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YK 517.1

B xuure paccMaTpuMBAIOTCA MHOTOYHCIEHHBIE MPUMEPH!
M3 MaTeMaTHUeCKOro aHaiu3a M Teopun QYHKuu# neHcTBH-
TENBHOTO MEPEMEHHOTO0, IeJb KOTOPHX — O6paTHTh BHHMa-
HYe Ha pAj ,OMACHHIX“ BOIPOCOB, Ha KOTOPHIE HEONBITHbI
YUTATENb MOXET JJaTh HelpaBuIbHbIE OTBeTH. Takue KOHTP-
TPYMEPH  CHCTEMATHYECKH NORXOOpaHbLI aBTOpPaMH, ¥ HO-
3TOMY KHHF2 MOMXET CJAYXHTb OYeHb XODOIIHM JONOJHe-
HueM K OOBIYHBIM YyueOHBIM KypcaM. Yacro aBropn He
JIal0T MOIPOGHBIX JOKA3aTEJbCTB, OIPAHMYUBAACH JHIIb
OCHOBHBIMH MJI€SIMH IIOCTPOEHMS] COOTBETCTBYIOUIHX MNpH-
MepoB. IJTO NO3BOJMT YHTATEMO AKTHBHO BKJIOUHTbLCS
B M3yueHHE MaTepHana.

KHura Oyner mnoJe3Ha CTYNEHTaM VHHBEPCHTETOB,
HeIMHCTHTYTOB H BTY30B, H3YUalOIXMM MaTeMaTHYeCKHH
aHaaM3 ¥ Teopuio GyHKIui,

Pedarxyust aumepamypv. N0 MAMeMAMULECKUM HAYKAM

WUna. 2-2-3



OT PEODAKTOPA

[Tpennaraemast BHUMAaHWIO uHTaTeas KkHura ,KourprpiimMeph
B aHaJu3e“ HanMCaHa aMepUKaHCkuMu MareMatuxamu bB. P. Tex-
6aymom u JDx. M. OamcrenoMm. B Heit npuBeleHB MHOTrOUHC/EH-
Hble NMpUMepHl M3 MaTeMaTHYeCKOrO aHa/lu3a W TeOpHH (YHKuMH
JNefCTBUTENLHOTO NEePEMEHHOr0, a TaKXe — B HeGOJBIIOM KOJH-
YyecTBe — NIPUMEPHl M3 TOMOJOTMH M (YHKUHMOHAJBLHOTO AaHAaJau3a.
MHorue u3 HHMX XOpDOLIO M3BeCTHH M MOTYT OHTb HaRIeHH
B TeX WJH HHBHIX HCTOUHMKaX. OIHAKO TJIaBHHIM JOCTOMHCTBOM
KHUTH SABJASETCA MMEHHO TO, YTO B Helt cobpano BmecTe GoJablnoe
KOJIHYEeCTBO IIOJE3HBIX M HMHTEpPEeCHBIX TIPUMEpOB.

ABTODHl Ha3HIBAIOT TNpHUMEpbI, MOMELIEHHBIE B KHHre, KOHTp-
npUMepaMH, MOACHAS B NPELNCAOBHH pa3auuyude MEXLY ISTHMH
nouatuaMi. OXHAKO 3TH TMOACHEHHS NOBOJLHO HeONpeleseHHbI,
W eCad MX NMPHIEPKUBATHCA, TO MHOTHE Pe3yJ/bTaThl N0 KeJaHHIO
MOXHO OTHECTH KaK K HpuMepaM, Tak M K koHrpmpumepam. ITo
HalleMy MHEHHI0, OCHOBHas 1elb GOJbLINHCTBA pasGupaeMblX NpH-
MepoB (IO TePMHHOJOIMH aBTOPOB — KOHTPIPUMEPOB) COCTORT
B TOM, 4T00bl OOpaTHTh BHMMaHHe CTyLeHTOB (M BooOwWe 4uTa-
TeJell), H3yualoIUMX MaTeMaTHyecKutt aHaau3 ¥ Teopuio QYHKUMH,
Ha psii ,ONACHBIX“ BONMPOCOB M MOMEHTOB, INpPU BCTpeuye C KO-
TOPHIMH, HE MMesf IOCT4aTOYHOrO OMNBITA, JEIKO MOXHO 1aThb He-
NpaBH/bHBIE OTBETH WJM K€ HeNpaBUIbHO IpelcTaBasTs cele
HCTUHHYI0 CyTb [Heda. ITUM, B YaCTHOCTH, OOBACHACTCA M 3a-
rnasue KHuru — ,KoHTprpuMeph B aHanuze.

B xHHre HapsaLy ¢ COBCeM NpPOCTHIMH TNDUMepaMH HMeeTcs
JOBOJIbHO MHOTO M CJIOXHBIX. V3/0xeHHe 3a4acTylo BeleTcd Tak,
4TO NOAPOOHBIX JOKa3aTeJbCTB aBTOPbl He AIOT, a YKA3HBAIOT
JAUIUb OCHOBHBIE MOMEHTHl B IOCTPOEHHM COOTBETCTBYIOLIMX NpH-
MEpOB, OCTaBJASAA YHTaTeMoO HNOLPOOHBIE BHIKIAAKM M J0Ka3d-
teabctea. ChenyeT Takie CKa3arb, YTO aBTOPH BEChMa YaCTO
HCHOAB3YIOT Teé WJH HHble Onpejenenuss Ge3 HaMOMHHAHMA M yKa-
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3aHMS MX Jaxe B TOM CJyuae, KOrla OHHM NpHBejeHH B KHHre,
HO COBCeM B JApYrOR rJjaBe W 3HAUUTEJbHO paHblie. [TosTOMY
OT uWTaTe sl KHUTU TpebyeTcs onmpepesieHHOE 3HAKOMCTBO C OCHO-
BAMM MaTeMaTHYeCKOro aHaausa M Teopuu oyHkuu#. Jlis noHu-
MaHHM# MHOTUX PasjesioB KHUTH JOCTATOYHO 3HAHHA BTY30BCKOTIO
Kypca MaTeMaTHKH, HO HEKOTOpBEe IpyTrHe pasieianl TpebGyloT
MaTeMaTHyeckoit MOATroTOBKH B oObeMe MNEPBHX TpPeX KYpPCOB
MaTeMaTuyeckux «aKyJabTeTOB YyHuBepcuTeToB. B cmiay ckasau-
HOTro npejjiaracMas KHAra He fBAseTcs y4eOHMKOM, MO KOTOPOMY
clejyeT HauMHATb M3y4YeHHE aHaJH3a.

3aMeTHM ellle, 4TO B KHHTe He BCerja OTMeuaioTcss aBTOPHI
TPUMEpPOR, M 3TO YACTHYHO ONPAaBIBIBAETCHS T€M, YTO HHOrJ4 MX
BoOOlEe TPYLHO YCTaHOBHTb. TeM He MeHee HaM NpeJXCTaBJAeTCd,
YTO aBTCPO3 HEKOTOPHX LIHPOKO H3BECTHHIX IIpPHMMEPOB CaAej0-
Bajgo OB YyKasaTb (HampuMep, Ha:BaTb HMEHaMM HX aBTOPOB
¢yukuun  Jupuxie u Pumana, o KOTODHIX 4YacTO TOBOPHTCA
B KHHre). B CB#3H C 5THM B HEKOTOPBIX MeCTaX MBI CLeJasH
coOTBeTCTBYWOUIMe NpuMeuyanusi. Kpome Toro, uwacrs Hamux npu-
MeuaHuil OTHOCHTCA TaKXKe K 3aMEYCHHLIM HeTOUHOCTAM, eCJIH HX
ucnpaejenve He OwJio EHeceHO HaMu B Tekct. O conmepxanuu
KHHTH MOXHO CYIMTb NO OIJAaBJEHHIO, B KOTOPOE BEIHECEHH!
noanble (GOPMYJAMPOBKH NPHBOIMMEIX NPHMEDOB.

Mp nymaeM, yTo NpeiJ/araeMas KHura OyieT IOJe3HA IIHPO-
KOMY KpYTy Jull, U3yyaloUIMX MaTeMaTHUYeCKMH AaHAIM3 U Teo-
puio ¢yHKuu#, 0cOGeHHO CTYNeHTAM-MaTeMaTHKaM YHUBEDCHTETOB
u nexaroruyeckux Bysos. Owna Gylner, BepoaTHO, HeGe3niHTe-
pecHa u CIleuMaduCTaM-MaTeMaTHKaM, B TOH MM WHOH cTenmeHn

MHTepECYIOIUMCS AHATH3OM.
I1. JI. Yabauos



NPEJUCINOBHE

Lctunno nu yteepwaenne S?¢ — 970, noxanyil, nanGoee
TUIOAUHBIA I/ MaTeMaTHKH BOIPOC, KOI'LA YyTBePKAeHHE uUMeeT
ul: ,Kaxnbift sjsement kiaacca A NpHHALMEKHT TaKkKe KJaccy
B: A — B“. lokasarp, 4To T0100HOE YTBEPWKAECHHE UCHMUKHO, —
3HA4MT 10KasaTh BrJioueHne A < B. JlokasaTb, 4TO OHO £0dk-
HO, — 3Ha4YUT HalTH dJeMeHT KJacca A, He NpHHAANeKauH
kJaccy B, MHBIMH C/OBaMH, NPUBECTH Kowmpnpumep. Hanpu-
Mep, ecau yrBepxienne S TakoBo: ,Kaxcnas HenpepniBHas ¢yHK-
uust puddepeHuupyeMa B HeKOTOPOR TOYKe*, TO MHOMXecTBa A
U B cOCTOST COOTBETCTBEHHO M3 BCEX HeNpephIBHMX (yHKiUH
1 Bcex (ynkuufi, AuddepeHIUPYEMHX B HEKOTOPHIX TOUKAX.
WssectHnift xe npumep Beflepmitpacca HenpepblBHOH, HO HHUrAe
He nuddepeHuupyemoit dyuxuuu f (cM. npumep 8 ra. 3) sBasercs
KOHTpNpHMepOM L BrJIOUeHHd A < B, nockoabky f asasercs
aneMeHTOoM A, He npHHagdexawuMm B. Puckys Bmactb B ypes-
MepHOe YIpOLleHHe, MOXHO CKa3aTh, YTO MaTeMaTHKa (3a MCKJIO-
YyeHHeM oONpeleseHHH, YTBepkLeHUH U BBHIKJIALOK) COCTOMT U3
IBYX yacTeft — NOKa3aTeNbCTB M KOHTDPNPHMEpPOB, a Mare-
MATHYECKHE OTKPHITHS COCTOST B HAXOMXIEHMH [OKA3aTeqbCTB M
NOCTPOEHNH KOHTpNpHMepoB. DBOablllag uacTh MareMaTHYeCKHX
KHHT NOCBSillleHa [I0KAa3aTelbCTBY BepHHIX yTBepxieHufl. B Ha-
cTosIllel KHMre Mbl ofpauraeMcsi K KOHTpPHpHMepaM A4S JIOKHBIX
YTBEPKAEHHA.

Boo6uie rosops, npuMepbl B MaTéMaTthke OwIBAIOT 1BYX
THIIOB — W/UIIOCTPATHBHBIE NpUMepH M KOHTpmpumephl. Ilepsbie
MOKA3EIBAIOT, NOYEMY TO H/IM HHOE YTBePMIAEHHE HMEeT ‘CMEICI,
a BTOpHIE — [1I0YeMy TO M/M KHOE YTBepKIeHHE JHLIEHO CMBICJA.
MoxHo yTBepkiaTh, UTO 40604 TNpuMep SBJASETCS B TO Ke
BpeMA KOHTPHNPUMEPOM LISt HEKONOPOo20 YTBEPKIEHHSA, a MMEHHO
I YTBEPWAEHHA, UTO TAKOM MpHMep HeBO3MOXKeH. Mpl He xe-
flaeM NPUAABATb TEPMUHY KOHMPRpuMep CTOMb YHABEPCAAbHBEIR
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CMBICJ, HO JAONYCKAeM, YTO €ro 3HaueHHe [OCTaTOYHO IUMPOKO,
yTOObl BKJIOYHTH B ceOsl BCe IpHMephbl, POJab KOTOPHIX He Orpa-
HUYMBaeTCA WJOCTpauuei BepHBIX TeopeM. Tak, Hanpumep, mo-
JUHOM KaK MpHUMep HelpepHIBHOX (YHKUUM He eCTb KOHTPIPH-
Mep, HO INOJUHOM KaK NpHMEep HEeOTrPaHHYeHHOH WM HelepHopH-
uyecKoft OQYHKUMH ssasgemcs KoHTpnpuMepoM. IlomoGHeiM e
006pa3oM KJacC BCeX MOHOTOHHBIX (YHKLHME Ha OTpPaHUYEHHOM
3aMKHYTOM HWHTepBaje Kak KJacc HHTerpUPYeMbIX (YHKUMH He
€CTb KOHTPHpHUMED, OLHAKO STOT e caMbifi KJacC Kak mpumep
(DYHKUMOHANLHOTO, HO He BEKTOPHOTO NPOCTPAHCTBA A8AAEMCS
KOHTPIPUMEPOM.

Kpyr Janm, nag KOTODHIX mpeiHa3HauaeTcd 3Ta KHUT4, HAO-
BOJbHO IWIMPOK M pasHooOpased. Doubmad dYacTh Marepuana
JLOCTYNHA CTYAEHTaM, KOTOpbe elle HE B3aKOHUMJIM H3yueHHe
HAa4ya/NbHOTO Kypca dHaIM3a, a TaKkKe MOXKeT ObITb I0Je3HON
npenoiaBaTessaM AJd HUIOCTPAaUMM  OIMOOK, BO3MOMHEIX TPH
u3yuenuu asanusza. CryoeHTHl CTapIIMX KYpCcOB Ha#IyT B Hed
TOHKOCTH, KOTOpDble OOBIYHO He paccMaTpuBaloTcd B yueCHHKAX.
CryeHTEl - IHIVIOMHUKH, TOTOBSUIMECS K BHIMYCKHBIM 3K3aMeHaM,
MOTYT HONOJIHATL CBOM 3amac BaXKHLIX NPUMEPOB, OTPAHMYHBAIO-
mux o00JacTh CIpPaBelHBOCTH H3yYeHHBHIX paHee TeopeM. Mnl
HaleeMcd, YTO M CHELMaTUCTHI-MaTeMaTHKH HalIyT HEKOTOpHE
MecTa KHUI'M JOCTOHHBIMH BHHMAHHSL.

CoGpanHble B 9TOH KHHIe KOHTPNPUMEPHI HOYTH LEJIHUKOM
OrpaHuyMBalOTCs 061acTbI0 aHA/AM3a, H3BECTHOR IOL Ha3BAHHEM
TeOpHH (yHKUUA ZefcTBUTeabHOTO MepeMenunoro. OpHako cpelwn
HHX €CTb HECKOJbKO NMPUMepOB M3 00JacTH METPHUECKHX H TO-
IOJIOTHYECKUX MNDOCTpaHcTB. B HeKOTOpHX NpuMepax HCMOJb-
BYIOTCH TaKMKe KOMILIeKCHBle Yucjia. Mbl OTHIOIb He NIpeTeHayeM
Ha nonaHory. Hecomuenno, MHOrMe unraTend He BCTPETAT CBOHX
JIOOUMBIX TIPHMEPOB B 3TOH KHHUre, KOTOpas, HYXHO NMPU3HAThCH,
cocTaBjeHa Mo Hawemy coGCTBeHHOMY Bkycy. Hexoropwie mpo-
NYCKH CcHeJaHbl HaMM YMBILJIEHHO U OOBACHAIOTCA JHOO Helo-
CTaTKOM MecTa, JM6O Hawlumu BKYCaMH, IPYTHE BHI3LIBAIOT U
Yy Hac HCKPEHHHE COXaJeHHus.

DTy KHHFY Helb3sd CUNTaTb Y4YeOGHHKOM, XOT® OHA MONKeT
CHYXHTb MOJIE3HBIM LONOJHEHHEM K HEKOTOPHM YueOHEIM Kypcaw.
Ecan xakoe-nmb60 MeCTO KHHUTM HOKAXETC YHTATENI0 CJAMIIKOM
TPYAHBIM, MBI COBeTyeM IPOMYCTHUTb €ro M MOUCKATh YTO-AH60
6oJjee uHTepecHoe janiblie. Hamu Onia npeinpHHATA NONBITKA
PACIONOKHTL MATEPHAT NO CTENEHH TPYAHOCTH 0OPH TNOMOLIH
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pacrooXeHus riap, BbLIENEHHS NOLOOPOK BHYTPH IaaB M MO-
paika mpumepoB. IIpeanmoJaraercs, 4TO UHTaTelb 3HAKOM C 3a-
TPOHYTHIMH B KHUIe BONPOCAMM, BBHMLY 4Yero MaTepualr H3ia-
raercs € MUHMUMyMoM moscheHuft. Kaxnas riasa HauuHaercs
C BBeleHUd, The INPUBOAATCA 0003HAYEHHHA, TEPMUHOJOTUSA HU
onpeneNeHHd,  a TaKxke 1alOTCA (OPMYJIMPOBKH BarHEHIIHX Teo-
peM. B KoHue xHUTM noMeuieHa ofmupHas Oubauorpadus, Ha
KOTOPYI0 [Ie/MdloTcsl 4acThle CCBIIKH B TeKCcTe. OTH  CCHUIKH
NpenHa3HayaloTCd Kak AJa  TOTo, 4YTOOH TOMOYL HUTATENIo
B OTHICKAHHM JadbHeHilelt uHDOPMALMH, TaK M L4 TOrO, 4TOOH
BO34aTh IaHb YBAXEHMS aBTOPaM YHOMAHYTHIX counHeHnH. Ecnu
yKa3aHus Ha aBTOPCTBO TOTO HJM HHOTO KOHTPIPHMEpa OTCYT-
CTBYIOT, MBI HCKDeHHe coxaneeM o6 3ToM. Bce aTn mpomyckn
HOCAT HenpejiHaMepeHHBIN XapakTep.

B 3akmioueHue Mbl BBIpaKaeM HaJleXIy, YTO UMTAaTeNM STOH
KHHFH TOJY4YaT CTOMbKO e YNOBOJBCTBUA M MNOJb3H, KAK U ee
asropul. Hamr co6cTBeHHBIR ONBIT 7aeT HAaM OCHOBaHHe YTBep-
KIaTh, YTO MaTeMaTHyecKas 3ajlaya, pelleHHas INpPH IOMOLLH
KOHTPNpUMEDA, CTOMb e YBJIeKaTeJbHa, KAK OCTPass 3aXBAThi-
Bawomias nbeca. [1o HalleMy MHEHMIO, MHOTHE M3 CaMbIX TIyOOKHX
M M3SIIHBIX MaTeMaTHUYeCKUX OTKPHITHH OTHOCATCA K 3TOMY
KaHPY.

5. P.T.
SpsuH, Kaudopuus Howc. M. X, O,
Kap6ounne#in, Wanunoiic '
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CUCTEMA JEWCTBUTEJbHBIX YUCE

Beenpenue

Mnb HauuHaeM C BBeleHMA HEKOTOPHX OCHOBHHX Olpelese-
Huit ¥ 0603HayeHHH! aHa/IM3a, KOTOPHE SBISIOTCH CYLIeCTBEHHBIMH
LS LaHHOM ryaBEl. OTH onpeleseHns W 0603HaueHHs JAOTCH
B COKpallleHHO# ¢opMe ¢ MHHHMyMOM nosicHeHu#t. [as Gouee
HOAPOGHOrO O3HAKOMJICHUS C HHMH CJeLyeT OOGPaTHTbCH K KHH-
ram [16], [17], [19] n [31] (cM. 6ubanorpaduio).

Ecan A — npoH3BoJbHOE MHOXECTBO 9JEMEHTOB, TO yTBep-
WIEHUE ,ILeMeHM 4 NPUHAdedcum MHONCecmsy -A* CHMRO-

JIHYeCKH 3anucHBaeTcs Tak: @ € A. 3anuch aéA 03HAYaeT, UYTO

3JIEMEHT @ He TNPUHAILJIEXKHUT MHOXecTBY A. Ecan A u B — MHO-
WKECTBA, TO yTBepxiieHue ,A A845emcA NOOMHONMECMEOM MHO~
acecmsa B (cumBoanuecku A < B) osHauaer, uTo KaxAblH sie-
MEHT X MHOXeCTBa A NpHHANLICKHT H MHOXeCTBY B; mocielnee
PaBHOCHALHO MMOIHKauuH X € A=> x € B'). Bupaxenue mozda
i mosbKo moz20a MH- yacTo OyleM 3aMeHATb CUMBOJOM &5.
IOas ynoGcTBa s/eMeHTH MHOMXECTB 4YacTo OyAyT Ha3bIBaThCA
mouxanmu. 3amuch - {a, b, ¢, ...} 0603HaYaET MHOKECTBO, CO-
crosiee M3 3/1eMeHToB @, 0, ¢, ... . CumBon {...| ...} ucnonn-
3yercs MU 0003HAYeHHS MHOMXKeCTBa, OOLHUE 3JeMeHT KOTOpPOTo
3aMMCHIBAETCA Mexly nepBoit (urypHoR cKOOKOH U BepTHKAJIb-
HOM uepTOH, a ONpeiessolMe 3TO MHOXECTBO CBOHCTBA 3amK-
CHIBAIOTCA MEXJIY BepTHKalbHOR uepToH M BTOopoit durypHo#
ckoOkolt. O6GbeanHeHHe M TMepeceyeHHe JBYX MHO-
wects A u B onpenensiorcs ciaenyownm o6pasom:

AUB={x|x€A um x€B},
AnB={x|x€A, x¢€B},

1) 3Hak => cJaejyeT NOHMMATb KakK ,Baeder®,— [lpum. nepes.
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NpH STOM 3amsras B NocAenHed (opMyle 3aMeHsieT COW03 ,4%.
PasnocTbio MHOXKecTE A M B HasbBAeTCI MHOXKECTBO

AN\B={x|x€4, x¢{B).

Ecau paccMaTpuBaloTCsl MHOXKeCTB2, KOTODHE BCe ABIAIOTCH
NOJAMHOXECTBAMH HEKOTOPOTO OCHOBHOTO, YHHBEPCANbHOTO MHO-
sectBa S, TO pasHOocTh S\ A HasbiBaeTCd L OMOJHEeHHeEM
mMHOxecTBa A W oGo3Hauaerca cumBoioM A’. BooGue xe pas-
Hoctb A \ B HasnBaeTcd nOomOJHeHMeM MHOXecTBa B
OTHOCHTeJAbHO A.

Ina o0osnaueHus NyCTOr0 MHOXECTBA, T. €. MHOXECTBA,
He COJEpPKalero HH OAHOFO SJEMEeHTa, MCHOAb3YEeTCS CHMBOJI ().
Ecim A n B — 1Ba HeNMyCTHX MHOXeCTB4a, TO UX HE€KapToO-
BHM npousBeleHueM A X B Ha3HBAeTCI MHOXECTBO BCeX
ynopsnoueHHHX nap (e, b), rie a € A, a b€ B, rak uro

AX B=/{(a, b)]a€ A, bEB).

Ecmu (e, b))€EAX B, To a HashBaercs NepBO# KOOPAH-
HaToH snementa (a, b)), ab—ero BTOpoOli KOOpPLUHATOH;
nepBad M BTOpag KOODAMHATBI TaKWke Ha3HBaWICI NpPOEK -
nuamu. JlioGoe moamHOMNKeCTBO p npousserenus A X B Hasbi-
Baercsi otHomenuem us A B B. Takoe orHoulenne f Hasbli-
Baercs pyHxuuelt u3 A B B, ecln HHKakue 7Ba DPas3/IHYHEIX
sJleMeHTa M3 [ He MMET OIMHAaKOBHX HNEePBHIX KOOPIHHAT.
YcaoBuMca 0003HAYaTh BLIDAKEHUS ,Cyujecmeyem” WM ,Cyuje-
cmeyrom* KBaHTOPOM, CyLIeCTBOBaHuS , a C/IOBA ,maKue, imo* —
cumBosioM 3. Torma o6aacTb (MJIM MHOXECTBO) OIpe-
LeaneHus D=D, n o6aacTh (411 MHOXECTBO) 3Ha-

ueHu#t R=R, ¢QyHKuMH [ onpereisioTcs Tak:

D=D,={(x[Ayd(x. YE S}
R=R,={y|3x3(x, Y Ef}.

Bynem rosopuTb, uro pynkuusa f (um otobpaxeHnue)
onpeneneHa Ha A, ecim ee MHOXKECTBO ONpeNEJeHHS COB-
nanaer ¢ A; B obueM ke cayyae GyneM FOBOPHUTb, uTO fomnpe-
neaeHa s A. Bynem HasbiBaTh f QyHKIMeR CO 3HAUYEHHUSIMH
Ha B, eclu ee MHOXECTBO 3HaueHuH cosmajaeT ¢ B; B o0lueM xe
cayuae GyleM FoBOPHTb O (YHKuMH f cO 3HaYeHHAMH B B,

Tosopsar, uro ¢yHkuus f u3 A B B oCyweCTBASET BBAUMHO
ONLHO3HAUYHOE €OOTBETCTBHE Mexay A M B, ecau ona



Cucrema OJdeilcTéurensHblx 4ucen i3

aBAAeTCH (pyHKuueH, onpereneHHoH Ha A €O 3HaueHusAMH Ha B
M NPUTOM T4dKOM, YTO HUMKaKHe [Ba Da3AMUHBIX 9JMeMeHTa u3 f
HE HMEOT OIMWHAKOBHIX BTOPHX KOOpDAMHAT. SHAUYEHUAMH
dyukunu f HasbiBalOTCA 3JeMeHTH MHOMecTBa R, Ecanm ¢yHk-

uuss f ocyiuecTbisseT B3aMMHO OJHO3HAYHOE OTOOPAXKEHHE MHO-
xectBa A Ha MHOxecTBO ‘B, TO dyHKUHMS

Fh = 0| EF,

KOTOpad MOJyYaerTcs, eCAH MOMEHATb MecTaMMu 00/acTb onpeje-
AeHus W o6JacTbh 3HaueHUH GyHKUMM f, HasbiBaeTcs oOpaTHOH K f.

2 L6 (e z
B B. B

a — oTHOUEHHe M3 A O 3HAUEHHSIMM B B; 0 —o0THOeHHe Ha A €O 3HaueHUAMH B B;

8 — OTHOIeHHe Ha A O 3HaueHusaMu Ha B; z— dyHkuus us A co 3Hauenusmu B B;

0 — ¢yuxkunst Ha A co BHayewuaMH B B; e— ¢yHKuus Ha A €O 3HaueHUsMH Ha B;
% — B3aMMHO OJHO3HAYHOE COOTBETCTBME; 3 — NOCTOSHHA (DYHKUUA.

ITocTossHHO#H GYyHK LU eH HagbiBaeTCd QYHKUMA, MHOXKECTBO
3HayeHU# KOTOPOH COCTOUT M3 OLHOH TOUKH.

Pasnuunble Tunnl OTHoweHUH ¥ GYHKUMA ykasauwl Ha pHc. 1.
Bo Bcex cayuasx B KauecTBe MHOXeCTB A M B B3aT 3aMKHYTHIH
esuHuunsit uaTepBan [0, 1], cocroswmuit u3 Bcex AeHCTBUTENb-
HEIX uxcea x, takux, 4ro 0 Cx < 1.

TMycrs f — ¢yHkuus, onpenesneHHas Ha A M npuHUMAIOWas
sHaveHus B B. Mpl OyleM 3anuchiBaTb ee ABYMS CJeLyIOLLHMH
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cnocobamu:
f: A—B,

A-LsB.

Ecau x—ﬂpOHSBOJleHﬂ 2JIEMEHT MHOXeCTBa A, TO CYUIECTBYET
B TOYHOCTH ONMH 3JIEMEHT Y MHOXecTBa B, Takoft, yro (x, V)€ f.
Sror saement y MHOxecTBa B Mb 6yIeM 00603HaYaTh CHMBO-
oM f(x) u 3anuchiBaTh

y=r(x).
Jpyrue cnoco6ul 0603HaYeHHS PYHKUUH:
fry=f(x) x€A yE€B
frx€A f(x)EB
y=f(x): x€A, ye€B.

Ecan xe M3 KOHTeKcTa sCHO, uTo obo3HauyeHue f(x) mpencra-
- BASeT (PYHKHuo, a He NPOCTO- ORHO U3 ee 3HayYeHHH, TO MhI
6yneM NMOJb30BATHCA TAKOH 3amMUCHIO:

f(x): x€A.

Ecmu f— dyuxuus ¢ oGnacrbio onpelenenns D, a S apasercs
noximMHOXecTBOM D, To cykeHueM @yHkuuu f Ha S HasH-
Baercd ¢yHkuus g, o67acTb onpeleleHHS KOTOpOH ects S m

TaKas, 4To
€SS g(x)=f(x).

MuoxecTBo sHaveHu# cyxeHus f wa S Mbl GyzeM o6osHauaTh
cumsoaoM f(S). Takum oGpasom,

FSO={ylFx€ S>3 f(x)=y}.

Ecmn g aBasierca cyxenueMm f, 10 f Mb Gylem HasblBaTb Mp O -
LOoNKeHHEM &. ; '

Nycrs f u & — Takue QYHKLUMH, YTO MHOXECTBO 3HaUeHHH &
ABJSETCA NOIAMHOMeCTBOM o6aactu onpepetenus f. Torna kom-
nosuunel fog ¢ynkuult f u & HasnBaeTca QYHKLHS, 3Haue-
HHe KOTOPOH BO BCsIKOH TOuKe x 06/acTd onpeneieHus QyHKUUH &
ecTb f (g (x)); Kopoue, komnosuuuel yuxguu f(u) v Hynk-
yuu u==g(x) nasmipaerca gynryun y= f (g (x))1). (Cneayer

1) B cOBETCKOH MaTeMaTHUECKOH NUTEPATYPE BMECTO TEPMHHA ,KOM-
NO3HLHA“ HAaCTO HCMOJAb3YETCH TEPMHH ,cyneprnosuuua*.—ITpum. peod.
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3aMETHTb, YTO KOMMO3MLMS f u g, BooOule roBopsi, He COBMa-
IaeT ¢ KOMNosuuue# g u f; xourpmpumep: (x - 12 +# x2-4+ 1))

Ecan A — Henycroe MHOXeCTBO, TO BCAKas GYHKUHS, ONpe-
nenennan B (a) A X A co 3HaueHusmu B A, HasbiBaeTcd G -
HapHOHW onmepauueh B (ua) A. B knaccuueckot apupmeTuke
CyuleCTByIOT IBe OCHDBHbIe 6HHaprle OonepauMu: CJAOXKEHUE H
YMHOXeHHe. MHOrMMM CBOMCTBAMH 3THX apH(METHUECKHX one-
pauuft 061ana0T K ONepauuu B §ojiee aGCTPAKTHHIX MHOMKECTBAX,
NIOSTOMY ROC/ELHHE COXPAHSIOT Te e Ha3pauusd. Ecav Gunapuas
omepalus HasbiBaeTCs cJaOKeHHeM H ecid z2=F((x. y))
TO HCNMOJb3yercsl U OOHyHAA 3anmuch z = x~-+y. Ecaun OunapHas
onepauus G HasbiBaeTcs yMHOXeHHeM H ecan 2 =0 ((x, y)),
TO Z, KaK OOBIYHO, 3aNMHCHIBAIOT B BHIE Z=X) WIH Z==X" Y.

Onpenenenue I. Henycmoe muosxecmso F nasvsaemces
nosenm, ecau Ha F onpedesenst Ose Gunapnsie onepayud,
Ha3b8aemble CAONCEHUEM U YMHONCEHUEM, npUtem

A. nng cnoxeHusn:
(i) cnpasedsus saxon accouuamusﬂocmu
x 9 2€F=2x+(+ )=+ N+2
@ii) 3 ssemenm 0 muomecmsa F, marod, wmo
XEF=>x40=ux,
(iii) x EF=>3(— ) EF3 x4+ (— x)=0,
(iv) cnpasedius 3aKor KOMMYMAMUBHOC MU
X, VEF=x+y=y+x;
B. nna ymMmHOXeHus:
(i) cnpasedsus 3aKon accoyuamusnocmu
x, ¥, 2EF = x(y2)=(xy) 2,
() 3 ssemenm 1 unomecmsa F, maxod, umo 1 +0 u
xEF=>x-1=ux,
(iii) x€F, x+0=>TAx'1€F3x.x1=
(iv) cnpasedrus 3axoH xouuymamusuocmu
YEF = xy=yx;
C. nad cHoXeHUST H YMHOXKEHHUA:

cnpagedsus 3aKonH oucmpubymusnocmu (mounee
VMHOMCEHUE OUCMPUBYMUBHO OMHOCUMEAbHO CAONCEHU)

% ¥ 2€F=2x(4-2)=xy+xz.
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Onement O noxs F u3 n. A (ii) Ha3biBaercsi Hy e M (MK aiiu-
TuBHOH enmnuue#t) nons F. Daement (— x) noas F us m. A (iii)
Ha3blBaeTCd NMPOTHBOMONOKHB M (HIN alAUTUBHLIM obGpar-
HHM) 1 x. Dunapuas omepauus x — y, onpeiejensas Qop-
Mmysnofl ¥ —y==x-}(—y), Ha3bIBaeTCA BHIYUTaHHEeM. Dle-
ment 1 u3 n. B(il) HasbBaeTcs elMHMLeH (MIM MyJNbTHILIM-
KaTHBHOH enunuued) moas F. Oaement x~! moas F us n. B (iii)
HaspBaeTcd 06 paTHH M (MIH MYJbTHILIMKATHBHEIM OOpAaTHBIM)
nns  x. DuHapnas onepaums x/y, omnpenenennas ¢opmyJaoit
x[y=xy~l, roe y=0, HasmBaercs neneHnewm. J[exenue -
aBJiseTcd OuHapHOK onepaunefi B F u He sBasercds OGuHapHOH
onepauuet Ha F, Tak kak ,Ne/neHue Ha HYAb® HCKIIOUaeTCH.

Henycroe muOxectso G HaswiBaercss rpynno#, ecad Ha G
onpejenena OWHApHas omnepaiuusi, KOTOPYIO MB OGO3HAYMM 3HA-
KOM —} M HasOBeM ClOXeHHeM, NpHuYeM 3Ta omepauus obnaaaaer
cBoficTBamu A (i), (ii) u (iii) (B 9TOM cayuae rpynna HasmbiBaeTCs
a0dumusnoli). Ecav ke, KpoMe TOTO, CNpaBelLJHB 3aKOH KOM-
MyTaTHBHOCTH A (iv), TO G HasbiBaeTcss ab6eeBOH HIH KOM -
MyTaTHBHOM} rpymno#i. Takum 006pa3om, BCAKOe Noje OTHO-
CUTENILHO CJOXKeHHusA . oOpasyer aleseBy aiIWUTHUBHYI TIpynny.
A MHOXeCTBO HEHYJEBHIX 3JeMeHTOB NOMT o6pasyer abeseBy
MYABMUNAUKAMUBHYIO TPYIIY OTHOCUTENIBHO YMHOXEHHS.

Onpenenenne ll. Ynopsdouennom nosen na-
3uisaemcs nose F, codepicaujee noomnoncecmso P, maroe, umo
(i) P samxnHymo omHocumesvHO CaodceHus, m. e.

x€P, yeP=Sx—+yEP;
(ii) P 3aMKHYMO OMHOCHMENBHO YMHONCEHUS, M. €.
xEP, YyEP=>xyEP;

(iii) x €EF => cnpasedaugocms u npumom moavko 00HO20
U3 Caedyomux mpex ymsepucoenuli:

XEP; x=0;, —xEP.

Aaemeum x noas F Haswsaemcs noroscumersvHbs M,
ecat xCP, u ompuyamesrvuv s, ecau —x CP.

HepapencrTsa B YNOPSIOYEHHOM MOJE ONPEAENSIOTCS B Tep-
MHHaxX npuHapnexxocTH k P. Hanpumep,

x<ySy—x€P;
x>yx—yeP wm x=y.
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Eciu F — ynopsazoueHHoe mode, To (pyHkuma f, onpeneneH-
Has B F m npunumalomas sHauenus B F, HaswiBaercs BO3pa-
cralomel (Mam HeyOHBaouie) HA HEKOTOPOM HMOIAMHO-
wecTBe A cBoell o6aactu onpeneneHus, ec/u

XYEA x<y=>F)<f)

dyHxuust f HasbiBAeTCH CTPOTO Bo3pacTawumel Ha A,

eciiu
XYEA xy=>f(x) < f (Y.

Tepmunbl yO6wmBaonias (WM HeBO3pacrallasa) M
cTporo yO6unBalouas GYHKIUA OMNpelesOTCs aHAJIOTHUHO.
PyHKUNA Ha3HBAETCI MOHOTOHH OH Ha HEKOTODOM MHOXeECTBe,
€ClH OHA SIBASETCS BO3pACTaloLled WM yOHBAOWEd Ha 3TOM
MHoxectBe. Herpyano narts u onpelesieHHe CTDPOTO MOHO-
TOHHOHR ¢yHKUMU.

Ecmu F — ynopsinouenHoe nose, To a6CcoN0OTHAA BeJH-
unHa | x| snementa x €F nonaraerca pasuoll x 8 cayuae x >0
U —x B cayyae x < 0.

Humxe npuBOAMTCS HeCKONbKO CTaHAapTHHIX CBOHCTB abco-
JIOTHO! BeJMUMHH (Tde X, Y, €—-3JeMeHTH YNOPALOYEHHOTO
nojsa F):

@ x>0 |x]|=05x=0;

@) ley[=[x]-ly]:

(iii) eciu € >0, To [ x| < eSS —e < x <&

(iv) HepaBeHCTBO TpPeyTrOJAbHHKA:

[x+yI<| x|+

(V) |x|=V % 1. e. | x| ectb euncraenntit 9/ICMEHT MHO-
wecrsa P U {0}, xBanpar xoroporo pasen x%

@) || x]—y][<|x—y].

Ecan F — ynopsanouennoe none u @, 6 €F, a < b, 10 cae-
LyollHe MHOXECTBA HA3HIBAIOTCH KOHEUHBHI MU HIH OTPaHH -
YeHHB MU HHTEPBANaMU:

OTKPHTH H: (a, y={x|x€F, a < x < b},
3aMKHYTH H: [a, f]={x|x€EF, a L x b},
NMOJAYOTKPH TH i

(M1 TOMY3aMKHYTHIK): [a, )={x|x€EF, a L x < b},

MONYOTKDPHTEH |
(un moNy3aMKHYTHIA): (a, b= {x|xEF, a < x b}

2 3ax. 587
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BecxoHeuHbe HIH HeOTpDAHHYEHHBIE MHTEPBAIH
onpelesslOTCA TORLOOHBIM e 0Gpa3oM:

OTKPBITH H: @, foo)y={x|x>al,
OTKpHTH H: (—oo, @)={x|x<al,
3AMKHY TH i la, +o0)={x|x >a},
3aMKHYTH H: (—oo, al={x|x < a},
OTKPDHTHHA H 3aMKHYTH H#: (— o0, +o0)==F.

OKkpecTHOCTHIO TOUKH @& ynopsnoyeHHoro noas F Haswl-
BaeTCA OTKPHTHIH wHTepBan Bula (@ — €, a -} €), rie &€ — nonao-
AuTenbHbI#E 9jMeMeHT nosas F. D1y OKpecTHOCTh MOXHO 3aMHCaTh
TaKXKe B TeDMHHaX aGCOJIOTHBIX BeJHUUH:

N(a, e)=(a—¢, a+e)={x||x—a|<¢e].

[IpokonoTo#f OKPEeCTHOCTHIO TOUKH 4 HAa3bBaeTCH
OKDECTHOCTb TOYKM @, H3 KOTOpOH HCKJIOUeHa caMa TOYKa a.
Taxkum 06pasoM, NpokoJsoTas oKpecTHOCTb D (@, €) TOYKM @ Aad
HekoToporo & > (0 ompenensieTcs Tak:

D@ ey={x|0<|{x—a|<e}]

BuHaphbie onepauud max u min Ha F onpeneasorcs cre-
Lylouum obpasom:

X, ecm x>V,
max (x, y)z{ v ecmn x<y;
y, ecam x>V,
min (. Y)E{ x, ecmn x < Y.

Ecan F — ynopdazouerHoe mnoje, # €F u x < u 14as BCIKOTO
3eMeHTa X Henyctoro Muoxecrsa A Ttouexk moas F, To # Ha-
3biBaercd BepxHe# rpaHbio A. Hemycroe muoxecteo B F
HashiBaeTcs orpaluueHHHM cBepxy B F, ecan B F cyue-
CTBYeT 3JEMeHT, KOTOpHf fBJAfgeTCA BepxXHe#l TrpaHbl0 9TOro
MHOKecTBa. Ecau s aB/seTcst BepXHefl TpaHbio A ¥ ecan § MeHblne
BCAKOH IpYroff BepxHeit rpand A, TO S Ha3HIBAETCS TOYHOH
BepxHell rpansio A M ofosHavaercs Tak: §=sup(A)=
=sup A. AHaJIOTHYHO OnpeJeNsIOTC HUKHAA IPaHb, OTpa-
HUYeHHOCTb CHH3Y M TOUYHAs HUXHAA rpans, 06o-
aHayaemas uepes i =—inf (A)=inf A, Henycroro muoxecrsa A.
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Onpenenenve IlIl. I[Toanwum ynopaoouwenuno u
nosrem Ha3wsaemcs ynopadouennoe nose F, 8 womopom
048 Kaxnc0020 HenyCmoz20 nOOMHONECMBE, O02PARUHEHHOZ0
ceepxy 8 F, cymecmeyem moinas 8epXHAA 2PAHb.

Jlo6re nBa noaumx ynopasoueHHux noas F u F/ uzoMmopouu
B TOM CMBIC/JE€, YTO CYLIECTBYeT B3aHMHO OXHO3HAYHOE COOTBET-
crBie X <> x’, rie x €F u x’' €F’/, coxpansioulee OHHapHbie
onepauMH M TMOPALOK, T. €.

ey =x"+y, () =xy, x<ySx' <y
(Hoxasareasctso cM. B [37], crp. 128—131.) C Touku 3penns

CMPYKmMyYpPs. CUCTEMA LeHCTBUTEJIBHHX 4HCeJ OJHO3HAYHO ONHUCH-
BaeTcd CJaeLYIOUHM Onpele/iCHUEM:

Onpenenenne IV. Cucmenmoii delicmsumens-
Hox wucea R Haswmsaemcs noanoe ynopsaooueHwoe noue.

dyukuug, orobpakawowas MHoxecrso A Ha B, HasbiBaeTcs
LeHcCTBUTEeHIbHO3HAUYHOH, ecsii B CR; ecn ke AR,
TO 3Ta (QYHKUUA Ha3LIBAETCH q)yHKuueﬂ LeHCTBHTEND-
HOTO NMEepEeMeHHOTO.

$yukuna sgnx sasasercsd HeHcTBHTeNbHO3HAYHOH ¢yHKIMel
IeHCTBUTE/NbHOIO NEPEMEHHOrO M OnpejeiaserTcs ClelyoLuM ob-
pasom: sgnx=1, ecmu x >0; sgnx=—1, ecmu x < 0;
sgn 0 =0. ‘

Ecan S — npoussosbHOe HemycToe MHOXECTBO, a A — mo6oe
ero IOIMHOXEeCTBO, TO XapaKTepHCTHuUecKada PyHKk-
uua y, MHoxectsa A ABafgercs AeHCTBHTENbHO3HAYHOR yHK-

uMel M ONpelensieTcs CAeLyIOWMM o0pasoM: A(x)=1, ecin

X€EA u x,(x)=0, ectu xEA'=S\A.

Onpenenenune V. HHOYKmusuwr Muodxe-
cCmeom 8 ynopaoowennom nose F Ha3vieaemcs MHONMCE-
cmeo A, ob6aadawujee caedyouumy 08YMA CBOLCMBAMU:

(i) 1e4

(i) xEA=>x-F 1€ A

Onpenenenue VI. Srenenm n ynopadosennozo noss F
HG36BUEMCA HAMYPA AbHEL M YUCAOM, €CAL I SBAACMCH
3ueMEHMOM KANHO020 UHOYKMUBHO20 MHOxcecmsa nois F.
Muoosicecmao scex namypassuoix uicer noas F o603navaemen
cumsoaon N.

2%
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W3 3Toro onpeneienns BLITeKAlOT M3BEeCTHLe CBOHCTBA HATYy-
panbHBIX uucea (cMm. [37], ctp. 17—18), B TOM uncae

OcnoBHan TeopeMa MHIAIYKUHUHU, Ecau S sasasgercd
MHIYKTHBHBIM MHOMXECTBOM, COCTOSIMM M3 HATYpalbHHIX YUCEJ,
70 S=N.

Ecau N n N*— MHOmeCTBA BCeX HATYPAJAbHHIX YHCEd IBYX
ynopsanoyersnx noae#t F u F¥ coorserctsento, 10 N u N* uso-
mopdubl (cM. [37], cTp. 34—35).

Onpenenenne VI Suemenm x ynopadouwennozo no-
a1 F Hasvsaemcs yeawm wucaonm, ecau xEN, x=0
ure — x €EN. Juemenm x ynopaoouesrHo20 nNOAA HA3LLBAEM LA
POYUOHGABHO M HUCAOM, eCAU CYWeCmsyiom Ueavie
wucaa m u n, n< 0, makue, wmo x=m/n.

MuokecTBO Bcex PAaUUOHAILHEIX Ykces YIopsaiodeHHoro noas F
BMECTE€ C OMNepalMAMH CAOXKEHHUS M YMHOXeHUS M MOPAIKOoM noas F
TaKKe #BJAETCA YNOpsOueHHBHIM nojeM. OHO 0603HauaeTcss CUM-
BosOM Q. (JlioGbie 1Ba yHOPSALOYEHHBIX TMOJS  PALHOHAJBHBIX
yhces usoMopduu; cM. [37], cTp. 67.)

Onpenenenune VI Koszsyom rasssaemcs Heny-
cmoe MHodcecmso B smecme ¢ 0syma Ounapubiny onepayuami
Ha B, Ha3vsaembiMu caOdCEHUEM U YMHONCEHUEM, MAKUMUE,
4mo eunosnenst mpebosanus nywxmos A (i), (i), (iii), (@iv).
B (i), C u3 onpedesenusn 1, a maroce emopoii 3axon ducmpu-
Oymugrocmu

C’. X, 9, 2EB=>(x+WN2z=xz+yz.

Onpenenenne 1IX. O6uracmbio yerocmuhocmu
Hasvisaemcs Koasvyo D, 8 Komopom swnosnenst mpebosarus
B (ii) # (iv) u3 onpedesenun 1, a maroe mpebosanue

D. X€ED, y€ED, x=+0, y#+0=>xy £ 0.

Huoima crosamu, suinosxenst sce axcuomst onpedeserus |,
3a ucxkanvenuen B(iii), rxomopas 3amenena ociaabireHnbim
mpebosanuem D.

Tor ¢akr, uro Tpebosanue D sBisercs ocnabienHoit ¢op-
Mol (7. e. cuepcTBHeM) TpeGoBasus B (ili), MoxHO noxasatb
crenyowuM obpasom. IlpeanonoxuM, YTO CYIECTBYIOT x = 0
u y=+0, rakue, uro xy=0. Torza x7!'(xy)=(x"1x)y=
=1y==y=0, B 70 BpeMa kax x~'0=0. (IIpotusopeuue.)
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B moGom koabue tpeGoanue D paBHOCHABHO CleLylOEMY
YTBEPKICHHUIO:

D’.- 3akoH coKpaweHHd XYy=x2, x+0=>y=2.

(B camom gmene, D=D’, tak kKak xy=x2&Ex(y—2)=
= 0; obpatHo, D’=D, ubo papencrso xy=—=0 MOXHO 3anu-
catb B BulIe xy=—x0.)

MHoXecTBO ' BCeX HLenblX 4yHcea ynopsaoyeHHoro noxas F
BMECTe C ONEepauusMd CJOKEHUS M YMHOMKEHMS STOro moJs
apiaseTca 006JacTblo LEJOCTHOCTM M 0003HayaeTcst CUMBOJIOM 1.
Besakune 1Be 06/1aCTH LeNOCTHOCTH, COCTOSIIME M3 LEJIHX UHCel,
nsomopHel (cM. [37], cTp. 64).

[ycte f— dyukuud, onpelenerHad B ynopanouensom nosae F
M NpUHHMamollad sHaueHuss B HeM xe, U nycte a €F. Toraa f
Ha3blBaeTCd HeNPepPBIBHON B TOUKE @&, €CJAH & NPUHALJIEKHT
obnactu onpenefenus D ¢GyHKuuM  f M LA BCAKOrO IOJIOMNH-
TeJIbHOTO 3JeMenTa € noJdd F 3 mosoxuTebHbIH 9/eMeHT § 3TOTO
noJs, Takoff, uto HepaBeHcTBO | f (x) — f(a)| < € cnpaBenanBO
N8 KaxIO0ro X M3 obaacTu D), yAOBJeTBOPAOLIEr0 HEPaBEHCTBY
|x —a|<d. C nomompio cumBosa V, Ha3LIBAEMOTO KB aH-
TOPOM OOUIHOCTH M 3aMeHSIOLIEro c/10Ba ,045 8cex, 0As
npou3gorsro20, 0458 400020 WIH 048 KA2C0020“, ONpeLeieHHe
HeNnpepHBHOCTH ¢yHKuuu f B Touyke @ obaactu D B TepMmuuax
OKDECTHOCTe#l MOXKHO 3amMCaTh CAeAyIIUM 06pasoM:

Ve>0386>03f(DNN(a, 8)) = N(f(a) o).

Touka p ynopsarouyeHHoro nojs F HaseiBaercs mpelefb-
HOoH TOYKOH ero Henmycroro noAMHOxecTBa A, ecaum Bcskas
NPOKOJIOTAs - OKPECTHOCTh TOUKHM P COLEPHKHUT 1O KpaHHe# Mepe
OIHY TOYKY MHONeCTBa A, T. e.

Ve>03a€D(p, e)nA.

Ilycrb f— dyHkuus, objactd onpeleNeHds] W 3HAUCHUH KO-
Topoit comepxarca B F, a— mpeneiabHas Touxka ee o6aacTH
onperenenus D u & €F. Toraa rosopsar, 4To npexea f(x),
KOTAA X CTPEMHTCA K &, CyWieCTBYeT M paBeH & M nuwyT

lim f(x)=2,

X->a

Ve>0386>03f(DnD(a, )N, o).

eCay
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OnsocTopoHHHe Apefe/iH ONpelesioTcs NOLOGHLIM e 06pasoM
n ofosHaualorcs cooTBercTBeHHO lim  f(x) u  lim f(x).
x>a+ 0 x>a-0
Gyuxuna f ¢ o6aacTbio ompeleteHHs U 061aCThI0 3HAUEHHH,
colepxaluMucs B ynopanoyenHoM nojue F, HasmBaercs paBHO-
MepHO HellpepPHBHOM Ha HEKOTOPOM NOAMHONeCTBe A ee
obnacTH ompeleenus D, echin

Ve >036>03
Xy X9 €A | X1 — x| <8 fxp)— fxo) | <.

Ecau f— dynxkuus ¢ obaacTelo onpefeneHnss H 006JacTbio
3HaueHn# B ynopsaouenHom nosae F, @ — Touka obaacTu onpe-
nenenns D ¢ynkumn f, o cumBoa f’(a) oGo3HauaeT SleMeHT
noas F, onpelesseMblfi paBeHCTBOM

f(a)

— i S — :
T(a)==1 LA WA v
f() xl—ina Xx—a hl—r>n0

fat+n—r(a)
h *

NpH YCJAOBHH, YTO NOCAeIHMH Inpelen cyirectByeT. PyHKuus
f/(x), ecin oHa MMeeT CMBICA I/ BCeX X u3 006JacTH Ompele-
JgeHuss D, HaspiBaeTcs NPOM3BOIHOM QyHkumu f.
T'oBopst, uyro OynkuMa f u3 ynopagouenHoro noiag F B F
o6nagaer cBoficTBoM Kolnu Ha HekOTOpOM HHTepBane [,
cozepauieMcs B ee 00/MacTH ONpeleneHHs, eClu

Va, b€l, dEF3a <b
u 6o f(a) < d < f(b), nubo f(a)>d> f(b), To
dec3a<c<bh, flc)=d.

MMocnenoBaTeNbHOCTH O Ha3bBaeTcsd QYHKIMA, ONpe-
IelleHHass Ha MHOXeCTBe HarypadbHuX uucen N. Ee suauenue,
WIH uJeH TOCAelOBATEbHOCTH IJs IAHHOTO HATYPalbLHOrO 7,
06GbIuHO 0003HAYaeTCs Yepe3 @,, a CaMa NOCHeN0BaTeJbHOCTb —
cumposoM {a,}. IlocaenosarenbHocts {@,}, uwieHBl KOTOpPOH
HpHHALJIEKAT HEKOTOPOMY yHopsiouenHoMy noiio F, HaswbiBaercs
cxoasumehcs K snementy b monsa F, ecnu

Ve€PANENS2>N=>la,—0|<e,

rie P — MHOXECTBO BCeX TOJOXHTeNbHHX 3JeMeHTOB noJsa F.
B srom cayuae TOBOPAT TakKxe, YTO NOC/AeLOBaTelbHOCTh {a,}
umeeT npenen b. Ilocie10BaTelbHOCTb Ha3EIBAaETCAd PACX O M-
wefcd, eCAM OHA HE ABJACTCA CXOAfLleHCH, T. €. €CIH ¥ Hee
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Het npeneaa. [Mocnenosarensyocts {a,}, uieHb KOTOPOH SABAAIOTCSH
9JIEeMEHTAMH HEKOTOPOro yhopsaoueHHoro noJst F, HasmiBaercs
GyHLaMeHTAaAbHOR HIX NOCAELOBATENbHOCTHY
Kowmu, ecau

Ve€PIANENIm, n>N=|a,—a,|<e.

Kamnas cxojduiadcsd nNOCAeAOBATeAbHOCTh sBJAfeTCS (yHIAMEH -
tajdpHOH, a ecan F==R, T0 BcAkad dyHIaMeHTanbHasA NocCaeso-
BaTeqbHOCTb cxonurca (cM. [36], crp. 57, a rtaxxke [52]%, T. I,
crp. 84) ).

KoMnneKCcHBM YMCJHOM HasBBAETC YHODsSILOYeHHas
napa (x, y) JAeHcTBUTeNbHHX uuced X u y. CuaoxeHune wu
YMHOXEHHE KOMILIEKCHBIX YHCEN ONpele/sioTCs ClAeLyIoluM

obpasom:
(x V4@ =(x+u y+v),
(x, V(a, v)y=(xu— yv, xv— yu).

Komnaekcubie uncia oOpasywor nojge C (cm. [36], cTp. 497)
¢ uynem (0, 0) u enunuuest (1, 0). B namvHetimem aas samucu
KOMILIEKCHOro uucna (x, y) Oyaer ynorpe6asTbest oO6nuHOE
o6Go3HaueHHe X —+ iy.

1. BecxoHeuHoe 10Je, KOTOpOe HeJb3st YIOPAXOYHTD

Ecin nosne F He conmepxur moamHoxkectBa P, oGnamzawouiero
TpeMsi cBOHCTBamMH onpellejedus lI, KaHHOro BO BBEIEHHH, TO
roBopAaT, uTo nose F Hexbsst ymopamounts. [IpeaBapuTenbHo oT-
METHM, 4YTO, MOCKOJbKY BCAKOE yNOPALOYEHHOE MoJje GeCKOHEUHO,
HHKaKOe KOHeyHoe MoJe He MoxeT ObulTh ynopsioueHo ([37],
crp. 38).

[Ipumepom OGecxone4rozo TOAS, KOTOpOE Helb3s YMOPSAO-
uyuTh, fBAfeTcd Noje € KOMiJeKCHHX uucen. B camom nede,
NPeinoJOKUM, YTO CyLIecTBYyeT noimuoxectBo P noas C, yno-
BaeTBopsioliee onpenenendio 1. Paccmorpum uucno i==(0, 1).
Tak kax i< (0, 0), To CcywecTBYIOT IBe B3aUMHO HCKJIIOYAIO-
e APYr Ipyra BO3MOXHOCTU. [lepBas U3 HHX COCTOUT B TOM,
yro {€P. B stoM cayuae 2 =(—1, 0)EP u, crenoBareisHo,
i*==(1, 0)€P. Ho suements ¥ u I* aBASIOTCS NPOTHBONOJIONK-
HBIMH H, TIOCKOJABKY TaKHe 3JIeMEHTH He MOTYT OZHOBPEMEHHO

') 3Be3noukoii OTMeueHH pabOThl, BKJIOUEHHKle B Gubavorpaduio
nepeBoNYuKOM. — [1punm. nepes.
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npunanaexars P (cu. onpeneaenne I, (iii)), To M mnoxayuaem
NpoTHBODeUne, 4TO U TpedoBanoch. Bropast BO3MONKHOCTE CO-
crour B TOM, 40 — i =(0, — 1) EP. B 3rtom cayuae (—i})=
=(—1, 0)EP un, crexosareapno, (—iy*=(1, 0)EP, u Mu
NnoJayyaeM TaKoe e NMPOTUBOpeuMe, KaK W BhILIE.

2. None, KOTOPOE MOXKHO YHOPALOYUTH ABYMHA PA3JIHUYHBIMH
cnocobamn

Paccmorpum mHokecto F Beex uucen suna r-+s)/2, rie
r U § — pauMOHAJbHbIE YUCId, M NYCTb ONepaluu CJAOKEHUS H
ymuoxenud B F Te jke, 4T0 W B CHCTeMe JeHCTBUTEAbHBIX UH-
cen R, naa koropoit F asaserca mnoamuoxecrsom. Torza F
OyleT YMOpSLOYEHHBIM MOJIEM, eClM B KayeCTBe MOAMHOuecTBa P
onpetenedus Il B3are muoxecTBo BCex sJiementos u3 F, koro-
phie SIBJIFIOTCA MOJOMHTEeAbHBIMU 3JeMentamu B R, 7. e. mono-
HUTeNbHLIMH JeHCTBUTE/bHBIME uHCaaMH. Paccmorpum  Temeps
Apyro#t croco6 ynopsaodenus moad F. Ilag aroro ompenenum
MHOXKecTBO B caenywomum ob6pasom:

r+syY2eB&Sr—sy2€P.

Jlerko mpoBepuTb, YTO MHOXECTBO B ynoBierBOpsieT BceM
Tpe6oBanuaM onperenenus Il

ITosre Q paunoHasbHHIX uucen u noJje R DeRCTBUTENbHEIX
yyuceJ SBJISIOTCH YNOPALOUEHHBIMH TMOJSIMM, IIPUYEM HH OJHO
M3 HUX HeJb3d YNOPANLOUMThL JIBYMA PAa3JIHUHBIMH CnocoGamu
([37], cTp. 146).

3. HenmoJHoe ynopsiioueHHoe noJe

YnopanoueHHoe noje Q pauMOHANBHBIX YMCe] He 4BJIfeTcA
noJneiM. B 9ToM MOxHO y6enutbcsa caenyiomum o6pasoMm: MHO-
KecTBo A BCex NOJOKUTENBHEIX DPAUMOHAJBHBIX YHCeJ, KBai-
paThl KOTOPHIX MeHblle 2,

A={r|reQ, r>0, r2<2},

ne nycro (1 € A) u orpaunyeHo CBEPXY PAaLHOHAIBLHBIM YUCAOM 2.
MMpennonoxum, uro Q noauo. Toraa KOMKHO CyLIECTBOBAThH
TMOJIOKUTEJbHOE PALUOHANLHOE YHUCAO €, KOTOpPOe NOJKHO OHTh
TOYHOH BepxHel rpanblo MHOwectBa A. Ho Tak kax He cyuie-
CTByeT PalMOHANBHOIO YHCJIA, KBaIpaT KOTOPOTO paBew 2 (cM.
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[37], crp. 126, a rakxke [52}*, 1. I, ctp. 18), To Jubo ¢ < 2,
60 ¢ > 2. IlpeanosnoxuM cHauaka, 4to ¢? < 2 U OnpeleauM
NOJOKUTEAbHOE uncao d caenyowum obpasom 1):
1 2—¢?
1).
d =-5 min (( cF D)

Torna ¢—4+d O6yrer NONOKUTENbHBIM PALMOHAJLHEIM UHC/IOM,
KoTopoe Goablle ¢ M KBAAPaT KOTOPOro MeHblie 2:

(cdp <c?+d(c+ 12 <2.

Ho 3710 o3Hnauaer, uto ¢-+d € A, B TO BpeMs KaK ¢ dABASeTCH
BepxHell rpaHbio MHoxectBa A. (ITporusopeune.) Teneps npen-
NOJIOKUM, uTo €2 >>2 U OINpeleauM MOJOKHTebHOE uyucio d
caenywoweit opmynoi:

2 —2

9 FnT

Torna ¢—d Oyzer NONOXKUTEJbHBIM PALHOHAMBHEIM YHC/IOM,
KOTOpOE MeHblle ¢ M KBaApaT KOTOPOTO GoJblie 2:

(c—dP>c—d(c+ 17> 2.

CnenoBarenbHo, ¢—-d OyleT BepXHeli IpaHbl MHOWecTBA A,
KOTOpas MeHbllle TOYHOH BepXHeH IpaHyd ¢, W Mbl CHOBAa MOJy-
YHJH NPOTUBOpEYHUe.

d

4. YnopsgoueHHoe HEapXHMEN0BO TNOJe

Ynopazouennoe mnose F HasmBaeTc! apXuMe10BBM,
ecin mHoxectBo N HaTypanbsbix uucen nojis F He orpanuueno
ceepxy B F (1. e. eciit @, DEF, a > 0, > 0, 10 cywecrnyer
HaTypajbHOEe 4YHMC/IO 1, Takoe, yTo na > b). Ilycte f—monu-
HoM, otobpaxatoumuii R B R:

f(x)=k20akxk, a,€R, k=0, 1, ..., n,

U 0yCcTb £ — HeHy/NE€BOM MOJHHOM (3TO 3HAUMT, uTO g (X) He
paBHseTCs modcdecmeenno nHymo). Hanee, nycts f/g — pauuo-

2 —¢?

2 T+nz

) Tax kag 1€ 4, 10 ¢»1 u noromy d=
peo.

— [Tpun,
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HanbHad GyHKOua i, onpenesennas dopmynoht z(x)=f (x)/g (x);
ee 0GMACTb ONpeReaeHUs COCTOUT M3 BCeX AEHCTBHTEJbHBIX Y-
cesi x, Ias kotopuix g (x) = 0. Ilycte H — MHOMecTBO, cO-
CTOsILIlee U3 BCEX HECOKPATHMBIX PalMOHAAbHHIX GVHKUHA (f u
g MOTYT HMeTb B KayecTBe OOLINX MHOXHTedeH JIHIIb KOH-
crante). Cioxedne u yMHoxenue B H onpeneisiorcs pasen-
CTBAMH

J o r__ fs+gr for__[Ir
g+s*‘ gs ' g s gs

npaBbLie uYaCTH KOTOPHX NPHUBOLATCA K HECOKPATHMBIM palHO-
HaabHbIM yHkumsaM. Toraa wmuowectso H Oyzer nosaem ([37],
crp. 104). Ecam onpenennts noamuoxectso P moms H kax
MHOXECTBO, COCTOsIlLlee M3 BCeX HeHyJaesbX (GYHKUMH f/g, Takux,
yTO CcrapwMe kospduuueHts (T. e. KO3(pPUUHEHTH MPH ujleHaX
HAauBBICILE! CTeNeHH) IOMHHOMOB f M £ HMEOT OJHHaKOBhIH
snak, To P Oyner ya1oBaeTBOpATh BCeM TpeOOBaHHAM oONpenelie-
nus II u H npespatutca B ynopsmouenHoe mnoJde. Ho mwobas
pauuoHanbHad ¢yHkuug f/1, rie f—nosMHOM C MOJOXHTEIbHBIM
cTapuldM Ko3(GHLMEHTOM, SBJSeTCsS BepxHell TpaHbID MHOXe-
crBa N HaTypanpHeIX unucen noaa H (HaTypaibHbIMH uHCJamu
noast H aBasi0oTCA MOCTOSHHBIE pauHoHadbHble QYHKUUM BUIA nfl,
rie 72—TOJHHOM, TOXAECTBEHHO PABHHI HATYyPaNbHOMY YHCAY 7).
Bosee neranbHoe H3JOXeHHe uHTaTeldb cMoxeT Halttu B [37]
(cM. crp. 99—108)..

5. YnopanoueHHoe noJe, KOTOPOE HeJab3s NONOJIHHTH

ToBopar, uro ymopsaoueHHoe node F Heabss NOMOMHUTS,
-eC/Il He CYILeCTBYeT NOJHOTO YNOopsloveHHOro nosas R, conep-
xaulero F ¥ Takoro, 4Yro onepauuu CJIOXKEHHS H YMHOWKeHHd
M OTHOLIeHWe nopsiaka nonas F coBnazaioT ¢ COOTBETCTBYIOLIMMH
onepauusMd U ortHowlenneM mopsika mnoas R. Ilone H paumo-
HaJbHBIX QYHKIHH MNpeibLIylero npuMepa Helb3fs NONOJHUTDH
B 3TOM CMBICJE, IPYTUMI CJIOBAMH, €ro Heab3s 8.40%Cumb B CH-
cTeMy IeHCTBUTeNbHBIX uHcCea (cM. onpegtenenue IV). Ilpuuuna,
'BKpaTie, COCTOMT B ToM, uTo ecam Onl H moocHo Geuto B1O-
#uThb B R, TO Hatypaiphble uncaa moas H nomxubl Obiin 6w,
OYEBM/IHO, COBMALaTh ¢ HATYPaJIbHBIMH uuciamu noas R. A rak
kak N orpanmueHo cBepxy B H u ne orpanmueno B R ([37],
crp. 122), To Mbl nojyuyuan Obl MPOTHBOpPEUHE.
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6. YnopaaouenHoe roJjie, B KOTOPOM MHOXKECTBO
PANHOHAJbHBIX YHCEJ He MIOTHO

MuoxecTBO ,pauMoHaNbHBIX yHcea“ ynopsaodeHHoro noas H
npumepa 4 He mnotHo B H. 310 o03Hauaer, uYTO CYyLIECTBYIOT
IBa PAa3MYHBIX SJieMeHTa mnonas H, Mexay KOTOpBHIMH HET HH
OJHOTO palMOHAJBHOrO uMcia. B camMoM jene, BCAKOe yNOpALOo-
yeHHoe noJje F, B KOTODOM MHOXECTBO paUMOHAIbHBIX YHCE]
IVIOTHO, #BASIETCE apXuMelZOBbIM. YTOOGH yOelIMTLCH B 3TOM,
APENOJOXKHEM, UYTO @—IPOU3BOJIBHEH IOJOKUTENBHBIH SMeMEHT
nons F, a m/n—pauuonanbroe uncio, pacnofoxensoe mexay 0
u l/a. Mpl MoXeM nNpernnosOXMTb, He Tepas OOWHOCTH, 4TO
m u n oba noaoxurenpHsl. Torina

1
<<,

oTkyaa n > ¢. CaexoBaTelbHO, @ He sBAsieTcss  BepxHef
rpaiblo N, M Tak Kaxk o NpOU3BOJNbHO, To N He OrpaHHueHo
ceepxy. Ho B nose H akcnoma ApxuMena we BHIOJHEHa, IMO-
S5TOMY MHOXKECTBO paNMOHAMLHHX 4uHcea nois H we moowcem
6uiTo nuaoTHbiM B H. IlpuMepoM 1BYX pas/MYyHBIX 3JIEMEHTOR
noast H, mMex1y KOTOpPBIMH HeT HM OJHOTO PaUMOHAJIBHOTO YMCAa,
MOTYT CJAYXHUTb Ji00be ABa (pasAMyHBIX) MOJIMHOMA, HE SBJAIO-
LIHECS] TO:KIECTBEHHO TNOCTOSHHBLIMH, C TIOJIONMTEJbLHBIMA CTap-
WHMMH KO3 (dHLHEHTaMH,

7. Henoanoe ymopsjouyeHHoe noJie, noJjHoe B cmbicae Kommu

Ecan ynopsaouennoe none H paunonanvuux ¢yuxuuit (npu-
Mep 4) pacluMpuTb NPA NOMOIUM KA4CCOB SKBHUBAJEHTHOCTH (YH-
JAMEHTaMbHBEIX NOCAeL0BATEIBHOCTE], TO B pe3y/ibTaTe NOSYUMTCH
ynopanoueHHOe NoJe, B KOTOPOM Kawiad ¢yHzaMeHnTalbHas MO-
CenoBaTeJbHOCTb cxoautca. Onnako, coriacHo npumepy 5, 3To
nonoJHeHHe B cMbiciae Komu He MoxeT GBITb NOAHBIM B CMBICJE
ONpeleseHns B TEPMHHAX TOYHHIX BEePXHHX TrpaHelf, KOTOpoe
610 nano Bo BBegenud. (O nonoaHenuu B cMpicae Kowmm cu.
[54], crp. 152, u [16].)

8. O6aacTh LEJOCTHOCTH, NONYCKAWIMAS Pa3JHYHbIE
dakTopusanuu

Envbaunuet obractu uenoctHoctd D HaseiBaeTcs Takofi ee
9JIEMEHT #, 1A% KoToporo B D cywectByer ofpaTHbii a/eMeHT T,
T. e. uv=1. (ExunuuamMu o6JgacT¥ UeAOCTHOCTH | uennx uucen
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apasiorea 1 u —1.) Kaxenpit anement us D, ssasownitcs npous-
BeleHHeM IBYX HeHyJeBbiX 3JeMeHTOB u3 D, mu omun us koro-
pHIX He COBNALAeT C efuHHueH, Ha3HBaeTcd COCTaBHBH M. He-
Hy/aeBoit anemeHT M3 D, He sBasouwufics Hu epuHuued, HU CO-
CTaBHLIM UHC/IOM, HA3BIBATCA MP OCTH M. ByzseM rosopurs, uTo
001acTh LeAOCTHOCTH D nomyckaeT eiMHCTBEHHYW ¢ak-
TOPpH3ALHUIO, €CAM KaxIbi aneMeHT u3 D, He commanaiowui
C HyJeM WJIM eIUHHLEH, MOXHO NpelICTABHTL KaK INPOH3BeleHUe
KOHEYHOTO HHCJa MPOCTHX 3MeMeHTOB u3 D, npuueM Takoe npen-
CTaBjeHHe €IMHCTBEHHO C TOYHOCTBIO 1O HOPSIIKA COMHOMUTE~
Jell U YMHOXeEHHS WX Ha CIHHKLHL.

B cucreme nefictBurenpHbX unces R onpenennm muoxectso @
BCeX uHceJd BHUIa a+b]/5, roe a, €L Torza @ 6Gyner
o6nacTbio uedocTHOCTH. Jlanee HeTpyIHO HOKasaTh Chaelyliolide
nBa ¢dakra (cm. [37], crp. 144):

(i) Exunnuavn @ spasiorcs sce uncaa Buna a—-b Y5, rakue,
uro |a?—5b%|=1.

(if) Ecau a+bV5 He COBMNALaeT HHU C HyJeM, HU C elM-
nuue#t, o | a?—56%| > 4. Caenosareasho, ecmn 1 < |a2—>5b2| <
< 16, 1O wumCHO a—}—b]/5 fBAsieTCsl MpocThiM. B uactHocTH,
2, 14+V5, —14+V5 smasorcs npocteimp uncaamu B D,
TaK Kak 119 Kaxioro us Hux | a? —5b?|==4. Boaee Toro, Cile-
ILyloliMe IBA PasNoXeHUd uuciaa 4 Ha MHOXKUTENH

2.2=(14+V35)(—1+V7)

SBASIOTCS PA3MMYHBIMHM B YKA3aHHOM BBHIIE CMBIC/IE: HH OZMH W3
COMHOXKHTeJelt JIeBOH YacTH He COBNafaer (C TOYHOCTBIO 1O YMHO-
EHHS Ha eIMHULY) HH C KAKMM COMHOXHTEJeM NpaBo# YacTH.
(Cum. Takxe [37], cTp. 145.)

9. JIsa uucaa 6e3 HaubGoJspmero ofuiero AeJHTeJs

DeMeHT m Ha3biBaeTcd JeJHTeseM dJIeMeHTa 1 B 06JaCTH
LeJOCTHOCTH D (CUMBOJMMMECKM m|n), eclM CywecTByer 3Je-
MeHT p u3 D, Tako#t, uro mp =n. Aiaemeur d u3 D Hasu-
BaeTc HanbGonpbmuUM OGWIUM AeNHUTENeM ABYX JEMeH-
TOB ¢ u b u3 D, ecim

(i) dia u d|b;
(i) cla, c|b=c]|d.
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B o6nactn uenoctHoctn @ npeamiiywero npumepa yucia 4

u 2(1 +V/'5) ne nvetor nHauonbwero obwero nenutens. ([Tox-
pobHoe H3JoxeHHe cM. B [37], c1p. 145—146.)

10. Ipo6b, He nonyckawomas eIHHCTBEHHOTO NpencTaB/eHus
B BHJE HECOKpaTHMOH Japobu ‘
PaccMotpum zpofu, cocTofiline U3 Nap 3/7eMeHTOB 00JACTH

uenoctroctt @ npumepa 8. Torza 1po6s 2(1 4V 5)/4 moxwo
NPEICTABUTL B BMIE HECOKPATHMOH APOGH ABYMS CJeLYIOUIMMH
crnocofamu:

204+V35) __14V5 2
4 2 14 VE

OTH npeICTaBJeHUs Pa3NTu4YHH B YKa3aHHOM BhILE CMLICIe.

11. <dyHxnumn, HenpepbiBHbBIE Ha 3aMKHYTOM HHTEpBaJe M
He o0Jajalouve H3BECTHBIMY CBOHCTBAMH, €CJH CHCTEMA,
YHCeJ He NOoJHA

Mbul 3akoHYMM 3Ty TiaBy DNpUMepaMM (GYHKUHME, onpelresieH-
HBIX Ha 3aMKHYTOM HHTepBate [¢, H]CQ ¥ NPUHMMAKOWIHKX 3HA-
4eH:sl, TPUHALIeKalne MHOKecTBY Q. ITH NpHMEpH CTaHyT
HEBOSMOMCHBIMU, €CJIM HEeMOJHYI0 CHCTEMY PalHOHAJIbHBIX yncen Q
(cM. npuMep 3) 3aMeHUTb MNOJHOH CHCTeMOM JeHCTBUTEIbHBIX
upcen R. Ynopsinouennoe mnote Q Mul 6yieM CuWTaTh BJONEH-
HEM B R, uTo6B HMETb BO3MOXHOCTb HOJB3OBATHCA TaKUMH
CHUMBOJAMY, KaK VQ. bBykso#t x Mbl OyieM 0003HauaTh pauuo-
HaJbHBIE YHCJIA.

(8) DyHKUUR, HENPePBIBHAS HA 3QMKHYMOM uHMepsasLe
Il He O2PAHUMEHHAS HG HeMm (NOCKOAbKY UHMEPBAA 02pa-
Huuer, ama QOYHKUUR He SABAAEMCE HA HeM PABHOMEDHO
Henpepolerol): . ’

f(x)zm, 0<x<2.
(b) Pyuruus, HenpepoleHasn & O2PAHUYEHHAA HO 3QMKHY-

mom Uunmepsane, HO He SABAAUWAACST PABHOMEDHO Henpe-
DPUBHOE HQ HeM:

0, 0Lx<V2,

TO=V1 yi<sz<o
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(¢) Dyuryus, pasHoMeprHo Henpepulgnas (4, caedo8a-
MeAbHO, O2PAHUMEHHMAS) HA 3AMKHYMOM UHMEPBAle, HO He
UMCIOWO R HO HEM MAKCUMYMA:

f=x—x% 0Lx.

(d) Pyuryus, Henpepolsuas HA SAMKHYMOM uHMEpEaLE,
HO He o0aaldawwasn csolicmsom Kowu.

TMpumep b uan f(x)=x2 na {1, 2]. ITocnenusa Qynxuus
He TPUHUMAET SHaYeHHsd 2, KOTOpOe pacnonaoxeHo Mexiy 1 u 4.

(e) dupgpepenyupyemas hyHKuyus, He ABAAOWAACA NO-
CMOAKHOL, NPOU3BOOHAS KOMOPOU 06 pau,aemcs 8 HyAb 8Ci00Y
HO 3AMKHYMOM UHMEpPBALe.

IMpumep b.

(f) duppgpepenyupyenasn yrxyus, 042 Komopok He cnpa-
sedausa meopema Poaas (u, caedosamensHo, meopema
0 CpedHem).

Tlpumep c.

(g) Monomounas pagHOMEPHO HENPePuBHAn HYRKYUSA,
KOMopas He ABASeMCS NOCMOAKKOL u obaadaem C8OHCMBOM
Kowu, a ee npou3sodnas obpawaemcs 8 HYAb BCIO0Y HA
unmepsae.

Sror npumep Gosee TPYAHHIHA, ueM npexniayumue. Ero MoxHO
MOCTPOUTb C NMOMOILBI0O KaHTOPOBA MHOMECTBA, OINPeleleHHOTO
B ra. 8. IlogpoGuocTH cM. B mpumepe 15 rua. 8,
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®YHKIIHH M NPEJEJIbI

Beenenne

B sro#t raape HeoOGXOMMMO pacuUIMpUTb HEKOTOpHlE Onpeje-
Aenus ra. 1 v BBeCcTM HOBble. EciM He OroBOpPeHO NPOTHBHOE,
TO BCE PAaCCMaTpUBaeMBE MHOXECTBZ OYIyT SBJATHCA HOAMHO-
HECTBAMU CHCTeMBl JIelcTBUTeNbHBIX uMces R, a Bce dyHxuuu
GyLyT mpeanosaraTsca AeHCTBUTENLHO3HAYHBIMH (DYHKUMAMH [efi-
CTBHTEJLHOTO MePeMEHHOTO.

Crayana pacnpocTpaHuM HOHATHS 06 beanetms 1 nepeceye-
HHA Ha GeCKOHEeuHble COBOKYIHOCTH MHOWeCTB A;, A, ...:
+0o

UA,,=A1UA2U ...={x|x€A, no kpatneii mepe

" 1as ogHoro n=1, 2, ...},
ﬁoA,,-—_-AlnAQn .={x|x€A, nna kaxioro

" n—=1,2, ...).

MnoxecrBo A HaspiBaeTCs 3aMKHYTLIM, eCld OHO CO-
JEPKHT BCE CBOM TpelefbHbIe TOYKH; LPYFHMH CJIOBAMH, HH
OlIHa TOYKa MHOXecTBa A’ He sABjfeTCA MNpefe/bHOH TOYKOR
mMHoxecTBa A. MuoxecTBO A HasbiBAETCH OTKPH TH M, €C/HH
BCAKAdA TOYKA STOTO MHOMKECTBA HMEeT OKPECTHOCTb, LEIUKOM
cosepwamyiocs B MuoxkectBe A. Touxa p HasbiBaeTcsas I pa-
Huuuo#f Touko# MmuoxectBa A, ecam Kaxaas OKpecT-
HOCTb TOYKH P COZEPXHT NO KpalHeHi Mepe OIHY “TOYKY MHO-
xKecTBa A M mo kpaltHeH Mepe onHy TOYKy wMmHOmectsa A’
MHoxecTBO BCeX TPaHHYHBIX TOYEK MHOMKECTBA A Ha3bIBaeTCA
rpannueft A u obosHauaerca cumponoM F (A). Touka p Ha-
3LIBAETCH BHYTpPeHHel TOUukKOH muOxecrsa A, ecin cyue-
CTBYeT OKPEeCTHOCTb TOYKH p, LeJAHKOM Jexawasd B A. Muo-
MeCTBO BCeX BHYTPEHHHX TOUeK MHOXeCTBa A Ha3HBaeTcs
aipoM A u obosnauaerca uepes / (A). JTipboe 3aMKHyTOE MHO~
wecTBO A sBiasercss o0beluHeHMeM CBOErO sApa M TPaHMUBL
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A=I(AUF(A). B3amumkannem A wmuoxectsa A Ha3bl-
BaeTcsi o0belinHeHHe MHOmecTBa A M MHOXeCTBa BCex Mpelefb-
Hex Touek A. OTKpHTHM HOKDHTHEM MHOKecTBA A
HaskiBaeTca M06oe ceMefictso [U,} oTkpuithix muoxects U,
o0beIMHEHHEe KOTODBLIX codepkuT A; B 9TOM Cjyude TOBOPAT,
uro cemeficteo {U,} mokxpuBaer A. MHoxecrso A Hasul-
BaeTC KOMTIAKTHBI M, €CIM Ka)I0e ero OTKPHTOe NOKPHITHE
COZEPKHT KOHEUHOe MOACEMEHCTBO, KOTOpOe mOoKphiBaeT Al).
B npocrpaHctBe R MHOMECTBO KOMNAKTHO TOrAa H TOJbKO
TOrAd, KOINa OHO 3aMKHYTO M orpaHuyeno. (ITepsas uyactb 3Toro
yTBepxIeHHs ectb TeopeMa [eine — Dopeas; cM. [36], cTp. 202,
a rakxe [33]*, crp. 43.)

Muomecrso A Ha3biBaeTCs CYETHH M, eCiIH OHO Ju6o
KOHeyHo, JK6O0 CyLIecTByeT B3aUMHO OJHO3HAYHOE COOTBETCTBHE
MEXIy MHOXECTBOM BCeX HaTypaibHBIX uHcen N K MHOXE-
crBom A.

BaxHoe CBOHCTBO cuCTeMBl JeHCTBUTENbHBIX YHCEN COCTOMT
B TOM, YTO JAJf MOGOro JeHCTBHTEJBHOTO YHUCAA X CYLLECTBYET
elMHCTBeHHOe LeJoe YUCAO 71, TaKOe, UTO

nLx<n+1 nm x—1<<nLx.

[Mockonbky n onpenenseTcs OJHO3HAYHO KaK HauboJbliiee Lesloe
YuCao, He mpepocxojduiee X, MBI NoJdydaeM TeM CaMBIM (pyHK-
1LHIO, KOTOPast 0603HauaeTcs CUMBOJIOM [x]2). ®ynxuus f (x)==[x]
onpene/sieTcsl, TaKUM 06pa3oM, OLHMM U3 HEPaBeHCTB

K< <Ix]+1 mm x—1<[x] <L x,

rie [x]— uenoe uucao. B nanbHefineM KBaigpaTHhie CKOOKH
6yayT 0003HAYaTh LEAYIO YACTb YMC/A JIMLIb B TOM CAydYae, eCly
6yneT CrelaHO COOTBETCTBYIOLIee MOSICHEHHe.

dyukuug f, asagolascs orobpaxeHdeM MHoxectBa R B R,
Ha3blBaeTCi MEePHOAHUYECKONH ¢ HMepUHOALOM p, eciu
f (- p)=f(x) nag Bcex x €R. Pyuxuuio HaskIBaOT Ne p 1 0-
LHYeCKOH, ec/iM OHA SIBAAETCS TePHOAMYECKOH C HEKOTOPHIM
OTJIHYHLIM OT HyJd NEepHOLOM p.

Mycre a aBasercs npelefbHOH TouKOH obnacTH omnperede-
uust D Hexoropo#t ¢yukumu f, M nycTh f(X) orpaHHyeHa B He-
KOTOPOfi OKDECTHOCTH ToukH a4 11 xED. BepxHuii npe-

1) Taxue MHOMXECTBA YACTO Ha3bIBAIOT KOMMAaKTaMU. — [lpus. ped.
2) [x] nasbiBaeTcA Leaol wacTblo yucaa x. — Jlpun. nepes.
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LeN 4 HUXKHUN mpenen QyHkuuu f B TOUKe @, KOTOpHie

0603HaualoTC  COOTBETCTBEHHO 1im f(x) ¥ lim f(x). onpeze-
x>a i>a
agi0TCca caenyowum obpasom. Has 6 > 0 moaoxum

P@®)=sup {f(x)|x€DND(a, ).
Y@ =inf {f(x)|x€DND(a, d)).
Torna

lim f (x)== lim ¢(8) = inf {¢ (8) |6 > 0},
x->a 3> +0 :
lim f (x)== tim { (8) = sup {{(8) |5 > O}.

x>a 5> +0

dynxuua f Ha3bIBAETCA NMOAYHENpepHBHOM CBepxXy

B Touke a € D, ecan lim f(x) < f(a); ecan xe lim f(x)> f(a).
x>a x>a

TO f HaskBaeTCd NOJYHeNpPepPHBHONH CHHBY B TOUKE a;
HakoHel, f HasbBaeTc! MONYHeNpPepPHBHOH B TOYKe @,
eC/H OHA JHGO MOJYHenpepeBHA CBepXy, JAHGO MOJYHeNpephIBHA
CHH3Y B TOYKe a.

®ynknuio f HasoBeM JOKAJbHO OTpaHUYEHHOMH
B TO4YKe g (koropas nu60 NpUHAANERUT, AUGO fBJASETCH Tpe-
IeabHOR Toukoft obaactu onpepeneHnd QyHxuuu f), ecau cyuie-
CTByeT OKPECTHOCTb TOYKH @, B KOTOpOH f orpanuyena. PyHk-
uus f HaskBaeTcs JMOKAaJAbHO OFPaHHUYEeHHOH Ha HeKO-
TOPOM mNoAMHOXecTBe A ee o6aacTu onpeneneHus, ecaum f
JIOK2/JbHO OTPaHHYEHa B KaXIOH TOuke MHOXectBa A.

Beckoneunsie npegenst % oo u npezean f(x) npu x — tco

ONpelensioTcs, Kak M B caywae lim f(x)==b, TOJbKO B Kaue-
xX>a
CTBE OKPECTHOCTeH GeCKOHEUHOCTH HCMOABL3YIOTCS

D(+ 00, Ny=(N, + o),
D(— oo, N)y==(—o0, N).

Hanpumep,

lim f(x)== 4 o0, ecru VK3IA6>03 (DN D(a, O)c

e =D (+ oo, K),
lim f(x)=0b, ectu Ve >0AN3 (DA D(— o0, N))c

e N (0, ¢).

3 3ak. 687
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OcHoBHEIe OnpesfefeHHst CXOIUMOCTH M PABHOMEDHOH CXOLH-
MOCTH, 4 TaK:Ke NpH3HaK BellepumiTpacca mis pasHOMepHOH cXo-
JAUMOCTH OeCKOHEYHEIX PALOB HPELNONaraloTcs W3BeCTHHIMH (CM.
[36], ctp. 381, 444, 445, a rake [52]%, T. I, crp. 423—425
1 430).

‘1. Bcropy paspriBHas ¢yHKuus, aGCcoMiOTHOE 3HAYEHME
KOTOpPO#l eCcThb BCIOAY HempepbiBHAfA (YHKuUA

1, ecan x paunoHambHO,

f(x)E{

—1, ecu x HPppaALUOHAIbHO.

2. dyHKNUA, HenpephBHAA JHIL B OLHOH TOYKe (CM. TpH-
‘Mep 22)
f(x)E{

X, €CJIH X pauuoHaJbHO,
—X, €CJU X HppPauMOHANBbHO.

ExuHcTBEnHOR TOUKON HenmpephIBHOCTH 3TOR (yHkuuuM siBasercs 0,

3. HenpepoiBHAA H HeOrpaHWYeHHAs (YHKUHUA, ONpeneJeHHasn
Ha NpPOH3BOJbLHOM HEKOMNAKTHOM MHOXECTBE

(a) Ecin A — HeorpaHuyeHHOE MHOXECTBO LeHCTBHTEAbHBIX
ulces, TO MOJOXHM

fx)=x, x€A

(b) Ecan A — orpanunyeHHoe, HO HE 3aMKHYTOE MHOMKECTBO
LelCTBUTENbHBIX YHCEJ, TO IOJIOXHM

F)=——, x€A

X —C

rie ¢ — NpelesibHasg TOUKa MHOXecTBa A, He mpuHannexawas A.
Eciu ke f HenpepbiBHA Ha KOMNAKMHOM MHOXecTBe A,
10 f orpanuueHa Ha HeM (cM. [38], cTp. 80).

4. HeorpannuenHas QyHKuus, onpeaejeHHass Ha NPOH3BOJb-
HOM HEKOMNAKTHOM MHOXECTBe H JOKaJbHO OrpanvyeHHas
Ha HeM

ITpumep 3.
Ecanm xe f 10oKanbHO oOrpaHHYeHa Ha KOMNAKTHOM MHOXeE-
crBe A, TO OHAa OrpaHHueHa Ha HeM.
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5. ®yHKHUSA, BCIOAY KOHEYHA M BCIOAY JIOKAJbHO
HeorpaHHYeHHAsN

[TycTe x — palyoHaabHOE YUCIO, PABHOE m/n, Tie m W A—
Lesble 4MCjIa, TakHe, 4T0 ApoOb mfn wuecoxpatuma u n > 0.
Torna m ¥ n onpeneiasiorcs onHosHauHo (cM. [37], cTp. 53), u
NOTOMY CJelyloliast (pyHKUMS Onpele/eHa KOPPEKTHO:

n, ecid X PpalMOHANbHO, X == m/n — HeCcOKpaTuMas

f(x)= apo6e, n >0,

0, €CIM X MpPpauUOHaJIbHO.

Ecan 6w f Obina orpanuyena B N (a, €), To 13 Bcex
apobeit m/n B8 N (a, €¢) 3HameHaTequ n Oblin Gbl OrpaHHYEHbI,
a, CJel0BaTebHO, ObliM Obl OrpaHuyeHnl M uyucaurean m. Ho
oTciofaa cnenosaqo Obl, uto p uHTepsate N (@, €) cyulecTByer
JULIb KOHEeYHOe YMCJAO pauxoHadbubix uyuced. (IIporHBopeune.)
(Cm. npumep 27 ra. 8, rue onpegencHa QyHxuusa, o6aanaroiuas
eute €oJjiee CHABHBIMH MATOJOTHUECKHMU CBOHcTBaMu. CM. Takxe
npuMep 29 ra. 8.)

6. HenpepoiBHas crpanudeHHas (yHKuus, onpejesieHHAs Ha
NPOH3BOJILHOM HEKOMNAKTHOM MHOMECTBe W He HUMewwas
3KCTPeMaJbHbIX 3HAYEHHH

(2) Ecin A — HeorpaHHueHHOE MHOMECTBO LEHCTBHTENbHHIX
4uceld, TO MOJIOMKUM

f(x)zxf—_:_l, x €A

dyukuna f(x) He uMeeT HaUGOAbLIErO 3HAYCHHS Ha MHOXecTBe A.
Ecau we f(x) onperequtb Gopmyaon
x2

=", xeA

rie [} x|] — uenas uyacTe uHcaa | x|, To f(x) He Gyler nMeTb
HU HauGOJbLIEro, HH HaHMEHbLIErO 3HaYeHUs Ha MHOxectBe Al).

) Ilpumep, npuBenenHnii B mynkte 6 (a), He koppekred. MmeHHo,
ecin A= {2n}, rie n=1, 2, ..., 10 QyHkuua f(x) umeer Hau-
MeHbIlee 3HauyeHHe mpu x =2. Ecau xe B3t A = (— o0, + o).
T0 (ynknua f(x) OyreT pa3pulBHOH, HanpuMep, B TOUKe X == ], —
Ipun. peo.

3*
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(b) Eciit A — orpaHnueHHOe, HO He 3aMKHYTOE MHOXECTBO
IefCTBUTENBHEIX YHCEN, TO MOJOXHM

fX)y=—|x—c|, x€A,

Tle ¢ — npeje/bHas TOYKa MHOXeCTBA A, He NIPUHAL/IeKAIAs STOMY
mHoxecTBy. Pynxuus f(x) He uMeer HauboJblUero 3HAYEHUH
Ha A. Ecmu xe f(x) onpeneants ¢opmyJsioh

=DVl ey,

rie L - 1JAMHa HEKOTOPOTO MHTEpBala, COJAEPKALIETO MHONe-
crBo A, a KBaipaTHele CKOOKH OGO3HAYalOT LEAYI0 4acTh 3a-
KJTIOYEHHOTO MEX1y HHMMH uucaa, To f(x) He OyneT uUMeTb HH
HauGo/bLIero, HH HaWMeHbluero 3HaveHns Ha A1), '

7. OrpannvenHas QYHKIUSA, HE HMEOMAX OTHOCHTEJBHHIX
9KCTPEMyMOB HA KOMNAKTHOM MHOXECTBE :

BosbMeM B KauecTBe KOMNAKTHOTO MHOMECTBA 3aMKHYTHIA
uatepsan [0, 1] u aaa x € [0, 1] noaoxum

(=1)"n
“ALT+ GG X paukoHambo, X ==m/n, rae m/n —
f(x)Ei HecoKpatuMas Apo6b u n > 0,
[ 0, €CIM X UPPauMOHA/IbHO.

Toraa B Kawao# okpectHocTH Jw06o# Touyku u3 [0, 1] Hatt-
LyTcs 3HaveHus OYHKUMKA f, KaK YroiHo OJM3KMe K 4YHCIaM
1 u —1, oIHaKo Bce 3HaYeHHst PYHKUMM f J€KAT CTPOFO MEKALY
9THUMH uucaamu (cM. [22], crp. 127).

1) MlpuMep, mpuBegeHHH B mnyHkTe 6(b), He KOppeKkTeH naxe
nas MHoXectBa A= (0, 1), Tak KaK B 9TOM CJy4Yae MOXHO B3ATb

L=1, ¢c=0, naa xotopuix ¢pyuxuua f (x) paspeiBHa B TOUKE X == 1

o
Ecau ke A ={—217} (n=12...) 1o npu L=1, ¢=0 dyuxuus
f (x) DOCTHraeT CBOEro HaUMEHbLUIErO 3HAYEHHS NPU = — M pun.

peo.
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8, OrpannuenHas QyHKHUA, He HABJAICWAACH NOJYHENpe-
PHIBHOI HH B OAHOH TOUKe

~ @yHKuUMA npuMepa 7 He ABASETCA TIOJIyHeNpePHIBHOA CBEpXY
HA B OJHOM Touke orpeska [0, 1], rax kak lim f(x) sciony
X>a

pasen 1, W, Cle10BaTenbHO, HH B OJHOH TOYKE @ He MOXET ObiTh
BHMOAHeHO HepasercTBo lim f (x)<{f(@). Tlono6HbIM ke 06paszom
X=>a

ycTaHaBJMBAETCA, 4YTO 9Ta (GyHKuMA He SBASETCH NOJyHenpe-
PHIBHOM CHH3Y. HM B OAHOHM TOuke. (3aMeTHM, 4YTO (YHKUHS
npuMepa | noJyHenpephiBHA CBepXy B KakaoH paUHOHANLHOH
TOYKE W TNOJYHENpPepHBHA CHU3Y B KaXAOH HPPaUHOHAABHOH
TOUKe.) ) ) ’ ’

9, Mepuoguueckan ¢yHKOUA, OTJIHYHASA OT NOCTOAHHOH
H. He HMelouas HauMeHbIIero nepHoga

- Tlepuopamu dyukuku npumepa | ABAAIOTCA BCe PalMOHAJIbHBIE
qpcaa, - )

Tlepuoan a06o# AeACTBHTeNbHO3HAUHOH OYHKUMK ¢ 061aCTbIO
onpejenenns R o6pasyioT aiiuTHUBHYIO FPYNy (T. €. MHOWECTBO
ePUOJOB 3aMKKYTO OTHOCHTEJbHO BHIUMTAHUS). DTa Tpymna.uiu
maoTHa (Kak B HacToslleM NpHMepe), WK JMCKpeTHA, M TOrLa OHa
COCTONT M3 BCeX LeJHX KPAaTHRIX HaHMeHbIUero TOJOXKHUTEAbHOTO
onemenTa. [TocaenHuit cayualh uMmeeT MeCTO IJAs BCAKOH nepuo-
IWMYecKo# ¢yHKuME ¢ oGaactbio omnpeleienns R, ecau ona
OT/IM4HA OT MOCTOSHHOM M MMeeT MO KpaHHell Mepe 00HY TOUKY
nenpepuiBHocTH. (CM. [38], crp. 549.)

10. HppaunoHaabHbie (pyﬂkunu

dynkuus ) X He sABASercd pauMOHaibHOR (CM. npuMep 4
ri. 1), Tak kak oHa He ompefeiexa aas x < 0.

dyukuus [X] Takxke He sSBAfTCH PAlMOHANBLHOM, NOCKOJBKY
OH4a HMEeT pasphLiBhl B HEKOTOPHIX TOUKax ee 00/JacTH onpeie-
JeHud. 7

dyuxumus | x| sABAdgeTcs HPPALMOHA/NBHOH TO TOH MNpHuHHe,
YyTO OHA He HMeeT NPOM3BOAHOH B HeKOTOPOH TOUKe ee 00/acTH
onpele/enus.

dyHKLs Vx2+1 TaKKe WppaunuoHaibHa. B sToM MONHO

yGenuthea caeayiomum obpasom. Ecan YV x2—+ 1= f(x)/g ()
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L% BCeX X, TO Vx2 - l/x = f(x)/xg (x) ana x + 0 u, cieno-

BateabHo, lim f(x)/xg (x)=1. Orciona seTekaer, uro f(x)
X->+o0

M xg (X) 4BAAIOTCH NOJHHOMAMH OXMHAKORBOR CTENEHH U MOTOMY
lim f(x)/xg(x)=1, B 10 BpeMs KaK l]m Vx2—i— l/x——l

X=> =00

(ITpotusopeuue.)

1. TpancuenneHTHbHIE QYHKHHUH

dyukuus f HadbiBaeTcss aarebpauveckodt, ecan J nomu-
n

HOM p(u)=2ak(x)uk, KO3 duHUeHTaMH KOTOPOTO CJYXKar
R

ReHCTBUTebHBIE MONUHOMBL Qg(x), @,(X), ..., a,(x) (T.e. Bce
MX KO9(pULUEHTH 1eHCTBHTE/BHBI), ONHOBPEMEHHO He o0paliaio-
pecs TOX/AECTBEHHO B HYJb, TakoH, yTo koMnosuuus p (f (x))
obpauiaeTcsl TOMAECTBEHHO B HyaAb B 00JacTH ONpelelieHus
¢yukuny f. @yHxUUA HA3BBaeTCd TPaHCUEHILEeHTHOH, ecau
OHa He #ABJseTCS ajare6panuyeckod.

[IpuMepoM TpaHCLUeHLEHTHOH QYHKUMH MOXKET CIAYXUTb PyHK-
uus e*, ubo ecqu NPenoNOKUTb, YTO

() +a(x)e’+ ... Fa,(x)e""=0,

rie ay(x)== 0, To, nepexois K npeneny B 0GeHX 4aCTAX 3TOrO
TOXAECTBA NPU X -—>-—-00 H TNOJL3YACL mnpasuiom Jlonurans,
MBI TOJy4YUM DPaBEHCTBO
lim ay(x)=0,
X-» —0
KOTOpOE HEBO3MOXHO B CHIY INpelNofoxenus a,(x) = 0.
JIlpyruM npuMepoM MOXeT CIYKHUTb ¢yHKuus sin x, ubo ecau

o)+ b (x)sinx+ ... 4b,(x)sin® x=0,

rie noauHoM by(x)=£0, 1o by(kn)=0 nas Bcex ueaHX K.
(IIporusopeune.)

JanbHeHlnMMu TpuMepaMy TPaHCLUEHIEHTHHIX GYHKUuE (no
TeM e NpHuYnHaM) asasorca Inx (Ppynkuus, obpaTHas k e*¥)
# OCTajJbHBIE TPHIOHOMETpHMYECKHe (YHKLHH.

ITpumepamu anrebpandeckux QYHKUUR MOFYT CIAYHHUTL Cle-

Iyolwpne #ppaunoHadbhble ¢yHkuud npumepa 100 Vx, | x|

(lx|=V) w V+1.
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12. dynkunu y=1,(u), u €R, 1 u=g(x), xER, Komno-
3HnHS KOTOPHX y=—=f(g(X)) BCIOAY HempepniBHa M
TakoBa, uto lim f(u)=c, hm g(x)=b, 11m f(g(x))%c

u->b
Ecau

npp u+0, u€R,

npu u=0,

0
f(u)E{ 1

TO llm f(@)=0. Eciu me g(x)==0 ana Bcex xER, 71O
f(g (x))—l A BCeX X M, CIeA0BATeJbHO, I1m f(g(x))__l

dror KouTpnpuMep OyIeT HEBOSMO)KHbIM, ecnn n06aBUTHL
clelyolilee YCaoBUe: X = a=>g(x) = b.

13. Jise paBHOMepHO HenpepniBHbIE QYHKUUH, NPOU3BEAECHHE
KOTOPHIX He fBJAETCS PABHOMEPHO HempepoiBHOH ¢yHK-
nuei

dyHKUUM X M Sin x paBHOMepHO HempepbiBHBI Ha R, Tak Kax
¥X NPOM3BOAHbIC OFPaHMuYeHBl, HO HX TNpOU3BEleHUe X Sin X He
ABJISETCA PaBHOMEPHO HenpepHBHOM GyHKkuue#i Ha R.

Eciau e 00e QyHkuuu f W g oOrpaHuueHb Ha ofuleH 06-
nacTh onpereneHus D M paBHOMEPHO HellpephiBHBI Ha Hel, TO
¥X [pOU3BeleHHe fg TaKwme pDaBHOMEpPHO HenpephiBHO Ha D.
Tak xak ¢yHKLMA, PaBHOMEpPHO HelpephiBHAS HA OTPAHHYEHHOM
MHOXeCTBe, OTpPaHHMYeHa Ha HeM, TO MpHUMep, NMOLOOHHIK Hacrod-
HIEMY, BO3MOXEH JUlb B TOM Caydae, ecan obuwas obaacrs
onpelesieHHs He OrPaHMYeHA H N0 KpafiHe#t Mepe OnHA U3 (pyHK-
LHMH He orpaHHyeHa.

14. HenpepriBHOE Ha HEKOTOPOM MHTEpBaJie, B3AHMHO OMHO-
3HauHoe oTo0paxkeHne, o6paTHOE K KOTOPOMY pasphiBHO

s sToro npuMepa HeoO6XxoAuMO, 4TOOH HHTepBal He Obula
3aMKHYTHIM M OTDaHHueHHBIM (cM. [36], ctp. 192) M urobwu
(HYHKUMS TIPUHHMANZ He TOALKO HeHCTBUTe/bHBIE 3HAUEHHS (CM.
[36], ctp. 50 u 52, ynp. 25). B kauecTBe mpuMepa Mbl MCHOJb-
3yeM KOMIIIEKCHO3HAUHYI0 (GYHKIHIO 2= f(x) AeHCTBHUTEALHOTO
nepeMeHHOro X. IIpM 3TOM HenpephiBHOCTb ONPEAE/AeTCA TOYHO
TaK XKe, KaKk U B CJyyae AeHCTBHTENbHOH QYyHKUMH AeHCTBHTE/b-
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HOTO NepeMeHHOro, TOMAbKO INOJ aGCOMIOTHOH BeNHUMHOH KOM-
TUIEKCHOrO uucna 2==(@, b) crelyeT NMOHMMATL ero MOLYJb

1
|2]=[(a. b)|=(@®+ 07"
Onpenemnm ¢yHkunio 2= f(x) cieryouum o6pasom:
z=f(x)==(cosx, sinx), 0 x<2n
Toraa f oTo6pa3uT noAyoTkpuiTHi MHTepBan [0, 27) HenpepHIBHO
M B3aUMHO OJHO3HAYHO Ha eIMHWUHYI0 OKPYXHOCTh |2|=1.
Ho Tak kak enMHHYHAas OKDYXHOCTb fBASETCA KOMIIAKTOM, TO

obpatHoe oToGpaxeHHe He MOKeT GHITb HempephIBHHIM (cM. [36],
ctp. 192), a umeHHO oHO pa3spsiBHO B Touke (1, 0).

16. ®yHKuHsa, HenpephBHAA B HPPAKHOHAJIbLHBIX M pPa3pbiB-
Haf B panHOHAJbLHBIX TOYKAX

Ecau x — pauuonazibHOe YHCIO BUAA m/n, TAe m M 1 — Lieable
wucaa, 1pobb m/n vecokpatuma u n>0, To nonoxuM f (x) =1/n.
Ecan ke x wuppaunoHanbuo, mnotoxuM f(x)==0. (Cm. [36],
crp. 124.)1)

B npumepe 10 ra. 8 Oyzer moxa3aHo, YTO He CyleCTByeT
¢ynxuyH, HempephHBHOR BO BCeX pAaUMOHAJBHBIX TOUKaX M pas-
PHBHOH BO BCEX MPPAUMOHAALHBIX TOUKAX.

16. TloayuenpepriBHas ¢yHKUUE ¢ NJAOTHBIM MHOXECTBOM
TOYEeK paspeiBa

dyHkuua npumepa 15 moJyHenpepHBHA CBepXy B Kauiofi
TQUKE @, IMOCKOJBLKY

fim f(£)=0<f(a).
xX=>a
17. dyHKnMS ¢ NJOTHHIM MHOXECTBOM TOYEK pa3phiBa,
KaXJaas M3 KOTOPHIX YyCTPaHHUMa

[ycts a — pauuonansnoe uucao. Ilepeonpeienum (yHruuio
npumepa 15, nonoxus f(@)=0. Toraa

lim £ (x)= 0= f(a),
. xX->a ‘ 7,
T. e, QYHKIUS f CTAHOBUTCS HENpPEpPLIBHOM B TOUKe 4.

1) Iloctpoennas dyuknua f(x) H3BeCTHAa NOX Ha3BaHHEM (YHKUMH
Pumana. — [Ipun. ped.
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18. MonoronHas ¢yHxuusa, TOYKH paspbiBa KOTOpoit o6pa-
3yIOT MNPOH3BOJbHOE CYETHOE (BOSMOXHO, MJIOTHOE)
MHOKECTBO

Mycte A — npousBosbHOe HEMYCTOe CYETHOE MHOXECTBO
BeHCTBUTELHBIX 4YHCeN &y, @y, d3, ..., H MYCTh Zp,,——xo-
HEYHBIH WIH CXOLAIMHCH GeCKOHEUHBLIH pAL HOJNOKHTEJbHEX
yucesn ¢ CyMmMol p (pal KoHedeH TOr4a W TOJMbKO TOrAa, KOTrla
KOHEYHO MHOXeCTBO A, M MMeeT CTOJAbKO MKe U/IEHOB, CKOJIbKO
sneMenToB B MHOwecTse A). Ecam A orpaHuueHo CHH3Y M X
MeHblle MI060r0 dMemeHTa MHoxecTBa -A, monoxuM f(x)=0.

B nporusHoM cayuae nonoxum f(x)= X p, T. e. f(x)
angx
paBHa CyMMe BCeX 4Y/JeHOB p, paia Z’p,,, TaKHX, 4TO @, < X.
Torna f pospactaer Ha R, HenpepblBHa B KaxJIo#f Touke, He
npuHagnexaiiet A, M paspHBHA CO CKauKOM, PABHLIM P,
BO BCAKOH TOuUKe @, (T. e. lim f(x)— lim f(x).—_—p,,).
x>a,+0 x>a,~0

Chenyer oTMEeTHTB, 4TO I/ MOHOTOHHHX (PYHKUMA 3TOT MpH-
Mep He JOMyCKaeT JajbHeHIINX ycuJeHufl, 160 Aas BCAKOK MOHO-
TOHHOM (YHKUMH MHOXECTBO TOUYEK pasphiBa cueTHo (cM. [38],
crp. 59, ymp. 29, a rtakxe [33]%, crp. 223). Ilpumep I noka-
-3HIBaeT, YTO eCAH He TPefoBATH MOHOTOHHOCTH, TO MHOXECTBO
TOYEK pa3pHBa MOxeT coemaiatb ¢ R.

19. PYHKIHUA C NJAOTHHIM MHOXECTBOM TOUEK HEHpephBHOCTH
H NJIOTHLIM MHOXECTBOM TOYEK paspbiBa, HH OAHA H3 KO-
TOPLIX He fABMACTCH YCTPAHHMOM

IOas sToro nocrarouso B npamepe 18 B KavecTBe MHOXe-
cTBa A B3Tb MHOMECTBO Q BCeX PalMOHAJBHEIX YHCel.

20. Hurpe He MOHOTOHHOE B3aMMHO OJHO3HAYHOE COOTBET=
CTBHE MeWAy ABYMS. HHTEPBAJAMH

Onpenemnm f(x) nas 0 < x <1 crenylouum oGpasom:
X, €CJn X pauuoHaNbHO,

f(x)—=‘{1

Torna na [0, 1] He cywiecTByeT HOXMHTEpBata, Ha KOTOPOM f
MOHOTOHHA. MHoxecTBO 3HaueHu#t f ecth cHoBa mHTepBaia [0, 1],
npuueM oroOpaxenue f B3aUMHO OJHO3HAUHO,

— X, €Can X HppanHOHaIbHO.
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Crenymwowasn ¢ynkuus o6aaiaer TeM xe CBOHCTBOM H 0TOOpa-
»kaeT wHTepBaa [a@, ] na wHTepBan [¢, d):

c+4-(d—r) );:Z, ecan ;:Z PalMOHAJMBHO,
g(x)= X —a x—a
ld—{—(c——d) T, oM ——

HUPPauHOHAJIBHO.

21. HenpepbiBHag HHUrJe He MOHOTOHHAA (GYHKOHUA

[Monoxum fi{x)=|x| g |x|<1/2 u npomomxum 31y
GYHKUMIO epPHOLNYECKH ¢ nepuoloM 1, T. e, nosowuM f, (x—-n)=
= f,(x) 1as BCAKOro [eHCTBUTEJIbHOTO 4YHCAA X M BCAKOTO
ueaoro 7. Hanee ans n > 1 nonowum f,(x)=4"""17 (4""'x).
Takum o06pasoM, Rjas BCAKOTO HAaTypaibHOTO n QyHkuus f,-—

nepHoanueckast ¢ mepuoioM 4 ""! W MaKcHMaibuBIM 3HaueHHeM
1 -
o 4 "+1 Hakoneu, onpeienum Ha R Qyskumio f Taxl):
o +0oo
_ ' S (4" )
FO=Yfale)= Yo
n=1 n=1

Tak kax | f, (x)|<%-4“"+1, T0 mo npusHaky Befiepimirpacca

9TOT pAl PaBHOMEPHO cxoiurca Ha R u ¢yuxkuus f Bciony ‘He-

npepbiBHa. Ecan Touka @ umeer Bua @ ==k - 47", r1e k—uenoe,
a m — Hatypaabuoe, 10 f,(a)=0 zas n > m. Ciaerorarensho,

f@=r @+ ... +fn(a). Oycts h,=4""""" rne m—
1pOM3BOJLHOE HatypaibHoe uncio. Torma f,(e—+h,,)=10 1pu
n>2m-1 u, crenoparensHo,

fla+dh,)—f@=Ifrla+hy)— H{@OIF ...
v F @Ry — fr(@)]+
+ @ tbp) 4 o A foma (@t b)) >

>__mhm+(m+ l)hm:hm > 0.
AHaNOTHUYHO

fla—hy)—f(@)> —mhy~+(m—=1) by = hy > 0.
) Mpumep dynkunu f(x) 6ba dpakTHUeckH paccMoTpen Ban nep

Bapnenom B cBasu ¢ sapyrum Bompocom (cM. ra. III, mpumep 8). —
ITpum. peo.
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Ho Tak xax Touxu Buga a=—=Fk. .4"" BCIOLY MJIOTHH B R,
TO OTCIOZA CJELYeT, YTO He CYLLIECTBYeT OTKPHITOrO MHTepBaia,
Ha KOTOPDOM f MOHOTOHHA.

Koncrpykunu, mopoGHbie OMUCAaHHOH Bhille, NPUBOAAT K Cry-
HIeHHI0 0COoOeHHOCTEH.

22. ®yHKUMA, TOYKH pa3pbiBa KOTOpPoil o6GpasyloT mnpomus-
BOJIbHO 33faHHOE 3aMKHYTOE MHOXECTBO

[Tycts A — 3aMiHyTOe MHOXeCTBO. Onpefenum MHOXKECTBO B
clenyomum obpasom:

XEB, ecin xEF(A) wm x€/(ANQ.

Hanee noaomxum
I, eum x€B,

f(x)r_:{ 0, ecau x%B.

Ecmu ¢ € A, 10 f paspbiBHA B 3TOH Touke. B camowm nene, ecau
c€EF(A), 0o f(c)=1, B TO BpeMsl KaK ¢ SBJSETCS Hpeieb-
Ho#f Toukoff MHOxecTBa R\ A, Ha KOTOPOM f TOXKIECTBEHHO
paeHa 0; ecam xe c€/(A)NQ. 10 f(c)=1, mpuuem ¢
ABJdeTCs IpefetbHOf Touko# mHOwecTBa [ (A)\ Q, Ha koTO-
pom f paeHa 0; HakoHen, ecmu cE€/(A)\Q. 10 f(c)=0,
B TO BpeMs KaK ¢ ABASeTCS NpelelbHOH TOUKOH MHOMeCTBA
I(A)N Q. Ha xoropom f ToxpecrseHHO paBHa 1. OrMeruM, yTO
Ha MHoxecTBe R\ A ¢ynkuus f HempepbiBHA, MOCKOJBKY STO
MHOXKECTBO OTKDHTO M (YHKUMS f NOCTOSHHA Ha HeM.

23. PyHrnusA, TOYKH paspeiBa KOTOpoii 0GpasyoT npous-
BOJBHO 3ajaHHoe MHOwecTBo THna F,. (Cm. npumep 8
ria. 4 u npumepnt 8, 10 u 22 rn. 8))

MmuoxectBo A HasbiBaeTcs mroxcecmson muna Fg, ecnu oHo
aBasieTcd oObelVHeHHEM CYETHOTO MHOXKEeCTBA 3aMKHYTBIX MHO-
xKecTB (cM. npumep 8 ra. 8). Ilyecte A=A, U AU ... ecTb
3ajaHHOe MHOXecTBO Thma Fg, npuuem A;, A, ... 3aMKHYTH
u A,cA, s n=1, 2, .... O6o3naunB uepes A, nmycroe
MHOXECTBO (7J, ONpeleNuM TOC/IeL0BATeJbHOCTb HeMepeceKaio-
LWMXCS MHOXecTB B, (n=1, 2, ...) crenywomuM o6pazom:

XEMA N A, DN\T(A,\N A4, )
x€B,, ecm {
win x€EI(A,\NA,_)NnQ.



44 Padsa 2

U nakonen, onperenuM MCKOMyK (yHKuMio f, moJOMKHB

27", ecau XxE€B,

F)= 0, ecau xéB,UABQ—U

TToxaxem, uto eciu cE A, T0 f paspHiBHa B TOUKe C.
B camom gpene, ecan cE€(A,\ A4,_)\T(A,\ 4, T0
f(©)==2"7", npuuem ¢ sBAsETCS mpelelbHOM TOUKOH HEKOTO-
pPOr0 MHOXeCTBa, HA KOTOPOM f NpPHHHMMAeT 3HAueHHs, OTJH-
yaommecs ot 2" mno kpafined Mepe Ha 2771 ecam e
c€I(A,\A,_)\ Q. 10 f(c)=27", npuuem ¢ sBasercs
npeneasHo#t Toukoi muoxectsa [ (A, \ 4,_,) \ Q, Ha KoTOpOM f
TomaecTBedHo pasHa 0; Hagouen, eciu ¢ €/(A,\ A4,-)\ Q.
10 f(c)=0, B TO BpeMsl KaK ¢ fABAAETCA MNpelebHOH TOUKOH
mHowecrBa (A, \ A,_;)N Q. Ha KOTOpPOM [f TOXIECTBEHHO
pasia 27 "." Ocraercsa mokasaTb, uTO eCJH céA, TO f Hemnpe-
puiBia B c. Ilyctb 3amano &> 0. Bosemem N, Trakoe, uro

2°N <&, a sarem BEIGepeM OKPeCTHOCTb TOUKH €, He HUMEKLYI0
o6mux Touek ¢ MHOwectsamu A, A, .... Ap. Torza B sTo#t
OKPEeCTHOCTH f(x)<2‘N<e, M HeNmpephIBHOCTh (QyHKUUM f
B TOUKe ¢ IOKasaHa.

Caenyer OTMeTUTb, UTO Aast 410004 pyHkuuu f, oToOpaxkaio-
mweii R B R, MHOXeCTBO TOYeK pasphiBa fABJAAETCS MHOXECTBOM
tuna F, (cM. [38], crp. 84, ynp. 30--33; cTp. 332, ynmp. 41,
a takxe [1}*, cTp. 152).

24, QyRKUHA, He ABAAIOWAACA NPEAeJioM nocjegoBaTelb-
HOCTH HenpepuBHLIX ¢YHKuHi. (CM. npumep 10 ra. 4.)

dyukuns f npuMepa 1 obaanaer Tem CBOHCTBOM, UTO . He

CyllecTByeT TNOCIAeR0oBaTeNbHOCTH (f,} HenpepHBHHIX QyHKUMH,

takolt, uro lim f,(x)==f(x) aas Bcex AEHCTBUTEJbHLIX X.
n->+co

‘OIHAKO JI0Ka3aTeJbCTBO 3TOrO - $aKTa He fBJISETCH 3JeMeHTap-
HBIM, TIOAPOGHOCTH H AajbHefiline cChIAKY cM. B [9], cTp. 99—103.
Wnes nokasaTenbCTBa COCTOMT B TOM, 4TO [ BCIOAY paspHIBHA,
B TO BpeMsl KaK OYHKLMSA, SBJSIOLASCA TpeleioM MNOC/ei0Ba-
TEJbHOCTH HeNpepBIBHHIX (QYHKLMH, LONKHA UMETh MJAOTHOE MHO-
KeCTBO TOYeK HeNpepLIBHOCTH.
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[TokaxeM, OAHAKO, YTO XapaKTepucTHYecKas OYHKLUUA MHO-
xecTBa Q BCeX PAUNOHAJBbHEIX UHCEN SIBJAETCH MPeIeOM Nocie-
LOBaTeJbHOCTH (g,} (yHKumf, KaxAas U3 KOTOPHX eCTh Npelen
nocjenoBatenbHocTd  {k,} HenpepuiBHEX ¢ynkuuit. eficTeu-
FeJpHO, Mycth {r,} — nocienoBaTeNbHOCTh BCeX PALMOHANbHBIX
yucea. ITonoxum

I, ecmd x==r{ ro ..., WIH Iy,

g,,(x)s{ 0 B mpoTuBHOM ciyuae.

Beskas ¢yukuua g, aBaserca NpeiesioM NOC/EL0BATeNbHOCTH He-
HpepHBHBIX (QYHKLMH, KawAyl0 M3 KOTOPHIX MOXHO BLIGpATh
B BUAE JIOMAaHOH. ITH JIOMaHble CTPOSATCS ClelyiOLuM 00pasom.
Kaxnas us nux pasua 1 B Tex TOukax, rie g,(x)==1, pasHa 0
Ha 3aMKHYTHIX NOLMHTEepPBaNaX, SSJIAOLINXCA BHYTPEHHUMH JJs
HHTepBAJI0B, OOPAa30BAHHBIX IBYMSA COCEIHHMH TOYKAMH, B KOTO-
pyix g,(x)=1, H auHe#ina Ha ocraBwmuxca untepnanax. Ilo-
CTpOeHHe BeleTcs TaKkUM 06pa3oM, YTOOGHI OCHOBAHHA TMHUKOB CTH-
IMBaJUCh K TOYKAM, B KOTOPHX £,(x)==1.

3aMeTnM, YTO AA KaXAOTO X MNOC/AeI0BaTe]bHOCTh {g, (X))
BO3pacTaeT, B TO BpeMs Kak NOCJAeJ0BaTeAbHOCTh, KOTOpas C€XO-
IMTCA K £, (x), Moxer ObTh BhiOpaHa yObiBaiouieH.

25. dyHKuud, onpejenenHan Ha [0, 1], MHOXECTBO 3HAYEHH
KOTOpO# Ha KaXAOM HEBLIPOKAEHHOM MOAMHTEPBaNe CO-
pnaaaet ¢ [0, 1]. (Cm. npumep 27 rxa. 8.)

Dynkuua, obnanalouas 3THM CBOMCTBOM, BnepBble Gbija TO-
crpoena A. JleGerom (cm. [28], crp. 85). Omucanue storo no-
CTpOeHHs MOXKHO HalTH B [9] (cM. c1p. 71, a Takke [22], cTp. 228).

Hycte x — npoussoapHoe uucao u3 [0, 1], u nyctb

x=0,a,0505 ...

—ero IecsTMYHOE pasnaoxeHue. B cayuae, ecau x nomyckaer
[BA Pa3JHYHBIX Pa3JoXKeHHUs, OJHO H3 KOTOPHIX ABISAETCA KOHeu-
Holt necaruuno#l npobbio, apyroe ke umeer undpy 9 B nepuose,
TO ‘MOXHO B38Tb JI060e M3 3TUX pasiaomenulh. Jas onpenene-
HOCTH YCA0OBMMCS 6paTh JHIUb KOHEYHble Pa3jioxeHus. 3HaueHHA
dynkund f (x) OynyT 3aBuceTh OT TOro, fBAAeTca Ju Apobb
0.a,0,5a; ... NePUOIHUECKON MM HeT, T. €. ABJAETCA JH YMCIO
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0. a,a305 ... paudoHambHLIM HAX HeT (cM. [37], crp. 178):
{0, ecnmn 0,a,a5ay ... HPPAUHOHATLHO,
F= 0.89,09,,1980544 - .» € 0,8183a5 ... paUHOHANBHO

M NepHOJHYeCKOe IOBTOPEHHe COBOKYIHOCTH UHPP
HAYHHACTCH C Qg,_;.

Mycts [ — npoussonbublti moxunTepBan u3 [0, 1]. BruiGepem
undpu @y, @y, ..., Qg,_, TaK, urToOH uucAa 0,2,a4 ... @y, 0
n 0,444y ... ay,_;1 npunainexanu [/, a nudpa a,,_; Obna
oramyHa ot 0 u 1. Jlanee MONOKMM @y, | ==Gg, == ...
voo =084, =0, a a4, 3==1. 3areM a1 n uUPp OyleM Nepuo-
IOUYeCKH IOBTOPATb, pAacloJaras HX Ha MeCcTaX ¢ HeYeTHHIMH
nHiekcaMy. Takum oOpasom, MBl OnpelenuM BCE &g, ;. Ecau
tenepy y = 0,0,0,0, ... — npousBoabHas Ttouka us [0, 1], ToO
MO/IOKHUM

x=0a,a585 ... Ay, 10189, 100955 - ..
UHCA0 X TPUHALNCKHMT MHTepBany / M TaKOBO, YTO Pas/ioKeHHe
O,aya3a5 ... 89, 300, 189,41 -

AIBJIETCSl TIePHOAMYECKOR InecATHYHOH INpoGbIO, MepBHH NepHOn
KOTOpO# HauMHaeTcs ¢ @y,_;. ClenoBarebHO,

F(%)= 0,600 ... .

Touku rpaduxka OGYHKIMH f pPACMOJOXKEHH BCIOAY TJIOTHO
B eiunuHoM kBanpate [0, 1] X [0, 1], XxoTs KaxIbi BepTHKANL-
Heft otpesok {x} X [0, 1] nepecexaer rpaduk JHWIbL B OXHOM
TOYKeE.

B npumepe 27 ra. 8 onpezreasercs ¢YHKUUS, MHOMXECTBO
BHa4YeHUH KOTODOH Ha KaXKIOM HeNycTOM OTKPHITOM WHTepBaje
coBmajaer ¢ R u KoTopasi paBHa HyJMIO MNOYTH BCIOAY (a CJeno-
BaTeabHO, uaMepuma). (CM. Takxke cienylomu#t npumep 26.)

Tax kak exauHuuHbif unTepBan [0, 1] conepxkur GeckoHeuHOe

MHOXECTBO HeIepeCeKalolnXcsa OTKPHITHX WHTepBaJIOB (Hanpu-

1 1
(n+1 n
npuMepa NpHHMMaeT KaxAOe CBOe 3HaueHHe OECKOHEeYHOEe MHO-
wecTBO pas. Eule onna ¢yHkuus, KOTOpas Kaxloe CBOe 3Haue-
HHe MpuUHUMaeT GeCKOHEYHOe MHOXECTBO pas, Ompeje/eHa B mpu-
mepe 9 ra. 10.

Mep ), n=1, 2, ...), 10 OyHkuua f HacToduero
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26. PaspniBuag JduHeitHas QyHKnua

$yukuus f, orobpaxamwuias R B R, HasbiBaeTcs nuHefHO AR,
ecmm f(x—+y)=f(x)+ f(¥) ana Bcex x, yER. JluHelinas
(YHKUMA, KOTOpasd He ABJSETCS HENpephBHOH, HoMKHA OBbITh
,OUeHb CHJIBHO® paspuipHOft. B camom nene, ee rpaduk LOJMKeH
OBITh BCIONY TJOTHEIM Ha maockocTd R X R. Itu Bompock pac-
cMarpuBatorcst B [9] (ctp. 108—113), rae npuseieHs AaibHefi-
iHe CcChIkM. B cayuae e, ecau f uenpepbiBHA W JMHefiHa,
oHa 1OMKHA uMeTb BUL f(x)=cx. B stomM MOkHO yOenuTbcs,
paccMarpuBasg nociaenoBaTenbHo kaaccw uyuced N, 1, Q. R.

[Tocrpoenne pa3pbiBHOR JHHeRHOH (QYHKUMH MOMHO OCyUIE-
CTBUTb, HCnonp3ys 6Gasuc Xameas B JuHefiHOM IPOCTPaHCTBe
R BemecTBeHHHX uHCeN Hal MoJeM Q pauuMOHAMbHBEIX YHuced (CM.
ceeakn [29], [30] u [32] us [9]). Hmes cocroutr B TOM, UTO
STOT NPOlieCC NPHBOLUT K MHOMecTBY S = {r,} ZeffcTBuTe bHBIX
vHceNd f,, TAKHX, YTO BCAKOE NEHCTBUTENbHOE HHC/IO X AB/SETCA
eduncmeennold nvHefiHOH KoOMOMHAuWeH KOHEYHOTO YHCJIA 3Je-
MEHTOB M3 S ¢ pAUUOHAILHHIME KO3(DOUUMEHTAMH pPg & X =
=Py T, + ...+ pakr%' $yHKUMIO f MOXHO ONpelenTh TaK:

f@=p,+ o +p,.

HOCKOJILKY TpeICTaBleHNe YHCA3a X B BUAe JHHeHHOH KoMOHHa-
LUMH €IMHCTBEeHHO. JIMHe#iHOCTH (yHKUMH. f clexyeT Hemocpen-

CTBEHHO M3 ee oOlpejeseHud, a TOT ¢akT, uTo f He ABJgeTCA
HEMpepLIBHOHA, BHITEKAET U3 TOFO, YTO BCe ee 3HAYeHHA pauuo-
HaJbHH, HO He BCe ONHHAKOBH (f He obnanaer cofictBom Ko,
T. e. He NPUHUMAET HEKOTOPHE IPOMEKYTOUHLIE 3HAYEHUT).

27. Teopema Koamoropoa: pas kawjaoro # €N CymecTByOT
n(2n-41) Gynxnui ‘sz(xj) J=12... n,
i=1, 2,..., 2n+ 1), TaKux, 4T10

(a) Bce QyHRIHU ‘l’zj(xj) HenpepuiBHBL HA [0, 1];

(b) nna moGoit pyuxnuu f(xy, Xz, ..., X,;), HenpepHBHOH

Ha 0.<{ Xy, X2, ... Xp< 1, cymectrBytor 2n -1 ¢pynk-
uuii §, i=1, 2,..., 20+ 1, KaWAaA HU3 KOTOPHIX He-

npepsiBHa Ha R, npuuem

2n+1 n
f(x,, Ky oooy X)= g‘“(,;, (plj(xj)).
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dra teopema npuHamjexur A. H. Koamoroposy [25]. Ona
paspeiaer 3HAMEHHTYIO cCeibMywo!) npobaemy J. I'manGepra n
GOpMYHpYeTCS B 3TOM Cjydae CIefyioOLM o6pasoM: Kaocdyio
Henpepulguyw @Gyuxyuo f(x;, X5 ..., X,) n Oelicmsumes-
nolx nepemenuvix, 0 < xy, Xy, ..., X, 1, Mooucno npedcma-
sumo 8 eude cyMMol (BHEWHAR CYMMG npuseOeHHOH 8guiile
gopuyas) 2n—1  cynepnosuyuii uenpepsi8Holx BYHKYUE
00H020 NepeMerHOz0 U CYMMO (BHYMPEHHAR CYMME YKAIAH-
HOU hopmyasl) n HenpepoisHolx PYHKYULE 00H020 nepemeRr020.

IlokasatenbcTBO 5TOH TeopeMBl B BHICLIEH CTemeHH OCTPO-
YMHO, HO JOCTYNHO KaXAOMYy UYHTATeJI0, KOTOPHI roros Tepre-
JUBO TNPOCAENUTe 34 AOBOJAbHO IAJMHHOR LEMbi0 HMHAYKTHBHBIX
paccyxnenuft.

OrMeruM JAHIb, YTO QYHKUUH @ ; ABASIOTCA YHUBEPCANLHBIMH,
T. €. OHU He 3aBHCAT OT f. PyHKIMH ;, HANPOTUB, OZHO3HAYHO
onpegensiorcs QyHkuueft f. [ToApoGHOE 10Ka3aTeNAbCTBO MONKHO
HafiTR B UMTHpOBaHHOH pabore.

!y 3mech peub mOJXKHA MATH, BEPOSTHO, O TPHHAALATOH npobaeme
Tunbbepta, a ne o ceapMoi. — [Tpum. ped.



raiABA 3

JIN®PEPEHLIHPOBAHHE

BBeneHue

B nexoTophlX mnpumepax sSToft r/aBHl TEPMHH RpPO#3BOOHQAR
6yzeT NMPHMEHATHCA U K OeCKOHEYHBIM MpeiesaM

LEAD=I@ o i LEEDI @,

h=>(

lim
h->0

Onnako TepMul Oupdepernyupyemas GYHKGUS UCNONb3YETCH
JULIbL B TOM CJydae, ecad (YHKUHA HMeeT KOHEYHYIO NPOH3BOL-
Hyl0 B Kaxao# Touke cBOeH o@aacTh ompezeneHnd. PyHxuus
Ha3blBaeTcst OeckoHeuHO AHbdepeHUUPYeMOR, ecau
OHa uMeeT (KOHEYHYIO) MPOM3BOAHYIO JIOOOr0 NOPAAKA B KaxwaoH
TouKe 06JaCTH OHpejeseHuUs.

[MoxasareabHas GYHKLUMA ¢ OCHOBaHMeM e Oyler 0003Ha-
yaTbcst CHMBOJIOM e* wmi exp (x).

Kak u B mpeamiyuefl riaase, MpeiNoJiaraercs, 4TO Bce MHO-
KeCTBAa, BK/AWOYast 00JacTd ONpeleeHHS M MHOXeCTBA 3HaueHUH
$YHKUMH, sBAAIOTCA NoIMHOxecTBaMH R. B nporuBHoM chyuae
Oyner ciaenaHO COOTBeTCTBYIOUlee YTOUHeHHWe. ITO MNpPeANosao-
KeHue OyZeT OCTaBaTbCd B CHJe BIJIOTH RO . 8.

1. ¢oynkuus, He ABASIOMAACH NPON3BOXHOM

dynxuus sgn x (cMm. BBeieHme, 1. 1) W BoOGue BCAKas
$YHKLMA C paspbiBOM B BHJe CKAauyKa He HMeeT NPUMHTHBHOH,
T. €. He ABJAAeTCH TNPOU3BOZHOH HHUKAKOH (YHKUUH, NMOCKOMLKY
ona He obuaanaer csoficTBoM Koww nmpuHHMATh BCe MpPOMEXYTOU-
HBle BHAYEHHSA, a 3TO CBOHCTBO NpHUCYlue He TOJNbKO HeNpepHB-
HHIM (QYHKLUAM, HO W mpoussoaHbiM (cM. [36), crp. 84, ymp. 40,
a takxe [52]%, 7. I, cTp. 224). Huxe npusosutcs npumep pas-
PbIBHOH NPOU3BOAHOH.

4 3ax. 587
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2. Nuddepennupyemas QyHKuua ¢ paspuLiBHON NPOH3BOLHOM
PaccmoTpuM dyHKUHIO
! xzsin%, ecmt  x 0,

floy=
l

0, e x =20.
Ee npoussoanas
1 1
2xsin—-—cos—, ecam  x =0,
X X

fx)=

0, ecmn x =0,

paspeiBHa B Touke x =0,

3. PaspniBnan QyHKuHsA, BCIOAY HMEKOmAas NPOH3BOAHYIO
(He 00f3aTeJbHO KOHEUHYIO)

Ins Toro yro6bl TaKOH MNpHMep CTan BO3MOMEH, HAAO pac-
IIUPpUTL OTNpesefeHne INPOH3BOLHOH Tak, yroObl OHO BKJIKYANO
aHauenus T oo. Torza pasphBHas QyHkuus sgn x (npumep 1)
HMeeT NPOH3BOLHYIO

0, ectu x+0,
g(x)=

+ o, ecmn x=0.

4. OInddepenuupyemas ¢yHKUHA, NPOU3BOAHAA KOTOPOii
He COXpaHsdeT 3HAKa HM B KaKOil OJHOCTOpPOHHEH OKpecT-
HOCTH KCTPEeMaJbHOH TOYKH

dynkuus
4 (2—{—51:1%), ecan x =+ 0,

0, ecan  x ==0,

[ x
f(x) E{l
uMeeT abCOMIOTHHIH MHUHHMYM B Touke x ==0. A ee npoussonuas

f,(x)___!l x2 [4x (2A+—sin %)—cos %] ecin  x = 0,

0, ecan x =0,

B M000# OZHOCTODOHHEH OKpPECTHOCTH HyJs NPHHHMaeT Kak
[OJIOXKHUTE/NbHBIE, TaK W OTPUiATeNbHble 3HaueHHd. Pyukuus f
He fBJASeTCS MOHOTOHHON HH B KaKOH OLHOCTOPOHHeH OKpecT-
HOCTH TOYKH Xx =0,
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5. ludpdepenuupyemans ¢yHKous, nNPOH3BOAHAA KOTOPOMH
NOJOXHTEJbHA B HEKOTOpPOHd TOUKe, HO cama (QPYHKIHUSA
He MOHOTOHHA HH B KaKoOH OKPeCTHOCTH 3TOH TOYKH

dynkuns -
1

x—+2x?sin—, ecau x + 0,

f(x)E{ *

0, ecan x =0,
uMeeT NMPOU3IBOIHYIO, PABHYIO

.1 1
1 +4xsin——2cos—, ecmn x +#0,
f(0= * ¥
l 1, ecn x =0,
B nw6o#t oxpectHocTd Hyas mnpousBoiHas f'(x) umeer Kak
NONOXKUTEbHEIE, TAK H OTPULATE/bHEIE 3HAUEHMUS.

6. ®yHKkuHs, TPOM3BOAHAA KOTOPOH KOHEYHA, HO He orpa-
HHYEHA HA 3aMKHYTOM HMHTEpBaJie

Paccmorpum  dyHkuuio

1
!x2sm7, ecit x 0,

fx)=
l

0, ecan  x =0,

Ee npoussonnas

.1 2 1
2x sin—; — - COS —-,
= ~— €08 — ecain x =% 0,

J(x)=

0, ecin x =0,

He orpaHuyeHa Ha [—1, 1].

7. ®ynkuus, NPON3BOAHAA KOTOPOH CymecTBYeT M OrpaHH-
yeHa, HO He HMeeT (abCOJqIOTHOTO) SKCTpPeMyMa Ha 3aM-
KHYTOM HHTepBaJje

dyHKUus
1
-—=x 8
xle 4 sin—z, ecmn x =+ 0,

fx)=

0, ecan  x ==0,

4*
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MMeeT MPOM3BOLHYIO

5
F(x¥) = e—*Y4 [(4x3 —_ 3‘2_) sin% —24 cos %] , ecm x =0,
0, ‘ ecin x =0.

B mobGo#i oxpecTHOCTH HyJs 3Ta NPOHM3BOAHAA MMeeT 3Haye-
Husg, Kak yrogHo Gmuskue Kk 24 u —24. C ppyro#t cTopoHdl,
s 0 < h=|x|<1 (cm. [36], crp. 83, ymp. 29) umeem

x4 R T _ 3 40
0< e < 1 4he <1 16/1.

l(4x3—%5)sin%—24 cos%l<24v+-g— hs.

TToaromy u3 HepasenctBa 0 << 2 <l caeayer, uro
3 9 9
L/ ()] < (1 —mh"’) (244—7113) <2 —J (1 —h)< M

CnenoBatellsHO, MHOXeCTBO 3HaueHnH ¢yukuun f' wa [—1, 1]
HMeeT TOYHYIO BEPXHIO IpaHb, PaBHYIO 24, M TOUHYIO HHXKHIOO
TpaHb, paBHYI0 —24, W HM OlHA M3 DTHUX IrpaHeR He HOCTHUTaeTcH.

8. Bcrogy HenpepniBHag, Ho Hurge He auddepennupyemas
dyHKnua

®yHKumMa | x| BClOLY HempephiBHA, HO He nddepeHuyupyema
B touke x=0. C nomowpio cunsura 5Tofl YHKUUM MONHO
ONpeleJuTh BCIOAY HempepHBHYI0 (YHKUHIO, KOTOpas He Rud-
¢depeHunpyeMa B KaxIO# TOUYKe NMPOHM3BOJBHO 3a1aHHOTO KOHeu-
HOr0 MHOXecCTBA. B 3TOM mnaparpade Mel HpHBeleM HpUMep,
HCTIONL3YIOWHA GeCKOHeUHOe MHOXKECTBO CIBHrOB (QYHKIHMH | X |.

MMokaxeM, uTo ¢yHkuus npumepa 21 ra. 2 uurae He Aud-
depenuupyeMa. Ilycth @ — npousBo/ibHOe HefiCTBHTEAbHOE YHCIIO,
M TNycTb A BCAKOTO HATYDPaibHOro n uucao h,, pasuoe 47"
wim —47", BuGpano Tak, uro |f,(a-+h,)— f,(@)|=]|h,]|
Torna seawunna | f,, (a4 h,) — f,,(8)| umeeT oxuHakoBoe 3Ha-
venue |k,| ans Bcex m < n M paBHa mymnwo A8 m > n. Toria
passiocTHoe oTtHomenue (f (@ h,)— f(a))/h, aBAseTCH UENBIM
YHC/IOM, KOTOpOE 4YeTHO MpPU 4eTHOM 7 M HEYeTHO NpPH Heyer-
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HOM 1. Orcioza cileiyer, 410 Hpenen

| im L@t tn) ~ 7 (@)

n—>+4oo hﬂ

He CYLIECTBYeT, 4 NMOSTOMY He cyuwectsyeT u f’(a).

IlpuBenennbifi npumep !) dgsasercs Monudukanuei npumepa,
nocrpoentoro bB. JI. Bau zep Bapresom B 1930 r. (cm. [51],
crp. 394). Ilepsnit ke mnpuMep HenpephIBHOA Hurle He nud-
tdepenuupyemoit dpyukuun O noctpoed K. B. T. Be#tepurpac-
coM (HeMeuxHit Matematuk, 1815—1897 r.):

+ 0o
f(x)= X b" cos(a"nx),
n=0
rie @ —ueloe HeyeTHOE UHCIA0, a 4YMCAO b TaKoBO, uTO

0<b<<1l u adb> 1—{—%3‘52). B mnacTosmee BpeMs M3BECTHEI

NpuMepbl HENpepHBHEIX (YHKUMH, KOTOpble HH B OJHOH TOUKe
He HMEKT J1axe ONHOCTOPOHHeH KOHeuHOH HAH OeCKOHeuHO#H
NpousBoZHOH. DT UPUMEPH M JnanbHeHIIME CCHUIKM MOMHO
Hatitm B [51] (ctp. 392—394), {9] (ctp. 61—62, 115, 126),
a takxe B [16] (1. II, crp. 401—412).

Kak Oni0 mokasano panee (cM. npumep 21 ri. 2), dyHkuus
HAaCTOALUEr0 TNpUMepa He sBAAETCS MOHOTOHHOH HM Ha KaKOM
uHTepBaje. DoJjee Toro, cyuwecrsyer npumep (QyHKUMH BClOAY
IuddepeHuupyeMoit ¥ HHrZe He MoHOTOHHOR (cm. [16], T. 1L,
crp. 412—421). KoHcTpykuus 9TOro npuMepa OueHb CJAOMKHA M
NPUBOJUT K (QYHKIMH, KOTOpas BCIOLY JAubbepeHuupyeMa
MMeeT NJOTHOE MHOXECTBO OTHOCHTENbHHIX MAaKCUMYyMOB W IIOT-
HO€ MHOMXECTBO OTHOCHTEJbHBIX MHHHMYMOB.

9. linddepennupyemas ¢yHrnus, AJd KOTOPOi Teopema
0 cpexHeM He HMeeT MecCTa

B 3ToM npuMepe MH CHOBA BBLIHYXZEHH O00paTHTbCH
K KOMIVIEKCHO3HAuHOM (yHKuMN. PYHKUUA

f(x)=cosx—+isinx

1) Toyso B TakoM e BHIe mnpuMep ¢yHKHMU f(X) H3NOXKEH
B xuure I1. C. AzekcanapoBa ,BBeneHue B 0OOLIyl0 TEODHIO MHOXECTB
u-byHxuuii», 1948, crp. 223—225. — Ipun. peo.

2) Ha camom nene, kax mnoxasaa I. Xapmu (Hardy G. H,,
Weierstrass’s nondifferentiable function, Trans. Amer. Math. Soc.,
17 (1916), 301—325), ara ¢yHkuus Hurie He nuddepeHuupyeMa Jub
B npeanogoxedny, uto 0 < b <1 u ab> 1. — Ilpun. nepes.
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IeficTBUTebLHOT'O TIePEMEHHOTO X BCIOLY HenpephiBHA u audde-
penuupyema (cM. [36], crp. 509—513). Oxnako He cyuwecrsyer
Takoro MHTepBanda [a, §], @ < b, Ln9 KOTOPOrO NMpH HEKOTOPOM
E € (a, b) cnpaBenaUBO PaBEHCTBO
(cosb—+}isinb) — (cos a4 isina) = (—sin& -+ icos k) (b — a).

Ecan npennonoxutb, YTO 3TO PAaBEHCTBO BO3MOXHO, TO,
NPUPaBHUBAsA KBaipaThl MoOAyJell (aGCOJIOTHBHIX 3HaueHuit) obeux
ero uyacre#t, Mbl NMOJYYHM paBEHCTBO

(cos b — cos a4 (sinb —sina)y = (b —a),
KOTOpOe MOoC/]e 2JeMeHTapHbIX 1peoGpa3oBanil NpPUMET BHI
sin? b—a -——-—(—[)—————a)?.
2 2

Ho Tak kak He cyliecTByeT NOJOXHTEJALHOrO 4ucia /i, TaKoro,

yto sink=~h (cM. [36], cTp. 78), TO MBl NOJYYHJU MPOTHUBO-
peune.

10. BeckoHeuno auddepenuupyemas ¢pyuxkuus f(x), noJo-
WMATEJNbHAS NPH NOJOXHUTEJLHMX X M PaBHAS HYJIO NPH
OTPHIATENbHLIX X

dyukuus
yHiu e=12 ecntnm x>0,

f(x)E{ 0.

GeckoHeuHO AHddepeHUUpyeMa, a Bce ee HNPOM3BOJHBEIE B TOUKE
x==0 pasunl O (cM. [36], cTp. 108, ymp. 52).

ecmn  x-<0,

11. Beckoneuno aundpdepenuupyemas GyHKuus, MNONOKH~-
TeJbHAd B eJHHHYHOM HHTEpBaJe H paBHas HYJIO
BHE €10

e~Ue1-xr  ecqn 0< x < 1,

ro=|

B NMPOTHBHOM CJayuae.

12. BeckoHeuno aunddepennupyemas @ynkuna, pasnas 1
Ha (1, 4+ o), paBHas 0 Ha (—oo, 0] ¥ crporo MoHo-
ToHHas Ha [0, 1]

exp [—%exp (—— ﬁ)] ecrn 0 <x <1,
fx)= 0, ecin x <0,
i, eciu x> 1.
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13. beckoHeyno gxuddepennupyemas MOHOTOHHAs (YHK-

uus f, rakas, yro!') lm f(x)=0, lim f(x)+0

x> +co X —>-+0o0

Eciu ne TpeOOoBaTb MOHOTOHHOCTH, TO TPHBHAJBHHIM TPU-
MepOM Tako# ¢yHkuuu Oyner, Hanpumep, (sinx2)/x. TTocrpoum
npuMep MOHOTOHHOH GYHKuUMH, oOJanaole YKa3aHHBIM CBOM-
crBoM. [Tonoxum f(x) pasuo#t 1 ana x <1 v paBHoH l/n Ha
3AMKHYTHIX HMHTepBanax [2n—1, 2n] aaa n=1, 2, ...
Ha ocraBuiuxcs npoMexyTOUHBIX HHTepBanax Buza (2n, 2n+1)
onpefeanM f(x) ¢ nomowsio GyHKuMY npumepa 12, npumenss
FOpU3OHTAMbHBEIE H BEPTHKAbHbIE CABHTH M YMHOXEHHE Ha COOT-
BETCTBYIOLIHE OTPULATEIbHBIE MHOXHTEIH 2).

) B mpuMepax Takoro Tuma mpeien lim £’ (x) He cymecrtByeT
X >+ .

(H1 KOHeuHMH, HM OECKOHEuYHBIH), Tak KakK ecau GH OH CyIWECTBOBaM,
X
T0 Hu3 paBeHctBa f(x)= f(0)-}+ f f/()dt Bmrexano 6bl, uTO

lim f (x)=0.—ITpun. nepes.
X-»+00
2) [lpuBefeHHBIE paccyxJeHHs He yGenureabHsl. B camom gene,
ecan uepe3d f) (x) o6o3HAUUM (pyﬂxumo u3 npuMepa 12, 10 f(x) =

1
- n(n+1) filx Qn)+~ nmpu x € (2n, 2n+1) u notomy
4 — ’
2"<§u<p2n+1|f (x)'__n(n+1) 0<81;P<1\f1(t) \, YTO  BJeYer

lim f"(x)=0. Ilag nocTpoeHust KOPPEKTHOrO NpHMEpPa JO0CTaTOYHO
X > +c0

nonoxuth f (x) =1 npu x < 2f(x)———npux€[n+ ,n-{-l]s

=lan bl (@39 0 f(R)=— el Iy /1 (88 (= b
npH X € (by-y, a5) ¢ n 2 2.— [Tpun. ped.



raasa 4

HUHTErPAJl PUHMAHA

Beenenue

Onpenenenne uurerpana PumaHa d¢yHxuun f, 3aganHoft Ha
3aMKHYTOM HHTepBale [@, b], a Takke 3JeMeHTapHHE CBOHCTBA
3TOr0 MHTerpaia mNpeLNOaaraloTcs u3BecTHHIMEH. To e camoe
TNpeLNo/araerTcss OTHOCHTE/NBHO OCHOBHHIX HEeCOOCTBEHHHIX HHTe-
rpasos, a B npumepe 14 — oTHOCHTeNbHO HHTerpaia Pumana —
Crunbtheca.

B uexoTophix mpuMepax HacToOflued raBH BaXKHOe 3HAYeHHE
MMeeT MOHATHE MHOXeCTBA Mepbl HyJb. MuoxectBo A —R Ha-
3bIBAETCS MHOXECTBOM MEDB HY /b, ecCiH Aad Bcakoro e >0
CYLLECTBYeT OTKPHITOE NOKPHTHE MHOXeCTBa A CueTHOH COBO-
KYTMHOCTbIO OTKPHITHIX HHTEpBAJOB, ILJAMHEL KOTODHX OOpasyioT
OecKOHEUHBIHl cxonsiluics pal € cymmofl, MeHbwe#l e. $lapo
BCAKOTO MHOMECTBAa MepHl. Hyab nycTo. ['0BOpPSAT, uTO HekOTOpOE
yTBEpMIEHHEe CHpPaBelJMBO IJA HOUYTH BCeX TOUEK WIH
MOUYTH BCIONLY, €CJAH MHOMECTBO. BCEX TOYeK, LI KOTODHX
3TO YTBEPKKLEHHE He MMEET MEeCTa, SIBJAAETCS MHOMXECTBOM Mephl
Hyab. Jada Toro 4robw ¢QyHxuus f, 3alaHHas Ha 3aMKHYTOM
KOHeuHOM uHTepBaide {a, b], Obuia unTerpupyeMa no Pumany
Ha 3TOM HHTepBaje, HeOOXOAMMO M LOCTATOYHO, 4TOOH OHa Onlia
OrpaHdyeHa M MOYTH BCIOLY HempepuiBHa (cM. [38], ctp. 153,
ynp. 54, a rtaixe [33]*, cTp. 145).

1. Orpannuennas QyHKuus, He HHTErpupyemas no Pumany
HAa KOHEYHOM 3aMKHYTOM HHTEpBaJje

XapakTtepucTudeckan GyHKUNA MHOXeCTBA Q BCeX pauUMOHaIb-
HBIX YHuCeJ, paccMaTpuBaeMas Ha 3aMkuyToM uHtepBate [0,1],
He MHTerpHpyeMa mo PuMany Ha Hem (cm. [36], ctp. 112)1).

') A1a_dynxuua u3sectHa moi HassauueM ,dyHxuuH Qupuxae«. —
ITpum. ped.
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2. dynkuua, uarerpupyemas no PumaHy n He umeiomas
NPHMHTHBHOM

Pyukund sgn x (npumep 1 ra. 3), paccMarpuBaemas Ha HH-
Teppane [—1, 1}, MHTerpupyeMa Ha HeM, HO He HMeeT NPHMHU-
THBHOMH.

3. dynxuua, uwHrerpupyemas no PuMany u He HMmewomas
NPUMHTHBHOH HH Ha KaKOM HHTepBaJje

Eciu B npumepe 18 ra. 2 monoxute A==QnI[0, 1],
T0 ¢yHkuua f Oyner uHTerpupyema Ha {0, 1], Tak kak oua
MOHOTOHHA Ha 9ToM HHTepBate. OLHAKO 3Ta (YHKLMS HE HMeeT
TIPUMATHBHO# HH HA KakoM noaunTepsate u3 {0, 1], mockosbky
MHOXECTBO TOUEK ee CKauKOB BCIOLY MJIOTHO B MHTepBate [0, 1]1).

4, GyHxknusa, WMeOmAas NPHMHTHBHYIO HAa  3aMKHYTOM
HHTepBaJe, HO He HHTerpupyemas Ha Hem no Pumany.
(Cm. npumep 35 ra. 8.)

dyukuus f npumepa 6 ria. 3 uMeeT (KOHEYHYIO) MPOU3BOJA-
HYI0 g(X) B KaXIOH TOUKE X HEKOTOPOT'O 3aMKHYTOTO MHTep-
Baaa /. CaenoBarenbHo, GpyHKuNd g uMeer npuMuTHBHYyW0. OnHaKo
¢yHKuMA £ He OrpanHueHa, a INO03TOMY He HHTErpupyeMa Ho
Pumany. ;

JBa npeamaymux npumepa (npumeps 3 u 4) npeicraBasior
0COObIlt HHTEpeC B CBA3H C OCHOBHOH TeopeMOH WHTErpajibHOro
ucuucnenna. [lepsbifi BapuaHT 3TOH TeopeMbl TaKOB: ecC/H YHK-
uua f(x) (i) unmezpupyema Ha uurepsane [a, b] u (ii) umeem
npumumusnyo F(x) na stom nuurepsane (F'(x)= f(x) aas
aLx<Kb), To umer;l),an Pumana ¢yskuun f(x) MOXKHO Bhi-

YHCAHTb MO Qopmyne f f(x)dx = F(b) — F(a). Bropo#i Ba-

a
pUaHT TAacHT: eciu QyHkuma f(x) Henpepsi8na Ha uHTEpBaJse
[a, 6], 10 cnpasenuBbl yTBepxaenus (i) u (i) ¢ G(x)=
X

= J f(t)dt B KauecTBe HeKOTOPOW NPUMMTHBHOM, NPHYEM A/

a

" Ecaw Hm f(x)— Ilim f(x) 5 0, TO a Ha3biBaeTCA TOYKOIt
x>a+0 x>a-0
ckauxa QysxuMn f (x).— [/pum. nepes.
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b
8cAK0lL npUMUTHBHOH F (x) umeer Mecto dopmy.na ff(x) dx =
« -
= F () — F (a). HakoHel, TpeTHit BApHAHT 3TOH TEOPEMbI MOKHO
copmyauposath Tak: ecau f (x)uHrerpupyema Ha [a, b), a QpyHk-
ung F(x) HenpephiBHA Ha [@, &] U uMeeT npoussouuyiw F’ (x),
pasuyio f(x) Bo BceX TOuKax HMHTepBaaa [a, §], 3a wuckIOYe-
HUeM, OBITb MOXMET, KOHEYHOrO 4YHc/a TOYeK, TO UHTerpan Pumana
: b

GbyHkIUM  f (X) MOXHO BHIUHCHHTL MO (GopMyJe If(x) dx =

a

= F(b)— F(a)").

5. Unterpupyemas no Pumany ¢QyHKIHA CO BCIOAY MNJIOTHBIM
MHOXECTBOM TOYeK pa3pbiBa

Otum cBolicTBOM of6aanaer ¢yHkuus npumepa 3, KoTopas
K TOMY Xe SBJISeTCS MOHOTOHHOMH.
dyukuus npumepa 15 ri1. 2 Takke obnanaer 3THM CBOH-

CTBOM, OJHAKO OHAa HWIAe He MOHOTOHHAa. Has aroli (pyHKLll/lPl
b

If(x)dx———o npu Bcex a u b,
a

X
6. dyuxuusa f, aaa xotopoll g(x)= ff(t) dt scoay nud-

0
depennupyema, ogHako g’ (x) + f(x) Ha BCIOAY NJOTHOM
MHOXeECTBE

Ecau f— dynkuus npumepa 15 ra. 2 (cM. Takke npend-
X

Iyt mpuMep), TO g(x):—:*ff(t)dt IBJIETCHA TOXIECTBEH-
0

HBIM HyJeM H, cienoBaTeabno, g’ (x)==0 nas scex x. [TosTomy

pasenctBo g’ (x)=f(x) cnpaselaMBO JHIUb A% HPPALUO-
HANBHBIX X.

!y HetpynHo BHmeTh, uTO 8TU TPH BapHaHTa OCHOBHOH TeopeMbl
HHTErpajJbHOrO MCYHC/EHHA HE SKBHBAJEHTHBL. — [lpun. nepes.
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7. 1Be pa3auuHbie NoNyHenpepuiBHbie GYHKIHM, ,pPaCCTOAHHE
MEXAY KOTOPbIMM PAaBHO HY.O

B sTtoM cayuae paccrossue 4 MexLy IByMs (PyHK-
uuaMn f M g, uMHTEerpHpyeMbiMu Ha [a, b], onperensercda Kak
uaTerpad oT abCcoMIOTHOH BEJNMHMHBI MX Pa3HOCTH:

d

I

b
[1f @ —glax.

Ecan f — moayHenpepHiBHAS (yHKUHA TpPeAbLAyLIEr0 NpHMepa
(cm. mpumep 16 ra. 2), a ¢yHKUMS £ — TOXKIECTBEHHHBIH HYJb,
T0 f(x) u g(x) He paBHEl BO BCEX DalUMOHAJIbHBLIX TOUKAX X
(u, caenoBatenbHO, f M g, HECOMHEHHO, HBJSIOTCS Pa3JHYHbIMYU
OYHKUMAMH), B TO BpeMsl KaK onpefe/ieHHOe Bbiille paccTosHue d
Mexay 9TuMH (YHKLMAMH PaBHO HYJIO.

8. Unterpupyemas no Pumany ¢QyHKuusi, MHOXKECTBO TOHEK
pa3pbiBa KOTOPOH COBNAjaeT ¢ HAPOH3BOJBLHO 3aJaHHBIM
MHOXECTBOM THna F; u Mepnl Hyab. (CM. npumep 22 i, 8.)

JroT npuUMep HECKOMBKO HANOMMHaeT mnpumep 23 ra. 2.
IMycts A -—3ananHoe MHOXecTBO Tuna F; M Meph HYJb!

A=A UAU.... rae A, A, ...— 3aMKHyThle TOIMHOXe-
CTBA HEKOTOpOro uHTepBana [a, b], mpuuem A, c A,,, aad
n=1, 2, .... llanee, nyctb A, o0603HauaeT nycToe MHONe-

CTBO (. OmnpenenuM ¢ysKUMIO f craeaywolium 0OpasoM:
27", ecin xEA,\A4,_,
f(x)E! E n n—1
(0 ecam x ¢ A

Eciu ¢€A, To f paspuBHa B 3TOH TOuke. JleHCTBHTENbHO,
nycts ¢€ A, \ A,_;. Hockomexy A, \ A,_; aBisercs MHOXe-
CTBOM Mephl HYJb, TO Yy HEro HeT BHYTPEHHHX TOYeK, H, Cle-
NOBATeJbHO, € SBASETCA NpeledbHON TOYKOH MHOXECTBa, Ha

KOTOPOM f NDHHUMAET 3HAYCHUS, OTAMHAIOLMecs oT 2~ " no Kpai-
—n-1

neil mepe Ha 27" . Ecam e ¢ A, 1o f uenpepriBHa B 3TOH

Touke. B camom nene, nycrs 3anaHo & > 0. Brbepem Takoe N,

uto 27V < e. TMocie 970T0 BOBbMEM TAKYI0 OKPECTHOCTL TOUKH C,
KOTOpAs He COAEPKHUT HA OJHOH TOUKH MHOKeCTB A;, Ay, ..., Ay

Torza B aro#t okpectHocTH f(x) < 27V <.
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9. Jlse Gyuxkuuu, MHTErpHpyemuie no Pumany, xomno3nnus
KOTOPHX He HHTerpupyema no Pumany. (Cm. npumep 34
ra. 8.)

Mycts f(x)==1 mag 0 << x <1 u f(0)=0. Hdanee, nyctsb
£ — cyxenue Qynxuun f npuMepa 15 ra. 2 Ha 3aMKHYTHIH HH-
tepsan [0, 1}. Torma f(g(x)) sBaserca cyxenueM Ha [0, 1]
XapaKTepUCTHYeCKOH (GYHKLUH MHOXKecTBa Q BCeX PalHOHANbHBIX
uuces. Jrta PyHKUUs paBHA 1, ecaum x pauuoHanbHO, u pasHa O,
ecan x uppauponanbuo. (Cm. mpumep 1 9TOR riasii.)

10. He unterpupyemas no Pumany orpannuensass Qysnxuns,
ABJAAIOMAACH TpefeJioM Bo3pacTalouleil NocjleioBaTelb-
HOCTH HHTErpupyembix no PumaHy (pymmma. (CM fpH-
mep 33 ri. 8.)

PaccMoTpuM NocaefoBaTelbHOCTh (£, OyHkuuit, omnpene-
JeHHHX B npumepe 24 ria. 2. Ecan OrpaHuuHTbCAS 3aMKHYTHIM
untepsasom [0, 1], To 3Ta nOCAELOBATENBHOCTL ABJAETCH BO3-
pactaiolieli NOC/IeN0BaTeNbHOCTLI0 HMHTerpupyeMelx no Pumany
¢dyukuui, 1. e. aas kaxaoro x €[0, 11, g,(x) << £y41(x) npu
n=1, 2, . Nonoxum g (x)== hm g,(x) ans x€0, 1].

n-»-+oo
Torma g saBAseTCA Cy)KeHWeM Ha 3aMKHYTHH uHTepBan [0, 1]

XapaKTepUCTHYeCKO! (YHKUUY MHOXKecTBa Q BceX palHOHANbHBIX
4ucen, M, CJeLOBAaTeNbHO, (CM. npumep 1) & He MHTerpupyema
no Pumany na [0, 1].

1t. Pacxopsmuiica HecOOCTBEHHBIH HHTErpaJ, HuMeIOmmi
KOHeuHoe rJjiaBHOe 3HaueHue B cMmuicjge Komu

-+o0

Heco6cTsennsilt  HHTETpaN '[ X dx pacxomurcd, HO €ro
-0

riaBHoe 3HaueHue B cMbicie Komu pasHo Hy/mo:

a
lim fxdx: lim 0==0.

a>+oo v a->+oo

(Cm. {36), crp. 145, ynp. 30.)
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+o

12. Cxoaamuiica HecoOCTBEHHbIl HHTErPAJ j f(x)dx, noa-
1

HHTerpaJbHas QyHKIHA KOTOPOro MOJOXHTe bHa, Henpe-
PLHIBHA U HE CTPEMUTCH K HYJIO0 OpH X —>—+co

[Tonowum g (n)=1 nna Bcakoro uemoro n > 1, a Ha 3aMk-
HYTHX uHTepBanax [n—n~2, n] u [n, n+4n"2] dyukuuio g
onpeleNMM KaK JHMHeHHYI0O H PaBHYI0 HYJI0 B KOHUEBHIX Helle-
apx Toukax. Hakowen, B Tex Toukax x> 1, rme g(x) ewe
He onpenenena, nonoxuM g (x)==0. Torza ¢ynkuus

f@=gx®)+—

NOJIOKHUTE/LHA H HeNPephiBHA 419 X > 1, paBenctso lim f(x)=0
X~»+00
He UMeeT MecTa, a HeCOOCTBeHHBI HHTerpal

+00
f f(x)dx
1

CXOLUTCS.

Ecau onycruts TpeboBaHHE MOJOXKUTENBHOCTH (PYHKUMH,
TO MPOCTHIM NPHMEPOM, KOTOPHIR YIOBIETBOPSET OCTABIIMMCH
TpeGoBanuamM (cM. [36], cTp. 146, ymp. 43), aBasgerTcs HuTerpan
+oo
f cos x?dx.

1

13. Cxopsammuiica Ha wuuTeppate [0, -+ oco) HecoGCTBEHHBIH
HHTerpaJ, noauHterpajbHas ¢yHKUHS KOTOPOro He
orpanu4yeda Ha Jaio6om uuTepsajse Bupa [a, --co), rae
a>0

OTHM yCJIOBHSM YIOBJETBOPSET HECOGCTBEHHBIA HHTerpai
40

f x cos xtdx. (Cu. [36], crp. 146, ynp. 43.)
0

MoxHO nocTpouTb TaKOH e npuMep ¢ MOJNOXHTENbHOR H
BCIOLY HeNpepbBHOX noiuHTerpanbHolt ¢ynkuuelh. Ilpu stom
MOXHO BOCIOJIb30BATHCA METOAOM, MOAOGHHIM TOMY, KOTOpBIf
OBl MpUMEHEH B MNpelbliyllieM NpuMepe, mosaras g(n)==n
paccmartpuBas 3aMKHYTHle HHTepBaAsl [n —n~3, nlu [n, n -+ n~3].
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14. @yuxkunu f w g, Takue, 4YTO MHTerpaa Pumana —
CTuabTheca oT f OTHOCHTEJNBHO g CYWIECTBYeT Ha [a, b)
u |b, ¢], HO He cymecTByeT Ha |[a, (]

IMonoxum
0, eemn 0 Lx <1,

f(x)E{ 1, ecmn 1 Cx 2,
0, eecin 0 Cx 1,

g(xX)=
1, ecn 1 < x2,

u nycth =0, b=1 n ¢=2. Torna
1 2
[rmdgm=0 [fxdgw=1.
0 )

Ho nockonabky f W g uMeloT oO6ulyl0 TOYKY pasphiga x =1,
TO HHTETpan

2
[ 1o ag
0

He cywmecrsyer (cM. [36], crp. 161, ymp. 10, a takxe [33]%,
cTp. 249).



FNABA D

MNOCJEJOBATEJNIbHOCTH

Beenenue

TTouarus nocaedosamessnocmu, nociedosamesvrocmu Ko-
wu, cxodumocmu u pacxodumocmy ObLAN ONPeLeNeHbl BO BBE-
JIeHuM K . 1, a MOHATHS BepXHero M HM¥HEro mpenena B (KO-
HeyHolt) Touke A9 YHKUMM JNaHEL BO BBeIEHMH K TIia. 2.
CoortBeTcTByIOIME ONpelefeHus s NOCAe10BaTeNbHOCTER Heli-
CTBUTE/ILHBEIX YMCe/ NPeAnonaralTcs H3BeCTHHIMU. [lepBhie Liectsb
NpUMEpOB HAacTOAULEH TIaBBl KAacaloTCA TOJALKO IOC/ELO0BaTe/b-
HocTell jeffcTBUTeNbHBIX yucea. CheiayeT MoIyYepKHYTb, YTO HJs
9THX TOC/el0BaTeNbHOCTE TepDMHH npedes HHOTAA YnoTpes-
adgeTcs M Ia8 o6o3HaveHus GeckoHeuHHX mpepneos. OnHako nos
cxo0sawelics TOCAeLOBATEbHOCTbIO BCErja IOHMMaeTcs Nocie-
JLOBATeMbHOCTb, HMEIOIAS KOHedHolli mpefen. B npumepe 7
NpeanonaraeTca, 4To YWTaTe]b 3HAKOM C ONpeleseHHeM W 3Jje-
MEHTApHLIMH CBOUCTBAMU pPABHOMEPHOL Cxo0uMocmu NOCIALO-
BaTeabHOCTeH ¢yHkuuii. B npumepe 8 cohopmyaupoBann onpe-
AeJleHHsl CXOILUMOCTH M  DPACXOILUMOCTH nocaedosamensHocmell
MHOJICECM S, KOTOPble 3aTeM HCHOJb3YlOTcs B npumepax 8 u 9.
Bciony B 9TOH KuMre NOL CIOBOM ROCA€A08QMEALHOCMS TOHHU-
Maercs 0eCcKOHe4HAR NOCAe008QAMEAbHOCMb, eClH He OrOBOPEHO
TIPOTHBHOE.

1. OrpannyerHbie pacxoasimidecs nocJegoBatenHOCTH

[TpocreiunM npuMepoM OFpaHHUEHHOH pacxonsuiefics nocte-
JA0BaTeNbHOCTH, NO-BHIMMOMY, SBJAAETCA MOC/AeLOBATENbHOCTD

0, 1,0, I, ...,

KOTOPYI0O MOXHO 3anucaTb B Buie {a,}, rae a,==0, ecmu n
1
HEYeTHO, H @, =1, €CW 1 YeTHO, T. €. 4, =~ [l “+ (—1)"].
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Boaee cioxHbBIM TPHMEPOM ABISETCS MOC/EL0BATENBHOCTb (7 ,}
BCEX pauMOHAaNbHEIX uucen uHTepBana [0, 1], T. e. {r,} ecTs
B3aUMHO OJHO3HAYHOE COOTBETCTBME MEXLy MHOXecTBOM N u

Qnio, 1].

2. IocaenoBaTedbHOCTD C NPOHU3BOJBHO 3aJdHHBIM 3aMKHY-
ThiIM MHOXECTBOM npeaeibHbIX TOYeK

Besikaa Touka, KOTOpas #BJSeTCH NpelejoM HeKOTOPOH mox-
TI0C/Ie10BATE/IbHOCTH IOCAEI0BATEAbHOCTH {4}, Ha3EIBaeTC AP e -
LeNbHOR TOYKOH HWIM YaCTHUYHHM NpeRenoM MHoO-
ciefosaTenbHoCTH {@,}. BcAxas npedenbHas TOuKa MHOXeCTBA
3HayeHHUH NOC/AeNOBATENBHOCTH eCTb MNpelesbHas TOYKa CaMo#
NOCNeN0BAaTeLHOCTH, OJHAKO 0OpaTHOe yTBepkieHue, BooOILE
rosops, HesepHo. Kourpnpumep: nocaeposateasHocts 0, 1, 0,
1, ... umeer pgBe mnpeneabnble Toukd O m 1, oxHAKO ee MHO-
KECTBO 3HAYeHHM He HMeEeT HM OAHOH mnpele/bHOH TOUKH.

MHoMecTBO Becex MpelesbHBIX TOYEK J11060H NocaeroBaTeNlb-
Hoctw (a,} Bcerza samkHyTo, N60 OHO fBJASIETCS 3aMBIKaHMEM
MHOXECTBA 3HaueHufi mocnrenosarenbHocTd {a,}!). Hmxecaenyio-
ILMA TpUMep NOKAa3bIBaeT, YTO TAKUM MYTEM MOXKHO TOJYYATHb
A41000¢ 3aMKHYTOE MHOMXECTBO A, T. e. B IeHcrBuTeabHOCTH A
ABASICTCA MHOXMECTBOM NpelesbHBIX TOYEK HEKOTOPOH noc/aeno-
BatenbHOCTH {a@,}, cocrosuelt u3 pasauwunsix Ttouex. Orcloia
GyxeT cleloBaTb, uyT0 A AB/sETCS He TONLKO MHOXECTBOM npe-
LeNbHBIX TOYEK nocaedosamesvrocmu {a,}, HO M MHOXECTBOM
npeneibHbHIX TOYEK ee MHOXKECTBA 3HAYeHHH.

Ecnin A — nycroe MHOXeCTBO, TO MOJOXUM @,==n L1
n=1, 2, ....Ilycts Teneppr A — NpPoOH3BONBLHOE HEMYyCTOE 3AMK-
HYTOe MHOXECTBO (LeHCTBHTENbHBHIX uHCes), M mycTh (r,} — mo-
Clel0BaTeNbHOCTb BCEX PAUMOHAMBHBIX YHCEJ, CPeIN YJEHOB
KOTOpOH HeT paBHuX ({r,} — B3anMHO onHO3HauHOe OTOGpaXeHHe
mHOoxecTBa N Ha Q). TlocnenoBarenbHOCTD {a,,}. a4 koropoit A
6yleT MHOXECTBOM MpelelbHEIX TOYEK, MBIl ONPeLedM PeKyp-
pertHuM cnocoGoM. Cuauana pasofbeM MHOuecTBO R-Ha uernipe

1) 970 yTBepkIeHHE He TOUHO. MHONKECTBO NpeAeJbHBIX TOUEK
-mo6olt mocnenoBareabHOCTH {@;} B3aMKHYTO, HO OHO He 00M3aHO €O-
BIaZaTh C 3aMBIKAHMEM MHOKECTBA 3HaueHHH MOCAeJOBATEALHOCTH {@,).

Tak Oyamet, HampuMep, eCaH @, = 1 (nz2 1).—Ilpun. peo.
Y. P P
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HellepeceKaloluxca HHTepBana: (— oo, —1), [—1, 0), [0, 1)
u[1, +o0). Ecim AN(—oco, —1)=s= @, TO B KauecTBe a,
BO3bMEM TICPBHIYi WieH NOC/AeLoBaTebHOCTH {r,) (T. e. YieH ¢ Hau-
MEHLIIHM HOMEPOM 7), NpUHALAexaluh uHTepsany (— oo, —I1);
ecit AN(—oco, —1)=@,a AN [—1,0) = &, 10 B KaecTse &,
BO3bMEM l'[epBbIﬁ YJEeH MocCjenoBareibHOCTH, npnﬂalmen(amﬂﬁ HH~
tepaay [—1, 0); ecan xe AN(—oco, 0)= @, o AN[0,1) #
= (), TO B KaueCTBe @; BO3bMeM NePBLIf UieH MOC/e10BATENbHOCTH,
npuHanaexawmt [0, 1); vakouel, ecin AN (—oo, )=, 10 B
KayecTBe @, BO3bMeM IepBbIf WJIeH NOCAEL0BATE/NLHOCTH, NPHHAL-
aexawmft [1, 4 o0). Ilycts anement ai BuOpaH. B cayuae ecan
AN[—1, +00) # @, nono6HEM ke 06pa3oM BLIGUPaEM @y = @,
paccmarpuBas nocieioBaresbHO uuTepsaas [—1, 0), [0, 1) u
(1, 4 c0). Eciu ke AN[— 1, +00)== (@, To Ha 3TOH CTaLuH
Ipyrve uieHb He BhiOupaiorcs. Takum oOpas3oM, Ha nepBof cra-
LMK ONpeleseTcsl no Kpalineld mepe ONVH HieH Q,, HO He 6o.aee
Yemsipex 4YNEHOB &), Oy, Q3 4, TockenomarTeabhoctH {a,}. Ha
Bropol crazun R pasGuBaerca Ha 2 - 2242 == 10 uHTepBaOB
(—oo, —2), [—2, —3/2), ..., [3/2, 2), [2, + o). Ha kammoMm
ware, nocae TOro Kak a;, Qg ..., @, BHIOpaHEl, 3JeMEHT 4, .,
BBIGHMpaeTCs H3 HeKOTOPOTo HHTepBaa /[, a uMeHHo ecin A N[+ (@,
TO @,,; eCTb NepBHE unen {r,}, omautnsii om yoe 8oLOpan-
HolX ¥ mpuHaijaexawuit /. Ha k-#t craaum R pas6usaercd Ha
k. 2% 12 unreppanos: (— oo, — k), [—k, —E+27FT), ..
cees [k—?'k“, k), [k, +co). Herpymno nokasats, uro mo-
ClIeNoBaTe/AbHOCTb {a,}, onperesennas, TaxuM 00pasoM, pekyp-
pentHoO, o6nanaeT TpeGyeMbIMH CBOHCTBAMH. 3aMeTHM, YTO eCJH
A=R, 1o {a,] apaserca B3auMHO OJHO3HAYHHLIM COOTBETCTBUEM
mexny N u Q, KoTopoe, BO3MOXHO, oranuno ot {r,]1).

1) Mocrpoenne mnociepoBaTesbHOCTH {a,} MOKHO OCYLIECTBUTh
npowme. Mmenno, tak kak mHoxecrsa / (A) u B==(—o0, ®0) — A or-
KPHTH, TO OHH CyTh CyMMBl He GOJee uYeM CUETHOrO YHCJIA Herepece-

xaomuxcss murepsanos: I (A)=|J(bp cx) B=|J(dm em) Hycms
k m

7 ”

{rn (k)} = (bk, ck)ﬂQ, a {r,, (m)} c (dm, em)nQ -— Takas ?ocnenona-
TEAbHOCTb PAa3AHYHHIX TOYEK, MPEeJiedbHBIMH TOYKAMH KOTODOH ABAMIOTCH
auuts d, U e, 3aHYMepoBaB B OAHY IMOCJAELOBATEAbHOCTh MHOKECTBA

1oCJAe 0BaTeIbHOCTE!H {r:, (k)} u {r;; (m)} (k=12 ....m=12..),
MBI H MOJAYYHM HCKOMYIO HOCJAEN0BATEAbHOCTH {an}. — ITpun. ped.

O 3ak. 587
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3. Pacxoasmasnca nocaenoBaTeJbHOCTh (@,}, AJA KOTOPOi
lim (@nyp— @,)=10 npu MoGoM HaTypaaLHOM P
n->-+oo
[Tycte a, 0003HAYaeT 7-10 YaCTHUHYIO CYMMY FapMOHHYECKOTO

paza

Gy=1454 ... 1.

Toraa mocnenosateavHoCTs {a,} pacxoxurcd, oaHako ana p >0
MMeeM '

1 1 14
a,,ﬂ,——a,,:m—l— oo +m< m——)O

3ameTuM, 4TO npeieNbHOE COOTHOLIEHHE liT (@p4p—a,)=0
n-»>+oo
BEITIOJIHAETCA HepaBHOMEPHO OTHocHTedbHO p. B camom zese,

yTBepAJEHHE, YTO 93TO ,MpelebHOe COOTHOLIGHHE BHIMNOJHACT-
cA PaBHOMEPHO OTHOCHTENbHO p, SKBHBaAeHTHO kpuTepuio Ko-
WK AJA4 CXOIUMOCTH mnocaenoBarenpHoctH ([36], crp. 447,
ynp. 43).

OcHOBHY10 HIel0 mnpegmnymiero abaauna MOXHO BHICKA3aTh
u B caenyioumell dopme: ecanm {a,} pacxolurcs, TO CYLIeCTBYeT
CTPOro BO3pACTaOWas NOCKeLOBATENbHOCTb {p,} HaTypatbHhIX
YHCeN, TaKHX, YTO Qpip — &, 7%0. Ilaa mocrenosarensHOCTH

HYaCTUYHHIX CYMM TrapMOHHYECKOro psla B KadyectrBe {pn} MOXKHO
B34Tb MOC/e10BaTEbHOCTD {ﬂ}, NOCKOJABKY B 3TOM CJayvae

1 1 n 1
a —_— 0, =—— ce _— —_—
n+p, n n+1+ +n+n>n+n 9

Crenynomuit npumep cBsidaH ¢ JPYTHM acCleKTOM 3TOTO BOMpoca
(npu @(n)y=n-+p,).

4. Pacxoasmasncs mnOCJeNOBaTeJbHOCTh {a@,}, Takas, 4UTO
AAs 3ajaHHOM CTPOTO BO3paCTaloNLel NOCAea0BATENbHOCTH
{(pn} = {¢@ (1)} HaTypaabHuIX yucea lim (ag@m—a.) =0.

n->+co

[oap3ysicb HMHAYKLWEH, JerKe YCTAaHOBHTb, 4TO @(n) >n

aag Beex n=1, 2, ...; Oonee Toro, ¢(n-+ k) >n- (k)
nnaBcex nu k=1, 2,,,,. Crexopareasptio, lim ¢(n)=-}oo.
n->+oo

Paccmorpum nBa ciyuas.
Eciau nocnenosatembHoCTs @ (7) — n orpaHuueHa, Hanpumep
¢(n)—n<K s Bcex n=1, 2, ,.,, TO B KayecTBe MNOCJ]e-
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LOBATEJBHOCTH {@,} MOXHO B3ATb I0C/IEA0BATENLHOCTD YACTUYHEIX
CYMM TapMCOHUYECKOrO psiia, TaK Kak
1 1
Qo) — a, '—“m—!— PPN +W<7_—1:_-T—>0

Ecau e mnocaenopaTeJbHOCTb @(n) — A He OrpaHHYena, To
HOCTYNUM chaenylowuM o6pasom. Ilycth R — HauMenbliee Hary-
palbHOe YHMC/O, Takoe, uTo @ (k) > k. Tloaowum a,==1, ecau
n==~k, @(k), ¢(@(&), ..., u a,=20 B npoTuBHOM cayuae. [To-
CKOJbKY {@(n)} cTporo Bo3pacTaeT, TO CYLIeCTBYeT NOAMOC/E-
LOBaTeJbHOCTb TMOCAELOBATEBHOCTH {4,}, cocTosiuas U3 €IMHHUL,
a MOCKOJMbKY @(#) —n He OTPaHHYeHa, TO CYUECTBYeT MOAINO-
CJ/IELOBATENBHOCTD NOCAENOBATENLHOCTH {@,}, cocTOsIIas U3 Hy el
Cnenosarenbho, {a,} pacxoaurcs. C APYro#t CTOPOHH, &g (ny=2a,
Lad Kaxaoro n==1, 2, ..., U NOTOMY Q¢ (n— @, —>0.

DTOT npuMep MOXHO 00600MIMTL B Pa3JMYHBLIX HANpaBJIeHUsX.
Hanpumep, IOCTaTOYHO JHUIUb NPelNOJIOKUTL, 4TO @{n)—> -} co
npu n—> -} 0o, INPH 3ITOM MOXKHO norpe6oBaTh, 4TOOH NOCIHE-
ZOBATENbHOCTD {a,] Oblna Heorpannyennoft. OgHaKo Mbl He GyieM
BABAaThCA B TOAPOGHOCTH. ‘

5. TocaepoBateasHocTh {@.} W {b,}, Taxue, uto lima,—+
~Him b, < lim (@n+ba) <lim aHim b, < lim (@s+-ba) <
< lim @, -+ lim b,
Mycts {a,} u {b,} — nocienoBaTenbHOCTH € MEPUOAAMH, CO-
CTOSILIUMHY U3 ueThipex uudp:
{a,}:0,1,2,1,0,1,2,1,0,1,2,1,0, 1, 2, 1, ...,
{by}:2.1,1,0,2,1,1,0,2,1,1,0,2, 1, 1, 0,....
Torza TpeOyeMble HepaBeHCTBA NPUMYT CACLYIOIMA BHA:

0<CIKC2LC3IK 4

6. MocaenosaTeabHOCTH  {@1n), {@2.), ..., Takue, uTO
lim (a1 + a2, -+ ...)> lim ay, + Him ag,+ ...

n-»+co n-» +oo n-»+oo

lonoxum a,,=1, ectu m=n, u a,,,=0, echu m =+ n,
m,n=1, 2, .,.. [lpu satom o6a psana, .Bxoisude B HopMy-
JHUPOBKY YTBePXIEHHS, CXOAATCH, H TpeGyeMoe HepaBeHCTBO MpH-
HuMaeT caeryouui sui: 1> 0.

5*
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ClelyeT OTMETHTb, YTO HePaBEHCTBO, YCTAHOBJEHHOe B 3TOM
npuMepe, HEBO3MOXHO B C/yuyde, eC/AH HMMEeTCd JHillb KOHeyHoe
YyuC/a0 TocJderoBareabHocTed. Hanpumep, Bcerza cnpasennuBo
HepaBeHCTBO

lim (a,-+8,) < lim o, lim &,

n-»+oo n—>»-+oo n->»+oo

(Cum. [36], cTp. 59, ymp. 19.)

7. ]lBe paBHOMEPHO CXOAAIHECH NOCJEI0BATENbHOCTH QYHK~-
1 Hil, NoCkea0BATEJNBHOCTh NPOU3BEAEHHUI KOTOPBIX HE CXO-
JMTCH pPaBHOMEpPHO

[Mycty ¢yuxnus f onpejeneHa M He OTPaHWYEHA HA MHOXe-
crBe D), KOTOpPOe ML npuMeM 3a oGaacTb ONpelefieHHsd BCeX
dyrkuut HacTosmiero npumepa. OnpenenanuM NOCHeI0BATEbHOCTH
{f.} u {g,} cnenyomum o6pasom:

fr)=f(x), g,(x)=—

Torna f,— f n g,— 0 pasnoMepro na D, omnako f,g,—>0
HepaBHOMepHO Ha [). B wacTHOCTH, B 3TOM npvmepe MOXHO NO-
JdJoxkuts D =R, f(x)=ux.

Crenyer saMmetuTb, 4TO ecau oe MOC]ENOBATE/ILHOCTH Orpa-
MHYeHH H paBHOMeDHO cXoiarci Ha D, TO MX mpousBeleHue
TaKKe PaBHOMepHO cxodutcs Ha D.

8. Pacxoadmascs nocJaegoBaTeJbHOCTh MHOMXECTB

Bepxuu#t npenea Ilim A, M HukHUHR mnpened
n—-»+oo
lim A, mnocienoBaTedbHOCTH MHOXecCTB {A,} onpeleiasiorcs
n>+oo
clelyWuMy GopMynamu:

l_ir-ﬁAnEﬁo',‘tjoAm]. lim AHEUW[HA]
n->+oo n=1 Lm=n n3>+oo n=1 Lm=n

[MocaenosarensHocTs {A,] HasbiBaeTca cxonAme i, eci

lim A,== lim A,. B rakoM ciyuae roBopar, 4T0 OHa CXO-
n->+oo 23> Yoo

1) Orcwoza caenyer, uro MHOXecTBO D Geckoneuno. — /Ipus. nepes.
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JIUTCS K 3TOMY 06LLL€My 3HAYEHUIO BEPXHErO0 U HUXKHETO NpenesoB.
Ecan ke nocaenoBaTe/bHOCTb MHOXECTB He CXOZUTCH, TO OHa

HasbiBaeTcs pacxonsue#ca Iockomky lim A,={x|x€
: n-»+oo

€ Geckoneuno muorum A}, a lim A,={x|xEscem A,, 32
n—>+co

. MCK/IOueHHeM, GHTb MOXET, KOHeYHOrO UX YMCAa}, TO BepXHHMH
npelesa ocuuaaupywowell nocaenosateasHoctd A, B, A, B, A,
B, ... paBen o6bvernHeHnio AU B, a ee HIXHUA Tpeles paBeH
nepeceveHnio A N B. CreloBatenbHO, NOC/AEI0BATENBHOCTD TAKOTO
THNA CXOLMTCS TOrAA H TOJbKO TOrAa, Koria A=B.

Crenyer oOpaTuTh BHUMAHHE HA TECHYI0 AHANOTHIO Mexiy
STHM NPHMEPOM U NPHUMEPOM IOC/AELOBATENLHOCTH ukcena {a, b,
a, b, ...} (cM. npumep 1),

9. TlocaepoBateasHocTs {A,} MHOXeCTB, KOTOpPas CXOAHTCA
K NMyCTOMY MHOXEeCTBY, HO KapauHaJbHble YHCAA 9THX
MHOXEeCTB —> —} CO

Ilycte A, — MHOXECTBO 7 HATYPaibHBIX YHCEN, Kamjaoe H3
KOTOPLIX GOJblue WAM PABHO 72, HO MeHblIe 272:

Ayj={mmeN, nLm< 2}, n=1,2,....

Toraa, MOCKOJbKY HHKAKOE HATYPAJAbHOE YHC/IO HE NPHHALJIEKUT
GeCKOHEYHOMY MHOMXeCTBY WIEHOB MOC/AenoBaTeabHocTH {A,},
TO ee BEpXHUH M HIDKHMA Npelesbl MyCTHI.

[Mpeapiaymufi npuMep MONKHO HATIALHO NMOSCHHTL CJIeNYIOLUIHM
ob6pasoM. Ilyctb y Hac uMeloTcsl OWANMApAHBIe WIAPH, KOTOpHeE
3aHymepoBanbl yucaamu 0, 1, 2, ... . Bylem noMewarb B SILHK
no ABa Liapa W ORXHOBPEMEHHO BHIHMMAaTh u3 Hero oxuH. Hanpu-
Mep, 33 MUHYTYy IO NONYIHS TOMECTHM B SIUWK INAaphl C HOME-
pamu O u 1 u ynanuM u3 Hero wap ¢ uHomepom 0. 3a 1/2 mu-
HyTH 1O TOJAYIHSA HOMECTHM B AIIMK Iiapwl ¢ HOMepamu 2 u 3,
a map ¢ HomepoM | yraauM. 3a 1/3 MUHYTH' 1O NHOJAYIHA 1O-
6aruM wiapel ¢ HOMepaMu 4 ¥ 5 ¥ BHITAlIUM 1Wap C HOMEPOM 2.
IMponomxkas 910T npouecc, eCTeCTBEHHO 3aaaTh BONpoc: ,CKOIbKO
wapos Gyrer B Awkke B noaieHb?“ Orser: ,Hu oznoro“.

[Mockoabky HaTypa/dbHble YHC/I2 MOXHO NPHBECTH BO B3aUMHO
OIHO3HAUHOE COOTBETCTBHE ¢ OOGDATHBIMM MM, a BCe KOHEYHbE
MHOXeCTBa, KaK NOoAMHOXKecTBa R, KOMNAaKTHE (3aMKHYTHl U Orpa-
HHYEHB), TO BCe MHOXecTsa A, 3TOro mnpuMepa KOMIAKTHEL
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A Jaxe MOXKHO NPEANOJNOKUTL, YTO OHH PABHOMEPHO OTPAHUYEHH
(Bce OHM 3aKJ/IOYeHbH B OLHOM OTPAaHHUYEHHOM HHTepBaje). Ecim
NPeLIONOKUTE, YTO NocaefoBaTenbHOCTb {A,] sABaAsercs yOHBaw-
weh (A, 1A, man=1,2,...), 7o npereax lim A, Gyzrer

n-»+co
+co
paBeH nepeceyeHulo nA” H MOXeT OHITh OYCTHIM MHOXECTBOM,
n=1

B TO BpeM KaK KapIMHAABHOE YHCIO KaXIOro MHOXeCTBa A,
OeckoneyHo. B To ke Bpems kawnoe MHOxecTBO A, Moxer
OuiTh orpanuyeno (npumep: {l/n, 1/(n—4-1), ...}) nau samxnyro
(npumep: {n, n—+41, ...}). Oumnako o6a »Tu ycaosus (orpa-
HHUYEHHOCTb U BaMKHyTOCTb) He MOTYT OBITb BLINO/JHEHH OJHO-
BpeMenHo (cM. [36], ctp. 201).
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BECKOHEYHBLIE PYJbl

Beegenue

Ecan He oroBopeHo NpPOTHBHOE, TO BCe pacCMaTpuBaeMEble
B HACTOsILUEH FjaBe pALBl MPeAINoJaranTcs IefACTBUTENbHLIMY,
T. €. HX WIEHbl ABJAAIOTCA AeHcTBUTebHBIMH uucaamd. IlycTsb
{s,] — mocnenoBaTe bHOCTh YACTHUHEIX CYMM GeCKOHEYHOTO psaaa

Ean=a1—{—a2—{—...—}—a,,+..., T.e S,=a;,+...+a,

s n=1, 2, .... Ecmm lim s, cywecTByer u KOHedYeH, TO
n-»-+coo

rOBOPSIT, UTO psii > @, CXOLHMTCsH. DTOT mpelel S Ha3HIBAIOT

CyMMo#h psara Za” H IUIYT

+oo
Z a, :ﬂ;} a,=—s.

Ecnu xe pan Za,, He cXO0nawuTcd, T.e. mpelea lim s, Oecko-
n >+
HEUeH WJHM lle CYLeCTBYeT, TO FOBOPST, YTO Pl PACXOAHTC A,

VTBepiieHHe a,=-} oo osnayaer, uro lim §,==-}oco.
=» +0c0

Pan D, a, Ha3biBaeTcd HEOTPULUATENbH B M (COOTBETCTBEHHO

NONOMHUTENAbHLIM), ecau @, >0 (coorsercrBenHo a, > 0)

LS BCAKOTO n. AHAJOTMYHBIE ONpelesleHus JAlOTCA Aaf IOCie-

ZoareabHocTH {a,). Ias HeoTpuuaTeabHOro psna >ia, yrsep-

WIeHHe X @, < -+ 0o O03HAYAeT, yTO DAL CXOAUTCH, a yTBep-

WAeHHe Zan=+oo 03HAYaeT, 4TO DTOT PAL PACXOLUTCA.
Muoraa yao6uo, uyTo6H DA HAYMHAJACS C 4JieHa &, B 3ToM

R +o0
crywae samuch Dy a, 0603HAauaeT Pl E(,)an WIH CYMMY 3TOTO
h P
+oo
pana. Jlas cTeNeHHOro paia Xy @,Xx" wien ayx® cunTaercd pas-
- n=0

HbIM @, daxe ecan x==0, T. e. Mbl 3iece nonaraem 0°=1,
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Has pasa Makaopena

+00
z 20 n
o nly

yJeH, cOoTBeTCTBYIOWMA 1 == 0, cuktaercs pasunm f (0); apyrumu
cnosamn, fO (x)= f(x).

1. Pacxopamuiica papg, o6Gmuit WJAeH KOTOPOTO CTPEMHTCH
K HYJI0

TapMonuueckut pan X 1/n.

2. Cxopamuiica psan D@, K pacxopsuuiica pax > ba,
Takue, 410 Q, > b,, n=1, 2, ...

TMonowum a,=0 u b,=—1/n, n=1, 2, ....

3. Cxomamuiica psan Za,, H pacxopsmHiica pag Z by,
TakHe, 4TO | @, |>|b.|, n=1, 2, ...

B kauecrse Za,, MOX(HO B3fiTb YCJIOBHO CXOISIIMHACA 3HAKO-
1
yepenyowmutics rapMonudeckuls pan X (—1)"* /n, a B KayecTse
> b, — pacxonsumiics rapMoHuYecku#t pax y 1/n.

4. Jlas npou3BOJBHO 3aJaHHOTO MOJOXKHTEJILHOrOo pAga Cy-
mecTByeT AH60 MaxopHpyeMelii MM pacxoasmniicsa, JuGo
MAXOPHPYIOIHHA ero cxopsmuiica psa

T'OBOPAT, UTO HEOTDHUATEJBHBLIA DAL D@, MAKODPHUPYET
pan Db, ecm a,>|b,| rag n==1, 2, .... Iycts 3amau .
nonoxuvenbub pan X b,. Monoxum a, =0, aman=1,2,....
Toraa, ecau pan 2 &, PAacXOAHTCA, TO OH MaXOPHPYeT pac-
xoaAumics pan D@, ecam ke pai Xy b, CXOLMTCH, TO OH

MAKODUPYETCA CXOAALUIMMCH PSAAOM D a,. Tpu sToM ¢ nOMOUILI0
MHOXMTedefl 1/2 u 2 MOXHO 10OHTbCS, YTOOH BCE HEPABEHCTBA
B ONpeje/eHHH MAXOPHPYIOLLEro Pala CTalH CTPOTHMH,
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IDTOT NpPOCTOH pesy/JbTaT MOXHO BHICKa3aTb B chenylouiett
dopMe: He cymecmsyem ROAOHCUMEAbRO20 DPAGA, Komopwil
OOHOBpeMEHKO MO2 Obl Ccayxcumbs 048 YCMAHOBACHUSA CXO-
oumocmuy u pacxooumocmu paoos npu NOMOWU CPABHEHUS
ux ¢ Oannnn psdox. (CM. mmxe npumep 19.)

5. 06 yCJOBHO CXOAAWMXCH PAAAX

Y BCAKOrO YCIOBHO CXOIAILErocss piia Dy d,, HAaNpuMep

y 3HaKOuepelyloUerocd TapMOHHYECKOro psia Z(— l)"“/n,
yJieHbl MOXHO [iepeCcTaBUTb TAaKUM 0GpasoM, YTOGH HOBHIH paAL
cXoxuaca K moboft Hamepex 3aZaHHOK CyMMe HJM CTal pacxo-
osmmumcs. Cpefu pacxopsuuxcs PsiOB, NOAYYEHHHX STHM CHO-
co6oM, CYLIECTBYIOT TaKHe, 4YTO IOCHELOBATENBHOCTb (§,} uX
YACTHYHBIX CYMM HMeeT nperej —-co, — cO HIH BOOOLE He
uMeer mperena. Bosee TOro, noC/ae10BaTeABHOCTb {S,} MOXHO
olpeleNHTh TAKUM OOpa30M, YTO MHOXECTBO ee IPeLeNbHEIX
Toyex OyleT COBMAZaTh C INPOU3BOJILHO 3aJaHHBIM 3aMKHYTHIM
MHTeDBAJIOM, OTPaHMYEHHBIM MJM HeT (cM. mpuMep 2 ra. 5). dro
OOBACHACTCA TEM, UTO PAL U3 MOJOKHUTENbHEIX M PAL M3 OTpH-
UATeAbHBIX WIEHOB DAl ) @, PACXONATCH.

B KxauecTse npuMepa yKaxeM fepecTaHOBKY pala 2(—1)"+1/n.
TaKYI0, WYTO IOC/IEAOBATEJbHOCTh {S,} YACTUYHHIX CYMM HMeeT
CBOMM MHOXeCTBOM MpelelbHBIX - TOYeK 3aMKHYTHH HHTepBal
[a, b]. Haunem ¢ nepsoro umeHa 1 u Oynem 100aBaAaTb K HeMYy
OTpHUATE/bHbIE YJIEHH

L
—3
IO TeX NOpP, NOKa He MOJYYHM NepBYIO cymMmy < a@. 3arem GyreM

1006aBaaTh K STOH CyMMe HEHMCHO/bL3OBAHHBIE IOJOKUTENAbHbIE
yleHb N0 TeX IOp, NOKAa He NOJYYAM TNEPBYI0 CYMMY

i 1 1 1
l—g—3— . —gt3+35+ - Ty

Koropas mpeBocxoiut b. Ilpoxomxas 9TOT npoiecc, M GyreMm
I06aBJAATb K NOJNYYEHHOH CyMMe HeHCIOJb30BaHHbIE OTPULATE/]b~
Hble WIEHH [JO TeX IOp, MOKAa He MOJYYHM IIePBYI0 CyMMY
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< @, a 3ateM OyleM J100aBAATb K HeHl HeUCNOJb3OBAHHBIE MO-
JOXKHTENbHBIE UJACHBl JO TeX NOp, MNOoKa He IOJYYHM MepPBYIO
cymMmy > b. TIponmomkas S5TOT NpOLECC HEOrpPaHUYEHHO, MBI
NOJYYUM HEKOTODHIH PAl € 4aCTUYHBIMH cyMMaMi S,. ITOCKOJbKY
aBcomoTHas BenMuuHa 1/n obmero uwiena (—1)"*'/n crpemurcs
K HYJIO, TO KaXJOe YHCJAO B3aMKHYTOrO HHTepBana [a, O] npw
HEKOTOPHIX JOCTATOYHO GOJLIIMX 72 NPUOTMKAETCA YACTHUHLIMH
CyMMaMH §, € KakK yroiHo O6oJwliofi TouHocThlo. Bosee Toro,
3THM CBOHCTBOM He o00/ajaeT HHMKAaKOE YHC/IO BHe MHTepBanAa
[a, b].

Ecnun u3MeHMTh TOJNBKO UYTO ONHCAHHOE HOCTpOeHWe TaK,
4yTOOBl CYMMEI CHauana craqau OoJblue 1, satem MeHble — 2,
Ha caelyiomeM lare craau Goapiie 3, a sateM MeHbute — 4
U T. L., TO HNOCJAEAOBATeJBbHOCTb YACTHUYHBIX CYMM TaK MOJy-
YeHHOr'o pala OyldeT KMeTb CBOMM MHOXECTBOM MpelelbHbIX
TOYEK BCIO CHCTEMY LEeHCTBHTEJBHBIX YHCE.

B. Cepnunckuti (cm. [46]) mokasan, uTo ecau Za,,——
YCIOBHO CXOAAMAC psil ¢ cyMMOH s u §" < s, TO IPK NOMOLIK
HEeKOTOPOH TMepecTaHOBKH, MCHOJAB3YIOLIeH JMHLIb NMOJOXKHUTENbHbIE
uleHEl (OTPHUATEJbHblE WIEHB OCTAlOTCH Ha UX NMEPBOHAUATBHBIX
MecTax), MOXHO MOJAYyYHTb DAL, CXOXAWIMHCA K cymme s’. Takoe
A#e 3aMeudHue CIpaBelJUBO IAs uucen §” > § U NepecTaHOBOK,
HCTOMBL3YIOUIMX TOJABKO OTpUlAaTelibHble uJMeHH. $ICHO, YTO 3TO
ectb 060o0ileHMe 3ameuaTeqbHOR ,TeopeMbl Pumana o mepecra-
Hoskax“ (cM. [38], crp. 232, Teopema III), Bce.cyliecTBeHHbBIE
JeTaju KOTOPOH WJMIOCTPUPYIOTCA IOCTPOEHHEM, ONHCAHHBIM
B HacToOfilEM Npumepe.

CywecrByer o606lueHne TOH TeOpeMbl M B APYroM Hampa-

Baennu. TIycTb ) @, — YCAOBHO CXOLALMACA DAL KOMNACKCHBLY
yncet. Torga MHOXKECTBO CYMM BCeX CXOIsIMXca (MAM pacxo-

IAMXCI K ©O) PALOB, MOJYyYEHHHIX M3 pilia Ean ¢ MOMOLIBI0
BCEBOSMOXHLIX [€PeCTaHOBOK ero u/IeHOB, sBiasercd aubo nps-
MOH HAa KOMIVIEKCHOH ILTOCKOCTH (BKJIOuaiouielfl OGeckOHeyHO
yIaNeHHyI0 TOYKY), MM6O0 BCelt KOMIVIEKCHOM MIOCKOCTBIO (TaKke
BK/IIOUAWOIed GecKOHEUHO yraleHHYIO TOYKy). Bosee Toro, ecau

D v, — YCIOBHO CXOASIMHCA DAL 8eKMOPO8 B KOHEUHOMep-
HOM [pOCTPaHCTBE, TO CYMMBI, KOTOPHE MOXHO TOJYUYHTb
BCEBO3MOMKHLIMH  NIEPECTAHOBKAMH,  COCTABJIAIOT  MHOMECTBO,
ABJAIONICEC JHHEHHEIM MHOrooGpasneM B STOM HPOCTPaHCTBE
(em. [57)).
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6. JLas MPOM3BOJLHOFO YCJOBHO CXOAMWErocs pAia O @,
¥ NPOU3BOJBHOrO JeHCTBHTEJBLHOrO YHCJAA X CYIECTBYeT
MOCJAeA0BATEILHOCTL (€4}, THE |€x|=1 (n=1, 2,....),

TaKas, UTO ) &,a, =X 1)

Hcnonbayemoe 3iech MOCTPOEHHE aHANOTHYHO TOMY, KOTOpPOe
npumensiiock B npumepe 5. IlockoJbKy Z|an| = 00, MHO-
KUTEMU €,, MO a6CONIOTHON BenuuuHe paBHEIE 1, MOXHO BHIOpATH
TakuM 06pasoM, urobm &a;+ ... —-ea,=|a |4+ ...
.«.la,|>x. Tlyctb n; — HauMeHbIIMH W3 HOMEDPOB #, LAs
KOTOPLIX BHIMOJHAETCSH 3TO HEPABEHCTBO. 3aTe€M MBI BHIOUpaeM
MHOXHTeNH €,, M0 aGCOAIOTHOM BeqHuMHEe paBHble 1, Tak, 4TOOHI
BBUIOJHANOCH YCIOBHE

g+ ... +enan=|a|+ ... +|a,|—

—lanrr]— ... —lan|<x

(rze n,— HauMeHblliee W3 BO3MOWHHX n). [Ipomo/mkas stor
NMPOUECC HeOrPaHUYeHHO, MBI MOJAYYHM DAL Dy €,4,, HACTHUHBIE
CYMMEl KOTOPOTO TMONepeMeHHO TO O0oJblie, TO MeHblle X.

[Mockoaeky a,—0 npu n— -4 co, TO 9TOT Pl CXOIUTCH K X.

7. 06 ycaosusax Teopemsl JlefiGHuIA AJA 3HAKOUEpELYIO-
WHXCA PAAOB

Teopema JlefiOHULA O 3HAKOUEPRAYIOWIUXCSA PALAX YTBEPKAaeT,

4o pAL Xy €,C,, The |€,|=1u ¢, >0, n=1, 2, ..., cxo-
AMTCA, €CiH
@ e, =" n=1,2 ...,
i) ¢y <cp  n=1,2 ...,
(i) lim c,=0.
>+

Huxakue nBa u3 3Tux Tpex yc/aoBuit camu no cebe He obGecne-
YMBAIOT CXOAMUMOCTH, T. €. HU OIHO M3 3THX TpeX YCaOBui
HeJb3 ONyCTHTb. OTOT ¢aKT NOATBEPKAAETCH  CAELYIOIMMH
TpeMs IpUMepaMu.

') B aToM npuMepe UjeHb pAla MOXHO CUHTaTh KOMILIEKCHBIMH
uucnamu. PasyMeercs, MHOMHTENM €, TOrIa TaKXKE JOJKHBI GBITH KOM-
naeKCHbIMH. — [Tpus. nepes.
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(i) Monowum e,=1, c,=1/n, n=1, 2, .... C npyrok
CTOPOHHI, CYIIECTBEHHO WMEHHO YepeiOBAaHHE 3HAKOB y UYJEHOB
pasa. B oroM MoxHO yGeiuTbcs HAa TOM ke TIpHMEpe, €CHH
B KauecTse {€,] B3aTh cielylOUIYI0 TNOCAENOBATEJbHOCTb U3
Tpoek wmeen: 1, 1,—1, 1, 1,—1, 1, 1,—1,....

(i) Monoxum c¢,==1/n, ecin n HeueTHO, U ¢, ==1/n?, ecian
n 4eTHO.

(iii) Honoxum ¢, ==(n - 1)/n (unu, uro ewe npouue, ¢, =1),
n=1, 2, ....

8. Pacxopsmuiics psap ¢ OOMMM 4YJICHOM, CTPeMAMHMCH
K HYJIO, KOTOPHI NPH NogxoAsiiell pacCTaHOBKE CKOGOK
CTAHOBHTCHA CXOAAWMMCA K Hanepej 3agaHHOH cymMMme

PaccraBute ckoOKM Yy O€CKOHEUHOTO psia — 3TO 3HAYUT
CTPYNNHPOBATh €ro HOC/HeLOBATENbHBIE YWIECHB B KOHEUHBIE MPYMIIL
(kaxias Takas KOHeyHasd TPyNna COCTOMT WO KpaiHelt mepe u3
OJHOTO YJIeHa) U NOJNYYHTb HOBHIY DA, IOC/EA0BATENbHOCTh Ya-
CTHUHBIX CYMM KOTOpOro Oyner, TakuM OGpasoM, NOANOCAENO-
BaTeNbHOCTBIO YACTHYHHIX CYMM WCXoZHOro psdaa. Hanpumep,
V 3HAKOYEPEAYIONIErocs TAPMOHHYECKOTrO PAla MOXHO PacCTaBUTD
CKOOKHM caenyowuM o6pasoM:

1 1 1 1 1
1

LERERY ‘_I’—' W""‘ 0 e .
Jlobolt psin, NONYYEHHBIH M3 CXOLALIETOCS psAna PacCTAHOBKOH
CKOOOK, CXOIMTCA H HMEET CYMMY, PaBHYIO CYMMe HCXOIHOTO psaa.
Tpebyemum cBoficTBOM 06JanaeT NOCAeIHHH M3 PALOB, KO-
TOpHIE€ OMHCaHE B TpHMepe 5, MNOCKOJbKY moAxonsdias pac-
CTaHOBKa CKOOOK B HeM jaeT psl, CXOIfwuiics K Hamepen

3aJaHHOMY IeHCTBUTEJNbHOMY YHCIY.

9. iasg npou3BOJIbHO 3aAAHHOH MNOJOKHTEAbLHOH mnocJaeno-
BaTEJbHOCTH {b,] ¢ HIKHHM NpefeJoM, PaBHBHIM HYJIO,

CymecTBYeT pacXomsmuiica pax > @, oGumnii uaeH
KOTOpOro CTpPeMHTCA K HYyJ0, npuuem lim a,/b,—0

n-»+cwo

BosbMeM Moanocie 0BarelbHOCTD {b,,’ } Takyw, 4ro lim b, =
k ;A k
>+
==0, npuuem b,,l, b,,z, b,,k, ... He dBJAIOTCA MOCAeNnoBa-

TeNbHBIMH  YWIEHAMH TNOCAELOBATENbHOCTH {b,}, M [ONOXKUM
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a,,k—_—_:b?,k s k=1, 2, .... Ona ocmaspubtx 3HaueHu#t n:
n==m,, Mg My ..., M ..., TOICKHUM @y ==1/j. Toraa
a,—>0 npu n-—>-4oo, pat D@, pacxoaurcs u @ [b,, =
—_—b,,k—>0 npu k& — -+ co.

DT0T NpuUMep NMOKA3EIBAET, B YaCTHOCTH, YTO Kak Gl GHICTPO

HH CTPEMHIACh K HYJIIO NOJIOKUTENbHAS NTOCIeI0BaTeabHOCTS {&, ),
BCEria CYLIECTBYeT IMOJOXUTeNbHAs MNOCAENOBATENbHOCTE {a@,],
KOTOPass CTPEMUTCR K HYJI0 CTONb MELJIeHHO, uTo pan X @,
PAcCXOIMTCH, M BCE Ke NOC/IeNOBaTeJIbHOCTb {a,] MMeeT moamo-
CJ1e10BATe/IbHOCTb, CTPEMALLYIOCA K HYJI0 ObiCTpee, yeM COOT-
BETCTBYIOUIAs MOANOC/AEN0BATENLHOCTb MOCTe10BaTensHOCTH {8,).

10. 1ns BCSAKOH MOJOMHTEJNbHOH mNOC/eNOBATENLHOCTH {b,)
C HIKHUM TpeaesioM, PAaBHLIM HYJI0, CYHECTBYeT Mo-
JOXHTEJbHBIH Ccxopsamuiics pag Za,,, TaKO#, 4TO
lim /by =+ 00
n-»-+oo
BriGepeM u3 mnocnenosareapHoctH {b,] mnoanociexosareb-

HOCTb b,,l, b,,2, b"k’ ..., TaKym, 4TO b,,k < k73 s Bes-

KOTO HATYPaibHOTO R, H MOJOMKUM a,,kEk_2 g k=12, ....

Jlas ocTanbHHIX 3HaueHHH 7 mOMONHMM a@,==n"2 Torma X a, <

< -+ 00, B TO BpeMs Kak a,,k/b,,kzk——>—{-oo.

ATOT TNpUMEp MNOKa3bIBAeT, B YACTHOCTH, YTO Kak Obl Mel-
JIEHHO HH CTPpEMHJACh K HYJI0 MNOJOXHTEAbHAdA TNOCAECA0OBATENb-
Hocth {b,], Bceria cyliecTByeT NOJOXHTeNbHAS TMOC/AELOBATENb-
HOCTb {a,}, KOTOpas CTPeMMTCs K HYJM0 CTOAb OHICTPO, 4YTO
pAl X a, CXOINTCA, M BCE e TNOCAeN0BATENbHOCTh {a,] umeer
MO ANOC/EI0BATENLHOCTD, CTPEMSLIYIOCS K HYJIIO MelJieHHee, YeM CO-
OTBETCTBYIOLIAs TOANOCIE0BAaTeNLHOCTD NOC/IE 10BaTebHOCTH {8, ).

11. lna BcAkOH NOJNOXKMTEJNbHONH MOCAENOBATENLHOCTH {Cp}
¢ HUXKHHMM M[OpejetioM, paBHLIM HYJIO, CYUeCcTBYIOT

NOJNIOKHUTEAbHBIH CXOASWANCA PAL X @, H TOJOKHTENb-

Hblii pacxopmmuiica pag D, b,, Takue, uTO Qn/by==Cny

n=1,2,... :

BriGepeM Hu3 mocaeroBatensHocTH {c¢,} mnoamocienosarenb-
HOCTb Cp s Cays v vy Cpps + o -y TAKYIO; UTO Cp, < I 1J19 BCAKOTO
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HATYPaJbHOTO & 1 TI0JI0XUM Qn, = Cny b,,k =lama k=1, 2,
- -1
Ilas ocranbHHIX 3HAYEHHH 7 MONOXUM @,==n"2, b, =(nc,)

Torna psta,, cxoauTcsd, psn Zb,, PacxoAuTcsd, MOCKOJbBKY
b,70 npu n—>4-oc0, u a,/b,=c, a1a n=1, 2, ....

DT1OT nNpHMep TMOKa3bBaeT, B YaCTHOCTH, YTO Kak Obl Mel-
JIEHHO HM CTPEeMHJACh K HYJIO MOJOXHUTENbHAA MNOC/JAeL0BATE b=
HOCTb {¢,}, BCeria CylecTBYIOT IBa MOMOMHTEbHBIX PAla, OLHH
M3 KOTOPHX CXONAWMACHA, a APYyro# pacxoasinuficsd, Takue, 4TO
OTHOLUEHME WX A-X WIECHOB PaBHO C.

12. TlosoxurenpHas Henpepmman npn x> 1 Q)ymmml
TaKas, 4TO0 HHTEerpa. f JF(x)dx cxogurcs, a pan Zf(n)

pacxonurcs

Cum. npumep 12 ra. 4.

13. MoaoxurespbHas HenpepnisHas npH X > 1 QyHKUHS,

+ oo

Takag, 4TO HHTerpaJ f f(x)dx pacxomutcs, a psn

400
>\ f(n) cxoputcs
w1

Haa kaxaoro n>1 nonoxum g (n)==0, a Ha 3aMKHYTHX
uHTepBaNax [n— n~l, n] u [n, n-+ n~! onpeneanM GyHKUHIO &
KaKk JIMHEMHYI0 W pAaBHYI0 elMHHUE B HeLeJHX KOHIEBHX
Toukax. HakoHeu, B Tex Toykax x > 1, B KOTOPHX (yHKIHs
g(x) eule He onpegenena, noaoxum ee pasHoh 1. Torzma
pyHKLUA

1
JD=g® +r
NOJOKHUTENPHA M HeNpephiBHA NPH X > f f(x)dx =+ oo,

+00 +o0
a n=Zlf (n)=”§1 n=? < + oco.
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14. Pagel, X KOTOpPHIM He NpHUMeHHM npu3Hax J[anambepa

Ecan cywectsyer koHeuHblfi u/in OeCKOHEUHHt mpenen

n>+oo @n
TO MOMONHTEJBHHE pan Dy a,, COMMacHo npuanaky IlazamGepa
(cM. [36], ctp. 390, a rawke [52]*, 1. 1I, crp. 273),

(1) cxoaurcs, ecmn 0 Lp < 1,

(ii) pacxoaurca, ecin 1 < p< oo

IMpu p==1 5TOT nNpHU3HAK HE pellaeT BOMNPOCA O CXOAWMOCTH
WIH pacxoluMoCcTH pdaia. TouHee, CYIleCTBYIOT KaK CXOIsLIHecH,
TaK M PACXOLSILUECS TOJOXUTEAbHble pALB, A KaXKIOIO M3
Kotophx p= 1. COOTBETCTBYIOWIMMH NPUMEPAMH SIBJIAIOTCA

+m1 +co
DRI

n=1 n=1

ITpusnak JanambGepa He peliaer BONPOCZ O CXOILUMOCTH M
B TOM CJyvae, Korja npelel p He cyuecrsyeT. B sToM cayuae
MOJIOKHUTEJbHBIH DS TAKKE MOMKET OHITh KaK CXOASUIUMCH, TaK
U pacxondwuMca. Hanpumep, psn

+0o0

=1 - 1 1 1 1 1 1
r§12 n=7+T+§T+T+T+?+
rae
n>too n e 8

CXOAUTCH, a psn
+00 "
22 =t pol potp ot Lot oty
ne=1
rie
fim 2ot —g  fjp feel ol
’ 2

a pa
¥ too TR a3 Fe P

P4CXOHTCH.
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Ilpusnak JanamGepa MOXKHO YCHAMTH CJELYIOIUM 06pasom:

== a
(ifi) ecan  lim 2L [, 10 pan Xla, cxomurcs;
n-> +coo an ’

. . An
(iv) ects  lim %“—>1, TO pan 2@, pacxomutca').
n>too 0
-Ilpusnak IlanamGepa B TakoH ¢opMe He peliiaeT BONPOCA O CXO-
IUMOCTH, €C/H BHIMOJHEHBl HEPABEHCTBA

. a — g
lim 22l L1 lim 224,
3% n>+c0 “n

CoorBercTByIHe NpuUMEpPH, Koria o6a STH HEPABEHCTBA Bhi-
HOMHeHH M Jaxe B CTpOrofi ¢opme, OGHLIN NpHUBENEHH BHIE,

15. Pappl, K KOTOpPHIM He mpuMeHMM npu3nak Kouiu

Ecan cymiectByer KOHeuHBIfi WM GeCKOHeYHHIH npened

lim Va,=0 (004 00),

n->»+oo

TO HEOTPUUATENbHBIA PAL >, @, COFIAacHO mpocrehimed Qopme

npusnaka Kommn (cm. [36], crp. 392, a rakxe [52]%, t. II,
crp. 272),

(i) cxomurca npun 0 Lo < 1

(i) pacxoautca npu 1 < 6 <L+ oo.

IMpusnax [HamamGepa u npusHak Kowm cas3ansr Mexnay
cOOON: ecaM CyllecTByeT KOHeUHHIH MW OeCKOHeYHHH npenen
n

lim (a,.,/a,), T0 cywectsyer u pased emy npexea lim Va,
n->+oo n->+co
(cM. [36], cTp. 394, ynp. 31, a taoke [52]%, . II, crp. 274).
CrenoBarelbHO, €CAM MOXKHO TNpHMeHHTh npusHak J[lanamGepa
B (opme (i) mau (ii) (mpumep 14), TO MOXHO BOCNOJNbL30OBATHCH
n npusHakom Komm. Bosee rtoro, mnepsble IBa -fipumepa, AIs
KOTODHX He npuMeHuM npusHak [lanamGepa (npumep 14), moryT
CJYXHTb TPHMEPaMH, K KOTOPHIM MO TO# e NpUYMHE He NpHuMe-

!y Mpennonaraerca, 4TO 4YAeHH pAXa JAMGO BCE MOJOKUTEAbHL,
aub0 BCE OTpHUATEAbHBL — [Ipus. nepes.
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uuM u npusHak Komwu. Hamporus, mocjeinue iasa npumepa Io-
K43hBalOT, YTO HHOTAA MOXHO TNpUMeHUTb npusHak Komwwu (cMm.
npumep 16) u B ToM Cayuae, koria npusnak HanamGepa He npu-
MEHHM.

ITpusnax Komu B cdopmyauposanHoft Builie ¢opme He mpu-
MEHMM K CXOAfIEMYyCs pSLY

Sy

n=1

1 1 1 1 1 1
sttty tatetyat....

—_ n

rax kak lim Va,=1/2, a lim Va,=1/3. Ero rakke
n-> +eo 13T

HeJb3s NMPHMEHATh M K PacXoAsuleMycs paLy

+00

Segry,

n=1

JER n
u6o Iim Va,=3, a lim Va,=2
n->+o0 13T n
[pusunax Kouin moxer GHTb ycusieH cieiyioumum o6pasom:

n
(iii) ecin lim Va, <1, 1o pan Xa, cxomurcs,
n-»+co

n
(iv) ecan ke lim Va,>1, 10 pax X a, pacxoiurcs.
n->»o

B osroit ¢opme mpusnak Komm ue cnabee (Ha caMoMm xe
Jene OH CHJbHee: cM. npumep 16), ueMm mnpusHak JlanamGepa

B ero ycunaeHHofft ¢opme (npumep 14), mockonabky (cM. [36],
crp. 394, ynp. 31)

n n
o apy . — — yy— . T a
lim 2L lim Va,< lim Va, < lim =28l
Plrar L 23 Foo n>+o n>+oo n

[Tpusnax Kown B ycuneHHo#t ¢opme NO3BOJSET YCTAHOBHTH
CXOLMMOCTb M COOTBETCTBEHHO PACXOLUMOCTb ABYX MpPelBbLAYLHX
pAAOB, MOCKOJbKY AJdf MEePBOrO M3 ITHX PALOB BeDXHHH Npesed

n

lim Va, pases 1/2, a nas sroporo o pasen 3.
n-rco

6 3ax. 587
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[pusnak Komwu B ycunenHo#t ¢opMe He peluaer Bompoca

0 CXOIUMOCTH MJAU pPacXOAMMOCTH JHIUL B TOM CcCJayuae, €CJIH
n

lim ]/an= 1. [Tpumephl TAaKOro THNA yXe OTMeYalUCh paHee.
n->+0o

16. Psapbt, pas koTopeiX apdextTusen npudnak Komu, HO He
adpdexrnBen npusHak Hanambepa

(=1)=n

+oo
Ilna cxomsmerocs psaga Y 2 npuanak [lamamGepa we
=1

n=
spdexTusen (npumep 14), oamako Ans Hero 5d¢eKTHBEH npu-
snak Kowwu. B camom nene,

(1)-—n
Va =2 " 52

' n-(=1"
[TonoGubiM ke 06pasoM AJdA PACKOAALLErOCH psuLa 2
n=1
npuMepa 14 umeem

n(l)
Va =2 7 >21=2>1.

7. \pa cXoAsumuXcg  psga, TNPOH3BEJACHHE KOTOPHIX

pacxoauTcs
+oo
ITpoussenenuem (no Kowu) uByx paros Zan
n=0

Z b, HasbBaeTCHa psn Z €p TI
n=0 n=0

n
= kZO apby_ =00, +ab,,+ ... +ayb,

CornacHo Teopeme Meprenca (cm. [38], crp. 239, ymp. 20),

ecin pan Da, cxomures k A, a pan b, cxomurcs K B,
npuyeM Mo KpafiHeli Mepe 00ur M3 3THX PAROB CXOLHUTCA abco-

A4I0MHO, TO WX TpousBeseHue X ¢, cxomutes k AB.
Mycrs paxet Xa, u X b, coBmaiaor, npuyeM

a=bn=("1)n(n‘|"1)—lﬂ: n=20,1,....
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Torna, corsnacHo npusHaky Jle#iGnuna, panbl Za,, " Zb,, cxo-
astest (npumep 7), OAHAKO Pl Xy ¢, pacxoautcs. JleHcTuTeMbHO,

noab3ysch TeM, uro ¢yukums V(1 -+ x)(n+1—x) Ha samk-
HyToM wuuTepBane [0, n] mDOCTHraeT MakKCHMyMa TNpH X = /2,
HMeeM

o 1 1
=y Ty e
2 —
+]/n+1]/1 n+2+n—{-2+n+2+ +n+2_
_251”4‘_*‘2”>1 n=0, 1,

18. Jlsa pacxogguiuxcs psjpa, HpOH3BeAEHHE KOTOPHIX CXO-
AMTCH abCOMIOTHO

[Mpounssenennem (no Koiru) creiyowux ABYX pAioB:

Q42492498 ot ., a=1 2, ...,

Il 14 T, m=1, 2, ...,
ABJAECTCA pﬂﬂ.

—240+04+0+ ... 0"+ ..., nm=1,2, ....

B Gonee obiett dopme, ecin @, =a” u b, =5b" qna n > 1,
npuueM @ == b, TO uleH ¢, pAAd, SBANIOUIEroCH NPOU3BEAEHHEM

pasos Xa, u XNb, pases (npu n> 1)

cp=agh" +ba"+a" b+ a" N 40" L ad" =
= aph" + bya" — a" — b" 4 (a"' — ") (@ —b) =
= {a" [a + (bp— 1) (a—)]—b" [0+ (1—ag) (a —B)]}/(a — D),

CnenoBarenbHo, ¢,==0, ecmu a=(1—"b))(a—b) nu b=
=(ay— 1)(@ —b). Ecan npu 3TOM @ ¥ b CBA3aHH PaBEHCTBOM
a—b=1, 10 @, n b, BHuKcasOTCA N0 opMysaM a,=
=b+1l=a, pp=1—a=—0.

6*
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. +oo
19. lna npon3BOJbHON MNOCJIEAOBATEILHOCTH { 2 Qmn }
m=1

n-= 1, 2, ..., NOJOXHTEJbHBIX CXOAAMHUXCH panoB Cy-
~+co

mecTByeT NOJOXHTEJAbHBIH CXOAAUIHACS pan 2 Qm »
m=1

+co
He CPAaBHMMBIAi HH C OQHHM H3 PSAOB {2 am,,}
- m=1

+-co

VrBepxieHHe, uTO DAL Yy d,, MOXHO CPaBHUThH C PAIOM
m=1
+co

21 Q,,, PH HEKOTOPOM (GUKCHPOBAHHOM HAaTyDaJIbHOM r, O3HA-
M=

HaeT, 4To

3M€N9m>M:%am<amn’

W TOTOMY YTBepXeHHe, UYTO TaKoe CPaBHEHUE HeBOIMONCHO,
3aMHUCHIBAETCH CJEAYIOINM 06pa3oM:

VMENIm > M3a, >a,,.

[ BCeBOBMOXHBEIX HATypaibHHX M M n NOJXOXKHM

+o0 M +o0
SnE 2 amn' SMnE 2 amn' RMn—::‘ 2 amn'
m=1 m=1 m=M+1

Toraa uncaa S, Sy, 1 Ry, nonoxuTesbHul. Jaree 118 Kawioro
n €N Buibepem M (n) rax, urobu 1 M) <M@2)<< ... u

Rym, 1< 2~
max (Ry9, 1. Ruw,2 < 272,

max (Ry(m), 10 « - +» Ry, n) < 27"

Tenepb AN BCAKOrO HATypaJdbHOTO m TOJJOXKHUM

2, ecmt 1 m <L M(@2),
Cp={ (R4 1)Max (@p1>» Cpmys - Cpp),
ect M(RY<m L ME+H1) nas k> 1.
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Uro6bl 10OKAa3aThb CXOLUMOCTH psla > a,, YCTaHOBHM CHauaxa
clenyiulee HePaBeHCTBO Il (KOHEUHBIX) CYMM WIEHOB 3TOro
paxa npu M(R) < m L Mk—+ 1) rie &> 1:

M(k+1) M(k+1)

< X [<k+1>§.1 Qn] =
M (R)+

m
m=M (k)+1 m=

k M(k+1)
=¢+DI] X a]<*E+D Z Ry, n <
n=1 m=M (k)+1 n=1
E
(B 21 2F < (k1) 27"
n=
CuaenoparenbHo,
M@) M@3)
Za —Zam+ D aut ... <
m=M(2)+1
M2 +oo  M(k+1)

<2m§1aml+2 2 4, <

F=2 m=M(£)+1

+o0
<28 y99,1+ kz?(k—l— 1)’27% < + 0.

C zpyro#t cTOpOHBI, JJs BCAKOTO (DMKCHPOBAHHOFO A IIPH
kR>n wu m>M(E) nmeeM apfa,,> k+1 OTKyAd

lim a,la,,=-+oco. Takum 06pasoM, pan Za HeJb3d

m-»+coo me=1
+o +o
CPaBHHTL C PAIOM Z Qine Ha camom xe aene pax 2 a,,
+co
HeJMb3 CPABHUTH € pHAIOM 2 a,, Mlaxe B TOM cjhaydae, eCId
m=1

CpaBHeHHe ONpEIeNHTh CACLYIOLIM 00PasoM:
AMu KENIm> M=a, <Ky,
B atom cayuae OTpHUAHHE BO3MOXHOCTH CPaBHEHHS BHITJAINT TaK:
VMu KENIm> MJa, > Ka,,.

TlocnenoBaTebHOCTL  MOMOKHTENBHBIX  CXOAAUMXCA  PALOB
Ha30BeM YHUBEPCaAbHOHM MHOCAENOBATENBHOCTHLIO
CpaBHEHHS, €CIH TPOU3BOJBHBIE NOMOKUTENLHBLIA Pl CXO-
DUTCH mo20a & mMOAbKO mo20Q, KOTLa €ro MOMXHO CPaBHHUTb
5o KpaliHel Mepe C OJHHM M3 pPsLOB 3TOH MOC/eN0BAaTENbHOCTH.
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HpyruMu cloBaMu, MOC/AeNOBATEIbHOCTb IOJMOXKHTENbHHX CXOIS-
IWHNXCS PALOB ABJAAETCS YHHUBEPCANbHOR MOCAENOBATEJBHOCTHIO
CPaBHEHHS TOTAA M TOJABKO TOrLAa, KOTAA CXOAMMOCTb HJM pac-
XOJHMMOCTb JI060T0 TNOJAOKUTENbHOTO pALa MOXHO YCTaHOBUTBb
CpaBHEHHEM €ro ¢ KaKMM-JAu00 PsIOM 9TOH MOC/JAe10BaTEAbHOCTH.
Iipumep 19 nokasbiBaeT, UTO TaKHX YHUBEPCAAbHBLX ROCAEO0-
samenbHOCmeEl CPAgHEHUS He Cyuwecmsyent.

20. Marpuna Tenauna 7 u pacxoasimasgcsg nocJeioBaTtelhb-
HOCTh, mnpeobpasyemas MmaTtpupeii 7 B cxoasumywcs
NOCJIe10BATEABHOCTH

BeckoHeuHON MaTpuilel HasblBaeTcsd GYHKLUS, HPH-
HUMaouas AefCTBATeNbHBIE WM KOMIUIEKCHBe 3HaueHHs ¢ ob.a-
ctoio onpenenenus N XN, ofosnauaemass uepes T =(f;;), rie

+00 #
i u jEN. Ecnu Geckoneunmlit paz 121 t;a;, rie {a;} —sanan-

Has [OC/NeLOBaTeNbHOCTh YHCEN, CXOIUTCA Jasi kaxaoro €N,
TO MOC/AENOBATeNbHOCTb (b;}, ompelensieMas paBeHCTBaMM

+o
J=

Ha3blBaeTCd NpeoOpasoBaHMeM NOCAELOBATENLHOCTH {4}
nocpenctsomM MaTpuubl 7. Beckoneunas Marpuua I’ =(f;;) Hasbi-
Baerca MatTpuie#t Tenauunal), ecnu 079 BCIKOH cxonsuieitcs
NOC/eNI0BATENbHOCTH {@;] MOCAenoBaTEAbHOCTD {b;] UMeeT cMbiC,
npuyem npexed lim b; cyuwectsyer u pased npexeay lim a;.
i->+oo J>+oo
Baxue#imad Teopema Teopuu MartpHu Temauna cocTOMT B cie-
LyiollleM: Aas TOro uroObl GeckoHeunas maTpuua I' == (f;;) Onina
matpuuefi Temuuua, Heo6XOAUMO M JHOCTAaTOYHO, UYTOOB ObLIN
BEINOJIHEHB C/EAYIOIINE TPH YCAOBHA (LOKA3aTeNbCTBO CM. B [50]
i B [26]%, ctp. 79):

400
(1) AMERSVIEN, Rty |< M,

too
@ lim 2t,;=1,

i>»+oo j=1

(3) V/EN, lim #;;=0.
{->+o

1) B gecth HeMenkoro maremardka Orto Temamna (1881—1940 r.).
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Mycre T — marpuua Temamua (f;), rae ¢,;=1/i, ecim
1< J <y n ty;==0, ecamn i < J,

1 0 0 0 ...
1 1
5 7 0 0 ..
r—=¢ L 11
T 3 3 0 ...
1111
&4 4 4 1
" [TocnenosareavHocts {a;) =1, —1, 1, —1, ..., (—D"™ L.

He CXOIMTCS, HO ee mnpeoGpa3oBaHue MOCPEACTBOM MaTpUuE: [
JaeT Moc/ei0BaTeNbHOCTD

0,1 0 1+t
, s T voeees
KOTOpas CXOIUTCH K HYJIO.

BooGme, ecin {a@,} — npousgossran pacxoasmascs nocie-
IOBaTeJbHOCTb, KAXALIA 4ieH korTopo#t ecth aubo 1, mubo —I1,
To cywectByer Marpuua Tenmuua 7, kotopas mpeoGpasyer {a,}
B CXOJALLYIOCS MOC/AeL0BaTe bHOCTh 1), B caMom nene, matpuny 7'
B 3TOM C/yyae MOXHO ONpeJeNHTb TaK, uTo {@,} npeoGpasyercs
B MOC/EI0BATENbHOCTh, COCTOALLYI0 JuWb u3 Hyadeh. Taxyio
marpuuy T == (#;;) MOXHO -NIOCTPOUTL CJIEAYIOLHM 006Pa3oM: NMyCTh
{n;} — cTporo Boapacramias nocAe10BaTENbHOCTh UEIHX HOJO-
KHTEJbHBIX UHCEN, TaKad, 4YTO @ M @p i1 UMEOT NPOTABOMO-

JOXHEIE 3HAKH aad i==1, 2, ... . ITonoxum

g o 1/2, ecmu j=n;, wm j==n;-1,
471 0 B npotmeEOM cayuae.

Torza T OGyner Marpuuei Temnuua, npeoGpasywoiueii mocaero-
BaTeJBHOCTb {@,} B mocaepomarembrocts 0, 0, ... .

) DTOT pesyJ/bTaT CIPABEIAXB K B TOM cCiydae, ecau {a,} — mnpo-
U3BOJbHAS PACXOAAIIAACA OrPAHHYEHHAS NOCJAEN0BATEIbHOCTD. — JIpust.
nepes.
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21. Mas Bcakok martpunn Tenanma 7 =(#;;) cymecTByeT
AOCJAeA0BATEILHOCTb {@;}, KamAblil 4JeH KOTOpO# ecTh
aunbo 1, au6o —1, takas, uro mnpeoGpasopanue {b;)
NOCJeNOBATENLHOCTH {@;] mocpeacTBoM matpuus 7 pac-
Xouurtcsl)

Hcnoabaya ycnosus (1) —(3) mpumepa 20, Bunbepem nse
NOCAeAOBATENbHOCTH &) < ly < i3 << ..., 1 < o< f3< ...
crenyowuym o6pasom. IlycTe nomep ) TakoB, uto npu i > i
nMeeM

+00
jthij= Itey  [ey;]<0.,05.

ST0 BO3MOXHO B CHJIy yciosus (2). 3areM, Ha OCHOBE YCI0-
Buft (1) u (2), BuibGepeM HoMep j; Tak, 4TOOH

Ji : +00
2tyy=1-4d n 2 |t,;]<0,05,
j=1 J=j+1

npuuem |d,| < 0,1.
[Tocne sToro, ucnoabsys ycaosus (2) u (3), subepeM I > I,
TaK, 4ToOn Aad i > i,

Jj1 . t
j§|tij|<o,o5 u j§ttj=l+egi. e | < (0,050,

3arem cHOBa Bocmosb3yeMcsi ycaosuaMu (1) u (2) u BhiGepem
Jo > J; Tak, uToOH

fz ‘ +-00
Dtiy=1-4dy u 2 |t,;]<(0,050,
J=1 J=j+1

rae |dy| <2 -(0,05)% K )

Ecmn i, <ih<< ... <l v /1< jp< ovo < Jp yKe BL-
6paHbl, TO, OMMpadAch Ha ycjosusa (2) u (3), BubepeM iy, , > I,
TaK, 4TOOM a8 2> ip,

Iz
jZ_; [#;] < (0,05)

) 3ro yreepiAcHHE H CAeAYIOIME HIXe METOL €ro A0KasaTeib-
crBa ¢axtuuecku npuxannexxat [Hrefinraysy (cu. [26]*, crp. 93). —
ITpun. peo.
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+oo
121 ty==ltepp,p [ere, )1 < (0,05)*1,

3arem, ucmoabaya (1) m (2), BmbepeM jp g > j, TaK, urobhl

Jp41 +°° v
Z\tik—sz I+ dpyy lttk+1j| < (0,09
J=1 j= ]k +1T

rae |dy | < 20,05/

Temepb ompelenuM NOCAeLOBATENbHOCTb [a j}:

. ={ 1o 1<i<<ip 1h<iKip v u

] —1 s 1< iy Ja<<i<igp .
Ec.rm k nevetHo u k> 1, To

j2 j3
thkf— 2 i+ 2t
i=Ty+1

J=1 J=j+1 =J,

jk +co
Xty X by e=
j=jk+1

J=Jp_ 11
j] ]2 jl j3 j2
=Nt —| XDt j— 2t tij— 2t )—
2}1 ‘W <1§1 #! 12]1 ik]>+</§1 g 1% gy
Tr Jr—1 oo
. ti j— t t; 0.
+| Xt E 147 +J_=j2k+l 1,197

Jj=1

A Tp
Bce cymmnl Zfz j» 34 HCKIIOYeHUeM Ztlk/-—-lJr—dk, no
aGcomoTHOH Bennquﬂe meHbite, yeM (0, 05) . Takum oGpasom,
YUATHIBAsA, YTO

+00 +o0

2 te|< X |t] < 0.05),

J=Tp+1 J=TpH1

noJjy4vaem
by, > 1—2(0,08)* 7! — 2 (£ — 1)(0,05)* ! — (0,05)" =
' =1—[2(k— 1)+ 2,05](0,05)*"".
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M3 noc/enHero HepaBeHCTBa BEITeKaeT, uto lim b; > lim b1k> 1.

i->c0 R~»co
PaccmarpuBas ueTHble 3HaueHHs R, Mbl noayuuM, uro lim b; <C
i>o
< lim b¢k<—1 M TOTOMy NocjieloBaTelbHOCTs {b;] pac-
R—=>co
XOLHUTCS.

IMpumepst 20 u 21 nokaswBalOT, YTO, XOTA HeKOMOpsie
marpuiet Tennnia npeo6pasyior HeKomopsie NOCAL0BATENLHOCTH,
WieHBl KOTOPHIX paBHH 1, B cXoxsiuuecs NOC]eLOBATEAbHOCTH,
OIHaKO He cyutecTByeT Marpuusl Temnuua, xoropas npeobpasyer
8Ce TaKkHe TOCNELOBATEJNBHOCTH B CXOLAlLUMECs TOC/IeN0BaTeb-
HOCTH.

YCI0KHSAS TeXHUKY, KOTOPOH MBI NMOJb30BANKCH BLIIUE, MOXHO
NpUATH K caenyioweMy sakiouennio: ecau (T,} — nocsedosa -
measrnocms mampuy Tenauya, mo cyuecmsyem maxas nocae-
dosameavnocms {a,), wmo |a,|=1 npu n=1, 2, ..., npu-
wem O0af Kaxcdo20 m npeobpaszosanue nocae008amens-
rHocmu {a,} nocpedcmsonm mampuye T, pacxodames. B camom
lefe, MpH BHOOPe CTPOro BO3PACTAIIIMX MOCAeLOBAaTENbHOCTEH
HaTypaibHHX uncen {ip} u {j,} Oyzem B oTauume or Bhiue-
M3JIOXKEHHOTO NOCTYNarh chaeiyioluM o6pasoM. BriGepem cHa-
yaja iy M j; TaK, yroGbl BLUIONHSMIMCh COOTBETCTBYIOLIHE YCIOBHSA
Ana marpuusl T,; 3atem BubepeM [, # J, Tak, 4TOGH COOTBET-
CTBYIOIME YCJAOBHS BBIIOJHAMHCH KaK Jas matpuusl 7,, Tak H
aas marpuusl Ty u 1. 1. IlocnenosatensHocTs {@,} onperemnm
TAK e, KaK 3TO cledano Bume. ns Bcskoro ¢puKCHpoBaH-
HOTO m TOCJAeLOBATEALHOCTb {@,} TpeobpasyeTcd B HeKOTOPYIO
NOANOCNeA0BaTeNbHOCTb {b,,}. Ho nockoabky uumcna i, H jg
npu k> m o6pasyloT NOC/Aei0BaTeNbHOCTb, /st KOTOPOH cmpa-
BE[JIMBBL BCE YCJAOBHSl TpeABIAYLIET0 KOHTPHPHMEpA B NpHMe-
HeHuM K marpuue T, TO oTCI0za cAelyer, yTo mpeiea lim b,
He CYLIeCTBYeT HM MDU KaKOM /. n= oo

22. CreneHHOi paAx, cxoasfuiniica JAumbL B OJHOH Touxe.
(Cm. npumep 24.)

+co

Paxn ) nlx" cxomnres npn x =0 u pacxonurcs npu x==0.
n=0



Beckoneunsie padot 91

23. ®ynkuusa, pan MakaopeHa KOTOPOH CXOAUTCA BCHOAY,
OJHAKO mNpeacTaBisieT (YHKUHUIO JHHIb B OAHOH TOUKe

Pyukuus
e~ V¥ eciu  x =+ 0,

0, ecim x =20,

f(x)E{

OeckoHeuno nuddepeHunpyema, a BCe ee MNPOU3BOIHHIE IIpH
x==0 pasub O (cM. mpumep 10 ra. 3). CnenosatenbHo, ee pan

Maknopena
E f(n) (0) _ E 0

n=0 n=0

CXOIUTCA NPH BCeX X K (YHKIMH, TOXIECTBEHHO paBHOH HYyJIO,
a NOTOMY OH NpEACTaBJAsieT AaHHYIO QyHkuuio f (T. e. CX0AUTCA
K Heft) jumb B onHO#t Touke x = 0.

24, dynxkuua, psx MakJjopeHa KOTOPOH CXOAUTCH JHIIL
B ONHOH TOYKe

dynkuua ¢ TakuM cBoHcTBOM onucaHa B [9] (crp. 153).
dynknua

+0oa
f(x)= D e~"cosn’x
n=0

BClogy OeckoHeyHO AnddepeHuupyema, NOCKOILKY MHOXHTENH e~
KOTOphie NPHCYTCTBYIOT BO BCEX PpANax, MOJYYAeMBIX MOCJENO0-
BaTEJbHBIM IMOWICHHHM - IM(PEPEHULHPOBAHMEM HCXOIHOIO psla,
06ecneunBalOT PaBHOMEPHYIO CXOIHMOCTb BCEeX 3THX psiloB. Psn
Maknopena 3TOH ¢GYHKUMM COLEPXKHT JUIUL 4IEHH YeTHOH cTe-
nenu. Ilas abcomotrofi BeJAMUMHBI YieHa NMOpPsAKa 28 STOro paa
CnpaBelMHBO HepapeHCTBO

400
-y xzke‘”n‘”‘ nix \2k —n
A @Rl >(W) ™ (x#0)
npu mobom n=0, 1, 2, ... 4, B vactHOocTH, mnpH n = 2k.

JOang sToro 3HaueHust 7 ¥ aw60ro x + 0 umeeM

2 2k 2% 2k
(%f‘) ‘""=(7£) > L
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ecnu Toabko k> |[ef2x|. Orciona caenyer, uro pai Makaopena

GyHKIMY f PacxoauTcs npu BCAKoM x == 0.
+c0

Kak 6muio ykasaHo B mpuMepe 22, pax 2, nlx" cxoaurcs
n=0

aumb B Touke x = 0. EcTecTBeHHO 3amaTh BOMPOC, SIBJASETCH JH
9TOT psil psaioM Makxsnopena kakof-au6o ¢yukunu f(x). YrBep-
JUTEJbHBIE OTBET Ha 3TOT BOMPOC npuBes OBl K APYroMy IpH-
Mepy OYHKUYMM TAKOro e THNa, Kak M (PYHKLMHA, YXKe paccMo-
TPeHHAd B HACTOsULeM TNpuMepe. MBI MoKameMm, 4TO, LeHCTBH-
TeJbHO, MOMXHO NOCTPOUTb OeckoHeuHO auddepeHIupyeMyIo
¢ynkunio f(x), nad Kotopolt xaHHHH psan Oyler psagom Mak-
aopena. Jas sTolt uenn onpeneanM GYHKUMIO @, (%) CIeRyIOLINM

obpazomM. Jaa n=1, 2, ... nonoxum
) [((n--l)!)?, ecmn 0. | x| << 27"t
x)=
o 1 0, ecmn | x| > 27" (a1,

3areM QYHKUMIO Qo(X) LOONpeie/UM Ha OCTABLIMXCS HHTEpBa-
Jax Tak, uToGh OHa cTana OeckOHewyHO [AHddepeHUUpYeMOR
BCIOLY. DTO MOXHO CIeJaTh NPHU NOMOIM (QYHKUMK M3 npuMepa 12
ra. 3. Hanee nycts f,(x)=q, (x); nonroxum mas n=2,
3, .

X
O ()= [ @uo () dt.
¢

P ()= [ o (@) at,
0

S )=, a1 ()= [ @, woa ) dt.
0

Takum obpasom, [ (xX)=¢, , ,(x), f,(x) =q, ,_3(*) ...
coos SOV (x) ==, (%), P (x)=¢,y(x). Tlpuunmas Bo BuH-
MaHue HepaBeHcTBa
- 2
| @ ()| < 27" [,

| @p () | < [277F 07] - | 2,

| @t (9] <@ 02) - 5 2 — ) 1,
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nonyqaeM Oué‘:HKy
| FP | <@ ) "2 (n — k—2),

cnpasepauByio aas  jgioboro x npu 0<LhRLn—2. Pan
+00

Ef(”k) (x) cxozuTcs paBHOMEpPHO HA JHOOOM 3aMKHYTOM KOHEd-
n=1

HoM wuuTepBane npu k=0, 1, 2, .... B camom zeae, ecau
| x| <K, 10
Kn—k—2
|f5;k)(x)l< npu n=~k—+2, k43, ...

22" (n—k—2)I

M PaBHOMeDHAs CXOLUMOCTb BLITeKaeT M3 npu3Haka Befep-
wrpacca (cM. [36], crp. 445, a takwe [52]*, 1. I, cTp. 430).
CieroBaTeibHO, (QYHKIHSA

fms%nm

6eckoHeyno auddepenuupyema, n mas =0, 1, 2, ... cnpa-

BEIJINBbHl PAaBEHCTBA
+coo

F® (%)= 2 [P (x).
nm=l
Ho amns kZ>n>>1 wumewr wMecro pasencrsa f¥)(0)=
=@kt (0)=0, a 11 n>1 u k=n—1 cnpaseruse
pasenctBa fi)(0) = ¢, (0) = ((n—1)!?. Hakonen, 111 0 k& <
<n—1 umeem fB1(0)=0. Takum oGpasom, psa Makxnopena
+oco

dyHkuME f(X) coBmazaer ¢ psiom D nlx".
n=0

25. Cxopsumuiics TPHrOHOMETPHYECKHH paAa, He ABAMOULHACH
psagom dPypse

Muo npuBegeM 1Ba npuMepa, B NEPBOM H3 KOTODHIX HHTe-
rpHpoBaHke NPOHU3BOAMTCA 1o Pumany, Bo BropoM—rmo JleGery.

+oo

Psn 2 -S—l% rie 0 < o< 1/2 cxonurca npu ao6oM neit-
n
n=1
cTBUTENbHOM X. B 3ToM MoMHO yGeputhes (cM. [36], crp. 533,
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a rake [52]*, 1. 1I, crp. 432), npumenss npusHaK CXOLUMOCTH,
npuHanaexawnit - H, X. Afeai0  (HOpBeXCKHH MaTeMarTHx,
1802—1829 r.). OpHako sTOT psil He MO}eT OHITH psinoM Pypbe
HUKaKOK HHTerpupyemoli no Pumany d¢ynkuuu f(x). B camom
lenae, ecan Ob 3ro OHJIO He TaK, TO, COIJIACHO HEPABEHCTBY
Becceas (cm. [3€], crp. 532, a rakxe [52]%, 1. III, ctp. 586),
Mbl OBl HMeJH
I
e R e 2 14 €0 .2

-J

rie n=1, 2, .... Ho Tak kak f(x) unTerpupyema no Pumany,
1o [f(x)]* Takxe uurerpupyema no Pumany. Orciona caeayer,
YTO TpaBad 4YacTb MNpelblAyLIero HepaBeHCTBA KOHeYHa, B TO
BpeMs Kak NpH o< 1/2 neBad 4acTb 9TOTO HEPABEHCTBA He Orpa-
HuyeHa npu n—» - oo. (IIporusopeune.)

+ oo

1 sin nx
Pan ') I, TAKKe CXOLMTCA Npu M06OM neHCTBUTENb-
n=2
HoM x. Ilonoxum
+00
fo)= Z sin nx
- Inn °

n=2

Ecan 1pennosioxkuTs, 4T0o STOT psal gBasgercd psnoM Pypoe —
JleGera ¢ynkuun f(x), TO Gy HKUHSA

F(x)zjf(t)dt
0

IO/KHE OLiTh TepHOLMYecKOH M abcoqioTHO HenpepwiBHO#. Ho
Tak Kak f(x)— neuerHad ¢yHkuus (f(x)=— f(— x)). 10
¢yukuus F(x) apasercs 4etHoh (F (x)= F(— x)). Tloatomy
psan Pypee dyHkunmu F(x) umeeT BUL

+ 0o

= ,
> a,cos nx,
n=0

1) B cB3u ¢ ucciexyeMbIM BOINPOCOM 3TOT paj Bnepsble Ouln pac-
cMoTper Pary. — [Tpum. peo.
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11
rue a0=%f F(x)dx, a naa n > 2 xospduuuerrs
0

a,,=%— F(x)cosnxdx =

[=-DY a

n
2 sin nx | 2 ; sin nx
=5 F®— 'O—FIF(") n dx=

n
Z_EJ‘ smnxdx=_ 1 )
7 ninn
0

(TIlpoussonHass F’(x) mourd BCIOAY CYWECTBYEeT W MOYTH BCIOLY

pasna f(x).) [Tockonbky ¢yrkuMa F (x) uMeeT OrpaHHyYeHHYIO

Bapuauuio, ee psi Pypbe CXOAUTCA B KaxJo#f TOuKe, B 4acT-
+00

woctn B Touke x =0, Orcloga caeayer, uT0 psi N @, cXO-
ne=2
400
autca. A TaK Kak a,==— ljnlnn w pan X (— l/nlinn)
n=2

PAcXOAuTCs, TO Mbl HPHXOAMM K TPOTHBODEYHIO C MPeiHoJioxe-
HueM, uto f (x) uHrerpupyema no JleGery.
HaKOHeu, HaM OCTAaeTCs fO0Ka3aTb, YTO TPUTOHOMeTpHYecKuit

sinnx

psiL 2—— He sBaAeTcd psaioM Pypbe HHUKAKOR uHTErpupye-
n=2

mofi mo JleGery ¢yukuuu. Iro BHITEKaeT W3 Clelywoule#t Teo-
pembi (Z0oKka3aTenbcTBO ee cM. B [20]): ecau mpuzonomempu-
yeckuii paod ssasemcs pador Pypve Hexomopold dyuxyuu g,
urnmezpupyemoli no JleGezy, u ecau oH cxodumca nowmu
8c100y K Hexomopoil dyuxgun f, mo f(x)=g(x) noumu
8ci00y, u, caedosamesvHo, GYHKyus [ unmezpupyema no
Je6ezy, a dannuli mpuzonomempuneckull pad nsafemcs ee
padom Dypoe.
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26. bBeckoneuno aupdepennupyemas ¢yukuus f(x), ne
aBJasowasca npeobpasopaneM ®ypre Hukaxoii (PyHk-
nuu, HHTerpupyemoii mo JleGery, m rTakas, 4to

im f(x)=0
fx]->+o00
Hycrs {c,}, n==0, 1, £2,..., ectb nocrerosarenn-
HOCTb, GeCKOHeyHasd B o0e CTOPOHHI U Takasd, 4TO DAL

+00

2 c.et*

== =00 "
CXONMTCA IJ BCeX X, HO He sBiasiercd pasoM Pypbe Hukaxoh
¢ynxunu, wuHrerpupyemoit mo JleGery Ha [—m, m] (cM. npu-
Mep 25). Mbl nokaxeM, uTo ecnu A (x) — NpPoM3BOJbHAA GeCKo -
Heudo auddepenunpyeman pyHkuus, obpalanuiasca B HyJb BHe

HHTepBaja [ —]n takas, 4ro h(0)=2m, TO B Kauecrse

T2 2
MCKOMOH (YHKIMH MOXHO B3Th (YHKUHIO
+co
<
f(x)= 2, c.h(x — n).
n===00

Tax kak cdyHkuua £ (x) obpawmaercs B HyJb BHe HHTepBaja
[—17, —é—] TO psi, npeicraBasiowuit Qynxuuo f(x), npu

n1000M QUKCHPOBAHHOM X HMMEeT JIWillb KOHEUHOe YHCJIO OTJIHY-
HBIX OT Hynas u4iaeHoB. CnenoBarelbHO, STOT PsA CXONHTCA MpH
BCEX X M MPeACTaBIseT HeKOTOpyw odyuxuuwo f(x). Ilo To#t xe
NpUYMHE Ha JI0GOM KOHEUHOM HMHTepBajie STOT PAL H BCe DAL,
KOTOpHe MOJAYYAIOTCA M3 Hero NoujaeHHHIM IHGdepeHUNPOBAHAEM
KOHeuHOoe YHC/IO pa3, CXOAATCS paBHOMepHo. Bojee ToTO,

+o0o
Pxy= X e,pfP(x—n), B=0,1,2, ....
n=—c0o
ITycts ¢ynxuus F(¢) unrerpupyema no JleGery u yrnosie-
TBOPSieT YCAOBHUIO
+00
j F(®)e " dt = f ().
-—c0
[Monoxum
+00

gt)y= D F(t+42am).

11 == = OO
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Tax kax F(¢) unrerpupyema mno Jlebery, To g (f) onpejeneHa
I MOYTH BCeX f M LA STHX 3HAaueHHH ¢ CNpaBel/IUBO PaBeH-

cTBO & (f 4 2m) = g (f), npuuem
+oo f14

fig(t)ldt< Z f|F(t+2nm)1dt=

m=—co —7

= [ |F@)|dt <+oo.

(O6ocHoBanue 31Hx HAKTOB, a TAKKE PABEHCTBE, KOTOPOE HCMO/b-
syercs numke, cM. B [29], cTp. 179 u 192—193.) Hanee umeem

- +co
i 1
5 J gt)e in dt = Z F(t-+42nm)e='int dt —

—7 m=—00 —

i’
3 |

M= =00 —

F(t +2nm) e—in(t+2mm g —

oo
1 1
=5z [ Fyeimdt =02 f(m) =

+00 .
1
=5 ckh(n-k)=%’;?h(0)=cn.

=—00

Taxkum oGpasoM, ¢, fBasioTcs Kosdduuuenramn Pypbe HHTe-
rpupyemof no JlebGery ¢yukumu g (£). D10 NPOTHBOpeuHe H
Ioka3biBaeT TOT akT, uto f(x) He ABadercss npeobpa3oBaH¥eM
dypbe nukakoi (yHKuuu, uarerpupyemoli no JleGery.

27. ing npou3BOJILHOTO CUETHOrO MHOWecTBa Ec|[—m, m)
cymecTByeT HenpepniBHAf QyHKIHA, psg Pypre KOTOPOi
pacxoauTcs B Kaxjaoii Touke X €E M cxoguTca B Ka-
wpoft Touke X € [—m, W) \E

Upest storo npuMepa npunannexur Petepy u Jlebery. Iloa-
pobHOCcTH MOXHO Hatith B kuure [20], r. I, crp. 474, rze
HaoTcAd TaKXKe CCHIJIKH Ha NepBOHaya/bHElE PAaGOTHL.

7 3axk. 587
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28. dyukuus, unrerpupyemas (no JleGery) na [—m, =],
pag ®Pypbe KOTOPOH pacxogurcs BCHOAY

dror npumep npuxasaexut A. H. Koamoroposy. Ioapo6-
HOCTH M HYxHBble ccblikd cM. B [20], 1. I, cTp. 488—494.

29. TocaenoBaTeabHOCTh {@,} panHOHAJbHBLIX 4uced, 06.a-
Jawwas TeM CBOHCTBOM, YTO AJdA BCAKOH Qyuxuuu f,
HenpepoiBHOH Ha [0, 1] u paBHoli O npu x=0
(f(0)=0), cymecryetT cTporo Bo3pacTammas mnocJje-
AOBATEABHOCTH HATypaJpHBIX uHcea {n,} (no==0),
TaKas, 4To

+coo Ayt

f(x)= Z 2 a,x" |,

v=0 \n=n_ 1
npuyYeM CXOZMMOCTb sBJsAeTcs paBHOMepHo#i Ha [0, 1]

[penBaputesbHO crenaeM CleAyIOLIee 3aMeuaHue:

Jast BCAKOrO HATYPAMBHOIO M MHOMXECTBO BCEX HOJHHOMOB
¢ PalMOHANbHEIMH KO3(dULUHEHTaMH, KOTOpble COLEepKAT JHIIb
crenenn x" ¢ n > m, miorno B npocrpanctee Cy ([0, 1]) Bcex
¢ynkunit, HenpepmBHblx Ha [0, 1] u oOpaujaiomiuxcs B HYyJ/b
B Touke x==0. IIpu 3ITOM NAOTHOCTb TNOHHUMAETCS B CMHIC/IE
»PaBHOMePHOH TONOJOrHU“, KOTOpas 3alaercs HOpPMYJIOH

o(fs &)=[f—gll=max {|f(x)—gx)] 0Lx1}.

Oro cnenyer u3 Teopembl Croyna — Beliepwirpacca (cm. [44],
crp. 182, u [29], crp. 19).

Ilycrs Ttenepy {f,} — cueTHoe MuOKeCTBO (yHKuHMM, BCIOLY
naornoe B Co([0, 1]). Hanpumep, B kauectse {f,] MoxHO
B3ATb [0CJ€I0BATeNbHOCTb, COCTOSAINYI0 H3 BCEX MOJHHOMOB
C PpauuOHaNbHBIMM KO3(P(PULHEHTaMU, KOTOpble 0OpaulaiTcs
B Hydb npu x==0. Ilyctb P;— onuH M3 TakuX IOJHHOMOB, U
nyctb aas Hero o(f;. P)=|f,—P,||<1. Janree, nycts
Py, — NOJIMHOM TaKOro Ke THNA, Y KOTOPOTO BCE €r0 uJeHHl
C HeHyJeBBIMM KO3(QUIHEHTAMH MMEIOT CTelleHb, NPeBBILIANYI0
nopsafoK mnojuHomMa P,, M AJd KOTOPOro, KPOMe TOro, BBIIOJ-
Heno Hepasencrso p(fy— Pi, Py)=|| fo— (P4 Py < 1/2.
Iycts noaunnomsr Py, P, ..., P, npudansexaume Cy([0, 1])
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¥ UMeoulMe pauvoHaibHee KO3(Q@UUUEHTH, onpeieaeHB Tak,
4To

(a) cremenb JIOGOro HEHYJeBOTO uieHa mnoauHoMa P,
Goabiie nopaika nonunoma P, k=1, 2, ..., n— 1,

4
® | fo— NP <. k=L 2...n

i=1

Torza B kauectse P,,; B Cy([0, 1]) BO3bMEM MOJIHHOM C PaLHO-
HaMbHBIMH KO3 (dHUMEHTAMHU, TaKOH, UTO

(a’) cremeHbp J1060ro HEHyJEBOTO u/MeHa noJuHOMa P, .,
Goiblle nopsaaka noauHoma P,

n+t

(") frn— NPl <5t

i=1

HYCTb m; —- HaVUMeHbllasd U3 CcTeneHel HEHYJEeBHX UWJICHOB

i
nounoma ~ P; a  M;—nopstok noamHoma P, Torna

i j
m; < M;<m; ., xns Beaxoro jEN. Onpenenum reneps
NOCNeIOBATeNbHOCTh {&,) ciaexyomuM 0GpasoM: @;==ga,== ...

. =Qm-1=0, ap pasen kodpduuMeHTy npu x™ B NOAH-
Home Pi, @p .1 paBeH koddbduumenty npu x™*! B P,
am, pasen Kodpduumenty mnpm x* B P, Boobue, ecan
M; <n<my.,, 10 mnoxaraem a,=0; ecmn xe m; ;<
<n< M, 10 a, paseH KoshpuudeHTy npH x" B noau-
Home P, Tycere fEC([0, 1]), a nocreroBaTeILHOCTs
0< k< ky< ...rTaKoBa, uro |

MWEN. Torza

kll ku
~ZE<W~Q¢J%~ZE<%+%<%

iem] il fe=l

Crle1oBaTe/lbHO, eCMH  NMOAOXKUTE Ro==0 n nszkv Aas
vVEN, TO

+00 ”v+'1
flxy=2X Zaﬂy

V=0 n=nv+1

NpUuYeM psii B TpaBoOf YacTH CXOAMTCA PaBHOMEPHO (UleHAMYU
pfiga CYMTAIOTCHA CYMMBI, 3aKJIOYEHHEIE B CKOGKH).

7*
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ItoT nopasuTesbHBIH pedyiabTar npuHamjexut B. Cepnuu-
ckoMy. Crnenyer oTMeruth ero GOJBILNOE CXOLCTBO C NMPUMEPOM 5
HacTosilelt raasel. B mocnenHeM ciayuae B pe3yJbTaTe HEKOTO-
poft mepecTaHOBKM OblI noayueH psi, obaapalomuit TeM cBoii-
CTBOM, 4TO AJS TIPOU3BOJBHO 3a1aHHOIO AeHCTBUTENbHOIO UUCAA X
CyluecTByeT MOANOCHAEe10BATebHOCTh YACTHYHBIX CYMM (T. e. CMO-
co6 paccTaHoBKH CKOOGOK y 3TOTO pALa), KOTOPAas CXOLUTCH
K x. B Hacrosiuem e clyyae MB MMeeM CTeNeHHOH psx,
00/1anal0WHUA TeM CBOKCTBOM, YTO JJs NPOU3BONBHOH QyHKUMH f
us npocrpadctea C, ([0, 1]) cywecTsyer noanocaesosarelb-
HOCTb YacTHMYHHIX cyMM (T. e. Crnoco0 pacCTaHOBKU CKOOOK
Yy 9TOro psiAa), PaBHOMEPHO Cxoidwasca kx f.
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PABHOMEPHAY CXOJUMOCTb

Bpenenne

B npumepax HacTosilel TJIaBb PACCMATPHBAETCS PaBHOMEpHAs
¥ HepaBHOMEpHasA CXONMMOCTb NOC/AeNOBATENbHOCTEH (YHKUMH,
3a1aHHBIX HAa HEKOTOPHIX MHOXeCTBaX. IIpeanoJaraercsd, . uToO
YNTATENb 3HAKOM C OCHOBHBIMHM ONpele/eHHAMM M TeopeMaMmu
(cm. [36], cTp. 441—462; [38], crp. 270—292, a takxe [52]%,
1. II, crp. 422—453). :

1. MocaeaoBaTenpHOCTh BCIOAY PpPa3puiBHBHIX (yHKIMi, cXo-
Asascs PaBHOMEPHO K BCIOAY HenpepoiBHOH (YHKIHH

1/n, ecam x pauMoHanbHO,
; Fa)= 0, ecaM x wuppalHOHAJBLHO.
feno, wro  lm f,(x)=0 mpn — oo < x << ~}-0c0, mnpHueM
n-»+co .

CXOIXHMMOCTb fIBJAETCHA PAaBHOMEPHOH.

STOT npocTOf NpHMEp MONKET CJAYXWTb WIMOCTpauuelt cie-
AYIOmero o6uwero TNPUHUHNA: PAGHOMEPHAA CXO0UMOCMb CO-
Xpansem ,xopowue® c€s0licmea u He coxpansem nroxue.
Sror npuuHumn OyleT HEONHOKPATHO MNOLTBEPMIEH MNOCAENYIO-
HIMMH NpHMEPaMH. '

2. lMocaenorateabnocTs O6eckoHeuHO nHddepeHIUpyeMbIX
byrxuuii, KOTOpPas pPABHOMEpPHO CXONMTCA K HymIo, a
noCJeJOBATEAbHOCTh APOH3BOAHLIX 9THX (QYHKIMA BCIOAY
paCXOAHTCH

TMonoxum f, (x)==(sin nx)/l/n Mockomky [f,(x)] <

LY Vn TO 9Ta NOCAENOBATEJIbHOCT, DABHOMEPHO CXOAMTCS
x Hyao. YUro6u y6eiuTbCA B TOM, 4YTO NOCAENOBATENbHOCTH
{ f;(x)} PacxXoAuTCs BCIOLY, pPAacCMOTPUM TNOCJeLOBaTe/EHOCTh

b,== f (x)==} ncosnx,



102 Trasa 7

rie x ¢uxcuposano. Ecau x =0, TO b,,:}/n > CO TIpH
n—> - co. HokaxeMm Tenepb, uTO IJs Bcgkoro x =+ 0 nocie-
HoBatenbHOCTb {b,] He orpaHmveHa u, ClelOBaTe]bHO, pac-
xonurca. Jlis 9TOFO NOKaKeM, YTO CYLIECTBYIOT KaK yroIHO
6oJbluye 3HAYEHUS 7,Takke, UTO [cosnx| > 1/2. B camom zene,
IS BCAKOTO HATypajbHOrO m, Takoro, uro |cosmx| < 1/2,
uMeeM

|c052mx|=]2cos2mx—1]=1——2cos2mx>—;-

Taxum ofpasoM, CYLeCTBYeT HOMEp n > m, IJ9 KOTOPOro
| cosnx | > 1/2.

3. Heorpanuyennas ¢yHkuug, ABJAOMAACA Opeaes oM He-
pPaBHOMEpHO cXoafueiics NOCJAeJOBATeNbHOCTH OrpaHHu-
yeHublX GyHKUUHA

TTosnoxum

f (x)*[ min (n, —lx—) e 0<x 1,

0, ecin x=0.

Torza xaxnas dynxuua f,(x) orpaHdyeHa Ha 3aMKHYTOM
nutepsalte [0, 1], onnako npenenbuas ¢pynkuns f(x), pasHas 1/x,
ecin 0 < x <1, n pasnas 0, ecim x =0, He orpaHuueHa Ha
3TOM HHTepBale.

Cnegyer OTMeTUTb, 4YTO B MNOAOOHOM NpHMEpe CXOLMMOCTh
He Mmozcem OHTbL PaBHOMePHOH.

4. PaspuiBHas (YHKIHS, SABJIAOMAACA NpejesoM ROCieno-
BATEJBbHOCTH HeNmpepHBHLIX @YyHKUM

TpHBl/la.leHblﬁ fipUMep TakKoro THNAa AOCTaBJadeT MNOC/JAeL0Ba-
TEJAbHOCTD,

min(l, nx), ecam x>0,
max(—1, nx), ecmn x <<O0.

fn(x)E{

Ee npenenom sBasercst GyHkuus sgnx (cM. ra. 3, mpumep 3),
KOTOpas paspuiBHa B Touke x =0,
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MOXHO TOCTPOUTh 6OJIee MHTEPECHHIHl TpUMep TaKOro pona,
paccmarpusas ¢yukuuio f (ria. 2, npumep 15), xoropas onpe-
AENAeTCsl CAeLYIOWUM 00pasoM:

1
—, €CaH x:%, rie p W ¢ B3aUMHO NMpPOCTH M ¢>0,

floy=y1

0, ecim x uppaumoHANbLHO.

W P

0 I ! 2 J 7 4 J
4 3 2 J 4 s 3 2
f @) nou n=§
Puc. 2. .
Onpesennm Tenepb NOCAENOBATELHOCT £, (X). 3aduxcupyem
p 1 »p

HoMep n > 2. Ha xawiaoM uHTepBaje BHIA T )
rie 1 g < n, 0L p<q, nonoxum
. 1 1 2 P
faC=max (5. g2 (x—F)).
a Ha UHTepBaJe BHAA (5. %4——2—}2—2-), Tie p M ¢ HaX0LZATCs
B TeX Ke npenenax, NOJNOKHM

f,,(x)zmax(1 %—2112 (x——gi))

",z'v
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B tex roukax wunrepsana [0, 1}, B KkoTophix f,(x) emwe He
onpefeieHa, noaoxuMm f,(x)=1/n. Haxonen, mnponomxum
¢byukuuio  f,(x) 3a nperenm otpeska [0, 1] mnepuoanyecKu
C MepUOLOM, paBHHM eiuuuue. I'padux ¢ynkuuu f, (x) npen-
craBisieT co6oi GeCKOHEUHYIO JOMaHYIO JHHUIO, 3BeHbsl KOTODOH
au6o PpacmoyioeHsl HA TOPH3OHTAMM Y ==1/n, An60 NOIHH-
MAIOTCS K U30JMPOBAHHEIM TOYKaM rpaduka ¢yHKuuu f, npuuem
yriaosoft koadduuMent HakaoHa pasedn +2n% (cm. puc. 2).
[lpu BO3pacTaHWM 7 NHKH CTAaHOBATCA Bce OoJee Y3KMMH H
KPYTHIMH, @& TODU3OHTAJbHLIE 3BeHbSl JOMaHOH NPUOINKAIOTCA
K ocu x. Jlerko Buierb, yTO Aas Besikoro xER u n=1, 2, ...

Fa () > frir(®)
u
im £, ()= /(9.

ITpn sTOoM Kaxmas dyskuua f, BCOAY Henpepblsﬁa, a mpefeanb-
Hasg ¢yHKuua f pasphiBHA Ha BCIOLY IJIOTHOM MHOMecCTBe Q
palMOHaNbHBIX yucea (cM. mpuMep 24 ra. 2).

5. He unrerpupyemas no Pumany ¢yskuus, sapagomasncs
npefesioM noceaoBaTeAbHOCTH PYHKIHIA, MHTErPHPY eMBIX
no Pumany. (Cum. npumep 33 ra. 8.)

Kaxnasn ua ¢yHkimit g,, onpeiefeHHsx B npumepe 24 ra. 2,
uHrerpupyema mo Pumany Ha 3amkeHyToM wuHrepsare [0, 1],
HNOCKOJNBKY KawnIas u3 3THX (YHKUMH oOrpaHHyeHa Ha 3TOM
MHTepBaJe W HMeeT KOHeYHOe 4HMCJAO Touek pasphiBa. Ilocieno-
BaTeJbHOCTb (&) sBIseTCH BO3pacTailoulelt MOCACIOBATELHOCTHIO
(8, (%) < &gpt1(x) mas xammoro x u n==1, 2, ...), cxonsa-
‘wefics k ¢ynxuun f npuMepa 1 ra. 4, xoropas paBHa 1 Ha
mHoxectBe Q [0, 1] u pasHa O nHa mHoxectse [0, 1]\ Q.

6. llocaenoBatTeapHOCTh QyHKUHI, NJA KOTOPOH Npenes HHTe-
rpajoB He paBeH HMHTerpajay OT HNpeaebHOH QYHKuHH

TTos0xum

2n2x, ectn 0L x K
fa(x)= n——2n2(x-——2—l’—1—), ecit ?1—<x<%.

0, ecau %gx\«:l.



Pasromepran cxodumocrs 105

Toraa

1 1

_—= =,
n-»+oo n—)+002 2

1
lim jf,,(x) dx= lim
0

ONHAKO
1

f lim f,,(x)dx:dex:O.
0

§ mo+o

Ipyrum npumepoM nono6HOro THNA SBJASETCA NOC/AeLOBa-
teabHocth {f, (%)}, rae f,(x)==n?xe="* mpu 0 Cx 1.

Eme O6osnee 3aMeuyaTeNbHBIM CBOHCTBOM o0O6safaer nociaeno-
BaTeJbHOCTb (DYHKUMH

2ndx, ecn O<x<%,
1 1 1
=l 2 9p3(e 2 — —
fo)=1 2n (x 2n), ecin 5 Kx KL P
l 0, eCJH —rll—<x<1.

B stoM cayuae

n->+oo n->-tco

b
lim ff,,(x)dx: lim & =-oco
0

nnsa Beskoro 6 €(0, 1], B 10 BpeMs Kak
b - ]
f lim f,,(x)dx:jotzx:o.
0

0 n-»>+o

7. NMocnenoBatedbHOCTh G YHKUME, AAS KOTOpOH mpexnea
APOM3BOJHLIX He paBeH [POU3BOJHOH OT MnpeaebHOI
byuxuuu

IMonoxuM = f,(x) = x/(1 +n2x2) g —1l<LxL1l u
n==1, 2, .... Toraa npenenavnas ¢yukuus f(x)== lim f, A (x)
n->+oo

cywecrsyer ¥ pasHa 0 aaa Bcex x €[—1, 1] (npu aTom cxo-
IMMOCTb ABJAETCA PaBHOMEPHOH, NMOCKOMbKY HauboJblilee W HaM-
MeHbIlee 3HaueHus QyHKuuM f,(x) Ha uHTepBane [—1, 1] pasHbl
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cooTBeTcTBeHHO 1/2n u —1/2n). IlpouaBoxHas npeneibHOR
¢vukuun ToxnuectsenHo pasua 0. OnHako npejes NOCJAeL0Ba-
TeNbHOCTH NMPOH3BOJHBIX

lim fr(x)= lim

1— n2x? {l, ecin x =0,
A-> 4+ n>+oo (14-n2x%)

0, eem O0<|x|L L.

8. MNocaenoBareabHOCTs QYHKUHI, PaBHOMEPHO CXOAAmAACA
Ha KaxIOM 3aMKHYTOM NOJHHTepBaje, HO He CXO0if-
WAascs paBHOMEPHO HAa BCeM HHTepBaJe

MMonoxum f,(x)==x" ua orkpeitom unrepsaite (0, 1).

9, MocaeaoBaTeaLHOCTh {fn}, PABHOMEPHO  CXOAAWASCH
K HyJaio Ha wmHTepBaje [0, +~o0) u Takas, 4TO

+oo
[ fuxraxso
1]

TTonoxum

1
—, ecmm 0Lx K,
fa)=y "
0, em x>n.
Torna f, paenoMepuo cxoautca K nymo Ha [0, - o0), ozHako

+o0

jf,,(x)dx=1—>1.
0

Eue Gonee sameuaTembHHIHl IpuMep AOCTaB/seT NOCJAELOBA-
TeJbHOCTD (YHKUMH

1
—, eum 0L xLn?
fal)=y "

0, ecan x> nl

4o

B astoM cayuae ffn(x) dx =n-— -4 oo,
]
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10. HepapHoMepHO cxopsmuiics psaj, oOmuil 4aeH KOTOpOro
CTPEMHUTCA K HYJI0 paBHOMEPHO

Orum cBoficTBOM Ha moayuHtepsate [0, 1) o6mazaer pax
-+oo :

> x*/n. Tak kak o6muMH uleH STOTO pAla MaOXKOPHUPYETCs Ha

n=1 .

[0, 1) uncaom 1/n, on cTpemuTca K HyAI0 pasHoMepHo Ha [0, 1).
[ee]

Cx011MMOCTD fmna 2 x”/n BLITEKAeT M3 TOTO, YTO OH Maxopu-
n=1

pyercs paIOM D\ x", cxonsmumcs Ha [0, 1). OaHAaKO HCXOMHBIR
pAL CXONUTCA HEPaBHOMepHO. DT0 ciaeZyeT M3 TOTO (akra, YTO
€ro 4YacTHYHBIE CYMMBl He fBJSIOTCA PaBHOMEDHO OrpaHHYeH-
HeIMH  (rapMOHMueckuit psan pacxoautcs; cm. [36], crp. 447,
yup. 31, 32).

11. HepaBHOMEpHO cXonfimafcs NMOCJAENOBATENBHOCTDH, 06./a-
Jalomas paBHOMEPHO CcXoafmielics NOANOCAER0BATE Ib-
HOCTBIO

ITonoxum

, €CJH 1 HEYEeTHO,

fa®)=

S —

§|»—- B!k

, eCHH n 4YeTHo,

IpHYeM BCE (byHKUJAM OnpeneyieHBl Ha MHOXECTBE IeRCTBUTEND -
Hbix uucea R. 3ra nocnenoBaresbHOCTb CXOIMTCH K HYJII0 He-

1
PaBHOMEPHO, HO  HOINOCJAENOBATEJbHOCTb | fa, (X)) ={§n_}
CXOIMTCS pPaBHOMEDHO.

12. HepasHoMeprO CXoafmuecs NOCJEI0BATENbHOCTH, YAO-
BJAeTBOpAONIHe JIOOBIM TpeM H3 uerbipex YCJOBHIl
Teopembl Jlunn

Teopema Hunu yreepxamaer, uro ecau {f,} — nocaerosa-
TeNLHOCTb ONpelesleHHbIX Ha MHOMecTBe A (yHKUu#, CX0IAAsCS
Ha A x ¢yHkuuu f, n eciu

(i) f, nempepniBHa Ha A, n=1, 2, ...,
(ii) f uempepbiBHa Ha A,

(iif) nocnenosarenbHocTh {f,(X)} MOHOTOHHa,
(iv) A KomnakTHo,
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TO IaHHas MOC/IeLOBATENbHOCTb CXOLHTCR K QYHKUMU f paBHO-
MepHO.

Huxakue Tpu u3 3T1ux ychaoBui He o0ecnedydB3IOT paBHO-
MepHO# cxoauMocTd. Jlpyrumn cJoBaMH, HH OJHO M3 3THX YeThpeX
ycxosult He MOXeT GEITb ONyllUeHO. IDTOT (haKT MOATBepKIAeTCH
ClelYIOLMMH 4eThIPbMS NPUMepaMu:

<x<l

:’.'»—

{0, ecim x =0 uau

@) fa(x)={ |
11, ecn 0< x < —.
l n
Torzaa {f,(x)} — yObiBaiomwas npu KIa0M GHKCHPOBAHHOM X
NoCJe10BaTeNbHOCTh, KOTOpAs Ha KOMNakTHOM MHoOxectse [0, 1]
HepaBHOMEDHO CXOLHMTCH K HenpepuiBHO# ¢ynkuuu f(x)=0.
(if) Y6niBalowas nNOCAeLOBATENALHOCTh {X”] Ha KOMNAaKTHOM

muoxectBe [0, 1] HepaBHOMEPHO CXOLMTCH K Pa3pbIBHOR QyHKLMH
0, ecmn 0x <1,
I, ecmu x=1.

f(x)={

(iii) Cm. npumep 6.
(iv) ITocaesosareapnocts {x"} na [0, 1).
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MHOXECTBA M MEPA HA HEWCTBMTEJbHOM
OoCcH

Bsenenue

Ecayu He OroBopeHO NPOTHBHOE, TO BCe PacCMaTpUBaeMble
B HacTOsleH TIJaBe MHOXECTBA NMPENNOAr aloTCs NOLMHOKECTBAMU
cucteMnl IeftcrBuTesbHBIX uncen R. Hemycro#t kaace 9 MHOMecTB
Ha3bIBAETC O-KOJbLOM, HIH CUTMa-KOJbLUOM, eClIH OH
3aMKHYT OTHOCHTEJbHO ONepauuy oGbeliMHEHHs, NpPHUMEeHeHHOMN
CYETHOE MHOXECTBO pas, ¥ OTHOCHTEJbHO ONepaldd Pa3HOCTH

“+oo
muoxects (A;, Ay .... €A UA,,E‘)I u A\ A EN).

n=1
Ecmu U — kako#t-nmnGo HemycTOH K/aCC MHOXKECTB, TO O-KOJbLOM,
NopoXAeHHH M kJaccoM U, HasbiBaeTCd INepeceyeHHe BCeX
o-konen, colepxamux A (6-KoabLO, nopoxkieHHoe kaaccoM U,
BCErza CyLIeCTBYeT, TaK KaK BCeFla CyLeCTBYeT IO KpaHHei
Mepe 00HO O-KOJbLO, codepxauiee A, a HMEHHO KJacc 8lex
noamHoxecrs R). Ecrecrtsenno npexncraBisTh cefe 0-KOJbUO,
nopoxienHoe Kaaccom WU, Kax maumedvulee G-KOJbUO, COIEp-
wawmee . Curma-xoaplo, nopoxiaennoe kiaaccom € Bcex KoM-
NAKTHBIX NMOIMHOXeCTB R, Hasmisaerca knaccom B 6openes-
CKHX MHOXecCTB (TakuM o0pasoM, MHOXECTBO ABJSETCHA
OGOpeNeBCKHM, €CJIH OHO eCTb 9JeMeHT G-KOJblid, NMOPOXKIEHHOTO
kaaccom @).

Ecmn A — npousBosbHOe mnoaMmuoxkecTBo R, a x — kaxoe-
an6o nelCTBUTENbHOE 4YUCJIO, TO CABHI OM MHOXecTBa A Ha
YHCJIO X HA3HIBAETCH MHOXeCTBO, 0603HaYaeMOe CUMBOJIOM X | A,
KOTOpOe omnpeleldeTcs CAelyloluM 06pasom:

x4+ A={yly=x+a a€A)=(x+a|aCA).
Knacc U wmHOXecTB Ha3mBaeTcd 3aMKHYTHM OTHOCH-
TeAbHO CILBHUILOB, eCIu

ACU, xER=DxFAEN.

Ecin & ectb 0-k0AbLO MOAMHOWKeCTB npocrpancrea X, TO
-~

GyHKUMA MHOXeCTBA O ¢ 00JaacTbio onpeseteHus © HaswiBaercd
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HeOTpHLUATEAbHONR ¢GyHKILHEH B IIHPOKOM CMLICAE,
ecn ee 3HAYeHMA Aas MHOkecTB S €O yL0BIETBOPAIOT Hepa-
sencTBy 0 < p(S) < + oo. Heorpuuareasnas GpyHKuMs B WHPO-
KOM CMbicJe, 3allaHHas Ha 0-xoJble ©, HA3bIBAETCd Mep OH
Ha &, ecin p(@)=0 u p cueTHO aaauTuBHA Ha &:

S5, S8, .. EG, S, NS, = maa m£En=
+oo oo
p(USn>= 2 0(S,)-

n=1 n=l

Ecau p ects Mepa Ha O-koablie © moaMHOMecTB npocTpaHcTia X
u ectn X €S, 10 ynopsasouennas napa (X, ©) Hasmsaercsa
ODPOCTPAaHCTBOM C MepDOH, a p—MepOH Ha npocTpaH-
cree ¢ Mepo#t (X, ©). EcaM U3 KOHTEKCTa HCHO, O KAKOM
Kaacce MHoxecTB & HMIeT peub, TO TPOCTPAHCTBO C Mepoit
Oyner obosHauaTbcst oAHOM Oyksod X. Ilycrs p u 0 — nse
MepH Ha OJHOM M TOM e mnpocrpaucrtBe ¢ Mepo#i (X, ©).
Mepa p HasbiBaeTcst aGCONIOTHO HeNpPepPBIBHOMK OTHOCH-
TeJbHO O (3T0 0603HauaeTcss Tak: p<& 0), eciau

A€ES, 6(A)=0=p(A)=0.

Ecan p— kakas-aubo Mepa Ha npocrpanctse ¢ mepo (X, &),
TO HyJAb-MHOMKECTBOM IJ Q HasbBaercs J0GOe NOJIMHO-
KeCcTBO oneMeHTa A U3 ©, UMEOLWIEro Hy/IeBYKW Mepy, T. e.
p(A)=0. Mepa p Ha (X, ©) HasbiBaeTcs MOAHOH, ecau
BCAKOE HYJb-MHOXKECTBO MAJd (O sIBJSIeTCS 2jaeMeHTOM Kiaacca S.

Mepo#n Dopens HasbBaercs Mepa |4 Ha NPOCTPAHCTBE
¢ mepo#i (R, B), koTopas KamAOMy OFPaHHYCHUOMY SAMKHYTOMY
HHTEpBa/ly CONOCTABJsIET €ro LJIUHY:

u(la, b])=06—a, ecin a<b.
StuMm ycaosuem wMepa bBopeast onpenedsercd BRoaHe OfHO-
anauHo. Knaccom B usmepumbix no JleGery MHOXeCTB Hasbipaercs
0-KOJbLO, NOpOXIeHHOe O0ObeluHeHHeM KJhaacca B M KJaacca
BCeX HYJb-MHOXeCTB 1 Mepsl Bopens ua B. Mepa JleGera
ecTh NOJHAas Mepa Ha ‘B, KOTOpas OJHO3HAYHO ONpele/ferTcs
TeM, YTO ee cyxeHune Ha B aBasercs MepoH Bopens; npyrumu
cirosamy, Mepa JleGera S§BAAETCA NONOAHeHUEM WIH ROAHBLM

npodoasc enuem na B Meph Bopens, sananHo#t na B.
Tak kax #JiuHA KOMNAKTHOrO HMHTepBada [@, b] MHBapuaHTHa

OTHOCHTEABHO C/ABHIOB, TO O-Koabla B u B saMKHYTH OTHO-
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CUTEJbHO CIABHUIOB, a MEDHI BOpeJ'IH u JleGera WHBAapHAHTHBH
OTHOCHUTECABHO CILBHUT OB

A€B. xER= x+AEB p(r4 A)=n(A),
AED, xER= x+A€B, px+A=p(A).

Ilna Beskoro muoxectsa E — R onpenesuM BHYTpPEeHH 010
mepy Jleb6era u (F) n Buewnwiwo mepy JleGera p*(E)
crenyoluM 06pasoM:

b, (E)=sup (1 (A)| AcE, A€},
WE)=inf{u(4)|ADE, AEB}.
3TU onpeneneHnst SKBUBAIEHTHBl CIELYIOLHM:
B, (E)y=sup (W(A)|AcE, ACB}=
=sup {n(4)| A< E, A xomnakrHo},
p*E)=inf{n(4)| ADE, A€B)=
=inf (W(A)|ADE, A otkphirto}.

HokazatenbcTsa 3THX (akTOB U JadbHefllMe noLpoGHOCTH
mMoxHO Ha#itd B [17], [31], [32] u [53].

WHorza wMbl OylneM CChHIIaThbCSl HAa aKCHMOMY BHOOpa WJM Ha
TaKye ee BapUAHTH, KaK TeopeMa O MOJHOM YNOPSALOYCHHH HJIH
aemma LlopHa. Mx mnHoraa o6beaMHAOT - MO OOIIMM Ha3BaHHEM

RPURLUNG MOKCUMAABRO20 daemenma. 1o TOBOLY 9TOro Kpyra
BONPOCOB OTCHnaeM uurareas k [17], [31] n [49].

Mebl mpeanonaraeM Takke, YTO UMTATE/b 3HAKOM C NMOHATHIMH
OMHOULEHUS SKBUBQAACHMHOCMY W KAQCCA IKBUBAANCHMHOCMU.
OTH NOHATHA M CBA3aHHBIE C HHMH BOMDOCH PacCMaTPUBANTCA
B [17] n [19].

1. CopepuienHoe HHIAE He NMJOTHOE MHOXKECTBO

CoBepIIeHHBM MHOXECTBOM Ha3biBaeTCqd 3aAMKHYTOE
MHOXECTBO, Kax/1as TOYKa KOTOPOro fABJfeTcs NpelelbHOR TOYKOM
3TOTO MHOXECTBA. PyHIaMeHTaNbHBIA pe3yabTaT, OTHOCAWMHCH
K COBEpLIEHHBIM MHOXeCTBaM, COCTOMT B TOM, YTO BCAKOE He-
nycrToe COBEPUIEHHOE MHOXecTBO A [1eHCTBHTENbHBIX dHCes
(nn, 6osee OOLIO, BCAKOE HEMyCTOE COBEpINEHHOE MHOXECTBO
B MOJIHOM cenapafeqbHOM MeTPUUYEeCKOM HPOCTPAHCTBE) HECUETHO;
Ha CaMOM Xe Jelie MOILWHOCTb MHOXeCTBa A paBHA ¢ — MOUIHOCTH
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MHOXecTBa R, T. e. Mexay R U A cyluecrByer B3aMMHO OJHO-
3HayHoe cooTsercTBue. (Jlokas3arenbCTBO M TOAPOGHOCTH CM.
B [54], cTp. 153—162.)

Huroe He nAOTHHM MHOXECTBOM HA3LIBAETCH MHO-
KeCTBO A, 3aMblKaHue KOTOpOTO A He uMeer BHYTPEHHHUX TOYEK,

T. e. [(A)= . $lcHO, YTO MHOXECTBO HHUIIe He MJIOTHO TOTAa
W TOJBKO TOrAa, KOTr4a ero 3aMbiKaHHe HUILe He IIOTHO, H UTO
JM000e TNOAMHOXECTBO HHMrle He IUIOTHOTO MHOXECTBAa HHIAe
He IUIOTHO. MeHee OYeBMIHEIM fBAsleTCs TOT ¢akr, uto 0ObenH-
HeHWe s000# KOHeUHOH COBOKYNHOCTH HUFle HE MJOTHBIX
MHOXECTB HHTIe He MI0THO. [loKasarenbcTBO 9TOro ¢akTa MOKHO
NPOBECTH 110 MHAYKUWHM, PACCMOTPeB CHa4aja Caelylomuft 4acT-
HBlft cayuait: ecau A u B 3amMxHymel 4 Huzle He nAOMHbL,
mo AU B Huzde ue naomno. (Ecim U — nenycroe OTKpHITOE
NOAMHOXeCTBO MHOXecTBa A U B, 10 U \ B — Henycroe OTKpHI-
TOe MOAMHOXEeCTBO MHOXecTBa A.)

3HaMeHHUTHI} NpUMEP COBEPLIEHHOTO HUIJE HE MJIOTHOTO MHO-
xectBa Owbut mocrpoen [ KaHropoM (Hemeuku#t MareMaTHK,
1845—1918 r.) u u3BecTeH MO HA3BaHHEM KAHTOPOBA MHO-
#ecTsa. Iro MHoxkectBo C mojyvaercs U3 3aMKHYTOrO efM-
HMYHOro uHTepBana [0, 1] mocaenoBaTeNbHLIM yLaleHHEM OTKPH-
THIX HHTEPBANOB, Ha3blBAeMEIX ,CPEIHUMH TPETAMU®, CIELYIOLIUM
obpasoM. CHavana ynaauM BCe TOUKM X, Jexalime Mexny 1/3
u 2/3. 3arem ynaimm cpennne tpern (1/9, 2/9) u (7/9, 8/9)
(aByx ocTaBIMXCH 3aMKHyTHX uHTepBasoB [0, 1/3] u [2/3, 1]
coorsercTBenno. [locie aToro ynamum cpennue uactu (1/27,2/27),
(7/27, 8/27), (19/27, 20/27) u (25/27, 26/27) uerTbipex OCTaB-
muxcA 3aMkHyTHX uHTepBaaos [0, 1/9], [2/9, 1/3], [2/3, 7/9]
u [8/9, 1] coorBercreesno. Ilpoxomxas stor mponecc o Gec-
KOHEYHOCTH, Mbl YyIajduM B pesy/brare Hs uHTepBana {0, 1]
MHOXeCTBO, sBJAIOLIeecss OOBeIWHEHMEM NOCIeN0BATEIbHOCTH
OTKPHITHIX HMHTEPBAJOB, T. €. OTKpHITOE MHOKecTBO. OcTaplueecs
3aMKHYTOE MHOXeCTBO M eCThb MHOXeCTBO C. ITOCKOMBKY Kaxiylo
TOUKY MHOXectea C MOXHO CKOJMb YFOLHO TOYHO NPUGAU3HTH
KOHUEBLIMH TOYKAMH YIAaJeHHBIX HHTEpPBaJOB (BCE 3TH KOHLEBhie
ToukH npuHaniaexar C), To muomecTBo C coBepuienHo. A Tak
kak BHyTpH [0, 1] He cyumecTByeT OTKPHITOrO HUHTEpBaia, KOTO-
pHifi He Hmen Ob O6GLIMX TOYeK mNO KpaHHeH Mepe ¢ OLHUM
U3 HHTEPBAIOB, TOYKH KOTOPOTo OBLIM yIaJeHH HA HEKOTOPOH
CTaluH, TO (3aMKHyTOe) MHOXeCTBO C HHMIIe He WIOTHO,
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KanropoBo wmuoxectso C MOXKHO OlpeiejuTb NPH TOMOLUH
TpPOMYHOH (C ocHOBaHueM 3) cHCTeMH cyucaeHus. Touka x €C
TOTA2 W TOJbKO TOTId, KOrJa X MOXHO MpPEACTaBHTb TPOHUHON
apo6bio, ucnoab3yq auib uudps 0 u 2. Hanpumep, 0,022222 . ..
1 0,200000 ... 9BagI0TCS KOHUEBHIMH TOYKAMH MEPBOTO yIaJeH-
HOTO HHTepBaja, T. €. COOTBETCTBeHHO TOoukamMu 1/3 u 2/3
B IecaTuuHoit cucreme. Ilo moBoxy 3TOro onucasus moxectsa C
cM. [32], (53] wu [33]%, crp. 57, a Taxxke cieiylOLMH npuMep 2.

2. HecueTHOe MHOXKECTBO Mephl HY.Jb

Kanroposo wmuoxectso C npumepa 1 HecuerHo, H60 OHO
AIBASIETCS HENYCTHIM COBepIUEHHBIM MHOXECTBOM, d ero Mepa
paBHAa HYJAI0, NOCKOJbKY MHOXECTBO TOYeK, YIAJeHHHX U3 3aMK -
uyroro uutepsaia [0, 1], umeer mepy

1 1 2 2
gst3 3tz g3t - =T—73=L

MoxHO BOCNONBL3OBATLCS TPOUYHEIMH Pa3aOXKEHHAMY IS TOYEK
KAHTOPOBA MHOXECTBA M MNOKa3aTh, YTO MOLIHOCTb MHOWecTBa C
paBHa ¢, T. e. MOIIHOCTH MHOXecTBA R Bcex AeHCTBHTENbHBIX
yucest. (BTOT MeTOd JIOKA3aTebCTBA HE 3dBUCUT OT YKA3aHHOTO
BHIIIE METOZ4, OCHOBAHHOTO HAa CBOMCTBAX COBEpPILIEHHHIX
mHOxecTB.) C oxHOMt CTOpOHH, TOUKM MHOxecTBa C Haxozxstcs
BC B3aWMHO OJHO3HAYHOM COOTBETCTBHH C TPOHMYHBIMHM PAa3JIONKe-
HUAMH, HCNOJL3YIOIWMME auitb uudpel 0 1 2, U, crepoBaTesbHO,
C O8OuUMHBIMI DPABTOWEHHAMH, uCHOML3YIOIWMME uudpu 0 u 1.
C npyro#i CcTOpOHb, GeCKOHeyHble IBOMYHLIE PAasJOKEHUsi Ha-
XOAATCH BO B3aUMHO OJHO3HAYHOM COOTBETCTBHH € TOUYKAMH
noayorkpuitoro unrepsana (0, 1] u, cienosarenbHo, ¢ MHOXe-
CTBOM BCeX HeHCTBUTENbHBIX YHCea. DTO IOKA3HBAeT, YTO MHO-
KECTBO 8CeX IBOHYHEIX pasioxenu#h (a notroMy u Muoxectso C)
HECUETHO M €ro MOLIHOCTb He sMeHbute ¢. YTOOBI 10OKa3aTh,
YTO 3T4 MOIIHOCTH B TOUYHOCTH pAgH@ (, HAM OCTaeTcd JHIb
3aMETHTb, YTO MHOXECTBO KOHE4HbX IBOMYHBIX Pa3joKeHUH
cuetHo (MaM ewe npoute, yto C < R). JanbHefiune NpuaomeHus
TOJILKO 4TO ONHCAHHOFO O0TOOpaX<eHHS MOXHO HafiTu B npumepe 14
3TOW TIJIaBHI.

8 3ak. 587
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3. MHoXeCTBO Mephl HYJb, PAa3HOCTHOE MHOXKECTBO KOTO=-
poro CONEPHHUT HEKOTOPYIO OKPECTHOCTb HYJsA

Ecam A — npousBosibHOe HENycTOe MHOXKECTBO, TO ero
Pa3HOCTHH M MHoO¥ecTBOM D (A) HazbBaeTCd MHOXeCTBO
BCEX PA3HOCTEH MeXIy ero ajeMeHTaMH:

DA)={x—ylx€A y€A}.

BawHbiM  (akTOM B TEOPUH MepH ABJAETCS TO, YTO €C/H
A — u3MepuMOe MHOKECTBO MNOJOXHTEbHOH Mephl, TO TOuYKa
X =20 sBAdeTcs BHYTpeHHe# 1/ pPa3HOCTHOrO MHOXecTBa D (A)
(cMm. [83], crp. 72). KanTopoBo mHOoxecTBOo C mpumepa 1 ssasiercs
MHOXECTBOM HYy4e80f MeDhl, KOTOpoe 00/alaeT TakuM xe CBOH-
cTBOM. B camonm zneue, ero pasnocrtoe muoxectso D (C) ecTb 3aMK -
nyTHi#t uaTepBan [—1, 1]. [Tpocretimnti cnoco6 yb6eaurbcs B 3TOM
COCTOMT B caenyioiiem. Paccmorpum muoxectso C X C u noka-
XeM, YTO ILJsl BCAKOTO uMcaAa «, Takoro, uro —! a1,
npamas y=x-} o nepecexaer MHoxecTBo C X C no xpaHe#
mepe B onHOH Touxe (cm. [9], crp. 110; Tam ke ykasaHhl
JambHefine ccrku). Tax kak MHoxectso C IHo/dydeHO mnocie-
JIOBATENBbHEIM YiajeHHeM ,CPelIHMX TpeTef*, TO MHOXeCTBO
C X C MOXHO mNpeACTAaBMTb B BHIEe IliepecedyeHHss CUETHOTO
ceMefictBa 3amkHyTHx MHoxects Cy, C,, ..., Tie Kaxioe
w3 wMmHOxecTsB C, ectb ofbeiuHeHue ,YIJOBHX KBalpaToB*
(cm. puc. 3). MuoxecrBo C; COCTOMT M3 UETHPeX 3aMKHYTHIX
KBALPATOB €O CTOPOHAMM, PaBHBIMH 1/3, DaCMONOXKEHHBIX NO
yraam noasoro kBazpara [0, 11X [0, 1]z [0, 1/3] X [0, 1/3],
[0, 1/3] XX 12/3, 1], [2/3, 11X [0, 1/3] mu {23, 1} X [2/3, 1];
MHOXKecTBO C, COCTOMT M3 MIECTHANLATH 3aMKHYTHIX KBaipaToB
CO CTOpPOHamM, paBHBIMH 1/9, pacnosnoxeHHBIX TO yTriaM
ueThipeX KBagpaToB MHOXecTBa C; (0 uYeTHpe B KaXIOM
KBanpare); MHOwecTBO C; COCTOMT H3 INECTHIECHTH uYeThipex
3aMKHYTHIX KBagpaToB CO CTOPOHaMH, paBHbIMM 1/27, pacmono-
eHHBHIX TO0 yraaM IMeCTHAaguaTW KBazparoB MHoxecrsa C,
(no yerThHipe B KawAOM KBaipare) n T. A. Ja9 BCSKOro AaHHOTO
aE[—1, 1] upsmMas y=x -} 0 nepecekaeT No KpaiHeH Mepe
OLWH U3 ueThipex KBaaparoB MuowmectBa C,. Bubepem oiun
Takod Kpaapar W o603HauuM ero uepes S;. Dra npamas LOKHA
nepeceyb Mo KpafiHel Mepe ONMH H3 4YeThipeX KBAAPAaTOB MHO-
wecrsa C,, newawux BHyTpH S;. BribepeM onuH Tako# ksaipar
u oGosHaunm ero uepes S, [lpomo/mkas 3TOT TNPOLECC, Mbl
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TMOJIY UMM TIOCJIeI0BATEIbHOCTb 3aMKHYTHIX KBazpatos {S,}, Takyio,
yro S, ,<=S, g n=1, 2, .... Tak kaKk njuHa CTOPOHLL

kBaapara S, pasHa 37", T0 CyuiecTBYeT B TOUHOCTH OAHA TOYKA

Puc. 3

(%, ¥), KOTOpas NPHHALICKHT KaHOOMY KBALPATY MOCAE10BA-
reapHocTH {S,} (cm. {36], crp. 201, ynp. 30). CaexosarennHo,
TouKa (X, y) A0/KHA NpuHamaexarb MHOxecTBY C X C, a Tak Kak
9Ta TOYKA NOJOKHA NPHHALIEKATh M NPAMOH y ==x -}, TO MH
NOJYYMJAM DJIEeMEHTH X M Yy MHOxecTBa C, pasHOCTb MeXLY
KOTOPHIMH paBHA IAaHHOMY YHCIY O.

4. CoBepmieHHoe HHIjJAe He NJOTHOE MHOXECTBO MNOJIOXH-
TeJbHOit Mephl
Meroxa, ucnoaL30BaHHEIA B mpuMepe 1 1ad MOCTPOEHHS KaH-
Topopa MHOxecTBA C, MOKHO B H3MEHEHHOM BHAe IPHUMEHUTH

8*



116 » Trasa 8

AAs MOCTPOEHHs! TOJIE3HOrO CeMeHCTBAa COBepLIEHHBIX HHTAE He
MIOTHLIX MHOXecTB. Kamioe M3 3THX MHOXeCTB, KOTOpble MBbl
TaK)Ke Ha30BeM KaHTOPOBBLI MM, €CTb MHOKECTBO TOYEK,
ocraroiuxcs Ha uHTepBaje [0, 1] mocie ynaneHus U3 Hero Io-
CJI€I0BATENbHOCTH MHTEPBAIOB ciaelywoluum obpasoM. Ilycts o —
NPOH3BOJIbHOE MNOJ0KUTeAbHOE YHcio < 1. CHavana leaJ[VlM u3

[0, 1] Bce TOYKH OTKPHITOrO HHTEepBaja (—1——% a4 5 —}— )

2
ILAMHL %a C LEHTPOM B TOUKe % V3 nByx ocraBmuxcs
3aMKHYTHIX HHTEDBaJOB [0, %—%a] " [%—k—%a, 1], Kax-

IbA M3 KOTODHIX HMeeT IJAUHY —;-(1 —%a), VAAMuM Cpef-

HHe OTKDBHITHIE WHTEPBAJAH, MJIMHA KaXIOr0 H3 KOTOPLIX paBHA

1
-g(l. 3aTeM U3 OCTaBIUMXCA UeThlpexX 38aMKHYTBIX HHTEPBaJOB,

JAJIMHA KaXXAO0ro M3 KOTOPHX paBHa -;1-(1 —%G -—-}1—(1), yaa-

JUM CpelHHe OTKPBITHIE WUHTEPBAJHL, KauAhi us KOTOPBIX HMeeT

1
JJAHY 3—2-(1.- H3 BocbMu ocTaBmuXCcs 3aMKHYTbHIX HHTEpBaJOB,

JJIMHA KaXJIOTO M3 KOTOPLIX PaBHa —(l — 1 -—%a —% a),

yiaauM cpeiHHe OTKPLIThHie HHTEPBAJbI, Ka)K.ILbIﬁ 43 KOTOPLIX
1
HMeeT IJIMHY -ES—(I. TTocie n iwaros Mepa yaajneHHbIX OTKPLI-

THIX MHTEpBaJNOB OyAeT paBHa Q (%—i———i— + ...+ 2"") , M, cre-

NOBAaTE/IbHO, Me€Pa COBOKYNHOCTH YIadeHHBHIX OTKPHITHIX HHTep-
BaJOB MNoc/Ae OecKOHeuHOH MNOCAelOBATENbHOCTH YaiajeHHH Oyrer
pasHa «. Mepa ocTaBuIerocs kaHTOpoBa MHOXeCTBa OyaeT paBHa
1 —a. [To sTo# npuuuHe NOCTPOEHHBIE TAKHUM CNOCOOOM KaH-
TOPOBH MHOXE€CTBA YaCTO HA3HBAJOT KAHTODOBH MM MHO-
KeCTBAMH NOJOXKHUTeAbHON MepH. Bce onu aBasorcs
COBepLIEHHbHIMU HUTIe He IJIOTHHIMH MHOXecTBamu. Huxe, B npu-
Mepe 23, OyleT IOKasaHO, 4TO BCe KAHTOPOBH MHOMECTBA MO-
JOMHUTENbHON UMM HyJMeBOH MepH TroMeOMODdHH (CM. BBeLeHHe
K ra. 12). Torza u3 Bropo#t uyacTu mnpumepa 2 OyZeT caelo-
BaTb, UTO 2/000e KAHMOPOBO MHONCECMBO UMEEM MOULHOCMY C, .
pasryio mourocmu muosxcecmsa R.

Tperuit cnoco6 - MOCTPOEHUsT KAaHTOPOBBIX MHOMXECTB TAKOB:
nycts 0 <<p <1, u nycte {ﬁ,,} — HOCJIEL0BATEAbHOCTh MOJ0-
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+0oo .
JKUTENbHBIX YHCeJ, TaKasd, 4TO 22”[3,,:[3. Yaanum wus [0,1]
n=0

OTKDHITHH HHTepBan /o anuHb f; ¢ ueHTpOM B Touke 1/2. 3a-

Tem u3 [0, 1] \/, yhaauM 1Ba OTKpPHITEHIX HHTEpBana Ii, [%,
KaXAHH# M3 KOTODHIX MMeeT AJHHY f; H PacmojIOXeH B LEHTpe
ONHOTO M3 [BYX HeNepeceKaloLIUXCs 3aMKHYTHIX HHTEPBAJOB,
o6 belHHEHUEe KOTOPHX coBmajaer ¢ MHoxecTBoM [0, 1]\ /.
Ilponomxum 3TOT Npouecc, KaKk M B MNPeAblAYIUHX MOCTPOEHHAX:

n 1 42 :
Ha n-M wWare 6yAyT yiameHs 2" OTKPBHITHIX MHTePBAIOB [ 4, [, . ..
'3

2

o» In, KaOXAWH M3 KOTOPHIX HMeeT IJHMHY B, M PacmoNONeH
JLOMKHHM 06pasoM Ha B3aMKHYTHIX HHTepBaJaX, COCTABJIAIOLINX
OCTaTOYHOe MHOXeCTBO nocfle (7 — 1)-ro wara, n=1, 2, ....

5. CoBepmeHHOE HMIAE He NJIOTHOE MHOXKECTBO HppalHo-
HaJAbHBLIX YHCea

MoXHO NOCTPOWTb NpPHUMED COBEPLICHHOIO HHTAE HEe MIOT-
HOTO MHOMNECTBA, MCIOJb3YS MOCAELOBATEJbHOCTb {r,}, udeHbl
KOTOPOR COCTaBJSAIOT MHOXECTRBO BCEX PALMOHANbHBIX YHCEJ HH-
Tepsana (0, 1). IlocTynuM Kak ¥ NIpU NOCTPOEHHH KaHTOPOBA
muoxectBa C, OIHAKO pacllUPHUM OTKPHLITHH MHTEpBAA TaK,
YTOGH €ro LEeHTP HAXOAMJACA B TOUKe 1/2, koHub OmlIM HMpDa-
LMOHAJbHBIMH M 4TOOBl OH cojepxan Touky r;. Ha caenywowem
mare yaAajduM M3 KaxAOTO H3 IBYX OCT2BUIMXCS 3aMKHYTHIX
MHTePBa/JOB OTKPHITHH HHTepBaJd TakuM oOpas3oM, u4TOOH ero
HEHTD HaXOAWICA B lEHTPe COOTBETCTBYIOLIETO 3aMKHYTOTO HH-
TepBaJa, KOHUeBble TOYKH OBIH HPPAHUOHAALHEIMM H YTOGH
610 ynaleHO BTOpPOe pauHOHanbHOe uHCAO ryl). Tlpomomkas
3TOT NPOLECC HeOIPaHHYEHNO, ME NOJAYYHM B pe3yabTaTe €O-
BepLIEHHOE HHIAE He IVIOTHOE MHOXecTBo [). A Tak Kak Bce
palHoHaJbHEE YHMCAQ, 3akaouvennble Mexay O u 1, Obum
yIaneHH, TO 3TO ,KaHTOPOBO“ MHOXeCTBO D) COIepXHT, 3a
HCKJaoYeHHneM IBYX Touek 0 M 1, ToabKO MppauKOHaNbHBIE YHC/IA.
Eciu koHueBHe TOYKM NepBOHAYalLHOTO HHTepBaJda BHOpPaTh
NpPAUHOKaJIbHEIMH, TO NOLOGHEIM ke 00pa30M MOXHO IOCTPOMTH
COBEpUIEHHOE HHUIAe He IVIOTHOEe MHOXKEeCTBO, COCTOfllee TOJBKO
U3 MPPaLUOHANbHEIX YUCEN.

!) Ecan omO He OBIIO yaadeHO HA MHPEABAYWEM IHare. - [Ipun.
nepes.
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6. Bclogy ©RJAOTHOE OTKPLITOE MHOXECTBO, [ONOJHEHHE
KOTOPOT0 MMEeT MNOJOXHTEJbHYI0 Mepy

[lyctb A — KaHTOPOBO MHOMXECTBO MOJOKHTEALHOH MepHl
Ha [0, 1]. Toaoxum B=A"=R\ A. Toraa B 6yzer scrory
IJIOTHBIM OTKDBITHIM MHOMECTBOM, @ €r0 AOMOoJHeHue A uMeer
TMOJOKUTEILHYIO Mepy.

7. MHOXecTBO BTOPOil KaTeropuu

ToBopar, uro MHOXKeCTBO A ecTb MHOXeCTBO MepBOH Ka-
TEeTOPHH, ecIu OHO siBaseTcs oObeJHHEHMEM CYeTHOrO YHCja
HUTAe He MJIOTHHX MHOxecTB. JlioGoe MOMMHOMKECTBO MHOXECTBa
NepBOA KAaTeropuu eCTb MHOXKECTBO TepBOH KaTeLOPUM, U BCS-
Koe OObellHEeHHe CUYETHOIO MHOMKECTBA MHOXECTB IIepBOH
KaTeropuu sBJseTCs CHOBA MHOXeCTBOM mepsof kateropuu. Ha-
npuMep, MHOXeCTBO  -palMOHANBLHEIX UYHCEJ SBJSIETCA MHO-
JKeCTBOM INepBOH KaTeropuu. Eciu MHOXKeCTBO He SIBJASETCS MHO-
KeCTBOM NepBOH KaTerOpHM, TO FOBOPAT, 4YTO 5TO MHOMXECTBO
BTOpo# kaTeropuu. IlpuMepoM MHOXKECTBA BTOPOH KaTe-
TOpHU siBJAsieTCs MHOXecTBO R Bcex neficTBuTeMbHBIX unced. Bo-
nee o610, A1060€ MOJHOE METPHYECKOE NPOCTPAHCTBO €CTh MHO-
#eCTBO BTOpOM kaTeropuu (cM. [38], crp. 338, ynp. 33 u [45]%,
crp. 87). 3tor obwul pesyabTar npuHazaexut P. Bapy (em. [2],
crp. 108; [64], crp. 162 — 165 u [27], cTp. 425). U3 Hero
caenyer, 4To MHOXecTBO R \ Q HppauuOHa/IbHBIX UHCe] ABJIAeTCs
MHOXeCTBOM BTOPOH kateropuu. CeHuac He3aBUCUMO OT TOJbKO
4TO YROMSAHYTOH oOLief TeopeMBl Mbl [pUBELEM KpaTKoe LOKa-
3aTeJbCTBO TOTO akTa, uYro JG0Ee MHOMKeCTBO A JeHcTBH-
TeAbHBIX Yucea ¢ HemycThiM sapom [/ (A) ecTb MHOXeCTBO BTO-
pott xareropuu. Ilpexnosoxum nporusHoe. Toraza Haknercs He-
nycTo#t samkuyTHi uHtepsas C=[a, b], colepxawmuiics B sipe A,
KOTOPBLI MOXKHO IpeACTaBUTh B Bule C = F1 U F2U ..., TIe
mHONecTBa F, (n=1, 2, ...) 3aMKRYmMbl U HATAE HE ILIOTHHI.
Tlycte C, — 3amkHyTHt uHTepBan [a,, bJc(a, b))\ F,; nanee
nyctb Cy — 3aMKHYTHIH HHTepBaT [@9, byl (ay, b)) \ Fy; BOOGLIE
s n>1 nyers C,=la,, blc(a,_, &,.) \ F,. Torna
CyulecTBYeT TOYKa p, NPHHamiexawas kaxcoonyC,, n=1,2,. ..
(cm. [36], crp. 201, ynp. 30 u [33]%, crp. 44 —45), u, cie-
noBareibho, p € C. Ho 3T0 HeBO3MOXKHO, TaK Kak p He HpH-
HAAJMSKHT HHM OJHOMY MHOxectsy F,, n=1,2, .... (IlpoTu-
BOpeEuHe.) .
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8. MHOXeCTBO, He sBJAIONEECHs MHOXecTBOM THnma F,

Hanomuum (ra. 2, mpumep 23), 410 MHOXeCTBOM THma F;
Ha3BIBAETCS MHOXECTBO, fBAfouleecd OOBEAHHEHHEM CYeTHOro
MHOeCTBA 3aMKHYTBIX MHOXeCTB. MOXHO NMPHBECTH MHOTO TIDH-
MepOB MHOXeCTB THNa F . KOHeYHEle MHOXeCTBa, 3aAMKHYTHIE
HHTEepBaAbl, OTKPHITHE HHTepBajbl (Hanpumep, uutepsan (0, 1)
apageTca oOweauHeHuem Muoxects [l/n, (n — 1)/r]), noayort-
KPHITHE MHTEPBAJBl, MHOXKECTBO BCEX PALMOHAABHEIX uHCces (ecau
palMOHaJbBble YMCAAa PACMOJOXKHTD B  IOC/AENOBATENLHOCTh
ry, rg. ..., T0 Q ecth o6belMHeHHe ONHOTOYEYHHIX 3AMKHYTHIX
MHOXecTB {ry), {rq}, ..., {r,}, ...). IlpuMepom wmHOXecTBa,
KOTOpPOE He HABJIATCA MHOXECTBOM THHa Fj, MOXET CJIYKHTb
MHOXecTBO R\ Q Bcex HppaunonansHHX uucet. Urobe noKa-
3aTh 910, Npeanonoxum npotusroe. TortaR\ Q=C, U C,u ...,
rie kaxnaoe C, samxnyro (n=1,2, ...). Ho tak kaxk Huxa-
KOe MOIMHOXeCTRO MHOXecTBa R\ Q BCex uppanuoHaibHBIX
yyuceaq He MMeeT BHYTPEHHMX TOYEK, TO KAXKIOe 3AMKHYTOE MNOM-
MHOXECTBO 3TOFO MHOXeCTBAa Hurae He miotHo. Orcioma cae-
ayer, uto MHoxecTBO R\ Q nepsofi kareropuu. (Ilporusope-
ype; CM. mpuMep 7.)

9. MHoxecTBO, He ABJAIOULEECH MHOXECTBOM THNA G

MuoxecTBO A Ha3bBaeTCs MHOKECTBOM THHa G, ecan
OHO dBJSCTCH IICpeCeyeHHEM CYETHOTO MHOXeCTBA OTKDLITHIX
MHOXecTB. Jlasi 10noJHEHHH MHOXeCTB CHpaBelJNHMB 3aKOH ABOH-
CTBEHHOCTH (3akKOH e Mopramna):

+o0 ’ +oo , +oo 4 +co ,
(Ua) =4 (Na) =Ua
n=1 n=1 ne=1 n=1
U3 3Toro 3aKoHa creayeT, HTO MHOXeCTBO A sBiseTcs MHO-
xecTBOM THMa Gy TOr1a M TOJNBKO TOTAA, KOTAA €ro JIONOJHe-
nte A’=RN\ A sasaserca muoxecrsom Ttnma F,. Ilostomy,
YUMTEIBasA, YTO MHOXeCTBO R\ Q BCeX MppaUMOHANBLHBIX uHCEN
He SBJSETC MHOXECTBOM THna F,, 3aKk/ai0uaeM, 4YTO MHOXe-
cTBO Q BCeX pAUMOHANbHEIX WYHCEA He SBASETCA MHOMXECTBOM
tana Gy,

Ecan paccmoTpeTh o6belMHeHMe CUETHOTO MHOXKECTBA MHO-
xecTs THna Gy W MepeceyeHHe CYETHOIO MHOXECTBA MHOXECTRB
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tTHna F,, TO Mbl MOJY4YHM IBa HOBBIX KJACCa MHOMECTB, Ha3bl-
BaeMHIX MHOxecTBamu Tuna Gy, m Fgy cooTserctsenno. ITo-
JNOGHBIM Ke OOpd30M MOXHO COCTaBHTb aBe GeCKOHeyHble IO-
C/IeJOBATE/MbHOCTH KJA4CCOB MHOXECTB, KOTOpble 0003HAYaIOT
COOTBeTCTBEHHO 4eped Fy, Fos Foag - M Gy, Gggo Gaogo - -
Hanbuefiiine noJipo6HOCTH 00 3THX MHOXKECTBaX cM. B [H4].

10. MuoxecTso A, He gABJAAIOmEECS MHOXECTBOM TOYEK
pa3peiBa HHKakoil QyHKUOHH

IMycts A — muoxecTBO R \ Q BCeX MpPALUUOHAABLHBIX YHCE.
Tax xax A He aBagercs MHOXecTBOM Thna Fg, TO He Cyuwecr-
ByeT [IeHCTBHTEJbHO3HAUHOH (YHKUMK IeHCTBUTENbHOTO Iepe-
MEHHOTO, MHOXeCTBO TOUYeK pas3peBa KOTOpo# coBmagaer ¢ A
(cM. mocnennee 3amedanme K mpuMepy 23 ra. 2). Ipyrumu cio-
BAMM, He cylecTByeT ¢YHKUMH, orobGpawawuieti R B R, koro-
pas HempephiBHA B KaXJOH palMOHATbHOM TOUKe M Pa3pLiBHA
B KawJoH uppauuoHaabHo# rtouke. (Cm. npumep 15 ra. 2.)

11. Heusmepumoe MHOXECTBO

Hcnoapsys akcuomy Bb6Opa, MOXKHO NMOCTPOHTH MHOMECTBO,
He uaMepumoe 1o JleGery. B neficTBHTEIbHOCTH e MHOXeECTBO,
NOCTPOEHHOE 3THM CNMOCOGOM, He MOXer ObITb U3MEPHMBIM OT-
HOCHTEJBHO 210000 HETPHUBHANbHOM CUETHO ALINTHBHOH MepHI,
KOTOpasi MHBapHaHTHA OTHOCHTENLHO ciBUros. TouHee, ecan U —
Mepa, ONpeleJeHHas LJIs BCeX MHOxeCTB A JefCTBHUTeNbHEIX
yyces, NPUHUMAIOLIAA KOHe4YHbe 3HAYEHHS Ha OFPaHHYCHHBIX MHO-
KECTBAX M TaKad, 4To

B (x4 A) =p(A)

s kaxzoro x ER u AcR, 1o u(A)=0 nas Beakoro AcR.
Ceflyac MB J1OKaxeM 5TOT pPe3yJbTaT.

Onpenenum Ha (0, 1] X (0, 1] oTHOWEHWe SKBHBAIEHTHOCTH ~
clenylolnM 06pa3oM: X~ Yy, eclid X — yE Q. ITuM oTHOWe-
HHEM OSKBHBAJIEHTHOCTH NOAYOTKpPHITH# uATEpBan (0, 1] pas-
6uBaeTcs Ha HerepeceKalomHecs KJacCe 9KBUBateutHoctu C.
“Ecau npuMeHHTb aKCHOMY BbIGOpa K 3TOMY CeMefCTBY KJACCOB
SKBUBAJIEHTHOCTH, TO MBI MOJYYMM MHOXecCTBO A, obianawiee
clelylOmumMH AByMs cBolictBaMu: (1) HHKakMe JIBe pa3JHuHHE
TOYUKM u3 A He NpHHaJIeKAaT OIHOMYy H TOMY XKe Kaaccy
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skpuBanenTHocTH C; (2) kawip#l Kaacc axsusBaieHtHoctu C co-
LepKUT HeKOTOpylo Touky A. B TepMHHAX OTHOWIEHHS SKBU-
BAJEHTHOCTH 5TH [1Ba CBOHCTBA NPUHUMAIT Takyo GopMy:
(1) HEKakue ABA PasMMYHLIX JMeMeHTa U3 A He SKBHBAJIECHTHHI
Lpyr apyry; (2) kaxnas touka x uHrepBana (0, 1] skBuBaneHTHA
HEKOTOpOMY sJemeHty mHOmectBa A. J[Jlamee nmast Beaxoro
r €(0, 1] onpenenum Ha MmHONecTBe A Omepauuio, Ha3biBAEMYIO
CABMIrOM nmo MoayJdio I:

(r+A)(mod H=[(r + AU ((r — D+AIN(O, 1]=
= {(r AN, 1)U (¢ — D+ A)nO, 1}.

Ilas cosura no Morymaio 1 u3 yCTAaHOBJEHHEIX Bhillle CBOHCTB MHO-
wecrea A crenyer, uro (1) mo6uie n8a MHOMecTBa (r—+A) (mod 1)
U (s+ A) (mod1) npu pasaAnMyYHBIX PaLHOHAMBHBIX UHCIAX
r u s us (0, 1] He mepecekaiorcs; (2) Kawpoe IeHCTBH-
TeqbHOE uuciao x uHTepsBaaa (0, 1] ABaserTcs 3JMeMEHTOM HeEKO-
toporo MuomectBa (r -+ A) (mod 1) 1as HEKOTOPOro paLHOHANb-
woro uucaa r u3 (0, 1]. HpyruMm cioBamu, NOAYOTKPHTHIH
nnrepBan (0, 1] asagerca oObelnHeHHeM CUeTHOH COBOKYIHOCTH
NIONapHO Hemepecekalomuxcss MHoxects {(r -+ A)(mod 1)}, rue
r€QnN(0, 1].-BaxHoe CBOHCTBO MHOMECTB, NOJYUYEHHHX H3 A
cOBMraMu mo Monynaio 1, coctour B TOM, YTO (Ha OCHOBAHHH
NpeANnoaOXeHHH, CHAeJAHHBIX OTHOCHTEJbHO [) BCe OHH HUMEIOT
Ty Xe Mepy, uro u A:

B ((r+ Ay(mod 1)) =
=p((r4+AN0O, 1)+u(((r—=D+AHNO, 1))=
=p(r4+AHNO. MH+p(r+AHnd, 2h=
=p((r+ADN0, 2)=pn(r+ A)=n(4).

Ecan npeanosoxurs, 4T0 A HMeeT NOJOMUTENbHYI0 Mepy, TO
M3 CYETHOH aIIMTHBHOCTH [b MEl NOJYYHM, H4TO

BOO, M= X p((r-+A)@modl))=
reQ o, 1)

= 2 pA)=-o0,
reQf1, 1)
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HO 3TO HEeBO3MOXHO, ‘Tak Kak MHOoxectBo (0, 1] orpaHuueHo.
Caeposareabho, p(A)=0 u

RO, 1= 3 p(C+Amudl))= 2 pnd)=0,
‘ reQflo, reqfle, 1

H NOTOMY

+oo +oo
BR) = 2 n((@ n+11)= 2 n(©, 1])=0.

n==00 n=--00

OT1ciola BHITEKAeT, uTO W — TPHBHA/IbHAA Mepa, 15 KoTopoh
M060e MHOXECTBO MMeeT Mepy HYylb.

Hakoneu, eciu npuHaTe BO BHMMaHWe, uTo Mepa JleGera —
HETPUBHANIbHAA MHBAPHAHTHAA OTHOCHTEJLHO CIABHIOB MEpa, 1A
KOTOpOH OrpaHHYeHHble HHTepBAaAbl HMEIOT MOJAOKHTENbHYI0 KO-
HEYHYI0 Mepy, TO NpelblAyUIHe pacCyXKIeHus. NOKa3LBalOT, UTO
MHoscecmeo A He uamepumo no Jlebezy.

Tak kak Bce MHOmecTBa THma F; u Bce MHoxectsa THna Gy
ABJSIOTCH OOpesNeBCKUMH MHOXECTBAMH M NOTOMY U3MEPHMEI, TO
NOCTPOEHHOE HeUsMepUMOe MHOXECTBO [aeT NPUMEp MHOXeCTBa,
KOTOpOe He #BJAeTCS HM MHOXECTBOM THna Fj, HU MHOXECTBOM
tuna Gyg. '

Onucannyio Bbilte KOHCTPYKIMIO MOXHO NMPHUMEHHTb M K MHO-
HeCTBaM Ha OKPYXHOCTH. PaccMOTpUM eIMHHYHYIO OKPYMKHOCTb
I={z|2€C, |z]|=1} na xomnuexkcHoft mmockoctn C xax
rpynny orHocutenvto ymuoxenus. Has kaxgoro z €1 cymecr-
Byer eauucrseHHoe 0, 0.0 <1, Takoe, uro z =¥, [lo-
nowum ly=={z|z=¢>" 0€Q, 0 0L 1}. Torna I Gyzer
HOpManbHOM noArpynno#t, u cywecrsyer daxroprpynna S =1/l
ITycrs S — monHoe MHOXKECTBO mpelcTaBATeNel BCEX K/ACCOR
cmexxHocd rpynnsl S B | (mpu 3TOM M3 Kaxmoro KJjacca
CMEXHOCTH B | BXOLWT J/Milib ONMH JEMEHT), NOJYYEeHHOE Npu-
MeHeHHueM akcuoMbl BEIGOpa, M myctb mepa JleGera p Ha (0, 1)

npeo6pasyercd B Mepy U Ha | mo cieayiouemy npaBuay:

Ecl usmepuro toraa-u T04bKO TOrAR,
koraa F={0|e¥0¢CE, 0 L0 1}
usmMepumo no Jlebery u ;I(E)._z_‘znp (F).
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Torza S He uamepumo. B camom nene, U 9§ ecms

scaqflo
061>e1mHeHue CYETHOI'0 MHOXeECTBa HelepeceKannIMnXCa MHOXKECTB,

KaxJioe M3 KOTODHIX HM3MEPHUMO U HUMeeT TY XKe Mepy, 4To u S.
Boaee Toro, 310 06 benuHeHHne copnanaer ¢ I, Tak Kak S — noJaHoe

MHOXECTBO TPEeNCTaBHTe/]eH, OTKyZa CAELyeT, YTO eCaH S HaMe-
pumo, To I sBasieTcsi OGbeNMHeHNEM CUETHOTO MHOXECTBA Hene-
peceKaloLIMXCcsl H3MEePHMBIX - MHOXECTB OLMHAKOBOH MepH. Tak
Kax ;I (I) =2x, 10 Mepa ﬁ(g) He MOXeT OBIThb NOJOXHUTENLHOH.
Ho ecan 1(S)==0, 10 1 (I)=0.

OnucaHHbl BHILIE NPONECC MOXKHO PAaclpoOCTPaHUTL Ha GoJee
ofliHe TOMOJOTHYECKHe TPYNNB, HAMPUMEP HA KOMMNAKTHLIE
IPyNnbl, UMEIOLIME CYeTHOE MHOXECTBO HOPMAaNbHBIX NOATPYNN.
(Onpenenenns u MOLPOGHOCTH OTHOCHTENBLHO TPYMI, HOPMAlb-
HHX MOATPYINT M T. A. CM. B [19], OTHOCHTEJLHO TONOJOTHYE-
ckux rpyna cm. {29].)

12, Muoxectso D, Takoe, 4TO AJA BCAKOr0O H3MEPHMOrO
mHOXecTBa A cmpasegJuBe paBeHctsa p, (DN A4)=0,
w(DnA)=np(4) ’

" Muoxecteo D, ofnanamoiiee TaKUMH CBOHCTBAMH, sBJAfeTCH,
TAdK CKa3aTh, KPaitHe HeH3MEPHMBIM — OHO HaCTOJbKO HEH3MEPHMO,
HACKOJIbKO MOXeT OHTb HeUsMePUMO MHOxecTBO B0OOGuIe! MHO-
xectB0 D, Kak u HeusMepumoe MHOxecTBO A mnpumepa 11,
CTPOMTCS TPH NOMOIUM AKCHOMBI BBHIGOpA, OLHAKO B 9TOM CJyyae
NOCTPOCHHE HECKOMBKO caoxkHee. Ero MoxkHO HatiTu B kHure [53],
crp. 74. DTOT npuMep NOKAa3bIBAaET, YTO BCAKOE M3MEPUMOE MHO-
#ecTBO A COLEePKHT NOIMHOXKECTBO, BRHYTPEHHSS Mepa KOTOPOTO
paBHa HyJIO, a BHelHsas Mepa pasHa mepe A. OH Takwe noxa-
BHIBAET, YTO BCAKOC MHONCECMEO NOLONCHMEABHOU Mepb CO-
Oepoicum Heuamepumoe HOOMHONHCECMBO.

®. TenbBun nocrpoma cemeficrso {E,}, 0<f <1, nomapuo
HelepeceKaloWuxcs MoaMuoxects uuTepeana [0, 1], xaxkzoe
M3 KOTOPHX HMEeT BHEIIHII0 Mepy, paBHyio 1.

13. MHOXecTBO A Mepw HYJb, AJA KOTOpOro JioGoe neii-
CTBHTEJLHOE YHCJO SBJAETCA €ro TOYKOH KOHJEHCAIHH

Touka p HA3BIBaeTCA TOYKOH KOHIEHCAUUHM MHOKe-
crea A, ecru BCAKAg OKPECTHOCTb P COAEPNKUT HeCYeTHOE MHO-
kectBo Touek u3 A. Ilycts C — KanTopoBO MHOXeCTBO NpH-
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Mepa 1. Jdas moboro 3aMKHYTOro uHTepBana [a, B], rze a <,
onpenesuM MHoxectso C (o, B) clenyiomnM o6pa3oM:

C(@ p={a+@— ) x|x€C).

Torpa C (o, B) — cOBepleHHOE HHULAE He MJIOTHOE MHOXeCTBO
MepH HyJab. Jlanee, mycTb MHOXeCTBO B saBasercs oGbelrnHe-
Huem Bcex Muoxects C(a, ) A BCceX pauMOHANbHEIX O U B,
Takux, uto o <P. Tak kak B ectb 0o6beliuHeHHe CUYETHOTO
CeMefiCTBA MHOXECTB MepHl HYJAb, TO OHO TaKxe SBJAETCH MHO-
WecTBOM Mephl HyJab. C JIpyro#f CTOPOHH, TaK Kak 8cAxuf
OTKpHITHH MuTepBad [ cogepxur HekoTopoe MuHoxecrso C (o, B)
M Tak Kak rascdoe wmuoxectso C (a, ) HecueTHo, TO Ji06Goe
JeHCTBUTEJAbHOE YHCJIO ILOJKHO OBITh TOUKOH KOHIEHCAUWu MHO-
wecrea B. (Cm. [22], crp. 287.)

14. Hurae He nJoTHOe MHO¥KECTBO A nefiCTBHTENBHBIX YHCEA
H ero HempeprsiBHOe oTOoGpaKeHHe Ha 3aMKHYTHIR end-
HuuHbi uHTepBaa [0, 1]

B kauecTBe MHOMeCTBA A MOXHO B3ATb .2/000€ KaHTOPOBO
MHOXecCTBO (npuMmepnl 1 u 4), NOCKOJbKY BCe KaHTOPOBHI MHO-
KecTBa romeoMopdHel (mpumep 23). Mmb onumieM cnenuanbHoe
oroOpaxeHHe (, HCIOJb3Ysd B KaueCTBe A KAHTOPOBO MHOMKECTBO
npumepa 1. PaccmorpuM orobpaxkeHue, ONWCAaHHOE BO BTOPOH

uactu npuMepa 2. Tlycrb 0, ¢jcy€; . .. — TPOMYHOE DA3JIOKEHHE
npousBoabhoro uncaa x €C, rae ¢,=0 wm 2(n=1, 2, ...).
Tonoxum

(41 Cz 03

(x)__O,2 55 v
u OyleM paccMaTpuBaTh IPaBYl0 YacTb Kak O8ouyxoe pasio-
JeHHe HEeKOTOPOTO 4HCJa, HchoJb3ylouiee Jumb uuepe 0 u 1.
OueBuano, uyro obpazom C npu oTOGpaKeHHH ¢ sABJASeTCH
HeKOTOpoe mnojsMHOxecTBo uHrepsana [0, 1]. IToxaxem Temneps,
yro [0, 1] = ¢(C). Jas storo BosbMeM mpomssoJbuoe y € [0, 1]
H PacCMOTPHM €ro IBOMYHOE DPa3NOXeHHe

y=0,0b.0, ... 1.
Tonoxum

x=0,(2b,) (2b5) (2b;) .

') Ecan aucno y pomyckaer XBa PasiOXeHHs B JIBOMUHYIO APOCH,
TO MOWHO paccMaTpHBaTh 06a pasnoxenus. — I1pus. nepes,
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rle mpaBas 4YacTh pacCMaTpUBaeTC KaK pasfOXeHHe HHCAa X
B TponuHyw 1pobb. Torna x € C, npnueM ¢(x)==y. Cienosa-
TeabHo, [0, 1] @(C). Takum obpasom, @(C)=[0, 1]. Herpyauo
JI0Ka3aTh M HENMpPEPHBHOCTh oToGpaxenns ¢. Oxxaxo 3710 yaobHee
YCTaHOBUTb M3 TeOMeTpUYeCKHMX COOOpaMeHu#i TaK, Kak 3TO
CleJaHO B ClelyiolleM npuMepe, Tle DaccCMarpHBaeTcs Henpe-
PHBHOE TNPONOJKEHHe OTOOpaXeHHs ¢ Ha Becb elHHHYHBIH
unrepnan [0, 1].

Crenyer 3ameTuTh, uro OTOGpaKeHHe  He ABASETCS B3aHMHO
ONHO3HAaYHEIM. B camoM lese, B 3TOM cJiyyae B3aUMHO OIHO-
3HAYHOE HeNpephrBHOE oToOpakeHHe BOOOIEe HEBO3MOXHO, u60 C
n [0, 1] He romeomopdHb, a M060e B3aUMHO OJHO3HAYHOE HeE-
TpephBHOE OTOOpaMeHHe OIHOTO0 KOMNAKTHOrO MHOXeCTBa Ha
apyroe ectb romeomopdmam. (Cm. {36], crtp. 192.) (Muoxe-
ctB0 C BHOJMHE HECBA3H®, TAK KAaK CBA3HHIMH SBJAAIOTCA JHIIb
€rQ OIHOTOUEeYHLIe MOIMHOXECTBAd, B TO BPEMS KaK €r0 NOJHBIA
o6pas [0, 1} ectb cBsAsHoe MHOXeCTBO.) IlpuMepoM HBYX TOYEK
mMHOXecTBa C, MUMEOWMX ONMH M TOT Ke 00pas, MOTYT CIYXHUTh
touku 0,022000000 ... u 0,020222222 ..., ubo ux obGpasamu
sBas0TCc  cooTBercTBenno 0,011000000 ... u 0,010111111 =
=0,011000000 . ... BooGwe aBe ToukH X, U X, MHOxecTBa C
HMEIOT OJNMH M TOT e o00pas npu OTOOpaMeHHH ¢ TOrAa H
TOJNbKO TOrIa, KOrjla OHH HMEIT BUL

Xy =0,010 .. €,2000 ..., a x,=0,01¢y... 0222 ....

Jdpyrumu cnoBamu, @ (x;) =@ (x,) TOrAa W TOJBKO TOTIA, KOrla
Xi H X9 ABJAIOTCA KOHUEBLIMH TOYKAMH OAHOTO M3 HHTEPBAJOB,
KOTOphle OblAM yaaieHw npu nocrpoennn Mmuowecrsa C. Takum
o6pasoM, ¢ — Bozpacraowas ¢yukuus Ha C W NPUTOM CTPOTrO
BO3pACTAIONIAs, €CHH MCKJIIOYMTb YKa3aHHBle Maphl KOHUEBHX
rouek. (Cp. npumep 30.)

YcunenneM npeibinylueif ,TeopeMbl CyLIeCTBOBAHUA® ABAAETCA
caenyiomas o6u@as TeopeMa, YKasbBaollas Ha BO3MOXHHE B
METPHYECKHX NPOCTPaHCTBAX HeNpepHIBHBE H roMeoMopdHEe (To-
noJioruyeckne) o6passl KAHTOPOBA MHOKeCTBa (a Ha caMOM Jele
4106020 KaHTOPOBAa MHOXeCTBAa, CM. Ip. 23) M €ro MNOIMHOXECTB
(onpenenenne c¢M. BO BBeleHMH K T, 12): kasicdoe cenapa-
GesnbHOE MempuuecKoe nPOCMPAHCMBO eCMb HENnpepsLeHbLi
00pa3 HeKOmopozo ROOMHONCECMBA KAHMOPOBA MHONMCECMEA.
Kaowcdoe xwomnaxmuoe mempuneckoe npocmpaHcmso ecms He-
npepusnblli 0o6pa3 Kawmoposa mHoscecmsa. Kascdoe rom-



126 Trasa 8

NAKMHOe BROANE HECBS3HOE MeMPUtECKoe NPOCMPAHCMEBO eCMmb
20Me0MOPPHBLE 06pa3 HEKOMOPO20 3AMKHYMO20 ROOMHONCE-
cmsa Kanmoposa MmHoocecmsa. Kascdoe xomnaxmuoe gnoane
HeCBs3HOe COBepULeHHOe MeMPU1ecKoe npPoCmMPaHCMEo ecHib
zomeomopdirnii ob6pas raumoposa Mrovcecmea. (Cm. (2],
crp. 119—122.)

15. HenpepriBHas MoOHOTOHHAs  (QYHKUHS, NPOM3BOAHAA
KOTOPOil paBHA HYJI0O NOYTH BCHOLY

IMponomxumM QYHKIMIO NMpPEABIYLIETO IpHMEPa Ha Becb elM-
Huunsif narepsan [0, 1] caenyiomnm o6pasom. Ecim x €0, 11\ C,
TO X TNPHHALAEKHUT OILHOMY H3 OTKPHITHIX HHTepBaloB (@, b),
ynaiendbx us [0, 1] npu noctpoennn MHOxecTBa C, W NOTOMY
¢ (@) = @ (b); nonowum @ (x)=¢q(a)=@ (). dpyrumun cioBamu,
¢ TOCTOAHHA HA 3aMBIKAHMM KaXI10TO HHTepBasa, YIaleHHOro
npu nocrpoenun muoxectsa C. Tounee ¢(x)=1/2 na unrep-
Bane [1/3, 2/3]. Ha wunreppanax [1/9, 2/9] u [7/9, 8/9] sana-
uyeHHs ¢ paBHB cooTtBercTBeHHO 1/4 u 3/4. Ha wunrepBanax
[1/27, 2/27Y, [7/27, 8/27], [19/27, 20/27] n [25/27, 26/27] 3na-
ueHMs! @ paBHBE coorBeTcTBeHHO 1/8, 3/8, 5/8 u 7/8. Iponomxas
3TOT Ipouecc A0 OeCKOHEYHOCTH, MBI NMOJYUYHM BO3DPACTALLYIO
¢ysxumo, onpenenennyo Ha [0, 1] u (J10KaJbHO) NOCTOSHHYIO
B HeKomopoll OKpecTHOCTH Kaacdoli Touku MHOxkectea [0, 1]\ C
(cm. puc. 4). ITockonbky ¢ Bospactaer Ha [0, 1} u MHOXecTBO
ee 3HayeHuH cocrapaser noaswbi# uarepraa [0, 1], To ¢ He nmeer
CKAaYKOB. A Tak Kak MOHOTOHHAas (GYHKUUS He MOXKET HMEThb
IPYTHX Pa3phiBOB, KPOMe CKaukoB (cMm. [36], crp. 52, ymp. 24.
a takxe [33], crp. 238), To ¢ HempepmBHa. HakoHen, no-
CKOJBLKY ¢ JIOKaJbHO TNOCTOSHHA Ha OTKPHTOM MHOXECTBe
[0, 11\ C, mepa xoroporo parua 1, sakmiouae™, uto @' (x)=0
noutu Bcway Ha [0, 1]. OnpenenenHas Briltie (YHKLHS HA3H-
BaeTCsl KAHTOpPOBO#H PyHKUHKHEH.

AHaTOrMyHO TOMY KaK KaHTOpoBa ¢yHKUMs OblIa ompenenieHa
¢ NOMOMIBI0 KAHTOPOBA MHOXKECTBA, MOXKHO ONpeLeJNTb momsol-
Hble ,KAHTOPOBHl (YHKUMM®, HCXOXS M3 JIDYTHX KaHTOPOBHIX
MHOXECTB (TIOJNOXUTeIbHO! Mephl). BepoarHo, npocrefilinit cnoco6
onpenesieHNs KaHTOpPOBOH (YHKLUMH g, COOTBETCTBYIOLLEH 3alaH-
Homy Ha [0, 1] xantropoBy MHOXKecTBY A, COCTOHT B TOM, uTO
CHayana g ONpelensioT Ha 3aMLIKAHMAX TOCJELOBATENbHO Yia-
ASleMBIX MHTCPBANOB: Ha UEHTPAAbHOM HHTepBane g (x)==1/2;
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Ha CAEeLYIOWMX IBYX MHTEpBA/aX 3HaueHHss g NOMaralTcs COOT-
BETCTBCHHO PaBHBIMH 1/4 n 3/4; na crelyIOWMX YeTHIpeX HHTEp-
BaJaX 3HAuYeHWss g TOJAralTcsd PpaBHBIMM COOTBETCTBeHHO 1/8,
3/8, 5/8, 7/8 u r. nx Torma Ha NJIOTHOM TOAMHOXECTBE
[0, 11\ A wunrepsana [0, 1] ¢ynxuua g sBisercd BO3pacraio-
Wel, a ee MHOXKeCTBO 3HaueHUH (Ha STOM MOAMHOMECTRe) MJOTHO

Puc. 4.

8 [0, 1]. CaenoBaTebHo, QYHKUHIO £ MOXKHO NPOLOKUTH, ONpeE-
neauB ee Ha BceM wuHTepBante [0, 1] rak, uYTO oHa craHer BO3-
pacraioweti u uHenpepuBHO# na {0, 1], a ee MHOXecTBO 3HaueHHH
cosnazer ¢ [0, 1].

Mcnoabays mpuMep 5 ,KAHTOPOBA MHOXKECTBA® W3 MppaLHO-
HQJIbHBIX YHCEN, MOXHO HOCTPOMTh (YHKUMIO A, BO3PACTAIOWYKO
u HenpepsiBHyio Ha [0, 1], MHOXecTBO 3HaueHHH KOTOpDOH coBma-
naer ¢ [0, 1], npu atoM A’ (x) =0 nag Kacd020 PAUOHAILHOTO
yucaa x €[0, 1]. Ha camom npene, MHOXecCTBO 3HaueHuH A (x)
L9 pauuoHanbHelx X €[0, 1] MOXHO clenaTb PABHBHIM MHOKe-
crey QN[0, 1] Bcex paunonaibhbXx Touex wuHTepsasa [0, 1]
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BMECTO MHOXeCTBa TOYeK Buaa m/2", Kak B. NpefBIAYUIHX CIy-
yaax. Taxkum 06pasoM, Mbl NOJAY4YHM (YHKLHIO, YIOBJETBOPAIO-
wyio TpeboBanusM npumepa 11(g) ra. 1.

HenpepuiBHass ¢cmpo20 MOHOTOHHAs (PYHKUMS C INPOU3BORHOM,
pPaBHOH HyJIO NMOYTH BCIOAY, paccMaTpuBaercd B mpumepe 30.

16. Tomosoruueckoe orof6paykeHHe 3aMKHYTOI'0 HHTepBaJa,
He COXPaHAIOmEee M3MEPUMOCTh H HYJIEBYIO Mepy

IMycts @ — kantopoBa ¢yHkuus npumepa 15. Onpenenum
Ha [0, 1] dynxumio P ciaexnyomum ob6pasom:

Y@ =x+eo() O0L<x<L

MuoxecTso sHaueHuih 9ToH yHKuum ecrb ubrepsan [0, 2]. Tak
Kax ¢ Bo3pacraeT M HenpeprBHa Ha [0, 1], To oTo6paxeHue P
cmpozo BO3PACTaeT M ABAAETCH TOmoJoruueckuM Ha [0, 1] (T. e.
HenpephIBHO, B3aUMHO OJHO3HAYHO ¥ MMeeT HenpepriBHOe obpar-
Hoe oTOOpaxceHHe, ONpeIeseHHOE HAa MHOXECTBe 3HaueHHH ).
Hanee, nockoJbKy BCAKHH OTKPHITHIH WHTEpBAX, VIajeHHHIR
u3 [0, 1] npm nmocrpoenun KaHTOpoBa MHOXecTBa C, orobpa-
kaercst GyHKUMeH P HA HEKOTOPHIH HHTEpPBAN TAKOH e IJHHBI
m3 [0, 2], 1o n (! \ C))=p(/ \ C)=11), orxyaa p(p(C))=1.
Ho mepa wmuoxectsa C paBHa HYJI0, M MBl TOJYYMAH, TAKHM
06pasoM, MpHMEp TOMOJOTHYEeCKOro - orobpameHust P, KOTOpoe
orofpaxkaeT MHOXECTBO MepHl HyJb Ha HEKOTOPOe MHOMKECTBO
nosoxuteapHolt Mepet. Ilyctb Teneps D — Heuamepumoe mox-
MHOXecTBO MuOxecTsa P{(C) (cM. npumep 12). Toraa ™' (D) —
NOJAMHOXECTBO MHOXecTBa C MepHl HyJb, H IOTOMY OHO TaKxe
uMeer Mepy Hyib. CheloBarenbHO, | SIBAAETCA NPUMEPOM TONO-
JIOTHYECKOTO OTOOpaxceHUs, KOTOpoe OTOOGpaxaeT H3BMEpHMOE MHO-
HECTBO Ha HEM3MEPHMOE.

Hwumxe Oymer paccMorpeH ewie oOnuMH HOLOOHBIE TpuMep
(cM. nmpumep 23).

17. Uamepumoe HeGopeneBCKOE MHOXKECTBO

- ,
Muoxecrso ¢~ (D) npumepa 16 u3MepHMO, HO IOCKOJAbKY
OHO fBJfeTcs 006pasoM HeGOpeneBCKOTO MHOXKecTBa [ mpH TOmO-

) -1
Joruyeckom oTo6paxenun, 70 P (D) He sBnsierca GopeneBCKHM
MHOXecTBOM (cM. [54]). ‘

1y 3necw [ = [0, 1]. — ITpuns. nepes.
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18. /iBe HenpepniBHbHE (YHKNMH, Pa3HOCTh KOTOPHIX He
ABJIAETCR MOCTOAHHOH, HO MX NPOH3BOAHHIE (KOHEUHBIE
Hau GecxkoHeuHble) COBMAAAOT BCIOAY

dror npuMep mnocrpoun Pe# Ilacrop [40] (cm. Takxe [9],
crp. 133). Ilycts @ — kantopoBa ¢yHkuus npumepa 15. Ha enu-
Huunom uHrepsane [0, 1] onpenenum dyuxmuio A (x) ciaenywomum
obpasomM. Ha xaHTropoBoM MHOXecTBe C TOJONHM ee paBHOR
HYJIO, a2 Ha KaXIOM OTKDHTOM uHTepBane (a, H), ylajleHHOM
NpH nocTpoeHnH MHoxecTBa C, ompendeanm k(x) Tak, uTo0n ee
rpaduK COCTOST M3 JABYX KOHTPYSHTHHIX MOJYOKPYXHOCTeH
C IHaMeTPOM Ha OCH X, TIpHYEM OIHA MOJYOKPYXHOCTb pPacHo-
JOXEeHa Hal OCbI0 X Ha JeBol noaosuHe (a, b), a Apyras—nox
OCbI0 X Ha mpaBo#t nonosuHe (@, b):

[(b:a)Q—(x—:gaj—b)?]%, ecmn o < x L2 b;
<«x

l__[(b;a)Q_(x_a—{;%)?]‘/z, ecnn a+b

h(x)y=

dyskuMs A HenpephlBHa Bclony Ha wunrepBade [0, 1]. Hanee
nojoxuM f(x)=2¢(x)+ A (x) u g(x)=¢(x)+ 2 (x). Toraa
ffx)y=g'(x) nna 0Lx< 1. B camom pmene, ecin x npu-
HalJleXHT KaHTOopoBy MuoxectBy C, To f/(x)= g’ (x) =-}-co.
Ecin ke X ——cpelHsii TOYKAa HEKOTOPOrO HMHTepBand, yaajeH-
HOTO mpH nocrpoeHnu Muoxecrsa C, o f/{x)= g’ (x) = — co.
Haxonewn, aas ocranpubix Toyek x €[0, 1]\ C umeem f/(x)=
=g’ (x)=h'(x). C npyro#i cropoHs, f(x)— g(x)=@(x),
a ¢yukuus @(x) He fABA4eTCH NMOCTOSHHOR.

19. MHoxecTBO moJHOl Mephi ') H neproii kaTeropuu Ha [0, 1]

Iepsuii npumep: nyctb A, -— KaHTOPOBH MHOXECTBA HA
[0, 1} mepet (—D)/n, n=1, 2, ..., u nyets A=A UAU....
Tak kak wmuoxectBa A,(n=1, 2, ...) HHrle He IVIOTHH, TO
MHOXecTB0 A mepBo#t kareropuu. C apyro#i CTOPOHbBI, OCKOAbKY

-1
HA)=2T= < uAdH <1
as n=1, 2, ..., 1o p(A)=1.

1) Ecan Mepa MHowectBa E c[a, b] paBHa b —a, 7O rosopsar,
49TO0 TO MHOXECTBO MOAHOL Mepsl Ha [a, b] — ITpun. nepes.

9 3ak. 587
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Bmopod npumep: MHONECTBOM TAaKOTO e THMA ABJSeTCA
JOMOJHEHHE 1O eJMHHYHOIO HHTepBajla MHOXKeCTBa M3 BTOPOroO
npumepa m. 20,

20. MHOWeCTBO Mepnl HyJAb W BTOpoli kaTeropuu Ha [0, 1]

Ilepsuiii npumep: nyctb A — MHOXECTBO NePBOTrO NpuMepa
us m. 19. Toraa ero nomonsenue A’ =[0, 1]\ A ecTb MHO-
#eCcTBO BTOpON Kateropuu (ecqm OBl OHO OBIJIO MHOXECTBOM
nepBo#t kateropuu, TO uHTeppal [0, 1] aBasacs 6bl o6benuHe-
HUEM [BYX MHOXeCTB NepBOfl KaTerOpUH U MOTOMY Takxke Obi1 Gbl
MHOXeCTBOM MepBOH Kareropuu) W Mepu Hyab (W ([0, 11\ A)+
+u(A)=1).

Bmopoii npumep: nycts QN {0, 1] ecThb MHOXECTBO 3Haye-
HUfl nocJaenoBaTenbHOCTH {r,}, W nmycts yepes [,,, rae ku n—
NpOM3BOJbLHAA NApa HATYPaJbHHIX uHCes], 0003HAYeH OTKPHITHIf

uHTEpBAN AAMHB < 277 ", comepwaimmit Touky r,. [loaoxum
+ o0

A= U Iy, 1 Bpy==[0, 1]\ A;. Torza A,—oOTKpHTOE MHO-
n=1 ’

KecTBo, coiepxauiee Q N[0, 1] u umelowmee Mepy u(Ak)<2

¥ NOTOMY B, —KOMNAaKTHOE HHIrIe He IIIOTHOE MHOMECTBO Mepu

p(B,) > 1—27%, (Mepa A, He NpPeBOCXOAMT CYMMbl IJHH MH-

TepBaioB [,,, n=1, 2, ..., a B, He UMeeT BHYTPEHHHUX TOYEK,

160 OHO COCTOMT JMllb W3 MppaunoHanbHuX Touek.) Cienosa-
4 oo

TeJNbHO, MHOXKeCTBO B == U B, ectb noamuoxecrso [0, 1] noa-
k=1

HOM Mepel M MepBOH KATErOpHH, W HOTOMY MHOXecTBO A=
+00

= n Ap=10, 1\ B ectb noamuoxectso [0, 1] mMepn uyab
k=1

¥ BTOpPOH KaTeropuu,

21. MHoxecTBO MepHl HYJb, He ABJAIOLEECH MHOXKECTBOM
THna F,

Ilepsoii npumep: pacCMOTPHM MHOMECTBO IIepBOrO NMpHMepa
us 1. 20. Ono He MoxeT GhITb 00belMHEHHEM CUETHOTO -MHO-
eCcTBa 3aMKHYTHIX MHoxecTs Fy, F,, ... . B camom peue,
B-TIDOTHBHOM €JIy4Yae KaxI0e MHOxeCTBO F, OblIO OBl 3aMKHYTHIM
MHOXECTBOM MepBl HyJb M, CAGLOBATeNbHO, HUIAE He IJIOTHBIM.
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Ho sT0 03Hauaso 66, 4TO paccMaTpHBaeMOe MHOXKeCTBO GbuIo GHi
MHOXeCTBOM mnepBo#t kateropud. (ITpoTusopeune.)
Bmopoii npusep: MHOXKECTBO BTOPOro npumepa us . 20
(0 _TeM e NPUUYMHAM) Take obaanaeT TpeOGyeMHIMH CBOHCTBAMH.
Tpemuii npumep: HeGopeJeBCKOe MHOXeCTBO npumepa 17
MMEET MEpY HYAb, ONHAKO OHC He MOXET ObiTh MHOMXECTBOM
tuna F,, u60 BCAKOE MHOXECTBO THNA F; ABasercs GopeneBCKUM.

22. MHoxecTBO MepH HyJb, TaKoe, 4TO He CymecTByeT
dyuxkuny (uurerpupyemofi mo Pumany uam Het), Ajas
KOTOpOH 3TO MHOXKECTBO HABJAETCH MHOXKECTBOM TOYEK
paspeiBa

Jlio6oe MHOXecTBO Tpumepa 21 o6aanaer TpeGyeMbiM CBOH-
CTBOM, TOCKOJbKY 1A BCaxko#t ¢yHKuuu, oToGpaxawomel R B R,
MHOECTBO TOYEK pa3phiBa SBJIAETCS MHOXeCTBOM THma F,
(cM. ra. 2, mpuMep 23, a Takxke ra. 4, npumep 8).

Hactosmu#t npumep mnpeictapiaseT ocoOulf MHTepec B CBS3H
co craepylomeft Teopemoft: delicmsumensras PyHxyusn, onpe-
OeNeHHAR U O02PAHUYEHHOS HO KOMNGKMHOM UHmMepsaie,
unmezpupyema Ha Hem no Pumany mozda u moavko mozoa,
K020G6 MHOJICECMBO ee MOYEK pA3pLlea uMeem Mepy HYAb
(cm. [38), crp. 153, a Takwe [33]*, crp. 145). HeBHumatenibHoe
YTeHHe ITOH TeOpPeMbl MOXET IPHUBECTH K HENpPABHILHOMY INpel-
CTaBJeHuIo, GYATO Kadcd0e MHOMECTBO MepDHl HY/b MOXeT OBIThb
MHOXECTBOM TOYEK pasphiBa HEKOTOPOR HHTerpupyemolt mo Pu-
MaHy OYHKIMH, HOCKOJBKY 3TO YCJIOBHE M HeoOXOLHMMO, W 10-
CTaTQYHO.

23. JiBa coBepmeHHBIX HHIJE He MJOTHHIX roMeoMopdHLIX
mHoxectBa uHa [0, 1], JAume OAHO H3 KOTOPBIX HMeEeET
Mepy HYyJb

Mbl noxaxeM HeCKOJAbKO OoJblle, a MMeHHO ecad G — KaH-
TOPOBO MHOXeCTBO MepH HyJb Ha [0, 1] u A— a060e xaHto-
POBO _ MHOXECTBO NOJOXHTeabHOR Mepw Ha [0, 1], To cyumiect-
Byer roMeoMopduam f unrepsana [0, 1] na [0, 1], Takofi, uto
f(C)=A. HenocpeicTBeHHHM CJeICTBHEM 3TOTO pe3y/bTaTa
SBJISIETCA YTBEPKIEHUE, UTO 8Ce KAHIMOPOBbL MHOHCECMBA 20 ME0-
MOpPHHOL. ,

- Hnesa, nexawas B OCHOBE, MOCTPOEHUS STOTO OTOGPaKEHHS,
nonro6Ha To#t, KOTOpas HCHO/b30BakAach NPH NOCTPOEHHH KaHTO-

or
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poso#t ¢ynxuuu (npumep 15). Pacnosoxum ,B OLHHAKOBOM MO-
paaxe“ uurepsaabl [y, Iy, ... n uHTepBann Jy, Jy, ..., yAaneH-
Hele u3 [0, 1] npu nocrpoenuu MHOXeCTB C M A COOTBETCTBEHHO.
D10 osHavaer, uro [, ¥ J; fABJAOTCA CPEIHMMH MHTepBalaMy,
ylaneHHBHIMH Ha nepBoM ware, [, M J, — ,JIeBHMH CpelHUMH®,

c
Puc. 5.

a I3 u J;— ,npaBeIMM CpelHUMH® HMHTEPBAaJAMH, VIaJeHHBIMH Ha
BTOPOM 1llare, W T. X. 3aTeM C NOMOLIbIO BO3pacTaiolled JuHeH-
Ho#t dyHkuuM oTOOpasuM 3amblkahue [, Ha sambikanue J,
(n==1, 2, ...). Torna f onpeneneHa M CTPOro BO3pacTaeT Ha
BCIOLY TJOTHOM MOAMHOXecTBe HHTepBaja [0, 1], M Tak kax npu
5TOM MHOKECTBO ee 3HaueHu#t Takxe BCIOAY NJIOTHO Ha [0, 1],
T0 f MOXHO HelpephBHO Nporomkuth Ha [0, 1}, Kak 970 onu-
caHo BO BTopo#t uyactu mpumepa 15 (cM. puc. 5). Ilocrpoennas
TakUM 006pa3oM ¢yHKuMS f sABAsieTcst QYHKIUMEH TaKOro xKe Tuna,
Kak u ¢yHKuna npumepa 16.
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24, Jlpa HenepeceKalOmHUXCH HEOYCTHIX HHIJAe He MJIOTHBLIX
MHOXECTBA AEHCTBUTENBHLIX YHMCEJ, TaKHUX, 4TO Kawpaasd
TOYKA JIO00r9 H3 HUX ABJAETCA MNpeaetbHOH TOYKON
apyroro
[yctb A ——npousBoabHoe KaHTOPOBO MHOxecTBO Ha [0, 1],

a B -—noamHoxecTBO A, cocTodlilee M3 BCeX KOHLEBLIX TOYeK

OTKPHITHIX HHTEPBAJOB, KOTOpble Oblin ynatenel u3 [0, 1] npu

nocrpoenn A. Torza muoxecrsa B u E==A \ B ynosnaerso-

pAIOT TpebyeMuM YCJIOBHUAM.
Ecan paccmarpuBaTh He TOJbKO TOAMHOXeECTBA CHCTeMHl R,

TO NoAOGHBIE TNpUMEpPh CTPOSTCH oueHb mnpocto. Hanmpumep,

Tpe6yeMbIM YCJAOBHAM VIOBJAETBOPAIOT CJELYIOLIHE 1BA MHOMKE-

CTBa HAa €BKJHIOBOH IIOCKOCTH: MHOXECTBO Ha OCH X C Pauuo-

HaJbHBLIMH MEPBHIMM KOOPAMHATAMH H MHOXECTBO Ha OCH X

€ UppaUMOHAJIbHBIMY TIEPBHIMH KOODIMHATAMH.

25. JiBa roMeoMop(HLIX MHOXECTBA ACHCTBHTEABHBIX YHCEJ,
ABJSAIONHXCA MHOXECTBAMH pPa3HbIX KaTeropuii
Onpeneanm Ha [0, 1] BO3pacTaoULyl0 HenpepLBHYO (YHK-

IHI0, NOLOOHYI0 KAHTOPOBOH (YHKUMH, NOCTPOEHHOH BO BTOPOH

yactu npumepa 15. Ilyers {J/,} — onmucannas B npumepe 23

I0C/Ie10BATENLHOCTb OTKPBITHIX HHTEPBAJIOB, yiadenubix u3 [0, 1]

NpU HOCTPOEHWHM KaHTOpoBa MHOwectBa A, a {s,} — B3aumHo

oJHo3HauHoe ortoGpaxenue N Ha QN (0, 1). OmpenenuM nocie-

HOBATEMLHOCTL {r,} caenynommnM o6pasoM: NOJCKHM Fy==S$y,

ro=Ss,, rle n — HauMeHblllee HATYPaJbHOE YHCJIO, TAKOE, YTO

s, < ry; rg==s§,, lle #— HauMeHblIee 1aATypaNbLHOE UUCIO, TAKOE,

4TO 8, > r,. Jlanee nonoNuM ry==S$,, Tlc HaUMeHbIlee HATYpa/b-

HOE YMCIO0, TaKOe, 4TO S, < ry; Fs==S§,, [1le 1 — HauMeHbllee Ha-

TypanbHOE€ YHUCJIO, TAKOE, UTO Fo < §, < Fy; I'g==§,, Tie n—Han-

MeHblllee HATYPaJIbHO YUCJIO, TaKoe, 4TO ry <8, < rg I';==8,,

I/e n—HauMeHblllee HaTypalbHOe YHC/IO, TAKOe, UTo §, > 3. Ecin

NPOLOJKUTE STOT NpPOLECC, TO PAUHOHANbHBIE YUCAA, 3AKAIOUCH-

Hhie mMexay O u 1, 6ynyr saHyMepoBaHH B NOCJEN0BaTeAbHOCTD

{r,} Takum obpasom, uTO MX OTHOUIeHHe mopsaka GyleT COOT-

BETCTBOBATb OTHOLICHHIO MOPSLKA NOCAENOBATENbHOCTH HHTepBa-

a0B J,, KaK 3To ykasaHo Ha puc. 6. Hpyrumu caosamu, r,<r,

TOTAa W TOAbKO TOrZa, xoria J, aexur aesee J,. Onpenenum

Teneps QYHKUMIO f, MONOKUB f(X)=r,, €CIH X NPUHALIEHHUT

saMunikanuio J, nureppaaa J,, n=1, 2, .... Torza, kak H

B npumepe 15, dyHkuua f onpeneieHa M BO3PACTAeT HA IUNIOTHOM
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noaMHomecTBe uHTepBana [0, 1],- a MHOXeCTBO ee 3HaueHUH
naotHo B [0, 1]. CnenoBaresibHo, €€ MOXHO NPOMCKUTH LO
HenpepuiBHOH Bospacraouleit ¢ynkunm, orobpaxawowett [0, 1]
Ha [0, 1]. Ecam Tenmepr onpereantb MuHoxectda B n E rak,
Kak B npumepe 24, 1o ¢yHKuua f oToOpasuT B Ha MHOXECTBO
QnN(0, 1), a E— na muomectso (0, 1) \ Q Bcex uppaumoHamib-
HEX yYHces, 3akaiueHHnx Mexay 0 d 1. Orobpaxenue E Ha
(0. 1)\ Q sBasieTcss CTPOrO BO3PACTAOLINM H GUHenpe PbEHbLM.
(HenpepnsiBHOCTb ~ 0OpaTHOrO OTOOpaxeHH: ClielyeT H3 TOTo,
yro npu oToGpaxennn E Ha (0, 1) \ Q coxpausieTcsl OTHOLIeHHe

8 g 9 i A 1A} %4 173 y
P ——— +—t p—— : 4
g y rz 2 ) ) n 1
tl4 Jz &]‘f . J1 Jﬁ j.? -,7
o : o
!
Puc. 6.

nopsanka.) Cnenosarenstio, E u (0, 1)\ Q romeomopdus. Taxum
o0pasoM, B8CAKOe KAHMOPOBO MHONHCECMEO € YOAACHHBMU
#KOHUEBbLMY MOUKAMLY 20MEOMOPPHHO MHOHCECMBY UP PAUO-
naavubx wucen unmepsaaa (0, 1). Ho E uurie He maotHo u
MOTOMY. SIBJSETCH MHOXECTBOM INepBOH KaTeropud, B TO BpeMs
kak (0, 1)\ Q — mHOXecTBO BTOpOH Kareropuu (cM. npumep 7).

Crnenyer 3ameTuTb, 4YT0 B OTJAMYHE OT NpHMepa 23 romeo-
MOpduU3M, ONMCAHHBEIA B HACTOALlEM NpuUMepe, He NOPOWAAETCA
TOMeOMOP(U3MOM HHTEPBAJIOB, COIEPKAWMX 9TH MHOXKecTBa. Ecan
ZBA MPOCTPAHCTBA TOMEOMOP(HB M €ClM 1B3 MHOXECTBA COOT-
BETCTBYIOT APYT APYTY TPH 3TOM TIOMeOMOpPGhH3ME, TO MOKHO
YTBepkIAaTh CHAELYIOLlee: €CAH OLHO H3 MHOXEeCTB HHIIe He
flIOTHO, TO HUTLe He MJIOTHO M IDYroe; €C/lH OIHO U3 MHOXEeCTB
ABJAETCS MHOXECTBOM MNepBOH KATEropHH, TO H IPYyroe Takxe .
ABASIETCS MHOXECTBOM NepBOH KaTeropHH.

26. Jira romeomopdHbIX MHOXKECTBA NelCTBHTEABLHBIX HHCe,
TAKHX, 4TO OJHO H3 HHX BCIOAY NJIOTHO, a APyroe HHUTAe
He IJOTHO

Ecau B npumepe 25 noa nocnesosare bHoCTbI0 {7} nonumats
He TI0CAEN0BATe/NLHOCTE PAUHOHABHBIX Yucea uHrepana (0, 1),
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g 10C/AeN0BaTeNbHOCTb, HCUEPIBIBAIOILYI0 BCEe MHOXKECTBO Q,
TO Mbl TOJMY4uM ToMeoMopduam Mex iy E u Muoxecrsom Q=R \ Q
gcex MppauMOHaAbHHIX uuces. MHoxectso E Hurze He mIoTHO,
a muoxectso Q7 Bciony miaotHo. (CM. nocienHu#t absan mpu-
Mepa 25.)

27. $yHKuua, onpegeseHHas Ha R, paBHas HY/MI0 MOYTH
BCIOAy M TaKas, Y4TO MHOXECTBO ee 3HauYeHHil HA Kax-
JIOM HemyCcTOM OTKPHITOM HHTepBaJe coBnagaer ¢ R

Mocrpoenne ¢yHkuun f, obaazawoimelt yKa3aHHBIMM CBOH-
CTBaM¥, Mb! pa3obbeM Ha HECKOJbKO 3TanoB. CHaua/la MOCTpPOUM
Ha oTkpeTOM HHTepBase (0, 1) dynxuuio g£,. 0TOOpaxamolyo
muoxectso CN(0, 1) na R, rae € — KaHTOpPOBO MHOXECTBO
Mepbr Hyab. Ecam @ — kantopoBa ¢yHKuus (mpumep 15), T0
(YHKIHIO £ MOXKHO ONpeleinTb TaK:

g(x)Etg[n(cP(x)~—;—)], 0<x <1,

Bropofi mar cocToHT B TOM, 4TOOH AJS NPOM3BOJABLHO 3a1dH-
HOFO OTKpHITOrO HHTepBana [ ==(a, b) onpenejuTb NOIMHO-
KeCTBO Z; MepH HYJIb M GYHKUMIO £, C 00MacThIO ONpeseseHns
Z, n obnactbio 3HaueHu#t R. 310 MOXKHO clenaTh CJeAyIOUINM
obpasom:

Zy={a+@GB-—a)yxlx€CNO, D},
an=g(3=¢) x€z

TIpucrynass X TOCTPOEHHI0 HCKOMOH OYHKUMM f, NMOJ0NKAM
ee _pasHof HymO Ha MHoxecrse 1 Bcex umenmx umcena. Ilanee
ornpene M MociesoBaTenbHOCTh {U,} OTKPHITHIX MHOKECTB Cle-
ayromnm ofbpasom: U,;=R\1I, 1. e. U, ectp obbernHenue
BCeX OTKDHITHIX MHTepBajios Buaa (n, n-+1), rae n —uenoe
uncao. Buyrpun raoswdozo w3 3THX uHTepBajoB [ olnpeneiuM
MHOXECTBO Z; MeDHl HYJb ¥ Ha HeM GYHKUHIO g£; TaK, KaK 3TO
cnenaHo Buime. Ha mHoxkectBe Z; ¢dyHkumio f nojaraem pas-
Hott g, Illyctb U, —mnoamuoxecrso U, Ha koTopom f eule
He onpeanenena. Toraa U, -— OTKPEITOE MHOXKECTBO,” H HOTOMY
OHO siBAsieTcst OObeiHHEHHEM HelepeceKaloWHuXcsd OTKPHTLIX MH-
TepBanoB. BHyTpW kaocdoz20 u3 3THX HHTepBajgOB / ompenenum
MHOXKeCTBO Z,; Mephl UyJb W Ha HeM (QYHKIMIO £, TaK, KdK 3TO
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cienano Bume. Ha MHoxecrse Z; ¢ymkumio f mojaraem pas-
Hoit g, Ilycts Uz — noamuoxectso U, Ha Koropom f elye
He ompezedeHa. Torza U, Takxke dBAAeTCS OTKPHITHM MHO-
XECTBOM M INOTOMY fBJASIETCH OObelHHEeHHEM HelepeceKaloluxcs
OTKDHITBIX HHTePBad0B. Ecam cHOBA oONpele/HTh MHOXecCTBa Z,;
TaK, KaK 9TO CIeJaHO BLe, TO QYHKUUIO f MOKHO NMPOLOIKHUTD
M Ha 3TH MHOXeCTBa Meph HyJb. [Ipomomkasa sToT mpouece,
noJjyuaeM nOCAeLOBaTeNbHOCTh {U,] OTKPHITHIX MHOXeECTB, LO-
NOJIHEHHe KAXIOT0 U3 KOTOPBIX MMeeT Mepy HyJib. Takum o6pasom,
¢dyHkung f OyleT onpeleleHa Ha HEKOTOPOM MHOXECTBE MepHl
HyJb, a MMEHHO HAa [OMOJHEHMH NepeceyeHHs MHOWecTB Uy,
Uy, ..., uan, 4ro TO ke camoe, Ha o6benuHeHMN HX LOMOJIHE-
mt Ui, Us, ... [Tpu sTOM KaXMCOBLH HENYCTOH OTKPHITHIR
MHTEPBAJA COLEPXKHUT MO KpaHHeH Mepe OAMH M3 OTKPHITHIX MH-
TepBajioB [, COCTABAAIOIIMX OTKPHITHe MHOXKecTBa U ,, u noromy
HEKOTOPOE MHOXecTBO Z,, Ha KOTOPDOM MHOXECTBO 3HaueHufi f
copnanaer ¢ R. HakoHeu, mosoxum ¢yHxkuuio f pasHofi Hy.10
B TeX TOYKaX, B KOTOPHIX OHa ellle He ONpejefeHa.

28. ®dyHknusA, onpegeseHHas Ha R, rpadux koropoii sciony
IJIOTEH HA HJOCKOCTH

3tuM cBolicTBOM obaanaet ¢yHKuus npumepa 27.

29. HeoTpHnaTeJbHas BCHOAY KoHeuHass ¢yHKuus f, takas,
b
410 f J(x)dx=-}co pas Mo6oro HemycTOro OTKPHITOrO

a
uHTepBada (a, b)

dyuxuuo, o6/1analoUyl0 STUMH CBOHCTBAMM, MOXHO HO-
CTpPOUTb, WUCMOJAb3Yys MeTol npumepa 27. OIHAKO B 3TOT METOL
HYKHO BHeCTH cjelylouide uameHenus: (i) MHOxecTBO C caenyer
3aMEHUTb KAHTOPOBHIM MHO)KecTBOM Mepwm 1/2 mHa [0, 1] u (ii)
GYHKUAIO £, NONOKHTH PaBHOH

& (x)=—|—11_lz'x(zl)’

rae |/| obosmauaer mauny nurepsana /, a y (A)— xapakrepu-
CTHHECKYI0 (yHKUMIO MHOXecTBa A (cM. BBeleHne k ra. 1).

1
Kaxnoe MHOXecTBO Z; MMeeT Mepy 7|1|, U MO3TOMY HHTerpai
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or g; no [ pasen 1/(2|7]). Tak kak KaxAHH HEeNycTOH HHTep-
Baa (¢, d) COLepKUT NOAHHTepBaNbl / NPOU3BOJILHO MaJOR JJIMHEL,
d

TO HHTErpal ff(x)dx paBeH —~co.
4

30. HenpepuiBHasi CTPOro MOHOTOHHAA (YHKIHS C TPOHU3BOA-
HOi#i, paBHOH HYJIO NOYTH BCIOAY

dyukuuio f, obaananllylo 3TUMM CBOfiCTBaMH, BIepBLie II0-
crpounu A. K. Uaanen u B. A. Jlx. Jioxcém6ypr [59]. Tlycts ¢g—
kaHTopoBa ¢yHkuus npumepa 15. Homoxum ¢ (x) =¢(x), ecau
x€[0, 1}, uw P(x)=0, eciu x ER\ [0, 1]. Hanee, mycts
{la,, b,]} — MocienOBaTEILHOCTL 3aMKHYTHX nHTepsatos [0, 1],

RS T RS EO R s

Mol ¢yHkUMeH Oyner!)

—an

fx)= §2‘”¢(;;—“") a0 x < 1.
n=1

31. Orpanuyennas noJjyHenpepsiBHafA GyHKOHA, He HHTErpH-
pyemass no PuMaHy 4 He 3KBHMBaJE€HTHad HHKakoi pyHk-
IMH, HHTerpupyemoii no Pumany

XapakTepucrudeckas GyHkuua f J060ro KaHTOpPOBAa MHOXKe-
crea A noxoxutensHoH Mepwt Ha [0, 1] orpanuuena w BcionLy
noayHenpepuiBHa cBepxy. Ho Tak Kak MHOXECTBO ee TOuek
paspuiBa ecth A u Mepa MHOXKecTBa A monoxurenasHa, TO f

1) IpuBenennniit npuMep QyHKUHH f () HEKOPPEKTEH, TAK KakK f (x)
paspbiBHA M HE MOHOTOHHA. JTO BBITEKA€T M3 TOrO, UTO YKa3aHHBIF
pAld CXOAUTCA PAaBHOMEDHO H HOTOMY

oo

— — _ x—a 1 1 1
i sw<X B orn(g=g)=gv(z) -7
x>=5+0 n=1x->5+0
fl‘or}la KakK
[ 1 1 1 1 1
G of(x)>5w(7)+ﬂ(1)=7, FO =0 £ (> +.
x>z

Koppextubiit npumep cum. B [45]%, ctp. 185. — [1pun. ped.
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He unrerpupyeMa no Pumany Ha {0, 1]1). dBe ¢yHKuMn Hasu-
BAlOTC! SKBUBAMEHTHLI MM, €CIM HX 3HAYEHUS COBMALAIOT
nioury Bciony. Ecau sHavenus GYHKLMHE f H3MEHHTb HA HEKOTOPOM
MHOXECTBE MepH HyJb, TO MHOXECTBO TOYEK pa3phlBa BHOBb
noJy4eHHOH (YHKUMH Takxke OyIeT UMeTb NOJOMXHTEJIbHYIO Mepy.

32. Orpanvuennas u3mepumas ¢GyHKUHA, He IKBHBAJEHTHAA
HUKaxoil QpyHKNNH, HHTEerpupyemol mo Pumany

StuM cBoMcTBOM oGaanaer -pyHkuus npumepa 31.

33. OrpanuveHnas ¢pyHKHHA, ABAAIOMAACH OpPELeJOM MOHO-
TOHHOH TNOCJeA0BaTeJbHOCTH HenpepuBHLIX GyHKuMI,
He HHTerpupyemas no PumaHy u He 9KBHBaJeHTHas
HHKaKo#i ¢yHKuuK, uHTerpupyemoii no Pumany. (Cwm.
npumep 10 ra. 4.)

IpexncrasuM dynxumnio f npumepa 31 kak npenen yGbBaw-
weft nocaenoBaTeNbHOCTH {f,] HenpephBHBIX GYHKUMH clenyio-
wnmM  obpasom. Hast ao6oro oTkpuiToro uHTepBana [ =(a, b),
rie 0 Ca <b <1, u ans mo6Oro HaTypaibHOTO A ONpelLelnM
(PYHKIHIO

1, ecmn 0Cxa,
1, ectn b L x 1,
b—a - b —
0, ecan q+7—<x<b—— 2,,“,

g, 1 (%)= ,
—a
auHelHa, ecan a L x < a +—2n—— ,
fina; pbt=e b
muneftna;  ecmt b— — <L xKb
Ecnu Temepy {J,}—mnocnenoBaTeqbHOCTL OTKPHITHX HHTEPBAJOB,
yialzenHeix #3 {0, 1] npu mocTpoeHMH KaHTOpOBa MHOxecTBa A

NION0KUTENbHOR Mepbl (cM. npumep 23), TO MCKOMas Mocjie-
LOBaTeJbHOCTh (f,) ompenenderca Tak:

f[i=8&,
fo=28, ;&4

. .

angn,J1 ' gn,Jz v ’gn,.ln’

') Cm. BBenenue Kk ra. 4.— ITpun. nepes.
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34. Unterpupyemas no Pumany ¢yuxuus f n HenpepbiBHan
¢ynxuusa g, onpenenennsie Ha [0, 1] u Takue, 4TO HX
xomnosunus f(g(x)) He mHTerpupyema no leany Ha
[0, 1] u He 9KBMBaAJEeHTHAa HHUKAKOH (YHKLHH, MHTErpHu-
pyeMoii no PuMaHy Ha 3TOM 3aMKHYTOM HHTepBaJe;
(CuM. npumep 9 ra. 4.)

HpellCTaBMM dyuKnMo OpuMepa 31 B sute f(g(x)). Hua
sToro noAokuM f(x)=0 mma 0Lx <1 n f(x)=1 nasa
x=1. Hanee nomoxuMm g(x)=1, ecniu x€A, n g(x)=

_1———-(b—a)—i—'x———(a—i—b)| eciu X  NpHHALJIEeKHUT

KaKoMy-u6o uutepsany / ==(a, b), ynanennomy us [0, 1] npu
nocrpoennu A.  Pyukuua g (x) HenpepsiBHa, uGO LaA JTOOHX
X, ¥ Xy 3 [0, 1] uMeer MecTO HepaBeHCTBO | & (X)) — & (x9)] <
| X — %]

3ameruMm, 4T0 GyHKUMH f, npmvxepa 33 ¥ ¢yHKUMIO £ TNpH-
Mepa 34 MOXHO- 3aMeHHTb OeCKOHeuHO AHQdepeHUUPYeMbIMHU
dysxuuaMU. ITOr0 MOXHO NOOUTbCH, ecau QYHKUMR g, ; NpU-
Mepa 33 ¥ QYHKUMH, cocTaBasOliMe (GYHKUUIO g npumepa 34,
3aMeHuTh OeCKOHeyHO AHddepeHuUpyeMEMU. g stoft  uenn
MOXHO MCIOJb30BaTh (YHKUMH TaKOro e THNA, KaKk 4 B NpU-
Mepe 12 ra. 3. ‘ ‘

Hakoneu, ciekyer OoTMeTHTb, 4TO PyHKUMM f M £ B HACTOA-
IleM NpHMepe HeNMb3sl TOMeHATh MecTaMH. IpyruMmu cioBamu,
BCAKas HeNpephiBHas (GYHKuMA (3alaHHas HA KOMIAKTHOM MHTep-
Bane) OT (YHKUWM, UHTerpupyemoift no Pumany, Takke HHTe-
rpupyeMa no Pumany. (Cm. [38], ctp. 133, ymp. 55.)

35. OrpanuuenHHas ¢QyHKOHsA, HMeEOMAS NPHUMHTHBHYIO HA
3aMKHYTOM HHTEpBaJe, HO He HHTEerpHpyeMas Ha HeM
no Pumany

OmpenenuM ¢yHKUHIO £ 449 TONOKUTEAbHBIX X (QOpMYJOH
g (x)=x?sin (1/x). (CM. npumep 2 ru. 3.) Hdanee Ajast BCAKOro
TIOJIOXUTEJNbHOTO YHMCAd ¢ O0O3HAUMM Yepes X, HauGoAbluee 10-
JOXKUTEAbHOE YHCIAO X, He [peBOCXoAsliee ¢ M TaKoe, YTO
g’ (x)==0. Hakoneu, aaa 0 < x <{c OnpeleiuM YHKUUIO

g(x), ecmn 0<x X,
gc(x)—=—{. ) o

g(x,) ecmn x,<Lx<e¢.
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Mycte A — xaxoe-au60 KaHTOPOBO MHOMECTBO IOJNOKHTEID-
Hoit Mepnt Ha [0, 1]. Onpenenum ¢yskuuio f ciaenywouum obpa-
aomM: ecan x € A, 1o noaoxuM f(x)==0; ecau xe X NPUHAA-
JIeWUT KaKkoMy-an6o uurepsany / = (a, b), yﬂaneHHomy uz [0, 1]
IpU TOCTPOEHMH A, TO NOJOKHM

[ g.(x —a), ecint  a <<x < (a—}—b)
f o ={ 1
llgt(—x-}—b), ecn 5 (a+0)<x<b,

rie c=—(b——~a)

Ecan x —kakag-m0o Touka MHOxecTBa A, a y — Kakas-
aubo dpyzas rtouka u3 [0, 1], To au6o f(y)=0, qmbo y npu-
HaMJeXKUT HeKOTOPOMY yaaleHHoMy wuHTepBany [ =/{(a, b).
B nmeproM cayuae |(f(3)— f (%)) —x)|=0 <|y— x].
Bo BTopoMm xe ciyyae, 0603HauuB uepe3 d TOT KOHeL HHTep-

BaJa (a, b), koroph# OGaumke K y, MMeem TpH cz%(b—a):

f(y)—f(x)l_l f () l <| £

g(ly—dl)
y—d <

y—d

—d
<|B=E|=y—a<iy—=x]

Cnenosareabno, B oboux cayudasx |(f (¥) — f(x) )/(y—x)]
L |y— x|, u noromy f’/(x)==0 ana kaxnoro x € A

C Ipyro#t cTOpOHBI, eciu X HPUHALACKHT KAKOMY- .’H/l60 yaa-
JeHHOMY unTepBaly (a, b), TO

|f’(x)|<l?zsin(%)—-cos (—;)[<3

rae 2 — HekoTopoe uucio mexay O u 1. Takum oGpasom, f nnd-
depenunpyemMa Bcoly Ha [a, b] u ee mpoussoiHas f' orpauu-
YeHa HAa 3TOM HHTepBale.

Hakonen, yuurhBasg, uTo lim g’ (=1 (cM. BBelenue
y=>+0

K T, 2), 3aKaiodaeM, uTO ILJd BCAKOH TOUKM X MHOXecTBa A
CrpaBesJMBO PaBEHCTBO ;l_r)nx S/ () =1. Caenoparenbto, (QyHK-
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uua [’ pasphiBHa B KOXKIOH TOuKe MHOXKecTBa A, T. €. HAa MHO-
JKeCTBE MOJA0KuTeNbHOH Mepr. TakuM obpasoM, ¢pyukumusa f’ yno-
BJIeTBOpSieT BCeM TpeOyeMbIM YCIOBHAM.

IMocrpoenne, noso0HOe ONMHCAHHOMY BHLeE, OO (H0-BUIM-
MOMY, BIIePBHE) NpOBejleHO MTaIbIHCKUM MaTeMatukoM B. Boub-
teppa (1860—1940 r.); cu. Giorn. di Battaglini, 19 (1881),
353—372.

36. dynkuusa, aaA KOTOPO#H cyumecTByeT HecoGCTBEHHBIH
unterpas PumaHa W He cymecTByeT HurerpaJ JleGera

Honowum f(x)=sinx/x, ecin x+0 n f(0)=1. Torua
+oo

HeCOOCTBEHHBLIH HHTerpall f f(x)dx cxonurca (cM. [36], cTp. 465,

“+00

a Takxe [52]%, 1. I, crp. 569), oaHako j | f(x)]|dx =+ co.

D10 03HayaeT, YTO (QYHKLHUA |f(x)] He HHTerpreMa o J1e6ery
na [0, -+ o0), a moaToMy He uMHTerpupyema u Qynxuua f(x).

37. dyuxuuga, usmepumas no JleGery u He u3Mepumas mo
Bopeaio

DTHM YCAOBMAM VIOBJETBOPSIET XapakTepucTHuecKas (yHK-
uus uamepumoro no Jlebery weGopenesckoro MHoxecTBa. (CM.
npumep 17.)

38. Uamepumasn pynxuus f(x) u HenpepusHasa GyHxnusa g(x),
tTakne, 4To Komno3dunua f(g(x)) Heusmepuma

-1
IMpumensis oGosnadennst npumepa 16, nomoxum E=¢~ (D).
Toraa xapakTepucTuueckas QyHKuua f ==y MHoxecta E usme-

puMa, a QyHKIHA gz\]}"1 Henpephisia. OIHAKO KOMIIO3MUHS
3THX ¢ynkuuit f (g (x¥)) HeusMepuMa, IOCKOJBKY OHa fABJISETCA
XapaKTepUCTHUeCKOH (YyHKIMEeH HeM3MEepPHMOro MHOXECTBA D.

Cnenyer 3aMerurtb, 4YTO B 3TOM npuMepe GYHKUuM f U £
HeJb3d TOMeHsTb MecTamu. Jlpyrumd cjaosamu, Ji00as Hemnpe-
priBHasg QYHKUHMA OT U3MepUMOH (YHKLUMW HU3MepuMa.
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39. HenpepriBHas moHOTOHHAas GyHKuuA g£(X) MU HempepmiB-
Hasa ¢ysknua f(x), Takue, 4ro

1 1
[ g+ [F(x) ¢ (x)ax
0 0

[Tycts f(x)==1 na [0, 1}, u nycTb & — KaHTOpOBa (yHK-
uus npuMepa 15. Torma wuurerpan Pumana — CruabTbeca (cM.
[38]. crp. 179, a Ttaxxe [33]*, crp. 249) wau unrerpan Jle-
6era — Cruabtheca (cm. [30), [31] u [53]), croswmmit B JesoH
yactd, paBed @ (1)— @ (0)=1, B TO Bpems kak uurerpai Jle-
Gera, crosiuuit B mnpaBo#ft uactH, paseH 0, n6o moiuHTerpajb-
Hast $yHKUMS TOYTH BcloLy pasHa 0.

40. Pasauudsie BUAB CXOAHMOCTH (YHKIHOHAJILHHX MOCJE-
JoBaTeJbHOCTEH

Ilycte dyukuna  fy, fo f3. ... B3a0a8HBl M HHTErpHpPYyeMHl
no JleGery nu6o Ha enunuuyHoM uHtepsajte [0, 1], au60 Ha MHO-
WeCTBe BCeX NeHCTBHTeJbHBIX uncea R (B Gonee obiuem ciyuae
9TH (PyHKUUM MOTYT OBIThb 3aJaHBl W HHTerpupyeMmsl mo JleGery
Ha HM3MeDHMOM MHOXeCTBE& KOHEYHOH MM OeCKOHEUHOH MepHl).
Toraa CywecTsyeT MHOTO CnocoGOB WHTEpNpeTalidd PaBeHCTBA

tim fy=1.
Mu paccMOTpuUM 31eChb YeThbipe CHelHUaJIbHBHX BHAA CXOAUMOCTH
H yKaxeM BKJIOYeHHA, KOTODHIMH OHM ¢Bf3aHH. B Tex ciyuasx,
KOT'Ja BKJIOUEHHS OTCYTCTBYIOT, MEI IIDHBeNEM COOTBETCTBYIOIIHE
KOHTDIIpUMEPHI.
ITycTs 0xHa u Ta ke GykBa S 0603Haqae'r an6o [0, 1], au6o R
B 33aBHCMMOCTH OT TOTO, FAe 3aiaHbl paccMmarpupaeMble (yHK-
nud. MB  paccMOTpHM ueTHIpe HHTepNpeTaldi YIOMAHYTOro
BbIIIE NPENEJbHOTO0 DPaBEHCTBA. ’

(i) CxonuMocTb NOuTH BcioAy!l):
lim f,(x)==f(x) 2aa mourn Bcex x € S.
>+

1) C aTuM BHIOM CXOJHMOCTH TECHO CBSI3aHA CXOOUMOCME 6CHO0Y
KOTOpas ABJAECTCA YaCTHBHIM CAydaeM CXOXMMOCTH THOa (i).
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(i) CxoaxumocTh no mMepe:
Ve >0, lim p{x||f,(x)—f(x)]>¢e}=0.
n->+co
(iii) CxoonuMocTbh B cpenheml):

tim [ | f,()—f (x)|dx=0.

n>+oo $
(iv) CxoauMoCTh ¢ HHTETrpDUpYEeMOH MaxXoOpaH-
ToH2):
[MocaenosatensHocTs {f, (X)} cxonnrcs nourn BCiOLy H Cylle-
cTByeT uHTerpupyemas mno JleGery ¢ynkuma g, Takag, uTO
[fo(0)|<Llg(x)] mma n=1, 2, ... u nouru scex x€S.

Cdopmynupyem cHauana JBa YTBEPHKAEHUS OTHOCHTEJbHO
BKJIOYEHHH, CBSI3BIBAIOIINX CXOAMMOCTH BuLOB (i) — (iv). Ecau
Mepa S KOHeuHa, TO

i
(@) %’{ (ii)
Ecan e mepa S OeckoHeuHa, TO
@
(iif) = (ii).

} = (ii).

(i) = {

(Cm. [30], [32] u [53].)

TpuseneM Temepb NMPUMePHI, KOTOPHE MOKA3bIBAOT, YTO APY-
rux BKOUeHHH, KpOMe YKa3aHHLIX Bhllue, He cyuiecTsyeT. Bce
5TH NpUMEPH, KpOMe MocjeiHero, OYAyT COpaBeifuBhI KaK IJf
Caryuas KOHeUHOM, TaK M AJd Cayuasi eCKOHEUHOH MepHl, TOCKOJLKY
BCE YYaCTBYIOIMe B HUX (YHKUMK paBHH Hymo aas x € R\ [0,1].

1) 910 ecTh cX0ZUMOCTb B 6aHaXOBOM mpocTpaHcTBe L! BCceX HHTe-
rpupyeMbix OYHKIMH, CpelH KOTODHX OTOXAECTBACHH Te, KOTOpHiE
COBNAJAIOT NOYTH BCIOAY. JTOT BHA CXOIMMOCTH MOMHO OOGOOMHTH,
paccMOTpeB CXOAHMOCTb B 6aHaXOBOM TIPOCTPAHCTBE L? H3MepHUMbIX
(bgﬂl(ulflﬁ, KOTODBHIE HHTErPHPYEMbl BMECTE C p-H CTENEHbI0 HX MOLyJsl.
(B sToM cayuae Takxe OTOXKIECTBAAIOTCA (YHKIHH, COBNAJRIOIIHE
noutw Beiony.) NanbHelimue nogpobuoctu cM. B {17], [29], [32] = [53].

2) MoxHO ompelieqHTh ellle OJNHMH BMJ CXONMMOCTH, & HMEHHO CXO-
IMMOCTb C HHTErpHPYEMOH MaXODaHTOH B L?; nns storo (ili) same-
HserTca cxofuMocTblo B LP u TpeGyeTcs BumoOJHeHHE HepaBeHCTBa

| frn(®) <] g rme g€LP.
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(i) (ili). IoctarouHo mosoxutTe f(x)==0 aas Bcex
Xx€ER, a
n, ecin 0 < x < 1/n,
f"(x)E{ 0, et xERN (0, 1
' . 1n),
ag n=1, 2, ....
(D ({v). B camom nese, Tak xak (iv)=>(iil), to tpebye-
MOe YTBepiAEHHE BBHITEKAeT U3 NpelbILYLIEro.
(iii) $3(3i). Tlycrs f(x)=0 aas Bcex xER. Ipencrasum
kaxnoe n ENpeuaen =2 m,rie 0 <m << 2" k=0,1,....
Torna k& u m OXHO3HAYHO ONpeNeSAITCH YACAOM 7. [Tonoxum

ﬁ—<x< m—}—l,

!1, eciu o o

fa(¥)=

0 nns ocranvubix x €R.

Torna Jlfn(x)—f(x)}dx=2‘k—>0 NpH 1 —> - co, OIHAKO
S

lim f,(x) He cyluecTByeT Hu i kakoro x €0, 11
n->+oo

(iif) 52 (iv). Tak kak (iv)—(i), To Tpebyemoe yTBepKie-
HHMe BHITEKaeT U3 MPEeIbLAYIIETO.

(ii)52 (i). BocnosbayeMmcs mpuMepoM, ONpPOBEPTalOUM BKIIO-
yenpe (ii)=>(1). Haa dyuxkuut f, sToro npumepa uw aas
JI060T0 NOJOKHUTENBHOTO € HUMeeM

plx|| fa(e)— f(x)| >e) <27%—>0 npu n— +oco.

(if) & (iii). Tycrs  f(x)=0 naa Bcex xER, u nycrts
nns Beakoro # € N uucna & M m onpellefieHH Tak, Kak B puMepe
1as yreepxaenus (1ii) 2 (i). TTomoxum

£ = 2%, ecam ;n—k<x<
2 (X) ==

0 mns ocranpHEX X ER.

m--1
oe '

Torza aas A060ro MOJOKHTEALHOTO €
w{x|| fa(x)—f(x)| >e} <27%—>0 npu n——+co,

OJHAKO

[1£2(6)— f ()| dx =170 npu n— oo,
N
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(i) 52 (iv). Tax kax (iv)=>(@) n (iv)=>(iii), 10 Tpebye-
MOe YTBepXKIeHHE BLITEKdeT M3 [IOKA3aHHBIX paHee, 2 MMEHHO
u3 toro, uro (ii)$3 (i), mam Toro, uro (i) (iii).

Hakonel, npusemem npumep, B KOTOpPOM MHOxecTBO S =R
umeeT OeCKOHEUHYIO Mepy.

(i) 55 (ii). Ilonowum f(x)==0 anq Bcex XER u

1, ecmn nLxK<nt+1,

0 nns ocrampnux x ER.

fn(x)E{

41. JiBe mepsl W W v Ha mpocrpaHcTee ¢ Mepoil (X, ©),
TaKHe, 4YTO U aGCOJNIOTHO HenpepbiBHA OTHOCHTEJBHO vV,
OJHaKO0 He cymecTByeT QyHkuuu f, yaoeiaersopaiomeii

pasenctBy B (E)= ff(x) dv(x) nas Bcex EE€®
E

Iyctb X =R, a © — kaacc Bcex MOIMHOXECTB MPOCTPaH-
crea X. Jlas Beskoro Muoxecrsa E € © nonoxum

0, ecau E cuertHo,
M(E)E{ 00, ecan E HecuerHo,

n, ecmn E cocroutr uz n touek, n >0,
v(E):{ -+ 00, ecin E GeckoHeuHo.

Torga v(E)=0=E = u, caenosarespto, U (E)=0. Takum
obGpasoM, B abcoaoTHO HenpepniBHa OTHocuTeJbHO v. C npyro#
CTOPOHEl, eCiu f TakOBa, 4TO

pE)= [ f(x)av(x)
E

ISl BCeX MHOXeCTB E, TO 9TO paBeHCTBO CNpaBeiJUBO, B yacT-
HoctH, Koria E = {y} — nponsso/ibHOE OXHOTOYEYHOE MHOXECTBO.
B srtom ciyuae

pE)=0= [ f(av(x)=f ().
E

Ho ato osHavaer, uro ¢yHKuHs f TOXIeCTBEHHO DAaBHA HYJIO
u, crenosateapto, W(E)=0 aaa moboro EE€&. ([lporuso-
peune.)

10 3ax. 587
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Ecau npuasars, uro Foo.0 passio 0, To crnpaBenduBo
crenywllee yTBepxIeHHe: ecau f— weompuyamesvnas Oeii-
CMBUMEABHOSHAUKASL (PYHKYUS 8 WLUPOKOM CHMbLCAe, U3Mepl-
MAS OMHOCUMEABHO Mepb. vV HA RPoCMPaHcmse ¢ mepoil
(X. &), u ecau

pE)= [ f()av(x)
E

0r5 8cex uamepumvix muooxcecms E, mo |\ ssasemcs mepoii
na (X, @), a6coatomuo Henpepwsnoi omuocumessro v. Ipe-
IBILYLWIHA KOHTPIPHMep INOKA3bIBaeT, uTO Ge3 OrpaHuyeHuit oG-
paTthas teopeMa He BepHa. Teopema Pazona — Hukoznma (cm. [53])
yKa3EBaeT OrpaHHyeHHus, NPH KOTOPHX oOparHas TeopeMa HMeeT
MeCTO,



raiAsa 9

®YHKUUH IBYX NMEPEMEHHbBIX

Beegenune

B sTo#t riaBe npeanosaraloTCst M3BECTHHIMH NOHSTHS Herpe-
pHBHOCTH W AHpdepeHuupyeMOCTH (GyHKUHH IBYX NepeMeHHBIX,
a B JBYX HOC/JeIHHX NMpHMepaX, KpOMe TOrO, TPeANoAaraercs,
YTO 4HMTaTeNb 3HAKOM "C KPUBOJMHERHBIMH MHTErpajiaMu, OJHO-
CBASHOCTLIO OOsacTeft U BeKTOPHHIM anvanusoM. Ecau f(x, y)—
duddepeHuupyemas ¢GYHKLUMA IBYX NePEMEHHHIX X U V), TO ee
YacTHble NMPOU3BOAHBIe MBI GyleM 0003HayaTh CJAEAYIOL{UMY CHM-
BOJIaMH:

'g_£=fx(x: n=ri(x, ¥ _%=fy(x' Yy == fa(%, ¥),

e == Fex (6 9) = fry (81 9 =y (60 )= Fra (5, W)

O61acTbi0 Ha3HBaeTcs J060e HENyCToe OTKPHTOE MHO-
KecTBO R, n06ble ABe TOYKH KOTOPOIO MOXKHO COEIMHHTH JO-
MaHOH JuHHeH, UeaMKOM Jexauled B R.

1. PaspuiBHas ¢yHKHHA ABYX NepeMeHHBIX, HenpephBHas
0o Kaxjoili nepemeHHOH B OTAEJBHOCTH

Hycte ¢ynkuus f(x, y) ¢ obaactbio onpenenelus R X R
onpeleeHa cjielyioliuM 0o6pa3om:

*y 2 2
——Z—, €CIH X # 0,
f@x =] FEY i
0, ecan x =y==0.
Toria f pasphbiBHA B Hauade KOODAWHAT, NOCKOJNBKY B IPOH3-
BOJAbHO Manoli okpectHoctH Toukd (0, 0) cylwecTByloT TOYKH
BHIa (@, @), B KOTOPHX 3HaueHWe ¢yHkuuu pasHo 1/2. C npy-

TOl CTOPOHHI, AJaf BCAKOTO (UKCHPOBAHHOTO 3HayeHHs y (pas-
HOTO HYJI0 HJH OTVIMYHOTO OT Hyuas) ¢yHkuua g(x)==f(x, ¥)

10*
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ABASIETCH BCIOAY HenmpephHBHOH <¢yHKUHeR nepemeHHo#t x. Ilo
ToR ke npuunHe f(x, y) sBAAETCA HeNpepuHiBHOH ¢YyHKuUel
OT y IJf BCAKOrO (PUKCHPOBAHHOTO 3HAUEHHS X.

2. dyHKNHA ABYX NepeMeHHBbIX, He HMewwas npeieja B Ha-
yajJe KOOPAMHAT, HO HMeEomasi paBHbi HYJI0O npegen
NpH OpHGJHKEHNH K Hayajy KOOPAMHAT mo JGoi npamoil

Nycte dyukuua f(x, y) ¢ obaactbio onpeneneus R X R
onpeleneHa creryloluM o6pa3oM:

2
f(x y): —x—;x__if_y—;Y €CJIH x2+y2#0,

0, ecn x =y=0,

¥ nyctb L — npousBoJbHas NpsMas, NPOXOJAlias 4yepes Hayallo
koopauHat. Ecam L — kakas-1mb0 KOOpPAUHATHAdA OCb, TO (yHK-
uust f(x, y) Ha L TOXZeCTBEHHO PaBHA HYJIO H, C/IeIOBATEJ]bHO,
uMmeeT npelen, pasubi#t 0, xorna (x, y)—>(0, 0) Bzoas L. Ecan
ke L —mnpamas Buza y=mx, To Ha L npu x #* 0 nmeem

mx3 _ mx
x4 m2x? - x2 -2’

f(x, mx)=

Cnenosareabho, lim f(x, mx)=0. OgHako, HecMOTpA Ha 3TO,
x>0

¢yukuna f(x, y) paspmsHa B Touke (0, 0), 160 B MpOU3BOJABLHO
Mazo#t okpectHoctn Touyku (0, 0) cymecTBylor Touku Buia (@, a?),
B KOTOPHX (yHKIMA f NIPHHHAMaeT 3HaueHue, paBHoe 1/2.

3. OGo6menne npeapayniero mpuMepa

ITycts ¢ynkuua f(x, y) ¢ obaactbio omnperenenns R X R
sasaHa ¢gopmynoh

e-—l/xiy
| =, ecm x#0,

fx, =3 e +y
0, ecin x =0.

Hanee mycts C — nmpoxonsiuas 4epes Hauyal0 KOOPAMHAT KPU-
Bas Buaa x™==(y/c)”, 1. e. y=cx™", rie m M n — B3aAUMHO
NpoCTHle HATypadbHble YHCJAA, & ¢ -— NOCTOSHHAA, OT/IHMYHas
OT Hyas (B Cayyae YeTHOTO # OpennoJaraercd, uyro x > 0).
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Toraa, ecad Touka (x, y) npubauxaercs K Hayaay KOOpPAMHAT
groab C, 10O

. iy — 1i ce™ V¥ x=min _

1:2(1)f(x’ cxmn) L‘_% 2 =Tmin (2
(Cm. npumep 10 ra. 3.) Ho necmorpd Ha To uro mpejien ¢QyHk-
uud  f(x, y), Korza Touka (x, y) CTPEeMUTCs K HAuaay Ko-
OpIMHAT BLOJb JOGOH anreGpanveckofi KPUBOH BHIa Y == cx™",
paseH Hyl0, ¢yHKuua f(x, y) paspbiBHa B Hauajle KOOPIAMHAT.
B caMom Jene, B NPOHM3BOJBHO MaJoH OKpeCTHOCTH Hauajla Ko-
OpIMHAT CYLIECTBYIOT TOUKH BUIa (@, e~'/%"), B KOTOPHX (YHK-
uus f NpUHHMaeT 3HadYeHHe, paBHoe 1/2.

4. PaspsiBHas (M, cJaemoBaTelbHO, Hepuddepennupyemas)
¢yHKIUA IBYX MEpeMeHHLIX, MMelomas BCOAY 4YacTHbie
npou3BOJHLIE TNEPBOro NOpHAKA

DtuM cBolicTBOM o6sanaeT Kawaas U3 (GyHKUUH, PACCMOTPEH-
HBHIX B TpeX NpelbIyIIUX NpHMepax.

5. ®yuxuun f, AJ9 KOTOPHIX CYWECTBYIOT M PaBHH JHIUb
IBa H3 CJAeAYOmMMX Npexelion:
lim  f(x, v), limlimf(x, y), lim limf(x, ¥)
(x, y)>(a, b) x>a y>b y>b x->a
O6o3sHauuM BhlllleyKasaHHble npexenbr uepes (i), (ii) u (iii)
coorsercTBeHHO. Kamzas u3 cilelylomux Hixe QYHKUME TakoBa,
yTO IJIS Hee YKa3aHHHIM NIpeles He CYLECTBYeT, HO [BA ADYTHX

npejena CyWeCTBYIOT M PaBHBI Mexny coGoH.
(i) Npumep 1, rue (e, &)=(0, 0).

. . y—xsin(l/y), ecan y =+~ 0,
npu sroM (a, b)=(0, 0).

(i) £ (. y>_=_{ xﬂos,m(l/x), ecau x 0,

ecan x =0,

npu stom (a, b)=(0, 0).
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B npumepax (ii) u (iil) umeem
1f G <] x [y [ <224y

u, ciaenomarenbHo, lim  f(x, y)=20. ToT u3 nosTopHHIX Npe-
(x, >(0, 0) . .
ZenoB, kortopuiff cymwectsyer B npumepax (if) wan (iii), pasen 0.
CresyeT 3aMeTuTb, YTO eCiu ofa mpelena (i) u (ii) cyue-
CTBYIOT, TO OHM IOMKHB OHITb paBHB. To ke camoe cmpaBe-
InuBo M aas npefeaos (1) u (iii). (Cm. [36], crp. 184,
a rakxe [521%, 1. I, crp. 361.)

6. dyukuuu f, AJA KOTOPHX CYULEeCTBYET JMMb OAHH K3
CJAEAYIOULHX TPEAeJOB:

lim f(x, y), hm llm f(x, ), limlimf(x, y)
(x, y)>(a, b) y>b x>a

Kak u B npuMepe 5, 0603HauUM TPH BEIIHEYKa3aHHHIX Npelena
uyepes (i), (ii) m (iii) coorsercrBenno. Kamnas us crenywomux
HUKe GYHKUME TAKOBA, YTO YKAa3aHHEIH Tpeles CYILEeCTBYeT,
a IBa IPYrdx HeT:

xsin(1/y)-ysin(1/x), eciu xy == 0,
M f(x y)s{ 0. /

ecan xy =20,

npu atom (a, b)=(0, 0).

: Xy .
(i) f(x, y)E!l Sriyr Hysin(/x), ecm x 0,

, ecan x =0,

npu stom (a, b)=(0, 0).

(iii) f(x y)={ x2+y2+xsm(1/,v) ecau y £ 0,
T

0, ecin y=0,

npu atom (a, b)=(0, 0).
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7. <I>ymmuﬂ S, aas xoropoit mpepeaw lim limf(x, y)

S xX>a y>b
H lim llmf(x y) CYmLeCTBYIOT, HO He PaBHH MeXIy
y>b x>a
co6oii
TMomoxum
' K=V e x24y2£0
fx. = x4 y2? A ’
0, ecin x =y=2~0.
Torna
fim lim f (x, y)-——llm( )-1,
x>0 y>0
lim llmf(x, y)—- lim ( __y_z_) =—1.
330 x>0 >0 y

8. ®yukuus f(x, y), aas xompou npegeJ llmf(x ¥ =

_g(x) CyuiecTByeT paBHOMEpPHO omocme.m,no X, npepen
lim f(x v) =h(y) cymecTByeT paBHOMEPHO OTHOCHTEJABLHO ¥,

11m g(x)= llm h (y), ornako npexea lim f(x ) He cyme-

{xy ¥)->(0, 0
CTByeT
Tlonoxum
1, ecim xy £ 0,
X, y)=
AR {O, eciu xy=_0.
Torna
. 1, ecaim x =+ 0,
gl =limf (x, y)={ >
y>0 0, ecan x =0,
. 1, eciiu y £ 0,
h(y)=lim f (x, y)E{ Y
x>0 0, eciu y=0,

npuyeM 062 fpelebHbIX COOTHOLIGHHS BBIMOJIHSIOTCH PABHOMEPHO
OTHOCHTENbHO BCelt cucrembl JAeHicTBHTenbHBIX uHcesn. Ho Tak
KaK B MPOW3BOJLHO Manoit OKDeCTHOCTH Hayala KOOPAMHAT CY-
IECTBYIOT TOYKH, B KOTOpPHIX f paBHa 0, M TOYKH, B KOTO-
peix f pasna 1, To QyHkums f(x, y) He HMeeT npeiaeia NpH

(x, ¥)—>(0, 0).
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Cnenyer saMeTuTh, 4TO, cOTnacHo Teopeme Mypa — Ocryna
(cm. [38], crp. 313), KOHTpHpUMep YKa3aHHOTO BHAA HEBO3MO-
XeH, eC/d u3 06/1acTH onpeneseHus QYHKUUH [ HCKIIOUHTb TOYKH
suaa (0, y) u Ttouxu Buia (x, 0).

9. Jduddepennupyemas, Ho He HenpepuBKO auddepeHun-
pyemas $yHKUHUA ABYX HepeMEHHBIX

IMonoxum
x2sin (1/x) -+ y?sin(l/y), ecin xy =+ 0,
£ y)= xzs?n(l/x), ecin x =0, a y=0,
|y sin(1/y), ecmt x=0, a y + 0,
[0, ecay x =y=0.

Torza oGe uacTHble NPOU3BOLHBIE

2xsin(1/x) —cos(1/x), ecau x + 0,
fx(x’y)__‘{o (1/x) (1/x)
, ecid x =0,
{ 2ysin(1/y) — cos(1/y), ecan y £ 0,
fyGe )= 0, ecin y==0,

paspHIBHE B Hauajle KOOPAMHAT, U, CJIEI0BATE]bHO, OYHKUuA f
He dBJsIETCS HeNmpepbBHO auddepeHHupyeMOl B 9TOH TOUKe.
Onnako f anddepenuupyema Bcioay. Hanpumep, f nuddepen-
uvpyeMa B touke (0, 0), mockoabky npu #?—+ &% == 0 npupa-
wenue f(k, &) — f(0, 0) MoxHO npenCTaBHTb B BUIE

Fe@ O hA-£,0, 0y k—te,(h K)h—+ey(h, R) R,

rie

lim &k k)= lim e,k k)=0.
(h, k)>(0, 0) (h, £)>(0, 0)

B camom Iexe, 3TO npeiacTaB/ICHUEC HMEET TaKOH BHUI:

(hsm )h—}—(ksm )Ia ecau hk +# 0,
7 (b By—f(0, 0)= (hsm )/z+0 k, ecan k40, a k=0,

lO h+(k51n )k ecin k=0, ak £ 0,
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10. AunddepeHuupyemas GyHKuns, MMEOIaa HEPABHLIE CMe-
HIaHHBIE YACTHbIE MPOH3BOJHLIE BTOPOrO MOpPAAKA

TTonoxum
xy-fcﬂ ecmn x2-4+ 32 =£ 0
f(x, = x4yt '
0, eciu x =y=0.
Torna
x, ecan x =+ 0,
, 0)=
Jy(x. 0) lim M:O, ecan x =0,
k>0
—y, ecmn y+0,
0, )= \
709 lim f(IZ’ 9 0, ecan y=0,
h>0 '

CnenosareqbHO, B Hauase KOOpDIWHAT HMEeM

. Sy(h, 0)—fy (0, 0) . h
S

. 0, k) — 0,0 . —k
fyx(o, 0)=k11—>n-]0fx( )kfx( )___;TOT:_I.

dyukuus f HempepbiBHO AuddepeHuupyeMa, Tak Kak 06e vacr-
Hble MpoOu3BOAHHE Of/0x M Of[0y HenpepuiBHb BCloAy. B uact-
HOCTH, Of/0x HeNpephlBHA B Hauajle KOOPIUHAT, MOCKOJbKY 19
x24-y2 = 0 umeem

0 4 4dx2y3 — y5 6 (x2 2)5/2
| | = e < =t e,

Hacrosmufi npumep cTaHeT HEBO3MOMKHEIM, €CIH MpPeANOJO-
KHTb Henpeps8HoCmb CMEUWAHHBIX YaCTHHIX NPOUSBOIHBIX f .
M fy, B HEKOTOPOH OKDeCTHOCTH Hayala Koopiaunar. B camom
Iene, uMeeT MecTo TeopeMa (cM. [36], cTp. 263, a rarxke [52]*,
T. I, crp. 408): ecau Ppynrxyus f umeem wacmmusie npou3good-
Hve [, u f, 8 Hexomopoli o6aacmu R u ecau CmeWanHas
npoussoonasn f,, (coomsemcmsenno f,,) cywecmsyem u He-
npepsigua 8 Hexomopod mouxe (a, b) o6racmu R, mo cue-
wannas npoussoonas f,. (coomsemcmsenno f,,) marsice

cywecmsyem & moure (@, b), npuvem 8 smoi moure f,, == f,,.
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11, HenpepoisHo guddepenunpyeman dyuxuus f asyx nepe-
MEHHBIX X H y M o6JjacTs R Ha NJIOCKOCTH, TaKue, 9T0
dfjdy=0 B o6iactTu R, HO dyHKuHs f 3aBHCHT OT ¥
B 3TOH o6JacTtu

Iycts: L — nyu (T. €. 3aMKHYTas NOJNYNpAMAas).B NIOCKOCTH

R XR, T e.
L={(x, »]x>0, y=0},
a R— obnacts (RX R)\ L. Toraa ¢pyHxuus
x3, ecin x>0 u y>0,
0 B ocranbHEIX TOUKAX (X, Y)ER

fu,wz{

HempephuBHO AnddepeHuupyema B obaactu R; 6ojee TOro, oHa
MMeeT HelpepHBHBIE YACTHBIE MPOM3BOJHEIE BTOPOTO MNOpPALKA.
(Ecaun xe x3 3aMmeHHTb Ha e”1%’, To f Gyner MMeTb HeNpepHIB-
HbEle 4YaCTHBle TMPOH3BOIHBIe BCeX MNopsikoB.) M xora wacrtHas
NpoU3BOJAHas MepBOTrO mopsika fo(x, v) ¢yHkumu f TOMIECT-
BEHHO paBHa Hymo B obaacty R, (yHkuusa f 3asucam oT Yy
Hanpumep, f(l, I)==1, a f(1, —1)=0. MoxHo mnokasarTs,
4TO (PYHKLHMA, MMEIOLLas YACTHBIEe NPOU3BOLHLIE TEPBOrO NMOpsIAKa,
KOTOpHIEe TOMXIECTBEHHO DABHbI HYJIO B HeKOTOpoH obnactu R,
mocroanHa B 3Toft o6aactu. (Cu. [36], crp. 280, a rakxe [52]%,
1. 1II, crp. 50—55.) HacToswul npumep noxKasssaer, 4To Ciaelyio-.
liee pacCyxieHHe ApPH JOKasaTelbCTBe 3TOrO (¢akra OHIO Obl
OWwnOOYHLIM: ,TaK Kak df/dx==0, To f He 3aBHCHT OT X; TaK
kak df/dy==0, TO f He 3aBUCHT OT y; cleioBaTelbHO, f. HE
3aBMCHT HM OT X, HM OT VY M TOITOMY ZLOJXKHA OBITh NOCTOSH-
Ho#*. OTMeTHM, YTO B Ciydae KOIAa Kawmada npaMas, Napajiesb-
Has ocu y, oOpasyerT B nepeceueHun ¢ oGJaacTeio R MHTepBaix,
yTBepXIEeHHE HACTOALIEr0 KOHTPIPUMEPA CTAHOBUTCS HEBO3MOX -
HuM. (Cum. [36], crp. 228 ynp. 32.)

12. JlokaipHo onHopoaHasa HenpepuBHO anddepesuupyemas
(l)yHKlLlflﬂ ABYX MNEpPEMEHHBIX, HE ABJAAIOHIAACA OLHOPOA~
Ho#

Syuxuus f(x, y) HasbiBaercs 00HOPOOHOH CTENeHW n B 06-
Aacth R, ecnd nas BCeX X, 'Y M MOMONHTEABHBLIX A, TaKHX, 4YTO
Touku (x, y) u (Ax, Ay) npuHanmexaT R, uMeeT MeCTO paBeH-
ctBo f(Ax, AY)=A"f(x, ¥). Pyukuus f(x, y) HasbBaercs
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AOKQAABHO O0HOPOOHOH cTemeHn n B 00JaacTH R, -ecau- oHa
ﬂia.rl_ﬂeTCﬂ OJHOPOAHOH CTenmeHH A B HEKOTOPOH OKPECTHOCTH Ka-
wJAo# Toukn obJjactH R.
Ilycts L — nyu (7. e. 3aMkHyTas noaynpamas) B TIOCKOCTH
R X R: : ‘

L={(x, y|x=2 y>0}.

a R—o6nacte (R XX R)\ L. ®yukuns

yix, ecim x>2 u >0,
¥® B ocTa’bHBIX TOUKAX (X, Y)ER

f (. y)E{
HenpepuBHO NU(depenuupyeMa B R (Ha camMOM feie [ uWMeer
HeNpepPHBHLIE YaCTHHE MPOU3BOIHLIE BTOPOro nopsiuka). Tak
KaKk J1js BCAKOH TOukHM (x, Y)E R npu A, AOCTATOYHO OGIMBKHMX
K 1, cnpasennuBo pasenctBo f(Ax, Ay)=A3f(x, ), T0 f n0O-
KaJAbHO OXHOpOAHa creneHu 3 B obaacth R. Onpunako f He snB-
JfieTCS OXHOPOILHOH CTemeHH 3 B 06nacTH R, MOCKOJLKY IIS TO-
uki (%, ¥)==(1, 2)u A=4 umeem f(x, ¥)=38, a f(4x, 4y)=
==f(4, 8)=1024 ++ 43.8. Bmecre ¢ TeM ¢yHKUHA [ He AB-
JSE€TCA OJHODOIHOH CTEeMeHH 1 HH HPH KAKOM N == 3, TaK Kak

- B MPOTHBHOM cJayuae oHa OnlJa OH JOKAJbHO OIHOPOLHOW cTe-
NEHH 7, 4TO, OUYEBHIHO, HEBO3MOXHO.

13. Auddepennnpyemas ¢yHKHHA ABYX MNEPEMEHHHX, He
HMEIONIas 3KCTPeMyMa B Hauaje KOOPAMHAT M Takas,
HTO ee Cy:KeHHe Ha Joly1o NpAMy0, NPOXOASILYIO Yepea
HaYaJo KOOPAMHAT, HMeeT CTPOTHIH JIOKaJbHLIA MHHHMYM
B 3TOHl TOuUKe

dyrnxuua
e, =@—x)(y—3x%

HE HMMEeT JIOKAJbHOTO SKCTPEMyMa B Hauajle KOOPIMHAT, TaK Kak
B TPOH3BOJBHO Majofl OKPeCTHOCTH Hayala KOOPIAMHAT CYLIecT-
ByloT Touku BHia (0, b), B KOTOPHIX f TOJOMHTENbHA, U TOUKH
Buia (a, 2a4%), B KoTophix f orpuuarenbHa. PaccmoTpum cyxe-
nue GyHKkuuM f Ha ock x. Mul noayunm ¢yuxumio 3x*, xoro-
past umMeeT CTporufl aGCoOMOTHHIH MHHUMYM B Touke x = (. Pac-
CMOTpHM, Zajlee, CyXeHue f Ha ocb y. [Toayuum QyHKUMIO 32,
KoTopas ‘MMeeT cTporuit abCOMIOTHBEIE MuUHUMYM B TOuke. Y s=0.
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Haxonen, paccmMoTpuM cyxenue f Ha HPAMY0 Y= mx, NPOXO-
AAUYI0 uYepes Havyano koopauHat, Tae 0 <|m| <+ co. Moay-
YHM CIeAYIOIYI0 GYHKUHIO NMapaMeTpa X:
gX)=f(x. mx)=(mx — x?(mx — 3x2%) =
= m2x? — 4mx3 4 3x4.
Ora ¢yHKUMS uMEeT CTPOrMH JOKaJIbHBIE MHHHMYM B TOUKe
x=0, Tak kak g'(0)=0, a g”"(0)=2m? > 0.

14. OGo6menue npensiaywiero npumepa

Pynruus
fx 9 E{

HE HMMEeT JOKaNTbHOTO 3KCTpeMyMa B Havale koopiunar. (Cwu.
npumep 13.) PaccmoTpum cyxenue f Ha anre6panmueckyio Kpu-
BYIO Yy==cx™7", rle m M n-— B3aHMHO NPOCTHIE HATYpalbHhle
yuCcsa, a ¢ — MOCTOSIHHAA, OT/HYHAsA OT HyJas (B C/lydYae YeTHOTO
r npeinoJaraercd, uro x 2> 0). Mbl noayuuM caeiyoILylo GpyHK-
UHMIO Hapamerpa X:

g(x)=f(x, cxm/my=(cxm/n — e=1/2% (cxmin — 3e~1/*") =
= x2m/n [02 — 4oV yp—min + 3e~2/x2x~2m/n]_
Dra QyHKUUS UMEET CTPOTHH JTOKAIbHBIA MHHHMYM B TOuke x =0,
NIOCKOJIbKY MHOXHTedb X27/% pojoxurened npu x # 0, a GyHK-

UMst, 3AK/IOUCHHAs B KBALDATHEC CKOOKH, HMeeT MOJOXHTEAbHEIH
npegen ¢2 npu x — 0.

(y—e V) (y—3e~1¥), ecn x 0,
¥2, ecn x =0,

b b
15. ynxnus f, 111 KOTOPoii d—‘if f(x,y)dy+ f [%f(x, y)] ay,

X0TA 06a MHTerpaJa CyumecTBYHT B cMbicae Puamana

Pynkuus
3
X e=2ly, ecam y> 0,

f (%, y)EJ y?
0, ecin y=0,
onpejenaeHa B 3aMKHyTo#t BepxHelt moaymiaockoctd y > 0. s

A1060ro (GHKCHPOBAHHOIO 3HAUGHUA Y 9Ta QYHKUMA SIBJSETCH Hes
NpepLIBHON ¢yHKUMEH MEepeMeHHOro X, a 2ad Jai060ro QuKcHpos
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BaHHOTO 3HAYGHUS X — HeNpepHBHOK (yHKUHeH nepeMeHHOro y.
OzxHako Kak (YHKUMA IBYX NEpeMEHHBIX OHa paspbiBHa B TOUKeE
(0, 0) (B 3TOM MONHO yOeanThed, monaras y == x?). Hurerpupys,
noJyuaeM

1
g)= [ f(x. ydy=xe—
0

JJig BCAKOTO IeHCTBUTENbHOTO Xx (BKJIoyas x =0), H, clenoBa-
TenbHo, g’ (x)=e %" (1 — 2x?) nas BCAKOrO LeHCTBHTENLHOTO X
(Bkmouag x =20). Eciu x == 0, To

1

ffl(x. y)dy=f 'xz/y(?’xz %)dy=e—"’(1—2x2).
0

Eciu ke x==0, 10, npuHuMag Bo BHuMaHue, ut0 f,(0, y)=10
4aa BceX y (Bkmwouas y==0), umeeM

1
[ 710 pay=[oay=o.
0 0
CreloBaTeabHO,
1
g =1+ ffl(O, y)dy—0.
0

OTMeTHM, YTO BCe HHTErpalbl, KOTOpHE BCTPEYaJHCb B IAHHOM
npumepe, — cOOCTBEeHHBIe, TAK KAK MNOILMHTErpajbHble (YHK-
UMM ABJASAIOTCA HENPEePHIBHLIMH (DYHKUMAMH TepeMeHHOH HHTer-
pHpOBaHHS.

1

16. <I>ym<uml S, nas  xoropoi f ff(x y)dydx +
=+ f ff(x v)dxdy, xors 06a mnerpa.ua cylecr-

BleT B CMbicJe Pumana
IToroxmum
[ y72, ecn 0<<x<<y<l1,
—x72, et 0<y<x<l1,
0 B oCTambHBIX TOYKAX
kpajpara 0 Cx 1, 0Ky

Fx, y)=
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Oasg 0.y <1 nmeem

dx dx
vz Xz

Og—}z
|

[ 70 yyax—
0

H, CJenoBaTelbHO,
1 1 1

_[ J‘f(x. y)dxdy:f lldy=1.
o 0 oo 0 .

Ananornuno aas 0 < x << 1 uMeeMm
y | 4 d ; d
—_ [ & @
[ 7 pay=—[ F+[F=—1
] 0 x
W, CAEI0BaTenbHO,

1 1 1
f ff(x. y)dydx==f (—Ddx=—1.
0o 0 1}

17. JXBOHHON PAX X, @rmp, AAS KOTOPOTO X X GmnF D D) Crmn
m,n m n n m

[lycte (a@,,,), TZe m o603HauaeT HOMep CTPOKH, a 7L — HO-
Mep cT10J6La, — clelyolas OECKOHeuHas Marpuua (CM. mnpH-
Mep 20 ra. 6):

0 1 r1r 117
2 4 8 16 32°
1 1 1 1 1
) 0 T 7T % -
1 o L 1 1
i T3 7 T 3
1 1 1 1 1
—5 —7 7 9 3 7

Torna

“+co _
Elamn—_:r'”+2""-‘+ e ==L 1,2,
N .
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H, CJCAOBaTE/]IbHO,

oo+

> Dag,=1+2"142714 . =2

m=1 p=1

AHanoruyHO

+o0 +co

Z 2 Cmpn = Z( 2——n+1) —2.

n=1 m=1

(Cu. [22], cTp. 109)

18. dudpdepennnan Pdx-+Qdy u njockas o6JacThb R,r
B KoTopoil Pdx - Qdy sBasercs -JMoKaAbHO HOJHBIM,
HO He nmoJHbIM auddepeHnunalom

Bripaxenne
Pdx—+Qady,

rie P u Q — dyHkuuu, HenpepoiBHHE B HeKOTOPOH o6nactH R
niaockoctH R X R, HasbiBaerca moaHuM nudpdepeHuua-
aA0M B R, ecanm cywecrsyer audipepeHuupyemas GpyHkuus ¢,
omnpeleneHHas B R W Taxad, uToO

09 __p .99 __
w =0 =

Bciony B obGnactu R. Bripaxenue P dx -+ Q dy HasniBaercs 1 0-
KalbHO NOJHHM JLuddepeduunanoM B obractu R,
eC/M OHO SIBJASETCS MOJHBIM AM(QepeHuHanoM B HEKOTOPOH# OK-
PECTHOCTH Kaxao# Toukd obaactu R. Brupaxenue Pdx 4+ Qdy
ABNsIeTCA TOJMHBLIM JU(pdepeHUUATOM B, HeKOTOPOH obaacT R
TOTAA M TOJbKO TOULd, KOTAA I/ BCAKOH KYCOYHO FAafkKoH
samkHyTO# Kpuso#t C, Jlemamen B 9TOR O6MacTH, cCIpaBeIJHBO
PaBeHCTBO

de;é+Qdy:o.
C

(Cm. [36], crp. 587, a taxxke [52]*, t. III, crp. 50.) Bmipa-
wenne Pdx—+-Qdy, rae P n Q- HenpepusHo aunddepenuu-
pyeMble YHKUUH, ABIAETCA JOKAAbHO 110AHBIM AHddepeHiuasom
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B HeKOTOpOW oGaacth R B TOM M TOJbKO B TOM CJaydae, eCJjiu
B KaXIOH TOuke 00jacTH R CNpaBeiNHBO DPaBEHCTBO

0P _ 09
oy ox’
Bripaxenue
X

SBASIETCA JIOKAJAbHO MHOJHHIM AnddepenuajoM BCOIy B ,NpO-
KOJIOTO# MIOCKOCTH®

R={(x. y)|x*+y*> 0},

oP 0Q y2—x?

9y ox (x2 4 y2)2”

ecin x2+ 3?2 > 0. C apyro#t cropous, Pdx-+4+Qdy He sB-
Afetca noJHLM auddepenunanom 8 R. B camom nexe, ectn C —
eIHHHYHAs OKPYKHOCTb x =co0s0, y=sin0, 0 L0 2n, 1O

TaK KakK

2n
j‘ Pdx+4+Qdy= f [(— sin@) (— sin B) -+ cos? 0] d0 =2m =£ 0.
¢

0

Cnenyer saMetutb, uTO ecaM o6nacTh R 0IHOCBA3HAA
(cM. [36], ctp. 598), T0 Pdx -+ Qdy Gyuer nmojHuM nudde-
peHumasoM B R TOria M TOMLKO TOTrAa, Korjia OHO GyleT 10-
KaibHO mnoJHHM nuddepenunanom B R. (Cm. [36], crp. 601.)

19. CoJaeHonjgajbHOE BEKTOpPHOE NOJe, 3ajaHHOE B OXHOCBSA3-
HOH OGJACTH M He MMelonlee BEKTOPHOro NOTeHIHaJa

Tlycte P, Q@ u R — HenpepkiBHO AupdepeHunpyemble GyHK-
UMM B HeKOTOpoH oOaactu W TpexMepHOTO eBKAHZOBA NMpPOCT-
paHcrBa. BekropHoe nose (cm. [36], cTp. 568, a rakwe [62]*,

> > >
1. I, ctp. 367) Pi + Qj -+ Rk HasbBaeTCI CONEHOM A AND -
HbM B o6nactu W, ecan ero AuBepreHUusl TOXKAECTBEHHO PaBHA
HyJa0 B 3TO# 00MacTH:

oP

0Q |, OR
o T oy T =0
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Ecau BexTopHOe moJje F aBasieTcd potopoM (cm. [36], crp. 572)
>

HEKOTOPOro BekTOpHoro noas G B oBnactu W, TO BekTOpHOE
> >

nose ( Ha3HBaeTCd BEKTOPHBIM NMOTeHLHanoM aaa F.
Tak xak JuBepreHUMs pOTOPA TONAECTBEHHO pPaBHa HYJIO
(cM. [36], crp. 572, a rakxke [52]%*, r. III, crp. 375), To mio-
60e BeKTOpHOE MOJe, UMeloliee BEeKTOPHHIH MOTEHUMAN, ABASeTCH
coneHouganbubiM. OnHako o6paTHoe yTBepKIEHHe, KaK MOKa3bl-
BaeT CJeLywoliu#i npuMep, HesepHo. [Tosoxum

F=(4 P4 2™ (xi4 yj+ 2P)
B obaacTH

W=((x. y. 2)|x2F 2+ 22> 0).

> ,
Tor ¢akr, uro F sBaseTcd COJNGHOMAAJIbHLIM TIOJIEM, TIPOBE-
psleTcs HeMOCpeACTBeHHBIM Aud(pepeHIupOBARUEM:

@) b (o )

= (24 P+ D)7 (202 P D)+
—4-(x2— 2y 42+ ...1=0.

I

>
Hakounen, uToGH MNOKa3aThb, 4TO [OJeE F HE HMeEET HHUKAKOTo

>

BeKTOpHOTO MoTenuunana G, paccmorpum coepy x2 -+ y? - 22 =1,
>

Ecan n o0o3HayaeT eJNMHUYHBIA BEKTOD BHEIHEH HOPMAIH

>
Kk sToi chepe S, TO NOBEPXHOCTHBIt HHTErpaj f‘f F.ndS
s
paseH

[ [ (o432 27 (el 97+ 28) X
S

><(x2+y2+ 22)-—1/2();_*__ y7+ z/_;)dS= f f 1dS =_4JT,.
S

Ho, ecaun 6w mnoJae F 6B1I0 POTOPOM HEKOTOPOTO BEKTOPHOTO
noTenyuana, to nmo reopeme Crokca (cm. [36], crp. 636, 637,
a take [52]%, 7. III, crp. 298) noOBEpXHOCTHHI HHTErpan

11 3ak. 587
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> >
J‘ FndS no samxuymod mnosepxHoctd S nomxed Obi GH

o6parutbcs B HyAb. OTMeruM, uTo 06jaacth W omHOCBsI3HA.
(Cm. [36], cTp. 639, 640.)

O1nHOCBA3HOCT 0O0JACTH MOMKHO NMOHHMATL CAelyloiluM obpa-
30M: BCAKYIO NPOCTYI0 3aMKHYTYI0 KPHBYIO, /exalylo B sTOH
0o6aacTH, MOXKHO CTAHYTh B TOUKY, He BEHIXOLS NpH STOM 3a
npeneast o6aactu. B cayuae ,NpOKOJOTOR NPOCTPaHCTBEHHOH
obaactu® W naHHOro mpuMepa BCAKYID MNPOCTYI0 3aMKHYTYIO
KpUBYIO, He NPOXOASLIYI0 Yepe3 Hayajo KOOPAMHAT, MOXHO CTd-
HYThb B TOUKY B 3TOH oOjacTd. [las obnactu W npuumua toro
HATOJOTM4eCKOTo CBOHCTBA, KOTOpOe HAOMI0AaeTCs B HACTOAILEM
KOHTpNpHMepe, COCTOMT B TOM, UTO He BCe C(epuyecKue HO-
BEDXHOCTH — INOBEPXHOCTH  ,THNa cdepu® — MOXKHO CTAHYTb
B TOYKY, He BBHIXOAst 32 mpepenant obaactu W,
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MHOXECTBA HA NJIOCKOCTH

Bsenenue

B sTol#f raiaBe npenmnosaraercs, YTO0 UYHTaTedb 3HAKOM C 3Je-
MEHTaMH TONOJOTHH eBKJUIOBOH IUIOCKOCTH, BKJIOYas MOHATHA
OTpaHWYEHHBIX, OTKPHITHIX, B3aMKHYTHIX, KOMIAKTHBIX, BCIOLY
IVIOTHBIX M HUTLe He ILIOTHHIX MHOXecTB. HexoTopmie apyrue
[TIOHSITUS OMpelensioTcs - HIKe. Bo Bcex cayyadx B KauecTse
TIPOCTPAHCTBA PACCMATPUBAETCSl €BKJIMIOBA TIOCKOCTh Ej.

Paccrosuue d(A, B) Mexny AByMa HENyCTHIMH MHOXE-
crBamu A u B onpeneaserca $popMymnoh

d(A, By=inf{d(p, ¢)|pE A, g€ B},

re d(p, g)=[(xy— x)2 =+ (9o — )1 — paccrosmme mexay
TOUKaMH p = (X}, ¥) U § = (xg, Vo). Takum oOpasom, paccrosi-
HHE MeKIy ABYMS MHOKeCTBAMU BCerja HeoTpuuaTeabHo. Ecin
MHOXECTBA MMeIoT 06y TOYKY, TO OHO paBHO Hymo. OnHako
paccTOSHNE MeXJy HelepeCeKaIoWUMUCS MHOXECTBAMH TaKiKe
MOxeT OBITb PaBHO HYJIO. ECAH e MHOXKeCTBa He nepeCeKalTcs
U KOMNAGKMHGL, TO PacCTOSHHE MeXAYy HUMH IIOJOXKHTEbHO.
(Cm. [36], crp. 200, ynp. 17.) Huamerp &(A) uemycroro
MHONecTBa A onpenensercs GopMmyJoH

d(A)=sup {d(p, |pEA, g€EA)}.

IuaMerp MHOXeCTBa BCErZa HeOTPMUATENEH W SBIAETCS KOHed-
HHIM TOFZA M TOJbKO Toria, korza A orpamnueno. Ecin A
KOMIIAKTHO, TO CYIECTBYIOT 1B€ TOYKHM MHOXecTBa A, paccros-
HHE MEeX1y KOTOPLIME PaBHO AuaMmerpy A. (CM {36], crp. 200,
ynp. 18.)

SBaMKHYTHM KPYTOM Ha3bBAETCH MHOXECTBO BHMA4

{(x, Mix—nP4+(y—rP<L %,

rite (k#, R)—HexoTopas TOUKa, & r — MOJOXKHUTEJIbHOE UYHCHO.
Ecan B 3TOM ONpejefeHdM HePaBeHCTBO < 3dMEHHTb CTPOTHM

11*



164 Trasa 10

HepaBeHCTBOM <, TO Mbl MOJIYUMM ONpeleseHHe OTKPH TOT O
Kpyra.

Iea menyctoix MHOXectBa A M B OTZenMMB, eCId OHH
He TIEPECeKanTCAd H HH OJHO M3 HHX He COLEPKHUT MpelesbHBIX
Toyek upyroro: ANB=ANB=¢. Henycroe muoxecrso E
Ha3hIBAETCA CBA3HBIM, €CAM ero Hejb3s NPEACTABHTb B BUIE
o0beIMHEHNS JIBYX HENYCTHIX OTAENHMbIX MHOxecTB A u B.
['oBopsaT, 4YTO MHOXECTBO, cojfepxauree GoJee OLHOH TOUKH,
BNOJHE HECBA3HO, €CM YV HEro HeT JAPYTUX CBABHHIX MOJ -
MHOXECTB, KPOMe OJHOTOYeYHHX MHOXecTB. Muoxectso A
HA3LIBAETCS JNOKAJMbHO CBA3HB M, eClIH A9 MOGOH TOUKH
p €A n noboft oxkpecrnoctd N 3ToH TOUKM CylmecTByeT Taxas
okpecTHOCT, M TOUKM p, uTO BCsikas mapa Touek M npunai-

JIEXKUT HEKOTOPOMY CBAIBHOMY NOIMHOXecTBY u3 N 1),

' JlioBoe HenpepbiBHOE OTOGpPaxeHHe BAMKHYTOrO HHTEpBAIA
B Ey, nmi MHOXeCTBO 3HaueHHH 5TOro 0TOGpaMeHHs Ha3biBaeTCs
AyTroh (B KauecTBe WHTEPBAJa MOXHO B3fTb €IMHHYHBIA HHTEp-
Bax [0, 1]). B mocrennem ciyuae, xorga Ayra paccMaTpUBaeTcs
KaK TOYeYHOe MHOXECTBO, COOTBETCTBYHOIlee OTOGpaX<eHHe Ha3bl-
BaeTcs napamerpusanuel gyru. Eciu orobpaxenue uMeer
Ul f(f)=(x(f), y()), To dyHkunu x(f) u y(f) Ha3HBAWOT
HapaMeTPU3YIOUWUMHU QYHKUUAMU oToOpaxenud. Ilycrs
F@), a<<t<{b, —uexoropasiayrana=a, < a; < ... < @,==
==b, TOraa J/OMaHas, COCTaBJIeHHas U3 OTpe3koB f (a,) f(a,),
fa) flay), ..., f(a,_,) f(a,), naspBaeTrcs TOMaHOH, BN H-
CaHHOMK B JAHHYI0 Lyry, a TOYHAA BepPXHSS I'paHb IJMH

d(f(ag) f@)+d(f(a), f@N+ ... +d(f(a,.1). [(a,)

Nno BCeM BMHCAHHBIM JIOMAHBLIM HAa3LIBAETCA LJAUHOH JaHHOH
ayri. Jyra wnaswmBaercs cnpaMasieMOH, ecan ee AJAMHA KO-
HeyHa. JLiaa Toro utofml Ayra Oblia cHpsAMAsieMOH, HeOGXOLHUMO
M J0CTaTOYHO, uTOOH 0be ee napaMeTpuglomne GyHKUUM GBIIU
(GYHKUMAMY OTPaHHYeHHOH BapualKH. [38], crp. 353,
yap. 27.) Hyra f(f), a<(¢t<b, HasbiBaeTCS 3aMKHYTO#
KpHBO#H, ecan f(a):f(b).

ITpoctasa ayra f(f) onpeleseTcd B3aUMHO OIHO3HAYHHIM
orobpaxenneM. B 3ToM cayuae 0OpaTHOe OTOGpaxeHHe TaKie
HempPepPHIBHO, a MHCXOAHOe OTOOpaXeHHe ecTb TOMEOMOp(H3M.

1) 3nech XOMKHA HATH peub 06 OKPECTHOCTAX M CBABHOCTH Ha MHO-
wectBe A (cMm. [64], ctp. 171). — ITpum. ped.
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(Cm. [36], ctp. 240.) Ecan ¢yHkums y == g (x) HenpepsipHa Ha
fa, b], To ee rpaduk gBrsgercs mpocro#t Ayroi (c mapamerpusa-
uelt x==¢, y=g(£), t€[la, b)). TlpocToit 3aMKHYTOH
K DU BOH HaswBaeTcs nyra f (f), Takas, yTo ecau o6aacTb onpe-
Jdenennss f ecTb saMKHYTHIH MHTepsan [a, 0], To f(¢) = f({y)
AU B TOM CJydae, Korpa f,==£f, mm {¢,, 1} =/{a, b}.
WHbIMA cnoBaMH, NpocTOH 3aMKHYTOH KDUBOH HasbiBaeTcs BCH-
Kufl ToMeoMOpdHL 06pas OKPYXKHOCTH.

OO6nacTbi10 Ha3bBaeTCs CBA3HOE OTKPHLITOE MHOXECTBO.
Cornacio Teopeme XKopaaHa, 1ononHeHue BCAKOH TpOCTOH
3aMkHyTOR Kpupoft C COCTOMT M3 IBYX HellepeceKawouuxcs obia-
cTedt, 1as Kaxao# u3 korophx C caymur rpanuueft (cMm. [34]).
Xopranoso#t 006/74acTbio Ha3pBaeTCH BCAKas oO6xacTh,
rpaHiUel KOTOpOH CJyKUT HEeKOTOpas NpOoCTas 3aMKHyTad KpH-
Bag C. B npoTusHOM ciy4yae roBODAT, uTO 06JacTb SIBASETCS
HeXOpLaHOBOMN.

Ecmn {C,} — y6uiBarouas Nocne10BaTeNbHOCTb HENMYCTHX KOM-
naktHex MHoxectB (C,oC, ., mmn=1,2,...), To cyule-
CTBYeT MO KpakHeR Mepe 0aHA TOYKA, NMPUHALIEKALIAA KaWKAOMY
C, n=1, 2, ...; HHBIMH cJOBaMH, mepecedyenne MHOXecTB C,

+ co
Henycro, T. e. n C,=@. (Cm. [38], crp. 201, ymp. 30.)
n=1

MnHoxecTB0o A HasHBaeTC BHNYKJABM, eCId OTPe30K,
coenMHAOIMA n06bie ABe TOuKH A, uenukoMm Jjexur 8 A.
(OzHOTOUEUHEIe MHOXeECTBA ClelyeT PacCMaTPHBATH KaK YacTHBIR
cnyyah orpeska.) Tak kax BCAKOe repeceyeHHe BBHIIYKALIX MHO-
EeCTB BBIIYKJIO M TaK KaK BCA TIOCKOCTb TAKKe SIBJAAETCS Bbi-
NYKJABIM MHOXECTBOM, TO BCfIKOE BLIMYKJOE MHOXECTBO HA IIO-
CKOCTH COIEPKUTCA B HEKOTOPOM ,HAHMEHbUIEM BHINYKJIOM MHO-
KecTBe“, a MMEHHO B TIePeCeYeHHH 8CeX BHIMYKABLIX MHOXECTB,
COMEPKAUWMUX NAHHOE MHOXKECTBO. IDTO HAHMEHbIIee BHINMYKJOE
MHOECTBO HA3LIBAIOT BHINYKJAOHK 060 M0UKOMR JIaHHOTO MHO-
JecTBa. 3aMBIKAHWE BHIMYKJIOH OGONOYKM MHOXECTBA SBASETCS
HAWMeHbIUMM 3aMKHYTHIM BBINYKJABHIM MHOXECTBOM, COJEPXKAllUM
nauHoe MHOXectBo. (CM. [38], ctp. 332, ymp. 39.)

T'0BOPAT, 4TO OTOOpa}XeHHe OTK P B T O, eclIn 00pas BCAKOro
OTKPHITOTO MHOXECTBA H3 ero o06JacTH ONpejeleHHs ssafercs
OTKPBITHIM MHOXecTBOM. OrofpaxeHyue HA3bIBaeTCA 3aAMKHY-
TH M, €ClIH o00pa3 BCAKOTO B3aMKHYTOTO MHOXECTBA U3 ero
06/acTH OnpeieneHUs SBJASAETCS 3aAMKHYTHIM MHOMKECTBOM.
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B HeKOTOpHIX TNpHMepax JaHHOH TJIapbl-HPelNoJaraercd,. uro
yWTaTeJNb 3HAKOM C MepOH M mHTerpanom Jle6Gera Ha MJIOCKOCTH.
IMo teopuu uurerpana Jlebera B Gubamorpaduu yxasaHa JuTe-
paTypa, KOTOPYH0 Mbl LUTHPOBAIM B ri. 8.

1. Jipa uenepeceKalOmMMXCA 3aMKHYTBIX MHOXeCTBAa, pac-
CTOSIHHE MEWAY KOTOPHIMH PaBHO HYJIO -

Tonoxum Fi={(x, y)|xy=1}, Fo={(x, y)|y=0} (1. e.
F, ectb ocb x). Torna F, u Fy 3aMKHYTH M He IePeCeKaioTCH.
Onnako nas aw6oro € >0 cyuwecTsylor ABe TOYKH (2/e, £/2)
u (2/e,- 0), npunanaexaie Fy; u Fy COOTBETCTBEHHO, pacCTOs-

HHe MexXHIy KOTOPHIMU —2—e<a.

2. Orpaﬂﬂqelmoe MHOXECTBO HA NJAOCKOCTH, AJsA KOTOPOro
He Jcymecrsyer MHHHMAJABHOIO 3aMKHYTOro Kpyra, Co-
Aepxamero 9To0 MHOXECTBO

MuUHUMAaAbHEIM 3aMKHYTHM KPYTOM, COIepKatluM
JAaHHOE OrpaHHYEHHOE TAOCKOE MHOXECTBO A, HAa3hIBAETCH 3aMK-
HYThI!t Kpyr, colepxailuf A u coiepxawmufics B J06OM 3aMK-
HYTOM Kpyre, KoTopeii cozepxutr A. JlobGoe nByXxroueuHoe
MHOXECTBO He MMeeT MHHUMa/ibHOro kpyra. O4HaKko B NpOTHBO-
TI0JIOKHOCTb STOMY BCSIKOE HemycToe OIpaHHuYeHHOe IJIOCKOe MHO-
HECTBO COJACPNKUTCS B HEKOTODOM 3aMKHYTOM KpYre MUHUMQAb-
Hozo paduyca. Kpome Toro, no6oe Henmycrce MHOMXECTBO A
HAa IVIOCKOCTH COIEPHKHUTCH B HCKOTOPOM MHUHUMAJIBHOM 3aMKHY-
TOM BBIIYKJOM MHOXECTBE, a4 HMEHHO B 3aMBIKAHUM CBOEH BHI-
nykao# c6GOJOYKH, KOTOpas COJEPHKUTCS BO BCAKOM BBHITYKJIOM
BaMKHYTOM MHOXeCTBe, colepxaueM A. B oanoMepHoM npo-
cTpaHcTBe R Kaxmoe Hemycroe OrpaHHueHHOE MHOXeCTBO COAep-
KHTCA B HEKOTOPOM MHHUMaJILHOM 3aMKHYTOM HHTepBaje.

3. ,ToHkHe“ cBsi3HbIE MHOXECTBA, He HABJAIOUHECS NpPO-
CTHIMM AYTaMH

B nanHoM cayvae caoBo ,TOHKHMe® O3HAuaer - ,HUTJAE He
NAOTHEIE HA MJIOCKOCTHY.

Ilepsuli npumep. MHOXeCTBO

Si= (G y)|y=sin (1fx), 0 <x <1 U (O, 0)
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He ABJSETCH npocroﬁ nyrot, HOTOMy YTO OHO He KOMOAKTHO

{0} X —1, 118y

Bmopoii npamep. Tlyctb S;— MHOMXECTBO H3 MepBOYO
npuMepa. ITosoxum

S,=8, = {(x, ly=sin(I/x), 0 < x <1} U({0} X [—1,1]).

Torza, xora S, ¥ KOMNAKTHO, HO VajleHHe NPOM3BOJBLHOTO
MHOXKecTBa TOUek u3 orpeska {0} X [—1, 1] He Hapymaer
cesisHocTH S;. B npumepe 11 Gyser moxasaHo, YTO MHOXKeCTBO Sy
HACTOSLLEr0 npuMepa He sBiserca nyro#. Hanee, B npumepe
24, MB paccCMOTPHUM CBfIBHOE MHOXECTBO Ha HJAOCKOCTH, KOTOpOE
CTAHOBUTCH BNOAHE HEC8A3HGLM TIPH YIANEHHH M3 Hero BCero
JMIIb ONHOH TOYKH.

4, Jlsa HenmepecekaloOmHUXcsa MJAOCKHX KOHTYpa, COlepma-
HWMXCH B KBAAPAaTe H COSAMHSIONMX €I'0 NPOTHBONOJOK~
Hble BEpIIHHBI

.B aToM npumepe monx ,KOHTYpOM® HOHHMAeTcsi HHIZe He
IJIOTHOE CBA3HOe MHOMECTBO. B KauecTBe kzajpara BO3bMeM
{—1, 1] X [—1, 1], a uckorie ,KOHTYpH“ Onpeleaum Clreryio-
UM ob6pasom (cMm. puc. 7): '

7 1
C={x py—=gr—5. —1<s<0}y

3

u{ee ply=gsin@2n+ 5. 0<x<1}U
Ui lr=1 3<

y<1}
C={0 py=—gr+g. —1<r<0}u

{(x, y)ly—~ sm(n/?x)——- 0<x<1}

b

] -

U{(x, y)lx=1- -1y
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Torza C,; coeannser toukd (—1, —1) u (1, 1), a Cy— ToukH
(—1, D) u (1, —1), npuuem C,NCy= .

y
(-17)

Puc. 7.

5. OroGpaxenue uatepsasa [0, 1] va kBagpar {0, 11X [0, 1]

Iycte £€[0, 1), u nycts O, £1f5¢5 ... — IBOMYHOE pa3JO-
Keuue £. Jas Toro 4to6bl paznokeHue OLIIO OJZHO3HAUHBIM,
Mbl  OyleM paccMaTpuBaTh JIMIIb DPa3OKEHHd, COJepKaliue
feckoneyHoe MuOxecTBO HyJeft. Ortolpaxenne [ onpeneaum
tak: ecan ¢t €[0, 1), To ee obpasom sBaseTcs Touka (x, y)
enunnuHoro ksaapara S=[0, 1] X [0, 1], rae

x=0, ttsts ..., y=0,totyfg....
Eciu ke f==1, nonoxum f(f)=(1, 1). HerpyzHo Bsuzers,

uro f oroOpaxaer [0, 1] Ha S O0IHO3HAYHO, HO He B3AUMHO
oanosuauno. Hanpumep, rouka (0,1; 0,1) sBiserca o6pasom rpex
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pasmuunbix Ttouek: 0,11, 0,100101010101... u 0,011010101...
(4 TOJBKO 3THX TOYEK).

Orobpaxenne f He sBaserca HenpephBHEIM. Hanpumep, ecan
{t,} — mocaenoBaTenbHOCTh TOYEK

0,0011, o0,001111, o0,00111111, 0,0011111111, ...

u ecan (x,, ¥,)==f(¢,), To nocrerosaresbuocth {x,} u {y,}
COBMANYT € MOCJeLOBATENbHOCTHIO

0,0t, 0,011, o0,0111, 0,01111,....

Torpa ¢,—0,01, (x,, v,)—(0,1; 0,1), B TO Bpems Kak
f(0,01)=(0,0; 0,1)=(0,1; 0,1). Takum o6pasom,

dm J €%t )

B xauecTBe ympaKHeHHsl UUTATeNI0 HpeLaaraeTcs NOKa3aTh,
yto oroGpaxeHue f He SBAAETCH HU OTKPHITHIM (00pas OTKPHI-
toro wuHrepsaia (0,101; 0,111) comepxur Ttouky (0,1; 0,1),
KOTOpas, OJHaKo, He OyneT BHyTpeHHe#i Toukoff oOpasa), HH
3amuyThM (touka (0,1; 0,1) He mpuHaniexuT 06pasy 3aMKHY-
Toro uurepsana [0,001; 0,01}, no 6yner mpeneabHOH nJs 3TOrO
oGpa3a).

6. Kpupaa Ileano Ha MJOCKOCTH

Kpusofi [1leano Mb HaspBaeM JIYry, Jexallyl0 B e€BKJH-
JIOBOM MPOCTPAHCTBE, PABMEPHOCTb KOTOPOro 6oubiIe CIHUHULEL,
¥ MMELIYI0 HeNycToe dIpO0 B STOM NpPOCTPaHCTBe (3Ta KpHBas
He sBAsieTcs HUTIAE He maoTHol). B 1890 r. wraspsHckuBt Mare-
matug [k, [Teano (1858—1932 r.) nopasn MaTeMaTHUYECKHH MHD
nepBLHIM NpuMepoM nofo6HOH kpuBod. Hinke mMul mpuBoxnmm omu-
caHue (aaHHoe B 1891 r. nemeuxkuM Maremaruxom . T'mabGep-
ToM (1862—1943 r.)) kpuBoOfi, KOTOpas 3amOJHSET eXMHHYHBIH
kBaapar S==[0, 11X [0, 1]. Tono6uriM ke OGPA3OM MOKHO
ONUCAaTb H MHOIOMEPHHBIH aHAJOr 3TOro HpuMepa.

Kak Buzno w3 puc. 8, mies IOCTPOCHHS COCTOMT B TOM,
yTo6H pasburb S u exnHuuHbld wHTepBan [ =[0, 1] Ha 47 pae-
HBIX 3aMKHYTHIX KBaJpaTOB W HOLMHTEPBATOB COQTBETCTBEHHO
M YCTAHOBHTb COOTBETCTBHE MewIy STHUMH KBAaJIpPaTaMH H TOX-
YHTepBaJaMH TaK, YTOOGB COXpAHS/IOCH OTHOLHEHHE BK/IIOYEHHS
(1. e. HA KaxIOH CTaluu pasGueHMsI, eClM HeKOTODPHH# KBaipar



170 Trasa 10

COOTBETCTBYeT HEKOTOPOMY HHTepBaly, TO €ro MOAKBaApaThl
COOTBETCTBYIOT NMOJAMHTEPBAJaM YKA3aHHOTO MHTepBasa).
Onpenenum Teneps HenmpephiBHOE OTOOpaxcenne f HHTep-
pana [ Ha S: ecaim x €/, To Ha Kawio#t cramuu paszbueHus X
NPHHALIEXKHT NO Kpaiined Mepe OLHOMY 3aMKHYTOMY NOIMHTEp-
sany. Ecan 9TMX NMOAMHTepBANOB 1BA, TO BHOepeM OAMH M3 HHUX.
EMy coorsercTByer HekoTophift kpanpaT. Taxum o00pasoM, Ml
nosyuuM yGEIBAIOLIYIO NOCASN0BATEbHOCTL 3AMKHYTHX KBa1PATOB,
COOTBETCTBYIOIIMX HEeKOTOpO# yOBbIBaMOlled MOC/Ae10BaTENBHOCTH

& _1 -4- Todrl i
2z ? f ] :' 'E TET T
. - 5t Ll ' b 0 Bk ol Bk il s
] } t ! f"" ch-4-42 [ S
- =t H s v
) ' 4:_ 23 .- j iy-t- i R
! ! i H |30 N I R R0 B R 1
Y 4 ' 1 ARENESES
I-12] 1 ST T

4 4 A

/ 2 4 4 123456
! / !

Puc, 8.

3aMKHYTHIX MHTEPBAJOB. ITa NOCHAEI0BATEIbHOCTb 3aMKHYTHIX
KBalpaToB 06/ajnaeT TeM CBOHCTBOM, YTO CYIIECTBYeT M NPHTOM
TOJbKO OIHA !) TOuKa, NpHHAAJexallas BCeM STHM KBanpartawm.
A1y TOYKy MH M Bo3bMeM B kauectBe f(x). Ocraercs noka-
3aThb, 4TO (i) Touka f(x) onpeleneHa KOPpPEeKTHO, T. €. OHa He
3dBHCHT OT BHGOpAa MHTEPBaJOB, coiepxawux x; (if) MHoxecTBO
snaueHut f ects S w (iii) f HeMpepHIBHO. D.oxasa'renbcmo MBI
TIPefOCTABAAEM YHTATEJIIO.

Crenyer saMeTuth, 4r0 OTOGpaXKeHHe f, OmpelpesNeHHOE BHIle,
He SBJAAETCS B3AUMHO OJHO3HAUHHEIM (HaNpuUMep, KaxJjas U3 Tpex
Touek 1/6, 1/2 n 5/6 orobpamaerca B Touky (1/2, 1/2)). Dro
He cayualHO, TaKk Kak ecqu Owbl oToOpaxeHue f OHJIO B3aHUMHO
OJHO3HAYHLIM, YO OHO ObIIO OBl TOMEOMOP(HU3MOM, B TO BpeMs

') ClenyeT npHHATL BO BHHMAHHE, UTO JAUHbI CTOPOH KBALPaToB
crpeMarcs k Hyumo. — I1pum. nepes.
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kak [ m S He romeoMopdHH (yIajeHHe JKOGHX TPeX TOUeK
Hapyumaer cBs3HocTs [/, HO He Hapymaer csasHoctH S). Tor
¢dakT, yro oToOpaxeHHe f OJHO3HAYHO, HO He B3aHMHO OJHO-
3HaYHO, B KaKOH-TO Mepe MHapalOKCaJeH, IOCKOJAbKY KaKercd,
yro 6ynto 6wl B [ Gonbuie TOuek, yeM B S!

7. Kpupas Ileano, craunoHapHasi modMTH BCIOAY

ITycte ¢ — kaHTopoBa ¢yukuus npumepa 15 ra. 8, a f—
oroOpaxceHHe, ONpeieNeHHOe B npeAblnyweM npuMepe. Torza
& (x)= f(p(x)) orobpaxaer KaHTOpOBO MHO¥ecTBO C Ha eau-
Huudbifl kBaxpar [0, 1] X [0, 1]. Tlpu 3TOM HOmOMHHTENBLHOE
mHoxecTBo [0, 1] \ C oroGpaxaercs Ha obpas npu oroGpame-
HUK f MHOXeCTBAa TOUeK BHAa m - 2", Tle m W 1 — HATypaib-
HHle YMCJd, CBA3aHHBIe HepaBeHcTBOM m < 27,

Taknm o6pasom, nonyuennas kpusas [leano siBisieTcs CTauuo-
HapHOH MOYTH BCIOLY.

8. Kpusas Ileano, auddepernupyemMas nouTH BCIOAY

TepMun ,noutd BCloAy InddepeHunpyemas O3HayaeT, 4TO
KpHBAas ONpelenseTcd NapaMeTpH3YIOWNMH (YHKUHAMH, KOTOpHE
IuppepenuupyeMs HoyTH Bciony. TpeGyeMmbiM cBolicTBoM 067a-
LaeT otoOpaxceHHe, ONpejesieHHOe B NpuMepe 7.

9. HenpepuipHoe oto6pamkenne uHtepsana [0, 1] Ha celd,
NPMHUMAIONee KaxAoe 3HAUCHHE HecYeTHOe MHOXECTBO
pa3
S1um cBofictBOM 00/afaeT Kaxipad W3 MapaMeTPH3YIOLIHX

¢ynkuuit kpuseix Ileano mnpumepos 6 u 7 m BOOOWE Kaxias

napaMeTpu3yomad QyHxuus Mo6oro HelmpepHBHOIO OTOOpaXeHUs
untepsaaa [0, 1] nva [0, 1] XX [0, 1]. Kpome Toro, xaxjiaa u3
napaMeTpH3ylowux ¢yHkuuft orobpaxenns npumepa 7 obnapaer

IOMOJHATENbHEIM CBOACTBOM: OHa Judbgbeperyupyema noimu

8100y, npudem npou3sooKRas noumu 8Ci0Y PABHE HYAI0

(cu. [58]).

10. Ilpocraa pyra, pacnoJoxeHsas B €IHHHYHOM KBajpare
H HMelomas NJOCKYI0 Mepy, CKOJb YroaHo GJIH3KYIO
K eiHHHIE
Kak 6buio 1moKasaHo B npnmepe 6, HuMkaxas mpocras Iyra
He MOXET 3aNOJHNTb BeCh efMHuuHbIA KBanpar S==[0, 1] X [0, 1].
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ITo TeM e NPHUKHAM BCAKGS Npocmas 0ya HA RAOCKOCHMU
nuzde He naomua. W3 sTOrO cienyer, uTo mNpocras iyra He
MOXET BaNOMHUTH ,CaAMIKOM Goabuylo“ yacts S. B wacthoctH,
OHa He MOXET B3aNOJHHTb TNOYTH Bechb KBaIpat S, Tak Kak
ecmu Gpl npocTas nyra A, pacnonoxeHHas B S, umena mepy,
paHyn 1, To ona 6haa Obl MI0OTHAa B S, a TaK KaK OHA 3aMK-
Hyra, TO OHa cosrana 661 ¢ S. Onnako npocras Ayra A modscem
HMETb 10.40XCUMEAbRY0 TIOCKYIO Mepy. Donee Toro, ecin

Puc. 9

£ — MPOH3BONLHOE YUCIO, 3axJaiovenHoe Mexay O u 1, To cyuwe-
cTByer npocrad nyra A, maockas Mepa KOTOpPoH Ooablie, ueM
1 —¢. Cefiyac MBI HaMeTHM CXeMy JOKa3aTelbCTBa 3TOTO 3aMe-
yaTeJbHOro ¢axra.

MoauduuupyeM InoCTpoeHHe, KOTODOE INpOBEIEHO B HpH-
Mmepe 6, Bhipe3ad OTKDPBIThHE ,,KaHZUIbI“ MeWXIy CMeXHBIMU NOA-
KBaipaTaMH u3 S, KOTOpbe He COOTBETCTBYIOT CMEXHBEIM MOJ-
uHrepsanam u3 /. Ilocie mepBoro mara BMECTO NOAKBALPaTOB
NIOJyYdeM UYeTHPeXYTrOJNBHUKM, KOTOPHE B CBOIO Ouepelb pasie-
JIeHbl TPAMBIMH, TPOXOASILIMMH Yepe3 CePelrHBl MPOTHBOMONONK-
HBIX CTOPOH. 3aTeM BHIPe3aloTCA OTKPHITHIE KAHAIbI, M KawAbi#
3aMKHYTHIH YeTHIPEXYTOJbHHK 3aMEHfAeTCd MNOCIeN0BaTeNbHOCTHIO
U3 B0CbMU MeHbIUMX YeTHpexyroJbhuxos. Ilepsoe noipasaerne-
HEe W oblas cxeMa, B KOTOPOH [AJsi IIPOCTOTH BMECTO 4YeThl-
PEXYTOJbHUKOB MCIMOJb3YIOTCA KBalpaTH, IOKasaHh Ha puc. 9.
Bropo#i war orpaxen Ha puc. 10. B oboux cayuasx ynaneH-
Hble KaHaAbl BuIejeHb wrpuxamu. ITocne n waro moayyum 8"
34MKHYTHIX YeTHPEXYTrOJbHUKOB, KOTOpHe HyMepyloTcs cJe-
Lyowum o6pasoM: eC/IH YeThIPeXYroJbHHK nocie n— 1 aros

HMeJa HOMeD & (k———l, 2, .., 8"'), To uermpexyroabHuku,
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TlostomMy oOTOOpaxeHHe MOXHO ONPEXSNUTb TOYHO TaK Ke, KakK
# B npumepe 6. 310 oToGpaxkeHHe HENPEPHIBHO MO TEM ke NPH-
YHHaM, 4TO U B mpumepe 6. BoJjee TOro, oHO fABIAETCS B3aUMHO
OJHO3HAYHBIM, TAK KAaK MBI YJAJMHIH COOTBETCTBYIOLUYE KaHAJIHI.
Hakoneu, nocKOMBKY MOXHO YRaJAaTh KaHAAbl CKOJb YrOXHO
Masiofl mrowaaM, To ux obwas NIocKkas Mepa Takxke Mower OHITb
CHeNaHa CKOJMb YTOJHO MaMOH, a NMOSTOMY OCTAOILAsACA MOCHe X
ynajleHust MpOCTas Iyra HMeeT MJIOCKYI0 Mepy, CKOJb YrogHo
6au3Ky10 K I. ’

Jpyrofl Merox NOCTDOEHHS NMPOCTOM LyrH C MOJOKUTENbHOH
naocko#t Mepo#t ykasasn Ha puc. 11. IT10T MeTon HECKOALKO
mpolle MO 3aMBICIY, YeM ONKCAHHOE BhIle MOCTPOeHHe, HO HMeeT
TOT HELOCTaTOK, YTO HekoTOophle rojauntepsansl u3 {0, 1] oTo6-
paxaloTcad Ha MHOMXeCTBA HyJAeBOH IJOCKOH mepl. IlocTpoenue,
yKasaHHOe Ha pucyHke 11, mpuBOAMT K NpOCTOH nyre, colep-
kawel muoxectso A X A, rae A — XaHTOPOBO MHOXECTBO.
Tak xak 1mas 0 <<e<{1 Mo MoxeM BHOpath A ¢ (auHeHHOM)
MepoHt, He MeHblieH ueM Vl -—€&, TO ayra, 0 KOTOpo# HiIeT
peub, OyleT MMeThb ILIOCKYIO Mepy, He MeHbIYIO uyeM 1 —e€.

Amepuxanckui  Maremaruk Y. ®. Ocryn (1864 — 1943 r.)
B 1903 r. noctpoun (cm. [39]) npoctyio ayry ¢ niockoit Mepofi,
npesocxoasiel 1 —e, ucnomb3ys KaHTOPOBO MHOMecTBO A nu-
HeHHON MepHI, foJblieft, yem Vl —¢ . Tlpu sTom npocras nyra
6nl1a mocTpoeHa TakuM 00pa3oM, YTO OHA CONEPXKAId MHOXKe-

ctBo A X A.

11. Ca3HOe KOMNAaKTHOE MHOXECTBO, He sBJfAlOuULeecd Ayroi

Iycte Sy -— BTOpOe MHOMKECTBO mpuMepa 3. 2TO MHOXECTBO
He SBAAETCH AYroH, nOGO OHO JIOKANBHO HECBA3HO: eCJH
N=1{(x 9l NES, x*+y>* < 1/2}, 10 He cywecTByeT
OKPeCTHOCTH Hayala KOOpPAMHAT, KOTOpas nupuHamiewur N U
Mo6Lie [Be TOYKH KOTOPOH MOXHO COEINHWTb CBSISHHIM MHOMe-
creoM, Jdexamum B N. (Cm. [56], cTrp. 204))

12. Naockas oﬁhacrb, He COoBNajawmas ¢ sAApoOM CBOEro
3aMEIKAHHA
Myers  S=={(x, »|x2+ ¥ <1} \ (10, 1] X {0}), . e
S — OTKPHITHIA KPYr ¢ paiuanbHbiM paspesoM. Torna
S={(x N¥+y¥<1}
a sapom S asasgerca /(S)={(x, y)|x2+ y? < 1}.
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Tax xak Kaxnas xopjaHoBa 06/MacTh COBHAgAeT C sAPOM
cBoero 3aMblkanust (cM. [38], ctp. 477), TO MB TeM CaMbiM
NOJYYHAN NPOCTOR mpuMep 06JacTH, He HBJSIOLIEHCS XOPAAHO-
Bo#. OxHako npumep 14 nokaswiBaer, yTo He KA#OAA OONACTb,
COBMNANAI0IAdA C AAPOM CBOErO 3aMbIKaHWs, ABALETCS XKOPAAHOBOH
0071aCThi0.

13. Tpn Henepecexalomuecs njaockue ob6aactH ¢ obmei
rpaHHnei

STOT npHMep NpOlEe BCEro0 OMUCaThb B (OpME pPaccKasa.
[MpencraBumM cebe, 4YTO Ha OCTPOBE B OKeaHe MUBET YENOBEK.
Ha ocrpose umelorcs nBa BOLOeMa ¢ NpPecHOR BOLOH, MpHYEM
B OJNHOM M3 HHUX BOJAA XOJOIHAas#, a B JApyrom — Temiad. Yeiuo-
BeK XOuer, 4YTOOB BCe TPH MCTOYHHKA BOAL HAXOAMJIHCH HA
TNOAXONALIEM PACCTOAHMU OT J000H TOukM ocTpoBa. Has storo
OH HayMHAeT pHITh KaHakbl, HO TakuM o6GpasoM, 4YTO OCTPOB
BCE BpeMs OCTaeTCd TIOMeOMOD(MHBEIM CBOeft IepBOHAYaNbHOH
topme. CHauana OH NMPOBOAMT KaHa/J OT OKeaHa B IMy6b OCTPOBA
TaK, 4TOOLI €ro BOLB HAaxXOLHJUCh OT JI0GOH TOYKH CYLIH
Ha paccToAHUM He 6oJjiee OIHOro (byTa M yroOH KaHal He BXO-
JUN B CONPUKOCHOBeHHE C MUCTOYHMKAMH [PeCHOH BOIH. 3arem
OH TOLOOHHIM :Ke 00pa3oM NPOBOAUT KaHAM OT MCTOYHHKA XO-
JIOIHOH MpecHOM BOABI M KaHad OT MCTOYHMKA Temaofl npecHOH
BOAH, 4TOOB B pe3yJbTaTe Kaxias TOUKa OCTaBUIEHCS CyILUH
HAXOAMJaCh OT 3THX TpeX KaHalOB He Jajee OJHOro ¢yra.
HeynosnerBopenHu#i 3THM peaybTaToM ofuTaTeas OCTPOBA NO-
BTOPACT ONMUCAHHBIA TPOHHOA mnpouecc Tax, 4TOOBI Kaw/1asd TOYKA
OCTaBluefics CYWIHM OTCTOSNa OT KaXIOro Kanala He janee
uem Ha noadyra. Ho u 3TO He yioBAETBOpSET €ro, W OH JHO-
BOAUT NPUOIMKEHHe K KaWIOH TOUKe CYyWM 10 OXHOH uerBepTH
¢yra. Tak oH mporo/KaeT 3TOT MNpouecc A0 GeCKOHedyHOCTH,
BCAKMH Pas yMeHbIlas BIBOE KDHTHUECKOe PAacCTOSHHE UM BpeMs,
3aTpayuBaeMoOe Ha KaXIHR IIar, CTPeMACh 3aKOHUUTb pPaboTy
B KOHeuYHHH oTpe3ok BpeMenu. [lpeamonoxum Temepb, YTO
»OCTPOB® — 9TO KOMMNAKTHHIH KPYr, M3 BHYTPEHHOCTH KOTOPOTO
ylajleHhl [Ba HenmepeceKalwiUXCH OTKPHITHIX Kpyra, a ,oKeaH“ —
€ro OTKDbLITOE IJIOCKOE IONOJHEHHEe, Jexalllee BHE 3TOTO Kpyra.
IMpennonoxnm najtee, yTO paclIMpeHUs KaxIOH U3 TpeX NepBo-
HayaJIbHEIX 00JacTel OCTAIOTCH HA KAXKIOM luare rOMeoMOpPGhHBIMH
UX nepBoHayaibhoht popme. Toraa B pesyabTare MEl MOJIYUHM TPH
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BSAMMHO HemepeceKawuluecs oGaactin Ry, Ry n R, Kxaxnas us
KOTOpHIX sBJseTcs 0O0benuHeHHeM GeCKOHEYHOR mocCJenoBaTelb-
HOCTH oGJacTett, a yacTh cywn £, KOTOpPas OCTAHETCsl OT OCTPOBA,
Gyner oblieft rpanuuei obaactelt Ry, Ry u R;. Tak kax nonoJse-
HHe F coCcTOUT M3 Tpex HemepeceKaloUxcs o6aacTet BMECTO ABYX,
TO HH OnHa u3 obnacteft Ry, Ry u R; He siBAfercsd »opranosof.
(TITonpo6HocTH M 10Kas3aTelAbCTBO Teopembi 2Koprana cM. B [34].)
C Ipyro#t cTOpoHH, KaK MH YBHIRUM B npumepe 14, kaxnas u3
9THX Tpex 0OJacTel COBNAZaeT ¢ SAAPOM CBOEro 3aMBIKAHUSA.

Tpenbinyiiee NOCTPOEHHE MOXKHO NPOBeCTH € JIOOGHM KO-
HeuHHM (Ha CaMOM JeJe CO CUeTHBHIM) MHOXECTBOM Hemepece-
kawowmuxcqa obnacrefi. Ecau B3gare 6ojee ueThipex ofjgacreft,
TO MHBl CMOXEM INOCTPOUTH TaKUM NyTeM ,KapTy“, Ha KoTopo#
BCE ,CTPAHH® WMET OOLIYI0 TpaHuuy. 3TO NOKAa3HBAET, uTO
3HaMeHuTass npo6ieMa 4eThpeX Kpacok Tpefyer TouHoH dopmy-
JUDOBKH, B TPOTHUBHOM CJyuyae OHA HMeeT TPUBHANbHOE OTpH-
-uareabHoe pewenue (cm. [10]).

14. Hewopaanora o6Jactp, copnajalmas ¢ HIPOM CBOeroe
3aMBIKAHHSA

[Tyctb R — mobast u3 obaactet R, Ry u R;, onpeieeHHHX
B npumepe 13. Kak OHI0 oTMeueHo, R He sBIsieTCS RKOPILaHO-
BOH obnactbio. C pgpyro#t CTOpoHbl, KaKk Mbl IOKaXeM celyac,
R coBmanaer c sa1poM cBoero 3ambikanusi. B camoMm Iese, Tax
kak RC R u R OTKpHTO, TO R—I(R)CI(R) Tenepp Ham
ocTaeTcd 1oKasaTh o6parHoe BKmouenne [ (R)=/(RYU F)c R.
Ho ecau 6Bl 3TO BKJIIOYECHNE He HMMeJO MeCTa, TO Hauaach Obl
Touka p € F, koropas 6una OB BHYTpeHHeH [/ MHOXeCTBA
RUF. A 3710 03Hauano OB, YTO CYLIECTBYET OKpPeCTHOCTh N
TOYKM p, Kotopas jaexur B R U F u, clienosaTeibHO, He CO-
IepKUT . HA OJHOH TOYKH H3 IBYX ocraBmuxcs obaacrefi. Tem
CaMBIM MBI TOJYYHIH GBl NPOTHBOpeuMe C TeM (HaKTOM, YTO
Kaxjad Touka F spidercs mpeledbHOR 1is Jo60# u3 Tpex 06-
nacteft Ry, Ry m R

15. OrpannyeHHas nJockas o6JjacTh, TrpaHHIA KOTOPOi
HMeeT MOJIOKHTEJBHYIO Mepy

[Tycts A —KaHTOPOBO MHOXECTBO MONOKHTEAbHON Meph
Ha [0, 1], n mycTs

R=((0, )X (—1, D)\ (A X0, ).

12 3ak. 587
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MuoxectBo R ectb ob6aactb ¢ rpanuiefi

F(R) = ({0} X[—1, IHU{1} X [—1. 1)U
: U(AX10,-1))U 0, )X {IHUO, 1) X {—1}).

CrenoBatesbHO, u(F(R))‘=u(A)_> 0. Slcuo, yto R He sB-
asiercst sxxopaaHoBoft obaacteio (I (R) #+ R). (Cm. [22], crp. 292.
OtHocureqbHO 2COpOar080d 06aacTH, MMeLlell IpaHuly [0J0-
HUTENLHON MIOCKOR Mepbl, cM. npumep 4 ra. 11.)

_iﬁ. Ilpocraa ayra GeckoHeuyHOjt AJHHBI
Ilepsoiii npunep. Tlonoxum

0, ecim x=1/n, n €N, n HeueTHo,
1/n, ecmn x=1/n, n €N, n uerHo.

o=
Hanee noaoxuM f(0)==0, u nyctb f(x) auHeHHa HA Kaw10M
unrepsane [1/(n-1), 1/n), n €N. Toraa BcaeicTBHe pacxoiu-
MOCTH rapMoHuYeckoro psiga rpadux f(x) nas x € [0, 1] Gyzer
npocroft ayrofi GecKOHeuyHO# IJMHHL.

Bmopoii npunep. Ionoxum f (x)==xsin(l/x) zaa x € (0, 1]
u f(0)==0. Torma rpadux f(x) nas x €0, 1] cuosa Gyurer
npoctoit ayrofi 6ecKOHeuHOH JJHHB MO TOH Xe npHYuHe, YTO
u B nepsoM fipuMepe. JIJIMHEI BIOHMCAHHBIX JIOMAHBIX MPEBOCXONAT
CyMMy BBICOT OTIeNbHHIX BOJH rpaduxa f(x), a sra cymma
HMeeT BUJ 22/(2n— 1) m.

B npoTHBOROMOXHOCTb IBYM NMpEeNBIAYLIMM NpuMepaM rpaduk
dyuxwin  f (x)==x2sin(l/x) zas x€(0, 1] u f(0)=0 wumeer
KOHEYHYIO IJMHY, TaK Kak »3Ta OyHkuusd anddgepeHnupyema
M ee mnpoussofHas orpanuuera Ha [0, 1]. (Cm. [38], crp. 353
(yup. 24 u 27), crp. 176 (reopema II).)

17. Npoctas ayra OecKOHeYHOH HJMHBI, HMelOmas Kaca-
TeJBHYI0 B KawAOH TOUKe

Ecan f(x)==x%sin(1/x?) zma x€(0, 1] u f(0)=0, To
rpapuk f(x) nng x €[0, 1] Oyaer npocroit nyro#t GeckoHeuHoH
IJMHE 1O TeM e NPUYMHAM, YTO W BO BTOPOM NpHUMepe npe-
apayero nyukra. Omdako rpaduk  f(x) uMeeT KacaredbHYIO
B KawIOH Touke, nockoabky f(x) Bcioay nuddepenuupyema.
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18. Ilpoctas nyra, Takas, YTO e€e JJMHA Mexay Jwoboii
napoit Touek GecKoHeuHa

Hepsoii npumep. Iycrs f(¢)=(x (), y(¢))-— mobas xpu-
pas Ileano, orobpaxaiomas [0, 1] wHa [0, 1] [0, 1] u o6aa-
JaoIas CAEAYIOLIMM JIOMHOJHUTENbHEM cBOHCTBOM: f oToOpaxaer
BCAKMH HeBHpOXpamowuiics B TOYKY WHTepBan us [0, 1] Ha MHO-
KECTBO, ¥Melolllee HemycToe (OByMepHoe) AApo. (DTUM CBOMHCT-
BOM ofnanaer, Hanpumep, otoOpaxenue npumepa 6.) Torza
rpaduk kaxnoft u3 oyukumit x(¢) u y(f) naa £€10, 1] obna-
zaer TpeGyeMbiMu cBoficTBamu. Hanpumep, 4YTOGBI YCTaHOBHTD,
yro rpapux x(f) s a < f <O wumeer OECKOHEUHYIO NJIHHY,
MBI MOXEM BOCMOJb30BATbCA TeM (pakToM (cM. mpuMep 9), uto
CYIIEeCTBYIOT MO KpaltHe#t Mepe 1Ba 3HAa4YeHWd, KauJOe U3 KO-
TOPHIX NMpUHHMaeTca (yHKUHeR X (f) HecueTHOe MHOXECTBO pas.

Bmopoii npunmep. Ilyctb f — otoGpaxceHHe TaKOro e Tuna,
Kak u B npumepe 10, ¥ nycTe, KpomMe TOro, OHO OTOOpaxaer
BCAKMI HeBHIpOXKAalomufica B Touky mnoxmurepsat u3 [0, 1] Ha
MHOXECTBO TNOJOXHTeNbHOH miaockolt Mepwl. Torza f oGnanaer
TpeOyeMEIMH CBOMCTBAMH, TaKk Kak BCAKas CNpAMJAseMas IpocTas
Jyra nMeeT IVIOCKYI0 Mepy, pasaywo Hymwo. (Cm. [38], cTp. 436.)

Tpemuii npunmep. Tpaduk moGo#t QyHKLUMH, KOTOpas BCIOLY
HENpepHIBHA, HO HUrle He aupdepeHuMpyeMa Ha 3aMKHYTOM
unTepsane (cM. npumep 8 ra. 3), Takwe 00AanAET HYKHBIMH
csoficteamMu. B camom nene, ecanm 6m 3TOT rpadux GbLI CnpaAM-
JSEMbIM, TO (pyHKUMS HMeJa Gbl OrpaHMUYEHHYI0 BAPUALMIO, a JIO-
6ast ¢yukuMs orpaHuyenHo#t Bapuaumn auddepeHUApyEMa HOYTH
serony. (Cum. [17], a raxxke [33]%, cTp. 238.)

Yemsepmoii npumep. Cum. [22], crp. 190.

19. Taagkas xpusasa C, cojgepkamas Touky P, Kotopas
He ABasgeTca Oamxaimeill Toukoil 9Toll XpuBOK HM AadA
KaKkoH TOYKH BBINYKJOH 006JacTH, OrpaHHYeHHOH 3TOiH
KpHBO#H

IMycts kpupas C ectb rpaduk ¢yukuum y3 == x*. dra Kpu-
Bag Bclony BorHyrta Beepx. ITosmowum P==(0, 0). Eciu (a, &) —
TOYKa, Jnexamas Behme C, u a=+<0, TO ACHO, 4YTO TOYKa
(a, a*?®) 6mnwe x (a, b), uem (0, 0). Ecau xe b — npouspon-
HOE 4hCI0, He MeHbliee eIMHMUH, To Touka (1/8, 1/16) Gamxe
K (0, b), yem (0, 0). HakoHeu, ecaum b -— npousBoibHOE MOJO-

VA
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XHHUTeJbHOE YHCAO, MeHblliee eIMHHUB, TO Touka (63, b%) Gmmke
K (0, &), uem (0, 0). Huess sToro mpumepa 3aKJiOyaercs B TOM,
YTO HAyald0 KOOPIMHAT SBJIAETC TOYKOH GeCKOHeUHOH KpH-
BH3HBI (HyJeBOro pazumyca kpuBusHe) kpuso#t C. (Cm. [36],
crp. 258, a rmakxke [52]%, T. I, crp. 568.)

20. NoamuoxecTpo A eguanunoro kpagpara S=|[0, 11X|0, 1],
NJOTHOE B S M Takoe, 4YTO BCAKas BePTHKAJLHASA HJIH
ropu3oHTadbpHas mnpsAMags, nepecekalomwas S, Hmeer
¢ A anmb OgHY OOUMLYI0 TOYKY

OueBuIHO, IOCTATOYHO MOCTPOUTH B3aUMHO OJHO3HAYHOE
oroGpaxenye f wunrepsaira [0, 1] Ha ceba c rpaduxom, BcioLy
naotaeiM B S. HauneM ¢ mocaenoBarenbHoro onpenetenus f(x)
mas x €(0, 110 Q. Ilycrs Touku MHONecTBa B=((0, 11N Q) X
X ((0, 11 N Q) pacnonoxeHsl B BUAE NMOC/eLOBATEAbHOCTH (Xq, Y1),
(X9, ¥9), ... . Ha nynesoMm wmare nomoxmm f(x,)=y,. Ha nep-
BOM liare Mbl pasieiuM 5 Ha ueTHpe HemepeceKaloLHUecs YacTH
BeDTUKAJIbHBIMA Y TOPU3OHTAJbHBIMU NPAMBIMUS

(0. 1/21n Q) X ((0, 121N Q),
(O. 121nQ X ((1/2, 11 nQ), ...

M 3aHYMepyeM 3TH MHOXeCTBA B KaKoM-Tu00 mopsike: By, By,
Bys, By Iycts (x5, ypp) —NepBad U3 TOYEK TOCAENOBATENb~
Hocrun {(x,, ¥,)}, npunainexawas B, u Taxad, uTO X + X,
u oy 7 Y. Honoxmy f(xy)=yy. Hanee nmycrs (X, Yig) —
nepsasi M3 TOYEK TOC/AeNOBATENbHOCTH {(X,. ¥,)}, npuHase-
wawas By U Takas, uTo Xip £ Xp, X1p 7 Xy M Yo 7 Y Yo F Ve
IMonoxuMm f (x,9)== y;o. 3aTeM, aHAJOTHYHBIM OOPa3OM ONpele/IUB
J (x13) = ¥13. 0003HauUM duepe3 (Xy4 ¥y4) NEPBYIO TOUKY MOCAE-
LoBaTeabHOCTH {(X,, ¥,)}, NpuHainexauyio By, M Takyi, uTO
X1, OTAHYHO OT Xy, Xy, X;p M Xj3, 4 Yy OTIAHUHO OT ¥y, Y,
Yio M Y3 M moaoxuM f (X )=y, Ha sTOM sakanumBaercs
nepsH# war nocrpoenus. Ha BTOpoM mware MoIOOHBIM e 06-
pasom MuoxecTBo B pasGupaercs Ha 16 vacteft By, By, ..., By 14
BEPTUKAJbHBIMH M TODUSOHTAJBHBIMH NpSAMBIMH. 3aTeM CHOBA,
KaK W Bhlie, pacliupsercd 00JacTb OnpeleeHUs H MHOXKECTBO
aHaueHui ¢yukimu f. Ilpogoikas sToT mpouecc Ao Oeckoneu-
HOCTH ¥ Je/d MHOMecTBO B Ha n-M ware Ha 4" KOHIPYSHTHBIX
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yacte#t, Mbl noayuuM ¢yHkuuio f, obaanawouyio TpeGyeMbiM
cBoficTBOM oTHOCHTeabHO MHOxecTBa (0, 1] N Q. Hakoneu, yro6ut
NOMYYHTH HCKOMYI0 (DYHKIHIO, NOCTATOYHO NPOLOMKUTE (PYHK-
wao f Ha [0, 1] caeayiowmm obpasoM: f(x)=x 1Lid

x €10, 1IN (O, 11nQ).

21. Heusmepumoe mIOCKOE MHOXKECTBO, HMeKWmee ¢ Kamuoi
npaMoil He 6oJee ABYX OOWHX TOYeK

Sror npuMep npunannexur B. Cepnuuckomy [47]. Ero no-
CTPOEHHE ONMUpaeTcsl Ha TPHHUUI MAaKCHMANbHOTO BJEMEHTA
B QopMe TeopeMBl O MOJHOM YHODALOYEHHH, a Takke B (opMe
aemmbl Llopha. (Cm. [17], [31] u [49].) CHauana Mbl npuBelem
YeTHPE YTBEPKAEHUS OTHOCHTEJBHO KapAMHAJBHEIX ¥ NOPHIKO-
BBIX YHCeJ.

(i) Ecn a — GeckoHeyHOe KapAMHAJLHOE YHCAO, TO a2 =q.
(Cm. [17] u [49]).) ‘

(if) MomnocTs f MHOXeECTBA BCeX 3aMKHYTHIX MHOXECTB MO-
JIOXKUTENbHON IJIOCKOM MEpH paBHA MOINHOCTH ¢ MHOXecTBa R.
(B camoMm jelle, MOCKOABbKY 3aMKHYTLIE MHOXECTBA M HX AOMOJ-
HEHHA HAXONATCA BO B3AUMHO OJHO3HAUHOM COOTBETCTBUH, TO f
He [PeBOCXOJLUT MOLUHOCTH MHOXECTBA BCEX OTKDHITBIX MHO-
KecTB. A TaKk Kak Kawioe OTKPEITOE MHOMXECTBO SIBJASIeTCS
06 beIMHEHHEM CYETHOTO MHOKECTBA OTKPHITHIX KPYroB ¢ paumuo-
HAJbHEIMU PpaluyCcaMH, LUEHTPH KOTOPHX HMMel0T pauHOHaJIbLHEIE
koopaunathl, 10 f<{¢. C Apyro#t cTOpOHH, TaK KaK 3aMKHYThe
KPYyTd C UEHTPAMH B Hayaje KOOPAMHAT 0O0pPas3yioT MHOXECTBO
MOILHOCTH ¢, TO f>¢.)

(iii) Mycrs ¥ o6o3Hauaer mepBoe MOPALKOBOE YMCIO, COOT-
sercrByoliee MOWHOCTH ¢. (Cm. npumep 10 ra. 12.) Toraa
mHOXecTBO {a o < W} mmeer mommocts .

(iv) Ecniu E — nuHeltHOe MHOXECTBO MOJIOXKHTEJbHOH JIHHef-
HOM Mephl, TO MowHOCTs E paBHa ¢. (E cozepxuT HekoTOpoe
3aMKHyTOe JinHeHHOe MHOXeCTBO F T10J0XuUTe/bHON JiMHeHHON
Meps, a F sBiseTcsl 00belUHEHHEM HEKOTOPOTO CYETHOTO MHO-
wectBa (OBITb MOXeT, IYCTOTO) U HEKOTOpOoro (06s3aTesbHO
HenycToro) cosepiueHHOro muoxecrsa. Cwm. [33]%, [48] u [64].)

Iycrs a—> F, ecTh B3auMHO OJHO3HAYHOe OTOOpaxkeHHe
mHoxecTsa {o]a < W} Ha MHOXECTBO BCEX B3aMKHYTHIX MHO-
KeCTB MOJIOKHUTEJbHOR Miocko# Mepdl. Hanee, nycte F— coBo-
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KyNnHOCTb BCeX QyHKuUMH p (@), Takux, 4TO WX 006JacTH onpe-
nenenus umetor Bun [1, B) aas Hexkoroporo B W, ux mHOMe-
CTBA SHAYEHMH ABJISIOTCH TOAMHOXECTBAMH IJIOCKOCTH H, KPOMe
TOTO,

(a) p(a) € F, naa kaxzaoro o u3 obaactu ompeleneHus p (o),

(b) HuKakHe TPH TOUKW H3 MHONeCTBA 3HaueHHH p (Q) He
KOJIIMHeapHH 1),

[TycTe G — MHOXECTBO BCEX MHOXECTB 3HaueHHH YHKUuH
u3 F, u nycte G 4acTHYHO YHOPALOYEHO MO OTHOMIEHHUIO BKJIO-
genns. Toraa no jnemme llopnua (em. [17], [31] u [49]) cyme-
CTByeT MakcuMaJbHoe MHOxecTBO E € G, KoTopoe sBasiercs
MHOKECTBOM 3HaueHH#t HekoTopol ¢ynkuun ¢(a) us F. Ilycrs
obsaacth omnpenenennst g ecrb [1, B). Tloxaxem, uyro- p=W.
Ipennosoxkum mpotmBHoe, T. e. nycte p < ¥. Toraa, ecau
0603HaYuTh Yeped b KapIWHaABHOE 4YHCIO, COOTBETCTBYIOULEE
nopsakosoMy uucay B, 1o b<{H? < ¢ (cTporoe HepaBeHCTBO
b < b2 uMeeT MecTO, ecan 1 << b u b xoneuno). Iro osnauvaer, 4ToO
MOILHOCTb MHOXECTBA BCEX HanpaBJ/leHM#, onpeielseMblX NapaMH
TOYeK, NPHHaLJIeXAHUX MHOXKeCTBY 3HaueHudt E ¢yuxuun ¢ (a),
MeHbllle ¢ U, CJIeA0BaTeNbHO, CYlLeCTBYeT HanpasjaeHue 0, OTIANYHOe
OT BCeX HampaB/eHufl, onpelenseMeix napamu Touek u3 E. Ho Torna
Hekoropas mpamas L, uMelolas HampasiaeHHe 0, 1o/nkHa mepece-
KaTbCsl C MHOXECTBOM F, HO MHOXEeCTBY INOJOXHUTENbHO! NuHEH-

Holi Mepsl (corsacHo TeopeMe ®yOuHHM). A TaK Kax 3TO Noc/elnee
MHOKECTBO MMEeT MOIIHOCTB €, TO CYIIeCTByeT TouKa py € Fg,

TaKad, uTo pﬁ He KOJIIMHeapHa HUKaKo# nape To4YeK 3 obnactu

sHaueHu#t ¢ (o). IlposomxuM tenepb (pyHKumio g (@) Tak, 4TOOH
oHa Onina sazana Ha [1, B]=[1, p+ 1) u urobu ¢(B)= p,.
Ho Toraa sta nponomxeHHas obyukuus ¢(a) 6ymer o6aazarsb
cpoficrsamu (a) u (b) ¥ ee MHOXecTBO 3HaueHufi Oyrzer GoJblie
nmaxcumarvrozo unena E us G. Mul noayunaum nporusopeune.
Cnegosarenbho, p= W, T. e. o6nactb onpeseienns GyHxkuuu g (@)
COCTOHT U3 8cex «, MeHpwnx W, a MHOXecTBO 3HaueHuit E ¢yHK-
unu g (0) COZEPKUT HEKOTODYI0 TOYKY P, M3 Kaxd020 3aMK-
HYTOTO IJIOCKOTO MHOXecTBA F, MONOXHTENLHOR MAOCKO# Mephl.

[TokaxeM Temepb, uro MHOXecTBO E Heusmepumo. B camom
lene, ecau Ol E Onno uamepumo, TO Obl0 OBl M3MEPHMO H
ero pomonxenue E’. A tak xak E’ He CONepXHUT HU OJHOTO

1) To ectb He aeaT Ha OZHOM HpPAMOH. — [Tpum. nepes.
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3aMKHYTOrO IJIOCKOTO MHOMECTBA MOJOXHTeAbHOH MOCKOR Mepbl,
TO OHO JOMKHO MMeTb Mepy HyJab. Ho ¢ apyro#t cropowsr, Tax
KaK Kaxjas npsaMas Ha TUIOCKOCTH mepecekaeT E He Gojee uem
B IBYX TOYKaX, To (cormacHo teopeme ®yGunn) E Takxme ROMKHO
umeth Mepy Hyis. CielosarenbHO, M BCS IJOCKOCTb, SBJASSCH
ob6benuHendeM nByX MHoxects E u E’ Mepel Hyab, NOMKHA
uMeTb Mepy Hy.ab. Takum o6pa3oM, Mbl NOJIYYHIH NPOTHBOpevue,
¥ HeM3MepHMOCTh MHOXecTBa E nokasaHna.

OTMeTHM TaKike, 4YTO eCaIH S — NPOM3BOJABHOE MHOXECTBO
MOMOKHUTENbHOR IIOCKOH Mephl, To nepeceyenue S E Heusme-
pumo. Ecav npeanofoXuTb NPOTHBHOE, TO, NMPHMEHAd TeopeMmy
$y6unu, nonyuum, 4to P (S 1 E)==0, B To Bpems kak i (S \ E)>0.
Takum o6pasom, S\ E coLepXHT HEKOTOPOE 3AMKHYTOE MHO-
xectBo F nosoxuresnbHoft miockot Mepn. Ho rak kak F N E=(),
TO MBI NOJyyaeM NPOTUBOPEYHe C OCHOBHBLIM CBOHCTBOM MHOMNe-
crBa E: nepeceuenne MHOxecTBA £ ¢ KaXKABIM 3aMKHYTHIM MHO-
KECTBOM TOJIOXKHTEJbHOH IJOCKOH Meph Hemycro.

C. Masypxesny [30] nocrpoun niaockoe MHOXecTBo E, nepe-
ceKaiouleecs ¢ KaxJI0H NPsAMOM Ha MJIOCKOCTH 8 MOYHOCHLE B IBYX
toukax. OnHako Takoe MHOXecTBO E MoxeT ObITh M3MepPUMEIM
1 B 9TOM Cay4yae OHO 00s3aHO MMeTb Mepy HyJb. 10 0Obsc-
HAETCA TeM, YTO ITOT METOJ IMOCTPOGHHSA 3ABHCHT JHIIL OT CY-
LECTBOBAHHA Ha TUIOCKOCTH MHOXecTBa E,, nepecexaiouierocs
¢ KawIo# npsMof no MHOxecTBY MowHocTH ¢. CaMo e MHO-
#ecTBo E CTPOUTCS 3aTeM Kak NOAMHOXecTBO E,.

OnHako MHOXecCTBa, 06Jalaloliide TeM e CBOHCTBOM, UYTO M
E,, moryr uMerb HyJleByl0 WJIockylo Mepy. Hanmpumep, nycTe
C — kaHTopoBo MHOxectBo Ha [0, 1]. I[MTonoxum

E;=RXC)U(CXR).

Torza ACHO, 4TO Kakaas npamas nepecexaer E; M0 MHOXeCTBY
MOIIHOCTM ¢, OmHaKo E, sBadeTcs (3aMKHYTHIM) MHOXECTBOM
HYJeBOH MJIOCKOH Mephl.

B cratbe [59] npuseneHo noc1‘poenue »MHOXecTBa Masypke-
BMY4“ KAaK OTBET Ha OJXHY npolJeMy, NOCTABACHHYI0 B 9STOM
KypHale.

&. Temsur pokasan cieaywouee: ecan 1 <{n < N, rze
N — MomwHOCTs MHOXMeECTBA N, TO CyLIeCTBYeT Heu3Mepumoe
MHOXECTBO S Ha IVIOCKOCTH, TaKOe, YTO MepeceueHHe S € KaXAOH
NpAMOfl COCTOHT B TOYHOCTH M3 N TOUYEK.
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22, Heorpuuareannas ¢pysxnus f(x, y), Takag, uto
1

11 1 »
.:( ff(x’ y)dxdy:f ff(x, v)dydx,=0,
6 0 0 0

a uHTerpan jff(x, y)dxdy, tne S=1[0, 1] X0, 1]
N
He CYecTByeT

Mu npuBeneM 1Ba npuMepa. B nmepBoM H3 HHUX HHTerpan
noHuMaeTcsa B cMbicie Pumana, BO BTOpoM — B cMbicie JleGera.
Ilepsuiii npumep. Tlycts f — xapakTepucTHuecKas (YHKLUHA

1

MHOXecTBa u3 npuMepa 20. Torxaa f f(x, y)ydx =0 nas kaxnoro

0
1

yeEO, 1 u jf(x, ¥ dy =0 pasg xaxzoro x € [0, 1], npuuem
0

06a uHTerpana sBAsIOTCS unTerpanamyu Pumana. Onuako nsotiHo
unrerpan Pumana no S He cyuiecTyeT, Tak KaK i QyHKuMH f
BepXHUH W HMKHMA MuTerpass Pumana paBHn 1 u 0 cooTset-
CTBEHHO.

Bmopoii npumep. Tlycts f-— XapakTepucTHUecKad (YHKLHS
mHOXxecTBa M3 npumepa 21. Torza o6a NHOBTOPHBIX HHTerpania
CHOB2 PaBHHI HYJIO, IPHUEM UX MOXHO PACCMaTPHBATh KaK B CMbIC/e
PuMana, tak # B cmbuicae JleGera. Onuako ¢yHkuusi f HensMe-
puMa Ha S, ¥ noaToMy ABOHHOK uHTerpan JleGera He CyLIeCTBYeT.

23. JleficTBUTEIbHO3HAYHAA (YHKIAS OIHOTO AeHCTBHTEJb-
HOro nepeMeHnHoro, rpaduxk KorTopoil sABJAAETCA HeH3Me-
PHMBIM TJIOCKHM MHOXECTBOM

Onpezenum $ynxuuio f(x) ans x ER caenywomnm o6pasom:

_{max{yi(x, WEE}, ecm {y|(x, )EE}+ 3,
Jx)= 0, ecn {y|(x, WEE} =,

rae E — mHoxecTBO u3 mpumepa 21. ITonoxum

E\={(x, f(x))|x€RINE, E,=E\E,.
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Torna aubo E,, mub6o E, (an6o o06a 3TH MHOXECTBA) NOJIKHO
GbITh HEHM3MEDHMEIM, TaK Kak ux oObexuHenue ectb E. Ecan
HeusmepuMo E;, TO MHOMeCTBO

F={(x, f(x))|x€ER]}

— rpadux  ¢QyHkuuH f — siBiseTca ofObenmsennem L, U Heko-
TOpOro mnoiaMHoxecTsa ocu x. Ho Tak kKak nocnaenHee umeer
HYJNeBYI0 TIOCKYI0 Mepy, To F Heusmepumo. Ecam e Heusme-
pumo E,, To omperennM oynkuuio g (x) aaa x €R caenyoumnm
obpasom: :

min {y|(x, ¥)EE}, ecu {y|(x, ¥)EE} cocronr u3
g(x)E JlByx pasnuq}mx TOYEK,

0 B npoTHBHOM cayuae.

Torza muOxectBo G=={(x, g(x))|x ER} —rpaduk yHKUUU
g — aBasiercst oObennHeHHeM £, M HeKOTOPOro MOAMHOXKecTBA
ocM x W motroMy HeuaMepumo. Hrak, B moboM ciayuae cyiue-
crByeT (yHKuusi, rpaduxk KOTOPOH eCcTb HeHU3MEpPHMOe ILTOCKOe
MHOXECTBO.

24. Cfi3HOE MHOMXECTBO, KOTOPO€ CTAaHOBHUTCH BMOJHE He-
CBA3HBIM NIPH YJAJEeHHH OXHOH TOUKH

ITycts C — kanTopoBo MHOXecTBO npumepa 1 ri. 8, u mycTs
B — noamuoxecrso C, cocrosiiee U3 BCeX KOHUEBHIX TOUEK
OTKPHITEIX HHTEPBaNOB, yiaaeHHbX u3 [0, 1] npu nocrpoeunn C.
[onoxum E=C \ B (cm. npumep 24 ra1. 8). Hanee naa kaxaoro
x € C uepes L (x) 0603HaYUM 3AMKHYTEIH OTPE30K, CO&IMHSIOLMA
nse Toukd (x, 0) u (1, 1) na naockoctu. Hakowen, s x € B
yepes S(x) 00603HAUNM MHOKECTBO BCeX TeX Touek u3 L (x),
OpIMHATH KOTOPBIX MPPALMOHANbHBL, a 141 X €E TeM xe cum-
BoMOM S (x) 0003HAUAM MHOXECTBO BCeX Tex Todek us L (x),

OpZHHATHL KOTOPBIX PalUOHAIbHBL, TOrZa MHOXeCTBO SEU S(x)

x6C
obaanaer TpeOyeMbIMH CBOHCTBaMH.

Mu npuBeleM 0Ka3aTeJbCTBO JMLIL B OGLMX uYepTax: Noj-
pobHOCTH MOXHO HalTH B [24].

CBA3HOCTb MHOKECTBA S 10Ka3bIBAETCS C NPHUBJEYECHHEM I1O-
HATHE MHOX(eCTB NMepBOH U BTOPOH KaTeropuu, U MEl €r0 ONyCKaeM,
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——

[Mokaxem Jumb, uro MHOXecTBO Sy=S\ {(1, 1)} Bnoaxe
Hecpasno. B camom gene, ecmn EcS, cozepwur Gosee
OXHOM TOUKH M ABJSETCS II0JAMHOKECTBOM KaKOI'0-JuGO0 MHOXKECTBA
S(x), x€C, to E, ouesnnHo, Hecs3Ho. C apyroft CTOpOHHI,
ecan p ¥ ¢ — IBe TOUYKM MHOXeCTBa Sy, PpACHOIOMKEHHBIE Ha
IBYX pasausnslx wHtepsanax L(x) m L(y). rie x u y npu-
napnexxar C v x <y, TO B [LOMOJHEHWH MHOXeCTBa S, cyuwe-

CTByeT mpsiMas JHHMS, NpoXoasmas dyepe3 Touky (1, 1) n rTakas,
YTO TOYKM p H ¢ JiexaT IO pasHble CTOPOHH OT Hee. Takoft
npsaMOR ABJsieTCS BCAKas MpsMasi, npoxonsuias yepes Touky (1, 1)

u Jo6ylo Touky BHia (a, 0), rae x<<a <y u aéEC.
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MO LA LDb

Beenenue

B ocHoBe NOHATHS NJAQMIALK JIeKUT NOHATHE ABOHHOT'O MHTE-
rpaia Pumana. ToBopaAT, uTO OTpaHHYEHHOE IIOCKOE MHOXe-
ctBO S MMeeT mJaomAalb, €CIH ero XapaKTepHCTHYeCKas
dyukuua yg vaTerpupyema (no Pumany) Ha 3aMKHYTOM NpAMO-
yroabHuke R, KOTOpHH cOlepkuT S M CTOPOHH KOTOPOTO Ma-
panieNbHB KOODIMHATHHM OCsM. B 3ToM caydae naomansn
A (S) Muoxectsa S no onpeleseHuo NOJAAraeTcsl paBHOR JNBOR-
HOMY MHTerpany or yg no R:

A®= [ [sdA.

R

STu onpenejeHns, OYEBUIHO, KOPPEKTHBI, TNMOCKOJbKY MOHATUS
,AMEeT IJIOWAaAL* M ,TJIOLIA L He 3aBUCAT OT NPSMOYTo/bHUKA R,
COJEPIKALLEro MHOXECTBO S.

IMycte npsMoyroapHUK R paszeleH Ha MeHbLIHe [MIPAMO-
YTOJbHUKH NPH TOMOIUH CETKU of° NPSIMHX, Napajiie bHBIX ero
ctoponaM. ToOrIa HEKOTOPHE M3 3THX NPSIMOYTOJLHAKOB MOTYT
61T NOAMHOXECTBAMH S, 4 HEKOTOPHE M3 HUX MOTYT OHITH IOA-
MHOMXeCTBaMH JononHeHus S’ mHoxecrsa S. Ilas Kawaofi Takoi
ceTKH of” uepes & (of°) 0603HaunM CyMMY MJIOILAJEH BCEX MPSMO-
YTOJNbHUKOB, SBJASIOLIMXCS NOJIMHOXeCTBAMH S (€C/IM TaKUX NMPAMO-
YTOMLHUKOB HET, TO MOM0NKEM & (o )==0), a uepes A (o/f")—cymmy
njowaneit BceX NPSMOYTOJNbHUKOB, He SIBJISIOLIMXCH NOAMHOME-
creaMi S’ (T. €. TaKUX NPSMOYTOJbHHKOB, NepeceueHne KOTOPHIX
¢ MHOMeCTEOM S menycrto). BuyTpenusas naowans A(S)

M pHemwHas uasowanb A(S) mHomecTBa S omnpelensioTcs
COOTBETCTBEHHO Kak supa(of”) u inf A(of”) Aas BCEX CeTOK
NPAMBIX, NapalJeJbHBX CTOPOHAM NPsIMOYTOJbHMKA R, T. e.

A(S)=supa (), A(S)=inf A(f").
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Oyepuano, 3TH onpenenenuss He 3aBucar or R. OrpaHnuenuoe
MHOXeCTBO S HMeeT IIOWAlb TOFZA H TOJbKO TOrAA, KOTAA
A(S)= A(S). B stom cnyuae A(S)=A(S)=A(S).

Jasg Toro 4roGpl OTrpaHHYEHHOE MHOXECTBO S HUMENO Io-
wanp, HeoOXOLMMO M JA0CTaTOYHO, 4TOOLl ero rpannua F (S)
nMeJaa IUIOWIANb, PABHYIO HYJIO, WM, YTO SKBUBAJEHTHO, UTOGHI
F (S) uMea BHEIHIOW 10k, paBHylo Hyo. Ho Tak kak nas Bes-
KOro OTPAHMYEHHOTO MHOxecTBa S ero rpanuua F (S) asasercs
KOMNAKTHBHIM MHOXECTBOM (M, Clef0oBaTeNbHO, OHAa M3MepUMa Kax
I/IOCKOE MHOXEeCTBO) M TaK Kak JJI9 KOMHAKTHBIX MHOXECTB
BHEINHAA TUIOHIaZb W BHelllHAs ImJjockas Mepa (Jlebera) coBma-
I1AI0T, TO OrPdHHYEHHOE MHOXECTBO HMeeT IIOLafb TOrAa
W TOJbKO TOTHa, KOTIA ero TIPaHWIA UMEeT HYJeBYI0 IIOCKYIO
Mepy.

Bce mpeablaylne yTBepaxIeHUS OTHOCUTENbHO IVIOIALH MOXKHO
pacnpocTpaHuTh NOROOHBIM ©00pasoM M Ha o00%ems MHOXKECTB,
PaCNONIOXKEHHBIX B TPeXMEPHOM eBKJAMIOBOM HpocTpaHcre. Cy-
nlecTByeT o0000UieHUe NOHATHS NMAOLIAZM U 00beMa, TaK Hashl-
paemad Mepa 2Kopnana, KOTOpOe NPHMEHHUMO K eBKJHMIOBLIM MpPO-
CTpancTBam JI000T0 uHciAa u3MepeHuit ¥ daxe K Gosee oOIUM
npocrpancrBaM. (Cm. [38], crp. 431.) Mepa JleGera sBasercs
o6obuienueM Mepbi 2KopmaHa B TOM CMEICHe, uTO Ja1000€ MHO-
HKeCTBO, uMeloulee Mepy 2KopraHa, H3MepuMo 1o JleGery u ero
mepa XKoprana cosnanaer ¢ Mmepo#t JleGera. IlpuHUMNMaNbHEIM
npeuMyiiecTBoM Mepbl JleGera Hax Mepo#t 2KopnaHa oGbscHAeTCS
LIHpOKOe TpUMeHeHue Mepbl JleGera K nperelbHBIM TPOLIECCAM.
DneMeHTapHEIE CBeJeHHs O IJIOlland M oObeMme, a TaKXKe JIOKa-
3aTeNbCTBA MHOMMX C(HOPMYJNHPOBAHHBIX BBHIE YTBePKIAEHUH
MOXHO Halitu B [38], ctp. 431-—465.

B npumepax 7 u 8 HacTosiuel riaBEl peub HAET O nLowadu
nosepxsocmu; OlpejeNeHAe ITOTO NOHATHA CM. B JHTEpaType,
VKa3aHHOH TaM Xe.

1. OrpaHuYeHHOe WJIOCKOE MHOXEeCTBO, He uMewlee
NJoWaxH

PacemorpuM MHOxkecTBO S =(Q N[0, 1]1) X (Q N[0, 1]) Bcex
TOYEK eNMHHYHOTO KBaipara, o6e KOOPAMHATH KOTOPHX DalHO-
HanbHE. OTO MHOMKECTBO He HMeeT MIOLIAAu, TaK KaK ero rpa-
Huua F(S) He wumeer HysneBo#t maowain. (MHoxectso F(S)
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coBriafiaeT C CaMHM eJMHWYHBIM KBaAPaTOM M, Cllel0BaTelbHO,
uMeeT TIOWIAAb, paBHyw 1.) BHewHsas niomans MHOxecTBa S
paBHa eiMHHNE, a BHYTPEHHAS — HYJIO.

2. KomnakTHoe NJIOCKOE MHOXKECTBO, He HMeEHlee MO axH

[Tycts A — KaHTOPOBO MHOXECTBO IOJOXHTEILHOR Mephl €
(cm. npumep 4 ra. 8). Monoxum S=A X [0, 1]. Torza F(S)=S
n naockas mepa MHoxectsa F(S) paBHa NMuHeHHOH Mepe & MHO-
wectBa A. Ho rtak kak wmHoxectso F(S)=S xomnaktuo, To
€ro BHEINHAS MJIOWANb PABHA €0 Mepe U IOTOMY HOJOKHTEIbHA.
CunenosaresibHo, S He HMeeT wWiowwaid. Buemnss naowans S
paBH4 €, a BHYTPEHHS — HYJII0.

3. Orpanuuennas njockag 06JacTs, He HMeOWas NJAOmMALH

dtum ceoficTBoM o6aazaer ob6nracte R mpumepa 15 ra. 10.

4. OrpaHnyenHas .MJOCKasd XopaaHOBa 00JacTh, He HMelO-
mas IJIoImann

[Tycrh € - NONOKUTENBHOE YUCIO, MEHbIIEe eIHHULE!, U NYCTh
A —npocras ayra ¢ napametpusylome#t dyukuuet f(¢), 0Lt 1,
newaiias B eiuHMuHOM kBamparte [0, 11X [0, 1] u umeromwad
NA0CKY10 Mepy, Goabwyio yeM 1 —¢/2. (Cm. mpumep 10 ra. 10.)
Janee, nmycts C — 3aMkHyrtas npocTad Kpwusas, o6pasoBaHnas
o6 benuHeHneM MHOXecTsa A n Tpex cermentos {0} X [—e/2, 0],
{1} X {—¢/2, 0} u [0, 1] X {—¢/2}. Hakonen, nycrs R — orpa-
HuYeHHas 06aacTb, rpanuuesl kotopoit cayxur C. Toraa R 6yner
XOPAAHOBOH 06.1aCThI0, 4 BHEWIRAS IJIOWAAb €€ TPAaHULLI GOMbLie

1—e/2>1—e>0.

5. Ilpoctas 3amkHyTas KpuBas, IUIOCKas Mepa KoTopoii
6oapme NJIOCKOH Mepsl o6JacTH, OrpaHH4YeHHOH 3TOM
KpHBO#

Mycts C —xpusasg, a R-—ofnacTb, ONpeneleHHbIE B NPH-
mepe 4. Toraa ecam W —nnockas mepa JleGera, To

wWRUC)=nR)+ u(C)<1—I—%8-
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Ho tax xax u(C) > 1-—%8. TO. OTCIOJA CJAEXyeT, 4TO

B(R)<e.

Nosromy ecan e < 2/3, To Mepa R Menbute mepu C. 3aMerum,
YTO TPH 3TOM Mepa R MOxeT OHITh CHesaHa CKOJb YrOmHO GJu3-
KO K Hymo, a Mepa C - CKOJb YroIZHO OJMSKOH K elHMHHLE.

6. JdBe dyuxuun ¢ u P, sananusie Ha [0, 1] u Takue, uTO

(a) @(x) <P(x) aan x€[0, 1],
1

(b) J [p(x) —@(x)]dx cymecTByer M papen 1,
0

(c) S={(x, N0, @(x) <y<P(x)] ne
HMeeT MJomann

IMycte  @(x) — xapakTepucruyeckas (QYHKUHS MHOMXKECTBa
QNIio, 1}, u nycts P(x)=¢(x)-+ 1. Torna ycaosus (a) u (b),
OYEBMAHO, BHMOJHeHH. B T0 e Bpems rpanuua F(S) ectb
saMkHyTH# npsamoyroabuuk [0, 1] X [0, 2] nosoxureabHo! mio-
waiu, v noroMy S He uMeeT maowaid. IIpu 9TOM BHEWUHSA MO~
waib S paBHa 2, a BHYTPeHHSs — HYJIO.

STOT npuMep NpeACTABIAET MHTEPEC B CBA3K C NPUHLUHIOM
KaBaabepu, KOTOPHH COCTOMT B CJAEIYIOLIeM: . eCAH Kaxnas
nnockocts 1, napaanenbras sasaunto#t naockocru Iy, nepecexaer
IBa TpexMmepHHX MHOMectBa W, n Wy Tak, yTo miomanu ceye-
nutt pasunl, To W; u W, umeior pasHble o6bembl (cM. [53]).
JlByMepHLIE aHAMOT STOTO NPHHLMNA (GOPMYJIUPYETCS TaK: eC/H
BCcAKAA npsamas L, mapaJlenbHas 3aiaHHOH npsmo#i L, mHepece-
KaeT JBa NJOCKMX MHOMecTBa S; u S, 10 OTpesKaM paBHO#M
AJIHHBL, TO §; M Sy UMET OIMHAKOBHIE nuowand. IlpuseleHHEIH
BHlle TNPHMEP TMOKAa3HBAeT, YTO €C/AH He MpelnoJaraTh, 410 S
u S, HMEIOT IJI0WAlb, TO 9TO yTBepXKIeHue tepsieT cuay. (B ka-
YecTBE MHOXECTB S; ¥ S, MOXHO B34Tb COOTBETCTBEHHO MHO-
#ecTBO S nyHkTa (c) M 3aMKHYTHH KBampar [0, 1] {3, 4],
a B KauecTBe ceMmelicTBA NApPaMENbHBIX HPAMBIX —- CEMEHCTBO
BCeX BepTHxaneH.) B kauecTBe ynpaxkHeHWsl uurTaTesio Tpenia-
raeTcsi NOCTPOMTL dHAJOTMYHBIA KOHTDPNPHMED B TPEeXMEPHOM
TIPOCTPaHCTBeE.
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7, Mpumep IliBapua, B xKoTOPOM GOKOBOH MOBEPXHOCTH Hpf-
MOTrO KPyTroBOro LHJMHApPA CONOCTABJAETCHA CKOJb YTOJHO
6oJbmas KOHeYHas MJAM jJaxe GeCKOHeuHas NJOWALb

[Mycts S — npsiMo#t KpyroBo# uMAMHID
S={(x, 9 |2+ =1 0<z1}
¢ paaumycom ocHoBauus 1 u ¢ smicorol 1. Jlas kaxaoro Hary-

panbHOrO m onpeleauMm 2m —- 1 okpyxHoctell C,,, crenyionum
06pa3om:

k
Ck,GESn{(x, v, z)lz::~2—m-}, k=0, 1, ..., 2m.
Ha xaxzo#t us stux 2m -+ | OKpymHOCTEH BO3bMEM 7 DaBHO-
MepHO pacnpelelieHHbX TOueK P, (j==0. 1, ..., n— 1)
[ (cos QJJ, sin-»gﬂl, —E—). eciu Kk 4eTHo,
p _! n n 2m
km': » .
T (cos (QI—H)“, sin(21+1)n, l—), eciu k HeyeTHO.
{ n n 2m
Ha xawno#t oxpyxuoctn Cp, Toukn Py, j=0,1, ..., n,

ABJAIOTCS BEPLIHHAMK IPABHALHOTO MHOTOYTOJBHUKA, HMEIOLIETO 71
cropod. Ecan 0 < & < 2m, T0 Kaxaas CTOPOHA MHOTOYTOAbHHUKA
€ BepIIHHAMM Ha OKPYXHOCTH Cj, PACNONONKeHA HAL HEKOTOPOH
BepPILMHON MHOFOYTOJbHHKA, BnucaHHoro B C,_, .. W ofpasyer
¢ 9TOH BepIMHO# HeKOTOPHH (MIOCKUH) TpPeyroJbHUK B Mpo-
crpauctse. Anasoruuno, ecmu 0 <k < 2m, To Kamnad CTOpOHA
MHOTOYTOJbHUKA ¢ BepuiMHamMu Ha C,, pPAacCNoJOXeHa MOX HEKO-
TOPOH- BEPITHHOW MHOTOYTOJbHHMKA, BIHCAHHOTO B Ck+1, m» 1 00«
pasyetr ¢ 3ToH BepmuHOH TpeyroabHuk. HeTpyiHo Bumersh, uro
CYLLeCTBYIOT BCErO 4mn KOHTPY3HTHBIX TPEYTOJIbHHKOB, IOCTPOEH -
HBIX TaKHM CNOCOGOM M Pacio/oKeHHBIX B MPOCTPAHCTBE TaK, 4TO
HX BepIIMHBl JexaT Ha JAHHOM uuauHipe. Iliaowazp xamaoro
H3 STHX TPEeyroJibHHKOB paBHa

sin % [( 3117 - (l — €08 —:—))2]]/2.

St TpeyroabHuku obpasyior MHororpanuuk I1,,, snucanusif B S.
Mnowane A(Il,,) ero GoxoBOH MOBEPXHOCTH paBHA

~
Adl,,)=2=n sin (zv/n) V 14 4/117(1 — €O0s %)2 .

(7v/n)
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Ecanu m u n—»—-00, T0O A/AMHH CTOPOH YNOMAHYTHIX TPEYroJb=
HHKOB CTPEMATCA K HYJIO W NOSTOMY €CTeCTBEHHO GhIO GBI OXH-
1aTh, Y4TO MJOWAAH GOKOBBIX IIOBEDPXHOCTEH BNHCAHHBLIX MHOTO-
TPaHHUKOB CTPEMATCH K HEKOTOPOMY Mpeledy, a MMEHHO K IJO-
1aan GOKOBOH MOBepXHOCTH LUAMHAPA, pasho# (2mx-1)-1=2n
(n1owanp GOKOBOK MOBEPXHOCTH NPAMOTO KPYroBOIO UMJIMHAPA
BbIYMCIAETCS TIO M3BECTHOR dopmyne 2nrk, rie r — pamuyc
OCHOBAHHA, a A — BeicoTa uMauuipa). OiHakO MH YBUIMM, uTO
pesysbTaT 3ABUCUT OT OMHOCUMEAbHHLX CKOPOCMeld BO3pacTa-
HUA m W n.

3aMeTHM CHayana, 4TO MpU 7 —>— 0O MHpejiel MHOXKHTES,
crosimero nepena panukaaom B dopmyne maa A(1l,,), pasen 2m,
a ToJKOpeHHoe Bripanenue He Menbule 1. ITostomy, ecan A(11,,,)
HMeeT TMpelea, TO OH AOMKeH OHTb He MeHbuwie 2m. Temepb
o6paTuM BHMMaHHE Ha BHIpAXEHHWE [0l PajiHKa/lIOM, TOUHee Ha
dyHKUUO

T n2m 2ntm 2n8m
1 (m, n).—::Qm(lhcos;)——— LI

PaccmorpuM Tpu cayuwas:
(i) Eciu m=n, o

43 n? 2nt
f(ﬂ, ﬂ):2ﬂ(1—C057):T—W+ e

Cneposateabto, lim f(n, n)=0, a lim A(,,)==2m.
n—»+co n-»+4oo
(ii) Ecau xe m = [an?], rie KpaapaTHble CKOOKH 0603HaualOT
uenyio 4acthb uucia (Qpynkuus [x] onpeneseHa BO BTOPOH riase)
neum 0<<a<—4o0, 10

f ([an?], n) =2 [an?] (l—cos %) =" ’[102’”2] — 2“;![:::12] + ...

Takum obpasom, lim f([an?], n)=oan? a lim AL, »)=
n=>+400 > +00

=21} 1+ aZnt.

(iii) Haxoneu, ecau m==n?, 10
2mt
AR

lim f(n, n)=—+o0 u lim Ay, )=} co.
f->+oo -

n-¥»-+co

=3 (1 — cos =) = n2n —
f(n8, n)=2n (1 cosn)-—nn
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B 3ak/ioueHHe OTMETHM, YTO B 3aBHCMMOCTH OT crocofa
cTpeMiaeHuss m U n k GeckoneuyHoctd B kauectse npexena A(Il,,,)
MOXKET IHOJNYYUTbCH JI060e KOHeuHOe WJIH OeCKOHeyHOEe 4YHMCIOo,

He MeHbliee 2m. Xotsa mpezex  lim  A(I,,) He cyuwectsyer,
m, n-»+coo
HO MOXHO YTBePKAATH, YTO

lim  Adll,,)=2x.

m, I:—V—oo

Ipupenennwift Bhiwe npuMep npunagaexur . A, llsapuy
(Gesammelte Mathematische Abhandlungen, vol. 2, p. 309,
Berlin, Julius Springer, 1890). On noxasbiBaer, 410  MOHATHE
naowadu nogepXHOCMY TOPAsL0 CAOKHEe NOHATHS OAuHbL 0yau.
INoapobHoe paccmoTpeHue 3THX NMOHATHH W AajbHeHIIMe CCEIIKH
MOXHO Halitw B [42]. DiemenTapHble CBeIeHUs O IIOWALU TO-
BepxXHOCTH cM. B [36], crp. 610—635 (a takxe [52}%, T. III,
cTp. 248—2587).

8. lag mo0pIX ABYX MNOJIONKUTEJbHBIX YHcesd € 1 M B Tpex-
MEpHOM MNPOCTPAHCTBE CYIECTBYe€T MNOBEPXHOCTH &,
Takas, 410
(a) S romeomopdHa MoBepXHOCTH cdepbi;

(b) naomaab NOBEPXHOCTHM § CYymweCTBYET W MeHbIIe E;
(c) mepa JleGera B TpexMepHOM NPOCTPAHCTBE NOBEpPX-
HOCTH S cymecTByetr H Goabme M

Sror npumep npuHamdexur A. C. Besukosuuy (cM. [6]).
[lpu ero MNOCTPOEHMM HCNOJB3YIOTCS uied, MOoJoGHbIE TeM, Ha
KOTOpHIE ONHMPaNOCh MOCTPOEHHE NPOCTON LYTH NOJOKUTENbHOH
niaockoft Mepn (npumep 10 ra. 10), oxHako caMo mocrpoeHme
B IaHHOM Caydae ropasio caoxsee. /i ero mOJHOro onucanus
notpe6oBanoch Obl BBECTH OMpejle/cHHe MAOWAIU MOBEPXHOCTH,
M NOTOMY Mbl He OyleM BAaBaThbcAd B MOAPOOHOCTH.

O6cynuM HEKOTOpble MHTEPeCHBIE aCTeKTH mpumepa 8.

a. CyulecTByeT HeKOTOpas aHAJOTHS MExILy Npumepom 8 u
npuMepom 5. B o6oux ciayyasx rpaHuua Tea ,MacCHBHeE® MX
BHyTpenHocTd. OIHAaKo JHHeHHas Mepa (L/MHEA) KPUBOH B TNpH-
mepe 5 OeckOHeuHa, B TO BpeMs KakK MJIOCKad mepa (IIOL1alb)
MOBEPXHOCTH B NpuMepe 8 KOHeuHa H Mana.

b. BcrnoMHuMM H3BeCTHBIE COOTHOWIEHHS Mex 1y 00BHEMOM Kyba
U ero O0KOBO#i HOBEPXHOCTBIO, a TaKkKe MEXLY OODBEMOM Liapa

13 3ak. 587
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¥ ero GoKOBO# noBepxHOCTbI0. O6Lem Ky6a=%><1mnﬂa pe6-

1
pa X naowaib NOBEPXHOCTH, 4 00beM 1apa == 5 X LnHa  panu-

yca X naoualb NMOBEPXHOCTH. OTH COOTHOIIEHHS MOTYT HABECTH
Ha MBIC/Ib, YTO €CJH Mana IJIOLAAb 3aMKHYTOR 10BEPXHOCTH OIHO-
BPEMEHHO ¢ 0ObeMoM TpexMepHO# 06JacTH, KOTOPYIO OHA Orpa-
HUYMBAET, TO JHO/oKHA OBITb Majga W Mepa 3TOH NOBEPXHOCTH,
paccMaTpuBaeMas B TPeXMepHOM npocTpanctse. [Ipumep 8 noka-
8LIBAET, YTO 3TO HE TaK.

¢. MoxHO NOCTPOHTb NPAMYI0 LMJIHHIPUUECKYIO ,6aHKY® KO-
HEYHOH BLICOTH, B OCHOBAHMH KOTOPOH JIeXHT Hecnpam/seMas
OPIAHOBA KpUBAsA, HMEIOULYI0 KOHeUHHH o0beM (Mepy B Tpex-
MEpHOM NPOCTPaHCTBe), HO GeCKOHEUYHYIO MIOUIaNb MOBEPXHOCTH.
(Taxum oOpasom, 3Ty ,0aHKY“ MOXKHO HANOJHHTb KpPackoH, HO
BCI0 ee INOBEPXHOCTb 3aKpacuTb He yracres!) DTor npumep
B HEKOTOPOM CMEICAe IBOHCTBeH npumepy 8.

9. TJaockoe MHOXKECTBO CKOJb YTOAHO MaJO# MJIOCKOH MepHi,
BHYTPH KOTOPOTO HanpaBJieHHE OTpe3Ka eAHHUYHOH RJAHHH
MOXHO MOMEHATh Ha OOGpaTHOE HEeNpepLIBHbIM JABMKEHHEM

Jtor npumep 6w nocrpoed B 1928 r. A. C. Besukosuyem
KaKk pelleHde mpobaemsl, mocrasieHHot B 1917 r. C. Kaked.
(Cm. [4], [5] u [21], a raxxe [7], rie mpupojmarcda Haubosee
MOJIHBIE CBEJEeHHA.)
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METPHYECKHUE H TONMOJOI'HYECKHE
MPOCTPAHCTBA

Beénenune

MeTpHueCKkuM MPOCTPAHCTBOM HaskpBAETCA YIOpH-
Iovennasn napa (X, d), rie X —Henycroe MHOXECTBO, a d— et~
CTBUTENbHO3HAUHAA QYHKUMSA, onpeenenHas Ha X X X, npuuem

() d ecmpozo noroxcumensvra:

XEX=>d(x, x)=0,
x U YEX, x£y=d(x, y)>0;

(ii) cnpaBenHBO HepPaseHcmso mpeyeoAbHUKQ:
x,yunzeX=>d(x, 2)<d, x)+dy. 2).

Hs (i) n (ii) cpasy curenyer, uyrto
(iil) d cummempuuna:

X HyEXSDd(x, Y)=d(y %)

dyuxkuus d Ha3EIBaeTCd METpP HKOH Merpuueckoro mpo-
crpadHctea (X, d), a uucao d(x, y)— pacCTOSHHEM MeXLY
rToukamMn x¥ u Y. Korza u3 koHTekcTa sCHO, O Kako#i MeTpuxe
HIET peub, MOXHO HCMONb30BaTh OXHY OykBy X nisi oGo3Haye-
HHA KaK METPHYECKOTO INPOCTPAHCTBA, TaK M MHOXECTBAa €ro
TOYEK.

TomonorunyeckuM TNPOCTPAHCTBOM Ha3HBaeTCHd
ynopsanodensas napa (X, €), rRe X — HemyCTOe MHOXeCTBO,
a © — ceMeficTBo noaMHOXecTB M3 X, TaKoe, 4TO

) gEeEo n XEB,

(ii) © 3aMKHYTO OTHOCHTeJIbHO Ollepauuy nepeceveHusi KOHeY-
HOTO YHCJIa NOAMHOMECTB:

Op ..., 0,€6=>0,N...N0,€6,
Ine n— NPOHU3BOJILHOE HaTtypajJbHOE YUCAO;

13#*
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(iii) © 3aMKHYTO OTHOCHTEJNbHO ONepaHud OOBeIHHEHUA:

*eA 30,€0= | 0.€0
AEA

rie A — npou3BOJbHOE HENYCTOE MHOMCECMBO UHOCKCOB.

CemeficTBO @ Ha3bIBAGTCA TONOJNOT Wel TOMOJOTHYECKOTO
npocrpanctda (X, ©), a 3J1eMeHTH ITOT0 ceMeHCTBE — O T K P bi-
TH MU MHOMecTBaMH. CeMeHCTBO (@ Ha3HIBAIOT TAKXKe TOMNO-
goruefl muomecrsa X. Ecau ke M3 KoHTeKCTa fCHO, Kakoe
ceMeficTBO OTKDHITHIX MHOXECTB UMeeTcd B BHLY, TO OLHA U
Ta ke OYyKBa MOXeT OHITb HMCNOJB30BaHa Kak L 0003HA4eHHSA
TONOJIOTHYECKOTO INPOCTPAHCTBA, TAK W MHOXECTBA €ro TOYeK.
Ouepuano, ycnosue (ii) SKBUBAJEHTHO TaKOMY e YC/AGBHIO NpU
n=2. Tononoruvyeckoe npocrpancrso (¥, ) HasbiBaercs No I-
NPOCTPaHCTBOM TONOJOIMYECKOro mnpoctpanctea (X, 6),
ecin Yo X u ={YNO|OEBG}); B aroM cayuae rOBOPSAT,
yro Tomosorust § MHAYyLHpYeTCs Tomogorueit @.

MHOXeCTBO Ha3bBaeTCA 3aMKHYTLI M, €CAd ero JONOJHe-
HUe OTKPHTO. OTKPHTHM MOKPHTHEM MHOKeCcTBA A Hash-
BaeTCA KJACC OTKPHTHIX MHOXECTB, 00belMHEHHE KOTOPHIX CO-
nepwur A. Muoxectso € Has3wiBaeTcd KOMNAKTHBH M, €ClH
KaX10e OTKPHTOe MOKpHTHe C COLEPKUT KOHEYHOE MOLNOKPbHI-
THe. Tomonornyeckoe NMPOCTPAHCTBO HA3BIBAETCS X4y CLOPdo-
BB M, €CJIH JAJAs JIOGBIX IBYX €r0 PpasdjMyHBIX TOUEK X H Y
CYHIeCTBYIOT ABa HelleDeceKaloUwHXcsl OTKPHTHX MHOXeCTBd, OJIHO
U3 KOTOPHIX COLEPXUT x, a Apyroe—y. B mw6om xaycrop-
¢$0oBOM TNPOCTPAHCTBE KaxcIOe KOMIAKTHOE MHOXECTBO 3aMKHYTO.
I'oBopAT, 4TO TOUKA p sABAAETCA MpEeldebHOR TOUYKOM MHO-
wectBa A, ecIM Kaxloe OTKPHITOE MHOMECTBO, COjepikallee p,
CONEPKHUT MO KpaHHe# mepe oxny Touky m3 AN\ {p}. Bamu-
Kanuem A MHOXecTBA A HasbiBAeTCS NepeceucHHe BCeX 3aMK-
HYTHIX MHOXKecTB, conepxamux A. OHO COCTOMT U3 BCeX TOYEK,
KOTOpBIE MABISIOTCS au060 3aemeHTamMu A, 60 mpelenbHBIMHU
Toukamn A. 3ambikaHue J11060r0 MHOXecTBa A 3aMxkHyTO. MHO-
KecTBO A BaMKHYTO TOTLAa M TOJbKO TOTIa, KOTAa OHO COBNA-

JaeT CO CBOMM 3aMblKauheM, T. €. A=A. JIOKaAbHO KOM-
NMaKTHBM NPOCTPAaHCTBOM Ha3bIBAETCd TOMOJOFHYECKOE
MPOCTPAHCTBO, KakAas#d TOYKA KOTOPOTO COLEPKHUTCS B HEKOTO-
POM OTKDBLITOM MHOXECTBE, 32aMBIKAHHE KOTOPOTO KOMIAKTHO.

Basucowm ronoaoruu Tonojgoruyeckoro npocrpancraa (X, 6)
Ha3LIBAETCA TNOACeMeHCTBO & ceMellcTBa @, 001alamollee TeM
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CBOHCTBOM, 4YTO BCAKMA HemycTOH s/iemeHT M3 O ssasercd 06be-
IMHEHHeM HEKOTOPOH COBOKYNHOCTH 3jeMeHTOB M3 &&. Cucre-
MO# OKpecTHOCTeH Tonosoruyeckoro npocrpaucrsa (X, €)
HA3BEIBAETCS COBOKYMHOCTb off ymopsaLoveHHHX nap (x, N), Takas,
yro x € N nad Besiko#t maphi (x, N) € o/, IpHueM COBOKYMHOCTb
Bcex N, rakux, uto (x, N)E o/ sBasercs 6a3nUCOM TONOJIOTHH ©.
[TpumepoM cucTeMbl OKpPeCTHOCTel sIBJISeTCd MHOXECTBO BCeX Map
(x, A), takux, yro xEA nu A€, rie & —Hekorophif 6asuc
TonoJjoruu npocrpadctsa (X, @). Eciau & — 1poussoabHOe He-
nycroe CeMeMCTBO NOAMHOXKecTB MHOXectBa X, 1o & Oyner
6a3uCOM HEKOTOpPOH Tomosorun @ B X, ecJH BHIIOJHEHH 1Ba
caenyomux yeaosust; (i) X sBasgercss oObeINHEHHEM SJEMEHTOB
w3 &, u (ii) ecam G, u G, — saeMenTH ceMeficTBa &, mepe-
cedeHHe KOTOpPHX He mycTo, ¥ x € G, NG, TO cyuwecTByer
snemenr G € &, Ttako#, uro x € GGy N Gy. Ecaum BHIOJAHEHB
yeaosust (i) u (ii), 1o Tomonorus 6, MOpPOXKAEHHas ceMeld-
CTBOM &, ompelensieTcs MHOXeCTBAMH, KOTODHIE IBJAAIOTCH 00bean-
HeHusiMM  2JieMeHTOB ceMefictBa &F. [lociezoBarenbHOCTh {X,)
TOYEK TOMOJOrHYeCKOro TPOCTPAHCTBA Ha3biBaeTcsl CXOM4-
welca K TOUKe X, a X Ha3blBaeTCs MpeleoOM TOCAENO-
BaTeabHOCTH [x,}, ecin
V orkpuiToro muoxecrsa O, colepxallero x,

AmENInEN, n > m=x,€0.

Bo Bcakom xaycnopdoBOM MPOCTPAHCTBE CXOAALAACH NOC/IELOBA-
TeJIbHOCTb WMeeT eIUHCTBEeHHHIH npexeJ.

Ecium 6, u O, — IBe TONOJOIHH B OLHOM M TOM Xe MHO-
wectee X U ecam O, =0, TO roeopar, uto @, ciabee O,
a @, cuabHee @) Camoft cnaboff u3 scex tonosoruit B X
ABASETCA mpusuassras tonoaorns G=={¢@, X}, a camo#t
CHJbHON — Quck pemnag rtononorus G==2%, cocrosmas u3
8cex TOAMHOXeCTB MHOxecTBa X.

Ecin (X, d) — meTpuueckoe NpPOCTPaHCTBO M x £ X, TO
OKpPecCTHOCTbIO (W chepHUECKON OKPECTHOCTHIO)
TOYKM X Ha3BIBAETCH MHOXECTBO BHIA

(YlyeX, d(x, y) <&},

rie € >0 (x HasbiBaeTCcs Yewmpom, a € — paduycon 3ToH
cheprueckoit oxpectHocth). CdepnuecKy® OKPeCTHOCTb MHOTAA
HA3LIBAIOT OMKpbLimbMm wapos. MHOKECTBO BCex cdepHuUecKHX
OKpecTHOCTelH M1060r0 METPUUECKOTO MPOCTPAHCTBA Y A0BAETBOPAET

14 3ax. 587
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IBYM YNOMSIHYTHIM BHIIIE YCJHOBHSAM M TOPOXAaeT TONOJOTL U i0
MEeTPHYECKOTO NpPOCTPAHCTBAa. MHOXKECTBO BCeX YNOPALOYEHHHIX
nap (x, N), rae N — cdepuueckas OKpPeCTHOCTb TOYKH X, SB-
JageTcsd CHCTeMOH OKpecTHOCTeH 3TOH Tomnosoruu. Tonosoruyeckoe
npocTpaHcTBo (X, ©) Ha3HIBAeTCd MEeTPHU3YeMHM, ecan B X
CyLLeCTByeT Takas MeTpHka d, 4TO O MABJAdeTCH TOMOJOTHeH
MeTPHuecKoro npocrpancTsa (X, d). 3amKRYmMbM WA POM METPU-
yeckoro mpoctpaHcra (X, d) HA3HIBAIOT MHOXECTBO BHIA

YlyeX, d(x, y)<e},

rie x€ X, a €¢>0 (x HaselBaeTCA YeHmMpoM, a € — PALUYCOM
mapa). Bcaxuit saMxHyTHIH map ecTb 3aMKHYTOE MHOXECTBO.
YacTo BMECTO ,3aMKHYThIM 11ap“ rOBOPAT MpocTo ,wap. MHoxe-
CTBO B METPHYECKOM TNPOCTPAHCTBE HA3BIBAeTC OTPAaHHYEH -
H bl M, €C/IM OHO fABJSIETCA NMOJMHOXECTBOM HeKOTOporo wapa. Ecau
npocrpakcteo (X, d) orpaHuyeHo, 10 d Ha3bBAETCH OT P A H H-
yeHHOH MeTpukoh. Ecam Merpuueckue npocrpancrea (X, d)
v (X, d*) uMeOT OZHY M TY XKe TONOJOTMIO, TO TOBOPAT, YTO
Merpuku d m d* sxksusaneHTHu. Ilycre (X, d)— npous-
BOJIbHOE MeTpHueckoe npocTpaHcTBo. Merpuka d*, omnpenenen-
Has Qopmynok
+ —_4dxy
T N=rriGy

ABASleTC OrpaHuvueHHOH MeTpukoft, skBuBaxeHTHOH d. Takum
o6pasoM, 8CAKOe MempPpu3yemoe NPoCmMPaHCcmeo MONCHO Men-
pu3osams ¢ nOMOwbI0 O2panuvennol mempuru. B mo6om
KOHEYHOMEPHOM €BKJINIOBOM TMPOCTPAHCTBE C OOBIYHOH eBKJIM-
JOBOH MeTpHKOH MHOMXECTBO #BJASIETCH KOMMAKTHHEIM TOrA2 H
TOJABKO TOrId, KOTJIa OHO 3aMKHYTO W orpaHuyeHo. Ilo-
clelloBaTe/bHOCTh {X,} TOYEK B MeTPHYECKOM NpPOCTPAHCTBE
(X, d) nasbiBaerc! GyHLIAMeHTAaJAbHON mNOCJAENOBa-
TeAbHOCTDH 0 (MAM nNocaenosBaTeabHocTbio Kown), ecau

Ve>03KENS

mungEN

m>Kun>K
MeTtpunueckoe RPOCTPAHCTBO HABLIBAGTCH 1 O HBIM, €C/AH KAXNAA
dyHIaMeHTaIbHASA OCAeL0BATEJAbHOCTh TOYEK ITOrO NPOCTPARCTBA

cxonuTca (K HEKOTOpPOH Touke mpocTpaHcrea). B nporushom ecay-
uae NPOCTPAHCTBO HA3bIBAETCH H eIl 0/ H bl M. Takue NOHaTHA, KaK

} =d(x,, x,) <e.
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C8A3HOE MHOJNCECMBO, BNOANE HECB8A3HOC MHONECMBO U CO8ep-
UeHHOE MHOJCECMBO, ONIPeNeNSIOTCS TOUHO TaK e, KaK U B eBKJIH-
IOBHIX MpOCTpaHcTBax (cM. BBedeHde K Ta. 10).

I'oBOpAT, YTO TOMOJOTHYECKOE MPOCTPAHCTBO YAOBJAETBOPSET
BTOPOHf aKCHOMe CUETHOCTH, €CIM CYLIECTBYET CYETHHIH
6asuc ero TOMOJOrWM. MHOXKECTBO B TOMOJOTHYECKOM MPOCTPaH-
CTBe HA3bIBAETCA BCIOLY MJOTHBIM, €ClIM ero 3aMBIKaHHe
COBMANaeT CO BCeM NPOCTPAHCTBOM. ToOmMOJOrHYeckoe NpoCTpaH-
CTBO HA3HIBAETCS CenapabelbHBIM, €CIM OHO COIEPKUT
CyeTHOE BCIOLY NJIOTHOEe MHOXeCTBO. MeTpusyeMoe mpoCTpaHCTBO
VIOBJIETBOPSET BTOPO# aKCHOME CYETHOCTH TOrLd M TOJBKO
TOra, KOTrJIa OHO cenapabesibHO.

Ecan (X, 6) n (Y, g)— Tonojornyeckue mnpOCTPaHCTBRE,
a f — oroGpakenne X B V, To f HazmBaercd HeNMpe P b BHE M,

ecmn BE g—]%f_l(B)E@,—OTK PHTHM, et ACOG=
Sf(A)EY.—3aMmkHyTHM, ectu A COS(f(AYE Y.
Ecnn  f — oToOpaxeHne TOMOMOrHYEeCKOro npocTpaHcTBa X Ha
TOMOJIOTH4eCKOe NpPOCTPaHCTBO Y, TO f Ha3wBaeTcas roMe o-
MOpPGOHU3MOM (MIM TONOJAOTHYECKUM OTOOpakkeHueMm), eciau f
B3aUMHO OJHO3HAuHO, a f W f‘1 HENpepPbIBHbIL.

ITycte V — annuTHBHAs rpynna c sjeMeHTaMu X, ¥, 2, ...,
a F—none ¢ saemenraMu A, U, v, .... Toraa V HasmBaercs
BEKTODHHBM TNpPOCTPAaHCTBOM (MIU AUHELHHM TPO-
CTPaHCTBOM) Hal noaeM F, ecan cywectsyer ¢pyukuus (A, x) —> Ax,
orobpaxawomas F X V B V u takas, uro aas Bcex A u B u3 F
M x Uy u3 V BBINONHEHB CleAyOLHE YCIOBHS:

(i) A(x+y)=rx+1y,

(i) (A-+p)x =~rx -4 px,

(i) A (1x) = () x,

(v) 1-x=x.
TOYKM BEKTOPHOTO NPOCTPAHCTBA HA3LIBAIOT TAKKE BEKMOPAML.
[Tycts F o6o3nauaer au6o moJe R IeHCTBUTENbHHIX YHCeN, AHGO
noxe C KoMmieKCHHX uucea. BexTopHoe npocrpanctso V Han
nojeM F HaselBaeTcd HOPMHPOBAHHEIM, €CAd CyLieCcTByerT

LeBCTBHTE/bHO3HAYHAA HOopMa || ||, yZoBaeTBopaiowias A BCeX
xuyuVuldu F caeryomum ycnosuam:

W x1>0; |x|=0&6x=0,
i) eyl <llxl-+yl
(vii) [[Axf=]A]- [|x]l.

14*
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Kaxnoe HOpMUPOBaHHOE BEKTOPHOE NPOCTPAHCTBO ABAAECTCA METPH-
YeCKHM NPOCTPAHCTBOM C MeTpHKO# d (x, y)==|x —y||. Bana-
XOBHM NPOCTPAaHCTBOM Ha3BIBAaeTCA MOJHOE HOPMHPOBAH-
HOE BEKTOpHOE NPOCTPAHCTBO.

HanpHefiine cBefeHUs O TONOJOTMYECKHX NPOCTPAHCTBAX M
orobpaxenusx cm. B [11], [12], [13], [14], [23]. [27], [48], [54]
1 [56], o BekTOpHHX mnpocrpaHcTBax — B [19], 0 GaHaxOBHIX
npocrpancraax — B [3] v [29].

1. Y6biBaomas moc/jeioBaTeJbHOCTh HENMYCTHIX 3aMKHYTHEX
OrPaHMYEHHBIX MHOXECTB C HYCTBIM NepecedyeHHeM

BBenem B npoctpanctBe R orpannyeHHy0 MeTpuky d (x, )=
— _lx—y]
I+ lx—y]
Torma xaxuoe MHOxecTBO F, BaMKHYTO M  OTpaHHYEHO,

n
+00
a n F,=.
n=1
HaCTOﬂUJ,I/Iﬂ IpUMEpP HEBO3MOKEH B KOHEYHOMEPHOM €BKJIHIO0-
BOM NPOCTPaHCTBE C OOLIYHOH eBKJIHILOBOR MeTPUKOH, MOCKOMbKY

BCAKas yﬁbIBaIOI_Llaﬂ MOCNEL0BATEJAbHOCTE HEMYCTHX KOMITAKTHBIX
MHOXKECTB HMEET HEMYCTOE HepeCeyeHHue.

u noaownMm F,=[n, 4o00), n==1, 2, ....

2. HenoJanoe meTpuideckoe NPOCTPAHCTBO ¢ AHCKPETHOH TONO-
Joruei '

ITpocrpanerBe . (N, d) HATypanbHHIX uMcel C MeTPUKOH
d(m, n)y==|m-—n|/mn uMeeT NHCKPETHYI TONOJOTHIO, MO-
CKOJNLKY B HeM 'BCAKOE OIHOTOYeYHOe MHOXKEeCTBO OTKPHITO.
OzHako OHO HEMOJHO, TAaK KAaK PacXOIsuascs MOC/Aei0BaTelb-
HOCTh {n} ¢yHIaMmeHTanbHa.

ITOT NpuMep NOKa3bIBAeT, UTO ' MOAHOMA He S8AALMCA
MONOAORUHECKUM C80LCMBOM, TIOCKONBKY NpOCTpaHcTBO N
C OOHIYHOH MeTPMKOH M NOJHO, W AUCKPeTHO. KHbIMH c/loBamu,
NlBa MeTPHUeCKHX INPOCTPAHCTBA MOTYT OLITb TOMeOMOpP(MHHIMY
Iaxe B TOM Clydyae, ecid OIHO M3 HHX NOJIHO, a JpYyroe Her.
Ipyrum npuMepoM TakMX MPOCTPAHCTB SBAAIOTCA [Bd TOMEO-
MOp(}HEIX HHTepBana (— 0o, - 0o0) u (0, 1), U3 KOTOPBIX MOJHEM
B 00bluHOM MeTpuxe R aBasteTcs auwWb nepBbilt.
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3. YO6niBalomas nocJeioBaTeNbHOCTh HEMYCTHIX 3aAMKHYTHIX
IapoB € NYCTHIM NepeceYeHHEM B MOJHOM METPHYECKOM
npoCcTpaHCcTBE

Paccmorpum  mpocrpanctBo (N, d) HaTypalbHBIX  YKCel
¢ MeTpHKOH

1
d(m, n)E! 1+m, ecaun m?&n,

0, ecIu m=:n,
M TOJOXKUM
B,={m|d(m, n) 1+ 1{2n} ={(n, n41, ...}
mas n==1, 2, ... Torma {B,] ynosiaersopser TpeGyeMbIM

YCAOBMAM, a HPOCTPAHCTBO TOJHO, NMOCKOJbKY Kawzaad QyHia-
MEHTaNbHasl NMOC/Je]0BaTEIbHOCTh SBJAAETCS ,[IOYTH TOCTOSHHOHR®.

Eciau He TpeGoBaTh MOJHOTH MPOCTPAHCTBA, TO MOXKHO NpH-
BECTH COBCEM TpPUBHAJbHbIE NPHMEpHl — HaNpHMep, IOCAeNOBA-
teabHoctb {y| | 1/n— y| < 1/n} B npoctpancrse P monoxutes-
HBIX 4YHcesa ¢. oObiuHo# Merpuxofl npocrpanctsa R. C apyro#t
CTOPOHBI, TaKOH MpUMep CTAHOBUTCS HEBO3MOMNHBIM, €CJH MOJHOE
NPOCTPAHCTBO siBJAseTcs OaHaxoBuM (cM. [18]).

Hacrosumit npumep (cm. [48]) npeicTaBiaser yHTepec B CBA3M
¢ teopeMmo#t Bspa (cm. mpumep 7 ra. 8, a rakwe [2], [3], [27]
H [54]), yTBepkiawouiel, uTo KaNd0e NOAHOE MempuyecKoe
NPOCMPAHCMBO SBAREMCSL MHONCECMEOM BMOPOL Kamezopuu
W/ 5KBHBAJEHTHO, YTO HepeceyeHue CYETHOTO MHOMKECTBA OTKPHI-
THX BCIOAY IVIOTHBIX MHOXECTB B MOJHOM METPHUECKOM NpPOCTpaH-
cTBe BCIOAY MAoTHO. I1pH ZOKasaTeAbCTBe 9TOH TEOpeMBl CTPOUTCH
y6bIBaIOLIAs8 MOC/EN0BATENbHOCTD 3aMKHYTHX IAPOB, PaiuyChl KO-
TOPHX CTPEMSITCSA K HyJI0, a MOTOMY OHAa MMeeT HenycToe mepe-
ceuenne. Takum o6pazoM, MH BUIHM, UYTO €CJAM APl YMEHb-
IIAIOTCS, OHM [OJMKHEL MMeTb OOLLYI0 TOHYKY, B IIPOTHBHOM K€
Ciayyae TaKas TOUKA MOXeT M He CyLIeCTBOBATb.

4. OTkpuiTHit wap O u 3aMKHYTHIE map B ¢ o6utdM ueHTpoMm
H PaBHBLIMH paguycamu, Takue, 4T0o B+ O

Mycts X — npousBosbHOE MHOXECTBO, COAepxkallee Gojee
oAHOH TOukM, M nycth (X, d)-— MeTpHYeCKOe MNpPOCTPAHCTBO
C METPHKOH )

1, ecan x =y,

a(x. y)E{O, ecan x =y.

15 3ak. 587
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Jlanee nycTh x — NMpoM3BOJbHAA TOYKA MHOXecTBa X, a O u
B — cOOTBETCTBEHHO OTKPHITHH M 3aMKHYTHIH LIApEl C LEHTPOM
B Touyke X M paanycom 1. Torza

0=|{x}, B=2X,

M TaKk KaK TonoJorus Auckperha, To O =0 = B.

MonoGubifi npuMep HeBO3MOXEH B JIO0OM HOPMHUDOBaHHOM
BeKTOpPHOM npoctpanctse. (llokasatenbcTBO 9TOro (hakta mpeno-
CTaBJACTCA YMTATENIO B KadeCTBE YNPAXKHEHHS.)

5. 3amkHyTeie mapul By, w By ¢ paauycamu ry M r; COOT-
BeTCTBEHHO, TakHe, 4T0 By By, a r; > r;

Oycre (X, d) — MeTpuyeckoe NPOCTPAHCTBO, COCTOSAIIEE H3
BCeX TOYeK (X, y) 3AMKHYTOrO Kpyra B €BKJAMIOBOH HJIOCKOCTH

X={(x, y|x*+y* <9}
¢ oGhiyHOH eBkaMAOBOH Merpuko#h. ITomoxuM B,= X, a
By=B,N {(x. y)|(x—2)"+y* L 16}.
Torpa Byc B,, a ri=4 > r,=3.
ITonoGHBIA NpHMep Heab3si MOCTPOUTb HM B KAKOM HOPMHpPO-
BAaHHOM BEKTOPHOM IPOCTPAHCTBE, IOCKOJBKY B 3TOM NpPOCTPaH-
cTBe paauyc Jo6Oro 1iapa pasBeH INOJOBHHE ero IHaMeTpa.

(lokasaTenbCTBO NpeIOCTaBAAETCA UYHTATENI0 B KauecTBe yHpam-
HEHHS.)

6. Tonosoruueckoe APOCTPaHCTBO X M €ro NOAMHOXKECTBO Y,
TaKHe, 4HTO MHOXKECTBO NpefeJbHBIX TOUEK Y He 3aMKHYTO

IMycts X — npouM3BOJIbHOE MHOMXECTBO, cojlepxkaluee GoJee
onnoft Touxku. Hamemum ero TpuBHaabHO# TOMHOJOTHEH 6=
= {@, X}. Ecan y — npousso/sHbfi 31eMeHT U3 X, TO MONONKUM
Y ={y}. Torza npesejipHbIMM TOUKaMH MHOXecTBa Y O6yiyT Bce
Toukd X, 3G uCKAKOueHueM CaMOH ToukH y. Takum o6pasowm,
MHOXECTBO NpejleJbHbIX TOYek cosnazaer ¢ X \'Y, a tak kak ¥V
He ABJISeTCs OTKPHITHIM, T0 X \ Y He 3aMKHYTO.

7. TonoJoruyeckoe npoCcTPaHCTBO, B KOTOPOM Npeie s mocJe-
HOBATEJbHOCTH HE EeNMHCTBEH

Ilepsuiii npumep. DTUM CBOKCTBOM o06/nanaeT BCAKOE MPO-
CTPaHCTBO, HaleJeHHOe TPHBHAMLHOR TONOJOrueH, €cIu OHO CO-
IepxuT Gonee oaHOH TOYKM. B camoM nene, B 3TOM NpOCTpaH-
CTBe KaMJIad MOCJeN0BAaTeJbHOCTb CXOZMTCH K JIOOOH ero touke.
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Bmopoti npumep. Tlyctb X — OecKOHeUHOE MHOMECTBO.
Hanenum ero rtonosaorueit ¢, cocrosulel U3 ¢ U BCexX AOMOJI-
HeHMR KOHeuHbIX mnoamuoxects u3 X. Toraa kaxnas mocnae-
JOBATENbHOCTb PA3AUYHBX TOYeK X CXOLHMTCA K JI0OOMYy 3Je-
menty X.

8. CenapaGeabHoe npocTpaHCTBO, ofJajaloniee Hecemapa-
6eJIbHBIM NOANPOCTPAHCTBOM

Ilepsuiis npumep. [yctb (R, ©)— npocrpaHcTBO AeHCTBU-
TeJbHHIX YHCed ¢ Tomojoruefl €, NOPOMAEHHOR 6a3uCOM, CO-
CTOSIILUM M3 MHOMXECTB BHAA

xju@Qn(x—e, x+e), e€R, >0,

n nyctb (Y, g)— ero noanpocTpaHcTBO MPPALMOHAIbHBIX UHCEN
¢ IMCKpeTHOH#l Tomnosoruefi (OHO AEHCTBUTENbHO SIBAAETCH NOI-
NPOCTPAHCTBOM, HOO BCSIKOE OJIHOTOYEYHOE MHOXecTBo B V
ABJSieTCS NepeceyeHueM ¥ ¥ HeKoTOpOro sJiementa u3 @). Torza Q
GyIeT CYeTHHIM BCIOLY IVIOTHHM mHoxmuHoxecrBoM (R, €), onHako
B (Y, §) He cCyulecTByeT CYETHOrO BCIOLY TWJIOTHOTO MOAMHO-
KECTBa.

Bmopoii npumep. Tlycts (X, ©)-— npocTpaHCTBO  BCEX
Touek (X, ¥) eBKJIMIOBOH MIOCKOCTH, Takux, 4ro y > 0, u myctb
06 — TOMOJIOTUS, TNOpOMJIeHHad 06asucoM, COCTOAIUM W3 MHO-
KECTB CHeAyIOINX ABYX THUIHOB:

(e, »]1(x—ap—+@—0A4" < min @, &),
a€R, b>0, >0,
{a, OJU{(xs M| (x—aP+(y—0P<e?, agR, >0,

Torna muoxectso {(x, ¥)| x €Q, yE Q NP} ectb cuernoe BClony
miotHoe noiaMHoxectso B (X, ©), OIHAaKO NPOCTPAHCTBO
{(x. Y|xER, y=0}, HagenenHoe NMCKPETHOH TONONOrHEN,
ABJAETCSl MOANPOCTPAHCTBOM mnpoctpaHcTa (X, €), He umel0-
UMM CYETHOTO BCIOLY [AOTHOrO nounMHOXecrBa. (Cm. (2],
crp. 29, 5°)

9. CenapaGesbpHoe mpOCTPAHCTBO, HE yNOBJETBOPAIOULEE BTO~
poii aKCHOME€ CYETHOCTH

JioGo# W3 IBYX NPUMEPOB MNpeABILYINEero MyHKTa YIOBJIE-
TBOpPsAET TPeOGyeMbIM yCJOBHSIM, NMOCKOJbLKY (1) Kawioe mpocrpan-
CTBO, VAOBJETBOPSAIOllee BTOPOH aKCHOME CYETHOCTH, cenapa-
Geabno u (2) 11000€ ero NOANPOCTPAHCTBO TAKKE YILOBAETBOPAET

15*
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BTOpOH akcuoMe cueTHOCTH. Ecin 6v Kakoe-au00 H3 NPOCTPAHCTB
npeAblAylIero TYHKTA YIOBJETBOPSJIO BTOPOH aKCHOMe cCueT-
HOCTH, TO pacCMaTpuBaeMble NOANPOCTPaHCTBa GbLIM Obl cenapa-
6eJIbHBIMH.

10. MHOXECTBO ¢ Pa3JHYHBLIMH TONOJOTHAMH, HMEIOIMHMH
OIHH M Te Xe cXoisuHecs NOCAef0BaTeNbHOCTH

Hepseiii npumep. Ilycrs (X, ©) — NpoUsBONbHOE HECUETHOE
NPOCTPAHCTBO, TOMOJOTUA (6 KOTOPOI'0 ONpele/sieTcss MyCTHIM MHO-
KECTBOM () M IOMNOJHEHUSIMH BCeX CUETHBIX (BOSMOXHO, MYCTHIX
WM KOHEYHBIX) MHOXECTB. Torna nocnenosaTeabHoOcTs {X,} cxo-
JIUTCA K X TOTA3 H TOJbKO TOTIa, KOTIa X,==Xx 11 7, [mpe-
BOCXOJfALIEro HekoTopoe m € N. MHBIMH CJIOBAMH, CXOIALIMMHCS
NOC/eA0BATeJbHOCTAMYU SIBJAAIOTCHA T€ U TOJbKO Te NOC/HeI0BaTelb-
HOCTH, KOTODHIe CXOAATCH B NpocTpaHctse (X, &), rie § — AH-
CKpeTHas TOMNOJIOrusA; NPH 3TOM OUEBUAHO, 4TO O =+ ¢ .

Bmopod npumep. Ilyctb X — MHOXKECTBO BCeX MOPAAKOBHIX
yucesJ, He mpeBocxoifwnx £2, rae Q — mepBoe NOPAAKOBOE
41CA0, COOTBETCTBYIOLlee HecyeTHOMY MHOxecTBy. (Cm. [49]
u [54].) Hasee nycTb 6 — TONOJOrHsA, MOPOXIEHHAS HHTEPBAJaMH

(L, 8 (a, B) (@ Q1

rneau pEX. Tak Kak Kamaoe CueTHOe MHOxecTBO u3 X \ {Q]
uMeeT BepXHIOI0 FpaHb, NpuHazaexawyio X \ (R}, To Hukakas
nocae10BaTeNbHOCTh Tovek H3 X \ {€2} He MOXeT CXOAMTLCS
k Q. CnezoBareqbHO, NOCAELOBATENLHOCTb TOYeK B X CXOIMTCS
kK £ TOrza M TOJbLKO TOTia, KOTXa BCe ee YIEHH, 32 HCKIOYe-
HHeM KOHeuHoro vuucna, pasusl Q. pyrumu cloBam, CXOnf-
wuecs B X MNOC/IeLOBATeJbHOCTH COBNAIAlOT C TEeMH, KOTOPHIe
CXOIATCS B TONOJOTHM, MOJYYEHHOH TNpPUCOEIMHEHHEM K no0-
npocmpancmey X \ {Q} mnpocrpancrsa X Touku € Kak u30-
AuposanHoii TOukM (3TO O3HauaeT, uro {2} ecTb oxHOTOUEUHOE
OTKPHITOE MHOXECTBO HOBOTO npocTpaHcTBa X).

Tpemuii npumep. (Onpenenenus W JAanbHefiline MOAPOG-
HOCTH cM. B [3] u [29].) INyctb X — 6aHaX0BO HMPOCTPAHCTBO [,
JeHCTBUTENbHEX (MJIM KOMILIEKCHBIX) MOC/AeIOBATeNbHOCTEN X —

= {x,}, Takmx, o N |x,|<-4oco c wHopmott |x|=
n=1
+o0

= X ]x,|. Cuavuofl Tonoaorued npocrpancrsa X Hashi-
n=1 .
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BAeTCA TOMOJIOTUS MeTpuueckoro npocrpanctsa (X, d) ¢ MeTpu-
ko#t d(x, y)=|lx—y|.

Onpefemnm Teneps B X ApYryio TONOJNOTHIO, HA3HIBAaEMYIO
cnaGoH, npu NOMOIM CJlefyiollel CHCTEMBI OKDPECTHOCTeH:

NxE{y— y,, Zamn(yn rz) <e»m:1'2""‘p}’

rie x€X, e>0, a (a,, — orpaHHyeHHas MaTpHua C P CTPO-
KaMH ¥ OGeCKOHeyHHM uHcJaOM crToaGuos. MoxHO mnokasatsb,
yro {N,} ynosiaerBopsaer cpOpMyJMPOBAHHHIM B BBEJeHHH YCIO-
BHAM M MOPOXKJHAET TOMOJOrHuYeckoe npocrpanctso (X, 0).
Yro6el KOKa3aTh, YTO CHJAbHAS TOMOJOTHS X [IefCTBHUTENbHO
cuabHee caabolt ToOMOJOTUH, MBI NOKaXeM, 4TO J106as OKpecT-
HOCTb MNPOU3BOJbHOM TOUKH x B cAabo# TOMOJOIMH COLEPHKUT
HEKOTOPYIO ChepHueCcKYI0 OKPECTHOCTh STOM TOUKH. IJTO CPasy xe
ClefyeT U3 HEPaBEHCTBA TPEYTOJbHUKA AN JeHCTBUTENbHBIX PALOB:

”g] Qp (Y — %) | < KZ 'yn n!:K“y*—x”’

rie K —— BepxHsisi TPaHb MHOXecTBa abCOJIOTHBIX 3HAuYeHHH 3Je-
MeHTOB MaTpuun (a,,). YroOw 10KasaTb, YTO CHJIbHAA TONOJO-
I'Hd Cmpo20 CuibHee C1a6oH, NMOKaMeM, U4TO Kaxcoas oKpecm-
HOCMB 8 CAQ60H monoso2uun He 02pAHuU4eHa 8 Mempukxe
cuavholi monoaozuy (M, C1eIOBATENbHO, HUKAKAS OKPECTHOCTh
B cJaaboft TOMOJNOTMM He MOXeT ObITb NOAMHOXECTBOM KaKOd-
4u60 OKpPeCcTHOCTH B cHAbHOH Tonosorun). IlycTs (@,,,)—Marpula
C p CTPOKaMH M GECKOHEeYHBIM YHCJIOM CTOJGLOB A HEKOTOPOH

okpectHocTH N, B caabofi TOMOJOTHH, (24, 29, ... Zpy1) —
HempuguaasHbli (p—+ 1)-MepHBH#l BekTOp, TakoH, uTO

P+l

2 Qp2,=0 1na m=1, 2, ..., p.

n=1
Hanee nonOWHM 2,9 = Zp.3= ... = 0. Torma Bekrop

"
y@=x-+az={y,(w)} = {x,+oaz,] npunamnexur N, nis
J1060ro IefCTBUTEILHOTO O

p+1
2 @nn (9 (0) — %) = z 02y =0 2 @y, =0,
m=1, 2, ..., p.

C apyroft cropontl, [ y(0) —x||=|lez|=]a|-[z]. a | z{+*0.
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Tenepb 06paTuMca K MOCHeLOBaTEAbHOCTAM TOYeK B X. Mui
yKe 3HaeM, 4YTO BCAKad MOC/IELOBATENbHOCTH TOYEK B X, KOTO-
pas CXOLHMTCHl K X B CHJbHON TOMOJIOIHH, LOJKHA CXOLUTHCH K X H

B caaboB tomonoruu. Jlokaxem ofparHoe: ecau lim x(™ = x
m-» +oo
8 caaboli monoaoczun, mo lim x™ —=x g cussnol mono-
m-»+coo
aozuu. Otcona Oyner cienoBaTh, u4To chaaGasi M CHJAbHAd TOMO-

aorud B X ONpelensioT OIHH M Te e CXOUALLHeCs MOCAen0Ba-
TeNbHOCTH.

[TpenmnonoxuMm, 4TO CYUIECTBYET MOC]EI0BATEAbHOCTh, CXOLsi-
wasicd K X B caabGofl TOMOJOrMH, HO He CXOAAIAACSd K X B CHJb-
HOH TOMOJIOTHH. B cuay JuHeHHOTO XapakTepa Onepauuy npeireib-
HOTO nepexoja Mbl MOXeM NPenNoOJOMKUTb, He Tepsis B OOLIHOCTH,
YTO X ecTb HyJAeBoH BekTop. Bosee Toro, ecnu paccmaTpusaemas
N0C/Ie0BATENbHOCTh He CXONUTCS K HYJIO B CHJIbHOH TOIOJNOTHH,
TO M3 Hee MOMHO BHLAEJUTb MOINOCAELOBATENLHOCTb, HOPMHL
3JieMeHTOB KoTopo#it orzenenn ot 0. Ecaum o6o3Hauuth 3ty nox-
nocnenoBareabHocTs uepes {x(™), To Halnercs nmonokuTegsbHOE
YUCJIO €, TaKoe, 4TO

1™ || > 5e

as m=1, 2, .... Tak kak {x™} — noanocnenosareabHOCTb
HEKOTOPOH ToOCHenoBaTeabHOCTH, cxolsuehca k 0 B caaboft
tomonorun, To {x™} Takme momkua cxomurbes k 0 B craGolt
tononorun. Ecam Mbt sanumem x™) B Buze

(m) _(m) (m) )

m)
= (2™, 25, ... %

TO mnocaeroBateabHocts {x(™) moxer GwbiTh mpeicraBiena Gec-
KOHeuHOH Marpuuelt M, Kaxias CTPoKa KOTOPOH COOTBETCTBYeT
OIHOMY M3 BekTOpoB nocaenosareabHoctu {x(™}. Cienyiowntt
war COCTONT B TOM, YTOOH MOKAa3aTh, ONMHPasich Ha CXOAMMOCTD
{x"™} x wnymo B cnaGoft TomONOrMM, uTO Kaxniblh croaGel
Mmarpuubl M ects neHCTBUTENbHAs NOCAENOBATEIBHOCTH, CXO.d-
masca ¥ O, T. e. uro npH m-—>- oo mpeled n-# KOOpAH-
Harsl x™) 1na Besikoro dukcuposawHoro n=1, 2, ... pasen 0,
T. €.
lim x{™=0.
m-» +co

Ho 3T0 HEnoCpenCTBEHHO ClelLyeT U3 PacCMOTDEHHs OKPeCTHOCTH
HyJ, 3azaBaeMofl Marpuuefi (a,,,), COCTOsillle} U3 OLHOH CTpPOKH,
Ha n-M Mecre KOTopoh crout 1, a Ha ocrambHbix 0.
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Tenepb Mbl MOXeM 00 HWHAYKIHH NOCTPOUTL IBe CTPOro
BO3pacramuniue MOCJIeN0BATE/bHOCTH HaTypaJbHbIX qyucea

m <myg< ... nn<ny< ... Takue, uto Aaa jEN
n; oo
@ XM <e X || <,
n=1 "'"j+1+1
H, Clel0BaTenbHo,
AN
(b) 2 | x| > 3e.
n-nj+1

Hakowel, onpeneauM Mociel0BaTelbHOCTb {a,] caeaywowum
_oGpasom:

1, ecmn 1 Ln<ay,
a,=
"7 sen xfl'"f), ectn ;4 1l<nCnyy,
aas j=1, 2, .... Eciu Ny— OKpecTHOCTb HYJ/IEBOIO BEKTODa,

onpenenseMas 4uCIOM & U MaTpuueh (@,,). COCTOsMILER U3 OLHOH
CTPOKH, COCTaBJeHHOH W3 uieHOB {a@,},

+c0
NOE{)’= et Z a,,y,,|<e} ,

10 nurarcas rouka x(") noanocaenosarensuocru {x(™N} nocae-
nosateashoctu {x(™)} He sBasercss saementoM Ny

+oo Bjti i
IZ anxfl'"!)|> o Ixsl"’f)l__lz anx,(,mi)]——
n=1 n=n1-+1 n=1
400
— 3 a”xfl”‘i)|>3e—e—e==e.
n-nj_H+1

Ho srto osnauaer, uro {x{™)} He moxer cxomurtbea k 0. ([Ipo-
THBOPEUHE.)

11. Tlpumep TOMOJIOrHYECKOTO MPOCTPAHCTBA X, MHOWECTBA
AcX v npexelbHOH TOYKM 93TOro MHOXECTBA, He
ABJAIOWEHCT TnpeaeJoM HHKAKOH MNOCHeROBATEJNbHOCTH
Touek H3 A

Mepeorii npumep. Ilycts X — NPOCTPaHCTBO M3 MNEPBOro
npumepa n. 10, u nycte A — kaxoe-iM60 HecueTHOE NPABHAL-
Hoe (uau coGCTBeHHOe) moaMuoxectBo M3 X. Torna aw6as rouka
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mHO}KecTBa X \ A 6yler npeieJbHOR TOUKOR A, HO MOCKOIBKY X
He MOMeT ObiTb NpeleJOM NOCAEIOBATEJLHOCTH Touek U3 A
B JMCKPETHON TONOJOTHH, TO 3TO Xe CIpPaBelJUBO H JJs TONO-
JOTHH, ONMHUCaHHOH B 3TOM IpHMepe.

Bmopod npumep. Ilyctb X — npocTpaHCTBO U3 BTOPOTO
npumepa n. 10 ¢ Tomosnorueft, koropas Gbina BBeJeHA B Hauaie
npumepa. [Tonoxum A= X \ {Q}. Torza Q Gyaer nperenbHok
TOYKO A, HO HHKaKas TNOC/JeI0BAaTEIbHOCTH #3 A He MOKeT
cxonuthes k Q.

Tpemuii npumep. (Cm. {35], roe nocTpoeH aHAJOTMYHBIH
npuMep, a takke [3], [18], [29] u [31], rie maub ompeieneHus
¥ Waaaraiorcs IaibHeHmue cBenenns.) Ilycts X —ruanbep -
TOBO NPOCTPAHCTBO [, BCeX NEHCTBUTEJAbHHIX (MAH KOM-
IVIEKCHBIX) TNOC/AeloBaTeJbHOCTER uucea x=={x,}, Takux, 4TO

400 +co
Z} x2 < —co (mm E} | x, P <+ oo B KOMMIeKCHOM ciyuae | .
n= n=

B stoM mpocrpaHcTBe 1js JMOGEX ABYX TOueK x=={x,] u
y=={y,] onpelenseHo cxaaspHOe NpousBeleHHe (WIH

+co +o0
) BHyTpeHHEE npousrseﬂeﬂue) (x, y)E Z XnVn (HJIH Z XY
n=1 n=1

B KOMIIJIEKCHOM cnyqae).

Jro ckanspHoe mpousseleHHe 00/anaeT CleLyIOWUMH CBOH-
cTBaMM Ias Jo6GHX X, y, 2€ 1, u AER (c aTOro MOMeHTa B Ha-
CTOsIEM TNpHMepe pacCMATPUBAETCd JHIUb TIPOCTPAHCTBO HeH-
CTBUTEJBHHX HOCJAEL0BaTeIbHOCTEH):

B x4y 2= 2+ 2,

(i) (Ax, y)=>»x(x, y),

(i) (y, x) =(x, y),

@iv) (x, x) >0,

(v) ecn || x||=(x, x)°, To || || #Bnserca HOpMOH, OTHO-
CUTENbHO KOTOpOH [, siBAseTcsi GaHAXOBHIM NIPOCTPAHCTBOM.

Mpespartum Teneps npocrpancTso X ==I, B TONOJOTHUECKOE
npoctpaHcteo (X, ), BBelss B HeM CHCTeMy OKpecTHOCTeH,
ONpelleIeHHYI0 aHAJOTHYHO TOMY, KakK 9TO CIeJaHO B TpeTbeM
npumepe n. 10:

N, ={ylbeB=>|(y—x, b)|<e}

rie xE X, £¢> 0, a'B— no60oe Hemycroe KOHEYHOE MHOMECTBO
Touek M3 X.

1/2
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Mycrs A — muoxectso Touek {x™}, rae x™ — Touxa,
m-2 KOOPIMHATA KOTOpo# pasHa )/ m, a Bce ocTanmbhbie KOODIU-
HaTBl PaBHB HYJIIO, T. e.

x™ =(0, 0, ..., 0, Vm, 0, ...)

[ToxaxeM cHayajna, YTO HyJeBOH BekTOp GyneT NpeneabHOH TOY-
kot A. TIpeinosomuM, YTO OKPECTHOCTb HYJsl

No={y|b€B=|(y 0| <¢}

(rne e > 0, a B cocrour us touex V= {60}, ..., 6" = (b))
He CONepXHT Hu 00HO# TOuKH x™. Dro oO3mauaer, uTO
VmENILE(L 2, ..., p}3|VmbP|=e

H, CJAECILOBATE/LHO,

+oco p 400
£)\2 £N\2 €2
S Newr= XS 3 —re
k=1 m=1 m=1k=1 m=1 -
+co 9
&
YTO NMPOTHBOPEYUT MPENNOJOXKEHUIO O CXOLUMOCTU Psla Z (b(m))
m=1
ma k=1, 2, ..., p.
Hakownei, nmokaxeM, 4TO HHKaKas MOCAELOBATENbLHOCTb TOYEK
3 A He MOXeT CXOOWTbCA K HyJIeBOMY BekTOpy. Jlerko noka-
3daTb, YTO €CJH

™)) () k(M) 50,

TO MNOCJACN0BATEJHbDHOCTb My, Mg, ... HE OrpaHuyeHa. Cuenosa-
TeJbHO, HE€ OrpaHHyMBagd OOIIHOCTH, MOXHO npeanoOXKUATL, HTO

my < my <
2—<+oo

Yro6Hl 3aKOHYHTb JOKa3aTeIbCTBO, ONpeleluM OKpecTHOCTb N
Touku O npu nomomy £=1 u MHOXeCTBa B, cocrosuero us
eIMHCTBEHHOTO BeKTOpa b, m;-s KOOPIMHATA KOTOPOro pasHa

I/Vm mag f=1, 2, ..., a BCe OCTaAbHHE KOOPIHHATH
pasnbl Hyai0. Torna ruxaxas TOUKa MOCJELOBATENLHOCTH {x( 1)}

He Moxer npuHamtexars Ny, u6o (x(™7), )=1 nna j =1, 2,
Hemsepmuoii npumep. Cum. npumep 12 3T0H raasul.
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OTMeTI/IM, YTO $fBJIEHHE, ONMKHCAHHOE B HACTOALIMX NpUMEpAX,
HEe MOXeT HMETb MeCTa B METPHUYECKOM IDPOCTPAHCTBE H, CJelOo-
BAaTeJJbHO, HH OAHO U3 OINKWCAHHBIX BHIIUC¢ NPOCTPAHCTB HE ABJAACTCA
METPHYECKUM H [axXe He METPHIYEMO.

12. HemeTpu3dyemoe TONOJOFHYECKOE  MPOCTPAHCTBO X
¢ (YHKIHAMM B KayecTBe TOYEK W TONOJOTHEH, COOT-
BETCTBYIOUIEH TMOTOYEUHOH CXOAHMOCTH

[Mycts (X, @) — npocTpaHCTBO BCeX AEHCTBUTENbHO3HAYHBIX
HenpepuIBHBX ¢yHkUMH, 3anannbix Ha [0,1], n nycts Tonoaorus @
NOPOXAAETCA CHCTEMOH OKpecTHOCTeH

N,=(glx€F=>|g(x)—f(x)|<e],

rie fEX, €>0, a F— xoHeuHoe HemycToe MOAMHOXKECTBO
samxuytoro untepsana [0,1]. fcro, 4TO ecau B 3TOH TOMOJNOTHH
g,—~>& nupu n—>-+400, 10 g,(x)—>g(x) npu #—>-oco 14
kaxaoro x €[0,1], mockoabky B KauecTBe F MOxHO Oparh OLHO-
Toueunnie MHOXectBa {x}. C apyrolt croponnl, ecau £, (x) —> & (x)
npu n —> - 0o aaa kaxaoro x € {0,1], o g, —> g npu n — +oo.
B camom zene, oag kaxznoro € > 0 ¥ KOHeYyHOTO MOAMHOXecTBa F
narepsana [0,1] moxuo BbOpaTh 7 HACTOJABKO OOJBLINM, UTO-
6Ll BHIIOJHSIOCH HepaBeHCTBO |&,(x) — &£ (x)|<e maa xaxe-
dozo x€F.

Mycrs A — mnoxectso scex ¢ynkuu# f us X, rtakux, 4ro

(@ €010 ()<L

() p({x| f)=1})> 1/2.

Torna 0 ssaserca npeneabhoit touko#t A. Onnako ecan
HeKOTOpas NocJenoBareabHOCTh |f,) aaemenToB M3 A cxoaurcs
x 0 B Tonogoruu @, To {f,(x)] cxomurca k O B KaxIOR TOuKe
x €[0,1). Cuenosarenpno, mo Teopeme JleGera 0 BOSMOXHOCTH
Npese/bHOTO Mepexoia NOL 3HAKOM HHTErpaja B CJyuyae paBHO-
MEPHO OrpaHMYeHHOH MOCAE10BAaTEIbHOCTH (QYHKUUHR TONyuYMM

1

Jf,, (x)dx—>0 npn n—»-co. Ho 310 mpoTuBOpeuuT Hepa-
0

1

REHCTBY ff,,(x)dx}l/?. HakoHen, npuHuMas BO BHUMaHMe
0

nociaeniHee 3ameuaude K npuMmepy 11, saxiouaem, uro X He

MEeTPH3YeMO.
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13. HenpepbiBHO® o0TOGpaXeHHE OIHOTO TOMOJOIHYECKOro
IPOCTPAHCTBA HA APyroe, He ﬂsnmomeecﬂ HH OTKPBLITHIM,
HH 3aMKHYTHIM

IMepsoiii npumep. Tlycts ¢yHkuus f(x)=e* cos x 3ai1ana
Ha R, rue onpenenena o6blunas Tornogorus. Jlerko Buzers, 4ro f
orobpaxaeT R na R HempephIBHO, ONHAKO MHOXeCTBO f((—o0, 0))
He #BJAeTCS OTKPBITHIM, a MHOXecTBO f({— nmx|nENJ]) He
ABJSIETCA 3aMKHYTHIM.

Bmopoii npumep. Bosbmem B kauvecrBe X mnpocTpaHcTBo R
C IHCKpeTHOR Tomonaorued, B Kauectse VY -— mpocrpanctso R
¢ OGBIYHOH TONOJIOTHEN M PACCMOTPUM TOXIECTBEHHOE OTOOpaxe-
HHE TNepBOro NMpPOCTPAHCTBA HA BTOpOE.

14. OroGpaxenue OmHOIO TOMOJOTrHYECKOTO RPOCTPAHCTBA
Ha Jpyroe, sBJAIOULEECA OJNHOBPEMEHHO OTKPHITBIM H
3aMKHYTBIM, HO HE SABJAIONIEECH HeNpephiBHbIM

Tlepsetii  npumep. Ilycte X — eIMHHYHA OKPYIHOCTH
{(x, ¥)| x24 y>=1} .c Tomosorneft, WHIYUMPOBAHHON OGHIYHOH
ronoJjoruet Ha mrockoctH. Janee, myctb Y — noayoTKpuITHIM
nuatepean [0, 2;m) ¢ Tonoaorme#l, MHAYUHPOBAHHOH OGHIYHOH
ronosornefl B R. Haxouneu, nycrs f — orobpamxenue (x, y)—> 0,
rie x=cos0, y=sin0 n 0 {0 < 2n. Torna f oxuospemenno
H OTKPHITO, ¥ B3aMKHYTO, IOCKOIbKY o6paTHOoe oToGpakeHHue
genpeprieHo. Onnako f paspniBHO B Touke (1,0).

Bmopoi npumep. Orobpaxenue, o6paTHoe K OTOOpameHno
u3 BTOpOrc mpumepa n. 13.

15. 3amkHyTOE OTOOpaMeHHE ORHOrO TOMOJOTHYECKOrO npo-
CTPAHCTBA HA APYroe€, He SABJAIOMEECS HU HeNpepHLBHbLIM,
HH OTKDBITHIM

Iycte X — enunuunas oxkpyxHocts {(x, y)|x24 y? =1}
C TOMOJOTHEH, HMHIYUMPOBAHHOH OOGBIYHON TOmOMOrMeR Ha mio-
ckocru. Hanee, myctb ¥ — nojyoTkpoiThift uurepsan {0, m) ¢ To-
nosoruell, HHAYUAPOBaHHOW OGHuHOH Tonojoruedt B R. Hakowern,
nycts f — oroOpaxeHHe

0, ecin 0O,

(cos 0, S?ﬂe)ﬁ{e_n, ecin < O < 2m.
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Toraa f He ABAAETCA OTKPHITHIM, TAK KAaK OTKPHITAS BepXHSAs
NONYOKPYXKHOCTb u3 X oroOpaxaerca B TOuky. Kpome Toro, f
He sBAfETCA HempepeiBHbIM B TOuke (1,0) (cM. mepemi#t npumep
n. 14). Oxnako, kak Mbl cefiuac yGexumcs, f samknyto. IIpen-
NOJOXKAM HpPOTHBHOE, T. e. uTto f He 3amxHyro. Torma B X
CYIIECTBYeT 3aMKHyTOe MHOMXecTBO A, Takoe, yto B==f(A)
He 3aMkHyTo B Y. CienoBaTesibHO, CyIIECTBYeT NOC/AeNOBATENb-

socrs {b,} Touex u3 B, Ttakas, uro b,—>b, a beEB. ITycts

f(p)=0b, rie p,€A nags n=1, 2, ... . Tockoabky A
KOMNAKTHO, TO 0e3 OrpaHHyeHusl OOLIHOCTH MOMHO IpPeLNoJo-
*uTh, yro {p,} cxommrcsa, p,—> p € A. Ho tak xak f(p,)—
—b = f(p)., TO f paspbHBHO B TOYKE p U, CJELOBATENBHO,
p==1(1,0). IOro o3HauaeT, YTO CywWleCTBYeT MOANOC/ELOBATE/Nb-
HOCTb moOcjhenoBareasHOCcTH (p,}, crpemsmasca x Ttouke (1,0)
an6o no BepxHeit, MMO0 IO HHXKHEH NOJAYOKPYKHOCTH, B mepsom
cayvae b,—>0€ B, a Bo BropoM ciay4ae {b,] He Moxer cxo-
auteca B Y. HMrak, B 000HX c/IyyasX NMOJydYeHO NPOTHBOPEUHE;
CJaeJ0BaTeNbHO, f 3aMKHYTO.

16. Oto6paxeHnne OIHOr0 TOMOJOTHYECKOTO HPOCTPaHCTBA
Ha JApyroe, sBJfAIOmEecs HENPEPLIBEHHIM H OTKPBITHIM,
HO He sABJAAOUIEECH 3aMKHYTHIM

IMyctb (X, ©)—eBKAHI0BA MIOCKOCTL C OGBIYHON TOMOJOIHER,
(Y, g) — npoctpanctBo R ¢ oGbYHOH TONOJOTrHEH, ¥, HaKOHeL,
nyctb otroGpaxenne f ecTh npoekrTupoBanue P: (x, y)—x. Torna
P, 0yeBHnHO, HempephHIBHO M OTKPHITO, onHako P({(x, y)|y=
= 1/x > 0}) ne samxuyro 8 (V, ).

17. OTKpeiTOE OTOGpaMeHUe OXHOTO TONOJOTHYECKOTO MHpOo-~
CTPAHCTBa Ha Japyroe, He gABaswOlleecs HH HeNnpepbiB-
HbIM, HH 3aMKHYTHIM

Hepsvili npumep. Iycts X =Y =R ¢ o6viubo#t Tononao-
THe#t, M nyctb f — GyHKLMA, onpeleneHHas B npumepe 27 ra. 8,
MHOXECTBO 3HA4eHMH KOTOPOH HA BCAKOM HEeNYCTOM OTKPHITOM
uHTepBate cosnagaer ¢ R. 9ra dyHKuUHA, OYEBHAHO, ABAETCA
OTKDHITHIM OTOGpaMEHUEM, MOCKOJbKY 06pas BCAKOTO HEMyCToro
OTKpHITOTO MHOXecTsa ecTb R. Kpome rtoro, f Bciony paspbiBHa.
IlokaxceM, uro oroOpaxenue [ He 3aMkHyTo. [IycTh TOYKA
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x, €(n, n1) raxosa, uro n—i—l <f(x,l)<% ag n==1,2, ...
Torna {x,} samknyro, a {f (x,)] — ner.

Bmopoi npunep. Tlycts (X, 6) — MI0CKOCTs € TONOMO-
rHel G, COCTOsled H3 MNYCTOTO MHOXECTBA () W IOMOJHeHWH
CYeTHBIX MHOXeCTB, a (Y, g )—npocTtpancTso R ¢ Tononoruet g,
COCTOsIEH M3 TMYCTOTO MHOXECTBA (7 M JOMOJHEHHH KOHEUHBLIX
muoxcects., HakoHeu, B KauecTBe oTOOpaXKeHHS PacCCMOTPHM
npoekTuposasue P: (x, y)— x. Toraa P OTKPHTO, MOCKOJbKY
n1060e HerycToe OTKPHTOe MHOXeCTBO B (X, 6) A0/MXHO coxep-
»KaTh HEKOTOPYI0 TOPM3OHTAAbHYIO MpsAMylo, 006pa3 KoTOpoH
ectb R. C npyrofi cropoHs, P He 3aMKHYTO, TaK KaK MHOXe-
ctBo Touek (n, 0), rze n €N, samkuyTo B (X, 0), a ero o6pas
He 3aMkHyT B (Y, g ). Hakoneu, P He sBisieTCd HelpepBIBHBIM,
TaK Kak nmpoo6pas Jaoboro oTKpeTOro B (¥, 9 ) MHOXKeECTBA, KOTO-
poe sBJSETCS NPaBUIbHBIM MOLMHOMKECTBOM B Y, He MOMeT ObITb
OTKpHTHM B (X, 6).

18. HenpepsiBHOe 3aMKHYTOE OTOOpaxeHHe OAHOTO TONOJO-
FAYECKOTO TNPOCTPaHCTBA Ha Jpyroe, He dABJasOuLeecH
OTKPBHITHIM

B kauectBe mpocrpancTs X U Y BosbMeM 3aMKHYTHIH uHTep-
Ban [0, 2] ¢ o6niuHo#t Tomosorueft. ITonomum

| 0. ecmi 0 <Cx <1,
f(x):{xﬁl, ecan 1 < x < 2.

Torna oro6paxenue f, O4EBHIHO, HENPEPHIBHO H; CJAEN0BATEIbHO,
3aMKHYTO, TaK KaK X W ¥ — KOMIAKTHHE METPHYECKHe MpO-
crpanctea. C apyro#t croponsl, MHOXecTBo f ((0, 1)) He apasercs
OTKpHTHHM B V.

19. Tonoaoruyeckoe mPoCTpaHCTBO X H ero NOANPOCTPaH-
cTBO Y, coaepwxaimee jBa HenepeceKalOUHXCH OTKPbi-
THIX MHOXECTBA, KOTOPble He ABJAKTCA NepeceyeHHem
NOANPOCTPAHCTBA ¥V ¢ HemepeceKalumUMHKCsa OTKPHITHIMH
MHOXeCTBaMH npocrpanctsa X

ITyctb X =N, a OTKPHITHIMH MHOXECTBAMH SIBISIOTCA (J W
JOMOJHEHNS KOHeuHHX MHoxecTB. [lycts nanee ¥V ={l, 2}.
Torza {1} =V A(X\{2}) u {2)=¥YNX \{I]), Tak uro
TOMOJMIOTHA noanpoctpancrtea Y auckperna. OnHaxko Hemepece-
KalolHeca OTKphiThie MHOXecTBa {1} u {2} noanpocrpancrsa ¥V
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He ABJSIOTCA NepeceyeHnsaMH TOANPOCTPAHCTBA Y ¢ HemepeceKalo-
LUMHCS OTKPHITBIMH MHOXECTBaMU MPOCTpPaHcTBa X, MOCKOJIbKY
Jo6pe IBa HEMYCTHIX OTKPHITHIX MHOMECTBA mpocTpaHcTBa X
TnepeceKanTcy.

20. JIsa HeroMeoMop(dHHLIX TONOJOTHYECKHX NPOCTPAHCTBA,
KaXpoe H3 KOTOPHIX ABJAECTCH HeNnpepbiBHBIM B3aHMHO
ONHO3HAYHBIM 00pa3oM APYroro

Hepsoiii npumep. Tycrs X u Y — caenywinye noanpocTpad-
CTBA NpPOCTpaHCTBA R, HazeNeHHOro OOGLHIYHOH TOMOJOTrHel:

X=(@3n 3n+1U{3n+2})

n=0
Y=X\{[{2})u{t}.

Onpegenum orob6paxenue S npoctpaicrsa X na ¥V u oro6pa-
sacenre T npocrpancrsa ¥ una X dopmynamu:

%y, ecty y <1,
x, ecam x +£ 2,

—

1, ecoin x =2, rn= —2-)1—1, ecan 3 < y < 4,

[ y—3, ecin y > 5.

Toraia S wu 7 HenpepbiBHH, B3aHMHO OJHOSHAuHEl |
aBasoTes orobpamenusamu Ha. Ognako X u Y He roMeoMopdHbl,
TaKk Kak mpu Jiob6oM romeomopdusme YV nHa X Touka 1 mpo-
CTpaHCTBa Y He MOXeT MMeTb 0O0pasa. 7
- Bmopoii npumep. Ilycte X n Y — MHOXeCTBa Ha NJIOCKOCTH
¢ oObiyHO#H TomoJorueft, ykasanHele Ha puc. 12. BeprTukaiabhbe
OTPE3KH MMEIT [JIHMHBI, PaBHble 2, U ABAAIOTCH OTKPLITHIMA Ha
BEDXHHX KOHL@X, a OKDYXHOCTH UMEIOT eXuHMYHbe paanych. OTo-
Gpaxenne S npocrparctsa X Ha ¥ onpegensercs caeiyiouwum o6-
pasoM: BepxHas yacTb puc. 12 npu noMolH napaniedbHOro rnepe-
HOCA HaK/JIaIbIBAETCS Ha HUXKHIOW TaK, YTO FOPU3OHTAbHAs NpsAMan
MHOXecTBa X oOTOOpaxaeTc Ha TOPU3OHTAJBHYIO NMPSAMYH MHO-
xectBa Y, okpysxnoctu D, —na C,.,, orpesok A, —mna Cj,
orTpesku A, ,—Ha B, ;, n €N. OtoGpaxenne xe orpeska A,
Ha OKpDyXHOCTb B, onpegeasercd oTZeabHO GopMydaMu
x =sinnt, y=1-—cosnt, rie 0t < 2. Orobpawenne T
MHOXecTBa Y Ha X oONpenelHUM TaK: HHKHIOWO YacTh puc. 12
CMECTHM BJIeBO W HaJOXHM €€ Ha BEDXHIOI TaK, YTOObL OKDPYX-

S(X)E{
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Hocts B, coBnana ¢ D,, ropu3OHTaAbHas INpAMasg MHOXeECTBa
Y — ¢ ropusoHTanbHOH TpsaMoH MHOMecTBa X, OKPYKHOCTH
Cpi1y—¢ D,y otpesku B, ,—c A, n€N. Hakonen, cer-
MeHT C; 0TOOpa3UM Ha OKDYXKHOCTb D), mpu nomown ¢opmyia
TaKoro xe Tuma, xak u Bee. OroGpaxenus S u T obaanaoT
HYXKHBIMM CBOMicTBamu. [IpensaraeM 4uTaTeNIO B KAueCTBe yIpax-
HEHMSl JOKa3aTh, 4TO npocrpaHcTda X 1 Y He romeoMopdHul.

O]

Puc. 12

21. Pa3bGueHne TpexMepHOTO €BKJHAOBA mapa B Ha nATs
HenepeceKalmuxcsa nogMHoKecTB Si, S2, 83, Ss, S5 (npn
9TOM S5 COCTOMT H3 €IHHCTBEHHOH TOYKH), TAKHX, 4TO
npH KECTKHX Aswxenuax Ry, Rs, Rs, Ri, R; cnpasepn-
JHUBLI CJEAYIOULHE COOTHOMIEHHA:

B =R (8$1) UR:(S82) == R3(S3) URs(S1) URs(S5)

(3necb CUMBOJM =< O3HAyaeT ,KOHIDYIHTEH". CuM. ccHuky,
KOTOpasi CleAyeT HUXKE.)

22. Jlng mo6uiXx ABYX €BKJWAOBLIX HapoB B, u By, paguycu
KOTOPHX CYTh NPOHM3BOJIbHO 3ajaHHble 49ucaa & >0 u
M >0, Bcerna cymecTByeT pasGuenue mapa B, Ha
KOHEeYHOe WYHCJO HemepeceKamuxcs NOIMHOXKECTB
Si, S, ..., Sz, TaKux, 4YTO NpPH HKECTKHAX ABHMKEHHAX
Ry, Rs, ..., R, cnpasejiiBO; pABEHCTBO

Bu=Ri(S1)UR2(S2)U ... URn(Sr)

Ilga nocieaHHX nmpuMepa snepsble OblAM MocTpoens B pabo-
tax Xaycnopa, Banaxa, Tapckoro, ¢on Heitmana u PoGuncona.
OfHaKO MBI OPPaHUYUMCH Jaullb OXHOH CCBHUIKOH, rie OHM H3aa-
raioTcs HauGosee noapobuo (cm. [43]).
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SYHKUHOHAJIBHBIE MPOCTPAHCTBA

Beepnenue

PYHKULHOHAABHBM IPOCTPAHCTBOM, HIH NPOCTPaH-
¢TBOM (YHKIMH, Ha3bIBaeTCAd COBOKYMHOCTb (PYHKUHH, MMeIouMx
obuiyo obaacte onpepenenuss D. OGbYHO mpennojaraercd, uyTo
(YHKLMOHANbHOE NPOCTPAHCTBO obaanaer Kakoft-mu6o anreGpau-
YyeCKOH WM TOMOJIOTHYeCKOH CTpyKTypoli. B HacTosiue#i raase
Mbl COCPEJOTOYHM BHHMAHHE HA a22e0paU4eCKUX CTPYKTypax
HEKOTOPHX NPOCTPAHCTB [I1eHCTBUTEJbHO3HAYHBIX (YHKIMA [eli-
CTBHTEJIbHOTO MepeMeHHOro, obuias 06JacTb OnpejeseHHs KOTO-
pbiX €CTb HEKOTODHH (UKCUPOBAHHBIA MHTepBand /.

PYHKIMOHAABHOE TPOCTPAHCTBO S  1eHCTBUTENLHOSHAYHBIX
$yHKIMHA, 3a1aHHBIX HAa MHTepBaJe [, Ha3bIBAeTCH BEKTOPH B M
npocTpaHcTBOM (MIM JWHeHHBIM mnpoctpaHcTBoM) Halx R
(cucreMo#t NeHCTBHTENbHBIX YHCEJ), eCaH S 3aMKHYTO OTHOCHTE/IBHO
JUHEHHBIX KOMOMHAUMM ¢ AeHCTBUTeJbHBIMH KO3(GdHIHEHTaMH,
T. €. €CJaH

f. 8ES, A WER=DAFHUEES,

rae QyHKUuMA Af onpeneasiercss cleiyiouuM 00pasoM:

AN ()= (f(x)).
Jlerko mnokasaTb, YTO INPOCTPAHCTBO JAeHCTBUTENbHO3HAYHBIX
$yHKUMA, 3a1aHHEIX Ha HEKOTOPOM HMHTepBaje, ABJAETCS BEKTOD-
HBIM NPOCTPAHCTBOM TOrAAa M TOJBKO TOria, KOria OHO 3aMKHYTO
OTHOCHTE/JbHO JABYX ONepaudit, a HMEHHO OTHOCHTENbHO C.A0JKe-
Hus f -+ g v yMHOMceHus HQ ckarap Af. AGCTpakTHOE MNOHSA-
THE BEKMOPHO20 APOCMPAHCMSEA ONPELENeHO aKCHOMATHYECKH
B BBeleHnd K ra. 12. (HJaabueiilune cBepenus cM. B [19] u [15]%)
MHorune nan6Gosiee BaxcHble KJaccH QYHKUME, BCTpeyaoLiyecs
B aHa/lu3e, SBJAIOTCH JMHeHHBIMM NpocTpaHcTBamu Hal R (uam
Hajl noJeM KoOMIUeKcHHIX uucead C; B 3ToM cayuae kKosddu-
LUMEHTH A M Wb — NPOM3BOJIbHBIE KOMILIeKCHbie uucaa). Ilpume-
PaMH INPOCTPAHCTB AeHCTBUTENbHOSHAUHBIX (YHKUMH, KOTODHIE
#BAAIOTCA JAWHEHHBIMH NpPOCTPAaHCTBaMH Has R, MOTyT Caymuth:
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1. CoBokynHOCTb 8cex (HeHCTBHTE/NbHO3HAYHKIX) QYHKUUH Ha
unrepsate /. 2. COBOKYNHOCTb BCEX O2PAHUYCHHbLLX (PYHKUMH
Ha wHTepBane [. 3. CoBokymHOoCTb BCeX (GyHKUMH, ZHme2pi-
pyemoix no Punary na samkuyroMm unrepane [a, b]. 4. Coso-
KYTNHOCTb BCeX QVHKuUuH, uamepumsrx no Jlebeey Ha uHTep-
Bane [.5. CoBokymHocTb Bcex (yHKUuH, UHmMezpupyemblx no
Jle6ezy na untepsaie /. 6. CoBoKynHOCTb Bcex (yHKUHMH, U3Me-
PUMMBIX Ha HHTepBaje [, p-d creneHb abCOMOTHEIX 3HAYeHUH! KOTO-
puix uHTerpupyema no Jle6ery Ha I (p >> 1). 7. COBOKYIHOCTb BCeX
¢yHKUMR, HenpepuigHux Ha uHTepBate /. 8. COBOKYIHOCTb BCeX
GYHKUMR, KYCOUHO Henpepbl8HeLX HA 3aMKHYTOM UHTepBale [a, b].
(Cum. [36], cTp. 131.) 9. CoBOKyNmHOCTb BCeX (YHKUHH, K YCOUHO
22a0kux Ha 3aMKHyTOM uHTepBane la, b]. (Cm. [36], cTp. 131))
10. CoBokynHOCTb Beex (PyHKLMH, UMEIOUIUX TIPOUBBOLHBIE 72-TO N0~
pAlka Ha UHTepBate /, rie n— HeKOTOpOe (DUKCUPOBAHHOE HATY-
paiabHoe uncio. 11. CoBokynHOCTh BCeX (YHKIME, HMEOLUUX
Henpepul8Hsle TPOU3BOIHBIE 7-rO NOpsAAKA Ha WHTepBante [/, riae
n — HeKOTOpOe (UKCHpOBaHHOe HaTypajipHoe uncao. 12. Coso-
KYTHOCTb BCEX OeCKonewno Ouggepenyupyemslx GyHKUAR Ha
unrepsaie [. 13. Cosokynuocrs Bcex (a4zefpauyeckux) noau-
Homoe Ha wHtepBane [, 14. CosoxkynHocTh BCex (anrebpanue-
CKMX) TNOJHHOMOB Ha HHTepBajie /, CTenmeHb KOTOPHX He NpPEBO-
CXOIMT HEKOTOporo Harypa/isHoro n. 15. CoBOKynHOCTb BCex
MPUZOHOMEMPUIECKUX NOAUHOMO8 HA HWHTepBaje /, UMEOIIUX
BHJI

n
) a, cos ix 4P, sinix, H
i=0

rie n-—— nob6oe HeoTpuuaTeapHoe uenoe uncio. 16. Cosokyn-
HOCTb BCeX TPHIOHOMETPHUECKHMX TII0JUHOMOB BHAa (1), rie n
¢uxcuposano. 17. CoOBOKYNHOCTb BCeX cmyneHuambix QyHK-
u Ha saMKHyTOM uHTepBane [a, §]. 18. CoBoxynHocTh BCex
nocmosnunex yuxyui na unrepsane I. 19. Cosokynaocrs
BCceX (yHKUMH, YLOBJIETBOPAIOIINX NAHHOMY JIMHEHHOMY OAHO-
polHoMy AuddepeHUMATbHOMY YpPaBHEHHIO Ha uHTepBane [, Ha-
NpUMep YpaBHEHHIO

3 2

Zx}; +sinx%—}—e”g—i——xy =0,
na unrepBaie /. Ecam B npennlaymmx npumepax paccMaTpHBath
KOMILIEKCHO3HAaUHbBE (YHKIHMH, TO MOJYYMM elie NeBATHALLATH
NpUMepPOB JHHEHHHX npocrpaHcTs Hal R.
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JliHe#HBIe MPOCTPAHCTBA HIPAlOT CYLIECTBEHHYIO POJb B aHa-

aude. OJHAKO CYLIECTBYeT HECKOJBKO BamHLIX KJACCOB Jehi-
CTBUTEJIbHO3HAYHBIX (PYHKIUH, KOTOPHE He ABASIOTCHA JHHEHHLIMH
npocTpaHcTBaMu. HexoTropble M3 HHX YKasaHbl B CAeLYIOLIMX
natid npumepax: (i) kiacc BCeX MOHOTOHHBIX (YHKUHH HA MHTep-
Bane [a, b}, (i) xnacc Bcex nepuoaMueckux yukuu#f Ha
(— o0, +00), (iii) kaacc Bcex NOJyHenpepHBHHX (YHKUMHA Ha
unrepBane [a, b], (iv) kaacc Bcex QYHKUMH, KBAAPATH KOTOPHIX
naTerpupyemsl no Pumany Ha [a, B], (V) kaacc Bcex ¢yHKuuf,
KBalpaThi KOTOPHIX MHTerpupyems no JleGery Ha [@, b]. MoxHo
CKa3aTh, YTO 3TH NPOCTPAHCTBA SBJISIOTCA HeJAUHeHHHIMH Ha
uHtepBaie [a, b].
" IlpocrpancrtBo S JneHCTBUTENBHBIX (YHKUME, 3alaHHEIX HA
unTepsane /, HasmBaercd aareOpoft Han R, ecau oHO samk-
HYTO OTHOCHTEJBHO JHHEHHHIX KOMOWHAUMA C IeHCTBHUTEJIbHBIMU
K03(pdHIMEHTaMH H OTHOCHTEIbHO ONEpauHH NpOu3BeleHns PYHK-
uuf, T. e. ecqiu S ecTb JuHeliHOe NPOCTPaHCTBO Haa R u

FES, g€ES=>fgES.

(TouHo Tak e, Kak M MNOHSTHE JMHEHHOrO TPOCTPAHCTBA,
abCTpaKTHOE TIOHATHE @.2e6pb. ONpeleNserTcsi aKCHOMAaTHYeCKH.
Cum. [19], . II, crp. 36, 225.) Us ToxnmecTsa

fe=1(f+gP—t(f — &P )

cilenyer, yTo JiuHe#Hoe (YHKUKOHANBHOE NPOCTPAHCTBO SABASAETCA
anre6polt TOrAa M TOJNBKO TOr3, KOTAA OHO 3aMKHYTO OTHOCH-
TeNbHO ONEpalMH BO3BELEHHd B KRBAIPAT.

[TpocTpancTBO S AelcTBUTENLHOSHAYHBIX DYHKUMH, 3aMaHHBIX
Ha WHTepBate /, HA3HBAeTCA CTPYKTYPOH, ecau OHO 3aMm-
KHYTO OTHOCHTEJNLHO IBYX OMHApHHIX onepauu# \/ u /\, KOTO-
pble ONpeneasioTcs CAeLyOlEM 06pasom:

(fV &) (x)=max (f (x), & ()
(SN &) (x)y=min(f (%), &(x))-

(AGcTpaKkTHOE MOHSTHE CTPYKTYPH ONpefenstercs aKCHOMATHYECKH.
Cwm. [8].) Bmecre ¢ naHHOM neMCTBUTeNbHO3HAYHOM OyHKuHeH f

YaCTO paccMaTpPUBAIOTCA HeOTpHlaTeabhbie Qynkuuu f+ wm £,
onpejaeaseMble CJAelYIOLIHMKE PaBeHCTBAMH:

ff=fvo ff==fHVo (3
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OTH (YHKUMM CBA3aHBHl TAKHMY COOTHOLIEHMSIMH:
fe=ft—f =141 4)
fr=gl et =g lfl—5 T 5)

OTMeTHM TaKXe, 4YTO [ Omepauuit MakCHMyMa H MHHHMyMa
CIpaBeINUBH CJeLYIOLHe PABEHCTBA:

fVE=—1—NA2L (6)
FANgE=—I—NV(—8L (™
IVeE=g U+ t+glf—gl. (®)
FAE=5U+O—5If—gl ©

Us pasencts (3)-—(9) caenyer, uro auHefiHoe (PYHKUHOHAMbHOE
NPOCTPAHCTBO SIBASETCS CTPYKTYpPOR TOrIa M TOJMbKO TOTAa,
KOTZa OHO B33aMKHYTO OTHOCHTENbHO KaKoH-HUOyIb 00HO4 u3
CJefyIOlUX onepamufi:

frve fAg. (10)
VAR Al (an

Cpexn npuBeleHHBIX BBHIIUE NPHMEPOB JHHEHHEIX NPOCTPAHCTB
Kak anareGpamu, TaK M CTPYKTYpPaMH €BJISIOTCH NPOCTPAHCTBA
npumepor 1—4, 7, '8, 17 u 18. Hu anre6pmn, HU CTpyK-
Typbl He 00Gpa3yloT NpOCTpaHcTBa NpuMepoB 14 (cM. Hixe npu-
mep 6), 16 u 19. IIpocrpanctsa npumepoB 9, 10, 11 (cM. Hmxke
npumep 7), 12, 13 u 15 spasiorcsa anreGpamMH, HO He SBJAOTCH
cTpykTypamu. IlpocTpancrsa mpumepos 5 (cM. Hmxe mpumep 8)
n 6 sBAAIOTCA CTPYKTYpaMmy, HO He ABASIOTCA anreGpamu.

1. Jipe MOHOTOHHBbe (YHKIHHM, CYMMa KOTOPbIX HE MOHO-
TOHHA

sinx+2x u sinx —2x na [—am, m.
2, Jise nepuoanyeckue QyHKUHM, CYMMAa KOTOPBIX He HMeeT
nepHona
sinx w sinax (0 wWppauuonaasHo) Ha (— co, - oo).

Ecay 6b1 ¢ynxkuua sinx -sinox HMena OTIMYHBIH OT Hyas
nepuod p, TO AAa J6oro JeficTBUTeNbHOrO X ObUIH Ol
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CHpaBeIJINBLL CAELYIOUINEe TOXIEeCTBa:

sin(x -+ p) -+ sin(ax -+ ap) =sin x -} sinox,
sin(x - p) —sinx = — [sin(ax + ap) — sinax],

cos (x—i—%p) sin (—;—p) = —CO0S$ (ax—i—% ap) sin (% ap),

. (1 . (1
cos x sin (7 p) = — cos (ax)sin (7 ap). .

1
Ecau HOJIO)KHTb/x=~2-JT, TO JieBasg 4aCTb NOCAEIHEro TOXiAe-

.1
crBa obparurca B Hyab. ClepoarteibHo, Smﬁasz, a no-

1
S5TOMY Op KpatHO 2m. Ecam e nosnoxurtsb 0X =5 T, TO obpa-

THUTCA B HYJIb IipaBasg uyaCTb 3TOr0 TOXAeCTBA. CJIeILOBaTe.HbHO,

sin—é—p:O, a nostoMy p kpatHo 2m. Ho 3to nportuBopeuut

NpelbLYIIEMY, TaK KaK o uppauuoHansHo. (Cm. [38], crp. 550,
3aMeyaHue.)

3. Jise noayHempepbiBHbIE (YHKIHH, CYMMa KOTOPHIX He
ABJSETCA HOJYHenpepuiBHOIM :

Ionoxum
1, eciu x>0, 1, ectm x >0,
fo)= 2, ecan x=0, g(x)={ —2, ecin x =0,
—1, eciin x <0, —1, ecin x < 0.

Torza f(x) BCOAY NMOJYHeNpephIBHA CBEPXY, & (X) BCIOLY HOAY-
HelpephiBHA CHU3Y, oaHaKo f (x)~+g(x) He aBageTcd noxy-
HenpepuBHO# B Touke x =0.

Bosmoxunl u 6oJiee HHTepecHbie NPHUMEpPH, KOFAAa Kaxias
u3 QyHKUM# f M g TOJYHeNpephLIBHA BCIOLY, ONHAKO B OJHHX
TOUKAaX 9TH (QYHKUMH TOJYHENPEPHBHBL C8EPXY, a B APYTHX —
CHu3y. g nocTpOeHUs TaKUX NMPHMEPOB YCJIOBUMCS, UTO 060~
3Ha4yeHUe p/q, TAe p U g — Lelbie YMCHA, NpeACcTaBaseT cobon
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HECOKpATHMyI0 ApO0b, npuyem ¢>0. Yucno Hyiap Oyiem npex-
crapasth B Bue ortuomenus 0/1. TTonoxum

1, eciu x = p/q, q HeueTHo,
reo=|

0 B mporuBHOM cayuae,

) © [ —1, ecan x == p/q. q 4eTHO,
X) =

0 B mpoTHBHOM cJayuae.
Torxaa

1, ectn x == p/q, g HeyeTHo,
f)+gx)=1{ —1, ecan x = pJq, ¢ uerHo,

"0, ecli X MPPAUUOHAMBLHO.

CnepoBatenbto, f(x)- g (x) nomyHenpepblBHA TOTAA H TOJbKO
TOTAd, KOTJa X PauMOHaAbHO, T. e. f - g mouTH BClOLYy He A8~
Afemca NOJAyHenpepLIBHOM.

Tenepb paccMoTpuMm cjeayioline TP (YHKLHA:

4/q, ecnu x = p/q, g HeueTHO,
F(x)=={ —2—4/q, echm x = p/q. q 4erHo,
—2, ec/M X HMPPAUNOHANBHO,
—1 —1/q, ecmu x = p/q, g HeuerHo,
Ox) = 1+ 1/q, ecau x == p/q, q uerHo,
—1, eciu x UppauUMOHAILHO,
—1—1/q, ecau x = p/q, q HeuerHo,
H(x)== ' —} l/q, ecin X = p/q, q 4YeTHO,
3, eclM X HPPaUHOHAJbHO.
Kaxnaa us ¢ynkumt F, G u H- no.nynenpepbmﬂa BCIOAY,
OIHAKO HX CyMMa
—2 -+ 2/q, ecan x = p[q, g HeyeTHO,
Fx)+Gx)+Hx)=! 2—2/g, ecanx=plg. q uerHo,
0, ecan x UppPaLHOHANBHO,

He SBJSETCA MOMAYHENpPepLIBHOH. Hu 8 00wOU TOuKe.

16 3ax. 587
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4. JBe ¢QyHKIMH, KBaApPaThl KOTOPHIX HHTErpHpYyeMbl No
PumaHy, HO KBafpaT HX CYMMHI He HHTerpupyem no Pumany

[Monoxum
£00) 1, ecau X UppauUMOHANBHO,
X)==
—1, eciM x pauyoHaabHO,
|
) 1, ecin x — anreGpanyeckoe YHCIO,
g(x)=
—1, eciu X — TPAHCUGHAEHTHOE YHCJIO.
Toraa

2, ecqn x — ajqre0panyeckoe HPPaLUOHAJb-

f(x) + g (x) J— HO€ 4ucCJo0,
0 B ocCrampHBHIX Clyuasx.

OueBnano, ¢ynxkunn f2 u g2 9BAKIOTCA MOCTOAHHHIME, H, CJIENO-
BaTeJbHO, OHH HHTETpHUpPYeMbl Ha JI060M 3aMKHYTOM HHTepBaJe,
B vactioctu Ha [0,1]. B To xe Bpems cyuxuus (f + g)? pas-
pbIBHA BCIOAY M TIO9TOMY HE HHTerpupyeMa no PuMany nu xa
KaKom HHTEpBaje, B YAaCTHOCTH OHA He uHTerpupyema Ha [0,1].

6. Jlse ¢yHKUMH, KBAZPATH KOTOPHIX HHTErpHpyeMsl MmO
JleGery, Ho KBaApaT HX CyMMbI He HHTEerpupyem no JleGery

Oycre E, — Heusmepumoe NOAMHONECTBO nHTepBaxa [0,1],
a Ey— HensmepuMoe noamHOxecTBO uHTepBaia [2,3]. (Cm. mpu-
mep 11 ra. 8.) IToaoxum

1, ecim x € (0,11 U E,,
fx)={ —1, ecn x € [2,3] \ E,,
0 B ocTaabHBIX Cilyyasx,
1, ecin x€ [2,3] U Ey,
g(x)={ —1, ecim x€ [0,1]\E,,
0 B ocrambHbIX cayuasx.

CrenoBaresbHO,

f(x)+g(x)={2, ecin xCE| Y E,,

0 B oCTalbHBEIX cayuasx.
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Ho rak kax

f2(x)=g2(x)={ I ecan x € [0.1]U [2.3],

0 B ocrambHHX cayuasix,

4, ecu xEE UE,,
0 B ocranbHBIX Caydyasx,

(f(x)+g(x))‘2={

TO OTCIONA clefyeT TpeGyeMulfl pe3ylbTaT, MOCKOAbKY MHONe-
crBo E, U E, HeusMmepumo.

6. JIuHeiiHoe ¢(YHKOHOHAJBHOE NPOCTPAHCTBO, HEe SBJAIO-
meecs HU aare6poil, HH CTPYKTYpoii .

COBOKYNHOCTb MOJHHOMOB ¢X -+ d CTelmeHn He Bhuue 1 Ha
saMkHyTOM uHrepBale [0,1] o6pasyer amHefiHOe MNPOCTPAHCTBO.
3TO NPOCTPAHCTBO He fABAsieTCH anreGpofi, MOCKOIbKY eMy He
NPUHAAMEKNT KBARPAT JMEMEHTa X. DTO MNPOCTPAHCTBO He 00-
pasyer M CTPYKTYpPHl, TaK KaK 3JjeMeHT 2X — 1 npuHajjiexuT
NPOCTPAHCTBY, a aneMeHT |2x — 1| eMy He NpHHALIENKMT.

7. Juneiinoe (hyHKUHOHANLHOE MPOCTPAHCTBO, ABJSIOMEECH
anre6Gpoii, HO He sBaAsiOUleeca CTPYKTYPOi

PaccmoTpuM npocTpaHCTBO BCeX (YHKUUH, HENPephIBHO IM(-
¢depenwnpyembix Ha [0,1]. Kak crenyer us dopmyas (fg) =
= fg’ <+ f'g. oHo oGpasyer anre6py. OnHako OHO He aBJseTCH
cTpyKTypoi. B camom nene, dyHkuus

7(x) {0, ecmn x =20,
x)=
x3sinl/x, ecan 0 < x <1,

HenpepelBHO IH{depenunpyema Ha [0,1], HO ee aGconworHoe
3HaueHHe yxe He Oyger auddepeHnupyeMo Ha GeCKOHEYHOM
MHOXecTBe Touek, rne f(x)==0. B neficreurensHocTn xe
dyukuua | f(x)| zaxe He sBAfAeTCH KYCOUHO IJIaIKOH.

8. JluneitHoe ¢GyHKUHOHAJNLHOE NMPOCTPAHCTBO, ABJAOLEECH
CTPYKTYPO#, HO He sBJAIOmeecH aJjarelpoii

MuoxecTBO BCex (YHKUMH, wuHTerpupyeMmbix mo Jlebery Ha
0,1}, sBaseTcs JAMHEHHBIM MNPOCTPAHCTBOM H  CTPYKTYpo#.

16*
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OnHako 3TO NPOCTPAaHCTBO He oOpasyer anreOphl, MOCKOJLKY
YHKLHA . o
0, ecin x =0,

X) =
A { * 2 ecam 0 < x 1,

MPUHAANCAKUT NMPOCTPAHCTBY, a €€ KBaApaT €My He TMpUHaLle-
KUT.

9. ipe Metpukn B npoctpaHcrse C([0,1]) ¢yHxumit, He-
npepuiBHLIX Ha [0,1], TakWe, YTO JONOJHEHUS €JHHHUYHOTO
mapa B OIHONH M3 METPHK BCIHOAY NJOTHO B €AHHHYHOM
nmiape Apyroii MeTpHKM

MeTpUKH O M G ONpeleIuM CReLylOUWHM o0OpasoM: s
f. g €C(0.1]) nonoxum

1
o/ &)= ]/j|f<x>—g<x>12 ds=|f~glh
0

o(f, g = sup 11f(x)—g(x)lEl|f—'glloo-

SAS

Myers P={ flp(f, O<1), S=(flo(f/ 0<1] — em-
HMuHblE IapHl B 3TMX Merpuxax. Ouesunno, X P. [lokawxew,
yro JIOMOJHeHHe X BCloay miaotrHo B P. B camom nexe, mycrb

FEPu0<e<l. Ecm ||[fll,>1, to f¢ X u f npunan-
JAeXUT TI060MY I1APy B METPHKE O C UEHTpoM B TOuke f.
Ecan xe || fllo << 1, 10 nonoxum
0, ecan O<x<L—ﬁ HJIHd L+ﬁ<x<1,
2 9 2 9

gx)= 3, eciu x=—2—,

l JqUHeliHA Ha OCTaBIIUXCH HHTEpBa/nax.
Toraa f(x)+g(x) ¢ u
1/ —=U+Dl=Igl<y9o- (29 ==t

OTOT MOCAeLHUA MpPHUMEp BHISBJSET CYLIeCTBEHHOE pa3fAHude
MeXLY KOHEYHOMEPHbIMH U 6eCKOHEeUHOMEPHBLIMU HOPMUPOBAHHBIMH
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JAuHeHHBIMHM TpOCTPaHCTBAMU. B 060HX c/yyasx 3aMKHYTHIH eiu-
HUYHBIH ap o6JanaeT TeM CBOHCTBOM, 4YTO BCSKas InpsaMas,
NpOXOAAILAas Yepe3 ero HeHTp (T. e. COBOKYNHOCTb 3JEMEHTOB,
KOTOpDHE MNOJNYYaloTCd YMHOMeHHeM (PUKCHPOBAHHOIO HEHYJEBOTO
DJIEMEHTa Ha BCEBO3MOXHbLIE CKaJIfApHl), [epeceKaeT wap To
3aMKHYTOMY OTpPE3Ky, CpelHfsd TOYKa KOTOPOro coBNalaer c
"LeHTPOM Iapa. TemM caMbiM B KOHEYHOMEDHOM INPOCTPAaHCTBeE
TONOJOrHs OMNpeleJsieTcd eIHHCTBeHHbIM o6pasom. Hacroswnit
NpUMep TMOKa3EBAeT, 4TO B OeCKOHEUHOMEDHOM HPOCTPAHCTBe
TOT (paKT He MMEeT MecTa.
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yhcea He MJOTHO .
Henonxoe ynop;uzo'{exmoe none NoaHoe B cMbiCIe Koum .

. O6/1aCTh LEJOCTHOCTH, HONMYCKalollasi pas/HuHbe qyax'ropnsaumd

. JIBa uncaa 6e3 HauGONLIEro O6GLIETO HeNUTeNs .

. Hpo6b, He JONYCKAIOMas eTHHCTBEHHOTO TPeNCTaBIIeHHS ‘B BH-
Jle HecokpaTUMoll Ipobu

. ®YHKUHAH, HenpepuiBHbIE HA 3aMKHy’1‘OM HHTepBaJIe u #e obna-
aloUide U3BECTHBIMH CBOGACTBAMHM, €CJH CHCTEMa YHCEeJ He NOoJHA

OO U w N —

—_— e
—

Fnasa 2, Qynkuuu w nmpegeast . . . . . . . . . . . .

Beenenne .

1. Becrony paspbmﬂaﬂ (by}{}\]_[l/[ﬂ " abcomoTHOe 3HaucHHe KOoTOpoO#
ecThb BCIOJY HenpepbiBHAs GYHKUHA .

2. OyHKUHKS, HenpepbiBHAsA JMIIb B OJHOM TOuKe (CM npumep 22)

3. HenpepbiBHas M HeorpaHdyeHnas QyHkuMs, ONpejeseHHas Ha
NPOU3BOJILHOM HEKOMIAKTHOM MHOXecTBe

4. Heorpauvuennas (yHKUHA, ONpejeNieHHas Ha npOH3BO.ﬂbHOM
HEKOMIIAaKTHOM MHOXECTBe U JIOK&JIbHO OrpaHHueHHasi Ha HeM

5. QOyHKUHS, BCIOAY KOHEUHas H BCIONY JIOKAAbHO HeorpaHHueHHas

6. HenpepriBHasi orpanvueHHas (YHKUHA, ONpeflefleHHas Ha Mpo-
W3BOJILHOM HEeKOMIAKTHOM MHOJMKECTBe ¥ He HMellnas 3KCTpe-
MaJIbHBIX  3HAUeHHH

7. OrpanuuenHas QyHKUHA, He AMCIOILAs OTHOCHTENBHBIX 9KCTpe-
MyMOB Ha KOMOIZKTHOM MHOMXECTBE . « « , . .+ . ., . .
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8. Orpaﬂuqeﬂnaﬂ GYHKUHA, He ABJASAIOLAACH MOJYHENPePLBHON HH

B OfHOH TOUKE . . 37
9. Ilepnoauueckas Q)yl-xmma OTAHUKAS OT MOCTOSTHHON U He HMelo-

Wasi HauMeHbilero Ilepoga . . . . . . . . . . . . . 37
10. Uppaunonanpueie ¢yskuyd . . . - . . . . . . . . . 37
11. Tpancuenpentusie GyHKOHB 38

12. Oyuxunn y=f(u), v CR, u u= g(x x ER KOMIIOSHINA KOTO-
poix y=f(g(x)) Bclopy HempepbiBHa H TakoOBa, uYTO

lim f(#)=¢, lim g(x)=08 lim f(gx))+*c . . . 39
u-»b x=>a X>a
13. JABe paBHOMepHO HelpephiBAble (GYHKIUH, NPOH3BEJZEHHE KOTO-
DHIX He FBJSETCS PABHOMEPHO HempephlBHO# (yHkumedr . . . 39
14. HenpepbiBHOe Ha HEKOTOPOM HHTepBasle B32HMHO OAHO3HAaUHOE
oToOpaxenHe, o6paTHOe K KOTOPOMY paspobiBHO . . . 39
15. ®ynkuusi, HenpepuiBHas B HPPAUHOHAJbHEIX H paprlBHaﬂ B
palHOHANLHEIX TOUKax . . . 40
16. ToayHenpepeiBaas ¢GyrxUMA C TIOTHBIM MHOKECTBOM TOHeK
pa3pbiBa . 40
17. ®ynkums c [IOTHBIM MHOMECTBOM TOUEK paapbuaa Kax{ﬂ.aﬁ us
KOTOpLIX yCTpaHHMMa . . 40
18. MoHotonsas QyHKIHM, TOUKH paspbma KOTOpOH o6pa3yw1‘ npo-
H3BOJBPHOE CYeTHOe (BO3MOXHO, INIOTHOE) MHOXeCTBO . . . 41

19. ®yHKUHMA C [JIOTHBIM MHOXKECTBOM TOHEK HElpEepPbiBHOCTH
IJOTHEIM MHOXECTBOM TOYeK pa3pblBa, HH OJHA H3 KOTOPbIX

He ABAAETCs YCTpaHHMOH . . . 41
20. Hurie He MOHOTOHHOE B3AHMHO OXHOSHAMHOE COOTBETCTBHE

MeXAY IBYMa HHIepBalaMr . . N 1
21. HenpepriBuasi uurie He MOHOTOHHAs (‘byHKLlldH R 42
22. QyHkuus, TOYKH paspuiBa KOTOpO# 06pasyior IIpOHSBOJIbHO 3a-

LaHHOe 33aMKHyTOe MHOXECTBO , . 43

23. ®dyHkuus, TOUKH paspbiBa KOTOpOf oﬁpasyior npomBoano sa-
JaHHOe MHOMKecTBO Thia Fg (cM. mpuMmep 8 ri. 4 ¥ npHMepbl

8 10u22ra 8 . . . R 43
24, DyHKUMA, He ABJSIOMASCS npeuemM 0CAA0BATIbHOCTH  He-
npepblBHBIX (QyHRumit (cm. mpumep 10 rn 4) . . 44

25. Oynkuus, onpelenennast Ha [0,1], MHOXecTBO SHauenui KoTo-
poil Ha KaXJOM HEBHIPDOKAEHHOM TOAHHTEPBaNe COBRAAAET

¢ [01] (cm. mpumep 27 rn. 8 . . . . . . .. .. . 45
26. PaspriBHan AuHeiiHas (QYHKUHA . . 47
27. Teopema Koamoropoea: zmﬂ KamuornnEN CymELTByK)T n(2n+l)

bysrkuni @;5(x) =12, ..., n,i=1,2, ..., 2n+1), Tagux, uro

(a) Bce ¢pyHxuUH cp,-,»(xj) HerepblBHb) na [0,1];

(b) nas nwoGolt GyHKUHM [(Xy, X2, ..., Xn), HENPEpLIBHOA Ha
0L x, X2 ..., X <1, cywectByoT 2n-+1 dynxkuuit §;,
i=1, 2, , 2141, Kaxaas U3 KOTODLIX HeNpepbiBHA Ha
R, npw{evz

2n+1

f(xi, Xa oon X)) = lel Z(Ptj(x/) . 1

i=1

17*
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Faasa 3. Nuddepenumposanme . . . . . . . . . .

Beegerue . . . . .
1. ®yukuus, He HBJ]H!O[LlaHCﬂ nponsxsonuon e .
2. Nuddepenunpyeman ¢GyHKHua ¢ paspblBHON nponsaozmon .
3. PasproiBHas ¢yHKUNMs, MMeOman BCIOAY NPOH3BOAHYIO (He 06s-
3aTeJbHO KOHEUHYK) . . .o
4. Nuddepenunpyemas (pyHKunﬂ nponssozu-laﬂ KOTOpOH He co-
XpaHfieT 3HaKa HH B KaKOH ozmocropormeu OKDECTHOCTH SKCTpe-
MaJbHOM TOUKH . . .o
. Iluq)(pepeﬂunpyeMaﬂ q)yﬂxupm npousaonﬂaﬂ KOTOpOPl HOMOKH-
TeibHA B HEKOTOPOR TOuKE, HO CaMa (PYHKUHA He MOHOTOHHA
HH B KaKOH OKPECTHOCTH 3TOH TOUKH . . .
. ®yHKIHA, NPOU3BOJHASs KOTOPOH KOHeuHa, HO He orpammeﬂa
HAa 3aMKHYTOM HHTepBaJe
. OyHKuHSA, NPOH3BOLHAS KOTOPOH cymeCTByeT d orpaﬂuqeﬂa HO
He ¥MeeT (aGCOJIOTHOIO) SKCTPeMyMa Ha 3aMKHYTOM HHTepBaJe
. Bciony nenpepbiBrasn, HO HHTIe He Audpepennupyemas GyHKULuA
. qudpdepenunpyemas oyHKUMsS, A KOTOPO#H TeopeMaAo cpeli-
HeM He HMeeT MecTa e
10. Beckoneuno nuq)(pepenuupyemaﬁ cpyﬂxuﬂﬂ f(x) NOJIOKHUTENb-
Hasl OpH MOJOKHTENbHBIX X H paBHaﬂ Hymo npu OTpHUATENb-
HBIX X . G
I1. Beckoneuso auQ)Q)epemmpyemaﬂ beHKlJ.PIﬂ HONIOXKHUTENbHA B
€/[HHHYHOM MHTepBajle H paBHasi HYM0 BHE €ro Lo
12. BeckoneuHo muddepenunpyemas ¢yHkuusa, pasaas | Ha
[1,+ >), paBaas 0 wa (—o0,0] u CTporo MOHOTOHHas Ha

13. BeckoHeuHo nmpcpepenuupyeMaﬁ MOHOTOHHas q)ymmm{ f Ta-
Kaf,, uto Hm f(x)=0, lim f(x)==0 . . . . ..
X=>» +co ’

X => 400

[3,]

Wwoe N O

Faapa 4. Wurerpan Pumawa . . . ... . . .

Beemenne . . .
1. Orpanuqem{aﬂ (pyuxuml ‘He HHTEI‘ppreMaﬂ no meauy Ha Ko-
HEYHOM 3aMKHYTOM MHTepBaJie

2. OyHKuHMs,, HHTeTpHpyeMast MO PHMaHy W He nmexomaﬂ npn-
MHTHBHOH . . . .

3. (DyHKuuﬂ‘ HHTel‘ppreMaﬂ Mo Pumaﬂy n ne nme}omaﬂ ﬂpPIMPI-
THBHOH HHM Ha KakoM HHTepBaje

4. Qyukuus, uMeomas NPUMHTHUBHYIO Ha saMKHyTOM HHTepBaJIe

HO He HHTerpHpyeMass Ha HeM 0O PuMaHy (cm. npumep 35
ra. 8) . .
5. I/IHTerpreMaﬂ 1o varauy q)yHKLum co chony MAOTHBIM MHO-

XKeCTBOM TOY€K pdspeiBa2 . . . . . . . PR
X

6. Oymkuus f, a1 Kotopoit & (¥)= ff(f) dt Bciony nuddepen-

uHpyema, oanako g’(x)=~f(x) Ha BCIOAY NJOTHOM MIilOXecCTBe

49

49
49

50

51

51
5

5

55

56

57
57
57
58

58
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7. lee pasanusible noAyHenpepriBHBE (QyHKUUH, ,,paccmfmue"
MeXKAY KOTODBIMH PaBHO HYJIO .

8. I/IHTerpupyemaﬂ no Pamary oyHKuRS, MHOECTBO TOUEK paa-
pEIBAa KOTOPOH COBNAajaeT ¢ NPOM3BOJBHO 32/]aHHBIM MHOXECTBOM
tHna Fg W Mepnl Hyab (cum. npumep 22 rai. 8) -

9. IBe ¢yHKUMH, HuTErpHpyeMble no PrMany, KOMNo3nuus Ko-
TOPbIX He HHTerpupyeMa no PumaHy (cM. npumep 34 ri. 8)

10. He wunTerpupyemas no Pumany OTpaHKYeHHas (YBKUMA, 8-
JA0MAACA NpPefeJoM BO3pacTaiollell ROCAeLOBATENBHOCTH HHTe-
TpHpyeMbiX To Pumany ¢yukuuii- (cm. npumep 33 ra. 8)

11. Pacxoasimuiics HecoGCTBEHHBI HHTErpas, HMEIOIHN KOHeuHOoe
[VIaBHOE 3HaueHHe B cMpicie Komw . . . |

. +co

12. Cxopsmufics HecOGCTBEHHbIH HHTerpadj ‘-f(x) dx, nomgu-

’ 1
TerpajbHasi (YHKIHMA KOTOPOTO MOJIOXKHTE/NbHA, HeNnpephiBHA U
He CTPEMHTCS K HYJIO OpH X —> 4-co . .

13. Cxonsawudics Ha untepsate [0, + o) HeL06CTBeHHbIH HHTeI‘paJI
NOJNHHTErpajibHast GPYyHKLUHMA KOTODOTO He OTpaHHueHa Ha JMI06OM
uHTEpBase BHAa [a, + co0), rae a>0 L.

14. Oyuxkuun [ w g, Takre, uro HHTCrpan Pumana—CTHIETbECE
OT | OTHOCHTeNbHO, g cymeCTByeT Ha [a, b] u [b, c], HO He cy-
mecreyer Ha [a,¢] . .

Faasa 5. MociaepoBatenbnocTs ., . . . . . . . . . . . .

BBegenne . .- .- ) S

1. Orpa}mqenﬂme pacxonfmmecs nocnenosaTeanocm o

2. TlocnegoBaTenbHOCTH ¢  NPOH3BOJIBHO 3aJaHHBIM  3aMKHYTHIM
MHOKECTBOM TpeJIefbHEIX TOYEeK e e

3. Pacxoasimascs NOC/e 10BATENBHOCTD {a,}, nna  koTopoii
lim (@p4p—ap) =0 upu noboM maTypasibHOM p.
n-»+oo

4. Pacxopsimasica mocienoBaTeNsHOCTh {@,), Takas, uto IJs 3a-
OaHHOM CTPOro BO3pacTamwlilefl MOCiefOBATENbHOCTH {Qn}=
={p(n)} nartypaabubix uucen lim (aq, (m —8@n) =

>+

5. Iocnenosatensuoctu {a,} u {b,}, Takue, uro lima, +limb, <

<lim(az-+b,) <lime, +Tim b, < iim (a, + b,) <Tim a,+1im b,

6. Mocaenosatensuoctd {a ), {@=)}, ..., Tague, urto

im (aptam+ ...)< fim ap+ lim ay+
n->+oo n-»+oo n->

+o0

7. IlBe paBHOMEPHO CXOJISIHECs] MOC/EN0BATEIbHOCTH (DYHKUHI,
AOC/He/IOBATEILHOCTL  NMPOH3BEAEHHA KOTOPHIX He  CXOZUTCS
paBHOMeEpHO ce

F T S S T )

59

60

61

61

62

68
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8.
9.

Pacxogsmasca Nocjael0BaTeNbHOCTh MHOXKECTB

TTocnenosatensiocts {An} MHOXeCTB, KoTOpas cxoum‘ca K
nycroMy Mﬂomecmy, HO KapJHHaJbHBIE 4YHCJAA STHX MHO-
KecTB—>» 4+ 0O | PN e e Coe e

Tnapa 6. BeckoHeuHnle PsABY . . . . . . « . , . . . .

Beenenne . .

1.
2.

3.

o

12.

Pacxozlﬂumucn pml, o6uum anen KOTOpOl‘O crpemmcn K Hymo
Cxoasmuiics psi Za,, W pacxojsiluiica psij b,, Taxwue,
4TO an>bn, n=1,2, ... . .

Cxonsuuiics pﬂn Zan u paCXOILﬂm_HI/{Cﬂ paa an, Takue, UTo
|anl>|bnl 2, P e e .

. s ﬂpOHSBOJIbHO SZ,ELaHHOI‘O HOJIO)KHTeJleOFO pﬂﬂ.a cyuiecrsy-

et Ju60 MaXKOPHPYeMbill UM pacXoAAucs, G0 Mamopupyro-
WU ero CXOAMUHACS PsT . . .

. O6 ycioBHO CXOAALIMXCA pﬂzxax . R
. JIng NpOU3BOJMBHOTO YCIOBHO CXOMSIMErocs psma Zan u

NPOM3BOJILHOTO AEACTBHIEIBHOTO 4YHC/IA X CYIECTBYeT mocjaefo-
BaTenbHOCTh {€n}, The lexl=1 (n=1, 2, ...), rakas, uTO

+00
Mentp=x . . . . . ..
n=1

. O6 yznoBuax TeopeMbr Jlefi6unua 1,19 3HakouepelyOLHXCs pe-

noB . . P T

. Pacxo;muu«mcn p;m ¢ owuM uIeHOM, CTPEMSILUMCS K HYJIIO,

KOTOprM npy NoAXoasmnel paCCTaHOBKe CKOOOK CTaHOBHUTCS
CXOAAIUMCA K Hanepex a1aHHON cymMme

. IIJIH NIPOU3BOILHO 33IaHHOH  TIOJIOXK HTENbHOR HOCJIelIOBaTe.m)-

Hoctn {bn} C HHMMIKHUM Tpe[esOM, pPaBHLIM HYJI0, CYILECTBYeT
pacxonsiiuics paa Zan, o6wuii ujseH KOTOPOTO CTPEMUTCH
K HYJIO, NpHYeM 1_‘_‘_’1 ay/by = e

n->-+oo

. JLas BCAKOH NOMOKHTENbHON mocjenoBaTebHOCTH {bn} ¢ HuXK-

HHM [pelenOM, PABHBIM HYJIO, CYIIECTBYET HOJOXKUTEbHbIN
CXOAAIIHKICSH P ay, Takoh, uto lim  aufb,=-4oco. . . .
n->+o

. Jlna BCSKOH MOJOMKHMTEJLHOH MOC/TENOBATENbHOCTH {Cn} C HHXK-

HUM TIpelesiOM, DPaBHLIM HYJ/IO, CYUIECTBYIOT MOJOXKHUTE/bHEIH
cxopsiuiica pajg @, ¥ NOJOXHUTEJbHbIH pacxoisliuiics paj
an, Takue, 4T0 dnfbn=cCn, n=1, 2, ... . . . . . . . .
ITonoxuTenvuas HenpepuiBHasa npH x>1 GyHRUuA, Takag,
+oo
+oo
4TO HWHTErpaj J f(x)dx cxomutca, a psn Zf(n) pac-
i n=1
XOJHUTCSA e e e

68

69

71

71
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72

72
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13. TMonoxuTtenbHas HenpepulBHas npd x> | QyHKUMA, Takasm, 41O
+o0 o0
HHTerpan f f (x) dx pacxomurcsi, a psa Zf(n) cxoaures 78
1 n=1
14. Psnel; K KOoTOpHIM He npuMeHuM npHsHak HamamGepa 79
15. Pajgbl, Kk KOTOPHIM He NpPHMeHHM mpu3Hak Ko 80
16. Psagnl, ana koropux »ddekTHBen npusHak Komw u He aq)
¢exrupen npusuak damnamGepa 82
17. IBa cXopasiluxcst psna, TNPOH3BeleHHe KOTOprX pacxonmcn 82
18. [Ipa pacxoAsiuxcs p;ma npou3BeueHue KOTOprX CXORUTCS
abCcoMIOTHO . . .o oL 83
19. JLas npou3BOJBLHOM 110C/AE 10BATENBHOCTH { 2 am,,} n=1,2,..,
m=1
" MOJIOXKHMTEAbHBIX CXOASILHXCS PSJOB CYHIECTBYET IOJIOXKHTEb-
[ee]
HBIH CXOJAULHACH PAL 2 Q. HE CPaBHUMBIE HH C OJHUM H3
m=1
+co
pﬂ}lOB{den} 84
m=1 _
20. Marpuna Temauua 7 ¥ pacxoasllascs nOCAeLOBATEIbHOCTD,
npeoGpasyeMasi maTputiefi T B CXOAALLYIOCH NOCAELAOBATIbHOCTE 86
21. Ona Beskoft matpuusl Temsmua T=(f;;) cywecTByer nocie-
JnoBaTesbHOCTh {a;), KaMOblil wieH KOTOpOH ecTs auGo 1, ju-
60 — 1, Takas, 4To npeobGpaszoBaHue {b;} MNOCAEHAOBATENBHOCTH
{a;} mocpencTom matprust T pacxonurcs 88
22. CreneHHO! psl, CXOAsMMEACA JHLIb B OXHOH TouKe (CM npn-
mep 24) . . . 90
23, OyHKUHA, PAX Mamopeua KOTOpOH cxogmca BClO}_‘Ly, ozmaxo
npencrasisier GYHKUMIO JHb B OLHOH TOuKe g1
24, dyuruud, psaa Maknopena KOTopou CXOAHUTCSl JIHUIb B o;mou
TOUKe 91
25. Cxousauuics Tpurox{omeTpnqecxuﬂ pﬂ]l, ‘ne ﬂBnmomzmc;[ p;{-
jgom Dypee 93
26. Beckoneuno nu(ptpepeHuﬂpyeMaﬂ (pym(unﬂ f(x) tre ﬂBJIH}OLU.aH-
cst npeoGpa3zoBanneM Dypre HHKAKOM (byﬂxmm HHTeI‘pprEMOH
no JleGery, u Takas, 410 lim [f(x)=0 . . .96
fx|=>+co
27. lns npousBOJBLHOIO CueTHOro MHoxkectBa E C[—m, m) cyule-
CTBYeT HempephlBHAsA ¢yukuua, pag Pypse koTopoit pacxo-
HMTCA B Kaxaol Touke ¥ € E W CXOXUTCA B KaX[JOH TOuKe
x € [—m, n)\E. ) oL 97
28. Qynkuus, HHTerprEMaﬂ (no Jleﬁery) Ha [—n n], pﬂu Dypre
KOTOPOil PacXOAHTCA BCIOLY 98

29.

MMocaenoBatenbHocts {a,,} paunouanbﬂmx lmce.n oﬁnaﬂalomaﬂ
TeM CBONCTBOM, UTO JJs BCAKON (GYHKUHH [, HenpepuiBHO# Ha
[0,1]1 u paBroit 0 npu x=0 (f(0)=0), cyumecTByer cTPOro BoO3-
pacraioliasg NOCHeJ0BATEILHOCT HATYpandbHLIX  uHcen  {ny}
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(ng=0), Takas, uTo

too [ Pyig

fey=1 2 awx"|.

v=0 n=nv+1

npuyeM CXOAMMOCTE siBJsieTcsi paBHoMepuod na [0,1] . . . .

FaaBa 7. PaBHOMepHAaZ CXOAMMOCTD . ., . . . . . . . .

BBenenue . . o

1. HOCJIeZLOBaTeJIbHOCTb chny paspblBHb!x q:yﬂmmn cxofsmasicss
PABHOMEPHO K BCIOAY HeNpephiBHOH (yHKLHA

2, MocnenoBatensHocTh GecKoHeuHo AHbdepeHnpyeMbIX <pym<uuu
KOTOPdsi PABHOMEPHO CXORHUTCSI K HYJIO, & NOC/eJ0BaTeNbHOCTh
NPOU3BOAHBIX 3TUX (YHKUMH BCIOAY PaCXOLHTCH .

3. Heorpauuuennas QyHKIMS, SBASOMANCS Ipeleion Hepam{omep-

HO CXOAslledicsi TOCJeJ0BaTe/NbHOCTH OrpaHHueHHbIX (yHKUHH

PaspbiBHas ¢yYHKIHA, sBJIAIONIAACA BDpefleIOM NOCAeA0BaTeb-

HOCTH HENpPEepBIBHBIX (YHKLHH

" 5. He nurerpupyemasi no Pumany Q)ym(uuﬂ ﬁsnmomaﬁm npene-
JIOM TOC/TefoBaTeNbHOCTH QYHKUME, HHTErpUpyeMeIX no Pu-
MaHy (cM. npumep 33 rui. 8) .

6. [MocnegoBaTensHOCTs QyHKUMA, a5 KOTOpOH npeaen m—nerpa-
JIOB He paBeH WHTETpasly OT NpeleabHOH QyHKumam . . . .

7. TocnenoBaTenbHOCTb (DYHKUMH, AnA KOTODO# mnpejen npouasop.-
HbIX He paBeH HPOH3BOAHOH OT mpeleirHoll QyHKUHH

8. INocnenoBaTeNbHOCTH (YHKLKHA, pPaBHOMEPHO CXOAALULasicCS na
KaXIOM 3aMKHYTOM NOJMHTEpBAaje, HO HE CXOAALIAACH paBHO-
MepHO Ha BCEM HHTepBaJjie

9. IMocneposarensnocts {f,.}, pasﬂomepuo ‘cxopswancs Hymo

L

Ha uutepsaie [0, + o) H 'raxaﬂ, 4TO J. fa(x)dx-40 , . .

10. HepaBHOMepHO cxojsiuiuiicas paA, OOIUHE ufeH KOTOpOI‘O cTpe-
MHTCS K HYJIO DPaBHOMEPHO

11. HepaBiomepHo cxoasmascs HOCJlellOBaTEJ'IbHOCTb o6naatomas
PaBHOMEPHO CXOAflleficA NOANOC/eA0BATENbBOCTBIO Co

12. HepaBHoMepHo cxopsuiyecs NOCTEJOBATEIbHOCTH, YAOBJ/IETBO-
pAlolire JIOGLM TpeM U3 YeThlpex ycnoBHii TeopeMs J{HHH

TnaBa 8. MuoKecTBA M Mepa wa feHcTBHTeNbHOH ocH . . .

Beepenne . . - e e

1. CoBepeHnHoe ﬂurne He IIOTHOE MHOXECTBO L.

2. HecueTHoe MHOXKeCTBO Mepel Hyab . . . .

3. MHOXKECTBO MepH HYJb, Pa3HOCTHOE MHOKECTBO KOTOpOl‘O co-
JlepIKHT HEKOTOPYIO OKPeCTHOCTb HYJs .

4. CopepuleHHOe HHIJie He WJIOTHOE MHOXKECTBO NONOKHTEABHON

MepH . . . . .
5. Cosepmeuuoe HHFe He WJOTHOE MHOKECTBO uppaunouanbﬂmx
b L

98
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101

101
102
102

. 104
104
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107
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6.

7.
8.
9.
10.

11.
12.

13.

14.

15,
16.

23.
24.

25,
26.
27.

28.
29.

Beioy mIOTHOe OTKPHITOE MHOMKECTBO, JIONOJHEHHe KOTOPOro
HMeeT NOJOXHTENBHYIO MEPYy . . . . . . . . . . .
MHOXKecTBO BTOPOH KaTeropuu . o
MHOXKeCTBO, He ABAAIONIEECT MHOKECTBOM THIa FU e
MHoxecTBO, He siBAfAOIIeecH MHOXKecTBoM THna Gy . . .
MmuoxectBo A, He sBJAAIONICECS MHOMKECTBOM TOYEK paspblBa
HHKakofi &yHkUMA . . . . . . . . e e
HensMepumoe MHOXKeCTBO

Muoxectso D, Takoe, uto aas ch(oro ﬂSMepnMoro MHOXKeE-
crBa A cnpaBelHBEI paBeHCTBa i, (DNAY=0, p* (DNA)=
=u(4)

Muoxkectso A Mepbl Hynb lum KOToporo moGoe ,uencmmenb-
HOe UYHCJIO SIBJSIETCSt €ro TOUKOH KOHAEHCAlUHH

Hurze se miotHoe MHOMKecTBo A JAefiCTBHTENBLHBIX ucen u ero
HeNpepLIBHOE OTOGpakeHWe Ha 3aMKHYTHIH eJHHMUHBLIH HHTep-
sax [0, 1] . . . ... . o .o
HenpepoiBrast MoHOTOHHad  (yHKIHS, npoussom{aﬂ KOTOpO#i
paBHa HYJIO NOYTH BCIORY .

Tonosoruyeckoe oTOGpaKeHue 3aMKHyT010 uHTepBana e co-
XpaHsioulee H3MEPHMOCTL H HYJIEBYIO Mepy o

. Yamepumoe HeGOpeJIEBCKOE MHOKECTBO
. JBe HenpepuiBHble (YHKUMH, DA3HOCTH KOTOprX He sBARETCH

MOCTOSIHHOH, HO HX NPOM3BOAHBIC (KOHE‘{HbIe Hiy 6eCKOHe‘{HbIe)
coBnajarmT BCIO}IY

. MuOXecTBO NOJHOH Mepbl " nepBou KaTEFOpHH na [0 1]

. MHOXeCTBO MepHl Hy/Ab W BTOpOH karteropun Ha [0, 1] .
. MHOXeCTRO MepHl HYAb, He SIBAAIOINEECS MHOXKECTBOM Tuna Fg
. MyoxecTso Mepn HyJAb, TakOe, 4TO He CYIIECTBYyeT GYyHKUHH

(vnterpupyeMoft no PHMany WM HeT), AJS KOTOPOH 3TO MHO-
KECTBO ABJAAETCH MHOXKECTBOM TOUEK pas3peiBa .

JBa coBeplIeHHBIX HHIfe He MJOTHBIX TOMeOMOpP(HEHIX MHOKe-
crea Ha [0,1], numIb OXHO H3 KOTOPBIX MMEET Mepy HyJb .

JiBa HemepeceKaloIUXcs HENYCTHIX HHUTJle HE IJIOTHBIX MHOXe-
¢cTBa HeACTBHTEJbHBIX YHCENT, TaKHX, YTO KaXJIafd TOuKa J060-
[0 H3 HHX fIBJSETCs TNpeje]bHOH TOUKOH Apyroro .
JlBa roMeoMOp({IHBIX MHOXKECTBA JefiCTBHTE/NbHBIX YHCE, ABJSIIO-
IMXCS MHOXKECTBAMH DA3HEIX KATETODPHI

IBa roMeoMop()HBIX MHOXKECTBa NehCTBHTeMbHEX qncen, Ta-
KHX, YTO OJHO H3 HHX BCIOAY IUIOTHO, a Jpyroe HHT/Je He TMJIOTHO
®yuknus, onpefleieHHas Ha R, paBHas HY/MO MOYTH BCIOAY
‘M TaKasi, UTO MHOMKEeCTBO ee 3HayeHu#l Ha KaXAOM HEMyCTOM
OTKPHITOM HHTepBaje cosnajgaer ¢ R |

®yukuus, onpeflenentHas Ha R, rpadux Koropoﬁ chouy no-
TeH Ha MJIOCKOCTH . .
HeOTpuuaTeanaﬂ BCIONlY KOHe‘lHaﬂ Q)ym(umi f, TaKaﬁ 10

f f(x)dx =4 o0 nng moGOro HENYCTOTO OTKPHITOTO HHTEP-

‘Bana (a, ) . . .

30.

HenpeprisHas  ¢Tporo MOHOTOHHAS! (pymuum c npousaolmou,
PaBHO HYMO HOYTH BCIOAY .+ « + + o o & o « o 4+

118
118
119
119
120
120
123

123
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130
130
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181
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31. OrpanuyenHas noayHenpepbiBHas GYHKUMSA, He HHTerpHpyeMas
no PnMaHy U He 3KBUBaJleHTHAd HUKAKOH (DyHKUMH, UHTErpH-

pyemo#i mo Pumany . . . 137
32. Orpaﬂuqeﬂﬂaﬂ H3MepHMas (pyﬂxuuﬂ He OSKBWBAJeNTHAA HHKa-
Kol (yHKUMH, WHTerpupyemod no Pumany | . . 138

33. Orpanuuennas ¢GyHKIHs, ABJASAIOUIAACA TpPeeIOM MOHOTOHHOH
NOC/e0BATEAbHOCTH HENpepLIBHEIX (YHKUUf, He HHTErpupye-
Mas no PuMaHy # He SKBHBaJeHTHASl HUKAKOH (YHKUHM, WH-
terpupyemoii no Pumany (cm. mpumep 10 ra. 4) . . . . . 138

34. UnrerpupyeMass mo PuMany ¢yHKuHA [ 0 HenpepulBHas (bym(-
uus g, onpeaenenusle Ha {0, 1] ¥ Takue, YTO HX KOMIO3HLHUA
f(g(x)) ne nuterpupyema no Pumany na [0,1] u He axBHBa-
JeHTHA HHKaKofl QyHKUMH, uHTerpupyemoii no Pumany Ha 3TOM

3aMKHYTOM HHTepBaje (cM. mpumep 9 rn. 4) . . . . 139
35. Orpaunnuennasi ¢yHKIHs, HMeiollas NPHMHTHBHYIO Ha 3aMKHy-

TOM WHTepBaje, HO He WHTerpMpyeMas Ha HeM mo Pumany . . 139
36. Oyuxums, AJA KOTOPOH CYLIECTBYeT HeCOGCTBeHHBIH P[HTerpaJl )

Pumana u He cymecrsyet uHrerpaj JleGera . . . . 141

37. Oyuruia, uaMepumast no JieGery v He uaMepumas o Bopemo 141

38. Hamepuman ¢yuxkuus f(x) u HenpephiBHasi Qyskuust g(x), ra-
KHe, 4TO WX Kommnosuuus f(g(x)) Hemamepuma . 141

39. HenpepriBnasi MoHOTOHHAst QYHKUHA g(X) 1 ﬂenpepbmnaﬂ q)yHK-
uust f(x), Takue, 4TO

1 1
f’f(x)dg(x)#ff(x)g’(x)dx. S 182
0 0

40. Pasauunble BHIB CXOAMMOCTH (pyHKuHOHaJIbanx nocse10BaTeNb-
HOCTel o ... 142
41. IBe Mepet n u v Ha I‘IpOCTpaHCTBe c Mepon (X @) Takue,
uyTo | aBCoJIIOTHO HempephIBiia OTHOCHTENBHO v, OJHAKO He CY-
HiecTByeT OQYHKUHU [, yAOBAeTBOPsiIOUleli PaBeHCTBY w(E) =

f(x)dv(x) gna Bcex ECS . . . . . . . . . .. 14
E

lMnasa 9. ®yHKuMH ABYX MepemMeHHmX . . . . . . ., . . . . 147
Beenenne . . ... 147
1. PaprIBHaH (pym(um nByx nepeMeHbex HenpeDbIBHaﬂ o Kak-
[0l TepeMeHHON B OTAEAbHOCTH . . . 147
2. QyHKUHA ABYX TNepeMeHHLIX, He HMelomas npeuena B Hauane
KOODAHHAT, HO HMEIOllast PaBHLIA HYJMIO mpefes IpH npuﬁm{-
KeHHH K HauaJly Koopiuwat mo #wbofi mpamoit . . . . 148
. O6o6iene NpelnAyllero npimMepa ., . .. 148

=

. PaspuiBHas (u, caeaoBaTenbHo, Heuuq)q)epeﬂuupyemaﬂ) PYHK-
Lusi ABYX MNepeMeHHBIX, MMeoilast BCIOJy YacTHble MPOH3BOA-
Hble TEPBOTO MOPSIAKE . . .+ « + « » & « « o « . . . 149
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5. Oyukuuu f, A8 KOTOPHIX CYLIECTBYIOT H DaBHBl JMIIb JBA M3
CJAEAYIOLINX TpelesioB:
lim f(x, v), lim lim f(x,y), Hm fim f(x. y). . . 149
(x, y)->(a, b) x>a y->b y>b x>a
6. OyukiuK f, A KOTOPHIX CYLUIECTBYET JHUIb OXHH H3 CJeLylo-
IHX NpelevioB:

© lim f(x, y), lim lim [(x, y), lim lim fx,y)y . .15
(x, y)—>(a, b) x>a y=>b y>b x
7. ®yukuua f, Iaa  KoTopoi mnpeaenay  lim 11m flx, ) wu

i x>a y-»b
lim lim [ (x, y) cymecTByloT, HO He PaBHBl MEXKIY COGOW 151
y->b x>a
8. ®dyukuusi f(x, y), ANA KOTOpOI npejen lim [ (x, y)=g(x)
._)

CYLIECTRYET PaBHOMEDHO OTHOCHTEJBHO X, TMpefe 11m flx, y) =
= h (y) cyluecTByeT paBHOMEPHO OTHOCHTE/bHO y, hm g(x)=
x>0

= lim A (y), oauaxo npemen lim f(x, ¥) ue cywecrsyer 151
y->0 (%, y)=>(0, 0)
9. Huddepenuupyemas, HO He HeHPEPbIBHO anddepeHLHpyeMas
¢GyHKLIHST ABYX TNepeMeHHBIX 152
10. duddepenunpyeMan (yHKIHs, umelomaﬂ HepaBHbIe ‘eMemantbie
yacTHble MPOHU3BOJHBIE BTOPOTO MOpPAAKa . . . 183
11. Henpepoisuo audpepennupyemass byHxuus f mayx nepemeHme
X u y u obnacts R Ha MJAOCKOCTH, Takue, yro Of/dy=0 B 06-

nacth R, wo ¢yHkuus f 3aBHCHT OT y B 3TOoH obJacTH .. 154
12. JlokanbHO OJHOPOJHAA HeNpepbiBHO nmptbepeﬂuupyemaﬂ dyHk-
IMs ABYX NepeMeHHBIX, He SBJSIONLAfCA OJHOPOAHOH . . . 154

13. JubdepennupyemMans QYHUKUUA JABYX NEPEMEHHBLIX, He HMeIomaﬂ
3KCTpeMyMa B Hauajle KOOPAHHAT M Takas, 4TO ee CyXeHue
Ha oGyl npaAMYIO, NPOXOAfIIYI0 uepe3 HayajJo KOOPAHHAT,
BMeeT CTPOrHH JOKANbHHIA MUHHMYM B 5TO# Touke ., , . . . 185

14. O6obuwenne npefblayllero npumepa . . . . . . . ., . . 156
b b

d 5]
15. ®yuxuua f, a1 KOTOPOit o= J. F(x. ) dy += ( [0_x F(x, y)] dy,
a a

x0Tl 06a WHTerpaja CyILecTBYIOT B cMblicie Pumana ., . . . 156

16. ®ynkuus f, 419 KOTOPO#
11 1t

[ [re oayaxs [ [1ee v axay,
0 0 0

0
x0Ta 06a WHTerpaja CyUIeCTBYIOT B cMbicie Pumana . . . | 157
17. IBoftHo#t pan Z Qpp  AJS KOTOPOTO Z E Amp F Z 2 Amy 158

m n
18. Oudodepeninan de+Qdy W mjockast obsactb R, B KOTOpOH
Pdx+Qdy sBasetcsi JOKanbHO MOJHBIM, HO He MOJHBIM 1Hb-
(epeHunaIOM S : o 159
19. CosrenonpanbHoe BeKropHoe none ‘3ajaHfoe B OJHOCBASHOI
06JaCTH H He HMelCllee BeKTOPHOTO noTeHudasa . . . . . . 160
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Fnasa 10. MHOXKecTBA HAa WIVIOCKOCTH ., . .

Beepenue . . . .

1.

20.

21.
22.

HBa Henepecexaloumxcn 'Ja\axuyrux MHO)KECTBa paccmmme
MEXJY KOTOPHIMH PaBHO HYJIO

. OI‘paHH'{CHHOE MHOXKeCTBO Ha HJIOCKOCTH IIJ'IH KOTOpOI'O He

CylleCTByeT MHHEMANbLHOIO 3aMKHYTOro Kpyra, cojAepiKallero
3TO MHOXKECTBO C e e e e . P
TOHKHC" CBSI3HBIE ~ MHOXSCTBA, He ﬂBJXH}OI.lIHeCﬂ I'lpOCTbIMH
11 raMHu e . . PR
Ba Henepecexatomuxca l'L,IOCKHX Komypa conepmamuxcn B
KBaJpaTe H COCJHHAIOUIHX €rc MNPOTUBOINOJACKHbIE BepIUIHHBI

. Otobpaxenne murepsafaa {0, 1] na ksagpar [0, 1]X][0, 1]
. Kpusas Tleano Ha IIOCKOCTH . . .
. Kpusas Ileano, cranuoHapHast noyTH cho;xy e
. Kpuas [leano, puddepenunpyeMas nours Bciogy .

. Henpepuisuoe otoGpawxenne unrepsasa [0, 1] na ce6s, npmm-

Mawuee KaxJoe 3HaueHHe HECYETHOE€ MHOXeCTBO pas

. ITpocras payra, pacrnojioKeHHas B €JIHHHYHOM KBajJpaTe H

MMeIoIasi TIOCKYI0  Mepy, CKOJb YrOAHO GJM3KYi0 K EJHHHLE

. CBsi3HOe KOMIAKTHOE MHOXKECTBO, He SIBJSIIOLLEeCs] AyroH
. Tlnockas o6Gaacth, He COBHaJalollasi ¢ fAAPOM CBOELO 3aMbl-

KaHusd

. Tpu Henepecexalomnec;z ockie obacTu ¢ oBiueit rpanuueu
. Hexxopnauosa o6aactb, coBmajgamolias ¢ sApPOM CBOEro 3a-

MbIKaHMs

. OrpannuenHas n7T0CKan oﬁnacrb, rpaﬂuua KOTOPOH umeer To-

JIOXKHTEJbHYIO Mepy . . .

. npOCTaﬁ ayra 6eCKOHe‘-IHOH lIJIHHbX e e e e e
. npOCTaﬂ ayra 6ECKOHEUHOH JUIUHBI, UMelouias KacaTeﬂbnyo B

KaXJOU TOYKe

. Ipocrass nyra, Takas, 4To ee LAHMHA Me)xuy 110604 napou To-

yek GecKoHeuHa

. T'nagkas kpusas C, couepx{dmaﬂ Tquy P, KOTOpaﬂ He sB-

JAseTc OauKaimeli TOUKON 5Tol KPUBOH HH NS Kakoil mmm
BBIYKJNO# OGJacTH, OUPAaHHUYEHHOH 3TOH KPHBOW .
[MogmuoxkectBo A eguxuuHoro kBajapata S=[0, 110, 1] mI0T-
HOe B S ¥ TaKOe, YTO BCSKAas BEPTHKAJbHAsi WM TCPH3OHTAJb-
Hasi mnpsamasi, nepecexammaﬂ S, umeer ¢ A nuwb onuy 06-
Y0 TOUKY

HensMepnmoe fI10CKOE MHO)KeCTBO HMeromee ¢ Ka)KlIOH npﬂ-
MOH He GoJsiee IByX OOLIMX TOYeK
Heorpunarensnast dpyuxuus f(x, y), TaKaﬂ, uto

11
f f”x» y>dxdy=f ff(x, y) dy dx =0,
00 0 0

(163

163
166

. 166
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169
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171
171

171
175

175
176

177

177
178

178
179

179

180
181

a mHTErpan J I [ (x, y) dx dy,tae S=[0,1]1x[0,1], He cymecrnyer 184
§
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23.

JelicTBuTebHO3HAYHA GYHKUMA -ONHOTO JeACTBUTE/NHHOTO Ile-
peMEeHHOro, rpadMKk KOTOpO# fBJjfeTcH HeHSMep[/leIM NJI0CKUM

MHOKECTBOM . . 184
24. Cssznoe MHO)KeCTBO KOTOpOe CTAHOBMTCS  BrOAME HECBASHBIM
np¥ yJAajJeHHH OJHOM TOUKH ., . . . « « .« « . . ., . . 185
Faasa 1. Maomame . . . . . . . . . . . . . . .. 6 187
Beeyenne . . , . 187
1. OrpaHul{eHHoe n0cKoe MHO)KeCTBO ‘we uvxe}omee nﬂoma;m .. 188
2. KomMnakTHOe MJ/JOCKOE MHOMKECTBO, He UMelollee miaowazx . . 189
3. OrpannueHHas m1IocKasi o6nacTb, He WMeomas miowagu . . 189
4. OrpauuuenHas njaockas mopnaﬂoaa 06s1acTe, He HMelOLIds ILIO-
Waau - ... . 189
5. Tlpocras SaMKHyTaﬂ Kpmsaﬂ "natockas Mepa KOTOPOH 6osbLie
IJIOCKOH Mepel 0GJ1acTd, OrpaHHuYeHHON 3TOH KpPHBOH
6. lse ¢ysxkuuu ¢ wu P, 3agzaunsle w#a [0,1] u Takume, uro

(a) ]( )< (x) aas x € [0, 1],
f (Y (x) — @(x)]dx cymecTByer u pasen 1,

0
(c) S={(x, ) 10 <x L1, ox)<y<Pp(x)} ne umeer momanul90

. [Tpumep IllBapua, B KOoTOpOM OGOKOBOH MOBEPXHOCTH HPSIMOrO

KPYroBOIO ILHMJHHIPA CONOCTABASAETCH CKOJb YTOAHO OoJblias
KOHeuHasl WJIH Jaxe GeckoHeuHass IJIOUIAAb . . 191

. s no6bix ABYX HOJIOXKUTENBHBIX uuced & U M B TpeXMepHOM

NPOCTPAHCTBE CYUIECTBYeT MOBEPXHOCTB S, Takas, uTo

(a) S romeomopgHa NMOBEPXHOCTH cepsl;

(b) maomambp noBepxHOCTH S CyllecTByeT M MeHblle &;

(c) mepa JleGera B TpexMepHOM IpPOCTPAHCTBE nosepxuocm S
cyuiecTByer u Goaeme M 0 .. . 193

. [1nockoe MHOMXKECTBO CKOJb YroaHo MaJ/on m’IOLKOH Mepb] BHyT-

pH KOTODOTO HallpaBjieHHe OTpe3Ka eJHHHTHON AMNUHbI MOXKHO
NIOMEHSITh Ha OoOpPATHOE HeNpepbIBHBIM JBHKeHMeM . . . . . 194

Faasa 12. MerpuueckHe U TOMOJOTHYeCKHe mpocTpancTBa . . , . 195

Beesenne . . 195

1.

‘& o o W

. 3aMKuyThle uapel By u By ¢ paguycamu ri u rp COOTBeTCTBeH-

. Tononoruyeckoe NPOCTPAHCTBO X u ero ﬂOI[MHO}KECI‘BO Y Ta‘

V6LIBAIOILIAA 0T 0BATENBHOCTE HenyCTle SaMKHyTbI‘( orpa-
HAYEHHBIX MHOXKECTB C MNYCTBIM NepeceueHuem ., . 200

. Henoaunoe MeTpuYeCKOe NPCCTPAaHCTBO € ﬂHCerTHOH TOHOJ’IOI‘HEH 200
. Y6uiBawmas nocaef0BaTe.1bHOCTh HemyCTblIX 3aMKHYTbIX IapoB

C MyCTHIM TIEPECEUEHHEM B MOJHOM MeTpHueckom mpocrpanctse 201

. Otgpuiteift mwap O u 3aMxuyThlit mwap B ¢ ofuum ueHTpoM

W paBHBIMH pajuycaMy, Takue, 4to B+0 . o 201
. 202

202

HO, TakHe, uto By C By, a ri>re

KHe, YTO MHOXKEeCTBO NpeAeNbHbIX TOUYEK Y ne 3aMKHYTO .
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13.
14.

15.

16.

17.
18.
19.

20.

21.

22.

. Tonosoruyeckoe TMPOCTPAHCTBO, B KOTOPOM Ipejea nocnaeno-

BATEJNBbHOCTH HE €JIUHCTBEH

.

. Cenapabe/ibHOE [POCTPAHCTBO, ob1anaouee Hecenapaéenbamm

« o P «

NOANPOCTPAHCTBOM

. CenapabeJibHOe HpOCTpaHCTBO HE yﬂosnemopmomee BTOpOH

aKChuoMe CUETHOCTH

. MHOXeCTBO ¢ paSJIP[UHbIMH TOIIO.HOI‘HHMH HMBXOULHMH OlIHH H

Te XKe CcXolsdlluecs nocaegoBaTe/JbHOCTH . .

. Tlpumep Tonosorgueckoro nmpocrpancrsa X, mioxectsa A X

u npeﬂeanou TOUYKH 3TOTO MHOXKECTBA, He SBJSIOLIEHCS npe-
NeJI0M HUKAaKON NOCAeIOBAaTENbHOCTH TOueK u3 A .

. HemerpusyeMoe Ttomnosoruyeckoe npocTpaHctso X ¢ QyHKuusA-

MH B KayecTBe TOYEK K TONOJIOTHEH, COOTBETCTBYIOUIEH NOTO-
uyeyHOH CXOAMUMOCTH . . . . c e .
HenpepsiBHOe 0TOOpaxenue OMHOTO TONOJOTHUECKOTo npOCTpaH-
CTBa Ha JIpyroe, He SIBJAIONIEECS] HH OTKPBITHIM, HY 3aMKHYTHIM
OroGpaxende OJHOTO TOMOJOTHYECKOTO NPOCTPUHCTBA Ha Apy-
roe, SBJAsIOHlEECS] ONHOBPEMEHHO OTKPHITHIM ¥ 3aMKHYTHIM, HO
HE ABJSIONIECs! HENPEPBIBHBIM , . . .« . . « + . . . .
3amkHyToe OTOGpakeHHe OIHOIO TOMNOJOIMYECKOTO MPOCTPaH-
CTBa Ha Jpyroe, He SIBMIOLIEECs HH HENpPEpHIBHBIM, HH OT-
KPHITHIM

OTtoBpaxenue O/IHOTO TONOJOTHYECKOTO npoupaHCTBa ‘na ﬂpy-
roe, fBJsAIOLleeCS HENPepLIBHBIM K OTKPHITHIM, HO He SBASAIO-
meecs 3aMKHYTBIM ., . . « . . . . e e
OTkpbiToe OTOGpaXeHue OIHOTO OO TOrHIECKOFO npocrpaHCTBa
Ha Jpyroe, He ABJSIOLIEECS HYU HENPepHIBHLIM, HH 3aMKHYTHIM
HenpepblBHoe 3aMKHYTOE 0TOGpaXKeHWE OJHOTO TONOJOTHUECKO-
FO NMpPOCTPAHCTBa Ha JAPYroe, He SBJSIOUIEECS OTKPHLITHIM .
Tonmosornueckoe npocTpancTBo X W ero MOLMPOCTPAHCTBO Y
cozepikalulee J(Ba HenepecekalolHXCcs OTKPBITBIX MHOXKECTBa,
KOTOpHEle HE ABJSIOTCH NepeceyeHHeM MOANPOCTpaHCTBa Y ¢ He-
nepecekalonMMUCs OTKPLITHIMA MHOXKECTBAMH APOCTPaHCTBA X
JBa HeromeoMopdHbIX TOUOJOrHYECKHX TPOCTPAHCTBA, KakIoe
H3 KOTOPHIX SIBASIETCH HENPEPHIBHBIM B3aMMHO ONHO3HAUHBIM OG-
pasoM Aapyroro . . . . . . .
Pas6uenne TpexmMepHOro eBRAMINBA mapa B wa nams Henepe-
CeKaIoImMXCs nogMHoxecTB Sy, Ss, S;, Sy, Ss (npu stom Ss co-
CTOHT H3 €IMHCTBEHHOH TOUYKM), TAKHX, YTO OPH JKECTKUX [BH-
xeHusaX Ry, Ry, Rs, Ry, Rs cnpaseiivebl cleflyloilfe COOTHO-
HIeHHsT:

B R (SHUR: (S3) = Ry (Sa)U R, (SHURs (Ss)

Hdns mobeix’ IBYX eBKAMAOBbIX wapoe By u By, pamuyck
KOTOPbIX CYThb TNPOH3BOALHO 3alaHHble uHcma €>0 u M>0,
BCErfia cyllec1Byer pa36uenne wapa B, Ha KOHeuHOe UHCAO

HenepeceKaioMXcsi NOAMHOXKECTB Sy, Sp, ..., S,, Taxkux, urto
npH XKeCTKUX ABHXKeHHAX Ri, R, ..., Ra cnpaseannso pased-
CTBO

Byy=R (SPUR;(SPU - UR,(S) -« + . . .

202
203
203
204

207

210
21

211

211

212
212
213

213

214

215

215



251

QOzaasaenue

Taapa 13. PyHKknHOHAJbHBIE NPOCTPAHCTBA . . , . , . .

BBenenne . . Coe . .o

1. e MOHOTOHHbIE (byuxunn cymma KOTOprx fie MOHOTOHHA

2. Jipe mepuopuueckve (yHKUHH, CyMMa KOTOPLIX He HMeeT Iie-
pHoza

3. e nonynenpepbmuble (pynxmm cmea KOTOprX He ABaseTCs

. TOJyHeNpepbIBHON

4. IBe ¢yHkuuY, KBa}lpaTbl KOTOprX HHTeI‘ppreMbI 1o Pumaﬂy,
HO KBaJpaT MX CYMMbl He HHTerpupyeM no Pumany .

5. llse ¢yHKnMH, KBaApaThl KOTOPHLIX WHTErpHUPyeMbl 0O .Heéery,
HO KBaJApaT HX CyMMhbi He WHTerpHpyem no JleGery .

6. JlunefiHoe QYHKUMOHAIBHOE MPOCTPAHCTBO, He HBJAIOLLEECs ui
anre6poll, HU CTPYKTypoil

7. JluneitHoe ¢yHKUHOHAJbHO® npocrpamreo ABJAsIOLeecs anre-
pOH, HO He SIBJSIOLIEECS CTPYKTYpO#

8. Jlunelinoe (yHKUHOHATIBHOE NPOCTPAHCTBO, ABISOMIeeCs: CprK-
TYpofi, HO He fBJsIOMIeecs anrebpolr . . | .

9. e merpuku B npoctpaHctee C([0, 1]) (pyﬂmmﬁ, HenpeprBHblx

Bubauorpadus e e
VKasaTenb OGOZHaYeHHH . . . . . . . . . . ..
VKasaTedb . . v .« v o v e e e e e e

Ha [0, 1], Takue, 4TO [AOMOJHEHHE €IHHHYHOTO mapa B O HO#
H3 METPHK BCIOAY TJIOTHO B eIHMHHUHOM mape npyrou MeTpHKl/I
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