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Takum 00pazoMm, B KHUI'€ OCTaBJICHBI JIUIIb T€ BOMPOCHI, KOTOPHIE COOTBETCTBYIOT OCHOBHBIM pa3JieiaM
IporpaMMbl MO MaTeMaTHKe JJs BBICIIMX TEXHMYECKUX YYEOHBIX 3aBEJICHUH B YACTH aHAJIMTUYECKON
TEOMETPUU U TEOPUH OIPEICIIUTEIICH.

Teneps o MOBOAY MPOU3BEACHHBIX COKpamieHnil. OHM KacaloTcst 00IIel TEOPHH KPUBBIX U MOBEPXHOCTEH
BTOPOro nopsaka. M3ioxeHue 3TUX BOIPOCOB B MPEABIAYIIEM HM3JAHUU KHUTH OPUEHTHUPOBAIOCH TOJIBKO HA
pelIeHe ONpeIeTICHHBIX 3a]au aHATUTHYECKON TeoMeTprr. Mexay TeM, sl NPUI0KEeHUN TpeOYIOTCsl MHOTHE
BOMPOCHI areOpbl, KOTOpble TECHO CBS3aHBl C aHaNUTH4YecKod reomerpueil. IlosToMy aHanMTHYECKyrO
TEOMETPHIO CIIEAYeT M3JlaraTh Tak, 4TOObl BaKHbIE anreOpanyeckue MOHATHS MOJIYYWIH B HEH TOCTaTOYHYIO
AKIICHTUPOBKY. B 4YacTHOCTH, B TEOPUU KPUBBIX M IIOBEPXHOCTEM BTOPOrO MOpPSAAKA JOJDKHBI IIOJIYy4YUThb
JIOCTaTOYHOE OCBEIICHHWE OCHOBHBIE CBOMCTBAa KBajpaTHUHBIX (popm. Ciofga MPUMBIKAIOT TaKXe JIMHEHHBIC
npeoOpa3oBaHuss M MaTpullbl. Bce 3TH BOMPOCHI H3IOKEHBI HAMU B OTAEIBHON HEOOJIBIIOW KHUKKE
(«KBamparuunbie GpopMbl U MaTpHLbI»), KOTOpas u3naercs B cepurl «M30paHHbIE TIaBbl BBICIIEH MAaTeMaTHKH
JUIsL THXKEHEPOB U CTYJIEHTOB BTY30BY.

28 nexabps 1961 r. H. E¢pumos

Hacrosiee (necaroe) uzganue He oTiMyaeTcs ot npeasiaymero (1967r.)



YACTh MEPBAY
AHAJINTHYECKASl TEOMETPUS
HA IJIOCKOCTH

FJITABA 1
KOOPJMHATbHE HA MPSIMOA U HA MJIOCKOCTH

§ 1. Oce u orpesxd ocu

1. PacemoTpum OponsRoAbMyR mnpamyio. Ouwa wumeer nma
B3AHMHO [OPOTHBONONOWKHBIX Hampasiedns. Mabepem no ceoemy
KENAHHIO OMHO H3 HHX H HA30BEM €ro NOJOKHTEARHHIM {a mpo-
THBOMONOXKHOE HATPARICHHE — OTPHIATEEBHEM),

[Tpamy10, HA KOTOpOH «HA3HAYEHO» NOJOKATENLHOE HANPaB-
aenHe, Mu OyAeM HasHBaTh ocero. Ha geprewax nmonoxmuTennkoe
HATIPAB/AEGHHE OCH YK43WBaeTcs crpenkolt (CM., nanpumep, puc. |,
rAe usobpameHa ochb a).

5 &
a 57 ¢ a
Puc. 1.

2. TlycTe Raua kawau-umOyAL OCb H, KPOME TOrO, YKazan
MOcuTabueul oTpesoK, T, e. AHHeHiHas eHAHNA, C [OMOULBIO
xoTOpoH MOGOH OTpe3ok MOKET OHTh HIMEPEH H TeM CaMsM IA#
apBoro OTPesKa MOweT OWTh ONpedeleHa ero JAJHHa,

BosbMem Ha AanHOH OCH ABE NPOH3BONBHHE TOYKH H NOMETHM
ux Oyxpamn A, B. Orpesox, ocpanuuenseri rouxamuy A, B,
HALIGAETCA HANPABACHNGIM, ECAL CKAIAN0, KAKAA U3 ITUX TOHEK
CRUTAETCA HA4QA0M OTPE3Ka, KaKas Kouyom. Hanpagaenuem
OTREe3KA CHUTAETCR HANPABACRUE OT HAYAAR K KOHYY.

B zanpnefliiem texcte HanpasnedHwd oTpesok o6o3nauaercs
apyma OyxBaMHM C 4YePTOH Hal HHMH, MMEHHO TeMH e OyKBamu,
KaxuMH TIoMedeHH OFPanHYMBAIOUINE ero TOUKH; Opd 3TOM OYKBA,
IKOTOPOM [TOMEYeHo HaYako, CTABHTCA Ha NEPBOM MecTe. TakHM



10 KOOPAMHATH HA NPEMOH W HA MAOCKOCTH [ra. 1

obpazom, AB obosnduaeT HANPaBACHHBA OTPE3OK, OrpannyeHHLi
ToykaMn A, B, navyalomM KOTOpOro sBAfeTcH Toyka A BA obo-
3HAYAET HanpaRieHpL OTPe3OK, orpaHnyeHHws Toukamm A, B,
HAYaloM KOTOPOr0 HBAKETCH TOuKa B.

B raabpmeifineM, paccMaTpHBAS HANPARAEHHBIE OTPE3KH OCH,
MH Y2CTO GYAeM HA3HBATh HX NPOCTO OTPEIKAMH, ONYCKad C10BO
«HAMPaBAENHLHS, '

¥caosumes HassieaTe eesuyuncd orpeska AB wexoTopod ocu
HUcA0, pasHoe eeo Gaune, 83ATOH CO 3HAKOM RAOC, ecau Hanpa-
&AeHUe 3TO20 OTPE3Ka CoBRADAET C NOAOIKUTEABHLIM HANPABAe-
HUEM OCU, U CO IHAKOM MURYC, €CAL OHO COBRAJAET © OTpuya-

TesproiM Hanpasienuem ocu., Bennuwny orpesxa AB Mm OGyxem
0603nauath cHMBOAOM AB (Ge3 wepTh). Mbl He HCKAWOuaeM Cly-
vaf, Koraa Ttouykd A u B coBnanaiT; TOrAa 0Tpeaok AB Hadu-
BAETCH HYAe8bIM, TaK KaK Beinuuda ero AB pasna nyaw. Hanpag-
JI€HRE HYJEROT(G OTPe3Ka HEONPEILJEHHO M, TaKHM obpasow,
Ha3BATH TAKOH OTPE30K HANPABAEHHHM MOKHO JHUIbD YCAOBHO.
Benununna orpeska, B OTAHUHE OT €r0 AAHHL, €CTh
UNCNO OTHOCUTEAbNOE; GYEBHIHO, JA/MHHA OTPE3Ka eCTb MORYIb
ero BeIMYRHW *), MOSTOMY, B COrZaCHH ¢ NPUHATHM B aareGpe
cnocoGom 0G03HAYATh MOAYAb 4YmCAA, A48 OOO3IHAYCHHA AMHHB
orpeska AB mm Oyaem ynorpeSamre cumson |ABL fcwo,
uto |AB| w |BA| 06034a4a10T 0AHO  TO We yucno, HanpoTus,
camMu Benpyunel AB u BA oTaR4a0TCA 3nakoM, Tak 4TO

= — BA,

Ha puc. 1 naoGpaxiens och @ # na wmeil touxn 4, B, C, [
EjE, — maciuiTaGnmit orpesox. Toukn 4, B, C, D npeanonaraorcs
PACOONOMEHHLMH TaK, 4TO paccTosnHe Mewiy A u B paedo
by, meway C u D — tpem. Hanpasnenne ot 4 ¥ B cosnagaeT
¢ AONOMHTEILHHM HATPABAGHHEM OCH, Hanpasiedue ot C K DD
NPOTHEONOMONKHO OONOKHTEALHOMY HADPABACHHIO OCH. B JaHHOM
cAy4yae Mbl HMeeM, CAEZOBATENBHO,

AB=2, CD=—_3,
Aax
BA=—2, DC=3.

*) CIOBO «MONYNL» 03HAUAET TO XKe, YTO ¥ «abCOMIOTHAN BEJHUHHEES,
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Kpome Toro, MOWHO HANHCATH
14B8]=2, |CD|=3

3. Hpu amobom pacnosoxenuu Towex A, B, C na ocu

sequdunsl oTpeaxos AB, BC u AC cessanet coornowenuen ¥ )
AB-}- BC = AC; R {1}
3TO COOTHOIEHHE MG OyAeM Ha3HBATh OCHOSHBIM TOXOECTEOM.

Jokaxem ocuoBroe TowaecTso. Ilpennonoxnm ceawana, ¥To
OTpe3kH AB u BC, Gyny4y . HeHYAEBHIMH, MMEIOT QIHHAKO-
BH e Hanpapnenus (puc. 2, Bepx); TOorma OTpPe30K AC umeer
NAMHY, PABHYIO CYMME AMH OTpeskom AB, BC u nanpasien
OZMHAKOBO C HHMH. B 3ToM ciyuae Bce Tpn yucaa AB, BC u AC
HMEIOT OAMHAKOBBIE 3HAKH # uucio AC pasno cymme uwucen AB,
BC, 1. e. ToxzectBo (1} cnpaBean#zo.

Tpeanonoxum Temepb, uTo oTpeskn AB u BC, Gynyun He-
Hy/neBHMH, HMEIOT P23 HH ¢ HANPaABRIeHHA (puc. 2, #us). Toraa
OTpe30K AC umeer ATHHY, DPABRYI0 PA3HOCTH JNHH OTPE3KOB
AB, BC u nanpasies Tak xe, kak 60jee LIHHAHA U3 nux. B 3ToM

A 7 g .
A c .
Pue, 2.

caydae wiucaa AB u BC umeior pasneic snaku; a yucno AC umeer
MOAYTb, paBubifl paznocTH moxyaefl yucen AB, BC, u 3nak, coB-
fMafaniml co 3HAKOM TOCO H3 3THX YHCEN, MOAYNbL KOTOpOro
Goaptite, ChepoBaTenbi0, 0 NpaBuAy CAOXKEHUH OTHOCHTENBHHX
uHCesl H NIPH TAKOM pacnoNOKEHHH TOYeK 4duciac AC pasHo
cymme uucen AB, BC, 1. e. Toxnectso (1) cnpaseniuso,

Ipennonowkum, HaKoHew, 4TO KakKoH-HRGYAb M3 OTpeakos
AB, BC — wuyneso#t. Ecan AB - nynesofl oTpesok, To Touka B
coBnaaaetr ¢ TOukoff A, c/lepoBatelbHo,

AB+BC=AA+AC=04AC=AC.

Ecan BC-—nynesoll 0TpesoK, T0 Touka B coBnazaeT ¢ TOW-
koit C, clemoBaTensHo,

AB-BC=AC+-CC=AC+0=AC.
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Hrax, tomaecteo (1) xeficTBHTEIBHO CNPABERAHEO TIPH BLeX
pacnopowennsnx rtouex A, B, C.

Sameuanue. Eciu 6u B coornomenyn {1) camsonu AB, BC
1 AC cyurtainck NPOCTO OJAHHAMH COOTBETCTRYIOUIHX OTpes-
kOB (6ez yyeTa 3uakosl), TO OHO Owia0 OM BEPHO TOALKO TOTHA,
Koraa Touka B nexut meway touxamu Awu C. YHUBEpCATBHOCTD
coorHolreRHA (1) HMEET CBOMM MCTOUHHKOM MMEHHO TO 0BCTOos-
TeNbcTBO, 40 AB, BC u AC B Hem MOHMMAXTCA KaK B e u-

9uH W oTpesxor AB, BC w AC, 7. e, kaK ZIHUB HX, B3ATHE
C HAANMEWANIAMH IHAKAME ¥},

§ 2. Koopuusarm wa mpamoit. Yucaoras och

4, Mu yuaweMm 3lech crnocof, ¢ TOMOWBI0 KOTOPOTG Mo X 0-
WEHHE TOYEeK HA rpou3BOABHO BHOpaHHoOl OpaMoit Moo
onpeneATh 3AMAHHEM YU Ce N,

[lyete mama npouasonbnas npaMas &. BuGepem wexoTopmi
OTPe30K B Ka4eCTBE NUHEHHOH eawHHiB, Ha3natuM Ha npaMoll @
MOJA0KATE/NbHOE HANpanAcHue (6.1aronaps 4eMy OHAa CTAHET 0ChI)
H OTMETHM Ha 3TOH mnpamof Gyksoft O kakyw-HHOYAL TOUKY.

Tlocne 3TOro yeavsumcw Haswgare Koopduxatod  aobotl

rouku M na ocu a eeauwuny orpesxa oM. T ouky O b6ydem
HA3bi8aT6  HAXAAOM KOOpOuMarT, ee COBCTBEHNAR KOOPOUHATA
PABRA RYA0.

3anavyweM KoopEuHaTe Touxkn M nonowende ITOH TOMKH Ba
Rannoit npsMoRt onpesensercs Bnoane., MIMeHHo, Moaynb Koopan-
HaTH, T. e. OM, ecTh paccrosnke Touwn M or (sapanee dux-
cupoBanuoft) Toukn O, 2 3HaK KOOPAMHATH, T. €, 3HAK yHcna OM,
YCTAHARNNBACT, B KaZKOM HANDABJACHHM 0T TOuKH () pacnoavkeHa
TOWka M; eClH KOODIHHATa NOJOKHUTENbHA, TO Touka M pacmo-
NOKEHRA B NOSOWHTEIABHOM HATIPABAEHHH OT TOUKH O, €ClH oTpu-
UaTenplia,— TO B OTPHUATEILHOM, ECIH K¢ KOODUMHATA DaBHA
Hywio, To TOuKa M cosnagaer ¢ Ttoukod O (Bce 3TO Heno-

*) Ecau oTpesyu He nemaT Ha Kakof-auGo ocH, a paccMaTpHBaTCy
K&K NDOH3BOALHEE OTPe3KH Ha NJIOCKOCTH, TO HeT OCHOBAHBH YCAOBHO
DPRNKCEIBATE HX IAKHAM TOT HAH HHOH 3HaK. B Takux cayvaax AAHHH
OT]IE3KO0B MOKHO 00U3HAUATh KakK B SNeMenTapHOH reoMeTpuM, 0e3 cpM-
BONA MONYJSA, YT0 MW H OyfleM 4acro IedaTs B janibuefimeM (cM., Ha-
upHve, n° 40, rie ATHAA oTpeska oGosnauena wepes CM eMecto | CM ).
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CPEACTBEHHO C/ENYET M3 ONPEHENeHHT BEAHYHHH OTPe3ka ocH;
cM, n°2), ,

Ipencrasum cefe, 4To TpAMAN @ PACTIONONKEHA nepes HaMg
TOPHIOHTANBHO H NOAOKUTENBHO HANPABACHA B TIPABYIO CTOPORY.
Toraa pacnonoxerue Touek npaMOR @, B 3aBHCHMOCTH OT 3HaK4
UX KOODARHAT, MOWCT ObIThH OMHCAHO CAEAYIOUWIMM OGDPa3oM;
TOYKH, UMEIOUIHE MOMOKUTEILHHE KOODAWHATH, /IEKaT COpaBa-
0T HaYala KoopiaukaT O, a TOYKH, HMEIOWHE OTpPHLATEe/bHHE
KOOPAHHATH, ~— CNERA OT Havyana koopapnar O,

Koopanuary nponasonbHolt Touku 06H4YHO 0603HAYAOT Syk-
Bo#t x. B Tex cayyasx, KOLAa paccMaTpHBACTCH HECKOMLKO TOYeK,
HX 4acTo 06030AUAI0T 01HOM GYKBOH ¢ pasHbIME HOMEpaMH, Hanpu-

mep, My, My, ..., M,; KOOPAMHATH STHX TOYEeK TOrA4 TaKwe
0003HAY2IT OnHOH OyKBOR € COOTBETCTBYIOL{HMH HOMepaMa
S Xy Xgy e, X

Menasi kpatko yKasaTh, NTO DAHNAA TOUKA HMEET NAHHYIO
KOODAHHATY, 3ANHCHBAKT 3Ty KOOPAHHATY B KDPYTHX CKOGKAK
pinoM ¢ o06o3HauenneMm caMoit  TouxH, Hanpmmep: M, {x1),
My{xy), ..., M, {x,).

5. 31ech MB MOKaNEM JBE MPOCTHE, HO BAKHLE TEOPEMH.
Onu oTHOCHTCH K OcCH, HA KOTOPOR BBEIEHZ KOODAMHATHAR
cHeTeMa. _ |

Teopema 1. Kakoset 6o nu 6biau 086 Touku ocu M, (x,) u
M, (xy), sceeda umeer mecto pasescrso

MMy = x,—x,. (1

HoxasarenbcTBo. Brieacrbue OCHOBHOTO TOMNIECT-
Ba (n°3)
OM, -+ MM, = OM,,
OTKyda
MM, = OM,— OM,.

Ho OM, = x;, OM,=x,, cnenosaresnnHo,
MMy = xo—x,,

470 H TpebOBANOCh HOKA3ATh.

CywHocTs 3TOH TeopeMb MOXKHO BHCKA33aTh TAKHMH CAOBA-
MU 4TO0b6L NOAYUUTD BenuNuRY OTPE3KA OCU, HYMHO OT Koap-
Ounarel e2o Konya oTHATL Koopduwaty nayaaa. (Cwm, puc. 3 u 4;
B cayuae puc. 4 HeOOXOMMMO yyecTh, YTO KOOPAHHATA X, OTPH-
uvatrenasHa.)
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Teopema 2. Ecau My(xy) u M,(x,)— mobne dae TouKL
ocu i d— paccTosnue Mexmdy Rumu, 10

d=|xy—x|. (2)
Borxasarteascrro. CornmacHo npeawayiiel Teopeme
MM, =x,—x3}
HO paccTOfHKe Mewny touxamu M;, M, ecTb MOAYIL BeAHUHHH
otpesxa MM,, CNeN0BATEIBHO,
d=lx,—x|.

Teopema Hoka3aHa.
3amevanne. Tak kdx 4HCAd X,— X, # X, — X, HMEKT
obuguit moayab, TO ¢ pae-

0 -z, M My HHM TIPABOM MOXHO MHCATh

'\\__i,g___,._--" d=lx2_,xllﬁdﬂ
= lx;,—x, |

Pae. 3. TpHusB 5TO BO BHHMAHHE,

Mbl MOXEM BHPaZHTh CMBLC
HOKa3auHoM TeOPEeMH TaK: #T06bI GBIMUCAUTH DACCTORHUE Mewdy
O8YMA TORKAMU OCLL, HYNHO

oT Koopluuarsl o0rOL u3 "'ff U MZ
HUX OTHAT6 KOOPOHAATY =Ty g
Opyeotl © @38T6- MOOYAb

Pue, 4,

NOAYUEHHOL PATHOCTY,
[Dpumep L. Hanet Tousn A(5), B(—1), C(—8), D(2); uaiitu
BeNMUHHY  0Tpesxos AB, CD u DB.
Pewenne Ha ocHopanuu Teopemnl | mmeem:
AB=w| — 5=—8,
CD =2 - (—8)=10,
DBzl = 2=--3.

IMpumep 2. Hafitn paccrosnue mexay Toskamn P (3) v @ (—2).
Pewenne. Ha ocuomauuyn TeopeMu 2

‘d—=|—2— 3{=|—5|=5.

6. Ecan da kaxoli-uniyns OCH BBENENA KOORAWHATHASN CH-
¢TeMa, TO KakAad TOYKa 3TOH OCH HMEeT OZHY BIOJHE ONpesae-
neunylo koopannaty. OO6parno, xakoe 65 Mbl HE B3f/H (Belue-
CTBEHHOE) 4YHCAG X, HA OCH HalileTcd oXda BIOAHE  onpele-
nendas Touka M ¢ Aannolt KoopaMHATON - X.
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YcaoBumca roBOPHTH, uTo Touka M wsobpascaer wucnao x.
Och, Ha koTOPOHl BBEEHL KOOPANHATH TO €nocoBy, OnHCauHOMY
B0°4, TaK YTO €€ TOHKH H300PamalOT BCE BEIECTBEHHKE YHCAA,
nasupaerca wucaceod ocero. Ha puc, 5 usofpawenw uuchopas
OCh K HECKONbKO DBEAHX 4qucen,

Ycnopupmuce H300pakaThb YHCAA B BHAE TOMEK THC/IOBOH
OCH, ML TeM CaMbLiM AendeM TeOMEeTPHUECKH MarfIuIHEM Hamie

gz 0 7 2 3 4

Puc, 5,

MpedcTaB/AeHHe O R{eX YHCJAAX B MX COBOKYMHOCTH., Bumecre
C TEM MH OOJIYY2eM BOIMOWHOCTE (OPMYNHPOBATE B TEOMETDH-
4eCKUX TEpMHBAX apubmMeTHYeckre cooTHomenud. Hanpumep, Bce
penreHHs HepapeHcTB 3 < X < 5 MOMHO HarA4AHO NPenCTaBHTb
cefe B BHAC TOYCK YHCNOBOH OCH, PACNONOKEHHHX MEXLY ABYMA
ee TOYKAME, M3 KOTOPHX onHa uaobGpawcaer uncao 3 (T. e. umeer
KOODAMHATY, DABHYIG 3), Apyrad-—wuuciao 5 (T. €. HMEeT Koop-
NHKATY, paBHYI0 5). ITO OOCTOATEABLTBO MOXHO KOPOTKO BHpA-
3UTH TaK! HepapeHcTsa 3 < X <[ 5 onpedeadT uarepsan (4u-
cia0Bol ocH), orpaHuvesHs# ToykamMm 3 u 5.

Bupaxenne apudMeTHUECKHX COOTHOUIGHME reoMeTpHUeC-
KAMH TEepMHHaMH OKa3anock EechMa yYAOOHHM H TIOCTOSHHO
YIOTPeGNdeTcH BO BCeX PasAeNax MaTEMaTHKH.

§ 3. lexapToBn APAMOYroNbHLE KOOPAWHATH HA JLIOCKOCTH.
NousaTHEe 0 JeXAPTOBHX KOCOYIOJbHLIX KOOPAHHATAX

7. Ecar ykasar cnocol, nosBoAsiOUMH yCTAHABAHBATE NOMO-
JEHHE TOYEK WIOCKOCTH 3aJaHHEM YHces, TO TOBOPAT, 4TO Ha
TIOCKOCTH BBEACHA cucTeMa xoopdurar. MM paccMmoTpum celivac
npocTeHyo U HakGonee YNOTPEGHTEIbHYIO CHCTEMY KOOPIHHAT,
KOTOpas HA3HBACTCR AEKAPTOBOH NpAMOYyronbhHo#,

Zexaprosa nPpAMOYZOABRAR CUCTEMA KOOPOURAT onpedeineTch
sabantem aunednoll eQunuysl Oan usMepenun Oiuxn u Oayx
BIQUMRO NepnenfuUKYALPHOLY Ocell, SaHYMEPOBAHKBIX 8 KAKOM-
rubyde nopsadke (T. e. YKA3aHO, KAIKAN M3 HEX CYETIETCH
nepeoH, & Kakad—naropo#i), Touka nepeceuenns ocelt HaanpaeTca
HOYQA0M KOOpPOuHAT, a CAMH OCH — KOOPOUNAGTHLIMU OCAMY,
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MpHYEM TIEPBYI0 H3 HUX HA3BIBAOT TaKKe oOcwio aboydce, A
BTOPYIO -~ 0Cb10 OROUHAT.

OGoanaunM Havano Koopaunat 6yKBoit O, ochb adcnuce — 6yK-
Bamn Ox n ocb opaunaT —Gyksamn Oy. Ha uepremxax OyKEH X, y
CTaBATCA OKONO COOTBETCTBEHHBIX OCEH B MONOMHTENBHOM Rampa-
BIEHUH OT TOUKH O B TOM MecTe, rie H306pakenus ocel 00ph-
BaIOTCA; TAKHM 00pasoM, camo pacnoaowenne 6ykB O W x Ha
YepTexe YKaskBaeT, KyX4 HANpPaBleHa OCh abCLMCE, 4 pacho-
nowenue 6yke O W y-—Kyaa nanpagnena och opmanat. Tewm
CaMHM OTNajaeT HaAOGHOCTh YKA3HBATh IIONOWKHUTETbHEIE HaTpa-
BreHuA OCel CTPeNHAMH, NO3TOMY B jainHeHOIeM Ha Raminx
YEPTEXAX CTPENKH HA KOOPAMHATHWIX OCAX HE CTaBATCA.

[lycte M—nponssontnas touka naockocTu. CnpoekTupyem
rouky M na KoopammaTHWe OCH, T. e. npopeaeM wepes M

nepnesankyaapel K npamey Ox u Oy

¥ OCHOBAHHA  9THX  DEpPHeHAUKYAAPOB
0603HaYUM COOTBETCTBEHHO M, M M,
Myb=--mma {puc. 6).

Koopdunaramu rouxu M e sa-

[}
'
- O0HHOU CUCTEME HAZLIEAIOTCR HUCAR

g My x=0M,, y=OMy, (1)

Puc. 6. 2de OM_ osuavaer seausuny or-
peska OM, ocu abeyuce, oM, —

eeruquny orpeska OM, ocu opdunar. Yucao X naswsa-
erca nepsofl Kooplunarol uau abcyuccod Touxu M, wucao ¥y
Haswgaercr  eropod xoopdunarod uau opdusarod Touxu M.
Kenan xpatko ykasats, uto Todka M Hmeer aGcuncey x
R OpIMHAaTy y, AOAR3yloTes 3amucbio: M(x; y). Ecmu wam
APRAETCA PACCMATPHBATDL HECKONRLKO TOYEK, TO Mh 4acTO Gyaem
0603HaYaTs HX OaHOH GykBOM ¢ pa3HKME HOMEDAMHK, Hanpumep,
My, My, ..., M, ToTAa KOOPAMRATH STHX TOYEK M 6yaem
NOMEYaTh COOTBETCTBYIOLINMH HOMEPAMH H 3AMMCWBATL PaccMaT-
puBaembie Touin Tak M, (xg; ), My (%55 95), ..., M, (x5 9,).

8. Ecnn 3amawa cHcTeMa AKaPTORLX MPAMOYTONbEMX Koop-
AMHAT, TO K&WAas TOUKE MIOCKOCTH B 9TOH CHCTEME HMERT Omny
BTONHE ONPENETeHAYI0 NAPY KOOPAUHAT x, y. O6paTHO, KaKoBH
66 HH Guim 7IBA  (BEWIECTBEHHHIX) WUHC/AA X, ¥, HA [IOCKOCTH
HaHAETCA ONHA BIIOJHE ONpeleneHHas TOUKa, abcurcca KoTopoit
B NaHHOH CHCTEME €CThb X, 2 OPAMHATA €CTh Y. YT06H MOCTPOHTS
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TOYKY TI0 €€ KOOPAHHATAM X, ), HYXKHO HA OCH a0CUHCC OTAOKHATD
OT nayaza KOOPAMHAT oTpe3ok OM,, BeAHuHHA KOTOPOTO pai-

HA X, 4 HA OCH opawHAaT—oTpesok OM,, Beanyuna KoTOPOro
pasHa y (Hanpasienus, B KOTOPHX ClelyeT OTKAAAWBATL 3TH
OTPE3KH, ONPEACARIOTCA 3HAKAMH uHCed X, y); Nocle 3TOro,
nposois uepes M, npamylo, napaanciapnye ocu Oy, W yepes
M, —npamylo, napaasenbny:o ocn Ox, M HallAeM HCKOMYIO
TOYKY ‘M Kak TOUKY MepecevdeHns NPOBENEHHHIX TIPAMHK.

9. B n°4 mMu OoOBACHHAN, KAK BBOAHTCA CHCTEMA KoOp-
JHHAT HAa H]JSIMOﬁ. BBe.ILEM TENEPh Ha KH}KILOﬁ H3 KOOPIHHATHEIX
ocelt Ox n Oy cucrTeMy KOOPAMHAT, COXPAHHB JAHHYIO HAM NuHel-
HYI0 eQHHHLY W IadHbie wanpasaexns oceli Ox u Oy, a
B KauecTBe HAYala KOOPAMHAT Ha Kawaoli ocw Budpas TOU-
ky O.

PaccmoTtpuwm nponaraonnnyio Touky M u ee npoexnuio M, na
ock Ox.

Touka M, nMeer Ha ocu Ux KOOpAUHATY, PaBHYI0 BENHYUHHE
oTpeskKa bﬁx; 3T2Ke BeJHUYHHA BasBana vavu (8 n° 7) abcumccolt
Toukn M. OTclona MOWHO 3aKAO4UHTh: abcyucca Touxu M paena
koopdunare touku M, wa ocu Ox. Ananorndno: opdudara
roexu M paswa xoopdunare TouKL My Ha ocu Oy. DtH npen-
JIOKEHH NIPH BCe MX OYEBHIHOCTH ABASIOTCH AJA HAC BEChbMa
BWHEIME, VIMEHHO, OHH ZAI0T NPaBO TPH PacCMOTPEHHH TOYECK
HA NNOCKGCTH NpHMensiTs Teopemn 1 u 2 (0°3), Bepaxalomme
u3BecTHHe cpolicTRa KOOPARHATHOH CHCTEMH HA IPAMOH.

10, Y1060 yacOnee gopmynuposaTe nociedyioutie GaxTH,
MM YCAOBHMCR cefiyac HAacyeT HeKOTOPHX TepPMHHOB.

Ocn Oy pasnenser BCIO (OCKOCTh B2 JBe NOAYIIOCKOCTH;
TY H3 HHX, KOTOPas Pacro/oneNa B NOAOWHTEAbHGM HaIPAB/IEHHH
ocn Ox, MH Ha30BeM nrpagod, IPYryw — Aesod.

“Touso Tak e och Ox painenseT LJIOCKOCTE HA ABE T10My-
IIGCKOCTH; TY U3 HUX, KOTOPaA PACHOA0KEHA B NMOAMKHTEALHOM
nanpaenednu ocu Oy, My OyAeM HA3WBaTh gepined, APYyryio—
Huxcreld *).

11. [Tycre M — npousgoisnast TOUKA PABOH MONYONROCKOCTH;
TOTHA OTpe30K Wx uMeeT HA ocH OX NONOKHTENBHOE HANDaB-
nenne, W, caenoRaTenbuo, abecumcca x—=OM, Toukn M

*) Takne uaapanus OMPAaBILIBIOTCA TeM, HTO RA YepTeXHax Koop-
JMHATHBE OCH OGLIYHO DAcMoJIaTaloTesi TaK, UTo0b MPH PACCMOTPEHHH M3
ock Ox 6bi2a pUAHZ Manpaplientiofl pupapo, & och Oy— BBepx.
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noxowutensha. Ecau e M waxomutes B nepokt noaynnockocTy,

To oTpesok OM, nmeer Ha ocu Ox OTPRUATENBHO® BAMpaBNEHHE,
u uHeno x=OM, orpuuarensno. Haxomeu, B TOM cayuae,
koraa Touka M newut wua ocu Oy, ee npoekuus M, na ocy Ox
copnagaet ¢ Toukol O uw x=O0M, ectp Hynb.

Taxkum o6pasom, @ce Toxku npasoli ROAYNAOCKOCTU uMEOT
noaoxurensnbie abequccer (x > 0), ece rowxku sresoil noaynao-
CKOCTU UMEIOT OTpuyaTershne abcyucce (X < 0); aboyuccsl Touex,
rexcamux Ha ocu Qy, pasnet wyao (x = 0).

AHanOTHUKO PaCCYXAAT, YCTAHOBUM, UTO BCE TOUKY BepXHell
AOAYNAOCKOCTIL UMEIOT nOAOMUTeAbHble Opdunare (y > 0), ace
TOUKU HUNCHED NOAYNAOCKOCTU HMEIOT OTPULATeAbHbe OPOUNATSL
(y < 0); opdunarel Touex, sexcauwjux Ha ocu OX, paskvl Hyo
{y==0).

3aMeTuM, 4TO y Ha4ana Kooparnat O, KaK TOUKH fepeceyeHns
ocel, ofe KOOPAMHATH PABHH HyMO: X =0, y=0, v 3THM OHO
XapakTepuayercs (T. e. 06e KOOPAWHATH PAaBHW HYJI0 T O/ b KO
ang oy Q).

12. llse KOODIHHATHHE OCH BMECTC Pa3gensioT IJIOCKOCTb
HA YeTHPE YACTH; WX HASHBANT KOOPOUMATHOIML <eTGepTAMU H

HYMEPYIOT M0 OMpeie/eHHOMY Ipa-
¥ By, Hmenno—mnepsoli  koopau-
HaTHOH veTmRepTHIO Ha3wBaeTcd Ta,
Vi 7 KOTOpAA /eXHT ORHOBPEMEHHO B
npasoit i1 Bepxueft nonynnockocTax,
pr Bropol—mewamas B nesoll u 8
J BEpXHEH NOAYTNOCKOCTAX, TPETh-
efi—nexainas B NeBoR M B MHXK-
a Vi Hel  MOAYNMIOCKOCTRX,  HAKOHel,
HETBEPTOR YeTBEPTHIO HA3HBAETLA
Ta, KOTOpas JICKHUT B DpaBo#t u R
HIkHEH nonyunockoeTix. (Hymepa-
LHS  KOOPAWMHATHHIX  deTpepTel
Nnokasana Ha puc. 7.)

llycts M—mnexoropas Touka ¢ xoopamsaramu x, y. Ha

GPEABAYINErO CHEAVET, HTO

Puc. 7,

ecin x >0, > 0, To M nexut B nepmoli yeTBepTH,
ecan x < 0, y >0, To M newur 8o BTopol yeTBeprH,
ecn x <0, y<<0, To M newut B TpeThelt YETBEPTH,
ecmn ¥ >0, y<'0, To M newur B yeTseproii YyeTBepTH,
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PaccMorpenne xoopAHNaTHEX noaynnockocTelf 1 ueTeepreft
NONe3HO TeM, YTO NOMOTZET JIEFKO OpHeHTHPOBATLECH B Pacno-
7OMCHHA 3aAZHHWIX TOYEK MO 3NEKaM WX KOOpAMHAT,

18. Mul no3nakoMuiuCh ¢ AeKapTOROH MpPAMOYronbHoil cHeTeE-
Mot xoopanHaT, Dra cucTema Haubonee ynorpeSuteabaa. O2HaKO
B OTAE/IbHLIX C1y4afX, OPH PACCMOTPEHHHM CNEenHaNbHEX 3aZad,
MOTYT OKa3aThed Golee ynoG- Y,

HEIMH B Apyrue cHcTems. Pac-

CKAXEM B HEMHOTHX CJIOBAX O Y./ SO » M
AeKapPTORHX KOOPARHATAX ¢ AIG- /
ORM yriOM MEKIY OCRMH. e

Takas cuctema KOOPHAHHAT ‘
ONpenenAeTcs 3alaHHeM Macii- 7 y7;
taGa u neyx ocelt Ox, Oy, me- / <
pecekaouuxcs 8 rouke O nox
moGum yriaom (kpome O u 180°). Puc. 8.
ycts M — npouasonrHan Touka
niockocTk. [Tposeaem uepes M npsMue, napaiienbhue ocaM Ox,
Oy, 1 0603HaYHM TOUKH HX fMEpecedenns ¢ 3THMH OCAMH COOTBET-
cTRenno uepes M, n My (puc. 8). :

Koopuawnatam Touxr "M B 3anaHHOf CHCTEMe HA3HBAIOTCA
ypcia

F

x=0M, y= OMy,

rae OM, ossauaer peanuuny otpeaka OM, ocn Ox, a OM, —

Beanuuny ortpeska OM, ocu Oy.

B ToM wactHoM cryvaey korxa yron mexay ocsmn Ox, Oy
paBes MPAMOMY, OMICAHHAN celfuac cMCTEMa KOOPIMHAT OKa-
paeTcs gekapromofl npamoyroamuob cucremod. Ecan
we yron smemxay ocamu Ox, Oy He npsMod, To 3Ta CHCTEMA
KOODAMHAT HA3HBAETCH IEKAPTOROA KOCOYFOAbHOH. B Ha-
mefl KAUre B TanbieHmeMm JeKapToBbl KOCOYTOAbHEE KOOPAHHATH
ne ynotpebasiorcs. [losromy ACKapTOBH MpPAMOYTONbHH@
KOOPAMHATH Mo GyieM 4acTO HA3WBaTh UPOCTO JACKAPTORHIMH
KOOPIUHATAMH.

§ 4. NoaspHple KOCPAHHATH

14. 3gecs ML ONHINEM TAK HAZLBAEMYK) NOAAPHYIO CUCTEMY
KOOPOURAT; OHa BECbMAa YNOGHA K NpHMEH#eTCcs JOBOALHO 4acTo.
[Monsipnas cucTemMa KOOPAMHAT OIPeNeNseTCd 3aAaHHeM He-
KoTopoll Touxk O, nasuBaeMol noaOCOM, RCXORALIErO B3 ITOR-
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TOYKH nyda (A, HA3LBAEMOTO nNOARPHOL Ocbro, W MacmiTaba

JUTA H3MEPEHUR AAHH. KpoMe TOro, npn 3aiaHnud HoASpHOR cHCTEME

JOMKHO OHTb CKa3aHo, Kakue HOROPOTH HOKPYr Toukw O cum-

TAOTCH TOAMKHTENbHWMA, OOHYHO CUHTAIOT HOJONKHTENBHEMH

Te NOBOPOTH, KOTOPHE COBSPIIAIOTCA CNPOTHB TACOBOH CTPemKity,

[TycTe samansl MONOC W nosspuan

M ocb {puc. 9). PaccmoTpum npoH3BOIS-

Hy©o To4Ky M u ofoadauum uepes p

paccTosnne ee o1 Toukn O (p = | OM]),

uepea @—yroa, Ha KoTOpPHH nNYKHO

F noBepHyTh Ayu OA ang coBMeuleHus

ero ¢ aysom OM@O= / AOM).

g A Yron 0 mu 6ynem nownMath TaK, Kak

Puc. 9. 3TO [PHHATO B TPHIOHOMETPHH (T. e,

C Y4YeTOM 3HAaKa M ¢ TOUHOCTHIO IO

CAaraeMoro BHia -+ 2am),

Hoaaproinu koopdunaramu To4rxu M (ornocuressno sadannod

cucremst) nossigarorca qucaap u 8. TIpr aToM wucao p nasweaerca

nepsoii xoopdunarod, uiu nosspusin paduycom, uucae. 6 —ero-

poi K00pAuNHaTOd, UAL NOARPHBIM Y2a0M4 (NOASPHLN YrOA HA3H-

BAIOT Takwe amnauTydod).

3ametvanue 1. Cpenu BOMOWHHX 3nauenuil NONAPHOTC

yraa ToukH M BROEASIFOT ONHO ONPEAGACHHOE, HMEHHO TO, KO-
TOPOE YROBACTBOPAET HEPAREHCTBAM

—n <0

0

ero Mo GyneM HA3WBATL 2Aaeneim, MOKHO CKa3laTh, 4TO B Ka-
YecTBe I[VIABHOIC 3HAYewud noAdpHOre yraa Gepercs yroa, Ha
KOTOPHH HYKHO ToBepuyTh nyd OA 10 COBMEWEHHH C JNYYOM
OM, wo nenag mpu arom nosopoT ne Goaee, yeMm Ha 180° B Ty
HAH JIpYyTyH CcTOpoHy., B dacTnom cayuae, wkorma ayy OM wa-
MPaBieH CTPOro MpoTHBOROAOKHO Jsydy OA, BOIMOKHWMH 5B~
naoTes Asa nosopora Ha 180°; Torna BHGupaeTCH MONOKHTEA-
Hhtll DNOBOPOT, T. €. B KAYECTBE IJGBHOFO 3HaYeHHHd NOAIPHOTO
yraa npuemmaerca 6 =rm,

3amMevanue 2. Ecau touka M coenamaer ¢ O, 10 p=
=| OM|=0. 3Ha4uT, nepsas KOOPIHHATA NOMOCA PABHA HYJIO.
Bropas ero KoopaHHATa, OYEBKAHO, HE HMEET ONPEHENEHHOTO
BRAYEHHA. '

15. B HexoTOpHX cayyadx NPHXOQUTCH OAHOBDPEMEHHO [10/b-
30BATLCH M IEKApTOBOH u noJAApHOR cmetemamu, B raxux cay-
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4asx BO3MUKAET 3a/aYa: 3HAN NOAAPHB € KOOpI[HHaTH HEKO-
TOPOH TOYKH, BEUHC/IHTD €8 AEKAPTOBH KOOPAHHATEL W,
ofpaTHo, 3Haf e¢ AEKapTOBH KOODAIHHATH, BHYHCIHTE
nonapuue, Mu BuBenem ceflyac Gopmyad Takoro npeod-
pa3oBaHHA KOOPAHHAT (QOPMYyAH Mepexona 0T OOQARAP-
HHX KOOPANHAT K AeKdPTOBRMM B o6paTHO) B 4a-
CTHOM ¢Jydae, KOTHa noAawoc

noasprodl  cuctembt cognaduer y
€ HOHQAOM CeKapToablx NPAmMo-
YEOABHBLL KOOPOUHAT, & NOAAP-
Ha8 0cb coBnadaeT © ROAOMCU-
TeAbHOU noayocsro aboyuce (puc. Myfmmmme e A
i0). Kpome toro, npu onpeze-

i
AeHHH NOAfpHOro yraa Oynem ¥ £ ;I
CUNTATh MOJOWHTEABHBIME HO- % ! 7
BOPOTH B TOM HAMPaBMeHHH, B 7 " AI&J Y
KaKOM CJeayeT BpanjaTs NoJa0-
WHTENBHYIO Hoayoch Ox, 4ToOn Puc. 10,

Kpar4aidliinM 0yTeM CORMECTHTE
¢ moaokuTeRLHol noayocsin Oy,

Mycte M — npOHSBO.ﬂbH&ﬂ TOYKA MIOCKOCTH, (X; y)—ee
NeKapTOBE KOOPAHBATH, (p; }——nonﬂpnue Koopauuata, Cunmen
sokpyr nomoca O OKpYIHOCTh paauyca p M GyaeM paccMaTPHBATh
€e B KaYeCTBe TPHIOHOMETPHUECKOH OKPYXKHOCTH, 4 0cb Ox —
B KEUECTBE HaYalbHOrO AHameTpa. OnycruM B3 TOYKH M mep-
NeHAHKYAApE Ha ocu Ox, Oy; 0603nauHM HX OCHOBAHMA COOT-
ReTCTBeHHO Yeped M,, M, (cm. puc. 10). Orpeaok OM, ssiserca.
AMHHER KOCHRYCa yTia 9; cnenosarensHo, OM, -.-[OM|5059
Orpesok OMJ, HBARETCH JMMHHe# cHHyca yria §; cliiefoBaTeNnbRO,
OM,=|OM[sin 0. Ho OM,=x, OM, =y, |OM|~p, TAKHM
oﬁpasom H3 TPerLAyHIHX cooTnomennit HMeem:

Xx=pcosH, y=psinbh ‘ (1)

J10 M ecTh POPMYAH, BHPaKalOUUE TEKAPTOBH
KOOPAHHATH 94epe3 NOoAAPHHE, Bupaxesns mo'asdp-
HEX KOOPIMHAT veped N EeKAapTOBH MOMHO MNOAYYSHTH H3
3THX We OPMYAN MAM HEMOCPEICTBEHHO!

p=Vx{y, go=L (g
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3ameTuM, oaxako, uto dopMyaa tgﬂ:% Iawe TrAdBHOe

SHAYEHHE OONRPHOrO Yyriaa olperendeT He BNIOAHE, HMEHHO,
HYXHO €L(e 3HATH, NOJOKHTEAbHA BRANYHHA 8 nm OTpHLATR/IBHA,

IIpumep. IHans gexapToBe NpPAMOYTO/bHHE KOOPHHHATE TOGKH:
{(—2; 2); vafiTu ee nonApHHE KOOPAHHATH! (CHHTAs, YTO MOMIOC nonspHOf
CHCTEMHl COBMEIEH C HAYaJ0M [EKapToBOM CHCTEMH, & ToRApHam och
COBNANACT © MOMOKMTEALHOH N0AYOCHID aliclnce).

Pemenne Ilo gopmyram (2) Hmeem:

p==2V"3%, tgb=—1.

3 1
Coraacno sropoMy B3 sTux pasencte b = 5 ® W 6=—--4-n. Tak Kak
AAHHAR TOUKA JIGKOT BO BTOPOM UeTREPTH, TO B2 JBYX YKa34HHBIX 3Ha-

ueHdi O MBI JIOKHBL B KauecTBe IviaBHOCO BuGpars nepece. Hrak,
= 3
p=2¥%, 6=Tn.



FT'JTABA 2

HPOCTEﬁlﬂHE..SAﬂA‘IH AHAJIMTHYECKOR TEOMETPHH
HA RJIOCKOCTH

§ 5. Mpoekuus orpeska.
PaccTodnne Memny )J,nym TOYKAME

16. B nanpnefliueM npe pachOTpeHuH Kaknx OW} TO HH
OHA0 BONPOCOB Mu OyAEM CYATATH, YTO 3a4aHa HeKOTOpad
cncrema KoopxruuaT., Ecan mMe OyaeM roBOpHTb, 4TO
JAHH KaKHe-TO TOUKH, TO 9TO HYXKHO NOHMMATE B TOM CMHICAE,
YTO H3BECTHH MX KoopanHaTo. Ecan B xakoil-nubyne 3asaye vpe-
OSyerca #afiTH HCH3BECTHHE TONKH, TO 331aud 6)’.II.ET CUMTATBCH
pewresnoff, koraa 6yayT BHYHCIe-

HLI HX KQODAHHATH.

B aroll rnape paccmarpuBaiQt-

CH pellleHHft pAAa IpocTedinux 3a- M,
Fa4 aHanuTHYeCKOH TeoMeTpHH,

17. TlycTe naH npox3BOAbHLIA
orpesok MM, H HekOoTOpaa och
u {puc. 11). B,

Onyctum n3 touek M; nu M,
MepoenInKyAspu Ha ocs # H ofo-
3HAYHM HMX OCHOBaHH®, COOTBETCTBEHHO, 4epes P, u P,
Pacemorpum otpesok 2P, ocw ¥, 149an0M MU KOHHOM
KOTOPOTO MBJASIOTCH, COOTBETCTBEHHO, NPOEKIUMA Aavaxa

naunore oTpeska M;M, u npoexuua ero xorua. Besuuura
orpeska PP, ocu u nassigaerca npoexyued GarHO20 OTPe3Ra
MM, na oco w, YTC CHMBOJMYCCKH BAIHCHBAETCS PABEHCTBOM

ap, MMy =FP,P;. .

=

e e e — = —

u

=

Puc. 11,




24 NPOCTEHINNE 3AAAMH HA TIOCKOCTH [tn: 2

CornacHo 3TOMY ONpENeNEHHIO NPOEKYUR OTPEIRA HA OCb ecTo
41C20; OHO MOWET OulTh NoAMKUTENbRBM (puc. 11); oTpuuaTens-
HeM (purc. 12, @) uan paunm Hyal (puc. 12, 6).

OcoGeHHO 4acTo B AHAJHTHYECKON reoMeTpuu BeTpevaeTcd
HEOOXOAHMOCTE BbYHCAATE TPOEKUHE OTPE3KA Ha KOOPIHHATHHE
ocH, ¥Yceaogumesa 0603Ha4aTh NPOEKUHIO NPOMIRONLHOLO OTPE3KA

M,

% 2

: My

| i My

i 1 ‘

{ | M

i | !

H i ez _
D D u 7= i

¢ ) ! &

Puc. 12,

#na ock Ox Gonbmo# Gyksofk X, npoexusnio sa oce Oy —Gob-
woft Gyxeoit Y,
Bonpoc o Bnumcnenmn X, ¥ no azanneim Todkam M, M,
peinaercs caeAyiOULe# TeopeMoi:
Teopema 3. Kaxosor &bt nu Goiag Touku My{xy; yy) u
My (x4 ¥,), npoekyuu otpesca MM, na xoopdunatnvie ocu 6si-
paraorca  gopryiamu;
7 X=xg—x1v Y=ys—y. (1)

doxasarteawctso. Oay-
crum u3 Touek M,, M, mep-
nenzukyanpu 22 och  Ox u o6o-
3HAYMM MX OCHOBAHHA depea |,
P, (puc. 13). Coraacuo n°9,
3TH TOYKH HMEOT Ha ocu Ox
COOTBETLTBEHHO KOOPAHHATH X,
% x,. Otciona u B cHay Teope-

ma 1 0n°3

Pngzxz-xl.

—~<

Pac, 13.

Ho PP, =X, chenosatensuno, X==x,— X, AHaNOTHYHO ycTa-
wanansaetcd pamenctso ¥ =Q,Q, = y,—y,. Teopema nmokazana.



§ 5] PACCTOIHAE MEXCEY ARYMA TOYKAMH 25

Taxkuu 06pasoM, «TOOB ROAY4UTL NPOeKyuU OTPe3ka Ha
KOOPOUHATHBIE OCU, HYMHO OT KOOPOUAAT €20 KOHHQ OTHATL
COOTBETCTBYIONUE KOOPOURATO HAYQAAR,

[TpeanoactiuM, 4To Aayano oTpeaxka M, coBnagaer ¢ HAUAROM
koopamnat O; roraa x,=0, y; =0. OGoznayus s 370M Cayiae
xouey, orpesxa npocro OGyksoli M, a xoopamwate Touxn M
Gyksamu X, y, noayyaem no dopmynam (1)

X=x, Y=y (1)

agech X, Y—npoexunn orpeaxa OM. Orpeaok OM, Haywnit’
M3 HAYAAA KOOPAWHAT B Xauuylo Touky M, wasusaerca paduyc-
sekTopom 310d rouky. Gopuynn (1) BepawawT TOT OUeBHAUWH
daxr, uTo dexaprossl nPRMOYEOAbHHE KOOPOURATH TOXKL CYTD
RpoeKyitl ee paduyc-sexTopa Ha och Koopdudar,

18. Ozno#l #a HaubGonee YACTO BCTPEYAIDMEXCH NPOCTENILHX
32734 aHaTHTHYecKoH TEOMETPHH #ABRASETCH 3ajaya onpe-
LeneHUN pPACCTOSHHSA MEWAY LBYMS JNAHNHMHA
Touxamu. ns cayuad, Koraad TOYKH OnpeaeNenH JeKapToBbMY
NPAMOYFOJAbHBIME KOOPAMHATAMY, PEIICHHE 9TOH 3anayd naercd
crnenryioulel TeopeMon:

Teopema 4. Kax 60 nu Borat pacnoAONKeHL HA NAOCKOCTER
rouku My (X yy) 4 My(xy y,), paccrosnue d mewdy Humi
onpedesreTca Popmyaoil

d =V {x;— %)+ (y,— )% 2)

HokazatenncrTso. Coxpansia oB03HaYeHHA, KOTOpHE
NPUMEHANHCH B Tpelplayllel Teopeme, NOMETHM, KpoMe TOTO,
6ykeoit N Touky nepecedenns npsambix M@y 1 M;_,P (puc. 13).
Tak .xak tpeyroabnix M M,N —npivoyroasnsll, 10 uo Teo-
peme [ludaropa

d=V MN? I M,N2,

Ho, ouesnano, aaunn kateros MN n M,N cosnazawr ¢ ac’)co-

MOTHBIME BeandnHamy rnpoexuuf X, ¥ orpeska MM, na xo-
OPARHATHHE ©OCH; CAEN0BATEABHO!

d=V XL Y2,
OTcloda H HAa OCHOBAHHH TeopeMsl 3 BaxoauM:

d=V (xg—x)* +{ya—a)%
4T0 H Tpe6GoBanocth.
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[ipumep. Hafitu paccrosume MexEy Toukamn M,(—2; 3) u
Mg (5; 4).
Pemeune. Ilo dopmyae (2)

e=VB—{(—PFE—3r =VH=5V7.

19. Paccmotpum cHoBa oTpesoxk M, M,. -Iposesem yepea
. €F0 HAYANBHYH) .TOYKY M, ays w, napamnensuuit oca Ox n
Hanpapiesubfi ¢ HEIO B OAKY H TY Xe cropony (puc. 14). O6oana-
4uM 4epe3 O yros, Ha KOTOPWH cieayeT ROBepHYTh avy ou,

4TOOH OH HAIPABMICH MO OTPE3KY M M,; aT0T yron Sysem nonu-
MaTth, KaK TNPHHATO B TPHIOHO-
¥ MeTprH (T.. €. ¢ YYCTOM 3HAKA
A € TOYHOCTLIO JO CT4raeMoro
BHIa - 27m).

¥ron 0 Gyzem mazuBath
nOARPHYM yerom oTpeska MM,
OTHOCHTENBHG RAHHHX KOOpLH-
HaTubix ocell. Ouennano, 0 npexn-
cTasaser cobolt He 4TO HHOe,
kaK rnongpuHdl yron toukn M,
—- X # B nonApuoli CHCTeME KOOpUH-
p HAT, MONIOCOM KOTOPOH cayxur

He. 14,

Touka My, a noaspuoll ochio—
AYyY ;B DTOM e CHCTeMe annna d
AAHHOTO ~OTpeaka OyZeT WrpaTh PoiAh MOAAPHOTO paxuyca
Toukn M,, '

lpumem Temeps Touky My B KauecTse Hauana Hopoff xe-
KapTOBO# CHCTEMH KOODAHHAT, OCH KOTOPofl HANpaB/ieHH TaK
ME, KAK OCH MePBOHATANbHO IAHHOH AEKAPTOBOH CHCTeMH (Ha
PHC. 14 HOBHe OCH MOKa3auw NyHKTHPOM). [Ipoexunn orpeska
MM, na cooTBeTcTBeHHME OCR CTapo#l M HOBOH CHCTEMb oxnf-
" HakoBH: 0003HaUAM MX, KaK M paubue, 4epes X, Y. Uncaa X,
Y aBasioTcs aexapTOBMMH KOODAMHATAMH TOYKH M, B HOBOH
cacrese. [lpumensa k wam popmyan (1) n® 15, wadizen:

X=dcosB, Y=dsin9. 3)
Popmyan (3) smpawator npoexyuu NPOU3BOLLHOO OTPe3ka

Ha KOOpOunaTHbie ocu depes ezo Oauny u AOARPRELL Yeoa,
Haz a7rx dopMys u Ha ocuopamum TeopeMel I

Xy—Xy=dcos0, y,—y =dsin0, {4)
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HAH

cos 6 = x,-;xl, sin G=yi}!il-. (3)

Dopuyant (5) no3eosrwoT onpedeaurs noAApnbild yeoa oTpesRa
no xoopduxraram e20 KONYa 4 Hawarq (MpeEBapHTEAbHO CACAYET
wafite "d; moab3ydck dopuynod (2)).

Bo MHOFHX cay$asx ynoOsoff gsaseTcs Tawke dopmyna

tg9= i—i:‘%} (6)

KOTOpas OYEBHARWM 0GpazoM BHBOAHTCH H3 Gopmyan (4).

TMpumep I, Haiiru npoekunn oTpeska Ha KOOPRHHATHEIE OCH, 3HAA
ero auny d=2V 2 u nonapnuf yroa 8=135°
‘Pemenne. Ilo goprynam (3) raxopum:

— . _ 1
X==2¥2 c0s135°=2) 2 ——= | =—2,
v V2(~y3)
— = 1
Y =2} 25in135°=2} 2 ——=2.
V2
Tipumep 2. Halira noaspuubifi yrod OTpeska, HalpaBJAEHHOTO HI

roun My{5; ¥'3) s Touky M, (6;2 V3).
Pewenne, [lo dopdymse (2)

d=V 6—5p-+(2 V33—V 3’ =2
Tlpumenns gopmyant (5), Hafigen:

{ . 3
c059=—2—, sinf= 5.

CregoRaTensHO, THaBHOE sHaueHHe 0=60°

20. [IycTh E—npoussoAbHAR OCb, —YLOA HAKAOHA OT-

peaka M,M,; k sTolt OCH, UMEHHO, YTOX, Ha KOTOpwft crexyeT
noBepryThH Otb ¥, 4¥ToOB ee HAaNpaBAenHe COBNANO C HAMpaB-

nennem orpeska M M,.

Nns Buuscaennd npoexudH orpeska MM, wa ocs u cay-
wHT dopmyia

ﬂPuMIMﬂ = d €08 ¢, - (7}

T. €. npoeKyUA OTpeka Ha MobYlo Ocb pAsHa €20 Oaune, Y-
HOMEHHOL HAQ KOCUHYC yeAd ROAKAOHA K 3TOR OCU, '
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Ioxaswearh gopmyny (7) HeT HeOGXOIMMOCTHM, Tax Kak
MO0 CYTH JEna oA He OTAWYaeTrcs OT neprofi n3 gopmya
(3) n° 19. 3ameTnm TOALKO, YTO 3HaK YrMa HE BAMAET Ha
€0 KOCHHYC; MOITOMY &8 dopmyae (T) yeos @ MOKHO NORRMATS
8 cMbicae AeMEHTApHOL eeomeTpud: Be3 ywera 3znaxa u 6 zpa-
Autjax or O do 180°

M,
: :
! :
M, ; : M
! :
RN ! : N
T B MR U Byp, iy Py S
a) | g

Puc. 15,

Ecrm yron @ ocTpu#, To cosg .m npoexuus oTpeska
NoRQWKHTENbHE (puc. 15, @}, ecnn 9—rynoit yroa, 1o
COS¢ W NPOSKUMT OTPe3Ka OTPHULaTedbul {puc, 15, 6).
Ecam ¢ —upsimo#t yroa,
TO NPOEKIUHSA PABHA H ¥ 110,

NMpumep. Hanu 7ou-
KW M1 1) u My (4; 6).
Haiitn npoekunio  oTpeska,
MM, Ba oce, npoxomsmywo
vepes Touket A (1; 0) » B (5;3)
H gaupaBlenHyio ot A xk B.
Pewenwue OGozpaunm
Yepes # JAHHYK OCh, 4epe3
¢ — Yroa HakJona oTpeska
MM, x ock u, uepes Oum
6’—nomp}1m§+ymm OTpes-
xoB M, M, u AB (cm. puc. 16,
Puc, 16. rAe Bce YKasaHHhle VAW [0-
CTpoentl npu touxe M,). Jler-
Ko BUAeTE, 4TO cos ¢=<¢05 (0 — &), TTycre X, ¥ — npoexinm Ha Koop-
AWHaTHBIE OCH oTpeaka M,M,, i{’_, 'Y’ — npoekuun orpeska AB, d u
d’-—gaunn orpeskos MM, u AB. Tlo dopmyae (7)

paMyMz=d cos ¢ =d cos (B—G’) =d (cos 8 cos 8’ +sin 0 sin &),
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Oraioaa, noapsysick dopuynamu (3) n° 19, monyumm:
X X vy v XX'+YY'
7 e )‘""—_d'—‘
Iipumenss TeopeMbl 3 n 4, Hafgem:
X=3, Y=5 X =4 Y'=3, d=y 4 ]|3=5
CnenosareasHo,

np,,M1Ma—d (

e 3-4.45.3 27
HpuM1M2=;g—=§‘u

3anaua peweia,

§ 6. BuoiuncaenHe RMJAOWAAR TPeyrOALHAKA

21. Tycte naun tpe Touku A{xy; y,); B (x4 ys) u C (xg ¥g)s.
He nexiamue Ha oXHOH npavol. Buisedem opmyay, evipaxca-
oo naowads S rpeyeoasruxa ABC wepes noopQunarel ezo
BEPULUH.

O6o3nauuM wepe3 ¢ yroa wmexay otpeskamu AB u AC,
yepes d u d —anuun stHx orpeaxos, Kax u3secTHo 3 ane-
MeHTApHON TeoMeTPHH, NJOWAAL TPEYroAbH¥KE PaBua NoNOBHHE
NpOH3BENEHHS NBYX €I0 CTOPOH HZ CHHYC YIa Meway HuMH,
clienoBaTenbHo,

S =y dd’ sing. (1)

[ycre 6 —mnoaapuwil yroa orpeska TB Ecnu xpatyafiuivé

noeopor oTpe3ka AB- x orpesky AC ma yron ¢ nonoxsire-
Aek, TO, npHGaBAAd K O yron @, Mu noayunM noaspusff yroa

otpeska AC; ofo3nauns ero wepes B, nadaem: 0’ =04¢

(puc. 17, a). Ecan wxe xpatualimmd nosopot AB x AC
OTpHIATENAEH, TO MW (OAyvdAM noaspuw#l yron O° orTpeska

AC, otauMas ot 0 yron ¢; B 97oM cayvae 8 =6—g (puc. 17, 6).
Hrax, ¢= 4 (8" —0); otcrosa un us dopuyan (1)

8= 4 %d&’ sin (8 —0) =
=+ %dd’ (sin 6" cos O — cos 0’ sin 0). {2)

OGoanauum npoexumn oTpeska AB wa KoopirHaTHEIE oCH
yepea X, Y, npoexums orpeska AC—uepes X', V. Tlo
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dopmynaM (3) n° 19
X=dcosH, Y=dsinb;
X' =d cosb', Y =d'sinb’.
PackpriBas ciobxH B mpaBoff %acTH paBeHcTsa {2} # nons-
3YACh NOCASAHHMH COOTHOMIGHHAMM, Halllem:

S= :t: 5 (XY" —X'Y), (3)
Cornacho teapese 3 n° 17

X=xy—x, Y=y,—yuii
X' =xz3—x,, Viey,—yi.

Hoactaeassa 3T Bupawenns B dopuyny (3), ONYUHM:

=g ({8 — ) (Fs =) — (5— ) (a—y)]. (&)

Bupamenue, crosmee 3nech B KBaXPATHHX CKoGKax, - mpes-
cTaBifeT CcoGof onperenutenp BTOPOro nopamka*®), HOITOMY

¥ ¥
B
) 2 T ] Q) z
Puc, 17

cpopmy._'ry (4) MOKHO HamMCaTh TaKke B BHAe
iS:_%_ Xg==Xy  Y2—1 . (5)
2{%3—%1 ¥3—n

YcTanosnennsli peaynbTaT Mu copMynRpyeM B BHIE Che-
ayioueft TeopeMH:

*)  OcnoBHHe ceeflern 06 OmpejelHTeNIX JAHH B NPWJIOKEHAH
(eM. cTp. 205).
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Teopema 5. Kaxose 6st wu Outau rpu vouxe. A{x;; »),
B(xq; ¥;), C (%5 ¥3), ne aemauue na odnod npamod, niowade S
rpeyzonvuxa ABC onpedeaserca popmysol (5). Hpasea vacte
sTofl hopmysnt paeua -+8S 8 Tom cayiae, xoz@a Kparsalwid
nogopor orpeaxa AB k orpesxy AC noaoscutenen, it — 8 & ToM
cayuae, Kozda Takod NEBOPOT OTPUYATEASH.

Ipumep, Hauw toukm A(1; 1), B(6; 4), C(8; 2). Halmu ono-
magek TpeyronwHaka ABC.

Pewenne Ilo dopmysne (5)
Llxe—x m—nj_1 53 ——B8——3§
2 Xyg—Xy _bl 71 )

Cnenonatenbuo, S=238. To, uro ssayenye npasoft vactu dopmynnl (5)
B fAHHOM CJyVde OTPHIATEABHO, O03HAYEET, UTO KparTyaduuil HosOpoT

orpeska AB K orpesky AC sBAfieTCA OTPHUATENbHBIM.

§ 7. JleNeHde oTpe3Ka B AAHHOM OTHODIEHHH

22. K uncay npocrefiiux 3a1a¥ adanHTHYecKON reoMeTpuR,
HMEIOWMX MHOTHe NpUMeHexnsd, OTHOCHTCA 3anavya o Aele-
HHH OTpe3ka B JanHoM oTHomeHuu Ilpexne uem
TOYHO C(QOPMYIRPOBATEH, B WEM DTa 3aiaya 3aKAKOYaeTCH, HaM
npuAeTCA NOAPOGHO OOBACHHTBL, YTO MM NQAPA3yMeBaeM, KOria
FOROPAM 00 OTHOuleHuW, 8 KOTOPOM HEKOTOpAR TOuKE Oeaur
dannbil OTPE3oK, :

TlycTs HE MNOCKOCTH JAaHH ABe TIPOH3BONBHHE Pa3nHYHHE
TOUKH, H3 KOTOPHX OAH3 CUHTAETCR MNepBo#l, mpyras— BTopoH.
O6030aydM HX B. 3aAdHHOM Ropanxe depes M, u M, Tlposeaem
YEpe3 - AAHHBE TOYKH NPAMYIO 4 H HA3HAYHM Ha& HeH NOMOWKH-
TeNbHOE HAIPABICHHE; TEM CaMbHM MH cHeNaeM ee ocbio.

IycTh, matee, M—eme oaxa TOYKA OCH ¥, PacHOIONKEHHAR
Ha Hel KaKk yYroaHo ¢ HCK/MIOYEHHEM TOABKO OJHOTO CyuHaA:
OH& He JONAHa coBmamath ¢ Touko#t M, (puc. 18).

Yucao A, onpedensemoe pugencrTsom

A= MM, ! (1)

ede MM u MM, cyre seiutuns HANPABAGHHBX OTPE3KO08
MM u MM, ocu u, Ra3BIEAETCR OTHOULENUEM, 8 KOTODOM
Touka M deaur nanpasaennoid orpesox MM,
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3ameuwanne 1. Yucno A He 3aBHCHT OT TOro, KaK BB pauno

TONOXUTE/IbHOE HanpaBieHke HA TPAMOH &, onpedensemol Tow-

Kamu M; u M, B camoM lene, ecu MH W3MEHHM [OJIONH-

Te/IbHOE BANMpaBIEHWC 9TOH NPAMOM Ha MPOTHBOROJOKHOE, TO

remuunie MM u MM, onxoBpemenno namensT 3pak {coxpanss

MOIYAB); npr 3TOM Xpo6Gb %LMA—:, OYEBHIHG, OCTAHETLN 663 u3-
MEHeHHT,

3aveuanwe 2. Yncno A ne 3aBHCHT H OT saifiopa mMaci-

Taba 1719 u3Mmepenns anud. B camom Helie, TpH H3IMEH8HHH MacInTa-

6a BelHYHHE BCEX OTDPE3KOB HA

oc MM, yMHOMaTCA Ha OAHO

M H TO € YUCI0 H, CIEJ0BATENBNO,

MM

MM,

3amevanne- 3. Ecnn e

HCKMI0YaTE  BO3MOWHOCTH COB-

Pric. 18, nageHud Toukk M ¢ Touko# M,,

T0O B TOM cnyuae, korpa M

copmaner ¢ M, pasenctio (1) He onpedeNseT HUKAKOro

uHCna (rak kak MM, =0). B 37om ciryuae TOBOPAT (N0 NpHYHHE,

M
KOTOpaf BHACHHTCH R CAgdylowem n°), 4T¢ OTHOIeHHe MIM
2

i

M OTHOUIIEHHe HE HIMCHHATCA.,

«DAaBHO GECKOHEYHOCTH Y,

23. Tlpemnonoxum, uTo Ha npamof MM, noaoxaTenRHOR
nanpasienue BHOpano Tak, 9wto orpesok M;M, nonowutessuo
Hanpagsed; Toraa MyM, ects uncao nonokutensnoe. Ecin nph
BTOM TOYKA M HaXORuTCH MeW Ay TOYKaMu M ouw M, 7o
uncna MM, MM, taxke nonoxurensen, a NOTOMY ¥ OTHO-

1

menue Ag= MM,
Touka M npubaukaercs Kk touke M, to L upnbamkaercs x
Hymo (A cT2HOBHTCH paBWLIM Hymio, korza M copmazaet ¢ My
ecan Touka M npufnmkaerca X touke M,, TO A Heorpannyenuo
BO3PACTAET KK, KAK TOBOPST, CTPEMATCH K GecKOHewHocTR (mo-
STOMY W rOBOPAT, 4TO A «o0pamtaercd B GECKOHEUHOCTbY, KOrAd
M cosnanaetr ¢ M,).

HomycTum Temeps, w10 Touka M HaxoZuTcs Ha npamMoi,

onpenengeMoft TouKamu M uw M, Bue oTpesxa MM,
B stoM cnyvae ommo n3 wmcen MM, MM, nonoxurenbHo,
Apyroe oTpuuateqbno, a tak kak MM u MM, cyrh eeanunkn

eCTh HHCAO MNONOXUTEABHOe., Fcau
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MM
pa3ublX JHEKOB, TO b= v B RanHOM cayuae eCcTh YHCI0
2

oTpHlAaTElbHOE,

24, B anannTHueckKol reoMerTpHR 3aadua O AEAEHHH OTpe3ka
B QAHAOM OTHOIIEHMH 33KMIOUAETCH B CAERYIOHICM. '

CeuTan u3gecTHuME KoopdunaTet Oeyx Tower My{xy wh,
M, (x4 y;) & oTrOUIEHUE A, 8 KOTQpPOM HexoTOpaR (neussecTHan)

rouxa M deaur orpesox MM, v
naiite Koopdunars: Towky M.
Peinenne 9T0f 3ana4n Raer cae-
RYIOIas TeopeMa: : p
Teopema 6. Ecau Toura i
M(x;y) deaur orpesox MM, &
orrowenuy k, To Koopdunarer 3Tot
TOUKL BHLPANAIOTCA GOpMyLaMY
. Ay —hthn o 4
Horkazartensctro, Cnpe-
extupyem toukn M, M, M na
otk Ox u 0603naunM HX MPOeKIHN COOTBETCTBEHHO u4epes
P, P, w P (puc. 19). Ha ocuopaunuu u3BecTHOR Teopembl
91eMEHTApHOR reoMETPHH © NPONOPHHCHARBHOCTH  OTPe3KOB
DpIMHX, 3AKMOYEHHNX MeM Iy NapaniefbHHMA ODSMLIMH, AMeeM:

x

- ————

b':’U,-A-__..._..,....

rg

Iobem-——-

Puc. 19.

PP MM
PE, T MM, =A. ' 3}

Cornacio Teopeme 3 (n° 17)
P1P=—"'x""-xl, sz—:xs‘—"x-
OTciona ‘M B3 paeencTBa (3) monydyaewm:
XXy
% =hA.

Pemas 370 ypaBHeHNE OTHOCHTEAbHO HEH3BECTHOTO X, Rafinew,
uToH .
_ atAn

14-4 °

Tem campiv MH nOAyunnw nepsyo u3 dopuya (2). Bropan
YCTaHABANBAETCHA COBCPLICHHG anafOTHYHO W QOMOIH NPOEKTH-
poBanus Ha och Oy. Teopema nokaszana,
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3ameuvanne. Ecam A= —1, 10 dopmyan (2} repsor
CMHCJE, TAaK K&K B 3HAMEHATEONX 3THX OPMYIT OKAa3HBAETCH
nyap (14+A=0). Ho B stom cnyvae W nocragienxas 3agaya
HE HMEET pPeIICHHA; B CaMOM IeJle, HHKAXad TOUKA HEe MOKET
nenuth orpesox MM, B oTHOWEHHH A= —1, Tak Kak, ecau
%”2— = —1, 10 MM= — MM, 1 MM+ MM, = MM, =0,
YTO HEBO3MOXHO, TMOCKOABKY ToukH M;, M, npeanonaralorcd
PasTHHHHMH. , :

25, OTMeTuM oaud BawHwi vacTeHef cnyvalt npeawaymiedt
TeopeMul: ecau M, (x1; vq) & My(xy; y,)—dse npoussoavree

rouku u M{x; y)— cepeduna orpesxa M,M,, 1o

* y

Itn Gopuyan noiydaiercs w3 opmys (2) n® 24 npu A= 1%),
Mul MOWEM YTBEPKIATDH, CAELOBATENLHO, YTO Kaxdas KoopOu-

HATA Cepeduns. OTPE3KA PABHA NOAYCYMME COOTEETCTBYIOWUX
KO0pAURAT €20 KOHHOS.

_atm gt
2 2

NMpumep 1. Jlasw toukn M;(1; 1) u M, (7; 4). Ha onpezeasenoii
HMH npsMOH HalTn Touky M, Kotopas B gBa pasa Gaume Kk M,, uem
K Ms, H Haxogurcd Mexny ToukamH M; v M,.

Pewenwue. HMckomas touka jeaHr orpesox MM, B oTHOwWeHHH
A=-§- . [pumensan dopmyas: (2) n° 24, HaxonHM KCOPAHHATEL ITOH TOY-

KH; x=3, y=2,

Mpumep 2. Tauw Toukn M, (15 1) w My (7; 4). Ha npamolt M, M,
RafiTH TOUKY M, koTopasi B mpa pasa Gumke Kk M,, 4eM K M,, H daxoaur-
¢A BHE OTpe3Ka, OrPaHHueHHoro Toukamu M, B M,.

Pewewnne HekoMas Tovka pennt orpesok MM, B OTHOWeEHHH

A=——;- . [pumensis popmyast (2) n° 24, naxopuM KCOpAHHATHE 3Tof Tod-

Ku: x= —b, y=—2. .

Tlpumep 3. Jausl bepmuue Tpeyroawnga A (5;—1), B(—1; 7),
C(1; 2). Haire pgauny ero BHyTpemHell GHCCEKTpHCH, NpOBelNeHHON H3
pepinHEn A,

Pemerune, Ofosnaunm uepes M TOUKY NepeceyeHus yKasanuofl
GHCCeKTPHCH €O cToporoil BC, uepes ¢ H b—aauun cropod AB u AC.
Kak 1n3BecTHO H3 aieMeHTAPHON TeOMETPHH, GHCCEKTPHCA, NPOBEReHHAs

*) Eca M — cepeguna orpeska MiMs 10 MM=MM; n

. . 1 —
yotoMy A = MM, = L
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H3 Kakod-HuGYHb BEDMHHM TPEYrONbHHKZ, JETHT NPOTHEOIEKANIYIO
aToOR Bepiiise CTOPOHY HA HacTH, NPONCPUHOHANLHEE RPHIEKAIMBM CTo-

ponam, Takum o6pasom, Touka M Aesur orpeaok BC B OTHOMGHHA A, TJe

BM_ o

MC b’

Toasayacs dopmyaoir (2) n° 18, waxomum pawmus cropou AB u AC
c=VE+PH(—1—=TE=10, b=V GE—1)i(—1—22 =5,
Cneforarennto, A=2. Hpui\ulenﬂn dopmyar (2) n° 24, naxogum Koop-

A=

JHHATH TOIKH M =y Y=g
CuoBa nonb3yack dopmy.oii (2) 0° 18, noryyaem HeKOMYIO LIHHY GHE-
4
cextpuc AM =3 V3.

Ipumep 4. B 1oukax My (xy; ) Mz (i g), Ms(xs; g5) mome-
HIEHEl MACCHE /My, Mg, Mg. HaHTH UEHTP TAHECTH 5Toft CHCTEMB Mace,

Pewenne Hafifem cnavana nenrp taxecrs M’ (#'; §') cucremu
ABYX Mact my B my. CorJacHo HIRECTHOMY NOOKEHHIO MEXAHHKH LEHTp
TAMECTH CHCTEMEl 8THX MacC JeJHT oTpesok MM, Ha uwactH, o6partno

m
OpPONOPIHOHAMBHEIE MaccaM #iy, My, T. €, B OTHOWIEHHH ?~=E’5. Io

dopmyaam (2) n° 24 Haxogum: !

Mg ny
n+=x ==
! +m1 2zx1m1—|—xzm2 ‘ ._yl+ my y2=y1m1+yzmz

[ = "
l-l—m” my g 1+ iy my—+ny
ml m].

X ==

[Mycte M (x; y)-——UenTp TAXECTH CHCTEMBl TPEX MAcC my, My, M
[Monomenue Touxu M ne M3MEHHTCH, €CNHM Macce /My, My GYJyT cocpe-
Zotovenn B Touke M'. Humade rosops, Touxa M sBrserca uweHTpOM
TAMECTH CHCTEMHl ABYX MacC: MACCH Nig, MOMEM(CHHON B Touke Mg, U Mac-
CH /My m,, noMemieHHOR B Touke M’. ChaefoBaTenpso, MEI MOXeM Hail-
TH HCKOMYK TOYKY M Kak Touky, KoTopas jeaHT orpesok M'Mgys or-

ny

HOUIEHUH A =m- . Hpuvenas dopmyau (2) n° 24, nonyqaém:
1 3
o+ Mg Xy X1ty my x
e My —+ My a= iy - my my 1y 3=x1m1+x2mg+x3ms
- My my my-brtgt+my
]+m1+m, 1+m,_—]—m,
; g ity - Yottt g
. _y +m1+m2 Hs= MMy~ - ya___yxm1+y2mz+ysma .
J_ l+ My 1+ Mg ml_l_mﬂ_!_mﬁ
my~+my my -y
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3ameunanne. Ecan pana ciacrema mace my, my, ..., mg, 6OMe-
menukx b TOUKaX My (x1; th), My (%l ), ..., My (xg: 4p), 10 KOOpAR-
HATEI HEHTPA TAKECTH STOH CHCTEMH MACC OTPEAENSIIOTCA (POPMy/aamMy
gt Xt . XMy yMylmﬁ—y,ms—l—...-i-ykmk
- ¥ - .
my gt ..y my -ty - .. -my

Iag ux noxasaTenscTsa crefyeT npuMendTh dopmyan (2) n° 24 n MeToz
MaréMarHueckoll HHAYKIHH,

§ 8. Ilpeo6pasoBanne AeKAPTOBLIX KOOPIUHAT
OpH EAPAJJIeNbHOM ciBdre ocefi

26. Kax Mn ywe 3naeM, B 3aBauax anaiutTHyecxkoll reomer-
PHY NOJOWEHHe 3aJaHHEIX TEOMETPHYECKHX OOBEKTOB onpene-
ASETCS OTHOCHTEIBHO HEKOTOPOH cHCTEMH KoopamraTt. Mower,
OIHAKO, BOSHHKHYTH HAXOOHOCTD B 3aMEHE KOODIHHATHOH cHCTe-
MBt, K KOTODOW OTHECeHH JaHHLE paccMaTpuBaeMol 3anaud,
APYTOA CHCTEMOH, N0 KAKHM-AHG0 coobpakenusm Gonee yaoGuo#.
Ho npouzBonbuas TouUkKA R P43HHX KOOPAMHATHHX CHCTEMAx
HMeeT, BOoGUIE TOBODPH, PadnHe KOoopmHHATH. [l03TOMY B TOM
ciyyae, KOTZA NpH DPacCMOTPEHHH ORHOIO Bonpoca ynotpe6-
ARIOTCT ABE  CHCTeMH KOODAHHAT, BOSHHKEET NOTPEGHOCTH:

. 304 KOOPAHHATH NPOU3BO/b-
¥ ¥ HOft TOYKI B OJHOH CHCTeME,
BLIYHCAHTE KOOPAHANATH 3TOR

------------ ERaa e Y. 4 We TOYKM B ApyTolt CHCTeMe,
/ Y EM Jasg stott uean cayxar oo p-
y\“-nuﬂ'l\f’/g ol :g;mxo(:lpeoﬁpaaona-
' pPAMHAT, COOT-

' BETCTBYIOUIHE JARHOMY H3Me-
(% HEHHIO KOOPAHHATHOM CHCTE-
i Mhbl.

27. Ilpewxae acero Mu
Pue. 20. YCTAaHOBAM OPMY W M pe-
06pa30BAaHHA Jexap-
TOBHX KOOPAMHAT NpH DapaileXbHOM CIBHlE
oced, T, ¢, MPH TAKOM HIMEHEHHH AEKAPTOBOA CHCTEMH KOOD-
JLHHAT, KOTAA MCHAETCH MONOKEHHE HAYANE KOOPUMHAT, & HaAMPas-
AeHud ocedl (1 MacmITat) OCTATCH HEHIMEHHBIMH.
Ilycts Ox n Oy—crapue, 2 O'x'u Oy’ —nosue Koopau-
natune ocu (puc., 20). Hoaromenue Hosbix oced oTHOCUTEAbKO
cTapol cucTemu onpedeanerca aadanuem cTapolx KOOPIURAT HO-
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6020 nauara: O (@; b). Yucno @ Gynem nazmeath BeanuHnoll
CABHT A NO HANp&BAeHHIO 0cu Ox, Ynci0 b — Belusnnoh
camrura no panpaeaenuio ocH Oy INpouseoasnas Touka
M 0AOCKOCTH HMEET OTHOCHUTENBHO CTapHX oOcCed HeKoTOopHe
KOOPAMHATH (X; y); T4 e TOYKAZ N0 OTHOLIEHHIO K HOBHM
OCAM HMEET JEpyTHe koopuuHatu: {x'; y’). Hawa uenb—ycra-
HOBHTH GOPMy/H, BHpakaowne X, y uepes x', y' (wan x', y’
uepea x, ¥).

Cnpoexrupyem touky O na ock Ox u touky M wa ocu Ox
u Oy’

4
O6GoziaunM  npoexuuio Toukn O na oce Ox uepea 0O,

npoexunn ToYkn M na ocw Ox u O'x'-—vepes M, u M,,
Quepnano, Bexyunna otpeska O M, ocw Ox paena nenw{nue
OTpe3Ka OM ocu O'x’, Ho O' ,==Xx"; CHEeXOBATEJBHO,

oM, =x". [{poue Tor0, 00, = a, OM = X. Coraacuo ocaos-
uoMy ToMmaecTBy (cM. n° 3) OM, OO,,—}—O M, otciona u na
OCHOBAHHH NpPEAbAYLIHX yxasanuﬁ wmMeeM x=x’'-ta. Anano-
THYHO FADH MOMOULM rnpoexTupomankit na ocn Oy n O’y uait-
aeM y=y b,
Hrak,
x=x"+a, y=y b (1)

3to u ecTh HCKOMWE GopMyIR. MX MOMHO Takke 3anucaTthb
B BHIE

x'=x—a, y =y—b {1

Tonyaennsfl pesyabTat MOKHO COPMYIHPOBATL TAK: Npu Ad-
partesvrom cosuze JenapTosol cucTeMbl KOOPAUNAT KA BeAudi-
HYy & & Hanpasexuu ocd OXx u ro seauwuny b 8 nanpasaesuu
ocu Oy abcyucce. BCex TOHEK YMEHBUQIOTCR HA BeAuwuny d,
opdunars: —na seausuny b,

§ 9. lipeoGpasopanue NEKAPTOBHX EPAMOYTOALHBIX
KOOPAHHAT Np¥ HOBOpOTe ocell

28. Tenepb Mt ycranosumM ¢opMyan npeobpazoBa-
HHA AEKapTOBHX HNPAMOYrORbHMX KOOPAHHAT
NpH NOBODOTE OCEH, T. €. NPH TAKOM HIMEHEHHH ReKap-
TOBOI NPAMOYFOABHON CHCTEMB KOOPAMHAT, KOFAa G38 OCH fio-
BOPAYHBAIOTCH B OAHY CTOPOHY HA OLMH.M TOT K€ Yrod, a Ha
Ya/10 KOOPAHHAT M MAcuITAG OCTAIOTCH HEH3IMERHLIMH,
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Hyets Ox n Oy—crapue, a Ox’, Oy'—H0OBHE KOOPAHHAT-
#ele ocr (puc. 21). Hosomenue noswix oceld oTnocutesbHo cra-
potl cucremst onpedenserca 3adqHueM Yy2Aa NOBOPATA, COBME-
WAOUe20 CTAPLIE OCH ¢ HOBBLML., ITOT Yroa Mm oB03HATHM
BykBoH o 1 GyAeM NIOHUMATL €r0, KaK [PHHATO B TPUCOHOMETPHH
(NONOWHKTEALHEE TOBOPOTH OO-
pepenuM, Kak B n°13).
__________ M Ipouzroneran  Touka M

I TNOCKOCTH HMEET OTHOCHTEALRC
AN CTapuX 0Cell HeKOTOpHE KOOPAH-
b E oo HATBl (X ¥), 3Ta e TOYKA 110 OT-
1
I

L
) HOWIEHHIO K HOBWM OCHM HMeEeT,
Y, My Boofine TroBOpA, IUpyrue KoOp-

Aunati (x’; y’). HMuenso, x =
= OM,;, y= OMJ;’ x = 0M

LE
y'=OM,, (cv. pre. 21). Hawa
Uenb— YCTAHOBHTE  opMyIH,
Boipamalonine x’, y' udepes x,y
HIH X, Y uepes x’, y’.

OGosnaunM uvepes (p, B) noaspuwe xoopaunate TO4dkH M,
cunuTas nonapHolt oceio Ox, u uepes (p, 0')—noaapnue Koop-
AuHATH TOH e Toukn A, cumras noaapHolf ocklo Ox’ {8 kam-
xom ciyyae p=|OM|). OueBuano, 8= 0’ 4-a. Hanee, cornacuo
copmynam (1) n® 15

x=pcos, y=psinb,

Puc, 21,

U 4HAJOTHYHD
x'=pcos®’, y =psind,
Taxkum oGpasom,
x=pcos0=p cos (0" + a) =p (cos 8 cos &t sin O’ sinet) =
=pcos® cosa — psin® sina=x"cosa — y'sina,
y=psinO=psin(® - a)=p(cos 0’ sin o+ sinf’ cos &) =
=pcost sina-~psin® coso=x’sino4y cosa.
Urak,
x=x"coso-—y sing, } (1)
y=x"sina-}-y’ cos .
310 u ecro uckomvie dopuyant, T, e, Qopmyavt, KoTOpHE RPU
nosopotre ocell HA Y204 O BHIPANAIOT cTApLie KOOpAURATEL (X; )

npoussoabrol To4ki M wepes noewe roopdunarer (x'; y') srod
ae ToUKH,
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Popuy/in, BHpPAKAWHE HOBHE KOOPAHHATH X', y' TOUKH M
qepes ee CTapele KOOPAMHATH X, ), MOMKHO NOAYYHTE H3 pa-
rencTB (1), paccMaTpPHBAf HMX KaK CHCTeMYy JIBYX YypaBHenuni
C IBYMS HEH3BECTHBIMH X', y' u pelias STy CHCTEMY OTHOCH-
TenbHo x', y’. Ho 3TH GopMyAH MOXHO NOAYYHTh H Cpasy
OpH BOMOLLH CACAYIOMErO DACCYXACHHA: €CJAM HOBAA CH-
CTEMAa NMOJIYYaeTCA NOBOPOTOM CTApoi HAayroa a,
TO CTapad CHCTeMa moayvyaeTcd NOBOPOTOM HO-
BOf Ha yroJs—o; n103ToMy B paBeHcTBax (1) moxHO moMe-
HATH MECTAMH CT4phie H HOBLE KOOPAMHATH, 34MEHdd oOJHo-
BpeMeHHO « Ha —a. DBuinoasus sTto npeofpasoBanme, Mul
NOAYYHM!

y' =-—xsina-}-y cos a,
4TO H TpeoBanoch,

x'= xcosa-ysina, } @)

§ 10. TipeobGpasoBanue AeKAPTOBLIX APAMOYTOJIbLHMIX
KOODAMHAT Npd U3MeHeHHH HAUAaJa H NMOBOpOTE Oceit

29. Mu paccMmoTpeM cefiyac Tak0oe nepeMeuIeHHe ocell,
KOTOPOE MO¥HO OCYUIECTBHThD DYTeM MNapalAReAbLHOTO
CABHFA R NOCANEeAyOUEro NoBopoTa (Macmrab npex-
NIONArAeTCA HEeH3MEHHLIM).

OG03H4YnM BeJHUAHY CABHIA CHCTEMEl B HampaBjeHHu ocd Ox
yepe3 @, BEAMMHHY CHBAFa B HanpaBaesud och Oy uepes Db,
YrON HOBOPOT2 CHCTEMH — 4epes o #
flycte O'x" u O’y —noBHe OCH. 4 | Y
ITpoussonnnas Toyka M naockocTy '

HMEeT OTHOCHTENBbHO CTaphX oceH z
HEKOTOPHE KOOPAHRATH (X, y}; 274 Y 2
#e Touka M OTHOCHTEABRHO HOBHX 7

oceil umeeT, BooOWE roBopd, Apy- 2

ree xoopimmarsl (x’, y’). Hama
Henp—nonyyuath (GopMyaH, BHpa- 4 a
Kalolne X', y'uepes x, y, a Takke

copmynn, BrpaXalomHe x, y ve-

pes x', y.

Ins penienHs 3ToH 3aja4H BBeJeM BCMOMOTATEALHYIO CH-
CTEMY KOOPOMHAT, Hanpasinesds oced koTopol coBnajawTt
¢ HAMPAB/JAEHHAMH OCeH CTapofl CHCTeMh, a4 HaYano COBMazaeT
¢ xavanoM Hosofi cmcremu (puc. 22); QCH BCIOMOraTenpHON

Pue, 22,
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L.

creTeMH Mo ofoanaumm uepes O'x” u Oy", a xoopamaar
ToukH M oTrocuTenbHo STHX oce—wuepes x¥, y". Tak kax
BCIIOMOFATENBHAN CHCTEMa NOAYHaeTCH NAPaNIenbHuM CHBHIOM
cTapo#t Ha BenmdUHY @ B HanpasnenuH Ox M Ha BeARuMHy b
B nanpasnedur Oy, To cornacuo n° 27

x=x"-}a,
”
y=y"+b
Tak Kak, majee, HOB4s CHCTEMA MO/ydYaeTcA [OBOPOTOM BCMO-
MoraTenbHoRt Ha yroa e, 10 cornacuo n° 28

x"=x"cosoa—y' sino,
y'=x"sina+y’ cosc.

[loacTapaan 3TH BHpaxennws x", y* B npasne 4acTH TNPEABRY-
U[HX PaBescTs, MMOTYUHUM:

x=x"cosa—y sinae+a, }

. 1
y=x"sino|y cosa+b ()
Paccmarpusad afech x°, ¥’ KaK HEH3IBECTHHC M ONpelenas HX
B3 STOH cHCTeMmw, Haftmem:

x'= (x—a)jcosa+(y—b)sina, }
Yy =—{x—a)sine+{y—b)cosc.

)
Iocnennne ase naps QopMys ® ABAKIOTCA HCKOMBEIMH.
dopwyan (1) BHPAWIOT CTapHe KOODKUHATH IPOH3-
BONbHOR TOYKM 4Yepe3 ee HOBHE KOOPAWHZTH, QopMy-
A0 (2), nacBopoT, BHPANAINT HOBHWE KOODAMHATH Hepea
cTaphe. :

[Tonyvennufi peaynbrar M chOpMynupyeM B BHIE ClIeLYIQ-
welt TeopeMnl:

Teopewa 7. Ecau ocu Bexaprosoil npanoyeoibHol cucremsi
RAPANLeROHO MEPENOCATCA KA Beauduxy a 8 nanpasaeduy Ox
u Ho seauquny b 8 uanpasrenuu Oy u, KpoMe T020, nOGo-
POYUBQIOTCA KA Y204 G (@ MAcuTal OCTAETCR HeU3MENHBIM),
TO 3TOMY USMEHEHUWID CUCTeMbl COQTEETCTBYIOT HopMmyavt npe-
obpasosanur koopdudar

x=x"cosa—y sina+a, }

y=x"sinaty cosatb, U
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EOIPANCAIOULE CTAPble KOOPOUNATE. X, Y RPOU3BOAbHOL TOSKU
MADCKOCTY 4epes ee HoBbie Kooplunare: x', y', u aszelpau-
YeCKU PABHOCUAbRGIE UM $opmyan

X = —a} cosa - (y—B) sina, }
x (x—a) (y } @

L

Yy =—{(x—a)sino+(y—0b)cos a,

BLIPANCQIOWUE HOBLE KOOPOUHATH 4epes crapsie.

ITpusep. Cocrasats GOpMyNEI npeoﬁpasoaanun KOOPAHHAT, COOT-
BETCTBYIOIIHE mepeHocy Hauania B Touky O (2; 3) u moBopoTy oceit Ha
yroa | 45°

Pemesnue. Tlonaras B dopmyaax (1) a=2, b=3, u:%, ng-

JIYIHM BbIpAaM(eHHA CTaphIX KOOPAHHAT Yepe3 HOBHe:

V* v= x#, +3

Orciofia (naH n3 dopMya (2)) UCAYHalOTC BHPIKEHHA HOBLIX KOoOpXR-
Hat 4Yepes CTapHe:

2 x+y 5 f """x'f’y 1
Ve vz2' ve: v

3ameqaune O6uUHO HA YepTeaX KOOPIHMHATHBIE OCH pacrofa-
raioTcsd TAK, UYTO A8 COBMEMIeRHA MOJIOKHTENBHOH moayocH afcumrce
¢ TMOJACHKHTEAbHONR TIONYOCHIO DPAHHAT ee HYXKHO NOBOpaudBath (XpaTdafl-
IHM MYTeM) IPOTHB 4acoBOol cTpeakd. B rakom cryyae cucrema
KOOPARHKAT Hasmeaerca npasod. HHoraa, oXHako, ynoTpefiaeTcs CHCTEMa
.ocelt, HHBIM 06pa3oM DACHOJOXKEHHHIX, HMEHHO TaK, YTO XpaTuafimu
[OBOPOT NOJOKHTEABHOH NOJNYOCH A0COHCC K NONGKHTSNLHON MOJYOCH
OpIHHAT HAOpP2BJEH MO YaCOBOH CcTpeJke. B Takom cilyyae cu-
 CTEMA KOODAMHAT HAsHBAeTCR JAesofl.

IMycts paskl Ase (AeKAPTOBK NPAMOYrOALHEE) CHCTEMB KOOPAMHAT.
EciM o6c oBH HpaBHe, AAY 00Ge¢ JeBH e, TO OCH OfHOM H3 HHX
MOMHO COBMECTHTL ¢ OCAMH Apyrait NpH NOMOIMH MapaileNbHOTO CABHLA
1 MOCNENYIOEro MOBOPOTA HAa HEKOTOPHIA YroJ; OTCIONAa H M3 npeluiiy-
1eFo CAeAyeT, YTO NPH Tepexofie OT oAHON H3 STHX CHCTEM X JApyro#
KOOPAKHATH MeO0il TOYKH [JIOCKOCTH NpeoSpasyores Nno GopMyJaM BK-
Ka (1). Ecne e oana H3 JaHHHX CHCTeM mpaBad, HApYy-
raf-—JjaeBasn, TO OCH OJHOM M3 HAX HeJAb3A COBMECTHTbD C OCHAMHE
Apyrofi mpu NoMOWM CRBHCA U TOCJAENYIOILETe MNOBOPOTA; HMEHHO, ecsu
NpPH HOMOUM CABHCA H NOBOPOTA Mbé COBMECTHM IOJCKHTE/IBHYIO NOJYOCH
ascuacc OJHOH CHCTeMB! («CTapofis) ¢ NMOJCKHTENbHOH DOMYOCHI0 abcmmce
Apyroif {£HOBOH»), TO HX NOJMOKHUTENbHHE MOAYOCH OPAHHAT HANPaBATCH
fporssonosoxuo gpyr apyry. CrezoBartedblo, 8 9T0M cllyuae NpH nepe-
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XOZe OT CAHOH CHCTeMBl K JpYTOR Npeo6pasoBasne KOODAHEAT OyaeT
OnpefienaTsea HOpMyllaMi, KOTODPHIE MOJAYvaloTcd n3 GopMmya (1) Hame-
HenHeM 3HaKa penwuHsbl. y'. Takum o6pasoM, o6 uyu e dopMyas npeod-
Pa30BaBKA AEKAPTOBHIX APHMOYIOJABHEIX KOODAMHAT (0pH HeH3MEHHOM
MacTade) MOLYT OLITh HaNKCAHEL B BHIE

3

x=x"cosa F y sinata,
y=x"sine L y cosat+b,

rae @, b — crapeie KOOpIHEATH HOBOI'O Hayajd, G -—YLOJd, HAa KOTOPHI
UYXHO BOBEPHYTh CTApylo och abenuce, uyrofb OHA HANPABHAACE TAx
He, KZK HOBadA; BepPXHHe 3HAakKA B ¢opuyaax (3) COOTBETCTBYIOT
CAYualo mepexofia OT NpaBOf cHCTEeMB K NPAaBoHd HIH OT Je-
BOH-— K MeBOH, HHMANE 3HaKH COOTBETCTBYIOT CAYYAK pa3Ho-
HMeHHuX cHerem. HysHo eme mMeTh B BHRY, 4TO €ciM cTapas CHCTe-
Ma ABJSETCH JEBOH, TO YroJ o cJAeAyeT CYNTaTh NOJNOMHTEIbHHIM B TOM
ciyvae, KoOrja OH OTCYMTBIBAETCA [O 4acoBOf cTpednke,



I'JTABA 3
YPABHEHHE JIHHHH

§ 11. HonATHe YpaBHeHHA JIMHHH,
fipamepn 3apankn JAHRA NpH MOMOIGH YpaBHeHR

30. B snementapnofl reOMeTPHH HETANBHO HCCACAYIOTCH
AKUIL HEMHOTHE JHHEHA! OpHMafd, OKPYWHOCTh, AoManbie. Mencay
TeM MOTPEGHOCTH TEXHHKH CTaBAT Mepej MaTeMaTHKOH 06myio
Janayy HCCASAOBARNHA MHOPOYHCHCHHHX JuHHY, MHOr00Gpasnmx
no croefi dopme u no xapakrtepy cmoux cBoftcte. dan pe-
ureHus 9Todl oBwel sagayu TpefyloTca metom Goaee comep-
LIEHHBE, YeM Te&, KAKHMH pPaclojardeT JeMedaTapHas reoMe-
Tpusa. Takne MeTomw jmawT ajirebpa M MaTemMaTHYecKnHl ana-
nu3. B ocHOBe e nNpHMEHCHHS MeTOROB aiaredpw W awanu-
33 JNeWHT HEKOTODHH eAunooBpasnbil cilocoG 3aiadHus THHMM,
HMEHHO — ¢niocof 3amanwd  ee NPH NOMOWMH  ypas-
HeHHd.

31. IlycTe % u y—aBe NPOHIBMIBHHIE TMEPEMEHHMIE BEJH-
YHHB, DTO 3RAYHT, YTO KaK (04 CHMBOJIOM X, TAK H 00X CHM-
BOJOM Y [N0APA3YMEBAIOTCA KaKHe YLOZHO ({BelEeCTBEHHbIE)
uncaa, CoortHowenue Buaa F(x, y)=0, rae F(x, y) osna-
vaet KaKoe-HHGYAb BRIpAWKenue, coAepkamice X M y, M Gyzem
HA3HBATE YPABHEHHEM C JBYMS MEPEMEHHALIMH X, y, €can
F(x, y)=0 ectp paBeHCTRO, RepHOE He BCeraa, T, e, He
AnA BCAKHX Map unced x, y. Takow, HampHMEp, COOTHO-
mennst 2x -+-7y—1=0, x24+y2—25=0, sinx+siny—1=0
H T. I

. Ecan coornomenne F(x, y)=0 umeer mecto npu A0 6Hx
HHCTEHHHX 3HAYEHUSIX X, ¥, TO €r0 HA3HBAT TowdecTaos.
Takosw, Hanpumep, cooTHOMEHH (X + y)*—x?-—2xy —y2=0,
(X4+p{x—y)— x4 92=0u 1. m.
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B nenpneiimiem, paccuartpuras ypapHenms ¢ AByMS nepeMmed-
HEIMH, MH HE HCK/IIQYaeM BO3MOMHOCTH, YTO /1€Bas 4ACTh yPaB-
HeHHd, TIOMHMO X H ), COHEDWHT €Ile H APYyTHE CHMBOAN a,
b, ¢, ...; HO B TakoM cayyae mMw Gynem npeanoAarath, 4To
OHH TIPEACT2BASIOT 000 PHKCHPOBAHNKE (XOTA 6N H He
yKa3aunebie) 4ucaa, u GyleMm HESHBATL MX MOCTOSHHHMH napa-
MeTpasmu ypasnewus. Hanpumep, B ypassennu ax+by—1=0
napaMeTpaME fBARIOTCA @ H b,

+ 82, T'omopsT, uro aBa umcaa x = x,, Y=y, yaoBpaer-
BOPAIOT HEKOTOPOMY YDABHEHHIO C JBYMH IleDEMEHHMMH, €A
NpH DOACTAHOBKE WX B 3TO YPABHEHHE BMECTO TEPEMEHHBIX
noy4aeTcs Bephoe pasencTso, Hanpumep, uncna x =3, y=4
YAOBAETBOPAOT ypaBnewnmio x4 y>—25=10, rak xak npH
MORCTAHOBKE ITHX 4YHCEN B YDABHEHUE ero JIeBas 4iCTh 06pa-
-MAETCH B Hy/b; HaQpoTHeE, uHcaa x =1, y=2 gTomy ypamue-
HHI0O HC YROBACTBOPHIOT, TaK K2K [OC/Ae NOACTZHOBKH MX
B YP4BHCHHE C/l€BA MONYYdeM YHCAO, HE DaBHOE HYID.

33. Paccmorpum npouasonvhoe ypasmenme Fiz, y)=0.
Vpeanonomnm, 170 x M y Teneph 0603HAYAIOT yke He NOOHE
UHCIA, @ MHCNE, YROBACTBODPSIONLHE 3TOMY YyPaBHEHHIO.
M npH TakoM yCJIOBHH BENHYMHW X K Y MOryT, BoOOUIE TOBODSE,
HAMEHATELCA, HO yHe HE NPOM3BOJIBHO APYT OTHOCHTENLHO JApyra:
SANAHHE YHCAECHHOIO 3HAYCHHA BEAHYHUN X 00 y-
CAOBAHBAECT BOIMOWHBE YHCHNEHHHE JHAYCHHA
Benuunns y. Beury 3sroro romopat, uTo ypammenue
F{x,y)=0 ycranaBiupaeT Meway fepeMmensHMH X M ¥y
PYHKLHOHANBHYIO 34BHCHMOCT b.

34. BaxnellimM [OHNTHEM  AHaAHTHUECKOH FeOMETPHH
#BNAETCH MOHATHE YPDAaBHeHWA JAMEHH. YTd nod STiM
NOAPasyMeBaeTCH, MW Cefiyac OGBACHHM.

[lycte Ha naockoeTH nama KaKas-uuOyab NHEHA M NYCTh
BMECTE C TeM BHOPIHA HEKOTOPAR CHCTEMA KOOPIMHAT.

Ypasnenuen dannod Aunuu (B BGpanHoi cueTeMe KOOPAHHAT)
naseleaerca Taxoe ypasrenue F(x,y)=0c deyms nepesmennoimu,
KOTOpOMY YO0BACTEOPAOT KOOPOUNHATH X W ¥y kaxdod rouxu,
Aexawer na ITO4 Aunud, u He YyAOBAETEOPIOT Koopdunara
HUKOKOL TOUKU, He Aexawyed na Hed.

Takum obpasom, ecim H3BecTHO ypaBhnemme JIHHHH,
TO OTHOCHTEABLHO KOXIOH TOYKH IMIOCKOCTA BOSMOXKHO PEUIHTDb
BOTIDOC: JIEKHT OHa Ha 3TOfl JknuH war wmeT. Ias storo
AOCTATOYHO KOOPAHHATH HCHONTYEMOH TOYKH MOACTABURTD B ypas-
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HeHHe BMECTO MEPEMEHHLIX; €K 3TH KOOPAHHATH Y AOBAET-
BOPAIOT YPaBHEHHIO, TOYKA JIEMHT Ha JHHHW, €CAH He
YIOBRETBOPHAWT,—HE JNEWHT.

Buckaaannoe onpepe/ieHde AAET OCHOBY METOAaM aKAJIH-
THYECKOA reoMeTPHH; CyTh HX 3aK/II0YaeTCd B TOM, 4TO pac-
CMATPHBAEMHE THHHH HCCAEGAYIOTCA NPH MOMOLLH 2Ha-
AH33 HX ypaerHeHHH.

35. Bo MHOrHX 3aJayax ypaBHEHHE JHHUM HIPaeT poib
NepBHUHOrG XAHHOIMD, @ (aMa JIHHMA PACCMATPHBARTGH  KaK
HEYTO BTOpHUYHOE, Muave rosopd, 4acTo 3apaHee jaercs Kaxoe-
HHGYAb YD4BHEHHE H TeM CaMBM ONPEAeNAeTcs HeKoTopas
Aduus. JTO CBA3AHO ¢ MOTPEGHOCTLIO CEOMETPUYECKOTO H30Opa-
#eHus PYHKUHOHANLHEX 3aBHCHMOCTEH.

Ecan ypaBHeHHe mJaHO H MW OTBe4aeM Ha BONPOC «H4TO
TAKOE ONpeAeneHHas MM JUBKA» {HAM 4TS Takoe JHHMA,
HMEo11as ero «CBOHM YpaBHeHHEeM»}, —T0 yA00HO NoAb30BATHLH
cnenyiolett dopMynupoBKoli: Ausuz, onpedesendHan  OarHbIM
ypasresuem (B HEKOTOPOH CHCTeMe KOOPIMHAT), ecrb 2e0MaTPU-
NeCKOE MECTO ' 808X TOHEK RAOCKOCTH, KOOPOURATHL KOTOPbLX
yO0BACTBOPAIOT ITOMY YPABHEAUID, '

36. Jlwmua, onpenensemas ypasHewuem BHRA y=f(x),
. Ha3upaerca zpaduxom ynxuun f(x). MOKHO Takmke CKa3aTh,
4TO JIHHUM, ONpene/inemas MPOH3BOIbHAM ypasdennem F (x, y) = 0,
ecTh rpadui TOM QyHKUHOHANbBHON 3aBHCHMOCTH MEXIYy X H ¥,
KOTOPAas yCTAHABAMBACTCS STHM YpaBHEHHEM,

37. TlockOnpKy BeAH4UMHW X, Y PACCMATPHBAIOTCH KAK KO-
OpPAHHATH [IePEMEHHOH TOUKH, HX HA3WBAKT TeKyUUMU KoOp-
dunaramu. Ecnm B OCHOBY nonoweHa ne gekaproBa, a Kakag-
HHOYIb  APYyrag CHCTEMa KOOPHHHAT, TO TEKYIEHE KOOPIHHATH
cnesyeT 0003Ha4YaTh APYruMu OYKBAMM, TaK, KAK NMPHHATO Iad
3TOH CHCTEMH.

38. PaccMoTpuM  HecKoAbKO TPOCTEWLIHX NpUMEPOB ompe-
AeaeHdd NHdHH yDABHEHHUAMH.

\. [Hanhoe ypasnewne ecth x—y=0. Tlpeactasun ero
B BHIE Y= X, 3aK/I04AeM: TOYKH, KOODJAHHATH KOTODHX 3TOMY
YPABHCHHIO Y/OBACTBOPAIOT, CYTh Teé H TOJBKO TE, KOTOpHE
pacnonomeHs 8 nepsoft HAH TpeThel YeTBEPTAX HA OAMHAKOBHX
paccTORHUAX OT KoOpAWHATHHX ocedt. Taxum ofpasoM, reome-
TPHYECKOe MECTO TOUEK, KOODAHHATH KOTOPHX YAOBICTBOPHIOT
JaHHOMY YPaBHEHHID, Npencrasnfer coboit GHCCeKTPHCY EPBOTO
H TPETbEro XOOPAHHATHHX YTa0B (pHc. 23). 310 W ecTh MuHnA,
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onpeneacHdan ypasienueM X —y =0 (ona xe — rpadux dynx-
uHg ¥y = x).

2. Nannoe ypasnenue ecTh X—y=0, Ilpeacranus ero
BBHLE y = — X, 32K110Y2€M: TOYKH, KOOPAHHATH KOTOPHX 3TOMY
YPABHERHIO YAOBNETROPAIOT, CYTh T€ H TOJABKO T€, KOTOpPHE pac-
IIOJIOKEHR  HA  OZMHAKOBRIX PACCTOARHAX OT KOOPZMHATHLIX
Ocelt BO BTOPOH maM ueTBeproil uerseprax. Taxuu obpazom

¥ Y

Pue. 23, Pnc. 24,

FEOMETPUIECKO® MECTO TOYEK, KOOPAMHATH KOTOPHX yNOBJET-
EOPSIOT JAaHHOMY yDaBHEHHIO, NPENCTaBASeT cOB0H GucceKTpucy
BTOPOrO H MEeTBEPTOre KOOPAHHATHHX YriaoR (puc. 24). dro
H €CTh JHHHA, OUDEACTCHHAs yPaBHEHWEM X -1-y= 0 (ona we—
rpaduk dynxnmn y = x),
8. JanHoe ypaBHenwe ecTh x2—y?=0. fpencrasus ero
B BHAC {¥—y)(x-1y}==0, saxmoyaem: TOUKH, KOOPAHHATHE
KOTOPHX yAOBAETBOPHIOT AAHHOMY YPABHEHHIO, CYTh T€ H TOABKO
¥ T€, KOTOPHE YIOBALTBOPAT JAHG O
ypasHenHw x—y =0, au6o ypae-
wenmo x-+y=0, Taxum obpasom,
JHHHA,  OpedeNfeMas  ypaBueHHeM
z  X*—y?=0, COCTOMT U3 TOUEK AByX
GHCCEKTDHC  KOOPAMHATHMX  YIAOB
4 {puc. 23).
4, Haunoe ypamnenne ectb x2-
-+ y%==10, Tak K4K NpH BEIECTBEHHMX
X H Yy 4ucna x? n y? He MOTYT HMETH
PasHelX 3HAKOR, TO NPH CAMKEHHH OHH
HE MOTYT B32HMHO YHHUTOXHTRCH ] Clle-
AOBATENbHO, eCaM X*—+-y2=0, 10 x=0 n y=0, Takuu
06pasoM, RAHHOMY YDABHCHMIO YAOBNETBOPSIOT KOODPAHHATH
Toabko To4kH O(0; 0). BHauuT, reoMeTpHYECKOE MECTO TOuek,

Puc. 25,
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KOOPAHHATH KOTOPHX YIOBIEGTBOPAIOT ypamtennio x2-1 y?==0,
COCTOHT NHMIL 43 OJHOR TOukH. B mannom cay4ae ypasHenue
onpeaenser, Kak roEOPAT, BHPOXMAECHHY IO JHHHI.

5. Hankoe ypasuenne ectb x2+4 p2-1=0. Tax kak nopn
n00BX BIECTREHHWX X H ¥ uHcAa x* u y? He OTpPAUATE/BHH,
10 x%-}-p2--1 > 0. 3BuHauur, HET HH OXHOH TOUKH, KOOPIM-

HaTH KOTOPOH YHOBAETBOPHIOT
JN3HHOMY YPaBHEHHIO; HHXaKOTO
reoMeTpHdeckoro  ofipasa  Ha
IVIOCKOCTH 3TO yPABHEHHE HE Of-
peneaster.

6. Hanvoe ypaBHeHHE ecCTh
p=uacosl, rae a—nonoxau-
TEJIbHOE YHCAQ, TNEepeMeHHbe P

H O.—nonspHee KOOPAMHATH, .
O0o3naunm vepez M Touky ¢

NOASPHLMHU KoopakHaTamu (p; 0),

Puc. 26.

yepes A-—ToYKy ¢ mnoaapHamMH koopiunatamu  (a; 0). Ecan
p=acos 0, To yron OMA—nnpsamo#t, u o6patio, Crenosatessuo,
FeOMeTPUYCCKOC MECTO TOUek, MOASPHLIE KOOPIHHATH KOTOPHX

Puc, 27.

VIOBAETBOPAKT  ypasse-
w0 p=acos®, npex-
crapnAer cobolt OKpyx-
HOCTb ¢ auametpom OA
(puc. 26).

7. Tlycte maHo ypas-
HenHe p=40, rue a--
HEKOTOPOE  NONOWHTE/Lb-
noe 4ucac, Urobw mnpen-
cTaBuTh cefe ompenensie-
MYIO JAHHBM Y paBHEHHEeM
AnRM0, GydeM mpeanona-
rats, uro © BoapacTtaer,
HAaYHR4gd OT Hylld, H 1po-
CIeAHM 34 COOTBETCTBYIO-
Ly ABKAEHHEM TIEDPEMEH-
noit touku M{p; 0), ko-
OpAHHATH KOTOPOH c¢BHA-

3any  3THM ypaBenneM. Ecam 0=0, 10 Takke p=0; ec-
an O sospacraer, wauwHas T Hyad, TO p Oy4eT BOAPACTATH
NPOMOPUHOHANLHO § (4HCAO @ CyXHT KOIDHHUMEHTOM IPOTOP-
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UHONAABHOCTH). Mu BHAWM, uTO nepemennas Touka M (p; 6),
HCXOO M3 HOJIOC2 33AaHHOR noASpHON CHCTEMH KOOPZHHAT,
ASIKETCH BOKPYT HOMOCA (R MOMOMHTEIBHOM HATPABAEHAH),
ONHOBPEMEHHO YAARASCH OT Hero, Takum obpazom, Touka M
ONHCHBAET HEKOTOPYID CNHPAanb] CAOAPaAb, ONpeXeAseMan
ypaBHeHueM p=af, vaswBaerca cnupanio Apxumeda (puc. 27).

Ecan touka M(p; 8), nexons us npoM3BOABHOTO noAoKe-
Hig, ABMNETCH MO cnupany ApxHMela M COBEPWIZET B NMOAMKH-
TCNLHOM HaNpPasjenud GIHN MOAHLIET 060POT BOKPYT MGAKCA, TO

Puc. 28

yron 6 sospactaer wa 2%, anonspuui paanye p ra 2an. Otcona
CAGAYeT, YTO coHpanb ApxnMesa paccexaeT Kaxiul nonsp-
el ayY Ha paBHue OTpe3kd (He CunTas oOTpe3Ha, NpHMHKA-
0ILEro K NONIOCY); BCE 9TH OTPE3KH HMEKT MNOCTORHAYID INMHY
Zam. ’ ‘

Ypasuenne p=a0, rae g¢—oTpruaTeaIbuHOE YHCAO,
onpesenser «o0parnyion cnupaib Apxumena, TOUKH KOTOpo#H

COOTBETCTBYIOT OTPHUATENbHLIM 3nauchuay O (puc. 28).
a
8, JHanHoe ypaBHeHue ecTh p=v, FAC @—HEKOTOpoe

NOAGKHTEABHOE YHCIO; OyheM HCCNeNoBaTh ONPelelseMyio HM

JnHHI0. BosbMem xawoe-RuGyap nonowuTenbHOE 3navenuwe 0,
X 2a n

HaopuMep 9=—2-, €My C(OOTBETCTBYST TOUKA M:(',;i —2—)_.
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Ecan 6 3ares HEOrpaHHYeHHO YBeNH4HBAERTCH, TO P, GYAYYH
o6paTHO UPOMOPHHOHATBHEM @, crpemures K Hyn0; c¢aemo-
BaTeAbHO, Mepemennas Touxka M(p; 0) mmkercs BOKPYT noNKOCA
B TIOJIOKUTENRHOM HAMPABAESHHH H BMECTE € TEM HEOTPABHYEHHO
npuSamkaeTcs K noxiocy (puc. 29). Tlycrs Ttemeps 6 ymenn-

n
WACTCA, HAYKHAH OT 3JHAYEHHN -, W CTPEMHTCR K HYJi0; BpH
9ToM p —> oo # Touka M(p; 0) yxoxut B Beckoreynocts, Ytobm

=3

[ S
Y

Puc. 29

HCCNeN0BATH ABIKEHHE ToYkn M Goaee ZeTanbHO, CNPOEKTHPYeM

Touky M nHa noasupHyio ocbp u 0003HAYHM NPOEKLHIO uepes P,

Toraa, ouesuano, PM=psin O (cu. stopyio u3 dopuya (1)
sin

n°® 15}). B cuay nautoro ypasiennsp sind=a —5 - Fo, KaK u3-
sin 6
BECTHO W3 anaiuaa, —e—-——>1 npp 8 -— 0. Cnensoratenniio,

npu O — O permunna PM crpemnres k ¢. OTclona MokHO 3a-
KAWYETE, YTo TOuka M, yxond B GecKOHEUHOCTh, npHOnmHAaeTCH
K NpRMO, KOTOpas napaanenbHa NOAAPHOH OCH H OTCTOHT OT
HEEe Ha PACCTOSHAH a.

M BRANM, 4YTO RZHHOE YDPABHEHHE, K&K H B OPEelbAyLIeM
npHMepe, ONpeAenseT COHpanb; Takag Coupank  Ha3wBaeTcd
eunepBoanteckol.

a
YpaBuenne p=—= 6 TIC 4—OTPpHILATEAbHOE UYICNO
9? ¥

onpeaeaner «oGpaTnyto» rEASPGONNYECKYID CHOHPaAb, TOUKH
KOTOPO# COOTBETCTBYIOT OTPHILLATE/IbHYM 3HAUCHHAM 0 (puec. 30).

9. Haunoe ypaBnenne ecTb p=2a’, rie a4 —MNOIOKUTEALHOE
yu¢ao, GoAbliee eAHHHLL. DTO yDaBHCHHE ONpeNeaneT COHpaib,
HAALIBAEMYID A0ZapUGMuLEecKOt.
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Yrobw  yacuuTh ceGe  ocobenHOCTH NorapHMHueCKOH
<ORpany, npemnonowmM, uto @ — -4 o00; B Takom cayuae
p=a — - oo ¥, CNeROBATENBHO, TIEPEMEHHAA TOYKA Mip; 0),
ABHFAACH  BOKPYr FWOMOCA B NOJOKHTENBHOM HAIPABICHHH,
HEOrpaHndenHo yaansercs oT nomwoca. Ecaw touxa M, ucxoxs

Puc, 30,

H3 UPOUSBOJILHOCO MONOXCHHS, COBEPUIAET OUHH MONHLH 0B0pOT
B TOMOKHTEABHOM HANPaBAEHHH BOKPYT MOMIOCA, TO K ee fo-
AAPHOMY  yray mpubapaseTcs 27, a nosspubil Paany< yMHO-
waetes Bva e (Tak xak
o = g%}, Taxuu oBpa-
30M, C KaxauMm o6OpPOTOM Bo-
Kpyr mnomoca noaspaui pa-
auyc Touke M BospacTaer,
npuyeM DPOCT HAET B reoMer-
i & 4 pudeckod  mporpeccun  (co
3HaMmeHaTeneM av),
Hpeanonokum  Teneps,
410 6 — —oc0; TOrIA P—0
H Touka M, Bpawgascek Bo-
Kpyr noawca (8 OTpuliaTen-
HOM HAOPABJIGHAH), Heorpa-
Puc 31, HHYEHHO MOpHOAMIKACTCH K
uemy (puc. 31),

Ecnu @ menbme exusnum {Gyayun nomOXHTENbHHM), TO
YpasHenHe p=a onpeseaser «oGpaTHYO» norapadMIIecKyn
crupanb (puc. 32). B sroM caywae npu Bpawennu Toukn M
BOKPYT NOJIOCA B NOMOKHTENLHOM HANPABJCHHH OHA HeOTPa-
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HHYEHHO UDHGAHKASTCA K NOAKOCY, 4 NPH RBPAIIGHHH B OTpH-
LATEABHOM HANPaRAenii — HEOTPAHHYEHHO YAAddeTC OT HEro
{rak wax B cayuae 0<
<a<<1 umeem a®— 0 npu
0 —+4o0 u a"—+ oo npu
0 — — o).

Ecan a=1, To ypashe-
nue p==g' onpenenser ok-
PYKHOCTB, TaX Kak Ang Jlo- o
Goro O Gyser p=1.

* Mu npusenu ceiwac npu-
MepH ypaBHeHHHA HACTOABKO
NPOCTHIX, Y4TQ OfpeAensieMule
HMH JHHHH YCMAaTPHBAIH(CH
Henocpedcreenno. B 6ojee
COMHKEX CAYY4AX AdWe MpH-
6amxennoe H3oOpawenne au-
HHH {C 3aId4HHCH TOYHOCTRIO)
MOMeT OHTEH BecbMa 3aTPYIHHTENbRHM M HOTPeGOBATL mMpH-
MeHeHus pa3HooGpasHHXx MeTOJOB AHAMH3A M AHANMTHYECKOL
reoMeTpHH.

Puc. 32,

§ 12, MpaMepnl BelBOAA YpaBHEHHil
3apaHee KAHHHIX JHHHH

39. B npeawayuiem maparpae Mul PACCMOTPENH HECKOJBKO
NPUMEPOB ONPEACACHHS JAHHHH YDH TIOMOUIH 32paHee HAAHHOFO
ypaBHeHus. 34echb MH PACCMOTPHM . HPHMEPH [POTHBONOAOKHOrO
XapaKTepa; B KaacQOM M3 HUX JMHHA ompereigercd 4YHCTO TEo-
MeTpuYecKH, A ypaBHeHHe ee Tpebyercd HalTH (Kak rowopsr,
«BHBECTH» H3 CeOMETPHYECKOLO ONpenefeHHd JHHHH),

Ecan anung onpe,uenena Ka8K TreOMETpHYEeCKGe MeCTO TOYEK,
NOIYHHEHHWX (M3BECTHOMY YCJIOBHK), TO, BHIDAXKAR STO YCIAOBHE
OpH MOMOWH KOOPAMHAT, ME NOJYUMM HEKOTOPYH) 3ABHCHMOCTH
MeWJy KoOpAMHATaMH. DT0 H OyAeT VpaBRCHHE NaHHOH AHHuM,
TaK KaK eMy Y/JAOBAETBOPHIOT KOOPAHHATH TOYKH B TOM H TOJBKO
B TOM Caydde, KOTJA PACNOAMKEHRHE TOYKH NOJYHHEHO HOCTARIEH-
HOMY YC/AOBHIO, T. €. KOrXAa TOYKA JIeKUT HA JaHHOH JHBHR,

40. Hpumep, JNana aekapToBa NpAMCYIOJNLHAA CHCTEMa KOOPAHBAT,
BriBectd ypasnenH e OXPYIKHOCTH, KoTOpas umeer nentp C (o; B) u paguye,
pasuelt r (puc. 33}
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Odoanaunm Gyxsofi M nepemennylo TOuKy, GyKBaMu X, y—ee Koop-
fnarel (1. e. TeKymue koopannath). Hannas OKDYKHOCTh €CTh Teo-
MEeTpHYeCKOE MECTO TOYEK, KaXKJAf H3 KOTOPHX OTCTOMT oT ToukH C Ha
paccrossun r; TakiMm ofpasom, Touka M naxoautcs Ha fauuofl OKpy:-
HOCTH B TOM H TOJBKO B TOM cAy4ae, KOraa

CM=r, (1)

[To dopuyne (2} n° 18 umeem CM = V(x—a)”+(y—ﬁ)’. 3amensa sTUM
BhIpaxenHeM pestHuuuy CM *) e pasel-
4 cree (1), nonyvaem:

M -
ViE—alFry—pi=r. @

Mbt namsm ypasueine, KoTOpoe CRA3H-
BAET BEJAMYHHEL X, Y H KOTOPOMY YHOB-
JIETBOPSIOT KOOPAHAATH TeéX ¥ TOABKO
TeéX TOUeK, Uro Jexar Ha JaHHOW OK-
T PYHHOCTH. 3TO H €CTh, C/ICA0BATEALHO,

g HCKOMOE ypasuenne, 3afaua peulena,
41. Bo3soaa ofe vacTe pasgHCTRA
Puc. 33, (2) B kBagpaT, M ROAYMHM cTanpapT-
HyI0 38IIHCE YPABHEHHST OKPY &

HOCTA ¢ nentpam C(a;B) H panuycom r;

(x—a)+(y—Ppyr=n. (3)

Ono BCTpedaeTCst BO MHOCHX FCOMETDHUECKHX Safayax ). Ionaras B nem
a==0, f=0, waizem YPaBHetHHEe OKDYXHOCTH C LEHTpOM
B Hauale KOOpAUHAT
Bfyr=ra, 4)

42. [lpuwmep. Brigectn ypannenne TpaekTopuH Touku M, koropan
B KaMJWH MOMEHT NBHIKCHHS HaXQLHTCH BABOE GMIIKE K TouKe A (2; 0,
yeM x touxe B (8; 0).

OG603uauum 4epes X, y KOOpAHHATH ToYkE M (1. e. TEKYLLHE KOOp-
munare). CoraacHo ycronmio zagaus, Touka M Beerma BABOe Guanike K A,
eM x B, T. e.

2AM = BM. (5)

*)} Cu. cocky Ha cTp, 12,

*#) Ilpd Bo3senendH ofeMx uacreil YpaBHEHHS B KBAZPaT MOMeT
TMIOJYQHTECA YDABHEHHE, He DABHOCH/IBHOE HCXOEHOMY, 8 HMEHHOD, YHOB-
FAETBOPAOU(CECA 1 TAXKMMH SHAYCHHSAMR X M Jf, KOTODHIE He YOBRETAODHIOT
HCXONHOMY YDABHEHHIO, B jamioM cnydae, OHHAKO, Tak He GVAeT, T. e.
ypasrenue (3) papHocHIsHO ypaBuenmio {2). B caMoM aese, u3BNeKam ua
ofeux wacteli  ypaBHemus (3) KBAJADATHBIH KOpeHb, MH HOJdy4HM
+ V(x-a)’+(y——ﬂ)’=;t r. Ho B npaBofi uacté weofixoguMo BasTs
3HaK -, TaK XAK B NPOTHBHOM CAy9ae HOJYYHICR HEBEPHOS PABEHCTBO.
Taxum o6pasom, ypaBHeHHe (2) BHBORMTCA M3 ypamHeHHA (3), Kak n
Ypabuenue (3) pHBOGHTCA n3 ypasnenun (2).
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Tlo dopmyne (2) n° 18 _
AM=YV G=IFTE,  BM=V G TP.

©Orciona 1 n3 pasenctsa (5} HaxomZmM:

2V~ =V x—8P 4. (8)
M noayumsin ypaBueHHe, CBsisbiBaiomlee Beduwusl X W y. Emy vaos-
JIETBOPAIOT KOOpAHKaTH nwoft TOUKH paccMaTpusaeMof TPAEKTOPHH H
He  YIOBJETBOPAIOT KOOPRHWHATHI HHXAKOW HPYFOH TOUKM IAOCKOCTH.
CregoBate/IbHO, 370 YPABHEHHE W ABANETCA HCKOMBIM. 3ajaua pelleHa,
Mul MOKeM TOALKO NOMedaTh lepejenaTh 3alACh STOM0 YDABHEHHS X
npuBeCTH €ro x Gonee yrobuoMy Bupy, C sToil Ne/bio BO3Benem obe 1acTi
ypasuenus (6} 5 xpagpar. Mo moayuum ypasHende:

[ — 2 g% = (r— 8 12,
paBHOCHABHOE YpaBuewHio (6) *), PackpuiBas cKoGKH, Haxoguu;

433165+ 16+ 457 = 12— 162 464 2

x2 4y = 16.

TTonyuur ypaBseHHe TPaexTOPHH B TAKOM BHAZ, MHl JETKO MOMeM
ySRCHETD cefe ¢opMy 5Tol TpaekTopun. JlelicTBHTeMbHO, CPABHHBAR NONY-
YeHHoe yparHeHHe ¢ ypaBaenHeM (4) n” 41, sakumiouaem: paccMaTpBBaeMas
TPAEKTOPHA BCTH OKDPYKHOCTb, HMEI0-
Hlan MAEATP B HAvaJde KOODPRHHAT M pa-
anyc r =4,

43. Mpumep. Cocrasurs ypasie-
HBe NpAMOR B TORAPHLIX  KOOPAHHa-
TaX, CYHTAas W3IBECTHEIMH PAcCTOSHHe
p OT noJsca Ao npaAmod W yrox 6, or
noaspHofl oCH A0 AyYa, HalpaBIeHHOTO
M3 M0/0Ca TIEPREHJHKYNKPHO K OpAMOi

- {puc. 34).

Pewenne. [lyers a—npous-
BOABHAA TNpAMas, P-—ocHoBadRe Iep-
TEHAMKYAApA, ONYIMEHHOIO Ha Hee M3
nomoca Of coriacHO  YCAOBHIO GyfRem Puc, 34,
cyuTath HaBecTHeiMH OP=p ¥ yroa 6,
or noasproi ocu OA jo ayua OP,

BospMéM Ha TAOCKOCTH MPOMaBONBHYIO Touky M{p; 6). Ouenupmo,
TOKA M NeWAT Ha NPAMOH a4 B TOM U TOABKO B TOM CAyuae, KOTAA
npoexnns ToukH M ma nyw OP coBnagaer ¢ Toykoir P, T. e,
KOFRa pcosg=p, rle Q=4 POM. 3amernB, wio ¢=0-—8, (mn

=8,—0), Boayuaem oTClOZ2 WCKOMOE ypaBHeHHe TipAMOA a2 B EHAe
p cos (§—Htg)=p; Texymme KCOPAMHATH 3ZeCH CYTh p H 0.

*} 310 JOKAIWBAETCA TaK XKe, KAK AHAAOIHMHOE YTOEDAIRHHS
B 1° 41 (cM. npeampymee MOZCTPOUHOE MpHMeuaHHe).
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§ 13. 3apana o mepeceuewnmn psyx Jauufi

44. B ananuTnyeckoll reoMeTpUH YacTO NpUXOAATCA pemathb
CASAYIORYIO 3axayy:
Hawur ypasHenns gByx Awunil:

F(x, )=0, ®(x, y)=0.

Ha#ite ToukH ux nepeceuenus.

Kak Bcersga B ananutudeckoit TEOMETPHH, roBOpH: «HAhTH
TOUKH?, Mbl MOIPASYMEBAEM: «BWYHC/AHThH HX KOOPAMHATHI).
[lpuaurn pentenna 3TOH 3aKaun ycMaTpHBaeTcs Cpasy Ha omnpe-
JCNCHHA YpPaBHeHUA JHHuH, JaHHOoro B n° 34,

B camoM nene, kawias Touka mepecedeHus RAHHWX NHNHE
€CTh HX obwian Touka. CrnenoBaTesibHO, KOOPAMHATH TaKok
TO'WKH JOMKHE YAOBIETBOPATL KakK ypasuenmo F(x, y) =0, tak
u ypasrennio @ (x, y)==0. Mu Halinem Bce Toukm fepeceueHns
JAHHBX JUHYE, CCIH PEINNM HX YPaBHEHHS cOBMeCTHO. [Ipn 3ToM
KaWa0e peleHHe CHUCTeMb!

F(xs }'):-O,
D(x, y)=0 |

onmpexe/sieT OARY H3 HCKOMEX Todex. Camo coGoif pasymeercs,
UT0 NPAKTHYECKOE OCYIIECTBACHHE 3TOro OGWEr0 NPHEUMIA
MOMET HATOMKHYTHCA HA BHYMCJHTENLHBIE TPYAHOCTH.

Tpumep 1. Jausl ypashenun mpyx OKpyXHocTefl (x—1)2 -
+y—3°¢=4n (x—3)24-(y—5)%=4. Hakm TodxH mux nepeceyenust,

Pewenne PackpuBas ckoBkH n Tepenocss Bce wienb: B JIeBY10
CTOpOHY, MOMEM 3alHCaTh JaHELE YpaBHEHHS B BHAE

x®Ly? 2y 6y 6=0, x4 y2—6x—10y4-30 =0, 4]
Buiutem ws mepsoro ypasuenus BTOpOe; nomyunm: 4y-1.4y—24—0

RAH y=—x-L6. O6ueqnuaAs 510 ypaPuemme c NepBHIM M3 jaHHGX,
COCTABHM CHCTEMY!:

#4420 —6y 460, \

y=—1x-46, )

Cuctema (2) pasHocunnua cucteme (1) *). Tlostomy sagaua csogurcs K
pewenmo stolt  cuctemn, [logcraBAM B nepeoe W3 ypasnenuit (2)
Yy=-—x-6; Haitpem: a2 12x4-36—24 +-6x—36 L 6=0, mn

*) Tak xak cucreMa (2) BuBefeHa H3 CHCTeMLt (1), a cucremy (1},
B CBOIO QYepelb, JIETKO BLIBGCTH H3 CHCTEME] (2).
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x2—4x-}-3=0. Orciofa % ,=2+ ¥V 4--3, 1. e. x;==1, =3, ITo nait-
JNeHHBIM 3HAYEHHAM X ONpEAENHM COOTBETCTBYIOUIME SHAYEHHS Y M3
YpABHEHUA Y= -— x-}-6; TpH %=1 moaydaeM y, =35, 0PN X, =3 HMeeM
Ya=3., Takum oO6pasoM, HCKOMEIMH sBAmoTCHE Touku (1; B) u (3; 3).

Npumep 2. Jarn ypaBuenus XeyX Junuil: x—+y=0 (6uccerr-
pHca BTOPOTC KOOpEWHATHOro yraz) W {x—5)2py?=1 {0KpymHOCTE).
HaliTH 7T0YKH HX DepecevueHud.

Pewenue, Cocrasum cucremy

x—Bp+yr=1,
x+4-y=0,
HoacTaeum B nepBoe ypaBnesne py—=-—x (#3 Broporo). [lomyyaem:

{(x—5)2--x2==1, uan x2—5x-12=0. Orciona
5 25 5 —23
=g e ) o= 5B

Tak kak V¥ —23 ecTh MHAMOE UHCJQ, B3ax/IOUAEM; CHCTEMA HE HMeeT
BEIeCTBERHBIX pelleHHH, CAeJoRATeNbHO, JaHHkE JIHHHH He Nepecexantca.

§ 14, IlapameTpuueckue YpaBHEHMA JHHEH

45. llycTh 3anana Kakan-AuGyab CHCTEM4 KOOPAMHAT U MYCTh
IaHe fgBe (PYHKUMH OT OZHOTO apryMenTa f!

x=¢m,}
y=y).

YCNOBHMCH BEAMUHHEE X My NPH Kaua0M 3HaueHHu £ pac-
CMATPHBATH KaK KOOPAHHATH HexoTopoli Touxy M. [Ipn Hamene-
HHH f BeNHYMHH X H ¥, Boofiie roRopd, MeHAWTCH, CleloBa-
TeAbHO, Touka M nepemeunjaercs no miockoctn, Pasencraa (1)
HQ3GIBAIOTCA NAPAMETPULECKUMI YPASHERUAMY TPREKTOPUL TOYKU
M; apeayment t HAZLIBAETCA NEPeMERHBIM NAPAMETPOM.

ITapameTpuyeckue ypaBHEHHS HCPAIOT BAXHYIO POIb B MeXa-
HHKE, 1€ OHH HCHOAB3YIOTCH B K4JeCTBE TAK HA3bIBAEMHX ypas-
Henud deunenun, Vimenno, ecnu matepuansuan Toyka M ABIKeTCH
MO NJIOCKOCTH, TO B KaWAWE MOMEHT BpeMeHH { OHZ MMeEeT
ONpefe/IeHHEC KOOPANHATH X, V. YpaBHeHnd, KOTOPHE BHPamaloT
X M y Kak yHKUHH BpEMERH £, M Ha3BEBAIOTCH VPABHEHHAMY
Asuxenns toukn M; onn uMewor Bux (1).

B mexannke Bmienne MaTepHaAbHOH TOUKH CYHTAETCH MaTe-
MATHHCCKM 3alaHHHM, €CA¥ COCTABAEHH €ro YPaBHEHHS,

46. IlycTe HexoTOpad JMHMA ONpeieneHa NapaMeTPHYECKHMH
ypaBuewraMu X =Q (£}, y=1 (£} kax Tpaekropud 1oukn M(x; yj.

{1
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Ecau F(x, y}==0 ecTb cneicTsHe NanHWX YpaBrern#, o
éMy YIOBJICTBODAIOT KOOPAHHATH X =@ (f), y =1 (¢) Touku M
npH mobom f. Takum ofpadom, Touka M ABHXETCH N0 MHHIM
F(x, y)=0. Ecan npu stom TouXa M 06XO0MUT BCIO STY NuuwW,
10_F(x, y)=0 npeacrasaser coboll obuuNoe YDABHEHHE Tpaek-
ropuu Toukn M. Coctasnenne Takoro cneacteus F(x, y=0
lAPAMETPHYECKHX YypaBHeHuit x =@ (f), y=1p{f) waauBaerca
RCKRMOYeHIEM NAPAMET PG

IIpumep. Vpapuenus x=rcos f, y=r sin £ cyTh ApAMETPHUECKHE
YPaBHEHHAl OKDYMHOCTH, KOTODAS HMEST LUEHTP B Hauane KOOPIHHAT K
Papuyc r. B camom fese, BO3BOAT STH yPARHEHHS B KEaIPaT H CKAAKMEAS
NOUNEHHO, MBI DOJYMEM HX chegctBue x2-yi=r2, Orciofa BEEHO, 4To
Touka M (x; 4) JBuKeTcs no yKasaHHOR okpyxHocTe. Kpome Toro, rax
KaK MApAMETP ! NPHHEMAET DCe BO3MOIKHHE YMCMSHHWE SHAYEHHS, TO
ayt OM (KoTopwit cocrapasieT ¢ ocvio Ox YyIoJa 1} 3alEMaeT BCE BOIMONX-
Hhe monoxeHns. ChejoBaTensso, Toyka M oferaer kciwo OKPYMHOCTh
(npu GeckoHEHOM BOSPACTAHHE f GECKOHEUHO MHOTO pas).

47. Ilycts p=f () —nonaproe ypasrenue HEKOTOPOH JTHHHH,
Ta xe nuuns B exapToBHX KOOpAMHATAX MOWKET GHTH onpene-
AeHa napameTpHYeCcKHMH YPABHEHHAMH

x=f(0)cos O,

y=r(0) sin 6.
HTOOH MOMYYHTH TH YPABHEHHH, NOCTATONHO B opryaax
x==pcosB, y=psin0 (cMm. n° 15) samennrsp P bynxunet f(0).

[Mpumep. Conpare Apxumena, CHOEePGOHYECKAs CNHPadb W Jora-
pHMHYECKAs CMHPAJL HMMEIOT DONAPHME ypAaBHEHHS COOTBETCTBORNO

p=ab, p=% , p=2a" (cm.n® 33). Orciona HAXOZNM B NEKAPTOBBIX Koop-
BHHATAX APAMETPHYECKHE Y]PARAEHHA:

x=ad cos 8, y=n0sin@

—chnApand Apxumena,

xqacosﬁ _asinf
T8 YT

— FHOePGONHYECKON COHPALH B

YcosB, y=a'sin®

x=a
-~ Norapudmuyeckofl cRupany.
Bo scex paccmorpennnx cayyasx TlapaMerpoM ABAKETCA OOAAPHBL
yroa O nepemenuoRt TouKH.
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§ 15. Anrefpadueckee JAnuuy

48. OcHOBHLM TPEAMETOM HUIYYEHHA B aHANHTHYECKOH reo-
METPUH ABAMIOTCH JMHNM, ONPEIejfieMbie [0 OTHOIMEHHID K me-
K4pPTOBHM NPAMOYTONLAWM KOOpAuHATAM aNTrefpanyeCKuM I
YPABHEHHAMEH, ITO CYTh YPaBHEHUA CHELYIQL{HX BHOS:

Ax4-By+C=0; (1)
Ax?4-Bxy+ Cy* - Dx -+ Ey 4 F=0; ()
Ax*+ By + Cxy? 4 Dy* + Ex*+ Fxy 4 Gy* 4

+Hx+ 1y -+ K=0; (3)
3aech A, B, C, D, E u 1. . — HexkoTophie GHKCHPOBAHAWE YHCSA;
OHH HABWBATCY KOIDPHUUSHTAMH YKA3AHHHX ypaBHesnH,

Ypapuenne (1) nasuiBaeTes obwuM ypeeHenueMm nepeoi
crenent (YUCREHUBle 3HAYCHHI €ro KOI(DQHUHEATOB MOLYT OwTh
KawuMH Yroiuo, HO NPH yCAOBHM, ur0bn ypass€ende neHcrsm-
TEIbHO COZEPWAno yiensl NepB o cTelenn, T, e, OAHOBPEMEH-
Hoe ofpaisenne B Hyns A u B nckmouaerca); ypasHenne (2)
HAsuBaeTcd obwuM ypasxenuem BTOPOL cTenexu (UMCAEHHBE
anauenus ero KospduiHeHTOB MOryT OHTH KAKMMH YFOAHO, HO
NpH  YCAOBHH, 4YTOOW YypagHeHHe aeHcTBHTENRHO COZEPEAN0
ufehH BTODON crenesu, ¥. €. chyvafl, xoraa sce Tpu koadu-
unenta A, B, C pasHd Hyn0, HCKUIOYaercd); ypasienme (3)
HaowBaeTcad obwjum ypaswenuesm Tperved crenedy (YHMCAEHHME
srauenys ero KoshduuHenToR MOTYT OLITh KaKHMA YTOMLHO,
HCKAIDYas cayvall, Koraa Bee yeTnpe koadpmienta 4, B, C,
D pasun #yni0). AHanOTHYHEE BHA HMEIOT YDaBHeHHs YeTBEPTOH,
maTod M- T. A, cTenenel,

B ke4ectBe npumepoB neaareGpakvyecKHX ypashesuti
yKaweM clAegylouiue:

y—sin x=0, 10 —5+1=0,
y~—logx=0, 2% — x—y=0.
y— 10¢=0,

JIukuR, KOTOpas & HeKOTOPOE cucTeme JeKaproewlx npamo-
Y20AbHbLX KOOPOURAT onpedesneTca arzelpaudeckum yYpasHeHuen
CTEneHl n, HA36iBAercA aszebpauxeckod aunued n-zo nopaska.

49, Teopema 8 Jlunun, xomopas onpedessemcs aizebpaunecKum
YPASHERUEM CHEneny n 8 KAKod-rubyds cucmeme Gexapmossix ApAMOyEcAs-
roix koopdunam, 8 awbol dpy2od cucmeme makux owe xoopduram onpede-
ASLINCA MOKKE GAEOPAUYECRUM YPUBREHUEM [ MOL N CINENEHY fi



58 YPABHEHHE JHHUH [ra. 3

HoxasarteawcTro, [lyeTs HekoTopas JHHMA OfpelelieHa ajre-
OpaH4eCKHM ypaBHeHHeM CTENEeHH f B CHCTEME KQOopanHar ¢ ocamy Ox 1 Oy,
[lpu repexone K Kakofi-unbyAL Apyrofi cucTeme KOQPAHBAT ¢ ocsmu 0%,
0y’ KOCPAMHATE BC2X TOUEK MAOCKOCTH npeolpasvioTch §o GopMynan Buaa

r=x"cose F y' sina--a, )
y=x'sino + y cosai-b

OPH HEKOTOPOM BEIGOPE 3HAKOB Mepes BTOPEIMH UNEHAMH B MPaBhiX 4acTax
(cM. samevanne B KoHUE n® 29). UTo6n NOAYYHTL YpABHEHBE TOH e
JHHHA B HOBBIX KOOPHHHATAX, MH JOJUKHBE! CTAPHE ApryMeHTH e Ypas-
HeHHA 3dMEHHTE No Qopmynam {4). Jlepas 4acTh 3TOTG yDABHeHHs mnpel-
CTaBAAET COGOH CYMMY OIHOYJEHOB, KamAbli M3 KOTOpHX €Cth B3aToe
¢ HeKOTOpPHM * KO3(MuHeHTOM NpOM3BeAEHHe NENHX HEeOTPHUATENbRELX
cTenesell nepeMeHsHX x u Y. Ilocae 3aMensl x U ¥ no dopMmyaam (4)
H nocde PACKPHITHA BCeX CKOOOK MH NOAYU¥M B Jesoll wactd npeolpa-
SYeMOI0 YPABHEHHH CYMMY HOBHX ONHOWIEHOB, KaXAuwH H3 KOTOphIX
ECThb B3ATOE C HEKOTOPWM KODOHIHEHTOM NpOH3BEJEHHE USNHIX HEOTDHU-
narenbHbIX CTeNenefi HOBRIX NepeMeHHHX ¥’ # 4'. CAeZ0BATENLHO, AT e-
Gpadyecknii Xapakrep ypasHEHHA NpH TaKOM OPeoOpasopaHid co-
XpanfgeTcs.

Teneps MH ZODKHE NOKA34TH, YTO 0 CTE{I€H b YPaBHEHHA OCTaeTcs
KenaMenHoR 370 noury oueauano. B caMom fene, Tak Kax Qopmyanl
{4) HMeOT OTHOCHTEABHO X" H ' TepBYyIO cTeNeHb, TO NOCAe 3aMEHH X H y
MO 3THM (OpMyNIaM H PACKPHITHA BCeX CKOGOK B JeBOH uactu npeoGpa-
8YeMOro ypaBHEHHS HE MOMEeT BO3HHKHYTb HH OJHOTO OHOUJeHA, CTeNPHb
KOTOPOTO *) OTHOCHTENBHO HOBHIX NepeMeHHRX X' ¥ y° Guaa 68 Beuue 7.

Taxkam ofpasom, NpH NOGOM YKA3AHIOM NpPeoc6DPAzOBANRH aareGpa-
HYECKOI'0 YPABHEHHT CTEMEHb €rD HE MOXKeT NOBHCHTECH. 3apanee,
OJlHaKO, HeSCHO, He MOMET JIH OHa MOHH3WTBCA (T. €. He MOTYT Ji Bee
CTapIIHe OJHOYAEHH UOCHE RPeoGpa3oBaHuA B3RUMHO YHHUTOXKUTLCH).
Ho ecim wpn nepexoAe ot ofuoll Jexaproeofi CHCTEMH TIPAMOYTO/ALHEIX
KOOD/HEAT K APYroH TAKOA e CHCTEMe KOOPJHMHAT CTEMEHb HEKOTOPOrg
anreGpaHyecKoro YpaBHeHHs NOHHKAETCH, TO NPH OGPATHOM NEpeXoAe
OHa J0JIKHZ NOBBICHTBCH, @ 3TO, K&K MRl BHAENH, HEBO3MOMHO. Teppema
JOKRa3ana.

Ycranoenennas cefitac teopeMa NOKA3bIBaeT, 4TO adrebpamHueck it
XapaKTep YPaBHEHHS H NOPAJOK CYThb CBOMCTBA, MPHCYIMHEe caMol
anrefpanyecKofi AHNMUH, T. €, YTO OHH He CBSH3AHAE C BH-
fOpPOM KOOPAHHATHHX OCef.

O6wias Teopus anreSpauwyecknx JHRHE CAYKHT IPEIMETOM
CHOeHHANbHLX COYHHEHHH MO aHAAHTHYECKOH reoMeTpHH. B oTofi
KHHTe OyIyT CHCTEMAaTHYECKH pPACCMATPHBATHCR TOABKO JIMHMM
NEPBOr0 M BTOPOTO . NOPAAKOB.

B Gnmiaftmux naparpadax ycTaHaBAMBAETCS, 4YTO JIHHHM
HepBOTO MOPARKA CYTH OPAMHE {H TOMABKO MPAMHE),

*) Crenensio OAHOWICHA HASHBAGTCA CyMMA NOKasarenell BRONRILAX
B HErQ ilepeMeHHEX,



FTAABA 4
JAUHHUH NEPBOIro NMOPAJAKA

§ 16, ¥Yrromoli xosdpunuent

50. Mycrs 3anmana JexkaproBa APHMOYTOJBHAA CHCTEMA KO-
opauHaT M Hexkoropas npamas. OOoadaumm uepes o yroa, Ha
KOTOPHI HYWHO MOBepAYTH oCh Ox, 4tobul NMpuAaTh ef omuo
13 nanpapnenuft jasdolf mpAMOH; yraY MPHOHLICM 3HAK [LLOC
WAH MHHYC B 328HCHMOCTH OT TOro, OyAeT JH STOT {OBOPOT
MOJIOMMTENBHEM HAH OTpHUATENbHEIM. Haaogem yzoa o yaaom
nakaona Oanrold npanod k ocu Ox.

Ecnu nocie wekoToporo nopopota ocH (Ox MH NpHAZARM
eft 0AHO W3 HanpaBnenwft XakwOH MpAMOH, TO, cOBEpUIad AOMOA-
HUTeRbEBIE MOBOPOT Ha yron =@, WAH =k 2%, Win =+ 37
W T. A, MW KaOWAWA pas cHoBa OymeM MOAyudTh OHHO H3 Ha-
npasacuudl ganrofl npsmodl, Tawum obpasom, yroa o MoOKer
MMEThL MHOXECTBO PA3AHYHHX 3haueHnH, KOTOPHIE OTAHYAOTCH
APYT OT ZApyra Ha BelMuWHy 7%, FAC f-——HATYpAAbHOE
yucno. Yauge 8cezo 6 Ka4ecTse Yeaq RAKAOHG RPAMOL K ocu
Ox Oepyr HauMeHbulee ROADKUTEAbHOE 3HQYEHUE Yyead o
(puc. 33, @, 35,6), ¢ 8 cayuae, xo2da npamas napassessb-
wa ocu Ox, yeon Haraona ee K ocu QX cuUTWOT pagHbim
HY 0.

CywecTBeHEO 3AMETH T, YTO AN# TaHHOH NPAMOH Bee 3HAEHHA
yIna HaKNMoHa ee K ocd Ox HMEIOT ONHH M TOT ®e TAHTEHC
(TaK wak tg{a 4 an)=1tg ).

51. Tawnzenc yeaa naxiona npamod k ocu OX nasvaaerch
yerosbM KOIpPPuyuenTom 3rold npamod.

OGoanauan yraoeol xosdduuuenT OyKBol R, 3anuuieM mpe-
Aplgyliee ONpeRe/NeHHe CHMBOJHYECKH:

k=tg . 1)
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B uactHocTH, ecnin == 0Q, 10 u £=0, 1. e. npamas, napan-

Aeabhas ocu Ox, umeer yraoeoH xkosdduumenr, paBhbifi nyasw.
ki

Ecan a=-3,

BLIPAKALTCS HUKAKHM YHCIOM), T. €. npAMafi, NepnenauKy.IfpHas

K ocw Ox, He uMeer yrnosoro xosdupuusenta, Bnpouewm, ouenn

TO R=1{ga TepaeT apudMerTnueckud cMmca {ne

¥ \Y

/] 9 9

Puc. 35,

92CTO TOBOPAT, 4TQ €C/IH NPAMAs NEPIEHAMKYAAPHE K OCH Ox,
ee yraoeofl koaddumient cobpamaerca B GECKOHEUHOCTDY ] STHM

i
BHPAKAOT TOT Gaxt, 470 k-~ 00 npu & 5.

Yraopok xosddunment npasetcs Bacedimel XapaKTepHCTH-
KOH Hanpaenenns npamoft M NOCTOSHHO HCNONBLIYETCH B AHARK-
THUECKOH TEOMETPHH M ee
APHAOKEHAAX.

62, PaccMorpum npons-
Y%2~Y wonpnyio npamyo; npeano-
“_j/ JAOMHM TONBKO, YTO OHA He

;

1

HepNEHARKYNAPHA K ocH Ox.
Bosbmenm na weit mobupe ape
ToukA M, (x; y,) 1 My(xy;

~ g Z-z—" & yg). Honsipuwit” yroa 0 or-
peaka MM, pasen yray
Pre. 36. HAKAOHA  paccMaTpuBaemofi

npamoli k ocn Ox, caeno-
BaTEAbHO, Tanrene yraa 6O pamen yraosomy Kosfipummenty
8TOH npsMoRt (prc. 36); orciona u mo dopmyse (6) n° 19
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HAXONHM!
¥
k= % —x {(2)

(370 COOTHOWIEHHE NEerko yc¢marTpHeaeTcd Takwke w3 puc. 36).
Bopmyaa (2) evipaxcaer yeroeol xoadguyuent npamoi no deym
ee Bannotm TOWKAM.

§ 17. Ypasuenne mpsmofi ¢ yriosum xoshduunentom

53. Tlycth nana HexoTopas MpPEMas; Kax H PaHbHie, Ipen-
NONOXHM, UTO OHA He nepriedHgukyaspHa K ocH Ox. Beseden
ypasHerue OGadnol npamol, ROAGZOR U3BECTHHIMU €€ Y210861
Koappugyuenr 'k U serduuny
b uanpasrennozo orpesgn OB,

KOTOpuH OHa OTCEKaeT Ha
oct Oy (em, puc. 37).

OGoanauuM uyepes M ne-
PEMEHHYIO TOUKY, 4epes X,
y—ee KoopauHaTul (T. €. Te-

KyllHe KOOpAHHATH);  pac-
CMOTPHM, KPOME TOTG, TOYKY

B (0, b), B xotopofi upaAman o
nepecekaer ocb Oy. Buuue- — 7
UM NPABYH 4acTb GopMynn

(2) n° 52, npuusB B Kaue- : Puc, 37,

ctpe AM; Touxy B, B kave-

cree My—touxy M. Ecnn Toyka M nexur Ha JaHHOA upa-
MOB, TO B pe3yIbTaTe BHYMCAEHHA - Mb TOAYYHM  YIJIOBOA
koadrdpuuuent stolt npamol, T. e.

1=t (3)

X

ecnn ke M He JewuTr HA jaHAOH MpAMOH, TO 3TO PABEHCTBO He
G6ygmet cobmionatsca. ChemosatenbHo, pasencTso (3) dsasercs
ypabueHueM JAHHOH NpAMOH (DHO JIEFKO yCMATPHBAETCH
TaKwe M3 puc. 37, eCaAH NpUHATH BO BHHMauHe, YTOo K= tg o).
OcBoboxakch OT 3IHAMEHATENS W TIepeHOCH & B NpaByl CTo-
pony, MONyUHM

y=*hx+85 (4)

b4. Yrtak, kandas npaman, e nepnenduryanpudar & ocu Ox,
moxcer Ooite onpederena ypaguesuem suda (1),
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Ot6paruo, xamdoe ypasnenue suda (4) onpedeisser nps-
MYyl0, KOTOPAR umeer yaaosod xKosghduyuenr R u orcexaer ua
ocu Oy orpesox seauwuns b. B camoM Aene, ecnm mauo ypas-
Benue y=kx -4 b, 10, KakoBH 6W K OHAH uHcaa R u b, Beerna
BO3MOXHO IIOCTPOHTDL NPAMYI0, KOTOPad HMeeT Aaquwil yriomofi
xoappuunent & u orcekaeT Ha ocu Oy orpesok OB naunol
BEJHMYMHH b HO TOTZA, COFAAcHO NPEARZYUIEMY, MNOCTDOEHHAS
npamasi 4 6yneT onpeaeATHCA 3adaHHHM yDaBHEHHEM. Y pasHenue
¥ suda (4) HaswealOT YpacHeHuem nps-

M MOl ¢ yedoapm KOIPPULenTOM,

IIpamep. TIlocTports npamyr mo
yPaBHEHUID

8L yz%x+2_

r Pewenue Orackum Ha ocE Oy or-

7 peaok OB=2 (puc. 38); nposeseM depes

TOUKY B B «npaByio» CTOPOHY NApafeNhbHO

Pue. 38. oct Ox orpesok BN =4, u uepes Touxy N

B HanpaeieHEH 0cH Oy (sBBepX»)-—0Tpezok

NM=3. llocne store, coeamnsas ToukH B ¥ M, nOJyunM HCKOMYH

npamyio (oHa orcexaer Ha ocH Oy oTpesoK b=:2 K COCTABAZET ¢ OCBLIY
Ox yroJa, TaHresc KOTOPOro pasen 3f,),

56, Pyukuus
y=kx+5

HA3EIBaeTCA aunelinofd. Ha ocHOBaHHH M3J0XKEHHOrO MOMHO CKa-
3aTh, YTO ePAPUKOM AUHEHHOL DYHKYUL AEARETCR NPAMAA AUHUA.
Ilpa #=0 MM TOJy4aeM:

y="kx. (5)

[Tepemensnie x u y, cBu3aHHne TAKOH IABUCHMOCTBIO, HA3N-
BAIOTCA APONOPYUHORAABKEbIMIE ADYT IPYLY; HYHCHIO R HasHBawT
kosghpusuenton nponopyuonarsnocTy. W3 npeanayWwero scHo,
UYTO epapuroM Pyuxyuu y = Rx reanerca npamas, KOTOPA/ Npo-
X00UT 4epe3 Ra1aA0 KOOPOUHAT U UMEET yaAaoeol Kos@uyuent k,

56. Bo mHOTHX cayyaax BeTpeuaercd HeOGXOUHMOCTB C O-
CTABHTDbL YpABHEHHE NIPAMOMN, 3KAA ORHY €€ TOUKY
Mi{xy;; »y) m yrunosoit xospduunent & Hekomoe ypas-
HeHHE cpa3y nonydaercd 3 gopmyas (2)n°532. B camom aene,
nycTe M—-repeMennas TOUKa, x, y — ee (TeKylUHe) KOOPAHHATHL,
Ecitn M aexnr Ha npamoH, koTopas npoxojur uepes Touky M,



§ 18] BHYHC/AEHKE YTJA MEXAY IRYMSA IIPAMBIMH 63

H HMeeT JanHHB yraoeoH kosdduument £, TO B cuay dopmyan
(2) n°52
y—m
_ X —x k; (6)
ecnn ®e Touka M ne nemut Ha 9T0H npaMoli, TO paBeHCTBO

(6) me cobmonaerca. Taxum ofpazom, parenctso (6) M ecTs
HCKOMOE ypaBHeHHe; OOLIYHO ero NHIIYT B BHIE

J""Jh:k(x—x_l)- {7}

3ameuanne, B ToM yacTHOM chyvae, Koraa B KavecTse
M, (x,; y,) Geperca Touka B (0; &), ypaesenne (7) npunumaer
Bux (4).

67. Tlpumenas cooTHollleRne (7), A8rKC PelHTH CACIYIOHLYIO
3aKa4y: COCTABHTH YypaBHRHHE HPpAMOH, KoTOopad
MPOXOAHT 4YePe3 ABE [IaHHHE TOHYKH My (xy; y1)
n M,{xg vy}

HOJ]bBYSICb dbopuynoht (2) n° 52, HaxoHM yraomoH Ko3g-
¢unHenT npamol

focae 4Yero, HAa OCHORAHHM (7), MOJMYYAEM HCKOMOE ypPaBHEHHE
yz 91
Y—=Ih= (x Xq).

710 ypaBHeHHe NPHHATO NHCATh 8 Buie
XX = y—H (8

Xg—X1  Yo— ¥
[Ipumep, Cocrasure ypaBHeHHe NPAMOIi, NPOXOAANIEH Yepe3 TOUKH
M3 l) i My(5; 4).
eueHHe, [TofcTasnsg janAbie KOOPARHATH B coOOTHOWeHHe (8),
TIOJY 9UM

x— 3 y—l
z 3!
HAH 3x—2y—7=0,

§ 18. Buadciensie yria MemAy ABYMH DPAMLIMH. YCJAOBHA
NapaJJIeJbHOCTH H HEPHEHIHKYAAPHOCTR ABYX HPAMbIX

58, Onpmolt u3 cTanZapTHHX 34034 4HANHMTHYECKOH Treo-
METPHH fABIAETCA BHYHCAEHHE VI3 Mekly LBYMH NPAMEIMH.
3nech Mpt BhiBedeM GOpMyay, MO KOTOPOH MOXKHO BHIMHCAHTH
Yrojl mMexiy nNpAMBIMH, 3HAS WX YrA0BHE KOS(hduimentn (Mui
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npeanoaaraeM, YT HH ONHa H3 NPAMHX HE NePrexXHKynApua
K ocu Ox), _
PaccmoTpuy nige npsMue; 6yAeM OLHY M3 HUX (KaKYI0 YFOAHO)
HA3LBATL OepeoH, Epyryio BTopo#t (prc. 39). O6oanaunM, coorT-
BETCTREHHO, vepe3 B, H A, yrioewe KoadpHUUEHTH 9THX
MpAMLX, Yeped Q—yeoa Haxaoda 6Topod npamod K& nepsoil,
T. &. Y20A, Ha KOTOPLUl HYNHO NOBEPHYTO NEPSYIO RPAMYIO,

¥

4./ / z

Puc, 39,

#1066 npudars eii 00no u3 anpesienuil eTopoil npamoid. Yray P
MPHMHIIEM 3HAK IKIIOC MR MHHYC B 32BHCHMOCTH OT TOTO,
Oyzer A STOT NOBOPOT MOJACHMTENALHEM, WIH OTPHLATEBHEIM.
FoBopa o6 yrae mexay asyms npsmMbMi, Mu H Gydem nozpa-
IyMeBaTbh yroa @.

IMyets oy —yron naxaona nepsoft mpaMmolt k ocu Ox. Ecan
M BOBepHeM och Ox Ha yroa o, TO MPHAALMM € OXHO H3 Ha-
spasnenull mepsoft npamodl; ecan 3aTem noBepuyTh ock Ox enie
H& Yroa ¢, TO OHZ OOAYYHT OAHO H3 HanpaBnenHHl srtopoit
npavoll. Taxum oGpaaom, npuGasiass K yray o, yroi ¢, Mu
AOJNyYuaem yroa Hakaona ¥ ocu Ox BTopolt npamo#l; oGoanaunm
ero yepesd o,. CornacHo cKazaHHOMY, HMeeM

G+ P =a,, nin P=a,—a,.
Orcona

tgo,—tga
tgp=1tg(o,—oy)= m«
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Ho tga,=k,, tgo, =k, cnerosatensuo,

_fa—k
=117, ()

910 u ecTs opMyNa, KOTOPYIO MH HMEAH B BHIY NONYYHTh,
T -
B cayuae ¢ =g Tanresmc yraa ¢ Tepser apudmeTHyeckni

embics («06pamaeTcs 8 6ECKOHEUHOCTE»); B 3TOM CAYYAE (1 TONbKO
B STOM Cayvae) 3HameHaTenb npascl vactu opuyaw (1) Gyzer
pageH HyJio.

Ipumep. Hawvw npampe y=-—-;-x-|-2, y:%x—]— 3. Haiitn

YO M&RKIY HUMH,
Pewenne, Ilo dopuyae (1) naxomum:

r~(—7)
_FTT\TT)  ol4d
e 3 ( 1)"23—3‘1'

7

Takum ofpaszoM, OJHH H3 YIVIOB, KOTOPHE COCTABMAKIT NAHHbE npaAMEE,
paBen 45°,

59. Ilpn pelIeHHM DPa3AMYHMX 33734 AHAAHTHYECKOH reoMer-
PHH 4aCTO OHBAET BAXKHO, 3HASL YDABHCHHA RBYX TPAMHX, YCTaHO-
BHTR, ABIAIOTCA AW OHH OAPaNdeNbHHMH HAH ABIFIOTCA JH OHH
MEPREHANKYAAPHHME ADYT K ADYTY.

ITOT BOMPOC BHACHAETCH TAKKE BECHMa MPOCTO.

flyeTe mapecTud  yraoswe Koadduuuent ABYX TIPAMHX
Ry 1 &y, OGO3HauHM uepes o, ¥ o, COOTBETCTBEHHO YIH HAKIONA
STHX NPAMHX K ocx Ox. O4eBHAHO, AaHHWE NPAMEIE NapanaeNbHil
TOTAa H TOJNBKO TOTHA, KOTAA YIVB HAKAOHA HX K ocH OX HMeloT
OIMHAKOBWE 3HAYCHHA, T. €. KorAa tg o, =tga, Ho tgoa, =%,
tg oy = ky. OTCIONa 3AKTIONAEM, YTO NPUSKAKOM RAPAAALALROCTY
O8YX nPAMBIX ABAACTCA PAGEHCTEO UX Y2A08bIX Ko3pduyuenros:

kz - kl‘

Aanypie OpsiMne NEPRERIHKYASPHW TOTAA H TOMBKO TOrAR,
n
KOrLa yron @ MEeXJy HHMH PaBen -, T. €. KOTA2 tg ¢ Tepser

ApUPMETHUECKHA CMHCA; B STOM Cclyyae aHaMeHaTens mpasod
uacTi Gopmyan (1) obpaitaerca 8 Hyns K Mel uMeem: 1 - kyky =0,
Crenosatensno, npusnaxos REPRERGUKYAAPHOCTY TBYX NPAMBX
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A8ARETCR COOTHOULERUE
Byly = —1.

IMocneanee coOTHOWEHME OOWYHO NHIIYT B BHAE
P 2
2 7;; 2)

H, COOTBETCTBEHHO STOMY, YCHIOBHE NEPHEHIMKYNAPHOCTH JABYX
NpAMEX (OPMYRHPYIOT TaK: yeaogvie Koapouuyuentol nepnendu-
KYASpHEIX RPpAMbIX OGpATHL no GBCOAOTHON BeAlruNe ¥ NpoTH-
BOROAOKHHEL RO BHAKY.

[MpuMeHda yCTaHOBAEHHHE TPH3HAKH, CPAsy MOWHO CKA3ATh,

YTO, HampHMep, NpfAMbe y=-?}—x+l, y==-§-x+5 napaniesin-

HH, & nOpsMHe yn-g-x—:|—2, ym—%— x-4-3 nepnenmHKYNAPHH
IpYr ApYyry.

MMpamep. Hafite npoexnue Touxy P (4; 9) va npamyio, Npoxoxs-
wyio uepe3 Toukd A(3; 1) B B(5; 2).

Pewenue HckoMyio TOUKy HafifleM, peuras coBMeCTHO yffaBHeHHE
npamMoit AB c ypasHeHHeM NEPNERJHKYAAPa, NPOBENEHHOro K 5TOH mpaMoft
H3 Touyky P, Tlpesne mcero, cocTasHm ypasueHHe MpAMOH AB,; npumenss
cooTHoeHye (8) n° 57, modydaeM:

-3 -1
| =t
HIH

Y S

y=gr=%-

Urofbl COCTABHTL YpaBHeHHMe TepleHAHKY/Apa H3 TOukM P na npawmyio
AB, vanumeMm ypapHenHe YPOn3BOJLHOH npsaMofi, npoxoaawell uepes
TQUKY P; COTMAcHO COOTHOmEHuIo (7) n® 56 mmeem!

y—9=k(x—4) ¢
rae k—noka ewe He onpelenenubi yraorsoh xoadepunuent. Ham uyxuo,
4TOGH HCKOMas NpAMas Ipouuia MepneHAHKyAapHo K A B; clefosarensno,

ee yIMOBOH KOaDMHLAEHT JO/MKEH YIOBAETBOPATH YCAOBHI NeplenjHKy-
naproctH ¢ npamod AB., Tax kak yraosoi KosddunuesT npsMo#t AB

paseR -5, TO COTMACHO dopmyne (2) paxomum k==—2, Tlogcrasnas wait-
ZEHHOE 3HAUeHHEe k B ypapHerHe (*), nomyuaem:

§=—9m =2(x — 4) uan y=—2x+417,
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Pewas copMectHo ypasuenus
1
Yy=g*— 31
=—2x-4-17,
HalileM KOODARHATEL HCKOMOR NPOEKLMH:

x=7, y=23.

§ 19. MpaMas KaK JAHABS OepBOTO HOPANKA.
Ofmee ypaBHeHHe NpsMoi

60. 3nech MB JOKaWeM CHEIYIOUIYI0 NPHALHOHAABHYIO Teo-
pemy:

Teopema 9. B dexaprossix koopdunarax kandas Apanas
onpedesseTca ypasrentem nepeoll crTenent u obpatro, Kaxdoe
ypagHenue nepsotl cTeneny onpedeiseT HeKOTOPYIo RpRMYO,

Hdoxasarenpcrro. Crasana AOKaKeM Mepsoe yTBep-
kaenue reopemut, [lycTh maHa npouasonekas npamad. Ecam ata
npaAMast He neprienmukyaapua K ocn Ox, 1O
cornacHo n°53 OHa onpenenseTcs ypasHe- ¥
HueM Buja y==Fkx-b, T, e, ypaBHeHueM
HEPROK cTenewu,

Ecrn npamas NEpNeHAMKyAspHE K OCH
(x, TO BCE e TOUKH HMEIOT ONHHAKOBHE
aCUHCCH, PABHLIE BE/MYIHHE OTPe3ka, oTce- +
Kaemoro mnpsmol ma ocy Ox {puc. 40);
TakaM 06pasoM, ecnw M OGO3HAYNM BeJH-
YHHY 9TOTO OTpeaxa Oykeo# @, TO moayuum Pre, 40.
ypbaeHewue npamolt B Bule X =@, 4T0 TaK-

We eCTh ypaBienne nmepsod crenenn. Vrak, kawnas npamas B
ACKAPTOBHX  KOOPAHHATAX ONPEIeNueTcs ypaBHeHHeM MepBod
CTENEHH; TeM CAMLIM NIEPBOE YTBEPHIACHHE TCOPEMbl HOKAZAHO,

Hokaxem obpatnoe yreepwaesme. [lycTs naso ypasuenne

Aepsoll creneHy

Ax+By+C=0 i

C KaKHMH YTOAHO VYHC/A€HAHMH 3sHadeHusmu A, B, C, Ecan
B0, T0 NdHHO® YDABHEHHE MOWHO 3aTHMCATh B BHAE:

= A ¢
y—“ Bx'_"E'.
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Od6oanguan —-g—- uepes A&, ——g—‘{epea b, nonyuum y=+kx b,

a TaKoe ypaBHeHHEe COrMacHO n° 53 onpesensiet NpaMylo, KOTOpas
uMeeT yraoeoh kosgibuitent £ u orcexaer Ha ocn Oy OTPe30K,
BeHYHHA KOTOPOTO paBHa &,

Ecmr B=0, 10 Az~0, u ypasrenmo (1) MoXkHa0 npugats Bug
c
T .

c .
0603Haqaﬂ~—-j- 4epes a, MOMYHHM X=a, T. €. YpaBHeHue

xX=—

npamolt, nepnenaukynspuofl k ocn Ox, Hrak, xawroe ypasuenue
DnepBOH CTefleHn ompenenseT npaMylo. Teopema mokasana.

JlMHHH, KOTOpWE B JeKAPTOBHX KOODIHHATAX ONpPeXeisioTcs
ypaBHeHneM mepBol CTemesH, HA3WBANTCH, KaK MH  3HaeM,
JIHHHAMY NepBoro nopsaka (cM. n° 48). ¥YnorpeSass Ty TepMHHO-
JIOTHI0, MH MOMEM BLICK23aTh YCTaHOB/JEHHWH DE3yAbTaT Tak:
Kawdan npamai ecTeé AUHUA nepsozo nopadra; xaxdas AuHuA
nepaozo nOopRdKA ecTe NpPAMas.

61. VYpasnemne Buna Ax--By- C=0 nasuBaerci oGuyun
ypasreruem npamod (kak obuiee ypasHeHHe NEpBOM CTemenH),
Ipu pasnudanix uncjaeHHHX 3sHadennsx A, B, C oHO MoxeT
ONpenennTh BCEROIMOKHLIC MPAMHE 63 MCKAKYEeHH:,

§ 20. Hemoanoe ypasuenae mepsoli cTemerw.
YpapHeHHe NMpAMOH «B OTpe3Kax»

62, PaccMOTpuM TP vYacTHHX cAyuas, KOrAa YypaBHeHue
nepeofl CTemeHH ABAAETCA HEROAHBIM,

1) C=0; ypasuenue umeer gud Ax-+ By=0 u onpedeasner
RPAMY, npoXelAwyw Hepes Hawaao KOOpOUHAT.

Heficteutenbuo, uncaa x=0, y=0 yroBICTROpPNIOT
ypasnennmio Ax - By=0. CnexoBareisHo, Ha4al0 KOOPAMHAT
TOPHHAANEKHT NBpAMOH.

2) B=0(A=£0); ypasrenue umeer eud Ax-1-C=0 u
onpedesner npamyo, napasresvnyn ocu Oy, :

droT cayualt ywe paccmatpusanca B n° 60 B xoXe Mokasa-
TeabcTBa Teopemn 9. Kax Guao Torma nokaszaso, ypasdedue
Ax 4 C=0 npusoiurcs K BHAY

x=a,
c
TAe = ——r, Takoe ypasnenHe onpexenseT npaMylo, mepmen-
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AHKYARPHYI® OCH OX, NOTOMY YTO COIMIACHO STOMY YPaBHCHHIO
BCe TOYKH NpPAMOH HMEIOT OAMHAKOBWE abclucch (¥ =a) u,
C/IEN0BATEBHO, PACHOMOKENH HA ONHOM PACCTOSHMH OT ocH Oy
(«crpaBan, ecny @—uHCAO MONOWHTENABHOE, «CNEBA», €CAH @ —
YHCNO OTPHUATENLHOE); @ eCTh BE/MMYHHA OTPE3Ka, KOTOPHH
OTCEKAET npaAMas Ha ocH (Ox (cumTas OT Ha-

uana Koopamuar; cMm. puc. 40). v

B wactHoctn, ecim a=0, To npamas
cosnadaer ¢ oceio Oy. Takum o6pasom, ypas-
Hexue P

x=0 2

onpedesner oce Opounar. g

3) A=0(B=£0); ypasuenue umeer aud
By C=0 u onpedeaser npamywo, napas- Pae, 41,

Aensryo ocu OX.
DT0 yCTanaBIHBACTCH 2HANOTHYHO MPEIHAYIHEMY CAYHAI).

34METRM TOABKO, YTO €CAM NOMOXHTD —— =b, TO ypaBHCHHE

B
By - C==0 npumer BuR
y="0b

uncao b ects obwmf AnA Beex Touek nmpaAmoft «YPOBEHL pacno-
noxceHnay» (puc. 41) u BMECTE C TeM BeNHYHHA OTpeska, KOTODHIH
OTcekaeT npaEMas Ha ocH {y (CUHTas OT navana KOOPAMHAT).

B uacthocty, ecam =0, 10 npamas cosnadaer ¢ ocvro Ox.
Takum ofpa3om, ypassenue

y=0
onpedesner ock abcyuce.
63. IlycTe Teneps AaHO ypaBHeHHe

Ax+By+C=0

UpH yCROBHY, YTO HE ONHE H3 Kosdoduumentos A, B, C ue paren
nymo. Takoe ypaBHeHHe MOXET OWTh MPHBEAEHO K HEKOTOPOMY
CHEURATBHOMY BHIY, KOTOpu CniBaeT yA06eH B paje sazaq asa-
JMHTHYECKOA reoMeTpHH.

Ilepenecem croGonumit anen C 8 npasyio 4acTh ypaBHeHms;
HOJIYYHM:

Ax+ By ==—C,

Moaeanm 3ateM o6e wacTH ypaswenus wa —C; TOMAA Gyaem
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HMETH!
Ax B
Tet=e=1
HAH
X
C +"'y_c' =1
—Aa TF
Beona ofo3nauenns
C
a=———A— y
C
b__F .
HOMyYHM}
X ¥ _
—&-+?— 1. (1)

3T0 ¥ eCTh TOT CHELHANBHBE Bup ypaBHEHHS npAMOH, KOTOpHH
MBl XOTe/H HOJAYYUTh,

CyniectsenHo, 410 uwHCN2 @ W b WMEIOT BechbMa TMpoCTOH
reOMETPHYECKHE cMHICA. VIMeHHO, @ H b CyTh BelHYHHH OTDEIKOR,
KOTOphEe TUpAMas OTCEKAET WA KCOODAMHATHHX OCAX, CuHTad
Kaowanl or davana koopAaMHat {puc. 42). Yrobu yGeaurbed
Yy B 3TOM, HalaeM TOYKHM nepece-
Y YeHHS TPAMOR € KDOPAHNATHLEMH
ocam, Touka nepecedenus nps-
Mol ¢ ocblo Ox onpexensercd

b nyTeM COBMECTHOrO PEISHHA ypas-
Hendd 9TOH NpAMOR W ypaBHEHHH
ocn Ox:

z £y
a — 1
7 ™~ —t+5=1
Puc, 42, y=0

Otcona x=a, y=0. Taxum o0pazoM, BeiuyuHa OTpeska, OT-
cexaeMoro npaMof Ha ocu Ox, neHcrBHTeABHO paBHa a. Ana-
JIOTHYHO YCTAHABAMBATCH, UTO BEIWYKHHA OTpE3Ka, OTCEKaeMo-
ro mpamoli Ha ocu Oy, paska b,
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Ypapuenne suaa (1) NPUHATO HAIWIBATH ypasHenuem npa-
mod «g  orTpeskax». D1y Qopmy ypamnewns, s Y4CTHOCTH,
yaoGHO HCNOAB30BATH AJN NOCTPOCHHA npavMolt Ha uyeprexe,

MTpuwmep. Hana npaman v

3x — 5y 15=0. e

CocTabHTh And 5Tofl NPAMOR ypapnenHa

B OTPE3KAX» ¥ NOCTPOHTb [OPAMYIO HA "5=

uepTeKe, +
Pewenwne, jaa nanHeli npamod A 2.

YPaBHENHe ¢B OTPE3KaXs HMEET BHL, < g ]

X,y
—gty=1L Puc. 43,

Mu nonywnM 3Ty npaMyio Ha YepTexe,

€CHTH OTJOXHUM HA KOOpHHHATHHYX ocaX Ox u Oy OTPe3KH, BeJHVHIL
KOTOpPHIX COOTBETCTBEHHO DaBHBl 4=—15, §=3, H COeJHHHM HX KOH-
uel (puc. 43).

§ 21. CoBMecTHOe HCcNenosaHEe ypasuesnfi IBYX NpAMMX

64, [Iycts mana cHcTeMa IBYX ypaBHeHHH neproft cremenus

A1x+Bly+C],=0: 1

Ayx 4 Byy +Cy=0. (N
Kawaoe nz ypaenesut (1) B oTRensHOCTH onpepenger npsaMyio,
Kawoe HX COBMECTHOE PEIUCHHE ONpefenseT oOWyI0 TOUKY STHX
TpAMBIX.

Byxem nccaenosats cucremy (1) u 1aauM pe3yibTaTaMm Hocae-
AoRaHHA TEOMETPHYECKOE HCTONKOBAHHE,

[Npexnonoikum, yto g—:#g—: B sToM caywae onpesenntens
CHCTEMHE Heé paBeH HYJID:
4, B,
4, B,
3HAYHT, CHCTEMA COBMECTHA M MMET eIHHCTBEHHOE pelHeHue *3,
COOTBCTCTBEHHO, NpAMBIE, OfIPERE/IAEMHE YPABHEHHSIMH CHCTEMB,

MepeceKaloTCR 8 OQHOH TOUKE; CIENOBATENBHO, 31U npAaMbie
pasauunbt U He napastessns dpye Gpyey. Koopamsarn  toukn

£ 0,

*) Cu. Ilpunosenne, n®2,
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Hepeceyenus HaxoAdATcs u3 ypasuernuH (1) npn momomu gopuyn:

G, B ,fh —G
___]_CZ B‘E’ Az"‘"'Cz
Al B]_ A]_ Bl
As B Ay By
HJ/IH
Bl CII Cl AII
= B? C! C‘A Aa (2)
T (A By 14 Ba|
Ay By A B,
[peanonoxuM Temepp, 4TO "j_;““g' B.I[ECI: B CBOI) Ouepelb

HMEIOTCH ABE BO3MOMHOCTH! NHOGO :‘ 5 .—,f: C , nuGo A
2 N
_ B _ G
TG
Paccmom'plm nepByi0 M3 Hux, OGO3HAYMM KAKI0E U3 PABHHX
OTHOUIEHHTH %:— H g;: GykBolt ¢; Toraa umeem: A, =A,q, B,;=Byq,
Cy 7= Cyg. TloMuownM BTOpoe H3 ypaBuesnft (1) Ha ¢ n BHIUTEM
NONY4YEHHOE COCOTHOIUEHHE H3 MNEPBOTO YPABHEHHHA; ROJYYHM
C,—C,g=0. 310 coOTHOWEHHE NPOTHBOPEYHBO, TaK Kak Cj ==
= C,g. Ho oHo BHTEKaeT u3 cHcTeMu (1); caegoBaTennhno,
ypaBHeRHd CHcTeMH (1) HH TIPH KAKHX YHCNEHHHX SHAYEHHAX
APryMEHTOR X, ¥ He MOTYT GHTh OQNHOBPEMEHRO TPABHJILHLIMH
paBeHCTBaMH, T. €, cucTema (1) He HMeeT COBMECTHWX pelue-
rufi. B navnom cayvae ypasHenus (1) onpedessror npamsie, He
umeroue ni 00HOU obwetl TOYRY, T.e. ROpEAIeAbHbE.
PacemoTpHM BTOPYIO M3 ABYX YK23AHHMX BHIIE BOIMOMHOCTEH:

LB

[onaras Kamagoe H3 HTHX OTHOINGHHM DAaBHLIM ¢, Halimem:

A, =Ay4q, B,=2B,, Cl——-_ng.' Taxkum 06pa3eM, NpH YMHOXEHHH

7cBo 4acTH BTODOFO YpaBHEHHE HA HEKOTOPOe YHCAO § MH

nonyyaeM JeBYKH) 4acTh NepBOro ypabHenust, CaeacBaTembHO,

ypasrenus (1) papHocuAvHH. Cnepomatennio, o6a ypasuenus (1)
onpedernroT O0KY U TY e NPAMYIO.

NDpuwmepmn: I) lpamsie
3x4-4y—1=0,
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. 3 4
nNepeceKawTCHA, TaAK KaK -2— # '-é' . KOOP,{[HHBTH TOYKH NEpecetieHna

CyTh x= =1, yes -1,
2) Mpamue

2¢x+4+3y+1=0,
4x+6y+3=0

2 _8 1
BAPaNAENbHH, TAK KaK = 7 7. (CucreMa nauBelX ypaBHesnf,

QUEBHJHO, HECOBMECTHA, TaK xaK. YMHONAA NMepBOe H3 HHX Ha 2 B OTHH-
Masl OT BTOPOro, NMOJY4YHM [POTHBOPEYHBOE PaBeHCTBO 1=0.)
3) IMpamue

x-b y-+1==0,
2% +2+2=0
COBHHaAajgawT leyl" C leyl'ﬂM, T8K KaK JAHHBIE }'paBHeHHﬂ PaBHOCHIABHEL.
A 51
3amevanue. Coorroutenue 4. T g, MOSLIBANT YerosUues
2

nepaiiesbHOCTY RPAMBLX
Ayx 4+ By +Cy =0, Ax+By-+C,=0,

XOTH, KaK Ml BHAENH, TPH 3TOM YCAOBHH TIPAMHE MOTYT OHTB
nuGo napaznenbHnMH, AM60 copmaganumuMu. Taxkuu

A B
06p830M FOBOps, 4TO COOTHOLUECHHE ]j-lm—-? €CTh YCMOBHE Ila-
2

PanienbHOCTH IBYX MPAMGLX, HYWHO YCAOBHTHCA caydall, xorna
ABE NpAMHE COBNANAIOT, PACCMATPHBATL B KauecTse 0COGOTo
(npexenbHOro) cayyas WX DNapannenbHOCTH.

65. M3 paccyxaenH npeanayLIero NyHKTa HEMOCPEECTBEHHO
BhITEKAET CACAYIOLLEE BAMHOE Npel/IOMEHHE,

Hea ypagnenun

Ax+By+Cr=0 4 Ax+ By +Cy=0

onpedessor 00RY RPAMYI0 8 TOM U TOALKO .8 TOM Cayuae,
Koeda ux KoIPPuyUenRToL NPOROPUYUOHAAEHRL, T. €.

A _ 51 G,

Az 2 Cﬁ

OTo npegyokesHe B AanpHeHiieM OyAeT HCNOMb30BATHLA.
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§ 22. HopMaseHOEe ypaBHeHHe HpAMoR,
3anaga BRIYHCHEHHA PACCTOSHHA OT TOYKHA N0 HpAMoii

66. 3iecs M paccMOTPAM OMHH CHOEUMAABHLI BHA 3amMMCH
YPaBRHERHA MPAMOY, H3BECTHEI MO Ha3BAHMEM HOPMAJABHO KO
YpaBHeHHA npaMoi.

[TycTs nana waxas-anGyan npamad. [IposeaeM gepea Hauano
KOOPAKHHAT MPAMYID /I, MEPNEHAUKYNAIPHYI0 K dannoff, —wmn 6y-
IEM HA3WBATD €€ HOPMaAbid,—H noMetTuM Oykrolt P Touky,

. B KOTOpOI OHA NepecekaeT AAHHYI)
Y n npamylo (puc. 44).

N Ha wnopmanu wmbl BBeHmem mofio-

D WHTEABHOE HaNnpaRAenHe 0T TOY-

kn O Kk Touke P {ecnn Touka P co-

M snanaer ¢ touxkoli O, T. e. ecan

0 P et ZaHHad TpAMad OPOXOIAMT 4Yepes

HAYZNO KOOPAMHAT, TO MOJOWKH-

TeJIbHOE HANPARIEHHE HOPMAMH BHI-

Pue. 44. Gepem mpoussonbnc). Takum ©6-

PasoM, HOPManb BJISeTCH OCBIO.

QGosHauum uepes o yrod or ock Ox 10 HampaeleHnokt
HOpMaJjiu, 4Yepea p— wiuHy oTpesxka OP.

Yroa o 6yzeM NOHMUMATL KaKk B TPUTOHOMETpHH H Gynem
HA3WEBATh €r0 MONAPHHIM YIIOM HOPMAJH.

Mu BuiBeseM cefiuac ypapHerue lansofl mpaMofl, cuuTad M3-
BecTHHMH uYncaa o H p. C 3roif Nlenbio BO3bMEM Ha npaMoil
npouseoabHyio Touky M H o003HAUMM uepea x, y ee Koop-
JUHATH; CUEBHOMO, npoexuus ovpeska (JM Ha HopMaab paBHa
OP, a Tax xak NOMOWHTeAbHO® HaflpaBJIeHHe HOPMAllH CoBOanaeT
¢ nanmpaBiennem orpeaka OF, TO BeAHYHHAa 3TOT0 OTPE3Ka
BHIPAKAETCH MONOKHTENABHEIM UHCAOM, MMEHHO YHCHOM p:

up,OM =p. (1)

/s

Hailinem Brpakenne npoexusn otpeska OAM wa Hopmanb
uepe3 koopaunate Toukn M. C 3Toit nennio 06o3HauMM uepea

@ yron HaxsacHa oTpeska OM k Hopmanw, uepes p, 8 —nonap-
#ete koopausaret toukn M. Coriacao n® 20 nMeem:

np, (W:p cos = p cos (e —0)==p (cos ¢t cos O} sin & sin H=
=(p cos 8) cos a |- (p sin 0} sin ot = x cos & -y sin .
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Taxum oSpazom,

np, OM = x cos & + y sin . (2)
W3 pasencts (1) # (2) caenyer, yto xcosa-+y sin o =p, win
xcosa+ysine — p=0. (3)

2710 ¥ ecTh ypaBheHHe NAHHOH OpsAMOH {emy, Kax Mul BHIHM,
YAOBAETBOPAIOT KOOPAWBATH X, ¥y KawkZol roukn M, nexaieit
Ha nannoH npamoH; ecau we TOuxka M He JNeXHT Ha HawHol
npAMON, TO €e KOOPRHHATH YpaBHeHHd (3) He yIOBieTBOPHIOT,

TaKk Kak Ttoraa mp, OM==p).

Ypaanenue npamod, Hanucanroe & gopne (3), nasmeaercs
HODMAALHBIM, 8 3TOM YPAGREHUU O 0003HA4ALT NOAADHbUL Y204
HOpMGAU, p-—PACCTOANUE OT Hauara xoopduwar do npamod.

67. TlycTe nana npomasonsuas npamad, TlocTpoum ee wop-
Manb 72 (Ha3HaYHB HA HOPMAJH MOJMKHTENABHOE HANPABNCHHE TAK,
Kak Onao onucauo B apeastayies n°). Ilycts, panee, M* —xakan
YroZHO TOYKa TIAOCKOCTH, d—ee
paccrosiue OT Jpauuofi npamoH P, 7
{puc. 43). N a

YcnorHMcH  HA3HBATE  OTKAO- e
nenuerm Toukn M* or nawnoit nips- RN
moft uncao +d, ecnn M¥ nexur vl
o0 TY CTOPOHY OT npamo#i, kKyna )
HAET MOJONKHTE/NLHOS HANPAaBAEHHE
nopmanu, 0 —d, ecan M* newur @ z
¢ Apyro#i cTOpoHW 0T AanHoR mpa- 0 N
moil. OTkNOHeHHe TOYKH OT npn-
Mok Oyaem oGo3Hayars Gyksoi §;
Taknm obpasom: § = 4 d, mpuuem
NONe3HO 3aMeTHTh, uYTo 6= --d,
Koraa touka M¥ W Havano KOOPAHHAT NEWKAT MO PasHWe CTO-
poin ©OT mnpamoli, u 6= -—d, woraa Ttouxa M* R wmauano
KOODAHHAT JIEKAT TIO OAHY CTOPOHY OT pAMOH (1A TOueK,
Aexamux Ha npsamol, 6§ =0).

Oanolt m3 CTAHRAPTHHIX 3aMaY AHAJMHTHYECKOH TeoMeTpHH
ABNAETCA 322a4a BEMHCAEHHT OTKIOHEHHT TOYKH OT mpamofl, Jta
3a]a4a pemlaercd crexywowel TeopeMoli;

Teopema 10, Ecau 1ouxa M* umeer xoopdunats (x%; y*),
Q npamaa 3a0aR0 HOPMAALHBIM YPRBHERUEM

Puc. 45.

Xcosa 4y sina—p=0,
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TO oTkaokenue Touky M* or stod npamoil Oaerca Popmyaoi
d=x*cosa+y*sina—p. (4)

Hoxaaateanctso. Cnpoekrapyem Ttouky M* #a Hop-
Manb; mycThb Q—ee npoekupa (phc. 45). Mo nMeem:

8=PQ= 0Q— 0P,

rae PQ, OQ u OP cyTh BeauuMHH HANPaBACHHWX OTDPE3KOR
PQ, OQu OP, pacnonowennux Ha HopMaan. Ho OQ=np, OM*,
OP = p; cnemoBaTe/bHO,

§=np, OM* —p. {5)
Cornacuo dopuyae (2) n° 66, npumenennolt k Touke M¥, umeen:
np, OM# = x* cos -+ y* sin &, (6)

W3 pasencts (5) u (6) nmonyzaem:
8 ==x*cosa - y* sin a—p.

TeM camMHM TeopeMa ZOKa3aHa.

SameTnM Teneps, uto x*cosa - y¥sina — p ecTh HE 4TO
HEOE, KAaK NeBad 44CTH HOPMaAbHOTC YpaBHEHUS AAHHOM TpaAMOH,
rje BMeCTO TeKYIIHX KOUPJAHHAT NOACTABIEHH KOODIHHATH TOUKH
M*. Otciona nonyyaem cleayiowee npasuio:

UroGn naiiTu orTkaoHewue kaxod-aufio touwu M* or nexo-
TOPOt NPAMOIl, HYNHHO 8 ALBYID 4ACT6 HOPHMUALHOZO YPABHERUA
3T0E APAROU EMECTO TeKyugiex KOOPOURAT NodCTReUT, KoopdunaTet
roury M*. Horyuennoe utcio u Gyder pABHO UCKOMOMY OTKAO-
HeHUI0.

Sameyauue PaccTOSHHE TOYKH OT OPAMON paBHO MOAYIIO
(aBcomoTrol  Benuumne) oTiiIoHenus 3TOH Touknm: d=|6]
CnenoBarenbno, ecnd tpeGyercd HAliTH paccTOAHHE TOMKH OT
npsaMOll, TO ROCTATOYHO BHMHCIHTH N0 TONBKO 4TO YKa3aHHOMY
NpapHAy OTKIOHEHHEe H B3ATH €TI0 MOLYNb. :

68. Mul BHAE/H, YTO 344493 BEIUHCJEHHA OTKJIOHEHHS TOYKH
OT NPAMOR AETKO Pemaercs, eciH NpPAMas 3a4ana HOpPpMal h-
nelM ypashenuem. Tenmeph MH MOKaXeM, K4k npusecTn ofuiee
‘ypaBHeHHe npsAMoH K HOpManehoMmy Buay. Ilycrb

Ax 4+ By+C=0 (N
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—o0uiee ypasHeHHE HeKOTODOR mpamoR, a
xcosatysine — p=0 (3)

— €€, HopMaNbHOe YpaBHeHue,

Tak xak ypasuenme (7) m (3) onmpemensmior OIHY H Ty Me
IpsMyl0, TO coraacHo n°685 KosddruMeHTH 9THX yparHEHHA
OPONOPUHOBATbLHN, JTO G3HAYAET, YTO, MOMHOKHB BCe YJEHM
ypasaenna (7} na HeKOTOPHH MHOXHTEADb [L, MW NOAYHHM ypas-
HenHe

pAx+pBy-+ pC=0,
coBnazaiomee ¢ ypasnenseM (3), T. e, Mu 6ydeM HMETH:
pA=cosa, pB=sinwo, pC=—p. (8)

YHToOW HaHTH MHOMHTENh |, BO3BEAEM MepBHC IBA M3 STHX
PaBeHCTH B KBAAPAT H CAOKHM; MOMYHHM:

WA+ B =—=cosa | sinta=1.
Orciona

+1
h=yErE ®

- Hucao p, mo ymHOMEHMH HA KoTOpoe ofwee YpaBueHHe
NpAMOR IPHOGPETAET HOPMANLHH BHI, HA3WBACTCE HOPMUPYIO-
UM MHOXCUTEACH ITOTO ypasnenus. Hopmupyowni Muokutens
onpezneasercs dopmynod (9}, ro we BNOAHE: OCTaeTcs Heonpe-
RelEHHWM ero 3Hak,

Jns onpenencHua 3HAKa HOPMHPYIOULETO MHOKHTEAS HCIONB-
syem TpeThe M3 pasencTB (8). Cornacdo sromy pasencTsy uC
€CTh WHCIO OTpHUATENbHOE, CAeXoBATENLHO, IHAK HOPMUDYIO-
1e20 MHOMUTEAR nPOTUBONOAONEH IHAKY Cs0b600H020 HAEHa
HOPpMUDYEMO20 YPABHEHISR.

3ameuanne. Econm C=0, To 3nak HOpmupylOWwEro Mxo-
WHTEAN MOXHO BHOpaTh mo wefannio.

Mpumep. JNauut npamas 3x — 4y 10=0 n towka M (4;. 3).
Haifit oTknodenne Touku M ot pamsofi npsmof,

Pewenve Urofn mpumensT: 0papmio, uaa0XeHHoe B n° 67, Ham
HYXHO ApeXge BCero NPHBECTH JAAHHOE ypaBHEHHE K HOPMAJLHOMY BHIY,

C 57Ol LeMBI0 HAXOZEM HOPMHDYIOHIHH MHOMMTENS

—1 1
MYETE T T
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YMuomast NanHOe YpaBHESHE Ha [, NOJYYHM HCKOMOE HOPMAAbHO®
ypaBHexue

_%(3;;_ 4y4-10)=0.

[TopcTaBnfAs B JEBYI0 YacTh 5TOf0 YPABHEHHA KOODAHHATH Touxu M,
HMeeM:

b= _%(3-4 — 4.3+ 10)=—2.

Hrak, Touka M Mmeer OTpHIATENLHOE OTK/IOHEHWEe OT JaHNOH hpPAMOR
B YEa/eHa OT Hee HA paccTofinne d—=2.

§ 23. ¥YpapHenne OywKa DpAMBIX

69. COBOKYNHOCTD BLEX MPAMHX MAOCKOCTH, NPOXOLAILMX Ye-
pea HEeKOTOPYIO TOUKY § (X, Vo), HA3HIBACTCH AY4KOM (IPHMBIX
¢ uentpoM S, B ananuTHueckod PeOMeTPHH 4YdCTO BCTpedaeTLA
noTpeGHOCTh, 3Had YyPaBHEHHA OBYX NPAMBX Mydka, HAUTH ypae-
HeHHe HekoTOpOH TpeThell mpaMol TOro xe Mydyka MpH YCJIOBHY,
4TO RanpasicHHe 3To# TpeTheli NPAMOH TaK MW HHEYE ONHIAHO,
3anauM TAKOTO THNAZ MOXKHO pellaTh, HCOOJAB3YS, HAMPHMED,
ypasuenue (7Y n° 56: y—y, = k(¥ —x,), NIe B KaUCCTBE Xy, 3
cnenyeT OpaTh KOOPAMHATH X, Yo UEHTpa mOyuxa (yrnosoit
K09 dHINEHT & HAXOOUTCA COOTBETCTBEHHO TOMY, KAK 331aH0 Ha-
npapaedne uckoMolt npamo#). Ilpm 3TOM, ORHAKO, TPHXOUHTCH
NPeARAPHTENLHO BHYHCAATH KOODIHHATH X,, y, LEHTPa myuka.

Chnenywowee npellomesne MO3BOASET B NOAOGHHIX caydadx
H30emaTh BLIYUCTEHNHA KOOPAHHAT Xy, V-

Tycto Alx—i—Bly—}—Cl:O,Azx—{—B?y—l-Cg:Ohypaeﬁeuun
deyx npamex, nepecexawuyuxca 8 Touxe S, u o, P—raxue
yeo0no uucaa, He pasHule OGHOBPEMEHHO RYMW0; To20a

o (Ayx + By + Cy) + B (Agx - Byy +- Co) =0 (1)

ecTe ypasuenile npamod, npoxafawel depes ToUkYy S,

JokasateabcTno. [lpexae Bcero yCTaHOBHM, UTO
cootHomenne (1) ectp aeficTBuTenbro ypamuewue, [aa aToro
JamiHILEM era B BHAL

(xA; 4 BAy) £+ (0B BBy} y +- (@€, + PCy) =0 (2)

B IOKaWeM, 4TO Beawdnan od,+PA, v aB,+ §B, ne moryr
6LiTh Of6e paBHeMH HyMo, Tlpeanonokum npoTHBHOE, T, €. YTO
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ad;+pl=0 n aB,+pB,=0; Ho Torma %1;—_-_%"
By

= —-%. Tax wax uwncna o u f ne pasuw Wy oamospe-
2

B

MEHHO, TO OTHOIEHME ~ HC MOKET OuTH HeonpeseNeHHLM;

NOSTOMY U3 NPENBIAYILHX PAaBEHCTR CEAYRT NPONOPUMS %lz m%l; .
Oxnaxo xoaddpuunents A, B; He MOTYT Ouith NpONOpUHO-
HANbEHMH  KO3(ipuuHenTaM A,, B,, TaK Kak JaHube npsiMble
nepecexaiorcs (cM. n° G4), Taxum oSpaszom, Hame npeamoaoxKe-
HHE npuxoauTcs orBeprayTs. Hrak, ad;+ B4, u aB,4-BB,
OJHOBDEMEHHO HCYC3HYTh KE MOTYT, @ 9TO M 03HAYaeT, uTo
PABEHCTBO (2) ecTh YpaBHeHHE (¢ MEPEMEHHEIMH X H y). Hanee,
HE[IOCPEACTBEHHO SICHO, MTO OHO ABAAETCA YPAGHERUEM Nepsoil
CTenexu, W, CACAOBATENBHO, ONPEAENsieT HCKOTOPYID MPAMYIO,
OcTaerca mOKa3aTh, YTO 3TA MPSAMAx NPOXORMT uepes TOYKY
§. Ilyetb x,,, yo—Koopauwatu Toukn S. Tak Kak kawzas 13
A4HHHX MPAMBX TPOXOAHT 4epes To4Ky S, 10 Ayxy + By, --
+C,=0u Axy+ By, +C, =0, oriyna

o (A Xy + By Cy} 4B (Ag%y + Byyy + Ci} = 0.

Mul BRAEM, YTO KOODANHATH TOUKH S yAOBAETBOPHIOT ypas-
neunio (1), c/exoBaTensHo, Npfmas, onpeaeaseMas YpaBHEHHEM
(1), npoxomuT yepes Touky S, B name NpeANoKeHHe AOKA3&HO,

Taxnum oBpasom, ypaBuenue BrAa (1} NPy BCAKHX 3HAYCHHAX
o, P, He pasHWX OmHOBPeMEHHO mHylo, onpefeaseT npaMHe
ny4yka ¢ LedaTpom S.

Tenepb Mul nokaweM, 4To @ ypasnenuu (1) wucia a, p scezda
#noxHo nodobpare Tak, wrobv ono onpedeauro Aoy (3apanee
HA3HAYEHHYIO) npamyo nyuka ¢ yewrpom S. Tak kax kawaas
npaMas MyyKa ¢ LEeHTPOM S ONpeaensiercs 3ananHeM, KpoMe
TOuKH §, eme oAHOH CBOoeH TOYKR, TO AN JA0OKA3ATENbCTRA
BHCKA3AHHOTO YTBEPKACHHT NOCTATOTHO YCTAHOBHT, YTO B ypaB-
nennn (1) uucna a, f Beeraa soamomHo noaoGpaTh Tak, YTO6H
onpenersemas MM INpAMas DPoOWA  uepe3 oOyK  3apanee
Ha3BaueHHylo Touky M* (x*; y*),

Ho srto sacho; B camom mene, npamasn, onpeaensemas ypaBHe-
Huem (1}, 6yleT MPOXOIHTB uepes TOuKy M*, €CHH KOOPAHHATH
Touxnt M*® yIOBNETBOPHIOT STOMY ypaBHEHMIO, T. €. €CaH

@ {Ax® -+ By C) 4 B (A* - Byy* +C) =0, (3)
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Byney cuntaTh, uTo Touka M* He copmazaer ¢ TOuKOH S (TeABKO
arot cayua#i sam u wywen). Torma xoTa 6W OAHO W3 4HCea

Ayx* 4+ Biy*+Cy, Agx*+Boy*+Cy -

He PaBHO HY/IO, CICJOBATENbHO, PABEHCTBO (3) ABANETCS HE TOX-
HLeCTBOM, 4 YPaBHEHUEM, MMEHHO, YPaBHEHHEM NeDBOR CTenexH
¢ ZByMA HeusBecTHmME @, B; uTOGM mafiTu HemssecTnHe a, B,
HYXHO OHHOM W3 HMX UPMAATL YHCAEHHOE 3HAYEHHe NPOu3-
ROMBHO, 2 APYFYI0 BHYHCAHTD H3 BTOTC YPABHEHWS; HANDHMED,
ecnu A,x* 4 Byy*4-Cy 5~ 0, TO o MOKHO B3AThH KAKUM YFOAHO
(8e paBHBIM Bymo), a f COOTBETCTREHHO ONPE/E/HTH PABEHCTBOM:

B _ASEBS A,
Agx® |- Boy*4-Cy

Mrtax, ypapsennem Bnaa (1) MOWHO ONpeae/uTs MNpAMyio,
MpOXOAAULYIo 4EPe3 KAKY0 YTONHO 3apaHee YKasasuylo TOHKY
NAOCKOCTH, 4 3HAYHT, W MO0YI0 NPAMYI0 Myuka ¢ LEHTPOM S.
TosToMy ypasrewne BHAA (1) HA3LIBANT ypasuenuesm nyixa
npamstx (¢ yewtporm S).

Ecau aa =0, 10, nojarag %— =, noayuHM U3 ypasHedsus (1):
A x+By4Ci+A(Ayx -+ Byy+ Co) =0, (4)

B TaKOM BUAE YDPABHCHHE My4Kka NPAMHIX B NPAKTHKE PeLUIEHHST
samau Gosnee ynorpeGutenso, 4eM ypassenmue (1). Cymect-
BEHHD, OIHAKO, 3aMeTHTh, YTO, TAK Kak NPH Nepexole Ot
ypapuenns (1) ¥ ypasnenmio (4) mckmouaeTcs cayyait o=_0,
TO ypaBHEeHHeM Buiaad (4) HEnban ONPENEAHMTEH NPAMYIO Ayx |-
+ B,y-+Cy=0; 1. €. ypasiende BHAA (4) opu pasmuunux A
onpeJenseT BCe NpAMEE Myuka, Kpome OaHOH (sTopolt u3 ABYX
NaHHHX),

Mpurmep. Jaus ise npample 2x4-3y—5=0, 7x+ 1by+1=0, ne-
peceralomuecs s touxe S. CocTaBMTh ypaBHenue MPAMOH, KOTOpas mpo-

XOJHT Uepe3 TOWUKY S # NepneHiRKy/fpHA K npaMo 12x — By~ 1=0.
Pemenwe [Ipexne Bcero TPOBEpPHM YTBEpHKAEHHe YCMOBHA 3a-

Naun: aHHEle NpPsMEE KeHCTBHTENBHG MEPECeRaAnTCH, TaK KaK — # 13’5- .
IHanee cocTaBuM yPaBHEHHE NYUKa NPAMMX C OESTpOM S:
2x -3y —5-4-A(7Tx+15y+1)=0. (5)

UroBhl BHISAKTb § 3TOM MYYKE ACKOMYK TIPAMYIO, BHYHCIHM A COMVIACHO
YCJIOBHIO Mepres/IMKYASPAOCTH STOH NpPAMOH K mpsmofl 12x—5y—1=0.
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Ipencrasue ypaBHeHne (5) B BAAe

2+ 72 x4+ (3+4-154) g+ (—5+ 1) =0, ()
HaXOAHM YT/0BOH KosdxpumMeHT HCKOMOR mpAMOIL:
o 2HTh
T35
Naunnaa npamas umeer yrioso#l xospoikerT
12
Ry =z
. 1
[To ycnopuio mepneHAHKYAAPHOCTH B=— T
1
_2T 5
3-}- 15A 12
Orciona A=-—1. [opcrapasst A=-—1 B ypaprenne ({B), moayyacwm

by — |2y ~6=0 unn
Bx 12y +6=0.

3ajgava pemera.



FIIABA 5

FTEOMETPHYECKME CBOWCTBA
JIMHHA BTOPOIrO NOPAAKA

B sTolf rnase GyayT paccMOTpenn TpH Buaa AHuul BTOpO-
TO HOPAAKA: BSANHOCH, THNep6onw W napaboam. Oc-
HOBHOH 1L¢NLIG TAaBw  ABASETCH O3HAKOMJAEHHE  MHTATeNd
€  BaxHeHIIHMH TeOMeTDPHYCCKHMH  CBOHCTBAMH YKa3aHHHX
JHHNKH,

§ 24. danmunc. Ompenesesne S/aMNCA H BbLBOX
€r0 KaHOHHUECKOr0 ypaBHeHHs

70. Saruncom nasvisaeréa eeomerpuyeckoe Mecto Touex, Oas
KOTOPbLX CYMMA PRCCTORRUE OT Dayx (PUKCUPOBAHABIL TOYEK nAOC-
KOCTU, HAIGIGACHMDLL  (POKYCAMU, €CT6 ROCTOAHRAR BeAUMUNG;
TpeGyeTcn, YTOOW 3Ta NMOCTOAHHAN OB Goasiie paccreanua
Meady okycamu., dokycw  saamnca NprEATO 0003Ha4aTh
uepea Fy n F,

3aMeuanue, Cymma paccrosnnii NpOH3BOABHONK TOUuKH M
OT RBYX (PHKCHPOBAHHWX TOuek Fy, n F,, oueBHAHO, He MoweT
OHTL MEeHbLUE PACCTOAHUA MEKILY TOYKAMH Fy, Fp. Ora cyuma
PABHA paccTORHMI0 Mexcay Fy, Fy B TOM N TOABKO B TOM Cry-
4ac, Korna Toukg M naxoauTcs na oTpeske FyF,. Crnenosatensno,
FEOMETPHYECKOE MECTO TOYEK, CYMMAa PacCTOSHHE OT KOTOpHIX
A0 AByX (UMKCHPOBaRHWX TOUek Fy, F,, eCTh MOCTONHHAS Bean-
YHHA, PaBHaA PACCTONHHIO MewAy Fy, [, npencrasiser coboii
npocTo oTpe3ok £ F,. Ykasannwi cayualt Hekauen OTOBOPKOH
B KOHILE NpPEALIAYLIErO ONpeaeneHus,

71. Ilycrh, M—nupoussonbuas Touxka saammea c oKy camu
Fyu F, Otpesku F{M w F,M (rak e KaK W ZAHHH BTHX
OTPO3KOB) HA3LIBAIOTCH (POKGAbHOLMY paduycanu Touku M. Tlo-



§ 24} 30anAC 83

CTOSHHYIO CyMMY (DOKATBHLIX PAAHYCOB TOYKHM 3JIHMACA MPHHNTO
o6osnauate ueped 2a. Taxum o6pasoM, ang aobo#k Touku M
SANANCA HMCRM!

FyM- FyM=2a. o

Paccrosune F,F, mexny cokycamu o6osnaualor uepes 2¢. Tak
KaK

FiM 4 FobM > FiF,,
TO
2¢ > 2¢, T. ¢, & e, (2}

N3 onpesenesus-9MKIICA HETIOCPEACTEEHHO BHTEKACT CACRYIONIHA
Cnocof MNOCTPOEHHA €r0 DPH TOMOLUH HHTH! €ClH KOHUW He-
PACTHHMON HHYH INHHW 2¢ 3axpenuth B Toukax Fy, Fy o na-
THAHYTb HHTH OCTPHEM KapaWialia, TO NPH JBHKEHAH OCTPHA
ono GYAET BHYepuHBAaTB MAHNC ¢ okycamu Fy, Fp u cymmoft
doxanbkuy paanycoB 2g. DBuimonuus aro nocTpocHae daxTu-
YeCKH, MOWHO HAFAAIHO YOeAMTbCA, 4TO /JAHIC TPEACTABANET
cofoll BHUYKAYID 3aMKHYTYI0 JHHHIO (OR4N), CHMMETPHYHYIO OT-
HOCHTEABbHO MpAMOR F,F, a Takwe OTHOCHTENBHO NpaMol, KO-
TOpas TPOXOAHT NEPNenIHKYAapHO K oTpesky Ff, uepes ero
cepeanny (puc. 46). Hemuoro nanee mb ycranosum dopmy au-
NHICA dHAAMTHYECKH TpH v
AOMOLUH HCCACGAORANATR £I0 i
ypaBHeHud; ypaBHesue 3J-
AHICA BWBOOUTCH B CElye "
IOUEM TNYHKTE. / ‘
72. [lycte man kakoh- Z,
Hnlyab samune ¢ Qoxy-
camu Fy, Fy (BMecTe ¢ TeM
MK CYHTaeM NAHHEIMH @ H
¢). Beezem nma mnockocTH
HeKapTOBY  MPSMOYToJb- ' .
HYID CHCTEMY KOODAMHAT, Puc. 6.
OCH KOTOPOH DaclOMOMHM
CrenUMaNbHEM 06PA30M N0 OTHOWIGHHIO K STOMY S/AJMICY; HMEH-
MO, B KaUecTBe OCH aBCLMCC MM BOabMeM Mpamyl FiF,, cuntas
?e nampamaexHoH 0T Fy Kk Fy, Havyano KOOPAHHAT IOMECTHM B
cepeaune oTpeska F,F, (puc. 46). BuiBezem ypashesne sniui-
¢4 B yCTaHOBJIGHHOH cucTeMe KOOpPAHWAT. -

e
o
o
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Bossmem ma mnockocTh npowssonbmyio Touky M u o6o-
SHAYHM ee KoOopRMhaTh 4epe3d x W y. OGo3naunm, nanee, vepea
Fy u_ry paccrosnug OT rtoukn M 1o dokycos (ry=FM,
ro=FyM). Touka M Gyner HAXOAHTLCH HA JNAHHOM IMIHIICE
B TOM M TOABKO B TOM CNyYyae, KOraa

ry 4 ry=2a. (3)

HUTobu NMONYYUTH MCKOMOC YPaBHERHE, HY®HO B paBenctse (3)
SAMCHHTD NEPEMEHHMIE 7y H Fy HX BHPAMEHUSMH YepPe3 KOOPIH-
HaTH X, Y.

3ameTuM, uro Tak Kak F,F,=2¢ n tax kax ¢okycu F, u F,
PACODAOKEHH HAa ocH OX CHMMETDPHYHO OTHOCHTEJABHO HAYaja
KOOPEHHAT, TO OHH HMEIOT COOTBETCTBEHHO KOOPAHHATH (—¢; 0)
H (-}-¢; 0); npuuSB 9TO BO BHHMAHHE W NpHMEHSS dopuyny
(2) n° 18, naxonum: :

rn=V{xFePtyt r,=VE—crtym (4)

Bamenas ry W r, B paseHcTBe (3) HaRZeHHHMY BHPaW e HHIMH,
noayyaes:

Vic+ P+ +V{x— P+ y2=2a. {5)

370 H eCThL YPaBHEHHE PACCMATPHBAEMOTO SIIHICA B Ha3Ha4YeHHON
CHCTEME KOOPIMHAT, TaK KaK €My YAOBAETBOPHIOT KOOPJHHATH
TOYKH M(x; y}) B TOM W TONBKO B TOM cliy4ae, xorga Touxka M
JEWHT HA 3TOM saamnce. Jaapuefiuine HaM BHKAAAKH HMEIOT
USJbIO TONYUMTH ypaBHeuwe Siaunca B 60Jee MpocroM BHIE.

Yenunum 2 ypasuewnn (5) TepeEWl panukan, nocke vyero
BO3ReneM ofie YacTH paBeHCTBA B KBaaparT; NOAYYHM:

(2 4y =4a— 42V {x— P Ty + (x —c)* +37%, (6)

MR

eV {x—cPF )= atmcx. 4]
Bo3zoas B kBalpat ofe wacTH nociegxero paBeHcTBa, Hafilem;
atx®-—2a%cx - 0% 4 a%® = ot — 2a%cx + ¢2x%, (8)

0TKYAA
(@®—c?} £ - a?y? = a? (a®— c?). (9

Sfech Mu BBEZEM B PACCMOTPEHHE HORYID BEANSHHY
b=V aE=c (10)
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FeOMEeTPHUECKHE CMBICT BEeNWYHAH O GYJeT PACKPHIT BECKOABKO
nosadee; cefiyac Mol TONBKO 3aMETHM, YTO & > €, CNeA0BATRABHO,
a®—c? >0 ¥ BenHuHHa b&—BellecTBenna, M3 pasencrtsa (10)
HMEEM:

b? = a*— 2, (11)
BCAEACTBHE uero ypasHeHu () MOXHO TMpHAATH BHI

b2t aly? = a?t?,

HIH

2L (12)

a? p2 "

Hokaxem, 4To ypasdeuue (12) ecTo ypaasnenue Oannoeo 34-
aunca. 10T PakT He ABAASTCH CAMOOYEBRINHM, NOCKONbKY Ypas-
nenue (12) moayyeHo u3 ypasueHHs (3) ABRYKPATHEIM OCBOGONmE-
HAEM OT paIHK4NOBR; OYEBHIHO NMMIIb, 4TO ypaBHenHe (12) ecTh
cnencTpHe ypaBHeHus (5). Mo ZOMkHH 10Xa3arh, UTO YPaBHEHHE
(5) 8 cmol odvepeab ecrTb cleAcTBHe ypaBuenus (12), T. e.
YTO 3TH YPaBHEHHA 3KBUBANCHTHA.

[penmonownM, 4TO X, y—Kakue-HuOYAh 1BA YHCRA, Ak
KOTOpHX cofmioneHo pasenctBo (12), Ilpoussons npeanaymue
BHKNAIKH B 06paTHOM HOpHIKe, MH MOAYYHM H3 paBencTsa (12)
cnayasna paeencrso (9), sarem parencTBo (8), xoTOpoe cefiuac

" BallHIIEM B BHIE
a®[(x —c)® | y?] = (a®—cx)?,

Hsmnekan wopens H3 ofeunx uacred sToro paBencTBa, Ho-

AY4UHM

aVr— e+t =+ (a*—cx). (13)

3aMeTHM Tenepb, YTo B Cury paeedacTBa (12) RonkHO 6HTH
|xj<La. Tak xak |x|<{anc<e, 10|cx|<a? cnenosa-
TEABHO, YHCAO @*—cx nonowHTeNbHO, [loaTomy B npasoit
yacty paeedcTBa (13) HeoGxoammo B3ATH 3HAK WI0¢c, Tak M
npuxoIuM K paredcTBy (7}, noche ¥ero nonyduM papencTro (6);
nocliclAnee MH HalHIIEM B BHAE

(4ot +yr=[2a—V = PSP .
V(x+c)a+}’ “‘—'—(2(1—!/ x—c) _ir- %), (14
HMccnenyem peamunny :

(¥ —e)*+y? —x“-—2cx—|—c”+y (15)

Orcoza
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B cuny pasencrsa (12) umeem x?<a® [Hanee |cx|<C a?,
CNEeNeBATENBHO, YHCA0 — 2cx MO alCONOTHOMY SHAYEHHIO MeHblle
2a®. Haxoneu, Takxke H3 pasencTra (12) 3akA1043eM, 4TO sl b,
T.e. YL a?— 2 uan ¢? 4 y? < a® Bsuay 9Tux 06CTOATEALLTS
Bcd cymma B nparod uwactd (15) menbe 4a®, 3naunT, XopeHn
¥3 9TOR cyMmbl Menblie 2a. [109TOMY BelnunHa, CTOANAS BHYTDH
ckoBok B npascft uactu (14), NONOKHTENbHR, CAEAOBATENBHO,
B pasencTee (14) nepea cko6kamn uywHo 6paTh svak naoc. Takum
o0pasoM, MH MNOAyYaeM:

VETF T = 20—V Z=F T

OTKYRa <pasy ciedyer paBeHCTBO (3). _

Hrak, ypasueunue (5) BuBogutcs W3 ypaenesns (12), xak
B ypasuense (12) swBOANTCA u3 ypasHenua (D). Tem cambim
BOKa3awo, yTo ypasneane (12) ecrtn ypaBHenue NAHHOTO 94-
nunca, MOCKOJAbKY OHO SKBHBANEHTHO ypasHexHio (5).

Ypasuesne (12) HA3HBAETCA KAROHUYECKUM YDABHEHHEM
8AAHIICA.

73. Ypashenne
xﬂ yz
&=

onpeieasioulee S/UANC B HEKOTOPOR CHCTEME NEKAPTOBHX NPAMO-
¥TOJbHWX KOOPAHHAT, €CTh YPABHEHHE BTOPOH CTENCHH; TaKUM
0GpA30M, 2AAUNC €CTL AUMUR 8TOPOLO ROPAOKA.

§ 25. Hccaeposanue gopMbl saaHNCA

74. Buure, B r°71, MH onucanu GopMy IAHICA, HCXOOA H3
HATMARABIX coolpaxednti. 3Fech MB DpPOBEAEM HCCACAOBaHHE
Gopuu SAMHOCA MyTeM 2aHATH3A €TI0 KAHOHHYECKOTO YPaBHEHHS

2 yz
FtE=1 (1

lMonuepkHem mnpexcze Bcero anreGpaHvecKyid 0COBCHHOCTD
YpasHeHust (1) oxo codepacur 4AeHbl TOALKG C HeTHBLMU cTene-
HAMU TeKyuux Koopdunar.

Ykasanuoft  anre6pamdeckoffl  ocoGepnocTH ypasHenus (1)
COOTBETCTBYET BaWHasi TEOMETPHYECKAR OCOBEHHOCTH oOnpeie-
nieMOR MM NHHHH, HMEKHO: 3Aaunc, onpedeanemell ypasxesuen
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(1), cummerpusen wax oTHocureAvro ocu Ox, Tak W OTHocU-
reasrno ocu Oy,

B camom aene, ecnm M(x; y)—waxag-nubyap ToYKa STOCO
SAAMNOCA, T. €, €CJIH YHCAA X, ) YAOBNETBOPHAIOT ypasuensio (1),
TO YHC/A X, —) TAKKC YAOBAETBOPAIOT ypaBHeHHW (1}; caemo-
BaTelbHO, TOuka M’ (x; —y) Takke JEXHT Ha 3TOM 3IJIHNCe,
Ho Ttouka M’ (x; —y) cummeTpruna touke M{x; y) ortHocH.
TennrHo ocu (Ox. Takum o0pa3om, Bce TOYKH 2/AMNCA pacno-
NOMEHE RADAMH, CHMMETPHYHO OTHOCHTeAbHO ocH Ox, Huaue
FOBOpPHA, €CAH MH NeperHeM deprex no ocd Ox, To Bepxdsad
YaCcTh SANHIICA COBMECTHTCH € €ro Hukseft yactrio. A 3TO
H 03HaYaeT, YTO ZIJIHIC CHMMETPHYEH 1O OTHOWEHHI) K ocH Ox,

CHMMETpH‘IHOCTb paccMATPHBAEMOrO SJMHICA OTHOCHTEABHO
ocH Oy KOKA3HBaeTCH COBEPIIEHHO anaNOTHYAO (HA OCHOBAHIM
TOFO, YTO €C/AH YHCTA X, Yy YVAOBACTBOPAIOT ypaBHeHHw (1), To
eMy YEOBRJACTBOPAIOT H uHcna —x, y).

YroGe HeeneaoBaTh $OpPMY SAAMNCA, BHPAsSHM M3 ypaBHe-
sEA (1) BeamuAHY y kak GYHKUOHIO OT X!

y=x ]/b2(1 —%)

y=:{:%]/a’—x’. (2)

HIH

HOC[{OJH:KY IIHNC CHMMETDHYEH OTHOCHTENLHO KH}K.H.Oﬁ H3
KOOPAMHATHLIX oOce#i, HAM JOCTATOYHO PAaCCMOTPETH JIHIOL TY
€r0 4acTh, KOTOPad JMekuT B MepPEOH KOOPAMHATHOH yeTREpTH.

Tak kak ykasaHHasd ©acThb 3AJHDCA JSXKHT B BepxHe#t nonmy-
IOCKOCTH, TO eff COOTRETCTRYET 3HaK - B npamofi vacTe
ypaBuenus (2); a Tax KaK OHa BMECTE C TE€M JIEKHT 8 Npasolt
MONYIAOCKOCTH, TO I BceX ee Touek x = 0, Taxum o6pason,
ML JOMKHB H300pa3uTh rpadur GynxuHn

— Ly (3)

ApH ycaoBHR X =0,

Boasmem c¢wauana x=0, torma y=»~. Touka B(0; )
apnAerca camoft nepolf Toukoft paccMaTpuBaeMoro rpadmga,
TlycTh Temeph X yBeNWYHBABTCH, HayuHas oT Hyss, OdeBUIHO,
4TO MPH YBENUYEHHH ¥ TIOAKOPEeHHOe sHpawmenHe B dopmyre (3)
OymeT yMeHbWAThCHA; BMECTE C TeM, ClAeloBaTelbio, 6yuer
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yMeHbIIaTheA o Bejsuuuea ¥, TaxuM obpasoM, mepeMeHHas TOYKa
M(x; y}, onmAcmBalowWwas paccMaTpuBaemuft rpadmk, ABHKeTCH
Bnpaso ® BHHI (puc, 47). Korma x chenaercs PaBHEM a, MH
noayuyum y=0; Toria tvouka M(x; y) coBmamaetr c Touko#
Al(a; 0), nexauntet na ocu Ox. Ilpu nanprelieM yseauuenus x,
T. &. IPKH X >> @, NOAKOPEHHOE BHpawenne B dopmyne (3) crano-
BHTCH OTPHUATENbHLIM, a4 3HAUHT, y—mMuuMbiM. Ortcioma chae-

JyeT, 4To Touka A Asadercd camod
¥ npasoft rtoukod rpadmra, Mrak,
B YacThK IAAUNCA, PACHOIOWEHROH B
nepeofl  KOOPANHATHOM 4YeTBepTH,
apnserca nyra BA, uaoBpawxenne

b
KoTOpofl maHO Ha pHC. 47,
z Tlponssoaa szepkanbHHe oTpa-
] a A WeHHS NYTH BA OTHOCHTENBHO KO-

OPAHHATHWX OCel, Mbl NONYYHM BeCh
9JuNc; ol uMeet GOPMY BLIOYKAO-
TO OBaja C IBYMS B3AHMHO [1€pUEH~
JHKYASIPHHMH  OCAMH  CHMMETPHH
{prc. 48).

OcCH CHMMETPHM SJUIHINCA HA3HBAKT OOHYHO NPOCTO €ro
ocaMu, 4 TOUKy nepeceyends ocelt—yewrpos snnunca. Touxn,
B KOTOPBIX S/IIUIIC NePeceKaeT CBOH OCH, HA3HBAKOTCA €T0 Gepull-
uwamu, Ha puc. 48 Bepwnnw snnmnca cyTh Toukn A, A, Bu B,

Puc. 47.

BlY
&
A
A
g a <
ﬁ’
Puc, 48.

3aMeTHM, YTO OCAMM 9MIMNCA NPHHATO HA3KWBATDH TAKKE OTPEIKH
AA"=2a u BB"=2b. Eear- 3]5MnC PACOONOKEH OTHOCHTEABHO
KOOPAMHATHHX oceHft Tak, Kax Ounno omucayo B n° 72, HMEHHO,



§ 26] SKCHENTPHCHTET S/HICA 89

ecin Gorycw ero Haxofatces ha ock Ox, 1o b=} a?—c%
¢leloBaTeabHO, @ > b

B sTtom cayuae otpedok OA-=a Ha3uBaIOT Goaeilod noay-
ocero aamunca, otpesok OB =b—marod noayecsro, He, camo
coBoll pasyMeeTcs, S/UIHIC, ONpeAenscMult ypasienunen suxa (1),
MOXeT OWTh pacnoloked Tax, 4To ero okycw OyayT Ha
ocu Oy; Toraa b>a m Gonbuol noayocho ero OyaeT oTpe-
30k OB =b. Ho so Bcakom cayuae miusa otpesxa OA ua ocn
aGcuucc obosuadaercd uepea @, a AnuHa oTpe3ka OB na
ocu opaunaTt obosnavaercda uepes b.

3amevanue, Ha puc. 47 vacth 347HNCA, paclo/oKeHHAd
B MepBOM KOOpAMHATHOM UeTBEPTH, W3oGpawena B buie ayrd BA
BCIOLY BHIIYK/ON «BBEPX»; KPOME TOrQ, Ha pHC. 47 noka3aaHo,
yTo mHanpagjenue 3ToH AyrH B Touke B INepHenAHKYNSsDHO
k ocn Oy, a B Touke A nepneaiukyaspuo k ocu Ox (Beael-
CTBHE YCr0 NMOAHHE IJIMIC B CBOHX REPUIHHAX He HMEeT 3a-
oCTpenni), Mexay TeM Mul He jokasamu, 4to ayra BA neficT-
BUTENbHO ob6nanaeT Takumu cBoficteamu. Ho M ne Gynem 3THM
3aMMMaTbLCH, TAK KAK TAKOro poJa HccAcOoBaHHA rpadukos
HaHBolee €CTECTBEHHO NPOBOLHTH NPH TIOMOIIK METOZ08 Mare-
MATHYECKOTO aHaJH3a.

75. B uacrHoM cnyqae KOFILa b=a, ypaBHeHHe

+

DPHHEMAET BUA
XL y?=a?
T4KOE ypasHeHyue ONpefensieT OKPYKHOCTh PAIRyCa @ (C UEHTPOM

B Havajle KOOPZHHAT). B COOTBETCTBHM ¢ STUM OKPYKHOCTH
paccMaTPHBAETCA KAK 4acTHHE cnyyaft sanumca.

§ 26. 3xcUeHTPACHTET IAMMNCA

76. SKCUEHTPUCUTETOM 3AAUNCA HA3BLEAETOR OTHOWIEHUE paC-
cToanRun mewdy oxycamu 31020 Jaiunca K daune eeo Gosviuoil

ocu; 0603HAUHB 3IKCHEHTPUCHTET GYKBOR €, monmydaem:
(4

E =,

a

Tak xak ¢<q, 10 8 <1, T, &, | BKCYERTpUcUTET Kaxdozo
aAAuACA MeHbile edunulot,
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3amertny, 970 %= a?—b%; noatomy

OTCHOEA

b2 b —_—

g=—= ]/1-——(3) u ?=V1—32-
Cnenosatenbno, SKCUGHTPHCHTET ONPEAERseTCR  OTHOLIEHHEM
ocel aununca, a OTHOWeHHE OCeH, B CBOI oOvYepedb, ONpene-
AAETCHA  SKCUEHTPHCHTETOM. TakHM 00pAasOM, SKCYEHTpuUcUTET
xapaxkrepusyer gopmy sisunca. Yem Guume SKCLEHTPHCHTET
K emdHule, TeM MeHnule 1 —g? Tem MeHblue, C/AeNOBATENBHO,

b
OTHOMIBHHE — ; 3HAYAT, wem GoAbule KCHENTPUCUTET, Tem Goree
sasunc sorranyr. B cayvae oxpywHocTH b=a u g==10,

§ 27. PammowanpEne BbIpawmenus GOKATLHHX pPALByCOB
: sJLIHNCA

77. PaccywoTpum mpoussoabnylo Touky M(%; y), Aexamyio
Ha pawdom snaunce. Ecam ry m ry—doxanenne panuycst stoit
TOUKH, TO

n=VE+eP 157, rn=V0x—crFty (1)

Oxasumaercs, Ind BHpaxeHus (OKaNbHHX PANHYCOR MOXHO
yKka3ath Apyrue $opMyin, cBOGOOHHE OT HPPAUHOHANBHOCTEH,
B camom mene, ua pasencrBa (7) n°72 MH umeeM;

Vo= Ty=a—tr.

[Tonaras specs i;—=E. H NPHHEMAA BO BHUMadue BTOPYIo H3 dop-
mya (1), monyyam:

rg=a—=gx,
no ONPEeNeNeHHIo IMUNcA 7y-+7y=2a) OTCIOAZ M H3 Mpe-
AHAYero

ri=a--ex
Mrak, AMe0T MecTo hopMyan

rA—=a-ex, }

ro—a2—ex.

(2)

B § 34 3tu dopuynn GyoyT CywiecTBEeNHO HCIOAB3OBAHH.
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§ 28. [MocTpoende SJaHIICA RO TOUKAM,
HapaverpudeckHe YpaBHeRHS DJLIHECA

78. llycte nan snaume
x3 yﬂ
=TE=L (1)
OmimeM BOKPYT €TI0 L€HNTPA ABC OKPYHKHOCTRH, ONHY — P2AHY-
COM @, Apyryi—paanycom b {cuntaeMm a > b); nposeldem uepe3

¥
g
A
4z
F.)
g% -
0 a ] Z
Puc. 49.

HEHTD UIHIICA TPOHIBOILHEEA ay4 H ofossauum GywsoH ¢ no-
AApHHE yroa sToro ayda (puc. 49). Ilpomeneuusit nyy mepe-
ceveT SONBINYI0 OKDYKHOCTH B HEKOTOPOH TOUKe P, MEeHbLIYIO —
B HekorTopo#t Touxe ). Ilpoeexmem 3arem uepes Touxky P npa-
My10, napanneassyio ocu Oy, yepes Toyky —npaMymw0, napan-
Aenbnyio ocn Ox; nycTh M-—TOUKE Nepeceyenns STHX MPHAMEX,
a P, n Q,—npoexknun touek P u § na och abcumcc.

Boipasum koopaunate Toukn M uepes {, Hs puc., 49 merxo
YCMOTPETE, YTO

x=0P,=0P-cos t==acos {,
y=PM=0QQ=0Q sinf=>bsint,

Takum ofpazom,
X==0cost, }

y= bsin#. (2)
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Iloncraenas sTH KOODIHHATH B ypaBuenue (1), yGemmmci,
d9T0 OHH YAOBIETBOPAIOT eMy npu mioGom £, CiaeloBaTenbHo,
TouKka M raxoAMTCH Ha maHHoM snaunce. Wrak, Mu mokasanm,
KaK NOCTPOMTbL OAHY TOUKY saaunca. [Ipomons pan ayueidi u
NPOH3BONS yKa3aHHOE MOCTPOCHUE COOTBETCTBEHHO KAWAOMY 3
HUX, MH MOWeM NOCTPOHTb CTOABKC TOYEK SAMMICA, CKOALKO
HoxenaeM. JTOT MPHEM 4Y4cTO ynoTpeSaserca B YepTexH ol
fpaiThHKe (COBLHHAA NOCTPOEHHHE TOYKM € [OMOMIBIO JeKan,
MOXHO TONYYHTb W300paweHHe S/ANMNCA, BIONHE YROBIETBO-
pHTeNBHOE C MpaKTHYecKOH TOYKH 3peHuT).

79. Ypaenesns (2) BWDAKAIOT KOOPAWHATH NPOH3BOABHOM
TOYKH SAANNCA KAK (FYHKIHH IEPeMeHHOr0 napameTpa f; TaKum
o6pasom, ypasHenusn (2) npeacrtasnsir co60of na-
PaMeTpHYECKHC YypaBHEeHHd 9aaunca (cM. § 14),

§ 29. danaEc XaK WPOEKUHSI OKPYKHOCTH H2 ILIOCKOCTb.
JAAHOC KaK CeveHRE KPYIaoro HBIAHRpA

80. 3neck Mb TOKAWEM, UTO NPOEKYUR OKPYNIHOCTL Ha npo-
UBBOALHYIO RADCKOCTE ABAACTCA 3AAURCOM.

- [Mycrs okpywHocTs k, newamad B miockocTn P, mpoek-
THPYETCA HA HEKOTOPYI MOMOCKocTh €. OG6o3adaumm vepez B’
FeOMETPHYCCKOE MECTO HPOEKUHH BCEX TOYEK OKPYKHOCTH k|
BYKHO 10Ka3aTh, 4To k' ects sammme. [lag ynoficTBa pac-
Cykaesui Gynem npeanonarath, YTO IMOCKOCTH O NPOXOZUT
vepes uenTp oxpysmuoctd £ {puc. 50). Bremem na mnockoctn o
LEeKapToRy TPAMOYTONBHYI0 CHCTEMY KOOPAMHAT, NDHHSE 8 Ka-
qecTse ocH Ox npaMylo, N0 KOTOPOH nepecekaloTcs MAOCKOCTH o
n [, B Kavectme Havana KOOPAWHAT — LLEHTP OKDYKHOCTH £,
OGosHaunyM yepes @ paamyc OKpywHoCTH %, yepea Q— ocTpuit
yron mexny nonockoctamm o B PB. IlycTe P—npousBoibHas
TOYKa OKPYWHOCTH £, -M—ee mnpoekmus Ha IUIOCKOCTL . o,
€ — mpoeknus Ha ock Ox, { — yroqI, KoTopeifi cocTaBngeT OTPR30K
OP ¢ ockxo Ox. BupasuM KoOpAuBATH TOukH M yepes £, Ua
puc..50 nerko ycmorpers, uto

L X=0Q=0P.cost{=acost,
Yy=0QM=0QP-cos ¢=0P-sin f cos@ = a cos ¢ sinz.

06031auuB MOCTOAHRYIO BEMHURHY @ cos ¢ GyKeOH b, ONYuNM;

X == cost
y-——-—_b sin £,
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Dru ypapHeHus B TOYHOCTH COBNAJAIOT € TAPAMETPUYECKHMA
ypaeuenuami saannca (cm. n° 78); cnefoBaTeNLHO, JHHEA R® AR-
asiercs snnnncom (¢ Goasuiof mMOAyochH @ ¥ Manoll OOAYOChIG
b= a cos Q).

81. Jlerxo nokasaTh TAKKE, YTO KawOOE CedeHue Kpyaaozo
YUAUNAPA NAOCKOCTHIO, HE NAPAAACABROG £20 OCH, eCTh 3AAMNC.

Puc. 50,

Ins nokasaTenbcTBa paceMoTpum ‘Kakol-suGyib kpyrawfl
HHAMHIAD M CEKYINYID MA0CKOCTh o (puc. O1); Aunmio, kKoropad
obpa3yeTcn B cedekHH, obosnaund yepes &', [lycrs O—Touka,
B KOTOPOH HAOCKOCTh & nepecexaeT OCh IMAHHAPA; NOPOBEIEM
yepes Touky O miockocTh P, nepuenankynapayo kK ocH. JTa
MAOCKOCTh MEPEceHeT UHAMBAP mo okpywaocTH k. OGosnauuM
yepes a paaMyc 3TOH OKPYXHOCTH, yYepe3 ¢ —ocTpuii yroa
mexIy miaockocTamn o u f}. BuGepem 3aTeM Ha NAOCKOCTH O
KOOPAMHATHHE OCH TaK, Kak DnoKazaHo Ha puc. 51. Bosbume
Ha NHHHH &’ FAPOH3BOALHYI Touky M; nycTh P-——ee NPOCKUHS
Ha naockocTs B, Q—npoekuua na oce Ox, f—yron, Koropuit
coctapafer o1pe3ok OP ¢ ocklo Ox. Buipasnm KoOpAHHATH
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Toukn M wuepea £, umeewm:
x=0Q=0P cost=qcos ¢,
_ — QF OP.sint &
y=0QM cosg oSG cosq

sin #,

Moaaras =0, NoAyYHM:

o
cos @
X=aqcosf, y=0>~sinf,
' ©TH  ypaBHeHMs  TPEACTABANIOT  coGoH napaMeTpuyeckue

Pnc, 51,

YPaBHEHHA anmaMca; -TakuM o6pa3oM, Jaunug B’ ABATETCH 31~
aH0COM, YTO M TPeBOBANOCH AOKA3aTh,
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(4]
JaMeTHM, tlmm > @; CNEAORATENRHO, @ eCTh Manasd och

— ero Soneag ock, T. €. sanunc & Bu-

a
r b —
sannnca k', Y]

TanyT B Hanpasaerun ocu Oy,

To o0OCTOATENBCTBO, YTO PANHNC €CTh MAOCKO® CEYeHHe
KPYFIOro UMAAHAPA, @ TAKKe [POEKURS OKPYWHOCTH Ha maocC-
KOCThL, HenaeT npeAcTaBnenne o6 9TOH JueHH ocobeHHo Ha-

A IHLIM,

§ 80. M'mnep6ona, Onpejesenne rumepGos
¥ BHIBOX e¢ KAHOHWUSCKOTO YPaBHCHHAS

82. Tunepboaol HO3GIBUETCA EEOMETPULECKOE MECTO TOXEK,
DAf KOTOPLLY PA3HOCTb PACCTORKUL OT D8yx PUKCUPOSAHHYIX TO-
HeKk NAOCKOCTU, HA3NEAERbX (JOKYCAMU, ECTH NOCTORHHORA SeAl-
wuHE: yKa3AHHad PABHOCTL GEpeTCA no abCOAOTHOMY SHAYEHUIO;
kpoMe TOro, TpeGyercs, YToOH OHA Ohila MeHblle PACCTORHUR
Mexcdy poxycamu u oTAudka o1 HyAs. PORycH runmepbonw npu-
HATO 0603HAYATD 4Yepes Fy ¥ Fy, @ PacCTOHHHE MEMAY HHMH —
uepea 2c.

3amevanne, Pasnocth paccTosHuflt OT TpoH3BOALHOH
touxu M po asyx ¢uucupoBaHHLX Touek Fy, F,, oueBuiuo,
He MOWET OMTh GOAblse PacCTOSHHA Mewny Toukamu Fy, Fy.
D71a pasHOCTh pasHa paccTodnmio Mexay Fy, Fy B TOM K TONbKO
B TOM C/AyYae, KOrAa TOYKA
M naxopuTcA HA OMHOM N3 5 5 M
npolonkennd orpeska FyFy. o wmmmees
CnenosatensHo,  reoMeTpH-

YECKOe MECTO TOYEK, AN KO- Pue, 52,
TOPBX PasHOCTb PACCTOAHHH

oT OByx (uKcHpoBaHHHX Tovek Fy, F, €CTb nocTofxHas Beau-
uhpa, paBHAasd paccTofnnw wmewny F,, F,, npeactasaseT co-
fot o6a mpomonwmennd orTpeska FF, (puc, 52).

Ecan passocts paccrosuft ot nekotopolt Touxu M g0 To-
uek F,, F;, paBHa Hymo, TO 8Ta ToYKa paBHOyualieHa ot F, H
F,. Cnemosatenpho, reomMeTpHueckoe MecTO TOYEK, Pa3HOCTh
paccTosHHR OT KOTOPHX OO ABYX (PHKCRPOBAHHHX ToueKk Fp, Fy
€CTh MOCTOAHHAH BEAMYHHA, P2BHAA HY /IO, NPEACTABAALT
coboHi npaAMylo, NEPNEHAHKYNAPRYI K OTpesky F;F, B ero ce-
peaure {puc. 53}
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¥kasauuoie cayuaw ucKkMmoueHst OFOBOPKOH B KOHUE npeastiy-
Wero OmpeRelesus.
83, Ilycrs M—npouasonnuas Touka rinepboin ¢ doxycamu
F, w F, (puc. 54). Otpeaxn F.M u FyM (rax e, KaK H
DAMHH 3THX OTPE3KOB) HASHBAKITCA POKaAbHbLMU padulcoMi
Toukn M i oBoanayalores depes ryur, (FM=r,, F,M=r,}. Tlo
onpejenenric runeploAL  PA3HOCTH
doxanbHHX paaHycoB ee TOYKH M
JlM . €CTh TMOCTOAHHAN Besnuuuna (T. e. Nnpd
JIN n3menesun moxoxennd Toukn M Ha
; \ runeplone pasnHocTh e (OKANbHHX
‘ \ pPaauycoB M€ Menfiercs); 9Ty MOCTO-
/ ' AHHYIO MPHASTO 0603HAYATE Uepe3 2a.
y s Takum o6paaom, and nwodol Toukn M
F Fy runepboas HMeeM ando
FM—F,M=2a, (H
ecan Touka M HaxoAMTcd Omibke K
Prc. 53. doxycy F,, nuGo
F.M—F M=2e, (2)
ecnd Touxka M maxoxurca 6muxe K Qorycy Fi.
Tax xax no onpeaenennio runepbonn FyM—F,M < FF, u
FoM — FM < FiF,, 10 2a < 2¢, 1. €.
a<c. (3)

B cleayloieM TyHKTe Ml BLBEREM yPaBHEHHE THICPOOTH, nocie
¥

N
S
N

Pnc. 54.

Yero, aHANMaMPys ITO ypaBHeHue, ycranopnM ee gopmy. Mo
YBHAMM, 4TO FHOEPGONA COCTOMT W3 ABYX OTIABHHX uacTed,
HIJWBAEMHX €¢ BETRAMH, KaWA2d W3 KOTOPHX GECKOHeYHO mpoc-
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THPAETCR B ABYX HANDABACHHAX; ilenad Iuineplona CHMMETPHYHA
OTHOCHTENbHO npsMoll FiFy, a Tawie OTHOCHTENBHO NpAMOI,
NPOXOAsel TePHeRIHKY IpPHO K oTpeaky F F, yepes ero cepe-
Indy (cm. puc. 54). ' '

84. Ilyctn nana kakaa-urGysn runepSona ¢ dokycamn F),
Fy (BmecTe ¢ Tem Oylem CYMTATH HAHHHMM @ W ¢), Beemes Ha
NIOCKOCTH IEKAPTOBY MPAMOYTONBRYIO CHCTEMY KOOPAMuar, ocn
KOTOpOH PpacnmofiomHM CcNelHafbHbiy 0OpA30M TO OTHOLIEHHIO
K o»7oRl ranepGone; HMEHAO, B KayecTBe OCH 40CUHCC MW BO3h-
mem npamyio FyF,, cauTas ee nanpasaentoh or F, k F,, navano
KOCPAHHAT MOMECTHUM B Cepeamny oTpeska FF, (puc. 54).

Bugenem ypasnewne ranepBboAl B YCTAHOBAEHHOH CHCTEMe
KOOpARHAT, BO3bMEM HA MAOCKOCTH NPOH3BOABHYIO Touxy M »
060312 MM ee KOOPANHATH YEPE3 X H ¥, a GOKAAbHBE PAKHYCIH
FiM u FoM vepes ry n ry. Touka M Gyaer saxomuThes na
{ranuo#t) runepSone B TOM M TOALKD B TOM CaAyudae, KOFAa
ri—rty=2a, W ry~—r,=2a, [locrednde &Ba pamedcTBA Mid
obbennuny ofuiel sanuckio

rl—f.3=:]:261~ . (4]

UToOn NOAYYHTD HCKOMOE ypaBHenHe runepboil, HYWHO B paBen-
cTe (4) 3aMEHNTDL NEPEMEHHHE Fy H r; HX BHPaMenuaMy uepea
TeKYIUHE KOOpaHHaTH X, y. Tak kak FF,=2¢ wn tak Kay
doryen Fy, Fy pacnonomesst Ha ocn OX CHMMETPHYHO OTHO-
CHTEJABHD HAYana KOOPAMHAT, TO OHH HMEIOT COOTBETCTBEHHO
koopruuat {(~—¢; 0) 2 {4 ¢; 0); npuugs ato Bo BHHMaHHE N
npumenss bopuyny (2°) n° 18, naxoaum:

N=VETFTR, n=VGE=FFE

3amenan r, u r, B paBenctae (4) walilenunmn BHIDAMEHATMA,
noay4aeM:
Vix4c) 4 y*—V (x —c)+ y¥ = 4- 2a. (6)
JT0 W €CTh ypaBHeHWe paccMATPUBAEMOH ruNeplONI B Ha3-
HATUEHHOM cHCTEME KOODAMHAT, TaK KaK eMy YAOBNETBOPRIOT
KeopauHaTet ToukR M({X;y} B TOM B TOMBKO B TOM Cayuae,
xorna Ttouka M newnt Ha pauHod rumepGose {paxTudeckn,
MW 3AECH HMEEM [ABA YPaBRCHHs~-OMHO AR Tpasod, apyroe
Ana nepoR Beram runepbonis),
HanpueRine BHKAIAKA HMEIOT LeNbH (IOAYUHTL YPaBHERHE
rHnepbony B GoMee NPOCTOM BHAG. YeaunnM s ypaBuenun (G}
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nepswll pagmkan, mocne uero Boaseaem ofe YacTH PaBeHcTRA
B KBaJAparT; MOJYYHM:

(£ + )yt = 40° & 40V =R S+ (x— e +yh ()

HIIH

cx—al=-a ) (x—c)F Ly~ (8)
Boasoxs B kBagpaT offe YacTH BTOrD paBeHCTB4, Halizem:
ctx?um2a%cx 4 at = a2x—20%cx -+ a%* - oY, (9)
oTKysa
{c?—a®) x2—a®y? == a® (c*—a?). (10
3nece MH BREZEM B PACCMOTPOHHE ROBYIO BEAMUMHY
b=} E=0a¥ (11)

reoMeTpudeckufl cMHCA BeAHUMHH b OyACT PACKPHT HECKOABKO
no3gnee; cefuac MW TOMABKO 3aMeTHM, 4T0 ¢ 2> a {cM. n° 83),
cneaonarensio, ¢#—a2 >0 u Beanunsa b Bemiecrpensa, Ms
pasedcrea (i1) mmeem:

2
bt = c?—a?,
BCAGAcTEUHE Yero ypasnexHi (10) mmkuHO npHRaTh BRY

Bix®— a?y® == 02}2,
EnR

S—h=1. (12)

Nokaxem, uto ypasrenue (12) ecre ypasnenus Oannod
eunepboavi. DToT akT He SBAAETCH CAMOOYEBHAHLM, MOCKOABKY
ypasnenu@ {12) nmonyueno u3 ypaenenns (6) ABYKpaTHHM oCBO-
6o AcHHEM OT PaaMKanos; OYEBHAHO AHINL, 4TO ypasHenne (12)
€CTb CNeXCTBME ypasHenns (6).

MH nomkHH mgOKa8aTh, YTO ypaBHenne (6) B CBOI oue-
peab ecTh chAeAcTBHE ypaedenun {12), T. e, UTO 8TH ypaBHEHHu
9KBHRANEHTHHI.

[peanonomum, ure x, y-—wakue-AuOyOb ZBa YHCAA, AAf
KOTOPHX BHmoanseTcd paredctso (12), Ilpowseons npesmayuue
BLKNAXKY B 06pATHOM MOpsLAKE, MM MORYHHM H3 paseHcTsa (12)
¢xavana pasesctso (10), savem pasenctso (9), koTopoe ceftdac
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3amuiueM B BHAE
(ex—a*? = a®[(x—c)* - y*].

Masnexass kopeHb H3 obeHX 4acTed - 8TOrO paBencTBa, [0«

RyqHM:
cx—al=al (x—c)+y°. {13)

Bean Touka (X, y} HaXONUTCA B JIEBOH DOAYRAOCKOCTH, TO
x < 0 u nesas uactb pascHcTBa (13} orpHuaTensra. B aroM
cayuae, cleRoBatTensHO, B npaBoft yacTH pasencrsa (13) nysno
6parp suak mudyc. Ecnn we Touxa (¥, y) Haxomutcs B TpPaBoH
nOAYIIOCKOCTH, TO X > 0; cornacHo ypaexesuio (12) mmeem
x=za. Tak rkak ¢ >a, TO ¢X > @, cne JoBaTEALNO, JREBAs
uyacTs pasencrsa {13) modckuTenbHa; 3HAYHT, B JAHHOM Cay-
yae B npagolt uactw pasesctBa (13) uywHO OpaTh 3HAK NADC.
Taiim 06pasom, pasenctso (13) HmMeeT TOT e CMbiCA, 4TO
n pasencteo (8). IlpousBoas naanexawne npeoGpazosawus, M
nonyyuM w3 pasencrsa (8) pasenctpo (7); nocheanee Ml HafH-
weM B BUIE

(x+ o2ty =[V{x—c) 4% & 2a]%

Orciona
Vix+ bty =+ (V{x—cP+y° + 2a). (14)

Buscuum, kako#t 3nak nywno Opate B npasofl 9acTH STOroO
pasedcTBa mepen ckoOGkamu. Pacemorpum ABa cnydas.

1) Touka (X; y) HaxoaAnTCs 8 NMpaBoH MOAYMIOCKOCTH;
TOTOA COTMACHO MAPeARIYUIEMY BHYTpH CKODOK crneiyeT Bhib-
paTh 3HAK ILTIOC, BCH BeAHuHH2 B CKOOKaX OYAeT NOMOKHTENRHA,
3HAYRT, ¥ Oeped ckobOxamu HYXHO 6paTh MOJMOKHTENBHHE 3HAK,

2) Touka (x; y) HaxomHTCA B NeBOH OONYMIOCKOCTH,
B sToM cnyyae X—wHCAC OTPHUATENbHOE, 3HAYHT, abcomoT-
Hasl BOAWYMHA PA3HOCTH X—¢ paBHa cymme |x |4 ¢. Cornacro
ypaerenmo (12) mmeeM |x|2>a; kpome Tore, ¢ >a. Cnexopa-
Tenpho, (x—c)® > 4e?, cymma (x—c)®+ y* Tem Gomee npesu-
maet 4q%, xopeus u3 9TOH cymMu GoApiie 2a M BCH BEJIHYHHA
BHYTPH ckoGOK B mpasott uacTu pasencra {14) cHeBa nono-
wuTenpua. Takpm 06pa3om, H B 9TOM cayyae B pasencrse (14)
nepen cxobkaMH HY#kHO OpaTh 3naK nmoc., Mo BUNHM, 4TO NPH
nMoGOM PacONOXEHHH TOUKH (X, J) PaBeHCTBO (14) MpHBOZHTCS.
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K Buay

VTP =V {x—clf 1 + 2a,

OTKYZA CP4a3y Monyyaercs paeeHcTso (6).

Hrak, ypassenne (6) emBoxuTcw M3 ypassewna (12), xak x
ypasuenne (12) BuBoAHTCH M3 ypasuesns (6). Tem camuiM noka-
3aHO, 4TO ypasueune (12) ecrb ypasuewue Aaunoli rumep-
60NK, NOCKOABKY OHO SKBHBAIEHTHO ypamaennio (6).

YpaBnenne (12) Ha3HIBACTCA KANORUNECKUM YpaGHEHUEM
eunepboast,

85. Ypasnenne

£ y.i__1

A=
onpeaensiouiee ranepbony B HEKOTOPOR CHCTeMe AEKapTOBHX
NPAMOYTOABHEX KOOPAMHAT, €CTh YPAaBHEHHe BTOPOH creneu;
TakHM 0o0pasoM, 2unepfioaa ecTv AUHUA BTOPOEO MOPADKA,

§ 31. Hccnenosaune ¢opms remepGosim

86. 3Safimemca HccnmemoBaHueMm runepioAM, onpeReneHHOH
ypaBHEeHAEM

 } I}
%=1 (1)

BupasuM us ypaaﬂenun (1) seanynry y kaxk dyvkumio or x:

HAK
y=x2Vi—a. (2)

Tax xaxk ypasuenme (1) CONEPMHT UNGHH TONBKO ¢ Yer-
HHMH CTeneHfMH KakAOH M3 TekywHX KOOPAHHAT. X, J, TO
onpenensieMas uM runep6ona CHMMETPHYHA OTHOCHTEABHO Kaw-
Holt u3 KoopaMHATHHX ocell (AOKa3HBAeTCA TAK Xe, KAK aHano-
THYHOE yTBepiAeHHe Ang 9/aunca; cM. n°74); ‘orciona scwo,
YTQ JOCTATOYHO pACCMOTPETH AMIMB 4aCTh FHOePGONH, Nexca-
WY B OSpBOH KOODAKHATHOH 4YeTBEpTH.

Tak KaK yKasaHHad 4acTs THMEpPOONH NemuT 8 BepxHeht
[ONYINIOCKOCTH, TO B ypaBHenun (2} eH COOTBETCTByeT 3nak
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~-: a Tax KaK OHa BMECTE € TeM JEKHT B mnpaBol noay-
IVIOCKOCTH, TO AAA Beex ee Towek x = 0. Takum ofpasoM, mu
ZOMKHH HCCNEAOBATh (DYHKURIO

y=+VE=a (3)

npe ycroBan X 2= (0 u w3o6pasuth -ee rpaduxk,
Bossmenm chayana x =0. I'lcuu:'rasnﬂa x=10 & npasyn YacTs

dopuynn (3), Habiaem y—r-—I/ —a? Mu  [odyyaeM MHUMOE

uncyo. IlpH BO3pACTaHHR X BEJIWYMHZ y OCTACTCA MHHMOM 10
TeX [Op, MOKA X He cTarneT paBHuM a. [lomaras B npapod wactu
topmynu (3) x=a, Haftmem y=10. CnegoBaTenrno, TOYKa
A(a; 0) apagerca camolt nesol Touwxoit rpaduxa, [lpu nans-
HefinieM BO3PaCTAHHH X BEIHUHHA ¥
y GymeT RemCETREHHOH ¥ 110/10-
WHTeALHOR ywxe BCe BpeMf; 3TO
cpasy BRIHO u3 Qopmynn (3), Tax ¥ A
KaK pH X > a umeeM x*-—a?>>0.
U3 dopMynn (3} BHAHO Takike, ¥TO &
¥ "BaseTcs Boapacraiowed quHK- 7 g
unefi ot X (echam x_Z=a), T. €
Kaxaufl pas, KOraa yBeSH4YHBAETCH
X, YBENHYUBABTCH TAKKE H ¥,
Hakoneu, us dopmuynu (3) suzdo,
uTo HpH OecKOHeYHOM BO3DACTAHHW X NPOHCXOIAT GeckoHed-
HOE ke Bo3pacTakwue y (py X ~»- 00 TaKke H y — - oo).
Conocrasada Bce, 4TO Ouao ceffuac cKa3aHo, MPHXOAHM K CRe-
AYIOIIEMY 3aKTIOYEHHIO: NPH BO3PACTAHMH X, 'HAYWHAA OT
X =a, nepemenHasd Ttouxa M(x; y), omHCHWBawwas rpapnx,
IBHKETCSA BCE BPEMA «BIOPABO® H «BBEPX», HMeS CBOHM HaYaib-
HpiM nonoxenneM Touky  A{a; 0); ynanemme Toukn M kax ot
oce Oy «enpaeo», Tak B OT ocH Ox «BBepx» s#BASETCH Oec-
KOHeYHRM {pHc. 50)

"~ 87. llpncmorpumca Gonee BHHMATENbHO K TOMY, Ka2K HMEHHO
Touka M «yXOIHNT B GECKOHEYHOCTHY.

C- 3TOH neabl MLl HAPSARY ¢ YpaBHeHHEM

y=+2vi—a, 4)

Pue. 55.

KOTOpPOE MPH X 2@ ONPeAenseT H3yuaemylo ceftyac dacTe
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renep6o/y, PACCMOTPHM Glie ypasHeHHe
b
=+ % (5)

b
OHO ONpelelsieT NpPAMYI0 € YrAGBHEM KosddriuueHTOM kz-a—,

NPOXORAULYI0 uepe3 HA¥ano Koopaunat. YacTh arto#t npamod,
PACTIONOKERKAR 8 MepBofl KOOPAHHATHON 4eTBepTH, H300pameHa
Ba puc. 55 (AnA nocTpoeHus ee MCMO/AB30BAK NPAMOYTOAbHHH
Tpeyroabiak OAB ¢ xateramu QA=q u AB=§; ouepuano,

b
npamas OB xak pas H HMeeT yraoBo# KoahuUHEHT k&;) .
Mu nokamewm, uto Towxe M, yxols e OeckonetnocTb, Hege-
. b
PARUHCHHO RPUOAUNQETCR K npamob y=—x.
BosbyeM NpoH3BOABHOE 3HaUeHHE X |XZ>a) H PaCCMOTDHM .
Ase Touxu: M(x; y} B N(x; ¥), rae
b —
y=+ 'E“sz_azi
b
Y= x.
Q

Touka M(x; y) nexnut ua runepGone (4), touxka N(x; ¥)—
Ha npamofi (B); nmoCKONbXY 06€ STH TOUKH HMEIOT OOHY M TY
we abeumecy x, npsMan, coeaunmionias ToukH M w N, nep-
nexaukynsipia x ock Ox (puc. 56). Tlomcumtaem pamny ot-

peska MN.
Tlpexcne Bcero 3ameTuy, uro
Y=toi=sVi>+iya e, (6)

Ortcioza ¥ > y 1, cnenosarennno, MN =¥ —y. Ho

Y—y=— (x--Vx2 =L (x— V-xjc:_a:/)_i:i—:{xg—a“‘)

T, e,
ab
s+Ve—a’

IpoananusupyeM mnonyuensoe Betpaxenne, mpexnonaras, uro
X — 00, 3JuaMenaTenb C€ro npeAcTABASET c0GOH CymMy
ABYX HONOKHTENBHWX GECKOHEYHO pACTYWHX CAardeMux; che-

Y—y= (7)
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JMOBATENBHO, BPH X -— 00 3HAMEHATENL CTPEMHTCA K (M0N0~
HATENhHOH) GecKoneynocTH, YucnuTe s STOr0 BHp2ieHHI eCTh
nocTosdnas seamywna 25, Conocrasass sTr  ABa o6GcTONTEND-
CTBAa, 3aKAI0ONaeM, YTO NpH X — -} oo npasas uacib pased-
crea {7) CTPEMHTCH X HYJO, 3HAUHT, CTPEMHTCR K Hyno H
MN=Y—y. '

O6ozraums uepes P OCHOBZRHE NEPNeniuKyaapa, ONYILeH-

b
noro u3 touxn M Ha OpaMyIo y = — X {(MP—paccTosnne or

rouku M no atoil npamof). Ouesngno MP < MN, a Tax xaw
MN - 0, 10, cnezosatenpun, ¥ MP-—
— 0. A 370 MH H XOTEREH ROKS33Th.

Wrak, ecau nepemesunan roukua M '
yxo0ur 8 OecKOHEWHOCTH HO TOL HacTu P
aunepboan (1), KoTOpuAa pACnOAOXKEHQ M

a8 nepsoii koopdunardod wergepra, TO
paccrosnue o Touku M Jo  npamoi

b
y=—a-x CTPeMUTCA K HYAM,

88. Ilycts I —raxan-rubyde nunus, Pue. 56.
M—npepemenHas TOYKAE HA Hel, ¢ —ne-
xoropas npamas. Ecaum Bo3MOXHO Takoe nBmmenHe Toukn M
wo auhmd [, uro 1) rtouka M yxomurT B GeCKOHEYAOCTb,
2) npu atom paccrodune OT TouykH M nmo npamolt a crpe-
MATCH K HYJIO,—TO TOBOPHT, UTO ausua [ acumnrorudecku
rpubausicaetrca k npamoil o, TIpamas a B TaKOM caydyae Hasu-
paerca acumnrorod munnd T,

YnoTpebasisi TONBKO UTO YKA3aHHYK) TEPMHHOJOTHIO, MH
MOWEM caeayiownM obpasoM chopMynanpOBATE PE3YARTAT MCCIE-
HOoRauus, nposegennoro B n° 87:

b R
Fpapur Gyukyun y=-EV.:c2—-a2 {T. e. paccmaTpupaemas
HAcTh CHOEPBOAH) aCUMRTOTUHECKU ApUbAuLNCAETOR K NPAMOL

b b
y r_-.Ex RPH X ~—+-1- O0; RIH npamas y = ’y X eCcTh GCUMATOTA

¥y b r——
epaura HyHKLuL y=EVx'3—af’ {# 8 TO Ke BpeMmsi ACHMII-
tToTa Hamefi rroepbonw).
89. Mu oTMETHM elle HEKOTOPHE HOMONHHTENLHHE 0cofeH-
HOCTH “PACIOJNOWRHHS THOEPGOAN OTHOCHTENLHO €€ ACHMOTOTH

(Bce emle uMes B BHAY TONBKO YacTh THOepPOOAH, AEKALLYD
B TepBOH KOOPAMHATHOH ueTBepTH),
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PaccmoTpum crosa Touxu M(x; y) m N(x; ¥), o KoTopmx
mna peyr B n°87, u BenOMHHM, uTO Touxa M newut Ha
runepbone, N-—mna acamnrore. Kax ycranosaeso r n®87,
HMEET MECTO HepaBencTBO Y >y, Orclona caeayer, 4TO TOUKA
M Bcerna saxoauTcs «xume» Toukw N. WHaue romops, wacre
aunepboant (1), pacnosoxennas 6 nepsodi Koopdunatnod wer-
BEpTU, KA BCEM NPOTANEHUL ASHCUT CHUNCE» CBOeH ACUMRTOTHL

Haxnee, Ha ocHoBanun dopmyan. (T) uMeem:

ab
Ve

3xamenartens stoff npobu, GYAyYH TPH X >4 BEINECTBEHHAM
¥ MOACKHTENbHNM, BO3PACTAET NPH BO3PACTanHM X, Tax Kak
YHC/HTETb 31€Ch NBAACTCHA NOCTOAHHOR BeAMuHHOH, TO B Cuay
YK43aHHOTO OOCTOSTENBCTBE caMa .JAPoSL NPH BO3PACTAHHM X'
Beerna yGumaer. Taknam o6paaom, Mel MOXEM YTEEDHI&TH, 4TO
€C/IH X MOHOTOHHO CTPEMHTCH K HONGKHTeAbHONU GecKoHey- -
HQCTH (T. €, BCe BpeMs TONLKO Bo3pactaer), To MN= Y—y
CTPEMHTCT K HYAW. Takike MOHOTOHHO (T. e, Bce Bpema
yOuBasn).

Y—y=

[lyeth @-—yron waxknona npamoft” y=—;%x K ocn Ox, P—

OCHOBAHHE NEPNEHANKY/APA, ONYUIEHHOTO Ha STY NPUMYI0 H3
Toukn M; Torma, oyesuauo,

MP = MN.cosq, (8

Tax kak MN cTpemuTcs X HY/MO MOHOTOHHO, a COsSp ecTh
nocroninaas, ua opMyas . (8) caeayer, uto u MP crpemurcy
K HYJI0 MOHOTOHHO. '

Wuaue rosops, rne 66l W Ownia pacnoNowmexa Ha rHnep-
Gone (4) Touka M (B nepmol koOpAMHATHOH ueTBepTH), eC/H
OHA MNepeIBHraeTCA 1o raAepboie «BAPABO», TO PACCTOMHHE OT
Hee 0 ACHMRTOTH BCE BpeMd yMeHbW2ETCA. IT0 O6CTONTEL-
CTBO Mbi BHPA3WM CHGRYIOWHM 00pasoM: npubauscedue eunep-
0abl K CBOEE GCUMNTOTE ABARETCA MONOTORHBIM.

90. Toxsenem utor Becemy, uTo GuAG ckasaHo B n°n° 86—89.

Yacte paccmarpusaemod zunepboimt, AeHQUAR 8 nepaoil
xoopdunarnod wersepru, ucxodur us touxu Afa; 0) u uder
Gecroneuno «nanpaso» & «66EPX», QCUMNTOTUYECKE HPUOAU-

b
waAcL K npAmod Y=o X, NPUTOM «CHUSYD U MOHOTOMNO,



§ 31} HCCAEAOBAMME $OPMbl THNEPBOJH 105

B cornacuu € TOABKO 4TO cOPMY/THPOBAHHLM (IPEIIOKE-
HHEM H BHIOANEH PHC., 53. '

3ameudnne, Cymecrsednd eue nsa cBoficTsa paceMmar-
puaemore rpaduka: 1) nampamnerne ero s Touke Afa; 0)
nepOeHanKyAApHo K ocH Ox, 2) cBoefl BHOYKAOCTBIO OH 06pa-
eH Beane «BBepx». Mu ne OyneM, OIHAKO, JOKA3LBATH
BHINONHEHHE STHX CBOHCTB, TAK KaK TAKOTo polad H{C/NeZOBAaHHE
rpaguxoB RarGonee eCTECTBEHHO HPOBOJUTL CPEACTBAMH MAaTe-
MaTHYeCKOTO aHasauaa.

91, Iflocne Toro kak . uccnenonaﬂa yacTs rHnepSonau (4),
nexkawas B nepsoft xoopAwHaTHoff veTBeprTH, obmuit BHA uenoi

1

4

B’ )

! \

Ny b

XA A z
A ARG NE

\ /

¢ &

Puc. 57,

runepfonsl MOMET OWTh JIGFKO YCTAHOBNEH INpPH MOMOMIM 3ep-
KaAbHbX OTPAMEHHH OTHOCHTENBHO KOODAHHATHHX OCed,
[rnepGona, onperenseMan ypasl{ermem
x! yﬂ 1
FHE=h
usobpavena wa puc. 57. Jlerko nouars, 4ro ona (uenas THnep-
60na) umeer dee ACUMNTOTbE

b
y=gx

b .
y=—a%

nepsas H3 9THX VNPAMWX HAM Yie SHAKOMA, BTOPas mNpencTas-
AfeT coGOM ee 3epKaAbHOE OTPAKEHHE OTHOCHTENbHO OCH Ox

(nau ocu Oy),
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QcH cuMMeTpPHH THREPBORH HAZHEBAKINT OOHYHO IPOCTO €€ OCR-
M4, TOUKY nepecedenns ocell—yenrpom Tunepbonu. (B nannom
CAYYae MH HMBEM IeN0 C THnepboaott, ocH KOTOPOH COBMCLICHL
¢ ocumy koopamnat.) Onpa U3 GBYX ocelt (B JaHHOM cayyae Ta,
KOTOpasi coeMemiena ¢ ockio (x) mepecexaeT runepSoay, apy-
Tas ee He nepecexaeT, TOYEM FepecevyeHHd THAepBONE C OChW
HA3HBAIOTCH CF SepmuHamy; THIepOoAa AMEeT JBe BepHHRH (HA
puc. 57 omn oboanauenw Gyieamu A u A').

[IpsMOYTOJbHHK €O CTOpPOHaMH 2¢ B 2P, pacnorozeHnblf
CHMMETDHYHO OTHODCHTeABHO ocell THuepSonw H Kacawluuiicd ee
B BEPINHHAX, M GYAEM HASHBATDL OCHOAHSLM NPAMOYSOAbHUKOM
runepbonn (Ha puc. 37 3710 npamoyroasurk BB'C'C), Iuaro-
Haln OCHOBHOTO TpPAMOYronhHHKa rHRep(OJH COBMAAZIOT ¢ ee
aCHMOTOTAMH,

3aMeTHM, 4TO B WATEMaTAYECKON /uTepaType NPHHNTO
T3KWEe Ha3uBaTh ocAMd runepboOnH oTPeskH JaHHCH 2a n 2b,
¢OGAHHAIOWNE CEPefHHBE MPOTHBONOJONKHHX CTODOH OCHOBHOIO
npaMoyroabrnka. COOTBETCTBEHRO STOMYy TOBOPAT, UTO ypag-
HEHUE

2 2
F !
onpedeasner zunepbory ¢ noayocsmi a i b.

3amevanne Ecnu tpefyercd cienath 3CKH3 rHIepSONLE
¢ MOAYOCAMM @ H &, TO CleXyeT MNpexwiAe BCEro MOCTPOHTH ee
OCHOBHOH TIDIMOYTONBHUK, 3aTeM AcAMNTOTH. [Tocae aToro MoXeT
GuTh m3obGpaxena cama rimepbona mubo «Ha-rnasy, nubo ¢ npen-
BAPHTENbHLM HAHECEHHEM Ha YepPTeX HeCcKOAbKHX ee TOo4YeK,
Ha puc. 57 nokasaHo NyHKTHPOM, Kak 0DOCTpouTthk (oKycH
runepboan, HMes ¢e OCHORHOR MPAMOYrOABHHK; 3TO NOCTPOE-
nie QYEeBHAHLIM 06pa30M OCHOBAaHO Ha papeHcTBe (2= g% b2
(koTopoe crenyer u3 dopmyau {(11) n® 84},

92. Paccmorpum Tenepe ypaBHeHue BHAA!

2 2
—Z+5 =1 (9)

Tipu nomomu nepecranoBku 6ykB X ¥ y, @ ¥ b OHO CROJATCA
K YPABHEHUK), R3YYEHHOMY B DpeXuiaywirx maparpaduax. Otciona
fiCHO, uTo ypaBaenne (9) onpenender rumepSony, pacooio-
WEHHYIO TAK, Kak MOKa3ano Ha puc. 58 (pepiiinu ee B u B'
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newat #a ocu Op)., Ypasaenne (9) Taxume HA3HBAGTCH KaHOHH-
YeCKHM YpaBHEHHEM rHOepSOsi,
93, Jlge runepdons, KOTOpHE ONPERENMIOTCA YPaBHEeHHAMY

x32 2 %3

o TR Z TR
B 0400 M TOH me cucreme KOODPAHHAT R 1IDM ORHHX H TeX XKe
3HaAYeHUAX @ H b, HA3HIBRIOTCH CONPANCEHHMMU IXDYD C .Il.pyI‘OM.

Y

i

L
ﬁf \

Pec, 58,

94. TuoepSona ¢ paBuniMH noayocamu (@ =~5) naauBaerca
paerocTopornet, KaHonutecKkoe ypaBHERHE DAaBHOCTOPOHHEH rH-
nep6oas Mo¥eT OHTL HANHCAHO B BHIAE

—y?=a?,

Ovyesumio, YTO OCHOBHOH MPSIMOYTOiBHUK PABHOCTOPONHEN rH-
nepbons €CTh KBAAPAT; OTCIOAA ACHO, YTO ACUMRTOTH PAGHOCTO-
ponnel aunepGoabs nepneroukyrapust Opyz x Opyey.

§ 32. SkcnesTpHcETeT rRmepbosm

05, IKcyenTpucuTerom 2unepbonst NA3BIBAETCR  OTROMEHUE
paccronnua memdy oxycamu aTof 2unepbosst K PACCTOARNIO
mexedy ee sepuunamy; 0003HAYHB IKCUSHTPHCHTET OYKBOH &,
TLOJLy MM



108 rEOMETPHYECKHE CBONCTBA JHEMIL BTOPOIO MOPSAKA [ra. B

Tax kax Ang ruoepboad ¢ > g, T0 &3> 15 T. €, dKcyeH-
Tpucuter kamdod eunepboiws Gorvule edunuysi.
Sametny, 4T0 &*=a?-}-b?, naxoaHm:

oo oS (LY

[

6= ]/1+(%)2 PRI Vi e

CJIEI[OBE.TEJIBHO, IKCUESHTPHCHTET ONPERENTETCH OTHOICHHEM e

aTciona

b
a OTHOUIEHHE 'E B CBOIO OUYEpERb ONPEedeNdAeTCHd IKCOEHTPHCH-

tetom, Takum 0GPasOM, 3KCYEHTPUCUTET eunepboabl XaGPaKTepi-
ayer OPMY e OOHOBHOZO NPAMOYZOAbRUKA, & SHAUUT, U (OpMY
camoit eunepbosbl.

Yem MeHbIIe SKCHEHTDHCHTET, T. €. 4eMm Ganke OH K eau-
HHLIe, TEM MesbHle &*~—1, TeM Menbhme, C/IEX0BATENBHO, OTHO-

b
medue F; BBAYAT, 4eM MENblUle IKCYCHTPUCUTET eunepéonm,

Tem Goaee BHTARYT ee OCHOSHOR RPAMOY20AbHUK (B HANIPaBAEHUH
OCH, coeaunsiomiell sepuinkel), B ¢nyyae parHocTopoOHHEH rumep-

Gonwt azbns=]/§.

§ 33. PaswnonanbHsle Brpawesus (POKATLHBIX
pajuycoBs THNepOORH

96. Paccmorpum nponssonbuylo Touky M (x; y), nexauyio Ha
naunofi rmnepGone. Ecam ry u ry—oraneune panuyce sTof
TOYKH, TO

ry=V{E+ortyE, r=V(E—cF+y (1)

OxaswBaeTCH A BHpawerHS GOKANbHLIX PALHYCOB MOWKHO YKa-
3aTh xpyrue oOpMylds, CBOGOAHHE OT uppauuouanbuocTeﬁ
B camom Ieide, ua pasenctsa (8) n° 84 umeem:

VE—orry=x(Sr—a);

BAECh 3HAK TMIOC OTHOCHTCA K Cydalo, Korza Touka M maxo-
[+
Aurcs Ha npaso  setsn rmnepfond. [loparas —-=¢ 4
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npuHHMad BO BHHMaHHe BTOpPOe H3 pasencts (1), moayuum:
ry= - (ex—a). 2)

Yto6n BupasuTh nepenit okanbrui paznyc, BOCNOAL3yEMCA
OCHOBHEM COUTHOLIGHHEM: ry—Fy = -4 24, T 3HaK UAOC TAKKE
OTHOCHTCH K TOukam DpaBol BeTBH rHnepSoan, Hs storo co-
OTHOIIEHHA HAXOAMM ry=ry 4+ 2@ =4 (ex--a). Hrak, nasm
TOUeK mpasofl ReTAH rumepboN

r=etx-ae, rg=tgx—a, (3)
AAA TOYeK nepolt BeTBu
ry=-—(ex-a), ro,=—7{(8x—a) (4)

Ite dopMynH CYULECTBEHHO HCMONB3YIOTCHA B CAEHYIOUIEM
naparpade,

§ 34. Owpekrpuacw 3nnumca H renepGons:

97. PacemorpuM kakoft-unGyIb 3AAMNC ¥ BBEARM JASKAPTOBY
TPAMOYTONEHYI0 CHCTEMY KOOPAHHAT TaK, YTOOH 9TOT SJJHIC
OnpENenANCcH KaHOHHYECKUM YPABHEHHEM

Lpde,
TIpeanonomim, YTO PacCMATPRBAEMEIH S/IIHIC HE ABAARETCH OKPYH-
HOLTBIO, T. @. UTO @ == W, cnenosatensno, ez=0. [lpeano-
AOKHM €LIe, YTO STOT SAANUC BHTAHYT B Haupasaesud ocu OX,
T, 8. 4To @ > b.

Hlee npamue, nepnedduxyanapusie & 6oa6uiof ocu asaunca o
PACROAGICEHABIE CUMMETULRO OTHOCUTEALHO HERTPG N PACCTOR-

a
Hui iy 0T HKe20, Ra3ueawTen 5upempucamu saaunca,

Ypasnennst QHPEKTPHC B BHOPAHHOK CHCTEME KOODAHMHAT HMe-
0T BHA

X=——— H X= --I--E .
-3
[TepById M3 HUX MH YCJAOBUMCH HA3WBaTh ACBOH, BTOPYIO —
npanroi.
a
Tak kax ang sananca € << 1, o Y > a. Orcona caegyer,
YTO NpaBan ZKPeKTPUCa DPACHONONEHA [paBee MPAROH BepIMAN
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S/numCa; aHaJOTHYHO, JIEBAN JHPEKTPHCA pPacmo/oweHa Nepee
ero Jepol BepIIHHW. DNAHNC BMECTE ¢ AMPeKTpHCAMH U300pa-
WeH nHa puc. 59, _
98. PaccmoTpny Kakylo-unGyab runmepSony W BsegeM Je-
KAPTOBY NPAMOYTONBHYI0 CHCTEMy KOODIAMHAT Tak, 4YToOH ®Ta

LI

Puc. 59.

THNepGona OMPefeisnach KAHOHHUECKMM ypaBHEHHeM

2 2
SN

a? b2
Hae npawmole, nepnenduxyrspuvie K& TOU ocd eunepboas,
Kaoropas ee REPECEFCGET, 1/ pacno.ao:uce!-mme CHM’MGTPH'{HO OTRO-

2]
CUTEADHO UEHTPA RA PAaccToanul n OT Hee0, HAIBBaroTCA du-

pexTpucamu aunepboast.
YpagicHHE HEHPEKTPHC B Buﬁpammii CHCTEME  KOOPAHHAT

HUMEIT BRA

a a
¥=-—— u xm—-l-;-.

Tleprylo K3 RHX MH YCNOBHMCA HA3HBAThH JNesolf, BTOPYIO ——
nparof.

a
Tak xak ana rumepfonu g > 1, 7o -5-< a. Orciona cae-

IyeT, YTO npaBas XMPEKTPHCE PACOGIOMEHA MEWAY IICHTPOM H
npaBoit Bepmmofl runepGo/iH; 2HANROTHYHO, NeRad JAMPEKTPHCA
PACTIONOMEHA MEXIY HeHTpPoM ¥ JeBodl sepuinwodl, [mnepdona
BMECTE C AHpeKTpHcaMH H3oGpamcena Ha puc, 60,
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99. 3nauenue AUPLKTPHC HNCA H TANCPGOANH BRIABAALTCH
CAEOYIOWUME NBYMA TEOPEMaMu,

Teopema 11. Ecau r—paccroanue or npoussosshod
TOYKU 3saunca 0o Kakoeo-nubyde oryca, d-—paccroanue or
T0d ke ToUuKK 00 cooTeercTayouield aromy orxycy OGupextpucet,
r
d
CUTETY SAMMNCA:

TO OTHOWEHUE eCTHd NOCTORMKNAA BeAUNURQ, PABHAR SKCUEHRT PU-

=g
rimht

DoxaszatenrcTro. TNpeanonokmy ans onpenesentocT o,
yTO peyds MaeT o npasom ¢okyce u npasoRl anpexrpuce. Ilycrs,

U £z --—:-}
a
i
|
1
(A
L2
5 (] U
-(--%—t-
Puc. 60,

M{x; y)—nporasonpuas Toyka aanunca (eM. prc, 59). Paccros-
Hue 0T M 0 npasod AHPEKTPHCH BHPaKAETCH PABEHCTBOM

d=2—x, (1)

KOTOpOE JIerKO YCMaTPHBAETCA H3 YePTewd; pacCTOSHHE OT ToY-
ku M g0 npaeoro ¢okyca maeTcs BTopoH m3 dopmya (2) § 27:

r=ag—ex, (2)
M3 cootvomennit (1) u (2) umeem:

47z a-—ex
P

r__a—ex  {a—ex)e

Teopema nokasana.
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Teopema 12, Ecau r—paceroanue or npoussoasnol Touky
zunepboanl do xaxozo-w#ubyde osyca, d-— paccroante or 1ol Ke
Touku G0 coorsercreyroujel atomy Goxycy OupeKTpucsl, T0 OTHO-
T
3
eunepbool:

ienue @CTh NOCTOAHRAA BCAUNUHA, pAAHAA 3IKCYLHTPUCUTETY

I
L e,

Hoxazatenscrro. [IpeanonomuM ans onpeienesHoCTH,
uyTO peub HAeT 0 npasoM dokyce u npasoit aupekrpuce. [lycTs
M(x; y)-—npoussonbaas Toyka runepGoant (cm. puc. 60). Ham
npHIeTCs PACCMOTPETh JBA Cay4Yas:

1) Touka M naxoantcss Ha upaBoff monosune ranepGosL.
Torma paccrosane ot M 1o npaBoft ZHPEKTPHCH BHPIKACTCR
PaBeHCTBOM

d=x—= (3)

e ¥

KOTOpOE METKo ycmaTpuBaeTcd u3 yeprewa, Paccrosue ov
rouky M no npasoro dokyca naerca sropot n3 dopuya (3) § 33:

r=gx—da. (4)

N coovnowenut (3) n (4) umeem:

2) Touyka M naxoxuTcd na nenroft nonosune runepGonn. Toraa
paccTonnne 07 M ae npapol ARPEKTPHCH BRPAKALTCH PABEHCTBOM

d=|x]++

a
(] % j—paccroanue or Touxn M mo ocn Oy, —— paccrosHue

OT JHPEKTpAcH A0 ocH Oy, d ecTh CymMMa 3THX PACCTOAHHE);
HO Tak Kak /M HaxoXZMTcs HA NeBOfl IOJOBHHE THTEPSOAM, TO X
€CTb BEJAHYMHA OTPHLATENBHAd, CAEAOBATEAbHO, |X|=-——x, #
MBl NOAYYAEM:

d=—x-}%. (5)

Paccroanne ot M po npasoro doxyca pmaeTcsE BTOpod 3
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dopuyn (4) § 33:

r=-—(ex—a). (6)
M3 coornowmenult (5) u (6) nmeem:
r_ —(ex—a) _ (-—ax+a}s2 e
d —x-i—% —ex+a

Teopema goxazana.

100, CeofictBo 37aAHNCa M THnepGoinl, BLIpAXKEHHOE IPEIH-
EYUIHMH TEOPEMAMH, MOXHO MOJICKMTb B OCHORY ONpPEAEneHHd
9THX Aunmit. UMEHHO, ceomeTputieckoe MecTO TO4EK, DAL KOTOPbLX
paccrosrue r oT HekoTopoil fuxcuposannoli Touku (oxyca) u
paccrosnue d 00 nexoropod pukcupogannol npamod (dupex-
TPUCH) HOXEIATCA 68 ROCTOAMHOM OTHOWCHUY

’

d
ecTs 3sasunc, ecau €< 1, eunepboaa, ecaw &> 1, (Hrobw
yOenMThCS B CHPABEANHBOCTH TAKOrO YTBEPWUCHHA, HYHHO
BLBECTH V[aBHEHHE YKA32HKOTO [EOMETPHIECKOro MecTa n
YCTGHOBHTA, YTO NOIYYCHHOE YpaBHenHe MNPENCTaBIAeT COGOH
YPABHEHHE ULIHNICA HAHR THREpOON, COOTBETCTBEHHO CAYJanM
el ne>l)

EcTecTBeHHO MOCTaBMTBL BONMPOC, YTO NpeACTamAfeT coboi
TEOMETPHYECKOE MECTO TOYEK, ONPElencHHoe 2HAMOIHYHBIM O0-
pascM, HO NpH YCHOBHH &=x1, T. €, reOoMETpHUEeCKOe MEeCTo
Touer, An# xakaofl w3 korTopwx r=d? OxasmBaerca, 8TO
€CTh HEKOTOpas HOBag JJ8 HAC AuBps BTOPOrO AOPANKa, Ha-
3nBaeMasi napabonoi.

=g {2 = const),

§ 35. NMapaGoaa.
BuiBOj, KAHOHHUECKOTO YPaBHeHH: HapaGolim

101. Tapaboaod HaswieaeTcR ceoMeTPUMECKOE MECTO TOYEK,
Ban xadcdoldl u3 koTopeix paccrosxue 0o Hexoropoil duxcupo-
BAHHOL TOUKL NAOCKOCTH, HasviedeMofl (Poxycom, pasHo pac-
CTOANWI0 Q0 HekoTopol urcuposannol npamod, xazweaenod
dupexrpucod (mpeaIonaraercs, 4TO 5Ta (PAMAA HE TPOXOUMT
yepes doxyc).

dokyc papabonu nprALTO 0Go3HavaTe Oykeoil F, paccTosnue
oT Qokyca 10 RAPEKTPHCH — OyKROR p. Beandusy p HasHBAOT .
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hapamerpos napaGonn. Haobpanenne napadonu nauo na puc. 61
{ucuepunBalomiee MOSCHEHHE ITOrO YepTexa uuTATeNb MONYYUT
f0C/1¢ YTEHHA HECKOMBKMX CAGAYIOLUX MyHKTOB).
3amevanne. B CcOOTBETCTEHH ¢ Manowensuym B n° 100
TOBOPAT, YTO napaborg umeer srcueATpucurer g=1,
102. Ilyets nana xakas-subysb napaGoda (Buecte ¢ Tem
MM CYHTaeM 3aldHHBIM [apaMeTp p). BmeaeM Ha HA0CKOCTH
ACKApTOBY DpPAMOYIOALHYIO CHCTE-
& My KOODHHHAT, OCH KOTOpOH pac-
4 L NONOWHM  CRHEUHAaJBREM  06Pa30M
o OTHOWIEHHX) K Aassof napaGo-
ae. Mimenno, och abeumee mpose-
Acw uyepes GOKyc HepnerauKyasp-
KO K IupexkTpace # 6yneMm CUHTaTh
T €e HaupapaeHHON OT AHpeKTpucH
K ¢okycy; madano koopamHar pac-
NONOMEM ROCPRARHE Mewny (oky-
CoM u JHpexTpHcoM (puc, 61).
Biisenem ypasnenwe nasno#i mapa-
Gom B ITOH CHCTEME KOOpAMHAT,
Bosbmenm Ha nnockoctd npons-
BOABbRYIC TouKY M M o0Bo3uauny ee
KOOpAHHATH 4epes ¥ u y. OGoa-
HAYHM Jfanee 4epes s paccToOdHHe
or Touxn M po doryca (r=FM),
ucpes d--paceTosnue or Toukd M ;o aupekrpucol. Touka M
OyAer HAXOAUTHCK Ha (Xamiuoft) mapabojie B TOM H TOJBKO B
TOM cAyuae, KOrza

o [l

Puc. 61.

r=d. (1)

Y001t NONYy4YHTH HCKOMOE ypaBHenne, Hyxuo B paBexcTBe (1)
3IMEHHTD NEPEMEHHBIE 7 H d UX BHDAMEHHNMH 4YEPes TeKyLiHe
KOOpARHATH X, y. 3ameTuM, uTo ¢oKyc F uMeeT KOOPIHHATH

(%; 0); NPHHAB 3TO BO BHHMAHUE H TpUMEHSt hopmyny (2)

n° 18, waxoaum:
2
r= ]/(x—%) R, @)

OBosnaynm vepes  ocHoBanme NCPIEHANKYAIAPA, ONYLEEHHOTO H3
TouKH M Ha AupexTpucy. Osesuzno, Toska Q Hmeet KOOPAHHATH
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(——-g-; y); orcioga. © B3 dopuynn (2) n° 13 noayyaes:

d-_~MQ=]/(x+%)“+(y——y}2=x+% (3)

(npu H3BACHEHUH KOPHE Mul B3AJH x+-'g- €O CBOHM 3HaKOWM,

TAK KaK x—{——g————tmc.no NOJOKHTCABHOE; 9TO CALAYET H3 TOTO,

uyto Toyka M(x; y) MoMKHA HAXOMHTBCH ¢ TOR CTOPOHH OT
JHPEKTPHCH, [Ae HaxoauTes Goxye, T, @ JOMKHO OHTH X >

OTKYHEA x+—g~ > 0). 3amenas B pasencrse (1) r nd

.
21

ux BupakenuaMmu (2) r (3), Hafizewm:

V (=) ty=s+2. )

310 W ecTh ypassenne paccmaTpuBacMofl nmapaGonH B HA3HAYEH-
HOHM cHCTeME KOODIMHAT, TAK Kak €My YAOBACTBOPAOT Koop-
AnHaTti Touku M(x; y) B TOM B TOABKO B TOM CAyYae, KOrza
Touka M aewmT Ha mandHo#t mapaGone.

Hmes B BuAy nmonyuuTeh ypaeseuue napabonst B Goaee npo-
CTOM BHIE, Bo3BeldeM o6e 4YacTH paBeHcTBa (4) B KBaapar; mo-
TYYHM:

w—prtBp =2 ppx+ 5, (5)
HAH
yr=2px. (6)

Ypaptenue (6) BuBeneHO HAMH KAK CJACACTBHE ypaBueuus (4).
Jlerko moxaszaTbs, 4TO ypaBHende {4) B cBOIO O4Yepelb MOMeET
OHTBH BHBELEHO, KaK caAcAcTBHE ypassenns {6). B camom nene,
H3 ypapnenns (6) ouepHnunM 06pagom («OOPATHHM XOIOM») BEI-
BORHTCH YpasHesue (D); Xanee, u3 yparnenus {3) umeem;

E P
V (s—5)+r==x(x+5).
Ocraerca nokasatb, 49TO, €CAR X, Y YHOBJASTBOPSIOT ypasHe-

Bulo (6), To 3Mech MOxHO BRGDATH TOAbKO 3Hak nnioc. Ho sto

2
ACHO, TaK KaK M3 ypasHeHua (6) x = y—, caenoBaTeNbHO, X =0,

2p
no3TOMY x-[—é— €CThb YHCAO NOADKHTENAbHOe, MH npPHXOIHMM
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K ypaeHewuio (4). Tlockoabxy wkawmoe w3 ypasuenuft (4) u (6)
€CTh CICACTBRE NAPYroro, OHM 3KBHBajentHH. OTCIOOA 3aKNI0-
yaeM, 4TO ypasnenue (8) Asanerca ypassenuem napaboasi.
10 ypaBHenne BA3WBACTCH KAHOMUMECKUM YDABHEHHEM Ta-
padonn,

103. ¥Ypasnemne y®=2px, onpesensiouice napabony p we-
KOTOpOH CHCTEME XeKapTOBHX NPAMOYTOABHHX KOOPAMHAT, €CTh
ypaBuenwe mTOpoH cTenmedm; Taxum oGpasoMm, napafoaa ecTe
AUHUR BTOPO2O ROPRGKA.

§ 368. Hccaeposange dopmu mapaGoias
104. locTapaemca npu NOMOMIM aRAZH3A YpaBHEeHun
Y =2px (1

yacHuTL cebe ¢dopmy mapabonm w Tem ¢aMiM 000CHOBATH BHIlle-
yKa3aHnoe H3OGpaWeHHe ee HA 'IepTeMe,

Tax kax ypamnenne (1) BinlouaeT y TOABKO B ueTHOH CTe-
nesy, To napabona, KOTOPYID OHO ONpeAeNnserT, CHMMETPHUNA
OTHOCHTENBHO ocH Ox, [1o3TOMY HaM ZOCTaTOYHO H3YUHTH AHOIK
yacTh ee, NeXAUYW B Bepxuelt noaynaocxocTH. 3Ta yacTh na-
paGoau onpelenseTcd YPABHEHHEM

y=+Vpx. 2)

Tpn OTpHUATENBHHX 3HAYEHHAX X YpaBHeHue (2) ZaeT MHHMHE
anayenns y. Cnenomatennso, nemee ocn Oy uH oaHoH Toukm
napaGonn wer, IIpr x =0 noayvaem y=0. Takum oGpasom,
Ha4aAQ KOODAMHAT NEXHT RA mapaGone u sBafercs camoft «ne-
Boity ee Toukofl. [IycTh Teneps X BO3pacTaeT, HAYHHAS OT HyAS;
KaK BRAEHO H3 ypaBueHHa (2), npu aTOM y GyAeT Bce Bpems
Bo3pactaTh. VI3 ypasnuenusn (2) BuaHo Taiwe, 4TO ecAu X ~— oo,
TO H y =+ co,

Takww o6pasom, nepemennas Touka M (x; y), onucuBsaoman
pacCMATPHBAEMYI0 4acTh napabosbl, HCXOOHT H3 HAYaAa KOop-
ZUHAT M JBUXETCA GBIPABO» M «BBEPX»; YZAJNEHHE TOuKH M
Kak ot ocu Oy «enpaBo», Tak H OT ocu Ox «BBepX» fBAfETCH
OeckoneduniM (puc. 62).

3ameuvaune. CywecTBenns eme ABa CBoficTsa mapa-
Gonm: 1) wanpasaenme ee B Toyxe O (0; 0) neprnengugyaspuo
k ocn Ox, 2) vacTh nmapabonw, Aexamas B BepxXHelt noaymio-
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CKOCTH, cBOeH BHNYKAOCTLIO ofpauleHa «BBepx», Puc, 62
BHIIONHEH C y4YeToM 3Tux csolicte. Mu ne Gyxewm, onzmako,
EOKA3LIBATD, UTO OKH OeHCTBHTENBHO HMEIOT MECTO, TaK Kak
TAKOTO. PONA HCCAEIORanHE JMHMI Haubosee ecTeCTBEHHO Npo-
BOAHTE CPEACTBAMH MAaTEMaTHYECKOTO aHafH3a.

105, Tloce Toro, kak Mol ycTanoBuAH opmy vacTu napadon,
Aexcamell B pepxueH nodynAoCKOCTH, yCTaHOBNeRHE dopMu wegsoft
napadonn yxe #e TpebyeT HH Maieduero Tpysa. Hag storo no-
CTATOYHO TPOHIBECTH 3JepKaibnoe
OTpaNenue oTHOCHTENbHO ocH OX. ¥
O6uiee npegcrapicune o NeaoH na- P
paGone, 3amanAoll ypapnenuem ;

yi=12px,

Jaet paccMoTpennnit panee puc. 61. »

Ocb cummeTpud napabonu o6HY- g
HO HA3HBAETCH TPOCTO €€ 0CHID
(B MAHHOM CAY4aC OHA CORMENIEHA
¢ ochio Ox). Touka, B KOTOpOH
napabona mepecexaet CBOK OCb, Ha-
BHBACTCH €€ BepitHor (B LAAROM CNytae BEPILHNA COBNATALT C Hi-
yanom Koopauear). Yncnop, T. e. napaMeTp napabefikl, EHpakaet
paccroande oT dokyca D0 AHPEKTPHCH. eoMeTpHUECKHA cMbIcH
[IAPAMETPA P MOXKHO OMHCATh EULE CALAYIOILHM OOpasoM, BoseMeM
kakoe-vulyab -onpeneneHHoe 3HaYeHwe abciucchl, HANPHMEp
x =1, n Haligem W3 ypaBrexua (1) COOTBETCTBYIINHE 3HAYEHHH
OPRANATH: y=i]/2p. Mu nonyuaeM ua napabone  IBE TOYKH
M (1, =V 2p) u My(1; —V 2p), CHMMETPHYHHIE OTHOCHTENb-
HO OCH; pacCTOfHHE MEXAY  HMMH DPAaBHO 2]/-2p. Tamm ob-
paaou,.2]/2_p £CTh JJMHAZ XOpAW napabodsl, TPoBeXeHHON nep-
NEHIUKY/APHO K OCH HA PACCTOSHHM B ONHY CANHHLY JMKHH OT
BepHEN, Mbi BHAHM, 4TO IJMHHA 9TOH XopaW (=2 V'2p) ten
Goabtue, ueM Goapwme p. CaenoBaTenbHo, HapaMeTp p Xapax-
TEPH3YeT «IIHpHHY» ~061acTH, Oorpannyernoft mapabonaolt, npn
YCAOBHH, 4TO 3Ta «IIHPHHA» UIMEPASTCH NEPHEHIUMKYNAPHO K OCR
Ha ONPEAENEHHOM PAacCTOMHHM OT BEpPUIHHLI,

106, ¥Ypasnenne

Puc, 62,

yi=—2px {3)
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(0pH MONOKHTENBHOM P) CBOAHTCE K YPABHEHHIO ¥? = 2px nyTem
3aMensl X Ha —Xx, T. €. DYTEM NpeobpasoBanHA KOOPRMHAT,
KOTOpOE COOTBETCTBYET HIMEHEHHI0 Hanpasiennd ocw Ox Ha
nporueononoxioe. OTciona cneayer, 4TO ypagHenue y* = — 2px
TaKke onpenenseT napaboly, OCh KOTOPOH COBMENieHa C 0CLIO

Ox, a BepumHa —C HauaAoM KOOpPILH-

i HAT, HO KOTOpadg pacnojIokeHa B Je-
BOR MOJYyNNOCKOCTH (TaK, KaK LOKA33HO
Ha pHc. 63).

107. Tlo amanoruy c¢ npegRIYUiHM
MH MOXEM YTBEepKIATb, YTO KAWAOE H3
Iy ypaBzueH#

x*=2py,
x?=— 2py

{p > 0) onpezenser napaboxy ¢ Bepmy-
HOH B Hayane KOOPIHHAT, PacROJOMKEH-
Pre. 63. HYI0 CHMMETPHYHO OTHOCHTEAbHO och Oy

(3TH ypasHeHust napaGonal, KAK H Ypas-

Hewust (1) # (3}, naamBaror kasonuueckumu). [lapaBony, onpese-
AsemMylo ypasneHneM. x2=2py, mu GyIeM HaauBaTb 80CX0IRLCE,

¥ ¥

Q) o/
Puc. 64.

onpegenseMylo ypaBrenueM x?= -—2py — nucxofaued (cM. co-
OTBETCTBEHHO DHC, 64, @ M 6): ©TH HA3BAHMI eCTECTBEHHHW I ue
7pebyloT pa3bACHEHHH,
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§ 37. lNoaspHoe ypasHeHMe SJAHNCA, ruRepbONH ¥ Napabonn

108, Tlone3yAch pe3ynbTaTaMy, H3NOkeHHEMH B 68°0° §9—102,
MH sbic0eM NOAAPHOS YPABHEHUE 3ArunCh, 2unepfoas 4 nopa-
Goap (110 dopue samucH ofimee AN 3THX Tpex JuHull) npu weKko-
TOPOM CREYUAABHOM PALROAGHeHUd noARpHol ocu. OToBOPMMCH,
ONHAaKO, 4TO B c/MydYae rHOepOOAH 9TO YpaBHEHHE ONpeLeiader
THHIO He LIGTHKOM, a TOJBKD OZHY €€ BETBb,

IycTr Ham nana Kakad-suGylb W3 HA3BAHHLX AMHKA: 3AARDC,
runepbona nan Aapabofa (echy JaBHad AUt rHuepboaa, TO Mu
OyJem paccMaTpHBATL  KAKYIO-HH- g
Oyzp OAHY €e BeTBb); 0GG3HAYHM d p, L
ee OykBol L, /) e

[Iycrs F—dokyce auuun, g--

1

L]
COOTBETCTBYIOIAL 3TOMY okycy § = /s ;
AHPEKTpPHCcA (B ¢aydae rHMepBou / !
B kauecTRe F H g Bo3nMeM ¢dokyc 8 i
H IupeKTpHcy, Gmmkalimine Kk pac- J F Ny

cMaTpHBaemoll BeTRH),

BeeneM noanpuyio cucTemy Ko-
OPAHHAT Tax, 4rolfp MoalC COB-
MecTHacH ¢ doxycom F, a noasp-
Had OCb HANpaBMtach M3 (oxyca
1Mo ocd auHHH L B cTOpOHY, npo- Pre. 65.
THBOMOJOWKYIQ OHPERTpPHCE g (pHC.

65). OGosnaumM, &ax obuuso, yepes p, O nonapuLe KoOPIUHA-
TH NPOH3BOABLHON TouKH M amvsw L. “To6nW muBecTH ypabHe-
nde aupun L, OyAeM UCXoAuTh H3 COOTHOMIGHHT

T=5, (1

IMe &—3KCUEHTPHCHTET JIMHHH, 4 7 H d HMRIOT TOT We CMHCH,
yro u B n°n® 99--102,
Tak kak noawe cosmewen ¢ goxycom F, 1O

r=p. {2)
Harnee,
d=QM=DN=DF { FN=DF-pcos9, (3}

Ilycts P---Touka, pacnonoxennas Ha auuMe L rtak, Yro orpe-
30k FP nepunennukynsapen kK ocyu nuenu L, B p— nmua oTpeska FP,
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Hsaue rosops, p ecTe noaosuna doxassrol xopdot aunuu L, nep-
nenduKyARpROG K ee OC4; 9TA BE/HYHMHA HAZHBAETCH POKAALHBIM
napamerpomr *) nunnn L,

BenencTBRE OCHOBHOIO COOTHOWIEHHA (1}, KOTOPOE OTHO-
CHTCA KO BCEM TOYKAM NHHHK L, Mu HMeeM (B 49acTHOCTH AnA
TOuKH P):

FP __
SFTE
- Fp p
OTKYyZa bP=T=-E-. Ho SP=DF;, cneaosarenbno,
DF= i .
e

M3 nocaeanero pasexcesa M paseHcTBa (3) nonyvaem:
d= L +pcosh. (4)

[loacTasndas Teneps ‘B AeBY 4acTh ypassenHa (1) smecto ru d
©Xx BoipamenHa (2) u (4), nakzem:

—-...-.-..—p...___.._ =g ’
-5+p cos0
OTKYAa
£ (5)

P=T"%cosp"
3T0 H ecTh TOJADHOE YypasBHeHHe 3AAHnca, runepboiw (BepHee
oano# peTBH rHnepfoAn) H napaGoaun. 3xech p—dokanbHHN
napameTp, €--- SKCUEHTPHCHTET KpHBOK. YpasHenue (5) Hcnonb-
3YeTCH B MexaHuke,

§ 38. Jlnamerpw nuusik sropore mopaaka

109. Baxnoe B HeOMMNAHHOE HA HepBRA BIrnam cBofictRO JMHUE
RTOPOrG MOPAKKA (3anunca, THNepGONH U NapaGoNk) BHIPAKAET CACAYIO-
as TeopeMa:

Teopema 13. Cepedunet napansessnsix xopd Aunun  emopozo
nopsdKa aAexam Ha o0xod nprmod.

*) B mom caysae, Koraa Juuuwa L ecTh napabona, FP=PS
{cw. n°® 101), chenosatenvio, p==PDF, T. e, p PaBHO pPACCTOAHHIO OT
.okyca Xo nupextpucH. TakkM of6pa3oM, B 3TOM CJAYY3e BeJNHUHEA P
COBIIAJAET ¢ NAPAMETPOM NaPaGOIL, C KOTOPLIM Mbl BCTPEYANUCH YiKe paHee,
ofoayagan ero Toff xe GyKBOH.
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Hokasateawctso. 1} Hyere paHHas JuMHHA ecTs SAXHBIC
X3 yl
FtE=l (1)

(puc. 66). Ofo3raunM yepes & COMHA Yr/ioROH KOXDHOHENT Mapannens:
HBEX XODJ; TOTHA YPABHEHHE KaX[oH H3 HHX MOXer OnTb HZMHCAHO B BHAE

=kt @
3Rech ! NNA PEIHLIX XODA UMEeT PA3HHE 3IHAYCHHA,

BygeM HCK4aTh KOHUW XOPAH, onpefensieMoll ypaBHeHuew (2) npu
KaKOM-HHOYIb sHaveHun /. Pewas copmecTHo ypaekerns (1) # (2), uckmo-

UYHM H3 HHX Y, NOAYyYHM:

2 (kx1)? v
@t =h Y,
Uiy . 7
{2 a%k?) x3 4 20%kiIx+
+a—p=0. (). - 7 2
Kopru ¥,, ¥; 9T0TO KBaJpaTHOro
. YPaBHEHHS CyTh a6CHHCCH KOH-
uoB My, M, xopau, TlycTh Touka M
My (xq4; yo)—cepennua a0l Ke
XODAbI; TOrja
x1+'t‘a PHC. 66,
Xy =T .
Ho, no nHspectHofi TeopeMe o cymme xoprefl kpajpathoro ypaBHeHHS,
] 202k
CR i Fw
CregoBate/ibHo,
_ aki
YT T et
3nan x,, Mol Hafizem y, W3 ypasReHus (2):
Ny k! bt/
_y°=kx° +£ﬂ=—b—-———-—'+a’ka == b—_-’-l-ﬂzk' .
Hrax,
azkl b2l
WS EIgm  hTEram )

Mensa snecs I, Mu GyleM MOMyYaTh KOODXMHATH CEDEAHH PasMHAHEIK
napanniebHnx Memny cob)10 XOpl sdAadlica, HO HAPR 3TOM, KaK BHAHO
#3 COOTHOWEHRH (4), Xy, Yy GYAYT HEH3IMEHHO CBA3AH YPABHEHHEM
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HIB fo=R'%X; rAC

. b
Takum 06pazoM, cepelighbl BCEX XOPL /€XKAT HA NPAMOH
y==~kx (6)
2) INycts Rannas JAHHEA €Tk runepbona
n
=] 0

(prc. 67, a, 6). OG0o3HaunM yepes f oOulMA yraoBok Ko3thMHIUEHT Napas-
NeJbHHX XOpIH; TOI[d YPABHEHWME KAXK/IOH U3 HAX MOMWET GHTb HANHCAHO
B BHIE

y=he+L, ®)

3amernM 3apanee, Y10 XOPAR I'NNepOOSE He MOTYT GBITh NapasiiedbHEIMA
ce ACHMNTOTAM {(TAK KAX KamJas IpsAMasd, NapafieJbHas acHMITOTe,

nepeceKaeT TEIepOOIY TOJAbKO B OAHON TOUKE); NDaTOMY & # -—2- Hk# -—% .

y [
4
#
"% N
b I S z
0|~~~
%
e é/
Puc. 67.

Bynew wckare HOHUR XOpist, onpegeasemofi ypasnenweM (8) npu xakoM-
nufyab swagenuy [, Pemast coemectHo ypasuemua (7) B (8), HersounM
H3 HHX Y; MBl MOJYYEM:

A (i
at B
e
(V2 —a?k?) x2—2q2kix—q? (1%} b2) =0, (9)

b
Tax xag & # £ o' ™ b3—q%R% &£ 0. CnegobartennbHo, ypabHeune (9)
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gannfgeTcs KBAEPATHLIM. KODHH STOr0 KBaEpPAaTHOTO YPABHEHHE X;, Xz CYTh
aficuHeesl KoHnos My, M xopau. Ilycre M, (x; y,)—cepeguna stofi
e XOPAbl; TOCJA

Tpumenns TeOpeMy O CyMMe KOpHER KBAKDATHOMO YPABHEHHH, HAXONHM!

20%h!
AtASE—an

athl
CieflopaTe/ b HO, L e ey 3nan x,, M HaBjeM y, U3 ypaBHeHHs (8)

atke! bel
y°=kx°+t=ba_asks+!= B aikt

Hrax,
atkl bl
uCll s Yo=p —agi" (10)

Mensst sgece I, Mu OyjleM NoJayYath KOODEHHaTH CepelHH PasAHUUEIX
napaa/iespHuX Mextly co00io XOpR rRnepGO/a, HO IPH STOM, KaK BUIHO M3
coorrowennt (10), Xo, Yo GYAYT HEHIMEHHO CBASAHH YPAaBHEHHEM

B _ 8
Xy Tak :
HAH Yo =k'xy, 1A
’ b’ 1
TaguM oSpasoM, CepenHHsl BCeX XOPJ JeaT Ha npsvolt
y=~k'x. {12)
3) Iycte, HakoHen, JaHEAan AWHWA ecTh mapadona
¥2=2px 13

(puc. 68). O6o3xauuM wepea k ofwu yraosofl xoaddATHEHT NapainesHEX
XOpA; TOrJAa YpaBHEeHHe KamJoli H3 HHX MOXer OLTh HANHCAHO B BHAe

y=hetl, a4

3aMeTHM 3apaHee, 4TO XOpHOel napaboan He MoryT OHTL HapaafienbHol
ee ocM (TdaK Kak Kakpad npAMas, NapalielbHad OCH, IEpEcexaer
napaony TO/LKO B OAHOH TOUKe); mosroMy k =0,

Byaem nckath KOHIH XOpae, onpeaensemofl ypasrenuwem (14} npa
kakoM-#ufyae snavenun I. Pemas cosmecrne ypabmenus (13) u (l4),
HCRJIOYHM H3 HHX §; MB DOAYYHM:

{kx 1 —2px=0,
WK

B2 2 (Rl —p)x+-12=0. (19)
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Tak kak k # 0, 1o ypaeuenue (15) nBnnerca keagpatenm. Kopun storo
YDPaBHeHs Xy, Xy CyTh abcnyceel KoHuos My, Mg xopasr, Hyers Mg (xy; yo)—
cepefliHa 9TOH e XOpiH, Mpl umeeM:

X .
Xo= 1;—& ’
{o TeOpeMe O CyMMe KOpHel KBajipaTioro ypaBHeHus
2(kl—p)
x1—|-x.3 = — _kg— N
CregonareibHo, xozp -’; . 3HaaA xg, Ml HAGJEM Y, M3 ypasuesna (14):
= Y e A
y.,—kx.;,+l-—k-—k-z—-—+l._ 7 .
HUrax,
—kl
xg=" s y‘,=%’.. (16)

Mennsa sgeck /, Mu 6yjeM ToJyuaTe KOOPAHMHATHL CEPefll PAIMHYABIX
Napante/bHHX MEKAY coGofl xOpR mapaGoim; Mpu 370M, KAK BHEHO 03

cootnowenni (16), y, 6yaer ocrasarsca
y M, HeU3MEHHO DaBHEM YHCAY % Takum

ofipasoM, cepefHHLI BCEX XOpA JiexaT
Ha nOpAMOl

y=-§. (17)

Y4
W KOTOpas MapajjenbHa OCH abcuucc M
’ BMECTE ¢ TeM Iapaj/eNsHA OCH Napa-
'/ Goanl,
Mst morau 6n Temepb. CKasaTsb,
Y 4TQ TeopeMa JIOK@3aHa BNOJHE, ecidH
z Orl He Gnao0. OKHOTO JledeXTa B TeXHHKe
HailHX BHuAcaenufi. [emo B ToM, uTO
MH IPeRcTaBaASAH XOPAb JHAKA BTOPOTO
AOpAJKa YPaBHEHHEM C YTJOBHIM KO5(-
tmnnentoM (BuAa y=~kx--[). Hamn
BHENAJKH, CIeROBATENHHO, TePAIOT
Puc. 68, CMEIC/T, €CJIH pPaccMaTpHBaeMHE XODAB!
napannersei-ockt Oy (Tax Kak NpsaMbie,
napanaenchbie ock Oy, He HMENT YI7OEQ-
ro xosipunnenta), OXHAKO IAS TAKMX XOPR YTEEPIKACHNHE TEOPEMH Cpasy
BHTEK3eT 43 CBOfICTB CHMMeTpHM SJANNCA, THieploAnl K napaGoJLI.
B camom gene, saaunc, ranep6ona ¥ napatoja, 3ajatiLe KaHOHHYECK RMU
ypapueruamu (1), (7) u (13}, .cummerpEantl oTHOCHTeAbHO ocH Ox. Cne-
AOBaTe/LHO, B B TOM CAYy4Yae, KOFAa XOPAEl 8THX JHHHA MapafnefbHhl OCH
Oy, cepernunl HX JexaT ma omHofi npamofl (Ha ocu Ox).
10. Tpauasn, npoxodauyan vepes cepedunbl NOPAALEALRYE X0P0 AUHUY
SMOPO20 NOPADKA, HAILIBACMER ee BUaMempon,
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Bee duamempl 3aaunca i 2unepbortl ApoXOTAm Hepes yenmp; 310 ACKO
TROMETPHYECKH (TAK KaK IEHTD ABASETCE CepefHHOR BeAkof npoxozsmeii
Hepes Hero XOPAH), 8 TaKiKe C€pA3y YCMATPHBaeTcs Ha ypastensnil (6)
u (12) n° 109,

CoraacHo ypasuernto (17) sce duasempos napalio st napasressiis: ee oci,

OrmernM sexoropnie cooficTBa ZUaMeTpos anaumea M rHOepGOMHL.

Paccmotpum saannce

x3 yﬂ
ET-]—-B?:].

[lyeth  k—yraomofi Kosdpunuent Kakoro-HwGyas ero amamerpa.
Tposefiem napamienbHo STOMy XHAMETDY XODXE! J/HICA; TeOMETPHUECKOE
MeCTO UX CepefiHH ecTh JPYTOR AHAMETP, KOTODHIL HasbBAeTCH conpasces:
Hpux mepaomy. O umeer yraosof kKoadpduuRent &', onpenensemuli pasen-
creoM (D), HaH

R =— (18)

BygeM temept HckaTth AuaMerp, KOTOPHI CONPSIKER AHAMETPY © YIVIOBEIM
RosthdunuenToM k’; analorvuno NpefmAymieMy, Yri0BoR Kospdumuens
k" 3T0T0 HOBOrQ LHAMETPA OH[ENSNHTCH PaBEHCTBOM

B =——.

Orciona u ws (18) maxomum: £" =4k,

Taxum ofipasoM, ecau odum u3 Beyx duasempos sarunca conprices
dpyzomy, mo nocaednud conpawen nepeosy. TlosToMy Takue ZuaMeTpsl
Ha3RWBAKOTCA @3QUMHO COnpA-
acennoesy, CooTHOMEHKE (‘:8) Y
HA3HBAeTCHA  YCA0BuEM conps-
acerHocmu Guamempoa (3aauN-
ca) ¢ yeaosvimu Kospgbuyuen-
manu B 1 k',

BaanmHOCTE  conpsxken- / Z
HHX AMAMETPOB MOXHO BHpa-
BHTBL elle TaK: ectu OOuA U3
dayx Quamempos assunca Oe-
Aum nonoaam xopde, napaas-
AeAbHbE dpyeoMy, mo nocied-
Hug deaum noneaasm xopoul,
napasseasutie nepeosy (pwc. Puc. €9,

69; 3TOT uepTeX HAMOCIDH-

PYET TaKme HHTepecHoe chel-

CTBHE NPefHIYIIEr0 NPeANONKEH ! KacaTebHHe K SATHNCY B KOHUAX €ro
ZNaMeTpa NapaiiefsHH Mexfy Cofofl M MapalieNbAM CONPAMEHHOMY
AnaMerpy).

Bce, uro SE10 cefivac CKa3aHO O ZHAMETPAX 3 J AHT C &, HeNOCPEACT-
BeHHC NEPEHOCHTCH Ha AHaMeTpH THNep6oa . ToAsKO YCAOBHE cOmps-
HCHHOCTH JIHAMETPOB rHnepBoiIkl HeCKORBKO OTJHYHG OT cooTHoweHus (18),
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Hmenno, ecnn rumepfonia 3aiada ypasHenneMm

2 ]
X___!L_=l

@B

TO YCJIOBHE CONPAKEHHOCTH €& JRAMETPOB & YIACBoiMH KOS(GOHIHEHTAMN
kuk ects
P
ki = (19
Ouo purTexaer H3 pasenctea (11).

Jamevaune. OcH CAMMETPHH SJJIRNCA H rHEepSONE! CYTH B3AHMHAO
CONpAKeHHNe XUAMET]Hl, TaK KX KAXAAA HI HHX JelMT NOonoJaM XOpSH,
napainenssbie Apyrofi. Cpeay Beex OCTaZBHBIX NAP CONPSMEHHHX Aua-
METPOB OCH CHMMETPHH SHUGARITC TEM, YTO ABATIOTCA NHAMETPAMA He
TOJBXO COMPSMEHHHIMH, HO H NEePNEeHAMKYJNRPHHMH LPYT K APYTY.

§ 39. OnTuueckne cpoilcTBa sAnMMCa,
rumepfoael W NMapaboan

111. K uscry nauGonee saMeqaTeAbHEIX CBOMCTB. S/LIHIICA, THNePOOTH
4 mapalONLl OTHOCATCA TaK HAa3kBaeMHe ONTHYECKHE X CBOHCTBA. 3mH
CpoiiCTBa, MEKAY IPOYHM, NOKA3BIBAICT, 9TO HA3BaHHe «(POKYCH» HMeeT
HCTOYHME B QU3HKE.

Mu copMyaupyeM HX mpefle BCErO YHCTO TEOMETPHUECKH,

1, Ilpamas, xacamowancs sAAMNCa B HeKoTopo# rouke M, cocrasiaser
pannule Yraw c doxkaabHMA pagHycamn FyM, FoM u opoxosut Bre
yraa FyMFs (pue. 70, a).

2, [pamas, xdtawomascs napaloas B Hekotopoll Togke M, cocras-
AsieT paBHEIE YLK ¢ (oxajdssEM pannycoM FM © ¢ AywoM, KOTopwi,

o "_\ H o
oK
a) &) 4)
Puc. 70,

gcxons 93 Tourkm M, HueT mapaasesbno ocH Hapalofibt B TY CTOPOHY,
KyA2 napaGoia Geckoneywo mpoctHpaetca (pue. 70, 6.

3. llpaman, kacaouasen runepfogst B HeKoTopoi Toaxe M, cocrae-
nfeT pabHule Yraw ¢ QokaAbumME paguycamu F M, FoM w npoxorur
Buyrpu yraa FyMF,; {puc. 70, 6).
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Mu He GyjeM OCTAHEBIMBATECH HA MOK23aTEJIRCTBE BTHX CBOfiCTS,
3aMetunt TONLKO, WO WA HOKAIATENBOTEA MX OPK NOMOLA BHUHCHEHHH
HYXKHO YMeTh BHDAXKATL YIVIOBOH KO(pHUHEHT KacarteAnHOH, SHAas ypas-
HeHne KPHBOH H TOUKY NMPUEOCHOPeHHs, COOTBETCTBYIOWHE NPABHAE TAIOTCA
B Kypoe MarTeMaTHyecKoro anainaa. Urobul puARNTh dusnyeckHil cMumca
NpHBeJeNHNX NPpeinoxeHnl, npeicrapuM cebe, YTO SINMNC, Napabona
HJIH TENepfosia epamaerca BOXPYr ocH (cofepmaineit doxycu). Tem camunm
cOpasyeTcA NOBEPXHOCTb, HE3HBAEMAA COOTBETCTBEHHO SJMMECOWJOM, [a-
paboioniom BJAH runepSojougoM. PeanabHana NoBEpXHOCTL TAKOrQ BHMA,
NOKpPHITAA aMmalibramol, npeAcTaBJaser -co0ol, COOTBETCTBEHNO, SJHNTH-
yeckoe, napaGoanueckoe HAH  runepGoanveckos Jepxano. IlpuurMag
PO BHHMAaHNe HIBECTHME B ONTHKe Y4KUHB OTpaMEHHH CBETS, 3aK/MO-
uaeM, 4ro:

), Ecnd MCTOYHHK CBETE HAXOMQHTCA B OfHOM H3 (ORYCOB 9A/MITH-
4eckorg 3epKand, TO JYUH €ro, OTPA3HBIIHCL OF 3¢pKafa, colHpawoTch
B ApyroM doxryce.

g. Ecou #cToYHHX cBeTA HaxoJutcl B (POKyce NapaGoAHYeckoTo
3epKania, TO JAYUH €10, OTPASUBIINCE OF 3¢PKana, HAYT NapaaNelbH OCH.

Puc. 71.

3. Ec/# HCTOUHWK cBETA HAXOAMTCA B OJHOM H3 (POKYCOB rHmepGo-
' THUYECKOTO 8ePKaja, TO JIYuH €r0, OTPA3HBIINCH OT 3epKaja, HAYT Aajee
TaK, Kak ec1R Ob OHW HCXONHJIM M3 Jipyroro ¢okyca,

Ha yxasammom ceffvac cpoiicrse napaGoauyeckoro sepKana OCIOBALO
YCTPOBCTRO NMposeKIopa,
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§ 40. daaunc, rumepbona u mapadona
KaK KOHHYECKHe CedeHHs

112, Creayiomas TeopeMa ¢ HOBOH TOMKH 3PEHHST OCBELIEET TeOMeT-
PHYECKYIO [PHPOAY 9JUHDCOB, Tknepbon u napatos:

Teopema 14, Cenenuen awbGo20 Kpyea0zo KORYCA NAOCKOCTIBIO (He
npoxodRwel wepe3 e20 septiuny) onpedertemcs Kpueas, KOMopas moycem
Obimo  Auwls 8ppuncos, eunepborod uau napabosod. ITpu smom, ecaw
NAOCKOCHTS nepeceraent fmOAbKe OOHY NOAGCMS KORYCR L no samKAymod
Kpueol, mo MQ KPUSAA eCmb IAAUNC, LCAL CEKYU{AR RAOCKOCMb nepece-
Kdem moAbKe 00HY ROAOCHIe KORYCA U NO HesgMxnymod kpusod, mo sma
Kpugas —aapaborn; ecauw RAOCKOCTI® Nepecckaem obe ROACCMIL KOWYyca,
o & cedenun obpasyemen sunepGoaa (puc. 71).

CoparepnupocTs 310ff TEOPEMH MOXHO YCTAHOBHTH, HCXORT H3 TOro
O6IIETO TQUOMKEHHS, Y0 PNepeceueHye NOBePXHOCTH BTOPArG NopsAiKa
IJIOCKOCTLIO ecTh JIHHHA BTOPOTO NOpsjKa (CM., HalpAMep, Hawly KHHTY
«Kpagpatuyusle gopMel ¥ Marpunsi» n® 31, 32).

M3 pHe. 71 Jerko ycmoTpeTh, 4TO, TIOBOpPauHBafl CeKYH[YIO MIOCKOCTH
BOKpPYr mpamolt PQ, MH 3aCTapHM H3MEHSTLCA KPHEYIO ceueHHA. Byayus,
HaNpHMep, NePBOHAYAMBRO HJUNCOM, OHA HA OJjHO MCHOBEHHE CTAHORHTCH
napaGoJoil, & 3aTem npeepaimaerca B rumepbosy. IMapaGonroft 37a Kpubasd
6ygeT TorAa, KOPfa CeKYIas IJICCKOCTE MapaslesbHa KacaTedbHOW mao-
CKOCTH KOHYCa.

Bcrnencrene cxasanHoro B 3ToM naparpade 3JIHNCH, TRAepGOJMED
R napaboabl Ha3BIBAKTCSH KOHUMECKUME CEHERUAMIL,
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NIPEOSPA30BAHME YPABHEHMA APH U3MEHEHHH
KOOPJHHAT

§ 41. Hpumepm npnsepcaun ofuiere YpaBHeHus JRHHY
BTOPOrO MOPHAKA K KaHOHHYECKOMY BELY

113, Baxno#t 3amauelt awanuTHueckol reoMeTPHH SBIAETCH
neenenopanHe  ofHIErO  YPABHEHHS JIHHHM BTOPOrG TOpPAAKa
1 nppEBejenue €ro K npocTefimum (kanonundeckum) gopmam, He
CTPeMSich pelaTh 3TY 3alayy B oGieM BHIE, Mil MOACHUM
B HACTOALLEM TNApAarpage TOABKO CYHIROCTh Jena, HONbL3YACh
KOHKPETHHME IPHMEPAMH.

lMpexcae Bcero c¢xenaesm ORHO 3aMevaHHe TeXHWIECKOro
xapakTtepa. Pawee (§ 15) Mm rnucanu obiuee ypaBHeHne JH-
1N BTOPOFD NOPAAKA, T. €, ofillee ypaBHEHHE BTOPOH CTenenn
OTHOCHTE/ILHO X, ¥, B BHIE

Ax*+ By -+ Cy*+-Dx - Ey + F=0,

Qanako B BGonbitHHCTBE GOPMYA Teopud MuRHE BTOPOro nopsi-
wa xosfduunentet B, D n F pxoast acaenusmu na 2, [TosTomy
oHlLee ypaBHERe BTOPOR CTeneHt OKAa3kBaeTd HEnecooGpastnM
3aNHCHBATD CAEAYIOWHM 0BPa3OM:

Ax?-2Bxy +Cy* -+ 2Dx -+ 2Ey |- F=0, (1)

T. ¢. 6ykBamu B, D u E 0603831a7h NOMOBHHL COOTBETCTBYIOUIHX
roapduunentor. Hanpramep, ecan xaHo ypasnenue

x2-4-3xy -} 22 4 Bx-Fdy +1=0,
TO
3

A=1, B=7

,C=2, D=, E=2, F=1.
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Yucna A, B, C, D, E, F HasusawTtca Kosguyuentany ypas-
nennd (1) (mo ortsomenuw K B, D u E 910 Hassanue, Kag
BHAUM, ycnosio). [lepsnie TpH unewa ypaeHenus (1), T. e, uiesH
BTOpO# CTENeHH, HAFWBAWTCA €r0 CTAPUIMY YNeHaMH,

Hrobm cpasy me Toka3aTh yAOOCTBO 3amHCH YpaBHeHHd
BTOpoi#t cTenenn B prae (1), o6paTHM BHuMaHHe HA cjlenylouiee
TOXAECTRO!

Ax? - 2Bxy 4-Cy*-4-2Dx 4 2Ey + F=
=(Ax+By+D)x - (Bx+Cy+E)y-+-{Dx+Ey+F), (2)

DpoBepKa KOTOPOTO He cocTaesnsier Tpyna, OHO NOXa3BIBALT, YTO
BTOPOIl, ueTBePTHH K NATHH unensl ypapHeuns (1) ecrecrBeHdo
COCTABJIAIOTCA M3 JABYX OJHHZKOBHX 3K3EMINAPOB KakIuil.
Townectso (2) nonAesHo BCO MHOTHX CAYIasXx ¥ BCKOpe Gynet
HAMH HCT0AbB30BAHO,

114, [lyctb jano ofuiee ypaBHCHHE AMHHH BTOPOTO TOpPAAKAl

Ax?4-2Bxy 4-Cy*+ 9D+ 2Ey + F=0. (1)

Tpebyerca ynpocTHTh 9TG YpaBHEHHE NYTEM Iepexoia K Apy-
FUM KOOpLvHATAM (OpH HAOM, Oo/iee BRITONHOM pPacloOXeHUH
ocelt).

YTouHHM ApexBARALeMBle TpeBoBaHHA:

1) Byx#o .1o6HTbCH, WTOOM B TPYNNe CTapIiHX TLAEHOB
HCYE3 YeH ¢ TPOH3BEACHHEM TEKYIUHX KOOpIRHAT; 2) 4TolH
YHCAO YNEHOR NepBofl CTeMeHH CTAaN0 HAHMEHBIIMM (eC/H BO3-
MOXHO, — COBCEM HX YRHYTOKHTH); 3} KpPOME TOro, eciaH B03-
MOWHQ, YHHYTOKHTH CBOOOJHHH uleH., YpaBHeHHe, NOJYYacMoe
npu co6Al0deHHH STHX TpeGoBaHHH, HASHBAGTCH KQHOHUYECKUM.
Janee npakTHUECKH TOKa3hBaeTCH, KAK CACHYET BHIOIHATh
neoGxomuMHe neflcTBHA, 4TOOW NDHBECTH JHaHHOE YpPABHEHHE
K KaHOHHUECKOMY BHIY.

ITpuwmep. TlpHeectH K KaHOHHYECKOMY BHIY ypaBHeHHe
1747 4- 12xy - 8y% — 46x— 28y - 17 =0, 3
Pewmenne Ilpexje Bcerc NocrapaeMcd YOPOCTHTL YpaBHEHHE
NDH NOMOMmM APAIETBHOTG  NepeHoca KOOpAMHATHHX ocefl, Ilepe-
HeceM HAuaJ0 KOODAYHAT B TOUKY S{Xy Yo), XoTOpylc TokKa Gyzmem
cuntate nponseosbHOK, Corsacno § 8 NOMYdHM COOTBETCTRYIOLIEE Ipe-

ofpa3oBaHHe KOODIHHAT: _ N

x=x-+2p Y=g-+Yo 4
MepefigeM b Aeofi uacTH ypapHewus (3) K HOBEIM KOODAMHATAM {T. €. 8a-
MeHHM £, §f HX BHpaxeHHSMu (4)); nocie NMpHBeASHAA NOLOCHHIX Y/IEHOB
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HangeM:
1752 4- 124y - 8y2 —46x — 28y - 17 =
= 1753+ 12x5+ 852 + 2 (17 + 6575 — 23} 5 1~
+2 (Bx0 8o —14) § -+ (17x3 + 12404y + Byo — 462,— 28y, +17).  (5)

B npeofipasoBardoM ypasHeHHH AaHHOW KPHBOR 4neHE! MepBOH cTenenn

HCUE3HYT, CIH MH HogbepeM Xy, Y, TAK, YTOOE! COGMIONANHCE PaBeHCTBA!
l?xo +6y0—23=0, (6)
6xo+8y°'—]4'—_-0.

Pewas sTit ypasuenns copMectHo, nosyauM: xp=1, y,=1, Cooopusii
qied npeofpa3oBaHHOTO YpPABHEHMS, KOTOPHIE MHI ofo3HauuM yepe3 F,
OCOOEHHO JIETKO MOJNCUHTAT, IIPH TIOMOME ToMcAectBa (2) ¢ yuetoM ypas-
nenmii (6):
F = 1Txg+ 12x050 -8y — 46— 284, + 17 =
= (17xy+ fiypo— 23) 29+ (520 + 8y —14) 4o+

+(—23x,— 4y, 1 17y =— 235y — 14y + 17 =—20.

Teneps HaTan0 KOOPAHHAT HOBOR CHCTEMEl HAXOJZUTCH BTOYKe S (cTaphle

KOOPRHHATE KOTOpo# xp=1, yy=1). ¥papueHne p HOBHX KOOPAHHATAX
HMEET BEL!

17x2 4 12554843 —20 =0, o)

3amernM, uTO Jepad vacTh ypaBHeHHs (7) He MeHAEICH IpH 3aMeHe £y
va — X, —y. [loaromy, ecan ypapuenno {7) YIOBJETBODSIOT HEKOTO-
pHe UHCAA X, ¥, TO YHOBJETBOPSIOT TaKke upcha —x, —y. 3xauamr,
t GIH  KaKad- Hnﬁynh TOUKA M(x, §) JEKHT HAa JaHHOR KPHBEOH, TO
TOUKR N(—x, —y) TaKme JemHT Ha jJaunoft xpusof. Ho Toukn

M@E y) u N(—% —p CHMMETPHUHH OTHOCHTeNLHO TOUKH S. Takum
0fpa3oM, Bee TOYKY JAHHOH KPHBON pacmo/IOMeHH NapaMH, CHMMETDHYHO
oriocureasto S (puc. 72). Touka S B srOM Caryuae Ha3HIBAETCS LEHTPOM
CHMMETPHH, HIM JIPOCTO LEHTpoM Zannoit kpHBoH. Tenepb scen reomer-
pHgecKnil CMECA NPOM3BEJEHHOrO NpeoCpasoBaHMsA! Hajalo KOOPARHAT
nepeHeceso B UEHTP KPHBOH.

Iponsgenem Aanee NOBOPOT NEPEHECEHHBIX OCRH Ha HEKOTOPHIE YToA ot
Coraacuo § 9 nomyunm coome’rcraylomee tipeabpasoBaiie KOOpAHHAT

_:5=x cos c—y’ sina, (8)
y=2x"sinoc+y’ cos .
3aMeHuM B NeBO} UaCTH ypaBHeHHA (7) BEAHSHHH X, J HX BHDZKEHUSIMH
{8); mocne npHseReHHA NOAOOHHX Yi€HOB Hafigem:
1752 - 154y + 8y —20=(17 cos? &+ 12 cos o sin o+ 8 sin? o) '3+
-2 (=17 cos & sin a6 cos2 ¢—6 sinfe -8 cos @ sin o) %'y +
+ (17 sin® o —12 cos & sin & 8 cos? o) y'2 —20, )]
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NocrTapaevMcs  noRofipaTs yroa o tak, utodn kosbduument npu x'y’
o0paTHACH B HYJb, A 3TOr0 HaM NPHAETCA PEUINT: TPHTOHOMETPHUuEl-
XKo@ ypaBHeHue:
—17 cosa sin -6 cos? ¢ —6 sin? g6+~ 8 cos x sin =10,
HAR
6sin®a+9sin o cos a—6 cost a=4.

6itgtat-Qiga—6=0.
Pewana nmosyyexmoe KpajfipaTHO® YpaBHeHHe OTHOCHTENBHO tg @, Halijesl

Orcona

1
tg « =5 W tg o= — 2. Bo3bMeM 1epBOS pelleHie, YTO COOTBETCTBYST
v 7 4 7
/ g
( 2
7 Va
/
6’{ A g \ T

Puc. 72. Pue. 73.

AOBOPOTY KOOPAMHATHEIX ocelt Ha ocTphl yroa. 3uan ig G, BHYHCAUM
cosa M sino
cos o= ml__=‘g"= 1
Vijtgta V5
e L
Vitigia V5

Orciopa u coranacra (9) HaxOAuM ypaBHeHHMe JaHHOH KPHBOA B cucTeMe

sina=

x', oy
20x'2 45y’ —20=0
Ui
L
1 4

Mpl NDAYMHIH KAHOHHYECKOE YPABHEHHE HJAMICA C ToAyocsMH 2 B 1
(GoAbluas OCh 3NAMMCA HAXOZUTCA Ha ocH Oy'; om. puc. 73).
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115. Ecan naHa xpHBsad BTOpPOro nopsaxa BooGuie:
Ax®3-2Bxy 4+ Cy? |- 2Dx +-2Ey - F=0,
TO ypaBHeHHs, onpejeisowye ee UeHTP S {%,, Vo), Hamuuyrca
TaK:
AxD_I-ByO_I_D:O:
Bx,+Cyy+E=0.

Tlocne nepenoca mavana xoopaunwat B UedTp § ypaBnenue dan-
BOH KpHBOH NpUMET RUAL

Ax? 1 2Bxy 4 Cy*+ F=0, (1

rae F=Ax2-1-2Bx.y, + Cy2+2Dx,+2Ey,+F. Ecan npuuenurn
TowaecTBo (2), TO

F={(Axy-+ Byy+ D)xy - (Bxg+Cyo + E) po+ (Dxo + Eyg + F).

TMpu ycaoewn, 4T0 X, yp ABAAKTCA KOODAHHATAMH UEHTPA
kpuBoif, yuntweas (1(), nadiaem:

F=Dxy+Ey,~F.

Yrobul moayuuTh ypasuenns (10) u (11), sywno B oSiuem BHae
HOBTOPKTL BHKAAAKH, ¢ TNOMOLIBI0 KOTOPHX Mbl MOAYYNAH
ypaeHenns (6) u (7), KOTAa paccMaTPHBAAM NMPeALAYUIHHA TPHMED.

118, Mower cayunTbed, 4TO cucTema ypasdennit (10) ne-
COBMecTHa, T. e, ue HMeeT pemennit. B takom cayvae y xpu-
po# uentpa Her. Toraa ympollenne 33a3HHOTO yPaBHERud che-
ayeT MPOBOAHTH MO APYTOMY IJIdHY.

(10)

Mpumep. MpeBecTd K KAHOHHYECKOMY BUIY yPaBHEHHE
42 —dxy Ly —2—14y+7=0. (12)
Pemenye, Cocrabub ypasrenua (10)

x—2¢y—1=0,
— 2+ Yo—7=0,
BHAMM, YTO NMOJNYdeHHAs CHCTEMa HeCOBMECTHA. 3HaUHT, JaHHAA KPHBAR
He MMeeT LenTpa u jeificreosath Kak B 1n° 114 uesssa.
Iocrynum uuaye, He MmeHas nadvada KOOpARHAT, HOBEPHEM OCH na
nexotopeid yron o, CorsacHo § 9 moayuuM GopMynnl COOTBETCTRYIOUErG
npecOpasoBandd KOOpAHHAT

x=x"cosu—y sine,

=x'sing4y cosa.
¥
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IMepefizeM B snepoft gactn ypaenenka (12) K HOBHM KCOPAMBATAM:
A8 —dxy - gt — 2% -— 14y -[- T == (4 cos® o.—4 c05 @ 5in @ - sin? &) x'2 -1
+2(—4 sin o cos a—2 cos? o-}-2 sin? & 4~ sin o cos @) X'y -}
(4 sin® &+ 4 sin & cos e+ cos?a) y'2 4
+2(—cosgTsinayx’ 4 2(sina—7 cosar) y' +7. (13}
[locrapaemes Temeph MoAoSpath Yrod o Tak, 4ToSH kosdduupesT NP

x'y’ ofparuncs B HylNb, [N% 3T0ro HaM NPHJETCA PElrHTh TPHIOHOME:
TPHYECKOe YPaBHEHHE

—4 sin & cos ¢ —2 cos?ot+ 2 sin? @+ sin & cos ot =0,

Hmeem
2 sin? o-—3 sin & cos a—2cos? a=0,
R
2tg? o —3tga—2=0.
Orciofa tgoa=2 nm tga= ——;- . BossmeM meppoe peieHde, UTO

COOTBETCTBYeT NOBopoTy oOcefl Ha ocTpeii yrof, 3uas g &, BHYHCAHM
cos o H sin o

cos o= ! —L Slna——_._tgL_u_%—.
Vittga V5 Yirtgta V5

Orcrona ¥ yuwrebas (13), HaxofuM ypapHeHHe AAHHOH KpPuBOf B CH-
creme x', ¥’

54'2—6 V55’ —2 V' By -7=0. (14)
Janbuefimee ynpotigHre ypabBReHUS (14)}npou350)1mcs: TIPE  TOMOILH

DapajsenLHoro nepenecenta oceh Ox', O
MepenumeM ypasHenue (14) cnegyownn ofpasom:

B(y'3—2 K5-5- §)—6 VB - T=0,

Honoanwe Bhpamedie B MepBofi cKofKe RO DNORHOTG KBAADATA PAa3HOCTH
H KOMIEHCHPYf STO BONOJHEHHE HANJEXKAUMM CAArAeMBIM, JOJYIHM:

(=) e 3)n

BoefieM Temeph eme HOBEe KOOPAMHATH %7, ", Tojaras
, | A , Vs
x =x'+"—'s ¥ =y"+"'“—'" ’
b E)
YTO COGTBETCTBYET UNAPAAMRALHOMY IepeMelleHHIo ocell wHa BeJIHYHHY

5 5
—f D HalpaBiemis ocH Ox' w Ha BeAUMHUHY —§— B HANpaBNeHHA OCH
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Oy'. B koopxusarax x", y" ypapHesHe JaHHO# AMHHHM NMDPUMET BUR

. 1;" B

el

3V

5
H C BepIIMHOH B HAYaNe KOODAWHAT CHCTEMH %", y". Ilapabona pacno-
NORENa CHMMETPHUHO OTHOCHTERHO OcH %" W feckonedro TpoCTHpAETCH
B TNOJOMKHTENLHOM HANpaBieHnH 3Tof ocH, KoopaWuaTe BepUIHHH B CH-

ST0 eCTh KAaHOHKYSCKOE YPaBHEHHEe Mapaboanl ¢ NapaMeTpoM p=

B 3
creme x'; § CyT (K—; -]{5—5), a B CHCTEME X, I CYTh ---;—, —5-) N

Pacnonoxkense 3T0H mapaGo/isl NOKA3aHO Ha pue. T4,

117. Bepuemca k cucreme ypasheruit (10), onpeaensiowux
IEHTD ZAHHOH KPHBOH:

Asg+Byy+ D=0,
on+cyo+E=0.

O6oanaunm uepes § ompedennTens aroff cucTeMblt

_|A B
6—BC

Ecau 60, 1o cucrema (10) nMeeT eausncTBeHHOE pemie-
une {cM. [pnaowenne, § 1). B sToM cnydac mannas xpHBag
BTODOI'0 NOPHAKA HMEEeT
CAHMCTBEHHRA UEHTP M
HA3ILBAETCH HeHTPaAbHOL,
K yncay ueHTPanbebiX KpH-
BHX OTHOCATCH SJJHICH
# runepbonn. Ho wmomer
cayuuThed, yto npu §=£0
DanHoe ypaBHEHHE TIPHBO-
AHTCA K KaHOHHUECKOMY
BHAY, KOTOpHIi cxoAeH C
KAHOHHYECKHM YPABHEHHEM
IAunca BAH C  KdHOHH-
YEeCKHM yDaBHEHHEM THIEp-
O0NEl, ONHAKO HEe COBNANA-~
eT B noaHoft mMepe HH C Puc. 74.

TeM, HH ¢ apyrum. Ceityac

M IpuBEZEM PHMEPH Takoro poxa. [lpeXsapHTensHo YyKamew,
yro B cayuae 8540 ofmee ypasnesne BTOPOH CTeNeHH Beer-
23 MOMHO YIPOCTHTH, AeHCTBYf B TOMHOCTH TaK, Kaxk GO

(10)

=AC-—8B
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nokasauo na npumepe B n° 114, MNosTomy B npHBOXMMLIX ganee
npuMepax npoHece npeoGpa3cBaHHA HE yKa3mBsaercd.

Npamep 1. VYpasuenne B5x2-}-6xy - 5y2—4x-|-4y +12=40
(8=9 # 0) upurozuTCa K KaHDHH‘IECKOMy BHIy x'?14y'2-4=0, uam
y ‘2

T+ I
370 ypapHeHHe IIOXOMe HA KaHOHHYeCKOe YpaBHenue 3anunca, OxHako
OHO HE OHpeJE/IHET HA HJOCKOCTH HHKAKOTO AelicTBHTeNbHOTO 06paaa,
TaK Kak gast JobnX 1efCTBHTeNbEHX 4HCea X', §' Nepas 9acTh ero He-
OTpHILate/ibHa, a cnpasa cTont —1. Takoe ypaBHeHHe H aHaJOCHUHEIE
€My Ha3HBAKTCA YPABHEHHAMH MAUMOZ0 SAAUNCAH.

ITpumep 2. Ypasnerne ba? -+ bxy+ by—Ax-|-4y+4-4=0 (6=9%0)
NPHBONHTCA K KaHOHWuecKoMy muiy x'2-4-4y'?==0, win

=_1,

¥Ypasuenue (¥) TaKXKe NOXOKE Ha KAHOHHYECKOR YPABHEHHUE I7MMICA, HO
ofipefedsieT He PIHIC, A efUHCTBEHHYID Touky: x' =0, g =0. Taxoe

>

Puc. 75.

“

YDaBHERHE H AHAJIOCHYHbIE EMY HA3BIBAIOTCH YPABHEHUAMH SuipoMIeHH020 -
annunca, tob OOBACKHTL 3T0 Ha3BAHHE, PACCMOTPHM VpaBHEHHE '

2 2
x—4—-+£l—-=aﬂ, (=2)

rie e —xaKoe-HubyRp ukeno (e > 0). Ypasuenue (x«) onpegeaser obuK-

HOBCKHHI 9A/HNC ¢ NOMYOCAMH @=2e, b=e. Iipencranim cebe, uro €
cTpeMutea kK Hymo. Torga a-— 0, & -+ 0 ¥ SATHNC «BHIPOKEAETCA»
B Touky (puc. 75). Bwmecte c Tem u ypaswenue (s+) NpespalmlaeTcA
B ypaBHenre (v).
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[Mpuwmep 3. Vpapuenne  3x2410xy4-3y2-- 16041644 16=0
(f=—16 3£ 0) npUBOZHTCA KAUOHHYECKOMY BHIY x'% —4y'3=20, nau
X oy .
T-T7°° )

VYpaeHeHHe () TOXOMKE HA KAHOHHYECKOE YpaBRenHe THNepOOJHI; CHO
ONpefeNAeT Napy NepeceKalOUIHXCA APAMuX: 1’ —2y' =0, &' -2y =0.
Takoe ypasuenHe W AHAJOTHUHBIE €My HA3LIBAIOTCH YPARHEHHAMH 4bi-
poxcdentiod eunepboses,
UTo6el 06BACHNTL 3T0 HASRAHME, MOMONKHM
Ig ls
i—-——gl——-=8*, (+%)

4

Tie £—Kakoe-aulyae uucio (e > 0}, Vpasuenue (#%) onpezenser ofLIK-
HOBERAYIS THOCPGOAY C TOAYOCSME @—==28, bz==g M C BepUIAHAMH Ha
ocn aberuee. TlpegeraBum cefe, ¥T0 & CTpeMHTCR X HyJo. Torga a—+ 0,

1
A\

N

Puc, 76,

b —+ 0, BeplIEHE runepboan cOAMKAOTCA W THACPOAA sBEIPOKIAETCHD
B n4Py DpPAMBIX, HMEHHO B Mapy cBOHX acwMmnror. Buecre ¢ TeMm o
ypaenenne () mpeppamiaercd B ypasHensne (z). Eciu B ypasuenuu {#«)
£? 3AMeHHTh HA -—8%, TO NOAYYAM THAEPSONY C BEPLINHAMH Ha OCH
opauEaT. 3ra runepona npy g —» 0 DHpPOMAEETCA B TY Xe CaMyio Napy
npaMbix (pac. 76).

[Ipeanonoxns Teneps, 4Te AAA AaHHOTO OOLLETO ypaBHEHHH
sTopo# crenenn nveem §==0. Tlpn ycnoBuu §==0-Bo3MOKHH
IBa caydas;
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1) Cucrema ypapsewn#t (10} coeceMm He nMeeT pelieuHi;
TOrZA KPHBAA BTOPOFO MOPAZKA He MMeeT uedrpa. B stoMm cay-
yae J3HHOE YPARHEHHE BCerd MOXHO NPHBECTH K KaHOHHYECKOMY
BHAY TaK, KaK I0Ka3aHO Ha Npumepe B n° 116, npHueM B pesy.nb-
tare BcerAaz Oyxer OOAYYaThCH KANOHHYSCKOE ypaBHeHHe napa-
6onH.

2) Cucrema ypapneruit (10) nMeeT GeCKOHEYHO MHOTO pelle-
uull, TOIDA JAHHAH JHHHA BTOPOTO NOPAAKA uMeeT GecKoHedxo
MHOTO LEHTPOB,

Mpumep 4. PaccMoTpHM JNHHMIO BTOROTO TIOPANKA

—dxy 2 4x—2y—3=0; ' i”)
ang nee §=0, Cucrema (10) » ganHOM cayuae Gyzer
Ay 2y, +-2==0,

— 2+ yp—1=0.

Ora cucTeMa PaBHOCHJABHA OJHOMY YpaBHeHHIO 2xy—y,11=0, creno-
BaTeAbHO, JIHAHA ¥MeeT GECKOHEYHO MHOTO LEHTPOB, COCTABJMIONINX M-
mylo 2xr—g-}-1=0. 3amerum, uTO JeBad
4acTb JAHHOTO YPAaBHEHHfi pasaaraercs Ha
MHOM(HTeNH TMepBOfi CTENeHH:

KEdxy -y - dx—2y—3=
={&x—y+3} (2x—y—1)
3uaudT, paccMaTpHBAEMas JMHHA eCTb na-
pa Mapanie/bHHX THPAMbIX:

2x—y+4+3=0
"
2x—y—1=0.

Mpamas 2x—y-+1=0, cocTaBreHnan
H3 IIeHTpOB, TpefcTabaser cofof He 4T
HHOE, KdK CPERHI0IC AHHHI0 3TOH NapHl NpA-
MeIX (puc. 77).

UrobM ympocTHT: NaHHOE ypaBretiie
¥), MoxHO NeficTBoBath Kak B n° 116,
NMpouseenst npecGpazoBanue JMeBoli vacTi
ypakHedWd aHANOTHYHO TOMY, KaK ChAeha-
ac B pasesctee (13), ¥ noBTOPAA NaNb-
Heflpe coofpamenns M BHKAaAkH, Hafigem tga=2. [lopepnyB oCH Haw
yroa o (tg @=2), NpHBeleM JAHHOE YpaBHeHHe K BHIY

5y'2—2Y 5y —3=0;

5(y —ﬁ) —4=0.

Puc, 77.

OTCiONa
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[onaras %' =x", y‘=y”+—5—-, 9T0 COOTBETCTBYET NapaMIenbHOMY

nepememennio ocefl 0x', Oy’ Ha Beanuuny % B HanpaBJienuu ock Oy,

NOTyIHM, HAKOHEN:
5y —4=0.

Mut cHoBa BHIIHM, 9TO 337ja8KHOE YPABHEHHE onpeleaser napy napajieiLHHX

npamsix (¥'5y—2=0u V55"+2=0 B nocnezsedi KoopgHHATEHOR
cHCTEME), ’

B ToM cayuae, korna ypasHenHe BTOPOH cTenmenu onpegenser
JHHHIO BTOPOrO NOPAAKA ¢ GECHOHEYHHM MHOMWECTEBOM ILGHTPOB
{kaK B OCAeAHEM IpuMepe), MPUHATO TOBOPHTB, 4YTO OHO HBJIfA-
eTcHd yPaBHeHUEM Swpondentod napaboast.

118. Paccmotpednbie OpHMEPH YOEAMTENLHO HOKA3LIBAIOT,
yTo oBuIee YPARHCHHE KPHBOH BTOPOrO MOPHAKA BCECAA MOWKHO
NPHBECTH XK KAHOHHYECKOMY BuLy. ToYnOe J0Ka3aTeabCTBO STOrO
yTBEpWIEHHA CM., Ranpumep, B Hawme# kuure c¢KBamparnunme
(OpPMH H MATPHIL>,

§ 42.TunepGoaa wax rpaduk o6paTHO! MPOMOPUMOHANLHOCTH,
NapaGona kak rpadEK KBAAPATHOIO TpexXyJeHa

119, B maTematike M ee OPUIOKEHRAX 9acTO BTpevaercd
m .
ypaBHeHue 8uRa Xy =, IR pe=-—— (m=const == 0); ono

HA3LIBAGTCA Ypasueruem 06paraoil nPonopyUoRaAbHOCTU BeAud-
wun x u y. HerpynHo nokasath, 4TO B NEKapTOBHX MpPHMO-
_ YrOAbHEIX KOOPAWHATAX X, ¥ TaKOe ypasxenue onpedeiner pas-
HOCTOPORKION 2unepOoAY, ACUMRTOTAMI KOTOPOL CAYNAT oOCU
Koopdunar.

B camom nene, nosepueM oce Ox u Oy Ha yron o==45°
Torza KOOPAHHATH BCEX TOYEK IIOCKOCTH Npeodpalayiorcd 0o
thopuynam:

%= % cos by’ sina:x,_.f’,, |
vz 1)
y=x’sinoc+y’cosa:f7_i"27y. J

lipeobpasya ypasueHne xy=nm Mo ¢Qopsynam (1), moayyaem
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B HOBHX KOOpAMHAaTaX
x'® y'2 1
o —7m = 1"

Mut BuauM, HTO 3TO €CTh KIHOHUYECKOE YPABHCHHEC pasHO~

cToponkefl THiepGoNN ¢ NOAYOCHMA a=b=]/2]m[; ACHMNTOTH
£e  HAKAOHEHW TIOR yraoMm 45° K HOBHIM KOODIMHATHBIM OCHM,
CAeI0BATCABHO, CORMAAAINT €O CTAPHIMH OCAMH; €C/IM YHCIO m

¥ Y

T

1
&
5

a) o}
Puc. 78.

NOAOKHTEABNO, TO paccMaTpuBaemas rumepfo/a NEpeceKaeT Ho-
ByI0 OCh aficuHce, ec/d # OTPHLATENbHO, OHA NEPECEKALT HOBYIO
oce opannar, OTCI0AA 3akaio¥aeM, 4T0, KaK MR H yTREpKAANH,
ypaBHesHe Xy==m Onpeaeaser PaBBEOCTOPOHKIOW runepboay,
ACHMOTOTH KOTOPOH COBNAAAINT ¢ KOOPAHHATHHIME OCAMH; runep-
Gona pacmonokeHa 8 MepsoR U TpeTheHd KGOPAMNATHHIX YTBEP-
THX, ecam m >0 (puc. 78, a), BO BTOpOH ¥ ueTBEpTOH Wer-
geprax, ecauw m < 0 {puc. 78, 6).

Ha ocHORaHHH H3JACKEHHOTO MLl MOWKEM TaKKe CKa3aThk, YTO
PaBHOCTOPORHAR 2unepboaa ecTv epaduic ob6parnod nponopyuo-
HOABHOCTY,

120. YpaBuenue

y=ax'+bx+c¢ (a0) {2)
onpedesser napaboay, OCh cummeTpuw KoTopod nepnerouKy-

aapha & ocu abeyuce; sra napaboaa Gyder socxodauet, ecau
a >0, nucxodawed, ecau a <0,
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Urof LoKa3aTh CKa3duHoe, AOCTATOYHO NPHBECTH ypasue-

nie (2) ® xanounueckomy suiy. C 9TOH Wenbio nepexenaem ero
JANUCH CACAYIOWMM O00pa30M: "

y= (x2 )+Cs
unH
yza(x2+%x+%)+c—%r(3} \

HIH

dae—62 b2
I =a (x—}-%) .

TepedeceM Tenepb HAUANO0 KOOPAHHAT -3

—ph2
B TOUYKY (-——5%; ‘}.E.CE..E_) . Torna Pue. 79.

KOODAMHATH BCEX TOYEK IIOCKOCTH mpeolpasyworca no ¢op-
Mynam

r=F—a,
2q°
y= ,v+4ac'"b'
a ypasHenpe (3) B HOBHIX KOOPIHAATZX NPHMET BHI
y=ax},
H/IN
= =+ %y, (4)
[AE p €CTh HONOKHATENBLHOE HHCIO, ONPeAensieMDe paBEHCTBOM
TP =5

MH noayymwsM KaHOHHYECKOE YpaBHenHe mapabonsl ¢ Bep-
WHHOH B HOBOM HayaNe KOOPIHHAT H PACHONOKEHHOH CHMMET-
PHYHO OTHOCHTEABHO HOBOH OCH OpIUHaT, ITA napatona weaseTcs
pocxonauleit HAM HHCXOARUteH B 3aBHCAMOCTH OT TOro, Oyaer

1
A 9HCAO @ =5 TOTOKHTENbHO WM OTPHUATEALHO. Tak kax
HOBaR OChb OPAMHAT HePIEHAUKYAAPHA K CTAPOR OCH abcumcc,
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TO paccMaTpHBaeMan 1apafona pacnonokend HMEHRO TaK, Kak
MW yKa3anH. Tem caMbiM Halle yTBEePHUEHNE 0KA3aHO.

121. Buipaxenye ax®-}-dx - ¢ Ha3ulBACTCH KEAOPATHOLM TPEX-
yaenom o7 apryMenta X, CoOTBETCTBEHHO 9TOMY MH MOMEM
CKa3aThk, uTO napabo.g (¢ BEPTHKAAbHOH OCBIO) ecTe epagur
Keadparnozo Tpex4iena.

Mpumep, Ypasheune y==2x3—4x—1 onpelelser BOCXORALLYI0
napabony, Tax Kax a=2 > 0.UTo6ul onpeflelHTh ee BePLHHY, Hepend-
meM fJamHoe ypapuenne Tak: y-+3=2{x—1)% [aa npusegenns sroro
ypaBHeNHA K KaHOHMHECKOMY BMJY HYKHO HEPEHECTH HaYalo KOOPAHHAT
? Toq[%)(l ; —3). Dra TOYKa eCThb BepIIHHA PACCMATpPHBAEMON napaGoakt
pue. 79}



HACTDH BTOPAH

AHAJTHTHYECKASl TEOMETPUA
B NMPOCTPAHCTBE

FITABA 7

HEKOTOPHE NMPOCTEMIINE 3ANAYK AHAJUTHYECKON
TEOMETPHH B NMPOCTRAHCTBE

§ 43. JexkapTOBH NPSIMOYTOAbHbIE KOOPAHHATH
B NPOCTpPAHCTBE

122. Ecnnm ykasad crnocof, No3BoNAONIHA yCTaHABANBATE N0~
NONEHHE TOYEK INPOCTPaHCTBa 3ajaHdeM uHCel, TO TIOBODAT,
YTp B NPOCTPAHCTBE BBEAeHa cicTeMa Koopamnat. Mu pac-
cMOTpHM ceityac npocTeflnylc # HauGonee ynoTpeGHTENLHYHO
CHCTEMY KOOPAHHAT, KOTOPaHd HA3WIBAETCH JAEKapTOBOH mpiMO-
¥roasnol,

Jexaproéa npamoy2oreHan CUTTeME KAOPOUKAT & NpocTpa-
crae onpededneTcs 3a0QHUeM Auelnol eSunuybl 0aa uamepenus
JAUH U Tpex nepeceraiouiuxca 8 O0Hod TOYKE 83AUMHO nepner-
Juxyanpustx ocell, 3AHYMEPOBAHKEIX 8 KAKOM-Hubyde nopsdxe
(T. e. YyKa3aHo, KOKAS U3 HUX CHUTAETCA nepeod, kakas eTopod
u Kakas Tperveil).

Touyxa mepeceyennss OCell HA3HBABTCA HA4AAOM KOOPOUHAT,
a caMH OCH ~— KOOPOUAATHBIMI OCRMY, [PHIEM Nepsyld M3 HHX
YA3HBAIOT TAKKE OCbio abcyucc, BTOPYI:—ocbi0 opdunar, Tpe-
ThID — OCbI0 ANNAUKAT,

O603HauuM HAYaAo KoOpauHAT 6ykeoll O, och abeunce —Oyk-
pamu Ox, och opawHar—Oykeamu Oy B 6Ch amnJHKAT —OYK-
gama Oz. Ha ueprewax GykBH X, y, & CTaBaTCd OKOAOG COOT-
BETCTBEHHHX OCefl B NOMCKHTENBHOM HANPABAEHHA OT TOUKH O
B TOM Mecre, rae H3obpawenus oceil oGpHBAIOTCA; TAKHM ofpa-
3oM, caMo ~pacmonowerne OyKB YKasWBaeT, KyJAd Hanpasieda
Kamnad OcCh,

Myctb M-—npoH3BO/NbHAA TOYKA MPOCTPAHCTEA; CNPOEKTH-
pyew TOUKYy M Ha KOODAHHATHWE OCH, T, €, onmyctus w3 M
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nepuenanKyaape na npsmpe Ox, Oy w Oz. OcHoBauma 3THX
nepieRIMKyAspoB 06o3nauny coorsercTeenno M, My, u M,
Koopdunaramu touku M 6 sadanrod cucreme HA3LISANOTCR
wucAa
x=0M, y=0M, z=0M,

rae OM, osnauaer seauuny orpessa OM, ocu abeyuce, oM, —-
BeARHURY OTPE3KA OMy ocu opdunar, OM,— seaunury orpes-

ke OM, ocu annauxar (Y4TO TaKOe BEAHYHHA OTpe3Ka OCH,
nanoweno B n° 2). Yucao x nasvisaerca nepeod koopdunarod
uaw abeyuccod Touku M, wucao y Nasvigaerca sTopod Koopduna-
r0d uau opdunarod Touku M, wucao 2z wageisaerca Tpervedl
xoopdunatod uau annauxarol rouxu M. B TekcTe KOOPAHHATH
3ANMCHBAIOTCA B KPYMJIBX CKOOKax pazom ¢ To#t GykBo#f, Kemo-
pofi nomeuena cama rouka: M{x; y; z).

[Mpoekumio Toekn M na ock Ox MOWHO O0NYYHTH TaKwe,
ecau omycTHTh 3 M neprnesaukynsp va naockocts Oxy, a aaTen
W3 €r0 OCHOBaHHS, KOTopoe MH ofGoanaumy M., onycTuTh
nepnenankyanp #a ock OXx; 8TOT MOCAEAHHA HQPNEHAMKYAP i
Gyiet nMeTe cROHM ocnoBawmem M. mpaue rosopu, M, ecTh
opoekius Ha ock Ox Toukn M,,. [poekuma touxn M, wa
otk Oy ecTh, ouesuano, Touka M,.

Avnanornuno, ecnn M, n M, —-OCHOBAHHS NIEPNEBANKY NHPOB,
onymennwx 3 M cooTsetcTBenno na naockoeTn Oxz n Oyz,
10, mpoextupys M,, u My, va
KOODAMHATHBIE OCH, MbH MNOAY-
A, Ma  ypv Touxn M., M, n M, (kax-
nas u3 touek M. M, M, uo-
M AyqdeTcd APH  3TOM JABOAKHM

cnocobouM; nanpumep, Todxka M,
¥ ects npoekunst na ock Ox Kax
4 My ToykH M, TaK B TOMKH M.}
Touxu M., M, M, M,

M, My M, M, 1w O aBasi0TCR BEpULI-

() HAMH RpPAMOYrOJALHOTO  papan-

Puc. 80. nenennnena, CTOPOLK KOTOPOro,

B3ATHE ¢ HALJEKAULHMH 3HaKa-

MH, CyTb KkoopawHath TOukH M. Jror napaanenenmiten n3c6-
pawen Ha puc. 80,

123. Fenu 32ai1ada  cHcTeMa [JEKAPTOBHX NPAMOYTOJBHLIX
KOOPAHHAT, TO KAKAAR TOYKA TPOCTPAHCTRA B ITOH CUCTEME HMEET

Fi
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OAHY RIOAHE OMpe/ieNeHKyIo TPORKY Koopaunat x, y, z. Obpatro,
KakoBB OBl ‘HR OMAH TpY (BEILECTBEHHRIX) uHCAA X, ¥, Z, B IpoO-
CTPaHCTBE HANETCH OIKA BIOJNE ONpeaenexHas Touxa, abeuucca
KOTOPORk €CTh X, OPHHHATA €CTh y H annMKata ecTh 2. Hrolw
NUCTPONTH TOYKY N0 €e KOOPAHHATAM X, ¥, Z, HYKHO HA OCH

abcluMee OTHOWHTL OT MAYana kKoopIMHAT oTpedok OM,, menu-
YHHA  KOTOPOTO PaBHa X, H& OCH OPIMHAT —OTPe3oK omy,

BEJAHYHHA KOTOPOTO PABHA ¥, K Ha OCH annauKat —oTpesok OM,
BeAHUMHA KoToporo paska 2. flocae sr10ro, npoBons uepes M,
NAOCKOCTh, NepHeHIuKynspnyio k ocu Ox, uepes M, —nnoc-
KOGTE, NepneHIakyaAspHyio K ocu Oy, ¥ wepes M, —niockocTs,
NEPNeauKYARpHYlo K ocH (02, Mb HajlAeM MCKOMYI0 TOUKY Kak
TOYKY UepeceueHds NPOBeNeHHEX MIOCKOCTed.

124. VcenopuMcst HACUET HEKOTOPHX TEPMHHOB (CHMTAfA, UTO
ocd Jann Kak Ha puc. B80),

MaockocTs Oyz paszenseT BCe NPOCTPAHCTBO Ha ABA MOAY-
NpOCTPAHCTBA; TO H3 HHX, KOTOPOE PaclONOKEHO B MOMOKH-
TEABHOM HaNpapaeHun ock OX, MW HA30BEM GAUMCHUM, JPYTOE —
dansHum,

Touno Tak me MmiockocTb Oxz pasaenseT OPOCTPAHCTBO HA
IBa 0OJYTPOCTPAHCTBA; TO M3 HHX, KOTOPOE PACOONOKEHO B 1O~
NOXHTEAbHOM Hampasieknn oca Oy, HA30BEM ApastiM, Apyroe —
ALBELM,

Hakoveu, u nxockoets Oxy pasge’seT Bce UpoCTPanHCTBo
Ha 1Ba DOAYNPOCTPaHCTBA, TO M3 HUX, KOTOPOE PACIOIQKEHO
B NOAOKHTENABHOM Hanpapjaesun ocH Oz, HAa30BCM GEPXHUM,
IPYFOC — HUFCHUM.

125. Ilycte M—npomnssoiibran TOUKa OAMKHETO AOAYNPO-

cTpancTRa; Torjda orpesok OM, wmeeT na ocu Ox NONOKH-
TenAbHOE HATIPABJGHHE M, CJEIOBaTenbHO, aGcuucca Xx=O0M,
touku M nonowurtensia. Ecam we M naxomutcd B HanbHEM

flOAYNpOCTPAHCTBE, TO oTpesok OM, mmeeT na ocw Ox oTpi-
WaTENpHOE HAMPABAEHHE H uHCAO X == OM, oTpunartensto. Ha-
KOHeL, B TOM ciyuae, korZa Touyxa M newur #a wiockoct Oyz,
ee npoeknua M, na och Ox cosmanaeT c Touxolt On x=OM,
€CTh HyNb.

Tagum 06pa3oM, B8Ce TOUKU OAUIKCHEZO NOAYAPOCTPAHCTGA
UMEIOT noAoKUTEAbHble aboyuccol (X > 0), 6ce Towku dasbre:o
NOAYRPOCTPRHCTEE UMEIOT oTpuUyaTebHvie abeyuccet (x < 0); abc-
yuccol Tokex, aexawux na niockocry Oyz, pasub sy (X =0).
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Ananornuno paccywnas, Jerk( yCTAHOBMTE, UTOQ 8L TO4KY
npase2o ROAYNPOCTPAHCTEA UMEIOT NOADNUTEABHBIE OpOUHATHL
(y > 0), 6ce ToUKW 428020 NOAYNPOCTPAHCTSA UMENOT OTPUHG-
Teabnbie opdunarel (y < 0); opluxarel Todex, Aewauiux 8 naocs
woctu Oxz, pasne. Hyao (y=0),

Hakoneu, sce Touku depxHez0 ROAYRPOCTPAHCTEA UMEIOT
noapscuTessubie annaurarst {(z > (), 8ce TOUKU HUNCHE20 ROAY-
NPOCTPAHCTBA UMEIOT OTpuyatessisie annauxarst (z < 0); an-
nAUKATO TOdeK, Jexawux 6 naockoctw Oxy, pasuui By
(z=0).

TlpusuMan BO BHHMaHHE, ¥TO TOUKH ITOCKOCTH Ox2Z Xapakre-
puayioTcd papenctsoM y={0, a TOYKH mnockocTH Oxy—papeH-
cTBOM 2 =10, 3aKn0yaeM, 4YTO Towku ocu OXx xapaxTepuayiorca
deymMa pasencraari

y=0, z=0,

Auanoruudo, Touxu oc Oy xapaxrepusyiorcs dsyma pased-
cTaaMU

x=0, 2=0,
K rouku ocu Oz xapaxrepusyiorcs Osyms pasexcTaamu

x=0, y=0.

3aMeTnM, YTO HA4an0 KOOPIHHAT O Kak TOUKA NMEpeceucHHs
ocefl MMeET BCe TPH KOOPAHHETH PABHLIMH HyJIo: X ==0, y==0,
2=0 u 3THM XxapakTepuiyeTrca (T. €. BCe TPH KOOPRAHHATH
PaBHH Hy/AI0 TOABKO mag Touke O),

126. Tpr mnockoctH Oxy, Oxz m Oyz BMecTe pasmensior
MPOCTPAHCTBO HA BOCEMb HacTel: HX HA3HBAIOT KOOPOUHATHbLMY
OKTANTAME W RYMEPYWOT MO onpeleacHRoMy npasuny. Hmenno,
NepBMM OKTAHTOM HA3WBAIOT TOT, KOTOPHH AEWHT OAHOBPEMERHO
B GIMKHEM, NPaBOM ¥ REPXHEM MONYNPOCTPAHCTRAX, BTOPHM —
nexcanult B nanbHeM, NPaBOM ¥ BepXHEM IOAYNPOCTPAHCTBAX,
TPeTBUM — Niewaltluii B JajbHeM, JNeBOM H BePXHEM MOAyMpo-
CTPAnNCTBAX, YOTBEPTHM — Rewawiufl B G7HKHEM, JIGBOM M BepxX-
HeM TIOJYNPOCTPAaHCTBAX; NATHH, ImecToH, ceabMOH H BOCEMO#R
OKTAHTH CYTh Te, KOTOPME HAXOMATCH B HHNHEM NOAYNPOCTPAR-
CTBE COOTBETCTBEHHO IO NEPBWM, BTOPHM, TPETbUM W 4YeT-
BEPTHM.

[Tycts M—HexoTopasd TOYKa ¢ KOOpAMHATAME X, y, 2. Hs
MpenLAymero ¢Aelyer, YTo
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ecin x >0, y >0, 2>0, To M 1exur B nepsoM okranre,
ecnn x <0, y >0, 2z >0, To M aexuT BOBTOPOM OKTaHTE,
ecan x <0, y <0, 2> 0, To M BexHT B TPETHEM OKTaAHTE,
ecan x >0, y<C0, 23>0, 7o Maewur B 4yersepToM Ok-
T4HTE,
ectn x>0, y >0, 2<0, 70 M nedHT B 0ATOM OKTaHTE,
et x < 0, >0, 2<0, To M nexur B wecToM OKTaHTE,
ecmt x <0, y<{0, 2<C0, To M IeWHT B CeIBMOM OKTAHTE,
ecan x >0, y <0, 2<0, To M nestur B BOCEMOM OKTaHTE,

PaccmoTpenne KOOPAMHATHHX NOAYNPOCTPAHCTB M OKTAHTOB
noAesko TeM, 4TO NOMOTEET JErKO OPHEHTHPOBAThLCA B DACIO-
AOWEHHH 3aBAHHLIX TOYCK MO 3HAKAM HX KOOPAHHAT.

§ 44. Nousaree csoGonHoro BekTOpa,
[Ipoexusn BekTOpa Ea OCL

127. W3 xypca saeMenTapHolt HIWKY YHTATENIO H3BECTHO,
YTO HEKOTOpPHe (PHIHYECKHE Be/IMYHHH, KaK, RapuMep, TeMme-
PaTypa, Macca, MAOTHOCTH, Ha3HWBAKT CKaasapHHME Heko-
TOPHE ZPYTHE BRIHYHHH, KAK, HAMPUMED, ¢4, NEPEMELIeHnE
TOYKH, CKOPOCTb, yCKOpPEHHe, HA3HBAKT BEKTOpPHLE M.

Kakmas cxandprad BelHynHa MOKeT OHTH OXapaKrepH-
30BaHa OAHHM Y M CJOM, KOTOpO® BHPAM2eT OTHOLICHHE ITOH
BEIHYUHH K COOTBETCTBYOMelt eaunnne Hamepenus. Hanportue,
M8 X3APAKTEPHCTHKH BEKTODPHOMN RENHYHHM QQHOCG 4HCNA
HEeZIOCTAaTOYHO, 9TO OOBICHASTCH TeMm, YTO BEKTOPHHIE
BEeNMYHHB, KPOME pa3MepHocTH, 06JAafalorT ewe ¥ Hapasb-
JEBHOCTD IO,

Iina OTBAEYEHHOTO BHPAWEHHS KOHKPeTHHX ((praHuecknx)
BEKTOPHBIX BEIHYHH CRYKAT TEOMETPHYCCKHE BEKTOPH.

Feomerputeckumit sexropamu, HAN NPOCTO GEKTOPAMU, HABL-
BRIOTCH HANPABIEHHHE OTPEIKH.

[eoMeTpHUCCKHE BEKTOPH NBASIOTCHA {IPEIMETOM TAK HA3b-
BAEMOF0 BeKTOPHOrO MCYHCAEHHE ROJOGHO TOMY, Kak 4HCaa
SBNFIOTCA NpeaAMeToM apubmernku. B pexTopHoM HCHHCAEHHH
HAX BEKTOPAMH IPOHIBOAATCH HEKOTOPHE OHepallHd; OBH CYTh
mMaTeMaTHYeCKne abCTPaKI|H HEKOTOPHX €AMHO0GPA3NHX Onepa-
uxf, NpPOHIBOAMMBIX € PATHYHEIMH KOHKPETHWMH BEKTOPHHING
penduRHaMu B QHIHKE, '
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Boanuxwee anin  yIOBAeTBOperHS noTpebnocTelt  PpusHKH
BEKTOPHOE HCUMAC/EHHE OKa3aJ0Ch NAOAOTBOPHEM H  BHYTDH
camoll maremaTHku. B sTolf KHure BekTOPH HCAGJABIYIOTCH Kak
OonuH W3 YNOGHEIX HNCTPYMEHTOB ananntuyeckofl reomerpHu.

HavaabebiM CBEAEHHAM H3 BEKTOPHOTO HCUHCIRHHA NOCBALLIEHA
caeaywollLan raasa, B Gamkalininx nyskrax coofULanTcs TORLKO
npocTeitiine, YHCTO TeOMETpPUYeckide NPEI/IOWEHHE O Hanpasnen-
HBIX OTpe3Kax B MPOCTPaHCTRBE.

Onmpaxo npeacrasngercs LenecoofpasHiM yiKe 31eCh BBECTH
HEKOTOPHE NOHATHA, ODO3HAYEHNA H TCPMHHLI, NPHHITHE B REK-
TOPHOM HCYHCAEHHH,

128, Bextop, KaKk wanpaeicHenfl oTpe3ox, Mu OyxeM [o-
npexHeMy 3andcHBATbL B TEKCTE ABYmMA OGONLLIMMH NATHHCKHMH
GyxBaMu ¢ oSmcll wepToit napepxy, npu yC/ACGBHH, 4YTO IiepRas
OykBa of03nayaeT HA4ano, Bropaf—— kouel pektopa. Ho, kpowme
TOr0, MH O4eHn 4acTO Oydem ynoTpebAaTh 3a0HCh REKTOpa
oaaol Manoit natunckoft 6yxeolt wupnoro mpudita (Hanpumep, a).
Ha w4eprexe BexkTOp BCerma Oyaem wnsobpawath B BH AE
CTPenKHu, eciH BekTop oBo3nauen oaHol Oykbolt,  TO Ha
uyepreie 3Ty OYKBY MW OyaeM CTaBRTh OKOMAO KOHLA CTPEIKH.
Havano Bextopa Mw 4acto 6yjgem Ha3nBaTh TaKke ero rodkof

B R F /&
/ D a /
A E f
A (
apuroxcenun. BexTop, nauano M KoHell KOTOPOTO COBRAAAWNT,
HaablBaCTCHT KYyaegein. BexTopH, Jewamne Ha oAHoil npamoft uan
H3 NapajielpbHLX NPAMHX, HA3LIBAIOTCH KOAAUHEADHLIMIL.

129. Onpeaenecane pasedicTBa BEKTOpPOB, Bek-
TOPsL HA36IBAIOTCA PABHLIMU, €CAL OHU KOAAUHEAPHb., UMEOT
DOUHAaKOBsIe DAUNbL U GOUNOKOBHIE HANPABACRUR,

Ha puc. 81 wuso6pawenn paBrHe BexkTopw AB H

(T-D(A_B 55)*), Ha pHc. 82—HepaBuHe BEKTOPH PQ «
PR (PO = PR), EE n GH (EF = GA).

*) Mut mpegnonaraeM, 4T0 3TH BEKTOPH JIEKAT B IJOCKOCTH YpTeKa,
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Queennpo, 0sa seKTOpPA, NOPO3HG  pagHbie  Tperbemy,
pasuel mewcdy cabotl,

M3 onpemenenns paBeHCTBA BEKTODOB CHEAYET, YTO KAKOBH
6K HM OnAn BEKTOP &€ H TOUKA P, CyWecTBYeT, W NPHTOM

TOABKO OXHH, BekTOp Q ¢ nayanoMm B P, pasaull BekTOpy @;
HHaue roBopd, ANH KaWIOro BEeXTOpPA TOYKA NpHU-
nowennsd MOmeT O6HTH BuHOpasva rae YTOZHD.
COOTRETCTBEHHO ITOMY B reOMETPHHM BEKTODH PacCMaTpHBAIT
¢ TOUHOCTBIO A0 HX noaoxedus (T. € HE Pazauuas PaRHBIX
BEKTOPOB, [ONYYAOLIHXCA APYF M3 ADYra napanienbHHM mepe-
HocoM), B ©9TOM CMHCIE BEKTOPB HA3LBAOT CBOGO0NsLMY.

130. Jauna eexropa (Npu 3aNaHHOM MaciHTale) HazbieaeTcs
ezo Molysem. Moaynp HyieBoro BekTopa pamew Hyaw. [las
MOZYNA BEKTOpd @& noAb3YWTCA obosnavennem |@| wan a.
Oueprano, ecnn @=b, 10 |@j=|b|; obparsoe 3akmouennue,
KOHEYHO, HeAOnyCTHMO.

131, TlycTs Zand npOH3BOAbLHASR OChb # W HEKOTOPHH BeK-
Top AB.

OnycruMm u3 Touek 4 w B nmepnenmuxynaps Ha och & N
o603HaYUM HX OCHOBAHWN COOTBeTCTBEHHO wepes A" w B,
Hucao A'B’, T. e. eeauwuna uanpasienHoz0 oOTpeska A'B
ocit ¥, ecTe npoeryus sextopa AB na oce u:

np,AB —= A'B’,
MocTpoenne npoexuun BekTopa AB Ha OCb & NOKa3aHo Ha
puc. 83, rae njs HAarAAIHOCTH Yepes Toukd A ¥ B uposeleds
naockoctd @ u f, nepnenauxysspusie ¥ ocu 4. Ilepeceyexnem
3THX MAOCKOCTEH ¢ OChIO ¥ onperensiorcd Touku A’ u B’ (Tak
KaK TMIOCKOCTH o B P mepneHauKynapHd K OCH &, TO H NpsSMHE
AA" u BB' nepneniamyaapHn K 3TOH ocu).

132, BosbmeM B NPOCTPAHCTBE NPOH3BOALNYIO TOYKY S W
npovejeM 4epe3 Hee JBa Jy4a' ONMH B HATIpaBJAEHHH BEKTOpA
AB, npyro#l —B Hanpasiewns ocu # (puc. 83). ¥Yroa ¢, co-
cTaRNeHHHMI ITHMH JIyUaMH, HA3LIBAETCA Y210M NAKAOKA BEK-
topa AB K ocH u. Ouesuano, ewGop Toukm S AAA DOCTPOC-
RuAd yraa @ Oe3apasanded. (QueBMInO Tagme, 4TO ECIH  MH
3aMeHHM OChb & IPYroH 0Chblo, umenuwe# TO e HAanpaBieHue,
TO YIOR @ OCTadeTcsd ApexHuM. OO003HaYHM 4epes ¥ 0Ch, KOTO-
paf HanpasjeHa TaK KEe, Kak OCh I, H NMPOXOAHT uepe3 TOUKY A.
CornacHo CKasaHHOMY, yroa Haktona kekropa AB K ocn v
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pasen @. Ilyers C—rTouka, B KOTOpO#t OCh 7 mepecexaer
naockoets B, Tak kak ocb v napannenbwa ocH u, a 9Ta
NOCTEAHAS MEPIeHXHKYNAPHA K MIOCKOCTH f, TO M 0Ch ¥
NePNEHANKYNAPHA K ILIOCKOCTH B. Cnenosatennuo, AC ecth

npoexuust Bextopa ASB ua oce v. [lanee, nocKoAbKY OCH & R ¥

Puc. 83.

napaniesbHkl W ONMHAKOBO HANDABIEHB, HX OTPE3KH, 3AKAL0-
YeHHHE MeWJy NApanAenbHBME NAOCKOCTAMH & ¥ P, HMEOT
onnHaxkoBue pennumue: A'B' = AC. Orciona

np,AB = np,AB, (1)

C nmpyro#t cropoHH, TaK xaKk BekTop AB n och v pacnono-
WeHH B OIHOM NJIOCKOCTR, MH BRPABE OPHMEHHTD K HuM ¢Op-
myay (7) n° 20; Takum ofpasom,

op, 4B =| 4B | cos ¢. @)
Comocrasnss pasenctsa (1) u (2), naxomum:
np,AB = | 4B/ cos ¢. (3)

Ecan, pamm kpatkoctd, oGo3uawnth sektop AB  onmol OyK-
soll @, To ¢dopmyna (3) npumer sum:

np,a=|a|cos . (4

Htak, npoexyus eexTopa Ha ocot pagHa ez0 MOGYA0, YMHO-
HEHHOMY KA KOCUHYC YeAQ HAKAOHA BeKTOPa K 9TO4 Ocu.
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133, Paccmotpum 1Ba paBHHX BekTOopa A,B,, 4,B, 1 Kakyio-
HuGyab ocbk #. Tak Kak paBHHE BCKTOPH HMEIOT ORHHAKOBHE
MOLYJid H ONHHAKOBHE YIiH HAKAOHA K OCH &, TO, TIPUMEHAdA
K Kaxaomy us Hux dopmyay (3), MH DOAYYHM oOXHHAKOBLIE
peaynbTaTHI

np, A, B, =np,A,B,.

TaxuM oO6pasoM, pasAsie SeXTOPb. UMEIOT pPasnbie NPOeKuUl Ha
O0HY u TY se OCh,

§ 45. TMpoeKuAn BeKTOpPa HA OEH KOOPAMHAT

134. Mu npesmosnaraeM, YTo B NPOCTPAHCTBE 33]1aHA HEKO-
TOpas CHACTEMa IEKAPTOBHX NPAMOYIOAbHBIX KOOPAMHAT.

PaccmoTpum npousBoabHH# BexkTop @. Iycth X o603nauaer
NpOeKUHI) BekTopa & ma och Ox, Y—npoexnmio sToro Bek-
TOpa Ha ock Oy u Z-~npoekuyuio ero va ocp Oz,

Cornacio n° 133 kawaufi BexTop, paBHblll @, uMeer B Ka-
HeCTBE MpOEKIHH Ha oCck koopammat Te e vuyucna X, YV, Z,

O6parno, ecid REKOTOPHE BekTop b MMeeT NpPOEKUMH HA
OCH KOODJAMHAT TAKHE e, UTO ¥ BekTOD @, To & =a. Yrobu
ybeadthct B 3TOM, TIPHAOKHM o06a BekTOpa @ W b K Bavany
KOODARHAT; KOHIH 3THX BEKTOPOB NPH TAKOM HX PACTONOKEHHH
o6o3dHauuM cooTseTcTBeRHO OykBamu A m B. Tax xak BeKTOpH
@ u b wumewT omay W Ty e npoexwmio X Ha ock OX, TO
SICHO, YTO TOUKH A W B IoMKHN fewaTh Ha2 OZHOH INOCKOCTH,
nepnenjukyAapaolt K ocH OX, HMEHHO, Ha TNOCKOCTH, KOTOpas
OTCeKaeT Ha OcH OXx OTpe3oK BenaxunHnm X (CuMTafd OT Hauana
koopnunart), [lo aHa’ZoruuHod Dpuumee Touku A u B nomken
Niekarb HA OXROH naOCKOCTH, nephneniukynspHod K ocu Oy,
HMEHHO HA TOH, KorTOopaf oTcekaeT Ha ocu (Jy OTPE3OK Beu-
uaeet ¥, 4 Takke Ha OZHOH TIOCKOCTH, nepreHTuKyAnpHOH
k oct Oz, wHMesso Ha rTol, xoTopas oTcekaeT Ha ocu Oz
otpesok Beamynne Z. Ho B rakom cayyae Touku A u B
HEOBXQJMMO COBTIANAIOT, MOCKONBKY TPH yKadaHhHe MIOCKOCTH
nepecekaTes B eAYACTBennol touke. CreAoBaTentHo,

b=0B=0OA=a.

CrasanHoe celfuac 03Ha43eT, YTO nNPOEKYUL BEKTOPA HA OCU
Koopdunar, Oyfysu saduausl, 8nOAHE ORPeOEARIOT €20 Kak
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80600HSI 8EKTOP, T. &. C TOUHOCTBIO O MOJONKEHUT B MPOCTPAH-
cree. Tlosromy npoexumn X, ¥, Z BekTopa @ Ra3uiBawpT ero
(1eKapTOBHME) KOOPOUHATAMU.

B nmanpuefimem, xenad BHPasHTh, UYTO BEKTOP & HMeEET
koopauiata X, ¥, Z, Mm OyleM mucath:

aZ{X; Y: Z},

paccmarpusas npaBylo 4YacTh 3TOr0 PABEHCTBA KaKk HOBWHA
CHMBOA sl 0503HAUEHHS BEKTOPA.

135. B ananuTH4eckod TeoMeTpHM YACTO NPUXOAHTCA BH-
YHCAATE KOODAMHATH BEKTOpa, T. €. NPOGKUHHM BeKTOpa Ha
KOODIHHATHHE OCH, 3Ha# KOOp-
HMHATH €r0 KOWLa H Wavyana.
Ora 3axava peliaeTca CAeAyi-
uel TeopeMod:

Teopema 15, Kaxosel 6ot
Ky Gouaw dee Towku A (X ¥y 2,)
u Bixy vy 2;), xoopdunars
esexropa AB onpedeasorca gop-
MYyAGMU

X=xy—x;, Y=p,—y, (1)
Z"—'-’zz—zl-

JdokaaareAbcTBo,
Onycrum u3 1ouek A4 n B nep-
NeHARKYAAPH Ha ock Ox H
0603HAYNM HX OCHOBAHMA 4epes

Puc. 84. A., B, (cm. puc. 84, rme anm

HAMVIAZHOCTA depe3 Toukn A

# B npoeedeHd [IOCKOCTH, NepneRuuky/Ifpune k ock Ox),

Toukn A, n B, uMeor na ocu OX COOTBETCTBEHHO KOODAH-
HATH X,, X,. Orciona B cuay Teopemu 1 (r° 5)

AxBx: KXo — Xy,

Ho A,B, =X, caeposatenvuo, X = x,—x,. Anaiorndso ycra-
HAB/IMBAIOTCH DABEHCTBA: Y=y, —y H Z=2y,—2,.

Taxum oGpasoM, «robm noayuure Koopdunarst 6exTopa,
HYMHO OT KOOPIUNAT €20 KOHYG OTHATL COOT8ETCTBYIOUfue
KoopQunrarst Kaiard,
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136. Ilycte M(x; y; z)—npoussonbhas Touka npoCTpaH-

crra. Bektop r=0OM, 1. e, sexrop, udywuii uz navasa xoop-
-Gunar 8 Touxy M, rasmederca paduyc-eexTopom sToll Touwku,

BuigHcanst koopamHaTW  BekTopa OM no dopuynam (1),
HMEHHO, TOA&ras B yKa3auwwx (GOpMyTax x,=ux, y,=y,
2,=2, ¥,=0, y,=0, 2, =0, Mt noayuum:

X=x, Y=y, Z=g,
T. €. xoopaunam Touku M o KkoopBunaret ee paduyc-sexTo-

pa OM CYT6 OOHU U Te oKe wucad, 3aMeTHM, ORHAKO, 4TO
nocneaHee YTBEPKAEHHE MOMH-
Mo dopmyn (1) cpasy swrexaer
K3 ONpeAeneHis IeKAPTOBHX KO-
opausat Toukn M (cMm. n° 122).

137. Ilycte Adan npoH3sons-
Anlt BexTop a={X; Y, Z}.
Mu ycTaHOBHM ceiiuac dopmy- e 4,
Jiy, KOTOpaf 0O3BOAHUT EbMHC 7 ¥
JASTh MOAYAh BEKTOPa &, 3Had
kooparuath X, ¥, Z sToro aex- %
Topa. Byaem cqurtath ans npo- <
CTOTH, 4TO BEKTOP @ TPHIONEH Prc. 85.
K wHavany xoopaunar, [lpose-
nem uepe3 Kouer A BeKkTopa @
NADCKOCTH, NepnedHkyARpHEE K KOODAWHATHBIM OCHM; TOYKH
nepeceyeHust 3ITHX IUIOCKOCTeH ¢ OCAMM 0003HAaUHM COOTBET-
cTBexHo A,, A A,. IlpoBesennnle MIOCKOCTH BMECTE ¢ KOOp-
AMHATHHMH ABCKOCTAMHK 00pa3yioT NpAMOYrojkHL napaine-
nengnen, AHAFOHANBIO KOTOPOre cAyxuT orpesok 04 (puc. 85).
Kak maBecTHC M3 31eMEATZPHOH reoMETPHH, KBALPAT JJIHHLI
HHaroHanM  NIPAMOYTONBHOTO  NAPANTENeNHNEAd pPaBeH  CymMe
KBAAPATOB MJIHH TPeX ero cMewHHX cTopod. CheloBaTenbHO,

OA® = 04} | OAY-}- 04
Ho OA=|a|, 0A, =X, 0A,=Y, OA,=2Z; raxum ofpazom,
H3 OPEABAYINETO PaBEHCTBA NOAyuaeM:
jafP=X21y2 1. 22

F4
A

HH

la|=VX* 7422 (2)
D70 M €CTh HCKOMOE BH PAKEHHE MOAYAS MPOHIBO be
HOFO BEKTOpPA Yepea €ro KOOPAHHATH,
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§ 46. Hampaeasonae KOCHHYCH!

138. OGosHaunM uepes o, B, ¥ YriH, KOTOphHIE COCTaBifET
BEKTOp @ ¢ OCAMH KOOPAHHAT; cOSa, cosf, cosy nasupaioTcs
HanpasAgowumy  Kocudycamu eextopa @. OHM  HAIWBAIOTCHA
HaMPaBNSIONIMME  KOCHAYCAMH BEKTOpPA TNOTOMY, 4To, Gyayuu
3aJ4NH, ONpPEAeAsIOT ero HamparRJeHHE,

Echu 3amaHH HE TOJLKO HAMPABAAWLIME KOCHHYCH, HO H
MOIYRB BEKTOpA, TO TEM CAMLIM BEKTOp Onpejened BIOJAHE
(kax caoboasnfl BekTOp). B 3TOM cayuae K0opOuUKATHL 6EKTOPA
MO2YT ObiTb GbIHNCACHB RO QOPMYAAM:

X=|alcosc,
Y=|a]|cos B, )
Z=|afcosy,

KOTOpHWE HMET MecTo coraacko n° 132,

139. Vsnowkennoe B npeanwgyuux ABYX NYHKTAX Mbl pe3io-
MHPYEM B BHAE Cheaylouled Teopemul:

Teopema 16, Kakus 6ot nu Ooia 6exTop @, €20 Modyas
|@|, nanpasasiowmue wocunycer cosa, cosf, cosy u Koopdu-
warst X, Y, Z cessadot COOTHOWEHUAMU:

X=|a|cosa, Y=|a|cosf, Z=|a|cosy, (1)
a]|=V X:4+ V2L Z2 (2)

3ameuwaunue. [Tocaednue wersipe Gopmysst RO380AAIOT,
BHMUCAUTE HAADABARIOWUE KOCUNYCHL BEKTOPA, SHAA KOOPBUNATSL
ar020 eekTopa. B caMoM jene, H3 sTax QopMmya chenyer, HTO

X Y
SeyrmreR CPTvmEes ol
Z
OV =

3nech KOPHH NOHHMAWTCH apHPMeTHYeCKH (Kak BCEr]a, Koria
fepell KOPHEM He yKasaih 3HaKH).

140. Boseoas B KBaapaT JMeRYI0 H NPAaBylr HacTH KawA0To
H3 pageHCTB (3) M CyMMHDPYS MOAydeHHHe PesyAbTaTH, Hafmem|

X pYrZa

cos? o - cos? P - cosiy = X YiLzE
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OTCION2
cos? e cos®f +cos?y=1, 4)

Hlpu nomoun coorsowenun (4) momHO evtsuciute a0bod us
yeaos o, B, vy, swan Odea Opyeux u, Kpome 7020, GHAR,
ABARETCA AL UCKOMbE Y204 OCTPOM UL TYNeIM.

§ 47. Paccrosmue Mewny XByMA TOUKaMH.
Henenue oTpe3ka B NaRAOM OTHOUICHHA

141. B ananutuyeckolt reomerpunu MPOCTPaHCTBA, Kak nH
B 2HAMHTHYCCKOH reoMETPHH I[LIOCKOCTH, Kawkiam 3amava, Ka-
KOd OW CIOMHOH OHA HM OHia, CBOIMTCA K HEKOTOPHM 0Opo-
creHlHM 3amavam. TaKOBHIMM SBASIOTCH: 341443 OUPEREAEHHS
PaccTOAHHA MEKAY ABYMA NAHHHMH TOUKAMH, 3444493 O XENCHUH
OTPE3KA B HNAHHOM OTHOWICHHH, 3d4R4Ya BHYHC/ACHHS Yrila Meway
AByMs BeKTOpamu W T. . B 9ToM maparpage Mm pacemoTpum
TICPBHE JRE H3 HepeYHCAeHHBIX 33044,

142. IlycTs nasm xse npouspoabuie Toukn M, (x; Vi3 21},
My(xs; ys; 2;) M Tpefyercs BHUHCNHTL paccTosnne d
MEeWNY HHUMH,

Mickomblit  peaynbrar noayvaetcs cpasy mpu  nomoma
Teopems 15 (n° 135) u dopuyas (2} npemumymero napa-
rpacda.

B camom nene, mm mumeen:

M]_M ={x9—x1: Vo=, za—zl};

zaaee, ¢ €CTb MOAYAb BekTOpA MM,, caenosarensno,

d =V(x2—x1)5+(y2—y1)2-|-(z2 —zp)% (1)

Dra dopMyaa H gaeT penrende 3agauH,

143. Tlycth nanu hge mpoHaBoibHwe Touku M (¥, Yu 21,
M, (¥3; ¥u; 2,) u Tpebyerca Ha npavoit MM, nafitu TouKy M,
AeAFIyio orpesok MM, B 3a7aHHOM OTHOHIEHHH A.

OTa 3azaua pemAeTCA ANANOTHYHO TOMY, KAK COOTBET-
CTBYIOINaf 3akaya B aHAIUTHYECKOR reOMETPHH [VIOCKOCTH
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(cm. n° 24). ITostomy MH cpasy npuseieM rOTOBLIL Pe3ybT4T:
ecau X, y, 2— Koopdunaral uckomod Touky M, 1o

_ XA =Hl+7"ya z=21+9¥22
=55 YT T 4n

B uactnocth, koopduxars: cepedunst dannoezo orpeska noy-
waiorca orcroda npw A=1

X ¥y

:x1+x$ =yl+y‘z zzzl+zz
2 ! 2 ! 2

144, aa pewmenuus 2PYTHX APOCTEHIUHX 33134 NPOCTPAH-
cTRCHHOH AHANKTHYECKOH reoMeTpun YIOOGHO NPHMEHATh HCKO-
TOpee Ocolble OMEPAllHH Hal BEKTODAMH, KOTOPHC HASHBAIOTCH
‘cAowenueM BEKTOPOB, YMHOMEHHEM BEXTOpa na uucio, cxaidp-
HbhIM YMHOWEHHEM BEKTOpOE H BEXTOPHEM }’MHO}KEHHEM BEKTO-
pos. Onpenenenne W OCHOBHbIE CBOHCTRA 3THX onepanui 6yayT
u3NOKeHH B Gammafiiiux Tpex TiaBax.



F/JIABA 8
JVHEHHLIE ONEPALMH HALL BEKTOPAMH

§ 48. Onpenenenne aunefinnix onepauni

145. JlunellHbMH oOnepauusiMM HAL BEKTOPAMH HA3WBAITCH
onepalii CAOKEHHA BEKTOPOE ¥ YMHO¥EHNA BEKTOPDOB HA 4HCNa,
Ounpenenenne cymMuol ABYX BexTopoB, Hycre
danw dea sexropa @ u b. Cynmol a--b Ha3zsigaercs sexkrop,
Koropsli uder 13 Hawaiq eexropa & 6 Kosey &ektopa b, npu
ycAosun, wTO BeKTOp b RpUAONEH K KOHUY
gexkTOpa a. b

Tfocrpoenne cymvu @+ b wu3obpaweHo Ha
puc. B6. IlpaBHao ciomeHH BEKTOPOB, KOTO-
poe CORepXKHTCA B 3TOM onpefencHud, OGHUHO
HA3BIBAIOT «TIPABHAOM TPEYroJAbHHKA». o

JamMeuanue, MoXer CAyYHTLCH, UTO
Ap1  TOCTpoCHME CyMMH @--b mo npasuny
TPEyroAkRHHKa Kouen BexTopa & owxawercs
CORNARIIINM C HAY4IOM BeKTOpa @; Toriza -+ b Puc. 86.
ecTh Hynemoit mextop: @ +b=0.

Onpeneneune npox3BEeREHHN BeKTOpa Ha
uncao. Hycre dawbt gexkTop @ o wucao o. Obozrawum ux
modyau coorsercreenno epes |a| u |e|. Hpoussedenuem oa
(uau @o) HA36IBAETCA BEKTON, KOTOPOUL KOAAUHEAPER GexTopy 4,
useer Oauny, paskyo |a|-la|. u sanpasaenue Taxce me, kax
y eextopa @, ecan o> 0, 4 nporusonosomHoe, ecau o < Q.

Ornepautis MOCTPOSHHS BEKTOPE CGUE HASHIBALTCSH LMHONCEHUEM
6EKTOIQ @ HO 4HUCAO O,

3amMeuvanue 1. Ecim a=0 wau a=0, 10 nponspelacHHe
HMEeT MOAYAb, pasubiit HYNH0, H, CAEROBATENbHO, MPEACTARATST
cofiol -nynemoift mexrop. B 3sTom caywae nanpasnenne mnpous-
BEAGHUS G FBJSIETCA HEOMPeAL/ICHHBIM.

ath
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Jamegarnne 2. CMHCA ONEpalid YMHOMEHHS BEKTOPa
H3 UHCJIO MOWHO BHDPA3HTh HATANIHO CAeAYIOMHM oOpasoM:
npU YMHONCERUW GeKTOPE @ HA HUCAO O 6eKTOP & PACTAZU-
gaercan 8 o «pas». KonedHo, 5TO BHpamEeHHE YCAOBHO; Ha-

npHMep, eciH oc—--2-, TO «PACTMKEHHE» B ¢f «pazy» M0 CYUIeCTBY

o3nayaeT yMenblIeHHE NAMHH & B JABA pa3a; ecan o-—9quciIo
OTPHIIATENBHOE, TO «PACTMKCHHE» B G «Pa3d» CNeXAyeT MOHHMATbH
KAK TAKOE U3IMEHeHHE BEKTOpA, NPH KOTOPOM 3TOT BEKTOPp
yanupsercd B || pas («MOAyAL o paa») H MEHAET CBoe
HanpasieHue HA NPOTHBONOMOKHOE,

§ 49. Ocnosrbie cBoOficTBa JMHHEHHLIX anepanmit

146. M ycTanopHM ceffiac OCHORHLIE CBOHCTBA JHHEHHbLIX
onepanuil, KOTOPHMH MPHXOAHTCH NOAR30BATHLCA B BEKTOPHOM
HCUHCJICHHY,

[Ipesae BCero Ml MOKAMeEM, 4TC CyMMa MoGux O8yx ek«
TOPOG HE 3A6UCUT OT NOPACKA CAQ2AEMBIX.

C 3TOit UEABI0 PACCMOTPHM [1BAa TUPOH3BONBHEX BEKTOpa &
m b, Tax kak reoMeTpHIECKHEe BEKTOPH CYTh CBOGOIHME BEK-
TOpPH, TO MH MOWeM @ H & TpHIOKHT: X ool Touke O,
BHGpaB ee npouseoanuo. OOC03HauHM KOHUH BCKTODOB & H b
Opd TAKOM HX pacnonoxeHuu GykBamu
A u B (puc. 87). [lpunowun Teneps
BexTop & K Touke A, 0603HauHM KOHEL]
ero (MpH HOBOM PACHONOKEHNK) GYKBOH
C ¥ coeanHuM TOUKy B ¢ Toukolt C oT-
peakoM. Ouesuano, Bektop BC mumeer
TAKYIO Xe JUTHHY H TaK Ke Hanpas-
neH, kak sexkTop OA; cienoBaTeibHo,
BC=a.

Pacemarpueaa  durypy OAC n
BCHOMIHAM NPABHAO CAOMEHHA BEKTOPOB
(«mpaBHAO TpeyroasHEKa»), HaflaeM, yro OC=a--b. C mpyroi
CTOPOHH, paccmarpusad Gurypy OBC, coraacHo TOMY Xe npaBuny
Haﬁnem 410 OC =b+a. Orciona

a-+bdb=b-+1a, (1)
A yTBeMKAEHHE IO0KA3aHO.

CBOUCTEO BEKTOPHOTO CHOWEHHA, BRIDAKEHHOQ TOWASCTBOM

(1), HasHBACTCH nepemMecTUTeAbHbLA,
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3amevanue. ®urypy OABC HaswBawT napasterozpan~
MOM, NOCTPOERNOIM H& 6eKTOpax @&, b ¢ ofuluM Havanom O,

BekTop OC—ero JHArOHaNbId (TAK rOBOPAT JaWe MU B TOM

cnyuyae, koria @ =04 u b= 0B nexar Ha oinolt npamoft, T. e.
korda OABC ne sBaseTcs NapanfellorpaMMOM B COBCTREHHOM
cMicie cn0Ba). Ha ocnosaunn w3/omenHoro npasuno caoxenus
BEKTOPOB MOWHO BHCKZ3aTh B HOBOM ¢hopMynuposke:

Ecau gextopo @ u b npusedenst k obweny Hodoay o Ha
HUX ROCTPOER NAPAALLAOZPAMM, TO cymma G--b (uru b+ a)
ecTb OUAZOHAAL 3T020 NAPAANEAOEPAMMA, UOYWAR u3 obujezo
naiaia a u b,

Buickasannoe B TaKOM BHAE TDABUIO CJIOMEHHS REKTOPOR
HA3BIBAETCA «fIPABHVIOM TI4PaIeNorpaMmas,

147, Tlocne Toro, kak ompedencHa cymma IBYX BEKTOPOB,
ECTECTBEHHHM OBPA30M MONKHO ONPENeNHTh CyMMy J1060I0 4HCIa
BEKTOPHHX C/araeMulx,

IlycTn, nanpumep, HaM Jawet TPH BekTOpa @, b u ¢. Cnoxus
@ u b, mu monyyum pekTop a@-b. [pubasum Teneps K HeMy
BEKTOP £, Yy HAC IOJYYHTCH BEKTOP
(a4 8)--c. Hapany ¢ stam M Momem
MOCTPOHTE  TaKkke BekTOp &-+(b--¢),
T. € K BEKTOPY @ NpPHOABHTb CyMmMy
b+e.

Hetpyano yGeantbes B TOM, WTO,
kakoset Obl HiL Obiad TpU eexropa a, b,
¢, sceeda uUMeEeT MECTO PAGEHCTSO

(@a+b)+c=a+(+-c¢). (2)

CBORCTBO BEKTODHOLO CHOXEHHS, BHpA-
HEHHOE TOWAeCTBOM (2), HAIEBALTCH €O~
YETATEAHBLM.

UTo6GH 1OKA3aTE couYeTATEAbHOE CBOMCTBO, DALIIONOWHM
paceMatTpeBaeMbie BEKTOPH Tak, uTOOHM BeKTOp & OwA npuaoxex
K KORIY BEKTOpa @, @ BEKTOp €—K Kouuy Bektopa b. Ilpu
9TOM HX pacnonoweHHH 0603HaunM Gykeolt O Havalo BekToOpa
@, 6ykeolt A——ero kouen, Gykeo#t B-—koHeu BeKTopa b u Gyk-
Bofi C—xkonen, BexTopa ¢ (puc. 88), Torna

(@) - € = (OA + AB) |- BC = OB + BC = OC,
a+(b-¢)=0A+ (4B +BC) = 0A+AC = OC.
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CnepoBaTelbHO,
(@a+b)tec=a+(b+0),

470 M TPeOOBAROCH JAOK23ATH.

Ha ocnopanun couerarenbHOro CBORCTBA CAOMERNA BEKTO-
pOB MH HMEeM NpaBo FOBOPHTh O CYMMe TPEX BeXTOpos @, b, ¢
W 3JaNUCHEATh €€ B BHUle a@-+ b-¢, He YKA3HWBasg INPH 9TOM,
cuntaeM nu MW a-+b-+c=(a+b)-tcum atlbfec=a--
~-{b-+¢). AHamoruynuM ofpazoM MOweT ObTH oOfpejeseHa
CyMMa HeTHpex, MATH, Boobule, AWGOrO 4UCla BeKTOPHHX Cla-
raeMuXx,

IIpaKTHYECKH HOCTPOEHHE CYMMbI HECKOJLKHX BEXTOPOB HET
HAROOHOCTH BHNOJHSTE NOCAEIOBATENbHO, (HKCHpPYS KawAnH
NPOMEXYTOUHI  Pe3YAbTAT; CyMMa JIOfOro YHCRA BEKTOPOB
MoeT OBITh OOCTPOEHA CPA3y NPR MOMOLLH C/EAYIOWEr) 1Ppasuia,

OGuiee mMpaBHAO CAQOXKEHHS BeKTOpPOB. Yrolu
ROCTPOUTL CYMMY BEKTOPOB @1,@a,. . .50, HYKHO K KOHUY 6eK-
TOPG @ RPUAOKUTL GEKTOD @y, - 3aTeM K KOHYY 8eKTopa a,
NPUADHCUTS BEKTOP &y, 3aTeM K KORUY B6EKTOPA dy NPUACKUTH
sexrop @, 4 T. 0., noka ne Jodfem do eexropa a, Toeda
cymmol a, +a,-+ ...+ a, 6yder sexrop, udywuil uz Havaad
6EKTOPA @, 8 KOHEel 8eKTopa a,.

O6osnayum 6ykeofi O uauano rekropa @, 6yksamud,, A,,. ..
++.y A,—COOTBETCTBEHHO KOHUK BEKTGPOB @y, &s,...,&,, pac-
MTONIOMEHRHHX COTNACHO TOABKO 9TO CHOPMYAHPORAHHONY NPABHIY,
durypa 0A4,A4,...A, naswBaercd Ao-

ManoH ¢ BEKTOPHWIMH 3BeHbAMH OA, =
=, 'A_Zl‘_43:a2i v An-—lAn:arz;
BekTop OA, HasHBACTCH 3aMLIKAIOUHM
nomanylo OA4,...4,. Tak xax

OA, = 04, -+ Ay, + Asdy -+ . ..
e + An—lAnzal-‘_aﬁJl‘ ) +a,i,

Puc. 89, TO B COOTBETCTBHH C 3ITHM TOROPAT,

YTO HOCTPOERHE CYMMOL HECKOALKUX

GCKTOPOB NPOUIBOOUTCA NPYU NOMOWL 3AMbIKAHUA AOMAHOL (Ha
puc. 89 H306paMEHO NMOCTPOSHHE CYMMB YETHPEX ChATaeMuix}),
Bameuvanne, B n° 146 mu ycTasHOBHAM, YTO CyMMa JABYX
BEKTOPOR HE 3ABHCHT OT nopsaka cnaraemwx, OTcoaa u ua
COYETATENBHOCTH CACKEHHS BEKTODOB CREAYET, 4T CHMMA 40-
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6020 WucAd GeKTOPO& TAKMe He 3a8ucuT 0T nopadka ceoux
CAAZAEMBLX.

148, 3neck MM OTMETHM TPH CBOHCTBA JHHEHHHX omepauui,
KOTOPHE OTHOCATCA OAHOBPEMEHHO K C/OMKEHHIO BEKTOPOB H yM-
HOMEHHIO - BEKTOPa HAa 4HCAO. ITH CBOWHCTBA  BHPANKAIOTCH
¢ HOMOLLBIO CACAYIOUIAX TPeX TOWAECTB, g A M [ 0603HaYaA0T
NPOH3BO/ALHEE YUCAA, @ B D—KAKHE YTOJHO BEKTOPHL

1) A+p)a=Lha--pa,
2) hipa) ={(rp)e,
3) A (@+b)=Aa-Ab.

CupageliHBOCTD NMEPBOTC TOWACTBA CIENAETCA HATASAHO
fCHOM, BCAM BHICKA33aTh €FO B reOMETPHYCCKHX TEPMHHAX, HMEH-
HO! TIPH pacTWKEHHH BeKTOPa @ B A4 ) pas monyuaetcs Takoi
We BEKTOP, KaK mNpH CAOKEHHH BEKTOpPa &, PACTAHYTOTO
B A pas, ¢ BEKTOPOM @, PACTAHYTHM B [L pas *),

Croap we {Ipo3payHui reoMeTpHYECKRH CMHCA  HMeer
M BTOPOE TOXIECTBO: TPH PACTMHEHRH BEKTOP2 @ B W pa3
H 3atTeM eule B A pas mojydaeTcs Takofl e BeKTOp, KAk OpH
pacTSKEHWH BEKTOpa @ Cpasy B AJ pas.

TpeThe TOKIECTBO BHITEHAST M3 TeopuH nopobus duryp.
B camom zene, extop @b ecTh AHarowanb napannenorpamma,
NOCTPOSHHOTO Ha BEKTOpax
g 1 b (B DNPEIIONONEHHH,
yro @ U & npusenesn K 06-
IeMy Hayany); npa pacTdke-
HHH BeKTopoB @, b 0 et b
B A paa 3toT mapaanenc-
rpaMM H3MeRAeTCH NOKOGHO H,
C/e A0BaTERbHO, NMpEeBpallaeT- Puc. 80.

Cf CHOBZ B Napalnienorpamm,
Taxum o6paaom, A(@-b) ecTh anaroHans napanienorpamma,
NOCTPOGKHOTO HAa BEKTOpax Aa u Ab; orciona A{@+-b)=
=A@+ Ab. (CM. puc. 90, xOTOPHHE COOTBETCTBYeT caydaio A>>0;
BCE BCKTOPH, H300DAKEHHHE HA 3ITOM YEPTEWE, CUHTAIOTCH
NPHIOWEHILME K Touke O.)

¥) «Pacrskerues 34eCk HAJO [HOHHMATE TaK, KAK YKasaHO B 3aMeYaHEN
2 n° 145,
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Yrasaname cefivac caolicrnsa nnnelinnx onepanufi uMewTt
(byHIAMEHTANLHGE 3HAYEHHE, TAK KAK OHH 40T APARG MPOBO-
anth Budffanxd B BeKTOpHOR anrebpe B OCHOBHOM TaK e, KaK
nNpoBOAATCE BHKIAAXKH B OOHuHON aareGpe, Ilepsoe H3 Hux
BHPAXAET BO3MOKHOCTH GPACTpPeRC/AfATH» BEKTOPHHWH COMHOMH-
Telb M0 COCTABAAWIIHM HHC/AOBOFO COMHOKHTENS, TPEThe
BHIpAXAaeT BO3MOXHOCTD «PaclpeleniThy YHCNOBOH COMHOXHUTEND
no -¢OCTABAAICIIHM BekToproro., [IloaTomy oba sTH cBolicTBa
Ha3HWRAIOTCH pacnpedesuTesvisime, COBMECTHO GHH JRI0T MParo
NPH YMHOXEHMH CKANSPHOPG MHOTQYAEHA HA BEKTOPHHH MHOro-
yjeH MPOUIBOIHTL YMHOMEHHE KROUACHHO»,

Bropoe cBoficTEO JaeT BO3MOWKHOCTE «COMETATB» YHCIOBHIE
COMHOXHTEIH [OPH THOCASHOBATENBLHOM YMHOMEHHH . BEKTOPd Ha
HecKOABKO 4yHcen (Wampumed, 2 (5a)=10a), [loatomy BTOpOE
CBOHCTBO HAa3LIBAETCH COHETATEALHOIM,

§ 50. PasHocTh BEeKTOPOB

149. B sekroproit anreSpe BBOIHTCH XelCTBRAE BHYHTAHNA
BEKTOpPOB; Kak H B apudmeTuke, oHo ofparsHo aeHcTemio
CAOWEHHA. ’

Ilycts panm ZBa MPOH3BONBHHX BekTOpa @ U b, Paswocreiw
b—a Ha3wsaercR 6eKTOP, KOTOPHd 8 CYMME C BEKTOPOM & CO-
cresaner sexrop b.

Tpusenem sexropw ¢ ¥ b x ofweMy Bauany O, nocne Yero
0603HauHM KOHUN MX GOyksamu A ®u B (puc. 91). Byaem nckars

pasHocTh b—a. HonycTuM, 4To 9TOT HCKOMUMH

4 BEKTOp MPHIOKEH K TOYKe A; TOTda KOHel ero

ROMKEH COBMACTh ¢ TOYKOM B, Tak Kak B cym-

Me ¢ BEKTOpOM @=0A OH AQMLKEeH COCTABUTR
Bektop b=O0B.

Taxum o6pa3om, pa3HocTs b—a npescTas-
aser cofoft me uTO HMHOe, KaKk Bextop AB:

8o

e B
(]

' _—
Puc. 91. b—a=A45.

Hrax, paanocre deyx sexropos, npuseden-
Hoix K obujemy Haueay, ecTs sextop, Udyuud U3 KOHYA «obidi-
TaeM020» BEKTOPE 8 KOHEH SYMEHBUQEMOZON,
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1560. Hapsay ¢ npoM3BoNbHHM BEKTOPOM @ PacCMOTPHM
sexTop (~—1) @ Bexrop (—1} a nasusaercs 0GpaTHLIN 8eKTOPY
& & 0603HaUaeTCH CUMBOAOM — @t

—a=(—1)a.

Tag Kak TPH YMHOXEHHH BEKTOpa & Ha--1 NOAYYaeTLd REKTOP

¢ TeM e MOAyAeM, KOMMRHeapHH# BEKTOPY 4, HO HAMpaBieH-

HRE npoTHBoHONeWHO emy (puc. 92), TO BEKTOPH & ¥ —a&

HA3HBAIOTCS HHOIEA PAGHO-RPOTHEONG- :

AOHCHOIMU, a
Ecny Mu DNpHAOKHM BEKTOP —@& K

KOHLUY BEKTOPa &, TO KOHEL BEKTOpa

—& COBMECTHTCA ¢ HAYANOM BeKTOpa & &
cleROBaTENBHO, @& (—a) ecTh Hyle-
BOH BEKTOD: Puc, 92,

a+(—a)=0. (1)

151, PaccMoTpuM cHOBa ZBA NPOM3BONLHHX BEKTOpa @ u b,
U3 Toxaectsa (1) ToTyac caeayeT, uTO

b—a=b+(—a). ' (2)
B camoM Iene,

a+{b+(—0)=b-+[a+(—a)|=b+0=0;

takuM o6pasoM, pexkTop B+ (—@a) B CyMMe C BEKTOPOM & CO-
cTaBAfieT BeKTOop B, a 9TO H 3HAYHT,
¢ uro sexrop b-+-(—a) #ABngerca pas-

b HOCTRIO b—a.

Pasedctso (2) Bupamaer HOBOE npa-
BHAO BHYHTAMHA: 4T00M nNOAYHUTL paASs-
wocre b—a, nysxcno k eexropy b npu-
6acure eexrTop, o6paTHLUI 8ekTOpY @

-
(pHc. 93; m3 aTOro vepTENXd TaKKe He-
b-a [OCPEOCTBEHHO YCMATPHBARTCH, 4TO LYM- .
Puc, 93. © Ma BexTOpoB @ B b+ (-—a) ecTb Bek-

top #). [ocneanee npasuiao ocobeHHO
y,uoﬁuo ATS MOCTPOEHRS peaynbTara npuGagieHdd H BHYHTaHHA
HECKOALKHX EBe¥TOPOB; HanpuMep, 4To0M HaliTH X=a4—b—
—¢+d—e, K0CTATOMHO B3ATh BeKTOpn &, —b, —¢, d, —e
H MOCTPOUTH MX CyMMY, kagk noxasaso B n* 147.



164 JHHEHHBIE OMEPALIMM HAJ BEKTOPAMH [ra. 8

§ 51. OcnoBHble Teopembl 0 HPOSKIEAX

182. 3aech Mn yCTaHOBHM ABE BaXKHHE TEOPeMW O MpPOCK-
UHEX BEKTOPOR. :

Teopewma 17. [Ipoekyusn cymmsl scRropos pasna cymme
ux npoexyuil (RA OXHY H TY Ke OChB): ‘

np, (@, 4-a+...4+e,)=npa topa,+...+npa,.

HoxasareanbcTpo. CoCTaBAM AOMAHYID ¢ BEKTOPHHMHU
3BEHBAMA &y, @y, ... , 4, (cM. n° 147), T, &, K XOHLY BEXTO-

Pa @, UPRNOKHM BEKTOD &,, 3dT€M K KOHIY BeKTOpa &y DpH-
AOWHM BEKTOP @; W T. [A., HAKOHEW, NPHIOKHM BEKTOD &,

\‘f“‘t
/

Puc. 94,

K KOHUY BeKTopa @, ;. OGosnaumM (MPH TakoM pacnofomeyu
JalaHHHX BEKTOPOB) HA4YAN0 BeKTOpa &, Oykeoh O, konen
ero—OykBolt 4,, konel BexTopa @, —OykBoit 4, u T. n. Torna

a+a,+...+a,=04, (1)

Cnpoextupyem nce Toukn O, Ay, Ay, ... , A, na ocb u ¥ oGo-
3HAYMM HX NPOEKLNH COOTRETCTBEHNO uepes O, A}, Ay, .. ., Ay (cu.
puc. 94, KOTOPHH COOTBETCTBYET CAy4aw n=3); noayuaem:

O'Ay=npa, AA;=upa, ..., 4, A, =upa, (2)
C apyro#i cTopoHH, BCIEACTBHE papenctea (1)
np, (@, -+-a,+4- ...+ a,) =n0p,04,=0'4,. (3)
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Ho cornacho n® 3 npu nAwpGoM pacnonowennd touek O, Aj,
Ag,. .., A, HA OCH U HMEET MECTO TOKIECTBO:

O’ Ay =0"A1 + A1 A5 - Ay + .o+ Ap 1 An. (4)

Ua rowaecrea (4), mpunnmas Bo BHHmaune dopmynn (2) u (3),
HAXOANM, UTO

np, (@, +a+...+a,)=np,a+npa;,+ ... +0p,a,

Teopema nokasaua,
Teopema 18. lTpu ymnoxenus 8eKTOPA KO YUCAO €20 NPO-
CKYUR YMHONCAETCA HA TO dKe 4LUCAO!

np, @ == 6. 0p,a.

HokasartenscrBo. IlycTh BeKTOPp @ NpJIOKER K Ka-
koA-uubyap TOuke Q ocH &; 0603nauuM KoHell ero GyKBoH A.
Bektop w4 Mp 6yaeM Npefnonararth TakKke OPWIOKEHHMM
K Touke O u koHen ero mometrum Gykeol B. Takum ofpazom,

OA=a, OB=oca.

Paccmotpum npsMy0 @, Ha KOTOPOH HaxoasTCH TOHKH
0, A, B. Ycranosum na 3TOHR npsmoit (kakoe yroguo} noao-
MUTENBHOE HallpAB/CHHE, TeM CcaMHM MbB CIeNaeM €e OChlo,

CnpoextnpyeM ToukH O, A u B ra oce u; nycte O', A', 8
6yayT ux mpoekuun (puc. 95, a u 6). [lo n3mecTHOl Teopeme
AEMEHTAPHON FEOMETPHKM Ml HMEEM NPONOPUKIO:

10'8°| _108]| =
04| ~ [0AT )
Ecim otpeskn OB n OA (newaupie Ha ocH v) Hanpasient
B OJHY CTOPORY, TO H OTPE3KH OB u0A A" (na ocu &) Hampas-

AeHH B OJHY CTOPOHY; €C/IH € OTPE3KH | OB u OA nazpasnenn

B pasHbe CTOPOHW, TO H OTPE3KH OB un 04 HaNnpasaenrs
B pasHbie CTOPOHM (Tax Gyler fpH OTPHIATEILHOM o 3TOT
cayvali cootBeTcTByer puc, 95, 6). Takum 06pasoM, OTHOLIEHHN

BeMHYHH 3THX OTFTP23KOB O’B' H 08 AMEIT OAHHEKO
Peskos mrar M G2
BH € 3HAaKH; 35aYUT, BMECTO paBeHCTBa (D) Mbi mOAYyYaeMm:
0'8' _ 0B
04 04"

0|c
2l

Tak xak OB=0ca u Od=a, T0 — =0a. CleloBaTeabHo,
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’ r
g—,—g—,—ma, wiH OB’ =a.-0’'A’, Orciona
1P, 0@ = O, TIP,.a},

Teopema nokasada,

3ameuanne. Tlocnemriow TeOpPEMY HArIAIKC MOMHO BH-
CKa3aThb TaK: RPu PACTANEHUU 8eKTODA 8 O PA3 €20 RPOeKyus
pacrazueaerca TONe 8 O pas.

163. B n° 134 6Hn ycTaHOBAGH NPHHUMN ONpeAENEHHA
Ka¥aoro cBOGOAHOrC BEKTOPA B MPOCTPAHCTRE 3aAaHHCM TPEX

v

¥

o d
- A
¥ 5 g 7
/[?’ 'q’ B 7 A.r"“
Kl B g
Puc, 95.

gncen —ero koopamnat. Ham cymectBenso 3nath, Kakue apug-
METUNECKUE ONEPayul © KOOPOURATAMU BEKTOPOS COUTBETCTEYIOT
AUHELABIM ORepayuam, npoussoduMbis Had COMUML BeKTOpAMU,
Dror pompoc cpasy pemaerca Teopemamu 17 m 18 n° 152,
ecE NPHHATh BO BHHMaHHe, 4TO (JEKAPTOBH) KOOPAHNATH
BEKTOP4 CYTh €FrG TNPOEKItHA Ha KOOPIAHHATHWE ocH. MHwuenno,
cornacho Teopeme 17 npu caomeNuu 8exTopos ux Koopdusa-
Tor cxradsarorca. Takny ofpasom, ecnu
TO

a+b={X,+Xs ¥+Vy5 Z,+2Z,}
Orcona crenyer, uTO

a-—-bm {XI‘—"XQ; YI— Yg; ZI—ZQ}.

910 We OGCTOATENLCTBO MOKHO BHPA3HTE CHMBOJHUECKH
OJIHHM COOTHOIHEHHEM:

o Y 20} e Xy Vo Zo} = {Xa £ Xy Ve £ Vs 2, = 2. (6)
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fJanee, cornacio Tecpeme 18 npu yMHONenud BeKTOpa HA
HUCAO0 e20 KOOPOUHAT. YHMHOMQOTCA Ha To Xe 4ucao, Takum
-obpasom, ecan a={X; ¥; Z}, To mns mwGoro umcaa o

aa={cX; a¥; aZ}.
310 0GCTOATEALCTEBO MONHO BHPA3UTh CHMBOJHYECKH eule TaK:
a{X; V; Z}={oX; a¥; aZ}, (7

154. Va3 npeswayliero Jerko BLBOAUTCA Ycaosue KoAAl-
HEeapHocTU 08yx 6exTOPO8, 33NARHBX CBOMMH KOOPIHHATAMH.

Hmenno, pektop a={X;; Yy, Z,} n b={X,; ¥y Z,}
KOMIHHEAapHH B TOM ® TO/JALKO B TOM C/IyYde, KOTraa OJHH
H3 HHX MOKeT OHTb MOJY4YEH YMHOMEHHEM APYroro Ha HEKo-
Topoe u4Hcao: b=Aa (upeaucnaraem @==0). Bekropaoe
PaBEHCTBO :

b=ha

PABHOCHJABHO TpeM YHCJIOBLIM:
X2=AX1, Y2=’\'yl' 22=M1,

a STH NOCAEANHE DABEHCTBA O3HAYAIOT, HTO KOOPIHHATH BEK-
TOpa b NPOROPUHOHANBHW KOOPAHHATAM BekTOpa @. Crenosa-
TenbHo, sekropn a={Xy; Yy Zi} u b={Xy Yai Zy} Koa
AUHEQPHDL 8 TOM U TOAGKO 8 TOM Caydae, xozda

X-g_Yg 73 .

T. e. K020a UX XKoopduHaTe NPONOPYUOHAAREHBL,

§ 62. Pasnokenue BeKTOpPOB HA KOMIOHENTH

155. Ecan uaM 3zagasa B npocTpaHcTRe  Kakaf-HHOYAL
CHCTEMA HAEKAPTOBHX [PAMOYTO/JbHHX KOODIHHAT, TO BMeCTe
¢ Hel0 MM OyZeM pacCMAaTPHBATL HEKOTOPYI) ONPeAeAEHHYIO
TpolKy BeKTOPOB; MW OyneM 0003HauaTh HX cumBoJamu i, f, k.
OTH BEKTOPM ONPEACNIOTCH CACAYIOMHME yCAOBUSMH:

1) gextop i Jaexut Ha ocw Ox, Bextop j—mua ocu Oy,
BexTOp K—na ocH Oz;

2) kawpwi u3 BekTOpOB £, J, k nampassen Ha cBoeH ocH
B NOAOKHTEALHYIO CTOPOHY;
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3) sextopw I, J, k—enwnwusme, T. e [il=1,
1/]=1, |k|=1.

OxasuBaercs, uto Mobod BexTOP 8 APOCTPAHCTEE MONET
OoiTo 8bipances wepes sexropel i, f, R npu nomowu aurelnoix
onepayud. Kax nonayvaerca Takoe BLIpawedHe, MH ceifuac no-
KaWeM,

PaccmoTpuM npoHseoabuwit BekTop @. Byaew npesnmonarate
(ans ymobcrea usnomeﬂua), YTO OH OPUACWKEH K Hayany Koop-
munat. (O603HaYHM KOHEl[ Bek-
Topa @ OyxsoH A. Ilposenem
Hepe3 TOYKY A npamylo, mapas-
aensuyio ocu Oz. Oda zomkHa
nepecedb ma0ckocTh Oxy; obo-
4 SHAYHM TOYKY mepeceyeHHs GyK-
i Y pofi B. Ilpoenem satem uepes
¢ J Ay TOUKY B npsMyio, napannenb-
uyio ocr Oy, u npaMylo, napan-
7 nenbuy©o ocH Ox. [Mepeag us Hux

Zomkua nepeceub ock Ox, BTO-

Pre. 96, pag—oce Oy. OGosmaunm aTtn

: TOYKH MEPECeYyeHus COOTBETCT-

penno cumMmonamn A, H A,. TposexneM, naxowmen, yepes Touky A

fnpAMyI0, napaniedbnyio fipamolk OB; sta npamas nomicna nepe-

cedp ock O B HEKOTOPOH TOHKE, KOTOPYI0 MH 0803HaY4HM CuM-
gonom A, (puc. 96).

Cornacno npaspny CAOKEHHS BEKTOPOB (IPHMEHHTENBHO
k napannencrpammy OBAA)) umeem:

a=0B-} 04, (1

TouHo Tak Ke [0 DPABRAY CIOMEHHA BEKTOPOB (MPHMEHHTENbHO
k napannenorpammy OA,BA,)

OB = 04,--0A,. )

2
A

)
<

&

Beaeactsue pasencra (1) 1 (2)
a=0A4,4-0A,+0A,. (3)

Tak wak BeKTOpH OA u i Jewat na oanoft npaMolt, To OA
MoweT OHTH MoMyYen nyTeM «pacTAKEHNA» BEKTOPa §; TaxHm

06pa3om, Mowen Hanmcath: OA, = Al, rae A—BeKOTopog wnHC/o.
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Anaioruuno, OA =wuj u OA,—=vk (puc. 96 cooTmercT-
BYET CAYYaIO, Korzd nena A v HOMOKHTENALAN),

W3 pasenctea (3) u coorsomenndt OA,= A, OAy=;.tj,
OA, = vk noayuaem

a=hi-+pj+vk (4

Tem campiM MH HOKa3and, 470 Jw00H  BekToD & B mpo-
CTpaHCTBE ACUCTBHTEALHO MOWET OHWTh BHPAMEH NPH IOMOLH
AuHeHHMX onepannfi yepes mextopu I, f, R

Mmed B BRAY BCE BEKTOPH B NPOCTPAHCTBE BHPAaXATh YKa-
3AHHEM 00pazoM uepes BekTOp &, j, B, My Oylew STy TpoBKY
BEKTOPOB HA3HBATh KOOPOUHATHOIM 6A3UCOM.

Hpedcrasaenue eexropa G 8 sude cymmel ?\i—|— Wwi-t- vk na-
30BRETCR PA3AOKCEHUEM GeKTOpa @ no Oazucy i, J, k. Hucna A,
§, ¥ HOCAT Ha3Banue KoapduyuenTos ITOrG PAINOWEHHA; BeK-
Topet Ad, Bf, VR OPUHSTO HA3LIBATB COCTUBAZIOUUMU (HTH KOM-
noxenTamy) nextopa @ no Gasmcy i, j, k.

Bextops Af, Wi, VR HASHBAKT COCTABAAIOMHME
BEKTOp&@ @ MOTOMY, YTO OHU B CYMME COCTQBARIOT BEKTOp &,

156. Temeps MH nocTapaeMcs BHACHHTb [EOMETDHYECKHA
cvucn Koaddunnentos A, p, v. Tax kak OA,=Ai, a i—enu-
HHYHLIE BEKTOp, TO 9YHCIQ A ecTh OTHOMIeHHe otpeska OA,
K eluHHue H3Mepenvid, B3fATOH CO 3HIKOM NMOC HAN MHAYC
B 34BHCHMOCTH OT TOrO, HANPABAEH JH STOT OTPE3IOK TaK Ke,
kak ® Bextop I, WM mporuBomonoknro emy. Mnaue roeopd,
A ects Beanuynua orpeska OA, na ocn Ox, noxnmaemas
TaK, Kak omnpexeaedo B n°2, 1, e. A=0A4,. Ho O4, ecrp
ne 4TO HHOe, XaK mpoekuus sektopa @ =0A wua ocs O,
CnezoBarenbHo,

A=npa=X,
AnanoTHYHO
p=npa=Y, v=npa=Z.

157. Bce mnanowennoe B n°n® 155, 156 Mo mowem pesio-
MHPOBATh B BHIE cleiyiomefl TEOpeMnl:

Teopema 19. Kaxum 0ot wu Owma sexrop a, on eceeaa
Moxer Obire paszsoxwen no Basucy i, f, R, T. e, Moxer GoiTh
npedcrasaen 6 sude

a=Xi4-Yi+ ZFk;
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Koaghihuyuenrel 31020 POINOKENUR ORPEDEAAIOTCA BEKTOPOM e,
odnoswauno, umenno X, Y, Z cyre npoexyuu sextopa @ Ka'
koopdunarrele ook (T, €. KOODAHHATH BEKTOpA @)

168. 3ameTHM Tenepr, UTO paaNOWEHHE BEKTOPOB MOMHO
NPOU3BOIETE He TOXbKO no Gasucy i, J, R.

TlycTe manw Tpu BeKTOp2 @, @y, &5 JLAA HarIAnHOCTH Oy-
JieM npencTasndaTs cebe, yTo OHH MpHBedeHH K obuiemy nauany O,
OTHOCHTeNIBHO 3THX BEKTOPOB MH He [e/1aeM HHKAKHX CIIeLH-:
anbHHX Npeanonoxenudl {cUHTaeM HX BekTopamu awbo# AmHHN
R ¢ JMOCHMH YIMaMH HakAoHZ JAPYF K JApyry). Mm norpeGyem
TOABKO COGMOAEHHT OMHOTO ycnoBHA: GyLyHH ApHBeNeHH K 00-
‘meMy Havany O, BeKTOPH @), @y, @ HE IOKHH NEKaTh
B omuolt 1mnockocTH. Tlpy 5TOM yCiOBHH CIPAaBENIHBA CIERYIO-
mas Teopema: '

Kakum 66t Hu Obia 82KTOD @, oM 6ceadd Momer ObiTu @bi-
paxen ¢ sude aunednold KoMmOuxayuu GEKTOPOS 4, G, Gy

@ = hay -+ pay -+ vas. (3
Taxkoe BHpaXeHHE BEKTOD2 € HAIWBALTCH PASAONEHUEM €20 ho
busucy ay, a,, 4.

Jas nokasaTenbeTBA BHCKasagHHON TeopeMH NMpPoBeAEM uepes
touky O r1pu ocu Ox, Oy, Oz o HampaBleHHSM BEKTODOR
a,, Gy, @3 coorBeTcTBeHHO. [locne BTOrD paRencTBO (5) MOMHO
YCTAROBHTh NyTeM GYKBA/bHOTO NOBTOPEHHS BHRKAAAOK W pac-
CyMIEHHH, ¢ NOMOI{BI) KOTOPHX OHAO JOKA3aHO PaBeHCTBO (4),
CrefxyeT AMHIb BCHIAY BekTopw £, f, R 3aMeHsTh BeKTOpaMn
@,, G;, 8y (napainexenunes, usoOpamenHw# na puc. 96, cae-
AdyeT NpU 3TOM MPEACTABAATH cefe KOCHM).

OcTaeTcs BWACHHTh TeoMeTpHYCCKHH cMulca ko3ddruneHTOB
A, B, v B paBenctBe (5). M mmeem: OA,=Aa,; orcona cie-
ayeT, 470 XA ecTh BeanynHa oOTpeska OA, ocu Ox, ecan
B KaYeCTBe MacHITabHOrO OTpeska Ha 3TOH OCH NIPRAAT BEKTOP &;.
Ananornynnfi cupca nmewt pou v. Ortpeskn OA,, 04,, OA4,
HHOrZd HA3HWBAKT KOCHIMH NPOEKIHAMHE BeKTOPa @& Ha ocu Ox
Oy, Oz. CoOTBETCTREHHO MOKHO C(Ka3aTh, YTO KosdbuumerTH
A, B, v B paBeHcTBe (D) ABAAIOTCA BEAHUMHAMH KOCHX Npoexpui
BekTOpa @ Ha ock Ox, Oy, Oz, ecny xawiad UPOEKUHA H3me-
peHa Ha cBoelt ocu B cBoem macmrtabe. Orcoua ciaenyer, 4To
Koappuyuentel pazaoxenus dennozo seKropa no darnomy Basucy
onpederfdTca eduncTBennsis ofpasom (HOCKOABKY OHH BHpa-
IAKT BIOAHE ONPEe/IeHENE FeOMETPHYECKUE BeJHYMHbI},
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169. Ecin BeKTOP @ J€WHT B NNOCKOCTH BEKTOPOR &, @,
TO ero PA3NOMEHHE N0 GA3UCY @&,, @, @3 HMEET BHI:

a=ha,|-pa,,

T. e. v=0. B camom nene, B aToM cayuae Touka A cosnamaer

¢ Toukofi B m, caemoeatennHo, OA =),

Ecnu ME uMeeM B BHEY PaccMaTpHBATE TO/LKO BEKTOPH
AewaliMe B ONHOH ONpeNeneHHOft ON0CKOCTH, H TOABKO HX paa-
narath o fHasucy, TO HO- '
ctatouno Oparb Oasuc M3 4
ABYX BEKTOpPOR @, @
NeKaImux B gannol nnao-
CKOCTH (TpeTHi#l BEKTOP
CT4HOBATCH Hanuiudm}. B
kauecree Gaanca MOXHO
GpaThb 06y Mapy BEKTO-
pos @&, @, Jaduof mI0C-
KOCTH, HO ¢ 0643aTeNbHHM
yCHOBHEM: €CAH BEKTOPH Pue. 96a.

a,, @, npusejens K oblge-

My Hagany O, TO DHH He AOJIKHH DPAaclofaraThCd HA OXHOH nps-
molt, Muave roeops, Gazuc Ha NAOCKOCTRH 0083aTeNbHO COCTOMT
H3 HEKOANHHEAPHbIX BeKTopos. EcTecTREHNO, YTO NOCTpOEHHE CO-
CTABMAIOLHX HA [VIOCKOCTH MpPONLE, YEM B MPOCTPAHCTBE; OHO
raotpanceno Ha puc, 96a. Mmeewm:

6= 0A=OA, -+ OF, = hay -+ pas.

Otpeskn OA,, OA, ABARIOTCA KOCHIMH MPOEKLHAMH BEKTOPA @
#a ocu Ox, Oy; "rosdpuuMenTH A H U —HX BeJHYHHH, OpH
YCAOBHH, 4TO B KAYECTRE MACHITa0HHIX OTPE3KOB Ha OCAX NpH-
HATH BEKTOPH @, Y @y,




F1ABA 9
CKAJSIPHOE NMPOYU3BEJNEHHE BEKTOPOB

§ 53. Ckaaspuoe npousBefeHde H €r0 OCHOBHbIE csoficTea

160, Craasaproim npoussederuem 08X GEKTOPO8 HABLIGAETCR
wucAO, PABHOE npoussedenuso modyaed 3TUX EEKTOPOS HG KO-
Cusyc yeaa mexcdy HumiL.

Cxanaproe 1npoH3BefeHHe BexTOpos &, b oOo3Havaercs
cuMBonom ab.

OGo3tayuM yroa MewxAy BeKTOpaMH &, b 4epes ¢; Toraa
CKANAPHOE NPOU3BENEHHE BCKTOPOB @, D MH CMOXEM BLIPA3HTH
dopuynoi:

ab=|a||b|cosq. (1

Ins AanbHeBUIEr0 BAXHO 3aMETHTh, 410 |b]cos g =np b
(cw. n° 132), cnedoBarensso,

ab=|a|up.b. (2)
Ananornuno, |@|cos@ =np,a, W MH NOAY4AEM TAKKE
ab=|b|np,a. {3}

TakuM o0pasoM, CKGAAPHOE npoussedenue sexTopos &, b
MOMCHO PAcCMATPUSATL “4Au Kak npousdgedenue Oeyx ducer, us
KoTOpuiX OOHO ecTe MGOyte 6exTopa @, Opyzoe—npoexyus
eexTopa B Ha ocb GexTopa @, uAu Kax npouseedenug 06Yx
wucen, w3 KOTOpbix 00Ho ecTb modyav eexTopa b, dpyzoe —
npoexyua 6exTopa @ na ocb gexropa b,

161. Tlorutne CKANAPHOrO NpOM3BElEHAN HMEET CBOH HCTOW-
HEK B Mexannke, Muenno, eciu (cBoOoRHWHA} BEeKTOp & H30-
Opaxaer Cuny, TOUKAa NPHNOKEHHS KOTOPOH MepeMellacTcd H3
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Hauyana B Konen Bexktopa b, To paGoTa W STOH CHAW onpe-
AeaAeTca paBeHcTBOM ¥)

w=|al|b]|cosy.

B BeKTOPHOM MCYHCICHHK STY BEAHYHKY HASHIBAIOT 1P OMY3-
BeAeHHEM JABYX BEKTODOB H4 TOM OCHOBAHWH, 4TO OHa obia-
ZaeT HEKOTOPHMH anreGpanyecKyuMH cBOHCTBaMH OGHKHOBEHHOTO
npousBeAcHHA uucea (oHM OYAYT YyKa3aHn B CASAYIOHIEM ma-
parpade). Ee HaswBalT CKaAADHLM OPOU3BEJEHHEM, TaK
KdK OHA fIBAAETCH CKaNAPOM (dHCaoM).

162, Cxansproe npousspelZeHde oGnajaer CAeAYIOLMMH
aqreCpaHYecKuMH CBOHCTBAMH:

1. CRoficTBO DEpPECTAHOBOYHOCTH COMHOWXR-
Texe#:

ab = ba,

Joxasatensctpo. [lo onpeneaenmo ab=|a||b|cosp
n ba=|b||a|cosq; wo |a||b|=]|b]|a], nockoabky 9TO
¢CTh MPOCTO MPOM3REAGHHE 4YHCeN, cAenoBatensHo, ab=ba.

2. CBOHCTRO CO4ETATEAbHOCTH OTHOCHTEADbBHO
YMHOMEHHS HA YHCIO:

(o) b= o (ab).
Hoxasateancrtro. [lo dopmyne (3) My Hmeem:
(oa) b= || np, (xa).
Ho cornacko Teopeme 18 (n°152) up, (aa) = anp,a. Taxum

0Bpa3om,
(a@)b=|b|np, (aa)= bl axnp,a=a (b | np,a).

C apyro#i ctoposw, mno To# we dopmyae (3) |b&|np,a=ab.
CleAoBaTRIbHO,
{oa) b = {| b]np,a) = o (ab).
3ameuwanue 1. Ha ceoficts | u 2 cneayer, uto
_ (oa} (Bo) = (P) (ab).
JeRCTBUTENLHO,
{za) (Bb) = o (a (Bb)) = a (Pd) a) = (B (ba)) =
= (af) (ba) = («f) (ab).

*} Cum., nanpumep, . M. Bo p o i X 0B, Kypc Teoperuueckoil mexa-
nukl, «Haykas, 1966, § 107,
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3. CpoficTero pacOopelefHTeJbHOCTH OTHOCH-
TEAbLHO CHAOKEHHD:

a(b-+c)=ab--ac.
HNokaszateanncTBO. Lo dopmyne (2) mu HMeeM:
ab+c)=|a|np,(b+c).

Ho cornacto Teopeme 17 (n° 152} np, (b +¢) =npb4-np c.
Taxkum o6pasoM,

a{b--c)y=|a|np,(b+c)=|al(npb+np,c)=
=|a{npb--|a|np,e.

C apyroft croponH, no To#t xe ¢opmyae (2} |a@|np,b=ab
n |@|np,c=ac. CnenopaTensto,

a(btc)=|a|npb+|a|op,c=ab+tac.

Mocrenree p3 ROKa3aHHHX CRORCTB CKalAspHOTO NpOH3BEAC-
HUA J4eT OpPaBO Npd CKANIPHOM NEPEeMHOMEeHHH BeKTOPHHX MHO-
FOY/JIEHOB BHIOAHATE JAeficTBHe mnounceHHo. B cuay nepsoro
CBOHCTBA2 MOWHO OPE 3TOM He 33a00THTHCH O MOPAAKE COMHO-
wurenefi. Bropoe cBoficTBO MO3BOJAgET TOrAA (CM. BROIE 3ame-
yapue 1) 06beAHHATH 4HHCAOBHE KOSDHUHEHTH BEKTOPHHX
coMHoxuTenefi. Hanpumep,

(2a - 58) (3¢ -}- 4d) = (2a + 5b) (3¢) + (2a + 5b) (4d) =
=(2a)(3¢)+(5b)(3¢)+(2a)(4d)+-(5b) (4d} =
— 6ac -+ 15b¢ -+ 8ad 4 20bd.

Bameuanne 2. B oaHoM OTHOMIGHHH CKANSpHOE (POMA-
pelieHHe BeKTOPOB CyIeCTBEHHO HEe CXOXHO ¢ OOHKHOBEH-
HHM NPOM3BENEHMEM YHCEeA: TAK K3K CHAIAPHOE NPOMIBENEHHE
HABYX BEKTOPOB €CTh y#e He BexkTop, a 4ucao, To GeccMu-
CNEHHO [OBOPHTh O CKAJASPHOM NPOHIBEACHKE Tpex HAH 60ab-
[ero YHC/AA BEKTOPHHX COMHOXKHTEReH., 3aMeTHM, YTO CHMBOX
(ab) ¢ MOKHO ROHMMATE TOJNBKO TaK: (@b)c ecTh npousseneHHe
uucaa @b Ha sekrop £, T. €. (@B)c ecTh BexTOp £, «pacrs-
HyThil» B @b «pas».

163. 3aech MH NpHBeAcM PAN BawHHX FCOMETPHYECKHX
CBONCTB CKANAPHOIO APOH3BEILEHMS.

1. Ecau nepasunie nymo agexropsl @ w b cocTagasor ocr-
puill yeoa, 10 cxaaspuoe npoussederue @h noAGKUTEALRO.
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B camoM zene, eciad (p—oOCTpuR yroa, 1o cos¢ > 0; cne-
HoBaTensno,
ab=|a||b|cos¢ > 0.

2. Ecau nepagnole nyso eextopst @ u B coctasasor rynol
Y201, TO CKQAAPHOE npoudgedente ab orpuyarensto,

B camom nene, ecrn @—rTymol yron, To cosgp < 0; cne-
JOBATENBHO,

ab=|a||&|cosp < 0.

8. Ecau sexropst @ u b nepnenduxyaspum Opye & Opyey,
170 ab=0. .

B camoM nene, ecan @ » B BiauMHO DEPHEHAHKYNAPHH, TO
q>=% n cosp=0; crexosareanio, ab=|a||&|cosp=0,

4, Ecau cxaanproe npouszsedenue deyx sexropos @, b pasio
HYAIO, TO 8eKTOpst &, B 83aUMNO nepnenduxyAfpsl.

B camom nene, eclH XOTs 6 ONuH M3 BeKTOPOB @, b paeen
HYMIO, TO €ro MOXHO CYHTATDH IEPNERIAKYNADHHM K IPYroMy,
TaKk KaKk HyAesof BEKTOD MOMHO CYATaTh HANPaBAEHHHM JIO-
M 00pa3OM; ecld Ke HH ONHH N3 3ITHX BEKTOPOB HE DaBeH
HyAID, TO BCAGACTBHE pabeHcTBa ab=|a||d|cosp =0 nomkno

E1
6uTth cOSQ=0, T.€. @==3, YTO W O3HAYZET NepeHTUKYNAP-

HOCTL BEKTOpos & u b.

TMocneaure xsa cBoficTBZ MOMHO BHCKA3aTh COBMECTHO clle-
AyompmM 00pasoM: cKxasapHoe npeuseederue Jeyx 8exTOpoS
ofipawaerca 8 Hyas To20a U TOAbKO To20a, Ko20a 8TU GeKrO-
pol B3AUMNO NEPRENGUKYARPHEL,

Haxonen, MW OTMETHM eLle OHHO CBOHCTBO CKa/lAPHOTO NPO-
H3IBEASHMI:

5. Hpu craAApHOM YMHONCEHUW BeKTOPa COMO20 HAQ celR
nosyuaercr Keadpar ezo modyan:

aa=|alt.

B camoM nene, ea=|al|{a|cos0; no cos0=1, cnenona-
rensto, aa="\{a’

Bameganne, Crandproe npowsBeNeHMe @4 Ha3WBaeTcd
CHENIPHLM KBALPATOM BEKTOPA & M 0D03HAYAETCH CUMBOROM @3,
Ha ocHOBaHHH HpeXbIyiiero mu wmeem: a*=|alf?, T.e, cxa-
AApHbIE KEadpaT @exTopa pasex Keadpary €20 MOGYAR,
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§ 54. Buipawenne CHAFAPHOTO DPOH3BEIEHES
yepes KGOPAHHATH NePeMHOKAEMbIX BEKTOPOS

164, Cnezymmad Teopema [JaeT BOIMOKHOCTH BHIYHCARTH
CKANAPHOE MPOH3BEIEHHE ABYX BEKTOPOB, 3HAA UX KOOPIAMHATHI,
T. €. MPOEKLHH HA OCH HEKOTOPOH MexaprToBof NpSMOYrofAbHOH
CHCTEMHW KOOPAHHAT! _

Teopema 20. Ecau eexropn @ u b sedanw csoumu xo-
opdunaramu:

a={X; Yy Zi}, b={Xy Yy Z,),

10 CKAASPHOE npoudsededie ux onpedeaneTcs Popryrod
ab=XX,+Y,Y,+ 2,7,

Hoxasatenscreo. Ilpensapureanno cOCTABEM «1ad-
ARUY yMHOMenus» 6a3nCHHX BexkTOopos I, f, R:
=1, =0, k=0,
ji:OJ j2=11 jk=03 (1)
ki==0, ki=0, E'=1.
Bxech cxangprue NPOHSBeREHHA PAIAHIHLK GA3UCHHK BEKTOPOR
P2BHH HYAK, TAK KAK OHK B3AHMHO NePHeBIHKYAApHLL (CM. CBOf-
creo 3, n° 163); =1, jP=1, k*=1, rax wax I, f, & cyrs
eqHiHYHNE BEKTOPR (cM. c¢BoicTso 5 n° 163),
Pasmomum Teneph BeKTOpH @ H b 1o Gasucy i, f, k:

a=XJi+ Ylj—i-zlk,}
b=X,iLlY,j|Z.k

(cia. Teopemy 19 n® 157). Ha ocHOBaHMM YCTAHOBNCHHMX 8
n° 162 anre6panueckux CBOACTR CKaJNPHOTO NPOHIBEACHHA Mid
MOMeNM, BRYHCIAAA @b, HepeMHOKATH NpPABHE YdCTH PaBEHCTBA
{2} nounexno:
ab= X\ X,i*+ X, Vyij+ X, Z,ik +

VXl + VY, 2+ YiZojl -1 Z, X ki - Z, Y b+ Z, 2,72,

Moabgysice tabaunedi (1) ymnowenns OalHCHHX BEKTOPOB,

HaxXOmuM OTCHlA!
ab=X\Xy+ 1Y, + 2,2,

4YTO H Tp‘BGOB aJa0cCh,

(2}



§ 54] BHPAKEHHE CKAISPHOTO TIPOM3BEAEHHS B KOOPAHHATAX 177

Conepwanue yCTanoBleHHOH TeopeMH MOXHO BHPASHTDL eute
TAK; CKAARpHOE npouseederue Dsyx 6eKTOPOB PABHO CYMME no-
napHsLx npouscedextli COOTEETCTEYIOMUX KOOPOURAT 3TUX 8K~
TOpOos. :

185. Mu yxamem cefluac pam BawHHX CNeACTRHA Teopem 20.

Cnexncreue 1. Heobxodumslm 4 OOCTATOUHBIM CACBUEM
nepresfukyAAPHOCTY BEKTOPOS

a={X;; Y Zi} u b={Xy Yy Zg}

RBARETCA PAGEHCTBO
XX, + VY, -+ Z2,Z,=0. (3)
B camom nmene, coraacio n° 163 BexkTopw @ H § B3anmHo
IepUHeHAMKY/NAPHH B TOM W TOALKO B TOM Caytae, KOraa
ab=0. Ho no teopeme 20 umeem: ab=X, X, + VY, Z,Z,.
CnexosateNibio, BEKTOPH G H O nNEpPHeHiHKYNAPHBI B TOM U
TOABKO B TOM CJyuae, KOIRa BLIOJHAeTcd paBeHcTeo (3).
Cnencreue 2. Yeor ¢ mewdy sexTopamu

a={X; Yy Zy} 4 b={Xy Yy Zy}
onpedesseTca paseHcreom
_ X Xo+YViVe+2:2,
Vxitvit iV xa+vitz
B camoM Rele, 0 ONPEACACHAI0 CKANRPHOTO HPOH3BEACHHA
ab=|al|b|cosg; orciona

(4)

cos g

ab -
@Bl ®)
Ho no 7teopeme 20 wumeem: ab—=X,X,+Y,¥,|-Z,Z, ano
reopeste 16 (n°139) |a | =V Xot V223, |b| =V X+ Vi+ZE
QOrciona ¥ u3 dopuyau (3) nonyuaetca gopmylta {4}
CrnepcrtBue 3. Ecau HexkoTopas oct u COCTABARET ¢ KO-
opdunarseimy ocamu yeasl &, B, v, TO npoexyus nPOU3EOALHOZO
géxtopa §=1{X; Y; Z} na 3Ty ocv onpeGesseTca PaBEHCTEOM

np,s = Xcos &~ ¥ cos f +.Z cosy. (6)

COoS p =

[18 AoKasaTenbCTBAa NPelNONOXHEM, YTO HAMPABICHHE OCH i
33aH0 eAWHRUHEIM BekTopom e. Cornacho Qropmyae (2) n° 160
Mo uveeM: eS=|e|np,s. 3amerum Tenepp, u4TO [e|=1 u
up,s=np,8. Taxum ofpasom, np,s==es. Tak Kak BeKTop €
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HATIPABAER TO AAHHOH OCH @, TO OH COCTABAfET C KOOPAHHAT-
HLMH OCAMM Te e YPAM, 4TO M 9Ta ok, T.€. &, P, y.
Orciona 3akmouaem (cm. Teopemy 16 n° 139}, uto

npe=|e|cosa, npe==|e]cosP, np,e=|e|cosy;

Ho |e|=1, caenosarenbuo,
e={cosa; cosf; cosy}.

Mmea s={X; ¥; Z} ne={cosa; cosf; cosy}, no Teopeme 20
Haxoamm: np,s=es=Xcosa} Ycosft+Zcosy, uro m rpe-
GoBanoch,

166. Mpumep 1. JBauu Tpm wourw A(l; 1;1), B(2; 2 I} u
C(2; 1; 2). Haara yron @=/ BAC.

Pemenne IlpuMenss Teopemy 15 (n° 135), maxopum:

'ﬁ={1; 1; 05, AC={1;0; 1}}
Qrci0ja W Ba OCHOBAHKE CJAEXCTEMH 2 Teopemu 20:
1-141-040-1 - 1 _1

yiornqe Viigo,Ln yz.¥z 2°
Cnegppatennto, §=60°

Mpumep 2. Janw roukn A(L; 1; 1) u B(4 b; —3). Haiira
ApoeKIMi0 Dextopa AB Ha OCh @, COCTABJAIIYIC C KOOPAHHATHHIMH
OCAiMH PABHEE OCTPHE YIVIH.

Pemenne. [lycrs cosa, cos, cosp—Hanpasnsomie KOCKHYCH
ocH B TO YCHAOBHIO SajlavH OHM PaBHH HPYT APYTY M NOJOKHTETbHA

(tak KaK ¢, B, 7--OJMHAKOBHE ocTpHe yris). Ho cormaceo pasetcrsy
(9) n° 140 -

cos =

cos? atf-cos? B+ cos? y=1,
CTeofa M HZ OCHOBAHWH TOJIBKO WTO CKa3aHHOTO
1
08 &= cos f == cos 7=?__3,,_
1o Teopeme 15 (n°® 135)
AB={3; 4 —4}.

'HaM otTaercd NPRMEEHTRE cJencTede 3 Teopemul 20, T. e, dopuyny (6);
ppHMEHfs €e, HAXOMHM:
¥V 3

ap,AB=3 !

1 i
vittys Tt yET
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BEKTOPHOE ¥ CMELRAHHOE NPOH3BENEHH#H
BEKTOPOB

§ 55. BexropHoe EpoH3BejcHHE
H ero ocHEoBHHe cBoficTBa

167, 3zecs MH onpenennM Hosoe AeHCTBHE HAX BEKTOpamir
BEKTOpHO® npoH3BeneHnHe. [Ipw stom mum Oyaem npeamoXarats,
YTO B MPOCTpaHCTBE BHOPAHA HEKOTODPAS CHCTEMAa JCKAPTOBHX
NpAMOYTONXbLHHX KOOPAMHAT.

Bekropuoim npousgedenuesm 8eKTOPR G HA 6eKTOp B Hadu-
6aeTCA GeKTOp, 0003naHaembul cumsorom [ab), koropsul onpe-
JeARETCR CACOYIOUWUMIL TDEMA YCAOBUAMIL

1} modyas sexropa [ab] pasen |a||b|sing, ede ¢—yeoa
Mexwdy eexropamit @ u b,

2) eexrop [ab] nepnenduxyrspen ¥ KaxOomy u3 eexropoa
aub; ‘

3) eexrop [ab] ornocureasno eexropos @ u b nanpasaen
Tak gce, Kax Koopourarihas oce Oz ornocuressbno Koopdusar-
noix ocedi Ox u Oy, Tounee, ecnam sce TpH BekTopa @, b u
[@b] npuenenn k ofiemy Hauany, TO BeKTOp [@b] momkex
OuTh Hanpasjed T4k, YTOOH H3 KOHUA ero kpardafmuH moso-
POT BeKTOpa & K BekTOpy & OMa BHIeH COBEpLIAIOWIMMCH
B Ty e CTOPOHY, B KaKyl0 yCMAaTPHMBAETCH KpaTYadusik noropot
noiiokdTeRbof moayock Ox Kk nojowurenbsoff noayock Oy,
€CHH CMOTDPETh M3 KakoH-uubylb TOUKH MONOWHTeAbHOK Moay-
ocn Oz. :

Jng onpegencHHOCTH OpPeANONONHM, UTO B BRulipavscit
CHCTEME KOOPAMHAT KpaT4afiliui MOBOPOT MOMOKHTEABHOH NHOAY-
oc Ox ¥ nonowutensHod moiyocn Oy Buaes H3 TOMEK MOJU-
#ureapnofi nmonyocn Oz cosepmaiOiHMCE  npoTUS 4acosud
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crpeaxu. Takan cHCTEMa KOOPAMHAT naswmaercd npaeod. Ilpa-
BYID CHCTEMY MOWKHO OXaPAKTEPH3O0BATh ewle cheayiolnM ofpa-
30M: Harpasaenue oca Oz 9Tol CHCTeMH YKa3pBAeT CPEAnul nanen
npaeo#i pyku, Gonbuof manen koTopo# wanpasned mo ock Ox,
a ykasaTteabmwii —mo ocu Oy ¥).

CooTReTCTBEHHO BHOOPY MpaBol CHCTEMMW KOOPAMHAT ApU-

J4eTCH ONPeNENIeHHOe HATIpaBJeHHe H BEKTOPHOMY [pOH3BElS-
nuio [ab]). Wweswo, ecnu a, b u
A bl [ab] npusenenn x OGweMy Haua-
ny, 10 Bextop [ab] monxen GHTD
HampaBieH TaK, 4YTOOH H3 KOHUA
ero kpatyafluiul MOBOPOT BREKTO-
pa & K BekTopy b (T.e. nepsoro
COMHOWHTENE KO BTOpoMY) Onfi BH-
NEeH COBEPLIAIDHIAMCS npoTUS 4aco-
soil crpearu (puc. 97). Moxno npu-
MCHATH TAKXKE «npasuic npasod
pyku»: ecan @, b u [ab] npusenenn
K obuieMy Hauady, TO BekTop {ab]
Aoaxen GHTbh HAMPABACH TaK, Kax
Hanpaenren cpeaunfi oanel npapok
pPyKH, GOAbINOH nanen XoTopoH Ha-
npasjieH NO MEPBOMY COMHOKHATENIO
(T. e. DO BeKTOPY @), a yKalaTenb-
kil —no Bropomy (t, e. mo ektopy b). Ha 310 mpasuao mu
u OyZeM 42U(e BCero CChIaThes.

168. IMoHATHE BEKTOPHOTO NPOH3BEACHAS HMeeT CBOH HCTOU-
Huk B Mexanuke. MMenno, ecan BekTop b u3obpawaer cuay,
NPHAGKEHHYI0 K Kakoh-uuGyab TOuke M, a BEKTOP @ HACT M3
HekoTOpolt Toukn O B Touky M, To Bektop [@b] mpeacras-
AneT coBoft MoMeHT CHAb & oTHOcuTensHO TouKH O **),

B mexTopHOM HCUMCACHUH [ab] Ha3HBaWT NHpOoH3IREAE-
HHeM BEKTOPOB HAa TOM OCHOBaHHH, 4YTO 3TA BenyuuHa obua-
JaeT HeKOTOPHIMH anrefpaHyecKuMd CBOHCTBAMH HPOU3BEAEHHA
yicen (cM. B n° 171 eropoe u Tpethe cpofictea). Ee Hasm-

Pnc. 97.

*} CucreMa KOOPAMHAT Hastpaercst aedoif, ecnd ocd Ox, Oy, Oz nan-
paBjeHhl AHANOTHURD GOJhIUGMY, YKA3aTeNbHOMY H CpeAHeMy nafib-
uam JepoH pyk#.

**y Cm,, nanpumep, M. M. Boponxos, Kype reopernyeckolt
Mexawukn, «Haykar, 1966, § 44. '
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BAIOT BEKTOPHLM [POHIBENEHHEM, TAK KaK OHa fABARETCH
BEKTOPOM.

169. B nepryw ouepear MH OTMETHM BawHelmue reo-
MeTPHYECKHE CROHCTRA BEKTOPHOTO MPOH3BENEHHM,

1. Ecau gekTopst @ 4 b KoAsuMeapHel, TO UX BeKTOPHO?
npouseedenue PAgHe HYAHD,

Hdokazatenncrro, Ecan BexTops & H & KOAMHHEADHK,
TO Yroa ¢ Mexny numu o paseH 0 {8 cayuae, korza @ w b
HAOpaBAeHH B OIHY cTOpoRy), aubo pasen 180° (8 cayuae,
Koraa & H b Hanpasfied® B NPOTHBONOJOWEHHE CTOPOHL).
H 8 ToM, u B npyroMm caydae singp=0. Caezosarennno,
|[ab]}=|a||b|sing=0, T. e. Moxyab Bexropa [ab] pamen
HYNI0, 4 3HaUMT, H cam BekTop [ab] pamer uyawo.

2. Ecau gexroproe npoussedenue sexropos @ w b passo
HYM0, TO SEKTOpsl @ u b KoAAUREapHSL.

Hoxasarteancreo. [lycts [ab)=0; toraa |[ab]|=0,
a anaynt, |@}|b]|sin@=0. Ecan WM OZUH H3 BeKTOPOB & H b
He paseH HYAI0, TO H3 NPEAHAYIIEro pPAaBEHCTBA NoJyyaeM
sing =10, ¢A1ex0BaTE]ILHO, BEKTOPH @& U & xonanueapus. Ecan wce
X0TH O6l OZMH W3 BEKTOPOB @ W b paBeH HYNIO, TO Ml BNpaBe
CYHTATh €0 KOMANHHEAPHHM APYTOMY, TdK KaK HYJAEBROH BEKTup
MOWHO CUHTATH HanpamRieHHbM JOOHM oOpasoM.

O6a cBoficTRA BEKTOPHOIO [POU3ECHCHHA MB BHCKAWEM
TEMeph COBMECTHO TaK: 8eKTOPHOe npoussedenue OByX 6eKTo-
poe obpawaercs 8 Hyav To20a 4 TOAbKO TO2OQ, Koeda 3TU 8ek-
TOPbE KOAAUNEADHGE.

3. Ecau serropet @ u b npusedennt Kk obwemy nHasasy, 70
modyas 8exTopHo20 npouseedenus |ab] pasen naowdu napaa-
ALAVSPAMMA, NOCTPOEHKOZO HO GEXTOpPAX @ u b.

Hogkasarenbcreo. O6o03pauuM MIOIMAABL Dapaiilenc-
rpaMMa, NOCTPOEHHOrO Ha BekTopax a H &, GykeoM S. Kax
H3BECTHO H3 IMEMEATAPHOR TeOMETPHH, NACLAAb Napaiieno-
rpaMMa PABHA NPOH3BENEHHIO €TI0 CMEWHHX CTOPOB HA CHHYC
yeaa mexay envx, Orcioza |a|]b]sin@=3S, caenorareanno,

|{ab}{ =S, (0

4TO H YTBEPKAANCCE.
170. Ha ocnoBanun nocieanelo CBOHCTEEZ BEKTOPHOE mpo-
H3RENEHAE MOWKHO BHPA3uTh Gopmynoil

[ab] = Se, @)
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rae e-—BeKTop, onpeledseMplli CACRYIOWHMHE TpeMA YCAOBH-
AMH !

1) Mmoayabp BexTOpa € paBen eIHHUIE;

2) BEeKTOP € NepleHAHKYAAPeH K KAKAOMY U3 BEKTOPOB @ 1 b;

3) BexkTOp € HampaBAeH TaK, KaK HampaBAeH cpeRHuH nmajsen
"mpaeo#l pyks, Gonbuiof nanen KOTOPOH Hanpae/eH no BEKTOPY &,
a yxagatennhuii—no BekTOpy & (npeanonaraerci, 4To BEK-

TOpH @, B H e upupelednl K obueMy
Mcb} Hayanay).

Yro6u mokazath dopuyny (2), cpas-
HAM YCHOBHS, KOTOPHE ONPeensi)T BeK-
TOp €, ¢ YCAOBHAMH, KOTOpHE Ofnpese-
‘ AROT BEKTOPHOE npoussenexue [abl; us
STOFO CPABHEHHS JIETKO 3AKIOYMTH, 4TO
BekTopH [@ab] u e xonnuseapun Apyr
ApYry, MpHYENM HanpasieHs B ONHY CTO-
pony. Takum oGpazom, BexTop [ab] mo-
WeT OWFb NOMYYEH YMHOMEHHEM BEKTO-
pd € Hz HEKOTOPOEe MOACKHTENBHOE YHC~
AQ; STO YHCAO PABHO OTHOUIEHHIG MO-
Ayna sektopa {ab] Kk Moayao mexTopa @,
a Tak kak |e|=1, To oHo pasHo npoc-

Puc. 9. T0 MORYMIO Bektopa [ab], T. e.uHcny S.

Tem camwm [ab]= Se, uto u Tpebo-

Banock (puc. 98 unaiocTprpyet dopmyay (2) B cirydae |a|=2,
[o1=2, ¢=190°.

171. Teneph MH YCTAaHOBHM anredpaHueck#e CBOHCTBA Bek-
TOPHOI'O MPOHSBEAEHHH.

1. CBoHCTBO AQHTHUOEPECTAHOBOYHOCTH (O
MHOKHTEe e

[ab] =— {ba], (3)

T. . gexroproe npousgedenue @ no B ecro eexTop, ofpareil
BEKTOPROMY npoudsedenuio b na a.

Jdoxkasatenpcrso, Ecan BekTOpH & n & KOMMHHEADHHI,
To kak [ab], Tax u [ba] o6pamaloTcs B Hyab, CAENOBATENLHO,
paseHcTRO (3) cnpasennueo, [lpeznonoxum Tenepb, YTC BEKTOPH
a v b He KOANHHEApHH.

3aMeTHM MpexIe BCErO, YTO COIJIACHO MEpPBLIM JBYM YCIO-
BHAM OMNpENENeHHS BEKTOPHOFO NpOM3BEJeHHd BeKTOpH [ab] n
{#a] umeoT ogMHaKOBME MOXYAM K KOMTHHEapHH ADYF APYTY;
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Tak#M o6pasom, 1ubo [ab] = (ba], mbo |ab] = —[ba]. Ocraerca
PEIINTL BONPOC, KaKas H3 9THX EBYX BOSMOKHOCTell B Reit-
CTBHTENLHOCTH HMEET MEeCT0, JTOT BOMPOC pemaercs TPEThHM
ycnosreM. MMenso, ecnm Mel cHavana WanpaeuMm GoabUIOH M
yKa3aTenpuui Nanbik NpaBol PyKH.COOTBETCTBEHHO IO BEKTOPAM
@i b, asareM—n0 BeKTOpaM b H @, TO HAM BPH 9TOM NPHIETCR
MOBEPHYTH KHCTh PYKH TaK, 4TO HATPaBACHHE CPeOHETO Naihia
BO BTOPOM C2yYae OKaWETCH HPOTHBONOAOKHHM TOMY HANpaB-
JIeHHI0, KaKoe OH HMen B nepBoM ciyuae. Cnemosarteaso, [ab)
¥ [ba] HMEOT B3AHMHO NPOTHBONONOKHHE HANDEBJEHUH, T. €.
[@b] = — [ba].

2. CBOHCTBO COYETATENBHOCTH MO OTHOIHE-
HHIO K CKQASPHOMY MHOXHTEHIO!

[(Aa) 8] = A [ab] (4)

[@ (A6)] = A [ab]. (8)

HoxasarenncTno., bopmyna (5) crorurced k popmyae (4)
TNPE NOMOIIH MePECTAHOBKH COMHOMHTENER BEKTOPHHX NpOH3Be-
Aenuft B ee nesod H npamo#t yacrax (¢ mocnenyiowell aamenoit
6y b Gykeofi @ B OGykeel & Gykeol B). TakuMm o6pasow,
ZOCTATOYHO Jokas3aTh dopmyny (4).

3ameTnM npewae BCero, 4To ecad A=0 HAR €CaM BeKTODH
a ¥ b xonnuneapus, TO Qopmyna (4) ¢ OYCBHIHOCTBIO BepHa,
TaK KaK B STHX CJAYYaAX NeBad M IpaBas yacTH ee OyayT pasHu
nyno. IlpeanoaokuM Temepb, uto A==0 H BeKTOPH @, & He
KOJAHHEAPHH,

Cornacio nepsoMy YCAOBHID B ONPEAENEHHH BEKTOPHOTO
NPOHIBENEHHS MOAYAb Bektopa [ab] pasen |al]d|sing, rxe
@-—YION MEKLy BEKTOPaMH @ M B; CHeJOBATeNbHO, MOLYdlb
sektopa A [ab)] pased |A[|a||b]sing. ITo ToMy ke ycrommio
Moxyne Bektopa [(Aa) ] pasen |A||a]|b| sin P, rae P—yrou
MEWAY BeKTOpaMH ¥ b. Ho yroa ¥ pasen auGo yray ¢
(ecnn A nonOKHTeNbHO), NHOO yray &— @ (€CAR A OTPHUATENEHO);
H B TOM M B RPYroM cay4ae sin ¢ = sin . Orciona caenyer,
4Te Moxyab BexTopa [(Aa)d] paBen Moaynsio BexTopa A [ad).

CornacHo BTOPOMY YCIOBHI) B OOPSAEREHHH BEKTOPHOTO
npoussedenns 06a sextopa A{ab] u [(Ma@)d] nepnenmukynspHu
K KaWIOMy M3 BEKTOPOB @ H b; chenomatenbo, BeKTOpu A [ab]
u [(Aa)b] xommmeapnn Apyr mpyry.
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Mockonbky BekTop A [ab] B [(Aa)b] nMeloT oauHakoBwe
MOIYNH ¥ KONAHACADHE, OlH AuGo paeskl, 1160 B3aNMHO O6paTHH,
1. €, 6o [(Aa) b} = A [ab], nubo [(Ag) b} =— A [ab]. Ocraetcs
pesHTh BOMPOC, KaKa®k H3 STHX ABYX BO3MOWHOCTEH B AeHCTBH-
TeABHOCTH MMeeT MecTo. HaM MpHAETCA OTAENRNO PACCMOTPETD
cayyadt, koraa A >0, u cayua#, koraa A < 0.

Iycte A > 0; Torxa BeKTOPHW A@ H @& HANPABNEHH OIHHA-
KOBO. B 3TOM caydae COrNAcCHO MPaguay npaBofl PYKH BEKTOPH
{{A@)b] u [@b] wanpaenesw B oxHy cTOpOHy; Ko npu A >0
gextop A [@b] manpamnex Tak xe, xak extop [a@b]. CneaoBa-
1eabHO, BekTop [(Aa)b] nanpasnen Tak ke, Kak sexktop A[ab],
a 3daumTt, [(A@)b]==A[ab]. ycts A < 0; TOraa BekTOPH AG
_H @& HMEIOT NMPOTHBOMOJOWHHE Hampasaenns. B stom cayyae
cornacno mpaemny npasok pyku Bextop [(Aa)b] nanpasaen mpo-
THBOMONOKHO BexTopy [ab]; wo mpu A < 0 u sextop A[ab]
HENPABJIEH NPOTHBONGJIOWKHO BekTOpy [ab]. CnemoBarensHo,
sexTopy [(A@)b] n AJab] nanpaBieun oaMHAKOBO, a 3HAYHT,
[(A@)b] =A[{ab]. Mu BHARM, 4YTO 3TO COOTHOUICHHE COpaBel-
NHBO BCErIA.

3. Pacnpenenantensnoe (CBOHCTBO OTHOCH-
TENBHO CNOKEHHA:

[a (b4 ¢)) = [ab] - [ac] (6)

[(B6+c) a] = [ba] 1 [ca]. (7)

IHokasatenscrso, $opmyna (7) ceoanrca k hopmyne (6)
nDH MOMOLLM [EPecTAHOBKH COMHOMHTeReH B ee nenoit M mpa-
"moH wacrax, Takum o6Gpa3zoM, HaM JOCTaTO4HO AOKa3aTbh dop-
myay {8)., 3ameTnM emle, uTo npH @ =0 dopmyaa (6), dueBuIHO,
Bepua, Mwm 6ydeM npeanoiarath B AaapnefiiieM, uto @ == 0.

PaccMoTpuM cnavana yacTHu#t cayual, xoraa nepsBHil BeXTOp
ABA8€TCA €IHHHYHLIM, 4 IORA APYIUX K HEeMY (epPHCHIHKYIMDHH,

[Tpusenem Bce Tpm BekTOpa K ofmiemy Hauanay 0. O603Haunm

nepBhit (eAusmuHEi) BexTOp Yepes @, uycTs OB u OC—asa
ApYyT¥X BeKTOPa (NEPNEHEHKYMADHHIX K @), OD—ux cymma:
0D =0B+0C (pnc. 99). Beexem oGoznauenns:

0B* = [a,0B|, OC*=[a,0C], OD*={a,0D}=|a, (0B+0C)).
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B cuny nmepsuix asyx ycnoemit B onpenenenun BEKTOPHOIO
NMPOK3BENEHUS HMEEM:
1) |OB*|=|[a, OB)|={a, || OB| sin 90° = 0B|.
2) OB* | a, OB* ! OB.
Orciona caeayer, wto sekTop OB mower GHTH OoJAyYeH

nyTeM nosopoTa Bekropa OB mokpyr 4, na yron 90°. Kpome
TOro, B CHIYy TPETBEFD YCAOBHA 9TOT DOBOPOT GyAET BHAeH

Puc, 99.

COBEPUIAIOWMMEA IPOTHE 43COBOM CTPENKH, €CHH CMOTPETH A
KOHIA BEKTOPAa @,. AHANOIHYHO, MyTeM NMOBOPOTa Bextopos OC
n 0D eokpyr a, Ha yron 90° u B Ty We CTOPOHY mHONyyaTesd
rekTOpH OC* u OD*. Taxum obpasom, Bes durypa OB¥D*(Cw
NOAYYAeTCH 0YTEM HEKOTOPOro MOBOPOTA  NApaAienorpaM-
ma OBDC; caenosarensno, OB¥D*C* —napamnenorpamm. Or-

cioaa sakmodaeM, uTo OD* = OB*-}-OC* wm
[@,0D)={a,0B] -+ [a,0C]. (8)
D10 u ecth pasenctpo (6) B ZAMHOM YACTHOM CaydYae.
[lycrb Teneps @-—kakoff yroano BeKTop, nepreHAMKY.sp-
HHil K BekTOopaM OB n OC. O6os3saynM uepes @, esuHuynwit
HEKTOp, HANMPaBJICHHEH TaK e, Kak g@; UMeeM @ =|a|a@,. Ymuo-

wHM oGe yacTu pasenctsa (8) na uncno |@| n 3amennm |a|a,
YEPE3 &; TIONYYHM!

[ OD]=[a 0B] +{a 0C]. 9)
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PaccMoTpHM, HAKOHEL, BeKTODH @, b, €, PpacnonoKeHHne
npou3sonbHbiM  oGpa3oM. [IpeanmonowuM, YTO OHM MAPHBENEHH
K o6weMy sauany O. [IpomemeM wyepea KoHIM BexkTopos b, €
# b+ ¢ npamue, napanxenbHue BexTopy @. [lposeleM 3sateM
yepez TOUKY O HAOCKOCTH, NEPNEHARKYNAPHYIO K ITHM TEPAMBIM;
IyCTh OHA [epecedeT HX Co-
OTBETCTBEHHO B TouKax B, C
u D (puc. 100).

PaccMoTpuM  BEKTOpHHE
npoussenenns (ab] w [a OB};
JETKO TIOHATH, 4TO OHH npej-
cTaBasT coboif oluK H TOT
we pekrop. B camom aene,

A / BO-MEPBHIX, MOAYAb BEKTOPA
it [ab] paBen Mmoaymo BexTOpa

[@ OB], rak kax nnomans na~

/ 0-/

c anne OCTPOEHHO
% paNNeNorpaMMa, NOCTPOEHH
[A

ro Ha Bextopax @& H b, pae-
Ha [70oulafd NPAMOYTOAbHH-
Ka, OCTPOCHHOTO HA BEKTO-
g z pax @ H OB; BO-BTOPHX, BeK-
Tope [ab)] n [@a OB] konnn-
HeapHu, TaKk Kak 003 OHH
AEPNeHAHKYAAPHE K ORHOH H
To#f e NAOCKOCTH (HMeHHO Kk TOH, B KOTOPOR JfeKaT BEKTOPH
a, b 1 OB), vaxowen, B COOTRBETCTBHH C NPABHIOM MPaBoi
pyxn, Bektopu [ab] un [@OB) HanpaBnenH B OAHY CTODOHY.
HTtak, ;

\

Puc. 100,

[a0B] = [ad).
Ananoruuio .
[a OC]=[ac], [a0D]=[a(b-+0)].
[NogcTaBnss 9TH Bupawesnnd 8 pasencrso (9), noayuaem:

[@ (b+ ¢)] = {ab] + [ac],
4t0 H TpeGORaNOCH.

172. Tlocneatee H3 AOKasanAMX anrefpanyecxux CBOHCTH
BEKTOPHOTO NPOH3BEACHHN RAET MPaBo NPH NEPEMHOKEHHH BEK-
TOPHHX MHOTOWIEHOB BHOOJAHATH AeficTBHe nouaedno. Bropee
CBOHCTBO HO3BOAAeT OOBEAHHATH 4MCAOBHE KOIDGDHUMEHTH
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BEKTOPHHX coMHO¥crTeneh. Hampruep,

[(2a + 5b) (3¢ 4 4d)] == [(2a +- 5b) (3¢)] +- [(2a + 5b) (4d)] =
= [(2a) (3¢)] +(58) (3¢)] 4 [(2a) (4)] 4 [(5b) (4d)] =
= 6 [ac] 4 15 [be] + 8 [ad] + 20 [64).

Crnenyer, 0nuako, TBEPAO MOMHHTB, YTO MOPRMOK COMHO
WHTeReH! BEeKTOPHOTO MPOR3BEACKHS HBASETCH CYWISCTEEHREIM,
Cornacuo nepsomy cmolictsy (n° 171) npu nepecranocexe co-
MROYCUTEACH BEKTOPHOZO NPOUSBEAEHUR KYNNO CrasuTs neped
HUM 3HAK MUAYC.
3ameuanune. Kax noxasawo B n® 169, sexTopHoe mpo-
H3BEJAEHHE KO/IHHEAPHLIX BEeKTOPOB PaBHO Hymo. B vacTHocTH,
" PaBHO HYJI) BEKTOPHOE TIPOM3BENEHHE ONHHAKOBHX MHOMCHTeNeil:
[@a] = 0. [TosTOMY B BEKTOPHOM HCURC/IEHHH NOHITHE BEKTOPHOIO
KBanpata He ynorpebnsercs.

§ 56. Buipamenne BeKTOPHOTO NPOH3BEIERAS
qepe3 KOOPAMEATH HEePEMHOKACMHX BEKTOPOR

173. Cneayomas Teopema AasT BOIMONKHOCTD BHYHCAATH
BEKTOPHOE MPOH3BEACHHE ABYX BEKTOPOB, 3HAA HX KOOPAWHATH,
T. €. IPOGKNMH HA OCH JACKAPTOBOM npPAMOYTONBHOM CHCTeMu
KOOPIHHAT.

Teopema 21, Ecau sexropw @ u b 3adanst ceoumu xoop-
dunaramu:

a={Xy; Yy; Z,}, b={X;; Yy Z,},

TO BEKTOPHOE npoussedenue cexTopa @ Ha sexkrop b onpedesn-
erca opmyaod
}. (1)

Y, Z,
abl =
[ } { l Yi zﬂ

Hokasarenscrno. [pexsapurensio cocranms TaGauuy
BEKTOPHOTO YMHGKEeHHA Ga3HCHHX BexTOpoB. COrnacHo aaMmeya-
HHIO, CAeNanHOMY B KoHue n° 172, [i] =0, [{/]=0, [kk] =0. Pac-
CMOTPuM TEREPh BEKTOPHOE npoussenexne [if]. Moayas sextopa
{i/] paBen naouanu napannenorpamma, NOCTPOEHHOTO HA BEXTOpPAX
EuJ{cm. n°169, crokicTBo 3). DT0oT napaanesorpamm mpeacTas-
nfet coGoft KBauPaT co CTOPOHOH, PaBHOA eIHHHIE, CIeZOBATENb-
HO, €r0 NIOuLaAb pasHa eduuxue. Taxum obpasom, [If] ecrs

X1 4,
Xy Zy

X 0
Xy ¥y
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eanHHuARY BexTop. [IpHKHMAR BO BHuManune, 4T0 BekTOp [1j] 208~
weH OHTb NepneHiuKyndped K BekTopam i m j W Hanpaeien
COTNACHO NpaBuiy Npapoft PYKH, Jerko (OHATE, YTO OH COBHALAET
¢ TperbuM GasucHHM BekTOpoM K, T. €. [£f} = k. Ananornuno pac-
cyxnas, Haitnem pasenctsa: [JR] =1, [kl] =j. Ocraercd eupazuth
1], (k7] w (iR]; wo (] =—ij}, (ki == jk], [if]=— [ki];

caeoBaTensno, [ji] = — k, (kf}=—1, [ik] = —J. Urak, ncko-
pag TabAuna yMHOMNEHUS TaKoBa:

[f]=0,  [ij]=k  [ikl=—J],

[fl=~—k [{]=0, [7#] =1, (2)

(Wi]=j,  [k]=—i, [kE]=0.
Pasnowum Temepb BekTOpn @ M b no Gasucy i, f, k.

a=XJ+KJ+Z$,} ;
b= Xyt Vof - Zok @

(cM. Teopemy 19; n° 157). Ha ocroBaHuH yCTAHOBJACHHHX B n°171
anTe0pauYecKHX CBOHCTE BEKTOPHOTO MPOHIBEACHHS MBI MOWEM,
suyncaad [ab], nepemsokarh NpaBHe wacTH paBeHcTd (3}
[OUAEHHO! .
[ab]} = X, X, [i8] + X\ Yo [4i) + X Z, [iR] -+
+ Vi Xy [ YoV LT+ YaZo [R]

+ Zy Xy [Ri) + Z,Y, ()] + 2,2, [RE].
Monwayace raGaunedt (2) ymuomenHs Oa3HCHHX BEKTOPOB, Gi-
CKHoAA HAXOIMM! .

{ab] = (lea—"" Yzzl} i""(X].Zz —Xzzl)j—l‘ (Xl}rﬁ_XZYl) k

Ban
Y1 4,

Yy Z,

Xl Zl -
X, 2,|7

X,

- X, Yy

[ab] = k. (#)

Mb monyuynan pasnoxenue Bektopa [eb] no OGasucy i, J, k;
KO3 DUIHEHTH ITOr0 PA3NOWEHHA NpeAcTaBagior co6ck Koop-
JHHATH BeKTOpa [ab]. Taxkum o0paaom,

}, (1)

Yl Zl Xl Zl
[m‘{na X, 2,

§TO H TPEGOBGJIOCE: HOKa3adTh.

Xy ¥y
X, ¥y

»
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3ameuanwe, Iaa yaoScrsa Bwuncaesuli no dopuyse (1)
10AE3HO KOOPAMHATH 33JAHHWX BEKTOPOR 34NHCATDL MPeABapn-
TEIbHO B BuAE cienyiouledf Tabumun:

Xy ¥y Zy)°

3axpuipas 3ech cHavana nepsud cTOAGEM, NOTOM BTOpOH H,
HAKOHEW, TPeTHH, MH NOAYYHM MOCNEAOBATEABLHO TPH onpene-
ANTEN BTOPOro NOPHAKA; BHUYHCAAE HX H Geps BTOPOM co snaxom
MHHYC, MH TEM CAMbIM HaHJAeM TpW KOOPAHHATH BEKTOPHOO
nponsseenns [ab]. .

3amerum emie, uto dopuyne (4) (xoTopan paBroCHABRA dop-
myne (1)) MOwHG NpuiaTte BN

i j &
[ap) =|X1 V1 £y, (5)
Xy Y, Z,

B camomM peae,” ecsn passephnyth 9TOT onpesenHTeNL 110
9MEMEHTaM mepsof CTPOKH, TO MOJAYYHUTCH TOYHO TO e Bhipa-
WeHHe, KOTOPOe CTOHT B npasod mactu dopmyns (4).

174. Tipumep 1. Hauns sextopet a=<{2; 5; 7} n b={1; 2; 4},
Hafitn koopnunatel bektopuoro nponssezenus {ab).

Pemenne. B cootseTctenu ¢ saMedanuenm, cAGAAHARIM B KOHUE
npeabliyulere n°, CoCTaBHM TaOAHIY

287
124"
3aKpeBafA TOCAENOBATENLHO CTONGUH 5TOR TAGAHLEBl, Ml noAyduM Tpu

ONPeAENHTENA BTODOrO NODANKA; BLIYHCAAA MX H (¢pHA BTOPOR CO 3HAKOM
MHEYC, HAHJEM HCKOMBIE NWPOeKHmHA

[ab)l={6; —1; —1}.
Ilpuwmep 2. B npocrpancree ganst 1ps toukn: A(1; 1; 1), B(2; 2; 2)
n C(4; 3; 5). Hairu nnomage S, Tpeyrossunxa ABC.
Pemenmne. Paccmorpum sextropu AB w AC. Corzacso n°® 169

(cmoficTBO 3) MOAYJL BEKTOPHOrO NpoHaBejicuusn [AB AC) pasen nuomany

LapanienorpaMma, HOCTPGeHHOTO Ha BekTopax AB u AC. Ho mckoman
wioNafe S, Tpeyrosibika ABC paBna GoMOBHHe IMOMIAZM 3TOTO na-

paJIJIe.nOI‘paMma; chaegosaTenbuo,
s =151[K3 ACh ).

OctaeTcs 104CYNTATD NMpaByio 49acThb YKA3ZHHOLO panencrea.
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Hpexne seero, noassysce Teopemofi 13 (n® 135), naiinem koopau-
HaTh BegTopon AB m AC:

AB={l; 1; 1}, AC={3; 2; 4}.
Orcopa [ABAC)={2; — 1I; — 1} u |[ABAC]|=V BF 2+ 2=V6.
1 —
TaxuM obpasoM, S, =-2—]f6.

§ B7. CMemanHoe NPOH3BENEHHE TPEX BEKTOPOB

175, Tlycts nand xakne-unGyAb BekTOpH @, b u ¢. Ilpen-
¢TasamM cefe, WTO BEKTOP & YMHOXAeTCd BEKTOPHO HA b H
noJiyueHHb sekTop [@h] yMuoxaeTCd CK andap B O Ha BEKTOD €;
TéM caMpiM onpeaensetca 4Ymcao [abje. Ono nasmeaercs
BEKTOPHO-CKAAAPHBIM WIH CMEWaGHHEM npousséefenuesm TPex
BEKTOPOB &, b, ¢ (Mm Gyaem ynorpebiarh noclefHee Ha3pa-
HHE, TAK Kak OHO Kopoiue), B Oamialtmux naparpadax mu
H3YUuM OCHOBHHE CBORCTBA CMEINAHHOFG NDOH3BEJEHHA H YKa-
WeM pAR Bajey, TJAe CMEII3HHOE INpPOH3BelenHe MoOWer OuhThb
€ YCTEXOM HCHOJBIOBAHO,

176. Ycnopumcs FORODHTR, 4TO BexkTOpH @&, B, € Komnaa-
HQpHBL, €CIH OHH J€KaT B ONHOH INOCKOCTH WA B NapajfieNib-
Hux naockocTaX. Tak KaKk reoMeTpHYECKHE BEKTODH CYTh BEKTOPH
cBoGoIHNe, TO B CAyiae KOMINAHAPHOCTH BEKTOPOB HX BCErAa
BO3MOMHO NPH TOMOWH Rapa//IeIEHOrO MEPeHeceHud Pacnosao-
WUTh B oAsoff maocKocTH, B 9acTHoCTH, KOMOAJZAADHHE BeK-
TOPH PACHOAOKATCH 8 ONHOR IUIOCKOCTH, eciH HX DPUBECTH
x oflleMy Havaay.

177. Ecan ORHOBPEMEHHO ¢ 3aJaHHEM Tpexi BEKTOPOB CKa-
3aH0, KaKol H3 HUX CYHTAETCH NEpPBHM, Kakofl BTOPHM H KaKod
TPeTLHM, TO FOBOPAT, YTO 3343HA YHOPHLOYEHHAA TPOMH-
K 4 BEKTOPOB; BIPOYEM, B JanbHeHile, onycKad npuiarateabroe,
mMu Gyxem roeoputh Npocto: Tpolika Bextopos. B Texcre
Tpofika BexTopor OyAeT 3aNHCHBATHCH B NOPLIKE HyMEpauuH;
HANpHMep, ecl¥ MH OHUIEM: &, &, €, TO, 3HAYHT, & CYKTAEeTCH
HEpBHM BEKTOPOM, D—BTOPHM, €—TPEThHM; €CHH Mul MHUICM:
b, ¢, @, To, 3HauHT, b CUHTAETH UEPBHIM BEKTOPOM, £—BTO-
PHM, @-— TPETBRM, ‘

178. Tpolika HexoMnAZHAPHEX BEKTOPOB HasuBaeTcs npasoid,
€C/IH COCTABAAIOIWME €€ BeKTOpH, SyAyuH NpHRENeHH K OCLEMY
Hauany, pacnonaralTcd B MOpsiKe KYMCPAUNH aHANOTHYHO TOMY,
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Kak pacronoxeHsl 6onbuiofi, yxasaTenbuwi H CPeAHA RanbLH
npaso#t pyku. floapoGnee: TpoHka HEKOMINAHADHMX BeKTOpPORB
HA3LBALTCH NPABOR, ecaH €¢ TpeTHH BEKTOP PACHONOKEH OTHO-
CHTEJbHO IVIOCKOCTH MEPBHX ABYX ¢ TOH Ke CTOPOHH, ¢ Kakol
PacmoNOKHTCH CpeZHHdl manel, npaBo# pykk, OGoasuioit manen
KOTOPOH HANDABNEH 10 NEPROMY BEKTOPY TPOHKH, 4 yKASATeRhs
Hufl —710 BTOpPOMY.

TpoHixa HCKOMIVIAHAPHHIX BEKTOPOB HABHBASTCH 42804, ecad
COCTaBNAWILHE e BEKTOPH, OYXyyH NpHBEHSHH K 0GiIEMy HaYany,
PacmosaraloTest B MOPAAKE HYMEPAUMM aHANOIMYHO TOMY, Kak
pacrionoxens Gonbuioft, yKasaTenbHw# H CpeXHuB nanbuH e
80 pykH.

Tpofiku KOMO7IAHAPHKX BEKTOPOB HE OTHOCATCH HY K [PABHM,
HE K NeBHM, '

179. Ilyctb masn KakHe-HHGYZAb HeKOMMTAHAPHHE BEeKTODPH
@, b, ¢. HyMepys ux BCeMM pasmMuebMH cniocoGamm, Mi noJiy-
uMM IHECTh Tpoek: @, b, ¢, b, ¢, a; ¢, a, b; b, a, ¢; a, ¢, B;
¢, b, a. Ilpn nOMOIM HEHOCPEACTBREHHOTO HAG/MIONEHHA MOXE/TH
(KOYOPYIO /1€rKo H3rOTOBHTH M3 NPOBONOKH) MOXHO YGeNHTHCS
B TOM, 4TO CpelR YKa3aRHWX WIECTH TPOGK HMEIOTCH TPH mpa-
BHX B TPH Aeaux, [Ipu stom

a, b,¢ bec,a ¢ a b

CYThb TPOHKH OAHOH OpueHTAUMH, T, €. AHGO BCe mpasue, AHGQ
BCE JIEBHE}

b,a, ¢, a, ¢, 8 ¢b a

cyTh TpoAKHM Apyroft opHeHTaLun *),

180. Crenyiomas RakHas TEOPEMa BHIPAKAET FEOME T pHe
4 e CKHH CMHCH CMEIMaHHOTO MPOH3BEASHHN!

Teopema 22. Cuewannce npoussedenue [able pasuo
obvemy napasresenuneda, nOCTPOEHNOZO HA SeKTOpax @, b, c,

") MoxHo yKaszaTe Takme caemyomuii HarASgHER cnocab pasnnge.
HiEs Tpeex. BooGpasuM, 910 ME HRXOZHMCS BHYTPH TeAeCHOro yraa nanuofi
Tpofixu segtopos. Torfa, ecin o6Xof oT Nepeore Eex-

TOpa KO BTOPOMY, 32TeM OT BTOPOrD K TPeThemy M, Ha- <

KOHEN, OT TPErker0o K NEPBOMY BHAEH COBEPANIHMGA

OPOTHB 9aCOBOH CTPEeAKH, TO HaHHan Tpoli- (\
Ka—OpaBad, ecli N0 YacOBOM CTPpedRKe— RPN ]
10 nesad., CoraacHo sTOMY npasuny Tpofika 4, b, G

¢ b ¢, @ w ¢, a b ua npunomennoM epTeKe —~NpaBhE,
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GIATOMY CO BHAKOM RAOC, ecAy Tpoixa a, b, ¢—npasai, co
sHQKOM MURYC, ecan 3Ta Tpoillka sesas. Ecaw e sexropn &,
b, ¢ xomnaanapusi, 10 [ab]c=0.

NokasaTeabcTBO, [IpeamoaokuM cHavana, 4TO BeK-
Topw @ H b ne koaauneapHy. OGosnauny uepes 8 nao-
maib [apasnenorpaMMa, NOCTPOGHHOIO Ha BekTopax &, b,
yepe3 @-—eAMHHUHBI BEXTOP, ONpELelCHHBH, Kax B n® 170,
Tlo gopmyne (2) n° 170 MH HMeeM:

[ab] = Se.
Or1cwoaa
[@b]c= S (ec)=S|e|np,c=Snp.c. (1}

Ho np,c= -k, rae £ ecTb BHICOTA flapaiieaendnena, Mocr-
POEHHOrO WA BEKTOPax @&, b, ¢ MPH YCIOBHM, YTO OCHOBAHHCM
CUMTAETCA UAPAIAENAOTPaMM, TOCTPOEHHHH Ha BEKTOPax 4, b
(puc. 101). Taxum ofpa-
3oM, 0Go3nauan obbem na-
paaienenunena yepes V u
NpUHHMAS  BO  BHHUMAlUHE,
y1o AS = V, 13 paBencTha
{1} waimes:

[@b]le=%V. (2)

Teneps HaM HY#HO YyC-
TAHOBHTh, B KaKHX cAyvanx
azech 6yReT 3HAK NMIOC, B Kaxux — MiHyc. C 3TOH LEMbIO 3aMeTHM,
yTo Np£== --f, ec/l BEKTOP € Pacnosiomed MO TY e LTO-
poy OT HJIOCKOCTH BEKTOPOB &, b, N0 KAKyl0 JNeWHT BEKTOP
e, T. e, ecn Ttpolika a4, b, c—Tofl ke opuedTauHH, uTO H
Tpoiika @, b, e (ecM. n° 178); mp,c= —h, ecan BEKTOpH € H
¢ NewaT MO pasHHe CTOPOHE OT MJOCKOCTH BEKTOPOB &, b,
T. e. ecnu Tpodke @, b, € H &, b, ¢—pPa3HIYHEX OPHEHTZ-
uufi. Ho no onpezenennio Bextopa e (cM. n° 170) rpofika a,
b, e—nparan. Cnenosatensuo, 8 ¢opuyne (2) uMeeT MecTo
anak maoc, ecnd @, &, c—npasaa TPolKa, M IHAK MHHYC, €ChH
Aesast, Ecanm we BEKTOp € JeMHT B INIOCKOCTH BEKTOPOB @,
b, T. e, eclH BEKTOPHW @, b, ¢ komnparapusl, TO npc=0, u,
kaK BHaHO M3 paBencTsa (1), [@b] ¢=0. Tem cavnm Bce yTBEp-
WAEHRT TEOPEMB JOKA32HH, HG B NPEANIONCHERNHH, YTO BEKTCpH
@, b ne Kommmeapuei, OCTaeTcs paccMOTperb Caydad, koraa
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BCKTOPH @, & konnanHeapuu,. B srom ecnyuge [ab}a-o,
3HayHT, # [ab] =0, uT0 Takwe <corzacyercs ¢ ¢opmy:mpon-
Kofi Teopeuu TAK KK .&CHH BEKTOPH 4 H & KONIHHEADHH, TO
BCE TP BekTOpa &, b, ¢ KOMNAaHAPHM,

Teopema noKazana:

181.. Ma TeopeMi 22 jerko -BWBOANTCH CAGAYIOULEE TOK-
AecTHo:

[ab] c=a[be). {3)

Jdokasarteasn CTBO. Tak kax B CKanfgproM HPDHBBEJIE-
HHH MOMHO TepeCTaBAfTh COMHOWMHTEAH, TO

_ a[be] = [be} a. (4)
ﬂanee, A0 TeopeMe 22 Mui HMeeM:
[able=xV, [bela=+V. {5)

Cornacno n° 179 tpofikn a, b, ¢ ub, ¢, a—onnof OpHeH-
TAUKH; MOSTOMY M HAa OCHOBAHHE TEOPEMH 22 & PABHX 43aCTAX
pasencre (5) nyxio OpaTh oaki B TOT ke 3HaK, Taxum obpa-
30M, H3 PABeHCTB (D) MH noAyuaeMm:

[ad] ¢ = [bc] a.
Ortciona u BeaeacTne pasetcrsa (4)
[ab] € = a[bc),

YTO H yTBEpMAAAOCH,

182. B nazbuefimem cmemannne npoussenemus [able u

a@[be] Mz Gymem o60anauaTb Gonee NMPOCTHM CHMBONOM: gbe.

To, 4TO NpPR 9TOM He YKaJaHo, KakHe H3 BEKTOpoB &, b, ¢
NePEeMHOMAIOTCA BEKTOPHO, HE MOWKET BH3BATH HEXOPa3yMeHHH,
Tak Kak [ab)c=a [be]. '

183. TlozuepkweM, uro ¥3 Teopemil 22 HeNGCPeACTBEHHO
BHTEKAET CAEAyiOLlee yTBepkKICHYe;

Caewasnoe npoussedenue 8exTopos @, B, € pasHo Hyaswo
8 TOM U TOALKO & TOM CAY4AE, xaaaa sexTopet @&, b, ¢ kKomnaa-
uapuu

"B camom nene, To, 9To @bc=0, 8 cAy4ae KOMMJaHapHOCTH
BEKTOPOR @&, b, ¢ NpaMo- yTBepkAACTCH TeopeMoOh 32.°To e,
410 @b¢=0 TOABKO B CAyYae KOMMAAHAPHOCTH BEKTOPOB @,
b, ¢, cnenyer ‘ue "9TOH We TeopeMb; MMEHHO, €CIH BEeKTODH



194 BEKTOPHOE # CMEINAHUOE MPOW3BEJEHHE BEKTOPOR [ra. 10

a, b, ¢ He KOMIIGnApHLE, TO OOCTPOCHHLH HA Hux [apannene-
nANEA HMEET OTAHYHKE OT Hy1d o0DbeM, crenosarensko, abes=0.
To e CaMoe yTBEPHHEHHE MOMCHO BHICKA3ATH el(e TaK:

Heobxo0umbim o OOCTATOUHLIM YCAOBUEM KOMNAGHAPHOCTH
TPex 8exropos @, B, € ABAKETCH PABENCTEO HYAKD UX CHMeUiaH-
Kozo npoussedenun: abe=0.

§ 58, BuipawerHe CMeHIAHHOTO NpPOM3BEJeHdA
depes KOOPAHHATH NEPEeMHOKAEMBIX BEKTODOB

184. Teopema 23, Ecau eextopsl &, b, ¢ sadansi ceoumu
KoopduRaTaMU.:
a={X;; Yy Z,}, b=={X,; Yy Z,}, e¢={Xy V3 Z.s}f.
10 cmeuiannog npoussedenus abc onpedeaserca Popnyrod
X,z
abc= Xg Yz Za .
X3 ¥y Zy
HoxasatenbcTBo. Mu umeenm abc={[ablc. Tlo Teo-
peme 21 (n° 173},
oy V1.4, X 4 X, ¥
[ab] = , ' IRE
Yo Z4 Xy Zy Xy ¥y

YMHOXKAA 9TOT BEKTOP CKandpno Ha BeKTOp ¢={Xy V4 Zg} u
nons3ydch Teopemoit 20 (n° 164), noaysaem:

Z
ate = [as]e=|"1 2| x| X1 1y, o
Yy Z, Xy Z,
X 2z
X. Y 114
=8 Xs ¥y Zy

Y10 ¥ TpeGoBanoCh.

fpumep. B npocrpauctse paww uerwpe Toukm: A(l; L, 1),
B{4, 4 4), C(3:5;58), D(4; 7). Hafiu oGvem Tetpasapa ABCD.

Pewen fe. Kagk H3BecTHO U3 a/ieMexTaprofl reoMeTpnu, obnex Ve
serpasapa ABCD pasen ofHofl wmecTol ofbeMa napannenenunefa, mo-
crpoenroro na sextopax AB, AC u AD; otcioma u w3 teopemu 22 sak-
monaed, wo V. pasusercA ofuoll wecrofi aGCOMOTHON BeSHYHHH CMe-
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WAHHOTO  POU3BENERHS ABAC.AD. OcTaercs NOACYHTATD 310 CMelaH-
noe npomssenenne. [lpexche Beero HafaeM  ROOPAMHATH BERTOPOB AB,
AC, ‘AD. .To teopeme 15 n° 135 ameem: AB={3;3;3}, AT={2; 4 4},
AD={1; 3; 6}.

I'IpnMennM Teneps Teopemy 23:

B.AC.AD = =18,

Lol 3R]
GO b S0
e WO

Crewpa: Vi=3.

185. Cornacio 1n° 183 neobxofumvim i BocTaToUNRBIM YCAGS
BUEM, KOMRAGHRPROCTY TPEX BEKTOPGS ABAALTCA PAGEHCTEO MY AN
UX CMEWARHO20 RpoussedeHus.

OTcioa2 W Ha OCHOBAHHHM TeOpeMH 23 3aKNOUaEM: ecal Serd
TOpo @, B, ¢ 3adans ceoumu KOOPOUHATAMUY:

a={X;; ¥i; Z,}, b={Xy Yy Z}, e={Xy; Yy Z3},
TO HeobX0OUMBIM U (OCTATONHLIM YCACBUELH KOMNAGHADHOCTH
STUX BEKTOPOE ABARETLR COOTHOUICHUE
Xs Wz
X’ 'Yﬂ Z, :0,
Xy Yy Zy
T. . PGGEHCTHO NYAO OnpederuTesn TPeTe20 ROPAGKA, COCTAG+
AEHHOEO U3 KOOPBUHAT eexTopes &, b, ¢,
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§ 59. ¥YpasHeHHe WOBEPXHOCTH

1868, Kak wuasecTHO, HekoTOpHe mnpocTefinke nmosepxdocTH
(nnockocTh, ¢depa, KPYLAHH IHAHEAD, KPYIIME KOHYC) Aerko
NOANAIOTCH HCCAEROBAHKIO CPEACTBAMH SJeMeHTapHoit reomer-
pru. Ho ofimas 33Maya HCCAEeNOBAHHA MAOr000pasHWX MoBepx-
HocTell, BCTPEYAMUXCK B Pa3IuYHHX BOMPOCAax camoli Marema-
THKM ¥ €e DNPHIOXeHHH, TpeGyeT Gonee COBEPIICHHHX METO-
nos anrebpu u ananusa, B ocHoBe e MPHMEHEHHA METONOB
anre6pu W AHAAHIA' NEKHT HEKOTOPHA eanHo0GpasnLil crocod
3ananud (OBEPXHOCTH, MMEHHQ, CIOCO6 3aAaNHA €€ NPH NOMOH
YDaBHEHHSN,

187. [ycrs x, v, Z~—IPOU3BO/IBHEE NEPEeMCHRNME BE/HUHHH,
OTo 03HAYAET, MTO NMOX CHMBOAAMH X, ¥, ¥ MOXPA3yMEBATCH
Kakue yrozHo . (BemiecTBeHHue) wyncna. COOTHOWIEHHE BHARZ
F(x,y,2)=0, roe F(x,y, z) o3nrauaer Kaxoe-unGyLb Bupa-
KEHHe, CONepkailee X, ¥, Z, Mil OydeM Ha3wBaTh YpaBHeHHeM
C TPEMH DePeMEHHHMA X, ¥, Z, eCAH F(x, y, 2)=0 ecth
pPaBeHcTBO, BepHOe ne Beerda, T. €, He JUIf BCAKHX TPOeK
uHced X, ¥, 2

FoBopaT, YTO TP HHCAA ¥ =Xy, ¥ =Yy, 2=2, YAOB/IET-
BOPAWT KakOMY-HHOYAb J3HHOMY YPaBHEHHIO C TpeMa nepe-
MEHHHMHA, €CNM NP NOACTaHOBKEe HX B ITO YpaBHeHHe BMeCTO
nepeMeHHHX OHO CTaHeT BepHuM paBencTBoMm, Bean Fx, y,2)=0
ABAACTCH TOMASCTBOM, TO €My YAOBAeTBOPAT /Kbue qucaa
x, 9, 2

188. : BawueHinEM HOHATHEM [POCTPaHCTBEHHOR aHain-
THYECKOA  TROMETPHH = MBAAETCR - TIOHATHE YPABHEHMA
NOBEePXHOCTH, .UTO NOX STUM NOXpasymeBaeTCd, MH ceHuac
oOBICHAM.
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[IycTe B mpocTpancTse MaHa Kakad-uHOYAL IIOBEPXHOCTH H
BMecTe ¢ TeM BHOpAaHAa HEKOTOPAas CHCTEMA KOODAMHAT.

Ypasnenuem Oannod nosepxnoctu (B BHOpanHoOH CHCTeMe
KOOPIHHAT) HOSbIBAETCR . TAKOE YPGGHEHUE ¢ TPEMA nepemer-
HbLMU, KOTODPOMY YOOGAETEOPAIOT KOOPOUHATS! KAMOOU TOUKL,
Aescauied Ha 1ol nogepxHocTU, U HE YOOBAETEOPAIOT KOODOU-
HOTHL AUKAKOH TOuKW, He Aexquyell Ha wHed,

Taxam  o0pa3om, eclH H3BECTHO YPaBREHHE ROBEPXHOCTH,
TO. OTHOCUTEABHO KAKAOH TOUKA TPOCTPANCTRA MOKHO pellATh
BOMPOC: JIEHHT OHA HA STOH MOBEPXHOCTH WA HET. Ims sToro
JOCTATOUHO KOOPAHHATH HCNHTYEMON TOYKH HO}IC’I‘_&BHTB B ypaB-
HEHHE BMECTO MEPeMEHHHX; ecAH STH KQOPAHHATH - YAOBISTBO-
PRIOT YPAaBHEHHIO, ‘TOYKA JEKHT HA NOBEPXHOCTH, €CIH He yHOB-
NETBOPAIOT, —HE HEKUT,

Brickasanioe ompenefenue Jaer OCHOBY METOZaM aHATHTH-
YeCKQH reOMeTPHH B MPOCTPARCTBE; CYTh HX 33KAQUACTCH B TOM,
YTO PACCMATPHBAEMHE MMOBEPXHOCTH Hccnenym'rcn NpH  TOMOLH
anamu3a ux ypasnenuit, Ilpy sTom, ecan mosepxHocTh onpenme-
leHa UHCTO PEOMETPHYECKH, TO MCC/NENOBAHHE PAYHHANT € BH-
Boza ypasHenus mosepxHocTH. Ho Bo MEOrmx 3amauax ypas-
HEHHE MOBEPXHOCTH HIPAET PONb NEPBHYHOTO NAHROrO, a caMa
"MOBEPXHOCTL PacCMAaTPRBAETCH KAK HeYyTo Bropuunoe. Huaye
roBOpA, JACTO 3apaHee NaeTcAd KaKQe-HHOYAbL YpaBHEHHE M TEM
CAMHM ONPENSNREeTCH HEKOTOPas NOBEPXHOCTD.
© 189, Ecam ypaBHenHe 1ano H MH - OTBEYaeM Ha RBOOPOC:
«uré Takoe OUPeNENeHHAH MM NOBEPXHOCTbY (HAR «uTé Taroe
TMOBEPXHOCTD, HMEIOWAS €IO CBOHM YPABHEHHEMD), TO YAOOHO
NOJb30BATBCA CHAeAyioM el ¢)OpM}'J!HpOBKOﬂ

IlogepxrocTs, onpedesshinas Oannsim ypasrenuen (& Hexo-
TOPOi cUCTeMe KOOPOUKGT), ECTH 2eUMETPUAECKOE MECTO TOUYEK,
KOOpOuHaTOl KOTOPbIX YOOBAETBOPAIOT ITOMY YPABHERUIO. ‘

3amevanue. Ecmn M(x; y; z)—nepemesnas TouKa To-
BEpXHOCTR, TO X, y, 2 Ha3HBAOT TeKyuyumu xoop&uuamﬂu.

190. Hpnuep, B HexapTOBWX TPAMOYTOABLHEX KOOPAKHA-
Tax ypamHenHe

(x—apP+{y—BP+{z—y)2=r> (N
onpenenser cdepy,’ UEHTP KOTOPOK WNaxXOMHTEH B  TOUKE
C(a; f; %) u paanyc xoTopoli pasen r.

" B camoM Hene, ecan M(x; y; 2)—npousBoakHa TOuKa, TO
V (x—a) + (y— B2+ (2 —7)*= CM. Orcrona AICHO, YTO YpaB-
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penno (1) yZOBAETBOPSIOT KOOPIMHATH TeX M TOABKO Tex
TOYeK, KOTOpHE ydanenw ot Toukn C Ha paccromure r. Cre-
AOBATENBHO, TEOMETPHUECKOE MECTO TOYEK, KOOPAMHATH KOTO-
PMX YIOBAETBOPHIOT STOMY YPABHEHHIO, eCTb cdepa ¢ LEHT-
pom C(e; B; y) 1 pazuycom r,

§ 60. Ypasmenus JNHHEH.
3agava o mepecedenud Tpex MOBepXHOCTEH

191. B npocTpancTBennol aHaNRTHYECKOH reOMETDHH Kak-
Has "AHHMA  PACCMATPUBAETCA KAK MepeceueHHe IBYX mOBepx-
nocref @ COOTBETCTREHHO 9STOMYy onpejefnfAeTca 3ajga-
HueM ABYX ypaBuHenu#,

. HUmenno, ecan F(x, y, z2)=0 n O (x, y, z)=0 cyrb ypas-
HEHHS ABYX MOBEPXHOCTEH, [tePECceKalOHXCA N0 HEKOTOPOR AHHHU
L, To amuus L ecTh reoMeTpHYecKOe MECTO OOUIHX TOMEK STHX
nOBEpXHOCTeH, T. €, TOWeK, KOOPUHHATH KOTOPHX YAOBIETAO-
PAIOT ONHOBPEMEHHO M ypasHenuio F(x, y, 2)=0, u ypaene-
o @ (x, y, 2)=0.
Takum ofpazom, dea ypaenenus

F(x,.y, 2)=0,
®(x,y 2)=0

cOBRECTHO onpedesrior ausuw L.

_ Hanpumep, fipa ypapHeHRS

| G— 1P =2+ —3p =14,
: Byt at=1
COBMECTHO ONPelelsiloT OKPYXKHOCTL (Kax nmepecevenye H8YX ciep).

192, Bc F(%, y, 2)=0, ®(x, y, 2)=0, ¥(x, y,2)=0
CyTh YPaBHEHHWS Tpex foBepxHocTed, TO KaWAOE COBMECTHOE
pemenie CHCTEMu

F(x, y, 2)=0,
D(x, y, 2)=0,
¥x, y, 2)=0

AAeT KOOPAMHATH 06ueA Toukd 9THx nopepxuocted. Cnenosa-
TENbHO, ceoMeTpideckas 300a@¢a PA3BICKANLR TOHeK nepeceve-
HUA Tpex nosepxMocTell PABHOCUAbHG airzefpauteckod 3ndaue
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COBMECTHOZO PEUIERUA CUCTEMb Tpex ypasrenui ¢ TPpeMn Heus-
BeCTHOIMU,

IMpumep, Hafitn ToykH mnepeceueHna Tpex NoBepxHocTeH npa

" YCHOBHH, HUTO NeEPBan HOBEPXHOCTb €CTh odepa ¢ newrpom (—I; —1;0)

W paguycoM B, BTOpas moBepxHocTe ecTh chepa c uewpoM (1;1; 3) n

pazuycoM 4, 4 TPeTLA TIOBEPXHOCTh €CTh IMIOCKOCTh, NApaie/ibHag 1o

¢ROCTH Oxy B Jexamas B BePXHEM NOJYIPOCTPAHCTBE. HA PacCTOAHHR
Tpex eAHHHL OT AJocKocTd Oxy, .

Pewenwne. 3agana coIuTCH K COBMECTHOMY PEMEnRIO TPeX Ypap-

BeHAH
G+ I 1) 4 22 =25,
{x— 12+ {y—124-(z—3)2 =18, }

=3.

Tloparas B DIEpRHIX EBYX YPABHGHHAX Z=—3 W PacKpuBas CKOGKH, MH

nonyunm: ,
X242 4942y =14,
x4yt —2x—2y=14,

Orciona x---y=0, x*4y3=14; cregonarennsio, x=1V7, y=—x
Wrax, norysaen goe toukm: (V'7; —¥7; 3)n (—¥V'7;: ¥'7; 3).

§ 61. Ypasuenne nuiuAApuuecKofi MOBEPXROCTH
' ¢ 00pa3yolyMy, Napa/Jie/LAKME OIHON
‘#3 KOODAHHATHRIX oceil

193. 3azech MW COEUHAABHO PACCMOTPAM YPAaBHeHHE BHAA
F(x; y)=10. OcobennocTpi0  STOTO ypaBHEHHA FRNASTCH TO, YTO
AeBad YACTb €r0 He COASPMHT Mepemenuol 2. ITo o3nasaer,
YTO AANHOE YDABHEHHE HAKNAAWBAET CBA3b TONLKO HA NEpBHe
aABe KOOPAHHATH, TPETbA e MOKET INPHHHMaTh RIOGHEe 3Ha-
YeHHN,

My zoxawkeM, uTQ ypasHenue Takozo eufa onpedeaser
QUALHGPUECKYI) NOBEPXHOCTL ¢ OBPASYIOWUME, NAPAANCAbHbIMG
ocu 0z,

OGoanauns GykBoHt S MOBEPXHOCTDH, ONMPEACNIEMYI0 HEKOTO-
PUM ypaBHenuem Buma F(x, y)=0. Ilyects M, (xy yo 2,) —
NpousBoabHan Touka nosepxunoctd S. Tak xax Touxa M, nexur
Ha S, TO YHCAA X4, Vg, Z, YAOBAETBOPRIOT ypasHenuo F(x, y) =
= 0; HO TOIZ& WHCIA X,, ¥, 2, e z—Nio6oe YHCAD, TaloKe
YAOBJACTROPAIOT 3TOMY ypaBHEHHI, nOCKoAbKY F{x, y) or z
we 3apAcHT. CAcnosartensno, npn nwbom z Touka M(x;
Yoi Z) MewuT Ha nosepxwocTn S (puc. 102). A sT0 o3nauaer,
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YTO Ha YOBEPXHOCTH S8 UeNHKOM JEKHT NPAMag, NPOXORANLas
yepes Touky M, napannenbuo ock Oz, Takum oGpaszom, mosepx-
HOCTE S COCTaBJACHS W3 NpSMHX, UAPAANGABHHX och 02, T. e.
OHA -ABJARACTCH IMAHNAPHUeCKOH NOBEPXBOCTHIO M PACNONOKEHA
TAK, Kak MM yTBEP#Iand,
" 3Bamerum, uTO Ha NAOCKOCTH OXy B CHCTEME KOODAH-
HAT, KOTOpas 3azaetcs ocama Ox u Oy, ypasnenne F(x, y} =0
onpeNenseT JHHUIO, HMCHHO, HARPUSASIONY  PACCMATPH-
BAEMOTO InkaZpa. Ho 9Ta e /MHHA B NPOCTPAHCT-
: : BEHHOR cHCTeMe KOOpIR-
HAT JO/MkKHA OHTE 34JaHA
ABYMA YPaBHEeHHAMH:

: F (x Py ) = 01
) z=0,
]
R J Npumep. B mpocrpancr-
R _._.,_,!.,' ______ I senaoll cHcTeMe KoopIdHAT Ypas-
A0 Vg nemme x24-yd=r% onpenenser
21 \‘ d "

R M KpPYTAl WHJMHAP; HANDABRASIO-
A Las 5TOFO LHAREAPA (OKPYX-
’ ! HOCTB), JeKamas B [JIOCKOCTH

Oxy, onpesensiercs JBYMR YpaB-

4

1

j HEHHAMEA!
7 x:+y2=,2'
\. z=0. }
Puc. 102, 194, o -anancruu c npe-

OBAYIAM JIEFKO TOHATH, 4TO
ypapnenne F{x, z)=0 (B mpocrpancree) onpeaenaer LHAHHAPH-
HeCKYI0 MOBEPXHOCTS ¢ OOpasylOluMH, 0apanielbHEMH  OCH
Oy; ypasnenne F(y, z)=0 oupenender UHAHHAPHYECKYIO TIO-
BEPXHOCTh ¢ 06pasylouMH, HapanienpiuME ocn Ox.

- 195. PaccMOTpHM B mpOCTpAHCTBE AHHHIO L, ONpese/eHHy:o
YpaBHEHHAMH

Flx,y 2)=0, } !
D(x, y, 7)=0.
[Iycth
¥(x, y)=0 (2}

eCTh yDABHEHW®, noAydennoe us cucremol (1) uckAwoseruem ne-
pemernod 2, D10 O3RAYAET, HTO
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1) ypasuenue (2) aBaseTcs caeAcTBHEeM .cucTemMm (1),
T. €. X@XIWR pa3, KOTAA TPH 4YHCHA ¥, ¥, 2 yiIOBAETBOPRIOT
06OHM ypaBHeHEsIM cHCTeMH (1), mepsie ABa W3 HEX YIOBJIET-
BOPAKOT ypaBHenulo (2);,

2) ecnnm n;Bsa uHCaAA X, ¥ YIOBACTROPHIOT YPABHEHKHIO (2),
TO HafileTca -TPeThe YHCAO 2 TaKOe, UTO TPH WHCIAA X, .y, Z
6yny1' yIOOBAETBOPHTE OGOHM ypaaﬂeﬂum cucteMit (1).

-Cornacto, ckasansomy B n° 193 ypassenne (2) onpegenser
unnnunpnqecxylo MOBEPXHOCTD ¢ OOPA3YIOUHMH, NEPANTENLHM-
Ma ocx Oz, JNanee, BCAeACTBHE MEPBOLO M3 TOJABKO YTO OTMe-
YeHHHX CBOHCTB ypasHenus (2) Kawczas TOUKa JAMHHY, L JIGKHT
Ha 5TOHL UHAMHZPUIECKON MOBEPXHOLTH, T. €. 9Ta MOBEPXHOCTD
‘npoxopuT 4epes auunio L. Hakowell, BcneacTsue BTOpOro caof-
CTBa Kakaad o6pasylollan STOR NOBEPXHOCTH: MPDOXOAMT UYepes
Kagyw-urGyae TOYKY MMHMH L. Ha ocnoBadHH BCero ckasanworo
MH MOWEM -3aK/IOYHTD, YTO NOBEPXHOCTH, ONpeAensieMas ypas-
renuem ¥ (x, y)==0, COCTONT H3 NPAMHX, KOTOPHE MPOCKTHPYIOT
TOYKH NEHRM L wa maockocrs Oxy; BBHAY STOrD €€ HA3WBAIT
tuanndpauackol nosepxuocrbro npoextupyiouied -aunuio L na
naockocrs Oxy (ANH, NPOCTO, NPOSKTUPYIOWUM YUAUNGPOM).

[Tpoexnrs aunnn L na maockocyb Oxj onpenensercs A8 y-

MS YPABHEHHAMH
¥ix, y})=0, }
z2=0,
AHANOTHYHBIM IYTEM NIPH MOMOLIH HCKNIOYEHHA H3 CHCTE-

mu {1) nepemenHof X HAM TepeMeHHON y MOKHO NONY4HTh
HpoeKUHH AHHHH L HA MNOCKOLTH Oyz HAH H2 WIOEKOCTDH Oxz.

IMpnmep. HepecesenveM ABYX cq)_ep onpene.neﬂa OKPYXHOCTH
x2tyiA=], ©
AHy—1+E—1p=1
Hality ee mpoeknuio Ha IaockocTh Oxy.
Pemwenue, Ham nywuo nafita ypapHende IHAKHAPA, [POSKTHDY-

OWEro JAHHYI) OKPYKHOCTE Ha anockocTs Oxy. [lam sroro cnemyer
HCKJIOUNTS 2 B3 ypaBhenuh (3). BHUHTa" M3 NepBOTe ypaBHEHHA CACTE-

MH {3) BTOpOe, HOAYUHM:
= yre=l )

ortiofa 2=1—y. Ilogcrasnas BMecto 2 Bupaxmenne 1—y B -mofoe -©3
| IAHAHX ypasHewuit, Haftmem:
x24-22 2y =0, ©)
370 H eCTb MCKOMHA Pesy/bTaT MCKIfOUeHuA 2 &3 cHeremul (3)
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Hed#ersurensuo, ypasuenue (5) ecTh crieactBue ypaBrenm# (3). Kpo-
Me TOTO, €c/id X H § YIOBJETBOPAIOT ypaBRERWW (5), T0 Neppoe m3
ypaBHenni (3) naer

2=tV i—2—p=d V I+ 22—yt =2 (1 —y);
H3 BTOPOrQ ypaBHEHHA CHCTEMB! (3} EMeem

2= YT (g1 =t VI F 22— g By—T = 4.

Taxum obpasoM, ecan Asa wuCAa X M § YAOBJAETBOPAIOT ypaBReHHo (B),
TO HAHZETCA TPerbe YHCIQ 2, UMEHHO 2= | -—y, TaKoe, 4TO TPH UHCIA X,
Y, 2 YROBNETBOPAIOT OGOHM YPABHEHHAM cHCTeMH (3).

Mu BHIHM, YTO JBa YCAOBHS {CM. Bhille STOT e N°), KOTOPWM A0
¥MeH YIOBJETBOPATL Pe3ysLTar HCKJ/HOYEHHR 2 M3 CHeTeMH (3), gJs ypae-
nennA (5) pumoanenn. CorsiacHo cKasaHHOMY BhIue ypaBHeuue (5) onpe-
JenfeT NHAWEAD, GPOCKTHPYIOWKH JaHHYIO OKPYHHOCTS Ha NI0CKOCTh Oxy.
CaMa npoexuus Baercs JBYMS ypaBHEHHAMH

X212y 2y =0,
z=0.

1\
x? (y_f) :
1

Tak Kak neppoe ypapheHHe DPHBOAUTCA K BHAY —-+————1-—= P
2.7
1
TC nalfienHan TPOEKNHA ABASETCA SMAUINCOM € HONYOCAMH az——z_: 3

b=

b}

§ 62. AsrefpamgecKkne HOBepXHOCTH

196. OcHonupM nmpegMeToOM H3YUEHHH B OPOCTPAaHCTBEHHOH
AHANMTHYECKOW TEOMETPHH ABIAIOTCA TNOBEPXHOCTH, ONpEAe/A-
eMB€ N0 OTHOUIEHHIO K AEKaPTOBHM MPAMOYTOJbHHM KOOpIHHA-
TaM anre6panyecKHMH YPpaBHEeHRHAMH, JT0 CyTh ypas-
HeHNS CACHYIOLIEX BHIOR:

Ax+By+Cz4+D=0; (1)
Ax®§-By® - Cz® |- 2Dxy -} 2Exz -}- 2Fyz -+
+20x-2Hy-|-2Kz+L=0; (2)

L L e e R T T T S T} .« s .

3aece A, B, C, D, Eu 1. n.— #exoTopue GUKCHPORAHNWE
YHCAA; OHH HASWBAIOTCH KOIPUIHENTAMH YKA3AHHEIX YPaBHeHuH,
Ypaeuenne (1) nasuBaercds obuum ypaeneduem nepeoil
crenesu (YHEMEHHBIE 3HAYeHHH €r0 KopdHUHenTOB MOTYT 6ITh
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KAKHMH YTOIHO, HO TPH .YC/IOBHH, 4TO YPaBHCHHE AEHCTBHTE/NH-
HO CONEMKHT 4JMeHH [epBod CTEMEHH, T. €. OJHOBDPEMEHH(QE
ob6pauienne B nyab A, B, C Hckniodaercs); ypasnenne (2) xa-
auBaeTcd ofuium ypasHenues gropod creneru (YHUCICHHBE 3Ha-
yenns ere KospPuuuenToB MOryT OBITH KaKHMH YTOOHO, HO OPH
YCN0BHH, YTO YypaBHeéHWe ICHCTBHTEIBHC COZEPWHT S/ICHH
BTOpOH cTemenm, T. €. caydalh, xorma Bce wects kosdduun-
eatos ‘A, B, C, D, E, F pasaul Hymo, WCK/TIO4aeTcs). AHano-
CHYHH BHI HMEIOT ypaBHeHusl TpeTheH, ueTpeprod w T, 4.
crenedei,

HogepxrocTt, KOTOPARA 8 HEKOTOPOU cucTeMe dexaproeelx
nPAMOYZ0ABREIX KOOPOUHAT onpedeirerca aszebpaudeckum ypas-
HeHueM cTenény n, Ha3vieaerch aizefpautecKoll NOGEPXHOLTLIO
n-2o0 nopRoKa.

MOAO AOKA3ATH, 4TO {I0BEPXHOCTE, KOTOPAA ONPEAenALTCA anreGpan-
YECKHM YPABHEHHEM CTEIIEHA 4 B K AR 0# -1 6 ¥ I b CHCTEME ACKAPTOBRE
NPAMOYTOALHKX XOOPAWHAT, B A0 60 Apyro# ChcreMe TaKHX ke
KOOPAHHAT ONpeAedeTca TakxKe anreﬁpanqecxnu ypaBHeHHEM H T O iixKe
cCTeneun n JHoxa3zaTesscTBO OPOBOJUTCE AHAJNOrHYHG TOMY, KAK 1o~
EasmBanack Teopema 8 B n° 49, H ochoBwBaeTcd. Ha dopMynax npeobpa-
30BAHHA JEKaPTOBWX HOPAMOYTOAbHEX KOOPIAHHAT B fIpOCTpAHCIBE.

197, O6man Teoprd anreGpaniecknx NOBepXuocTel caymuy
NpeAMETOM CNELHAJBHHX COYHHEHHHA (0 AHANMHTHYECKOH TeoMeT-
pra. B 9Toff KHHTe pAcCMATPHBAOTCH TOMNLKO MOBEPXHOCTH
HEpBOr0 H BTOPOrG MOPARAKOB.



TITABA 12

NAOCKOCTh KAK MOBEPXHOCTb REPBOTO
MOPSIAKA. YPABHEHUSA NMPAMON

§ 63. NnockocTs XAK MOBEPXUOCTH MEPBOrQ WOPSAKA

B 6moxafiminx naparpadax ycTaHaBAMBAETCH, YTO MOBEPX-
HOCTH TEPBOro MOPHEKA CYTh INIGCKOCTH H TONBKO AMOCKOCTH,
W PAcCMaTPHMBAIOTCA palnHynbie GOPMH 3alHCH ypaBHeHHH mnoc-
Koctel,

198. Teopewma 24. B dexaprosux Koopdunarex rkamdas
RAOCKOCTD “OnpedenseTcs YPAsNeruem nepeocil crenenu.

- JAoxasatenpcTreo. CUHTad 3aaHs0l HEKOTOPYIO Je-
KApTOBY ' TIPAMOYTONBHYI0 CHCTEMY KOOPAMHAT, paccMOTPHM
NIPOH3BOABAYIO MOCKOCTE € M JOKa¥EM, ¥T0 T4 NAOGCKOCTh
onpejensercd ypasHelnem nepBoft cTemend. BoapmeMm ma mnoc-
KOCTH o KakyW-RHOYAE TOYKY M, (x4 ¥4 2,); BHOepeM, KpoMe
TOr0, KaxkOH yromHo 8ekTop (TOABKO He DpaBHHE Hymo!),
NepHNeHARKYARPHHHE K nIockocTn &, BuOpannui BEKTOP
0603nayBM GYKBO# J5, ETO NMPOEKIHR HA OCH KOODAMHAT —OyK-
Bamu A, B, C.

Hycn: M (x; v _z)_--npousaonhnaa Toukd. OHa JNEeWHT Ha

ONOCKOCTH O, B TOM H TOABKO B TOM Cayuae, koraa sektop M M
NepneHAUKyAapes K BekTopy ‘i. Mnaue rosopa, touka M; ae-
HAMAS HA DAOCKOCTH €, XapaKTEPH3YeTcH YCIOBHEM:

MM | n.
MH. MoAyYHM ypaBHEWHE HAOCKOCTH ¢, €CAH BHPA3HM 3TO
ycaopue deped Koopamnate x, y, z. C s-roﬂ LeALl0 3amHIeM
KOODAHHATH BEKTODOS M.,M H

MQM {x—xna YNy & zo}a
n={A4; B, C}.
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Cornacno n° 165 npH3HaKkOM TEpPOEHAHKYNAPHOCTH JABYX BeEK-
TOPOB SBASETCH DABEHCTBO HYMIO HX CKAJAAPHOFO NPOU3BEAEHNUH,
T. €, CyMMH [OM2PUHX HPOH3BeJeHHH COOTBETCTBCHHHX KOOp-
aunat sTHx Bexropos. Taxum oSpasom, MM | # 8 ToMu rOABKO
B TOM chyyae, KOrma

A(x—xg)+ B (y—yp) - Clz—2,)==0. (1)
DT0 ¥ €CThb UCKOMOE ypamHeHHe INOCKOCTH O, TaK KK emy
YIOBNETBOPRIOT KOOPAHHATH X, ¥,.2 TOUKH M B TOM W TOJBbKO
B TOM cnyuae, Koraa M newuT Ha mAocKoCTH o (T. e. Koraa
MM | n).

Packpupas ciolkm, mpeacrabuM ypassenne (1) B Buge

Ax+-By+ Cz+(—Axg—By,—Cz) =0
Hanee, 0603Hayad yncno — Axy— By, — Cz, Oykeoft D, nonyunu:
Ax-{-By4-Ce+- D=0, (2)

M BrAuM, YTO NAOCKOCTHb G AeHcTBHTEALHO ONpeneAdeTCH
ypaenenuem neps o crenenn. Teopema mokaszaua.

199, Kaxubi (ve papnufi HyMI0) BEKTOP, MEPHEHARKY/IAPHYH
K HEKOTOPOH NJIOCKOCTH, HASHBACTCA AOpMaAbHuiMm K HER Bek-
Topom, YmoTpeOnga 9TO Ha3zpamHe, Mhl MOMEM CKalaTe, YTQ
YpasHerus

A{x—xg} +B(y—y) +C{z—2,))=0"

ecT6 = YpPABHEHUE  NAOCKOCTU,  npoxodaujed  epes  TOUKY
M, (X0; Vo3 2o) 4. umernmed soprarsunt eextop n=1{4; B; C}.
Ypasnenue BuXa . .
Ax+By4Cz+-D=0

HA3LBACTCA ofwum ypasHesuem TIOCKOCTH.
200. Teopema 25. B Jexaprosvix xoopdunarax gamdoe
ypasxenue nepsod crenesy onpedesner MAOCKOCTS.
HDorasareabcrro. Cunran 3aganHol Kakyo-AHOYAD
AeKapTOBY TNPAMOYTOMbHYID CHCTEMY KOODAHHAT, PaCccMOTPHM
HpPOHABOALHOE YPasHeHMe Hepaol CTeneHn

Ax+ By} Cz+D=0. (@)
KOI‘}[& MK TrOBODHM - «ﬂpOHSBOJIbHOB:O ypasiteuue', “T0. noapa-

ayMeBaeM MpH STOM, uTO Kodpduumentw A, B, C, D wmoryr
OnTh  KAKHME YFOZHO YHC/AAMHB, HO, KOHETHO, — HCK/HOYaN
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ciyyail OXHOBPEMEHHOTO PaBEHCTBA HYHIO BCeX Tpex KosdbHuH-
eitos A, B, C. Mm gomkHM HOK43aTh, MTO YpasHenue (2)
€CTh YpaBHCHHE HeKOTOPOH IUIOCKOCTH.

Ilyets Xx,, ¥4, 2,—Kaxoe-nuGynp pelieHHe ypaBuenus (2),
T. €. TPo#Ka YRCEN, KOTOPas 3TOMY YPABHEHHIO YAOBAETBOpAET *),
NoacraBngs uHChE Xg, J,y, 2 BMECTO TEKYLIMX KOOPIAMHAT B
AEBYI0 YACTh YypasHenns (2), MW TmoayunM apudpMernueckoe

TOXAECTBO
Axy+ By Czy+D=0. (3)
Buutem ns ypasnenns (2) Toxjectso (3). Mu noayumM ypas-
HEHRE :
Afx—x0) + B (y—y,) + Cl2—~2y) =0, )

KOTOpOE MO TPEeAHAYUIEMY TpeacTaBafaer coGoM ypaBnenHe
DNOCKOCTH, nNpoxoasued uepes Touky Mg (xg; Mo 20) M HMe-
louredi Hopmanbuul BekTOp #={A; B; C}. Ho ypasnenne (2)
PABHOCHIBHO ypaBHeHuip (1), Tax kak ypasnenue (1) nmonyuaer-
¢ H3 ypaBHenng (2} DnyTeM TIOYAGHHOTO BHYHTAHUA TOK-
nectea (3), a ypasHeHHe (2} B CBOKX OYepeAb NOJNY43E€TCH H3
ypassennn (1) myTeM MowieHHoro npxGaBNeHHs ToxAecTma (3).
Crenosatensno, ypaswenne (2) #B/IAeTCE ypaBHenHeM Toft we
ANOCKOCTH.

Mu p0Ka3ans, YTO NPOHSBOABHOE ypaBHEHHe MepBOfH cTe-
REHN OLPEHENSeT MAOCK OC Th; TEM CAMHM TEOPEME JOK43ana.

201. [lopepxHOCTH, KOOTOPbie B IEKAPTOBMX KOOPAHHATAX
ONPERRAAIOTCA YPABHEHHAMH NMEPRON CTENeHN, HASKHBAKWTCS, KAK ME
3H&EM, MOBEPXHOCTAMH MEPBOTO NOPFAKA. YNOTpeGAas 9Ty TepMH-
HOJIOTHIO, MLl MOY(EM BEICKA3aTh YCTaHOBISHHHE PE3YNbTATH TaK:

Kaxdar niocrocrs ecte  nosepxuocte nepeozo nopadxa;,
Kamdasn nosepxHoCTy nNEPeo2o NOPAOKA ecTs nAOCKOCTS.

Hpumep, CocraBnTth ypasuenHe UIOCKOCTH, KOTOPaA UPOXOIHT
uwepes Teuky M, (l; 1. 1) mepmengukynspro k Bektopy m={2; 2; 3.

Peme nne Cornacao n° 199 uekomoe ypaeHenne ecrh :

2x—hH+2@—D+3(~1)=0,
B
2429 +32—7 =0,

*) Ypasnenne (2), Kax BcSKOe ypaBHeHHe ICPEVH CTENEHH ¢ TpPems
HEU3BeCTHRIMHE, HMEeT GecKOHewHMOo MHoTo penieHuit, UrtoOn HafiTé Kakoe-
HEGYAE M3 HEX, HYXHO ABYM HEHIBECTHRIM IPeXNHCATh WHC/ACHHE® 3HA:
UEHHR, & TPETLIO HERSBECTRYI) TOrRe HafTH H3 ypongewww.
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202, B saxnipuenwe 5Toro nmaparpada IOKameM cAeAyloLies
npennoweune: ecau dea ypasenua A x--By+ Cz-4-D;=0
# Agx + Boy -+ Coz + Dy == 0 onpedéantor 08ny u 1Yy e naoc-
KOoCTb, 7O KOIPPURUEHTs UX RPONGPYUORAABHLL. _

B caMom jene, B STOM cayuae BexTopu my={A; - B;: G}
H ry=1{4, By C;} nepnenauxynspus K ORHOH IINOCKOCTH,
clenoBaTenbAG, KOaArHeapiel Apyr aApyry. Ho toria coraaceuo
n° 154 uncaa 4,, B,, C, nponopuuonanesn uncnam A, B; C;;
0003HaYHB MHOXKHTENh NPOUOPUHOHANLHOCTH dYEDE3 I, HMEeM;
Ay= A, By=Byp, Cy=Cp. Tlyets Mo (xo; yoi Zg)—ill0r
fas TOYKA ILIOCKOCTH; €€ KOOPIMAATH RO/DKHH YAOBAGTBOPATD
KaWAOMY W3 AGHHHX ypasHenult, Takuy obpasom, A;x, - Byy,-+
4 Czg+ D=0 U Apxy-tByyy+ Cozg+Dy==0. Yunokum
NepROE M3 9THX PABEHCTB HZ | B BHIYTEM H3 BTOPOTO; BOAY-
uum D,— D p=0. Caenopatensno, Dy=Dn u

Tem cambiM Haile yTBepKACHIE A0KA3aHO.

§ 64. Hemosiunie ypasuenss WioCKoCTed.
YpaBHeHHe WJIOCKOCTH <B OTpe3Kax»

203. Mu 3HgeM, YTO KaX A 0€ ypaBHenue nepsofl cremesn
Ax+ By Ce-D=0

(B ZAEKAPTOBHX KOOPAHHATAX) OApeAenseT MAOCKOCTh. PaccMoT-
puM cefluac HEKOTOPHE YACTHME Ciy4ad ypasHeHHd. NepBof
CTENEHH, MMEHHG, CAYYaH, KOTAZ KaxkHe-anbo 3 -.xosbduumed-
tor A, B, C, D ofpamaircs B Hyfb:

1) D="0; ypasnenue umeer oud Ax 4 By--Cz=0 u onpe-
denaseT nAGCKOCTb, NPOXODAWYIO Hepes HAYGAD KOOPOUNAT.

Defictrurensuo, uHcaa x =0, y=40, 2=10 yaosneTsopaor
ypasuennio Ax—+ By -+ Cz=0. C1en0BaTeNbHO, HAYANO KOOPIH-
HAT TIPHHAJMCIKUT TAOCKOCTH. _ _

2) C=0; ypasuenue umeer eud Ax+ By D=0 u onpe-
Deazer nAockocTs, napassesvryo ock Of (HAM TPOXOAMUYIO
yepea 3ItTy.0ch).

HeficTBUTENBHO, 8 STOM C/AyYae HOPMAABHGIA REKTOP #.—
={4; B; C} mmeer wyneByio npoekunio Ha ock Oz {C=0);
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CNeA0BATEAbHO, $TOT BEKTOP TEPNCHINKYAZpeH K ocH  Og,
a4 caMa nNOCKOCTb Iapaidiensna el (WIM NPOXOCZMT wepes
Hee),

3) B=0 u C=0; ypasnenue umeer eud Ax+D=0 u
onpederner RADCKOCTH, NAPAAALAGRYIO KOOPOUHATHOL RAOCKOC
tu Oyz (unn coBnajaomyio ¢ ued).

HlcHCTBHTEABHO, B 9TOM CHYYae HOPMaJbHLGY BeKTOp M=
={A4; B; C} mMeer pyaesue npoekiyn na ock Oy n Oz (B=0
n C=10); cneaoBaTenbHo, BEKTOP M NEPHEHARKYAIDEH K OCAM
Oy u -0z, a caMa MIOCKOCTEH NAPAAAEABHA MM {HIM TIPOXOAUT
Yepes xawlyio u3 mux). Ho 310 M o3navaer, 4TC RAOCKOCTS,
onpenensemas ypaeHennem Ax-{-D =90, mapaanrenbHa mIocKoc-
@ Oyz ®in cosnazaer ¢ Heft. B rom ke camom Moxuo yGe-
AUTBCH MHHM TIYTEM, Tak: DPeACTaBHM - ypamuesue Ax-+ D=0

B BRIE X— _—% H ODOAOKRM —-Z-ﬂ @, NOAYYHM:

XxX=a.

CornacHo 9TOMYy YPaRHEHWIO BCC TOYKH IVIOCKOCTH HMEIOT OIH-

- uaxoaue afenuccd (¥ = @) ¥, CNCROBATENBHO, PACHONOKEHH Ha
ONHOM PacCTOHHHM OT maocKocTH Oyz («Bnepenn», ecnl a0,
«no3aiuy», ecad g<0); cheloBarenbHO, MIOCKOCTH, ONPEIes-
eMafi TAKHM YpaBHCHHEM, NapajifenbHa IIOCKOCTH Oyz.- Orciona
ACHO TAaKXe, 4TO @& €CTh' BEAHYMHA OTpe3ka, KOTOpH# oT-
CERAeT MIOCKOCTh Ha OcH Ox {CUATAn OT HAYaAd KOOPAHHAT).
B uacthoctH, ecin D=0, To 4 ¢=0; B 3TOM Cay4ae paccmat-
prBaeMasl MAOCKOCTH COBNAaZaeT c maockocTbio Oyz. Takum 06-
pasoM, ypaosenue x==0 onpederser naockocrs Oyz.

204. [lo ananoruu ¢ TpeSHAYIHM JETKO YCTZHOBATH, 4WTO:
1. Ypagrenue Bura Ax+4-Cz+ D=0 ouperesser miocKocTs,
napaznensnyio ocn Oy  (HIH NPOXOZAMLYIO . 9epe3 Hee); ypam-
Henwe Buga By+ Cz+ D=0 onpelaerieT MIOCKOCTh, - Napan-
neabuylo ocy OX (WIH NPOXORIUIYIO uepes Hee).

2. Ypasnenne puna By 4 D = 0 onpeneiger mio¢Koc b, 0apasi-
ACABHYID IMIOCKOCTH Oxz (WIH COBHARAWOILY0 ¢ Heli); ypasHe-
mue puaa Cz- D=0 onpenenfgT NIOCKOCTh, HapaldebHYIO
nsockocTH Oxy (unn coenazaiomyo ¢ nedt). Tocnennne xBa
YPABHEHHA MOMYT OWTH HAMHCAHH COOTBRTCTBEHHO B BHAE J==§
H Z=x¢, 31eck- & w ¢ Cyrb BCIHYAHW OTPE3XOB, KOTODHE
OTCEKRIOT ITH [UIGCKOCTH HA KOOPAMHATHHX OCAX.  (AepBaf —
Ha oer Oy, BTopas—Ha ocE O2)., B.vyacTHOCTH; ypasHenwe
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y=0 onpexeaser maockocTs Oxz, ypasnenne z==0 onpeme-
Aget mnockocTs Oxy.
206. TlycTh paHo ypaBHeBHe IVIOCKOCTH

PPH_YCIOBRHM, 4TO HH OXME K3 kos$dunuento 4, B, C, D ne
paser Hymo. Taxoe ypaBHeHne mowmeT OHTH npnueneﬂo K He-
KOTOPOMY CHEUHANLHOMY BHAY, KOTOpH GnBaeT yXoGeH B paie.
3allat FHANMTHYEeCKOR reomerpuu.

Tlepenecem cpoGomnwi wien D B mpasyio 4acTh ypaBHeHHs;
MH TIOJIYYHM!

Ax4+-By1- Cz= —D,

Ilozenum 3atem ofe wactu ypasnenus wa—D; u3 npenunym,ero
Hatinem:

Ax By Cz
—pt=pt—p=

HJH
X 2 .
pt—pt—p=1
A "B T%¢
Beons o6oznauenus
D D
a=’_fa b=’—"‘g‘: C=—E-,
RONYUHM!
X ¥ Z
ThEFE=1 (1)

2T0 H ecTb TOT CnenuanbaHY BUA YPaBHeHnfl MIOCKOCTH, KOTO-
pHilt MBl XOTenH noAyWHTh, 3Aech uMCAd ‘@, b, ¢ EMEIOT BechMa
npocTol reomerpuueckuli - cMuca. Mmendo, a, b, ¢ cyTh mem-
YHHH OTPE3KOB, KOTOpWE ANOCKOCTD OTCEKACT HA KOOPAHHAT-
HHX ocax (CYuTad Kawauw¥ OT wauana Koopuuat). Ytobm yGe-
JAHTBCH 8 9TOM, HafileM TOYKM NepecedeHHd WIOCKOCTH ¢ KOOp-
AuHATHRMH OCiMu. Toyka mepecevenus NAOCKOCTH ¢ ockio Ox

/ 4
ONpelenseTcA H3 YPaBHERHS ITOH NAOCKOCTH -'E--i— -!-’--I---xl

NPA ZONONHATENLHOM YCA0BRR Y == 0, 2 = 0; oTcl0n2 X = a u, Ta-
KM 00pasoM, BeNHYREA OTPE3Ka, OTCEeKAEMOro IIOCKORTHIO HA: OCH
Ox, ZzelcTBHTENBHO pasha @. AHANOTHYAG  YCTAHABIMBAETOS,
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47O QTpedKx, OTCEKAEMBe MIOCKOCTLIG Ha ocax Oy u Oz, nmewoT
BENMUMHH, PABHEE COOTBETCTBEHHO & H .

Ypasserne puaa (1) NPHANTO HE3HWBATH YPABHEHUEH NAOG-
KOCTU €8 OTpe3kaxy,

MpuwMep. CocTaButh, ypaBHeHHE HJOCKOCTH, 3Had, YO DHA QTce-

KaeT HA KOOPAMHATHEIX OCAX OTpe3kH a=2, b= —13, c=4.
Pemenue Ha OCHOBSHHH NpeAblAyuerc noJyyaeM HCKOMOE ypas-

HEHHe cpasy: %— %+-i—=l wau Gx—4y -3z —12=0,

§ 65. HopmaibHoe ypaBHeHHe W/IOCKOCTH.
Paccrofige 0T TOYHE A0 TJIOCKOCTH

206. M paccMOTpHM €IMe ONHH CcHeuHanbHuH Bu)  3alHCH
YPABHEHHA OIIOCKOCTH, H3BECTHHH MO HA3BAHHEM HOPMAAb-
HOTO ypaBHeHuA MAOCKOCTH.

[lycth Aava kakaf-nubyns naockocTh m. IlpoBexem yepes
HAYano0 KOODAMHAT TpPAMYI0 72, NEPHSHAMKYJADHYIO K THIOC-
KOCTH J%,——MH OyAeM - Ha3nBatTh STy NPAMYI0 HOPMAABIO, —H

z

Puc. 103,

nomeTHM OykBo# P TOUKY, B KOTOpOH OnA mepecekaer ILIOC-
kocTh 7 (pHc, 103). Ha Hopmann BBeAéM TONCKHTEALHOE HAT-
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paenenue oF ToukM O K Touke P (ecnn Touka P copnanaet
¢ Towkofl O, T. &, eCAW JANNAA . MIOCKOCTH TMPOXOAMT uepes
HAYaNe KOOPEHHAT, TO NOJOKHTENRHOE HANMDABACHHE HOPMAMM
BuGepeM MponaBoasko), O6osnadnm uepes a, P, y yrast, KOTOpHE
COCTARNSIET HAMPABNCHHAR HOPMAJb C OCAME KOODAWHWAT, .uYepes
p— Inuuy otpeska OP.

Mu BHBeneM ypaBHeHHe IAHHON NAOCKOCTH 7, CUHTAR Ha-
BECTHHMH 4HCHa Cosa, €osf, cosy U p, C 97Ol UeaBI0 BO3LMEM
H2 BAOCKOCTH 5 NPOM3BOJIBEYI0 Touky M m o6o3uaumm uepes
X, ¥, 2 ee xoopauHaTH. YEBHAHO, TpPOEKUHS BexTopa OM na
HOpManb pasua OP, a Tak Xak NOACKHTETbHOE HaTpaBieHHe
HODMANH COBNAZ2eT ¢ HamnpaBieHHeM oTpeska OP, TO BeIHYNHA
9TOFO OTPE3KA BHPAKAETCHA MOJOKHTENBHEIM YHCIOM, HMEHHO,
TdCAOM p; TakuM obpa3om,

np,OM=p. )

3amernm Teneps, uTo OM={x; y; z}. Orciona u cornacso
cnencTBuI0 3. TeopeMu 20 (N°165)

np,OM= x o3 0.+ y cos B+ 2 cos y. (2)

Hs pasencte (1) u (2) cneayer, uro x cos &+ y cos -+ 2z cos y=p,
MY
xcosa-t-ycos Pt zcosyp—p=0. {3)

310 W ecTh ypaBHenHe JaHHOM NIOCKOCTH (MY, Kak BRIHM,
YZOBICTBOPRIOT KOOPAUHATH X, ¥, z kawAo# Toukn M, néxamet
Ha AaHHOH MAOCKOCTH; ecnH e Touka M He nexuT na mannodt
NAOCKOCTH, TO €€ ‘KOOPAHHATH YPaBHeHHIO (3) He ynosaerBo-
pAIOT, Tak Kak Toraa mnp,OM=£p).

Ypasrenue naockoctu 6 fopme (3) HasoleaeTcA HOPMEAGHOIM
YPABHERULM NAOCKOCTY; 8 ITOM YPABHEALN COS &, ¢S B, cos y cyTs
HARPABARIOWUE KOOURYOL, HOPMAAU, p— PACCTORRUE HAOCKOCTH
OT HOYAAR KOOPJUHAT.

207. Tlycte nmasa nNpoH3BONBHAE nADCKOCTH. [locTponm ee
HOPMaZb 7 M HASHAYHM Ha HOPMAIM MO/OKHTENBHOE HAnpapie-
HHe TaK, Kak Owlno onMcawo B npeawmpyuwseM n°, Ilyern, aanee,
M*—ganas yroOHO TOYKE NPOCTPAHCTRE, ¢-—ee paccroxune
oT EauHOH niockocTH (cM. puc. 103).

YCAOBHMCA HA3MWBATL  OTKAONEHues TOuKH M* 0T Hansoft
nnockoctn YHCAO 4, ecin M* gexur no Ty cropedy o
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RIOCKOCTH, KyAa RIST NMONOXHTENLHOE HANpasjeyHe HOPMAJH,
—d, ecan M* newnatT ¢ npyrofl CToposs OF AannoH DMIOCKOCTH.
OTKNOREHHEe TOYKH OT TAOCKeCTH Gyae o6o3nauats Gyksolt 6;
TakuM 06paaoM, 8 = —-d, npruem nonesno 3amerHTh, uTO § = -4,
Korga Touka M* W Hauaso KOOpPAHHAT J/EXAT IO pasHHE
CTOPORH OT WIOCKOoCcTH, W 6= —d, xoraa Touka M¥* u ma-
9aa0 KOOPHHHAT JNeXaT MO OAHY CTOPOHY OT NAOCKOCTH
(ang Tovek, Aewawnx Ha naockoctH,. § = 0).

Teopema 26. Ecau rouka M* umeer xoopdunaret (x *; y %,
z®), a naockocTe 3a0aHA HOPMAALHBIM YDABHEHUEM

xcosatycosf4-zcosp—p=0,
TO orKaoxenug Touku M* or srod naockocru Gaeroa opmysod
6=x*_¢osa+y*cos|5+,z*'cos?—'p. (4)
Dowasateanctro, Cnpoextnpyem touky M* Ha Hop-
Mank; nycrs Q--e¢e mpoeknus (cM. puc, 103); rorma
§=PQ=0Q—0P,

rie PQ, OQ M_OP cyTh BeAHYHHH HANPABIEHHHX OTPE3KOB

HOPMARH: PG, OQ u OP. Ho 0Q= npaOM* OP=p; cieno-
BaTeNLHO,

8 =np,OM*—p, (5)
‘Cornacuo caexctsuio 3 teopemu 20 (n® 185)
np,,OM"‘ x*cosafy*cosP--2*cosy. {6)
Wz paeeucte (5) u (6) noayuaem:
8=x*cosa+ y*cos P+ 2 *cos y—p.

Tem camuiM TeopeMa Zoxasasa.

3amernM Teneph, 4To X ¥ cosa-{-v¥*cos -+ 2z *cosy—p ects
HE 4TO HHOE, KaK JeBad YacTh HOPMAJAbHOrG YPaBHEHHS NAHHOR
IVOCKOCTH, FXe BMCCTO TEKYHIHX KOODAMHAT NOHCTARJEHH KOOp-
zudatH Touku M*. OTcioAa moayyaeM CAeRyiollee IPABHID:

Yrobu nadre ormouenue kaxod-aubo rouku M* or HeKOTOPOR
HAOCKOCTH, HYMCHO & AL8YI0 RACTL HOPMAABHGEO YPUSNeRus 3Tol
RAGCKOCTY 6MECTO TeKYWUx Koopouxar nodcrasure KOOPAURATH
roare M¥, [oayuernoe wucad u Oyder paBHO UCKOMOMY  OF- .
KA0HERUIO,
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3ameuvanwue, Ecim rpeGyercw HaliTa paccTogHuEe OF
TOUKH ZO IVIOCKOCTH, TO AOCTATOYHO BHMHCAHTE HO TONABLKO
YTO YHAa3aHHOMY [DABMAY OTKJIOHEHWUE M B3ITh ¢ro a6 co-
A0 THY 0 BETRYRRY.

208. Teneps Mu TOKaXeM, Kak npuecTH ofuiee ypasde-
HHe IIOCKOCTH K HOpManbiomy Buay. [lycts

Ax+By+Cz4+-D=0 (7)
—- 0f111ee YPABHEHHE HEKOTOPOH. IIOCKOCTH, a
xcose-peosf-l-2cosy—p=0 (3)

—~ €€ HOPMaNLHOE yPAaBHEHHE.

 Tak xak ypaBHenng (7) H (3) onpedensiiyT OHHY K TY We
BOCKOCTh, TO coraacho n° 202 xXo3dipuunesTH 3STHX ypasiue-
HHI . MPOMOPUHORANBHH. JTO O3HAYAET, 4HTO, NOMHOXHE RCE
yfieHH ypaeacHna (7) Ha HEKOTOPHE MEOMHTENL M, MH MOAY-
YHM ypaBHEHHE '

pAx 4 pBy 4 pCz+pD =0,
- ccsuanammee ¢ ‘ypaeHeHMeM (3), T. e, MH GyAeM HMETE!
pA=cosa, pB=-cosp, pC=cosy, pD=— (8)

Yro0i wmafiTH MHOMHTEAL [, RO3BEACM TIEPBHE TPH H3 3THX
PABEHCTB B KBAaJAPAT H CHOWHM; MOAYIHM:

w2 (A% 4 B2 C?) = cos® a1 cos? - cos?

Ho cornacao n® 140 npapasg 4acTh NOCAEXHETO PABEHCTBA PaBHa
enuuune, CrnezoBaTenbro,

=kl
s s ®)

Uneno @, MO yMHOXEHHH Ha KOTopoe oflee ypaBReHHe nnio-
CHOCTH. IPHOGPETaRT HOPM&JIBHH’H BHI, HA3WBAGTCA HOPMUPIIO-
wum muoxcureses 3Toro ypasrenus. Hopunpyrouut MHOXHTEND
onpeaengerca dopMynetf (9), HO He BHOJHE: OCTaeTCH Heompe-
JieneHsuM ero 3#aK. ng onpemeneHuds 3HAKA HOPMHMPYIOIHECO
MHOKHTE/NA MCOONb3yeM deTBepToe M3 papeHcts (8). Cornacho
STOMY papeHcTsy WD =-—p, T, ¢. pD ecTb uHCAO OTpHUA-
Tenbroe, CredOBaTENbHO:

3HaK HOPMUPYIOWE20 MHOMNUTEAR NPOTUBOROAONCH 3HAKY
c80000HO20 HACHA HOPMUDYEMO20 YPREBHEAUR,
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B3ameyanune, Ecag D==0, To 383K HOPMHPYIOLLETO MHO-
WHTEA MOKHO BHSPATL MO KEJAAWRIO,

H‘g AMep. JHaum naockoers 3x—4y-122-1-14=0 ©H Touka
M {(4; 3; 1). Haiitn orkaosenne tTouku M oT Aannoli naockocti.

Pewek # e. Urolsl NpHMEHNTL NPaBRAO, HAToNeHRoe B n° 207, #ago
OpexKje BCEro NPHBECTH HaHHOE YPaBHEHHe K HOPMalbHOMY BHAY.

C 5708 Heabid HAXOZNM HOPMHPYIOUIHH MHOXHTOML

b= _ 1
Va rariezE 13

YMHOKAA NAHHOE YPaBHEHHEe HA |, NOAYYHM HCKOMOE HOPMAMLHOE YDaB-
HEHHE MIOCKOCTH:

—1%(3::—4_.;4-12:-1-14):9.
HOACTQBJIHE B J'leBle 4acTh 3ITOO YpaBHEHHﬂ KOOPEHHBTH TOYKH M.
HMeeM:

6:—%(3-4_4-3-}-12-14-14): —2.

Hrak, Touka M KMeer OTpHNATENLHOS OTKAOHEHAE OT JANHOM MIOCKOCTH
H yAaneHa OT Hee Ha paccrosupe d =2,

§ 66. Ypasuenus npamodt

209, Mu ywe ykasupank B n° 191, 4ro B npocTpaHcTBeH-
HOK 2HAJAHTHIECKOM TEOMETPHH KAWAas JIMHHE PACcCMaTpHBACTCH
KAK MepecedeHne IBYX TOBepXHOCTeH H ONpele/ReTCH 3aadHHEx
ABYX ypaeHeHm#t, B uacTHOCTH, KaXAY0 NPAMYI0 AHHHIO MBI
GyneM paccMarpHBaTh KAk
nepeceyeHde JBYX WHAOC-
KOoCTel ¥ COOTBETCTBEHHO
STOMY ONpPEAENaTh 33LAHHEM
IByX YypasHenu#d uaepBo#
creneHH (KOHEUHO, B AeKap-
TOBWX KOOpOHHATAX).

a [lycts B ppocTpancTse
¥ YCTAMOBACHA HEKOTOpas JAe-
% K4PTOBA TPEMOYIQJIBHAA CHC-
Tema koopauHat. PaccMoTpum

Puc, 104. NPOHIBOALHYIO IPAMYI0; 0603

HayuM ee Oykso# ¢ (puc, 164}
O603naukn 1epe3 %, B My KagHe-HuGyAb ABE PA3aHuHNE NAOCKO-
CTH, [EPEeCeKAACUIHECH "HO DPAMOd @, H NPeANONOKHM, HTO
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YPABHERHA ITHX IJIOCKOCTER HaM M3BECTHH; 3aIMAIIEM UX B BHAE
Ax+Biy+Ciz+Dy=0 1 Ayx-}-Byy+ Coz-- D, = 0.

Tak xax npamas a npeacrasnser coGofi nepeceuenne MIGCKO-
cTefl 7y, H My, TO OHA OUPEXEATETCA COBMECTHHIM 3aHAHMEM
ABYX ypasnennfl:

Ax+Byy+Cz--Dy=0, }
Apx +Byy 4 Coz+ D, =

210, Ilpeacrarum cebe, YTO HAM 3apaHee JaHH KaKHe-HROY AR
RBa ypaBHEHNA MePBOH CTEMeHH (1yCcTh ONH Hanucasw B Buge (1)).
‘Beerna nM OHH CORMECTHO ONPEAENSIOT HEKOTOPYIO NpAMYIo?
Ouesnnno, 510 Byzer B TOM M TOABKO B TOM CaAydae, KOrAa
COOTBeTCTBYIOUIME WM IVIOCKOCTH HE MapajiieinhHW M He COBnA-
AA0T RPYT € APYTOM, T. €. KOTAA HOPMaJbHHE BEKTODH STHX
wiockocrelt my={Ay; By; Ci} u ny={Ay; By; C,} ne xonm-
HeapHu. BCNOMHHB, 4T0 YCNOBMEM KO/THHEAPHOCTH ABYX BEK-
TOPOB ABNALTCH MPONOPIHOHAABHOCTD HX KoOpAUHAT (cM.-n® 154},
3aK0YaeM:

Hsa ypaenenun suda (1) cosmectno onpedermior npamyw
& TOM U TORLKO 6 TOM caydae, kozda xoagduyuenter A, B,, C;
00HO20 U3 HUX He NPONOPUUONEIbKSL KospPuyuenTan A, By, Gy
dpyeozo.

211. Yepes xaxayio NPAMYK) OPOXCAHT GECKOHEYHO MHOTO
PasmHAYAHX NAOCKOCTEH; HUCHO, YTO. CYIECTBYET . GeckoneyHo
MHOFQ BO3MOXHOCTeHR BuGPAaTh M3 HHX Kakue-HHGYAL age, OT-
CIOZA C/IeAYET, YTO BCAKYIO OPAMYIO MOXHO ONPENENATH ABYMS
YPaBHEHHAMH OECKOHEYHO MHOTHMH PAMHYHEMH CHOCOGAMH. MM
yxamesm cefivac BechMa NPOCTOH npueM, KOoTopsili noasdnser,
SROA: YPABHENUR OBYX NAOCKOCTed, npoxodaujux wepes dannuyo
RPAMYIO, SCKOMOUHUPOBATEY U3 HUX CKOALKO Je0O0HO KHOSHIX
ypasrenud, xascdoe u3 KoTOPHIX onpedenrser nAOCKOCTS, TAKIE
npoxoday0 nepes JARHY NPAMYND, _

HycTb nany ReKoTOpas NMpPAMAas @ M ypasHenus ABYX pas-
AHYHEX MAOCKOCTEH 1, H iy, NDPOXOAAIIHX Yepes 5Ty NPAMYIo:

AHX+By--Ciz4+ D=0 u Ayx + B,y +Cyz-|-D,=0.

BospMew kaxue-HUOyAb RBa UHCHA ¢, f3, He paBHHE OXHOBpe-
MEHHO HY/HO, H COCTaBMM PABEHCTBO

a{Aye+ Byy+Ciz+Dy)+ B {Agx -+ Byy+ Cz +- D) =0, (2)

(1)
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HA¥, B HHOH 3anmMch:

(A, + BAy) x + (2B; - BByl y + (0C, + BCo) 2 -
+(@Dy+ PDg)}=0.  (3)

Jlerko yGeauthcs B TOM, 4TO BCe TpR uAcAa ad; + pAy,
aB, + B, u aC;+ PC, ne MOryT GHTb OIXHOBPEMEHHOD PABHEIMH
wymo. Heficrsurenvho, ecam ad;,+ A, =0, aB,+-PB,=0,
wcl + ﬁce =0, 10

A, B B, _ B Cy

—A:z o' By e’ G
Tak Kax uucna o B P He DABHH HYNIO OXHOBPEMEHHO, TO OTHO-
wenue % He MOWeT OHTh HEQNpele]eHHHM; NMOSTOMY H3. mpe-

AHIyuX nponopnu# ¢reayer, 4To Ay, By, €, nponopunoHantiy
4,, B,, C,, T. €. 4TO HOpMa/lbHHE BEKTODH 3aAaHHWX NNIOCKO-
crefl m, ={A;; By; Cy} v ny={4;; B,; C,} konmmueapuu; uo
STC HEBO3MOWHO, TaK KAK 3afaHHHE IVIDCKOCTH He NapajnefibHul
H He COBNAAZIOT APYT ¢ APyrom,

Tockonbky Bee 1pu uncna ad, - PA,, aB +BB, n
aC, + pC, He MOTYT ODHOBPEMEHHO WCYe3HyTh, PaBEHCTRO 3)
ecTs ypasreune. flcHo, 4TO STO—-ypasHeHHe NEPBOK CTENEHH,
31AYHT, OHO ONpENesacT HEKOTOPYH ILIOCKOCTD.

Janee, Tak xak ypashweune {3) fBAAeTCH CAEJCTBHEM ypas-
nenuit A,x +B,y--Ciz-+Dy=0 n Agx+Byy+ Coz+ Dy =0,
TO Kawgaa Tpoika umcen (x; y; Z), YROBIETBOPAIOIIAH STHM
ABYM ypaBHeHusM, yNOBAETBOpPSeT Takke H ypasuerww (3).
Orcioga chedyer, 4TO Kaxnas TOUKA, eXamas HA nepecevyeHkn
MIOCKOCTER T, H Ty, JeXHT TaKKe Ha IIOCKOCTH, KOTOpas
onpeaenseTcn ypaeuennesw (3). Muase rosops, ypasuenne (3)
(unu paBrocHAbHOR eMy ypapuexue (2)) onpeneaser NA0CKOCTD,
OPOXOANINYI0 uepe3 NpAMYIo &,

Urak, ecau

—- YpOBHERUR deyx naockocred, RPOXOORULUX H@PES KEKOTOP0
RPRMYD, TO YPRGHERLE

a (A +Byy+Cyz - D)+ B (Agx + Byy +Coz +Dp) =0 (2)

‘pnpedesner RADCKOETL, KOTOPGR npoXOUT Hepes TY Xe NPAMYIO,
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Tloabayach 9TUM NPENONEHHEM, MOKHO YOpPOIATh YypaBHe-
nua npsimod, Hampumep, ypasuenusi mpamoH

x+ytz+3=0,
x+y—z-—5=0
MOWHO 3aMeHHTh Ooslee. TIPOCTHIMHA, €CAH CKOMOWHHDOBATH HX,

Geps. chavana .a=1;, p=1, a notom =1, f==—1; umenso,
Mb AOMyYHM TAKHM DOYTE€M YDABHCHHE
x+y—1=0,
z4+4=0,

KOTOpHE ONPeJendioT Ty He NPEMYl0, 4TO M MNePBoHAYANLHO
AaHHWE,
212. Hycre nexoropad NpAMAS @ ONPEJENEHa yPABHEHHAMA

Ajx -+ Byy+Coz+ Dy =0

kax Tepecededue ABYX IIOCKOCTeR 1, B 7, Mu 3naem, uTO
" ypasHeHxe

a(Ayx 4By +Ciz +Dy) +B (A% + By +Coz + D) =0 (2)
#pR MIOOHX YHCAEHHHX 3xayenHsx a, P (ue pamsnix  oaHOBpE-
MEHHO HyNI0) onpeleisieT MAOCLKOCTh, NPOXOAAULYIO Hepe3 npa-
My a. Joxaxed, 4TO 3navenus o, B scerza moxio noxoGpats
Tak, uTo6ul ypaBneénse (2) onpenmesuno Aw6yH0 sapaHes HA3HA-
YeuHyo T/I0CKOCTh, MPOXONfLIYIO Yepes NpAMyd &.

Tak Kak Kawpas [AOCKOCTH, MPOXOAfMias 4eped npaMymo &,
onpelenseTcd 3ixaHueM, Kpome npaMoH 2, eule oxmol . cmoed
TOYKH, TG IJf HOKAasaTeAbCTBA BHCKAIAHHOTO YTBEpPWAEHHSA
AGCTATOUHO NOKa3daTh, 4TO B ypasHewnmn (2) wMcaa ¢, B Bcerna
ROSMOXCHO NOA06pPATh TAaK, YTOSH . ONpemenseMas HM TIOCKOCTh
npo1a Yepes MNobyio 3apaHee HaZHAYEHHYI0 TouKy M* (x%; y*; 2%).

Ho 970 fcHO; B CaMOM Jefie, NAOCKOCTh, oOnpelenseMas
ypasuenuenm (2), Gyaer npoxomurTb uepes rouky M¥, ecan koop-
AMHATH ToukH M* yIOB/IeTROPEIT BTOMY YPaBHERHIO, T. €, eC/A

o (Ayx* + Byy* - Ci2* D)+
T+ B (A - Boy* - Cpz* 4 Dy) =0.  (4)

Byxem cuntaTk, 4To Touka M* He newur Ha npamoR a
(voabko stor cayuail nam u nywen). Toraa xors On OAHO H3
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ancen A x*-FBiy* 4 Ciz* 4+ Dy, Apx¥-}B,y* - Cp2* 1D, ne
PaBHO HYJMIO, CASROBATENLHD, PABeHCTBO (4} sBAdeTcs ypaBue-
HHeM MepBof -cTemeHn ¢ JAByMf HedsBecTheMu o, f. Uro6w
nafiTH HemssecTHHE o, P, HYXHO OZHOH H3 HMX MPHAATH YHC-
JleRHOe 3HaueHHe NPOM3BONALHO, & APYLYIO BHYHCIHTL M3 STOFQ
YPABHEHUA; HANPHMED, €CAH A,_,x*—{—Bzy +Cyz* 4D, %0, 10
0. MOWHO B3ATh KaKMM YrOQHO (He PaBHLIM HYMO), a ﬂ COOTBET-
CTBEHHO ONPEAENHTh PaBEHCTBOM!

Br= A+ By +-Cy2* - Dy
Aox™ -+ Bay™ - Co2* - Dy

Wrax, ypasHenneM BREa (2) MOWHO OUPENENHTh MIOCKOCTB,
NPOXOAALIYID' YePe3 KaKyl0 YrOAHO SapaHee HA3HAYEHHYIO TOYKY
NpPOCTPAHCTB2, & 3HAYHT, NIOBYH MI0CKOCTS, npoxonﬁmym uepea
AAHHYIO TIPAMYIO 4.

213. CosoxynnocTe ecex nAQCKOcTed, RPOXOGAUUN 4epes
00y U TY ME NPAMYI, KAIBIBAETCR NYydKoM naockocred, Ypas-
 Henue suda.-(2) Ha3WBAPTCR. YPUBHEHUEM RYYKA NAOCKOCTed,
NOCKOJBKY OHO NPH COOTBETCTBYIOMIMX 3HAueHusX -o, B onpe-
AenfieT BCC WJAOCKOCTH HEKOTOPOro nmy4xa.

Bcamn @0, T0, noxaras %xh,- MOAYYNM H3 ypaBHenHs (2)
A+ By Ciz+- Dy + A (Agx + Byy +Coz -+ D) = 0. (5)

B Taxom suige HamicaHHoe ypaBHeRHe Nyuka uaockocTeft
B TpaKTHKe pelliedHs 3anay OGojee ynorpebHTEILHO, YEM YpaB-
senne (2). CyliecTBeHHO; OAHAKO, 3aMETHTh, YTO TAK KaK NpH
nepexone OT ypaBHEHHS {2) x ypaBHeHHlﬁ (5} HckAwuaercs
caysall a=0, 10 ypaBHehwem Buma (5) Hemb3n onpenenTrs
naockocts Agx + B,y 4 Cyz + Dy == 0, 1. €. ypaenenne sria 5)
NpH paanuYuEX A OOPeAENdgT BCe OAOCKOCTH RNy4ka, KpOMe
oxnolt {(kpoM¢ BTOPOH H3- JBYX -JAHHBIX).

2.

§ 67. Hanpamasiomuii sexrop mpamoR.
Kanonuweckne ypapHeHns BpAMOIi.
IlapameTpuiecKue YpaBHEHHR Npsamoi

214. B uensx yaobcrea pelieHHd pAZa 3a4ad B aHaduTH-
YeCKOR reoMeTpHUH HCHOMB3YETCH HEKOTODLIH COeNManbHH BHA
ypaswennH npamofi, koTopuit cefiuac Gyner ykazau. DToT cre-
UHaAbHHE BUA YpasHenufi MpEMOA MOXHO MOAYYHTb U3 OOUIAK
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¢e ypasHenmll nyteM anreGpanmucckHx npeoGpasoBaHmil; oxHako
MH NIPEANOYTEM YCTAHOBMTD €ro HemOCpeJCTBEHHO; TEM CaMhlM
GyaeT OTYETNHBO BHIARJIEHA FEOMETPHYECKAN CYTh Aena.
lycrs maua kakad-nuGyas upaMad. KawOowi ne pasumd
HYMG BEKTOP, Aexcaujud Ha OauHOL NPaMOL UAl nupaste s vk
eff, KRAIBIBOETCA HANPABALOWUM  8eKTOPOM 3104 npamod, Yxa-
3aHHbHE BEKTODH HASWBAIOTCH HANIPABNRIOILUMH NETOMY HMEHHO,
yTto moG0o# H3 Hmx, OGyAyyH 3aman, Of-
pelenseT HanpaBAcHHe APAMOH, . M
HanpapnaiowRl BeKTOp NpoH3BOAL-
Hoil mpaMolt MH Gyaem of03HavyaTh Hyx-

ol #, ero KoopAHHATHW — OykBamMu [, g
m, n: M,
a={l; m; n},
Mu BHBeseM celldac ypasnenue nps- Puc. 105.

nof, npoxodaued «4eped GAHKYID TOUKY
My(xg: Yoo 2¢) u umeowjed Ganuvii HANPABAMOWUE GeKTOP
a={l; m; n}.

JTn  ypasHenus -HONY4RIOTCR  BechMa  mpocro.  Iiycrs
M(x; y, 2)—npoussonpHas («TeKymwas») Touka IPIMON
{pc. 105). Bertop

MM = {x—%g; = Yoi 2—Zo}
KOJIVIHHEapeH ‘HaNpasimiolleMy 8eKTopy
a={l; m n}
CnenoBare/NbHO, KOOPAHHATH BexTopa MM nponopnyuonaabHn
KOOPIHHATAM BEKTOpA @

X—2Xg U—Yp__2—2 .
i m — a " (1)

DTHM COOTHOIHCHAAM, KAK MB BHAHM, YAOBACTBORRIOT KOOPIH-
HATH Kawaol Touky M{x; y; &), newauwel Ha paccMaTpusae-
MOl npAMOA; HanMpoTHB, ecad Touxka M(x; y; 2z) ue nexut Ha
sTON mpaMOH, TO' ee KOOpPAHHATH He YAOBETBOPRIOT COOTHO-
mennsiM (1), TaK Kak 8 3TOM cayuae BEKTODH MOM H a He
KOMUHReapHH H KOOPAMHATH WX He OPOMOPUHOHanbHH. Takmm
oBpaaomM, ypasuenus (1) npezctasamior cobolf ypasueuns npa-
moH, upoxousmesi yepes Touky M, (%, yoi Z,) B Banpanienuu
Bextopa @ = {I; m; n}.
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YpaBrenuns APAMOI NMOAYYEHHOTO ceHvyac CreuHasibHOro BHIA
MH OyneM HA3HBATE KANOHUNSCKUMIL.

Koopansath !, m, n moGora HanpaBAfIOIIETO BEKTOpa &
NpAMOH HASHBAIOTCA HANPABATIOWUMY napameTpamu STOH Tpsd-
Moit, - Hafpaensiomue KOCHHYCH BEKTOPa @ HASHBAIOTCE Harpas-
AmOuME Kocunycamy TOR ke npavod.

215. Tlycrs -HexoTOpasi MpAMaA 3ajasa Aeyms 00w HMU
YDABHEHHAMN:

A; B Oy D, =0,
-+ Byy4-Ciz-l-Dy } 2)

Agx--Byy-}-Coz -+ Dy =0,

TMokakeM, KaKk COCTABMTE KAHOHHYECKHE YPABHOHUA
910l npaMofi.

O603HaYHM TIOCKOCTH, ONpelelseMEe TaHNLMH YPaBHeHHAMH,
Yepes T, H 7, HOpPMANbHHE BEKTODH STHX IUIOCKOCTeH depes
n, » n, UYToOW COCTaBHTH KAaHOHHYECKH® VDABHCHHA AaHHOHN
npaMofl, HYKHO: -

1) maliTa Kakylo-uuGyzb ee Touky M, (xgr yei- 2¢);. 2na
STOTO CaenyeT 3aFATh MHCACHHOE 3HAYEHHE OAHOH N3 HeH3BECT-
HHX KOODEHHAT Xg, Vg, Z¢ B MOACTABHTL €r0 BMECTO COOTBET-
cTaylouielt mepeMeHHOM - B - ypasHenHA (2); Rocne- aroro ABe
ApYTHE KOODIMHATH ONpeNensTCH M3 ypasmenu#t (2) nyrem ux
COSMECTHOTO pelleHHs; ' ‘ .

2) mafite nanpasamownll Bextop @={l; m; n}. Tak kak
RAMHAS TPEMAN ONpeneseHa NepecedyeHweM naockocTel m, B My,
TO OHA MEepHeHIMKYNADHA K KaWIOMY H3 BEKTCDOB #, H Hi,
{cM. puc. 104). TlosToMy B KavecTBEe BEKTOPA & MUXKHO B3iTh
moGOA BeKTOp, MEPHEHRHKYNAPHHE K BEKTODaM #, H A, Ha-
npHMEp, HX BEKTOPHOE MpoH3BeAcue: @ = [mm,]. Tockonnky
KOOPIWHATH BEKTOPOB N, R fi, H3BECTHH: my={d;; By;. Ci},
n,={A,; By Cg}, mns  BHYMCHEHHS KOOPIMHAT BEKTOPaZ
a={I; m; n} noctaTouno npmmenuTh Teopemy 21 (n®173).

flpnmep. HaillTH KaHORMuecKHe YDABHEHHA TPAMON

3x+42y+42—11=<0, }
2} yp—3a—1=0,

Pemenue. lNonaran, sanprmep, xg==1, HAXONUM U3 NAHHOA CH-
creMu: g, =2, 2y==1; TakuM obpasom, MW yKe 3HaEM OHY TOUKY Ops-
wofiz_My(1;: 2; ?_). Teneps HafieM- uanpapagiomyd. sextop. Hueemt
n=13 2; 40}. Ry==1{2; 1; —3}; ovcionia @=[myme]={—10; - 17; —1},
7. e, {=—10, me==17, n==—1, Kanonuveckne ypapHesusa janHol nps-
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MOl MEL TIONYYHM, TONCTaBAAA HAANCHHHE 3HAUEHHA Xo, Yo, Z9 H l,mn
8 pasenctea (1) i
x—1 y—2 21
—10 17 -1

216, MycTh A2HH KaHOHMUECKHE YDABHEHHE KakoR-urGyab
npsmoit, O6GoanaurM Oyxmoli ¢ Kawaoe #3 pPaBHHX OTHOMEHuH,
KOTOPHE ' y4acTBYIOT B. STHX KAHOHHYCCKHX YPaBHeHMAX; WH
ROy THM:

X=X _ Y—Hy__2—"2%__ ¢

l m n ¢
Orciona
x=x0+lt, .
y=yp+mt, (3)
g2 = zo+ﬂt.

Dro—napamerputeckite ypusnenud npamocl, npoxodaued
uepes Touky My (Xq; Yoi Zo) 6 Hanpasaenuy sextope &= {I; m; n}.
B ypassennax (3) # paccuaTpHBEE€TCE KaK MPOH3IBONBHO H3Mme-
ssmoiufica napameTp, X, y, Z—Kak QYHKDHH OT. #; NpH Hame-
HeHHH { BENWYAWH X, ¥, 2 MEHRIOTCR TaK, 4To ToyKka M (x;-y; 2}
ABWMtEeTCH O AmanHof npsamoit. Ilapamerprueckne ypasueHnd
npaMoH YHOGHO MPHMEHSTh B Tex Ciy4adx, Koria tpebyercs
HalTR TOUKY Nepecedendu MpaMOi ¢ NAOCKOCTBIO.

TMpumep. Hausl npamMan
x—=2 y—3_ z~-4
.1 2

n maockoets 2y +42—6=0. Hailta Touky BX nepecewesss.

Peinenne Jen cCBOZHTCA K TOMY 4ToOLl Onpefeiirts X, ¥; Z HS
Tpex NaHHHX YpaBHeHMA (Ml MMeeM XBa YpaBHeEmMA Lpsuod B OnHO
ypasuesine naockoctn). Heofxoaumue suuncnenss GYRyT 600t HPOCTHMH,
€C/H HOBLICHTH HUHCJIO HeM3BeCTHHX (H UHCJAO YpaBHeHHHE) 1¢ gerHpex,

x—2_ y—3_ z—

noxaran i T =% ={; oTCIOfa

x=2+41, g=3+41, z=4+2

TojcTanaas STH BHPaKEeHHS B JEBYK) 4acTh ypaBHEHHT Hawwoll NAacKo-
CTH, MHE Cpasy WPHXONMM K OJHOMY YPABHEHHIO C ONHHM HEHERECT RBIM:
2248+ @B+ B+ {4+ 20 —6=0.

Pemas 970 ypaBdeHHe, HAROAMM: f= —1, C/IQJOBATE/ILHO, KORPANHRTH
‘HCKOMOH TOUKM CyIh #=1, y=2 z=2
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217. YcAopEMCH CYHTath, 4TO f§ €CTh YHCAO CeKYHD, mpo-
WEeMIMX OT HEKOTOPOI( YCAOBHOTG MOMEHTA BPEMEHH (KMOMEHT
nmycka cekysumoMmepa»), a ypasrennd (3) Gydem paccMaTpHBATH
KiK. ypaBrReHHd ABHXeHuA Tourn M(x; y; 2) (cm. n°45).
TocrapaeMcs. yacHaTh cefie XapakTep 3TOTC ABHIKCHHA,

[pexne BCero, H3 MpeAHAYINErO SCHO, 9TO ABMKENHe ToukH M
ApAderca NpsaMoauHedRbM, NpHUeM COBEPINASTCH OHO IO HPAMOH,
KOTOpas NpPOXOANT depe3 Touky M, B HAMpaBJeHHH BEKTOPA
a={l; m; n}.

Hanee, nerxo yGeauTncs B TOM, 4TO JBIDKEeHHe Touxkn M,
onpenennemoe ypaBHernamMy (3), ecTh IABHKEHHE PaBHOMEp-
Hoe. B camom zese, cornacHo ypasnenuaM {3) umeem:

x—xy=It, y—y,=mi, z—2zy=nt

NMocnegnne TPH paBeHCTBA ' PaBHOCHIBHH OIHOMY BEKTODHOMY
YPABHEHNIO:

MM = at.

OTcl0fa BHAHO, YTO 2a BpeMs ¢ ceKyHA Touka M npoxoaur
nyrs MyM, paBuuil BeKTOpPY @, YANHHEHHOMY B &«f pa3». Taxum
ofipaszoM, AyTh, npoxoduMall Toukol M, nponopuuoHaleH Bpe-
MeHn  f, 4 9TO H 03HavaeT, YTO ABWKenHe ToukH M paBroMmepHo.

MMoxcunraem, Hakomen, CKOPOCTH ABHKEHMR TOYKH M.
C srolt, nenblo, sametuM, UTO 3a NEPBYID cekyrmy (ot F=0 zxo
t=1) rouxa -M unpoxoaur . myre MM=a. Cnezoratenrno,
CXOPOCTb U JABMXEHHH ToYkH M YHCAGHHO DaRHA MOAY/AI0 Bek-
Topa @, T.e. v=VIEF mtF i Wrak, ypasuenus (3) onpe«
JeARIOT - APAMOAUNGIHOE U pAsHOMepHOe — O8uieHlle. TOUKU
“Mix; y: 2) co cxopocreso o=V ELmLn® & nanpasenu
sexropa @=={{; m; n}; 1ouKa M, (xg; ¥y Zp) ABNSETCH HaYaib-
HHM. HoJoWeHHeM nepemeddolt Touky M(x; y; z) (1. e, npn
t=0 Touka M cosnanaer ¢ TouxoH M)

fIpumeyp. CocTaBHTe ypaBHEHUs mmmeﬂua Touke M (x; y; 2), Kos
TOpast, HMEN HaualbHOE NOJOKEHHE . My (15 17 1), Apumerca npgmons-
BEHNO ¥ PABHOMEPHO B, HATIPABJEHHH Bemopa §= {2 3; 6} CO CKOPOCTEI
v=21

Pewenne. Cpapnusad MoAyJL -BeKTOpa §, KoTophfi pased
¥V 22-)-32.1-6%=7, ¢ sananHo# CKOpOCTb!O v=21, MH BYANM, 9TO B Ka-
YecTee BEKTOPA @ HaM HYKHO B3NTb BEXTOp 8, ynm{neﬁnuﬁ B TpH paia,
7. e, a={6; 9, 18}.‘Hcmmue ypaBHEHHHA CYTb

x:l—i—ﬁt, y=!+9f, 72=1-1-18¢,
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§ 68. HexoTopue AONONBATENbHEE HPRIJIOKEHHA
¥ EpEMepH

218, B ananuTHuecKOR FeOMETPHH YacTO TpebyeTed Co ¢ Tax
BHTb ypaBHCHUHSA Mpakoll, anad Ase eé TouxH, Mu
pemruM celfuac 3Ty 3aauy B obuieM BHAE, CUHTAS XAHHKIMH JBe
NPOHIBOALHEE " TOYKH:

My (xy; i3 2)) 1 My(xgr w50 25).

Hng peueAus 3afauu I0CTaTOYHO 3aMETHTh, UTO B KaUCCTBE
RANPABJAIOLUIETO BEKTOPA PACCMATPHBAEMON HPAMOR MOWKHO B3ATH

BeKTOp &= M M,; oTcioaa
[=%3—x;, Mm=y,—y, R=23—2.
Haanayas Touke M, (x;; yy; 2y) TY Xe poiab, KIKYi0 ATPAET
B n°215 Touka M, nony4um:

XXy Yth 22
Xa—X1 Ha—U1 Z3—2;

J10 ¥ ectp Hckomue (KAHOHMYECKHE) ypusHenus npamoil,
npoxodsuwel wepes Oee dannwe tTouku: M (xy; yi3 2) u
M, (x5 ¥ 22).

219, Pemnm Ttake B o6meM RHAE CHCAYIOMHYIO 24334Y:
COUCTABRMTL YpaBHE#We MIOCKUCTH, NPoxoasu el
yepes TpH pasaruydHe Toukm  My(xy yozi)

- My (%95 Yoo Z3) B My(xg; yui 23).

(O603Ha4HM Yepes X, ¥, ¥ KOOPAHKATH IPOHIBONBHOH Touku M
BPOCTPAHCTBA M PACCMOTPHM TpH Bekropa: MyM=={x —x;;
y—=yu 2=z}, MMy={%;— %y y3-—yy 2,—2,} 0 MyM;=
={Xg— Xy} Y3—¥p 2g—2,}. Touka M JeWUT Ha NIOCKOCTH
MM, M, B TOM H TONBKO B TOM Cayuae, Korjia sexropsl MM,
MM, n MM, xomananapuw; coraacko n° 185 ycmosnem kom-
DNAHAPHOCTH ITHX TPEX BEKTOPOB SBIAETCR PABEHCTBO HYWHO
. OOpeJENATENA TPeThero NOPAAKa, COCTABALHHOIQ M3 HX KQOD-
nuvat. B massoM chnyuae umeem:

X=Xy Y=Y 28
Xa— Xy Ya—Y1 Za— 2 |=0.
Xg—Xy Ys—Y1 Z3—2,
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BT0 B eCcTh RCKOMOR ypasHeHue NAOCKOCTH, npoxedaujed depes
rousu My, M,, M, TaKk Kax My yIOBISTBOPHAIOT KOODAHWATH
X, ¥, Z TO4KH M B TOM M TOZBKO R TOM ClyHae, KOr2a oHa
AeKUT B 9TOH MIOCKOCTH, '

220. B paae sapmay amanuTHyeckoll  reomerpur Tpebyercs
BHATD YCAOBUR MAPAAASALHOCTU 4 nepneHOUKYASPHOCTE IBYX
naockocTell, ABYX NPAMHX, a Tawke UPAMOR H  WIOCKOCTH.
BugenoM 9TH yCAOBHA.

1} MycTh nanw ABe OAOCKOCTH

Agx +Boy +Coz+D0,=0.

Jaunne NAOCKOCTH Napanienbdbl B TOM # TOABKO B TOM
enydae, KOrAa HX HOpMalbHHe BekTopu #y={A,;; By; C},

Puc. 106. Puc. 107,

n,={4,; By C,} vonnuneapnu (pac. 106; copnazenne MocKo-
cTeft MW pacemaTpueaeM ceHuac Kax ocoOwft caydwait mapainens-
docti). OTCwda B coriacHo n° 154 monyyaem ycaogue napar-
AzavrocTy deyx naockocred: '

Jlannpie nIOCKOCTH NepneslaKyAMpHE B TOM H TOALKO B TOM
cnydae, Kora HX HOpPManbRHe BEKTOpPH HEpﬂEHMKYa‘IﬂpHﬂ
(puc. 107). Orcroma | coTIACHO n® 165 nonydaeM ycaosue
nepnenfuryAsprocTit deyx naockocreil:

A, + BBy + €€y =0,
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2) TlycTp maun nBe npaMble

X—Xz =y~——y1 . 2—2y

A my n !
XX P—th _I-%
1y my r

Jlansble npaMupe MApalIeAsHE B TOM H TOJBKO B TOM Clydae,
KOrA2 HX HanpasisiomiHe Bekropu a,=1{l;, my, n), a;=
= {lg, my, n,} xonnuneapuu (pnc. 108; coBnajenHe NPAMHX Mu
paccMaTpuBaeM ceffuac wak ocobuii cayva#l DapaanenbHoctTH),
OTCl00a NOAYYAEM YCAGBUE NAPAAACALHOCTU GBYX RPAMGIX:

Haupnie NpAMBIC NCPNCHIHKYNAPHE B TOM K TOABKO B TOM
Cnyqae, KOrla HX HanpaBiAfgioiHe BEXTOPW NEpNesaNKynapRu

a, \ az
- .

Puc. 108. Puc, 109,

{puac. 109; B npocrpancrae NepnesankynapRpe. NPAMBEe MOTYT
Guth B He nepecekawwmmncy), OTCIOA2 noayvaeMm ycaosue
nepnenduKyAAPROCTE 08YX RPAMBLX:

Ligt+mumy+nn,=0.
3) Nycerp many npamas

I—Xy _J—¥_ 2%
{ m n

H ON0CKOCTD
Ax-+By+Cz+ D=0,

IIpsmas napannenbna NNOCKOCTH B TOM H TONBLKO B TOM
cayyae, KOrla HanpaBAsOLIMA BexTop 3TOH npavolt @ = {I; m; n}
NEPNEHRHKYNAPEH K HOPMAJIBHOMY BEKTOPY INIOCKOCTH B=={4; B; C}
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(puc. 110; cnyuvait, xorta npaMan JAEKHT B NAGCKOCTH, Mhl
paccmarpuedem Kak ocobuit cayuval napanneapnocti), Otcioaa
MOAYYAeM YCADBUE NAPAAACADHOCTH RPAMOL U NAOCKOCTU:

Al-} Bm+-Cn=0.

Mpsmas nepnesARKY/N%pHA K NNOCKOCTH B TOM H TOABKO B TOM
clyuae, KOCAa HaNPasAAIOUIHH BEKTOP TOR IPAMON Koaluneaped

!

Puc, 110, Puc, 111.

HOPMaAbHOMY BekTOpy nacckoctd (puc. 111). Orciona no-
AYYaeM ycAosue nepreRfuKyAApROCTE NPAMOL 4§ nA0CKOCTY:

— T i T ——

Janee npuBORHTCR DAL (UPUMEPOE ¢ UHCIOBBIMH JAHHBIMH.
221. Mpuamep 1. CocraBuTe ypaBHEHNe IVIOCKOCTH, NPOXOAAmei
Yepes HPAMYK

342y +5246=0, }
x+4y+3z24+4=0
napanjeibto NpaModt
x—1 y—b z41
3~ 2 =3
Pewe nue. CocTapMM ypasHeHHe Hyuka nJjockocreft (em.n’n® 212,
213), npoxoASUNX uepea NMEpPBYIO H3 HAHHLHEX NPAMLIX:

3x+2y--52+6+M(xt-4y 3244 =0 (1

B sroM nyuke Msl GOMKHBL BHOPATH ILIOCKOCTE, NAPajNe/abHYI0 BTOPUH
ARHHOR NPAMOI; EEJIO CBOGMTCA K TOMY, YT00bl HaHTH HagncKaules ui-
caedHoe 3mauenne A. IlpepcrasnM ypasuenne (1) B BuAe

C+A)x+ @+ 40 y+ G +30) 2 (64-44) =0, @
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MekoMmas IAOCKOCTE JOMKHA OHITE MapajjelbHa NPAMOR
x—1_ gy—5_ z+41

3 -2 =3
Hconpays YCIOBHE NApaJeAbHOCTH NPAMOA N IAOCKOCTH, TOJAYdaeMm
AAA Hen3aBecTHOU BEJHYHHEI A ypaBHeHHE

3B+ 2(24+-40)—3(B-1-3A)=0.
Orcioga h=1. llojcrasnas nafijeHnoe 3Havenue A B ypaBHenHe (2),
Hafigem: 4x-}-6y-82-1-10=0 nxu 2x4-3y+42-45=0,
Mpumep 2. Haua npamas :
3x—2y—ez+4=0, }
x—4y—32—2=0,
Hahte ee npoexiifio Ha MAccKoeTs Sx-}2¢3-22—7=0,
Pemen e HaMcaenyer paliti NI0CKOCTb, KOTOPAs IPOXORMT Uepes
FANUYI0 PAMYI0 NePUEHANKYAAPHO K HAHHOIH NJIOCKOCTH; TOTAAa HCKOMas
NPoeKIHA ONMpEfesUTCH KdK Nepeceuense 310 [AcCcKocTH ¢ ganuofi. Co-

€TaBHM YypaBHEHHE WyUKa IUIOCKOCTeH, FWPOYOJAHK uepes RaHHYIO
Ip AMYIC:

I —2y—2z+-4+h(x~4y—32-2)=0, (3}

Hcxoman 0ACCKOCTh ONDeAefHTCA 5THM YPABHEHHEM NPH HEKOTOPOM 3HA-
Yenuy A; ero Mel JOJBKHM HafitH. IIpencrasnM ypaseenne (3) B Bige

(B-FM x(—2—4h) y+(—1 —B3h) 24 (4—20) =0, @

Hckoman nIocKocTs Joamua ObiTh [epNeHANKYAAPHA K RanHofl.
Hcenonesys yciaoshe NepnenaukyagpHOCTH RBYX TJOCKOCTel, modyuaem
AN HEM3BECTHOH BEJHUMHEL A ypaBHEHHE:

B3FA)+2(—2—4A)+-2(—1—3N)=0.
Orciona A= 1. Ioacrapana naitfennoe anauenie A B ypaBHenne (4), Haiinem
ypaBHeHsie RNOCKOCTH, NPOXOAfINlell Yepes JAHHYIO IPAMYH TepIeHnu-
KyadpHo K AaHHOl nmaockocTH: 4x—6By—42-4-2=0 unu 2x—3y—2z
-+ 1==9. IIpvexnun gansofl mpaMoii HA AAHBYIO NJACCKOCTL ONpefefnercs
YPaBHEHUAMH :
2x—3y—2z+4-1=0,
5x-}-2¢4 422 —7 =0,
lipumep 3. Haltu paccrosune or Touxu P (1; 1; 1) zo npamoft
x—Il_y—18_ z—4
2775 T =2’
Pewenne. Iponegen uepes P MIoCKOCTh &, NEpOCHARKYAADHYIO
K nauuofl npamoli, u nafifeM Touky Q, rie 9Ta NJIOCKOCTE TEDeceKaeT
Aannylo npamylo. Hcxomoe paccrognme or Touku P o jauuoli mpamoii

GyZeT paBHO PAaccTOANHIO OT ToUkH P Yo TOukA §,
Coraacso n° 199 ypapHenHe NNOCKOCTH ¢ MOMHO HAamHCATh B BHEE

A—1)+B(g—1)+C (2—1)=b;
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9Ta NAOCKOCTb HO/UKHA OHTbh HepNeHYHKyJ/MIpHA K Zandofi npawodt. [lo
YCROBHIO NepUeHAHKYASPHOCTH HpﬂMDﬁ H IJAQCKOCTH HMeeM:

A_B_C |

2 5 =2’
BHIGHpas 31eCh MHOMUTE b NPOLOPLUOHAJBHOCTA LA NPOCTOTH papHuiM
eIHHANe, HaXoauM A=2, B=05, C = —2, HtaK, naocKocrs HMeeT ypas-

nenue 2(x -1} 4-5 (g—1)—2(z— 1) =0, vau 2x4-5y —22—5==0. Teneps
MW JOMKHN HaflTH Toyky (), B KOTOPOH 3Ta [JIOCKOCTL TEPECEKAaeTcs
¢ Jauuoft npamofi. [1as 3TOro HYMKHO yDaBHeHWA NaHHOHK NpAMOH pelIMTE
COBMACTHO ¢ HallfeHHEIM YDABHEHHeM HAOCKOCTH ¢f. IlocTymaa Tak, Kak
Grno moxasawo B n° 216 {cM. mpHEMep B KoHIe 3TOro n°), RageM Koop-
AuHATH ToukAa @: x=>5, y=3, 2=10. Hcromoe paccTosuue d oT TOUKH P
[0 AaHHOH MPAMOH, paBHOe PpaccTOAHWID MEéXAY TouKaMu P u Q, Haf-
HeTcA No u3BeCTHOH dopMmyne

d=V BE—=10 13— (10— 1=y 101 = 10,
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MOBEPXHOCTH BTOPOI'O MOPAIAKA

§ 69. Saaunconn H ranep6osoKaIH

222, CornacHo wuanoxennomy B n° 196, DOBEPXHOCTH BTO-
poro nopaaka CyTh Te, KOTOphie B AeKapTOBHX XOOPJAHHATEX
onpeAcAfloTCE ypaBHennem Bropolf crenenn. B stoff rnase Syayr
PACCMOTPEHN Pa3iHYHBie TPEACTABHTENH KJlacca NOeepxHOCTeH
sToporo nopsaka. Tlpemne BCEro MM pACCMOTPHM 3NTHICOMZ
u nsa raoepGoIOMA2; BTH MOBEPXHOCTH MBISKTCA MPOCTPAKCT-
BEHHLIMH aMaNOTaMH SAAMIOCOB ¥ TunepS0oi HA NJOCKOCTH.

228, 3asuncoudosm HA3HBAETCA NOBEPXHOCTH, KOTOPAs B He-
KOTOPOH CHCTéMe IEKApTOBHX NPAMOYTOJNbHHE KOOPAHHAT Onpe-
nensteTcd ypapHeHHEM

] 3 3
Stmta=1 (1

Ypapnenne (1) na3HBACTCA KQHORUHECKUM YPABHENUCM SAMN-
couda,

MMocrapaemca yscHuTE cefe dopuy 3AMKNCOHAA M H306DAIHTD
ero aa useprewe, C oTol LEABD Mul yHOTPeOHM TaK HA3HBIEMER
«METOJ TapanNeNbHHX CeYcHHH».

PaccMOTpUM CCUEHHS HAHHOTO SINRICOHAA TNNOCKOCTHMH,
napamnenbHEMA KOOpANHaTHOR miockocTH Oxy. Kaxnas u3 Takux
IMOCKOCTEH Onpesensercd YpaBHCHHEM BHAR2 2=f, a nnhud,
KOTOpasg TNOAYYderTcd B CEUEHHH, ONpeAendeTcs AByMms ypae-
HEHHAMH:

x2 w_ h2
FrE=1—a } @)
z2=h.

Otciona pugHo, uto 1) npn ycnosum | k] < ¢ nnockocts 2=h
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nepeceKaeT INNHNCORL N0 INAHACY ¢ [01YOCHAMH

hﬂ

a*;:a Vl .._....—63-’
._.—hz

r—§ ]/1 —=

PACIO/IOKEHAOMY CHMMETDUYHO OTHOCHTE/NbKO IOCKOCTEH Oxz
u Oyz; 2) seamumia ¢® u b* uMenT HanGoAbluHE 3HATEHHA
npu k=0 (rorza a*=a, b*=25); vnaue robops, camuit kpyn-
unf 9ANRNC O6GPA3YETCH B CEYCHHH KOOPAMHATHOM IVIOCKOCTDLIO
z==0; 3) nps Boapactanun |h| sesmwunns e* u b* yGumawor;
4) npu h= 4 ¢ Beanunntl @*  O* ofpamaioTes B Hyns, T. €.
ganHic, oOpadyeMblft ceucHuem sanumconia (1) IMIOCKOCTHIO
z==¢ WIH TAOCKOCTBIO 2=—¢, BHPOUIALTCA B TOUKY;
HHaue TOBOPHE, MUIOCKOCTH 2= - € KAacaloTCA JLIHNCOMN;
5) npn |A]>c ypamuenns (2) ONPeAGNSIOT MHHMMH SIHRC;
9TO 03HA4YaLT, YTO IIOCKOCT z=AHh npH |k| > ¢ ¢ KaHHum
SIKNCOWAOM HE BCTPEUAETCH COBCEM.

CoBEpUICHHO AUATOTHYHAR KaPTHHA BuABAfeTCd MPH  pac-
CMOTPEHHH CEYCHHH SMIHNCOHAZ TAOCKOCTRNH, napanNeasHLIMA

KoopauuaThuM naockoctaw Oxz B Oyz. OTMETHM TONBKO,
4T cama nAOCKOCTE OXx2 nepeceKaeT INRNCOHA [0 S/UHMNCY,

X% 2%
KOTOPHH onpeagnsercs YPaBHEHHIMH ET+T:2“=1 n y=0,

nnockocTs Oy2z-—I0 SAAANCY, KOTOPHA ONpeleqdeTc ypasHl-

y2 22 _ . . \
HHSAMH -E;-l i x=0 {cu. puc. 112, rme moKazaHu
cevennn aaaumconsd (1) nmockoctsmu Oxy, Oxz n 2=4h).
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ConocTasnsa H3AOKEHHOE, M& MOMEM 3aKAIOUHTH, 4TO -
JUACORA €CTh 3aMKHYTad OBAJbHAA HOBEPXHOCTH, oOAazaouras
TPEMS BBANMHO HEPHEHAHKYANDHEIMH GAOCKOCTAMH CHMMETPHH.
Hpu navnoM BHOOpE KOOPAMHATHON CHCTEMB 3TH IAOCKOCTH
COBMEINEHR € [UIOCKOCTAMH KOOPAHHAT,

224, Benuyuun @, b, ¢ HASHBAOTCE NOAYOCAME IRNHOCOHAZ,
Ecax Bce OHH pa3nMuHB, 3MINIOCOMA HAIBBAETCH TPEXOCHBIM.
PaccMoTpum caywali, korma xakuve-nn6o ABe M3 BelHuud a, b, ¢
omutakossl. [lycrs, nanpumep, a=4. Torma ypasnenus (6)
OMPEReNMOT OKPYMHOCTE ¢ LeHTpoM Ha ocad Oz, Orcwoaa
CACHYET, YTO NPH @ =D SATHICOMA MOWHO PACCMATPHBATL Kak
TOBEPXHOCTh, OBPA30BAHHYIY BPAMIEHHEM 3JIKNCA BOKPYT 0ZHOH
ua ero oceit, Ecay sanuncoux o6pasoBaH BpawieHHeMm 3JJIHNCA
BOKDPYT ero GonbmoN OCH, OH Ha3HBAETCH SLITAHYTHM AU~
coudom epawyedus;  IMAmNCOMA, O0PA30BAHAWK  Bpamennem
9ANMICA . BOKPYT McHbIIef OCH, HAIHBAETCH CHCATOIM  2444lN-
coudom epagienun., B cnyvae a=b=c sananconn usagercd
edhepoi,

225. Paccmorpum ypasHeHue

2] 2 Y |
St Lt E=—1. (3)

Hesan 4acTh €ro COACPKUT TAKOE We BHPAKEHUE, YTO CTOHT
ClCBa B KAHOHHYECKOM YDaBHEHHH IMAMOCOHAa, Tak xak 970
supawenne =0, a copasa B ypasuenuu (3) cromr —1, ToO
yparvenye (3) de ONPENENseT HUKAKOrD  SeHCTBHTEALHONO
o6paaa. Ypasienwe (3} BBMAY anamorHH ¢ ypasHenmem (1)
HA3BIBAIOT YPABHEHHEM MHUMOZ0 3sauncoudd.

226, Tenepn mu 3alimemcs runepSosounamu. CywecTByOT
HABad runep0oIOMAd: ORHONOAOCTHHA H ABYXNONOCTHH,

Odronoaocrroir  eunepboroudom HASHBAETCS NOBEPXHOCTD,
KOTOpasg B HEKOTOPOH CHCTEeME JICKAPTOBHIX TPAMOYTOJABHHX
KOOPAMAAT Onpelensercsd ypamHeHHEM

X2 £ 2
atE—a=l (4)
Adsyxnosoctnoin eunepboroudom Wa3HBAETCS HOBEPXHOCTD,
onpegcagemad ypaBHCHREM

Xt oyt 22
wtE—a=—""L ®)
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Ypasuennst (4) u (3) HA3BIBAIOTCA KAHOHHUECKUME YDaBHe-
HHAMH rHNepGoIOHACS.

227. B sToM nyHxTe Mu GyaeMm HCCHeIOBATB OOHONOAOCT~
wotl eunepboaoud,

x2 yﬂ 23
FtE—a==1

PaccMOTPMM CEYEHHS €r0 KOOPAHHATHMMH maockocTsmu Oxz
1 Oyz. Cevenrle niockocTelo Ox2 onpedensercs ypaBHCHHAMH

x! z2
wamwE=h
y=0.

Mg BHAMM, 4TO OHO npeAcTaBasieT coboit runepdoay, pacno-
JIOMEHHYID CHMMETPHYHO OTHOCHTENbHO KOOPAHHATHHX ocefl Ox,
(2 u nepecekawuyio ock Ox (B Toukax (2; 0; 0) u (—a; 0; 0)).
Ceuecnue TnockocTbio Oy2 OHPEACNHETCH YPaBHEHHAMH

yﬁ z2
woa=h
x=0.

Ono npeactasaser cobofl ranepfolny, pPacTONOKEHHYID CHM-
MeTpUUHO OTHOCHTeABHO oceft Oy, Oz u mepecekawomyw ocs Oy
{8 toukax (0; b; 0) u (0; —&; 0)).

Teneps paccMOTPHM CEUEHAA RaHHOrO THIepBONOHAA MA0-
CKOCTHMH, [apanjenbhniMi x0opEHRaTHOM mnockoctn QOxy.
Kaxpnana u3 TakkX nuockocTed onpelensercd YpaBHEHHeM BHAA
z=~rh, a ceuenne runepbOJOHZA STOH NTOCKOCTLIO Onpepe-
AAGTCA YDPABHEHHAMU:

x2 yﬂ h!
wFta=1+a.
z==h,

(6}

Orewaa eagno, uro 1} Ja0Gaf HOAYNNOCKOCTH 2 ==k mepe-
cexaeT runepbosonn (4) mo SAAHACY C MOAYOCHAMH

=g Y 1+, o=t Vi+E,

PACTIONOXKEHHOMY CHMMETPHYHO OTHOCHTRALHO mAockocTel Oxz
u Oyz; 2} seanuunn a* n & umeloT HAHMEHbUIHE 3HAYEHHH
npa A=0 (toraa a¢*=ga, b*=25); HHaue roBOPH, CAMBX MalHX
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pasmepoB saauic o6pasyeTcd B CEUEHHM KOOPAHHATHOR nmAOC-
KocTelo z=1=0 (0OH HA3HBAETCA 20pA08biM BSIMHICOM ORHONO-
fiocTHoro THmepGoncuaa); 3} npum GeckoHeUHOM BO3pACTaHuA
| k] eeanumss @* u b* Gecxonewso sospacraior (pue.. 113).

ConocTapissi NU3NOKEHHOE, MO- 2
HeM 33KaIOYHTh, YTO OJHONOMNO-
CTHHA IHOEPOONOHA  HMEET BHA A—w=eseeoo. fs”
GecKOREYHOR TPYOKH, OGECKOHEYHO Wt -~
pacmiHpawinefica B ofe CTOPOHM \1
ot ropacsoro samnca. Oaacnono- T
cTHHl ranep6oaous o61agaet Tpema )
B3AUMHO HEPHEHRHKYIAPHLMH FA0- ;
CKOCTHMH CHMMETDHM; TpH JaHAOM )
BHOOPE KOOPAHRATHOR CHCTEMB 3TH 4
NAGCKOCTH COBMENIEHH ¢ MAOCKOC- o
TAMH KOOPAHHAT.

228, Beanunuw a, &, ¢ Hasn-
BANTCE  NOAYOCAMU  ORHONOIOCT-
HOoro rRHIepGoiaouAa, ilepeme ame i
u3 wux (¢ m b) u3obpaxeHn Ha 4
puc. 113, UroSw H300pa3uth na f
yepTexe NoaAyoch ¢, HywHo Ouno 4
64 OOCTPORTH OCHOBHOR npamo- Ao
YrOAbHHK KakoR-#HuaGyAL H3 THnep- -
601, onpexenseMblX CeyeHHeM Of-
HOMOJIOCTHOTO HRepboa0onaa rio- Puec. 113.
ckoctamn Oxz u Oyz.

3ameTHM, uTO B caAyyae @ =20 ypasHeuus (6) onperenswt
OKPYXHOCTh € LeHnTpoM Aa ocn Oz. Orcioga caelyer, 4TO OPH
a==§ omHononocTHHH rENepGOAOME MOXHO pPACCMATPHBATL Kak
OOBEPXHOCTh, O0PA30BAHHYIO BpawenneM Tunepboas  BOKpPYT
oJxol w3 ocefl, a umenHo TOH, xoropad runepBoay ue nepe-
Ceraer.

229. 3Buecr Mu uccAedyem dayxnosocToul 2unepboaoud
2982
al [ i '

PaccMoTpuM cedenua erc KOODAHHATHHMH TAOCKOCTAMH Oxz
u Oyz, CeuchHe na0CkocThI0 Oxz ONpeaeNfdeTcR YPABHEHHAMH

x2? 22

_________
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MB BBAMM, YTO OHO npeacTapaset coGof runepGony, pacno-
AOWKEHNHYID CHMMETPHYHO OTHOCHTEABHO KOOpPAHHATHBIX ocedt Ox,
0Oz n nepecekaiomyio ock Oz (B Toukax (0; 0; ¢) »n (G; 0; — )}
Ceuennie na0ckocTbio Oyz onpelenfiercs ypasHeHHAMH

o2 ]

BOET T

Ouo npencrapaser cobofi rumepGony, PACHONOKEHHYI) CHM-
METPHYHO oTHOCHTeneno oceli Oy, Oz u nepecexawuryio ock Jz
(Takwe B Toukax (0; O; ¢} u (0; 0; — c)).

Teneps paccMOTpHM cedeHHA HaHHOTO THNepboa0HAa NAG-
CKOCTAMM, 1IApafaenbHBIMH  KoopAHAaTnol maockocTH Oxy.
Kaxnaa us taxux mnaockocreldl onpese-
AfeTCA YpABHeHMEM BHIA 2=/, a ceve-
e FUHepOONONAa 9TOR NIOCKOCTHIO Off=
pexessieTcd YpaBHeHRHAMI

x2 yﬂ h?
FrE=a—b |

(7)
z=nh, J
¢ OTtcwoaa BHAso, 4Yto 1} npn  ycnosun
. lh] > ¢ nnockocth Z=c Tepecexaer
g 7 ABYXIOMOCTHUH THRepOorOMA 0O 9n-
NHNCY € NORYOCAMH

*— g ]/-*—1 b= b ]/”—:—1,
4

PECHONOKEHHOMY CHMMETPHYHO OTHOCH-
renbHo naockoctel Oxz u Oyz; 2) npu
po3pactauun |k} penwunne a* u b* 803-
pacTawT; 3) ecnu || Bospacraer Gec-
Pre. 114, KoHeuno, T0 ¢* u bF* pospactanorT Tak-
xe GeckoHeuno; 4) ecan | k|, yGusas,
npubamxeeTca K ¢, 1o @* W 0¥ Takke yOuwpawt n npubnu-
WATCA K HyMo; npu k= d-c¢ umeem: a*=0, #*=0; sr0
03uayaeT, YTO INJUNC, o6pasyeMuil ceuenHeM IUIOCKOCTLIO 2 =¢
HAY NAOCKOCTBI) 2 = -~— ¢, BHPOXMAAETCH B TOUKY, JIHAYE TOBO-
s, HROCKOCTH 2 == -~ ¢ kacalorca runepbononna; 5) npy |k |<lc
ypagHenusi (7) OnpeiensiloT MHHUMHH 9/JHNC; 3TO O3HaYaeT, 410
nNocKOCTh Z==f npH |h|<{c ¢ Rannum mnepﬁoﬂormow ue
BeTpevaercs coscem (prc. 114},
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CONOCTARARY H3AOKEHHOE, MOKEM 3aKAOYHTH, 4TO A8YX-
HOJOCTHHH rHnep6ONoHA eCcTb [OBEPXHOCTb, COCTORURAK K3
ABYX OTANbHWX «roROCTeH» (OTCI0AA €ro HA3BAHAC-— CABYX-
NONOCTHWMY ), Kawkaas M3 HUX HMeeT BHA OCCKOHEUHOH BbITyK-
noft qamu. [eyxunouocTaeB  reoepSonona  ofiaagaer  Tpems
B3AMMHO HEPIEHIHKYNSPHHIMH ILIOCKOCTAMH CHMMETDHE;  MpH
JAHHOM BHGODPE KOOPAHHATHOH CHCTEML ITH MIGCKOCTH COB-
MelieH: ¢ IJ0CKOCTHMH KOOPIHHAT,

230. Beruuian @, b, ¢ HA3WBAWOTCA A0AYOCAMU EBYXOO-
nAoctHoro runepGononsa. Ha uepr. 114 usolpakeHa TOAbKO
pexnunna ¢, YToO6H u3oOpasHTb Ha uepTexe a4 K b, nyxuo
6RO 6 NOCTPOUTH OCHOBHHE MPRMOYIOALHHKR runepGon,
onpeie/geMHX CEYeHHeM ABYXIONOCTHOrO rumepGoiaonia mao-
ckoctaMn Oxz u Oyz.

3ameTHM, 4TO B CAydae a@=0 ypasHenuid (7) onpeaeasior
OKPYWHOCTh ¢ HeHTpoM Ha ocx Oz, Orciofla chemyeT, 4To
npy g =4 ABYXNOJAOCTHRH TUOEp6eAOHI MOXHO PACCMATPUBATL
KaK MOBEPXHOCTH, 06paz0BaNHYI0 Bpaulennem rHIepGoaH BOKPYT
omHOH M3 Oceit, a umenno, TOA, KOTOpas runepéony mepecexaert.

§ 70. Konyc BTOpOr0 mMOPAAKA
231. PaccmoTpiM ypaBHEHHe

X2 2 22
F+%“F:& (n

Ocofennocrbio ypasuenns (1) ABNLETCH TO, YTO OHO OdHO-
podno, T. e. BCe ere wieMsl HMEIOT OIHY H Ty e CTeleHb
(=2). Orciona TPOHCTEKAET CIEAYIOUAA reoMETpHHuECKad
0co6enHOCTh onpedendeMol MM HOBEPXHOCTH.

Ecau nexoropas touca M (orauunas or nadaasa xoopduxar)
ACHCUT HQ 3TON NOSEPXHOCTH, TO 8Ce TO4KW RPAMOL, KOTGpaR
npoxodur uepes Houaa0 Koopdunar u Touky M, TaKme sexar
HO 3TOU nOsepXHOcTU.

Noxawem name ytsepxaenne. Ilycte M-—Touka ¢ xoop-
aunatami (f; m; n), N-—kKakas yroguo Touka mpamoit OM.
Cornacuo n°216 xoopmunaTe X, ¥, 2 TOYKH N Onpeseasiorcd
paBEHCTRAMH

x=It, y=mt, z=nt,

rae {—mnekoropoe uucao. Ilpeanomomuy, uro Touxa M AekuT
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Ha PAcCMATPHBAEMOH MOBEPXHOCTH; TOrAA

1 2 g2
AtE—a=0

Ho B TakoM cayuae

(P (i (nt o (1 mP At
WGP en (G m—) =0

CACZEOBATEABRNO, TOYKA N Takke JNeXHT Ba STOH MOBEPXHOCTH,
YrBepacaenne JOKa3auo.

3aMeTHM, UTO TEM e CamuM CBOHCTBOM ofjajaer Kaxaas

MOBEPXHOCTh, KOTOPad B JeKApPTOBHX KOOPAMHATAX Onpele-

RIETCA  OJHOPOANEM  YPABHEHHEM
(nockoabKy B TNpoBejeHuoM ceAvac
PACCYMUEHHH MBF HHYEM, KPOME OJHO-
POAHOCTH JAHHOTO YpaBHedns, He
noxsaoganuce). Vuade rosops, nO-
BEPXHOCTH, oOnpejenseMas O HO-
POZHEM YPABHEHHEM, COCTOHT U3
NPAMLX, EPOXOILIIIHX Yepe3 OfHY TOU-
Ky, HMEHHO —4Yepe3 HAYai0 KOOPAHM-
nat, Takas TOBEPXHOCTL HA3HBAETCA
Konuseckol, HAH NPOCTO  KOHYCOM.
TpsiMHe, W3 KOTOPHX COCTABAGH KO-
Hyc, Ha3@BAIOTCH ero ofpasyroujusu,
TOuxa, Uepes KOTOpY1® BCE OHH FApo-
XOANT, HASLBAETC 8EPUINOL KOHYCA,
B 4aCTHOCTH, ROBEPXHOCTD, KOTO-
pas 8 HeKoTopod cucreme dexapro-
aulx Koopdunar onpedesfeTcR ypae-
| nenuem suda (1), nHasviegerca xony-
cOM 8TOPO2O nOpRdka.

Pue, 115,
Yr1o6W yacHATL cebe dopmy xo-
Hyca BTOPOTO HOPAAKA, HOCTATOYHO

PaccMOTPeTh €ro cedvenne Kakof-mHOYADL MIOCKOCTBbIO, HE Npo-
XonAulel yepe3 Mayano KOOPAMHAT (T. €. He NPOXORAER vepes
pepnyy). BoabMem, nanpumep, IJIOCKOCTE Z==C. Ceyenne Ko-

HYyCa 3TOH MIOCKOCTHIO ONpegensieTcsd ypaBHEHHAMH

x2 yﬂ
wtE=h

Z2=27C.

(2}
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OueBHIHO, OHO mpeacTapafer cobofl sAnMNC ¢ monyocamd a, b,
PACHONOKEHHBA CHMMETPHUHO OTHOCHTEABHO  KOOPAUHATHHX
naockoctelt Oxz n Oyz.

B cornacud ¢ aTHM OBCTOATEABCTBOM HCTMoanen puc. 115,
TJAE JNAHO H30GpAMKEHHE KOHYCa BTOPOTO NOpAAKA.

3aMeTHM, 4TO ecim a=0fh, TO IaaMIC, ONpeseadeMnl
ypaBHenuAMH (2), ecTb OKPY#HOCTh ¢ UeHTpoM Ha ocH Oz,
H, CAENORATENbHO, KOHYC OKAIHBIETCH KpyeabiM,

232, PaccMoTpuM * ypaBHeHHe

<]
L+ S=0. (3)

D10 ypaBHeHHe ONPEAEAneT eIHHCTBEHHYI0 JeRCTBHTEbHYIO
touky: x==0, y=0, z=0, Oxnako BBHIYy ananOruu C ypas-
HeHReM (1) ero YacTo HA3HBAIT YPABHCHUEM MHUKOZO KOHYCA,

& 71. NapaGosonan

233. CymiecTByloT N8e MNOBEPXHOCTH, KOTODHE HABASIOTCA
NPOCTPAHCTBEHHEIMY aHaNoraMH napaGon ma maockocrd, Mx na-
BHBAIT napaboscudamu (SMIRITHYECKAM B THNepGOAHUECKHM),

234. Jsauntudeckus Napaboaoudom HAZHBACTCH MOBEPX-+
HOCTb, KOTOpas B HEKOTOPOH CHCTEMe AEKapPTOBHX RPAMOYIObe
HHIX KOOPAHHAT ONpPEJeAACTCH YDaBHEHHEM

9z =218 M

(NpH TOJOXKHUTENbHKX p H ). Ypasnenne (1} HasbBaeTcR Kaxo-
HHYECKYM YpaBHEeHHeM 3/THNTHIeCKoro mapabonouna. Mccnenyenm
5Ty DOBEPXHOCTh METOIOM CeyeHult.

Tipexkne BCero paccMOTPHM CeMEHHS KOOPAHHATHBIME DAOCKO-
cramn Oxz n Oyz. Ilpn y =0 u3 ypasueuns (1) umeenm: x? = 2pz;
TagHM 06pazoM, CEUYCHHE MAOCKOCThIO OXz ompelesnercs ypap-
HEHHAMK

x?=2pz,
y=0.

Mu BBAMM, YTO OHO DpeAcTaBAfeT cOGGH BOCXOHAIIYID Ma-
pabony, CHMMETPHYHYK) OTHOCHTeAbHO ocu Oz, ¢ Bepun-
Hofl B Hayade KOODAMHAT; napameTp 9Tod napaGoaH papen p.
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Cevenne Mn0ckoeTeI0 Oyz OUpesenieTCd YPasHEHHIMH

V=22,
x=0

H npeacTasaser coOoft aHanOrHYHBM OOPAIOM  PACMONOMCHHYID
napabony ¢ napavMeTpoM 4.

Tenepb paccMOTpHM CEYEHHS JanHOFO Tapaboiouiaa IAOCKO-
CTAMH, DAPpA/IENBHEME KoopaRruaTHoM nnockoctd Oxy. Kamman
H3 TaKHX IUIOCKOCTed onpeneadeTcs ypPaBHeHHEM BHAA z=A,
a ceyenne napafonouia sTOR IVIOCKOCTBIO ONpefenseTcs ypae-
HEHHSMH

2P o
p g (2)
z="h,

Orciona suzno, uro 1) npr £ > 0 mA0CKoCTR Z = J; nepecexaer
SANHUTHYECKHH NapaBooNa N0 AMHICY ¢ HOAYOCAMH a* — V 2kp,

b* =V 2hq, pacnonoKEenHOMY CHMMETDHULO OTHOCHTEIBHO NAG-
ckocteft Oxz n Oyz; 2) npa
BO3pacTanun k menmdunn a* n
&* moapacrator; 3) ecnu k Bos-
pactaer Geckoneyno, TOo a* M
b* BO3PACTAIOT TaKke GecKOHey-
no; 4) ecxan h, y6msas, npubau-
WAETCA K HYAI0, To a* u b* yOu-
BAIOT H TaKKe NPHOIUKAIOTCS K
nyn0; npu k=0 umeem g* =0,
b* =0; 910 o3Hagaer, yrO -
nunc, obpa3yeMulil CceueHHeM Ia-
pabononna (1) 010CKOCTRI0 2 =
2 =0, BHpONAIETCA B TOUKY;
Puc. 116. HHAYE TOBOpPH, MAOCKOCTHL 2 =10
KACAETCE HAHHOTO SIAHNTHYEC-
koro mnapaboxouna; 5) npu k<0
ypasuenus (2) onpemensioT MHRMHE SMINNC; ITO 03HAYAET, 4TO
ockoeTh 2= A npun A< 0 ¢ ganHeM napabononzom He BcTpe-
yaered coecem (puc, 116). :
ConocTaand RINMEEHHOL, MONKEM 3aKIOUHTE, YTO 3AJIHI-
THYECKHH napabosonn HMeeT BUA GeckOHEeHHOH BHIYK/NOH yanm,
On obnanaeT ABYMA BIAHMHO NEPNERNNKYASPHLIMH NAOCKOCTAMH
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CHMMETPHH; TPH XAaHHOM BHOODE KOOPAMHATHOH CHCTEMH STH
MAOCKOCTH COBMCIIGHH C KOODZHHATHWMH nxockocrama Oxz
H Oyz. Touka, ¢ KOTOpOR COBMCWICHO HAYAA0 KOOPAHNAT, HA-
3uBaeTCH GepwuKol snnuITHIECKOTO napabononna; 4Hcaa pH g
HAZHBAIOTCH €F0 AOPAHETRARY. .

3ameTRM, 4TO B CIydae p=g ypassenug (2) onpeneiflot
OKpykHOCTB ¢ LiedTpoM #a ocu Oz. Orccaa cieayer, YTO HpH
P=4¢ 3MHATHYCCKHH NapaGofoHA MOWCHO DPACCMATPHBATD Kak
MoBepXHOCTh, 0OpasoBakHy0 BpamedueM napabonu  BOKPYT
ee OCH,

2385. [TosepxnocTs, KOTOpas 8 HeKOTOPOL cucreme Jexap-
TOBBLX NPAMOYROMNBLE  KQOPOUHAT OnpeferfeTcs  YPasHeHues
suda

x2 y's
2z= P (3)
(npa  nOAOKUTEABRBIX P U ), HA36IBAETCR 2unepBOoAuYecKun
napafioroudom, JablmeMca HCCICAOBIHMEM ITOH HOBEPXHOCTH.

PaccMoTpum cedenne rinepbonndeckoro napaGonomna nao-
ckocThio Oxz. [lpu y =0 ua ypasuedua (3) umeem x*=2pz;
Takum opa3oM, CedeHHe IMIOCKOCTELI0 (xz oupesendercs ypas-
HEHHAMH

x*=12pz,
} (4)

y=0.

My BuIHM, YTO OHO npeictasaieT cofoli Eocxoadllylo napa-
Gony, CUMMETDHYHYIO oOThHOCHTenbno ocd Oz, ¢ sepmwnoil
B pauaie KOOPAHHAT; napaMeTp 3ToH mapaloninl pased p.
Teneps PaccMOTPHM CEYEHHR| AaHHOro Napalbo/IoHAa HHOCKO-
CTHMH, napanieibhnmeg naockoctd Oyz. Kamras Hu3  Takux
MIOCKOCTelR onpeleNsercd ypamHenHeM Buia X =R, 2 cedenue
napadoaokEa 9TOH NNOCKOCThIO OUPEIENSeTCH YPaRHEHHAMH

— B
=ty (5)

x=A.

Orcioga BHANG, YTO Opu awGom k mIocKocTh X == ki nepecexaet
raufepGonuyecknit napaGosoun no nucxogsmed mapadone, pac-
[O/IOREHHOR CHMMETPHYHG OTHOCHTENHHO mAockocTH Ox2 (cM.
n°120). Bce arH napalonsd, KaK OKAIMBAST MepBOE H3
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ypaBuenn#t (8), mmeior oOmu# napamerp, paBuuil g; BepurkHa
KAWAOH H3 HUX JIGKHT HA JIHHHA, KOTOpad 06paIyerTcs CceueHHeM
napabononsa nnockocteio Oxz, ¥, e. na pocxeaduief napabone,
onpenen¢Hnod ypaesHennsmu (4) (puc. 117).

SameTHM, 4TO KaKAaA MAOCKOCTH ¥ =R nepecexaer rHnep-
Gonuyeckni napabononn no Boexousueh napaﬁone, YTO BHEHO
M3 ypasHenuft :

xﬂ
22’:-:-—--—-‘3-
y=~h,

ougeae.nmomﬂx TEKHE CeYeHus; OXH0 U3 STHX CE‘-IEHHH, 2 HMEHHO,
COOTBETCTBYIUIee 3HavenHio A =0, OHIC paccMOTPEHO HAMM
B NEPRYI0 o4epens.

Ha puc. 117 usobpawen xycok rupepGonmyeckoro mnapato-
aonaa; Kpaft M306PAMEHHOr0 KYCKAa COCTaBJNeH H3 IBYX OTped-
KOB BOCXOAAWHX Napadod, NIOCKOCTH KOTOPHWX INapaijiesbHul

Puc. 117.

naockocTH Qxz, M ZBYX OTPE3KOR HHCXOIZRULHX napafon, nno-
CKOCTH KOTODHX DapalieibHb niockocTh Oyz,

PaccMOTphM, nakoien, ceYCHH runepfoaHYecKoro napaco-
BKOMAA TIOCKOCTAMH, MApaanenbsnMy maockoctn Oxy, Kamnasn
IIGCKOCTD HMEET ypapnenwe 2=/}, a cedenye napaboaonia
STOR NMIOCKOCTERI0 ONpelefseTcs yPaRHEHHAMH
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OTCi04a MW BHAAM, YTQ MAOCKOCTH 2=Hh fepecekaioT runep-
Gonuuecknit napafonouE no runepboAaM, PacnoICKEHHEM CHM-
METPHYUHO . OTHOCHTENbHO maockocTe Oxz u Oyz, Ecam B >> 0y
TO COOTBETCTBYMHOIMaf FHneplona mepecexaer ockocTs Oxz,
ecan h < 0,—runepbona nepecexaeT naockocth Oyz; npu A=0
runepGona BHpONAaeTCA B napy npsmux (Ha puc. 117 uzobpa-
WEHO OJHO CeveHMe NapaGoNOMAA NIAOCKOCTBIO Z=FH IAK. CIy-
yan k> 0},

Bce H3JM0MEHHOE DOSRONAET 3AKAYNTD, YTO rinepioandecin
napaGonoun umMeerT copmy ceana. Oun o6nazaer ABYMA BIAHMHO
NEPIERTUKYAAPHLME  [UIOCKOCTSMH  CHMMETDHU; IipH JaHHOM
BHGOPE KOOPIMHATHON CHCTEMH STH MIOCKOCTH COBMEIEHH
¢ KoopAEHATHHMH miockocTamn Oxz u Oyz. Touka, ¢ xoTopoH
COBMELIEHO HAYANO KOOPAMHAT, HABWBAETCS 6epwunod THNEp-
GoiHYeCKOTO Mapabonounra; HHCAA p, ¢ HA3LBANOTCH €T0 napas
MeTpamiL,

§ 72. Huannnps: BTOPOFO HOPSAKA

236. B sakniouenne namero 0630pa PACCMOTPHM ypaBHEHHe
RTOpOlt CTeMeHH, He COXepwawee Texyluel KOOpAHBATH Z. Mu
MOMEM MamHcaTb ero B BHIE 2

Ax?-12Bxy + Cy* +2Dx -} T
+-2Ey+ F=0. 1)

Cornacno n° 193 ypassenue (1) onpe-
pejeT MHAHMHIPUYECKYW  HOBEpX-
HOCTb (WM, KaK TOBOPST KOPOUE,—UHNHHIP) o~
¢ ofpasyloluMy, napasielbiuMn ocu Oz,
TMockoasky ypasHenne (1) ecTh ypaBdeune
BTOPOH CTenenH, onpelenseMas HM NOBEpPX-
HOCTh HA3ALIBAETCA HUAUHODOM 8TOPO20 nO-
padka. . e

3ameTHM Telleps, uro ypaenende (1) no
CYWeCTRY He OTanuaeTcs OT ypapueuus (1)
§ 41, KOTOpOEe B JNEKapTOBHX KOOPAMHATAX Pue. 118.

B3 N0 CKOCTH ONpefeaneT JHHKIG BTOPO-

ro nopazka. OTClAa 3aKn0YaeM, YTO CEYEHHE DICCMATPHBAE-
MOr0 UHAHHAPA NAOCKOCTLY OXy €cTb JAHHHS BTOPOTO NOpAAKA,
B 3apHCHMOCTH OT XapaKTepa STOH NHHMA MH ¥MEEM NKIHKA-
P BTOPOro HOPAAKE CACAYIOIUX THIIQB,
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1) Juaunruveckuli yusuadp (puc. 118); nupk noMOWM HAR-
Aexauero Bu0pa KOOPAMHATHOM CHCTeMW €F0  YypaBHeHHe
MOWKET OWTh TIPHBEAEHO K BHAY

xﬂ yl
&=L

Ecnn ¢ =0, TO HUAHHAD OKA3IWBAGTCA KPYrOBHH.
6) TunepGoauneckuil yusundp (puc. 119); ero ypaBHeunue
MOWeT OLITL NPUBEACHO K BHAY

g} Mapaboruveckud yuaundp (puc., 120); ero ypaeeenns
MoweT OpTh NPHBRIECHO K BHAY

yi=2px.

Kpome roro, poadowen cayualf, xoruma nesas 4acTbh ypap-
denua (1) ecTh mpoumssedenue ABYX  MHONWMTeNeH neproit

= -

Puc. 119, Pue. 120.

creneds: Toraa InMAHHIPp ¢BHPOKZAETCA» B HApY aa0-
CKocTe#.

Hakoueu, Boamowuo ewe, uTo ypasmenme Buma (i) comcen
He MMeeT BelyecTBeHHLX pewesufi (Hanpumep, x?4y?= —1)
H, CHEAOBATEHNbHO, COBCEM HE ONpexejaseT HHKAKOIO Teo-
METPHUYE@CKOTO 06pasa. OTHOCHTENLHD TAKOTO YPaBHEHUS
UPHHATO FOBOPHTL, YT0 - OHO ¢ONpPeAEeNAET MHHMHH UHAHHID»,
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§ 73. lpamoannechianie ofpasyonise OAHOTOAOCTHOTO
ranep6ogonna. Konerpywnun B, T, Iliyxoea

237. O630p pas/HyHHX THOOB MNOBEPXHOCTEH BTOPOIO HO-
psaxa (cMm. §§ 69--72) ceflvac we ofuapykuBaeT, 4YTO cpemy
HHX HMEITCH Auned4erbie TOBEPXUOCTH, T. €. IOBEPXHOCTH,
COCTABJEHHBIE H3 NPAMBWX: KOHYCH, UHAHHAPH. Ho oxasuBaeTcs,
Y70 KpoMe KOHYCOB H UHAMHAPOB AHHeHYATHIMH HOBEPXHOCTAMH
BTOPOrC MOPAXKA ARAAOTCH elle OAHONOJAOCTHHH rHiepSonony
1 runepbonnyeckuft mapaGosond. Jror daxt «na Barasgy ne
OYEeBHACH, OAHAKO NETKO NOKa3wBaeTcd anredpamvecku. Ilpo-
BEAEM JOKA3aTENBCTRO JAS OAHONOIOCTHOIO rHiepbononaa.

[MpeacrasnM  KAaHOHHYECKOR  YPABHEHHE OJHOHONOCTHOIQ
runep6o./iouna

PR 23
dteE—a!
B BHAEL
x? 4 y‘
a—a=1—1
Hiu

) E—9)=(+3)(-%). o

PaccMoTpHM Janee ZBa ypaBHEHHS HEPBON CTemeuu:

“(5+2)-0(1+8).
(=)= ).

e & H P—HeKOTOpHE YHCAA, HE PABHHE OAHOBPEMERHO HYJID.
Ecau o v P Quxcaposann, To ypasHeHHs (2) COBMeCTHO onpe-.
ACNAIOT NPAMYI0; MeHAd o H f, noayynM GeCKOHEUHYIO CHCTEMY
HPEMEHX, 3aMeTHM Tenepds, YTO, [MepeMHOXas ypaBHenHa (2)
NOYNENHo, MW NoayyuaM ypasHende (1). Orcioda caedyer, uTO
Kadxpgad W3 2THX NpPAMBX UEIAKOM JT£XKHT HAa
ORHONONOCTHOM FHuepGoaornne. B camom ueie, ecan
KOODPAMHATH X, ¥, # HEKOTOpoH TOUKH yHAOBRETBODPAIOT JABYM
ypasHennaM (2), To OHH YIOBASTBOPAOT Takwke ypasnenmio (1);
Takum 00pazoM, KaKAAas TOYKA NpAMOH, ompenenseMolt ypasHe-
miusMe (2) nps A00HX o, B (ne paBHHX OEHOBPEMEHHO HYIO),
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JEeWHT Ha PAcCMATPHBAEMOM ORHOMOAOCTHOM runepfiononse,
T. €. HA HEeM JIGWHT BCH 5Ta mHpsuMaid.

[Mokameym, naxoHell, 4T0 Yepes KAWAYID TOUYKY OAKO-
NOXOCTHOTO TrHnepfonomjpa NPOXOIUT OLHA H
TONBKO OXHA NPpAMaAfs H3 YKA3aHHON CcUCTEMH.
Oycts M, (Xy Yo! Zo)—NPOH3BOALHAS TOYKA OLHOUOAQCTHOTO
renepfonouna; TEK KaKk KOODAMHATH ee YAOBIETBOPAKT ypas-
HEHWIy ruaepGononAa, TO

Yo %) (% Z)_ Yo %

(+2)&-2)-0+%)0-%).  ®
Bynem HCEKaTh Takpe 4ucna o, B, 4TOGH COOTBETCTBYOLIAA HM
npaMag cucTems (2) npoxoxuwma udepes Touky M, Tak kak
KOOpIEMHATH TOYKH M, ROMKHW YNOBNETBOPATh = YPaBHEHHNM

9Toll npaMoll, TO AAS ONpeleneHHS HEHIBECTHHX &, f MK HMeeM
IBa ypaBHEHHT:

Xy Zp Yo
a(3+%)=p(1+%),
5y 2 y (4)
p{2e_B)og(1—52),
(2-%)==(-%)
Ecnu 1-|—"—’;9-=,-£=0, TO #3 MEPBOr0 YPARHEHHR 9TOH CHCTeMH
HaxoIuMm P = ka, rie monoXeHo

X0 | 2o
d
a (4

k

= . 5
™ (5)

Mpu B=Fka Takwe W BTOPOE YypapHeHne cucTeMd (4) Oyaer
YAOBNETBOPEHO; STO CleAyeT W3 cooTHoweww# (3) u (5). Hoa-
crapnM P =ko B ypaBrenns (2), cuuTam o KaKhM YTrOIHO, HO
ne paenwM Hyaio, Tak kak o00a ypaBHeRHS B KakAOR cBoeH
YacTH MMEKT NOCAe 3TOH NOICTAHOBKH MHOXKHTEND &, TO &
MOXHO COKPaTHTh. Mo HOAYyYHM BHOAHE ONDPEAENEHHYI) NPy

ypapueHul
Fri=s(1+4),

x z ¥
w(E—F)=1-%,

KOTOPOﬁ COOTBRTCTBYET OJHA BIOJAHE ONPeAeACHHAA OPAMAN;
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9Ta NpAMas RPOXONHT vepesd Touky M, (Tax xax yHcIa a # P
BHOHpanuch ¢ coGIioNeHHEM paBencts (4)).

Ecan xe 1—]—%1:0, to dopmyna (3) TepaeT cMECA, HO

npH l-}—!%o == nenpemMenso 1 — %;é 0. B rakom cayuae peme.

HHe CHCTEMH (4) MOKHO HAHTH, HCXOU H3 BTOPOro ee ypas.
HeHHsd, TOCAE 4Yero, a€aJorHYHO npe-
AHAYUIEMY, MOMHO JAOKA3aTh, 4TO H
B 9TOM cayuae uepes Touky M, npo-
XOMAT OANA-CAMNCTBEHHAA NPAMas CH-
cremMu {2),

Urax, ypaenesma (2) npu paa-
AWUHLX 3Wavenusx o u P onpexe-
ARIOT GECKONEYRYI0 CHCTEMY NpAMbIX,
KOTOPHE 1NEXKAT HA OAHONONOCTHOM
runepGononke W NOKPHBINT  €ro
CIVIOMb. OSTH TNpPAMBE Ha3LBANTCS
RLPAMOAURCERbIMG 0BPA3YOUUME ONHD-
NoAOCTHOTO THAepGononia.

Mu nokasanu, 4TO OAHONONOLT-
nuil THMepGOJOHA COCTARAEH H3 nps-
MKX, T. €, ABIfieTcs AHHeH9aTOH
nopepxuocThio, Ho, Gonee TOro, oi-
. HONOROCTHHH THHEPOONOHR ABASETCH
ABAaWAL AuBReAYaTOR IMOBEPXHOCTHIO.
D70 o3HayaeT, 4TO o# oO6NajaeT ABYMS CHCTEeMaMH npd-
MoauHefinbx 06pasyIoWuX,

B caMoM jene, ananOTHYHO ypaBHEHHAM (2) MOXHO COCTa-
BHTH YPaBHEHHA

a(2+2)=p(1-4),
(5= )=e(rv2)

Ypasnenuss (6) TakiKe oOnNpemelfioT CHCTEMY npaMOoTAHEHRRX
o6paaylomux OIHOMONOCTHOTO THIEPGOIOHA], TIPHYEM OTAHIHYIO
oT ToH, KOTOpas OnpefeneHa ypaBHeHASMH (2).
OzasomonocTHR runepGonoMR © ZBYMS CHCTEMaMH CBOHX
npaMoNHHeHNLX o6pasylomux waoGpaxen Ha puc, 121,

(6)
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238. He Bpanasich B BeTAAH BOMNPOCE, YKOWEM, YTO riiep-
Goanueckuth napabononn

raKike HUMEET JBe CHCTEeMuH nNpaMoauHelHwx o0pa-
BYIOUIHX, 3 KOTOPHX ONHA ONPEXE/selcs YPaBHEHHAMHU

() 0( =)=

a Apyras— ypaBHeHHAMA

x g x ¥

(Vp Vq) ’ Ve Vi
Wsobpaxeune runep6oauteckoro napabonouia ¢ ero JAsyms
CHCTEMaMH UpaMoannefinmx 0O0pa3ylomux Jawo Ha pue. 122,

Puc. 122,

239. 3uamennTOMY pycckomy Hmiexepy Baamumnpy Ipu-
ropbeguuy [llyxoBy npuuamnexuT naew HCHOAb3OBAHUA JHHEH-
YATOTO XaPaKTepa OIHONONOCTHOrO rUdepOOIONIA B CTPOMTE/b-
Ho texuuxe, B, I, LlyxoB Npesiownn KOHCTPYKUMH H3 METas-
NUYeCKHX  0alok, PaclONOKEHHWX TAaK, Kax PaclofOoMesu
npaxonnnefiue o0pasylowine ONHONONOCTHOrO runepdononaa
(spamxenns), TakdHe KOBCTPYKUWM OK4BANHCH JIETKHMH # TDOY-
e, OHH YACTO UPHMEHAOTCA ANH YCTPOUCTRA BOJOHANOPHLIX
Galled ¥ BRICOKHMX DagHOMAauT, '



OPUHAOXEHWNWE
3JIEMEHTH TEOPHH ONPEIEJMTENEN

§ 1. OmpegeanTenn BTOporo HOpAAKA
H CHCTeMHl ABYX YpaBHeHAH MmepBoii cTemenn
C MBYMR HEH3BECTHBIMH

1. NycTe Aana xsagpatnad TabAHLA H3 MeTHPEX UHCEH @,

d‘ﬂ’ bl) b,:
b
(a‘ 1\. (1)
ay, b/

Yucao a,b,— d,b, Hasusaercn onpedesureiem 6T0Poe0 nopadxa,
cooTeercTayowus radauge (1), 3ror onpedeauteas ofoana-

a, b
1 9
yaeTcsd CUMBOJAOM 1 COOTBETCTBEHHO HMECM:
a, by
a, b
1 %1
b = albz_aﬁbl. (2)
2y Uy

Yucna a,, @, by, b, HAZHBAIOTCHE 3AEMENTAMU ONPEOEAUTEAR.
TOBOPST, 4TO SMEMEHTH @, b, newaT na 24asxod Ouazonay
onpeienuTens, a SNeMeHTH &,, b, —na nobownoi. Takum o6pa-
30M, onpedeiuresb BTOPO20 NOPAGKA PAGER PA3HOCTL HMemdYy
npousgedeHuURMY FACMEATOB, ACHAMUY N 2aaenol u noBo4HOL
Ouazonaiix,

Hanpumep,

—2 35

_43|m 23— (—45=1s

2. Iloxamem, Kak TPUMEHAIOTCR ONPEAENKTENH BTOPOTO
NopHiKa B 23aJa4e HCCAEROBAMHN H pPA3LCKaHufdl peilequdl cu-
creMi ABYX YPpaBHeRHUH IepBOH CTENEHH ¢ IBYMS HEH3BECTHHMH,
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PacemoTpim cucTeMy IBYX ypaBHeHuil:
X +hy="Hh, }
ayx 1 byy=Ah,

¢ HeW3mecTHMMH %, y (xosddnumenta @y, by, a,, b, u cBOGOA-
HHe uiensl Ky, B, npeanonokuM Aanawvn). Ilapa uncen x,
Vo HA3LIBAETCH pelientiem CHCTEMN (3}, ecam aTH ¥MCAA  yHosB-
aeTBOpAIOT cucTeMe (3), T.e. ecam npn 3amere Oyxs x, ¥y
COOTBETCTBEHHO UHCAAMHM X,, ¥, KawJaoe u3 yparuenu# (3) cra-
HOBHTCH apHPMETHUECKHM TOWEZECTROM,

ByaeM paswickuBaTh BCe pPemleHust CHCTEMB (3); MONyTHO
MH TIPOBEAEM €€ WCCASJAOBAHHE, HMEHHO, BCHHM, B KAKHX
caydasx cucrema (3) MmeeT TONBKO OXHO DRINEHHE, B KaKHX
cnyuasx—Gonee ONHONO M B KAKMX CAY4anx OHA COBCEM He
wMeer pemennii. Mul ynorpeSum OOWEHSBECTHRA MPHEM HCKIIO-
yeHHS HEH3BECTHRIX: YMHOWHM o00e 4acTH NEPBOTO YpPaBHEHUHA
Ha b,, BTOPOrO—Ha —b; M 3aTeM OOIyYeHHHE PABEHCTBA CNO-
WHUM TOWIeHHO] TEM CAMHM HEH3BECTHOE Y MCKAKHABTCA, M Mbl
NOAYIHM:

(3)

{@10y—agh,) ¥ = byh;—byhy. 4
AHafOTHYHO, UCKIOUAA H3 cHeTeMsl (3) ReHaBecTHOE ¥, Halzem:
(@105 —ashy) y = ayhy—ashy, (5)

Beeaem o603vaueHnd:

—|% by

a ay bl’
e h by \

Ax_ hs b, ’ (6)
_les By

Ay«- ag |

Torma ypassenus (4) u (5) Mowno OyAer HamucaTth Tak!
Ax=A, Ay=A, {7)

Onpenenutens A, COCTaBIGHHBA H3 KO3(uuMEHTOR NPH
HeHM3BECTHHX cuCTeMHl (8), uagnpaercd onpeleauresem 370d
cucrems. Onpeseautens A, MOAy4aeTcd MYyTeM 3AMEHHW 3/IEMEH-
TOB mepBoro cronbua oppexeanTedd A CBOSQAHHMH HAeHAMH



§ 1 ONPEAEMHTE/NY BTOPOTO NOPSAKA 249

cuctemu (3); onpereauTens Ay mo/y4aeTcR H3 onpeeruTens A
Opi [IOMOUIH 3aMeHH CBOGOZHBIMH WIGHAMH cHcTeMH (3) 3ne-
MEHTOB BTOPOrc ¢Tonbua,
[Mpennonowum, 410 A==0. [lpn 9TOM YyCAOBHH H3 YypaBHE-
Hult (7) natinem:
A, A,
X = 'K' [ Y= T '

HJH, B Pa3BEPHYTOM. BHIE:

fy by ay My
—M = 12 hy

*= aj bll' y 21 Ell b (8)
ay by ay by

Otu gopMynn, QUEBRIAHO, HAIOT PeIICHHE BHBOXHOH CHCTEMH,
Ccoctoamed u3 ypaswennit (7). OHM me HAOT pelieHHE HCXOJ-
Ho#t cuctemst (3). HTo0H yGeAHTbCA B ITOM, CACAYCT HEH3BECT-
HHE X, ¥ B AeBHX 4acTax ypapHeunft (3) samennts mo dop-
Mynam (8); nocme Takofl 3aMeHH (B pesynbTaTe «PACKPHTHR»
onpenennteneit A, A, A, M HECIOKHHX BHIK/IAIOK, KOTOpHE
7erKko OpOBEeNeT caM WYHTATEAb) OOHAPYMHBACTCH, 4TO JeBas
vacTh Tepeoro H3 ypaedeuw#i (3) pasra uucay A, a nesas
YacTh BTOporo u3 ypasueruH (3)-—wueny h,, @ 3T # 03-
nHazaer, 4ro dopmyau (8) ofpeleadnT peilleHHE CHCTE-
Mu (3).

Ha ocROBAKHH H3MOWEHHOFO MM MOXEM BHICKA3aTh Clelylio-
niee yTBepkienne: ecau onpedeaurens A cucremst (3) e pasen
HYyA, TO CucTemME umeer eGUHCTELHHOE peulente;, oHO onpede-
anerca opmysrans (8), )

3. [pednoasoxum tenepo, 9470 A==0. Ecay npu s10s x0T8 64t
0dun u3 onpedeaureseli A,, A}, OTAUYER OT HYAR, TO cucTemad (3)
coscem He umeer pewienur (Kaxk rosopdar, ypasBHeHHS STOH cu-
CTEMBl HECOSMELTHEE),

B camom nene, ecnn A=0, no xo1a 6 OZHH H3 OmNpeje-
nureaeht A,, A, He paBes aymo, TO Ao Kpaitneh mepe ORHO u3
pasencTr {7) REJMETCA HEBOIMOKHEM, T. €, CHeTema (7) He HMeeT
pemennfi, Ho 8 takom cnyyae w cHcTeMa {3) He MMeeT pele-
uuif, Tax kak cucTema (7) BHBeAeHa H3 crcreMd (3), creno-
BATENBHO, Kaxcaoe pemenne cHcTeMH (3); ecad Ol Takosos
HMe10ch, OHNO OH pemienueM cHcTeMu (7).
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Ecan we A=0, #o smecTe ¢ TEM A,,=Ay=0, TO cH-
crema (3) umeer OGeckowenno muo2o pewenud (B 3TOM Cayqae
OAHC K3 ypaBHeHHH CHCTeMB eCcTb CAeACTBHE APYroro).

B camom mene, ecau A=Ax=Ay=0, T. €. €CIH

Oybg—yby =0, ayhy—ayhy =0, bhy—bh =0,

To KOpPHUHEHTH 0PH HEH3BeCTHHX ¥ cBoboanbe uneHn naH-
HLX ypaBHeHHN NponopUMOHANLEH., A 9TO 0aHaYaeT, 4TO OAHO
B3 ypaBHCHHH CHCTeMH TNOAY4YaeTcs OYTEM YMHOKEHHH BCEX
UAEHOB APYTOr0 YPABHEHHA HA HEKOTOpHH 0oOuruil MHOKHTEND,
T. €. B CHCTEME €eCTh JAHlllb OJHO CYLIECTBEAHOE YPABHCHMe,
naupaMep, a,x + byy=h,, Apyroe we ABNAETCH €70 CACACTBHUCM,
Ho vpasuenne BuZa ;X% -+ &y~ R, Bcerna umeer Geckoneuuo
MHOrO pewleHufi, NOCKOALKY OAHOH M3 ABYX HEH3BeCTHHX X, ¥
MOWHO DPHAABATDL YHCAEHHBE S3HAMEHHR MO LPOU3BOAY, & BTO-
pyio ONpeAcAfTh COOTBETCTBEHHO M3 YpaBuenust (HalpHmep,
ecan &,==0, TO, HasHauas MPOH3BONLHO X, MW MOKEM ORpe-
xersiTh y 00 dopuyne: y:l‘%ﬂ}. '

3ameuanue. B stux paccymmenHux npeanonaranoch, ¥To

Kau(AC0e OTACNBHO RIATOE YPABHEHHE CHCTEMH HMEET peIIcHUE.
Ecam paccMaTpHBaTh M TAKHE CHCTEMBl, B KOTOPHX COAepKaTCR
NPOTHBOPEUHRWE DPABEHCTBAZ, TO BHCKAIAHHOE  YTEEPIKIAEHHE
6yneT vepepuuM. Hanpamep, cuctema:

0-x4+0.y=1,

0.x+0-y=1,

yaosaersopuer ycaosuaM: A=90, A =0, A, =0; oanaro, ara
CHCTeMa He MOMYCKAET HH OMHOTO PEIleHus,

4, Wrax: ecau onpedeaureap cuctemot (3) He pagen wyaw
(A=£0), To cuctema umeer efuncrsennoe pewmenue (onpede-
aremoe gopmyrami (8)); ecau A =0, 1o cucrema aubo ne umeer
pewienuil, AuG0 UMeEeT ux LECKOHeURO MHO2O,

Hpuwuep ). Hality sce pemenya CHCTEME!

3x4-4y=2,
2c}3g="T.
Pewenue IlogcuntaeM onpeaenutesi> CHCTEMIL:
=3 %= A=
A= 2 3 =3.3—2.4=1,
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Tak xak A # 0, to cHcTeMa HEMeeT elsHCTBEHHOE PelligiMe, onpeje-
nsemoe Gopmynamn (8). Haltmem A, v Ay

|2 4f|__ -
A,,_|7 al=2.3 — 4.7=—22,

Ay..—-lg. ¥]=3-7 —2.2=17.

Orcioga
A, 22 A, 17
x.—_—&—:———-{-—:-——-”, ymT:T=17l
fIlpumep 2. Haiitu Bce pemeHust CHCTEME
3x,+4y:l, ‘
6x48y=3. |

Pemeﬂue. HOHC‘IKTaEM Of[pe,leJIHTeJEb CHCTEMKEI
13 4] _ _
AW‘G 81_3-8—4-6w0.

Tax xaxk A=0, To XauHas cHCTEMa JArGO COBCEM He HMEeT peuieHid,
J60 HMeer HX OecKoHeuHo MHOFQ, UToBe YCTAHOBHTh, KaKad UMEHHO
H3 5THX ABYX BO3MOMHOCTEH OCYIECTBJASETCH, HabaeM A, u Ay

Ax=[é' §]=8 — 12— 4,
Ay=|g é[:g_s —3.

Tak xax A=0, Wo A, #0, Ay #0, TO ganHasw cHCTEMa pelleHui
He HMeeT.

. 3aMeuanue. K TOMy e BHBOAY MOMKHO NpHHTA cpady, ecaa
HOMEOKCHTh BCE 4IeHW TepBOTO yDaBHeHMd HA 2 W BHYECTh Pe3yAbTar
MOO/IEHHO 13 BTOPOTO YPABHEHHH, Ml NOAysHM MpH stoM O=1, T. e
npoTHBOPEuYBOe paBeHcTBO. ChejloBATENLNO, FAHHEE YDABHEHHS 1eCoB-
MECTHEL.

Hpumep 3. Halitk Bece penienun cucremb

3 +4y=1, }
6x-}-8y=2.

Pemenue KosphuuHeRTH 0pH X, §—T€ XKe, YF0 K B TpH-
mepe 2; nostomy A=0. CregoBatennno, Jandas cucrema JHGO coBcew
He HMeeT peuieHH(l, AuGO HMeeT ux Oeckoieuno muoro. Ho, war serxo
3aMETHTh, BTOPOE YpaBhEHHEe CHCTEML €CTh CJEACTEXe MEPBOTO (Moy-
yaercA YMHOXKCHHEM DCEX 'WICHOB Tepsoro ypaswemud Ha 2). Takam
o6pasom, NOCKOMLKY CHCTEMA CBOJWTCH K OJHOMY YPABHEHHIO, OH3 HMEET
GecKOHEYHO MHODO PpAas/iMyYHGIX pelwleHMH; MM NOJYYRM HX, TpHJAABAn X
ypcAeHNLIE 3HAYEHHA [POM3BOJALHO K HAXOKA COOTBETCTBEHHHES 3HAuL-
Hiua y no Qopmyae

. 1—=3x
J" 4 .
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5. PaccMoTpEM, B 4acTHOCTH, CHCTEMY ABYX OLROPOIHBIX
ypasHeHul ¢ XBYMS HEH3IBECTHHIMH

%+ byy =20, (9)
X+ byy =0,
T. €. cHCTeMy ypaBnenu#i, ¢BOGOIHBIE 4ICHH KOTOPHWX pasuu

HyLo,

OueBRIHO, WTO TAKAA CHCTEMA BCETIA HMEET HYAL80E pele-
Hie: =0, y=0. Ecnu A =0, 10 9TO peuIeHne spagercH
CAHHCTBEHHNM; ecau Ke A =0, TO oZHOpOLHA® CHCTEMa, KPOMe
HyJeBOra, HMmeeT OGECKOHEYHO MHOrO JAPYrHX pelledsfl (no-
CKOAbKY AN ONHOPOAHCHR CHCTEMH BO3MOXHOCTh OTCYTCTBHR
pemienuit HCKMOYERa). 3TH ke PHBOAW MOM(HO ChOPMYAHDOBRATH
elile Tak: odnopodran cucrexma (9) umeer Henyaesoe pewsexue
6 TOM U TOABKO 8 TOM caywae, Koeda A=0,

§ 2. Oneopopnan cAcTeMa ABYX ypapHewnlt mepeofi crememy
C TpeMA HEH3BECTHHIMH

6. 3Saflmemca pemesHeM CHCTEMEl ONHOPORHHX YpaBHenuid
ayx+ b y--c,2=0, m
29X - bgy -2 =0

¢ Tpemd HeHsBeCTHWMH x, y, 2. [lpeanonowim, ure

2 &
a queo. (2)
Banmmem cucremy (1) B Buue
ayx +hy=—c2, } 3)
X by = —cy2

H OyZeM CYHTaTh, YTO HEHIBECTHOM Z 34eCh MPERMHCAHG KaKoe-
unbyak uncneHHce 3navenve, [lpm onperenennoM 4iCASHHOM
3HAYEHHH 2 cMcTema (3) HMeeT eZHsCTEeHHOE peleHHe, KOTO-
poe MHl NOAYuHM, npuMmenss Qopmyan (B) § 1:
—2 bl.

| —62 ba'
e &
ay by
Ia, —Cy
a3 —Cy
a4 b
a; by J

X =

]

i (4)

LI ]
——nr

y=
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‘Yuean X, ¥ GMECTE C HUCAOM X COCTASARIOT pemienue 3a-
Dannot cuctemor {1); PAAULHOIM HUCACHHLIM SHARCHURAM T COOT-
8aTCTRYIOT pasauunble pewienus cucTemst (1) (cucrema (1) nmeet
6eCKOHeYHO MHOrO petuesufi, TAK KaKk 2 MOXHO BHOEPAaTh 0po-
HSBO/ILHOY,

Mpaganum cdopmynam (4) Gonee ynobnuit Bux. Ilpewmae
BCEro 3aMeTHM, 49TO
—cz b |8 o
by - ¢C

Ha OCHOBaHHK 2THX pasencTs Qopmyan (4) MOXKHO nepemny-
¢aTh TaK:

ai —Clz al Cl
' = 2z

— o2 By Ay — Cg2 ay g

b] 4% By Cy
by ¢ ? — dy G
X o by l ’ y= al" bll ~ . (5)
as by ay by
Beenem 0603Haqe_ﬂns:
b o a; & a; b
— _ A == H
A by €y 2T ley ol ey B’ ©)
Tenepb w3 Gopmyn (5} mmeem:
Az —A,-z
X=s, Y=g (7

Oﬁosnaqum 6yxnoﬁ {. B Takom cayyae z2=A;-f, a x ny

COracHo qmpuynau {7) OyzyT BHpPaKarThbcd DPaBEHCTBAMH:
X == Al y = - A t'
Honyqaem ¢opuynm

x =Bty y=—Agt, z=Ayt, (8)

xoropuie onpedesntor ece peutenus cuctemst (1) (xaxnoe or-
AenbHOE peIUeHHe MOAYYALTCH NBPH KAKOM-THOO OmpeleseHOM
YKCNGHHOM 3HAYEHRH 7).

s DpakTHKH BHYMCHEHHH MONE3HO SaMETHTb, UTO OMpe-
memutenu Ay, Ay, Az NOAYHAOTCH NPH NOMOLUIH IO0YEPEAHOTO
BHIYEPKHBAHHA CTORGHOB Tabnmitnt

ay by ¢
ag by c3 /"
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7. Npeapiayuseit BLBOE NPOBOAHICH B NPEANOIOKEHHH, 4TO
Ay 0 (cM. HepaBencTso (2)).

B cnyuae, koraa Ay==0, Ho x0T9 Ok OJHA U3 ONpeAEnH-
Temell Ay, A, He paBeH HYMO, BHBOA CBOIHTCH K NpeARZYLIEMY
nepeMenolt poseit Heu3seCTHHX (eCH, Haupumep, A, =50, T0O cie-
AyeT WPeANoNarath, YTO HPOH3BOIBHEIEC UHC/ICHHLIC 3HAYCHHS
RPEANHCHIBAIOTCA HCHISBECTHOH ¥, a4 X H Z COOTBETCTBEHHO
onpelensOTCA H3 ypasHenn#t cucremu). OxonvaTenphbift e
pesyaLTaT noaydyaeTcd TOT Ke CaMuh, T, €. BCe pPemeHHfi
CHCTEME CHOBA ONpeXensalorcs dopmyaamu (8).

Ecan xe Bce Tpu onpegemutens Ay, A,, Ay paBupl nymo, T. €.

be,—bey=0, ayc,—a,,=0, ab—ba,=0,

70 xosdhdruncHTH ypasaennH cuctesw (1) npomopuHOnalbHE.
B sroM ciayyae o0JHO H3 YPABHEHUH CHCTEMH €CTh CHEACTBHE
BPYTOTO: OLHO YpDaBHEHHE MOMYYaeTCH YMHOMEHHEM BCeX uje-
AOB JIPYTOTO HAa HEKOTOPRA upcnensmit Myomurens. TaxnM
ofpasom, nmpn A;=0, A,=0, A;=0 cucrema daxrTuueckn
cBoauTcA K oAHoMy ypaemewnwy. Takam cucreMa ecTecTBEeHHO
nMeeT OECKOHEYHO MHOTO pelIeHHH; 4TOOH [OAYMHTE KAKOe-
mulyap M3 HHX, CACRYeT JGyM HeuseecTRoiM MPeANHCaTh Npo-
HIBOJABHO YHCACHHHE JHAYEHHH, 4 TPEThE HAHTH U3 ypaBHEHHd.

IMNpamep 1. Haftty BCe peieHHA CHCTEMH
3x By 8z=10,
Tx-+ 2y 42 =0. }
Pemenune Cornacro ﬁ°6, nMeeM:
Ay=4, Ay=—44, Ag=--29.
Bee pemnennsa jaHHCH CHCTEML ONpeaeqmiorces $opmyaaMmd
x=41, y=44f, z2=—20t,

rae ¢ MOKET NPHHEMATE AloGhie aHaYeHHs.
Npusmep 2. Hafith Bce pewenus cucrembl

x4 2y—3z2=0,
bx - dy—62=0.

Pemwenne. Mu nmeem A; =0, Ay==0, Ay=0; ccrema COzepanT
JIHLIB OfHO CYWECTBEHHOE YpPaBHEHHE (BTOPOe NONYYAETCA TIOYACHMEIM
YMHOMEHMeM neproro ua 2). JlioGoe pelnenne CHCTeME! COCTOMT M3 TPex

3x4-2¢y
UHCEA X, §, Z, TA® X, §—KaKHe YIOAHO, & Z=~—g— .
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§ 3. OnpexcAdTeJH TPeTLErO HOPAKKA
8. [lycrb Amasa xpaaparHas TabaHUd U3 AeBATH qucen al,
@3, B3, by, Bs, by, €y, Gy y
‘a, by ¢
as by s ). )
@y by cy)
Onpedeautesem Tpersezo nopaika, cooTsercrTeyomum Tab-
Auge (1), raseleaeTcs wucao, 0GOSHAYACMOE CUMBOAOM!
ay b ¢
ay by ¢y
az by ¢

i onpedersence pasescreom

& by &
@y by €| = 818405+ b1005 - € aoby — 1y — bysC— @,Cobs.
ag by €3 (2)

Yucaa ay, a,, a, by, by, by, ¢, €3, 3 HAIWBAOTCH IMeMenta-
My onpedeautenn. DNeMEHTH &, b,, € PACTOOMEHH Ha Ha-
TOHANY OnpeXenuTeNs, HA3HBAEMOR 2AaGHOL; STEMENTH ay, by, €,
COCTHBAIHOT ero MOGOUYHY I ODHACOHAND.

OGpatuM Bummasme 4HTaTens Ha TO, 4TO NEpBue TPH Caa-
racMbix 8 nOpaBolt uwacTH pamencrtia (2) npeactarasior coboi
MPOH3BENMCHHA SICMERTOB ONPERe/HTeAd, B3ATHX TIO TPH TaK,

KaK NOKA32HO pa3AnvHBIMH NYHKTHPAMH H& HH)KGHPP!BOJ.[HMO“ cxeme
caeBa,

@ b; g @ b
] 1. ,
N, S N Ve A el
NN kS R T
' N/ > SN
Tl N ."\\ PR -/ﬁ“-.
%, b;\ ;e G b N e
e e TN s
‘-‘ - . / . I
, T F N e TN
- AN ‘\ a, ’,‘ -~
a5 bs ) a5 b e

Yrtobsl NONY4HTH cnenymw,ne -rpa YAeHa npanoﬁ 4aCTH pasen-
crBa (2), HYHHEC HEPOMHOMHTL YACMCHTH OQHpPEASJAUTENAR 0D
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TPM TaK, K4y TNOKa3aHO pAa3IN4HLIMH NYHKTHPAMH #a TOR me
CXEMe CIIpaBa, 00CKe Yero y KawAoro M3 Halilensnx npoxsee-
ZeHdll HIMEHHTDH 3HAK.

Yxasannoe cefuac npasuno, Ha3MBaeMoOe NPAaBHAOM TPEYronb-
HHKOB, NMO3BOAKET (€3 HanpmMewusi NAMATH HANHCATh (DOPMYAy
{2), a TaKe BHYHCARTD ONPEACANTENb TPETLEro NOPsAKa
¢ YHCNEHHO 3aJAHHLIMH 9NeMcHTaMH (0e3 Toro, 4100N RpeABa-
pHTeNBHO BHOHCHBATE Gopmyay (2)).

Hanpnxmep,

3 —2 1
—2 1 3|=3-1:(—2)+(—2)-3.24+(—2).0:1—

2 0-—-2

—2.1.4—3:0-3 — {(—2):(—2)-(—2) = —12,

9. OnpelenuTeny WMHPOKO DPHUMEHANTCA Kak B camoH Ma-
TEeMAaTHKE, Tak d B ee npuaokexuax. HemHoro nanee mm noxa-
WeM OpUMeHCHHE OnpelenHTeNcH TPeThero MOPIAK2 B BOMpPOCE
HCCAGNOBARHR M PEIICHHA CHCTEMH TpeX yparnenuit nepsofi
CTefleHR ¢ Tpems HewspecTHnMy. Ho cxawana nam npuzercs
MO3HAKOMUTBCH ¢ HEKOTOPHMH caoficTBaMH onpeleantenefl. Pax
pakHelimiux CeOHCTR onpedenuTeiled CooGUIAeTCA B CARAYIO-
uieM n°; BCe NOACHENHE, OTHOCZUIMECT K 3THM CBOMCTBAM, MH
OyJdeM TNpPOBOMMTDH, HMes B BnAy ONPEReNHTeNH TPETHEro no-
paAxd; OXHAKO caMu cBoficTEA NPHCYLIH ONPEXCANTENAM BleX
NopAAKOB (NORATHE ONPEAENHTEIA NHOPAAKA BHIIE TPETHErO
M3[OMEHO B KOHIE HACTONIIErO NPHIONEHHS).

10, Crottcrrno 1. Beauwuna onpedesuresn ue usmenur-
CR, ecail 6ce €20 C(TPOKW 3AMEHUTL €20 CTOoAGyami, npudem
KaxOyi0 €TPOKY 3AMERUTH CTOAGHOM ¢ TeM JCEe HOMEPOX, T, e,

2 b 4 a; Oy
ay by cy)=1by by byl (3)
aa ba Cs Cl Cg 03 )

B10 cBoOficTBO MOXHO BHDAIUThL €l TZK! ECAl ROMEHATL Me«
CTaMU SACMENTLL ONpPefesuTenn, POCnOAONCERHbIE CUMMETDUYRO
OTHOCUTEABHO 2ARGHOE GUA2OKRAAL, TO BEAUNUNG ORpedeiuTers
OCTAHETCA HEUIMEHHOL,

Ilis aoKazaTenbcTsa TOro ¢BORCTBA JAOCTATOYHO (IpHME-
NMTh NPABHAC TPEYIOABHHKOB K NeBOH W Npapoff YacTH pased.
cTBa (3} H CpPaBHHTh NONYyvYeHHHEe PeayAbTaTH.
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3amMevanue. Cpoiicrso | 03@auaeT PaBHONIPABHOCTL CTPOK
¥ CTOAGNOB OUPEASIATENd; INO3TOMY JanpHeiuine cpoicTBa
_OTIPEACAHTENA, NMPHCYIHE €ro cT0A6maM i CTPOKAM, ROCTATO-
HO NOKa3WBATh TOJABKO NI CTOAOLOB HAW TOABLKO IASl CTPOK.
Ceotficrro 2. [lepectancera Oayx croabyos uiu Osyx
CTPOK OnpederiTeAs PasHoCUAbHG YMHONCERWO e20 Ha —]1.
Hanpumep,

8y by & ¢ by ay
ay by €p|== =0y by ay]. (4)
ay by ¢4 €y by ag

Hdas aoxasarenbcrsa pascHcTBa (4) A0CTATOYHO NPHMEHHTH
UpaBLIC TPEYrOABHUKOR K erc JeBoft w nparo# vacTH u cpas-
HHTDb [QJYYCHHBIC PE3YINLTATH (TO‘]HO Tax e Y(TAHABAHBAIOT-
CA AH4aNOTHYHHE paBEHCTEBR, COOTBeTCTBYIOUIHE TePeCcTaHOBKE
APYrux CTOAGIOB OUpesenTent).

Csoitcreo 3. Ecau onpedeautess umeer dea odunaxo-
soix croabya uau 06e 0OUHAKOBLIE CTPOKU, TO GM DABEH HYAN.

B camom mene, nycts A Kaxofi-rubyxas onpelennrenb, uMme-
Ioumi ARa  ORWH2KORHX CcTOAGUA. Ecay M nepectasum sTi
cToabun, TO, ¢ OAHOH CTOpOHH, B CHAY cBoHcTBa 2 ompene-
anTenb wu3MeHHT 3naxk. Ho, ¢ Apyrofi cTopoHu, HOCKOABKY
nepecTapafeMee CTONCLH  ONMHAKOBH, HX [EpPecTaHoBKa He MO-

HET HaMewuTh onpeseantens. Caenomarenbio, A=—A, T. €.
2A =0, unn A=0,
Hanpuwmep,
: 3317
55 B|=0.
77 9

CeoificTBo 4. ¥Yunowmeuue scex 32eMeHr08 00H020 ¢TOAD-
ga wal odxod crpokw onpedeaurean ua awboe uucio k pasro-
CUAbHO YmuOdceHuio onpedesureir H@ 3T0 wucAo R,

Wraye 3710 CBOHCTBO MOXHO BHICKA3aTh TaK: 00wl MHOMU-
TEAb GCeX IAEMENTCE 60RO20 cToabya uau o0HOL cTpoku onpe-
JenuTens MONHO BHINECTU 3A IHAK onpedeiureis,

Hanpuwmep,

kay by ¢ a by ooy
kag by ¢o|=Fk|ay by 3.
kag by ¢ ag by cy



258 SAEMEHTH TEOPHH OUPEXEANTEREN

JIag moxasaTenscTsa 9TOTC CBOMCTBA HOCTATOUHO 3AMETHTH,
YTO ONpeIeNHTeNAb BHPAKIETCH B BHLE CYMMbl, KOKIWH unen
KOTODOH COZCPHRT MHOXUTENELM ONHH ANEMEHT H3 KawJA0H cTpo-
KH ¥ M3 Kaxaoro ctondua (cM. dopmyay (2) n° 8).

Coofictro 3. Ecau sce saementsl Hekoropozo crosbya
UMl HEKOTODOI CTPOKU DABHH HYAO, TO cam onpedeiuTess pi-
8eH RYMO.

310 cBOHCTRO €CTh YacTHRE cayualt npeauwayuero (npu k= 0).

Hanpumep:

=0,

~ o =
oo
b GO o

Ceoftcteo 6. Ecau cooreercreyiougie 3aementor Osyx
croabyos uan Jeyx cTpox onpedeiuTéis npORGYUOHAtbKbL, TO
onpedeauTest pased RYyAo.

Dro ceolieTBO ciaenyeT ua ceoficrs 4 u 3. B camom mene,
eC/IM 3eMENTH ABYX CTONOIOR ONpeieNuTe/ Il IPONOMIHONATILHN,
TO 3eMEATH OOHOTO M3 HHX TONYYATCA YMHOMEHHEM 3JIeMeH-
TOB APYTOFO HA Hek0TOPRE o6uimf MuowuTenb. Beocs sror
MHOXHTENb 34 3HAK ONPEACINTENH, MH MOJYHHM ONpEAeNuTeNb
€ AByMS OIHHAKOBBIMH cTONOLAMH; CoraacHo CBOHCIBY 3 OH

paEes HYZIO.
Hanpawmep,
84 7 44 7
105 91=92(5356 9|=q.
6 3 11 3311

CeobticrBo 7. Ecau ramodwd aaemenr n-zo croabya (usu
n-tf crTpoku) onpedeauresn npedcrasager coboid cymmy Osyx
cAGzaemblx, T0 OrpederuTess Mower OuiTo npedcrasaen 8 sude
cymmol dayx anpedeauresed, u3 KOTOPHX OOUH & n-M cToabye
(HAr COOTBETCTBEHHO 8 H-ii CTPOKE) UMEET Repasie U3 YHOMAHRY-
THIX cAgzaeMbix, 0 Opyeoll-—aTOpbie; JAEMEHTH, C(TOAWLE HA
OCTOAbHELX MecTax, Y 8cex Tpex onpedenureaed 00w 4 Te gie,

Hanmpumep,

’ " ’ ”»
aG-a by o ay by oy a, by oo
[ »” ‘ ”
@y ty by Co|l=|@y By Co| |7 by €
L “" . "
a3t as by ¢; ay by ¢y @3 by ¢4
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Has mokazaTenbcTBa 3TOrC PaBEHCTBA JOCTATOMHO MpHMe-
HHTL [IPABHAO TPEYTO/bHAKOBR K ONPEeACNUTENAM, 3aNHCAHHLIM
B Ero JieBOH ¥ npagot yacTH, ¥ CPapHHTh TOAYYEHAHE Deay.b-
TatH, '

Ceoficteo 8. Ecau 1 aseMenram Hexkoropozo croabuya
(4 wexoTOpOd cTpOKU) npubaguTe COOTGETCTBYIOUUE IAeMEeHTH]
dpyzozo croabya (usrn Opyzoid cTpoku), ymsomedrnsie G wobod
OGuull MROJMCUTEAD, TO BCAUNUNG ONpeSesuTers Npu ITOM He
UBMEHUTCA. .

Cpodctro 8 mWTeKaeT H3 CBOHCTB 7 M 6; MOWCHAM 3TO Ha
mpumepe. IlycTe Kk aeMeHTaM NepBOFe CTOAGUA npuBaRIeHH
SJIEMEHTH BTOPOTO cTOAGUA, YMHOWEHRLHE H2 HEKOTOPOE HHCAO K.
Toraa cornacHo csoMerBy 7 umeem:

a, kb, B oo a by, ¢ kb, by ¢y
ayt+ Ry by cyi=1ay by ey -+ REy by c,
a;+ &by by ¢y ag by oy kby by ¢y
Bropo#t w3 moayyesssx onpeXemurenefl umeeT Ama mpomop-

HHOHANBHLX ¢Ton6na, CneloBaTenbRo, Mo ¢BOACTBY 6 on pasen
HYJl0; MOMy4YaeM DPAREHCTBO

ay-i-kby by ooy ay by ¢

Ayt Rby by cyj=|ay by c3l,

ag+ kby bs ¢4 ay by ¢4
KOTOPOE B HAHHOM CTyYae H BHIPAKAET YKa3annoe CROACTBO
ONpeNeTHT e,

Janvuetimne cpolicTea ompemenuTeNell CBA3AHH ¢ NOHATHEM
anre6pandeckoro AONOAHEHHA H MHHOpa.

§ 4. AnrefSpauueckue AGRNQNHCHHA H MHHOPH

11, PaccMoTpem onpemeauTens
a b &
A=|as by ¢; |, {H
ay by cg
Io onpexenenny (cm. n°8)

A= aybyes+ bicyas+ 0,03 — 610505 —bia,05—ac505. (2)
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CofepeM 34ech uieHW, COJACPWaulHe KkakoH-nnbylp OnHA 8fie-
MEHT OnpelelHTeNs, W BWHeceM STOT SAEMSHT 3a CcKoOKu;
BeMYHHA, OCTAOIIANCH 8 CKOOKAX, HA3LIBAGTCA al2efpauieckum
donoanexuem DTOro sneMeHTa, Anrefpamyeckoe N00/HEHHE
sjeMenTa MW Oyinem o6o3uayaTe OGonbuiofi Oyksofi TOoro me
HAHMEHOBAHHA ¥ ¢ TEM We HoMepoM, 4ro M Gyksa, KoTopoi
ofo3saued caM saemenT, Hampumep, anreSpanyeckoe IOMOMHE-
Hie SAeMeHTa &, 6ydeT 0603nauarbes uepes A, sneMexra by —
yepes B, n T. 4.

CrotcTBOo 9. Onpedesureav pasen cymme npoussedeniil
SAGMENTO8 KaKo20-HubYyde cToabya (uauw cTPOKW) HA Uk anze-
Gpauseckue JonOAHEHUR.

Huaue TOBODA, MMEIOT MECTO CEAYIOUIHE DAREHCTBA!

A = alAl + agAg —l‘ aaAa, A = alAl- + b131 + c]_Cl, (3)
A= 0By + 5By + 058y, A=a,4, 1 byBy 1,0, {4)
A=,0)F €,Co+¢Cy,  A=asds+bpBs+cCs. (D)

Yr1o6n IOKA3aTh, Hampumep, Nepaoe ¥3 ITHX PABEHCTS, AOCTA-
TOUHO 3anMcaTh Npasyio dactbh Qopuyns (2) 8 Buge

A= ay (byeg— byey) + ay (bye; — b1€g) + a5 (byeg—bacy):

BENMYHHL, CTOAMIME 3Zech B cKoOKax, ABAROTCA anareGpadie-
CKHMH AOTMONHEHHSIMI SIIEMCHTOB @5, &3, d3, T. €.

bzcﬂ;-"ban:Al; ’ bscl—blcs*_—:Ag, blcz—bEC]_:AB.
OTCIOﬂa H H3 mpednayuiero nojay4yaeM:
A=a,A,+ a4, 1 a4,

ato. u Tpefopanocs. QOctaibume pasenctBa (3—D5) DoKaswBa-
I0TCHA aHAJAOTHYRG, SaMUch ONPELENHTENN COrMACHO KAKOH-UREY Ab
u3 opmyn (3 —35) Ha3MBaAETCH PAITOWKEHHEM €r0 [0 SAEMENTAM
HeKOTOpOro cronlila HAH HexOTOpo#t cTpoxu (mepsas gopmyaa
gaeT pas/ioMeHHE 0O INEMEHTAM nepsoro crtonfua W T. A.).

12. Munopom HEKOTOPOrLO 9J€MEATA ONPesenuTe/Nfl Rasb-
BAETCH OUpPEeAeNHTEN, MOAYHAEMB W3 SAHHOrO NMYTEM BuHMep-
KHBANHA CTPOKH H CTOAOLA, HA TIEPECEYEHHH KOTOPLIX PACTIONOMEH
s10T 9nemest, Hanpumep, MBEHOpOM $AeMeHTa @, OMPeAEnHTens

b
A #ABasercs onpenenutenp |, ? ‘s
by ¢y

, MHHOPOM 9neMeHTa by fs-

3 Cy

AfASTCH ONPeACAHTEND

uT A
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OkasuBaetcd, 4To aszefpauneckoe donoanenue 06020 sae-
MenTa onpedenutess PAGHAETCA MUKOPY STOZ0 IACHEKTAR, BIATOMY
CO CBOUM 3HAKOM, eCAll CYMMO HOMEPOS CTPOKU U cToabuya, ‘Ha
nepecesenul KOTOPbIX PACROAONEN IACMENT, eCTb WUCAD HeTroe,
K- C OBPATHOIM 3HAKOM, ECAl 39T0 4UCAQ —fedeTsoe, YTobw
y0eauTsca B CTPABGEAHBOCTH STOIO YTBEPWAESHHA, YHTATENb
JOMKed paceMOTpeThs anrebpaHyecKHe ROMOJHEHHHS BCEX DACMEH-
TOB OTNpenenHTeNd M CPABHHTb HX ¢ MHHOPAMH.

Ykazannoe cefiyac o6CTOATENBCTBO CYLIECTBRHHO ofnervaer
HCNOAb30BaHHE (hopMya (3-—25), Tax Kak 103BOAACT 3aMACHBATH
anre6pantiecKue NONONHEHHA SNEMEHTOB OMpPeNeqUTend cpay,
NPOCTO «IASAS» Ha 9TOT onpemeantent. [Ipn sTom eme nonesno
HMETB B BHAY CACIYIOIYIO CXEMY:

+—+
i + e K
+—
rag 3HAKOM NJIIOC MOMEYeHH MeCTa TEX 9AEMEHTOB, NI KOTO-

pux anreSpanyeckne AONONHEHHA PABHHE MHHOPaM, BIHTHM
HX COGCTBeHHHMH 3HAKAMH.

Mpramep. Bumueauts onpegesnutens

2 4 6
A=|b 12 194,
3 917
pasnaras ero [o sneMesTaM UepBOf CTPOKH.
Pewenune.
_ol12 19 5 i9 512]
AHQI 9 n‘l‘““ls 17[“‘]3 g|=8

3aMedanne Buuicienne onpejenutens TpH NOMOMN PASHOHe
HUf 70 3JEMEHTaM CT0oA01a HAH CTPOKH MOKHO YOPOCTHTb, ECHHM TIPeX-
BapuTeaLHO Npeclpazopats STOT ONPEASAHTENb, WCTIOALIYst CBOHCTRO 8.
Huenno, yMHOXAR SJEMEHTH HEKOTOPOrO CTCRGEA (HAH HEKOTOPOR CTROKH)
na mofofl MHOWHTENE I NPUOABAAR WX S5aTeM K SJAEMENTAM APYroro
cTosifua (1AW Apyrodt cTpoKsn), ME MONYYUM HOBH ONpefeliTeb; PABHHY
AAHHOMY; TPH HajseXalier BHOpe MHOMKHTENR MONKHO LOGETBCA TOFO,
uTO0H O #3 SJEMEHTOB NOMYYEHHOTO ONPEHENMTENS OKA3ANCS PABHEM
nymo, JrygpaTHoe npHMeneHHe TaKof ONEPANHH MOXKET AATh ONPEZenH-
Telh, paBubi} JAMHOMY, ¥ KOTODOTC Jpa 3JeMEHTa ORHOR CrpoKy (Aan
onHoro cronbua) GyRyT paBRB HyM0. BEMHCIAR NOKy4eRHWA ONpegess-
TeJb APH TOMOMM pA3/I0KEHHA €r0 N0 SJeMeHTaM YKa3aHHOR CTPOXH
(nae cToAGUa), MBI ZoMKHE OyfeM NOACUMTATL JHML OJHS MHHOpP, Tak
Kax MBa MHHOPZ M3 TpeX YMHOKAIOTCA HA 3SJIEMENTH, PaBHHE HYJ/HO.
Tex, HanpaMep, BLHISHCARA NPLIJIOKEHHHE B OPeALITYINeM IpHMepe oupe-
Aenutens A, mpeopasyes ero NPeABapHTENLHO TaK; NPUOABUM K SIEMERTaN:
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€ro BTOPOro CTOAGUA SIEMEHTH IIEPBOTC CTONGLA, YMHOMeHHhe Ha —2),
3aTeM NpPHGABAM K SJeMeHTaM ero TPerbera ¢roadua 3J/eMeHTH IepBoro
CTO6NA, YMHOM(EHHble Ba (—3); Mbl ROJyTHM!

200
A—|024
338

Pasaaras stoT ONpPenSJuTe b IO 3JeMEHNTAM IIEpBO!':l CTPOKH, HaxopuM!

2 4 5 4 52|_
a=2.| sl“o"a 8| +o 3 3=s.

13. 3nech MH cOOOUIMM HEKOTODHIE IPE/ANOKEHHA, BAMHHE
And pemieHHd H WCCAELOBAKRA  CHCTEMH ypasHeHuid meppoit
CTENERH { TpeMmd HEM3BeCTHRIME ¥),

Hycte nan ompeneautens

ay by ¢y

A=|ay by ¢y |, (N
g by g :

PasziowuM ero mo snemesraM gaxoH-nuQyah CTPOKH HNH KAKOro-
aulyas cronfla, HanpuMep, 0O J¢MEHTaM MepBoro crosabua:

A=A, -+ a4y + 254, (6)

3amenum B mpaBoH 4acTH STOrO PABEHCTBA YHCAA @, @y, Oy
JoGwmH uncaamn By, #,, Bz TOPA2 NpaBas 4acTb pasexcrsa (6)
OyNeT npeacTasnuTh ¢oGOH pasnokeHue [0 IEMEHTAM NEPBOro
cTonbua onpesenntens, KOTOPHH [OAydaeTCH U3 ONpelenuTend
A 3amenofi sNeMEHTOB ero Hepsoro croabua 4YHCHaMu fy, fy, kg

by by €y
hA B A, B A= by oy, (7)

hg by cg
Bufepem Teneph B KauecTBe fiy, h,, f; BNEMEHTH BTODPOTO
HIM TPeThETD CTonbua AAaWHOTG oOpejenntens (T. €. BO3IbMEM
Ry==by, By="b,, hy=0; nan hy=c¢y, hy=20,, By=10¢4). B Ta-
KOM cayuae onpezenntenb (7) OyleT HMETh JBa OJHHAKOBMIX
CTONGUR M, CAeXOBATeNbHO, OYAST paBed HYMO; MOJAYYaeM

¥} ARanoriyspe MPELJAOKEHHS, OTHOCHIUIHECT K ONpefennTensM
BHCIUAX NMOPAKOB, HCMOABSYIOTCH VIS PEINCHUS U HCONeROBAHNA CHCTEMBI
ypapueuufi nepsoli creeHH C JOGHIM MHCAOM HEH3IBECTHLIX,
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paBencTBo

biAy + by Ay + b33 =0, (8)
HIH

1A, - ¢gdy 4 c3dy = 0. {9)

Ecau mn OyxeM HMCXONHTH W3 Pa3nomeHns A 1Mo memeHTaM
erg BTOPOro CToaAlLa, TO ABAJOTHYALIM [YTeM [OJAyYMM pa-
BEHCTBA!

@By + a,By +a38; =0, (10)
€181+ ¢, B, 4 €58, = 0. (1)

Hcxoas W3 paanoweHHs A {0 saeMenTaM TPeThbero croadua,
AOAYHHM DPABRHCTBA!

a,C 4 a,Co + 2,03 =0, (12)
5iCy + 8,05+ 05 = 0. (13)

Kpome Toro, mecrs nozo0HHX pPAaBEHCTB HMeeT MecTO AJd
CTPOK omnpeleanTes.

Ha OcHOBAHHM H3NOWKEHHOTD MH  MO¥eM CcOpMyTHPORATH
cnefyiouiee CBOHCTBO ONpendeaHTeaed:

CeofictBo 10, Cymma npousdsederull 3.eMeHTO08 KAKO20-
rubyde croabye (uau rarod-nubyds cTpokn} onpedeauress Ha
aszebpauteciye OONOAREHUS COOTSETCTEYIOMUX 3AEMEHTOR Opy-
2020 cToabya (uau Opyzoll CTPOKL) PABHA RHYAH.

§ 5. Pemende H ¥McchAenoBaHHe CHCTeMB Tpex ypasHerHi
nepBofl CTeNeHA ¢ TPEeMA HeM3pe CTHBRIMHA

14. PaccqoTpum cucTeMy Tpex ypasHeHul
le + b;V‘]' C]_Z: hl’

apX b,y o2 = Ry, (1)
agx -+ boy - g2 = by
C HeH3BeCTHHMH X, ¥, 2 (ko3dduuuents a;, by, ..., €z H CBO-

60I8He YaeHH B, k,, Fg NPERNONOWHM JTAHRBIMH).

Tpolika uncen x;, ¥, 2, Ha3LIBACTCH pewtenuem cHcTeMul (1),
eC/il 3TYU YMCHA YIOBNETBOPHKIT ypasHenusM cuctemd (1), T, e,
ec/IH TIPY 3aMEHe CHMBOJIOB X, ¥, & UNCJAMH X4, Yo, 2 KAOKACE
H3  ypasdennH (1) cTaEeT ApHPMETHYOCKHM TOKAECTBOM.
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3altvemcn paghlCKAHMEM BCEX PelIeHHH CHCTeMul {1); aonyrtHo
nposedeM €e HCCIENOBANHE, HMEHHO, BHACHHM, B KakHx cayuaax
cucteMa (1) umMeeT TOMBKO ORHO peujeHne, B Kakux Ciydasx —
6onee OQHOrO, B KAKHX CAYyYafX OHA COBCEM He HMELT peieHui,
B pocienylOWHx paccyXEEHMAX OCHOBHYW pOib Syzer
ArpaTh ONpeNeIHTEND
a by ¢

A==|ap by €], (2)
ag by ¢

cocTapnentnil u3 kosdduIHenTOs IPH HEHIBETTHHX] OH Ha3k-
RaeTca onpefeiurency Oanwol cUCTeMbl

ByneM, kak B panbuie, 0603Ha4aTh CHMBONAMH Ay, 4y -
anreGpanueckie LONOMHEHHR SJCMEHTOB &, Gy, ... ONpElEAM-
Tens A. Ywuoxum ofe 4acTH neporo ypasuenua cucremd (1)
Ha A,, BTOpPOTO—Ha A,, TpeTbero—mHna Ay, a 3aTeM MOYICHHO
CAOWHM 3TH YPARHERNd; MOAYHIM:

(3 Ay + @oA, - azAz) % - (B3 Ay 4 byAy + b3 A5ty +
+ (614, -+ €345 -+ €5dg) 2 = (B iy + Bydy + hsds).

Otcona ¥ na ocuoBanun csodetn 9 u 10 umeem (cM. mep-
goe u3 pasenctn (3) n°11, a TaKike paseHcTBa (8) n {9) n° 13):

A-x = A A A+ heAy {3)
AHanortyno uafinem.

Ay =By + By + hyB,y, {4)

Az == h,C, + 1,C, - BgCy. )

Mpaewe vactn ypasuexnft (3), {4) # (3) 0603HAaYHM COOT-
sercTeenno cumBonami A, A, A, Torna ypasuewns (3), (4),
(5) mpuMyT RUR

Acx=A,, Ay=A, Az=A, {6)

upuyeM, Kak caeayer 43 n° 13 (cu., nanpumep, gopmyay (7) n° 13):
hy by a, kb g a, by Ry

A, = hy by €5, A, =% fy €3 |, A,=|% by By | (T)
hy by €5 ag hy €y ag by 3

Monesno sameTuTh, 4to onpesenutesn A, A,, A, noayuawren
¥3 onpejennTens A npH NOMOUIM 34MEHW COOTBETCTBEHHO €ro
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NepBOro, BTOPOTO M, HAKOUEN, TpeTbero cronbua croabuom
CBOGOAHHX YAGHOR JaHHOR CHCTEMHL.

MpernonowuM, uto As=0; 0pn 3TOM YCIOBHM U3 ypaBue-
it (6) maxoxum:

A
g, y=L, =3 (8)

Atu popMyaH, OUEBHIHO, AT pelienne BHIBOOHOH CHCTE-
Mu, cocrtoswel us ypasuewn#t (6). Onu e Zai0T pellcHHE H
uwexoaHol cuctems (1}, dnm mokasaTenbeTBa caeadyer noacra-
8HTL B ypaRHexHA cucTeMw (1) Bmecro X, y, 2 HX BHPAWEHHA
{8} n ybGenuThCd, YTO Kawioe W3 ypaaneﬁnﬁ (1) Oyzer yHoB-
neTropeno. BHIONHEM STy DONCTAHOBKY AAs NEPBOTO ypaBhe-
HHH; Mbl HMeeM:

“1 A +b —I—c1 A
— L4y Ay Ay gAy) b by (B BByt By
ok 63 By Gy Gy o gCo) = By (a3 0,8y + 6, C) +
4 by (@ 5,8y + e,Co) + - hy (s Ay+ BBy + i Co.

Ho cornacno aessTomy cBOWCTRY onpezenntenefl
a,4, 4+ b8, F¢,Cy = A,

a COLNaCHO 1ecATOMY CBOHCTBY
aAy+ 6,8, +¢,C,=0,

a,Ag+ b, B+ ¢,Cy =0,
Takum 00pasom,

a, A+b --]-t:lA =hy,

T. €. 4ucna X, y, z, onperengembie Qopmynawn (8), yaosier-
BOPAIOT (EPBOMY YPABHEHHK JaHHOH CHCTEMH; COBEPLIEHHO
AHAJOFHYHC JOKA3LIBAGTCH, UTO OHH - YIOBJETBOPRIOT ABYM
OCTANBHHM YPABHEHHAM,

Bce HanowenHoe [M03BOAAET CcHeNaTh cCAeAyOIHH BHBOI:
ecau As=0, To cucrema (1) umeer eQUHCTGEHROE pellienue; OHO
onpedeaserca gopmyaranu (8).
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Tipumep. Jlasa cacrema

x+2y+z=4,
3x—5y+32=1,
Ix4-Ty—z=8.

Hafiti Bce ee peiuenus.
Pewenue Ilogcantaem onpelenuTesib CHCTEMBI

12 1
3—5 3
2 71

Tak kak A £ 0, TO BaHHad CHCTEMAa HMeeT eAKHCTBEHHO? pemlexdHe, KO-
Topoe onpejeaserca gopmyaama (8). Ilo dopmynam (7) umeen:

A= = 33.

4 2 1 14 1
A,=|1—5 3[=33, Ay={3 1 3|=33,
8 7—I 28 —1
1 24
A,=|3 —5 1|=33,

2 78

Cneposatensio, x=1, y==1, z=1.

15. [IpeanonownM Teneps, YTO onpeaenutens cucremsl (1)
paseH Hymo: A=0,

Ecau 8 caysae A=0 xora Bu odun usz onpedesurered
A, Ay, A, oraunen oT ayas, To cucrema (1) coscem ne ume-
er peuwenud (kKaKk TOBOPAT, YPABHEHHT ITOH CHCTeMM RECOB-
MECTHH).

B camom gene, ecqin A=0, HO X0TH OW OMHH H3 oOfnpele-
nutenefi A,, A, A, ®e papen Hymo, TO 1O kpafivell mepe
oxnno u3 paBenCTs (6) fABASETCH HEBO3MOXCHBIM, T. €. CHCTeMd
{6) He HmeeT pemieHuH,

Ho B TakoMm cnysae W cucreMma (1) Ke umeer peiwennfl,
Tax Kax cuerema (6) BeBeneHa u3 cucTemu (1), caegoBatenn-
HO, Kauaoe penienne cuctemb (1), ecnu OW TaKOBOC HMEJOCE,
Guuio Gn pemenneM cucremu (6). Hampumep, cmcrema

x-+yt+z=2,
3x+2y +2z=1,
dx -3y +32=+4

He umeer pemsenn#, Tak kak A=0, a .f_'\y:I#O. B ToM,
YTO JAHHBIC YPABHEHHH HECOBMECTHH, MOXWHO yOGLMTHCR ¥ He-
HOCPEACTBEHHD; HMEHHO, CKJAAMIBAA MOWICHHO NEpRHE JARA H3
HEHX W BuYHTas M[OAYYEHHWH Pe3ylbTAT H3 TMOCNENHEr0, Ml
Hattnem (=1, 1. e. HenpaBw/AbHOE? DPABEHCTBO.
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Ham ocraeTcs paceMmoTpeTh cayuall, koraa A-==0 u Taikke
A,=0, A, =0, A,=0. Ho stum cnyuacm whi saiimemcd nem-
HOTO no3xHee, NOCAe TOTO, KAK HCCAeAYeM TaK RadbBaeMbie
QOHOPOIHEE CHCTEMH .

16. Ofnopoduod cucTeMOB TpeX ypasHeHHA nepBod CTeMeHu
C TpeMA Hen3BeCTHHMH Ha3bIBARTCS CHCTEMa BHAA

ayx +by—+ez2=0,
ayx by +c,2=0, (9
agx +byy 4 cg2=0,

T. €. cucrema ypapHenndl, cBOGOAHWE UNECHH KOTOPHX paBHH
pymo, OueBuANO, YTO TaKas CHCTEMA BCEMAA HMMEET pelreHHe:
x=0, y=0, z=0; 0OHO HA3LIBALTCH HYAEBLLM. Ecam A=£0,
TO 3TO pPelleHHe HBIHETCH EIHHCTBEHHEIM.

Mu aokaxeM, 470 ecad A =0, ro odropodnas cuctena (9)
umeeT 6ecKoMedHO MHO20 Hewyaeevs pewerud. (B aToMm cayudae
AHGO Kakoe-uuOysb OAHO €€ yPABHEHHE HBARETCH CACACTBHCM
ABYX ApyTHX, An60 Kaxue-nuGyae Zpa YPABHCHHE CYTh CHAeI-
CTBHA TpeThero.)

Chxavana npoBeXeM IOKa3aTeNbeTBO, TPeAROaArad, 970 X014
Gbl OAMH M3 MMHOPOE OTpede/uTeAs A OTAHYCH OT HYAS; OYCTh,
HaTIpHMEp,

a by

ag bz %0'

Ipn STOM YCTOBUN NepBhe IBA YPABHEHHS CHCTeMH (J) uMeloT
GecKOHEUHO MHOTQ COBMECTHHX HeHyJeBHX peulenudl, onpene-
AseMuX GOpMyNaMi:

a, by
ay by

by &
b, ¢,

a, ¢
g €y

x= f, y=— t, o oz=— ¢ (10)

npu 6o awauednn £ (cm. n° 6, dopmyns (8)). HeTtpyano
yGemuthed, 410 B cayuvae A=0 Bce 9TM 4HCIA YNOBNETBO-
PAIOT Takwke H TPeTbeMy YPABHEHHIO CHCTEMb (9). B camom
;ene, MOACTAB/SS HX BMECTO HEM3BECTHHX B /IEBYIO 4YacTh
TpeThero ypaBheuHs cucTemu (9), HaxOXMM:

)sz'z‘.

byc
by ¢,

a0
g &y

a, by

—_ (A
3 Saabz

a3x+b3y+cgz=(a8
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Mu noayvaem B pe3yAbTaTeé MOACTAHOBKM HY/Ab, TaK Kak Mo
ycnosrio A==0. Takum ofipazos, gopmyas (10) npu awGom ¢
onpegeanor peinenne cucremsl (9); ecan 5= 0, TO 9T0 pente-
Hre GyaeT Henynepoe. B PaccMOTPEHHOM CAydae CHCTEMA HMe-
eT MNUIIbL ABa CYWleCTBEHHHX YpaBHeHnd (TpeThbe ypaBHeHHe
ecTh CAGACTBHE NEPBLX JBYX).

[Mpennonoxum Teneps, 4TO BCe MHHOPH ONpEleTHTENd A
paBHb HyaK; TOTAZ JoGaw nmapa ypasHesul (9) mmeer nponop-
nHoHanbHHe KospOdHUMEHTH, CNedOBaTeNbno, Kak Ob MM HH
BuGpann B cucteMe (9) Aa ypasuewss, oano w3 nux Oyder
NO/yYaThCd YMHOWEHHEM BCEX YJEHOB APYrOro HA HEKOTOPHH
oBuult MuokMTenb (B CBE3M C 9THM cm, n° 7). 3uauuT, B CHC-
teme (9) GyzeT MMIL OAHO CYUIRCTBEHHOC YpaBHeHue (aBa
apyrux GyayTt ero caeacTsramp). Taxaa cuctema, OYeBHIHO,
HMeeT GECKOHEYHO MHOTO HEHY/AeBWX pelennft (Tak xak aByM
" HEHBBECTHHM MOXKHO TPHMHCHBATL MIOGHE YHCABHHHE 3HAYEHMA,
4 TpeTbe HaX0AMTh W3 EAMACTBEHHOrO CYM(ECTBEHHOrO0 YpaB-
HeHAS cHCTeMH), Tem camu Halle yTBEPKICHHE JOK43aHo,
MNosyyeHHul pe3ysbTat MOWHO CHOPMYTHPOBATDH CAEKYIOLUM
obpazom:

Odnopodnas cucrema (9} LMeeT Henyiesvle pelieRus 8 TOM
4 TOABKO 8 TOM Cayuae, xoeda A=0.

Mpumep 1. Cucrema

%294+ 2=0,
dx — 5y + 32 =0, }
2 + Ty — z=0

HMEeT TOJLKO HY/IEBOE pelleHue, TaK Kak
A=33:£0,
[Ipumep 2. Crcrema
x4-g+4z==0,
2x--3y4-22=0,
4x-}-by--4z=0
HMeeT GeCKONEYHO MHOIO HeHyJeBolX peileHnfi, Tak Kaw

111
232
454

Bee pewenns onpegensiorca dopmynamy (10), corsiacho Koropsim

A =0,

x=—1, y=0, 2=t

npu JotoM I,
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Npumep 3. Cucrema

x+y+4-2=0,
242422 =0, }
3x+4-3y+3z2=0

TAKIKE HMeerT GecKOHEYHO MEHOID HeHyJeBhX peleHud, Tak Kak A =0,
B [AHHOM Cyuae BCe MHHODW ONpENeNHTENT A DABEM HYJIO H CHCTe-
Ma CPOJUTCA K OJHOMY YpPaBHeHHIO! X - y-+2=0. JlioGoe pemenne cHc-
TEMH COCTOHT H3 TpeX YHCem: X, y, Z, TR X W y—KaKWe YrOLHO, &
2= — XY

17. Bepuemca K MpOH2ROMLHOH HEOMHOPOIHOH CHCTEMe

ayx+by-t-cz=~h,

agx+byy -+ ez =1k, (1)

agx -+ byy gz = hy.
Mme nowawem, 4T ecau A=0 u cucrema (1) umeer xora Ou
00RO petuerue, TO OHO umMeer OGECKOHEHNO MAO20 DOIAUHRBLX
pewenud.

IycTb 4nena X,, yo, Z, COCTZBAAKT HEKOTOPOE pelIcHHe
cuctTem {1); noacTaBAfAA Xy, y,, Z, B ypaBHenns (1) emecro
HEH3BECTHHX, Mb RNOAYYHM apudMeTHUCCKHE TOXIAECTBA!

a %o+ by 3o+ €20 = hy,
agXy +byyy + 320 = ha. (1
@g%y + byyo t+ c92p = by
BoiutTeMm nosAeddo towaecTtsa {11} M3 COOTBETCTBYOLIHX Yp4aE-
neuntt {1) (nepeoe ToxmecTso (11) BWYTeM H3 MepBOrG ypas-
HemruR cHeTems (1), BTOpOE TONXKIECTRO —H3 BTOPOTC ypaBHe-
HUA ¥ TPEThe TOMASCTRO —M3 TPETLErs YPABHEHNS); NOAydHM:
@y (x—xp) b, {y—yo) + € (2—24)=0,
ay(x—xg) + by (y —po) + ¢y (2—24) =0, (12)
Gy (x—x4) 4 by (y—yo) + c5 (2—2,} = 0.
Bregem oSo3naueHus:
X—Xy=U, Y=y=0, Z—2Z,=W (13)
Tenepp pasenctsBa (12) nepenuwyTes Tax:
au+ b v+ cyw =0,
a,t+bot-cw=0, (14)
agtt -+ by + cgw =10,
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DTC £CTH ORHOPOAHAN CHCTEMA TPEX ypamaeHnl neprol cTemenw
C HEHM3BECTHBIMH K, U, W M ¢ TeMH e koapduuueHTamu npu
HEH3BECTHHX, 4TO M ¥ RauHoH cuctemu (1). Ona HaswBaercs
odHopodnod cuctenod, coorsercrayoutell dannold reodHopodnail
cucreme (1).

Tak kax no ycmosmio A=0, to cornacko n° 16 oaHopoa-
Han cuctema (14) nMeer GeCKOHEYHO MUOTO PAITHYHMX pelleHHH.
Orciona cnemyer, uto u Aaunag cuctema (1) umeer GeckonedHo
MHOTO Pasiuu¥eX pemenuil; UMeHHO BeaexcTsve pasencrtsa (13)
KaKAoMy pelIeHiio #, ¥, w cucTeMul (l14) orsevaer pemen#ae

X = Xy U,
Y=Y T
z=2,+w

cacremn (1), TeM campiM namie yTBepaIeHHe IOKa3awo,

Ha ocnosannn foKazadnoro cpady mnoaydaeM caenyiouiee
NpeAdOHEHHE.

Ecaw A=0 u rakwe A,=A,=A,=0, 10 cucrema (1)
Aubo cogscem He umeer pemenuﬁ ﬂuéo umeeT BecKoHetno MHOZO
pewenud (B nocneideM caydyae mo kpalinelt Mepe OmHO M3 ypas-
Hennfl CHCTEeMH 6yHET CAeIZCTBHEM ,u.pymx; TaKkasg CHCTEeMa Ha-
3nBaAeTCA Heonpedesernod).

Mpumep 1. Cacrema

xty+z=1,
%+%+%=&}
3¢ -3yt 32=4

(ymosnetsopsuiomas  yenosusM A=0,A,=0,A,=0,A,=0) He wmeer
pemseHnii.

B camoM Jene, Zade [epBhie [Ba YPABHEHMS 3TOR CHCTEMEL HeECOB-
MECTHHI, TaK KaK, YMAOKaf® IepBoe 3 HHX Ha 2 M BHUHTAA €ro 3aTeM
NOYIEHHO B3 BTOPOrO, MLl HOJYUHM HEBOAMOMHOE paBeHcTse (=1,

Ilpumep 2, Cucrema

I y—2=t,
bx--2y-+32=2,
8x+3y--2:=3

(yaoBneTBopAwUAn VCNOBHAM A=0, A, =0, A, =0, A;=0) umeer Gecko-
HeuHo MHOro peuenufl. B camom ,ue.ne, T]JETLE YypaBHEHHE 3TCH CHCTEMM
SBNAETCA LVIEJICTBHEM NEPBEIX ZBYX, HMMEHHO, MOJAY44eTcS NPH- HOMOILH
MOYNCHHOFO HX CAmKeHnd. TakuM o6pa3oM, JaHHasl CHCTEMa HMEeT AHulb
IBa CYINECTBEHRHX YPABRHEHHS:

M+y—z=L} )
Sx429432=2
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Lrofp Hafitdu BCE HX COBMECTHLIE pelenud, sanunwiem cucremy (*)
B nHje

ty=1+2,
bx-l 2y =2—32

M GyHeM CUHTATh, UTC HeHsBecTHOH Z sjaech NPefuHcaHo KaKoe-HUGYIb
ugcennoe sHayenwe. Ipnamenssa dopmyder (8) n° 2, Hafigem:

14 2z 1 314 2

_le—ae2i B 52—32[__1 "

=TT31 0 =31 "
152 |52

Yucaa x, Y BMeCTe ¢ YHCNOM 2 COCTaBJAAKT peileHue HARHOH CHCTEMBL;
JIAHHAS CHCTEMA HMeeT OeCckOHEeUHO MHOI0 PA3JHYHBIX pE].[JEHVlI"{, TAK KK
YHC/ACHROE 3HAYCHHE 2 MOXKNO BHGHPaTb [TPOHU3BONBHO.

§ 6. NMouatne ompenesurens moboro mopanka

18. B ofie#t sanaye pemends H HCCASNOBAHHS CUCTEM ypaB-
HCHHA nepBoft CTenmeHH €O MHOTHMH HEH3BECTHLIMH H BO MHOTHX
RPYFHUX BHYHCIMTENBHHIX 32/124aX MATEMATHKH IPHXOIHTCH HMETE
Jeno ¢ ONpedenHTensMM z-ro nopsaka (=2, 3, 4, ...). Te
OpHA OUpeZeAHTENSH NPOU3BOABHOIC NOPAIKA CTPOHTCH B OBWIHX
YepTaX aHaA0THYHO HINOWEHHOH HAMH TEODHH OonpelenHresned
TPETHETD MOPHAKA; OAHAKO PAKTHUECKOE MOCTPOEHHE €& CO BLEMH
HeTaqaMH TpeSyeT paAfa BCTOMOraTe/bHHIX TPENNOWenul H TeM
caMplM MPeACTABAAET HEKOTOPHE TPYAHOCTH, 3Ta TeOpHH, KaK
H Teopusa cucTeMm yparHeHHH nMepBOH cTenmend cO MHOLUMH HEH3-
BECTHHIMH, H3a4raercs B J06GoM Kypce Bucueft aareGpd #).

Me OrpaHNUHMCH NENIb CTAEAYIOWAME YKA3aHHAMA!

1. OnpeneauTens mOpsaka 72 3alaeTcd KsaaparHoH Tad/u-
uell udces {PIEMEHTOR ONpelefHTEAR), MMEIOWER 2 CTPOK H
7 ctonbuor; ofo3HauaeTCs ONpeAeAMTENDb IOPSAKA 71 aHANOTHY-
HO onpenejuTeasM nopaaxa 2 u 3.

2. MUHOPOM HEKOTOPOrO 3JIEMEHTA ONPEIEIHTens nopaixa
BashBACTCH ONPEAENHTENb NOpiAKa 72— 1, Monyuyaemuldl H3 1aH-
HOTO MyTeM BLIYEPKHBAHUA CTPOKH M cToalla, Ha epecedeHuu
KOTOPHX PACOOAOKEH BTOT INCMENT.

3. Anrefpanvyeckoe HOHNONHEHHE HEKOTOPOro 3ae-
MEHTA OTPeAENHTENsl eCTh MHHOP STOr0 3JeMeHTa, B3iTHH O

*#) Cu., nampusmep, «Kypc sucurefi anredpsr A, K. Cywkesuua



272 S7EMEHNTH TEOPHH CNPEAENKTENEN

CBOHM 3HAKOM, eCJR CYyMMa HOMEPOB CTPOKH H cton6ia, Ha ne-
PECEUEHHH KOTOPMX PACHOMOWEN AEMEHT, eCTh YHCID YeTHOoE,
H ¢ 00paTHWM 3HAKOM, eCAM 3TO YHCAQ-—HEYETHOO.

4. Onpenedutend paBeH CyMMe NpOU3BENSHUE  371eMEHTOR
Kakoro-puOyab cToA6Ua (MAH CTPOKH) HA MX anreBpaHyecKie
Xononnenus. TeMm caMwy BHYHCIEHHE OUpexe/HTENd NOPHAKA 7L
CBOIMTCA K BHUHCAGHHIO 72 OnpelenuTedefl mopsaka 72— 1.

5. Bce H3nOMeHHWE HAMM Beille CBOMCTBA ompedeamTeneli
OTHOCATCHA K OHpeNeNdTenam n000ro HOpHaIKA.

IMprsMep. BeuncaaTh onpeseTdress

5446
4957
A=l9585]

2873
Pemenne Paisaras 70T Onpeieintean Mo 2MeMeHTAM BepXHell

CTPOKH, T. €. NPeJCTABASgA €ro B BUIAE CYMMEL IPOHIBENEHRHA SREMENTOR
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