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HCCJEIOBAHUE YCTOMYNUBOCTH MMPAMBIM METOJOM JIAITYHOBA

Knura npencrapnser co0oil n310KeHUE OCHOB TEOPUU YCTONYHBOCTH 110 JISITyHOBY
U €ro MpsIMOT0 METO/1a, I0CTyITHOE HHXKeHepaM. Bech He0OX0MMBI A1 UTEHHUSI KHUTH
MaTE€MaTHYECKHUI anmapar, BBIXOAAIIMM 3a Mpeaernsl IporpaMMbl TEXHUYECKOTO BY3a,
IIPUBOJUTCS B IIEPBOI1 €€ IIIaBe.

N3naras npssmoit Meron JIAmyHOBa, aBTOPBI IIUPOKO MCIOIB3YIOT T€OMETPUYECKUE
UHTEPIPETALIMA U NPUBOIAT IPUMEPHI IMPWIOKEHUS IIOJYYEHHBIX pE3yJIbTaTOB K
TEOPUM ABTOMATHYECKOIO pEeryJMpoBaHusA. KHHMra cOmepXUT M BECbMa WHTEPECHBIN
HOBBII MaTepual 10 pacpoCTpaHEHUIO MeToa JIsnyHoBa.

Knura npennazHadeHa it MaTEMaTUKOB M MHKEHEPOB, 3aHUMAIOLIUXCSI BOIPOCAMU
YCTOMUMBOCTH M aBTOMATHYECKOTO perysiupoBaHus. OHa MOXXET ObITh HCIIOJIb30BaHA
CTYJIEHTaMH B KaueCTBE y4eOHOro nocoOus Mpyu U3y4eHUH Teopun U depeHnaIbHbIX
YPaBHEHHH, TEOPUHU YCTOMUMBOCTH U TEOPUH ABTOMATUYECKOIO PETYIUPOBAHMS.
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IIPEJJHCJ/JAQOBHE PEJAKTOPA IIEPEBOJIA

Teopust ycTOHYHBOCTH, OCHOBB KOTOPOR OBIIH H3J0XEHHI
B 1892 r. B u3BecTHOM MeMyape JIATNYHOBA, B MOC/efHUE
AecATUNETUS YCHUJIEHHO pasBHBajachb; 0COOeHHO LIMPOKOe pac-
NpOCTpaHeHWe MOJMY4HJa NpsAMoi Meron JlamyHoBa, KOTOpLIY
MO3ROJSET UCCJENOBATh YCTOHUUBOCTE € MOMOIUBIO CMENHANLHO
NofOOpaHHEX ,NpOOHBIX ¢yHKUMH (TaKk HA3BIBAEMBIX (YHK-
uufi JlamyHosa), He mpuferas K BHIYHC/GHUIO CAMHUX pelleHHH
JudepeHIHAILHEIX YpaBHEHUH].

B Hacrosiee Bpema Teopuss ycrouusoctd Jlanyrosa
3aBoeBaja BceoOluee NpusHaHHWe U C OOJbLIMM YCHOEXOM MpU-
MEHSIETCS B TEOPUH aBTOMATHYECKOTO PETYJIMPOBAHUSA, & TAKKe
B CMEXHHX 00JacTAX INPHKJAANHOH MEXaHMKM M TEeXHUKH.
[TosroMy BONpocaMH YCTOHUMBOCTH HHTEDECYIOTCS He TOJBKO
MaTeMaTHKH U MeXaHWKH, HO M 3HAUMTEJbHO OOJee LIMPOKHUe
KPYTH HHXEHEepOB H CHEHHAaJHCTOB B Pa3HBIX 00JacTaX TexX-
HUKH. B TO e BpeMs COBETCKME KHMI'M IO TEOPUH YyCTOHUH-
Boctu: Kypchl H. TI'. Yeraesa u W. I'. Maiakuna, MOHOrpa-
¢nu H. H. Kpacosckoro u B. U. 3y6osa u np., umeior
¢dynnaMeHTa bHBI  XapakTep M PacCYMTaHbl HA CPABHHTEJbHO
y3KH#t KJaacc KBaaudUIUPOBAaHHHIX uuTaTeneli. B coBerckoit
HAayuHO} /JMuTeparype HeT ,BBelleHHA“ B TEOPUIO YCTORUMBOCTH,
KOTOpOe B 0oJjiee 1OCTYynHOH (OpMe 3HAKOMMJIO OB uuTaTe-
Jeft ¢ OCHOBHBIMH HIeAMH, MOJOXKEHHAMH W NpUMeHeHHAMH
JAANYHOBCKON TeOpUH YCTOHYHBOCTH.

Hmenno 10T npobes B Hallelt JuTepaType U BOCHOJHSET
npejjiaraeMas COBETCKOMY WYMTaTello B PYCCKOM INepeBone
knura amepuxauckux yuewnix 2K. Jla-Canna u C. Jlepweua,
suimenmas B CIUA B 1961 r. Hanmucannas ¢ Goabluum ne-
JaTOTHYECKMM  MACTePCTBOM M COJepkKaumas CpPaBHUTENbHO
HeGoAbLIOR MO 00beMy, HO HMHTEPeCHO OTOODAHHHIH MaTepu-
aj, a TaKXKe MHOTOYMCJEHHHle NpUMEpH, KHUTa He NpennoJa-
raet (yHnaMeHTaJbHOH MareMaTHUYeCKOH MOJTOTOBKM Yy yuTa-
teneit. Tlo3TOMY B Hayd/e KHUTU H3/1aralTCst BCIOMOTATEAbHbIE



6 IIpeducrosue pedaxropa nepesoda

cBelleHHa O MaTpUUAX, KBaAPATHYHHIX (opMax H AupdepeH-
LHaMbHEIX YPABHEHHSX, KOTOPEIE 3aTeM HCHO/L3YIOTCA B KHHUTE,

B To Xe BpeMsi KHHI'a COZEPXKHT H HHTePeCHHH HOBHIH
MarTepHa’], KOTODHH OTCYTCTBYET B OCHOBHBIX Kypcax MO Teo-
pui yCTOHYMBOCTH. 31€Ch CiaeayeT OOpaTUTh BHHMaHWe YHTa-
Tens Ha § 13 ra. I, rae uwsnaraioTcss pasiMyHble paclIKpeHuUs
KpUTepHsl AaCHMNTOTHYECKOH ycroHuusocTH. B  nocuiepuest
ra. 1V wu3naraiorcs pesy/abTaThl MCCAEAOBAHMH AMOHCKHUX yue-
Hhx Oxamypa u Fomusasa, a TaxKe OJHOTO H3 aBTOPOB
kuuru, XK. Jla-Canns, NMOCBALIEHHBIX pelEHUSM ¢ KOHEYHbIM
BpeMeHeM oOMNpenejieHud, YCTOHuMBOCTH mo Jlarpauwxky, Tak
Ha3bIBaeMOH ,MPAKTHYECKOH® YyCTOMYUBOCTH M APYTMM BOHpO-
cam. Bce oTH ucclenoBaHus NpPOBOAATCS ¢ NOMOIbIo 0606-
LIeHHOTO NPpAMOTO Meroia JlamyHosa.

[lpu nepeBOne KHHMTH P TePMUHOB H3 OpHUruMHajAa OblJ
8aMeHer OoJiee TPUBLIYHBIMM 1Jsl COBETCKOrO YHTATeNs Tep-
muHamu. COOTBETCTBYIOIIME YKa3aHWA [JaHbl B MOACTPOYHHX
npuMeuanuax. 3ateM (yxe Ge3 COOTBeTCTBYIOLIHX YKasaHui)
UCNpaBieHbl MeJKHe OIMKHOKH, 3aMeYeHHHle B OpHUrHHAJE
KHHTH.

OxvH M3 aBTOPOB KHHMIH, BHIHeHIIHH aMepUKaHCKHH Ma-
teMatuk C. Jledmer, X0po1O H3BECTEH COBETCKHM YHTATEAAM
KaK aBTOp HENaBHO MepeBeleHHOR Ha PYCCKH#t ASBIK H MOJb-
syolefica ycnexoM KHuru ,leoMerpuueckas reopus nudde-
peHnunaibHbix ypasrenuit (WJI, 1961). Hwmelorcs Bce ocHo-
BAHMS MpeNNnoJaraTh, YTO U HACTOAINAS KHHMTA BCTPETHT
XOpOWUR TpHEM Yy COBETCKOrO uyuTaTes.

D. P. 'anmmaxep



TIPEJJHCJIOBHE ABTOPOB

B passutuu Teopuu nuddepeHUUanbHBIX YPABHEHUH Jierko
pasnuyaloTcs 1Ba MPOTHBOMOJOXHLIX HanpaBieHus. K mep-
BOMY HalpasjeHHI0 MOMHO OTHECTH HMCC/CNOBAaHHA, B KOTODPHIX
OTpaXXEHO CTpeMJeHue MOJAYyYuTh pelieHue JubO B ,3aMKHY-
Toft popme* (4TO BOBMONHO JHIIL B PeNKHX CJAydasx), aubo
B pe3y/abTaTe HEKOTOPOro npub.amkenHoro mpouecca. llennio
HCCMelOBAHUM, OTHOCAILUXCS KO BTOPOMY HaNpaBJIeHHIO, fB-
JdeTcd NoJyueHHe MHPOPMALUK O CBOHCTBAX BCEro MHOKECTBA
peletnit ypaBHeHus, TNPHYEM He JeJaeTCa MONLITOK AJjid
OTBICKAHUA TOYHBIX HJX NPUOJMKEHHHX pellieHH# 3TOro ypas-
HCHHU4.

Himenno Tak ¢opMyJHpYyIOTCA 3anauyn KadyeCTBEHHOH Teo-
pun auddepeHuranbHEX ypaBHeHu#t, koTopas Obla co3jpana
A. Tlyankape euwe B 1880 romy u mpopo/xaeT HHTEHCHBHO
Pa3BUBATLCA B HACTOflllee BPEMs.

InaBHas sajaua kawecTBeHHOH TEODHM COCTOMT B H3yye-
HMU TIOBENEHHA pelleHu#, GIH3KHX K HEKOTOPOMY 3aJaHHOMY
pellennio. ITO pellleHHe H306pakaeTcs KPUBOH MaM Tpaek-
topuet C B HEKOTOPOM mNpocTpaHcTBe. BosHukaer Bo-
npoc, 6yzer au Tpaekropusa D, HauuHawomascs BO6ausu C,
BCe BpeMs OCTaBaTbhCid B OKpecTHOCTH Tpaektopuu C (Toraa
C — ycmolvnean mpaexmopus), unu sta Tpaektropus Gyner
yraaarbes of C (roraa C— weycmolvugas mpaexmopus).
TakuM 00pasoM, McCleIOBaHUE YCTOHUMBOCTH BXOAHT B KpPyT
3a1a4 KayecTBeHHOH teopuu auddepeHUHANILHBIX YpPaBHeHHUi.

bes mpeysennueHus MOXHO CKa3aTh, YTO CO31aTeseM TeO-
puu ycroduusoctn sapasercs A. M. Jlanysos. OtnpasHo#
TOYKOH BCEX HCC/AENOBAHMN B 9TOM HANpAB/IEHHH CJIYKHUT ero
Kjaccuyeckas pafora ,O61iasn 3agaya 06 yCTOHYMBOCTH ABH-
’Kenua“, prnepsble mnossusmascs B Poccuu B 1892 roay u
NepepeNeHHas Ha MHOTHE A3BIKHM. DTOT TPYL SIBJAAETCA HACTOMb-
HOM KHHMIOH yueHBIX COBETCKON ILKOJB CIHELlHAJUCTOB MO
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Teopun AuddepeHUHaNbHEX ypaBHeHHMH, ILIKOJH, KOTOpas
No NpaBy 3aHUMAeT CerojHs Belyllee MecTO B Mupe.

B cBoeit paGote A. M. JlanyHoB u3y4aeT BOONPOCH yCTOH-
YHBOCTH C NOMOLIBIO IBYX pAa3AuUHBIX MeTOLOB. s UCHOJb-
30BaHUA TaK HAa3blBaeMOro nepsozo Memoda JlanyHoBa He-
06X0MMO NpPeaNONOKUTb, UTO UCCAELyEMOe pellieHHe H3BeCTHO;
9TOT MeTOJ NPHMEHHWM JUUIb K OrPaHHYEHHOMY KJ4cCy Bax-
Helx  cayuaes. Hanporus, smopoi, uau npamoi memod
JlanyHoBa sBaseTCs upe3BBIYafiHO OGIIUM M MOIUHBIM, H,
CaMoe TJIaBHOe, 048 NPUMEHEHUS 3M020 Memoon He HYHCHO
3ramb CcamMux peulenuii —B 9TOM ero HeOUEHUMOe Ipe-
HMYLIECTBO.

Llenbio Hacrosllelt KHHTU 4BJIfeTCH M3JA0MeEHHe B OOIUUX
yepTax TeOpHH ycroftuuBoctH JlamyHoBa u 0coOeHHO — O3Ha-
KOMJIEHHEe C ero NpsMbIM MeTOAOM. Bce u3mokeHnue Bejercs
Ha YpOBHe, BIOJHE NOCTYIHOM HHXeHepy ¢ HeKOTOpOH Ma-
TeMaTH4ecKOH mnoarotoBkoit. KoHeuHo, MBI He B cOCTOAHUM
NOJHOCTbI0 u30exaTh YHCTO MaTeMaTHYECKMX NOCTpOeHui;
4yroOB 00JEerYnTh MX NOHMMaHWe, MBI KPaTKO u3jaraeM HeoO-
XOJMMble CBeJeHHUs, KOTOpble AJs OO/bIIMHCTBA HAIUUX YuTa-
TeJefl MOTYT OKasaTbCsl AOCTATOYHO H3BECTHBIMHU.

Msl ocofeHHO NOJbIUEHB TeM, YTO 3Ta KHUra BKJIOYeHA
B CepHl0, KOTOPYI0 OpPraHu30oBaJ ¥ U3ZaeT HAIl CTAaphift u
moGuMett  npyr Puyapn Beaamanl). Mbl xoreau Obl Takme
OTMETUTb OYeHb NPHUATHOE IJf HAC COTPYAHUYECTBO € U3NA-
TeqbcTBOM Academic Press u 1y 6ouabiuyio pabory, koTopas
6blia npojenaHa IO U3KAhMIO KHHIH.

") B CHIA xnura usgaHa B cepuu MoHOrpadu# M yueGHHKOB
»Mathematics in Science and Engineering®, Brxongmei nox obmeit
pelakuueil H3BeCTHOrO aMepHkaHckoro Maremaruka P. Beaamana.—
Ilpunm. peo.



Fnasa |

FTEOMETPHYECKHE NOHATHUS:
BEKTOPbI 1 MATPHLibI

§ 1. lpocrpaHcTBa, PaccTOSHUA, BEKTOPH

CoctosiHue INUHaMUYeCKOR cHCTeMbl (HampuMep, NBHXKY-
merocss TBEPAOTO TeJd, dactTeft paboraoluefi MalIMHEL, 3jeK-
TPHUECKOH Illenmu U jame IKOHOMHUYECKOH CXeMH), T. e. ee
MOJIOXKEHHE B NPOCTPAHCTBE U CKOPOCTb, B KAMIHIH MOMEHT
BpEMEHH MOXHO OIHCaTh
3HAYEHHSIMU HEKOTODBIX Na-
PAMETPOB X, Xo, ..., Xp.

Mu Oynem mpeinctas-
astb cebe STH MapaMeTphl
KaK KOODIMHATH TOUKH X
B N-MePHOM NPOCTPaHCTBE
E" wau, paBHHIM 06pasoM,
KaK KOODAMHATHL (KOMIO-
HEHTH) BEKTOPA X B TOM XKe
npocrpadcTee. TeM CaMbIM
B E" oToxznecTBAAIOTCA
TOYKM Y BeKTOPH !). DTO nmo3posseT onpeneauTb ONepaluu Haj
TOYKAMHM NO AHAJOTHH C BEKTOPHBIM HCYHC/eHUeM. Mbl HanoM-
HUM 3]1eCb COOTBETCTBYyIOLLME NpaBuaa. Ecan x =[x, ..., X,}

Puc. 1

M y=={y, ...,¥,) —a1Ba Bekropa (Wi IBE TOUKH), TO
x+y={x+Y XY --er Xyt Y},
kx={kx,, kxy ..., kx,},
0={0, 0, ..., 0} (Hawaso KoopaHHAT),

Xey=xV1+ XY+ ... XY,
(ckansipHoe mpousBeneHHe).

HanoMuuM Takike CAeRylOillee XOPOLIO ¥3BECTHOE MOCTPOE-
Hue. TlycTe BEKTOPH X Ry Hu300pakeHbl HaNpaBJeHHBIMH

') Tounee, OTOXAECTBASIETCA TOUKA X M BEKTOP, WAYINHH M3
Hadajla KOODAMHAT B TOUKY Xx. — [Ipus. nepes.
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orpeskami OA w OB (puc. 1). TlocrpouM napaiatenorpamu
OACB. Toraa puarosaas OC uzofpaxaer cymmy x -y,
a amaroHans AB — pasHocTb y — X.

Yro6H NOXYUUTH e8KA1O080 MPOCTPAHCTBO, BBELEM CJie-
Aylouip#t cnoco® M3MepeHHs AJHHBI, T. €. PACCTOTHHA MEXKLy
napo#t Touek. M3 puc. 1 HemocpeacTBeHHO BMIHO, YTO pac-
cTosiHMe Mexay Toukamu A u B paBHO jpiuHe orpeska AR
WM, YTO TO Ke camoe, IjauHe BekTopa Y — x. Cnoco6
u3MepeHHsl paccTOSHHH BBelneM B ABa 3rana. OnpenenM
cHauaja 0auny (MoOyab) BeKTOpa X MO GopMyae

Ix|=Vx - x =VI+xI+ .. Fx. (1)

Tlocae s3toro paccmosrHuesm 0T TOYkKM A 10 TOukM B
€CTECTBEHHO HA3BATb BCJIHUYUHY

d(x, y=lly—x|=
=V()’1—x1)2+()’2—x2)2+ cee Y, — 2?2 (1.2)

Tak, HanpuMep, mpu n==2 kawAu# BekTOp (Kaxias
TOYKA) XapaKTepU3yeTC NBYMA KOODIMHATAMH X; M X,
IMosToMy nIJHHA BEKTOpa X B 9TOM CJ/ydae BhIpaxaercd

dhopmyaokt
hxll =V T+ 3,

4 pacCTOSHME MEXIy ABYMS TOYKAMH —— QOPMYJIOf
d(x, y)= V()’1 — X+ (¥ — %))

Stu ¢dopMyabl M3BECTHH H3 aHAJIHTHYECKOH TreoMeTpud.

3amerum, uro ¢opmyast (1.1) u (1.2) umelor onpenenen-
HHA peanbHBt CMBICJA, €CJHM CMOTPeTb HA HHX C TPAaKTH-
yecko#l Touxu apenusa. Ilycth x;, X, ..., X, —HapaMeTpH
IMHAMHYecKOoH cucteMn S, u nmyctb S(x) u S(y)—nBa ee
COCTOAIHUS. ,DAMBOCTEY 9THX COCTOSHHH = MOXHO XapaxkTepu-
3oBats BeqununHolt d (x, y). Helicteureasno, ecau d (x, y) < e,
170 abCOMIOTHAA BeJHYHHA DA3HOCTH COOTBETCTBYIOIIHX 3HAYe-
HUM KaXIOro M3 MapaMeTPOB MeHblUe &:

ka"—xk|<3, k=1, 2, vaes 12,

TAK YTO COCTOSIHUA CHUCTEMbl M B CaMOM pAeje Giusku Apyr
K Apyry.
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MoeT CAYUHTBCH, YTO KOMMOHEHTHl BEKTOpa X SIBJAIOTCA
GyHKUMAMH HEKOTOpPOH nepeMenHoR £; Torma x(f) osuauaer
BeKTOp {xy(£), X(f), .... x,(¢)}. Huorma smecto x(¥)
NUIIYT NpPOCTO X, NOApasyMeBas BEKTOp, 3aBUCAuui Ot £,

Ecaun oynxkuun x,(f), ..., x,(¢) anddepenuupyems, 10 .;C(t)

03HAauaeT BEKTOP {)2:, &), %,(B, ..., )'c,, (£)}. Ananoruuno
onpeiendeTcs BTOpas NpoussoiHas x (f), TpeTba x(f) u T. A

[Tpumep. Ecau marepuanbuas Touka P Maccel m ¢ pa-
IUYCOM-BEKTOPOM X C TeueHHeM BpeMeHU { HEKOTOPHM o6pa-
30M nepeMeliaeTCs B TDOCTPAHCTBE, TO BEKTOP X eCTb

¢yuxuna speMmenu x(£). Toraa fc(t)——sex‘rop CKOPOCTH

ToYkH P, a x(f) — BeKTOp yckopeHus To# e ToukH. Ecau
F —BexTop cuJab, HPUJIOMHEHHOH K TOuke P, TO IBHXeHHE

OINHUCHIBAETCA BTOPLIM 3aKOHOM Hbotona mx =F.

CxansipHyio 1eHCTBUTENbHYIO QYHKLYIO f (X1, X . . ., X, 1),
3aBUCAIIYI0 OT KOMIIOHEHT BEKTOPAa X W NMEePEMEHHON £, MOXHO
npeacTaBiaTe cefe Kak QYHKIUMIO BEKTOpPa X W cKajspa £ H .
ob6osHavaTh ee uepe3 f(x, £). ’

Ecinu umeercd s Takux GbyHxuuit

fi(x, &), folx, £), oo, fo(x, ),

TO HX B COBOKYNHOCTH MOXHO PaccMaTpUBaTh KaK KOMIIO-
HEHTH S$-MEDHOro BeKTOpa f, KOTOpHR aBasteTcs ¢yHKuue#t
n-MEpPHOrO BEKTOpAa X M TepeMeHHOH {; M03TOMy ero yno6HO
o0o3Hauath mpocto f(x, £). 3nech, B OTAHYUE OT TOTO, UTO
Ouo paee, f O3HauaeT S-MepHBI BeKTOp, a He CKajaap
(1. e. onHoMepHu# BekxTOp). YUT0GH H36Gewarb HegopasyMe-
Hu#, HeOOXOAMMO BCAKMH pa3 OroBapUBATh, TOHHMAETCS JH
non f BeKTOP MJM CKajsp.
Ilyctb  cxansapuas dyukuus  f(xy, ... X, )==f(x,¢)
MMeeT HENPepBIBHBE YaCTHHE NPOH3BOJHLIE g— cees —af—.
. X, o0x,
HX MOMXHO CYATAaTb KOMIOHEHTAaMH I-MepPHOrO BEKTOpa, KO-
TOpHfl HasbiBaeTca 2paduenmom w oGosnauaerca df/dx umu
grad f.
Ilpennoaoxum, nanee, uro f uMeeT TaKKe YACTHYIO MpoO-
usBonnyio dfjdx mo ¢ Ecam x= x(f)— dyukuus nepe-
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MeHHOH £, TO CIpaBel/JUBO CJEAYIOLEE XOPOINO 3HAKOMOE
npasuino auddepeHUpoOBaHUs:

d . of - d -0
Gr=F e =g P =
oF -, 9 S
= it D~ gud iy (1.3)

§ 2. MaTpuun 4 onpexeanTeH

B naneneftiuieM Mb GyzeM LIMPOKO HCHOJB30BATH MATPHILH
M BEeKTOPH; Le/J1ecO06pasHO MOSTOMY OCTAHOBHTLCA HA 3THX
NOHATHAX HeCKOJbKO moapobHee.

Mampuyeii uasviBaeTca NpAMOYroJbHas Tabiulla 4Hcen
(neficTBATENBHBIX MM KOMIIeKcHEX). Hanmpumep,

2,1 2,6 —4 —3
3,

——2— i 0 1 1,6
6 4; —0,1 7

—-MaTpuua, cocroswias U3 3 cmpox m 4 cmoabyos. Ma-
TpHua OOlIero BHAA ¢ OYKBEHHHIMH 3/eMEHTAMH, MMeolas m
CTPOK H 1 CTOJOLOB, 3alHCLIBAETCH B BUIE

aQI a22 eso a?ﬂ (2.1)

a

m2 **-* mn

Mb Gyzem rosoputb, 4to 910 m X n-mampuya. Takyio
MATPHUIY AAS KPaTKOCTH yA00HO 0603HauaTh O4HOH Gykmo# A
WIH CUMBOJIOM (&;;), TAe HHAEKC { NDUHHMAET 3HayeHHUs

1, 2, ..., m, a j—3uHauenusa 1, 2, ..., n.
HanoMHuM caenyollne OCHOBHBIE ONEPAallM¥ HAJ MaTpu-
ami.,
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Cuoocenue mampuy. Ecmu A=(a;)) u B =(b;;) — nse

m X n-MaTpUUH, TO uX cymmold A— B uaswisaerca m X n-
Marpuua (@;;—+ ;). 1. e.

an—+oy  ap+by ... a,+b,

An+by  Apt+by ... Gy~ by,

Cm + bml ) + bm? cee Qpp + bmn
(OLMHAKOBO DACMOJIOKEHHBIE 3/MEMEHTHl CKJANBIBAITCA).

ITpou3sedenune dsyx mampuy. Ecau A ==(a;;) aBasercs
m X n-marpuuet, a B==(d;;) sBaserca n X p-marpuuef
(T. e. MaTpuua B uMeeT CTO/NbLKO Ke CTPOK, CKOMLKO CTOJI6-
110B UMeeT MaTpHua A), To ux npoussedenuem AB HasbiBaeTcs
m X p-matpuua C==(c;;), 3/eMEHTH KOTOPOH ONpeneaqIoTCs
paBeHCTBAMH

Cj==anb;;+ a’i2b2j+ T
i=1, ..., m, j=1,..., p,

i Kopouel)

n
Cij'—_“zaikbkj' =1 ...,m Jj=1,..., p.
k=1

Y mnoocenue mampuys na uucro. Ecian k — nexoropoe
(NeHCTBUTEHOE HJIH KOMIJIEKCHOE) UHC/IO, TO IMpou3Beje-
HHe kA O03HauaeT MaTpHly (Ra;;): BCE 3JMeMeHTH Matpuun A
YMHOXKAIOTCA Ha R.

Tpancnonuposanue mampuys.. Ecau B marpune A
NOMEHSATb POJSIMU CTPOKH W CTOJOUE, TO HOJNYYHMBLIAsiCA
n X m-Matpuua HasHBACTCd MPAKCHOHUPOBAHKOGE U 0060-
3HavyaeTcs CUMBOJIOM A’:

ml

A = Qg Gy ... Gy

Ay Gy -ov CQp,

') 9Ty dopMyay JAErKO 3aNOMHHTL, €CJAH 3aMETHTb, UTO 3J]e-
MeHT ¢;; MaTpunbl C, cTosimuii Ha mepeceveHuu i-it CTPOKH ¢ j-M
CTOAGLOM, SIBAACTCSA CKaAADHBIM MPOHM3BEJEHHEM i-§ BEKTOP-CTPOKH
matpunsl A Ha j-H BeKkTOp-CTOAGem Matpuubnl B. — [Tpun. nepes.
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[Tpumep. BosbMem nBe Martpuim

ac( V2 3\ g3 2 1\
—4 —5 —6 6 5 4/

Toraal)

. 4 4 4 10 28
A4 B= ,
+ (2 0 _2>' AB “‘<_28 -73)'
iy 6 12 18
—\—24 —30 —36/

Ksadpamuse mampuys. ITH MaTPUUB TPENCTABASIOT
ocobuift uurepec. Marpuna (2.1) naswiBaerca xsadpamuod,

€C/IH OHA MMEeT OJMHAKOBOE YUCIO CTPOK U CTOJAOGLOB: m == 1.
Torna rosopar, uyro sT0 Marpuua nopsdxa n. KeagpaTHule
MaTpullbi OAHOTO K TOTO XKe MNOPsAKA BCErjia MOXHO CKJaa-
AHBATH W NEPEeMHOXaTb MeXLy coGoH.

3acayxuBalOT BHMMAHUA KBaApaTHHE MATPHUE BHAZ

a, 0
2

0 a”]
rAe BCE HEBHINHCAHHLIE 3JIEMEHTH paBHH Hy/Mi0. Mbl Ha30BeM
MAaTPHLY TAKOrO BUaa OuazonasAbHoli u OGynem 00603HAYaTh

ee cumsoaom diag(a,, ..., a,).
Baxmnefilelt nuaroHanbHOM MaTpuuel ABASeTCA eQuHULHAN
Mmampuya nopadxa n: E,=diag(1, ..., 1). Ecau nopsa-

IOK N U3BECTEH, TO TAKYI0 MAaTPHIly 4acTO 0603HAYAIOT MPOCTO
uepes E. Ecam A -—npousBosibHas KBajmparHas MaTpHila no-
paaka n, To cnupasenauss pasenctsa E,A = AE, = A; uMenno
OTCIOJa H MNPOU3OMIEN CaM TepMUH ,eNMHUYHAsS MaTpUUA“.
3aMeTUM TakiKe, YTO

EE =diag(k, ..., k);  (kE) A= A(KE)=FkA.

!) 3amernm, uto npoussenenne AB pns MatpuI, 9TOrO NpHMepa
BooGme He ompenenaeHo. — Ilpum. nepes.
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B pasauuyHbnix ¢opMmynax uacto ObiBaeT I[OJe3eH CUMBOJ
Kponekepa 3;;, kOTOpHIH onpeneasercs ciaenyiomuM o0pasoM:

5 0, ecau =],
H=11, ecmn i=].

lefl MOMOIIUY 3TOro CHMBOJI2 €AUHHUHYIO MATPHUILY MOXKHO
3anucatb Tak:
E - (81])‘

[Mpenocrtepexenue. BoabMeM nBe KBanpaTHbE Ma-
Tpuael A u B opHoro nopsaaxa. Jlig HUX onpexexedn 06a
npossenenus AB u BA, kotoprle, BooOle roBops, HE DaBHE

apyr apyry. Tak, ecau
B 2 1
T \4 3/’

1 2
A={3 4/
5 0 7 5 5 8

AB={99 15)7BA=\y3 9/

Onpedesumean. Ilyctb A — xBagparHag MaTpuua Io-
panka n. Kax u3BecTHO U3 ajreOphl, ¢ 9TOH MaTpHueh MOKHO
CBA3aTH HEKOTOpOe uHCI0 —ee onpedesumens, KOTOPHIf
o6oanauaetca uyepes!) | A|.

HanomuuM HekoTOpHle cBOHCTBa ompejeanTese.

a) Matpuua A u TpaHcnoHupoBaHHas Marpuua A’ uMeioT
OIMH M TOT Xe ompelemutenb: |A|=|A4’|.

6) Ecan nomeHarh MecTaM# Kakue-HUOYAb JABE CTPOKH
(wmu xBa cTONOLA) MaTpuUUB, TO €e OnpeleauTe]b H3MEHUT
sHak. CienoBaTelbHO, eciu OBe CTPOKM (Wi nBa cTonbuLa)
MaTpHLB OJMHAKOBH, TO €€ ONpeieNuTe/b PABEH HYJIO.

B) Ecau yMHOXHTb BCe D5JeMeHTH OHHOHM CTPOKH (MJH
OIHOTO CTOJMOLA) MaTpHUbl Ha 4UCAO Xk, TO ee ONpEeAenuTelb
YMHOXHTCS Ha 9TO e UHCJO R.

r) Onpenenure/ab NPOU3BefeHUd KBaAPATHHIX MATPHLL pPaBeH
NpoK3BENeHHIO ONpenenTeneii comnoxurenet: | AB|==|A||Bl|.

Bamerum Takxke, uro |diag(ay ..., @,)|=a,8;... a,
H, caegoBarennto, |E|=1.

') HUuorza onpesenntenn MaTpHip A Ha3bIBAOT HETEPMHHAHTOM
u o6os3HaualorT cumBoJoM det A. — ITpun. nepes.
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Anze6pautecroe donoanenue. [ycts uepes A 06o3naden
K03 HUKEHT NPH WIEHEe @;; B PA3/I0XKEHUU ONpele/uTe/Is |4],
HA3LIBAEMBIR TaKke aa2efpauteckum OOROAHEHUEM 3ie-
MeHTa @;;. HamoMuuM, uro aireGpanueckoe pomonxexne Ajy
PaBHO NPOM3BENEHHIO YHC/AA (—1)‘” Ha OMpeneuTe]b Ma-
TPULLI, TOJAYyYAOlecs U3 MaTpuubl A BHYEepKUBaHWeM B Hel
i-#t cTpoku M j-ro cronbua (Tako# omperesUTe/]b HA3bLIBAETCH
Mmunopon onpeneaurens |A|). Pasnoxenne onpepeaurens
| A| no i{-# cTpoke naeT COOTHOINEHHE

anAy+apdy+ .. Fa,A=| Al (2.2)
Ecan 3aMeHHTh 3JEMEHTH @y, @, ..., G, B 7NeBOH vacTH
9TOFO PABEHCTBA COOTBETCTBEHHO HA &ji, @jg, « .+ ., &jp J + 1,

TO pe3yabTAT MOJY4HTCA TAKOH Xe, Kak ecau Obl i-9 u j-1
cTpok# Marpuubnl A Obau oxuHaxosbl. C/I€Z0BaTesbHO,

]lAlt+a]2A2l+ +a]n ni 0’ j:’él (23)

Coortnomwenuss (2.2) u (2.3) MOXHO OOBeiUHHUTb B OLHY
Gopmyay

n
Z aikAkj=8ij| Al
E=1

Ecau oGoswauuth uepes o Marpuuy (4;), To mocirenxee
PaBEHCTBO 3amuilleTcd TaK:

AA=|A|E. (2.4)

O6pamnasn mampuya. Ipeanonoxum ganee, uro | A|=+0;
B 3TOM CJyyae TOBOpAT, 4TO A — Hesuwpooxcdennasn ') Ma-
Tpuua. A HEBBIDOXKAEGHHON MATDUIEL MOXHO OMpENeJHUTh

qyucaa o Marpuua (;;) HaselBaeTcs 06pammol

1
o= par
K HeBLIPOXACHHOM Manuue A u 0603Hauaercs cumBoaoM A”;

TakuM 06pasom, A= —_A. Hcnoassys pasenctso (2.4),

= A |
MBIl [OJyuyaeM
AAT'=E. 2.5

" Wan neocoGasn. — ITpuns. nepes.
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Kak nerxo BUAELTD, CﬂpaBeﬂJ[VlBO TAKXKe paBeHCTBO
-1
A 'A=E. (2.6)

He#cTBUTEABLHO, TaK Kak lA'l‘—#O, 10 u A”! umeor 06-
patHyio Matpuuy B, T.e. A7'B=E.Hororna A= AA"'B=
= EB==DB, oTkyla A'A=A"'B=E. Tockoaky E—
elWHMYHas Marpuua, coorHowenus (2.5) u (2.6) ob6bAcHSIOT,
noyeMy MaTpuuy A7! nasmiBaior ,00paTHO#® k Martpuue A.

BaxHO TNOMHUTH, UuTO SJEMEHTH j-20 cmoabya Mma-

-1 1
mpuyst A~ ecmp npoussedenus Hucia AT Ha aazebpa-

udeckue OONOAHEHUS COOMBEMCMBYIOWUX dAeMEHMOS j-G
cmporu mampuys A.

Xapaxmepucmuneckoe ypasuenue. C KBaipaTHOH wMa-
Tpulled A CBA3dHO BaKHOE YpaBHEHHe

f)=|A—IE|=0 (2.7)
— xapaxmepucmuiecrKoe Ypasrerue Marpuusl A. 3to

YpaBHEeHHE MbI €lll¢ He pa3 BCTPETUM B JajibHeH1eM; NO3TOMY
MOJIE3HO 3aMuUCaTb €ro B pa3BEepHYTOM BHIE:

ay;—A Qy . a,,
a Qog—Mh ... a
1Y e 21 27 m | __
A e N
an Qg oo Qpy—A

BrluncauB STOT OmpejenuTe/b, MOJAYYUM MHOTOY/MEH OTHO-
CHTEJbHO A:

(=D fQ =4 "4 . Hc, e, =0. (2.8)

Xapakrepuctuiyeckoe ypaBHeHHe (2.7) MMeeT n KOpHei:

Ay Mgy ..., A, OHM HaBBIBAIOTC XAPAKMEPUCMU%ECKUMU
KOPHAME, WL COOCMBEHHUML 3HAYEHUAMU MATPHUL A.
Tak kak
e ——— n —
)‘1 )\n_(—l) cn‘—lAl’ (2'9)

TO Mampuya A A8a5emcs 8bPOXNCOLHHOE mo20a u mobKo
moz0a, Ko20a xoms 6bl 0O0UH U3 ee XAPOAKME PUCMURECKILY
KOpHeil pasen HYAW.

2 3ak. 1894
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Hugphepenyuposarnue u unmezpuposanue mampui.
[lycts cnoBa A-— npoussobHas m X n-MaTpHUA, H INYyCThb
ee 3JeMeHTH &;; — (QYHKUHU HEKOTOPOro MepeMeHHoro £, T. e.
a;;==a;;(¢). Torna Mbt GyseM rOBOpUTb, YTO M CaMa Ma-

tpuua A — QyHKUHA OT TOro e mnepeMenHoro: A= A(f).
Ecau Bce ¢yHKUHH a,-j(t) UMEIOT MpOU3BOAHEIE MO £, 060-

aHauaeMble, Kak OCHIYHO, uepes a@;;(£), TO Mbl OMnpenesuM
Npou3BOAHYI0 A (f) Marpuubl A (f) paBeHCTBOM

Aty==(ay;({®)).

TouHo Tak e ompejensieTcd HHTETpan OT MaTpUUb A:
t

fA(t)dt= faij(t)dt .
to

to

Ecau paccMarpuBaTh KBaipaTHhle MaTpHMIB, TO ClpaBel-
JuBbl OGBIuUHEE NpaBuaa IuddepeHUHUPOBAHUA CYMMLEL M IPO-
U3BeNEeHUA, B YaCTHOCTH,

2 (AB)= AB+ AB.
HpH 3TOM 0653aTebHO NOJ/MKEH COXPaHﬂTbCﬂ HOpﬂﬂ.OK co-

MHOXHTese#t, 60 MaTpHULEI A(t)B(t) 7} B(t)A(t), BOOO1E
roBOps, pas/JH%HbL.

§ 3. BexTopH M MaTpHub; KBaApaTHUHBE (OPMBE

O6LLlel'lpPIH$lTblM ABJIAETCA OTOMXAECTB/IEHHE BEKTOpa ¢ KOM-

TOHEHTAMH Xy, Xy, ..., X, H 7 X 1-MaTpuus
X1
X9
X = ‘ ,
X

HasbiBaeMOH sexmop-cmoabyom. TpaHCNIOHHPOBAHHYIO Ma-
TpULLY
X' =(x, X9 o0y X,)

Ha3blBAYOT 8eKmoOp-cmp oKxol.
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Ecau x — Bextop-cTonbew, a Y =(¥;, Yo +eos Yo) —
BEKTOD-CTPOKA, TO NpPOU3BENEHHe MATPHH, YX NPOCTO DPABHO
CKa/JIIPHOMY NPOM3BEJEHHIO Y - X COOTBETCTBYIOLIUX BEKTOPOB.

Mycte A —nr X n-Marpuna. Marpuunoe npousBeneHue Ax,
rae X — BekTOp-cronlen, sapasercs n X l-marpuueft, 1. e.
CHOBa BeKTOp-CTOa6HOM. TakuM 00pasoM, C¢ NOMOWBI0 Ma-
TpHubl A oOcyliecTBAseTCs Ipeo6pa3oBaHHE n-MEPHHIX BeK-
TOPOB B M-MepHBIE BEKTOPHI.

910 mpeo6GpasoBaHue NOMYCKaeT IBe WHTEPIpPETaUHUH.

a) Ilpeobpasosanue roopdunam. DTa MHTepUpeTaUHs
UMeeT CMBICHA TOJMbKO B TOM cayuae, ecau A — HeBHIPONAEH-
Has Marpuna. PaccMOTpUM IBe pa3/HYHBl € CHCTEMB KOOp-
AMHAT Xy, ..., X, U X1, ..., Xn B ONHOM M TOM e npo-
crpaHcTe E”. [lepexos OT OmHOR cHCTeMBl K Apyrod ocy-
1eCTB/AETCA NOCPEACTBOM 72 COOTHOIIEHH! [BMeCTO MaTpHuuUb A
slech BasTa Matpuua P =(p;)I:

X = pu¥ 1+ PrXs—+ ...+ Pia Xy
Xy == PoXyi—+ PuXo—t ... - Pop X

- . . . .

x —pn1x1+pn2x2+ +pnn n*

(3.1)

[Ipn 5TOM TOUKA WIM BEKTOD X KaK T[eOMeTpPHYECcKuit
o6pas He H3MeHseTCd, a MNpuoGpeTaeT JHIIb HOBHIE KOOp-
nunathl x*. TTockoJpKy NOLOGHHIH Tepexoa 06paTHM O CAMOMY
CMBICHy STOH HHTepHpeTalud, Mbl LOKHB HMeThb BO3MOX-
HOCTb HaXOAMTH TAKXKe M KOODIAMHATH X, 3Has KOOPAMHATH X*;
MHaue roBops, cucTeMa (3.1) noMmKHA OHITb ONHO3HAYHO pas-
peliMa OTHOCHTENbHO X;. Kak u3BeCTHO, AN 3TOTO Heol-
XOIMMO, YTOGH ]P];EO, T. e. 4yro6b Marpuua P Gwiia
HeBHIPOXAeHHOH; Toraa X =P 'x*. HMeHHo NOTOMY ycJa0-
BH€ HEBBIPOXIEHHOCTH MHl OTOBOPHIM B CAMOM Haudalje.

Taxum o6pasom, aiech HaGODH uMCesa (KOOPAHHATH) X U Xx*
PaccMaTpHBAIOTCA MPOCTO KaK pPasJUYHBle NpelcTaBaeHus
(cmoco6rl samanus) OAHOTO M TOro Xe (C reomMerpuue-
CKOR TOUYKM 3peHHs) BeKTOpPa. DT INPEXCTABJICHUS CBA3AHbI
Mexny cobo#t dopmynamu

=Px, x= P"x',

Pid
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13 KOTOpHIX NepBas 4BJAAETCS KPAaTKOH B3amMCbI0 COOTHOIIE-
uuft (3.1). [TosToMy MH MOXeM TOBOPUTb O ,BEKTOPHOM HpO-
CTpaHcTBe", CYIUeCTBYIOIEM He3aBUCHMO OT BBOAMMOH CHCTEMH
KOOpAMHAT. XOpOILO H3BeCTHO OOHIYHOE MNpejacTaBjeHHe CKO-
pocTedt, yCKOpeHHH, €U/, JIEKTPHYECKHX M MATHUTHHIX MoJel
C TOMOILLI0 BeKTOpOB. Bce aTH ¢usnyeckne OODBEKTH Cyllle-
CTBYIOT, eCTecCTBEHHO, He3aBHCHMO OT BHIOMpaeMOH CHCTEMBI
KOOPIMHAT.

6) Ilpeo6pasosanue sexmopos. B npyrofi uurepnpera-
MY BEKTOPY X C NMOMOIUBIO PABEHCTB

yi=apxi+ ... +a,x,, i=1,2, ...,n,
W4, B BeKTOPHOH cdopwme,

y==Ax, (3.2)

CTaBUTCS B COOTBETCTBHE H O BHI ff BEKTOD Y B TOM XKE CaMOM
npocrpaHcTee. Ha 3TOT pas cooTBeTCTBUE yxe He 0043aTe/IbHO
HOMKHO GBITb OOpaTuMBIM, T. e. cucteMa (3.2) MoxeT u He
paspellaTbCs ONHO3HAYHO OTHOCHTEJIbHO X. OnucaHHasd HHTep-
mpeTauus, CJAeIOBaTeJbHO, UMeeT CMBICA U [IJs BHPOXIeHHOM
MaTtpuub A.

TakuM 06pasoM, B 3TOM Ciyuae NPOUCXORUT daKTHUeCKHU
npeo6pa3osanue BEKTOPHOTO NpOCTpaHcTBa B cebsl).

TTocmoTpuM, kak Oyjer BHI/sneTh npeoGpazoBanue (3.2)
B Ipyrofl cucteMe koopiuHat. [lpeoOpasyeM KOOpAHHATH IO
¢dopMyaam (3.1); mpu 3TOM X, y NepexolsT COOTBETCTBEHHO
B x*, ¥y

x*=Px, y'=DPy
H, CJel0BaTenpHO,
y*=PAx =PAP 'x".

JlpyrvMu cJIOBaMM, B HOBOH CHCTeMe KOOpIMHAT RpeoGpaso-
BaHMe BEKTOPHOrO MNpPOCTPaHcTBA B cels OMMCHLIBaeTcs Ma-

Tpuueh A*=PAP™', 0 kotopo#t roBopsT, 4T0 OHa N00OGHA
marpuue 4.

!y UnniMu cioBaMH, MB MOXEM NpeicTaBisaTbh cebe Takywo me-
¢dopmanHio mpocTpaHcTBA (IpH HEHM3MEHHOH cuCTeMe KOOpIHHaT),
B pe3yabTaTe KOTOPOH TOYKA X MEPEXOLHT B INOJOXEHHe y = Ax.
— [Ipuns. nepes.
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PaccMoTpuM XapakTepHCTHYSCKHE YpaBHeHHA IBYX Mom00-
HbIX Matpuu. [lockoabky

PAP' —ME=PAP'—P(OE)P'=P(A—)\E)P,
TO o4 onpeﬂenmeneﬂ 3THX MaTpHU MHl NOJydYaeM pPaBeHCTBO

|PAP™' —\E|=|PP7'|.|A—)\E|=|A—)\E

CnenosarenbHo, 08e nodoOHue mampuyer A u PAP!
umeiom O00HO U MO e XAPAKmMepucmusecKoe ypagre-
Hue (2.8).

TlycTs, Aajiee, BCE XapaKTEPUCTHUECKHME KODHH Ay, ..., A,
Marpuunt A pasauunb. Eca owu, xpome TOro, Bce nefi-
CTBATENLHB, TO MOXHO J0OKazaTb, uto Marpuua A nomobHa
marpuue diag (A, ..., A,). DTO 3HAUUT, YTO MONKHO HaiTH
TAKYI0 CHCTEMY KOOpAUHAT, B KOTODO# naHHOoe npeo6paso-
BadHHE TPOCTPAHCTBA 3AMHCHIBAETCH B BHIE

yl=)‘1xl’ y2=)‘2x2’ LRE} yn=)‘nxn’

T. €. B 93TOH cnenuasbHOR CHCTeMe KOODIMHAT HCXOJIHOe
npeoGpasoBatine PaBHOCHJABHO YMHOMEHHIO HAa A; KOMIOHEHTH
BEKTOpa, COOTBeTCTByIomleH {-# ocu koopaunar. HonycTtum
Tenepb, YTO HE BCE XAPaKTEPHCTHUYECKHE KODHH NeHCTBUTEb-
HOR MaTtpuubl A meHcTBuTeabHH. Ecanm ¢ =a-ib, 10 ycao-
BuMCs 06O3HAYaTh 4Yepes C¢==a —Ib uuCi0, KOMIIEKCHO
conpsi:keHHoe wucay ¢. Kaxk usBeCTHO M3 anre6ph, BCe KOM-
A/MeKCHbIe KOPHM DPAcnajaloTcd Ha Napel KOMIMIEKCHO COmnpA-
MEHHBIX KOpHeH, MOCKOMbKY KO3(QUIMEnTh XapaKTepHCTH-
YeCKOro ypaBHeHus AeficTBUTebHEL. [TyCTh XapakTepucTryeckoe
ypaBHeHHE HUMeeT p Map KOMINVIEKCHO CONPSDKEHHBIX KOpHeER

A fl, )\p, A, u g=n-—2p NeHCTBUTEIbHLIX KODHeH

Aopt1s « -« sy TOTZIA MOXKHO BEIGPATD KOMIIEKCHYIO MaTpuLy P
TAKyl0, uTO
-1 . T 3
PAPT =diag (h\p, My v o Ay A hgpign oo v s AY)

CootsercTByOLIee NpeoGpasopanue ApHOGpeTaeT B ITOM
cjayuae BHA

N=NX, Vo= MXy ..., ¥y, =Ipx2p.

Yop+1==Pop1¥p 41> ++ o1 Yu=hpXp
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Ie#icTBUTeIbHbIE TOYKH NHPH  TpeoGpa3oBaHUN  KOOPAMHAT
¢ Marpuuell P 1H0/ay4aT KOOPIHHATH

Xy X Xy Xgu wves Xpo Xy Xopigs oves Xp
rae Xy, .., X,— ReficTBATEJbHBlE unCaa. [IpeoGpazosa-
HHE BTHX TOYEK MOMeT OhTb 3amucaHo B Bulel)

y1=>\1x1, y1=)\1x1' “ ey y1)=)\pxp’ -vp:)\pxp’
y2p+1 =)‘2p+1x2p+1' s Yy =)\nxn'

Mampuye u xsadpamutnse gopmsi. Iycts

XiXp 4i=4q

n
Foy= 2 ¢

i, j=1
~— kBajgpaTuuhad ¢opma, u mycTh Q==(g;;) — MaTpuua ee
KoapduuuerToB. Ecan x — BexTOp-cTOA0EL € 3JdeMEHTaMU
Xy, Xg» .., X TO MBI MOXEM 3aNHUCaTh KBALPATHUYHYIO
¢opmy 4 Tax:

F(x)= x'Qx.

Ecau coBepuinth npeoGpasoBaHue KOOpPAMHAT Xx =Py,
rie P — HeBulpoxneHHas Marpuua, 10 G (y)=F (Pv)=
=y (P'QP)y, 1. e. G(y)— xpanparuuxas ¢Gopma ¢ MaTpu-
net kos¢pduuuenros P'QP. Takum o6pazoM, npeobpaszosa-
HHe KOOpIHMHAT X = Py mopoxkniaeT nmpeoGpasoBaHue MaTpu-
ubl KBanpatuyHoH GopMe Q — Q== P’'QP. OG6partHoe npe-
o6pasoBaHue y=P’1x BHI3EIBAET 00paTHOe npeoOpasoBaHue
MaTpullyl Q; —> Q= (P’)_IQIP—1 .

) Bojee TOYHO, 9TO YTBEPXKIEHHE HMEET CJAENYIOHIHH CMBICI.
Ecan cpenn xapakTepuCTHYECKMX KOpHefl MaTpuisl A uMeloTcst
KOMIIEKCHBIE, TO €€ Helb3d NPUBECTH K AMAaroHaJbHOMY BUAY neli-
CTBUTEAbHBIM Npeo6paszoBaHHEM KOOPAMHAT: MaTphua P mnepexojaa
OT CTApbIX KOODAMHAT X K HOBBIM KOODAMHaTaM x* (1 COOTBETCT-
BEHHO OT y K y*) okaspiBaeTcs kommaexcuo#l. [Ipu sTom TouxkH,
KHMeBIINEe B CTapOH CHCTEME . KOOPAMHAT JeHCTBHTEAbHBIE
KOODAHHATHI, [OJYYAiOT B HOBOH CHCTEME KOODAHHAT KOMILIEKCHbIE
KOODAMHATbI, H3 KOTOPBIX NEpBhIE 2p COCTOAT U3 p MAP KOMIIEKCHO
CONPSXEHHBIX UMCEJ, 3@ OCTaJbHBi€ HMEIT IelcTBHTE]bHbIE 3Hade-
Hus. B HOBBIX KOOpAMHAaTax HCXOAHOe MpeoOpasoBalue 3agaercs
NPHBEACHHBIMH B TEKCTe HPOCTHIMH (opmysaMi. — [Ipuxm nepes.
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Hanomuum, uro BCerga CyiecTByeT AefiCTBUTeNbHOE Tpe-
obpasoBaHue P, KOTOpoe HPHUBOJUT KBaapaTHUHYIO ¢Op-
My F(x) x BuLy

G(yy=dpyi+d,yi+ ... +d, v, (3.3)

Ecau p ecTh uHCHO HOJIOKUTEJIbHEIX, & § — YHCJAO OTpHua-
TeJbHBIX KO(PGUUUEHTOB d,, TO pasnocTsl) p — g ne sasu-
cut ot cnocoba npuseneHus ¢opmel F (x) x Buay (3.3), a
cyMMa?) p—+ ¢ ==m pasHa paury Marpuus Q.

OpmozonansHsie npeol pa3o8arus TPeNCTaBAdIOT 0CO-
Onit unTepec. OHU XapaKTEpHUSYIOTCA TeM, UTO HX MaTtpuus P

yAOBJAETBOPAIOT ycaosuiw PP =FE wiu P’ = P7'. Baxuet-
liee CBOMCTBO 3TUX NpeoOpasoBaHuit COCTOUT B TOM, YTO OHH
OCTaBJIAIOT Heu3MeHHONH KBaAPATHUHYIO GHOPMY C eJHHHUYHOMH
Matpuueft koadduunestos. leficTBUTEILHO, OPTOTOHAMABHOE
npeofpasoBaHne P He MeHdeT KBaapaTHYHyio GopMmy

Hx)=x4 x4 ... 4+

MOCKOJbKY ee MaTpuua pasHa E, a P'EP=P 'EP=E,

U MOTOMY
HPy)y=y+ v+ ... +y.

OproroHa/ibHble MpeoOpa3oBaHus OTAMYAIOTCA TEM, UTO
OHH He M3MEHSIOT paccTofHu#. B TepMuHax nuHaMuku ux
MOXKHO NpencTaBuTb cefe Kak BpalueHust (BO3MOXKHO, € OT-
pameHHsMH) TBEPAOIO Tesla OTHOCHTEJILHO ONHOH HENOABINK-
HOH TOUKHU.

OrmeTnM 6e3 nOKA3aTENbCTBA, uTO JM0GAst KBaipaTuyHas
dopMa MOM¥eT OBITb NpPHBENEHA HEKOTODHIM OPTOTOHA b~
HBH M INpeoOpasoBaHueM K Buiy (3.3).

B cayuyae niaoCKOCTH NpU MOMOWM OPTOTOHAJBHHIX Mpe-
00pa3oBaHuft KOOPAHMHAT MOMXHO IPHBECTH JOOYIO LEHTpaib-
HYI0 KDUBYIO BTOPOTO HOpsiaka (HAayaJO KOOPIMHAT Npeamno-
JaraeTcs COBMAlAoIUNM ¢ UEeHTPOM KPUBOH) K KaHOHUUECKOMY
BHAY

Ax?*4-By?=C

) OHa HaspiBaeTCs cuzuamypoli «BampaTHuHOH dOpMBL —
[Tpun. nepes.

?) OnHa HasplBaeTCa panZoM KBaApaTHuHOH Qopmel. — [1pun,
nepes.
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(x M y— oObluHble NMPAMOYrOJAbHblE KOOPIMHATE). DTO cmpa-
BEIJHBO H B CJyuyde TPEXMEPHOro IpOCTPAHCTBA U BOOOuIe
A TPOCTPAHCTBA N M3MepeHHf (XOoTa mpu 7 > 3 3TO yxe
He Tako#t obluiensBecTHHN (axT).

Horoocumenvno u ompuyamersno onpedesersie
xsadpamuunsie opme. Ksagpatuunyio dopmy F (x) Haswl-
BAOT NOA0NMCUMEAbHO (WM OMPUYAMENbHO) OnpedeseH-
woti, ecmi F(x)>0 [umn F(x)<<0] aas Bcex BEeKTOpPOB
x=0. DTOT (PAaKT YaCTO KPATKO BAMHCHIBAIOT C MOMOLULIO
MaTpuupl Q KBagpatuuHo#t Qopmbl F(x), a uMeHHo Q > 0
(umn Q@ < 0) u roBopar, uto Q nosoxcumesvrno (ViU Om-
punameavno) onpedesennas mampuya. VI3 dopmya npe-
00pa3oBaHNs KOOPAMHAT BUJHO, YTO BeKTOpH X =0 u y=10
COOTBeTCTBYIOT Apyr aApyry. Ilostomy ecau F (x) nonoxu-
TeJbHO (OTPULATENbHO) OMNpejetenHas ¢opma, To popma G (y)
6yieT TaKxKe NOJOKUTEAbHO (OTPHHATEJAbHO) OMNpejesieHHOH
u obGparno. Takum 06pasoM, HepaBeHCTBA

Q>0 u PQP>0

3KBUBAJEHTHE; KOHEYHO, YTBEPXKIEHHe OCTaeTcsd CHpaBeiau-
BbIM, €CJH B OOOMX HepaBeHCTBAX 3HAK HEPABEHCTBA CMEHHThb
HA TPOTUBOMOJONKHBEIR. ODTO IOKA3bLIBAET, YTO BO MHOTUX
BOIIPOCAX, KACAOWUXCA KBALPATHUHHX (OPM, MONKHO CBO-
601HO NpPUMEHSTh NPeo6pasoBaHUd KOOPIUHAT.

JIerKO MOCTPOUTH MOJIOXKHUTENbHO ONpPeleJeHHBIe MAaTPHILbL.
Ecan D — nessiposcdennan mampuga, mo D'D > 0. Iro
HETPYNHO  YyCMOTpeTb, TaK KAk KBaApaTHuHas ¢opMa
x'D’'Dx = ||Dx||? npuHnMaer Julllb HeOTPHLATeNbHble 3HA-
yeHus W obpawawouiasicsd B Hyab Toabko npu Dx =0, 1. e.,
B CHJy HEBHIPOXIEHHOCTH Martpuubl D, toabko npu x==0.
O6parHoe yTBepXIeHHe TaKxe CNpaBeluBo: ecau Q >0,
mo 8cez0q MOJNCHO HAUMU MAKYIO HeBbtpO’COeHHYIO Ma-
mpuyy D, umo Q=D’D. JleficTBUTeNbHO, MHl 3HAEM, YTO
CYLIeCTByeT OPTOTOHajbHAd Marpuna P rakas, uro

P'QP = Q" =diag(d,, dy, ..., d,).

Tax kax Q >0, To Bce uuciaa d, > 0. [Toctpoum Marpuny
D*=diag(Vd,, ..., Vd,). Ouesuano, 4ro sTa MarpHua
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7
HEBHIPOXKJeHHAs, CHMMETpHYecKas (D* = D*) U YAOBJETBOPAET
paBeHCTBY D* = Q*. CaenosarebHo,

Q=PQP = PD'D*P' =D'D,

rie D=D*P’.
W3 a10or0 pesynbTaTa HEMENJEHHO ClEAYyeT, 4YTO ecAu
Q —nososxcumeavHo oOnpedesenHas Mampuua, mo Uu

obpamHas K Heii mampuua Q_1 maxsce fAsasemcs
noaoscume bHo onpedesennol. eHCTBUTENbHO, MOJIOKH-
TeMbHO OMNpejelieHHass MaTpulia Q MoxeT OHTh NpelcTaBieHa
B Buge Q=—=D'D, rpe D — HekoTOpas HeBHIPOXKAEHHAs Ma-

-1 ~1f =1y

tpuna. Torma Q™ '==D"YD7'), u Tem cambM nokasauo,
-1

yTo MaTpHuA Q ° TakKe MOJONKHTEIbHA.

3anetanue. Tlycts A =(a;;) aBasercs m X n-MaTpuueh.
Hacto ObIBAIOT NOJE3HB PABEHCTBA

diag(bl, v ey bm) . A =(biaii)'
A - diag(cy, . ... €,)=(ayc;).

B mnepBoM ciyuae Bce 3JeMeHTH i-H CTPOKM YMHOXAIOTCA
Ha b;, a BO BTOPOM cJayyae BCe 3JeMeHTH j-ro croadua

yMHOXKa10TCs Ha ¢;. Koneuro, eciiu by = ... = b, =25, 10 Bce
3/EMEHTHL. MaTpuubl A yMHOXAITCA Ha b; ecau ¢ = ...
ve. ==C,==(, TO BCE 3JIEMEHTH YMHOXAIOTCH Ha C.

§ 4. Hemnoro reomerpun

Matpuupl ABASIOTCA B KOHEUHOM MTOTE ML aareGpau-
yeckuM anmapatoM. Onuako gauddepeniyanbHbie ypaBHeHUS
He MOTyT OHITb USyYeHbl CPEACTBAMU OLHOH 4HCTOH anre6poi;
JJ8 UX M3yueHHs HeoOXOAMMO IIMPOKO HUCNOJAb30BATH U
reoMeTpHIo.

CaMo onpeleneHHe YCTOHYHBOCTH U M3JAraeMbie HHXe
TeopeMbl JIANyHOBa HOCAT HArJSLHBIH reoMerpuueckuit xa-
pakrtep. [/ NPaBUILHOTO HX NMOHHMAaHUA HEOGXONUMBI HEKO-
TOpHle HOBblE NOHATHA. MBI OTHOCHMM 9TH HOHATHS K ,Ie0-
MeTPHUYeCKHUM®; MOUTH BCE OHH MPHHALMEeKAT HAUGOTee O6LEMY
pasjesy reoMeTpUM, HA3bLIBAEMOMY mono.rozuel.
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Mexway npouuM, BMeCTO TOro, 4yToObl TOBODHTH ,durypa“
MM ,KOHQUTYpALHA“, Mbl YCAOBUMCS YROTPeGaATs B Hajb-
HelimeM GoOJiee MPUBBIUHBINR U NPOCTOH MaTeMaTHUeCKH#t TepMuH
moueurnoe MHONCECMB0 WX NPOCTO MHOJMCECMB0O, KOTOpPHIH
03HauaeT HNPOU3BOJLHYIO COBOKYNHOCTb TOYEK.

Paccyorpum cHavana 10BOABHO HPOCTOR OODBEKT: €BKJH-
IOBY miockocTs E? u Ha Helt OKPYXHOCTb panuyca r ¢ LeH-
tpom B Touke C=={a, §}; ypaBHeHue STOH OKPYKHOCTH
NMeeT BHI

(x — @R (y—bp =r2 (4.1)

Touku M, orcrosine or C MeHblue, YeM HAa 7, COCTABJAIOT
Kpyrosyio 006.4acTb (BHYTPEHHOCTb Kpyra) u YZOBJAETBOPAIOT
ycaosuwo d (M, C) < r. AHaIUTHYECKH STO HEPABEHCTBO 3ailu-
CHIBAeTCH TaK:

(x — af = (y —bP < 2, (4.2)

B o6niuHOM TpexMepHOM IIPOCTPaHCTBE BMECTO OKPYXK-
HOCTH Mbl BO3bMeM cdepy; TOrna BMecTO HepaBeHcTBa (4.2)
noayunm ).

(6 — @R 4= (y — Y (2 — 0 < 12 (4.3)

ITo anaxorum B n-MEpPHOM INPOCTPAHCTBE MHOXECTBO
TOYEK, KOODIAUHATHI KOTOPBLIX YIAOBJETBOPAIOT PABCHCTBY

(= a P (=l 4 ... F(x,—a,P=r%  (4.4)

HasblBaeTcd 2unepcgepod wnu (n—1)-mepuoii cghepoi,
a cheputeckyo o6sacmb COCTABIAIOT TaKHe TOYKH X, UTO

(X —a P+ (%y—a)P + ... +(x,—a,l<rh (4.5

Ecan Mbl BBeleM BeKTOp X— @, T02) HepaBeHcTBy (4.5)
MOXHO NpHAaTh OoJiee KOPOTKYIO (QopMy:

lx—all <r. (4.6)

Touky @ npocrpaHctBa E” HasHBalOT yewmpos chepuye-
cxkoft oGJjacTd, a r —ee paduycom; Lis 00O3HAUeHHs ce-
puuecko#t obsactu ucrnoandyercs cimeoa S(a, r).

) 10 HepaBeHCTBO BBIAEJAET T€ TOUKM {x, ¥, 2} MPOCTPaH-
cTBa /i3, KOTOpHE JexaT CTPOro BHYTPH miapa pajHyca r ¢ LeH-
TpOM i TOuKe {a, b, c}. — [Tpum. nepes.

?) YpasHenue rumepcoepn (4.4) npumer Buj || X —al =r.—
ITpum. nepes.



§ 4. Hemnoco eeomerpuu 27

MHOXeCTBO, Ie/IHKOM colepiaileecs B HeKOTOpOR cde-
pHYECKOH 0BJacTU, HASHIBACTCH O02POANUYLCHHBIM.

OnpejenuM Tenepb TOHATHE 00.2acms N-MepPHO2O RpoO-
cmparcmee. Tak Ha3blBAIOT TOYeuHOEe MHOXKecTBO U B mpo-
crpanctse E”, ofianawollee CJAefyIOIUMH ABYMsS CBOHCTBAMH:

a) eciu Touka C npuHaniexutr MHoxectsy U, 1o eMmy
LeJMKOM MpUHANMEKUT H HekoTopada cdepuyeckas o06.JacTb
S(C, r) ¢ uentpoM B Touke C;

506,17

Puc. 2

6) moGole nse ToukH C u D muomecrsa U MOXHO co-
€ANHUTb HEKOTOPOH HEeNmpeprIBHOK KPUBOM, LEAHKOM Jiexa-
we#t B U (puc. 2).

Tenepp Mbl ONpefeauM C/eRYyIOLlHe OCHOBHEIE TUNBI TO-
YeyHBIX MHONKECTB B mpoctpaHctse E”.

Omrxpomoe Mroxicecmso. OTKPHITHIM HA3HIBAIOT Takoe
TOueyHoe MHOxectTBO U, 4TO eMy BMecre ¢ JaI0GOH ero Tou-
ko# C LeAUKOM NpHUHANJKHT U chepuueckas obracts S (C, r)
¢ ueHTPOM B TOuke C HeKOTOPOro pajauyca r [uHaye rosops,
mHoxecTBO [/ o6aanaer cBOMCTBOM a), HO He 0013aTeNbHO
oGaazaer cBofictBoM 6)]. HanpuMep, BHyTpenHocTh KBaapaTa
WJIY KaKOFO-JAM00 JIpPYroro MHOTOYrOJIbHHKA Ha MJAOCKOCTH
ABJSETCS OTKPHITHIM MHOXeCTBOM !) B mpocTpancrse EZ2,

3amkrymoe MROMcecm8o. 3aMKHYTHIM Ha3LIBAIOT MHO-
kecTBo F, npelcraBisouiee co0OH# BHEIHOCTh HEKOTOPOro
oTkpuitoro Muoxectsa U. Hanpumep, npsamas maunus uau

') B 9TuX npHMepax OTKPHTOE MHOMECTBO SBJAAETCA OAHOBpE-
MeHHO® H o6sacTbio. ECAM HBa MHOrOyroJbHHKa Ha NJOCKOCTH He
UMEIOT OOMHX TOYEK, TO HMX BHYTPEHHOCTh ABJSETCH OTKPHTHIM
MHOXECTBOM (HO He obaacteiol). — [lpuns. ped.
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MAOCKOCTh B MpocTpaHcTBe E" mpeAcTaBasioT coGo# 3aM-
KHYThle MHOXECTBA.

I'paruga omrpumozo mHodcecmsa. I panuued BU
OTKPHITOr0 MHOXecTBa U/ Ha3HIBAlOT COBOKYMHOCTb TaKHX
He npuHapiexamux U Touek C, uro B n106GOMR chepuye-
ckoli obaactu S(C, r) umerorcs touku u3 U (puc. 3). 3a-
MeTuM, uTo BU — 3aMKHYTOe MHOXECTBO.

Komnaxmuoe mnoxcecmso. KOMIAKTHEHM HA3BIBAIOT 3aM-
KHyTOe OIpPaHHYeHHOe MHOMXecTBO. I[lpocTeHmu#t npumen

Puc. 3.

KOMIAKTHOIO MHOXeCTBA — NPOU3BOJAbHOE OrPAHUYEHHOE OT-
KPBHITOE MHOXECTBO BMecTe CO CBOeH rpanuueff. B gacrnocrty,
cepuueckas o6JacTe BMecTe CO CBOe#t TpaHuuelt gsiasgercd
KOMMAKTHEIM MHOXECTBOM; 3TO MHOXECTBO HHOTJAa HAa3BIBAIOT
wapom,

KoMmakTHRHe MHOMKECTBA UMEIOT O00JbplNOe 3HAUEHHE W
06/1anal0T MHOTHMHM 3aMeyaTeibHBIMH cBoHcTBaMH. OpHako
B JajbHefimeM HaMm mnoTpebyeTcs /JHWIbL CJAeAYIOLee Npento-
wenue: ecau K — xomnaxmwuoe Muoxycecmso u  f(x)—
Henpepuisnas (CKaAApHAR) @YHKEUSL NePeMeHH020 X,
onpedesennas wHa mHoxwecmse K, mo 8cezda MOHCHO
Haiimu 08a wucaa o u § maxue, umo o< f(x)<P 0an
210608 mouku x u3 mHoxecmsa K; 0osee mozo, ecau
f(xX) npunumaem moOALKO nOLOXHCUMEAbHDIE 3HAYEHUS,
mo o6a uucaa o u B mozym Gbumbd BuOpAHbLL MAKce
noA0CUMEAbHOLMU.

[puaoxenue. CHOBA pACCMOTPHUM HEBLIPOXKAEHHOE
npeo6paszoBaHue KOOPAMHAT

n

*

xm:mek-’Ck, m=1, ..., n
k=1
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Mb nonpoOyeM CpaBHHTb IJAHHH || x| u ||x*| omHoro u
TOr0 e BEKTOpa B CTAPHIX M HOBHIX KOOPAMHATAX; HA CAMOM
nene ynoOHee CPaBHMBATb KBANPATH STHX JJIHH:

n
2
R= 3, R'= 2.

m=1
Mycts x, = Ru,, Tak 4ro0

w4 .o k=1 4.7

TOrna
n

n 2

2 :

R =3 Pmkuk> R? == R*f (u).
m=1 \k=1

3aMeTuM Temepb, YTO, B CHAY MPEANOJNOKEHHS O HeBHIPO-

WAeHHOCTH npeoOpasosaHust, |P |+ O, u, clenosareibHo,

cucTeMa NMHEHHBIX ypaBHeHUH

n
D Pty =0, m=1,2, ..., n
E=1
UMEeeT TOJbKO TPUBHAAbHOE PelIeHHe i) == lUy== ... ==U,==

= 0. DTH paBeHCTBAa HECOBMeCTHH C paBeHCTBOM (4.7), a mo-
toMy f(u) Bciony Ha chepe (4.7) monoxurensHa !). Taxum
06pa3oM, CYIUECTBYIOT TaKue MOJOXKHUTEAbHEE NOCTOSIHHEIE
a ¥ {3, uro Ha MHOXecTBe (4.7) BHINONHAETCA COOTHOILIEHHE
aLf)yLB T e

aR? < R*2 < BR2.

TlonyyenHole HepaBeHCTBA MOKA3LIBAIOT, YTO 00e BEJHUYMHBL
R n R* cTaHOBATCS MaNbMM OJHOBpeMeHHO. MHLIMH CI0BaMH,
ropopsi Hectporo, R u R* 4BJAIOTCA BeNMYHMHAMH OLHOTO
i TOrO Xe HOpsaka. JTO CBOKCTBO OyleT TO0JE3HO B [ajib-
HeltmieM.

O6osHayeHus. Mul Oysem oGosHauath uepes S(r)
chepuueckywo obnacte || x| <r, a uvepes H(r)—ee rpa-
Huly, coepy || x| = r. Idas 3aMkHyTO# cepuyeckoft KOb-
uesolt obaactu r < || x|| < R npuMensercs 0603HaueHne SR,

'), Muave rosops, f(2)==0 anmp B Hauale KOODAUHAT NPO-
CTPAHCTBA TePeMeHHBIX #, a Ha chepe (4.7) umeeMm f(u) > 0. —
ITpux. nepes.
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JAN®PEPEHIUMUAJBHBIE YPABHEHHUA

§ 6. O6mue cBejenns

Kax usBecTHO, nupdepeHuyasbHeie ypaBHeHus B TOH WM
nHo# dopme Omiium BBenennl eule HeioroHoM. Ero 3akoHH
JABHXKEHHS — 3TO MepBLIe MPUMEPH CHUCTeM NH(depeHIralbHEX
ypaBHeHMH, ¥ IMHAMMKA MO Cel JeHb OCTaeTcsd ONHHM M3
rIaBHeRINMX MCTOYHHKOB MOLOOHBIX 3anad.

Tak kak ycTOHuUMBOCTL B HAllleM NOHHMAHHY SABJSETCH
CBOHCTBOM HEKOTOPHIX cuCTeM IH(depernuaibHbX ypasHeHu#,
TO HaM MNpPeLCTaBJAeTCs LelecOOOPA3HBIM KOPOTKO paccKasaThb
0 TaKuX cUCTeMaX. Mul OyneM pacCMaTpuBaTh O6LIKHOBEHHbLE
audeperiaibiEle  ypaBHeHHs B JeHcTBUTENbHOH (Belue-
cTBeHHOH) oOaactu. Huaue rosops, OyayT paccMaTpuBaThCs
ypaBHeHHd, B KOTOPHe BXOIAT NPOM3BOAHBIE ONHOH MU
HEeCKOJIbKHX HEH3BECTHHIX (PyHKuUMH NO AeHCTBUTEILHOH nepe-
MeHHO# f. OOBIYHO TNepeMeHHyI0 ¢ MOHMMAIOT KAK BPeMs, HO
9TO He CYLUEeCTBEHHO,

BO BCEX NPUMOKEHUAX BCTpPeualoTcs OOBLIKHOBEHHHE NUd-
¢depeHlyanbHBle ypaBHeHUs! ABYX Tunos. [lepBhii Tanm —ypa-
BHEHHEe 1-TO MOPsEKa:

XM= f(x, %, ..., D, §) (*)

(x® osnauaer k-1 OpOM3BOAHYI0 OT X TO f), BTOPOH —
CHCTEMa M3 N YpaBHeHUH MepBOTO NMOPANKA:

X, =X, (X Xge oovr Xy )
Xo =Xy (X, X9 «v.r X, &), (#%)
% =X, (X, %o ooos Xy D).

B n1eHCTBUTENLHOCTH YpaBHeHHe () MOXeT OHTb CBEIEHO
K CHCTeMe (#%) caeiyiouM oOpasom. BeeaeM HOBHle nepe-
MeHHBIE X;, ..., X, N0 GopMyaamM

Xy =X, Xy == X, X3==X, ..y X == x-1);
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TOTrAa ypaBHeHWe (#) MOWHO 3aMEHHTb SKBUBAJNEHTHOH CH-
cTeMoH

xl =x2,
Xy = X3,
Kp1 == Xy,
Xp=f(X, X3 0., X, 0)

KOTOpas fABJSETC HACTHLIM CJAYYaeM CHCTEMBl (##).
Hanpumep, xopowo u3BecTHOe ypas8HeHue Bawn-dep-
Ioas

xFe(x—1)x+x=0
9KBUBAJEHTHO CHCTEME
xl = X,
v o o (42
x2_—¢(xl— I)xz—xl.

Paccmarpusas auddepenuuanbtbie ypaBHeHUS B hopMe (# ),
MOXHO CUMTaTh X, ..., X, KOMIIOHEHTAMH N-MEDHOTO BeK-

tTopa x, a X, ..., X, — KOMIOHEHTAMH Ff-MEPHOIO BeK-
Topa X; TOrAa MH HOJYYHM 3aMHCh CHCTEMBl (#%) B KOM-
NaKTHOM BeKTOpHOH (opMme

x =X (x. b. (F)

dra cucrema nuddepeHuuasbHBIX ypaBHeHUH W Oymer wu3-
yyaTthCcsl B AajdbHeHIueM.

MoxeT cayuuTbcs, YTO BEKTOP-PYHKUUA X 3aBUCHT TOAbKO
OT X ¥ He 3aBUCHT OT BpeMeHH. YpasHeHue (F) npunumaer
TOrza BHA

x =X (x). (FA)

CucreMa Takoro polxa HasbiBaeTcs asmouomHoli. Hanpumep,
cucTeMa, MoOJyueHHass u3 ypaBHeHus Bau-nep-Ilonsa, ssasercs
aBTOHOMHOM.

CnpaBenIMBOCTH Daiu 3aMeTHM, 4TO B TeUEHUE AJUTENdb-
HOTO BpeMeHH MATEMATHKM He 3aHUMAJUCh (yHIaMeHTaJAbHOH
Mpo6jieMOR O CcaMOM CYLIECTBOBAHHHM pelleHHs Yy CHCTEMBI
tuna (F). Takue sbigaomuecs yueHsle, kak Jlarpauwk u
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Jlanaac, cyuTany CyulecTBOBaHHe pelleHHH caMO COGOH pasy-
Metourumcs. Jlaxe CpaBHNTENbHO HeIaBHO ACTPOHOMBI MHOJA-
rajiy CaMOOYCBMIHBIM CYIUECTBOBAHHE CHEUHANBbHBIX pelleHuf
C onpenefeHHbIMH CBOMCTBAMU NMEpPUOAMYHOCTU. JlHIIL B Ha-
uaje MPOHIIOTO CTOJETHS BeJHKHH QpaHnysckult MaTeMaTHK
Komu snepsrle A0Ka3aJd COOTBETCTBYIOILYIO TEOpPEMY, B KO-
TOpOft 00OCHOBAa/M CYLIeCTBOBAHHE pelleHuH IJAsd LIHPOKOro
Kjaacca CHcTeM AuQ@epeHUHUaIbHBX ypaBHEHUH.

3aMeTHM, 4TO 3Ta npobaeMa (aKTHUECKU SIBJASETCHA He-
CKOJIbKO HeompeaeneHHOW. PaccMoTpenue paxe npocTeRmux
CHCTeM C TOCTOAHHBIMHM KO3ddbulMeHTaMu, Hanpumep,

x, == ax,+ bx,,
[ X3=cx,+dx,,

[IOKA3bIBAeT, YTO peIlleHHe MOJAyYaeTcd ¢ HEKOTOPLIM YHCIOM
NPOKU3BOJBHEIX TOCTOAHHEIX. MOxHO B Takom ciydae TpeGo-
BaTb, YTOOBI pelleHHe YIOBJIETBOPAJO TEM MAH HHBIM YCJO-
BHAM B Ollpeje/ieHHble MOMEHTH BpeMeHH.

TTocne Kown OBIM MOJydYeHH MHOTOYHC/IEGHHBIE TEOpeMbl
cyuecrsoBanud. Msbl mpuseneM 6e3 10KasaTeAbCTBA OIHY M3
TAKMX TeopeM, KOTOpad MpeicTaBisieT COOOH uacTHHIH ciyuait
KJACCHYECKOr0 MpefJOXeHUs, HasbiBaeMoro meopemot Ko-
wu —Junwuya. 3ra Teopema He ABJsfeTCH Haubo/ee CUMb-
HOR U3 TeopeM CYLIECTBOBAHHA, HO OHA BMOJIHE JOCTATOYHA
Aas nenelt Hacrosme# Kuuru D).

[TycTb E",+,1 osHauaer (# -} 1)-MepHOE NPOCTPAHCTBO
€ KOODAUHATAMH Xy, ..., X,, {, U OyCTb & — NPOU3BOJbHASA
06J1aCcTb B 3TOM NPOCTPAHCTBE.

TeopeMma cyuectBoBauus. Ilpeonososcun, wmo
8 Kaxcdoii mouxe o6aracmu L cyuecmeyiom u Henpepoisrsl

Yacmuvie npoussodnsie %‘% i, j=1, ..., n. ITycms

1) OtMeruM TOJBKO, YTO 3Ta TEOpPeMa, OJHOBPEMEHHO ¢ Cylue-
CTBOBAaHHEM U €IMHCTBEHHOCTHIO, YTBEPKAAeT HENDEPBIBHYIO 3aBH-
CHMOCTb pEIIEHAS OT HAYAJbHBIX YCJOBHH, 3Ta HENPEPRIBHOCTDL
o3HavaeT, rpy60 roBops, UTO MaJble BO3MYINEHHA HAYAABHBIX yCnO-
BHH NPUBOAAT (32 KOHEYHHIH MPOMEXYTOK BPEMEHH) JUIUb K MaJbiM
BO3MYuleHusIM pelienuit. — [Ipux. nepes.
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{x0 ¢} — npoussosvnan mouxa smoii o6aacmu. Tozda
cyuecmgyem maxoe peutenue x(t) cucmenw (F), umo
X (£)=x% 3Smo pewernue mosxcem Cumb RPoIOANEHO
8c0dy 8 obracmu 2 u ABAKEMCA HenpepuisHol GYHK-
yuei om {x% £} Kax mouxu oGracmu R1).

Xy

xO

/"""‘\

Puc. 5.

Teomempuneckan uumepnpemanus. Pemenue x(f)
onpenenseT KOOPAMHATHL Xy, ..., X, KAaK OQYHKIHM BpeMe-
Ha £, T. e.

x1=f1{#), Xo=fo(t), .... x,=f,(b) (5.1)

3ro O3HauaeT, 4TO IepBbie 7 KOOpAMHAT B IIPOCTPAHCTBE

E;+tl ABAAIOTCA (PYHKUMAMH NOCAeAHE} KOODIHMHATH £,
Hanpumep, npn n=1 O6yzer x;,=f,(¢)..Ecau Mu Ha-

numeM X BMeCTO f{ H Y BMECTO X, TO NPHAEM K XOpOIUO

3HaKOMOit ¢opme y==f(x) ypaBHeHUS KPHBOH B IJOCKO-

CTH X, Y. AHAJOTHYHO 3TOMY €CTECTBEHHO NpeACTaBJAATH cebe

Ha6op cyuxuust (5.1) kak Kpusyo B HPOCTPAHCTBE Eﬁf}

(puc. 4). Dra KpuBas HA3LIBAETCS UHME2LPAALHONL KPUBOL
cucteMnl (F).

MoxHo, ozHako, paccMaTpuBaTh HnHabop dyuxuusi (5.1)
KaK ONpelne/eHHe HEKOTOPOH Kpuso#t ?) B mpocrpanctse E”
OJHHX TOMLKO NepeMeHHBHX X (puc. 8). B aroMm cayuae

1) NMocnexnee CBOHCTBO — HENPEPHIBHAS 3aBHCHMOCTb pelIEHHS
oT {x9 £,} — umeer MecTO B Ji06OH KOMHAKTHOH 9acTH obiacTu Q. —
[Ipum. peo.

?) Bpemsa f B 9TOM caydae cuuTaercs MPOCTO HapaMeTpoM,
T. €., KHaYe TrOBOPH, HA paBeHCTBA (5.1) MOXKHO CMOTPeThL Kak Ha
napaMeTpuueckoe 3ajaHue Kpusoit. — [Tpus. nepes.

3 3ak. 1824



34 Ta 1. Juppepenyuarvrbie ypasHenus

KpuByio (5.1)HasmBaT mpaexmopuel, a npocrpanctso £” —
ha308bim MPOCTPAHCTBOM (TePMHH BeeT CBOE IIPOUCKOMIE-
HHe U3 IMHAMHUKHY).

Asmonomuan cucmema. AsToHOMHas cdctema (FA) Mo-
weT ObITh TaKKe 3amucaHa B dopme
dx,  dxy __ dx,
X (%) Xy (x) o Xp(x)’

He conepxauie#t nuddepeHunan df He3aBUCMMOR MepeMeHHOH.
[To cyuwiecTBy 5TO 03HAYAET, YTO MBl OTKA3blBAeMCH OT Hapa-
merpusanud kpusod (5.1). [elcTBureabno, eciau noHTu na-
Jee H B3aNHUCATb ypaBHeHHA B BUIE

dx, X, dxy X, dx,_, — X,

dx, X, dx, X, " Tdx, X,

TO MNOJYuUHTCH CHcTeMa, aHagoruudaa (F), npuueM poab #
urpaet x,. Peienud 3TOH cucreMbl ya0GHO Ha3biBaTh Mmpaex-
MOpusMU; Kak # Tpexie, uepe3 (UKCHPOBAHHYID TOUKY
,00/1aCTH CYLIeCTBOBAHMA* &, NPOXOZUT OAHA H TOJLKO OfHA
Tpaextopus ). [lepemennas ¢ spisercs Temepb TOJLKO napa-
MeTpPOM, W eciu NpHOABUTL K Helt MOCTOSHHYIO [T. e. 3aMe-

uute B (5.1) Benuunny ¢ wa £ C], T0 TpaeKTOpHA He H3-
MeHHTCH.

Msyuast yCTOHYMBOCTL, HAM NMPHAETCS MOCTOSIHHO PAaccMart-
pusarb cucremy (F), yr0BIeTBODPAOUIYI0 NONOJHHTEALHOMY
tpebosanuio: X (@, £)=0 nnqa Bcex £ > 0. 3ro o3HAuaer,
YTO X == @ — pelleHde. ['eOMETPUUECKH YKAa3aHHOE pellleHue

u300paxaerTcs Jy4oM B MPOCTPAHCTBE Eﬁftl HIAU  TOYKOH
x ==a B npoctpancrBe E”. Takas Touka HasbiBaeTcs no.20-
dcenuem pasnosecus (0COGOH MM KPHTHUECKOH TOYKOM).
Eciu 32 HOBYIW NepeMeHHYI0 B3ATb X — & W OOO3HAYHTH ee

!) MpocrpanctBo E” B cayyae aBTOHOMHOH CHCTEMBI TaKxe
HasbiBaeTcs (asoBpiM, a TeOPeMa eNUHCTBEHHOCTH O3HAaYaeT reo-
METPHYECKH, 4TO TpaeKkTOpHH cucteMul (FA) He Moryr mepecekathcs
ApYT € ApyroM. B 9TOM M COCTOHT OTJIHYHE ABTOHOMHBIX CMCTEM OT
HEaBTOHOMHBIX: TPAEKTOPHH (HO He pemeHus!) cuctemst (F) B da-
30BOM MIPOCTPAHCTBE MOTYT HepeceKaThcs Mexiy co6oil. [Toapobuee
TEOPHA ABTOHOMHBIX CHCTeM uanoxeHa B xuure JI. C. [TouTpa-
ruHa, OOLIKHOBeHHbe JU(PepeHIHaIbHble ypaBHEeHHA, PHIMATIHS,
1961. — [Tpunm. nepes.
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cHOBa vuepe3 x, To cHucreMa (F) He u3MeHMT CBOero BHAa,
1o rtenepb X (0, £)==0 npu £ > 0, 1. e. moNOKEHUEM PABHO-
Becuss OyleTr yxe Hawano koopausar. Kax npasmao, B nanb-
HefilleM MpeANOJaraeTcad BHIIOJHEHHBIM HMEHHO 3TO NOC/AeaHee
yCaAOBHe.

Hacto Bcrpeuaerca cayualt, korma ¢yukums X (x, f)
BO/M3K 3HaueHHs x ==0 MoxeT ObTb npencTaBieHa B GopMe

X(x, )= Ax—+q(x, B,

rae A —mnocrosmHas MaTpuua, a BeJuuyuHa |[g| Masa no cpa-
BHeHHIO ¢ || x| nmpu Manmx | x|. MHaue rosops, mpeanona-
raercst, yto npu Bcex £ >0

lig (x, B)ii

-0, ecmn |x||—0.
hxll

310 BLIpAXAETCH NMPpU MOMOILIU CTAHAAPTHOrO MaTeMaTH4YeCKOro

o603HaYeHus
lg(x. B =o(x])

B paccmatpuBaeMoM ciayuyae cucrema (5.1) umeer Bun

x=Ax—q(x, b. (5.2)
[lpennonoxuM, uTO BCE XapaKTePHCTHYeCKHe KOPHU
A, ..., A, Marpuunl A pasanune. TorZa cywectByeT Taxas
HEBHIPOXKIEHHas MaTpuua P, 4ro
PAP ' =diag (A, ..., A,).

PaccMorpuM cHavana cayvalt, KOrja Bce XapaKTepuCTHUe-
CKHe KODHHU [eHCTBHTE/NbHBEl; 3TO O3HAyaeT, 4TO u Marpuua P
moxer OwviTh BoiOpaHa geHcrButeabno#t. CnenaeMm B cu-
creMe (5.2) npeo6pasomanue koopauHaT y = Px. Tax kax

d .

7 (Px)y=~Px. 10

y=Px=PAP 'y Pg=diag (A, ..., L) y+q, (3. ¥,
(6.3)

rae ql=Pq, 1 JIETKO MOXHO MNOKa3aTb, 4TO

Nl = oIyl
Cuctema (5.3) okaspiBaeTcst TOro e Tuma, uyro u (5.2), Ho
yxe c nuaroHanbHo#t Matpuued A. Ecau ke HekoTopbie M3

3*
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XapaKTepUCTHUECKHX KOpHe# KOMIIEKCHBI, TO MOJO¥KeHHe
6yﬂ.e’l‘ TOYHO TaKHUM XK€, 3a HCKJ/JIIYEHUEM TOro, 4To NOSABATCH

TaKkHe KOMILIEKCHO COMPSKEHHBIE Mapel Ay, Ay, Ay Ay L.,
YTO M KaXAOTO NeHCTBHTENLHOrO BEKTOPA X COOTBETCTBYIO-
HiMe KOODAMHATH BeKTOpa y=—Px GyIyT KOMIIEKCHO CO-

NMPAKEHHBIMH: Yy, Vi, Yo, Vo

Jlunelnsle YpasHenun ¢ ROCMOAHHUMU KOIPPuyuen- -
mamy. Tak HAa3BIBAIOTCH CHCTEMBbI
X =0 Xt QpXe-t+ . a,x,, i==1,2,...,n, (5.4)
rie Bce KOIQQPUUHMEHTH @;; — NOCTOAHHbIE uMCaa. B Bek-
TODHO-MATPUUYHBIX 0003HaueHUsIXx cuctema (5.4) sanuceHBaeTcs
60see KOMMAKTHO

x == Ax, A= (a;)., (5.5)

Mul KpaTKO HANOMHUM HEKOTOpHE OCHOBHEE CBOHCTBA
97ux cucreM. JIOKa3aTeabCTBa MX XOPOIUO H3BECTHH U CO-
Aepxarca B GOJbLIMHCTBE KYPCOB MO TeopHH AuddepeHHalb-
HbIX ypaBHeHu#t 1),

L Mycte A, ..., A, —XapaKTepPUCTHUECKHE KOPHH MAT-
puusl A, T. e. KOPHM ypaBHeHHs

KaX bl KOpeHb NpU 9STOM CUMTAETCS CTOJMLKO pas, KAKOBa
ero KpaTHOCTb. Kaxi1as KOMIIOHEHTa BEKTOpA pelleHHs CH-
creMbl (5.5) nmpencrasaseT cofoft cyMMy He Gosiee 7 UMEHOB
siia g;(f) e, rae &y (£) — MHOTOWIEH CTeNeHH CTPOro
MeHbLIeH #n.

II. CymectByer n nuHefiHO He3aBuCuMBIX peweHutt. Jlu-
HellHO He3a8uCLMbLUN HA3BIBAIOTCH TAKHE 7 BEKTOPOB-pe-
wennft X, ..., x1", ur0 cooTHOWEHHKE

x4 . e, xlMl=0

1y Cwum., nanpumep, [Tonrparuu JI C., OGHKHOBEeHHHE
Jubdepennuaibsle ypaBHenus, Puamarrus, 1961; Koznuwur-
ToH 3. A.u Jlepuucon H, Teopus o6bikHOBeHHBIX Hu(pde-~
peHnHaabubix ypaBHenud, UJl, 1958; Jledpmen C., I'eoMerpuue-
cxad Teopus AuddepenunagpHbix ypasuenudt, KJ1, 1961, — I1pun.
nepes.
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HE YAOBJETBOPAETCH HU IIPH KAKOM Ha6ope KOHCTAHT €y, ...
oy Chy €CHIH XOTH 6bl OHA M3 HUX OTAHYHA OT HYy 1.

IL Tlycts Xy, ..., X,; — KOMIOHEHTH BEeKTOpa-pelie-
Hua xUl, u nycts X —wMarpuua, j-#i cronben KoTopo# co-
CTOMT U3 3TUX KoMnoHeHT. Marpuua X (£) dsadercsd HeBH-
poxmjenHolt 1) naa kaxmoro £, T.e. | X (£)| # O npu mobom ¢,
M, C/eloBaTeNbHO, MaTpuia X (£) Bcerna umeer ceGe 0o6pat-
HYIO.

IV. HenocpencTBenHo mposepsieTcsi, uTo Marpuua X
YAOBJIETBOPAET MATPUUHOMY IHpdepeHIHaNbHOMY YpaBHEHUIO

X = AX. (5.6)

V. Ecin X ynosnetBopser ypasHenuw (5.6), To u XC,

rie C — 106aq MOCTOAHHAA MATpHllA, TAKKE ABAAETCH pele-
HMEM 9TOTO YpaBHEHHUS.

VI. B uactnoctu, pewenue 2 (£)=X (¢)X '(0) ypa-
pHenus (5.6), wacTo oGosHauaemoe uepes eAf, oGunamaer Tem
cpotictBoM, uro ¢ (0)=E, npudyeM Ipyrux pelueHu#t, o61a~
JAIOUHX 3THUM CBOHCTBOM, He CyuleCTBYyeT. DTO pelicHHe Ha-
3LIBACTCS 2.2a8HOE Mampulel peuenui?). Peluenne cucTeMsl
(8.9) ¢ nayaabHeIM ycaosueM x (0)==c uMmeer Buz 2’ (f)c.

Conpsasicennan cucmena. Bwmecre ¢ cucremolt (5.4)
yILOOHO paccMaTpHBATh CONPSKEHHYIO K Helf CHCTeMy

v =— (a1 + ay¥o+ ...+ a,y,) i=1,2, ..., n
(5.4)

uaH B MaTpuUuHOH dopme 3) (y Temeps BEKTOP-CTPOKA)
y=— yA. (5.5
) MUmeercs B Buay, 4TO £ j=1, ..., n,— iuneitno nesasu-

CHMbIE PELIEHHsl, T. €. UTO OHH COCTAaBAAOT (PYHIAMEHTAJBHYK CH-
creMy pemienud. Marpuny X (£) uHorna HaswblBAOT @yHOGMEeHMANL-
Hoti Mampuyeti. — [Tpus. nepes.

2) B opurunane principal matrix solution. 3ty maTpuny mHoraa
HA3bIBAOT HYHOAMEHMAALHOL HOPMUPOBAHHOL — mampuyeli. —
Hpunm. nepes.

%) Unorxa, BmpoYeM, ¥y CUHTAIOT BEKTOP-CTOJAOLOM H 3amHChi-
BAIOT CONPSKEHHYIO CHCTEMY B Buje y=— A’y.— ITpun. nepes,
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O6pauarbes ¢ cucteMolt (5.4) MOKHO TOUYHO TAK e, KAK K
¢ cucremolt (5.4), TONBKO Temepb BCOAY CTPOKH U CTOAGIDB
MEHSIOTCA MEeCTaMd, a NPaBOe YMHOXKEHHe MATPHLl 3aMeHseTCs
AeBuM. Bce uaioxeHHbie Bblllle CROHCTBA OCTAIOTCH CHpaBel-

JauBbiMH M OyayT oGosHawarecs 17, I/, ..., VI'. B wuacr-
HOCTH, MAaTpHuHOe ypasHeHue (5.6) mpuMer Bua
V=-—VA (5.6

XapaxTepuCTHUYECKUMHE KODHAMUH MaTpuusl —A cucremn (5.5)
CAYXKaT KOPHM ypaBHEHHs

| — A—M | =(—1)"| A4 AE|=(—1)" f(— N =0,

T. . —A, —hy ..., —),. Mw noayuaeM cheayiollee
yTBEPMIACHHE.

I'. Kaxnasn xoMmoHenTa BeKTOpa pellieHus cucTeMbl (5.5)
npexacrapager coO00H cymMMy He OoJjee 7 UWIEHOB BHIA
g; (t)e'kf’ » Tlle g;(£)—MHOTOU/IeH CTeNeHH CTPOTO MeHblilek 7.

3ameTuM, UTO £ JHMHEHHO HE3ABHCHMBIX peIUEHHH CH-
creMbl (5.5) ABAAIOTCA Tellepb CTPOKAMM MaTpHubl Y.

Iycts & —raapHas MaTpuua peiesuf cucteMbl (5.5).
MoxHo mokasath, uyro 2! apasercss rAaBHOH MarTpuleH pe-
weHu# cucreMel (5.5)". JleHcTBHTENbHO, eCaAd 0GO3HAYUTH

YO=L"'@#), 10 Y0)=2"'0)=E '=E. Kpome
Toro, u3 2% =E crnenyer

0=IY+XY = AXY + X%y = AL X%,

T. e Y=—-Z 'A=—HA, n ypasHenue (5.6)" ynosaer-
opsiercs. Takum o6pasom, &~ ' (f)=e Y — ruasmas ma-
TpUlA peleHult conpsieHHO# cucteMul (5.6).

§ 6. O6mue coobpaenns 06 ycTOHUMBOCTH

TepMuH ,ycTOHUMBOCTb® HACTOMBKO BHIPA3UTENEH, YTO OH
caM nourtd Bce 3a cefd rosopur. Ilycts xakoH-uuGynb mpu-
60p HCNOMb3yeTcss HEeKOTOPHM 006pasoM Npu ONpele/eHHBIX
001WHX yca0BuAX. JTH YCAOBUSL CJerka uaMensiorcs. I[losJe-
yeT 3TO 3a coOo# He6oJabLIOE MM, HAOGOPOT, 3HAYHTEJLHOE
u3MeHeHne B paloTe npuGopa? B mepBOM CJyuae TOBOPST
06 YCTOHYMBOCTH, BO BTOPOM ——Q HEyCTOHYMBOCTH.
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Kakum 06pa3oM 3TO NOHATHE MpUMeHseTCs A4 MUCCAeAo-
Banua ¢usnueckux cucteM? Takas CHCTeMa 3aBHCUT, CKAaKeM,
OT HECKOAbKUX (U3HYECKHX NapaMeTpoB X, ..., X, — KO-
opauHaT ¥ ckopoctedi. Ee cocrodune B MOMeHT BpeMeHH f
Mb 0603HaudM uYepe3 x(f) u GymeM mnpenctaBaits cebe Kak
TOYKY MWJM BEKTOpD X B HEKOTOpOM npoctpaHcTse E”.
Touxka x(f) ¢ TeueHHeM BpeMEHH ONUCHIBACT TPACKTOPHIO &
B 3TOM MpocTpaHcTBe. BosHukaeT BOmMpoc: Kak BenyT cebs
MO OTHOIIEHHID K £ TPAEKTOPHH g¥, KOTOpble HaunHawTcs !)
B6ausu g? OcTawTca au OuM Bce Bpema BGiman g (puc. 6)2),

g»*

x(t)
YO=xt)- ey

(1)

Puc. 6.

YTO 03HAYAET YCTOHYMBOCTb, UM KE OHH YXOAAT HpPOUL OT g,
YTO COOTBETCTBYET HeyCTOHUMBOCTHU?

AHanuTHYeCKH 3Ta npodneMa GOPMyJMpPYETCS CAEAYIOLAM
o6pasoM. Ilpexie Bcero, Mbl OrpaHMYMMCS NPOUECCAMH, KO-
TOpble ONMCHIBAIOTCA OOBIKHOBEHHHIMH AU (hepeHIuanLHHIMH
ypaBHeHnsaMu. VIHBEIMH CJOBaMH, NPEANOJNOXKHUM, Y4TO TPAeKTO-
pus g n OJM3KHE K Hel TPaeKTOPUM SIBJSIOTCS peLieHHAMH
HEeKOTOPOTrO BEKTOPHOTO ypaBHEHHS

x =X (x, f). (F)

[TycTs TpaexTOpuM g COOTBETCTBYyeT 4acTHOe pelueHne f(£)
ypasrenua (F). YcroHunpocTs 3TOro peluenus u IpeicTOUT
HaM ucciaenosath. CnenaB 3aMeHy nepeMeHHbix (puc. 6)

y=x—f(@#), x=y-f(),

'} B coorserctByomuii MoMeHT Bpemenn. Muorza pacematpu-
BaeMoe CBOHCTBO Ha3BIBAIOT YCTOHYHBOCTHIO IO OTHOLIEHMIO K Ha-
YaJbHEIM BO3MYINEHUAM. — [1pus. nepes.

2). Korna 3nech roBOpHTCA O GaM30CTH TPASKTOPHH & u g% To
uMeeTCs B BHAY O6aH30CTb COOTBETCTBYILIHX TOUEK 3THX TPAEKTO-
pu#, T. €. TOYEK, KOTOPbIE COOTBETCTBYIOT OJHOMY M TOMY e 3Ha-
ennto f.— [Tpun. peo.
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Mbl l'lpl/lBeD,eM ypaBHeHue (F) K YPaBHEHHUIO
Y+HiO=X+f®). b,

KOTOpOe MNpUHUMAET Ty e oOlyio (opmy
y=Y(@ 8, Y@ =0,

npuueM Tenepb TPAEKTOpUS £ COOTBETCTBYET TPHBHAILHOMY
pewenuio y==0. Bonpoc o6 ycroHunBoctn peiueHus f(f)
CBOJUTCA K M3YUEHHIO YCTOHUMBOCTM Hayana KOODIMHAT Mpo-
crpactea E”.

OcoBeHHO BAXHBIM [/ TNPUJIOKEHUR HABASETCA YacTo
BCTpeyaowuiics caydad, Korza crucTeMa aBTOHOMHA

x =X (x) (FA)
" KOOpIOHHATHI xl, ey x,,, ABJFOLINECH napame'rpamu
06'b€KTa, MOryT COXpaHATb MOCTOSIHHBIE 3HAYCHNA Ais oo oy a,.

Hpyrumy cnoBaMu, TOUKa x==a ecTb pemwrenue: X (a)==0.
Ecan B Haua/bHBHE MOMEHT CHCTEMA HAXOAMJACh B MOJOKEHHH
paBHOBeCHA @, TO OHAa HaBcerja OCTaHETCs B 3TOH ToOuKe.
OnHako 3TO yTBepKIeHUEe — YUCTO TeopeTHueckoe. Peaannas
CHCTEMA MCNLITHIBAET pA3/MUHbE BOSMYLICHHA, U MOTOMY HM-
KOria He/ib3s TOUHO YCTAHOBHTb e HayalbHOEe COCTOAHME.
Mbl cHOBa mpuxoAMM K Hpo6.aeMe YCTOHYHBOCTH: GymeT au
CHCTEM3, HeCMOTPS Ha BJMAHHE MAaJbIX BO3MYILUeHUH, ocia-
BaThCA BOJM3M MOJIOXKEHUS PaBHOBeCHs WM HeT? IJTa 3asava
BCECTOPOHHe OO6CYXI3eTcsl HHKe.

§ 7. YcTolluNBOCTL B RBTOHOMHBIX CHCTEMax

Mu paccmorpum asroHOMHYyI0 cucTeMy (FA) u usyuum
YCTOHUMBOCTL €€ IIO/MIOXeHHs DAaBHOBeCU X ==da. Y106HO
npexie Bcero BuiOpaTb TOYKY X == HAYaJOM KOOpPAMHAT.
310r0 MOXHO LOOUTHLCH, CAejdaB INpocToe MpeobpasoBanue
KOOpAMHAT X" ==X -—a. DyieM cuuTaTh ero BHINOJIHEHHEIM
1 obosHaunm x* cHosa vuepes x. TakuM ofpasom, paccmar-
pUBaeTCs OCHOBHAfA CHCTEMa

x=X(x), X(@©0)=0 (FA)

H UCCACLYyCT(CA )’CTOﬁ'-lIABOCTb Hayaja KOOpAUHAT.
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IMpeanosoxum, 4YTO B HeKOTOPOH cdepuyeckoi 06.1acTH
Q:||x]} <p [raxas obnacTs ofosnauaerca S(p)] aas cu-
creMel (FA) BLINOANSIOTCS BCe YCAOBHA OCHOBHOM TeOpEMB
cyluecTBOBaHHSA (cM. § 5); B uacTHOCTH, OTMETUM, uTO B 06-
Aacti @ cyllecTBYOT H HENpepHIBHBL BCE YaCTHbIE NPOH3BOI-

Hble g—f]‘ i, j==1, 2, ..., n. Hanomuum, uro ToOrza
uepes Kawiayl TOuKy X ofaactn & MpoXOIuT enMHCTBEHHas
Tpaextropus g cuctemsl (FA).

Mu 0603HauuM TY 4acTb KPHBOH g, KOTODas OMUCHIBAETCS
dyuxkuneft x(f) npu £>0, uepes g*, a Ty, Koropad
ONuUCHIBAeTCA 3TOH e PynkuueRr npu ¢ <0, uepes g~.

Bymem roBOpuTb, 4YTO NOJOXEHHE pPaBHOBeCHs B HauaJe
KOOpAMHAT

yemoiiwngo, ecau aas aoboro R < p cyulecTByeT Takoe
r < R, uro Tpaexropus (aBmxenue) g+, HauuHamowasca
B Touke X0 cepuueckoft obGaactu S(r), Bce BpeMms 3a-
TeM ocTaeTcd B cdepuueckoft obaactd S(R)1!), unaye
ropops, Tpaexkropus g+, HAYMHAOWIASCH BHYTPU 00JIaCTH
S(r), nukorna He pocruraer chepw H(R) (puc. 7)

QcuUMRMOmMUYecKy YCMmoL1uB0, eciy OHO YCTOHYHBO H,
CBepX TOTO, CYLIECTBYeT Takoe Ry < p, 4TO Kaxias Tpae-
Kropus g%+, HauuHaiowascs B cepudeckoit o6aacti S (Ry),
CTPEMUTCS K HA4ally KOOPAMHAT, KOrJa BpeMs HeOrpaHH-
uyeHHO pacteT (puc. 7);

Heycmoliiugo, eCId LJI9 HEKOTOpPOro (X0Ta Onl OIHOro)
R <p u moGoro r, kakuM Obl MaawM r HM BHOMpa-
J0Cb, BCerna Hafiaerca BHYTpU chepuueckoit obaactu S(r)
Takag Touka x°, uyTO Tpaekrtopus g%, HauuHaOWAACA
B 3TOH TOuKe, nocturaet?) cdepm H(R) (puc. 7).

1) To ectb npu Bcex 0<{f < oo wumeeMm ||x(f)|| < R. To, uro
¢dynknus x (£) onpeneseHa mpu Bcex f >0, HHOTKYJA He clefyer
H SBJSETCS €Ule OJHHM JONOJHUTENbHBIM NPEANONOXKEHHEM IpH
onpeseneHnd ycrofiuuBoctd. [Ipeamonaraercs, uto Jo6oe peine-
Hue x (f) ¢ HasaabHRIM ycaosueM x (0) = x° rae x°— mo6as
Touka .o6aactu Q, onpeAeneHo npu Bcex £ > 0. OTMeTuM, 4TO B Ka-
YecTBE HAYAAbHOIO MOXHO G6GpaTh mo0O# KOHEYHBIi MOMEHT Bpe-
Menn 0 < # < co. — [Tpum. nepes.

2) 3a xoneunoe Bpems,— [Tpux. nepes.



42 T'a. 1. Jupgepenyuarstivie ypasnenus

ITpumep 1. PaccmMoTpuMm cucTeMy BTOPOro mopsjaka
(¥ 1 y-—o00biuHble JeKapTOBH KOOPAMHATH HA TIAOCKOCTH):

x=y,
[y=—x.

Tax xak xx- yy=0, TO TpPaeKTOPUAMH ABAAIOTCS KOHIIEH-
TpHYeCKHe OKPYKHOCTH x?2-+ y2==R? ¢ ueHTpoM B Hauyaje

H(e)

R=5(p)

Puc. 7.

koopauHat. Hauano koopauHaT sBiaseTcsl eIMHCTBEHHBIM MO-
JoxeHHeM paBHOBecus. Ecam B3aTh r==R, TO /MmoGas Tpaek-
TOpHUA, HauyuHalomasca BHyTpu S(r), ocTaeTcsi BCe BpeMa
BHYTpH KpyroBo# oGaacTi S(r), a cienoBaTeNbHO, U BHYTPH
S(R), Tak 4TO HUMeeT MecTO ycToHuusocTb., ONHAKO Tpaek-
TOPHH He NPUOJMKAITCA K Hayaly KOOPAMHAT, W TOJOMKe-
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HHe paBhHoBecHs He OyneT acUMITOTHYECKH YCTOHYHBLIM
(puc. 8).
Hpumep 2. O6patuMca Tenepb K CUCTeMe

X = — X,
(y=—y
Ee pemenne: x = Ae~?, y==Be~!. Tak kak y/x = B/A=E&,

TO TPAEKTOPHAMH ABJAIOTCS JAYYH, HCXOAALLHE M3 HAYAAA KO-
opaunat (puc. 9). Msul MoxeM cHOBa BmGpaTh r = R. Jlo6as

Y
24
(a )
4
QJ | 0 x
(yCmOlJ'-IUGOCmb AcumMnmomuyeckan 'yCmDU‘/UBOCmb
Puc. 8 Puc. 9.

TpaexrTopua g+, HaunHalowaics BHYTpH S(r), ocraerca Bce
BpeMs1 B Kpyroso#f obGmactu S(R) u, KpoMe TOro, HeOrpa-
HUYEHHO NpuOAMMXkaeTCd K HayaJy KOODILHHAT OpU f—> 0o.
Crie10BaTeIbHO, HMeeT MECTO aCHMMNTOTHYECKAs YCTOHYUBOCTS.
B neficTBuTeNIbHOCTH 3leCh OYAET Nake ACUMIMOMULECKAR
yemoluugocms 8 yeaor') —nai06oe pelieHue CTPEMHTCA
K TOJOXEHHIO paBHOBeCHA.

[Ipumep 3. Haxonen, BosnMem cucremy
X =x,
ee pemtenue: x = Ae’, y=Be’. Tax xak cHoBa x|y= &,

) B opurunane asimptotic stability in the large. — ITpun.
nepes.
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TO TP4eKTODHAMH ABJAIOTCH JIyYH, UCXOASLIME H3 Hayaja
koopausar (puc. 10). Dror cayvaht ornuuaeTcs OT npumepa 2
TeM, 4TO JBIXeHHe MO Jyuam TPOUCXOAHT B HANPABJEHHH
OT 1ueHTpa. Bmfpas moGoe R M CKOIb YrojgHo Manoe r,
Jerko  yGenuThbcs,  uTO
y TpaekTopus g%, HayuHawo-
masca B JI000H  TOouke
kpyrosofi o6aactu S(r),
00643aTeAbHO LOCTUraer
okpywHoctn H(R), T. e.
NoJI0KeHHe paBHOBeCHs

x  HeycTohuuBo.

Teopemnl JlsnyHnosa
MO3BOJIIIOT CBECTH H3Yyue-
HHMe TO/bKO 4YTO oOnpene-
JEHHHX CBOHCTB (ycTOM-

Heyemodiyugocms YUBOCTH,  ACHUMIITOTHYEC-

Puc 10. KOH ycTOHYMBOCTH M T. I.)

cucreM  nupdepeHnnan-

HBIX ypaBHeHMK K pac-

CMOTPEHHIO CBOHCTB HEKOTOPHX OYHKuuH. DTuMu QyHKIus-
MH Mbl M 3aliMeMcs B NepBYIO OYepelb.

§ 8. CnenmmaapHuii kAace Qyuxuuit

OueHb BaXHYI0 pOJb B AajdbHeHHieM MIrpalOT TaK Ha3bi-
BaeMble MOA0NCUMENbHO Onpedesennbie CKANApHHE (yHK-
unn V (x), xotoprie 001a1a10T CIEAYIOLMMU CBORCTBaMHU:

a) ¢yukuus V (x) HempepblBHa BMecTe CO BCEMH CBOMMH
YaCTHBHIMH MPOH3BOLHLIMH IEPBOr0 fOPALKA B HEKOTOPOH
OTKpHITOR O6sacTH R, cozepxaliefl Hayano KOOPAMHAT;

6) V({0)==0;

B) BCIOAY BHyTpH 06aactu @, KpOMe HAyala KOOpPAMHAT,
dyukuus V (x) noaoxunrenbHa.

WubiMu  caosaMu, ¢yHkuus V (x) HeoTpuuaTelbHa BCIO-
ay BHyTpu & M ofpaliaeTcs B HyJb TOJbKO B Hauale KO-
OpAUHAT, Tae HMeeT, TakuM O00pasoM, H3OAMPOBAHHBIH M-
HUMYM.

Tak kak V (X) uMeeT 4acTHbBe MPOU3BOAHBIE NMEPBOTO MO-
praka, To cyuwectsyer grad V. Kax usBecTHO, BHOJb Tpaek-
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Topun g cuctremnl (FA) BoimoaHsercs paBeHcTBO!)
V=X gradV.

Ecan kpoMe npuBeleHHBIX Bbillie CBOHCTB a), 6), B) cmpa-
BEIJMBO ellle OJHO:

r) V.« 0 sciony B obaactu 2,
T0 ¢yHkuus V (x) HaswmBaercs @VHrkyued Jlanynosa.
Brisicum ceomempuneckuii cmuica dyukitnu V (x). C atott
LeJbI0 BBelJeM HOBYIO KOOpAMHATY 2=V (X) H paccMOoTpuM

Y

AN
‘ (0] x @E X

2= V(x_y)
Y
Puc. 11, Puc. 12
9Ty MOBEPXHOCTL B MPOCTPAHCTBE IMEPEMEHHBIX Xis Koy eney xn, z,

I, KOpoue, B E;J}l Yro6m KapTHHA cTajsa HarisjpHee,
OCTaHOBUMCHl Ha cayuae n=2 ¥ JJ49 KOODIMHAT X;, X,
Hcnoib3yeM O6oJiee NPHBHYHEIE B 3TOM cJyuae 0O0O3Haue-
Husg x, ¥. Taxkum o6pasom, Hama 3azaya — ONKCATh TOBeje-
Hue noBepxHoctd 2=V (x, y) BONM3M HayaJa KOODIUHAT
B MpefIONOMEHHH, YTO V — MOJONKHUTENLHO OHpeleseHHast
¢yHKuus. 1o Temepb COBCeM HETPyAHO cieaars. Tak Kak
V>0 ana Mamex x, y u V=0 roipko ang x=y=0,

) Takum o6pa3oM, mnosHasi npousBopHas (yHxnuu V (x) no
BpeMeHu B cuay cuctemn (FA) paBHa ckaaspHOMY HpPOH3BEIEHHIO
BeKkTopa (pazosot ckopoctu {X,, ..., X,;} Ha rpaguent ¢yHxuuu V.
HanmomuuMm, uto npousBoiHO# B cuay cuctembl (FA) HaswiBaercs
MpoU3BOAHAA 0O ¢ caoKHOH ¢yHkuuM V (x (£)), rae x (f) — ypas-
HeHVe TPaeKToOpHH g. — [lpuns. nepes.
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TO 1HOBepXHOCTb V (X, y) HanoMmuHaer B OOWHX yepTax
BOTHYTOE BBepX napafosuuyeckoe 3epKao WJIH CTOALLYIO Ha
crose muaiay (puc. 11). Mel mid KpaTKOCTH HA30BeM TAKYIO
noBepXHOCTh H#auedl). Ecan V — oTpunare/bHO OmpeneeH-
Hag ¢yHKUMA, TO dYalla pACMOJOXKEHa BBEPX IHOM (TaKuM
61110 OBl OTpaXceHHe NUAJbBI, CTOsALIER HA 3ePKANBHOM CTOJE).
B cayuyae n-MepHOro mnpoCTpaHCTBa IOJIOXKEHHE SABJAETCH
TOYHO TaKUM :Ke; mnosepxuocts 2=V (x;, ..., x,) Oyzer
n-MepHOH uauieH.

WurepecHo u Lpyroe TreoMeTpHYecKOe HCTOJIKOBAHUE
¢ynxuun V (x). Ilycts cHOBa #=2, a X u Yy — OOLIUHLIE
IeKapToBel KoopamHatht. Torma JuHuM ypoBusi V(x, y)==F&
npencTaBaIqai0T cOoO0H ceMeHCTBO 3aMKHYTHIX KPHBHIX, OKpY-
KAOUIMX HAuajao koopanuatr (puc. 12)2). DT KpuBble MOXKHO
npeacTaB/isTh cefe Kak NMPOEKUMH HA THICCKOCTb X, ¥ (T. e.
Ha maockocts 2 ==0) JuHUfl TepeceueHHs ONMWUCAHHOH BHILIe
YaliM FOPH3OHTANBHBIMM MJOCKOcTAMHU. [Ipu # > 2 uHTeprpe-
Tauud OCTaeTcss TOYHO TAKOH we.

Hexomopue cneyuaavnee ¢oyuruyun Janyunosa. Ilpen-
NOJOXHM, YTO B OKDECTHOCTHM HAuala koopaupat QyHkius V
MOXeT ObiTh 3amucaHa B BHAE CTeNEeHHOTO psaia MO NepeMeH-
HBIM X;:

V=V, () + V(4 ...

rie V,(x)-— 0AHOpOIHAA cuMMeTpuyeckas (opMa cTeneHd R
OT MepeMeHHHX X, ..., X,. Popma V,(x) aBaserca coBo-
KYNHOCTHI0 UJEHOB HH3IUErO INOpH#AKA B 3ITOM CTeNMEHHOM
pane.

IMpu Maneix x uaenst V.., V., ... umeor Gojee Bbi-

COKMH NOpPSNOK MajoCTd 1O cpaBHeHuio ¢ V,, a moromy

sHak (yHkuun V B HeKOTOpOH Maiol oxkpecTHOCTH & Hauasa
KOOP/MHAT COBMajaeT co 3HaKoM ¢opmul V,3).

1) B opurunane cup. — [Tpus. nepes.

2) Puc. 12 Bocnpoussoputr mnpocrtefimuii, Haubonee THIHYHBIHR
cayualf, He ncuepubiBawIiui, OJHAKO, BceX BO3MOXKHOCTER. — [T pus.
nepes.

%) Tpennoanaraerca, uro popma V), (x) sHakoompeenenHas (mo-

JOMHTENbHO MM OTPHUATEAbHO OnlpeieneHuan). — Ilpus. ped.
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BecbMa noJjesen ciaenyioliuit npoctoit ¢akt: ecau p—
Hewemuoe wucao, mo @yuxgus V (x) we Mmoxcem 6ovims
dyuryuei Janynosa. IeHCTBUTENbHO, MOJaras

Xy ==Xy, Xg= XUy oovy Xy =X U, Xp=X,-1,

noayuaem 1)

== xP
V,=xtV (u;, ay ..., u,_, 1)

duxcupya 3HaueHus &y, ..., 4,_;, MBH BHIUM, 4YTO 3HAaK

1 n~1

GopMpl  V, cOBMazaer co 3HAKOM XP, eCAH BeJHYHHA
Vp(ul, cevs Upoy, 1)>0, uwam co 3HaKoM — x£, ecau
Vp(ul, <o, 1, 1)<0. Tak Kak p — HeyeTHOE YHCJIO, TO xP
(WM, COOTBETCTBEHHO, — XP) BOAM3M nAayand KOOPAMHAT

MOXeT NPHHUMATb KAK IOJIOKHTeNbHble, TAK U OTPHIATENb-
Hble 3HaueHus, a moToMy ¢yHKuus V He Oyaer NOJIOKH-
TeJbHO onpejeneHHod. KoHeuHO, mpuseleHHOe pacCyxieHue
CNpaBelJMBO JHIIb B TOM Clydae, KOTAa #; BHIGPaHBl TaKHUM
o6pasom, uro V, (4, ..., u,_,, 1)+0. Taxo# BmGop 3Ha-

ueHH{ #; BCEeria BO3MOXeH, MOckoabKy ¢opMa V,(x) ne

obpaiaercsi TOMIECTBEHHO B HYJb.

Takum o6pa3om, ajad Toro uro6nl ¢yHkuus V (x) moraa
6biTh QyHKuuelt JlanyHOBa, HU3ILARA CTeNeHb ee WIeHOB NOJDKHA
6biTh YeTHOH. DTO, OAHAKO, JHUIIL HeOOGXOAMMOE, HO OTHIOLb

He 10CTaTouHOe ycaoBHe. [leficTBuTenbHo, popMa V, = x5— x?

He fBJRETCS HM MOJONUTENbHO, HH OTPHLATENbHO ONpeae/eH-
Ho#t, Tak kak V, > 0, manpumep, npu x;==0 u V, < 0 npu
x,=0.

[Tpocrefimieli nOMOMHMTENLHO ONpefefeHHOR  QyHKUHeH
ABAAETCH TMOJOXKUTEAbHO orpeneneHnas kpagpatuusas ¢opma

n n
Vix) = 21 '21 QijXiXj  Ap=aj.
t=1] =

Heo6xonuMeie 1 IOCTATOUHbIE YCAOBHS TOJOXUTEALHOR Ompe-
JeJeHHOCTH KBanpaTH4Ho# ¢opMb V (x) 6mau ykasaus Culib-
pectpoM. Kpurepuit CusmbsecTpa COCTOUT B TOM, 4YTO BCe

') To onpeneneHno OTHOPOAHOCTH, PopMa V), (Rxy, kg, ., kX pg)=
= RPV, (x\, x9 ..., Xp)— [Ipun. nepes.
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noc/enoBaTe bHbe IaBHble MHHOPH MarTpuubl (@), coOT-
seTcTBylomed ¢opme V, nomxHsl ObITH MOJA0KUTENbHBI:

12

a;, > 0; >0, ... | @, >0,

Q91Q99
k,m=1, 2, ..., n.

JokasupiBaTLCst 3TOT pesyJabTaT 3Iech He Oyner!).

He caenyer nyMaTe, 4YTO NOJOXHTEJIbHO OMNpenelelHas
(yHKIMA BCerna NOJ/KHA MPEeACTaBJIATb COOOH OQMH CTEMNeH-
HOH psajl ¢ YeTHOH HauMeHbIlleH cTenenblo. Hanpumep, dynkuus

x? mpu x>0,

V(x\ =
) xt npn x 0

CKaJNIPHOTO apryMeHTa, OYeBMIHO, HABJIACTCH MOJAOWKUTEIbHO
onpejeneHHoH.

Bawuoe samevanmne. OKpecTHOCTh & Hauana KOOp-
IMHAT NPOCTPAHCTBA X OAHO3HAYHO OTOOpaXaeTcs Ha vauly
z ==V (x): xaxno#t Touke X U3 & COOTBETCTByeT eIMHCTBEH-
Has Touka {x, z} Ha uame u oGpartHo. KpoMe roro, 3to
COOTBETCTBHE HENMpepBIBHO B 00e CTOPOHBI (T. €. B3aUMHO
HenpepbiBHO). O6a 3TH CBOHCTBA MMEOT B BHAY, KOTHAa ro-
BOPAT, HTO 3TO COOTBETCTBHE HBJAACTCA MONOAOZULECKUM.

§ 9. Teopemn! Jianynosa o6 yCToHYHBOCTH

VIHTYUTUBHO $ICHO, YTO eCau TpH TNPUOIMKEHUH K MO-
JOXEHUIO0 PaBHOBeCHs (DM3HYECKOH CHCTEMBI SHEPrus CHCTEMDI
Bcerna yObiBaeT, TO 3TO NOJOXEHHE PAaBHOBECHS YCTOHYHBO.
Teopemn Jlamysora o6o0watT o1y Huelo, a dynkunn Jany-
HOBA MOXKHO pPacCMaTpHBaTh NMPOCTO KaK pasBUTHE IHEPreTH-
yeckux KoHuenuu#t. llentpanbHaa unes Merona JlsnyHosa —
HeMOCPEACTBEHHO® HCCAEJ0BAHHE YCTORUMBOCTH IIOJOKEHHA
pasHosecus cucteMsl (FA) npu nomowy nogxoaswuM o6paszom
noctpoeHHoit ¢yukuuu Jlsnynosa V (x), npuuem nenaercs

1) Cm., nampumep, Kypom A. T., Kypc Bhicuiell anre6pwi,
dusmarrus, 1962, T'anrMmaxep P. P, Teopuas wmarpuu, Iog-
texusnat, 1953, — ITpuns. nepes. )
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970 0e3 npeaBapHTENbHOIO HAXOXKNEHHS pelleHud CH-
creMb (FA).

[MpuBoauMble najee yTBepMIeHHS Mbl [OKA3bIBAEM [O BO3-
MOKHOCTH reomeTpuyecku. OfHaKO Bce GOPMYNUPOBKU TpH-
BOAATCA B CTPOroft aHaiautudecko#t ¢opme, uro Aenaer ux
yAOOHLIMH LIS NPHUIOKEHUH.

Teopema I. (Teopema /JlanyHosa 06 ycro#uusBocTtd.)
Ecau 8 nexomopoii oxpecmuocmu Q@ nawara Koopouxnam
cyuwecmeyem pynryus Jdanyunosa V(x), mo nauaro Koop-
dunam yYcmol4uso.

Teopeuma II. (Teopema JlanynoBa 00 acHMOTOTHUYECKOH

ycro#tuusocth.) Ecau, xpome mozo, —V ssisemcss noao=
aocumeasbno onpedeseHnol gyurxyueld 8 2, mo wnauaso
KOoOpouHam GCUMAMOMUHECKU YCMOUL4uso.

O6e 3TH TeopeMbl Mbl JOKaeM ONHOBDEMEHHO; NpPH 3TOM
MBl HCHOJb3yeM TeOMETPHYECKYI0 MHTEPNPETALHI0 TOJOXU-
TeJbHO oOmnpejefeHHOH o¢yHKuMH V (x) ¢ noMoubio JduHAR
ypoBHa. Pucosars Ham Oyzer yio6HO B cayuae n==2, HO
BCe DACCYXIeHHs] CNpaBeNJMBH, KOHEUHO, aag Ja00oro n.

HaMeTuM cHayana reoMeTpHYeCKyl MAEI0 NOKAa3aTe/bCTBA.
Bynem sunuu ypoBus ¢yHkuMu V (X) pHCOBaTbH KHUPHO,
a coepn H(r), H(R)— nyuxrupom (puc. 13). Bass mpous-
BOoabHO 1) R < p, ™Mb nocrpouM H (R) U onpenenuM KOH-
craHTy £ Ttak, 4ro6rl oBaa C, umelomu#t ypasHeuve V (x) =k,
uequkoM Jaexan BuyTpun [ (R) (puc. 13). Janee BriGepeM
KOHCTaHTy 7 > 0 Tax, urobun cdepa H (r) meamkoM Haxonu-
aace BHyTpu C. PaccMoTpum Temepb Kakyo-HUGyAb Tpaek-
Topuio gF, HaupHalolyocs B NMPOH3BOJALHOH Touke X0 ce-
pudecko#t obaactu S(r); oueBuaHo, uro V (x0) < k. Onuaxo,
nockoabky V' He BO3pacTaeT BLOJb TPACKTOPHH, ¥ HUKOTHA
He cMoxeT AocTuyb C 4, C/IefOBaTeqbHO, HUKOTIa He nepe-
ceuer H (R). Taxum o6pa3oM, mobas Tpaekropus g+, Ha-
uyHalolasics B o6aactu S(r), Bcerza ocraerca B S(R), uro
H 03HayaeT ycToHyuBocTb. COBEpINEHHO fICHO, YTO MO 3a/laH-
HOMYy R wmbl Bceraa MoxeM nopoGpatb r. JleHCTBUTE/bHO,
byukuua V' noJoxuTenbHa u HenpephBHA Ha cdepe M (R),

) OGosnauenns c¢M. B § 4 u 7. 3aech npejiionaraercs, 4To
obaacteio © aBaseTCA Hekan cdepuueckas obaacts S (p). — [Tpun.
nepes.

4 3ak. 1824
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a TOTOMY 43 KOMNAkTHOCTH H (R) crenyer, uto 9ta dyHKiiua
uMeeT Ha H (R) NONOMUTENbHBIR MUHHMYM, DaBHLIH £, T. e.
V(x)>k nan Bcex touex x cdepn H(R). Ho cynxius
V (x) nenpepuiBHa u oO0pailiaercs B HYJAbL TOJbKO B Hauale
KoopauHar. I103TOMy cymecTByeT LOCTaTOYHO Majoe r, TaKoe,
uto V(x) <k ana Bcex x B coepuueckoit obractu S(r).
Teopema I nokasanal).

Puc. 13 Puc. 14

B mpeanosoxenusx Tteopembl I ¢ynkuus V (x) crporo
y6niBaeT Broab Tpaekropuu gt. Ho Moxer Jiu 3T1a dyHKuUHS
BCe BpeMs 0CTaBaThcA GOJblIe HEKOTOPOro 3HaueHuss [ > 07
Koneuno, ner. Eciu 6wl 3710 6BIO Tak, TO V cTpeMmuaach 6n
K Hymo BHe HekoTopo#t cdepw H(r,) (puc. 14), uro ne-

BO3MOXHO, MO0 — V — moJoxuTeabHO oOnpeneneHHas ¢yHK-
LMA, ¥, CJAeLOBaTeAbHO, OHa MMeeT MOJOKHTEJIbHEIH MHUHHU-

MyM m B ,KOJble® Sﬁ. Takum o6pasom, V (x) MoHOTOHHO
yOBIBAET M CTPeMUTCA K HYJI0 BLOJb TpaekTropud g+, uro

!} B mochaeHHX CTPOKAX M 3AKJAI0UACTCHA CTPOroe AOKA3ATEAbCTBO
Teopemnl 1. [IpuBeseHnbIe Ae BB PACCYWAZHUA C JMHUAMHI YPOBHSA
V = k aBaAIOTCA HECTPOTMMH, TaK KaK OHil OMHPAIOTCS Ha HeBep-
HOE IOJOXKEHHe, 4YTO reoMeTpHYecKoe MecTo V ==% BCeraa ecTb
3aMKHYTasf KpHBas, BHYTpPH koTopoit V < &, a BHe V > k. Tak, nHa-
NpUMep, 3TO HEeBepHO JJf NOJOXKUTEAbHO ONpeie/eHHOH (yHKuuu
V(x)= f(llxl), rae f(2)— HenpepriBHas BMeCTe ¢ HEPBOH HpO-
M3BOJHOH NOJNOXKHTEALHO onpejefeHHas (QYHKIHUA OT 2, He M O H O-
M 0 K KO CTpeMsInasca kK Hymo [pu 2 —» 0. — /Tpum. ped.
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BO3MOXKHO JIMUIb B TOM clydae, Koria g1 npubamxaercs K Ha-
yaly KOODIHHAT, 9TO H €CTb aCUMNTOTHYECKas YCTOHUHBOCTD.

Teopewma IIl. (Ilepeas Teopema JlanyHoBa o HeycTOH-
wyuBoctH.) f[Tycmoe ynxyusa V(x) marosa, wmo V(0)=0
u 8Ce HacmHble NPou3soOHble NEPEO2O NOPsOKA Henpe-
polub. 8 okpecmrocmu Q@ navara koopounam. Ecau'V —
noA0HCUMEAbHO ORPeOererHHast BYHKGUSL, @ CKOAb Y2OOHO
0AU3KO Om HA4AAQ KOOPOUHAM UMEIOMCS MOHKU, 8 KO-
mopux PyHKyus V npunumaem noroxcumesvHvie 3na-
YeHUS, MO HA4AA0 KOOPOUHAM HeYCMOL4UBO.

$ynkuusg V (x) orpannuena B oxkpecTHOCTH €. BoabMem
npousBoabvHoe !) R u awboe r < R. Buyrpun chepuueckod
obagactn S(r) MB BbiGepeM B KauecTBE HAuaJbHOH TOuUKH
Tpaexropuy gt rakyw touky x9% uro V(x% > 0. Tak kak
V —noaoxurenbHO onpeaenenHas ¢yHKiuug, 10 V  Moxer
TOJIBKO BO3pacTaTb BAOJb gV, a notoMy g He Gynmer mpu-
OaukaTbhcsl K Havaay koopaunar. Orcioga, Kak M paHee, No-
ayuaeM, 4ro V > m > 0 spoas g*. Caenosareabno, ¢ynk-
uus V' go/mkHa HeorpaHudyewHo Bospacrats. Ho rtorma g+
HEMHMHYEMO [OCTUrHeT rpaHuusl H(R) obnactu S(R), uro
H O3HauaeT HeyCTOWUMBOCTD.

Teopema IV. (Bropas teopema JlamyHoBa 0 HeyCTOMH-
uuoctd.) Ecau pyuxyun V (x) markan oe, Kax u 8 meo-
peselll, a V=W V" 2de k>0, u V*(x)— neompunya-
measnas @yruryus 8 L, mo Hawaso rkoopldunam He-
yemoidiusgo.

Brifepem, xax n pasbliue, HavaldbHoe 3HaueHue xU B S(r)
Tak, u4robe V(x% > 0. Ilycte x(f) — pewenue ypasHe-
nna (FA), ynosnersopsiomee ycaosuio x(0)==x0 a gt —
TPaexTOpHsi, BHIXoAfAWIAA u3 Touku xO. Vicnosaesys yciosue
TEopeMbl, NoJyuaeM

LV EO=W(E®)FV @) 6.1
Uy
%(e—uv)z e-MY* > 0. 9.2)

) Ho, xoueuno, rakoe, 4To6bl 064acth S (R) 1eJAHKOM BXOAHAA
B Q. — [Tpum. nepes.

4%
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Cnenosatenvtol), V > eMV (x%) Bpoms g+, 1. e. V neorpa-
HUYEHHO BO3PACTaET BAOJAb gT, YTO, KAK M BBIUE, YKA3bI-
BA€T HA HEYCTOHYUBOCTH.

IiBe mpuBeleHHHE TeopeMul JIamyHoBa O HeyCTOHUMBOCTH
HMEIOT TOT HEIOCTATOK, YTO B HHUX peub uiaeT O Bcelt 06-
nactu Q. YTBepiIeHue, OXBaThiBaiolllee 0Ge 3TH TeOopeM:l,
HO HWCTOAb3ylomiee Oosee y3kyio 00JaacTb, NMOJAYYMI B Hauate
30-x romos H. I'. Yeraes.

Teopema V. (Teopema Yeraea 0 HeyCTOHYMBOCTH.)
ITycms Q@ — HeKomopas OKpecmnocms HA4AAQ KOOpOu-
nam. ITycms Oansl gyuxgun V(x) u o6racms 2, 8 ox-
pecmrocmu R, o6radanuwue caedyouumy colicmsamny:

1) wacmuvie npoussodnsie ‘nepgozo nopadka GynK-
yuu V (x) nenpeposns 8 o6aacmu R

2) gpynrgun V(x) u V(x) noaoxcumensHol 8 o6racmu

1
3) V(x)=0 8 mex epanuunox moukax x o6racmu R,
Kxomopue ABAAMCA BHYMPEHHUMU 0481 2,

Puc. 15

4) Hawaao Koopouram ABAAEMCA 2PAHULHOE MOUKOH
o6racmu 2.

B smux npeonoaoicerusx Ha1aa0 KOOpOuHam He-
yemoiduugo.

Herpyaxo BuieTb, 4To JAi0Gas TpaekTopus g*, HaulHawo-
wascsi B @y, N0/KHA MOKMHYTb £, TaKk Kak OHa He MOXeT

1y Unrerpupys B npefenax ot 0 jo £, IPUXOAHM K OKOHYATENb-
HOMY pesyabTaty.— [1pux. nepes.
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nepeceyb rpanuuy obnactu £, BHyTpn 8. ITocko/bky Hauano
KOODIMHAT sIBJAETCA T'PAaHUUHON TOUKOR nas @, MbH MOXeM
yKa3aTh TNPOH3BOJbHO O/MM3KHe K HAvyajdy KOODAMHAT TOYKH,
npunaaexaune obaactu L,. Tpaekropun g+, HaunHaoWMecs
B 9THX TOukax, mnokuaaior Q. ClezoBaTeqbHO, HMEET MECTO
Heyctofunsocts. Puc. 15 MHTYUTHBHO, HO BecbMa HAr/sfHO
wIIoCTpupyeT ckasanHoe. Kpusnie V (x)=£% B obmactn 2,
o6si3aTeIbHO  BeayT cebs TOMBKO TaK, KaK TAM YKasaHo,
npuuyeM R yMeHbIUaeTCs, KOrAa KpHMBasg CTPEMHUTCS K BHYT-
penHe#l rpanuite BR,. Tak kak kB MOxeT BIOAb gT TOABKO
BO3pacTaTh, TO 3Ta TPaeKTOPUS MNOJKHA BecTH cebd Tak,
KaK TOKa3aHO Ha pPHCYHKe.

§ 10. Ycroituusocts u Teopemmst JIamyHosa
AJs1 HEABTOHOMHBIX CHCTEM

PaccMOTpUM Tenepb HeaBTOHOMHYIO CHCTEMY
x=X(x, £, (F)

Ljig KOTOPOH TeopeMa CyiIECTBOBAaHWS H eLMHCTBEHHOCTH
crnpaBenuBa npu Bcex £ > 0 B HekoTOpo# o6nacTu

2: flxf <o

Kpowme roro, mpeanonoxum, uro X (0, £)=0 nmas Bcex
t>0.

Omnpenefedus yCTOHUABOCTH, ACUMNTOTHYECKOR ycToH-
YMBOCTH M HeYCTOMYMBOCTH, AaHHble B § 7, He H3MeHAIOTCH,
3a HCKJ/IOUEHHEM TOr0 IONOJHUTEJBHOTO YCJAOBUA, 4TO BCe
TPaeKTOPUU HAYMHAKOTCA B (PUKCUPOBAHHBLIE MOMEHT BpeMeHH
t=0,

OG6o3nauumM uepes W (X) NOJOWHTENLHO ONpenEIEHHYIO
¢yukumio B cMbicae § 8. Mbr cxaxeM, uTo GoJee oGuias
¢oyuxumsa V (x, t) SBIMETCHA ROAONUMEALHO ORPEOeAeHHOH,
€CJIM BHLINOJHSAITCA C/eNyIOle YCAOBUS:

a) dynxuus V(x, £) onpenenesal) B obaactu 2 npu
Bcex £ > 0;

6) V(0, £)=0 npu Bcex £ > 0;

1} Tounee, onpejieiicHa U HEINPEPHIBHA BMECTE CO BCEMH CBOHMH
YaCTHBIMH NMPOH3BOAHBIMU NEPBOTrO Nopsaka. — [I1pur. nepes.
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B) CyUIeCcTByeT TaKad MOJOKHTEJILHO ONpeie/ieHHas QyHK-
st W(x), uro W (x) LV (x, £ naq Bcex x u3 @ n pcex
t>0.

OTMeTHM, YTO noJHas npoussonHas V (x, £) BaOab Tpaek-
Topun cucreMnl (F) samuceiBaercs B Buie

Ve =20 4 X - gradV. (10.1)

Ecau csepx ycaosufi a), 6), B) emwe V <0 B obaactu Q
npu Bcex £>0, T0 dynkuus V uHasmiBaerca iysryied
Janynosa B obaactu 2.

Ilpu takom onpenetenus QyHkuuu JIAMyHOBa TeopeMbl
YCTOHUMBOCTH M HeycToHuuBocTH § 9 moutn B Tex ke ¢op-
MYJHPOBKAaX MepeHOCATcs U Ha Cjydyall HeaBTOHOMHOH CH-
creMmbl (F). B yrBepxnenun rteopemul Il 06 acumnrornueckott
YCTOHUMBOCTH  HYXHO  TpefoBarh, YTOOB MPOU3BOAHAS

—V (x, ) npu Bcex >0 mNpeBOCXOIHIZ HEKOTOPYIO IO-
JOXHUTENbHO OnpeseneHHylo ¢yukuuio W, (x). Mb 3meco
OMyCKaeM AOKA3aTeNbCTBA, HECKOJbKO YCAOMHEHHBie MO cpa-
BHEHHIO C NMPHBEAEHHHMHU BHIe. B aTux nokasaresbcreaxl)
NPUXOAUTCA NMO3a0OTUTHCH O PABHOMEPHOCTH BCEX OLIEHOK 110 f.

§ 11. O6pamenne Teopem Jlanyuosa

BoaHukaeT BONpPOC: BEPHO JH, YTO YCTOHYHBOCTD, ACHMIITO-
THYeCKasi yCTOHYMBOCTh M T. J. TAPAHTHUPYIOT CYLIECTBOBAHHUE
Tex @ynkuu#t Jlanynosa, xoropble (UIYPHPYIOT B COOTBET-
cTByIOIMX TeopeMax? OueBUAHO, 9TO JMLIbL HHTEpeCHas Mare-
Maruueckas npobjeMa, NpHUKIagHOe 3HAaueHHe KOTOPOH He-
pequko. Kounkpersas ¢ynxkuus Jlanynoa MoxeT npuBecTH
K CHJILHOMY [OCTATOHMHOMY YC/JOBHIO YCTOMUMBOCTH, KOTOpOE
u TpebyeTcd Ha IpaKTHKe, HO oOHA He 06f3aHa HaBATb He-
ob6xonuMele ycaosud. OaHako BepHO (MO KpafHe# Mepe, mas
NepBEIX TPeX TeOpeM), YTO CYILeCTBOBAaHHE (YHKUUM C Tpe-
6yeMEIME CBOMCTBAMH HeOOXOAMMO /s YCTOHUMBOCTH.

Teoperudeckn yCTOHUYMBOCTL BCerja MOXHO YCTaHOBHTD,
nocrpous ¢yHkuuto JlanyHosa. 1o ObIIO OKOHYATE/BHO

'} Cm., nanpumep, Maakuu M. T. Teopus ycroiunsocta
asmxenud, Docrexuspar, 1952, Ueraes H. ', Ycro#iuusocts
apuxenud, [ocrexusnar, 1955. — ITpun. nepes.
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BLISICHEHO B MOC/eAHee [ecATHJIETHEe TPyIaMH panad YYeHbIX
(B ocHosHOM, coBeTckux). Ho cooTBercTBylouiue I0Kasareib-
CTBa ABJAIOTCH MpeIMETOM CleUUaNbHLIX MoHorpadu# # BH-
XOHAT 3a PaMKH Hawe# xHurd ).

§ 12. Heckonbko npuMepoB

[TpuBoAuMBIe 31eCh MPUMEPH CAYKAT WAMIOCTPALHE! OUeHb
BAXKHOTO MOJIOWKEHUS, KOTOPOE XOT9 M YIOMMHAJIOCh, HO elie
He OBUI0 HAMM JeTanbHO pasobpaHo. Peub uiger o TOM, 4TO
MeTolL JIsnyHOBA MO3BOJAET BBIACHATH YCTOHUMBOCTb, MCMOJb-
3ys JHWIb CcaMu AuddepeHunanbHhie ypaBHEHMs; MPH ITOM
HX peHIeHHs He NPeAIo/aralnTcad M3BECTHBIMH.

[lepBble mMpuMepHl COBCEM MNPOCTH, HO HMEHHO HA TaKHMX
NPOCTHIX TIpUMepax pa3BHBAETCH MACTepCTBO W  MO3HAETCH
TeXHHKa KOHCTpyupoBaHHA ¢yukiuft Jlanyrosa.

Mpl He OyzeM 3Aech MHTepecOBaTbCA KOHKPETHOH BeJu-
yHHOM panuyca p okpectHoctn 2. Ilpu u3n0meHHH NPUMEPOB
B 9TOM pa3iene Mbl OyAeM INPOCTO TOBODHTb ,JA0CTa-
ToyHo OMM3KO OT Hayaja KOOpAuHArt*, ,AOCTATOYHO
Maaas o06aacTe“, BMecTO ,06hactb & J10CTATOYHO MaJaoro
panuyca p“. B caeaywouem naparpade Mb pacCMOTPHM 3TOT
BOMPOC € TPaKTUYeCKOH TOUKH 3peHus.

[MIpumep 1. PaccMoTpum ypaBHeHue
x4 g(x)=0,

rae g (x)— auddepenuupyemas npu BCex X ¢GyHKuua, 1o
ypaBHEeHHe MOXHO HHTEPNDETHPOBATh KAK 3aKOH JBIDKEHUs 2)
TOYEeYHOH eJHMHMYHOH Macchl mnoj HedCTBUEM CHIb — g (X).

BBojs nepeMeHHy0 y==x, HNpuUIeM K CJAeAyIOLIEH cucCTeMe:

x=y,
) 12.1
{y=—-g(x), (20

9KBHBAJEHTHOH HMCXOIHOMY YpaBHEHHIO.
[Mycty rpadpuxk ¢yHkuuu g (x) Oosee HJIM MeHee Hamo-
MHHAaeT MpAMY10, MNPOXOASIIYI0 Yepe3 HAYal0 KOOpAU-

- 1} Ilogpobuee mo sToMy mnoBoxy cM., Hampumep, Kpacos-
ckuit H. H, Hekoropele 3amauu Teopuu yCTOHUMBOCTH IBHMKE-
uug, Pusmarrus, 1959. — [1pus. nepes.

2) Mo npsaMo#. — Ilpum. nepes.
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nar!) tak, 40 xg(x) >0 npu x == 0 u g(0)==0. IIycrs,
lajee,

G(x)—_—fg(x)dx.
0

2

Kunernyeckas sHeprus paccMaTpuBaeMo Macchl paBHa %
a G(x)-—ee norenunanbpHas sueprust. I1ocKOAbKY cOMpOTH-
y BJIEHUS IBHKEHUIO HET, 3a-
KOH COXD4HEHHA 3Hepruu

HMeEeT BUL

2
/ V() =2 4G (x)=k
N
%J x 9TO  PABEHCTBO  MOXer
OBITb MOJIYYEHO TaKwKe o
HENOCpeICTBEHHO W3 CH-
cremel (12.1).

Cuctema (12.1) umeer
eNMHCTBEHHOE IOJOKEeHHE
paBHOBeCHd B Hauajle KO-

Puc. 16 opanHatr. Pyukuua V (x)

aBagerca  ¢Qyuxuuelt Jla-

nyHoBa, TaK KaK ee NpPOHM3BOAHAs B cuay cuctemsr (12.1)
paBHa

llenmp

V=yy+g(x) x=0.
CaenoBateqbHo, mno TeopeMe I, HoJjoxeHHe pasHOBecHd
ycToftyuBo.
daxTiyecku pemteHuaMu cuctemsl (12.1) cayxar xpu-
Bole V (x)==k2 3anucas ypaBHeH:S ITHX KDPHBHIX B BHJE

y=*+ V2[k2—G (x)],

MBH JIeTKO yOeimMcs, 4YTO BCe OHM [PEICTaBANIOT CoGoh
3aMKHYTBIE KPUBHIE, OKPYKAIOULIMe HAYaJI0 KOOPIUHAT, KOTO-
poe TO3TOMY He fBJAETCH aCHMNTOTHYCCKU YCTOMUMBHIM HOJO-
JeHHeM paBHOBECHA.

TOABKO YTO PAacCMOTPEHHOE TOJOXKEHHE pPAaBHOBECHS —
npocto#t npumep yewmpa (puc. 16).

') M aexawmyio B nepBOM u TPEThbeM kBajpaurax. — [lpuxr. nepes.
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ITpuMep 2. PaccMoTpuM, CHOB2 HA IJOCKOCTH, CHCTEMY
{ X==—Ax- ...,
y=—py+ ...,

rae A >0 u p >0, a MHOroTouneM 0603HAYEHH cXoisiuecs
cTeleHHble pANbl, HAYMHAIOUIMECHT C YJIEHOB CTENEeHH He HIKe
Bropo#t. BriGepeM, nanee, V = x2-} y2, Torna

= — 2024y 4+ ...,

r¢ MHOrOTOYME O3HAYAET HA ITOT Pa3 WIEHBl CTEMEHH HE HMXKe
TpeTbell. ITIpM N0CTATOYHO MaNBLIX X M Y 3HAK NPOH3BOLHOM

Y

Yemodyusuiii y3en

Puc 17.

ONpesieasieTcsl 3HAKOM BLIMCAHHOIO 4YjdeHa, a noromy V < 0

(uckJrio0uas HaYano KOOPAMHAT), T. €. V — OTpHLATENBHO onpe-
nenennas ¢ydkuna. Tax xak V (x)— nonoxuTenpHo onpe-
AesieHHas (YHKUMS, TO BHUIOJHEHB! YCJIOBHA TeopeMbi Il u
NOJOMEHNE DPABHOBECHS ACHMNITOTHYECKH YCTOHUUBO.

[Tonoxenue paBHOBeCHs B 3TOM CJyyae — XOpOINO H3Be-
CTHBIH ycmoid4ussil y3es (puc. 17).

Ecmi A <0 u <0, 10 V>0 (uckJ10yas Hayaso Koop-
aunat) W BuinosHeHsl ycaoBus Tteopembl I, TlonoxeHuem
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paBHOBecus ABJSETCA Heycmoduuswii y3er (Ha puc. 17
HalNpaB/JeHUst BCEX CTPENOK NOJUKHB ObTh 3aMEHEHBI Ha Npo-
THBOMONOXKHEIE).

Npuwmep 3. ITycts Teneps
{5c=xx+

y=—py+ ...

roe 2>0 u p >0, B aroM cayuae BospMeM V = x?-— y2
Toraa

V=20x24py)+ ...,

e He BHIHCAHH WIEHH CTeNeHu Bhille BTOpo#; V umeeT
BOMM3NW HAYala KOODIWHAT 3HAK, COBNAJAIOIMH CO 3HAKOM
BHIIUCAHHOrO 4JjeHa. Ilostomy V — OyHKUUS NMOJMOKUTEIHHO
onpenenenHas. Tak Kak CKoab yrogHo OJM3KO K Hayany
KOOpAMHAT HaHayTca ToukH, B koTopux V >0 (wanpumep,
V=x2>0 sponr y==0), T0 BHNOJHEHLH YC/JIOBUA TeO-
pemnt III: Havano kOOpAMHAT HeycTOHYMBO.
D10 XOopowo u3BeCTHHR cayuaht cedra (puc. 18).

[Tpumep 4. B Tpex mpeAbAyIHX nNpuMepax XapakTepu-
CTUYeCKUE KODHH A U i Oblin AeHcTBHTENbHBIMU. 3afiMemcs Te-
nepb CjaydaeM KOMIJIEKCHO CONPMKEHHBIX XaPAKTEPUCTUUECKUX
KopHei:

x=(a~4b)x+ ...,
| x=(a—bi)x+ ..,

rae b = 0; MHOroTouue O3HAuaeT CXOAAIUHCA CTEMeHHON pax

OTHOCHTEJIBHO X W X, HAUMHAIOIUKICS C uJeHOB HE HMHIKE BTO-
poit crenmeHu, @ MHOrOTOYME C 4epTOH oO3HAuaeT CremeHHOH
pAl, KOMILIEKCHO CONpsuKEHHBH ¢ nepsmM. Ilpeanonoxuw,

uyto a < 0. Ilycts V=xx. Toraa
V=1xx+4 xx=2aV(x)+ ...,

rjie He BHINMCAHBI YJEHBl CTeNeHd BHe BTOpoi. OueBuaHO,
yro V 1 —V — non0XuTeIbHO ONpeje/eHHbie  QyHKIUM.
BuinoJHeHsl ¥ OcCTajbHBle ycaoBuA Teopemsl I, a mosromy
Mbl HMeeM acCHMNTOTHYeCKyl0 ycToHuuBocTb, B 3TOM cayuae
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noJyyaeM XOpOWO U3BECTHHH Yemoduusui goxyc (puc. 19).

Ecan a > 0, to ¢ynkuuu V u V — nonoxurensHo onpe-
IeleHHbe, @ MOTOMY IOJIOXEHHEe DABHOBECHT — weycmolitu-

Nf? 7=

RN

G\

Cedno Yemodyuenid Poryc
Puc. 18 Puc. 19

8ol ghokyc (Ha puc. 19 Hanpamjenus BCeX CTPENOK NOLKHBL
ObITb 3aMeHEeHbl HAa NPOTHBONOIOXKHHIE).

ITpumep 5. VurepecHEM npusomeHHeM ABASETCS OGHIY-
HBIft 3aMKHYTHIff 9JEKTPUYECKHH KOHTYD ¢ HeNMHEeHHBIMH 3.e-
Mentamu (puc. 20). Vpasue-

HHUe KOHTypa WMeeT BHI

R
. . 1
Lx—+ Rx—+ Vol +
+g(x, x)=0, || i-x ¢

Tie X -—3apal KOHIEeHCATO- I
pa M, CJAeL0BaTeNbHO, X — -
TOK B uend; R — conporus- L
JAenve, L — HHIYKTHBHOCTD, Puc. 20
C —eMKocTh, a g(x,X)— ,
He/IMHEHHEIE U/IeHBl, HMEIOUlMEe CTeneHb He HHXe BTOPOH.
OKBHBAJICHTHAsS 3TOMY YpPaBHEHHIO CHCTEMA

x=y,
. 1 R
y=—7Tr*¥— 17y —8x Y
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HMeeT B HAYaJie KOOPIHHAT IOJOXEHUE pPaBHOBECHS. XapaK-
TEPUCTHUECKHMH KOPDHAMH ABJAIOTCA KODHU YPABHEHUSA

1
R

OHi  MMEIOT  OTpHUATe]bHBlE  IeHCTBUTENbHBIE  YacTH,
nockoabKy R, L u C TONOKUTEbHHL.

R2
L2
3HAYEHUS KOMIVIEKCHO COMpPSKEHHbB ¥ HMEIOT OTPHUUATENLHYIO

4
Ecau < T e R? < % T0 006a COGCTBEHHBIX

R
JAeHCTBHTENbHYIO YaCTb = B srom CJy4ae TPACKTOPHUH

MMEIOT BUL ClupaJjel, a Hayalo KOOPIUHAT ACHMITOTHYECKH
4L
ycroitunBo (ycroluyusmit gokyc). Ecam R2 > - » TO HauaJo

KOOPAMHAT TaKM¥e ACUMNTOTHYECKH YCTOHUUBO (YCTOHUMBHIH
ysea). ACHMNTOTHYECKAs YCTOHUYMBOCTb MOJIOXEHHS pPABHO-
BeCHMsl NOBOJbHO OYEBUIHA U3 (PHU3UUECKUX coobparceHuH: npu
NOJOKHUTENLHOM OMHYECKOM COTIDOTHBJIEHHH C TeuyeHHeM Bpe-
MEeHH TOK HEeH30eXHO MCYe3aer.

To/MBKO YTO pPAcCMOTPeHHbIE INPHMEPH COOTBETCTBYIOT
XOPOIIO H3BECTHHIM THNAM TOJIOXEHHH DaBHOBECHs HA ILIO-
ckoctit. [lepefileM K HeKOTODHIM TNpuUMepaM B 7-MepHOM
¢$a30BOM npOCTpAHCTBE.

Mpuwmep 6. (Onpedesenue ycmolnusocmu no auneli-
HoMYy npubauxcenun.) Hyctb Tenmepb x dsisercs n-mep-
HHM BEeKTOpoM X ={x;, ..., x,}. Paccmorpum cucremy

x=Px—q(x, t), (12.2)

rie P — NOCTOSHHAs HEBHIPOXIAEHHAS MaTpHLA, 4 HeauHeHHBIH
uteH g (x, f)—Manas 6ojee BLHICOKOrO mopsaka, ueM |[x]|,
npu Bcex £ > 0. [Ipeanoaoxenune o g(x, f) BBOOJHAETCH,
HAPUMep, €C/HH KOMIOHEHTH BEeKTOp-(yHKUMM ¢ mnpencra-
BJAIOT COGOR cxoAduiMecss NPH BCeX X CTeMeHHBle psaabl
OT Xy, ..., X, HAUAHAOLIMECA C WYICHOB He HUXe BTOPOH
CTeMleHH M HUMelollide B KayecTBe KOI(DOULUHEHTOB (YHKIHH
OT f, orpanuyeHHble Npu 60abluX £, Il MPOCTOTH MBI Mpej-
FIOJIOKMM TaKke, YTO KOMIIOHEHTHl BekTop-(ynkuuu ¢ (x, f)
HMEKT YaCTHbiE HPOM3BOILHBIE MEPBOTO NOpAAKA MO X, H t,
HenpephiBHbE Mpu BceX ¢ > 0 B HexoTopo# oOaactH & mpo-
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crpanctea E”. TakuM oGpasoM, B obaactd @ 1aa scex £ >0
ClIpaBe/IMBA TeOpeMa CYyIIecTBOBAHMA (CM. § 3).

JlonycTHM, 4TO XapaKTEPUCTUYECKUE KOPHH Ay, Ay, ..., A,
Marpunsl P Bce pa3suuns. PasbepeM cHayana cayualf, Koria
BCE OHM OedcmsumenbHst. B 3TOM cayyae MOXKHO BHGPaTh
Takue JeHCTBUTE/bHbIe KOOPAHHATH, B KOTOPHIX cucteMa (12.2)
COXpaHsleT MCXOMHBH BuA, HO P=diag(A;, ..., },). Taaee
HMEIOTCH [iBeé BO3MOMCHOCTH.

a) Kopru X, sce ompuyamesvne. Tlonoxum

V=it xi+4 0 4 xd

CAEN0BATE/IbHO, NPOU3BOIHAA B CHAY cucTeMb (12.2)

V=()\1xf+ +lnxfl)—i—s(x, t),

rie s(x, f)—Manas OoJjee BLICOKOTO MOPSAIKA, YeM BbIIH-
caHHas B ckoOGkax kBaaparuunas d¢opma. TakuMm o6pasom,
B JOCTaTOYHO Majo# oGnactu R kaxk V, tak n —V — nouo-
WUTEMbHO onpeledenHele Qynkuun. Ho Torna BhInoMHeHH!
ycnosust TeopeMst II, M Hayano KOOPAMHAT ACUMOTOTHYECKH
yCTOHUHBO.

6) Hewomopeie us xopned A, (Hampumep A, ..., Aps
p L N) noaoKumesbHbl, G OCMAALbHbIE OMPULAMENbHBL,

Bribupas

V=x24xI4 ... +xi—xi+l— B

MBI HAXOIHUM, 4UTO

V—_l()»lx?—}— ce +)xpxi——)\p+1xi+1-. co—h 2 s (1 8,

rae s(x, £) UMeeT TOT Xe CMHICA, uTo U B a). Takum o6pa-
30M, CKOJb YTOAHO OMHM3KO K Haualy KOODIMHAT HalayTca
TOYKH (HAMPUMEP, TaKUE, Y KOTOPHIX X, = ... ==X, =0),
rae V > 0. Yro kacaercs npoussonuo#i V, T0 oHa (MOCKOAbKY
A1 oo os X < 0) —nonoxHTENLHO OMpeneseHHas (QYHKUHS,
Hcnoassya teopemy LI, yGewnaemcs, 4TO Haya10 KOODAMHAT
HEyCTOHYKMBO.

OO6patumca  TelePb K CJAy4Yal0, KOIMLAa HEKOTOpHle W3
uncea A, KoMnAeKCHble, Hanpumep, Ay, ..., h, — HeHcTBH-
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N
Teabhbie 1), ah, 1 houys oo A4 Ap gy — KOMILIEKCHBIE, TIPH-
yeM p—2m==n. Ecau xopuu A, ..., A, — OoTpullaTenbHbIE
Wouncaa Ay, R=1, ..., m, Bce HMeOT OTPHUATETbHHE

AeHcTBUTEMbHBIE YaCTH, TO onpepeanm

Ve=udt o xdx, %, + X, %

p+m~p+m’

[ToBTopsas pacCy:IeHHs ciydast a), Mbi JOKaMeM, YTO Hayajao
KOOPIHMHAT aCHMNTOTHYeCKU ycToHuuBo. Ecim ke cpenu xop-
He#t A, .... A, €CTb NONOKHTENbHbiE HIH €ClH HEeKOTOpbie
M3 uHCeNT A,y , MMEIOT MOJMOKHTE/AbHbie NEeHCTBHTENbHbIE YaCcTH,
TO, 3JIEMEHTAPHO BUIOM3MEHHB PacCymJeHus cayuas 6), noay-
YYM, YTO HayajO KOOPIMHAT HEeyCTOHUHBO.

floasons utor, Mbl chOpMyTHpyeM ClelyIolliee YTBEPK ISHHUE.
Has mozo 4mobot Havaro KoOpPOuUHam GblA0 aACUMAMOMIL-
YecKy YCmoUuuusslM noON0NCEHUECM PABHOBECUA HEAUHEHOL
cucmenst (12.2), docmamouno, 4mo6u 8ce xapaxmepucmi-
yecrue KOpHu mampuyst P umesu ompuyamesbrole Oei-
cmeumenvrivie wacmu. Ecau umeemcs xoms 6u 00un
xapakmepucmudeckKuii KopeHv ¢ NOALOHCUMEAbHOL Oeli-
CMBUMEAbHOR Hacmblo, MO HAYAA0 KOOpOUHMAm He-
yemoidvugo.

IToguepkHeM, UYTO XOTA YacTO pelleHus cucreMe (12.2)
COBepIIEHHO HEH3BECTHH!, TEM HE MeHee M TOrIa Meronx Jlamy-
HOBa JaeT OYeHb LeHHYI0 HHEPOPMauuio 06 YCTOHYUBOCTH.

3ameuvanne. Huxe, B cBA3M ¢ 3alayaMu aBTOMATH-
YeCKOr0 peryjiupoBaHus, OyleT INOKA3dHO, YTO ecau 8ce
KOopHU )k, He3a8UCUMO OmM mMO20, PA3AUHHBL OHU UAL
Hem, uMewm ompuyameavHsie Oelicmsumensusie 1acmu,
Mo HAYAA0 KOOPOUHAN ACUMAMOMULECKE YCMOE1uso.

[Ipumep 7. (Kpumuuecxud caytaii.) Tlyctb uccaepye-
Masi CHCTeMa HMeeT BUJ

x=Px—+4q(x), (12.3)
rae P —rmocroannas MaTtpuiia, a g (x)-— BeKTOp-dYyHKIuS,
KOMIIOHEHTHl ¢y, ..., ¢, KOTOPOH mnpencTasasiorT coboft cxo-

Admuecs CTeneHHble psibl OT KOMIIOHEHT X; BEKTOpa X,
HayuHawiuecs ¢ 4JCHOB He HHXKe BTOpOH CTENMEHH.

1) Cayuait p =0 He uckmouaerca. — [Ipum. nepes.
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Kpuruyeckum Oyaer TOT chaydal, Koria cpeid coOCTBeH-
HBIX 3HaueHuff MaTpPHUbl P MMEIOTCA HYJH MM TApHl YUCTO
MHUMBIX UYyCeJa,

OneMenTbl p;; MaTPHilbl P Oynem npeacrasast, cebe Kak
KOODAHHATH B HEKOTODOM n?-MepHOM eBKJMIOBOM MPOCTpaH-
ctBe. Toukum 5TOro NPOCTpaHCTBA, OTBEYAIOIlUe MATpPULAM,
y KOTOPHX BCe XapaKkTepUCTHYeCKHe KOPHM HMEIOT OTpHLA-
TeAbHble  AeHCTBUTEAbHEIE HACTH, 3AMOJHAIT HEKOTOPYIO
obsactb R. 3Ira 006/MaCTh COOTBETCTBYET aCHMIITOTHYECKH
ycTohuuseiM cucteMaM. Ecau Tenepb npubammarscsi K Ipa-
HAYHOK Touke M obmacTu K, TO HEKOTOpHE U3 XapakTepH-
CTHYECKHX KODHER CTPEeMATCH K HYJI0 MM K YHCTO MHHUMBIM
uyhacaam; Touyka M Oymer KpPUTHUYECKOH TOYKOH.

Jlanynos paszofpas cayda#t, xorga y marpuub P uMeercsa
OIMH HYJeBOH WM OAHA Napa YKCTO MHUMBIX XapaKTepUCTH-
yeCKMX Kopre#. Mul paccMoTpum cefivac oba atu cayuas !).

I. Ooun u3 xapaxmepucmuseckux Koprel mampuio P
pases Hyarno. DyleM CunTaTh, YTO HeHy/eBble XapaKTepH-
CTHYeCKHE KOPHH MATpHUbl P pas3/HuHBl U BCE HMEIOT OTpH-
uarteabHbie AeHCTBHTE/bHEIE UYAaCTH.

Y106H0 0603HaunTh MOPAROK cucTeMnl (12.3) yepes n 4 1.
C noMOLIbI0 HECKOJbKUX NpeoGpasoBanuii, KOTOpHE XOTA M
3allyTaHbl, OLHAKO COBCEM HECJIOXHHI, CHCTEMa (12.3) npu-
BOJUTCA {K cielyioleMy BHAY (OAHY H3 nepemeﬂﬂux 060-

3HAYUM qepea y, a OCTaJIbele—'{epea 21. P ”, 06'belll/l-
HSil MX B N-MEPHHH BEeKTOp 2):
y=F W+ fo()+ fL1(D Y+ f,(2) 2+ ..., (12.4)

2=Qz++H)+hy(2)+h(2)y+hy(2) ¥+ . ..,

rie o003HaYeHHs HMEIOT CAelyIOUlMH cMEIC:

F (y) — ctenenHoft pan ¢ Maaamum wienoM ayV, N > 2

fi» By— cTemNeHHBIE DAL, MJIAIINE YTIeHbl KOTOPHIX Meror
CTemeHb He Huke

3 Aana f@»
2 hy frooo Faer
Vs by, by oo fa e -0

) Boaee nonpoéﬂoc U3JIOKEHHE MOXHO HaHTH B VKAa3aHHbIX
Ha ctp. 54 kuurax M. I'. Mankuna u H. I'. Yeraesa. — ITpum. nepes.
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Q — MOCTOSIHHAS MaTpHIA, XapaKTEePHCTHUECKHE KOPHH
KOTOPOH Te e, YTO M y MaTpuubl P, 3a HCKJIO-
YeHHeM Hy/Id, TaK 4YTO BCe XapaKTepUCTHYECKUE
KOPHH Marpuub () HMeEOT OTpHllaTeabHble Heit-
CTBUTEJbHBIE YACTHU;
H (y)— ctenexHo#t psil, HauMHAIOWIMHCA C YJEHOB CTe-
nenn N 1. ‘
Cuenywluft s1an 10Ka3aTe/bCTBA 3aK/II0YaeTcs 8 ApUMe-
tHenuu TeopeM Jlinynosa, CpenaeM NperBapuTe/bHO HEKOTO-
pBle 3aMeuaHus, Kacaloluecs JuUHeHHOH cucTeMul

2 =Qz. (12.%5)

[TockonbKy XapakTepHCTHYECKHE KOPHH MaTpuusl Q pas-
JIMUHBI KA BCE€ HMMEKT OTpHUATE/JbHbIE nelCTBUTENbHbLIE YACTH,
S 9TOH CUCTeMBl MOXHO NOCTpPOUTH 1) ¢yukuuio Jlsny-
HoBa W (2). Kak yxe OblIO BHSCHEHO, 3Ta (YHKLHA Npel-
cTaBiseT cOGCH MOJIOMUTENbHO ONpele/leHHYI0 KBalpaTHUYHYIO
¢dopmy, noaxas mnpoussomHas W =U (2) xorTopoH mno Bpe-
MeHH B cuay cucteMul (12.5) aBasercs OTpULATENbHO OTfpe-
IenenHo#t ¢yHkune#t. Tax kak

U= (©0W/02) - Qz=grad W . Qz,

10 ¢yHxkuus U rtakxe siBaserTcs KpaipaTHuHoH dopmoft. ItH
cBoficTBa mpousBoAHoft (ynkuunm JlanyHora cuctemsl (12.5)
MBI CPa3y e UCMOAb3yeM.

OGparumcst Temepb CHOBA K BONpocy 00 ycTOHuMBOCTH
cucteMbl (12.4); npu aToM pasGepeM OTAeNbHO CJyyaH, KOrAa
yucao N yeTHOe M HeueTHOe.

N 4emnoe. OnpegenuM ¢yHKUHIO 2)

Viy, 2)=y—aW(2). (12.6)
HenocpencTBedHO HAXOIWM, 4YTO BAOJb TPAEKTOPHH CH-
crembl (12.4)
V=y—aW=a{y¥—U]+ ...,
rie NO0J MHOTOTOYHEM 3JleChb M HHXe MOHHUMAIOTCS UJeHH,
MaJjble 110 CPABHEHHIO ¢ BHIIMCAHHBLIM (Hanpumep, yV¥1, yz2, 23

'y Cum. npumep 6. — llpunr. nepes.
?) HanoMuuM, uTo @ — kos@uOHEHNT npu MAajIIEM UJeHe
pana F(y). — I1pun. nepes.



§ 12. Heckoavko npumepos 65

v T. A.). Takum o6Gpasom, BOJM3M Hauaja KOOPHMHAT 3HAK

NpPOM3BOAHOH V COBMALAET CO 3HAKOM BHIPAKEHUS @ {y¥ — U},
T. €. CO 3HaKoM Kos3dduuuenta @. B To ke BpeMs B Ipous-
BOJIbHO MaJol OKPecTHOCTH Hayala KOOpAMHAT QyHKuus V
He fBJISETCS 3HAKOOMpeleseHHOR (HanpuMep, mpu 2 =0 sHaK
¢yuxnuu V cosnanaer co 3nakoM y). CregoBareqabHo, B CKO/b
JroZHO Malofl OKpecTHOCTH Haya/ia KOOpAMHAT ¢yHKuun V

u V MOryT uMeTb OIMH M TOT )Ke 3HAK; HAa OCHOBAHHH TEO-
pemut Il nauano xoopauHat Heycto#uuso !).
N newemnoe. B 9TOM c/yuae BO3bMeM

yz
V(y, &)= —aW(2),

TaK 4TO .
V=yy —aW=aqa [y —U}+ ....

B6ausn Havana koopamHaT ¢yHkuMa V CHOBa MMeeT 3HAK
kos¢pduunenta - a. Ecan @ >0, T0 B J0OCTaTOYHO Ma/oH
OKPECTHOCTH Haya/Ja Koopiuuar [cama Touka (0, 0) uck.aio-

YyaeTcs] 1% > 0; xpome TOro, cxo0Jb YroaHo 6A43KO OT Hayaja
KOOpAHHAT HalAyTca TOYKH, B KOTOpPHX Takxke u V > 0. Ha
ocHoBannu Teopemnl Il yGexaaemcsa, uro Hayano KOOpAMHAT
HeycToituuBo. Ecau, Hao6opor, a < 0, To B6AH3H Hauala Ko-

opiuHat umeem V >0, V < 0. A 3To, coraacHo Teopeme I,
03HA4aeT ACMMOTOTHYECKYIO YCTOMUMBOCTH Hauasla KOOPILUHAT.

Cymmupys ckasaHHOe, NMPUXOAHUM K CJELYIOLIEMY pe3y.b-
rary JlanyHoBa. [Jas ycmodinusocmu noaodiceRus pasHo-
secusn cucmenmwn (12.4) 8 Hauaae Koopounam HeobX00UMO
u docmamouno, wmo6e wucao N Guir0 Hewemno u Kosg-
duyuenm a ompuyamesen.

1. Mampuya P umeem 00HY napy uucmo MHUMLLX
xapaxkmepucmuieckux kopued. T1onHoe uccaeloBaHue 3TOro
c/yyas, ropasao 6oJee CJOXKHOTO, YeM NpedblAyiuuHt, GO
OCyWIeCTB/eHO JIAnyHOBRIM. MH e 3lecb JAHIUb NMPOMIIO-
CTPHpyeM BO3HWKAIOILYI0 B 3TOM C/AyYae CHUTYaUHI0 HA TpU-
Mepe CHCTeMbl BTOPOTO MOpsAKa.

1y Ina Toro uTOG6H ¢dopmanbHO mpumennts TteopeMy I, nago
6u10 6bt B kauecrse ¢yHkuuu JlsnyHoBa B3aTh signa- V (y, 2),
rie V — onpenenennasn B (12.6) dyHkuua. — [pum. nepes.

O 3ak. 1824
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VIMeHHO, PAacCMOTPHM CHCTEMY
{ x=y—xf(x y)
y=—x—yf(x )

rae ¢ydkuus f(x, y) pasnaraercd B CXOAsWuHCA cTeneHHOMH
paau f(0, 0)==0. XapakTepucTHUECKHMH KOPHAMH MaTpuisl P

, 1
B 9TOM cayuae okasbiBaiorcst = i, ITosaras V=5 (x4y?),
HAXOLUM

V=—(x24 ) f(x. ¥

Orcioma: ecau f >0 B NpPOU3BOJBHO MaNOH OKPECTHOCTH
Haya/Ja KOOPAMHAT, TO HAYaJO KOOPAMHAT YCTOHYHMBO;
ecau f — MOJIOKUTENbHO OINpejeleHHas (PYHKINS B HeKO-
TOpOH OKPECTHOCTH Hauata KOOPAMHAT, TO HAYaJI0 KOOp-
OUHAT ACHMOTOTHYECKH YCTOHYMBO;
eciu f < 0 B mpou3BOJALHO ManoOH OKPECTHOCTH Havaja
KOOpIMHAT, TO HAuan0 KOODAMHAT HEyCTOHUMBO.
Paso6paHHbii HamMu mpumep MIIOCTPUPYET TaKike cCle-
AyOWHA BaXHHIN (akT: 8 Hexomopwx cAY4asx BOnpoc
06 ycmoduusocmu NOAOIHCEHUS PABHOBeCHS He moxcem
Obims paspeuten MmMOALKO PACCMOMPerueMm AUHeLRbBLX
UAEHO8, 8 IMUX CAY4ARX HEOOGXx00umo yiumusams Xa-
paKmep HeAuHelHOCMU CucmeMmbl.

[Mpumep 8. CoBceM NPOCTO MpHUMEHSETCSl TNepBas Teo-
pema JlanyHoBa 006 yCTOHUMBOCTH K CHCTeMaM, HMEIOIUM
nepputi uuterpan V(x)==c. B srom cayuae V=0, u no-
STOMY Haualo0 KOOPIMHAT YCTOHUHBO, ecau V — MOMOKUTEALHO
WIH OTPULATEJbHO onpeletennas ¢ynxuus. (Ecam V — orpu-
uaTeJbHO omnpeleseHHas OYHKUHA, TO — V — MOJOKHTENbHO
onpelefeHHbIt TepBhA HHTerpas.) Cefluac MBI NOKaxeM Ha
npumepe, Kak MCCAeLyeTcsl YCTOHUMBOCTL IO JHHEHHOMY
NPUOMMKEHHIO ¢ HCNMOJb30BAHHEM MEPBHIX HMHTErpalios.

Henuneftnaa cuctema auddepennuanbHEX ypaBHeHUH

X, = Ax, (%, —a),
Xy = Bx,(x;—b), (12.7)

X3 == X3 X9
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YyacTO BCTPeYaeTCA NMPH H3YYEHWH IBIDKEH:Usl TBEPAOTO Tea;
A, B, a, b—nocrosansle. 3Ta CHCTEMA uMeeT TPU NOJAOKE-
HHS PaBHOBeCHS:

E: xy=0a, x,=0, x;==0b;

Ey: x,=0, x,=8, x3=ua

Ey: =0, x,=0, x;=1
(smech @, B, 7 -— NPOH3BOJbHBIE IOCTOSHHLIE),

a) Hcecaedosanue noroxcenun pasnosecus E;. Tlpexae
BCErO, C IMOMOIUIbIO 3aMeHbl IlepEeMEHHBIX

==X, Yo=Xy,  Yy=Xx3—b

nepexeceM IOJOXEHHe PAaBHOBeCHd B Hawasio koopaunar. Cu-
creMa (12.7) B HOBBIX KOOpJHMHATaX NPUMET BUA

).’1 = A —a)y,+ Ay,¥;.
)"2 =B(y,+ )y,
V3= (¥4 @) ,.
XapakrtepucTnueckoe ypaBHeHHe JUHEHHOTrO NPUBIMKEHUS
—A Ab—a) O

0 —X aB | =\(?B—A) =0
0 o —A
umeer xopuu 0, a J/ B, —a )/ B. HdonyctuM, uto a = 0, tak

KaK B MPOTHBHOM ciydae Todka E, cosmanaer ¢ rtouxoit Ej.
Ecau B> 0, 10 cpelu Tpex KOpHeH HMeeTcs ONMH MOJIOKH-
TeJbHHH M MoJioMeHue paBHOBecHs E; HeycToiuuso. Ecau xe
B <0, 10 MB uMeeM KpHTHUYECKHI CJayuyal: OAWH KOpeHb
Hy/JeBOH, a [lBa JpPYrHX — CONpSDKEHHBIE UHCTO MHHUMEIE,
B sTOoM cayuae Hemb3s MOJYUYHTb KaKUX-JHOO0 B3aKJIIOYeHHH
U3 PacCMOTPEHHS TOJBKO JMHERHOTrO MpUGINKEHUsE; Mbl JOKHBL
NpUHATL BO BHUMaHue U HeJuHeHuble uieHd. K cyactbio,
HMEIOTCA IBa OYeBUJIHHIX NEPBHIX HHTErpaJa:

V,=y;—By;=c,
Vo= +a) —A(y;+b—a)y=c,

Tax kak B < 0, 10 V| — n0j0%uTe/abHO ONpeneaeHHas GpyHk-
UM OT Y, M Y3, UTO O3HAuaeT yYCTOHYMBOCTL MO ITUM ABYM

5
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nepeMeHHBIM: €CJIM NEePBOHAYaJbHO Yy M Y3 Madsll), T0 OHM
U OCTaHyTCH ManbiMu. Jlajee, C MOMOIIbIO APYTOrO NEpPBOro
uurerpana V, ybenumcs, uyto E; yCTOHUHBO: €CHH Y, Vg V3
B HauaJbHLIH MOMEHT BCe Majbl, TO OHHM NOJDKHH OCTaBaThCA
Ma/bIMH BCE BpeMSsl.

TakuM 06pa3oM, Mbl MOKa3aJM, YTO TMOJOXKEHHE PABHO-
secus E; ycrotiuuso, ecan B < 0, u HeycTo#uuso, ecau B > 0.

6) Hccaedosanue noroxcenns pasnosecus E, Baaro-
naps CUMMeTPUH Mbl HeMeJ/IEHHO yOexnaeMcs, 4TO MOJOXeHHe
pasHosecuss E, ycrotiumeo, ecau A <0, u Heycro#tuuso,
eciu A> 0.

B) Hccaedosanue noaoscenus passosecus E,. 3aMeHa
NiepeMeHHbIX

h=x Yo = Xo» Vy=X3—17

npeBpallaeT MOJOMKEHHe DPaBHOBeCHA B HAYAJ0 KOODIHMHAT,
a cucteMa (12.7) npuHuMMaeT BHA

y=Ay,(y;—a-+7)
).’2 =By, (y5— b+ 1),
).’3 = 1Yo
XapaktepucTHYECKOe YPaBHEHHE ee JAUHEHRHOro MNpub/IHKeHus
TaKOBO:
—%  A({—a) O
B(y—b) — 0 |=
0 0 —A
= — AN — AB(y — a) (1 — b)] =0.

Ecin AB(7—a)(Y—b)>0, TO umeercs NnOJOXuTeAbHHI
KOpeHb, a TOr4a MOJOKeHne paBHosecus E; HeycroHuuso.
Ecu we AB(y—a) (1 — b) < 0, To Mbl HMeeM KpUTHUECKHH
ciyuafi: OAMH KOPEeHb HyJNeBOHW, a 1BAa APYrMX — CONPSKEH-

1) To ecTb HauaibHOE SHAauEHHe y| NPOH3BOAbHOE, a Yy H
¥ — nocTaTounO Mansie. — [7pus. nepes.
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HbIE YHCTO .MHUMEIE; JMHeHHOe Mpub/amKeHHe He faeT uHGOp-
Manuu 06 ycroduuBocTH. [lepBbiM MHTerpasoM sBAseTCA

=—Jq—b0 ¥+ A1—a) i+ AB(a—b)yl=c.

Ecayu Bce KOIp@UUHEHTH STOr0 BHPAXEHHS MMEIOT OIHHAKO-
Bble 3HAKH, TAaK 4TO QYHKIHMSR V' NOJOKUTEJNbHO HIM OTpHUA-
TeJIbHO ONpeieIeHHas, TO NoJAOXeHHe paBHOBecus £, ycToRuHBO.

Taxum 06pasoM, Mb NOKAa3a/H, YTO IOJOXKEHHE PABHOBE-
cust £y ycTotunso, ecan opHoBpeMeHHo AB(1—a)(Y—b) <0
# A(a—b)(y—b) < 0, u Heycro#uUMBO, KOrja mpousBene-
nue AB(Y—a)(y—b)>0. Eciu xe AB(7—a)(1—b)<0,
HO A(a—b)(71 —b)> 0, TO NpentOKeHHHH CHOCOO He MO3-
BOJsET CHeNaTh Kakoe-JuMO0 3ak/aioueHHe 06 YCTOMYMBOCTH
NnoNOXKeHUss paBHOBecHs E,.

Mpumep 9. PaccMOTpUM KOHCEPBaTHBHYIO KoJebaTesb-
Hyl0 cHCTeMy ¢ # creneHsMu cBoGombl. CocTosHUe CHCTeMbl
B 000 MOMEHT BpeMeHH MOXeT OHTb ONMCAHO ¢ MOMOLILIO 7t
06061UEHHBX KOOPAMHAT 4, +.., §, ¥ N OOOOIEHHHX HMM-
HYALCOB Py, ..., P,. TOrJa 3aKOH IBUXEHHUS CHCTeMBI B 0606-
IIEHHHX KOOPAMHATAX ¢, P 3alMHIIETCa B BEKTOPHOH ¢opme
Npu OOMOIM T'aMHILTOHOBOR dyuxuun H(p, ¢) creayouum
o6pasom 1)

oH - oH

=T;’ p—-—'——d'q—'- (12.8)

[To/toxeHUsIM paBHOBECHS CUCTEMbl COOTBETCTBYIOT TaKUe TOUKH
21-MepHOTO TMPOCTPAHCTBA ¢, P, B KOTOPHX 00e HacTHble
NpOM3BONHLIE NMEPBOro mnopsska ¢ysxuuu IaMmuiabToHa 0Gpa-
ILAIOTCH B HYJIb.

[TycTe Haya10 KOOPIMHAT — H30MMPOBAHHOE MOJIOKEHHE
PABHOBECHS; AAJAUTHBHYI0 MOCTOSHHYI0 B (GyHKUUH [ MBI BbI-
GepeM Tak, 4ro6e (0, 0)=0. B 0oGHUHHX AMHAMHYECKHX
cucreMax ¢QyHkuns [ uMeeT CMBICA TNOAHOH SHepruum u ee
MOXHO Tpeactasut B BHie H(p, )=T (p)+ W (q), rie
T — kuneruueckad, a W — noTeHuuanbHas sueprus, Kuxeru-
yeckas sHepruss T —— [OJIOKHTEJABHO OMNpeleeHHas (yHKUUa

) MMoapoGuee 06 0606mEHHBIX KOOPJAMHATAX W METOAAX aHa-
JAuTHYeCKoH MexaHHkH ¢cM. Faunrtmaxep &. P, Jleknuu no amva-
AurHYecKol Mexauuxe, Puamarrus, 1960. — I1pum. nepes.
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oT p!). Ecau noTeHunanAbHas SHepPTHs HMeeT U30AHPOBAHHHLIH
MUHUMYM npy ¢=0, To W — nonoXUTEJIbHO ONpeneneH-
Has ¢yHkuus g. CnenosarenvHo, ¢yukuus H apasgercs mo-

JIOKHUTENIHO onpeneenHol, u, nockoasky H =0, nonoxenue
paBHoBecus p ==0, g == 0 ycrofiuupo. 3T0 — XOPOWIO H3BECT-
Haa TeopeMa Jlarpamwxa, Blepshie copMmyanposanHas Jlarpau-
WeM M JoKasanHas Jlupuxie: cocmosHue KOHCep8AMUBHOL
cucmemsl, 8 KOMOPOM NOMEHGUAALHAS IHepUA umeem
U30AULPOBAHHE MUHUMYM, SBASLEMCA YCMOULUBHM NO-
AONHCEHILEM DABHOBECUS.

HonyctnM Tenmepb, uTo [ — aHauauTHYecKasn QYHKIUS;
B 9TOM cjayuael)

T(p)=T,(p).
W(‘I)=Wk((1)+ Wk+1(q)+ e

anecy Ty (p) — MONOKHTEJBHO ONpeleseHHas KBaApAaTHYHAS
dopma ¢ nocrosHHbIME K0d(duLenTamu, a W; (q) — unennr j-#
cTeneHd OTHOCHTeabHO ¢. ITycte W (0) = 0 — usoaupopanuuiH
MaKCHMYM MOTeHUHAAbHOH snepruu; toraa W, (¢) — otpu-
HaTeJIbHO oOnpeleseHxas ¢opma k-#t crenend. Onpepenum
dyHkIHIo

n
V=p- q=i§piqi;

ee MOJHAA MPOU3BONHAA B cHay cucTeMbl (12.8) pasua

V=2T(p) — kW () — (k+ DW,(+ ....
[Mockoabky unenn 2T, — kW ,, asisiouivecs IOMHUHEPYIOLUAMH

1) Jlasi KOHCEPBATHBHBLIX CHCTEM KHHETHUCCKAas SHeprud fB-
AseTcs KBaipaTuuHOH $opMOH OT MMIYABCOB p,; ¢ Koo dULHEHTaMH,
n .
3aBHCAIIMMHU OT KOOPAWHAT ¢, T. €. T=‘ Zla[j Ty -0 4,) pp;
i, j=
ABTopH Xe paccMaTpHBAKT BechbMa wacmHslli cayya#, KOrna Bce
KoshPUUMEHTH &;j — NOCMOSHHbLE.

TIpuBogHMOE 37eCh JI0Ka3aTeAbCTBO TeopeMbl JlarpaHika coxpa-
HET CBOIW0 cuay u Ias obwero cayuas, xoraa T = T (g, p). Onnako
fIpH JI0Ka3aTeNbCTBE JNaAbHEHIIHX TeopeM CYMIECTBEHHO HCHO/b-
ayeTcss OrpaHudeHue aBTOpOB. — [Tpunx. peod.
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BOJIM3YM Hayaja KOOPIMHAT, COCTAaBJSIOT HOJOKHTEALHO OIpe-

JeieHHYI0 QYHKUHIO, TO H V — NmoJokuTeabHO ompeleneHHas
¢ynkuns. dynxuua JlanyHosa V — ckaaspHoe npousseieHHe
BEKTOPOB P M ¢, 4 NOTOMY OHa MOXKET NPHHHMATb IMOJOXKH-
TeJbHble 3HAaYeHHA B INPOU3BO/BLHO Majaolf OKPECTHOCTH Hayajaa
xoopaunar. Cuaenosarenpho, mno Teopeme llI, Havano koop-
JuHat HeycToHuuBO. TakuM 006pasoM, YCTaHOBJEHa C/elyIowas
tTeopeMa JlanynoBal): cocmosnue Koncepsamusnoi cu-
cmembl, 8 KOMOPOL NOMERYUAABHAS IHEPIUA UMeem U30-
AUPOBAHKOL MAKCUMYM, AB8AAEMCA HeycmoGiusum no-
A0XCEHUEM PABHOBECUS.

Ara reopema JlanyHosa Owiia 0606itena H. T. Yeraesnim.
Ipexanonoxum 10abK0, yTo W (0) =0 He sBASETCA MUHUMYMOM
HoteHuuanbHoll sHepruu. CrnenoBarenbHO, HaHAyTCS Takue
CKOMb YrOZHO Majsle g, Aas kotopux W (q)<C0. Tak kak
H(@, g)=W (g), 1O CylUecTBYIOT CKO/ib YyrogHo O/u3Kue
K Hayany KoopauHar Touku {p, g}, rae H(p, ¢)< 0 nas
BCeX IOCTATOYHO MajblX p. B npousBoabHO Mano# oxpect-
HOCTHM HayaJa KOOPAMHAT UMEIOTCH OITOMY TaKue TOuKH {p, g},
YTO OIHOBPEMEHHO :

p-q>0, —Hp -¢>0.

Mycts Q —HekoTOopas OKPeCTHOCTb Hayaja KOOpIWHAT,
a @, — MHOXEeCTBO TO4YeK OKPeCTHOCTH £, B KOTOPHIX BBINOM-
HAIOTCA 003 TOJBKO UTO yKAa3aHHbIX HEPAaBEHCTBA; OUYEBUIHO,
Y4TO HA4aJ0 KOOPNMHAT NPHHALMEKUT rpanuue obiactu .

Monoxum V = —(p - q) H. Mockoasky H =0, To, Kak u
B PAacCMOTPEHHOM paHbllle cJayuae,

V=—[2T,(p)—kW,()+ ...1H(p. 9

Mbi BhGepeM OKpPecTHOCTb R [OCTATOYHO ManoH; TaK Kak
Ty(p) >0, 70%) W,(g) <0 Buyrpu 2,. CirenosarenbHo, npu

) J1a TeopeMa J[0OKAa3aHa aBTOPAMH MPH CAEAYIOUIHX OrPaHH-
uenusax: 1) Wy (¢) — orpuuarenpHo onpenenennas opma; 2) Kuue-
THYecKad SHeprus 7 He 3aBHUCHT $IBHO OT ¢ (CM. OpUMeuaHHe Ha
ctp. 70). Ilepsoe ycaoene umeerca y JlanyHoBa, a BTOpOe yxe
ABJAAETCA U3MMUIHUM (T. €. TeopeMa copaBefanBa 6e3 BTOPOro ycCio-
BHfl,.HO JOKA3aTeNAbCTBO ROMKHO ObITb WMHBIM). — [1pus. ped.

2) HanoMuum. uro T (p)-F W (¢) = H(p. q) < 0 B obaactu 2;.
IMockoabky T (p) >0, 10 W (g)<0. . [peanonaraercs, uro NpH
oaToM U W, (g) < 0.— [Tpun. nepes.
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JOCTATOYHO MaJo & ufeHHl B KBAaZpaTHHX cKo6Kax .1oJo-
KUTEJAbHH BHYTPH 2,, a MoToMy B 3TOH 06/JaCTH NMPOU3BOA-

Has V nojoxurtenrHa. B Toukax rpanunsl obnactH K, Jexa-
wux BEyTpH &, mubo p.q¢=0, mubo H(p, ¢)==0, t. e.
V =0 Bo Bcex Takux TOoukax. Bce ycaosua Teopemsl V BHI-
MOJIHEHBI: TOJIOXEHHe paBHOBecHs HeycToHuuBo. [Touoocerue
paBHOBeCUR KOHCepPS8AmMUBHOW cucmems, 8 KOMOPOM 1O~
MEHYUANbHAA IHePUSL He umeem MURUMYMA, HeYcmol-
4u801).

§ 18. OGaacTe AcCHMOTOTHYECKOH ycToHuMBOCTH

- OueBuAHO, YTO B MPHJONKEHUAX ACUMITOTHYECKA YCTOMH-
uyuBOCTb 0OJee BaxcHa, 4eM NpocTas ycTo#uuBocTs. Ecan,
CKaxeM, TpeGyeTcs NOLNEPKHUBATL ONPENEJEHHYI0 TeMmepa-
typy T B HeKOTOpOH cucTeMe, TO MOHATHO KejlaHHe, 4TOOHI
He TOJIbKO MOALepXHUBAJIACh HEKOTOPAA TeMNepaTypa, He CJull-
KOM CHJbHO OTauyaiouasca oT 7, HO U YTOOH Majble OTKJO-
HEHUsl TeMHepaTypbl co BpeMeHeM Hcuesaan. CocpenoTounm
Tenepb Haille BHMUMAHWe HAa AaCHMNOTOTHYECKOH YCTOWHHBOCTH.

3nech BO3HUKAIOT H ApyrHe NPaKTHYecKHe COOOpaxeHus.
[peanosioXHM, YTO HEKOTOPHIH 3JexTpHUeCKHH mpubop pac-
cyuTaH Ha ToK B 127 soawT. [IpuGop ycTpoen Tak, uTo Majbie
OTKJ/IOHEHHs HANpsiKeHHs He cyllecTBeHHbl. OlIHAaKO KaK Be-
AKKH MOTYT ObIThb LOMycTHMBlEe OTKJIOHeHHA? CucTema MOxeT
O6bITh ACUMITOTHYECKH YCTOHYMBOH, ONHAKO MOXKET mepecTarb
HOPMaJbHO (YHKIMOHHPOBATb YXe IIPH OTK/OHEHHSX Hampsa-
WeHHs, HampuMep, CBhille ONHOrO MHAMBOJAbTAa. Mrtak, srta
CHCTEMA, TEOPeTHYECKH aCHMITOTHYECKM YCTOMuMBast, OKa3bi-
BAETCA Ha MpPaKTUKe HeycTo#uuBOH. ACHMNTOTHYECKAs YCTOM-
YUBOCTb MMesa OBl NpaKTHYecKuit cMbica, ecad Obl OblIM A0-
NYCTUMBl OTKJIOHEHUs, CKaXeM, B HECKOJbKO BOJbT.

Takum o6GpasoM, BO3HHKaeT MOTPEGHOCTb B YTOYHEHHH
MNOHATHA aCUMNTOTHYECKOH ycrofluuBocTd. YKenaTe/bHHIM Ka-
YeCTBOM SIB/JSETCH aCHMOTOTHYECKad YCTOHUHMBOCTL B HEJIOM

') B rtaKoit o6ule#t (OpMyJIHDOBKE TeOpeMa HeBepHa. ¥ aBTOPOB
OHa 70Ka3aHa AJA aHAJMTHUECKOH MOTEHIHAJbHOH SHEPruH U JABYX
HOTIOAHHTEAbHBIX mnpepnonoxenusax: 1) 7= T (p) He 3aBUCHT SBHO
oT ¢ (cM. npuMedaHne Ha ctp. 70) n 2) n3 W (g) <O caeayer
Wi (9) <0.—Ipun. peod-



§ 13. O6aacTe acumnToTU4ECKOL YCTOUHUBOCTU 73

HJIM, KaK Mbi Oy1eM FOBOPHTb, #0AHaR ycmolhiuusocms 1). Ecau
HEeT BO3MOXHOCTH OGeCMeunTh MOJHYI0 YCTOHYHBOCTh, TO TpH-
XOJUTCS AOBOJBLCTBOBATHCH YBEPEHHOCTBIO, YTO CHCTEMAa CTpe-
MUTCA K TOJIOXKEHHI0 DPAaBHOBECHS, KOIIa BO3MyLIEHHS He
CTMLIKOM BeJnkd. [lpu 5TOM He06X0AMMO UMeTb HeKOTOphle
CBelleHHsl OTHOCHTEJIbHO BeJMYHHBl 00/aCTH aCUMITOTHUYECKOH
yCTOHUHBOCTH 2),

31ecb HyXHO OOpaTUTL BHHMaHHE Ha (yHIAMEHTaJAbHOE
pasjuyde Mexay JuHeHHBIMH M HeJUHERHBIMH CUCTEMaMu: 04f
onpeldesenusn npaxkmuseckoli ycmolisusocmu sAuHelinoe
npubauxcenue coBepulenHo Hedocmamo<Hho. B MuHe#HBIX
CHCTEMax Bceria ObiBaeT TOJAbKO NOJHAA ycTOHUMBOCTB, TOrAa
KaKk TOJbKO B HeqUHeHHBIX CHCTEMaX OHa MOXeT He OHTb
TaKoBOH. JlpyruMu CJOBaMM, 1/ HaXOXJEHHA BO3MOXNHBIX
rpanul, 06/1aCTH ACUMNTOTHUECKON yCTOHUMBOCTH He0GXOAUMO
HCMOJIb30BaTh HeJHHeRHOCTb.

B nacrosweM mnaparpadge Mbl npusejieM HeKOTOpHE Teo-
peMbl, cayKaiiue AJd OnpejelieHus 06JacT# aCUMATOTHYECKOR
ycroftuupocTn. OlHAaKO mnpexie 4YeM MePeXOLUTb K HHM, MbI
BBEJEM [Ba MpPeNBAPUTENbHBIX MOHATHA. PaccMOTpHM OOHIUHYIO
ABTOHOMHYIO CHCTEMY

x=X(x), X(0)=0. (FA)

ITpedessnole MHoxcecm8a. ITO BechbMa BaXHOEe MNOHATHE
6uino Beeneno I'. JI. Bupkrodom. TI'pyGo rosops, ecau
X (t) — pemenne cucteMul (FA), 10 ero w-npedessnoism muo-

acecmson® I'' apaserca Bce TO, K uyeMy KpuBas X (¢) npu-
6amxaeTcsl NPU HEOrPAHMYEHHOM BO3pacTaHuM BpemeHu. Ha-
npuMep, ec/d pelieHue X (f) npeacraBiaseT coOOH cmupain,
HABUBAIOMIYIOCS Ha NpeleibHbit Huka?) 8, 1o & saBasercs
©-TIpeJebHEIM MHOXECTBOM A/ 3TOTO pelleHUsl; eCJau pelle-

') C monATHEM acCHMOTOTHYECKOH YCTOMYMBOCTH B LEJAOM MBI
yxe BcTpevaaucs B § 7.— ITpun. nepes.

%) TMoa 061acTbl0 ACUMITOTHYECKOR YCTOHUHBOCTA noapasyme-
BaeTCA 06JacTh, COACPKAIA HAYaJO KOOPAMHAT H o6aajapomas TeMm
CBOHCTBOM, 4YTO BCE JBHXEHMS, HauuHalOmMecs B 3TOH obaacty,
CTpeMATCR npH ¢ —> -} 00 K Hauaay KoopxuHat. — I1pus. ped.

3) B opurunane positive limiting set. — I1pun. nepes.

4) I1pedensrm s yUKAOM Ha3BIBAETCS H30JHPOBAHHAS 3aMKHyTas
TPAaeKTOpus, COOTBETCTBYIOUIAA NEPpHOAHICCKOMY PCIICHHI0 CH-
cremnl (FA). — ITpun. nepes.
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HHE CTpeMUTCH K Touke A, TO ero w-mpeleibHOE MHOXKeCTBO
COCTOUT U3 3TOH TOUKH.

Bonee CTPOro, TOUKA p NPUHALJACHHT O-TIPElLE]bHOMY
muoxectBy 'Y peurenus x (£) cucremn (FA), ecau cyme-
CTBYET TaKasg HEOTPaHHYEHHO BO3pACTaIOLlasl NOC/AeL0BATENb-
HOCTb MOMEHTOB BpeMeHH [, f,~—>00 NpH A —>00, uTO

(T}

x(t

Puc 21

x(t,)—>p npn n-—>oo. Ecan pewenue x (f) orpannuexo,
TO OHO MNPH f->00 CTPEMHTCA K CBOEMY ®-Npele]bHOMY
muoxectsy I''; npyrumu ciosamu, ais moGoro € > 0 cyue-
cTByeT Tako#t MoMeHT BpeMeHu T (g, X(f)), uTO AJ1a Bcex
t> T pewmenue x(f) ueaukoM JaexuT B oxpectHocTd U (g)
muoxecteal) I'Y (puc. 21).

a-npedesstoe MHoxcecmso 2) pelleHus x (£) onpedensercs
TOYHO TAK Ke, ecJAd TOJAbKO ¢ 3saMmeHuTb Ha — f. OxHako
3TO NMOHATHE B JAaJbHeRIIEM HE HCHOAbL3yeTCd.

1y ¢c.oxpectnocTs U (¢) MHOXecTBa M onpexensercs Tak: TOUKa ¢
NPHHAZMEWHT 9TOH OKPECTHOCTH, €CIM B MHOXECTBe M muaiigercs
TaKas Touka p, uto || p—¢q| <e. —IIpunr. nepes.

2) B opurunaae negative limiting set. — ITpux. nepee.
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Husapuanmuoe mroocecmso. Muoxectso G Ha3blBaercs
UHBAPUAHMHbLM, KOTLA OHO 00/1a/1aeT CAeIYIOLMM CBORCTBOM:
ecli TOUKA X, NMPHHALIEHUT MHOxecTBy G, TO 4 BCH Tpaek-
TOpus (T. €. KaK NMO/JOXHUTeJNbHad, TaK U OTPULATe/bHAd MOJY-
TPAEKTOPHHU), NPOXOJAALLAd Yepe3 3ITY TOUKY, LEJHKOM JIEHHT
B MHOxecTBe (. HampuMep, 3aMKHYTas TPaeKTOpHs sBJAETCHA
MHBAapHAHTHBIM MHOXECTBOM; COBOKYIHOCTb TPaeKTOpHH, Npo-
XOAAUIMX uYepe3 BCe TOYKM HEKOTOPOH AYTH, Takke MpPencTa-
BJIfeT COOOH HHBAPUAHTHOE MHOXKECTBO.

- OtMeruM (6e3 noKazaTenbcTBa) BawHoe CcBOHCTBO. Ecau
pewenue x (f) ozpanuterno npu £ >0, mo ez0 w-npedeas-
noe mnoxcecmso U'' nenycmo, womnaxmuo u ssanemcs
UHBAPUGHMHBM MHONCECTNEBOM.

W3 onpenesenus w-nmpeiesbHOT0 MHOXECTBA HeMeIJIEHHO
cllefyeT Takas JeMMa.

Jemma. Ecau peuwmenue x(f) ozpanuseno npu t >0
u ecauw Muodxcecmso M codepyucum w-npedesbroe MHO-

acecmso 'Y, mo x(t) npu t— oo HeO02PAHUUEHHO npU-
6auscaemca K mnoxcecmsyty M.

IMocie 3Tux mpenBapuTe/bHbBIX PacCMOTPEHMH MBI MOMXKEM
YCTaHOBUTb OCHOBHbIE IIPENJIOKEHUA, TMO3BOAAIOLIME PACLUK-
PHUTb M YTOUYHUTb KDUTEPHHM ACHMNTOTHYECKOH YCTOHUYMBOCTH.

Teopema VI ITycms V (x)—cxarnpnan $ynxyus,
Lacmuble nPOU3BOOHE NePBO2O ROPAOKA KOMOPOL Henpe-
pul8rs. npu 8cex x. O6o3nawum weped R, o6aacms?),
20e V(x)<<l. donycmum, wmo sma o6iacmb ozpanu-
WeHQ U HMO BHYMPU Hee BHLNOAHEHbL YCAOBUS

a) V(x)>0 npu x+0;

6) V (x)<0.
ITycme R — muoocecmso 8cex modex obracmu Q) 8 xo-

mopoix V(x)==0, a M— narncumarvioe ungapuanm-
Hoe MmHuoocecmso, coldepaucaueecs 8 R. Tozda kaxcdoe

') Mocaennee yTBepifenne osnauaer caenyiomee. [dia moboro
e > 0 cymectByer 7 =T (¢) > 0 Takoe, uto npu Beex £> T Touka
X (¢) NPUHAJJEKHT £-OKPECTHOCTH MHOXECTBa M (OTHOCHTEAbHO OII-
peleieHus €-OKPECTHOCTH CM. IpUMEdaHHe Ha CTD. 74). — [Tpun. ped.

?) Tousee, oTkpHITOe MHOxccTBO (cM. § 4). Ilpeamonaraetcs,
uTO £; COCTOUT H3 6Cex Touek, rae V (x) < I — ITpun. peo.
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———

pewenue x(f) cucmems. (FA), Hatunawweecs 8 obara-
cmu S, Heozparutenno npubauncaemca x M npu t— oo,

IoxasareabcrtBo. U3 npeanonoxenut o dyuxunn V
cnenyer, uto V (£)=V (x(f)) npu ¢-»00 He BO3pacTaer M
ur0 OHa HeoTpuiateabHa BHyTpu 2;. CienoBartenbHO, Kaxnoe
peiuenne x (£), HauuHawLIeecs B KaKoH-anbo Touke obaacTn L),
NOJKHO BCe BpeMsa ocTaBaThcd B 9TOH o6aactu. Kpome toro,
cymectsyer lim V (£) ={,, npuueM I, < . B cuny cooGpaxe-

t>c0

HHR HellpepbLIBHOCTH 3aKJ/AI0YaeM, 4TO paBeHCTBO V (x)==/,

BHITOIHACTCA HA w-TipelebHOM MuoxecTse I'" TpaexTopuu x (£).
Ho orciona BhTexaer, 4To MHOxecTso I'* uenukom aexur
BHyTpH obaacTH @, u Ha HeM V =01). ITostomy I'" nemur

B MHOXeCTBe R, a ockOAbKy I'" — uHBAapUaHTHOE MHOXKECTBO,
TO OHO JexHT Jaaxe B MHOXecTBe M. Pemenue x(£) Bce
BpeMs ocTaeTcsi B 064acTH &;, M INOITOMYy OHO OIPaHHYEHO
npu Bcex £>0; Ha ocHOBaHMH cHOpPMYJNUPOBAHHOH BHILIE
neMMbl X (¢)— M npu ¢ — -+ co.

C noMouiblo Teopemsl yctofiuusocTu JIAnyHOBa Ha OCHO-
BAHMM YCAOBUA a) U 6) 3axjiouaeM ?), 4TO HAayad0 KOOpIUHAT
ycroituuBo. UTo6sl 10Ka3aTb ero acHMITOTHYECKYIO ycToHuu-
BOCTb, OCTaeTCsl /ML NOKAa3aTh, 4YTO MHOxecTBO M coctout
TOJbKO M3 Hauaja KOOPIHMHAT, T. €. YTO HH OIHO pellieHue,
32 MCK/IOYeHHEM TPHUBHAJIBLHOTO pemienus x ==0, He MOxeT
ocraBaTbcl B MHOXectBe M npu Bcex £>0. Iro Bymer

MMEeHHO TaK, eC/iM, Hanpumep, V — oTpuuaTe/bHO ONpeneneH-
Has ¢yHkuua B obnactu R, TOrAa MHOxecTBy R, a ciego-
BaTe/JIbHO, ¥ MHOXeCTBY M npuHALIEKUT TOJbKO HAuanio
KoopauHaT. Mbl chopMyaupyeM 3TO yTBepKIEHHE OTLEJBHO,

Teopema VI Ecau coxparums 8ce npednososxcerus
meopenmst V1, 3amenus ycaogue 6) ycaosuen

6) V(x)<0 npu scex x+0 8 o6racmu Q,
Mo HA%aL0 KOOPOUHAM — ACUMNMOMULECKE Yemokdu-
8oe noaoxcenue pasuosecus cucmemwvt (FA) u rascdoe

Y B cuay uHBapHaHTHOCTH rt yepes kaxayio Touky u3 It
TIPOXOAHT TPaeKTOPHA, LieaHkoM aexaman B I, Broab s1oit TpaekTo-
pun V = const =/, u motoMy V = 0.— [Tpum. peod.

2) TNpu ponoanurteabHoM ycaoeuu V (0) = 0.— ITpum. peo.
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pewenue, Hatunawuweecs 8 o6racmu Q;, 6ydem HeozpaHu-
HeHHO Npubruscamsca K Haiary Koopounam npu f—» co.

(TTocaennee yTeepxAeHHe SBAAETCA LOMOJHEHHEM K TeOPEMe
JlamynoBa 006 acHMMNTOTHYeCKOH YCTORUMBOCTH.)

[Tpumep 1. MiHTepecHH NMPUIOKEHHS ITHX TEOPEM K TaK
HasbLIBaeMOMy ypassenuro Jlsenapa

X+ f(x)x~+g (x)=0, (13.1)

KOTOpOe fBJAeTcA 060OIleHHeM YPaBHEHUS 3/EKTPUYECKOro
KOHTYypa (cM. mpumep 5, § 12). 3T0 ypaBHeHue HHTEHCHBHO
H3Y4aaocb; €My TMOCBsileHO GoJblIOe KOJIUYeCTBO pabor,
KOTOpble MHPORO/IKAIOT BHLIXOAUTH .¥U JAO CHX MNop. B 3Tux
MHOTOUUCJIEHHBIX HCCIEROBAHUAX LieJaMHCh CaMble pPazHoo0pas-
HHe npeanosoxenus. OAHAKO, TaK KaK MBI He CTpeMuMcs
K 60JbIIOf OOMHOCTH Ppe3y/JbTaTOB, MBI PAacCMOTPUM 3HEChb
JHULIb CaMple MPOCTHIE C/AY4dd, KOTA4 Ha GyHKuuH f u &
HA/MOKeHbl JOBOJbHO CHJAbHblE OTPaHUYeHUs.

Ilas ynpomenus 3a1a4y MPeNoNoKuM, YTo f U & — MHOTO-
unens !), npuueM f— yeTHas ¢yHKUMA, a g — HedeTHad.
Bosee toro, Mb pomyctuM?), uro rpapux Gyukuud g (x)
Gonee mau MeHee OJM3OK K TNpAMOH JMHUM, mpoxcasuleh
yepes HAYAA0 KOOPAMHAT, U MOHOTOHHO BO3PACTaeT ¢ POCTOM X,
3aMeTHM, 4TO ITOT YACTHHH c/ayuait ypaBHeHus Jlbenapa ¢13.1)
MOJHOCTHIO  OXBAThIBaeT ypasHeHue Bau-gep-Ilona (cM.
npuMep 2).

Ins nanbHe#mero yaoGHO BBecTH GYHKUHU

F(x)=ff(x)dx, G(x)=fg(x)dx.
0 0

Ouepunno, uro QyHxuua F (x)— HeuerHass, G (x)— uerTHas
u F(0)=G(0)=0.
Bmecto ypasHenns (13.1) paccMOTpMM 3SKBHBaJIeHTHYIO
eMy CHCTEMy ypaBHeHul
=y—F(x),
. (13.2)
y=-—g(x)

) Ha caMOoM jelle npHBOZHMBHE paccyxAeHUs M pesyJbTaTHl
cnpaBeJHBH H B 6oaee obwem caydae.— [Tpun. nepes.
2) Cpasnute ¢ npuMepom 1, § 12, — ITpum. nepes.
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[Mockonbky F(x) u G (x)— MHOrou/eHsl, Opu JIOGHX 3Haue-
HHSX X M Y BBIIOJHEHH YCIOBHS TeOPeMBl CYILECTBOBAHHA M
eNMHCTBEHHOCTH: Yepes KaXyl0 TOYKY IIOCKOCTH MPOXOAHT
OlHA ¥ TOJLKO ONHA TPaeKTOPMA CHCTeMbl, B cuay caenan-
HBIX AONYILEHHH ypasHenud

{ y—F(x)=0,
g(x)=0

uMeloT ofulee pemedne X=y=0, T. e. HAY4JA0 KOODPAZH-
HaT — [0JIOXKeHUe PABHOBECHS.
B xauectBe Qynxuun JlanmyHoBa BO3bMeM (YHKLHIO

V(x, 9= ¥+G(x).

Ecim f=0, T. e. ecain B cHCTeMe HeT (NOJOMKHTEILHOrO
WM OTPHUUATENLHOrO) CONPOTHBJEHHSA, TO 9Ta (PYHKUHUA MMeeT
CMBIC/ TOJIHOH SHEpPruu cucreMbl. HeMenseHHO HaxoZMM mpo-
usBOLHYyI0 ¢yHKuuu V B cuay cucreMu (13.2):

V=—g(x)F(x).

Hy(‘,’l‘b CYUIECTBYIOT MOJOMXHUTEJNbHBIE KOHCTAHTHL a W [
TAKHe, UYTO BLINOJHAIOTCA CJENYIOLIHEe NBa YCJOBUS:

gX)F(x)>0 npu |x]<a, x+#0; (13.3a)
G(x)<l romxo mpu |x|<a. (13.36)

Torza B obmactu £, T. e. HA MHOXECTBE TeX TOYEK IIO-
CKOCTH, B. KOTOPHIX CMpaBeJuBO HepaBeHCTBO V (x, y) <,
BhnoJaHseTcs: Teopema VI Jle#icTButeabHo, u3 (13.36) u us
nepaBencrBa V <l cnenyer!), uro |x|<ea, ¥?2< 2/, Tak
yto o6aacte K, orpanmuena. Mcnoassys (13.3a), saxmouaem,
yro B 3To# o6Gaactu V < 0. Hanee, V=0 B Tex u TOMbKO
Tex Toukax obaactu @;, B KOTOpbIX X ==0, T. e. MHOMXeCTBO R
npesacrasaser cobo#t oce OY. Ho Bo Bcex Toukax ocu OV,
OTJMYHHIX OT Hayada koopiaunat O, yriaoBo#t kosddunHeHT

dy  —g(x)
dx — y—F (%)

') 3ameTum, 4TO, B CHAYy MPENNOJOKEHHI O OYHKIHH & (x),
dyuknua G (x) > 0 npu x==0. — ITpuns. nepes.
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HMeeT KOHeyHOe 3HAYeHHe, a NOTOMY Ha STOH OCH He MOKer
JIeXKATh Ayra TPaeKTODHU: HHBAPUAHTHBIM MHOXECTBOM SBJIAETCH
tToabko Touka O. ChenopateabHo, /a000e pelueHne, Hauu-
Halollleecss BO. BHyTpeHHeHl Touke obuaactu ), mpubaumaercs
npu f—00 K Hadaay koopaunat. Kuaue rosops, Hauano
KOODAMHAT aCHMITOTHYECKM YCTOHYMBO, a &, mpexcrasaser
coboft ,Mepy“ acHMMNTOTHYECKOH YCTOMYMBOCTH.

[MpuMep 2. YpasHedue Bau-nep-ITons
xte(2—1x+x=0, >0, (13.4)
9KBHMBAJIEHTHO CHCTeMé BTOPOro mopsanka

s=y—e(F—s), (13.5)

y=—x.

EIUMHCTBEHHOE T0JIOXKEeHHe PABHOBECHS — HAyaJo KOOPHMHAT;
OHO fBJISIETCS HEYCTOHYMBLIM y3JOM WJIH (POKYCOM B 3aBUCH-~
MOCTH OT BeJH4YUHB mnapaMerpa e. VsBecTHo Takke!), uro
cucteMa (13.5) wuMeer eauHCTBeHHbifi mNpenedbHbHI LHMKJA 8,
KOTOpH# OKpYXKaeT Hauano KOOPIMHAT.

Ecau saMenutv £ Ha — £, TO CaMH TPAaeKTOPUH He U3Me-
HATCS, HO HampapjeHUe [IBWKEHHS 1O HHUM CTaHeT NMPOTHBO-
NOJIOKHEIM. B wacTHOCTH, NpenesbHHHA UWHKA & OCTaHeTCA
TEM e CaMbIM, a4 HaYal0 KOOpAMHAT OyIeT yKe acHUMITOTH-
YeCKM YCTOHYMBEIM NOJOXeHHeM paBHOBecus. (QueBHIHO, YTO
00/aCTbI0 ACHMNTOTHYECKOH YCTOWUMBOCTH KaK pa3 aBJAfeTCs
06/acTh, 3aK/MIOUeHHas BHYTPH 3aMKHYyTo#l kpuBo# 8. OnHako
STOT BHIBOZL He uMeeT GOJbHION LLEHHOCTH, NMOCKO/bKY ¢aKTH-
YecKOe MeCTOMNOJOXEHHe MpPEeNeabHOr0 IHUKJIA O HEeH3BECTHO.

WurepecHble pe3yabTaTel NoJyuyaTcd, ecAM K ypasHe-
Huio (13.4) npuMeHUTb PasBUTYIO BbIIe OOLIYID TEOPUIO.
3aMeTHM, YTO BMeCTO TOro, 4roOb 3aMeHsTb £ Ha — f, Mbl
MOXeM npocTo cunTath e << 0, moayuas TOT XKe pesyabTar.
Bynem noaromy npeanosarats, yro B (13.4) u (13.5) nmapa-
METp € OTpHuUATeNeH.

') Cm., nanpuMep, Crokep Ik, Heauneitnsle koneGanug
B MEXaHWYECKHX H 3JEKTPHUeCKHX cucTeMax, WJI, 1952. — [Tpux.
nepes.
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CpaBnuBas ypasHennss (13.4) u (13.1), Mu noJayuaeM

f(x)=¢e(x2—1), g (%)= x,
F(x)=e(%3—x), G (x)="2.

Hanee, cienys npumepy 1, noayuaem

Vs =440 0=2"42

V=—ex(%a—x)=—ex2(%2 — 1).

Tak kax V <0 mpun x2<3, 10 BossMeM a=13. Janee,
2
BhiOepeM uHC/IO [ TaK, 4YTOGH HEpaBEHCTBO G(x)=% <l

6LlJI0 PaBHOCHJILHO HepaBeHCTBY X2 < a2; nis storo pocra-
TOUHO mosoxuts [ ==3(,. TakuM oGpasom, kpyr x2—4-y2 < 3
CONEPXKAUTC B OGJACTH ACHMNTOTHYECKOH  YCTOHYMBOCTH.
WnbiMu coBaMu, mpefefbHBIH HHKI & JEXHT NpH XIOGOM ¢
BHE Kpyra paauyca 1/3 C ULEHTPOM B Hayaje KOOpIMHAT.
JluameTp npenenbHOrO LMKAA HHKOrAa He Menbme 2 V/3;
STOT XOpOWIO H3BECTHHH{ pe3y/abTaT CHOpaBel/iHB NP BCex
3HAYEHUAX MapaMerpa e.

OTMeTHM, Mex1y TPOYMM, YTO MpPOBENEHHOE HAMM pac-
CYXIEHHe CPasy MOKAa3biBaeT aCHMNTOTHYECKYIO YCTOHYHUBOCTH
Hayana koopaunat aaa cuctemb (13.5) npu e << 0. dror
¢akt He sBaserca B oOwmeM cayuae ypasHenus (13.1) Tpu-
BHA/NbHBIM, MOCKOJMbKY JAuHHeHHHIe dwiaeHH B cHcTeMe (13.2)
HEeU3BECTHHI.

[Ipumep 3. Bo3bMeM Teneph ypaBHeHHe
x4 ax+4+20x+3x=0, a>0, 6>0; (13.6)

OHO 9KBHBAJEHTHO CHCTeMe
! x=y,

. 13.7
| y=—2bx —ay—3x2, (13.1)

paccMaTpUBaTh KOTOPYIO ynoOHee, 4eM HeMOCPEACTBEHHO CaMO
ypasHenue. IJT0 ypasneHue He mnoamanaer!) moa tun (13.1),

')y Nockoauvky dyskuua g (x) = 2bx -} 3x? He aBaseTCa Heyer-
Ho#. — Ilpun. nepes,
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paccMoTpenHuit B npuMepe 1, OAHAKO HHUKAKHX 3aTPYAHEHUM
NpU HUCNOJb30BaHMHM TeopeMbl VI y Hac He BO3HUKHeT.
[Monowenut pasHOoBecust y cucteMsl (13.7) npa: B Hayaze

xoopauHaT O H B TOUKe Pz{—-—g—b, 0}. Xapakrepucru-

YeCKHE KODHH A, M Ay MATPHUB JHHEHHOTO TNpPHOIMKEHHA
(COoOTBeTCTBYWOIEH NEpPBOMY INOJOXKEHHIO PaBHOBecus) ompe-
IeNAI0TCS M3 YpaBHEHHUS

—A 1
=22 ah 426 =0,
— 9% —a—) +ah+
Ha ocHoBanuu Teopemnl Bueta
Mtry=—a<0, MN,=20>0,

¥, CNeI0BATeNbHO, COGCTBeHHbie 3HAYeHus AUGO NeHCTBUTEb-
HHe ¥ OTpHlaTeJbHbe, JAU00 KOMIVIEKCHO COMPSIKEHHBIE
C OTPHUATENbHBIMH AeHCTBUTEIbHEIMK dYacTaMu. Takum o6pa-
30M, TOJOXeHHe paBHoBecHs O aCUMIITOTHYECKH YCTORUYMBO.

Has Toro urolH H3y4uTb IOJNONKEHHE paBHOBecHs P,

nepeHeceM Ha4yal1o0 KOODIMHAT B TOUKYy P, T. e. clenaeM
3aMeHy

2 o L 2
x—{—-?)—b—-x, Xx=x —-—gb.
B HOBHIX KoopAuHaTtax cucteMa (13.7) sanuiuercs Tak:
= v,
: % 2 *
y =—ay—-3(x ——3-b)x.

* *
XapakTepucTHuyecKHe KOPHH A M Ay Tenepb OMNpelesiorcs
H3 ypaBHeHHs

— 1 .
b — g =\ - ah* —2hp=0.
[Tockoabky ﬂk;: ~2b < 0, DeficTBUTENbHBIE KOPHH MMEIOT

MPOTHBOTIOJIOXHbIC 3HAKH. Takum 06pa30M, MOJOXKEeHne paBHO
Becust P siBnsierca cefnoM. TpaeKTOpHH CHCTeMbl NpPHG/IH3H-

6 3ax. 1824
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TeqbHO u30GpaXceHsl Ha puc. 22 1), 3awrpuxoBaHHad MJIOWALb
apasiercs 00/aCTbI0 aCUMNTOTHYECKOR ycToHUMBOCTH.

\

Puc. 22,

[lepetineM k onpehesienuto aTo#f obaactu. [lonoKuM

1 .
V(% y)=5 ¥+ 0x1+ &3
TOrAa
V= —ay
1) Hawano KOOpAMHAT cuHTaeTcsi yCTORUMBEIM pokycom; cayuqaii,

KOI/la Hayal0 KOOPAMHAT — YCTOHUMBHII y3eJ, NMPMBOAAT K aHanQ-
ruYHON xapruue (cM. puc. 23). — I[Ipum. nepes.
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O1ciona BuRHO, uTO BCioay BHe ocu abcuuce V <0, T. e.
MHOXeCTBO R JewuT Ha npsaMo#t y—0. Tak kak Ha OCH
abciyce BCIOAY BHe Hauyala KOOpAMHAT!) mpoussoanas
dy  —2bx—3x?
dx y
ob6paulaeTcssi B OeCKOHEYHOCTb, TO HHBAPUAHTHOE MHOXKECTBO
MOXeT COCTOATH TOJbKO u3 Toyek O u P.

4

Puc. 23

Tenepb Mh BhbepeM 00uacTh £;: MHOMXeCTBO Tex TOueK
IJIOCKOCTH, OTJHYHHX OT P, B KOTOpBIX BHINOJHEHO Hepa-
BeHCTBO V' < . 1191 3TOTO MBI PACCMOTPUM CEMEHCTBO KPHBBIX

Vi =2 4o 0=+

M OMNpelejuM 4YHCAO k==l Tak, 4T06H COOTBETCTBYIOLIAA
KpHBas MPOXOIUNAa 4epe3 TOuky P:

l=b(——§—b)2+(-—%b)3=%b3.

) U roukn P.— [lpum. nepes.

6*
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[Toctpoum kpuByo V (x, y)=1I

1 4
_Q_y2+bx2+x3_7b3,
HJIH

y=2 ) o B — 22— 2

da miaockoctH X, y (puc. 24). Iockonbky

x
Puc. 24.
d 2 2
E(y Y=—2(20x - 3x?),
Cpasy Mo/yuyaeM BCe SKCTPeMaibHble TOUKH 3TOH KPHBOH:
8 2
x =0, y = ‘/W b wu x2=———3—b, Yo=0

(mMepBas U3 HUX NAET MAKCHMYM IJg Y2, a BTOPAs — MUHHMYM).
[lpu Gosbmux x > 0 kpusas He OnpeleseHa, MOCKOAbKY y2
LesaeTcs OTPUUATE/bHHM. BHYTPEHHOCTh MOJyuMBILEHCA KPH-
BOM (3aliTpUXOBaHHas Ha puc. 24) u gsagerca 06JaCTbIO Q.
MHoxecTBo R mpencras/ser cofo#t uutepsan PQ ocu abenuce,
a MuoxecTBo M coctout u3 emnHctBeHHoR ToukM O. Creno-
BaTeIbHO, BCe TPAEKTODHH, HAYMHAIOLLMECH BO BHYTPEHHHX
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TOYKAX OBaJa, Npu f-—>00 npubamKaloTCd K HAYany Ko-
OpJAMHAT.

TakuM 00pa3oM, BHYTPEHHOCTb IOCTPOEHHOR KpHBOA
fBN9eTCS OGJACTHI0 ACUMNTOTHYECKOH ycToRuuBocTH!).

Ioanan ycmodwusocms. B caywae, Koraa Bce npo-
CTPAHCTBO §BJeTCS OGJIACTHIO ACUMIITOTHYECKON ycTOH4H-
BOCTH, FOBOPAT O noanoli ycmodwusocmu. OOwHe $aKTH,
KACAIOLIMECS DTOrO MOHATUH, Mbl W H3A0KUM Cefiuac.

VMeeT MecTo cuaelyioliee aHAJOTHUHOe TeopeMe VI mpex-
JOMeHHEe, KOTOPOe AOKA3bIBAeTCH COBEPIICHHO TaK XKe,

Teopema VIIL ITycmo V (x)—ckarapras dynxyusn,
LacmHbie nPoU3B0OHbIe Nepsoeo nopadna Komopol Henpe-
pulsHs npu 8cex x. Honycmum, 4mo 86iNOAHEHb CAe-
oyowue YcA08UR:

Q) V{x)>0 npu scex x=+0;
6) V(x)<0 80 8ceM npocmpaHcmee.
O6o03nauum 4epes R MHOdMCecmB0 8cex maxux mo4ex

npocmpancmsa, 8 Komopux V=0, a wepes M — marcu-
MQAABHOE UHBAPUAKMHOE MHOMNCECMS0, co0epicameecs
8 R. Tozda ramxcdoe peuwerue, ocmanujeecs 02PAHUYEH-
nan npu t>0, HeozparuwerHHo npubaudcaemcs K M
npu t—>—-oco.
Ecau csepx mozo ussecmno, 4mo
Vx¥)—>oc0 nrpu | x| —>o0,

mo xaxcooe pewenne o2paruseno npu t>0 u, caedo-
BAMEABHO, 8Ce DeuleHus HeoZPAHULEHHO RPUOAUNCAIOMCA
K M npu t—>co. B cayuae, xozda mHoxcecmso M co-
cmoum moAbKO U3 HAYAAG KOOPOuHamM, umeem Mecno
ROAHAA YcmohHusocHs.

MNpumep 4. CuoBa paccmorpuM cucremy (13.2), co-
XpaHUB TPEANOJOKEeHUs TNpuMepa | W 3aMEHHB YCJAOBHSA
(13.3a) u (13.36) caenyomumu:

gxX)F(x)>0 npu x£0; ('13.83)
G(x)—>o0 npu |x|—co. (13.86)

1) Koneuno, noayuuBmIaAcs oleHka 064acTH aCMMNTOTHUECKQH
YCTOHUHBOCTH oOueHb rpy6a (ocoGeHHO NO CPaBHEHHIO ¢ puc. 23),
ONHaKO OHa MO3BOAAET B pAje Clydaes cAenath NMOJe3Hble 3aKJiode-
Hua, — [Tpunm. nepes.



86 T'a. I JQupdepenyuarvnoie ypasnenus

Hcnoabsys 1y xe camyio ¢yHkuuio V, MB Jerko y6eauMmcs,
yto V—>00 mnpu x2-4-y2—>co. CuenoBaTelbHO, Kaxaoe
pewienve ypasHenud (13.1) B 3THX NpeRMOJOXEHHAX OrpaHH-
yeHo npu f>>0, a MHOkecTBO M, Kak M paHbllle, COCTOHT
TOMLKO M3 Hauaaa koopiunaT. Taxum o6pasom, ycaosus
(13.8a) u (13.86) oGecneynBaioT MOJHY YCTORYMBOCTH CH-
cremnl (13.2).

Hacto oxasmiBaercs, uro GoJee IMMPOCThie W CUJbLHBE pe-
3y/AbTaTHl MOJYYAIOTCH, €CAH OTAENbHO HOKA3aTh OrpaHUueH-
HOCTh pemienut (cM., HanpuMep, § 24).

Jle#cTBUTENbHO, A TOTO YTOOHI YCTAHOBUTH NOJHYIO
YCTOHYMBOCTh, HaM HEOOXONMMO yOeMTbCS, YTO Kaxaoe pe-
uteHne orpanumyeno npu £ >0, a mHoxectBo M cocTouT
TOJLKO M3 Hauaja xoopaunar. IlpeamonoxuM, uro V (x)—> oo

npu || x||—>oco u yro V(x) <0 npu x +0. Torma meco-
MHEHHO, YTO MHOXeCTBO M COCTOMT M3 Hayaga KOOPAMHAT M
HETPYAHO YOeAUTHCH, UTO Kax10e pelleHHe OTPAHHYEHO NpH
>0, Iycts x (f) — pellleHne, HAYUHAIOLLEECH B MPOU3BOJb-
HO# Touke x°, Torza wHalmercs Takoe AOCTATOYHO GOJbLIOE
anciao r, uro V(x) >V (x%, xax Ttombko [[x|>r. Ilo-
CKOMbKY V (x(£)) yGuibaeT ¢ poctom £, To ||x(¢)||<r nas
Bcex £>0, T. e. Kaxioe pellieHHe OrpaHuueHo. TakuMm 06-
PasoM, MLl 10Ka3adu CJICLYIOULYI0 TEOPEMY.

Teopewma IX. ITycms V (x)— ckaaapras $yiyus,
HLACMHbE RPOU3BOOHbIE NEepBoZ0 NOPAOKA KOmMOpoi He-
npepui8ub. npu 8cex x. Jonycmum, 4mo 6siHOAHeHb
caedynouue YCA08US:

a) V(x)>0 npu scex x +0;
0) V(x) <0 npu scex x + 0;
B) V(x)—co npu | x||—>co.

Tozda cucmema (13.1) o6uadaem nosnoli ycmoddu-
80cmb0.

Bo MHOrMX KOHKPETHHIX 3aJayaX yiderTcs NOCTPOHTH
dyuxuuio Jlanynosa V (x), ya0B/IeTBOPAOLLYI0 YCAOBHAM TeO-
pembl IX. IlpuMepaM Takoro poia mNOCBsleHA CJenyOLIas
raasa. OnHaKO 4acTO GBIBaET Jierve HalTH Takylo GYHKUHIO
Jlsnynosa, npousBoaHaa KOTOpPoH B cuay cucteMbl (FA) mump
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HeMOJOXKHTeTbHA, 4 3aTeM HCMoab3oBaTs TeopeMy VII. Cie-
AylOUUd npuMep gBJAAETCH TNPOCTOH HAMIOCTpauuedt 3TOro.

[Mpumep 5. OrHocutenbHo ¢QyHkuuft f u g, BXOAALIMX
B ypasHenue Jlbenapa

x4 f (%)% +g(x)=0, (13.14)
Mbl NMPeANnoJJOXHUM, qTO

a) xg(x)>0 npu Bcex x = 0;
6) f(x)>0 npu Bcex x =0
X

B) G(x)=fg(&)d&—>oo npu x| -—>co.
0

D1y NPeLNnoIOKeHU UMEIOT CleAylolult husHueCKuft CMBIC:

a) norenuuanbHas sHeprus G (X)— NOJOXKUTENbHO ONpe-
jeneHHas GYHKHHS KOODIHHATHI, uMeiowas npu x==0 Mu-
HHUMYM;

6) CONPOTHBJEHNE BCETIa MOJOXKUTENbHO;

B) NOTEHUHA/JbHA SHEPrHs HEOTPAHHYEHHO pacTeT C poc-
Tom |x|.

BMecTO HCXOJHOFO YDaBHEHMSl PACCMOTPMM 3SKBHBAJIEHT-
HYI0O eMy CHCTEMY

(;2”
y=—g(x)—f(x)y.

B xauectse ¢ynkuuu JlanyHoBa Bo3bMeM, KaK M paHee,
1
Vi, =59+ G(x)

MMEIOIYK) CMEICA TIOJIHOH SHeprud NMpu OTCYTCTBHH CONMpO-
Tusjenus. HemocpeldcTBeHHBIE BbIYMCACHHS AAIOT

Vix, y)=—f(x)y<0.

Ouepunno, uro npu x2-4y2—oco 6Gymer V(x, y)—>o0,
a moTOMy BCe pelleHHs orpaiuuensl mpu £ > 0. Jazee,
V o6painaercs B HyJb TOJLKO HA OCAX KOOPIMHAT, W SCHO,
YTO HdA OAHO pelleHHe, 33 HCKJIOYEeHHeM TOJIOKEHHSI PaBHO-
BeCHsl B Hauaje KOODIHMHAT, He OCTAeTCA HA OSTUX OCAX HNPH
Bcex £ > 0. Takum oOpasom, MHOKecTBO M cocTouT us
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Hauyaja KOOpAMHAT, u, mo TeopeMe VIHI, kaxnoe pewenne
CTPEMHTCH K 9STOMY MNOJOXEHUIO pABHOBECUS TMpH ¢ —> 0O,
CornacHo nepsolft TeopeMe JIAnmyHoBa N0/OMeHME DABHOBECHS
yCTOHYMBO, M, CJel10BaTelbHO, cHCTeMa oO6Jalaer MOJHOH
YCTOHUHBOCTBIO.

I[Tpumep 6. B npeamayuieM npuMepe HaM yAajioCh 1o-
crpouts dynkuuio Jlanysopa V, koropas cTpeMuTcs K Gec-
KOHEYHOCTH MpH [[X||—>cOo M ¢ ee NMOMOLIbIO NpUATH K 3a-
KJIOYEHHIO, YTO BCe pellleHns orpanuuensl npu ¢ > 0. Ceityac
Mbl [pPUBCAEM TIpDHMED, KOTOpblﬁ MMOKasbiBaeT, 4YTO HHOrjpa
6biBaeT Jerye JA0KasaTh OTPAaHHUEHHOCTb pelleHUH Hemocpen-
CTBEHHO.

HiMeHHO, npOXOMKHMM HCCAENOBAHHE ypaBHeHus JlbeHapa,
ocnabuB MPEINOJIOXKEHUsT OTHOCUTeNbHO (YHKUUH g (X) H
YCHIMB WX OTHOCHTEJbHO YHKUHM f(X), XapaKTepHayiOuleH
CONpPOTUB/EHHE (TPeHMUE):

a) xg(x)>0 nmnpu Bcex x+0;
6) f(x)>0  1npu Bcex x =+ 0;
X

Bﬁ]FuM=‘fﬂ9ﬁ—+m npu | x| — oo.
0

BossMeM Ty ke dynkumio Jlanynosa, 4TO M B Npenslny-
meM cayyae, ITOCKOMbKY M3 CHe/JaHHBIX TNpPEANONOMEHUH He
BhiTexaer, uro G (x)—> oo npu | x| — oo, nocaenHee ycaosue
TeopeMbl IX, BOOOHIe roBops, He BHNOJHeHO. IloaToMy Ha
ocHopaHHu Teopembl VIII Mbl MOMEM CHedaTh 3akKJIOueHHe
TOJbKO O TOM, YTO KaX[0oe OTpPaHHYEHHOE NPH BCEX
t > 0 pelienue CTPEMUTCSl K HavaJdy KOODIMHAT HpH f—> oo,
Takum o6pasoM, IJf YCTaHOBJEHMS TOJHOH ycTOHUMBOCTH
HaM Haj0 TNOKa3aTh, YTO BCE PeUIHHS NMpPH CLeJaHHBIX Npej-
NOJIOMEHUAX orpanuueHs npu ¢ > 0.

Yro6r y6eauthca B 3TOM, PACCMOTPUM Ha MJIOCKOCTU X, ¥
obaactb R (puc. 25), onpeleneHHy YCAOBHAMH

Vix W=+ <L
[y+F )P <a

Ipu mo6Lix noAOKUTEAbHBIX [ U @ 3TO — OrpaHHYeHHas 06-
aactb, Ilyctb x(f), y(f)— nmpousBosabHOe pellleHue; BHGepeM
yucaa L U g crToab OOJbIMMH, 4YTOOB HayaJbHad TOUKA
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3TOr0 pelilenus okasanacs B obaactd Q. Kpome TOro, msl
BHIGEPEM UMCIO & HACTOJbKO GOJbIIMM, uyTOOL Ha YyacTKe
kpuBoH Y-+ F(x)==a, 9BIAIOLIEMCA KYCKOM TpaHHIbl 00-
JactH @, BHIMOJMHANOCH HEpaBeHCTBO X >0, a Ha yuyacTke

Y

y+F(x)=-a

Puc. 25

KkpuBoft y— F (x)=— a, BXOAfllleM B TpaHuuy 95TOH 06-
JaCTH, BHIOJHANOCH HepaBeHCTBO X < 0.

QueBuaHo, peutenue x(£), y(f) He MOxeT BhiiTH H3 06-
nacta 2, He mepecekasch ¢ rpanuueft 3To#t obaactd. [Tostomy
OHO ROMKHO Mepeceubcsl MHOO ¢ kpuBo#t V =I, nubo c kpu-
Bo#t Y} F(x)==a, au6o ¢ xpusoft y+ F(x)=—a. Ilo-
ckonbky V <0, To peluenue, HauuHalolleecs BHYyTpu &, rie
V <1, He MOxeT Hepeceub TeX YuacTKOB TpaHullbl ITOH
06/iacTH, KOTOpHie HMeloT ypasHeHue V ==/. [lasiee, Jerko
MOACYUTATb, UTO

Ay PP =—2[y+F 0] g ().
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Ha yuacTkax Kpusnx Y-t F(x)== =t @, aBadioukxca ua-
CTAMM rpanHuusl obiactu £, ME noayuaem !)

L+ FP=—2a]g(x)] <0.

CrnenosarenbHo, pemeHue x(£), y(f) He MOMET NOKHUHYTb
o6aacte R, ¥ MOTOMy OHO OrpaHuHueHo npu Bcex f > 0.

Takum 00pasoM, NpU HECKOJbKO HHBLIX NPENNOJIONKEeHUSX,
yeM B NpelbAylleM NpHUMepe, MBI CHOBA MOKA3aaU MOJHYIO
ycrotunBocTs ypaBHeHus JlbeHapa.

OO6bluHO  HCC/Iel0BaHME HA YCTOHYHBOCTH 2BTOHOMHBIX
CUCTEM BTOPOTO MOPSAAKa He BHI3BIBAET TPYAHOCTEH. ITO
npoucxoaur Oaaroizapsa ABYM ofcTosTesbCTBAM. Bo-mepBhIX,
(a30BHIM NPOCTPAHCTBOM fBJSETCS MJAOCKOCTh, YTO JAeT HaM
BO3MOXHOCTb HATJIANHO NPEICTABUTb cefe KAUeCTBEHHYIO Kap-
THHY TOBeJeHHs TpaekTopult cucreMel. Bo-BTOpHX, OueHb
JerKO YraibiBaTb BJUSIHME COMPOTHBJEHHA (TPEHHS) B CHCTE-
Max C ONHOH CTeneHbI0 CBOGOJIH.

Tenepb MH NpPOJEMOHCTPHPYEM NpPUMeHEHHe U3JIOMKEHHOIO
MeToJa K CHCTeMaM TpeTbero mopaika., YpaBuedud, aHa-
JOTHYHBIE PACCMATPHBAEMOMY HHXe B NpuMepe 7, H3YHaIHUCh
B. A. Iauccom u A. H. OrypuosuiM.

[Tpumep 7. IllonbitaeMcs HalTH YCJAOBHA, KOTODHIM
IO/KHA yAOBAETBOPATH (yHkuua f(x), Xapakrepusyiowas
CONpPOTUBAEHNE, YTOOL ypaBHEHUE

X4 f(%) x+ax4bx=0
o6Gaagano noaHoft ycrofiuusocteio. [lpeanonaraercs, uro a
1 b — mosoxuTe/bHEIE MOCTOSHHBIE.
BBons HOBHIE NepeMeHHbBIE Yy=X M Z=x, Mbl nepeiigem
K SKBHBAJEHTHOH CHCTeMe
l T y,
Ly =2z, (13.18)
( z2=—f(y)z—ay—bx.
'y HanoMHuuM, ut0 Ha yuactke y-+ F(x)=a rpaﬂmm nMeeM

g(x) >0, a Ha yuactke y -+ F (x) = — 2 BHINOJHEHO OGpaTHOE He-
paBeHCTBO g (x) < 0.— Ilpun. nepes.
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dynkuuo JlanyHopa OyleM HCKATb B BHUIE CYMMBI KBal-
paTHyHO# GOpMBI U HEKOTOPHX HHTErpaaocB; mnoche paia
npo6 NPHXOIHM K BLIPAXKEHHIO

y
V(xy =5 2+byz b [ f@)udut@bx+ayp=
0

y
=§%(az+by)2+%(bx+ay)2+bf[f(u)—%]udu,
4}
npHyeM
V(. v, 2)=—a[f(y)—%] 22,

Ecmu f(y)>c¢ >% HpH BCeX ¥, TO HCHO, YTO BCe YCJO-

pusd TeopeMb I1X BuMOJHEHB, H cucTeMa o6Jjazaer MOJHOH
ycroftunBocThio. Ecan  Ke MpPeAnoJokUTh TOMABLKO, UTO

f()’)>£—, TO, BOOGWIEe rosops, He obssaTeabHo V —» 0o

npu x2—4 y2+422—>00. OIHAKO H B ITOM CJ/Iy4ae MONKHO
1aTh OTAEJbHOE AOKA3aTeJbCTBO (aHAMOTHYHOE PACCYHAEHUTM
B npumepe 6) TOro, 4TO BCe pelleHHd. OrPaHHYEHH MPH
t > 0, u cHOBa yGeluTbCd B MOJHOH YCTOHYHBOCTH.

§ 14. YcTofiunBoCcTh MO OTHOLIEHHIO
K TMOCTOSAHHBIM BO3MYILEHHSAM

[Tpo6aeMa yCTOHUMBOCTH NO OTHOLICHHIO K MOCTOSHHO
JeNCTBYIOIHM BO3MYIUEHHAM YCHJIEHHO M3yyaJacb COBETCKHMH
MmaTeMaTukamu, ocobGenno M. I'. Ma/jxuHBIM, KOTOpPOMY mpH-
HaJJIeXUT NOKAa3LIBAEMAad HUXKe TeopeMa.

BosBparuMcs K HeaBTOHOMHOM cHCTeMe

x=X(x, ), (F)

OTHOCUTE/ILHO KOTOPOR CHENaHHl Te e INMPeNNOJIOKEHHA, YTO
u paneel); B uactHoctd, X (0, £)=0 npu Bcex > 0.
Ecan paccMaTpuBaTh ,MPaKTHYECKHE® CHCTEMBl ypaBHEHHH,
KOTOpHle OTPAXAIOT KOHKDETHBle (PM3UUECKME MJH TeXHHuUe-

1) Cm. § 6 u 10.— [Tpuns. nepea.
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CKHe TPOLECCH, TO HECOMHEHHO, 4TO BO3MYILUEHHS NOJKHBL
BO3HUKATb He TOJbLKO BCJAEJCTBHE HAJHUUA HAYAJLHOTO OT-
kiaoHeHua x(0) #= 0. OCHOBHBLIM HCTOYHHKOM BO3MYyIHCHHH
OyLyT BHeIIHHE CjydYaHiHBle BJIMSIHUS, HaOpUMep, peskue
ToAYKH ¥ T. 4. C yueTOM BHELIHMX BOSMYLIEHHH HCXOMHAS
cucreMa (F) mpumer HeckO/MbKO MOAMMHUUMPOBAHHBLIA BUI:

x=X(x, H+R(x, ©). (14.1)

[Mpu 3TOM OTHOCHTeJbHO GYHKUMM R (X, f) HU3BECTHO JHIIb
TO, YTO OHa B HEKOTOPOM CMBIC/IE Mana. EctecTBeHHO OBLII0 6b1
OXHIaTh, YTO U 34eChb MMEET MeCTO HEKOTOpPAas YCTOHUYHBOCTb.

B aro#t cBf3M 3acayuuBaeT BHUMAHHA CJelylOllee Npej-
JIOXKeHHe, IOKazaHHOoe MajKuHBIM,

Teopema X. ITycms 0as cucmemsr (F) cywmecmeyem
dyuryun Jdanynosa V(x, £), 0 komopoi uzgecmno, umo
8 Hexomopol o6racmu Q: ||x||<p npu scex t>0 ona
yoosaemsopsiem 8cem mpebosanuam meopems 11 o6
acaumnmomuteckoli ycmoirusocmu?l). Hasee, nycms cy-
wecmeyiom mpu nOAONCUMEALHO OnpedeneHHble PYNKLLL
Wi(x), W(x), Wy(x) maxue, umo 8 o6racmu R npu
scex t >0 sunoansgiomes Hepasexncmsa

W) <Vix H<Wix)y Ve 6 <—Wy(x).
ITpeonososcum, xpome mozo, 4mo 8 obracmu 2 8ce
wacmusie npoussodusie oV/iox, i=1, ..., n, ozpanu-
yeno npu 8cex t>0; unave z080ps, cywecmeyem no-

cmoannags M >0 maxas, umo 8 o6racmu R 8unoAHeHb
HepaseHcmea

|a \ I=1, ..., 1 £>0.

B smux npeononoscenunx mpusuaibhoe peutenue ci-
cmenmst (F) yemoidinuso 8 caedyiowem cmvicre: das awo-
6ozo &, 0<e<p, cywecmsyom maxue 06a Hucaa
0E)>0 u () >0, umo u3 Hepasencms

[ 2O < 7y ()
[R(x, | < My(e) npu scex |x||<eut>0

suimeraem HepaseHcmso
lx@®ll<e npu scex ¢33 0.

1) Cm. § 9 u 10. — [Tpum. nepes.
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Ins 10KasaTenbCTBA STOH TEOPEMbl HCNOJAbL3YeM paBeH-
ctBal)

V=X ~gradV+%tK,
V,=(X+R)-gradV+2.

3aecy V —npoussonnas ¢yuxuun Jlanysosa V (x, ¢) B cuay
cucteMs (F) (T. e. mpomM3BOLHAA MO BpeMeHH OT STOH QYHK-
UMH BLOAb TPAaeKTOPHH HEBOSMyLIEHHOH cHCTeMBb), a V,—
npoussonHas 3TOH ke GyHKuuMM B cuay cucremst (14.1).
Iyctb m — HauMenbliee 3HaueHHe oyuxuun W (x) Ha
chepe H(e): |[x||==e. BcaeacTpue HemPepLIBHOCTH (yHK-
unn W, (x) u rax xak W, (0)=0, cywecrByeT TaKoe io-
JOXuTeIbHOE yucao 7, (g), uto W (x) <m B chepuueckoh
ob6aactu S (m): || x| < m. Ilostomy V(x, ) < m na cdepe
H(p) n V(x, )>m wua cdepe H(e) npun Beex
t > 0. Ilyctb (v~ NOJOKHUTENLHOE HaUMEHbIEe 3HAYEHHe

¢y W,y(x) Ha  KOAbHEOOPA3HOM  MHOXKeCTBe Sih:
n<|x<e u nyers 0< k<1, npuueM £ 10CTaTOYHO

: k
Maji0 OTJWuYaeTCs OT eJUHHUH. BosbMeM ”12(5)=;;§7 H

npeanonoxuM, uto [|R(x, £)||< My(c) npu Bcex x uz 2 u
Bcex ¢ > 0. PaccMmorpuMm rtpaekrtopuio cuctremn (14.1), Ha-
unHaULyloca B MOMeHT £==0 B Touke x0 oGumactu S(v,) #

IONMyCTHM, 4YTO 9Ta TPAEKTOPHA MONAAaeT B ,KOJbLO“ Sﬁh.’
Toria B HEKOTOPHIH MOMeHT BpeMeHH fy >0 MB NOJyuMM

V, < —Wy(x)+gradV - R
%
< —p 21‘ Fx;
i=
<—1—hp<o0.
CuencnatenabHo, V' yObiBaeT BAOJbL KaOXAOH TPAEKTOPHU CH-

cremsl (14.1) B ,Kombie” Si“, a MOSTOMY HU OJHA M3 TpaeK-

topu#t cucremsl (14.1), HauaBmuxca B obGnmactu S(7), He
CMOXeT HAOCTUrHyTh cepnt H (e). IDrto 3aBepluaer A0Kasa
L4

TeJbCTBO TEOPEMBI.

R K —pHrMIRIL

1y CM. coornowenune (10.1). — llpux. nepes,



Tanasa I

NPHWJIOXKEHHE TEOPUH JISNMYHOBA K 3AJAYE
ABTOMATHYECKOI'O PETYJ/UPOBAHUSA

§ 15. O6mue sameuanus o 3ajgaue
ABTOMATHYECKOr0 peryJdHpOBaHHs

Huratenb, KOHEUHO, HpeACTaBJseT ceGe Ty OTPOMHYIO H
B&XHYIO pPOJb, KOTOPYIO HTPAIOT pAa3HOro poOAa cepBOMexa-
HHUBMBl 4 DErynarTope B COBPEMEHHOH TeXHUKE M NpOMBILI-
JIEHHOCTH. '

Hauboabmutt Bkaal B TeOpui0 yCTOHUMBOCTH PabOTH TaKHX
npu6opos OB BHECEH YUYEHBIMH COBETCKOH MIKOJIH, CPelH
KOTOPHX mpexIe BCero HeoOxoauMo HaseaTb A. H. Jlypse.
Baxnble pesy/bTaThl B 9TOM HAaNpaB/eHWM MPHHALJNEKAT TAKKE
A. M. Jlerosy, U. T. Maakuny u B. A. S$kyGosuuy.
B uactHoctH, B. A. flkyGoBuuy (M napaanesbHO C HHUM —
P. 9. Bsccy, paGota xOTOpOro ocTanach HeomyGJIHKOBaHHOH)
NPUHAJEKUT U3JNOMEHHe BONMPOCA HAa OCHOBE LIMPOKOTO
MCIIO/Ib30BAHHA TeOpUH MaTpuu. VIMeHHO STOT mnoaxod u
Oyner celuac HaMu pacCMOTPEH.

JeRcTBUTeIbHYI0 KBAADaTHYI0 MaTpuuy A, Bce Xapakre-
PUCTHYECKHE KODHH KOTOPOH MMEIOT OTpHUATE/abHble AeHCTBH-
TeJAbHHE YacTH, Mel OyleM HasblBaTb, Kak ceHdac 5TO mpu-
HATO, YcmoUwugoli mampuyei. DTOT TepMUH MO3BOJSET
KPaTKO COpMyJHPOBaTH CJEAYIOLIee YTBePKACHUE: CUCMEMA

x=Ax acumnmomuuecxku ycmoliiusa mozda u MOAbKO
mozda, Koz0a mampuya A ycmoluusa.

[Tyctb S — peanbHbfi 00beKT (MeXaHHuYeCKUH, 3JIeKTpH-
yeCKHH, TEMJIOTEXHHYeCKHH HJIH HeKOTOpas MX KOMOMHAUus),
NpUYeM €ro COCTOfiHHE B KaXIHH MOMEHT BpeMeHM Xapakre-
pusyeTcsi 3HaueHMAMH KOHEUHOTO UHCIa NapaMeTpoB i,
Uy, ..., Uy, T, €. BHAYEHUEM I/1-MEPHOTO BeKTOpa 4. OTH
napaMeTpbl MOTYT GBITb KaK NMO3MUMOHHBIMH, TaK U KHHEMATH-
yeckuMH. JlonmycTuM, YTO H3MeHeHHMe COCTOAHHA oObexta S
C TeuyeHHWEM BpeMeHHM MOJUYMHSETCS HEeKOTOpO# cucrteMe OGHIK-
HOBEHHBIX JHpdepeHUHaAbHBIX YypaBHeHUH, HMelolle# B Bek-
TOPHOH 3amucu BHI

u==U (&). (15.1)
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KoHeuHo, 310 HeEKOTOpOe [OMOJHHTEAbHOE NPeldNON0KeHHE,
HO Mbl ZOJIKHH €ro CleaTh, YTOOH CO31aThb PadyMHYI0 Ma-
TEMaTHYECKYIO TEOPHUIO.

IMyctb snayenuio # = u" COOTBETCTBYET COCTOSIHHE pPAaBHO-
pecus o6Gbexkra S. Torma U (4% =0, Ttak uyrto TOuka u?
AIBASETCS MOJIOKeHHeM paBHOBecHs cucTeMbl (15.1). Jlonycruy,
YTO B CHJY NPAKTHYECKUX cOOOpaieHHH KeaaTelAbHO Yjiep-
#uBaTh 06DbexkT S Kak MomHO ,6mmke’ K cocTosHuIO 4O,
VlHaye roBop#, kKeJaTelbHO, YTOGH MOJIONKEHUE paBHOBecHs u®
6HJ0 yCcTOHuUMBH M. BBeleM HOBHH BekTOp y=u— ul.
d1a 3aMena mepeMeHHbIX NpuUBOAMT cucTeMy (15.1) k BuLy

y=Y=U@+y), Y(©0)=0. (15.2)

B HOBHIX KOODAMHATAX Y;, ..., Y,  ABISIOLIUXCA KOMIIOHEH-
T4MHM BEeKTOpa Y, MOJIOMEHHEM DABHOBECHS CTAHOBHTCS Hayajo
koopauHaT y =0. Cuuras, 4yTO BEKTOP Y BCE BpeMs OCTaeTcA
MalbiM, MOXHO (NpM BecbMa OOLIUX TNPEANOJONKEHHX) AJA
pelieHHs] MPAaKTHYECKUX BONPOCOB BMECTO HeJuHeRHOR cu-
cremsl (15.2) paccmatpuBarh JuHe#iHOe MpUOAMKEHHe

y= Ay, (15.3)

rie A — nocTosiHHas Matpuna. Byzem Bnpelb mpenmoJarats,
yro Marpuua A HeBHpOXIeHHad, TaK uto |A| = 0.
© Jlas Toro YToGH! yAepuBaTH 06beKT S BOIM3H 1OJONKE-
Husl paBHOoBecus y==0, ucnoabsyerca peryaarop. Ilycte § —
CKa/spHHIl MapaMeTp, XapaKTepH3YIOLIUK COCTOSHHE pery.d-
Topa, npuueM yciaoBde £={ o3Hauaer, YTO peryjadarop oT-
KJIIOYEeH.

VpasHeHusi ABHXKEHHS CHCTeMH ,00bekT S+ peryastop®
3amucHIBalOTCA B Buge )

£ = f (o) (15.4)

g —_;c’y—r';',

) Hanomnuwm, 9T0 ¢’ — BeKTOP-CTPOKA; 3TOT BEKTOP MOJYyUaeTcs
TPaHCMOHMPOBAHHEM BEKTOpa-cToabua ¢, tak uro ¢’y = c¢.y. Takoe
0o0o3HaueHre CKaAApHOTO npousBeieHMs (cM. § 3) npuMeHdaerTcs
B AaabHedmeM Bcwopy. — ITpus. nepes.
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rie b u ¢~-=-fn-MepHble BeKTOPH, a r — cKaadp. CxanapHuift
napaMmerp o (cuzHas) npencTasaser COOOH NMPOMEXYTOUHYIO
Besuuuny. Ckanapuas dyukuua f (o) HasbiBaeTcs xapawme-
pucmurod peryasropa. OOBIYHO MNpeaNoJaraeTcd, YTo Xa-
paxTepucTHKa 00/agaeT CAeLYOLIMMU CBOMCTBAMH:

6f(@)>0 npu o=+£0; f(0)==0. (15.5)

Ipadux  xapakTepucTukd f(6) MOXET HMeTb AOCTATOYHO
APOU3BOAbLHYIO (POPMY, HO OGLIYHO 3TO OuiBdeT OAHA U3 (YHK-
uu#, THma u3oOpameHHHX Ha puc. 26. B naabHeHmeM, u3-

flo) ‘f(o') 1)“ (o)
7 e /la i l lo a

Puc. 26

feras H3JIHWIHMX YCHOXHeHWH, Mb OyzeM, B JONOJHEHHe
K (158.5) cuurarp, uTo GyHKUMA f (o) HempepblBHA H

ff(c)dc=+oo (15.6)
0

(unTerpajs OT Hee PAacXoxuTcd). ITO mocaeiHee CBOKCTBO Mo-
TpebyeTcss HaM npu nocTpoeHud ¢yuxuuu Jlsnysosa.

Yno6uee paccMaTpUBATL 3a4avy B HOBLHIX MEpPEMEHHHIX X, G.
HMeHHO, BMeCTO HepeMeHHHIX Y, £ BBeleM

x= Ay +tb, s=¢'y —rt. (15.7)

Bropoe u3 3THX COOTHOWIEHHH COBManaeT ¢ MOC/JeIHHM ypaB-
HenneMm B (15.4).

flcHo, uto ecau y-—>0 u £—>0, TO HeorpaHHYeHHO YyGHI-
BAaIOT Takke X u o. JKenaTeabHo, UYTOOH HMENO MeCTO U
o6patHoe yTBepxaeHue: ecit Xx—>0 u a—>0, T0 y—>0 1
£—>0; oHO 03Hauano OB, YTO YCTOHUMBOCTb MOJIOMEHHs PIB-
HOBECHSl B HOBBIX KOODAMHATAX SKBHBA/JEHTHA €ro ycTOHu M-
BOCTM B NEPBOHAYAMLHBLIX KOOpAWHATaX. DTO yTBEpKIAEHHE
CnpaBennBO, ecaun u3 cucteMsl (15.7) mepeMeHHble y W &
OLHO3HAYHO BhIpaxalorcs wepes x u o. Ho (15.7) —ajre-
Opauyeckas cucTeMa, cocToslas M3 n -1 JauHe#dHBIX ypaB-
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HeHn# ¢ 7 -+ 1 HeusBeCTHBIMHU; ee MOXKHO OLHO3HA4HO obpa-
THTb, €CJIN Marpuua ee KO3(DQUUNEHTOB HeBbIpOMKIeHa. FHbiMU
CJIOBaMH, ONpeIeqNUTeNb MaTPHIbI

A b
<c, _r> (15.8)

HOMKeH ObiThb OT/iMuen oT Hy’as. Tax kak Matpuua A HeBbl-

-1
poxieHa, To cyuecTsyer ob6patHad Marpuna A H, cae-
AOBATEJbHO, CYILECTBYeT MATpPHULA

Al oo
= , .9
A < 0 1> (15.9)

Takxe HeBBpOXAeHHad, TloaToMy, mas TOro 4ToOH ompene-
auteb Marpuubi (15.8) Obll oTaMYeH OT Hyas, AOCTATOYHO
noTpe6oBaTh, 4YroObl OBJIO HEBHIPONAEHHbLIM IPOU3BEAEHHE
Marpuu (15.9) u (15.8), xoropoe paBHO

<E A*‘b>
¢ —r /)

Bhiuncisg onpelenntens TOH Moc/ielseft MaTPHUUE, Mbl MOJy-
yaeM HepaBeHCTBO !)

r+c¢ A% £0, (15.10)

Hajaraioliee OrpPaHHYEHHs HA MapaMeTphl peryasaropa: Bek-
Topel b, ¢ u ckaxsp r. Beane B nanbuefimeM ycaoBue (15.10)
MBI Npeino/jaraeM BHINOJHEHHBLIM, TaK 4YTO 3aMeHa NepeMeH-
#eix (15.7) momyctuma.

B HOBHIX NepeMmenHblX X, ¢ BMecTo (15.4) moayuaem cu-
cTeMy

-y
{x *HI@b (15.11)

o =c'x—rf(q).

') . Hepasencrso (15.10) moayuaetcss M HeNmoCpeACTBEHHO, eCaH
onpejeauteas MaTpuubl (15.8) pasnoxuTL cHauana no sAeMEHTAM
NOC/AERHEr0 CTOAGUA, 3aTEM TOJYYEHHbIE MHHODBI Da3JONKHTb [0
3NEMEHTaM NocheHel CTPOKM M, HAaKOHel, BCe BHpakeHue pasjie-
Auth Ha | A|. — [Tpun. ped.

7 3ax. 1824
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DT0 OCHOBHAf CHCTeMa, K KOTOPOH OTHOCATCH BCE JajdbHeH-
e MuCCJael0BaHHA 3TOH TrJaBHl.

3aMeTHM 31eChb Cpasy, uToOB He BO3BPALIATLCH K ITOMY
nmoaxe, uyro ycaosue (15.10) HUHBAPMAHTHO OTHOCHTEJBHO
npeo6pasoBanns !) koopaunat x = Px*, npuMeHeHHOro K cH-
creMe (15.11). JleAcTBUTENBHO, TNOC/JE TAKOTO Npeo6pasoBa-
Hust cucteMa (15.11) npuMer Bun

x'=P'APx"+ f ()P b,

. (15.12)
| o=c¢Px*—rf(o),

T. e. Matpuua A mepeitner 8 P~ AP, Bexkrop b—z P7'b,

BekTOp ¢’ —B ¢’P, a cKkansp r He uaMenutcs. [loaToMmy

AT c'P(P'ATP) P o= c'A7".

Mpexne 4eM uITH Kajdbille, OTMETHM, uTO MaTpuua A
Oyner npeamonarathca ycro#uuso#h. Ilpusieuenne stolt pa-
Goue#t rumoTesbl ONPaBEAHO CJELYIOUWUME COOGPaXKEHHAMH.

[ToJsoxum
f(@)=ks—- f,(a), (15.13)

rae & > 0 — nocrosnnoe uyucio, a oyukuus f, (o) npu ¢ —0
ABJfETCS Majoit Ooniee BEICOKOTO MOPSAKA MO CPABHEHUIO
¢ ¢. Hnaue roBops, kpuBas f(s) uMeer B Touke 6=0 Ha-
KJIOHHYI0 (HEerOPHBOHTA/LHYI0) KacaTeabHyW. Matpuued au-
neiiioro npubmmkenus cucremer (15.11) 6yner Torza

4 kb 15.14
%_ cl ——kr * ( . )

Ilna acuMOTOTHYECKOR YCTOHUHMBOCTH MOJIOMEHUS pPABHOBeCHS
x==0==0 marpuua (15.14) gomxna Gurp yctoHunpoit. Ipu

== 0 xapaxTepHCTHYECKHe KOPHH 3TOH MATPHUB COBMAAAIOT
C KODHSMM MHOrOY/IeHa

A—\E 0

oy |[=—MA—E|=0,

KAKOBHIMM  AIBASIOTCA HYJAb M XapaKTePUCTHYECKHE KOPHH
matpuitst A. Ho torza mpu wmaaom £ onus M3 Xapaxtepu-

1) HeswipowpenHoro. — [Mpum. nepes.
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CTHYeCKHX KOpHeit Marpuusl (15.14) Oymer Majd, a ocraib-
HbHie 7 OYeHb OJM3KH K XaPAKTePUCTHUECKUM KOPHSIM Ma-
tpunbi  A. CuaenosatenbHo, ecin Obl MaTpuua A uMmena
XapaKTePHCTUYECKHE KOPHH € MOJOMKHTENbHBIMU NeHCTBUTEAb-
HbBIMM 4H4CTAMH, TO STHM Ke CBOficTBOM o6jaazaia Ob 4
marpuua (15.14) npn gocraroyno Majiom k. Ilas Toro utoObt
¥30ekaTb YCAOMHEHHH, Mpolle BCEro CuuTaTh MaTpuuy A
ycToHunBo# 1).

OvueBuaHo, i TOrO YTOGH peryaarop oGecheuuBan
YyCTOHUMBOCTL, HA NApaMeTp R HO/MKHO OHITh HAMOXEHO elle
KaKoe-TO AOMOJHUTENbHOE OrpaHuueHHe cHuay. Haxowen, xo- -
Teqocb OB OOecneuuTb YCTOHYMBOCTH M JaXKe ACUMATOTH-
YeCKYI0 YCTOMYMBOCTL I/s OoJiee MM MeHee NPOMU3BOJBLHOMN
XapaKTepucTHKH f()?) M NPOM3BOJNBLHOTO HAYAJALHOTO YCAO-
Busi (NnoJHasg ycTohumBocTh). Takas ycTOHUMBOCTL HOCUT Ha-
3BaHHe a0COAIOMHOE Yycmolvugocmu.

L eACTBHTEILHO, YCTAHOBJIEHHBIE HHXE LOCTATOYHBIE YCIO-
BUA ACUMIOTOTHYECKOH yCTOWYMBOCTHM TapaHTHPYOT abcoxiom-
HYIO acumnmomu4eckyio ycmoduugocms, T. €. aCHMITOTH-
YECKYI0 YCTOHUMBOCTD Npu JIOOLIX HAYaMbHBIX YCJAOBHSIX H
NpoU3BOJLHON xapakTepuctuke f(s). HHmMu caosamu, cu-
crema Oyner o6janath NOJHOH yCTOHUHBOCTHIO MPH J06OH
HENpepbBHOR dynxuun f (o), - yNOBJIETBOPSAIOWEN YCIOBAAM
(15.5) u (15.6).

§ 16. Mocrpoenue crenuansuolt Qynxunu JanyHosa

Mpr mepeitnem Tenepb K MocTpoeHuio ¢yHxuuu JianyHopa
CrenuanbHOro Buaa, BeeneHHo# A. M. Jlypee. Ycaosud, npu
KOTOPHIX 3Ta (YHKIHA YIOBJAETBOpPsieT TPeGOBAHUAM Teo-
peM § 13, OyayT IOCTATOYHBIMH YC/OBHSMM A9 MOJHO H#
YCTOHUMBOCTH (4CHMNTOTHYECKONH YCTOHYMBOCTH B LEJIOM) CH-
crembl (15.11). HyxHo, onHako, we 3a6eBaTb, YTO OHM He
ABASAIOTCA HEOGXOAMMBIMA YCJOBHSMH TOJHOR yCTOHYHBOCTH.

') Cayuan, xorga HekoTOpHe jeHCTBHTEIbHHE HaCTH XapakTe-
PHCTHYECKHX KODHEH MaTpullel A paBHH HYaO, 3 OCTAJbHHE — OT-
PULIATENbHDI, ABAKIOTCA OCOGHIMM CAYYasiMH M TPeGYIOT CHelHadb-
HOro uccaenoBauus (cM. § 19). — ITpun. ped.

3 %) A He TOMBKO AAA TUHCHHBIX XaPAKTEPHCTHK y = ko, — [1pui.
peo.

7*
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Mul monsiTaeMcst mopo6Gparh Gydkuuio JIsmyHoBa B BuIe
V (%, )= x'Bx —i—ff(c)dc. (16.1)
U

rie Marpuua B >0 u B'=B. dyuxkuua V u Bce ee uacT-
Hble TPOM3BOLHBIE IIEPBOTO TMOPSAKA HENpepLIBHEL BO BCEM
npocrpaictTee x, o. Janee, V mpeacrasaser coboit cymmy
IBYX CJ4raeMblX: Nepsoe MOMOXKHTEIbHO NpH BCceX x =+ 0,
a BTOpOe —IIpH BceX o=+ 0, T. e. ux cymma oOpamaercd
B HYJb TOJABKO TpU Xx=0=0 U INOJOXHTE]IbHA BO BCEX
apyrux cayyasx. CrenosatensHo, ¢yuxuus (16.1) — nonoxu-
TEeJbHO ONpeJeleHHas B NpocTpaHcTee x, o. [lpeanofoxe-
#ue (15.6) o xapakrtepuctuxe f(c) o3nayaer, UTO

V(x, 6)=—>co npu || x |2 43%—co.
ITpoussonnas ¢yuxuuu V B cuay cucrempt (15.11) pasna
V(x, 0)=x'Bx—+ x'Bx + f (c)o =
= x"(A’'B-+ BA)x —r[f?(c)—+ f (o) (b'Bx -+ x'Bb -+ ¢’ x).
Tlockoabky B’ =B, MBl HeMeJJeHHO NOayyaeM 1)
b'Bx— x'Bb=2b'Bx =2(Bb) x.

Brenem marpuny C:
A'B+ BA=—C; (16.2)
TaK Kak
C'=—(A'B+BA) =—(BA+ A'B)=C,

10 C sBAseTcs Marpuuedl HeKOTOPOH KBaipaTHUHOH (OPMHL.
‘OKoHYaTebHO

V (x, 0)=— x'Cx —rf2(c) - 2f(c)(Bb +5 c)' x. (16.3)

TakuM o6pasoM, V — kBanpatuusas GpopMa OTHOCHTENLHO
X vovs X F(0). Mp  xoTHM cHenaTh  KBaApPaTHUHYIO

1) B camom pene, mo CBOHCTBY CKaJiiApHOTO HPOHM3BEXEHHS
cy=y.x, T. e x'y=y'x, a mnoromy & Bx=(Bx) b=
= x'B’b = x’Bb. 3pmech HCHONB3YETCS TaKxKe H3BECTHOE NPABUIO
TPaHCIOHHPOBaHWA nNpousseienus marpul; (AB) = B’A’.— [Tpunm.
nepes.
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dopmy V orpuuartesbHo onpesesfeHHOH, 4TOGH YAOBJETBO-
puth ycaopusm teopemsl IX, § 13. Ias storo Heob6xoaumo 1),

uTo6Hl, BO-mepBhiX, V (x, 0) 6nJa OTpHUATEJLHO Ompene/eH-

Ho#l pynkuuett (1. e. uro6n C > 0), U, BO-BTOPHIX, V(O, )< 0
npu Bcex ¢ == 0, a MOITOMY HO/KHO ObiTh r > 0.

§ 17. CootHomenne mexay matpuuamu B u C

Mbl u3yunm cooTHomeHue (16.2). Ono moayvaercs cie-
nyouuM o6pasoM. BosnMeM ypaBHeHue, OMUCHIBANOLIEE IBH-
KeHue oObekTa S NPH OTCYTCTBUHM peryasaropa:

x=Ax, (17.1)

u paccMorpuM byHxuuw W (x)= x’Bx. [lpoussonuas srtolt
¢byukuun B cuny cucreMmst (17.1) papna

W= x'(A'B+ BA) x = — x'Cx,

rze matpuua C onpenenserca paseHctBoM (16.2). Oue-
BuIHO, W Moxer OHTb HaltmeHo wus Qopmyas (16.3), ecam
nonokuts ¢ =0, f(o)==0.

BaxuoiM. caescTBHeM MpuBefeHHOH UHTepmperaiud pa-
BeHCTBa (16.2) ABasercs TO, YTO IMO COOMHOUleHUe cOXpPa-
Haemcsn Ge3 u3MeHenus npu npeobpas3os8anuu Koopou-

ram?). Cessb Mexay W n W ne sasucutr or BrOOpa cH-
CTEMEl KOODJAMHAT: €CJM OT KOOPAMHAT X MepefTH K KOOp-
auHaram y no Qopmyne x =Py, 1o W (x) npesparurcsa
npocto B W (Py), a W(x) —B W (Py). Takum obpasom,
cootnomenne (16.2) coxpausercd u RIS HOBHIX MaTpHL
A, B, C. '

CHoBa BoO3Bpalwasch K cootHowenuio (16.2), nerxo su-
AeThb, uTO MaTpuua B onHozHauno onpegenaser Marpuuy C
npu moOoH marpuue A. DTO yTBepKAEHHe, ONHAKO, HE TaK
BaxHo, kak oOparuoe. [lyctb A, ..., A, —KOpHH xapakTe-
PHUCTHYECKOTO YDaBHEHHS MaTpuubl A, KaxIHH H3 KOTOPHX
MOBTOPEH CTOJbLKO pPa3, KaKOBa €ro KPaTHOCTb.

1) Ho ne pocratouno. J[ocratounble yCAOBHA BBIACHAIOTCS
B § 18. — ITpus. nepes.

2?) KoHeuHo, HEBBIPOWAEHHOM. ~— [1puM. nepes.

8 3ax. 1824
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Teopema XI. Ecau 8ce cymnn )\r}-)\j#o, i, j=

=1, ..., n, mo cuumemputeckas mampuyae B odro-
3Ha4HO onpedeasemca no cummempuieckoli mampuye C
(npu smon Hecyuw,ecmeenHHo, ABASIOMCE 3IMU MAMPUYBL
NOROHCUMEABHO ONPEeOeAeHHBMU uAl Hem). [pyeumu
caosamu, coomuouwenue (16.2) oxa3vaemca 83auMHO
00HO3HAUHBIM: cYyuecmeyeml) 00Ha & mOAbKO OOHA CUM-
Mempudeckans mampuya B 0axa xawcdoi cummempuvec-
kol mampuyee C, u o6pamto.

Baowcneli wacmuali cayraii: mampuya A ycmodnusa.
Ycaosue TeopeMul ki—l—)\jq& 0, oOueBMIHO, BHINOJNHEHO, H

TeopeMa NpUMEHHMA.

HdokasateabcTBO. BonuumeMm ycaoBus cuMMeTpuu-
HOCTH MaTpuibl B u ycr1oBHS paBeHCTBa COOTBETCTBYIOUIMX
3/IEMEHTOB MaTpHil, CTOAWMX B cOOTHOmeHuH (16.2) ciesa
u cnpasa. Toraa Mbl mnpugeM K Cleiyiome#ft CUCTeMe auHei-
HBIX ypaBHEHHH 1Ja Onpeje/ieHHd S/EMEHTOB b, 0O 3alaH-

HBIM uuCaaM ¢;;2):

bp=0by, i k=1,2,..., n,

7 (17.2)
mz—l (amibmk -+ amkbim) =—Cy, > k.

B cuany coobpamenuit, BHCKA3aHHBIX B HayaJe HACTOA-
mwero maparpada, 3Ta cHCTeMa He u3MeHseTCss NpH npeoGpa-
30BaHMM  KkoopaumHat x =Py, rae P — HeBHpOKIeHHAs
Matpuua. ITocse Tako# 3aMeHEl MOJYYAKTCA HOBBIE MATPUILLI

A*=P7'AP, B*=P'BP, C*=P'CP, (17.3)
YAOBJETBOpAIOLIHE COOTHOUIECHHIO
AYB* 4+ B*A*= —C". (17.4)

MMoayualomwanca orcioga cucteMa (17.2)* nas s/7eMEHTOB STHX
MaTpul, orauyaercd OT cucreMul (17.2) TOAbKO 3Be3nOuUKAMU
Han OYKBaMHU.

') lpu moGoit marTpune A, yROBJAETBOPAIOWEH YKa3aHHOMY
B YCIOBMH TEOPeMBl OrpaHuueHuw. — ITpum. nepes.

%) DneMeHTH @;; MaTpuil A MPEANOAaraloTCsl H3BECTHBIMH, ~e
Ilpun. nepes.
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UssectHo, uro mpeoGpasopanue Kkoopauxat P (ObiTh
MOXeT, KOMILIEKCHOE) MOMHO BhIOpaTh Tak, 4ToObHl!)

G, 0)

G?
A¥ == : ,
1 0 G,

rae G, — kBanpaTHbie KjaeTkd (,040kd“) Buna?)

A, 0 0 ... 0 O
e A, O ... 0 O
0 ¢ % ... O 0 .
0 0 0 ... }» O
0 0 0 ... & A,

3nech & — MOCTOSAHHOE (XOTA M MPOU3IBOJAbHOE) UUCAO, OTAMY-
HOe OT HyJs, Npu4yeM COOCTBEHHble 3HaueHUs MaTpuusr A*
He 3aBUCAT OT &.

ITycte A(e) — onmpelesurteab JauHeftHo# cucteMu (17.2)%
HeTpyIHO yOemuTbcd, 4TO A(e) §BJSETCS MHOTOYJIEHOM OT-
HocuTeJbHO €. B uwactHocTH, npum e =0 wu3 (17.2)* moay-
yaeTcs CHCTeMa

bip=">bp;, i, k=1, ..., n

. . (17.5)
i +rp)bip=—cip, ik

Caenosatedbto, ee ompefeauteas A(0) paBeH HPOH3BENEHHIO

BCEBO3MOXHBIX CyMM, A ~1-X,, i2> %k u, B cunay yciosus
TeopeMbl, OoT/avyeH OT HyJad. [lockoabky A(0) == 0, T0 MHO-

') D10 Tak HasbiBaeMas HOPMa/bHas XKOPAAHOBA (OPMA MATPHLL;
kiaeTkd (Fp HA3BIBAIOTCS KOPAAHOBHRIMH KJIeTkamu. [Toppobuee o npu-
BeJeHHH MaTpul K XopAaHosoii ¢opme cM. FanTMaxep P. P,
Teopuss martpuu, [ocrexuszar, 1954; Maanuner A. U, OcHoBm
aunefinoit aire6pnl, Puamartrus, 1956, — [1pur. nepes.

2) O6biuHo npuHHMalT & = 1. — [Tpum. nepes.

8*
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rousied A(e) He pasen Hya0 TowmecTBeHHO. OH HMeeT JHLIb
KOHEYHOe YHMCJO KOpHeH, u ecld Mbl BEHOEDEM € OTAMYHLIM
OT BCeX BSTHX KOpHEeH, TO Hoay4uM HepaBeHCTBO A(e) =+ 0.

*
Tenepb HeusBecTHHE b;p ONHO3HAYHO OMpeleJsOTCH U3
cucremsl (17.2)" mo samaHHeIM uMcaaM ¢j,, T. e. MaTpuua B*

OJHO3HAYHO BOCCTaHaBauBaercs 1o Marpuue C*. IMockoabky,
najsee, B* u C* ONHO3HAYHO ONpPeLENsIOTCS COOTBETCTBEHHO
no -Marpuuam B n C pasenctamu (17.3) u 06paTHO, MOXKHO
3aKJIOUNTh, UYTO BCE 3JEMEHTH MaTpPuubl B B3aUMHO ONHO-
3HAYHO OfpeneJsAnTcs U3 cucteMsl (17.2) uyepe3 wusBecTHble
sneMenTl Marpuubl C. TeopeMa nokasaHa.

Teopema XIl. [Ilycms wmampuya A ycmoduusa.
Ecauw mampuyga C noroxcumessHo onpedesensna, mo
yreasannas 8 meopeme Xl mampuya B — eduncmsennoe
cummempuueckoe peuwenuve ypasuenus (16.2)— maroce
ROA0ICUMERbHO ONpeOereHHA.

HokasateabcTBO. Mb TNOCTPOHM SIBHHIM 06pasoM
CUMMETDUUHYIO MaTpuly B ¥ MNOKaXeM, YTO OHa IOJOXKH-
TeJbHO ompeletenHas, ecan C > 0.

SIsHoe pemenue cucTeMbl (17.2) monyyaeTcs cC/eRyioLIMM
obpasom. Ilycre 1)

Yy=-—YA (17.6)

— MaTpHyHOE ypaBHeHHe, conpskeHHoe (cM. § 5) kK cu-
cteMe (17.1). Torna yGeaumcst, 4TO ,
0

B=— [ Y’ (£)CY (¢) dt.

— 00

[Tpexne Bcero Mbl AOJKHH NOKA3aTh, YTO HHTErpajg CXO-
nutca. CornacHo csoicrsy I, § 5, ssemeHTH Marpuub Y
NPelCcTaBAAIOT COGOM KOHeuHble CYMMH 4JeHOB Buia g(f)e~ M,
rie g (f)— MHOTOWIEH CTeNeHH MeHblle 7, a A — XapaxTte-
puctHueckuit kopenb Marpuus A. Ho Torza TouHo Takoe e
yTBepkKieHHe CNpPaBel/]UBO U AJA BCEX 9JEMEHTOB MaTPUILH

") 3pech Y (f) —raaBHag Matpuna pelmeHHi# (HOPMHPOBaHHas
dyHsaMeHraabHasd Marpuna) cucremu (17.6). — ITpum. peo.
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Y'CY. TlockoibKy —A MMeeT MOJOXKHTENbHYI0 AeACTBHTENb-
HYIO 4acTb, TO

0
fewerat

cyuiecTsyer!), a MOTOMYy HMEIOT CMBICA BCe 3JEMeHTH Ma-
Tpullel B.

Tax kak (Y'CYY =Y'CY, 10 B =B, 1, e. B—cuM-
MeTpuuecKas Marpuua. PaccMoTpuM lanee MaTpHUbi

A'B= fo AYCYdt =— fo Y'CY dt,
BA = f Y'CYAdt=— fo Y'CY dt.

YuuThiBasi, 40 Y —T/aBHas MaTpHia pelueHUH, moayuyaeM

0 p o
A'BBA=— f—E{[Y’CY]dt=~—.Y’CY‘_ —=—C,

TAK YTO MaTpuia B IeHCTBUTEIbHO YINOBJETBOPSET ypaBHe-
nuo (16.2), u, rakuM o6pas3oM, COBMAdaeT ¢ ENHMHCTBEHHBIM
CHUMMETPUYECKUM pellleHHeM 5TOr0 YpaBHEHHS, CYlleCTBOBaHUe
KOTOpOro J10KasaHo B Teopeme XI.

Iyctb Teneps C > 0. PaccMoTpuM KBalpaTHuHY0 GOpMY

Q(x, y=x'Y' (t)CY (B x.

1) B camoM gaede, nyctb A==p -+ iv, p <0 (u60 A— ycroitun-
Bas matpuua). Torna

0

0
feweat|< [lgwe ™| e at=

-0

0 0
— [le@ e e [ e <
oo >

TaK KaK17BeJm'{HHa K=|g@®)|-e ", —oo<tg0, orpanuyen-
nas. — ITpun. nepes.
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fockoabky matpuua V (f) HeBHIpOXKAeHA NpH JI06OM £, MOXKHO
cienate npeofpasoBanHe KoOpAIMHAT Yy ==Y x. B peayabrate
KBazpaTnuHas gopMa npuMer Bun Q(y, £)=y’Cy, u, creaona-
TeabHO, @ (¥, £)>>0 117 BceX BEKTOPOB Y <=0 M 1POM3BOIBHOTO £.

Tak xak x=VY"'y, 10 ycaosue y == 0 npu npoussoabHOM #
PaBHOCU/IBHO HepaBeHCTBY x == 0. [loatomy Q(x, £) > 0 nas
BCeX BeKTOpOB X = 0 u moboro £. OTcloga cleiyer, yTo

0
%'Bx = x' fY’(t)CY(t)dt £>0

nas Beex x 0, 7. e. B> 0. Teopema XII moanoctsio no-
Ka3aHa.

§ 18. Pemenue npoGJeMsl peryJHpOBaHUs

Boasmem nexoropyio Matpuuy C >0 u 0603HauuM uepes
B > 0 el1MHCTBEHHYI0 CHMMETPHUECKYIO MATPUily, YIOBJETBO-
psowyo pasenctsy (16.2); dynkuns V (x, o) onpenensercs
¢opmysolt (16.1). Kak ywxe seiacusnoce B § 16, ara dyuk-
uust GyIeT MOJOXKUTEJbHO ONpelelleHHOH M9 BCeX 3HaueHul

HEPEMEHHHIX X, G, 4 ee MPOU3BOAHAA 14 [eM, (16.3)] mpen-
CTaBJIeT COGOK KBaAPATHYHYIO POPMY OTHOCHTENBHO X u f (o).

ILast Toro uroGul HepaseHCTBO — V' > 0 HMes 0 MecTO NMpH
BCex!) x, f, MOMKHBI OHTbL BHINOJHEHH 17— 1 HepaBeHCTB
kputepuss Cuabpectpa (cM. § 8). Tak kak C > 0, To mep-
BHIE #Z HM3 STUX HEPABEHCTB BHIMOJHAIOTCA aBTOMATHYECKH,
H OCTaeTcd TOJABbKO MOCJEIHee:

o —fmeig
—(Bo+ 5] . >0, (18.1)
27

KOTOpOEe ABJAETCH HEOOXOAMMBHIM U JAOCTATOYHLIM YCJOBHEM
OTpULATEJBbHOH ONpele]eHHOCTH NpoussBoiHolt V (x, o).

) OaHOBpEeMEHHO He DaBHBIX HYMO. — I[TpuM. nepes.
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-1 -1
Tak kak |C™'|==|C|™" >0, 10 onpeseanteas Marpuitl

G

noaoxutenen. CieloBare/bHO, ONPeNeMUTENb [POU3BEACHHS
MaTpHIL

oo o i
0 1 ~—(Bb +%c)’ r
E —-C“I(Bb—{—%c)

——(Bb-i—%c), r

f0JI0XKUTeIeH OJHOBpEeMeHHO ¢ onpeleauteneM (18.1), a no-
toMy ycaosue (18.1) skBuBajseHTHO HepaBeHCTBY !)

r>(Bb+%c), C“(Bb +%c). (18.2)

K 3TOMy HepaBeHCTBY Heo6X0AuMO A00aBUTb elue YCJAOBHE
(15.10), xoTopoe MHl MepenuiieM B Bule

r+—c A7'. (18.3)

Amu dsa nepasencmsa (18.2) u (18.3) sgagomen gyuoa-
MEeHMAAbHBIMY HepaBeHcm8amy meopun asmomamuye-
cx0z0 pezyauposarus?). Coraacuo teopeme IX, § 13, oHu

) Hepasencteo (18.2) cpasy moayuaercs, ecidt omnpeneautels
B (18.1) pasnoxuTh MO 9JMEMEHTaM IHOCJAEIHEro cToabua 4 mocael-
HeHl CTPOKM ¥ 3aTeM pasfeants Ha | C|.— [Tpuxm. peo.

?) Ha camom peae, ofHo HepaBeHcTBO (18.2) aBasercs Aocra-
TOUHBIM YCJOBHEM, TapaHTHDYIOIHUM abCOMIOTHYI0 YCTOHUHBOCTD CH-
ctems! peryaupoBatus (15.4). Yro kacaerca sepasenctBa (18.3), To
OHO BHINOJIHAETCH, €CaH BbioJHsAeTCs HepaBeHcrBo (18.2).

JeiictButeanHo, coraacho teopeMe IX, § 13, ycaosue (18.2)
obecneynBaeT aCMMITOTHYECKYIO YeToluuBOCTh cucremsl (15.11) npu
mo6o#l xapaxtepuctuke f (). BoiGepem B kauecTBe XapaKTePHCTUKH
¢ynxuuo (15.13); Toraa mMatpuua % auHeiiHoro npubaumxenus (15.14)
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06ecnevnBalOT MOJHYIO YCTOHUMBOCTL PEryaupyeMolt CHCTEMBbI
NpH BCeX JOMYCTUMBIX OYHKUHAX f.

Tak xkak C > 0, To u C~1 > 0 (cm. § 3). CaenosaredbHo,
cTosulas B npaBod uacTu Hepapencrtna (18.2) xBajgparuuHas
¢dopMa HeoTpHLLATEIbHA, a4 MOTOMY M3 STOrO HEPaBEHCTBA CJe-
ayet, utol) r > 0.

3ametuM, uro 9¢@eKTUBHOCTb peryJUpOBaHHs 3HAUM-
TeJbHO NOBHILAETCH € yBeJHUYEHHEM 7, MOCKOJLKY 3TO 03Ha-

yaer yjajeHue OT TOrO COCTOfNHUS, B KOTOPOM V mepecraer
ObiTh OTpHLATENbHO ompelefeHHOR ¢yukumeit. Ilo cyuiectsy
yBEJAHYEHHE F DABHOCHJAbHO, TAKMM 00pa30M, YJyulileHHIO Ka-
YecTBa [PeryAMPYIOIIer0 MeXaHH3Ma.

Baxcrnod wacmuud cayuaii. Tlycts XapakTe pUCTHUECKHMU
KODHAMA MATpHIbl A SBJIAIOTCA — Py, ..., —{,, TJe [, BCe
pasyMyHEl M TOJOXKHUTENbHE. [Ipelno/oXUM, YTO KOOpAU-
HATH X C CaMOro Hayaja BHIOpaHHl TaK, Y4TO B HUX

A=—D, D=diag(p, ..., p,)
Torma cucrema (15.11) mpuMer Bux
x=—Dx-+ f(3)b,

l o=c'x—rf(o),

OKa3blBaeTCH YCTOHUMBOH. YMHOXMB Ha Hee ciaeBa Martpuuy (15.9),
MBbl IIPHIEM K MaTpHue
E kAU
M = 04 =

%z ¢ —kr)]’

onpenenutens kotopoit papen — k(r--c A7 1p).
Hcnoabaya dopmyay (2.9), nerko mnousats, 4to ecau A — ycroi-
4yuBasg MaTpuua nopsaaxa n, 1o (—1)*| A| > 0. Touno rax e nerxo

y6enntbed, uto ecau A -——ycrofiuupas Martpuma, To u A”! Gymer
YCTOHYHBOH,
Onupaschb Ha 9TH PE3YJbTAaTHl, MOXHO CKa3aTh, YTO
1" B1>0 1 (1) A >0 _
(u60 onHO M3 cOGCTBEHHBIX 3HadeHHit oA pamHo -} 1). [losTomy
0< (=1 A ()" B l=—|M|=k(r+c A7)

H, B CHIY MNOJONHTEAbHOCTH &, moaydaeMm r>—c A7'h. Takum
o6pasomM, ycaoeue (15.10) BrmoaneHo u cucrema (15.4) rTakxe acumn-
TOTHYECKH ycTOoHuuBa. — Ilpun. nepes.

') 370 Heo6xoaMMOE YCAOBHE NOJOMHTEJLHOH ONpEeAeJeHHOCTH

npousBoaHoi V 6miao ykasaHo B koHue § 16. — ITpum. nepes.
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a cucrema (17.2) — Bun

{bki=blk’ l, k—:l,..., n,
(=P v by =—0Cp i>k
BosbMeM, nanee, Mmatpuuy C ==diag(d,, ..., d,), rie Bce

yucaa d, nojoxuteabHs. Toraa

C'1=diag(dil, cees L ),

dy
. d d '
B=d —— s ”),
lag(\Qﬂl 2un
1(6b64d b,d
Bb’=—{-’—‘—. _u}'
(BD) 2 By Hn

a Hepasencteo (18.2) samuceiBaeTcs Tak:
n
N ( bpd,, )2
r —_—— — c =
> kzl T e St

n
~S i aTs amvase
k=1

Hattnem HauMeHblllee 3HayeHHe [IPaBOf 4acTH B 3aBUCH-
MOCTH OT €. OueBUIHO, CTOALIAS TAM CYMMa NMDUHUMAET MU-
HUMAJIbHOEe 3HayeHHe, eCA¥ KaxJ1asd M3 CKOOOK NMpUHHMAeT MH-
HUMaJabHOe 3Hayenue. IlycTb chHauana uucaa b, U ¢, HMEIOT
OOMH M TOT Xe 3HAK; MOXHO CUMTaTb, 4TO 002 OHH NOJOXKHU-
tesabHE. [Ipu 9TOM Npelno/oxeHuH uleH B R-# ckobke npel-
craBaseT cOOOH CYMMy JBYX TOJOXHTENbHHX CJAaraeMulx,
npousseleHde KOTOPHX noctosiHHo. ClenoBaTeNbHO, MEHUMYM
JocTuraercd TOrAa, Koria ofa caaraeMble PABHBI Mex1y cO-

c
Go#t, T. e. Koraa ei:%’i’;—k-. Ecan xe b,c, <0, T. e. uncna

b, u ¢, UMEIOT pasHbie 3HAKW, TO CyMMa B COOTBETCTBYiOLIEH
p-# CKOOKe MOXeT PaBHATbCA HYJIO.
QKoOHUATEAbHO

n
epbaC,
r>2 kOrCe
®r
k=1
rie .

J 1 npu bye, > 0;

= 8.
=10 npu bye, <O (154)
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ITO HepaBEHCTBO [TaeT B PACCMATPHBAEMOM CJ/ydae HHKHIOIO
rpaHuly AJdd AOMyCTHMbIX !) 3HaueHul#t r.

§ 19. PeryaupoBanne B CAyuyae, KOFAa HeCKOJbKO
XapaKTepHCTHYECKHX KOPHEill paBHBI HYJO

[TycTe HexoTOpHIE (HO He Bcel) XxapakTepUCTHYECKUE KOPHH
matpuue A B cucreme (15.4) paBHH Hyio.

CpaBHUTENEHO HPOCTO BOMPOC pellaeTcs B TOM Cayuae,
KOI'Aa B MOAXOAAIIMM 0OpasoM BHGpaHHOR CHCTeMe KOOpIH-
HaT UCXOAHYI cucTeMy ypaBHenu#t (15.4) MOwHO 3anucaTh
B BHIe

x=Ax+ f(q)b,
y =7/ (o). (19.1)
o =c'x+2e'y —rf (o)

rie y, d, e — p-MepHBIE BEKTOPH, @ OCTaJbHbE OYKBH UMEIOT
TOT e CMBICJ, uTo U panblie 2). [TocKOJbKY BEKTOp Y oCTaeTcs
NOCTOSHHHIM B HeperyJupyeMoft cucreMe, TO €ro KOMIIO-
HEHTH Yy, HA3BIBAIOTCA HedmpassreLmu NapaMeTpaMy.

Mpr Gyzem wuckars ¢yskuuio JlanyHoBa B caelyiolueM
BUJC:

Vix, v, c)=y’My+{x’Bx+ff(c)dc}.
0

3aMeTuM, 4TO B QUrypHBIX cKOOKax ctouT Bhipawenue (16.1),
KOTODOe HCNoJb3yeTcsl B KauecTBe (yHKuuu JlamyHoBa B Ha-

) UmeloTca B BUAY cUCTEMEL, y10BICTROpsIOLHE YeaoBHio (18.2),
[TocKOMBKY 2TO yCAOBHE SBISETCA TOJbKO HOCTATOYHBIM, HO HE He-
06X0AMMEIM, TO, BOOOIIE TrOBOPS, MOTYT CYIIECTBOBATL aGCOMIOTHO
YCTOHUUBBIE CHCTEMBI, HE YJAOBAeTBOpsiomue yciaosuio (18.2), nas
KOTOPHIX I HMeeT MeHbllee 3HaueHue.— ITpun. ped.

?) TakuM 06pasoM, pacCMaTpHBaeTCH CHCTEMA, COCTOSHHE KOTO-
poi xapaktepusyercs n- p DApaMETPaMH Xy, ..., Xp, Yis o< es Ypi
MaTpHLA 3TOH CHCTEMBl HMEET p HYJEeBBX KOpHe#l. OTMeTHM, YTOGHI
He OLIIO HeXopasdyMeHHit, 4To 3jech MaTpuua A ycToHuuBa u O3Ha-
YaeT He BCIO MATPHLY peryaupyemoil cucreMsl, kak B § 15, a aump
€€ 4acCTb, HMEIOMYIO HEHYNEBbE COOCTBEHHbBIC 3HaUeHUuA. — [Tpum.
nepes.



§ 19. Heckoavko xapakrepuctuueckux kopred puswer nywo (1T

WHX TMpelBIAyWHX paccMoTpenusix; M == (m;;) osnauaer no-
JOKUTEALHO ompeleseHHyw ) Marpuny nopsixka p. Taxnm
o6pasoM, obyHkuua V — NONOKHTEIbHO ONpelencHHas BO
BCeM MNpOCTPaHCTBe X, V¥, ¢. HemocpeicTBeHHBH MOACUET
MOKAa3biBAET, UTO

—V = { ~- x'Cx—rf2(a)4-2f (c)(Bb —f—% c), x} -+
+2(Md—+e) yf(s);, A'B+BA=—C.

K BhipameHHIo, 3aK/0YeHHOMY B (UrypHble CKOOKH, TphMe-

HUMHl paccMorpenus § 16. Ecau mbl Tenepb LOMOJHUTEIBHO

BhiOepeM IOJIOMMTEJNbHO Onpefe/eHHylo Marpuuy M rak,
4yr0oOH BHIIOJHAJOCL PABEHCTBO

Md-t-e=0 (19.2)

{ecqd, KoHeyHO, Tako# BbIGOp BOOOLIE BO3MOXKEH), TO CpPasy
noayuum ¢yukuno Jlanysosa V, yaoBJAeTBOPAIGILYIO YCJO-
gui0 —V >0 npu x+0, f=+0mn V=0 npu x = f=20,
y #+ 0. CienoBaTeqbHO, C NOMOLIBIO TNOCTPOGHHOR (QYHKUHMU
V(x, ¥, ) MOXHO B JyulleM CJAy4ae MOJYYHTb YCJIOBHUA YyCTOMR-
YHUBOCTH, UCNOJB3Ys NMepBYI TeopeMmy JlanyHoBa, a acummnTo-
THUECKOe MOBeleHue pelieHHH MOXeT OBITh OXaPAaKTePH30BAHO
nHa ocHosaHuu Teopemul VIII, § 13. MuoxectBoM R, 0 K0TO-
pOM VIIOMHHAMOCh B 3TOH TeopeMe, fBJAeTCH HMEPIIOCKOCTb
x =0, ¢=0. IlpeanonoxuM, uyro peumenue cucremn (19.1)
BCe BpeMs ocTaeTcs B MHoxectBe R. Toraa

x =0,
y =0,
lé=2e'y,

¥ MBl BHAUM, YTO 3TO MOXET CJYYUTbCH TOJLKO B TOM CIy-
yae, Korga ¢’y =0, Funepnaockocts x =0, 6=0, ¢’y=0
u gsasercss MHowecTBOM M, durypupymoouuM B teopeme VIII,
§ 13, a Bce peweHus HeorpaHuueHHO APUGIHKAIOTCT K 3TOMH
THITEPIIOCKOCTH NpH ¢ — 0o, Kaxnas Touxa sroft rumepmiao-
CKOCTH CJYXKHT MOJOKeHHeM paBHoBecHsd cucteMel (19.1). drot
pe3y/abTaT ABJAfeTC HauGoJee CHAbHBIM M3 BCeX, KOTOPHlE MBI
MorJan Obl OXHAATH.

1) CuejoBarenbHo, cuMmerpudeckyw. — [Tpum. peo.
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Has toro 4roOw MNpPOABHHYTbCS Aajblie, MPEATIOIOKHM,
14
yto d==(1, 1, ..., 1). BBoaa o6Gosuauenus

2
mi=j21mij’ m' = {my, ... mh

MH TOJiyyaeM Ha ocnoBahuu (19.2), uro
=—ce. (19.3)

Tenepnp caenyer BHLISICHHTb, BOSMOXHO JiM HafiTH MaTpHiy
M > 0 Taxyio, utoGel BHNOJHSAOCL paseHcTsO (19.3).

Ilpexae Bcero paccMorpuM ciayuya#t p==2. Torna (19.3)
0BHAYAET, UTO (Mg == M)

My~ myy = — e, Mg+ Mgy == — &y,
U, MocKoJabky M > 0,
— 2
My My, — miy > 0.

TlonoxuM nas KpaTKOCTH myy==rh, I. e. my = —e,—h,
‘Myy==-—e,—h. Beaunuuna k nomkHa yIOBNETBODHTH He-
paBeHCTBY

(—ey—h)(—ey—h)—h*=cie, 4 (e;+e) h > 0.

Ecan e,4-e,=0, To 370 HepaBencTBO mpeBpalaetca B e,e,>0,
KOTOpOe HeBO3MOXHO1); mosToMy mnpu e, -+ e,==0 pasen-
ctBo (19.3) ue moxer ObTh yroBAeTBopeno. Ecau e
e+ 6, +#+ 0, To Bcersia MOXHO BHIOPaTh NOAXOASLLYIO BeJu-
yyHy 4.

OO6wwuit cayuat, KoHeuHo, ropasno caoxHee. IlycTb Ham
HYXKHO BHIOpaTh MaTpHiy

(! 2.

rie H=diag(hy, ..., ky_y), &' = (g1 ..., &yp_y)s § — cKa-
asp, R, — NOJOKHUTENbHEE NOCTOAHHEIE (T. e, H > 0). Ycao-
sue M > 0 osHauaer, uTO

ilg% 19.4
S>ilE-- (19.4)

') K6o paBeHcTBO €, -+ €5 =0 03Hadaet, 4TO 4UCAA 2, K ¢; Pa3-
HBIX 3HAKOB HJIH OZHOBPEMEHHO HyaH.— [1pun. nepes.
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Ho, ¢ ampyro#t cropoHsi, pasenctso (19.3) naer
p-1
g&+h=—e;, S"l’_EJl gi=—¢,
i=

CrnenoBaTesbHO, HepaBeHcTBO (19.4) MOXHO mlepemucaTh Tak:
p-1 ne
e .
s > E ( i+ L) .
fy
i=1

2
Tlonaras h; == R:, MBI NPUXOJHUM K BHIBOLY, YTO HauMeHbIlee
3HaYeHWe KAKAOTO CJ/1araeMoro 3TOH CYMMbi AOCTHraeTcs Tpu

e; == k3= h; 1 paBHO 4k% =4p;. CarenosareibHo,
1

o
i=1
B 10 XKe BpeMs

p-1
s= % (h;+e)—e,=s,.

Ecmu sy« s, TO 3a MHHUMAJNbHOE 3HAYEHUHE AJA § MOKHO
B3ATb §;; €C/H Sy > §;, TO §; MOXeT OBITh B3ATO 84 MMHH-
MyM. TeM He MeHee, Zawe ecau M Helb3a BHIOpaTh § B yKa-
3aHHBIX TPAHMILAX, MBI MOXEM HaleATbCAd BHIOpATb MATPHLY
M >0, tag, utob6n oHa yaoBJIeTBOpsaa yciosuio (19.3)1).

1) 3xech peub HAeT 06 ONpeAeNeHUH HIKHEH FPaHHB AAS 3HA-
uenuit Beanunnst s= 3, (h;-} ;) —e, npu ycaosusx
i<p

p-1
. 2
S>Z&——’ti~’—l—i)—, >0 (=1..., p—1.
1=1

flogcTaBafasd B HEPAaBEHCTBO BHIPAWKEHHE AJd S, THOJyUaeM
p—1 9 P

¢
—<— ¥ e
Z I E :
i=1 i=l
P
Ecau E ¢; >0, TO Henb3s yIOBJNETBOPUTL 3ITOMY HEPAaBEHCTBY NpH

i=1
hy>0 u 1noTOMy HeAb3s Onpereauth Matpuuy M. Ecan e
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Bo wmHorux mpunaosmenusx cucrema (19.1) BosHuKaer us
caepywouiet s3azauu:
[ x=Ax+ ()0, .
y = f(s)d, (19.5)
14 7
(0= cix ey
Xapaktepusywmas o0paTHYIO CBA3b MNepeMeHHas G SABJSETCS
JuHeHHOW KoMOMHAUUe# (Da3OBHIX MEPEeMeHHBIX Xy, ..., X,
V1o o- s Ypo OTa B3alaua, €CAH BHIYUC/IHTL IPOUSBOLHYIO G,
npusoautcs kK cucreMe Buaa (19.1) npu e=0. Tlockoabky
M-—mnonoxuTeabHO ONpeleleHHas MaTpuua, pa-
BeHCTBO (19.2) He wMoxer OHTh YIOBIETBOPEHO, W TMO3TOMY
U3/IOKEHHBIH BHILIE METON YK€ He MPOXOIUT.
Ecau p > 11), to y cucremst (19.5) 6ymer uenas runep-
MIOCKOCTb MOJIOKEHU! paBHOBECHS, M Jyulllee, Ha UYTO MOXHO

HaledaTbCd, 3TO TO, YTO KawIoe pelleHHe Mpubiuxaercs
K 3TOH ILIOCKOCTH TpU £ -—> 0.

§ 20. Pacuer yupasJenns

[MpoGaeMa pacuera yrnpas/eHHs UMeeT JBa acleKTa: npu-
6/MKEHHBIH uHC/IeHHbI pacueT W peweHne Bompoca B oOlLIEM

p
2 .
D e;=—a’ <0, To creayer uckath min s = 3, (k; -+ ;) —e, ,Ha
i=1 i<p
rpaHuue*
p-1 9
X =
— =a2
hy

ﬂonbsyacs METOACM HEONpEACJEeHHBIX MHOXHTeNeH .Harpaﬂma, Ha-
XOIHM 3TOT MHHHUMYM, T. €. HHXXHIOIO I'DAHULY NI AONYCTUMBIX 3Ha-

YeHHUH:
p-1 2 p-1 2 0
< ei> —<2 [ell> _ep
inf 5 = =1 =1
- P
e
i=1
— Hpun. ped.

1) B uwacTHoM cayuae p=1, uckJ0Uasg REJHUUHY ¥, MOMXHO
npusectd cuctemy (19.5) x sxsuBaseHTHoMy efi Bupy (15.11) u 3a-
TeM NpHMeHHTb ycaoBue THma (18.2). — ITpum. peo.
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sule. [lpuGanmeHHOe HaXOXIeHHE OCYILECTBJAETCS CTPOro
0GOCHOBAHHLIMM YUCJEHHBIMH MeTOZaMu, # 3Ty npobaemy
MOXHO CYHT4Th pelieHHOH. BriGepeM uuciaosywo marpuuy C > 0
14 APOCTOTH B . AnaroHaiabHoW ¢opme diag(d,, ..., d,),
d, > 0; Toraa Marpuua B HaXxoldTCA B pe3yabTate pelIEHHS
JAuHeRHOR anreGpanyeckoit cucteMul (17.2) ¢ qucnoabmu k03¢~

¢unmentamn. ITockoubky, xatee, C~l= dlag( dL)’
n

TO BCe BeJHUYMHH, BXOJAll¥e B HEePaBeHCTBO (18.2), HaMu
Hataensl. TakuMm 06pasoM, MB MOXeM cleJaTb 3aKJlOueHHe
0 XapaxkTepe YCTOHYMBOCTH CHCTEMBI.

OGpatuM Temepb Hallle BHUMAaHMe Ha pelleHHe BOIPOCA
O HAXOXAEHUH YMpaBieHUs B OOLIeM BUAE, KOTLA ypaBHEHus
coXepwar OykBeHHBle KoOa(h@uuuentH. Takag nocraHoBka
3alayd OYeHb BAXKHA C NPAKTHYeCKOH TOuku 3penus. Jleno
B TOM, YTO BO MHOTMX KOHKDETHBIX CJyuasiX B YCJOBHe 3a-
Nauyd BXOHAT, KPOME TOUHHIX YUCHOBHIX BeJIMYHH, HEKOTOpHle
IOMYCKAIOUIWe BAPbHPOBAaHUWe HapaMeTphl, 00JacTb U3MEHEHHH
KOTOPHX JIO/MKHA ObITb ONpelesieHa B 3aBUCHMOCTH OT TeX
WM MHBIX YCJAOBMH. DTO ONpaBlblBaeT TO BHHMAHHE, KOTOpOe
6ylleT ylleNeHO JaHHOMY BOMpPOCY.

UroOn u30exaTb Cepbe3HbIX OCHOKHeHUR, Mbl  Oylem
CUHTATh, YTO BCE XapPAaKTEPUCTHYECKHE KOPHH MaTpuubl A pas-
JWYHBl ¥ He paBHB HyJI0. PasbepeM OTIAe/bHO Cjelylolide
IBA BO3MOXHLIX cayuas: 1) Bce XapaKTepUCTHYeCKHe KOp-
HE MaTpuubi A NeHCTBUTENILHEI; 2) HEKOTOpHE H3 HHX KOMII-
JEKCHEL.

Mepsu#t canyuall. Bece xapakxmepucmuiecriie KOpHU
mampuyse A Oelicmsumenvrs. u, C2e008a4MeAbHO, OMpPU-
yameavus ),

O603HauMM XapakTepHCTHUYECKMe KODHH MaTpuubl A yepes
Ap eoes Ay MomyeTh Ap=—up,, p,>0. Ilycrs, nanee,
K ==diag(p, ..., ). Hama nenp—mnoayuuTs B BHOM BHIe
ocHosHoe HepaseHcTBO (18.2). Hesasucumo ot cmocoGa pac-
Cy}IeHu#, HeOOXOAUMO MPSMO MJM KOCBEHHO MCHOJb30BATh
Takoe npeo6GpasoBaHHe KOOPAMHAT X =Py, KOTOpoe mpe-
spauiaer Matpuuy A B MaTpuuy — K. Kpome Toro, Bosbmem

) TMockoabky € CaMOro Hauala mpeinosarailocb (cM. § 15),
yro Matpuua A ycroiunsa. — I[Tpun. nepes.
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TIPOU3BOJILHYI0 CUMMeTPHuecKylo MaTpuuy C > 0 u onpeleaum
Matpuuy B u3 cucremm (17.2). Ilyctb, ZRaiee, MaTpuubl
A*=—K, B", C* onpeneasiorca Tak me, Kak u B (17.3),

a BekTOpH b*=P7'p, ¢*—=P’c. Cucrema (15.11) mnepenu-
wercs Torda B dopme [cM. (15.12)]:

. =—K’ ) s b*,
3.’ y+ (o) ©0.)
{o=c"y—rf(a),
a paseHcTBa (17.5) npuMyT BuA
{ b:i=b;k,
| (i 0p) bie=Cir. ISk

Takum o6pasomM, 3nas Matpuuy C, M0CJAeA0BATENLHO N0 CXeMe
C—>C*"—>B"—>B Mb MokeM Halttu Matpuny B. OgHako
Halle OCHOBHOe HepaseHcCTBO (18.2) u He Tpefyer, uToOH MK

BoaBpawancs or C x B. Ecm C ! =(1y). TO (cM. § 2)
. 1 *
Ty =rgy " Cip

» *
rae Cj; — aare6pauyeckoe NONO/HEHHE 31eMeHTa C;j B ONpe-
Zeautene |C*|, u Mb cpasy ke mogyuaeMm [cM. 18.2)]

n n ® %k n ® K
1, Cirbr [ Y Cirde
r> E Tif<§ci+ E w—l—ﬁ;) (7cf+zﬂj+uk
1, j=1 k=1 k=1
(20.2)

Eca Mbl BhiGepem matpuuy C tak, uro6u C* = diag (d,, ..., d,),
d,>0 n vuroOn mnpaBas vuacTh paseHctBa (20.2) umeia
MHHUMYM, TO MpPOBElEHHEIE DpaHee BHIUMC/IEHHS MPUBOAAT 1)
K ropasno 6oJee NPOCTOMY KOHEYHOMY BHIPAXEHHIO

n * %

e.b,c

r>i2¢“j—‘ (20.3)
=1

rlle & WMeeT TOT Ke CMBICA, uTo u B (18.4),

) Cwm. kouen § 18, — ITpun. nepes.
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IOas toro urobH 3aKOHYHTb pACCMOTPEHHE BOMpOCa,
0CTAeTCs TOMLKO YKa3aTh MeTOA Haxomienus matpuy P u P~L.

Haxoxcdenue mampuyw P. Vs pasencrsa P~ AP — — K
Mb noiyyaeMm AP == —PK, 4TO NpHBOL¥T K cCiaexyluleh
JUHEHHOR anreOpanuecKofi cucreme:

n
Zlaimpmk———-mk)\k, i, k=1, ..., n.

=

ChrenoBaTte bHO, BeTUYKHL P,y IPU PUKCHPOBAHHOM & ABAAIOTCA
pelleHUs MY CJAEAYIOIEr0 BEKTOPHOTO ypPaBHEHHS:

(A—\E)§=0. (20.4)

[MockoabKy A, — NPOCThIE KOPHH XapaKTEPHCTHYECKOT® ypas-
HeHud MaTpuubl A, O4eBHIHO, UTO

a) paur Marpuusl A —A,E pases n—1;

6) Bexrop-pewenue & ypasHenus (20.4) onpeznensercs
OIHO3HAYHO € TOYHOCTbIO 10 KO3((HIHMEHTA NMPONOPHUOHAIb-
HOCTH;

B) KOMIOHEHTH §; pelleHus § NPONOPUHQHAALHBH OLHO-
BPEMEHHO He DaBHHIM HYMIO aAre6panyeckKuM HOMOJHEHUSM
3/1eMeNTOB JI0O0R r-#H cTpoku onpefemutens | A-—ALE |

U3 a) caenyer, uro cpeau aiareGpaHyecKux AONOJIHEHHH
(TipY HEKOTOPOM r) HMEIOTCSi HeHyJeBhle. MHOMeCTBO 3THX
uuces u BeiOepeM B kayecTse peulenus §. Muaue rosops, k-#
ctonben Matpuust P OyleT HpeACTaBasTb co6GOH omucaHHOE
HeHyJieBoe pelleHue ypasHeHus (20.4), KOMOOHEHTH KOTOPOToO
MOTryT OHITh Hafiiennl kak aareOpauyecKkue JOHOJHEHHA K 3Jie-
MEHTaM HeKOTOPOH CTpOKH MaTpuubl A —A,E.

Haxoncdenue mampuys P~'. Us onpefeneHns obpar-
ot Marpuup P ==(m;;) caenyer, 4t0

1
" =7p7" Py

rie P; —anreOpaHyeckoe HOMONHEHHE IAA SJeMeHTa Py
B onpenesutene |P|.

Hama npoGiema, TakuM 06pas3oM, NOAHOCTLI0 pelieHa
B paccMaTpuBaeMOM cJyuae.

Q 3ak. 1824
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Bropo#t cnyuafl. Cpedu xapaxmepucmuiexux «op-
Hell mampuys A UMeOmcs KOMNACKCHbIE.
XapakTepHCTHUECKOE ypaBHeHHe

|A—AE| =0
uMeeT AeHcTBUTEbHBE KO3GhGUUMEHTH, a MOTOMY BCe KOM-
IJIEKCHbBIE KOPDHH MOXHO DPa3GWTh HA Maphl KOMIJIEKCHO CO-
NPKEHHHX, [IpeAnoaoKHM, uTO KODHH Ay, ..., A, Bce pas-
JMYHBL H HMEIOT OTpHUAaTejbHbie JeHCTBUTENbHBIE UYACTH.
PacmosioxuM 3TH KOPHU CJAelylomiuM 006pasoM:

)\1, 1* 2, )\2, [ )'k’ )\k’ )\2k+1' “e ey )\n;

3lech mepabie 28 KOpHe# 06pasyioT KOMILIEKCHO COMpPSKeH-
Hble MApH, a TMoc/elHue n — 2k KOpHeit — JeHCTBUTENbHbIE
BequuuHel. [lyctb, Xadee,
hy=—p,+ v, hy=—p,— v, 1<PpLE
A, =—up, 2k < s n, rie p,,—BCe MOJOKHTEIbHEL

[TpexzZe Bcero chenaeM Takoe npeofpasoBaHUe KOOPAMHAT
x =Pz, urobu

-1 . T =

Py AP =diag (M, A, oy Ay Mgy Aopyqs oo A

Marpuita P, urpaer 3[ecb TOYHO T4KyI0 XKe pOJb, KaK H

Matpuua P B paccMOTPEHHOM Bhllle TepPBOM cJayuyae, HO
TOJbKO Tenepb B Marpuie P; cTOAOUB, COOTBETCTBYIOLLME

A, # A, COCTOAT M8 KOMMJAEKCHO COMPSMMKEHHBIX 9JEMEHTOB.
Koopannatht 2 MOxXHO BHIGpaTh TaK, 4TO HeHCTBHTE/JbHBIM

TOYKAM COOTBETCTBYIOT 2y, Zy. ... Zpr Zp1 Zopals +++1 2p
NpU yKe YKa3aHHOM nopsike uucena A;. Takum oOpasoM, cu-

creMa X ==Ax npeBparuTca (AAs HEHCTBUTEJbHHIX TOYEK)
B CHCTEMY

z, =Mz, 2,=1,2, 1< p<L ks
2, =Mz, 2k < s L n.

Mbl XOTHM Tenepb BHIMOJHUTL HOBOE npeoépasoaaﬂue
KOOPJIHHAT 2 == P,y cieayomuM o6pasoM. Ecan z2,= y,,—{—zy,, ,
p <k, To dopMyns npeo6pa3oBaHUA BHINAALAT TaK:

—! s P S e -
2,=y,+1y, z,=y,—iy, L{pLk
25= Y5 ks n.
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Muauve rosops, npeoGpasosanne P, orZensHo npeobpasyer
COMpsiXeHHble Mapbl 2, 2, W He MeHdeT NeHCTBUTENbHDBIE
koopauHatsl 2. Ilycts P=PP,. Toraa P ect» Marpuua
npeoGpasoBaHns, MEPEBOLALILrO JAeHCTBHTeNbHbE KOOPIH-
HaTBl X CHOBA B JEHCTBUTENbHEIE KOOPAMHATH ), @ TOTOMY,
KaK JIerko npoBeputb, P — gellcTBUTEAbHAst MaTpHuLa.
Bce nanbnefimine paccyxienus 6GyleM MpPOBOAUTL TOJABLKO
8 koopaunatax y. Ilycre A*, B* u 1. 4. uMeoT TOT XKe
CMBIC/I, YTO W B NEPBOM cayuyae. B pesyabrare npeoGpaso-
-1
Bauus C MPOMeXYTOUHOR Marpuue#t A,=P; AP, napu z,
U 2, IePEXONAT COOTBETCTBEHHO B A2, U Az, npu 1 < p L &,
a zg npu n>s>2k—8 Az, rie A — IeficTBHTeabHOE
uncao. CaenosaTenbHo, MaTpuua A, nepeBoauT y;+iy;
. ! 2.7 ’ ’ " "
B (—p,+09)(y,+1y,) T ey, B —py —vy uy
B vpy;——pupy;. B koopaunaTtax y’, ¥’ Mbl MOXKEM 3aMUCATH 3TO
npeo6pasoBaHue TakK:
”

(AT)p==—p, ¥, — ¥,

PN ! " 1 < < k;
(A'y)p==v,y,—u,y", SPs
(A*y)s _ l"‘sysi Qk < S < n.
Orciona BUAHO, uTO MATPULA A" MMeeT CJeLyIOYIO CTPYKTYPY:
G, 0
GQ
A= G, ’
T Per+1
0 .

o,=("" 7).
o»o T p

Bubepem nanee C* =diag(d,, dy, . ... dy, dp, dop 1, .. .. d,);

(UL U U S U !
S g )

torza C*”'= diag(zl

g*
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[Tpu BhiyHCAeHHH MaTpuusl B* MOxHO cuurate, uto A* u C*
HMEIOT OIHHAKOBYI0 CTPYKTYpy (HO, KOHEYHO, C pasHHIMH
kaeTkaMn). OTCIOAa JIeTKO BHITEKAET, YTO MOXKHO Npeino/o-
HUTH TOUHO Ty XKe CTPYKTYpy M Ias Marpuub B*, ckaxeM,

H, 0

B = H,

0 k
BunucriBas cooromenne (16.2) ana k;, Msl HeMelJeHHO Ha-
X01uM

n

= s

s = T n>s> 2k

Jlns BHIUKC/IEHHS KJETOK Hj HOTpeﬁyeTCﬂ TOJNbLKO TNPHHSATH
BO BHHMaHU€ KJIETKH Gj H dHAJIOTUYHBIC KJ/IETKH

o)
0 g

s Marpuue C*. Omnyckas AnsS MPOCTOTH HHIAEKCH, Mbl NpPH-
xonuM k paseHcrsy GH + HG = — diag(d, d) uan, nonaras

« B
H= ,
<B "r>
K PaBeHCTBY

—p V[« B @« B\/—p —v d 0
(0 26 D6 DO Z0--G )
—v —p/\B 7 B 1 v o—p
Hpnpaaﬂuaaﬂ 3l1eCb COOTBETCTBYIOIME 3JEMEHTHI CJeEBa
crnpasa, moJyyaeM TpH ypaBHeHUS
—2pa 42 = —d,
— 2y —2=—d,

—2pp 4 v(1 —d) =0,
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- KOTOpble JIerKO pellalnTes:

a=1=t, (2 )E=0.

[Tockonbky G ~— HeBhpoOMJAeHHas Matpuua, 10 p2-Fv2 £ 0,
u noroMy @=0. OxoHuare/ibHO:

H=diag(—%—, i) )

2.
d d d d d
B = dia ( LA e dp o Doy _n_)
E\%u " 2up " 2up ' 209p4 20,

Onpenenss nanee b == P; 'P'b u ¢ = c/PIPQ, MBI Ha-
xonum u3 (18.2)

BB ) (s
-+ 2‘ 4ds( tg +c:)2'

s=2k+1

Hanmenbulee 3HaueHue BTOpPOH CYMMBlI BBIYHCJIIETCA KakK H#
npexnae; OHO paBHO

LR
eSbSCS

@
s=2041

rie g; onpedeaserca dopmyaoft (18.4). PaccMarpusas usenn
nepnoﬁ CYMMbI, Mbl TOMEITAEMCS BHOPATH Kaxaoe M3 wucen d,
TaK, 4TOObI BOCTHTAJCAd MUHHMYM BHIPaXEHHS

1 [ by, qd ) (b d 2
. p-1"p 2p”p »
4d,,( v + pe +4d b 65, -

TMonoxum
/ * II »

p - b2p 1 = b2p,

c = c =c

2p-1 2p»

b=V +o). ¢ y=Vel 4 c?

BHIUEYNIOMAHYTOE BHIPAXEHHE TOTAa AOCTUraeT MmmmyMa npu
2.2
42 = pCp
P 2
bp
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4 CaMO HauMeHbllee 3HauyeHue pPaBHO

1 7 4 "o
P (0, DpCp =+ bpcyp)-

OcHOBHOE HePaBEHCTBO B Clyyae 2& KOMILJIEKCHBHIX KOp-
Heif MomeT OBITL Temepb 3anMCAaHO B BHe

* &
v o

k n
N | ro eb.c

r> 2& 2pp (b.ucp l b,,c,,—{»bpc,,)—1— YI *-st-i, (20.5)
p=1

s=2k4-1

roe €, UMeeT CMblc/, ykasauHelt B (18.4). HanomHuM TosibKO,
4TO |, — B3ATad C OOpATHHIM BHAKOM [eHCTBMTE/bHAS HACTb
KOMIIIEKCHOTO KOPHS A,

§ 21. TMpuroxkenue K OAHOMY BaXHOMY CJYyuaw

B Teopuu aBTOMATMYECKOrQ peryaupOBAHUA - BO3HUKJIA
clelyiomas 3afaua. Jlawa cucreMa ¢ peryJastopoM, KOTopas
ONUCHIBAETCA COBOKYMHOCTBIO ypaBHEHui

e oe—-Be =1L,
| 9+ eq=gethe,
| =7
l 0=k1q—k2C»

rie e, §, ¢, o —nepeMeHHBle; 6 U f (9) — 3/IEMEHTH pery.u-
poBaHusl. ITY CHCTeMY ypaBHEHHH Hal/JeXUT MCCJAELOBATH
Ha YCTOHYHUBOCTL.

Juddepenunpysa nepeuie 1pa ypaBHeHUs 1 Nojaras X, = ¢,
Xy==¢€, X3=¢q, TPUXOIUM K CHCTEMe

X =Ax— f(3)b,

. 21.1
lo=cx—rf(o @D

3HakoMoro Ham Buja (15.11), Ho npu n==3. 3necob

0 1 0 0
A=|—B —a 0], b=\{71]
h g —as 0

C’:{O. 0, kl}, r==~r,
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[Tpeanonoxus, uro R A7 — R.aB + 0, Hecl103HO NOKa3aTk,
YTO €CAH X W G CTPeMATCH K HYJIO, TO 3TO Xe NPOUCXOIUT
u ¢ e u g. CrenoBaresbHO, BONPOCH YCTOHYHBOCTH MCXOLHOM
CHCTeMbl MOX(HO C TAKHM XKe YCNeXOM H3yuaTh, PaccMaTpHBas
cucremy (21.1).

XapakTepucTuyeckoe ypaBHEHHe

—A 1 0
. h g —_—a—A
w (A4 a)[A(A—+a)—+B]=0 umeer KopHH
\=—a, )\2=—_°‘2+_E, )\3=—_°‘2:i,

rie A1 KpaTkocTH o6o3Hauero d=} a2 — 48.

MMeppuft cayua. Ay, A\y— Oedcmsumensrvie u pas-
AutHble 4ucAq. YCAOBHA, MPH KOTOPHX BCe KOPHU OYAyT
AeHCTBUTENLHBIMY,  PA3THYHBIME U OTPUIATE/ILHBIMH, TaKOBHI !):

a>0, a2>48>0, a>0.
Mpl 3aMeTuM TaKke, YTO Ay— Ay==3.

Boiwucarenne mampuaye P. DieMedTs MepBOro croabua
STOH MAaTpuibi MPOMNOPLUUOHANLHBE adreGpandyeckuM LOMOJHe-
HUAM ONHOH M3 HeHyJeBHIX CTPOK MaTpHIlbl

/] 1 0
A—MNE=|—B a—a 0},
h g 0/

Bosbmem, HanmpuMep, ajre6pauyeckue LOMOJHEHHS 3JACMEHTOB
BTOPOfl CTPOKH; TOrZa MH MOXEM BamucaTth, YTO

Pu=prn=0, p;=h—ag.
1) 3ty ycaoBusa o6eCcneuuBAOT HEPABEHCTBO A, == ;. Hepaseu-

ctBa ke A == Ay, A 55 A3 HaKAANBIBAIOT HA NApaMETPH 4, &, B A0~
NOJHHUTEbHbE OrpaHuueHus. — I7pun. ped.
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B kauectTBe 3/M€MEHTOB p,; BTOPOro CTOJ0UA MATPHUB P Mbi
LOJDKHBI B3ATh aareGpauyeckue NOMO/AHEHHA HEHYJIeBOR CTPOKH
MaTpHLbl :

—A 1 0
A—)E=|—8 —lh—a 0
h g —a—M

Bo3sbMeM, HanmpuMep, ONATb BTOPYIO CTPOKY; TOTAA
Pa=h—4a, pp=k@R+a), py=~hg-+h

Hcnoabays ypaBHeHUe, OMNpele sionlee BEAUUHHY Ag, MONKHO
3anucaTh, 4TO

p22=(a—a)12—B.

Te xe caMmble BHIMMCJAEHHS NPOBOJUM IR HAXOMIAEHUSA Py,
{==1, 2, 3; nupu 9TOM Ay 3aMeHsileTC HA A;. DTO NO3BOJSET
Ha#TH nocaeaHult cToaben Marpuus P:

pa=k+a pp=(@—a)h—0, py=hg+hi

OKoHYaTEJLHO

0 a+X a2
P=| 0 (a—)hy—B (@a—a)h;—B |,
h—ag g)\2+h g)\3+h

Jlanee HaXOAuM
¢ =10, 0, &},

¢"' = c'P={k (h— ag), ki (g h). ki (ghs—+h)).

-1 -1 ’
Hakonel 0cTa10ch BHUKCAUTh b* =P, Tlycte P = (x;,).
Jlerxo yBuaerb, 4TO

b'=1{0, 7, 0}, &% = {1mp, 1y YT} (21.2)

Caef0BaTeNbHO, HEOGXOIUMO BHIYHC/AHTb SJEMEHTH TOJbKO
BTOPOTO CTOJ6LA MATPHIE P!, Ecu P;; — anreGpanyeckoe
IOTONHEHNE S/eMeHTa p,; MaTpuus P, TO

P, ]

‘I‘U'-———l—p-r.
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[TosroMy s3anaua CBOAMTCA K BBIYKC/EHHIO aJreGpanye-
CKMX AOMOJHEHHH 3/1EMEHTOB BTOPOH CTPOKM MATpHUH P u
ee onpefesntena. Cpasy HAXOIuM, uTo

|P| = (h— ag) (a-+)yl(a — ), —B] —
— (a9 l(@—ayhy—Bl) =
=(h—ag)[a(a—a) 4Bl Oy —Ay) =
= —(h— ag)[a(a —x)+ B3,
I[anee. H0C/Aen0BATE/IBHO BLHIYUCJAAEeM anreépauqecxue AOnoJ-

HeHus:
afeMenTa Py,

Pro=—(a+1) @+ h) 4 (a+X)(ghy—+ )=
=(ag —h)b=mp |P|;
S/EMEHTa Py
Py =(8g — h)(a—+A)) == 7y |P|;
9/IEMEHTA Pog
Pra=((—ag)(a—+r)=my,|P|.

[Moncrapasa Bce 9TM BHpaxeHus B dopMmyay (21.2), Mb Ha-
XOJUM

#r —h
b =7—("T%I—_) B, @y —a—Dhy).

OcHoBHOE HEPABEHCTBO NPUHUMAET BHUL

Elbm ezbicz 53[’;0;
L v B F B
2k,'{ e {h—ag)d
= s T+
_+_3L(a+}\3) (gha4h)  es(a+A) (ghs+ k) }
a—3 a3

TIe g; Ompelle/leHO PaBeHCTBOM, aHaloruyHuiM (18.4).

Bropo#t cayuai. Ay, Ay—rxomnaekcno conpascen-
Hble H4ucaa. 3nech umeeM a? < 48. Bpezem o603Havenne

== V48 — a2, Toraa kopuun XapaKTePUCTHYECKOrO ypaBHEHHs

—a-+id

/\1=—ta, )\2=——— D)




126 Ta. 111, Hpunosxcenue teopuu Janynosa

Bce xopHM uMEIOT OTpuNATeJbHble AeHCTBUTE/]bHBIE YacTy,
ecan a >0, a > 0.

Briuucaienus, npuBeleHHbBle IMPH PACCMOTPEHUU MNEPBOTO
c/yuast, CIpaBelJUBbl H 31eChb, TOAbKO & 3aMeHAeTCA Ha i0, Ay

Ha A u P na P,.
Heo6X01uMO OTMETHTb, YTO Mbl OTKJOHMJHCH OT HauleH
obuielt cxeMbl pelneHus, uanoxeHHo#t B § 20, u6o xommniexc-

Had mapa Ay, Ay clenyeT cefiuac mocse NeHCTBUTENBHOTO €0O-
CTBEHHOTO 3HaueHus A;, a He neped HuM. OIHAKO 3TO Cay-
KHUT l'IpH‘H/lHOﬁ BECbMa HE3HAUYMTEJIbHBIX H3MeHEeHUH, KOTOpbie
BIIO/IHE NOCTYNHBI YUTATEJNIO.

Biuou3MeneHHs 10 CPABHEHUIO C YK€ YKA3AHHLIM TeEpBHIM
clyuyaeM MMEIOT MECTO TOJIbKO B II€PBOH 4aCTA HCCAeNOBaHUS.
Mbl MOXeM TpeicTaBuUTb cebe MOJyuuBHleecs npeobpas3osa-
HHe B BuIe X ==P.2, TAe Z uMeeT IABE KOMILIEKCHO CONpd-
KEHHbIE KOMIOHeHTH 2Zy==2 - i2", z,=2'—i2". (Jua
yaoGcTsa  nmpeoGpasosanue  3amucaHo B o0paTHYIO CTO-
POHY: OT HOBBIX MEPEMEHHHIX 2 K HAYAJbHLIM MEPEMEHHBIM X.)
Yro6ul nepeitd OT AeHCTBUTEJbHEHIX KOOPAMHAT X K AeHCTBU-
TeNbHBIM KOODAMHATAM Y, HALO COBEPINHTL elle Ipeobpaso-
Banue {2, 2y 29} —> {2, 2/, 2"},

5H=2%
zy=2' 412",
7

2,=2 —iz

Marpuua 310oro mpeobpasopaHus TaKOBa:

1 0 0
Py=10 1 i,
0 1 —i
a obpaTHas Marpuua
1 0 0 )
1 1
Pit=0% 7|
1 1
O % —w

HWrak, npeoBpasoBaHue x —>y umeer matpuny P =P,P,;
obpartHas K Helk MaTpuua P—1=P{1P{1. Kak %1 B npensi-
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aylueM ciydae,
* -1 ~1p-1 * ’
b =P b=P2 P1 b, 4 =CP1P2.
Ecan Mbl BBeeM BCHOMOTaTeAbHEE BEKTOPH 8o == P76 u
’ 14 * —1 * 4
co==c¢ Py, 10 0ueBuAHO, uT0 b =P3 by, ¢ ==coPs. IIpeumy-

7
eCTBO BBeAEHHS BEKTOPOB by, €y B TOM, UYTO OHH HOJy-
YaloTCa M3 NeHCTBHTEMbHBIX BeKTOpOB b*, ¢* npexwiayuero

cayuas 3aMeHoR 8 u A, Ha {8 M Ay COOTBETCTBEHHO, W, KO-
HeyHo, P na P,. TaxkuM o006pasoM, Mbl HaXOIUM

CG:kl {h—ag. ghy—+h, ghy+ 1},
¢ =k {h—ag, 2h—ga, — gd},

NG Sl DN TP WP W )
[P

rae |P,| = (ag —h)[a(a—a)-B]#8. CrenoparennHo,

1 a—?a}

s 1 L E—za
b _a(a—a)—{—{i{l‘ 2 B

DTo NPHBOIMT HAC K HEPABEHCTBY [CM. HepaBeHcTBO (20.5)]

. ki1 (h—ag) 1 .
r> =m+g(bc+blcl+b2cz)’

3nech
b L T A(—20)
' 2a(@—o+8’ P Bla(@—a)+B]”’
ey =02h— ga)k,, cy=—g ik,
b=1/b%+b§,' c=ch—|—c§,

a

I, ecan crosmu#t npu HeM KO3DUUUEHT NOJOKHUTE/IEH,
€=
0 B npoTuBHOM cJjyuae,

§ 22. O6Guwee peryauposanue

Jlo Hacroslero MOMeHTa Mbl 3aHMMaJuCh 3adauyel pery-
MUPOBaHuUsl, B KOTOPOH TpeGoBanoch NMOAACPKMBATL CHUCTEMY
B MOJIOXEHHH PABHOBECHS AOBOJbLHO MPOCTOR MpUPOABL
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Bosee oOwe# asasercs caenyiowas npobaema. Ilycrs
pa0doTa MalllMHBI OMHCHIBAETCR 7-MEPHLIM BEKTODHBIM YpaBHe-
HUeM

y=Y (),

B NyCTb OHO UMeeT pelieHue y==E(f), KOTOpPOE ONUCHIBAET
wenaeMpilt pexxuM pa6otel. M3 oOmux coobpaxeHuft Mbl Mo-
HeM MPeANoNOKHTb, 4To £(f) orpaHmuyeHo mnpu Bcex £ > 0.
Haie#t sanaueft sBAsieTCd OCYILECTBJIEHHE TAKOrO Pperyaupo-
BaHUdA, TpPH KOTOPOM pasHocTb Y —&(f) MO BO3MOXKHOCTH
HesHauuTejbHA. IHBIMM ClOBaM¥, MbBl TIPUXOAHUM K 3ajaue

x=Y ) —E@B) =V [x4+EOI—L®).

x=X(x,t), X0, 6)=0 npu £>0. (22.1)

3nech Haual0 KOOPAMHAT SBJAAETCH NOJIOKEHIEeM pPaBHOBECUS
¥ Tpebyercs, YTOOB OHO OLIIO YCTOHYHBEHIM.

Bkiioyas peryasrop, ynpasaseMibifi ¢ nomouipio o, f(9),
Mbl MOXeM 3amucaTe B ofuiem Bule

{ x=F(x, f(o), ),
s=GC(x, f(o), ),

rie F(x, 0, §)y=X (x, t), Tak uyro F(0, 0, £)=0 npu
t > 0. MoxHo Takxe cuutath, uro G (0, 0, £)==0 npu Bcex
t > 0. TakuM o6pa3oM, ¢yHkuuio f(c) Hano BLOHpaTh Kak
M mnpexie, T. €. HAuaJ0 KOOPAMHAT TPOCTPAHCTBA X, o
GydeT mosoxeHHeM papHoBecus, ecau of (6) >0 mnpu o= 0
¥ f(0)=0. D10 noJo}KeHHE PABHOBECHS XKeJaTeJbHO CHeNaTh
ACHMITOTHYECKH YCTONYMBLIM.

Myctb o, B, T —Tpu ckandpHule GYHKUHH OT f U Bek-

TOpa X, NpUYeM

[TpeanonoxuM, uro MHpH AOCTATOUHO O60JbLIMX £ M JOCTa-
TOYHO MaJBIX X PasHOCTh & — P Mana M CTPEMHTCA K HYJIO
BMecTe € [|x||. Bysem B Takom ciayuae Bmecto (22.3) mucarsb
o==f W roBOpHTb, YTO & no¥mu pasxo B. MoxHo Ckasarh
Takxe GoJlee TOYHO: BO3bMeM £, > 0 AOCTAaTOMHO GOJBMIIUM
¥ Mpou3BoJsibHOE € >> 0; TOTAa CYILeCTBYeT Taxoe 7 =(g, £y),
yto npu t>>f¢, u | x||<n chnpaBelIuBO HEPABEHCTBO

HJIN

(22.2)
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o —B| <e. IlpakTuueckoe 3HaueHHe COOTHOWEHHS o ==
COCTOMT B TOM, 4YTO HpH BCeX OoJbluX ! ¥ Mambix |[X]
BHAK 0. COBMajaeT co 3HaKoM f.

Honycrum Tenepb, 410 cucTeMy (22.2) MOXHO Mepenucarh
B BHIE

x=Ax—+f(o)b
{ . ' (22.4)

s=c¢'x —rf(o),
rie CHMBOJ == IOHMMAeTcs Teneph MO OTHOUICHHIO K BeK -
Topy {X, ¢}, T. e. no oruomwenuw K ||x||-} [a]. Koneuno
CMBICT OCTaJbHHIX CHUMBOJOB A, b ... TOT Xe, 4YT0 H

B ocHoBHOH cucreMe (15.11). Cumbica cucremn (22.4) mpocro
B TOM, 4TO B NpaBBIX 4YacTaX coGpaHbl, TaK CKas3aTb, ,TJaB-
Hule uiaeHn* QyHkuu# F n G.

Ecan Mbl Tenepb MOBTOPUM HAWIK MPEXHUE PACCMOTPEHHS
§ 14, 15, 17, To cMoxem yOeAuThCs, YTO NO CYWIECTBY BCE
OCTaeTcss CHNpaBeJJHBLIM TNpH 3aMeHe 3HAKA == Ha ==.
B yactHoCTH, ecau OCHOBHOe HepaBeHCTBO (18.2) BuinoJxeno,
To ¢yrkuus V Oyner obyukuuedt JlanyHoBa B HEKOTOPOH

obJaactu v
0Llxll+41el < B, t>¢,

Mpu MOXeM TOTJAa MMEeTb aCUMNTOTHYECKYIO YCTOHYHBOCTH
B ,MajoM‘ (JIOKaJAbHO), HO Mbl HEe B COCTOSHMM TFapaHTHPO-
BaTb ee B aOCOMIOTHOM CMEIC/e. JTO BCE, YTO MOXeET AaTh
H3JIOXKEHHBH B 3STOR TrjaBe MeTOL B 3aTPOHYTOM 0OieM
ciayuae !).

') MpuBesenHble B 3TOH I'laBe IOCTATOYHBIE YCAOBHA abCOMIOT-
Holt ycroiiumocTu cucTeMbl (15.11) oueHb NPOCTH u yIOGHH, HO
B TO X€ BpEeMS 3TH YCJOBHUSA SBAAIOTCA BECbMa Y3KUMH W 3aBHUCAT
OT BBI6OPA MOJONUTENLHO ONpenefeHHol MaTpuust C, KoTopas
BXOAMT B OCHOBHOe HepaBeHCTBO (18.2). CymecTByioT 3HaYHTEABHO
Gonce cHibHBIE JOCTaTOYHHE YCAOBHS aGCOMIOTHOR YCTOHYHBOCTH
cucremst (15.11), koTOpHIE, B YaCTHOCTH, OXBATHBAIOT BCE YCJOBHS,
nonydaembie M3 HepaseHcTBa (18.2) npu pasamunbix € > 0. Yura-
Teds, Keaaluero 6onee HETANbHO NMO3HAKOMHTBCA C S3THM KPYTOM
BONPOCOB, Ml OTChlaeM K kHure Aiizepman M. A . uTaur-
Maxep ®. P, A6COMOTHAA YCTOHUHBOCTb PEryAHPYEMBIX CHCTEM,
Han-s0 AH CCCP, 1963. — ITpum. ped.



Faasa IV

PA3BUTUE METOJA JISIYHOBA

§ 23. KoneuHoe Bpems omnpenejeHHus;
ycToiiuuBocTs no Jlarpanxy

fInoncku#t MareMatuk Oxamypa HCIOJb30Bad MeTon, 6Jus-
ku# Kk Teopun JlanmyHoBa, 1Jif H3Y4EHHS NPOLOMIKAEMOCTH
pemenuti. Bcmen 3a wum Hommsapa 10BOAbHO 1OAPOGHO
MCC/IeOBA BO3MOXKHOCTH TIpHMeHeHHs MeTonoB JlanyHosa nJs
noayueHus cpeneHuH 06 orpaHuveHHOCTH pemleHu#. JlanabHei-
Ilee M3MOKEHHE LEANKOM OMUPAeTCsd Ha STH HX pPabOTHL.

Teopemsl JlanyHoBa #alOT BO3MOXHOCTb CYIUTb 00 yCTO#-

YHBOCTH 110 3HAKY NpousBoaHo# V, rie dyukuus V — noao-
WHUTENLHO omnpefejeHHas. WHaue roBops, usyuaercs Hepa-

penctso = V 0. Jla-Caanbp mpenjokua paccMaTpuBath

Gosiee CJI0OKHOE HepaBEHCTBO 6<G(fv, £), 4TO MO3BOJSACT
MOJyyaTh MHOTO HHTEPeCHHX BBIBOJOB, Kacaloluxca cJie-
JLYIOUIMX TPeX BO3MOXKHOCTeH.

PaccMOTpuM cucteMy

=X (x, t), t>0. (F)

IMycts x(f)——ee pellende C HAYaJbHBIM  YCJIOBHEM
X () = x°. Slcko, uro:

a) mub0 5TO pelleHHe MOXeT GHITb NMPOLO/KEHO IJif BCeX
3HaueHu# f > f;, U TOoria Mo GyNeM TOBODUTb, YTO peIUeHHe
X (t) Heozpanutenno npodoaxcaerol);

6) au6o cymecrsyer Takoe T > £, uro ||x(H)]] — oo
npu £—T, u Toraa Mbl GyzeM roBOPUTb, 4TO pemieHne X (f)
HMEET KOHewHOe 8pems onpedeserus?).

DTH ABe BO3MOXKHOCTU SBHO HECOBMECTHMHl M JOMOJHSAIOT
npyr apyra®). Tperu#t cayuai

1y B opurnnaie defined in the future. — ITpum. nepes.

2) B opurunaJje finite escape time. — [Tpun. nepes.

3) To ecTh Bcerjga MMeeT MecTO OJHH H TOJbKO ONMH U3 JBYX
cayuaes a) #u 6). Cwm., Hanpumep, [Toutparuun J. C., OBbKHO-
Benuble auddepenyuanbuble ypasnenns, Pusmarrus, 1961, § 24. —
Ilpux. nepes.
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B) peluenue x(£) ozparutedo
— COBMECTMM C BO3MOXHOCTbLIO a), HO, KOHEUHO, HeCOBMe-
cTuM ¢ 6).

OrpaHuYeHHOCTb BCeX peweHsit mnpencrasiaser coboft
CBOEro pojJa YCTOHYHBOCTB; B 9TOM CAyuae rosopst o6 yemoli-
yugocmu 8 cmuicae Jlazpanxca wim, Kopoue, 06 ycmod-
qusocmu no Jlazpanocy.

Kak u panbwe (cM. § 8), Besne B nanbHedmem V (x, £)
03HauaeT CKaJIRpHYI0 QYHKUHIO, KOTOpas MOJOMKUTENbHO ONpe-
IeJeHa U HMeeT B HEKOTODO#H 0G/acTH HenpephlBHBE YACTHHIE
NpOU3BOJLHEIE MEPBOrO MOpsiKa. B 3To# oGaactu

. oV ov oV 2%
V—-—'(—)}]—Xl—l‘- . e +—EX”+7——'0T+X'gradV.

PaccmoTpuM cHauana caMoe ofuwee zauddepeHLHaIbHOe

HEPaBeHCTBO

v G, 1), t>0, (23.1)

rie G —ckanapHas QyHKUHS CBOMX apTyMEHTOB, a U — CKa-
adapHas ¢yHxuug . Mbl uHTepecyeMcsi TOJNbKO 1040MCUMEND-
KoMy QYHKUMAMA U, VAOBIETBODPSIOMMH HepaBeHCTBY (23.1).
CyulecTByIOT IBa THNA TaKUX HEPABEHCTB:

I. HepaBeHcTBa, He uUMelolide HU OLHOIO MOJOXHUTEb-
HOTO pellleHHs! ¢ KOHEYHHM BpPEeMeHeM onpeleseHHus;

II. HepapencTBa, He uMelolune HU OAHOTNO HOJOKHTEIb-
HOrO HeorpaHuyeHHoro!) peureHus.

Btopo#t us oTx TUMOB BKJIOYaeT B cebs nepsuift. ORHaKO
HEpaBeHCTBO TUMA | MOXeT uMeThb pelleHHs, KOTOpble CTpe-
MATCA MO MOAYJI0 K —-o00 mpu £-> —-00, Torda Kak ILis
HepaseHcTB Tuma Il Takue pelleHus HeROMyCTHMBL.

Ecan Q — npoussosabHoe MHOXeCTBO, TO uyepes Q€ Gylem
0608HaYaTh 00NOAKEHUE 3TOTO MHOKECTBA; HHLIMH CJOBaMH,
Qf — MHOXeCTBO BCeX TeX TOUEK, KOTOpHE He NpHHalle-
Kar Q.

Teopewma XIIl. [Ipednososxun, wmo Q- ozpanu-

4eHHOe MHOXCECMBO npocmpancmea E", codepicauee
Hauaao roopdunam, u wmo pyuxyusa V(x, £) onpede-
AEHQ. 80 8cem MHowecmse RF u npu scex t>0.

') He caenyer nyraTth B JaabHeiimieM HEOrpaHWUEHHOE pelleHie
¥ HEOrpaHHYCHHO NPONOJIKAaeMOe peleHue. — [1pum. nepes.
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donycmum Oaxee, umo V(x, H)—> oo npu x| —>cc
POBHOMEDHO HA KA#COO0M KOHEHHOM UHMEpBate U3MeHe-
nun spemenuy 0L a<{t<b HarxoHey, npednoroxcur,

umo VLGV, t) 80 scem mHooecmse RF u 04a scex
t>0. Ecau nepasencmso (23.1) nHe umeem nu 00HOZ0
NOAOHCUMEALHO20 DeUleruss ¢ KOHELHBM BpeMerem onpe-
deaenusn, mo wasicooe peurenue x (t) cucmenms (F) neozpa-
HUYEHHO NP0o00AdNCaeMmO.

D10 yTBepxAeHHe NOYTH oueBuaHo. Ecau Ou pelnenue x (£)
uMeno koneunoe Bpems ompenedenust 0 ¢ < T, To B Heko-
Top-ift MoMeHT BpeMenn £, < T oHO mnomano O B MHO-
xectBo Q° u 3areM ocraBanocs 6w B Hem!). Ho B Takom
cayuae npu t>f; oyukuua v(f)=V (x(f),t) Owmna Gu
NONOXUTENbHHIM pellleHueM HepaBeHcTBa (23.1) ¢ KOHEYHBIM
BpEMeHeM OMpellesIeHNs,, YTO NPOTHBOPEUUT NPEeLNOJNONKEHUIO
TEOPEMBI.

JI/i9 npUMeHeHUs! PeayAbTATOB TAKOTO POXa OOLIYHO YA0GHO
subupats G (v, f)==k(t)L(v), rae £k (¢)— HenpepbiBHas
dyukuus npu sBcex £ >0, a ¢ynxnua L (v) — nonoxutenasHa
¥ HempepuBHA MNPH BCEX IOJOXKHTENbHbLIX 3HAUEHHSIX apry-
menTta. Hepasenctso (23.1) B 3TOM c/iyuae NpPUHUMAET BUA

v

Ty < k. (23.2)

a) Ecau?) de—(%—~_—-+oo, mo wuepasercmso (23.2)

He umeem HiIL O0HO20 NOAOIHCUMEAOHROZ0 DEULEHUS € KO-
HeUNbLM 8pemeres onpedesenHus.

1) MoMenT #; MOWeT GbiTb BHIGpaH croab 6ausxum Kk T, 4T0GbI
npu Bcex f, AAA KOTOPHX £ < ¢ <Cal, BHIMOJNHAJIOCh HEPABEHCTBO
(x, t) > 0. — [Tpun. ped.
0
2) 3amuch f f(x) dx =400 o3nauaer, uYTO HECOOGCTBEHHbIH

HHTETrPajl OT HEKOTOPOro HHXKHEro npejpeaa Ao 6eCKOHEeYHOCTH pac-
o

XOJHMTCS, a f f(x) dx < 00— 4TO 3TOT HHTErpa CXOAUTCH (B 06bIY-

HOM CMBICJE MaTeMaTHYeCKOro aHaausa). — [Tpuns. nepes.
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He#tcTBATENLHO, TMYCTh CYIIECTBYET TAKOE NOJIOKUTEAbHOE
peutenne v (¢), ¢, <t < T; roraa

2 (f)

t
f Ld(';) = f k(b) dt.
to

v (fo)

IpaBas uacTh 3TOrOo paBeHcTBa OrpaHudeHa npn f—>7T, B TO
BpeMs KAk JIeBas HeOrPaHHYeHHO BO3pPACTaer, YTO, OYEBUAHO,
HEBO3MOXHO.

AHasornuHo AOKAa3bIBAETCA CACHAYIOIUCEC YTBEPKIACHHE,
==}

6) Ecau i‘%:—}-oo, a [k(t)dt < + o0, mone-

paserncmso (23.2) ne umeem Hu 00H020 NOAOIHCUMEABHOZO
HeozpaHuuennozo npu t >0 pewenus.

Taxum o6pasoM, Hepasenctso v < k(£)v, rae & — npous-
BOJbHAd HenpephiBHasd npu BcexX £ > 0 dyuxuns, npunanie-

#uT Tty I, a HepameHctBo v < e~fv—tuny Il. Koneuno,
fapocrefiiinM HepaBeHcTBOM BuAa (23.2) sasasercs v <L 0.

Mzul noayuuM Temepb YCJIOBHH, NpPH KOTOPHX pelueHHs
cucrembt (F) uMeloT kOHeyHoe BpeMsi onpeleieHud. [Las sTOro
UCTO/Ib3YeM HePaBEeHCTBO

v>G(, £, t>0, (23.3)

KOTOpOE He HMeeT HEeOTPaHHYEHHO MPOLOMKAEMBIX MOJOMKH-
TeAbHHX peweHut, Baas G (v, £)=~k(¢)L(v), rne k(f) u
L(v) obnanaor TeMu e cBOHCTBaMH, uro u B (23.2), MH
Jerko yGenuMcd B CNpPaBelMBOCTH CJEAYIOLLETrO0 YTBEPK-
HeHus,

B) Ecau f_L%<+O°' a fk(t)dt:—{—oo. mo He-

pasencmeo (23.3) He umeem Hu 00HO020 HEOZPAHULEHHO
npooossNCAEMO20 NOLONCUMEALHOZO pEUleHUS.

Hanpumep, HepaseHcTBO %> ¢v%, ¢ >0, o > 1 He uMeer
Heor paHWYeHHO NPONO/KAEMBLIX NMOJOKUTENbHHIX pelieHHH.

Caenyiowuit pesyibTaT 0 CyLIECTBOBAHHH KOHEYHOTO Bpe-
MEHN OmpejesieHHs pelieHHs MOXHO DaccMaTpHBATb KAK TeO-
PeMy O HeyCTOHYHMBOCTH.
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Teopema XIV. [Tycmv muoocecmso 2 o6radaem
mem C80LCMBOM, Um0 Kasloe peuwexnue x(f), Ha4UHAW-
weecs 8 IMOM MHOMNCECMmBe, 8Ce BPeMS OCMACMCS 8 HeM.
ITycme, Odauee, Pyurkuyus V(x. t) noaoxcumessrna npu
scex x u3 @ u scex t>0. IIpednoroscum, Harxowuey,
umo V> G(V, t) 0an scex t >0 u scex x uz Q. Ecau
Hepasencmo (23.3) He umeem Hu 00HO020 HEO2ZPAHUHEHHO
nPo0oANALMO20 NOLOHCUMEALHOZ0 PEULEHUS, MO Kaddoe
pewenue x(t) cucmems. (F), ydosaemsopsowee ycaosuwo
X (ty)=x%, 20e x*— mouxa muoxcecmga @ umeem rKoHex-
Hoe 8peMs onpededeHUS.

B camoM Iene, IHONyCTMM, 4YTO pelleHHe Xx (£) C TaKuM
HAUaJbHBIM YCJIOBHEM He HMeeT KOHEYHOrO BpeMeHH ompeie-
aerust. Torma dyukuns v (¢)=V (x(¢), f), yaoBieTBOpsIOILas
HepaBeHCTBY (23.3), NOJOXKHTE/NbHA ¥ HEOTPAHHYEHHO NpO-
JOJ/DKaeMa, YTO NMPOTHUBOPEYHT NPEANOJONEHHIO TEOPEMBI.

- JluneHinnie cucTeMbl ABAAIOTCH HaubGoJee H3BECTHEIM NpH-
MEPOM, B KOTOPOM BCe pelieHust HeOrpaHUYeHHO MPOJ0MKAeMbl,
Wmenno, ecan

x=AMx+f@®), >0,

rie A(f)—kBaipaTHas MaTtpuua nopsaiaka n, a f(f)—n-mep-
HbeIf BexTOp, mnpuueM A(¢) u f(f) HenpepuBHH npu f > 0,
T0 1) BCce pemteHns a1oH cucreMsl onpeledensl npu O < ¢ << oo,

[Tpumep 1. B kavectse mamoctpauun kK teopeme XIiIl
‘Mbl 06OOLIMM 3TOT pe3yabTaT CJAEAYIOLIMM 06Pa3oM.

[TpeanosioxmuM, 4YTO cyulecTByeT Takoe uuciao R >0 u
‘Takas ckanspyast QyHKuus £ (f), HenmpephiBHas npu Bcex f > 0,
yT0 npapasg YacTb ypasueHus (F) yloBijeTBopseT HepaBeHCTBY

X (x, DI < kO] > (23.9)

npu Bcex #>0 u Bcex [[x]||> R. Onperemum ¢yHxuuio
V(x)=| x||2=x - x. Toraa, ucno/b3ys H3BECTHOe Hepa-
BeHctBo lllBapua

a’b Llail - |18l

'y Cm., Hanpumep, MMourparun JL C., OGukHOBeHHBIE qud-
depeHuuanpHbie ypasuenus, ®uamarrus, 1961, § 21. — I1pus. nepes.
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MHl TosyyaeM npH BceX {[x|| > R u Bcex £>0
V(x)=2x'X (t, %)< 2k ()] x|2=2k(OV (»).

IMockoabKy HepaBeHCTBO U< 2R (f)v He HMeeT HH OIHOrO
1I0/IOKUTE/NLHONO PelIeHHs ¢ KOHeYHBIM BPeMeHeM ompelese-
HHUfl, MBI MOXeM Ha ocHoBaHuH. Teopembl XIIl sakmouuth, uro
npu CLETAHHOM [IPEANOJOKEeHHH BCe peleHus cucremel (F)
onpeneeHs Laa Bcex ¢ >0, T. e. HEOrPaHHYEHHO NPOAOA-
KaeMBbl.

IMMpumep 2. Ecan npapas yacts HequnedHOH cucteMs (F)
He YIOBJETBODPsSeT HepaBeHcTBY Tvna (23.4), TO IOCTaTouHble
YCHAOBHS HEOrDAHMYEHHOH TMPONO/MKAEMOCTH BCeX peleHuft
dopMyaHpyIOTCA yke 0oJiee CJI0KHO.

PaccMoTpuM ypasHende BTOPOTO MNOpsixa

X+ fx, % ) x4 gx)=e (). (23.5)
INpennoaaraem, uyto ¢yukuun f u g raaikuel), a dysxuus
e(t) HempeppiBHa mnpn Bcex ¢ > 0. Kpome Toro, mycrs

f(x, X, £)>0 npu Bcex £>0 u 24 x2>r2 a
G(x)=fg(u)du—>+:o npu | x|Z>00, (23.6)
0

T. €. JOCTaTOYHO JAJEKO OT HayaJa KOOPAMHAT COMpPOTHBIeE-
HAe HEOTPHULATENbHO, & LIS AOCTATOYHO GOMAbIHX | X | pyHK-
UHA g (X) MOXO0XKA HA XapaKTePHUCTUKY YNPYro# MpyMmuHH 2),
Ypasuenuto (23.5) 3KBUBAJEHTHA cUCTeMa

i‘:y,

[ Y=—g@)—F(x. v, hy+e(®.
OnpenenuM Tenepb GYHKUKIO ,
| V(x, y)=2%5+G(x);

) To ectb dyukuus g (x) uMeer HENpepHBHYIO MIPOH3BORHYIO,
a f(x, x, {) — HenpepHIBHblE YaCTHBIE TPOUIBOAHDIE MepBoro mno-
panKa no BceM TpeM apryMentaM. — [lpus. nepes.
: %), O MexaHHYECKOM HCTOJKOBAHMM UJAEHOB ypaBHEHHS BTOPOTO
nopsaka Tuma (23.5) cM. Amnpounor A. A, Butr A. A,
Xasixuu C. 3., Teopus koneGaruit, Pusmarrus, 1959. — ITpun.
nepes.
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B KauyecTBe MHOXeCTBA &, O KOTOPOM YMNOMHHAETCH B TeO-
peme XIII, BosbMem BHyTpenHocTs Kpyra x2—- y2 < r2. Torza
BHe 3TOrOo Kpyra!l)

Ve— 9.0 4+e@y <|e®d]y|<VEe®| VT,
Takum o6pa30M,~V<k(t)L(V) npu £>0 u X214 y2> r?
3nech k(t)=]/2 le(®)], a L(v):]/'v. Ho HepageHncrso
v k(f)L(v) B 3TOM Cciayuyae He MMeeT HH OJHOTO HOJOKH-
TeJLHOIO pellleHsss C KOHEUHHLIM BpeMeHeM OllpeleJeHus,

a MO3TOMY KasJoe pellleHue ypaBheHus (23.5) HeorpaHuueHHO
NMPOJOMIKAEMO.

IMTpumep 3. Hanuunue KOHeYHOrO BpEMeHH OIpeje/eHus
y pellenufi He SBJIAETCH YEM-TO HEOOBIKHOBEHHEIM.
PaccmorpuM yxe ynoMuHaBuieecs ypasHewue Ban-aep-TToss

X+te(x?—1D X+ x=f(),

rie & < O; BHellHee Bo3feficTBue f(f) HeMpepHBHO U orpa-

HHueHOo npu Bcex £ > 0. 3ech COMPOTHBJEHHE OTPULATENILHO
. x3

npu | x | > 1. BBoia HOBOe NepeMeHHOe Y == X —¢ (x — —3—) ,

MBb! JIpDHIEM K 9KBUBAJEHTHOU cucteme
. . x3
X == y T€ (x - _3—) ’
y=—x—+f().

BosbMeM B KayecTBe MHOXeCTBa R clenyiomyio 06iacTb:
£>2a>0, y<0, x+y>0 (puc. 27). Ha ToM yuactke

(23.7)

1) 3nech HCIOABL3YETCH HEOTPHUATENBHOCTb PYHKUMH f BHe 2
4 OuYeBHJHOe HepaBeHCTBO ¢(f) y < |e(f)|-|y|. Onnako pas mouay-
wenns oneHku | y | =V 2V (x, y)—2G (x) gﬁ . VV Heo6X0IHMO
ellle OJHO NMpeAnoaoxkeHHe, a uMeHHo G (x) > 0. B cuay ycaous (23.6),
370 6yAeT TaK, HO, BOOOGUIE rOBOPS, JHIIb IJs JOCTATOYHO GOJb-
mux | x| TlosToMy B kadecTBe & cCJjelyeT B3ATb BHYTDEHHOCTH
kpyra x2-+ y2 < R?, rpge R>r Bbb6pan TaK, yT0 G (x) > 0 npu
}x} > R. Jlerko BuaeTb, uTO Toraa Oyuknus V (x, y) (B paccMa-
TPHBAaeMOM [IpHMepPEe OH& He 3aBHCUT OT BPeMeHH ¢) OyAeT 00X H-
TeJbHOH B obaactu Q. Ecau xe Ha dyHkumio g (x) HaJIOKHTHL Ve
MHOTO pa3 BcTpeuasineecs B M. Il ycaosue xg (x) > 0 npu x=£0,
TO BCE pAaccyk/]eHUs aBTOPOB OYAYT CHOpaBeldHBBbl OYKBAaJIbHO.
— Ilpun. nepes.
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rpaHuubl o6aacTd £, KOTOPHH uMeeT ypasHeHue X — y =0,
NpOU3BOLAHAs B cuiy cucreMsl (23.7)
X

FEFD=y+e(r—2)—st 7=
=e(x———’-‘;-)-—2x+f(t)>o (23.8)

y
:
w\\ 3:
:\\ )’él
1
O~ ]
L

Puec. 27.
npu mocratouno GoxbuioM al). Ha yuacrke y==0 rpanuusl
obnactn 2 umeeM (dfdt) y = — x + f(¢) < 0 npu 1ocTaTouso
6oabioM @. Buyrpu paccmatpuBaemo#t o64acTu

X8

x=y+e(x——3—)>y+x>o (23.9)

npu noctaTouno GoaniioM a?). Takum obpasom, npu AocTa-

') B camom nese, mo mpepmonoxeHumo, |f (¢)|<const mpu
0 <t < oo, u noToMy mpu 6oAbuIux x > 0 IOMHUHHPYIOMHM U/JCHOM
fBaseTcs — ¢ x%/3, woTOpHi moaoxurtensen B cuay ¢ < 0. Hepa-
BeHcTBO (23.8) o3Hauaer, uTO BHOAL JIOGOH TpAEKTOpHH CyMMa
X -~y Moxer TOAbKO Bo3pactaTe. Ho Torga TpaexkTopus, HauH-
Hawomasacs B Touke {x9 y%} ob6aactu ©, He MOMXeT BHIHTH H3 &
yepe3 HWXKHIOK TpaHHNy, MOCKOAbKY Xx° - y°>0. —/Tpum. nepes.

%) B camom gene, mpu Goabmux x > 0 Bepaxenue e (x — x3/3)
CTpeMuTCs K --oco Kak x3%, T. e. MoxeT OHITh cledaHO OoJblle X.
Hepasenctso (23.9) nokasmBaeT, 4TO BHYTPH o6aacTH 2 BIOJB
H060ro pemeHusi KOOPAMHATA X MOXET TOJNbKO BO3PACTaTh, Tak
9TO pELIeHUE, HCXOAAILEE B MOMEHT £, U3 TOuKd {x?, yO}, mpHHanexa-
med Q, yxme He MOXET mepecedb ydacTka IpaHaubl x = a. — I1pun.
nepes.

10 3ak. 1824
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TOYHO GoAbUIOM @ MoGoe pewieHue ypasHeHus Bau-nep-IToas,
HauaplleeCss B MOMEHT £, > 0 BHyTpu obuactu &, Bce BpeMs
ocraerca B 3TOH o6.aactu.

Onpeaennm Tenepb ¢yHxuuo V = % (x4 y%); ee npous-
BOJHASA

V=a(x—.’;—3)x+yf(t).

Buyrpu obnacth & uMeeM x> |y|, u mostoMy npu 10-
CTaTOYHO O6O0JBIIOM @ Y LOCTATOYHO MalOM ¢

V> exi>cVe

Kak MBl ywe oTMeuanu paHee, HepaBeHCTBO U > ¢v? He
MMEeT TMOJIOKHUTeNbHBIX HEOFPAaHHYEHHO MNpPOAO/DKAEMHIX pe-
meHuA. TeMm camMbiM BLITIOJHEHB (TIPH JOCTATOUHO GOJBIIOM @)
ycaosus Teopembl XIV, T. e. Bce pelueHns, HayuHamouHecs
BHYTpH 00JacTd £, HMEIOT KOHEYHOEe BpPeMs OmpejeJeHus.

Mbl cunramM mapaMeTp € OTpUUATENbHBIM, TOTAA Kak
o6biuno B ypaBHenun Bau-mep-Iloas sTor mapamerp cuu-
TaeTCca MNoaoXuTe bHBM, Ecam xe € >0, 70 Ha oCHOBaHuu
TOJBKO YTO MOJYYCHHOTO pe3y/bTaTa Mbl 3dKJIOYAeM, YTO
aoGoe peuieHue, HauuHaolleecs BHyTpu obJjacTn K, He
MOXeT ObTb ompelesieHo npu Bcex £<(0, T. e. uMeer Ko0-
Heunoe ompuyamenvHoe pems onpedeseHusnl).

[Tlepexons Tenepb x ycTotiuuBoctu no Jlarpauxy,
Mbl MOxeM, aHajaoruuno TeopeMe XIll, noxasate caenyouiui
pesyJabTar.

Teopema XV. Ilyems @ u'V umeiom mom sce cmvica,
umo u 8 meopeme XlIll, u V—-+co npu (x| >+ o0
passomepro no t > 0. ITycme cnosa V<L GV, ¢t). Ecau
Hepasencmso (23.1) He umeem wHu 00HO20 NOAONHCUMERD-
HO20 HeozpaHuuennozo npu scex t >0 pewerus, mo
cucmena (F) yemoiduuga 8 cmuicae Jazpausca.

Ipu G =0 Mb nmoayuaeM A1 ABTOHOMHON CHCTEMbI

x=X(x) (FA)

aHAJOTHYHBI/L pe3yJibTar.

1) B opuruHane negative finite escape time.— /1pun. nepes.
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ITpu mex sice npednosoocenusx omnocumessio @yHx-
yuu V(x), nosasaswuweiica smecmo V(x, ), m. e. ecau
V—4co, koeda |x|| —>—4co, u V<0 dan scex x u3
mnoscecmea QF, cucmema (FA) yemoiinusa no Jazpanocy.

Bonee oOwu#t cayuat, xoraa G ==~k (¢)L(v), a Hepa-
BeHCTBO (23.1) He MMeeT NOJOXHTENbHBIX HEOF PAHHUYEHHBIX
npu £> 0 pewenut, OB yke paccMOTpeH Bhlle [cM. yT-
Bepacdenye 6),cTp. 133].

IIpumep 4. Mo mokaxeM cefyac, uTO ypaBHEHHE BTO-
poro mopsaika

xt+p®)x+1a2+q@®)] x=0, a=-const+£0, p(t)>0

yctofiuuso no Jlarpamxky, echau f lq ()] dt < oo. Pyukuuu

p () u g(f) npeanonaraiorcs HenpepLIBHEIME NPk Beex £ > 0.
IMepenuineM AaHHOe ypaBHEHHe B BUIE CHCTEMH

(52"
y=—p()y—la+q (@) x,
¥ BosbMeM ¢yHkunio V ==y?+ a2x% Jlerko noxacumratsl),

qTo
V=—2p®)y>—2¢(t) xy < 21q(®)| | xy| <

191 .0 2,0y 4@
S o )=V
g @)}

lal
mpuseM K AuddepeHuuanibHoMy HepaBeHCTBY (23.2), yro-
BJICTBOPAIOLIEMY yTBepxIAenuio G); TeopeMa XV rapaurtupyer
HaM B STOM CJydae ycToHunmBoCTb mo Jlarpamxy.

Cienopare/bHO, MOJOKHB & (£) =

n L{(vy=v, Mu

[Tpumep 5. Paccmorpum ypasuenne (23.5), usyuapueecs
yxe B npumepe 2. Be3 BCAKMX NOMOJHUTENbHHIX MpPEANONO-

1) 3nech ucnonbayeTca HEepaBeHCTBO
xy < (x2+azy2) (x>0,y>0 2>0),
BHIBOZ KOTODOTO OueBuAeH. — [1pun. nepes.

10*
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xeHift o Qynkuuax f(x, x, £) u g(x), Ho npu GoJjee CHJb-
HOM OTpaHM4yeHUM HA BHellHee Bo3AeHcTBHe é(f), MOXHO H0O-
Ka3aTh YCTOHYMBOCTL 1O Jlarpaxy.

BosbmeM B kauecTBe V Ty xe (QYHKUHIO, YTO U B NpH-
Mepe 2; Toraa npu 1) X2+ y2 > r? Mbl noayuaeM

/< V2le®VV.

Ciel0BaTeNbHO, ecau
f\e(t)}dt<oo, (23.10)

0

10 HepaseHctBo v YV 2|e(£)] Vv He mmeeT monoxurenn-
HHX He orpaaneHbex npu £ > 0 pemenuft, a NOTOMy HMeer
MecTo ycroftunpocTh no Jlarpamxy. IlpuBeneHssi#t peaymabrar
ecTh Heboabuoe o0oOleHHe TeopeMb! -AHTOCEBHUA.

VYeaosue (23.10) HakaaasiBaeT onpeleseHHble OTpaHUYEHHUS!
H4 BHIHYXKJAIOULYIO CUJIY e (f): OHa JOJDKHA JAOCTATOYHO OLICTPO
y6biBaTh MpH £ —>CcO. OTO yC/IOBUE, €CTeCTBEHHO, He BHIIOJ-
HseTcst O TEepHOJHUYECKOH BHEWIHe# CHJbl, H 39TO BIOJHE
06 bACHUMO, TTOCKOIbKY CONPOTHBJ/IEHNE MPEANO/IaraeTcs TOJAbKO
HeoTpuuaTteJbHeIM. Hanpumep, ypasHenune .5&—{—x=cost
HMeeT HeOrpaHHYeHHHIE pelleHHs, M Mbl BUAMM, YTO IJd
oc/abieHnst OrpaHHdYeHuH# Ha BBIHYXAaioHlee BO3AeHcTBHE e (f)
HEOOXOAMMO CHeNaTh NadbHeHlive TNPEANONOKEHUS O XapaK-
Tepe CONPOTHBICHHS. ITY MBICAb HATJAAINHO HJUIIOCTPUpYeT
CJeAylOluit mpumep.

Mpumep 6. Paccmorpum ypasnenue Jibenapa
X+ f(x)x-Hgx)=e(t) (23.11)

¥ NpPELNoaOKUM, uTO QyHKuMH f(x) u g(X) uMeT Henpe-
pBIBHBIE INPH BCeX X IPOU3BOJAHbIE, a e (f)— HempephiRHAs
npu Bcex f > 0. OmnpenenuMm ¢GyHkuuu

¢

F(x)_ff(u)du, G(x)-—fg(u)du E(t)-—-fe(t)dr
(23.12)

) CM. npumeyanue ') Ha crp. 136, — [Tpun. nepes.
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Honyctum, nanee, uro f(x)>>¢>0 npu Bcex X H

4f (0)IF (x)—E@®)] g (x) > €2(¢)
npu Bcex >0 u Bcex A0ocTaTroyHo Goabwux |x | Mb mo-
KaXeM, uTo TpH 3TUX MNpelno/oxeHuax ypasHenue (23.11)

ycTofiuuBo no Jlarpamxy.
JlecTBUTENLHO, NPUBELEM 3TO ypaBHEHHE K CHCTEMe

e
y=—g(x)—F(x)y+e(f)

M OmpeetuM cpyhxuuu
1
=5 ly+F (x)—E(®P+ G (%),
1
V2=7)’2+G (%)
bes Tpyla MoJayudeM, 4TO

Vi=—I[F(x)—E®1g(x); Vy=— f(x) 92+ ye(£).

Vicnoabays  cHenaHHBE TNPEANONOKEHHs, Mbl BHIHM, 4TO
npu J0CTaTOuHO Gosbmux |x|1)

. e2 (t) . o2 (t)
i<—375y Ve<wrgm
[MostoMy mpH |X| > @, Tde a — N0CTaTOYHO GO.bIUOE YHCJIO,

u npu scex y umeem V,—+V, 0. [Ilpennonoxum aanee,
uro ¢yukunn e2(¢) u |E(f)| ocraircs OrpaHHYEHHBIME
1as neotpuuiaTenbHux f. C/aenoBaTelbHO, MB MOXKEM 3allM-
catb, uro Vo< —A(Y), rae?) A(y)->co npu |y|—>co.
Tlostomy npu Ix[ <a [y]| >0 (b—AOCTaTquo 601b -
moe uncao) V,—V, < 0. Mel nokasam, uro Vi4-V,<0

1) OneHka pas V2 crnpaBejiuBa HPH BCEX X, INOCKOJbKY He-
. er@)
paBeHCTBO — (@)t ye ) L7 i () OPUBOJHTCS  OUEBUAHBIM

o6pasom K BURY [2f (x) y — e (£)]2 3> 0. — [Ipust. nepes.
2) Ecau | x (f) | < K npu t>0 TO MOXHO NOJOXHTb A (y) =
= ¢y?— K| y|. — [Tpun. ped.
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BHe 00JacTH (IPAMOYTOJbHUKA), ONpPeNeNeHHOH YC/AOBUAMH
|x|<a,|y|<b. TouHO Takke HeTPyIHO BUIETb, YTO
V,—+ V,— oo pasnomepHo o £ > 0 npu | x 2|y [2—>co ).
Ho rTtorza ¢yuxuus V =V,+V, ynosrersopser BceM
npeamonoxeHusM Teopembl XV, T. e. ypasHenue (23.10)
ycTohuuBo no Jlarpanxy.

§ 24. Npeneabnasg OrpaHHYEHHOCTH

I'Iponomkaﬂ pacmupeHue MeTona JIHHYHOBa no mnyriy,

npoaoxenHoMy Homusaso#t, Mbl 3afiMeMcs ceftuac 06061e-
HUAMH MHOTO XapaxTepa. CaMbIM CYLUECTBEeHHBIM 3lech Gyler
UCCIelloBaHMe Ycmoldugocmu mHoodcecmsa M, rae M—
3aMKHYTOE€, a4 B OCTAJbHOM
COBepIIeHHO HPOU3BONbHOE
MHOXECTBO TOYEK H-Mep-
HOrO MpPOCTPAHCTBA.

Msel 0603HauuM yepes
M,, rie ¥ — HeKOTOpO€ 1O~
JIOWUTEJIbHOE YHCJIO, MHO-
XKECTBO BCeX TaKMX TOUEK
MPOCTPAHCTBA, PACCTOAHUE

Puc. 28 OT KaXIOH #3 KOTOPHIX

10 MHOXeCTBA %) M crporo

MeHbuie 7 (puc. 28). Takum 006pasoM, TOYKA X MpPHHALACHUT
MHOXeCTBY M, TOMLKO B TOM cJyuae, eC/au HaHAeTCH B MHO-
wecrse M Takasg Touka y, uro {|x —y| < r. Kak u panee,

Mf O3Ha4aeT MHOXECTBO BCeX TeX TOUEeK MPOCTPAHCTBA, KO-

TOpLIE He NpHHAMIeKAT MHOXecTBY M,; uHaue rosopa, My —
zonosxenue MHoxectBa M,. Hampumep, ecam M — map
x| <R, To MHOMecTBO M, — cdepuueckas obaacts || x| <

< R--r, a nononxenne M; — mHO)ecTBO [|X|| > R 7.

!) Mpeanoaaraercs, uTo Gynxuus G (x) yIOBAETBOPAET YCJIO-
Buio (23.6). — ITpun. ped.

?) HamoMHuM, 4TO PacCTOSHHEM OT TOYKH X JO MHOMecTBa M
HasbiBaeTca Beauuuna inf d (x, y), rie HHXHAS rpanb Geperca no
BCeM ToukaM y MHowecTBa M. Ecau M 3aMKHYTO, TO HMKHAS IPaHb
BCerga pocTuraercd, — I1pum. nepes.
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[Tpexjie Bcero Mbl npuBeleM ABe COBEPILEHHO 3JeMeHTap-
Hble JeMMbl. Kak u panee, peub no#zer o HeaBTOHOMHOH
cucTeMe

x=X(x, £), t>0 (F)

Jdemma 1. Ilyems V(x, t)y—craaapuas @yuxyus,
wacmuele NPou3BOOHbBe Nepsozo NOPAOKA KOmopold He-
npepol8rsl npu scex x u scex t >0, a M — 3amxcnymoe
MHONCECMBO B N-MePHOM npocmpancmse. lonycmuMm, 4mo
V(x, H<KL0 Ous scex x uz M° u scex t>0 u umo
Vixp 1) <Vix, t) 0aa scex ty>t,>0u npu awbom
subope x, 8 MHnooxecmse M, a x, 8 muoocecmse M
npu nexomopon r. Tozda awboe pewenue cucmenst (F),
Haxoosuweecs 8 HEKOMOPHUL MOMeHmM ty>0 8 wmHo-
acecmse M, Huroz0a yoce He CMOXNCem NOKUHYMb MHO-
acecmso M,

HokasateabcTto. IlycTs x () — pellleHHe CHCTEMBb
(F), xoropoe B MoMmeHT £, > 0 Haxoautcs B MHOXecTBe M.
HonyctuM, 4t0 B Kako#-10 OGosee mnosmnuit moment T > £,

touka x(T) yxe npunanaexut Mr. PaccMOTPHM MHOXeCTBO
TaKuX MOMeHTOB f, f, < f{; < T, yTo pelueHne x (f) ueJUKOM
npoxonut B MHOWecTBe M npu Bcex £ < ¢ < T; nycth = —
HauMeHblllee 4ucao, obaaznawoiiee 3ruM csoficTBoM. Ho Toraa
TOYKA X (T) UpHHALMEIKUT MHOMKecTBY M u  moIToMy
V(x(c),v) <V (x(T), T). OnHako 5TO HEBO3MOMKHO, TaK KaK
t <t < T —nepospacraiomas ¢yuxuns npu =<t L T.

Ora neMMa He HCKJIIOYaeT TOH BOSMOXHOCTH, YTO pelle-
Hue, HavaBulieeCd B MHOxecTBe A, uMeeT KOHeuHOe BpeMd
onpenenenns. Ecau ke M — orpanuuensoe 3aMKHYTOE MHO-
XeCTBO, TO YKa3aHHAs BO3MOMXHOCTb MCKJIQUAETCH H Kauao0e
pewenue x (f), Hayarweecs B M B HEKOTOPHH MOMEHT £, > 0,
ocraercs Bce Bpems B M,. Omvaxko muoxecTBo M, Tarie
OrpaHMYeHO, a MOTOMY BCE peliieHHs, KOTOpHE B KaKOR-anGo
MOMeHT BpeMenn ?, > 0 naxoastcs B M, paBHOMepHO orpa-
Huyenel. VHBIME  CIOBAMH, CYLHEeCTBYeT Takoe uucao b > 0,
YTO ISl BCeX pelleHu# x(£) ¢ npuHaatexaiuedt M Hauadn-
HOR TOUKOR x (), £, > 0 Brmoaneno HepaBeHcTBO || x (£)| < b
npH BCeX £ > £

Jemma 2. Ecau, kpome npednosoxcenus nemmu 1,
sunoanens nepasencmea V(x, £) >0 u V(x. t) L—e<0
Oan 6cex t >0 u scex x u3z M, mo xaxdoe Heoepanu-
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4eHno npodoasxcaemoe peuwerue cucmems (F) 8 rxounye
KoRyo8 ocmaemcs swympu M,. Hwuauwe z080psa, ecau
X (t)— HeozparuuerHo npodosdcaemoe peuteHue cu-
cmemnt (F), mo cywecmsyem marxod momenm T, 4mo
X (t) sexcum 8 M, npu scex t>T.

ODokasateabctBo. [Tockoasky V>0 u Vg—s <0,
SICHO, YTO KaXJ0e HEeOrPaHWUEeHHO HNPOLO/KAEMOE pelleHHe
IO/DKHO B KoHue koHuoB Bolith B M. Ho rtorama, cornacHo
JemMMe 1, OHO [OJKHO BCe BpeMd OCTaBaTbca BHYTpu M,.

Mul Oyaem rosoputb, uto cucrema (F) npedesvno oepa-
Huenal), ecan Hafijercs uucao b >0 U mad Kawaoro
pewenus x(f) wuucao T >0, Takoe, uTO HepaBEHCTBO
[[x (] < b cnpasennuso naa scex t > T2).

Teopembr XVI u XVII noayusaiorcs kak CjaeacTBHE HpH-
BeleHHHX Bhllle ABYX JeMM M IO3BOJAIOT CYAUTb O npe-
Ae/bHON orpanuueHHoCTH cucTeMbl (F).

Teopema XVI. Ecau, kposne 6cex npednosoxcernui
aAemMbl 2, nompeGosamb euje, 4moGo. MHOdKMcecmso M
6oia0 Ozpanutero, a V(x, t)—>oco npu ||x|| — oo pasro-
smepro no t >0, mo cucmema (F) npedessno ozpanuiena.

HokasateabcTBO. Tak xak MHoxecTBo M orpanu-
yeHo, TO MHOXeCTBO A, Takie OrPaHMYEHO O/ KaX10TO
r > 0. IlosroMy, corjaceo JjeMMe 2, HaM [10OCTaTOYHO J10-
Ka3aTb, 4YTO MpHBELCHHHIE B YCJIOBUHM TEOPeMbl LOMOJHHTEND-
Hele MPEANO/IOKEHUS TaPAHTHPYIOT HEOTPAHHUEHHYIO MPOJOJ-
kaeMocTb Bcex peweHufi cucremnl (F).

Kak Mbl yxe OTMeyaju Bhiue, ecau M — orpaHuyenHoe
MHOXeCTBO, TO BCe pelleHus, HaunHawiuuecs B M, pasHo-
MEpHO OTpaHu¥eHBl H, C/AeAO0BATE]bHO, HEOrPaHWYEHHO Npo-
Jo/mxaeMbl. [IycTb HauajbHas TOYKa X (£y) NEKHT B MHOMKe-
cree MF. B cuay HaloxeHHOro Ha ¢yuxumuio V (x, f) ycaosus
npu || x| —> o0, MOXHO BLOpaTh 4ucaA0 R croab Go/bIuuM,
uto V (x, £) > V (x (), t,) npu Bcex £ > by u Beex x us Mp.
Ecan x (¢) Bce BpeMsa ocraercs Bue M, o dyuxuns V (x (£), £)
youBaeT n x (f) He Momer Buifitu u3 Mp?3). Ecau xe peue-

1) B opurunane ultimately bounded. — ITpuns. nepes.

2) Yucno b ne 3aBHCAT OT Bhiopa peleHuit. — ITpun. ped.

%) Mockoabky byuxuna V (x (£), ), yomsaer, 10 V (x(f), 1) <
LV (x (o), to).— ITpun. peo.
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HHe X (?) BXonuT B MHOWecTBO M, TO, mo JeMme I, oHO BCe
BpeMsl MOC/Ie STOrO OCTAaHETC B HEKOTOPOM MHOXecTBe M,.
CrenosareabHo, BCe pelleHUs OTPAHHYEHB W MOTOMY BCE OHH
HEOrpaHHYeHHO TpPOLO/KAEMH,

Ilokasannas Teopema o00JajaeT TeM HENOCTATKOM, 4YTO
Tpebyer Goabwioro koauyecTsa ycjaoBuft. Cyluectyer He-
CKOJILKO MPOCTHX U YAOGHHIX AJAs NPUIOKEHUH Cayuaes,
KOrla TeopeMa MOxeT OwTb ympouwena. [Ipocrefimas dop-
MyJAUpPOBKA TeOPEeMEl MoJayvaercd, ecad pyuxuus V He sasucur
ot £. Xors V(X) M He 3aBHCHT OT BPEMEHH SBHO, MPOM3-

BoAHas V (x), BHIUMCAAEMAd B CHIY HEABTOHOMHOHN cucTemul (F),

y:e 3aBucuT fBHO u oT f. Ilpu 9TOM HepameHcTBa MJjs V
MPENoIaraioTcs BLINOJHEHHBIMH NpH Bcex £ > 0.

Teopema XVIL ITycms V (x)— cxarapuan pyuxyus,
KOmMOpQs npu 8cex X umeem Henpepsisrsie 4aAcmubie npo-
u3800Hble nepsozo nopaora, nputen V (x)->oconpu || x||—

—>00. Ecan V(x)< —e<<0 Oua 8cex x u3 donosne-
Hus M® HeKOmOp020 3AMKHYMO2Z0 02PAHUMEHHOZO MHO-
scecmsa M, mo cucmema (F) npedervno ozpanunena.
HDokasatenbcrBo. HaMm nocratouHo yGemutbcs, uto
B DAaccMaTpPUBAEMOM CJyyae BLIMOJHEHH BCE YC/OBUSI TEOPeMbl
XVI (Bkmouas Takxke ycaosus aemM 1 u 2). Tak kak byuk-
uua V He 3aBHCHT OT BPEMeHH, TO €€ CTPEMAeHHEe K GeCcKo-
HEYHOCTH TpH || X || —> CO MOMHO CUMTATh PABHOMEPHBIM O f.
flcho, kpome Toro, uro ¢yHkuus V (x) orpaHuveHna cHusy
npu Beex x. IosToMy Mbl MOxeM, NPHUOGABHB, €CaIM HYXKHO,
KOHCTHTY, CYMTaTh, 4T0 (yHkuus V (X) HeoTpHUATENbHA MpH
BceX x. MuoxectBO M 3aMKHYTO M OrpaHUYEHO; MO3ITOMY
HempepwiBRas Qynkuua V (X) orpaHuyeHa Ha STOM MHO-
wecree. CieloBaTeNbHO, CYIECTBYET TAKOE LOCTATOUHO GO/b-
woe uncio r, uro V(x,) <V (xy,) nna Bcex x, us M u

BCeX X, u3 M. TeM caMbM NOKA3aHO, YTO BCe YCJOBHS
teopembl  XVI sninoauens, 1. e. cucreMa (F) npemeabHo
orpaHuueHa.

Tpumep. Ms npuseiem Tenepb NpUMep, HIIIOCTPHPYIO-
WUH MpUMeHEHHE 3TOH TeOpeMH O mnpele/bHOH OrpaHHYeH-
HOCTH.
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PaccmoTpuM ypasHeHue JlbeHapa (cM. npumep 6, § 23):
X fR)x4gy=e(®), t>0. (241

HonyctuM, uro dyHkunu f(x) u g(X) UMEIOT HempephiBHLle
npousBonubie, a ¢yukuus e(f) nenpepmBHa. OnpeneanM
oyukuun F (x), G(x), E(f) no dopmynaM (23.1) u BMecto
ypaeHenus (24.1) OyaeM usyuaTh OSKBUBAJIEHTHYIO €My cCH-
cTeMy

x=y— F(x)+E®),
y=—g(x)
Mpeanonoxum nanee, 4TO
a) xg (x)> 0 npu 1ocraTouHo GOJIbILUX X;

6) dynxuns |E (£)| orpanuueHa;
B) g(x)F (x)—>co npu |x|-—>co.

Tycts
V= ly—h@P+0(x)

dyukuuio s (x) Mb onpereauM nosxe. MoxHo Hemocpen-
CTBEHHO MOJCYMTATb, UTO

Ve=—u'(x)[y—F(x)+E®IYy—h(x)—
— g () [F(x)—h(x)—E(#)]. (24.2)
B kauecTBe OrpaHHYEHHOro 3aMKHYTOro MHoxecTBa M BhiGe-

pem npamoyrosbhuk | x| < a, |y| < b n onpeneanm ¢pyHKuuio
h(x) Tak:

—¢& nupu x < —a,
h(x)= %x mpn —a<Lx<Ka,
c npu x> a,

rie ¢ >0 CTO/b BEJWKO, YTO BHIMOJHACTCA HEPABEHCTBO
|[E(t)|<c¢ npu Bcex £>0
byHxuua k(x), OYEBHIHO, HENMpPEPHIBHA, HO ee NPOU3BOA-

Has uMeeT paspelBbl Mpy xX=—a& H X=4a, 4YTO0, KaK
JN€rKko BUAETH, HECYLIECTBEHHO.
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Mockoabky A'(x)==0 npu | x| > a, To npu STHX 3Haue-
HaAX X [cM. paBedcTBO (24.2)] u Bcex £ >0

V=—g (%) [F(x)—h(x)—E @),

OTKyJAa JIErKO 3aK/ioyaeM, YTO TMNPH 3THX 3HAYEHHAX X u f

¥ NMpH. AOCTAaTOYHO OGOJbIIOM @ BCeria V<—s < 0.
C 1pyro#t croponw, Hcxond u3 dopMmyuan (24.2) u onpene-
JdeHnst OYHKURKM A (X), MB BHIMM, UTO, TIPH JAOCTATOYHO
6onbuioM b, TO e HepaBEHCTBO V<—e < 0 umeer MecTO
(x| <a, |y]>buscex £ >0, IMosromy VL —e <0
sesne B M°.

Haxonen, V(x)—>oco npu |x|-—>co u, coraacHo Teo-
peMe XVII, ypasHenue (24.1) obnanaer npeneabHOR orpatu-
YeHHOCTbHIO.

B nexoTopoMm cMuiciae Gojee o6LIMMU YCIOBUSAMM, FapaH-
THPYIOIMMH NpelesbHY0 OrpPaHUYeHHOCTL ypaBHeHus JIbeHapa
C BHELIHUM BBIHYXKIAIOLWINAM BO3IeHCTBUEM, SBJASIOTCS Cle-
Ryoujue:

a) |[E(t)|<E, npu Bcex £>0;

0) signx-g(x)>a>0 mupu |x|>a;

B) signx - F(x)>Fy>E, npu |x|>a.
OTMeTuM, uYTO J10K43aTEIHCTBO HPOBOAMTCH  aHaJOTHUHO.

B wactHOCTH, pasoOpaHHLIt MpuUMep MOKA3LIBAET, YTO pelie-
HHA X (f) u x(f) ypaBHeHua Bau-pep-Iloas

Xte(x?—Dxdx=e(), >0
t

00/121210T TIpele/bHONR OTPAHUYEHHOCTHIO, eCJaH fe(':)dt

0
orpanuden npu £ > 0.

§ 25. NpakTuueckas ycCTOHYHBOCTH

B HacrosmieM naparpade ML HAMEPEHB H3JMONKHTbL He-
CKOMbKO ule#t, KacawmOUMXCs NPAKTHYECKOH YCTOHUMBOCTH,
B Halexne, 4T0 uX o0CyxcleHHe 3lech INPUB/EYET BHUMaHUe
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K 9TOMY BaXXHOMy Bompocy!). B To ke caMoe BpeMs cTaHer
fICHO, TIOYEMY HEKOTOPBIE HCC/ENOBAHHA MO YCTORYMBOCTH He
MOryT ObITb OlleHeHBl Kak oueHb cepbe3Hble. K 5To#t karero-
puM TIpUHALJMEXKAT HCCAELOBAHHA, B KOTOPBIX NPUHUMAaeTCH
BO BHUMAaHHE TOJbKO JiHHeHHOe MpuOJMKeHHe.

Met yxe oTmewamu B § 13, yTo YCTORYMBOCTbL U Hawme
aCHMNTOTHUECKAd YCTOHYHBOCTL camu no cebe He obecneuli-
BAIOT IpaKTHYeckoi ycroiuuBocTH. HeobxoamMo 3HatThb BeJi-
4yHy 00JaCTH aCUMNTOTHUECKOH YCTOMYHBOCTH H, KPOMe TOrO,
paccMoOTpeTh YCJIOBUS, B KOTOPLIX CHCTEMa NOMKHA paboTats,
TpeBoBaHUA, KOTODHIE K Helt mpenbaBaaoTCA, H T. M. ToJabko
nocje 3TOTO0 MOXHO CYIWTh, OyleT Jd paccMarpuBaeMas
CHCTEMAa JOCTATOYHO YCTOHUMBA 1A TOTO, YTOOH BHIMOJIHATH
CBOM (DYHKUUHM, M MOXHO JIM YJAYYLIUTb €€ YCTOHUMBOCTb.

CornacuBlIMCh, YTO aCUMATOTHYECKAss YCTOHYMBOCTbL cama
no cefe HeLOCTATOYHA AN NMPAKTHYECKOH YCTOHUMBOCTH, MBI
Morau OBl CKJOHHTBCS K MBIC/IH, YTO OHa, OJHAKO, BCeraa
npeAcrtapifeT co6off HeOOXOAUMOe YCJOBHEe. DTO yTBEpXKIeHHE
Takxe HeBepHo. ITonoxkeHne paBHOBecHs CHCTEMBI MOXeT OBITb
MAaTeMaTHYECKH HEYCTOMUNBO M TeM He MeHee CHCTeMa MOXeT
COBepuaTh KoJje6aHHs B JOCTaTOYHOH OJU3OCTH OT 3TOrO
HOJIOKEHHS! PABHOBECHA, TAK UTO €€ DEXUM SBJAETCH BIOJHE
npueM/eMblM. MHorue aBualuMOHHblE M pakeTHBle yCTpoHcTBa
BelyT ceba uMeHHO TakuM o6pasoM. (Huxe Mbl nmpubelem
HnpUMep CHUCTeMbl € HEYCTOWYUBLIM MNOJIOKEHHEM PAaBHOBECHT,
KOTOpasi NMPAKTHYECKH yCTOHuuBa.)

HiMes B BUAY Bce 3Tu ulen, nepeitnem k (HopMmy/aupoBKe
onpeje/enus npakTHuYecKo# ycroHumBocTdH. Kak M panblue,
OCHOBHOH Hallle#t cucTeMolt fABJdeTCs

x=X(x, 8, t>0. (F)

[MonoxeHue paBHOBeCHs PAacIHOJOMEHO B Hauaje KOOpIAMHAT
X (0, t)==0 npu Bcex f > 0. BoaMyuleHHas cuctema

X=X, )+p(x, 8, t>0. (F*

Mp  BuOepeM uuca0 3 u ABa MHOMecTBa Q H Q.
Vimenno, Q —- 3aMKHYTOE OTPaHHYEHHOE MHOXECTBO, CONepxa-

) IMonpoGuee 3TH BONPOCH paccmaTpuBaiorcs B kHure: Kapa-
wapoB K. A, u Muawruk A. T, Bseieiite B TeXHHUECKYIO
TEOPHIO YCTOHUHBOCTH JABHKEeHHS, Pu3Matru3, 1963, — [1pun. nepes.



§ 25. [IpaxTuseckas ycroiivusocre 149

lIge HayaJo KOOPAMHAT, a Q) — MOAMHOXECTBO MHOKecTBa @ 1).
Mycts x* (£, x0, ¢;) — pemwenne BO3MywenHo# cucTeMsl (F*),
YAOBJETBOPAIOIIEE YCIOBHIO X™ (£, x0, #,) = xO. TlycTs, nanee,
P — COBOKYNHOCTb BCeX BO3MYUICHHH p, YAOBJETBOPAIOUIUX
ycnosuio || p(x, £)|| <8 ang scex £>0 u Bcex x.

Ec/u 3251 KaxA0T0 BOSMYWIEHHS p U3 P, RaXAOH TOUKH X,
H3 (p ¥ Ka)0rO MOMeHTa BpeMenH £, > 0 pelenne x* (£, x0, £,)
octaercs B MHOumecTBe Q npu Bcex £ > 02), 1o rosopsr,
4TO HAuaJ0 KOODPAMHAT O0MaNaeT npaxmu4eckold Ycmoiiu-
socmbro. TakuM 00pasoM, pelUeHUS, KOTOpble HAYMHAIOTCH
M3 TOuYeK MHOXecTBa (), Bce
BpeMsl OCTAlOTCSl B MHOXeCTBe Q
(puc. 29).

[Tonsitne mpaxTHueckod yc-
TOKUMBOCTH BKJAIOYaeT B cels
yucjao 8 M OBa MHOXeCTBd Q M
Qo MHoxecTBO Q sIBJISETCA MHO-
Heecmeom OONYCMUMBLX  CO-
CMOAHUL  Hawed cucmemst.
Ecau pewenue x*(¢) cucre-
Mbl (F*) B MoMeHT ¢ Haxoaurcs
BHyTpH @, TO CHCTEeMa B 3TOT MOMeHT paboTaeT YIOBJ/ETBO-
puteabHo. [loamMHOKecTBO @, #B/SETCA COBOKYMHOCTHIO Ha-
YaJbHEIX TOJONKEeHUH. :

Ilpexie ueM TOBODUTb O MNPAKTHYECKOH YCTOHUHBOCTH,
Mbl AO/DKHBl pelliuTb:

1) xak 6JH3KO OT MOJIOXeHus paBHOBeCHs NOJ/IKHA pabo-
TaTh HAllla CHUCTEeMa, MHauye FOBOPS, UTO TAKOe MHOXKECTBO Q;

2) xaxoff cuabl OYyAYT OXHIlaeMble BO3MYLUEHHs, HHAYe
roBOpsi, K4KOBa BeJHYHHA 4uc/ia J;

3) Kakue Haya/jbHBIE YCJAOBHS MOTYT HMeTb MeCTO, MHaye
rOBOpS, 4TO NpencTaBifeT co6oH MHOMeCTBO Q.

[Tocsie TOro, KaKk BCe 9TH BONMPOCH pelleHHl, MOXHO TOBO-
pUTH O MPAKTHYECKOH YCTOHUHBOCTH.

[TpakTuueckas ycToHuMBOCTb He sBJIseTcsd HU GoJjee chia-
OniM, HU 6GoJsiee CHJAbHBIM MOHSTHEM N0 CPABHEHHIO C OOLIYHOM

Puc. 29.

1) Takke uMelollee HAYaA0 KOOPAKHAT CBOEH BHYTpeHHeH Tou-
kO#. — [Tpun. nepes.

%) W, caefoBaTeNbHO, HEOTPAHHYEHHO MPOJAOMKAEMO. — [1pun.
nepes.
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ycwohuusocThlo. Tlooxenne paBHOBecus MOXeT OHITb yCTOM-
uuBHIM B OOLIUHOM CMHC/Je M He OBITH B TO Xe CaMOe BpeMs
NpaKTHUECKH YCTOHUUUBLIM U, Ha06OPOT, MOXKeT OBITb IpaK-
TUYECKH YCTOWUMBHIM, He 00/azas OJHOBpeMEHHO YCTOHUYMBO-
CTbi0 N0 JlsmyHoBy.

IlpakTuueckas ycTOHUHBOCTL O3HAYaET PABHOMEPHYIO Orpa-
HUYEHHOCTb pellleHHHt OTHOCHTEJbHO MHOMXecTBAa (J, HayaJbHHX
3HayeHu#t M COBOKYMHOCTH P BO3MYlIAOIHUX BO3AeHCTBHI.
OnHako Ans NpaKTHYeCKOH ycro#uuBocTu TpeGyercsa He TOMLKO,
yTOOH CYylLIECTBOBaJa OTPAHUUMBAIOIIAS MOCTOSHHAA s pelle-
HUH, HO u 4roObH 5T4 MOCTOAHHAA OblIa JOCTATOYHO MaJa;
pellleHns, HAUMHAIOMIYECS B MHOXKeCTBe (), BCe BpeMs 0CTaloTcs
B Q. B § 14, rize mMbl 00Cyxnatu yCTOWYMBOCTH 1O OTHOLIE-
HHMIO K TOCTOSHHBIM BO3MYILUEHHSM, OBIJIO MOKAa3aHO, YTO ecJd
Ha4aJ0 KOODAMHAT ACHMITOTHYECKH YCTOHYMBO, TO MO 3ajiaH-
HOMY MHOXecTBy () HafileTcs Takoe MOAMHOXeCTBO Q,=Q
1 Takoe 8 > 0, UTO OTHOCHTEJbHO HHX I10JIONKEHHE PABHOBE-
CHAl MpaKkTuyeCKH ycToHuuBo. B 3To#t popMmyaupoBke yTBep-
XIAeTCs ML CYLIeCTBOBaHHE MHOXecTBa () ¥ uucaa & > 0,
HO He CONepXUTCA HUKAaKMX CBeleHHH O HX BeJHuuHe, Tak
YTO 3TO MOXKET ¥ He MNpPHBOAUTL K MpaKTHYeCKoH ycToH-
YUBOCTH.

Jlemma 1, § 24 naer HaM HeKOTOpHH MeTOA A OGHapy-
WeHHd NpaKTHYeCKOM YCTOMYMBOCTH; MpU 5TOM MHOmecTBO M
COOTBETCTBYeT MHOXecTBY (), a M, coorsercteyer Q. Ilpo-

u3BoZHas V, NOACUMTHIBAEMas B CHJY BO3MYLIEHHOH CH-
creMnt (F*), momxHa ObiTh HemoJOXWTeNbHa BHe Q, HJs BCeX
BO3MylLUeHuf#t p us P.

[ToneaHo uMeTb B BULY, UTO MHOTIA NPaKTHYECKYIO yCTOM-
YHBOCTb KeJaTeNbHO OOecHneudTb TOJLKO B TeueHHEe KOHeu-
Horo BpeMenn T. OmpeleneHue npakTuyeckofl ycroHuuBocTH
B 3TOM cJayuae Moauduinupyerca TpeOGoBaHueM, uToOH pellie-
Hue x"(f, x, {,) ocraBajoch B MHOxectBe Q npu fH <t
L t,+T. Takum o6pasom, ecan V <[y B QyuV > Bre Q,
TO BHINOJHEHHE HePaBEHCTBA ,

vizh
B @ o3Hauaer, uro J00O0e pellleHue, HaunHawleecs B Q,
6yner ocrapaThcs B Q B TeueHue BpeMenn T

[To anasoruu ¢ noJHOH ycTORUMBOCTHIO (ACHMNTOTHYECKOH

YCTOWUMBOCTHIO B LE/AOM) MBI MOXEM ONPENSAUTb CHAbHYIO



§ 25. IIpaxrudeckas ycroliuugocrs 151

NpaKTHYeCKYI0 YCTOHYMBOCTb. Kak ¥ paHbime, yucao 8 u
MHOMecCTBa Q u @, 3anann. Ecau Hauano KoOpAMHAT NpPaKTH-
4eCKH YCTOHYMBO M €CJH, CBEPX TOro, Kaxioe pelueHue x*(f)
cucteMnl (F*) naa xaxaoro p u3 cOBOKymHOCTM P BXOAMT
B KOHUE KOHUOB B Q 1 OCT4eTCS B HeM, TO Mhl CKaxXeM,
yro cucrema (F) obnanaer cusvrod npaxmuuecrold yemodnu-
gocmbio. IlpefenbHas OrpaHMYEHHOCTb pellieHu#t cucTeMul (F*)
Aas BceX p u3 P — HeoOXoauMoe yC/IOBHE CHJABLHOM NpakTu-
ueckoft ycrofiuuBoct cucreMsl (F).

C HEKOTOPBIM BUAOW3MEHEHHUEM METONbl, Pa3BUTHIE B Ipe-
JeayuieM naparpade A4 uCC/ielOBaHAS NpelesibHOM orpaHu-
YeHHOCTH, MOTYT OBITb MCIOJIb30BAHB AJS U3Y4YeHUs CHIbHOH
ApaKTHUeCKOR ycTofiuuBocTH. JlokasaTeabcTBO, aHaJOrM4HOE
npuBefeHHBIM B § 24, mo3BoasteT HaM yOeluThCs B CHpaBenJii-
BOCTH CJEAYIOUIe TeOopeMH.

Teopema XVIII. ITyems V (x)—craanapras Gyui-
UUR, UMEOWAsl Henpepolérbie npu 8cex X 4ACMHbe npo-
u3so0nvie nepgozo nopadka, nputer V(x)-—>co npu

| %|| = co. Mycms V, 03nanaem npoussoduyo smoi @by ux-

yuu 8 cuny cucmenst (F*). Ecau V, < —e <0 049 8cex x
sHe Q, Oas scex p u3 P u 0aa scex t >0 u ecan
V(x)LV(y) npu aobon subope x u3 Q, u y sne Q,
mo cucmenma (F) o6aadaem cusvnoli npaxmuecrod
yemoidtusocmoio.

BosbMeM, B uyacTHOCTM, B 3TOH TeopeMe B KayecTBe Q
MHOXeCTBO, onpedesnenHoe HepaBeHcTBOM V < /[. Toraa Hu
OlHO pelleHHE He MOMXeT HOKHHYTb MHOXeCTBO @, H MH
MoxeM B3aTh Qy=0Q.

IIpumep. B kayecTBe mpocTOro mnpumepa HCCAeNOBAHUA
MpAaKTHYECKOK YCTOHUMBOCTH MBI CHOBA DacCMOTPHM YpasHe-
Hue Ban-gnep-Iloas

x+4p@@x?—1)x4+Bx=0, (25.1)
rie KOHCTAHTH { M [ MNOJOXHTEJbHB. 3aMeHOH mepeMeH-
HEIX X ¥ £ 9TO ypaBHeHHe MOXHO GBIIO Gbl MPUBECTH K HOP-
MaJbHOMY BuMIY ypaBHeHus Bau-gep-Tloas (13.4).

BOJausy Hayana KOODAMHAT COMPOTUBJAEHUE OTPULATE/LHO,
M MOJIOXEeHHEe pPaBHOBECHS HEyCcTOHUMBO. Mbl MOKaMeM, 4TO
COOTBETCTBYIOIMM BBIGOPOM MapaMeTPOB MOMHO IIOJYYHTH
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M0G0 BHA TIPAKTHYECKOH yCTOHYUBOCTH, KakoH OBl Mbl HH
saxorean. C Apyro#l CTODOHH, ec/i¥ | OTPHUATEJNLHO, TO
MOJIOXKEeHUe paBHOBECUA AaCUMITOTHYECKH YCTOHUMBO, HO, He-
CMOTPS HAa 9TO, € NPaKTHYeCKOR TOYKM 3peHHs MNOJOKeHHe
paBHOBeCHs MOXeT OBITL BecbMa HeycTOHYMBHIM. Bce 31O
CpaBelJUBO NMpu OTCYTCTBUM BO3MYIUeHu# (T. e. npu & =0).
Kax Mbl yBuaum, B peayabTare AeHicCTBHA BO3MyIleHHH yCTOH-
YHBOCTb MOXET CTaTh elle MeHee YAOBJETBOPHTEIbHOM.
BoasMyLieHHOe ypaBHeHHe HMeeT BHI

X4 p(@x?— ) x+4Bx=p(x, X, ),

rae | p(x, x, £)| <3 nas Bcex x, x, t. EMy sxBuBajeHTHa
cucTeMa

x=y,
y=—p @ — 1) y—Bfx—p(x, x, t).
Onpenenum QYHKUHUIO
V(e 9) =41y + F(0)— k()P4 5 ¥+ 82,

(25.2)

rae
2 43
F=e (5 =)
2ux npu | x| <L a,

2uasignx mpr |x|> a.

h(x):{

[MpousponHas 9ToH (QyHKuMM B cuiy cucreMbl (25.2) pasHa

V,=—[p(a2x2— 1)+ &' (x)] y*+
4 (20 =B () [F () — k()] } y—
— (Bx — p)[F (x)— A (x)]. (25.3)

B kauecte Q, BosbMeM mupsMoyroabHuk |[x|<a, |y|<b.
Jlerko BuzeTb, 4TO Ajs JOGOro 8 Ml MOXeM, BHOupas 4

U b 10ocTaToyHO OO0JBLIMMH, MOJAYYHTb HEPABEHCTBO V*<——
—¢ < 0 BHe Qp. DTo MOKaabBaeT, 4YTO MpPU OrpaHHUYEHHBIX

BO3MYLIEHUsX p (X, %, f) cucreMa (25.2) mpeneabHO OrpaHu-
yeHa. Ho Mbl xoTean Obl MOJAyuuTb Heuro OoJabluee.

He 6ynem crapaTbca noayuuTb O0oJiee TOYHBIE OUEHKH,
XOTA 3TO U He TPYAHO clenarb. Mul XOTMM TOJbKO MOKAa3arhb,
YTO IJ% JI0GOrG O MOXHO, BHIOPAB COOTBETCTBYIOLIMM OGpa-
30M p, & M B, caenatb yucaa ¢ M O CKOMb YrOZHO MAjbiMH.
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B neBoaMywenHom cayuae p =0, a Q,— obaacTp, OTrpaHu-
YeHHas npeleibHHIM UMKJIOM. [lpu £->00 Bce pelenus Ha-
MaTHIBAIOTCA HA STOT UMK/, KaK cnupanu. B mpumepe 2, § 13,
Mbl Jaa¥ HEKOTOPYIO OLEeHKY NpeNeJbHOMY LHUKJY.
Bosepamasch k usyveHuro ¢yrkuumu V,, 3ameTuM, uYTto
3 N
F(a)—h(@)>0 npu a >— F(a)—h(a)=0 npu
3
a

a=—, a> 0. Nycts A= F (a) — k (a). Bubupas a>—3—,

3
HO cToab OJMH3KO K —, KaK 3TO HaM norpebyercst, MH Oy-

geM uMeTh A >0, HO cKoab yroano MaamM. Ilpu |x|<—
HanGoabluee 3HaueHHe oOyukuuu') |F(x)— A (x)] pasHoO
)\0=2V§%. [Tycts @ >—§ BRIGpaHO Tak, 4TOOBI A ==Aj?).

[pu A;—0 umeem a — -3— Torza npu {x|> a, MOCKOIbKY
£ (x)==0, noayuum?3)
. N — /3
V< —spy 2y —2V3(L —0) <
32 5 {38 )
<2V %
V 3
1) 1o HanboJbliee 3HAUEHHE NOCTHIAETCA NPH X = — —— ' —
Mpun. ped.
2) 3uaueHne a OMpEAEAACTCH U3 DABEHCTBA
a‘a i
}\=P~ —3————3a =)\0=P- —3————3x| .
Orciona o (a® — x}) =9 (a — x,). Coxpamas Ha a— x;, noxyuaen
KBaJpaTHOE ypPaBHEHHE o
a2+xla—+—x¥—72— = (.

3
IMoncraBasem Xy =— (cM. TIpelbIAyliee MpUMedaHHe) M

21/:?

HAXOAHM IIOJIOXKHUTEJbHBIH KOpeHb 4 == — punm. peod.

3) Ilpu oneHke BEAHUHHBL V B CI)OpMley (25.3) BMecTO X non-
CTaBJsieTCA BEJHYMHA @, MPH 3TOM F{x)—h (x) =h, =2} 3 —
B péanoc-m fx —?d BequuHHa x =g 3aMeHdeTCd MeHbIIEH Be.nu-

. 3
4HHOH ;.-—Hpu.u. peo.

11 3ax. 1824
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Ipu {x| < a, nockoabky A’ (x)==2p, Gyaer?!)

Vo< —py 4[24 V3 iy 42 VE R ol o
= —p (¥ —2¢|y|—cy).
rie

6 —
——+2V3E, o=2V32 4128

Taxkum obpasom, V, —e <0, ecmn [x| e u [y[>
>0+ \/c“’—}— - fpu |x| > a wmu yGemnaaemcsa, uTo 3Ta
We omnenka 1as V, Cl'lpaBeILJII/IBa, ecau

T T (52 +s).

CurenoparteabHo, BHGHpas uncia o, g u B Tak, yTOGE OTHO-
LIeHUst % % ;Bz— " % Obin Madsi?), MBI NOJYYMM Hepa-
‘BEHCTBO V < —e <0 BHe mpamoyroabHuka Q: x| <L
|91 b, rtae a w b MOryr GbTL CKOJb YTOAHO MaJBIMH. Sa-
MeTHM, 4YTO BCE€ STH OTHOINEHHS IEHCTBUTEJLHO BO3MONKHO
cleJaTh MaJbiMH OZHOBPEMEHHO.

Iycts Vi —makcumyMm oynxkuun V(x, y) B Q,. flcHo,
YT0

Vo= 5 0+ )P+ 5 B+ .

Torna Q, UeNUKOM COLEPKUTCS B MHOXeCTBe Q, onpeleJeH-
HoM ycaosuem V (x, y) <V, Bemunna V, Moxer Omtb
BhIOpaHa CKOJIb YrOJHO MaJioff; MHaue roBopsi, U MHOXecTBO Q
MOXeT ObTb CHeJaHO CKOJb YroAHO Ma/tuiM. BHe MHo-

swecTBa Q, cmpaBesuBo HepaseHcTBO V  —e < 0 u, cle-
IOBATEJNbHO, HU OLHO pellieHHe, HAYMHaWIleecs B Q, He MO-
KeT TOKMAATh M KaxJAOe pellleHHe B KOHIE KOHHOB BXO-

'y Tlpu onenke |F (x)— h(x)! saMensercs MaxKcHMaJbHHEIM

_ ) 2V3
snauennem 213 % , a |x|—BeanuuHoii a = —a1~ — Mpun.
peo.

2 3 ad
) TTpH STOM MOXHO CAe/aTh MAMBIM U OTHONIEHHE v T e R

Hpux. peo.
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auT B Q. TakuMm o6GpasoM, Las J11060ro & Mbl MOXEM Bhl-
6path a, p u B Tak, uToOH NpaKTHYECKas YCTOHYMBOCTD
OblJ1a CKOJb YTOAHO CHJBHOH.

§ 26. BuiHyweHHble KoJeGaHHfA; CTALHOHAPHBIE DPENHMBI

B peanbHbHX cucTeMax oOTHICKaHHE Ko/e6aHu#, KOTOpbie
MOryT OBITb KAaK »KeJaTeJbHBIMH, TaK M HewesaTeJbHHMH
(BpenHbMu), SABAACTCA BAXKHOH NpaKTHYeCKOH mnpobaemof.
Hawu cpeictsa cBaAsu cobuparorca U3 lemeHt, MOPOKAAOWMX
ycroHuuBbie konebanuda. Haolopor, mnossienue KojeGanutt
B CHCTEeMe pery/iupoBaHHA MJM B SKOHOMHUYECKOH CXeMe MO-
KeT ObiTb MOBoZOM HIjs Oecrioko#icta. IlpobGaeMb Henuneh-
HBIX KoJeOaHu#t kpafiHe 3aMaHuYuBH O/ MaTeMaTHKOB, OHU
NpPeACTABAAIT co00# TO OOIIMPHOE N0/ NeATeJbHOCTH B AuD-
(depeHUMaNbHBIX YPABHEHMAX, Ile Mbi HabJlodaeM cefiuac 3Ha-
unTeabHuiit nporpecc. CoBpeMeHHas MaTeMaTHKa, B YaCTHOCTH
TOMOJIOTHS, AaeT HaM HOBEIE MeTOAB UCC/eNOBaHHS.

B Hnacrosuem naparpade Mb XOTHM YKasaTb Ha JOBOJIbHO
HEOMUAAHHYIO CBA3H MexAy Teopuelt konebGaHu#t M MeTOLOM
JlanysoBsa.

[Tpexae Bcero paccMOTpPUM JHMHEHHYIO CHCTEMY

X=Ax—+f(t), t>0; (26.1)

31eCb X — n-MepHbHIt BeKTOp, A ——TIOCTOAHHAs MaTpHuUa Io-
paika #, a f(f)—HenpepelBHas NepHOIMYECKAs 1-MepHas
BexTOp-dyHKUMa nepuoda 7. s Takoft JuHeRHOH cuCTEMMB
MMeeTCst HECKOJbKO OTHOCUTENbHO MPOCTHIX pe3yabTartos. Ma-
BECTHO, YTO ecau cucteMa (26.1) uMeer orpaHuueHHOe npu
t > 0 pewenunel), TO 9Ta Ke CHCTEMa HUMeET MepPUOIUYECKOE
pewende rnepuoda 7T. [anee, ecau Marpuua A ycroftuusa
(1. e. Bce ee cOOCTBeHHBIE BHAUeHUA HMEIOT OTPHMUATE/bHEIE
IeHCTBUTEbHbIE YacTH), TO cucreMa (26.1) umeer eimHCTBEH-
HOe MepHOAMYEeCKOe pelieHue, a BCe OCTA/MbHBIE PEIICHHS MpHU-
6/MKAIOTC K HeMy TpDH HeOrpaHWYEeHHOM BO3pPACTaHUU Bpe-
MeHu, Takoe mnepuoluyeckoe pelleHHe Mbl OyleM Ha3blBaTh
VCMAROBUBULUMUCA KOACOAHUAMY, WIH CMAUUOHADHUM
peAcumMon.

) B opurunate bounded in the future. — ITpun. nepes.

[1*
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Haauuue wennueftnoctre# B cucteMe AuddepeHuHanbHbIX
ypaBHeHn#l MPHBOIMT K CEPbe3HBIM TPYILHOCTIM. PaccMoTpum,
HampuMep, CUCTEMY BTOPOTO MOpAlKa

{ x=P(x, y, b, 26.2)

y=Q(x, v, 1),

rie P n Q —nepuoauyeckne no f ¢yHxuun nepuora T. Ml
MPEANIOIOKHM TAKKE, YTO AJIS 3TOH CHCTEMBl HpPH BCEX X H Y
BHIMOJIHEHA TEOPeMa CYyLUeCTBOBAHUA.

B 1950 r. M. Maccepa noiyyun oueHb HMTepecHHHl pe-
gyabrar. OH NOKa3an, YTO €C/H BCe pelleHHs cucTeMsl (26.2)
HEOTPAHHYEHHO TNPOAOJAAeMbl U eC/HH H3BECTHO, YTO CUCTEMA
HMeeT OrpaHHYEHHOE DelleHHe, TO 3Ta CHCTEMa UMeeT MepHO-
udecKoe pelleHwe nepuoda 7. IOTOT pe3y/bTar I[03BOJAET
MCIIONb30BATL yTBepKAeHns § 23 n 24 nas usyueHus xone-
G6anui. Eci, ckaxeM, ylacTcs MoKasatTh MeTONAMH STHX na-
parpados, uto cucreMa (26.2) ycroftuusa no Jlarpawxy uau
of/anaer npene/bHOM OrpaHUYEHHOCTbIO (M, CJAeAOBATEJLHO,
ycrofiunBa Mo Jlarpamxy), TO Mbl MOKEM YTBEPXKIATh, YTO
OHa HMeeT IepHolMYecKoe pelleHdHe mepuona 7. B wacTHo-
CTH, €CJH BEpPHYTbCA K npumepy § 24, cuuTas BHHYXAAI0-
1y cuay e(f) nepHoiHYeckKoH, TO U3 CKA3aHHOrO BHITEKaeT,
uTo ypasHeHue JlbeHapa HMeeT IO KpalHe#t Mepe OIHO
NepHOANUECKOE pelleHde, MpUYeM MEepHOA 3TOTO  pelleHHs
COBMajaer ¢ mepuHoaoM ¢yHKuuu e (f).

K coxanenulo, 3T0T pesy/bTaT HeBepeH /A HeauHeHHbBIX
CHCTEM BHULIE BTOPOro INOpsAka; Ha 3TOT cuer Maccepa
npHBea NPOTUBOpeyalllne NpHUMepsl. B caydae mpoussoasHOro
MOpSAKa CHCTeMbl, KOIJa MH yXe BBHIHYXKIEHBH OTKA3aThCS OT
MCIIO/b30BAHUS NIPOCTHIX TONOJOTHUECKUX CBOHCTB MJOCKOCTH,
OCHOBHBEIE Pe3yJbTaTHl TEOPHHM KacalOTCAd CJAyuYas KBa3uJIHHeH-
Huix cucteMml). Fimeercs, onHako, oaMH 06uuit pe3yJbTar,
KacalowHics yCTaHOBUBIUMXCA KoJaeGaHult; kak nokasan Howu-
3aBa, M3YYeHHE CTALlMOHADHHIX PEXUMOB MOXHO HPOBOAUTHL
MetoaoM JlanyHosa.

PaccMoTpum cucteMy ypaBHeHHH

x=X(x ), t>0, (FP)

) B opurnunane weakly linear systems. — [7puns. nepes.
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OTHOCHTENBHO KOTOpOH NpelnoJaraercs, uro X (x, f)=
= X (x, t-+ T) naa Bcex n-MepHLHIX BEKTOPOB X, Bcex £ >0
u Hekotoporo T > 0. Mw mnpeanosaraem Takxke, 4TO AJA
cucteMnl (FP) Brinoanens yc/1oBud, obecneunBaolljge CyulecT-
BOBaHHMe, eIHHCTBEHHOCTb M HelpPepBIBHYI0 3dBHCHMOCTL pe-
IeHU# OT HauadbHLIX ycaoBuM. Mul ckaweM, uro cucrema (FP)
IKCMpPeMaavHo yemoiddueal), ecmt Aas Kaxiof napwl pe-
wenuit x1(f) u x2(t) cucremsl (FP) cnpaBesnuso mpeneis-
HOoe cooTHoileHue x!(#) — x2(¢)— 0 npu £ — oo. Jla-Can,
0606wias pesysabraT Tpeddrtua nas cCHCTeM C OXHOR cre-
nensio cBoboasl, nokaszan, u4to ecau cucrema (FP) skcrpe-
MaJdbHO YCTOHYMBA M €CJM OHAa MMeeT OTpaHHYeHHOE peile-
HHe, TO 9Ta CHCTEMa MUMeeT MePUOLnYecKoe peleHue iepuoja T
D10 mepuOAMYECKOe pelleHUe SBJSAETCS eIUHCTBEHHBIM, U BCe
OCTa/ibHble pellleHNs HeOTPaHMUYeHHO NpHOIMKAIOTCH K HeMY
npu {—>oco. Mhaue rosopa, B cucreMe (FP) umeercs cra-
LIHOHAPHHI} pexum.

Ces3b Mexay chOPMYIHPOBAHHBIM TOJBKO UYTO DPe3ylb-
TaTOM M Teopuedt JIANYyHOBA COCTOMT B TOM, UTO, KaK IOKa-
3a1 MommsaBa, skcrpeMadibHyo ycroHuuBocts cuctemb (FP)
MOXHO YCTaHOBUTb C MOMOLIBIO BBEEHUS MOAXOMALMX PYHK-
uuft JlanyHoga. ‘

Mb nmpuBenem 3jech 0OoJiee MpOCTOH cleUUaJbHLIH Cay-
uaht Teopemn Mommuzapa. TIpeanonomuM mpexie BCero, uTo
Bce pemieHus cuctembl (FP) npenensHo orpaHuyensi. Takum
o6pa3oM, CylLIeCTBYeT TaKOe 3AMKHYTOe OrpaHHYeHHOE MHO-
KecTBO &£, UTO BCe peuleHHs STOH CHCTeMbl B KOHUE KOHIOB
OCTaIOTC BHYTPH 3TOTO ‘MHOXecTBa. [lajee, Aaa usydeHus
NOBeleHNs] NMapbl pelleHHft eCcTeCTBEHHO BBECTH B PACCMOTpe-

HHE JB€ CHUCTEeMBbl .
x=X (x, t),

y=X(y, 9,
KOTOPbie Mbl MOXeM OODBeNMHHTb B OIHY CHCTEMY TO-

aika 2n: .
P z2=127(2, t), (26.3)

cyntaf 2 U Z (2, t) 2n-MepHbIMH BeKTODaMi:
(5). swo=(hec )
=\y) 2@9=\x0p. 0 /)

1) B opurunane extremely stable. — [Tpunr. nepes.
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[MycTp ©? 03HaYaeT MHOXKECTBO BCEX TEX BEKTOPOB

()

A1 KOTOpHX o0e ,coctaBadolme* x w y jgexar B 2, Ha-
koHew, M —— MHOXECTBO BceX TaKux

X
== N
X
y KoTophx x Jexur B . Hanpumep, muoxectso M apasercs

NMaronanblo usobpaxkenHoro Ha puc. 30 muoxecrsa 22, Kax-

Y

Q2

Puc. 30.

Joe peleHne cuctembl (26.3) 0CT4eTCd B KOHUE KOHLOB
BHYTpH 2, ¥ MBI MOXEM OFpPaHHYUTL Hallle HCC/eJ0BaHHE
HMEHHO STUM MHOXeCTBOM. JIOKaxeM, 4TO Kaxk1oe pelleHHe
cuctems (26.3) npubmixaercs K MHOMectsy M mpu £ — oo:
370 ¥ OyldeT O3HAYATb IKCTPEMAJBHYIO YCTOMUHBOCTb CH-
cremnl (FP).



§ 26. Boinyacdennsie Konrebanus; crayuonapusie pexcumst 159

Hycte V (2) — ckanapHas QyHKUHSA, HMelOllas BHyTpu K2
HenpephiBHBle 4YacTHble NMPOU3BOJHEIE MepPBOro nopsaxa. Jo-
NycTUM CBepX Toro, uro B 92

a) V(2)=0 nas 2z, npunamnexamux M;
6) V(2)>0 pas 2, He npuHamjexauux M;

B) V(z)<0 Ajs 2z, He NpuHalaexamux M.

[[Toanas npousBonHas V' OGeperca B cuay cucteMn (26.3)].
ChopmyaupoBatHele orpaHuyeHuss Ha ¢yHkuuio V' osHavaior,
4TO 9Ta (YHKIHA ABJAETCS IO OTHOLIEHWI0 K MHOxecTBy M
MOJIOXKUTENLHO ONpeleseHHOH, a ee NMPOU3BOJLHAS — OTpPHUA-
TeJqbHO omnpelejeHHo#. TouHo TaK ke, KaK U BO BTOpOH
TeopeMe JlanmyHoBa 06 ycTOHYHMBOCTH, OTCIOAA CJEAYeT, YTO
Kamaoe pellieHne cucrteMmbl (26.3) npubmixaercs npu £—> 00
K MHOXecTBYy M, a 5To B CBOI0O oOuepelb DaBHOCUJBHO YT-
BepXJeHHI0 00 3sKCTpeMa/bHOR ycTofiuuBocTn cucteMet (FP).

Takum o6pasoM, JonycTuB, 4ro pemenua cuctemnl (FP)
npelefbHO OFpaHWYeHbl, ME CMOIJIH JOKa3aTb CJAeLYIOUIYIO
TeopeMmy.

Teopema XIX. ITpu chopmyrupos8arnnu X seiuie nped-
noaosxcenunx cucmema (FP) umeem eduncmsenrnoe nepuo-
duuecroe pewenue nepuoda T u raxodoe Opyeoe ee pe-
UleHue HeozpAHUYEHHO npubausxcaemcs npu t—>00 K
AMOMY CMAYUOHAPHOMY DexNcUMY.
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§ 25. [IpakTudeckas yCTOHYHBOCTH . e e e
§ 26. BoiHyxeHHble KoJAe6GaHUs; CTALMOHADHLIE PEXUMBI

Juteparypa .

AnhaBUTHBIH YKA3ATEAD + « v & v ¢ o v 0 o o o o o o W

K. Jla-Canas, C. Jlepmen

UCCIENOBAHUE YCTOHYUBOCTH
NMPSMbLIM METOJIOM JIANIYHOBA

Pexakrop A, A. PHIBKHH
Xyaoxuuk B. I1. Sauxun. XynoxecTBeHHn#t peaakrop B. . [llanosaros.
Texuuueckuit peraktop J. [1. Kondwrosa. Koppextop I'. [1. Cypkosa.

Caano B npouasoicTBo 22/X 1963 r. [loanmucano kx meyatu 3/111 1964 r.
Bywmara 84 x 1081/5,=2,6 6ym. 1., 8,6 mey. a1, 7,3 yu.uss. a.
W3n. Ne 1/1870; Ilema 71 xom. 3ak. 1824,

(Temnaan 1964 r. usn-sa ,WJI*, mop. N 12)
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HU3OATEJbCTBO «M U P»
Mockpa, 1-1 Prkexufi nep., 2

* & ok

Jlennurpanckaa tunorpadua Ne 2 uMeHn Esrenun CoxostoBo#t
«nasnonurpadnpoma» TocynapcTBeHHOro koMHTetra CoOBera
Munucrpos CCCP no nedatH.

HUamaltoBckuil npocnexT, 29,
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