJLIOCTPHPYeT Te CJIOK-
HOCTH, C KOTOPHIMH MOXHO CTOJKHYTBCSI NPH OTKase OT TPeGOBaHHA IO-
JIOXKHTEJbHOCTH 4YHCEJ m, 7, p B YCJIOBHH 3ajau 79: Beib HOJIOXHB
. B ycjoBun 3anaun 79 m=n=1 u p=—I1, Mu npugem K s3ajave, He-
CKOJIBKO Gosee ofumieli, ueM 3anaza 80.

81. Haitzure BHyTpH Tpeyronbuuka ABC Touky, cymma KBal-
paToB paccTOsHUE OT KOTOpOH

a) IO BEpUIMH TPEYTOJLHHKA;

6) KO CTOPOH TPeyrojbHUKa
Oblsia Ob HaumeHbuUIeH.

82. Haitnure

a) B INIOCKOCTH ueThipexyronbuuka ABCD;

6) BHYTpH deThipexyronbHuka ABCD;

B) B TPEXMEDHOM MPOCTPaHCTBE
TOYKY, CYMMa KBaJpPaTOB pACCTOSAHHH KOTOPOH OT AAHHBIX TOMEK
A, B, C u D (Bepuiun 4erbipexyroJbHHKA B 3ajayax a) u 6} u
BEPILHH 3a1aHHOR TpeyronbHol nupaMuisl — tetpasapa ABCD —

B 3amaye B)) Obiia Obl HAHUMEHB- 2
uief, A
AN

/AN

83. M3 Bcex TpeyronbHHKOB, VN

BIHCAHHBIX B JAHHYIO OKDYWHOCTD,
HaliTH TOT, CyMMa KBaApaToB CTO-
POH KOTOPOTO MaKCHMaJbHa.

84. I3 rcex mapanienorpamMMmon
JaHHOH niomain HalTH TOT, Yy KO-
Toporo 601bulag AMAroHanb MHHHU-
MaJibHa.

. - Puc. 18,

85. JIBa orpeska AB w BC mnuu a u b COeMHEHB! WAPHAPOM:
B Touke B; Ha orpeske AC noCTpPOeH PaBHOCTOPOHHHH TPEYTOb-
Kk ACD (touxn B n D pacnosoxeHB 1Mo pas3Hble CTOPOHH
ot npamoft AC; puc. 18). Ilpu kakom yrne ABC gnuna otpesxa BD
o6yner

a) nanGojbuef;

6) HauMeHbile#?
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Yemy pasna HauGOMbUIAY M HAMMEHBINAS BO3MONHHE JUIHHH
oTpeska BD?

86. Tlo mpamonuuefinbiM poporam OA u OB u3s touek Au B
B OAHO H TO Xe BpeMs BHXOAAT ABa Meliexona, ABMMKYIMXCH
¢ omunakoBoti ckopocThio v; pacctosuus OUA=q u OB=0, a
takue yron AOB = o HaMm usBecTHH. Ye-

i
__________ N pes xakoe BpeMs f, mocie Hauama JBH-
’ﬁ S WEHHS PacCTOssHHE d MeXIy MemexomaMu
:\\ Ve \ cTaHeT HamMeHplnM? UeMmy paBHO Hau-
i \,\’\ \\ MEHbLICE PacCTOAHHe d;, Mex1y Tnemexo-
AN \ mamu?
/ ~ \
',05// \\\ P\
4 NA 87. Viz jsyx nyuxktoB 4 u B, pac-
A 7 *12 CTOSIHHE MEwJy KOTOPHMH paBHO d KM,
OMHOBpeMeHHO B TeueHue 1 cex HabBmo-
Puc. 19. JAI0T 34 CaMOJIeTOM, JeTSIUM MO Ipsi-

MOH C NOCTOSIHHOM CKOpOCTbIo. M3 mywnk-
ta A coofupund, uYTO 3a 3TO BpEMs CaMoJMeT CMeCTHACH Ha
yron @, a M3 nyHkra B—urto on cmecTuacs Ha yroa f§ (puc. 19).
Kakyio HauMeHbHIYIO CKOPOCTh MOXET MMETh CaMoner?

88. Haww zgBe toukn A u B u npamas PQ. Jokasats, 410
cymma b-AM+-a-BM, tae a n b—jgangbie NOJOXHTE/NbHHE
yycaa, HMEeT HauMeHbllee y
3HaueHue JJd TakOH TOUKH ¥
M upsvoli PQ, uto

cos LAMP  a
cos /BMQ ~ b -

Sagauy 88 MOXKHO NOSCHHUTH
crefyromum o6pasom. Ilycts Tpe-
6yetcst Hatimu rauboaee 8ble00HbLL
nymo U3 HeKOmopozo nynxma A,
pacnoaosicesHo20 Ha bepeey pexu,
0o nynkma B, naxodawezoca e0e-
mo no Jpyayw cmopoHy peku
{puc. 20). Torpa, ecan cxopocthb
IBHXEHHA JIONKH paBHAa @, a CKODOCTb IBUIKEHMS yesOBEKa Ha Cyiue
paBHa b, TO 3azaua CBOJMTCA K HAXOXIEHHIO Takoli ToukH M Ha mpo-
TUBONONOKHOM A Gepery peku, 4TOGHl Cymma

AM BM

z T

1
== (0-AM 4-a-BM)

Ooira Haumernswetl (3nech €CTh BPeMsl, 32 KOTOPOe JIOAKA NMPOXOLHT

38



nyts AM; — BpeMsl, HYXKHOe JJIH TOTO, YTOGH HOHTH Mo cyule o

B

b
toukn M jo nymkra B). Teopema 3agaun 88 yxasulBaeT, Kak HafiTH
TAKylO TOUKY.

Pesynerar 51Ol 3ajauM MMeeT BaxKHOe 3HaueHHe And dusuxu. [Ipen-
nonoXuM, uTo Jomawags AMB mnpexcrasaser co6oit IyTh CBETOBOT O
Jyuya H3 TOYKH A B TOUKY B, npuueMm Mbl GyAem cydTaTth, 4TO TOUKH A
¥ B Haxolsarca IO pasHble CTOPOHE OT npsiMoit PQ u uto PQ ectb Jn-
HHS pa3feNa [BYX pas/JHYHBIX ONTHYECKUX cpel (HalpHMep, BO3LyXa
u Boawl). Ilycte XY ecTh nepnenguxyasp kK npsimoit PQ B Touke M.
¥Yroa AMX nasbiBaeTcst yrinom nmajgeunus ayda AM, a yron BMY —
yraom npesomaeHus jgysa MB. Ecau cyurath, 4TO @ — 210 CKO-
pocTb cBeTa B NMepBoii cpele, a b — CKOPOCTb CBeTa BO BTOPOfl cpefe,

BM

TO BhHIpaKeHHe -+ 5 GyZeT TpeICcTaBJasATh COGOH BpeMd, HEOOXo-

puMoe Jydy cBeTa s Toro, utoful mpofitu u3 ToukH A B TOUKy B.
Teopema 3agaun 88 yTBepKAaer, UTo amo gpems Oydem kpamuaiduium
8 mom cay4ae, ecau

.cos LAMP  sin LAMX _ 1/b
cos /BMQ ~ sin ZBMY ~ 1ja

=2
~b

L

T. €. eCJIH OMHOWEHUE CURYCO8 Yerd NACeHUS U yeaq NPEAOMACHUS PAGHO
Hekomopoil nocmoannol 048 0annbix cped seauuure (PABHOM OTHOLIEHHUIO
cKopocTeil cBeTa B aTUX cpefax). Ho Xopowio H3ReCTHO H3 ONBITa, UYTO
HMEHHO TAKOB 3aKOH MpeJsoMJaeHHUs ceeta. ConocTaBuB 3TOT pe-
3yJbTAT C TeM, YTO0 3aKOH OTpaXeHHU s CBera OT IMaJKOl NoBepX-
HOCTH (HampUMep, OT 3ePKafa) — Y204 Na0eHus pagex Yy Ompascerus —
TOXE COOTBETCTBYET TOMYy, 4YTO JyuY CBeTa HAeT N0 KparyaflimeMmy myTH
(cM. peweHne 3agaud 69 a) HacTosImeH KHHTH), Mbl CMOXEM 3aK/IOYHTh,
uTo csem gcez0a usbupaem kpamuaiwinil (no epemenu) nymos mexcly Osyma
moukamy. ITOT NPHHOHUN, HasbiBaeMmbli npuununom Pepma, c He-
KOTOPBIMH YTOUHEHHSIMH ONpaBALIBAETCS BO BCeX CJAyY4asX; OH HMeeT
TaKkXKe HEKOTODLle AHAJNOTHH B MeXaHMKe (CJayKaliie OCHOBAHMAMH BeCbMa
rJy6OKHX W BaXKHBIX [J151 COBpeMEHHOH (H3HKU ONTUKO-MeXaHHUeCKHX
aHa/Jorufi) 4 sABJAseTcd OLHHM M3 OCHORHBIX OOGIIUX NPHHUMIOB (PU3UKHU.

4. 3AJAYHN O TPEYrOJbHHUKE U TETPA3IPE

B »3ToM muKJe 3a7au paccMaTPHBAIOTCS HEKOTOPble HEpaBeHCTBa,
CBA3HIBAIONIHE 3JIEMEHTHl TPEYFONbHHKA WJH Terpashpa (IPOH3BOJIBLHOM
TPeyrobHOH NHpaMuabl — NpocTefilero U3 BCeX MHOTOTPAHHHKOB, HIPaio-
HIEro B CTEPEOMETPHH TY Ke DOJb, KaKYi0 B MJAHUMETPHH Hrpaer Tpe-
yroJbHEK 1)); HEKOTOPEIE H3 3TUX HEPABEHCTB MOT'YT GbITh NepPeHeceHsl H HA
cayuafl [pOHSBOLHONO (BBIMYKJOrO) MHOTLOYTOJNBHHKA HJIH (peike) MHOTO-

1) OTHOCHTeJIbHO CBOMCTB TeTpasApa, MHOrLA B TOYHOCTH 2HaJOTHUHBIX
CBOMCTBAM MJIOCKOTO TPEYroJIbHHKA, a MHOrJA BeCbMa CBOEOGPA3HO Npe-
JIOMJISIIOIAX M3BECTHHIE M3 [JIAHUMETPHHM GakTH, CM., HANpHMep, 3ajaud
28— 40 xuurn 4, O. Ik asipckuii, HLH. YHenuor, U. M. fIraom,
HaGpanHble 3ajaun W TeopeMbl 3/IeMEHTapHON MaTematuky, 4. 3, Teomer-
-pus (crepeomerpus), locrexusgar, 1954.

39



rpauunka. [Ipu- 9TOM-Mbl, CHCTEMATHEECKH :GyiteM . -MCNQb30BaTh CJEAYIO-
mue (JOCTaTOYHO paclpoCTpaHeHHble) 0003HAUEHHA: CTOPOHB TPEyroJb-
Huka ABC oGo3nauaiorcss 6ykBamu BC=a, CA=b, "AB=c, a ero
yrast — 6ykBaMu A, B, C; BLICOTHl, MRAHAHLI H GHCCEKTPHCH! TPEYroJib-
nuka ABC ofosuauaioress Tak: hg, hp 8 b, By, By u B,y my, mp uomg;
PaAHyChl ONMCAHHON OKD VIKHOCTH,
BIIHCAHHOH OKPY2KHOCTH H BHEB-
MHCAHHBIX OKpyXHocTell 0603Ha-
ualTcs yepes R, r u ry, I'p Ie
(pnc. 21); naowags u nepHMeTp
TpeyrojbHHKa — uepe3s S u 2p;
npH 3TOM,  KOHeuHo, A — 370

Puc. 21. Puc. 22,

yroJ, NpPOTHBOJEXAWMUit cTopoHe JMJIHHB @; Hp — BBICOTA, ONYyIIEH-
Has Ha CTOPOHY MJIMHBL b, r,— paanyc OKPYMHOCTH, Kacaiomeiics
CTOpOHB AB=c TpeyroabHuKa U Npofo/xeHUH ero cropod CA u CB.
Hnuuol peGep terpasgpa ABCD mp ycroBrMcs o603HAYaTh Tak:

AD=a, BD=b, CD=¢, AB=¢,, BC=q;, CA=b
(puc. 22); paauycet erc onucauHoit cdepsl H BOMCaHHOR cdepsi — uepes
P u p; obvem Terpasigpa, ero (NOJHYIO) NOBEPXHOCTb H MePHMETP (CyMMy
AanH Beex pebep) — uepes V, A u 2II. (Janbuefimnue o6o3navenns 6yayr
BBEJICHBl HHIKE.)

89. [okamure, YTO CyMMa MeiHaH NPOH3BOJIBHOLO TPEYroJib-
auka ABC Bcersa MeHbllie nepuMeTpa TPeyroJbHHKA M Gonblue
3/4 ero nepumetpa: :

2p > mo+my+m, > g p, nan 2> ZeEleb e 5y

MoweT JiH OHTh ylyulleHo (ABOHHOe) HEpPaBeHCTBO
9 >vf'_tij__'%j'_rl"£_ > 11,
(1. e. CyuiecTByeT N, HampuMep, Takoe uHcao M < 2, uro g
BCEX TpPeYro/bHHKOB ﬁa—t'i;j’i”igzvm
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. 90. Jokaxure, 4TO st M0GOro TPeyroabHHKa
Aa+Bb+Cc (Ab+Ba+Ac+Ca+Bc-{—Cb)
B KaKoM cnyqae 970 HepaBEHCTBO obpauaercd B paBEHCTRO?

91. Iloxa)xme, 4To Ais awboro tpeyrosbhuka ABC

Lyt aA-+b6B-+cC I
TS a+b+tc <7

(yrnel TpeyrospHuka HaMmepsloTca B paauasax!). Moxer au Gbith
YAYdIHeHo 3TO XBOHHOE HEpPABEHCTBO?

3ametuM, uto maa Ttetpasgpa ABCD ¢ pByrpasHbIMH yraamg Q,

B, v, o, Bl, Yy, npu pebpax a, b, ¢, a;, by, ¢; (yrasl usmepsioTcs B

pajuanHofi Mepel) umeer Mecto (ABOHHOE) HEePaBEHCTBO, AHAJOrHYHOe
HepaseHCTBY 3agaud 91:

a _ astbBteytam+bbitary

g 5 < aFb+oFa,Fb+a <z

(HeprﬂHo 110Kas3aTth, YTO OTHOLIEHUE

ao+bP --cy a0 + 01y o1
a+-b-c-tay+by+o

HEOUDaHHYEHHO NpHOAMIKAeTCA K BeJH4YUHE %3,

6’&,,4
@)

Puc. 23.

korga sepuwuHsl B w C verpasgpa ABCD crpematcs x Touke A o

DB=b-—a, DC=c¢c—a, AB=¢; —0,
BC=a;—~+ 0, CA=b;-0, a a+B+y—~>mn;
3TO OTHOLUEHHE HEOrPAHHUEHHO NPUOJMIKAETCS K BeJIMUMHE T/, Korga

BepllMHa B TeTpasjgpa crpemdrcs K Toyke A, a BepuMHa D — g

Touke C 1 .
DB=b~—a, DC=¢— 0, AB=c¢; —~ 0,

AC=b;—a, BC=a,->a, a a4P+a;+p = 2n

~—cM; puc. 23, a n 6). OaHako JoKasaTelbCTBO HePABEHCTB (%) (cM. pe-
wenne 3ajauyd 17 orgena IX xuury I'. MMonua n I'. Ceré [46]) ouens
CIOXKHO. '
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92, a) JlokaxuTe, 4TO €c1M y ABYX Tpeyronbuukos ABCu
A,B,C, ocuoBanun BC u B,C;, rtak xe kak u yris A 1 A,
PaBHH, TO TOT M3 WHX HMeeT GONbIINKA mepuMeTrp, y KOTOPOTO
Menplie (10 a6CcoMIOTHON BENHYHHE) PA3HOCTh YIJOB PH OCHO-
BaHHH.

6) Kaxo# nepumeTp MOxeT HMeTh TpeyroibHuk ABC ¢ n3BeCT-
HbHMH cTopoHo# BC=a u yraom / A=o?

93. okaxute, uto ecian TpeyroabHuk ABC 0CTpOyrons-
HBIH, TO

p>2R.

94*, a) Jokaxure, 4TO pajHyC ONMHCAHHOH OKPYMCHOCTH Tpe-
yTrOJbHAKA MPEBOCXOIUT PAXMYC €r0 BIHCAHHOH OKDYMHOCTH He
MEHee 4eM BJBOE: '

RZ=2r. (I

B xaxoM caydyae HMEET MeCTO PaBeHcTBO R==2r?

6) TlokawuTe, 4TO IS KAXKABIX ABYX OTPE3KOB R W r, rue
R>=2r, cymectByer Ttpeyroabsnk ABC, pagayc OnucanHoi
OKPYKHOCTH KOTOPOro paseH R, a pa-
JnyC BIUCAHHOHW OKPYXHOCTH 7.

8) Hokaxure, yro pamuyc P omu-
canHoit cepwr TeTpasuapa ABCD npe-
BOCXOIUT DAmHyC O ero BHHCAHHOM
ceprl He MeHee yeM BTpoe:

P = 3p.

B kakom canydae umeer MecTO pa-
gencteo P =3p?

Puc. 24. OnHcanuO# OKPYXKHOCTHIO
[1PON3BOJILHOTO  (BBHIMYKJOr0) MHOTOYTOJIb-

HUKa M Ha3piBaeTcs HanMeHbIlas H3 BCEX OKpYXKHocTeH, 3aKmo-
yaiomux M BHyTpd cefd;, BOHCAaHHOH OKPYXHOCTHIO BhH-
NYKJIOT0 MHOroyrolbHHKa M HaspiBaeTCst HawGosibinas H3 BCEX OKPYXK-
HocTell, cojlepXaluxest BHYTpH M; npH 3TOM ONHCAHHAH OKPYKHOCTE
MHOTOYroJIbHHKA 0GS13aTe/IbHO €MHCTBEHHA, a BIHCAHHBIX OKPYMHHOCTeH
" OH MOXeT HMMeTh ¥ MHoro (puc. 24) ). Moxuo joxasats, 4to paduyc R
onucannoii okpyscrHocmi S w paduyc r 6RUCAHHOU OKPYXCHOCMU S Npous-
B0bHO20  6bINYKA020 N-Y20abruxka AyAy...A, C673QHbL  HEPABEHCMEOM

o

R =sec

i @)

1) Cp., nanpumep, 1. M. Sfirnom u B. . Bonranckui {30,
cTp. 75—76.
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o
(cM., Hampumep, Pefiem Tor [21], crp. 27); Tak Kak sec 13 =

= sec60°=2, To npu n=3 3TOT pe3ysbTar HepeXojdT B- HEPABEHCTBO
sagaun 94 a).
MoxHO Takke J0Ka3aTh, YTO €CJH YHCJIO BEPLIMH MPOH3BOJBHOrO

MHOTOTpanHHKka M paBHO Ry, & uHCI@ €r0 rpaHed ny OpHIeM )
min (1, ny)=n, TO
180°.n
P> V3tg*‘6‘;lT'P, (1)

rae P ectp paguyc onmucaHHoOfl chepw X MHOrorpaHxHuka (Hau-
menbwas cdepa, cofepxamas M BHYTpH cebsi), a p — paJHyC ero B u-
caHHOHU cPepnl ¢ (Hauboapmas. chepa, cogep)xamaﬂcx BHYTPH M).
180°

Tak Kak jaas TeTpasapa ny=n,=n==4, a igm_tg(jo =V3,
To npH n=4 (a n=4 TONLKO ANfA TeTpasjipa) HepaseHctso (!) (zokasa-
TeJILCTBO KOTOPOTO, BIPOUYEM, JOBOJLHO CAOKHO —cM. § 6 ra. V
kuurd [21]) ofpawmaerca B HepaBeHcTBO 3ajauu 94 B).

95. JlokaxuTe, 4TO AAsl Kawa0oro tpeyroneHuka ABC
9

) O < hyt Iy + <Pt Byt-Be <+ mytm, <SR
6) BotPotBe SV raratVry,+Vrr,<pV3<

Kty b rp+r.=r+44R;

B) 27r% < g hiA-he < B3+By -+ B2 < p* < mi-+-mi - mi—

=2 @t < Ry

o, vyt
r) 7_,—‘}‘—,;"1“7:—71:—}—% + iy = Ba + Ba + B, =
1 1 1 2

>ma my mc>R'

B kakoMm cjayuae Kaxcaoe H3 3THX HepaBeHCTB ofpaluiaercs
B PaBEHCTBO?

SlcHo, 4TO «CAOKHBE» HepapencTBa 3anad 95a), B) ¥ T) cogepxar,
B 4aCTHOCTH, peaynb‘raT 3agayd 94 a): ecan 9r <~ R, unn 27r% ____Rz

1

g —> TO, pasymeercd, r << R Hepagencrsa 3anau 95 a) u 6)

R ¥
MO)KHO TaKxe 3alnucaTe B BHAE c.ne;[yxomeu KUEeNoYKU» HepaBeHCTB.

9 << hy+hpth, <Py tBotBe<<Vrars +Vrero+Vrra<pV3i<
<rg+rp+ro=r--4R,

1) CumsoJsiom min (x, y) o6o3HauaeTcss HAUMEHb €€ K3 YHCET X
B y (4 YACJO, paBHOe HM OCOHM, €Cad X=y).
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BRJIOUAIOMEH TO XKe COQTHOLIEHHe MeXAy r B R: ecau 97 <r-4R, 1o,
KOHEYHO, r < - [Hanpoma, VUHTLIBA HEPABEHCTBO 7 << -5 , HOCAEL-

2
HIOIO HEMIOUKY HEPaBeHCTB MOXKHO 3aNHCaTh €€ H TaK:

gféha+hb+hc<ﬁa+ﬁb+f’c< Vm-i- Vrbrc ’}"Vrarc =
<pV?<nﬁ4y+u=f+uu<§R]

96%, JJoxawuTe, YTO AI8 KawIOro TpeyrosibHuka ABC
a) ri-ri+ri=27r%

1
6) 4R rot+rptre<45 R

MoryT ad 3TH HepaBeHCTBA OBITH YAYUIIEHH?

3apnaua 96 6) ykasblBaeT, B KaKHX NPeElesaXx MOXKET MEHAThCS CyMma
rg-+rp—+r, pajMycoB BHEBNHCAHHEIX OKDYMKHOCTel TpeyrobHHKa, €CIIH
pajguyc €ero OfMCAHHOI OKDYXHOCTH HaM Hu3BecTeH. boaee riyGoruit
XapaKTep WMEIOT HepaBeHCTBa

2 2 2

rotrytr. 3 ratrb+rc

L2 fg R —_—

3 2 3
BHITEKAIOUIHE W3 pe3yJbTara 3ajaud 96 6) W u3 HepaBeHCTBA
2 27
i b ri=T R

(re PaBEHCTBO UMEeT MeCTO JMinb JJisi PABHOCTOPOHHETO TPEYroJbHUKA),
JI0Ka3aTeNb(TBO KOTODOro, BIpoueM, AOBOJAeHO cjoxHO (cM. I'. X adtow

[47]): ono nokasbiBaer, UTO 6eAUHUHA o R 3axarouaemes mewdy cpeGrum

apumernuueckum u cpeOnum xsadpamuanein (MEXKLY CTeNeHHH MH
cpeaHuMu nopsiakoB 1 u 2) paduycos sHesnucanneix OKpyscHocmed
mpeyeoavbHuka (Cp. HHXKe, cTp. 52 — B3).

97. Iloxawxnure, 4YTO A/ld KawIOro Tpeyrojbuuka ABC

r<VVES V5, 1 (%)
B kakom cayvyae uepaBencTBa 3TOW 3amaum obpaliarTcs

B DaBEHCTBA?

PesyanTatel 8ajaun 97 3acjyxMBAOT TOro, YTOGB OCTAHOBHTLCH Ha
HUX nojpobree, OTGPOCHB CpefiHe WIEeHH HEPAaBEHCTBA (), Mul MOJy-
4aeM 3aBHCHMOCTb

1

r<—2—R, N R=2r (D

MeXJy pajuycaMH ONHCaHHOR 1 BNHCAHHOH OKPYIKHOCTEH TpeyroJibHH-
Ka. O KOTOpPOH YXKe roBopusoch Bhline (cM. sajauy 94 a)). Hanmporus,
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ecpepHees ﬂepaseﬂcmo 3a,t(aqu 97

V—V-s- V3

p, uwan S<< (2p)? (1)

€CTh He YTO HHOe, KAaK 3HAMEHHTOE «H30HepPHUMETPHYECKOE HEPaBEHCTBOY
IS TpeyrojbHHKa, OTBEYAlomiee Ha BOIPOC O TOM, KAKYIO HAUBOIbUIYID
seAuUdUHY MOxcem umems nAou,alde Queyps (B HaweMm Ciyuae-—Tpe-
YFOJbHHKA) 300aHH020 nepumempa («Kakylo HauGoJbllyO0 MJIOUAAL
MOXKHO OTFOPOJHTH TPEYTOJbHBIM 3a60POM, €C/H CTPOHTENbHBIH MaTepuas
1I03BOJIIET COOPYAHTH 3abop - AauHO# 2p?») HAM, HAaoBODPOT, KaKol Hau-
MEHbWUL nepumemp moxem umemo Gueypa (TPeyroisHHK) 3a0anHOL
naouyadu (cp. crneuHalbHO NOCBALEBHYIO 5T0f 3ajaue kuury 1. A. K p -
Kawnosckoro [28]). M3 nepasencrsa (II) cnegmyer, uro naowjade

IMPeY20IbHIKE eDUNUIHOZD NEpUMempa He moxem bumb Ooavue V'3 /36
Y

~ 0,048; ecau 2p=1, 10 HepapeHcTBO (Il) maer S<C ];53 > , U nepu-
MEMp MPeYOAbHUKA eOUHUMHOL NAOWadu He Moxem Goimeo MEHbLLLE

2 14/27 (= 4,56; eciu S=1, 10 Hepasencrso (II) naer 2p=2 V27).
Haxkouel, HepaseHcTBa

e
) V3S %R, HIH S<3V3 {1h

Vm
3

=r, win S=3)3r2

Kﬁg—p<-;—R, w20 <3 V3 R; _V_;_IS_er' wm 20=6 V3 r,

(1v)
yCTAHABJMBAIOT 3aBUCHMOCTH MEXKIY IJIOMAABIO H NEPUMETPOM TPeyrovb-
HHKa, C OfHOH CTOPOHBl, M PajyycaMy €ro ONHCAHHOH HJM BIHCAHHOH
OKPYXKHOCTell—C APYro#i; U3 HUX CJeAyeT, uTO ecay mpeyzoavrux ABC
snucan 6 OKpysHocme paduyca 1, mo

S< 3’/3 (= 1,30) u 2p<<3 V'3 (x 520),

a eClIN OH Onucad 60Kpye okpyxcHocmu paduyca 1, mo
S=3V3(x~520) u 2p=6V3 (~10,39).

Bce 3T pe3y/bTaTel MOTYT ObIThb IIeDEHECEHbl HA [POU3BOJIbHbLIG
(Beimyxasie!) MHOrOyroibHUKA (cM. §§ 3 u 4 ra. | kuurn JI. defiewa
Tora [21] wmu nn. 2.6 u 2.7 cratkn B. . Boarsiuckoro u
. M. SIrnoma [29]). OTHocHTeNBHO mNepeHeceHusl Ha Clydall IPOM3-
BOJIbHOIG BHIMYKJOrO n-yroJibHuka HepaseHcTBa (I) Mbl yXKe roBopusiu
BbIlIE; Jajlee MOMKHO YCTAHOBHTh, uTO paduyc R onucantod oxpyxcrocmu,
paOuyc r énucannoll okpyscHocmu, nepumemp 2p u naouyade S 106020
BOINYKA020 N-YSOAbHUKA CEAZAHbBL HePABEHCMBAMU

1. 3600 180°
?nR2 sm—n~>S>nr2 tg Ft (111)
2nR sin 228 = 9p = 20 tgl_o__ (v
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¥, HaKoOHel, s ) 8
(2p)2=4ntg l?ng_ - S, nm S<— ctg 0

(2p)? ar)
¢U3OMEPHMETPHIECKOE HEPABEHCTBOY I f1- yrombuukal). [PaBencrsa B
(1), (17" (111") 1 (IV’) gocTrratoTest AMII NPABHJAbHOT O A-yrONbHAKA.]
98. JlokaxuTte, 4TO Ijs NPOM3BOJBHOIO TETpPas’apa
v<tVips
8 V 3 poy

B kakoM ciaydae HMeeT MeCTO paBeHCTBO V=—1—

99#*_ JlokawkuTe, YTO AJNd NPOH3BOJBHOTO TeTpadapa

3 S
) A>=6 1/ V3 v,
6 U=3V2-y/3V.
B kakom cayuae HepaBencTBa a) u 6) ofpainaiored B pa-
BEHCTBA?

3apaun 98 u 99 (xak W samaya 94 B), cM. TaKkKe HHXKe 3alaud
101 a) u 106) uAMIOCTPHPYIOT XapaKTep 3aBHCHMOCTEH MeXKAY OCHOBHEIMH
xapaktepucrukamu V, A, 1, P u p terpasapa ABCD; u3 Hux ciegyer,
yro 0aa kawndozo mempasdpa, enucarto2o 8 cpepy paduyca 1,

S VT
1% .g___]/_-ei
1 04a Kascdozo mempasdpa edununozo o06vema
6 /= 6
A=61'3 u N=3172
¥ 4 ——
) V12
a Oan mempasdpa edunuitod naowadu nosepxHOCMU Vés—ﬁ .
Tlonuulil psa 3aBUCHMOCTEN MEXAY TEPEUUCTEHHLIMU XaPAKTEPHUCTHKAMU
TeTpasipa HMeeT BHJ,

3 gy —
</9Z3V<V2112/3A\V6Hé P,

(%)

3jiech BCe HEDABEHCTBA SBJISIOTCS CTPOTHMH, eciad Terpasip ABCD ne-
NpaBHJBHEIE; JJs TPaBHJALHOTO XKe TeTpa’Apa Bce OHH ofpamaioTrcs
B PaBeHCTBA, MOCKOJBKY, KAK JIETKO MOICYHTATH, €CNH PeGpO MPaBHIb-

HOTO TETPasAPa PABHO @, TO
aVE a V6
g HP="g-

V:‘%Q_, A=a?V3, M=3, P=

CaMEIM BaXXHbIM W3 3THX HEDaBEHCTB 4BJAETCS HEPABEHCTBO 3ajaul
99 a), KOTOpOe MOXHO HA3BaTb «H30NePUMETPHUECKUM HEPABEHCTBOM JJIA
TeTpasapar» (cp. €O CKa3aHHBIM Ha cTp. 45 00 <M30mepHMETpHYECKOM Hepa-
BeHCTBE [/ TPEYroJbHHKa»). Bce HepaBeHCTBa (#¥) MOTYT OHITb ycTa-
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HOBJIEHE! KOCBEHHHIMH DACCYXKIACHHSIMH; OJHAKO NMpPAMOE J0KAa3aTENbCTBO
HEKOTOPHIX M3 HHX JIOBOJIBHO YTOMHTENBHO (CP. CO CKA3aHHHIM Ha cTp. 7—9
NpeJHCJOBHS K KHHFe). 3aMeTHM ellle, 4TO €CJH HepaBeHCTBA (x) (cTp. 44),
CBSI3LIBAIOIIHE XapakTepucTHKH S, p, R W 7 TpeyrolbHHKA, AOBOJbLHO
JIerKO NepeHOCATCS Ha INPOM3BOJBHLIA (BBHIIYKJLIH) MHOTOYrOJbHUK, TO
Bompoc o6 oGOOLIEHHH HEepaBeHCTB (#%) (O NepeHeCeHHWM HX Ha NMPOH3-
BOJIbHBIH BEIMYKJbI MHOTOTPaHHHK) SIBJSeTCS Topas3jo 6osiee CJOXKHBIM
(cM. 1o stomy moBogy rJa. V kuurd [21]).

Jloxa3zatenscTBO APYTHX 3aBHCHMOCTefl TOro e XapakTepa cocTas-
JseT cojepxanue 3ajaun 103.

100. a) Hoxaxure, 4rto Ans Kawioro -rpeyroibHuxa ABC
A+ 4-c* =413,
. TAe pPaBEHCTBO HMeeT MEeCTO JHIib B CJIyYae PaBHOCTOPOHHETO

Tpeyroasinka ABC,
6)* Ioxaxure, uto, Oozjee TOrO,

PP+t —(a—bP—(b—c)P—(c—a)?>=4)3 S,
TJ€ DaBEHCTBO TAaKKE MOXET HMETh MECTO JIHIIb R TOM C/y-
yae, xorpa a=b=c.
101%*, a) Hokawute, 4TO A74 xa)mo'ro teTpasgpa -ABCD
2 =31 3A,

rJe PaBeHCTBO HMEEeT MeCTO JIHIIb B TOM CJyvyae, KOrja Ter-
pasap ABCD rnpaBHIBHBIA.
6) Hokawxwute, uro, 6onee TOroO,

I > 3V§A+1/2 [(a+a1—b-b1)2‘|‘(a+a1_c—"c1)2‘+‘

+ (b +b1_ c— 51)2] "|‘ 3/4 [(a_a1)2 ‘I" (b'—bl)2 + (C —51)2]’
rIe, pa3yMeeTcsl, DaBeHCTBO TaKKe HMEET MeCTO JHIIb B TOM
clydae, KOorja a=b=c=a,=b,=c,.

102. Joxaxurte, 4TO JA1d KawAOro Tpeyroibuuka ABC
a) U KPPy PSR,

rne Qg Py P.—PaIMycH TpeX OKPYWHOCTeH, BNHCAHHREIX
B cérmenth BC, CA, AB onucaHHoro BOKPYT TpeyroisHHKa
ABC xpyra K, otcexaeMmble OT K CTOPOHaMH TpEYyroJbHHKA
(oxpyxHOcTeH, KacalOILUXCH ONHCAHHOH OKPYXHOCTH H OJHOH
H3 CTOPOH TPEYTOABHHKA; PHC. 25, a);

6)* . 4 <P,+P,+P,<2R,

rre P,, Py, P.—panuycn Tpex oxpyxnocTeH, Kacaiouuxcs
JBYX CTODOH TpeyrojbHuka (He uX npopomkenufi!) n onucanunoit
BOKDYT TpPeyroibHHKa OKDPY¥HOCTH (puc. 25,6).
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B .xakom cayyae HepaBeHCTBa 3ana4 a) u .6) oﬁpamaxouu
B paBeHCTBa?

Pue. 25,

feno, 4To KarR u3 pesyabTata sajaud 102 a), Tax W u3 pesy’abrTara

sagaun 102 6) cHOBa cjejyer HepaBeHCTBO 3ajauwm 94 a): r<- R.

103. Cymwmy
a0+ c2+aj4- b1 4¢3
KBaJApaTOB Bcex pebep terpasapa - ABCD o6Gosnauum yepes 6.
JokaxuTte, 4TO And KaWAOrO TETPa’xpa

)H<V66

3
6) A < V
B kakom cnyuae 9TH HEPABEHCTBA OOPAINAIOTCH B PaBEHCTBA?

B nocaenyiomnx 3agauax mu, KpoMe IPEXHHUX, HCIOJIb3yeM 0003HaYe-
nus: paccroarus MA, MB, MC npousBoabHOl Toukd M (KOTOPYiO Mbi
yacTo 6yJieM CYHTATh PAaclOJIOMKEH-
HOH BH Y Tp H TpeyroabHuka ABC)
OT BepLIHH TPeyroJbHHKa 0603Ha-
yumyepe3 R, Ry, R,., a paccTosHus -
MU, MV, MW 10H Xe TOYKH OT
cropon BC, CA, AB tpeyrosbuuka
ABC —uepes d,, dp, d, (pHc. 26);
B OoJiHOH 3ajaue (3ajaua 112) mn
= TaKke HCNIOAB3YeM. 0603HAUeHHT
A Fg dcé}W A 8 MA,=d,, MB,=d,, MC,=d,,
Puc. 6. rie A;, By u C;—Touku nepeceue-
Hug npaMex AM, BM u CM co
ctroponamn BC,CAu AB TPeyroNpHUKA. AnanoryuyHo 3TOMYy paccTOsHUSA
MA, MB u MC MD npoussoabnoit ToukH M npocrpaHcTBa (HJH TPO-
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W3BOJILHOM TOUKH, HAXOXSmeHCst B H Y T pH Terpasgpa ABCD) or Bepuinn
TeTpasgpa u paccrosuus MU, MV, MW, MT Toit Xe TOUKH OT rpa-
geit BCD, ACD, ABD, ABC rerpasgpa ABCD o6osnaunM COOTBeT-
crBenHo uepe3 R4, Rp, Rg, Rp u dy, dg, de; dp.

104%, a) JloxawuTe, YTO A KAaKJIOrO Tpeyroabiia ABC
u mebolt Toukn M B ero maOCKOCTH

R,+Ry+R,=>6r.

B xakom cayuae R,+R,+ R, =6r?
6) HokawuTte, 4TO HEAA KawJgoro Tpeyroabhuka ABC ¢
mo6o#t Toukn M B ero MJIOCKOCTH

R:-Rp+R:Z>=12r2
B kakom cayvae RE-+4 R} Ri=12r%?

Scwo, uto ecan Touka M cosnagpaer ¢ ueHTpoM O OMHCAHHOH 0KOJIO
TPEYTONbHMKA OKDYXKHOCTH, TO HeDAaBeHCTBA HacTosmlel 3anavu ilepeldxyr
B HepaBeHCTBa 3R ==6r, uiu R == 2r, cooTBeTcTBeHHO 3R?%=12r2, uau
R =2r 3anaun 94 a).

Pesyabtarsl 3ajau 104 a) u 6) MoxHo eme cpopMyJHPOBATH TaK:

Ry+R

cpepHa% BeEJHYHHA —ﬁ—alif paccTosHus TOYKH M mJocKo-
CTH OT BepuinH TpeyrombHuka ABC Bcersa (T. e. nis moGo# Toukd M
u JioGoro TpeyroseEHka ABC) we Menbllle JIHaMmeTpa 2r BIHCAHHOM

R2 R2 R2
B TPEYTONBLHHK OKDYXHOCTH: CpelHAsd BeJHUYHHA RatRo+Re
KBajparta pacCTOsHHA TOUYKH M ©T BepwuH TPEYTO/bHHKA ABC Bcerpa
He MeHbie Kpagpara {2r)2=4s2 puaverpa BIUCAHHON OKPYKHOCTH.
[3amerum eme, YTO B CHJIY CKa3aHHOrO B MNOACTPOYHOM NPHMEUAHHH 2)
Ha crp. 52 pesyapTar 3ajaun G) HBASETCH CJACACTBHEM pe3yanTata
3ajaud a).] .

Pesyantar 3agasu 104 a) JonyckaeT ecTeCTBeHHOE IepeHeceHue
Ha NPOCTpaHCTBO: 048 Kaxdozo mempasdpa ABCD u xasxcdoid mouxu M

8HYMpU Heeo
Ra+Rp+Rc+Rp=120
(rne paBeHCTBO HMeeT MeCTO, JHWb Koraa Terpasap ABCD npasuibHbI

H Touka M COBIAjdeT C €ro LEHTPOM); OJHAKO J0KA3aTENLCTBO NOCJEN-
Hero HepaBeHcTBa (cM., HanpuMep, M. Bepkec [48]) noBosbHO ca0XKHO.

105%, [Hokawute, uto nis moboro Tetpasxpa ABCD u
mobo#i Touku M
V3 3 A

a) RA+RB+RC+RD 5 A;
6) RA —}—Rg +Rc —l—RD >—~H2.

B xakom cayuae xaxaoe u3 9THX HepaBeHCTB obpaiaercs
B DaBEHCTBO?
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106. Ioxaxute, 4T0 1A% 11060r0 terpasapa ABCD
Vavsa,
4 1]

yeu
o

a) P>

6) P> .
B kakux cayuasx 8®TH HepaBeHCTBa oOOpamalTcs B pa-
B@HCTBA?

107. [dokaxwure, 4TO JJIs KawAoro TpeyronpHuka ABC
1 moGoil Touku M BHYTPH Hero

a) min{h,, h,, h)<<d,+dy-+d < max(h, bk, b)),
rae uepes min(k,, h,, h,) oGosnaueHa HaHMeHbLias, a Yepes
max (k,, h,, h,)—mnaubonpmiags H3 BHICOT TPEYrONbHHKA;

883

6) d,dyd, < 577 -

B kaknx ciayvyasx HepaBencTBa 8ajgau a) ¥ 06) o6pamialorcs
P paBeHcTBA?

Tak Kak JJas DPaBHOCTODOHHEIO  TPeYrOJNbHHKA,  OUEBHIHO,
min (hy, hy, h.)=max (h,, hy, h.) (=h), To U3 pesyavTara sagaun 107 a)
BBITEKAET, B YACTHOCTH, YTO JJISi PaBHOCTOPOHHEr0 TPEYrOJNbHHKA CyMMa
dy-dp-+d,=h=const, T. e. 3Ta cyMmMa CoBceM He 3aBUCHT OT BhIGODa

TOYKM M BHYTPH TDPeyTOJbHHKA.

108. Tlepenecure pesyabTaT
a) sazaun 107 a);
6) sanauu 107 6)

¢ TpeyronbHHKA Ha TeTpasip.

109. Hoxaxure, 4TO a8 Kaxzaoro tpeyronobuuka ABC u
ans nwo6oit Toykn M BHYTpH Hero
f4

ditdp+d; =12 55 .

ré
B kaxom cnydae d3+d,§—{~d§=12—1§2—?
Ecau Touka M coBmnajaeT C UEHTPOM O BOHCAHHOH OKPYKHOCTH

TpPeyroJbHUKA, TO CyMMa d2+dg+d§ CTaHOBHTCA paBHOH 3r%, u pe3yJb-
tat 3agaun 109 obpamaetca B pe3ynabTaT sajgayu 94 a):

4
3r2>12—£—— i R2=4r?, rt.e. R=2r.

R®’

IlepeitneM Tenepr K HEPABEHCTBAM, CBA3LIBAIONHM BeJHUHHH R,,
Ry, R, v dg, dp, d,. Mel HauneM co cheiyiomeli npocTolt 3ajauu.

50



110, Jokawkurte, uyto Aaas modoro tpeyroasuuka ABC
H mo6oit Touxkn M BHYTPH Hero

aRa+ bRb + cRc > 2 (ada + bdb + Cdc)'

B KakoM cayuae 3TC HEPABEHCTBO ofpamniaercd B PaBEHCTBO?

111. Jokawxure, 4TO A Kawjmoro Ttpeyronsiuka ABG
A Kawxzolt Toukn M BHyTpH Hero!)

-':l) RaRbRc > 8dadbdc;
6)* Ra+Rb+Rc>2(da+db+dc);
1 1 1 1 /1 1 1
e (S o
9 bt rs (g tg )
B kaknx ciayyasix 3TH HepaBeHCTBAa 06pamialTcd B DaBEeR-

cTBar

, Haun6oslee ©3BeCTHLIM U3 HEPABEHCTB, COCTABJSIOMHX COfepHKaHHe
3ajaun 111, sBJsieTca HepaBeHCTBO 0), HMeEOImiee JOBOJRHO JJIHHHYIO
ucTopuio. Brepsre cdhopMysupoBaHo oHO Oewio B 1938 r. usBecTHbIM
penrepcKum mMateMatukom I1. D p pémem [49], xoTopuifi, oAHaKo, ero ne
Jokasai. Ilepsoe J0Ka3aTe/bCTBO HepaBEHCTBZ OpAfma NPHHALIEKHT
H3BECTHOMY aHIVIMHACKOMY MaTeMaTHKy, BHJIHOMY CIENHANHCTY [0 Teo-
merpud uucen, JI. Jx. Mopaeaany (em. [50], [49] nam crp. 33—35
kuura [21]); onHako Joka3zaresbcTBO MopJenna, KaK H NOSABHBIIEECS
OZHOBPEMEHHO CO BTOPOil ero my6JsnKaliMedl A0Ka3aTesbCTBO aMepHKaHUa
. ®. Bappoy [49], cymecTBeHHO HCHO/b30BAaJO TPHIOHOMETPHIO H
GBLI0 AOBCJBHO CHAOKHBIM. ITo-BHAMMOMY, NEpBOE UHCTO reoMeTpuyeckoe
JI0Ka3aTeJIbCTBO HepaBeHcTBa Jpaéma—Mopaenna (oHO cocramiser co-
JepxaHue HuKecaenywomed 3agaun 114) man B 1945 r. aMmepuxkauckmii
marematik . K. Kasapuuos (cM. omybGiauxosannyio B 1957 r.,
nocse CMepTH aBTopa, 3aMeTKy [51] u xuury [5] ero cetva H. . K a3 a-
puHOBa). JIpyrre HHOTIAa COBCEM HeCJOXKHbE JOKAa3aTeNbCTBA TOLO Ke
HepaBeHCTBA ObLIM mpeljoXkens! B KoHLe 50-X TOJOB aMepuKaHIeM
JI. BauxoBuM [b52], romnampuem . P. ®ensgaramnom [53}],
aursuyapuuoM I'. T. Oracrowom [b4), roananpuem T, Bpaaasn-
Towm [55], spocnaBckuM reomerpoM 3. A. Ckonenom [66] (Bnpouen,
AOKa3aTeNbCTBA TOCTE[HUX TPeX aBTOPOB TO CYMIECTBY COBIARAIOT) H
cHoBa JI. xx. Mopaeadaom (cMm. crp. 587 kuuru [12])2).

1) 3mecp u jajee MO BHYMPEHAHUMU TOYKAMH TPEYroJNbHHKA HJA
TeTpa3fipa NMOHHMAIOTCS TOYKH, HE NpPHHAaAJexauHe €ro rpa-
nuLe (¥, CIeJOBATENLHO, CKaXkeM, BepuIMHH Tpeyronbhuka ABC, nas
KOTOpHIX o6e uacTH HepaBeHcTBA 3ajgaun 111 a) ofpamaiorcs B Hyasm,
HE YUATHLIBAIOTCS CPEeJH TOYEK, IS KOTOPHX 3TO HepaBeHCTBO 00pa-
IAeTCsT B PABEHCTBO). '

2) OTHOCHTeJLHO NMepeHeceHHsi pe3yJbTaToB 3ajaud 111 6) B ecomem-
puio na cgpepe cm. A. Onnenreiim [58], rie, B uacTHOCTH, JOKA3aHO,
uTO Jaf M06020 chepuveckozo mpeyzorvhuxa ABC (o6pasc-
Banxoro Ttpema Axyramd AB, BC u CA 6onbmuX OKPYXHO-
CTe fi—cedennit cdeprl NJAOCKOCTAMH, NPOXOAAIIHMH Uepe3 ee LEHTp) 4
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HepaseucrBa 3agaun 111 MoxHO cdopMyanpoBats H HO-APYromy.
CpepguuMapudmeTrnueckuM A(xy, Xy, ..., X,) N TNOJOKHTENb-
HMX HHCEN X5, Xg, +.., Xp, MX CPeAHHM FeOMETPHUECKHM
G(xy, X3, .., Xy) M CDERHHM TapMOHHYECKHUM H (%), X3, ..., Xp)
Has3blBAIOT BBIPAMEHHs 1) :

Xp4Xo4...4-X
A(xy, Xa cuny x,):-———-————’+ "’_';1 T

P
G (xy, Xoy vuuy Xp)= /xlxz...x,,

H(xy, X ooy X,)=

SICHO, UTO KaXAO€ M3 STHX BHIPAXKEHHH HE NPEBOCXOAHMT HAaHGOJbLIEro
U3 paccMaTpPUBAeMBIX YHCEd X, X3, ..., X,, HO He MEHHIUE CAMOrO Ma-
JIEHBKOrO M3 HHUX, C 4YeM, COOCTBEHHO, M CBfi3aHO HAWMEHOBaHHE «Cpej-
Hee» (aph(MeTHUECKOe, TFEOMETPHYECKOE HJIM TapMOHHYECKOe) n uncel.
3agaua 111 yrBepxiaer, uTo

a) G(Ry, Ry, R.)==2G(dg, dp, d.);

6) A(Rga Ry, Rp)=2A(dg, dp, do);

B) H (Rq, Rp, R;)=2H (dg, dy, d,).

Bonee ofmum uem cpeanne G, A u /I sBasgercs Tak HasmiBaeMoe
CTeNeHHOGE CcpenHee TnOpPAlka R?2) n NOJOXKUTEJBHBIX UYHCEJ]

aoboii mouku M enympu smoeo mpeyeoabruka
tg Ra+-tg Ro+tg R =2 (g dy+-tg dp+te dy),

rie Ry, Ry, R, u dg, dp, d, CyTb (M3MePEHHEIE MO MOBEPXHOCT <. ¢idiii)
paccrosinus oT ToukH M no sepumn A, B, C u jo cropou I~ 7,
AB tpeyroabauka ABC. [OTHOCHTe/IbHO NEepPEeHeCeHHS] STHX Pe3Yilbi. iC.s
B Heeskaulosy eeomempuro Jlobauesckoeo noKa, Kak GyATO, HEH3BECTHO
HHYEro, XOTA TNPH TOM (COBEPLIEHHO HEMOHATHOM ANl aBTOPA) HHTepece,
KOTOpBLIH BHI3bIBAeT 3JeMEHTapHOe HepaBeHCTBO 3ajaud 111 6), MoxHO He
COMHEBATbCs, YTO COOTBETCTBYIOIHE NMyGJMKALHMH He 3aCTaBsT cefs 10Jro
XKAaTh. |

1) Cm., Hampumep, . O. Wlxknapckusr, H. H. UYUenmnos,
N. M. draowm [11], ctp. 65 u cnep. (rhe, B 4aCTHOCTH, JOKa3aHO, YTO
BCerja

Axy, X0 oony %) =G (%4, Xa, oovy X)) = H (X, %o, ..., Xp,),

TpHYeM PABEHCTBA 3/leCh HMMEIOT MECTO JHIUb NPH ¥y ==Xg==.., ==X,
HaM 3TH HEPABEHCTBAa He NOHAO6ATCH).

2) MOXHO [0Ka3aTh, 4TO IPH Kk > [ HMEET MeCTO HepaBeHCTRO
My (%1, %oy voey X)) = My(xy, X, ..., X),

ofpamiaiomeecs B PaBeHCTBO JIHIbL B CAYYAe Xy=Xp==...=1Xx,
(cM., nanpumep, 3ajauy 283 kuurm [l1]); maMm, oamako, 3To He Gyzer
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BYKHO X1, X3, ..%5 Xy

Mp(x, %9, ..., X,)=
— i/ b xR (=<x’f+x’§+----+xn).”k)
- r n n >
1. €. - .
[Mp, (%1, %35 -oey X))F=A (21, %5, ..., xp).
$Icno, uro
My (g, Xoy ovvy X)=A(Xy, X2, ., %)
H
M—l(xlv Xy «vey Xn)—‘——‘H(xl, Koy esey xn);

MOKHO TaKXKe JOKa3aTh, uTo!)

Hm Mg (xq, Xo ..oy X,)=G (X1, %o, .00, Xp)
k>0

n
B CHJIy 4ero cpejnee reomeTpuueckoe G (xy, Xg, ..., X,)= /xlxz...xn
n NONOKUTEJbHBIX 4YHCed Xy, X3, ..., X, HHOPJA HAa3LIBAIOT UX «CTe-
NeHHBM CpeAHUM NODpAAKa On

My (xq, Xy -vvy %,)=G (Xy, Xg, ..., Xp)
Takum ofpa3oM, pesyJbratet 3agaun 111 MoXKHO eme nepenn-
€aTh TaK:
a) Mo(Ra, va Rc) >2M0 (da, db’ dc)’
6) Ml (Ra’ Rb’ Rc)>2M1 (da: db! dc‘);
B) M—] (Ra’ Rb’ RC)>2M_l(dai dbv dc)'

1) PapeHCTBO gin}) Mg (xy, %9, oo, %)=G(xy, X5, ..., X3) JETKO

MOKeT GHITh YCTAHOBJEHO CpejcTBamMM JIHdtepeHUnaNbHOTO HCYHCTCHHS
(cu., Happumep, kHurn I. JI. Hessaxckoro [7) umu I T. X ap-
au, Ik, E. JlurrasByna, I'. ITonua [8]); zpyroe ero nokasa-
TeNAbCTBO faHo B 3amerke B. U. Jle B uHa, DieMeHTapHoe A0KasaTelb-
CTBO OJHOH TeopeMmel TEOPHH CpenHHX, cb. «MareMaTHueckoe Npocaeine-
Hue», B, 3, DusMarrus, 19568, crp. 171—181.

[Jlerko Takke yCTAHOBHTB, UTO

lim Mg (xy, X9, ..., X,)=max (Xy, Xg, ..., %),
RS

COOTBETCTBEHHO
lim My (%, X5 ..., X)=min (%, %3, «s., %),
k-
rjie Yepes max (Xy, X5, ..., Xp) H min(x,, X3 ..., X,) 0603HaUYEHEI

HanbGonbimlee MW HaHMeHbUIee U3 N UYHCON X;, Xy, ..., Xp;
MOSTOMY NPHHATH TakKe 0603HaYeHHsd:

Mo (x4, Xg, oveoy Xp)=mMax (X1, Xa; oo, Xp) B Moo (X, X5, ..., %) =
=min (x5, X3, ..., X,).]
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112%. a) Jokaxure, 4TO AN KawAOro TpeyroiabHuka ABC
u ans aw6oft Toukn M BHYTpPH Hero
R,R,R,. > 8d,d,d..
B kakoM cayuae 3TO HepaBeHCTBO oO6paujaeTcf B PaBeH-
CTBO?
6) JlokaxuTe, uTO AAf KawJIOTO TpeyroabHuka ABC u jnas
moGoi Toukn M BHyTpu Hero

R,+Ry--R,> dy-+dy+d..
MoxeT nm 3TO HepaBencTBO OBITH yaAyulieHO (T. €. Cyle-
CTBYeT /M TdKOe 4ucio A > 1, 4ro
Ry+Ry+ R, > Mdy+dy -+ )
ana Beex TpeyronbhukoB ABC u no6o#t Touxu M saytpun ABC)?

$Icuo, uro HepaBeHCTBO 3ajaun 112 a) siBAsieTcs yCHJIEHHEM Hepa-
pencTBa 3afaud 111 a). [Cp. takxe JI. Kapaurtu [b7], rae cobpauo
MHOrO pPa3HOOGDPA3HbIX HEDABEHCTB, CBASHBAIIMX BEJNHYHHE R,, Ry,

R t dg, dp, dc.]
113. a) Hokaxute, 4To Ad KAKAOTO Tpeyroanuuka ABC n
Mo60# Toukn M BHYTPH Hero

VR, AVRAVR=V2(Vd, +Vd, +Va)
B kakoMm ciydae 3TO HepaBEHCTBO 06palaeTCs’ B PaBEHCTBOP
6) JlokaxuTe, 4TO Mis Kawaoro rtpeyronbHuka ABC u iio-
6ol Touxkn M BHYTpM Hero
R+ R+ R; > 2(d; + dj+ dp).
MoxeT M 3TO HepaBeHCTBO OHITH yaydiueno (T. €. cyuie-
CTBYET 1M TaKoe YHCao A > 2, uTo

a+ RE+R:> M(dg+di+ap)
Iag Bcex TpeyroabunkoB ABC u mwo6o# Touxu M Buytpu ABC)?

HepasenctBo 3azauu 113 a) MoXHO nepenscars Tak:

B N o \2
My, (R Ry, R = (Y ReEV R VR )

L — — \ 2
>Q(Vda—{—l/;b+1/d'€> —2M,, (da, dp, d,).

Pesyavratel 3agau 111 u 113 a) naBoasiT Ha MbICJb, 9TO 044 Kaxcdozo
yucaa k (B0 BCAKOM cayuyae g npedeaax —1<Ck<<+H-1), |0an arnbozo
mpeyzoavruka ABC u awboi snympenneti mouku M amozo mpeyeoas-
HUKQ cnpasedauso HepPasexcmso

Mk (Ra» va Rc)>2Mk (dar dp, dc)
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(o6pauiaioiieecss B paBeHCTBO, eClH TpeyrodbHuKk ABC paBHOCTOPOHHHI,
a Touka M coBmajaeT C ero UEHTPOM, ¥ TOJLKO B 3ToM cayyae). Ilocnmexn-
Hee HepaBeHCTBO JefCTBHTENILHO CHpPaBeNJHBO; ero Jokasan B 1958 r.
aBcTpHitckuit reomerp A. ®umopuan [59] (cm. takke A. OnmneH-
reit M [60]).

PeayabraT 3agaun 113 6) MoxHO, OUeBHIHO, 3anucaTth B BHJE

M (Rar Rov Rc>=1/’i“i%”—t’ff > V?.l/_da_ﬂ%bj_dv_z

= V—2— Mz (da, dbv dc)v

rae My, (%, X3, ..., X,)—TaK HasbiBaeMoe cpejfHee KBajgpaThu-
HOE€ N NOJOKHTENbHHX YHCEA Xy, X, ..., X!

2, .2 2
XX H-xn
My (%1, %20 ey xn):]/——————————n .

B 1958 r. A. ®aopuan [BI] nokasaa, uto npu awbom k > 1 uiu
k< —1

kRl —
My (Ra, Ry R) > '3/ 2 My (da, dy, de) (=2 * ! My (dg, dy, ),

NpHYEM 3TO HEPABEHCTBO HE MOXKET GHITB yJ1 yULieHO.

/1 &1

[IpejcraBasier uHTepec BONPOC O MepPeHeCEHHH pe3yabTaToOB 3ajay
111—113 Ha npoH3BO/bHBEE (BHIIYKJ/LE) MHOT OYTr0ab HUKHU. Ilycrs
M —Touka BHYTPU BBIIYKJAQrO n-yroabHHKa A4,...A,; paccTosiHus

MA;y, MA,, ..., MA, »3Tolfi TOUKM OT BepWIHH MHOMOYTOJbHHKA
of6o3nauuM uepes R,, Ry, ..., R,, a ee paccroauug MPy, MP,, ...
..., MP, or cTopoH n-yrolbHUKa—uepes A

dy, dy, ..., d, (prc. 27). B 1948 1. 3

N3BECTHHIH BeHrepcKkuit mMaremartuk JI. e - \

ew TorT moxasan, 4TO JAJA HPOU3BOALHO- \ I/ ey

20 evinykaozo n-yeoavruka  AjA,.. . A, 4,

u moboti mouku M enympu Heeo ‘/ i
1
.80° . !
RiR,... R, == sec” o didy. .. d,, : A
T. €. i |
G(Rli Rz, oo ey Rn)> . 14/ /6177 /4”
180° Puc. 27.

== 8eC TG(db dz, vees dn),

rje paBeHCTBO JOCTHLAETCS JHINL I/t NPABHJABHOTO MHOTOYTOJNLHHKA

AAy. . A, n Toukn M, coBmajaiomeil ¢ ero uenrpom {(cM. craTsio [61],

a takxe c1p. 63—64 kuurm [21]); npy n=23 310 HepaBeHCTBO obGpa-
o

HiaeTcs B HepaBeHCTBO 3ajaun 111 a) (Hﬁo sec —%)— =sec 60°=2>, a apu

n=4—B HepaBeHCTRO
RyRyRgR, =4dydydyd,,

o]
,(nﬁo secﬁ%:sec 45° =y 9 ) , OTHOcAIeecss K NPOH3ROJLHOMY
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BBIYKJIOMY ueThipexyroinsiuky A;A,Az3A, u mobGoi touke M BHYTPM
Hero, Torza xe ®eitem ToT BHCKa3aJ HpegrookeHHe O TOM, YTO BCerja

180°
R1+R2+---+Rn>33‘3T(dri‘dz‘f“---’{—dn),
Hau
180°
A(Rl,‘Rg. ceey R,JZS()CT A(dl, dz, ceay d”),

a Takke, 4ToO

11 I 180° /1,1 o1
mmtotmEe s (Gt g)

HJjau
180°
H(Ry, Ros ..., R,,);sec—nq—H(dl, dy, .., dy)

(rae paBeHctBo, 1o runorese ®eflea Tora, jgocruraercss Julb Ls
NpaBWIbHOrO n-yroibHuka A A,...A, u ero uenrpa M); npu n=3 stu
HepaBeHCTBa 06pallaloTcsl B HepaBeHcTBa 3ajad 111 6) w B). Cnpasegnu-
BOCTh nepBoil u3 runores Pefienia Tora (M AakKe HEKOTOPOFO ee YyCHJe-
HHs) Oblia A n=4 joxasasa A. ®unopuanowm [59], a B obiem
cayuae—nesapucumo [.-X. Jlenapom [62] u @. Jleyanbepre-
powm [63] (cp. Takxe I'. Poraep [64]).

114. a) [Joxawure caeaywwyio teopemy [lanma?):
nycth Ha cropoHax AB u AC Ttpeyroabnuka ABC nocTpoesbl
napannenorpammsl ABB A, u ACC,|A,, upniem o6a 3TH napan-
nenorpamMMa Jjiexar BHe Tpeyroabuuka ABC (puc. 28, q) wm
ofa 7nexar mo Ty CTOPOHY OT npaMoii AB, cOOTBETCTBEHHO
or AC, no Kakyio pacrosioxes cam TpeyroabHHk (puc. 28, 6);
D—rtouxa mnepeceyenus upamsix B,A, u C,A4,; BCC,B,—no-
cTpoeHubliii Ha cTopose BC napaanenorpamm, Taxol, H4To
BB, & CC, #+ AD. Jokaxure, 4TO U0WaAb Napaniejorpamma
BCC,B, pasua cymme miourafeft napannenorpammos ABB A, u
ACC,A,. |Ecnn yron A TpeyronbHuka npsMOH M napajieno- -
rpammbl ABB,A, n ACC,A, npeictaBiasioT co60H KBaapaThl,
to Teopema [lamna o6paiyaercsi, oueBnzsO, B Teopemy [uda-
ropa; cm. puc. 28,8.]

6)* Buoiseznte u3 Teopemb [lanna pesynbrar sagaum 1116).

Illpumeuanue. Teopema Ilanna TecHo cBsizaHa ¢ FUCTPHO Y-
TEBHHM (pacipellelHTeJbHEIM) CBOMCTBOM Tak Ha3HBaeMOro
Koco20 (Mae nceeloCKaAApHOe0) npoussedenusn 8exmopos, W60 B 0GO3Haue-
Huax puc. 28,a .

SBAAlBl =BAXBB;=BAX A:Al,

Scaa.c, =RXﬂ2 H 5366232=§EXBBZ =B_C_X AD

) [lann AnexcanipH#icKkHii—jpesHerpevecKuii MaTeMaTHK
S7TI0XW 3aKaTa aHTHYHOH MaTemaTHKH (komel I1l seka nameit apwi).
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(cm., nampumep, § 4 craeu B. T. Boatauckoro u U. M, Srao-
- Ma, Bexropnl u HX npHMeseHHA B -TEOMOTPHH, DHHHKAONELUS SJEMeH-

;",':':"—_‘-“““‘
8, C
i/ 2
3
// \
A " : .
- b 1\
= N
5, 5 4z
S
== &
8 A
4
Puc. 28

TapHoit matematukn, xu. IV, Ousmarrus, 1963, crp. 338—350). Ho
TaK Kak .

BA+AC=BC w BAXAA,=BAxAD, ACxAA,=ACxAD (u6o,

nanpuMep, BAXAD=BAX(AA,+ D)=BAxAA4,+B XAD=

=B‘§,><A—§1), To noaywaem .

SBC6232=BCXAD=(BA+AC)XAD=BAXAD+ Cx
=8pa4,m+Scasc,

3|
i

115%, Jlokaxnre, 4TO A8 KaXAOro Tpeyrodbhuka ABC
n 060l Touku M BHYTpH Hero

 RRR, > (d+ dy) (dy+-d,) (d, +d).
B Kaxom cayyae 9TO HepaBeHCTBO 06PalLaeTCs B PABEHCTBO?
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116*, okaxure, 4TO A KaKAOTO TpeyroabHuka ABC
H Kawaod ToukH M BHYTDH Hero

a) daRa+dbRb+chc > 2 (dadb+dbdc+dvda);
- 6) RRy+RyR,+RR, 22 (d,R,+d,R,+d.R,);
B) RaRb+ RbRc+R0Ra> 4 (dadb"i_dbdc + dcda);
1 1 1\,
T Ry e

,_.
—
—
TN

1 1 1
DRt a2 R T R R TR
1 1 1 1 1 1
Vataatra >t nn R T RR):
B kaxkux cayyasx KaxIoe H3 STHX HEPABEHCTB 06pallaeTcs
B PaBEHCTBO?

Hepasenctso 3azaun 116 a) gomyckaer caenywwmee o6obmenne: 048
ecex k 6 unmepsase 0<Ck<<1

(daRa)* -+ (dpRo)* +(dcR )% == 27 [(d o dp)* - (dpd.)* + (dode)F]
Had
My (dRay doRp, d.R.)=2M, (dady, dyd,, dody),

npuuem npu k # 0 (ecau k=0, To 3T0 HepamencTBO ofpamiaercsi B TpH-
BHanbHOE paBenctBO) My (doRy, dpRp, doR;)=2My (d.dy, dyd,, d.d,)
JIHIIb B TOM CJydae, Koraa TpeyroisHHK A BC paBHOCTOPOHHHH, ¥ Touka M
COBMAJaeT C ero NeHTpoM. I10 b0 fokasano A. Onnenreiimom [60],
KOTOpPOMY NpHHaJ/eXaT u BCe HepaBeHCTBa 3ajgau 115 u 116. Onmen-
refiM e NMPENNONOXKUA, YTO CNPaBeNJHBO CJelyiolee HepaBeHCTBO, Poj-
CTBeHHOE HepaBeHCTBY 3ajaun 115 u GoJee cusbHOe, UeM HEPABEHCTBO
sagaun 116 B):

RaRb + RbRc+ RcRa = (da +db) (da +dc) -+ (da +db) (db+dc) -+

+(dgtde) (dy-+d.);
OJHAKO HepaBeHCTBO 3TO, KaK OYITO, HUKEM MOKa He JIOKasaHO (M He
ONPOBEPIHYTO).

117*, Jlokaxure, YTO I8 Kaxjaoro Ttpeyronviuka ABC u
n1060# Toukn M BHYTPH Hero

1 1 1
2) (Ry+Ry+R) (-4 747 )= 18
1 1 1
6) (Ri-+Ri-+RY (gt o) > 36.
- a b de
B KakoM caydae STH HepaBeHCTBA 06pallAlOTCS B PABEHCTRA?

Peayabratel safjaud 117 MoXno 3anHcath B BUJE CJAEXYIOUWHX
HEPaBEHCTB,  BHUIOAHAIOUMXCA  TOXIECTBEHHO (T.. €. 0OpH  Jofom
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Tpeyroasirke ABC n mo6ofi Todke M BHYTpH Hero):
8) ARy Ry, Ro)=Rat Rt Re

3
S S A—
=N, 1y T/,
(nmm M (R,, Ry, R))=2M_,(d,, dy, d;)) u

.2 2 .2
6) My (R, Ry, Rp)= ]/Bﬁi{;_b_tﬁcz

=2 ! —OM_,(dy, dy, d.).

]/ 1/dE+ 1/di-+ 1/d?
3

=2H (dg, dy,

CpaBHeHue 3THX HeDaBEHCTB C pe3yJbTaTtoM 3ajaud 111 a) (Koropsrf,
KakK Mbl 3HaeM, MOXHO 3anucath B Bulle G (Ry, Ry, R.)==2G (d,, dy, d.),
unn Mgy (R,, Ry, R.)=2M,(d,, dy, d.)) HaraixkuBaeT Ha MHICIb O TOM,
410 gceeda (T. €. npi awdom k=0, awbom mpeyeorvruxe ABC u aro-
6oi mouxe M snympu Hez0)

My (Rg, Ry, R)=2M_y (dy, dp, d.);

STOT pe3yabTat GeT fokasan B 1958 . B. JI. Pa6uHoBuueM (cm. [65]).

I'Iepei»‘mezw Tenepb K CTEPCOMETPUYECKHM aHa/oram pe3yabTaTos
NnocaAeHUX 3ajav.

118. Hokawxurte, 4TO A8 Kawaoro terpasapa ABC u xax-
jo#t Touku M BHYTpPH HEro

a) SyR4+S8pRp+ScRc+SpRp =
= 3(S4d,4-Spdg+Scdc+Spdp),
rae Sy, Sp Sg v Sp—nnomann rpane#t BCD, ACD, ABD wu
ABC Tetpaanpa;
6) d R+ dpRp+dcRc+dpRp >
> 2 (dAdB +dAdc+dAdD + dBdC”‘ dBdD‘[‘ dcdD)-
B kakom cayyae 3Td HepaBeHCTBA 06pAIAIOTCH B PABEHCTBA?
119. [oxaxnte, uTo mas Jwoboro terpasgpa ABCD u nio-
Goli Touky M BHYTpM HEro
R RgR-Rp =81 ddyd dp.
B kakoM ciyyae aTO HepaBEHCTBO oOpauiaeTcd B PABEHCTBO?
CpaBHeHHe pe3yJibTaTa
G(Ra, Ry, Rc, Rp)=3G (da, 4, d¢, dp)
sagayn 119 c HepamencTBoM 3ajaum 111 a) 103BOJISET NPeIOJIOKHTE,
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4TO CIpaBeIHB TaK¥Ke CelYIOmH il IPOCTPAHCTBEHHEIN aHAJIOT HEPaBEHCTBa
Opnéwa—Mopneana (HepaBencTsa 3ajaun 111 6)): mas Kaxporo TeTpa-
sgpa ABCD u moGoit Toukn M BHYTPH HETo ClipaBei/iMBO HEPaBEHCTBO

Ra+Rp+Rc+Rp=3{(da+dg+dc+dp),

HIH .
A(Ry4, Rp, Re, Rp)=3A(da, dp, dc, dp) ()

(pasymeetcs1, ofpamaromeecs B pPaBeHCTBO JJ/s NPaBHJILHOrO TeTpasipa
ABCD wu Ttouku M, coBmajawmedi ¢ e€ro HEHTPOM), a, GHITb MOKET,
TaKKe ¥ HepPaBeHCTBO

M, (Ra, Rp, Re, Rp)=3M, (d,, dp, d¢, dp),

BHINOJIHSAIOMEECST W JIsl 4ncea R, OoTViMuHBIX oT 0 u or 1, HanpuMmep pog-
CTBeHHOe pesyabTary 3anaud 111 B) HepaBeHcTBO

1 1 1 1 1/1 1 1 1
Rt R TR Ry =T (@t )

nian
H (R, Rp, Rc, Rp)=3H(d,, dp, dc, dp)

(r. e. nepasencreo M_, (R4, Rp, Re, Rpy=3M_,(d4, dp, d¢, dp)).
Onnako 3TO OKa3aJoCh HEBEPHBIM: YIOMHHABUIRHCS Bhille aMePHKAHCKHI
maremarsk . K. KasapneoB nokasad, 4TO y¥e HEePABEHCTBO (%) MOXeT
HEe HMeTb MECTa— MOMHO mMaK
svibpams  mempaszdp ABCD u
mouky M enympu neeo, wmo om-
HOwerue

Rs+Ra+Rc+Rp
da+dpg+dc+dp

o 6ydem  cxoab yeo0Ho Gauskum K

Puc. 29. 2V2, a 2V 2=V8, pasyme-

eTcd, MeHbINe, YeM 3= ]/E_).

Bor npumep M. K. Kaszapuwoma. Ilpeanonoxum, wro pebpa AB,

AC n AD rtetpasupa ABCD nonapHo mepueHIHKYJSIPHBI, KPOMe TOro,

nycts AB=AC=1, a AD=p, rie pouenb Mmano (puc. 29). Ecau
Touka M coBnanaer c cepeguHoil pe6pa BC, To, oueBHJHO,

V2 V2

Rp=MD =~ MA=}-/—2£,

npuuem Rp TeM Gauxe K V§/2, yem meHbme AD=p. C npyro#t cro-
POHEI, B 3T0M cayuae (cM. TOT xe puc. 29) : ‘

da=0, dp=0, d’B=MV=-é- 0o de=MW=g,
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Taxk 4YTO -

. . 2 = 1
Ra+Rp+Rc+Rp = 4-5-=2V?2, dgtdptdctdp=25=1

" .

(Ra+Rp+Rc+ Rp):(da+dpg+dc+dp) ~ 2 V2

slcHo, 4TO M B TOM cCJayyae, Korja Ttouka M pacnosomeHa BHYTpH

terpasipa ABCD, Ho jocratouno 6sH3KO K cepefuHe peGpa BC, oruo-

wenne RA*{'—RB—}-RCTRD

da-rdp-tde--dp ,

. K. KazapuroBy ynhajoch jJajee HOKasaTh, 4TO gceeda (T. e. npu
ai06om mempasdpe ABCD u awbod mouke M enympu nezo)

Ra+Rp+Rc+Rp > 2V 2(dat+dg+dc+dp)

Ra--Rp+-Rc+Rp
da+dpt+dc-+dp
CKOAb yrofHO Gau3kum K 2) 2, Tak 4To noclefuee HepapeH-

MOXKeT CTaTh CKOAb YrogHo GauskuM k 2 ¥ 2.

KaKk Mbl BHAEJH, MOXET ObITh

(HO OTHOLIEHUE
CTBO YJVUUWHTL YKe HeJIt:Sﬂ!); QJHAKO 3TQ COBEPLICHHO 2JeMEHTAPHQE

M0 HCHOJIb30BAaHHEIM CPEACTBAM JOKAa3aTeJIbCTRO (ONYOJHKOBAaHHOE yXKe
nocse cmepti asropa ero coHoM H. JI. Kazapusnomuwm [66]),
SIBJISIETCS BCE K€ BeCbMa CJOMHBIM.

[anee, Mbl 3HaeM, UTO JJIT KaXKAOTO TPeyroJbHUKa u JioGoit Toukn M
BHYTpPH HEro

1 1 1
(Rat-Ro+-R) (-t -+ ) = 18

A(Ry Ry, R)=2H(d,, dy, d.)
(cM. 3amauy 117 a))Y) u

1 1 1
R2LRELR? <_ 1 ——-)236,
( a+Rp-+ c) d§ +d§ +d¢?

1) Tak kak H{d,, dy, do) << A(dg, dy. d;) (cM. mogcTpounoe npu-
meuanye 1) Ha crp. 52), TO HepapeHCTBO 3ajauu 117 a)

A (Rav be Rc) >2H (day dbv dc) ) (A)
ci1a6ee -HepaBeHcTBa Dpjéua —Mopuesnna
A (Ra’ va Rc) =24 (dar dbY dc) (B)

(r. e. u3 cnpaBejgnuBoctH HepaseHcTBa (D) BbITekaer cnpaselJHBOCTD
HepaseHcTBa (A), HO He HaoGOPOT); HMEHHO TOSTOMY, Jaxe TOCAe TOTO,
Kak Mpl yOeAMJIHCh, 4TO HepaBeHCTBO (D) Ha TeTpasAp He nepeHOCHTCS
(T. e. 49TO HepaBeHCTBO

A(Ra, Rp, Rc, Rp)=3A(d,, dp, dc, dp)

HMeeT MeCTO He. BCerja), y Hac OCTaeTcsi HajeXAa Ha To, 4To GoJee
cnaGoe HepaseHCTBO (A) Ha TeTpasip MepeHeCTH yJacres,
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T. €,
Mz(Ra: va Rc)>2M-2(da; db, d‘.)

(cm. 3amauy 1176)). DtH pesyapTaTH yjaercs pacnpompaﬁmb Ha
TETPasAp.

120*, [loxamurte, uTo M8 Kaxjoro Tterpasapa ABCD
n o060t Toukn M BHYTPH Hero

8 (Ra-tRytRo+Ro) (i +as+im+as) > 48
6) (R}+Rh+RE+RD) (d%+5%+32+;1;>>144.
A B C D

B KakoM ciayuae 3TH HepaBeHCTBA OOPAiL{aloTCs B pPaBeHCTRA?

HepaBerncrBa 3agaun 120 MOKHO mepemucaTh Tak:
A(Ra, Rp, R¢, Rp)=3H {dy, dp, d¢, dp),

Ml (RAr RB! RC! RD)>3M‘-1 (d}b dB) dC7 dD)
My (Ra, Rp, Rey, Rp)=3M_5(da, dp, d¢, dp).

CpaBHeHHe 3THX pPe3ynbTaTOB ¢ HEPABEHCTBOM 3alauu 119, KOTOpO€ MOXKHO
nepenucaTbh Tak:

G(RA: RB’ RC: RD)>3G (dA’ dBa dCy dD)r

MO (RA7 RBv RC» RD)>3M0 (dA’ dBy dC; dD)’

IaeT OCHOBaHME MPEANOJNOKHTL, 4TO éceeda (T. e. npu awbom 4ucre
k=0, awbom mempasdpe ABCD u awboi mouxe M sHympu Hez0)

Mp(Ra, Rp, Re, Rp)=3M_y(da, dg. d¢, dp).

Sr0T pe3ynbTaT AeHCTBHTeNbHO HMeeT MecTo (cM. B. JI. Pa6unosuu
uH, M, SAraowm [65]).

n

nJn

OTHOCHTEILHO JafbHeHMHX Pe3yJbTaTOB, CBSI3AHHBIX € MEPEXoioM
OT TeTpasipa K ITPOH3BOJBLHEIM BBIMYKJBIM MHOTOrpaHHHKaM, cM, ra. V
kuurn [21].



PEHMEHMKH

e
1. Jlerko BUAeTh, YTO HMCKOMAasi OKPYKHOCTb HE MONKET Tepecekats
TPAHULY KJIeTKH [Ae-HHOYIb MEXAy BepUIMHAMM, TAK KaK B TOM Caydae
ona npoxognaa Obt o Genoft kjerke, [IpeAnosioxum Teneps, 4TO 51a
OKPYIKHOCTb NPOXOAHT 1O uepHo#t kiaetke ABCD n mepecekaer rpanuiy
sToli KaerkH B Toukax A u B (puc. 30). T'panuny uepnoit kaersn AFGH

) V)
7
7

7

SY
o
N

N
-

)
N
S
N\

7
)

Puc. 30.

OHa MOXKeT Tepeceus BO BIOpoil pas jaubo B Touke F, nuGo 8 Touke G —
w sTuM# Tpemst Toukamu (A, B, F wmu A, B, () OKDPYXHOCTb NOJHOCTHIO
onpegeasiercs. SIcHo, YTO BO BTOPOM Cyiyyae OKPYKHOCTb ®yner Gosablie,
JeM B [epBOM; CJeJOBATEJbHO, €CJHH HCKOMAas OKPYXXHOCTh IIPOXOLHT
yepes ToukH A M B, 1o oHa npoiiler u Yepes TOUKY G. Ecnu xe npea-
T0JIOKNTh, UTO ACKOMAs OKPYKHOCTh TiepecekaeT rpanuny kiaerkn ABCD
B Toukax A u C, To OHa MOXeT nepeceub rpaHnny kietkn AFGH smGo
8 F, qu6o B H (u6o Touxn A, C u G nexar na ofuofi mpsmo#i). Ho
JIETKO BHJETh, UTO 00e 5TH OKDYMHOCTH DaBHBI OKPYKHOCTH, MPOXOAf-
medt yepes Toukx A, B m G. Orciona caeayer, 4To naubonbiueli Gyier
u3o0pamennas Ha puc. 30 OKPYKHOCTb C HEHTPOM B HEHTPE uepHol
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KJETKH, TpoXojsaias 1o BOCbMM YE€DHBIM KJETKaM; pajnyc 37Ol OKPYX-

7152 /3.2
HOCTH paBeH ]/(—é—) —|—<3\ =—;- V 10, rne 3a egwHuuy NpHHATA

/
CTODOHA KJETKH.
2. TpeyrosbHMK ¥WMeeT TPW TOUKM KACaHHSl CO BIMCAHHOK OKpyX-
HOCTRIO, a KBajpar—ueThipe. IlosToMy XOTst 6bl MeXjay OnHOH mapoi
TOYEK KACAHUS OKPYXKHOCTH C
TPeyTOJLHHUKOM JIeXaT JiBe ToY-
KH KacaHHfl OKPYXHOCTH ¢
kBajgpartoM.  CnenosartesbHO,
X0Ts Obl OLMH «YyroJ» KBal-
patal} JeKHUT BeCh BHYTPH
TpeyroabHuka. Paccmorpum re-
nepb OTHeNbHO JBa BO3MOMKHBIX
cayuast.
1°. Tlycts BHYTpH Tpe-
. yroJIbHHKA Jiexar HABa «yrjas
KBaapara (puc. 31, a). B stom
cayuae pelieHue 3ajault oue-
BHJHO —BHYTPU KBaipaTa Jie-
Kur Goaee 1/,-+1/,=1/, ne-
pHUMETpa TpeyroJbHHKA.
Puc. 31. 2°. Ilycrb ToJBKO = OZMH
«yroJ» KBajpara JeXHT BHYTPH
Tpeyroabuuka (puc. 31, 6). Toraa ccraibHble TPH «yraa» YACTHUHO JeKaT
BHe TpeyroJbHuka. [lokaxeM, ofHako, 4To npu 9ToM Gonee TPETH JJHHBL
KaXKAOTO «YTJaa» JeXHT BHYTPH TpeyroJeHuka, OuesupHo, DM=DN,
ADKL npamoyronbusli,
KL=KP+PL=KN4LM

(puc. 31, 6). B npaMOYroJpHOM TPeyroJbHHKE THIOTEHY3a O0Jblue Kaxk-
JOTO M3 KaTeTOB; CJe/0BajelbHo,

DK < KN-+LM, DL <LM--KN.,

CKJlangBaﬂ 3TH HEDAaBEHCTBA, NOJYyuYaeMm

2(LM+4KN)>DL-{-DK, LM+4KN >

DL--DK

5 .
Ho tak kak cymma (LM-|-KN)+(DL--DK) paBna ajuue «yraa» KBaj-
para, TO H3 IMOCReAHEFC HepaBeHCTBAa cJaelyeT, yro cymma LM-KN
CoJbleé TPETH JJIMHBL «yraar,

OTciofa BBHITEK3eT, 4TO YacTh TNEpUMeTpa KBaJpara, HaxXoAsuiasics
BHYTPH TpeyroibHuKa, GoJbiie uyeMm 1/,-+3 (Y/3-1/,)=1/, mnepumerpa
KBajpara, u4To n TpeGoBaiOCh JOKA3aTh.

3. Mycte AB—0Tpe30K, MO KOTOPOMY NPOUCXOAMT CKJIALLIBAHHE,
L, u L,—oM&Hbie, Ha KOTODHE pasGHBaeTCsi FPAHANA HCXOLHOTO MHOTO-

yroneBuka ToukaMn A u B; Ly—cummerpiunas L, orHocutesbHo AB

1) «¥ rmoM» KBajpaTa Mil YCJOBHMCA 3[eChb AJS KPaTKOCTH Ha3bl-
BaTb COBOKYITHOCTb OTPE€3KOB JBYX COCEJHHX CTODOH KBajpaTa OT obuled
BEPLIKHE! JIO TOYEK KacaHHA C OKpyxKHocThio. OUCBHIHO, YTO IJIHHA KaxX-
LOFO TAaKOro «yraa» (T. e, CyMMa LJUH COCTaBJSIOUIHX «YToJ» OTPe3KOB)
paBHa 1/, mepumerpa. i ‘
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Aovanad, nonyuawascs g3 le NpH CKAAABIBAHAN: MHOTOYFOMbHAKA, Ecan
.. . ’ - . PN )

. ~ROMaHKE Ly MLy He uMeOT oTiuHEX oT A U B obmux Touek (puc. 32, a),
YTBEDKIUECHHE 3ajauy OYEBHIHO; NIPEANOJIOKHM TOSTOMY, HTO 5TH JIOMa-
Hble NepeceKawTest B Toukax A;, A, ..., A, (puc. 32,6). Kaxjve nse
Touke A u Ay, 4, wA, ..., A,—yn A, A, B B coepuHANTCS IBYMS

L

A /
\\ S
/L
\ ey 2
Lo N
V
2
Puc. 32
HEeNepeceKaOINMICH JOMAHBIMH, ABASIOLMACS YacTAMH JOManBIX Ly 1 Ly
o6osnaunm Bx uepes ly u lg, Iy w ly, ly m lo ..., 1, n lg Tae
Iy, Iy, ..., {,—T2 N3 ABYX JOMAHLIX, KOTOpas SBJIAETCA IPaHunell MHOTo-
YTOJBHUKA, TIOJYYHBIIETOCS T0CJAe CKJIALHBAHHS HCXORHOTO MHOTOYIO/b-
HuKa. Tax Kak jiomansie /g, Iy, ..., {n BMECTE COCTABJMIOT OJHY JOMAHYIO,

COeNMHAIOMYIO Toukn A u B, To (ANMHBI JOMaHLIX Mbl 0603HauaeM Tak XKe,
KaK M CaMH JOMaHble)

Io+li+...-Fly > AB.
Orcioga umeem
EitLo=lyt Ui+ ...l Lo+ 4o ln > AB4lg+- 14 . oo 1,

4TC M JOKa3bIBaeT yTBEPKAEHHE 3ajauH. :
4. Tycrb. yron A uetsipexyronoHuka ABCD ocTpsiii, a ocTasbHbie
TpU yraa tynue. Iloctponm Ha otpeske AC Kak Ha juameTpe OKPYIKHOCTb
(puc. 33). Tak rak /B n /D rtynse, 1o Touky B u D GyAyT Baxo-
ANTBCA BHYTPH 3TOH OKPYMKHOCTH, OTKYRA BblTeKaer, yTo paccrosinue 8D
MEXIY WuMW -GyJeT MeHblle AHaMeTpa OKpykKHOCTH—orpeska AC.

 Puc. 33, 0 Puc. 34

- B. Onumem BOKPYT. . OCTPOYTONBHOTD TPeyroabHuKa: ABD kpyr Ky
nycrs O—uentp storo Kpyra (puc. 34). Tloxaxem, uto ecian paguyc R

3 4. 0. Wxaspeuit u ap. 65



Kpyra K Gosbwe 1, To Touka O He 6yleT MOKPBITA HHM ONHHM H3 UeTHl-
pex kpyros c¢ ueurpaMmi A, B, C, D u paguycom 1. B camoM pgene,
A0=BO=DO=R > 1, 12K ut0 Xpyr# ¢ uentpamu A, B u D He no-
kpotor Touky O. Ho u Kpyr ¢ nentpoM C H panmycoM 1 ee He HOKPOET,
H6o CO > R >1: B caMoMm jene, ecan Ow Touka C pacmojaranach
BHYTPH (uau Ha rparuue) kpyra K, 1o (octpuiit!) /BCD=a G6bia Gbl
He MeHbille NOJOBHHH AyrH BAD, kortopast Gonbiue 180°, u6o ™~ BD < 180°
(tax kaKk yron BAD=a octprii). Takum o6pasoMm, dsa mozo umoGoi
wernoipe Kpyea paduyca 1 ¢ yewmpamnu e moukax A, B, C u D noanocmsrwo
nokpeiau naparsesoepamm ABCD, neo6 x00 u mo, umober umero mecmo
nepaseHcmeo R < 1.

Hoxkaxkem, 4TO TOCHEIHee YCJNOBHE SBJSETCS TaKXKe U JOCTAaTOW-
Hbe M. Pazobbem Tpeyrosbunk ABD paguycamu OA, OB u OD xpyra K
H nepecekawomuMucad B Touke O mepmeHAuKy-
asipamu OM, ON, OP, BoccTaBieHHBIMH K
croponaMm AB, BD u DA tpeyroabuuka ABD
B UX CepeflHHAaX, Ha IUECTh NPSMOYTOJbHEIX
TPeyrobHHKOB, $ICHO, YTO, CKaxeM, PaccTos-
HHe OT Kaxzol Touku T Tpeyronsuuka AMO
70 BepuIMHLL A He [PEBOCXOAHT TI'HIOTEHY3bl
AO=R sTOr0 TpeyroJbHHKA: B CaMOM Jele,
ecin AT nepecekaer MO B Touke Ty, TO
AT << AT,<< AO (pumc. 35). Ilostomy Bech
TpeyrosbHiK AMO HeHKOM DOKpHIBaeTCs KPy-

Puc. 35. rom paauyca R (a 3HauuT, TeM 6oJjiee KPYyroM
paguyca 1 > R} ¢ uerrpoM B Touke A. Ana-
JIOTHYHBIM 06pa3soM yCTaHABAHBAaeTCs, YTO H KaxAbil U3 TPeyrosn-
HukoB APO, BMO, BNO, DNO u DPO uesuxoM NOKpEIBAaeTCH KPYroM
pazuyca 1 ¢ uentpom B opHoit u3 Touek A, B uan D. Taxum obpasowm,
TpH Kpyra paguyca 1 ¢ mentpamu A, B ¥ D NOKpLIBAIOT Bech TPeyroJb-
nuk ABD, otkyna, 8 culy UEHTpaJbHOH CHMMETDHH NapaJJesiorpamma,
BRITEKAET, YTO TPH Kpyra paguyca 1 c uentpamu C, D m B noanoctsio
HOKpPOIOT TpeyroJbuuk BCD. Tlostomy Oas mozo, umobbi wemoipe Kpyea
paduyca 1 ¢ yewmpamu 6 eepuluHax nNAPAAIEA0ZPAMMA NOAHOCMBIO NO-
Kpoisaau naparsesoepamm, reobxodumo u docmamouro, umobor paduyc R
Kkpyea K Gowr He Goavuwe 1.

3aMeTuM Temepn, uTOB CHJY TeOPeMbl CHHYCOB, NPHMeHeHHOH K Tpe-
yroasuuky ABD,

BD BD .

Tsin/ BAD sina’

2R

Ho no Teopeme kocuuycos BD== V 1+ a?2—2a cos &, u, 3nauur,

R— V1i+a®—2acosa

2sina

Takum o6pa3zoMm, YCJOBHe TOro, 4TO HAWH dYeThipe KPyra NOKPHIBAKOT
napasuiesorpaMM, MOXKHO 3a[HCATh TakK:

Vl +a2—2acosa

- =<1,
2sin

26138
a?—2acos a4 1—4sin?a <0,
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A nockonbky paBescTBo a?—2a cos @+ 1 —4 sin? ¢ =0 Bunoansercs npu
a=cosa + Y Cos®a— I F4sin?o=cos & + ¥ 3sina,
TO pellleHHe NOC/IEJHEI'0 HEPABEHCTBA HMEET BHJ
cosa— ¥ 3sina<<a<<cosa+ )V 3sina.

Ho tak kak l.coso ecth mnpoekuus cropoHsl AB=1 tpeyrogbuuka
ABD na cropory AD=a u Tpeyrombuuk ABD OCTPOYTOMNBHBIH, TO
cosa < a u TeM Gosee cos a— ) 3sina<<a.

Takum 06pasoM, uemoipe eOUHUHHBIX KDYeq ¢ UEHMPAMIL 8 8ePUILHAX
napasrescepamma ABCD 8 mom u moavko 8 mom caydae nOKpoigaom
napaires0epaMm, ecatt @ <5 cOs oL+ ¥V 3sina.

6. MepBoe peuen ue. Tak Kak Bee yIJsl n-yronsHura Ay d,. .. A,
PaBHB Me¥Ay COGOi, TO. 3HAYMT, OHH DAaBHH! yrJaM MPaBHJABHOLO

4,,.,

Puc. 36.

n-yrojbHuka (cM. puc. 36, a, 6, rie cTopoHwl n-yroapHHKa A;A,A;. . A,

napanJjie/ibHel CTOPOHAM NPABUJABLHOLO A-YTOMbHHKA A A,AS. .. AY). Nanee
BO3MOXKHK! 1Ba cJjyyas.

1°. n=2m-}-1—uncno HeueTHoOe. B aToM ciyuae Guccexrpuca
AP yraa Ay n-yrombHHKa NEPHEHIZHKYJSPHA ero CTOPoHe A, .pqAq4qf
(eMm. puc. 36, a, rae oce cummerpun AP npasuasnoro (2m-}-1)-yroan-
Buka A;A,AY. .. Ady.y mepnenaukyanspua ero cropome AhniiAYis); no-
9ToMy npoexuun JgoMaHeix A;Ag... ApApi1 B ApioApas. . Aomsrdh
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Ha npamyio A,P cosnagaior -(oHH paBHH oTpesky--AP na puc. 36, @)
Ho Tak 'kak ctoponb AgA, M AjAy ey, AsAg ¥ AgpirAsm 1 T L
ofpasyioT ¢ npaMoli AP onunakosble YrJbl, H B CHJY YCJIOBHMA 3aJaud

A A, < AAymir Apds<< Azm +14em 1T 1,1;; )

To npoeruns A, A, << npoekunn Ay Ay, 41 NpoeKuua - Ay Ay << NPOEKIIUH
Asmi1Asy 1 1. 4. Tlozromy npoexuns AyA,... A, A, << npoekuun
AiAsm 18sm. - - Ao, NPUNEM DABEHCMABO LMEEM MECMO MOALKO 8 MOM
cayuae, worga A Ay =AAsm+1, AsAs=Asmi1ham U T, K., T. &, K020G
éce cmopoust -n-yeoavHuka A A,...Asp .y pasHol, W 3TOT  N-yrOJbHHK
OpaBHAbHbB A Takum o6pasoM, HeH30EKHO

AlAa = A2A3: A3A4 T = AzmA2m+1 = A2m+1A1v
T. €.
A1A2m+1 =1
A A, '

2°. n=2m-—uucao yeTHoe. B arom cayyae npamas PQ | A4,
nepneHguKyasipHa Takke H A4, 1. (cM. puc. 36, 6, rie npsavas
PQO—0ch CHMMETPHH TpaBHALHOTO (2m)-yroapuuxa A;A,AY. .. Ay —
nepneHaHKyaAsapHa ero ctopoHaM A A, u Abi1ANss). Nanee paccyxjaeM
aHaJOTHYHO cJyyawlo 1° U3 TOro, uTo NpoeKuHu JoMaHbiX A,Az... A, ¢
H Aprelmis. .- Aspd; Ha npamyio PQ coBnagawor u A,Az << AiAqn,
A3Ay << AopAop—y u T. A (npuueM oTpe3kH A,A; u AA,,, AzAy
H AspAym—y v 1. 1. 06pasyior ¢ PQ oaHHaKoBHie YTJIBI), CJeAyeT, 4TO
AA3=A3A,= ... = Ay 1Asm= A3, A1, OTKYAa y¥e BEHITEKaeT, UTO
2m)-yronpuuk A,A3...Ay,Ay IpaBHABHBIH, T. €.

MAy=AyAy= Ay = = Ay Ay = Agpdy w SAm g,
A4,

Bropoe pemenue. Iy 3ajady MoKHO pewrnts U Kopoue. Ofo-
3HAYUM AaHHBIA n-yrodbHuk A;Ad,...A, depes M u paccmortpuMm n 1 p a-
BHJbHD X A-YIOJbHHKOB: NycTb M;—NpaBHJIBHHA A-yTCJBHHK CO
croponoit A;As, pacnosiokKeHHb MO Ty e cTOPOHY OT mpsMoil A;As,
YT0 ¥ n-yronsuuk M; M,—npaBrjbHbIE N-YyTOJIBHAK €O cTOpoHOH A,Aj,
pacniosIoxKeHHbIfl 110 Ty e cTopoHy 0T Apds, wrow M; ..., M,_;—
NPaBHAbLHBIR 7N-yrosbHHK co cropoHolt A, _,A,, pacnoJoxeHHHH Mo Ty
xe cropony or A,_,A,, uro u M; nakonen, M, —npaBuisHulf n-yrons-
HHK €O cTOpoHOfi A, A;, pacnojokeHHbl 10 Ty Xe cTopoHy or A,A4;, uro
u M (cm. puc. 36, 6, Ha KOTOpPOM H306pamkeHbl MHONOYTOJABHUKH M,
u M,). Tak kak AjA, << A, A;, T0 mHocoyeorsnux My ne svixodum 3a
npedeavt muozoyzoavruka My, npu sToM, ecau AAy, < AyAs, mo ece-
eeputrel mHo20yeonsHuKka My, kKpome eco eepuiunst' A,, Aesam sy mpu
mMuozoyeonotura My wau - enympu 00HOU U3 eep CMOPOH (ACHO, HTO
Toyka A, NpUHAATENKHT CTOPOHE MHOroyroJbHuka M,). Ho. Touno tak
Ke U3 HepaBeHCTS | , . S

Ay << AzA,, AyAy < Ails,. ... ApryA, < A4,

CJIEJLYeT, UTO MHOTOYroJibHHK .M, 3aK/moueH BHYTPH Mg, MHOTOYIOJIbHUK

3 3aKiouer BHYTPH My, ...; muoroyrodbnuk M, _, “3akiioten BHY-
Tpu' M,; mpH 3TOM, €C/IH XoTh OAHO M3 HepaBeHcTs A A, LA, A,
AA5 K AgAy, ., ApoyAp<C A A ABASETCA CTP-OTHM HepaBeH:

CTBOM:(T.-e. He OOPAIAeTCsl B PABEHETBO), TO Bepiinia Ay MHOTOYTOAb-
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HHKa M; (no J0Ka3aHHOMY .HeJHKOM TPHRAJJIEXKAIEro.. MHOrOyrosb-
suky M,) nexur snuympu M,, T. e. He coBnajaeT HH C  OJHOH U3
BepmHH M,. Ho nociepHee 11pOTHBOpeyHT ONMpeN€JAEHHIO MHOrO-
yrodbHHKa M,,, BMeiomero orpe3ok A,A; cBoell cTopoHO#; NMO3TOMY BCe
HepaBeHcTBa A A, < A A5, A Ag<<
< AgAy, ..., An 1An< A A, Ha
caMoM Jiefe o0pamaioTcs B DaBeH-
CTBa, T. €.

7. Tak kak ayun AO u BO ne-
pecexkator cropodni BC n AC Ttpe-
yroasuuka ABC, 1o ayu 0C=0C,
JIEXKHT BHYTpH yraa A’OB’, Bepru-
KaabHOro yray AOB (puc. 37) Io-
CTPOMM JBA CUMMETPHYHBIX OTHOCH-
TenbHo Toukn O pomGa OA,DyBy u OA’DB’ co CTOpOHOH 1. OueBujiHo,
4TO

0A,+0By+0Cy=—0A"—0B +0Cy=—0D - 0C,=

=DO-0Cy=-DCy:

TakuM 06Pa3oM, HaM OCTaeTcs TOJMbKO A0Ka3ath, uto Jauua ompeska DC,
menvwe 1. Ho Toyka C, npunamjexur Bbicekaemoli yraom A’OB’ pyre
A’mB’ okpyxnocTd § ¢ uentpeM O M paguycoM l, B TO Bpems Kak Bbl-
ceKkaeMass TeM xe yrjom ayra A'MB’ oxpy}xﬂocm S ¢ wenrpom D u
paauycom 1 oxmaToiBaer ayry A‘mB’: 310 CJefyeT U3 TOTO, YTO ecnn
A't u A'T—xacarenpuble K gxyram A'mB’ w A'MB' B Touke A’,

J OA't=90°u LOA'T= fO0A'D+ /DAT=/0A'D+90° > 90° <cm.

puc. 37). Ilostomy Touka C, JEKHT BHY TP H OFPaHHYEHHOTO
OKPYXHOCTbIO S Kpyra K, a caeloBaTelsbHO,

DCy, < 1,

uTO M Tpe60BaJlOCb J\0Ka3aThb.

8. a) Iycte OS—muckomas cymMma, XY —npamas, nposelennas
sepes Touky O nepnenpuxyJasipro npssoit OS. Ecanm cucrema oroGpau-

HLIX BEKTOPOB c 0 A ep & u T Bekrop OA; (rze i=1, 2, 3, ..., nau 25),
pacnionoxeHHblfi 110 npamoit XY uam no Apyryio cTopoHy ot npﬂMoﬁ XY,

eM BeKTOp OS TO, HCKJIIOYHB €ro H3 CUCTEMB!, ML BBHIUTEM H3 CyMMhl

08 BexTop OAy, 1. e. samenum pexrop OS sektopom 08’ = 05— 0A4; = A;S;
o A;S > 08, ufo tpeyroavirk OA;S npsMoyronoebiil uin Tynoyro.m:-
Hblii: LA OS>90 (puc. 38, a), ¥ BaMHA CyMMbl OTOGDAHHBIX BEKTOPOB
yBeanuntTes. C Apyroff CTOPOHH, €CJHH CHCTeMa oTOGpaHHbLIX BEKTOPOB

He cogxepuT Kakoro-HuGyzn BexTopa OAj, PacnosioKeHHOro No Ty
¥e cropony or mpamoii XY, uro B sekTop OS, 70, NpHCOENHHHB OA;
K 9T0f1 . cHCTeMe, MBI 3aMeHHM BekTop OS BektopoM OS5" =08 1-0A »
rae SS”#OA/, HO B .TaKoM caydae 0S” > 0S,-u60 1peyroannuk 085"
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TynoyroJeHulit: /0SS” > 90° (puc. 38, 6), T. e. jAKMHA CYMMbl OTOGpali-
HBIX BEKTODOB CHOBAa YBEJHUHTCS.

Takum o6pasoM, omobpaxHas cucmemn 6eKmMopos doasicHa codepcames
éce eexmopsl, aexcauiue no oOny cmopony om npamoi XY, u moibko smu
eexmopoi. OTCIONa yXKe ClefyeT, UTO 5Ta CHCTeMa MOXKeT COJepKaTh JIHlIb
12 nam 13 cocepHHX BeKTOPOB, MOCKOJBKY MO OIHY CTOPOHY OT MpPOU3-
BoJbHON mpaMoll XY, nmpoxopsmell yepes ofmee Haualo O BceX BEKTO-
pOB, JeXuT 12 BEKTOPOB CHCTEMHI, a IO JPYryi0 CTOPOHY — 13 BeKTOPOB.

X1

A;

Puc. 38.

[Ecau npamasa XY coBnajaer ¢ OQHEM M3 33JaHHBIX BEKTOPOB, TO IO
Jo6y0 CTOPOHY OT Hee Jexat 12 sekropoB.] Ho HeTpyzuo nokasats,
4TO CyMMa BCeX 25 BeKTOpOB paBHAa HYJIEBOMY BEKTODY (CM. TeKCT B
KBaJpaTHhHIX CKOOKax B KOHLE pellleHHs 3ajauH; cp. TakkKe pelueHHe 3a-
Jaun 6)); MO3TOMY Haiua cucmema eekmoposg codepocum aubo 12, aubo 13
coceOnux 6eKmopos, puYeM B OGOHX CAyYasiX CyMMa BCeX OTOGPAHHKIX
BEKTOPOB HMEET OZHY M Ty e JIHHY: TaK Kak

04, +04,4-...+04,5=0, 10 04,04, ... +0A4;,=

=— (04,3 --0A+...+04,),
H, 3HA4HT,

104, +04,+...+ 04, |=|0A;3-+-0A + ... +0A, .

[doxakeM Teneps, uto cymma Bcex 25 BEKTOPOB PaBHa HY/EBOMY BeK-
Topy. B camoM jene, moBOpOT Ha yroJ P=gp= 14°24’ nepeBoaut BexTOp’
04, s Bektop Od4,, Bektop OA,—8 OA, sektop 0A;—B 04, ...,
BEKTOD 04,,—s OAI, a crepoBarenbHo, Belo cymmy OA 04, 4
+04,+.. —}—OA% 5TOT NOBOPOT MNepeBOXUT B cebs (MOCKOJBKY Kax-
Joe cJaraeMoe TOH CyMMbl NepexoiuT B Apyroe ciaraemoe). Ho Tosnxo
HYJIeBOH BEKTOp MoXeT nepeittn B cels mpH moBOPOTE Ha yroi, He
KpaTHbit 360°!]

6) ByneM paccMaTpuBaTh Hamy IJIOCKOCTh KakK NJIOCKOCTh KOMILJIEKC-
HOIO NepeMeHHOTO, COBMECTHB Hadajo (0 OTCueTa KOMMJIEKCHHIX YHuCel
c Toukoft O, a Touky A;—c TOH, KoTOpasi oTBeuaeT umcay ! (puc. 39).

70



Ilpu ostoM Touke A, OyHer oTBeuaTh HEKOTODOE KOMIJIEKCHOR YHCJIO
. <

z=cos @-isin@, rae (p=—26—g—=14°24’, a Toukam Ag, Ay, ..., Ayp—

KOMIIEKCHEIE uHcaa 22, 28, ..., z1i,
Takum oGpa3oM, Touke S—XoHIY BeK-

Topa 0S=0A4,+0A,+... +0A;;, —
OTBEYAET KOMIJEKCHOE YHCJIO
1—z1%

=14zt 834... +z“=1_2
_l—cos (12¢)—isin (12¢) 7
T l—cosp—ising

Monyne |Z| sroro uucna Z-— piadHa Puc. 39.
BekTopa OS— paBen N

V[]~cos(12(p)]‘5+sin2(12cp):]/2~2cos(12(p)_
¥V (1—cos g)> F-sin? g V2—Zcosg
_ Y 4sin? 6¢ _.sinbp

9. [Tepooe pemenne. OmIOKHM BCE BEKTOPH &y, Oy, ..., Q,
u3 ojuoli touxu O; mposejeM eme uepe3 O JBe B3aHMHO INEPNeHIAHKYJIADP-
Hble TNpsAMble XXy U yy;, Hanpas-
4 JleHHA KOTODHX OTJIHYHBI OT Ha-
npasieHH#t Mo6Oro U3  BEKTOPOB
(puc. 40). CymMa AJuH mpoexuui
BEKTOPOB dy, @y, ..., U, HA MpH-
MEle XX; H yy; Oyler Goapwe 4
________ (160 cymMmMa JJHH DpOEKHUHH Bek-
; TOpa Ha ABe B3aHMHO IepHeHIH-
§
i
I

KyJsipHpIE NpAMble He MOXeT OHTb
' &£ MeHbllle [JIMHBI BEKTOpa W paBHA
7 ; ero [JIHHEe JHUWb AJs BEKTOpa, Ha-
d fipasjeHue KOTOPOrO COBHAJAeT C
HanpaRJeHUeM OJHOH H3 ITHX NpH-
4 mbix). flostomy xota 6bl A71st ofiHOTO
u3 ueTpex ayueit Ox, Ox,, Oy n Oy,
Puc. 40. CyMMa JUIMH NPOEKHHH Ha STOT Jy4
TeX BEKTOPOB, KOTODbleé Ha HEro
IIPOEKTHPYIOTCS (T. €. TeX BEKTODPOB, HanpaBJeHHe HPOeKUUH KOTOPHX
HA COOTBETCTBYIOWLYIO NPSMYIO COBMAajaeT WMEHHO C 3THM JyuoM, a ne
¢ OPOTHBONOJOKHEIM) Gosnbme |; nycte 5To 6yger, ckaxem, ayy Ox.
Paccmorpum Teneps 0TOGpPaHHYI0 TAKUM NMyTEM FPYNNY BEKTOPOB— HEKO-
TOpble H3 BEKTOPOB @y. Oy, ..., A,, CyMMa JJIHH [POEKUHH KOTOPHIX Ha
ayd Ox Gojblie 1; Tak KaK NPOEKYUA UX CYMMOE DABHQ CYMme OAUH uX
npoexyud (BOT 3l[eCh HCTOJB3YETCS TO, YTO MPOEKUHH HA NPIAMYIO XyX
BCEX 3THX BEKTOPOB HaNpaBJIeHH B OFHY cTOpoHy!) ¥ He Goablue AJNHEHBL
CYMMEI 3THX BEKTODOB, TO OAUHA CYMMbL DACCMAMPUBALMBIX BEKMOPO8
npesocxolum 1. 310 N NOKa3blBaeT yTBEpKAEHHE 3ajauH.
Bropoe pemternune. [JonosHuM 3ajaHuLie BEKTOPL @y, Ay, . . ., Oy
(fZe n—4HCA0 BEKTOPOB) BEKTOPOM @y 41== —(@;-+ay-+ ...+ a,) (oH
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MomeT 6bITb H HyJeBbIM!), C TeM, 4TOGH cymMa n-}-1 BexTOpOB @y, Ay, ...
<+ ,Qy, @+ PABHAIACH HYJIEBOMY BEKTOPY. YCJ/IOBHMCS ellle HyMepOBAaTh
5T BeKTOpHl Tak; YTOGHI, OTJIOXKHB HX OT OfHOH Touku O, Mbl HabmofasIH
Bpamenve (Ha ne npesocxogsmui 180° yroa) or Bekropa @; K BEKTOpPY dy,
OT @y X dg, ..., OT @, K @4y, OT Gpi1 K Gy TIPOHCKOASIINM B Hanpas-
JIEHHH, [POTHBONOJOXKHOM Hanpasneﬂmo Bpamenns 4acoBOH CTpeaKH
(puc. 41, a). PaccmoTpum tenepb (n-1)-yromenuk1) M= A,A;...4,,

rae ApAi=a,, A1Ay=a,, ..., A,_,A, = @, u, nagouwen, A,A,=
=qu4q (=—aq—a—...—a,). Tak kKak

LAA1A,=180°— L(ay, @), LA AA;=180°~ [(ay, @), ...
R éAn—lAnAoz 1809_4(“/11 an+1)v éAnAOAIZ 1800—4((1,1 +10 Q1)

{3anece Bce Yr/IBl MeXAY BeKTOPAMH OTCYHTHIBAIOTCS IPOTHB 4YacOBOH
CTpesiKM; cM. puc. 41, 6), T. e. Bce yrasl MHOroyrossHuka M He mpe-
BocxoaaT 180°, To 3TOT MHOrOYroJsHHK BHINYKABHA. [Hepumemp
Muoeoy2oarbHurka M —cyMma JJIHMH HAmUX n-+1 BeKTOPOB— He menvuie 4;
orciofia caenyeT, uTo eeo Jua memp d-—camas Goablias No JJIHHE H3
BCEX CTODOH M BCeX JMdaroHaJgeil MHOTOYroJibHHKa — npegocxodum 1; noxa-
3aTe/IbCTBO ITOrO Mbl OTHECEM HA KOHEI pelieHUs 3ajayud.

IMpeanonoxum Tenepb, 4TO AHaMeTp MHOrOyrossHuka M coBmajgaer
© ero puaronanblo (wnm croponoit) A;A; rae i < j. B rakom cnyuae

Gy b Qiaot o b =A A A A et o Ay Ap= A4y
1
AiAj=d > 1,
uTO M JloKa3piBaeT TpeGyeMoe yTBEepHJEHHE: BElb €CJM, HalpUMep,
. ap=— _—al—...—ak-l—ak+1——...—~a,,—a,,+1,
rae i+ <<k<Cj, 10
AAj=a 1@t = — O — @ — G — . =@y

1) Muoroyroabusxk M Momker GbiTh H «BBLIPOMKIEHHBIM (72--1)-yroJs-
HHKOM», T. €. HMeTb MeHblile A1 CTODOH—TaK GyReT OGCTOATH  JRJO,
©CJIM HAlPaBJEHUS KAKHX-AHOO JABYX H3 BEKTOPOB dj, Gg, ..., Ay, Qp4y
OBIIAAZI0T (B YaCTHOCTH, €CJH ' BEKTOD d,.7 HYJeBoil H; SHAYHT, eMy
MOXKHO NMPHIHCATH. JIC60e Hanpas/eHue). s
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Teneps -HaM_ 0CTa/10Ch - JIHWDL YCTAHOBUTL - CHOPMY/AUPOBAHHOE  BblLe
yIBEpMK/eHHE, CBASEIBAIOIIEE BEIUYMHY  NEPHMeTp2 (BBIYKJIOr0) MHOro-
yroJbHHKa. ¢ BenuunHOH. ero auamerpa. IlycTn uamerpoM MHOrOYToOJib-
Haka M aBasercs guarorads (MM cropoHa) AB =(d), u nycrb 4]ll, | AB—
ABe TMpsAMbe, npoxoisune uepes Toukd A u B (puc. 42). Ilpu stom sce
pepiUHHE M sak/mouensl MexAy (i H {5, u6o ecnu 6u1. A u C HaXORHJIHCH
1O Pa3Hbie CTOPOHLL OT [,, TO Mbl UMeu Gbl AC > AB=d, B 10 Bpemsa
Kak AB—urnan6oabiras us anaronaJei v CTOPOH MHOTOYTOJIbHUKA M.
C zapyroii cTopomn, nycte my |l mell AB—IBe BO3MoxnO Gonee
6aH3KHe OfHA K JAPYroil mpsi-
Mble, MEXAY KOTOPHIMH 3aKJIO-
yeH MHoroyroiamHuk M, u my
NpoXoiuT  uepes Bepwuuy A’
MHOTOYTOMLHUKA, a fl,-—uepes
pepwrHy B’. Tak kak mo onpeje-
nenno Auamerpa dumeem A'B’ <
<d, To u paccrogque d’ Mex-
Ly My U m, TaKoso, uto d’'<Cd.
TakuM 06pasoM, GonyKAbil MHO-
2oyzonbHuK M sexcum sHympu
npamoyeoavruka P co ctopoHamu
1, my, 1y, u my nepumempa
2d--2d’ << 4d; nostomy 4d =4
(u6o mnepumerp M He MeHble,
yem 4) u, 3Hawur, d>=1. Tlpu
sToM paBeHCcTBO d==1 37ech
HCKJTI0ueHOo, H6o ecau 2d -1 2d’ =4,
TO MHOTOYTOJBHHK M rnepumerpa ==4 MoxHO Obio 6Bl 3AKIIOUUTH
B KBaJPaT €O CTOpPOHOA | H nepumerpoM 4, u, 3HAYUT, HAW BbiYKJBIT
MHOTOYTOJBHUK NlepuMeTpa 4 foJkeH Gbi1 6bl COBIACTH C 3THM KBaADATOM,
4TO NPOTHBOPEYUT MPEANO/IOKEHHIO O TOM, 4To guamerp M paeen 1 (uGo

Zmavetp KsajpaTa co ctoporok 1 pasen ¥V 2 > 1).

Puc. 42,

ITpanmeuanue MoXHO HOKa3aTh, UTO U3 60X GLINYKAGIX AUHUL
(He TOJIbKO MHOTOYrOJIBHHKOB!) nepumempa p Haumenowiuld Ouamemp p/i
umeem OKpyxcHocmo Oaunet P (H HEKOTODHIE APYTHe TaKXKe K P U B OJ H-
Hell Hble JHHHA TOTO e OHAMeTpa; CM., Harpumep, 3agauy 94 a) kHuru
N M Slraoma u B. . Boarsauckoro [30]). Hcroassys aror
pesyJbTar, MOXHO, paccyxkjasf B TOUHOCTH TaK ¥e, Kak BO BTOPOM pe-
LIEHHH 3aJa4H, NI0Ka34Tb, YTO eCAU CYMMA. OAUN HECKOAbKUX 8EKMOPOS =T,
MO U3 uX 4UCAA MOXCHO 8uibpame dacme (MOXKeT GbiTh, OLHH) makx, 4mobot
Onuna cymmpi omobpannvix éexrmopos npegocxodusa 1. Ecnu wuciio n Bek-
TOPOB HaMm He 3ajaHo, To uHcao ={=3,14159...) 3jeck yMeHbIHUTH
Heqp3s (MO0 MEePHUMETP BHITYKJIOro MHOroyrosbhuka M nuamerpa | mMoxer
GblTb CKOJMb YITOAHO GAH3KHM K Jl); €ciu Ke 4uc/o A AaHo, TO
TIOCTOSIHHYIO 71 MOMHO elle yMeHbWHTb. TaK, Hanpumep, npu n=3, ove-
BHAHO, NOCTATOUHO NOTPeGOBaTb, UTOOH CyMma OAuH 3a0GHHOIX BeKMOPLB
6oira Goabwe 3 (6O B 3TOM ClTydae AUaMETp MHOTOyrogsHuka M Broporo
pewenns safaun 6yjetr > 1); ecsiu n=4, TO JOCTATOUHO NOTpPeGOBATD,

4TO0bl cymma Oaur 6exmopos Osisa Gorsuie 24 V6—¥ 2(=3,0373..)—
3T0 CBf3aHO C TeM, 4TO, KAK MOXHO J0Ka3aTh, MEPHMETP BBHITYKJOrO

YeThIpeXyroJbHAKa Auamerpa | peerga <2+ ¥V 6=V 2, u . a. Ofnaxo
TOYHAS OHEHKA COOTBETCTBYIOMIEr0 YMC/IA (CyMMbl JJIHH  3af@HHBIX
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ReKTOPOB) B 3ABHCHMOCTH OT 1 NPENCTABAAET COOOH OUEHb TPYRHYIO H eme
He peWeHHYI0 3ajady, KOTOpas TeCHO CBA3aHa C (TaKKe IOKa elme He
pelueHHof!) sajaueli OUEHKH B 3aBHCHUMOCTH OT 7 NEPUMETPa BLIMYK.OrO
n-yronnumka auamerpa l.

10. a) $IcHO, 4TO €CNM YHCJIO NPOKEKTODOB MEHbUUE Hembipex, TO OHH

He MOTYT OCBETHTb BCIO IJIOCKOCTb. B camoMm jienie, nmepeHOCS NPOXKEKTOPH
N B ofHy Touky O ¥ Hanpasass
N // HX B TOUHOCTH TaK Ke, KakK
NN M paHblue, MBI MOJYYHM 3 (HJH
) MeHbIUle) MPAMBIX YIJa, KOTO-
NN/ pBle 3aBeJIOMO H€ M OK P Bl-
BaOT BCHO NJOCKOCTh (DHC.
. Lo 43); TMostomy CYMeCTBYeT Ta-
N Koit ayu !/, HCXOJSMIIHA U3 104-
Ku O, KOTOpHIT He HpHHAlJe-
KUT HU ORZHOMY M3 3THX Hpf-
MBIX YTJIOB; 3TOT JIy4 nepece-
KaeT HCXOJHBIE «OCBElleHHEEe»

. YIJIBl, MOJyuYaeMble H3 YIVIOB C
% BepmuHOE O napalsedbHbM
Puc. 43 nepeHocoM, He GoJee geM MO

orpeskam 1), Ho cymma tpex

(unu mo6oro KoxeuHoro yucJal)

OTPe3KOB He MOMKET NOKPHITL BeCh JYy4Y, Ha KOTOPOM, TakuM o6pasomM, 3a-
BeJIOMO HalijyTcs HEOCBEIEHHBIE YyYacTKH.

UeTH P& X IIPOXKEKTOPOB yXKe J[OCTATOYHO H/IA OCBelieHHs Beell

NJJOCKOCTH: MOMKHO, HampHMep, PacnoJOXKHTh NPOKEKTOPH B OJHOH TOUKe

o~
V.
18
i

a) i)
Puc. 44.
(puc. 44, a)?). Ho sameuaTesbHO, YTO BCIO IJOCKOCTH MOXKHO TaKMKe

OCBETUTb YETHIPbMSI NPOKEKTOPAMH, PACROAONEHHOIMIL € 4eMblpEx 1 p o-
w3604abH0 3a0annblX (pasiuunoix) moukax Ay, As, Asgu Ay nace-

1) OH moxeT M BOBCe He INepeceKaTb 3THX YTJIOB.

2) U3o6paxenHoe Ha puc. 44, a pacnoyioxKeHHe YeThipeX NPOKEKTOpOoB
«IOUTH YJOBJIETBOPSET» YCJAOBNSAM 3ajauH, HOO 3eCh OCBELEHHOH OKa3hl-
BaeTcsl BCH IJIOCKOCThL 063 uemsvipex 6ulx00Awmux u3 paccsampueaemod
mouku ay4ed.
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Kxocmu. B camoMm Lene, nposejeM MPOi3BOJALHYIO IPAMYIO M TaK, YTOGH AR
U3 HalUHX ToueK (CKaxeM, TOUKH A; # A,) 0Ka3aJuCh 1O OJHY CTOPOHY
or npaMoil m, a jase apyrue (touk: Az u A,)—mo xpyrywo (pHc. 44, 6).
HanpaBsuM ycTaHOBJNeHHBIE B Toukax A; B A, IpOXEKTOPH TaK, YTOGH!
CTODOHB «OCBEUIEHHBIX» MPAMBIX YIVIOB GBUIH NapaJJelbHL H NepleH-
AMKYJSDHEL M; TIPH 53TOM TEPNEHAHKYJNSADHBIE M CTOPOIH YIVIOB MYCTh
MpeACTaRIsAioT OGO JyuH, HampaBjeHHble B CTOPOHY TMOJYIJOCKOCTH,
comepxatueil Toukd A, u A4, a NapansesbHbe M CTOPOHBL YIJIOB-— AyuH,
HalpaBJeHHbe HABCTpeyy APYr Apyry (IpHYEM Tak, uToGbl OCBemeHHbe
JAy4d npsMoft m IepeKpLIBANHCh M, CJEJOBaTeNbHO, NOKDHIBAAH BCIO
npsAMyto; cM. ToT ke puc. 44, 6). Ilpu stoM ycTaHOBJeHHmle B TOuKax
Ay H A, NPOKEKTOPHl MOMHOCTBIO OCBETAT MOJNYIJIOCKOCTh, COZEPKAMYIO
tToukn Ay n Ay TouHo Tak Ke NOJYNJIOCKOCTb, COIEPHKAUIYI0 TOUKH
A; 4 A,, MOXHO TOJHOCTBIC OCBETHTH NPOMKEKTOPAMH, YCTaHOBJEHHBIMU
B Toukax As; u A,.

6) Auajorpuno Haualy pellleHUs 3ajayd a) YCTAHABJHRAEM, YTO AJ5
OCBELIEHHST BCEro NMPOCTPAHCTBA HEOOXONMMO He MeHee B0CoMU TIPOXKEKTO-
poB (160 7 HJH MeHee «OKTAHTOB» C BEPIIMHON B 0JHOH Touke O He MOryT
MOKPHITL BCE MPOCTPAHCTBO). [lajee MOKaxeM, UTO 8 IPOKEKTOPOB, yCTa-
HOBJIEHHBIE B BOCBMH MPOHM3BOJABHBX Toukax Ay, A, A, ..., 4,
NpOCTPAHCTBA, MOTYT OCBETHTB BCe NMpoCcTpaHcTBO. IIpoBenem naockoeTs A,
pasfeNsiomylo. NPOCTPAHCTBO HA [Ba MOMYIIPOCTPAHCTBA Tak, YTOGH
B NEPBOM K3 HHX pacrojaralucb 4 M3 HAaMHX TOUEK — CKameM, TOUKH
Ay, Ay, Az m Ay,— a BO BTOPOM — OCTaJIbHBIE 4. Y CTAHOBJICHHEE B TOU-
Kax Ay, Ay, Az m A, TpPOXEKTOPH HAmMpaBHM Tax, 4TOGH OxHO pe6po
OCBELIEHHOTO OKTaHTa OHIO NepneHAuKyJAspHO A W GBUIO HanpaBJeHO
B CTOPOHY NOJAYNPOCTPAHCTBA, cojepauiero Touku Aj, Ag, A;, Ag. Ipu
5TOM OCBEIEHHAS] KaXKAbIM H3 3THX IMPOKEKTOPOR YaCTh IJOCKOCTH A
6yAeT NpeACTaBMsTh cofoll HpHMOl:/’I yrosi; BeplUHHAMH 5THX NPSMBIX YTJIOB
GyayT cayxuTb mpoekuud Ay, Ay, Az u Ay Touek Ay, Ay, Az n A, Ha
nyockocTs A. B cuay pesynmbraTa 3ajaud a) NPOMKEKTOPHI MOXKHO Harnipa-
BHTb TaK, 4TO OHH GVAYT IOJHOCTBIO OCBEllaTh MJIOCKOCTh A, a CJelo-
BaTeJBHO, H BCe MOJYNPOCTPAHCTBO, cojfiepiauiee ToukH A,, Ag, A; n Ag.
AHaNorHuHO 3TOMY NOJYNPOCTPAHCTBO, cojepxatee Toukd A, Ay, As, 4,4,
MOKHO TOJHOCTBIO OCBETHTb IIPOKEKTOPAMH, PaclONOKEHHBIVHE B TOYKax
Ay, Ag, A; m A

11. Ilycre wxkad ABCD HaxoHTCA B KOPHAOpPE; BbISICHHM, B KaKOM
clyuae ero MOXHO BHECTH B KOMHATY. YCJIOBHMCS CYUHTATh, YTO & <z b;
AICHO, uTO ecau a > d, TO IWKad B KOPHAOPE HEe ITOMECTHTCH, A eciiH
a>h, T0 on He npoitaeT B ABepb wmHpHHB A. OnHAKO yeaosus @ <=ld
H @<.h SBAFIOTCS JMHWbL HEOGXOXHMMBIMH; Camu no cebe OHH eule
He ofiecneyuBaloT BO3MOKHOCTH BHECTH IuKad) B KOMHATY.

Bynmem cunrars, 4ro b > h (uHaue wkag B KOMHATY, pasyMeercsd,
BHECTH MOXHO). BisuneM yron A yikada B KOMHATY H HPCABHHEM ero
TAK JAJIeKO, HaCcKOJLKO HaM ' no3soiut apepb KI. (puc. 45, 4). 3arem
HayHeM pasBopauKBaTh WiKad, BbABUTAs Briepe] ero Melbluyio cTtopony AB,
T. €, yBeJMuMBasg Hn3o6paxkenHbii Ha puc. 45, a orpesok LA; apyramu
cioBamu, Gynem nopopaunBaTe wKad ABCD no uyacoBoii crpenke Tak,
uto0sl ero crenkn DA u AB Bce Bpemst ymupanuces B kpas K u L aBepu.
s Toro utofsl WKad MOKHO GbIIO BHECTH B KOMHATY, €T0 mpHIeTcs
pasBepHyTh Tak, 4ToOH vroan B iuxada coBnman c Ttoukoil L (cM. 3a-
ITPUXOBaHHOe Ha pHC. 45, @ nonoxenne A,LCyD, wrada); cnefopaTesib-
HO, BoOmpoc 3akjiouaeTcs B TOM, YTOGE YCTAHOBHTb YCJOBUS, [IpH
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KOTOPBIX npomaono.nomuaﬂ asepn KL crena ! ropupopa He nomelnaer
Tax¥M 06Gpas’oM IOBepHYTh HWKaQ..

. Tlpeanosoxum, uyro mKad BHECTH B Kovma'ry MO XHo. B stom cay-
yae u B ero nonomennn A,LCoD, paccrosnne d, or yrna Cy mxada 10
ctennl KL He mpes3oiiferT WHPHHH d Kopuaopa:

do << d.

O6o3naunm uepes E uersepTylo BeplunHy napaniesnorpamma KLCoE (cMm.
puc. 45,6, Ha KOTOPOM WKa( 3anuUMaeT 70 nojoxkenne AZLCyD,y, 0 KO-
TOpPOM TOBOPHJIOCH Bhllle, 4 yroa Cy wkada ynupaeTcs B cTeHy / KOPHIOPA,

4%
XY
Homsama R 2ls Aomnamz
¢/
4 >4
”C// ¢
£+,
a) 4

Puc. 45,

T.e. dy=4d). Tak kar ocropanve KL napannenorpamma KLC,E pasHo A,
a BolcoTa dy, ONylleHHas Ha 3T0 ochoBaHHe =< d, T0 Sy;.,r < dh. Ho,
oueBuaHo, AKLA,= AECyDy; nostomy napanaenorpamm KLy CoE pas-
HOBEJIMK TNPAMOYroabHHKY Ao LC,Dg, u, 3uaunr,

dh = Skicoe =S aLcop, = ab.
TaxuM 06pasoM, ecau wiKagh) MONHO eHecmu 6 KOMHAMY, Mo
a<id, a<<h (roe a<<b) u ab<Cdh.

(2T ycnoBus OXBaThLIBalOT, OUEBHAHO, U cayuall b= h.)

TokaxeM tenepnb, uto ecau ab=dh (v a<<d, a<Ch), mo wrag
BHECIMU 6 KOMHQMY MOXCHO, T. €. CTeHa [ He CMOXET HaM NMoMeliaTh pas-
BepHYTh 1Kad Tak, uToGbl OH Mpowen B ABepb. B camom jeje, NycTb
F u M—rtouku nepeceuenus npambuix AB v KM{|AB co crenoit | xopu-
jgopa, N—uerBeprasi BepwHHa npavoyronbhuka AKMN, a Q —rouxa
nepecevenust npsmuix BC u KM (cm. cnoea puc. 45, a). Tax kak, oue-
Buito, AMNF=AKAL, 10

Saxmn=Srxmr="h-d,
u ecau ab=dh, 10 -

ab=S8 apcp="Sakmn W, 3uauuT, Skpco=SoBN M,

QK _aM

QB QC~

Ho orcona ciepyer, uto tpeyroisunkn QKB n QMC mnopobun u

MC|{BK —a sHaunt, Touka C HAXOAWTCH NO TY XKe CTOPOHY OT npsiMoii [,
no kakyio K iexuar ot npsmoii BT, 1. e. BHyTpn xopugopa. Ta-
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KHM oﬁlgasom Toyka C nonmafer Ha npAMyio / auille B TOT MOMEHT, KOTAa
Touka B coBmeéTuTcs ¢ kpaeM L TBepH, u wxad MOXKHO GyLeT  BHeCTH
B KOMHATy uepe3 fBepk KL, He noBopavupas ero GoJee.

© Urak, ecu a<<d, a<<h a4 ab=dh, mo wxah MONHO eHecm

‘s Komuamy (MMM BEIHECTH U3 KOMHATH); TeM. 60Jee 9mo 603MONCHO, €C/H

cropona AB=a TakoBa, Kak y H300-
paxeHHoro Ha puc. 45, a wkada, a cro-
poa AD=b Meubiuie, uéM Yy Hero,
T. e. ecau ab < dh (v a<Cd, a<<h).
12, OnuizeM  BOKpyT Ky6a
ABCDA,B\C\D, cdepy o (puc. 46);
IMaMeTpoM G GyjJeT, OUEBUIHO, SABJATh-
cs gmaroHans AC, kyGa. M3 Bcex Touek
chepel G 3Ta AUArOHAZbL BHAHA IOJ
npsAMBM yraom (ubo ecau M —Tou-
Ka cdeprl, To naockoets AC; M mepe-
CeKaeT O N0 OKDYXHOCTH S, AHaMeT-
pom KoTopo# sBasercss oTpesok ACy;
[ AMC,=90°, kax BnucauHblfi yrod,
onupawuuiics Ha Iuamerp); u3 Joboil xe
BHyTpeHHell Aas cheps ¢ ToukH N pua- Puc. 46.
roda’e AC, BUAHA OA Ty LB M YIVIOM
(anockocts ANC, nepecekaer 0 N0 OKPYKHOCTH Sy, AMBMETPOM KOTOPOK
no-npexuemy siBasiercs AC;; N—Touka BHYTPH 3TOH OKPYKHOCTH).
Ho Bce Touku Ky6a, KpoMe €ro BepUIMH, SIBJASIOTCS BHYTDEHHHMH J/s
cepsl 0; nosTOMY H3 (OTJIHUYHBIX OT A u C) wecmu gepuiun kyba Ouaeo-

nHare AC, 8udua nod R pamem yeiOM, @ U3 6Cex OCMAAbHLIX MOUEK
nosepxrocmu kyba-—nod mynoem (T. e GoabwuM npsamorol) yeiom.

13. JlokaxkeM cHayanla, 4yTO €CJAM B KyG MOXKHO IOMECTHTH OKpPYXK-
HOCTb pPajHyca r, TO €e MOXKHO PaclOJOXHTb TaK, YTOGEl HEHTP OKPYHK-
HOCTH COBIaJl C LeHTPOM Ky6a.

Hyets O—uentp xyfa u S;—uexamast BHyTpH KyGa OKPYHKHOCTH
paguyca r (puc. 47). HOCTPOHM OKPYMHOCTb Sy, UEHTPAJbHO-CHMMETPHY-
HYIO OKDYXKHOCTH S; OTHOCUTEJbLHO TO4-
ku O. B cuny Toro, uro O—peHTp cum-
METPHU KyBa, OKPYXKHOCTE S, TO¥Ke Gy-
JeT  LeJHKOM JieXaTh BHYTPH Ky0a,
MpHUEM ee MJI0CKOCTh Ay 6YAeT napad-
JeJIbHA [JIOCKOCTH A OKPYIKHOCTH Sj.

. Tlokaxkewm Temepb, UTO OKPYICHOCMb
Sy paduyca 'r ¢ yenmpom ¢ mouxe 0,
nrescawyas 8 naockocmu A, napaisenp-
ROt naockocmAM Ay uw 7»2, makaice 6y-
Oeme aexcamo, sHympit Kyéa.

Heficteuresbuo;: nyets - M-—mnpo-
H3BOJbHAsE  TOYKA OKPYXHOCTH S,

Puc. 47. [TpoBenem r0CKOCTH 0M02, rae Oy

H O, —uenrpsl okpyxHOocTedl S; M S,

3Ta nA0CKOCTb conepmm‘ orpesok 0,0,; a ciejoBaTeNbHO, H ero
cepeauny —rtouky O. Ona’ mepecekaercst C DJIOCKOCTAMH Ay, A H Ay 110
NPIMBIM, NPOXOAZIIMM Hepes UEHTPHl COOTBETCTBYIOMMX OKPYKHOCTEH.
OBosnaunm suamerpel OKpykHOCTEH S;, S; M Sy, nexaulue B NAOCKOCTH
0:MO,, COOTBETCTBEHHO qepea MN,, M N2 0 MN; nycte npu stoM
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Touku M,, My 1 M nexar mo oxHy cropory or 0;0,. Quesnjno, TOu-
Ka O —LeHTp CHMMeTpHH nap touek M; u Ny, M, W N,. 3uauur, ye-
THpexyroabHuk M,N{N,M,—napanjenorpamm, u MN —ero cpeausis
nunus. [lostomy M —cepeguna orpeska M M,, a N-—cepepuna N N,;
rak Kak rvoukd M; m M, Jjexar BHyTpH Ky6a, TO H BCe TOUKH OT-
pesxa M M,, B TOM uucie B Touka M, nexat BHyTpH Hero. Ho M ectsb
NPpOHSBOJbHAST TOYKA OKpPYXKHO-
c1h  Sp; cJejoBaTeJbHO, BCA 3Ta  OK-
PYXKHOCTb JIEXXHT BHYTpH Ky6a. ITHM
Halle yTBepXKJeHHe IOKa3aHo.

Teneps MBI MOMKEM paccMaTpHBATh
TOJBKO OKPYKHOCTH C IEHTPOM B LEHT-
pe Ky6a, Ilycrb Takasi CKpPYXHOCTb pa-
JHyca r JIeXHT BHYTPH KyBa CO CTopo-
Hoii a. [locTpoum Ha 3TOIl OKPYXKHOCTH
KaK Ha skBaTope cdepy.

Ecan paguyc OKDPYXHOCTH [0CTa-
TOUHO MaJ (MeHble MOJOBHHB CFOPO-
HB Ky6a), TO Bcs cepa OyneT LeAHKOM
Jgexatb BHyTpU xy6a. Ilosromy mmoBast
ApYyrasi OKPYMHOCTE C TeM iKe UEHTPOM

Puc. 48. W TOro e pajuyca TakxKe GyjeT Jexathb
BHYTpH Kyfa, TaK Kak oHa Gyner GoJb-
110li OKPYIKHOCTBIO Haweli cheprl. Ecin ke pajuyc oKkpyxuoctu Gosbiue

a
NOJIOBHHEL  CTOPOHBI (HO MEHblue PacCTOAHHS —5— OT LEHTPa KyGa 20

ero pefep), To BHe Ky(a OKakeTcsl LI€CTh DABHHIX CHEPHYECKHX CerMe-
TOB — «l1anouek» (puc. 48).

LleHTpaMH OKpYyHOCTell, JeXallHX B OCHOBAaHHSIX Iuanouek, OyayT,
OYeBHJIHO, LEHTPH paHell, a pajuychl 3THX OKPYyKHOCTeH OYAVT PaBHEL

(5= V

(u60o a/2—>3T0 pacctosHMe oT wueHTpa Ky6a Jo ero rpaneit). Orciona
cnepyer, yto p Oyjer teM GoJsblie, uem
Gosblle Ppagnyc 7 cgepsl. 4y J 2
INocTpouM uecTs KoHycOB, oOumel Bep- ]

muHOH KoTophix siBjaserca uentp O kyba,

a HanpapJMIOWHMYU  CJOYXKaT OKpPYIKHOCTH, 8 Ny
10 KOTOPBIM TPaHM Ky6a MepeceKarwT Hamy
epepy (ocHoBaHHA wanouex). Ecam nJjoc-
KOCTh Kaxoro-to 6O/BHIOr0 Kpyra Hamei
cepbt nepecexaer xoTsa Obl OJHH KOHYC,
TO €CaMa OKDVIKHOCTh B HEKOTOpPOH YacTH
NPOXOJHT NO IHanouke, .M, 3HAYMUT, yac-
THYHO JIeKHT BHe KyOa. [lostomy ' aas
TOTO,; YTOOB! IOMECTHTb B KYO OKpYXHOCTb Puc. 49
paauyca r, Halo CyMeThb IIPOBECTH IJOC- T
KOCTb, He [IepeceKalulyio HH OJuH KOHYC.

aVe
4
mecmume 6 Ky6 (oHa GyjeT NpHHANERATh H300paxkeHHOMYy Ha pHe, 49

Tlokasxenm Tteneps, uro okpyscuocms paduyca r == euje MONCHO no-
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cevennio PQRSTU xy6a, npoxoxsimemy uepes cepeaunst P, Q, R, S, T
u U pe6ep AB, BC, CCy, C1Dy, D1A; u A A), a Hukakywo 0KpyocHOCmS
60.abtueeo paduyca 6 kyb nomecmums Keab3s. 3aMeTHM, 4TO H300paxMeHHAs
Ha puc. 49 nyockocTs A MepHeHIMKyJsipHa auaronanu B,D xy6Ga, u6o
B,D | RU (rax kak RU | nan. BDD,B,, comepxameii B;D); kpoMe TOrO,
B,D{ PS (u6o PS | nn. ByA;DCyn B1D_| QT. Wectuyroasuuk PQRSTU
ABJNSEICS N pPAaBHJbHBI M BCe €r0 CTOPOHBl  DaBHH  MEXIY

. 9
co6oifl (1 paBHH — NOJIOBHHE JAMaroHangu rpauu Ky6a) u Bce ero

2
yIrJBl paBHBl Mexay cobofi M paBHb 120° (n6o, cxaxkeMm, /UPQ=a

aVye
2

ects yroa tpeyroaphuka QPU, rie QP =PU =
2 2 2
QU= QA2 - AU = QB - BAY 4 AU? =% 02 1.2 3,

TO3TOMY

1
2 b

2 2 2 2
3%:%——{—%-—2%—005@, T. €. €08 0= —

H, 3nHauuT, o ==120°).

SIcHO, YTO MMeeT CMBICJ PaccMaTpUBAaTb TOJLKO Te OKPYMHOCTH,
IJIOCKOCTH KOTODBIX HE TIPOXOAAT uepe3 NepleHIuKyJAspbl K CPaHAM
Ky6a, — 1efCTBUTENbHO, B IOC/IENIHEM CJYyYde DalHyC OKDYKHOCTH He

aw‘ N’I g“"

a
MOXKET MpeBHIIaTh PACCTOSIHHE - OT LeHTpa ky6a jo ero rpanu. [lo-

5TOMY MCKJIOUHMM M3 PacCMOTPEHHS BCe Takue njockocTi. Kaxaas Jpy-
rasi IJIOCKOCTb A, npoxoasmas uepes ueHtp O KyGa, JeJHT IUECTEPKY
Jyuell — epneHARKYA9POB K I'PaHsAM Ky0a, NPOBEJEHHHIX uepe3 LeHTp
Ky6a,—Ha ABe IPYNNbI O TPH Jyua, 06pa3oBaHHbIE JydaMH, JeKaluMH
M0 KaKkylo-HUOYAb OXHY CTOPOHY 0T mtockoctd A. (B camom 1ente, ecqu
KaKoH-1160 Jyu JeXHT MO OJHY CTOPOHY COT TJOCKOCTH A, TO JIy4, eMy
NPOTHBONONOKHKIN, JeRKHT N[O JPYryio CTOPOHY A; [OITOMY Kaxjaas
MJIOCKOCTb A J€AHT LIeCTEPKY NepHeHAMKYJSPOB Ha JiBe FPYNAB 1O TPH
Jayuya B kaxpo# rpynne.) [1ycte, vanpumep, ABCD, AA,D\D u CDD,C,—
rpanu. Ky6a, nepnednukyaspel OE, OF u OG K KOTOpHM J€XaT no
OJAHY M TV e CTOPOHY TJOCKocTH A (puc. 50).

aV'6

—g

pacroJiokennofi B NJOCKOCTH A, nmephneHIHKy. spHONR K jumaroHand BD
Ky6a. OTa OKpYXKHOCTh BIHCAHA B NPaBRUIbHBLA WecTuyrodasuuk PQRSTU
M, 3HAUMT, KAcdercsi BCeX IIECTH rpaHefi Ky6a. [losTomy ee maockocTs
Kacaercsi KOHYCOB, OTBEUYAIOMIMX HANOYKAM, NOCTPOEHHHIM HA OKPYX-
HocTsix ¢ peHrpamu E, F um G, no ofpasyiomum 0X, OY n OZ.
TIpesnooKUM Tenepb, YTO B KY6 MOMKHO NIOMECTHTL OKPYKHOCTE
aVé
4
ayun OF, OF n OG neXaT 10 OAHY CTOPOHY OT IJIOCKOCTH A OKPYIKHO-
crtr S. [TocTpoHM KOHYCHI, BbIPE3aiOliie COOTBETCTBYIOUIHE TPH UIANOUYKH.
Paguyc r oxpyxuoctn S Gonbume paguyca r OKpyKHOCTH Sy CJefoBa-
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)

" teabno, GyAyT Goablie H PAIHYCH HAMPABAAIOMHX okpyxHocTeli  (DCHO-
sanuil manouek). [Tostomy ayun 0X, OY w' OZ nomkHbl JeKaT> BHY TP 0
NOCTPOEHHBIX KOHYCOB, M, CJIEJOBATEJbHO, NO OAHY CTOPOHY OT IJIOCKO-
¢TH -k, TAK KaK, [O TPEANOJONKEHHIO, . OCH COOTBETCTBYIOMHX KOHYCCB
JexaT 10, OfHy CTOPOHY  OT 5TOH TJIOCKOCTH. [InockocTh A HMeeT

"¢’ obmyro Touky O, B, CJAEOBATENbHO, Nepecexaer ee IO HEKOTOpOH
npamoit /. ,

TakuM 00pasoM, OlHa NOMYIIOCKOCTh MJOCKOCTH A JIXKHT B OAHOM
‘OrpaHHueNHOM A TIOJIYHPOCTPAHCTBE, a Apyras —B APYrOM; 3TH jiBe IO-
AYTIOCKOCTH  PasfienisiioTes TNPOXOisines — yepes O npsamoit [. Ho
ayun OX, OY u OZ, Kax Jerko BHAETb, COCTAaBASIOT APYT T APYroM
yrabnt B 120° 1NOSTOMY KuKGKAA APAMAA I He moxcermn pasdeaums NAo-
ckocme A -max, wmoBol 6ce dmit Ay AeHaAl 8 00HOL nOAYNAOCKOCHUL,
9r0 nokasLBaer, uro JK6as IIOCKOCTh ), OTBEUalomasl OXPYMKHOCTH S
pagmyca r > r, nepecekaeT Xors Opl.-0fHYy M3 06pasOBAHHLIX MIAPOM
paluyca 7 lLanoueK; MOSTOMY OKPYXHOCTb 'S repeceueT. nopepxHocTs
KyGa u BbliJeT 33 ero npejefnt. ‘ e » :
~ Jlo cuxX nmop M paccMaTpHBalM ciyuafl, KOFAa MWAp MnepeceKaercs
€ MJIOCKOCTBIO KaXJo#l rpany Mo OKPYMHOCTH, Jemanieil BHYTpH ‘camoit

aV?2

rpann. Ecam xe pammyc miapa Oyner Gopme uem — 5— (1O memble

aVv'3 " W e s e ,
i aapmyca- V OHNHUCAaHHOro BOKPYT K Ga mapa),. To wWanouxkd nepece-
yea—g , : peces

KyT APYT. Apyra, ¥ Hawa Mozedib (puc. 48) npuoGperer BHA' Wwapa ¢ BO-
cEMBbIO BHICTYNAIONNMI YraaMu KyOa. ORHAKO "HALNM - BRBOJLI W B 5TOM
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cllyyae OCTaHYTGS B. CiiJle, TaK ‘Kak B JIOKa3aTeJIbCTBe MEl HHTJE He Hc-
N0JIb30BaJH TOrO, YTO IHANOYKH He HepeceKaiorcs. )
HTak, Mpl 0Ka3aaH, 4TO. B KYO He b 3 51 NOMECTHTb OKPYKHOCTb,
aV 6 '
4 ‘
MECTHTb 4ermolpe PA3Hbie OKPYMKHOCTH MAKCHMAJNBHOIO ‘BO3MOXKHOTO pa-

paguyc Kotopoil GoJibime uem 3ameTHM, uTO B KY6 MOXKHO IO-

alV 6 . .
auyca — (no* uncay amnaronadeil ky6a).

14. Jlerxko BugeTh, uto Ky6 ABCDAB,C1D; MoX H0 pasbuth Ha
name TETPA3APOB: €CAM OTCeHb OF Hero terpasipsl BACB; u DACD,,
a Takxe Terpasppsl A1B,D;A u C,B,D:C,

TO y HAc ocTaHercs ewe (TATHIN) TeTpasnp 4 D,
ACB.D, (puc. 51; terpasap ACB,D, sB- T

Jgsgercst jaxe npasHasnbiM). Tpyanee ye- Ay
TAHOBHTb, UTO MEHbUIe, HeM HQ NAMb Te- 8

TPaspoB Ky6 paséuTb He b3 4.

JeficTBUTEILHO, TIPEANIONON UM, 4TO KY6
ABCDA;B,C,D, pasGur Ha HEKOTOpOE
uncsIo Terpasapos. Ilpu stom rpans ABCD NN - fH
KyGa pasbuBaercsi Ha 4acTH, ABJUIOUAECs A
rpaHsiMH He MeHee ueM JBYX TETPasJpos
(xagpar ABCD wmomer GuThb pasbur na & A
ABa uau OGoabllee 4YHUCHO Tpey- Puc. 51
TOJILHHKOB), ' MpHYeM CyMMa [Joulajeii T
OCHOBaHMI STUX TeTpasipoB paBHa a2,

a BHICOTA KaKJAOro M3 HuX He CoJblie o; NO3TOMY CyMMa 00BEMOB HpH-
MHIKaOUMX K rpann ABCD rtetpasapos pasOHeHnsa He IIPeBOCXOZHT

1 ad
§a2-a::-3—. Anajnoruuno stomy K rpanu A,B,CiD; Ky6a npuMHKawr

He MeHee JABYX TETpasApoB, npuueM ofmui ofueM 3THX TeTpasipos
3

a
TaKXkKe He TMPEeBOCXOLUT 3’ Tak kKak HM O&UH TETPA3AP  HE MOXKeET

OIHOBDEMEHHO HMEeTb rpaHeii, ABJASIOWNXCS uacTblo kBagpara ‘ABCD n
uactbio KBagpata A,B,C;D; (u60 HUKAKOI TeTpasip He HMeeT napaJ-
JeJIbHBIX TpaHeil!), TO Mbi yXe uNMeeM He MeHee ueTHpeX TeTpasipos,
npuyeM ofillee YHCJO TeTPa3ApoB pa3GHEHHHA STHM elle He HCUePNEIBaeTC s,
MOCKOALKY ofmufi of6beM  YKa3aHHBIX = TeTPasipoB He [peBLILaer
a? | ad ‘

B3T3 :
TUCA0 mempaddpos pasbuerus He moscem Ovime MEHbULe NAMU.

18. 3aMeTHM, UTO HHKakas NpsSMas He MOXET Nepecekars CTOPOHbL
MHOFOYTOJbHHKA B HEUETHOM YMCJE TOYEK, IOCKOJbKY HHaue NPH JBH-
JKEHHH 110 3TOH NPAMOH B OIpeleJieHHOM HanpaBJeHHy  Mbl, 3aHAs no-
clefiHud Pas BHYTPh. MHOIOYIOJIbHHKA, He MOIH Obl yKe NOKHHYTBH €ro
npefennl. [ostoMy Kampas. CTOPOHA UYeTHIPEXYTORbHHKA MOMET HMeTb
He GoJee ueThIpEX TOYEK IlepeceyeHHs ¢ KOHTYPOM TWSITHYroOJbHUKAE,
Orciona crenyer, uTo ofluee YHCAO -TOUEK TEPECEueHHs! CTOPOH YeThIpex-
YFOJIbHHKA W NSITHYFOJbHHK2 He MOXerT npeBockoauts 4X4==16. To,
4TO 3TO YHEJO MOXKeT paBHATbes 16, caenyer ua puc. 52.

16. YcsoBHMSS CHETATh, 4TO BCe CTOPOHB: 14-yroJbHHKa - «rOPH30H-
TanbHLD HJH . «BEPTHKA/NLHAD. SIcHO, 4TO 1pH 5TOM POBHO 7 CTODOH
ABJAIOTCA  TOPH3OHTANBLHEIMA ;- (K 7—-Bep'mxanbﬂbmu) Bellb H3 Kaxmow
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BepIIHHBEI MCXONHT OHHA TOpH3OHTaJbHasd (¥ OJHA BePTHKAJLHAf)
cropora. CymMmmupys 1o Bcem 14 BepmisHaM, Mbl HacuuTaeM 14 ropHsol-
TaJbHBLIX CTOPOH; HO NpPH 3TOM KaxKpas cropoHa Gyjer COCYHTaHA ABAMLL

Puc. 52.

(cOOTBETCTBEHHO ABYM ee BepumHam). [anee, camast BhiCOKas H caMmas
HM3Kasl M3 TOPH3OHTAJbHHIX CTOPOH [4-yrosbHHKa BOBCE HE MOLYT CO-
Iep&aTbh TOUYEK CamonepeceueHHsi C RPYFMMH cTopoHaMH (u6o BeiLle,
COOTBETCTBEHHO HHXKe, 3THX CTOPOH HeT BepIIMH MHOrOYroJbHHKA);
2-s1 cBepXy H 2-1 CHH3Y CTOPOHBI MOFYT COAEDPXKATh JHLIb IO JBE TOUKH
7 camMonepeceyeHHs] CTOPOH (u6Go BhwWe, CO-
L OTBETCTBEHHO HHXKE, STHX CTOPOH HUMENTCH
Y/ As JuWwe 2 BEpPIIMHB); 3-A CBePXY H 3-4 CHH-
3y M3 TODH3OHTANBHBIX CTOPOH MOTYT CO-

A, Ay nepxate no 4 TOUKH CAMONEPECEueHUs
(sblle ¥ HEXKe STHX CTOPOH HMEIOTCS 10
,%[ Ay 4 sepmnrb 14-yrospHuka). Haxosen, cpen-

HAs 70 BHICOTE TOPH3OHTANbHAA CTOPOHA
Ay Az MOMeT COfepiKaThb He Goee 6 Touek camore-
peceuenHsi, H6O B BLIIE K HIKE ee JexaT

A ]

6 BepwnH 14-yroanHHKa; ONHAKO Ha ca-

A A MOM Jesle M uHca0 6 3ech HEeBO3MOXKHO,

160 B NPOTHBHOM CJyYae Kax/Jas BepLIHHA,

Puc. 53. Jexailasi Bbiue 3TOH cpegHell CTOPOHBI,

: okaszajach Obl COeAHHEHHOH C OIHOH H3

HHMHHX BepLIHH M HAoGOPOT, M, 3HAUNT, BEepPUIMHBI, TNPHHAJJIeKAIIHe

caMoOit «cpenuefi» cropone, He OBIH 6Bl COeRHHEHBI HH C KAaKUMH JAPYTH-'

MH BepLIMHAMHU.

Hrak, HanGoJsbiilee BO3MOKHOe UHCJO TOUYEK CcaMOIepeceueHHs Ha-

mero !4-yroJbHHKa paBHO

9 44454-44-2=17;
TO, UYTO TakKoe YHCJIO TOYeK caMonepeceueHud BO3MOXKHO, NOKa3bpIBaeT

npumep (puc. 53). ]

17.. YRaxKeM cpasy pelleHHe 3ajaudl B), a MMEHHO JOKaXeM, YTO
HaubGoAbllee WUCAO Hacmeil, Ha KOmopoie mozym pasbumo niockocms dsn
BLINYKABIX N-Y20AbHUKA, pasHo 2n--2; OTCIofa yXe OyleT CJeN0BaTh, 4TO
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JlBa TPEYroJbHHKa MOTYT pasGuTb IJIOCKOCTh He Gosee uem Ha 8 uacrefi
(sagaua a); cM. puc. 54, a), a IBa NMpPAMOYroJibHHKAa —He GoJee uveM Ha
10 uacreit (3apaua 6); cM. pHc. 54, 6).

N / _—
8 4’5 g ;4
\ \e— ¢
a) 7

YacTtn, Ha KOTOpHE Pa3GUBAIOT IJIOCKOCTb JiBA BHINYKJBX H-YrOJb-
HHKa, MOXKHO 0XapaKTepH30BaTh CJENYIOMHM 06pasoM:

1) (omHa) wacTh, pacroJOKeHHass BHYTPH OOOHX MHOrOyrosibHHKOB
(eciu oHa uMeeTcs);

2) (opHa) wacTh, pacnoJiokeHHas BHe O0OHX MHOrOYTOJbHHUKOB;

3) 4acTH, pacHOJIOKEHHble BHYTPH OJHOrO MHOTOYIOJBHHKA H BHe
JApyroro.

3ajaua, TakuM 06pa3oM, COCTOMT B TOM, uTOGH oOnpeje/HTh HaH-
Gosbliiee BO3MOXKHOE YHCJIO yacTel 3-ro THma.

Kaxzgasa Taxas 4acTb NJIOCKOCTH IpeAcTaBJseT Co60l MHOTOYTO/MbHHUK,
HaHMeHblllee YHCJO CTOPOH KoToporo pasHo TpeMm. C japyrofi CTOPOHHI,
KaXKllasg CTOPOHAa OJHOTO MHOrOYroJIbHHKAa B De3yJIbTaTe NepeceuyeHHst co
BTOPHIM (BBINYKJIbIM!) MHOTOYTOIBHHKOM MOXKET OKa3athCsi pa3GuTO# He
GoJsibie ueM Ha TPH wacTH (puc, 55, @); nosromy oflmee 4YHCAO CTOPOH

a) g)
Puc. 55.

BCeX uacreil 3-ro Tuma He NpesocxoiuT 3n--3n. Ho Hukakoll ortpesox
He MOXeT ABHTbCA FPaHHLEl cpasy ABY X udacTefl IJIOCKOCTH 3-ro THRa
(160 ecsH IO OJAHY CTOPOHY OT HEro JIEKHT YaCTh HJOCKOCTH, BHELIHSS
IJISl OJHOTO MHOTOYTOJIbHHKa M BHYTPeHHAS JAJIi BTOPOro, TO IO APYLYIO
CTOpOHY 00s3aTe/IbHO JIEXKHT 4YacTb MJIOCKOCTH JiHG0 BHeWHSS, JH60
BHYTpPeHHAA AJ11 OGOHX MHOI'OYTOJbHHKOB, T. €. 4acTh NJOCKOCTH 1-TO
HJH 2-r0 THHA); C/eJOBaTe/IbHO, YHCHO 4acTelf 3-r0 THIA He MPEBOCXOLHT
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=2n. Hrak, obuee uucio 4dacTed, Ha KOTOphle ABA BBITYKJIBIX

_n-yTOJIbHHKA JEJAT MNJOCKOCTh, HE NPeBOCXONHT
14+2n4 t=2n+2.

To, 4TO 4MCJIO yacTell MOKeT paBHAThES 2n -2, nokaswiBaeT NpUMEp
JIBYX IPaBUJbHLIX N YrOALHHKOB ¢ OOIMM LEHTPOM, OJHWH M3 KOTOPHIX
noJyvaerTcss W3 JPYyroro MOBOPOTOM Ha YyroJd, He Kpatheid 360°/n
(puc. 55, 6).

18. a) I'paunna kBagpata H OKPYIKHOCTb MOTyT AEMHTb IIOCKOCTE
Ha 4acTH CJeAYIOUWHNX THIIOB:

1) vacTbh, pacronoXeHHasi BHE KB3JApaTa M BHE OKDYIKHOCTH; TakKas
HacTb Bcerda 00Ha;

2) uacte, pacnonoMeHHads BHYTPH KBAfpaTa M BHYTPH OKPYXHOCTH;
ecJiu KRajapaT He nepecekaeT OKPYXKHOCTb, TO TaKHX qac’reu Hem; B 1po-
THBHOM CJlyyae eCTb 00H@ TaKasl 4acTb;

3) 4acre, pacrnoJoXKeHHas BHe OKDYIKHOCTH, HO BHYTPH KBajpara,
Takasl 4aCTh BCETrAa COJAEPKHT XOTb OJAHH yTOJ KB3jJpaTa, H MO3TOMY 14
KPaTKOCTH MBI €€ Ha30BeM «YIJIOM», YHCJIO «yIVIOB» He NpPesbiliaeT 4uc/a
YrJIOB KBajpara, T. €. 4emoipex; :

4) yactb, pacloJOXKeHHAast BHE KBajpara, HO BHYTPH OKDYMHOCTH;
€C/IH OKPYIKHOCTb M KBaJpaT NepeceKaloTcs, TO B IPaHULY Takoifl HacTH
(«cermeHTa») BXOAMT OTDE30K XOTb ONHOH K3 YeThIpeX CTOPOH KBaJpara;
N09TOMY O0UIee YHCJIO «CerMeHTOB» He MOXKeT HpeBOCXOIU/ITb qiC/Ia CTOPOH
KBaApaTa, T. €. uemoipex.

Takum ofpasom, HauGodbpume e uncao qacren. Ha KOTOpHIE
KBAJpaT H OKPYMKHOCTb MOTYT AC/IHTE NJOCKOCTb, PAaBHO

14+1+4+4=10

(puc. 56, a). Hammenpmee 4HCIO uacTel, Ha KOTOPOE KBajpar
B OKPYXKHOCTL MOTYT - pa3GHTh TJIOCKOCTb, PaBHO, OUEBHJIHO, TpeM —
KaKjasg JuHHA yXKe [eJUT RJIOCKOCTh Ha 2 4acCTH, a NOCKOJbKY OHH
pasiuuHble, TO BTOPAast JIMHHS YBeJHUYMBAeT YHCJO yactedl He MeHbIUE deM
Ha 1 (puc. 56, 6, 8). HerpyaHo BBIeThb, YTO 4YHCJO 4acTelf, HA KOTOpbIe
KBaJPaT U OKPYKHOCTH Pa30UBAIOT MJIOCKOCTb, MOXKET DaBHATHCA JOGOMY
ypeny N, rae 3<I N <10 (puc. 56, a—u; B cKOGKaX BCIOLY YKa3aHbl
yucao Y «yraios» u uyncso C «cermMeHTOBY).

6) Chepa n noBepXHOCTb Ky6a MOTYT [€JHTb [POCTPAHCTBO HA YacTH
YeTHIPEX THIOB:

1) BHe chepsl n KyGa (Bcerpma cyiiecTByeT 1 Takad dacTe);

2) Buytpu cdepol u Ky6a (Momer cyuectoBats 0 uau 1 gacts);

3) BHe cdepht, HO BHYTPH Ky6a (B TaKylo 4acTh JOJIKeH BOHTU 1o
MeHbIIed Mepe OXHH TPEXTPAaHHbIA Yroj Ky6a-—Ais KPAaTKOCTH TaKyio
YacTe OyIeM Ha3eBATb «YIJIOM»; YUCJIO HX He npesbmaeT 4pCNa BepPIInH
Kyba, T. e. 8);

4) BHe Ky0a, HO BHYTDH cepsl (ecau chepa u ky6 nepecexaiores,
TO B rPaHMLY TAaKOH 4acTH RO/IKHA BXOIMTb IO MeHbIell Mepe OXHA
nJockasl MOMaAKa — TaKyIo, 4acTh HA30BeM KIIANKOH»; 4HC/0 HX He mpe-
BullliaeT 4ucaa rpaHelt ky6a, T. e. 6). .

Takum o6pasom, 4uco 6cex wacmed He Moycem: npeebzutamb

‘1+4+14-84-6=16.
Ha puc. 57 npusegeH cuayuail B3auMHOTO NMOJOMKEHHS Wapa U Ky-
.6a, KOrja HUCJAO uacTeil, HA KOTOPbie 0o0e [10BEPXHOCTH pa3buBaior
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NPOCTPaHCTBO, MAaKCHMaJAbHO, T. e paBHo 16 (map Kacaercs Bcex
pebep xyGa).

Haumenbmee uHcio uacted,, Ha KoTophle cdepa H Ky6 Moryr
JeJHTh NpPOCTPAHCTBO, PpaBHO, OYeBHAHO, 3 (Cp. pemwieHHe 3aJauH a)).
Tostomy o6ujee uucao wacmeti 3axarouaemca mexdy 3 u 16,

N=4 (11) =5 (2,4/)

G

e

=5
e
\

N=7 (4,1)

Puc. 57a.

.Ha puc. 57a npuBOAATCS NpHMEPH, KOTHA HucAo 4acmedl paso 3,
4,5, 6,7, 8 9, 10, 11, 12 (B cko6Kax—uHCJO «YTJAOBY ¥ H UYHCIO
«wanox» [I). Jdokaxem Temepb, uto #Ha 13, 14 wau 15 wacmei cgpepa
u nogepxrocmy KyGa Oeaumb NPOCMPAHCMEO He MmO2y m.
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Pa36uenne npocrpanctBa Ha 13, 14 mau 15 uacrefl MoxeT jocTu-
raThcd JMUL NPH chelyiomux sHavenusx (¥, LI): (8, 3), (8, 4), (8, 5),
(7, 4), (7, B, (7, 6), (6, 5), (6, 6) u (5, 6); noxkaxeM, YTO HH OJHO H3
STHX 3HaueHud napa (¥, I) nmpuuumate He Moxer. OcrasHB noka 6es3
BHHMaHHs «kpaiiHHe» 3HaueHHs (8, 3) u (5, 6), sameTHM, YTO BO BCex
ocTanmbHEIX caydasx [l =4, ¥ =6. Ho ecan pe6po AB Kyba HesHKOM
JIEKHT BHYTpH cephl, TO IVIOCKOCTH YeThipeX CXOASLIKXCA B BepIIHHAX
A u B rpanefi Ky6Ga OTCceKalOT OT OrpaHUYeHHOro Hawled cgepol wapa
YeTHIPe IIApOBHIX CerMeHTa, KOTOPHe BCe BMeCTe 00pasyioT odny 4acTb
MPOCTPAHCTBA, 3aKJIOUEHHYIO BHYTPH cephl H BHe Ky0a; f03TOMY UHCIIO
Il «imanok», B MakCHMalbHOM cJydae paBHOe 6, 3JeCb He MOXKeT Ipe-
BocxoAuTh 3. Tlostomy npu [l ==4 Bce 12 pebep xy6a JOMKHBI nepece-
KaTb cdepy, KacaTbes ee HJM JeXaTh BHe cdephl, T. €. B3aHMHOe pacro-
JoxkeHne cdepsl M KyGa JOMKHO OXBAThIBATHCH cCJeAylomed rtabmuueii:

Ysco «manok»
6 5 4
Yucao pebep
nepecekaromux chepy 0 1 2 3
Kacalomuxcs cdeprl WU Je- ‘
JKallux BHe ee 12 i1 10 9

(Uucho «manok», B MaKCUMaJbHOM Cjaydyae PaBHOe 6, MOMET YMeHbIIAThCsH
JHUb 33 CUET Haluuus y Ky6a pebpa, mepecekaiwoero chepy uzan nexa-
mero BHYTPH Hee.)

Hucao Kacarowuxca chepor pebep ne moxcerm npesocxodume 6. B camoum
Iene, ecqu 6bl MX OBIO 7 uaH GoJblue, TO MO MeHbIueH Mepe 3 H3 HHX
npuHajaexasd Obl ONHOH rpaHu KyGa: Beib ecau Obl CPefi yeThlpex
pebep, OrpaHHUMBAKOIKX KaXKAylo TpaHb Ky6a, cdepnl Kacajuch Obl He
Gonbite [ByX, To ofmee uHCJAO peGep kyGa, Kacalowuxcsi chepwi, He

MorJio 6bl mPeB3OHTH %(2-6):6. (ITpousseaenue 2.6 Mbl JeauM Ha 2, H6O

npyu mnojcyete pefep «No rpaHAM» Kaxnoe peGpO 3aCUMTHIBAETCH ABaXKHHL.)
Ho ecan cdepnl kacaiorcs Tpu peGpa, NpuHajexalpe OLHOH TpaHH o
Ky6a, T0 cdepa nepecekaer IJIOCKOCTh O IO BIHCAHHOH B IPaHb O OKPYHK-
HOCTH, H UIEHTD chepbl HAaXOZMTCH HAa OCH CHMMeTpHH 4 Kyba, mnepmes-
JUKynapHo#i rpaHn . [puras uenrtp chepbl no npsiMoil a, mpl yGexnaa-
eMcsl, 4TO B 3TOM Caydae mapa (¥, [[/) MOXeT npuHUMATh CJleAyIOUlHe
gHauenns: (1, 1), (1, 5), (1, 6) u (8, 6) (3nauenue (8, 6), orTBevalculee
MaKCHMajlbHOMY u#cay 16 uacTell nmpocTpaHCTBa, JOCTUTaercs Toraa,
Korja cepa nepecekaeT A Be TrpaHd & U P 1O BNUCAHHLIM B 5TH rpand
OKPYXHOCTSIM); HO HHM OJHO H3 3THX 3HaueHuit (¥, I) He cosnapmaer
¢ mHTepecyromnMy #Hac. TakaM o6pasoM, 3 ukcna 9 wau GoJiee Kacaio-
WHXCst chepsl WM Jiexaudx BHe ee pebep KyGa BHe cdepnl Jexar He
MeHee TpeX, B CHJIY Yero 4MCAO & «yrfaoB», B MaKCHMaJBHOM CJydae
paBHOe 8, yMEeHbINAETCs He MeHblle yeM Ha 3 M He MOXKET NDPEeB30iTH 5.
OTHM JOKa3aHa HEBOIMOMHOCTb 3HaueHuil (8, 4), (8, 5), (7, 4), (7,°5),
{7, 6), (6, 5) u (6, 6) napu (¥, 1), ‘ v

-
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3uauenune (5, 6) naput (¥, [l) Hero3MOXKHO mOTOMY, uTO npu /=6
Bce 12 peGep kyGa KacaioTcsl ~cdepel HJM JIeXKaT BHe ee (CM. TaGJALY.
BHILIE); HO NpH 3TOM BHe ctepsl MO JAOKA3aHHOMY NOJIKHB! JeXKath He
menbwe 6 peGep Ky6a H, CJleJoOBaTe]bHO, UYHCAO & «YyrJIOB» HHKaK He
MOXeT PaBHATBHCA 5 (OHO He MOMKET NPEBOCXOAHTH 2).

Paccmorpum, HakoHel, 3Hauenue (8, 3) napw (¥, llI) M3 pasenctsa
¥ =8 cuaeayer, uto Bce |2 peGep KyGa mepecekator chepy Hian
KacaloTcsi ee; HO IOCKOJbKY Mbl YCTAHOBHJIM, YTO YHCJIO KacalomMxcs
cdepr pebep He MOKET NPeBOCXOAMTE 6, TO 1Mo Menbliek Mepe 6 pe6ep
nepecekaior cepy. Ho (pakTHueckn Mbl yiKe MOJIb30OBAJHCh ITHM BbILIE)
HaJH4He Nepecexanoiero chepy pebpa AB KyGa NPHBOIHT K YMEHbLICHHIO
Ha ejuHHNy ofwero sucaa [ «manok», n60 U B 3TOM CJydae IJIOCKOCTH
npuMbikamwux K AB rparefi o U f KyGa OTCEKAOT OT OrPAHUYEHHOTO
cdepoit mapa CerMeHTH, COCTABJISIONHE BMECTE OJHY 4acTh IPOCTPAHCTBA,
3aKk/oueHHYI0 BHYTpud cdepbl # BHe Ky6a; nostoMmy npu ¥ =8 obs3a-
TeJbHO [l <C 2, uTO U OKA36IBAET HEBO3MOKHOCTE caydas (¥, [)=(8, 3).

[3ameTum, yto B 3ajaue a) B cJAyYae HaHG OJ b Ul e O BO3MOKHOLO
uyncaa N =10 gacTel MJOCKOCTH, Mbl MOXKEM, 3a/aB KBaJpaT, N0O-PasHOMY
PacroNIoXKuTL OKPYHKHOCTE Tak, uto N Gyger pasuo 10. MrHoil xapakrtep
uMeer caydalf Hauboabiero BO3MOXKHOro umcaa N ==16 wacreit mpocrt-
panctBa B 3anaue 6): 34ecb MJs1 JlaHHOTO Ky6a MOXHO yKas3aTb € J U H-
CTBEeHHYIO («TBepPJO CKpelaeHHYyIo» ¢ Ky6oMm) chepy, TAKYIO, 4TO Ky6 U’
chepa menar mpocTpascTBO Ha 16 uacteil.)

19. [TepBoe pewenue. IIpeAnosoKuM, 4TO MBI HMEEM Kaxoe-TO
pasbueHne TpeyrossHuka T Ha 4acTH, yNOBJIETBODSIOULeE YCJIOBHIO 3a1auH
(cM., HanpuMep, puc. b8, rae uyucio
CXOASUIHXCS B OJHOM Y3J/ie OTPe3KoB
k=4). llycts A—ozaun u3 y3J08 Ha-
wefl cety JHHUH; TOrJa CyMMa Bcex
yrJaoB A NpHMBIKAIOMUX K Touxke A
obJiactell pazbuenus (BKJaouas Crofa
U «BHELIHIOW» 06/1acTb Ty, TAK CKA3aTh,
«OKeaH», OKpyKawouuit «ocrpoBr T,
pasbuTHil Ha HeKoTOpoe uncJo C Tpe-
yrofibHblX «CTpaH») paBHa 36{°, Tak
uto ofmiasi cCymMMa BcCexX YIJVIOB Bcex
obsmacteli——C TPeyroabHUKOB H 00-
gactu Ty, BHewHe#l K TPeyTroJIbHH-
ky T,— pasma 360°¥, rne uepes ¥
ofosHaueHO oflLiee UYHCJAO Y3J0B (BKJAKOUYas CIOAa ' TPH BEPIUHHBL Tpe-
yraaisauka T). C apyroit cropoust, obuiast cymma yrjoB C TpeyroJsHUKOB
u obnactu Ty, oueBMAHO, paBHA ’

180°- C 4~ (3-360° — 180°) = 180°- C - 900°,

rAe 0OCJejHee cJjaraemoe Bbipaxaer cymMmy yraoe ofuactd Ty. Taxum
o6pa3oM, HMeeM

360°. = 180°-C-900°, mam 2¥ =C-}-5. )

Bocriosib3yeMcst Temepb TeM, UTO H3 KaXIOro y3Ja HCXOJUT OJHO
# TO K€ YHCJIO k OTPe3KOB —«I'PAaHHLU» MEN(Iy «CTPAHAMHY (K UHCJIY «CTPaH»
3/leeb NMPHUYUCAAETCH H «oKeaH» T,). CyMMHDYS OTPE3KH, BRIXOASIHE H3
Kam10ro U3 Y y3joB, Mbl IOJY4HM . 4MCJ0 kY, paBHOE, OUYEBHAHO, YABO-

Puc. 58.
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CHHOMY 4uCay r FpaHHl,  MOCKOJBLKY KamK AL OTPE30K. 3aCUUTHIBAETCA
ABAKKALL B COOTBETCTBUH C ABYMS y3JamMu, KOTOPLIE OH COeHHHAET.

kY =2r.

A rak xak, ¢ gpyrofi ctoponsl, Kaxaas us C -1 «cTpas» (BK/odas Clofa
n «okeaH» T;) uMeer no 3 rpaHuubl, pHYeM Kaxias rpaHula pasfeser
JIBE «CTPaHbly, TO TaKKe MOAyHaeM

3(CH+-1)=2 T1.e C+4 l—gg‘k—gi, iRt} C:§Y—l, (%)
W3 paeencrs (») u (#%) cjepyer
k k. k _k 5
ngy—lzg(%/)—l~F(C+5)~»14€C+—6—k—l,
oTkysa Ge3 Tpyjaa nosydaem
5k-—6
(6—k)C=5k-——6, HJin C:—S——:E

[Mocnenuee poipamenue jasg C sIBJASETCS [OJONKUTEJIbHBIM JHIb NPH
k=2, 3, 4 u5; npu srom C=1, 3, 7 u 19. Bece stn 3navenus C asaswores
BO3MOXKHBIMH (cM. puc. 58 u 59, a—a); camoe 60JblIOE H3 HHX — 3HaUe-
Hue C=19.

Utaxk, raubonbuiee wica0 mpeyeosoHuKos, HA KOMOpbie MONCHO pasdums
mpeyeororux T ¢ cobarodenuen ycaosudi 3zadauu, paswo 19 (puc. 59, 8).

Bropoe pewenne. Coxpauum ofo3uauenus 1-ro peuesus sa-
naum. 3ametdaM, uTo g Jo0oro pasGuenus «ocTposa» T Ha o6JaacTH
(nast noGokt «xapTe -Ha «ocTpose» T)

C—Ir4y=1 )
(reopema Diinepal)). Ilpn sTom B Hawem ciayqae

3(6%’1):21‘, T. €. r:7c+§_,

MIOCKOJILKY Kammas «CTpaHa» (BKJIoYas cioga M BHEWHIW o6nacts T —
«OKeaH») uMeeT Mo 3 rpaHulbl (sSBJASETCS TPeyroJbHUKOM HJIH BHEUIHOCTBIO
TPeyrolibHUKa) M MO KaXkAOH TFpaHHIe CONPHKACAOTCH 2 CTPaHBI; jpajee

I 3 3

nbo H3 KamjAOro yajga HCXOIAT B rpaHHl W Kaias TPaHHLA COGAMHSET
2 y3na. [lopctaBuB nonyuyeHHple BbpakeHUs A [ u jid & B OCHOBHoe
cooTHOlueHue (D), moJgyyaem

.3 3 3 3 3 1 5 3
C—gCmgtgCty=l nm ("E‘@“)C_‘g‘ R

1) Cwm., - nanpumep, kuurn- P. Kypanr n [. Po66nnc [2];
I. Howa [3; T. C. M. Kokcrep [I12]; JI. ®eftew Tor [21];
. M. draom [27] uau T. Pagemaxep u O. Tenauun, Yucaa
# ¢urypol, Ousmarrus, 1965, tema 13; 1. C. Comunckuii, JI. M. Lo-
dosuka, U M. fAraowm, O maremarnyeckoil Hugykuuu, «Hayxkar,
1967, O. O. IHkaspckui, H. H. Henuos, U M. Hraow,
I/Isdpaﬂﬂme 3a/layd ¥ TeopeMbl EMEHTapHOH MaTeMaTuKH; 4. 3, FeOMeTpuﬂ
(crepeomerpust), ocrexusgar, 1954, sagaza 48.
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OTKyJa CHOBa MOJy4aeM

_5k—6

T 6—k’

H janee, paccyxjidaeM KaK B l-M peileHHH 3ajaud.

Mpumeuanue HeTpyiHo NOACHUTL NPOHCXOMIeHUE pasbuenuit
tpeyrospinka T, u300paKeHHHIX Ha pHC. 58 u 59, a—e¢. Paccmorpum

C

a)

4
Puc. 59.

(npaBu/bHEIE) MHOFOTDAHHHK C TPEYrOJbHBLIMH fPaHAMH, B Kamnoi
BepIIKHE KOTOPOTO CXOjutesi k peGep; chyuasM k=3, 4 u 5 oTpevawT

Puc. 60.

cayuau Terpasppa (puc. 60, a), okrasapa (8-rpaunuka; puc. 60, 6)
u mkocasupa (20-rpaunuka; puc. 60, é). CripoeXTHPOBAaB TIOBEPXHOCTH
KAKJOTO W3 3THX MHOfOTPAHHUKOB Ha rpadb T MHOrorpainuka #3 TOMKH,

0



JOCTATOYHO GJHSKOH K MJOCKOCTH Tpeyroabhnka T, MEL Tiojyunm pasGue-
pue T Ha TpeyrosbHUKH, YAOBJETBODSIOmEe YCJAOBHSIM HACTOSMeH 3a1a4u.
20. a) Jlerko BHAETb, YTO B 00Pa30BaHHYW KaXKIO'O H3 MHOTOYTOJb-
HRKOB Da36HEHHMs MOLYT y4acTBOBaThb He Gosiee ZBYX HuaroHaned, BbIXo-
JASAMAX H3 OXHOH BepHHE, Takum
06pa3om, yepes KaxKAyl0 BEPIIHHY
13-yronbHuKa OpOXOXAT He 6O-
Jiee 4eM JiBe CTODOHBI MHOrOYToJib-
HHKA pa36ueHUsT; IPH 3TOM B MpO-
u3peneHud 13-2 kaxnasd cTopoHa
MHOTOYTOJBHHKA pa3bHeHHs CuH-
Taercd ABaXbl, TAK KaK OHa Npo-
XOJUT uepe3 JBe BRepmuHBl 13-
yroabeuka. CreloBaTe/IbHO, YHCJIO
CTOPOH MHOTOYTrOJIbHHKa pa3bue-
HUSl He MoXeT OmTb GoJblue

13.2
=

Jlerko mokasate, uTO CylUe-
cTBYOT 13-yroJbHHKH, y KOTO-
PHIX HEKOTOphie H3 06pa30BaHHBIX
YKa3aHHEIM CIOCOGOM MHOFOYTOb-
HHKOB pasGueHHst HMET POBHO
13 ctopon. Bo3bMeM npaBHJBHE
13-yroJsHHUK H NpoBejeM BCe €ro
muaronanu (puc. 61, a). SlcHo,
4TO HY OJIHA U3 HHX HE TPOXOAHT
gepes nentp O onucanHoit OKpyX-
HOCTH. MHOroyro/bHHK, BHYTDH
KOTODOTO JIEXKHT LEHTP, AOJKeH
uMeTb He Mepee 13 cTopoH, Tak
KaK NpH DOBOPOTe BOKPYF LEHTpa
Ha 360°/13 ou coBmemaeTcst camc
coboli (npx TakKoM NOBOPOTE ca-
MOCOBMelIlaeTCs CaM HCXOJHBIH MHOTOYI'OJBHHK, H, CJEJOBATENbHO, KaxK-
[asl ero -IHaroHaje NEPeXOAHT B JAPYTylo AHAroHajb).

13.

———

-
o

Puc. 61.

NMpumeuanue. HerpyaHo BHAeTb, 4YTO €CAH n—IPOU3BOJbHOE
HedYeTHOE YHCHO, TO HaHGoJibllee YHCJIO CTOPOH, KOTOPOE MOXKET HMeTh
MHOTOYTOJILHUK, NOJYYEHHHIE B pe3yJbTaTe pasGHeHHs] BBIDYKJOro
n-yrolbHEKa Ha YacTH BCEMH €ro RHaTOHaAsiMH, PaBHO 1.

6) Briwe gas cayvyas 13-yronbHuka 6blI0 HOKA3aHO, YTO HHKAaKOMH
MHOTOYTOJIbHHK ~ pa3GHeHHst He MOXeT HUMeTb GO Jbile CTOPOH, Yem
MCXOAHbBIR 7-YIOIBHUK; 3TO paccyxJeHHe coXpaHseT cuay Aas Jwboro n.
IMoxaxkem Teneps, 4TO €CJH HCXOAHBI MHOroyroibHHK mmea 1950 ctopow,
TO YHCJO CTOPOH Y MHOTOYTOJIbHHKA pasGHeHHsT 06f3aTe/lbHO JOMIKHO
6uite Mmenbpme 1950. Kak u panee, B o6pasoBaHnu Jai060Or0 MHOTO-
yroJbHHKa pa3GHeHust MOTYT ydacTBOBATb He GoJjiee JBYX BHIXOAALUX
U3 OJHON BeplNNMHB JHAaroHajiei HCXOZHOrO MHoroyroasHuka. Ilycts
Tenepp A ecTh HekoTopasi BepwuHa 1950-yroJbHHKA, H3 KOTOPOH HCXOHST
Iee puaroHanu AB u AC, yuactBylomse B 06pa3oBaHHH MHOFOYTOJIbHHKA
pasbueHus, HMeomero Hanbobiiee YHCJAO cTOopoH (puc. 61, 6). OuesnyHo,
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yt0 B w C—eoceAHHe BePUIHHL MHOTOYTOJbLHMKA, TAK KaK WHaue H3
BepinuHH A BHIXOAHJAa Gbl JHaroHadb, paséuBaiomas HAU MHOTOYTOJLHHK
Ha gBe uacTH. PaccmaTpuBaeMblfi MHOFOYFOJbHHK Pa3GHEHHsS 3aKJIOUEH
BHYTPH yraa BAC; nostoMy CTOPOHAMH €ro MOTYT CAYXKHTh TOJLKO Jxa-
TOHaJIH, COELWHAIONINE KaKylo-AH60 u3 BepuiMH Jjomanoit ADF ... PB
¢ sepuipHamMu JjomaHoft CE ... RA. Ho o6uee uncno Bepmun oGenx
9THX JIOMaHHIX, He cuHTas koHuoB A, B #u C, paBHo 1950—3=1947.
Ilostomy xors Obl oJHA H3 3THX JOMAaHbBIX HMeerT He foJbiie ueM 973
BEpHIMHE; NyCcTh 3T0 Oyjaer, Hanpumep, Jomanas ADF ... PB. B rakom
chayyae B 06pa3soBaHMH paccMaTpPUBAaEMOT'0 MHOrOYroJibHMKa pasfuenns
yuacTBYIOT He OGoJbme ueM 2.973 nuaronaneil, BBIXOAAIMX M3 BepLuuH
D, F, ..., P srofi somaHo#l, u, Kpome 3Toro, eme juarosamn AB u AC
HCXOZHOTO MHOTOYrOJLHHKA M, ObITh MOMET, €lle ofHa oTauyHas or BA
JMaroHale MHOTOYTOJIBHHKA, NPOXOAsimiast uvepes sepumnny B. Takum
00pa3oM, UYHCJAO CTOPOH  MHOTOYrOJNbHMKA DPasCHeHHss He MoXeT GhTh

Gogbiue uem
2.973 4 3 =1949.

C apyroii cTOpOHB, HETPYAHO noOCTpoUTH Takoil 1950-yroibHHK,
Yy KOTOPOro HajJeTcsi MHOroyroJbHuK pa3GuenHs, HMeowui poBHO
1949 cropon. UTofel nokasatek 310, BO3bMeM NPaBHibHBIE 1949-yronbHuK.
Y Hero nMeeTCs] MHOTOYTOJMbHHK pasGueHus ¢ 1949 croponamu (cpaBHHTe
¢ peileHueMm 3a2laun a)). Cpexem Tenepb OJHY K3 BepUIMH HCXOLHOTO
MHOTOYTOJIEHUKA TakK, 4TOGBl NOJyUeHHAas CTopona HoBoro 1950-yronbhuka
6bia OueHb KOPOTKOH. Bepwnae nosyuenroro 1950-yroasunka 6yayr
6/143KH K BepuiiHaM npasuipHoro 1949-yromsuuka. IlosTomy neHTpanb-
BHIH npasuibphblll 1949-yronbHuk pas6uenus XOTs B NPeBPaTHTCA B He-
TPaBHJbLHEIA, OHAKO UHCJIO €70 CTOPOH He yMeHbinmTcs (cp. ¢ puc. 61, a,
Ha KOTOPOM NYHKTHDPOM H300paMeHO nocrpoeHHe l4-yroabhnka, y KoOTo-
poro cyuiecTByeT MHOTOYTOJbHHK pa3bueHusi, uMemouwinit 13 cropon).

Mpumeuanue. HerpyaHo BuIeTb, 4TO eC/AH 71— IIPOH3BOJBHOE
YeTHOe YiCcjo, TO Haubosbluee 4YHCJIO CTOPOH, KOTOPOE MOMET MMeTh
MHOTOYTFOJIbHHK, MOJNYYEHHBIl B pe3yabTare pa30ueHHA BBINYKJOTO
n-yroJibHHKa Ha 4acTH BCEMH €ro JHaroHaJsiMM, paBHO n—1.

21. a) PaccmoTpum Kakoe-HHOYIb 3BeHO Haulell 13-3BeHHOH JIOMaHOM.
Ha stom 3BeHe MoXKeT JexaTb He Gosbwe 10 TOuek camonepeceueHus —
Belb BCEro JOMaHasi MMeeT 13 3BenbeB, a 3 U3 HMX {caMo nraccMartpu-
BaeMoe 3BE€HO K J[(BA COCEJHUX C HHM) 3aBeJOMO He -TIepeceKaioT €ro,
Orcioga cneayer, u4To ofliee YHC/IO TOYEK CaMONepeCeyeHHsn He MOXKeT Tpe-

13. :
BOCXOIMTb —:3—219:65 (65 Touex caMopepeceueHusi GyJeT B TOM ‘cayuae,

€CJIM KaXJoe 3BeHO nepecekaer poBHo 10 Ipyrux 3BeHbEB; B NpPOH3Befe-
aun 13-10 Kaxpas Touka caMonepeceueHUs CUHTAETCSl OBAXKAH, TaK Kak
B 3TOH TOYKE TepeceKaloTcs [Ba 3BeHa).

HerpyaHo BuaeTb, 4to 13-3BeHHas JIOMaHas MOXKET uMeTb 65 Touek
camonepeceuenys. ITpumepom Takoil JOMaHOH MOXKET CyMUTL 1PABHJbHbIR
sBesguateiil 13-yrosbHHK, KOTOPHH oGpasyeTcs, ecjH TOYKH, JejsiliHe
OKPYKHOCTb Ha 13 paBHHIX yacTell, COSIMHATL XOPAAMH, OTCERKaOMUMA /4
wacreli OKPYKHOCTH (CM. pHuc. 62, rie njs Goanlieit sICHOCTH M3oGpaxena
ne 13-3BeHnas jjoMaHas ¢ 65 ToukaMi camoTiepeceueHssl, a CeMH3BEeHHas

7-4 . ‘ i
JioMaHast, MMelolan —2+=14 TOUYEK CaMONEeReceyeHms ).
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[Ipumeuanne CopepuieHHO aHAJOTHMHO MOKA3BIBAETCA, 4TO HaH-
GoJblee BO3MONKHOE UHCJIO TOUEK CAMOMEpeceyeHHs 3aMKHYTOH n-3Beméoﬁ
o . : n{n—
JioMaHol, TAe n—Kakoe YTOJHO HeYeTHOeEe WYHCIO, PABHO -—(—5——) .

6) Kak 1 B 3agaue 20 3jech OUeHb CYLIECTBEHH& 4enHOCMlb
UM Hedemsocms 4UHCAa 3BeHbes JomadoHl. B cuywae, xorga uMcno

A /A
vV VL

4
Puc. 62. Puc. 63.
3BeHpeB N 4YETHO, NO-NPeXHeMY MOXKHO YTBEpHKIaTb, HTO HHCJIO
n(n—3
TOYEK CAMOIlepeceyeHns He NPeBOCXOQUT —(~—2———) (cp. pemeHune

3ajayd a), B YACTHOCTH MPUMEUAHHE K ITOMY DPEUIeHHIO); OJHAKO B 3TOM
cayvae, Kak JIeFrKO BHZETh, UMCJIO TOUEK CAMOIepeceueHus HUKOrAa

nn—3 .
—(——) . [etictauteiblio, A1 TOCO YTOO LI

2
n{n—3)
YHCIO TOUEK caMollepecedyeHHs! JIOMAHOHR O6bLIO PaBHO —5 HeobXxo-

He MOXeET OuTh PaBHO

AuMO, 4TOGHL Kamjoe 3BEHO JOMaHOH [epeceKaJoch CO Beemd n-—3
3BeHbAMH, C #UM He coceiHumu. Ho eciu 3BeHO 3aMKHYTOH n-3BeHHOH
JioMaHOH, TAe 7 YeTHO, NEepPecekaercsi ¢ n—3 3BeHbAMM, TO 3TO 3HAUHT,
yTO [BA 3BEHa, COCENHHE C JAHHBIM, PACITOJIONKEHbI [0 PasHble CTOPOHBI
or. mero (puc. 63, @). A ecam x a x-

N oe 3BeHO JoMaHOH ob6nanaer TAM

CBOUCTBOM, TO JBa 3BeHa, PacloJo- .
MeHHble Yepe3 OfHO OT JaHHOro; Toxe

He MOTyT nepecexath ero (puc. 63, 6).

. . HeTpyauo BUAETH, u4TO 1an6oJin-

iee YUCJIO0 TOUEK caMonepeceyeHHd
- UeTHIPeX3BEHHOH JoMaHo# pasHo 1 2)
(puc. 64, a); MOMKHO YCTAHOBHTE, 4TO : A
HanOoJIbLIee YHC/IO TOYeK caMonepece- Puc. 64.

YeHHs LECTU3BEHHO JoMaHol paBHOT7 ) ‘ ‘
(puc. 64, 6). Ofpamance Tereps K cJAyYal0 NPOU3BAALHOTO YHC/IA N 3BEliben
JIOMAHOH, TTOKaXKeM MPEXKE BCEro, 4T0 0Af Kan0ozo 4emHozo n cyuecm-
n___(nQ %)»{—l mouex

eyem n-38eHHOA  SAMKHYMOS AOMAHAR, UMEIOWAR
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camonepeceerus. JIna Toro uToGbl MOCTPOHTh TaKYIO JOMAHYI0, PA3JEsHM
OKDYJKHOCTh Ha 1 PAaBHBIX yacTell M COENHHHM TOUYKH JeJeHHsS XOpJaM,
n o
OTCEKAMHMH 5—1 yacteHl OKDYXKHOCTH (aHAJOTHYHO TOMY, KaK Msl
NOCTYNANH B C/yuyae HEYeTHOTO 7). MBI MOAYYUM JIOMAHYIO, HMEIOUYIO
n{n—4)
2
ApyruMu 3BeHbAMu). lpu 3TomM, ecau n He Jenutcs Ha 4, TO 3Ta JOMaHast
pacmajaeTcsi Ha Jpe He CBA3aHHEIe MexJy cofoH uactu (Ha puc. 65, a

TOYEeK caMonepeceveHus (Kakjoe 3BeHO mepecekaercs ¢ n—4

H300pakeH HMEHHO TAaKOH cJyuali, oTBeuawu# sHaueHuio n=10); mia
Hac, OfiHaKo, 3To He Oygfer BaxkHo. OT6pocum B Hawed JomaHOH jBe
napajjesbisie XOpAbl H 3aMEHHM HX JHAMETPaMH, COeIHHSIOMHMH no-
NapHO Te 2Ke YeThPe TOUKH; HPH 3TOM, €CJH JaXKE NepBOHAauajMbHAad
JnoMaHasi pacnajajach Ha JiBe YacTH, HOBas JoMaHasl He GyjeT pacnajarbes
(puc. 65, 6). Ilpn »T0OM uHCIO TOUEK CaMolepeceyeHHs JIOMaHOH yBesH-
yyBaercs Ha OJHY TOYKY—UeHTp OKpyxHOCTH. IlpaBja, ecau HoBbie
38€Hbg JIOMAHOH MPOMAYT 4Yepe3 TOUKH IMepeCeYeHHsT CTapbiX 3BEHbEB
(puc. 65, 6), TO HECKOJBKO TOUeK cCaMonepeceueHusi JIOMAaHOH COJBIOTCH
B OJHy, M oOmee KOJHUECTBO TOYEK CaMOIlepeceueHHs YMEHBUINTCH;
OJHAKQ, CABHHYB OJHH KOHell KaXJOro M3 HOBHIX 3BEHEEB TO OKPYXK-
HOCTH Ha MaJloe paccTosHHe, Mbl TOJIYYUM JIOMAHYIO, HAKAKHE TPH 3BeHA
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KOTOPOH yXKe He MPOXOAAT uepe3 OFHY TOUKy (puc. 65, ¢). Uucno Touex
o o n(n—4)
caMomnepeceueHHs1 TOH JoMaHoM GyjeT paBHO T—{—l.
B uacrHocTu, cymectByer 1950-3BeHHast 3aMKHyTas JIOMaHasi, HMelomas

1950. 1946

5 +1=1897 351

TOYKY CaMoTlepeceyeHHsl.
[okaxeM Temeps, UTO N-36CHHAL AOMAHAS, 20€ N 4 e M H O, He MOxcem
n(n—4)
2
CTBO OPOBeJEM METONOM MareMaTHueckKoHl muaykuuu. [lpexne Bcero co-
BepLIEHHO OYEBHJHO, YTO 3aMKHYTas UYeTHIPeX3BCHHAS JIOMaHas He MOXKeT
nMerb GoJplue OfHOI TOUKH caMomepecedyeHHsl. Teneps MpPelNoJIOXKAM,
uTO MBI YK€ IOKa3alli, YTO n-3BeHHas JoMaHasd (rje 7 4eTHO) He MOXKeT

nn—4)
HMeTh GoJhie -—2————-—1—1 TOYEK CAMONepeceyerns; IOKakKeM, YTO B

umems Gosbule dem —l—l MOoYeK camonepeceqeHia. ﬂOKaSaTEJIb-

TaKOM CJydYae HHKakas (n- 2)-3BeHHas JIoMaHas He MOXKeT uMeTh GoJblue
(L—L_i(;—g-)—-f—l TOYEK CcaMoIepeceyeHus.

IlpegnosoxuM, 4TO 3TO He Tak, T. €. YTO HeKoTopas (n - 2)-3BeHHast
—4
5 -+ 1 Touex camonepeceuenns. [lapy co-
CeJHHX 3BEHbEB JOMaHONl HasoBeM «yrjom». Herpyaso BHIeTb, 4TO pac-
cmMatrpuBaeMasi JIOMaHasl JOJ/DKHA MMeTb XOTh OJHH <«YroJ», KMeromuil
2n — 3 umu Gosblle TOUYEK caMofepecedeHHs; JeACTRUTENLHO, ecau GHl
KamJplfl «yroJ» JoMasofl cofepixai He GoJblue 2n — 4 TOueK camonepe-
ceueHus, TO ofmee YHCJIO TAKHX TOUEK He [PEBOCXOAHNO  Ghl
(n+2)2n—4) n?—4

4 T2

n -2 —uucao «yraoe», Kaxjas TOUKA CaMONEpeceueHHs CYUTaeTcs ue-
THIPE pasa, TaK Kak OHA NPUHAVIEXKHUT ABYM 3BeHbsiM, a CJeJ0BATeNbHO,
yerbipeM «yrjam»). [Tycte AB u BC — 3Benbst JioMaHOl, oGpasyioliye
Takoif «yromy; CD u KA — 3BeHbs, cocefHMe C 5THUM «yriaom». Ho Tak
Kak n--2 yeTHO, TO 3BeHO JIOMAHOH MoxKeT HMeTh (n+-2) —3=n—1
TOUKY CaMOMepPeceveHyst TOJBKO B TOM CHyyae, €CJH COCEJHHE C HHM
3BeHbsl PACIOJIOKEHB! [0 pa3Hble CTOPOHBI OT 3TOrO 3BeHa (CM. Bbliue
puc. 63, a); OpH 3TOM ABA COCEHHX C JAHHHIM 3BeHa JO/IKHBL Dacro-
JarathCsl KamIblfi 1O OJHY CTOPOHY OT CBOMX cocefHUX. Bosblue uem
n— 1 rouek camonepeceyeHusl HHKaKoe 3BeHO (n--2)-3peHtol JioMaHoOH
uMeTh He MoXKeT. TakuM o6pasoM MEl 3aKJIO4aeM, 4YTO OJHO M3 JABYX
3perbeB’ AB u BC (nycTh Ans onpellejleHHOCTH 5T0 GygzeT 3BeHo AB)
JOMMKHO COflepkaTh n-— 1 TOUKY caMolepeceueHHst JiIOMamoH, a BTOpOe
3BEHO COJePXKHT 7 — 2 TaKHe TOUKH, npuyeM 3BeHbst KA, AB, BC u CD
JIOMXHBL OBITh PACHOJIONEHBl TaK, KaK H300pameHO Ha puc. 66; npu stoM
Bce 3BeHbsi JoMmaHol, kpoMe KA u CD, nomxnbl nepecekats 1 AB u BC.
Hanee paccMorpum jBa ciyuasi, KOTOpble H306pakeHul Ha puc. 66, a u 6.

1°. llpamas KA nepecexaem ompesox BC (puc. 66, a). B atom
cnyyae KA nepecekaer orpesok CD B HekoTopo# Touke S.

3aMeHHM Hally JOMaHyio HoBofi, orGpocuB 3Bewbst AB u BC, co-
Kpatus 3BeHo CD o SD u npogomkuB 3BeHo KA npo KS. Tak kak Bce
3BeHbst nomanoli, kpome KA n CD, nepecekaior AB n BC, 1o Kaxjoe
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WS STHX BBEHBER, . Koa*opoe nepecexaeT ‘oTpe3ok CS, mepeceKaeT TaKxke

B otpesok SA. IlesroMy - uHclio .TONeK ~caMomepeceueHHs Hawedl HoBod
- AI0MaKo# MeHBIIe Uncha TR caMonepecetenis TepBOHAYANLHOR JIOMaHOI

V3 A
8
g K
Puc. 66.
poBHO Ha (2n — 3) —— Ha YHCJIO TOYEK CaMOUEpeCceyeHus, NMPHHANIEKAMMX
24
«yrays ABC. A rtax Kak nepBasi JomaHasl MMeJa.-He MeHblle +2
TOYEK CcaMmolepeceyeHHs!, TO HOBAsl JIOMaHAsl HMEET He MeHblUe 4eM
n?—4 : nn—4
+2—(2n—3)__(___)+3
TakuX Towex. Ho 3To HemosmoxHo, u6o, 1o npeunonomeﬂmo, n-3BeHHas
nn— :
JIOMaHasl He MOXKeT UMeThb 6oJbiue ( 5 -1 Touek camonepeceuenusi.

2°. llpamasn KA ue nepecexaem ompeska BC (puc. 65, 6). B srom
cayuae yeTeipexyronbHuk KACB sBJseTcs BBHITYKJBIM; NO3TOMY KasIbii
OTpe30K, KOTOpHIi nepecexaer ero ctoponn KA n CB, nepecekaer Takxe
ero auaronaab KC. B uacTHoCcTH, KaMJoe 3BeHO JoMaHoH, Kpome CD,
KoTopoe Tepecekaer 3BeHo KA, nepecekaer Takike u orpesok CK (uGo
KaxJoe 3BeHO JoMaHoll, Kpome CD, BA u AK, nepecekaer BC). 3a-
MEHHM Tenepb HAWIY JOMAaHYIO HOBOH, OTKMHYB 3BeHns AB, BC u AK
u npuGasus HoBoe 3Bero CK. Unco ToueK camonepeceyeHus HOBOI
JIOMa@HOH MeHblUe YHCJ14 TOUEK caMonepeceyenns cTapoil JomaHol Ha 2n—-3
TOueK, NpuHagiexamux «yray» ABC, u eime, MoxeT ObiTb, Ha OJHY TOUKY
nepeceyennss CD u AK (ecam TakoBas wuMesaach). HoaToMy BHCIO ee
TOYEK CaMOTepeceyenys He MeHblle YeM _
2 \ . — :
n——-i—{—2‘.—--(2n—3)— 1;-’5—('1—2_i+2,

YTO TaKKe HeBOSMO)KHO
onyueHHOE npomsopeqne " noxasuaaeT, uto " (n—+2)- 3BeHHaa Jic-
n —
MaHad, umeiomas Go.nbule qu ——-2——+1 TOueK camonepeceqeﬂnﬂ He

MOXeT CYIeCTBOBaTh.
O'rcxona B CHJY ;IPHHIHNA HHAYKHHH c.uenye'r 4TO: HauGoJanmee BO3-
MOXHOE YHCJIO TOYEK canonepeceueHnsa n- 3BEHHOM’ 38MKHyTOH JIOMaHOH,

n.n _4) -1 1. "B ‘uacrrocTn; - 1950-ssennas soma-

rge n quno, paBHO ~
: uaﬂ "He Modem. umemy 60/lbu4e 1897 351 morucu amonepeceueﬂuﬂ.
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22, 2) IlpoBezeM uepe3 Bce BepwHHL MHOFOYTOJbHHKA M npaMue,
napaasenbHeie cropone AB. Torjaa MHOroyroJbHuk pasofeercs  Ha pap
TPEYroJLHHKOB ¥ Tpanenmu# {puc. 67). ITnomans KaxAOro H3 STHX Tpe-
YFOJLHUKOB H Tpaneuuil paBHa AJH-
He cpesned JHMHHH, YMHOKEHHOR HA . g .
BeicoTy. Ecuiu Gul Bee cpejifine THHHU
6uin - He Gosbme '/, TO NJOIMAZB
KakJ0ro TpeyroJbHHKa HJH 1pane-
uun 6elna Gul He GOJIbIE IOJOBHHBI
BHICOTHI M, CJIeJOBATEJbHO, MJIOIAflb
BCEro MHOroyrolbHHKa M 6buna 6wl
ne GoJblle HONOBHHBI CYMMBL ' BCEX
BBICOT PacCMaTPHBAGMBIX TPeYyroJib-
HHKOB H Tpameluit, T. e. He Goybiue
1/, (Tak KakK cyMMa BCeX BHICOT He
Gonpmwe AD=1), 4TO NMPOTHBOPEUHT
YCJAOBHIO.

TakuM ofpasoM, cpepusii Jau- A
HHS . KAKOTO-HHOYAb U3 TPEYTOJMbHH- Puc. 67.

KOB WJHA Tpameyud JO/MKHa OhITh
Gonbme 1/,

IpsiMast, Ha KOTOpOH JIeXHUT 3Ta CPEMHAs JHHUA, H 6yneT HNCKOMOR.

Ilpumeuanne. Hs pokasarenpcTBa BHJHO, YTO €CJM  MHOro-
yronepHuK M He npemniesaraTh BHIMIYKJABIM, TO Hafinercs npsivas /|| AB,

nepecekamlass  MHOTOYTOJb-
Vi [: £ HHK IO oTpeskam, cymma daun
! Komopetx > .
|

6) IMycts O ecTb - meHTp
keagpata ABCD (puc. €8).
PaccMoTpuM ~ OTReJNBHO  BCe
3BeHbsl JIOMaHOH, MMeromHe Ha-
npapJeHusi Jaydelf, pacnoso-
i JKeHublx BHYTpH yraa AOB, n
) BCe 3B€HbS JAOMAHOH, HMeIoLHe
| (7 HanpasJieHUs JIyued, pacmoJio-
' . JeHHBIX BHYTpPH yraa BOC
(3BeHps JIOMaHON, HMeEIOWHE
. nanpasnenus OB, npuuncas-
J 10TCS1 K 00eMM 3THM COBOKYI-
HOCTAM 3BeHbeB). XoTst GH Off-
Ha H3 JABYX paccMaTpHBaeMLIX
COBOKYNHOCTeH 3BeHbeB Gyner
¥MeTh 06 YIO JIHHY, HE MeHb-
wywo 500; nycTs s onpege-
JIEHHOCTH 3TO GYJAeT COBOKyH-
HOCTb 3BEHbLEB, MMEIOMHX Ha-
npaBJeHns Jiyuell, pacnosioXeRHHX BHyTpH yraa AOB.

~ CnipoeKTHpYeM Bce 3BeHbst 5TOH COBOKynHocTH Ha cropony BC kBajp.
pata. . Tak  Kak - Kaxjoe M3 3BeHbeB pacCMaTpPHBaeMOil COBOKYIHOCTH
o6pasyer co cropoHoit BC ocTphlii. yros, He Gosbiumii 45°, To mpoeknun
KaMXf0ro. 3BeHa He MeHbille yeM JIAHA 3BEHAa, YMHOXKEHHAs Ha cos 456°=

7,

N
X

.

e ]

N

v
S

=

L

b
4
S

Puc. 68.

1 _ o
r;-é-}/' 2. CnenoBaTesibHO, CyMMa  JJIHH BCEX TIPOeKuUMH 3BEHbEB Ha
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CTOPOHY BC se KOpove ueM 500- 5 ]/' 7~ 353,5. A TaK Kax AnHHR CTO-

pounl BC paBua 1, To Ha a10fi c’ropoue JOJKHH HafTHCh  yYacTKM, Ha

KOTOpHi€ NAJAl0T MPOEKUHH GoJlbilie YEM 353 Pas/IHYHEIX 3BEHLEB JOMaHOR.
' ‘Tlyers P €t1h Toura croporm BC ksappara, npuRajeRamast Hpoek-""
uuaM 354 (uan Gonplie) Pa3NHUHHX 3BeHbeB JIOManroii. B takoM ciyuae
npsamas PQ || AB nepecekaeT HCXOIHYIO JIOMAaHYIO He MeHblue ueM B 354
TOYKaX, T. e. 3aBefoMo GoJbule, yeM B 350 TOUKaxX. DTHM H 3aBepuIAETCs
J0Ka3aTeNbCTRO.

23. TMycTb HANpaBJEHHS CTOPOH KBAJpaTa COBNAJAIOT C FOPHAOHTAb-
HEIM H BeDTHKaJbHBIM HaNpaBJeHHAMH; MOCJeJOBaTe/lbHbIe 3BEHbS JIO-
MaHo# oGosHaumM uepe3 [y, [y, ..., [,, @ HX NpoeKuun Ha TOpH3OH-
TalbHYIO H Bepmxa.nbﬂyxo cmpom:t KBajipaTa — COOTBETCTBEHHO yepes /],
Ly ..., U nuepes ], I, ..., [, SlcHo, yTO HUKakue JRa 3 orpea-
KoB L, L, ..., I} me nepeprmam‘ca: B caMoM jele, ecau Oul OT-
peaxu e u l’ (rze 1 <<i < << n) uMenn o6mylo (BHYTPEHHIOW) TOUKY P,
TO napamenbﬂaﬂ BEPTHKAJBHBIM CTOPOHAM KBajpaTa mpaMast PQ nepe-

q 7 cekasa Gbl H 3BEHO {; ¥ 3BEHO

F , : 2,8 I (puc. 69), a sto mpoTHBOpe-

l',” ———————————— —;———7—1? YHT ycMOBMIO 3ajaud. [los-
I |———"24 ToMy 1)

R T !
’ ’ r

74 W 7 | Bl <1

{ (6o cnpasa cTOUT CyMMa AJHH
| HenepeKpLIBAIOMAXCA  OTpe3-
; KOB, MPHHAJJIEKAUMX DaBHOM
i 1 ropusoHTajbHOH CTOpOHE
i KBaApaTa); aHaJOruuno JoKa-
} 3bIBAETCH, 4TO H

|

I

I

l;+l;+...+l’r't<l

pLyy Ho scuo, uto
77 @L‘L"—"‘TL‘ _—
A . A ;< L4

Prc. 69. (rae i=1, 2, ..., n),

u60 otpesku l; u Ij sBAsfoTCA KaTeTaMu NPsSIMOYTOJBHOTO TPEYroJlbHHKA
¢ runoTenysoft {; (cMm. ToT Xe pHe. 69). Otciopa nosyuaem

bl oot bn < QAR+ + G =
= (l;—}-l;—l—...—’l-l;l)-}-(l;—l—l;’—i—...—{—l;)g 1+1=2
% HJIMHA HCKOMO#l JloMaHo# 3aBeJOMO He [IPEBOCXOAMT 2.

Hanee ocraercs JMILL 8aMETHTb, UYTO €CJH Ao i By — nporusomno-:
JIOXHBE BePIIHHH eXHHHYHOro xaa,upara AoA;BeB,, a C—Touka pua-

1) 3gech MH, Kak 9T0 npumn'o B reoMeTpHH, 0603HAaYaeM OLHHM K
TeM Ke CHMBOJIOM {; xak cam o-rpesox, TAK H €I0 BAHHY.



%o' gamua somanok A,CB, pasHa

AR - - L . »
gt A B, yaaneHHas ot Ag Ha paccros

HHéld V§<—;—

V2 (puc..70),

e Ao CCBy =V TP T B+ YV TGP TF =2 VT =201 2.

Tlpupabas d BCERO3MOXKHHE 3HAYEHHA B HHTepBase

—l>d>0, M Ho-

2

JyuMM Bce 3HaueHus AJHHE [ nomanoii A,CB B unrepsane Vi<ic<2
I moboro xe 3navenus [ < V2 MBI MOXKeM NPHHATb 38 HCKOMYIO AO-

MaRyl0 oTpesok AgD, rie D — Touka
agnarouanu A,B,, yianensad ot A, Ha
paccrosinme [.

24. a) [lycte # — Kakas-To «mep-
Baf» M3 KJETOK, NepeceueHHLIX HaIuM
orpeskoM [. Tak Kak Ha JucTKe GyMaru
umeerca m — | FOPH3OHTABHBIX JIMHHI
(Kkpas JIWCTKa M5l He cuntaem) H n— |
BEPTHKAJIbHEX (HJH HA06OPOT; JIMCTOK
MHI CUHTAaeM HOJIOXEeHHHIM nepej coboi,
KaK 0OBIYHO, YTO IIO3BOJISET YIOTpeS-
JIATH TEPMHHBl <TOPH3OHTAJbHBIE» M
«BepTHKaJbHBI®), TO OTpesok ! mo-
Mer nepeceus He Gonee uem (m — 1)4-
4+(n—1)=m-+n—2 auauir (u6o
KaXAyio BepTHKAJbHYI) H KaXAYIO ro-
PH3OHTAJBHYIO JHHHIC OH @epecekaer

4

HE

/

45

o

N

|

N\
N\

GoJiee

= \P.\

{

|
Ry
Puc. 70.

ojHOrOo pasa), H,

3BAYHT, MakKCHMYM m-+-n—2 pasa MOXKeT NepefiTH W3 ONHOH KJIETKH
B apyrywo. TIpHCOeNHHAS CIOJA H «HAYANBbHYIO» KJETKY XK, Mbl 3aKJIIOYHM,
ure [ moscem nepeeeds He 6oaee wem m--n — 1 kaemox. C ppyro#t cro-
poHn, m-4-n— | KIeTOK OTpe3ok nepecedb Mozcem: Lns STOr0 HeoGXo-
IMMO (M [OCTATOYHO), YTOOBl OH NepeceKal JMCTOK ¢NO JHaroHaJH»,
BCTpeuas Ha CBOeM NIYTH Bce FOPHSOHTaJbHbE H BCe BePTHKAJbHbIC JIHHHH.
[Eciu m u n He B3aHMHO NPOCTH, TO AMarOHaJb NPSMOYTOJLHOTO JIMCTKA
npoiijleT depes Psii y3J0B HMelomelics Ha JHCTKe CeTE JIHHHH, mepecekas
B STHX CJIy4asfiX TOPH3OHTAJbHYIO' M BEPTHKAJBHYIO JIHHHM OXHOBDe-
MeHHO, YT0 YMEHBIIHT YACJIO MHepecedeHHHX KJ/ETOK; OLHAKO B 3TOM
cllyuae MB MOXEM CMECTHTb CJIETKa KOHeN, OTpeska [, OCTaBJasid ero
B Tofi e yrJOBOH KJeTKe ¥, YTO H paHblle, C TeM, 4TOOHl CABHHYTHH
OTpe3oKk ' mo-mpexHeMy Nepecekas BCe MMEIOMUecs Ha JIHCTKe JIHHUH,
_ HO HHM pa3y He NPOXOAHJ uepe3 yses cerw auuuit. [lag sToro, Hampumep,
* goctaTouHo, WTOGH OTPe30K !’ HauWHajcAd B TOYKe, HMelOUed B CHCTeMe
KOOpAMHAT, OCH KOTOpOR TNapai/iefbHpl CTOPOHAM KBAJPATOB CeTKH,
a eJMHANA JJHHLL DaBHA CTOPOHE KBaJPATOB, PANHOHANLHHE KOOPIHHATH,
a KoHuaJics B TOUKe C HPPALHOHANbHHMH KOOPIHHATaMH (JOKaxHTe 510!).}
6) OGosnauum uepes I, U I, JVIMHH DPOEKNHH OTpeska («arani») [
oaunn 200 Ha (coBhajaiomue €O CTOPOHAMH KBajpaTOB) OCH KOOpAUHAT
OX u OY, a 4epe3 ny M Ny, — YUCJO CUENOUHC/ICHHHX TOYEK» (Y3/0B
CETH KBAJpaTOB) HA FOPH3OHTA/JBHOM OTpe3Ke JJMHH [, W Ha BEPTHKaJb-
HOM oTpeske AMHMHHI I, (pHC. 71). Torga, oueBHJHO,

=200 =40000




DNanee, cymma n, --n, yKasbpaeT uHcno nepeceuenuil «<ufioiy ! ropuson-
TAALHLIX H BePTHKANBHBIX NPAMBLIX CETH KBajApatoB., I103TOMY YHMGJIO 7
nepeceyeHHBIX OTPe3KoM [' K/IETOK PaBHO

n=1-n,+n,.

3pech Mbl CumTaeM, uTO. HauanbHas Touka A u KoHeunas Touka B oT-
peska AB ==/ sBn4i0Tcd BHY TP e H H U M H TOUKAMH KJETOK, IOCKOJLKY,
ecay Obl 3TO OBbIJIO He TaK, TO YHCJAO MlepeceYeHHBIX. OTPe3KOoM [ KJeTOK
MOXHO GblI0 GBI yBeNWYHTb, CABHHYB €r0 CJerka Tak, 4ToGsl TOUKH A
n B norann Buyrpe Kaetok. C jpyroii cTopoubl Mmui cunraem, 4ro [ He

4
] 7 4
yd
1/ 1
panm
/ :
Zy< /, |
p.d :
|
/ 3
N _4{,4
|
g ° Y ’ X
Puc. 71.

NPOXOJUT HH Yepes OJMH 'y3eJ CeTH KBAjApaTOB, TaK KaK H 31eCb B Mpo-
THBHOM CJiyyae MOXHO ObiIo Obl YBEJHUHTb YHCJO MEepPeceueHHbX pac-
CMAaTPUBAEMBIM OTPE3KOM KJETOK: JUIA 3TOT0 JOCTATOYHO CABHHYTH CJerka !
Tak, YTOGH UHCJIO IepeceyeHHH OTpe3Ka ¢ FOPH3OHTAJNbHBIMH U BEPTHKAJb-
HLIMH JIHHUSIMHE CeTH KBAaJgPaTOB He H3MEHMJIOCh, HO CABHHYTHIH OTPE30K
yke He NMPOXOLHJ HH uepe3 OJMH U3 Y3JIOB CeTH KBAjpaToB (CP. C peiue-
HHEM 3aJauf a)).

Lanee umeem

n=ngtny+ 1< ltly43=) B2, +1243=
=V 2T — (s — L)+3=) 2490000 — (I, = L, +3<
< V800003 < 283 -3 =286.

[Mokaxem Teneps, 4TO gradeHue n=285 agasemcs 6o3moxcHoim. s
5TOr0 JIOCTATOYHO PACIOJOXKHMTh OTPe30K ! Tak, u4ToObl ero Hauamo A
NoMemanoch BHYTDH KJIETKH, Haxoisuleficd cJieBa M CHH3Y OT Hayaja
koopauuat O (0, 0), a xowen B — BHYTPH KJeTKH, pacroJIOXeHHOH
crnpaBa u cBepXy OT Toukn M (141, 141); sro MoxHO caenaTh, uGo

OM =141 V2 < 200.
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Ecan Tpu STOM OTPESOK ! He NMPOXOIHT HHM uepe3 ONMH y3en CETH KBak-
paroB, 10 | . ;
) ny=142, n,=142n n=n,+4n,-}1=285.

INpumeuanne. Paccyspas TouyHo Tak e, Kak npH pelIeHHH
HaCTOsIIeH 3alayH, MOXKHO NOKa3aTb, HTO HauboAbILLee 4UCAO KAemok,
Komopuie Moxcem nepecedp ompesox («araar) ! daunwt L, maxoso:
n=2k+3, ecau V2k=VREILR < L<VELELIS
n=2k+44, ecru VERL(RF1)E< L<V EF12+RF1DE=V 2 (k+1).

BoJiee Toro, anasoruyHbie PaECcCyKLEHHS [OKA3bIBAKOT, YTO €CAU M P 0-

cmpancmeo pasbumo Ha Kybuku co cmoporoid 1, mo ompesok | Jau-
uol L moxcem nepeceus camoe Goavuiee N rkybukos, zoe

N=38k+44, eccru V3k=VIBEFBIE<L<VEFEFEF1)E=

= VIR D

N=3k+5,ecru VIRFEFIP<L<VELRF)FEAIE=
| —VEIET
N=3k+6, ccau VERF2kFIR < LV (FI2PH(RET12F (BF 2=
=V'3 (k1)

Banskuii xapakrep nMmeeT H (GoJee CJOXKHO BHIBOAHMAst) OLEHKA 044
HAUGONBILES0 BOSMOJCHO20 HUCAG N KBAOPAMOB AUCMKQ GYMAZU 8 KAEMKY>
(uau qucsa N kyGos npocmparncmeerHoll xybudeckoll peutemku; 3a eJH-
HUMY JJIMHBL 3flech NPHHSTA CTODOHA KBajpaTa uau Ky6a), xomopete
- MOJCEm nepecedt NPOU3COAbHAA AU HUA OannHod Oaunel L. A nMeH-
HO, AJIf JIMHUW HA TJIOCKOCTH OYEBHJHO, UTO

n=4 npn 0<L<l,

U MOXKHO lOKasaTh, 4to npu L > 1 uucro n esipascaemcs caedyoujumu
dopmyranu:

n=3k4-6, ecau V2 k-l <LV 2 (41
=23k+7, eaw V2 E+HKLY 2 E+2
n=3k+8, eau V2 k42 <LV 2(k+1+1

MogoGuo stomy, ecau npocmpancmeo pasbumo Ha Kybuxu co cmoporod 1,
mo aunus Oiunet L nepecexaem camoe Goavwee N Kybukos, 20e
N=8 npu 0<L<I;
N=12 npu 1<L<V 2
. N=14by,_npu V2 <L<sV 3;
N=15 npu V3 <L
N=16 npu 2<L<y 2+
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ecai sce L>V 241, mo <
N—6k1+18 npu V2 (k+D)+1<L<V Sk+V 3-+1;
N=6t+19 npu V2h+VI+I<L<V 2 (k+2)
N=6k+20 npu V2 (k+2)<L<V 2 (+1)+V 3;
N=6k1+2] npu V2 (k+-1)+V 3 <LV 2 (k41)+2
N=6k1+22 npu V2 (k+1)+2<L<V 2 k+V 342
N=6k1923 npu V2 k+V3+2<L<V 2 (k4+2)+1.
(OtHOCHTeNIbHO BeeX 3THX pesyabratoB ¢M. B. Jl. Pa6nuosuyu [39D.
25. Moxuno. Bysem nocrynate cielyiomHM o6pasoM: NpexJe Bcero
npoBefieM CpPelHIO JIHHHIO KBajpaTa M pa3sMeCTUM Ha ne#t 200 Touek,

pasGupaomux JuHmio Ha 201 paBHylO uacTh (CM. pHC. 72, Te YHCIO
900 3ameneno ma 20). Tax xax mupHHa «mpobenay MEXKAY ABYMs cocell-

HHEMH TOYKaMu pasHa —261«< 0,005

1 ,
(-—-m} , TO HHKAKOH NpAMOYroJib-

HHK CO CTOPOHAMH, NapajielibHBIMH
CTOPOHAM KBajpaTa, pacloJOXeHHbIH
MEXKAY IBYMS COCEJHHMH A3 HalHX
TOYEK, He MONKeT HMeTb NJOWAlb,
pasuyio 0,005; ciepoBatesbHo, nps-
MOYTOJIBHHK TaKol MioulafH, He CO-
Jepxaiui HY OAHON M3 HAlIHX TO-
ueK, JOJIKEH pacroJiaratkcsi B Bepx-
Heil MM B HUXKHell MOJOBHHE KBaj-
: pata (Hally CPeAHION JHHHUIO MH
Puc. 72. cuuTaeM rOPU3CHTAMLHOM).
PasgenuM Teneps I1onoJam ropu-
30HTAJILHBIMH TPAMBIMH BEPXHIO H
HHXKHIOI [IOJIOBHHBI KBajpaTa H Ha Kaxiofi M3 3THX NpPAMBIX PasMecTuM
Ha paBHEIX PAacCTOSHUAX APYr oT apyra no 100 Touek, aensuux coor-
1 1 1
o7 < T 2300 aK
KaK <«BBHICOTa» MNpPSIMOYroJbHHKAa, paclojaraioierocs B BepXHeH HaH
B HHKHell N10JIOBHHE OCHOBHOTO KBajpaTa, He NMPeBOCXOAMT !/, TO 3aKJHo-
yeHHBI MeXLy XABYMSI H3 BHOBb HaHeCEHHBbIX TOueK IPSMOYTOJBbHHK,
CTOPOHBI KOTOPOrC IapaJuie/ibHE CTOPOHAM KBajparta, Gyler HMETb IIO-

BeTCTBYIoWHE OTPe3kn Ha .10l oTpesok AauHBI

1
magb, MeHbLYIO m:0,00S (MBI cuMTaeM, 4YTO .MPAMOYrOJbHHK He

COflePIKUT TaKkKe Hu ofHOH u3 meppux 200 Touek). Iasee Gynem noety-

naTh TaK Ke: pasieNuM KamAyl0 H3 deTHpeX MNOJOC- IHPHHE 1/, ropu-

30HTANbHLIM OTPE3KOM IMOMOJaM H Pa3sMeCTHM Ha KaxkJIOM M3 HeTeipex

OTPe3KOB HAa pABHHIX pacCTOAHMAX JPYr oT Apyra no 50 Touek, jeas-
1

meux oTpe3ok Ha 5l wacTe gmuHB 5T < 56=4-m; NpH 3TOM MBI CMO-

xeM GbiTh YBEPEHE!, 9TO eCJH DJOMAls NMPSMOYTOJbHHKA CO CTOPOHAMH,
napa/Jie bHHIMH CTOPOHAM KBajpaTa, He MeHblle }/yg0, M 3TOT NMPSMO-
YrOfLHUK He COAEPHHT HH OXHOH H3 HMEIOHMMXCS TOYEK, TO OH LEJHKOM
NPHHALAEKHT OJHOH M3 8 FOPH3OHTANLHHIX NOJOC, Ha KOTOpbie Zeadr
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- KBaJApaT INpoBelieHHne panee npsmble. Jlanee TOuHO TaK XKe pasjenHM-
" FOPH3OHTAJLHMMH OTPe3KaMH IIONOJaM KakJAylo H3 3THX 8 moJoc M Ha
KaxfoM H3 8 oOTpeskoB pasMecTHM 1o 25 Touek, JeJSMHX ero Ha 26

. 1
X e e =8 -
paBnu YacCTeH AJHHLI 96 < 98 8 500’ 3aTeM KaXAyl0 H3 [OJYYUB

mUXCsl Teneph 16 nonoc wHpHEB 1/;4 CHOBA pasjie/iiM TONOJAM K Ha
KaX/oM u3 16 HOBRIX OTpe3KOB pasmecTHM 1o 12 Touek, ZenfliuX OTpe-

1
OK Ha YacTH AJHHH % < == —=16-7—; 32 cpefHHe JIHHHH MOJIyUUB-
3 A 3°% 200 ped Ay
wHxcsl 32 MoJoC HpHHBE Y3, pasfenum 6 ToukaMu Ha 7 OTPE3KOB

IJMHBI 7< 3256(—) KakAas; 64 cpejHue JMHHH G6oJee Y3KHX IIOJIOC

i
WAPHHBL /g, pasfiesnM 3 TOYkaMu Ha 4 4acTH AJIMHEL %—< 64'2@

Kaxjas; HakoHell, Kaxkayilo u3 128 cpeauux auuuit 128 nosoc wupunbl

p 1 1
1 ' = e
/128 PasobbeM MOMOJaM Ha 4aCTH RJHHBI 5 < 128 550 -

B TOUHOCTH, KAK Bbllle, 3aKJI0YaeM, UTO KaxXiblit pAMOYIroJib HUK

naomaay 0,005 = CTOPOHbl KOTOPOro napaJjjiesibHbl  CTOPOHaM

1

200°
KBajJpaTa, €CJAH TOJbKO OH HEe COJEPKHT HH OJHOH H3 HALUHX TOYEK,
JOJIKEH pacroJarathess MeXAy JABYMS COCEeXHHMH H3 -HMEIOIHXCS Ha
yeprexe 13-2-+4-4 81164 324644 128 =255 ropu3oHTaNbHBEIX JHHUH
(exJyodasi crofla M CTODOHBL KBajpaTa); HO IOJIOCAa MEXAy COCeJHHMH

» B, 3HAYHT, NPAMOYIrOJMbLHNK H B 3TOM

1
'2%‘.
O6mee uncyo TOueK B KBajpate, OYEBUJHO, PaBHO
1-2004-2-100-}-4.504-8-25+416.12+32-6 +64-3+128- 1 =
= 1504 < 1600.

MMpameyanue Jlerko noHsTh, 4TO Ha Kaxjgom us 2% oTpes-
KOB — cpegHux Junuil 2% nosoc wmupmEn 1/2%F — mMn  pacnogaraem

JUHHSIMH HMeeT IHPHHY 356 < 500

cayuae He MoXeT HMeTh maomags 0,005 =

200
o TOYeK (NpAMBIME ckoOKaMH 0GO3HAualOT Leayl0 YacTh 4HCJa),

200 200 .
JeNfIiAX OTPe30K Ha —27; +1 >§k— paBHBIX uacTeft; 3gecs k=0,
1

1, 2, ..., K, rge K-—nepeoe uenoe uuc/0, TaKoe, 4TO SR < 500
(1. e. K=T7). :
26. Ilycte Touka D Bhi6paHa B COOTBETCTBHH C YCJOBHEM 3ajaul,

P —ocuopanue Bhicotst DP terpasapa ABCD; Q-—ocuoBaline BHICOTH
CQ; M u N—ochoBanua Bhcor CM u DN tpeyromsuukos ABC u

ABD (puc. 73). Tax xax Vapcp=-y DP-Sp apc =45 CQ-Sp asp

x DP <@, 1o T

| g ABCM=5, anc > S5 anp=g AB-DN. T. & CM > DN
103,



H TeM GoJiee
CM > PN,

nocKkoabKy npoexunsi PN orpeska DN na naockocts ABC kopoue camora
sroro orpeska. Tagum o6pasoM, mouka P omcmoum om cmoporss AB
mpeyzoavrura ABC na paccmoanue PN, mensuee paccmosrnus CM om
sepuwuner  C  mpeyeosvnuka ABC 0o
amotl cmopote:, TouHo Tak ke JAOKa3bl-
BaeTCsl, YTO paccTosiHMe oT Touykd P jo
cropoi AC n BC tpeyromsnuka ABC
MeHblle PACCTOSTHMH OT 3THX CTODPOH
Bepuwind B, coorsercTBeHHo A, T. e
uto mouka P npunadsescum  mpe-
yeoavruky A,BCy, 06pa3osanHory npo-
XOOAWUMI  Heped -8epUILLHbL  Mpeyeonb-
nuka ABC npamemu, naparieibroi-
My npomusonoiowmnsin cmoporam ABC
(puc. 74).
Puc. 73. Hoxaxem Tenepb, uro 048 Kan-
doii (BuyTpeHHell) mouku P mpeyeors-
nuxa A,B,C, momno max nodobpams modaky D npocmpancmea, umo
P 6ydem ssaamecs ocuosanuem evicomor mempasdpa ABCD, ydos-
remsopsiouieo yerosuam sadasu, B camom [leje, paccrosirua ot P no
cropon AB, AC, BC tpeyromsunxka ABC mewswe seicor CM, BL u AK
$TOrO TPEYroJbHHKA —3TO ofecneydBaeTCst NPHHALIEKHOCTBIO TOUKH P

Puc. 74.

TpeyroabHuky A;B;C,. BuiGepem Temepb HA BOCCTaBJEHHOM B Touke P
nepneHgnkyaspe K 1iockocth ABC Touky D Taxk Gausko or P, uro
paccrosnus ot D go npaMeix AB, AC u BC Bce eme ocTaiorcsi MeHblue
orpeakos CM, cooreercteeénio BL u AK. Ho ecsu Boicora DN .Tpe-
yrombuuka ABD menbuwe sbicotht CM Tpeyronsuuxka ABC, 10 Sa aBp <

< Sp apc ' 3HAuAT, CQ > DP, rge - CQ—Bricora- TeTpasapa ABCD, '
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onymenHaa u3 sepunuubl C. Touso Tak e pJokasmBaercst, uto DP
MeHblIE H JBYX OCTaJbHHIX BBICOT. MOCTpPoeHHOro Terpasppa ABCD.

27. a), 6) Ilycts abc ... kl—paccmaTpuBaeMblli MHOTOYTOJNBHHK,
ABC ... KL-—MHOrOyroisHEK, 06pa30BaHHBIH MpPSIMBIMY, TOJYHEHHBIMH
#3 CTOPOH MHOrOyroJbHHKa abc ... kI COBUrOM BO BHEWHIOIO CTOPOHY
na paccrosuue 1,7 ®—durypa, ofpasobBaHHasg 13 MHOTOYTOJbHHKA
ghc ... kl, TOCTPOEHHLIX BHe €ro Ha ero CTOPOHAX NPSIMOYTOJNLHHKOB
abB1Ay, bcCiB,, ..., RILK,, laA(L, wnpunsl 1 H KpyroBhX CEKTOPOB
aA Ay, bB\Bs, ..., kK Ky, [LL, pagnycal (ayru A; A5, BBy, ..., LiL,y
«CIIPSIMISIIOTY oTpe3ku L,Ay u AyBy, AyBy u ByCy, ..., KoLy u LAy
puac:” 75,a). Slcuo, wro gmunbl Ayt A Ay, BiBs, ..., KKy Lil,

Puc. 75.
MeHbLIE JJIHH «ofbemmowiux» jJomauslx A;AA,, BBB,, ... K,KK,,
L,LL,, a nmowaju cektopoB aA,;A,, bBB,, ..., EKK,, IL,L, menbiue
NACUIALEH YeThIPeXyroabHukos aAAA,, bBBB,, ..., RK\KK,, ILLL,,

B KOTOPbIX 3TH CEKTOpbl cojepxarcs. Ilostomy, ecan II u X — guna
nepumerpa H naomais ¢urypsl @, TO

P—p>I—p u S—s>ZX—s.

Ho, ouesmauno, nyru A(A,, B{B,, ..., K{K;, LyL,, KOTOPHM OTBe-
YAIOT UEHTPAJIbHLIE VIJibl, paBHbLE BHELMIHHM YI[JIaM MHOrOYTrOJbHHKA
abc ... kI, B cyMMe COCTaBJISIIOT IOJHYI0 OKPYXKHOCTb, & CEeKTOpPb
aAy Ay, bBB,, ..., RKiKy, [LiL, B COBOKYIHOCTH COCTABJSIIOT €IMHHY-
HBlE Kpyr (puc. 75, 6). IlTosTomy

H—p=21=628... >6
H

8—85=S84bp8,4,FSbcc.B,+ - -+ + Sk, + S A=
=ab+4-bc+...+khl+laf-n=p4n=1243,14... > 15.

Orciofia # cleflyloT yTBepKJAeHHS 3afaq a) U G).

' 'B) 3aMeTuM, uTo ueThipexyronoHuky aA;AA,, bB BB, ..., kKKK,
IL{LL, B coBoKyNHOCTH 06Pa3yioOT OMHUCAHHLIE BOKPYT €AHHHYHOrO Kpyra
MHOTOYTOJIbHHK, UMCJO BEPIIHH KOTOPOrO PABHO 4HCJY BEPIIHH MHOMO-
yroasuuka abc ... Kl (puc. 75,6). Ho moxHO ‘floxasaTs, uto nepumemp
U niowado ORUCAHHOEZD BOKPYS €OUHUUHO20 ~KDY2B HEMbIPeXyeOAbHUKA Ke
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MEHBUIE NEPUMEMPA U NAOWAOL ONUCAHHO20 60KpYe eOuruuHo20 KpYyea
Kksadpamal). A Tak Kax NepEMeTpP H IJIOMaJb KBajpara, OIHCAHHOTO
BOKDYr Kpyra papgHuyca l, pasHH cooTBeTcTBeHHO 8 H 4, TO

P—p=8 u S—s=p-+4=16,

4TO HamM H TpefoBaJoCh JIOKa3aTh. 3aMeTHM eule, yTo, KaK CJAelyer 13
panpueimero, P—p=8 u S—s=16 ¢ mom u moasvko ¢ mos
cayqae, Ko20a mHo20y20abHUK abc . .. kl—ksadpam.

Takum o6pasom, Ham ocTanoch JOKa3aTh YTBEPKJIEHUE, BLIIEJNEHHOE
BbILIE KyPCHBOM, 3aMeTuM npexie BCEro, 4To IHOCKOJbKY nepumetp II
H IJOIMaibs X ONHCAHHOTO BOKPYF eJHHHYHOTO KPYra MHOTOYTOJLHUKA
CBSI3aHbl OUEBHAILIM COOTHOILEHHEM

I I

3= 5 Ml= 5
(160 Taxoil n-yroJsHHK MOMHO pasGUTh Ha # TPeYroJbHHKOB OJHOH H Toll
Ke BBICOTHI 1, cymma ocnoBanuil Kotopsix parua II), To naMm jgocratouno
JoKa3saTh OAHO H3 c(OPMYyJHPOBAHHLIX BHIIE YTBEDKACHHH, CKAKeM, OTHO-
cseecsl K NepUMeTpy ueToipexyrombruka. Hanee, ecau onucan-

Hb BOKDYF €IHHHYHON OKPYMKHOCTH ueThipexyroibnux ABCD— napaa-
Aen02PAMM, TO OH HBJSETCH pPOMGOM (ONHCAHHBIA BOKPYr OKpYXKHOCTH

N S

-~

77

Q &
ty
Q

Puc. 76.

napaJieiorpaMM —obsizatesibHo  poM6); TOYKA @y COMPUKOCHOBEHHS €ro
cropost AB co BuHcaHHO# OKDYXHOCThIO pa30uBaeT OTPE3OK AB=1
Ha [Ba TaKuX oTpeska Ag;=m u aB=n, uto

’ mn=12=1

(pHc. 76, a; saMéTbTe, ur0 TpéyPOJIbHHK AOB npamoyroasH). Orcxoga

1 Cp. Teker, Haneqa'raﬂﬂuu Ha C'rp 45—46 MeJKUM mpndrrom ]
YKa3aHHYIO TaM JuTepaTypy. . -
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néﬁyeT, 47O L
(m+4np—(m—n)p=4mn=4, 1. e PB=(m+tnl=4+4(m—n)=4,
& SHAuHT,

=2 u MI>8

(H-.:S ecniu pom6 ABCD—KBaupaT)

[peAnosoKuM Teneps, YTO uelblpexyronbHuk ABCD—ne ' napai-

7IeNOTPaMM, T. €. uTO €r0 NpPOTHBOMOJOKHLE cTopoHsi BA u CD mepe-
cekawrcs B Touke Q (puc. 77, a); o6o3HaunMm eile uepes ¢ W Og BNu-

camilylo OKPYXHOCTb TpeyroabHuKa QAD u smeBmHCaHHYIO OKPYHHOCTE

Puc. 77.

Tpeyroibuuka QBC, a yepes p H pgo-—pannycs 3THX OKDYIKHOCTEH.
Ec.'m OKPYKHOCTb ¢ KacaeTcsi CTOPOH TPEYro/ibHHKA QAD B TouKax
a,"cu d, TO, OUEBHAHO,

_ N [
Qa =?(Qa +Q%) =+ (QA+QD~4z —D7)=
- (QA+ QD —Ad— D) =5 (QA+QD— ADY;
nostomy, ecan nepumerTp (Goabworo) Tpeyronsnuka QBC pasen U, 1o
N=U—~QA—QD+AD=U—2Qa.
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Takay o6pasoM, npu QuKcHpuBaHHOM noxowensn cropou AB, BC

CD uetnipexyrosmbuuka ABCD ero nepumerp H=U— 2Qa Gyzer Hau-
MEHBIIMM TOrJa, KOrfa HauGoabluee 3HaueHHe GYHET HMeTb BEJHUMHA

Qa=pcige(raze £/ AQD=2¢), T. e. Korga paguyc p OKPYKHOCTH O
6yZieT BO3MOKHO GOJIbIIHM—KOrAa OKPYKHOCTH G GyJeT KacaTbCHd BIH-
caHHOW B Tpeyroibhuk BQC eAMHHUHON OKpYMKHOCTH, B cmopora AD
6ydem obpasosvieamy pastovle yzav: co cmoponasu AB u DC uemvipex-

YeoAbHUKA ABCD (puc. 77, 6).
AHazOrnYHO STOMY, €CAW OKPYXKHOCTB O Kacaetcs cropod fpe-

yroswuuka QBC B Toukax oy, b, W ¢q (puc. 77, a), To
Q= 4 (Q@1-+Qéx) = (OB + QT+ Bay o)) =
=4 (QB1-QT-t Bby -+ Thy) =5 (QB -+ QC-+ BO),
u ecan sennunna QA+ QD—AD pasna u, 10
N=QB+QC-+BC—QA— QD+ AD=2Qa,—u.

Taknm 06pasoM, npH (UKCHPOBAHHOM nOJoKeHuH ctopon AB, CD u

AD uetmpexyronshuka ABCD ero nepumerp I=2Qaq,—u Gyner Hau-
MEHBUIHM TOrfa, KOrZa HauMeHbllee BO3MOKHOE 3HayeHHe GyneT nMeTh
BeJMYHHA Qa1~pQ ctg g, T. e. KOPAA papuyc pg OKPYKHOCTH O Gy-
LeT BOSMOMHO MEHBIIMM—KOIAd OKPYXKHOCTb Og GyReT Kacatbes BhH-

cannoit B ABCD ejunuuofi OKDYXHOCTH, § cTopoHa BC ofpasyer
¢ AB u CD pasuue yram (puc. 77, 6). Taknum ofpasoM, npu gurcupo-
sannom noosenu cmopon AB u DC onucannozo soxpye edunuuroil ok-

pyocrocmu  wemvipexyeossnuxa ABCD, nepecekaomuxcs B Touxke Q mog
yriaom 2, nepumemp Il smoeo uemwoipexyeorvruxa 6ydem Haumersouium

& mom caydae, koeda AD || BC u wemwipexyzoasrux ABCD npedcmasasem

coboli (pasHobounyro) mpaneyuro (cM. puc. 76, 6).

3amernM Tenepsb, uro nepumerp Il onncanHoll BOKpyr eanunnunoro
kpyra (pasHoGounoi) rtpaneuns ABCD pasen ydeTBepenHof GOKOBOH
CTOpOHe AB (w60 na puc. 76, 6 Aay=Ad;=Dd,=Dc, u Ba1=Bb1_
~Cb1—Ccl) KOTOpasi B CBOIO Ouepesb paBHa 2/cos @ (nfo xaTer BP
[PAMOYrOABHOTO TpeyroabHuka ABP ¢ octpuimM yraom / ABP= cp pa-
een 2). Takum o6pasoMm, HmeeM

2 8
oS @ cos @

YTO KW 3aBEPLIAET AO0KA3aTe/bCTBO YTBEDKIACHUSA B).

TlpuMeuanHe. AHANOTHYHO DELIEHHIO 3aJaYd B) MOXKHO JOKa-
3aTh, YTO €CAU HUCAO CMOPOH MHO20Yy20abHUKA abc ... Rl paswo n, mo

180° S smptntg 180

P—p=2ntg
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180°

. 180°
n

(aa'Me'rbTe, uto 2ntg ¥ ntg — 370 TieprmeTp u n0Wazp oftn

“CAHHOTO BOKPYI €JHHHUYHOTO KpPyra NPaBHJABLHOFO n-yronwuxal) .

n
r) Ilepsoe pewenune [okaxkeMm npexne Bcero, uto apH o < T

t
tga 4
& n

(3mech yros o HaMepserca B pajgHaHHOR Mepe). [as 3toro paccMoTpum
cektopet OXY u OXZ egunuvHOro xpy- W

ra, e [XOY=a w £X0zZ=%; ’ 4

9,
010 % 0 e 0TeTe I

IS0
SR
02a30ate,
(29420202030,

033000022
o

St 0aTe el

S

nyctb, Janee, VX =tga n WX =tg %L—

;

QR

&
%t

35
98

0%

IS
X

(=1, cm. puc. 78). fcHo, uyTO mJIO-
waib KPHBOJHHEHHOTO TPEYrOJbHHKA
Xvy

Sxvr=3584 oxv—Scexr 0XV=

%S
o

o

%
Yodo2o

%

5>
Py

1 . 1 1
=§—OX-)£V——~§—OL=§- (tg a—a)

veHbiie maomanu rpaneuvn XVYM, HX

T. €.
tg o—a < 2Sxyya. (#) Puc. 78.

Hanee, xpuBojuHeiinuifi ueTblpexyroibHUK YVWZ wumeer nJomaisb

SYVWZ: Sa OVW—ScexT oYzZ=
= (SA()XW—SA oxv) _(Scem OXZ_Scem- oxy) =

1 1 1 o 1
= ( ?2- OX.-XW > —_ <>?z- 00X -XV > —_ (-?2- -Z— — ?2- ¢ ) =
1 T n
7 [(—ew) = (5]
Goabiuyo, OueBHAHO, naomagu tpamenun YVWN, orkyza

Pasnenus HepaBeHCTBO (¥¥) HA HEPABEHCTBO (¥) M 3ameuasn, 4To
é;)’L/‘”rj\IZ 5;){‘/}’111 =YN:.YM=VW.VX= (AX:‘¥7 —_ }(’V’) XV = )

=(tg%-—tga> tg o,

noJiyuaem
tg%_% (tgz—-—tg a)—(————a)
tgo—a - tgo—a 7>




OTKYJa JIerKO HaxO0JuM, 4TO0. -

k11 ki3 It

tgo—a tga’ ‘18 4 ga>1-1¢ !
t

a>i:—-‘rga n %&Q%.

Mycts teneps A-—opuH H3 (Tynbix!) yrjioB ONHCAHHOTO BOKPYT

eMHHYHOH OKPYKHOCTH MHOTOyroanHHKa ABC ... KL, a; u [;—TougH
KacaHHs C OKDPYXKHOCTBIO CXOJSHIMXCA B A CTODOH MHOrOYTOJbHHKA

Puc, 79.

(puc. 79, a); Torga yroa 2a= / 0,0l =n— / A-—oCTpHlii, a 3HAuHT,

a < % . Ouesupno, @;A=Al;=1g a, U cJejoBaTeNbEO,

s A+AlL=2tga,
T. €. TR
a A+ Al tga
p =2 = <

7} a115~+131_11 < —:%a;

nanee

SOa,ﬁz, — tga

1 - = 4
So:;,,qz,:—é-(l-a¥A+l-All)=tga, T. €. o — < —

4
Soa, 71, < = %

CymMmupysl Telep HEPABCHCTBA, OTBEYAlOWWe BCEM ymam MHOTOYTDIb~
auka ABC...KL, noayuaem

] H<-8—~n=8; Z‘.<_—i n=4,
. g 7t

1o



e 1—nepumerp, 8 £ —nJaowane Muoroyroasuka ABC...KL; no-
sTOMY (Cp. C pemieHueM 3ajav a), 6))

P_p=T1<8, S—s=p4%<124+4=186.

Bropoe pemenne. Ilycte Ohja; n Oab,—apa «cocemunx»
ceKTopa ejuHHYyHOro Kpyra, A # B-—TOoukM nepeceueHHs KacaTeJbHBIX
K KPYry B TOuUKax I/, M a;, COOTBeTCTBeHHO a; H b, (puc. 79,6). O6o3-
Hayum (Menpuive 90°!) uentpaneunie yraw [;0ay # a;0b, uepes 200 u 2f;
nyerh eme, AT onpefeneHAoctn, o0==f. B TakoM caywae nJuomany
yeThpexyroabaukos O/;Aa; u Oa;Bb; 6yAyT COOTBeTCTBEHHO paBHBI

. _ 1, = 1 -
SA oz,Z"rSAOAa,z-Q—l,AjL—z— Ao, =tga u tgfh
NOSTOMY

Sot.35p, =18 &+ 1g B= sin (@ -$) _ sin (a+B)

0sosP L [cos (@-FB)+ cos (a—B)]

Orciofla BLITEKaer, 4TO ecat cymmaphas Oyea — lby =2 (a-}-B) oboux
cexmopos  saxpenienn, mo niouade namuyeosvruxa Ol ABb, (1 Oauna

aomarol {;ABb, paBnas yjgsoenuolt atofl muomanu) 6ydem mem Goasuse,
wem O0spwie pasuocmo o—f
PaccMOTpHM Tenepb ONMHMCAHHBIA BOKPYT €IHHHYHOTO KDPYFa MHOro-

yronenuk ABC...KL, nepumerp II koroporo pasen pasHoctn P—p,
a naowajye = —puipaxenuio S—(s--p) (puc. 75, 6; cMm. peweHue 3ajag
a) u 6)). Ecmm a, by, €1, ... , Ry, [;—TOUKH KacaHHs CTOPOH 3TOTO
MHOTOYTOJMILHHKA C OKPYXKHOCTBIO, TO LEHTpanbHue yrasl [,0a,, a,0b,, ...

, k,0l, paBHBl BHEUIHMM YIJIaM HCXOAHOr0 MHOTOYTOJbHEKA abe. .. k(;
noaTomy 110 YCJOBHIO 33jjaud Bce 3TH yrinl—OCTpHe. PaccMoTpum
Tenepe JBa coceaHux yraa [40a; u a,0by; nycTs, INs onpeleseHHOCTH
L 1h0a, = / a,0by. Ecnm [/ 1,00, =<90°, TO MBIl 3aMeHMM TOUKY @,
TOYKOMH a; by; ecam ke / [;0by = 90°, To MBI 3aMEHHM TOYKY @; TaKOH
TOuKOH @y, uTO0 /. 110a1=90 > / 1,0ay. TIpu 5TOM MBI 3aMEHHM MHOFO-

yromeuux ABC... KL nu6o muoroyrombnukom A'C...KL, umeomaM Ha
eAMHHUY MeHbliee UHCJIO CTOPOH (pHC. 80, 2), Aubo MHOrOYroJbLHHKOM

A'B'C...KL, yron A’ xoroporo mpsmoit (puc. 80, 6), npuueM B o6oux
cayyasix NJOmajb (W NepuMeTp) HOBOTO MHOTOYroJbHHMKa GyfeT GoJbiue
IJIoma u (COOTReTCTBEHHO NepHMeTpa) NepBOHAYaJbHOTO MHOFOYTOJbHUKA.

B cayuae muoroyroisHuka pHc. 80,a Mpl jpaiee Gyiem paccMmar-
puBaTL OTBEUAIOUME €My [Ba COCEXHHX LEHTpPaNbHBIX yraa [,0b, u
b,0cy; B caydae MHOTOyrosibHEKa puc. 80, 6—oTBevamomue eMy jasa
COCEeJHHX LEHTpaJbHHX yria a,0b, u b,0c;. Tloctynas xaxawiit pas
Tak e, KAK H B [I€PBOM cJiyuae, Mbl B KOHIE KOHLOB 3aMEHHM MHOIO-

yromsuuk ABC...KL onucaHHEIM BOKPYT efHHHUHOTO KPYra KBAaJPaToM
(MHOrOyroMBHHKOM, BCE YIVIH KOTODOTO NMPSIMLIE), NpHYEM B Mpouecce

HaMeHeHHs MHoroyroabhuka ABC...KL ero niomans u nepaMeTp Bce
BpeMa GYAYT TOJLKO YBenHYHBaThcs. Ho mepuMeTp n mjomazes Keajpara,
OMHCAHHOTO BOKPYT E€JUHHYHOIO KDYyra, COOTBEICTBEHHO DasHH 8 u 4;
1103TOMYy

P—p=I<8 a S—s—p=2<4,
11



uro u TpeGoBaNOCh: AOKASATh .(3aMETHM, YTO -H3 NOC/EJHEr0 HEpPaBeHCTBa
cnepyer, uto S—s < p+4-4=16). -

28. Ecau xpyr numaMeTpa ! LeNHKOM JIeXKHT BHYTPH HPAMOYroJb-
HHKa co croponamu 20 u 25, TO €ro uenTp: yjaseH orT BCEX CTOPOH

Puc. 80.

NPAMOYroJibHHKA HE MeHee u4eM Ha !/y, T. €. OH PAacHOJOXeH BHYTPH
(KOHLEHTPHYECKOr0 ¢ MNepBHM) NpPAMOYroNbHAKA o croponamu 19 u
24 (puc. 8l); mJaommaib STOr0 NpPAMOYTrOJbHHKA PaBHa

19-24 =456,

Ilanee, ecau Kpyr Auamerpa ] He nepeceKaeT KBajpaTa co CTOpoHoi I,
70 €ro LeHTP YJaJeH OT BCEX TOYEK KBajpaTa He MeHbIe ueM Ha '/y; Ho
MHOXeCTBO TOUEK, YJHaJeHHbIX XOTb OT OJHOM TOUKHM KBajpara €O CTO-
pouoii 1 meHbme uem Ha Y2, nmpeacraBiser coGoit ¢urypy @, orpaun-
YeHHYIO 4YeTHPbMs OTpe3KaMH, YJAaJleHHBIMH OT CTOPOH KBajparta Ha

24

?
# © 2

~

N

25
Pue. 81. ) Puc. 8la.

paccTosipe Y2, ¥ UeTHDbMSA IyTaMH OKPYMKHOCTH pajuyca Y2 ¢ UeHTpamu
B BepwnHax kBaapata. ®urypa (@ cocTOMT U3 eJHHHYHOrO KBanpara,
yeTEIpeX NPAMOYTONBHHKOB pa3MepoM 1X % ‘N ueThipex CeKTOPOB, €0-
CTABJSIOIMHX BMecTe Kpyr paamyca % (puc. 8la); ee nsowans pasua

, 1 1\2 . =& 3,16 .

112



- Paccmorpum Tenepn -Bce Takue ¢urypnt- @, orpevammue 120 ManeHn-
KHM KBajJpaTHkaM; #X ofasg mioma3jib saBefioMO He Gojblle ueM
12G-kpaTas naomazp ¢uryps @ (ona Menbme 3TOH BEJHUMHLI, ecan
$uUryphl mepecekarorca), T. €. OHa MeHblle ueM

120.3,79=454,8 < 456.

Ho 310 3nauuT, uTO Hakigerca Touka O, pacno/IOXKeHHAs BHYTDH HpPSEMO-

yrojibHAKa pasmepom 19X24 n BHe

Bcex 120 ¢uryp @; xpyr amamerpa

1 ¢ uentpoM B 310it Touke O u Oyger

YIOBJETBOPSATL YCJOBHSAM 3ajasd. o
29. Moxuo. PasofreMm MeHs-

WyI0 CTOPOHY NOPSMOYTONbHUKA Ha

60/IbIIOE YHCJIO A PABHBIX OTPE3KOB

MaJsiofl ayunb o. Boasiuyio cropony

Takke pas3ofbeM Ha M OTPE3KOB JJIH-

HEl ¢; TIDH 3TOM MHI MOMKEM HO0Jy-

9ATh OCTATOK, KOTODPHIH, BO BCSKOM

cayuvae, MeHblle ©. 3aTeM Bechb N/

NpsAMOYTOMbHUK pasobbem Ha mn

KBaJIpaToB cO CTOPOHOH o # (OBITh Puc. 82

MOJKET) elle OJiMH BHITSHYTbIH NpPAMO- TR

VTOJILHHK, OlFa CTOpOHA KOTOPOTo

He npeBocxofuT 1 (0OHa paBHa TOH CTOPOHE HCXOAHOTO MPAMOYPOJBHHKA,

KoTopasi He GoJellie apyro#i), a sropas Menpwe o (puc. 82). Tak kak

oMb NPSAMOYro/bHHKA pasHa 1, ToO

200
LAY

o0
~N Y )
N AN

\
A
<
<]
i

(

9000,

9000

)¢

1 —n i 1
azt+1. —_— e
mn- o o> 1, T. €. mn > 3 3 .

Bnuiiem Teneps B KaXIblil H3 KBaApaTOB CO CTOPOHOM Ot OKDPYMHOCTB
panuyca «/2; Torja cymma pajMyCOB BCeX 3THX OKPYXHOCTelt Gyner

paBHa
2o (A1) a1 1
7°\@ %) 2 w2

BoifpaB o JOCTATOYHO MaJsbiM, MBI cMOXeM JHOGHTbCS TOro, 4To6LI sTa
cyMMa 6uina Goasuie a106020 Haneped 3a0aHH020 4UCAQ, HATPUMED GOJb-
we 1962. YwmeHplnB 3aTeM Ppajguychl OKPYKHOCTEH [0 BEeJIHYHHM

1962
——, Mbl [OJYYHM BHYTPH NpAMOYroJbHHKa mn HelepeceKawiuxcs
mn -

OKDYMKHOCTEH, CyMMa DajMycOB KOTOPHIX TOYHO papHa 1962,

30. Ilycte A —xaxas-to ojHa (Ge3pasnuuno Kakast!) U3 JaHHBIX
touex. Ecsm Bce TOUKM Haxoparca or A Ha paccTosHmm < 1, To ux
BCe MOXHO IIOKPhITh Kpyrom paguyca ! (c uentpom A); mostoMy npeg-
TOJIOXKHAM, 4YTO CYIIECTBYeT CpPejH HAIIHX TOueK Takas Touka B, yro
AB=1. na raxzoi#t tperbefl Touku M H3 nawell cHCTeMbl TOuek
no yCJOBHIO 3ajaud Ju6o. AM < 1, mu6o BM < 1; nosromy Bce ocras-
muecs 23 TOUKH MOXKHO pa3bHTh Ha }lBa KJacca: Takue toukd C, uro
AC < 1, u rtakne Toukn D, uto AD =1, Ho BD < 1. Ecin Mpl HMeem
12 (mm Gonnwe) Touek C, TO KPyr paauyca 1 ¢ mentpom A noxpeiBaer
13 (uan Gosbine) Touek; ecau 4Hca0 Touek C MeHplie 12, TO MBI HMeeM
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12 (unn Goabue) Touek D—#u xpyr ¢ uenrpoM B u paauycom | nokpur-
BaeT {3 (uam Goapiie) Toyex.

31. Paccmorpum 100 kpyroB papnyca % c UeHTpPaMH B JaHHHIX
TOYKAX; TeM caMbiM Mbl MokpoeM Bee Touks 100 kpyramu (MoxkeT GHITh,
NONApHO mepecekamiiumMucs!), CyMMa aHameTpoB KoTopux pasaa 100.
Ecau xakue-to zBa K, u K, W3 3THX KPYTOB IlepecekaloTcsl HJIH Kaca-
JOTCSI, MBI 3ameHuM HX GOJbluuM Kpyrom K, AuaMeTp KoTOporo pasei
3aKJoueHHoMy BHYTpH Ky U K, OTpeaky HMX JMHHH ueHTpoB, a ueHtp O
coBnajaer ¢ cepepuHoli storo otpeska (puc. 83, a, 6). Tak kak 3toT

. Puc. 83.

GoablIKi KPYT MOJHOCTbIO MOKPbiBaeT JBa NEPBOHAUAJbLHLIX, TO HOBas
cucteMa KPYrOB NO-IPEXHEMY IOKPHIBAeT BCE TOUKH; YHCJO KPYTOB Ha
eJMHHIY YMEHBUIHJOCh, CYMMa AHaMeTPOB KPYFOB He YyBeJdHuuJack (K60
AHaMETp BHOBb NOCTPOEHROTO KPYra He Goabiie CYMMbl RHAMETPOB ABYX
nepsoHavYaNbHEX; cM. puc. 83,q, 6, rie nBa Kpyra, 3aMeHseMble OJHUM
661b1EM, He paBHB! Mexay coGoil). Ecav B HOBOH cucreme Kpyrow eue
OCTAlOTCs TepeceKaiomuecss UK Kacaiompecss KPyr, TO Mbl CHOBAa 3aMe-
HHM JIBA TaKHX Kpyra OZHHM GOabwuM u T. X. Ilpm 3TOM OKOHuaTeln-
HO MBI NPHAEM K cucmeme Henepecexarowjuxca (u He Kacarouyuxcs)
Kpyeos (MOXKET OblTb, K OZHOMY KDPYTY), MOKDbIBQIOUUX 6CC HQMU MONKY,
MpHYeM CyMMa JIMaMEeTPOB 3THX KPYLOB He TPEROCXOLHT CYMMbi LHaMer-
pOB NEpPBOHAYAJTBHEIX KDYIOB, T. e. << 100, . :

Iasee 3aMeTHM,. UTO HAUMEHbUIEE PACCMORHUe MencOy moukamu 08yx
(nenepecexaromuxcs) xpyzo8 K, u K, panuycoB r; u r, (OBO HaspBaeTcs
paccrosindeM MeXAYy Kpyramu K, u K,) pasio Oaune 3n-
Kauennozo mexdy xpyzamu ompeska NN, ux aunuu yenmpos 0,0,
(370 caepyet M3 Toro, 4to ecau M; u M, —npoH3BOJbHEIE TOUKH KPYTroB
PaZMYyCOB 7y H T, TO

0,0, << O: M+ MM, -- M0,
H, CNeJOBATENbHO,
M]_Mg}0102—01M1—02M2>0102——"1——-r2::
= Oloz—olNl—OzNgleNz

(puc. 84, a); Haumenbuee paccmonnue om mouku Q xpyea K do ozpa-
nuyusarowged K- oxpyxcrocmu S ¢ yenmpom O w paduycom r (OHO Hash-
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BaeTcss paccTofAHHEM OT TOYKH § ho okpyxHocTH S)
PAGHO  MeHbUIEMY U3 3aKaroueHHoux enympu S ompesxoe QB, u QB,
npoxodawezo uepes Q Jduamempa ByB, oxpymxcrocmu S (uGo ecau A —
NpOM3BOJIEHAA Touka Okpyxkuoctd S M QB, << QB,, To 0A<<0Q+QA,
H cnegosatesabHo, QA= 0A—Q0=0B,—0Q =0B;; cm. puc. 84, 6).

Puc. 84.

Janee, B nepeoHavasbuofl cucteme 100 Kpyros Kaxjas u3 TOUeK Guija
ylajiea OT OKPYXKHOCTH 3aKJIOYAIOMEro 3Ty TOUKY KDPyra Ha paccTosHue
Y (oHa Omta LeHTPOM Kpyra pajuyca Yz); IpH 3ameHe Xe ABYX KpY-
ros K, # K, onmum O0ipmiuM KpyroM K HauMeHbiuee pacCTOAHHE OT
Kax/0# 13 3a/laHHbIX TOYEK () 0 OKPYIKHOCTH MOKPLIBAIOIIETO €€ KPyra,
BO BCAKOM cJyvyae, He YMeHbIMHTCA (ubo ecnin QB;—naumensiuee
paccTosinMe OT TOYKH ( 1o OKpy:KHOCTH kpyra K, Qb,—Haumenbluee
paccTosiHMe OT TOYKH @ [0 OKPYXKHOCTH NOKDHBAiOmero ee Kpyra Ky
H B—TouKa nepecedennsi orpeska OB; c OKPyxHOCTBIO Kpyra Ky, To,

-oueBUAHO, QB = QB = Qby; cM., ~,
Hanpumep, puc. 83, a). Takum =iy
o6pa3oMm, B IQJNYYeHHOH CHCTeMe _ =g
KpYroB, [OKDHBAIIHX  HallH /2 L yi'“/?

TOUKH, Ka#OQs Mo4Ka om OKpYyoc-
HOCMLL  NOKPOBAIOWE0 ee  Kpyea
HOX00UMCS HQ  pOCCIMOAHUU, He
menbien Va.

Ecau nonyuexHas cucrtema
KPyroB COCTOHT H3 €IHHCTBEHHO-
FO Kpyra, T0 HaM OCTaercs TOJb-
KO cJerka (Ha MeHbwywo 1 Bean-
uHHY!) yMEHbUHTL €ro JHaMeTp, Puc. 85
ecJaH STOT JHaMeTp oOKasaJcs n o
paBupiM  100. Ecau ke uucsao
KpyroB Goibwie OJHONO W pPAcCTOSHHE MeXIy JIOGBIMH ABYMS Kpyramp
> 1, To onsTb-Tak# HaM JOCTATOYHO JIMIIb CJEFKA YMEHBIUHTb (MeHee
ueM Ha %) paguyc Kakoro-im6o OJHOTO KPyra, ec/h cyMMa AHaMeTpos
KpyroB okasajacs TtoyHo pasHoli 100. Hakonen, ecau nauMeHbuiee ua
paccTosinuii MeXJy ABYMS KPYraMH CHCTeMB! (0003HauHM ero uepes )
< 1, TO yMeHBWAM BCE€ KpPYTH, 3aMEHHB KPYT paguyca R KOHUEHTpH-

YECKHM C HHM KDYyrom pajuyca R——5+% < R. Ilpu s10oM BHOBB NOIY-
YeHHHE .KPYTH 1O-npexHeMy OYAYT noxpﬁBaTuBc,eleQ TOYEK;-CyMMa HX
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IuameTpos Gyaer < 100 (uSo y nepsoHauasbHEIX KPyroB oHa Guna << 100),
a paccTosiHMe 'MeXKZY KaIBIMP JBYMS KPYramMH HOBOH CHCTEMb  KDyros

Gyger = |+ 2 > 1 (60 paccTosinHe MeXAy MOCHIMH ABYMA Kpyramu
Y E) Y yuma.

CHCTeMb paHee ObUIO ==& cM. pHc. 85).

32. PaccMOTpPHM n HeNepeceKawiluxcs Kpyros uamerpa 1, HenTpbl
KOTOPEIX IpUHajsiexkaT MHoroyrojeuuky M. 3avenum xaxasiil Kpyr
KOHILGHTPHUECKMM C HHM Kpyrom pajmyca 1. Ecuu nosyuenrpie TakuM
06pa3oy Kpyru He MOKPHIBAIOT KAKywo0-1u60 104Ky A MHOroyroseuuxa M,
TO 3Ta TOYKa OYHET YAajeHa OT UEHTPOB BCEX KPYroB He MSHbLue 4eM
na 1; nostomy Kpyr gmamerpa | c uentpom A He nepecexkaercs HH
¢ OJHUM M3 TEPBOHAYAJLHBIX KPYros jHameTpa I, M ero Moxuo npuba-
BHTb K 3THM KDPyTaM, 4TO OJHAKO NPOTHBOPEUHT ONPeNeseHHI0 Yucjia 1.
TosroMy n paccMaTpuBaeMBIX KPYTOB pajuyca | NOJHOCTBIO MOKPHIBAKT
MHOrOYTO/IBHUK. A TaK KaK m—HaHMEHbuee YHCIO Kpyros pa-
auyca 1, KO6TOPHIMH MOXKHO TIOKPHITB MHOrOyroJeHuk M, TO

m<<n.
33, SlcHo, wro ecau n > 625, To ofwas NJIOWANL BCeX MOHeT GOJblue
625 (11-12) = - 625 = 5v- 252,

T. €. GoJbie NJOUIAAW CTOJIA pajdyca 25; NMOITOMY MOHETHI HeJb3st
pacloOKKHTh HA CTOJE TaK, 4Tofbl OHM He NMepekpuiBamuch. C Lpyro#
CTOPOHBI, ecad f < 144, 10 ofwas MIOWALbL KOHUEHTPHUUECKHX C MOHE-
TaM# KPYroB pajuyca 2 MeHblue

144 -(n-2%) =n-576 =m0 - 242,

T. €. 5T KPYLM HE MOI'YT IIOJHOCTBIO NOKPEIBAThH YacTb Q CTOJA, MOJY-
yAEMyI0 OTCEueHHeM OT Hero y3Koro «ofoika» wupussl 1 (puc. 86). Ho
ecad A-—rtouka ofiacTu Q, He NOKPHITast HH OLHMM KPYIoM paiuyca 2,
TO 3Ta TOUKA HAXOAUTCA HA PACCTOSHHM == 2 OT LEHTPOB BCEX MOHET
¥ Ha paccTosiHuM == 1 OT Kpast cTosa; MOSTOMY MOHeTa C ueHTpom A
HEJIUKOM MOMECTHTCH Ha CTOJE W He 3afeHeT HH OJHOHK M3 MOJIONEHHBIX
paHee 2 MOHET.

Puc. 87.

34. CeTb apbikoB . npeacrasaseT co00il «Pa3BETBJIEHHYIO» JIOMAHYIO
aunuo (puc. 87), NpoXoiAmylo NO TEPPUTOPHH HOJS; LPU ITOM pac-
cMaTpHBaeMasi JIOMAaH3sl fBJIAETCS <CBASHOMY, T. €. COCTOMT M3 ORHOrO
KycKa, NOCKOJBbKY BCE apHIKH CBA3aHEl ¢ ucTounHkom J. Boigeauwm us
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CHCTEMBI" APHIKOB - KaKOH-IH60 «OCHOBHOH aphblk», T. €. «IPOCTYIo» (Hepas-
BETBJIEHHYI0) - omanyio. AB. Ecau cerh apblKOB HMEET €le OTJHYHBIN
or A u B konen C, paccMorpuM HAYIHH 0T C «JOMOJHUTENbHBIHA apHIK»,
T. e. npoctyio gomanylo CC’, B HeKOTOPOH Touke C’ (GHITH MOXKET, COB-
najawouell ¢ HCTOYHHKOM J) BJHBAIOMYIOCS B OCHOBHOH apnk AB;
BaJiee, ecJH JIOMaHas UMeeT elle OAMH OoTaxuHbil or A, B u C koneu D,
TO PacCMOTPHUM BeAymHH OT D «1ONOJHHTENbHbI 4 P
aprik» DD’, pauBaiomuficss B HEKOTOPO# Touke i 4
D' B cucremy apuikoB AB u CC’' u T. &.
PaccMOTpHM Tenepb, YTO NPEACTABJASET CO-
Goit «opouraemast mJomanby, T. €. MHOXeCTBO 4 5
TOYEK, VAAJeHHBHIX OT OuiXKafmero aphi-
Ka He Oojee uyev #a 1. [das npamonuneit- Puc. 88.
Horo apwika AB jpumHbl [ opomwaemas nio-
waae npejictasaser cofofi mpsiMoyrodbryo nojtocy A;ByBy,A, pnunbl
W iUMPUHB 2, JOMOJHEHHYIO IBYMS nosykpyramu paguyca I (puc. 88);
mnowags coorsercTyomell ¢urypn pasua 2l4-m. Ecan Apa npsmomu-
nefiupix apulka AM u MB cublkaotes B Touke M, ofipasys JoManyio
AMB (puc. 89,a, 6), To orBeuaiomne orpeskam AM w MB mnpsawmo-

’ ’
yroapuukn A M MyA4, 1 M;BB,M,y IONONHAIOTCS KPYTOBbLIM CEKTOPOM

Puc. 89.

MZMM; pazuyca 1, ueHTpaJbHBII yroJ KOTOPOro paBeH 180°— £ AMB;
OHAKO UEHTPAaJbHO CHMMeTpHuHbili MMM, orHOCHTeNBHO TOUKM M
cekrop M{MM,; (n me TosbKO oH!) OKa3bIBagTCA IOKPHT JBaXKIH, Tax
4T0 MJ0UIE/6, OPOIIAEMas «J10-
MaHbM  apbikoM» AMB, u
3/€Cb HE TPEeBOCXONHUT
2AM 4 2MB + =2 -5, rge
“l—pnuna nomasoii  AMB,
TouHo TaK XKe HoKasbiBaercs,
4TO S «JIOMaHOTO aphlKa»
AMN...RB ¢ awbbiM uuc-
JIOM <«BHYTPEHHHX BepLUHH»
, N,..., R opowaemas
naowane (puc. 90) He mnpe-
BOCXOZUT 2/--m, rae [— pau-
Puc. 90. Ha Jomanoit AMN... RB.
e PaccmoTpum Tenepep nps-
_‘ . B Lo MoJinHefiHbll apuK CC’ gauHsl
m, «najaomui» s appik AB B Touke C'-(puc. 91, a). Ipucoeaurenne aprka
CC’.x apulky AB. ysenHyHBaeT : IJIOMWAafb, OPOWAEMYI0 ‘apuikoM AB, Ha

S A7



(népexprBaomuiics § MJOWLAZbIO, OpouIaeMoil apuikoM AB!) npsmMoyrons--
¥ s \
mng C,C,C5C, n Ha noaykpyr C;C, pammyca 1 ¢ umenrpom C. Tak
KaK, OfHaKo, 3aliTPUXOBankui Ha puc. 91, a nomykpyr C;Cs c ueHT-
pon C’ (n He TONLKO OH!) OKA3nBAETCS AOKPBITHIM ABaX[pl, TO IPHCOS-
Augenue K apeky AB apoika CC’ pJHHH- /M yBEJHYMBEET OpOLIAEMYIO
NQuag, He Gojee uem Ha 2m. DTO 3aKJIOYEHHE OCTAETCs CIpPaBeNJIHBLHIM
H B TOM CJaydae, ecau NpsMoanHefinnie apwku AB n CC’' 3amennts
JomauLiME  apblkamd AMN...RB w CST...UC’, cyvmmapras jtuna

ToceNHero 3 Kotophix pasHa m (puc. 91, 6).

b)

Puc. 91.

V3 cka3aHHOro BhlIE BLITEKAeT, 4TO €cjd oGmas JJauHHa apol-
k0B paBHa L, TO Be/HYHHA opowaeMofi IJIOWLaAM He HPEBOCXOAUT
20L--7. B uacTHOCTH, ecin ofmas AJIHHA apLHIKOB He mpeBocxomut 70, To
opowiaeMas MJIOWIaJAb HE NPEBOCXOHHT

2-704n < 140-43,15 < 144 =122,
OTKYJla CJeIYeT, UTO OHA He MOXeT COBMANaTh CO BCEM TOJeEM.

nf——- Z -

i

2 %)
Puc. 92.

- 35. PasoGbem Ham yuactox Ha 50 mogoc 1I,, 1I,, ..., Hy wmmpn-
un 2 (puc. 92, a) 1 pacCMOTPHM KaKy10-AuG0O OZHY H3 3THX noJOC, CKaxeM
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nosnocy II, (puc. 92,6). flcwo, ut0 eciu UeHTP JepeBa pPacroJIOXeH
BHe noJoch 1i; (8 3TOM cayvae mbi 6yjeM LOBOPHTB, UTO ¢JiePeBO pacer
BHE TMOJIOCHD), TO JepeBO He 3a[eBaeT LEHTPaJbHONR JMHHH /i TIOJOCH.
A TaKk Kak BHYTPH yyacTKa HeJb3sl IIPOJIOXHTE TPOTHHKH Aaunsl 10,
He 3ajieBalomell HM ORHOrO JepeBa, TO BAOJbL JHHHH [, Hesb3st ykasHte
cBoGOJHOrC OT JepeBbeB OTpe3Ka LaHHE 10, 4To Gmuto 6b1 Heo3MoxKo,
ecan Obl 5Ta JHHHS Gbl1a pasfuTa JepeBbsiMH MeHbile ueM HAa 9 wacTei:
Befb Jake BOCEMb OTPE3KOB AjauHbl 10--cemp OTpeskoB AauHE!' 2
(mocsieniHee claraeMoe yKashbiBaeT MaKCHMYM JJIHHBL y4acTKOB JHHHHA Ty,
NPOXOAAIMX BHYTPH 7 [epeBbeB, pasbuBaiomux [, Ha 8 wuacreif) He
coctaBAT B cymme aauny 100 gawuuuw [,. [ostomy suyTpu nosoca I,
pactyT MHHHMyM 8 JepeBbes (pasbuBaromiux JuHHO [y Ha 9 uacreii).
Auanoruuno 3ToMy BHYTPU Kakaof us nogoc I, I3, ... , Iy Takxke
pacTyT He MeHbwe 8§ JepeBbeB, B CHJY Yero ofulee YHCJIO JEPEBLEB
Ha yuacTke He MomeT Obith MeHbuwe uem 50-8 =400, )

36. lycTe [—npoxojsimas uyepe3 LeHTP caja NpsiMast ceTH KBaipa-
TOB, B y3JaXx KOTOPOH MOcakenb! jepeBbsi, T -——TOuka nepeceyeHust 37oil
npsamod ¢ rpamnued caga, TU—orpesok xacarenbHol B Touke ~7T
K TpaHHle caja, AMelomuil AJaH- '
vy | (puc. 93). [Tlokamxem, uTO 48 49\
ecau paduycot r scex Jepesves cada  °  ° M 1/4
senowe 1]V 2501, mo eud ua 6e- 5.—&%‘ A 7
cedxu € nanpasrenuu BU wnuuen I 2 8 4748 49 &
He Gydem 3acrouer.

Scuo, yto Touka U JekuT BHe ' Puc. 93
caja u aBasetcs GnxkadmuM K T
y3J0M pemieTkd KBajpatoB; paccrosuue BU stoft Toukm or Gecelku
paBHO

BU=V BT?FTU?=V 508 - 12 = ) 2501.
Ho ecnm p—paanyc oKpyXKHOCTH ¢ LEHTpoM B Ganxaiiwem Kk B ysne ./

aysa BT, xacawvmeiica aysa BU, T0, B cuny nomo6us npsMo-
YroJbHLIX TPEYroJLHUKOB C OCTPHIM yrioM B u xatetamu p u TU, umeem

p _TU
‘Bl _BU’
T. €,
TU 1 1

= Bl. =1. —— = _—, :
e BU V2501 V2501 .
Tomy e papen paguyc p’ kacawomefica BU OKDYKHOCTH C LEHTPO
B GauxaiimeM K U ysne 49’ peluerkd, sBJASIOMEMCH UEHTPOM OIHOTO U3
nepeBbeB (cM. ToT Xe puc. 93). [Tosromy, ecaH paiuychHl BCeX AepeBbeB
MeHbIIe p=p’=1lym, TOo gHake Oamxkakmme k Jayuy BU pgepeBbs
¢ uentpamu I u 49’ we sagenyr nyua BU, orkyna ciepyer, yro, cMoTps
B 3TOM HanpaBJeHHH, HaGmozaTesb B GecefKe YBHAMT MPOCBET. :
HeckosbKO TpyJlHee [OKasplBaeTcsl, 4TO eCJu paduyc r ecex Oepesves
npesocxodum /gy, mo eud u3 Gecedxu Oydem noarnocmoio sacaonen. Ilycte
MN-—npousBoabHasa npsMas, [pPOXoAsmas ueped uedtp B caza
H llepecekaomas rpaHuuy caga B toukax M u N (puc. 94); mnokamewm,
uTO HH B HanpaBjeHHH BM, uu B HanpasjeHnd BN nHaGmonatenb u3
GeceAKH NpocBeTa He YBHJAHT. PaccMOTPuM NpsAMoyroJibHHK M N N,M,
co cpenneli aunvel MN- ¥ mupunoli- MiM,="2r; naomtagb sTOrO NpH-
MOYFOMbHEKa Oyaer : papHa MN-M;M,y==100-2r=200r, 1. e. 6yier
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Goavie 4 { uGo no yciosuio 7 > ) Ecnu mpl foKameM, 4YTO BHYTPH

npgMoyronbauka M, NyN, M, pacnonoxkensl no kpafineli Mepe asa OTVIMY-
HHX OT B M cHMMETDHUHBIX oOTHOCHTeJNBHO B y3na @, H Q, peuleTku
KR3JpaToB, TO IePeBbA C LEHTPpAMM B 3THX y3aax OyayT NepecekaTs
cpepuiol0 auHEID MN npsmoyronbHEKa (H00
' paguyc ! AepeBa pabBeH pPacCTOSHHIO OT CTO-
poi MyN, n M,N, npsiMoyrojleHHKa o nps-
Mot MN) u, ssaunt, Buj u3 GeceAKH B Hal-
pasiaennd BM (u B nanpasnenuu BN) Gyner
3acsoHeH 1).

MpennonoxuM, uto BHYTpH M N;N.M,
HeT HM OJHOTO Y3Ja pelleTKH 2) H paccMOTpHM
cucremy pasebix M N N,M, u mapamiensso
M N N,M, pacnoNIoKeHHBIX NPSMOYroJIbHH-
KOB, LeHTPaM¥ KOTOPHIX SIBJSIOTCS BCE «YETHBIEY
y3JIbl CeTKH KBaipaToB (T. €. Y3Jbl C YeTHBIMH
KoopauHarami; cp. puc. 95). Hu ogun us srux
NPAMOYTONbHAKOR HE MOKET HMETh O0IUX BHYT-
PEHHHX ToueK ¢ mpamoyrosbuukom MiN,N,M,.
B camom zene, nyetb npsamoyroisiux Ily ¢ HeHTpoM B HeKOTOpOM «ueT-
1oM» y3Jie Z CeTH KBajpartoB NepeceKaerT NpaMoyroJbHUK M N N,M,
u A;—ofwas BHYTPEHHSH - TOUKA ITUX MNPAMOYroJIbHHKOB, A’ —Tou-
Ka upamoyrojbHuka Iz, cummeTpHyHas ero Touke A; OTHOCHTENLHO
HeHTpa / 3TOFO TNpPAMOYTONbHHKA,  Ap—TOUKa MPAMOYTONbHHKA
M NiNy;M,, nonyuaomascs U3 TOYKH A’ upsmoyromsuuka Iz npu na-
paJsieJibHOM neperoce Ha Bektop ZB, nepesoaamem Ilz 8 MNN,M,
(puc. 96). Tax Kak npu 3ToM (B CuJsy CBOHCTB 11apaJlesbHOTO nepeHoca)
ZA' 3 BA;, 1o uerbipexyroqshuk A’ A,BZ—napannenorpamM; Ho 8
takoM cayuae ZAy 4t A,B, u notomy ueTepexyronbHuk ZA,BA; —Toxke
napaJjijiesiorpaMM; MOSTOMY cepeinHa S ero juvaroHand BZ sBasiercs
OZHOBpeMeHHo H cepeiuHol auarosansd A;A,. Ho cepenuna orpeska BZ,
COeNUHSIOWEro TOYKY B ¢ «uerHbiM» y3Jjiom Z, o0a3aTeqbHO TakKe sB-
JIRETCSE Y3JIOM CETKH KBaApartoB; cepeluHa oTpe3ka A;A,, coepunsiomero
touku A, u A, npaMmoyronbiuka My;N,N,M,, caMa NpUHANIERKHT STOMY

1) Hua Toro urobbl CAefaTth 3TO PACCYXKACHHE COBCEM TOUYHBIM, HAJ0
eme yOeAuTbCs, YTO y3iasl Q; u Q, CeTKH KBajpaTOB He MOTYT pacroja-
ratbcsl BHYTPH npsamoyroapiuka M;N N,M,, Ho BHe capxa (B stoM
ciiyuae 3TH yajbl yke He GyAyT nenTpamu nepesbes). Ho Jjerko nonsts,
uro caMulll GAU3KHUE K ueHTpy B cana «sHewnufi» ysen Q pewerku
KBa/paToB PacHOJOXKeH oT B Ha TakoM paccrostud BQ, uto BQ?= BQ3--
+ QQ?=u?4-1?, rreuuv—ie n b e udcna v BQ > 50, 1. e. BQ® > 2500;
TaKHM Y3JIOM SIBJISETCA paccMaTpuBaBiumiics Buime yses .U (puc. 93),
ans kotoporo BU?2=2501 (u6o 2501 -—3To HaHMeHblliee HeJOE YHCJIO,
npesniwaiomee 2500). C apyroit cToponbl, camas janekas oT B rtouka M,
npamoyroabuuka MN N, M, ynanena or B Ha pacctosuue BM,, rae

BM?=BM? 4 MM?2 =502 -2 < 2500 —l—m < 2501, orkyna u caeny-

er, 4To BHYTpH M N;N,M;, HO BHe caja y3JOB pelIeTKH HeT.

2) SflcHo, -4To” €can npamoyroisHuK: My N NoM,y conepxuT ogun yaen
pPereTKH KBaZPAaToB,: TO OH "COJEPIKHT H BTOPOH y3eN, CHMMETPHYHEIL
TIePBOMY OTHOCHTEe/LHO LEHTPA. IPAMOYIOjdbHHKA (UeHTpa caja) B. :
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npamoyrosbaiky. Takum o6pasoM, ecaud NpsIMOYTOJNbHHKH M N NM; u.
I; nepecexatorcs, To NpAMOYroabHUK, M;N,N;M, cogepxur ysen
CeTKH KBajpaTOB, YTO, OJHAKD, MPOTHBOPEYHT HaieMy NPEeANONOKEHHIO.

12
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Puc. 96. = ‘ : Puc. 97.

Touno Tak »Ke ycraHaBauBaeTcs, YTO HHK @K HE JBa M3 NOCTPOSHHBIX
HaM#l NPSIMOYTOJILHHKOB HE -MOT'YT HMeTh OBMHX Touek.

. PacemorpuM : temeps  kBazpar: K ¢ mentpoM B u croponofi 2 u or-
METHM 4aCT# BCEX NOCTPORHHEX mpaMoyrodphukos g, 1z, M, ...

“(tpe B, Zy, Z,, ... —BCEBO3MOXKHBlE UETHHle Y3Abl pelleTKH; B
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4acTHoOCTH, npaMoyroabhuk Ilg = II—cam npsaMoyroabeuk M;N,N,M,),
pacnosio:KeHHule BHYTpH KBRagpara K (puc. 97). S$lcHo, uTo, -CcKaxeM,
yacte mnpaMoyrodsiuka Iz, =II; ¢ uentpom Z;, Haxogawascs BHYTPH
kBappara K, B TOUHOCTH paBHa uacTH npsMoyrodbHuka M;N;N,M,,
pacnoJIoxKeHHO# BHYTPH Kpajpata K,, KOTOpHH moayyaercs H3.KBax-

para K napanjennHbiM nepeHocoM Ha BeKTop Z;B (3TOT mepeHoc nepe-
poxut npsamoyroeeuk II; B npamoyrospnuk II = M,N,N,M,). Tagum
00pa3oM, BCEBO3MOXKHbBIE UYacTH TIOCTPOGHHHIX npsMoyroabHukoB II,
N =I,, Il; =1l,. ..., pacnojoxesHsle BHYTpH KBajpara K, pasHsl
(pasayMeercsl, pasJHYHbBIM) uYacTsM npsMoyroapuuka II= M;N N, M,,
pacnoJioKeHHbIM BHYTPH (Henepecekaromuxcs) ksajapatos K u Ky, K,, ...,
noJsyyaeMuiM H3 KBajgpara K napaisieibHBIMH [epeHOCaMH Ha BeKTODHl

ZB, Z,B, ... Orcioga chefyer, 4To CcyMMa IJowafeii Bcex uacTelt
npamoyroabrukoB 11, IT,, II,, ..., pacmonoxennnx BHYTpPH K, paBHa
nJowan npsMoyrodbHuka M N N, M,, T. e. Goabite 4. A TaK Kak
njomais kBaapara K, oueBHAHO, paBHa 4, TO HocjelHee 0GCTOATENLCTBO
NPOTHBOPEYHT YCJHOBHIO O ToM, UTo npsiMoyrojbunkd Ip, Iz, 1iz,,

nonapHo He mepecekaiorca. IloayuedHoe HpOTHBOpeuHe H AOKAasHBaeT
OMKOOYHOCTE MPEANOJNOKEHH O TOM, uyTO mnpsMoyroabHuk M NiN,M,
1€ COJEpMHT BHYTPH cels OTIMYHHX OT B y3NOB CeTKH KBajpaToB.

37. Bynem npexacrapasith cefe Hapk B BHAe H300paxKeHHOro Ha
pHuc. 7 npsMOyroJicHHKA, TOPH3OHTaNbHAs CTOPOHA KoToporo pasHa 400 x,
a sepTukasbHast— 300 a; Mpeano/oKUM, YTO NYTHHK BBIXOAHT U3 JeBOrO
HHMHero yrga A mnapka H NPOXOANT B HaNpaBJeHWH C IOFa Ha CceBep
300—y » no AOpOXKKaM, a4 OCTajbHble Yy M— IO CHEry; TakKe ¢ 3anaja
Ha BocToK OH npoxofuT 400—x » no HOpoXKKaM, oOCTaJbHBE X M-—00
cHery: (pac. 7 MBl paccMaTpuBaeM Kak reorpadnuyeckyio KapTy, OGBIYHHIM
00pa3oM OPHEHTHPOBAHHYIO B OTHOLWIEHHH uacteit cpera). [lepectaBHM
Tellepb yYacTKN JIBHXKEHHS NyTHHKa TakKHM o6pa3oM, 4ToGn OH cHauana
npowen 300 —y x c ora Ha ceBep nO rpaHHile napxka, 3aTeM cobepeMm
BCE y4YacTKH, KOTOpHle NYTHHK NPOXOAMJ MO CHery, H, Haxosen, 400—x u
nyTH 10 JOPOXKKaM (MO FpanuUe Napka) c 3amaja Ha BocToK (puc. 98, a, 6).
Tak Kak 10 CHery, OueBHAHO, NYTHHKY HeJiecooGpas3Ho UATH MO MPSIMOH,
TO HaM JOCTATOYHO PaccMOTperbh H306paxeHHuH Ha puc. 98, ¢ nyte AKLC
(KoTOpPHIA MOMXKHO 3aMeHHTb NyTeM OGoJiee CJOXKHBIM, HO pPaBHOLUEHHBIM
B OTHOWIEHHH BpeMEHH, IepeCTaBHB CHOBA Y4YacTKH, UPOXOAHMEE IO
JOPOXKKaM H 1O CHETY, B KaKOM-1M60 HHOM nopsgxe). IlpH sToM Tak
KaK Hac HHTepecyeT JMIIb TO, KaKOH MNyTh MNpoiesaH MO [OPOKKaM,
a KaKoif Mo CHery, TO Mbl' MOXeM CYHTATh, uTo Ha puc. 98, 8 KB =
= y << x= BL: B npoTHBHOM cayuae MBI 3aMeHHM TpeyrosnHuk KBL (me
H306pakeHHbIM Ha pHC. 98, 6) CHMMETDHYHEIM €My OTHOCHTEJbHO GHCCeK-
Tpuchl yrsia B TpeyroasnikoM K'BL’, yTO He U3MEHUT HH BeJIHYURY NPOXO-
~ [HMOIO MO JOPOKKAM MyTH, HH BEJHYHHY IYTH, DPOXOAHMOTO HO CHErY.

O6o3unauum sennuuny KL(= ¥V x®+ y?) uepes a, a / KLB—vuepes a
(roe o << 45°%). Torga KB=y=asina, BL=x=acos &; N03TOMY NyTh
no orpesky KL u no croposam KB, BL tpeyronvuuxa KBL 3anumaer
COOTBETCTBEHHO BPEMS a4/t MHH. M

acosa-asina  a[sin (90°—a)-tsina]
v o v - :
__2asin 45° cos (45°—a)  a }/ Zsin (45°-+a)

MHH,
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L T=

(ckopocTh H3MepsieTcss B M/mun). Taxum- o6pasoM, BHIHLPHII BPeMeHH
npr 3ameHe jomanofi KBL orpeskom KL papeH

aV2sin(4°+a) a _
v u

=a[ ¥ Tsin (:5°+oc) _L]MHH. (¥)
Ve

Tak xaxr sin (46°+-a) < I, T0 npu %;T, wi v:uz= V2, mu 6y-

JeM HMETbh 1:<0, T. €. BBHTajgarTs BpeMf, WMarag NIO CHEry, HeJdb3d:

A=

g : - [‘EME 8 <Z’———’>V/5. /VZ o=H,
[ V / /r

camoe uesecoo6pasHoe JJIst NYTHHKA—3T0 wudmu u3 A & C moaeko no

M /
N/ ",

%T
]
4
N

A
&
S

S
\
~
N
\\‘
™
N\
N,
\\
\\ N
N\
\,

! , 4

/// y /:// Ad
Ve ‘ y Z

A - A 2

b, 2 2)
Puc. 98.

aopoa/acd)n, ckaxeM no nyti ABC. [3amemM, qro ecau viu = V 2, 10 Ge3
NPOKTPHIIa—HO U (e3 BbIHIphIIIal —BpeMEHH MOXHO «CpesaThb» yroa B,
WId o Alo6oMy myTH AKLC, rpe KB=BL n / BLK=45°] Ecau

)Kev-l—lt— < Kf—, e vu<Vg 10 yroa o <5 45° MoxkHO mogo6path Tak,
V 2sin (45°+a) | 1
>

Jomanoi K BL orpeskom KL Mbl noJiyinM BRIMTPbIL (¥) BpeMeHd, Npudem

4TO MBI 6leEM HUMeETbh npa 5TOM TMPH 3aMeHe

- (upH (GHKCHPOBAHHOM 3HaYeHHH ¢t!) 3TOT BHLIMIDHIL T GyAeT TeM GoJibiue,
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yeMm GoJiblie puHa @ orpeska KL (cp, orpeskun KL u K"L" na puc. 98, 6).
Takum o6pasoM, HanGomee BLrOfHLIM u3 Beex nyredl AKLC Gyaer nsoé-
paxeHHH Ha puc. 98,6 nyts ALC.

TepeifinemM Teneps K CpaBHEHHIO BceBosmmxuhlx nyred tana ALyC.

Nyctn LO——TaKaH TouKa ayua BC, lx'ro L % —cos Z AL.,B:%; pasy-

u BC 4
MeeTes, ecu— > —R=z, T0 974 TOUKa OyHer pacmoJiaratbCsi He Tak,

KaK 3T0 nsoépax(eﬂo Ha puc. 98, e, a Ha npono/kenun orpeaka BC 3sa
Toury C. Mn yrBepxpaem, uto ecau Ly i Ly — a106oie mousu ompesra BLg,
nputes BLy < BLy (<< BLy), mo nymo AL,C 6ydem sotz00nee nymi ALC,
ecai we Ly u Lo— mouru ompeska LoC u BI, > BL, (= BL,), mo nymo
AL,C 6ydem 6vi200Hee nymu ALZC . B camowm jpene, omyctuM u3 TOUKH Ly
nepnengukyasp L,P nva npamyw AL,; torpa

AP < AL, n 1143];42 =cos / AL,B<Ccos £ AL, B~———
1le
e e Pla iy
u v

OTKYA2 M Caepyer, u4to Ha nyte APL,C TPATUTCH MEHbIIE BPEMEHH, YeM
na myts AL;L,C. AnaJOrusHO STOMY, ecqu L,P o P —nepnenpukyasp, ony-
WeHHbH W3 TOuKH L, Ha mpamyio AL, To

LP _ o5 J TP = cos 4 ALB >

1~2

AP < AL, n

L,P - LI,
4

=cos AL B = % , T. €. R
¢ Apyroif cTOpoHH, eciu Q — TaKas TouKa otpeaka ALy, uto L,P {| QLy | ALy,
10

AL, < AQ u QL, > L,P, a suauur, lel;z <—L—Zli < %,

OTKYJAa BHITEKAeT, 4To NyTb A—L_llTZC npoxoautcs 6wictpee nytn AQL,C.

U —_—
OKOHYATeJILHO UMEEM: ecnu;_} V2=1,41 wes, MO NYMARUKY cae-

Oyem udmu moabko no JOPONCKAM, U OH 3AMPAMUM HA NYme
AB-+BC 700
—— " == —— MHH
v v

ecau 1,41 ... = V§>%; 3—: 1,25, mo nymnuxy evi200nee ecezo udmu

no usobGpascenromy Ha puc. 98, & nymu ALC, ede cos /£ ALoB=—Z—,

300 V v2—u?

T, e, sin /J AL B—AL p” , K, 3HAYUT, .
dOOv 3004
ALy= ——— BLy=ALycos / ALBy =—rc—-,
o=y 0 0COs L T
LyC —400— 204
y vi—u?
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a CEJOBATEIBHO, AYMAUK BAMPAMUM Ha 6ect Rimo _ o
ALy | LoC 3000 400 300 u 400~ 300 (02 —u?)
—_— + = = — —_———
u v u sz'_ 02 v v Vv_z—ua v wV Py

400 2,2
:_v_+ 300 Vv u —
uy .

v 5
HaKOHeL, ecau —- <T:1‘25’ mo nymuuky evieoOuee scezo udmu no Oua-

eonaau AC napka, u ox sampamum HQ nymo
AC 500
= =-—— MHH
u u

v _
B uactuocTH, ecau P ]/2, TO DYTHHK MOXeT UATH N0 NW60MY

nyta AKLC (puc. 98,8), rie a=45% npu s1oM (He3aBHCHMO OT BBIGOpa

touku K Ha orpeske AB!) oH 3aTpaTuT Ha NyTh @:M —{—? MHH.J

[Ipumevanue. Dra 3ajaya AOMNYCKAET HHoe, 00jee TEOMETPHUHOE
peteHye, KOTopoe MBI 3jJech TOMBKO HameTHM. [lpenitosoxum, 4TO BHIXO-
AAIME K3 TOUKH A TYTHHK MONKET NBHTaTthCs B Hanpasnedus AB unu
AD ¢ KakoH#-TO CKOPOCTBIO U (3[leCk MBI OTBJEKAeMCS OT [OJIOKEHM]
JIOPOMKEK Ha TEDPHTOPHH HAapKa), a B JIOGOM [DYroM HANpPaBJIEHHH —C
meHbiielt cxopocTbio #. Torja po Toukm M (x, y) (rae ocn Ax u Ay
coBmazaT co croposamd AD u AB npsamoyroisuuka ABCD) on moxer

[x1-H19]
14

Jl,OﬁTI/I 3a H. TI0 OpAMBIM, MNapadjelibHbBIM OCsiIM KOOpAH-

ENPrY
Hat AD n AB, unu 3a—£§7_-+_—y— MHH. T0o oTpe3sky AM; nostoMmy 3a

Puc. 99.

speMst 1 (MHH.) OH MOXeT AOCTHUTHYTb J/MoGOH Touxku ¢urypm @, noay-
YeHHOH oObeJUHEHHeM KBajpara ¢ HeHTPoM A, 06pasoBaHHOTO YeTHpLMA
NpAMBIMH | x [+]y |==v (AMaroHaau 3TOro KBajpaTa COBNAJAIOT C OCAMH
KOODIHHAT M [0 BeJHYHIE paBHH 20) H Kpyra C umeHTpoM A ¥ pagu-
ycoM u; ata durypa usobpaxena ua puc. 99, a,0 oTAedbHO Ajsa cay-
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vV'2

2

) vl 2
=U > ‘2[ :
durypst @y, nosdyuaeMoil u3 @ paBHOMEDHBIM pacuiHpeHHeM (FOMOTe-
Tuel) ¢ uenrpom A u kKoxpduumentom f. 3ajaua COCTOHT B BHIICHEHHH
Toro, npu kaxoMm ! gurypa @ Bnepsnie Kocuercs Touku C; 31eCh CIY-
uaii kBagpara @ (puc. 99,a) aeasercs GoJjiee NPOCTHM, a B chayyae:
durypet @ puc. 99,6 HaNO elle JONOJHMTELHO BBIACHUTh, KOCHETCS JIH
¢urypa @; Touku C <OKPYIJoH» MM YrJOBOH» YaACTbIO CBOEH TPAHMLEL

YaeB © << (KOTAa KPYr LEJMKOM NPRHAMJIEMHT KBaAparty) H uZ=

. 3a spems { HyTHHK MOKET JOCTHTHYTH JOGOR TOuKH

38. OGosHauuM (nepeMeHHYI0) TOYKY BHYTPH KBajipaTta, B KOTOPOH
B KAHHBIA MOMEHT HAXOAHMTCS BOJK, GYKBOH#l B, a TOUKH IlepeceveHud C
KOHTYDOM KBajparta NpOXOAAUINX yepe3 TOouKy B NpaMblx, Napajlielb-
i + . HpIX guaroHaasm CYCY c;’cf; KBajpa-
53” s Ta— uepes C,, Cy, C3 u C, (puc. 100).
N 7 Ecan B’ — ormmunoe oT B (so Gansxoe
\\ 7 f K Bl!) nonoxenue BoJIKa BHYTPU KBaj-
\\ Ve 4 para, a C; — TOUKa NepeceyeHHs Ipo-
xonsmedd uepes B’ npsmoit C;Cs || C1Cy
C TOH CTOpOHB! KBaJpaTa, KOTOPOH NpH-
/ HajtexuT Touka Cy, TO M3 H306paxen-
N ‘Horo ma puc. 100 Ttpeyroawuuka BB'C
4 0 \\ (roe B'C #C,C,) umeem
RN N B'C sing/B'BC
; Z - 2 BB’ " sin45°
Gt T G~ G =G = ¥V Zsin /B'BC<VT< 15,
Puc. 100. a CJEJOBAaTeNLHO,
€,C1=CB’ < 1,5-BB'< 1,5-YBB'.

Tlostomy 3a To BpeMs, B TeueHHE KOTOPOrO BOJIK IIEDEMECTHTICA #3
nyHkTa 8 B nyHKT B’, Haxolsmascd B Todke C; co6aka CyMmeeT mepe-
Gexath B Touky C, 1); 3HauuT, co6akH, B HaYaJbHbHIH MOMEHT HaXogs-
muecs B BepumHax C3, cs, Ctu c! KBafpaTa, MOI'YT Bce BpeMms
aanuMaTh nonoxenus C;, C;, Cy m C,. CrnenoBaTelsHO, B TOT MOMEHT
KOTJa BOJIK A06€XKHT A0 IpPaHHLL! NoJas, B TOH e TOUKE 06i3aTe/bHO
OKaXyTcH Ose coGakH, KOTOpHE He BHIIYCTAT BOJIKA W3 NMPEAEJOB MOJS.

= S
Vd
&
§A
N\

1) Hetpyauo BHAeTb, uTo ecad 7 ecTh TOUKA MepeceyeHHs CO CTO-
poroit C3CY KBanpara mposeleHsof B Touke B Kk Jmuuu BB’ kacatens-
HOH, @ Ug H Ur—COOTBETCTBEHHO CKODOCTH NepeMeniaiomeficss No JMHAM
BB’ Touku B (BoaKa) M. JBHraiomefics no CTOPOHe KBajpara Touku C;

(cobaku), TO in / TBC
=5n L=V 9sin /T .
= S BCLT B V 2sin £TBC, vy < 1,50

OTCIOA8 H BHITEKAeT, 9T0 COOAKR MOryT IIPeciefOBaTh BOJIKA, He [OKH-
Jiasi COOTBETCTBYIOILKX KaXAOMY. NOJOXeHHio B. BoJika 1ouek C;, €,, Cy
i €4 nepudepun. KBajpata: (uoas). . oo - S
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39. a) O6GoanauuM uepe3 o yrosa Mexay KypcoM kopabas K, H (no-
CTOSIHHBIM) KypcoM Kopa6as K, B KaxkoH-To MOMEHT BpeMeHu {; ACHO,
YTO C TeYeHHeM BpeMeHH yroJ o 6yjer MeHAThca. B MomeHT ! KopaGib
K, npuGauxaercs k¥ K, CO CKOPOCTBIO U; 4TO Xe Kacaercs kopa6ns Ko,
T0 OH ypaasercs or K, B Hanpasienwr K K, co ckopoctbio ucos @
(310 ecTs npoekuus cxopoctd K,T, xopabas K, na nanpassenne K,K»;
cM. puc. 101); rakum obpasom, cOanikeHHe KopabJeill B MOMeHT ¢ npo-
HCXOJNT CO CKOPOCTHIO U—0VCOS =10 (l— €OS @), W C TeueHnem Bpe-
MeHH, [0 Mepe TOr0 KaK YroJ o YMEHBINAeTCs, CKOPOCTh COJIHMKeHHS
KopafJseli CTAHOBHTCS BCe MeHble. 3aMeTHM Telepb, 4TO npoexuus P
xopabas K, nra nyts [ kopa6ns K, «mpecnelyer» Kopabab K, co CKo-
pocTeio v cos ¢ (3T0 ecTh NpoeknHs ckopoctd K,T; kopabas K; Ha Ha-
npasyeHue npsamofi [); kopabae ke K, ypasasercs or Toukd P co cko-
pocteio KyTy=v. Takum obpasom, orpe3ok PK, yBenuumsaercid ¢ ToOif
*e CKOPOCTBIO U—v cos =0 (1 —c0s @), ¢ KaKoil yMeHbIIAETCS PACCTOS-
HHe Mexay KopalJsMH, OTkyia caenyer, uto cymsma KiK,-+ PK, ece
apems ocmaemcs nOCMOAHHOU —oOHa paBHa d, n6o d paBHa 5Ta CyMMa
B nepBoHayaJbHEI MoMeHT (puc. 8). Uem Onmke noaxoiuT Kopabab K;
K npsaMo# [, Tem GoJsiee OJH3KHMH APYr K JAPYTy MO BeJHUHHE CTAHOBATCH
orpesku KK, u PK, (npuuem KK, Bcerja G6oabme PK,). Takum
o6pasom, paccrmoanue KK, sce spema ocmaemca 6oavuium d/2; oanaxo
C POSImOM t OHO HeOZPAHU4eHHO NPpubALICAemCs K dj.

6) Ilycts K; u K, —nonoxenua xopabiel B MOMEHT, KOTJAa pac-
CTOSIHHE MEXAY HHMH JOCTHTAeT HOUMEHbUE20 BO3MOKHOIO 3HAYeHHs!
(puc. 102, a). Scuo, qTo Kopabus K,
npunJell B NyHKT K; 1o mpsamo-
nunefinomy nytn K;K;: B mportus-

HOM CJTy4ae OH MOT Gbl COKDaTHTH Bpe-
M MYyTH, ABUrasick 10 OTPE3KYy
K.Ky. Bojee 10ro, ecTeCTBEHHO Cui-
TaTh, uTO Kopabab K mpHNJbBaer B 4
nyukr K, mo mpsMoii K;K;, no-
CKOJILKY ecai 6B 2eJ10 06CTOsAJI0 He
TaK, TO KanutaH kopabnas K; mor 7

6bl, BHIOpAB CCaMOTO Havaja Mapii- 7 A
A F z/casw%%g{\/
L)

A .
pyT KKy, npubanaurscs K Ky Gau-
e, YeM 5TO NPOH30ILINIO Ha CAMOM JIefe

{em. puc. 102, 6, re KgK;=K‘1)K;, Puc. 101.
H TOYKa K; 6anxe x K, uem TOY-
ka K;).

O60anaunM yrosl MeXay MpsMBIMH KIK{ H KQK;EI uepes o
ecan yroa Mexay npameiMH KyK, u I paser o, rie K; u K,—nonoxe-
HHSL Kopalseft B KaKOH-TO MOMEHT BpeMeHH f, TO CKOPOCThb & cos (&' —au),
¢ Kotopoii Kopabae K; npuGiHxKaercs B MOMEHT ! KO BTODOMY KOPaGJio,
J0/DKHA GbITh GOJIbIIE CKOPOCTH U COs ¢, ¢ Kakoli K, B TOT Xe MOMeHT
yaaasiercss ot Kj, mpuueM TaK JQOJKHO OHTh B JIOG0K MOMEHT BpeMEHH
Io MOMEHTa #, Mpuxcja KopaGueil B nysrta Ky u Ky (kopabam c6an-
KawTCA); OHA JomkHa OHTh paBHA CKOPOCTH UCOSG’ B MOMEHT £,
Korga o'=a (KopalmH nepecTajH CGIHXaThCA); ~ HAKOHel, CKOPOCTH
ucos (x—a') pomxna OhHTh MeHbIe CKOPOCTH UCOS @' B MOMEHT f,
Aedyiomnii 3a fp (kopaGiM HauaJH YJaAATLCA OXHH - OT  HPYroro).-
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Orcioga nonyuaeM (pic. 102, a):
e U
=ucosa, T.e. cosoc:—;,
4TO H Ompejenser Kpr Koropun no.nx(eﬂ BHIGpAaTh KaNKWTaH Kopa6.rm l(’1
0
Tak kak nyru K1K1 H K2K2 (rze A, W Kz—vucxogﬂoe no.nmxeﬂ_ne

I
4G #
AN N~
<,
! \\\ /( 7
¢
a N ’
VN d
v
,‘\ \\
L [ f\ \ v @« . , 7 _
Az Kz A, A
a)
Puc. 102,

kopabaeit K; u K,) Kopabau npouii B OJRMHAKOBOE BpeMsl, TO
07" 07
K K K 0 4 0 ’ u 0, .
-15&2——2——2, T. €. K1K1 —_——Kg Kg' _:KgKg cos .,
d
A Tak Kak, ouesunuo, K Kz:sxToc n K3 Kz—d ctga, TO OKOHua-
TeJBHO I0JydaeM

’ ’ ’ d :
, 0 0 _
KlezKle—KlKlzm_d Ctg(Z'COS a.—SiD =

2 gr
=dsina=d Y 1—cos?ot=d l/1—<i‘-> Hd_l/_v__“_

(I—cos2a)=

v

40. a) He moxer: 711060 i nyTe AB NPOTAXKEHHOCTbIC MeHble 4 He
TapaHTHpyeT BHIXOa H3 Jeca. B camoM feJse, NMpPeAnoIokKHM, 4TO MECTO-
HAaXOXJleHie TYpDHCTa M BHIGPaHHOE Ha-
npaB/ieHHe [BMXKEHUS B Hauane NyTH
OKasaJ/HCh TAaKOBHl, YTO CepeliHa JHHUH
AB cosnagaert ¢ yentpom O geca. B stom
cayuae pacctossHde OM or moGoit Tou-
ki M smuun AB jno uentpa O Jeca
6yfeT MeHbile pajuyca d;2 Jeca (puc.
103) — u aunns AB GyjeT ueJHKOM mpo-
XOZHTb BHYTPH JIECA, TaK 4TC BHXOAA
U3 Jeca TYDHCT He Hafijer.

6) Moxer. Ioctymmm, HanpuMep,
TaK: BBRUANA H3 ToukM A, npoillem
npaMojuHelHut  nyth AB=d; 3a-
Puc. 103. Tem ommweym zyry BC OKpyXHOCTH S

¢ uenTpoM A u pajmycom d, paBHyIO 270°( ==—2-J'l2> ; TIoCJ1€ 9TOTO Npoilz

Aem nyTb CD=d 1o Kacatembholl & oxpyxmocm "S B Touke C
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(puc. 104, a). HetpyaHO BHIETh, YTO 3TOT NyThb OGJIaZaeT TeM CBORCTBOM,
YTO Bce TpsMble, yialeHHble OT Toukk A Ha paccrosinue d (Bce Kaca-
TeJbHEIE OKPYXHOCTH S ¢ HeHTpoM A H pajguycoM d) UMEIOT € HEHM
obmne Toukd. Ho rpaunneét jeca sBagercs ofHa U3 3THX TNOCNENHUX

© Puc. 104.

npsIMBIX, TO3TOMY, Aurasick no nyth ABCD (puc. 104, a), mbl HaBepHoe

Hafijiem Bhixon ux Jeca. Janua xe nyru ABCD papua

AB+ VBC—}~CD=d—|—%nd - d— <2+—§~n> d~6,71d < (1 4-2m) d
(= 7,28d).

IIpumevanne. VYkasauusil nyrs ABCD MOXHO 3aMEHHTh elle
Gosiee KopoTKuM. [lnst sToro mpofifeM cHayana B JMOGOM HaNpaBJeHHH

2V'3

nyte AB;= d; satem no kacaTespnolt B;C; K OkpykHOCTH S

¢ uentpom A M paguycoM d BHIHZEM Ha OKpYyXKHOCTB S B Takoil Touke Cy,

yro ~ BC,;==30° rge B—rTouka nepeceueHHss orpe3ka AB; ¢ OKpyX-

HOCTBIO; 3aTeM mpolifiem Ayry C,;D; oxpyxHocTH S, B TpajycHOM u3Me-
A

pennn pasuyio 210° { nau 3 :rc) ; haKownel, npoiaem no orpesky D1 E =d

KacarelbHOH OKpyXKHoctdu B Touke D, (puc. 104,6). Herpyauo sugzers,
uto nyte AB,CiDE Takxke BCTpeuaeT Bce KacaTe/bHbIE K OKPYKHOCTH S
H, CJeJlOBATEJbHO, 00s3aTe/IbHO BHIBENET HAC H3 Jeca; IJHHA K€ 3TOro
nyTH

ABI+5101+V01D1+D1E:2—3V—3d—}— —V;-d—}—%—nd-}-d::
:(1—]—V?T+%n>d::—,6,40d

MeHblie JJIHHBI 2—}——3— n) d nao6paxenHoro Ha puc. 104, a nytn ABCD.

Hx. P. Mcoenn [42] noxasan, uro H3oGpamenHuik na puc. 104, 6
nyts AB,C,D\E sBnserca xpamuatiwus u3 BceX nyTeHl, B yCJHOBHAX
sagaun 40 6) rapaHTHpYIOUHX BHIXOJ H3 Jieca.

41. a) O6o3naunm wepes K kpyr papuyca 1 (km) c uenrpom O;
JIIIL HAaXOASIChb B STOM KPYre, KaTep JAOJKEH ONacarbCd DPOXKEKTopa.

5 n. 0. Wkaspexsd n ap. 129



SlcHo, uto Ka-r%)y BHIrOJiHee BCEro mepecedb rpanuuy S kpyra K B ka-
Ko#-To Touke A HEMOCPeACTBEHHO IIOCJE TOro, KaK JydY HPOKEKTOpa

4
B . = R 3a ., KOT
MuHOBaA TOuKy A, Ecan v < g (Km/mur), 10 1'/4 MuH., KOTOpHIX

JOCTaTOYHO JAJIsl TOro, 4TOORl MPOXKEKTOP Cche-
A foAHbIA TOBODOT M JOTMOJHHUTENbHO OC-
BeTHJ elle OJMH KBajgpaHt Kpyra K, Karep
He ycrieeT MOJOHTH K OCTPOBY: OH OymeT Ha-
XOJUThCA TAe-TO BHYTPDH KPyra & ¢ LEHTPOM
A 1 paguycom 7 < 1 (cm. puc. 105, Ha Ko-
TOpPOM 3alITPHXOBaHA ofwiasi yacte @ Kpyrom
K u k). B T0T nmepuon, xorja Jyu NPOKEK-
TOpa mosepHercs or nonoxeHusa OB jpo moJo-
xwenus OC W «OpocMOTpHT» BCio obOaacTh @
(puc. 105), katep Gyzer oGHApYIKeH.

6) 3ameTHM mpekIe BCero, UTO ecau KaTep,
HMeIOmul CKOPOCTh v, TIONAJIeT BHYTPE KPyra #

Pnc. 105.

14
C OEeHTpOM On pazpycoMm p:—iﬁ- , TO JaJee oH

MOXKET CuuTaTh ¢e6A B 6e30NacHOCTH: Bellb JIYU TIPOKEKTOPA TIePeMELLaeTcs
N0 TPaHHLUE O KPyra % CO CKOPOCTBIO 2Mp==U (KM/mlit), T. €. CKOPOCThb
NepeMellieHHs Jyya BHYTPH KPyra X M@HbIue CKOPOCTH Karepa, KOTo-
puiii MOXKeT, ABHrasch BCe BpeMsi BMepeis Jyua, OJHOBPEMEHHO NpH-
Ganxkateca K ocTposy. Takum ofpasoM, safiaua kaTepa COCTOMT B TOM,
utoCbl yCIeTb, OCTaBasCh He3aMEUeHHBIM, IPOHHKHYTH B «Kpyr Gesonac-
HocT®» %, [3a04HO MH NOJYYWJH, 4TO ecanm p==1, T.e v=2n
(== 6,28 xm/mur) m Kpyr % 3akJoyaer B cee kpyr K, To Karep CMOKeT
nomnacts Ha ocTpoB, He Byayus obHapy-

3KEeHHEIM. ]
Tlyere AT —ta H3 ABYX NPOXOAALMX

yepes TouKy A KacarTebHbIX K OKDYXKHOCTH

0, Ana Kortopoii Touka T ee Kacauusi ¢ G

NIPOXOAUTCH JABHTAIOMWUMCH OT  [OJOXKe-
nug OA  JydoM TpOXKEKTOpa paHblle, 0

ueM Touxa 7T';, TpUHAJJeKawas BTOpof

xacateasnofft AT, (puc. 106). Mwu yr1-

BepKAaeM, UTO Kamepy 8vieo0Hee 8ce20

nasime K kpyey w no uanpasaenuro AT,

B camMoM lene, ecam KaTep  MOXKET

He3aMeueHHbIM TIOJOATH 'K G 1O H30-

6paxennoMy Ha puc. 106 nyru AP, 10 Puc. 106

OH MOXET He3aMeyeHHLIM J06paThCs H RO ' )

ToukM T, EBHrasich CHauaJa no nyru AP,

a 3ateM 1o ayre PT OKPVKHOCTH O (HANOMHHM, UTO IO OKPYNKHOCTH O
Karep mepeMelnaeTcss ¢ TOH Ke CKOpPOCTBIO, YTO H JIyY IPOXKEKTOpa); HO
nyte AT xopoue nyts APT, Tak urto, jgsurasch no orpesky AT, xartep
opuger B touky T Obictpee, ueM nsurasch rno nytu APT. Takum opa-
30M, u JZsurasace no nyra APT, n psurasuck no (mpsaMoJmuelnomy)
nytd AT, karep npuzer B Touky T B DNpPOMEXYTKE MEXIY NepBHIM
MOMEHTOM, KOI'la 8Ta TouKa GyJAeT OcBeul€Ha BpaHIAOIIAMCSH, HAYHHAA C
nonoxenus OA, JyyoM NPOXKEKTOpPa, H BTOPHIM MOMENTOM COBIIafeHHS
Jyua npoxkektopa ¢ OT, Ho econ ayy npomekropa, B TNepBHll MOMEHT
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sneperonsionuii> Haxolamutica B Touke A xarep (HalOMHHM, 9r0 BHe
‘Xpyra ® YyraoBad CKOPOCTh ABHXEHHS HPOKEKTOpa NPEBOCXOJLHT
YraoBYIO CKOPOCTb Katepa), He ycneBaeT A0 NPUXOLa KaTepa B Touky T
CHOBA «HOTHATb» €T0, TO ¥ Ha BCeM nyTH AT (KkakoB 6H HH GBI 3TOT
nyTe!) KaTep He 6yieT OCBEIIeN NMPOKEKTOPOM: B CaMOM jeJe, NOCKONLKY
BHE % YrJIoBas CKOPOCTh NpPOXKeKTOpa GoJblie YRJIOBOH CKOPOCTH Karepa,
TO, «IIeperH#aBy KaTep B KaKoH-n1uGo npomexyrounoi touke U nyru AT,
IPOXKeKTOp fasee Ha BceM octatke UT IyTH GyAeT HAXOLHTHCH «BIIEPEIH»
Karepa, B TO BpeMsl KaK Mbl NPENNOJOXKHIH, 4TO B MOMEHT MNpPHX0AA
Katepa B TOUKy T DDOXKEKTOp HAXOLHTCA «C33Ju» ero. AHAJOrHuHO,
€CNIH KATep MOXET, OCTaBasick HeOOHAPYKEHHBIM, N06paTtbCsl 10 OKPYX-
HOCTR ¢ N0 H3o0paxkeHHOMYy Ha puc. 106 myru AQ, To on Tem Goaee
CMOXeT, He 6yAyuH OCBeleHHBIM, IONacTs B Touky Q mo Gosee KopoT-
KoMy nyte ATQ, cocrosimemy us otpeska AT u gyru 7Q okpyxHOoCcTH G 1))
HO 3TO 3HAYMT, 4TO ¥ B TouKy 7 Kartep no otpesky AT mnpuier Heo6-
HapyKEeHHbIM.

Takum o6pasom, ecsin KaTep Kak-TO MOXKET HE3aMETHO J06GpaThbest
Jo kpyra % (a sHauuT, H g0 octpoBa Ol), To OH MOHKeT He3aMeTHO XO-
6parbest go # ¥ no orpesky AT. Ho ecau nyrs AT 3aftver y kartepa

ty MHH., TO
AT =Uot0,

rae vg—ckopocTs Karepa, C gpyroi cropoHml, us puc. 106 umeem

Y _ﬂz_ Yoo
OT=po=g5; ntg LAOT=057= "o

NO3TOMY €CAN AyY MPOKEKTOPa NONajgaeTBTo4RY T OZHOBpEeMeHHO
¢ KaTepoM, ToO

2._____ﬂ+2/;5‘40T s=ty, umu 2n-- £ AOT =2nut,. )

=2nty; ()

(HanomriHaeM, YTO CKOPOCTb BpAl€HHST NPOXKEKTOPA DABHA ONHOMY
0060pOTY B MHHYTY, WIH 27 pad/Mun.)

O6osnaunm yroa AOT (B pagmannoil mepe!) uepes o, Cpabuenue
paBercts (1) H (2) NpHBOAUT K CJAELYIOLIEMY YPaBHEHHIO, HCXOAS U3 KO-
TOPOrG MOKHO ONpelesHTbh YroJ o

tea=2nta (=2mui,). ()

PeminTh 3T0 ypaBHeHHe MOXHO JHIIB NPHOGJIMKEHHO, Haopumep ¢ Ho-
MOMIBIO TaGJHL; H3 HErO CNEAYEeT, 4TO
m
=097 —,
2
Y%
OTKYZAa, NMOCKOJBKY —QE‘:-OTzcos o, mhoayuaem

vo=2mcos o = 0,81 xm/mun ~ 48,6 xn/uac.

1) Ouas toro uroler yGeauThes B ToM, 4T0 nyth ATQ Kopoue Mmo-
Goro gpyroro nytu AQ, NpoXomslero ueNHKOM BHe Kpyra », J0CTa-
TOUHO IpefCTaBHTh cefe JedopManHio 3aKpellJIeHHOH B TOuKe Q H HMelo-
meli gopmy snunaH AQ HHTH, KOTOPYIO <«HaMaTHIBAIOT HA KaTYIKy X,
BOTAHYR HHTb 3a ee Konen Al
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dcno, uTo ecaM pABMramumiicE CO CKOPOCTBIO U, KaTep Yycnesaer
JZOCTHCHYTb KDYra %, To TeM Gojiee 5TO BO3MOMHO JJIA KaTepa, HMeiomero
GONbIIYI0 CKODOCTH; TaKHM o0pasoM, Kamep 6 mom U MOAbKO 8 MOM
cayuae cmoncem Oocmuenyme ocmposa 0, xe

6yOyHu OBHADYINCEHHBIM, eCal

V= Uy == 48,6 xm/uac.

Mpumeuanne. HurepecHo ycrado-

BHTh, YEMY pDaBHO KpaTualiliee BpeMda

Ty, B TeueHHe KOTOPOro Kkatep, JABHIai0-

mufica ¢ (MHHHMaJbRO BO3MOXHOI) CKO-

POCTRIO Uy, CMOXKET He3aMeuyeHHbIM IOfOR-

TH K ocTpoBy. B Touky T xarep npubs-

BZeT OJHOBPEMEHHO C JY4OM IIPOXKEKTOpa;

ACHO, YTO Jlaslee OH JOJIKEH ABHraThcs Tak,

4TOOHL IPOKEKTOP €ro He «IeperHan», T. .

Puc. 107 uTo0Bl Ero yI/IOBaf CKOPOCTb BCE BPeMs

) Gulna Tako# ke, Kak M Yy Jy4a IPOMKEKTO-

pa. HeTpyZHO NIOHSATB, YTO NpPA 3TOM Kartep

JOJiKeH JIBHTATbCSl MO OKpyxkHocTH TO pumamerpa py (puc. 107; za-

METbTe, YTO BHNHCaHHb yroa MON 5T0f OKPYXHOCTH NpOTOPLUHOHAJEH
nnane ayra MN!); TakuM o6pa3oM, o TIPOHIET MYTh

Y,

- Po . [tga) . a
ATO=AT 4 Y TO=0y4t; 40 =% (‘2?) T 0 <1+2n> +
: 5 o
+ =0 (T+§R)'

OTKYZa CJIeflyeT, YTo
5 o

-4——!———— =~ 1,5 muu,

To= P

ToapoGHmfi pas6op 3agaur 41 nposesed B kHure H. B. Bacuanp-
esau B.Jl. Tyrenmaxepa [l4].

42. a) Ycaosumcs ofosHauath Anipes u Bukropa 6ykBamu A u B;
ueHTp Gacceiia o6o3Haunm GykBo#l O, aero paauyc npumem 3a . ScHo,
ur0 B He Moxer cpasy mabith K Gepery B Hanpasienuu OC, mnporuso-
NOJIOXKHOM HCXOZHOMY nNosoxkeHnio A, Geryna A (puc. 108, a): npu stom
B nago Gyner mponsnite paccrosHne OC=1, a A-—npoGexath nyTh
YA,C=n=3,14 < 4; nostomy A cymeer npuGexkars B NyHkT C paHble
TOrO MOMEHTa, KOrja TyAa Npuniniser B. OpHako 3aMeTHM, UTO BHYTpPH
Kpyra ® paguyca p=—71}- myogell B MOMeT NepememaTscsi ¢ Gogbluelt
yraoBoH ckopocThio, ueM A nepememaerci mo rpauuue S 6ac-
cefiBa (cp. ¢ pewerneM 3azaun 41 6). Tlostomy B MOKeT CBOGOXHO BHI-
6Gupatbh MeCTO BHYTPH %; B UaCTHOCTH, OH MOXKET HOGHTbCS TOTO, UTO Ha

OKPYXKHOCTH § papuyca r, rie p=0,25 > r > 1-——% = 0,22, nanpuwmep,

paguyca r=0,24, on oxkaxeTcs B Kakoii-TO MOMEHT B Touke B;, Anamer-
PaJIbHO NpPOTHBONOJOXKHOH NosnoxenHio A, Geryna A Ha rpannue Gac-
ceftia (cM. ToT ke puc. 108, a). Teneps, Ans Toro uro6u AoGpaThca O
camofi Janexofi oT A, Toukn C Gepera GaccefiHa, B poMmKeH TPONNIHTE
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paccTofinHe

n F4
B C=1—r < 1——(1—T>=T,
a A, ajas Toro yToGH NonacTb B 3TOT ke NyHkT C, Hajo NO-NpexHEMY
npo6exars nyTb
VYAC=m;

nostoMy B nonager 8 nynrkr C panbme A, mocje uero oH MoOxeT Bbl-
6paThcsi na Geper M ybexatb (#6060 no cywe B Geraer GunicTpee A).

)

Puc. 108.

6) SlcHo, uto ecam oTHowenue k cKopocred A m B Takoso, uro
1 1 7
7 TR
a) coofpaxkeHHs TIOMHOCTBIO COXPAHSIOT CHJY, M, CJefoBaTenbHo, A He
MoxeT nomemrate B y6exath., ONHAKO aHaJOTHS MeXAy 3Toll 3ajaveit
W npelsiayeit (3anaueii 41) noackaswiBaer B GoJee BHITOAHYIO cTpaTe-
rHIO, YeM NPOCTO NJHThL NpsiMo K Gepery, Haumnas ¢ Haubojee ynaneH-

nin k < n+1, TO HCHoAb3oBaHHEE B pelleHHH 3aAauH

HOH or Ay Touku B OKPYKHOCTH O Kpyra ® pajuyca p= -, — a HMEHHO

k k
naslte no kacameavnod BT x oxpymnocmu o (cp. puc. 108, 6 n puc.
106 ua crp. 130).

[lycts B nasiBer k Gepery no kacarenbHoit B;7 K OKPYXHOCTH O,
a A Gexur no Gepery BAoroHky B (a ne HaBcTpewy B, T. e. mpoferaer
G6onpwyio 180° ayry AT oxpyxuoctu S). Ilpu stom nyte B Oyuer

paBen
B,T=V 0T*—0B% = ]/ 1 (713.)2=Kf£:_1;

nyTe Ke A paben

Y AT =n-+ YCT =n-arccos %Efl-:aw—arccos ~}le— .
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Tak kax A Geraer B k pas GwicTpee, ueM NuaBaer B, TO ecin B Takoso,
qTO0

R—1

n+arccos-;la-> k———k—— (=VE=]), (%)
T0 A He poronur B, a ecan
fu-}-arccos -’le—< VeI, 4 (%)

TO ZOTOHUT, MIHEIMH CJOBaMH, 31€Ch CYMIECTBEHHO OTHOIICHHE BeJTHIHHb! B
K KODHIO Xq YpaBHEHHA

1 —_—
n+arccos—;= V=T, ")
eclu B < Xx,, TO MMeET MECTO HepaBeHCTBO (x), a ecu R = Xy,— TO He-

paBeHCTBO (%x)Y). ¥YpaeHenne (1) MOMKHO NMPUGIHKEHHO DEHTh C ITOMO-
upio Tabnunm uau rpadmkos (puc. 109); oHo gRaer xp = 4,6. Tarmu

4
& ZA—
% /’__,—-—-*" l g=urecos L+
| 7
z 4
\ |
i =Vz77
GOTCCOST ™, o |
.:_2 ] '
., 1 ___._—'—-——_'—"'—'_'—
[ ™ P §=arecos Z-
/ \.“' //
N/ 4
7/ R A R R R A R A

Puc. 109.

obpasom, ecau k < xy (= 4,6), mo naosey B nponioigem nymo BT
Boicmpee, wem A npobesum ~ AT (>180°), ecau oce k== x,, mo, Osu-

1) Cp. puc. 109, ma koTopoM wusoGpaxkensl rpadurn GyHKUHI
y=V #—T (runepGona; cnuownas AHHAs) U y=m-+arccos — (nyHK-
THpHAS JIMHHA; TOYKaMH Ha TOM JKe PHCYHKe H306pameH rpapux ¢Qyuk-
LLHH Y == arCCOS X, a TOHKUM IYHKTHPOM —TpaduK QyHKIHH ¥ == arccos ?/,;
43 STOTO0 PHCYHKA BHIHO, 4TO npu x < Xo MBI HMEeM HEpaBeHCTBO

n-{-arccos-; >V —1, B 10 BpeMa KaK TPH X > X,, HAUPOTHB,
— 1
Y 1 > n --arccos =
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zanct ¢ nanpassenuy AT > 180°, Geayn A npubydem e nynkm T ne
nosxce naoeya B, dsuearoweeocs no racamervrod B.T. -

Crpareruss A, npecaemywomero B, cosepmenno sicHa: A ROJKeH
GexaTh «B CTOPOHY B», T. €, B Hanpas/eHnH MeHbiell 180° (MenblueH )
zyru AC, rne C-—touka nepeceuenus Jgyua OB ¢ OKPYKHOCTBIO S;
eciu e YAC=m, 10 A GespasiuuHOo, B KaKyo CTOpPOHY 6exaTb, H
MBIl MOJKEM YCJIOBHTBCH, YTO OH GEXHT, CKaXeM, B HampaBJCHHH Bpaie-
HHsL gacoBoit cTpenku. TpyjHee YCTaHOBHThb, Kakofl CTpaTeruuw AOJIKeH
npujepxuBathcA B. Bripodem, nepselil NYHKT 3JeChb COBEPILEHHO ACEH:
MOCKOJbKY BHYTPH Kpyra ® yryoBast CKopocTh B GoJjiblue yraI0BOH ¢XO-
POCTH NBUTAIOHIErocsl 1O OKPYXHOCTH S GeryHa A, T0 OKPYKHOCTH O
nnoBer, B, ecTecTBeHHO, MOKHHET B TouKe Bj, HuaMeTpajbHO DPOTHRO-
TNOJIOXKHOH ToM0KeRHI0 Ay, KOTOpOe 3aHHMaeT B 5TOT MOMEHT GeryH A
(puc. 110, a, 6); aToro oH MoK eT KOGHTLCH U, eCTeciBeHHo, Oyler

7 Sy

9 Y

Puc. [10.

AobuBarscsa. Mcxons M8 nyHKTa B;, nJosew B nponJbiBaet HeKOTOPYiO
tpaextopuio B,U; nockoabky A «Gexur sa B» u yrioBas ckopocTs A
IIPEBOCXOAUT YTJIOBYIO CKODPOCTh B, TOKHHYBUIEFO KPYI #, TO Ha BCEM
nyta B;U nmosua B ayra AC 6yier yMeHbWAThCA, H BOUPOC COCTOMT
JUIb B TOM, cymeeT JH A o6patuts 5Ty ayry B 0 o Bhixoja B Ha
Geper B Touke U. Ecuin 570 emy ymactes, To ganee A yxXe He COlzer C pa-
puyca OB, mperpaxjas B Brixon Ha Geper (370 BO3MOXHO, NOCKOJILKY
yraosasg ckopocte A Gosbule yraoBoll ckopoctd B); ecan e A He cy-
MeeT 3aHATH nojoxedne C 1o suixofa B ua Geper, to B cMoxer ybe-
xatb. Jlokaxem Teneps, uTo B 6bi200Hee 8cezo nasimb no Kacamenrorod
K oKkpyorocmu O B uT0 npu k < x4 (= 4,6) B cymeem ybemcams om A,
a npu k== xy—He cymeem.

Tlosoxum cHauazia, 41O

k= x;

ayry CyU (rpe Cy—touka mnepeceyenus paguyca OB; c rpauuuefi S
Gacceiina), ykaseBalOIYIO yroJ, Ha KOTOpPHI cMecthacs B ua nyta B,U,
GyzeMm cuuTaTh HMeiomlelf HamlpasJjeHHe BPAlEHHs YacoBol cTpesku. Ilpo-
BegeM u3 Toukd U kacartenbHylo UD K OKPYXKHOCTH O (IpHYEM TaKylo,
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urg Hanpaejenne yrna DOU or OD x OU cosnajaer ¢ HampaBJieHHEM
ayra CU) n (gaCCMOTpHM OTAe/IbHO JBa caydas 1) :

1°. £ DOU = £ ByOU (puc. 110, a). OGosuauum uepes D; Touxky
OKPYHHOCTH §, ¢IHAMETPAJbHO MPOTHBONONOKHYIO» TOuke D OKpyXHO-
ctd 0. flcuo, uro npamonuneinndd nyrs. DU kopoue nytH DB,U, co-
CTaBJEHHOIG H3 p,gm DB, oxpyxsoctd 0 H Jauauu B U; nostoMy oTpe-
30k DU muosern nponJsiser- GpicTpee, uem nyts DB U. Ho B caay
HepasellcTBa k== x, (T. e. HepaBencTBa (#%)!) 6eryH A npoGexHT NMyTb
D,AyC,U ue meanennee, yueM B nponssiBer otpeaok DU, T. e. 3aBelOMO
He MejteHHee, ueM B nponasiser nyte DB;U. A tak xak A npoGe-
raet ayry D;A, B TOUHOCTH 32 TO e BpeMd, 34 Kakoe B nponbiBaer
ayry DB, (u60 Ha 3THX yyacTKax mNyTH YrjoBble cxkopoctd A H B
pasubt), To A npoGexur nyts AyU He meijenwee, uem B mponasiBer
nyte B;U, —u A nomewaer B BuiiTH Ha Geper.

2°. / DOU < /£ B,0U (puc. 110, 6). Coxpaunm H 34ecb IPUHSATHIE
B 11.1° o6Gosnauenusi. $lcHo, 470, KakoB Gbl HY Ow1 nyTs B,U niosua B,
OH, BO BCAKOM cJyuyae, He MeHbwe nyru B;DU, cocraBieHHoOro H3 Ly-
i By{D okpyxkuoctH ¢ u orpeska DU (u umeer Ty e AIHHY, JHITHb
€C/IH OH COBHajaeT C STHM INOCJeJHHM myTem!); AJs TOro 4tobbl yGe-
JIHTbCH B 9TOM, JOCTAaTOYHO IpejcTaBuTh cefe, KAk HATATUBaeTCi Ha
KKATYWKY» % 3aKpenjeHHasd B Touke B; «uuth» B,U, KOTOPYIO MBI TAHEM
sa xonen, U 1). Ho Mbl 3HaeM, uTO Aa:Ke ecsiH B nJIbIBET 1O TPaeKTOPHI
B,DU, 1o npeciepayromnii B Geryn A npubymer B U He noszxe B:
ayry AeD; oH mpo6exurt 3a To ke BpeMms, 3a KOTopoe miosen B npo-
naeiser ayry ByD, a ayry DU Geryu A npoGexur He mepjiennee,
yem B npomabiser oTpe3sok DU. Taxkum o6pasoM, u B 9TOM ciydae B
He yjacTesl yGexarts.

INokaxem Temeps, uto NpH

k< xy

nnosel, B moxer y6exath or A. Mbl mo-npexuemy cuurtaeMm, uro B mo-
KHJdeT Xpyr K B TOUKe B, OKPYKHOCTH O, «IUaMeTPaJbHO NPOTHBONO-
JoxHOHY TOuKe A, OKpYXKHOCTH S, B KOTOPOH B 3TOT MOMEHT Haxo-
autca A. YcJoBHTBCH TNpPOCTO O TOM, 4TO B MJLIBET 1O KacaTtesbHOM
B,T (cm. Buime puc. 110, 6), Mo He MoxkeMm, uGo A MoMerT nofexatb
«nascTpedy B» u npubelte B NYHKT A, paubuie B; nostoMy HaM Hajo
6osiee moJiHO oXapakTepusosath crpartertio B. [Tycrs o—Kakoe-To oueHb
MaJjIoe YHCJ/I0 —TaKoe Majoe, YTOo

n-arecos —;———a >V

(cp. ¢ HepapeHcTBOM (%) Ha cTp. 134). B moxupgaer KPyr %X B TOT MOMEHT,
Korja A Haxo[HMTCs Ha He IPEBbLILUIAIOLIEM O DPAacCTOSIHUM OT TOUKH A,
OKPYKHOCTHU | S, «jHaMeTPasbHO MPOTHBONOJOXKHOM» CTapToBOf Touke By
nnoBua B, W mnupiBeT nmo pajHycy OKpysxHocTH S npsmo K Gepery,
s0pko cueist 3a nosefienHeM A. Jlo Tex nop, moka (He npeBbllIaio-
writ w!) yron AOB ocraercs Gossime m—a, nJoBen B npojomkaer
NAbTh NpsiMO K Gepery; Ho Kak tojbko / AOB cpasuuBaercs ¢ fi—o,
niopel; B MeHAeT HanpasieHHe U NJLBET N[O KacaTeJbHOH K OKPYXKHO-
CTH O, ecTecTBEHHO, BHLIGHpAsl Ty M3 NPOXOAAILUX yepe3 B KacarenbHHX,

Y) Cp. ¢ pewennem 3agaun 41 6)!
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KoTOpas «BeXeT nojajubine oT A»s, T. e. BO BHeWHOK 06JacTs yraa BOA.
Ecnu A mensier HanmpasJeHue Oera, To H B MeHseT CBoe HampaBJieHHe:
Korga / AOB > m-——o, oH TUIBIBET MO PalHycy OKPYMKHOCTH, a KOria
£ AOB << n—o,—no KacaTeJbHOR K O «B cTopoHy oT A»; Takum obpa-
soM, nyTe B, Boofiie TOBOPA, MPEACTaBJIALT COGOH JIOMAHYIO, COCTOSMYIO
U3 OTPe3KOB pPaJHyCOB OKPYXKHOCTH S M OTPe3KoB KacaTedbHBEIX K
okpyxHoctH ©. Ompepensiomee o HepaBeHCTBO ofecrneunBaer s B
BO3MOMKHOCTb BbIHTH Ha Geper B TOM cJjyuyae, ec/id, HauyHHAf C IIO3UUHMH,
Xapakrepusyioueiica ycaosueM / AOB=n-—a, Geryn A npecaeayer
JBHraoierocss No KacaTelbHOH K OXPYXHOCTH O 1/08Ua B, He Menas
HanpapJesns ABMIKEHMS W TeM CaMbIM IOYTH NOBTOPSAA CHATYalMio, OTpa-
KeHHylo Ha puc. 108, 6. Ecnn e A Gyler mensrh Hanpabjenue Gera,
TO 3TO TOJBKO BBIFOIHO NJIOBLY B, Tak Kak nosBosuT eMmy eme GoJblue
onepegute A. B camom jJese, eciiM noCieguuii K3 YYAaCTKOB LBHIKEHHS
B—s310 paduyc B'U oxkpyxcuocmu S, 10 B CHaAy mnpegnucaHHoil B crpa-
TerHd GeryH A Ha BceM NPOTSKEHHHU BpeMeHu, roka B nponssiBan
3TOT y4acToK NYTH, HAXOKHJCA Ha 4NOYTH HPOTHBONOJIOKHOM B» Gepery
S Gaccefina—rie-T0 BHYTPH u306pamennoll ma puc. 111, a gyru A,A,,

Puc. 111.

H OH HUKAK He CMOXeT nomeiaTs B Bbicagutbcst Ha Oeper. Ecau ke
nocneguut ydactox nytn B-—310 ompesox B"U kacamearornod & orkpyoic-
Hocrmu o B Touke D (puc. 111,6), To B TOT MOMeH?, Korga B Haxo-
auncs B Touke B, rje OH H3MEHMJ HanpaBiieHHe ABHIKEHHs, Oepeiiis
¢ «pagnaibHoil» yacTd TpaekTopuu OB" Ha «TaHreHUHaJbHYO» (COBHALAIO-
HIYI0 C. KacaTeJabHOH K OKPYXHOCTH ©) HacTe B"U, Gervi A naxomunacs
B Takoil Touke A" Gepera S Gaccefina, uro / A"OB"=n—a (u6o Ta-
koBa ctpaterust B). Ho ecan 6n A cymea npobexars nyts AU 6bicT-
pee, uem B nponuwiBer yyactok B’U, 10 A HaBepHoe Cymel 6bl npobe-
*atb u300paxkenuslfi Ha puc. 111,6 nym AU (rae £ AOD=n—a)
Onicrpee, yeM B mnponsmiBer nyte DU (HanmomuHaeM, YTO BHe % —H, B
HacTHOCTH, HA NpAMONUHEHHOM yyacTke DB"—yrjoBas CKOPOCTh HJIOB-
ua B menbume yriaopoil ckopoctd GeryHa A!), 4ro, OAHAKO, NPOTHBO-
peunt BhIGOpY R M HepaseHCTBY jJiia o. [lostoMy u B H306paxkeHHOM Ha
puc. 111, 6 cayuzae nyosen B goGepercs go rouku U Gepera S paunbive A,
‘M A He CMOXKET moMeilaTb eMy BolfiTH Ha Geper H yGexarTb.
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43, a) Ilycrs, aas onpegeaennoctd, AC=b =z a=CB. flcho, uto0
HauGosbwuit yrog Tpeyrodbhuka ABC wmenbme 180° m Moxer GbiTh

CKOMb yrogHo 6iamsok K 180° (cMm. TpeyroapHuk ABC ua pue. 112).
' Hafigem Teneps HauMeHbInEe
BO3MOXHOE 3HaueHHe HauGOIbIIEro
yrya. 3akpenum oTpe3ok BC=aq;
npd stoM Touka A Oyler npu-
| HajneXaTh OKpYXHOCTH S paju-
yca b ¢ uentpom C, CKaxeM,
BepXHeli ee  TIOJMYOKPYIKHOCTH
MAN, ecan cuurats npsamylo BC
rOpPH30HTaJbHOM; 37ece M H N —
TOUKH TepeceyeHus ¢ S ayueli BC
u CB. Ilycte Ag—rtakas Toyka
Puc. 112. OKDYKHOCTH S, 4TO TPeyroibHHK
BA,C paBHOGejapeHHBbH:
BAy=CAy=b; Tak Kak b==a, T0O HauGONLIIAMH yrJIaMH TPeyroJbHHKA
BA,C 6ygyr yrawl [ A¢BC= / A CB=a. Ecan teneps A’-—npous-
Bo/bHAsE Touka ayrd A,M, rto, ouesuzso, / A'CB > [ A)CB=u,
a ecan A”"—rouka ayru AGN, 1o /[ A"BC > [/ AyBC=no; nostomy
naubonnnit yron u tpeyroamvunka A’BC, u TpeyroasHuka A”BC 3ame-
oMo GoJibinie Q.

Hrak, ecau nauGoaswmit yroa tpeyroashuka ABC ofo3nauuTs

uepes x, To =< x < 180° rge yroa o ompejesnsiercsi paBeHCTBOM
-
€08 &t =157

Jlerko BHJAETb, YTO BC€ YKa3aHHbE 3HAUEHMs X SIBJSIOTCH BO3MOXK-
HBIMH. .

6) Slcwo, uro HamMedbluft yroa tpeyroapuuxa ABC momer Guth
CKOJIb YIOJHO GJAH30K K HYJAK (cM. Tpeyroaeuuk ABC puc. 113); mnaii-
lJeM HauGOJbUlee BO3MOXHOE 3HAayeHHe HauMeHbulero yrJa. ITo-
npexkdeMmy OGylem cuutath, u4To b==a; Tak xak /B > / A, 10 Hau-
MeHBIUHH yros TpeyroJsHHKa Hago Hckartk cpepd yraos A u C. 3axpe-
nuM orpesok AC=b; rtorga / A jocruraer HauGojbluell BO3MOXKHON
BeJnUHHBl, Korga AB Kkacaercsi okpyxuoctd S ¢ nenrpoM C H paguy-
coM a (puc. 113). Ilpu stom /£ B=90° #

AB=V AC*—CB?* =} b?—a2.
Hanee nago paccMmoTpeTs JBa cayvas.
1° Ecmm b=a ¥V 2 (puc. 113,0), 10
AB=V B —at=a=8C,
cnefosatessio, [/ Cz= / A, w, SHAYHT, HaUMEHbLIHil YToJa TpeyroJb-

uika ABC-—s10 / A. Otciona BoiTekaer, uro npu b==a ¥ 2 Hckomoe
sHaueHve f); HaMMeHblUEro yrJa Tpeyro/bHHKa ONipelelisieTcsi paBeHCTBOM

. a o
51“31"—“3‘: H HauMeHbWMH yroj y TPeyroJbHHKA 3aK/4aercs B mpe-

aenax
0<y<h.

2°. Ecan b<<a V' 2 (puc. 113, 6), 10 £ C<< / A. Tak xax npu
yseanuennn yraa C yron A 6yleT YMEHbIIAThCHA, TO HAHMEHbILHil H3
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HHX npumer nauGospluee suauesnuwe P, TOrja, Koraa 3TH YIB! PaBHEI,
7. €. xorga AB=CB=aqa, ¥, snauuT, naumennmuft yroa y Tpeyroin-
HHMKA 3aKJIouaeTcs B mpefenax

0 < y< ﬁz,

b —
rAe, Kak Jerko BHJETb, COS ﬁz=% . [Ecam b=aV'2, 10, ouesuaHO,

By = fe-]

Puc. 113.

44. 31y 3afiayy MOMHO CHOPMYAMPOBATH eme H TAK: BHYMPU KDAb-
4a, 02PaAHUieRH020 OBYMA OKpYmHOCmAmu paduycos M u m ¢ obujus
yenmpon C, pacnososcenvt Oge mouxu A u B; Kakoso nHaumexblee u Hail-
Goavuiee so3moncHeie sravenus yera ACB, ecau AB=1. TIpu stoM dcHo,

1
4TO 3a7aua HUMEeeT CMbLICJ, JHUIIb eCay M;—Q- (u M=m).

Ecmu M—mz>=1, 1o Haumenvuice Bo3MOXHOE 3HAaueHHE YIJIA
ACB =a, oueBHJHO, paBHO HymoO (puc. 114, ). TTycts Temepy M—m < 1,

a) 5)
Puc. 114.

3ameruM, 4YTO TIPH OTHICKAHWH HAHMEHBIEr0 BO3MOKHOIO 3HAUEHHS
yraa o Mbl Bcerfa MOXeM CuUHTaTh OJWH H3 KOHUOB oTpeaka AB (cka-
weM, A) npunadsemauwum Goavuwied oxpyxcHocmu: B TIPOTHBHOM caydae
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CIBUHEM TapainiesibHO OTPEe30K AB 0 NonoXeHHs, Npu KOTOPOM KOHEl
OTpe3Ka nonajer Ha 3Ty OKPYyXHocTh; / ACB npH 5TOM TONBKO YMeHb-
wutea (puc. 114, 6). Ecan ke Touka A npuHajp/iexHT Gojblueii OKpyX-
HOCTH, TO TOUKa B OyZer NpHHAANEXKATh 3aKJICUEHHOH BHYTDH KOJbHA
ayre ByB, okpyxuocth S ¢ nentpom A u papuycom 1 (puc. 115). Ilpo-
BefileM M3 ToukH C KacaTeabHylo CBy K okpyxHocTH S (TOuHee —K orpa-
HHueHHO# puamerpom CA TNONYOKPYXKHOCTH, KOTOPOH npHHAJNEKHI
zyra ByB,). Ecan Towgka B, Jexur she ayru ByB, (puc. 115, a) uan

6)

Puc. 115,

coBnanaer ¢ ee kouuoM B,, To yron ACB npu japHXKeHHH TOYKH B 1no
nyre ByB, or Toukn B, nexameil Ha GoJsbllefl OKPYIKHOCTH, a0 B, BCe
BpEMsi YBEJHUYHBAETCS; CJeAOBATeJbHO, 3TOT Yrosl NPHHHEMAET HaWMeHb-
wee ‘3Hauenne, kKorja B cosnagaer ¢ B;. Ecin xe Touka B, aexwur
BHyTpH xyrn BB, (puc. 115,6), 1o yron ACB yseanunBaercs, Koraa
Toyka B gsumxercs oT By K By, a 3areM HauuHaeT yMeHbIIAThCA; CJe-
IOBAaTENLHO, ¥ B 3TOM cnyuae yron ACB npuHHUMAeT HaumeHbluee 3Hade-
HHe, KOTZa TOUKa B coBnmagaer ¢ Kaxkoi-To M3 ToueK B nau B,. Hrak,
BO BCeX cJayuasiX (OCTPHIH, TaK Kak OH He Oojblue ocTporo yria ACB,!)
yroa ACB=0a npuHUMaer HaMMeHbllee 3HaueHHe, Korja B cosnajaer
¢ opHOl M3 Touek B, uau B,.
OrmeTHM Tenepn, 4TO

_M2imi—1
cos £ ACB,= 5
(310 caenyer M3 paccMmorpenust Tpeyrodsuuka CAB,), u
MELM2—1 1
cos é AcBl——Q—m——'——-l _m'

Onpefennm, B KakoM cayuae Oyaer Gogblue neppeifi M B KaKOM chyuae
BTOPOi M3 3THX YIJIOB.

QOuesupno,
M4m2—1 2M2—1_ MB3LMm2—M—2Mm-+m

2Mm oM: T 2M2%m -

_(M—m)(M?—Mm—1)
- IMem

140



Orcioga caepyer, uto

€Can m<M~—-—;7 , To cos / ACB,=cos / ACB,

H, chaejoBartensto, / ACB,<C / ACBy;
ecau m;M—Al—/I , To cos / ACBy < cos / ACB,,

u, crenosaressuo, / ACBy= / ACB,.

OKOHYATENbHO MOJyUaeM: ecau m;M——M- , MO HAUMEHbIUULE 603-

1 1\
y _ =9 R
MONCHOIE Y204 O paseH  arccos (1 2M2> ( arcsin 5 )} ecau

m<< M M (o m=M—1), mo HaumerbLLl BO3MONCHLIL Y20A O paseH

M24m2—1 M 1 5 .
—opin \eem m=M—-5, T0 06a otBeTa coanagam) H
eoau m<c M—1, mo yeon o moxcem Obime Ckoab Y2o0HO GAU3OK K HYAO.

O6parumca Teneph K BONpoCy 06 OTHICKaHHH Haub0Abuiee0 BO3MOK-
HOro 3HayeHHs yraa d. $lcHo, uTO eciH m<<!/,, To 3T0 HauGoJbiuee
BO3MOxHoe 3Hauenwe & paBHO 180° (puc. 116, a); nostomy Ham Hago

arccos

2) 9

Puc. 116.

paccmoTperh JIHIIL caydad, Korga m > 1/, Jlanee, ecan HH ofHa H3
ToueKk A ¥ B He NpHHalJeKHT MeHnsuleli H3 06pa3yIOMHX KOJBLO KOH-
HeHTPHUECKHX OKPYXHOCTel, TO Mbl MOMXeM CABHHYTb OTPe30K napas-
JeJIHO TaK, YTOGBl OJMH H3 €ro KOHIOB (CKaxeM, Touka A) noman Ha
MEHBINYI0 OKPYXHOCTb H yron o yseamuujcs (puc. 116, 6); nostomy
MOXKHOQ CMHTATh, UTO TOUKAa A npunadaexcum MeHoulell OKPYICHOCMU.
Mpu stom Touka B Jo/mKHA OPHHALJENKATH B3aKJIOUEHHOH BHYTPH KOJIb-
‘ma jayre BB, oxpyxnoctH S paguyca 1 c uwenrpom A (puc. 117).

ouka C MOMET JeXaTh KaK BHyTpH OKpyxHocTH S (puc. 117, q, 6), Tak
u BHe ee (pHc. 117,8,¢2); npu stoM B DocjiegHeM ciaydae ayre B,B, ue
MOKeT NPHHAANEKATh TOUKa By CONpHKOCHOBEHHA S ¢ NpoBefieHHOA K S U3 C
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KacaTenbHolt (BepHee—o0e TakHe TOUKH), H60 CBy < CA =m, snauur, By He
DpUHAJJIeXKUT DACCMATPHBAEMOMY KOJbLY. [TosToMy npu EBHXEHHH TOU-
KH B no ayre B,B, or Touk# B, Menbluelt okpyx)HOCTH 10 TOuKH B, yroa

9 9

Puc, 117.

, o
ACB=a 1nu6o ymempinaerca or sHauenns / ACB, (_-=2arcsm§-’ﬁ =

=arccos(l—-2—%>) ZO HyJsl, a [IOTOM pacTeT JO NpeXHeH BeJHYHHBI
L ACBy= / ACB, (puc. 117,a,68), nuGo BCce BpeMd ' yMeHbIaeTeHd
(puc. 117,06, 2). Ilosromy, ecau m>—2—, TO HauboJbllee BO3MOXKHOO
3HAYEHHE Yria G paBHO

2 arcsini- [ = 1—p b
arcsino— —arcc0§ sz ) |
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3auemm. HaKOHeN, 4TO M—-——;-—I- npy. M= VW—H——I 28 .

M
V1741 ( V1741
B T

1
“n M—M<-— mpr M —x—"—

KBaJpaTHOTO YPaBHEHHS x—% =%> Hosromy
npa 0,5 <s M <1 nmeem:

YUCJIO ABJISETCA KODpHeM

2 arcsin L <a < 180°, ecan m<<0,5,

oM
1 .1
2 arcsin 2—M—<a<2arcsm o ecm 0,6<m=<M;
npr 1M < Klj#:],%. .. HmeeM:

O< o < 180° ecmn m<g M—1,
M24-m?— 1

arccos S < < 180° ecn M—1<< m<M—~M-,
2arcsm2—1M<oc< 180°, ecan M——M<m<05
2arcsm2—M<a<2arcsm %1, ecmn 0.5 <m<< M;
npu 1,28...=—]{%¥_—-1-<M<1,5 HMeeM:
0< o< 180° ecmt m< M—1,
arccos%<a < 180°, ecain M—1<m<<0,5,
arccosﬂﬂg—twﬂzi<a<2 arcsinélﬁ, ecJH 0,5<m<M——/:7[—,
2arcsm2LM<a<2arcsm2:n, eciIn M—llw<m<M;

npy M=1,5 umeem:
0< a< 180° ecan m=<0,5,

0< a<2arcsini ,ecmn 0.b<S<m<M—1,

2m
M2lm?—1 .1 1
arccos——2—M———<a<2arcsm%, ecq M—1<m<M—M—,
1 1

Qarcsmm<a<23rcsm2m, ecJn M—M<m<M

45. a) fcwo, uto
0< A<<60°

rie A—~HaumeHbiHA yron Ttpeyrosmunka ABC (/ A< 60° uGo

A+ B4C=180°=3-60°u A<<B=<C; £/ A=60° eciu TpeyroibHHK
ABC paBHOCTOPOHHHIT);
2) 0< B< 9, -
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rie B—cpeanuil no senwunHe yron Tpeyroansuxa ABC [/ B cxoms
yroano MmaJj, ecin TpeyroisHak ABC parnoGenpeHHH ¢ oUeHb GONBLIEM
yraom C npn eepwane (puc. 118, a); £ B ckons yrogso Gmmaok k 90°,
eclH TPeyroJbHUK PaBHOGeApPEHHHN C OueHb MaJnlM yriaoM A npH Bep-
mune (puc. 118,6); / B < 90° u6o / B=< /C .
u / B4/ C < 180°;
3) 60° << C < 180°, A
rae C—uaubonpbmufi  yron TpeyrolbHUKa
ABC (/ C=60° n60 A+ B-{-C=180°=3-60° u
C=B=A; / C=60° ecas Ttpeyronbuuk ABC
PaBHOCTOPOHHHM). )
6) 1) Slcro, uT0 HamMeHBW AN CTOPO-
Ha a TpeyrojpHuka ABC naowauy 1 Moxker GHTb
KaK Yyeo00HO Maaa: €CHH KATETH TNDAMOVFOJNBHCTO

¢

' ———/\x .

14 s po
9 9

Puc. 118,

TPeyroJIbHHKa PaBHH € (3MeCh & MOXeT OBITb CKOJb YTOZHO MaJkIM
uncyom!) u 2/e, 10 nsomaas TpeyronbHuka paBHa 1. CtopoHa a Moker
Takxe OHTb KaK yeo0HO 6eAuka: ec/H JiBe CTOPOHBL TPEyrofibHUKA PABHBI
M u b= M (rae M moxer GbiTb KaK yrogHo Beauxol), a yroa C Mexnpy
STHMH CTOPOHaMH H3MeHseTcsd, HauHHas co 3HayeHus 90° W crpeMsachk
k 180° To TpeThN CTOPOHA ¢ BCe BpeMH ocraercs caMoi Gonbliol, a njo-

1
Wwazp TpeyroAbHHKA, HaunHasg ¢ OOJBINOrO 3HAaYeHHs —2—bM, yMeHb-
maeTcs HeOTpaHHYEHHO, U NOTOMY, npoGerast BCe 3HaUeHUus MeXay
5 bM u 0, npoxoguT u uepes sHaueHue l.

2) TlockoabKy HaNMeHbInasi CTOpoHa a TpeyrosbHHKa ABC naowagu 1
MOXKeT ObiTb KaK YrOLHO BeJHKa, TO ero cpenaHs s cropoHa AC=p
TeM GoJiee MONKET GHITh CKO4b Y200Ho Goabiwoi. Ilanee, ecau TpeyroJniHK
uMeeT (bukcupoBaHHyw!) cropony AC=b u Kakyio-T0 (IPOH3EOIBHYIO)
ctopoHy BC=a < b, To BepuidHa B TpeyronbHUKa NPHHALJIEKHT (3aITPH-
xoBaHHOMy Ha pHc. 119, a) kpyry K paamyca b c uentpoM B Touke C,
Tak Kax Kaxpgas TOYKa 3TOro Kpyra yjajieHa ot npsmoil AC Ha paccro-
anne d<<b, 1o Bricota BD Tpeyrommuiuka ABC He MPeBOCXOMHT b, M ero
mionians He MoxeT ObTh Gosbwe b%/2 (oHa paBHa b%/2, ecmu BC=b
H BC | AC). [oatoMy cpennsis cTopoHa b tpeyroipHuka ABC naomagn

1 ne MoXeT ObiTb menvwe V' 2 (460 nHaue Gulno 6ul b2/2 < 1).

3) Slcuo, uto HauGOAbINA A CTOPOHA C TPEYTOJMBHHKA nioutany 1
MOXeT OBITb CKOAb YeoOHO 60abwiol, HO CKOJb YTOXHO MaJsiodl OHa OuiTh
ne moxet. Ecau cropona AB=c dukcupoBana 1 AC=b<C¢c, BC=a<e,
70 BepiinHa C TPeyroJNbHHKA NPHHANIEHUT NepeceyeHHIO JBYX KpPYros
Ky n K, papuyca ¢ c uentpamu B M A; nostomy Beicota CE Tpeyron-
HHKA, & CJIef0BaTebHO, M €ro Iomanb, GyAyT HAHOOMbWIHMH, ecau C
COBR3JAeT ¢ BepIIHHOA 3amTpuxoBay#oro Ha puc. 119, 6 xpupogusei-
H0r0 TPeYroJibHuKa, T. e. Korga ABC— paBHOCTOPOHHU#A TpeyrodAbHUK
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Y3
4
majs Tpeyrosbuuka ABC pasma 1, To ero Han6oabiuas CTOpOHa ¢ He

: 2 /%
MOXET GOHTb MEHbUE -~——e=
y3 o3

Takem ofpasoM, 0 < a < e V 2<<b < oo

€O CTOPOHOH ¢ H xiélbmanmo . Orciofia caepyer, 4TO ecjad nJo-

2y/%

3

= ¢ < oo,

¢
% B

2 0

~ 46. a) Pas6us TpeyronbHnk ABC Ha TPH MEHBIUHX TPEyroJbHHKA
0AB, oBC u oCA c ofwmeii BepwuHOil 0 (LEHTP BIHCAHHON OKPYKHOCTH,
puc. 120) u oguHAaKOBOH BHCOTOH 1 (pajHyc BNHCaHHOH OKPYKHOCTH),
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MBI CPa3y NOJYYHM, uTO
1 1 1 1
S=gaeltgbligol=g@tbtd=p

rie S—naomage Tpeyrosbhuka ABC # p—ero noaynepumerp. [Hadee,
3aMeTHB, 4TO

S=S8p0,a8 F+Sacgac —Sae8c >
TAe 0,—UEHTP BHEBINCaHROH OKDPYXHOCTH pajgHyca 74, TaK UTO BCE TPH

Tpeyroasuuka 0,AB, 0,AC 1 0,BC uMeloT OQHHAKOBYIO BHICOTY 7, (cM.
TOT XKe puc. 120), nonyuaem

1 1 1
S=—-—2-ra-c—|——§~ra-b—~2—

7
T. @
S p 1 p—a a
ra..—_' = e—— ————-=—-——=1~—-—-.
p—a p-—a’ 1, P p
AuaJIorHuHO 3TOMY [OKAa3HBAKOTCS H DaBeHCTBa
fb :-—-—p——' ——1—21—2: rc= p R —-1———':1———0—
p—b’ ry p p—c’ 7, p

1
Orciona, B YACTHOCTH, BBITEKAET, YTO YCJOBHE 7y <5 7p <</, (T. e, —,—-2
a
1 1
;7—,—;— PaBHOCHJBHO YCNOBHIO g <K b=Sc.
b ¢
A4 A4

| A

PYANVAY:
el 1\& ¢)
A
m
sy > 8
a) 4)

Puc. 121,

1) Slcho, wTo HanmMeHbmAs CTOPOHA @ TPEYTOJbHUKA MOKET
coCTaBJsATh KaK YTOQHO MaJylo uacTb BCero nepumerpa 2p (puc. 121, a);

2p
CaMylo Xe 5OJleIle YacTe nepuMetrpa a=——3—-=-3—p OHa COCTaBJasACT Y

PaBHOCTOPOHHETO TpeyroJbHuka (puc. 121, 6; nanomunaem, uro a<ch<).
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Tosromy

I <r,<3 l

2) Cpenusa N0 BeJHYHHE CTODOHa b TpeyroslbHUKA He MOMKeET

2
OLITh MeHblIe p/2 (uéo CcyMMa @+ b AByX cTOpOH GoJibLie -28=p, ab>a),

HO MOKeT OuiTh Kak yroguo Omuska K p/2 (puc. 121, 8). Hanee, oue-
BHIHO, b<<c¢ < p (460 ¢ < a-}-b), npuueM CTOpPOHa b MoXeT GHITh Kak
yrogHo 6auska X p (puc. 121, a). Takum obpasowm,

—1—r L. 1_21_2__:_1_'
p 1y 2

P
2<rp< o |.

3) HauGonbias CTOPOHA ¢ TPEYrONbHAKA MEHblIE CYMMBl ABYXK
JPYI'MX CTODOH; NO3TOMY ¢ < P, XOTA ¢ MOMeT ObiTh KaK yrojHo 6/iH3Ka

&

K p (puc. 121, 6). C npyrofi cTopoHH, c;gé):? p, TpuueM c=—o- P,
ecau TpeyroabHHK ABC paBHoctoporuuit (puc. 121, 6). Takum ofpasom,

2
0=1—2" « ._l_gl_.L'le_—_l_

p 1. p 3’

3<r, < ®

6) 3aMetuM mpexcjie BCero, 4Tto TOUKA X mepeceyeHHs] GHCCEKTPHCLI
Ao yraa A TpeyroJbHuKa C ONUCAaHHON OKPYMKHOCTLIO S AeAHT NONOJAM
OTPE30K 00, MEeXKAY LEeHTPAaMH BIIHCAHHOH H BHEBITHCAHHON OKPYIKHOCTeH
(puc. 122) 1). B caMom jesie, MOCKOJbKY OHccektpuchl Bo u Bo, cMeXHBIX
yrooB B u CBM, tak xe Kak W Guccekrpucel Co u!Co, CMEXKHbIX
yraoB C u BCN, B3aHMHO NepIeHJAMKYJSPHEI, TO OKPYXKHOCTb € LEHTPOM
B cepefnHe Q oTpesKa 00, H pPajnycoM 5 00g TIPOXOJHT yepes TOuKH B
n C; nostomy ueHTp Q 5TOH OKPYMKHOCTH [QJDKEH IIPHHALJIENKATh Nep-
newaukyaapy XX, BoccraBieHHOMY K cropodHe BC tpeyronbuuka ABC
B ee cepesune D. Ho {npu AB # AC) X, ecTb eJHHCTBeHHAst TOYKa
nepeceyeHns nepreHAukyasipa XX, ¢ OTpPe3sKoM 00,!

O6o3HaunM Temepb ANiHL nepneHpukyaspos DX, EY u FZ, Boc-
CTaBJEHHBIX K CTOPOHAM TPeyroJbHMKA B HX CepeJHHAX, CUHTAsA OT CT10-
POHLI TPEYrONbHHKA JO TOUKH NEPeceyeHHsi ¢ ONHCAHHON OKPYKHOCThIO
(c Ayroii ONMCAHHOH OKPYXKHOCTH, PacHOJIOMKEHHOH MO Ty XK€ CTOPOHY

1) Cp. [17], pewenue sagauu 73 B).
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OT COOTBETCTBYIOmEH CTOPOHH TPeyroJbHAKA, 4TO H CaM TPEYFONLHAK),
uepes pgq, Po U po (puc. 123). Onycrus eme Ha cropory BC Tpeyrofs-
HHKa NepUeHANKYAAPH ol/ =r u 0,V =r, U3 UEHTPOB 0 ¥ 0, BHHCAHHOX

Puc. 122.

H BHEBIHCAHHOH OKPYyXKHOCTefi X BOCNOJNbL30BaBIIMCh TEM, UTO X, —
cepejlHa OTPe3Ka 00,, Moayuyaem u3 puc, 123

TX, =%oaV mtre TD=golU=obr

(rae T —cepenuna otpeska oV), oTKyja clegyer, uTo
1 1

DXy=TX;—TD == Sra—g"

Pa==DX = XX, —DX, = 2—-;- (ra—?)

(u6o pasmyc R onHcaHHOH OKPYMKHOCTH TpeyroJbHHKa MO YCJIOBHIO
pased 1, a XX,=2R). Ho (cm. Huxe 3apnaay 95 6))

rabrytro=4R4-r=4-+r,

T. €.
1 1 1
2—5 (ra—0)=2—% (4"’b—fc)=—2“(’b+'c);
TakuMm o6pasomM, . :
Pa=DX= (rp-Fr,).
Anajoruuno JOKAa3bIBAOTCA H paBeHCTBA

Pp=EY = (rgt10), pe=FZ=(ra-+15).
2 )

‘Tlocsie 3THX MpelBapHTEJLHEIX PAaCcCMOTPeHHI NepeliieM K peueHdIo
3ajayH.

1) HanGoaburas CropoHa ¢ TPeyroJpHHKa MOXET Obth Kak
yrojHo Maja (HO CPABHEHHIO C MPHHATHIM 34 efUHHIY PagHycoM R OmH-
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‘ar_g:noﬁ_ OKPYAHOCTH); MOSTOMY

MOXeT OHTb CKOJb YrogHo Mmajo (puc. 124, a); ssasur, n F; Moxer
“6HTb Ckorb y200no maao. C Npyroft CTOPOHH,. TaK KaK NMpOTHROJEKAmMAi

VA =0

e et W

. . 1, 1 T
©FZ=pe=gitgtgre=gra

%9

/J
5
4

Puc. 124

cTopore ¢ yroa C (Goabwmit yroJ TpeyrosnbHukal) ne mennme 60° (cM.
sapauy 45 a), 10 p,<<3/, (ecau C=60° T0 p,=3/,). Takum oGpasom,
1 1 3 .
Pc=7fa+§’b<'2— H rg<ry;

caefoBaTesIbHO,
3
rg<< -2—".
Hrax, i
3
O<ry< T

("a-:—g—., ecan TpeyroabsHK ABC —paBnocToponuu#i; puc. 124, 6).
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IMpumeuaHue. ST0T pe3ynbTaT MOXKHO NONYYHTH U Ge3 ofpaumenns
p

K BEJIMUUHAM Pg, Pp, P, BHINE MH BHLEH, YTO ecom a=b = THERD,

r .
'roT“ 2~ 2, rje r—pajuyc BIIHCAHHOH OKPYXKHOCTH (CM. BHime puc. 121, ¢

# OTHOCAIMMICA K HEMY TEKCT); ¢ APYTroit CTOPOHEI, B 3TOM C/lydae, OYeBH]-
HO, oTHOWeHHe /R (rie R —panuyc onHcaHHON OKPYKHOCTH) GYJAET OUeHb
r r r
majgo. Otcioga CJefyer, 4TO OTHOIMIEHHE —R“— =T" « g ) Mmoxer GBIT
ckoae yeodwo maasvtm. anee, u3 pesyabrtatos 3ajauu 46 a) u sagaun 94
cliegyer, uTo
1

Ta I
r<3u R<

'—2—1
H 3HAYHT,
ra _fa I < 3
R™r R ™2’
rg 3 g r 1 ,
TPHUEM —p-== 5, JIHIIb eCH —r—=3 Hop=g. T e ecam e

yroqeeuk ABC paBHOCTODOHHHI.
2)l IMpu pasGope cayyas 1) Mbl yke yGeguaHch, 4YTO BeJHYHHA

Pe=%"a +7 ry == g Fb MOKeT 6BIT CKOJIb YTOQHO MaJoi; MO3TOMY H

rp MOXET GhiTh cK0Ab yeodwo marowm (puc. 124, a). C apyroft cTopoHH,
TaK Kak Ha¥MeHbIIass CTOPOHA @ TPEYroJbHUKA MOXKET GHITb CKOJb YIOLHO
manofi, To py=DX MoxKeT OHTh CKOJL yrogHo GAH3KO K Auamerpy 2
onHcaHHON OKPy:KHOCTH (pHc. 124, 6). Opnako

1 1
Pa=7 fb+—2—'rc<2,
U TaK KaK rp<<r,, TO
=<1, Te r<2

2
Urax,

O0<rp<2

(npHueM rp MOXKeT GHITH CKOMb YroAHO GJHM3KO K 2; cp. Beiwe, puc, 124, a).
3) Iockoaeky (cp. co caysaem 2))

1 1
Pa= ’b+7fc <2
TO
1

—2—rc<2, T.e. ro<4;

OJHAKO r, MOXKET GLITh CKOAb y2o0Ho Gau3ko K 4 (cp. 8hiue, puc. 124, 8).
C apyrofi cropoHbi, Tak KaK HauMeHbmuit yros A Ttpeyrosbhuxa <g60°
(cM. sapjauy 45a)), TO

: 1 3

1
Pe=35 fb+—2' ’c?@
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3
(npuqu Pa=5 eCcaIH A==60°); a TaK Kak, Kpome TOTV, 7p<<’¢, TO
ro= -g.— .

Hrak,

<r <4

b0 w

3
Te =g » €CIH TPEYrOMbHHK ABC paBHocTopoHHR#; puc. 124, 6>.

47. CoefMHUB UeHTp o BhHcanHO# cdepnl Terpasppa (cM. puc. 10,a
B TEKCTE) CO BCEMH BEPINHHAMH TeTpasipa, Mel Ge3 Tpyja HaijeM, 4TO
V=Voapc+Voasp+Voacn+Vorco

rge V—ob6nem Tetpasgpa. C Apyroil CTOPOHEL, TPeyrosbHbe MHPaMULL
0ABC, 0ABD, 0ACD n 0oBCD yMeoT OjuHAKOBYi0 BhicotTy 1 (pamuye
BnucaHHON cdepel Tetpasgpa) m miomand oceoBaHufi S agc=3Sp,
Sapp=Sc, Sacp=Sp u Spcp=S 4; nosromy

Ve (Sa+Sp+Sc+Sp) 1o 3V=Ss4Sp+Sc+Sp.

CoBepIIeHHO aHANOTHYHO, COEJHHAST CO BCEMH BEepLIMHAMH TeTpasjpa
IeHTp 0,4 BHeBHHCAHHOH cdepnl l-ro poja (cM. puc. 11,a B TeKcte),
HOJy4HM

V=V ac+Vo ,a8p+Vo ,acp—Vo ;BCD:
WJIH, TOCKOJbKY nupaMugbl 0 4ABC, 04ACD, 0 \ABD u 04BCD umeror
OIUHAKOBYIO BHICOTY P4,
1
V=7 04(Sp+Sc-+Sp—Sa)
e pa= 3V _Sa+Sp+Sc+Sp

Sg+Sc+Sp—Sa Sp+Sc+Sp—Sa

TouHo TaK Xe nosydaiorcs U GOpMyJIsL

pp=satSp+Sc+Sp 0 _Sa+Sp+Sc+Sp
Sa+3c+Sp—35" "¢ 84485 +Sp—5¢
Sa+Sp+Sc+Sp

H = .
PD= 8, FSp+ Sc—5p
CoeMHHM Temepb CO BCE@MH BEPIUMHAMH TeTpasjipa LEHTP 04p BHe-
BNUCAHHOH cfepw 2-ro poxa (cM. puc. 11,6 B Tekcre, rje npejpnoJo-
xeHo, uto S¢+Sp > S4+Sp); Torga nmomyunm
V=V \%4 —V -V
oABABC+ 0 548D~ Vo, acp—Vo
OTKyjZia HMeeM

ABBCD,

1
V= =048 (Sp+Sc—Sp—Sa),

o e oane 3v _Sa+Sp+Sc+Sp
C S PRy T Sp—84—38 Sct+Sp—84—33"
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Axanoruyno BuBOAATCH # (QOPMYJIH

0 _Sa+Sp+Sc+Sp pAD=SA+SB+Sc+SD
ac Sg+Sp—3Sa—Sc’ Sg+Sc—Sa—Sn
(smecs Mbl cuntaem, ur0 Sg+Sp>Sa+Sc v Sp+Sc > Sa+Shn.

[Momiyro nosepxuocts S+Sg+Sc+Sp rterpasgpa  ob6osHadum
uepes 22. Toraa, oueBuaHo,

1 _Sgt-Sc4Sp—Sa_22—2854_, Sa

pa  Sa+Sp+Sc+Sp 22 b
H anaJqioruyHo

d S b _y S 1 _,_Sn

oB 2 pc 27 op b3

1 1 1 1
Ilos , e <LPpe<ppy T.&. —=—=—2=—, T0
TOMY, €C/IH PA<CPR<<PC<<(D oa 0B oo oD

Sa<Sp<<Se < Sp.

Hajee
1 _Sc4Sp—Sa—Sp_28-95,~285 . S _ Sp.
pa3 Sa+Sg+Sc+So 22 3 z’
H aHaJOrH4HO .
LS4 Se, t _y S4 Sp o1 Ss_Sc
Pac b Z  pap % x D DD i

npuyeM, TaK Kak Sp<SSp<<Sc<<8p, 0 par<PAC<PAD

Tepeiizem Tenepb K peilieliMio 3ajayi.
1) fcHo, uto HauMeHbm asg rpaip Sy Terpasagpa ABCD wmo-

A

®KeT OBiTe CKOJIb yrogHO MaJjioit (o
CPaBHEHHIO C er0 TIOJIHOH TOBEPXHOCTHIO
23, KOTOpylo MB! 3JeChb CYHTaeM (UK-
cHpoBaHHOH; oM. pHc. 125, @ na
KOTOpOM H300paxeHa NpaBH/bHas [H-
pamuaa ¢ O4YeHb MAaJleHbKUM  OCHO-

4

Neo-

4

Puc. 125.

23 = b2
saiuem BCD); ¢ npyro#t cropoHst Sy < =7g, e SA-—:? JH b

B TOM Ciiy4ae, ecld Sy =Sg=S8c=Sp, T.e. ecid Bce rpaHd Terpasipa
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paBHoBenHKH (HampuMep, B C/lyYae HpaBHABHOrO TeTpasapal)). Takum
o6pa3som,

]
0 1 2 1
: I=l=g>m=l-F-7
H, cjieA0oBaTelbHO,
Il <pp?

lMpumeuanne HerpyAHo ycTaHOBUTHL Takike, 8 Kakux npedeaax
MOsCEm 3AKA04AMECA paduyc p 4 8Heanucannol ciepot mempasdpa ABCD,
ecru paduyc P eco onucanunoid ceprr pasen 12). PaccMOTpHM,
1ipexKse Bcero, BIHCAHHYIO B €XHHHUHYIO cepy NPaBHJBHYIO NHPaMHLY
ABCD, Biicotra Hp=DT xotopolt ouenn Mmaja (puc. 125,6). Tak Kak

B 3ToM cayuae Sy=Sp=Sc = —3—SD, TO

, 4 _ 3V ~
SEHSe TSN T So M AT T k5=,
I iy
TS, 4P

T. € Pg OYEHE MaJo: 048 6NUCAHHOZ0 6 eOUHUMHYIO Cpepy mempa-
a0pa ABCD eeauuuna py (a makoke u Qpg, pc) Modxem Gbims CKOAb
yeodno manrois). [HeckonbKo TpyjHee YCTAHOBHTE, UTO H GEAUNUHA

1) MoxHO JNOKa3aTh, YTO eCAu 6Ce 2paHi Mempasdpa PasHOBEAUKU,
mo ece onu pasnbt (cM., HanpuMep, 3agauy 29 us kuurn [, O, Wk asap-
cKoOro H ap., ¥36panibie 3aiau H TeOpeMbl JIeMeH TAPHOK MaTEeMATHKH,
4, 3, Tocrexuspar, 1954); naM, oxHakKo, 310 He GYAET BaKHO,

2) OTHOCHTEJBbHO NIpeeJioB

1

B KOTOPHIX MOMKET USMEHATHCS PAJUYC 8RUCAHHOL CPepH TeTpasapa, Onu-
cagHas cepa KOToporo umeer pagdyc !, cM. 3agauy 94 B) uuk/a sagad 4.

3) CxopHble paccyXKIeHHS IIOKa3blBAalOT, 4YTO JJIA H306paKeHHOH HA
puc. 125, 6 nupamugnl

3
PAB=PAc=Pap = 5 Hp

oueHb MaJbl. A TaK Kax NpaBHJbHBIA TeTpasjp JOCTaBJAET HaM NpHUMep
BNHCAaHHOH B eJHHHUHYIO chepy TPeyroJbHOH NHUPAaMHABI, AAST KOTOPOH
PAB=PAC=PAp= o (0 TOBOAY CMBIC/JA TOC/HEAHEr0 YTBEPXKAEHHS
cM. . 5 Ha cTtp. 156), TO 3Hauenus PaR, PAC U PAD 048 6nuUCAHHO20
8 edunuunyt chepy mempasdpa ue ozparuteHst:

0<pap, pac, pap<
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Pp mMoscem Goimib €KOAb Y200HO MaAoid; OGHAKO H ITOT Desyib-
TaT MOXKeT OWITE NOANY4YeH cxoAubM nyrteM. ITycrs ABCD—rtpeyroapras
NUPaMUAa, OCHOBAHHEM KOTOPORt CJAYKHT paBHOGepeHHBIR TPEYroJbHHK
ABD, rge AD=BD u yroa ADB oueuv Gausox x 180°, a Bepunua C
pacnoJoxkena Ha g D Ha ouenn Majiom paccrosiuuu ot D (puc. 126, a).
Torna Sp~ Sc u

SA+SB+SC'—SD ~ SA-‘I—SBa":QSA,

k14 iV 1y
D= TS, 7S, —Sp 35, 34

rje H g—onymensas u3 pepwnusl A Becora TeTpasgpa ABCD, ssna-
I0LIAsICA TaKIKe BLICOTON TpeyronbHuxa ABD—T. e. pp 0Oue®b MaJo0.]

A
—_— 5 A
4 A -
v/ 3 ‘
a) p 61,

P

T. €.

Puc. 126.

. 1
A rtak kak, ¢ JZpyrofl CTOpOHHI, P+ (rze p—paguyc Brucasn-

Ho i cdepnl TeTpasgpa), ecan pasuyc P onmcanmnofi cdept pasen 1 (cu.
HUXKe sagauy 94 Bj)), u B n. 1) Mu noxasaau, yto pa=<2p, 10

2
pPa<Pp<-3.

Taxum o6pasom, OKOHUATENBHO NOJNYyYaeM, wTo ecay P=1, mo

0< pAQ%

2) flcuo, uro W BTOpas NO BeMHUHHe rpaiib Sp MoXer GbITH CKOJL
VTOJHO Manofl 110 CPaBHEHHIO,CO BCell NMOBEPXHACTBIO TeTpasjpa (cM., Ha-
npumep, puc. 126, a, Ha KoTopoM H306paKeH TeTPA3LP C OUEHb MaJbiM
pe6pom CD); moITOMY MOMKHO JHIlb YTBEPKIAThH, UTO

0

1
l—5=1>—, T e. 1.
b >PB PB >

C gpyroit croponsl, Tak Kak Sp<<Sc << Sp, 10

1 1 22 2
Sny (SatSc+50) <5 (Sa+Sa+SctSp) =5 =52,

npHYeM MJIOMalb rpafd Sp MOXeT OHITh CKOJb YroAuo G/H3Ka K TpeTH
Recelt noBepXHOCTH TeTpaszpa (cM. puc. 125, a, Ha KoTOpoM H306paxeHa
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npapuasHas nupamuta ABCD ¢ oueHb Masofi MO CPaBHEHHIO C BHICOTOHR
cTopoHOii ocHoBaHHg). IloaToMy

1 "Z‘z 1
_5;>1__.2_=§-, T. e. pg < 3.
Hrak,
l<pp<d |.

3) Tpetea no BemnuuHe rpaHb S TeTpasipa yxke He MOXKeT OHITb
CKOJIb YTOAHO Masofl. 2T0 CJELYeT U3 TOrO, UTO KamOafs epaHs mempa-
30pa no naowjadu menouwie cymmor naouwjadeid mpex Opyeux epanedi: Beb
yIKe CyMMa OpPTOrOHaJbHBIX mpoekuunii rpauefi DAB, DBC u DCA Ha
miockocTe rpauu ABC HUKAaK He MoXKeT ObITh MeHbIUe IJOMAAH Sp
rpaun ABC (paccmaTpuBaemMass cyuMma pasHa Sp, eclH OCHOBaHHe P
BbICOTH DP TeTpasipa nmpuHajnexuT tpeyroiehuky ABC, u Goabiue Sp
B NPOTHBHOM cJayyae!), a 3Ta CymMMa, OYeBH[HO, MeHble CyMMHL S 4 -+ Sp -+
-+ S¢. Hosromy

1 1 -
Sa+Sp+Sc > 5 (Sa+Ss+Sc+Sp)=75 (2%)=1,
a 1aK KaKk Sg=S8p=S,, 10

1 2
Sc >§'(SA_+SB+S(:) >3-

Ogpnako nyomafs Se MOXKeT ObITb CKOMb YrOAHO O6JH3Ka IO BeMUHHE
K /3 (cM. puc. 125, 6, Ha KOTOpOM W306pakeHa IPaBHIbHAS THPAMHLA
ABCD c ouenn MaJOff 110 CPABHEHHIO CO CTODOHOH OCHOBaHHSA BLICOTOH).
Takum o6pasom,

3
—-—-<I———-2——3, T. €. pc>§'.

C zpyro#t cTOpoHH, Tak Kak Sc<<Sp, TO
1 1 1
Sc <5 (S¢+Sp) < 5 (Sa+Sp+Sc+Sp)=75 (22)=3,

HO S MOXKeT GHITb CKOJIb YTOAHO 6JH3KO K X (cM., HanmpHuMep, puc. 126, a);
OSTOMY .

—l—~>l——£—-0Te <
e 5 , T. €. 0¢ .

Taxum o6pasom,

-g-<pc<oo

.

4) Hakouen, camast Gosbuwiasi rpade Sp TeTpasgpa MEHbIUE CyMMBI
BCeX OCTaJIbHBIX €ro IpaHei, T. €. MeHbWe 2 (X0TA Sp H MOMKET ObITh
CKOMb yrofmo 6nusk0 Kk X—-CM., Hampumep, puc. 126, 6). C mpyroi
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CTOPOHH, TaK KaK Sp=Sc=Sp=S4, 10 .
1 1 pX
Sp= 7 8a+Sp+Sc+Sp) =7 (23)=—-.

TakuM o6paaoM, Mul HMeeM

1.
=2
1 2 1 z
gl =250
T. €.
zng < o

{(pp=2, xorna SD=—;— 2, nanpumep, Korga Terpasip ABCD npaBnib-

HBIf).

5) Boime mMu! yxe Bujean, uto cymma S 4--Sp IBYX CaMBIX MaJeHb-
KHX rpaHeil TeTpasiapa MoXeT OuiTh CKOJb YFOLHO MaJdoi (CM
puc. 126, a); mo3TOMy MOXKHO YTBEPKJAThH JUIUL, YTO

0 Sa+Sg 1
l=l—> =,

z 2 PA4B

(10 pap MOKeT 6HITH CKOJB yrofHo Gauskum K 1). C Zpyro#f cropoum,

T. €. pAB>l

SA—}—SB<§-(22)=Z, B ectn S =Sp=Sc==Sp, TO, oueBHgHO,

1 L1
Sa+Sp=5(Sa+Sp+Sc+Sp)=5 (22)=2
Taknm o6pasoM,
_Z 1

" R cJefoBaTeJLHO,

I <pap<<oo

The 3HAUeHHE Pap==00 CUNTAETCH BOSMOMHBIM: (PABEHCTBOY PAp= o
o3HayaeT, uT0 S--Sp=23, U cooTBeTCTBYIOmeEH BHeBIHCAHHOW cdepnt
TETPAsAPA HE CYWECTBYeT 1)

6) Tak xak Sp<<Sp u Sc<<Sp, 10 S44Sc << Sp--Sp; npn 3roM
BO3MOXKHO, UT0 S4+Sc=S8p+Sp==2 (ectn S4=8p u Sc=Sp, na-
npumep, Korga S =Sg=8s=3Sp). INosTomy )

0=1—2 <1 SatSe_ L
X 2 Pac

Tle «PaBeHCTBO» P gc==0cO O3HAYaeT, uTO cdepa papuyca p4c He Cyme-
CTBYyeT 1) C npyroi CTOpOHbI, TaK Kakx SB<SC<SD, TO

1
Sa<§(SB+SC) < "2‘(SA+SB+SC)='2“(22_SD)=Z_'2’ Sp;

, T.€ Pac<sow,

o Cp.‘ C‘HOJ,ICTpqubIM npuMeyaH#eM Ha c1p. 27,

158



TI09TOMY

Sp+Sp < (z—% sp) +SD=2‘.-|-—;—SD.

- Ho Tak kak Sp < Z, T0 »
1 3

Spg+Sp< L5 i=

2 '2‘2'

M 3HAUHT,
1
SaA+Sc > 72

(npuuem S 4--Sc MomeT GHTH CKOJb YPOAHO GJAM3KHM K -%—2; CM. pHC.
128, 6, rae soicora DP terpasgpa ABCD ouens mana, U TOuKa P cos-
. magaer ¢ cepegunofl croponn BC). Urak,
I SatSc_, Y3_1
b_;C__1_.._Z__<1_ 5-=g Te pac > 2.
Takum o6pasom, Bcersa

2 < pac=s>

7) Koueyno, u ciyuaii, xorga S -+ Sp=Sg--Sc= 2, o3uauawoumuit,
uTo
1 3

—=]—a=0, T e. = 00,
PAD ) PAD

IpYTHMH CJIOBaMH, uto chepa pajuyca pap He CyllecTBYeT, SIBAsSETCS
BIOJIHE BO3MOXKHBIM (HallpuMep, TaK OGCTOHT Jedio, ecad S=Sg=Sc=
=8p). C apyro#t cropousl, nockoabky Sp=<Sc<<Sp, ™0
2 2
Sa+Sc <5 (Sg+Sc+Sp) < 3 (Sa+Sp+Sc+Sp)=
4

2
=3 (=3

z)
npuuem cymma Sg--S¢ MoxeT GbITh CKOJb YrOfHO OJM3Ka K %2 (cm.
Boie, pHc. 125, a). Orcioga craegyer, uto Sy4+Sp > %z (npuyem

S 44 Sp Momer GbiTh CKOMb YrOJAHO GaH3Ka K —§—2}>; NO3TOMY
1 2/g %
<1t
pap b2
Takum o6pasoM, Bcerja

1
=5, T & pap > 3.

3<pap<o

48. Ecmu AC=b n AB=c > b, T0 ucxoasuue u3 BepuuHit A cro-
poust AC u AB, Bhicota AP, Guccexrpuca AK u meguana AD cregytor
OAHa 3a Apyroit B TakoM nopsigke: AC, AP, AK, ADu AB (puc. 127; sto
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‘caenyeT wuws Toro, ure /L C> /4B, [CAP < / BAP—g suaunr,
L CAP < / CAK==;—2- , T. € Touka P npmuapiexur orpesry CK;

Zajiee, MOCKOJBKY g—[l(i=% <l, e CK< CD.=—g—, 10 TOuKa K npu-

HajnexuT orpesky CD1)); ecim xe
b=c, To Toukn P, K u D cosnajaior.
Hostomy 6o A, < P, < m,, anbo
a= Pa=Mg.

To, uto B Cce yroBAETBOPAMOLHE
9THM YCJIOBHSIM TPOHKH OTpPESKOB /4,
Pa M m, caymaT COOTBETCTBEHHO
BBICOTOH, MeJHaHOH H GHCCEKTPHCOH
HEKOTOPOro TpeyroJbpHHKA, CJeRyeT
U3 Pa3peuinMOCTH COOTBETCTRYMOULEH
3ajaud Ha [OCTPOeHHe (3ajaul o
noctpoennn Tpeyromphuka ABC mo
BEICOTE /1, GHccekTpHCE P, H MexHa-
7 He Mg, rie h, < Py < mg; Laa no-

crpoennus /\ ABC jpocraTouHo noc-

Puc. 197. TPOHTB CHa¥aJjla NPAMOYTOAbHEIE Tpe-

yroaeHuku APK u APD,; 3sateMm no-

CTPOHTb OKDYMKHOCTb S, IEHTP KO-

TOpOl npuHagnexur npamoit DX | PD, npoxopamyio uepes A u uepes

Touky Q mepeceuenus AK u DX; Tourn nepeceuenus S ¢ npamoit PD

v Oyayr sepundaMH B u C HCKOMOrO TpeyroJbHHKa—CM. TOT e
puc. 127).

49. 3aMeTuM mpepe BCEro, uTO ecnu Ans Tpeyrodvhuka ABC cnpa-
BEJVINBO HEPABEHCTBO M, < My, rae my=AD u my=BE—wmeguaut,
npoBejieHHble K3 BepuH A u B, To
BC=a > b=CA. 310 cpasy cie-
JyeT U3 U3BeCTHOH Qopmyan 2) m, =

=% V 2b% - 2c2— 42, Ho MOKeT 6HITh

JoXasaHo u 6e3 Bhiuncaennii, [lepene-
ceM nmapajjensHo TpeyroasHuk ABC
ua sektop ED B nonoxenue A'B'C’
(puc. 128). Tak xak B’'D=BE, 710
1o yeaosuio B’D=BE > AD; noato- Puc. 128,

My B’'P > AP, rae P—npoekuus

toukn D Ha AB. A tak kak AA’=BB’, to BP > A’P, u caefoBaTenbHo,

a iy b
—2-=BD>AD-—§-, Hag a > b,

[ycts Tenepsb Tpeyroaouuk ABC taxos, uto fi, == Py =m,. Tax xax,
B CHJly pe3yJbTaTa 3ajaud 48, h,=Py = hp u b, = m, == h,, 10 BBICOTA /1,

1) D10 BHITEKAaET TaKiKe H3 TOro, 4TO NpH MOGOM JApyroM pacioJio-
weHun Touek P, K u D 6yger HepaspemuMa 3ajaya NOCTPOEHHA Tpe-
yronsuuka ABC no Tpem orpeskaM kg, B, # m,, o Koropoii rosopurcs
Jaawwe {(cp. ¢ 3agayeit 112 us kuuru [17)).

2) Cm., nanpumep, Agxamap [13], crp. 124,
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- au6osbwas; MOSTOMY M3 paBeHcTBa h,=m, caeiyer, uto / C << 60°
- (cM. HuXe sagady 50). C Zpyro#t CTOpOHBI, MeiMaHa m,— caMasl MeHbLIast
B TpeyroapHuke ABC, u6o m,=h,<<m, u m,=f, << mp (cM. sajgauy
48); nosToMy, [O TOJLKO 4TO JOKa3aHHOMY, C—HauGoJbliasg CTOPOHA
tpeyroabauka ABC, u C—ero HanGoJbwHi yrog. A Tak KaK cyMma Tpex
yryioB TpeyrosbHHKa paBHa 180°=23.60°, ‘10, nockoneky / C<360°,
BC € YIVIHl TpeyrosbHHKa paBHul 60°, TpeyroabHuk ABC siBasieTcst pap-
HOCTOp(iHHHM, H OmHoweHue €20 HAUBOAbWEL CMOPOHb K Haumerbuield
pasro 1.

50. Onyctum u3 cepeanssl E croponst AC Tpeyrojsnuka ABC nep-
nepukyaspsl EQ u EQ, Ha cropount BC u AB (pumec. 129). Tax kax

EQ:%AP:—;—h,, # BE=mp=h,, 10 / EBC=30°. C ppyroit cTo-

1
! ==h,<< —;—ha (u6o Buicota h, wuauGosbmas), a

BE =mp=h,; nostoMmy / EBA<C30° n
sHayut, /. CBA <<60°.

pornl, £Q,=

Puc. 129. Puc. 130.

51, Ectu AK =f,—06uccekrpuca tpeyroapuuka ABC (puc. 130),
TO, OUYEBHZAHO,

SAaBak+SAcak=Snasc

HJIu

1 A A 1 .
—2—cﬁa sin —2—+—2-b[3a sin —2—_3—bcsm A.

ITosTomy
A A A
b be sin A _2bcsln?c057_2bccos—2—
a - - B
(b+c)sin-§- (b—i—c)sin—g— b-c
T. €
’l__i__l_ btc 2 cos 5
b "o b P

159



Ilasee ‘BOCMO/B3YeMCA TeM, 9TO B CHJAY pedyabTaTa 3ajaun 48

hy<<Pa<mg, 1. L —]—931—; n0STOMY
a

lha]’ﬂa
a) eciin —b-+—c—==’7;, TO
2cos—'i
2 1
~>~ B
Pa Ba
T. e
A |
cos —9—2—5 N
A o
a cJenoBaTesbHO, —2—<60 , £ A< 1205
[ | I
6) ecan 7 F:E,’ 10
A
2 cos ——2——__]_
, Ba  Ba’
T. €
i
cos 7:—2',

a CJeioBaTeNbHO, §=60°, L A=120%

1 1 1
B) ecsu —b-—{—?_-ﬂ—z;, TO
A
2COS-—2~<-1— T. €. COS <l
ﬁa \ﬁa td 2 === 2 ’
a cJeloBaTeNbHO, —4—260% Z A=120°

2 :

52, 3adukrcupyeM ocHoBanue BC TpeyroJibHUKa; IPH 5TOM BepiinHa A
6yner npuHagaexats ayre BEC noctpoennoro Ha BC cerMenra, BMmema-
iomero yroa a (puc. 131). B cayuae @ < 90° mentp O sroit ayru pac-
NONOKEeH Ha neprnenjpukyaspe DE, BoccTaBleRHOM K oTpe3ky BC B ero
cepenune D, B we xopru BC, ecan cuurath, uro xyra BEC pacnoJo-
JXeHa H aJ ropusoHtasbHol npamoli BC (puc. 131, a); nostomy, ecan Ay
i A,—nBe Touku npasoit noayayru CE n A, Gumxe k C, ueM A,, 10
£ A0D < / A,0D, w 3uauur, 110 H3BECTHOH Teopeme o TpeyrodpHHKaX
C OIMHAKOBHIMM IapaMH CTOPOH M HePaBHBLIMH YIJ1aMH, 3aKJIOYEHHBIMH

MEXJy STHMH croponamu, A,D > AD > DC =5 Ecan a==90°, o0 TOU-

ku O w D coBnajgaor DA1§=DA2=—;~(pnc. 131, 6); ecau e o > 90°,
To O JnexuT noj xopioi BC, u ana usobpameHHplx Ha puc. 131, @ To-
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vex Ay ﬁ‘Az umeem- / A,0D > / A,0D, orKyja ClieLyeT, MT0- B STOM
cayuae A,D < A)D < DC =3 YuuTtuigas ewe, YTO NPH COBNAAEHHH

qoukH A ¢ cepenunoii E ayru BE orpesok AD— mepuaHa TpeyroJbHaKa

Puc. 131.

vl

ABC —cTaHOBHTCS! PaBHHIM —%—ctg—g— (uéo DC=—%~ H /CED=

B3aKJo4yaeM, 4To

)

1 1 o o. 1 one
5 <ma<7ctg,—2~ , ecan o < 90°% mg=— , €ecau a==90°
" 1 1
« \2]
-fctgggma < 7 ecan a > 80°.

53, MMepBoe peweHye 312 3a1a4a Jerko MOXKET OblTh peiena
anre6paunuecku. OGo3HayuM, Kak O6LIYHO, CTOPOHHl TPEYTOJbHHKA ABC
yepes @, b, ¢, a ero (NepneRINKyJAApHLEE TO YCAOBHIO 3afaun) MeJHaHo
AD u BE —uepe3 m, u mp (puc. 132, o). Taxk kax 1)

1 1 :
my=—4 (20? +‘202 —a?) =© .mg =7 (2a% -2 — b?),

1) Cwm. nogctpouHoe npumedanne 2) Ha crp. 158,

6 5. 0. lknapckui H Ap. ) 161



10 (ecm M — Touka nepeceueHust Meguan)

2\t 1 )
AM2 = —é-ma) =5 (262 4-2c2—a?)

2
BM? — <_§_ mb) =% (202 4262 — ).

IMpumensas & npaMoyrojsHoMy Tpeyroabuuky ABM rteopemy ITudgaropa,

no/yuaeM _
2 :% (263 4-2¢2 —a2) ‘{“_gl)" (20% 262 — %) = a2—}*b;+ 4c2 ’
OTKyJa CJIefyer, 4To
o= —;— (@+-07).

3aMeTuM Tenepb, UTO B CUJY TEOPEMbI KOCHHYCOB
o2 4-p2—(2 4 g2 b2

2 =q2 - b2—2ab cos C T. & cosC= =

c?=a+b ’ 2ab 5 2ab

Puc. 132.

Ho Tak xak a?-}-b2—2ab=(a—0b)% =0 u, ciegosatennto, a? - b2 == 2ab,
@+ b2 =1, 70

T. €, 5ab

cos C= 2 T. e. C<g arccos—g— ~ 36°52'.

5 ?
C npyrofi cTopoHbl, WIS Kaxzoro ddcaa k, rge 1 > k;%— s MOXHO

1ofo6pare CTOPOHBL @ U b TpeyroabHuKa TaK, 4To

T. &. a?2—2abo}-b2=0, uau
a\2 a
(7;) —2 (7>+1*°'

-Z~=a3': Va1,

Mocrpons tpeyroapuux ABC, y KOTOPOTO OTHOMIEHHe CTOPOH a:b umeer
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OfHO H3 3THX JABYX 3HaueHHH H cos C=k, MoxHO y6einthcs, uro
meguanst AD n'BE 3Toro TpeyroJbHHKA B3aHMHO NepHeHIHKYJSPHH,

Bropoe pemenne. MoXHo pemuts 3Ty 3ajavy H YHCTO TEOMET-
puuecKH, 0e3 HCMOAb30BaHKMA (GOPMYJbl JIA AJHHB MEIHAHBl TPEYroJb-
nuka. Ilycte AD=m u BE (B3auMHO NepHEHIMKYJISPHBIE 110 YCJIOBHIO
sagaun!) —mepuans TpeyrofibHuka ABC, M —Touka WX nepeceyeHusd,
rak ut0o AM:MD=2:1 (puc. 132, 6). Onycrum u3 sepwunbl C TPeyrob-
HuKa nepneHgukyasap CP Ha npsmyio BE. Tak kak AE=EC, 10

CP=AM=§ m, T. e. Touka C DpHHAJMEXKHT npsAMoil [, mapansie’n-
. . 2
Hoit BE w ypanenuoit or BE Ha paccrosinue T m

[penrnosioxkim Termepb, 4TO TOYKH A u D Ham H3BecTHH, T. €. YTO
orpe3ok AD mmeerT (QHKCHPOBaHHOE [OJIOMKEHHE Ha [JIOCKOCTH (a c/agjo-
BaTeJbHO, H GHKCHPOBAHHYIO JVIMHY #1); 9TO ZONYCTHMO, HOO B HACTOAUIEH
3ajaue TpebGyeTcsas OnpeiesUThL BENUUAHY yriaa C, ¥ N0OITOMY MOXKHO
cuuTaTh, uto TpeyromsHuk ABC 3ajand «c TOYHOCTBIO O NOXOGHS», T. €.,
nanpuMep, 9ro ero Meguana AD umeer sajannyw maHHy m. Eciu
C —npousBoabHasa Touka npaMoi [ (neprnenpukyaspHoil AD u yjanennoi
or ToukH A Ha paccrosHue gm), a B u E-—TOuYKH nepeceyeHHs
npsameix CD u CA c npswmoit k| AD (uam k| {), npoxogsmefl uepes
Takylo Touky M orpeska AD, uto AM:MD=2:1, to ABC — (HcKOMbtii)
TPeyroJbHHK € B3aMMHO NEPNeHIMKYJIsApHbIMH MegunaHamn AD u BE
(nouemy?). Takum ofpasomM, Halla 3ajaya CBOZHTCS K caepyiouledi: Oanet
ompesok AD u npamas [ AD (puc. 132, 6); rakum mosxcem 6Eoimo
yeon ACD, 20e C—mouxa npamod I, 1. e. K sagaue 68a). VY panas
HeoTpaHuueHHO Jjaneko Touky C mo mnpamol [,” mpl yGexaaeMcsi, d4To
yroa C moocem OCoumbe cKoAb yeoOHo maaslm; HauGoJbLIEE Ke
ero 3HaueHHe, B COOTEETCTBHA ¢ pemeHueM 3agauu 68 a), nosmyuaercs
npu copmajenun C ¢ Toukoii C* Kacanusi npamoit [ c nmpoxoasmeit
uepe3 A u D okpyxkuocteto S. Taxk kak mentp O OKpyxHocTH S mpu-
HaJJIeXXHT NpAMOH p || k, nepnenjukynsapHo# AD wu mpoxojdawel depes

cepeanny AD, a ciefoBarenbHO, YJANeHHOH OT k& HAa DacCTOAHHE M 2

or /—Ha paccToaHue %m TO paguyc R okpyxHocT# S paBen
1 1 1 5
A nockoabky Bnucanubelii yroa AC*D okpyxkuocts S ouumpaercs Ha

xopaty AD=m, T0 no (nmpHMeHeHHOH K TpeyroaeHuKy ADC*) Teopeme
CHHYCOB uMeeM
AD m 3

.3
, C*=a.rcsm—5—.
Takum o6pasom, wuckoMmblli yroa C B3akJiaioyaercsi B Hpefenax

0 < C<arcsin —?T ~ 36°62" (wmm 0 < C=garccos -g— ,  TOCKOJBKY

.3
aresin - =arccos = | .
5 5
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54. TaK Kak nJomags TPAMOYroJLHOrO TPEYroNbHHKA C KaTeTaMu &, b

H TUNOTEHY30H ¢ paBHa -—2—ch=—2— (a4-b+c)r, 10 ch=(a+b+c)r, n

h__atbdc a-b.
2 c =1+ c

_3HAuHT,

TakuM ob6pa3oM, HaM HaJO JHLIb OUEHHTb OTHOILIEHHE

CyMMbl Ka-

a-t-b
¢
TETOB NPAMOYIOJBHOrO TpeyroJbHHKa K ero runotenyse. Ho, oueBmjHo,

a+t+b>c T €. a

YrOZHO GH3KO K 1, eC/i TOIBKO OTHOIIEHHE JJIMH KaTeToB TPeyroJibHHKa
jocratouHo Benuko; puc. 133,a). C ppyrofi CropoHh, IOCKOMBKY
{(a—b )2——a2+b2——2ab>0 H crefoBaTennHo, a?--b% = 2ab, TO

(@--by2 =02 4 b2 4 2ab << 0% 4 b8 |- (a2 - b2) =2 (a% 4 b%) = 2¢2,
H 3HauuT,

> 1 (npHyeM 3TO OTHOUIEHHe MOMKET GBITh CKOJIb

ai—b <V?2,
rae paBeHCTBO JocTHraercss upnm a=»b (puc. 133, 6). Takum o6pasom,
OKOHUATeJIbHO
y h -
1+1=2<7<1+V2=2,41...

55. OGoswauuMm pefipa nps-
MOYFOJILHOTO  MapaJliieslenunesa

4 2

Puc. 133. Puc. 134.

ABCDA,B,C\Dy (puc. 134) uepes AB=a, AD=>b n AA,==c, a guaro-
nagib AC,—uepe3 d; yrasl B,AC, n DIAC1 ofognauum uepes o u f
Hs NPAMOYTOMILHEIX TPEYrOMEHUKOR B,AC, u C,AD; wuwmeem

b=dsina u a=dsin §.
Hanee
d2= AC}=AB}-|- B,C} = (a® -+ %) - b?;

nosToMy, KpoMe oueBHiHBIX HepaseHcTB 0 < @ < 90°, 0 < P < 90°,
JOMIKHO GHITD

a? -+ b2 =42 (sin? o }-sin? By =d2—¢? < d2,
T. e
- sin?a-fsinzf < 1,
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‘BAR - » .
cos 20+ cos 2= (1 —2 sin? @) - (1 — 2sin2 f) =
. =2(l—sin?a—sin?f) >0,
Ho Tak xkax
cos 20t} cos 2B =2 cos (a - B) cos (& — ), R

To uepaseHcTBo sin?a-|-sin?f < 1, wam cos 2a-}-cos 2§ > 0, pasno-
cuavHo yeaosnio 0 < a4 B < 90°

Htax, yrast o 0 f§ ZomKEH 6HTH TakuMH, uto @>0, § >0, a+ B<90°%
TIPHYEM BCE YAOBJAETBOPSAIOIINE STUM HepaBEeHCTBAM 3HAYeHH: YIJoB o u B
BO3MOXKHH (MPAMOYIONIBHBIA TapaJlenenuner uMeer pe6pa a=sinf,
b=sina, c=) 1 _—sinfa—sin?f}),

56. Ilycre oo=2B — yros npHu BepiinHe oceBOro ceueHHst konyca K,
ONMHcaHHOTO (KaK # umamuip 1) Boxkpyr wapa paguyca r (cM. puc. 135,
Ha KOTOPOM H3o6paxeHa NJOCKOCTb
oceBoro ceuenuss ABS). Torga

‘ié;;’co
<

V2=—:13— nR2H,

rie R=QA un H=S8Q; uo no-
CKOJIbKY )

i
|
N
op Y
o __1+4sinf i » »
T sinf Fr= sinp - A Vi Ql vi y
u Puc. 135.
R=QA—=H1g ﬁ:—l—;—%]ir.tgﬁz%ﬁ .
TO
1 (-fsinpprz  (I+sinp)r 1 (1-Fsin B
Vz:? " cos? B ) sin B -7 murs sin Bcos?p

=—1—nr3-—————————. (]—i—sinﬁ)” =—1—m3 _____.____.(l—}—sin B .
3 sinf (1 —sin?f) 3 sin B (1 —sin )
C zapyroii CTOpOHHI,
Py P Vi=mnr2.h,

rge 7= QK — pajuyc OCHOBaHHMA LHMJMHZAPA (CORNAjAMUN, OYeBHSHO,
¢ papuycoM wapa) ¥ A=KN=2r — BbicOTa nIHJHHIpa (coBnajaoas
c JHaMeTpoM iuapa); mnostomy, ecam Vy=1, T0

1
 J— 3 __
2nr3=1, T. e qr =5

TakuM 006pa3oM, OKOHUATEJNbLHO HMEeeM

1 (1+sinpp
276 sinp(I—sinp)°

Bripasum Teneph sin f uepes V,. Mol umeem KBajgpatHoe ypaBreHue
sin?f (6V,+1)4-2 sin (1 =3V,) - 1==0,
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H3 KOTOPOIo moJiyuaem
3Vo—1 + V=3V, —(6Vy1-1) V=14 VQVZ —12V,
6V, 1 6Vy,+1 B
Vo—1 + VIV, (3V,—9) N
6V,-1-1

Tak xak Vy-—uncdo pomoxkurtenssoe, a sin f, pasymeercs, wucio Beme-

sin ==

CTBEHHOE, TO JOIKHO Obith 3V, —4=20, 1. e. Vo v=-~

5
4
Hrax, Hanmenbiiee BO3MOKHOE 3nauenne v ofbema V, pasho = ;
. 3v—1 1
3T0 3HAUEHHE AOCTHrAeTCH, eciH sin ﬁ:mz—s— ,T.e. ecm o =20 =

=2 arcsin - (N 38°56).

57. a) cho yro o6veM V paccmarpuBaeMoro rerpasypa Moxer OHITh
cKosb yrogro maji. C Apyrofl CTOpoHBI, TaK KaK «epHMETp» (CyMMa LIHH
Bcex pebep) 2I1 Hamero teTpasapa He HpPeBOCXOJHT 6, TO B CHJIY pe3yilb-
taTa 3apadu 99 6),

12 27 V2

V< — << — =
162 V2 1622 12

paBeHCTBO 37eCh JOCTHrAeTCs JIHlb L npaBMbHoro TeTpasjgpa ¢ peo-
pom 1. Takum obpasom,
V 2

(= 0,118);

0 <V

6) B st0it 3agaue o6beM paccMaTpHBAEMOrO TETPAsApa TOXKE MOXKET
6uTh CKOJb YrojHo ManibiM: ecad AB=1, AC=AD=BC=BD z% u

CD ~ 0 (puc. 136, a), To V~ 0. C

IPYro#l CTOpOHH, O00O3HAYHM [JHHY A
(npoTuBononioKHOrO peépy AB auH-

Hu ==1) pe6pa CD uepesa (pruc. 136,6). V.

ST T2

4)

Puc. 136.

Ecau suicora AP =h, mpeyeosonuka ACD penut peGpo CD wua oTpesku
CP u PD, 10 X015 6b1 OAHH H3 HHX = -g— . C gpyro#t cTopoHbl, TaK Kax
AC<<1uw AD<, 10

=V AC=CP'=V AD*"—DP < ]/1——%
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- +H, 3HAYUT,
1 1 al
Spaco=g@he<gal 1—7.

a
TouHO TaK e ycTaHaBJauBaeTcs, 4YT0 BQ =hy < ]/l~—-—, yi(d

BQ = hy—onyennas 13 Bepiinuul B BblcoTa mpeyzosvruka BCD; a Tax
kak Hg<Chy, rpe Hp—onymenuas U3 Bepuindnl B BricoTa mempasdpa

ABCD, o
HBQ]/].-———-.
Taknm o6pasom, uMeeM
V——ts Hy<r2y 129 -
=g opacols<ggl) I=5- ) I—75=
akl——)-—: a (4 —a?).

Ecau a==1, 70 nocjejHee BHpaxeHue obpamaercs B 2—2-1&3:% . He-

1
TPYAHO MOKA3aTb, 4TO €caH a < 1, To ono < 5" B camom gese, ecan

0<a<l, 1o

1 1

aa(d—a?)— D da——3y— 1 (1—a) (@+a—3) < 0,

B % 2

6o 1—a >0 n a?-f-a—3 < 0; noaromy BO Bcex cayuasx

1% — —a2 —_
<2 a4 a)éa.

1 1
Takum o6pasom, o6beM V Terpasgpa He NPEBOCXOIUT —- g Ol paseH =
nas terpasipa ABCD, y xoroporo rpass ACD u BCD—mnpasuibHble

)

TpeyroNbHHKH €O CTOpOHOM | (Tax 4T0 SA 4cp = 7 hp=
U JABYCPAaHHBIA yroJ MexAy 3THMH rpausMy pasen 90° <TaK uro Hp =

=h,,—_——]g—3—-> . [Herpygﬂo BHA2TB, YTO B TaxKoM TeTpasipe’ AB =

JM:}/@:V% 1.]
I

Hrak, 0 < V<§ (=0,125).

58. Ilycts A,4,...A,—naunas nomasas, A;A,—npsamas, npo-
XOJAmAaa yepe3 ee¢ KOHUb, B—TOYKa, Jeasilas IONONaM NepHMETp Jo-
mauoli - (pHc. 137). Orpesok, KoTopoMy NPHHaAJeXHT Touka B, nycrs
Gyper A;A;4y.

TToBepXHOCTL, MOJyYyeHHAsl OT BPAlleHHS JOMaHOH BOKPYr npsiMoit
A, A, 6yier coCTOSATL H3 KOHYCOB, YCEUEHHBIX KOHYCOB H, MOXeET GHITb,
UMAHHAPOB (KOBYCHl M yCEUEHHBIE KOHYCHI B YacTHOM CJydae MOTyT
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BHPOJHTLCA B KPYTH H KOJbLA; CM. "puc. 138). Ecan S; ecrb‘u_npmaub.
60KOBOH NOBEPXHOCTH TeNla, 00PAasOBAHHOro BpaileHHeM OTpEsKa A;A; .1,
%0 S;==nly(rj+-rj+q), rhe [j—janna obpasywowelt A;A;4,, ar;u

A B At

Puc. 137.

rj41—paccrosnns touek A; u A;i, or ocu Bpamennusi. OGo3HauKM uepe3
p; ansuy gomatoll 434,... Ay Torga, ouesuano, p; > r;. Tak xak

Li=ps+1—p;
T0
Sy==aly (rj+rp41) < A (p741—pp) (04070 =7 (pfrr—p]). (%)

PacemoTpuM DUIOMajh MOBEPXHOCTH, NOJYYEHHOH BpaICHHEM JOMa-
woit A,B Bokpyr A;A,. Ona pasua cymme miowageit Sy, Sy, ..., S;_y

1 OJoWajaH, nojyyaeMoll npu Bpamenuy orpeska A;B. CloxuM 1MoyneHHo
HepaBeHCTBa (¥), orBeyatomue j=1, 2, ..., i—1. Buipaxeuns, crosigue
B IpaBbplX YaCTHX OSTHX HEPABEHCTB, CYTh NJOMAAY KDPYToBHX Kojel,
BHYTDEHHHH M BHEWHHMH Pafluychl KOTODbIX COOTBETCTBEHHO DAaBHEI Pj H
pj+1. TlosTOMy niomazge paccmaTpHBaeMol 4ACTH IIOBEPXHOCTH He Iipe-
BOCXOJMT NJomajH Kpyra paguyca d/2 (puc. 139), koropas pasna md?/4.
TousHo TaK IKe HAXOJMM, UTO TNJAOWALb UOBEPXHOCTH, NOJYUYCHHOK
BpameHHeM JioMaHoH  BA;, A;49... Ay~ 1Ay, TOXKE He [PEBOCKOLHUT
nid?/4; nostomy naowade eced. nosepxHocmu He npesocxodum md2/2.
Tlnowage sceit noBepxHOCTH paBHa d*/2 TOJALKO B TOM Ciyuae,
KOr4a BCS JIOMaHas JIEXKHT Ha NpAMON, NePneHJHKYAspHON K OCH Bpa-
mweHnsA (TOrAa Bce HePABEHCTBA NPEBPAINAIOTCH B PaBEHCTBA); HO B TaKOM
cly4ae camMa JIOMaHaf BHPOXJaercss B ABaXJB NOKPHITHIA OTpe3oK.
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Opnnako, paccMmarpupasi JoManbie Buma A;A,A;, rge AjAy=A3A; u
A, As pocrarouno Mano (puc. 140), Mbl ‘MOXKeM NOJyuMTL HOBEPXHOCTH

paccMATPHBAEMOrO BHJA, IJIOMAJb KOTOPOR CKOJIb YroOAHO MAJjlo OTJH-
vaercsi or Jud%/2.
' 4

: v Ay
Puc. 139. Puc. 140.

59. Ecan A,B,C,D, -~ npamoyroasuug, Bnucanunii s ksagpar ABCD
co cropoHoit 1 (puc. 141), 10
4 BAB,=90°—/ BB;A;=180°—90°— / BB,A,= / CB,C,
4 aHaJOTHYHO
£ BABy =/ CB,C,= / DC,\D,= / AD,A,.
[ostomy npsmMoyrosbHbie Tpeyroashuxku BA,B,, CB\C,, DCiD, n AD,A,

be b b ¢, ¢ 55 ,
Y. .
¢4/ a A/ a
:
6 o« ;
Z o
AT 5 7 AT z 7
2) %)
Puc. 141.

nopo6uel Mexay cobolf, a TtpeyroaeHukn BA,B; n DC,D,, CB,Cy u
AD,A,, xpome ToOro, eme u pasum (u6o A3B,=C;,D; u B,C;=D,4,).

O6G03HAYMM KaTeThl 3THX MPAMOYTOJLHBIX TPEYroJLHHKOB 4epes a,
b, ¢ n d, xak ykasaHo Ha puc. 141. Ilpu sTOoM

atd=b+tc (=1)
16¢



B, KpoMe TOro, B CHJY nolobusi Tpeyroaphnkos BA,B, u CB,Cy,

%::-2—, T. . ad=bec,
Ho cyuMa ¢ W npousBelieHHe p JABYX BeJHUMH INOJHOCTBIO OHPEAEARIOT
STH BeJHYHHB (DaBHbIe KODHAM KBaJPATHOTO ypaBHeHus x2—aox-{-p=0);
no3ToMy paBeHcrBa a-+d=>b-}c u ad=>5bc MOTYyT uMeTh MECTO, JHIlb
ecan a=b u c=d (puc. 141, @) unu a=c n b=d (puc. 141, 6). Bo sr0-
pOM ciyuae BCe ueThipe NMPAMOYTOJMbHBEIX TpeyroanHuka BA.B,, CB.Cy,
DCDyn AD,A, pasrul mMeXay coboit, T.e. A;B;=B,Cy=C,D,=D,A,,
u npasoyrojeHuKk A;B1C{D;—KBajpar; B NepeoM e cJyyae, ecjH
a=b>d, 1. e. Toukn A,, By, C; v D, He coBnajgawT c cepedu-
namu cropou ksagpata ABCD, npamoyroasuuk A;B,C,D,—wue xsagpar.
[Ecan Touku Ay, B;, C,, Dy cOBNajaioT ¢ cepefuHaMH CTOPOH KBajpaTa
ABCD, 10 a=b=c=d; 310 pacnojoxeune Ttoyek A;, By, Cy, D
OTHOCHTCSt OJHOBPEMEHHO H K MepBOMY CJyYaio H KO BTOPOMY.]

Teneps nmeem:

a) Ecau A;B,CyD, ne xeappar (puc. 141, a), 1o ero niomags s pasna

s=A4,B;-A,D;=¥V2a V2d=2ad= -;—[(a—}—d)‘z—(a_-dm:

1 1
=5 ll—@—drl<y,

TOuH?e,
1

0<S<'—2-,

npuueM B KBAJPAT MOWeET OHITh BNUCAH NPSAMOYTONLHUK (He Kmajpati)
KaK CKOJIb YrOAHO MaJoH mnJomajgd, TaK M IJomagd, CKOJAb YrojHo

6au3koél K 1/2.
6) Ecan A,B,C,D;—xBagpat (puc. 141, 6), To ero naowazs s pasna

5= ABY =at B =2 = (@ PP (a—d] =

1 1
o — - — 2 —_—
TOYHee,
<s<1,

0] -

npuyem B kBagpar ABCD moxuo snucate ksajpat A,B;C,D,, niomagn
KOTOPOrO CKOJIb YrofHo 6auska K 1.

MNpumewanne. Bor eme oguH BapHaHT Tofi Xe 3ajaud: 6 xead-
pam K co cmoponoti 1 snucan npamoyeosenux IT useecmnod naowadu s.

Heasemea au Il xeadpamon? {OTBerT. [l He KBajpar (COOTBETCTREH-

1 1
HO KBajparT), eciH s<7 ecJid 527 .
60. Tak xak yrani A # C npH OCHOBAHHHM TPEYrOABHHKA JOMKHE
GHTh OCTPHIMH (MHAYe OLHA M3 BePHIRH KBaJpaTa Iojaja GH Ha NPojoOf-
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sende ocuopamus), To Toukn D n E xacanus GOKOBBIX CTOPOH AB n BC
cO BHNUCAHHON OKPYKHOCTBIO S PACHOJIOKEHH Ha «BepXHell» MOJYOKDPYM-
gHocta (puc. 142, a), ¥ C/IeJ0BATENLHO, 3aKJ/IO9eHHBH BHYTPH Tpeyrodb-
muka orpesok MN[IAC xacateswHoll x s Gyger Menbize juamerpa f
OKpyKHOCTH §. Bmiucar B Tpe-
, YrOJbHHK T pPAMOYT OJb-
‘Hd ¥ MNQP cocropotoit MN,
Mul yGenumcs, 4T0 Yy HEro cTo-
posa MP=1, a MN <1; or-
Cl0ia CJeliyeT, YTO CMOpoONa
d enucannozo 8 AABC x8ad-
pama MyNoPoQy menvuie 1,
C xpyro#t cTopoHHl, d Moker
6bTe CKOJAb YFOLHO
6ausxko K 1; gasg Toro 4ro-
6o yOeiuThCs B 3TOM, AoOCTa-
TOWHO PACCMOTPETh OMKCANHLIA
BOKPYT OKDYXHOCTH S JiiaMeT-
pa 1 papuoGespenHbli Tpe-
YrOJbHHK C OYEHb MasbiM yr-
noM npH BepuHEe B.

Iyets, fanee, MV AC—

Takasa Xxopia 0prj)\4{<ﬂocm 8, uto i)
npamoyroasuak MN,P,Qq—
ksanpat (puc. 142,6); B Pre. 142.

TAaKOM cJyuae JRJsS COOTBET-

CTBYIOIEr0 BITHCAHHOTO B TPEYro/bHHK npaMoyronbuka MoN,Q,P,
uveeM  MyNy == M{N = M Py==MyP,, OTKylIa BLITEKAET, H4T0 d=
== MPy= M;Ny, ubo cropoHa MyN,=d Bnncausoro B ABC xBaj-
paTa NPOXOAMT BHilIe OTPe3Ka MyN, (1. €. nansuwie OT OCHOBaHHS
AB) u, suaunt, MoPo=d= M P;. Tagum 06pasoM, AJst TOro 4TOGH
OLEHHTh BEJMUMHY 4 CHM3y, AOCTATOUHO HallTu, ueMmy paBHO M,N,; HO
o6o3nauus M;N,=x, Haiilem u3 H300PAKEHHOTO HA PHC. 142, 6 npawmo-
yrOMBHOTO TPEYroJabHHKA KM,L, u4ro

MR*=KR-RL,
HJH

x 2
(—2.> —x(l—x), T.e S—dx=0

(uﬁo B ofosmnauennsax puc. 142, 6 umeem RMI—,:%, KR=MP,=x,

KL =,1> a

3
X=g.

4
[lpu sTOM paBeHCTBO d:M1N1=-5— BO3MOXKHO: OHO BBINOJHSIETCH,

HanpHMep, B cayude, Korja croponsl AB u BC xacatotcs Bnucasno
B TpeyroJsak ABC OKPYXKHOCTH S B TOUKax M, u N,
Hrak,

4
—5'<d<1.
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. 61. OGosnaunm n OTpe3KOB, NepeceKkaiomuxcss B Touke O, uepes
ABy, AyBs, ..., A,B,, a (ue MeHpiude 1!) oTHOIEHHA, B KOTOPHIX OHH

0
neasitcss Toukoli O, wepes So—=a,y, a,. Ipen-

2 n
—_———=x (, - =
0B, 0B, ™ ''* OB,
NOJOXHM, YTO CpeAH unceJa oy, %y, ..., &y, €CTh OLHO HAH 6 0 Jb-

mwee, a HMEHHO YHCJO CNeAyiol UM 32 HHM 1o BeJHUYHHE nycTh

OB
0 )

6yleT KaKoe-TO YHCJIO a,-=b—’B¢_ (rze {=2, 3, ... wn n). CiBuHeM
i

Tenepr otpesok A,B, Blomb npamoit A;B, B Takoe nosoxenne A,B;,
¢’

|
1

Hurke M, eepuunamu KOMOPozo CAYINCAM KOHYbL HAUILUX T OMPE3K08,
npu Maxkod onepayul  MOMCem MmMOAbKO YMeHo-
UmbCs.

B camoM peqe, paccmoTpuM cocegHuil ¢ A B,
oTpesok (orpesok A,B, umu orpesox A,B,) u
0003HayuM TOT W3 €ro KOHIOB, KOTOpPHIl B Npo-
1ecce TOCTPOEHHS MHOTOYroJbHHKA M coefnHs-
ercst ¢ Ay, uepe3s C, a sropoii KoHem—vuepes D
(puc. 143; rtakum obpasoM, toukn C u D—sT0
cytb ToukH A, u By wnn Touku A, u B,). Hoxa-
KeM cnepBa, uto 60abwum u3 ompeskos A,C u
B.\D ssasemca ompesox A,C. B camom jese, Tak
kak OA,—s1o Boobile caMb i 6oabmoM H3
OTpe3KoB JHaroHajedl 2n-yroiabHuka M, Ha KOTO-
peie oHu JeasTcst ToukoH O (a COOTBETCTBEHHO
OB, —camui ManeHbKHH H3 3THX OTPE3KOB),
0A, > OD u, suaunr, 4 ODA;> / OAD. A
Temepb U3 DPACCMOTPEHHST JBYX TPeYroJbHHKOB
ADC u ADB, ¢ o6meit cropoHoit A;D u paBHLIMU
croponamd DC = A B, (= 1) 3akatouaem, uTo

A{C > BD.
3ameTHM €lle, YTO IIOCKOALKY B npeoGpasoBaHHOM 2n-yrojbhuke M/,
noJjyyaeMoM H3 MHoroyroabhuka M 3amenoii orpeska A,B; orpeskom
AyB;, uacts OA; pguaronanu A;B; Bce eme ocraercs GOJablueli U3 Bcex

yacreli, Ha KOTopble jessiTcsi auarosamu A;B;, A eBy, AsBs,..., A,B,
3TOro 2n -yroJsHuKa Toukoifi O (Tquee——He MeHbileH BceX ApYrHX qa-
cTefl), TO TaKxKe M

uTo _O_E—wai' Mgut yTBepKIaeM, uTO HAuboALULAA CMOPOHA 2M1-Y204b-

A1C = BiD

Ho, nockoabky OA' 0C, nmeem AOCAIQLOAC OTKyJa

caenyer, uto Z OA;C ocTphiii, H, caefoBaTeabno, / AqA;C — Tynoi,
a 3{auuT,

AC > ALC.
TaknM o6pa3oM, B mporecce 3aMeHb cTOpoH AC n ByD paccmarpusae-

Moro 2n-yrosennka M croponamu AiC u ByD HoBoro MHOTOYrOJIbHU-
ka M’ 66abwas H3 ABYX HM3MEHHBUIHXCA CTOPOH MHOTOYTO/IbHUKA

yMeHbIIAAACH {OCTaBasich NO-NpexteMy Gonbuelt n3 ctopon 41C n B,DY).
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Tak Kak 3T0 pacCykJeHHe COXPaHsSeT CHJY H LIs BTOpO# Mapw nporu-
BOINIOJIOXKHBIX CTODOH 2n-yronbHHKa M, H3MEHHBIIHX CBOIO JJIMHY MOpH
nepexoge or M Kk M’ (31 cropoHm nonyqam‘ca NpH COEJMHEHHH Bep-
wuH A; u B; MHOroyroabHHKa M ¢ KoHUamH BTOpofl cocegHelt ¢ A;B;
InaroHaiu), TO MB MOXEM 3aKJIOYHTb, UTO HAub0A6LUIAA CMOPOHA MHO20-
yeoavruka M’ 3sasedomo He Goabuue Hauboabues CMOPOHOL MHO20Y20106-
Huka M.
A,0

Mot po cux nop cumrtanH, 9TO JHWE OJLH O OTHOIUGHHE 0B, Io-
cTHraer HanGoJbINEro 3HAYEHHA Gy, A OCTaJbHbIE OTHOWEHHA Oy, Og, . . .
..., O, Bce Menbue «,. Ho B AoKasaresbcTBE NOUTH HHYErO HE H3MEHH-
Joch Obl, €CJH HPelNONIOKHUTb, YTO HauGOJbiIel BeJUUHHBI %3 BOCTHraloT
cpa3y HeCKOJbKO OTHOWeHHI H3 pAja uHcea Q, ag, veey Oy, Ha-
IpHMep KaKHe-TO YHCJaa @, O, @ ... (0ge 1< k<! ...): B 3TOM
cllyyae HaM NPHINIOCH Gbi TOJBKO O AHOBpE€MEHHO CABHHYTH BCe
orpeskd A;B;, ApBy, A Bl, ... B IOJIOXeHHS AlBl, AkBk, AlBl,

A0 A0 A0
Tak, YTOGH OTHOIIEHHs s — , «»+ BCe OBIIH paBHBI
B 0By, OB;
MeXAY COGOH M paBHAJHCh HaHOOJbIIEMY NO BeJHUHHE H3 MeHbIHX 0
ypcesl NMOCJAeA0BATeNBHOCTH Oy, Oy, ..., Oy
TTpumenuM Temepb K 2n-yroJbHHKY M’ NOJYYeHHOMY ONHCAHHBIM
- BBILE CITOCOGOM U3 HCXOAHOro 2n-yroJbHuka M, To xe npeo6pasoBaHue,
4TO W paHplle; NPH 5TOM MBI NPHIAEM K HOBOMY 2n-yrojbHHKy M7,
y KOTOpOro HauGo/bluad CTOPDOHA MOXeT ObIThb TOJbKO MEHb Il € Hau-
GoJbiet CTOPOHBI MHOTOYTOJbHUKA M', u 113 KOTOpOro HauboJiblied

H3 OTHOILIEHHH ocl, az, caey an, B KOTOPOM JICJIMT TOYKA O ero «ryaBHbIe»
(T €. CoeJuHsIomue HpOTHBOnOJIO)KHI)le Bep[llPlel) AHaroHasnu, MeEHbLie

HAHGO/IBIUEro H3 OTHOWEHHH &, Oy, ..., Op, OTBEYAIONHX  MHOIO-
yrospuuky M’. TloBropss sTy onepanio KOHEUHO® YHCJIO Pa3, MBl B KOHIE
KOHUOB NpuieM K 2n-yrojbHuky Mg, 6ce eaasneie Ouazonaiu Komopozo
pasner 1, nepecexatomcs 6 00HOG mouke O u Oeasmca 8 amofd mouke
86 00HOM U MOM Je omHouleHuu Oy==1 (paBHOM HAaHMEHb-
meMy H3 HYHCET Gy, Oy, +.., Op).

CppuHeM Telepb Bce AHAroHaad 2n-yromsuHuka M, Tak, d4ToGet oM
B TOYKe NepecedeHHs IEJTHJIHCh N OMOJaaM. JIerko BujeTb, 4To H 0pH
9TOM TaKKe HOUGOALUIOA CMIOPOHA 2n-YeONbHUKA MOXCEm AU YMeHb-
wumoscs, B camom gene, nycts EF m GH —jBe coceiHHe JuaroHasnu
MHoroyroaeHuka My, a E'F’ u G'H’—noJsyueHHble H3 HMX JAHAroHaju

npeo6pa3oBaHHOIO MHOTOYFOJbHHKA M, (puc. 144). Hpe}monomnm CHa-
yaja, 4YTO B MHOroyronbHHke M, seputnna E coejuHena ¢ Takoil Bep-
wuHo# G, uto OFE > OF u OG > OH (a Bepmuna F coepuHeHa c gep-
wuHol H; puc. 144, a). SlcHo, 4TO B 3TOM CJy4yae NpH nepexojge OT
MHOTOyToiblHKa M K MHOTOYroMbHHKY My, BCE AHACOHATH KOTOPOro
B TOYKE INepeceyeHHs JeJsiTCA TonoJaM, cropoHa EG MHOroOyroJbHH-
Ka M,—60mbias u3 cropon EG mu FH—3amensiercs Mehbiiefl mno
BesMyHHe cToponoit E’'G’ muoroyroabHuka M (a cropona FH muoro-
yronsunka Mg —croposoit F'H'=E’G’ wmuoroyroJbuuka Mg), Tak uro
B pe3yJibTaTe 3TOr0 HaHGOJbINAST H3 CTOPOH MHOTOYToJbHHKa M, me Mmo-
xer ysequunTbeA. HeckosbKo cioxHee ycTaHaBJHBaeTCS TO Xe camoe
B npeanonoxennu, uro OE > OF, a 0G < OH (puc. 144, 6). B srtom
nocJie JHeM CJayuae, OY€BHAHO, Kak TpeyrodbHukn OE'G’ u OF'H’, tax
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H TpeyrolbHHKA OEG u OFH paBHbl Mexny coGo#f, a creloBaTenbHo,
He Tonbko E'G’=F'H’, wo u EG=FH. Tloctpoum Ha ortpeske EG
paBHoGenpenuni rpeyromuuk EGQO’, yron npu sepumee O’
xKoroporo pasen yray O tpeyrosbHuka EGO. B cuany pesyasTarta 3a-
zaun 92 a), cymma GOKOBHIX CTOPOH TpeyroJbHHKa EGQ’ Gosbliie CyMMbI

Puc. 144.

GoKoBHIX cTOpOH TpeyroibHuka EGQO, pasHoii cymMe OOKOBbIX CTOpOH
(paBHoGenpennoro!) tpeyroasnuka E'G'O, nodobrozo EGO’, nosromy
EG > E'G’,

uro U JOKa3uBaeT Halle yTBepHK/JeHHe,

Taxkum o6pasom, HCXogd M3 2n-yronbuuka M, MBI OKOHYATEJILHO
NPUIIK K HEeHTPaJbHO-CUMMETPHUHOMY 2n-yrojibHuKy M, BOuCaHHO-
MY B OKDYXHOCTb JAuaMerpa | (u6o0 BCe «r/aBHble JHArOHaJgH» 3TOrO
MHOTOYFOIbHEKA Mg, COSIMHSIOWHE €C0 NPOTHBOIOJOKHbE BEPHIHNH,
uMmeloT AAuHy 1, mepecekalorcsi B OfHOH Touke O M JeJsTest B 3TOi
TOUKe [OMnoJiaM); TNpH 3TOM HaHGOJblIAass CTOPOHA MHOTOYroJbHHKa
Mg saBefloMo He Gojblie HauGOJbLIEH CTOPOHHI MHOTOYrOJibHAKA M.
Ho sicHO, uT0 HanGOMbIIAA CTOPOHA MHOTOYroJblinKa Mg—3Ta Ta, Ko-
TOopast oTBeuaeT HaubOJblueMy UEHTPaJbHOMY YTy ONMCAHHOH BOKpYr
M, OKPYIKHOCTH; 3Ta CTOPOHA HHKAK He MOKeT 6LITh MeHble CTOPOHBI

sinT npasguLbHo2o Qﬂ-yFOJleHKa, BIIHCAHHOTO B Oprﬂ(HOC'I‘b Aua-

merpa 1. ‘
HeTpyAHo BUETb, YTO HH ORHA CTOPOHA HCXOJHOrO 2A-yroJbHHK
o

M He OGoavwe sin —, Wb B TOM CAyUae, KOTAA CaM MHOTOYIOMbHIK

M—npaBHADbHE L

62. [ycts O, P, Q —leHTPH OKPYKHOCTEH, BIHCAHHBIX B TPEYroJb-
uukn ABC, ABD w BCD; O', P’, Q'—TO4KH KacaHHs 3THX OKPYX-
Hocteit ¢ mnpamoii AC (puc. 145). Ilposemem eme npsmyio PK || AC
(K-~T1ouka orpeaka 00'); nam Hajlo Jokasatb, 4ro PP’'--QQ’' > 00,
um yro QQ’ > OK. ‘
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CpasuuM npsamoyroibuele TpeyrodbHukd POK u DQQ’ ¢ xareramu
OK u QQ’ u runorenysamua PO u DQ. 3aMerum, uTo HaBepHOe

PO21-Q0? < PD* QD2
B camom gente, Tak kak AO 3 CO—GuccekTpuchl TpeyroasHuka ABC, 10

£ AOC = 1800_4_’1‘;_4_0_=1300_ﬂ-2:_4_§=900+ 425 > 90°;
no3ToMy Tpeyroapiuk OPQ TynoyrodbHuii, H 3HAYHUT,

P02 Q0% < PQ2,
C apyro#i croponbl, Tak Kak DP ¥ DQ —OGuCCEKTPHCH CMEXHBIX YIJIOB

ADB u CDB, 10 TpeyrontHHK DPQ — npsiMOYroJibHLIH 1, Clef0BaTe/bHO,
PD?+ QD2=PQ2.
Tagnm o6pasom, uneem
P024-Q02 < PD2- QD2
nosToMy, eca, cxaxeM, QD <CPO, Tto uHaeproe PD > Q0. B cuay
5TOr0 Mbl HMEEM MpaBO CUHTATh, UTO
QD > PO,
160 B DPOTHBHOM Clyyae Mbl 3aMeHWIM Gbl Tpeyroabhux POK Tpe-

yrogbuukoM QOL, rae QL || AC u L—Ttouka otpeska OO’, u BocnoJb-
30Basuch Gwl HepaseHctBoM PD > QO.

Hanee [/ KPO=/ CAO::%L An Q’DQ:—;—A CDB; caepo-

BATeNbLHO,

L KPO < £ Q'DQ,

Tak Kak / CDB—pewnnit 1aa tpeyrossHuka DAB u nostomy Goge-
we / A. Ho ecnu runorenysa Tpeyroibuka KPO MeHblle FHROTEHYSH
Tpeyronpunka Q'DQ u nporuBosexamuil karety OK yron TpeyrofibHHKa
KPQ menbuie npotusoJexamero Karery QQ’ yraa tpeyroisnuka Q' DQ, 1o

OK < QQ’,

4TO H JOKas3blBaeT yTBEDKIEHHe 3ajauH.
63, [lepsoe pewenue. Ilycts

a=BC=b=AC=c=AB;
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Toria BC=q ecTb HauGOoAbLI €€ pacCTOSHUE MEKAY TOYKAMH Tpe-
yroabiuka ABC: Bexs ecin M m N-—zBe Touru TpeyroabHaka ABC
u M,;, N,—Toukn nepeceueHusi orpeaka MAN c rpanuuei TpeyroJb-
HHKa, TO

MN < M{N, < BC,

u60 MBI MOXMeM YBeJWunTh OTpe3ock M;N;, CIBHHYB CHauaja OJHH, a
3aTeM U ApPYroHl €ro KoHew J0 COBMELIEHHS C BEPIIHHAMH TpPeyroJbHHKA
(puc. 146; Mul cuntaem, uto / MV, A He ocTpuifl, Tak uto MyA > M,N,,

Puec. 146. : Puc. 147.

uw £ AMC nre ocrpuit, Tak 9r0 AC > AM,; saMetbre, uTo BC—Han-
6onbu as cropoHa, u 3HaunT, BC = AC). Hanee, eciu AP u MP; —
BHICOTH! TpeyroabHukoB ABC u MBC (puc. 147), 1o
MAlepl__SAMBC
AA, AP _SAABC ’

H CJael0BATEJ/ILHO,
S S
MBC
MA1=—§Q—— A4y < S__AMQ_
A ABC A ABC
Touno Tak 2Ke mnOKasblBaeTcs, uHTO

IlosTomy s
S S
MA{+MB,+MC, < SAMAC a-+- SAMAC a-- AMAB
A ABC A ABC S ABC
=SAMBC+SAMAC+SAMAB

SA aBcC

»

yto ¥ TpeGoBaNoCh JIOKas3arh.

Bropoe pewenue. BoT euwe ofHO pelleHHe 3ajaud, YCTaHOB-
JIEHRE CBSI3W KOTOPOTO C NEPBEIM pellieHHeM NpPeJOCTAaBJAETCH YHTATENO.
TlposeneM uepes TOUKY M mnapajjeibHHe CTOPOHAM TPEyroJbHUKA
orpeskun A'B”, A"C’ u B’C”, kak ykasaHo Ha puc. 148. Torma Tpe-
yroisHUKH MA"B’, MB"C’ u MC"A’ 6yayr nono6ust ABC; ux wuau-
6oJIbINMMH cTOpoHaMH OyRyT oTpeakH B’M =BB", B"C’' n MC"=C’C.
Ho cymma - -
B'M+ B"C’'+-MC"=BB"+4 B"C' +C'C=BC=a.
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C Zpyrofi CTOPOHHI, TOCKOJILKY HaWGoJbliee PaccTOAHHE MEHKIY TOUKAMH
TPeyroJbHHKa paBHO ero HanGoableli CcTOpoHe (CM. mepBoe pelieHue
sajauu), TO

MA, < B"C’, MB;<<MC" n MC,<B'M.
Tostomy :
MA,+MB, + MC, < B'C' - MC"+ B'M=a,

Ile PABEHCTBO H € MOMET WMETb MECT3, eCad TouKa M NeXuT BHYTPH
rpeyroasunka A BC. .

A 8" 4, ¢ ¢
Puc. 148. : Puc. 149.

64. QOuesnnno, uto orpesck EC nepecekaer au6o BD, aubo AD;
nycth, Hampumep, oH rnepecekaer AD B HexoTopolt Touke F (puc. 149;
touxa F moxer # coBnacte ¢ D). B cuxy H3BecTHOro CBOHCTBA Tpe-

yroJibHHKa
EF--DF=ED, AF+CF> AC.
CK.HaL(bIBaH 3Tu IBa HepaBeHCTBa, HOJIy‘-XHM
EF+DF -+ AF--CF=EC+ AD = ED + AC.

Buuntas cymmy ED-}- AD u3 ofenx uacTedl NOCHEAHEro HEPABEHCTBA,
noayuaem
EC—FED=AC—AD=1,

y1o ¥ TpeGoBanoCch J0Ka3zaTh.
65. a) JlokaxkeM, uTO MCKOMas npsMas 06aafaeT CAefylomnM CRO#-

cTBOM: ompesok LN amoil npamod,

BaKAoUeHHbIL Mencdy CcmopoHamu ye-

Aa, Oeaumcs danrot mourod A no-

nosam. B camoMm jene, nycts AL =

= AN (puc. 150)1). loxaxewm, yTo

" rpeyronbHHK LMN viMeeT Haumenb-

Wy BO3MOXKHYI0 njomaps. [Tpose-

Zem uepes Touky A Karyio-1u6o  pf

APYTYio NpAMYI0; NYCTh, HANPHMep, NN

ona nepecekaer ML B Touke L’ u npo- Puc. 150.

nomxenne MN—B touke N'. Torga

1) Yepes paHdylo Touxy A BHYTPH Y(Via MOKHO NPOBECTH € L H H-
CTBEeHHYIO NpsiMyio [ TaKylo, 4TO 3aKJ/ICYEHHHIH BHYTPH Yyrja. OTpe-
30k npsMoii [ Zemutcss B Touke A mnomoaM. s noctpoennst npsMoi I
ZocTaToyHO, Hampumep, oTnokuTs AL”= AL’ (cu. puc. 150) u npo-
BecTH uepes L” npamyio L”N || L' M; toraa AN —wpckomasi npsmas.
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L'A < AN’, u6o npoBejeHHast qefes N npsimas;, napaanenbHass ML,
nepeceyer otpe3ok AN’ B Touke L7 Takofl, uwro L’A=AL". U3 panren-
cTBa TpeyroipHHKOB ANL” w ALL’ BmiTekaer, uto

Samvr=Sunar +Spanert+Sanne >
>Sunav+SparL=Saomne»

— a 310 HaM U TpeGORANOCH ROKA3aTh.
6) Ilycte LMN —panHeit yron u A—jaHHas TOYKa; MPOBELEM
yepe3s A cexymyio B'C’ (rae B’ u C’—TOouKkH Ha CTOpOHAx yrja),
. nyers S’ —OKpYXKHOCTH, Kacawomasics ayuedi BN u C’'L B Touxkax
P u Q u npavoit B’C’ B touke R (puc. 151, a). OueBujno, B'’P=B'R

Puc. 151

H C'Q=C’R KaK OTpe3Ku KacaresbHLIX, MPOBeAEHHLIX U3 OJHOI TOUKH.
Orcioga
MB LB C+CM=MB --BRLC'R+MC" =

=MB' 4-B'PL-C'Q--C'M=MP-}-MQ,

T. e. nepumerp Tpeyroasunka MB’C’' pamen MP + MQ = 2MP =2MQ.

IlpoBenem Tenepnp uyepes Touky A OKpy*KHOCTb S (60JbIIYIO H3 ABYX
BO3MOXHBIX), Kacalolmyrcs o6eux CTOPOH Yraa, 0 nposesem B Touke A
KacaTeJbHylo K OKpy:HOCTH S (oM. puc. 151, 6)1). Touku nepecevenus
9TOll KacaTeJbHOH cO cTopoHamu yraa ofoswauum B n C. Tpeyroasnux
MBC wckomplit. s IoKaszaTeJbCTBA 3aMETHM, YTO, KaK MBI TOJNbKO
yro yGepuauch, nepumerp Tpeyroabinka MBC pasen ABofiHOMY paccro-
SHUIO OT' TOYKH M [0 TOYKH KacaHHs OKDYXKHOCTH S CO CTOpOHOM
yraa. Ilposenem uepes A mnofyio Apyryio NpSMyI0, Nepecexkaiolyo cTopo-
HBl yraa B Toukax B’ u C', u mocTpouM OKpYXKHOCTH S’, BHeBHHCAH-
HYI0 B TpeyrojbHHK B'MC’ (cM. cHosa puc. 151, a). Touka R kacanus

1) CyuiecTBYIOT [IB € OKPYXHOCTH S H S;, NPOXOAsIHe Yepes TOUKY
A ¥ Kacawolmuecss CTOPOH yIJyia; LA HX HOCTPOEHHS JOCTATOYHO BIHCATH
B yron LMN nponsBOJbHYIO OKPYKHOCTE § C HEHTPOM ¢, HalTH TOU-
KN m ® m; ee mnepecedyeHus ¢ npsmoit AM u uepes A npomectu nps-
mote AQ{mg u AQ; 1l myq; Toukn Q u Q; HX nepeceueHHs ¢ Guccek-
’rpncofxslyrg)a M u GyAyT ueHTpamu OKpyKHOCTeil & u Sy (M. TOT Xe
pHc. , 0).
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B’C’ ¢ 8’ orauuna or A, npuueM A jexXur BHe S’, OTKyIa CJegyerT,
yro S’ Goabie, yem S. 3HauyuT, paccTosiume or ‘M JO TOUKH Kaca-
HHSL OKpyXHOCTH S’ €O CTOpOHO# yrja, paBHOe noOJyNepHMETPY Tpe-
yrosbunka B’ MC’, Goabie coot-
BETCTBYIOLIEH BEJAHUHHB 1/ Tpe-
yroasuuka BMC, uro u tpeboa-
JIOCHh HOKAa3aTh.

66. ITycre UV —Hekoropad
npsaMan, KPOXOASIAst Uepe3 TOUKY
M u nepecekaromas CTOPOHH YIJIa
Broukax UuV,alU’V’ —Gnuskas
K Hefl npsamad (puc. 152); o6osHa-
unM eme MU =u, MV=vp,
/ MUA =8B, [ MVA=y,
MU =y’ MV’ =0, L MU' A=
=p’', £ MV'A=¥, naxonen,
L AMU=¢, [/ AMU'=¢' u
LU MU =1. OueBugHo, 470 B
u306paxeHHOM Ha pHc. 152 cayyae
B=Pf+y n v=y—V (rze
pasHoctb P ==@—¢’ MoKeT GhITh
KaK M0JIOKHTEJbHON, Tak U oTpHuaTesbHOR). [IpuMensis K TpeyronnHu-
kam MUU’ v MVV’ TeopeMy cuHycos, noJyuaem

u' _sinf _ sinf , Yo_siny  siny
u  sinf’ sin(B+¢) v siny’ sin(y—v)
Takum o6pasoM,
, sin B , sin y

U

=7

BT R S T—9)

¢JIeI0BaTeJbHO,

UV—UV' = (u+0)— @ +0) =(u—u')+(0—0) =

:Lt(l Sinﬁ >+U(1 _._in_v____>:

\sin B4 ~sin (v—)
_, sin(B+p)—sinfp o sin y—sin (y—¢) __
sin (B ) sin(v—v)

YV g ¥ LR
cos | B4 —- | sin - cos | y——- | sin -~
=2u < 2> 2—‘20 ( 2> 2 _

sin (B+¢) sin (Y —¥)

2

cos <ﬁ+—1p—> cos <V__1£)
=2 sini u 2 —v 2
sin (B 1) sin(y—p) J°

3ametnm TENEPHL, UTO eCin 'l),) OUY€eHL MadJao, TO CToAuUlee B KBaj-
PaTHBIX ckofBKax BHIDAXKE€HHE BECbMa MaJio OTJHYAETCH OT

cos ﬁ_v cos Y

w=u— .
sin f§ sin y

=uctgP—uvctgy,
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a 2sin %’— maJjo orauyaercs ot P 1), Takum o6pasoM, NpH oueHb MaIOM Y
Uv—-UvV = w-y,

OTKyZa cjefyer, 4To ecsii @ > 0, To sTa pasHocTs MNOJNOKHTENbHA IIPH
MOJIOKUTEJLHOM ¢ H OTPHUATeNbHA NPH OTPULATEJNLHOM 1P, & €CJH
w < 0, To, Hanportus, pasHoctb UV —U'V’ nonoxurenbha npu oTpHIA-
TEJHHOM 1 U OTPHUATENbHA NPH MOJOKHUTEJHLHOM .

Hrak, mbt BuguM, u4to 4 npu w >0 u npu w < 0 (Manoe) sravenue
P moxcHo esibpame mak, umo pasrocme UV —U'V' 6ydem nosoxcumens-
Hod, u noaTomy, ecau UV uMeer HauMeHbUIee BO3MO K HOe 3Haye-
Hue ¥ pasHocte UV — U’V’ Bcerna orpumatesnsHa, T0 HensOexHo 2)

w=uctgPp—uvctgyp=0, nan uctgP=vctgy,

utgy=vtgp.

Bri6epem Temepp Ha orpeske UV Takyio touky N, utro UN=v u
VN=u, T. e. TOuky, cummempudtyto M omrnocumenrono cepedunor S
ompesxa UV; B aToil Touke N BoccTaBuM nepnesguxkyasp NQP k npsimoit
UV, nepecexatomuit cTropoHsl yria B Toukax P u Q (pmc. 153). U3
paccMOTPeHHs NIPAMOYTOMbHHIX TpeyronbHuKoB NPU u NQV caenyer, uro

NP=NUtgB=uvtgP n NQ=NVigy=utgy,

Y

sin —
1) Tak xak npu P — 0, Kax u3ssecrro, lim

V/2
Yo%

JBIX P HMeeM sin7 ~ —-,  3Ha4uT, 2sin _1;_ ~ P. Touno TaK e

’ cos(ﬁ—{—%—)
sin@e

=1, T0 npu ma-

yrBepxieHue O TOM, 4YTO TIPpH MaJbIX \IJ HMEEM U

(%)

sin (y—1)

~ u ctg p—octg y=w BoiTekaer u3 Toro, uro

Bty -3
oo L¥ co:ig (64—173)) _vco;g :v—i)

=u.

2) Takum 06pa3oM, Mbl yCTAHOBHJIH, YTO JIJs TOFO, 4TOOB! OTPe3oOK
UV Obin kpaTualiiunM, He06 X0 U MO, UTOOH HMEJO MeCTO YCJOBHE
w=0 (wm utgy=vigPh). To, uto 5T0 ycaoBHe sBJAAETCA Takke H
‘AOCTATOYHBIM, T. & UTO B 9ToM ciydae pasnocts UV — UV’ (npu
MaJblx ' fBJAIOWAACA, KaK TOBOPAT MaTEMaTHKH, «GECKOHEYHO MaJol
GoJiee BBICOKOTO IIOPAAKa 4YeM », T. €. ABJAIOWAACT OYEeHb MaJOH Jaxe
flo CpaBHEHHIO ¢ ) Bcerja GyJeT OTpHUHATe/bHA, HAWH PACCYyXKAEHHA
He JOKa3HBalOT (3TO MOXeT OkITh BEIBEJIEHO, HANPUMEP, H3 «TEopembl
CYUIeCTBOBAHMSA» JJIs KpaTdaillero oTpeska; Cp. cO CKa3aHHBIM Ha CTp.
7—10 npepucioBHs).
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OTKYAa :
vigp—utgy=NP—-NQ=PQ.

Takum o6pasom, ecau otpesok UV sBasiercss kpamuadimum B3 Beex
OTpPE3KOB, BHICEKAEMBIX CTODOHAMH YTJiia Ha NPOXOAAIIMX vYepe3 TOuKy M
npaMux, 1 w==0, 706 PQ =0, 1. e. Toukn P u Q cosnaaair ¢ Toukoh A,
4To ¥ TPe6GoBaNOCh LOKa3aThb.

67. Tlycty BnucanHas OKpyX-
110CTh § TPEYTrONBHHKA KacaeTcsl ero

Puc. 154,

cropon BC, AC v AB pnmn a, b u ¢ B toukax D, E v F, a npamoi
KL (rpe K n L — touku ctopod AB n AC)—B Touke M (puc. 154).
VI3 paBeHCTBA RJMH KacaTejibHHIX, MPOBEJEHHBIX K OKPYKHOCTA U3 ORHOH
TOYKH, CJIEAYET, 4TO

KM=KF, LM=LE w BF=BD, CE=CD;

TakuM 06pa3oM, neprMeTp 2p’ tpeyroabuuka AKL pasen

20 = AK 4+ AL+ KL=AK -+ AL+ (KM LM)y=AK+ AL+ KF+LE=
=(AK--KF)4+(AL+LE)= AF+ AE =(AB—BF)+(AC—CE) =
=(AB—BD)--(AC—CDy=AB-}-AC— (BD+CD)=
=c¢t+b—a=a-+btc—2a=2p—2a=2(p—aq).

A Tak Kak nNoJynepuUMeTPH p B p’ nonobHmX Tpeyroabhnkes ABC n

AKL orhocaTca Kak MX ocHoBaHMi BC=a u KL=m (HOBOE 0603Ha-
yeHHe!), TO

H CJieJloBaTe/bHO,

p? p 2
_alp—a) _ap—a® _ T-—(_Q— —-a>

P 2 P

W3 nocaepnefl GopMyJabl BHTEKAeT, YTO Hauboabulee 603MOXCHOE SHA-
uenue Oaunee m ompeska KL docmueaemesa 0aa ac e x mpeyeorvruxoe ABC
..

2

m

¢ ocHosanuem BC=a=

aeno P ip — P
pasro 4 .p_4.

(T. e. Takux, 4r0 b+-c=3a); smo srauenue
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68, a) OGo3nauum UPAMYI0, Ha KoTopoit jiexur otpesok MN, uepes
k. Tlycte npsimute k u [ nepecekaoTcsd. [Ipn sTOM BO3MOXKHH TPH
cayuvas,

1°, Touxa O nepecenenun npamvix' k wl sesum 8 H ympu ompeska
MN, Torna, ueMm Gmmke Haxomutcs Touka X mpsamoit !/ K Touke O, TeM
Gonvme fenaercs yroa MXN (puc. 1585). Hauboasuee cBoe 3nauenuue

4
X ny
7
Z
Vel
Puc. 155. Pue. 156,

OH NpHMeT, KOTJa ero BepwnHa X COBIAZET C TOYKOH mopeceueHus k u
I. Torga tpeyronsnuk MXN Boipogutcs B oTpesok u yrow MXN cra-
Her passsiM 180°,
2°, Touka nepecevenus npamotx R u I coenadaem ¢ 00HUM u3 KOHYo8
ompeska MN, nanpuvep, c roukoir M (puc, 156). OBosmaunm uepes
Z1 1 /2 cooTBeTCTBEHHO OCTPHI M TyNOH YrJ/bl MEXKLY NPAMBIMH £ H [
(Tak uro /1 /2=180°. 1lpn npubauxennn Toukm X K Touke M
yron MNX crpematest k Hymo. Ilostomy yroa MXN Bce ppems yse-
JIHUHBAeTCS U CTPEMHTCS K yr-
ay 180°— f1= /2, ecoin X
npubamxkaeres Kk M co cro-
POHBI OCTPOTO yIJyla, MJH K
yray 180°-- /2= /1, ecau
X npubauxaerca k M co cro-
pounl Tynmoro yraa, OpHaxo,
Korja Touka X coBmajaer c
N, yron NXM Bosce ue cy-
wecteyeT. [lostomy B 3TO0M
ciyuae 3afiaua He umeem pe-
LeHus.
3°, Touka O nepecewenus
npametx k u | aexmcum ene
. ompeska MN (puc. 157). Ipo-
Puc. 157. BegeM uepes Touky M u N
OKPYKHOCTB, Kacalolyiocst
npsamoit [, Takux oxpyxnocreit Gyner gse (Toukd X ¥ Y KacaHud STHX
OKpYKHOCTEH ¢ npsAMOil ! onpefensiorest H3 paseHerBa OM-ON =0X2 =
=0Y?), OGo3nauum 3TH OKpyXHocTH uepes Sy n S,. Tak kak BCe TOUKH
aysa OX, gpome X, siexaT BHE OKPYXKHOCTH Sj, TO 3 TOUKH X OTpesox
MN BujeH nop GOABIIAM YIVIOM, 494€M H3 BCeX JAPYrHX Toyek Jydua 0X;
TOUHO TaK XKe M3 TOuKH Y oTpesok MN BujeH noj GOJBIIHM yrJom,
ueM M3 APYyrux touex Jjayua OY.
CpaBHuM Tenepb Mexay coboft yrael MY N u MXN. Ilycrs pamiyc
OKpyXHOCTH S, Oosbile, u4eM pajuyc okpyxuoctTa Sp; Toraa L MQ(N >
>/ MQN (31ece Q; m Q; —umeHTpPH OKpyxHocTelt Sy u S,). Ho
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4MXN=—;e LMQN u 4MYN=% L MQN. Cnepopatenbho,

LMXN>/MYN.

Ofcioga craeayeT, Y10 HCKOMOH TOUKOf Gyrer mouka X Kocarus
OKPYIHCHOCIU MeHbule20 paduyca ¢ npamod |, — a ecH OKPYXKHOCTH Sy H
S, pPaBHHI, TO HCKOMBIM CBOficTBOM OyIAyT 00JajaTh X B e TOUKH mpsiMoil /.

4°, AHaJOTMYHO peluaeTcs 3aljaua W B TOM cJydyae, KOrja HpsiMbie
k u | napaaseavror (puc, 158); TOJBKO B 9TOM CJyuae CyLIeCTBYeT €QHH-
CTBEHHalﬂ OKPYXHOCTL S, nmpoxozsiuas depes Toukn M n N u xacawo-
mascst

{

~———

Puc. 158. Puc. 159.

IIpaMeuaHnune YKaxeM ellie OJHO peileHHe 3agaul, OTHOCSIIEECS
K ToMmy cayuawoo, kKoraa k| [. Jokaxem, uto Touka X npsamol [, H3 Ko-
TOpoif OTpe3sok MMN BHAeH noj HauGOJLIIMM YIJIOM, TAKOBA, YTC Tpe-
yroasiuk MXN pasHoGegpenusn il (puc. 159). Ilycte X — takas
Touka, a X' — Jjiobad Apyrad TouKa npaMol /; nokaxem, 410 4/ MXN>
> / MX’'N. Tpeyroavnukn MX'X u NX'X umelor paBnble NJIOLajH,
TaK KaK y HHUX ecTh ofmee ocHoBanHe XX’ M BBICOTH, ONYUIEEHBE HA
XX’, opuHakoBel. Cropora MX canoro TpeyrosbHHKa pPaBHa CTOPOHe
NX gpyroro. CnefoBatensno, Beicotht X'A u X'B, onyleHHble HA 9TH
CTOPOHH, paBHH Mexay coboft. [lycte MX’' > NX’, torAa yron XMX'
Tpeyronbinka X' MA menbme yria XNX’ tpeyronsuuxka X’'NB. [Tostomy

LXMNA/ZMNX</LX'MN+ /ZMNX',
a sHauutr, S MXN> /MX'N, 910 ¥ TpeGOBalOCh A0Ka3aTh.

6) O6o3HaunuM OPsMyIo, Ha KOTOPOR JeXHT oTpe3ok MN, uepes k u
PaccMOTPUM BCe CJyyaH B3aMMHOrO pacrnoJicxKeHus orpeska MN u oxpyx-
HocTH S

1°, Ilpamas k ne nepecerxaem okpyxrocmu S (puc. 160). B stom
cjlyyae MOXKHO TIPOBECTH A B € OKPYKHOCTH S; M Sy, NPOXOAALIHE uepes
M u N u xacaoupecs S COOTBETCTBEHHO BHEUIHE H BHYTPeHHe (CM. HpH-
MeuaHne B KOHHe 5T0oro nyuxTa). OO6GO3HAYHM TOYKH KACaHHSI STHX
okpyxHocTed ¢ S uepes K; u Kj (puc. 160); nokaxem, 970 oHH U GyayT
ucxomeimu. Ecan X ecTb KaKast YroAHo OTJHuHas oT Ky TOUKa OKpyX-
HocTH S, TO )

LMXN< LMK\N

(yron MKN — Bnucanunit n onupawowmuiics Ha ayry MN okpyxuoctn
S;, a MXN — yroa ¢ sepluuHOlfi BHe Kpyra, ONNDAIOWMHACE Ha Ty xe
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Iyry). Auanoruuno, ecau touka X oramysa ot K, TO
LMXN>/LMK,N.

I[IpuMmedaHnue. Ykamkem NOCTPOEHHE OKPYMKHOCTH S, IIPOXOASILEH
yepe3 e AaHHble Toukd M u N 4 Kacawoelicd fanHo#l OKpyxHOCTH S.

-

e e e =

Puc. 160.

IMpeanonoxum, 410 3Ta 3agada pewena. [lycrs obwas KacareabHas

K OKpyXKuHOCTAM S H § B HX TOuKe KacaHus K fepecekaercs ¢ IPsIMO#

MN s touke Q (puc. 161). B rtaxom cayuae QK2= QM. QN. QGparHo,

ecoad @ ecte Takash TOUKA HPIAMO

MN, aro kBajpar kKacatenbHol QK,

NpPOBeACHHOR U3 TOUKH Q K OKpYyXK-

Hoctn S, paBeH [POH3BEJEHHIO pac-

crosiuuit or Touku Q o Touek M u

N, To OKpPYXHOCTb S, NpPOXOASAIIAs

yepe3 toukn M, N u K, Kochercsd B

touke K mnpsamoii QK, a cienosa-

TeabHO, H OKpyxkHoctH S. Takum

06pa3oM, HaMm JOCTATOYHO HAlTH Ha

Z npawoit MN Touky Q, yRoBieTBO-

pawoiylo yeaosnio QM. QN =QK?

(rze K — HeHu3BecTHasi TOUKa CONpH-

KOCHOBEHHSI OKpyXHocTH S € Kaca-

TeAbHOH, NMPOREJEHHOA U3 HCKOMOM
TouKH Q K 3TOil OKpPYMKHOCTH).

Ilycte s —npousBoAbHAS

Puc. 161. OKPY2KHOCTb, TPOXOJSIIAs Yepes Tod-

ku M u N Hnepecekaiomass OKpymx-

HocTh S B Toukax U u V. ObosHaqum

yepes Q Touky nepecedenus npsmbix MN uw UV u nokaxem, uto 371a

Touka Q YAOBJETBOPSeT NOCTaBJeHHbM ycaosuaM. [leficTBRTesbHO, ecad

QK ectb KacaresbHasi, [pOBeieHHas M3 TOYKH Q K OKpyxKHoctd S (rue

K-— Touka KacaHug), TO
QM- QN =QU-QV

A\
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[0 CBOACTBY CEKYUIHX K OKPYMHHOCTH S’ #
' QU-QV=4QK?

[0 CBOMCTBY CeKyU[HX K OKpysKHocTH S.

Mockoapky u3 Touk Q X OKpyKHOCTH S MOKHO UPOBECTA ABE
Kacatesphivie QK u QK,, 3afa4ya HMeeT 0sa peweHus,

2., Hpamas b kacaemca S, u mouxa xacanus P aexwum s ne MN
(puc. 162). B atom ciyuae CyuiecTByeT e AHHCTBe HH a fl OKPYKHOCTb

Puc, 162.

s, npoxoasimas uepes M m N u xacawomasica S (BHewre). Ha Touku
K xacauus 310fi OKpykHOCTH C § OTpesok MN BuieH nojy HauborbwuM
BO3MOMKHBIM YIJIOM; IO HOUMEHbUIUM BOBMOMHBIM YTJIOM (HYJIEBBIM) 3TOT
OTPe30K BUJEH U3 Touku P.

3°. Hparan k kacaemca S, u
mouka xacanust P aeocum snympu

p M N ¥

-

~.
e

Puc. 163. "~ Puc. 164.

ompeska MN (puc. 163). B sTom ciryuae Toxe CYWECTBYeT e {HHC T B € H-
Ha sl OKPYXKHOCTb §, Npoxofsinas dyepes M u N u XKacalowasica S (BHyT-
perHuM o0pasoM). U3 touxn K KacaHHA 5TOH OKPYMKHOCTH C S 0Tpesok
MN Bujaen noj HOUMeHbULUM BOIMOKHEIM yLJIOM; HOJ HEuGOAbwuM
BO3MOXKHbBIM yrJioM (paBHEM 180°) 10T OTpe3soK BuAeH H3 TOYKH P.

A°. Ilpamas k kacaemca S 6 mouke M (puc. 164). Yroa MXN,
rae X — TOuKa OKPYXHOCTH S, CTPeMHTCHS K HYJIO, ecld Touka. X npu-
Gmmxkaercs k M ‘¢ ofHOH CTOpOHHI OKpYyiKHOCTH, H K. 180°, korma X
npubauxkaerca K M ¢ Apyrofl CTOPOHEI OKPYRHOCTH. OfHAKO KOrza .
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Touka X cosnagaetr ¢ M, yron MXN He cyujecTsyer; [0ITOMy B 3TOM

cJayyae -3afaua He uMeermn pelerin.

5°. Ilpamasa k nepecexaem oxkpyscrocme S 8 moukax Py u Py,
aexcauwux 6 He ompesxa MN. B stom cirygae cymiecTBYIOT ABe OKpyH-

Puc.

165 a.

HOCTH $; H S5, Tpoxoasiye yepes M u N un xacaromuecs S oGe Bhemne
(puc. 165 a) uan ofe puyrtpenne (puc. 165 6). Ecam K; u Kj — Toukx

Puc. 1656.

KacaHHsl, TO, KaK Jerko BHIeTh,
L MXN, rne X — Touka OKPYIKHOCTH
S, He OPEBOCXOAUT IO KpaliHefi Mepe
ojHoro u3 yraoB MKN u MK,N,
a HIMeHHO TOro, KOTODEIl OTBedaer
TOYKe KaCaHHs, JexalleR Mo Ty xe
cTopoHy k, uto u X. I[TosTomy orpe-
30k MN Gyzer Buaen nox Haubosb-
wuM BO3MOXKHEIM yrJjoM JmGo H3
ToukH K, 160 u3 Touku K, (B 3aBH-
CHMOCTH OT TOro, Kakoit u3 yrios
MKN n MKyN Goabue, ppyrumu
CJIOBaMH — OT TOr0, KakKas M3 OK-
py:kdocTeli sy H S, MeHblIe), JH6o
u3 ob6eux Touek K; n K, (ecam
LMK N =/ MK,N). Tlop naumeno-
(UM BO3MOXHBLIM ' YrJIOM (HYJIEBBIM)
OTPe3oK BuAeH M3 Touek Py u P,
mepeceuenust k ¢ S

6°. Ompesox MN nepecexa-
em oxpyxcrocmy S 6 06y x mouxax

Py u Py, omauuneex om mouex M u N (puc. 166). 3xecs Toxe cCyiect-
BYIOT - B € OKDYXHOCTH S; H S,, Npoxoisuive uepes Toukds M u N u
racalomuecss S B Toukax K, n K, (06e smyTpennnm oGpasom). B aTom
cayuae /MXN, rge X — nponseosbHasi TOUKa OKPYXRHOCTH S, 6yxer
He MeHblue, 4eM N0 Kpalued mepe opuH u3 yraos MK\N u MK,N (a
HMeHHO TOT, KOTOPHIH OTBeuaeT TOYRe KACAHUA, JekKaulel ¢ Tof XKe CTo-
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pousl &, uro u X), Ilostomy orpesox MN GymeT BUJIEH IIOL HAUMEHbILUM
yrjoM u3 opHok u3 aByX Touek K;, K, (unu u3 oGeux, ecau
LMK N=/MK,N, 1. e. ecan s,=5s,). Ilof HauGosbwiup BOBMONKHEIM
yrJom (180°) orpezok MN 6y-
JieT BHAEH u3 Touek Py u P,.

7°. Ompesok MN nepe-
cexaem ckpyxcrocmo S 6 00-
H Ol mouxe, omauunoti om M
u N (puc 167). B srtom cay-
yae orpesok MN Gyaer Buien

Pue. 166. Pne. 167.

nox Haubosbtium BO3MOKHBIM yraoMm (8 180°) u3 Touku ero nepe-
CeueHUSt € OKPYIKHOCTbIO S H 101 HOUMEHbUIUM BO3MOMHEIM YIJIOM
(yaesbiM) 43 BTOpOH TOUKH Ilepeceyelus MNpaMoil k ¢ S.

8°. Mpamas k nepecexaem okpyscrocms S 8 mouke M, u emopas
mouxy P repeteuerun k ¢ S aemum 6 He ompesxa MN (puc. 168, a, 6).

//

/
MK/__?A{'P

a)

Puc. 168.

Orpesox MN BHIeH noj Haumenbuium yriaoM (HyJ€BhiM) H3 TOUKH P,
Nanee, ecin Touka X oramuna or M, To JMXN, usmepsiomuiics
nojosunoit gyru MN’ (puc. 168), menbie yraa mexay NM u xacaTesn-
HOH K OKDYXHOCTH B Touke M, u3mepsiollerocs nojaosuHol gyru MN'P;
ecsn X meorpanuuenno npubamxkaercs K M, To /MXN crpemutcs
K aToMy yriay. OpHako ecam X copmagaer ¢ M, 10 yron MXN ne
CymecTByeT: TakuM o0pasoM, B STOM CJyYs€ HA OKDYXKHOCTH HerT
TOUKH, U3 KOTOpofi 0Tpe3ok MN BuEeH NOJ HAubOALUIUM YIIOM.
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9°, Ilpaman k nepecexaem oxpymrocms S 6 mouke M, u emo-
pas mouka P nepecewenuss k ¢ MN sexcum énympu MN (puc. 169).
Orpesox MN Bujen nof Hauboavuwium yraom (pasHumM 180°) u3 Touxu P,

/7
7

ya
MAT N\

A4

Puc. 169.

Hanee, ecin X ecth oTamuHag or M
TouKa oOKpyxHoctn S, 10 / MXN
(n3amepsiowuiica Ayrof N'; cm.
prc. 169) Goabwe yria Mmexay k H
KacaTesJIbHOl K OKpyxHOCTH S B
Touke M; ecau X HeorpaHuYeHHO
npubamxaerca Kk M, 10 / MXN
cTpeMurcs K stomy yray. Ofnako
ecin X coeBmagaer ¢ M, Tto yroa
MXN He cyumectsyer; TakuMm ofpa-
30M, B 5TOM CJlyyae Ha OKPYXKHOCTH
S HeT TOuKH, U3 KOTOPOH OTPE3oK
MN BHJEeH 0]l HauMeHbUUM YTTIOM.

10°. Haxowen, ecad moux M u N o6e newam na oxpyscnocmy S
(pnc. 170), To yron MXN, rlle X —710ouka OKDYKHOCTH, MOXKET HMETh

TOJABKO JBa 3HaueHHs, 3aBHCA-
[mpe oT TOoro, ¢ KakKoH CTOPOHEI
or k pacnojoxena touka X, Ho-
9TOMy B STOM Cayuae OTPesOK
MN BujeH noj Hauboseuium BO3-
MOMKHEIM YIJIOM U3 BCe€ X TOUeK
oamoit ayrn MN oxpyxuoctn S
N NOJ HAUMEHbUUM BO3MOXHLIM
yraom ¥3 BceX TOYEK BTOPO#
ayru, Ocobo cAeLyeT OTMETHTH
cayda#i, xorja MN ect» Awua-
meTp S; B 3TOM cayuae OTpe-
30K MN BHIEH U3 BCEX TOUYEK
OKpYXHOCTH S 104 OAHHM H
Tem ke yraoM (paBubM 90°),
69. a) INycts B’ —Touka, cuM-
MeTpuyHasl Touke B OTHOCHTeNbHO

X2

X

Puc. 170.

npamoit ! (puc. 171). Ecan X' —npousposbHas Touka npsmol I, To

AX'-+X'B=AX'1-X'B'.

Cnegosatesbno, cymma AX'+X'B Gyger

HauMmeHblued, KOrjla CcyMMa

A AX'3-X'B’ Ha¥MeHbInasd,

! 4 T. . Korja X' coBnajaer ¢ Tou-

t Koi X nepecevenust mnpsaMoil
! AB c L

ﬁ} Mpumeuanne 1. Us

7 4 puc. 171 caegyer, uro -mps-

! 5 mue AX n BX obpasylor ¢ I

‘. 1“2 Z paBHEble YILJBEL (MM, €CAH Ha-

Z VA AV A 3BaTh OGPA30RAHHEIE TPSIMBIMH

£ X ‘z‘-\::\ ¢ AX B BX c nepnenpnxyJs-

‘j;, pom XY Kk mnpamoii [ yram

Puc. 171.

ompascenusy). Takum o6pasoM, NpaBuio,

AXY u BXY «yriom mnane-
HUSI> B YIJIOM OTpaKeHHs»,
YTO «y204 nadenus pasen yery
onpejessiones NOJOXKEHHE HA

npsamoi | Takoll Touru X, uro cymma AX - XB pocTHraerT HaMMeHbLIEro
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BO3MOKHOIO 3HAYEHUS, COBMANAET C H3BECTHBIM IPABHJIOM OTPaXKEHHS OT
MJIOCKOr0 3€pKaltia Jiy4a, MNOCJHAHHOTO M3 ToukH A B Touky B—cp. co
CKa3aHHBIM Ha ¢Tp. 38—39 nmo nosofdy 3agaum 88.

Ilpumeuanue 2. Eciu oBo3Hauuts paccrosnuss AP u BQ Touek
A r B or npamo#t ! uepes h; u hy, a paccrosinusg PX’ u QX' Toukn X'
npamoit [ or npoekuud P u Q Touek A u B Ha npamyio [ uepe3 x;
H X3, TO, OUEBHJHO,

AX'+BX' =V B4+x3+V ni4xi

Taxum ofpazoMm, H3 peleHus HacTosiilell 3ajauu CJAefyeT, YTo npd
Xy %, = const (= PQ) esipascerue V hf-!—x%—f—l/ hi4x: docmuzaem
HAUMEHOUIL20 BO3MONCHOZ0 BHAYEHUA NPU i—;=h~: (160 TpEYroJBHHKH
APX w BQX puc. 171 nonoGusi).

6) Mycts B'—rTouka, cuMmerpudHas B orsocuresnsho [ (puc. 172),
Ecnmu X' —npousBosbuast Touka npsiMolt [, 10 AX'—B'X' << AB'.
A tak Kak AX'—BX'=AX'— 4
— B’X’, 10 pasunocte AX' — BX'
Oyaet nauboavuiedi, xorna X' cos-
nagaer ¢ Toukot X mnepeceuenus
AB’ ¢ I, pas kotopoit AX —BX =
AX—B'X=AB'.

[Ecau toukn A u B Haxo-
ASTCS Ha OJHHAKOBOM
paccrosuuy or ! u AB| I,
TO 3aflaua He uMeem PEUICHUS,
ecnk A u BcHMMeTPpHUHBE
oTtHocuTesqnHO [ u B’ coBmajaer
¢ A, To pasHocte AX'— BX' nme-
€T OJIHO H TO e (HyJeBoe) 3Hade-
Hue st gcex Touek X' mpsmoit [.]

70.a)[lepBoe pemexnHe, Puc. 172.

Tyets PXY — npousBossHbIH TPe-

yronsHuk, BnucaHusiil B ABC, oAHa 43 BepUIMH KOTOPOrO COBIIaJaeT C
Touko#t P. Otpasum cummeTpuuyHo TpeyroibHHK ABC BMecTe ¢ Tpe-
yroibinkoM PXY o1 npsvoit BC; nojgyuennwmit Tpeyrosshuk A’BC n
BIHHCAHHBI B Hero TtpeyrolbHHKk P’'XY’ ortpasum or npsmoii CA’
(puec. 173, a). Tak kagk XY =XY' u YP=Y'P'=Y'P", 10 nepumerp
TpeyronbHnka PXY papen anune joMaHoit PXY'P”. [losroMy nepumerp
TpeyrospHuka PXY GyjeT HauMeHbIIHM B TOM CJIyuae, KOrga HaHMEHb-
ueit 6yner AaHHa JomaHoi PXY'P”",

Hanee MoryT npefcTaBHTBCH JiBeé BO3MOXHOCTH. Ecan ompesok PP"
nepecexaem npamyto BC mexcdy mouxamu B u C (a cneposBartesbHo, H
npaMyio CA’ mexay rtodkame C m A’), 10 oH Gyjer Kopoue JobGoi
snomaHo#t PXY'P", u HCKOMBIE TpeyrojibHMK OyleT onpeneseH (Tpe-
yromuuk PMN wHa puc. 173, a; M —rouka nepecevenns PP" ¢ BC,
N —T1ouka, cumMerpHyHas Touke N’ nepeceuenus PP” ¢ CA’ ortnocu-
TeapHo BC). Ecnu ke ompesok PP" nepecewem npamyw BC sne om-
peska BC, 10 xparuafimefi u3 joMaHeix PXY'P” Gyner Ta, A KOTOpoi
‘roukd X u Y’ cosmagyt ¢ Touko#t C. B sTOM csiyuae HCKOMBIA Tpe-
YrONbHUK BHIPOXKJaercd B ABaX AW B3sATbA. orpe3ok PC.
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Ocraercss BHICHUTB, Korja OGyjer HMeTh MeCTO TOP HJH HHO
caydail. Hna o9Toro 3ameTHM, uto TpeyrosbHHK A’B’C moayuaercsd H3
tpeyronbinka ABC ppamenneM BOKpyr Toukn C Ha yroJy, papBHbiil
yzABOeHHOMY yray C TpeyroJibHuKa, u60 nociedosameibHocmos 08yx cua-
. . Mempuil OMHOCUMeEAbHO 00-

” PA3YOUUX Yeor O NPAMELY

B PABHOCUABHA  BPALUEHUID

B0KpY2 MOUKU nepeceqeHust
IMUX NPAMBIX HA yeor 2ou
¢M. pHc. 174, rue, oueBnA-
Ho, OA==04;=0A4" n
J AOA, =2 [/ POA,,
Z A0A =2 / A0Q, u
3HAYUT, l AOA" =
=2/P0A,+2 /A,0Q=

Puc. 173.

=2 / POQ=2u. [Tostomy £ PCP"=2 / C, 0TKyza cpasy c/lIelyeT, 410

ecan / C < 90°, 1o mpamas PP’ nepeceuer cTopody BC Tpeyroibuuxa;

ecan ke / C==90° Tto PP" nepeceder npamylo BC suGo B camoii
touke C, an6o B TOUKe, jaexKa-
el Ha TNPOJONKEHHH OTpe3Ka
BC 3a touxky C.

Bropoe peweHHe.
flycte croBa PXY —mpoussos-
HbIH TPeyroJbHHWK, BHHCAHHBI
B TpeyrojgbHuK ABC; P’ n P"—
TOYKH, CHMMeTpHUYHBle TOUKe P
OTHOCHTEJbHO npsmeix BC w CA

Z (puc. 173, 6). Tak kak PX=
=P'X u PY =P"Y, 1O nepumerp
TpeyroneHHika PXY pasen nmu-
ne Jomadoit P’XY P”, Tloaromy,
ecau P’'P” nepeceuet 60K0OBHE CTO-
poret AC u BC Tpeyrosuuka ABC
B Toukax M u N, To Tpeyrojb-

HHK PMN u ectb Hckomulll. Ecai xe P’P” ge nepeceuer orpeskd AC u

BC, To uCKOMBIH TPeyrosibHUK BHIPOZHTCS B XBaXAbl B3ATHI oTpesor PC.

AHaJIOTHYHO [EePBOMY peIieHHI0 MOMXKHO NOKa3aTh, YTO MEPBHI cayuail

BMeer Mecto, Xorza yroa C TpeyrosbHuxka Menbiie 90°, a BTOpoOl —

Korga / C=90°,
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OtMeTHM, YTO NPUHIUIHAJLHO BIOpOe pelleHHe Mad0 OTJAHYAETCH
ot nepeoro (cp, puc. 173, a u 6).

6) [lepsoe pewenue. DBylgem cuntats, uro yron npu Bep
mutie C 3aJJanROTO TPEYroJibHHKA OCT P bifi. Ilycts P— npounsboabHas
TO4Ka CTOPOHH AB; MOCTPOMM COTVIZCHO NEPBOMY DelUeHHI0 3ajaud a)
prucaHupit B ABC tpeyrosbHuk PMN HanMeHbLIErO BO3MOMHOIO NMepH-
merpa, paBHoro jpmiHe orpe3ka PP” (cM. pme. 173, a). Ocraercs ToJbkO
BLIOpaTh TOUKY P Tak, 4roGhl COOTBeTCTBYIOWHIT efi orpesox PP" Owbn
HaWMednltuM. Benomunm, uto [/ PCP"=2/ C, T.e. He 3aBHCHT OT
BeiGopa ToukH P; nosTomy oc- »
nopanne PP” paBHoGefpeHHO- £
ro Tpeyroasuuxa PCP” ¢ pau-
HeiM yraom [/ PCP"=2/C
npu BeplinHe Oy]eT HaHMeHb-
AN, ecan OyJeT HanMeHblelt
GokoBas cropoHa CP. Ianee
Haji0 PpaccMOTPeTh OTAeJbHO
IBa caydas.

1°, Yeanr npu eeputunax
A u B mpeyeossnuka ABC
ocmpoie (MpeyzorbHUK OCmpo-
yeosbHbil). B sTOM cayuae.
orpe3ok CP umeer uaHMeHb-
HIyK BeJHYMHY, KOLJ3a TOUKa
P cosnagaer c ocHosanueM P,
Boicotst  CP, TpeyrogbHHKa
ABC (puc. 175). Jlerko mno- Puc. 175.

Ka3aTh, 4TO U BepuHEH M,

H Ny Tpeyromsnuka PyM Ny, noayuaeysoro npu TtakoM BuGope Tou-
Ki P, aBAAIOTCS OCHOBAHHSIMH BEICOT Tpeyrolsuika ABC1). efict-
BHTEJBbHO, H3 pyc. 17D caegyer, uro

L NoPyA= £ CPyA— [ CPyNy=90°— £ CPIN’ =
_180°—2/C
3

=90° =/C,

3HaAuUT, BOKPYT ueTbipexyronbHuka BCNy Py MOXKHO OMHCaTh OKPYKHOCTS,
u [ BN C=y BP,C=90°. Tak ke noxasmaercs, uto AM, | BC.

2°. Ecau, nanpuMep, yeos A npamotl uau mynoi, 1o orpesox CP
1BJIA€TCA HaHMEHBIUKM, KOrAa Touka P coBnajaer c sepwuuoit A Tpe-
yrojpuuka. Orcioga Cilefyer, uTO MCKOMSIl TPEYTOALHHK BHIPOXKAeTest
B JIBAMAB B3ATyI0 Boicoty AM, TpeyrosbHuka,

Bropoe pewenue. Ilpn pewenun sagaun 6) MOKHO TaKiKe
UCXOANTb K K3 BTOPOTO pelleHHS 3ajaud a). Tak Kak nepumerp Tpe-
yroapuuka MNP (puc. 173,6) pasen PP", CP'==CP"=CP u
L P'CP"=2/C, to 3ajaua CBOAHTCA K OTHICKAHHIO TaKofl Touxu P,

1) Ha camoM pese nocjelyomast 4acTb JAOKa3aTeqbCTBA SABJSETCSA
H3IHINHEH: W3 DABHONpABHMS BCeX CTOPOH TpeyroJbHHka ABC crepyer,
YTO ecJad BepwuHa P, HCKOMOro TpeyrojeHuka PyMyN, aBasercs ocHo-
BaHUEM OMYIIEHHOR HA cTopoHy AB BHICOTH, T0 TOUKU M, u N, ROmMKHEL
COBNAjATh C OCHOBAHHAMH ABYX APYMHX BbICOT.
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yto CP uMeer HauMenbmee 3Hauenwe. Jlajee cM. nepsoe pelneHue
3aauy.

71. a) PaccMoTpuM cJjefyiomue CJydan:

1°, Bepwunwet A u B aexcam no pasuele Cmopotol npamnoti 1
(puc. 176, a). Tlycte C-—TouKa nepecedyeHus OTpesKa AB ¢ npsvoh [,

A

Puc. 176.

a D—moBas Touka npsiMoll [, ornmumas or C. Tax xak AD+DB >
> AB, 10 nepumerp Tpeyroibunka ADB

AB+AD DB > 2 AB.

C gpyrofi CTOPOHDI, OUEBHZHO, UTO €CJH TOUKY D Gparh AGCTATOYHO
6ausko K C, To nepuMeTp Tpeyrojbhuka ADB MOKHO clejatb KaxK
yronno 6JAH3KHM K YABOGHHOH AJHHE OTpE3Ka AB. Taxum ofpa-
30M, MPEY20bRUK HAUMEHLUIEZ) NEPUMEMPE GolpONOAEMCA B «TPEYrOab-
muk» ABC, T. e. 6 Osancdol 63amuifi ompesok AB; mepuMerp 3TOTO «Tpe-
yrogbHuka» pasen 2 AB:

AB--BC4 AC=2 AB.

20 Touxu A u B aewam no odny cmopony npamod I (puc. 176, 6,
¢p. ¢ sagaueil 69a)). Ilycre TOuKa A, cumMeTpHyHa TOdKe A OTHOCH-
TeALHO TPAMOM [.

Kak caefyeT H3 peweHus 3anaun 69 a), uckoMoin mpcyeoibKuikosm
¢ HauMeHbWuM nepusmempom bGydem mpeyzoabHUK ACB, 20e C—mouka
nepeceuerus ompeska A;B ¢ npamod I mepuMeTp STOr0 TPeyroApHHKa
pasen AB--AB.

6) PaccmoTpuM cjefyioliue ciayvan:

1°. [Ipamoie | u m napaaieabrot (pHc. 177) %). Onyctim u3 A nep-
NeHAHKYJAp Ha 3TH TIpAMBle; nycTs B u C—TOUKH TlepeceyeHUs 3TOro
nepHeHJuKyJisApa ¢ npaMEME [ W m, a B, u C,— mobyie apyrue Jse
TOUKH, pPAaCIOJOKEHHBIE COOTBETCTBEHHO Ha ! u m. Toraa, O4eBHAHO,
AB,= AB, ACy= AC n B,C; = BC. CrnepoBaTeNlbHO,

AB-- BC-+ AC < AB,+ B,C,+ ACy;

TIOSTOMY UCKOMbil MPeYyeorbHuK eviposwdaemes 6 Oeascdo. eaamod om-
pesox ABC.

1) Ha puc. 177 Touka A JexHT BHE 06pasoBanHOl NpAMBIME [ H
M MOJIOCH; TPENOCTABJIsEM YHTATENO CAMOMY PaccMOTpETh BOOPOC O TOM,
Kakde H3MEHeHHsi BHECET B PacCyXXAeHue NPeAnosoxeHne o TOM, 4Io A
JEXHT BHY TP H 5To NOJOCH HJH NPHHALICKUT 0ZHO# M3 NPAMBIX [, m.
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2°, [lpamee 1 u m nepecexaromcs.

A. PaccmoTpuM cHayana cayuall, Korjia eepmuna A sexum enympu
Ocmpozo yesa, 0BPAB0BAHHOZ0 SMUMIL npambluy (PUC. 178) 1), Ilyctn
O—104Ka nepeceyeHHs IpAMBIX [ # m U ABC —xkagoii-Auby s Tpe-
yrodbrux, sepmuHpt B u C XOTOPOTO JIeXKaT COOTBETCTBEHHO Ha Mps-
Mbix [ u m. Ecan xoTs 6bl OfHA H3 BEpLIMH, HanpuMep B, JIEKHT He

A
(/\\
’,/’ N,
e ™\,
r/ \
b~ AN
Sy N A
"~ \
~ N\,
~. hY
et N,
. \,
—~ N
-\
~\ .
L Ly
Puc. 177. Puc. 178.

Ha Jyue, OTPAHHYMBAIOLLEM YrOJ, COJAEPKAWHA TOUKY A, 1O Takof
TPEYTOJNBHEK MOKHO 3aMEHHTH TpeyroibHuKOoM AB,C, HMEOmEM MeHb-
jnufi TepEMETp W TaKWM, Y KOTODOTC Bepmiuna B sewur Ha BTOPOM
ayue npamoit [ (ecan OBy=0B, 10 CB;==
=CB, AB, < AB).

Tlycrs Teneps AB'C’—npou3sBoJbHBIA
TpeyroabHuK, sepuune B’ uw €’ KOTOpOro
Jgexkar wa aysax O/ n Om Takux, uto
Touka A JexuT BHYTpH octporo yraa (Om.
O6o3nauumM uepes Ay u A, TOUKH, CHMMET-
puyHpie TOUKe A OTHOCHTEJLHO TIPSAMBIX
{ u m (puc. 179). Kax creayer u3 peiie-
aus sazaun 70 a), sepwunet B u C ucko-
MO20 MPey20AbHUKA HQUMEHLILE2O 1epUMen-
pa c06nadarn ¢ MoYKaMy nepeceteHus om-
peara A1A, ¢ npavoinu by wly.

B. [pamee | u m 63aumno nepnexrdu-
xyaaprot. Torna orpesok A A, (cu. cayuai
A) npoxoxur uepez rouxy O (puc. 180);
touxs B u C mnepeceuenust orpesxka A4,
¢ [ u m coBnagalor MeKIy co6ofi M C TOY-
koit 0. Tpeyrompuux ABC HanMeHbLIETO Hy
NepuMeTPa BLIPOMAACTCH B «MPLYSOALHUKY
AO nepumerpa 240 ¢ deyms coenasuiu- Puc. 179.
su ¢ moukod O sepuunamu.

B. Touxa A revicum ssympu my n 020 yeaa, 06pasosantozo ipamolni
{ u m. Nposegem wepea Touky O mpsiMylo /', HEPUEBIAKYARPHYIO K 4

1) Mu cuMTaem jajee, UTO TOUKA A He HPpHHALNEXRHT HA
0fHOIl M3 MPAMBLIX [ M m; NPeJOCTaB/sSeM YHTATEJ) CAMOMy PACCMOTPETh
cayuait, Korga Jeno OOGCTOHT He Tak (3TOT Cayyaf MOXHO CUATaTh
npeneslbHHM AT PACCMOTPEHABIX).

7 1, O. Ulkaspexuil 0 AD. 193



H npsaMyl m’, nepneHARKYAsapHYo K m. Ilycte A Jsiexut BHyTpu (OCT-

poro) yraa m’Ol” (puc. 181, a). Torna uckomsiM TpeyrosapuuxoM O6yzer

Jeascel e3amoid ompesok AQ (sepiumtel B u C TpeyronbHuKa COBNAJAKOT

¢ touko#t O). [last oKasaTeabCTBA PACCMOT-

l pPHM IPOH3BOJBHLI Tpeyrombuuk ABC,

Y2 y eepuwinHel B u C KoToporo Jexar Ha [ u

Ha m. Ecan B u C upunagnexar ayuam

Ol n Om (puc. 181, a) n B’ —710uKa nepe-
ceyeHHs orpeska CB ¢ npsamofi m’, TO

0 7  AB-+BC+AC=AB+ BB --B'C-+AC >
> AB' -B'CH+AC>2A0
" (cm. cayusali B). Ecan xe, ckaikem, Bep-
12 wuda C He npusapnexur aydy Om
(puc. 181, 6), to AC > AO (rak Kax B Tpe-
Puc. 180.

yroaesuke AOC yroa O rynoit) u
AB+4BC+H AC > 2 AC > 2 AO.
IycTs, naxowen, Touxa

A He nexHuT BHYTpPU octporo yraa ['Om’;
nanpumep, A JneXuT BHYTpH yraa [‘Om ne. 182). OnycinuM n3 A
y y y

ZI

frrid

a) 4
Puc. 181.

nepHneHIuKyasp Ha [; nayctb D n E—TOukH NepeceyeHHs STOro Ilep-
neHauKyasapa ¢ npaMevk [ B m. Torpa ans saoGoro Tpeyroassuxa ABC
6yzeM HMETh

AC+H-CB+AB >2AB >2 AD=AD - DE | AE;

CIIEJOBATEIBHO, UCKOMBIAL mpeyeossHurom Gydem cayscumo 08anclb 63a-
moul ompesox AED.

Takum ofGpasom, koeda mouka A aexcum eHympu mynoe2o yeaqa,

GOpUBOBAHHOC0 npAMbIMU | U m, MO MpeyeorbHUKOM HAUMEHLUIL20 603-
MOXCHO2O nepumempa Gydem uaw O0samdor e3amoli ompesox AO, uau
08axcObl e3smolii nepneHOurysap, onyuwennstll w3z A na 1, vau Osaxcoot
e3amuul nepnenlukyasp, onyuwjenuoil uz A Ha m (B 3aBHCHMOCTH OT
T0oro, B KaKOM M3 tpex yraos ['Om’, I'Om wu lOm’ nexut Touka A).

B) PaccmoTpuM cuoefyiouwne caydau:

1°. Bce mpu npamsie napassesstot mexcOy coboii (puc. 183). B atom
CIIYUAE UCKOMBIM KMpPeyeoibHuKoms Gydem, OUeBMAHO, o6wyuid nephendu-
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kyaap DEF smux mpex npanbix. 3ajaua umeer GecuncaeHHOe MHOKECTBO

peuiesnii.
2°. | napasrersro m; f nepecexkaem { u m B mougax D, u E

(puc. 184). Pemenuit Oyzer GecuuC/IeHHOE MHOKECTBO, & HARHHO, Tako-

7 Vi .
/ \\\ i
- II \\\
LA / .
/ f ~ ;
7 — ¥s
Al 7 / -
)
1/////
s F i
Puc. 182. Puc. 183.

BHM Gyner anfod deancdel 63smbil nepnenduryaip K npasos L w m, 30
rarouerkotl mencdy nepnendukyaspami DE u D\E, x | « m (BKJQioyas crona
rake DE u DiE;: Benn ecan A, B n C—Tpn TOUKI, HPHHARJICKALN2
npaMeM [, m 4 n, 10
AB-+AC+CB=2AB = ,
=2 DE). v n ,
3°, Mpsamote I, mun i v
nepecexaomes u 06pasyom s/
mynoyeorbrblil mpe- Jf
yeoaprux LMN ¢ rtynem 7 d :
yraom L (puc. 185), Kax- s / &
o Touke A mpamoil ! Vi ey

71

X0
RN
=

A
&
S

oy
N
ot
N
.
N
N

2N

N
12
RS

/3 &
Puc. 184. Puc. 185.

COOTBETCTRYET OQUpefieeHHBIA TPEeYroJbHEK, MMEIOIHA RaHMeHbIIHA ne-
pHMeTp cPeld Bcex TPeYroJbHHKOB C oIHOH ¥3 BepwHH B A H IBYMi
APYTHMH Ha NpSMEX M H 1 (cM. 3agauy 6)). Ecam Tenepb BLIGpPaTh
TpeyroMbHUK HAHMERbIIEro NepHMeTpa Cpefln Beex TPeyToJbHHKOB, COOT-
BeTCTBYIOILHX Da3HLIM Toukam A npsaMofi [, TO 3TOT TPEYrOJBHHUK, Oue-
BuaHO, W GyjeT uckommM. Ecan A nexur BHe orpeska MN, To nepH-
METp MHHUMAJLHOTO TPeYrOJbHHKA, COOTBETCTBYIOULErO Touke A, paseH
A Ay, rre Ay M Ay CHMMETPHYHDB! A oTHocuTeNEHO m H n. SICHO, 4TO
B 37OM ciyuae A A, > AA, (em. puc. 185): Tak kak AA;=2AP > 2MK,
rge P u K-—npoeKkuus TOUYeK A u M na npsmyilo m==NL, 7o
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A4, > 2MK. Ho geakasl B3aTHIE 0Tpesok MK ecTb BHPONKIEHHBIA
TPeyrobHHK C BePUIMHAMH Ha OPAMBIX [, m W -n; mostoMmy Touka. A,
Jexaulas BHe OTpeska MN, He Moxer ObIThb BepLUHHON. HCKOMOFO Tpe-
YroJIbHHUKA.

Ilycte, Aanee, npsmuie m’ u n', IpoBejeHHHe uepes TouKy L nep-
NeHAUKYJSIDHO COOTBETCTBEHHO K /m H A,  nepeceKanT oOTpesck MN
B Toukax E u D. Tpeyro/ibHHKOM HAHMEHBIIEr0 MepuUMeTpa, COOTBETCT-
‘syomum Touke A’ otpeska ME, Gyfer ABakinl BIATHH NepHeHAHKYIAD,
onymeHHpl# 13 ToYkH A’ Ha NpAMYIO m; HAHMEHbIUHM #3 TaKUX Mep-
nenguKyaapos apasercs EL. «Tpeyro/bHHKOM» HauMmeHbLIETO [epH-
yeTpa, CoOTBETCTBYOmUM TouKe A” oTpeska DN, Gyaer ABaxibl B3sThIH
NepUeHAMKYJAD, onyweHHsl n3 Toukn A" Ha UpAMylo f1; HAUMEHBLIHM
M3 Tasux NeprueHpHKy.nspos 6yaer DL. Hakonew, Touke A’'' oTpeska DE
B KauyeCcTBE «TPEyroJbllKa» HAUMEHBWEro epuMerpa GyHAeT COOTBETCT-
BOBaTh ABAMAbl B3ATeH OTPe30K A'''L; naWMeHbIIUM U3 TAKHX OTPE3KOB
Oyner ewicota SL tpeyromsuuka NLM. Ho w DL u EL, ouemmguo,
Gosnbine Bricotsl SL. CnefoBatensHo, uckosown «mpeyzorsrukom» Oydem
Osamcdoe g3amasn sevioma LS mpeyeoasnuka LMN, onyuennas u3 eep-
wunve L mynoeo yeaa.

4°, Hpameie I, m, n nepecexawmea ¢ o6pasyom GcmpoYy2zoas-
wo i mpeyecavrux MLN (puc. 186).

Ml yXe 3HaeM, wro H3 BCeX TPeyroJbHHKOB, BT HMCaHHBIX
B TpeyrosbHUK MLN (T. €. TakuX, Yy KOTOPHIX BEPUIMHBI JIeXKaT HA CTO-
ponax TpeyroasHuka MLN, a He Ha HUX NPORO/IKEHHAX), HAUMEHbLUMH
nepuMeTp umeeT mpeyeoserux A B,Cy, eepuiunamu Komopoeo cayxcam
ocroganust gowcom mpeyzoavruka MNL (cm. peumenne 3agaun 70 6)). ITo-
KakeM, YTO 3TOT TPeyroJsHHK Oyier HMeTb HaNMeHbIUHH TNepHMEeTD U3
Bcex BooOlie TPEYrOJbHUKOB, BeDUIHHL KOTOPBIX J€XaT Ha IpsAMbIX [,
m, n. st 3T0T0 HaM OCTAeTCsl CPABHHUTE €ro MepHMeTDP C MepHMEeTPOM
MUHEMANBHOTO TPRYrONbHUKA, ABE PBePIIMHLI KOTOPOrO NPHHAAJASKAT
NpAMBIM M H M, @ TPeTbs COBIAjaeT ¢ (QUKCHPOBAHHOH TOukOHK A mpa-
mofi [, He mpumapgaexamei orpesky MN (puc. 186). Ecau A
JIeKHT, HAlpHUMeD, Ha MpojoJXKeHHd oTpeska MN 3a Touky N, To Mmu-
HHMANLHEIM TPeYTOAbHUKOM ANS Hee OYART WJM JABAKABL B3ATHA oTpe-
30k LA, Wiu ABaxibl B34TelE NeprneHiMKYJsp, ONYUEHHbIH H3 TOYKH A
Ha npamyw LM. Ho LA 6oabwe seicotst LA, Tpeyromshura MNL,
a mepmeHIHKyAdp, onylleHHbH na ML n3 Kako#t-nuGo ToukH, Nexaineh
H3 npojo/Kenny orpeska MN sa Touky N, Goasme uem Boicora NB,.
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Takum o6pasoM, NepHMETP MHHHUMAaJbLHOTO TPEYroJbHHKA, COOTBET-
“cTByomero “Touke A npsimolt I, nexamedi BHe orpeska MN, Gotb-
me opHoil ‘us- BhcoT LA, umu MC, Tpeyrosbnuka LMN, saaroi
neaxasl. Ho kaxkpgas BeicoTa (B3siTas ABaXKibl) €CTb BBHIPOKIEHHLIT BT H -
canubi B LMN TpeyrosnHux. A M3 3ceX BOUCAHHBIX TPEYroJbHUKOB
" HauMeHbINI nepuMeTp KMeeT TPeyroabHuK A,5¢Cy.

Utax, B paccMaTpMBaeMOM CAydae HCKOMBIM MIPEY20AbHUKOM HAU-
MeHbe2o nepumempa Gydem MpeyeorbHIUK, 8ePUILHAMI KOMOPOZO CAYNCAN
ocHoeanusn evicom mpeyeosbruxa LMN.

5° Hpameie I, m u n obpasyrom npR:sy202bH6lll mpeyaois-
wux LMN, rpe / L=90° (puc. 187). Ecan wmum SyjeM paccmaTpuBaTth
TpeyrosbHHK LMN xak npefenbHRil cayuail TYNOYroJIbHOTO TPeyroJib-
HHKa, TO NOJYYMM, UTO UCKOMbLM MIPEY2OAbHUKOM HAUMeHbIUE20 Nepu-
Mempa 6ydem easmas Oeancdel evicoma LK, cnyuiennas na sepuiunbl nps-
Mo20 yesa. Tor e pesy/bTaT MEl NIOAYYUM, ecln OVAEM DaccMaTpPHBATh
Tpeyroabuuk LMN Kak npenesbHBIi Cayuaili oCTPOYIONbHOTO TPEYroJib-
HuKa. (lokamuTe 370 HenocpeacTBeHHO, Ges cchiaxu Ha caysan 3° u 4°)

Pue, 187. Puc. 188.

6°. lpamoe I, m uw nr npoxodsm uepes odny mouxy O (puc. 188).
B 3TOM CJyuae uCKOMbIL <MPEYSOAbHUKY HAUMEHOUICZ0 NEPUMEMPA, Oue-
BHIHO, ebiposdaemca 6 o0xy mouxky O (B «TPeyronbHEK» HyJleBOTO NepH-
MeTpa).

72. Haunem c pewenns 3agayy, anasoraunoil sagaze 70 a), a umenne
NpennoaoKnM, uto na cropoe AD vereipexyronshuxka ABCD szajana
TOuKa P, u nocrasuM cBeeil umeablo HalTu enucannoii 6 ABCD uemoi-
PeXYOLbHUK HAUMEHbILE20 B03MOJNCHOE0 NepuMempd, 00NQ LePUilLid KOMa-
pozo cosnadaem ¢ moukoi P. 3Ta 3agaua fonyckaer peluenue, Gauskoe
K TepBoMy pewernwo 3afaunm 70 a). Orpasnm uernipexyroabuuk ABCD
OT cToponst AB; 3aTemM oTpasuM NOJVUEHHEHI YeThHipexyrodshuk ABC'D’
or ctopoHpl BC’; HakoHell, OTPa3HM HOJYUEHHEIH  YETHIPEXYICJb-
nuk  A’BC’'D" ot croponst €'D”; nycTb NpH 3TOM UETHPEXyroJbHUK
OKOHuATesnbHO 3aliMeT nonomenne C’D"A”B’ (puc. 189). Paccmotpuwm
€€ NPOW3BOJbHEH Buucannut 8 ABCD uetnipexyroaviuk PXYZ; ero
1oCJefoOBaTeNbHbIE NMOJNOKEHHT MH ofo3Hauum uepes P'XY'Z’', P"X'Y'Z"
u P X"Y"7". Tlepumerp uertsipexyronbiiuka PXYZ papeH, ouenpvo,
AmuHe Jjomancit PXY'Z"P''. QOrciona caenyer, 4rto ecau npamas PP’
nepeeeaem cmoporst AB, BC' u C’'D" nocmpeextox HemolpexyzoAbHUKo,
Mo MOo4KU Nepecedenus onpeQeasm GePUILLHOL LCKOMO20 — Hembpexyz0ib-
nuka; ecau oce PP’ ne nepecexaem 6ce smu mpu ompesxd, mo uCKOMuid
demoipexyeoibuuk Gyderm eolposcOentoim (T. €. TPeyrONLHHKOM, OflHA W3 °
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BepLUIMH KOTOPOTO COBMajaeT ¢ BepIUMHOA ueTHpexyroabHuka ABCD
HJIA 1BaXkKIBl B3ITOH IHAroHaJblo derblpexyrosbuuka ABCD).

Tenepp mepefiieM X pelleHHI0 UCXOAHON 3ajayu. Ham nHamo nafitu
Takyw Touky P Ha cropone AD uerbipexyroapuuka ABCD, uro6n oT-
pesok PP’’’, rpe P’’’ —cootBercTByomas P Touka Ha cropoue A’D”

Puc. 189.

wetnipexyronasauka A”B’C’D", Guln kpatuafiiuM (cp. ¢ peltennem 3a-
aaun 706)). Kaxk MOKHO yCMOTpPeTh M3 pelleHHs 3agaun 706) (cm.
Taxxe puc. 190, a. 6), ecnu orpesku AD u A"D" ne apasiorcs napaa-
JIeJbHBIMA M ORMHAKOBO HaNpPAaBJeHHHIMH, TO TaKOH TOYKOH GyIeT OCHO-
BaHue [epneHjuKyJsgpa, ONyuleHHOro Ha npsaMmyio AD u3 uenrpa
Bpaiients, nepesojsiumiero orpesok AD B -orpesok A"D"1) (ecan sto
OCHOBaHHE NPUHANICKUT oTpesky AD) uan Gavxkaiiwdil K ocHoBannio
STOr0 nepreHANKYyJsipa KoHel orpeska AD (ecqin ocHOBaHMe paccMmaTpH-
BaeMoro TmepmneHpnkyaspa Jjexur BHe AD)2). Ecan ke orpesku AD

1) B sagaue 706) Takoh Toukoii siBasinack Bepumiufa C TPeyrofib-
nara ABC.

2) Ecnu paBHee otpeskn AD u A”D” He #BJAAIOTCA napansesb-
HBIMH H OJMHAKOBO HamnpaBJEHHBIMH, TO CYLIECTBYET eJIHHCTBEHHOe Bpa-
menne, nepesogsimiee A 8 A” u D B D”; nenrp O storo Bpamenus (oH
HasbBaeTCst INeHTPOM BpameHnHys oTpeskoB AD n A”D") cosna-
JaeT ¢ TOUKOHl repeceueHHs] NePNeHAMKYAAPOB, BOCCTABJIEHHHIX K OTpe3-
xam AA” w DD" B ux cepenuuax (puc. 190, a) wau ¢ Touxoll nepeceue-
rut AD u A"D”, ecnim yKkazaHHBle TEPHEHAUKYJAPH  COBNAZAIOT
(puc. 190,6; cp. ¢ § 2 ron. I neprofi wactet xuuru: M. M. draowm,
TeomeTpuieckue npeobpasopanns, [, Tocrexuspar, 1955).
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u A"D" mapaniensHbl H OTMHAKOBO Hanpasaenm (puc. 190, 6), To Bean-
4MHa paccTogHuA OT JoGoi Toukw P oTpeska AD Ko CooTBeTCTBYyIOMWEH
eit Toukn P’’" orpeska A”D” He 3aBHCUT, OUEBUAHO, OT BLIGOpA TOUKH P,

3agaua 6yjeT HMeTb eNUHCTBeHHOE peuieHHWe B COGCTBEHHOM CMbICJe
cja0Ba (T. €. 3THM pelueHHeM GYAET CAYKHTbL HEBBHIDOKAEHHBIA 4YeTHpex-
Yro/bHUK) TOMLKO B MEPBOM CJyuae, ecJM IPH 3TOM OCHOBaHHe P, mep-
NeHAHKYpa, ONylleHHoro H3 ueHtpa O Bpauwenuss orpeskos AD B

Puc. 190.

A"D"” na npamyw AD, npunapnexur orpesky AD {cTopone uernipex-
yroibHuka) u npamas PyPy , rie Py ecTb 0CHOBaHHE MepneHAHKYJspa,
onymennoro u3 O na AD, nepecexkaer orpesxu AB, BC' 1 C'D". B no-
cJejHEM cJlygae TOYKH nepeceueHust orpeska PPy ¢ orpeskamn AB,
BC’, C’D" onpepensior uckomeli yetnipexyroasuuk PyQR,S, (puc. 189).
IMycts Teneps PyQoR¢So— (HeBEIPOKAEHHLLH) YeTHIPEXYTOALHIK HAHMEHB=
IIero EO3MOXKHOTO NEPUMETPa, BIHCAHHBIA B ueTbpexyronunk ABCD.
Ilpu sToM, kKak meTpyaso suuers, [/ Py PyA=/ PyPos D" (puc 191),
OTKyla caeiyer, uYTo cTOpPoHnl PoaQq u PyS; HCKOMOrO ueTHIPEXyroJb-
Huka o0pa3yloT OAHHAKOBHE Yrab co CTopoHoil AD 4eTeIPeXyrofb-
Huka ABCD. Jlanee u3 paBeHCTBa BEPTHKAJbHBIX YIVIOB, 00pa3oBaHHBIX
npamoit PgPy ¢ npamuiMp AB, BC' u C'D” caepyer, 410 cToponnt PyQ,
H QyR, uetnipexyronbruka P QoR,S, 06pa3yior paBHHE YIJH CO CTO-
pouoit AB uerbipexyroabauka ABCD, cropoun QR n RS, o6pasyior
paBuble yrael co cropoHoil BC, u croponsl RySy, u SoPp obpasywor
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pasHbie yrap co croporoft CD 1). Jlanee umeeM B ofosnayennnx puc. 189

LA+ L C=180°—(L 14 £ D 4-180°—(L 3+ £ =
=360°— (L 14 £ 24 £ 34 L 4,

£ B4 £ D=180°—(L 24/ 3) 4 180°— (L 4+ £ )=
—360°—(L 1+ 2+ L3+ /%),

LA+LC=/LB+ /LD (=180%).

Takum ofpasoMm, NOCTABACHHAS 3aJa4a HMeeT peuleHHst B COGCTBEHHOM
CMBICJIE CJIOBA TOJLKO B TOM cJjydae, eciu uembipexyeoisruk ABCD
MOJCHO BRUCAME 8 OKPYICHOCMS.

Tlycts Teneps uernipexyronbuik ABCD MoXHO BrnHCaTh B OKpyX-

Hoets (1. e. / B4-/ D=180°); D"A"B"C’—ueTslpexyroibHuK, CuUM-

MeTpuunblit D" A" B’C’ oTHOCHTe b~

Y4 Ho npAMoit D”A”. YeTsipexyronb-

HuK BC’D"A’ noaywaercs  u3

” ABCD BpaumenueMm BOKPYr TOY-

5 ¢, 6’;’4/)/// KH B na yron 2/ B.(cp. c pe-

Y 7 uienyeM 3ajaun 70 a)); aHaOTHY-

~ - HO ueThipexyroiabhux D"A"B"C"

A N -7 nonyuaercss us D"A’BC’ ppaue-

Y /,/ HHEM BOKpYT D" wua yrod, pas-

~ y et 2/ D .Ho 2/ B+42/ D=

0 v/ =2-180°=2360° TtakuMm o0pa-

ue. 191 30om, uetblpexyroaeuux A"B'C'D"

- o noayuaercss U3 ABCD npu no-

MOWA  ABYX [OC/€10BATeJbHBIX

Bpamienuit mHa yrao 2/ B u 2/ D, pawomue B cymme 360°. Ho ec-

g orpesok XY’ noayuaercss u3 orpeska XV Bpaueunem BOKpYT

toukn O ua yron o, to yroa wmexkly XY u X'Y’ pasen @ (uo paseu-

CTBY YIJOB C HePreHJHKY/IAPHbIME CTOPOHAMH: Beib ONylleHHble H3 O

Ha XY u X'Y' nepneniuxynsipet ofpasyor yroa o—cp. ¢ puc. 190, a).

TlostoMy yroa Mexi1y OTBEYAIWUMH APYr APYLY B 4YeTHIPEXyroJbHu-

kax ABCD w A"B"C’D" otpeskamu pasen 2/ B4-2/ D=360°, 1. e,
STH OTPE3KH ANAPAAACAbHbL U O0UHAKOBD HANDABACHHL.

Takum ofpasoM, ecau uersipexyronouuk ABCD MOKHO BuoHcaTs

B OKpYKHOCTh, TO ompesok A"D" napaaresen ompeaky AD u 00urnakoso

wanpasaen ¢ Hum. Ho B TakoM cayuae paccTOsiHHE MEXAY IPOH3BOJIb-

HoW Touko#t P orpeska AD u coorBercrsymomeft efr touko# P'’ or-

peska A"D” He 3aBucHT OT nOJMOXKeHHA Toukm P (cMm. puc. 190, 8),

a 3HQuUT, HAWa 3a7a4a JONycKaeT GecUHCJEHHOE MHOMKECTBO

peweHufi, OTBEUAICUIMX BCEM TaKHM [IOJONKEHMAM Touku P, uro orpe-

H, 3HaAYUT,

1) Takum o0pa3oM, JAokasaso, uto ecan PQRS-—Bnucanusii B
ABCD 4eTuiDeXyroabHUK HaUMeHbLIIEro BO3IMOKHOTO Nepu-
MEeTpa, TO Awbbwe O0se e20 coceduue CMOPOHbL 06pa3yom 00UHAKOGbIE
yersl ¢ motl cmoporot wemeipexyzorsrura ABCD, gomopod npunadae-
acum ux obwan eepuiuna. DTO NpefnokKeHNe MOXKHO JoKasaTh H GoJee
npocro. JedkcTsutensto, ecau, Hanpumep, / SPD # /£ QPA, To Mbl MoO-
Jem, He Meusist noJsioxkedust Bepun Q, R u S dersipexyroabuuka PQRS,
TAK H3MEHHUTb TNOJOKeHHe BepuwHusl P, 4TO IEePHUMETD HeTHIPeXyroJb-
unxka PQRS yvenbuwures (oM. pewenne 3agaun 69 a)).
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30K PP’ mnepecekaer orpeskn AB, BC’ u CD". Jlerko BHIeTb, uTO
CTOPOHBI BCEX BIHCAHHEIX B HeTHIPeXyronbHHK ABCD weTblpeXyrosbHH-
KOB, NMepHMeTP KOTOPHIX HMeeT HaHMeHbllee BO3MOXKHOe 3HaueHue, Oy-
AYyT mapajJeJbHBl  MEXAY coboii .

(puc. 192).
73. Ecaim D, E, F— ocuosBanns
BhCOT  Ttpeyroseuuxka  ABC, TO

ANACD o» A BCE (puc. 193, a); nostomy
CE CB c ABC

CD=TA JIEIOBATEABHO, A w
W ADEC u / CED= / CBA. Tlycts
Teneps  MN -——KacartesbHas, TPOBEIEH-
nasi B Touke C K OMUCAHHOH BOKpYr

Tpeyronsuuka ABC okpykHoeTH ¢ uenr- A 4, V4
. T CA= CB
pom O orpa / MCA=/ A Prc. 192
=5 Y AC). Takam  oBpasom,

L MCE=/ CED, 1. e. ED|| MN | OC. TouHo TaK e NOKa2hiBaer-
csi, ato EF | OA, 1. e. uro tpeyroasnuk DEF uckomslit. (Te, uro nu-
KaKkoH Jpyroft TpeyrofibHAK He MOxeT 00/ajaTe TeM me CBOHCTBOM,
T. e HMeThb Te JKe HaNpasJeHus CTOPOH, 4YTO W Tpeyromsuuk DEF,
BugHO W3 pHc. 193, 6, 6.)

Ecau tpeyronpauxk ABC ocTpoyroabHBEH, To ueHtp O onu-
CAHHOM OKPYMKHOCTH JieKUT BHYTpH Hero (puc. 193, a); moatomy

S

SA asc=Sopce™ SOEAF+ SOFBD-

Ho puarorann nocjeiHuX TpeX uyeTbIPeXyroJbHHKOB B3aUMHO IepIreHfH-
KYJSIDHBI; C/lefoBaTe/bHO, HX IVIOUIAJAH PaBHEl MOJIOBHHEe IIPOH3BEleHHS
JHaroHaJjel —3T0 BepHO HEe3aBHCHMO OT TOTO, SIBJASETCS JH paccMaTpu-
BaeMblfl YETHIPEXYTOMbHUK BbiykApM, Kak OEAF wa puc. 193, a uau
HeBBIMYKJbIM, Kak OFBD Ha toM e pucyHke. Takum ofpasom,

1 1 1
S anc =5 OC-DE 4 OA-EF 4 OB-FD=
=-;—R(DE+EF+FD), ()

rae R —paauyc OnucauHHOU OKPYHHOCTH.
Ecuyiu reneps F'D'E'—Kk aKoOl Yro/JHO TPeyroJlbHUK, BIHCAHHBIH
B Tpeyroantuk ABC, TO

S A ac =Soprcer+ Sogr ar +Sorpp =
x% 0C-D'E’ sin v—}——;—OA-E’F’ sinaJ,-%OB-F'D' sin B,

TAS ¥, @ ¥ P—yras MexJy AMArOHAAAMU uetsipexyrodshuxos OD'CE’,
OF'AF’' w OF'BD’; nosromy
1 . ot . Y . t Ry
SA aBc =% R{siny-D'E’ +sino-E'F' +sinp-F'D')y <
1

é?R (D;E/ +E/F/ +FID/),
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TIC 3HAK DABEHCTRA WMEST MecTo Jumib ecsm ot=P=y=90° 1. e. ecan
tpeyroabuuk D’E'F’ cosnapaer c TtpeyroasuukoM DEF. Cpasuusas
HocJegHee COOTHOLIEHHE C PABeHCTBOM (%), HalileMm, 4TO

DE-FEF-+FD < D'E' - E'F' +-F'D",

tle cudraercs, 4to tpeyroasuuk D’E’F’ orauven or DEF.

Puc. 193.

Takum ofpaszoM, MbL CHOBa JOKasaN#, 4TO U3 6CeX MPEYZOALHUKOS,
SnUCAHHOIX & OQHHbIL TCMPOYSOAbHBIL MPEYLONbHUK, HAUMEHbWUL nepu-
MEMP UMeem MoMm, GePUILHAMI KOMOPO20 CAYNCAM OCHOBAHUA 8biCOM 30
CaHHO20 MPeYROALHUKA.

74. Tlpexxae Bcero Hajijem TOUKY, PacCTOSHAA KOTOpPO# J0 Bep-.
mwun A, B u C TpeyroJbHHKa OTHOCATCH KAaK uucha m, n u p (37ech
MBl CYHTaeM, YTO BepIIHHA X HCKOMOTO TPEyroJbHHKA NPHUHALJIERUT
cropose AC, BepwnHa Y —cropone AB u sepwiuna Z--cropoxe BC).
TloctpoeHne TAKOR TOUKH JIETKO OCYLIECTBHTB, €CJH BOCIOJb30BATHCSH
TeM, 4TO MHOMECME0 IMU4eK, OMHOWeHNE PacCmOaHul Komopowx 00 08ys
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Oannoix mouex useecmuo, npedcmasasem cobod okpyxcrocms ). Moxwo
110Ka3aTh, YTO TAKAX TOYEK, BOOOIle TIOBOPsl, UMeeTcs [Je€, MPHUEM OfHa
U3 HHMX HAXONWTCS BHe, @ APYras—BHYTPH OKPYMKHOCTH, ONHCAHOH
BOKPYr 3ajaHHOrO TpeyroibHHKa. CleloBaTeN»HO, OAHA 8 3THX ABYX
ToYeK  06s13aTesIbHO HAXOAUTCH
BHe TpeyroasHuka ABC. 3a-
TeM cJejyeT PaccMOTpeTh JBa
cayyasi.

1° O0na wu3 nocinpoen-
Hblx mouexk (0003HauUMM ee ye-
pe3 O) waxodumes 6 nympu
mpeyeoasruxa ABC (puc. 194).
Mpr nvMeem no mocTpoennio

AO:BO:CO=m:n:p,
M 3HAYHT,
AO =Mkm, BO="hn, CO=hp,

A

rie A—KaKoe-T0 uuCAC (MHOXKHTeNL [polOpHuonasbhoctu). Brumem

B ABC rtpeyrosbuuk DEF, CcTOpOHB KOTOPOTC IMepresuKyadpHbL

k orpesxkam OA, OB u OC; 3To jierKo clenaTh, NOCTPOHR cHadajaa Tpe-

yroapnux D, E;F;, cropount kortoporo nepnesgukyanpust OA, OB6 n OC,

npuueM fse pepmimHn Dy n E, npunamgexar BC n AC, a sateM Hafigs

'Tfquy F nepeceuenns CFy u AB u nporeasa FD || F1D,, u T. p. {puc. 193).
aK Kak

Spane=Socar+Sorep+Sopce

1) Cm., naupumep, § 49 ugan § 75 kuuru: . U. Mepenenxun,
Kypc snementapuoit reomerpun, u, 1, Focrexusgar, 1948, | Bor oawo u3

caMBIX NPOCTHIX J0Ka3arejibCTB  3TOrO  yTBepXKaeHus. ITycTes Koopim-
matel Touek A # B B Kakoil-To (IeKapTOBOH, MPAMOYTOJBHOH) cucTe-
me gooppuxaT (0, 0) u (e, 0); Torja Ksagparhi PAacCTOSHMH OT 5TuX
ToueK J0 TOUuKH M (x, y) paBHbl COOTBETCTBEHHO

24w (x—a¥ i =x2—2ax-Ly2-tal
Ecau MA:MB::%, wmi k2-MA2=MB2, 1o npu k # 1 uveem
k2 - k2% = 2% —2ax |-y - a?,
HIH

2a a?
I iy o Sl g o

a 2 a? a? k?qt
SIS, BTY ) = .
(x ! k2—1> VYe=p1te—p T o
Ho 310 ecTh ypaBuenne OKPYXRHOCTH € LEHTPOM B TOUKe

—a ka
Q (—EZ:T , 0] u pagnycom BT J

203



10, nockoneky OA | EF, OB | ED, OC | DE u OA=Am, OB=Ahn,
OC=hp, uveem

1 1 1
Spapc=5 OA-EF + 5 OB-FD - 0C-DE =
1

Mm-EF+n-FD-+p-DE). (%)

Ilycre Teneps D'E'F'—npon3Bonb HE i TPEYrOJbHUK, BIHCAH-
wuil B ABC; o, B, y—yri6 MeXAy IuarOHaNsMH YeThbIPEXYrOJBHIKOB
OFE’'AF’, OF'BD’, OD'CE’. B Takom
crykae (cp. ¢ pemeHueM 3ajaun 73)

1 .
SA ABC =73 OA-E'F’ sin o
+%OB-F’D' sin ﬁ—l—éOC-

-D’E'siny:%k(m‘E’F’sin a+
4n «F'D’sinB+p-D'E’ siny)

H, 3Ha4uT,
m-EF+n-FD--p-DE=
=m-E'F’ sina+n-F'D sin -}
Puc. 195, +p-D'E'siny<im-EF'
+n-F'D'+p-D'E’,
rie SHaK paBeHCTBA OTHOCHTCS TOMBKO K TOMY CJyyaio, KOTJ2 TOUKH
D', E' n F’ copnagaor coorBerctBedHo ¢ D, £ wu F. Taxum o6pazom,
DEF u ectb uckomoti TpeyroasHux XY Z.
2°. Ecau mouxa O nexur, mnanpumep, Ha cmopore AB mpeyzons-
wuka ABC, To MCKOMBIH TPeyroJIbHUK BLIPOXKAAeTCA B A Ba X bl B3 -
Ty BB COTY Tpeyronbenka ABC, onyleHnylo Ha cTopony AB;
ecan mouka O uaxodumes ene Tpeyrotvunka ABC, To HCKOMBbIE Tpe-
YFOJbHHK BBIPOKJAeTcss B JBAaX/AH B34TYIO BHCOTY TPEYyroJb-
Huka ABC, onymeHHyIO Ha Ty CTOPOHY TPeYTOJBHHKA, 1O OTHOHIEHHIO
Kk kortopoit Touka O w Tpeyrosbhuk ABC HaxopATcst MO pasHble
croporrt 1). JloxasaTesbeTBO 3TOro Mbl NPEAOCTABHM YKTATEJO.
75. a) Ilycts X —npou3BosbHAas Toukd BHYTpH Tpeyroabnrka ABC
(puc. 196). Tlosepuem tpeyroabnux ACX Bokpyr Toukn A Ha 60°
B Hanpasjesun or AB k AC; nycTh nocnie 3TOro OH 3afiMeT MOJIOKEHHE
“AC’X’. Tax kak AX=XX’ (tpeyrompuuk AXX’' paBHOCTOPOHHHH!)
¥ CX=C'X', 0o cymma AX--BX-+CX paccrosnuii oT Touku X jo
BepwnH Tpeyronbinka ABC paena aaune Jomanolt BXX'C’. Ocraercs
BLI6paTh TOUKy X Tak, uroObl aiauna joManolt BXX’'C’ 6bila HauMeHb-
wed; 3ro noJoxenue Touky X Hasosem M.

1) MoxHo nokasaTb, 4TO ecin Touka O HaXOAHTCH BHE TPEyroJb-
nukd ABC, TO OHa JIeXUT IO LAPYTYI0 CTOPOHY, ueM TpeyrodabHuk ABC,
JHIE OT OJAHOH CTOPOHB TPEYTOJbHUKA,
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PaccMoTpHUM OTZe/bHO HBa CJayuas.

1°. Ompesox C’'B nepecexaem cmopony AC mpeyeosonusa ABC;
3TOT cuaydait uMeeT mecto, Korjga / BCC’ < 180° u / BAC’' < 180°,
WIH, TakK  Kak L BCC'=/ BCA+{ / ACC'=/ BCA4-60° u
£ BAC' =/ BAC+- / CAC'= / BAC+6(°, korza yram C u A Tpe-
yroaounka ABC wmesswe 120°. B atom ciyuae, ecau Ha oTpesxe C'B
MOXHO HalTH Takywo 104Ky M, uro [/ AMC’'=60°, 1o pna sTo¥

Puc. 196.

Touky M (puc. 196,a0) MA=AM'=MM’', MC=M'C’, u caejo-
BATEJBHO,
AM4-MC+MB=BM -+ MM’ 4-M'C' = BC",

nosromy Touka M m Gygmer ucxomod. Tlpu atoMm, ouesugno, / AMB =
=/ CMB=/ AMC=120°, 1. e. M—Touka, u3 KOTOpPOil BCE CTO-
ponbt Tpeyroibiuka ABC BHAHE NOJ PaBHBIMH YIVIAMH; ZJST TOTO 4TOOW
Ha orpeske C’B Obiia Takas Ttouka M, wsyxHO, uTO6Hl / CBA Gnis
menbme 120°. Ecau xe / CBA=120°, 10 uckomoit Toukoit Oyje1
pepminia B tpeyrossunka ABC.

2°, Ompesox C'B ne nepecexaem cmopory AC mpeyeorvnusxa ABC;
Hanpumep, Touxa C’ pacroJ/oxkeHa 10 IPYryio CTopoHy or mnpsamoit BC,
yem Tpeyroastuk ABC, T. e. / C=120° (puc. 196, 6). B s1oM cayuae
Kparuaitweit Jomanoit C'X’XB 6yner nomanas C’CB, U HCKOMOR TOYKOH
6yzer sepuuna C tpeyroaenuka ABC. Touno Tak xe, ecnn / A == 120°,
TO UCKOMOH TOUKOH Gyjier Bepmuua A.

6) Ecnu X —xkakag yrogHo Touka BHe TpeyroasHuka ABC, to
HeTPyJHO YKa3aTb TaKylo TO4KYy X; Ha TpaHHUe TPeyroJbHUKA, YTO

X,A-XB+X,C < XA+XB+XC,

—ecu TouKa X NPUHALJEKHT YIJy, BePTHKaJbHOMY C OAHHM H3 YIJIOR
TPeyroJbHUKA, Hanpumep ¢ yrjom C, TO pons ToukH X Gyzer urpara
Bepmuna C 31oro yraa (puc. 197, a; 8 camoum gene, AC--BC < XA XB,
u6o nomauad AXB oGvemeT BHIIYKIAYIO JoMakyio ACB, u CC=0 < XC);
ecad ke X NPHHAAJNEKHT, CKaweM, yray C TpeyrogbHHKA, HO HAXO-
JuTCSL MO JAPYLYI0 CTOpPOHY OT cTopoHsl AB, uem Touka C, TO pons
Toukn X, Oyjger urpate Touka IepeceueHHs npamoii CX co cropoHod
AB (puc. 197,6; B camom jeJse, B stoM cayyae X, A-}-X,B=AB <
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< XA4+XB un X,C< XC). IlostoMy npu OTBICKAHHH B IJIOCKOCTH
TpeyronsHuka ABC 10Yku, cyMMa pacCTOSHMH OT KOTOPOH 1O BepIHH
TPeyroJbHHKA $BJAEeTCA HaHMeHbiIeH, MBI MOMXEM OTpPaHHYHILCS pac-
CMOTPEHHEM JIMIIL BHY TP e HHH X (M TDaHHYHBIX) TOUYEK TPeyro/bHHKA,
ueM HacToamas 3ajauda CBOZHTCS K 3ajaue a).

Puc. 197.

fTpumeuanue. 3agaua 75 TecHo cBsizaHa ¢ npoliemoil onpeje-
JeHHsl kpamuiaduwier; cemu AuHUL, CoeQUHAUed OGHHYIO CUCMErY MOHeK
naockocmy (Hanpumep, KpaTdafwell ceTd JA0por, CoeiuHsiolell JaHHbE
HaceJeHHble NYHKTH; N0 IOBOAY 5To#l 3ajaun cM., uanpumep, §§ 5 u 1
ra. VII xauru P. KypanranT. Po66unca [2], a Takke c1atbio
B. M. ITpokodnena [44]). Ilycts, Hanpumep, Mbl HMeeM TPH TOUKH
A, B n C, KOTOpHE Haji0 cOoefMHuTh ceThio Juuuil. [Ipexze peero,
ACHO, 4TO paccMarpHBaeMas ceTb 6YAeT COCTOSITh U3 OTPE3KOB NP s-
M Bl X, COEIMHSIOMUX MeXAy cofofl 3ajaHHble TOUKHM, a Takke (BO3-
MOXKHO) KaKHe-TO «y3Jbly CeTH, B KOTOPHIX CXOAATCS TPH H GoJblie
JuHH{ (IpSMOJHHENHbIX OTPE3KOB): Befb JIOGOH «IyThb», COeJUHSIOMHUI
toukn U u V (npunajjexamine K 4YHCIY 3ai4aHHBIX TOYEK MJH «y3J/I0B»
ceTH JHMHUH, coeguHsIOWENR 3TH TOYKH), MOXKHO 3aMeHUTh (6oJjee KOpoT-
kuM) otpeskoM UV. [Hajsee moHsTHO, uTo ecau cropoisl BC=a, CA=b
U AB=:¢ tpeyroisHnka ABC TakoBBl, uTO @< b<ic¢, TO Kparyailmas
CeTh JuHuH, HE HMeUlas «Pa3BeTBJeHHi» (V3J0B) H, CJel0BaTeJIbHO,
cocrosiinasi U3 CTopoH Tpeyroabunka ABC, cosnapaer ¢ nomanoii ACB;
JauHa stoH JioManoft (puc. 198, a) pasra a--b. Ecau ke Hama ceTb
JUHHH COJepKHT eAUHCTBeHHbH (oTamubbii or A, B u C) «ysen», 10
a3a 3710T y3ea M, pasymeercsi, BHIrOAHee BCEro NPHUHATL Ty TOUKY,
HaXOXIEHHI0 KOTOpOH nocesilieHa 3ajaua 75; B STOM CJjyyae CeThb
aninfl 6yner o6pasosana Tpems orpeskamn AM, BM u CM (puc. 198, 6).
Ilpu srom, econ / C == 120° t. e. ecan

c?==a2~-b2—2ab cos C == a* - b*—2ab cos 120° =

—a? 52— 2ab <~%> —a? b2 ab,

4

TO B COOTBETCTBMH C pelweHHeM 3ajauH 75 Touka M coBnagaer ¢ C;
nosTOMy 3jech H306pakeHHas Ha puc. 198, 6 ceTe ofpamaercs B ceth
puc. 198, a, aanna d koropoil paeHa a-}-b (Ba puc. 198, a usobpaxen
MMEHHO TOT cJayuail, korga / C > 120°). Ecau xe £ C < 120° 1. e,
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eCcJsIH
2 < q?-Lb2t-ab,

T0 Touka M omauuna ot C; mpu stoM cymma d I Tpex OTPe3KoB
MA, MB u MC Gyger paBHa AjuHe oTpeska BC’' puc. 196,a, 1. €.
KBaJpaT BeJUuuHH d paBeH (Mbl 31€Ch
NpUMeHseM TeopeMy KOCHHYCOB K Tpe-
yroaeunky ABC’ W wucnosesyem $op-
My JIBl

b2+ ®— 2becos A=a?

H -l—bcsmA=S,

rie 2
S=Volp—a)(p—b)(p—0) —
A
ym—e
A Z 8
2 4 g

Puc. 198.

niomane tpeyroneenka ABC w p —ero mnosymepumerp)

d%=c24-b2—2bc cos (60° - A) =
=c2 b2 —2bc (cos 60° cos A—-sin 60° sin A) =
=24 b2 —2bc <~;‘ cos A-—Q sin A> =
=2 b2—becos ALV 3 besin A=

;—_—%(b2+c2) _{_%(b2+c2—2bccos A+2V3 (—;—bc SiﬂA\ =
___%(az_}_bz_{_cz_f—él V3 3S).

Slcho, uto ecqm L C<120° 1. e ecnnm ¢ <alfbEfab m

S < —;—ab sin 120°~—_l/4—3c1b, TO

4z =—é—(a2+b2+02—{—4 V3 <

< % [a2+b2+(a9—i—b2+ab)+4 V3. @ab] =

— a2 b 1-2ab= (a1 b)?
d <a-tb,

T. €. B sToM cayuae jauHa d wuszobpamenuolt Ha .puc. 198,6 cetu
"Kopoue puusnl a--b gomanot ACB; mostomy npu / C < 120°
kpamuadweid 6ydem usobpascennans Ha puc. 198,06 cemo aunud daunot
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]/% (@@+b2+c2+2V 3 absinC), anpu LC= 120°———u306paomen-‘

Han Ha puc. 198,a cemv aunuid Osunot a--b (MOXKHO JOKasaTh, 4T0O°
panpHefilllee yBeJHYEHHE UYHCJA Y3JI0B YXKE HE MOXKET YMEHbBINHTL JJIMHY
; 7 coepunsioweii Toukn A, B u C
ceTH JIMHHH).
3ameTtum, uto B yane U xpar-
vafiliefl ceTw JWHHH, COeRHHAN-
WHX Kakde-TO 3aJaHHHe Ha MJI0-
CKOCTH 1 (== 3) Touek Ay, A,, ...
., Ap, He Moryr cxogutsca 6 o-
Jee Tpex OTpe3kos, nOo ecuu
66l B TouKe U CXOIH/IHCh OTPe3KH
XU, YU, ZU u TU (puc. 199),
TO OfuH M3 0o6pasOBaHHEIX STHMH
OTpe3KaMH  VIJIOB, CKaXeM YroJ
XUY, 6vn 6pr Menswme 120°, un
Puc. 199. B CHJIY TOJBLKO YTO CKa3aHHOIo
Mbl Morsiy Gbl 3aMEHHTb OTpe3-
g4 XU u YU wawell cern wusobpamennmiMu Ha puc. 199 orpeska-
mu XV, YV u UV, npuuem ofwas pnupa Bcell CeTH JHHHE TOMBKO
COKPaTHAAch LI DT0 paccy:KiAeHue He TOMBKO NOKAa3bBAeT, uTO0 B KaK-
Zom (orsmuom ot Touek Ay, Ay, ..., Ap) ysae U cemu aunuid 06s3a-
meabHo  Q0ANCHUL CXOOUMBCA MPu OmMpeska, HO W TO, 4TO Imu O pesky
doancHot nonapro obpasoseisams yeast 8 120°—peas wnHaue OJUH M3
06pa3oBaHHEIX STHMH OTpeskamm yraoB Ol 6nt menbme 120°, 1 cxo-
gomecss 8 U oTpeskn, ofpasyomue wmenplonit 120° yroa, MOxHO
Oblio €bl 3aMeHUTH TPeMs APYTHMH OTPE3KaMH, COKDATHB TaKHM 06paszoM
O0ILYIO AJAMHY CeTH JHHHI.
ITH paccysmaenus MOryT GhlTh HCHOJb30BAHL NIPH pemleHuH (Boobime
TOBOPS, AOBOABHO TPYAHBIX) 3ajay O Kpatyailipux ceTax aunui, coenu-
HSHOIWHX T€ WJX WHBle KOHKDeTHHle CHCTEMBl TOueK, HanpuMmep MpH

Prc. 200.

PELIeRHN NONyJAApHOA 3ajauM o KpaTyafimefl cucrteme Juuufl, coeu-
umomux Bepmmnn A, B, C, D xBaaparta (cm., nanpumep,
. Mretnrays, [45], 3amaua 75). B stoM nocsepHeM cayudae
pelzenne 3ajaud JOCTABJAETCS ABYMA (MMEIOUHMH OAHY M Ty XKe NJIHHY
U jJlaXKe DaBHBIMH B OCBIYHOM CMBIC/Je 3TOTO CJiOBAa) CETSAMH JIHHHIL,
n3o6pakennbME Ra puc. 200, a u 6; ecy CTopona KBajpaTa paBHa q,
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To #AMHA H300pDaXEHHBIX HA STHX pPHCYHKAX ceTell JiWHMA paBHa
(1+V§)az2;732a. (Kak BupHO u3 pHuc. 2?0, a, 6, pellieHHe
3ajaud o Kpartdaiimell ceTH JHHME, CcOeIMHAWOMER 3aJaHHYIO CHCTEMY
TOYeK, MOMKET ObITh U He eJHHCTBEHHBH M)

76. Ham Gyner ypo6HO HauaTh ¢ peleHHs 3azaud 6).

6) Tlycte ABCD—upodsBONBHLI ueTHpexyronbHuk, M-—TouKa
nepeceuenns ero auarosajell, X-—kakas yrojaso Apyras ToukKa TJO-
ckoctu (puc. 201, a, 6). fcno, uro

XA--XC= AC=MA+MC wu XB+XDz=BD=MB-+MD,

TaK 4TO
XA+XB4+XC+-XD= MA++MB4MCHMD,
rfle PABEHCTBO HMeeT MecTO JHIIbL B TOM CJyvae, KOrja TOuKa X cos-
nagaer ¢ M. Taxum o6pasoMm, HCKOMOH TOYKOH SABJASETCS MOYKQ M
nepeceverua Juaeonaaer! UETHIPEXYTOJbHUKA. )
a) Econ wermipexyrodbuuk ABCD swmyxastit (puc. 201,4), 10
Touka M nepeceuenusi JuaroHasel ueTHPEXYTOJNLHHKE eMy NPHHALERAT

Puc. 201.

H, KaK [MOKaspiBaeT pelieHHe 3ajaun 0), sapisercst Hckomoll. Ecau ke
yetbipexyronbnuk ABCD wepmnykawet u / D > 180° (puc. 201, 6),
TO HCKOMO# TOUKOfi sizAsieTcsl BeplMua D 3TOro «CcBepXTYmoro» yrija:
B camom jaese, ecan X —Jno6as ToYKa BHYTPH YeTHIPEXYroJbHHKA, TO,
oueuaH0, XB4XD=BD=DB+DD u XA+4XC > DA4-DC, rtax
Kak JomaHas AXC ofvemner (BenykJaywo) JaoManyi ADC; nostomy

XA+XB-+XC+XD > DA--DB--DC

(cnaraemoe DD =0 MOXHO H He HUCATh).

77. a) Ecau DEF —nparusibHEId TPeyroJbHHK, ONHCAHHBI BOKDYT
Tpeyronbiuka ABC, u AM, BM, CM—nepHeHgukyaspel K cTOPOHaM
Tpeyrosmbnuka DEF, To, oueBuano, /. AMB=/ BMC= / CMA=120°
{puc. 202). Orciona cnezyer, uro M-—Touka mepeceyenus Ay OKPYK-
HOCTei, TIOCTPOEHHLIX Ha CTOPOHAX TpeyrodbHuka ABC u BMemamouux
vrapt B 120°. Haiina Ttouky M, mbl Ge3 Tpyia nOCTPOHUM TPEYTOJbHHK
DEF. Touka M nexut BHYTpUW TpeyronbHuka ABC, ecan HY OfHMH U3
ero yruaos He mnpespimaer 120°; ecam ke, nampumep, / C=120° to
Touka M cosnapaer ¢ sepwnnoft C, a ecan / C > 120°, To touka M
aexuT Be ABC. BoiBesieM Tenepb OTCIOfa pewieHue sajgaud 75.
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Pacemorpum cmavana mepsuifi cayuali (puc. 202). Ilyets M’ —
KaKast YrogHO BHYTPeHHSIS Touka TpeyroabHuka ABC, M'A’, M'B’,
M’'C’ —nepneniuKyIsipHl, ONYWEHHbE W3 Hee Ha CTOPOHH TPEyrob-
nuka DEF. HWmeem

SApEr=SA roMt SA DEM Y SAEFM,
HJH, €C/H @ H A—CTOpPOHA H BHICOTA NPABHJIBHOTO TpeyroasHuka DEF,

1 1 a1 | .
-§-ah=? aMA +70M B —i—-§'aM C,

MA SMB LMC =h.
Ho M'A=M’'A", M'B=M'B’ u M'C= M'C’; nostomy
MALMBI-MC=h,

NpHYeM DABEHCTBO JOCTHraeTCs TOJABKO B TOM cJjydae, Korja Todka M’
coenagaer ¢ M. Takuwm ofpasom, Touka M —uckomas.

Puc. 202. . Puc. 203.

Ecau touka M cosnanaer ¢ C, To touka C-—uckomas. Hakonen,
ecin / C > 120°, 10 onath cyMMa paccTosHuil or Toukn C [0 BepluuH
TpeyroJpHHKA OyleT MeHplle, ueM CyMMa paccTosiHHH J10 BepLIHH Tpe-
yroisHuka oT Jwo6ofi Apyroft Toukd. a9 [QoKa3aTebCTBA  OMHILEM
Bokpyr ABC paBwoGenpenun it Tpeyrompnuk DEF rax, utofnl
6o CA | DE, CB | EF (puc. 203; npoxoasmas uepes C npsaMas DF
Jo/kHa ObiTh NepreHinKyJasapHa GuccekTpuce yrma AEB). Ilycts M/ —
MpOH3BOJIBHAS BHYTPeuHAs Touka TpeyroupHuka ABC, A’, B', €' —
OCHOBAaHHA NEPHEHANKYJISPOB, ONYIMEHHHIX H3 3TOH TOUKHM HA CTOPOHH
TpeyroasHuka DEF, D'EF’—Tpeyroasuux, nofgobuniit DEF, ocHOBaHue
D’F’ goroporo mnpoxoxut uepe3 Tourky M’'. B Taxom caydae umeeM

SppEF=9SpcpET SACEFS
CA-+CB=h,

rie A—puicora Tpeyrombuuka DEF, onymenHass Ha GOKOBYIO CTODOHY.
AHasorudHo I1ojyuyaeMm
MA 4+-MB =FH,

oTRYyla
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rie A’=Mi—soicoTa Tpeyroabuuka D’'EF’ (sgece A < | —xo3dduuuent
nojo6ua tpeyroabuikos D'EF’ u DEF).

OGo3naunMm BeICOTH TpeyrojbHukos DEF n D’EF’, onylieHHbe Ha
ocBoBauua DFuD'F' uepea Hu H'=AH. Tax xax / E=180°—/C,
to /£ E <60° u sHauutr, DF < DE=EF, 1. e. H > h. Tenepr umeeMm

(M'A" 4 M'By+ M'C' = h' - (H—H'y = H — (H' — h') =
=H—MH—h) > H—(H—h)=h=CA-+CB.
A Tak Kax, OueBM[HO,
MA4+MB+MC < MA+-MB--MC,

MALMB+MC >CA+-CB (=CA+CB-HCC),
yTo K TpefoBaaoCch A0OKA3aTh.

6) Eciu AM, BM u CM —neprnediukyJisipsl K CTOpOHAaM paBHO-
CTOpOHHero rpeyrojeunka DEF, pnucanmncro B Tpeyrodbuux ABC,
T0, oueBujHo, / AMB=
=/ BMC= / CMA =
= 120°(puc. 204). [Toaromy
JUISL DellIeHust 3aJayH Halo
nafith Touky M, u3xoro-
POl Bce CTOPOHEI TPEYTOJIB-
nuka ABC BuiHw mojg yr-
som 120°, u 3ateM BIH-
catb R TpeyroasHuk ABC
tpeyroasvuk DEF, cropo-
HEl  KOTOpOro mnepneHju-
kyagpanl Kk AM, BM n
CM fcp. ¢ pelieHHeM 3a-
naun 74). Ilpa stoM Bep-
wHre DEF 6yayT Jexarth Puc. 204.
Ha CTOpOHAaX TpPeyroJbHH-
ka ABC (a He Ha uX TPOJO/KEHHUAX!) B TOM M TOIbKO B TOM cJyuae,
KOTJa Bce yrao Tpeyroasunka ABC menbuwe 120°,

IIpeanosoKuM, YTO HMEET MECTO MMeHHO 3ToT cayyah, Torza

Spac=Smear+ Smrep+ Supce=
— L EF-MA —}-—;—FD- MB —]—%DEMC:

TO

:%a(MA—{—MB—}—MC),

riie a—CTOpOHA NPaBUJBLHOTO Tpeyroabruka DEF. Ilycrs Teneps M'—
MPOU3BOJbHASN TOUKA BHYTpH Tpeyroasruka ABC, o, B u y—yrie,
kotopele npsimpie M’A, M'B u M’'C 06pasyioT ¢ COGTBETCTBYIOWHMH
cropoHamu Tpeyroavhuka DEF. B rakom cayuae
Spapc=Smear+ Surept Supce=

-—:%EF-M’A sin a+—é—FD-'M’B sin f —{—? DE-M'Csin y=
% a(M'Asina-+M’'BsinB-+M'Csiny)<g
g% a(M'A4+M'B+M'C).

—
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Orciona caeiyer, uTo
MA+MBH+-MC<M'A4-MBL+MC
(rie paBEeHCTBO HMeeT MeCTO, Juillb ecam Touka M’ cosmagaer ¢ M),
4TO ¥ Tpe6oBanOCh [OKas3aTh (Cp. C pelleHHeM 3zajaud 73).
78. a)IlepBoe pemen ue, [Noseprem Tpeyromwuuk ACM Boxpyr

Toukn A wHa 60° B nosoxenne ABM’ (pne. 205, a). Torza MM' =
=AM'=AM, CM=BM’. Ho BM << BM’'-- MM’, u caefoBartelbuo,

BM << AM4-CM.

Ilpu stom BM=BM’'-|-M'M, auume ecaun M’ upuHaijemuT OTpPe3Ky
BM. Tax gak / AMM'=60° 10 B s10oM cayuae J AMB=60° sr0

l

Puc. 205.

osnauaer, yro Touka M npumasmesmur gyre AC omucanHoH okoMO Tpe-
yroasuuka ABC oxpyxuocta {(puc. 205, 6).

Bropoe pewenue Ilposegem uepes Touky M unpsample MP,
MQ u MR napannensuo croporam AC, AB u BC rpeyroasuuka ABC
(puc. 206, a). Uermpexyromeankn MQAR, MPBR u MPCQ, kax He-
TPYAHO BHJETb, OYAYT DaBHOGEADEHHBIMH TPANMELHIMH; C/e0BaTe bHO,
MA=QR, MB=PR, MC=PQ. Taxum oGpasom, paccrosuus MA,
MB u MC paBusl cTOpoHAM TpeyronbHuka PQR, OTKyZa ciepyer, uTo
MA - MC = MB.

Papenctso MA - MC=MB nmeer mecto TOJBKO B TOM Ciyuae,
korga PQ+QR=PR, T. e. Koria Touka  npHHalIekuT orpesky PR
{(puc. 206, 6). B atom cayuae / RMA= / RQA, kak BOUCAHHbIE YT,
ONMpAoILecs HA OHY H Ty ¥Ke Ayry onucaHHol Bokpyr tpaneuun AMQR
okpyxuocrd, Ilo amanoruunoll npuunne / PMC= / PQR; xpoue Toro,
£ RQA = / PQC, kak Beprukasbusie yrasi. [lostomy / RMA =/ CMP,
v sunauut, / AMC=,/ RMP=120° cnegoBatenbro, Touka M npu-
Hapiexut ayre AC onncanuoli okosno rTpeyroisunka ABC oxpyxHocTH,

Tperse pemenune. Onycrum B3 Touku M mHeprneHAHKYIIpPHL
MA,, MB, m MC; na croponsl Ttpeyroasinka ABC (puc. 207, a).
Bokpyr uwernipexyroabhuka AC;MB; MOKHO oNncaTh OKPYMKHOCTh C JHa-
metrpom AM; tak xak / B;AC;=60° to B,C,-—cTOopoHa DPaBHOCTOPOH-
HEro  TPEyroJbHHKA, BIWCAHHONO B 3Ty OKPyXHOCTE. IlosTomy
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) T )
B,C =L/§— MA; ananornuno A,B, :—‘is— MC n A161=L/2— MB.

2 2
Ho u3 tpeyroasnuka A,B.C, umeem
A€y << AyBy+ ByGy,
OTKyZa
MB <t MA+4MC.

* Ipu stoMm MB=MA-1-MC, ecau touku A,;, By n C; npunainexar
ONHOH NpAMON, mnpHueM TouKa B, JeXuT Mexay Toukamp A; u G

Puc. 206.

Puc. 207.

(puc. 207, 6). Mbl yTBep:xkjaem, uro B 3ToM cayuae M mnpunantexue®
nyre AC OKDYXHOCTH, ONHMCAHHON OKoJO Tpevroabhuka ABC. B camom
aene, / CiMA= / C,BA, / AMC=/ A;B,C. Ho Tax kKak B pac-
cmatpuaemom cayuae J CBid=/ A B,C, 10 [/ CMA=/ AMEG
v /L AMC= / C;MA,=120°, uro n IOKasblBaeT Halle YTBepkKIeHHE.

IlpumeuaHne 3aMeTHM, YyTO LIS TOro, 4ToGbHl OCHOBAHHUS - Mep-
AeHARKYJSIPOB, ONYIEHHBIX H3 HEKOTOPOH TOYKH HAa CTOPOHB N P O H 8-
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BOJNbLHOTO TPEYroJbHUKA, JEKaNH Ha OXHOH NpsiMOi, HeoGXOAUMO M
JIOCTAaTOYHO, 4TOOB!I 3ajaHHas TOYKa NpHHajJIekaja OKDYKHOCTH, OMH-
CaHHOH OKOJIO 5TOr0 TPeyrojbHuka (cM., HanpuMep, pelleHHe 3ajaud
100 u3 kuurn 1. O. Mkaspckoro u gp. {17]).

UerseprToe pemenue. [Ippmensia K uetmpexyroasuuky MABC
Treopemy Iltomemesq (cm., Hampumep, 3axauy 136 u3 kuuru [17]),
HOJYYHM

MB-AC<<MA-CB1-MC-AB,

Te 3HaK DABEHCTBA HMEET MeCTO JHIb
B TOM CJyuae, KOTAa BOKDPYT 4eTHIPeXyTroJb-
Haka MABC MOMXKHO ONHCaTh OKPYKHOCTD,
T. €. KOTAa Touka M npuHamiexwut gyre
AC onucarnofi sokpyr ABC okpykuocT.
Ho AC=CB=AB u, ci1e1oBarespHo,

MB << MA-+-MC,

4T0 H TPefOBaJOCh JOKA3aTh.
0) Tloctpoum Ha cropore BC 3apan-
Puc. 208. Horo TtpeyrosbHHka ABC BHe ero mpa-
BAMLHEI TpeyronbHuk BCA' (puc. 208).
ITycrs X —nponsBosbHas TOUKa NJIOCKOCTH; TOTAA

AN < XA+ XA,

rlle PaBEHCTBO MMEeT MeCTO JHIB B TOM CJydae, Koraa Touka X npH-
HazgnexxuT orpesky AA’. Ianee, B cuiy pesyiabTara 3ajaud a)

XA' < XB+XC, .
rfe PaBeHCTBO HMeeT MeCTO JHUIb TOrja, Korjaa Touka X NpHUHAJJeRHT

nyre CB oKpyXHOCTH, OnHCaHHON BOKpYr Tpeyrosphuka BCA‘.
W3 nonydeHHBIX COOTHOUIEHHI caefyeT

AA' < XA+ XB--XC.

Ecmu M ectb Touka mepecedenns AA’ ¢ onncanHofl OKPYKHOCTBIO Tpe-
yrosbtuka A’BC, To

AA’'=MA -1 MB - MC;
MO3TOMY
MA+MB+MC < XA+ XB-+XC

(The pAaBEHCTBO HMeeT MECTO JHWb ecau Touka X cosmagaer ¢ M), =,
cJefoBaTe/IbHO, Touka M YIOBJIETBOPSIET YCJOBHIO 321aud 75,

[Tpy DOMOWmM NPOCTOro MOJCUETa HETPYAHO YOEIUTHCH, YTO ecan
ofud M3 yrJos tpeyroanHuxka ABC pasen 120° to otpesok AA’ u ayra
CB nepecekyTcsl B BepLIHHE 3TOTO YIJa, a €C/]INW OAHH W3 yIVIOB 3ajaH-
HOrG TPeyroJbHuKa Gosewe uem 120°, To OHHM BOBCE HE MEPECEKYTCH.
B s1OM mocsefHeM Cayuae, KaK MOKHO JAOKa3aTh, MHHHMAJILHEIM CROft-
cTBoM Takxe Gyner obJjafaTek BeplIMHA TYIOro yrija.

79. PaccMorpum npeskie Bcero TOT ¢JyyaH, Korja 49ucja m, # H p
TAKOBBI, UTO CYMma O8YX MEHbUIUX U3 HUX He G0aAbute mpemoezo;
nycth, Hanpumep, m=n--p. B s1toM ciayvae paa moGofi TOUKH )f
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NJIOCKOCTH HMEeM

m-XA4+nXB+p-XC=((n+p)-XA+n-XB-p-XC=
=n(XA-+XB)+p(XA+XC)=
=nAB+p-AC(=m - AA+n-ABJ-p- AC),

6o XA XB= AB, XA+ XC = AC; nostomy cymma m-XA-+n-XB -
+ p-XC npuHHMaeT HaMMeHbllee 3HaYeHHe, KOrjJa Touka X cosmajaer
¢ Toukoit A.

Takum o6pa3oM, ocTaeTcst paccMOTPeTh TOJBKO TOT cJaydal, Koria
Hau6oJIbINMA U3 OTPE3KOB M, A, P HE NPEBOCXOAHT CYMMHl [BYX ADYTHX,
T. €. Korga cyujecmeyem (MomeT ObiTh, BHIPOXKICHHEBIH) mpey20abHuK,

Puc. 209.

CMOPOHbL KOMOpPo20 pagrer m, n u p. TIpu paccMOTpeHHH 3TOro cjydas
MOXXHO MATH UETBIDbMSA NYTAMH, aHA/JIOTHUHBIMH pelueHusiM 3ajgau 75,
77 a), 776) n 78.

Ileproe pemenue. [lycte AyByCy-—TpeyrobHUK €O CTOPOHAMH

AoBy=0p, AyCo=n, ByCoy=m.

m P
[ToaoxKuMm 7=(Z, 7—_— Y, H IYCTb X——npousBo.anaa TOYKa HJ0C-

KoctH. ['omorterna ¢ unentpom A u kosddunHerTOM nOAOGHA Yy, CONPoO-

BOXKJaeMasi TIOBOPOTOM BOKDYF A Ha yroa, paBHulil yray A, TpeyroJb-

Huka AyByCy (Bpamenue NPOU3BOAHTCA B HampaBJeHuu o AB k AC) 1Y),

nepeBoguT TpeyroaeHuK AXC B Tpeyroasuuk AX’'C’ (puc. 209). Tpe-
AX’

yromeuuka AX'X n AyByCy mnopoGHbl, 60 00 yCIOBHIO —A—X—=V=

A9Bo ‘e XX
ACy’ L XAX' = /£ ByAyCy. Y3 ux nopgoGust crenyer, 470 X =

=-’:—=a, XX'=a-AX; xpoMe Toro, no nocrpoeruio C'X’=y.CX.

=

1) IIpeoGpasopanue, cKaaispBaiomeecd H3 [OMOTETHH C LEHTPOM B
Hekortopoil Touke O B KoadduiMenToM £ H Bpamenus sokpyr O Ha yron @
(5TH npeo6pa3oBaHHsT MOXKHO NPOM3BOAHTE B JMI0GOM Hopsiikel) HAa3LIBAIOT
yenmpaasro-nodobrom epaujenuen (c teHTpoM O, Kko3dduuueH-
TOM kK B yrJoM noBopoTa ¢).

- 215



CrnenoratennHo,
CX 4+ XX+ XB=y-CX+{aAX+BX=
_pCX+m-AX+n-BX
" ,

H, 3naunt, Benanuuna m-AX +n.BX4-p.CX umeer HauMeHbllee 3HAye-
HHe TorMa, Korja JomaHas BXX’C’ umeeT HaWMeHbLIYIO IIHHY. 316€Ch
BO3MOHEI CJELYIOmUe CHydau.

1°. llpamas BC’ nepecexaem cmopony AC 3a0anno20 mpeyeorsHuka
8 Hexomopoti mouxe D. B Takom ciyuae KpaTuaiiiuel u3 BCeX JIOMamHbIX,
coepuHsOWNX ToukH B u C’' u nepecekawieil orpesok AC, spasercs
otpesok BC’'. Tloas3ysick Tem, uto yroa AXX' pasen yray C, Tpeyroib-
nuka AyByCy, serko mafitu touky M. s 3TOro MOCTPOUM Ha OTPe3Ke
AD nyry, smewaouyo yroa C, # PacHONOXKEHHYIO 10 Ty XKe CTOPOHY
ot npsamofi AC, uro u 1ouka B. Ecau sra Ayra rnepecedercst ¢ OTpes-
xoM BC’, 1o TouKa nepeceuexus ¥ Gyner uckomoft Toukoit M. Ecau xe
nocTpoeHHAst Ayra He nepecedercs ¢ orpeskom BC’, 10 Hckomast touka M
JOPKHA COBNACTh C BepuMuHoH B
tpeyrossHuka ABC,

2°. Ecan npamas BC’' e ne-
peczuem cmopony AC  mpeyeoas-
nuka ABC, to xparualieln us
nomaublx  BXX'C’, nepecexaio-
mux cropody AC, Byger aubo
aovauas BCC’, aubo jomanas
BAC’. $lcHo, 4TO B nepBOM Ciiydae
nekoMasi Toyka M cosnmajzer ¢
epuiunolt €  3apgauHoro Tpe-
VIFONBHUKA, @ BO BTOPOM —C €ro
Bepuiunoft A,

Brtopoe pewenue. Ec-
JId OTHOWIEHHE CTOPOH TPEYTOfb-
Huka DEF rakoso: EF:FD:DE =
minip, TO CyMMa pacCTOsHui or
o060t BHyTpeHHel Touku M jo
cTopor Tpeyroaeuuxka DEF, ym-
HOMEHHDLIX COOTBETCTBEHHO Ha YHCJIA m, 7 u p, rnocrosHHa. Heficrau-
TensHo, 3 puc. 210 umeem

Saper=SamertSamro TS amMpEs
u, ecan EF=Am, FD=An, DF=p u A, B, C—ocHoBaHus mnep-
NEeHAUKYJIAPOB, ONyLIeHHbIX U3 ToukH M Ha croponst EF, FD, DR
Tpeyronbhuka DEF,

1 ) 1
SADEF=—2-?»m-MA+§7»n-MB—{—??»VMC,
25
m-MA4n.-MB+4p-MC=""BPEF _ ionst.

Onuwem tenepb BOKPYr 3ajaHHoro TpeyrojbHuka ABC Tpeyros-
uug DEF, CTOpOHBI KOTOPOrO OTHOCATCSI, KaK m:n:p, TAK, uToOBl Iep-
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NeHAUKYAapbl K cropoHaMm DEF, BoccraBsennsie B Toukax A, B u C,
flepeceKasucy B ofHOM Touke M (nocrpoenve anafOrdyHo HOCTPOEHHUIO
B 3ajaue 77 a)). Ecian touka M nexut BHyTpH Tpeyroabnuka ABC, To
OHa YJOBJETBOPAET HaWeMy YCJIOBHIO MHUHHMAJbLHOCTH, HKOKA3aTeJbCTRO
9TOTO NPOBOJAMTCH KakK B PelleHHH 3agaun 77 a). Ecaum xe Touka M
JexuT BHe TpeyroasHuxa ABC, TO ycnoBHIO 3ajaunm YAOBJETBOpSET
OJlHA U3 BePUIUH TPEyroAbHUKAE.

Tpetbe pewenune Bnuwes B pauusiil tpeyrosvuuk DEF
tpeyroabiuk ABC, CTOPOHBL KOTODOrO OTHOCATCS, Kak m:in:p, Tak,
qTO0K MEePHeHAAKYJSIPEL, onymendsle 3 sepwne A, B, € wncxogaoro
TPEeyroJibHUKA Ha CTOPOHH TpeyrojgpHHka DEF, nmepecexasuch B OJHOM
Touke M (mOCTpoeHMe aHANOTHUHO MOCTPOeHHIO 3anaun 77 6)).

B cayuae, korpa tpeyrosisHuk DEF oxaspiBaercs BIHCAHHLIM B Tpe-
yronbauk ABC B 0OGbiMHOM CMBICJe (T. €. BCE €ro BepLIMHBI JekaT Ha
cTopoHax TpeyroJbhuka ABC, HO He HA HX NPOJOKEHHSIX), aHAJOTHUHO
pelleHuto 3axaid 77 6) NOKA3biBAETCS, UYTO HCKOMOH TOYKOMN sBJseTCs
touka M. B nporusHOM cayuae OTBeTOM 3a1aYdl CAYKHT OJHA H3 BepUIMH
TpeyroasHuka ABC.

UYerBeproe peweHue. Bocrospsyemcs CAEAYIOWHM HpeRJo-
HeHneM, 06001 AIIUM Pe3YIbTaT 3afaun 78 a): ecau 8 mpeyzoasruke ABC
umeem BC:CA:AB=m:n.p, mo Ora awboit mouku M naockocmu

n-MB<<m-MA+p MC,

NMpuYeM 3HAK PABEHCTBA HMeeT MECTO B TOM H TOJBKO B TOM CJyuae,
KOrja Touka M JeXAT Ha COOTBETCTBYMOUIEH Ayre OKPYXKHOCTH, ONUCAH-
HOU Bokpyr Tpeyrossiuka ABC. [oKa3aTeabcTBO 3TOM0 NPERJOKEHUS
(KOTOpOE MOKHO MONYYHTb HECKOJMLKHMH CHOCOGaMU aHAJOTHUHO perue-
HUAM 3a4a4H 78 a}), MBI MPENOCTaBASEM UYUTATEJIO.

Toctponm teneps Ha cropone BC pansoro tpeyroasuuka ABC tpe-
yroabauk BCA’ taxo#t, uto BC:CA":A’B=m:n:p, u ONuwWeM OKPY®X-
HOCTL BOKPYTr 3TOro TpeyrosasHuka. Ecan X —aw6as Touka MIOCKOCTH,
To u3 Tpeyroswunka XAA’ cnepyer, uro

AA < XA+ XA,
rJe DaBeHcTBO MMEST MeCTO JMmb asst Touek oTpe3ka AA’. Kpome toro,
m-XA <n-XB--p-XC,

FAie PABEHCTBO BHIMOJHNAETCsSE JIMWb Ast Touek Ayra BC onucaunoii Bo-
kpyr BCA’ oxpyxuHOCTH.
YMHOXKHB [ePBOe U3 MOJYYEHHBIX COOTHOWEHUN HA M U HOJb3YACh
BTOPbHIM, TIOJTyYHM
m-AA'<<m-XA+4n-XB-+p-XC,

re paBeHCTBO MMeEET MeCTO JHWb AJAA Toukd M nepeceuenust xyru BC
c orpeskom AA’:
m-AA'=m-MA+-n-MB+-p-MC.
Taxum oGpasom,
m-MA4+n- MB+p MC<<m-XA4+n.-XB+p-XC,

rJie paBeHCTBO HMeer MecTo juiwb npH X =M, T. e. touka M ynosser-
BOpSieT YCJIOBUIO 3ajauH. .

Ecnu gyra BC e nmepeceuerca ¢ orpeskoM AA’, T0, KaK MOMXKHO
HAOKa3aTh, PElIeHHeM 3a4a4H ABJSAETCS OJHA U3 BepUIHH Tpeyroasauka ABC.

217



Mpumeuanune. Pemenne sagaun 79 jomyckaeT Assmuyio ¢usu-
YeCKYI0 MJLIIOCTPAlKIO, MHOrAA YHIOMHHAEMYIO B CBSI3H ¢ 3TOH 3afauel.
[lpennosioxuM, 4TO NOBEPXKHOCTH CTOJIA NIPOCBepJeHa B Tpex Toukax A,
B n C; uyepes oTBepcTHH CTOJA
fIPOAETH TPH ILUHYpA, CBS3aHHLE

A onrum y3aon X. Ecan Kk xonuam
P/ IHYPOB [OpPHBA34TH THDH, [pPH-
8 A ueM TaK, YTO OTHOILUEHHE BECOB
TpEX CHPb, OTBEUAIHX TOUKAM
A A, B u C, paao m:n:p (pHc.
“e

211), To nog BAMSIHHEM CHJIBI TH-
HKecTd (NP yCJAOBHM OTCYTCTBHS
TpeHua) ysea X nepeMecTHrCd,
3aHAB Takoe moJoxenne M,
yro cymma m-XA+n-XB3-
Puc. 211, -+ p- XC 6yjaer munumanbHOH npy
X=M.

80. 3aMerum [pexje BCero, Yro HcKomas rtouka M oBs3aTesnbHO
aexKuT enympu yaaa ACB, wo exe mpeyeosvnuka ABC. B camom Jede,
ecay M-—pBuyTpenuss Touka Tpeyrosbuuka ABC u M, —Touka

a3

Puc. 212.

nepeceyenna npsmoit CM co cropouoli AB Tpeyrosbunka (puc. 212, a),

10 AM,+BM, < AM-+-BM u CM; > CM, rax uro
AM,+BM,—CM; < AM+-BM—CM.

Ecau, ganee, Touka M npuHAAJEXHT yTay, BepTHKanbHOMY K yray ACB,
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u Touka M, cummerpuuna M oTHocuTesBHO mpoxoxdwmel uepes C nps-
moit [ || AB (puc. 212,6), To M,C=MC u M,A < MA, MyB < MB
(0o6a TH HepaBeHCTBA CJEAYIOT H3 TOrO, 4TO B oBo3Hauenusx puc. 212, 6
MyP < MP), u 3nauur,

AM,4-BM; —CM, < AM+-BM—CM.

Ecau Touka M npunagnexut yray CAB (no we mpamoft AB!) m mue
MPHHALIEKHT TPeyrofbHuky ABC, n M;— Touka, cumMmeTpuuHas Toyke M
oTHocHTepHO npamoii AB (puc. 212,6), 10 AMy=AM, BMg=BM
u CM; > CM (nocnensee cjepyeT H3 CpaBHeHUd H306paxKeHHHIX ~Ha
puc. 212, tpeyrompunkos MCQ u M,CQ, y xoropsix cropona CQ
obmast, MQ=M,Q u £ CQMy > / CQM), Tax 4yto 3mech
AMz+BM;—CMy < AM4+BM—CM,
aHaJOTM4IHO JOKa3siBaeTCs, yro Touka M He MoKeT IPHHAAIEKATh
yray CBA. Hakoreu, ecan Touka M nNpHHANJIERKHT YIJy, BepTHKAJNb-
Homy K yray ABC (moxer 6with, npsmoit AB), to MC—MB < BC
1 MA > BA (nocaennee caenyer u3 toro, uto / MBA > / DBA4 > 90°1);
puc. 212, ¢), Tax uro
BA-+BB—BC=BA-—BC < MA—(MC—MB)=MA-- MB—MC:

AHAJOTHUHO NOKAa3HIBAeTCsl, YTO HCKOMas Touka M He MoxKeT NpHHAjJe-
XKaTh Yy, BepTHRajsHOMY K yray BAC.

A

Puc. 213.

IMycts Teneps X —npoussoasHas Touka yraa ACB, me npuxagie-
xamas TpeyroiaoHuky ABC. Tlosepnem Ttpeyromsuuk ACX BOxpyr
TodkH A Ha 60° B nanpasmenns or AC x AB B nojoxenue AC'X’
(puc. 213). Tak kak AX = XX’ (n60 Tpeyroapuuk AX X’ pasHOCTOPOHHH)

1) 3nece (u TOJAbKO 3meCH H3 BCEX NYHKTOB 3TOTO BBOJHOTO pac-
CYXKJEHYNS) UCTIONb3YeTCs TO, 4TO TpeyroibHHK ABC paBHOGeapeHHbIl,
H, 3HauuT, yrae A ¥ B ocTphie.
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n CX=CX', 10 AX-+BX—CX=X'X1BX—C'X’; takum ofpasom,
HaM ocraercsa BeGpats Touky X Tak, uTo6wl Bejguunna BX - XX'—X'¢’
HpHHUMana HauMeHpluee BO3MOXKHOe 3Hauenue, Ho Tak Kak-

CB4-BX+XX'=C'X',
BX+XX'—C'X' =—C'B;
TIOSTOMY, €CAM MBI CyMeeM RaliTH Takywo Touky M, uto
CB4+BM--MM =CM, 1. e. BM+-MM—CM=-—-CB (s
(rze Touka M’ nonayuaercss na M, kax X' n3 X), 10 3Ta Touka u 6yjer
HMCKOMO.

Tak xax no ycaosnio AC=BC > AB, To jajee Hal0 DacCMOTPETb
OTNIeJILHO ABA CJy4ast:

1°. £ A=a > 60° 1. e. AC=BC > AB u Tpeyronpink ABC ue
P2aBHOCTOPOHHHUI. B 3sToM cayuvae Touka €’ He coBHajnaer
¢ Toukofi B W pameHCTBa (%) MMewOT MmecTo, ecau B 1 M-—j1se mocjeno-
BaTenbHble Toukd orpeska C'M’ (puc. 213, @). Tak kax yron C Tpeyrosb-
wnka ABC paeen 180°—2a, to yroa npy BepiidHe C papHOGeipeHHOTo
TpeyrospHika BCC' pasen

60°— (180°-—2a) = 20— 120°,

T0

¥ 3Haunrt,

£ CC'B= /£ CBC =)

)
2

[180° — (20— 120°)] = 150° —ez;
£ C'BA= / C'BC | o= 150°,

Ilosromy, ecan Touka M takora, uro / C'BM =180° 10 / ABM ==
== 30° ecau ke, kpome Toro, [/ BMM =,/ BMA-L-60°=180° 10

A

Og -~
°°ooooo°°/7

4) 4

Puc. 214.

)

/ BMA==120°. Orciofa cheayer, 4Io nMeeTcst efuHCTBEHHAs Touka M
Takasi, uro TodkH B u M npuuaggexar otpesky C'M’ n

AM-+-BM—-CM=BM+MM —C'M'=—C'B;
9Ta TOUKAa Xapakrepusyercs ycaosuamn / MBA= / MAB=230°
(puc. 214, a). .
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2. £ A=60° 7. e. TpeyrombHuk ABC paBHOCTOPOHHH,;
B 5TOM cjyyae Touka C' cosmagaer ¢ B (puc. 214,6). Ilpu stom
PaBeHCTBO (¥)

BM4+-MM' —C'M'=—C'B  (=0)

HMeeT MecTo, ecu Jomanass BMM'’ npejcrasisier cofoit 0Tpe30K npsmoit,
U crenosatensio, / BMA=120° (nockosbky [/ AMM’=60°). Bce
Takue ToukH M npuHajnexar ayre AB ONuCaHHOHX BOKPYT TPeyroJbHH-
Ka ABC okpyxuoctu (puc. 214, 6); xascdas H3 HHX yIOBAETBOpseET
YCJOBRIO 3ajauH (cp. ¢ 3aRauedl 78 a)).

MpuMeyanue. YKazanHoe peHleHHe 3aJayd He TOQHMTCA B TOM
caydae, korga AC=BC < AB u / A=a < 60°. B stom chnyuae, Kak
MOXHO TiOKa3aTb, MuhHHMyM Bbipamenuss AM -4 BM—CM pocruraercd
nas touxd M, coBuagatoweil ¢ onHod 43 sepmnH A wan B Tpeyromb-
Huka ABC (puc. 214, 6; c¢p. oScyxieHue 3Toit 3ajgaus B 1. 22 crateu [1]).

81. a) Mlepsoe pewenune. Ilycrs AD, BE n CF-—wmeananu
Tpeyrosbtinka ABC, [—rtouka mnepeceuenus ero wmeamad, P —ocno-
BaHUe TePUeHAUKYJALpa, ONYILEHHOrO #3 HpPOM3BOJBHOH Toukn M

Ha Mmeguzny AD (puc. 215),
CoepunumM Touky M ¢ TouKa- V4
‘mu A, B, C, Du I. llycrs ans
onpenénennoctn / MIA <90°.
- L MID==90°. U3 1peyronn-
Hukos MAI n MID mony-
HaeMm
MA2= M[24 AI*—2AI-IP,
MD? = MI24-ID*-1-2ID-IP,

Y MHOMAs BTOpOE N3 5THX pa-

BEHCTB Ha 2 M CKJanpBas ¢

MepPBBIM, N10Jy4aeM (yIuThIBast,

gr0 2/D=Al)

MA2-2MD? = Puc. 215.
=3MI24-AI2 - 2[ D2,

Ho MD ects mennasa tpeyrombuuka BMC, a /D—wmeguana Tpeyrooe
nuka BIC. Orciofa no Hu3secTHoll (opMyJse g LJAMHBL MeIHaHBl Tpe-
yroankuka ) HmeeM

MD? == (MB*+ MCY) —- BC?,

ID?= ——;—(IBZ—{—ICZ) -—% BC?,

H, CJIeOBATENLHO,

MA2 - MB2 - MG? ——21- BC*= 3MI? -1 A2 | 132+102—~;— BC?,

1) Cp. mojcrpoyHoe npumeyanue 2) Ha crp. 158,
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=3

MA? - MB2 - MC?*=3MI? - [ A3 | B* 4 IC. )

s nocnennet GOpMyab Cpasy CRELYET, UTO UCKOMOL MOUKOL A8AALMCA
mouxa | nepecewenus meduan mpeyeorsrnuxka ABC.

Bropoe pewmeunune. IlpHBejeM eme oaHO W3MILHOE pelueHHE
3afaun, tpefyoliee MeHbIUE BBHIYHCJACHHH, YeM mepBoe.

ITyers Ay, By, C;—cepeaunst CTOpoH Tpeyroashuxa ABC co cro-
poxamu a, b, ¢; M-—npoussoibHas TOYKa  mJacckoetd  (puc.  216).

Puc. 215.

Honosinns  tpeyroasunk AMB go napadienorpamva AMBM', Gynem
HMeTb
9MA2+2MB2 = MM" - AB?

(n60 cymma KBaspaToB JAHaroHajell napajjesiorpaMMma paBHA CyMMe
KBaJpaToB BCEX €ro CTOPOH), HJH

2M A2+ 2M B = 4MCi + ¢2.
Touro Tak Xe LOKa3bIBAETCH, UTO
2MA 4+ OMC2=4MB} 4% 2MB?+2MC*=4MA? 4 a2,
CxJalajgpisast 5TH TPH DaBeHCTBA, IOJAydaeM

AMA2 |- 4AMB2 +-AMC? = 4MA} - AMB? - AMC3 + a2 4-b2 - ¢2,
HJad
MA? 4 MB2 4 MC} = MA2+ MB? 4+ MC2 —% (a2 b2 c?).

Takum ofpasoM, cymMa KBajgpaTOB pacCTOSHUH NpoW3BOJBHOR TOU-
ku U nmraockoctu or touek Ay, By, Cy orauuaercs OT CyMMH KBaJpaToB
paccTosiHuil 2TO{l ke TOYKM OT BepuiHH TpeyrojvHuka ABC quwb Ha
nocrosinnoe caaraemoe. OTCIOAA CAEAYET, UTO CymMa Keadpamos paccmo-
suuil om mouxu M o sepuiun mpeyeorvnuka ABC 6ydem HoumeHbuted
0.8 mod gce mouxu, 048 KOMOPOd ABASEMCA HAUMEHbLIED CYMMA K6aopa-
mog ee paccmosnuil 0o eepuun mpeyeoavruxa A;ByCy.

TouHo Tak e CyMMa KBaipaToB DacCTOSHMI OT Touku M 10 Touex
A,, By u C, Gyzer Hanmenbineii Aas TOH TOUKH, ANA KOTOPOH sABAAETCH
HanMeHbLieHl cyMma KBaapaTOB pacCTosinuit 7o cepeiun A,, By, C,
cTopoH Tpeyrosibhuka A;B;C;; cymma KBaIpaToB pacCTOSIHHH OT Touku M
5o Touek Ay, B,, C, fyjer HauMmeHbUeH AJs TOd TOUKH, AJs1 KOTOpOH
SBJsieTCS HaMMeHbiLell CyMMa KBaJpaToB pPaccTOAHHH 1O cepefuH Ag,
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B3 u C; cropod Tpeyroibiuka Ay,B,C, u T. 1. Tak MH nosyuaeMm cucTeMy
tpeyroabunkos ABC, A(B\Cy, AyBsCs, AgB:Cs 4 T. ., KGKABIA H3
KOTOPHIX COCTaBJ/JeH U3 CPeJHHMX JHHHY NPeAbAYLIiero; IJs Toro 4ToGb
HalTH TOYKY, CyMMa KBaJpaToB PACCTOSIHUN KOTOPOH OT BepIIHH NEPBOro
TPEYrobHAKA fBJIAETCA HAaHMEeHbILel, LOCTaTOUHO HafiTH TOUKY, CyMMa
KBaJpaToB paccrosiHiii KoTopoff oT
BepUIMH KaKoOro-HUOYAb H3
5THX TPEyroJbHUKOB HauMeHbHIAA.
Ho Bce tpeyromsunkn ABC, A;B,C,
AyByCy ¥ T. K. mOT0GHB MEXLY CO-
Goli, M CTOPOHBI KaXAOr0 H3 HHX B
JiBa Pasa MeHbllle COOTBETCTBYIOMMHX
CTOPOH UpeABAYIIero; TakuM ofpa-
30M, CTopoHsl TpeyroasHuxa A;8,C;
MeHbIHe CTOPOH Tpeyroasuika ABC
B JBa pasa, croponnl A;B,C, MeHblIE
HX B 4eToipe pasda, croponnl AzB3Cs
MeHblIE HX B BOCeMb paz H T. I.
Orciona cJaejyer, 4YTO TPeyroJbHH-
ku A,B,C, opu n — o «CTATHBAIOTCS K TOUKe», T. €. YTO BCE BEPLIHHBI
9THX TPEyTOMLHAKOB Bee Gosiee NPHGIMKAIOTCH K OARON M TOH ke Touke /
naockoern (puc. 217).

Takum oBpasom, ecin n JOCTATOYHO BeJUKO, TO paccrosuus MA,,
MB,, MC,, rie M — npoussoJbHAas TOYKA IIJIOCKOCTH, OYAYT OYEHb

MaJo OTAHUATBCH OT paccrosiHua M7, caefoBaTelibHO, CymMMa MAL+-

-+ MBE+ MCj 6yzer cKonb YToAHO Mako oTamuatbess of 3M[Y, [losto-
MY TOYKa, CyMMa KBaLpaTOB paccTOsHHII KOTODOI OT BepuIMH KaX J 0T O
u3 tpeyroabuukos A,B,C, (rae n=1. 2, 3, ...) sBaseTcs HaHMeHb-
mefl, JOJMKHA COBMNAAaTh C TOYKOH, YTPOEHHEH KBsajpar paccTosiHus
KOTOPOfi OT Toukn [ siBJSIeTCA HAUMEHBIUMM. A Tako# TOUKOH, OueBHAHO,
sIBJIsIeTCs cama Touka /.

Tenepb mam octazock TONBKO BHIACHHTB, yTO 3To 3a Touka /. [lpo-
Benem mepuansl AA,, BB, CC; tpeyromenuka ABC (cm. puc. 217).
Onn GynyT OJHOBPeMEHHO SIBAATHCA W MeluaHaMu Tpeyronpaika A,8,C;
CHe0BaTebHO, MoMKa nepecedenus meduarn mpeyeoivtuka ABC coena-
Oaem ¢ moukoi nepecewerus smeduan mpeyeoavruuxa A,B{Cy. Touno tak xe
TOYKA TepeceueHust MeiHaH TpeyrojeHuka A,B,Cy coBnajaer ¢ ToOukoil
nepeceveHus MeauaH tTpeyroabHHKa A;B;Cy, T. €. ¢ TOUKOH IepeceueHus
megran TpeyrogpHuka ABC; Touka mepeceueHus MejuaH TPEYTOJbHH-
ka Ag;B5C, coBnagaer ¢ TOukoll WepeceveHHsl MeAHaH Tpeyroinunka ABC
u T. 8. CrexoBatenbHO, TOUKA NepecedeHHs MeAHaH TpeyrojbHuka ABC
SIBJISIETCSl OHOBPEMEHHO TOYKOH HepeceyeHHS MeJHaH BCEX TPEYrogb-
nukoB A4,B,C, (n=1, 2, 3, ...). A 3Hauar, 5Ta TOYKA JEXKHT BHYTpH
BceX tpeyrolbuukos A,B,C,; cle1oBaTejbHO, OHA JOJIKHA COBHACTH
¢ Toil Toukofl /, K KOTOPOH CTATHBAIOTCS BCE 3TH TPeyTOJbHHKH.

IIpumeuanne. Buime M umenn Gopmysy
MA2 4+ MB24 MC? =MA} - MB2+4 MC? +-}1- (a% - b2 - ),
CoBepiieHHO aHAJOTHYHO MOJyUaeM

MAS -+ MB}-t MCI= MA} - MB3 MCE4 1 (at-- b+,
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rae a1=l, b1=—g-, 01=%—CTOpOHH Tpeyroanuuka A,B,C,, nan

MAr+MB-+MCr_MAr+MB—kMC?+%§ml+m+w%
Hanee, Taxke umeem

MAE - MB} 4 MCi=M A3+ MBI MCh - @452+,
MAL_+MBh+ MChoy=MAZAMB,-+MCE4+— 4n (a? b2 c?),

Craajpieas sce 5T (GOpMyJbl, MOJYUHM
MNTMW+Mm—MM+M%+Mﬁ+

o @B ) @0 ) b @B et
i (@ o) =

2 5 o 4 - 4u+1
:MAn—l—MBn—{—MC,,_g___.T (@62 =
: 1__7
1
1—~--4—’z
=MA,21+MB,21+MC,2,-}——-—§—(az_}_bu_cz)'

Tlepexonsa Tenmeps K mpeleny NP A— oo U 3aMedas, uTo IPH 3TOM
MA; -+ MBL+ MG — 3MI2 (cM. Bulme), noayuaem

MAL+MBL+MC%=&Mﬂ4ﬂéaﬂ+W4w%

YTO PaBHOCHJBLHO (GopMyJe (#) Mepsoro pelleHHs 3aJauf.

6) Cropounl tpeyroabunka ABC ofo3nauuM, Kak oObIYHO, uepe3 a,
b, ¢; NEePUEHAUKYAAPLI, ONYILEHHHE H3 TOUKH M TpeyrosnwuHka Ha ero
CTOpOHb!, nycTh 6yayT MP=x, MQ=y, MR =z (puc. 218). Ouesunno,

a-x+b-y+cz=25Ampc+25Amac+25Amap =25 apc=const.

TMoxaxen, uto cymma X%+ y*-+22 docrnuzaem ceoeeo murumyma 6 maxotl
moike My, umo x:y:z=a:b:c. B camom Jese, HETPYAHO NPOBEPUTH, HTO

(a3 b2+ %) (x4 2ot 22) = (@x -+ by + 62)? +-(ay — bx) - (bz — cy)*+
+(cx — az)?,

452 — bx)? - (bz — cy)2+(c ——az2
Btyrtt= P R (e a(2+bzﬁ)02 G )

T. €.

OTKYZa BHITEKAET, UTO 3HaueHHe cyMMbl X2~ y2-}-2z? Gyjer MHHUMaNLHBIM,
ecn ay —bx=bz —cy=cx—az=0, T. e. ecsu x:y:z=a:b:c.
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Jlnst nocTpoennss HCKOMOH TOukH Mg A0CTaTOYHO Ppa3feanTh CTOPO-

2 AL c?

uel AB u AC Touramu K u L B OTHOWEHHAX o ==—%, T/ — 3
KB ' LC a?

(T. e. B OTHOWEHHAX, B KOTOPHX OCHOB4HHE BLICOTH JIEJUT THIOTEHY3y
TIPSMOYTONBHOrO TPeyroJbHHKA € KATeTaMH b H a, COOTBETCTBEHHO ¢ " a);
toria M, — Touka mepecevennss CK m BL (puc.219). B camom aene,

Puc. 218.

ecan KU n KV — nepuneHIuKyAApEl, ONyIieHHHe 3 ToukH K Ha cropo-
ust BC u AC, TO, OUeBHJHO,

Spxpe __ 2KU-a _a KU
Sakac 2KV T b KV

Spkse _ KB _ a?
Spkac KA T b2
KU:KV =a:b, 1 3HauuT, OTHOLIEHHE PACCTOSHHH mobolt Touxkn gyua CK
ot cropon CB u CA yrma ACB papno a:b. TouHO Tax e NOKashBaeTcd,
4TO OTHOLIGHHE PAaccToAnui Jmooit ToukH Jyya BL or cropon BC u BA
yraa ABC paBHO a:c, OTKYZa U BBITEKAeT, YTO TOUKA NEPECUEHMs STHX
ayuelt — ucxomas.

82. a), B). Ilns pemenns 3T0H 3alayi HECYINECTBRHHO, PAacCHoJIOKe-
usl i Touku A, B, C u D B onHoli MJOCKOCTH HJM Ter. JTa 3ajada
ouenp Gam3aka K 3apaue 81 a) W Moxer GHIThb peilieiia aHAJOFHUHO Iep-
BOMY HJIH BTOPOMY ee pewieHusiM. Mol H3/IOXHM 31ech pewlenne, POL-
CTBEHHOE TIepBOMY pelienHio 3ajiaqu 81 a), HCMoJb3ya NP 9TOM BEKTOPEL 1,

BeiGepeM Ha MJOCKOCTH (WJH B TPOCTPAHCTBE) HEKOTOPYIO TOUKY ]
B YCJOBMMCA XapaKTepH3oBaTb BCe TOUKH HX DAgHyCaMH-BEKTOPAMH;
panuychi-Bektopsl 0A, OB, OC u OD Touex A, B, C u D ofo3nadnm
yepes Fy, Fa, s W Py (puc. 220). IToxkaxew, uro nauajio O orcuera
BEKTOPOB MOMXHO BHIGpaTh Tax, 4yTo6Bl 61110

ritratrstra=0.

Ho, c apyrofi CTOpOHBL, OTKYAa CJEAYeT, uTo

Tax kax np# 5TOM
"1+f2:_fa+f4 f1+"3__:_"2+r4 . ’_‘1—5"'4:_"24—”3
2 2 72 2 2 2

1) UpTaTes b MOKET NOMHITATHCA CAMOCTOATENBHO H3JIOXKHTh 570 pe-
lweHne Ge3 HCIOJNB30BAHHA BEKTOPOB HJIHM, HaobopoT, IepeiesaTs nepsoe
pemenue 3ajaud 81a), ucnonL30Bap B HEM BEKTOPHI {COOTBETCTBEHHO
MOKHO M3MEHHTL ¥ BTopoe peweHHe 3ajaun 81 a)).
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cepenvH

- = r
TO, OYEBHJHO, PAAHYCHI-BEKTOPH! 0U1=£1;2{—_r'2 " 0U2=—3_§r4

Uy n U, orpeskoB AB u CD 6yAyT B3aHMHO INPOTHBONOJOXHH, T. €.
Touka O coemagaer ¢ cepenuHoii orpeska U,U,; Touno Tak xe Oy-
IyT TIPOTHBONOJOXHEL DajHYyChl-BeKTODH

(—)_Vl=’;l_;_—_r‘_§ it sz%—_ﬁ, —OW1=

4

=’%L1 H Wz_—_lﬁr{—ﬁ cepenni  Vy

u Vy,, Wyn W, orpeskos AC u BD, AD
u BC. Takum o6GpasoM, Touka O copnaja-
eT ¢ obmell cepenunofi orpeskos U U,, V,V,
u W W,, coepnHsONMX CcepeifHbl NPOTH-
BONOJIOXKHBIX CTOPOH M CePEeHHB JHaro-
HaJseft (nJ10cKOT0)  YeTHIpeXyroJbHHKa
ABCD (puc. 221, a) win cepeguHBl TpO-
THBOIOJIOXKH:IX  peGep TeTpasipa ABCD
(pnc. 221, 6). (CoBnagzenne  cepepun
orpeskoB Uy U,, ViV, u W,W, Bure-
Kaer H3 TOTO, 4TH°'IpH JI060M Brifope
Hauaza O; oTcyeTa BeKTOPOB, OUEBHIHO,

ribry Pyt Fy Pyt Pty ridrg  radrs,
I R R E R R e R

YT iribry rstr\ 1 aer w1 rbrs fobr\

H02<=———-—2 SRt >_—2—(01U1+01U2),7( F1s ) L T >_

1

[ — Fidry T .
= 5 OViA0T) 0 (DR ) L O 40 —sr0

PalMycHi-BeKTOpH cepeaut orpeskos U U, ViV, u Wi W,)
Wy ¢

Puc. 220.

R
:

| sK
7

=

Q
X

Puc. 221.
OGoswauas Tenepb paguyc-Bextrop OM Toukn M uepes r, umeem
AM2 4 BM2CM24-DM? = AM2 - BM2+CM?2+DM? =
=(r—r)?+(r—r - (r—rg - (r—ry)? =
=A4r2— 2P 21y — 2Py =21+ ri L it il =
=4r2—2r (ry+ry+ratr) +ritribritri=
=A4r24-ri4-rit+ritri
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(HanoMHHaeM, 4TO Fi-+re473-+ry=0). A TaKk KaK
r2=0M2?=0M? u ri=042, r}=0B3, rj=0C% r,=0D?,
TO MOCJEAHIO GOPMYJY MOXKHO NepenncaTb TaK:

MA2L MB2 L MC2 - MD?2=40M24-0A24-0B2 - 0C% - 0D? (%)
{cp. ¢ dopmyoil (#) nepeoro peieHust 3agauu a), cTp. 222), oTkyAa cpasy
cJIeJyeT, U4TO MCKOMON TOUKOi Kak pa3 u Gyger touka O (pue. 221, g, 6).

IMMpumesauue 1. Tag Kak, oueBuAHo,

Po-brsTFy Fit-raty Fy+ryr,
r1=—'3—‘~—'—3—~,12=—3———-—3-———, g = 3——3—-—

_3r1+r2+r3
3 ’

ury,=

To Touky O (neuntpoup uernipex Touek A, B, C u D) MoXHO onpe-
JemdTh TaK e, Kak TO4UKY IiepeceyeHuss orpeskoB AP, BQ, CR n DS,
COEMHAIMMX KAXKAYIO BEPIIHHY YeTHIPeX yrosbHHKA HIH TeTpasipa ABCD
¢ TOUKOfl mNepecevyeHHs MejuaH TpeyroJbHHKA, 00Pa3s0BAHHONO Tpems

A,

Puc. 222.

ocTanbHeiMU BeplnHaMy (puc. 222, a, 6; B cayyae TeTpasapa Halo COeRH-
HHTb Ka)YI0 BepLIMHY TeTpasipa ¢ TOuKol NepeceueHus MeAHaH npo-
THBOIOJIOKHON rpaHn); AeHCTBHTEJILHO, BEKTOPHI

Fotlsdify Fitrstfy ridradfy | Nkrstr
3 ! 3 ’ 3 3

CYTb paauych-BeKTOpH Touek P, @, R n S nepeceueHus MelRaH Tpe-
yrossaukos BCD, ACD, ABD n ABC. (Hetpyamo nokasaTb, 4T0 OT-
peskun AP, BQ, CR n DS pensitca B Touke O B OFHOM M TOM e OTHO-

UIeHHA!
AQ:OP =B0:0Q=C0:0R=D0:05=3:1,)

MpumeuaHue 2. U3 dopmyant (#¢) craegyer, ¥TO HaHMeHbLiee
3HaueHHe X CYMMEI KBajaDATOB PacCTOSHHE OT TOUKH M NIOCKOCTH wAH
fIPOCTPAHCTBA JO BEPIIUE YeTHIPeXYroJbHHKA My Tetpasapa ABCD pasuo

2=0A424+0B*-L0C? 0D =r}-L-rid-ri+ri.
C npyroﬁ CTOPOHBI, CYMMa KBa,lxpaToB BCEX CTOpOH H JHaroHanen

g 227,




YeThIpEXTONLHHKA HJIM BceX peGep TeTpasipa paBHa
AB2-1- AC?-1- AD® - BC?*4- BD? +-CD? =
=(ry— 1) (ry—r )2 (ry—r P (ry—1)2 - (ra—ro)? 4 (ra—1s)*=
=3 (Pl 14 P34 1)) —2(rirs - rirs b rira - rors b rara - rary) =
=4(ri-+ridritri),
u00o B CHJAY TOTO, 4TO Fy—ry-+r3-+r,=—0, umeem

(ritrotrstry)?=
=PI ri e ri 2 (P P Pyl Pars - rara F Pare) =0,
# 3HAYUT,
2 ("1"2‘{‘rl"3‘§"’1r4‘f‘r273+r2r4‘f"'3"4):"‘(f%‘f‘rg*l*r;erZ)-

Takum o6pazom,
= -41—1— (AB2- AC?-{- AD* - BC? |- BD? {-CD?),

m @B B LA,

the a, b, ¢ m d--cropoust wuethipexyrogasuuka ABCD, a e u f—ero
JHATOHAJN, HJH

S= (@0 e a4 bi ),

rae a, a,, b, by, c u ¢y —pebpa rerpasapa ABCD (cM. puc. 22 na ctp. 40).

Ilpumeuvanue 3. CopeplieHHO aHAJOTHYHO pellleHHIO HACTOSILEH
3a/lay¥ MOXKHO TOKasaTh, uTo ecanm Ay, Ag, ..., A,—Kakde YroiHo n
TOYEK IIJIOCKOCTH HJH NPOCTPAHCTBA, TO

MAY L MA .. - MA=n-MO2>+0A}+0A%L} ... +0AL,

rie M-——npoussonbHasd TOuKAa IJIOCKOCTH (mpocTpaHcrTsa), a O —Takas
TOUKa, HTO

O0A,+0A4,+...+04,=0.

(Touxa O wHa3biBaeTcsi WEHTPOHMAOM cHcTeMbl Touek A;, Ay, ...
..+, AzY).) Orciona cregyer, 4To MHHUMAJIBHOE 3HA4YEHHE CYMMBI KBAAPAaTOB
pacctosHHH nepeMeHHOH TOYKH M IJIOCKOCTH (NPOCTPAHCTBA) OT TOYEK
Ay Ags <., Ay BocTaraercs 4 ToukH O (KOTOPYIO JIETKO NOCTPOHTH 1)),
HerpyaHo TakXe NoKasaTh, YTO 3TOT MHHUMYM X paBeH jJeseHHOH Ha n
CyMMe KBaJpaTOB BCEBO3MOMKHBLIX NONMApHBIX PACCTOAHHMA MeXJy paccMat-
pUBaEMEIMH TOUKAMHU.

1) TIlpu npoussosbHoM Hauane O; oOTcueTa pajHyCOB-BEKTOPOB
0,A,=ry, 0;Ay=ty, ..., OjA,=r, TOuex Ay, A,, ..., A, uenrpous O
5TOH CHCTEMBL TOUEK OIpejensiercd ¢opMyJIok

:r1+rz+-'-+"n
n

ry ’

rae ro=0,0—paguyc-sexTop uentpouga O,
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6) Ecau uermpexyrojeunk ABCD sBumykJui (puc. 223, a), 16
Touka O peiienusi 3ajaud a) o6s3aTebHO NPUHANJIEKHT YETHIPEXYIOdb-
HUKY,— a 3HaYUT, OHa SBJAETCS peweHweM H sajaun 6). OAHaro ecan
ueTHipexyroabhik ABCD ue BHIIYKJH, CKaxeM, ecau erc yroa D> 180°,
To Touka O MOXeT Kak INpHHANJIexaTh uerHpexyrorbuuky ABCD, tap
H He IpuHaJnexath emy. B mepBoM cayuae (puc. 223, 6) pewenuem sajaum

Puc. 293.

NO-NpeXHeMy CJAYXKHAT Touka O; BO BTOPOM ¥Ke CAyyae PelleHHeM 3ajaun
cnykuT Hauboaee 6au3Kas KO Touka O, ueThpexyroibiuka ABCD
(cM. puc. 223, 6; cp. dopmyay (=) Ha cTp. 227).

83. Tlycte ABC — 1pOM3BOJILHEI TPEYroJbHEK, BNUCAHHLI B flalHyIe
OKpy®HocTh, BK—ero Meznauna. Torga

1 1
2 — 2 2 2
BK*= 3 (AB +BC*— 5 AC >
(cp. Beimie, crp. 158), u caenoBatesnho,
AB2?-- BC?=92BK? %—%AC‘Z. (%)

TTostomy npu gurcuposarnoii cmoporne AC cymma AB2?-- BC? 6ydem mem
6oavuie, vem Goavuie meduana BK mpeyzorenura ABC.

Tlyete / A paumenbwnil, / C—HauboJbIWNH yribl TPEYTOJbHHKE;
L C=60°% /£ A<60° / B<90°(B—«cpennuity yrosa TpeyroJbHHKa;
cp. BHe 3afauy 45 a)).

Ha nyre ABC onncaHHOR BOKPYT Tpeyroibinka oKpyKHOCTH S HafizeM
rouky B’ rtakywo, uto [/ B'CA=60° (puc. 224). Ilpu stom Touka B’
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Gyjer pacnosiokena He faasue ot ceperunst L ayru ABC, uem Touxa B, u6o

VABC=2/A-+2/C; VIC= A+ /C;
VLB =|/ A+ £ C—120°],
VIB=/ At/ C—2/ A=2 [ C—(L A+ /C);

Ho Tak Kak [/ A<<60°<< /G, to u npn J A+ / C=120° n npu
LA+ /[ C<120° 6yaem umets Y LB’ <™ LB. Orciona BoiTexaer, uTo
KB'= KB, a suaunr (B cuay (%)),
AB'?21+ B'C24 AC*=AB?*4- BC2 -+ ACR.
Taknm 06pa3oM, MBI 3aMeHHJH Tpe-
yronbHuk ABC HOBHIM TPeyroJbHUKOM
AB’C, cymma XBajpaToB CTOPOH KOTO-
poro Gosblie CyMMbl KBajpaToB CTODOH
HCXOJHOTO TPeyroJibHUKA M ONUH U3 yI-
J08 Koroporo (/ C) paser 60°.
TosTopHM Tenieps TO XKe HOCTpOe-
HHe B mpumeHeHud K A AB’C: na pyre
B'CA maiizeM Takyio Touky C’, urO
/ AB'C’'=60°, u caegosartensHo, Tpe-

~ " yromeuuk A'B’'C’ pasHocTOpoHHHI. B
\/ TOUHOCTH TaK e, Kak H BIllE, NOKAasbl-
Baercs, 4To
Puc. 224. AB?+BCr 4 CA =

= AB"? - B'C*{-CA®.
ClesloBaTeNbHO, CyMma Keadpamos cmopor Y PABHOCMOPOHHEZ0 Mpey20ab-
nuka AB’C’ ne menbiue, ueM y Tpeyroasamka AB'C, a caenoBaTeabHo,

¥ TOAABHO He MeHblie, deM y ucxolnozo mpeyeossruka ABC
M3 pewenns 3ajaun BUAHO, YTO ecan Tpeyroapuuk ABC He pagHo-
CTODOHHHUH, TO CYMM2 KBaJDAaTOB €r0 CTOPOH MEH b€ (a He TOMBKO
He GoJblLE), Y€M CYMMa KBaJpaToB CTOPOH BHHCAHHOTO B TY XK€ OKDYXK-

HOCTh PABHOCTOPOHHETO TPEYroNbLHHUKA.

84. Tlycts ABCD— npoussosbyeI Napaie/IorpaMm ¢ OCTphIM yrioM A
u Gospwel puaronanvio AC=d; AE u CF-—ero BuicOTH (puc. 223, a).

/ V4
< 1 4
é-: g A \0\, e d \\ //
5 N A A%
= R 2N SN
1 ! // \\ // \\
V VoK v’
) 4
Puc. 2925.

Y npamoyroasruuka AECF muaronans AC (= EF) umeer Ty XKe
BeJHUMHY d, a ero mWIOMAfs 6O0Jabuwe MJIOWAAM MapajjefcrpamMma
(Toynee, He MeHbule; oHa pasHa maowagH ABCD, ecniu ABCD—npsivo-
yroaeuuk 1 AECF c gum cosnapaer). Pacemorpum teneps xsagpat KLMN
¢ puaroHanast0 KM=d (puc. 225, 6); Tak Kak n0Jowans NPAMOYroJb-
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HuKka AECF passa AC-EFsina, rie o—yroa Mexay HKHaroHaJsiMu,
T0 KBagpat KLMN (auaroHaiud KOTOPOro B3aUMHO TepPNEHJHKYJIAPHH)
HMeeT 662 bW YO NJOMmANb, YeM npsMoyronsHuk AECF (rounee, ue
MeHbwYI0; Spzyn =S apcr, ecmu AECF—xksanpat u KLMN cosnajaer
¢ AECF). Tlostomy kBagpatr K’'L’M’N’ Toff ae mjowanu, 4To H napai-
aejorpaMm ABCD (puc. 225, 6) Gyjer uMeTs MeHbw yio ueM d pua-
roHaJs d’.

M3 nokasatenbcTsa BHIHO, YTO M3 BCeX Mapalie]orpaMMOB JaHHOH
nsomasn 60abias nuarosans 6yger MeHblue Bcero y ksagpara K'L'M'N’.

85. Ilycte AB==a=b=BC. Tloctpoum Ha orpeske AB paBuoctoO-
ponnuit Tpeyrossuuk ABE, pacnoJoxeHHu [0 IPYryio ctopony ot AB,
ueM tpeyrojpHuk ABC (puc. 226). [lo-
BOpOT Ha 60° pokpyr ToukH A mepe-
BOJIAT HHTepecyiowuil nac orpesok DB
B orpe3ok CE, W HaM OCTaercsl TOJIbKO
BEISICHUTB, ApU KAKOM NOAOXCOHUU MOY-
ku C (orpesok AB wMbl 3aKpenJsem)
ompesox CE 6ydem HauboAbuium WAL HAtl-
senowum. Ho scHo, 4wT0 HaunGOJb-
w H M orpesok CE Gyger,ecan / ABC =
=120° B sToM cayuae Jiomanasi CBE
npeBpaliaercs B OTPe30K HPSIMOH H

DB=CE=CB+BE=a--b.

Hanee, npu spamenun orpeska BC BoK-
pyr Touku B Toyka C onuuier HOJYyOK-
pyxkuoctb KL ¢ uentpoM B u paauycoMm b
(K—rtouka orpeska AB, L nexur Ha
NPOJOJ/IKEHHN 3TOr0 OTpe3Ka 3a TOUKY Puc. 926

B); paccrosinue EC ot (pukcHpoBaHHO#!) ’

Touku E 1o rtouxku C 3TOH NOJYOKpPyX-

HocTH GyleT HaMMeHBbII WM TOrAa, Korga Touka C cosnajaer ¢ K,
T. e. / ABC =0 (goxaxkurel); B 5TOM IOCJEJHEM Ciyyae

DB=KE =V @ b®— 2ab cos 60°= V a®-- 6> —ab

(370 crenyer u3 paccMOTpPeHMsi TpeyroabHuka BKE).

86. Ilpepnonoxum cuauasa, uto oba newexoda Ogueaiomcs no Oopos
eam AC u BO no nanpasaenutw K mouxe O; nyctb ele a == b (puc. 227, a).
Uepes Bpems { NOCJe Hauaja ABHIKEHHS NelIeXOoRsl NpofAyT 10 AOporam
AO u BO nytu AM w BN, rae AM = BN =ut. Tlposesem uepes Toury M
npsmyto MX ||OB u ornoxuMm Ha Hefi orpesok MP=AM; touky P
coeannnM ¢ Toukamy A u B. Tak kak BN=AM=MP,ro rpeyronouux AMP
paBHOOespennblit (¢ yraoM o npu sepure M); ecan npsamas AP nepe-
cekaer OB B Touke C, TO paBHOGeapeHHBHIM OyaeT u noxoGubit AMP

. Q
tpeyroisruk AOC, B kotopom A0=0C u / ACO:LS—O?—O—ngoc’-—% .
C apyroil cToponn, uerbipexyroasuuk MNBP —napannenorpamm (160
MP 4+ NB); noatomy pacctossHne MN MeXAy TNeulexofaMH B MOMEHT
BpeMeHH ¢ paBHO paccrosiuuio BP ot Toukr B po toukn P npsmoit AC.

Ham nago tak BeiGpate ToukH M u N, uto6rl paccrosinne MN = BP
6Bl10 BO3MOXKHO MeHblie. Ho sicHO, 4To 3T0 OyZeT B TOM cJayyae, KOrja
BP | AC; cootsercrnyiolnyio TouKy P ofo3HaunM uepe3 P,, a oTBeya-
iowue e toukn M u N-—uepes M, u N, U3 npamoyrosasHoro
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Tpeyroibinka BPyC ¢ runotenysofi BC=0C—0B=qg—b u octpnm

yraom Z PoBC =% Haxoum
o
dy=BPy=N,M,=(a—b) cos 5 -

Hanee, nycts P,D—wvennana npsMOYroJbHOro Tpeyrossuuka BPC;
torpga PoD || AO (6o BD=DC=DPyu /PDC=2/ PBC=a), u
3HAUHUT,

a—b _a-b

B
POMDZOD:OB—{——;:b—{— 5 =¥

A tak kKak P My= AMy=BNy,=uvl,, rae {,—Bpems, [poidejpuee OT

Puc. 227.

Havasa JBHKEHMS JIO TOTO MOMEHTa, KOrJa neiuexoipl 0yayT Gadme BCero
Apyr K Apyry, 10
a4-b
to_ .

2u

OrxaxeMcsl Tefleps OT NPEANONOKEHHS O TOM, 4TO 06a Iewexoxad
asuratorcs 1o goporam A0 u BO no Hanpasieduio K touke 0. fcho, uto
ecau oHu oba ydaaaromes om O, TO PacCTOAHHE MEXKIY HHMH BCe BpeMs

po3pacTaer; MunHManbHeIM (umetowuM seuunny do=V * 1- 62—2ab Cos &)
oHO GyjleT B HavaabHbli momedT Bpemend fo=0. Ilycrs Teneps nepsou
newexod ydaasemcs om mouku O, a emopoli npubaunaemca x O; npn
STOM Mbl Tellepb yiKe He HMeeM [paBa CUHTaThb, YTO ¢ =:b, NOCKOJBKY
ypaasgtecsi oT O Moxer Kar GoJee JajeKuil OT 5TOH TOYKM feHIeXOn, TaK
u Gojee Gnu3KkHi K Hefi. Coxpanaa MepBoHaYaJbHble OGO3HAYEHHS, NPO-
pefeM uepes Touky M npamoit OA, OTBevaOmyi0 NOJOKEHHIO NIEPBOro
newexoia B MOMEHT Bpemenu £, upsmylo MX || OB u oTJ0XHM Ha Heil
orpesok MP =AM (=uvf; cm. puc. 227, 6). W3 pasroGenpessoro Tpe-

yroasuuka AMP 3akmouaem: / AMP =180°—a; / MAP:%. IMpa-

masi PA mnepeceuer mpojomkenue oTpeaka BO 3a touky O B TaKxoi
Touke C, uro OC=0A=q. Ecan no/joXeHHe BTOPOro Mewexoia B Mo-
meHT [ 3ajaeTcsi Touko# N, To uyerHlpexyroabHuk MNBP -—napanjeno-
rpaMM; TO3TOMy paccrosHue MN Mexiy NeiexoiamH paBHO PaccTos-
auio BP or Touku B po Touku P npsavonr AC (oHo Gyher HaHMeHBLIHM,
eciu BP | AC). Ornoxum teneps na nyue OA orpesok OB;=0B (=b);
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MpH" 3TOM AOBI'B=90°——%— u BB | AC: Eciu b<gad, 10 TOUKa P,

nepecedenns AC w BB; npunagmexur orpeaky AC {a ue ero npogon-
JKEHHIO), NIO3TOMY IIPH JBHXKEHHH TnewexogoB no joporav 0OA u BO
Touka P, oTBeyamolas [OJOMKEHHIO IEIIEXOJA B MOMEHT {, C yBeJuue-
Huem ¢t Oyner yjaanatbcs OT ocHoBauus P, mnepueHgukyasipa BP,,

HaUMeHbllee paccTosHue

dy=V a®--62—-2ab cos o

mexgy neuiexopamu Gyuer npu f,=0. Ecan xe b > a (puc. 227, 6), To
Touka P, nepeceuennss AC u BB, npunagiexur aydy AP; HauMeHblee
paccrosinHe MeXAy nelexojaMmu OyAeT PaBHO DacCTOAHHIO dy=BP, or
Touku B o npsmoit AC; U3 npsimoyroawHoro tpeyroaphnka CBP,, rpe
CB=CO-}0B=a-}b, cregyer, 4r0 B 3TOM CJyyae

do={(a-b)sin % .
Janee, nocKoMbKY /18 Meguausl PoD npsMoyroisHoro TPeyrosb HUKa Py\BC
uveem / P,DB=2 / POCB“‘OL, 10 PyD |} AO; noatomy npOHIIEHHbIH ()
MOMEHTa Hauﬁonbmero cOauMeHNs NMelexoioB NyTh

a-+b b—a
AMy=NoB—=M,Py=0D=CD—CO= ‘; —a="22,
H CJIe/0BaTeNbHO, BpeMd to OT HayaJ/Jila JABUXEHHA J0 MOMEHTa Hanbob-
uiero cOaUXKeHUst neuexonoB papro

; b—a

07 oy
87, Ilycrs camoJser mpoilies 3a Bpems Habuogenust nyts MN aausoi
B ! ku (cp. puc. 19 na crp. 38); B TaKOM cJyuyae ero CKOpocTbh U paBHa
{ kmfcex. Ham Hajo onpefefuTs HAUMEHb I e e BO3MOKHOE 3HAYeHHe
(npu maHuBIX yraax o @ P!) BeanuuHH I, T. €. HaUMeHbliee BO3MONKHOE

3HaueHde OTHOIBEHHS —E:d— (rne OTPpE30K AB uwmeer 3apanee H3BeCT-
0

HY0 JAHHY, KOTOPVIO Mbl 3ech OyaeM ofo3HauaTth He depe3 d, a uepe3 dg;
pesdunHa ke [ HeussecrHa). [IpeliionoxkuM Temnepb, Hao60OPOT, UTO Mbi
sHaem [=I[, n He 3HaeM d; Apyrumu cJjoBaMu, nojpsepriuem puc. 19
npeo6pa3oBaHuio MOZOOHA C HEH3BECTHBHIM HaM HOKa Ko3(bGHUHEHTOM
nogo6ust k& ¢ teM, uyto6bl npoilneHHbili camoseroM nyte MN npuHsa
KaKoe-TO Hamepej 3anaHHoe 3nadeHue [y, M GyfeM HCKaTb HaH 6 O Jb-
mee BO3MOXKHOe 3uaueHHe oTpeska AB=d, coBmecTHO® C ycJio-

BUSAMH 3aJauH.

ITocraBnentbiii TakuM 06pa3oM BONPOC JONYCKAET yiKe HECJOKHOe pe-
weHue. Tax kak / MAN=oa n / MBN=p, 1o npu hurcHpOBaHHOM
orpeske MN =/, Tourka A JO/KHA JIeXKATL HA [OBEPXHOCTH, NOJYYAEMOH
BpalleHHEM MOCTPOeHHOro Ha oTpeske MN cermeHTa, BMEIL[AIOWEro yroJ o,
BOKDPYT ero xopasl MN; aHaJorMyHo 3ToMy Touxka B p0JuKHA JleaTh Ha
MIOBEPXHOCTH, MOJNYYEHHOH BpaieHyieM BOKPYTr npamoft MN 1oCTpoeHHOoro
Ha MN cermenrta, Bmewawoutero yroa f (puc. 228, a). Ho Haubonbivee
paccTosiHHe MeXJYy 3THMH (IOBepXHOCTSMH DaBHO [JuHe oTpe3ska AyB,,
COEAMHSIOMEro «AHAMETPAIbHO MPOTHBONOJOKHLEIE» TOUKH STHX IMOBEPX-
HOCTeil: B camoM geje, ecan S—cepejpuna otpeska MN un U, U,, coor-
percTBenHo V, Vi —1ilenTpul Ayr OKpyKHOCTEH, 06Pa30BaHHLIX B ceuyeHud
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nepBOf M3 HawKX NoBepxHocTedl miockocTaMa MNA u MNA, n sropoft
NOBepPXHOCTH mJjockocTaMd MNB wu MNBB, rie A 1 B—xaxue
YroRHO TOYKH NMepBOfi, COOTBETCTBEHHO BTOPOH, MOBEPXHOCTH, TO

AB << AS+BS < (AU L US)+(BV+VS) = (AUs+ UsS)+
+(BeVo+-VoS)= ApS-+ ByS= A,By,

u6o, oueuano, AU=A4,U, US=U,S u BV=B\V,, VS=V,S

&

N

a)
i Puc. 228.

(puc. 228, 6, Ha KOTOpOM H306pakeHO ceueHHe HallMX NOBepXHOCTEll I1po-
xonsueli yuepes MN nsockoctoio AgMN B, u ne nsobpaxens Touku Au B,
KOTODEIE MOTYT 3TOH NJIOCKOCTH He NpuHaAIexars 1)),

Teneps u3 Toro Xe puc. 228, 6 Ge3 Tpyna HaxoxuUM

dmay_ AsBe _AeS  BoS . a
1,2 ~MN;2 = Sm T Sar =8y teig

o)™

’

a 3HayuTr, MHHAMAJbHO BO3MOXHO€ 3HAayeHHe OTHOLUeHUA l/d pasHoO

E‘Jiﬂ:l:(d——’i‘;‘a ):1:—%—(ctg%+ctg~g—>= 2 .
0 0 ctg%—{—ctg—g—

1 CJe0BaTe/bHO, HaHUMeHblI¢e BO3ZMOXHOe 3HaueHHe CKODPOCTH U eCTh

2d

Umin = lpip = ———————F2~ KM/CeK,
ctg % +ctg %

rle Mbl CHOBa nuuem d BMecTO d.
88. IlpeamonoxkumM cHauasna, uyto ToukH A u B sexaT mo pas-
g bl e CTOPCHH OT mpaMoit PQ, u nycth M —Takasa Touka 3TOH npsimoii,
4TQ
cos L AMP 1y a

cos / BMQ 1, b

1) Ha puc. -228,6 usobpaxen cuayuafi, Korga o< 90° n B < 90°
NIPefOCTaB/seM YHTATeJNIO CaMoMy pasobpaTbCs B TOM, KakK BHAOU3MEHs-
10TCS TPUBCACHHbBIE PACCYXACHHA B HHBIX CAydasx.
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O6o3nauum gas npocrote / AMP=a, / BMQ=§ (puc. 229). Ilycrs
Tenepb X — NpPOM3BOJbLHAA TOUKA NPAMOM, orauunas or M. [lokaxewm,
4TO

AM  BM _AX | BX

=t <7 t%
OnyctuM H3 Touku X NeplueHiuKyIApHL
XC u XD na npsmeie AM u BM.
Jlerko BuneTh, 4TO

MC =MX-cos «,

MD=MX cos § 7
u
MC _cosa a
MD ™ cosf b’
T. €,
MC__MD 8

a b Puc. 229.

Tenepsr yKe Jerko DNpmitTH K TpeGyeMoMy pe3v/bTaty:
AM_BM_ACHCM  BM_AC , CM _BM
a b a b a Ta T

AC MD  BM AC  BD
R RS L A

Ho AX > AC u BX > BD. CJIeVJJ,OBaTeJIbHO,

AM  BM AC  BD AX  BX
Tt =ty <ty

OTKYZ2
b-AM+-a.BM < b-AX-}a-BX,

4To U TPeGOBAJIOCH 10KA3aTh.

Ecau Touken A m B jexar mo oZHY cropony oT mpamoir PQ, To,
OTPasHB ONHY W3 HAX OTHOCHTENLHO B5TOH MHPSIMON, Mbi CMOXKEM MNDHMe-
HUTh NPHBEIEHHOE BhIlle PACCyXKAEHHe.

89. Tlycte M —Touka mnepeceuenuss meana® AD=m,, BE=m, n

CF =m, tpeyronsuuka ABC (puc. 230); torna AM =—§—ma, BM =2 Mg,

3
CM:%-mc; MD:TIS-ma, ME=%mb, MF:%mc. H3 paccmor-

peuust Tpeyroaprukos BMC, CMA u AMB caenyer, uro

2 2 2 2 2 2
Moty Me > 4 e tg Mg > by gmgtmmp > ¢

" CK/12IHIBASL 3TH TPH HepaBeHCTBA, NOJydaem
4 3
B—(ma—]—mb-{—mc) >a-}b-lc=2p, 1. e mgtmyt-m, > 5 P-
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C npyrofi cToponnl, OTKJAagmBan Ha Tpopoamennn AD sa Touky D
orpesok DA;= AD u 3ameuas, uto BA;=AC=>5" (u60 ueTHPEXyroib-

4 ugk ABA,C —mnapanjenorpamm), Haxo-
IAM u3 Tpeyroasnnka ABA;

b+4-c > 2my,;
L F ‘allallorH4Ho A0KAa3LIB3eTCsl, uTO
a-tc>2my, n a+t-b>2m,.

CknajeiBass nocaepnue TpH HepaselcT-
Ba, OyJeM HMETb

b€ % »C
AN b / 2(a-Fb-tc) > 2 (mg+my-+m,),
\\ " // T. e. 2p=a-tbtc > my-tmytm,.
/

\\ ,' / llosyueHHble HepaBeHCTBA  yJyu-
4 WHTh Heawv3st, NGO cymMa mg—+-my-Lm,

\\| / MeLHaH  TPeyrojbHUKa MOXeET OKTb

2’ . CKOJb YyroaHo O6JaH3Ka Kax

4 3
Pic. 930. K BeHYHHE - p, TAK H K BejHyue 2p.

B camom jene, ecau Bepumna A
TpeyrosbHuKa ouedb Gauska K CTOpOue BC (puc. 231,q), TO

A
A
é_,f<7\f FLIAE
=~
A — ¢
@)
B¢
Puc. 231. ‘ )

. b c
BC=ga == b-l¢c, m,; x 0, mbzc—i—? Hmczb—i——2-, TaK 4To

Mg-+my-mg = 0 (c—i~% )—]—(b—}——;—):-g- b-+c)=

_3btetbtec 3 atbtc 3
=73 2 2T 2 T3P

maFmytme 3

~
~

p 2



C npyroft cropoHsl, ecin sepuudst B M C TPeyrolbHHKA OueHs
Gnusku opHa k gpyrof (puc. 231, 6), 0 a =0, b=c¢, m, =~ b(= ),
my = b My~ <, n

b ~ 2 ’ c~ 9 ’

b ¢ 3 1 b 0
my+mp-t-m. = b—{——2——|——2—=5b+§c ~ 2 ——_l_—;_'_-—— ~ 2p,

ma+mb+mc~2
e. "_p—“w .

90, Ilycts a==b==c¢; Torda, TaK Kak B TPEYrOJbHHKE NPOTHB 6OMb-
el cTopoHs! exkut Goublinii yroa, A = B=C.

Nostomy 4
(a—b) (A—B)+(b—0) (B—C)+-
+—a)y(C—4)=0

HOCKONBKY KaKloe CcJaraemoe JeBOf YacTH
HEOTPHIATENBLHO.

Packpoem cko6ku H MepeHeceM OTpHIA-
TesbHble CJlaraeMsle BIPaBo; NOJYYHM 4 c
24a--2Bb+2Cc = Puc. 932

= Ab-+ Ba- Bc-{-Cb+ Ac+Ca.

Pasgeaus ofe uyacTu Ha 2, Noayuus TpeGyeMoe HepaBEHCTBO.

Jlerko BHIeTb, UTO 3HAK pABEHCTBA 31eCh HMMEET MeCTo B TOM H
TOJNLKO B TOM CJyyae, Korja a==b==¢, T. e. eCJH paccMaTpuBaemblit
TPeYroNbHHK pasrocmoporkud 1 A=B=C (puc. 232).

91, 1° Tax kak nporus OCojbitedl CTOPOHE TPEYTOALHHKA JEKUT
foapmuil yroa, to npousseneune (A-—B) (@a—b)==0 (06a comHOKHUTEA
HMMET OJHH 3HAK) H PaBHO HYJIO, ToabKo ecii A=28, a=b, T. e. eciu
TpeyroasHuKk ABC paBroGeipexuniii. Orcioga ciegyer, uTo

(A—B) (@—b)+(B—C) (b—c)--(C— A) (¢—a) =0,
npuqu 3HAK paBeHCTBa HMeeT MeCTO TOJLKO B TOM cnyqae, eCJHu Tpe~

yroaviuk ABC pasHocropounuil. IlpeoGpazoBniBasi 5T0 HepaBeHCTBO,
noayuny (24—B—C)a+ (2B—A—C)b+(2C—A—B)c=0, a npu-

HuMasi BO BHHMaHue, 4T0 A -+ B+ C=n, 6y1eM HMeThb
BA—n)a+4-BB—m) b4+ (3C—m)c=0,

3(Aa+Bb+Cc) =n(a4-b+0),
OTKyZa H BHITEKaeT, uTo

uau

Aa-- Bb+Cc> i
at+b4+c T 37
rlle PaBeHCTBO HMEET MEeCTO TOJNLKO B CJyyae DAGHOCHIOPOHHE20 Tpe-
yroJbHUKA.

2°, Tak Kak CyMMa JBYX CTODOH TpeyroJbHHka Gosblue TpeTbeH cTO-
poHsi; 10 A (b--c—a) > 0. IlosTomy

Abtc—a)+Batc—b)+Cad-b—c) > 0.
IpeoGpa3ysi T0 HePaBEHCTBO, MOJYYHM
a(B+C—A)+b(A4C—B)+c(A+B—C) >0,
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T. e. a (M—2A)+4+ b (n—2B)}c(n—2C) > 0, niu
n(a4-b+4¢) > 2 (Aa+ Bb+Co),

H 3HAYWT, Aa-FBb+Cec oz
a-tb+tc 2"
Aa-+Bb--Cc .
I'lpu stom oTHOweHuUe RN e MOXeT OBTh CKOJb YTOAHO
6AH3KHM K % . Heticreuteasno, nyctb ABC—pasHoGefpeHHEIR Tpes
A
0%
51 e
c558
Puc. 233. Puc. 234.

YFOMLHUK C OUeHb MaJIBIM yrjom o npu Bepwune A (puc. 233). B takom

T
ciyuae a 0 A ouedb Madbl, b=c, B=C x~ 5 H 3HAYHT,

Aa+-Bb+Cec _ Bb-+ Cc_@_B I
atbtec T btec 2 T 2°

92, a) CoBmecTuM ocnoBanus BC n B,C, tpeyrossHukos ABC u
AyB4C,; panee npojo/ukuM HX ctopoHsl BA u B A, Ha orpeaku AD=AC
u A;D;=A,C (3pecb wmbl cuuraem, uro AB << AC u AB<AC;
cm. puc. 234). Hs paBroSeapenHunX TpeyroabHukos ACD u A CD,

umeem: / ADC=—4—2— u 4A,D1C=~42—A; NO3TOMY, B TO BpeMst Kak

Toukd A ¥ Ay (KOTOpble Mbl CUHTaeM DaCHOJOKEHHBIMH IO OAHY CTOPOHY
or npamoit BC) npuHaidexkar Ayre focTpceHnoro Ha orpeske BC cer-
MenTa, BMemaomero yron A, Toukd D u D, mpunajgnexart Iyre noctpo-
€HHOro Ha ToM e oTpeske BC cermeHra, BMemamomero yroa A/2.
Iockonbky AB u AyB—meHbwHEe H3 GOKOBHIX CTODOH TPEYTOJb-
nugos ABC u A{BC, 10 Toukn A ¥ A, npunajsiexar oHoOfi NONOBHHE

BM pyru cermenta, Bmemarwiero yroa A, a sHaunt, / ACB < 90°——'24~

n £ ACB < 90°_—‘§~ ; nostoMy / DCB=/ ACB—]—% < 90° 1
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£ DiCB < 90°. CaeloBareasto, ecad / p=/ ABC < £ 4,BC=/ B,
(apyrumn cnosamu, [ ABT > / A,BT, rae BT —kacarennHas K pac-
cMaTtpuBaemoli gyre B Touke B, T. e. v BD > v BD)), 10

BA4AC=BD > BD,=BA,4A,C

(sameTbTe, uTO, ToOCKOALKY / BCD=/ BCA +%>90°, T « BD

MeHbllle NoayokpyxkuocTH). Orciola u cie-
JyeT YTBEPKJIeHHe 3ajaun.

6) U3 pesynvrara 3alagu a) BhiTeKaer, f A=
4TO NepuMmeTp 2p tpeyroisnuka A BC 3akio-

yeH Mex 1y 2a (cyval, koraa § =0; puc. 235) Pre. 235.
H a—{—2.% cosec% =a ( 14 cosec%) <cnyqaﬁ, Korja ﬁ:@;_“, H Tpe-

yromsauk ABC paBHoéeﬂpeHH51ﬁ> H MOXeT, OYeBHJHO, NMPHHHMATH JHO-

a
6ble 3HaueHus B HHTepBase 20 < 2p<Ta (I-{—cosec —2->

93. Nycts AB—nau6Gonpmas CTOPOHA OCTPOYLOJNBHOrO Tpe-
yrosbikka ABC, BIHCAHHOTO B OKpyxHocTe S paaunyca R. Ha npogon-
JKeHUH CTOPOHb AB OTJIOKHM OT-
pesok AD=AC; rtorga BD=
=AB-+ ACwu, rak kak / BAC —
BHEHIHUE yroa paBHoGefpeHHOro
tpeyroapanka CAD, 10 / BDC =

= %4 (puc. 236). I1pn stom, Tak

kak / C—mnauboapminfi  yroa
Tpeyroapauka ABC, 10 £ C -+

-+ 42—1424 B+ éQ—A W 3HAYHT,
Puc. 236, / BCD=/C+ 4_242 1_529_ -

==90°. 3aMeHUM Tenepb TPEYT oMb~
HHK ABC BOouCaHHBIM B TV K€ OKPYXKHOCTE S HPAMGYTrOJbHLM
tTpeyroasuakoM A;BC ¢ npsumbiM yriom C; Tak kKak Tpeyrodsiuk ABC
OCTPOYTOJBHBI, TO AHaMeTp BA, OKpy:HOCTH S NpoXoiuT BHYTpH
yraa ABC. Ecnmu OT/IORUT, Ha NPOROIKeHHH otpeska A;B orpesok
AyDy=A,C, 1o Touka D; Gyaer Jexarp Ha Toll ke nyre BDC, Bme-
matomeil yron A/2, uro u touka D (u6o /£ BA,C= / BAC, xak onu-
paomyiecs Ha OZHY Ayry). A Tak kxak yroa BCD rtyuoit (uiam npsmoil)
uw BD; npoxomut BHYTpH yraa DBC, to BD; < BD, 1. e. A;B+ 4,C <
< AB+- AC. Ortciona u clefyeT, uTo npamoyeossreii mpeyzororuk A{BC
umMeerm MeHbUILL nepumemp, udem ocmpoyeoivHeil mpeyeosvruk ABC u,
CJ1eI0BaTebHO,

9p=AB-BC-+CA > AB4BC+CA, =
=A,B+(BC+CA)> AB-+-AB=4R,

p > 2R.
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Slcno, uro ecau ToukH C M B oueHb GJH3KH OfHA K JPYroil H «OYTH
JHaMeTpasibHO NPOTHBOMOMOXKHE TouKe A (puec. 237, a), TO

AB =~ 2R, AC = 2R, BC =~ 0,
99— AB+BC+ AC =~ 4R,

npHYeM BeaHuHHA 2p MONKeT ObTh CKOJb YyroaHo 6aAH3KOH K
4R, No3TOMYy HepaBeHCTBO p > 2R HeNb3d YJIYYIIHTD.

ny A £ VA

) %)
Puc. 237.

Mpumeaganne, SIcHO, 4TO TYyNOyroabHB# TPEeyroibHUK,
BIHCAHHBIl B OKPYXHOCTb S paguyca R, MOKeT HMETb CK0Ab Y200HO
manoii nepumerp (puc. 237, 6).

94, a) [lepBoe pemwenne, [lycte S ¥ $-—COOTBETCTBEHHO OIH-
CaHHafd M BIHCaHHAsg OKPYKHOCTH TtpeyroabHuka ABC (puc. 238, a).
Iposenem uepes kaxayio BepuwuHy A ABC mpamyio, NapamielbHYIO
NPOTHBONOJOXKHOHA cTopone; noayuum A A4,B;C,, noxobunii A ABC n
nMelomHit BaBoe Géasmue cToponnl. Kampuas cropona A A,B,C; 3aBegomo
HMeeT no OAHOH ofimeld TOYKe C OKPYXHOCTBIO S (a HMeHHO, ToukH A,
B un C). Ilposepes KacaTelbHble K OKPYWHOCTH S, napajseabHnie CTo-
poHam TpeyrosbHuka A;B,C,. Oty xacateavnsle omnpeensiior A A,B,C,
(na puc. 238, a on m3obpaxken NyHKTHPOM), noxoGHet A A;B,C,, a cie-
nosatennHo, B A ABC. Croponw rtpeyronbnuka A,B,C, He MeHbue
COOTBETCTBYIOLIHX CTOPOH Tpeyroabuuka A;B,C; (Bropofi H3 3THX Tpe-
YrOMBHHKOE LEJHKOM S3aKJoueH BHYTPH nepBoro). Tak Kak OKDYMKHO-
ctH S H s Bnucansl B nogobnwie TpeyrodeHukn ABC u A,B,C,, To H3
Toro, uto AyBy, = A1 B, =2AB, cuenyer .

R =2,

410 M TPe6GOBaJOCh A0KAa3aTh.

PaBencteo R =2r JjocTuraercsi, OYeBHJAHO, TOJLKO B TOM cCJyuae,
ec/ld BCe CTOPOHBI TpeyrosbHHka A;ByC; KacaloTcsd OKPYyXKHOCTH S
(rpeyroneunk  AyB,C, cosnagaer ¢ tpeyroasuukoM A4,B,Cy; oM. puc.
238, 6)). Tak rak £ A=/ A,, B 3T0M cayyae

v BC=v BAC— v BC=360°—2 v BC,
OTKVIa
8 v BC=1360°,
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U CJACHOBATENBLHO,

£ A=60°.
TouHo Taxk XKe JOKa3bLIBAETCS, UTO
/ B= / C=60°

B 3TOM cayuae TpeyroibHuk ABC pasnocmopornud.

Puc. 238.

Bro poe pemenune. BOCHOJIb3y€MCH W3BECTHHIM COOTHOLUEHHEM

. A . B .
r:4Rsm-2—sm—2—sm—§—,

BHITEKauM 13 dopmya

f—§_
P!
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= % (@a4b+4c)=R (sin A+sin B4-sin C) =4R cos % cos % cos —g-
(rie Tenepsb yepe3s S oGosHaueHa naouwjade TpeyronsHnka ABC; ¢opmyna
p=4R cos 5 €08 5 cos 5 BHITEKaeT W3 TeopeMbl CHHYCOB: a=2R sin A
M T. . H H3 3]IeMEHTapHbIX NpeobpasoBanuil cyMmMsl sin A sin B-+sin C,
rie C=180°—A—B) u

S =-L absin C=2R? sin A sin B.sin C.

A NOCKOMBKY, KAk H3BECTHO 1),

sinisinE sin£<—1—
2 2 2 8"
TO
-r—=4sinisin-§ sin—C—<—1—
R 2 2 2 27

yTo M Tpe6oBajoch [0Ka3aTh.
Tperre pewenune. PeayaptaTr nacrosumed 3agaunm caejyer
TaKXKe U3 U3BeCTHON (opMyJHl, Bhpaxaiomel paccrosune Oo=d mexay

A

A
Puc. 239.

uentpamM# O u ¢ onucauHof H BIHCAHHOH OKPYMHOCTEH MPOH3BONBLHOrO
TpeyrosbHHKa. Jta QopMysaa («dpopMmyna Dilsiepar; CM., Halpumep,
sagauy 107 wn3 xuuru: J. O. Ilkaspckuii, H H. Yenuos,
U. M. draowm, Vabpannbie 3ajaun B TeopeMmbi 3JeMEHTAPHON reoMer-
pun, 4. 2, Focrexuspar, 1952 nam § 74 knuru:; . M. Mepenenxnun,
Kypc snemenrtapHofi reometpun, 4. I, Focrexusmar, 1948) umeer sug

d?=R2—2Rr.

1) CM., Hanpumep, peiueHne 3ajaun 19 us § 8 xuuru B. A. erq.»
mapa [10].
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A TaK Kaxk, pasyMeeTc;l,
d@?=R(R—2r)=0, -

R—2r=0, 1r.e. R=2r,

NpUYeM pAaBeHCTBO 3JeCh HMEeT MeCcTo TOJbKO B TOM CJyuae, KOTLa
ToukH O W o coBnajaiot, T. e. kKorda A ABC aBisercsi npasuirbHuim.

6) ITycts B okpyxHocTh S pazuyca R ¢ uesrpoM O BIHCAaH paBHO-
Geapennuiti tpeyronpuuk ABC ¢ yraom o npn Bepmwwure (puc. 239).
BuiuncauM paguyc - BhnucaHHoll B TpeyrodbHHK ABC OKPYXHOCTH S
¢ uentpom 0. Ecau AD~——sucora Tpeyrombuuka ABC, 10 Tak Kak
TOUKA 0 npuHajnexuT Guccextpnce yraa ABC, us A ABC no useecr-
HOMY CBOHCTBY GHCCEKTPHCHI TPeyroJbHUKA MOJydaeM ,

TO

Do_ DB
oA AB’
OTKYyJa
Do+0A DB+ AB
Do — DB
H, CJeJoBaTeNbHO,
AD.DB
r=o0D =m B (z)

Ipogomxns AD 1o mnepeceuenusr ¢ ONHCAHHON OKDPYKHOCThbIO
B Touke FE, H3 nOpAMOYroNbHOro TpeyroJbHuka ABE HaifijgeMm

AB=2R cos —9‘2— .
Hanee wu3 tpeyromvunka ADB nMeeM

AD = AB -cos = =9R cos? —., DB=AB- sin = =2R sin-* cos >,

2 2 2 2 2
ITogcraBags mosydeHHHE BLIpaXeHHMs B PaBEHCTBO (%), HAXOAHM, YTO
2 % 9psinZ cos X 152 - sin 2.
L 2R cos 5 2R sin ) _2R cos? -5-sin = B
.o o a .o -
2Rsm-2—cos —;Z—-—i—QR cos—2— sin —2——{—1
inZ (1—sinz-%
2R sin 5 (1 sin? o a
= =2Rsin— | l—sin— 1},
.oa 2 2
1+sin 5

HYCTB Tenepp Jano IpOH3BOJBHOE 3HAUeHHe 7 Takoe, Yro rgi .

BymeM HckaTh Takoll yroa a, 4ToGhl pajuyc Kpyra, BHHCAaHHOrO B PaBHO-
CGelpeHHbI TPEYroJibHUK C YrJioM o NPH BeplIMHe, PaBHAJACA AaHHOM
pequuuHe 7. Mmeem

- .o
r=2R sin 5 ( 1 —sin —2—> ,
OTKYZAA

oR sinz % _ inZ 4 =
2R sin 3 2Rsm2+/ 0,
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T. e.

o R+ VRE—32Rr

sin —_————
2

2R
Tak Kak 2r<C R, To nojxopesHoe Bbipaeuue R2-—~2Rr>=0; npu
stoM 0 < —Ri—:l:l;;——— < 1. Ciegosate/ibHO, HCKOMBIH yroa ¢ cyuie-

CTBYET | PR r# -'121‘ CYWECTBYIOT Jaxe aABa Takux yrqaa)|. Taxum

o6pasom, LA 71106 Bl X ABYX oTpe3kos R ® r TakuX, uto 2r <C R, cyue-
CTBYeT TPEYroJbHUK, [V KOTOPOrO PalHyChl OMHCAHHOTO M BIIHCAHHOTO
KPyTOB paBHLl COOTBETCTBEHHO R u r, uTo H Tpe60oBaJOCh NOKA3aThb.

[IpumMeyanue. 310 JOBOJIBHO IPOMO3JAKOE DACCYMHKAESHHE MOMKHO 3a-
MEHUThL chefyromuM Gojiee KOPOTKUM, KOTOpOe, npaBaa, He Mo3BOJseT YKa-
3aTh BH/J, TpeyrosibHika ABC, nid xo-
TOpPOro oTHOleHue R:r umeer 3ajpau-
HYI0 BeJuYdHy kR, HO I0KAa3hIBaeT
CymecTBOBAHHE TaKoro Tpe-
yrojnHuka ana Jmoboro k=2. 3a-
JlaAUMCS YHCJIOM & H PACCMOTPUM PaB-
Hobeapennbiit Tpeyronbuuk Ay ByC,
C OYeHb MaJILIM YILJIOM GL IPH BEPLIH-
HE — TAKHM MaJbiM, 9TO IJs 3TOrO
Tpeyronbuuka Rir=Fky < k (310,
OYeBHJHO, BO3MOXKHO, HOO  ecaH
a — 0, To orHowenue R:r Heorpa-
HHYEHHO BO3pacTaer; cMm. puc. 240),
3atem Hauyuem JedopMUpOBATH Tpe-
yroabauK A¢ByC,, HernpepblBHO yBe-
JAHuuBasA yroao. [Ipu stom otHoweHYe
R:r, HenpeprIBHO 3aBHCsllee OT yr-
Ja o, 6yaeT H3MeHATbCs (BO3pacTarth),

Puc. 240. obpamasice B 2 npu a=60° (Tpe-

yromsuux A;ByCy Ha pue. 240), [TIpu

nanpHelimeM yBeJHUYEHHH yryia & oTHouwleHHe R:r GyleT cHOBa yOHIBaTh,

crpemsick K Hymo npu o — 180° nam, ofHaxo, 9T0 COBCeM HEBaiKHO.)

Hamensisicb HenmpepH BHO, OTHomweHHe R:r Gymer B npouecce aedop-

MAal{K TPeyroJbHAKAa NpDHHHUMATh 6ce 3HAueHHS MeXKAY ko U 2, B TOM
yucJie H 3HAueHHe k,— YeM H 3aBepuIaeTcs J0KAa3aTe/IbCTBO.

B) Ilycte A, By, Cy, D;—Touku nepeceueHusi MeZuaH TPeyroJb-
nukoB BCD, ACD, ADB, ABC-—rpaneii terpasapa ABCD (puc. 241).
Herpynuo Bupetb, urto ompesku AA,, BBy, CC, u DD, nepecexaromcs
6 00roti mouxe Q u Oeaamcsa 8 wed 6 omuowenuu AQ:QA,=BQ:QB, =
=CQ:QC,=DQ:QD,=3:1. B camom pene, o6o3uayum yepe3 Q TOUKy
nepeceueHusi orpeskoB AA; u BB, (NpHHaAJeXalUX OAHOH MJIOCKOCTH
ABM, rpe M —cepenuna pe6pa CD terpasapa, u 3nauut, AM n BM —
meauansl rpaneii ACD u BCD; cM. puc. 241a)., Tak xak MA:MB,; =
= MB:MA,=3:1, TO TpeyroJbHHKU MBIA1 1 MAB nojo6usl; orciona
cnepyer, uro B;A, || AB u AB:BjA;=3:1. A tenepn serko ybenurbes,
yro Tpeyrosbuukn AQB u A,QB; IIO,D,OGHI:I H 4TO AQ:QA,=BQ:QB, =
= AB:A;B;=3:1. Touno Tax xe YCTaHABJIMBAETCS, YTO H OTPE3KH CCy
u DD, nepecexawr AA; B Toit ke Touke Q, Takoil, yro AQ:QA;=3:1.
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W3 poxazannoro caenyer, uro retpasap A,8,C,D; nogoben reTpasapy
ABCD c xosbduuunentom monoGus 1/3; nosromy, ecjiu p; ecTb pajgHyc

omucaHHoll cdepu 0 TeTpaaﬂpa Alechpf T0 py=-3 P. C gpyro#i cto-

POHBI, napajienbHble rpanaM Terpasiapa ABCD njockoctd, KacaiolHecs
:cheprt -0, (mpHueM napagnesnbHas -BCD  nAOCKOCTb. Kacaerca cdepsl 0p
CHH3Y, ecay cuntats miaockocte BCD pue. 241 ropusoHtasbHOH B

4

]
i
|
1
I
!
I
!

Y-
f
l/
i
4, A
Puc. 241. Puc. 24]1a.

-

Touky A Jexauell Hal 3TOH NJOCKOCTBIO), 06pasyior Tetpasap AyByCoDs,
nojo6eefi ABCD » ne MeHbWHH €ro; NOSTOMY pajuyc p; BOHCAaHHO i
chepHl 0; 3TOTO TeTpasApa He MeHbUle pajuyca O BNHCAHHOH cdephl G
tetpaspgpa ABCD. Taknm ofpasoMm, uveeM

p<p1=%P, T.e. P>=3p,

uyto U TpeGoBanOCh 10Ka3ath.

Pasenctso P=23p uMeeT MeCTO TOJILKO B TOM CJyvae, Korja Terpa-
sipt AyB,C,D, u ABCD coenanaior, T. e. Korga cepa 6, coBmajaer
¢ 0; Tak OGCTOMT zeno B TOM cJyyae, Korja chepa o xacaercs rpanet
BCD, ACD, ABD w ABC rterpasppa ABCD B uX ueHTpax TaXKecTH
(Toukax nepeceuennss meanad) Ay, By, C; » D;. Mul npegocraBuM unta-
TeJI0 CaMOCTOSITEJbHO JIOKa3aTk, YTO B 3TOM cayuae mempasdp ABCD
0053aTeNILHO N PABUAbHYLLL.

95. a) TlockoabKy, B cHNy pe3yJabTaTta 3ajaun 48,

he<Boimg Mp<<Bo<mp n h,<B.<<m,,

TO
hg+hp+he <<PBo+Po+B. < mg+mp-+m,,

rje paBeHCTBA HMEIOT MECTO JIHIIb B TOM CJydae, KOrja TPEeyroJdbHIK

ABC  pagrocmopornuti 1 hy=hy=h,=PB,=Pp=0,=my=mp=em_,
TTosTOMY OCTaeTcsl JidLb 1IOKa3aTb, HYTO
hg+-hy+ o = 9r ()
" -
9
Mg +mp+m, <§R' (w#)
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1°. Taxk kax, ouesHgHO,
1 1 1
S—E-ah(,:?bhb == - ¢h _——(a+b+c)

TO
1 a+b+c a
T s+2s+2s h +h,,+

IMokaxeM, yTo npu MOOHX HOJOXKHUTENbHBIX X, Yy, 21)

xty+z 3, 3
5=V = T )

rie paBeHCTBA MMEKT MeCTO JIHWb NPH ¥x=y=z. B caMoMm pene, He-
TPYJHO NPOBEPUTH, YTO NPH JIOOHX o, P u y

@+ P2+ 0 —3afy=(@ 4P +7) (*+ B>+ —af —ay—Pv).

TMoatom
=3 YT = () () (7
=Y EYTY T YT T
X (/P YT+ Y F= Y G Y T ) =
VT TH DI T+
+(V V=V (T E) =0

Ife PAaBEHCTBO MMEET MECTO JHIIbL IIpH f/?: f/;: 13/?, T. e
NpH ¥=y=2, 23 CJEOBATEJbHO,
xtytz g ,—
= e (1)
1 1 1
Tpumenus 3aTeM HepaBeHcTBO (1) K uncaam Ty nonYy4uM
1 1

1/x+l/y+l/z> 3/ 1 1
—_— =

3 — 3
Vo T @

rje TakikKe DABEHCTBO HMEET MeCTO JIHIIb MpH x=y=2. Hepasencrsa (1)
B (2) BMecTe M 06pa3yloT 1BOiHOe HepaseHcTBO (A).

1) 3TH HepaBeHCTBA CBA3LIBAIOT CPejJHee apHbdMeTHUECKOE
1
—3—(x+y+z) TPeX uucel X, Y, 2, KX CDeJiHee TeOMeTpHYECKOe

1

3
Xyz 1 cpeagHee rapMOHHYEeCKoOEe -—m—————— TEX XK€
V/ p P T/71 1 1

3 (7+7+7
yhces; CM. N0 3TOMY TOBOAY 3amauu 268, 270, 272 u 282—283 kuury

N. O, Wgaspckoro u gp. [I1].
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A Ttemepp Ge3 TpyAa moayuaeMm

ha+hb+ hc'>’ 3 ::—3-—:3r,
s T T
iy Thy Th

OTKYyJZa CJeAyeT, 4To
hy+hp-he=9r,

OpHIeM PABEHCTBO 37eCh MOXKET MHMEeTb MeCTOo JHb NpH hy=hy=h,,
T. € Npu a=b=rc,

2°. Paccmorpum tpeyroapuuk OAD, rpe O —1uedTp ONMCAHHOH OK-
pyxHoctu Tpeyroapuuxa ABC u AD —wmepnana, ¥ B Hem oTpesok OM,
coemunsitomuii BepwuHy O sToro Tpe-
yroJeHuka c Toukoit M, pensune#t oc- A
HoBaune AD B ornomenun AM:MD =
=2:1, T. e. ¢ mouxod nepecewenus e~
dJuax tpeyroabnuka ABC (puc. 242).
Iloxaxem, uto

DM
g . 2
oM? = 35 0A2 + A/
AM DM AM
L5, opr 22 2, b
+AD «OD 5 AD ADz, €) 7 A
Puc. 242.

(210 paBeHCTBO COCTABIAET COZEpkKa-
HHe TaK Ha3biBaeMOH TeopeME
Crwapral).) Juas goxasateqbcTBa OpPHMEHMM K TpeyroJbHHKaM OAM
1 ODM TeopeMy KOCHHYCOB:

OAZ=O0M2 - AM2 — 2 OM.AM cos £ AMO;
OD?=0M?-+DM? — 2 OM . MD cos / DMO.

YMHOXKas saTeM IepBoe H3 3THX paseHcTB Ha DM/AD, a sropoe — Ha
AM]AD u cknajpiBas pe3yJbTaThl, NOJAYUYHM, YUHThIBAS, 4T0 c0S / AMO=

= —cos £ DMO:

DM ., AM 2(9& AM\ | AM®.DM DM AM
AD 04+ OD*=O0M* | 45+ A0 T Ap =
=0A42+%“—M(AM+DM):

. AM.DM AM DM
- OM?2 UM aDr— M2 AN DM
om2+ A2 ape—on 1 SM DU pe,

oTkyja 1 cienyer pasercTso (C). A Tak Kak B Hawem cayyae

2. R2 o _p2_. [ & > 2. —m? ﬂ-__g_ D_M_,l_
0A2=R?, OD?2=R (2),AD——ma R iD=
T0 !
1 2 a? 1 2 a2
2 RS 2 =\ gt Lt
OM_3R+3(R 4> 3 g Ma=R—F—GFma

Yy Cm., uanpumep, § 71 kuurm: . M. Tlepemeakun, Kypc
sneMeHTapuofl reomerpun, 4. I, Cocrexuspar, 1948,
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AHANOCHYHO JOKA3LIBAETCA, YTO :
L T S
OM2=R2 -2 = m? 2p2._ Y
‘ R 5 g M OM2=R 5

CkJafipiBast TPU TNOCHENHHX PaBS8HCTBA, MOJy4aeM

2
g me

[5)
30M2=3R“——é- (@402 4 ) — 5 (ma - mf 4 m3),
OTKYJa BEITEKAET HepaBeHCTBO
1
3R — = (a*+ b2+c2)—§ (ma +mj --mg) =0,

HJIU
2
3RP= L g (@84 - (mg +-m§ +m3),
rne paBeHCTBO MO2KeT HMeTb MeCTO JIHUb HPH COBNAJCHHUH TOHEK 0 H

M, T. e. B ToM cayuae, xorga TpeyrosisHuk ABC pasnocmoponnui. Ho
(cM. HuXe 3ajaiy B))

4
e (m2 4 mg +-m);
ClIefl0BATENBHO,

3R> & (md -+ m) o (e b m3) = o (- m),

Tenepb HaM NPpHAETCA BOCHOMb3CBATHCA eule OAHUM 3aMedaTespHbiM
HEPaBeHCTBOM, CBS3LIBAOUWINM TPH INPOH3BOJAbHBIX MOJOKHTEJNbLHBIX uYucaa

X,y uzly
3(P+yP 42 = (x+y+-2)2 (B)
3TO BHITEKAeT H3 TOro, YTO

(P +y*+2%) — (xt-y42)'=
=3 (@ +y? +2%) — (- y? 422+ 20y - 2024 2y2) =
=22 2P - 22% - 2uy — 20z — 2z = (x —y)+-(y —2)* + (2 — 22 = 0;

pasencreo B (B) Takxke wuMeer Mecto JuMWB B TOM Cilyyae, Korja
x=y=2. VI3 HepaBsenctna (B) caenyer, uto

2 2 2 1
ma - mp -+ Me 2= 7 (Mg -+ mp~+ m)%;
TakHM 00pa3oM, Mbl HMEEM

4
BRYZ o (ma-b iy Mo, w O RS (mgtmyf-m,

Mg+ Mp-+m, << 5 R, (%)

4TO HaM H Hajo ObLIO HOKA3aThb.

o] o

1) Teopema 0 cpeaHeM apudMeTHUECKOM # CpejHEM
KBaJpaTHYHOM Tpex umcej; cp. ¢ 3agadamu 281—283 kuuru
O . llkaspckoro u ap. [lI].
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SIcHo, 4TO BCe HepABEHCTBA HacTOHINell 3agaur o6pauwiaoTcst B pa-
BEHCTBA B TOM H TOJBKO B TOM C/yuae, Korja Tpeyronshuk ABC paswo-
CMOPOHKULL. . o .

6) ITycts 0, — HeHTp, & 7,— PajAHyC BHEBIHCAHROH OKPYMHKHOCTH S,
Tpeyronsauka ABC (puc. 243). M3 .paccmoTpenus TpeyroisHuKkoB. 0,AB,

0,BC n 0,CA ¢ obueh BricoTo#t r, 6e3 Tpyja nonaydyaem

' 1 1 1
S=Spo,aBFSpsqac—Spousc =5 Ta ¢t 5 rab—5raa=

b-+c—a b+c-+a)—2a 2n —2a
= +2 ,'fa:( + 2) rg= 5 re=(p—a)-rg,
4 rie S — naowaie TPeYrodbHUKA,
: T. €.
;o S
a= p—a
Ananoruyno. JOKas3blBaeTcs, 4YTO
o= S ’ - S
b= fe=
]
8 Yz &
Puc. 243. Puc. 244.

C zapyrofi cropousl, npumenssa teopemy Crioapra (C) (ctp. 247) K Tpe-
yroabiinky ABC u ero 6uccekrpuce AK =P, (puc. 244) u yuuTwBasg,

uTO g—ﬁ:%, T. €. %g:.l)_j._.? " %:m’ noayuae
5a=AK2:%%'ABZ+BTIé—-AC?—% . BK per—
- bic ¢+ bic b b-b{—c bf{—c @ =
=U‘%?[C(b+c)+b(b+c)—a2] = W—?—CCT [+ cp—a2] =
=—(§,—icg)—2—(b+0+a) (b+0—a)=w—_€%?2p-2(p_a)=ﬁ’%%zﬂ '

OTKyZa CJIEfyer, uTc
‘ 9 PN
Ba =%Fc V bep (p— a).
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A TaK Kax, OUEBRJIHO,

2b1_/{—bc <1, u6o b+c—2 Vboc=(V b~V c)2=0,

#S=Vp(p—a)(p—b)(p—c) (popmynaTepona), 10

Po=-57— 2 Vbc Vobb—a<Vpp—a= ]/ p(p;a) ,S( lﬂ‘j_"’

= V@:m -V 5 5 V =V

FZ€ DABEHCTEBO AOCTHraeTcst JHIIL B TOM cayuae, Korjga b==c. TouHo
TaK e JOKAa3bIBAIOTCs HEpABEHCTBA

Bo<< Vrare 1 Bo<< V7ary,
B KOTODHIX PaBeHCTBA JOCTHIAIOTCA, JUWb eCJH Q=¢, COOTBETCTBEHHO
a=>b. [losromy
ﬁa‘i‘ﬁb’l‘ﬁc Vrarb“l‘Vrbfc‘l“Vrarm
paBEHCTBO 34€Ch ZOCTHIAETCS, JHINb €cMH a=Db=¢, T. e Koria Tpe-

yroasuuk ABC paenocmoponnuil.
Iasnee 3aMeTHM, uTO

S S S S S S
rafotrolet7cla= p—a p—b+p—b p—c  p—c p—a:
§? S N
= =060 G=BH =0 - r—a
plp—a)(p— b)(p—C)_l_r)(p—a)(p—b)(P—C)+
(p—a) (p—1") p—b)(p—0)
p(p—a)(p—b)({p—c) __ _ N N
t =g —PP—9tr—atrp—b)=
=pllp—a)+(@—b+(p—o)l=pr8p—(a-t+b+c)i=p (Ep—2p)=p
[pumeHsisi Temepb_ HepaBEHCTBO (B) (ctp. 248) x uucaam x—Vrarb,
y=V rgre 2= l/rarc, NOJTY4HM

3(rarb+rbrc+rcra 2(V’a’b+l/rbrc+V"cra)2»

Hau
Vrars+ Vgt VidaV3(rary+roretrera)=V 3=V 3p,

rje PaBeHCTBO HMEET MeCTO, JIHIIb €CHH fg=r,="7,, T. €, €CIH a=b=c.
Vi3 ye [0Ka3aHHOro PaBeHCTBA

7arb+rbrc+rcra:.02»
HCNIOMB3YsE TO OGCTOATENBLETBO, YTO AAf JIOGHIX X, ¥, 2 1)
222 > xy a2 4-yz (B)

! Hepapeucteo (B) MOoxHO yeuwauls Tak (cp. ¢ nepasenctsom (b),
cTp. 248):

Bty <ﬁ%ﬁ>2>xy+x2+yz,
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(3TO BHITEKAaeT H3 OYEBHJIHOTO HEPABEHCTBA
1
AP —ay —xz —pr=5 [t — P+ — 2+ (2— 2| =0,
rie PABEHCTBO MMEET MeCTO JIHIIb NPH X =Y =2), NOoJyyaeM

1
Pr=rarp-tryret-rer, =§[(rarb+rbrc+rcra)+
' i
+2(’a’b+fbfc+’e’a)]<§ [r2- 13k 124 2rpryp -+ 2ryre -t 2ror o] =

1
=§‘(ra+’b+rc)2l
¥ 3HAYMT,
V3,D<fa+fb+fc,
rfle TaK¥e paBeHCTBO HMeeT MeCTO TOJLKO B TOM CJyuae, ecid Tpe-
yronerux ABC pasrocmoponnui.
Hakoneu, pasenctro

ratrybre=r--4R
BBITEKAeT U3 CJe[YIOMHUX npeobpa3oBanHil:
8 S S
rabrybre —r=o— oS b o
_ollp—a)+(p—b) p—(p—c)] 28[ 2p—a—>b c J=
e g P—a (=5 70

[Pl —0t =) (p—b)] S _
=cS [ S —a (=B (p—0) ] =% [p? —cp+-p% —ap —bp-+ab]=
abc

=5 [20° — p (ab+0)+ab] =5 (2p* — 2p>Fab) = .

S
P

C npyroft croponsl, npopoaxkue pazuyc AO onucaHHOH BOKpPYr Tpe-
YrOJIbHHKA OKPYMXKHOCTH JO IepeceueHHs C OKDYKHOCTbIO BO BTOPOil
Touke A; (puc. 245) u paccMOTpeB MOAOGHBIE NPAMOYTOJbHBIE TPEYIOJb-
uukd AAB u ACP, rae AP — BhicoTa TpeyroJbHUKA, MOJYYHM

c _hy - R“Ev abc __abe
2R~ b’ " 2h, 2ah,  4S°

OTKyJa CMeAyeT, 4T
abc
AR=—c—=rg+rp+r.—1,

—a 3TO0 HaM H Tpe6osanoc5 J10Kas3aTh.

§TO BLITEKAeT H3 OOLIHX TEOpEM O CHMMETPHUECKHX CPEIHHX

itytz Vm)

(K X UHCHY TNPpHHANNCHAT «CPeiHuer

3 3
‘ PrpeLa
HCTeMeHHBX CPeAHHUX (Kax _x_—ﬂé_—[—_z - ]/x +y3+27

TpeX HJH HeCKOJbKHX uHcesd. Ilo 31oMy mosomy cm. 3agaum 281—283
u 285—286 kuury [11].
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B) U3 yxe uCcnonb3oBanHHX B PEuieHNH 3a[aud a) HEPABEHCTB, CBA-
SHIBAIOIHX NPOBEACHHbE U3 OAHOTO YIVIA BBICOTY, GHCCEKTPHCY H MEHany
(cp. BHLIe 3agauy 48), cpasy noayyaem

R+ by HE < B2+ B+ B2 << mg-hmz 4+ m2,

FAe PAaBEHCTBA HMEIOT MECTO TOJABKO AN PAGHOCIOPOHHEE0 TPEYTrONbHHKA,

TaKUM 06pa3omM, HaM oCTasioCh JHib
AOKa3aTh, YTO

B+ h3 = 27r2,

Ba-+ 3Bz << %

2 2 2.
m2-mj -+ m2 = p%

. 63 5
Mg my--mg = (@262 c%)

RN

(@0 ) <5 R,

Puc. 245.

UeTBepTOE pPAaBEHCTBO HENOCPENCTBEHHO BLITEKAE€T M3 H3BECTHHIX
tdopmya

2=
ma )

2b2 4-2¢% — a? 2a2 -1 2¢% — b2 mt e 2a% - 2p% — 2

o

N m;z 1 y nz‘—— 7

(cp. seiwe, crp. 158). Ilepsoe, BTOpOe, TpeThe U NfTOR HEPABEHCTBA MH
6yJeM AOKa3bIBaTh NOC/ENOBATENbHO,
1°. Va3 ocuosuulx HepaBercTs (B) (cTp. 248) u (A) (cTp. 246) noayyaem

1 2 hg+hy+h, \?
mng iy g (hat i) =3 (letlethe)'s

3 3 JEEY (I Ly
= <1/;l,,+1/h,,+1//zc> - (T/7> =2

(cM. Bhie, cTp. 246); paBeHCTBO 34eCch MMEeT MECTO, JIUIb €CJu i, = fp==
=N, T. €. a=b=c,
2°, Boune Mul yxe Bugean {(cp. crp. 249—250), uro

8, — 2V be
¢ bdc

Velb—a)<Vplp—a
0 2HaJOTrH4YHO -
Be<Vrp—0), B.<Vrplp—o)

paBeHCTBA 3feCh JOCTHrAKTCA MNPH b==C, COOTBETCTBENHO NPH a=¢
u npu a=>b. Iosromy

Bet-pit-Pr<p(p—a)tplp—b)t+pp—cy=
=plp—a+-p—b-}p—cl=pl[3p—2p]=p?
~— ¥ 3JeCb PABEHCTBO HMEET MECTO JIHIb npu a=b=c.
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3°. Mls pasenctsa m2-+m}-- rrig = % (a2+4-b2+¢?), HCmOMB3YA He-

paBeHctso (B) (cTp. 248), nmonyuaem

Mgty = @A L) =S L L abop = L =

(u 3,qecz, PaBeHCTBO LOCTHTAeTCs JIHIUb AJIS NPABHIBHOTO Tpeyronbﬂuxa')
. Boime {ctp. 248) MH yxKe BHARIH, HUTO

3R> (@ b2+02)+-§(m“+m2+m2)~ (a2+b2+c2>+
to S @y =g @8 1)

(Tte paBEHCTBO HMEET MECTO JHUIb NPHU a==b=_c); N03TOMY
a2 4-b2 -1 c? <L IR2.
r) Kak u Bbliue, U3 HepaBEHCTB tHna h, << B, < m, cpasy noaydaem

1 1 1 1 1 1
7L:+—Eb—+/l /ﬁa—i— +'5€> +—+ ,

Mg my me
TI€ PaBeHCTBa HMEIOT MECTO TOJbKO JJis PAaBHOCTOPOHHEro TPeYro/bHHKA.
C apyro#t cToposbl, Bblle (CTP. 240) Mbl yKe BHAENH, uTO

1 1 l 1
Ty TR TR T

KpOMe Toro, oueBHAHO (cM. crp. 249),

1 1 1__p—a+p—d+p;c 3p—(a+b+c):

re g re S

Takum oﬁpaaoM, HaM Hajgo JHlIb NOKa3aTb, 4TO

1 | 1 2
——
my + my, i m, ~ R
Ho ncnons3ys nepaserctna (A) (ctp. 246) u (B) (ctp. 248) 1) u pesyJabrar
3a7auy B), NOJyuaeM

9 "
J— — —_— ————
ma+mb+mc fg+mp—+m,
9 9 2

== = ’
Ving¥metm?  V3mitmitml) ‘/3 27 o

1) 3neck, MO CYIWECTBY, HCMOL3YETCS HepaBeHCTBO (Cp. ¢ 3azaueit 283

, m L
kaurn 1))}/ SV SV ESO
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Tie TaxXe PaBEHCTBO HMEET MECTO /ML NpPH M, =My==i,, T. €. IpH
a=b=q.

96. a) Bouwe (crp. 250) Mbl yxe Bazea, uto
rarg—troretrore =p%

TI03TOMY, HCTIOAL3Y 5t HepaBeHcTso (B) (cTp. 250) ¥ BHITexk at0MmEe U3 peayJlbTa-
ToB 3ajaud 95 a), 6) HepaBeHCTBO

9r<<p V'3, uau p? =272
(cm. Takke HHxe 3agauy 97), noaydaem
f2+rg+’%>rarb“}‘rarc+rbrc::pz>27fz,

Ie TaKMke PABEHCTBO MOMET EMETb MeCTO JIHIb B CJAYy4Yde PAGHOCHIOPOH-
Heeo TpPeyroJbHHKa.

6) Ws Toro, uto ro-+rp+7.=4R--r (3asaua 956)) u R=2r
(3apnaua 94 a)), HenmocpeACTBEHHO CJAEAYET, UYTO

fa+fb+f¢<4R+—é*R='g'R,

F€ PABEHCTBO HMEET MeCTO npu R=2r, T. e, A3 PABHOCMOPOHHE20
Tpeyroannuka. C Apyrol CTOPOHEI, OUEBHJHO,

4R<4R S r=ry+trp4-rg

ratrer
npuueM OTHOLIeHUEe ij———Rii_—c 6yler Tem Oamme K 4, ueM MeHblue

oTHOuleHHe 7/R.
$icHo, yTO RepaBeHCTBa 3ajau a) M 6) yJayuilensl ObiTb He MOLYT.
97. B sajaue 95 B} yke OBLIO MOKA3aHO, 4TO

7
Wrgp< 24— R?,
OTKYAA

V3ip 1
Q——g-—g."i‘ R,

npHYeM PABEHCTBO HMEET MECTO JHWb JM PASHOCIOPOHREEO TDEYIOMb-
nuxa. Takum o6pasoM, HaMm OCTaeTCA JOKas3arh, YTO

VV3ss _V3
<73 =g
Ho 210 oueBnjHEIM 00pa3soM BHITEKAeT H3 HEPABEHCTBA
V3p
4 #3 TOro, 4To pr=3S; YMHOXKHB 00¢ 4aCTH HepaBeHCTBA (%) CHauana
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Har, a3areM Ha p, no.nyqaeM r2 =
V3 p? V3s _3p VV3s _Vip
9 T, €, 9 = 81 » HJIH 3 =< 5} »

1
¢ paBeHCTEBO JNOCTUTaeTCHA B TOM CAy4ae, KOrja f=—2— R, T. €. KOrja

V3pr V73S VV3s
3

s T. e.r<—f——-

U S=pr<c

paccmaTpuBaemulil TpeyroasHuk ABC pagnocmoponnudi.

98. Ilepsoe pemenmne. Ilycrs rerpasap ABCD Bmucan B cepy
2 paguyca P. Ecam ocuworamme BCD storo Terpasapa npHHAAJeRHT
¢uKCHPOBaHHOH MJIOCKOCTH T,
yRaheuHo# or uentpa O cde-
pel X Ha paccrosHue d, TO
o6vem V TeTpasapa He mpe-

BOCXOIUT % S(P+d), rae

S — mJjomane TpeyroJeHuKa
BCD, —pegn Bricora AP Tter-
pasipa He MOMXET NPeB3OHTH
paccrossHust A,Q=P--d nan-
6osiee ynaseHsHofi OT T TOU-
ku A, cdepbl I 10 MIOCKOCTH
m (puc. 246). C gpyroit cTo-
posHl, paguyc @QB=r onucan-
HOli  BOKPYr TpeyroJbHHKA
ABC oxpyxuoCTH §-— ceye-
HEs  chepel X IJIOCKOCTBIO
T, — OYE€BHIHO, paBeH

r=V OB 0Q@=Yy P—d?; Puc. 246.

nosToMy njomagr S Tpeyronwuuka BCD yposaersopser HepaBeHcTBY

3V3 r2=3—]§(132——d2)

S<4

(cMm. 3agauy 97).
Takum ofpasom, MB HMeeM

V<t SE®+d) <—‘2—‘°’ (P2 —d2) (P-L-d),

1 HaM OCTaeTCsl TOJBKO BEIACHHTb, npu kakosm d (yIOBNeTBOpsIomeM
HepaBencTBY 0<<d << P) npoussedenue

() (P-d)=(P—d) (P+d) (P+d)=—y (2P—2d) (P+d) (P-+d)

npurumaem HauGoabuiee B03MONCHOE 3HAUEHUE.
Ho B cuay HepaserctBa (A), ctp. 246

4 \% 64
=| = = P2
(3P> 77 P
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rje paBeHCTBO HMEET MECTO, JHWL €CJIH

9P—9d=P-d, T e d:—?.
Orcioga n caegyer, 410
va 3@ a @ra) Y2 1ep—20) Papi<

V3 64 8V 3,
<75 =T

4TO H Tpe6osa.nocz> JAOKa3aTh.

8V 3
Papenctso V= P3 umeer wmecTo, ecam TpeyrompHuk BCD

27
npasuspubil 1 Bepumna A Terpasipa ABCD npoektupyercs Ha MJO-
ckocTs v rpadd BCD B nentp Q onucanno#t Bokpyr BCD OKpyXHOCTH §
(1. e. ecau TpeyrodpHas nupamuia ABCD-—rmpaBu/bHas) H ecH, KpoMe
toro paccrosinue d or uentpa O onucanHolt Boxkpyr ABCD cdeprl 1o
nJIocKocTH 7t paBHO 1/3 paguyca P onmcannoll cpepui. Ho B atom cay-
yae KBajpaTr pajuyca r OKPYKHOCTH S paBeH

/P\* 8

2 P2 PP I ) =2 P2

r2=PpP2—2=P k 3 > 3 P2,

u Gokosme peGpa AB, AC, AD rerpasapa (TpeyrosbHON IHpaMHJB)
ABCD paBun

- 4 \? 8 1/16 8
— 3 3 = 2 pe o2y @ pa_
AB_VAQ+QB—‘/(3P>+9P— g Pt g Pi=

T. e. paBum cropoue BC (nnu CD, unu DB) BNHCAaHHOTO B OKPYIKHOCTD S

2V 2
paimyca r=TP NpaBHJLHOTO TPEYroJbHHKa (3T4 CTOPOHA paBHa

r VT%:Q ‘3/"?), 1. e. ecqu Terpasip ABCD npasuavHei.

Bropoe pemenne. Pesyabtar HacTtosmedl 3azaud  HeTPYIHO
AOJYUATL Takske H3 HepapeHcTB 3agau 106 a) u 948). B camom jeue,
pasbuB Terpasip ABCD na uerhipe Meubluux Terpasgpa oBCD, 0ACD,
0ABD n 0ABC c ofuleil BLICOTOH O (31€Ch 0—HEHTD BNHCAHHOHR chephl
rerpasgpa), 0es TpyAa mOJayuaeM, 4TO

V:% A-p.
] r———§ —
ITosTomy u3 HepaseHcTBa P = ——%K—A , I A <G 8 2/3 P2, 3azaun

106 a) » mepaBencTBa ps—é—P sajaun 94 B) cienyer, uToO

"3 %7

V= 3

A

| =
| —
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1
Il PaBeHCTBO MMeeT MeCTO, JHilib ecjy A=~‘~ Pup=-n P, 1,

ecan terpasgp ABCD npasuavubui.
99. Jloxamem cnepma, uTo

Vs—é aaqf, sin o, fy
rae V—obbeu rerpasipa ABCD, h,— paccrosikke Mex1y ero pe6pay
AD=a uw BC==a;, a a—\roa Mexny npm.bmu AD u BC. B caw
Rede, H3 pHc. 247, rre
BB\ HCC\3AD, suzso,
wro obvem V  rerpasapa
ABCD pased passoctu
MEX1y 06BEMOM Uy «KJAHHA»
(Tpggronbnon HPU3MBI)

yBCCy u ofremom v,
qempexyronbnoﬁ nnpami-
an DBB,C,C. Ho

1
== ha Spe, oy ==

1 .
=== h, - (aq; sin o)

3

Pue. 247,

(noexonbky o0beM o,
«kaunay ADB{BCC, paBen noacpuug ob6vems V, napaiieiennney
BByC,CADD Al, rie AA, dr DD, 4 BO)

- 1 1 .
n=5W :7 ha* Sgp.c,c =5 hu-(aay sina).

IosToMy

Vo Loy i P . 1 .
(==t == hpam stn a— -z hyaay sina=—4 aah, sin o
lanee Gyzem Jpemars sapaun a) u 6) pasjeabHo.

a) ITycte ﬁD—opTorOHawbHax npoekunsi peGpa AD Terpasap
ABCD na nou(ocg BB,C,C, a AK u L—BoicoTH  TP&)
roavHukos ABC i DBC (cM. ToT Xe pue. 247) B TakoM cayuae

, 1
Saspc + SADBC:§ alAAK+§~a1~DL :-Q—a1 (AK4-DL) =

1 = F;
—5 oV W FRr+V BT B
Ho ecan otpesox AD nepecexaer mpamyio BC B Touxe Q, TO
AK=AQsina; DL=DQ sina u AK --DL= AD sina=asina.

Tloatomy, cdsunye ompezpx AD sdoas npamo AD mak, 4mo6or mouxa Q cmam

cepedunoil ompessa AD, T. e. Tak, uYTOGH MMeJO MeCTO pPAaBeHCTR)

ZK:DL,” MBI He usmenum obwem V (:—é— aayh, sin a) TeTPasIp:

9 A, O. Hikaspcksh ¥ Ap. 261
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ABCD, mn ‘He M3MeHHM cymmy AK —{—5L (=a sin o), HO YMEHbIIHM CYyMMY

SAABc+SADBc==-l—- ay (V B4+ ARV BE4 (DL ) (x)
2

(cM. mpuMeuanue K pelwedHI0 3ajaud 69 a)). A Ttak Kak IomagH rpa-
neit BAD u CAD TeTpasapa npH 3TOM ero npeo6pasoBadHy He MEHSIIOTCH,
TO naowads A nosepxrocmil mempasdpa TONbKO ymeubluumcs (TodHee —

ne yeennuutes). Ecumxe oTpesok AD He mepecexraerT npamyio BC,
TO Ha [epBOM Iuare TpEOOPA3OBAHHS TETPasipa ABCD wpt ciBuHEM
otpesok AD mno mpsuok AD Tax, urobp Gauxalimuli k BC Koren orpes-

xa AD nonan ua npamyio BC. Ilpu stom 06a otpesxa AK u DL yyens-
warest—T. €. B cuay QopMyas (%) }heﬂbmHTCﬂ TaKKe U CyMMma
Saapc+Sappc, B TO Bpess Kak cymMa Sppapn-+Spcap He H3Me-
HHUTCA ¥, 3HAUHT, BeJANUHHA A YMEHBIUHTCS, Jajee Xe NOCTYIHM, Kak
omucano Beime. Haxownen, cipunem Tax:ke H oTpesok BC Broas mpsi-

moit BC Tak, utoOu mpoexunst BC orpeska BC Ha NMpOXOAAIYIO uepe3
AD nnockoets 7/l BC pesuiace nonosiaM mpaMoit AD; 310 npeoGpaso-
BadMe Takke He Menserm ob6vema V TeTpasipa H MOXKET TOJMBKO yaeHb-
wime geAuduHy A ero roBepXIOCTH.

Taxuy obpasom, MBI 3aMeHHJH HCXOAHBI Terpaspp ABCD mnosom
terpasapom A'B’C'D’, uneromnM TOT Ke ofbeM U He GOJbLIVIO MO b
NMOBEPXHOCTH; NPH 3TOM OMpPe3oK, CcoeQuHALWUL cepedursl RPOMUBONo-
AoscHolx pebep A'D’ u B'C' mempasopa A'B'C'D', nepnenduxy-
Aapen oboum pebpam. llpoBemem pasee uepes KaXAylO Napy INpoTH-
BOTIOJIOKHEIX pebep Terpasipa ABCD u (npeo6pa3oBaHHOTO) Terpasjapa
A'B'C’D’ napannensHble NJIOCKOCTH M PACCMOTPHUM (ONHCAHHLIH BOKpYr
TeTpasjapal) mapanJesenunel, TPaHH KOTOPOTO JeXaT B 3THX IJIOCKOCTSIX
(puc. 248, a, 6); sTOT mapansesennnen npeAcTaBiaser coGofi Mepeceuenye
IIeCTH MOJYTNPOCTPAHCTB, OTPAHHYEHHBLIX LIECTbIO paccMaTpHBaeMbIMH
NAOCKOCTSIMH H COJepiKaulMX HCXOAHLIT TeTpasap. [pamsiMu Taxoro mna-
pannesnenuriena GyAYT CAYKHTbH LIECTh NAPAJAEJOrPAMMOB, KaMKIbIA U3
KOTODHIX HMEeT CBOHMMH JHArOHaNAMH pefpo Terpasipa ¥ NapajyensHYyo
NPOEKIHIO TPOTHBOIO/OKHOTO pefpa TeTpasApa Ha MJOCKOCTb TDaHH;
HanpaeJieRHe NPOeKTHPOBAHUA 8ajaeTcs UYeTHIPbMS JAPYTHMH pebpamu
napajajesenunesa. 3aMmeTHM Telepb, uTO Ipeo6pa3oBaHHBIN TeTpasjp
A’B'C’D’ xapakTepHayeTcsl TeM, UTO ONUCAHHBIH BOKPYr HEro napaJjie-

nenunen A’B'D'C'A’B'D'C’ sisisieTcst T p 5 M B M, B TO BPEMS KaK_OTBe-
vaiomui ucxonHoMy Terpasapy ABCD napantesenunen "A.BD,CAB DC1

(rpanu A,BD,C uw AB,DC, XoToporo paeus rpausn A’B'D'C'w A'B'D'C’
npeoﬁpasosaﬂﬂoro napasjieJienHIe a U JieKar B TeX Ke HJIOCKOCTF{X’),
BooGme roeopst, 6yleT HAaKMOHE b M,

TlpuMeM, HaKoHell, 38 «OCHOBaHHS» (NMDAMOLO) napamenennnena

A'B'D'C'A'B'D'C’ ero rpann A'B'B'A’ u C'D'D'C’; B Taxom cayuae
Haul napaijenennnes oOpaTHTCS B <«HAakJOHHBI» (oTviMuaiomufics oT
ofero mapajesenunesa JHIL TeMm, uto ocHoBamma A'B'B'A’ u
C'D'D'C’ mapamnenenymena A'B'D'G'A’B’'D'C', tak Xe KaK u ero
rpann B'D'D’'B’ w A'C'C’A’, siBAsioTcs TNPSAMOYrobHHKAME). 3areM
npeobpasyeM TeTpasap A’B’'C’'D’ aHanoruuHo TOMy, Kak Mbl MOCTYIUJIA

panee c rerpasapom ABCD, c Tem, yroGhl ONMHCAHHBIA BOKPYr Hero
napajiiesienynes, Craj up AMbl M—JA9 9TOT0 HaM HPHJAETCS CABHHYTh
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pebpo A’B’ terpasupa A’'B'C’'D’ Bpoae mpsamolt A'B’ B Takoe noso-
xenne A”B”, uto6ul (opToroHanbHasm!) NpOEKUHS A"B" orpesxa A’B’

Ha nnockoets  C'D'D'C’ penunack pe6pom C’D’ nononam,
a 3aTeM CHBHHYTh TaKXKe U pe6po C’D’ Broas mpsamo#t C’'D’ B HOBOE
nonoxenne C B pesyabTaTe M TIPHAEM K HOBOMY TETPasipy
A"B”’C"D”, BhnscaunoMy B NpPpSAMOYTOJbHHE napaatenenunen

A"B"D"C"A"B'D"C" (puc. 248, 6); 9T0T nOCTeNHHHE TeTpasyp AMEEr

Puc. 248,

mom oxe 06vexn V, uto M ucxonuwil Terpasap ABCD, u we 6616wy o
ueM ABCD naowads A" Gokosoil nosepxrocmu.

OGosHaunM pefpa MNpPsIMOYroJbHOLO  Hapaiieneniiela
A"B"D"C"A"B"D"C" (puc. 248, 6) uepes A’B"=i, B’D"=j u B"B" ==h.
Tak xak niowans Sz»g»rc»=1ij OCHOBAHHA NapaJieNelNnnesa, O4eBHAHO,

paBHa %B”C”-A—”D_;’ sin /£ (B"C", A"D"), a w®wcora B'B"=/ paena

PaCCTOSHUIO MEKAY pe6pamu B’C” n A”D” terpasapa A"B"C"D”, 10 o6veM
ijh napansesenuneia  paped VTpOEHHOM'y oGbemy V  terpasapa
A” "C"D" (cM. dopyyay (s) Ha crp. 257). C Apyrod CTOPOHH, KaMjzas
rpaup Terpasapa A"B"C"D" npepcraBiser codou TPEYroJIbHHK €O CTO-
pOHAMH

a=VETP, p=V TR u y=VFITE

PaBHBIMM JHArOHAMAM Tpanefl napainesennmena A’B”D"C"A"B"D"C.
Ho naowage TpeyroAbHHKA CO CTOPOHAaMH @, f 1 §, B ity Gopmyas
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lepona, pasna

/ofBty etf—v aty—B Piyv—a_
V =3 ) 2 )

- ]/‘/[(a+ﬁ)*—vzl v —(a—p2 =

N V4 TR P S

I
=7 i/’/—4a252“(°‘2+52‘"'\’2)2 —

= _211_ }/ 202B% 4 20292 4 2P2p2—at—Pl—yY;

nodToMy fiowans A" nosepXHocti Terpasapa A’B"C"D" paepma
An: V 2a2B3 _;_ QCJ.L"YE ‘%'2f52'\.’2—a4“54“?4 i
=22 j3) (B 1) 42 (2 B) (P h"H""(i“—/i" (F+h1—
— ({2 PR — (B = (P 02P) e = 2V PR PR R
A raxk Kak B cuay Hepasedctsa (A) {crp. 246)
Btz 22> 30/ B0 PR =

3/ (jhy =3 f/(‘sf/?:sa 3313,

TO

Taxkum 06pa3oM, OKOHUATEABHO MOJYUYdeM

A=A"=6V V3 V2

uTo 11 1peoBasoch J0Ka3arh.

Herpynuo BHJeTb, YTO JIOKa3aHHOe HepaBeHCTBO ofpauaercss B pa-
BEHCTBO B TOM H TOJLKO B TOM ciuyuae, ecJiH nexopausit tetpasap ABCD
RiMCA B NPAMOYrONbHLE mnapamtenenunes AB,DC,A,BD,C
¢ paBHEMH pebpamMu i, j H A, T. e. B KVG6, HO B 3TOM Cayuae
werpasip ABCD, pefpa koToporo cJaysar AHAroOHAJAMI LiecTH rpaneft
kySa AB,DC,A;BD,C npasuaonoui.

6) Iloxamem, 4TO ONHCAHHLIE Bbllie NPeoOpa30BaHUS, He MeHsioulHe
obbvema V Terpasapa ABCD, ve moryr ysealtyumo ezo nepumemp 211
B camom jene, y H3o0paxeuHblx Ha puc. 448, a, 6 Terpasgpos ABCD
H A’B'C’'D’, ouenujno,

BC=B'C' v AD=A'D";
nanee, pe6pa AB u CD terpasipa ABCD pasuiul guaroHaisaMm napad-
neaorpaMma AB,BA,, a pe6pa A'B’ w C’'D’ terpasgpa A’B'C'D’' —
ZuaroHansM npsmoyroasHuka A’B'B’A’. Ho cropona A,B napaJ-
JET0TPAMMA _ PAaBHA  CTOPOHE A’B’ npawoyroapHuka (U160 OCHOBaHHS
A.3D,C u A’B'D’ C' H300paxeHKbIX Ha puc. 248, a, 6 napa/ienenune-
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JOB OJHHAKOBH); C APYTOfl CTOpoHH, Bhicota B'B’=h, NpSIMOYTONBHHKA
A’B'B’A’, paBuas paccrosmmio Mexay nnockoctamu  A’B'D'C’
A’B'D’C’, unu, 4TO TO XKe camoe, PACCTOTHHIO MEXLYy MJOCKOCTSIMH
ABDC, n A.BD,C, ne Gomvwe onymennoii na A;B Brcotsr AP napaa-
nenorpamma AB,BA;. Ianee, us puc. 248 u 249 Ges Tpyaa moayuaeu

AB+CD=AB+Z1§1=2(BQ+Z1Q)2’>2(BQ1+;11Q1)>
=2(BQ'+A,Q)=(B'A'"+AB)=A'B"-}-CD,
rie ofo3Hauenus scHB u3 puc. 249, M HepaBeHCTBO BQ - A;Q >

= BQ,+ A,Q, caenyer us pesyanTata 3alaun 69 a). Touno Tak xe no-
Ka3sbiBaercs, 4To

BD-+AC == B'D'-- A'C’, A A5 5

(S
rry (I a4 //; Y,
1 nockoabky AD=A'D" u BC= N A e
—=B'C' 71 i ~ XY i -
= , TO ; N J /.
- e

2MM=AB-L+ AC+ AD--CD--
+BD-+BC= A’'B -+ A'C -

4+ A'D'4-C'D' =B’ D' --BC = PN
= 2[1’ e B
Z H =
— nepusemp 2N mempasopa A=A # =’
A'B'C’'D' ne Goavwe nepumempa
211 mempasdpa ABCD. Haxouel, Prc. 249

COBEPILCHHG AHANOMHIHO YCTallaR-
mBaercsa, uto nepusemp 211”7 n3oGparsennoro na puc. 248, ¢ mempasdpa
A"B"C"D" ne Soabme nepumerpa 2II' terpasapa A'B'C'D’, a caenosa-
TeabHOo, Tex Gojee, ne Ooavute nepusempa 211 ucxopnoro mempasdpa
ABCD.

A Teneppb, ucno/b3ys o603naueHHs peIeHHS 3afauM a), Hieew

W=oa4B-+y=VELP-FVELRLY P2,

OTKYJA, TOCKOIhKY

By 2oy (x—y)r = 0,
T, €.
xP-by? = 20y
1
X-LY1Z>=3 ?/xyz

(nepasencTBo (A), ctp. 246), noayuaen
We YV ELRELY EFR-L Y PLE = Y3+ Voh-+Vehi=
=3V VB un m=3 V2 iji=3V }/5V.
OxOHYaTeNbHO MBI 1O/y4aeM Tpefyemoe HEpaBelCTBO:
H=1">=3y73 )/ 3v.

B paBeHCTBO 3TO HepaBeHcTBO o6paiaercs NPH TeX Xe YCAOBHAX,
YTO H HEPaBeHCTBO 33ajauM a), T. e. ecau rerpasap ABCD npasuasroid.
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[Ipumeuanne 1. [pyroe mokasaTeqbCTBO HepaBeHCTRA

A=61 Vv

mveercst B xuare . X agsurepa [4] (ctp. 366—367); HecMoTps HA
HapoyHTo 06wyl $opMy, B KaKyio 5TO JOKa3aTesbcTBo obJaeueHo (y Xaj-
BHTEpA JIOKA3bIBAETCH «/7-MEPHBIl aHaJor» DaccMaTpPHBAEMOr0 HepaBeH-
CTBa), €ro MOXKHO H3JOXKHTb W BIOJHE 3JIEMEHTADHO.

ITpumeuanue 2. M3 nawero fokasareabctsa HETPYAHO TaKike
YCMOTpPeTh, UTO 06%esn V, niowads nosepxrocmu A u cymma daun pebep
211 npoussoasvroeo (He ofssaressHo mnpsMorol) napaasesenuneda
CBA3NHBL HEPOBEHCMBAMU

A>6Vﬁ u II;G?/V,

oﬁpamafomHMch B DaBeHCTBO TOJBKO JIJd Ky6a; Mbl OpCIOCTaBUM
cjenath 3TO HHUTATEJIO.

100. a) TlepBoe pemenne. B cuny pesynpratos sagay 95 8)
n 97 nuowaas S, noaynepuMerp p H cymMMa 8 KBaIpaToB CTOPOH MPOH3-
BOJbHOrO Tpeyroapinka ABC cBsizaHbl HepaBeHCTBAMH

=5 p=1V3S,

yro0 ¥ TpeGoBaAOCh JOKA3aTh.

PaBeHCTBO 3Iech HMeeT MeCTO JHIIb ISl PABHOCHIOPOHHE20 Tpe-
YTOJBHHKA,

Bropoe pemenmne, HJcnoabays HepasedctBa (A) (ctp. 246)
u (B} (ctp. 246), moayuaen

S=Vo(p—a)(p—b) (p—0)=Vp-Vip—a)(p—b) (p—0) <

< VB.]/ ((p—a)+<p;b>+<p—c))3zf.']/ ESP—w_; b+0>>3:
-3 T 13V B8 2

1 1
.=

1
2 . 2 b2 2) — 2 b2 2
D V5(0+b+c) gl 3(a®4-b24-c )—4V§(a -+ 6% - ¢?),

2V'3

uto ¥ TpeGOBaJOCh A0KA3aTh.

PaBenctBo 3jech HMeeT MeCTO, JIHIIE ecan g=b=¢, T. &. KOrja
Tpeyroasank ABC npasuasrbii.

Tpetrbe pewenue, Ilycrs ABC,, BCA;, CAB,—pasHocTopoH-
HHe TPeyroJbHHKH, [OCTPOEHHbE HA CTOPOHAX Tpeyroaehuxa ABC; npu
9TOM HaM 37ech OyJeT YIo6HO CYMTaTh, UTO TOUKH A u A; pacnoJoxeHnl
no 0fHY cTopoHy or npamofi BC, Touku B u B; pacio/iOXKeHHl Mo
oaHy ctopouny or AC u Ttoukn C u C; pacrnosoxeHsl 0O OLHY
cropony or AB (puc. 250, a). Hoxaxem, uto ompesku AA;, BB, u CC,

pasrst mescdy coboli:
AA{=BB;=CC,.

(IMpsamuie AA,, BBy u CCy, XxpoMe TOro, HepecekaroTcsl B OfHOH TOuKe

262



# 06pasyioT Apyr ¢ APYroM OIMHAKOBHE YIJIb, YTO BOpOYeM, Ham cel-
Yac COBEpLIEHHO HeBaXHO 1).)

Bounesum  kpagpat orpeska AA;. W3 puc. 250,¢ BHAHO, uTO
£ ACA,= 4- (60°—C); xpome Toro, CA=b u CA,=CB==a. [Tostomy,

4, Ar

7\
/ \\\,4

Puc. 250.
TpHUMeHAS IBamIbl TEOPEMY KOCHHYCOB, TOJyuadeM
AAT =a24b2—2ab cos (60°—C) =
=q24 b — 2ab (cos 60° cos C-+ sin 60°sin C) =
2 2
o g 1 =71 Y
= q2 - b? —-2—(2ab cos C)—2 V'3 (Tab sin C/ ==

=q?- 0% —2ab <i cos C »%—1/—3 sin C> =

— a2+b2—% (@bt — 2 YIS =
:—;—(a2+b2+0‘3)~2 Vﬁszé [(@-+b2 -y — 4V 3SL

U3 Toro, uto Bepamenne gng AA] okasazoch CHMMeTPHUHBM
OTHOCHTEJLHO JJMMH CTOPOH @, b, € TPeyroJbHHKZ, H CJEIyer, uTo
1 = .
BBf:CCf:AA%:—Z—[a2+b3+cz—4 ¥V 3S); oxunako Bamuo Ham cefie

4ac He 3TOo. I/IHTepec AJIs1 HAC lIpeJCTaBJ/isieT CaMO Bbipa)KeHue, CTOozled

1y AHaJOrHUEBIME CBOMCTBAMH oBJaajatoT n oTpesku AA,, BB,, CCy,

rage ABC,, BCA; n CBA,—paBHOCTODOHHHE TPEYTOJbHHKH, TMOCTPOEH=
Hble Ha CTOpOHax tpeyrojbHnka ABC BHe ero (cM., HaIpuUMep, peiue-
nue 3agaud 716) xaurn . O. Ilkaspckoro u ap. [17]); B atoM
caydae

AZI=BEI=CEI:-%~(a2+b2+02+4 ¥ 3s).
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B NpaBoil uactd nociefHedt GopMmyJasl,— Befs nockoabky AA; =0, T0
(@4 624c)—4 V3S=20, 1. e ad-+024-2=4 V35,

uTO HaM H TpeGoBaJoOCh JOKa3aTh.

PaserctBo a®-4b24-c*=4} 3S uMmeer MecTo, JHIIb €C/H
AAy=BB;=CC{=0, r. e. ecau Bce Tpeyroasuuku ABC,, BiCA u CBA,
COBNAJAIOT ¢ HCXOXHbIM TpeyrosbiukoM ABC, u cjefoBartedbHo, 3TOT
TPeYrONbHUK RpasuibHbLL.

YUetBeproe pemeHue ITo peuleHde oueHb GJH3KO K Hpeibl-
aywemy. PaccMOTpuM Te e TpH PaBHOCTOPOHHHX TpeyroasHuxka ABCy,
BCA, w CAB,, KoTopbie QUIYPHDOBAJH B TPeTheM pelleHHH 3ajaul;
nycte C', A’ 1 B’—u e H TpH 3TUX TPeyroapHuKkos (puc. 250. 6). Joxa-
KeM, uto mpeyeosvrux A’B'C’ pasnocmoponnuii 1), B canon neqe, BbIUMC-

aV'3
3

JHM pauny orpeska A’'B’. U3 puc. 250, 6 cregyer, uto CA'=

(paiuyc OKPYKHOCTH, OIIHCAHHOH BOKPYF PABHOCTOPOHHErO TPEYrOJbHHKA

BCA, co croponofi BC=a), CB’:K;L—?’— (o aHagOTHYHOIl NpHUYMHE);
natee / BCA'=30° [/ ACB'=30° u snaunr, / A'CB = % (60°—C).
ITosToMy HO TeopeMe KOCHHYCOB

F\2 AN T 3
L A R L

:—é—(a2+b2——2ab cos (60°—C)),

OTKYJa JIeTKO NOJYYHTb (CP. € TPeThUM pelleHHeM 3ajau), 4To
'R 1 a "q
A'B =% [{(a%--b24-c?)—4 V 3 §].

(Tquo T4K XKe NoKasbipaercs, uto B'C’ :C’A':é [a24-b2-+c2—4 ]/58].)
TakuM oGpasoM, uMeen
b2 2—4 V3820, 7. e. a24-B2 2 =4 ) 38,

PaBeHCTBO 3i1ech HmMeeT MecTo, Juulb ecad Touku A', B’ u C’
COBMANAIOT, T. e. €cau tpeyroasHuk ABC npasuisnotil.

6) [lepBoe peirenue. 3aMeTuM, YTC NpH JMOGHIX NOJONKHTEb-
HBIX 4HCJAX X, Y, 2

xy--xz+4-yz =V 3z (x+-y -+ 2, ()

rJe paBeHITBO HMEET MECTO JIMUb NPH X=y =2,

1) AuaynoruuupiM CBONCTBOM 006/1aJai0T H IEHTPHI A, B, C pasHo-
CTODOHHMX TPEYTOJbHHKOB, IOCTPOEHHbIX HA CTOPOHAX TPEYrOoJbHIKA
ABC BHe ero, mpuuenM 3jechb

AB = BC =R =g @441 VB S)
(cM., nanpuMep, BTOpOe pewenne 3ajaud 110 a) xuuru [17}]).
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B camom peJe,
(xy +x2 + y2)? = x2y? + x222 |- y222 |- 2¢2yz - 2xy22 + 2xy22.
Hanee, ucnonnsys HepaBeHcrBa (cp. Bblwe, c1p. 261)
2y < x4, Uz <<x%-2, Qurgytad,
foJyuaem
2x%yz +2xyPz -+ 2xyzt = x2 . 2yz -+ y?  2xz - 22 2xy <
P (R 2) g (0 22) 4 2P () = 2%y L 222 - 22,
T. e.
K2R 1222 -y = Xy - xytz - xyzt
Caeniosare/sHo,
(¥ - x2 -+ y2)? = (3> 4 x'2% - y22?) -

+ 2 (¥¥yz -+ xy°z -+ xy2®) 2= 3 (Pyz - xyPz 1 xyz?) =3xyz (v -y +2),
uto passocuabHo HepasencTBY (). PaBewcTBO 3ieCh HMERT Mecto
JHIWDb B TOM cjyyae, Korga x—y=90, x—z=0, y-—z=0, 1. e. Koraa
X==l==2.

3aMeTUM Telepb, 4TO

(p—0a)4-(p—b)+(p—c}=3p — (@a+b+c)=p
Mp—a>0 p—>b>0, p—c >0). IMosromy B cusiy dopmyast I'epoua
V3s=VHp—ap—b(p—o=

=V 3(—a) (p—b) (p—0) [(P—a)+ (p—b) - (p—0)] <
<(p—a)(p—b)+-(p—a)(p—c)+-(p—0b) (p—¢) =
= 3p2—p (2a -+ 2b--2¢) 4-(ab+-ac+-bc) =
=3p?—p-4p+-(ab--ac--bcy =ab -+ ac-+bc—p* =

- é-[4 (ab L ac - be) — (@ b4-c)?] = % [2ab -+ 2bc 4~ 2ac— a2 — b2 —c?| =
:,i,, [(a - b2 - 63) — (202 -1- 26 - 263 — 2ab— 2ac — 2bc)]| =

o @ b ) —l(a—b)2 (@ — 0 (0— o],

uto H TpeGoBatOCh J0Ka3aTh. PaBeHCTBO 3jech HMEeT MeCcTo, JHUIb
€CaAH p—a=—p—b==p-—c, T. e. €CAH a==b=sc¢, W TpeyroaeHyk ABC
PAgHOCMOPOHAHLLL.

Bropoe pewernne. [lo Teopeme KocHHYCOB

a? =02} c®—2bc cos A,

i

% ={b—¢)2-4-2bc (1 —cos A)=

A sin‘zi {
= (b—¢)2 - 4bc sin? L= (b —c)2 - .= besin A=
(b—c)t+4ocsin ) b—c) 'BsiuA 5 besin A
L. A
sin® o 4
=O—cR 48— S=(b—c)?+-4S tg & -
. A A 2
25111—(2—005—2—
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AHaJOTHYHO BHIBOZHM, UTO
br=(a—c)*+4S tgg , ¢A=(a—0b)24-4Stg -20—
Ilostomy
at 4242 —(a—b)2— (b—0)—(c—a)? =4S <tg —‘;-{- tg g-{— tg %) s
E HAaM OCTaercsl TOIbKO JOKAa3aTb, HTO
te 4 +ig Dttg o=V )

[Mocrnengnee wepaBeHCTBO MO)KHO novlqub C NOMOIIBIO HECJOKHBIX
npeoGpasosanuil Boipakenus 1g —- ol —Hg a —{—tg g <r;1e ¢ —90“—%——% >
HaM, OJHAKO, OYJEeT NpOLLE COCIaThCA Ha MOJYyueHHble paHee Pe3yJbTaThl.

Puc. 251.

Hs pne. 251, 4a, rae L, M, N—TOUKM KacaHus CO CTOPOHAMH TPEYIOJlb-
HHKa BHEBIHCAHHON OKPYXHOCTH S, C IEHTPOM 0, H pajuycoM r,, Oes
TPyZa BBLIBOJIUM

AM-+AN =AB~+-BM+ AC4+CN =c¢-}b--(BM-+CN) =
=c¢-}-b-+-(BL4CLy=c¢-b-- BC=c-+b+a=2p,

A tak xaxk AM=AN, 10
AM=AN=p.

Taxum o6pazoM, u3 npamoyroapHoro Tpeyrodpiuxa Ao, M Haxoaum
A A
ro=AMtg==ptg +.
P g5 =pPigy
Ananoruyno ycraHapJuBaeTcs, 4TO

B c
np=ptgy H re=pigy.



A rereps, B cuity pesyastara sagaum 95 6), mmeeMm
A B c
ptegtptgs+rtgg=pV3,
YTO M 3aBepllaeT JOKAa3aTeJbCTBO TPeGyeMoro HepaBeHCTBa:
A B c Yo .
tgg+tgg+te5=V3. (=3
PaBencTBO 37ech HMEET MeCTO JHIib B TOM CJaydYae, KOTA3

rotrefro=p V'3, 1. e. xoria tpeyroasiux ABC pasnocmoporrud.

ITpumeuanune. BoT eme 01HO, TOXKE reoMeTpHYECKOE, 10KA3aTe /b=
CTBO HepaseHcTBa (¢). IlycTh 04, 0p, O,~—UEHTPH BHEBMHCAHHBIX OKDPYX-
Hoctelt TpeyrombHuKa ABC, 0,0p, 0,0,, 0p0,— GHCCEKTPHCLH €r0 BHelI~
Hux yrjos (puc. 251, 6). Toraa

£ 0g=/ Bo,C=180°—/ 0,BC— / 0,CB=

180°—B 180°—C B-+-C 180°—A A
— o — = =00° — —
=180 < 2 > ( 2 > 2 2 %0 2 L
aiaJoruyHo ycranap/uBaercs, 4ro
, B . C
éOb“:gO ——7, 406‘:90 ’—-2—‘.

3ameTHM Temepb, UTO A/ HMPOU3BOJLHONO TpeyroasHHka ABC
a?=b2-{-¢2—2bc cos A =b24-c2—2bcsin A-ctg A=b2-c2—4Sctg 4,

T. €.
b24-c2—a?=4S ctg A.

C/0HB 3TO PABENCTBO C AHAJOTHUHEIMH eMy
a?4-c2—b2=4Sctg B u a?4b2—c?=4SctgC,
ROJMYIHM
02624 c2 =4S (ctg A {ctg B4-ctg C).
[TosToMy HepaBeHCTBO 3a1ayM a) MOXKHO MEpENHcaTs TaK:
4S8 (ctg A4-ctg B-+ctgC) =4 V' 3'S,

HIH

ctg Adctg BLctgC= V3. ()
TlpuMeHAs 3aTeM HEPABEHCTBO (#%#) K TPEYTOMBHHKY 0,0p0, C YyraaMm{
90"—-—2-, 90°-—7, 90°——2€~, MBI TIOJYYHM HepaneHCTBO (#) (oGpa-

maweecds B paBEeHCTBO, OYEBHJAHO, TOTAa M TOJBKO TOFAAa, KorAa
JUIL TPEYTOJBLHHKA 0,0p0, HEDABEHCTBO 33Jaud a) ofpamaeTcd B DaBeH-
CTBO, T. €. KOPJA 0,040,, a 3HauUnNT, H ABC— pasHocmoporrile TPeyrob-
HHKH).

ITonyTHO MBl YCTAHOBHJAH, HTO pesyavmam 8adadt a) PAGHOCUAEH
Hepasewcmgy (%#); 3TO OTKpHIBAeT emle OAMH (M NIPHTOM CPaBHUTEJBHO
HECJIOXKHbI!) MyTh pellleHUs 3a]auM a)-—vuepe3 NOKA3aTesJbCTBO HepaBeH-
cTBa (#%), CIPaBENJIHBOCTL KOTOPOTO MOXHO YCTAHOBUTb U Ge3 o6paiieHHsd
K YepTexy, ¢ MNOMOMbIO HeC/J0XHHX npeofpasosannii cyMmmel ctg A 4~
-+ ctg B4-ctgC (rae C=180°—A—B).

267



Tperbe pewenne. IKBHBaJEHTHOCTL pe3ysabTaTa HacTosmed
327124l HepaBeHCTBY (#) MOMXHO VCTaHOBHTb M Gojee ¢opmaabHo. Boc-
MOJIL3yeMCH TeM, HTO

A l1—cos A 1

thz sin A sinA —cig A.

A
Honc*rasmm 3T0 3HaveHue tg—i H .  aHaTTOrHYHLEIE BEIDAXEHHA AAd

t B C\
g—2—, tg—z—, B HEPABEHCTBO (%), MOJVUHM
/
1 + [
sin A sinB 'sinC
Ho B ®ouue pBroporo pemenusi npactosmeli 3azaun (cM. cTp. 267) M
YCTEaHOBUJIM, YTO

—ctg A—ctg B—ctgC> V3.

02+ b2t c?
ctg Atctg B:Lctgc,—:__TS____.
C npyroii CTOpOHBL, W3RECTHO, UTO

28 =@absin C==ac sin B=1be sin 4;
no3TOMY
1 he 1 ac i ab

sinA 25’ SnB 98’ sinC 25"
Taxim 06pasoM, nocrenanee HEPABEHCTBO MORHO TepenncaTh Tak:
bc-iactab  a2-4-h2--c2
28 48
OTKVAA HIMeer
2ab -+ 2ac-i-2b¢ — a2 —b2— 2 =4S V'3,
R
a?- b2t —(a—b)2 —
—(b—c)2—(c—a)2 =4S V'3,
rie paBeHCTBO IHMeeT MeCTo, JHIIb
ecan TtpeyroabHuk ABC npasuibrbil.
Ho 310 Ham # Tpe6oBajioch AOKa3aTh.
101. Tak kak HepaBeHCTBO 3ajaui a)
BrITeKaeT, oueBHAHO, 13 60Jiee CHIBHOTO He-
Puc. 259. paBeHCTBa 3ajauil 6), TO Mbi OTDAHHYHMCH
JloKasareJbCTBOM nocaenuero. IIpnmennm
kK kaxzoft rpanwn rerpasapa ABCD (puc. 252) wuepasenciBo
3ajayu 100 6):
2 2 2 a
ai+bitor—(a;—b)2—(by—y)* — (6, —a)* = 4 VSSAABC

D T T S S T T T T T

=13,

2a1b1—L2b101+201a1—al—— bi—ci=4 VasAABC

Cnoxup a7 qempe HEPaBeHCTBA, no.nyun
S’ (2ab)—23a? == 4 V 3A, (%)
rae Za® o3HaYaeT CyMMY KBaApaToB iuecTH pebep TeTpaanpa ABCD, a
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X’ (2ab) —cymmy ABeHaZUATH YABOGHHbLIX Hpon3BeAeHHil pefep, He exaro-
uaowyro npoussedenut aay, bby u cc, npomugonoromHoLX pebep
mempasopa.

Paccmotpum Teneps Bhipametine

M2 3" (@) 45 % () = & (a-b-e-t-ay+ by -+ c)*—3 27 (2ab) +

-+ 63a?) :—‘IT [72a%— 2% (2ab) + 2aa, -+ 2bby -+ 2¢c) | ==

1
=g (2@t a,—b—b)+2 (a+ay—c—e) 2 (b+by—c— )+

+3(@a—a)?+3(b—by)*+3 (c—cy)?].
Taxkint o6pasoy, Hmeem

T = 2 (37 (200) — 250 4 [0 g — b — by (a0, —c—y)*

9 3 3 -
+ (b+b;—c—cy)?) 7'*“4“ [{a—a)? - (b—b1)* - (c—¢1)?L,
OTKYZAa B cuily (%) H CJeAyer, uTo
112 3 Y BA - [(a--ay—b—by)+ (a-bay—c—cg*+
3 3 9 a
(bt by 6] o (a4 (b—by)* - (= ey,

I1o HepaBeHCTBO 06PAIASTCH B paBeHCTBRO JUUb B TOM Clyuae,
Korja ofpaiaercs B PaBEHCTBO KaK10e H3 TNPHMEHEHHBIX K 4YeThipeM
rpausaM  Terpasipa ABCD wHepa-
geHcTs 3agaun 1006), 1. e. ecJn Bce
rpani ABC — npaBHibHbE TPEYTOMib-
HHKH H, 3HAUHT, 3TOT TETPas’Ap npa-
sunbkoui. [losToMy M HEpaBeHITBO
3ajlayd a) oGpauiaeTcst B DaBEHCTBO
JHIlb B TOM CJiyuae, KOrja pac-
cmarpuBaemutii Tetpasap ABCD npa-
BLL16HbLLE.

102. a) OGo3Hauum JHaMeTPbi
paccMaTpHBaeMblX OKpyMHOCTell ue-
pes 8,, 6, u 6. M3 puc. 233, rie
/ BOC=2A (uenTpa’abHplli  yTOJ,
onupaiowuiics Ha Xopay, KOTOpo#
oTReyaeT BhHCahHbl yroa Al),
HMeeM

6,=0M—0P=R—Rcos A== Puc. 253.
= R (1 —cos 4),
a . _a
H, TaK Kak —2—*Rsm A, 1. e R~2—————Sm Y <CM. TOT K€ puc, 253, rpe
BP={, BO=Ru / BOP:A),
2 inz_‘i
6____z_z_l——cos,él___a_ S 2 =94 A
“=F smAd 2, A A 3¢8F"
2sm?cos—é—
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Ho (CM. puc. 263, rxe L—Touka KacaHHs BIHCAHHON ORpYXKHOCTH €O
B C
croponot BC n £ CBo==—, Vi BCo:—§>

a:::BCzBL—{—CL—rctg —|—rctg 2 (ctg—g—-{—ctg .92'.);

TI03TOMY

B C
6T ctg 5 -rctg oy ctg 5 N otg 5
‘2 ct 4 2 ctg = té- .
\\ g 2 g 2 Cg 2
Pasymeercs, Tak Xe
; /ctgg- ctg%
5b=R(l—-COS B):-'Q- 'I—B—"{—Ct B N
e By
4 B
to ——
g ctg 5

Joxaxem Tellepb OTHEABLHO /iBa HEpPABEHCTBA, COCTABJSIOWMX COAEpP-
sKkaHue nactosimell sajauu,
1°. OueBHAHO,

1
Pa-t0o+pe == (851 0p-1-8c) =

B
ctg 4 ctg —- ctg B ctg < ctg < ctg 4
r 2 2 2 2 2 2
= + + + 5t 1
4 ct 3 ctg— 4 ct < ctor£ ct A ctg ¢
8 83 By 2 g8y By

Ho tax kak nps JioObIX TOJOKHTENBLHBIX X U Y,

X2y (x—y)?
- xy T Txy

x, Y ri¥_
..!;-—f—?;?, u6o y—}—x 2 =0, 10

PatPotpe= T (2+242) = % "

PapeHcTBO j}lecb HMEET MeCTO JIMWb B TOM CJydae, KOTAA X==Yy==2,
ctg— ctg—- ctg L
2 2 2
T. €. eCJIH = = 3 H TPEYTOMIbHEK ABC npasuasrvid.
ctg 5 cig 5 ctg -
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2°, TlocKOJBKY
1
pa+pb+pc=—2—(5a+55 +8,) =£ (3—cos A—cos B—cos C) =
=R [-——— == (cos A-}-cos B - cos C)]

TO HaM Hajo JHIb TOKasaTh, 4TO
3
cosA—l—cosB-{—cosC<7. ()

HepapeHcTBO (#) MOXKHO JOKAa3aTb MHOTHMH NYTSMHU 1); MBI €ro BhI-
BeJeM H3 HEePaBeHCTBA r<—2-R (cM. sagauy 94 a)). s sToro 3ameTHM

npekae BCEro, UTO
cos A—{-cosf-{—cos C—1=(cos A-4-cos B)— (1 —cos C)=
B

A—B .o C A-LB A—B
= 2 cos 5 . COs 5 — 2sin ?_2cos 5 cos 5 =
—_— -
~2coszﬂ=2cosA+B [cosA B—-—cosA ki
2 2 | 2 2
=4 inisin—~cosA+B =4 inisin-li-sin—cc
=asinTg 2 g T sigTsiiig 2"

n
sin A+-sin B+sin C=(sin A +sin B)+sin C=

5. A+B -8B ., ,. C c . A+B A—B
=2sin —5— 08 —5 +2sin 5 Cos —5——2 sin —5—c0s — -+
—_ .
-2 cos A+B sin A+B =2sin A+B cosA B ~+-cos A+BY _
2 2 2 2
_4cos£-cos——smA+B ¢

=4 co Aco B
2 3 g T OS greosreos 5T,

A rTak kagk a=2Rsin A (cp. crp. 269), b=2RsinB =n
C=2RsinC, 10 .

S =—absin C=2R2%sin Asin BsinC

2
H
1
za_'giﬁ=RA(sin A-}-sin B4-sin C)=4R cos —g— cos —g cos ——26—‘—.
CileoBaTeNLHO,
S 1 sin Asin BsinC
r=-—=—R =
P2 COS —=— COS —— COS £
2 2 2
85in—A-cos—ésin £co ig—sinc ¢
_la g s sy Iy sy
2 cos—ALcos—Bicos£ B
2 2 2
=4R sin -'isin-g— sin—q— .

2 2 2

1) CMm., Hanmpumep, pemeHue 3agauu 20, 1° u3 § 8 xuurx
B. A. Kpeumapa {10}
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1
B CHJIy HepaBeHCTBa f<—2—R W3 D[ocJelnero papeHCTBa BBITE-

Kaer, 4To

OTKyza

A .
cos A-+cos B-}cos C—l:4snn——51:1-£51n—9<—2-,

C 1

4R sin 4 sin —B—-sin——<7 R,

2

1
2 2 2

A 3TO HEPaBEHCTBO PABHOCHIbLHO HEPABEHCTBY (x).
PapeuncTBo B (%) JLOCTHraeTCsd JIHIUL B TOM ciaydae, Korza

Pne. 2b4.

1
r= - R, T. e ecmn TpeyroJn-

uik ABC npasuabhbi.

6) ITvers O —UeHTpP OKPYK-
HOCTH papnyca P,, Kacawometi-
¢ ctopon AB u AC tpeyrodas-
Hka ABC n onmcanHofl BOKPYL
Hero  okpyxkuocra S.  Pac-
CMOTpHM (IpAMOYro/bHBL) Tpe-
vroabHuk 00,U, rie O —uentp S,
ODjiO;N | AB, a 0, UiAB
(puc. 254); B Hem, OUeBHIHO,

00;=0Y —0,Y =R—P,,
Ollj,:;'VD == AAV—' AD’-——:

¢

A
=Pa Ctg?—"—z'

(pasencmo AN =P, ctg% cpasy veMaTpHBaeTcs H3 A AO‘N) 1

OU=0N—0D=P,—RcosC

(paBencTeo OD = R cos C vematpusaercss u3 TpeyroieHuka AO0D, B Ko-
Topom / AOD=C; cp. puc. 253). IlosTomy

A 2
(R—P,) = (Py— R cos CP-i- <Pa ctg7—73—> ,

nim
R?‘—QRPE-?&P;“;:

R 2 2
=Ps—2RP, cos C-- R2cos2 C-- P, ctgz—;1 —P,ectg % —}—% ==

2 g2 c? . AN 5o g 40 A &
={ R?cos C+—-4— —P, 2RcosC+cctg~§— vrPa—%Pactgl—Q—.

Ho nockoasky

) .
c=2RsinC un R? cos”C+C—4—=R2 cos?C-- R*sin? C=R?,

TO NOJYUEHHOE PaBeHCTBO MOXHO IepenHCaTbh Tak:

P2 ct’g'-’—/zi — P, lcctgf;——QR(l —Cos C)] =0,
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OTKYJa BHTEKaeT, 4To 4
P,=c-ig —‘22.—2}2 (1 —cosC) tg? R

Ucnoassys pasenctso c==2R sinC, nocJejHee BLIDAXKeHUE MOWHO
YIpPOCTUTh TaK: A
P,=2RsinCtg —4~2R (1—cos C) tg? 5=
Cc A
=4R sin —g- cos £ ig —§-—4R sm~—§- tg? 5=

=4R Sm.c_tgf% (cos.g_—sin—g—tg —g—).:

2 2
C
sin — el -
2 72 C A c .. A
::“?W-—Z—/T— (Cos—g— 5 ~sin—2—sm 2)
€082 =
2
sin ¢ sin
Sin 5 sift 5~ :
— 4R 2 “,COSA({:C:
n A <
COS"T

. A . B _. C _,
==4R sin - sin—z- sin - - sec? -

A Tar Kak (cM. pewieHMe 3ajavH a))

. A . B  C
4R sin 5 8iN - 8in 5 ==,

A A
= 2 2 A2
P,=r sec 5 r(l»{—tg 2),
H aNaJorHYHO
Py --r(1+tg2 B), p,=r <1+tg2—(§:~);
no3ToMy
| LB g A . B ,C
Pyt Pyf-Por (34-tg2 GHtgr Sk ig2 g )
Ho (cM. Boie, crp. 266)

A B c
ra'—_ptg’i_» rb:p‘g'f_'; fc:Pngz':
TaK uTo
A B ratrp+4-ri
t _-_1 2 4 ._:_.__.___._ﬂ £
g? g% 5 t+lg o .

A nockoJbxy
Talb+ror e+ rerg=p?
(cm. ctp. 250), To B cuay nepasenctBa (B) (eTp. 250) umeem
Ta -y 1= raryfroretrorg=p?,
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A B C  ridridrt
2 R 2——:=_JL_____J;
tg 5 J+-tg 5 +-tg 5 e = 1.
Orciofa # cJaenyer, 410
. A . B C\
Pyt+Pp+-Pe=7 |34 | 12® 5 +tg ?-Hg*?/ =r@3-L1)=4r

rje paBeHCTBO HMEET MECTO JIHLIb B TOM CJIYHae, KOMJIA == rp ==, WIH
S M

= = , WIH, HAKOHEW, KOra a ==b=c¢, u Tpeyronsuux ABC
p—a p—b p—c
npasuAbHbiil,

C Apyrofi cTopoHH, U3 TOTO Ke pHC, 254 BHJIHO, UTO

A0, < A0--00,

M, 3HQYHT,
A0 --0,Y < A0 00, -1-0,Y = A0 4-0Y = X0 4-0Y =XV = 9R.

Ho AO;=P, cosec i;l— (cm. Tpeyroavunk AO(N ma puc. 254), a 0¥ =Py;

4 [03TOMY
A
P, cosec—2—+l> =

=P, cosec % +P, << 2R,

T.'e
P — R
cosec -1
&
8 ; ¢
K P Hanee wus puc. 255, Ha Ko-
Puc. 255. TopoM OYKBOH 0 o0603HaueH UEHTp

BIUCAHHON  OKPYXHOCTH  Tpey-
roneauxa u oK||AP | BC, a op||BC, nmeem

Ao4-0K z= Ap+-pP=bh,,

A
HJ/H, HNOCKOMBKY Ao=r cosec - oK=r,

rcosec—é-}—r:r (cosec %—{—I) =h, T. €. cosec i;——{—l ;hT“ .

Taxum ofpasomM, mosayuaem

Pag____‘?ﬁ__g_ 2R =2R

cosec g——*—l

" AHAJIOTHYHO
Pp<<2R1, P,<2R--.
7 ha
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TMostomy
r r r
Pyt Pyp+ P, 2R (EJ“E*/Z):
1

1 1 1

(cM. 3amauy 95T1)), —uTo H TpeGoBaNOCh JOKAa3aTh.

fcHo, uto paseHctBa AQ;=A0-00; (puc. 254) u Ao} oK =
=h, (puc. 255) uMeT MeCcTo B TOM H TOJbKO B TOM CHAyuae, eCcJH
TpeyroabHuk ABC papnoGenpenuslil: b=rc¢. [lostony P,+Py+P,=2R
B TOM M TOJbKO B TOM caydae, ecitn tpeyroashuk ABC pasrocmopor-
Hud,

103, a) [Tepsoe pemenue. Ilycts, Hanpmyep, a2+-b2-+c>=35,
u a%-kb%%—cf:é.z. B Takowm cayuae, B cuiy Hepasencta (B), cTp. 248

Ay =a+b-Le V38, u 2T, =0a, L by, << V 35,

i

TToatomy
M=a-tbtcta+bto<V 3(V&+V )

r.e. V8,4V 6= -1/—?23 Il.
Hanee umeem

b= by-+dy = VBV 4+ (VT — V5Pl >
>—;— (V &+ V‘S—z)zk% <—2—>2:% e,

OTKYyJa H CJeNyeT, 4TO

Hg@_

Pasencrso 31ech HMEeT MeCTO, JHWIBb eCU a=b=¢, a;=b,=¢;
H Y 6=V 8, wm 8,=0,, T. e. ecint a=b=c=g,=b;=¢;, H TeT-
pasap ABCD npasuasredi.
Bropoe pewenue. Jokaxem cuayana cnpaselHBOCTb Hepa-
BEHCTBA
, . 5 e
(@tb-bctagFbie) << B (@ Lo ha b)), (%)

(cp. ¢ TOACTPOYHBIM IIPHMEYaHueM Ha cTp. 248), H3 KOTODPOro yiKe M
6yjeT cnienoBaTh, YTO
Y 68

(212 << 68, uau H<—2—— .

B camom zene, mo ¢opMyJe KBazpara MHOTOUJIEHA
(@+b+c-tay+by-+6y)? = Za? 4 2 (20b),

rae  Za? o03madaeT CyMMy [IeCTH KBajapatoB pefep Terpasapa, &
Z (2ab)—cymmy C%==15 ynBOGHHbIX TIOHAPHHIX NpPOH3BefeHHil pebep.

Heo Tak Kak (cp. Bmuue, cTp. 261)
2ab =< a® -2,
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TO (B NOHSATHHIX O003HAYCHHSX)

2 (Lab) << 2 (a2 b2) =523 a2,
n6o B Bmpakennn X (a®--b?) kamjniit unen, cxaxe™m a2, durypupver
nate pas (B komGHmauuax (a4-52), (a2-}-c?), (a2~ ag), (a% - b2) d
(a4 ). CrenoBatebHo,
(at+b+ct-ay+b+cP<<Za*+-52a2=6 X a?==

=6 (- b2-} c*4-a2 ‘f“bf +¢?),

4TO M TpeGOBAJIOCh 10KA3aTh.

Pagecteo
a-4-bd-cH-ay by Aoy ==6 (a* - H2- ~c-—}~a--'~b§—{~cf),
.
1 65
—a3nauuT, Hpasencteo == -fgw—mn: ©T MECTO B TOM H TOJLKO

B TOM caydae, KOTAa Ece pe0pa TeTpasipa pasiibl Mesk1y cofoil, T. e.
ecan rerpasap ABCD npusuasnodl.

[Mprmevanne Bor ewe 0110 J0KA3aTELCTBO HepaBeHCTRa (+),
Paccmorpum  cymmy X, coctesgennyw 13 (3 =20 caaraemplx pHja
(+a4d-bicta;by4¢y)% rie 3 BECTH 3HAKOB i POBHO T P H 03HAY4IOT
nmoc.  Tak  kagk  Bolpamenne  (daxbd-ctay+6,1¢)%  comep-
HKUT  (MIOMHMO  LIECTH  KBAAPATOB  AJHH peGep  TeTpasapa)
Cz==15 ynBoeHHpx npousseienuil pefep, NpuueM B HaweM cayuae

6 npomseneﬂuu, B3ATHIX CO 3HakoM nawoc, H 9 npousseneuitii, B3ATHX
CO 3HAKOM MHHYC, TO B cymMy X Kaxioe YABOGHHOE NDOH3BejieHHe

8 pas BofifleT co 3HaKOM MJHOC H 12 pas—co 3HAKOM MHHYC, T. e.
=20 (a?+4-b2- ¢* +a‘f +b; ——i—c;) —4(2ab+-2ac - ... +-2bcy).
TMosromy
d(a+td4cday4-0,4-c P2 =24 (@@ b2 - ¢2- |- a2 - b2 4 03),
HJIH, MOCKOAbKY X ==0,
4(at-btetardb4-a)P <24 (a® 4022 --a2 - b?4-c3),
YTO PABHOCH/LHO HEPaBeHCTBY ().

P
PasencTBo B(#)| a clefosareasto, 4 B fiepasencrse 1< }266>
HMEeT MecTo TOTAAa H TOJLKO TOTA4, Korja Z==0, 1. e. Korga Terpasap
ABCD rpasuavrotil.

6) 3r1a 3apjada Jerko ceogutcst kK 3agaue 100a). B camom pese,
ecan S;, S, S; u §;—nuomann uservipex rpaneil TeTpasipa ABCD,
a 85, O, 8 n O,—cyMMBl KBAfDATOB CTOPOH TAX TpaHel, TO B cHay
pesyabrara 3agauy 100 a)

V3 V3 V3 35 V3
Sl\ 12 61, S.n\vl“g—éz. S; 5} 3 H S4< ] 0
(60, manpumep, &;==4 ]/SS) Otciona umeeM
3
A=§;+-§ ““S.;TSAQ (61+ 84034 4)@ (26) J‘[‘G—‘al,

4ToO H Tpeﬁ()BéiJIOCb AOKAa3aTth.
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3
PaBencrtso A:J%—G HMeeT MeCT0 B TOM H TOJNBKO B TOM

cayyae, Korja Bce rpaun Terpasnupa ABC — paBHOCTOpOHHHE TPEYTOJB-
HUKH, T, €. KOTJa TOT TEeTPasip npasuibrol.

104. a) MTepBoe peuwenue. Ecan Bce yras Tpeyroasuuka ABC
menbuie 120°, 10 cymma R,-+Rp,--R, Rocturaer munnMyma A To#
Toukn M BuyTpr ABC, 13 xotopoit m AB, n BC, n AC muann noa
yraom 120°, npiuen B 3TOM Cayuae -

ecan xe, ckawem, / C=120% To
R,+Rpy+R,=CA-CB=54a

{cM. Bhinte 3azagn 75 u 80). He B niepeoM Cayvae, B CHIY Pe3VIbTATOR
zapau 95 ) 13 97,

£

a4 b2 2 > e 0 2712 == 3612

@

2V 38=2. (3rp=18r2,
TAaK YTO

C npyroii cropors, ecan / C=
= 120° u BnuCcaHHA OKPYXHOCTb S
TpeyrosbHka ABC ¢ LeHTpoM 0 Ka-
caetcst cropod AB, BC n CA B
toukax W, U n V (puc. 256), To

R,+Ry+R,=a+b>BU--AV=2rctg / CRo-+-2rctg £ CAo—=

Puc. 255,

qin—-———A—%ﬁB
B A / A B ) 2
= N = Sdctg 2 Ve e
rcth,rcth r\cthJ,cth)r'AiB
sin - sin—-
QinA+B . an’L
=r - 2 = ’ 2 =
=1 B—A4 By A= 17— ArB\
—-Q-[COS 5~ €05 =3 J —9-(\1——Los 5~ )
2sin = cosA_i—B A4-LB
=r WV EY =2r ctg 4 == 2r ctg 15° > 6r,
sin? —

Tak Kak ctg 15° ~ 3,732 > 3.
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Takum o6pasoMm, Bo Bcex caIyuasx
Ra+Rb+Rc>6f'

PasenctBo R,+R,-+R,=6r Hveer MecTo B TOM H TONEKO
B TOM cJyuae, echu

1 —
RatRy+Ro= )/ (@404 +2V5 S
H, Kpome TOTO,
a2+ b2Lc2=36r2 u 213 S=182,

T. €. ecnu tpeyroanHuk ABC paswocmopornud ¥ Touka M copnapaer
C €TI0 YeHMmPOoM.

Bropoe pemernune 3aMeruM Ipekie BCEIC, YTO €CJIH TOuKa
M BHewHsns nNO OTHOWeHwo K Tpeyroasunky ABC, To wHafiercs
TaKas Touka M’ BHYIDH TPeyrossHHKA
(ung Ha ero rpaHHie), uTO

Ra--Rp+Ri < Ry--Ry+R,,

rae ofosnateno M/A=Rjua 1. I (cM,
petuernue 3agaun 75 6), ctp. 205); nosro-
My JOCTATOYHO OTPAHHUMTBCA CJyuaeM,
Korga M—BHYTpPeHHHq TOUKA Tpe-
yroapunxa. [asee Bocroan3yemes pe-
ayabtamu 3agau 95 a), 111 6) (sepasen-

8 U»r ¢ creo Bppéua) u Tem, uTO
Puc. 257. RyF+dy=hy, Ry-+dy=hy,
RL‘_,_dCBhC

(ubo, Hanpumep, R,--d,=AM-+MU, h,= AP; cm. puc. 257).
Hanee, mockoabky  9r<Ch,-+hy-+-h, (3agaua 953a)) u

da—}—db—}—dcg—;—(Ra—{—Rb—{—Rc) (sagaua 1116)), nmeenm

9’<ha+hb+he<(RaJt‘da)‘:’(Rb‘]"db)'*:‘(Rc‘:—dc):
=(Rg+Rp+Ro)+(dg4-dp-+do) <(Ry+Rp-+R.)+

4 (Rgk Rot Ro) = (Rg+ Ry R.),

" CJeH0BaTe/IbHO,

6r < Ry Rp-+R..

TIe PaBEHCTBO HMEET MECTO JHIb B TOM C/yyae, KOTAa o0pailaoTcs
B paBeucTea HepasencTBa 3ajgas  95a), 1116) u HepasencTsa
Ry+dy=hy, ..., 1. e. ecan TpeyroasHuk ABC npesunrenvii n Touka M
COBNAfAET C €ro YEHMPOM.

Tpetbe pewenue CHOBA OrPaHHYUMCHE TEM cCJyuaeM, Korjga
M—BHYTpeHH A TOYKAa TpeyrolpHHKA (CM. HayaJo BTOPOro pe-
wenust sagaun). Ilycte Touka M, cummerpuuHa M oTHocHtensHo AB,
Touka M, cummerpuuua M ortrocutedsHo BC w touka M, cunimerpuuna M
ornocutensio CA (puc. 258). Jlerko BHAETh, 4YTO NEPUMETP ILECTH-
yroabauga AM;BM,CM3 paBer

(M1 A 4 M;B)+(M,B+ MyC) -+ (MoC -+ Mg A) =
=(MA L MB) - (MB-4 MC) - (MC+ MA)=2R, 4+ 2Ry +2R..
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A Tax kar, oueBHAHO, SA y,48=SA MaB SAM,Be=SAMBC u
S A M,cA=SA MCA, TO TIOWaAL STOTO WECTHYTOJBHHKA PABHA

S aBctSAmaT SA MBCT SA Mca=
=Sx apc+ Sp mapt Sampct+ Sp mca =25,

rie S=SA ABc—mJcmans Ttpeyroasnuka ABC. IlosTomy B cuay cka-
saHHOro Ha crp. 45—46 (cM. yxasawnyio Tam JuTepaTypy)

2(Ry+Rp+Ry)= ]/4-6t 1%0—. 28 =} 481g 30°.S =

~4]/ _S=4V V3 S, 1e R, +-Rp+R. = =2V V3s.

Ho Mpl 3Baem takxke, uTO V V'3S =3r (M. 3sagauy 97); nostomy
Ry+Rp-+R,==2-3r=>06r, uto n tpe6oBajsoch J0Ka3arb.
~ PaBeuncrBo R+ Rp-+R,=6r umeeT MECTO TOJNEKC B TOM

caydae, KOrja VV3 S§=3r, 1. e
Tpeyroasunk ABC pasHocmoporniil,
u (2R, --2R, 2R )2 =48 tg 30°. S,
7. e. wectnyroavHux AM,BM, CM
TPaBUJABHBI; HO noc/elHee Tpeéoaa-
HHUe o3Hadaer, uTo R,=Rp=R, . 11
4 AMB=/ M BMZ_ L BM,C=
. ~=é MBAMI: T.e. Ry Rp+F

—T—R =6r B TOM H TOJBKO B TOM !
ciyuae, Korza TpeyroasHnk ABC :

pasrocmopounut w Touka M cosna- M
DRAeT C €ro yeHmpPoM. 2z
[Tpumeuanne. [lonyuednsie Puc. 258.

NpH pelnenHd STofl 3ajayH  Hepa-
BenctBa R,-+Rp-+R, = ‘/% (@®4-02-L¢2)-~2 V'8 S nR,-+Ry

4+ R,=2 VV’?T S ycunupawr HepaBeHcTBO R,-}-Rpy-+R.=6r (cp.
c sagauamu 98 u 95 B)).

6) B cunay pesyasrara 3ajaum 81 a) cymma
Ra-+RE-+R:
Gyrner MMeTb HaMMeHblllee 3HaueHue
1A2+132+ICZ=%(m2+m§+mc)— (a24-b2-¢2)
(cM. Bhiwe 3agauy 95 B)) B TOM cayuae, korga M coBnagaer ¢ Toukoft J

nepeceyeHHs MegnaH TpeyroasHuka ABC. Ho B  cuny saga-
up 95 B),
1

] (a2-f b2 c?) = 122,
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OTKY/2 M C/iedyeT, uTo
2 2
Ri+-Ri+ RE = 122,
PaBeHCTBO 34eChb HOCTHTARTCH B TOM H TOABKO B TOM CAyuae,

1 , :
KOrja ~3-(a‘-’-jrb'3-{~cﬂ)=12r2, T. €. Tpeyroavunk ABC pasrocmoponsuil,

. . 4 v
H Ry --R}+R: = 5 (m24-mi+4-m2), 1. e. Touka M coBuagaer ¢ TOU-

KOit [ mepeceueHus Mefuaw tpeyroasuuxa ABC—c yewmpom 310T0
TPeyroibHUKa,
105. B cuay pesyabrarta 3ajadu 82 8) cymma

R4 RY4-RL+RY = MA-L MB2 - MC*+ MD?

JOCTHTABT CBOErO MHHHUMyMAa B TOM Clydae, Korga Touxa M copnagaer
¢ Toukofl [ nepeceueHusi «MepuaH» Terpas’ipa (T. €. OTDE3KOB, COERH-
HAOWMX BEPILANEI TETPA3APa C TOMKAMM NEPeceuexust MeAHAH NMPOTHBO-
NemauHK rpaneft); TOT MHHUMYM paBex

1

~ &

TA2 [ IBELICH { IDF = (@040 0l b ) o=

(3geck MBI ycnodp3yem ofo3nauerust 3agayu 103). A Tenepn, npuUMeHas
pesyasTathl 3ajayn 103 6) u a), mosyuaem:

L V3
a) RA T RB R(‘ R :—'Z :31/’2“ ;
6) R%--RL+R%:- Rj>~‘(5>,—é 12,

ScHo, uTO pd@emrsa 31eCh JOCTHIAKTCH, Korja 8=2 V3 A, coort-
BeTCTBEHHO é~-~311z T. e. xorpa rterpasip ABCD npasuisuuid H

rouka M coBnajaer ¢ TOUKOH NepeceueHHa «MeAHAH» ITOTO TETPAdapa,
T. €. C €0 YeHMPoM.

106. TMpiMenss HepaseHCTRa NpeabiAyliell 3agaud K C/Ay4alo, Korja
touka M cosuajzaer ¢ lleHTpO'Vl O ouicaunoil chepsl TeTpaInPa, i cie-
posateaptio R+ R%L-LRZE-+- = QA2 L. 0B* 4 0C2? 4- 0D? == 4P3,
cpasy moayuaem

T. € P\/‘l_ﬁ__,__/QVSMA-
y T. € == 1 ’
1 Vit
6) 4P = —E):‘Ii, T. €. P “‘17)‘—"

PaseuctBo B 060X CAVIAAX [OCTHraeTcsl TOTAA, KOrHKA TeT-
pasap ABCD npasusvroli.

107. U3 paccmorpesnst tpeyroasnukos MBC, MAC uw MAB
(cm. puc. 26 Ha cTp. 48) Ge3 Tpvma nojyqaem

SAABC =*é‘ ada‘f"é’ bder—é» edy, 1. €. ady-bdp--cd, =28,
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Qrciopa crepyer:
a) eciu az=b=c¢, 10

2S =ad, 4 bdy+cd. < ad, -+ ady+ad,=a (d, +dp--d,.)
28 =ad, -+ bdg+cd, = cd , +cdp -+ cdp=c (dy+dy+dc),

H

T. €,

min{hy, My, li)=", :2(—“? L d,rdp-i-d, < g&‘g =M, == (ax (figs Mg, fic)e

PaBeHcTBO dyd-dy+-d,.=h,=min(hy, by, h,) npu a >b=c¢
HMEET MeCTO JIflilib B TOM CJAyuae, KOTAA B pasenctse ad, -i-bdy -{-cd, =28
c/1€Ba OTCYTCTBYIOT WIeHBI C OTJHYHBIMH OF a Kosbduwuenramu, T. €.
Korga dp ==d, =0, nrouka M cosnanaerc BepurHH Ol A TPeyTOJBHHKE;
ApH a==b > ¢ PABELCTBO HMeeT MeCTo B TOM cJavuae, korda d.==0,
u Toyka M npunaggexur ctopoue AB; npua=>~b==¢, 1. . B TOM Cly-
yae, Korga TpevroisHuk ABC DaBHOCTOPOHHMIT, OHO IIMEET MeCTO A
a6 0 fi touky M (BuyTpn ABC). Touno Tak xe papeHcTso dy+—dp-+d, ==
== max (h,-hy--h,) npi @ == b > ¢ umeeT MecTo JHILL TOTAa, KOraa To4Y-
xa M coBnagaer ¢ Beputtitiofi CTpeyroabuuka; upua > b==c oHo ume-
eT MeCTo, Korja touka M mpruagnexut ctopoue BC; npia=b=c,
T. e. ecaH TpeyroabHiK ABC paBHOCTOPOHHI, OHO HMEeT MecTo A
nwo60f roukn M suyrpun ABC.

6) Uz papencrra
ad, +4-bdy-1-cd, =28

B cnay Hepasexcrsa (A) (cTp. 246) noayuaen

L. . 3 / 3
(ady) (bdy) (cd,) < <‘l‘ﬁ.1ﬂd_b_ﬂi_f (2 ,
3 \3
T. €
853
d,dpd, << STabe "

PaBeHcTBO 3heCb JOCTHraeTcslt JaHlib B TOM CJyyae, KoOr'pa

1 1 1

ady=bdy=cd,, 1. €. daidbidcnz; Sl

108. Tlycrs Syg, Sp, S¢ u Sp—naowan rpanesi BCD, ACD, ABD

1 ABC rerpasgpa ABCD, a V-—ero ob6vem. PasGuBas terpasup ABCD

Ha uerthlpe nupayugel MBCD, MACD, MABD w MABC (rae M —
DPOH3BOALHAST Touka BHYTpH ABCD), 6e3 tpyna nosyuaem

1 1 1 o1
V=g Sada-t+— Spdg+5 Scdc -+ Spdp,
Sad a--Spdg-t-Scdc+-Spdp=3V.
Orcioza asajorunuilo peuleHnto 3agauu 107 BbiBoAHM:

a) min(ha, hp, fic, ip)=<dst-dg-dc+dp=
: < max(hy, kg fc, hn),

rge max{hg, hg ke, hp)~—HauGoawwas w3z BuicoT ha, hg, he, kp
Terpasapa (NepHneHjuKyJAspoB, ONYUIGHHbIX H3 BEPUIHH TeTPa’Apa ua
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TpoTHBONeKamne rpasn), a min(ha, hp, he, Ap)—Haumenbwias u3
BeicOT. [lpy 3TOM paBeHCTBO

da+dg+de-+dp=min(hy, kg, he, 4p)
BHITOJTHSETCS JIMWB A Be p w0 H bl A tetpasipa, ecan S4 > Sp= Se=
= Sp; aaa moGofi ToukH M pe6pa AB,ecan S =Sg > Sc=Sp; anq
mo6or Toukn M rpanu ABC, ecin Sp=Sg=38¢c > Sp; 1asa nw0bo i
ToukH M BHYTPH TeTpasipa (HAH HA ero rpaduue), ecad BCe Tpanu
TeTpasApa paBHoBenuku 1), AHAJOTHYHO 3TOMY YyCTaHABAHBaeTCd H TO,
B KaKOM CJy4ae HMEeT MeCTO PaBEHCTB O

dA+dB+dc—;—dD=max (fZA, /ZB, /ZC, kD)'

6) 13 pasenctsa
Sada-+Spdp+Scde-+Spdp=3V

H cnpagedausozo 04s 210661 Hembipex NOA0NCUMEAbHbY Hucer X, Y, 2, t

HEPABCHCMBA
4
shyedi) @)

00pallAILETOCA B PAaBEHCTRO JHIUB NPH xX=y==2z={2), Ge3 Tpyaa

xyzt < (

1) Cum. noacTpounoe npymeuanue 1) na crp. 153.
D10  HepaBeHCTBO  MOKHO  TaKiKe  3alucath B BRie

i —_— .
_x_+____yjz ' t> f/"yzf’ unn A(x, y, 2z, =G (x, 4, 2, 1), rie A u

G—cpenunee apudMeTHUECKOE U CPpeHEe TEOMeTpHYE-
CKOe uyeTolpex uucead {cM. CTp. 92; cp. ¢ 3ajadamu 267 u 268 kHATH
H O, Wxaspecxoro u ap. [11]). [Bor noxasatenncTso Hepape-
crBa (A’). Ouesnano, uto

Ky = (- yP—(c—y) =4y,

T. €.
x 2 x4-y\?
xycg(_%).:(_a_ﬁ) ; M
aHaJOTrnyHoO N
2
e S (2L (i)

npuieM HepaseHcTBO (I) ofpamaeTcs B paBeHCTBO JHIBL KOTHA X ==y,
a nepasenctBo (l1)—xorza z=¢. A Tenmepn, npumeusis cHOBZ Hepa-
x-+y 2+t

sercTeo (1) K wncaam o 1

n Mcnodaesyss nepasenctea (1) u
(I1), noayuaem

2
x-H2 | z4EN?)?

A e
x+ytz-1\4 2 2
("—4——> = <—'—“2‘—_/ =

x4ty z--t¢ 2_ﬁ<x—“—y 2 /z-3-4\2 -
,>,< 2 3 >— 5 \ 5 = xy -2t =xyzt,

T. e. HepapBenctso (A’). PaBencrso B (A’) umeer MeCcTro B TOM
x4y 2z2--t
2 T2

¥ TOMBKO B TOM CJAyuae, KOTHAa Xx=y, 2=1 ¥ , T. €. Korja
x=y=z=1.]
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HaXOmHM

(Sada) (Spdp) (Scdc) (Spdp) < .
Suda+-Sgdg--Scdc+Spdp\* 3V
<< A BB4CC D)“(T)'

814
35652555¢57 "
DTo HepaeHCTBO OGPANAETCS B PAaBEHCTBO JHIL NpH Sqdg =
=Spdg=S8cdc=Spdp, T. €. B TOM cayuae, Korja
Lo 11
S1 83 S Sp’

109. M3 pesynsTara samaun 81 6) caeayer, uro cymwa di--dp--dE

JIOCTHraeT HANUMeHbINero 3HAUYEHHA JJa TakKoi Toukn M BHYTpH Tpe-
yromwuuka ABC, nns xotopo#t d,:dpid.=a:b:c, n 4To sTO 3Hauenue
2

dadpdedp <<

dAIdB'.dC:dDZ

pPaBHO —5———5—— . A Tak Kak B Cujay pe3yabrtatos 3axady 97 u 95 B),

a2-b et
S=3V3r: 1 2402+ <<9R?,

. 2 .97p4 4
R N P S 11 =127§3.

ATRTET OR

4TO0 M TpeGoBa/OCh NOKA3ATh.
r
R
cayuae, Korga S=3 ) 3r? u a*4-b2+2=9R?, T. e. KOrga TPeyrob-
Huk ABC pasnocmopounuld, u dgidp:do=a:b:c=1:1:1, 1. e. ecnn
Touka M cOBHajaeT ¢ LEHTPOM BIHCAHHOA B Tpeyrolpuuk ABC oxpyx-
HocTH (C yenmpom Tpeyroabuuka ABC).

IMpumeyanne. IlonyuenHoe Npy pemeHHH 3TOH Bajayn Hepa-
BEHCTBO

PasenctBo dj 4 di + di =12 NOCTHTaeTcA JHIIE B TOM

9 a 4852
ds + d; + d; Zm

(PIS KOTOPOro, B YaCTHOCTH, BBITEKAeT, UTO
4 S?
r2 T e e )
3 a? ~+ b2 -+ ¢

3TOT Pe3yNBTAT MOJNYYaeTcs, ecIM MPEeANoNOXKHTh, YTo Toyka M coema-
JAeT C LEHTPOM BNOHMCAHHON B TpeyroJbHHK ABC OKDYKHOCTH) MOMXKHO
paccMaTpMBaTh KakK YCHJeHHe HepaBeHCTBA

2 9 ré
d3+db+d§>l2—§§

(cp. ¢ sapauamn 97 u 95 Bj).
110. Tax kax, ouesuiHo (Cp. ¢ HauajnoM peuieHus safaud 107),

ad, -+ bdy+cd, =28 =ah,,
TO
a (hg—dg)=bdy+cd,.
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~ Ananoruuso uvmeeM
b (hp—dp)=ad,-ted, n c(he—d.)=ad,-+ bdp,.
CxaanpiBafl TpH TMOCTEAHHE PABEHCTBA, NOJyfaeM
a(hy—dg) -+ b (hy—dp)-t-c (ho—d,) = 2ad, - 2bdy, - 2cd,.
Ho, ouemsano {puc. 259),
hy—dg=AH—MH;=AH —KH =AK < AM=R,
¥ aHaJorHuno
hy~—dp << R, ho—d, << R,.
Qrciona n BRITexaeT TpedyeMoe HEpaBelCTBO
GR,--bRy-cR = 2 (ad, - bdy - cd ).

PaBpeHcTEBO 35eCh IOCTHTAeTCH, KOTAA hy—d == AK =AM =R,
+. e, woraa AM | BC u amazormwmo BM | AC, CM | AB, 7. e,

xorga Touka N COBNAJAET C OPMOUEHMPOM (TouKof TIepecedeHlis BECOT)
tpeyroapuuka. ([Ipu 2TOM TPEYTOJNBHHK ABC ne jpomxen OpITh TYNO-

yroabisiM, n6o imate ero oprouentp M gexan Owr BHe TRevroJbHIKR, )

h N

/

/
|
#

Pue. 259. Puc. 260.

4 A

111, a) OGo3naunm TOUKY Tepeceyenus npasoii AM co creponoil BC
yepes Aq; ONYCTHM elile N3 BEPUINH B n C neprenaukyaspst 8Q u CR
na upamyio AM (puc. 260). OueBnpuo,

a=BC = BA; -+ A,C=BQ-+CR,

W 3HBUMT,
aR,=BC-AM = BQ-AM-+-CR-AM=2SAAMB- 2SpAMC ==
=cd, -} bdy. )]
AHaJOrHYHO JAOK23bIBAGTCS, YTO
bRy =ad,-cd, » R, = ad, -\- bdy. ()

TlepeMHOXHB TPH HEPABEHCTBA (H—(!1), noayuaem
aRy: bRy-eR, = {ed. -+ bdb) {ad, -+ cd.} (ady-+ bdp).

cd,+-bdy—2 V ey by = (V cdo— V bdp)? =0,
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H CJeJ0oBaTelbHo,
cd,-bdy =2V cd, - bdy.
Ananornuno
ady-+-cd, =2V ad,-cd, w ad,+bdy == V ad,-bdy.

Taxum oﬁpasom, OKOHUYATECJALHO noJgayuaem
aRybRy-cR, =2V ed, bdy-2 V adg-cd;-2 V ad, by = 8abed ;dyd,,
OTKYJda ¥ ciaeayer TpeGyEMOE HEepaBeHCTBO
R RyR, == 8d,dyd,.

3uak paBeHcTBa 38feck HMeeT wmecTo, eciit BC=BA;+A,C=
=BQ+4CR, 1. e. eciu AM | BC nu rtakme BM | AC, CM | AB,
T. e. ecay M sBasercsi opmoyenmposm (TOUKOH DepeceyeHHs] BHICOT)
Tpeyroabuuka ABC n, kpome Ttoro, ad,==bdy=cd,, nm S AMBC=
=S apmac=SAmap T- € TOUKa M ABIACTCA yempos manecmu
(TouKOIl epeceuedus MeJUaH) TPEYTOJIL-
Huka ABC. Hoeca opTOHEHTp H uLeATD
TaKecTH TpeyroasHuka ABC cosnaja-
or, To Tpeyroasuuk ABC pasnocmo-
porruid (1 Touka M coBnajaer ¢ ero
YeHMPOM).

G) [TepBoe pewenne Coeiu-
HHM MeXjy cobofi npoekuun U, V 4 W
touskt M Ba cropount BC, CA w AB
rpeyroasuuka ABC (puc. 261). Tax
KaK nocrpoernas ua orpeske MA kax
Ha JaMeTpe OKPYXKHOCTb pajnyca R, /2
npoxout uepestouxn V u W, u B s10it

OKDYXHOCTH Xopje fauast VW orseua- 8 ! :
er pnucanubift yron VAW == A, ro 7 7
VW =R, sin A. Puc. 281.

3ametum Teitepn, 4to npoexuus U, U, orpeska VW na cropouy BC
TpeyroJbpHuka pasna cymme npoexkuuit U,U u UU, ua BC orpeskos
MV u MW, 1. e. paBHa

MV cos (90°—C) - MW cos (90°— B) =dy, sin C4-d, sin B
(u6o otpeskn MV | AC u MW | AB ofpasyot ¢ BC yraum |90°—C|
u |90°—B ). Takum ofpasom, umeeMm

npgc Vw “-::db sin C+d‘ sin B,
H 3HAunT,
Ry sin A==VW =, sin C4-d,.sin B,

T. e,
sinC sin B
Ry=dy == +-d, o,
@ bsmA+ “sin A
AHajorBuHo JOKa3biBAGTCS, HTO
sinC sin A sin B sin A4

Ry=de ptdegnp # Re=dq sin C +dy sinC ™~
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CxAajpiBas 5TH TPH HEPABEHCTBA, NOJNydaeM
sinB | sinC sin A | sinC
RatRy+Re=dq (sin ¢ s E) T (sin ¢ Tan A) +
sinA | sin B
e (sin B T3 A) '

3ameTHM Temephb, YTO NOCKOJABKY npH /mofom a > 0

et (vimy/ TV sams )

1
npxUeM paBeHCTBO HMeeT MeCTO JIHWDb NpH d-:-—a-=1, TO

sin B+sin C sin A  sinC 9 sin A |, sin B
- - =2; = - " -

sinC ' sin B sinC sin A

Taxum 06pasoM, oKOHUATEJILHO HMEEM

Ra+Rb + Rc =2 (da+db+dc),

4T0 W TpPeGoBasoOCh JOKA3aTh.
2151 Toro uTo6H noceHee HepaBeHCTBO OGPATHIIOCE B PaBEHCTB O,
sin B  sinC
sinC ' sin B
sinB_sinC ] in B—sinC
e SnB’ o3pavaiouiee, uto sin B=sinC,
T.e. B=C; ananorauyo Zoyokusl MeTb MecTO peBeHcTBa A=Cun A= B,
T. e. TpeyronsHuK ABC posmxen 6uTh pasHocmoponnum. Kpome toro,
HaAo, 4TOOR OBLIIO
nppe VW =VW, 1. e. VW BC,

UW | AC, UV |} AB.

snB sinA

W

=== L

npexne Bcero HeoGxogumo, 4ToGhl ObLIO =2, T. e. 9T00bl

HMeJ0 MECTO DAaBEHCTBO

U TakKiKe

Ho tpu cootHOWwenus
UV AB, UWI| AC, VW | BC

osnavaior, yto UV, UW n VW -—cpennue AHHWH TPEYronLHHRA
ABC, T. e. uro Touka M cOBnanaer Cc LEHTPOM ONHCAHHON OKPYXHOCTH
5TOrO TPEYroJbHHKA, HJH, APYTHMH CJIOBAaMH, € yeHmpos (IPABHABHOTO)
Tpeyroapnuxka ABC.

Bropoe pemenne. ITocayxipuiee OCHOBON NEPBOTO peuleHHs

HepaBeHCTBO
npge VW =U, U, < VW
MOXKeT GhTh HCNOJb30BAanO elie W no-gpyromy. Ilo-mpexnemy sanuimew,
4TOo
U U, =U,U+0U,

U nonmwiTaeMcsl BeIpasuTh Beawunnst UUy u UU, uepes npyrne, Gosee
yaobusle HaM. OGo3naunMm past kpaTkoerd VW, UW n UV uepes ay, b,
W ¢y, 3aTeM CHOBA BOCIMOJb3yeMCS TEM, YTO OKPYKHOCTb, NOCTPOEHHad,
ckaxeM, Ha oTpeske MC Kak Ha puamerpe, NpPOXOIHT uepe3 Tourn U
u V (puc, 262); nosromy £ VUC= / VMC kak BuHCaHHBE YIVIHi, Oll-
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paouuecss Ha ogHy ¥ Ty e payry. CrefoBaTenpHO, NPAMOYTOJbHbLIE
rpeyroasuukd VUU, 8 CVM nogo6un u

UUl_ﬂ UV'MV_CI'db
w=nc’ T Vi=Tgr =%,

Ananornungo sromy u3 mnogobus gpeyroaphukos WUU, n BWM
uMeeM

UU2=bédb” .
Tenepb MBI MOMKEM HaNnucarThb
Rag v Uz R,=
= 3“5 +$fé Ry=
— i e
e

TouHo TaK e JOXa3biBaeTcd, 4To

R,

bR
—_— Y 5
bIRa L‘lb‘RCda u RC<CR +0Rbd

CK.fIa)lbIBaH HOCJIE)IHPIE Tpl/l HepaBeHCTBA, noJdydaeMm

ciRy R, | a4R
RotRotRe < ( +C1Rb ) dat (ach CIR:> G+

bR, 01R5>
d ’
H{am i)
OTKYJa, YYHTLIBAsi, YTO B CHJY HepaBeHCTRa (x#) (cTp. 286)
Ry , bR, Ry, 4R, bRy , ;R
=2, £>2 4 =
biR, " ¢Rp ™ ach+Cl R, ! 4Ry ' bR, %

noayuaem
Ry Ryt Ro = 2y 2y +-2d, =2 (dg 4 dy - dL),
4TO ¥ TPeGOBAIOCH NOKA3ATh.
PaBeHCTBO 316Ch JOCTUrAeTCs, KOrJa
npge VW =VW, npjec UW=UW, npyp UV=UV,

r.e. UV||AB, UW | AC u VW || BC—cpenune JHHHH TpeyroJsHUKa,
¥ 3HauuT, TouKa M coBnajaer ¢ ueﬂmpOM onucanroli oxoro ABC oxpyacro-

cemu, r.e. Rp=Rpy=R, —-Rzral——Q— b1—~g—, sz—g“, a Kpome Toro,
CKameM,
eRy |, biRe ¢y Ry —
blR,+cle“2’ T. e blR—__l orxyma—— R-———R, T. e. b=c;
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H aHAJOTAYHO g=¢,a=Db, T. e. Korfa Tpeyroasnux ABC pasnacmo-
POHHUU.,
Tperbe pemenne. 3ameTuM, UTO HepaBeHCTRO

aRa = Cdc ~%—bdb

(cm. pemenne 3aJaud a)) MMeeT MeCTO BCerAa, KOrga Touka M JexHT

BHYTPH yraa BAC (Ho He 06A3aTe/bHO BHYTPH TpeyroJbHUKA BAC).

3amernm teneps TOMKY M Toukoit MY, cvMerpuyno M oTHoCcH-

TesbHO OnccexTpncst yraa ABC. Tak Kak 5Ta Toyka TOXE JERHT
4 BHyTPH vraa BAC, to

@Ry = cd; -i-bdp,
rae R;=AM'—paccrosinue Tou-

w1 M' ot Bepumne A, d; u fp—
€e paccTOsIHHA OT NPAMBIX AB n
AC (cM. TyHKTHPHBIE JUHAN HA
prc. 263; ne cnyraiite dp H dy ¢
orpeskaMn MB, u MC, na puc.
26}, Ho 7rak ¥Kak, OueBHAHO,

Ra=Rg, dy=dy, dy=d,, 10
aR, BCdb"i‘bdc»

HJIH
Puc. 268, Ry < d, d;__lf_ d,.
a a
AHaTOTHYKO IOKA3LIBAIOTCA HEPABENCTBA
m>%¢+%%u &;%@+%@

CxaaipiBasi Tenepb TPH NOCAeAHME HEPABEHCTBA, NOJAyuaeM
/ s
¢ b c a \ b a
Ryt Ry+R. = —+—1d ~4—1d —t— 1 d,.
a’i b Che b+(] a+ a+c/b+a+b!c
Ho rak kak xaxpgas ckobka B npasofi yacTH mnocjaeAHero HepaBeHCTBa
He Mmenbwe 2 (cp. ¢ pepameHcTBoM (¥x), crp. 286), TO OKOHYaTeJqbLHO

noJIyyaen
Ra+Rb"F Rc>2da+2db+2dc=2 (da‘f’db"}"dc):

YTo ¥ TpefOoBAJGCh AOKA3aTh. :
3Har paBeHCTBA HMEST MECTO JMIIb B TOM Ciayuae, ecanm b=¢,

a=c u a=b, 1. e, ecin rtpeyroapenk ABC pasnocmoponnui H ecan,

xpoMe toro, AM | BC, BM | AC (cp. ¢ pewenuem 3ajaud a)), T. e.

M cosnanaer ¢ yeumposm (OpaBnjpHOro) Tpeyroapunka ABC.
Yereproe peumenne. Hepasencrso

c b
Raé'?;db'{"‘a‘dc

(cM. TpeThe pelreHHe 3afavH) MOXKHO HOJYYHTH -H ApYruM nyTeM. Ilycrs
M —xakas yroaHo Touxa BHyTpn yraa BAC rtpeyromeruxa ABC, d,
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n d,—ee paccrosiuus ot cropon AC, AB, N —rTouxa nepeceyeHns npa-
Mot AM ¢ onucannoli oKpyxHOCTEIO S Tpeyroibuuka ABC, &, u 6, —
paccrosnns touku N or cropon AB u AC; o6osnaunM eme AM=R, n
AN =P, (puc. 264, @)). Tlpumenss K BIHMCAHHOMY B OKDYHKHOCTb S
uethipexyroisiuky ABNC Teopemy IlTtonmemes (cMm., Hanpumep,
sagauy 136a) u3 keuru JI. O. WIxaapcxoro u ap. [17]), noayunm
AB.NC-+ AC.NB=BC- AN,
T. €.
¢-NC+b-NB=a-P,.

Ho nockoasky NC =08, NB =0, 10 orcioga nmeem

(IPa = C‘Sb —f—béc,

OTKYMA, T2K KaK, OUEBHAHO, —=%==-L=—_C noayyaem
Ra b dc
¢ b
aR, =cdy--bd,, nm R;= - dp -+ - d,
¢

(3aMeTuM eille, YTO PABEHCTBO 3jeCh NOCTHIAeTC JHImBL B TOM CJyuae,
ecin 4 NBA=/ NCA=90° t. e. npsaman AM npoxoput uepes pedtp

Puc. 264.

onucaunoil Bokpyr ABC oxpyxuoctd S). Jlasee MOXKHO paccyuarh,
Kak B TPeTbeM DelIeHHH 3ajaduH.
Mlatoe pewenne. Obosuaunm / BMC=a, [ CMA=§,
L AMB=v; ganee gamnst MA’, MB’ n MC’ GucCeKTpHC TpeyroJb-
anxoB BMC, CMA u AMB o6o3naunM depes d,, dy ¥ d, (puc.
264, 6). Tak kak, oueBHIHO,
Sasmc=SpBma+Sacma,

TO, NOJb3YACh UBBECTHOH (OPMYJON ZJA TNJOMAZH TPEYrolbHHKA,
NOAYYHM
L MB-MCsina=1 MB-MA' sin &4 L MC.MA sin 2
5 2 7 T3 7’

10 f. 0. Wkaspexuh # ap. 289



AAH
'%' RgR, sin G==12- (Rs+R,) d, sin g—o

oTiyza

RpR;sina  2R,R, o

) - =prn 08y
(Ry+R,)sing 0T He

A rtax kax (cp. Boime, ctp. 261)
Rb+Rc 2VRb VRc’

J o 2R,R,

a== ———m T
2 VRb VRC
TouHo Tak xe JOKasplpaeTcs, 4To

d, <<V R,R,cos —g— o d,<<V R,R, cos —g— .

T0

(¢4 I =l [0
cos -5 = VRbRC cos -

A Tteneps umeem

RaRbRc""Q(a_a‘i‘Eb-‘%'a_c-)>Ra+Rb+Rc"2 VRbRc cos g"‘
—~2V R,R, cos g-z V' R.R, cos 21 (sw%%)

r1e atB4y=360°, 1. e L1800 — % B

2 2 2
Do (2 B s P cos Bin B B
cos2 cos(2 t 2) c0520052+stn25m o

Bocrno/ib30BABIUACE TTOCJIEAHHM PaBeHCTBOM, MOXKHO IIPaBYIO YacTh Hepa-
BEHITBA (w#¥%) NMPEACTaBUTh TaK!:

Rat Ry+Ro—2 YRR, cos -5 —2 Y R,R, cos -g—+

+2V'R, Rbcos—?— cos—ﬁ«——Q VR, Rbsin-t-x— sin%:

=R, (cosZE-I sin2 — 5 >—{—Rb <cos- -+ sin? ->+R —

—2 V' RyR, cos —§—~2VRa R,cos %———}-QV—RaRb cos —2— cos g——

—
—2V R.R, sin—- sm—g—u

— — —\2
- ( V Rycos —g—+ V R, cos —%——- VR, ) +
J— —_— 2
+(VRa sin-‘g—— VRﬁin%) ,
OTKYZa €pasy BHAHO, uTO

Ra+Rp+Ro—2 VR R, cos 5-—2 Y R,R; cos _g-~

—2 V' R R, cos :;— =0
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Takum obpasom,
Ra-+Rp+R.—2(d;+dy+d) =0,

Ra+Ry+ R, 2 2 (dg+dp+dp),
a a3Hauut, TeM GoJee,
Ra+Rb+Rc>2(da+db+dc)'
PaBencTBo R,--Ry--R,=2(d,-dp+d,.) nmeer MecTo Todse
KO B TOM CJyuae, ecid
Ru+Ry=2V RaRy, Ra+R. =2V RuR,, Rp+R,=2V RyR.,

T. e. ecan R, =R, =R, n, 3mauur, touka M cosnagaer c yenmpoi
onucanroil soxpye mpeyzorvruka ABC oxpyscrocmu, W, eciiu, KPoMe TOTO,

]/—-R:sin—g——lfl?wbsin%zo, T. €. sin-g—zsin%-, - o=4,

u

VR, cos%-}—]/RT,cos %—Vﬁ;:o, T. e. COS Es—{—cos %o,

b} 2
o B
UM == = = 60°,

9TO BO3MOXKHO JHIb TOrAa, Korfa rtpeyroasHuk ABC npasuioHeil;
B 3TOM NOCJegHEM cayuae Takke R, Rp-R,=2(d,--dy--d,), uto
dy=4dg, dy=dy 8 d,=d,.

INpumevaHKe YCTaHOBJEHHOe B NOCJEJHEM DelieHHH HepapeH-

CTBO .
Ra+Rb+Rc>2 (da+db~+dc)

ABJAAETCH, OUEBHAHO, YCHIeHHeM HepaBeHCTBa Opiaéma R,--Rp-+ R, =
Zz(da"}‘db*}—dc)-

B) Hycte M —rtouka BHyTpH Tpeyrojbiuka ABC, MU =d,, MV =d,
i MW =d,—nepnesguKyasapsl, onylesHsle ¥3 ToukH M Ha cTOpOHM
BC, CA u AB tpeyrombuuka; A', B', €' u U’, V', W' —rakue TouxkH
ayueit MU, MV, MW u MA, MB, MC cooTBeICTBeHHO, UTO

, L1 1 ' ,__l___l_ ' ,__I___l_
Ra=MA"=gr=gmy Ro=MB'=gmr=rp, Ro=MC'=3rm =7
a

. , I 1 s R T ‘___l___lq
dg=MU —m—ﬁz, dp=MV =MB~R; de=MW =¥MC =R,

(1e nyrate ¢ oGosnagenuamu d;, dj, d; ua puc. 26). Coegnnss mo-
napuo toukn A’, B’, C’, kak nokasaso Ha puc, 265, MBl IOTYUUM
mpeyeonrsruk A'B'C’, na cmoponst B'C’, C'A’, A'B' xomopozo onyuyers
ua mowxu M nepnendurkyasper MU’, MV’ uw MW'. B camoMm JeJie, H3
nepeGus, ckaxem, TpeyroioHnkoB MVA u MU’B’, umeomux oGwui
yroa M ¥ nponopUHOHANbHEE CTOPOHLI:

MV:MA=dy:Ra=— : L= dy 1 Rh=MU":MB,
B Ry a
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polTekaer, uro / MU'B'= / MVA=90°. Toyro Tak xe JOKA3bIBAeTCH
wautg J MU'C = / MWA=90° nostomy C’'U’B’—>5T10 ofiHa npsmas,
a MU’ —nepnenjuxyaap, onywenssiit ua touxn M Ha o1y _ipaMyio.

Tpumenun teneps X tpeyroabuuky A’B’C’ n 3akmwoueHHOH BHYTPH
Hero Touke M HepaBeHCTBO 3aja-
un 6):

Ra--Rp -+ Rp =2 (dg-+dp - dg).

310 HEepaBeHCTBO MOMKHO NEpenHcars
TaK:

1 1 1
E’;+d_a+3;;>2( +R5+R >

nail

kAR E=T (E At

a 310 HaMm I Tp65OBaJIOCb A0Ka3arsb.

Parencrso L
3 R, R, TR,
Puc. 265. 171 1 1\
== | = 5— | HMEET MecTo
2 \d, db )
Aiwb B TOM Cayude, Koria Ra qu—RCﬂQ(drpdbj—dc) T. €. KOrja
tpeyrospHuk A’'B'C’ deHO”TOpOHHMH u Touka M CoBMAfaeT C ero UEHT-
pom. Ho B 3tom cayuae u tpeyroasuux ABC OyieT, OUEBUHHO, PaAGHO-
cmopornum, a Touka M Gyger ABAATLCS YeAmpost U 3TOTO TPEYTOAbHUKA,

[pumeuanue. [lepexox or Tpeyrossnuka ABC K TpeyroisHuKy
A’B'C’ nasmiBaetca noaapubis npeobpasosasuesm (¢ nentpom M i cre-
neHbIo 1) 1y, NpH  3TOM  PacCTOSHH R,, Ry R, d,, dy, d. n
Ra, Ri. Re, da, dy, dy Toukn M ot BEPUIHH H OT CTOPOH TPEyrofb-

nukos ABC u A’B’ C’ CBA3AHBI, KaK MBl BHJE/H, COOTHOWEHHAMH
. 1 , , 1 ’ 1 ’, 1 ’ 1
a da’ b db, c dc’ a Ra, b Rb ¢
Orciona caedyer, 4uTO .ar060e 1MoxOECMEeHHO 8epHOe CcOOMHOwenue (pa-
BEHCTBO MJIH HePaBeHCTBO!), ceasvisaioujee eeruuunsi Ry, Ry R dg, dy,
d, nodcmanoskol

s

1 i 1 1 1
— R,—™ —, R — d —r =, d d. —
da ’ b db + N dc R » T Rb » Be Rc
nepecodumcs 8 Ho80e, MAKJCe BEPHOE, COOMHOuleHUe Mewmdy memu sre
GEAUMUNOMY, KOTODOE, GAHAKO, HHOTJAAQ MOMXKET M He OTJHYAThCHd OT CTa-
poro?) (cp. A. Onnenresim [60]).

R, —

(I

1) Cm., wnanpumep, nn. 83 u 94 crarbu H. M. draom =
JI. C. Atranacsis, leomerpniueckue npeofpasoBanus, OHUEKJIONEIUS
sneMeHTapHOH martematukM, KH. IV, ®uamarrns, 1963 wmm § 4 ro. 1
kaurg M. M. Araowm, I‘eomerpuqecxue npeoﬁpasosaﬂnﬂ II, Tocrex-
usgar, 1956.

%) [lonpo6yiire, manpuMep, npuMeHdats mnoxctanosky (I1) K Hepa-
BeHCTBY 3ajaun 112 u mocaepyromux 3agaul
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112, a) Iycts
d;:MAl, db=MB1, dczMCp
rae Ay, By u Cy—Touku nepeceuenust npsmuix AM, BM u CM c npo-
THBOIIOJIOXKHBLIMH CTOPOHAMH TPEYyroJibHHKa (cM. puc, 26 Ha cTp. 48 uan

puc. 260 ua crp. 284). Slcuo, uto Bhicott AP u MU tpeyrosmbhmkos
ABC u MBC otrocarcsi, kKak orpesku AA; n MA;, nostomy

da __MA, Samsc,
dag+R, A4 Spanc

aHaJOrHuHO

dy _SamMac " d; :SAMAB
dp+R, Saasc de+R, Spasc *
TlosTomy
dy dp 4 ds ::SAMBC"“SAMAC"‘LSAMAB_1
da+R,  dp+Ry LR, Spase ’
T. €.
SN L
1R, /da 1+ Rp/dy 1+ Ry~
HJIH
1 1 L,
O, "o, TTEx, (=)
TAie 479 KPAaTKOCTH 0603HAUEHO R—’,’:xa, B?:x,, H —R—fzxc.
da dp d

4
Tlpubens Bce ¢urypupyiouse B papenctBe (¥) xpobm K obumewmy
3HAMEHATENO, NOJYIRM

(I 42xp) A x)+ (1 x5) (14x) + (14 x5) (L4 xp) =
: = (14%5) (14-%5) (1 +x,).

PackpbiBag CKOOKH M II€pEHOCA BCe 4/leHNhl PABEHCTBA B ONHY YacTh,
6yznem uMeTh
2+ (xp+xp+x,)—x,x,x,==0,

Hanee us nepasenctBa (A) (ctp. 246)

3/
xa+xb+xc =3 XaXpXe

3 ——
24-3 l/xaxbxc-‘ XgXp¥, <0,

BRHITEKAET, UTO

uIH
2+4-3Z—78«0,

3
rie Z= l/xaxbxc.
PasoxuB JIeBYIO YacTb TNOCJNEAHEr0 HEDABEHCTBA HA MHOKHTENH,
HOJMYYUM
2—2)(1+2)2 <0,

OTKyHa CJeRyeT, 4To
2—72<0,
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R,Ry R
Z = /x XpX o= VR RbR">~2, HJIH ’L,—{J_/L“;S,
da dp dc dg dp de
NPYTHMH CJIOBaMd, 4TO L,
RaRbRc> 8da db C’Yc.
SIcHO, 4TO paBE€HCTBO RaRbRc=8d,'1 dp d; uMeeT MecTo TOMBKO

B TOM cayudae, Korja
Re_Ry_Re (_o
da dp  dg
ADYTHMY CJIOBaMH, B TOM Cjyuae, Korja Touka M coBnagaer c yeumpom
maxcecnyu (TouKoll NepeceueHHs MepuaH) TpeyrosasHuka ABC.
6) O6osnaunm cropoHnl TpeyrojpHHka ABC GykBamu a4, b, ¢, Kax
06bIYHO; TOTJA, OYEBHAHO (Cp., Hampumep, puc. 26 Ha crp. 48),
Ry+-Rpy>c¢, Ry+R,>a, R,+R,>b,
at-b-tc
5 =

H TIO3TOMY
Ra+Rb+Rc >
C npyroli cTopount (cMm. sajgawy 63),
da+-dj+-de < c,
rfge Mul cunTaeM, uto a<<b=Cc. ITostomy

£
RatRod Re s 2y,
datdytd, ¢

6o a-+& > ¢, u sHauut, 2p=a-t+b4-c > 2.

Puc. 266.

HepapsencTtBo sagaus ysyumweHo GHTL He Moxker, H6o ecqu ABC —
paBroGeipeHHbll TPEYTONbHUK C OYeHb GOJIBWIHM YIVIOM NPH Bepmxne C
H Touka M ouenb Gauska K cepeiune croporst AB (puc. 266, a), To

c

R,,x—%—, sz%—, R, =0, daz?, dz,:s—2—, dy =0
Ry+Ro+ Ry = da+dp+d

R;+Rp+R
< NpHYeM OTHOWeEHHE Jj———"j:—ﬁ MOXET ObiTh CHeNAHO CKOJNB YT O J-

a+db+

Ho GnuskuM K 1 ). [Takme u ecnn ABC — pasHoGeapeRHbI TPeyros-

HHK C OYeHb MaJ/IbiM yIJIoM NpH pepmnie A v M —rTouka, ouens Gamskas
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kK cropone AC u k sepmgme C 3Toro TpeyronsHHKa (puc. 266, 6), To
Ro~¢, Rpy=0, R.=0, dam=0, dy~0, dsre,

H
Ry+Ry+ R, = dg+db+de,
rjie OTHOUIEHHEe w MOXeT GHIThb CKOJIb YTOAHO GaH3kum K 1.}
da+db+dc

113. a) B nepsom peruennu 3ataun 111 6) 6110 TIOKa3aHO, ITO

Ro i @y sinC-hd, sin B), Ry i (d, sin C+d, sin 4),

Rczﬁ%(da sin B-4-dpsin 4) (1)

(cM. crp. 285); B TpeTbeM H UETBEPTOM DelleHHsIX TOl JKe 33]a4H HCHOJb-
30BaJINCh HEPABEHCTBA

1 1
Ru=(edy-bde), Ry (cdgtad), Ry (bdy+ady) (11)
(cM. cTp. 288 1 289). Jlobas 3 3THX IBYX CHCTEM HepaBeHCTB Ge3 Tpyha
NPHBOIHT K HYXKHOMY De3yJbTaTy; MH 3Iech 6yjeM HCXONHTb H3 Hes

CKOJIbKO GoJjiee mpocThix HepasercTs (II).
3ameTuM, urTo

Ved, -+ Vbd, ] cdb—{—bd 2V edy-Vbd,) <
1

<— (cdp+bd,),

e

NOCKOJBLKY (cp. Bbime, crp. 290)
2V cdy- Vbd, << cdy + bd.,.

Iostomy B cuay (II) umeem

VR,= ]/% (cdp -+bd,) = 715_; (Vedy+ V'bd,),

H aHaJOoTru4HO

S 1 o _—
V=g VAt Vi), VRem g (VB Vady).

CrJajpiBas 5TH TPU HepaBeHCTBA, NOJYuaeM

VRe+VRy+VR:=
21_[1/51341;/1;4 Vedg+V ad, +Vb“d;+_VEa;]=
V2 Va 122 Ve _
-l (e (e ()
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A rtak Kak B cusy HepaBeHcTBa (x#) (cTp. 286)

Vi Va_, VB Vi, Ve, Vi_
. Va A e Vi v

VR, *VRbﬂLVRMV_( Vde+2Vdy+2Vd)=
=Ve(Vd,+Vdy+Vdo),
4uT0 HaMm H TpeGOBaJIOCb A0Ka3aTh.

HOCJIG,D,HQE HEPAaBEHCITBO oGpamaeTc;{ B paBeHCTBO, JAUllib ecay

Ve Vb _Ve Va Vb
Vi Ve Ve TvET Vﬁ

T. e, ecaM a=b=c, u Tpeyromuur ABC pasrocrmoporsudl, npuiem

1
Ra:‘; (Cdb+bdc)3db+dca szda’{'dc» Rc:da+db:

=4,

YTO BOBMOXHO TOJIBKO B TOM Caydae, Korfa Touka M coBmagaer ¢ yenmpon
(paBHOCTOpOHHeI‘O) Tpeyroasuuka ABC.

6) Mol cHoBa MOMKeM MCXOAMT H3 Tex e HepasencTs (I) mam (II),
YTO M B PeIleHHH NPEABIAyLlel 3alauH; 34€Ch MBI ONSTh BOCMIOJb3YEMCS
nepaserctBamu (II). Tax kak, ovemuzmo,

2 o 2 be ¢ o B
2 2 2 -4
(Lot oa ) =Sditiraie S, > S ittt
to B cuay (II) nmeem
RZ>( do+2- c} > Cala
a TaKxe
Rb > 75 b2 da’rbz dz H Rc > da+ dz-
CkaajuiBas 5TH TPH HePABEHCTBA, MoJyuaem
. . 2 2 p2 . 2 a2 ; b2 g2 2
Ra+Rb+Re > (Fj'{"c—z) da‘l‘(zﬁ"i-?g' dlza‘i"(a?‘;“b—z' de,
OTKYJQ, HCIOJB3YH TO, HTO
2 b2 2
52"*"0-222, a—z‘+—c—2——,\s‘2 a [1?4-2;2
(cp. ¢ HepaBeHCTBOM (#%) Ha cTp. 286), Hmeem

R3-+R}+RE > 2 (di4-db +d2),
qr0 U TpefoBanoch JOKAas3aTh.

Ilocsiepnee HepaBeHCTBO, OYEBHAHO, HMEET MeCTo Bcerja,
T. €. an .mo60M 'rpeyro.nbﬂuxe ABC un moGoii Touke M BHYTpH Hero,

uto -db+ da < <- db+ d ) npu mobuix d, >0, dp > 0,d, > 0.
Ozmaxo ec.rm 1IpeCTaBHTD ce6e, yro TpeyroisHuk ABC paBHOGEIpPEeHHEL
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(b=c) ¢ oyeHb MauniM OcHOBaHHeM a4, H TouKa M Becbma Oinska K ero
BepwnHe A (puc. 267), To Mu GyleM HMeTb

R,=0, Ry=ce¢, R.mb n dym~0, d;=0, dy=~h;=b=c¢,
TaK 4To
RELRELRE~ 20 u dit-di4df = b2,
Tlostomy oTHOWeHKE
Ri+RE+RE
da+4-dp+-de
MOKeT ObIThb CHeAaHO CK0Ab YendHo OAu3kusm Kk 2, OTKYIA Cllefyer, 4ro
YAYUUIHTL HepaBeHCTBO HACTOsLIell 3a3aul HEBO3MOMKHO.

Puc. 267. Puc. 268.

114. a) Mycrs npsamasi AD nepecekaer cropounl BC u B,C, napai-
neqaorpamma BCC,B, B Toukax K u L; kpome toro, nycts £ # F—Ttouku
nepecevenus nupsameix BB, u A;By, CC, u AyCy. (Cu. orBedamoumuii
cayuaro puc. 28, a, puc. 268, Ha XOTOpPOM, OAHAKO, LJA HArJAAKHOCTH
napainenorpamm BCC,B, pacnonoxen Bue tpeyroabunka ABC; pas
cayuast puc. 28, 6 JoKasaTedbCTBO aHaJOTHYHO.) OueBHAHO, 4TO

SBccs B:=SBKLB.+Sckic:=SBADE+ScApr=SBAA,B,Sc Ad:cy

#60, ckamewm, napaduenorpammsl BKLB, n BADE pasuoseauxu, no-
CKOJMIbKY OHH HMEIOT O#uHaxoBble «ocHoBauus» KL DA u paBuble
BEICOTEl, ONYHIEHHHIE Ha 3TH .OCHOBAHHA (IePNEHRMKYJAP, ONYIUEHHBIH
us B ua npamyio DL); napaanenorpammsl BADE w BAA,B, passo-
BeJINKH, 60 OHH HMeloT ofuiee ocHOBaHHe BA M paBHEIE BBICOTH, OIys
WeHHBe Ha 3To ocHoBanue. Ho 310 HaMm H Tpe6oBajock A0Ka3aTh.

6) PaccmoTpuM NpOH3BOJbHBLA TpeyronbHUK ABC u Touky M BHyTpU
pero {puc. 269, a). 3amMeHHM 3TOT TPEYrOJbHHK HOBEIM TPEYrOJbHHKOM
AB'C’, rae toukn B’ w C’ cummerpuuHst ToukaM B u C OTHOCHTeNbLHO
GuccekTprcel yraa A, tak uto AB'=AB =c¢ u AC" == AC =b (puc. 269, 6);
Touky M Mel octaBuMm Ge3 mameHeHus. [IpuMennm Tenmeps Teopemy Ilanna
Kk Ttpeyroabhuky AB'C’ u mnapasmnenorpaMmam AB'BjAy u AC'C,A,,
OOCTPOEHHLIM Ha ero cropoHax AB’ u AC’ no Ty xe cropony or AB’,
coorBerctBeHHo AC’, [0 Kakyw pacnoJioXed caM TPeyroJbHHK (Cp.
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pre. 269,6 ¢ puc. 28,6 = Texcre), cropoun B A; w C,A, XoToputx
npoxodam 4epes mouxy M; cymma naomagell STHX IapaJJeJorpaMMoB
paBHA nJowaiH napaiaenorpamma B'C'C,B,, rae B'B, 3k AM. Ho
OUEBHJHO,

Spiaa,p,=AB MV =cdy u SC,AAZC‘_*_AC'-MW.—_bdc.

C zpyro#t croponsl, B'C'=BC=a (1160 orpe3ox B'C’ cummerpnyes BC

Puc. 269.

OTHOCHTENILHO GHCCEKTPHCH yraa A) u B'By== AM =R ; nostomy
Cdb~+—bdc ZSB’C'Cng = aR(l’
Tl€ pPaBeHCTBO HMeeT MecTo, Juwb ecan B'B,||AM | B'C’. Taxuwm
obpa3oM, HMeeM
aR,==cdp+-bd,, orkyaa Rag%db—i——%dr

AHanorHuHO yCTaHABJMBAIOTCH HEPABEHCTBA
a 4 a b
Rbk—b—dc—f-z-da 1 Rc>.c_db+_c.dw

B CUAY KOTOPHIX, KaK B TpeTbeM pewenun sagaum 111 a), nonyyaem
Ry-+Ry+Re =2 (dg+dp+d,).
Ing Toro 4rTo0H KMENO MECTO PaBeHCTBO R,-Ry--R, =
= 2(d,+dp-+d;), nBeoGxomumo, uto6el  GbiJO —%-{—-Z-:ﬁ-{-% =
c

b, ¢
=?+'b_=2’ 4TO DaBHOCHJALHO DABEHCTBY a=b=¢ Tpex CTOpoH Tpe-

yroavHuka. He scuo, 410 npu b=c¢ 6nccerrTpuca yraa A mep-
nesjuKy/AspHa oTpe3ry B'C’ (coBnapawimemy B sToM cayuze ¢ BC); mo-
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stoMy AM | B’C’ B toM m TONBKO B TOM cjydae, Koraa touka M npa-
Hanntexxut GuccekTpuce yria A. Touno Tak e yCTaHABJAMBAaeTCH, 4TO
Toyka M gomxHa nNpHAajJexars H ABYM JDYrHM GHCCeKTpHCAM Tpe-
VTOJbHHKA; TaknNM o6pasoM, TpeyroabHHk ABC poaxen ObITb pasHo-
cmopornum, 1 Touka M JoskHA cOBNajaTh C LEHTPOM BIHCAHHOH B 3TOT
TPEYroJIbHHK * OKPYXKHOCTH, T. €. C Henwmposm (MPaBHJILHOTO) TPEyroJib=
Huxka ABC.
115, TlpuMeHHB HepaBeHCTBO

aR, = bdy-+cd, "
(cTp. 284), cipasensusoe nast smoGoit Toukn M yraa BAC, k Touke M’,

cummerpudHofi M oTHOCHTesBHO GHcceRTpHCH yraa A, noayumm (cp.
¢ TpeTbUM pemleHneM sagauu 111 6))

aR, == bd, +cdp.
CxJ/1afbiBas moc/efHee HePaBEHCTBO C HepaseHCTBOM (!), Gyaem HMeTh
20R = bdy+-cd, -+ bd, +cdy = (b-}¢) (dy - d,).
AHaJOrHYHO 3TOMY YCTaHABJAMBAEETCHA, YTO
2bRp = (a+¢) (da+de) 1 20R, == (a+-b) (dg+dp).
Tlepemuoxum mociefHite TPH HepaBeHCTBA:
8abcR ,RyR, == (a-1b) (a-4-c) (b-Fc) (dy+db) (do o) (dp-+d,).
Ho, nockoasky
at+b=2Vab, atc=2Vac, b+c=2Vh
{cp. Bhiute, CTp.. 250), To Tem Goaee '

8abcR,RyR, =2V ab-2 ¥V ac-2 V'bo (dg+ dp) (dg -+ de) (dp +d,) =
= 8abe (dg+-dp) (dg +de) (dp+d,),

RoRpR. = (dg +dp) (dg+dc) (do+do),

4TO H TPeGoBANOCh J0Ka3aTh.
PaseHcTBO 3jJeck HMeeT MeCro, /UL eCaH a-b=2 Vab,
atc=2Vacu bfc=2 Ve, 7. e. ecim a=b=c, a 3uauur, Tpe-
yroasuuk ABC—npasuabrod, M, KpoMe Toro, eciH Rg-+dg=il,,
Ry+dp=hy, u R,4d.=h,, T. e. ecin Tougka M coBnajgaer ¢ TOUKOH
nepeceuenus BLICOT TpeyroioHuka ABC, T. e. C yewmpom sTOTO Tpes

yroJbHHKA.
116. a) IlepBoe pemernne. Mu Gygem HCXOAUTH U3 HEOJHO~

KPaTHO Yyie HCUOJb30BAHHOTO HEepaBeHCTBA
aR,=bdp+cd, G

(cp. Buime, crp. 284), KoTOpoe MOXKHO TaKKe MEPENHCATH CJYIOIIHM
o6pasom:

u 3HAYHT,

b 4
dgRy = a dodp +7 dads.
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Ananoriyno uMeeMm

a 4 a b
dpRp = Ny dedp "}“1‘7‘ dyd,, d.R.= Iy dadc+"c‘ dyd,.

CxrnagpiBass nocnennue TPH HEPABCHCTBA, TOJydaeM

c

b b
doRe+dsRp+d.R. = <%+’E>v dodp + <?+ > ) dpd,. -+
+ <—€'+i> dadcy

a ' ¢
a b b ¢ c a
TN, TOCKOJBbKY ?—}—322, T+—-—>;2, —a——}-?;‘z (cp.  BHiDE,

crp. 286),
daRa+ dbRb+ chc =2 (dadb + dbdc +dadc)v

4yTo M TpeGoBasOCh JOKa3aTh.

PavencTBO 37ech HMEET MeCTO, JHIbL eCAH a=b=¢ (TpeyroJn-
n¥k ABC pasnocmoponnuil) u ecin touka M coemagaer ¢ Toukoif mepe-
CeyeHHst  BEICOT  TPeyroJbHHKA
ABC, 1. e. ¢ ero uyenmpom (cp.
nepeoe peuiedue 3azaun 111 a)).

Brtepoe pemenne. 3a-
METHM TIpeXkie BCEro, YTO B CHJY
u3BectHoil Teopems Uenal)
u3 Toro, uro npsimeie AM, BM
n CM nmepecekaioTcsi B ORHOM
Touke M, crepyer, 410 U Cum-
mempuunvie AM, BM 1w CM om-
HOCUMEALHO GUCCeKMPUC COOMBem-
CMEYOUWUX Yea08  IMpPey201bHUKA
npamoie AM’', BM' u CM’ nepece-
Kaomea 8 o0Holi mouke M’ (puc.
. 270; oM., Hanpumep, 3agady 139 6)
Pae. 270. uskHur: 1. O. I xnapcruf,
H . H.Uennos U M. firnowm,
Ms6paunwe 3agauyn u  Teope-
Mbl  3JCMeHTapHOH TreoMeTpuH, 4. 2, [eomeTpus  (NJaHUMETPHS),
Tocrexuznar, 1952). OGosHauuM paccTosHNg o™ (BHYTpenHeil, ec/im TOYKA
M BuyTtpenuss!) Toukn M’ o BepwmHH H J0 CTOpPOH Tpeyroabuuka ABC

’ td
uepes Rz, Rp, Ry da, dp, d;. OuesHamo, uTO fi—‘1=ﬂ—?—, fi—lf=if—-
’ dy  d,  de  d

‘—i£=—d—‘,'— , T. €. oy de (=k). Ho mnockoaeKy Tpeyros:
dd dc :

unk ABC wmoxHO pa3GuTb Ha Tpu Tpeyrosbhuka MBC, MCA, MAB n
na Tpu Tpeyromsuuka M'BC, M'CA, M’'AB, To

98 —ad, +bdy -+ cd, = ady+bdp-+cdy =k [ 2+ 2 1 £,
Ltata

1) Cm., nanpnmep, sagauy 146 kuurm [17].
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orKy;{a nonyqaeM
e (@, b c 2d . dyd,.S
h=28: (da'+‘db*‘a;) = Gdyd, 1 bdod, | cddy’

H CJIeJ0BATENbHO,

g 28d,d, g 28d,d,
O adyd,bdgd, Feddy 0T adyd, | bdd, - cdydy
. 284 o dy
o™= g T bdyd, —-ed,dy - (%)

3amerum pasnee, uro B Tpeyroapuuke MVW (puc. 270) vron VMW
paser 180°-—A; nostomy, npumensst k Tpeyrodshuky MVW rteopemy
KOCHHYCOB 1 of03Hauas orpesok VW uepes ay (a UV n WU —uepes ¢,
n by}, MOMyuHM

ay=VW =V 431 d +2dyd, cos A.

A Temeps, NpHMEHSsH TeopeMy CHHycoB K Tpeyroybunky AVW, cropona
VW =g, xoToporo mporisosexur yray A, a AHaMeTp ONHCAHHOW OK-
PY#HOCTH (IpOXONfie#, ouesrxHo, ueped Touky M) pasen R,, mveem

a
1P
sind ¢

Awuanoruuno, obosuauas V'W’' uepes a;, Hseem
. 4 _1/ dy 4-d)” 2dj di cos A
“Tsind T sin 4 -
k 1 , 1 2cos A k ya 2
= — —— — = ¥ . oAb pn . =
T A]/ T + Gyd, —dod, S AV di-di--2d.dp cos A
_ ku, kR kR,

T dpd sinA T dyd, sin A dpd,
Ho rax xak k=2d,d,d S:(adpd,--bd ,d,-i-cd,dy), TO

R 25d,R,,
= adyd, 1 bd,d, 1 cd,dy
H aHaJIOrHYHO (*4-)
9SdyR,, . 95d,.R,.

Rp=

G, b d, Teddy N add, T, d, ey

Tlpumensis Teneph HepaseHcTso padwa (3apada 111 6)) k Tpeyross-
uuky ABC u T1ouke M’, moaydum

Ra-4-Ry+ Ro =2 (dg+dy+dp),
uto B cuaty GopMyn (#) M (*+) paBHOCH/ILHO TpefyeMOMY HepaBeHCTBY
doRa-+dpRy+dc R =2 (doydy +dpd, +ddy).
PaBencTB0 3jech HMeeT MECTO JHWb eCad Tpeyrodsuuk ABC
pasHocmoponnull u Touka M’ (a SHauur, w Touka M!)—ero' yenmp.
TMpumeyanne CoOTBETCTBHE, comoctapisionee Touke M Tpe-
yrosbauKka ABC touky M’ (cM. PHC. 270), Ha3LIBAETCH UB02ONAALHGIM
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coomegemcmeuen 1), HMcnonb3opaHiie H30TOHAJBHOTO COOTBETCTBHA NO3BO-
JIS€T yTBepKIATb, UTO 6CAKOE IHoscJecmeenHo eeproe coomrouerue (pa-
BEHCTBO WJIH HepaBeHeTBo!), ceAsuigaiouee eeauvuntt Ry, Ry, R,; dg, do,
d,, nepesofumcsa nodcmanosxoi

R,—~d,R,, Rp—dyRy, R,—d.R
& dydy dy—dodg,  de— dody )

TAKXe B TOXAECTBEHHO BEDHOE COOTHOIIEHHE (CP. C IPHMEYaHHeM K pe-
wenuo 3agauun 1118); em. A, Onneunreitm [60]). B gacTHocTH, nepa-
BEHCTBO Dpjéuia 3Ta NOJACTAHOBKA MEPeBOJHT B HepaBeHCTBO 3anaun 116 a)
(a HepaBeHCTBO 3ajaun 116 a)—B Hepapencrso Ipaéiua).

6) Ilyers A’, B’, C’'—rtakue Touky Ha aydax MA, MB, MC (rne
M —puyrpennasa Touka tpeyroasuuxka ABC; puc. 271), uro

1 t |
= MB =+, MC =—.

MA*® MB ¢ MC

(CGo3HauuM pacCTOSIHUST TOUKM M OT BepUIMH U OT CTOPOH TPEYrodb-
nuka ABC no-npexueMmy uepes R, Ry,
Rg; dg, dpy dp, a paccrosHHs 9TOR *Ke
TOUKH OT BEPLINH H OT CTOPOH TPEYroJb-
wixa A'B'C’'—vuepes Rg, Rb, Ry dy, dp,
d;; Torja, OueBHAHO,

MA’

| RyR , R.R,
/R —— c , R —.rate
“TRa RR,R. T RRR,
f RaRb
g Re= R.R,R, (%)
Prc. 271. Hanee, noCcKomBKY TpeyronsHukn MBC
u MB'C’ ¢ ofbwum yriom M u npo-
MB_ mc 6 MB-MB’
NOPHHOHANLHEIMH CTOpOHAMH MC=MB’ Moo . =

= MC.-MC’ :1) nofo6ul, H Kospduuwuent K mofo6Hsa 9THX TPeyrodb-

HHKOB paBeH
K MB_URy_ 1
T OMC TR, T RWR,’

70 OTHOWIEHHE BEICOT d, W d, 3THX TPEYrOJbHHKOB TaKke paBHO K
Takum o6pasom,

d dgR
4, — —_—-a  __ea_
a=Kdy RyR, R RyR,’
U 2HAJOTHYHO (%)
ARy d.R,

T RGRyR.T T R,RLR.

1) Cp.c n. 3.5 nHasBanHO# B TMOACTPOUHOM NpuMeyanun !) ma cp, 292
crateh 1. M. firnoma u JI. G Aranacana.
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MpuvennM Teneps Hepasenctso Opaéma (sagmaua 1116)) x Tpe-
yrosbuuky A’B’C’ u TOuKe M BHYTPH HETO; MBI MOJIYTHM

Ra+Rp-+Ri =2 (da+dp+do),
WiH, B cuny GopMmya (#) H (),
RaRb+RbRc+RaRc>2(daRa+dbRb+chc)o

4yTO HaM 1 TpefoBasOCh AOKa3aTh.

PaBeHCTBO 31eCh MMeET MeCTO JMWEB B TOM CJyuae, ecnaH Tpe-
yrossunk A’B’C’ npausipHbli, H Touka M-—ero ueHTp; HO B 3TOM
cayuae  tpeyroapunx ABC Gyper npasuavrein, a Touka M cosmajer
C ero yeHmpom.

[Mpumeuanune. IlpeoGpazosanne, Nepepoismee pepundel A, B,
C tpeyroashuxa  ABC B Toukn A’, B’, €’ (puc. 271), HaskiBaeTcs un-
sepcueti (c menTpom M 1 crenmenbnto 1)1). Hcenoansosanue nueep-
CHU TI03BOJIsleT yTBEPKAATh, UTO AaxJ0e MONOECMBEEHHO €epHOE COOMHO-
wenue, cessviaowee seaustunst Ry, Ry, R. dg, dy, d,, nodcmanosxka

Ra—>RbRc, RbﬁRcRa, RcéRaRb; R
dy—dyRa, dp—dpRy, do—d.R, M

nepesodum € HOB0E COOMHOUIEHUE, WIAKNE ABAANOUILECST MONCOECTBENHO
sepHoimM (CP. € TIDUMEUAHKHEM KG BTOPOMY pelueHHIc 3ajaul a);, cM. A. O n-
nenredny [60]). B uactnocTn, HepaBencTso Ipxéma nojcraHoBka (1)
NepeBOJNT B HEPaBEHCTBO HacTOsIUEH 3ajaud, a 5TO NocJejHee HepaBel-
CTBO-—B HepaBencTBO Ipaélua.

B) Cpa3y caefyeT M3 pe3ysJeTaToB 3ajau a) H# 0). (31ech TaKxe
paBeHCTBO HMEET MeCTO JHIB B TOM cJyyae, KOrAa TPeyroJbHHK
ABC pasnocmoponuuti, a Touka M-—ero yeump.)

r) Tlpumenss HepaseHCTBO 3ajaud a) K TpeyroasHuky A’'B’C’
puc. 271 u ucnonp3ys ¢opMmyas (#) U (%+) pelueHHs 8ajaun G), noJay-
YaeM

daRa~+dsRp - diRe =2 (dg dp - dp di - d; d),

Hau
da db | dc ~ 9 ( dadb dbdc dcda
RaRy R, " RaRoR, " RaRyR. ™ RaRbR§+R2 RbRc+RaRZRc) '

YMHOKHB 00€ YacTH 5TOTO HEPaBEHCTBA Ha %9% , MBIl H NIOJYYHM Tpe-
" c
6yempift pesysipTar. PaBeHCTBO 3Jech Tax?xe HMeeT MecTO JIHlib
B TOM cJlyuae, Korjga TpeyrosvHUK ABC pasnocmopornuii u Touka M —
ero yewmp.
n) Tlpumensis HepaseHcTBO 3ajaud a) K Tpeyroibuuky A’B'C’
piic. 265 (eTp. 292) 4 Hcnok3ysa GopMy sl pemenns 3agaun 111 8), nosyuum

daRa--dpRb +deR; = 2 (dy dp -+ dp dy - dy dy),

1) Cu. mn. 1.1 w 9.3 naspaHHON B MOZCTPOUHOM NpHMEYAHHH HA
crp. 292 craten M. M. Arnoma u JI. C. ATanacana uaa § 1 u 4
ra. 11 ykasanHofl tam ke kuurd M. M. Araoma, ’
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HJIH

1 1 1 1 1 1
LR, TR, IR, 9“(13 Rb+RbRc+RCRa>’

yrto 1 TpefoBajock fokasaTe. (PaBeHCTBO M 3Jech HMEeT MeCTo
JHIL B TOM cayuae, Korja TpeyroneHnk ABC pasnocmoponnui 1 TOY-
ka M—ero yenmp.)

e) Caepyer H3 HepaBeHCTB 3ajay ©) M J) (yciaoRHA paBeH-
CTBa—Te e, 4TO H paHblue).

117. a) Tak kak B cuay 3anaun 1116)

Ra+Ry+ Ry =2(dg+dp+de),
H, KpOME TOro (CMV. yepaBeHCTBO {A), c1p. 246),
de+ dp+de . 3
3 T ldg+1dp+1/d,’

T0
Lo 3 B
'g(Ra—l‘Rb. p)> (d +dp4-do) = 2m~
6 1
Vd,+1/dp4-1/d, "

YTO PaBHOCHJEHO HEpAaRCHCTBY, KOTGPOe HAM HAJNO0 JOKAa3aTh.
PaBeHCTBO 32Jech HMeeT MECTO TONLKO B TOM cJiyvae, KOrjia
Tpeyroasiuk ABC npaeuabneui n touka M —ero yenmp.
6) 3aMeTHM NpeXie BCETo, YTO NpPH JIOGHIX MOJOXKUTENLHbIX YHCJAAX
X, Y, 2 M X3, Yy, Z; UMEeT MeCTO HeDaBeHCTBO 1)

(2 42+ 22) (57 +yi -+ 23) 3= (o gy -+ 220)% ()
B camoM jpese, HETPYAHO NPOBEPHTb, YTO
(24 y2 -+ 22) (4] g1+ 21) — (o + gy F 22,2 =
= x2y -+ x227 -+ y2x] + 22} -+ 220] + 22y — 2xyxyyy — 2x2x12y — Y2y, 2, ==

== (xyy — Y1) - (x2; —2x1)2 - (g2 — 2y1) %,
a CJer0BaTeJbHO,
(2 g2+ 22)(x1 g1+ 21) — (e, + yyy +22.)2>= 0,
rje pPaBe€HCTBO MOXET HMeTb MeCTO JIMIIbL B TOM caydae, Korza
X1 —Yxy=Xx2;—2%; =Yz, — 2y, =0,

T. €. Korjga

U3 wepasenctsa ([) caexpyer
(Rt RE+RY) (= =+ ) > (e by e '
a b c d3 d,% d% == d d, .

b

1) Cp. c sagavefi 289 xuurn J. O. Wkasspcroro u gp. [l1].
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Ho B cuny nepasenctsa (A) (crp. 246)

R Ry R i/R Ry R

Jlab X’ 2000 N S B N ol A S\ U
4, Ta,ta ="V 3, 3 7
H 3HAYHT,

1 1 i 3 3
(RE 4+ RE+ R <—-+-— —,—)29 l/(’iﬁ'ﬁs) .
&+ Ro+RY) 2t aETa 4,004,

A Tax Kag B cuay pesvastarta 3aiaun 111 a)

R,RyR, i/ (R,,RbRc T3

—a 2 < . e, =20l ) = P/ 8=,

dudud, =00 T dad, ) =V

TO OKOHYATeJBHO TOJyuaem
1 1 1

(RE+RE+RY) (—+—+—5 ) =9-4=36,

dg dy de

410 M TPeGoBANOCh ROKA3aTh.

Tar Kax HepaBenctso 3ajaun 111 a) ofpamaercs B paBeHCTBO JMlIb

B TOM cayuae, Korga tpeyroasHuk ABC paswocmoponnud n toura M
COBIIAJEEeT C €ro YeHwmpom, TO H PABEHCTBO

o 1 1 1
(RE4RE+RY) <—0—+—7+—7 =36 *)
da dj de
BO3BMOXXHO JHIIE B 3TOM HOCJeJHEM cCJayuae; 70, YT0 B 3TOM ciyyae

paBeHcTBO () RefiCTBUTENEHO HMEET MECTO, JErKo NpOBepHTL Helocpea-
CTBEHHO.

Mpumeuvanue MoKHO noKaszaTe, YTO pe3yabTaThl HacTosweil
33JlaYl NONYCKAT CAeAyloulee yCuJeHHe:

1 1 1
R,+R Ry{~—+—+~——+— =18
8) (Ry--Rp-+ )<d4+d&+d€>

5 1 1 1
6) (R3+R}+R2) (—,—n;+—g+—,;> =36,
dg dy d,

rae dy=MA,, dy=MB,, di=MC; u A,, B, C;—TOuKH nepeceyenys
npsimeix MA, MB u MC co croponamu BC, CA u AB TpeyronpHuKa
ABC (cp. ¢ BTOPHIM pEIEHHEM 3ajiau 116 a)). Tax Kak, oueBHmHO,
da==dy, dp=dp n ds=4d,, a cregosatenbno,

1 1 I 1 { 1
—_— —_— ——-’—<_— —_— ———
da+db+dc da+db+dc
1 1 1
—5 =+
dg Fd,f d:?

TO 3TH Hepasencrsa (ofpaulaiollyecss B PaBeHCTBa, JHIIb €CJAH TOUKa
M coBnanaer ¢ TOUKOH Nepecexenus MeZRaH TPEYrONbHHKA) CHJbHee TeX,
ZOKa3aTeJIbCTBO KOTOPLIX COCTaBJisleT COfepxanHe 3ajay a) n 6).

1 1 1
<—+-5+-5
4% di o 4z
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118. a) Tak kak, OueBHAHO,
Saha=3V =3V ypcp+3V sacp+3V masp+3Vaapc=
=S84da+Spdp-Scdc+Spdp,
rne hg= AP —BuicoTa, onyumexnas H3 Bepiuusabl A TeTpasipa Ha rpaHb
BCD, u (puc. 272)
hg=AP=AK +KP << AM+MU =R 4+dy,

TO
SaRA==Spdp+Scdc-+Spdp; (I

paBeHCTBO 31eCh WMEET MECTO JHWb B TOM CAydae, KOTAa Togka M mp-
4 HajJexuT  Bbicore AP  Terpaszxpa.
Cknanpiast 5T0 HePaBEHCTBO ¢ aHa-

JIOTHYHBIME HEpaBeHCTBAMH

SgRp == Sadas+Scdc+Spdp,

ScRe = S4da--Spdp+Spdp,

SpRp= Sada-Sedp+Scde,

TIOAy4aem
£ D SaRa+SpRp+ScRe+SpRp=

7, =3 (Sads+-Spdp+Scdc--Spip).
‘ PaBeHCTBO 3lech HMEET MECTO
A TOMBKO B TOM CJyuae, €CJH BbLICOTHI
Puc. 272 terpasgpa ABCD mepecekawTcst B Of-
ue. ' Ho#H Touke H1), 1 M coBnajaerc moy-

roli H nepecewenus eeicom Terpasgpa.
6) Hepasexcrso (I) pewenns 3agayn a) MOXHO MepenucaTh TaK!

S Ay S
RAdAZ—S%Z— dAdB—{_——‘STZ— dAdC‘{'”Sf—dAdD-
CK.TIS)IHB&?[ 3TO HEPABEHCTBO C TpeMdaA aHaJOrHYHLIMH emy, IoJyuaeMm
S S
R 4da+Rpdp-+Redc+Rpdp= (FA-F——&) dpdp-t-
Sa ., Se 4 S¢
+(—S~C_+§A—) dc+<—s‘— S >dAdD+< +83)d8dc+
S
+(—S£+ )d dD+( SE 43P )dcdo,

S S
OTKYZ3, NMOCKOJbKY §;~ §>2 H T. A. (CP. HepPaBeHCTBO (%) Ha

1) Tocnegnee 06CTOATENLCTBO HMEET MeCTO JafeKO He Jad KakAOro
Terpasipa (cM., Hampumep, sagauy 34 u3 kuury J. O. llkrapckui,
H. H. Yenuor, U. M. Hraowm, HaGpamuole sagaud @ Teopemsi
aneMeHTapHON MarteMmaTtHKH, 4. 3, ['eomerpus (crepeomerpus), I'ocrexus-
par, 1954); HaM, oZHaKo, 3TO 3JeCh COBEpIIEHHO HEBaXKHO,
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cTp. 286), uMeeM

R 4ds-+ Rpdp+ Rede+Rpdp =
== 2(dadp+dadc+-dadp+dpdc+dpdp-+dcdp).

PaBeHCTBO 31€Ch HMEET MECTO, JHIIbL eclH Sy=Sp=Sc=Sp, T. €.
ecan sce rpamu tetpasppa ABCD papnopennxnl), u Touka M cosnapaer
¢ TOUKOH MepeceueHus BLICOT HTOTO TETPasypa, T. e. ecan rterpasap ABCD
npasuasprbid ¥) 1 Toyka M COBNALAET C €0 UeHmpPos.

119. llepsoe pemenne. [IpuMeHHB K NpaBoH 4acTH HepaBeH-
crea (1) pewennss 3apaym 118 a) mepapencrso (A) (cTp. 246), noayunm

SaR 4= Spdp-+Scdc-+Spdp=3 3/ SpScSpdpdcdp.
Ananoruuuo YCTAHABJAKBAIOTCA HEDaBeHCTBa
SpRp=3 /' SaScSpdadcdp,
ScRc=3 3/ SaSaSndsdpdp

SpRp=3 }/S1SaScddpdc.
HaKOHeu, TnepeMHOKasa n[ocJdefHHe 4YeThlpe HeDABEHCTBA, NMOJYUHM
$.4S8ScSpRARRRp =81 3/ 83838858 d3 b d?d? —
=81 S 4SpScSpd adpdcdps

RARBRcRp=8ld adpdcdp,

yT0 HaM K TPe6oBajoCh A0Ka3aTh.

PaBencTBO 3Jech HMeeT Mecto, JaAmb ecal Sud 4= Spdg=
=8cdc=Spdp, T e. ecit Vypep=Vmuaco=VYVmasp=Vmapc (510
o3nauaer, uto TOYKa M sABJsieTCH TOUKOH NepeceueHHs «MeLHaH» TeTpa-
57pa, COENHHSIIOHIMX ero BepUIHHb C LEHTPaMH TsKecCTell NPOTHBONOJIOXK-
HBIX TpaHe#l) H ec/H

ha=Ra-t+ds, hp=Rpg-dp, he=Rc-+d¢, hp=Rp-+dp,

T. €. €CJH BHICOTH TeTpasipa HepecekaioTcsi B ofuHofl Touke3) u M cos-
nagaer ¢ 3Toi TouKofl. Ho ecsut BHICOTHI TeTpasapa fiepecekalTcsi B OfHOM
TOUKe H 3Ta TOUKA COBNAJAeT C TOUKOH IIEPECEUEHHS er0 «MeguaH», TO
STOT TeTpasap npasusvioil (B Touka M siBaseTCA ero yewmponm).

Bropoe pewenue. OGO3HAYAM TOUYKH IePeCEYeHUs] NPAMHIX
AM, BM, CM n DM ¢ npoTHBONOJOXKHEIMH IpaHsaMH TeTpasapa ABCD

nan

1) M 3nauut, paBHel (CM., HanpHMep, 3agauy 29 W3 KHHIH, HA3BaH-
HOH B NMOJCTPOYHOM NpuMeuaHud Ha ctp. 306).

?) Ecaim Bce rpaHu TeTpasipa PaBHOBEJHKH, TO Kajule [BA NPOTH-
BONOJIOXKHBIX pebpa ero paBHBL a==ay, b=>by U ¢=¢; (CM. TNOACTPOH-
Hoe TpEMedaHHe l)J;  ecaM  BRICOTHI  TeTpasjipa liepecekalorcss B
ONHOI TOYKE, TO CYMMEl KBaJDaTOB €ro IPOTHBOIOJOXKHBIX peCep paBHh:
@+ad=p2+bl=c*+c} (oM. NOJCTpouHoe npuMeuanne Ha crp. 306);
nostomy, ecin Sp=S8g=8,=Sp H BhicoTH Terpasapa ABCD nepece-
KaloTcsl B OJHOH TOUKe, T0 a=ay==b=by=c=c, u tetpasnp ABCD
— N paBUJbHBI

8) CM. nogcTpoyHoe mpumedanne Ha crp. 306,
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vepes Ay, By, Cy u Dy; nycts, Aanee, MAlzd:q, MB,=d1'3, MClzd'C
H MD1=d'D. Mpl HoxkaxeM CHayajla HePaBEHCTBO
R4RBRcRp=81ddgd d], %

ABJAIOMEec KaMe yCuJIeHHEM TPeGYeMOro HepaBeHcTaa
RARBRcRp=8ld gdpdcdp ()

(60 dy=da, dy==dp, dg=dc n dp=dp).

SIcuo, uto peicotst AP u MU terpasapoB ABCD n MBCD ¢ obuum
ocHoBanuem BCD orrocsited, Kak AA; i MA,, wau rak (RA—}—d:q):d;‘
(puc. 273). Tloatomy

’

Vusep o 4y — 1

Vaeco ds-+R4 1R/,
H aHAJOIHUHO

Vm acp. i VMABD —

Varco  14-Rgidy’ Vasco
-1 o Ymare 1
I+Reidy;  Vasco  14-Rpldy
A Tak Kax
Vuseo+Vmaco+Vmasp+Vmanc=

=V s
Pue, 273, 70 ABCD
1 i 1 1
TSl gl prapo il praa L
Ra Rp R
rie AAsS KPaTKOCTH OCO3HAYeHO —=Xj, ——=4Xp, —-=Xc H
dy dp dg
R
—,D‘zxn'
dp

Tlpusogs Bce Zpofu K ofmemy 3HAMeHAaTeNIo, HOJYIHM

(1 +x5) (1 + %) (1 +xp)+(1+x4) (1 +x¢) (1 +xp) +
(1 4x2) (1 4-x8) (1 +xp) +(1 %) (1Hx8) (1 +x¢) =
= (1+x4) (14x8) (1 +x) (1 +xp).

PackpuiBas Jajee cKoGKH H NEpeHOCA BCE 4YIeHH DaBeHCTBA B OfHY
yacTb, OyAEM HMETb

34-2 (x4 +xptrxctxp) - (xaxp X axc + xaXp+xptc+XpXpt+Xcxp)—
—Xaxgxcxp=0. (ex#)
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Bocrnombsyemes teneps HepasenctsoM (A’) (crp. 282). Ilpumenns ero
X uucaaM xj, Xg, X¥c H Xp, TOAyYHM

(M}M)‘, HJN xA_{_xB-{_xc_*_xD;

=14 f/xAxBxCxD.

X XRXcXp <<

Hanee, B cuny nepasenctsa (A) (cTp. 246)

' st ety 3/ —
Xaxp+xatc+xaxp=3 3/ xaxp xaxc-xaxp=3 1V xyxpicxp

— 3/ T
xpxc-Fxprptxcxp=>=3 ?/xBxc-xBxD-xCxszi /x%xaxf),
TAR uTO
xaxg-+xaxc-+xa¥p-+xpic+ xpxp-+xicxp=
3,73 3/ 5
;3(/x,,x;;xcxp—l,— v .x'zxéxlj,) .

TTpuMeHHM Teneph K YHCJAM f/x%xBxCxD " ?ngxéxf) HepaBeHCcTBo
x+y=27V xy (cM. Bume, cTp. 250 1)):

XX+ XaXc+xaXp-+xp¥c-+XpXp+rcip=

=3( 3/ qux,;xcxb 4 f/X?SX?;xf)) =6 ]/ ?/xjx,;xcxp . ?/xéx%x;) =

=6 Vx,quxCxD.
Takum o6paszoM, H3 PABEHCTBA (¥#%) BHITEKAeT HEpPaBeHCTBO

3-+2.4 {‘/xAxBxCxD—l-G V xaxpxcxp—xaxprexp<<0,

HJH, eCAH 0G03HAYMTE f/xAxRxCxpzz,— HEPABEHCTBO
3187622 —2Z1 < 0.
Pasnoxkus JeBYIO 4acTh TIOC/EHEr0 HEPABEHCTBA HA MHOXKHATENH, HONYUAM
B—2)(1+3Z+322+-23)=(B3—2) 1 +2)* <0,
OTKyZRa, nockoapKy (1--Z)% > 0, umeem
3—2<0, r.e Z= {,/xAxBxcxbzi/ﬁ,if,iﬁ,Q Rp = 3,
dA dB dC dD
HJH
RARgReRp=81d,dpd d),.

Ho 310 ¥ ecTh Hale HepaBeHCTBO (*)!
PapeHCTBO B (%) uMMeeT MeCTO JHIIb TOTJa, KOTJia Xq=Xp=
=Xc==Xp, OTKYAQ, NOCKOJBKY

1 i 1 1
l+xA+l+x37f_l+xc+l—i-xD=

1) Cp. ¢ unepasencrsom (1) nogcrpounoro npamedanus %) sa crp. 282.

1»
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HaXORUM
Xg=xg=Xc=xXp=23.
Ho 310 o3nauaer, uto M — Touka nepeceueHust «Mefnans terpasapa ABCD
(cp. Beiwe, ctp. 307). Ecan xe Mu XoTuM, uTOGLI AOMOJHHTENHHO HMEJNO
MECTO H PaBEHCTBO RARBRCRD—SldAdBdCdD, TO HaJO elle noTpeGoBats,
406t 60 dy=ds, dg=dp, dp=dc w dp=dp, T.e. uroGH Bce
BoicOTH Terpasapa ABCD npoxopunn uepe3 Touky M mepeceueHHs €ro
MeJHaH; APYTHMH CJ0BaMH, uToGbl TeTpasip ABCD 6bn npasuibusis o
Touka M coBnagana c ero yeumpor (cp.crp. 307).
120. Ham Gyper ynoGHee H3MeHHTh NODPAAOK peilleHUs 3amad a) H 6).
6) Bocrnosksyemcsi Tem, uto npu awboix X, Y, 2, t U Xq, Y1, 21, by
umeenm mecmo HepaseHcmso 1)
(P g2 2210 (1 byt 21 1) = (e gy Rz 1 ()
X Y b4 4
OBPALAIOUEECR 8 PABCHLMBD, AL €CAU —— = -2—=——==——_ B camom
X1 2 t
Jlesle, Kak HETPYAHO NMpPOBEPHTH,
(gt 1) (gl 2l + ) — (e b gy 2z 1) =
= x2y} 4 x%1 4 X217 -+ 2] P2t - 25 A 22 - 22 2T 2
- 2y3 - 1222 Qxyxyyy — Qwex 21— 2wt x t—2yzy 21— gty by — 22tz =
== (tyr — yxP - (021 — 2292 - (g — £ - (Y2 — 2y )2+
(gt —ty )2 (2t — 212 == 0,
rje paBeHCTBO JOCTHTNAeTcs, JHIUL ecIy
—yxy =X — 2y = X — X =y — 2y =yt — Ly, =2t — 1tz =0,
T. e. ec/H
X Y z t

1 & 21
Taknum ofpasomM, uMeeM

\ U T B
(R}l‘i“Rz"f‘Rc‘}‘R%)) <’Z{+E+E€*+d—g>>
o (Ra) Ry R\ Roy:
A B C D

Ho B cuay HepaBeHCTBa (A") (cTp. 282)

Ra _R_B RD Ra R Rc Rp
StttV o
OTKyHa CJeiyeT, 4To

1 1 1 1
(R%-+RE-+RE+RY) (;;?A i gg+;?D> =

1) CM. mogcTpouHoe nprMeuanne Ha cTp. 304,

310



A Tak xak B cuay pesysbraTa sagaud 119

R 4RBRcRp
ddndedy = o0

TO OKOHYAaTeJbHO IOJAyuaeM Tpe6yeMoe HepaBeHCTBo
(RA+RB+RCTRD)<d2 et + dz)
=16.-Y 81=16.9=144,

Tak xak ncnoJp30BaHHOE HAMH HepaBeHCTBO 3a71aun 119 ofpaumiaercs
B DPAaBEeHCTRO JUWb A5l npasuisrozo terpasapa ABCD u toukn M,
COBNaJAUIEN C €T0O YEHMpPoM, TO H HEPABEHCTRBO HacTosled 3anaun MoXer
ofpamarbCcs B paBeHCTBO JMIUL B TOM 2Ke cayuae. HerpynHo mposepwuTs,
YTO B 3TOM CJyuae OHO JeficTBMTEJbHO B PaBEHCTBO O6pallaeTcs.

a) Peinenne 3ajaunm a) oueHb GJHM3KO K pelueHHo 3agauu 6). Boc-
NOJIb30BABIIACL TeM ke HepaBercTBOM ([1'), moayuum

1 1 1 1
(Ra+Ry+Re-+Ro) (=430 7 ) =

KVM%AVM%MV&VHV%HLV%)(V}P+

) 2V SV eV iE VB

Ho B cnay nepasenctea (A’) (cTp. 282)

Ra Rp Rc¢ l/f—g
d7+ a;‘i" d(:+ dD>

4 —
4 ]/ Ra Rs Rc Rp (=4 3 RARBRCRD>.
= i dm dc dsdgdcdp )’

[IO3TOMY

R4 RgReRp
(RA+RB+RC+RD)< +dB +d > 16 ‘/m—
A Taxk xax ReRAR
R4RsRcRp
dadpdcdp = 0"

(cm. sapauy 119), To OxOHuaTeJbHO HMeeM
/1 1 1 1 4/ —
(Ra+Rp+Rc+Rp) \a;-i—@-i-d—c—i-%) = 161/81= 16.3=48,

yTo ¥ TpeBOBaJOCh JOKA3aTh.

HepareHncTBo 3T0l 3a7aui TakKe o6pallaeTcs B paBeHCTBO JHIIb
B cayuae npasuisroeo terpasapa ABCD u Toukn M, coenapaiomeii ¢ ero
yeumpom (T. €. B TOM cJayuae, Korja ofpamaercs B DaBeHCTBO H Hepa-
BeHCTBO 3agaud 119),
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Ilpameuanue. HepaseHcTBa HacrodAlnedl 3aiadd MOXHO emle YCH-
JTh TaK:

a’) (RA+RB+RC+RD>(—7~+ TR );48
d dC D

6) (RL+R}+RE +R'ZD)< ,% d,g+ );;144,
c
rae dy=MA,, dg=MB,, d, = MC,, dD-_:MDl, a Ay, By, CLuD,—
ToukK TepeceueHns upsamemx AM, BM, CM u DM c rpasamu BCD,
ACD, ABD u ABC rerpasgpa. (fcao, usto d 4 z=dy, dpi=dp, d'c =
=dp H d'r> dp.) Tlpu sToM BhHINMCAHHBIE HepaBeHcTBAa a’) U 6)

00pawaioTcs B PABEHCTBA B TOM K TOALKO B TOM C/yuae, KOrAa TOYKa
M cosnagaetr ¢ mouxoi nepecevenus «meduan» (Boobue rosops, nenpa-
BuasHoro!) rerpasgpa ABCD (cm. smime, ctp. 307).
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I IToira, Marematuka o npapjonojo6usle paccyxuenusn, HJI, 1957,
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lOUJ,Qﬁ MHOTHX KDYIHBIX aMEPHKAHCKHX MAaTeMiTHKOB H HHHUHATHBHLIX nepa-
roroB. dTa cepusi paCCYHTAHA Ha HAYMHAKILHX MATEMATHKOB, B NIEPBYIO oyepedb
-— Ha HHTEDECYIOIHMXCA MATEMaTHKON y4YamHuxcst CTapUIHX KJ4cCoB cpegiei
WHOTHL.

B. Kuure, nocesinieHHsbie aurerauqecxuM HEPABCHCTEAM

(uexoTOpble H3 KOTOPHIX HCIOJIL3YIOTCSi B peHieHHAX COOPaHHBIX
3gech 3ajpadg)

3. bexxenGax, P. Beanman, DBpereuue B HepaseHcTna,
«Mup», 1965.

dJleMeHTapHOe BBeJEHHME B yUeHHE 0 HepaBeHCTBaX, PACCYHTAHHO® HA yua-
UHXCA cpefHel KoLl

I J1. HeBsixcxu#, HepaBencrsa, Yunearus, 1947,
He6onbias KHUXKKA, PACCUHTARHASN B NEPBYIO O4epelb Ha ydHTe el cpeg-
Hell mKoJK H CTYACHTOB NEAAroruYecKuX HHCTUTYTOR.

[.T. Xapau, Ix. E. lurraesya, . MNoauna, Hepaeen-
ctBa, WMJI, 1948,
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9.

10.
1L

12.
13.

15.

16.

17,

18.

19.
20.

21,

22.
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D. Bexken6ax, P. Beanman, Hepapencrea, «Mup», 1965.

Knuru [8] n [9] npeacTaBasior co6oft cepbesHnle MOHOrpaduu, paccux-
TAHHEIC HA CHICIHAJIHCTA, HOQ JAOCTYNHbIE H HaYHHAKOUIEMY MAaTeMAaTHKY; OHH
cojlepar o4eHb GOJbLION H Pa3HOOODa3HBI MaTepHaJ.

B. O. Kpeuwmap, 3azaunuk mo aare6pe, «Hayxa», 1964,

. O. Wkasipckuit, H H. Uenumos, U. M. fraow,
Hs6pannele 3ajaud ¥ TeopeMbl 2JeMeHTapHO{l MaTeMaTHkd (apud-
MeTrka M anarebpa), «Hayka», 1965.

3apgaunuku [10] u [11] comepxar 6Gogapluue pasfeJsbl, CICHHAALHO I10-
CBAIl€HHbIE anreépanquKHM HEPABEHCTBAM,

B. Yu4eOHHKH H 3aRaYHHKH, YISO HE MECTO
reoMeTPHYECKHM 3a}a4aM Ha MaKCHMYM H MHHHMYM

. C. M. Koxcrep, Beegenne B reomerpuio, «Hayxka», 1966,

JK. Anxawmap, DaemenrapHas reoverpusi, u. I, Vunenrns, 1957.

B Texcrte sTOro HO}IDOGHOI’O Kypca BJTEMEHTH]')HOﬁ FeOMeTpPHH 3ajauaM Ha
MaKCHUMYM A MHHUMYM yAeJseTCd MaJo BHUMAHUS, ORHAKO CpPeAH NPHJI0XKEeH-
BBIX K KHHI€ 33apa4 (COUDOBOPK,'I&GMLIX HOD,])OGHI)XMH ]’JEU.IQHHHMH) HMEETCs He-
MaJio TAaKHX, KOTODble NPUMBIKAIOT K TeMe HacTosu(edl KHHIH.

H. B. Bacuaves u B. JL. 'yreumaxep, Ilpavse u xpu-
suie, «Haykas, 1970.

2ra Hefoabulas KHHMXKKA BXOAMT B cepuio «bBubiavoreyka ¢u3HKo-MaTe-
Ma"mqecxoﬁ MIKOJbly, PACCUYHTAHHYIO HA HHTEPECYIUXCH MaTeMaTHKOoH yua-
IHHXCA CTAapUIHX KJIACCOB; B Hell MHOro Mecra YAeJdeHO reOMeTPHYECKHUM 3aja-
YyaM Ha MakKCHMyM H MHHHMYM.
A. A. Jlemau (cocraButens), COOpHHK 3a1ay MOCKOBCKHX Mare-
MaTHUeCKHX oJsinMnuap, «llpoceemenne», 1965,

E. A. Moposzosa u H. C. Ilerpaxos, MexayHnapoguse
MaTeMaTHdecKHe oJuMinaznbl, «[Ipoceemenues, 1968,

. O. xaapcku#, H H. Yenuos, H. M SHraowm,
Vis6panuble 3agaud H TeopeMs! nJanHMerpuH, «Hayka», 1967,

3. A. Ckomeuy u B. A, JKapos, 3aaui 4 TeopeMsl 10 reoc-
metpuH, Yuneiarus, 1962.

U. X. Cusawurckuit, Hepasencrsa B 3anauax, «Hayxka», 1967,

2. I TormaH. YpaBHeHHS, TOXAECTBA, HEPABEHCTBA NIPH peiile-
HHH reoMeTpuuecKHX 3ajay, «[Ipocmemenne», 1965.

I'. KHHrH no TeopuM BHIYKIBIX Tej; NHCKPETHOl
reoMeTpUH H KOMOUHARTODHOMH reoMeTpHH

JI. ®efiemn Tor, Pacnonoxenus Ha mIocKocTH, Ha cdepe o
B npocrpaHcrBe, Pu3amarrus, 1958,

K. A. Poxxepc, Ynakosku u noxpotus, «Mup», 1968,

Kuury [21] n [22] mnocBsimeHH TakK HasblBaeMoH «AHCKpeTHOH reomer-
puu», H3yuaomiel «ONTHMaJbHbles (HJIH «3KOHOMHYHEIE») B TOM HJIH HHOM
CMBICJIE DACTOJIONKEHHUS] IeOMeTpPHUYeCKHX GHTYD M TeJ HJH OTHe/IbHBIX TOUYeK.
O6e KHHUIHM COAEPKAT OYeHb GoJbLIOH MaTepHuaJ; npu sToM KHura [21], B Ko-
Topolf BHUMAHHE CKOHUEHTDHPOBAHO Ha 3ajavyax JAUCKPETHOI reoMeTpHH Ha
NMJOCKOCTH M B OGHIKHOBEHHOM («TPEXMEPHOM») IIPOCTPAHCTBE, HECKOJbKO
sJeMeHTapHee KHHTH [22], opHEHTHPOBaHHOIl B mepByio ouepeib Ha pasbop
3a7a4d «1-MepHOH» AHCKperHoHl reoMeTpHH, (BnpoueM, u KhHura [21] paccun-
TaHa CKOpee Ha CTYJeHTa-MaTeMaTHKa HJIM Ha NPerojapaTes CpefHed KoL
yeM Ha IUKOJbHHKA.)
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

I. Xansurep u I'. JeGpyunep, TeopeMu M 8ajaud Kom-
6unaTopHuoil reomerpns, «Hayxa», 1966.

B. I Boatrsuckuit u M. II. I‘o4x6epr', Teopemnt » 3a-
Jaul KoMGHHATOPHOI reomerpuu, «Hayka», 1966,

JI. Januep, B. I'piwon6aym, B. Kaiu, Teopema Xennn,
«Mup», 1968,

B. Ox. O Bacrou (V. J. D, Baston), Hekoropue croiicta
MHOTOTpaHHHKOB B €BKJAMAOBOM npocrpancree (Some properties of
polyhedra in euclidean space), Oxford, 1965.

M. M. Sranow, Kak paspesars xBaapar?, «Havka», 1968.

Kuurg [23] - [27] (camoil npocCTolil #3 KOTOPHIX ABAKETCH, BHIUMO, KHHTA
[23], a camoit conepmartensuofi—Kunra [25]) nocsulens TaK HaasiBaeMoll ¢<xoM-
6HHAaTODHOI reoMeTpHMy, HCCJAe4 YoM el oIpeResieH bl THTT 3KCTPEMAJILHEIX Teo-
MeTpUUYecKHUX 3aflad, CBS3aHHLIX ¢ KOMOHHATOPHLIMH PACCMOTPEHUAMU, OTHOCH-
IMMHUCS K H3YUYEHHIO KOHeUHBIX CHCTeM TOUEK H.UTH (FJ1aBHEIM 06pa30M BEITYKJbIX! )
Guryp u resa. Aaa KoMGHHATOPHOI reOMeTpHH XapaKTeDHa CBA3hL ee 344 C Of-
penesieHNeM HeKOTOPHX HENBX UHCEJ, EO3HHKAIOWHX B CBA3H € DACCMATPH-
BaeMBIMY CHCTEMAaMH Tej HJAH TodeK, JIOCTATOYHO THNHYHHM NPHMEPOM 3a[aul
KOMOHHATOPHOIl reoMeTpun ABAsAETCH CTaPUHBAN (M BeCbMa TPYAHas!) npobe-
Ma onpederenius HAUDOABINEEO 803IMONCHOED HUCAQ MAMEPUALbHHLX (HENepeceKa-
OLUXCA!) wapos, KOMOopeie MONCHO MPUAOHUMS K pasqomy um wapy (3toll
3agave yAeJeHO MHOTO MeCTa B Kumre [21]11).

IO. A, Kpuixanoeckuit, Hzonepnmerps, dusmarrns, 1959,

Jra uHeGosblIAs KHUKKA COAEPKUT 3NMEMEHTAPHOE HAJOXKeHHe Kpyra
BOTINOCOB, CBSI3dHHBX CO cJeAVIOmeH 3SHAMEHHTOI 3ajauell (M30meDHMe-
TpHUYEeCKAS 3axava) cpefu ecex sonykivix huzyp (Mam mea) darnnozo
nepumempa (KNI niowadu nosepxrocmu) nadmu dueypy (meao) nauboavuedd
naowadu (obvena).

B. T, Boarsrcknit uw N. M. fAraown, Bunyrase ¢uarypst
U Tesla, DHUHK/IONENHA 3JeMEHTapHOH MareMaTHKH, KH. V, crp.
181—269.

M. M. SIrnom u B. I, Boarancxuil, Bunyxase ¢uryps,
Iocrexuanar, 1951.

B. basmke, Kpyr u wap, «Hayka», 1967.

Cratesa [29] u wunry [30], [31] nocBalieHE! TEOPHH BHITYKJBIX Tel; B HHX
MHOTO MeC1@ YAeNeHO CBH33HHBIM ¢ BHIIYKJIBIMH QHTYPAMH H TenaMH 3afayam
Ha MagCcuMyM ¥ MuHMMyM. Knura [30] npegcraniseT coGolt cSopnux 3ajau,
CONPOBOKAAEMBIX HEOOXOLUMBIMH NOSCHCHHAMA U (COOPAHHBIMA B KOHUE KHHTH)
TNOAPOGHBIMH pelleHHsIMY (cXoaHyio Gopmy uMeer n KHura [23]). B kaaccuye-
ckod Ksure [31], sHauMTesbHasi uactb KoTopoi nocBslieHa 3ajayam Ha Mak-
CHMYM H MHHEMYM, HCIIOIb3YeTCR AuddepeHuHaNbHan FeOMETPHA. ITa KHHUra
paccuuTaHa, B NepByl0 ouepeib, Ha CTYJeHTOB-MaTeMaTHKOB,

T. bouuesen u B. ®enxeasn (T. Bonnesen, W. Fenchel),
Teopus Bemyxasix Tea (Theorie der konvexen Kérper), Berlin, 1934.

I'' Xagsurep (H. Hadwiger), Crapoe # HOBOE O BEINYKJBIX T€N2X
(Altes und neues iiber konvexe Korper), Basel —Stutigart, 1965.

I. I'. @racron (H. G. Eggleston), Brnykaocte (Convexity),
Cambridge, 1958.

l) KOMﬁHHaTOpHaH reoMeTpus UMeeT MHOTO TOUEK COHpHKOCHOBeHHﬂ

¢ JHCKpeTHOH reomerprefl (KOTOpPOI B OCHOBHOM ITOCBSleHA KHHIrA [21);
MHOTHE 3KCTPeMajbHble IeOMEeTPHYECKHe 3ajaydH MOTyT ObTh C ITOJIHLIM
OCHOBAHHEM OJHOBPEMEHHO UTHECEHH KaK K KOMOHHATODHOH TeOMETPHH,
TaK U K JAHCKPETHOH reoMeTpHH.
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35. I'. I'. @racron, Ilpo6reMbl B eBKIHAOBOM NPOCTPAHCTBE; MPHJIO-
wenus BelnykJocTd (Problems in Euclidean Space; Applications of
Convexity), Lendon, 1957.

36. P.B. Bencon (R. V. Benson), EBK/In0Ba reOMETpPHA H BEINYKJIOCTh
(Euclidean Geometry and Convexity), New York, 1966.

37. ®. A. Baanenrun (F. A Valentine), Bmnykiaue MHOKecTBa
(Convex sets), New York, 1964.

Bce knuru [32] — [37] (oHH paccYHTaHBl Ha CPaBHHUTEJBHO KBAJHOHIM-
POBAHHOIC qn'ra‘re;m) MHOI0 BHHMAaHHf VAeJRT 3KCTPEMAJbHBIM 34[44aM,
CBA3AHHBIM C BOLIMYKJBIMH TCJIAMH,

38. B.JI. Kan (V. L. Klee, pegmarrop), Bunykaocrs (Convexity},
Providence, 1963. :

AToT OGUIMPHBIN TOM COZED:KHT TPpyAst coctospinerocss B CHIA B 1961 r,
CHMIIO3MYyMa N0 Npo6aemMaM BHNYKJOCTH. Hapsaay ¢ joCcTaTOuHO YaCTHBIMH 3a-
MEeTKaMH (MHOT'HE H3 KOTOPKIX NOCBSI{EHBl KOHKPETHBIM 3KCTPeMaNbHbIM 3aia-
YaM O BHIIYKJKIX TejdaX) OH COZepPKHT HECKOJbKO GoJbUIHNX 0G30DOB, H3 YHC/a
KOTOPBIX CAEAYCT B NepBYIQ O4epelb OTMETHTL BeckMa 06CTosiTebLHBIH 0630D
[25], nBa oGsopa B. I'pHbayMma, NOCBIIEHHBIX 3ajayaM KOMGHHATOPHOMN reo-
METPHH, M HHTepecHBli o63op . C. M. Kokcrepa no npo6iemaMm AUCKpeTHOIl
FeOMeTpHH.

. Jiuteparypa K oTHeabHBIM LHKIaM 3a1ad
1. Paszunle 3agaun

39. B. JI. Pa6nuvoBnu, O auHEsSX B KBajpaTHOI ceTH H B KyGu-
yecKol pemleTke, YueHnle zanucku MOpROBCKOro roc. yHHBepCHTeTa,
Ne 41 (1964), crp. 73—86; O6 oTpeskax B runepKyOHIeCKON pelerke,
Tpyaet 1l Kasaxcrancko#i mayunoll KoHdepeHHMH 110 MaTeMaTHKe H
mexanuke, Aama-Ara, 1968, crp. 175—178; DkcTpemansnas 3ajgaqa
0 PAaCloJIOMEHHN JHHHU B r-MeDHO LeJIOYHCJEHHON pedreTKe, TaM
we, crp. 178—180.

40. P. Beaamas (R. Bellman), IrnaMnueckoe nporpaMMHpOBaHHe,
HJ, 1960; Ipotaema munnMuzauuu (Minimisation problem), Bulil.
Amer. Math. Soc. 62 (1956), ctp. 27 unmn PJK Maremaruka, 1960,
Ne 2, crp. 156.

41. B. A. 3aaranaep, Kax puifiTH H3 jeca?, Matemaruueckoe npo-
cpemenne (HoBas cepusi), Buin. €& (1961), crp. 191—195.

42. Ix. P. Uc6eann (J. R. Isbell), MeTon onTuMasbHLIX NOHCKOB
(An optimal search pattern), Naveb. Res. Logist. Quart. 4, 1957,
ctp. 357—359.

2. TeoMeTpHuecKkHue OUEHKH
43. T. U. Bapowu (H. J. Baron), Briucanunie cdepsl TeTpasipa B HX
orHolwenun K onucanuoil (Die Ankugeln des Tetraeders in Beziehung
zur Umkugell), Téhoku Math. Journ. 48 (1941), crp. 185—192.

3. 3axauyu Ha OThHCKAaHNEe HaHGOJABIIHX
M HaMMeHbUIHX 3HAYEHHUH reoOMeTPHUECKHUX BEJHUHUH

44, B. M. Tlpoko(dnesn, Hekoropee ceolictBa KpaTdalimel JHHHH,
coefuuAomell Jo00e YHCJIO JAHHBIX TOYEK IJIOCKOCTH, Y4eH. 3am.
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45.

49.

51.

52.

Mocx. roc. mnes. uHcTHTYTa MM, Jlemusa 81, Benm. 3 (1957),
c1p. 63—84.

I lltrefiurays, Cro 3apay, Ousmarrus, 1959.

4. 3apauu o TpeyroJdbHHKe H TeTpasjpe

. I. ItToana u I'. Ceré, 3Bazawr n reopeybl H3 aHalnsa, y, 2,

dusmarrys, 1956. .

. I, Xaftow (G. Hajds), Pemenue sapaun 8, Matematikai Lapok

1 (1950), crp. 313—316.

. . bepxkec (J. Berkes), Tipocroe poxazaTensctBo u o6oClieHHe

OfHOTO HepaBeHcTBa Aast Tpeyroasuuka (Einfacher Beweis und Ver-
allgemeinerung einer Dreiecksungleichung), Elemente der Mathe-
matik 22, Ne 6 (1967), ctp. - 135—136.

1. Dpnéuw (P. Erdos), 3apaua 3740, Amer. Math. Monthly 42
(1935), crp. 396; JI. Ix. Moprena (L. J. Mordell), . @. Bsp-

poy (D. F. Barrow), Peuenve 3agauyn 3740, tam e, 44 (1937,
cTp. 252254,

. Jl. Ox. Mopaeaa, Peiuenuwe oguoii reoverpuyeckoff sajgauu

(Losung eines geometrischen Pgoblems), Kozépiskolai Matematikai
Lapok 11 (1935), crp. 146—148.

J. K. Kasapunos (D. K. Kazarinoli), Ilpocroe goxasareibcrso
uepaserncTBa IJpréuwa—Mopaenna gas tpeyroybrikos (A simple proof
of the Erdos—Mordell inequality for triangles), Michigan Math.
Journ. 4 (1957}, crp. 97 —98.

JI. Baukos (L. Bankoff), JsemedHrapHoe 10Ka3aTe/bCTBO Teo-
peMbl dpaéiia— Mopzesiia (An elementary proof of the Erdos—Mor-
dell theorem), Amer. Math. Monthly 65 (1958), ctp. 521.

I.P. ®eavparamn (G. R, Veldkamp), Hepasencrso Ipaéwa —
Moppenna (De ongelijkheid van Erdés—Mordell), Nieuw Tijdschrift
voor Wiskunde 45 (1958), ctp. 193—196.

. I T. 3racron, HepapeHcrso paa tpeyroasiinka (A triangle

inequality), Mathematical Gazette, No 339, 1958, crp. 54—55.

. T. Bpaaant (H. Bralant), Caosa o nepasencrse dpaéiua— Mop-

Jenna (Nog eens de ongelijkheid van Erdos—Mordell), Nieuw Tijds-
chrift voor Wiskunde 46 (1959), crp. 87.

56. 3. A. Ckoneun, DuemeHTapHOe JA0Ka3aTelbCTBO OJHOH Teopemsl

Apréwa, MaremMaTHuecKoe npoceeluenue, Buin. 5, 1960, crp. 151—152.

. JI. Kapaurn (L. Karlitz), Heckosbxo nepaBencs ans Tpeyrob-

uuka (Some inequalities for a triangle), Amer. Math. Monthly 71
(1964), crp. 881—885.

. A. Quounenreiim (A. Oppenheim), Hekoropeie HepaBencTsa pias

cdepuyecKoro TPeyroJsHMKA M BHYTPeHHel Touku (Some inequalities
for a spherical triangle and an internal point), Publ. Elektrotehn.

Jfak. Univ. Beogradu, Ser. Math, i fiz., No 200—209, 1967,

crp. 13—16.
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59.

60.

61.

62.

63.

64.

65.

66.

A. ®nopuan (A. Florian), K oanoft Teopeme I, Bpaéma (Zu
einem Satz von P. Erdés), Elemente der Mathematik 13, Ne 3

(1958), crp. 55—58.
A. OnnenreitM, HepapenctBo Ipméma H Apyrre HepaBeHCTBa

nast Tpeyroabinka (The Erdds inequalily and other inequalities for
a triangle), Amer. Math. Monthly 68 (1961), ctp. 226—230.

JI. ®eiflem Tor (L. Fejes Téth), Hepasencrra, cps3anuwe
¢ MEHOTOYroJbHHKaMH H Muororpannukamu (Inequalities concerning
Polygons and Polyhedra), Duke math. Journ. 15 (1948), ctp. 817—822.

T.-X. Jleuap (H.-Chr. Lenhard), O6o6ineHne 1 ycuienue TeopeMmsl
Opréura—Mopnenaa aasa muoroyroapnukos (Verallgemeinerung und
Verschirfung der Erdds—Mordellschen Satz fiir Polygone), Archiv
der Mathematik 12 (1961), ctp. 311—314.

@, Jeysubeprep (F. Leuenberger), K poxasarexsctsy Mop-
neJs1a HepasetctBa Ddpaéma (Zum Mordellschen Beweis einer Ung-
leichung von Erdés), Elemente der Mathematik 17 (1962), crp. 16—17.

I. ®oraep (H. Vogler), 3aveuanne K teopeve 2paéwa-— Mop-
nenaa anas muoroyroabHukoB (Eine Bemerkung zum Erdds—Mordell-
schen Satz fir Polygone), Anz. Osterr. Akad. Wiss., Math.-natur-
wiss. Klasse, 103 (1966), crp. 241—251.

B. Jl. Pa6unosuy, U M ®raowm O HepaBeHCTBaX, POJCT-
BeHHBIX HepaBeHcTBY Ipaéma—Mepaenna ansg Tpeyroasnuka, Bom-
pOCHl HEEBKJIHIOBOH reoMeTpnH (YueHnie 3anucku Moc. roc. nef.
MHCTHTYTa MM, Jlenmna), 1970, crp. 121—126.

H. O. Kasapuuos, Heparedcteo . K. Kasapunosa gast Tet-
pasgpa (D. K. Kazarinofi’s inequality for tetrahedra), Michigan
math. Journ. 4 (1957), crp. 99-—-104.



OTBETH U YKA3AHUM

1. Haubonsiuas OKPYKHOCTH NMPOXOAKT [0 BOCHMH YEPHBIM KJIETKAM,

2. PaccMoTpuTe OTAGNBHO CJYYaW, KOTa [Be BePIMHHBL KBajgpata
JIeXaT BHYTPYU TPEYTOJALHHKA M KOTAAa BHYTPb TPeyToJbHHKA Nonajzaer
JHIIb OZHA BepIHHA KBajipara.

3. IlepumeTp HOJNYYEHHOTO MOCJE CKJAALIBAHHSA MHOIOYroasHuka M’
COCTOMT 43 orpeska AB, MO KOTOPOMY O CAOKEH HCXOAHLIH MHOTO-
yroasHuk M, u uacte p; nepuMerpa M; cpapHETe He BXOASI(YIO
B cocras nepuserpa M’ 4acth p, nepEMeTpa MHOroyroJeHHKa M ¢ piu-
nofi orpeska AB.

4, PaccMoTpHTE OKPYKHOCTh, AHAMETPOM XOTOPOH CJYKUT AHArOHAJb
YeTHIPEXYTOJAbHIKA, NPOXCIALIAN Yepe3 BepUIHHY OCTPOTO Yria.

5. YUernlpe eAMHHYHRIX KPyra ¢ LEHTPAMH B BePIIKHAX NapaJie-
gorpamva ABCD nonHoCTEIO MOKPOIOT TAPAJI/eorpaMM B FOM U TOJBKO

B TOM CJyuae, KOTrJa 4 <= cOS ¢-- ¥ 3sin a.

Al n
s =]
b=
7. Nyers OA,, OB,, OCy—BeKTOpE eIHHHYHON AJHHR, O KOTOPLIX
rOBOPHTCA B ycJoBHH 3agaud, H OD=-—0A4,—O0B,; pxoKakure, uto

Touka C, JIEKHUT BHYTPH OKDYXHOCTH C HeHTpoM D M pajuycom 1.
8. a) Oro6pannasi CHCTeMa BEKTOPOB AOJKHA cojepkaTe 12 mim 13

COCRIHMX M3 YHCJA HAIHX 25 BEKTOPOB.

6) Hdnura cyMMBl OTOOPaHHLIX BEKTOPOB paBHa —E%(%—, e
<}
p= 322 (=14°24"). Yxa3zaunne. IlpEMute IJIOCKOCTb, Ha KoTOpOf

pacnosIOXeHE BEKTODBl, B33 IJIOCKOCTb KOMILIEKCHOTO IleDEMEHHOro,
oTOKAECTEHB TOouky O ¢ uyucaom 0, a Touky A;—c uucaom 1.

9. ITepBoe pemerue, OWIOKHTE BCE BEKTOPH dy, Ay, ..., Ay
or oaHoft Toukn O M paccMoTpuTe uUX mpoekuuu Ha ayuu OX, 0X,,
0Y, OYy, rae XX; n YY;—npoxoxamue uepe3 O B3aUMHO NepIEHIH-
KynspHble NpsiMble, He COBNAjaioliHe C HaNpaBJeHMeM HH OJHOTO K3
BEKTODPOB; NPH STOM XOTk JJIsl ONHOTO H3 HEeThIpeX JIydYell CyMMa IDOEK-
UMH NPORKTHPYIOMIKUXCA HA Hero BeKTOpoB Gyner Goubmie 1.

Bropoe pemenue. [ononnure 3ajaHHYIO CHCTEMy BeKTOPOB
elle OJHUM C TeM, YToOBl CyMMa BCeX BeKTODOR paBHAJACh HYJEBOMY
BEKTOPY; Najlee PacCMOTPHTE BHIYKJBIH MHOTOYTOJBHHK, CTOPOHBI KOTO-
poro mo AJMHE M HanpaeJeHHIO COBHAJAlOT C STHMH BEKTOPAaMH, H OUEHHTe
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JUaMeTp STOTO MHOTOYTOJBHNKA, T. e, NLJIHHY ToH H3 ero gmarosaflel
H CTODOH, KOTOpast sinasercs HanGoJbiel.

10. a) Hanmenbiuee uuc/IO NPOXKEKTOPOB paBHO 4; MX MOXKHO pac-
TIOJIOXKHTE B YeThipeX M POH3BOJAb HE X TOYKAX IJIOCKOCTH.

6) HanmMeHpllee ynCNO NMpPOXEKTOPOB PaBHO 8.

11. Ecin a<{b, 10 HeoOXOAHMBle H JOCTATOUHBIE YCJIOBHS BO3MOXK-
HOCTH BeiHOCa HIKada B KOPUAOP TakoBe: a<Cd, a<Ch u ab<Cdh.

12. 6 BepwnH Ky6a, He SRAAIOMHXCA KOHILAMH paccMaTpusaeMoif
JHaroHaNN.

13. OxpyxHOCTb HauGOJbUIEro pafHyca HMeeT CBOHM HEHTPOM
HeHTp Ky6a H pacno.JoXeHa B NJIOCKOCTH, MEpHeHAHKYAAPHONA AuaroHamu

aV'é
1

ITpexae Bcero HOKamHuTe, YTO LEHTP HCKOMON OKPYMHOCTH COBIla-
naet ¢ ueHtpoM O Ky6a. 3areM paccmorpute cdepy, RIS KOTOpOil
HCKOMasi OKPYXKHOCTb fBJSeTCHd DKBATOPOM, M iuecTs cdepuueckux
CErMeHTOB, OTCeKaeMblX OT Hee rpauaMd Ky6a; JIOKaKHTe, 4TO eCqH

KyGa; ee paguyc paseH , Tie a—pe6po xyba.

a
paauyc chepet 6 ¢ mentpom O npesbiiiaer , TO J06asi IOCKOCTh,

4
npoxoafimas uepes meHTp cdephl, NepeceKaer XoTs Gbl OANWH H3 IIECTH
cepudeCKHX CEeTMEHTOB, OTceKaeMbix OT chepnl O rpauamu kyba (3TH
CerMEeHTHl MOTYT H Iepecekarhcs Mexay cofoii).

14. Ha 5 Terpasapos.

15. 16.

16. 17.

17. a) na 8 uacrefi;

6) Ha 10 uacreii;
B) Ha 2n-+2 yacTh.

18, a) Ha mo6oe uncio n uacrefl, rze 3« n=<10.

6) Ha moGoe uicao N uacrefi, rie 3=<N=<12 umm N=16,
Yxasauue. OGosxauum uepes ¥ (nepBasi 6ykBa CJAOBA «yroJs) UHCJO
yacTell NPOCTPAHCTBA, 3aKJIOUEHHBIX BHe cdephl H BHYTPH KyGa, H uepes
Il («ramxas) YHCJAO YacTel, PaCHONOWMEHHBIX BHYTPH cdephl M BHe KyG6a;
BEIACHHTE, KAaKHE 3HAYeHHsd MOTyT MpuHuMath uucna ¥ u I

19. Ha 19 uwacrefi. Y kasanne. [logcuntaiite CymMMy yrioB Bcex
TPeyTroJbHHKOB Da3GWeHH:, BHIPa3HB ee Kak uepe3 uuciao C TPeyrods-
HUKOB pa36ueHHsi («CTpaH» TOH «reorpaduueckoil KapThl TPEyroJbHOTO
OCTPOBa», 3a KOTOPYIO MOXKHO TNPHHAThL Hallle pasfHeHHe TPeyroJbHHKA),
TaK W 4epes HUHCJAO & «y3/0B» HMeledicad ceTH JHHHUI, HIH BOCIOJb-
syfitecb TeopeMoit Dliaepa, B CHIy KOTOpOil

C—TIr4¥=1,
rae I —uncio OTAeNbHBIX OTPE3KOB Haluell ceTH JHHHH («TpaHUL, MEXAY
CTpaHaMu»).
20. a) 13.
6) 1949.
a1, 65 =312,

6) 189735]l. Yrkaszanne. Iloms3ysce MeTozoM MareMaTi-
yecKofi HMHAYKUMH, JIOKaXHTe, YTO HaHOOJblliee BO3MOKHOE UHCJIO TOYEK
caMoTiepeceYeHHs] n-3B€HHOH JIOMAaHHGH MNpH 1 4YeTHOM PaBHO

n(n—4)
-——2-——-—H.
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22. a) BocnonesyiiTech Tem, uTO KaK MJOMafk TPeyroibHHKA, Tak
H OJOAaZb Tpaneudu paBHbl IJIHHE cpejHed JVHHH, YMHOMEHHON Ha
BLICOTY.

6) Hokaxkure, uTO CcyMMa AJHH NPOEKLHH BCeX 3BeHbEB JIOMAHOH

500
X¥oTs 6Bl Ha OXHY CTOPOHY KBajaparta He MeHblue 72;— > 350.

23, [TpoekTHpysi paccMaTPHBAaeMy!o JIOMaHYI0 Ha CTOPOHH KBajpa-
Ta, NOKaxHTe, UTO €e JUIHHA MeHbIle CYMMBl ANHH ABYX CTOPOH KBaipaTa.

24, a) m-+-n—1.

6) 285. Y xasaunue. OueHuTe BO3MOXKHOE YHCJIO TOUEK nepe-
Ce¥eHHsl «HIJIB» JJMBBL [ ¢ JHHMSMH CETH KBajpaToB (CBsi3aHHOE
C /JIMHAMH TNPOEKIHH ¢HIJILIY HA (TOPU3OHTAJbHbIEY W «BePTHKAJIbHDLIEY
JIMHUH CeTH),

25. Moxuno. Y kasanue. Toyru yno6Ho pacnenarath Ha cpejneit
JuHuE [ KBagpaTa, Ha CPefHHUX JHHHAX Iy M [, ABYX NpAMOYroJbsHHUKOB,
Ha KOTOpPble [ [eJIMT KBajparT, HAa CPeIHHX JIMHHAX deThlpex GoJjee
Y3KHX [(PSMOYTOJLHHKOB, Ha KOTOPble NeJAT KBaapaT JWHHH [, I H
[y 1. A

26. P moxer pacnosaratbCs BHYTpH TpeyroasHuxa A,B;C,, ofpa-
30BAHHOTO MPSIMBIMH, fapajjeNeHLIME CTOpOHaM TpeyroasHuka ABC
W OPOXOISIAMH 4ePe3 ero BepIUHHEL,

27. a), 6) 3amenurte muoroyroabuuk M durypoit @, obpasoranHHol
BCEMH TOUYKaMH, yIaJeHHBIMH OT MHOTOYTOJIbHHKa m He GoJsiee ueM Ha |
(r. e. Takoit purypoit @, uro And Kak ol Toukn A 31Ol QHrypH Hafinercs
Takasi TOYKa B MHoroyrosbHuka m, uro AB <),

B) Bocnosb3y#iTech TeM, 4TO MepUMeTp H IWIOWAAb JIOGOro ONHCAH-

HOrO BOKDYT eMHHUEON OKpYXHOCTH S uersipexyrosshuka ABCD ne
MeHblle TepuMeTpa K IJIOWAAM ONHCAHHOrO BOKPYr S KBajpara.

Ykasanwue. Iycts cropont BA w CD cnucamHoro okpyr S uerh-

pexyroapauga ABCD nepecekaiorcs B TOuke @ NOKaKHTe, 4TO TpPH

samene cTopon AD n BC nepneHAUKYJASPHBIMH GHCCeKTpHce yraa Q
KacaTeJbHBIMU ~ OKPYXKHOCTH S  mepHMeTp  4eTHIDEXYFOJLHHKA  He
YBEJIHUHTCS.

r) JoxkaxuTe, 4TO mNepUMETP H IJIOMAAb ONHCAHHOIG BOKpPYF
eIUHUTYHOIO KPyra MHOTOYFOJIbHHKa, BCE YIJIBI KOTOPOro TyINLE, MeHbIue
nepuMeTpa W MJIOMANN KBajpara co CTopoHoll 1. ¥ K a 3 a H 1 e. Bocnoas-
go 4 . n
o < a< .

28. Haiinute nuomags ¢urypsl @, o6pasoBaHHOl LEHTPaMH BCeX
RKpyroB Auamerpa 1, mepecexaioulMMR HaHHBIH KBajpaT cO CTOPOHOH 1.

29. B mpsMOYrofbHMK MOMHO NOMECTHTb DS HelepecexalouiHxcs
OKDYXHOCTell CO CKOJb YFOJAHO 60JbIOH CyMMOH PagHycosB.

30. Ilycts A—npouspoibHasi U3 JaHHBIX TOYEK; PACCMOTPHUTE OTHENb-
HO CJIy7aH, KOTjJa BCe TOUKH CHCTeMHl yhaJieHsl oT A Ha paccrosuue < 1,
K KOTJA CYLIECTBYeT Takas Toyka B, uto AB=1.

31. Kaxnaywo Touky cuerembl NMokpofiTe Kpyrom paiumyca 1/,; 3aTem
3aMeHuTe KaXKJble JiBa MepeceKarouuxcs HAH Kacaiouluxcs KPpyra OfHHM;
nocJle TOTO KaKk MOJYYHTCs CHCTeMa HerepeceKarlmMXCsl KPYros, MOKphI-
BAalOMHX Bce 3ajlaHHbie TOYKH, CYMMa JAHaMeTpos KoTopuix << 100,
YMEHBLINTE KPYTH CHCTeMbl TaK, 4TOOB CyMMa HX JuaMerpoB Owina < 100
H yTOOBl DaccTOsHUe MEXKAY HBYMS TOYKAMH JHOOBIX IBYX PasHbIX KpYy-
ros 6uIo > 1.

3ylTech, HanpuMmep, Tem, 4TO
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32, m<<n.

33. Iloacumraiite ofmylo nJoWafb BCeX MOHET, a TaKkKe MJOMmMAJb
¢GHryphbl, 06Pa30BaHHOH BCEMM TeMH TOYKAMH CTOJIa, Kaxaasd M3 KOTOPHIX
SIBJIIETCA UEHTPOM Kpyra ejHHWYHOrOo pajHyca, MepeceKaloero XoTb
O4HY MOHeTY.

34. JlokaxkuTe, 4YTO MJOLUiAAb, OPOLIAEMAS CEThIO aprKOB obmei
JadHel L, He npeBOCXOXAT 2L -

35. PasGeiite yuacTok Ha 50 «mosioc» IMUPHHB 2 M JOKaXHUTe, 4TO
€I HA yyacTKe HeJb3s NPOJOXKMTL TPONHHKY AJHHH 10, TO BHYTDH
Kaxaofl mosockl paCTeT He MeHblue 8 JepeBbes,

36. Ilyers r<c , TAE r-—pajHyC JepeBbeB; TOrA2, eciu
Y V2501 painy P

| —upoxoasmas uepe3 HEHTP caga NpAMasi, KOTOPOH NpHHAAMEXAT CTO-
POHH PSijla KBAaJDAaTOB «KBAaJAPATHOH DElIETKH», B Y3JaX KOTOPOil pacrtyr
jepeBbsi, T —rTouka nepeceyenus npsmoii ! ¢ rpaguueit caga, TU =1 —
OTPe3s0K KacaTeanhoil K rpamuue caza, To suy u3 Gecenxu B B HanpaB~

aeunut BU Huuem e Gyger 3acyouen. C Apyroit CTOPOHBI, eca r == 50 ,
To By GyIeT 3acjoHeH B 1100 oM HanpaBiaeHnd MN (rze M u N —touku
nepecedeHus] NpPoxojslleil uepes B npamoit ¢ rpauunefl caga); ApyruMu
CJOBaMH, BHYTPH Yy3Koro npsamoyrojbHHKa II co cpenneft auuuein MY
¥ ¢ WUPHHOH 2r Bcerja HaMAyTCH Y3/bl pellleTKH; [1OCaKEHHbIe B COOT-
BETCTBYIOUIKX TOYKAaX JePeBbsT W 3ac/OHST BHJ B HanpasJeHud MN.
[ns pokasarelbCTBa CyLWIECTBOBAHHA VY3JIOB peuleTKH BHYTPH NpPAMO-
yrojbpHuka Il Hajo yCTaHOBUTB, YTO BHYTPH J/OGOr0 HpPSAMOYFOJIbHUKA
¢ newtpoM B u mjomansio =4 Bcerfa HaiayTcs No KpaiiHedl mepe ABa
(HeHTPaJNbLHO-CHMMETPHYHBIE OTHOCHTENLHO B) yaja peuleTKH KBaapaTos
co CTOpoHOH 1.
22
37. 700 MUH., ecal — =V 2; —— 4 Mu—mm{., ecuiu
v uy

)/2;»—2—2—2-; E%Q- MHH., eCJR —Z:—<-Z— Yxazaunue, Hau-
TeNbHOCTh NYTH 3aBHCHT JHLIb OT TOO, Kakoil Nylb Npofifler NMyTHHK
1Mo J0POXKKAaM H KAKOH-—IO CHETY; IPH 3TOM MOXHO CYHTATh, YTO CHa-
Yyasla OH NPOXOAHT MO I'paHMUe Napka Bechb INyThb, NPOXOAHMEIA B OJHOM
HanpaBJeHHH («C 1ora Ha ceBep»), MNOTOM HAET MO CHery (IIpHYeM 3Ty
YaCThb TIYTH TaKXe €CTeCTBEHHO CUMTATh INPSIMOJHHEHHOH) M, HaKOHeN,
NpOXOAHT N0 TIpaHHUE NapKa YYacToK, [POXOZHMBIH MO JOPOKKaM
B JpPYyroM HanpamJeHHH («C 3alaja Ha BOCTOK»).

38. Ilycte C;, C, C3 u Cy—7T0YKH Jlepeceyends ¢ Repubepneil
KBajipaTa IIpOBeJleHHBIX uYepe3 MeCTOHaXOXjAeHHe B BoJKa TPAMEIX,
napajiie/lbHBIX JHATOHA/SIM KBajpaTa; JOKaKUTE, 4TO C€OGaKH MOTyT
nepeMellaTbCs [0 FpaHHULle TOJs, Bce BpeMs 3aHuUMas noJoxenue (),
Cy, Cau Cy. -

39. a) Kopabar K; He moxeT npubausuThcst K Kopaduo K, Ha

d
paCCTOHHﬂeg—‘—;; OAHAKO €CJIH CYHTATh BpeMmd Mpec/ejOBaHHsT Heorpa-
<

HHYEHHBIM, TO paccTosiHne Mexay K; u K, MOXKeT CTarh CKOJb yroAHo
6nuskuM K d/2.
dVoee—u?

6) Ha paccrosinne E—
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40. a) He moxer.
6) Moxer.

41. a) CpaBuure 0613CTh TOUEK, KOTOPHX MOXKET JOCTHFHYTb 3a
5/4 Mun. katep, HauaBIIMI JBHXKEHHE B HEKOTOPOH TOUKE TPaHHIL
kpyra paguyca 1 x# ¢ uentpom O, u 06:1acTb TOYeK, OCBEMEHHHIX 3a
TOT JKe MepHOL BPEMEHH MPOKEKTOPOM.

6) Jns TOrO uTOGHl KaTep MOr He3aMeTHO TNOJOHTH K OCTPORY,
Hajgo, uToObl €ro CKOpoCThb GBLIA HE MEHBINE BEAHYHHB Uy==27 COS d,
TAe yroJ o onpejenstercsi w3 ypaBHenns g a= 2n+a (x0TOpOEe MOKHO

PEUIHTL  JHIbL  OpPHOJMMKEHHO; U3  Hero [oJiyyaerca oc~097——-

v vy~ 08 sxu/mun. Yxaszanne, Bocnoaesyiitecs TeM, 4TO ecnu

U
CKOpOCTL KaTepa paBHa v, TO BHYTPH KPYra pamiyca p == C LHTPOM 0

KaTep MOKET CBOGOARO HBHTAThCH K OCTPOBY Tak, uTOSH [POKEKTOD
He cMOr ero oGHapyXKuTb; 4O KPyra palHyca p KaTepy BLIFOAHEEe BCEro
IBUraThCs MO KacateApHOH K ORPYKHOCTH 3TOrO Kpyra,

42, a) Cuwoxer. Y kaszarue Bocrnoab3yliTech TeM, 4TO BHYTDH

Kpyra pamiyca r=-— BurTtop mMoKeT nepemematbes ¢ Gonbiell yrao-

BOH CcKopocThbio, YeM AHgpefl.
6) Buxrop cymeer yGemaTte OT Annpes, ecin OTHOHmIeHHe R aX

o 1 -
CKOpoCTeil MeHbIlle KOPHA X, YPaBUEHHH n—{»arccos—)—c—:l/x —1 (310

ypaBHEHHE MOXKHO peliuTb JHUMb NDPHOGAHKEHHO; ¥, ~ 4,6), n He cywmeer,
econ k=%, Yxasanue. Cpaprure sty 3ajauy c 3ajaveii 41.
43. a) Ecin b=a Hanéonbnmn yroJ Tpeyrosennxa ABC papen %,

10 180° > x =, rae o==arccos Qb
6) Ecan b>==a n uanmenswuil yron Tpeyroasuuka ABC paseH y,
b
T0 0 < y<<f, rueﬁ—arcsm~b— npu b=aV? n B=arccos - mpu
b<<al 2.
44. O6ospaunm [/ ACB=a; torma npuw 0,0scM<I xmeleM:
L] 5 . RS
Qarcsmg—wga<]80 ecan m<0,5 u 2arcsin 2M<oc < 2arcsin TR
ecan 05<<m<< M,

npu IQMQ—KIZ—%——I— uveer: 0 < o < 180°, ecoim m=c M—1;

M?—[-m?—l o 1
—_— —_— M——
arccos IS < a< 180° eciu M lsm< l M
1 1 PO
Qarcsmm o < 180°, ecnn M—’—T-l—gm<0,5 u 2aresin 53 =<
< o= 2 aresin 5171 ecan 0,5 =gsm=g M;
npu —K%ﬂgMgl,S AmeeM: 0 < o < 180°, ecan m <M—1;
2 a__
arccos m—l < a < 180° ecan M-l m< 05
2Mm
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M2+ m2—1 1 . 1
arccos ———W——<a<2arcsm2—’—n, ecaH 0,0<m<M——M— H
1
2arcsmm<a<2arcsm§r—n, ec/u M——Mgm<M,
npu M==1,5 umeem: 0 < o < 180°, econ m=20,5; 0 < oc<2arcsin2—lm s

2 2 )

ecan 0,0<<m<cM—1; arccmw——l<a<2arcsin—l—, ecau
2Mm 2m

1 1
M—1< m<M——M H 2arcsm—M<oc<2arcsm—2—ﬂ-l ecau

M—%<m<M JHCJIO x:——l{T:[—— eCTs KOPEHb KBaJpaTHOrO ypas-
HeHUst x-——)l—c—:% .
45. a) 1) 0 < A=<C60% 2) 0 < B < 90% 3) 60°<<C < 180°
6) N0<a< w;, 2) V2<<b< oo; 3) 2“]/2—7—<c< .
46. a) 1) 1 <r,;<<3; 2) 2<rp< oo; 3)53<rc<oa YxasaHue.

BocnosbayiiTech dopmynaMu r= r s ra=

o’ rae S—mJomags Tpe-
yrombiuka ABC co cTopoHamu @, b, ¢; r U rg—pPajHycH BIMCAHHOM,
COOTBETCTBEHHO BHEBNHCAHHOH OKPYKHOCTH 3TOIO  TPEYTrOJbHHKA K
p —ero moJaynepHMETp.

6) Ho<r =35 D0<rp<g; 3)»—<rc<4 Yxasanue.
a

Iycrs DX =p,, EY Py, FZ=p,— JMHB NepneHZUKYJSIPOB, BOCCTA-
BJAeHHHX B cepenuHax D, E u F cropon BC, CA u AB x »sTum cro-
poHaM, cyutast or Toyek D, £ u F o Todek mepeceyeHHsl ¢ ONHCAHHOH
BOKDYT TpPeyroJbHHKA OKPYKHOCTBIO (MpHUeM TOuka X JIEKHUT MO TY XKe
cropony or npamoit BC, 4to u Ttouka A; Tourkn Y ® Z onpegensiorcs
aHaJIOTWYHO); TOTJa

1 1
pa:?(rb+r0)’ pb:"Q_(ra‘l'rc) u pc:'g(ra+rb)

3
47. 1) 1 <pa<<2; 2) 1 <pp <3;3) 5 <pr<»; 4) 2<pp< »;
2

5) 1 < pap=<coo; 6) 2<pac<<o; 7) 3<pap<<o. Yxaszanune,
Ecau SA”“SABCDr Sp=Sx acp Sc=SA app H SD——SAABC—-—HJIO-
maan rpaneil terpasgpa ABCD u Sy <<Sp<Sc<<Sp, 10 pa<<pp<
< pc << Op; Aajee, pajuyc p BiucaHHOH cdepbl TeTpasipa HaXOLMICH O
dopmyne p =55 Ae V —o6wem Terpasapa, a3 ::“M—————QSC_FSD—-
NOJOBHHA IJIOMAAY NOBEPXHOCTH; AHANOTHYHO PAJHYChl BHERNHCAHHHIX
cep Terpasipa onpeleNsioTCs H3 (popMYy.JI

I 3 . 3V . . 3V .
PA= o E—sn T IE—sy T IE=S) PP R E—5p)

3V 3V

PAB=E=5,—Sp) PHTIE=—5,—50) "
W w3V
PaD=9 T =35,-5, "™ TES5=5g)
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48. JluGo h, < B, < mgy, mubo Ay =0, =m,.
49, 1.

50. Onycrure u3 cepeaunnl cropons AC TpeyrosbHHKa HePREH M-
Kyaspsl Ha cTeponnl BC u AB.
51. Bocnoapsyiitech pe3yabTaTOM 3agaun 48 4 TeM, 4YTO

A
2bc cos 5

Pa=—57o— 1
1

52. Ecan o<<90°, TO 7<ma<-—ctg»—- ecn a==90° To
—l—ct E<m <i
g g =a=7g-

L. 4 "
53. cos C 2?' Yrkasanune. Bocnoabayiitech dopmyioit, Bepa-

XKawouwed AIMHY MeIHaHH TPeYroJbHHKA UYepe3 JJHHL €ro CTOPOH d4Ju
peayJabraToM 3ajaud 68 a).

54. 2<$<1+V‘2.
55. / ByAC-+ / D;AC, < 90°.

56. 0:3; 5TOMY B3HAYEHHIO U OTBeYaer KoHyc K, yron @ mpu Bep-

. 1
LWIMHE OCEBOTO CeuyeHHs] KOTOPOro Olpejesisiercs YCJOBHEM sint 5=

57. a) 0<V<——]{§%, rge V-—ofvem Terpasgpa. YKaszauue.

Bocnonb3syfiTech pesynbratom 3agaud 99 6).

1 i
6) 0 < Vg —; V=§, ecru rpadii ACD u BCD rterpasipa —
NpaBUAbLHBIE TPEYTOJbHHKH CO CTODOHAMHM JMHHHL 1 M NJIOCKOCTH 3THX
rpaHefl nepreH UKYJsPHbL.

d2
58. 0<S<m 5 rjle S—IJoiajk MOBEPXHOCTH BPAlieHHU.

1
B9. a) 0 < s <.
&

6) %és <L
4
60. —ggd <L
61. Ilyems A,8;, A:B,, ..., A,B,—paccmarpuBaevble OTPE3KH,
Kaiomuecs B Touke O 1<ﬂ£<ﬂ9<‘£< <ﬁ3 rie
nepecexaomuecs , H <08,~08,~08;,~ "~08," "
i, j, ..., p—Kakasi-TO mepecTaHosKa HoMmepoB 2, 3, ..., n. IlokaxuTe,
YTO eC/IM CABHHYTb KamJbIH H3 0oTpe3koB A,By, A3Bj, ..., A,IIIB,,IBLIOJIB
cogepxkamei ero npsMoil B nosoxenue AyB,, AzBz, ..., ApBn TAK
9TOOE  GBLLIO MzA“‘O,zA:’O,: ...:A”O, , To HanGojkuas CTOPOHA
0B, 0B, 0B, OB,
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2n-yroJlbHUKa, BEPWIHHAME KOTOPOrO CJYXKaT KOHHH OTpe3KOB, He yge-

JHYHTCS; HEe YBEJNHUHTCS OHa W NpH JajbHellleM CABMIe BCEX OTPE2KOB B

nonokenne ABy, AsBy, ..., AnBn, rie ﬁx—or,zAz(),,:...:A”O”':l.
0B, OB, OB,

62. MNycrs 0, P, Q-—nuenTps OKpyXHOCTeHl, BAUCAHHBIX B Tpe-
vroashuku ABC, ABD u BCD, O', P’ y Q' —npoekuun STHX LEHTPOB
ua ocHosanne AC u PK || QLI AC, rze K u L—toukn orpeska 00’;
Hajo JoKas3arth, uro QQ’ > OK wuau gro PP’ > OL.

63. Bocnosbayiitech TeMm, 4To HanGogblnasi CTOPOH3 TPEYTOJLHYKA
siBJIsieTcs] HaHGOJBUINM 13 BCeX OTPE3KOB, COEAMHSIOMMX KakHe-Iufo jipe
TOYKHM TPEYTOJbHHKA.

64. Bocriosbsyiitecs TeMm, uro Ans mo6ux tpex Touex X, ¥V u Z
Beerga XY +YZ .= XZ.

65. a) JlokaxkuTe, uTO OTPe30K MCKOMON TmpsMoli, 3ax/aoueHHHI
MEXNY CTOPOHAMH yrJia, NeJHTCS JaHHOH TOukoil monoJam.

6) BocnospayiTtech TeM, 4TO OTPE3OK, 3aKJIOUEHHBLI MeXIy BepluH-
HOll TpeyrosibHMKa M TOYKOH KacaHWsl HCXORsmiel K3 3ToH BepIUHHH
CTOPOHB! C BHEBITHCAHHON OKPYKHOCTBIO, paBeH TOJYNepuMeTpy Tpe-
YIOJBHRKA.

66, Hailignre ycJjoRrHe, NPH KOTOPOM INPOXONSIMYIO uepe3 Touky M
NPSIMYIO Hesb3st CJIeTKa 1OBeDHYTh BOKPyr M Tax, uToGE OTpe3oK BH-
cexaemblii Ha 3TO TMPAMOH CTOPOHAMH YIJa, YMEHbIUHICH.

67. 210 3Hauenwe pPaBHO %; OHO [JOCTHTaeTcs AJ7 TPeyroJlbHHKOB
a-+b--c¢
C OCHOBAHHEM a:% <=_‘t4_+*) .

68. a) PaccMorpuTe OTHEJBHO caydad, KOrja npsmasi [ mepecexaer
orpe3ok MN; mpOXOXHT vepe3 OAME H3 €ro KOHLOB; MNepecekaer mpo-
nonKeHue orpeska MN; mapannensxa npsmoit MN.

6) PaccMoTpure OTHeNbHO BCEBO3MOXHBIE CJYUaH B3aHMHOTO pacro-
aowenns orpeska MN u oxpyxuoctu S.

69. 3amenure TOuky B Touxofi B', cummerpuunoit B oTHOCHTEJb-
o 1.

70. a) Ileproe pemeHHe OrTpasure CHMMETPHYHO TPEYTOMBHUK
ABC BMecTe CO BITHCAHHBIM B HETO TPEYrOJbHAKOM OTHOCHTENbHO [pA-
moil BC; noayuenswifl tpeyrofsHik A’BC oTpasuTe OTHOCHTENEHO NpS-
Mol CA’.

Bropoe pewenune, Ortpasnre Touky P ot cropon CB u CA
rpeyroabuuka ABC.

6) HcnosbsyiiTe (nepeoe nim BTOpoe) pelueHue 3agauu a). OTBeT.
Ecnu tpeyroabenk ABC oCcTpPOYyroJabHBI, TO BEPUMHE HCKOMOTO

. TPEYroJIbHHKA COBHNAJAOT ¢ ocHoBaHHsMH Bbicor ABC; B pnpoTHBHOM
clydae MCKOMBI!l TPEYTOJBHHK BHIPOXKAAETCS B ABaXALl B3ATYIO BRICOTY
Tpeyrodbiuka ABC, onyilenHyio Ha GOJBIIYIO CTOPOHY TPEyrOJbHUKA.

71. a) Bocnoubayfitech pesyipratoM 3anaqu 69 a).

6) PaccMoTpurte oTReNBHO caydaH, Korhe [|lm wu xorma lum
nepecekawrca. Ecau npsaubie I H m nepecekaiotes, Hajo elle pPasjuuarth
clyuad, Korga A JieKHT BHYTPH OGPA3OBAHHONO MMM OCTPOFO yrja H
KOTAa 3T0 He Tak (B JIOCJe[HeM CJyuae HCKOMBII TPEYrOJbHMK BbIPOXK-
JaeTcst B ABaX[bl B3ATBIH OTPE30K).

B) PaccmorpuTe OTZesbHO BCe BO3MOKHbiE CJyuaH B3aHMHOTG pac-
noJioenust ApaMbBIX [, m R n; ecnu STH TPH nOpaAMble ABISIOTCH
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CTOpOHAMH OCTPOYTrOJbHOTO TPEyroJbHHKA (JHIlb B 9TOM
c/lyyae HUCKOMDLU TpPeyroJibHHK He BHPOXKA3eTcs B ABAXKJALL B3ATHI
orpesok!), Bocroassyiteck pesynsrartoM sagaun 70 G).

72. PaccMorpuTe cHauasa CJAeAYICUWLYO 3ajavy, AHaJIOTHYHYIO 3a-
nave 70 a) (sTa sajaua HONMycKaeT pelieHHe, GJHM3KOoe K NEPBOMY pelle-
uuto 70 a)): Ha cropoe AD yernipexyroieHHka ABCD sajaua Touka P;
HaliTh BnucaHHbll B ABCD ueThlpeXyroJibHHK HaHMEHbLIETO BO3MOKHOIO
nepuMeTpa, OjlHa BepluMHAa KOTODPOro COBNAKAaeT ¢ TOYKOH P.

73. BepwHHaMH HCKOMOLO TPeYTOJbHHKA GYAYT ABJATLCS OCHOBAHHI
BeicOoT TpeyroasHuka ABC; ecau Tpeyroasuuk ABC ocTpoyrosibHeil (a
JBb B 9TOM Cjydae NOCTPOEHHbIH TpeyroabHHK Oygper Buucan s ABC
B COGCTBEHHOM CMpICJie CJI0BA, T. €. €ro BepmiHHH OyAyT Jekarb Ha
cropouax ABC, a He Ha HMX NPOJACJIKEHUAX), TO NEPHMETP IOCTPOeil-
HOTO TPeyroJlbHuka GyneT MeHblue NephMerpa Joboro APYroro BIHCAH-
Horo B ABC rtpeyroibHHKa (5TO YCTAaHABAHBAGTCST ¢ HCHO/b30BAHHEM
Bplpaxcerud Jad miowaiu ABC B BHAe cyMMH NJomiajedl ueThipexyroJib-
uukos ODCE, OEAF v OFBD; 3geck D, E u F—BepluuHbl BIUCAHHOrO
B ABC TpeyroJnuHKa).

74. Paccmorpute OTAeJBHO c/ayuail, KOrAa BHYTPH TPeyroJeHEKa
ABC umeercs touka O, pacCTOSIHHS OT KOTOPOH Ji0 BEPLIHH TPEYroJn-
HUKa [DONOPIlHOHANLHEl YHCIAM m, n H p (B 3TOM Clyuae DeilleHHe
3aja4d AHAJOCMYHO pelleHHio 3ajauu 73), u cayuall, Korga BHYTPH
tpeyrosbiuka ABC HeT TaKolft ToukH.

75. a) TMosepunte TpeyroabHuk ACX (roe X —npou3BoJjbHas TOYKa
BHYTpu Tpeyroibiuka ABC) Bokpyr ToukH A Ha 60° B HanpaBjeHHK
or AB k¥ AC. OrBerT. VKckomas TOYKa eCTb Ta, H3 KOTOpol Bce CTO-
pOHBL TpeyrosibHMKa BHAHHI NOx yrjioM B 120°, ecad sce yraw Tpe-
yromeuuka ABC wmenbime 120° B IIpOTHBHOM Cllyuae MCKOMas TOYKa
COBINAZAeT C BeplIMHOH Tymoro yriaa.

6) 2ra TOuKa COBNAJaeT C TOUKOM, MOJyYeHHOH B pelleHuH 3a-
Jayn a).

76. a) Mckomasn Touka cOBMajaeT ¢ TOYKOH MepeceueHHA MHArOHa-
Jiell YeTbIPEXYTONbHUKA, eCJIH ueThlpexyrodbHuk ABCD BHIYKJBI, U ¢
peplnHof Gosburero 180° yrya, ecsu ABCD -— HeBHYKJbH YeTHIpex-
yTOMLHHUK.

6) Mickomasi Touka coBIajaeT ¢ TOYKOH IlepeceueHus JuaroHasei
YeThIpeX yroJbHUHKa.

77. a) Ecay Bce yraw Tpeyronbnuka ABC menbwe 120°, 10 ToOuka,
OTBICKaHHE KOTOPOH COCTaBJIsieT cojepxaHue 3ajayd 75, coBnajaer ¢
TOYKOH IepecedeHHs] MNepIeHAHKYJSIPOB, BOCCTAaBJEHHBIX B Toukax A, B
u C k cTopoHaMm onucasHoro BoKpyr ABC npaBuJbHOTO TPEeYFOAbHHKA
(310 cJaefyer H3 TOro, 4TO CyMMa PacCTOStHHE OT moGoH 104KH BHYTpH
NpaBHJLHOIO TPEyroJlbHHKA J0 ero CTOPOH HMeeT OQHO H TO XKe 3Haye-
Hue); B ciayvae, Korja, Hanpumep, / Cz=120° sta Touka coBlagaer c
Bepwuuoit C.

6) Ecain Bece yrant tpeyrosbHuka ABC wmenbwie 120°, To ToOYKa
nepeceueHyust MHEPNEHAHKYJISIPOB, ONYIEHHBIX M3 BepIIHH TPeyroJbHHKA
ABC ua cTOPOHbI BIHCAHHOFO B HErO NPaBHJIbHOIO TPEYrOJbHHKA (B 3TOM
cayyae oHa JaexxuT BHyTpu ABC), coBnagaer ¢ Toi, Hax0oXaeHHEe KOTOPOi
COCTABJIIET COAEDXaHHE 3aRauH 75; J0K2a3aTeJbCTBO 3TOTC GJIHM3KO K pe-
leHHIo 3afaqu 73.

78. a) TlepBoe pemenne. [losepuure rtpeyroapunk CAM
Bokpyr A na 60°
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Bropoe pemenne. Ilpoegnte uepe3 Touky M TpH npsMbie,
napajanesbibie CropoHaM TpeyromsHuka ABC, M paccMOTPHTE TPH UETHI-
pexyroJibHHKA ¢ juarosHanamu AM, BM n CM.

Tperbe pemenne. Onycrure ms ToukM M nepHeHARKYJISIPH
Ha CTOpOHB TpeyroJbEHKa ABC u DacCMOTpHTE TPEyTOJbHHMK, BEpuId-
HaMi KOTODOT'O SIBJRIOTCS OCHOBAHHS 3THX NEPHeHIUKYJSAPOB.

UYerbBepToe pewmeE He. Bocrnoabsyiitech Teopemoit Ironemes {(cM.,
Hanpumep, 3anauy 136 w3 kuurn J. O. Hlxkaapckoro u ap. [17].

6) Ilpumennure pesysbrar 3afaud a) X NPaBUJALHOMY TPEYTOJbHHKY,
nocTpoeHHOMY Ha cropoHe BC tpeyronbnuka ABC sue ABC.

79. PaccmoTpuTe OTHENLHO cJhyual, Korjaa GoJbluee H3 uHCed M1, B, D
He MeHbII€ CYMMBH! JBYX APYIMX uHCeJ (IPH 3TCM HCKOMAS TOUKA COBIa-
IaeT ¢ ofHo# M3 BepmuH TpeyroasHuka ABC) 1 MPOTHBONOJNOKHBIE Cay-
yafi (Korga 3agada Moxer ObIThb peineHa Pa3HLIMH crnocoGamu, HanpyuMmep
2HaJIOTHYHO pewleHusM 3apay 75, 77 a), 77 6) u 78).

80. Ecaiu AB < AC, To ucromas touka M UPHHALJEKHT OCH CHM-
MeTPHH TPeyroJibHHKa W TakoBa, uro / MAB= / MBA=230° (npuuem
M nexuT BHe Tpeyroaphuka ABC); ecnu e AB= AC (= BC), 10 M —
mobasi Touka gyrn AB onucannofl BOKpyr Tpeyroabuuka ABC OKpyX-
HocTH. ¥ KasaHue. BunogHuTe moCTpoeHHe, ONUCAHHOE B YKa3aHHM
K pemleHuio 3ajaud 75 a), NpHHABR 3a X MPOH3BOJBHYIO TOUKY, JEKAMYIO
BHyTpH yraa ACB, Ho BHe Tpeyrossuura ABC.

81. a) IlepBoe pewernne DBrpasure cymMmy KBajparoB pac-
cTOsHUE DPOH3BOJABLHON TOUKM M NJIOCKOCTH OT BepIINH TPeYroJibH:iKa
ABC uepe3 KBajpaT pacCTOsHHS TOUKH M OT TouKH mepeceueHnst MeIHaH
(uentpa TsKecTH) TpeyrodbHuka ABC (B noayueHnywoo ¢opMmyay MOLyT
elile BXOAUTh BEJNUUHHBI, 3aBHCsLUe OT BHGOpa TpeyrosbHuka ABC, no
He oT ToukH M),

Bropoe pemenune. CpaBHHTE CYMMYy KBaJpaToB paccTOSHMI
NPOM3BOJBHON ToukKM M TIJIOCKOCTH OT BepwiMH Tpeyroabhuka ABC
¢ CyMMOH KBaZpaTOB pAacCTOSHHH OT TOH e TOUKH 1O CepeiHH CTODOH
TPeYroJpHUKA.

OrseT. Hckomot TOUKOH fABASETCH TOUKA [epeceyeHHs] MeAHan
TPeyroJibHHKA.

6) PaccrosgHust HCKOMO§l TOYKM OT CTOPOH TPEeyroJbHHKa Npomnop-
IHOHAJNBHBL JUIHHAM CTOPOH.

82. a), B). 3apaua MoixeT ObiTh peuleHa aHaJOrMYHO NEPBOMY HJH
(4TO HECKOJIbKO TpYyJiHee) BTOpOMy peuienyio sagaun 81 a).

OrBer. Hcromas rtouka ¢ o6nagaer TeM CBOHCTBOM, dTO
0A+0OB-+0C+0D=0 (3mece ueproukaMu Han GyKBamH 0GO3HAuEHH!
BEKTOpHI; 0 —HyJeBOll BeKTOp).

6) Pemenvem 3apads cayxuar JauSo Touka O pewleHds sajaun a)
{ecnd OHA TIPHHANJNEKHT YETHIPEXYTOAbHHKY, B YAaCTHOCTH, €CJIH UEThl-
pexyroapuuk ABCD peinykami), Jubo OGamwkafimas k stofi touke O
TOUKa YeTHIPeXYroJbHUKA.

83. Haumenbwyioo cyMMy KBajipaTtoB CTOPOH HME€ET DaBHOCTOPOHHHMIL
TPEYTOJbHHK.

84. MupumannHYI0 60JABIIYIO JUAarGHanb HMEET KBaLpar.

85. a) Ipn / ABC=120° B stOM cayyae BD=a--b.

6) Ilpn / ABC=0; B 3ToM cayuae BD=V @&+ b>—qab.

86. Ecnu o6a memexona ynansworcs or ToukH O, To uckomoe Bpems

g, oueBHpHO, Raercs dopmyaoii f,=0; ecan ofa newexoga npnOIHKa-
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. a-t+b o
oTes Kk Touke O, To loz—;;; €CJIM NepBHIR Tewexol npubnuxkaercs

. a
x Touke O, a BTOpOl OT Hee ypajsercs, TO fg=

oy TPH a>bu lg=0

B NPOTHBHOM cAydae. _

87. B sagaue Tpefyercs ONpeNe/NTb HAHMEHbLUEE BO3MOMNKHOE 3HA-
yeHHe (MPH IAHHBIX yriaax & U P) cvemenna / camosieta 3a HabsoRaeMei
OTPe30K BPEMEHH, HJIH HAHMEHBblIee BO3MOMKHOE 3HaueHHe OTHOWeHMs [/d;
APH 3TOM YI06HO BPEMEHHO MPENNOJIOXKHTh, UTO BEJIHUHHY [ ME 3HaeMm,
a orpezok d, HAnpoTHB, MOXKeT MeHATbCA. OTBET. Upyip=Iniy =

KMmjcex.
clg -g— H-ctg p

o

88. CpaBuuTe BeJHUHHEL %M_}-%M. " ﬂ_}__B_b)g_ ,

npsMoii  PQ, yIosjeTsopsiiomasi ycJoBHAM 3ajayl, X —npousBOJbHAs
Ipyras Touka npsmoit P

89. PaccmarpHraeMoe HBOIHOE HePaBeHCTBO He MOxeT OHTb yayu-
LIEeHO.

90. Bocnosb3yfitech TeM, UTO B TpeyroJbHuKe NpOTHB Gojbluei
croponsl JexuT Goxemmit yroa. (HepapencTeo sajaun ofpamaetcs B
PaBEeHCTBO JiMIIL B TOM cJaydae, Korxa TtpeyrodsHuk ABC paBHOCTO-
POHHHI.)

91. Bocnosnp3yiiTecb TeM, YTO CYMMa JIBYX CTOPOH TpeyroJbHHKA
Bcerga GoJgiblle TpeThbeH CTOPOHBL M UTO NPOTHB GoOJblieil CTOPOHH Tpe-
yroabHEKa JeXKAT boabmyil vroa. PaccMmarpuBaemoe iBofinoe HepaBEHCTBO
YyaydlieHO ObITb He MOXKeT.

92. a) Om0kuTE Ha NPOJNOKEHHH CTOpPoHB BA 3a Touky A u Ha
npojo/uKeHuun cropousl BA; sa Ttouky Ay orpesok AD= AC, coorer-
cTBeHHO otpesok A;D;=A,C.

6) Bocnoambayiitech pesyasTaToM 3ajaun a). OTBerT. 20 < 2p<C
o
5 )

93. JloxaxiTe, uTO BRHCAHHBIY B Ty Ke OKPYXKHOCTb HPAMOYTO/b-
Hulil TpeyroapHrK A.BC ¢ npsMeiM yriom C uMeeT MeHbIIHH IepuUMeTp,
uyeM OCTPOYTOMbHEH Tpeyroisink ABC.

94, a) [TepBoe pemenue. PaccMorpute Tpeyroanink A,8,Cy,
aast Koroporo toukn A, B u C sABMSIIOTCA CepellHHAMM CTOPOH, a4 TaKmkKe
(6onbumt  A4,B,Cy!) tpeyromeunk A,B,C,, CTOPOHBI KOTOpPOro mapad-
JielIbHHl CTOpOHaM TpeyrosibHHKa ABC H Kacaiolcs OmucaHHOB BOKPYF
ABC oxpyxuoctn S.

Bropoe pemenne. Brpasute pagnyc 7 BIHCAHHOH OKPYKHOCTH
tTpeyronpHuka ABC uepes pagnyc R onucanHON OKPYXKHOCTH M TPHFO-
HoMeTpHueckne ¢yakuun yraos A, B u C.

Tperbe pemenne. Brpasure paccTOsHHE MeXIY LEHTPaMH
okpyxHocTelt S M s uepes pajuychl R H r 3THX OKPYIKHOCTeH.

PaBencTBO R==2r wuMeeT MeCTO Juilb [IJs1 PaBHOCTOPOHHErO Tpe-
YrOJIBHAKA.

6) PaccMoTpuTe BCEBO3MOXHEIE paBHOGeJpEHHHIE TPEYIOJbHUKH H
onpenesinTe, Kak MeHAETCA OTHOWEHHE R:r ¢ H3MeHEHHeM YIja o MpH
BepIIHHe TPeyro/EHHKa.

rge M -—Ttouxa

<a<l+cosec
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B) Hapagy c TterpasapoM ABCD paccMorpute eiile ABa NOJOGHHIX
emy Tterpasjpa: AyB,C;D,, BepliHHAMH KOTODOro CJy¥*aT TOYKH mepe-
ceueHusi MeAuaH rpadedl tTerpasapa ABCD, u A,B,C,D,, rpanu xoroporo
napasienbhsl rpansim ABCD u kacaworcst onucannofi Boxpyr A;B,C,D,
cepsl 0, (cp. ¢. nepBbHIM pellleHHeM 3ajaud a)). PasenctBo P=3p umeer
MeCTO JIMulb AJs NPaBH/BHOTO TeTpasapa.

95. a) BocrnosbsyfiTece pesysbraToM 3ajaud 48, u3BeCTHHMH Hepa-

BEHCTBAMH
Xt+y+iz y +z 3
=V = T W

9 ] l 2
P (Y2, (5)

CBA3BIBAIOMUME TPH NPOH3BOJILHBIX [IOJIOMHTEJBHBIX YHCJIE X, 4 H 2, a
TaKXKe TaK HasbipaeMol TeopeMoll Crioapra, B CHJIY KOTOpOi
AM2= ———CM AB~+B—A—4 « AC2— BM CM « BC?
~ BC BC BC " BC
(rze M—touka croponn BC tpeyrosnuuka ABC); sta Teopema nosso-
JsieT BblpasuTb paccroande OM MexIy LEeHTPOM CIHCAHHONR OKPYMKHOCTH
H TOYKOH nepeceueHMs MeanaH tpeyrossHHka ABC uepes BeJHUMHBL
a, b) C, My, Mp, Mg, R
6) Ucnoabsyiite ¢opmyJibl, BLPaXAOWUE BEJAHUHHB 7, rg, 7y, o
n R uepes naowanr S tpeyroasHuka ABC W ero cTopoHwH a, b u c;
dopMyiy, BHpPaKawMyo AJHHY GHCCEKTPHCH TPEYTroJIbHHKA Yepe3 AJHHbE
ero cTopoH (3Ty (opmyay JErko NoJjy4dThb,” HCHOJ/B3Yys Teopemy CTioapra;
CM. yKasaHWe K 3ajaue a)), a Taxme HepaseHcTBa (D) (cM. ykasanme
K 3apade a)) u
P2 = xy - a2 4-y2. (B)

B) Mcnoussyiite pesyabTar 3agaud 48, dopMyay, BRpaxaiomyio
paccrosnne OM MexJy HEHTPOM ONHCAaHHOH OKPYXKHOCTH H TOUYKOH
nepecedeHnss MefHaH TtpeyrodbHuKa ABC uepes paauyc R onucannoi
OKPYKHOCTH M JUIHHBI CTOPOH TpeyroJibHHKa (CM. yKasaHHe K 3ajaue G)),
a Takxke HepaseHcTBa (A) M (B) (cM. ykasamme K 3azaue a)).

r) Hcnoapsyfite peayabrar 3ajaun 48, BLIpaxeHus ANA I, rg, rp,
re; hg, hp, h, uepes maomane S Tpeyroapirka ABC u AAMHBL €ro
cTOpoH, a Takxke nepaseHcTBa (A) u (B) (oM. yKasaHue K 3afiaye a))
H pesyJbTaT 3ajduH B).

Bce HepaBeHCTBa 3ajad a)—r) o0paliaioTcss B PaBEHCTBA JIMilb
[/ PaBHOCTOPOHHEro TpeyrodbHuka ABC.

96. a) thpasme CyMMy HONAapHBIX NPOM3BeJeHHH pajuyCcoB BHEBITH-
CaHHBIX OKPYXKHOCTEH TPeyroJlbHHKa yepe3 ero HepuMeTp; BOCNOJb3YiTech
Takke HepaBenctsoMm (B) (cM. ykasanue x 3ajave 95 6)) B HepaBeHCTBOM,
CBS3BIBAIOILEM DPajHyC r BIHCAHHOH OKPY:KHOCTH H NEPHMETD p Tpe-
yrojbuHKa (3agaud 95 a) u 6) uan sagaya 97).

6) Bocmosbayiitech pesy/abTaTamu 3asau 9506) u 94 a).

Yiyuienbl HepaBeHCTBa 3ajay a) H G) OHITb He MOryT.

97. CMm. sagauy 95a). (Bce nepaBenctBa 3amaus 97 obpaumaorcs
B DaBeHCTBa JIHWBL AJIst PaBHOCTOpoHHero Tpeyroasuunka ABC.)

98. TlepBoe pemenue Onpefeaure HauGoAbIiee 3HAYEHHE
V (d), xotopoe Moxer HWMeTh oO0beM V BnHcaHHOTO B 3afaHuyo cdepy X

.‘

TeTpa’npa, OAHa rpaHb KoToporo yzanesa or uedrpa O cgepst X na
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¢uKCHpOBaHHOe paccTosiHne d; 3ateM BbiACHUTE, NPH KakoM d ReIpake-
nue V (d) sBagercs HanOONBIINM.

Bropoe peweHne Bocnoan3yiiTech pesyibrataMu 3anau 106 a)
n 94 B).

Hepapencreo 3agaun 98 ofpainaeTcsi B DaBeHCTBO JHIb B ToM
ciyuae, Korpa rerpasip ABCD npaBHJIbHBIA.

99. Bocnosbayiitecs TeM, uto o6bem Terpasapa ABCD oxHO3Hauuo
onpepensieTcsl AMMHAMH @ U @, [POTHBONOJOXKHBIX peGep AD u BC, a
TAKKE pAacCTOSAHHEM H VYIJIOM MeXAY (CKPEIMBAIOMHMHACA) MPAMIMK
AD u BC; sarem BulAcCHHTe, NpH KaKOM nostoxeHun otpeskos AD u BC
3aJaHHLIX AJMH a B aq; Ha (hurcuposanusix!) npsmex AD A BC nnao-
wage A TosepxsocTd Terpasupa ABCD u ero waiepumerps 211 Gynyr
HanMeHbmiuMu, CHBHHYB 3aTeM aHaJOTHUHLIM 06pa3oM H APYTHE Tapel
NPOTHBONOJOKHBIX pefep, Mbl 3aMeHuM WCXOnHoift Tetpaspp ABCD
HOBBIM TeTpasapom A”B"C”D” toro xe ofbema V, 4To u HCXOmuEM, HO
MeHblUell (ToyHee— He 0OJblIeR) NJOMWAAH NMOBEPXHOCTH A W MEHbIero
(ne Gosbmero) nepumerpa 2I1. Tlocse sToro ang oueHKW BeJHUYMH A
u il B 3aBHcHMOCTH OT 06bema V csenyer BhIpasuis Beamunnsl V, A u IT
yepes JJIHMHB pebep (B MaHHOM cJyvae NpsSMOyroJisHOro!) mnapasjenemy-
neja, OMICAHHOTO BOKPYr Terpasgpa  A"B"C”"D" u Takoro, uro IWecTh
pefiep TeTpasjpa IBJASIOTCH THATOHAJSAMH LIECTH TpaHell mapadvesenunena.

Hepapeucrsa sazau a) u 6) ofpamarmorcs B PaBeHCTBa JHWb B TOM
cayuae, Korpa terpasap ABCD npaBHJbHBIIL

100. 2) [lepBoe pemenwue. Bocnoab3ylitece pesyabTaramMy
sanau 95 B) m 97. .

Bropoe pemenne. Henoabsyiite dopmyay [epona, Buipaxato-
myio ntomans S tpeyronsHuka ABC uepes JAHHB ero CTOPOH. M Hepa-
sercTBa (A) w (B) (cM. ykaszaume K 3anaue 95 a)).

Tperve pemenune. [locTpofite Ha CTOPOHAx TPeyroabHHKA
ABC paeHoctopoHRHe TpeyroasHukun ABC,, BCA, w CAB;, pacnojo-
JKeHHble N0 Ty Xe CTOpoHy or npsaMeix AB, BC u CA, 410 H cam
TpeyroabHHK ABC; nanee Buipasute paccrosuus AAq, BB, n CC, uepes
naomags TpeyroapHuka ABC W JUIMHBE! €0 CTOPOH.

Uerepeproe pemenne. flyere C', A n B’ —uentpn Tpe-
yroaeunkos ABC;, BCA, n CAB;, GburypHpYIOHHX B TPEThEM DELIEHHH
3ana4n; BRIpA3HTe AJHHB CTOPOH TpeyroabHHKa A’B’C’ uepes miouniafb
¥ JUTMHBl CTOPOH TpeyroawHnka ABC.

6) ITepBoe pewenwne. Bocnonawssyittech gopmynoit I'epora and
NJ0mAaAN TPeyTOMbHHKA H HEPAaBEHCTBOM

xy+xz-tyz=V3xyz (x+y+2), ()
CBSA3BIBAOILIMM TPH AOPOH3BOJLHLIX MOJOXKHTENLHBIX 4YHCHA X, Y H 2,
Bropoe pewenue. Bocnombayiitech TeM, uTo, HaupuMep,
. A
a?=(b—c)?}-4S tg-2—. B
Tpetbe pemenne Jlokaknre, uro TpebyeMoe HEPABeHCTBO
PaBHOCHJIBHO CJELYIOWEMY:

A B C oy
tegt+te 5 +tg5=V3.
101. a) Cnemyer H3 pesyabrtata 3ajzaud 6).

6) Ilpumennte K Kaxpoh rpanu Tterpasgpa ABCD HepaBencTeo
sagawn 100 6).



, ctg —|-(,tg
102. a) Howa:kure, uTO, HanpiMep, pa=~=—4—~——~———

ctg o
6) Hoxaxure, uro, Hanpumep, P,=r (1 +-tg? %) ; HCH0Jb3yHTe

: - r
TaKXe HEepPaBEeHCTBO Pa<2R~ﬁ— H 1Ba JpPYrHX AaHAJOTHUYHLIX STOMY
a

HepaBeHCTBa.

Bce nepaBencTBa 3afau a) u 6) of6pamarTcs B pAaBSHCTBA JHUIb
B TOM cJyyae, Korga tpeyronpiuk ABC paBHOCTODOHHHI.

103. a) [lepsoe pewenune. [IpescraBbte BennunHy O B puge
cymmpl 8,-4-8,, rme, ckamem, 8 =a-+b2-+c? n S,=ai-+bid-cl; pas
oueHKkH BenuuHH 8, u §, Bocmoam3yiiTecs HepaBeHctBOM (B) (cM. ykasa-
HHe K 3agaue 95 a3).

Bropoe pemenue. Bocnoassyiitecs (anamoruunniM (B)) nepa-
BEHCTBOM

Py B R 0 S (g e o,

CBSI3bIBAIOILUM [IPOH3BOALHEIE [IECTh MONOKHTENbHBIX YHCe] X, Y, 2, £, 4 1 0.

6) Bocrmoabsyiiteck pesyapTatoM 3ajaun 101 a).

PapenctBo B 3ajjauaX a) u G) HMMeeT MeCTO JMilb B TOM Cllydae,
Korga terpasip ABCD npapu/bHbI.

104. a) [lepBoe pewenue. Hcmoampsyiite pesysbraThl 3agay
75 u 80.

BTopoe pemweHne. 3aMeTsTe, 9YTO AOCTATOUHO OrpPAHHUIUTHCS
TeM ClydaeM, Koria M—BHyTpeHH A5 TOouka Tpeyroaenuxka ABC;
LaJiee BOCIHOJB3YHTecH Tem, uTo, Hampumep, R,--d,==h,, a Takke pe-
3yJbTaTaMyu 3agad 95a) u 1116).

Tperbe pemenne. Orpasure (BHYTPEHHIOW) TOUKYy M OT BCex CTO-
pou tpeyroapuuka ABC M BoCHo/b3yfiTech «H30NEPHMETPHUECKHM Hepa-
BEHCTBOM JJIS LIECTHYTOJbHHKA» (cM. crp. 45—46).

6) HcnoansyfiTe pesysbraT 3agauu 81 a).

Hepasencrsa 3agay a) u G) ofpamaroTcad B paBeHCTBAa JHUIbL B TOM
ciydae, Korjga TtpeyrouabHuk ABC mnpasuansbil u Touka M cosmajaer
¢ ero HeHTPOM.

105. Hcnoasn3yfite pesyabratsl 3apaq 82 B), 100 6) u 100 a). (¥Ycnosus
P4BEHCTBA 3]ieCh aHAJOTHYHEL TeM, Kakge HMEIOT MecTo B 3afave 104.)

106. Hcnouasayiite pesyasTaTsi 3ajgay 105 a) u 6).

107. a) Bocnonb3yfiTech O4eBHIHEIM PaBeHCTBOM

1
8=~ (ady+bdy+cd).

Cnyuau ofpalieHHst HepaBeHCTB 3aJauH B DaBeHCTBA GVIAYT PAa3HBIMH
/15 pa3HOCTOPOHHET0, PaBHOGEAPDEHHOIO H PABHOCTOPOHHET O TPEYIONLHUKOB.

6) Bocnoap3yiitech paBeHCTBOM S=—2—(ada—{—bdb—|—cd0) 1 HepaBeH-

creoM (A) (cm. ykasamue K 3amaue 95 a)). (HepasencrBo 3apaunm ofpa-
IaeTCsl B PABEHCTBO, eciu dgidy:d.==1/a:1/b:1/c).

108. a) min (hA, hB, I’l(‘, hD)<dA+dB+dc—t—dD<maX (hA, hB' hc, hD)
rae, Hanpumep, hy= AP —snicora TeTpasugpa ABCD, onymenHas u3
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BepuHe A Ha rpane BCD. (Tlpu pasfope ciyuaeB ofpatienus Hepa-
BEHCTB 3ajaud B PaBeHCTBA CJeAyeT OCO60 OTMETHUTb, HMEeT WJH He
umeer terpasip ABCD paBHeBeaHKHe TIpam#, NPeBOCXOAAWME MO IO~
M@aAd OCTajbHbIE T'PaHH TeTPasApa MJIM, HANPOTHB, MEHbLIUHE DO MJOUagd
Jpyrux rpaseil.

6) dadgdedn << 81 V4:(236 SySpScSp); 310 Hepaseuctso (rae, cka-
xeM, S 4 == S pop) OOpamaercs B paBeictso, ecmn da:dgideidp=
= 1/841/831/8(‘1/81)

109. Bocnoassyiitecs pesyJbTaTamu 3agay 816), 97 u 95 s).
(YcaoBust paBeHcTsa 3gech Te XKe, YTo M B 3afade 104.)

110. Bocnoassyfitece TeMm, uro, maopumep, h,—d, << R,. Hepasen-
CTBO 5Tol 3ajaud Of0paijaeTcst B PaBEHCTBO JIMIB B TOM cayuae, koraa M
COBNAJAET C TOYKOH IMepeceueHus BBICOT (OpTolUeHTPoM) Tpeyroabruka ABC.

111. a) Hoxaxure, 410, HANpHMep,

aR, = bdy--cd,. (#)

6) [Teproe pewenue. CpaBuus AauHy orpeska VW (cm. puc. 26

Ha c1p. 48) ¢ cymmolt paua mpoekumi orpeskos MV u MW wna cropo-
sin C sin B

Hy BC rpeyromsuuka ABC, pokaxure, uto R, ==d, S A +dcm ;
M3 3TOI0 HePaBeHCTBa M ABYX ADYTHX, aHAJIOTHUHBIX MY, JIETKO BHIBOAHTCH
TpeyeMslil pe3yJsbTar.

Bropoe pemenune. M3 uepapencrsa VW =nppe MV 4 upgecMW
(cp. ¢ yKkazaHWeM K TNeDBOMY peIUEHHIO 33a1aull) MOKHO BHIBECTH HEpaBeH-

c
erBo R, < =% dy+—5%d,, rie a;, by, ¢;—CTOPOHH TPeyroJb-
R a1 Ry

uwuka UVW; 310 HepaBeHCTBO BMeCTe C ABYMS JDYIHMH, aHAJOTHYHBLIMH
eMy, TaKkKe [PUBOJHT K TpeGyeMOMY pe3y.bTary.

Tperbe pemreHne. [lpuMeHHTe HepaBeHCTBO (x) (CM. ykaszaHue
K NMepBOMY peileHHIo 3ajauu a)) K Ttouke M’, cummerpuuynoit M orHo-
cuTeNbHO GUCCEKTpUCH yraa A.

YUerBepToe peineHne. [pumenure Kk uernipexyronasiury ABNC
M JABYM Jpyrum asanoruudbiMm ABNC uerbipexyrosnbuukam (re N —Touka
nepeceyennst npsMoit AM ¢ omucaHHofi BOKpyr TpeyroabHHKa ABC
oKpyXKHOcThIO S) Teopemy [ITomemes (cM., Hanpumep, 3afaqy 136 a)
u3 KHHrH [17]).

- RyR a
ITsitoe pewenue. Joxaxure, uTo, Hanpumep, d, :R——"’p—;— Cos 5
b 4

rte dg=MA’—pnuna GuccekTpucel yraa M rpeyroasnuxa MBC
u o=/ BMC; panee pokaxure, 4ro

Ry Ry+-R, =2 (dy +dy +d).

B) [Ilpumennte HepaBeHcTBO 3ajaun 6) K Touke M u Tpeyrob-
unky A'B'C’, rpe A’, B’, C'—takue Toukd ayueii MU, MV u MW,
1 1 1
4To MA’:—E—, MB’:T H MC' =——.
a b dc
Hepasencrsa 3agaw a) —B) ofpamiaiorcst B DaBeHCTBA JAIIL B TOM
cay4ae, ecan rpeyroasink ABC pasrHoctopoHHUI H TouKa M —ero UeHTp.
12. a) CocraBbre paBeHCTBO, CBfA3LIBAIOUIEe TPH BeJHYHHBL
R, Ry

o= o= d, u X = rxe, nanpumep, d), =M A; — paccroanue
a

uhio
dL‘
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or Touku M gmo rtouku A, nepecevenns. npsamoit AM co croponoit BC
TpeyronbHuka ABC; sateM ¢ moMoiibio HepaseHcTBa (A) (oM. ‘ykasande
K 3afade 95 a)) nmpeofpasyiiTe 5TO DaBeHCTBO B HEpaBeHCTBO, B KOTOpoe

BXOAUT BEJHUHHA ]3/ XgXpX, W CTENEHH 5TOH BeNWWHHH, HCXONs W3

RaRbRc

dadbdc b
. a c

6) Bocmonwayiitech TeM, 910 Ra+Rb+Rc>——t2—+—=p i

3TOTO HEPABEHCTBA, OUCHUTE BHIDAKEHHE X XpX,==

dy-+d,+d; > ¢ (= b= a; cp. Buime sanavy 63). Yayuurute HepaseHCTBO
3a5iaun 6) HeJb3d.

sinC sin B

113. a) Bocnonwsyviitech HepapenctsaMH R, =>=dy, —— -d, ——

) ’ P ¢ bsmA+”smA

n T. A ({(cM. nepeoe pemenue 3axaun 1116)) wan nepapeHcTBaMu

[4 b -
Ra>7 dy —l——a— d, m T. 1. (CM. TpeThe M uUeTBepToe pelleHHs Toifl e

3anaun). (YcnoBust paBeHCTBa—Te e, YTO W B 3ajaue 111.)

6) Cv. ykazanwe K 3agave 113 a) (YnyuwnTe wepaBeHCTBO 3afauf
6) Henb3f.)

114. a) Paa6efite napannenorpamm BCC,B, Ha gBa MeHBUIHX Napag-
JleJIorpaMMa, PaBHOBEJNHKHX COOTBETCTBEHHO Napannenorpammam ABB{A,
v ACC,A,.

6) 3amennre tpeyronsauk ABC tpeyroasnnkom AB'C’, cummeTpnu-
neiM ABC oTHocHTenbllo GHCCEKTPHCH yraa A, H OpUMEHHTE TeopeMy
MManna & Tpeyrossuuky AB'C’ u nocTpoeHHwM Ha ero ctoponax AB’
n AC’ napajnenorpaMmas, TpoTHBonoJqOKHEe AB’, coorerctenno AC’
CTOPOHBI KOTOPLIX TPOXONAT depe3 TOuky M.

115. Cm. ykasanme K TpeTbemy peurennio safaun 111 6). (Venonus
paBeHCTBa —Te e, 470 B 3aiaue 111.)

116, a) [TepBoe pemenune (M. ykasaHue x sagaue l11 a).

Bropoe pemesnwue Joraxkure, Yro TPH NpIMHE, CHM-
metpuunble npsamMeiMm AM, BM u CM coOTRETCTBEHHO OTHOCHTENLHO
6uccektpuc yraor A, B u C tpeyroawsnnka ABC, nepeceraioTcs B OfHOI
Touke M’; mpumenwrte pesyabTar sanaud 111 6) x Tpeyronvuuky ABC
H Touke M’.

6) Tlpumenute HepaBeHCTBO 3ajaun 1116) x rtouke M u Tpe-
yroavuuky A'B'C’, rpe A’, B', C’—rtakue Touxkn ayueii MA, MB
u MC, urto .

P S A S .
MA“‘MTF(“R,,)’ MB“MB' MC’ = C -

B) BocmoJbsyfitech pesyinTaTamu 3afad a) u G).

r) Tlpumenute pesyabTaT 3agaun a) kK Touke M W Tpeyrose-
nuky A’B’C’ sroporo peluenus 3ajnauu 6).

1) IpumenuTe HepaBeHCTBO 3ajay# a) K Touke M W Tpeyrojbun-
Ky A'B’C’ pewenust sagaun [11 B).

e) BocnoabayfiTeck pesysabTataMH sajad r) u z).

Bce HepaBencTBa 3anau a)--e) ofpalialoTC B PaBeHCTBA B TeX Xe
caydanx, u4To0 M B 3afauax 111 a)—B).

117. a) Bocnoansyiiteck peayanTaToM 3azaun 111 6) B HepaBeHcT-
soM (A) (cMm. ykasanne X 3azaue 95 a)).
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.

6) Bocnonbayiiteck pesysibratoM 3ajauu 11l a), mepasencreom (4)
(cM. ykasaHHe K 3amaie 95 a)) u HepaBeHCTBOM

(24 g2+ 2%) (1 + 41+ 2D) = (exy gy +22y), )

CNpaBeRAMBLIM JJIst THOGLIX IIECTH MOJICKHTEJbHBIX YHCRN X, Y, 2, X, Y Rz

Hepasencrsa safay a) u 6) ofpallaioTcsi B PABEHCTBA B TOM e
ciyuae, 4To M B 3ajavax 104 a) u 6).

118. a) Pewenne 3ajau¥ aHaJOTHYHO pellenuio 3ajaun 110; wepa-
BEHCTBO STCH 3ajaud oOpallaercst B DaBEHCTBO JUWL B TOM Ciyuae,
KOria BbicoThl Terpasipa ABCD iiepecekaworcsl B OQHOH Touke H M cop-
najgaer ¢ 3ToiH TOYKOil.

6) Ilokaxure, 4T0, Hampumep,

Sg L Sc D
Rady = S dadp T3, dyde+ . dadp.

Hepasencrtso 3ajaun 6) ofpamaercs B PaBeHCTBO, JMUIL ecJai
terpasp ABCD npasunbHEH, W TOuka M COBIajaeT c ero LeHTpoM.

119. IlepBoe pemweHue. C noMowbld HepaBedcTBa (A)
(cM. yxasanue K 3ajaue 95 a)) moxaxurte, 4TO, HanpHMep,

SaRa=3}/ SeScSpdpdcdp.

BTopoe pemeH e aHalorM4HO BTOPOMY pemienHio 3afaun 111 a).

Hepasencrso sagaun 119 ofpamaercss B paBeHCTBO B TOM XKe CJy-
yae, uTto M B 3ajaue 1186).

120. BocmoabayiiTeck HepaBeHCTBaMH

¢ —
_’fiy_;ﬁj_;; Vgt » (A"

(24 y2 22 12) (07 +yi 21+ 17) = (e -F gy 22, -+ £)2, ()

CIpaBefIUBHMH [ JIOGbIX YEThIpeX MOJOXKHUTEeNbHLIX uHCed X, Y, 2 H f,
COOTBETCTBEHHO /14 JIIoObIX BOCBMH MOJIOKHTEJNbHBIX UHCEI X, Y, 2
ut, Xy, Y1, 21 ¥ £y

HepaBenctBa 3ajau a) ¥ 6) ofpawialoTcs B PaBeHCTBA, JIHWIb eCaH
Terpasnp ABCD npasunbHEIE B TOuKa M coBHAJaeT ¢ ero LEHTPOM,





