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B nacrosameil kaure nanaraercsa ofNH U3 aCAMITOTHICCKUX
METOJIOB JIMHEWHOH MareMaTM4ecKoil QUINKH — METO[I KaHO-
HHYIEeCKOTO oIepaTopa. JTa KHHTA SBIAETCH IIPOJOJKeHHeM
u passutmem paGor [38], [39], [43].

OCHOBHBIE HIEH HACTOAMEH KHHIU U3JOKEHH BO BBEJe-
aun. IHEra cocTout M3 ABYX dacTeil. B mepBoii wactm mo-
CTPOGHA TEOPUSA KAHOHWYSCKOTO ONEPATOPA, BO BTOPOIl 4aCTH
KHHTH UpHBENeH DA MPHI0KEeHINE KaHOHHYECKOT0 oIepaTopa
K KOHKPeTHHM 3aJadaM MaTeMaTHdeCKON (u3HKm.

ABTOpDHL CUMTAIOT CBOMM UPHATHHEIM JOJTOM BHIPA3HThH
Graromapuocts C. M. Hummnuuy, chenaBmeMy pAL IeHHEX
3aMedaHmii.

Asmopur
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1. Pagnnuubie 3aflaud MaTeMaTHUYeCKOH U TeopeTHUIeCKOR
$usHKY IPUBOAAT K AupepeHNIATBHM YPaBHEHAAM ¢ 9aCT~
HHIMA TPOM3BOJAHBIME, KOTODHIe COJEP:KAT MAaJBl ITapaMerp
IPH CTAPUINX UPOU3BORHEIX. [l nocTpoernsa npubIdKeHHE X
pelneHnii TaKUX ypaBHEHHH W3JaBHA NPHMEHANTCA ACHMITO-
THYeCKNE METOJIEL.

B mocaegnne jecATHNETHA ACHMITOTHISCKNE METOMNBI JH-
pefinol MaTeMaTH9eCKOl (HBHKY MePe;REBAOT MEPHON PACIBE-
ta. Cdepa meficTBUA DTHX METOIOB DPACIIMPAETCA: OHH HE
TONBKO TPOROIKAIT HPHMEHATHCA B TPAJUIUMOHHEIX pasjie-
Jax MaTeMaTHYecKo¥ GUBWKY, HO W OKA3HBAIOT CYIIECTBEHHO
BAMsAHWE Ha pPasBuUTHe Oo0med Teopunm auddepeHImanbHEX
ypaBHeHHil ¢ WaCTHRIMM IPOM3BORZHBLIMH. B mocaengHee Bpems
BEIACHUIOCE, UYTQ CYMECTBYeT eNUHHH MOIX0N K MenoMy pamy
3ajiav, KOTODHE Ha IEPBHI B3TIAN BechbMa AAJEKH JPYr OT
npyra. MMenno, ofnu u T€ K€ METOABI IPUMEHAIOTCA K 3a/1a9e
06 mecaenoBanuu ocoGeHHOCTEH DIIeMEHTAPHLIX pemennit Jud-
fepeHNUANLHLX YPaBHEeHHH, K BOOpPOCAM JIOKAJBLHON paspe-
muMocTu TuddepeRMuaabHERX YPaBHEHNH, K HCCIeTOBAHUIO
aCHUMITOTHKY permeHus 3ajaun Homm ¢ GHCTPO OCIHIIUPYIO-
IMAMU HaYaJbHBIMP JAaHHBIMH, K 3ajlade 0 pacumpocTpaHeHHH
Pa3peBOB (PYHAAMEHTAJBHOIO pEHIeHAs TUnepboandecKoro
YpaBHEHHA, K 33Ja9e O pPacCeAHMH B KBa3HKJIACCHYECKOM
Opa6IMKeHN IS YPaBHEHHE KBaHTOBOM MeXaHUKH, K IO-
CTPOEHHIO BEICOKOYACTOTHOH aCHMOTOTHKH 3alad TeOpHH
InPpaKnul BOAH, K 3amadaM 00 aCHMITOTAKEe COGCTBOHHEIX
3HageHu# u coberBenubix Gyaruwil nuddepeHiuaabHEIX ome-
paTopoB, K HCCIe[0BAHMI0 oco0eHHOCTOH pemenuii mud-
depennuanbHEIX ypaBHEHAH ¢ YaCTHHMHU LPOU3BONHBIME
C aHaNWTHYeCKUMH KodpPuiyeHtaMu ¥ K APYIUM 3ajavaM.

B nacroameil KEEre M3IATAETCH OJHH U3 OCHOBHBIX aCHM-
OTOTHYECKHX METONOB JMHellHolf MaTeMaTWiecKod QU3HKH —
MeTO], KaHOHHYeCKOT0 OIePaTopa M TPHBONUTCH PAN OPUJIO-
JKeHH# MeTola K KOHKPETHHIM 3afladam. OTOT METON IIO-
8BOJIACT NOCTPOMTH ACHMOTOTHKY B I[eJOM DOINOHHA 3ajadd
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Homm ¢ OGEICTPO oCUMAIUPYIONAMA HAYATLHHIMA KaHEHIMH,
peLIeHnA 3afa4y O IOJe TOYCYHOr'0 MCTOYHMKA B HEOTHOPOJ-
HOH cpefie B KODOTKOBOJIHOBOM NpHGIVIKEHMH W pemIeHni
pafa apyrux sagad. M HageeMmcs, uTO BO3MOKHOCTH METOHA
KaHOHMYECKOT0 oOllepaTopa MaJleKo He HCYepHaHH; B dacT-
HOCTH, 9TOT METOJ], HECOMHEHHO, HailleT IpuMeHeHHe K Kpae-
BHIM 3afladaM MaTeMaTHUeCKOH (M3WKM.

MeTtop KaHOHWYECKOTO ONEPATOPA ABISAETCA OTPAKEHHEM
ray6oKoro [gyajimsMa BOJIHA — WACTHIA: B KBa3WKJIacCHUe-
CKOM IpHOIMKeHNI KBAHTOBOMEXAHNI€CKHMe BETHUMHE OMNCEI-
BAIOTCA B TEPMHUHAX KJIACCHYECKON MEXAHUKH, a 3aKOHH BOJ-
HOBOH ONTHRKH HePeXOAT B BAKOHEI T€OMeTPHUECKOIl OITHKH.
MaremaTrueckuM SKBHBAJEHTOM STOT0 MAYANH3MA CIHYAKUT
IBOHCTBEHHOCTH, CBsi3EIBatoNasg npeobpasopanne Oypre I Ka-
caTeJbHEE HpPeobpasoBaHVA.

B ocHOBe Meroma KaHOHWYECKOTO OIEpATOPA JNEKAT HACH,
Bocxopsamue K II. JleGaw, I'. Buprrody [73], B. A. Doky
[62], C. JI. CoBoxeny [52], H. Jlepe [34] u mumormm pmpyrum
MaTreMaTHKaM M (QH3UKAM.

Bo BBefleHnm K HacTOsAINeil KHUTEe MBI ITOCTADPAJIHCH, OT-
BJIEKaschb 0T HEOOXOMUMEIX, HO JOCTATOYHO I'DOMOBJKHX,
TeXHUUECKHX JleTaleil, H3JIOKUTH BCe OCHOBHEIe HeM, METOLBI
M DPe3yJAbTATH HACTOANE KHWUTH.

2. TuouunsiM mpuMepoM 3ajjad, KOTOPHE PACCMATPHBAIOT-
¢A B HACTOAMMEHl KHWUTe, sABidgeTca 3afaua Homm ¢ OHCTPO
OCIUITHPYOIINME HAaYalbHEME JAHHEIME [JIA ypaBHCHHA
[Ipemunrepa

20— — A4V (2) (0.1)

¥ oo =y (2) exp [ 8, (=) ] (0.2)

3necs z € R*, ¢yurmuu V (z), S () BeimecTBeHHO3HATHB
u Gecronegrno nmpdepermupyemsr, yHROuA Py (z) € Cy (R,
T. e. ¢mEATHA B Gecromeumo muddeperuumpyema. Tpebyercs
BHUHCINTEL acumurotuky pemenus zamagu (0.1), (0.2) npm
h— 4+0umopu € R*, 0<Ct<C T, 1. e. 3a m060e KoHEYHOO
Bpemsa 7.

CooTBercIByOImEE acCHMUTOTHUECKNE (OPMYIH HOCAT Ha-
3BAHEE (KEAUKAACCUUECKOEe NPUBAUICCHUESY HIH (KBA3UKAACCU-
Yeckas AcUMNMOMuUKay,
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O6o6mas Ty 3ajjady, PacCMOTPAM YPaBHEHHEE
L (z, A'D )u (z) = 0, z € R", 0.3)

o BceM mpocrpanctBe R™. 3mecs A >0 — Goxpmoli mapa-
merp, L — muddepenmmaibHER onmeparop
m

L (x, ADy) = | D ag (2) (A1D,)®

7 TPHHATH CTAHAAPTHHE 0003HATEHAA: 0= (0li, Ugy» + .y Op) —
MYJABTHERAEKC, o; == 0 — mexnsie wnena, |a | = of - o, -+
+ LR + Gy
1 0 1 4
D :(—* ——)
x i oxq ' Bxg
4 \o1 @
D= (1) (% 2y
i 0z i Ozp

QyHrRnus

m

L(x,p)=12 aq (z) p*

Ha3HBAeTCA cumsosom omeparopa L (smech p = (piy P, -
-+ DPa))-
Ypasuenue llIpeguurepa (0.1), ogeBmano, umeer Bup (0.3),
roie A =h1:

L(t 2, E, p)=E -+ (p, p)+V (2)

(£ — pBoiicTBeHHAsg K { HepeMeHHas). Y TJIOBHMH CKOOKa-
Mu (-, - ) 37ech u mamee 00603HAUAETCH CRAJSIPHOE IIPOM3BE-
nemue (HEIPMUTOBO).

Muorue ypaBHeHus MaTeMATHIeCKOH (U3HKI TAaK)Ke HMe-
ot Bug (0.3), nanpumep ypaBmenme I'ebMroiibna — ypaBHe-
HH€ BONHOBOW ONTHKHM ¥ BOIHOBOM aKyCTHKH:

(A - k*n? (x)) u (z) = 0.
B mamnom caywae k = A, a camBon L (nocne penenus Ha k2)
aMeeT BHJ, ‘
L (z, p)= —(p, p) +n*(2).
Acumirroraeckue (mpu k — -+o0) dopmyan mua peme-

Hufi ypaBHeHHA ['elbMroiblia HABHBAKTCA KOPOMEKOEOAH0EH-
MU (OAH GHCOKOYACMOMHBMU) ACUMRIMOMUKAMIL,
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Bup (0.3) umelor tax:xe cmcrema ypasHeHu# Maxkcsexia,
cucrema Jlupaka, cucrema JMHEHHOH TeopHmHm VHPYTOCTH
H MHOrHME JpyTue.

Hac uHTepecyer acuMuroTua mOpu A —- - 00 HEKOTOPOTO
pemenust ypaBuenus (0.3) Bo Bcem mpocrpancrse RE. He
0yneM IOKa YTOYHATL IMOCTAHOBKY 3aJadd; B KadecTBe MIPH-
Mepa MOYKHO IpeacTaBuTh cefe 3aJady O paCCesHUH IS
ypasuenusa IeabMroapna.

Haunem ¢ eme Goxee mpoeTol 3ajfauu 0 MOCTPOGHHAN ACHM-
ATOTAYECKOT0 pemeHus mHpu A -> oo ypasuennmdg ((.3)
8 HeKoTopoil obmactm mpocTpancTBa Ri. Pemus o1y mokamb-
HYI0 3a{aqy, MOKHO 3aTeM YOOBITATHCA CIIUTE U3 JOKATBHEIX
penieHmil penieHHe B IIEIOM.

3amaga o HOCTPOEHHH ACHMITOTHKN DENICHUH, KAK H3BECT-
HO, COCTOMT M3 JBYX uacreii: 1) mocrpoenme $opmambroro
ACHMIOTOTUYECKOTO pemeHns; 2) cTporoe ofocHoBaHHmE MOXY-
9EeHHOH aCWMITOTHKN.

Mertogsr penienus 9THX JABYX 3ajad, Kak mpasmio, abGco-
JAIOTHO DPABJNHYHH, W BO BBeJIeHAW OYIeT pacCMATPHBATHCS
TOJIBKO LepBasg M3 HUX.

CresmaeMm eme ofHo 3aMedanume ¢ Tem, 9T00LI HE BO3Bpa-
OIATBECSA K DTOMY BOLPOCY.

Sameuvganue. Hosbduumentn omeparopa L upen-
mojaraiorcss GecKoHewHO pAudPepeHIMpYEeMbBIMH TIPH BCeX
z €. R", a B caysae HamoOHoCTH — QUHATHHIMA WA 3KE
GEICTPO BRIXONAIMMMEA HA KOHCTAHTH Iph | & | —» oo. CumBon
L (z, p) semecTBennosnayen. [lamee, Bo BBEJGHAW MBI HO3BO-
auMm cebe m3jararh Bee PAKTH HA YpoBHe OOIIEro IOJ0KEHUS,
T. €. INCATH YTBEPHKJACHUS, KOTOPHE CTAHOBATCH MATEMATH-
9eCKH KOPPEKTHHIMH II0CJe J06aBiIeHUS €CTeCTBeHHBIX Hpef-
moxoxennti. HoppekrHoe wm3ioiKenuwe Beex 3TUX  PaxkToOB
U COCTABISAET CONEP)KaHHEe HACTOANEH KHHUTH.

3. Bygem wckars pemenme ypasuenus (0.3) B Bume dop-
MaJBHOTO psAma

U (z, A) = exp [iMS ()] 2 (N7 ¢;(2), (0.4)

rge S (x), @; (x) — meunsBecture ¢ynrnua. Ecau xoaddu-
IUeHTH omeparopa L mocrosuusi, To ypasuenume (0.3) mmeer
TOYHEE PEMeHAA B BHe NIOCKAX BOJH.

u (z, A) =exp [iA(z, p)],
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rae p — umocrogunbit Bektop. @ynrmmo (0.4) MoHO WHTED-
OPeTHPOBATH KAK WCKAKEHHY IIOCKYI BOIHY.

dror Meron — mckKaTh pemenme B pmme (0.4) — wamasHa,
eme co Bpemen ['puna u Jlwysumaa (1837 r.), 6s11 m3BecTEeH
B OOMKHOBeHHHX pupdepeHnuanbubx ypaBHenwsx. s
YpaBHEHHH ¢ 9acTHBHIMM HPOW3BOJHEIME 3TOT MeTON OBLI
MPeJIIOHeH BHAMEHHTHM aHTIAACKAM U3HKOM U MATEMATHKOM
II. Hebaem B 1911 r., a Tawske Bemrnemem, Bpuiniosmom,
Hpamepcom mns samau wamrtoBoit mexanmrm (metor BHB).

ITogcrasum pag (0.4) B ypasmemme (0.3), cokparmm Ha
BKCIIOHEeHTY eXxp (iAS) o6e dacTH TONYUEHHOT'O YpABHEHUA
I HpUpaBHsIeM X HyJi0 Kodddumumentsr npm cremensx (id)%,
(iM)~1. Koadpdunment upm (iA)° pasen L(z, 48 (2)/0x)p, (z);
OTCIOZIa HAXOAUM, UTO

L (2, 252) =0 (0.5)

ox

Hus ypasuenun Illpegunrepa ypasmenme (0.5) ects ypaBHe-
ame lammabroma — fIko0u KIaccHYecKoll MeXaHUKH:

O o (VaS) 4V () =0, (0.6)

Pemenwe ypapuenus (0.6) ecth wiaaccmueckoe deticmaue.

Ypasuerue (0.5) Gynem HaswiBaTh ypasHenuen Ianuivmo-
Ha — A Kko6u unm rapaxmepucmuveckum yYpasHerlem, 0TBOIA-
fomuM ypasrenuio (0.3). [as ypasuenns l'eqpMroabiia xapak-
TEPUCTHIECKOE YPAaBHEHNE 6CTh W3BECTHOE N3 TeOMETPHIeCKOR
OITHKK YDPaBHEHUE JlKOHAIA:

(VS (2))* = n? (2).

Dyuknuio S (r) — pemenme ypasuenua Famuabrona — fIko-
6u — GyneM HasHBaTh Zapakmepucmurol oueparopa L
unn deticmsuen (mo anamoruu ¢ ypasmenuem (0.6)). Mur pac-
CMaTpPHBAeM TOJBKO BemECTBEHHBIE XapaKTepucTuku. VHEME
CJIOBAMHM, YpaBHEHHE

L {z, p) =0,

rae p = (py, . . -» Pn), LOJKHO ONpesienaTs C -mHorooGpasue
MaKCUMAaJbHOH BO3MOKHON pasmepHoctu 2rn—1 B mpocrpan-
cree RE < RJ.

YpaBuenne lamuavrona — Arobu (0.5) ecTs HeamueiHOE
YpaBHeHHe C YacTHHIMU IPOM3BONHHMHK TEPBOr0 HOPAJKA.
Taxoe ypaBHeHHe Moskxer au0O BQBCE He MMETh pemeHHMi Ges
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ocobenHOCTeR Bo BCeM upocTpaHCcTBe R}, nmfo Kiace TakmEx
pemenunil MosKeT O0KasaTheA BechbMa OemmkiM. Hampmmep, Beg-
Koe pemreHme ypaBHeHNA dikoHama (VS (z))? = 1, npunan-

nexxamee C™ (RY), aABasercsa nuwmelnod ¢ymxmmedr z. Irto
1 €CTh Ta OCHOBHAS TPYAHOCTH, ¢ KOTOPON MHI CTATKHBAEMCH
OPR MOUEITKE TIOCTPORTH ACHMUTOTHISCKOE PENICHNE B TIEIOM—
BO BceM npoctpanctBe. Hexbss mocTpowTh peineHne B IEIOM
B Bume paga (0.4) — oA NOCTPOEHHA PEHMICHUA B IEIOM
TpebyloTCH HOBEHE HIEH.

Haunem ¢ uccregoBanusa ypaBuenusa ['amuanrona — flro-
ou (0.5). Urobsr BHAEINTD 6IUHCTBEHHOE DPEIICHNAE, IOCTABAM
sagauyy Homm ma (n—1)-meproM mmoroobpasmu z = [ (y),
y €U, tne U — obnacts B Rj™:

S (x) = 8o (). (0.7)

OpnaM W3 CAaMEIX B3aMEYATeNBHHIX JOCTH/KEHHN aHaausa
SABISETCA CBefeHmne wmuTerpupoBanus sajgawa Homwm (0.6),
(0.7) mna menrnme#iHOro ypaBHEHWA WEPBOTO IOPAMKA € YacT-
HEIMH IIPOW3BOAHBIMA K WHTETPUpOBaHWIO sajawn Homm mias
cucreMbl OOHKHOBEHHEIX AuP(epeHnualpbHiX ypaBHEHUH

dz _ 0L (z, p) dp 9Lz, p)
T ST T (0.8)

¢ Oaugnmua Homm
Zleo=2°(y), pl=o=p"(y), ye€U. (0.9)

3mecs x° (y) = f (), a p° (y) OGymer ykasauo mmxe. Cmeremy
(0.8) 6ymem maseiBaTh cucmemoii Iamusvmona, accomumpo-
BaHHOH ¢ oumeparopoM L, wim furapakmepucmuueckoti cucme-
moii. (DazoBble TpaekTopum cucremsl lammubsroHa {r =
=z(t y), p=p(t y)} B Pasoeom npocmpancmee R,
OymeM wnaseBalh Gurapermepucmukamu ypasmenus (0.3)
UM OPOCTO MPAEKMOPUAMU, & HUX Hpoermud z = z (£, y)
ma RE — ayuwanmu. Hmxe M UCHOJB3YyeM DAL H3BECTHBIX
(aKTOB M3 TEOPHN YPABHEHHHN C 9aCTHHIMHA MIPONSBOAHEIMA H U3
raaccudeckoit mexammkm (cM. [4], [13], [16], (261, [51], [52]).
Ilepemenunie x GymeM HA3HBATH KOOPIUHAMAMUY, TEPEMOHHAIE
P — UMRYABCAMU.
Bhonnr OuxapaxkrtepucTuky mMMeeM

S = (p, dz). (0.10)
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ITprunna, B cmay xotopoil pemennme S (z) sagaum Homm
(0.6), (0.7) moxer oxasaTeCs HerTajKo# QyHKimel, TakoBa.
(Da30BHEe TPAEKTOPHA TAMHUJIBTOHOBOH CHCTEMH He IepeceKa-
0TCA B CHJLY T€OPEeMHl CYMECTBOBAHHA W HHCTBOHHOCTH JIIIS
HOPMANBHOU CHCTeMH OOBIKHOBEHHHX AudepeRmuaabHEX
ypasuenmii. (IIycers, gma mpocroT, pemenne 3afadu Homm
(0.8), (0.9) cymecrByer u Geckoreyrno guddepenuupyemo npu
seex ¢ € R.) Ogumako mpoeknun GnxapaKTepHUCTHR HA Z-IPO-
cTpaHcTBo, T. e, aAyid = = z (f, y), MOTYT LepeceKarhcd,
RAcaThCs, COBHPATHCA B ONHY TOUKY
ur. 1. Hoscaum Goxee moapolHo, K 4eMy
sro mpuBopur. Dymxuua S, B cury
0.7), (0.10), umeer BuR

i
S @ty =50+ | (p, 5 yd
0

rae muTerpas OepercA BIOIL TPAGKTO-

pua z =z (¢, ¥), p = p (¢, y). Takum

obpasoM, S — riaagkad QyHRINA B (KpH- Puc. 1.
BoIMHEUHHX KoopauHaTax» (£, y). Ecan

coorBercTBHe Z<> I ({, y) B3aMMHO OfHO3HAYHO, TO BMECTO
KOOPAHEHAT (X3, . . ., Z,) MOKHO BBECTH KOOPHEWHATH (f, ¥,,...
.« v Yn-1). [Las vTOr0 HEOGX0MUMO oTIHYKe OT HYIA AKOOHAHA

- az (¢, y)
J (¢, y)-det=———a<t’ o

IIpu ¢ = 0 aror AKoOmaH OTAWYEH OT HYIA, 9T0 OyEeT
IMOKa3aHo0 HUKe; OJ[HAKO BOBCe He 00sa3aTelbHo, 9T00H AK00M-
aa J (¢, y) 6mn oramden ot myas upm Beex (£, y). B Ttourax,
rne J = 0, nepemennsie (¢, yy, - - ., Yp—1) ABAAIOTCA HETIA[-
KUME WJIM HEONHO3HAYHEIMM G(yRimuaMz ot (2, ..., Z.),
Tak 9ro S Oymer HeTJamKON WIKW HEONHO3HAYHON (PyHRIHeH
oT z. B onrmke npuHATO HABHBATL MHOT006DA3HA, HA KOTO-
pux J (¢, y) = 0, raycmurkamu cemeiicTBa Iyder T =
=a(t y) (€ U, t€R), a rouxn ma ayge =z = z (¢, y°),
B Koropeix J (¢, y°) = 0, — gorasvhemu Touxamu (puc. 1).

Wrax, cymecTBOBaHHe KAayCTHK CeMelicTBa Iydel & =
"= 2 (f, y) ecrb OPEOATCTBHEe ¥ WOCTPOCHHUI) ACHMITOTHKA
puma (0.4) B nemom. _

4. 3amernM, uro xoTa ceMelicTBo aywer z = z (¢, y)
HMeeT KayCTHKH, CeMeHCTBO TPAaeKTOpHH 2 =z (f, y), p =



12 BBENEHUE

= p (¢, y) me umeer kaycrmk. Ilycrs gt — cdeue sa epema t
BONH TpaeKkropmii; B wactHoeTH, g (2° (y), p°(y)) =
= (z( y), p(t y). Hanusie Homm (0.9) ompegensior
(n — 1)-vepuoe wmHOrooOpasme A§™l B dasoBom mnpocTpam-
cTBe. JT0 MiuOTo00pasue BOBCE He ABAACTCS MPOM3BONBHBIM:
HeoOXOMUMEIM VCJIOBHEM COrJacoBaHMA 3ajady Howmm jgua
ypasuenusa amuasrona — fAxobu um pas cuctemsr ['ammab-
toua spiasercs, B cmiry (0.10), Tak Ha3nBaeMoe «ycJaOBHE
HOJIOCKT»

(p° (y), dz° (y)) = dSo (y), yeU.

Jro ycaoswe O3HadUaeT, 4To Aupdepenumanbuasz 1-dpopma
n

ot = (p, dzy = D p;da; (0.11)
i=1

samrnyTa (1. ¢. do' = 0) na mavanbroM muoroobpasmu A}
Mroroobpasus B pasoBoM npocrpauctse R3® ,, Ha KOTOPHX
sameryTa dopma w!, T. e.

do'= D) dp; A\ dz; =0, (0.12)
i=1

HaBHIBAIOTCA AQ2DAHNCEBHIMU MH02006pA3UAMI W ABJIAOTCA
BaykHemuM OOBEKTOM aHAIMTHYeCKoW Mexauumku. VHwvm
CJIOBAME, JATPAH;KeBO MHOroobOpasme — 3TO TaKoe MHOTO-

o6pasne, Ha ROTOPOM j {p, dz) ne zasucum om nymu (no-

rasnbHo), Hawn msBecTHo W3 aHANUTHICCKON MEXAHUKH, CABAT
gt coxpamser popmy ©? = do', Tak UTO mpH CABHTE BAOID
¢$a30BEIX TPAGKTOPUIA JTATPaHIKEBO MHOTQ00pasue MepeXomuT
B JarpamxeBo. B uactHocTH, MEOTO06pasme A} = g' Aj™! axar-
pammeBo. Domee Toro, «TpyGRa TpaeKTOpPHI», T. €. MHOMKECTBO
A= U AR
—w <t

ects (n -+ 1)-MepHOoe marpamkeBo mmoroobpasme. Jlma mpo-
cToTH fyneM CUYNTAaTh ero OFHOCBA3HHIM (puc. 2).

Jlarpam:xeBo MHOroofpasme BIOMEHO B 2n-MepHOE UPO-
crpaHcTBo RY*,, Rortopoe OymeM HaswBaTh (Has3ossim npo-
cmpancmeom. BpemeMm obGosHavenue r = (, p) MIA TOUPK
$az0BOro IPOCTPAHCTBA.

JlarpamkeBo MmHoroobpasume A™! m ecTh TOT OCHOBHOI
KJIacCHYeCKud 00BeKT, KOTODHE acCONUUPOBAH ¢ KBAHTOBHM
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obbexrTOM — omeparopoMm L:
L (z, A7'1D,) «— A™

M mocraBEM BO IJaBY yria He ypaBHeHme ['aMmiabroHa —
fIxo6um, a ero pemenne S (x) u narpamxeso MHOro06pasme A™.

Ha marpammesom Muoroo6pasun (ogaocBsizHom) A" opfHO-
3HATHO olpefelneHa QYHKIUA

S (r) =S (%) - S p, da. (0.42)

r0

(Bmecw 1, r € A", roura r* PuKcupoBaHa, UHTETpaAN OepercA
no miobomy mnyt Ha A", coegummsABIEMY Toukm I u r.)

Ecam tourka r = (z, p) € A™
IekuT  BOJM3KM  HAYAIBHOTO 7
muoroo6pasma Aj 1, To p ogno-
3HAYHO BHIPAsKAGTCH dYepPe3 I: <
p = p (x). Hostomy S (r) =
—85(@) (r=(z, p(@); mun
KPATROCTH MBI 0603Ha9aeM ofi-
HO# 1 1ol e 6ykBOit S 1 PyHK-
nuio S (r), ompemeieHHYID Ha u
MHOrooOpasun A", u meiicTBue Ay
S (x). Ho ¢yurmua S (r), B or- Ay
amaune ot S (z), oumpenereHa
rno6anxpao. Dymrmua S (r)
ABJAETCA CBOEOOpAsHBIM (aHa-
JATHYECKUM npogoikenneM» Gyuarimuu S (x), a MHorooGpasmue
A™ — 310 amajor puUMaHOBON HOBEPXHOCTH [ (QYHK-
oua S (x).

MMonosxum A} = A" () {0 << ¢ << T} — 210 KYCOK TPYO-
km rpaexktopuii. Jlo Tex mop, moka A} mmpdeomopdzo
npoektupyerca ua RY, ¢ymrmusa S (xr) sABuserca riaaf-
Ko#, a ¢yurmmo S (r) MOMHO paccMaTpuBaTh KaK (QYHE-
LW OT Z.

JlarpamkeBo wmuorooGpasme A" obxajfaer ciaeqyoOIINIM
3aMeYaTeNhHLIM CBOMCTBOM: B KAadecTBe JIOKANbHHX KOOD-
omEar Ha A™ Bcerga MOHQHO B3aTh nubo x, aubo p,
au6bo wHabop

(p(om Jﬂ(ﬁ)), (a) = (aiv LK aik)v (ﬁ) = (f’iu LS | ﬁjn.—k)’

/ln+/
L

Pnc. 2.
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HE COHep:KamEil CONPSIKEHHHKIX KOODAUHAT H HMIYJILCOB
(r. e. map Bupa (x;, p;)). Caegorarensuo, aoxansuo S (r) ecrs
¢ynrmua aubo ot z, 1ubo ot p, an60 0T (P(a) T (py). B oKpe-
cTHOCTE TOUKHM I € A", Koropas He mpoeKrupyerca juddeo-
Moppro ma R}, MomuO mepefitu auGo B p-npedcmasierue
(T. e. B3ATH B KAUECTBE KOOPMHAT NMIYIABCH p), aubo B cMe-
maunoe (x, p)-mpepcraBienue (P, Z@,). llepexom B p-
IpefcTaBlIeHUe OCYMIECTBIAETCH C IMOMOIIBI0 NpeoGpaszosanus
Jexwcandpa.

Teneps Hama 3amada 3aKIITAETCA B TOM, 9TOOH mepeiiTh
B p-IpeficTABJICHAS (MK B CMENIAHHOS KOOPAMHATHO-HMIYAbC-
Hoe mpejcraBieHne) B ucxommom ypasmemuu (0.3).

9. Jlast Toro urobbl 3HATH OpUOAUKEHHOE pelleHne ypas-
neuns (0.3), maxpumep, ¢ rouroctho a0 O (A1), Heobxoxumo
Halitn QyEEMEO Qo (x) {(eM. (0.4)). [dna dyarnum ¢, ()
mOJIy4aeM ypaBHEHUE

9Py () aL ( .t, 2L (.Z, p)
S +2 2 “op;aph

x Z58_  (2)=0, (0.13)

0xj oxp

rae p = 05 (x)/0z. Pacemorpum 5TO ypaBHeHHe BLOJIE Jyda
z =z (¢, y). Torna, Kax HeTPYAHO BUAETDH,

9%  OL\ _ dgo
ox ' ap/  dt !

e d/dt — npoumsBofnas B cway cucremsl I'ammawrona (0.8),
rak qro (0.13) — a10 oOBIKHOBeHHOE® H(JEpPEHIUAIBHOR
ypaBHenue Boxb ayda = z (¢, y) (upu GHKCUPOBAHHOM V).
Ono uasmBaercss ypasHenuem neperoca. Ilpumenss usBecT-
uyio dopmyny JlmyBuais, monydaeM, 9T0 ypaBHEHHE HEPEHO-
ca |MeeT BHJ

2L (z, p) .
T ¢,=0, (0.14)

M:

VJ i (V %)‘"7.

1

i

rnez=z(t y,p=pEy),J =J(t y). Orcona Hemes-
JIeHHO BHITEKAOT ABA BaykHeWmux daxra.
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1. CuopaBemnuBa Gopmysra Kommymayuu
L(z, Do) [ 1% exp (mS)] -
. 1 1
=exp (iAS) = [L (@ p) o+ Rig+0 ()]
(A =+ o0), (0.15)

rne Rj — omeparop uepBoro nopam{a'

_ _02L(z, p)
1“% 22 “Tézjop; ! (0.16)

u p = dS (z)/oxz B Popmymax (0.15), (0.16).
2. Tnasubil wied acHMUTOTHEM pemenus ¥ (z, A) mMeeT

BUN
t

v N =00 @ ) FD oxp [ (S, )+ § b, d)) -
0

1
2

L (z, p)_
A dt] (0.17)

Oy
WM 3

3mecy z =z (¢, ), p = p (¢ y)

Bonee Toumo, dopmyma (0.17) ompemenser gHopmaavroe
acumnmomuyeckoe peutenue ypasueuusa (0.3) (r. e. Lv =
= 0 (A~%), roge v — opasas gacts Gopmyant (0.17), u v umeer
mopamoxk O (1)).

Kax Bugno us dpopmyast (0.17), rmaBHmi ulen acuMIToTy-
KA PeNIeHHA YpaBHEHUs B YACTHBIX IPOUBBOJHEIX (0.3) BEI-
MUCHBAETCA B TEPMUHAX KJIACCHYECKOH MEXAHHUKH — €TI0
MO)KHO BHIYHCINTH, €CJHM WM3BECTHO pemenue 3agaun Ko-
mu (0.9) gus cueremnr amunprona (0.8). Ilo aroit npuunne,
B wacTHOCTH, acmMurotrmueckue dopmyasr tmmoa (0.17) nocat
Ha3BaHUE (KBABHKIACCHYECKOE NPHOIHKEHNE.

Brime y:;xe 6puia ycTramoBJeHa CBE3b MEKIY QyHRIuen S
U JarpamieBHM MEoroo0pasueM A™; yeTaHOBIM aHANOTHIHYIO
CBA3h MeKLY sKobmamom J (£, y) m mmorooGpasmem A”™.
Toura r = (z, p) € A™ mapamerpusyerca nepeMeHusIM (£, ¥);
moxouMm 1 (2, y) = (z (¢, y), p (¢, y)). Beemem 2 A™ o6bem
do™ (r) mo dopmyie '

do™ (r (¢, y)) = dt dy.
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O6bem do™ WHBapHAHTEH OTHOCHTENHHO JAHAMUIECKON cHUCTe-
msr (0.8). Umeem
dz

|7 &0 = Zowy

Beemem ma A" (B mpegmodoskenwu, uro A" mudpdeomopdmo
upoektupyercsa na R}) omepatop

do™ . \
&0 () @)=} 2L exp [ | w, 0 ] (2,
70
(0.18)
e r = (z, p), €A — (bHHCI/IpOBaHHaH roura. Torma,

B cuny (0.15), (0.16), cmpaBemamBa QopMmMyma KOMMYTAIMA
(L (2, A'Dy) Ky (r)] (x) =
— K[ L@ P o)+ Rio (1) ] (2) 4+ 0 (09, (0.49)

MM, KOPOTKO,

LK =K (Lj+4 Ry) (0.19")

¢ roanocthio 70 O (A?). IIpokommyruposas £ ¢ K, moxyda-
w 1
eM B3HauYHTeaAbHO Oojee mpocroit omepartop L -~ le, geMm

HCXOAHELA omepaTrop £, Tak Kak L ecTh oneparop YMHOKEHHA
Ha pysrmuio L (z, p), a Ry — nuddepennuaibuslii omepatop
NePBOTO IOPATKA.

Temeps 3a7jagy 0 HOCTPOSHUHE ACHMITOTHYECKOrO PEINeHUs
ypasuennda (0.3) momuo pemats Tak: GyIeM MCKaTh pelieHne
B BHJE

u:K((p0+—i1Tcp1+...). ' (0.20)

IIpuvenenne dopmynn rommyranum (0.19) maer ypaBHeHHSA
Lz, p) =20, Rigy=20

m 1. A. IlepBoe ypamuenme — anrebpamueckoe, BTOpoe —
ypaBHeHHe mepeHoca, T. €. 00HKHOBeHHOE MuddepennnarbHoe
ypaBHeHHe IepBOT0 NOPAKA BIOJb (A30BOH TPaeKTOPHH
cucreMil 'aManbTOHA.

Hraxk, B cryde, korga A" gudpdeoMopdmo mpoeKTHpyercs
Ha R%, mpomepypa mocTpoeHHA aCHMITOTHYECKOTO PEUIEHUA
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EMEeT BH]
L — A" — KAn
KB R
3aech £ — KBaHTOBHH 00BeKT, A™ — Kimaccuueckuil o6LeKT,
K » — RBAa3BHKJIACCHICCKUI 00THEKT.
IlpuBenennsie BEIIE pe3yIBTATH m3joskensl B §§ 1—4.
6. Ilepeiimem K p-mpefCcTaBIeHHI0 B HCXOJHOM YpaBHE-

grm (0.3). 3amerum mpesifge Bcero, uro omeparop L moskHO
IpeJCTaBUTh B BHE

L (2, WD) u(2) = Fy 'L (2, D) Py, woptt (2). (0.20")
3mecs [, ,.p ecTh A-npeobpasosanue Pypove:

A
27

By ot (2) = ) S exp [ —ih (2, Pl u (z) dz,

R
]/ i = e/,
Caegyn @eiinmany, Oymem sammceiBate omeparop (0.20')
2 1

B Bupe L (z, A"'D,), 1. e. cnavana npomssogurcsa puddepen-
HUpOBaHMe, & 3aTeM YMHO:KeHue Ha Qyaxuuz ot z (cM. (0.3)).

@opmyny (0.20°) mpumeM B KavecTBe ONpefleJeHHA A-
ncegdoduppepenyuanviozo  onepamopa (A = w.gp.0.). Ecau
CHMBOJ L (x, p) — IOJWHOM IO IePeMeHHHIM D, TO OIepaTop

L= L (x, A 1Dx) — nuddepennmanbueiii. B mporuBHOM
caydae oneparop £ He ABIAAETCA THEPPePEHIUATBHBIM, OTHAKO
CcOXpaHsieT, NPH TOAXOIAIIEM BEIGOpe KIacca CHMBOJIOB
(cM. §2), pag BaswuBIX cBOACTB AuddepeHTEaNbHOTO OHEPATO-
pa. B wmactmocTm, mpm A — - oo CHOPABEHIMBO ACUMITOTH-
9eCKOe PAa3JIOJKeHHe

Z [ (z) exp (iAS (z))] ~ exp [iLS (x)]Z (N7 9; (@),

rie @ € Cy (R™), S €C”(R™, § — BemecTBenHo3HAYHASN
¢yuxnna (B caydae AudPepeHNEATILHOrO omeparopa pf
00 pEIBaerca). OTO IM03BOJAET HCKATh ACHMOTOTHIECKOE Pelne-
Hue ypapuenna (0.3) B Bume (0.4) m B Tom cayuae, Korga £
saBasercd He muddepeHmAANLHEM, a A-nceBmomudepeniim-
_ QJIBHHIM OIIEPATOPOM.

B macrosmieil KHAre pacCMaTPHBAIOTCA k—ncennonmbd)e—
PeHIEANBHEE OMEPATOPH ¢ cEMBoJamH kiaacca T, Ommmem

2 B. II. Macios. M. B. @enofnox
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3TOT KJacc, AJIA OPOCTOTH, B CIyuae, Korga caMmsoa L (z, p)
me 3aBucur or A. Oyurnua L (z, p) € T, ecau sra yHKIHEA
Gecromeuno puddepenmupyema npm Bcex (z, p) € Rk X Rp
M eCld COPABEIINBH ONEHKH

| DEDEL (z, p) | <Cap (142 )™ (1 +1P D)™,
(z, p)€R; X Ry,

IIA TIOGHX MYJIBTHHHAEKCOB o, f.
O6neguuenne () 77 Bcex Kaaccos T7) oGosnaunm uepes 7',.

mER
B ugacrmocru, ecau L (z, p) — DOIMHOM CTENeHW HE BhIIIE,
em m, 0 L € I?, Tar 4T0 AuddepeHnuaisuLe OmepaTops
¢ TOJHHOMHUAJIBHHMHE KodPQUIMeHTaMH COfepsKaTcsa Cpejn
paccMarpmBaeMbIX Hamu oHepartopoB. [Hamee, amddepenina-
arbOEIe OmEpPATOPH ¢ KodpdmmmenraMu, DOCTATOTHO OHICTPO
cTabHausupyOIUMACA TP | Z | — oo, TaK:Ke OPHHATIEHKAT
wiacey T'y. Kpowme toro, waace 7'y cofepKuT onepaTops CABY-
ra, T. e. OmepaTops Bufa

rme 2 € R® — mocrosumsiid Bekrop. CumMBoa L Takoro omepas
topa paBen exp li(zx, )] m mpmnamnesxur raaccy T°.

B § 2, reopema 2.12, gorasaHo, 94T0 KOMIO3ZHIAA A-IICEBO~
muddepeHnEATPHEX omeparopos (¢ cumpojamu Kiaacca 7)
ecTh CHOBa A-TiceBmonulepeHIUAIBHEI omeparop ¢ CHMBO-
Iom Kxacca Tq.

Bynem mcwars pemenue ypasmenma (0.3) B sume A-mpe-

ob6pazoBaumsa Dypre or dymkuunm v (p, A):
u(x, &)= F5 o, (p, V).

HoxacraBassa B ypaBuenne (0.3) u mpuUMeHsAsA clieBa omeparop
F;, 5.y momydaem ypasuenme (0.3) B p-mpefcTaBieHHAm:

Zv(p, 1) =0,
rge 0003HadveHo

~ 2 1
L =F;, sopL (zy N1Dg) Fylpos (0.21)

Omeparop £ Gynmem maswBath npeobpasosanuen Dypve one-
pamopa £. HerpynHo Buuerh, 9To

~ 1 2
F=L(—¥Dy, p).
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Ecazm £ mmeer sug (0.3), 7o

m
Zv= 3 (—MA'Dp)* (au(p)v)-

|la]=0
Oumepatop £ ecTh CHOBA A-IL.J.0., T. €. KIacC A-ILJ.O.
pHBAPWAHTEH OTHOCHTENbHO A-mipeobpasopammit Dypre. Ilo-
5TOMY YacTHOE acuMurormveckoe peimenme ypaBzemua (0.3).
MOMKHO HCKaTh B Buie A-mpeobpasoBarua Aypre or GpicTpo
ocUmIIApyoell SKCOOHeHTH, T. €. oT paga smpa (0.3):

u(z, &) =Fy s lexp (iMS (p)) jg @7 e;(p].  (0.22)

AHaIoruaHo MOMKHO HCKATh DeImeHue B BHAe A-mpeofpasoBa-
pua Dyphe Mo 9acTH MEepPeMEHHEBIX.

Hosmiit ®mace acumnrormueckmx pemrenmit Brpma (0.22)
7 MO3BOJISIET DENINTH 3afaqy O MOCTPOSHUN ACHMOTOTUKH pe-
meunsa ypasuerns (0.3) B nemom. Hoportko mpomenypy mo-
CTPOEHNUA PeIleHns MOKHEO ommcarh Tak. Kemu mag ofiracrbio
Q< RE nemar 1onpro Takue obmacTa («IHCTHY) Tarpam;keBa
muHOT006pasusa A", kKoropuie paupdeomopdHo HPOERTHPYIOTCA
na Q, 1o pemienwe u paBHo cymme skcnounent sufa (0.4) (mo
ygeay JucToB). Eeam obaacts 2 comepsmuT KaycTuRY, TO
B OKDPECTHOCTH KayCTWKU peileHne MNMEeTesa B BUAE DKCIO-
HEHTH B p-npefcrasiaesan (r. e. umeer Bup (0.22) nubo ama-
aorwuHkii, rie A-mpeoGpazoBanme Dypre Gepercs mo wacrw
mepeMenHEX). VM3 BTHX KYCKOB CIIMBAETCA aCHMITOTHIECKOE
pelileHue B I[EJIOM.

Vccnenyem Gosee Mo ipoGHO CTPYKTYPY PEINeHAA B p-mpeq-
craBiennu. [locKoabky £ ecth CHOBA A-I.J.0., TO JICHO, UTO

i pemenus v ypasmemms Zv — ( cupasefimsa $opMyIa
suma (0.17). @opmyna kommyranmu Buga (0.19), oweBmmmo,
MMEeT MEeCTO W B p-IPEJICTABICHHU.

IIpm wmcmonb30BaHAU p-LPEICTABJICHAS MBI HOME/JICHHO
CTalIKEBaeMcs ¢ npobiemoi BrGopa mpeacrasiaennsa. ViMenno,
oycrs A" guddeomopdro npoexrupyeica m ma RY, m ma RZ.
IloaTomy acmMmToTHUECKOE pemeHme MOKHO HCKATH B BH-
Ze (0.4) m B Bume (0.22). Kax cBasamm Me:xmy coGoil sTm
OpefcTaBIGHAS pPEemeHuA?

UYro6sr pasobpaThCsA B 9TOM, BHYHCAHM ACHMIOTOTAKY A~
Opeobpasosanusa Dypre GHCTPO OCHMIIHPYIOMEH DKCHOHEOH-

o [lyers dymxnus ¢ (z) € Cp (R™), dyuxmua S (x) € CT (R
2*
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m ¢ymkrua S (z) BemecTBeHHOsHauHa, F = F, .., Ilpm-
MeHss MeTOR cTammoHapHON ¢asml {cMm. § 1), momyuaem

F[ ()| aet ZE " exp a5 (2)) ] (r) =
—exp (=) 0 (e (7)) |det 2|

x exp (iMS (p)) +0 (M. (0.23)
S(x)

1/2

, S8 (p) — QyEEDEA, HKBolicTBEH-

Haa mo IOury q)ynmmn S (z) (TaR 910 T == (?S—(;J), am ==

. 0z 0z 5251
== jnerdex —%’l . Marpuna % = -a—[gi — CHIMMeTpH-
Yyeckas, inerdex A — oTpHIATENbHH HHACKC HHEPIHA (IMCIO
OTPHUIATENbHEIX COGCTBEHHEIX BHAYCHMI) BEIIECTBEHHON CHM-
MeTpHuecKorr Marpumusl A.

IIpu BmBome acumnroraueckoin dopmyant (0.23) mpem-
IOJIAraercs, 4To MaTpuna Sy, (L) HeBHpOKEeHA Ha Supp ¢.

Dopmyna (0.23) BrHpamaer eme OfUH HHTOPECHHH (akKT:
A-mpeoGpazosarue (Dyphre IOKaIN30BAHHON GHICTPO OCTIHI-
aupymoonieii SKCIOHEHTH CHOBA SBIAETCH JIOKAJM30BaHHOMN
OpcTpo ocumanupyromell 9KcmomenTod. [eficTBmTenbHO,
A-npeoGpasopanme Dyppe ¢Qyurmma ¢ exp (iAS), rome ¢ —
¢urwrnas raagkas gymknus u det Sy, 5= 0 Ba supp @, ume-
er Bug ¢ exp (ihS) + O (A1), rme ¢ — dunmrnan GyHKIMA.

Uexomgs us sroro pesynbrata, BBefeM omepaTop za A™

(B yn9 (1)) (z) =

= F?:,ip»x (l/

B aroit dopmyne p =

[ e [ § . 0

—@(p) p) o (") @. (0.24)

3mechk r = (x, p) mz = z (p) — ypaBHeHue MHOTO0Opasmsa A",
Herpynno mpoeepmts, uTo cmpaBefamBa (QopMyJTa KOMMYTa-
nn

:Zi{':lZ(LjL-ii—Ri) (0.19")

(¢ TownocTno H0 O (A-2)). Brrumcass acuMunToTHKY MEHTETpa-
xa (0.24) mo meromy crammoHapmOX (asnl, moaydaeM CBA3b
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yeny K n K:
Ko =e~tmmi2Kq -+ 0 (AY). (0.25)
3mech m — IeJ0® UHCIO,
m = inerdex ﬂa—gl .

Wrak, ¢ TOYHOCTHIO 710 MHORHTENAS €"™/2 (m € TOYHOCTBIO 70
cnaraemoro mopanka O (A1) mmeem K = K. Amnaroruuso
ofcTonT fielio m B ToM carydae, Korga A" auddeomopdHo mpoek-
tapyercsa Ba R; m ma Rp * i@ M1 m3I0KHUIE Pe3YAbTATH
§§ 5, 6 macroameil KEATH:

Ouesmgno, uro gucao m (em. (0.25)) mocraTouHo 3HATH
mo Momymre 4, tak wark ¢ = 1. CpasmeHme pa3qudHBIX
HpefCTABIEHNH s pemeHns NPHBOJIYUT K HEKOTOPOMY HeJo-
wncaenaomy maBapuanty mod 4. Vmenno, nyers A™ quddeo-
MOp({HO HPOEKTHPYETCA HA JATPAHKEBH KOODIXHATHHE ILIO-
crocTd (Pigyy Zgy) 4 (PG T@E). Torma Bo BCeX HEOCOOHIX
roukax r € A" (1. e. TaKWX, OKPECTHOCTH KOTODPHX muddeo-
mopdrO mpoertupyorcs Ha RY) mmeem

dr,~ (1)
inerdex 2@ ) jnerdex — @~ (mod 4).
9P 0P(a*)

7. lloctpomm acmmurormyeckoe pemenne ypasaenud (0.3)
B IeJI0M. YCTpOMM UOKPHTHEe MHOTooOpasus A" rapramu
{Q;}, B KaxI0il ©3 KOTOPHIX B KAUECTBE IOKAJIBHEIX KOOD/IH-
HaT MOJKHO B3aTh JuG0 2, anGo p, aubo cmermuaabHbit HaGop
(P> Z@), HE comepsRalmUii CONPAMKEHHHX KOOPHAHHAT
A mMOoyascoB. Yerpomm CT-pas6menme emmEmin: | =

= Z e;j (r), supp e;< Qj, m paccMoTpEM QYHKIHIO
(Kjn (1)) (2) = Z ¢; K (Q5) (e; (r) @ () (z).  (0.26)

3mecs @ € Cy(A™, c¢; — Hekorophe mocTosHHbE. Omepa-
T0p K (Q;) mmeer Bup (0.18), ecim z — xoopamuater B Qj,
Bupg (0.24), ecaim p — KoopauHATH B Qj, W aHAJOTHIHHINA BHT
(6.3), ecim koopmmHaTH B Q; ¢yTH (Digr), ). MHOroo6pa-

sme A" mpegmoNaraeTcA ONHOCBA3HEIM (MHAYE {p, dx)
MOKET 3aBHCOTH OT IyTH),
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Ocraercss 00bACHUTE BHGOD HOCTOAHHHX cj. Msl BHGe-

(]
pem mx Tak, 4robu mis omneparopa K = Kjn Gruma cmpa-
BegamBa QOPMYyNa KOMMYTarud

LKo=K (Lo+- Reo) +0 (072), (0.27)

[Tycrs, maa mpoctors, arnac {Q;} coctomr m3 ABYX Kapi‘
Q1, Q,, ux mepeceuenme Q,, = 2; () Q, ABIAETCH 00IaCTHIO,
dynxiaa @ € C5(Qy,). Hamee, wuyers L (z, p) = 0,
L;'ij]_(x, p) =0 ma A* 1 << j<n Homommm K; = K (Q5).
HNmeem ma (0.19), (0.19")

LEo=Z (c; K, (€19) -+ 2Ky (€29)) =
= (e s (3 (@) )+ ek (5 () ) ) +0 (10) =

e () [k () ¢
+ oK (d_tz (P)]‘f" 0 (A7?).

Hna Toro urobsr dopmyaa KoMMmyrammu ObIa CIPABENINBA,
HeOOXOMIMO H JOCTATOYHO, IT00L BHIPAKEHNE B KBAIPATHBIX
ckobkax mmexo mopsamox O (A1), Us (0.25) mmeem npm
o]
XS Co (912)
imm

Kp=e 2 Kpp40 (W1,

TAaK 9TO BHIpaXKeHHE B KBaJpaTHHX CKOOKAaX paBHO
inm
- dey —5— dey 1
Ki[(cijit—-f—cze dT)(P]—I—O(?v ).
CireoBaTeNbHo, JOMMAKHA BHIOJIHATHCH TOMIECTBO

dez
e S dt =i+ e 7 =0

d
B Qp,. Tar xak e¢; Fe;=1 B 4, TO ;;“f‘ izetz 0

B I09TOMY
imm
Ci haa Cze 2 == O.

910 W ecTb HEOGXooEMOE YCIOBHE CIIEBKH.
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AHaJiM3 HpPONERYPH CHIMBKA MOKA3KBaeT, Iro Koddpdm-
OUeHT ¢; BHPAKAETCA Tepes BeJHIHHY

ind I (79, 7).

Bmeck I [r° r] — myrs, coeguugomuii geocobne Togkm r® €
€A" m r€Q; mnsaekc ind — HEKOTOpoe TIieJIoe TUCIO.
ITogpoGuoe ompegenenune W cBoWcTBa mMEgeKca ind, Korophi
ORI BBeJEH OJHUM N3 aBTOpPoB HacTosmell Kmwrm [38],
[39], mpupemenmr B § 7.

Ecam ind ! = 0 pgns awoGoro samrayroro uytn ! Ha A",
ro ¢opmyna (0.26) ompemesaser omeparop

Ko CF (A" — €~ (R3) (mod O (1)),

KOTOPHIE HAa3HIBACTCA KAHOWUYECKUM OREPAmMODOM.

Baskmelimum cBoficTBOM KaHOHHYECKOTO omepaTropa fAB-
nsaercs gopmyna rommyrammn (0.27).

ITpm TaroM mocTpoeHNN KaHOHMUeCKHH omepaTop K ompe-
mexen ¢ TouHocthio o O (A™Y) (mpuw A — J-o0). I10 03HA-
daer, 9T0 OPH 3aMeHe ariaca, pasCueHns eUHNTEL ¥ TOKaIb-
HBIX Rooprmuar B Kaprax ¢ymxmuma (K¢ (r) (z) sameusercs
ymenmein (Ko (9) (2) = (Ko () (2) + O (1), Mosmo
YTOYHUTD KOHCTPYKI[HIO KAHOHUYIECKOIO OmepaTopa Tak, 4To-
651 oH GBI oupeneneH ¢ TogrocTh0 10 O (A°N), rme N > 1 —
ai06oe purcuposannoe wncao (cMm. § 9).

OcTamoBuMcsn Gomee mompobmo Ha CTPYKTYPe KaHOHMUE-
cKoro omneparopa. @PurcupyeMm MHOrooGpasme A", orme-
genny©0 TouRy r® € A", a Takyke Kaprer Qj, KOODAMHATH
B prHX Kaprax m pasOmenme emwuunsl. Yepes Z (A") obo-
BHAYUM MHOJCecmso 0co0bix mouek (OTHOCUTEIHHO IPOEKTH-
posaumsa #a R}) mmoroobpasma A" B orpectmocTAX TAKEX
TOYEK HEJIb3sd B KAUYECTBE JOKATBHEIX KOODAUHAT BHIGHDATH
KOOPAWHATH &y, . - ., Ly. Jlanee, mycrs mn,> (A") (mam,
KODOTKO, f,2) — upoeriua Muosmectsa X (A™) ma RE,
Koropymo Oynmem maswBath xaycmukoil. Pacemorpum Qyarnmo

u(z, b) = (Ko (1) (=, 1),

e ¢ € Co(A"), K = K
1) IIyers m, supp ¢ — npoemma HocuTe A (QYHKOUH @
Ha R} m U < R} — obnacth, KoTopas He IepeceRaerc:
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¢ m, supp ¢. Torma
u(z, ) =0@R"Y (A +ox)

paBuomepuo mo z € U.
Taxnm o6pasoM, dpyarnus K@ JORAJIM30BAHA B OKDPECTHO-

cre 1T, supp @ upm A > 1.

2) IIyerp Touxa z° € ;, supp ¢, Ho TouKa z° He JeKAT
Ha Kaycrmke, Ilyern, maa mpocrtoTh, B Touky z° HpoekTH-
pyerca ToIbKO KoHedHoe gmeiao r*, r2, ..., rN Towex MHo-
roobpasns A", Torma

ri

N .
u(2 H)= N eexp (i | (p, do) o () +0 (),

j=1 70

rae ¢; 5= 0. Taxam ofpasom, (K@) (2°) ects cymma GuicTpo
OCHUJLIAPYIOIMAX HKCIOHEHT, eCAH TOYRA z° me JeKAT Ha
KaycTake.

3) Hawomem, mycts Toura z° € 5, SUPP ¢ M JIEKAT HA
Kaycrare. 1lycTs, A7 upocTOTH, HMEETCA POBHO OJTHA TOUKA
r® € A™, xoropas mpoextupyercs B Toury z°. Eciam B oxpecTHO-
¢t Toukm r® moyxHO Ha A" BHIGpaTh NOKAJLHKE KOODIH-
HATH (P(y), Tm)s TO, ¢ TOTHOCTHIO 10 MHOMATEIA, IO MOAYIIO
DPABHOrO eAMEMNE, AMeeM Tpm z, Omuskmx ® 20,

u (2, h)zF“‘[]/’F(i%lq)(r)x

X exp (MS (ps dx) — (T (Pewrr i) P(a)))] . (0.28)

0

3mece F1 =Fﬂp<a)~,x(m, MHOToOGpasme A™ 3amaerca

YpaBHEHUAMHA

Ziay= Ty (Piars Tdr)r Dy = Ppy (Pearr py)-

Taxum ofpasoM, B OKpPECTHOCTHM KaycTHueckodr Touxm 20

¢yrxnua K@ ects npeobpasopauue Dypre OHCTPO OCTUILIU-
pyiomeil sKcmomeHTH (T. €. KOHTHHYaJAbHad cyMMa OHICTPO

OCOENIAPYIONIAX SKCIIOHEHT).
WNarerpax (0.28) momuo sammcars B BHJE

w(z, ) =242 [ b (P, 2) exp (10S) dpeary  (0.28')
Rh
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T/Ie TepeMeHHEe £ UTPAIOT poiah napaMeTpos, S=3S (P, £)—
pemecreennosnaunas dyaxnma. Cranmonaprrie Tourm Gass S
(xaK QYHKOUH 0T HEPEMEHHHX Dy, UPH (HKCHPOBAHHOM I)
OUPeJIeNIA0TCA N3 ypaBHEHUA

Tiay = Tiay (Piars Zeg))

Herpynuo mpoBepHTH, TO €CAM TOUKA Z HE JEIKHT Ha Kay-
CTUKE, TO COOTBETCTBYIOU[ME CTAUOHADHEIE TOUYKA P(g) =
= Do (2) dasst S HEBHPOKAEHH W aCHUMOTOTHKA WHTE-
rpana (0.28) BHUHCIAAETCH ¢ HOMONIHI0 METOAA CTANMOHAPHOR
¢daspl. Eeam ke TouKa x JeKUT Ha KayCTHKE, TO COOTBeT-
CTBYIONIAaA crammoHapHas Toaka ¢as3n S BupokneHa. B arom
cIy9ae ABHOE BHTIUCIEHHE ACHMITOTHKH WHTErpama mpef-
cTapxsier GOMbIINEG TPYNHOCTH; MOKHO YTBEePMKIATH TOJBKO,
49T0
u (x, A) ~ const-A" (In &)™ (A —> --o00),

rae r >0 — panmoHaibHOE WHCIO, M — I€JI0e Iucao. B ga-
crocrn, ¢yurmusa (K¢) (z, A) pacrer mpu A — oo, ecan
TOYKA Z JeMRUT Ha Kaycruke. JToT (paKT (pesKoe Bospacrta-
HHMe HHTEHCUBHOCTH CBeTa B TOYKAX (OKYCHDOBKH Jyueir)
M3aBHA W3BECTeH B omnThmKe. Lme Apxumen cKer pPUMCRHUE
¢dmor B Cuparysax, HCIOJH30BAaB HapabonuduecKoe BEpKAO,
COCTAaBJIEHHOE W3 OTHOJIUPOBAHHBIX MENHEIX IIATOB.
Opnaxo wHTEepec IpeicTaBjifer He HOBefeHMe (QYHKIAH
u (z, M) B ¢urcwpoBanHoi KaycTH4ecKoi Toure z°, a acwmm-
TOTHYeCKHe (DOPMYIL, paBHOMepHBEE 0 z (Ipum A —> -}-00)
B HEKOTOPO#l oKpecTHOcTH KaycTmduecKoil toukm z°. Takme
$OPMYIE yHaercA HOKA YTO HOIYYHTH TOABKO B IPOCTEHIIHX
cirysaax. Hampumep, wnycts wMuOrooGpasme A" samaercsa
VpaBHEHHAMH B OKpectHOCTH TOukM p = 0, = O:

x1=pf, pjzaS/axj (722)’
rae § = S (py, oy . . ., ) € C* npum mammix | py |, |25 .

Torma unterpax (0.28) — ommoxpaTusiit, p,, = p1 1 $aszo-
Basg Qymrnusa S uMmeer BUJ

S = —(2/3) pi + z4p;.

B borom caywae riaBHEIl WIEH ACHMOTOTHKE HETErpAJa
u (z, A) (mpm mammx |z |) BHpamaercsa deped (yHKIUIO
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ditpr — Doxa

via)=

21}5 _Sm exp [i (at—l——tg—) ] dt

Opmako mame npm rn = 1 acEMOTOTHKA WMHTETpPaIa
@ (x, A) B OKpPECTHOCTH KayCTMKH He¢ BEIPa/KaeTCH depes
H3BECTHEIE cIermuanbrbie Gyarmun. Uro6r yoeqnThcs B 9TOM,
ZOCTATOYHO PACCMOTPeTH KaHOHHYIECKHUT omeparop, OTBe-
watommit kpuBoit r = p* (k > 3) ma mmockocrnm (cm. § 8).

3agagy o0 HCCAeJOoBaHMM ACHMOTOTHKH KAHOHWYECKOTO
omepaTopa BOAMA3H KaYCTHYECKHX TOYEK MOKHO HOCTABHTH
TaK: MOMHO JM CBECTH BEIUACIEHNE ACHMITOTHRI HHTETDATIOB
puga (0.28") K BHUHCIEHUI0 HEKOTOPHIX HTAJOHHKX HHTE-
rpanop? Pemennio sT0# sagayn mpenmecTByer sajada o uc-
caemoBanmu ocobennocreil Jarpamxessx MAOT00Gpasnui (1. e.
0 cTpyKType MHomectBa X (A"™). B pasmepmoctsax n <9
0COGEHHOCTH JATPAHMKEBHX MHOT00GDA3WH ITOJHOCTBIO DPac-
KaaccuduuupoBansl B padore [3], u B aTOoM caydgae acmMnTo-
™mKa u (x, A) BHpaskaeTcA TEpe3 HTAIOHHEIE HHTETPAaIHI,
T. €. gYepe3 HOBHe cmenwanbAme ¢Qyakumm (em. §§ 7, 8).
Opnako caMm 9TH CIeMUaAbHbIe GYHKIAN B HACTOSIES BPeMs
Mall0 HCCIETOBAHEL,

8. Ilepeiifem Ko BTOpOIl wacTn macrToamell kanru. B sroi
9aCTH KAHOHMYECKHI omepaTop NPUMEHAETCH IS MOCTPOe-
HEAS ACHMITOTHKM peINeHu# CIegyioIuxX 3aaad.

I. AcmMorornka pemernua sagaus Homm ¢ OBICTPO OCTIUI- -
AUPYOIMMA HAYANbHHMA JAHHALIMA JaA  A-TiceBponudde-
PEHNUANBHBIX YPABHEHUI.

II. Bamawa o paccesHHN B KBa3WKJIaCCHIECKOM HTpHONH-
semmn (npm h — +0) gas cranmomapuoro ypasmenns Illpe-
ouHTepa.

II1. 3apgaua 06 oTHICRAHKU ACHMITOTHKY HOKOTOPHX copnit
cOGCTBeHHEIX 3HAUeHUE W COGCTBEHHHX QYHKUWRA A-TCeBIO-
mupepeHnIaIbHEX CaMOCONPAMKEHHERX 0IePaToOPoOB,

Nmenno, » § 10 pacemarpuBaercs 3agada Homu

Lpy=A1Dp-+H (¢, z, A" Dx) b =
¥ [t=0 =, (‘r) exp [i}\‘So (=)1,

rge z € R™, Jlaa OpocTOTH paccMaTpuBaercs caydail, KOrga
camBon H (£, x, p) ue sasment or A. Dyunmusa P, (r) €

€ Co(R™), dyuxuua S, (z) € C”(R") u pemecTBeHHO3HAY-

(0.29)
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ga, cumBoil H — BemecrBennosnavnana Gymrnuma Kiacca C™.
Inst ymoGeTBa dMTATeNh MOKET CUHTAaTh, HANPHMEp, dTO
I, — nuddepennmanbELit omepaTop, KodaGHIMERTH KOTO-
pOro IpH IPOM3BOAHEIX IO MEPEMEHHKIM Z; ABJIAKTCA HOIH-
HOMAaM# 0T Z miam OrICTPO cTabunmaupyorcs Ha OecKoHed-
goctr. IIpumepom sagmaam Homm Bupma (0.29) caysmr 3agaga
Kommu (0.1), (0.2) pua ypasmenus Ulpemmurepa ¢ morennua-
aom V (z) € & (R™).

Tpebyercss TOCTPOUTH ACUMIOTOTHRY pemeHAs 3aJadn
Komm (0.29) B mesom 3a amoboe xomeumoe Bpems I (1. e.
npm 0<Ct KT, z€ RY).

C sagaweii (0.29) ecrecTBeHHEIM 06pasoM acCOMUUPOBAHO
marpamuieBo muHorooOpasme Af pasmepHoctn n B dasoBoMm
opoctpaucree RY',. 910 MHOrooGpasme 3sajaercs ypaBHe-

HUAMRA
z =y, p=0S,(y)ldy, ye€eR

n auddeomopPHO DPOEKTHPYETCS HA KOOPAMHATHOE IIPO-
crpaucteo RY. 3amaze (0.29) orBeuwaer cucrema aMmianToma

g _OH 4 O (0.30)
p dt ox

ITycts g' — CHBMT BIOJND TPAGKTOPHWI BTOH CHCTEME 3a Bpe-
M ¢. Pemenmme cmeremsr Pammibrona c mapgeMe  Homn
(z, p) li=o € A§ obosmaunm {z (¢, y), p (¢, ¥)}.

Cpsur g* mepesogur JATDAIROBO MH0r006pa3ne A} B mar-
pamkeBo MHOT006pasue t = gtAR. Ecau T > 0 mocrarou-
Ho majgo, 1o upum 0 <t <C T wmmoroobpasua A} nuddeo-
MOpPHO IIPOEKTHPYeTCa Ha R” B arom cayuae (T e. IpH
TMOCTPOEHUN ACUMITOTHKE PENIeHHA 3afjaqn Homm B Majiom)
MOJKHO TIPOCTO HCKATH MPUOIMKEHHOe pelneHue B BHEAe PANA

(0.4), . e.
N

¥ (£, 7, M) =exp [iAS (¢, )] D) (Mg, (¢, 7).
i=0

@Oyurnusa S (¢, ) yHOBIETBOpsAET ypaBHEHHI 1aMuIbTO-
Ha — fAxobm

S

& 6—+ H (t’ )

¥ manusne Komn ompenensiores us (0.29):
S It=0 = So (x)

I

0,
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Oyuriua S (¢, 2) ameer B]?ID;
S(t z)=S5, (y)—{—S <p, > H)dt.  (0.31)

B srofi dopmyne z = x(t y), mHTerpa; Oepercs BOIb
TpaekTopur rammabromopoil cmeremur (0.30).
Has QyHrumu P, moxydaem ypaBHeHHE LepeHOCA (CPe

(0.14))
1 62H

V7 VT ¥0 =7 754 Vo

3necyr J — arobuan:
0z (t, 1)
J (¢, y)=det oy

2H %, 2H
77 o7 _];1 Fz500; Brifepem mamasie Komru caegyomum obpa=-

30M:
Py lt—o = W, (2)-
Torzma

bott, 2= TOD exp [ L 5axﬁp at ] (), (0.3

rme z = x (f, y) u mATerpay Gepercs BROABb (Paz0BOH Tpaex-
TOpHUN.
Takum oOpasoM, QyHKIES

v (t, z, A) = exp [iAS (¢, )] ¥, (¢, z),

rge S, Yo ompemensiorca m3 coornHomenmit (0.31), (0.32),
rouno ymosiaereopser garaniM Homu (0.29) m yrosieTBopsier

ypasrermio (0.29) ¢ roumoctso mo O (A% (1. e. Lv =
= 0 (A ?)). PaccmarpuBaa ciemyiomume DpHOIHKEHAT, MO~
HO mONyuETH QYHKOUIO vY, KOTOpasg TOYHO YHOBIETBOPAET
namaeiM Homwm m ymosaersopser ypapuemmio (0.29) ¢ Tou-
Hoctpio 1o O (A~N) mpm mwobom N = 2.

B ToM cayuae, xorja cuMBoi H He 3aBHCAT OT [ M MOPOK-
maer camocompsikeHHN omepartop B Ly (R™), MoxHO cTporo
NOKasaTh GJMB0CTH HCTHHHOTO pPemeHus P M OPuGIMmKeH-
Horo pemenmusa vN B Hopme L, (R"™) (cm. mpepmosxennme 10.3).

Takmm o0pasoM, BHUHCIEHHEe AaCUMOTOTHKH pEHIeHUSA
sagaynm Homm (0.29) sa manmoe Bpemsa ! cBOXHTCA K HWHTe-
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TPUPOBAHMIO CHCTeMH OOHKHOBEHHHX JIH(QepennuaIbHEX
ypaBreHnmit (cmcremn I'amunsbroma). Ilpm »ToM acummro-
rAYecKne (GOPMYJE JIA pelleHWHl BHIINCHBAITCA B TEPMH-
HaX KJIACCHYECKOH MeXaHHKHA.

OTMernM eme ogmo Bammoe oGeroarenserso. Ilyers M —
HeKOTopoe MHosKecTBO B PazoBom upocrpaucrse RY,. aiee,
~uyers Il (M) — MHOMKECTBO, 3aHOJIHEHHOE TPaEeKTOPUAMH
3a spems 0 <C¢={ T, xoropwe B MomenT Bpemenum ¢ = 0

puxogar us M. I/IHLIMH caosamu, Il (M) = U &M
0<i<T

(rpy6ra Tpaexropnii). Bosbmem B Kadecte M MHOECTBO
M = {(z, p) € R®: z € supp Yo, p = 85, (z)/0z}.

Torma suppv (¢, =, A} comepsmurca B mpybre ayuell
Iy . (M) — 910 mpoekmmss TpyOGkm Ttpaexrtopmi 1I; (M)
Ha Z-OPOCTPAHCTBO. JT0T (aKT CcoXpaHsercsa H MAJAsA Bcex
Gosee BhICOKMX mpubnmmenuit vV.

Havansnpie pganmpoie

Y im0 = Yo () exp [iAS (x)]

MOJKHO MHTEPHPOTHPOBATH KAK BOJHOBON IaKeT, JOKAJIU30-
BamHEIA Ha supp Po. IIpm A > 1 2BoM0OMHEA 5TOTO BOIHOBOIO
maKera LPOHUCXOIUT IO 3aKOHAM KIACCHYECKOW MEXAHWKM;
B 94aCTHOCTH, HOCHTENDb Supp ¢ (£, =, A) mepemernaercs ¢ name-
HeHHeM ¢ Bjlonb TPYORM Jiydeil (ecanm mpeneGpedp BejHIn-
pamu nopamka O (A71)). B srom cumbiciae o0mYHO ymoTpeG-
JISTeTCH BEIPAjKEHNE (KBAHTOBAS MEXAHMKa MEPEXOJHUT B KJIAC-
cuueckyo npu 2 — Oy,

Mopmyaa (0.32) coxpaHsier cuay [0 TeX HOp, HOKA SKO-
Omau J (¢, y) He oGpamaerca B HyJb, UINW, HHEIMI CJI0OBAMHE,
0 Tex Iop, MOKa JarpamskeBel muorooopasmsa A?, 0 <1t <
<< T, muddeomopdro npoextmpyiorca Ha RE. B rtouxrax,
B KOTODHX AKRoOmaH J oOpaimaercas B HYIb, npnﬁ.nmﬂelme
puga (0.32) meBepHoO.

Y1065 TOCTPONTH ACHMITOTHYECKOE peINeHme B IeJIOM,
T. €. 32 xo6oe KoHeyHOe BpeMa ', BOCHOJIL3YEMCA TEXHUKON
KAaHOHHYECKOr0 OIepaTopa. 3aMeTHM Npeskie Bcero, 9ro,
BHOpaB Ha HavalbHOM MHOTooOpasum Af ofvem do™ (z) =
= dz, MoxkHO famHsie Homm (0.29) Bmpasurs wepes KaHO-
HHOYeCKHII omeparop:

Pleo = (K, (1) (@)



30 BBEJEHUE

3mecs Yo (r) =Yo (x), r=(x, p(x)) u v =AS (2%, rme
r® = (2% p (2%) — ormeuennas Touka Ha MHOrooGpasum Aj.
HelicTBUTENIbHO,

5 (p, dz) — j (08 (2)/0, d) =S, (x) — S, ().

0 r0

(3mecy r = (z, p (x)) m us (0.18) caegyer mpepcTaBiIeHHe
HAYaJThHEX JAHHHIX dYepe3 KaHOHMYeCKHil omeparop Kap.)
Ha narpammesom wmuorooGpasuu Af BriGepem o0bem dof,
wHAYIupoBauuEi o6bemom do™ na A} u $azoBbIM MoTOKOM g,
Hcnonsaysa ¢opmyny wommyraruu (0.27), HeTpymHO IHoxa-
3aTh, 4T0 QYHKIUA

v(t, 2, A) = eiMKAn@ (0.33)

t

T09HO YroBaerBopser gamEbiM Homu (0.29) m ymosaerso-
pser ypapuenmio (0.29) ¢ tounocteio o O (A%, dymrnun
8,1 Merko BEIpaKaOTCa depes Yo, L (em. § 10); Gomee moxpod-
HOo Qopmyaa (0.53) Gymer BHOmCAaHa HUKe A YPABHEHUA
IIpexunrepa.

I'py6o roeopst, 2T0T PE3YIALTAT MOKHO CHOPMYIUPOBATE
TAK: €CJH HAYaJbHbe MAHHEE UMET BHI

Yo=K
113 lt—<0 Aglpw
TO ACHMITOTHKA pelleHns B MOMEHT BpeMeHH ! jaercs ¢dop-
MyJtol
Pli=K

€ TOYHOCTBIO J[0 HEKOTOPOr0 MHOKMTEJA,

B medoraipHBIX TOYKAX MO)KHO BHINCATh Gosiee mpOCTHE
acumarotTudeckue ¢opmyani. IlpmBemem »TH (QOpPMYIH A
ypasuenusa Ilipegumrepa, 71.e. maa sagazm (0.1), (0.2).
Ourcupyem meforanbuyo toury (£°, z°), w myers yl, . ..

., yN— Bce rouru rtaxme, uro z (%, y’) = 20 (r. e. aymw,
KOTOpHI B MOMEHT Bpemenu ¢ — O BrIXoguT M3 TOYKH i,
3a Bpems t = ¢ upuxopur B Touky z%. Torga mpu A — -0

J (O y9)

P (2, 2%) = }] i) /[ Lo )

Xexp(TSj —Z ;) +0 (). (0.3
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3mecn )
8;=8, () + | (@2—V @) a,
0

w; — undere Mopca nywa z = z (¢, y’), 0 << ¢ <<t xoro-
pPHI B MaHHOM ciaydae paBeH UmMCIy HYJeH (¢ yueToM HX
Kpartnoctn) sarobmama J (¢, y’) ma ayue. Takum ob6pasom,
I; PaBHO 4mMcay Kacammii aywa x = z (£, y') 3a spems 0 <
<t <C1® ¢ Kaycrukoit cemeiicrBa ayueir {r = z (¢, y)}.
B mpocreftmem cayuae, xorga N = 2 m arobwman J wmmeer
POBHO OfWH, W HIPUTOM [POCTOH, HYJH HA OIHOM U3 BTHUX
ayueit, a ma apyrom J == 0, dopmyna (0.34) oferamo muTep-
OpPEeTHPYETCA TaK: «HpH Lepexofe ueped KaycTuKy (asa
MeHsAeTca Ha —Ii/2».

3agaua Homm mua ypasuemms Illpemmmrepa paccMorpe-
Ha B § 12,

IHo-mpeskpemMy (KaK W IpH MaJlbix BPeMeHAX) acUMITOTH-
geckoe pemenue v (¢, z, A) (cm. (0.33)) samaum Kowm (0.29)
JOKAIN30BAHO B OKpectHOCTH TpyORE ayweir [lg . (M).
Nmensno,

vt z, M) =0 (A7) (A = }-00)

BHe I1060#1 PIKCHPOBAHHON OKpPECTHOCTH 3T0H TpyOKM. OTMe-
THM eme pa3, %10 B § 10 mocTpoeHa acHMOTOTHKA PeIIEHHs
sagauu Homm B mesom, T. €. mpu BeeX £ € R™ u 3a xo6oe
roHeqgHoe Bpema T.

B § 11 pacemarpmBaerca 3agawa Komu (0.29) gua cucre-
MBI ypasuerwuii (P ectb N-BexTop, H ects spmuroBa (N X N)-
MAaTpHUa) B IPEANONOKeHHAN, YTO COOCTBeHHbe 3HAYCHHUS A,
MaTpurer H MMET NMOCTOSHHYH KpatHocth., O6miasg cxema
DOCTPOEHHA ACHMUTOTHKN TAKasg yKe, KaK M JJIA CKAJLAPHBIX
ypaBHeHHIl; OTMETHM TOJABKO HEKOTOPHE HOBHE 06CcTos-
reaberBa. Cumcreme (0.29) orBewaer y:xe me ommo, a m =1
ypaBuenmii TlamuaproHa — fxobu

S, S,
ot +h’(l (ti x! ax )

(mo 4meny pasamYHEIX COGCTBEHHHX BHAYEHHA A, MATPHILH
H). Coorsercreenno sagaye Homm (0.29) orBegaer m cmcrem
l'amuabrona @ m JarpamKeBEIX muoroobpasmii A} 4. Cyme-
CTBEHHO YCJIO)KHAIOTCS YPABHEHHA mepeHoca, B ocofeHHoCTH
B TOM Cjiy4ae, Korga Marpuna H mmeer KpaTHHE KOpPHH. ITH
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ypassenus npusefens B § 11. B caydae cucTeMsr IPOHCXOTUT
nroAApU3AYUA HAYAILHOI0 BOXHOBOTO makera. VIMenno, nycTs
BCe cOGCTBEHHHEE 3HAYGHHA MATPHUIK A — mpoerthie Upu Beex
(t, z, p). Torma wpocrpamcreo RY pasmaraerca B mpamyro
cymmMy N HHBAPWAHTHBIX IOTUPOCTPAHCTB MaTpuilel H mpu

ao6ux (¢, z, p); COOTBETCTBEHHO HAYAJABHHN BeKTOop 1Y°
n

HpecTaBiAeTcs B Bufie CyMME 2, Y COGCTBEHHHIX BeKTO-

=1

poB marpunst H (0, z, p), rne p = 85, (x)/dz. Acumuro-
THKa PelmeHHs, B H1epBOM IDHOIMKEeHAH, 6CTh CyMMa GHCTPO
OCIMJLIMPYIOIUX OKCHOHEHT (UpA MaJHX BpEMEHAX; HpPH
foabImMX BpEMEHAX — CYMMa KAaHOHHYECKHX OIEPATOPORB,
meitcTBytomux Ha Bexropn Y Bupma exp (iAS;) ¢, rae ¢ —
cobcrBenuslil BekTop marpuupt H). Tarmm oOpasom, mcxof-
HEIH BOJHOBOH makKeT VY |;—p pacmamaercsa Ha /N BOJHOBHIX
MAKeTOB, KKALIN W3 KOTOPHIX JBH/KETCA TO TPAGKTODHAM
cBoell raMHIBLTOHOBOII CHCTEMEL.

B § 14 pacemarpmBaercs ypasuenue /[mpaxa (sTo cmeTe-
MA 13 YeTHPeX YpaBHEeHWH MepBOrQ HOpPAIKA 10 NePeMEHHEIM
t, z, u Marpuna H wuMeeT ABa ABYRPATHHX COOCTBOHHHX 3Ha-
gyenus). C momompio moaywenusix B § 11 pesyasTtaTos moay-
4eHa acHMOTOTHKa pemenus ajgagn Homm (0.29) mus cmere-
mel [/lmpaxa. Ilorasaso, 9T0 COUMHOBAA HOMAPHU3ALMA HMEET
RJaccuueckmit mpepex mpu h — 0.

Hpome Toro, B § 14 npusegen unoit, wem B § 11, moxgxox
K BEIBOLY ypaBHeHHI mepeHoca.

3amaga o paccesHuu mis ypasmenusa Ilpegmurepa mpu
h — 0 paccmorpera B § 12; mpu aTOM MBI OrPAaHUIAIHCH
TONBKO (OPMYIHPOBKAME PE3YJIbTAaTOB, MOAYYeHHHX B [27].

3agawa III pacemarpuBaerca B § 13. Mmenno, paccmar-
pHBaercs ypaBHEHHE

A (h) = Evp, (0.35)

rne A4 (h) — camocompsirenusit omeparop B L, (R™) ¢ wmero
OUCKPOTHHIM CHeKTPOM, Nopompcnnmii i l-ncesgonnddepen-
MAATBHEHM (OPMAIbHO CHMMETPHIHLIM OHEPaTOPOM

1 2 1 1 2
L = 5L (z, hDx)+ L (z, kD))

C BEHIeCTBEHHO3HAYHEIM H riagrum cuMBosoM L (z, p).
Xopomo W3BECTHA KOIOCCATBHASA DPASHHIA MEKAY ONHO-
MepPHHIMA ¥ MHOTOMEDHEIMH 3aJadaMH Ha coGCTBeHHhIE
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spaueHusi. PaccMOTpHM, [ CpaBHEHHA, [Be TaKWe 3afadu:

—p" (@) + V@) ¢ (x) = EY (z), z€R,

—Ap (z) + V(@) 9 (@) = Ep(z), z€R" (n=2).
Co6crsennne Gyurimn upunajie;kar L, (R?). Ilyers V (z) €
EC”(R™, V(z)—> 400 mpm |z |- co; TOrNa CIOEKTP
KaK[OoN W3 3TUX 3afgau qmero guckpered. Ilpm n = 1 pusa
HOCTATOYHO MIHPOKMX KIAACCOB TOTEHNMANOB BLIYACICHA
I acHMITOTHKA COOCTBEHHHIX 3HAdYenwit K, mpu m —» oo,

¥ ACHMUTOTHKA COGCTBEHHHIX QYHKIMHA Yp,. [liag coGCcTBEHHBIX
3HAYEHHH CHOpaBe/jiuBa ACHMOTOTHYECKAsE (PopMyiaa

VE,—V(z) dv=mn+m/240(1) (m — oo).

V(x)<Em

IIpr rn = 2 gnda cobcTBeHHKX 3HAYOHWH MOJIyYeHA aHAa-
JOTHIHAA ACHMOTOTHIECKAs (PopMyia, ONHAKO CKOJIBKO-HH-
Oynp obume pes3yabTaTH 00 aCHMOTOTHKE COGCTBeHHLHX (QYHK-
nmit orcyrerByior. Bosee Toro, maske B Tex caydadx, Korma
3afada [JONYCKaeT pasfeseHue IepeMeHHLIX, yAaercs IOay-
9ATh KBA3HKJIACCHYECKNe acHMOTOTHYeCKHe QOPMYIH TOIBKO
I HEKOTOPHX CIELHATBHEIX cepuit co0CTBeHHEX (yHKIU.
Hon ®sasuraaccuueckoll acumnmomukoli MOHIMAETCA ACHMI-
rormueckasa d¢opMyra, HaOmCaHHAs B TepMUHAX Kiacchue-
CKOIl MexauuRH (T. €. BCe BXOAAMME B 3TY OPMYIY BeJHTHHBL
BHIDA;KAITCA Tepes3 XapAKTEPHCTUKA HEKOTOPOro ceMefcTBa
$as30BEIX TpaeKTOpHIl).

[To-BummmMoMy, HOOpPOCTY HE CYHIECTBYeT KBAa3HKIACCHYE-
CKOIl aCHMIOTOTHKHE BceX COoOCTBeHHHX GYHKIuE (¢ Goabianmu
HoMepamm) yrke i ypaBuemms Illpemmmrepa.

Bepnemca k sagage (0.35). UroGH momxyanTs mHGOpMANmIO
0 CIIeKTpe 9TOH 3afaum, AOCTATOYHO IOCTPOHTHE ROYMU CO6-
cmeenny gyuryuw (cMm. demmy 13.1), 7. e. mpuGausxennoe
pemenne ypapuenusa (0.35). dro memaercs ¢ HOMOLIBIO KOH-
CTPYRIMU KaHOHHYeCKOro omeparopa. IlycTs mano koMmakrT-
HOe JarpaHseBo MHOrooOpasue A", lleskamee Ha MHOJKECTBE
yposasi L (z, p) = E = const cumBona L, ¢yErimma ¢ €
€ C*(A™). Ilyers st MHOrooGpasme WHBAPUAHTHO OTHO-
CHTeJIbHO C[ABUIOB BJOJDL TPACKTODUH ANHAMUIECKOH CHCTe-
MEI, acCONMHPOBaHHOU ¢ cummBoioM L. PaccMoTpuMm BEHIpa-
wenne (Ko (r)) (z) upu durcupoBanuom h = A7, rie K =
= Kan. Bupamenue K¢ ABisgercsa, BooOme rosops, HEOTHO-
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r

BHAYHOH (GYHKIMEH r, TaK KaK HMHTErpa S {p, dz) Mosxer
r0
3aBHCETh OT UYTH uuTerpupoBanus. Kpome Toro, mHAEKC
ind 7 [r®, r] Tam:xe MoskeT OHITH HeHYIEBHIM.
Buisicusiercsi chaepywoomiee: st Toro uroln Bhipaykenne
u = (K¢) (xr) 6bui0o opmosuaunoit ¢ymkrmeit z (upua ¢urcu-
posannoM h), HeoOXOAMMO H [OCTaTOYHO, UTOOH

h‘i(S)(p, dx)——g—-indv:%tm, (0.36)
e

Ije m — Iedoe 4HCI0, IHIA dAi060r0 B3aMEHYTOTO IYTH ¥,
ne;gamero ua Muoroobpasmm A" Ilyers Hy (A", Z) —
OHOMEpHAA Tpynma romojgoruii muoroo6pasms A" ¢ memo-
qUCJeHHHMA KodpduuuenramMu, p; — ee pasmeprHocts. Toraa
pocTarouno, urobr coormomenms (0.36) BRIMOTHAANCH HIA
Beex 0asucHBIX THKNOB Vi, . . ., Yp, Ipymms Iy (A", 7).
Ecan p; = 1, 1o coornomenna (0.36) BHOONHATCH IIst
HEKOTOPOTO jiucKperHoro Habopa sHavenwit k. Ecam p; = 2,
10 coorHonrenus (0.36) MOTYT He BEIIOAHATBCS HU I 0OTHOTO
smavenua A. Oueswanmo, uro Bcem coornomenusam (0.36)

(mpw vy = Y1, . . ., ¥p,) MO}KHO YHOBIETBOPUTB, €CIH HMEeT-
cA ceMeiicTBO KOMIAKTHBIX JarPAaH;KeBEIX MHOToo0pasuii
{A" (2) }, raagko 3aBucsIee OT Py HAPAMETPOB & = (Ogy - .« »

.+ Op,). B oToM cayuae MOKHO LOCTPOHTH CEPHIO IOYTH

coberBenHbx (yHKImMI oueparopa o (h), dYro mo3BoaAeT
-IOKa3aTh aCHMITOTHKY HEKOTOPOH cepunm cOOCTBEHHRIX 3HA-
yeuwii omeparopa A (k) (reopema 13.3). Ogmaxo He ymaercs
CTPOTO JOKa3aTh GAMB0CTh dTHX MOUTH COOCTBEHHHBIX QYHRIWH
K UCTHHHKM coGCTBeHHHIM (QYHKmuAM. B KagecTBe IpHMepa
B § 13 paccmorpena samaua Ha cOOCTBeHHBIE SHAYEHHS A
omeparopa Jlammaca — Beabrpamu ma cdepe B R™

AHajornuHas KOHCTPYKIUA B caydae ypapuenus Ilpe-
mmarepa Owvuia moctpoena pamee [ik. Kemmepowm [75]. [laxee,
B HACTOAMEHl KHWTe He PACCMATPHBAITCH KpaeBhle 3afadn
IJiA YpPaBHEHWN ¢ YaCTHHMN UPOWBBONHHIME. ACHMOTOTHYE-
cKue cepmy COGCTBOHHHX 3HAYEHUH U COGCTBEHHHIX (QyHKIMHA
onepartopa —c? (z) A B orpanuuennoii o6iactn B R" ¢ myie-
BoiME ycaosmsamu JIupuxie mim Hefimama Ha rpaHmne mcclie-
noBaHE B paGorax [5], [76].-
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B macrosineil Kaure He pacCMaTPHUBAIOTCA 3a8aqd NU@paK-
(M BJIEKTPOMATHUTHHX, AaKYCTHYeCKHX W [JPYIHX BOIH;
STEM BompocaMm moceamiensr mMomorpagmu [1], [5], [6], [7].
[11].

Meroy KaHOHKYeCKOTO oOIeparopa 3a IHocJeJHEe BpeMs
moaygmi passurme B page pabor (em. [81, [27] — [30],
[42] — [43]). Kpome mepeumciennblx BLlme 3agad, BTOT
MOTOJI IPUMEIACTCS B 3aJlade 0 PACIUPOCTPAHEHHH PA3PHIBOB
pemenus 3afgaun Homm mas rumepGoumvecKHX ypaBHEHHIL;
00 prom Hpatko crasano B § 10, roe mpuBeleHH TaK:ke JIHTE-
paTypHBIE CCRIIKH.

B nacrosmeil xmmre MB He J[eJaeM MONBITKU H3JI0KUTH
WM Jajke TpUBECTH 0030p BCEIO MHOT00GDAsHs ACHMIITOTH-
YECKHX METOL0B JIMHEHHOM MaTeMaTudeCKol (JM3HKH, a CTABHM
cBOEU B3ajjaueil M3IOAKHUTH TOJAHKO OIWH N3 ATHX METOIO0B —
METOE KaHOHMYECKOTO omeparopa. B uactHoeTH, 3mech He
HaIiu oTpaskeHus aixreSpamueckme muem L. Jlepe, cyimect-
BeHHO PasBHBAIONINEG METOJ KAHOHMHYECKOTO OIepaTopa.



YACTHBH 1

KBAHTOBAHHE IOJIA CKOPOCTEMN
(KAHOHIMYECKHI OIIEPATOP)

§ 1. Metop crammonapsoii ¢asbr.
IIpeoGpasosanue Jle:xangpa

KBasukrimaccugeckoe DNpUGIMKeHNe NPHBOLAT K MHTE-
rpasaM or GHICTPO OCHUIINPYIOMuX QYHKOHA. ACHMOITOTHKA
TAKKX WHTETPAJIOB BEIIMCIACTCSA € TOMOMIHI0 MOTOMA CTAINO-
wapuoil ¢aswt. B sroM maparpade mpusemeHa CBOIKA OCHOB-
HBIX QOpPMYJI MeToHa cTamMoHapHOU ¢asH, a TaK:ke ompese-
JeHHe W OCHOBHEI® CBOiicTBAa mpeobpasoammsa Jlemammpa.

1. Meton cramuonapuoii ¢asm. lIpmBemem ocHoBHIIE
pe3yabTaThl 00 acHMIUTOTHEE OHICTPO OCHUITHPYOMUX KHTE-
I'pajioB BHIA

J o @ exp (@5 (@) da,

rge A — Gouabmoil BemecrBeHHbll mapamerp. Ilyers RF —
noxyocu A =1, A<C—1. 3mecr o (z), S (z) € CT(R™),
¢yarmua S (x) BemecTBeHHO3HAYHA, QYHROUA @ (z) QuHMT-
Ha. Toura z° masmBaerca rpumuieckot, (MIH cMAYLOHAPHOILL)
roukoil Qymrmuu S (z), ecam 84S (2°)/0x = 0; xpurmdeckas
TOYRA HeBHposkJeHa, ecan det 925 (2%)/0x® 5= 0,

Teopema 1.1. Iyemv ¢Pyuryus S (r) umeem nHa
SUPD @ eJUHCMEEHHYIO, U RPUMOM HESBLPOHCOCHHYI0, KPUmMuU-
yeckyio moury z°. Toeda npu A eewecmeenmnz, |h | =1,
u npu awbom yewom N =1

I(h) = 5 ¢ () exp (iAS (z)) daz =
N-1
=2""2exp (iIAS («%) D) a;(9, S)AT Ry (M).  (1.1)
=0
Boece aj (9, S) = (P;o) (2%), 20e Pj — aunetinni dugdpe-
perRyuasvnbili onepamop nopadka 2j c¢ koauyuenmant
u3 Kaacca C®. Jas ocmamounozo 4ieHa UMEEN MECMO OUeHEN

- N
| By (M |<Chh 2 || ®]lcarny (1.2)
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20e P = P (N) << 0. 3deco
VA >0, A>0;, VAi=i|VA|,A<<0. (1.3)

Horasareascrso oM. [60], Teopema 2.2; B [60] comepsuurcsa
00380 JIHUTEPATYPH 1O METONY CTAIMOHADPHON (asHl.

Xopomo WSBECTHO, YTO WMMEHHO CTANUOHAPHLIE TOYKHA
BHOCAT OCHOBHOH BHKJIAJ B ACHMIOTOTHKY ORCTPO OCIUJILIH-
pyioIllero WHTerpaJa.

Hycrs A — BemecTBeHHAs CUMMETPMYECKAS HEBBIDOIK-
nennaa (n X n)-marpumpa. Bremem ofosnagenmsa: sgn A —
cUTHaTypa KBajparaaHoit popmol ¢ MaTpuieit 4, inerdex 4 —
uHAeKC wHepruu Matpuisl 4. Eeam v, — gmeao HOMOMKH-
TOABHEIX, V. — YACAO OTPHIOATENHHHX COOCTBEHHHX 3HA-
geHAN MaTpumsl A, To

sgn 4 = vy — v_, inerdex A = v_,
sgn 4 -+ 2 inerdex A = n.

Gopmyma (1.1) gaer acmMOroTMYECKoe PA3NOMKEHHE WHTE-
rpaxa I (A) mpm A -—> f-oo. T'maBHHII WIeH ACWMMOTOTHKE
AMEeT BHL

1)) ~ ( . )"/zld tMl—i/zx

X ¢ (%) exp [ 128 (20) + S sgn ,a%z@ b >+ o0). (L.4)

Kooppummentsr pasnosxenna (1.1) ompemensmoores mo ¢dop-
myxe ([60]), Teopema 2.3)

N
I (M) =buh ™" exp [iAS (291 X (W75 L7 (¢ (2) %
j=0
X exp [iAS (2, 29]) leexo +AT*NRE (M),  AERL.  (1.5)

3nech
625 (xO) -19 4
2 0z Pz oz /¢

S (@, 4 =5 @) —5 (@) — 5 (50 (o), (z—at)),

det azs(xml 1/2 p(@_ o 8 (@) )’

— /2
b, = (2a)” T 58 522

aN=§+N+1—[ﬂ3i£] (1.6)
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H s OCTATOYHOTO UYjgeHa CIPaBeJmBa omeHKa mpum A=1
[BY (M) |<Cn || @ llgvgmy: (1.7)

rae y="7 (V)<< co.

Acumurormueckne pasgemenus (1.1), (1.5) mosmuo mud-
depeHIIpoBaTh A1060€ UACIO Pas mo A, ¢ aHATOTUIHON OTeH-
KOl 0CTATOYHOTO 4YJIeHa.

B omHOMepHOM ciyuae mmerorcs Gosee TOIHBIe (POPMYIB
u omenxm ([60], Teopema 2.1).

Opnaxo teopemoit 1.1 B wmcroM Bume pejiKo HPHXOJHTCH
MOJB30BATHCH, TaK KaK B upmiaoskenuax / (M) o6HYHO 3aBUCHT
OT HOTMOJHHUTEJILHBX MEIeHHO MEHAIUIMXCA HapaMeTrpoB o,

rae o € R* Tlyers Q < R’; — Konegnag ob6isacre. Ilo ama-
Jormym ¢ cuMBoioM J. Jlammay «O» BBemem

Oonpememeunne 1.2, Oyurnua u (0, )) npunadae-
scum kaaccy Oy, (§2), ecan BHIIONHEHL YCIOBHA:

1) u (w, &) € CT(Q X R}).

2) Ilna mo6oro rommakra K < Q, nusg aio6oro MynbTH-
mHAeKca o U A aoboro memoro f =0

| DeDiu (0, 1) | <Ca,p, A" (0€K, LER}). (1.8)

Ananoruuno BBoputca kaace On(Q) (A € R;). Tnununsim
npumepoM QynEmEE kiaacca On(Q) cayskur QyEKOuA

u (o, ) = A"p (o) exp (iLS (),
rne ¢, S € C7(Q) m pyurnua S BelwlecTBeHHO3HAYTHA.

-+ + o0 + '
Homomum O, (R) = [ Oi(RQ). Copasenauso
Hpegmomenne 1.3. HUmetom mecmo 640%cenus
1) On, (Q) + On, (Q) < 05 (2), m = max (my, m,).
2) O, (Q) On, (Q) = O +my(82).
3) A0n(Q) < Onya(Q).
4) DEOHQ) < O 4 a)(Q)-
5) DEOR(Q) < 0n(Q).
Anasoeunnvie 6a0x%cenUs umerm mecmo Jan kaaccos Om(Q).
loKkaszaTeabcTBO OIGBUHO.
Pacemorpum muterpan

I o = (@@ o A)exp iAS (z, o)l de.  (1.9)
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ChopmynupyeMm udpdepeHnmaIbHbe YCHOBEA HA QYHKIHMH
¢, S.
1) 9 € CT(G X Q@ X RE), SECG X Q), dymrmua S
BeIleCTBEHHO3HATHA.

2) CymecrByer kommakr K < G Taroil, 4T0 HPOEKIHA
n, (supp ¢) ma R} comepmmres B K.

3) HMast mo6HX MYIbTHHHIEKCOB o, f, ¥

| DEDEDYg (2, @, 1) | < Cu, g, sA™ 7

npu (z, ®, &) € G X Q X R}, rne m — ¢urcupopaymoe 4ncyo.

ChopMynupyeM YCIOBHA Ha CTATOHAPHYI TOYKY, T. €.
Ha peleHne ypaBHEHUS

S (x, m):0 Rl 10)

oz ’ ’

4) TIpu rassmoM o € Q ¢yurnusa S (z, o) uMeer ejpuH-
CTBEHHYI0 RPUTHYECKYI TouRy z = z° (w) € Q.

5) inf | pj(0) | =8 >0, 1<j<n; p;(0)— cob-
2 928 (20 (0), )

dx2 ’

Teopewma 1.4. Hyeme ycaosus 1)—>5) ewnoanens.
Tozda dan I (A, ©) npu (A, ®) € R{ X Q cnpasedaueo pas-
A0xceHue npu abom yeaom N = 1:

I\, ©)=24"""%exp [iAS (2° (®), ®)] X
N-1 .
X 2 a; (9, S; @A+ Ry (b, ). (1.11)
j=0

CTBEHHEIE 3HAYCHUA MaTPHITLL

30ecv a; = [P; (@, z, D,) 9] npu z = 2° (0), ede P; —
Aunetinvle Jugpeperylaivibie onepamops nopsika 2j ¢ Koag-

Puyuenmamu kaacca C*. Ocmamounnii uten Ry (o, M) €
€ 0;n—n/2—-N (Q)

Taasnwii  usen  acumnmomuru — umeem  eud  (ecaus
¢ (2° (0), @, 2) %= 0 npu 4> 1)
I (A, @) ~ (20/0)"% @ (x, @, M) X

X exp [IAS (z, o)] ’ det

X exp [T sgn (ﬁa(:z—‘ﬂ))]

28 -1/2
7} (x ) | «

(1.42)

x=x0(0) "
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Cnpasedausa makice gopmysa muna (1.5) (¢ oyenkoii
ocmamounozo waena muna (1.7)).

Ilorasareascrso caenyer ms [60] (teopema 2.4). Toumo
Takas ke OpPMya HMEeT MecTO, eCjId ycaoBug Teopemsl 1.4
puimonEens npu A € Ry m Berss }/ A BuOpama B coorBet-
ctBun ¢ (1.3).

2. A-npeoGpasosanue ®ypre. Bymem mcmoabszoBath mpe-
ob6pazoBanme Dypre, saBucaAmee OT BEMIECTBEHHOTO IIapa-
MeTpa A == 0:

A n/2
(Fr, xopt () (P) = (7 ) Sexp[_m (@, pylu (z) dz. (1.13)
O6partHoe upeobpasoBanme WMEET BHJ
n/2
(B et () (2) = (=57 )™ § explitcz, p1v(pydp. (1.14)

—2mi
Bnecy Vi = éW4, YV —i = e~/% — persn Y A (em. (1.3)).
Anpanormano BBogaTcH A-mpeofpasoBanue (Dypre mo wgacru

OepPeMeHHEBIX.
B § 2 mam momagoburcg
JJemma 1.5, IIyemv o (z) € CF(R™), § (z) € C(RM),
gynryus S (x) eewecmeennosnauna. IHyemv M (9, S) =
= {p: p = 35 (2)/0z, x € supp ¢} u G (p) = Ry — o6aacmo
makas, umo G (p) M (9, §) = . Tozda 0das awboeo
yeaozo N = 0 u dan awbozo mysvmuunderca o

| DS [(F), xp (@ () exp (iAS (2)))) (p)1 ] <<
<Cy ol VA1), AERE,  ped(p). (1.15)

Hlorasareascrno. Bocmonassyemcs dopmymnoi

. 1 :
ihS(x) = L (eirS@), (1.16)
F:] aS (z aS -2
_L—:.z'1 a]- (x)ﬁj ) aj (x)=_a—xi_)-— aiz) L]
j=

rae S (x) — gocratodno raafras pyHrnua ¥ VS (z) 5= 0. Torma
Fy, xsp (¢ () exp (idS (2))) =

A \n/2 g ,
= (2)"" 7 § 0@ P exp U2 (S (@) — (@0 p)lda, (1.17)

2mi

v 1 ir _ a
Py = L(P, L= 9—2 'a_z]—a](x).

j=1
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Nmeem

as,
0<C (1 +]p)<IZE _pi<c,(t+1p))

o (Bl p) e

upp zE€supp ¢, p€G, |a| >0. Cremorarenbuo, npm
A€ Ry, p € G neBas gacth (1.17) He IPeBOCXONNT IO MOLYIIO
peqmamuer C | & Y271 (1 4- | p ). CooBa npumenssa (1.16),
nonygaem (1.15) wpu | o | = 0. Hudpdepennuposanme mo p
OpPUBOJAUT K HHTErPAIy TOrO »Ke BHUjA.

O6riguoe upeobpasoBanume Dypre mepeBOIUT HPOCTpaH-
crBo lliBapma S B cebs; A-mpecGpasosanue Dypbe mepeBoguT
B ceb6sa mpocrparcreo IHlsapma S (mmum S3), saBucamee or
mapamerpa A.

I pocmpanemso  S3 (RY), mo ompejesennio, COCTOAT N3
oyurmmit w (z, L) € C”(RE X RY) Takux, 9To KIA J0OOHX
MyabTHuHIEKCOB o, P mpm z € R*, A€ R} Bmnoausercs
omenra | £BDu (z, A) | << Coph®!. Ananormano seomutcst npo-
cmpancmso S3, (RY).

Mpegnomenne 1.6, Ecau u (z, A) € S5 (RR), mo

ATV, capu(x, A)EST (RD).

Ananoruunoe yreepskienne cupasemauso jas u € 53 (RE)
u gas Fi'y . .. llpenmosrennme fgoKassBaercss CTaHAAPTHBIM
MHTeTPUPOBAHNEM MO TACTIM.

3. IIpeoGpasosanne Jle:kamppa. Pacemorpum BHawame
ofauomepunil cayuait. Ilyers I': y = S (z) — BenyrIas mo-
CTATOYHO TJIAJIKafd KPUBAs Ha ITockoctH. llpm rakoM cmo-
cobe samanmsa Kamxpoln Touke I' cTaBUTCHE B COOTBETCTBUE
napa ugmcea (z, S (z)). [Ipomesem depes KaHLY TOIKY
KpuBoil KacaTeabHy0. IlonyduenHoe ceMeilcTBO HpPAMEIX Ha
IJIOCKOCTH OfHO3HAUHO ompegenser XKpusyio I', u I' aBngerca
orubatomeit sroro cemeiicTsa. IloaToMy B KadecTBE HOBBIX
KOOpAWHAT KayKmoil TOYKRM I MOKHO B3ATH mapy 4mces, KOTO-
PHI€ OHO3HAYHO ONPEREJII0T KacaTeabuyno K I' B aToil Touke.
¥Ypasuenne racateapnoit ® I' B Toure (x,, S (x,)) mMeer BHJ

y = 8" (zo) x + (S (z0) — oS’ (20)),

Tak aro mapa (S’ (zo), S (zo) — 208’ (z,)) opHo3HAYHO Ompe-
mensier TOURY (zg, S (z9)) € I'. BBenem HOBYIO He3aBECHMYIO
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HePEeMEeHHYIO
p=3S"(2) (1.18)
u HOBYIW ¢YHRIUIO

S (p)=xp—S (). (1.19)

B otoit popmyne z = z (p) ecth PYHKUEA OT p, ONpeHeTeH-
nasg ypasmenmem (1.18). Ilpeo6pasosamme

L: (z, S(x)) — (p, S(p)), (1.20)
5 sagapaemoe Qopmymamu (1.18),
(1.19), masmBaerca npeobpasosa-
nuem Jlewcandpa unu racamedn-
HbLM Rpeobpasosariem. DyHRIHA
S (p) wuaswmiBaercs deoiicmeennoil
b no fOney & dyurmuu S (z).

B cuny BrmyRitocT QyHRIuA
S (z) cooTBeTCTBH® MOWAY L U P
y2=l’3 B3aMMHO OJHO3HAYHO (OYCTH, IJIA
apocrotel, S (x) € C* (R)). Us

(1.18), (1.19) caemyer, [ro

Puc. 3. dS (p)=35"(p)dp =
=zdp+ pdx— S8 (z)dx=2xdp,
rak 910 S’ (p) = Z, W HmoryueHHBIE HOPMYIH IPLOGPETAIOT
CHUMMETPHYHBI BU:

p==5"(), z=S5(p), S@)+8(p)=ap. (1.21)

Fean kpmsas ' me sABjiferca ¢Tporo BEIUYRIOH, TO mpe-
obpasoBanre Jleixanapa mMeer 0COGEHHOCTH.

Hpumep 1. S(z) = (1/3)2®. Dymrxmma S (p) =
= 4-(2/3)p%? neogmosnauna (ee rpafuK — «KIOBY, puc. 3).

Mprauep 2.5 () = (1/4)z*, S (p) = (3/4)p*/3. Dynx-
uug S BHIYKJA BCIOAY, HO HE SBJAETCH CTPOTO BBHIIYKION
B Touke x = (; ¢ynrnmua S mmeeT 0COOGEHHOCTH B TOUKE
p(0) = 0, a umenno: S” (0} = oo.

Ilpeo6pasopanue Jlemaunpa uwsoaomusno, 1.e. L? =1
(I — TosxpmecTBenHOE HpeoGpasoBanue) — cm. (1. 21) Haee,

eciu KpuasA y = S () BHOYKIa, TO KpUBasi ¢ = S (p) rax-
JK€ BHIODYKJA, IIOCROJIBHY as’ (p)/dp = 1/§" (z) = 0. Hpome
toro, §” () S"(p) =
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B caywae mmormx mepeMeHHBIX mpeobpasoBaume Jlerxan-
npa sagaercsa amasormuno (1.18), (1.19), rme z, p € R™

p=08S (z)0z, & (p)=/{x, p)—S (z), (1.22)
nmiH, B CAMMeTPHYHOH (opme,
p=0S ()/0x, =205 (p)/dp,
S (2)+8 (p)=(x, p).

IIpuBegeM ocHoBHHE CBolicTBa mpeoGpasoBamua JlekaH-
mpa {(cm. [15], [26], [63]). Hycrs G — oBaacts B RY, QyHK-
mus S (z) € C*(G) m muorooGpasue z,1; = S (z), = € G,
uMeeT OTIHIHYI0O OT HYJs TAayCcCOBY KPUBHBHY, T. €.

de t” B8 “7&0, 2€G. (1.24)

(1.23)

Torga, mo Teopeme 00 oOparHoil QYHRIMK, YpaBHEHHe p =
= 98 (z)/0z sanaer pudeomopPusM HEKOTOPHX FOCTATOTHO
Maabx okpectrocteit Uy, Vo touek z°, p® = a8 (2°)/0x coot-

BerctBenno I S (p) € C°(Vo). Huwme z € Uy, p € V.

1) Illpeo6pazosanne  Jleskammpa MHBOJIOTHBHO — CM.
(1.23).

2) CopaBeIHBO TOKIECTBO

228 (z) 928 (p)
2o 2. (1.25)

HeiicTBuTeNBHO, .
dz=d (38 (p)/dp) = 6*S (p)/dp*dp,
dp = 2S5 (2)/02> dx.

3) I'ayccoBa XpuBH3HA MHoroo6pa3Hﬂ P =8 (p), PE
€ Vy, oTiiAYEA OT HYJA:

dt””“’

#0, peVo, (1.26)

m 9T0 MHOroo0pasme BHIOYKIIO, €CJIM BHIOYKIO MHOT00Gpasue
Zpyr1 = S (z), z € Uyg. Caegyer u3z 2).

Hpumep 3.5 (z) = —;—(Ax, z), rme A — BemecTBeH-

Had HEBHIPO:KIEHHas CHMMETpuYeCKad MaTpHuia, TQI‘JIa

p=Az, S(p)=7Atp,p).
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Anajormunio BBOmUTCA nOpeobpasopanme Jlemanapa 10
gacTH mepemenubix. IIpeo6pasoBanne Jlexxamnpa HassiBaercs
TAKKE KACAMEABHBM NpPeolpasosaniem.,

VYeramopum cBasp MeEOy A-mpeoOpasoBammem @Dypre
n upeobpasosanueM Jlexanapa. IlyeTs BHIOMHEHH YCIOBHA:

1) S@ec™), ¢@)ele(U), dymxuua S (z) Be-
utecrBeHHO3HaTHa (U — ofmacts B RY}).

2) OroGpaskenue z-> p = 3§ (x)/0x ectp puddeomop-
dusm Uma V. R}

Torma copasemiauba

Teopewma 1.7. Ilpu awbom yerom N =1, p€ R,
A€ RY umeen

[Fy, x-p (@ () exp (iAS (2)))] (p) =
= exp [i?»§ (p) ———iﬂ inerdex ——————6256;’;(1) ) ] X

X]“——*—ﬁzsmp ™ (9@ +

N
+ ) A (Bo0) (p)) + Bew (P, 1) (1.27)

h=1

Ocmamounnii wien R_yx € Oy (R3).
Sameuanne 1.8, Ommcamume omepatopoB R, mamo
B Teopeme 1.4. Pasnomenne (1.27) moxuo nuddepennnposaTs
110606 THUCIEO Pas IO p M IO A C COXPAHEHWEM DPaBHOMEPHON
o p, A omeHKU ocraTodHore wiena. [lamee, ecam G — Brem-
Hocth o6nacta G' o {p: p = S (x)/0z, x € supp ¢}, To HuA
0CTATOYHOTO dNeHa WMeeT mMecTo Gosee Tounas omenra (1.15).
"HorasarTexbcTBo Teopemu 1.7. Jlesasn

vacts (1.27) pasma
L\ /2 .

(z=)"" | o @exp 0 (S (@) — (2 p)1da.
CranpgonapHEe TOYKM (YHRIMH, CTOAMEH B JKCIOHEHTS,
ompexmesstioTess U3 ypaBuemums S (z)/dx = p; B emmy yedo-
BHA 2) CTaOHOHAPHAA TO9KA I = & (p) eAMHCTBOHHA WpPH
z € U m meBrpoiaeHa. B aroit Touke S (z, p) — (p, z (p))=
=S(p. -

Hpumenmm merox crammonapHoii ¢asel (Teopemy 1.4);
ponp o mrpaer p, a B KadectBe £ BossmeMm V. Torma cyme-
CTBOBAHME DA3JIQKEHHA [0 cremeHsaAM A~! W omeHKa ocrarou-
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HOrO 9ieHA cjefyioT u3 TeopeMs 1.4. Brrumcamm mpepgpxcmo-
HEHIHAJIBHHEA MHO)KHTENh B IJIABHOM WIGHe ACHMIITOTIKH.
IIpu A >0 oH paBex

(L)nlz /_21)1:/2 (z )‘det aZS(x)

25 \ A
' 628
X exp [ ”1: sgn 812"”) :l x——x(p)
S 328 (x)
p[ ( ) _")]
gro paer mam (1.27).

Cunepgcrsue 1.9 B ycaosusx meopemw 1.7 umeem
025 .
[ wn (9 (@) | det 27| exp (128 (@) ] (p) =

det ) ;p )

-1/2
X

=@ (2) ’ det -2 (z)

x=x(p) ’

1/4

= ¢ (@ (p)) exp [iAS (p)]
X exp [-—g—ninerdex MJ—[—R 1(py A} (1.28)

Oyenka 0CMAmMouH020 4aiena ma e, umo u & meopeme 1.7.
JHoxasarensctBo ciexyer u3z (1.27) m (1.25).
@opmyna (1.28) pmomyckaer CIeLYOMYI0 HHTEPECHYIO
uaTepuperanuio. Paccmorpum B mpocrpancrse R = RZ X
X Rj mmoroobpasue

={(x, p): z€U, p=—6%i}'

B yecaosmax reopemsr 1.7 ypasmenme A" MOKHO 3ammCcaTh

B BHJE
={(9c,p):a:—~———a (p) EV}

Tak YTO B KauecrBe KoopmumpaT Ha A" MoKHO B3ATH mam Z,
man p. Hyers x — wooppumuater Ha A"; Torma

det op (x) = det Z2\%) U S (I)
ox

b

M aHAJOTHYHO, €CIN p — XoopuuHatel Ha A", TO

oz (p) _ 4., 925(p)
det 2 =det e
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Torga ¢opmyna (1.28) mpumer cUMMeTDPUIHBIE BHI:
a /2 .
[ 7, op @ @) [dot EEL[ P exp (i35 @) | () ~

@ (z ()| det 22" exp (a5 ()]

X exp (——lg inerdex —%) (1.29)

¢ TOYHOCTHIO [0 WieHOB mopamgka O (A1),

Commerpus dopmynet (1.29) siBaseTcss cnefcTBIeM YHHTapHOCTH
nupeoGpasoBanusa ¢ypse. [leifcTBUTENBHO,
F (9 () exp (ihS (@) =@ (p) exp (i (p))
(smecn F = F, ., A > 1 1 wenn nopsaaxa O (M) orGpomensr. Cie-
JIOBATEJNBHO,

fro@pa={iFwea.

Kcaun d)ymmmﬂ ¢ (z) TOKANM30BAHA B OKPECTHOCTH TOYKH *, TO QYyHK-
ous (p (p) momanmsoBaHA B ORPECTHOCTH TOYKEU p = p (z), T. €.

| @ (2) |2 dz == (p) |2 dp-
OTciopa caexyeT, 4TO

|z )I[/‘ —
(cp. ¢ (1.29)).

4. Meron cranmomapuoii dasel N aGCTPaKTHRIX (QyHK-
uuii. Usiomensnsie B 0. 1 pesymsraTsl 06 acHMUOTOTHRE MHTE-
IpasioB OT GBICTPO OCHUIMAPYIOMUX QYHKIHA MOKHO pac-
OPOCTPAHAT: HA MHTEIPAJH BHAA

CD(A):S exp [i4S (2)] ¢ (z) da. (1.30)
Rn
3mecs A — omeparop, A: B —> B, rme B — GanaxoBo mpo-
CTpPaHCTBO; TOUHHIE ycioBua Ha omepatop A 6yayr chopmy-
JAEpoBaHE Hu:xe. [lamee, BCIOAY B JaabHENIneM IIPEfUoia-
raeTcs, UTO BHIIOJHOHE YCIOBHA:
®1.1. Oyrrmua S (z) € C*(R™) u BelecTBeHHO3HATHA.
®1.2. Oyurmua ¢ (z) € Cy(B).
3necs Cy(B) — raace gymxmuit ¢: RE — B co smaue-
HAAMU B 6aHaxoBoM HpocTpancTBe B, KOTOpHe GECKOHETHO
muddepenmupyemsr npu z € R® u pupmTHH.

de



§ 1. METOJl, CTAITMOHAPHOU ®A3MI 47

Ilna unrerpanoB Bupa (1.30) moayumm acHMOTOTHYECKHE
PABIOREHNSA, AHATOTHUHEE TeM, KOTOpHE OHIN HOXYUCHH
s umrerpanos Buga (1.1). Bee moxasarennpcrsa mpoBogdTes
1o Toii ke cxeme, uto W Jas warerpainos suna (1.1) (cp. [55],
[60]).

Brenem o6osuawenna: D (A) — obaacty oupefeseHus,
0 (A) — cuertp u p (4) — pesonbBeHTHOE MHOKECTBO Ole-
paropa A. Bmemem yciaonue

A 1.1, Oneparop A aABIserca NHPUHUTE3AMANBHLIM OIe-
paTopoM CwibHO HempepsiBHO# rpymnmer {exp (it4)} orpanm-
YeHHBIX ONepaTopoB Ha OCH —oo < I < - oo.

Ws svoro yenosus Buirexawt ciexyiomme dawrer ([18],
[21])). Cymectyer ® >0 rakoe, uToO

|| exp (itA) || << Meo't, tER, (1.31)
rfe nmocrosnuas M ue saBucur or £. Cmexrp ¢ (4) comepsrures
B mosoce | Im p | << @ Rommiexcimofi miockoeTs p. Pesodn-
Benta R, (A) = (W — 4)~" omeparopa A4 (I — enuHuuHHIHR
OIIepaTop) ABIAETCS TOTOMOPPHONE oNepPaTOPHOSHAYHON HYHK-
ngmeit p Bue mouock | Im p | <C @ U yHoBierBopseT oneHKaM

Ry @< Co(d+ [p DTt (1.32)

B obamactu | Im pu | = o 4 &, rge € > 0. Kpowme Toro, cupa-
BeIJIuBH (OPMYIb ‘

exp (— i +idt)dt = —iR_;, (4) (Rep > o), (1.33)

exp (— ut -+ iAf) di =iR_;, (A4) (Rep << —w). (1.33")

éﬁ-—ﬁo ot—33

B gacrmoctu, mpu | Re ¢ | > o omeparop (4 + iel)™!
CYINECTBYeT ¥ OTpaHUYeH.

IIpmwmep 4. Pacemorpmm omeparop 4 = d/dt B ruiib-
GeproBom  mpocrpauctBe B = L, (—oo, o). TIpynma
{exp (it4)} ectb yHmTapHas rpynmna CIBHIOB

exp (it o) £ (0 = (v 1).

Coextp o (A) coBmaaer ¢ BeINECTBEHHOH OCHI0 — o0 <
< p << co. OGnacrs ompegemenmst D (4) omeparopa A =
= d/dt cocront us dymxnui f (1) € L, (—oo, oo), aGCoAOTHO



’
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HONPePHBHEIX B TAKHX, 970 [’ (1) € Ly (—o0, oo). Omeparop
(A4 + iel)™' cymecrByer um orpammueH nupd xaioGoM €, He
JeameM Ha MHAMOHW OCH.

Iyers N > 1 — nexoe uymeno, Torma ¢ymxmuu f (t) €
€ D (AN) spnaiotes raagkuMm (Bce mpouaBogable [ (T)
no mopagka k = N — 1 Bruoumrenbno aGcoaioTHO HEIpe-
puau). Hpome Toro, D ((4 + ig)N) = D (AN).

JJemma 1.10. Hyemv yeaceus O, ©1.2 u 4 1.1
BUNOAHEHIL U

grad S (z) = 0, =z € supp ¢. (1.34)
Tozeda npu awbom yeaom N =1
D (4) € D (47). (1.35)

HorasaTeabeTso. BocrmoansyeMmesa TOmIECTBOM
exp [i (4 + ie) I) S (z)] =
= (4 + iel)t Lexp [i (4 4 iel) S (x)],

n
— —i 2 95 o
L=—i|VS@)[?D) Ge; Doy
j=1
rie | Re ¢ [ > . Uurerpmpys wmo wvacTAM M YYHTHBAA
dmanTHOCTh HYHRIUN @ {X), TOAYIAEM

© (A) = (A+ieD)™ | expli (4-+ieD) S ()] LY (550 (1),

rme 'L — ¢opmannno compsaskensiit ¢ L omeparop. Ilocuer-
um#i marerpan, B cwry yeaoBus A 1.1, mpumammexur mpo-
crpancrBy B, Taxk aro @ (4) € D (4Y). Jlemma poxasana.

B uactuocrm, ecim A = d/dt, B = L, (—o, o), 10
@ (4) ects Gecxoneuno gupdepenuupyeMas QYHRIUA OT T
(3 ycamopmsax gemmu 1.10).

Tenepr mecmepyem caydaii, xorga ¢asa S (x) mMeer Ha
SUPP ¢ HEBHIPOJKICHHEIE CTAllMOHADHbIE TOUKH, B cuiy mem-
met 1.10 gocTaTodHO OrpaHHUMTHCA PACCMOTPEHHEM CIydas,
KOTJAa MMeercs TOJBKO OfHA CTalMOHapHas TOIKa. [lokasza-
TenncTBO0 Qopmynst (1.1) ocuHoBamo Ha cHEIVOIUX IBYX
¢darrax: ma jgemme Mopca m Ha dopmyne

o

§ exp utyde= g-emt )/ 5 (ImAz0).  (1.36)
0
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Bnecs A 5= 0 — uncio, Betss )/ A BuGpama B DOIYIIOCKO-
cm ImA >0 1ax, utro /' A > 0 npu 4 > 0.

Jdemma Mopca [44]. Hycme gynkyus S (z) seye-
cmeeHHO3HAuRa U beckoneuHo OuggdhepeHyupyema 8 orpecmuo-
cmu mouky 2%, KOMmopas S6ALEMCs HeBuPONCOeHHOT Kpumuie-
ckoti mouroil pynryuu S (x). Tozda cywecmsyrwm okpecmrocmu
U, V mouer z = 2°, y =0 u duggeomoppusm ¢: V—> U
‘kaacca C* makue, umo

(Seoq)(y) =S (29 +— Z wy3. (1.37)

].__

3mech u; — coOcTBeHHbIe B3HaweHHMsA Marpausr Sy, (2°)
det ¢’ (0) = 1.

Uro0n mMeTh BO3MOKHOCTD HOJYHIATH AHAIOT (QOPMYIH
(1.1) nna wumarerpaxos suma (1.30), meobGxomumo HoKasaTh
oueparopusii amasor ¢opmyasr (1.36).

Jemma 1.11. Hycmv onepamop A ydosiemsopsem
yeaosuio A 1.1, Tozda npu Re & > o onepamop

Ze—iﬂ/ll S exp [itz (A+ iSI)] dt (1'38)

on-1/2
(A-|-iel) =V )

ecmb ozpaHuueHHull onepamop, Odeiicmeyowuti us B e B,
U €cnpaeedauso CoomHoULEHUE

(4 + ieD) ]2 g = (4 + ie)t g (1.39)

npu abom g € B. \ ;
Hoxasarteasbcrro. Tak xKak mo ycaoBuio

|| exp lit* (A4 + ieD)] || << M exp [* (o — Re ¢))

u Re ¢ > o, To uurerpax (1.38) cxomures mo HOpME M ABIAOT-
cA orpanu4eHHHM omepatopoM (u3 B B B). Ilepemuo:xus mBa
mHTerpasa Buma (1.38), moxyuum ABYKPATHHH CXOTAMUHACH
II0 HOpMe HATerpal

4i
T

[(Atien)TPp= —

O!_’-;g

S exp [i (124 F) (A - iel)] dt di.
0 : ' :



50 YACTE I. KBAHTOBAHUE MOJA CKOPOCTEH

Ilepexoms X DOJNAPHEM KoopmuHataM (r, ¢) M YyYATHBas
gopmyay (1.33), momyzaem

. /2 oo
[(A+ieD)~ P p— — e S de S exp [ir2 (A + iel)] rdr =

0

= —i

of_’qg .

exp [; (A+iel)p]dp = (A+iel)™,

JleMma morasaHa.
Caengcrsue 1.12. Hyemv ycaosus aemmw 1.11 eu-
noanentt u Re 8 << —w. Toeda cnpasedausa gGopmyaa

Sexp[—i(A—l—ieI) 2] dt = 1/25 e/t (A+iel)~ 2. (1.40)
0

amegaunne 1.13. [Tycrs yeaosue A 1.1 penoaneno,

|| exp (itd) | < M, t€R,

u o (A) He comepsxur noxyocn (—oo, 6], § > 0. Torxa cupa-
pegimBa dopmyiia

A-x/zz_l%e_in/4jexp (A d). (1.41)
14
0

- Omepatop A~Y2% B —> B orpammued, u (A Y32 g = A4-'g
nasa awoboro g € B.

Touno Tak ke AOKA3EIBAETCA

Jemma 1.14. ITyemv yeaosue A 1.1 ewnoaneno,
Re ¢ > o u j=0 — yeroe uucao. Tozda

[ expri(a + iel) 2] £ dt —

0

=21 (2L) Jexp[F (1) [ (A+ien™9T02 (1.49)
4

Jlemma 1.45. IHyemv ycaceue A 11 ewnosneno,
Ree> w, § > 0, j = 0 — yeaoe uucao, g € B. Tozda npu
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a06om yeaom N = 0 cnpasedauso pasaodcenue
i' exp [i (A--iel) 2]t dt. g =
0 =_ r ( i+1 )exp LlZ‘_ (j+ 1)] (A o)~ G+D2g |
%wnHHA+wD&ﬂ§CMA+ED*g+gm (1.43)
r=1

20e gy €D (AN*Y), ¢, — nocmosnHble.

Illorasarensctso. llpexcraBuM wHTErpax 10
orpesky [0, 6] B Bmjie pasHOCTM WHTErpaioB HO IOJYOCAM
[0, o0) u [8, o0). [lus mepBoro M3 9TUX MHTETPAJIOB CIpa-
pemauBa dopmyna (1.42); Bropoli MHTErpal LPOMHTETPHPYEM
M0 9ACTAM:

[+

5 exp [ (A-iel) 2 ¥ di- g —
)

= ___;- (A-iel)y " exp [i (A+iel) 2] g ¥ +

Fi(Aielyt { expli (Aiel) 2] (Y di-g. (1.44)
s

Tax rar
llexp [i (A -+ iel) *1{] << M exp [(—Re & + a) #%]

n Re ¢ > », To BHeuHTerpanbHas MTOJACTAHOBKA TpH § =
= -}-oo obpaiaerca ®» Hyab. VHTerpanx B mpaBoil wacT:
paBenctBa (1.44) cxomures no HOpME; CleOBaTEIbHO, IOCIE]]-
mee ciaaraemoe B gopumyie (1.44) npmuagmexur D (4). IIpo-
JoJKag WHTeTPHpPOBaHMe Do 4acram, moayyaem (1.43).

BaMeganmnme 1.16. Ilyerp A =d/dx, B =
= L, (—oo, o). Torma pasmomenme (1.43) ectp acummro-
TH9eCKoe pasio;kenne mo raagkocty pynrmmn @ (4) (O (A)—
uaTerpan us (1.43)), Taxk KaK 0CTATOUHBIA WieH g5 UpUHANAe-
JKUT 06JacTH onpemelenus omeparopa d/dtV*i,

Ilomryanm ocHoBHYIO OopMYIYy METO/a CTAIMOHAPHOHA (assl
B OZHOMEDHOM Ciydae.

JJlemma 1.47. Hyemv yecaosus ® 1.1, ©® 1.2, 411
eunoanent, Re e > w. Tozda npu awbom yesomw N =1

4%
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Ccnpasedauso pa3AONHCEHUE

o0

S exp (id2?) ¢ (z) dz =

-0

. N
=(A+ie)" 2 3 (A+iel) P ay+gy,  (1.45)
k=0

ede ay € B, gy €D (ANY).
LJorasdaTeanctTso. Paccmorpum mHTETpaX

@ (4) = S exp [ia® (A - ie])] ¢. (z) dz,
0

rae o6osHaTeHo @ (z) = exp (ex?) ¢ (z). Dyurous ¢, (z)
¢uHUTHA.

[ycts ¢pyurimua ¢ (r) mMeerT HYIb HOPALKA M B Hadajke
rooppmuar. MATerpupysa mo dUacTsaM, LOJydaeMm

D (A4) = o (A zed)* Fel2)

x=0

L’;s

— e (Apiel)t [ exp lia® (A teD)] L (922 g

z

A
oI~

Beauw m =2, To Pe

p 0= 0, nmocmeguuét wHTerpPANL
xXx=

ecTh syeMeHT upoctpamctBa B, Ttak uro ® (4) € D (4).
IloBTropsina MHTETpHpOBaHME IO HWACTAM, IMONYydaeM, dYTO
®(4)€eD (4%), e k = [g] —1.

IlpemcraBum ¢ynrmmo ¢, (r) B BHIE

N
Pe (z) = D) @;z’ + Py (), ¢; € B;
§=0 :
rorfia Qymruua Py € C*(B) n umeer nyap mopsaaka N -+ 1
B Hagaje Koopauuar. BremeM cpe3anmyn CRaIAPHYO yHK-
muo ¥ (z) € C5(R), TompmecTBeHHO paBHYW 1 B OKpECTHOCTH
| | << § magazma KOOPAMHAT, M PACCMOTPHM HHTEIPAJI
d (4)= 5 exp (i4z?) ¢ (z) ¥ (z) dz. .
0 .
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B cuny aemmur 1.10 mmeem
@ (4)— D (4) € D (4")
npu aiobom mexom N = 0. Hefiersurensuo,

© () — B (4) = | exp (1429 ¢ (&) (1 —x (2)) d,
) |

q]yHHfmﬂ g (x) (1 — % (2)) € CF(B) m TORIECTBEHHO pPaBHA
aymio npu | z | < 8, Tak wro $asa S (z) = 2? He umeer cTa-
NUOAAPHEIX TO4YEK Ha Hocurelde dTod Qyurmum. Mmeem

N o
®(a)= 3 | exp1i(a+ieD) 22 2y, (2) 9y dz -+

j=0 0
+ | exp 1t (At 180) 2% P (0) e () dz, (1.46)
0

rae  y. (€) = y (z) exp (ez?). @uucumpyem M >1; rorma
npu gocratouno Gombmom N (mopsmka 2M) mMeeM mo moka-
3aHHOMY BHIE, uTo Iocxemuui warerpan B (1.46) mpumapmme-
mur D (4AM),

Haaxee,

S exp [i (A4 ie) 2% xixe (x) dz =
0

]
= S exp [i (A iel) 2% & d -+
0

+ g exp [i (A +iel) 22] &'y, (z) d.
: ;
Has umarerpaios mo orpesky [0, 8] cupasemmmsa dopmy-

na (1.43). Wmrerpan mo moxyocm [§, oo] mpommrerpmpyem
00 9acTAM; TOTNA TOAYYAM BHIpaKeHUe

— 5 (At eIyt 2 exp [i (A+ ied) &%) fump +

oo

+ % (A4-iel)™t S exp [i (A+-iel) 2% o (x’ v () dz.
5
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ByneM wHTerpHpoBaTh IO 9acTAM Jlajee H 3aMeTHM, 4TO BHe-
HHTerpaJbHaA IOACTAHOBKA B MHTETpaje mo moayocu [, oo)
COKDATHTCA CO CHATACMEIMH BHIA Cj €XD [i (4 + &I) 8% x
X ((A + iel) 6%)~*, pxomsmumu B pasmorxenne (1.43) mure-
rpana mo orpesky [0, 68]. Hamomumm, gro ¢pyuxums y ()
dunurra u uro ¥ (x) = 1 upnm |z | < 8.

Tem caMbIM OKa3aHo, 4TO

S exp [i (A +iel) 22 ¢y, (2) da = ¢ (A iel) ™9 2¢, 4 71,
0

rme gy €D (AM) m M =1 momuo B3aTh a1006bM, ¢ = const.
OKoHYATeNHHO IIOAYYAEM DPABIOKEHHE

M
O ()= 3 (A+ieD)” Dy + Ry,

rme hy €D (AM+Yy 51 M > 0 MOKHO B3ATL JIOGHIM.
fIsapre POopMYIH 1A KO3PPHUMEHTOB P, MH HE IIPHBO-
J¥M; OHH TOYHO TaKWe yKe, KaK U B CJyYae MHTErDaJoB BAMA
o
S(p () exp (iha?) dz, toe A — J-oo.
0
AHanoruuHoe pPAaBioMKeHHe CUPABE/JIHBO [JIA HMHTErpaja
Buga @ (4), B3saroro mo moayocu (—oo, 0l. Iaxee, merpyn-
HO LPOBEPHTH, YTO TPH CYMMHPOBAHHE JTHX PABIOKeHUil
claraemble, Cofeps;kalilie IelLe CTemeHn omeparopa (4 -
+ iel)™!, cokpamarorcs, 1 M moaydaeMm pasiosxenue (1.45).
Anajornuno jjoKasLBaeTcsa
Jemma 1.48. Hpu ycavsusxr aemmur 1.17 u npu
Re ¢ << —w cnpasedauso pazaoxcenue (1.45) das unmezpasa

0o

N
S exp (—ida?) ¢ (2) dzx = Z (A—iel) "2, 4 gy, (1.47)

— 00 k=0

2de by € B, gy €D (AN+).

Pacemorpum  m-wpartasiit marerpax (1.30) m moayumm
anamor teopemsr 1.1.

Teopema 1.19. Iycmu yeaosus ® 1.1, ®1.2u A 1.1
svinoanenst, Pynryus S (r) umeem Ha Supp ¢ posHo 00HY,
U npumom Heeupodcdennyio, cmayuonapuyin mouky r°. Tozda
npu Re ¢ > w u npu awbom yesom N =0 cnpasedauso
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pas./toolcenue

@ (4) = exp [i4S (")) (A ieD) ™" x

X(E—isI)“v_/z[ > (AJFiSI)"‘(A_ieI)"aM]+gN,
0<h+I<N

(1.48)

n

20e an; € B, ocmamounwii uaen gy €D (AN+[5]+1).

30ech vy — YMCIO IOJOKUTEJBHBIX, V_ — YHCIO OTPHU-
HATeNBUBIX COOCTBEHHBX 3HAWeHHH MaTpuisl Si, (2°).

HowrasarteabctBo. B cuny aemmnr 1.10 momxuo
CUUTATH, 9UTO SUPD ¢ COMAEP!RUTCHA B CKOJb YTOTHO MAIOH
(zo PurcupoBannoi) oxpectaoctu Toukn z°. ITo memme Mopca
MOJKHO CHeJaTh TJIAfKyI0 3aMeHy DNepeMeHHwx 2z = f (y)
Taryo, 910 2° = f (0) m aro Pynriwms (S o ¢) (y) Oyner KBaj-
patugnoil dopmoit (1.37). Tawum obpasom,

© (4) —exp (48 @) | exp (S5 S wy}) G W dy), (1.49)
14 j=1

rme V — OKpecTHOCTD TOURN y =0,
® @) =(pe]) (y) det ' ).

K wunrerpamy (1.49) GymeM mocienoBareibHo UPUMEHATH
MeTof cranmonapHoi dassl (1. e, memmer 1.17 u 1.18) no uepe-
MEHHBIM Y1, Ygy « - -1 Yn. PACCMOTPUM HHTEI'PA
¢ id ~
@, (4) = | exp (5 nt) @ @) dys
Ecnm p; >0, To mo nemme 1.17 sT0T HHTETpam momyckaer
pasmomenue (1.45), xoopdummentH KoToporo — PUHHTHEIE
rrajikae QYHKEOUE OT TEePEeMEeHHHX Y,, . . ., Yp. D CcIydae
py << O mpumenmma gemma 1.18. 3arem moayuenuoe pasio-

JKeHWe YMHOMKUM Ha eXxp (% MZAyS) , IPOMHTETpUPYEM IO

_mepemenHno#l y, m mpumenuM jgemmy 1.17 mmm nemmy 1.18
B 3aBHCHMOCTH OT B3HaKa [,. I[Ipogoiikas 9ror mpomecc,
noaygaeM pasuoxenue (1.48).

Taasustit wiren pasmomenmsa (1.48) mmeer Bupg

D (4) = c exp [iAS (2] (A+iel) "> (A—iel) ™% (%) + g1,
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rie g1 €D (A[EIH) u

(23'5)"/2 | det Sy (2°) ]"“2 exp [—l-g- sgn S (x")] .

PasBureiit B 9T0OM OYHKTE METOR CTanmOHApHON (ass Mg
abcrpaKTHERX QYHKUWE DTPUMEHHSETCA NTPH WCCIEOBAHUN
PacupocTpaHeHWs pPAa3pHBOB pemenHdma 3afgaud Homm [38],

[40].

§ 2. HcesponudepeHumaabubie OUEPATOPHI

Ilyers L — guddepennuaabusiii oneparop, 3aBHCAUI
or GomBmMIOr0 mapaMeTpa A M A TAK BXOQUT B OIEPATOP, 4TO
OPH KaKION TPOU3BONHON 0/615,- UMeeTCsT MHOKHTeNIb —
mansii mapamerp A~l. Ilpumensas omepatop L ® $ymrumm
¢ exp (iAS), momywaem

¢ (2) exp (IAS (@))] = exp (iAS (@) O (&, A7),

e Q — noamHOM 1O HepeMeHHOoU Al

B sToM maparpade BBogurcA mouATue A-mceBmoguddepeH-
nEajabHOro omeparopa (O. A. 0.), KoTopoe ABadercs obobme-
HueM mnoHATAA RupdepeHnmanabHoro omeparopa. Heobxo-
IuMoCTh TaKoTo ofobmennsa BrgcHUTCA B § 5. IlpuBemeHHas
Bome Qopmynaa pgefictsmsa muddepeHmmAIBHOTO omepaTopa
Ha ¢yarmuio @ exp (iAS) mpm Goxbmmx A mepeHocHTCA
¥ Ha A-mceBmomumdpdepennuaJpHHIA omepaTop (ech S —
BOM[OCTBOHHOSHATHAS, @ — ¢unmrHAs QYHKOAN), ¢ TOR JIMIIE
pasumueit, aro Q Gymer y:ke He TOHMHOMOM OT A1, a acumm-
TOTHYECKAM DHAKOM IO CTemeHAM AL

1. Oupenexenne X-ncennonnq)d)epermna.nbnoro omepa-
ropa. IIyers L (z, p), u (z) — cranapanie pyaxnma. Crenysa
MelinMany, GyHeM HCHOOAB30BATH CAGAYIOIEE 0003HAUCHAA:

(:c, Dx)u(x) Fp_,xL (%, D) Faupu (),
L(x» Dx)u(x) F7le (FeapL (z, p)u(2)).

(2.1)

Nagerca 1 m 2 mokasuBawT, XaKoid N3 OmEpaTOPOB Z,
D, B Bupaenun L (r, D,) meiictByer HepBHM H KaKoi
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me#ictByer BropeiM. Hampmmep, ecam L (z, p) =a (z) p;, TO

ou (z)
ox j !

L (2:, li)x) u(z)= —ia(z)
L(;c, Deyu(z)= _i-ai—j (a (2)u (z)).

Omepatopst Bupa (2.1) masmBaoTca ncesdoduggepenyuart-
num  onepamopamu (u. A. o.); Oyurnma L (z, p) HasH-
BaeTcA cumeosom 1. K. o, Teopus m. K. 0. mocTpoena B pabo-

tax [25], [68]. . 4 L s
Ouneparopu L (z, D,) u L* (z, D,), rme L* — omeparop

¢ cumBosioM L (z, p), aBaaiorca GopManbpHO CONPSKeHHHIMA:
;o2 12
L(z, D)= L* (z, D).

ITO 03HA9AET, UYTO

2 1 1 2
(L (%, Dx) @, $) =(®, L* (2, Dq)})

maa  awbux Qymkumit P (z), ¢ (z) € Co(R™) mpu coorser-
CTBYWIAX YCIOBHAX Ha CUMBON (CM. HURe), TMe CRaJSIPHOE
OPON3BEIEHNEe WMEeT BUJI

(@, 0= ¢ P da.
Rn
B uwactHOCTH, omeparop
1 2 2 1
L=L (.Z‘, Dx) +L* ('Z’ Dx)

ABIACTCA (OPMANBHO CHMMOTDHIHEIM.

Mn 6ygem paccMaTpmBarh IT. JI. 0., 3aBHCAN(AE OT BEMIE-
cTBeHHOro mapamerpa A 5= 0. DopmanpHO A-I. I. 0. BBO-
nurca mo dopmyne

2 1
L (z, M1Dy; (M) YHu(z)= ’

=F3 il (2, Py (MY, vt (2). (2.2)
Ilpg A =1 wmMu moaygaem ofmuneii u. a. 0. DOysromsa
L (z, p; (iA)~') uasmBaercs cumsoaom A-u. n. o. (2.2). Ilpm

9TOM
L (z, p; (M) — L (z, p; 0)
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upu A — oo. Tounble yciaoBdA Ha CHMBOJ OYRYT NpPUBENEHH
HEKE,

Msr paccmarpmBaem omepartopsl Bupa (2.2), saBucAmme
0T mapaMerpa A, mo To# upuudmHe, UTO MHOTHE YDABHEHUS
MareMaTH4ecKoll (H3WKH cogeps;RaT mapaMmerp A, KOTOpPH
BXOIMT B YDaBHEHHs HNMEHHO TaK, Kak B (2.2).

Hpmmep 2.1. Ypasueune Hlpeguurepa:

ih 0D P Ay (@, )4V @ (@ D). (2.3)

JTO ypaBHEHHE ONHCHBAET MBIDKEHUE HEPeIATHBHCTCKON
KBaHTOBO YaCTHIEI MACCH M B TOJE ¢ MOTCHIMANBHON 2Hep-
rueit V (z). Hoaaras h = A~!, moxyuaem n. o. Buua (2.2)
¢ CHMBOIIOM

Lz, t, p, E)=E+—2%n—<p, p+V(z).

3mecs L — pBoiicTBeHHas mepemendas K [ (3Heprus).
Hpumep 2.2. Ypasuenne Iexsmroabia:

(A k2® (2)) u (z) = 0. (2.4)

JTo ypaBHeHWe OINCHBAET pPACHPOCTPAHEHHE CBETOBHIX
(a Tamske JAEKTPOMATHATHHIX M AKYCTHUYECKMX) BOJH dYaCTo-
Tel k B cpene ¢ Koadduruenrom mpeaomnenus n® (z). Pas-
neaus obe uyacT ypasuenuws ma k* W momaras A = k, moxay-
yaeM . o. Bujaa (2.2) ¢ cumsosom L (z, p) = —{(p, p) +
+ n? (x).
HNprnmep 2.3. Pacemorpum pasHOCTHYI CXeMy
w2 bun L ung =20

=0 (2.9)

h2 h2

n hn_ hm
BJIsL BOJHOBOTO YPABHEHUA Uy = Uyy, THE Uy = U (—2—; >
a o >0, A >0. Hcmoassyas dopmyny ehd/def (z) =
= f (z 4 h) n anagornauyw Gopmyay mis f (¢ 4 ch), momy-
YUM ypaBHEHHE

[sinZ (~Z—Dt) — o % sin? (% Dx) ] u(z) =0,

KOTOopoe JaerT HaM Pa3HOCTHYIO CXeMy, eClIH 3HadYeHud U
B3ATH B TOYKAX CETKH. ITO YpaBHenue umeeT BUL

L (}“—IDti }"_I‘Dx) u =0, h = }\'—11
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rie L ectp A-m. g.o. ¢ cumBomoMm L (x, t, py, Do) =
= sin? (po/2) — a2 sin? (apy/2).

Ouumem Kjiacc CHMBOJIOB.

Ounpepenenwne 2.4 Oyuxuus L (z, p) npunadae-
acum raaccy T™, ecid BHINOJNHEHBI YCJIOBHS:

1) L (z, p) € CT(REx RY).

2) Jns #100BIX MYJIBTUHHEEKCOB o, P

| DEDEL (2, p)|<Cop (14| 2™ (14| p )™
(z, p)ERLE X Ry. (2.6)

Tarum obpasom, ¢yuruus L (x, p) pacrer nHa Geckoneu-
HocTH He OnleTpee MOJTHMHOMA [0 £ M mo p u JuddepeHmupo-
BaHue L 1o x w 1m0 p HEe MeHseT Hopsamka pocra. lIpmmepn
cuMBOIoB Kiacca I™: 1) moswmmoME oT (z, p) CTEHEHH m;
2) cumBos w3 mpumepa 2.3.

IMepemennsie * m p B cuMBoje 7™ pPaBHOMpPABHHL.

3damewaunnme. Humace 7™ oranmgaercs 0T KIaccoB
Xépmannepa Sp's (nuddepenunporanne mo p cumpoaa L €
€ Sp's ymeHbaeT IOpPATOK pocra L mo p). ITo pasamume
00yCIOBIEHO 3a/jadaMi, KOTODPHE MK DAcCMATpPHBAaeM.

Oupepgexenne 2.5 Oyurnua L (z, p; (iA)) npu-

h

Hadaexrcum kaaccy T7', ecau BHIIOJHEHH YCIOBUA:
1) L (x, p; (M)7) € CT(RE X R} X R{).
2) Hpu ao6om meaom N =0
Lz, p; (i) )=
N
= 2 (WL (2, P)+ 27 Ry (2, p; (7). (2.7)

k=0

3necy Ly € T™ n pua M00HX MYJIHTHHHEEKCOB a, f§ w juisd
awdoro nexoro y = 0

| DYDEDYRy (x, p, &))<
<Copy(L+H|zh)"A+IpI™ e=(MNT  (2.8)

mpr (z, p, ) € RY X Ry X Ri.
Ananormumo BBogurcs Kiuace 77, TuumdaueiM npuMepom
N

cumBoma kmacca TT caymmr ¢ymxmas L = D) (iM)* X
0

X Ly (x, p), tae Ly € T7. B gactHOCTH, U3 onpefeseHAA 2.5
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ciengyer, 4910
| DEDEL (2, p; (M) |<
LCos(t41zh)™ (4™ (z, p, M) ERE X RE X R},
(2.8")
Eenn
L (z, p; GA)™Y €TY,
T0

oL 0
EETi "b;;’LET:r—L’ ‘z'jLET?;_,—iy ijETz+l'

2. JleticrBue A-ncesnopuddepennnannbHOre onepaTopa Ha
OBICTPO OCHUANNPYIONYI0 JKcumomenty. Hama Onmsnafimas
Meah — IOJYIUTh Karue-mn6o (4acTasle) GopMaIbHEEe acuMII-
TOTHYECKHe OpPH A — 4-00 pemieHMA YpaBHEHHS BUIA

2 1
L (z, A 'Dy; (iM)Y)u(z, A)=0.

Eemm Lu = D) ap, AD)* u, z € R! n xospdunueHTs ay
0

IIOCTOSHHBI, TO DENIEHUST MOKHO MCKaTh B Bume exp (IAS (z)).
Bonee Toro, B cayuae UpOCTHX KOpPHEd XapaKTepHCTHIECKOTO
ypaBHEHUs BCAKOe pemeHue Oyner JnHednodl KoMmOGumaruei
SKCIOOHEHIMAJBHEX penrenuil. PyKOBOACTBYACH 3THM MpH-
MepoM, Oymem HCKaTh pelneHme B Bufge (OPMAJIBHOTO PARa

exp [IAS (x)] 2 (i},)‘h @ ().

ITpm sTom HEOGXOANMO BHACHATE, KaK iefcTBYeT A-1L. [I. 0.
Ha GHCTPO OCIMINMPYIONIYI0 SKCIOHEHTY, T. €. HA PYHKIUIO
Buga ¢ (z) exp [iAS (z)1.
Ilyers z € RY; Torma
1 d . ’ .
(ﬁ 71?) oxp [IMS ()] =S’ (z) exp [iAS ()],
1 d\2 .

=[(8 @P+ S (28" (@) | exp 1AS 2.
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Herpyano moKasarh OO0 MHAYKIHH, UTO
1
(7)) CxpUAS (2))) =

— exp [iAS (2)] [ (8" (@)™ + =2 (8" ()™ 5 (2) +
+0 (7;2)] .

IIpumensas dopmyrny Jleiibuuna, moxydaem
1 d\m ,
(W'&?) [ () exp (iAS (2))] =

—exp [iAS (@)1 [ (8" ()™ ¢ (2) + 5 (5" (@)™ ¢’ () +

—1 [ — " - A \—F 7
2= (8 (@)™2 87 (2) @ (2) + D) ()7 (Bye) (@) ],
=2
rne R; — muddepennmanpuiii oneparop mopagka j. CumBoa
ornepaTopa (idd) ects L (p) = p™, u Tax Kar dL/dp =
= mp™-, @L/dp® = m (m — 1) p™-2, To M DOIyIaEM
MIf TAHHOTO OmepaTopa
L (W'Dx) [@ (x) exp (iAS (7))] = exp (iAS (x)) [L (S (2)) @ () +

1 dL (S’ da2L (S "
+ LD ¢ @)t D @ o@ + ... ]

dra dopmyna ocraerca B cmie A fuddepeHNUAIBHOTO Ome-
2 1

paropa L (z, A'1D,) ¢ mepemennsiMn KosddunmentaMu, Tar
Kak MH BHauase auddepeHnmpyem mo z, a 3aTeM YMHOKAEM
IOJyueHHHEe BrpayReHusa Ha ¢ymknumm or x. Hakomern,
HOCKONBKY omeparopul d/0x;, 8/0r, wa raagrux QYHKIUAX
TIepecTAaHOBOIHEI, TO MMEeT MeCcTo (QopMmyia

L (z, A'Dy; (iM)™) [ (x) exp (iAS (2))] =
= exp (iAS (z)) ,;o (iM)7 R, (z, Dy) ¢ (), (2.9)

rge R;—nuHeiinme [. o. mopsapka j. B gacrmocrnm, ecam
L — guddepennuaipHE omepaTop mOPSAAKa 7, KodpPunueH T
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KOTOPOT0 — HMOJHHOMK 0T (iA)}, TO

S
(By9) () =L (2, 55 0) ¢ (), (2.10)
(R ) = (B0 om0
1 2L (z, 0S (x]/ﬁz 0) 925 ()
+[7S ( op2 ¥ dx2 )+

P2 (e B2 e)|Jee e

Teopema 2.6. Iyemv cumeon L (z, p; (iR ETT,
¢ (x) € Cy (R, S(z)€C”(R™ u gynryua S (z) seujecmeen-
nosuauna. Toeda npu A=1 u npu awbom yeaom N=0

L (2, &'Ds, ()7 1 (2) exp (iAS (2))] =
N
= exp (iAS (x))jgo (iA)7 R; (x, Dy) ¢ (2) + O_y_y (z, A). (2.12)

30ecv R;(x, D) — auneiinwii dugge penyuasvruuii onepa-

mop nopadka < j ¢ koafuyuenmamy us raacca C> (R).
Hasn ocmamounoeo yaeHa umeem mecmo oyeHka

| DEO_y—y (2, WIKCA™ V1 (A 2], (2.42)

20e 1 >0 — awboe, x € R*, Jas Ry, Ry cnpasedausw. gop-
anyaw (2.10), (2.11).

okasaTexbcTBo. llyers u (x, A) — neBag d9acts
(2.12). Torpa

u(z, M)=

= ()" | exptin e, 1L (@, s @) 1, W dp, (213)

I(p, M= [ ¢ @ exp[iAS (&) — @, P)] da.

Mycrse M = {p: p = 9S (2)/0z, z € supp ¢} u G (p) =
< R} — sremmnocTs KomeuHo# ofmacTu, G GCpNM=g.
Yerpoum CT-pasbuenne efuuHEOB: 1y (p) 4+ M, (p) = 1, p€
€R", e m (p) — dummrmas gymemma, supp 1, (p) <
< G (p), 1 COOTBETCTBEHHO WOMOMUM U (Z, A) = Uy (z, A) -
-+ uy (z, A). anee, upumensizs dopmyny (1.16), momywaem
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upa £ # 0
Uy V(x7 )") =

= — T § P iz, P S5 (1 (p, W Lz, p)dp.
j=1

CrmemoBarensHo, pu |z | >= 1
| uy (@, ) | KON+ | )™,

rome N = 0 — mwo6oe. CroBa mpumensas (1.16) u yaurnBas
TMOJYICHHYIO BEIIE ONEHKY JIus | U, |, HAXOOHM, YTO

[ug (x, ) | < CyA N + |2 )N, z€R"

npu gobom N = 0 m 4To TaKMe ke OIeHKH BEPHBI IJd BCeX
OPOU3BOIHKIX OT Uy, To z. [laiee,

uy (x, A)=
=(52)" § £ ps 2 @ () na (p) exp (M (2, y, p)) dy dp,
V(z, Y, p)={(x—y, p)+S (1), (2.14)

u 9TOT MHTEerpad Gepercda mo Koveunoil obmactum B Ry X Rj.
lyers x € K. Ilpumenum teopemy 1.4. Dyurnus P (Rax
QYHKIHMA OT i, p) HMEET e[IHHCTBEHHYIO CTATHMOHAPHYIO TOYKY
Q) y =2z, p=0S (x)/dz. llycrs H (z) — MaTpuia us Bro-
PHIX TPOM3BOJIHEIX L0 IEePeMeHHHM (¥, p) PYHKIHHE VY B TOU-

02 ,
ke Q(x), T. e. H:lw(;’)m, 1<<j, k<n Torma

det H () = (—1)", sgn H () = 0 u coGcrBeHHKe 3HAYe-
Husg marpuisl H () pasusr 1. Ilaiee,

P (2, Q (@) = S (2).

Ecau |2 | << R, 1o mu3 Teopemst 1.4 mu monygaem (2.12),
(2.12"). Ecam R = 0 mocTaTodHo BeNIHKO, TO HHTETPAT JLJIA
Uy HE COMEPHAHT CTANMOHAPHBIX TOUCK W B cuUay jgemmbl 1.5

lug (2, M) | < CyA N (A + |2 )N, |z|=R,

rie N >0 — mo6oe; aHanoruyHasg OIEHKA BHIIOJIHIETCS
IJIsE BCeX MPOMBBONHEIX U, o z. Tem camuim (2.12) morasawno.

Caengcreue 2.7. Acumnmomuueckoe pasiodxcerue
(2.12) moocro duggepenyuposamv no x u no A awéoe wucao
pas. Teopema 2.6 6Ges usmenenuil nepenocumcs Ha cayuat

LeT1m
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Ecan K — xommaxTt B R%, To popmyna (2.12) gaer acmmir-
TOTHYECKOE PA3NOKEeHHe QYHKIMA

L (z, ADa; (M) [ (2) exp (iAS (2))]

B aCHMIOTOTHYECKHH pap mo cremensm (iA)~™ mpm A — oo
pasuomepuo mo xz € K. WUz (2.12) cmemyer, 4ro 3TO pasio-
JHeHHe HMeeT BUJ

exp [— iAS (@) L (2, x—*bx; (i) (exp [iAS (2)] @ (2)) ~

~ 32

laj=0

=i (= 59 @y x

Dy (9 (z) exp [iAS (z, y)]) [y
rge o0o3HadeHO

S@ Y=S@-S~-{(52, 2—y).

,HJI}I RJIaCCH4YECHUEX II. T, 0. ACHMIOTOTHYECKOE pPasjoe-

2 1
aue Qyoxumn u (z, A) = L (z, D,) [exp (iLS) ¢ (z)] 6uuio
noayuerno B [68]

dameuganne 2.8, Wopmyna (2.12) cupaseginsa npu
MeHee MECTKMX YCJIOBMAX HA CHMBOL.

Hpepgnomenne 2.9, Iyeme Q< R* — Koneunas
obaacme, L (z, p; (ih)™1) € C¥(Q X RE X R}), dynryus L
umeem passoxcenue (2.7) u ycaosue (2.8) ewnosnerno npu
(z, p, M) € K X R} X Rf ¢ woncmawmoii, sasucsujeii om
o, B, v, K, daa npoussosvrozo romnarma K < Q. (9mom
kaacc obosnavum cumeosom TH(RQ).) Toeda meopema 2.7
ocmaemcs 6 cuae, ecau S (z) € CT(RQ), ¢ (z) € C;'(Q); ocma-
mounbii user O_n_y (z, N) €O n_1(Q).

JT0 nOpemioKeHHMe ClieAyeT M3 [OKAa3aTelNbCTBA TEOpe-
MH(2.6. Anamornano QopMyIHpPYeTCA PE3YALTAT HIA KIacca
™(Q).

IIycte obGmactes 2 um ¢yarmmm @(z), S(z) Te xme, dgro
u Boime, n QyuxrouE ¢ (x), S (z) Purcuposanw. Homomumm

S
M, 9)={p p=231

Mpenanomenne 2.10. ITyemv ycaosus onpedescnus
2.5 erinoanenn npu (z, p) € @ X U (p) u DL (z, p; (iM)™1) €

) xESUPP(P}-
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€ L1 (U (p) das aobozo. mysvmuunderca o u -84s . aibozo
z€ Q. (30ecv U (p).— obaacmy, codepacawas M (S, ¢).)
Toz0a -6ce samaiouenus meopemer 2.6 ocmaiomes ¢ cune.

JdoxaszaTedbcTBo. YerpouMm pasbueHne eq@HELEL:
N1 (p) + M2 (p) =1, p € R, rme ny (p) — dunnrnas Pynx-

mus, supp n(p) < uy (p) mny (p) =1 ma M (S, ). lycrs
Q; ectb A-u. x. 0. ¢ cumBonoMm L (z, p; (iAM)~1) n; (p). Us mo-

KasareabcTBa TeopeMel 2.6 cmemyer, uro dopmyiaa (2.12)
mmeer Mecto mun  Qymrmmum Q (erS). Jlamee, Qg (qeirS)
umeer Bmp (2.13), m Tar kax 08 (x)/dxs=p uwpm A =1,

pEsuppmny, 1o [DEL (p, 3) | < Cpy A1 + |p|)- mpm
k =1, p € supp n;. CJIe,t(OBaTeJIbHo,

| Q2 (9 (2) | <
<O [ LGz, ps 09 [ (p) (419 )7V dp<

<Cy(x) AN
upu JioboMm .
Hanpumep, eciu L = | p [, T0 mocraTouHo HOTpe6OBaTB,
arober 4S (x)/0x 5= 0 npm z € supp @.
Touno Tak sxe, Kak um Teopema 2.6, MOKA3HBaeTcA
Teopema 2.11. Bce ymsepucidenus meopems. 2.6

1
ocmatomes 6 cuae das onepamopa L (z, A1D; (iM)7), ¢ moi
AUl pasruyeli, wmo

oL (z, 8S (z)/0x; O) 10
(Bup) (a) = (00 D) BEO 4

a
+[’ . {62[1 (. &;p(zx) dz; 0) 020ng2)) |
(o 52 o) |8 (F) Je @

(2.15)
OrMeTuM, d9TO

! LA
L (7, — Ds (M) [ (2) exp (IAS (z))] =

= ()" [ § 2 s @y 0@ explin(s )+
+(p, z—y)ldpdy.  (2.16)

- 3. Kommoszmmusa A-nceBoaud ) epeRuATLHBIX | omeparo-
pos. Ilycts 7T — Kaacc Bcex A-I. [. 0. ¢ CHMBOJaMu KJac-
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ca I™u 9 — obwemueeHue Bcex Kiaacco J 7. OgeBHjHO, 4TO

m 9 — auneiinnie npocrpancrBa Hag moaem C. Ilokaxkem,
910 KJIacc J ABIAeTCA aarebpoi, T.e. UT0 KOMIO3WLHA
HBYX A-I. I. 0. ecTh A-I. [. 0. B KawuectBe obnacTH ompene-
JeHHA JANA BCex A-1. M. 0. BeGupaerca npocrpanctso Cg (R™).

Teopema 2.12. Hycme £,, L, — A-nceedodugihepern-
yuasvnble onepamopb. kaaccoe 7 Ni, T N2 coomeemcmeenHo.
Toeda uzx npoussedenue L,£, ecmov A-ncegdodugigepernyuant-
nwl onepamop kaacca J Ni+Ne,

3 amMedanue, J7a TeOpeMA He BHTEKAET U3 W3BECTHHX
TeopeM 0 ROMHOBI/II_II/II/I HCeBOANPPEPeHINANBHHX OLePaTO-
pos [25], [68]. Jlemo B ToM, WwTO B IUTHPOBAHHHX pafoTax
paCCManHBaIOTCH HHLE KJIACCHI CHMBOJOB ! 9TH KJIACCH
TaKOBH, 4To Auddepennuposanne cumsona L (z, p) mo mepe-
MEHHEIM ) YMEHBIIaeT POCT CUMBOIa npu | p | — oo. MmenHo,
tpebyercs, yrobsl mas nawoboro Komuakra oF < RY m pua
n100BX MYJIbTHUHAEKCOB o, [ ¢ HEKOTOpod KOHCTAHTOU
Cq,p, g4 BHIIOJHAIUCH ONEHRA :

| DDEL (2, p) |<Covpgp (LH]P)™ W, e, peRn.

HNmeroress u ppyrue o6o0CImenmsa aTuX KIaccoB, ONHAKO OHH
He cofiep:kar B ceGe Knacc T7' mayke B TOM ciayuae, KOTJA
cuMBOJ L HE BaBHCHT OT A.

IIpm moxasarenserse Teopemsl 2.12 mam nonagoburca Gomee
mEpoKuil Kaacc A-mceBrommpdepeHIMaIBHIX OIIEPATOPOB,
geMm kJacc I7'. A HMEHHO, PACCMOTDPHAM A-H. I. 0., CHMBOJIEL
KOTODHIX HMEIOT pasHBIE pPocT OO M IO p OpHu |z |— oo
u npu | p | — co. Beenem

Ounpepgenennme 2.13. @yurnma L (z, p; ((A)1)
npunadaescum raaccy T™» ™2, ecau BHUOMHEHH YCIOBHA:

1) L (z, p; (iM) ) €eC™ (R” X R} X Rj).

2) Has nw0bIX MYJIbTHUHIEKCOB ¢, f # mua Jao6oro
resoro aucyia ¥ == () BRIIOTHANTCH OUEeHKH

| DEDEDIL (z, p; &) |<Da,p,5 (14| 2z)™ A +|p)™ (2.7
opu (z, p, ») € R% X R X Rj.
) lpu xrobom uerom N = 0 cupaBeqiinmBo pasiIo)KeHHe

N
Lz, p; &)= Z e* Ly (z, p)+ eNH Ly, (2, p; &) (2.18)
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s ymriuit Ly, Ly.y BHmomnsaiores yeaopua 1), 2)
(gt Ly — opu A = 0)

O6Gozrauum wepez J ™M™z KiacC BCEX A-I. [l. 0. ¢ CHM-
BOJaMH, NpHHAMJIEKAUUME Kiaccy 77 ™z,

Iipumepom emmBONa HIacca Tmhm% CAYSKHAT PYHKIWA

L (z, p)=
=14z B™2 (4| p )™ exp [i ((x, @) 4(p, B, (2.19)

rfe ¢, b — mocroguube n-BeKTopsl. [Ipn n = 1 u npu Heasx
my, my, =z 0 OpocrefimmM TPHMEPOM CIYRHT (QYHKIHA

L (z, p)=a™pm2exp [i (x+ p)].

Hpucrynnm r porasareasctBy teopemsr 2.12. [las ompe-
JeNeHHOCTH OIPDAHMYMMCA cJydaem, KOTAQ OmepaTopsl And-
¢epeniupoBaHuA JedCTBYIOT IIePBBIMHA, T. €. OLIeparopsl L
HMEIOT BHJ

2 1
Lj=1L;(x, MDy; g).

3aeck u manee & = (iA)~L.
Jleumwma 214, Hyemo onepamopu £, £ 5 npunadaexcam
raaccam J ™ Bty T M R2 coomeememeento, u nycmos my << — n,

ky<<—n. Iyemv @Pynryus u () € Cy(R™). Tozda cnpa-
sedausa gopmysa

(LoZu) (x) = Iy, p—»xL (x, p; &) B wopu (), (2.20)
ede gynryus L paena

Ar , ~ o~
L(x, p; &) = (—27{) 5 expliM{p—p, z—2)] X
X Ly (z, p; &)Ly (z, p; e)dzdp. (2.21)

HorxasartenbcrTso. Us ompememenms A-mm. 1. o.
(em. (2.2)) umeem

7»(311)/2
(L2Lyu) (x) =

(—2mi)™2 (2m)n S
+(p, D) Ly (2, p; &) Ly (z, p; &) u(p)dpdzdp, (2.22)
rjpe waTerpas Geperca mo BceMy mpocrpaHCTBY R X R X

X R: = u (p) = Fy, optt (). @ynrmus u (p) yGmBaer
. Gricrpee aw06oil cremenm | p | mpm | p | > oo. Ecam my <<
. 5

exp [ih ((p, z—2) +
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<< —n, Iy << —n, 1o mETErpan (2.22) cxopurcs abConIOTHO.
Menss nopanok HHTeI‘pEIPOBaHI/IH no.nyqaeM d)opmymﬂ (2 20),
(2.21).

Jemma 2. 15 II ycmb yeaosus, aemmvr 2.14 SUTOAHENYL.
Tozda ¢pyuryus L (z; p; &), sadannas Popmyaoti (2.21),
npunadaexcum kaaccy J Titma kithy

Hdoxasarteuns o B o. C,u;euaeM B marerpame (2.21)

3aMEHY IePeMeHHKX Z =y -+ 2, p = g -+ p; TOria
A . ,
L@ p; &)= (5)" | expl—iry, @1 x
X Ly(y+=, p; &) La(z, g+ p; e)dydg.  (2.23)
(azopaszs ¢yuruus S = — (y, ¢) HMEET ENHHCTBEHHYIO

cTanuoHapEyIo To9ry ¥ = 0, ¢ = 0. Yerponm C™-pasbuenne
epmumnsi: 1 =my(y, 9) +M:(y, 99 3 RJ?, 3pecs ny —
dmEmTHAaA QYHKOUA, paBHag 1 B OKpECTHOCTH Hadaja KOOD-
auuar. CoorBercrBemHO pasobbem muTerpaa (2.23) ma msa:
L =LY | L® (mogmurerpainrHoe Brpaskerue B LO oriu-
9AeTCs1 OT IOJBIHTETPaAbHOTO BHpaKeHua B (2.23) Muomure-
aem ;).

Harerpan L® OIeHEM ¢ HOMOINBI) MHTEIPUPOBAHEA IIO
wacTAM, a K mHrerpany L™ mpumeHEM MeToj CTalmoHApPHON
¢pasu. Wnrerpumpys mo wactaM ¢ yuerom TosmpecTsa (S =
= —{y, q))

exp (iAS) = iA 1M (exp (iAS)), o (2.24)

e 8 d
M=(gPF+1yP* 3 (0591 5)
=1
oIy IaeM ’
L® — 1t (2q) ™ 5 exp (iAS) M (LyLon) dy dy.
3neck ‘M — GopMaNBbHO CONDAKEHHEIH ¢ M omepaTop

W apryMeHTH BceX (QYHKIUA Te e, 910 O B (2.23).
WmeeMm, B cmry (2. 24),

tAf — s
M= S‘i (a, ay-+ 7 3g; ) T
- .7—-
3p;ecb (bymumn aj, b; mmeor mopapox- O (r~*) wpm r =
=VIyP+1TgP—>c0, c=0("), u o1y acmumrorary
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MoxH0 Inddepernuposath m06oe wmeao pas (1. e. D%a; =
=m0 (r~2-1%1) ppu r — oo u . 1:). damee, wmace ™ * ‘yxa-
PHAHTEH OTHOCHT8JILHO ONEePATOPOB Jm(b(bepemmpOBaHnﬂ D a0
Dp , De, 9TO cieyer HEMOCPEACTBEHHO W3 ONpegeaeHnsd 2. 13

"o YCI0BHIIO
m k1
| Lo |<CA+|y+2)® (A+]pp) >

my 1@
X(1+]zP)? (14+1g+pP)°* =CQ. (2.25)

ITa OmeHKa ¥ BCe IMOCHeAYIONIe IMEIOT MecTo IPH BCeX Bemie-
CTBEHHHX Z, P, ¥, g m 1pu A = 1. [lua BcexX HPOM3BOXHEIX
¢yuxmun L,L, cupasemnusnl onenxm Bupa (2.25), TOJBKO
¢ apyroMu moeTosHHEMA (.

B cuny yCTaHOBJIeHHBIX BHITIIE CBOMCTE KOBPPHIIMEHTOB
omepatopa ‘M u OmeHKE (2 25) mmeem

| *M (LiLgns) | << CQ (1 -+ r?)-'12
opu (g, y) € supp 1, (BamoMunM, wror == ry > 0 ma supp 1,),

M TAaKHEe jKe ONEeHKH CIPaBe[IMBH JIJsA BCEX TPOUBBONHEIX
dymarmuu *M (L,L,). AHaTOTHIHO [OKAa3HBAETCH, UTO

| PM7 (LaLgm,) | << CQ (1 - 1) (2.26)

m Bce mponapofnre pyurmmm ‘A7 (L,L.n,) MOTyCKaoT Takme
me omenkm. i KpPaTKOCTH BCe KOHCTAHTH, BXOIAIIAE
B OLEHKHM, obo3HadaeM OmHON m Toll ke Gyxmoit C.
Bocmonesyemes HepaBeHCTEOM IIurpe [25):
] 2) ~ 1|8
rme &, n € R I/ImeeM (my << 0)

(1+|‘x+y12) <C<1+lx|2) <1+|y12) X

CaieoBaTeNbHO,

;n_l_iln% il+k2 _my _my
O<IC(+]aP)™* *U+PP™ (-HyPal A+lgP) *.
T 1(2.27)

Ha]IOMHl?IM, uTo mHTerpmpoBaEme B dopmyre (2.23) mpoms-
BORUTCH IIO. MEPEMEHHHIM ¥, ¢. Ilocie MHTerpmpoBaHHA IIO
9aCTAM JJIA HOJHHTET DANBHOTO BRPAKEHNA IOKEYIaeM OIEHKY
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Buna (2.27), ma eme ¢ muoxmTexem A~ (1 |- ly I+ g -0,
rge j = 0 — mio6oe. IlosToMy, ecam B3ATL j HOCTATOYHO
60AbIMUM ¥ NPOMHTETPHPOBATE 3TY OIEHKY WO HepeMeHHHIM
dy dgq, To mus ¢yurmum LD momydmM ONEHKY

mi+mg Ri+-kg

|ILP|<er (412 2 (+[pp * . (2.28)

3naecs j == 0 — mo6oe. Touno Takme ke ONEHKH, B CHIY
TOKa3aHHOTO BHIIIG, CIPABEAAMBH W IS BCEX IPOM3BOLHEX
dyarmum L®, tar gro, ouesmpmo, LD ¢ Tme ke,
Pacemorpum mnrerpan LD, koropmil Geperca mo orpaHu-
geHHo# ofmactw, Tak Kak QyHrnma v; ¢uuuTHa,
Tonosmym

f=L(y+z peLy(z, 9+ p; &y, -
[To dopmyme Teitmopa umeem

F= 2 fop(z, P)y*¢P+Tn- (2-29)
fod+Bl=N
Masosan ¢pyarmus S = —(y, ¢) B mmrerpame LD wumeer

eIMHCTBEHHYIO, W IIPHTOM HEBLIPORIEHHYIO, CTATHOHAPHYIO
Toury y = 0, ¢ = 0. Ilpumenssn meron cranmomapmoil dasst
{(reopema 1.1), momywaem, wro mETErpaIHI

Jop = (—2—?;)" S exp (ihS) y*qPny (y, g) dy dg

npn L — oo nmeror Bupg J, 5= A~ 12171 B! (acumnrormueckuit
papg wo cremensam A~Y). [lamee, ¢ynrumm f, mpomopimo-
Haxbubl upoussonabiMm DEDE (Ly (x, p; €) L, (z, p; €)) u 1o-
ATOMY NPWHAIEKAT Rﬂaccy Tratme, kitha - CremoBaTerbHO,
BCe (YHKITHHU

faBJt;,I—B € Tf}_"i+m2, k1+k'2.

Wcoonp3ys wmaTerpaibHyio (GOpMYIY IS OCTATOIHOTO
wieHa [y B dopmyrne (2.29), moxyuaem, gro
N= >y (z, D, ¥s G ),
laf+|Bl=N+1
rie paa QyHKOomEi g,pa mpu (¥, q) € supp 1y CHpaBeJIEBE
ONEHKH
mi+mg Ri+kg

P * (I+|pP® ?

| 8apl<<C (4 +

”.
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H Takue ke OUeHKH (C HPYIHMM KOHCTAHTAMH) HMEIT MeCTO
WA BCeX Dpom3BOfHHX QyErnuit g, 5. Mcnmonnsya ToxmecTso
(2.24) m muETETpPHpYA IO WACTAM, MmOJXYyYaeM

Top= S y*qPny exp (ilS) dy dg =
— i { exp (10S) LMY (yogBgagmy) dy dg.

o

Koasddurments omeparopa M’ mmeror Bug cp-r‘zj , TAe ¢ —

DOJINHOM OT IePeMEeHHHX ¥, ¢, a Qymkmua y%gP mmeer HYIH
mopsaaka N -+ 1 B mavame wooppumuar. [Tostomy npu durcm-
poBanHOoM j w mpu N = Mj moctatrouno GoxpimoM (YHKIUA
M (y*, qPgopn1) ecTh CyMMa UPOMBBOXHLEIX (QYHKINH Zqp
¢ Ko puiimenTaMn, KOTOPEIE ABIAIOTCA HEIPEPHBHEIMA QYHK-
nusAMH OT Y, ¢ B OKpecTHOoCTH Havasa Koopmmmar. OTcioma

BHTeKaeT orenka (2.28) mna wmurerpana J,p M OIA Beex
€r0 TPOWBBOAHHIX TO MepeMeuuuiM x, p npu j << j (N), rne
j(N)—> +oo up N — oo.

Tem cammM gaa ¢ymrmum LY mokasamo CyHIeCcTBOBANEE
opencraBaenns (2.18) m omenra (2.17) npum y = 0. Vmeem

<N A gm 5
lo|+pl<N |@l+|Bl=N+1

Nurerpansr J,p pasiaraorca B acHMOTOTHYECKHE DPANH
no cremenaM ¢ = (iA)~!, KoTopsie MOskHO AUPPEPEHIMPOBATE

J .
nounerno (reopema 1.1). Haxee, == ih? ;X’ TaK 9T0 MPOU3-

BOAHAA IO & WHTerpaya J,, eCTh MHTEIPAJI TAKOTO jKe BHJA,
ymuoskenusit #a A%, Tar kar mpm gocrarouno Goasirom N

maa wmnarerpana J,, copasemaumBa onenka (2.28), rge j =
(%J@ﬁ, <L C mpu takom N. Tem campm
omemka (2.17) mus dymrmmm LY forasama npm y = 1;
QHANOTUYIO IPOBOAUTCHA OIleHKA NpHm Bcex Yy == 2.

Tem cambpIM [okaszaHo, dqro LM € Imitma kthke  qre
B coueTaHum ¢ onenkoil (2.28) muaa Pymrumm L2 pgoxasw-
Baer, uro I € Tmutme kit

IlorasarenbcTBo Teopemnl 2.12 Mpr cBemeM K caydalo,
paccmorpennomy B gemme 2.15. Jusi aToro meobxogmMo mpe-
ofpasoBary KoMmosumuio Z,¥; TaK, 4TO0H YMEHBIIUTH
NOPAJOK poOCTa cuMBOJA L; WO & M YMEHBLIIATH MOPATOK
pocra cmmBona L, mo p. IIpepBapureibHO yCTaHOBUM eIe

= —2 — n, TO
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ONMHO BayKHOE CBOHCTBO’ k—uceBnonnd)d)epeHnnanLme one-
PaTopoB. :
Teopema 2. 16 Ichmb onepamop Z E 6”’” k, gﬁynn—

yus u (x) € Cy (R™). Tozda das awbwx Myﬂbmuunaencoe a
U 0as 4106020 yeaoeo yucaa N == 0 cnpasedauestt oyenru

| D% (Lu) (2) | <Co, n (1127 (z€R", R=>1). (2.30)

Tarxum o6pasom, gynkyus Lu ybweaem npu |z | — oo
Gvicmpee 110600 cmenenu | T | emecme o gcemu RPOUIBOOHBIMU,
HdowaszareuascTBso. YerpouMm pasOHeHe eXMWHHIIL

rrxacca C° 8 RE: ny (2) -+ m, (2) = 1, tne dynrmus v, (z) €
€ C(R™ u my (2) = 1 B okpecrnoctn Touku z = 0. Torga
L =L+ L, rtne L; — oneparop ¢ cumBonom ;L.
Nmeem

(Lau) (7) =

=(—5=)"" { explitca, piima (@) L(z, p; eyu(p)dp.
(2.31)

BOCHOJIBBYGMCH TOHIECTBOM

exp [id{z, p)] = —1— A (exp [id (x, DY),

h!‘rl_z 2 xk&'p;

k__
VeTerpupya Mo wacTAM, IOTydaeMm

(Za0) (@) = — (=) 2 [ expiin iz, pime () x

—2mi

XfZ (xkr L(x, p)u(p)+x app))Jdp (2.32)
h=1

Tark waw dymxgum 0L/dp; € T™ k, a ¢ymumus u (p) you-
BaeT mpu | p | — oo Onicrpee mwGoil cremenu | p | BMecTe
€O BCEeMHU NPOUBROJHEIMA, TO

Tz @) <hT ()t

[Ipojiomkas MATErpupoBaNEe IO FACTAM, noi{yqaeM OLIeHKY
(2.30) must pyuxmun £Lou. Boxee Toro, B mpaBolt wacTm TOM
ONEHKE MOKHO RoOaBHTH MHOMKETENs A~N (mpm A = 1).
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Oyarnua L,u umeer Bux (2.31), roe caemyer 3aMeHATH
N (x) Ha 1, (z). HoamaTerpansuas ¢yHxgusa ¢uuuTHA HO Z,
TaR Kak 1 (z) € C;(R™). HNanee, mus gysrimun u (p) cmpa-
Beguupn omenkn |u (p) | < Cx [p AN upn |p| =1,
A =1, opr mobom meaom N > 0 (memma 1.5), m rarme xe
OTICHKH CHPABE[JIABL JJIA BCeX MPOM3BOTHBIX 3T0H (YHKIHH.
ITosTomy Momuo cumraTh, yTo cumBox L ¢wrAUTEH TIO p, T. €.
a0 L=0opm |p|>=1.

CaemoBarennuo,

(Z1u) (z) =
=nu(2) (g5)" | | expiin@—y, p1L (2 p; u@ dyap,

rpe muTerpan Oeperca mo Konewnoft obmactm B Ry X RE.
ITpumensis meropn cranmouapHO# dassl (reopema 1.4), momy-
"YaeM, 9TO MOCHENHWI WHTErpajl sBASeTCA OrPaHuYeHHON
dyarumeit x mpm A >0, n u3 ¢ummrtHOCTH QYHRIHNH 1),
Borekaer onenka (2.30) mas ¢ymrmum Z,u opu | o | = 0.
Urobm moxyaurs omenxky (2.30) upm |« | == 1, nepennmem
dopmyany nas £, B Bupe

(L) (2) =
=@ (5)" | [ exo1—n@ PNL (2, ps &) u@+a)d7 dp

¥ 3ameTnmM, 470 MudQepeHIMpPoBaHNe ITOr0 WHTErpaja Lo I
UPUBORUT K WHTETPaNy TOTO ke Bupa. Teopema moKasaHa.

HowasatenpcTrBo Teopemu 2.12. B cmay
teopeMsl 2.16 Pyurumsa (L,u) (x) yOmBaer Geicrpee aroboit
cremenn |z | opm |z | — oo, A = 1. Ilosromy KoMmosumua
L, (£u) (x) ompepenena. [leficTBUTENbHO,

L2 (L) () =
= (=5m7)"" [ exp it (e, PN Lo (e, p; &) Zr (p) dps

— 27

¢yuxnusa ZLu (p) opu A > 1 yOrBaer Gnictpee m1000ii cre-
nenn | p | upm | p | - oo, TAK YTO MOCHEIHIN MHTErPAI CXO-
narea abcomiorro. IlepenmnieM sToT mHTErpan; B BHJE

($2$1u)(x):( A )n/ Sexp[zh(x ] %

omi
X L (z, p; €) (—A?Ax+ )Y (xiu) @) dp,
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tae L (@, p5 €) = Ly (2, p; &) (1 -+ |p ), w N >0
Bribepem nocrarouno Goxbmum. CuMBoa L) mpunamire:xut
kaaccy Tm»h-N Oynripusa (£qu) (z) umeer sug (2.31),
rme L = Ly, 1, =1, Tax uro

(— A 2Ax - )Y (L) (@) = (L5 V) (2),

re £1(-2M) ecrs A-m. A. 0. ¢ cumBoNOM Kaacca [Mut2N, A1
Nrax,

Lol = L5,

rae omeparop £V ymosmersopser ycmoBusaMm gemmsr 2.15.
Y7065 #METH BO3MOMKHOCTH MPUMEHHTH 3TY JEMMY K KOM-
UO3UINU ;ng) §5§‘2N>, He00X0IIMO YMEHbIINTHL POCT CHM-
Bosia L{~2M) mo x. Jlas sroro, Kak m B mOKa3areabCTBE TEO-
pemut 2.16, mpesmcraBum omeparop L{-2M B Bupe LM =
= L1 + L£15» THe L3 — oumeparop ¢ (HUHTHEM 10 &
cuMBoJIoM, a cmMBoXr Ly, omeparopa L1, TOKICCTBEHHO
pasen Hyao upn | z | <C 1. Hpovensas  dyurmun (£,,1) (z)
Ty JKe IIPOmenypy, KoTopas Obuia IpuMeHena B JI0Ka3aTelb-
crBe Teopemsi 2.16 k Pyuruwmm (Li,u) (z), nmomyuaem (oM.
(2.32)), uro
A

(Fou) (@) = (=g )" Yexp [ih ¢z, )]s (2) X

X 2 L9 (z, p; &) (i0) 7' Diu (p) dp.

jal=0

3mech M =1 — pocratouno GoabImOe [EJOe YHCAO, & CHM-
Boxnr LM € Tm—2 %, rthne q =1 wmomer OpiTh cpenaHo
CROJBb YrofHo OonpImuM 3a cueT yBeaudeums M.

Haa xommosmnmm LMLy TeopeMa BEITERaeT M3 JeM-
M 2.15; TouHO Tak jKe PTA JAeMMa TIPUMEeHHMAa K KOMLO3H-
maam LML, roe L@ u ects A [, 0. ¢ cumBomom L{P.
Opnaxo omepatoper LML) peiictByor ne Ha QyHAKIHIO
u (z), ama pyaxmmo z%u (z), rae 2% = a% . . . a». Us du-
HUTHOCTH (GYHKUME ¥ CHeyeT, 9T0 eclin £ ecTh A-I. [d. 0.
¢ cuMBonoM L wiacca 77 %, To

% (a%u (2) = (Zu) (2),
rie £ ecth A m. 0. ¢ cuMBomoM Kmacca TmFled k. Ilna

MOKA3aTeIbCTBA 9TOr0 (aKTa [OCTATOYHO B (GopMmyle Buia
(2.31) maa A-m. g. 0. DpPOMHTETPHPOBATH HO YACTAM HO dp.
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Nrax, nokasamno, 9ro Romuosuuusa £,¥; NBYX A-m. 1. o.
ecTb CHOBA A-I. [I. 0. ¢ CHMBOJIOM KRiaacca 7™ % mpm HEKOTO-
pHx m, k. Brumensas mOpANKH PAaCCMOTPEHHBIX BHINE OIe-
paropos £V, L@ u yuureBasg Jjemmy 2.15, HerpymHO
TMOKAa3aTh, 9T0 M = My + My, k = ky -+ k,.

N3 goxasarenpcrBa Teopemu 2.12 Berreraer Gosee oOuiuit
pe3yabTarT.

Teopewma 247. ITyemv £; € T ki, j =1, 2. Toeda
rwomnosuyua L.L1 €T ™k m=my + m,, k =k + k.

ITpmeemem QopMyabl OId KOMIOBHOWH ABYX A-IICEBJO-
auddepeHNINATBHEIX OIePATOPOB.

Teopema 248, Hyemv A-ncesdodugpepenyuasvrsie
onepamopwt L;, j =1, 2, npunadaexcam raaccam 5 T4 *i,
npuvem onepamopv dugdepenyuposarnus deticmeyiom nepevlmt.
Toeda cumeon L onepamopa £ = £,FLy umeem eud

Ly (azc, K‘il%x; g) [L4 (azc, k“ili)x; e)u(z)] =
L0z, ADy) oLt (2, AD) u (5)+
+e2L3 (;, wﬁx; g)u(x). (2.33)
3decv & = (ik)7t, onepamop L3 € F mutme hithe y
L° (z, p) = Ly (=, p; 0) Ly (z, p, 0), (2.34)

n
) _ 9Ly (x, p; 0) 0Ly (x, p; 0) | 0Ly (x, p;e)
L (2, p)= 2 90; g T e e=0

(2.35)
Horasareuxancrtso. llpegcrasiaenune (2.33) BwrTe-
raer m3 teopems 2.17 u ompemenernus 2.13. Ocraerca goxa-
3ath Qopmyis (2.34) u (2.35). llopmeicTByeM omeparopoM £
Ha ORCTPO OCHHMIMPYIOINYI  OKCOOHEHTY U = ¢ (z) X
X exp [iAS ()], tme ¢ € Co (R, SE€CT(R™ u ¢asa
S (z) Bemecrpennosnauna. Torma, B cuay Teopemu 2.6, umeem

(Lu) () = exp [iLS (@)1 [Rop + eR19p + O (e?)]
(e — 0). (2.36)
Onerra O (&%) pasmomepHa o z Ha a06oM Komnakre. DyHK-

man Ry¢p, R, umeor Bux (2.10), (2.11), rme L — cumBox
omeparopa £.

=1
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Teneps k ¢ysrmAA U I[OCJIe}IOBaTe.III:-HO npnmeHuM onepa—
Topu £1.0 £, Nmeem

(1) (@) = exp [ihS ()] (Rl + eRlg 140 (e>0),
rae GysrmEn R} oupemensanTcsa 0o cAMBOXY L, ¢ MOMOMBIO
dopmyn (2.10), (2.11). Ocrarownnii wren B mocaemmeir Hop-
Myse npuHamiexut wxacey 0% (z, A) (reopema 2.6), Tax 4ro

F£0(E)1<Clel
mpu z € R", A > 1. Cregosareasno,
(Lo u) () = exp [IAS ()] [ L2 (F3o + eRig)] 4 O (7)) =
=exp [z?»S (2)] [RE (R}@) + eR? (Rig) + eRY(Rip)] + O(€?)
(g~ 0)
CpaBumsag oty dopmyay ¢ Popmynoit (2.36), monygaem
Rog = RiRye, Ryp=RiRio+ Ri(Rg)  (2.37)
mas moboit pymmnmmm ¢ € Co(R?). CaenoBaTenbro,
L% (z, p) = Ly (z, p; 0) Ly (z, p; 0),

rge p = 08 (z)/0z. Tax ®axk B KadecTBe S MOIKHO B3ATH
mobyio aunelinyo ¢ysrmmo, To dopmyna (2.34) noxasama.

3ameruM, IT0 TOEAeCTBa (2.37) HMET OXMH U TOT Ke
BEA W guA A-nnddepeHnmanpbHbX, B NIA A-nicesgogmddeper-
mmanbHbBIX onepatopoB. CiemoBaTensHo, MOCTATOYHO [HOKA-
sats  Qopmyrny (2.37) nus A-muddepenHnmaabHEIX omepa-
TopoB L3, £,, a B sroM cayuae dopmynm (2.33) — (2.35)
BeiTeRaioT w3 Qopmyan Jlebanma.

Togno Tax xe HoKaspBaercsa GopMyra KOMHOSHUTHE B TOM
cray4ae, KOTJa HOPATOK AeHcTBHA TuddepeHIupoBaHus U yM-
HOREHNsA B omepatopax L; wHoi, dem B (2.33).

§ 3. Ypasuenne TammabroHa — Hﬂoﬁn.
Cnerema amuabrona

qaCTHOB GOPMANLHOE ACHMITOTHYECKOE PDeMCHHe YpaB-

HEeANA L (x A'D,)u =0 mmeMm B BuAE
u(z, M) = ¢ () exp [iAS (z)].
Tor,n;a $yarmua S (z) ynonneTBopHeT ypaenenufo F anusb-

mona — Hwobu:
L(:C, aS(x) ) ~()z,f

oz
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KOTOpO® ABJIAETCA XapPAKTEpHCTHUECKAM JUIA -~ ypaBHOHIA
Lu.= 0. XapaxTepucTudecKuM ypaBHEHUEM s ypaBHEHMA
IHpe;[nHrepa aABiAercA ypapHenme Iammabroma — fKoOm
KIACCHYCCKOA  JIHHAMAKI; YpaBHEHHIO I‘enbmromua ‘oTRE=
46T ypaBHEHUE DIHKOHAIA.-

Sagaga Homm pas ypasmenms - amMuiabroHa — fAxobnm
sKBHBanenTHa 3afgade. Homu mua cucmemwr amusvmona

[dz _oL(z,p)  dp_ L (s, p)
I dt ox

Hawanpueie pmamnsie 06pasynwT B (as3oBoM IIpOCTpaHCTBe
(, p) muOTOOGpasme pasmepuocte n — 1: z = 2% (o), p =
=p'(a), o = (@, « .., %p-1). IIyeTh (z (¢, @), p(t &) —
pemeEHne 3amagun lomm sTo#l cHCTEMEL

IIpemprcoonenra ¢ (z) ymoBJeTBOpseT YPaBHEHHIO Hepe-
HOCA, T. e, OBEIKHOBEHHOMY JNHEHeHHOMY RuddepennmalbHOMY
YpABHEHHI0 LIEePBOr0 LOPAAKA BJIONL Jyua z = & (¢, a).
llpuamenenne Gopmy.s JInyBmiisa faer rIaBHBIL WIEH acHMI-
TOTHKA B MAJIOM: '

u(x)=]/J(8 %) exp [sz(x)—}— S Z aé'c](z’pj dt’ ]
‘ 0 Jj=

oz (t, a)
~5i5e Xapaxrepusyer
H3MCHEHNEe INIOMIAMN CedeHusd jJyueBofl Tpyoxu. dra fopmyia
npuErofHa, B00Ome TOBOpA, TOABKO OmpH Manbix | I |.
1. XapakTepucragecroe ypasnenne (ypanﬂelme Tamuas-
TOoHA — }Ileoﬁn) Pacemorpum - ypaBremnme

3mecs  anobmam - J (¢, o) = det ———=—

L(x, k'li; (EA)Hu (z) =0. (3.1)

Hac muarepecynor (opMajbHble ACHMNITOTHYCCKHE DEUISHU
5TOT0 YpaBHEHHN upd A > z=oco. I[Iyers & — Komewmas
o6macre B RE.

Onpenmenennme 3.1. @Dysrmua u (z, A) € OF (G)
Ha3HBaICH pewenuen ypaskenus (3.1) no modyao O, (G). X
X (mod Oy (@), ecnm Lu (z, A) € Oty (G).

B paGorax mo acHMIOTOTHYECKHM MeTofgaM B TeOpHA HAu-
(pepeHNMATPHNX YDaBHEHWHE B JTOM -CIydae IHIYT, 9YTO
« (z, 1) ectb acmmmroTmYeckoe pemenume ypasHenmsa (3.1)
¢ TogHOCTHIO 1o O (A™™) mpm X > ooy, Bymem mckarsk
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gactHoe pemenme mod O}, (G) B Bupe
u(z, A) = ¢ (z) exp [iAS (z)]. (3.2)
N3 reopemsr 2.6 m dopmyast (2.10) caemyer
Hpenunoswenmne 3.2, Hycmo cumsos L (z, p; (ih)2) €
€ T, gynryus S (x) € C7(G) u sewecmeenmnosnauna, Pynk-
yus ¢ (z) € C3(G). Hycmv S (x) ydosaemsopsem ypasnenuio

L (z, 38 (x)/dz; 0) = 0, z€G. (3.3)
Toeda gpynryus (3.2) ecmv pewenue ypasuenus (3.1)
mod O, (G).

Ypasuenne (3.3) GyueM HA3BIBATB ZdPAKMePUCMULECKUM
ypasreruen (wan ypasnenuem Iamuavmona — Arobu) mis
ypasuenus (3.1). Beegem

Onpepmexeunme 3.3. BemecrBennosnaunad QyHE-
nua S (:;) HaBHIBAGTCA A-Zapakmepucmukoll A-I. Od. 0.

1
L (z, A Dy (A7), ecum mua awGoit Jymxmum ¢ () €
€7@

2 1
L (z, M'Dy; (ih)™) [¢ () exp (iAS (2))] = O (A7)

(A — -+ o0) (3.4)
npn KazgoM QuKcHpoBaHnoM z € G. A-xapaxrepucrura S ()
V/AOBIETBOPAET XaPAKTEPUCTHICCKOMY YDPaBHEHUIO.

3ameganpume 3.4. B o0meit Teopuu ypapueHuil

¢ uUACTHHIMM LPON3BONHHME IPHHATO SPYTO€ ONpPeelieHne
xapakrepucTuku (cM., mampumep, [71]). Nwmenno, ¢ynruus

S (x) € C*(G) masmBaerca zaparmepucmuroi uddeper-
IMUAaJIBHOTO oneparopa L, ecain oHa y0BIETBOPAET YPABHEHHIO

L (z, 8 (z)/9x) = 0, (3.5)

rae L° — raasmas wacth omepatopa L (T. €. ¢rapmas ofmo-
pomHag dacTh moinuuoMa L (x, p) OT IepeMEeHHEIX p).

ITo oupefeNeHne SKBUBAJIGHTHO CHAEAYIOUEMY: QYHKIUA
S (z) ecTs xapakTepmcTKa omepatopa L, ecam ana mioboil

dyaxomn ¢ (z) € C5(G) BHIONHAETCA COOTHOUIEHHE

L (%, Da) [0 (z) exp [iAS (2))} = 470 (1Y)

npu z € G, L — H-c0, THe m — mopsAiok omeparopa L.
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, Hpumep 3.5. Xapakrepucruueckue ypaBHEHHS A
ypaBunenns Ilpemmurepa (2.3) m mia ypasmemma [enbm-
roibna (2.4) MMET COOTBETCTBEHHO BHJ

S (@) o= e
() v e

Ileproe m3 mux ects ypasuesme [amwmabroma — fxobu,
ONHCHBAIOIEe IBIKOHTE RIACCHISCKOH wacTHIlhl MACCH m
B moJie ¢ moTeHIanbHO# sHeprueir V (z). Bropoe ects ypas-
HeHHe TeOMeTPHYecKod onTHKE (ypaBHeHHE HIKOHATA), ONU-
CBHIBAIONIEE DACHPOCTPAHEHUE CBETa B Cpefie ¢ IMOKa3aTeleMm
upesomnenus n®{(z). Peumenme ypaeuenus (3.6) B wmaccu-
YeCKOH MeXaHUKe HasHBaercsa Jelicmeuem, pPENIeHHe ypaB-
Henus (3.7) HA3HBAGTCH B ONTHKE IUKOHAAOM.

Ecin ste Bocuonp3oBaThcsa ompeiejenueM XapaKTepPHCTH-
Ex (3.5), TO XapaKTepUCTUEM ITHX YpPaBHEHHH YIOBIETBO-
PSIOT YpaBHEHUSM

(0.5’[(72, x))zzo, (65('32(;5))2:0

coorBercrBentio. B wacinoctu, ypasmenme ['eipmronpia He
HMeeT BeLIeCTBEHHEIX XaDAKTEDPHCTHK, OTIMIHBIX OT TOMK-
JTecTBEHHON HOCTOSHHOMR, a XapaKktepucTuku ypasuenns [[lpe-
auarepa umenor Bug S = S (f). Cormacxo (3.5) xapakrTepn-
crukn ypapuenus llipegmnrepa coBmagaloT ¢ XapaKTePHCTH-
KaMH YPaBHEHHMS TEILIOIIPOBOMHOCTH

u

—a? =a Au,
KOTOPOE PESKRO OTAWYALTCA 110 CBOUM CBOWCTBAM OT YpPaBHEHHUS
Ilpenunrepa.

Ou3urn ge-paKkTo CUMTAIOT XapaKTePHCTHKAME ypaBHe-
uuit [lpexamnrrepa m I'enbMroabna HMEHHO PENEHUS ypaBHe-
Hua [amunbsrona — fAxobu (3.6) u ypaBuenus siikonaua (3.7),
TaKk KAK HMEHHO DHTH YPaBHEHMA ONNCHBAIOT COOTBETCTBHE
MEKIY KBAHTOBOH M KJIACCHIECKON MeEXaHWKON W MEeMmAY
BOJHOBOH W TreoMeTpHYecKOH ONTHKOIM.

ITouarue xapakTepucTuky AuPdepeHTHAIBEOTO (MK ICEB-
noguddepeHIuaTbHOrO) oIepaTopa HEOJHO3HAYHO H OIpe-
JesseTcsa TeM KJaccoM 3ajad, KOTOPHE JJA DTOTO omepaTopa
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paccmarpuBaioTca. [l pacCMATPHBAEMOTO HaMH- KJIAacca
safad TMPUTORHO olpexeinerue (3.4), mo me (3.5). -

IIpepnxosxenune 3.6. A-zaparmepucmuruy das h-nces-
dodugbgbe peryUAAbLHBLT 0nepamopos

2 1 t 2
L (z, A7'Dy; (M), L (x, A1Dy; (iA)™)
cosnadaiom.

2. Pmxapaxrepucrnku. ¥Ypasuenme (3.3) ecTh HeJImHEH-
HOE ypaBHEHHE B UACTHEIX IPOU3BOQUEIX IMEPBOTO MOPMAIKA.
V3 raaccmwecKoro aHAIHM34 W3BECTHO, 4TO MHTErPHPOBAHIE
5TOTO YPaBHEHHWs CBOAWTCA K MHTETPHPOBAHUIO CHCTEMEL
OOBIKHOBEHHEIX AUQQepeHIMaNbHX ypPaBHEeHTH

dt op 'odt o : )

Ity cucreMy OymeM HA3BIBATH 6UZADAKMEPUCIUNECKOL
cucmemoti WMAU cucmemoil lamusvmona JIAA omepaTopa
L (z, Dy; (iM)1).

Bregeum caexyiomyio repmuaogoruio. IIpocrpancrso R¥ =
= R} X R} OymeM HassBaTh (HA306blM RPOCMPAHCINEOM.
Hycts z =z (), p = p (t), t € I = (¢4, ¢,),— pemenue cucre-
met Fammaprona. Kpusywo {(z, p): z =z (), p=p(t),t€ I} B
$a30BOM  OPOCTPAHCTBE = HABOBEM  OUXAPAKMEPUCTMUKOL,
a ee mpoekimio Ha RE, 1. e. kpuBywo {z: z =z (¢), t € [},—
AYUOM MM MPAekmopueri. ITa TEPMUHOIOTHA 3aMMCTBOBAHA
W3 TeOMEeTPUIECKOH ONTHRKM M KJIACCHYGCKON MEXaHHKH
(cM. mpumep 3.5) M HAXOOUTCA B CHEAYIOMEM COOTBOTCTBUE
¢ ofImenpuHATOR:

‘OHXapaKTePHCTHKA <> OEXapaKTepUCTHUECKAs IIOJOCKA,
ny4 (TPAaeRTOPHS) <> OMXapaKTepUCTHKA.

Beioony B § 3 mpefmosaraercs, 4TO BLIIOJIHEHO YCIOBHE

L 3.1. Oysxnua L (x, p; 0) € € (R X R}) u Bemecr-
BOHHO3HATHA.

Ilpusemem psap maBectmmix. [131, [16], [26], [51] cmoiicts
cucremul I'amMnabToHA. HalIOMHI/IM, 910 cko6xroii Hyaccona (f, g)
crangpHNX Pysrgui f (z, p), g (x, p) HasBaerca QyHKIEA

¢ &)@ =3, 3 > (L, %S

Hpenﬂomeﬂue 3.7. I pouseodnas gynkyuu f (z, p)
e cuay cucmemw. Iamusvmona pasua ckobre Ilyaccona (f, L).
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Dynryus L (z, p; 0) s6asemes nepsvim unmezpaiom cUcmembl
Tamuavmona.

JLorasarenscrtro. Ilponssopgman ]'F(x, p) dyux-
uun f (z, p), B CHIY CHCTEMBI FaMHJILTOHa, paBua

fa =5 =5 &)= D p.

Tar waw L =(L, L)y =0, 1o Lz, p; 0) ecrs mnepswiit
HHTETPAL.

Ilpegnomenne 3.8. lIyemsv S (z) — pewenue za-
pakmepucmuieckozo ypasHenus ¢ obaacmy GIIz® u =
={(z,p:x=2(), p=p@{), t€ 130} ecmv burapar-
MePUCUKA, OMBEUAIOUYAS HAYAALHBIM OQHHBLM

T p—o = 20, P[t:ozg%(—;o—)- (3.9)
Tozda npu (z, p) €T umeem
_ 95 (2)
=, (3.10)
ds (x dx
) < (1), L > (3.11)

HoxasatTexsnctTso. Bce pacemorpenus TPOM3BO-
marcs npu L€ I = (=06, 8), rne 8 >0 gocrarouno maJo.
Pacemorpum samagy Hommu

dy _ oL(y, 85 (y)/dy; O) |
a = op o Y

H HOJORUM
g (1) = (Sey) (). (3.12%)

Pemenne samaum (3.12) cymiecrByer ¥ eJUHCTBEHHO UPH
t€l. llorasem, uro (y (£), ¢ (¢f)) — pemenume CHCTEMH
Tamuaprona (3.8) upu ¢ € I; rorga u3 (3.12), (3.12") u egun-
CTBEHHOCTH pemieHus safgaur IHomu Mer moxyauMm (3.10).
I[mbq)epe}mﬂpyﬂ (3.12) wo ¢t u muddepeHIPYA TOKIECTBO

g (3.12)

Lz, ; 0) =0 mo z, mosyuaem
dg(t) _ 028 (y (1)) oL (y(t). q(¥); 0)
dt —  0x2 dp ’
95 (z) | 05 (z) .
oL (2, 2 ; 0) azs(z)aL(x, - ,0) »
dx -+ dz2 . dp -

6 B. II. Macios, M. B, ®egopiox
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IlomcTaBusia = y (f) B mocieiHee COOTHOIMEHHE, TONYIAEM
dg(t) oL (y(t), a(2); 0)
e ap] i
T. €. BTOpoe w3 ypapuenuit (3.8).
Hamee, Bmons I' mmeem

as (z, 1) aS(z ()  dz(2) dz ()
di =< oz ' dt >=<p(t), dt >’

oTKyga ciaemyer (3.10).

3. 3ajava Komn ma maockocrn. ITocraBmm 3agauy Homm
mia ypaemenma (3.3) ma miockocru z, = 0. Tax Kak 3T0
ypaBHeHHE HeJjuueinoe, 10, BoOONIE rOBOPA, HEJOCTATOYHO
sagath S () wpu z, = 0. Homosmum =’ = (21, ..., Tn_1)s
P = (py, v Pa_y). Badaueti Kowu paa ypasuerud . [aMuis-
ToHa — flxoOm Ha3OBeM CIEAYIOMIYIO 3a/lauy: HalTH pemeHue
ypaBHeHHSA, YOOBIETBOPANMEe AAHHHM Homm

S len=0=35p (z), 2 €U, (3.13)
oS ’ ’ '
|, =p@), 2eU. (3.14)
3mecs U’ — oxpecrnocts tousn ' = 0" m Sy (2'), p° (z') —

3ajlaHHbIe BEMECTBeNROsHAUHHE (yERmmm Riacca C™ (U').

Oyaxouu Sy (z'), p (z') KOMWKHE YZOBIETBOPATH YCIO-
BUAM coriacopamms: npu z € U’

L', 0, p°(a'); 0)=0, (3.15)

(0 ("), da'y=dS, (2'). (3.16)

ITocaennee ycmoBne HasmBaerca yeaosuem noaocku [26], [51].

3amagy (3.3), (3.13), (3.14) ¢ ycaoBuaAME COIIACOBAHUA
(3.15), (3.16) Gymem masmBaTh adepancesoii sadaueti Kowu

(cm. § 4).
Jemma 3.9. Hycme
oL (0, py (07); 0)
— = 0. (3.17)

Toz0a pewenue aazpanscesoti zadayn Howw cywecmsyem
U eduHCcmBenHO @ Hekomopoli oxpecmuocmu mouky z = 0,

Hoxasareancrtso. [onomumy = (y1, . . .y Yn_1)s
u oyers {z (¢, y), p (¢, y)} — pemenme 3anawu Konm

Zheo=(¥ 0),  Pl=0o=p"(®) (3.18)
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aisi cuctemun [ammabroma (3.8). 910 pemmenme cymecTByeT
u eguucTBenHEO npu ¢ € I (y) 5 0, ecim murepBan / (y) mocra-
roaHo Maix. B oxpectHocTrm Toukm z = ( B KadecTBe JOKAIB-
HHX KOOPAWHAT MOKHO BHOpPaTh (Y, I}, HOCKOIBRY AKOOH-

_ dz(t, ¥)
an J (¢, y) = det 3.7

?ﬂ&.f(%(o_)_@ = 0 (em. (3.17), (3.18)).

n
Ecmu S (x) — pemenue narpamxesoil 3apmauu Homm,
TO BOAL TPaeKTOpWH cucTemil ['aMuIbTOHA HMeeM

as _/,
7?“<p’ dt

(upepnomenue 3.8). IlosromMy momosum

B Toure £ =0, y =10 ©paser

£
St =S+ | (pw 0. =Dy dn. (3.19)
0

Qyurmua S (z) Gecromewno guddepemmupyeMa B OKPECTHO-
cru Togyku £ = 0 m ymomaersopser ycaosuam (3.13), (3.14).
Hamee, npu Maawx £, y

L (.Z‘ (t7 !/)’ D (t7 y); 0) = 0. (320)

Heficturensiio, L sBasgercs I[EePBEIM HHTETPAIOM CHCTe-
Mu (3.8), a mpu ¢ = 0 (3.20) Bmnoausercsa B cwiay (3.13).
Iloxasxkem, gro
oS (z (¢,
p(t, y) =2 (3.21)

Torma ms (3.20) momyumm, g@ro S (x) ects pemenme (3.3).
Tomoswmm Sy (¢, y) = S (z (¢, y)); Torma pasemcrso (3.21)
BKBHBAJIGHTHO CHCTEME

0—&_'<’at> 0,
MjE <’0y> 0.

1<]<n—1,

(3.21")

rme x =z (t,y), p=p( y), S1 = 81(z, y). lepsoe us
paserncts (3.21") caeayer us (3.19). Hupdepennmpysa mo y;
nepsoe paseHcTso (3.21') u mmddepennupys mo ¢ ocraibHER

6¥
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paBeHCTBa, HOJdy4aeMm

n n
82384 dpyp, dzp 32z, _
Wy 2 dy; ot 2\ P 5oy~ O
k=1 k=1
- n n
oM ; 0254 opy Oy o2y,
—2 2

3t ot oy; at dy; kot ay;

h=1
CuepoBaTensHo,

oM;  /ap or ap dx N\ __
w=Cay 7)o )=
a
=L@y, p(t y); 0)=0
B cuny (3.20). Tar rax

S, (t, ox (t,
M; (0, y)zﬁ%.y)—@ ), L;;]—y)> o=

=2 py )~

B cuay (3.13), ro M;(t,y) =0, n (3.21) noxaszamo.

Tem campM cymecrBoBanme pemeHud 3agadd Hommnm
mokasamo. Joxamem emgmmcTBeHHOCTH. Ilyerh S (z) — mocr-
poennoe BHme pemenme u S; (r) — HeKoTOpoe Apyroe peire-
05¢(0) oS (0)

oz Oz
o (3.14), To M p° (z'). Ecan us Tourn (z', 0, p° (z'))

. aS (z)
BHITYCTHTD 6HXapaKTepI/ICTI/IKy, TO BLOADL Hee p (z) =

or '’
p(x) = g§$_£x2 B cuny npemrosenus 3.8. Iosromy Sy (x)

Hpe 3aJgauu KHomu. Tax xax W BBEINOJHE-

coBmagiaer ¢ mpasoit wacteio (3.19), 1. e. ¢ S (2).

4. Ypasmenne nepenoca. Paccmorpum ypasmenue (3.1),
rme L € T (mam T™). Hama uene — mocrpours PopMais-
HEle acmMmoroTwueckme (. a.) peimeHNst STOT0 YpPaBHEHHS
¢ rtourocteio mo O (AN) (A > 4 o0) mpm xwGom N. Ham
nonamobmres masectHaa Gopmyna Jluysmaas [4], [51], [52];
mpuBefeM ee JIOKa3aTeJhCTBO. PAaccMOTPUM aBTOHOMHYIO
BEI[ECTBEHHYI0 CHCTEMY H3 72 ypaBHEHUH

=1, (3.22)
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roe, maA  npoerote, f(x) € C” (RR). Ilyers z (¢, @) €
€C” (I X V)eernp (n — 1)-mapaMeTpudecKoe cemeicTBo pe-

MeHHH CHCTeMH, THe o = (04, ..., Opy) € REL, V¥V —
obmacts B Ry, I — umrepBan | ¢ | << 8. Ilomommm
It a)=det LD, (3.23)

o(t, &)
Teopema 3.10. Hyemv J (t, o) =0 npu (¢ a) €
€1 X V. Toeda umeem mecmo gopmyaa Juysuris
d _a, Of
0/ (¢t a)= Spﬁ; (z (¢, ). (3.24)

Horasareansbcrtso. Ecam marpuna A (2) € C* (I)
¥ HeBHIpOkIeHa mpu £ € I, TO

o InJ (¢, 0)=8p (4 ()52 “o ). (3.25)

Umeem w3z (3.22)

9 (ax(t, o)\ _af (z(t, o) dz (¢, @)
Tﬁ'( a(t, a)) - oz at, a)

IlopcraBusisn ato Beipamkenwe B (3.25) M y4aTHBAsA, ITO
Sp (4B) = Sp (BA), monyuaem dopmyay Jluysmmas (3.24).

PaceMoTpuM HEaBTOHOMHYIO BEIECTBEHHYI0 CHCTEMY U3 R
ypaBHeHUIT

& —t@, ), (3.26)

rpe, maa npoctotsr, | (¢, ) € CT(R; X RY). HYCTI: z (2, ) €
€ C* (I X V) ectr n-mapamerpuiecKoe CeMeHCcTBO pemIeHmi
cucreMer (3.26), rme I — mmTepBan |t | <<, a € RE, V —
obmacrs B Rj. Homoyxmm

Ti(t, @)= det 289, (3.27)

Torma cupasegmusa ¢opmyna Jlmysmmaa
4 InJy(t, @) =Spfa(z(t, @), (3.28)

ecinm -J, (¢, ) =0 mpu (¢, @) €1 X V. [lokasareabcTBo
TO K€, 9TO H BHIMe.
Bymem mckare pemenme ypasHerus (3.1) mod OF (RQ)

B BUZE S ,
u(x, ) = ¢ (x) exp (iAS (x)). (3.29)
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Tloncrasassa ero B (3.1) u npamenas (2.10) — (2.12), moxy-
gaeM, 9T0 QYHKIEE ¢, S FOKHE YAOBXETBOPATH ypaBHE-
HAAM

L(z, LA 0) =0, (3.30)

ox
P
2 — .
(0L(z, = ,o) .

as

Lz, — ;0
Ol s

ox
e
VYpasuenne (3.31) masmBaercs ypaswenuem nepenoca.
Chopmymrupyem yciaosua na cumbon L. Hamomaum ycio-
e L 3.1: ¢ymrmua L (z, p; 0) npusagnexur CT n Beme-
CTBEHHO3HAYHA NPH BCEX BOHIECTBEHHHX X, P.
L 3.2, L (z, p; (M) € T,
L 3.3. ®yuxnma L (z, p; (iA)™!) semecrsennosHadna npn
z€RY peR* A=1
Pacemorpum sapmawy Homm maa cucremsr I'amumibrona
(3.8):

Zp=0 = 0 (CZ),

Pl=o=p"(), a€U. (3.32)

3necy o = (&g, ..., op_q) € RYY, U — obaacts B R},
{z: x = 2° (o)} ectp C™-MnoOrooGpasue pasmepuocra (n — 1)
B RL ¥ BEIIOJHEHO YCJIOBHE COTJIACOBAHUA

(p° (@), da’(a))=0, aclU. (3.33)

Cuenylomee ycaoBue Ha caMBox L m Ba mamuse Homn cdop-
MyJHpYeM B TepMAHAX OMXapPAKTEPUCTHK.

L 3.4, 3amawa Homm (3.8), (3.31) mmeer egmmcrBemuoe
pememme {z (f, o), p (¢, @)} wmpm (¢, )€l XU, I =
= (—8, +96), m orobpaxenne

¢ a)>z(ta), ¢ a)cl XU (3.34)

ecth pupdeomopdusM.
Tonommm

S, =S @)+ ] (p@ o), HEDar, (335)

0
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rae Sy (2° (@) € C*°(U). Torma dymemma S (z) € CT(Q),
e Q ={z: x =z, a); (t, a) €I X U}, u asasgerca pe-
IIEHAEeM XapaKTePHCTAYECKOT0 ypaBHeHWA mpu z € Q.

" Teopewma 3.41. Hycme yeaosus L 3.1 — L 3.4 evinoa-
nenv. Tozda gyrnkyusn

_ @@ V]I, a)] .
u(z, )= ViTE o] exp (iAS (z (t, a))] X

X exp ( S [% Sp 2L (z (v, @), p(1, @); 0)

dx 0p

6L (.7,' (Ts a)v p(T, OL), 8)
- o

:0] dr)  (3.36)

aeasemces pewentien ypasnenus (3.1) mod 0% (Q).
Bdeco S, J onpederswomes us (3.35), (3.23), o () —
npouseosvhas gynryus kaacca C=(U), u z = z (¢, a).
Howrasarteancrtso. Ilogcrasum (3.36) B (3.1).
Torga ypasuenune (3.29) Gymer Brimonueno. OGo3HaIAM depes
go L0 “arf
- PR TTT
(z, 25 0). Mmeen

_‘i‘l’_:<aq’(x) ?2>, z=2z (¢, a).

A T. JI. 3HAYEHUA HTHX (PYHKIMA B TOUIKe

dt éx ' dp

Ilostomy ypasmerme (3.31) smonb ayua z = z (¢, o) (upm «
PUKCHDOBAHHOM) HPHMET BHJ

dp | 1 L0 528 aLo
‘dt—‘}‘[TSP (a—pz‘—azi) P+ gt (PJ 0. (3.37)

Ipamensa dopmyny Jlmyemnaa (3.24) x cmcreme Zf = %,
TmoJaydaeM
Lo ( z, is_ 0)
dmr=sp|\ I\ 0= Jf]_
dt =P\ % ap -
o 82L0 928 92L0
= ( op2 W) (6z 0p)

CJIeI[OBaTeJIBHO ypasuenue (3.37) MoKHO 3am@carh B BHAE

02L0 aLo -

Vf 2 (VTg)= (( P ap)‘a[(m—q)q" (3.38)
I(Inre;*pnpya a10 ypaBHeHme, moixydaem (3.36).
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PacemoTpam omepaTop € CEMMETPUIHHM CHMBOJIOM.
Teopema 3.12. IIycme ycaosus meopemwr 3.11 ewnoa-

Henw. Toeda Pynkyus
u(z, )= V)I]J/' TO D] oxp iAS(x))  (3-39)

ABAACIMNCA pemeﬂuem ypaenenuﬂ

(L () %D+ L (2, %D)] u (2, 1) = .0 (mod 07, (Q)). (3.40)

HorkasareasctBo. B cuny (2.15) ypaBmenume mepe-
HOCa (3.37) B JAaHHOM ciydae HpPUMET BUJ

dep | 1 9210 525 1 a2LO
a9 (G )t (eg) =0 G
IloBTOopsia mowasarenbcTBO Teopemsl 3.11, momyumm s ¢

YpaBHeHHE
V7 F(VTo9)=

3ameaanue Paccmorpum B $PaszoBoM mpocTpamcTse
n-mepHoe wMmHOroobpasue A" = {(z, p): z =2z ({, &), p =
=p(t, a), « €V, ¢t €I}. Jnement o6vema Ha A" mmeer BuA
do™ (z) = a (z) dz. IlorpeGyem, 9T06H 3TOT 00'HEM GBI WHBA-
PHAHTEH OTHOCHTENBLHO CIABUIOB BIONH (Aa30BHIX TPAEKTOPHIi;
rorma (aox) (£, a) = b (o). CaemoBarenbso,
do™(z) _ J (0, @)
dz — J(t, @)

(z=2z(t @),
Tak 4ro Qopmyna (3.39) mpmammaer Bup (upE (@)=1)
u(z, x):l/”[d";;’) exp (iAS (). (3.39")

5. 3apaua Konm. Paccmorpmm A-ncepaomupdepennmans-
HHU omepaTop ¢ BHAeNeHHodl npomsBoZHON WO I:

2 1
—AD, - H (¢, z, ADy; (iV)Y), (3.42)

rae t € [0, -I- o0), z € R* u H ecrp A-u. . 0. B oneparope H
mepeMeHHass { WT'paeT poiab IapameTrpa. PaceMorpum 3anmauy
Homu ¢ 0wCTPo OCHMIIMPYIONIME HAYaJBHEIMH JAHRHBIMA:
Lu(t,2) =0, (3.43)

U 0 = Ug () exp (iASo (2)), - (3.44)
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rae uo (x) € C* (R3), So(z) € C (RR) n ¢ymrmma S, (x)
BellleCTBGHHO3HAUHA.
Ypasuenne ['amunsrona — flko6u pns L wumeer Bump

a8 (t, ) a8 (t, z) .
- —%1{(t,x, - ,0)::0. (3.45)

dt
N3 cucremnr I'aMmiabrona mmeeM = = 1, rme T — mapamerp

BIOAb OMXapaKTEPUCTHKH, TAK UTO MOKHO OTOKIECTBUTH T
¢ t, m cucreMa l'aMuibToHa HMeeT BHJ

dz __ 8H(t,z,p;0) dp _  0H(t, =, p; 0)
7 a M7 Fa— (3.46)
;0
dt #<p, (¢, z, P ‘)>—H(t, z, p; 0), (3.47)
. dE oH (¢, z, p; 0)
ETJ'W‘—“_W——’ (3.48)

roe E — pBoiicteennas ® ¢ mepemenuas., Cucrema (3.46)
BaMKHYTa, u, 0OOJiee TOTO, eCAM peIeHue 5TOH CHCTEME
H3BECTHO, TO MOHO Halitm ¢ymrmmo S us (3.47). Ilosromy
ME otGpocmm ypasmemma (3.48), a cumcremy (3.46) Gymem
HasHBATh YKOPOueHnOU cucmemoil Iamuarvmona mias omepa-
ropa L. Tarum o6pasom, mu 6ygeM paccMaTpmBarh Ouxapak-
TepucTuR He B (2n 4 2)-MepHOM (a30BOM IPOCTPAHCTBE
(z, t, p, E), a B 2n-mepaoM ¢$a30BoM mpocTpaHncrse (z, p).

Chopmyaupyem yciaoma Ha omeparop H.

H 341. Oysemma H (¢, z, p; M) € C® upn ¢ =0,
(z, p) € R?", A >=1, n BemecTBeHHO3HATHA.

H 3.2. Ilpn rampgom ¢urcupoBanaom ¢ > 0 (yHrmums
H (z, p, t; (z?») e T™ (R}), rae m me sasucut or {. OueH-
ku (2.6) BmmommatoTca ¢ komcraHTamMm (g (£), mpuyeMm

nx MO;KHO BHOpaTs Tak, uYro sup C,p (f) << oo paa
te [0, T]
awoGoro 7 >0 um man a06HX (Im}{cnpOBaHHHx a, P.
H 3.3. 3agaga Komm

S
zheo=y, Ploo=22,  yeRE (349

mits cucteMut (3.46) mMeeT, M UPHUTOM eUHCTBEHHOS, peIICHHE

{z(t ), p(t, W}ECT (0, TI X R}
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Bymem wuckarh pemenme sagagun Homm (3.43), (3.44)
B Buje GopMaIbHOrO pAfa

u(t, ) =exp (iAS (¢, 7)) 2 @y (t, ) (M) (5.50)

Torma mua S (¢, ) monyunm ypasuerne (3.45) n gamusie Komua

S =0 = S0 (%), (3.51)
a Aas ¢, — panune Homm
Qg [0 = Ug (Z), @; [t=0 = 0, i=1. (3.92)

Jlemma 3.13. Iycmov ¢ (z,8), S (z, t) € C7([0, TI XRE),
Pynryus S sewecmeennosnauna, Pyuryus ¢ (0, ) = 0 npu
z >=a,t €0, T]. Hycmo cumeoa onepamopa L ydoesemsopsem
yewosusm H 3.41—H 3.3. Tozda npu awéom yesomw N =1

2 1 2
L(t, z, M'Dy, A'Dy; (1)) (9 (¢, 2) exp (@AS (3, 2))) =
N .
= exp (iAS (2, »’6))]20 (M) (R;0) (¢ 2)+ @y (8, 2, A). (3.53)
Jas 0cmamounozo uieHa umeem Mecmo OYeHKA

lDaDB(PNH @ 2z, M)|<Ca, x 7“*N—1-Ha'+ﬁ (3.54)

das a6 myavmuundercos o, p npu | A | =1, t €10, T1,
z € K € R (K — xomnarm). R; assaomcs 6ug§gﬁepenuua./bb-
HOLMU ONEPAMOpaml N0 NePeMeHHuM T nopadka < 2j ¢ koag-

guyuenmamu w3 wagcca C* ([0, T1 x R}).
IlokazaTenbecTBO caefyer U3 TeopeMmer 2.6.
© Honomum Tenepb

S@, z(t, y))~S <p(T y), £

—H @ 25 0, 5 vy 0>]dr+so (), (3.55)
J (t, y)=det ﬂ”_gy_ﬂ (3.56)

Beegem oGo3unauenne: %% — npousBogHas yERUEA ¢ (T, L)

B CHIY CHCTEMH (3 42), T. €.

F=T+(F _— (3.57)



§ 3. YPABHEHHNE I'AMUJIBTOHA — AKOBHN 91

Jlemma 3.14. ITycmv omobpadcenue
¢ y)—>z¢ y), €0, T], yeRy, (3.58)

ecmv dugpgpeomopgiuam u Pyuryus S umeem eud (3.55). Ilycmeo
yeaosus I 3.1 — H 3.3 ewnoanenw. Tozda

RO(P = O: (3.59)
(R9) (¢, z (¢, y))=
a2HO 0H (t, z, p, &)

1 d (v/7F 1
=77 w VT =58 (775) 0 +=%

e=0
(3.60)
8deco ¢ =@ (t,z), z ==zt y), p=rpQ ).
HorkaszarennbcrTso. HMmeem m3 (2.10)
iGN
RO(pE('Ttm{—HO)cpEO,

TaK Kak S yjnoBaerBopser ypapueuuio I'amunsrona — fAxo6u.
Hanee, uz (2.11) mmeenm

(Ry@) (¢, 2) =

__ ¢ dp OHO 1 2H0 28 oHO
=% <E ’ —07>+[7 Sp ( ap? _6:72) RTO [m—1=0] ¢
[pumersaa opmyny Jlmysmiuaa (3.28) &k HeaBTOHOMHOI

cacreme
dx _ OHO

@~ op
Tem ke cnocobom, 10 M B Teopeme 3.11, momywaem (3.60).
ITycrs pyurnua S (¢, x) mmeer BEA (3.95):
VIO
t, x t, = Uy — X
Po(t, x(ts ¥)) o(y)VJ(t’ ”
: :
1 92H0 O0HO ’
X eXp [(§ —2-Sp (6x 6p) TN ih-1=0) dtJ - (3.61)

QOyernun @;(z, {) opr jZ=1 ABIAOTCA PeMEHHAMA 334a4H
Homm

Ri9py = — Rypo, ¢ |t~=0 =0,
Ry@y= — Rypy— R3@y, @3 lt=0= 0,. (3.62)

Rypj= — Ry@juy— .. —Ry11Q0r - @y [t=0=0.
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Teopewma 3.15. Ilycmv ewnoanenst ycaogus H 3.1—
H 3.3 u omoGpaxcenue (3.58) ecmo dudigheomopgusm. Toeda

dynryus .
uy (£, x, &) =exp (iAS (¢, x)) 2 (A7 @;(t, ) (3.63)
=0

ydossemsopsem Oaunuim Kown (3.44) uw npu t€ 10, T,
z € R}
Luy (1, 2, 1) = Pyer (1 2, 1), (3.64)

20e Ouan Puyyy euROAHIIOMCSL oyenkl (3.54).

Horasareasbcrtso. DOyaximuun S (¢, z), ¢ (¢, x)
VIOBJIETBOPAHIOT yciaosuam gemmsl 3.14, Tar 4ro ¢opmyraa
(3.93) mmeer mecto mua pyurmun u . B euny (3.62) n BubGopa
¢yrrmyn S mMeeMm

Luy =exp (iAS (2, ) (M) R (@, « <, On) + Kivet (5 2, A) =
EX?‘I‘Fl (t’ Z, }V)-‘!—XN-H (t1 Z, }‘1)1

rae  AaA ) y+1 BHOOXHAeTCs onenka (3.54). [lauee,
R{pg, ..., ¢py) ecTb cyMmMa aumpeinnx Auddepeanmanbabx
£ OUepaTopoOB KOHEYHOTO IOPAH-~

Ha, AeHCTBYOMNWX HA QyEr-

HER Qo . .., Py, KOTOPHE,

Tk B cuny (3.62), mpunagmemxar
T c= ([0, 1] X R}). @ymknusa

/ uo(z) dwnutHa, n B cuy (3.61)
nmeeM @q (¢, z (¢, y)) = O npum

T tel0, 71, y & supp uo (y) (. e.
¢o = 0 BHe monocw I (puc. 4),
KOTOpas 3amoJHAETCA Jyda-
mau z=ux{ty), t€l0, Tl

Pac. 4. y € supp uo (). Hoaromy
) R;pp = 0 Bue Il npu Beex j.

Tak RaR @j |jmp == 0, j > 1, 10 m3. (3.62) moxygwaem, uro0

@; (¢, ) = 0 Bue II npu Bcex j. CrefoBaTenbHo, AT QYHK-

man yN+1 (¢, z, A) BopoxsswTca onesks (3.54). Teopema

IOoKasaHa.

ITa KOHCTPYKI(UA T€psieT CUIY B TOM caydae, ecau J (¢, y)
obpamaercsi B HYJb.
6. Ilpmmepsr. Paccmorpum ypasHemme I'empMroasmal

(A + K (2)) u () = 0.
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B maEEOM cryuae XapaKTepUCTUIECKAM ypPaBHOHAEM ABIACTCH
ypasrerue slikonaaa (3.7) — ypaBHeHHe reoMeTPHISCKOH OITH~
ku m3orponnoi cpepsi. IloBepxnoctu yposusa S () = const
HABHBAIOTCA 604HOSHIMU (PPOHMaAMy HIU IOBEPXHOCTAMH
IMOCTOAHHON (asH.

Cucrema TaMunbroHA HMeEET BUJ

dr dp o9
I _op, B _yrr (), (3.65)
¢yuERIua S ompesfenserca M3 ypaBHEHUA
B on2 (a), (3.65")

rge [ — IapaMeTp BRoabh Tpaexropuu. IIpoexumsa $asosoil
rpaexkropun (z (¢), p ({)) HA Z-MPOCTPAHCTBO ABIAETCH cae-
mosvm aywom. B wacrmocTm, z (f) ymom-

nerBopser cmeteme HuoToHA %

T + vn? (z) = 0. 159 .

CBeTOBHIC JNYYH OPTOrOHAJBHE BOJHO-
BBIM POHTAM; 3TO CIELYeT U3 COOTHOUEHMI
dz/di = p, p = 88/0x m 3 oproronaup-
HOCTH IpafUeHTa K IOBEPXHOCTH YPOBHA.

I'JIaBHH WIEH ACHMOTOTHKE pemeHus -0
ypaBHenna [enbMroabl[a WMEeT, B CHIY

(3.36"), Bux
J(O @) Puc. 5.
o (2, k) =% (@) |/ S Graet oxP (ikS (2))-

IIpemaxcnonenty B 9roil opMylde MOKHO BEYHCIUTH
M3 BaKOHA COXPAHEHHA IOTOKA CBETOBOH pHEpPrHH. Bo3bMeMm
Kakoli-muGo ywacTox £, BoxmoBoro ¢pomra S () = ¢y,
momoskum ¢ = (0 Ha 9TOM ydacTKe m BEIIYCTAM ceMmeiicTBO
jgydeit. MeI moxyguM TaK Ha3BBaeMyw mpybky aywet (puc. 5).
Hyers w (z, k) = A (x, k) exp (ikS (z)); cBeroBas ameprus,
npoxonAman 1epe3 DECKOHETHO MaJEil yd4acTok £y, paBHA
lu |28 (Qo) = |4 25 (Qo), tme S (Q;) — muomiamb 2.
B cuny sarona coxpaneHus 9ra Beamumma pasHa | 4 |25 (Qy)
opu awoboM ¢, TAe IAoMAajKa 2; moiaydema u3z {2, CABUTOM
Ha { Bgoxnh xaydeil TpyOoku. CremoBarennHo,

4@ )2 __ S(Q) . J(0, a)
1A, )27 8(Q) ~ T, @)’
9TO W [aeT MCKOMOe BEIPKEHHE JIA NpPeIdKCIOHEHTSL,
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Paccmorpum Gostee mofpoOHO ciyuall IOCTOSHHOTO K03(-
¢unmenrta mpemomiaenus n® (z) = 1. Torma

A+ F)u(z) =

a ypaBHEHHe 3iKOHAJa M cucTeMa l'amMmibroma npmEEMAIOT

BH[,

(VS (x)y? =1, (3.66)
ds

_ dp __ -
—Zp, TJT—O, 7—2.

dz
dt

Pemenne cmcremsr I'ammabroma ¢ gammmiMu HKomm npm
= (0 umeer Bun

z () = 2tp (0) + 2 (0), p(t) = p(0),
S (@) = 2t + S (0),

TaK 970 U (a30BLIE TPAGKTOPUM, W JAYTIH ABJIAITCA IPIMHME
ananamu. Bosemeum B R™ riafikoe oprerTHpyeM0e MEOT00Gpa-
sme M"! pasmepmocTn n — 1, B3ajgaHHOe YpaBHEHAAMA
r=2"(a), o« =1(ay «.., Apq) €U, rHEe U — 06IACTH
8 Ryl Muoroo6pasme M"-! mosker GHTH KOMOAKTHHIM WIA
neroMmakTHeM. llonoyrum

S (z) = 0, z € M™1,

Yrobm mocraBuTh 3amayy Homm musa ypaBHeHmI aiikoHaa,
reobxomuMo 3amarh eme VS () ma M™ !, Tak rkar S (z) =0
Ha M™1, To Bce mpoH3BOLHEIE d)yHRum/I S mo KacaTearbHEM
nepeMeHHBIM paBHHL HYJII0, M ypaBHeHHe siikoHama Ha M™?!

aS\2 9
UPUAAMAeT BUT (5;) =1, TjIe = — MPOM3BOJIHAS 10 HA-
OpaBIeHAI eUEAYHON HopMmank K M™ !, QukcupyeMm B Kak-
moit Touke x € M™! egMHHYHYI0 HOPMANb V,, HEIPEPHIBHO
3aBUCAIIYIO OT %, W IIOJOKUM

as .

=1, z€M™ 1.

vy

Tem campim sajava Homm pna ypaBHemna siiKoHada HoOJI-

HOCTBI0 mocraBieHa. COOTBEICTBYIOMIASA JlarpaH;keBa 3ajada

Komm pas cucremsr IammarToHa HMeer BHA
Zl—o=2°(), pli—o=p°(x), acU.

Bexrtop p° (o) coBmamaer, Mo HOCTPOEHMIO, ¢ BEKTOPOM €[IH-
HUYHOW HODMAJH VvV, B TOUKe I = x“ (o). Pemas sapmauy
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Komu, monygaem
z (¢, a) = 2tp° (@) + z° (o), p = p° (@), (3.67)
S (z (¢, o) = 2t.

Orciofa BLITERaeT, YT0 BOJIHOBEE (POHTH sIBISIOTCSH
srsuducmanmuumy nRogeprrocmany. JleficTBurenbHo, B3AB
toury 2 = z° (@) Ha BoaHOBOM $ponte S () = 0 7 caBUHYB
ee Ha paccTOfHWe i BIOIH HOPMAJHW, HOJIYYAM TOUKY Ha BOJ-
#oBoM ¢poure S (z) = h.

Ypasrennsa (3.67) sapmaror siikoman S (z) B mapamerpu-
qeckoil dopme: Boipaskas (4, o) depes x W3 MEPBOr0 ypaBHe-
masg, nonydaem = {(z), a = a (z), tak w30 S (z) =
= 2t (). Qymriusa S (x) ABIAETCA TIAJKOl W ONHO3BHATHON
¢yarnueii or z, ecan axobuman J (¢, o) 5= 0, rme oGosHAUEHO

J(@, a)= det 22 @)

a(t, o) °
Hycrs B R nmeercs (n — 1)-mapaMerprmaecroe ceMeicTBo
KpuBHXx: Z =2z (t, &), tEI[Ty, T, o= (ay, ..., 0, 1)

Kaycmuxoil aroro cemeilcTBa HA3LIBAETCA MHOKECTBO TOUYEK,
B Koropex J (¢, a) = 0. Doxasvroli mouroi KpuUBOH x =
= z (f, @) HasmBaerca Touka z° = z ({y, a’) Taxas, UTO
J (2o, &%) = 0. Ecau 210 cemeiicTBo ecTh CeMeiiCTBO CBETOBHIX
Iyueif, TO IVIABHHI WJIeH KOPOTKOBOIHOBOTO HPHOIHIKEHMNA
obpawmaercs B GeCKOHOTHOCTH HA KayCTHKE, TAK 4TO LpHO-
JIKeHNe TeoMeTPUUeCKOoN OOTHUKH HENPHIOJHO BOIH3M Rayc-
g {32].

W3 reomerpuaeckoil mHTEpPHIpETANMN BOJHOBHIX (POHTOB
ciaenyer, uTo ecam BoaHoBol ¢pomr S () = 0 aBaaerca
CTPOTO BHIYKIHM TrIaJKUM KOMIIAKTHEIM MHOroo0pasmeM,
TO IPH MAIHX | | BOJHOBEIE (pPOHTH 00MaFAlOT ITHEM Ke

CBOHCTBOM, a diikoHan S (z) Aapaaerca ¢pymrumei xmacca C™.
Opnmako upu yBeJwdueHWH { 3T0 CBOWCTBO e COXPAHAGTCA.
IIpumep 3.16. Paccmorpnm juisi ypaBHEHHS SHKOHAIA
(VS () =1
sagaay Homm

a8 no
S(x)=0, —=1, zes"’,
rae S"' — epunnmunas cgepa |z | = 1, d/0v — mpomssof-

HasA 10 BHyrpeHHedi mopMmamm x S™!, Bamava Komm pua
cucreMsl ['aMUIBTOHA MMeeT BHE Z |i—g = ©, P |i—g = — O,
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n
e o] = 1, orxkyma
j=1

z(t,0) =1 -2 0, S=2i
TaK 9TO
S(@) =1 ||

¥ 9¥KOHAJ OKA3HBAaeTCA HeomHo3HagHOU (yHKIimeil. JIyueBas
KapTHHA TAKOBA: KKJAA TOUKA [ABUIKETCH CO CKOPOCTHIO 2
o nyqy, u upu ¢t = 1/2 Bce nywu npuxogar B rouky £ = 0 —
mpoucxonur Gorycuposka ayueil. Boamosoit dpour S (z) =
= 2t mpu 0 <t << 1/2 sBaserca cdeporr pagmyca 1 — 2¢
¢ nenrpoM B touke ¥ = 0, a mpu ¢ = 1/2 Boamosoit ppouT
BHPOKAaeTes B TOURY & = (. M3 reoMeTpudecKoro cMhCIa
AkoOmaua caexyer, uro orvHomenue J (0, o)/J (¢, &) paBHO
OTHOIIEHWIO miomaned cpep pamuycos 1 uw 1 — 2¢, 1. e. pas-
HO | z |™™. CrnemoBaressno, ypapuenue ['eIbMroIblla HMEET
¢. a. pemenme u, IJABHHIH WieH ACHMITOTHKH Ly KOTOPOTO

paseHn
n—-1

ug (z, k)=|z| 2 exp (—ik|z|)
¥ KOTOpoe #ABJfercA CXOoAsileiicas K NEHTPY Bognoii. 310
¢. a. pemenue paBHOMepHO IO x B A060il KoHeunoit obxacty,
He comeps;Ramed Tourm x = (.
Ormernm eme, 4910 Touka 2 = 0 — (PoKyc cemeiicTBa
ayaeit — sBaserca ocoboil Toukoi siiKomama S (x). 4
Paccyvorpum gasoBse Tpaekropun ganunoil 3amauu. Umeem

r()=1—2)o, pE)= —o, iicof:L

Ilyers g — caBur BROAL TpaekTopuit 3a Bpemsa ¢, A, = g' Ay,
rae Ay — HadaabHOe MHOTOOOpa3We I = @, p = —©, o €
€ 8™1, Muoroofpasue A, ectb cdepa pasmepuoctn n — 1,
Jemaman va n-nupocroctu ¥ = (2t — 1) p; ouo nuddeomopd-
HO0 DPOEKTHPYETCS HA Z-IPOCTPAHCTBO mpw ¢ %= 1/2 m pud-
deoMophHO OPOEKTHPYETCA HA pP-IPOCTPAHCTBO HPH BCeX .
IIpoexmus MuorooOpasusa Ay, Ha RY ecrp Touka z = 0
(doxryec).

O6vemmuenme A" =  |J A; Tamsme ABIAETCH N-MEP-

—oo<{<oo

veM  C™-mHOTOOGpasmeM; 910 MHOro0Gpasue JarpaH;KeBO
(em. § 4). A™ mesxmr ma «mmmugpe» | p | = 1 m sagaercs
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ypaBHeHUEeM
0S (z

(S@)=1—]z]), zeR"\{0}

opu z 5= 0. llanee, A Ay uddeomopdro npoerTHpyercs
na R}, Mnoroobpasue Ay = {(z,p):z=0, |p]| =1}
Ha3BIBAGTCA IUKIAOM 0COGeHHOCTEH (OTHOCHTEJIbHO HPOEKTH-
posamuda Ha R}) marpamukeBa wmmorooGpasms A™.

Has aToro mpumepa XapaKTePHO CICAYIIIee.

1) CemeiictBo TpaeKTopuil B (basoBOM npoctpanctse, Ry,
IOPOsKJIEHHOe Jarpam:KeBoll 3agaveii Hommu, me mmeer 0CO0eH-

Hocteit (1. e. ono ofpasyer n-mepmoe C™-mmorooGpasme A™,
a ero ceueHme A; B MOMeHT BpeMeuu ¢ amiusaercs (n — 1)-mep-

HEM C™-MHOr006pasmen).

2) CewmeiictBo nyueit (mpoernuii (asoBHIX TPAGKTOPHIA
Ha RY) mmeer ocobenmocTu.

Jra cHTyaums ABIACTCH XapawTepHo# A GonbMMHCTBA
paccMaTpHBaeMHX HaMH 3a7ad.

MNpumep 3.17. Paccmorpum cemeiicTBO TpaeKTOpHI
(3.67); mannsre Kommn puis ypasuenuda siikonana (VS (z))? = 1
MOCTABIEHK NO-TpEMKHeMy HA Heroropom (n — 1)-mepHOM
C®-muoroobpasmn M™1, rak wro S (z) =0, z€ M™1
IIyers

M ={r:x =2 (), a € U}, @ = (a1, . . ., Op_1)s

U — obaacts B Ry*; Bexrop p° (o) coBmamaer ¢ egmHHIHON
HopMaabio K M™' B Toure z = z° (o). Kpome roro,

ranka—x%:n—L o€ U.

Pacemorpu B dasosom mnpocrpascrse RYY, MHOKecTBa
A ={lz,pprz=z(t,a), p=p¢ a), ac U},

roe x (¢, @), p (¢, o) ompegeasiiores u3 (3.67), u ux obvegn-

menue A" = | A,;. MuosmecrBo A, moxyveno u3 Ha-
— oot oo

9aJgBpHOT0 MHOrooOpasus A, CIBATOM 3a BpeMsa [ BJIOJIb

dazosoit Tpaewropmm. Ilokaskem, dT0 A;, A" aABnALTCA
C”-muOro0o6pasusaMu pasMmepuocreit n — 1, n CoOTBETCTBEH-
mo. Nmeem us (3.67)

a(z, p) =( 6p0+6x° 8p0)

oo oo ? !

7 B. II. Macnos, M. B. ®egopiok
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TaK 9TO PaHT 3TON MaTpHUIH PaBeH
9z0  gpo
rank(%, %)*n—iv, acU,
TaK Kak
0
rank (—'25-) =n—1
do,
mo ycaxosmo. CaemoBarenbHo, A; ectp (n — 1)-mepmoe C™-
muorooGpasme. lamee, marpuia
opd | 9z0
pO 2 . —_
a(z, p) _ oo + do
a(t, ay op°
0 9P’
oo

U OIMH W3 ee MWHODOB TOPH/KA 72 PABEH OIPEJeTHTeNli0
0x0 .

ox
0

Ay — ...
PP (%) 5o 301
(Bce BekTOPEH — cTox61Er). Tak Kak BeKTOpH 02°/0cr; nuHelHO
He3aBUCUMHEl M JeKaT B KacaTelpHO#l ILIockoct K M™1,
a Bextop p° (o) oproromaigen kK M1, 1o A (&) < 0, a € U.
CilegoBaTeiIbHO,

A(a):det‘

- d(z, p)
Nrank—a—m =n,
rak 4ro A" ecth n-meproe C”-mMHorooGpasme. MuorooGpasume
A" B mamHOM mpuUMepe ecTs HOPMAJIbHHIA BEKTOPHEIR OY40K
NMN-1,

Onuako cemedicTBO aywedl z = z (£, a), a € U, — o0 <
<< t << 0o, WMeeT OCOOEHHOCTH; eJMHCTBEHHEIM HCKIIOYCHUEM
ABJAETCA TOT cayudai, worma M™ 1 ecth (n — 1)-mimockocTs,
T. e. S () — nuHehiHag QyHKIUA.

Kax wmspectno ma puddepenumanpioit reomerpuu [44],
MHOKECTBO TO4YeK, B KoropeiXx J (¢, a) = 0, gua cemeiicTBa
(3.67) coBmajmaer ¢ reOMETPUUYECKHM MECTOM I[E@HTPOB KpH-
Busubsl Muoroobpasua M"L. Feam z = z (¢, o) — onunm
n3 mydeit, To Touka z (f, «®) meskmT Ha KaycTHKE TOTrHa
¥ TOABKO Torga, Korga paccrogmme oT Toukm z (0, «®) mo
Touru ¥ (fy, ) pasmo ki*, e k; — oflHA W3 I'IABHHIX KpH-
BusH MHorooGpasua M™! B rouke x = z° («?). B cayuae
0o0Iero moMoKeHHnsa, KOIga Kaycruka coctour na n — 1
INIAIKOTO MHOT0006PasHA (KOTOPHE MOTYT HEPeCeKaThCA MeK-
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ay coboit), a1ya z = z (f, a®) Kacaercs KaycTuKH B (POKAIb-
HBIX TOYKaX.

I3 aroro upumepa BEITeKaeT cieaymoituii Gaxr: ypaBHeHHE
sitkonasia (VS (2))2 = 1 He mMeer HuKaKkuMX pemeHmii Kiacca

C” (R}), 3a uCRaoYeHMeM JIUHEHHOW (yHKIAH
J=

IIpumep 3.18. PaceMmorpum cpemy ¢ JIUHEHHHEM KO-
dummenTom  upenomaenns n® (z) =xz,. IHomaraa z' =

=(Zgy » oy Zp)s P — (Pas + + s Pp)s TOIAYIAEM CIASTYIOMYIO
cucremy [amMumabroma:
%?:Zpi, dditI:Zp’, %:——1, %’;—':0.
Pemernwe marpammesoii saasn Komm
Tl—o=2"(®), Plmo=p" (@), &=(A; ..., Ayq) €U
EMEeT BHJ,

xy (¢, @) = — 282+ 2pf (@) t + 2§ (@),

pa(t, @) = —2t+pi (@),

o (t, @)= 2tp% (@) + 2 (a),

p’ (tv OL) = pO’ (OC)
CremoBartenbHo, Ty9n SBJAIOTCA KBaJPATHIHHME IIapaboaaMi,
a SHKOHAJ paBeH

S (2 (t, @) =Sy (%) — 5 £+ 27} (@) £+ 123 (@),
IIpumep 3.19. Paccmorpum ypasHenue, He cofeprkamiee
IepeMeHHOUA T ABHO:
L (MDy)u (z) = 0.

Cucrema Tamuabroma wmeer Buj

dz __OL(p) ~ dp
dt~  dp ' dt

:O,

Tak 910 ()a30Bbl€ TPAGRTOPNA WM JIYYH SABIATCA IIPAMBIMU
JIAHAAMA:

oL (p)

z(t)="7
@ op-  Jp=p(0)

+z(0), p(®)=p(0).
7*
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Mpumep 3.20. Pacemorpum ypasmenme IaMuinTo-
na — fIrobm
as as ,
3F+H(ux,3;}:a (3.45")
Beemem  dsyrmoueunyro  zaparmepucmudeckyio  PynkyLio
S (¢, z, t', 2"y 4], [31], rme = € R*, 2’ € R™. Ilo ompenexe-
HHOI0 374 QYHKIMA paBHA HefCTBHUIO BJOJb Jyda, COSIUHSIO-
mero Toukn x 1 z'. Wmenmo, mycrs (z (1), p (1)) — pemenue
YKOPOUeHHON TIaMHJIBTOHOBOIM cCHCTEMbI

4z _ 0H 4 _ o
dt op ! dt oz’
YIOBIETBOPAINEE KPAEGBHM YCIOBHAM
z(B)=z, z({)=2z. (3.68)
Torma, mo oupeenaenno,
o
S,z t', 2)= S Ip, dxy— H d1], (3.69)
t

re p=p (1), 2=z (1), H=H (1, z (1), p (1)).
B uacrmocrm, ypasuenwio (3.6) orBewaer ¢yHKIms
e .
Smxﬂﬂfy:SD%xﬂﬂ—VCMﬂﬂdn (3.70)

i

rae z (1) — pemenue caegyiomed KpaeBoil 3aadl JIf ypaB-
‘menns Hrioroma:
d2z
m—— = —VV (), x()=z, z@')=2". (3.70)
B KiIaccmueckod MexaHuKe jieicTBue S ompeperfeTcsa Kak

WHTET DA
ta

S:éLm

mo xaaccmueckoir Tpaextopum (L — ¢ymrimua Jlarpamma).
Ilpm Taxom ompepenenmu feficTBue sABIAAeTCH QYHKIHEH OT
rpaerTopuu (pyarumonansom). lIprBefennasn BEIIe TPaKTOBKA
meficTBuA, Bocxoisamasa K 'aMHIBTOHY, COCTOMT B TOM, 4TO
deticmeue paccmampusaemcs kakx @QYHryus om Kooplumam
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(skarogas Bpems). Ecam (bnxcnpOBaTL HAYAJIbHHHA MOMEHT
BpeMEHH ¢ ¥ HAYaIbHYI0 TOYKY Z', TO IBYXTOYedHAA XapaK-
trepucTHIecKag QyHKOHA Oyger d)yHKImeﬁ or (¢, z):

=8 (¢, ). Ona BrHUMCIAETCH CIEAYIOMUM 00pPa30M: U3 TOUKH
2’ B MOMEHT BpEeMeHH ! BHIYCKAlOTCA BCe AydM (T. €. ¢ pas-
JHYHLEIMEA HAYaJIbHBIMA HMIYJABCAMH), CPEIH HAX HINETCA TOT,
KOTODHI 3a BpeMa ¢ — ¢’ momafer B TOURY z (puc. 6), i 3aTeM
BHUHCJACTCA HelicTBue (MHTETPA
t

S L dt) mo sromy ayuy.

rf

Bonpoe o cymecTBOBAHUHU
ABYXTOUEYHOH QYHRIMYM B LEITOM
HETPUBHMAJICH, TAaK KAK KpaeBas
sagada (3.68) MoseT He OBITH OHO-
sHauyno paspemumoini. CymiecTBo-
BaHME ¥ IJIaZKOCTh 9TO¥ QYHKINK
MOKHO FAPAHTHPOBATD, ECITH TOU- Puc. 6
KA Z, ' J0CTaTOYHO GIMBKH APYT
K apyry. Hmxe Mbr mpemonaraem,
a0 yurmusa S (¢, z; ¢, z') oguosnagna u Geckoneuno gudde-
peHIupyeMa IO COBOKYIHOCTH NEPEMEHHBIX B HEKOTOPOH
obmacru mpocrpanctra (¢, x; ¢, x').

YcranoBum Baswuefimue csoiicrBa ¢ynrmuu S. IIposapnu-
pyem Buipaskenme (3.69) mo mepememmmM f, z, ', z'; moay-
9YeHHFIH B pe3yIbpTaTe BapHAalMM WHTETPaj PaBeH HYIo, TAK
Kak oH OepercA BHoab Jy4a. Cne,uOBaTeJmHo,

=(p, 8xy—H &t I(t x)

OTCIOJIa BEITEKAIOT COOTHOIIEHUA

=P, =D ),
%:H (T, 2 (1), p (1)) bt (3.71)
LB Xy

B wacrrocru, pyuruums S yposaersopser ypaBHeHHo LaMEIB-
ToHa — K06l

g—ts,vf—H (t', z', %‘—S—-) =0
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(o mepeMeHHEIM KOHEYHOH TOUKHE nyda (t', z')) u compsamen-
HOMY YPABHEHHUIO
oS

(10 mepeMeNHEIM HaUaJIBHOI TOUKM nyda (£, x)).
Has omiomeproro ypasuenusi Huiotoma mmeem [54]

Vz)=0, S, a;t, x)~m—(§:—,:x—)2'

2 —1) !
Vix)==—Fx, S z;t,2)=
:%—F Fa+a) (¢ —n—EE200 3.72)
V{(x) = moa%cz S, b, 2")y=

=mo [(22 -+ 2'2) cos ® (' — ) — 2z2’] 2 sino (¢ —1))™?

Iocnenusaa gopmyiia cupaBefiauBa Toiabko npa 0 < (¢ — #)<<
< T. ,

PaccmoTpum eille ofWH IpUMED: WACTHIA C 3apPALOM €
n Maccoll m [BIGKeTCSA B NOCTOSHHOM BHEITHEM MarHWTHOM
noxe BB, HAIPaBIEHHOM 10 OCH Z. Torﬂa parpamxaal L paseH

L= (@2 +y? 2?4 22 o (2y —y),

Iie ¢ — CKOpOCTh CBeTa B BaKyyMe, a AJIA S HMeeT Mecro
dopmymra [54)

(2’ —2)2

S, r t, r)——— T

+5 ot 200 (@ — P (¢ — o (a2 ], (3.72)

Be
e o= —, r=(x, y, 2).
OrMeruM eIe OHO Ba)KHOe CBOMCTBO JBYXTOYEUHON
XapaKTepuCTHIecKo QYBRIHN. PaCCMOTpHM OIIPeNleJINTeN b

Y (¢, 2) = det w20, (3.73)

Jdevmuma 3.21. Onpedesumenv (3.73) ydosaemeopsem
Y PABHERUIO Hepaapbzenocmu

aﬂrZ e (¥ ‘37}’;):.0. (3.74)

j=1
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; as
JdorasareanbcrTBo. I/I3(3.71)1meeME:- = — p (D),
TaK 4YTO
28 ap(t) (o’ \-t
dx 0z’ ' (017 ® )

QHECHDPYEOM HAYATPHYI0 TOYKY ¥ ¥ HAYAJIBHLIT MOMEHT Bpe-
MeHHU !, & HaYaJdbHLIE HMOYyJAbC p ({) cautaeM TMOPEMEHHBIM.
Torga pewenne cucrempl ['aMHIBTOHA B3aBHCHT OT HapaMer-

poB p(f)=a=(oy, . .., a,), TAK °TO
2s (09:' )—1
Jrar”  \oa :

ITo Teopeme JImyBuanas wumeem

Lnd (1, o) = dive 2

W

ree J (¢, o) = , TaK 9ro

“JZ o7 ((}p])

j=1

Tax wax Y =J"1, ro

n
dy oS0 d ( oH
—d_t—_+ V- (99" op; ) =0.
=1
Hamee, d/dt ects moxHas npoussoguas (IPOM3BOJHASL B CHIY
CUCTEMSbI), TAK 4TO

dy Y Y da’
=G )
! 0H
HOGKOJILK}’% = ;p, , To w3 (3.74") caexgyer (3.74).
Hpuvmep 3.22. YpapHeHme HKBaHTOBOMEeXaHUIECKOTO
ociimiasaTopa B R™ umeer BI/III

(3.74")

g0 mw2 75

th—= = -— Zm Amp T(x, x). (3.75)
CoorBercTByWOmAan YKOPOUYEHHAsT cHCTeMa |'aMIIbTOHA JTUHEH-
Ha:

dz dp o 9
m—d—t~p, 7{‘——- mawex. (3.76)

Pemenue »10it cmeremMnl ¢ jgampmmMu Komm

x |t=o =19, Pli=0=p°
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nMeer BHJ
0

P . 0
I== — sinwt -+ z%cosw
me +a®cos o,

(3.77)
p == p° cos ot + mwa? sin ot.

Ecam cucreva epmmun Bofpanma Tak, 4910 mo =1, 10

fx (1) / Tcoswt Isin (ot) 2%\ (20

i = . =g

vp (f) (—Ismwt Tcoswt) \p°]  ° \p°)’
T. €. g' ecTh moBopor B $A30BOM HPOCTPAHCTEE (3mecr I —
equnuunas (n X n)-marpuna). @Oyukmun L; (z, p) =z} +

sz -

gz ABIAIOTCA INEPBHIMI HMHTerpamamm cmerems (3.76),

TaK 49TO upoeknus ¢asoBoit TpaewkTopmum Ha 2-II0CKOCTH
(x;, p;) nBIRETCH MO Ba-

+
u

ITUNCY
P}
T mz(u2 + m‘a‘](n2 !
(3.78)

a ¢asoBaA TPaeKTOpPHUA
Je/RUT Ha R-MepHO# Io-
BepxHocTH 7™, KoTopas
3afaHa YpaBHEHUAME
3.78), 1 < j<n lpu
mo =1 nosepxmnocrs I™
Puc. 7 ABJIACTCA R-MEPHBIM TO-
poM, a (aszoBag Tpaek-
TOPUA €CTh OKPYIKHOCTH, Je;Raniass Ha 9TOM TOpe, IOCKOJBKY
ABUReHIe TOYKHM mepuojuuno ¢ nepmofiom 7 = 2n/w. Bcee
¢asoBoe mupocrpanctso RZ', paccramBaeTcs Ha n-MeDHBIe
TOPHI, WHBAPHAHTHBEIE OTHOCHTEIBHO C/ABHIOB BJIOJNEL TPaeK-
ropuit AuHaMuuecKo# cmctemsr (3.76).
Hauwamo roopgunar =0, p=0 aABIAETCH YCTONUYABHM
TONOsKEeHWeM PABHOBECHA TUNA «N-MEPHOTO LEHTPa).
Us (3.77) caeayer, uro

((F)-m p(F)-p

I10 o3Havaer, 4To Bce ayunr B R}, BRIXOJANINE U3 TOTIKH T,
cobuparorca B Touky —az° (puc. 7), T. e. mpoucxofar GoKy-

Ty &£
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cupoBra Jgyueit. Pemenwe z (T) KpaeBoil 3amaun
z )=z, z(@)=2a
nmeer B (ecau sin o (2 — &) 5% 0)

z (1) = !

sin o (¢ —1) [
a JByXToueuHas XapaxkTepucrudeckas pymrmus S (¢, z; ¢, z)
BhumcieHa pamee (cMm. (3.72)). B wactmoctw,

det (h ﬁjzz;i' ,) = ( sin ng;)~t) )” (3'80)

2 sinw(T—1)—zxsino(t—1t)], (3.79)

OrmeruM, 910 ¢yurmus S uMeer ocobeHHOCTH OpH I —
— t'=km, 1. e. B QOKANBHBIX TOYKAX.
Opumep 3.23. Pacemorpum ypasuenme Illpepmurepa

., 0 h2 1 :
ih 2l = — LAy 5 S ety =0, (3.81)
=1

rge gucna &;=4=1. JlumeiiHp# ocUMINATOD MOJeIHpYyeT
ABUREHNE YACTHUIHI BOJIU3M yCTONYNBOTO MOJOMEHUs PAaBHO-
n

Becs1; MOTEHI[HAT %Z €;}, OYEeBHIHO, MOTEIUPYeT IOTeH-
j=1

nuaabuyio Qyuriuo BOIN3U HEBHPOKAEHHOTO BKCTpeMyMa

z=0. [lockonbKy TaMHUIBTOHOBA CHCTEMA B 3TOM IIpUMeEpe,

KaK # B IIpeJsIAyIeM, pacmagaeTcss Ha n MOJCUCTeM, TO TOCTa-

TOYHO WCCIE0BATH CHCTEMY Ha ILNIOCKOCTH BHUIA

dx dp

@ P di
Pemenune »roit cuctemmr ¢ gamamimu  Hommu & (0) =z,
p (0) = p® umeer Buy
z()=p°sht+ 2®chi,
p (&)=p°cht -+ z%sh i,
dynriua p?—a? aBiAeTcA TWEPBHIM MHTEIPAJLOM CHOTEMS!.
MasoBasn TPACKTOPHSA  eCTh ranepbomaa p?—zf= po* — 0%,
a mpeobpasoBanme g' (CABUT BONb TPACKTOPHH 3a BPeMs t)
ecth Tumepboimueckuii moBopor. Ilomoskenme paBHOBecHs
z=0, p=0 saBraerca cexnoM. Pemenue Kpaepoit 3amadn
z(t)=2z, z({')=2x
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AMeeT BHJ

z(t)= [ sh (v —t) — z sh (1 —1)],

1
“sh (' —1)
a [ABYXTOUeUHAA XapaKTepucTauecKasg QGYHKIAS pPaBHA

S,z t, 2= !

s L@+ %) ch (=) — 2a2']

B rammom npumepe ABYXToUeuHas PyHRUUA S onpeseneHa
n Geckomeduo pudpdepenmupyema mpnm Beex ¢, z, t', z’, ecan
L=t

CremoBareibHO, TAMHABTOHOBA CHCTEMA, OTBOUANOINAf
ypasuenuio (3.81), mmeer nepshie uETerpadb pj -+ &5,
1 <{j<{n, a PasoBoe UpPOCTPAHCTBO pacrajaeTcs Ha HHBa-
puanTHHE (OTHOCHTENRHO g') n-MepHHe MmHoTooGpasus A",
KOTOPH® BafAl0TCA YPABHEOHWSIME

piteai=C; 1<i<n,

rge C;—1ocrosuasie. FEcau cpemm dmHCeX &; eCTh OTPHUIA-
TeABHBIE, TO MHOTo0Opasua A" HeROMOARTHEH,.

Ilpumepennsie Brime NUpPUMEPH HOCAT WAIOCTPATHBHEIH
xapakTep W J0CTATOYHO TPOCTH. B KadecTBe JPYIUX mpHMe-
PoB MoskHO OBUIO OBl B3ATH MO0V WHTETPAPYEMYIO 3a7ady
RIACCUTOCKON MEeXaHWKHU,

§ 4. Jlarpamxesst MHOTOOGpaA3HA
W KAHOHWYECKHE NPeodpas3oBaAHHA

Kpasnnaaccnuecroe npubnuaienne JiId pemennit ypasde-
uus (3.1) npusomur k cucreme 'ammiasrona (3.8) B ¢gasobom
npocrtpancrse RiY,. Hax usBectHo m3 KiaccuyeckoH Mexa-
HUKK, (asoBLIE MOTOR g' (r. e. cEBUI BONL TPAGKTOPUU
TaMHIBTOHOBON CHCTEMEBI 3a BpBMH ) coxpauser auddepen-
OHAJIBHY (GopMy

n
2 N g
® ’—A_J p]/\d.’l,‘]

Taxwe npeobpaszoBauusa HPazoBOT0 TPOCTPAHCTBA HABHBAIOTCSA
kKanoHuueckumu. Jluneliuple KamoHudeckme mpeobpasoBaHuA
ABJAIOTCA CHMILIEKTHYCCKIMI.

C KnaccwuecKo¥ MeXaHWKOHE TeCHO ¢BA3aH 3aMedaTedbHHH
Kaacc MHOrooGpasmil B ($asoBoM HPOCTPAHCTBE, HA KOTODHIX
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5 {p, dz) He 3aBucHT OT myTH (JOKaNBHO). 3HECH

n

(p, dx) = le p; dz;.
j=

Taxume MHOTOOGPA3UA HABRIBAIOTCH .1a2panxscesuimi. Pasmep-
HOCTH JIArpaH/KeBa MHOrooGpasus me mpeBocxonut n. Hiace
JarpamyKeBHX MHOT000pasmii WHBAPHAHTENl OTHOCHTEIBHO
KIaCCUYECKO muHamMuKW: ecam MHorooGpasme A mgarpammxe-
BO, TO CHBHHYToe MHOTooOpasme g'A Takmke Jarpamskeso.
HawnGonpmuii matepec IpegcTAaBIAKT JarpaH;KeBEl MHO-
roofpasua MakcuMagbHOH pasmeproctu n. Ecam rakoe (ommo-
cBsizpoe) MHorooOpasue A" ofHO3HATHO NPOEKTHPYETCA HAa
Z-IPOCTPAHCTBO, TO OTO 3aJaeTcsi ypaBHEHHeM

:05 (z)

dx

O49eBHUIHO, YTO

S :S<p, dz).

Ecau, xpome toro, A" omHOBHAYHO LIPOGKTHPYETCH HA p-
TPOCTPAHCTBO, TO OHO 3a/laeTcs ypaBHEHHeM

a8
T

ITpu stom orobpaskenme

(2, 8 (2)) = (p, S (1)
ecTh upeodpasosamme Jleraumpa, tar uro ¢yurmum S (z),

3 (p) nBoiicrennsr 1o HOury. Wrak, B Raaccmueckoil mexa-
HHKE Iepexof M3 I-IPeJACTaBJeHUs B p-IpelcTaBieHue
(r. e. mepexox W3 HPOCTPaHCTBA KOOPJAHMHAT B NIPOCTPAHCTBO
MMIIYIBCOB) €CTh KacareabHoe IpeobpasoBanme.

Jlarpammxens MEOr000Opasma o6mafaloT emie ONHUM Bajk-
HelmuM cBOMCTBOM: B KadecTBe JTOKAJBHBIX KOOPAHHAT BCETAA
MOKHO BBIOpaTs Habop

xiﬂ, e x.ik, pjl’ e ey pjn—k’

He COfep:Kaluil COUPAKEHHBIX KOOPAWHAT W HMMIYJIbCOB
(r. e. map Buma (z;, pj)).

OpHa M3 BayRHEHIMUX KOHCTPYKIUUN n-MepHHX JalpaHiKe-
BHX MHOTooGpasuii TaroBa. [locraBum 3amazy Homm musa
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ypaBuenusa lammabrona — fxo6u (3.3); oma wmpgymupyer
ragavy Homm mas cmeremsr 'amuabrona, T. e. (n — 1)-mep-
Boe mHOT0OGpasme A""! (rarpaH:eBo) B $a30BOM IPOCTPAH-
ctBe. Kro cBury 3a BpeMs ¢, ¢ < ¢ << £,, BANOAHAIOT N-Mep-
moe wmHoroo6pasme A", KOTOpPOe ABIAETCA JArPaHKEBHIM
(rpy6ra TpaeKTopHii). ITa KOHCTPYKITHA €CTECTBOHHEIM o0pa-
30M BO3HHKAET IIPH MOCTPOSHNH KBA3UKIACCHYSCKOTO IPHOIH-
JREHUA.

Hacroamuit maparpad DoCBANIEH HBITOKEHNI IIPHBEICH-
HEIX BbIIe (QaKToB.

1. Comunextiyeckasn reomerpusa. Ilyers R*™ — ¢dasonoe
OPOCTPAHCTBO, T. €. 2n-MEPHOe BEmECTBeHHOE apHpMerHde-
CKOe MPOCTPAHCTRBO

R¥™ = {r},r=(z, p)yx=(2;, ..., Z,),p= (D1 - .- Dn)

Beemem B R eBraumony CTPYKTYPY, BajiaBaeMyl CHaJsp-
HEIM KBaIpaToMm

{ryry={x, £y +{p, p),

I CHMILIEKTHYECKYIO CTPYKTYPY, 3aJaBaeMyI0 KOCOCKAASLPHbLM

npoussederuem
n

[, Pl =(p', 2 — (@', p» = 2 (plaf —pla}).  (4.1)

i=1
ITpu sTom

[riﬂ r2]: ——[rzv 7'1],
[rt, P2y =(Jrt, ¥, (4.2)
01r
J = (_1 o) ’

rpe 0, /—mwuyaesas u eguumunas (n X n)-MaTpHILL.

ITepemennsie z;, p; OymeM HA3HIBATE CORPAICCHHbLIMIL.

Ounpepeuxmenne 4.1. [nockocrs A < R?' mnasbi-
Baerca aazpandcesols, ecuu [rY, r?*l=0 pas awbwx rt, r2 € M.
I'manroe muoroo6pasme A B hasoBoM HPOCTPAHCTBE HA3HI-
BAETCS 1Q2PDAHHCEEM, €CIH BCE ero KACATEAbHEE IIOCKOCTH
JIarpaH;KeBhL.

Hpenmomenne 4.2, Pasmeprocmbv aazpandicesoil
naockocmu < n.

Horwasareancrtso. Tak rag J? = —I,,, To 14
TOor0, wro0H HA0CKOCTh A Ohla JarpammkeBoil, meoGXomuMo
¥ KOCTATOYHO, YTOOH IIOCKOCTH A ¥ JA OLIIM OPTOrOHAJNBHH.
IHockonpxry dim A= dim JA, 1o dim A < n.
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Otcroga caegyer Takyke, 4T0 MAKCUMAJIbHOE YUCIO JIHHEel-
HO HE3aBHCHMBIX IOMAPHO KOCOOPTOTOHAJILHEIX BEKTODOB
B ($a30BOM MPOCTPAHCTBE PABHO A.

Hpumep 4.3. Jobas upamas B R® mnpoxomsmas
yepes HavaJdo KOOPAWHAT, SABIAETCA JarpamseBoil. JlioGas
raafras Kpusas B R? aBasdercs jarpan/keBHIM MHOT00Gpa-
3ueM.

Ilpumep 4.4. Pasobwem wmmoswectso (1,2, ..., n)
Ha [JBa HelepeceRaonuecs noqMaokecTsa () — {oty, ..., dp }
B) = {Brs . +» Bi)s k- I—n.

IMyers A" (piay, @) —— TAOCKOCTD  {(Pys Zpy), T. €.
=0, pp=0. Ilmockocrs A" (pu), £@,) Jdarpamkesa. -
B gwacraoctn, mimockoctn x=0 um p=0 marpaHsKeBHl.

Cpepu mepeMeHHHX Z;, pj, i€ (a), j € (B), Her compsa-
SKEHHEBIX.

IToocroctr A" (pays @) OyaeMm Has3HBaTh K00pJIUHAM-
HuMU agzpanrcesuiml, naockocmant. Wx Beero 2". (Dynpa-
MEHTaJIbHOE CBOMCTBO Jarpam/KeBHIX R-ILIOCKOCTed omuchIBaer

Jlemwma 4.5. Beakas aazpanocesa n-naockocmb Mparc-
éepcasvra 00MOTL U3 KOODPOUHAM AG2DAHICEBVLE NAOCKOCMEl.

Morasarteasctso [2]. Ilyerp A — mambas mio-
CKOCTh, O — miaockocTs =0 m Ay=A A o, dimi;=
=k < n. Torga Ay B 0 rpanceepcanpna opuoit u3 C* Koop-
IUHATHHX  mIocKocTell  T=A (P, Zp) 1 0, THE (@)
coctonT M3 k »xeMEHTOB, Tak 4T0 Ag (] 0 N A (P, T@) =
= (. Jloxka:xeM, 4TO IIOCKOCTH A TpaHCBepcaNbHA A (P(qy,
Tp) =M

ITo ycaosumo Ay, -+ T=0. Tax ®ag A u A’ jarpamxess,
o [A, Ayl=0 (rax war Ao A) m [A, t]l==0 (rak Kak
v< /). Caenosarennno, [A (| A/, 6]=0. Ho mnaumGoxnnmee
YHCIO IOMAPHO KOCOOPTOIOHAJBHHIX HE3aBHCHMBIX BEKTO-
pos B R*™ pasmo n. lloaTOMY R-IIOCKOCTD O — MAKCHMAJb-
Has cefe KOcOOPTOTOHANBHAS IJIOCKOCTh, TaK 410 A (| A’ < o.
Hrax, ANAYyshnon®no=>iN1=0, uro
u TpeboBaJioch [OKA3aTh.

W3 aroii nemMbr BriTEKaer

Hpegnomenue 4.6. Iyemv A™ ecmv n-meproe
Aazpamceso muozoobpasue e R*™. Tozda docmamouno masas
orpecmuocmy kaxcdoti mouru r € A™ dugdeomopgro npoek-
mupyemcs a4 00KY U3 KOOPOUHAMHBLL AA2PAHHCEERL RAOCKO-
cmeti. Jazpanscesa n-naockocms p=z («Juaeonaiv») mparc-
8ePCANBHA KO 8CEM AAESPAHNCECHM KOO POUHAMHBIM RAOCKOCAM.
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Onpememennme 4.7. Jluneiinoe orobpaskenue
g: R™ — R™ HasuiBaeTCA  CUMMACKIMUYECKUM, €CIHH OHO
COXpaHsAeT KOCOCKAIAPHOE UPOU3BEICHHE

lgrt, grl = [rt, r?] (4.3)

ansa awbmx rt, r* € R,

W3 atorOo ompememenusi CaenyeTr, UTO CUMRACKMUUECKUE
npeobpasosaniLs, nepesodism AaepaHICessl NAOCKOCIY 6 Ad2DaH~
scesr. U3 (4.2) caemyer

IIpemaomenue 4.8. fyemv § — mampuya auneli-
Ho20 omobpascerus g: R — R™ ¢ wucxodnom opmonopmu-
posanrnom Gasuce e R®. Jlas mozo wmo6s, omobpasxcrue g 65140
CuMnACEMUuecKUM, Heobxodumo u docmamouro, wmobu

t9JG =J. (4.4)

(n X n)-marpuma 9, YHOBIETBOPAINAA YCHXoBUIO (4.4),
HaseBaercs cumnacrmuyecror. W3 (4.4) caegyer, uro §
HeBEIposKIeHa, det Y= 4-1. CuMmnmexrwueckume mpeobpaso-
BaHusz 00Pa3yioT TPYNNY; OHA HA3HIBAETCA CUMRACKMUYECKOL
m obGosunavaerca uepes Sp (n).

[Tpusenem Ge3 OKA3aTeNbCTBA HEKOTOPHE CREICHHA W3
CHMILTEKTHYOCKON Teomerpuu {(cM., Hampmmep, 41, [14]).
Hyers {e’, *}, 1 <<j, k< n,— Gasmc m3 2n BEKTOPOB
¢, f* B R?*, DrotT Gasnc HAaBHBACTCH CUMNACKMUUECKUM, eCIH

lel, d1=If", f1=0, [&, fF1=8. (4.5)

Hanpumep, 6asuc n3 KOOPAWHATHHX BEKTOPOB ¢’ = {z; = §;;,
pi=0}, ff={x;=0, p;=28;,} sBuaserca cEMIIEKTHYE-
ckuM. I{ak ¥ B eBRAUAOBOA reoMeTPUU, CIIPABEIHBH Cle-
OYIOLIWe YTBep:KIeHNA:

1) Cmmumextuueckne mupeofpasoBaHuA (A TOABKO OHH)
mepeBogAT a000i CUMINIEKTHIeCKUH 6asuc B CHMIIERTHIe-
CKHIH.

2) JIwGoit cuMieKTHYeCKUA 0Gas3mC MOKHO IEeDPEeBeCTH
B 11000 cHMIIeKTuYeCKIil 6a3Me ¢ TOMOMBLIO CHUMILIEKTIYe-
cKOro mpeobpazoBanud. )

3) Ecam mmeercsi m, 1 << m < n, BeKTOpoB € U BEKTO-
pos f*, ymoBmerBopsmomux ycmoBHEK (4.5), To aroT Habop
{, fh} MOKHO MOIOJHWUTEL MO0 CHMILIEKTHYecKoro Gasmca
B R?",

4) Marpuma CHMILUIEKTAIECKOTO Ipeo6pa3oBanua B JA000M
CHMILICKTAYeCKOM 0a3mce ABIACTCSA CHMILIOKTHIECKOI.
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2. Hamonmueckoe mnpeoOpasosanme. Bpenem B ¢asoBom
npocrpanctee R®™ juddepennuanpurie GopMe

o' = (p, dz) = ;‘1 pjdx;,
= (4.5")

n

w?=dp \ de= 2 dp; )\ dz;.

:
=1
fAcno, gro do'= w?, do?=0.

IIyers U, V — obaactm B R?*'. Bce paccmarpuBaemsie
HIKe 0TOOPaKeHIsI MPeNIoaaranTcs Geckonedno aAuddepen-
INPYEeMEIMI.

Onmpepmenenme 4.9. [uddeomopdusm g: U —V
HA3BIBAETCS KAHOHUYCCKUM Npeolpasosainiiem, €CIN OH COXpa-
Hser gopmy w2 T. e.

g*o?= o’ (4.6)
OGosumaunm (', p')=g (z, p), Torma (4.6) mpumer BHR
dp’ N\ dx'=dp A\ dz. (4.6")

MH0sKeCTBO BCeX KaHOHHYECKHX Tpeodpasosannii g: U — U
o0pasyer rpymnmy.

@opupt 0%, =002 A\ 0, ..., 0=\ ... \©?
(n pas) ABIAITCA UHEAPUAHMAMU KAHOHHIECKOTO Ipeobpa-
sopanusa. Tak Kak @ ¢ TOYHOCTBIO /[0 MOCTOSHHOI'O MHOKH-
Tensi coBmajgaer ¢ ¢asoBnM obwemom dxy; A dr, A ...
oo Ndzg Adpr A ... A\ dpa, TO BEanoRUUecKoe npeobpa-
g0eanue corpansem @Pasoenii o6vem (reopema JIHyBHIIIA).

Ilamee, Tak Kak

{rl, r*l= o? (1, r?), (4.7

To u3 ompenemeHus 4.9 caemyer

Ilpeganosmenne 4.10. Ilpeobpasosanue g Asasemcs
KaHoHuveckum (8 maiom) mozda u moavko mozda, kozda e2o
mampuye Arodu

oz’ oz’
dx ap
ol = 4
g o o (4.8)
oz ap /

CUMNACEMUYHA.
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IIparaa uwactb dopmyasl (4.7) — dT0 sHadenne gopmu ®? Ha mape
pexTopoB ri, r2, Ilo ompegenenmio puddepenuynanbHoil GopMbl uMeeM
(amecs r = (z, p))

dpi (ry=ps,  da; () =z,

dp; (rY) dp; (r%)
1 ;2 t ¢ = plax2.— p2yl
(@p; A\ dzx;) (rl, 12y = dz; (1Y) dz; (r2) Pty —Dpix;.
CregoBaTeabHo,

n
3l

2 (rl, r2)= Y plaf—plal=[rt, r2].
i:i

Ilpumep 4.11. TompectBennoe mpeoGpasoBanue r'=
=2, p'=p ABIACTCH KaHOHUYCCKHM.

Hpumep 4.12. 1) IlpeoGpasoBamme z,=p;, p;=
= — &y, Ti=2=xj, Pj=DPj, ] =2, ABIACTCH KAHOHHICCKHM.

2) HyCTL {(oc) |}y — p336ne1me muoxecrsa {1, 2, ..., n}
Ha [Ba HelepeceKalomuxcsg moamHo:kecTBa (), (f). Hpeo6—
pasoBanue
@) =Dy P@= — @)

ecTh Ipou3BefileHHe Ipeofpa3oBaHMil TOro ke BHAA, YTO
n B u. 1), u nosTOoMy ABIAETCA KAHOHHUECKHM.

IIpumep 4.13. Orobpaskennme g: W — W', samaBae-
Moe ¢dopmMyaaMu

t !
= (2}, p = (a—(‘;—g—))p, (4.9)

ABIAETCS  KAHOHHYECKNM  wupeofpasoBammeM, TaK Kak
(p', dx’' )= (p, dz). 3mecs W, W' — Manabie OKpPeCTHOCTH

roaer (2° p%), (z°, p’®) coorercrBenno, z°= ¢ (z°),

po="(ZE2) 0 u aetXEN w0,
Mpumep 4.14. Hpeo6pasoBaHHe
z' =Sz, p = 3Sp, (4.10)

rge S — BellecTBeHHAs OPTOTOHANBHAS MATDHIA, ABIACTCH
KaHoumdecknM. Takoe mpeoOpasoBaHme HABHIBAETCA MO80DO-
mom Pa308020 NPOCMPAHCIE.

MupapuwanroM KaHOHHIeCKMX Ipeofpa3oBaHUM ABJAETCA
crobka Ilyaccona. Crobra Hyaccona nBYX CRaIAPHHX QYyHK-
nui f (z, p), k (z, p) paBHA, DO ONpEAEICHHIO,

(f, B) (x, p) = — [V, pfs Va, ph]l =

<6x ! 6p> <0p '3z /" (4.11)
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Hanonuveckoe mpeoGpasoBaHme g coxpanser ckoory Ilyac-

CcOHa, T. e.
(f, ) (=, p)=(f', &) (=, D). (4.12)

Becs /' (a, p') =7 (z, p) e (&', p)=¢ (&, p), 1. €. (4.12)
HMEeT BHJ

<£’@> <W’M>
< ah> < . (4127

O6parno, ecqu mpeoGpasoBanue coxpanser ckooky [lyacco-
Ha, TO OHO (B MajoM) ABIAETCH KamoummueckuM. I[loaromy
He00X0JUMO0e M T0CTaTOYHOE YCJA0BME TOTO, uT0o0sl Ipecdpaso-
Bagme (¢', p')=g (z, p) OBIIO KaHOHHYECKHM, MOMHO 3aIH-
carb B BHje

. (4.13)
(2%, p3) = 0y;
nnu, moppodmee,
o/ 0 0xp oz 0g 0
2 (83705 Opg - Opg Oxg ); !
a=1
(‘9‘”1f or; _ oni o )0 (4.13')
g IPa Opq Gz | 7 )

M= M

(axg 6p]’~ ox; 6p]'- s
0z 0P 0P« 3.%05)* i

=1

I

Huddeomoppusm  ¢: R" — R™ ompenensierca 3amanmeMm n
dymrmait ¢ (), . . ., ¢, (@).

Hanonndeckoe mpeobpasoBaHue 3aMedaTeIbHO TeM, 1GTO
OHO HOJHOCTBIO OIIpeflenssercda 3aganHmeM ORHON (GYHKIHE
(rar Ha3HBAEMOU npoussodaueil PYHEYUL).

HNpegaomenune 4.15. 1) Hyemv U — odnocéssuas
obracmv 6 gasosom npocmparcmse, g: U — V — ranonude-
croe npeobpasosanue. Tozda cywecmsyem gynwyus S (x, p) €
€ C” (U) maxasn, umo

(p', dz’y—(p, dx) = —dS. (4.14)

8 B, II. MacsioB, M. B. @enopoK
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2) Ecau g: U—V ecmv dupeomopguan v (4.14) en-
noAneno, mo g — Kanonuueckoe npeobpasosarue (00H6cEA3-
Hocmb He mpebyemcs).

NorasaTteanbcrtBo. 1-gopma n={(p’,de') —
— {p, dz) samruyra, B cuny (4.14) m mo aemme Ilyamrape
n = —dS. [lorasatenscTBo 2) 0ueBHIHO.

Ilo ¢yurnun S=S (z, p) TpyaHo B ABHOM BHJIe BoCCTa-
HOBUTH KaHOHIYECKoe mpeobpasoBanme. Ecau ;e B KavecTre
HE3aBUCHMHBIX [EPEMEeHHHX Mo:kHO BHOpats (z,z') (1. e.
p, p’ — dyurmum or (z, z')), 10 w3 (4.14) Haxomum

__05(z, &) P = 05 (x, 2') . (4.15)

p oz ! oz’

Bcee nocaepyomue paceMoTpeHIA DTOT'0 TYHKTA HOCAT JIOKAIE-
HBI xapamTep. Ecinu

det 028 (z, z')

o # 0, (4.16)
TO, 0 TeopeMe O HEeABHON QYHKUHH, MOKHO U3 IePBOTO
coornomenus (4.15) Bupasuts z' uwepes (z, p): ' =z’ (z, p).
IlogcraBasasgs z' Bo BTOpOE cooTHOmEHME, BHpaskaeMm p’
gepes (z, p):

y__0S(xz, z)

. P =" |vewen

QOyurnua S (z, '), YOOBIETBOPAWINAS COOTHOLICHHIO
(4.14), HaseiBaeTcsa npoussodsupets PYHKYUET KAHOHUYECKO20
npeobpasosanus. Hanpumep, mas upeobpaszoBamuss &' = p,
p' = —z mmeem S= (z, 2’ ).

Bremem mpousBomsamyo (YHKIUIO, 3aBHCALNYIO OT IpPY-
rux HabopoB mepemennwx. Ilycrs us 4n mepemeHHBIX Z, p,
z', p’, cBaA3anumx coorHomenneM (z', p')=g (x, p), MOKHO
BEOpaTh 27 HE3aBHCHMHIX IEPEMEHHBIX (g, D@y Lia)s P(B7)-
3mece (@) U B)={1,2, ..., n}, (@) N () = &; amaxo-
rgano onpefexsores (o), (). Cpemnum storo maGopa mepe-
MEHHHEX HeT coupskenubix. [Iycts S B (4.14) ectp Pynrius
oT 3ajgaHHOTo Halopa mepemeHHBIX. Torna

(Playy dx(an) = (2(8)y AP — (Pl do) + (&ipy, APy =
= —dS (T@), D@y Liay Dip)),  (4.17)
Sy=8— (g, Py + {x@)r Ppy)-
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B srom caywae ¢yuxuma S; HasmBaeTcs npoussodalyeti
PyrEYUell KAHOHMYECKOTO Ipeolpas3oBannd, KOTOpoe BOCCTa-
HABJHBaeTcA mo S; ¢ HOMONMBI0 COOTHOMIEHUH

. 954 2 Sy

[C BH= 7 s
Sy 284

Pay=5—"—", Zgy= — .
a‘Z(m) ap(ﬁ)

IlpuBesieM pAf H3BECTHHIX CBOJEHHE M3 AHAMUTHYCCKON Mexa-
nukn [4], [14], [17], [63].

Teopewma 4.16. Kanonuueckoe npeoGpasocéanie nepe-
60dUm 2aMULLMOROBY CUCMeMY 8 2aMUALBMOHO8Y.

WUmenno, ecau (z', p')=g (z, p), To cucrema I'amuib-
TOHA

de _oL(z, p) dp _ _0L(z, p)

dat ap ' dt T oz (4.19)
B HOBBIX I6€PEMEHHBIX HMEeT BUJ
de’ L' (z', p) dp'  8L'(z', p)
¢~ op” ' Tat  o9r ! (4.20)

rne L' (', p')=L (z, p) (v. e. L' ects crapas Qyaxius
FaMuibroHa B HOBHIX HEPEMEHHDBIX).

Horxasareaxscrtso. Iyers r=(z, p) (Bce Bexr-
Topet — croabuni). Torpma cmerema (4.19) mmeer Bupg

dr aL

1
Haumee,
A adr Ly oL
a8 dt ? ar ot
TaK 9TO
ar’ ¢, 0L
=8 o
Tax xax J' = —J, 1o u3 (4.4) caegyer, uto g'J'g =J,
dr’ 6L'
¥ MH TONyYaeM —- —J
Ilyers g' — cpsur B,[[OJIb TPAeKTOPHH T'aMIIBTOHOBOM

cucTeMsl (4.19) 3a guxcupoBanmmoe Bpems f, T. €.

gt @, p={z (@t 2 p%, p (& 2 P},  (4.21)
! g*
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ree {z (¢; 2° p°, p (¢; 2°, p°)} — pemenme cmcrembr (4.19)
¢ mapHeiMu Homm

Z [4=0 = 27, P |t=o0 = P° (4.22)

Orobpaskenne gt: R2™ — R®* HasmBaeTcA (fas06blm NOMOKOM.

Mur mpemmomaraem, uro L (z, p) € C* (R?) u, mug mpocro-
TH, 9TO KaKJ0e pelleHWe 5TOH CHCTeMB CYHIECTBYET IHpH
Bcex ¢. B mporuBHOM ciaydae MpUBOTHMBIA HUMKE DE3YJAbTAT
cIpaBefIuB B MaioM (T. . OpH Mauux | ¢ | u B Maxoll obiaa-
ctm B R™).

Teopema 4.17. OmoGpanenue g asasemes kamonu-
yeckum npeobpasosaruem (npu kKaxcdom @GUKCUPOBAHHOM® L).

Horxasatenscrtso. [IpeoGpasosanne g 3amaercs
dopmynoir (4.21). TMomomum r°=(z°, p°) m

ox ox
t dz0  apo
A8 _
ar0 op  dp
0z0  0po
Tpebyerca mokasaThb, 4T0
TAJA=J (4.4")

opu Bcex £, rme TA — TpaHcmoHmpoBamHAs [0 OTHOLICHHIIO
K A Mmarpuiia.

[Ipu t=0 umeem A =1,, Tax uwro coormomenue (4.4")
BumorHAOTeA. [ToKaskeM, 4To JeBag 4ACTH 9TOrO COOTHOIIe-
HUS HE 3aBUCHT OT f; TeM CaMBIM TeopeMa OYAeT [OKAasaHa.
Hudpdepennupys ypasuenwe [amuabrona (4.19') mo mepe-
MeHHEIM 1°, moaydaeM ypaBHeHHe

d4 "
T:JLTTA.
CaengoBaTeanHO,
ata T s7n
dt - Aer'Iv
rak Kar TJ = —J u marpuma L;,. cummerpmuna. [{udpdepen-

HupyAa mo I JeByi0 4acTh paBemcTBa (4.4'), moayduaem
2 (FATA) = —TAL; A4 TAT LA =0,

rak Rak J2=1I,,. TeopemMa mokasama.
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9Tor daKT MOKHO TawKe AOKA3aTH ¢ TOMONIBI0 HHTEIPAJBHOTO
wppapuanra llyamkape — Haprama [4], [22]. IIyers T — mpocroit
3aMKHYTHI raagkuil xomtyp B R?*". Torpa

b @ ay=§ (o, da. (4.22')
r gir
Ilyers (2, p') = gt (z, p); Torpma

§ v, any=§ ', a0,
T r
z u3 (4.22') cnemyer, uro dp’ A dz’ = dp )\ d=z.

3. Kanounuecxkne mpeoGpasoBanus ¥ AArPAHSKEBBI MHOTO-
o6pasusa. Us (4.1) n onpenenenns 4.7 ciaegyer, 4To MHOT0006-
pasme sBISeTCA JaUPaHKEBHIM TOIJIa M TOJIBKO TOTHA, KOrja
Ha HeMm samKHyTa ¢opma ol= (p, dz). Orcioma BuITeKaer

Teopema 4.18. Hanonuuecroe npeobpasosarue nepe-
600um AQ2PARICEEO MH02000pASUE 8 AA2PAHICEE0.

Ham momamofuresa rtaxxe

Hpennomenue 4.19. ITyemv A" ccmob aaepanice-

60 C™-mnozoo6pasue makoe, wmo L (x, p)=const na A™7,
ITycme omo6pascenue

gt: AT gtAn—I
ecmo duggeomopgusm npu raxcdom t € 10, Tl u
AN = U gtAn—i
o<i<T
ecmv C™-muoz006pasue pasmeprocmi n. Toeda mHoz006pasue
A" naepanaceso.

HJorasarenascTso. MporooGpasus g'A™! mar-
pamxesst. [Iyers r'= {z (°; 2z°, p%), p (t°% z° p°)}, tme ¢° €
€ (0, T), («°, p° € A™1, u A", \*! — KacareabHEIE LIOCKO-
ctt K A", g' A" B toure r°. Torma A™! c A" m BekTop
= (22, %

at ' ot
CiaegoBaTesnibHo, BCAKEU BerTOop 1 € A" mMeer BHE M =
=& L (Cn’ rae E€A*!, (C=const. Ilokaxem, durO
[n° El=0 pma mwboro & € A™'; Torma A™ — xarpamesa
IIOCKOCTh, K mpemioxenue 6Oymer pmokasawo. [lycrs
(¢tgs + .., Op) — JOKaJbLHEIE KoopaumHaTe Ha gA™! B oKpe-

dx Op
%7, E) 06pa3y10T

B Touke (£°, z°, p®) rpamemepcamen k A"l B A",
D

CTHOCTH TQUKH 7°; TOT/a BeKTOPH &’ =(
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6asuc B R*. Umeem
; I

[E.J’ 7]“] = _WL (x (tv Cl), D (t7 a)) = O!
7

trak Kar {z (t, @), p (t, @)} — pemenue cumcremn I'aMuab-
tona, a L (z, p) — ee mepBmil wHTErpaI.

ITO IPEANO;KeHNE 1aeT OCHOBHYIO KOHCTPYKIAIO N-MEPHHIX
JarpamKeBHX MHOTooOpasmit. Mmenno, samawa Homm mus
ypaBHenus l'ammibrona — fAxobu munynupyer (n — 1)-mep-
HOe HadaldbHoe wMHorooGpasme A", Koropoe sBIAETCHA
JaTpaHKeBHIM. ETo caBurm BIOIH TPaeKTOPUH CHCTEME
lamunnsrona JRTOIHAIOT n-MEPHOe JNATDAHAERO MHOT006pa-
sume. Ecmm g' ymomumerBopser ycmoBusim npefaomenns 4.19
mpm Becex t € R, 10

n tAn-1
I
eCTh JATPAHIKEBO MHOI000pa3we, WHBADMAHTHOE OTHOCHUTENb-
HO g°.

B uacTtHoCTH, paccMoTpeHHbIe B KOHIE § 3 IpHMepH JamnT
PAM JarpamKeBHX MHOT000pasuii,

Crenyromue ¢GaKkTH YTOUHAIT JOKAJIBHYIO CTPYHRTY-
Py n-MepHOTo JarpamkeBa wmuorooOpasms A" Paccmor-
puM MHOT00Gpasme, Ketopoe qupdeomMopduo mpoeKTHpyercs
ma RE.

Teopema 4.20. ITyemv muozoobpasue A" sadaemcs

Yypasreruem
p=rp (), z€G,

20e G —- odnoceasnas obaacmv ¢ RE. das moezo umobu A"
6BLA0 AA2PAHNCEBBM, He06TOOUMO U Jocmamouno cyuecmeosn-
Hue makoil ckaisaproil gywryuu S (), umo

=20 ea. (4.23)

Noxasareanbcrtso. llyers

x

S(2)= | 0 (2), do).

x0

Hmst Toro uyToGH 9T0T HHTEIpAJ] HE 3aBUCE]l OT MYTH HWHTEIPH~
pOBaHUs, HEOOXONUMO M JOCTATOYHO, dTOOHI

dp (z) \ dz = 0.
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Ecnu p (z) mmeer Bapx (4.23), T0 5T0 yCiI0BHe BHIOMHAETCH
n A" narpamkeso; ecim A" JarpaH;keBo, TO HHTErpal He
3aBUCHT OT OYTH WHTEIPHPOBAHMA,

3amernM, 4TO ecam MHOrooOpasme A" mmeer Bupm (4.23),
TO OHO JIaTPAHKeBO, Haske ecad A" HEOZHOCBA3IO.

BrisicHuM JTOKAXBHYIO CTPYKTYPY OPOM3BOIBHOTO JaTpPaH-
jeBa MHOrooOpasms A",

Ilycrs, rar of6wuno, (o), (P) — pasbuenme MHOKECTBA
(1, ..., n) Ha HeuepeceKAWNIMECH MHOMECTBA.

Teopewma 4.21. Hycmv muozoo6pasue A™ sadaemcs
Y PAsHeHUAMIL

Tiy = Ty (Piars T@)s Dby = Py (Piayr Zd)s (Piars ) € Gy

ede G — odnocsasnas obaacmuv 6 Rx( , Rp( .- Aas mozo

umobe. A" 6vli0  aazpandcesvlm, Heobrodumo u Jocmamouno

cywecmeosanue makoil ckasaproil Pyrryut S (P, T
ymo

Liay == — 02:1) ’ P =05—i) . (4.24)
HHorxasartenascrtso. Pacemorpum ¢pymrnmmo ma A™:
(x, p)
S = S (p, A2) — (X, Pay)-
(x0, p0)

Ilyects A™ JarpamskeBo; TOT[a HHTETPAaJ S {p, dx) me 3aBHU-
CUT OT WYTH, TaK 4TO

dS = (p#» Axp)) — (T, APy} (425)

n S ecTh, IO YCAOBUIO, QYHKIHUA OT P(q), Lpy. OTCIORA CTegyer
( .24). OGparno, ecanm BmumoaHeHo (4.24), TO HMEeT MeCTO
(4.25), rak gro

d[S + (Zw» Pyl = (P, dz)

u fopma o! samruyTa Ha A™

Oyernua S, sajalolias Iarpam:keBo MuorooOpasme A"
(cm. (4.23), (4.24)), naseiBaeTCs TaKMKe npousgodawyeli PyHk-
yuell sToro MHOTOOGpasus; oHa ompegmeaserca mo A" ¢ To4-
HOCTBLIO [0 aIAWTHBHON HOCTOAHHO#N, ecau A" OJHOCBABHO.

INMpegnomxenue 4.22. Iycmv A" — nazparniceso
MmHoz006pasue, u nycmv docmamouHo maaas okpecmuocmv U
moury ¥ = (z°, p°) € A™ dugppeomoppro npoekmupyemes HG
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R? u Ha naockocmv A (pig)s Tgy). Ecau S (x), S (Do Zp) —
coomeemcemeyloujlie npousgodauje GYHKYUL, mo omobpascenie

(@, 8 (2)) > ((Par T®), —S (P> @) (4.26)

ecmv npeodpasosanie Jlexwandpa no nepemeHHvM I g).
HJorasareanbctBo. G TOYHOCTHIO OO0 HECYHIECT-
BEHHOHN aANTHBHON MOCTOAHHON nMeeM
(X, D)
S (z) = s (p, dx,
r0
r(x, P)
S (P Tipy) = S (Ps d)~— (T (cys Piay)s
r0
TaK 9TO
S (Z(wys Zy) =S (Peons Tiy) = (Zwrs Peany)-

Nz norasarennctBa TeopeMsr 4.21 caemyer, 4To

38 (P(a)s Z(8))
Oy

?

Ly =
A HaIe upejiyioyKeHue noKasaHo. Hpome Toro,

028 (ro 928 (0
det P00, det ap,f’);&o (4.27)

(@) (@)

B Touke (z°, p?).
4, Jlarpamkesa zapmawa Howm, PaccmoTpum ypaBueHue

I‘aMIzIJII)TOHaY — fAxobn
L (z, 8S (z)/ox) = 0  (4.28)

¢ BemecTBeHHOo3HAauHnM cumBoaom L (z, p) € C* (R*™). B § 3
GpIa paccMoTpeHa Jjarpam:keBa sajgada. Homm maoa aroro
YpaBHeHHA ¢ JaHHEIME Ha IJIOCKOCTH; Tereph 3afajuM Ha1adb-
HHe JanHKe Ha MHoroofpasmu. JlarpamkeBa 3afgada Hommu
Iis ypasmemma (4.28) craBurcs caegylomuM 06pasoM

1) 3apaerca aarpaHxeBo MHOI‘006pa31/Ie A™1 pasmepHo-
crg n — 1 Takoe, dro

Lip) =0, @peAt (4.29')

1 A™! maddeomopdro mpoerrupyeres . Ha Ry, -
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2) 3afaoTca HAYAIBHHE JaHEBE: UpH € n, A" (mpoek-
ura A" ! nma R}) mmeem

S (z) = S (), (4.30)
PO p@), (@ p@) A (4.31)
3) CraBuTca ycmaoBHe COTIACOBAHUA
dso () = (p (), dz), z € meA™ L, (4.32)
Teopema 4.23. IIyemo r° = (z° p° € A" u eunoa-
oL (r0)

mpanceepcaer k m, (TA™1) (r°).

HEHO Ycaosue: 6exmop ap

To2da 8 maaoii oxpecmuocmu mouky x° peuleriie Aa2PAHICeBOL

sadauu Kowwu cywyecmeyem u eduncmgenno.
HLJorasarTeascTs o. MecBeneM aTy TeopeMy K Ipef-

nomenno 3.8, Ilyers r® = 0 uw A™! 3amaerca ypaBHEHHAMHI

In = @ (xlv CEERES xn—l)v p =1 (xh C e ey xn—l)

B okpecrmoctu toukm (. Torma Sy = So (g, . . -y Too1)-
CoenaeM 3aMeHY TepeMEHHBIX

n

’ dh; .
#—h(@), p= N p, 1<j<n, (4.39)
he=t
e ¢ =z, I<j<<n—1, an =2, —@(x, ..., Tpov).

Iro mpeoGpasopanue ecTdb auddeomopdusM B Madoil oKpecT-
HOCTH Hayaja KOOPAMHAT; OH SIBISETCA KaHOHHYeCKUM (mpu-
mep 4.13) u mepesogur (S, L, Sy, A*1) B (S", L', S, A™1).
3mech

S'(x)=8(z), L'(«,p)=L(z,p) 8(')=350(x),
Tak. uro ecam S (z) ymomierBopser ypaBHemmio (4.28), TO

(o, ) <o, (4.34)

? axl
Honowum y = (x;, . .., Tp_1); TOT[A JATPAHKEBO MHOTr000-
pasme A"l umeer supg

At {(x', p)= (y, 0; 6‘2—;‘1’),1);(11)) ,'yEV} :

9TO [[OKA3RIBAETCA TAK e, Kak u Teopema 4.20. 3pmecs V —
okpectHOCTh TouKHN Y= 0. IIpm sTom

L"(y, 0, E“Qy(—y_),ph(y))E‘O,‘ yev. (4.35)
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Us ycmomus cormacosanus (4.32) cnenyér, aT0
oY) _ 855 (y)

dy ay
Y€V, u Hama sajada IPUHAMAET TOT KE BM/[, YTO W B OpeJ-
JoykeHna 3.8:

’ , as’ (y, 0 ’
S"(y, 0) =S5 (y)» ——a(fﬁ l=ph). eV
Hoxasxem, aro
oL - P , /98 ,
S 70 @:Qp~\a LM@) (4.36)

Torpa Bce yenoBua npennosenns 3.8 GYAyT BHOOIHEHH.
Nmeem

n n
oL (', p') _ Z oL (z, p) Opr __ Z oL (z, p) dx;

dpn Opr  Opn Opr Oz
E=1 E=1

B cuiry (4.33). Hpn 2'=0, p'=(0, pr(0)) umeem

w__zuww%mmemm

= 0:
apn Opn Oy I dpn 79

B CHIYy VCJIOBHSA TEODEMEL

0p
09 09 n-1 (1.0
( Ba Ty 1) oprororaner K s, A" (r%.

—-=£ (0, TaK RKaK BEKTOP
n

5. O6obnienue monATHA JarpaH:kesa Muoroo6pasmsa. Ilycre M™
ecTh n-MepHO¢ C*-mmoroofpasme pasmepmocTd n u T*M™ — ero

KacaTexbHbIl mydor. Ilyets z = (24, ..., z,) — JOKAIbHHE KOOp-
oUHATH Ha M™; Torma T*M" = (1 T*M% m snemenmramu T*M%L
xeM™

n
apasiotea 1-GopMer M, = ¥ p; dxy HA M™, T. 6. n,: TME — R, rae
i=t
TM7% — KacaTedbHOe IPOCTPAHCTBO K M™ B Touke z. Beegem ma T*M™
JOKAJbHBIE KOOpAWHATH (p, z), p = (p1, + .+ pp) U PAcCMOTPHM
1-fopmy ma T*M" '
ol =(p, dz). (4.37)

JameruM, uro ofmuit Bup 1-dopmer HA T*M™ chAemyIOILHi:

n

01= 2 aj (p, -T) d‘Z]—}_ 2 b] (pf .‘l:) dp]'
=1 i=1
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@®opma ®' ompejenena KOpPPeRTHO. J[eliCTRUTeNbEO, ecid 2’ — HOBHE
JIOKaJbBRE KOODAMHATHL HA M", x = @ (z’), TO

) ’ I ’ 0
(p, z)—>(p', 2"), pj= j (;Pk( ') pp.
h=1

Ciei0BaTEIBHO,

n n

r ! a z’ r’
(¢, da'y= 3 pk(z (sz(_‘: ) d"j)=(p, dz).

B=1 =1 ?

BreneM 2-gopny mA M™
0? = do. (4.38)

B nokanpEEIX KOOpAWHATAX
02={dp, dz).
Onpegenenne 4.24. BeRTopm EnET (T*, M) wuassl-
BAIOTCA KOCOOPMO20HAAbRBMY, ecal o (§, 1

Onpepenermne 4.25. C°°-H011MHoroo6pa3ne AR = T*yT
(pasMepHOCTH k) HA3HBAGTCA adepauxcesnm, €CIn I00He MBAa Haca-
TeIBHHX BEKTOPa K A® KOCOOPTOTOHAJNLHH.

N3 nemmer 4.5 cliexyeT, 4r0 B KadecTBe JOKANBHBIX KOOPIHHAT
B OKDECTHOCTH TOUKM HA JATPAH;ReBOM MHOT000pasuu MOMHO BHOpATh
(P ).

IIycrs H: T*M — R ecTh BelnecTBeHHO3HAYHAA QYHRIHUA KiIacca

C* Ha KoKacaTelIbHOM HyuKe W X, Y — BeKTOPHBIG Hois Kiaacca C™
ma T*M™,

Onpepgenenune 4.26. Famuabmonosoti cucmemoii Ha T*M™
¢ TaMWJILTOHUAHOM J HaspBaercssi BeKRTopHoe uojne Xpg _na T*M™

Taxroe, 4TO
0 (XY) = —dH (Y) (4.39)

ana anoboro Y € T (T* (M™)).
B noranBHEIX KOOpPIHHATAX

XH_< p ax> < ’ >
Tpaexropun monss Xy SABIAIOTCA DPEUICHUAME cHcTeMH l'aMuIbToHA
(4.19).
ITycrs ng: T*M™ — T*)" — $asoBuil TOTOK, MHAYNMPOBAHHBI]
noneM Xg. Toraa g;l coxpamsaer gopMy

§ 5. IIpeodpasosanne Pypbe
A-ncegoanddepernnaIbHEro oneparopa
(mepexona B P -upejicTaBIeHNe)

Hama 3amaga — mocrpouts ¢. a. pelleHHe yPaBHEHH
(3.1) B meaom, T. e. Bo Bcem upocrparcrse R%. IlepBrim sTa-
IOM TIOCTPOSHHA KBA3HKIACCHYECKOTr0 HPHOIMILKEHNA B IEI0M
ABIAGTCA OTHICKAHHE Taagroro Beiofy B R} pememma S (z)



124 YACTH I. KBAHTOBAHUE TOJA CKOPOCTEN

ypaemenns lammnbroma — fixo6um (3.3). Omgmaxo sTo0 ypaB-
HeHHe — HeJUHEeHHOe ¥ MO/KeT BOBCe HE HMETh IIIafKHX
BO BCEM UIDPOCTPAHCTBE POIIEHAN, 32 MCKANTOHAEM TPOBHAIB-
HBIX; TAKOTO POJA UpUMEpH OHLIM HpHBeJeHH B Koume § 3.
CueyoBarenbto, mpu mocTpoeHum ¢. a. PemIeHHH B IEJIOM
Heab3sa o6olTucs pemenmaMu Buma (3.2).

OCHOBHEIM ABIAETCA clieqylomee coobpaxenne [38]: ocmos-
HHM OOBEKRTOM, CBABAHHHEM € ypaBHeHHeM [ammabroma —
fAro6m, caegyer cumrards He Qymrmmio S (z), a JarpaH;KeBo
meEoroobpasme A", 3aganue ¢yHrmum S B HeKOTOpoll obmacTa
Q < R} sKBUBaZEHTHO 3afaHUI0 (KYCKa» Jarpam:KeBa MHO-
rooGpasus B $a3oBOM MPOCTPAHCTBE:

p:%, x €
IIpomgomxmM aTo MuOT006pAsHE, T. €. CABHHEM €T0 TOUKH BIOIb
TpaeKkTOpmil cmcTeMs ['aMUIBTOHA; MBI IOJIYIAM TIATKOE
JarpasxeBo MHOroobpasme A" (HpE COOTBETCTBYWINHUX OI'0-
BOPKax).

WUrax, mycrs narpammeBo muorooGpasme A" He wumeer
ocobGenHocTell. IT0 Jarpam;KeBO MHOroo0pasme sSBIAETCH
cB0oeoOpasHofl «PUMAHOBOH MOBEPXHOCTHIOY (YHKIUE S.

Ilycrs narpamsxeBo muoroo6pasme A" He mmeeT ocobeH-

HOCTeH; OfHAKO CBaA3aHHAA ¢ HuM QYHRImA S = S(p, dzr)

TeM He MEeHee MoKeT uMeTh ocoGennocta. Vmenno, mponssoas-
mas ¢ynknua S marpamskesa MuorooGpasms A" mmeer oco-
femHocTH B TeX TOYKax (z, p) € A™, OKpPECTHOCTH KOTOPHIX
JI0X0 HPOSKTUPYIOTCA HA z-mpocrpancTBo. Ho B Takmx Tou-
Kax MOKHO BRIOpATh Apyrue JOKaXbHBe KOOpHHHATH Ha A",
Hampmmep, mepefitm B p-mpeAcraBienue. KcTecTBeHHO pac-
CMOTpPEeTh B p-TpefcTaBieHdd @ ouepartop L. Iror mepexof
OCYHIECTBIAAETCSA ¢ HOMOINBI0 npeoGpasopanus Dypre. llepeit-
oeM K p-UpeJACTABIEHHI0 B ypaBHEHHAN

2 1
L(z, NDy) u (z) = f (2),
T. ©. IOJOKHM

u(2) = Filp.ell (p), [(x)=Fitp.sf (p)-

Torma ypaBHeHuHe OpUMET BHJ

(P, ol (2 A4Ds) Fit o) i (p) = F (8).



§ 5. IIEPEXOO B P-IPEJCTABJIEHUE 125

ITonyuennwnit omepaTop €CTh HCXOJHHIA omepaTop B p-Ipen-
CTABIGHUM W CHOBA €CTHb A-I. I, 0.; WMEHHO, OH HMeeT BUJ

2 1
L (—347Dp, p).
Yacrasie ¢. a. pemeHusi ypaBHOHUSA
2 1,
L(—2"Dp, pyu(p)=0

CHOBA MOJKHO mMCKaTh B Buie (3.2) (c samernoil x ma p). B mo-
caepyomux naparpadax 6ymer mokasamo, 4To, KOMOMHHUDYSH
TAKUE PEIICHHA, MOYKHO IOIY4HTH ¢. a. peurenwe ypaBHe-
Hus (3.1) B 1emom.

1. Yacruunsie mpeoOpasopanna ®ypse u h-Im. 1. 0.
Yerpoum pasbuenue muoskectsa (1, 2, . . ., ») Ha OBa Heme-
pecerarmnmxcsa wmuokectBa (&), (P): (&) = (oty, . . ., Op),

PB)=®n ..., Pp,rme k +1=n, a; + P; opu Beex i, J
(ogmo u3 muoskects (o), (B) momer Grrh wycTem). [Toromum
Z = (Tiays T)s Tioy = (Zayr « - To,) M 8HAJIOTHYHO TONO-
RAM p = (P(oys P®). DBemeM obo3HaueHus
li\
(Zayy Play) = }_‘ Lo ;Do A2y = dze, ... dxa,
i=1

7 aHaJoruyHbie 0003HAUCHHA
(@@ Do)y ATy, APy, APpy-
Begem A-mpeoGpasoBanme (Dyphe Mo 4aCTH IEPEMEHHSIX:

(B, x> lt (7)) (P Zpy) =
R/2 .
= (2%) S exp [— M (Z(ays P U (2) d2(qy, (5.1)

rge, kak oOLI4HO, Vi = ¢i/4, Torma obparmoe mpeofpaso-
BaHUE HMEET BH[

(F;»,lp(a)—»x(wv (P &) () =

s kj2 .
= ( ) 5 exp [iM (Z(ays PV (Pears gy} APay.  (5.2)

—2mi

Myers L (z, p; (iA)™!) — momueom or (z, p) ¢ Koadpdu-
nuenTaMu, raagkuMit o A~ npm A > 1, Torxa m3 u3BecTHAIX
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cBoiicts mpeobpasoBarua Mypbe BHTEKAET, UTO

2 1
By, x(w—»p(a,L (z, l_li; (1)) Filp(a)ex(wu (P 2@) =

2 2
=L (=W p< y iy P(cm A Dx(ﬁ)a (IR u(Pa, ). (5:3)

IIpegmomennue 5.1. Iycmv cumson L (z,p)€
€ T% (RY). Toeda aesas wuwacmo gﬁopmy/zbt (5.3) onpedeasem

aunelinwil onepamop u3 Cy (R" x( )6 c” (Rp( )XRQ(B))
LlorazaTesbcTBO 0UEBHAHO. CDopMyJIy (5.3) mpumeyM B Ka-
9eCTBE ONPEJeNeHus oleparopa
2 1 1
L (—7”_ Pyt FiBrs Prars k"li(ﬁ); (i)™
u 6yneM Ha3LIBaTB ero A-npeobpasosanuen Pypve M. [. 0.

L (a:, K‘le, (iA)7!) mo wmepemMeHHBIM Z(g).
2. HoBplif K1acC YACTHBIX ACHMITOTHYECKMX peIlenuii.
PaccmoTpuM ypaBHeHHe

L (2, M ()71) u (&) = 0. (5.4)

Berogy B gaabmeiimem B 3ToM maparpade IIpenmoiaraercs,
aro L (z, p; (i)Y € T? (R™) mias mHexoToporo m.

B § 3 mbi mocrpomnm Kiaace QopMasbHEIX ACHMIITOTHYE-
CRUX pemenuil ypaBuenms (5.4) Buga

u (x, ) = ¢ (2) exp (LS (x)).
®opmyna (5.3) mosBodAeT TOCTPOUTH RKIACE GOPMATBHLIX
ACHMIITOTUICCKUX DPEINeHUH BUIaA
u(x, A) ==
= FX,lp(a)»x(m (@ (P 2®)) €xP [IMS (Peayy Zp)])- (9:5)
Buawage Mb (popManbHO HpOBENEeM BHKIALKH, a 3aTeM

mpuBefeM cTporoe yrBep:RAenne. ‘Bymem wmckarth pemenme
ypasuenus (5.4) B Bumje

u(x, }V) == F?_»,lp(a)—}x(a) (v (pwc): ZB)s K)) (5'6)

Moncrasum (5.6) B (5.4) W mpuMenuM cleBa OmEPaTop
F’~v°¢(a)"p(a>' Torpa, wucomonbsys dopmyay (5.3), moayuum
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ypaBHeHHe

2 2 1
L (_A_iDp(mv Zyr Pars A—le(Bﬁ (™M v Py 2@y )= 0.

' (5.7)
Ho 310 ypaBuenue mmeer ot ;xe Bug, 9to u (5.4) (T. €. B ze-

BOIf 9aCTH CHOBA CTOUT A — 1. M. 0.), M MBI, KaK ¥ B § 3, MOo)KeM
HCKaTh QOpPMaNbHOC ACHMNTOTHYECKOE pemeHme B BHE

U (D Ty M) = @ (D(ay» Tp)) €XP [AS (Piass x(ﬁ))]' (5.8)

Iopcrasasa B (5.6), moaygaem (5.7). dror wiacc ¢. a.
pemenwuii BoepBeie Guir moctpoen B [38], [39].

Teopema 5.2, ITyecmv cumsor L (z, p; (ih)™1) €
€ Tm (RY), dynryus S (Pioys Tpy) BCUYECNBEHHOZHAUNA,

P (P @) €ECy (RZ(_;; X Ri(m)’
S (P> ) ECT (Rn‘h X Ri(ﬁ))'

Py

Toeba npu A =1 u npu awbom yerom N =0

2 1
L (x, }u—ipx; (._ l?\,)~1) Fx}p(a)»x(a) ((P (p(OC)’ x(ﬁ)) X
X exp [17\15 (p(om x(ﬁ))]) =
N-1
= F3 b i [exp (iIAS (Piays Z8y)) Z(,) (A7 Ry (P py) ]+
=

+O0xl. (5.9)
3decy R; — aumnetinsill dugepernyuasonslli onepamop no-

padra < j ¢ koagppuyuenmamnu xaacca C™ (sasucsuunu om S),

Ocmamounuiii uaen OF O_% (RE < Rrvh),
NEORN( B x(B))

NoxaszarteasbctTsro. Hycrs QyuRIMA U (D) ZE)
feckoneuno muddepenmmpyemMa M (QUHATHA II0 BCEM CBOHM
aprymenram. Torma, B cmay (5.3),

2 1
L (z, ' Dy; (iM)™) F3 iyl (Piary Tiy) =
= Pt pgyomy LV (P )y (5:10)

~ 1 2 ! 2
£ =1L (_?L_iDp(or,)' LBy x_le(ﬁ)’ P(oc))-
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Ilyers v ummeer sug (5.8). Ilpmmemsia teopemm 2.6, 2.11,
MoJIy9aeM pasioyKeHus

N-1
& i i U | . /3 y—1
Lv =8 201 (M)~ Rjo 4 My (Piays ey (IA)7H).
YTBepRICHEE TEOPEMEl OTHOCHTENBHO OCTATOYHOTO WIeHA

caegyer us (2.12').
Drmmmmem mepsrle pBa Wiena pasaoskenus (5.9):

Ryp = Lo, (5.11)

v (2 )~ (2 2
19 (g " 0P apg)’ dzp)

82L,0 328 0210 928
— Sp (227 9%
2[ ((th ap<a>))+ px(wmﬁ))zwx(ﬁw)

9210 52L0
—28p ( ) =22 5|
P 0z () 9Py 9P(a>0x<f3> 2‘ O, 5175 ¢+

o) 6

3rece

0__ __55(17(0;), ZB)) S (Piays 1({3))
L ——L( *——ap—r, ZBys p({x), ———axr 0) . (513)

Ilpoussopnasn ( Gepercss mpu (iA)™t =0 u npm

oL )
@M1/ 0
TEX K€ 3HAYeHHAX Z, p, uro u L°.

3. Ypasuenne mnepenoca. Bpemem o0osuagenmne

L (x, p; (M) =L (— 2, @ P Pgyi (M7 (5.14)

Ypapuenue I'amuaproma — flkobu mMeer Bup

0 = 0. (5.15)
HMonoxnm
"= (P T@): P = (T D) (5.16)
Torma cucrema I'ammtbrona maas ypasmenus (5.15) mmeer Bupg
do’ _ ol (, p'50)  dp __ _ oL(, p; 0)
w0 e e 04D

'@, p';0) =Lz, p; 0).
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IIpamensasn dopmyny Jluypmmaa (3.23) x cmcreme
dz’ _ 9L (2', 88/dz"; 0)
di op’ ’
moIydaeMm, 9TO

d 92L0 928 5210
-Et-an::Sp ( aprz ox'2 ) +Sp (axlapl) ’
rae
a (p((l)v .’E(ﬁ))
=det %2 B, .
J = det 9 (z@), P@)) (>-18)
Haaee,

oLo
ap/ k) 0x (p1

rme ¢ — mpomaBomHas B cmay cucreMu (5.17). CmemoBarens-
mo, ypasuenme R¢ = 0 mpumer BuA

2oV =—(eVT) (58 aff’;p L)Y 5a9)

Chopmynnpyem pesyuabTaT, aHaJXormusmilt Teopeme 3.10.
IIyers U — obaacte B R™™, {2': 2’ = z'° (y)} — C-muo0-
roo6pasne pasmeproctd n — 1 B RE. Paccmorpum sapmawy
Hon

2 imo=2(V)s P l=o=0"(), YEU (5.20)

¢ ycaoBueM cordacoBanusA (3.32), H IYCTh BHIOIHEHH YCIO=
Bug 1)—3) meopemrr 3.10 (mociemHee — MpEMeHNTONBHO
K samaue Kommu (5.19), (5.20)).

IIycts  Q () — Malasg OKPECTHOCTH  TOYKH Iy, =
=g (y") m Q< RY — Mazas  OKpPeCTHOCTb  TOYKH
(2}, 20py (YY), THE I8y — amr0Goe. Ilomomum

S (P (&, ¥)s 2@y (& 7)) = So (Play (V) 20p) (V) +
t
_I_S [<p([3> (t'7 ’Y), d_‘fi_ﬁ)d(tt,_’_l)_> -
0

— (o @, W), P2 DN Tar. (5.21)

Ilpum manwix ¢ 3ra GyEEnua Gyger pemenweMm Kiacca C™
ypasrerma (5.15).

Teopema 5.3. Ilycmv sunoanens yeaosus 1)—3) meo-
pemwn 3.10 (nocaednee — dasn sadawu Kowu (5.19), (5.20)).

G B 1T Martne M T Do e



130 YACTD I. KBAHTOBAHUA TOJA CKOPOCGTEN

Toe0a pynryus
o o (0) V17O 91T
u(z, A)= F?»,lp(a)—’x(a) : 1fm .

i
Xexp [l?\,S (P> x(ﬁ))_S [-;: S (_g%ip)_ agi(;_1
0

Ly
(5.22)

asasemest peurenuenm ypasrenus (3.1) mod OF 4 ().

QOyuxuusa S ecTh pemenme ypaBHeHms IaMHIBTOHA —
Axobu  (5.15), @y (y) — mpousBoabuas (yHKIuA KiIacca
c” (U).

Bee ¢yurmun z,4), pi), Piays £p B OpaBoii wactu (5.22)
ABiAOTCA pemenuamu sagaun Komm (5.19), (5.20), (1. e.
Ty == Loy (£, ¥) M T. H.); I, ¥ TAKOBH, 4TO0 Zg, (£, 7) =
= Zpy-

HokasatenncTBo Teopemsr ciaegyer us (5.19) m Téope-
MEL O.2.

K ypaBuenuam meperoca Mel Bepuemcs emme B § 11 u B § 14.

§ 6. Ilpenkanonudeckmii oneparTop
(KkBaHTOBAHME MOJA CROpOCTEil B MaaoMm)

WUrax, B oDpepsgymux naparpadax OBUIM IOCTPOEHHI
dopMaabHEEe acuMiToTAYeCKUe pemeHus ypauenma (3.1),
KOTOpPble HMET BUJ OHCTPO OCIMJLIMPYONEH SKCIOHEHTHI
nuGo B z-mpeAcTaBieHu#d, JH00 B p-IpeACcTABIEHHH, JHGO
B cMemaHHoM mpexcraBiaenmu. Haskmoe takoe ¢. a. pemeHnme
aCCOIMUPOBAHO C JarpamyKeBEHM MHOrooGpasmem A" Marcu-
MalIbHOW pasmepHocTH B (azoBom mpocrpaucrse. Temeps
B KavecTBe OTIIPABHON TOUKH PAaCCMOTPEHHS BO3BMEM 3TO
mHorooOpasme. Hama samasa — mocTpouts ¢. a. pemeHume
B TEJOM, CIMUBASK BCEBO3MOKHHE ¢. a. pemeHus, HHIYIA-
poBauusie maorooopasuem A", Ilpu cpamuBammu ¢. a. pemre-
HUH ciemxyer, MpesKie BCero, YUUTHLIBATH, YTO ONHO W TO Ke
pelrlieHne MOMKeT WMeTh pasiIWyHble HpefcTaBieHus (Haupd-
mep, A" mosxer pupdeomopdpro IpoeKTHpOBATHCA W Ha -
OPOCTPAHCTBO, W Ha p-IpocTPaHCcTBO). COrIacOBAHUIO HTHX
OpefCTABIEHNHE W IOCBAINEH HACTOAIMMUA maparpad.

1. IspucTnmueckue coobpaskeHna. 3ajada O HOCTPOCHHH
KBa3WKJIACCHUCCKON AaCHMIOTOTHKE YpaBHeHAN KBAHTOBOH
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MeXaHHKH WiIH, BooGme, ypaBHeHuil Buja
L(z, D) u (z) =

OpUBOAUT, KAaK MH BBIACHHJIH B IOpesAyluX maparpadax,
K (KIACCHYECKOMY» O00BEKTY — JarpaH/KeBy MHOT000DPa3mIo
A" B dasoBom mpocrpancrBe. Temepr MBI IPOKBAHTYEM BTOT
00beKT KiaccHmieckoll mMexaunuku (moje cKopocreil), T. e. Io-
crpouM omeparop K, orBedaroniuit MuorooGpasmio A" (Kamo-
HAYECKUI omeparop).

B nacrosniem naparpade pacemMarpuBaercs caydail, Korga
aarpanskeBo Maoroobpasue A" quddeomopdHo npoerTapyeTca
Ha OAHY U3 JarPaHsKeBHX KOOpPAMHATHHX miaockocreil. Coor-
percTBYonuil omeparop K 6ymeM HasHBaTh RpedKaHORUYE-
CKUM ONepamopoM.

IIyers muoroo6pasue A™ muddeomopdro mpoerTHpyercs
Ha Z-OpOCTPAaHCTBO. BBemeM omeparop

K: Lin (A™)— L*(R})
no ¢opmyie

K9) @)=/ [T expiaS @ 2). (B.)

JTOT OUEPATOD HABOBEM NPedKAHOMUMECKUM ORepamopoMm-
3pmecs do™ — obbem ma A", § (xr) — mpomssomAman QyHK-
IUA JjlarpankeBa MHOr000Dasus, T. €. OHO 3a/aercs ypanme-

HUEM D = aS(x) u HopMma B LZ 3agaercs dopmynoi
lo|l?= S | o [*do™
An

Oneparop K sABIfeTCsa yHHTAPHBIM:
(lKCPIde— S | @ [2do™
Rx AT

Hamee, cupasejnuBa GopMyra KOMMYTALHK

L (s, ¥1Dy) Ko = K (L (z, p) 90 (0,

rae Touka (z, p) € A" Tarum o6pasom, A-m. 1. 0. mepexomut
B omepaTtop yMHO:KeHWsA Ha (QYHKUE© (ChMROA omepaTopa)
¢ Tounocteo g0 O (A1),
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~

Ecam cumBonm omepatopa L paBem HYa0 Ha MHOrooGpa-

smx A", To ‘
2 1
L (z, \'D,) Ko = O (A1),

T. ¢. QYHKIUA U = K(p ecTb (opMaNbHOE ACHMIOTOTHIECKOE
pemenne ypasuenus Lu = 0 ¢ TousocTsio mo O (A1), Takum
00pa3oM, ¢ TOMOINBK NPETKAHOHHYIECKOTO ONePATOPA MORHO
cTporTh (JOPMalbHEE ACHMIOTOTHIECKNE PENIeHHs yPaBHEHH
Lu = 0,

Iyers A™ mupdeomopduo TpoeKTHPYETCsa TaK:Ke M HA p-
npocrpancTBo. [lepefimeM B p-mpefcraBienue. Torja ypas-

38 (p)

HEHEe MHOT000pasua A” mpuMer BUfL L = — —p  TRe $YyHE-

maa S (z), S (p) meoidictBerEn mo IOEry. 3amermm, dro
¢yurmus @ (r), rme r — TouRa A", MOKeT O[HOBPEMEHHO
PaccMaTpHBATHCA W KaK QYHKIHA OT £, U KaK QYHKIHS OT p.
Ilycrs n = 1 gas npocrorh. Ilpumenssa meroy cranmosapHO
dasu (§ 1), moxywaem (B mpeguoioskenus, 40 Sy, () = 0)

(Fr, 50 (K@) (2)) (P) =
:Vf% S exp (— ihzp 4+ iAS (2)) @ (z) dz =

in

=L ginBp) S S 0Ot

& T eS0g @ () Trer ) | 4007,
(6.1')

_ 1
Vi

rue z (p) — pemenue ypaBHeHus Sy (x) = p.
CpaemuBas ¢Qopmynn (6.1) m (6.1'), momywaem, manee,

|20 =)/ |22

dx
CnemoBaTeAbE0, B p-IPEACTABICHAN IPEIKAHOHAICCKAI ole-
parop K mmeer Bup
I /1 do T
(K@) (@) = eF5 s (| 22 | exp @S (B 0 (2 (6)))
v = const, (6.17)

¢ TOYHOCTBIO 70 caaraemoro mopsapaxa O (A1),
ABaJIOTHYHEIA BUJ HMMeeT NIpeJKaHOHMIECKHH OIeparop
B CMEMIAHHOM TPEICTABICHHM.
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2. Opepranonnuecknii onepartop. IIpusenem oGosnadenus,
KOTOpHEe OYAyT HCHOOJB30BAHEL B 9TOM X MOCHERYIOMNX
pmaparpadax.

1) A™ — marpammeso C™-mmroroofpasme pPasMepHOCTH 7
B ¢asoBom upocrpancree R = {z,

2) r — roura A", {(z (r), p (r)) — ee KoOpAMHATH.

3) do™ — nudpdepennmanpuas dopMa cTemenm n A Kiaac-
ca C~ ma A" (o6mem).

4) 3 (A") — mura ocoGemHocTedt (cM. ompepeinenme 6.1).

5) €7 (A™) — muomectBo Bcex C™-oTobpaskenmit @: A™—-
— C% ¢ KOMIIAKTHHIMH HOCHTEISIMHI.

6) (o), (f) — memepeceraoIUecs MHOKECTBA, B CyMMe
matormume wmuoxkectso (1,2, ..., n). JHamee, x4 =
= (T(apr -+ o Tiap) T T I

7) LI, r*] — raagraa ®pmBasg ma A", 9l = r? —rl,

Bremem caegyomme OpefABapUTEIbHBIE UOHATHA: KaHO-
HUYeCKasg Kapra, Heoco(asa KaHOHMYECKAs Kapra, KaHOHUTE-
CKMil arJac.

Kanonuueckoti kapmoii nasmBaeTcss OJHOCBABHAA 00JacTb
Q < A®, xoropas pudpdeoMopdHO TPOEKTHpPYETCHA HA ONHY
M3 JaTPAIKEBHX KOOPJAHMHATHHX ILIOCKOCTEH {P(y)r Z)}-
Rooppunaret (P, ) HAB0BEM HokasbHuML KOOPIUHAMA-
MU KAPTH.

Onpegenernunme 6.1. Toura r® € A™ wmasmBaercs
Heocoboii (oTHOCHTENBHO TpoeKTupoBamusa ma RE), ecanm
HEROTOPas €6 OKpPecTHOCTh AudPeoMopHHO IPOEKTAPYETCS
ua R%, m oco6oii B mporuBHOM cayuae. MuoxecTBo BCex oco-
Onix TO4eR obo3Haumm uepes X (A").

KHanonnueckas Kapra {2 HasBIBaeTCA He0co00l, €CIH Bce
ee TOIKH HeocoOLIe.

Hanonuveckum amaacon Ha JIarpaH;KeBOM MHOTooOpasmm
A" naspiBaercsa maGop {91} roe Q' — KaHOHMYECKHE KapTH,
tragoi, uro: 1) {Q'} ecrtb cuernoe wuoOKpHTHE, 2) KaK-
Oel KoMmakT F < A" TOKpHBaercad KOHEUHHIM UHCIOM
Kapr.

CymiecTeoBaHe KAHOHAYOCKUX ATIACOB CIONYeT U3 JeM-
MBI 4.5.

ITyctes @ — xamommueckas xapra. Ilpm r € Q maTerpaxn

r
{ @, az,

re
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00 ONpefeneHnio, GepeTcss Mo OyTH
LIr% r ()] + LIr @), rl,
e ™ — PUKCHpPOBAHHASA TOUKA KapPTH, W HOCIAEHHUE HyTH
aesrut B 2. Tak kak ¢opma (p, dr) samrmyTa na A", To aror
HETerpaJl ecTh ofgHo3HauHaA (ymrmmsa wriacca C™ (Q).
Beenem onepamop K, peficrsyrommii mz Cy (Q) B C7° (R}).
1) Q — neocobas xapra. llomommm (cM 6.1)

(Kq) (z) ~ )/ [ L]

* do™ (r (2))
dx

B Touke r (z). B moxkansHHX KoopamuaTax x uMmeem do™ (r (z)) =

= a (z) dx, Tax g0

\da"(

))exp L?» S (', dz)) (6.2)

3mech ecTh Ipou3BojfHAag MepH do™ mo Mepe dx

2) Q — ocobas =xapra ¢ QOKATLHHIMUI KOOPAUHATAME
(Peayr ). Hampas r1oura r € Q umeer Bufg

r=r (p(oc)’ x(B)) =
= (Zay (Piars Z@ )s Ty Diawrs Pity (Peawys z)))s
THe Z(q), Pp — 3aauube QyHrmuu. 11oaoKEM

_ do™ ,
(Ka) (2) = Fitpyosy [0 0 (0 20 )/ |22z 20,

T(P(a), x(B))

X exp [i}, ( S (P's A"y — Ty Py T)s P(oc)>):” .
" (6.3)

Mopwurerpanbras QYHERUUA  B3aBHCHT OT TEPEMEHHBIX
(@(eyr @y P(ay), TAR UTO HHTETPAT €CTH (YHKIMA OT (g,
Zgy, T. €. OT L. 3AMETHM, 9UTO CTOSIAS WOJ BHAKOM BKCIO-
HenTH (QymRIuA ABigerca mnpeobpasoanueMm Jlesxammgpa
¢dyarmun S (z) (¢ TOYHOCTBIO [O 3HAKOB).

Ilocrpoennsiit omeparop sasument, momumo {A", r?, do™}
u {Q,710r% r]}, eme n or Beifopa JOKAJABHHIX KOOPAHWHAT
B {2, TaK Kak B OIHOI U TOI jKe Rapre MOKHO, BoobIe ToBopA,
mo-pasnoMy Bubumparh poKadbAbe KoopauHaTtH. Haimpumep,
Q Mo:keT ofHO3HAWHO NpoeKTHpoBaThcA HAa Ry m mHa Rj.
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Mu HOKaMeM, 9T0 IpH A —> -+ 0o pal3JIAYHBE HPecTaBIeHHS
omeparopa K OTIHYAOTCA JIHITh HOCTOAHHHM MHOKHATENEM,
¢ rtoumocteio jo O (A~'). OTOT MHOKHTENh OpWBEHET HAC
K TOHATHI0O HHIEKCA KPHBOW HA JAarpaH;KeBOM MHOT000pa-
sum (cMm. § 7).

Bynem mmcars K = K (Q, (P @) (T. €. B KadecTne
POKaJBHNX KoOpmuHAT B  BHODPAHH Py, Zp). Paccmor-
pEM oToOpasKkenme

K(Q, (P 2)): €7 (Q) —>CT (RE X R})/0%, (RY). (6.4)

Haace 0% (RY) mot Bpeau B § 1.
fJlemma 6.2. Hycmv Q — neocobas kapma u Q duggheo-
MOPPHO RPOEKMUDYemcs HA NAOCKOCIE (P(a), L)) T02da npl

A =1 0as awboii gynryuu ¢ € C5 (Q) umeen

. _ i 3z (o) (Plays Z(@))
(K (Q, x) @) (x) =exp ( 5 inerdex — ) X

X (K (Q; Py @) @) (x) (mod OF, (RR)).  (6.9)

HoxrasareabcerBo. Oyarnua [K (Q; P )¢l (€)
papaa mpaBoit wactu (6.3). IIpmmenum ¥ srToMy HEHTErpamxy
meron cramuonapuoit dase. IIyers S (pg); ) — ¢yERIUSA,
crosmasa B dKcuoHente. Paccmorpum ee Hpu (EKCHPOBAHHOM
z. Torpma

S = (Payy ey (Pewss )+
(@ Ty (Pros Z)s AP ) — (Piars Aas (Piars Tip))) ==

= (Ziwy — L (Pearr Tid)s dpns

TAK 97O
o5
Py
CramumonapHble TOYKH OHPEeNATCA U3 YpaBHeHUA as/ opiawy=
= 0, u, B cuny yenosuit ma Q u (6.6), 570 ypaBHeHHe EMEET
eMHCTBEHHOE PEINeHUE Do = Doy (Z). VMeHHO, ypaBHe-
Hue Q MOKRHO 3anMcaTh B Bufe p = p (z) = (P, (2), P ()3
3TO M JNaeT HCKoMoOe pemenue. B craiuoHapHOR TOTKe HMeEM

r(x)

= Z(ay— Lo (Pioy L) (6.6)

Ser= S (p', da'),
70

08 _ 9% (P %)

Op(ay P

Lo ?
p(ll)=p(a)(x)
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CIeJI0BATEIIBHO,
023 020y (Plas 7<ﬂ>)
SgN s = — sgn —— 2 2Dlah TE)
g Play & 9P
A [03TOMY
928
SN s =
9P (ay
d , Z(B . J s
= —ggnZi@ P, TB) (51(7?;) 7®) _ 9 inerdex 2 (P, T®) (g;)i‘;) @) —Fk,

rae k — ameno KoMoomeHnt BexTopa (o).
Haxomer,

dx = = det 92 (Plar, T@)) (;l;‘:‘)’ () dp(o,) dxg,,
TaK YTro
]/W 8x(e) (Ploy, Zip) ’=I/W'
dp(g) dxp) D) dz
ITpumensa reopemy 1.4, monywaem, uTo
(K (25 P Ze1) @) () =

82a)
=ex (~—- inerdex —%. ) ]/
P 0Py

X exp (ﬂ\, § (P', dx,)) + 9 (z, M), (65’)

do” (r (z})
dx

@ (r () X

roe @ € Oty (RY), wro m TpeoBajoCh JOKA3aTh.
3Jameuanme. Omenka ocraroumoro wumenma B (6.5')

[ (z; 2) | < CAH

Ha xampom kommakre K < R™ paBmomepma mo ¢, mpuHalie-

JKamAM oTpaHH4IeHHOMY MHOKecTBY B Cj (Q). OTo cuemyer
n3 [60].

Jdemma 6.3. ITyemov rapma Q duppeomoppro npoer-
mupyemes Ha Aa2PAHNCsB NAOCKOCMU (Diqys L@) U (P x@)).

Tozda npu A =1 dan awboli Pynryuu @ € Cy (Q) umeem
(K (2 (pewrr i) @) (2) =

inm

=e_2—K(Q; Pay x@)) ((P +}"_1l‘)) (‘t)' (67)
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3necy m—Iesoe 9HCIO, He 3aBACAMEE OT (¢ H OT TOUKH
reQ.

Horxaszarenscrno. Ilycrs

K=K (@ pa, zp), K=K Py %)

Umeem

(K@) (2) = Fylp oz, ® () 1/ l dp(m dm) ‘exp (irS),
74 - _do™(r) _ .y
(K@) (2) = Filpgon g @ (1) / , exp (iAS),

@ ‘ P Gy @,
rge S, S ompepensiorca n3 (6.3). Ioramem, urto
Py, x vz (K@) (7) =

=exp () exp 118 ¢ (1) ‘/ e ] +1 (0 75 M
(6.9

riie N —TIesce 9MCiI0, HE 3aBUCAMIEE OT @ W OT TOYKHE 7 € Q,
a OCTATOYHLIA UJeH 7y TaKOB, UTO

+ 5 n——k
1€ 0% (RE 5 x REZ). (6-10)

(6.8)

Tem campiM jemma GyneT moxasaua.
Ilyers P— sesasg gactd (6.9). Torpma

0= () (4 )

SSexp(z?»S ) o(r) ]/I do™ (r) ‘ p(a)dx(a), (6.11)

Apia, da gy
Te uHTeTpaj IOHEMAeTCA KaK HDOBTOPHEIA: CHadaxa IO
Apca,y, BaTEM IO dx(g).

HpumennM meTox crammoHapHOH (aspl; BHauaje OTpaHHm-
qumes QOPMATLHEIME BHIKIaTKaMU, a 3arTeM upusegeMm o60c-
HOBAHHUE,

I. Dopmansamit BumBopx Cpegm dmcen o€
€ (@), oy € (o) MOTYT GHTH OOMHAKOBLIE, Y CTpouM pasbuerme
Ha HemepeceKalIuecs MHOMKECTBA

{2, ..., n} ={(a) U (®) U (0) U (@
TaK, 9T00HI

@=@U®), (@=(a)U{).
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Torxa
B)=@Uu@d, B=OU@:.
Ypasaenue MHOT00Gpasua {2, IO YCIOBHIO, MOKHO 3aMHCATh

P BHIE
Ty = Py (B)y 2y = @y (B),
Py = Py (8)y Peay = 9y (8)s (6.12)
E = (P T(p)
WJIH B BUJE
Ly = (Em) (g), Loy = (E(c) (5»

Py = Py (§), P = ¢ (8), (6.12")
Yro6r1 n36e:aTh TYTAHUTH B 0603HATeHAAX, TOCTABAM 3BE3-

TOUKU HAJ[ BCOMH BHAYAHIMMH TEPEMEHHBIMA (0 KOTODHIM He
OPOU3BOANTCS WHTETPHPOBALNE), HATPUMED:

gz(pav Pos e, lg)a E: (pba szy xiv 13)

MazoBaa QyuKIUA S UMeeT BUL

§: S (p” dz") + {Peay (E) — Ty Pioy) + (CC(;)’ p(%)%
0

e r = 1 (P Zp). CregoBaTeibHO,

S = (@ (B), dzp)) + (Tiay — Peay (E)s dP(as) -+
+ (Pars dx(oc)>—<p(%), dx@b)- (6.13)
Oynrousa S sasmemr or HEPEMEHHBIX  Diays Pbys Liars Lieys

IO KOTOPHIM INPOMBBOAWTCA WHTETPHPOBAHEE B WHTErpaje
(6.11), m or sHAUAMEX WEPEMEHARX, KOTOPHE HrpaioT PoiAb

napamerpoB. B cuny coormomenua (6.13) muddepenmman S,
Kak (YHROUW 0T IepeMeHHLIX HHTerpupoBanus (mpu urcu-
POBAHHEIX SHAYEHAAX BHAYAIINX HEPEMEHHEIX), PABEH

d§= (Tay— Py () AP - (xoy— Py (§), dpwy) -+
+ Py — Play APcay) + (Pior (§) — Pleyy Ay
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Orcroma clefyer, 4To

o~
=~

as

T = Ty — P ()5

as

FTTN = Ty — Pty (§), 614
~ (6.14)
s

FZ = P(a>— Play

' .

G = P (§) — Pl

Cranuonapusie TOUKH (QYHKIHEA S OIPENENSIOTCS U3 CACTEMBI

P> (P Py Leers ) = T(oyy
Peey (Pear P Tion (@) = Pleys
Pw@ = Play

Ty = P (Piar Pibrr Licyy L))

(6.15)
(6.15)

Uneenm pi, = ply. TIpu aodmx
(Dl Py 0o 28y) € (D 3y Z;) 2
(upoeknmaA 2 HA LIOCKOCTH (P& x(ﬁ))) cucreMa (6.15) naeer
e[IMHCTBEHHOE DeleHue
P = @y (Plevs Pleys 2y %),
Ziey = Pees (Pl Ploys 2oy 2l

(6.16)

7€ Qyy Prey— QYHEMAN H3 (6.12"), wro caenyer m3 yciaosus
aemmer. Torpa Bropoe ms ypasuennii (6.15") onnosnagso ompe-
nelser I, a AMEHHO:

Ty = Puay (Pl Dl 2yr *)- (6.16")

&
=~

) enun-

Taxum oOpasoM, craryoBapHas TOUKA Q:Q(p(*;), x
CTBeHHA M 3Ha9eHHe (Haswl § B 3TO# ﬁ‘oqﬂe pasuoO
_ (& )
S= [ o, ) —@g 05 5) = 617
7
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Cneposatenbro, suauenme S (Q) cosmapmaer ¢ pynrnumei S,

BxojAnieli B ompexenaenme omeparopa K (cm. (6.8)).
Ilyers A4 (Q) —marpuna u3 BTOPHX HOPOMBBOJHHIX (QYHK-

mom S B Touke Q. Torma, B cumy (6.14),

. IP(a . 0Q(q) I — Q)
208 3p ) 0z (c)
09t g 0 — Py
A(Q)= P apw) 0z || (6.18)
I 0 0 0
Iy 0Q(e) 0 IPce)
IPiay opw) Bz (o)

3necy I, 0 —epuumunarie W wyJieBble MATPHIE, MOPHIOK KOTO-
PHX siceH #3 5710l $OPMYILI, W BCe WPOUBBOJITEIE B3ATHI
B tourke Q. OTcioma HaXofuM, qTO

|det A(Q)|=
0wy (P 2 9Gm) (Pays Z(p))
— 9Py 0z (c) (6.19)
3Py (Pans @) 9Py (Playy T(p)
apw) 0z (c)

Ilocneganit ompemeauTeNs OTIMYEH OT HYIs1 BCIOAY B Q. Jleii-
CTBUTENRHO, B £ B Ka4ecTBe KOOPAMHAT MOKHO B3ATH
(P, Zp) B (p(g), Zg), TAK 4TO AKOOHAH

a y
det a((p(oc) 2(05)))
PGy @
Beiopgy B Q. Cregosatennbno, upm r € Q

det 4 (Q) 5= 0, sgn A (Q) = const. (6.20)

Kpome Toro, Ha J060M KOMIAKTe Fc:n(p(g), x@))Q
nMeeM

3 (2@, Pioy) |
= | det =22 Lty 0
l € 3 (e, Py} 7

inf (4; (4(0))) >0
Qe

IpH BCeX j, UTO CIHEAYyeT M3 HEUPEPHBHOCTH COGCTBEHHHX
sHauenmii cummeTpudeckoil Matpuusl A (Q) m (6.20).
BrnmmeM riaBHe# wWIeH acHMOTOTHRA P mpa A —» oo.
Jist 9T0T0 He0OXOAMMO BHYACIATE M'ecCHAH (a30B0H QYHKIMA
B cramumoHapHO# Touke (cM. § 1). Taxk Kax mopsfok MaTpHIH
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A (Q) pasen k + k, 1o

2 (k—F+sgn A(Q) = (k—inerdex A(Q) = 3-,  (6.21)
rie N — 1mexoe umcio, He 3aBuUcsmiee ot (J, ¢.
Haxee, us (6.19) moaygaem
do (r (Q)) do (r (@)
l/‘ dp (o) dip) l ]/ldetA(Q)] =V | dp~ da |’ (6.22)

(@ B

TaK 4ro B cmay TeopeMu 1.4 acmMmmoToTMKAa mHTerpaja
(cm. (6.11)) mmeer BuR

N d
p—exp 28 @) exp (2) )/ |8 @)+

+X(p(a), x(ﬁ)’ }\')i (6'23)

rae y=0 (A1) mpu A — -oo.
II.O6ocrmnoBaunmnme. Ecam Ix@ | > M u M pocra-
TOYHO BeJIMKO, TO mpm A < 1

| DY (Ko) (2)|<Cwn, oY (1+]2])7 7, (6.24)

rne N > 0 — mwoboe u y — di06oit myaprmuagexc. /lefictu-
TeJbHO, CTALHOHAPHbIe ToUKK HETerpana (K¢) (x) maxomarcs
u3 ypasmenus (cM. (6.6))

Tio = Py (Pars Te)- (6.23)

Ecan (piy,, Z@) € supp ¢ (r), T0 z;, KOHETHO H MHOKECTBO
BCex zp, Bupma (6.25) orpammuenmo. Omenka (6.24) cmemyer
n3 aemmur 1.5.

Yerpoum  pasbuenme  emmHHEOEL 1) (Z) - M, (2) =1,
z € R*, rge ¢yurmma 1y () ¢uuumraa n 1 () = 1 npu
| z | << 2M. CoorBerctBeHHO noXo:kuM (cMm. (6.11)) =
=1 + . Torma

P2 (Peays @) | < Cyh=N

(A> N — nw6oe). MarerpmposanmeM 10 YaCTAM. IO
dz g (CM (1.16)) merpygHO mOKasarh, 410 mpH A1

|D*’(a,)Dz®¢iz<chx (A+1pg D) " (A -+lzg )T,

rae v, ', N = 0 — mo6ue. Cregoateasno, GpynKmus
F?» p~~>x~1p1 E 0+k (R;)
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npu mo6om k& >0 (r. e. mmeer mopagox O (A™7) npu A —
— +o00). lloaToMy ocraercs mccaeoBaTh HMHTErpat Py, KOTO-
pHE GepeTcs B KOHEYHEIX Ipefesax L0 BCeM HEpPeMeHHHM
dpdz&- Ho B sToM uurerpame upu | pgyl = M mer cra-
MIOHAPHBIX TOUEK, JIe;KALMX HA HOCHUTEJE IIOJBIHTEr PATHHON
¢yurnmu, ecaun M pocrarouno Bejimko. B cumay memmbr 1.5
nMeeM

| D e |<Cw.w (1| Py )7 A7

npu | pes | 2= 2M, tie N =0, y — mwobse. Ilpu | pgy [<
<<2M npumenuma rteopema 1.4, uro B coueranuu c (6.24)
maer (6.10).

Jlemwma 6.4. Hycmv rapma Q Jduggeomopgno npoek-
MUPYemes Ha AazPAHAICEss, BAOCKOCTU (D gy, Tp) U (p@)’ x@)).

Toeda sesununa

: Oz (1) 925 ™)
inerdex —2-~ — inerdex ——~— (mod 4)
Py P

NOCMOAHHA 015 6cexr HeocoOwx mouek r € 2.
Norasartexsncrtso. lpamenaa (6.5) ® Bepae-

M (K (Q; par 7w) @) @), (K (5 pg 2g) ¢) (@)

B Heocoboil Touke r € Q u cpasumas ¢ (6.7), momygaem, uro

%

. a
m = inerdex 222 __
dpw

0z ~
— inerdex — % - 4k,

P ~

(@)
roe k — nenoe ancao. B cnny
aeMMBl 6.3 3Ta BelmumHa HE

3aBHCHAT OT 7.

IlosAcHuM yTBeD:RACHUE JieM-

mu 6.4. Hycrs n = 2 (gas npo-

~#, cromw) m ocobas xapra Q mud-

deoMopdro mpoeKTHPyeTCA HA

Puc. 8. ' IUIOCKOCTH p. 11ycTh Upoexmus !

nuxiaa ccoberHocreir X (A?) pas-

OuBaer mpoeknmioo U Kaprh Q

Ea aBe obmactu U, m U, (puc. 8). BozsMeM m10fsie iBe Toukm r, r2 ¢ U
Takue, 4To r/ € Uj, M paccMOTpHM ILeJI0e YHCIO

0z \r2) Az (rt)
7} 7] )

m = inerdex — inerdex
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9TO YMCIO HE 3aBUCHT OT BEOOpA Touexr r', 72, JlelicTBUTeAbHO, MATPULA
9z (p)

ap )
p €1 u us ceasmoctH ofmactm U; BETexaeT, uro inerdex dz (p)/ép =
= const npu p € U;. Amamoruumo, inerdex dz (p)/dp = const npmu
p €U,

Ilycrs Tenepsh Ta ke Kapra Q aufdeoMopdno NPOEKTHPYETCA HA
IIOCKOCTh (g, Zp), W TYCTh NPOCKUMA [ OURIA 0cO0EHHOCTE TOTHO
TaK ke pasbupaer mpoexnmio U kaprH Q Ha ape obmactm U, u Us.
PaccemotrpuMm nesoe 9uCao

(smech z = z (p) — ypaBHeHHe KapTH Q) He BHPOKIEHA IO

2 1
—0__.2_2_(_7;_)_ — inerdex M .
P2 P2

m = inerdex

e Touka r! € Uy, toura r? € Uy, IT0 WMCIO HE BaBHCUT OT BEIGOpA
Touer rl, 2. B mammoM ciyuae yTBep;KaemMe JeMMEl 6.4 COCTOHT B TOM,

4TO YHCJA M M m COBHANAIT IO MOAYIIO 4:
m=m (mod 4).

0y (r?)  Oz(ay(r?)
OP(a) Pty
Be6Opa (OKANBHHX KOOPAZHAT B 0co0oil Kapre.

OTMETHM eIie OJA0 BayKHOE ClecTBae 13 JeMMEL 6.4.Fcam B ocoboit
KapTe Q MOKHO BHODATh QoKaNbHEIE KOOPHAMHATH (p(g), T(g)), TO MAT-
PELA 0x(y)/p(y) CHUMMOTPHYHA. DTOT (AKT ABIACTCH CIENCTBEEM TOTO,
970 MEOr000pasue A” JarpamueBo, I He UMeeT MecTa sl MPOM3BONb-
HHX MEOroo0pasmii. IIycTh, HanpuMep, rKapra Q muddeomopdro mpoex-
THPYeTCs HA p-TIPOCTPAHCTBO; TOTKA YpaBHEHWE STOH KApPTH KMeeT
Bug z = —as (p)/dp. Cnemoparenvno, dz/dp = —o2S(p)/dp?, u us cum-
METPHYHOCTH MATPHUL S7, BHTEKAST CHUMMETPHIHOCTh MATPHIEL dx/dp
B 3TOM CJyd4ae.

Ompepieense JarpamkeBa MHOT000pasna (QopMaNbHO HEKAK HE
CBA3aHO ¢ NUHAMUKOH; TO jKe CaMOe OTHOCHTCI M K JIOHATHIO IPERKa-
HOHIYECKOro omepatopa. OgHAKO NpPH MCCIAeAOBAHMU ACHMITOTUKN
pemrenuit updepennaNBANX yPABHOHNI, COAePKAMUX 60IBIION mapa-
MeTp, BOSHUKAKT JATPAHKEBH MHOr000PA3sHsA, HUHBADHAATHHE OTHO-
CUTeJLHO JUHAMUKHY, T. €. TAKME JArPaHKeBH MHOT000pasus, KOTOPLe
paccrauBal0TCs HA TPAGKTOPHWM TAMUIBTOHOBOH CHCTEMBI, ACCOMUEPO-
BaHHOH ¢ ypaBHeHueM (cM. § 3). Ilaa Taxux MHoroo6pasmit MOMKHO
Oolee HarIALZHO MOACHHTH, UYTO TAKOS LPEJKAHOHHYECKUH oOIe-
parop.

Hycrr B ¢asopom nmpocrpadcrBe RE" samamo (n — 1)-Mepmoe
JarpamKeBo MHoroofpasme A™l, a mmoroofpasme A" — 3To TpyOKa
TPaexkTopuil HEKOTOPOH TIaMHIBTOHOBON CHCTeMbI, BHIOYIIEHHHKX IpU
t = 0 us HauamapHOTO MHOTOOOpasus A™~!, Byjgem mpegmonaraTh, 94To
ycaoBusa Ipefno;keEusa 4.19 BHIONHEHE; Torga A™ — JarpaH:keBo
muorooOpasue. B kaugecrBe ¢ymKomm ¢ € Cg° (A") BO3BMEM TaKyIO
dyEKOMIO, KOTOPas TOMAECTBEHHO PABHA HYJIH BHE HGKOTODO MeHbIIei
TpyOrm TpaerTopmii I, Jesrameil HA A®; IS HATIAZHOCTH MH ANEJJIA-
PyeM K BecbMa yYCIOBHOMY puc. 9.

Taxum oOpasoMm, nelroe 4YHCIO HE B3aBHCUT OT
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Toukn, aemxamme ma A", umeior Bug z = z (¢, &), p = p (¢, o),

Tge t —- mapaMeTp BJONEL TpPAeKTOpEHM (BpeMsa), a a = (A, ...
P o+ oy Opq) — JOKAILHBIE KOOP-
% JHHATH A3 HAYAIHLHOM MHOTO-
£2, obpasur A1 (omo sagaercs
YPaBHeHUMAMU BUIA x = z° (&),
p = p®(a)). B kauectee 00B-
eMa do BEOepeM 06beM, HHBA-
PUAHTHHI OTHOCUTeABRO (ha-
30BOTO IIOTOKA; MOJOMUM JUIst
OoIpefieteHHOCTH do = di da.
Janee, oycrs MuOrooGpasue
A™ (omo me wapra Q) mud-
deomopdro  mpoEBKRTHpYETCH
HA p-TPOCTPAHCTBO. bypmeM

Z,
) Z  npemmomaratb, 9TO LUK 0CO-
GemHOCTElT % (A™) ecTh raaj-
Kad KpuBasg M YTO ee HpO-
Z‘ZT eROUA  HA Rg — KAYCTHKA
&z COMEICTBA Nyuen x = z (1, oc)—u
/ TaKKe  SBJIseTCA IVIAJKOH

7, 7

AN

KPuBoii (3T0 IpefUoNoKeHue
OTHOCHTCA K H300pasKReHEHOMY
wk Ha puc. 9 cayuawo n = 2).
Puc. 9 BosbMem kapry Q4, KoTopas
He. < nudpdeomopdHO  IPOEKTHPY-
etcd Ha RZ ¥ nemur, pas
onpefelleHHOCTH, HA (BepXHEM JucTe» MEoroobpasms A?; OTMEUEHHYIO
TOuRy r® Taw;Ke BO3BMEM HA BEDXHEM JMCTe.
IIpearanoEWIeCcKNit omepartop K, orsedalomuil KapTe Q, BO3bMeM
B Bume (6.2):

K@) @=) | | s 100, =G .

3necy S (r) = S {p, dz) m, xar o6HuHEO, r — TOYKA JIATPAHIKEBA

To
MHOro00pasus ¢ KoopauHaTaMu (z, p). Vumrweaa BeGop o0beMa do,
Hoxygaem

&) @)=} | 30D fexp a5 (19 01, r=te
3pecw J (t,@) == det—‘?;%)—)—

QasoBasg Qymrnua S pocrarouno moppobro obcy:mpamach B mpe-
AHOymux naparpadax; Tenepb MH (ollee HogpPOOHO PACCMOTPHM IIpef-
9KCHOHEHTY. Jlajee, YCTAHOBUM CBA3b MY IPeIKAHOHWUECKHM Olle-
patopoM Z GOPMATBHEIME ACHMOTOTHIGCKUME DPENICHUAMH YDPABHCHUS

do
pupa (3.1). 9Ta mpepdKCIOHEnTa ]/

oz

CBsI3aHa CO CJHeOYyIOIMUMU
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reoMeTpudecKuMu obBexTami: ¢ TpyOwoil Tpaewkropuii T B ($asoBoM
npocTpamcrse, ¢ Tpybxoit ayueit m,T B z-upexpcrasaesnu (i, T —
upoernua TpyOkm I’ ma RE) u ¢ Tpybxoit myuel m, T B p-npepcTanie-
gUH (9T0 Tpoernua TpyOru 7 HA p-IPOCTPAHCTBO).

1. Mycrp L (z, p) — raMUIbTOHHAH paccMaTpuBaeMoil JUHAMU-
geckoil cucreMsl, L (z, p) = 0 Ha A™, U mycTh, NJIA NPOCTOTH, COOT-
BETCTBYIOIIHIT A-1. . 0. cummerpuuen (cM. (3.40)). Torma upm soboi
¢yuruu ¢ € Cy° (Qq) dynruusa (K¢) (z) ectsb ¢. a. pemenue ypabme-
muA (3.1) ¢ rounocrsio g0 O (A1) upu x € 1, Q. OTO BHITEKAET U3 TEO-
pemsl 3.12. i

2. Tlo moctpoennio QyHKUUS ¢ (r) JoKainszoBaga B TOM CMBICJe,
4TO SUPP @ comepsuTes B TpyOre Tpackropuit 7. W3 sToro garra u omnpe-
JelleHWsI TIPeIKAHOHWYECKOTO ONEparopa  BETCKAET, YTO QYHKIHNA
(K@) (z) TarsKke TOKAINN30BAHA, IPHYeM SUPD K¢ COEPIKATCH B IPOEK-
uun 7,7 1pyOxu Tpaexropuit T.

3. Ilepeiimem B p-TpejcTaBlIeHHE, T. €. PACCMOTPHM TIPEAKAHOHI-
yecKuil onepatop Ko, OTBEUAMNIHUI TOIf Ke KapTe Qy, HO B p-IIpeCTaBIC-
HHE (cM. (6.3)). IMeeM, ¢ TOUHOCTHIO /10 YHCHEHHOTO MHOMKUTEJS,

(K@ (1) (z) = F~1 [(p ") Vf| Z_;

roe F1 = F;pr_,x,

exp (iAS ()] («),

r

§ ()= S (', dz')—(z (p), P).
70
Yuntusasa BHG0p obvema do, moaydaeMm

_ — J(0, o)
K z)=F-1 A
(Ko (1) (@) =T [tp(r) ‘/l 0. o)

T ap (ta OL)
rae J (¢, o) = T

Kar muoraszamo B aemme 6.2, (K.9) (z) = ¢ (K49) (z) -+ O (A™),
¢ = const. Bozee ToTo, BHE TWPOGKIHM SUPp ¢ HA z-lPOCTPAHCTBO
BHITTONHACTCS OIEHKA

| (Ka®) (2) | < eph™ N 4 |27V

exp (ir§ (r))} (x),

npn a1060oM HexoM N (gemma 1.5), rge ¢y -— NOCTOAHHAA, T. €. QYHKIHA
(Ko@) (z) yOprBaer mpH | 2 | — oo U IPH A — oo BbicTpee ai000it cTe-
uemy | z | u 6nictpee ni060il cremeHH A.

HasoseM p-npedcmasaenuen GyHRIAK ee z-npeobpasopanue Oypre.
Kar BHAHO M3 CPABHEHUSA HTUX NPUBEJEHHBIX BHINe Gopmya, ecau Gop-
MaJIbHOC ACHMITOTHYECKOE peIlleHne B 2z-TPeJCTABJICHUN JIOKAJIN30-
BAHO B OKPECTHOCTH IIPOeRINH 7T, T TpyOKu TpaexTopuit 7', T0 B p-Ipef-
CTaBJIEHUI HTO Ke §. a. PelleHne JOKAIM30BAHO B OKPECTHOCTH p-IIPOCK-
umu g, 7 rpyérm I' (puc. 9).

4. Ha sA3HKe TeoMeTPHYECKO#l ONTHKH BeJMYUHA %—
HMATeHCHBHOCTL TPYORH aydedr [32]. Ilepemocsa 9Ty e TePMMHOIOIHIO
B p-uUpefcTaBleHHe, IIOJydaeM,. YTO METEHCHBHOCTH TPYOKM nyuei

eCTh

10 B. 1. MacaoB, M. B. ®@egopior
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dp
METPHIO MEKAY x- U p-TIPeJCTABICHUAMU.

Haxonen, B ToUKax, JIe)KaNIUX HA KAYCTHKe M, 7T, MHTEHCHBHOCTD
Gecroneuna (tak kak do/dz = 0 B z-npefcTapiennu). OfHAKO HATEH-
CHBHOCTH B p-IIPENCTABICHNY KOHEUHA, I IIOTOMY eCTECTBEHHO HepedTH
B p-IpefcTaBiieHMe NP OTHICKAHUM ACHUMOTOTHKE peINeHmH.

, 9T0 JIUMIHUI pas IOATBEPIKAAET CHM-

B p-IpPefCTaBICeHUUN eCTb

§ 7. Unperc kpneoii Ha JarpaHkeBoM MHOTrooOpasmu

Ilpobaema mnocrpoenns (opMaTbHEEX ACHMIOTOTHIECKEX
pemeHwWil B I[ed0M, T. €. CIHIHBAaHWE TAKOTO pPEIICHHS U3
JIOKAJIBHEIX, HPUBOAUT K IOHATHIO MHEKCA IYTH HA JarpaH-
KeBoM MHoroobpasun. B srom maparpade mpuBemeHo ompe-
JejieHue UHEKCa, eT0 OCHOBHEE CBOMCTBA W TeOMETPHYSCKAS
HHTEPIPeTATIA.

1. Onpepnenenne nugerca. llycrs A™ — marpammeBo MHOrO-
obpasme, {Q;} — kanonudeckuir artac Ha A". Bpegem

Yemosue 7.1,

dim 3 (A") < n — 1.

ITO yCIAOBHME BHIIOMHHETCA A JATPAHKEBHIX MHOT006pa-
suil ofmero monoskenns (Teopema 7.6).

Ilycre wamonnmueckme KapTh £2;, Q, mMeoT (QoKaJbHEE
KoopmuHatsl  (P(n,» Z@) U (p(&«),x(év)) COOTBETCTBEHHO,
u oycrb r € Q; (] Q; — Heocobas ToUKa.

Onpepnenernne 7.2. Hudexcom napw rapm ;, Q;
HABHBAETCH GUCHO

9z~ (1)
V=i 2@ (1) jner (@
v (Q; N €2;) = inerdex I inerdex g (7.1)

Eemm Q; N Q; =g, 10 y(Q; N Q) = 0.

Ilpepnomenne 7.3. Hudexc v ecmv odnomepuuiii
yesouucaeruul koyura mod 4 na A",

JoxasarteascTno. B cuny memmst 6.4 awmeno
v (2; N Q;) we saBucut mm or BeGopa r, HH oT BHOOpa
JOKAJIBHEX RoOpAMHAT B Raprax Q;, ; mo mod 4, rax 9o y
onpenenser 1-ronems Ha A. B cuay (7.1) y ecrs 1-Komuki.

Ecam mmeercs memoura Kapr £, €4, @i, ..., Qis
Ha A" (7. e. mepecevenus Q,-j N Qij“ HEemYCTHl), TO UHIeKcOM
9TOH yenouky MBI HAaBOBEM YHCIO '

Y(Q‘im Qil, ey Qis):
=9 Qi N Q) +v Qi NQip) + -+ v Qe N Q). (7.2)
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Hycers I (', r") — raaagkas wpusaa ma A", dl=r" — 1
u r', r" — meocobuie Touru. BsememM underc nymu ind [.
dro moHsATHe OBLUIO BBEEHO OJHUM 13 aBTOPOB HACTOAILEH
kumpru [38], [39].

Onpepmenenne 7.4 Ilyete I Q, rme Q@ — ramo-
HOYECKAsT Kapra ¢ QOKAIBHEIMA KOODAHHATAME (Pqys X))
Torpma

s 14
ind L (', ") = inerdex a—za“‘L(r—)—— inerdex 2Z@ () (7.3)
Play Opia)
Ecau Q — meocobaa rapra, To Mbr nmomaraeMm ind = 0.
Jas npousBoABHOTO LYTH UHOekC OTPENedAETCs MO afTH-

THABHOCTIH:
s

ind 1(r, r"y= > ind 1 (+7, ri+1), (7.4)
j=0

3necwy r’=r', r’'t=r", uw rtouxkm r° rl, ... pasbumawot !

mHa mwytn [ (r®, r**!), ymoBIeTBopAIONEe YCIOBHAM ompefe-
aenus 7.4.

damerum, uwro urderc kpusoii I (r', r’) 3aBHCHT TOJNBKO
OT CTPYKTYpPH KpuBOH I B CKOJIb YIOAHO MaJo ORPECTHOCTH
ImepecedeHnA 9TOH KpHBOI ¢ murigoM ocofemnocteir 2 (A").
EeﬁCTBHTeJILHo, ecaN YHaJXHTh U3 KpuBoil [ nwolyw ee Oyry

{, memamyo B HeocoGoH Kapre, TO MHAEKC TIOJYISHHOT Kpu-

Boit 6ymer pasen ind [; ato caexyer us Toro, 4ro ind /=0,
M U3 afUTHBHOCTH WHJEKCA.

IIpemnoswenne 7.5. Hrndexc ind (mod 4) nymu
HQ AA2PAHACEB0M MHO2000DASUL ABASEMLS YEAOUUCAEHHBLIM 20MO-
MORUYECKUM UHBADUAHIIOM.

Hametum goxasarTexscTBso. Ecau nyrs | nesmur
B OHOH KaHMOHMYECKOH KapTe, T0, B cuay JemMul 6.4 ind [
He 3aBuCHUT 0T BriGopa (QORaJIbHEIX KoopmumuaT B 2. Kcanm
1€ Q; N Q, 1o ind ! He 3aBHCUT OT TOrO, ONPEREINM JIH MEI
ero ¢ moMombio Kapthl £; mau Kaprh Q; (upemmoskenue 7.3).
Orcioga ¢ moMompblo craufapraoi Texunkn [65] momno mory-
9UThH, YTO [JiA IPOUBBOIABbHOTO nyru ind [ He 3aBHCHUT OT CIO-
coba pasbuenusa oyrn [. [lamee, ecru [ jgemur B ogHOH Kap-
Te U/, T0 npu Magoit jedopManuu IYTH €TI0 WHEKC, OYeBUIHO,
He MeHseTcs; 6oiee TOTO, OfIMH W3 KOHIOB (wam maske 00a)
MOJKHO HEIPepHBHO JBUTaTh BHYTpE U, OCTABIAH KOHILH
ueocobmMu. Caepmosarenbro, ind /[ ecTh TOMOTOONMYECKHUIA
mnBapuant. Crporoe foKasareiascrBo cM. B [2], [45].
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2. Hexoropwmie cBoiicTBa HMHjEKCa.

Teopewma 7.6 [2]. Croav yeodno maswm nosopomom
saazpanceso muozoobpasue A" moxcrno npusecmu 8 «obujee
noaodceHuey omuocumeavno npoekmuposanus i (r) Ha RE,
max wmo 6ydym cnpasediugvl caedyowue ymeepircieHus:

1) 2 (A™) coemoum us omrpwmozo (n — 1)-meprozo
muoeoobpasus %' (A"), na womopomn pawne dn(x) pasen n — 1,
v eparuyw  Z (A" — Z' (A" umeiom  pasmepnocmu
< n-— 2,

Ioomomy 2 (A" onpedeasem (n — 1)-mepuuii (neopuen-
muposannwil) yura ¢ A"

2) 8mom yura 2 (A™) aexcum ¢ A* deycmoponne.

Honomcumenvnyro cmopony % (A" moxcno ewbépamov caedy-
oWuM 06pasom.

3) B oupecmuocmu mouru M € 2 (A") mmoeootpasue A"
sadaemces n YpasHerusmu 6uda

Zp =2 (Pry 3)y,  Pi =Pz (Pr Z3)s

ek =1,2, ..., k— 1,k 1, ..., nnpunekomoponk,
1 <k << no B orpecmruocmu makoti mouru X (A") sadaemes
ypasrneruem 0xy/dp, = 0.

4) I pu nepexode uepes X' (A") seauuuna 0x,/0p, mensem
snak. 3a noaoxcumervhyio cmopony ' (A™) npumem my, ede
8xk/(‘)ph > 0.

5) 9mo onpedescrue ROLOHCUMEALHOL CIMOPOHBL KOPPEKMHKO,
M. ¢. He 3A6UCUM OM MO020, KAKOU U3 KOOPOUHAMHWL Cucmem
Pr Mbl ROABIYEMCS.

Hagumasa ¢ »Toro Mecra, Ml Impegmoxaraed, uro A" —
JarpaH;eBo MHOrooGpasue o0IETO IOJIOMKEHNA.

- HorasarenncrtBo Teopembi om. [2].

[ycrs womupr kpusoir I (r', r") meocobre, T.e. ', r"
¢ 2 (A") u I (r', r") TpancBepcaapbHA LHKJIY OCOOEHHOCTEH.

Oupepgemenne 7.7 [2]. Hroercom KEpusoli
ind y (M, M,) na aanepanscesorn mnoz006pasuy HASHBAETCS
WHIEKC mepeceuenus Kpuoil y (M, M,) ¢ nukrioMm ocoben-
moctet 27 (A"), T. €. 9UCIAO V4 TOUCK MEPEXOoa ¢ OTPUTATeNb-
HOW CTODOHH Ha HOJO/KHTENBHY MHHYC UHCAO0 V_ TOUK
nepexofa ¢ MOJOKUTENBHON CTOPOHEl Ha OTPHIATENHHYIO:

indy (M, My) = vy — v (7.5)

Mpepgaomenue 7.8, Onpedeaenus undenca 1.4
u 7.7 coenadarwom.

!
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JeficrButenbuo, paceMorpum Kpusyio [ [r', r’] raryio, aro:

1) [ xesmur BHYTpH ocoboil KapThl £2;

2) touky ', r” JekarT MmO pasHEIE CTOPOHHI OT MMKJIA OCO-
GeHHOCTeI;

3) I rpancsepcaasua kB X' (A™) u mepeceraercs ¢ 2 (A")
POBHO B OJHOH TOYKE.

Torga, no oupepenenuro 7.7, ind I = +1; oyers ind [ =
= -1 gusa onpemenennoctn. Bribepem B  doKanbHBIE KOOP-
JIMHATH TaK, Kak 5To cfejamo B Teopeme 7.6, m. 3), k = 1.
Torpga

x4 Mo ﬂ.l'i N
sgn (r'y=+1, sgn s (r'y= —1,
. ; day " . 0xy ,
inerdex r"y—inerdex —= (r') = -+ 1,
2L () 2L ()=

T. €. 3HAUCHHA HnAeKca ind [, BLIYMCIEHHEBIE ¢ TTOMOIIBIO OTpe-
fgesennii 7.4 u 7.7, coBmajaior.

Anasorugno paccmarpuwsaerca cayuai  ind [ = —1.
Orcioga caegyer cobumajenuwe omnpegenenuii 7.4 wuw 7.7,

N3 wm3BeCTHHIX TOMOJOTITYE- Y4
CKHX CBOHCTB UH/JEKCa liepece-
YeHUS CIeyeT

Teopema 7.9. Huderc 77, rZ
ind nymu na aaepanmxcesom mmno-
2006pasuy  06wez0 NOAOHEHUS
AEAAEMCHE  YEAOUUCACHHBIM 20MO-
MORULECKUM UHBAPUAHMOM.

B paGore [2] morasano, &
9T0 MHIEKC BAMKHYTOH KpPH-
BOH HA JarpaH;KeBOM MHOI'O-
06pas;:m ©CTh XapaKTepPHCTH~ . ~
weckmii RJaacc ['paccmana. r
B macroamenm naparpade Mul
OTpaHWYNBAEMCA TeM, UTO
OpUBOIMM IpocTeiimue orm- Puc. 10.
penmesennA u UpocTedimme
BEIYACIUTENbHEE QOPMYIE A WHAEKcA; pasindnse anrebpa-
HYeCKFe W TOIOJIOTHIECKHe BOIPOCH, CBA3AHHEIE C MOHATIEM
uunexca ind, pacemorpenn B paborax [2], (8], [45]—[48],
[64], [85].

Brruncienne muekca myTn, JesKaiqero Ha TAKOM Jarpam-
JKeBOM MHOroo0pasmm, ABAsSeTCA HpocToi samatuesn. llycrs,
Haunpumep, A! — oxpymuocts 22 + p? = 1 (puc. 10). Baranc-
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aaMm  wmHpOeKeH nyted Iy = [ (rl, r?), I, =1 (% ), Il =
=13 ), I, =10 r) w ind A! (oKpyKHOCTD OPHEHTH-
poBaHa UWpPOTHE uacoBoit crpenkm). B rouwax rt, r%, r3, rt

a
mMeeM Sgn 672 = 41, —1, -1, —1 coorBercrBenno. Illoaromy

ind I; = 4-1. Jlamee, uyrp [, meskur B Heocoboil Kapre, Tax
gro ind [, = 0; npu 5TOM coBepiIeHHOo (e3pasaudHo, KaKue
3HAKM UMeeT YHRIIS J2/dp Ha Kourax nyta [,. AHATOTHYHO,
ind I; = 1; ind [, = 0, ind Al = +2

WNupexe myTt Ha JarpaH;<eBOM MHOT000pasuu olpefe-
JSAeTCA BHE BCAKOH CBASH C MUHAMOKOI, WHIEKC sBIAETCH
TOHOJOTHUECKHM HMHBAPHAHTOM M HUKaK HE CBA3AH € TpaeK-
TOPUAMH raMuiAbTOHOBON cucremsl. OJHAKO JIarpaH:;KeBhH
MHOI'000pa3¥si, BOBHUKAKINNE NI OTHCKAHUA ACHMIITOTIKE
pemeHnil AuddepeHnuaibHAIX YPABHOHHI, Bcerga CBIBaHH
¢ HEROTOPOH raMuibToHOBOH cmCTeMOil W paccramBaTCH Ha
TpaeKkTopuu 310t cucremsl. lloaToMy mamGonbmmit mHTEpEC
IS 3a7aq MaTeMarTHuecKoll (usMKM TpPecTABAAIOT JAATPAH-
JKEeBBI MHOT000pasns, HHBAPHAHTHBIE OTHOCHTEJNBHO KIAC-
CHYECKON [UHAMWKM, W MH PACCMOTPHM NPHMEDPH UMEHHO
TAKOTO pOAa.

3. Ipumepst.

I puwmep 7.10. Ha maockoctn R2jparpammreso MHoOro-
obpasne A!' ofmero mnomodenus — 9TO THAgKad KPHUBAA,
KacaTelbHAs A K KOTOPOH HAapaeabHa OCH p TOJIBKO B KOHEY-
HOM 9HCIe TOYeK,

ITpumwmep 7.11. Pacemorpum ypasHemme siKoHakxa

(VS (z))* =1 (7.6)
Ha TrockocTm = = (¥, Z,) U 3agaay Hoimm
as
Sr=0, 7?711:1" (1.7)

rme I' — mapaGomna 22 = 2az; (¢ > 0), §/0n — nponssoguas
mo BHemued Hopmasnm K I'. Cumcrema ammabronma mmeer Bup

dz dp as
E-f— 2p, -t_iT_O, W——Z (7-8)
Pemas samauy Komm, momyuaem
a o
T LA e LA
. 2at a? . 2at .
“= (a2 o2)1/2 T BT (a2 a2)1/2 T S—Zt'
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9T ypaBHEHHA NAIOT HaM- MapaMeTPHUYeCKoe IpPeCTABJICHTe
narpamskeBa MuOrooGpasma A? (—oo << f, a << --o00). 910
mHoro06pasue guddeoMopPHO HPOEKTHPYETCA Ha IIOCKOCTH
(xlv Pz)’ TaK Kak

det —0%%-)— = 2a% (@ + a?)2 £ 0,

u aBasgerca C™-muorooGpasnem.
Huka ocobemmocTeit 3 HAXOOWTCA W3 YPABHCHUSA

9 (x4, x9)
et S O

qTO [aeT HaM CJAeAYIONiee COOTHOINEHMe MEeRTY o H I:
2a%t 4 (a® + a?)%® = 0.

Orciofa moryuaeM ypaBHEHHE X :

302 -
xi’“a"f‘h"‘ Lo7= "5
p i p i o0 < o<} oo
1: —— ————————— e R ————— e =3 -
Va2+oc2 ’ 2 Var+a2’
d .
Tak ras L2 = a2 (a® + «2)*?2 £ 0, To & — KpuBag Kiacca

do
C” wm muorooGpasme A? maxonmuresa B 00mEM TOMOKCHUM
Ilpoeruns n2 mukaa 2 Ha WIOCKOCTD (&7, Z,) €CTH HONYKYOH-
geckaa napaboia

N%:23 = o (2, —a)? (7.10)

U SBJIAETCS 9ROJIOTOH ncxonuoil mapabonsl. llocmenanit gaxr
caenyer m3 ob6mux coobpaskennit (cM. npumep 3.17).
Ws (7.9) momywaem, wro A2 zagaercs ypaBHeHI/IHMI/I

_ P2 p}
TR VP ( Iy 2( Pz) )
pi=—(1—p)'?, (7.11)

rme z; € R, —1 < p,<< 1. Orcioma maxomum, 9To Ha A?

2 .
T =(1—p) ™" (e—atapl+ B (7.12)

BrrumcsaM MHACKC IBYX KOHKPETHBIX KPUBHIX Ha A (pmc. 11),
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1) Kpusasa [ (ry, r,) samaerca ypasuemuamu (7.9), rne

a=0, —2a<<t<<0, 1.0 pp =1, p, =0, ;, = 24,
2, = 0 m Touke ry; oTBeuaer
Iy 7z t = 0. Ilpoexnma [, na z-mao-

CKOCTHL ecTh orpesor [0, 2al.
W3 (7.12) maxommm, aro

012
—_— = 0
apy In =Y
5$2
a— =2 = —q <0,
aps |re =
Caemosarenrso, ind I = —1.

2) Kpusasn ! (rq, ry) 3agaer-
¢ ypapuenmsamu (7.9), rme
OC:OC0>0 n —togt‘go.
Ilpoextys 7l; HA Z,-IIOCKOCTH
eCTh OTPe30R nl ¢ mavazoMm
B Touke z; = a?/2a, x, = o, Me;Ramell Ha BepxHEH IOJO-
BHUHE MCXOAHOM mapaboasl, 1 ¢ KOHI[OM B TOYKE

Puc. 11.

_al 2at N 20ty
I1—W-—}— (a2-La2)17? v 2 (% +a2)/? +

Bribepem 1y > 0 pocrarouno 0oJbILAM; TOTHA OTPEe30K Jul
OyneT Ka ATbCs KPUBOM M U TOYKH I, 517y OYAYT J6HaTh MO
pasHbe CTOPOHEI 0T TouKH Kacamus. M3 (7.12) maxogum, wro

(e i)

Oz | _ _p2yh2 g |
ops |ry =a(l—p) =9, 0pa Ir,
—5/2 2a34,
7 =(1—pd) (a—-(a—zﬁz-)><0
upu ty > 1. CaepoBarensnuo, ind { = —1.

Taxum o6pasoM, HHJEKC Ay4a, KOTOPHH KacaeTcsa KaycTa-
Ku 7, pasen =1 (B 3aBHCUMOCTH OT OPMEHTAIUN JNyda).

3amMeTuM eme, uTo OCOOEHHOCTH KAaYCTHRHU («KII0OB»)
B JIaHHOM LPUMEpPEe OTBEYAELT TOYKe, B KOTOPOHN KPHBHBHA BOJI-
HoBoro ¢porTa Makcumanbua. JeficTBuTeNBHO, BepMHHA
«RJII0Ba» PACHOJNOKEHA B IEHTPe KPYTa KPUBH3HE, KOTOPHIH
Kacaercs BepmuHEL mapaGoxst. Ecam BmecTo mapaboas B3ATH
[IagKyio KpuByioo I, To TOYKaM MaKCHMyMa KPHBH3HE 3TOMH
KpUBOHA TaKme OyAYT OTBEUATH (KJIOBHY KayCTHKH.
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C Toukm 3penms reoMeTpHYeCKO# onrmkm napaboia
I aBisAerca BOJHOBHIM (PPOHTOM IIOCTPOGHHOTO CeMelcTBa
ayueit (Tak Kak oiikonan S {z) mocrosuen ma T). Kpusas
mX ABJAETCs KAYCTHKOM 3TOoro ceMmeiictBa nyueii. Hayermra
n2 uMeeT 0COGEHHOCTH (¢KIOBY) B TOUKe 2y = @, Ty = 0
(pume. 11).

4. Jlarpamsersr ocoGenmoctn (Raycrmkm). CrpyKrypa
mueaa ocobenHocrelt 2 (A™) aarpamxeBeIX MHOroo6pasuit
obmiero mososkeHuA wuccaepoBana B pabore [3], m, B wact-
HOCTH, TOJAYYEeHA IoJHASA KiIaccupuramug ocobeHHOCTel
opu n << 6. Chopmyaupyem oy pe3yabTarThl IJIA JAarpaHmke-
BHX MHOroo6pasuii pasmepHocreii n = 1, 2, 3.

IIycrs, xax ofsruno, (o) J (B) = {1, ..., n} ecrp pas-
omenme muosxsectBa (1, ..., n) ma nmepecerawmmeca. OGo-
sHayuM CcuUMBOIOM S (Zp): Piy) IPOHBBONALIYIC (DYHKIMIO
garpamykeBa MuOroofpasuss A"; ero ypapHenue 3amaercs
dopmyramu

as oS
== — Ty = — . 7.13
p(ﬁ) dl(ﬁ) ? ) ap(a) ( )
Teopewma 7.12 [3l. Jlazpaniceso mmnoeoobpasue A"
MOHNCHO MAAVIM ULeseseHUeM (8 Kaacce Aa2PAHICesHT omobpadce-
HUL) Rpeepamumb ¢ MmaKoe, Wmo 6 OKpecmuocmu Kavicdoi u3
c80UT MOYek OHO Oydem nPpuUsodUMbL AA2PAHNCEBOTL IKEUBANEHNT-
HOCMUYI0 K 00HOU U3 cAedyouur HOPMAALHWL Hopm:
npu n =1
. 2 . _ 3.
Ay S=pi A, S =+ pl;
npu n = 2, Kpome mozo, ewe
. _ 1 2,
As: 8= 2= py -+ 2.pi;
npu n = 3, Kpome mozo, euje
. e 5 3 2
Ay S =+ p} + x3p] 4 2,p5,
. . 2 3 2
Dy S = == pip, == ps -+ x3p5.

(3mech upegnoiaaraercsa, 4YTO HAYAIO KOOPAMHAT mepe-
HECEHO B PACCMATPUBAEMYIO TOYKY.)

IIpu n =1, B cayuae A,;, Iarpan;keBo MHOTroo0Gpasme
B oKpecTHOCTH TOYKM z; = 0, p; = 0 Bagmaercs ypaBHeHHeM
z3 = —2p; n gudpdeoMopdHO HPOCKTUPYETCA HA OCh Iq.
Apagormuno, Togka THma A; He NPUHANIEKHT HUKIY 0CO-
fennocredt UpHE Beex 7. ’



154 YACTHh I KBAHTOBAHUE ITIOJIA CHKOPOCTEN

IIycts r =1, navamo KoopaMHAT — TOYKA THOA A,,
€2 — ee MaJyiasa OKpecTHOCTH. Torna ypaBHeHHE MHOT00Gpa3HA
aMeeT BHU[

zy= T 3p;
- a8 (z4)
(pue. 3). Ecnuw saumcatrs ypaBHEeHWE B BUAE Py = o
10 S () ~ const (Fx,)¥? opn 2, — 0.

Ilpu n = 2, nus rouku Tuma A4 ,, ypaBHeHHe Jarpam;keBa

MHOT000pa3us umeer Buf (B cioydae 3HaKA ILIIOC)

x = —4p] —2pirs, Po=pi

B OKpecTHOCTH wHauama Koopauuar. I[Ipoeruua nX (A?)
nuKJIa ocobeHHOCTEH Ha ZL,-IINMTOCKOCTH HMEET BUJ

272% = 8z, (7.14)

T. €, 9TO KpWBasg THIA (KaOBa». JloKaibHOo, IpH MaJHnX Z,
3T2 KpUBasA YCTPOeHA TAK JKe, KaK IPOCKIHUA THKIA 0CO-
Gemnocreit B mpumepe 7.11. Touno Tar ke ycrpoema Kpusas
nZ (A?) B ciyuae sHaKa MUHYC.
5. CBass ¢ uHgexcom Mopeca. Pacemorpnm raMuibronoBy
cacremy
dr OH(z,p) dp_ 0H(z, p)

dt ap Yodt T ox (7.15)

¢ BemectBenunM ramunbronmamom H € C% (R?Y), u mycrs
{z (¢ y), p(t, y)} — pemenme marpamesoil 3amaunm Homu

Theo=2°(Y), Pheo=p"(y), yecU.  (7.16)
3pgece U — obmacte B R} mw A" = {(z, p): z = 2° (y),
p=p°(y), yc U} ecrs aarpamwmeno C~-muoroobpasue

pasmepHocTa n. DBynem npemmomararb Tawyke, 4TO BHIOJ-
HeHO ycmieHHoe YyciaoBue Jle:xanapa:

TEED >0, (2 <R (7.47)
Iiyers z (y; O, t) ects Tpaekropus z = x(y,t), 0<< 11,
J (1, y) = det‘ﬂfy—”) (7.18)

Touknu Ha 9TOi TpPaeKTOPUH, B KOTOPHX AKoOHaH obpamaercs
B HYJDL, HABHBAKTCH (HokaLbHWMU; KPATHOCTL (OKaJIbHOH
TOYKH, II0 OUpeeJeHNIo, PaBHa KPAaTHOCTH Hyls AKoOWaHa.



§ 7. UHOEKC 155

(DokranpHasg TOUKA HABHBAEGTCHA npPocmoli, ecIn AKOGHAH
B 9T0il TouKe mMeeT mpocroil Hyab. Mope [83] moraszax, uTo
KpaTtHocTh Hyns srobmama J (¢, ¥°) B Qorampmoit TOUKe
oz (¢% yO)

] :

Mopc [83] BBen momaTme mupmexkca p Tpaektopmd I x =
=z (y; 0, ) ¢ nedoranbErMu Kouramu: Mugexc Mopca p
paBeH upcay (QOKAJBHEIX TOYEK Ha TpaexkTopuu I ¢ yueTom
uX KparHoctu. Vmeercs ofmmpmas jmTeparypa, CBA3aHHAA
¢ unziekcom Mopca ([44], [53] u mp.).

Iloxasxem, uro mamekc Mopca p Tpaekropum ! paBen
pagekcy ind TpaexropuME, JieKameld Ha HEKOTODPOM JarpaH-
yxeBoM MHOTrooGpasum pasmeprocTs n -+ 1 B (2n - 2)-Mep-
HOM (a30BOM NpOCTpAaHCTBe, IIpoeKus Koropoir Ha R}
COBIAflaeT C TpaeKkTopmein [.

Paccmorpum (2r - 2)-mepHoe ¢a30Boe IPOCTPAHCTBO
R¥*™? = {(%,, ); (Dy» P)} W MHOECTBO

PaBHA KOPaHI'y MaTpPHUIEL

MTL+1 = {(x(h va Z, p): xO = T, pO = _H (x’ P),
.7,'2.22(1:', !/)7P=P(T, y)v O<’C<t, Z/EQ}'

Ecam BeIOAHEeHH YycaoBms mnpepgiokesmsa 4.19 (t.e.,
B uactroctH, H (2° (y), p° (y)) = M = comnst), r0 M™!
ecth marpamkeBo C™-mmorooGpasme B R¥™? pasmepHocTH
n - 1. Paccmorpum ma M™! xpumpyio y;:

ve = {(#o, po, 2, P): To = T, po = —H (z, p),
r=z(t, ¥, p=p(1, ¥, 0< T < ¢}

Teopewma 7.13. HHycmv sunosnentt copmysuposan-
nue auiwe ycaosus. Tozda

ind v, = p (- &°, 0, 1). (7.19)

OIorasarenbcTBO. Ecum J (2 3% 540, To Touka Ha
M™1 B xoropoit z, = 1% z = z (1% y°), sBasercs meocolol OTHO-
CUTEJILHO IIPOEKTUPOBAHUS HA Rg:}x. Ha tpaexropur z (y; O, 1)
mMeeTCst He Gosee WeM KOHETHOE UNMCI0 (OKANBHEHX Touek [44]. B cumy
aJUTUBHOCTY HHEKCOE ind |, mocTaToumo paccMoTpeTh caydall, xorga
Tpaexropus r (3%, 0, t) CONeDKUT POBHO ONHY (OKAABHYIO TOURY
z = z (£, y°). ME orpaHWYIHMMCA CIy4aeM NpOCTOR (POKANLHOHA TOIKH;
o6miuit cayuaii paccmorpen B [38], ra. 8, § 2. Iloramewm, uto ind y; =
= -}-1; TeM campM Teopema Oy/eT AOKA3aHA,
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9z (80, y0)
——5!/—— paBeH n — 1, To MOKHO, HE
dx’ (19, y°
._—(ay;_y_)_ == O’ e o
= (g « vy Tp)s Y = (Y2, « -y Yp). JlOKQNDHEIME KOOpAMHATAMIE
Ha M"™* seasworesa (4, y). B okpecTHocTH TourRn Q¥ € M"Y, ormedar-
meit (1% y°), B KadecTBe YACTH JOKAJABHBIX KOODANHAT MOMKHO B3ATH
(z’, t). Tar war M"*! nDarpamwreso, To, B CHNY JeMMH 4.5, B Kaue-
CTBe JIOKATBHEIX KOODAUHAT B OKPECTHOCTH TOWKH (* MOKHO B3ATD
(¢, py, ). Ypasmemne nukia ocobenmocreit T (/") B oxpecTHOCTH
TOUKH Q* uMeeT, TAKHM 00pa30M, BUL dx,/dpy =0, Tae x4 = 24 (2%, pp, 27).
Toura Q¥ mpHHANTEHAT IHKIY ocobeHHOCTell, Tak KaK ero ypaBIeHie

0
M:O,T.G.J(ti y) =0

Tark Kax paHr MaTpIIE

orpannynBas oOIIHOCTH, cYHTaTh, uro det

MOKHO 3a7maTh B Bunge det

Beesem BMecTo y na;?agé'r%)m o= (0, - .., Op), {1 =3y}«
<> {& = 0} rarue, uro det %Z—la—() = 0. Torpa J (°, 0) Gymer
UMETHh HPOCTOH Hy/b. VIMeHHO, MOJOMKHM IPH Madblx | y — ¥°|

pr (@ y)=ay, 2@y = = (A ag ..., ay).
Torza
2 (1% p) = @ (1% @), p' (& y) = ¢ (1% @), ¢ = (Pg, - . -, @p).

Obozmagnm gvepes {z (f, a), p ({, @)} pemienne cucTemH IaMUABTOHA
¢ pampeiMn Komn

Pt lt:to =a, It:tO:a‘,’ Ty |t=lO: @1 (29, @),
pl !i=to :(P, (tO’ OC), o E V7

rge V — Manas OKpeeTHOCTb TOYKE o = (0. Ham pocraTouno paccMoT-
peTh IYTM KPMBHX Y, u z (f, a) upu (¢ — %) < 6, rme & > 0 croab
YroJHO Majo; IYCTh V;s — YKa3amHasg pAyra Kpupoit v, Is (7.15)
HAXOAUM

p n
a dzq (2, o) )7 02H (x, p) 0p; 02H  dx; 7.90
?t"( By T L Topyop; ooy *’Z dpy 0x; daj (7.20)
i=1 i=1

rme z=z(t a), p=p(, a). Vpasamenue nurma ocobemHOCTEl
a (xg, x)

ox
B OKpecTHOCTH TOYkH Q* mmeer puy det =0, 1. e. det Fro

a(t, o)
ox; (19,0
= 0. Tax Hax—i(————-—)—:v(Sjk; =2, ..., n k=1, ..., n
k
dxq (20, O
u Q* ¢ I (M), 1o —x% =0. CpemaeM IumeiiHoe KaHOHUYECKOE

IpeofpasoBaEne B (A30BOM IIPOCTPAHCTBE:

P(’)":PO, pik:piv p;‘:pj—_ajpi’ ]:27 ceey Ry
n
. (7.21)
z=xzy, zf=x1+ Z azj, x;"zxj, =2, ..., n,

i=0
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ap; (29, 0)
6061
H(x, p)—->II* (I*Y P*), M”+1—>M*”+1,

Mmuoroobpasme M*+L sTarpamskeso. ¥caosue (7.17) Boimoameno ags H*,
H cucreMa I'aMmIbTOHA TPHMET BHJT

rpe aj= . Torpa

de* _ 9H*(a*, p¥) dp* _ 9H* (a*, p¥)
dt op* ’ dt dx* :
B cuay BniGopa a; uMeeM mpu (=10, =0
dx¥ (?x;‘ - . .
mifo, 0ak¥6m' i=2, ..., n, k=1,2, ..., n,
" (7.22)
B0 g ot _,
aOLi . ’ vy 0061 ’
Ilosromy ma (7.20) maxomum, dTo
i} ( ox§ ) 02H* (z, p)
_ =——, =2 tO,O, = t070:
i \Far )y 0 7 (0, 0), p=p (10, 0)

u B cuay yeaosus (7.17) mmeem

A=Y (ﬁ’”_f_

o ) thoy > (7.23)

Vpaprerne muraa ocobemmocreit % (M*"+1) nmeer, B cumry (7.21),

%
BHJ 2;1% = 0. Janee, Buoab 7yfs mMeeM
#
—(%—16((;’—0)—:(t-t0)A+0 (E—19)2). (7.24)
1

JIORAJIBHHIMH ROOPAUHATAMI Ha M *7+! B OKpeCTHOCTH TouKH Q**,
orBevatomeii Q* ¢ M*n+l,  gmasiotes (p*, z'*), Tak uro ¥ =
= @f (p¥, 2'*). Umeem

n
09t (p*, 2™%) _ 0ry(t, o) _ 09f 0Pt | < O4f oz}
¥ doy

c?oci 00(1 0p1 < Ox;" 8061
i=2
B cuay (7.22) umeem
apt (8, 0) . Ox;‘ (t, 0) B 0
——0“—1——_1—{»0(t—~t), T~0(t—t)
u n3 (7.24) maxomum
A

Gpr = A= 10) (10 (1 =)

) dx¥
BRoab yf mnpu Maneix ¢ — {0 CaegoBaTeibHO, —ap—;>0 npu ¢t > 10
1

oxf .
Ha y} H —6% < 0 mpm ¢ < #° ma v}, Tak uro ind y§ = 1.
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Ilyerp A™ — narpamskeBo MuorooGpasme z = z° (y),
p =70,y €U (m. (7.16)), u g': R?" — R? — (pazopmit
IOTOK, HHAYIHPOBaHHKHI cucreMol [ammasrona (7.15).

Caemcreue 7.14. Juasn awboii rpusoi 1€ A"

ind gl —ind I = p (g7*) — p (g7"), 0<< 1<t (7.25)

eder” — RmauaavHas, r° — KOHeunas mouka kpueol L u gt —
mpaeKmopul, KoHyo8 kpusoll L.
Howrasareasbctso. Yermpexyronvumk [, gv,

g'l, gr~ (pue. 12) ma M™' romo;ormger Hymo, TaK UTO
: €r0 WHJIEKC DPABeH HYJII, U H3
l teopemsl 7.14 cuemyer (7.25).

Il puwme p7.15. Pacemorpum
TaMUJIBTOHOBY CHCTEMY, OTBEYal0-
My  KBAHTOBOMEXANHUYCCKOMY
ocumunaTopy (mpumep 3.6); mycrs
m =1, o = 1. Havanbuwse man-
HBEE BEIOepeM B BHIe

Puc. 12. % 1o :wO:N(y’ 0), pli=o=10"
yeR™,
e y = Y1y « - +» Yn-1), P° — HOCTOSHHH BexTop, pf 7= 0.

Torma (a30BHe TPAeKTOPHH 3aJAl0TCSA YpaBHEHHAMHI  (CM.

(3.77))
Zp=phsin t —y, cost, p,=phcosi-y, sin i,
1<<hb<ln—1;

Xy =phsint, Dn = P% COS L.

~ oz (t, §)
Axobuarm J (¢, y) = det PR B MaHHOM CJydae pPaBeH

 Y)

J(t, y) = (— )™ p} (cos t)™
@oxanpunMu Toukamu ayga [ (y): z = z (£, y) ABImOTCH
TOYKM, B KOTODHX sKobman J ofpamaercs B HYIb, T. €.
iy = g— + kn, k=0, £1, &2, ... 3amerum, uT0 IUPH
{ = t, Bce Jyunm cobmpamoTcs B OfHY TouKy z = (—1)*p°

HE3aBHCHMO OT HAYAJbHHEIX MAHHHX 2%, T.e€. MPOMCXONMT
moianass GoxycupoBka gaygeit, HparHocTs Eyda sxobmana J

opm ¢ = ¢, pasHa n. Ilycts 1({y) —ayas z =z (¢, 7), 0 <<
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< ¢t << @; rorfa ero mupmexc Mopca paser n: p (I o)) = n.
B panmom npumepe rammabrornan H umeer sug H = p? - 22,
TaK 4T0 ycmieHHoe yciaoBue Jleskamapa (7.17) BrumomHeHo,

n uo teopeme 7.13 mmeem ind I (y) = n.

§ 8. Kanmoumuecknii omeparop
(kBaHTOBAaHHME HOJA CKOpOCTEll B IEIOM)

O0beKTy HKIaccHUeCKOoll MEXAHUKHE — JaTpaH;KeBY MHO-
roo6pasuio A" — craBuTCA B COOTBETCTBHE KBAaHTOBEHII
00BEKT — KaHOHMYECKWi omeparop K ,n:

ATL__> KA'n,.

ATOT omepaTop (CIMBAETCA» W3 NPeIKAHOHUIECKMX oOHepa-
TOPOB.

Ecau comsoa L (z, p) = 0 ma A" u ecaum 510 MHOT00Gpa-
3Me MHBAPHAHTHO OTHOCHTEILHO [UHAMUYECKON CHCTEMDI
dz/dt = 0L/op, dpldi = —OL/0z, 10 cupaBegamBa GopMyaa
KOMMYTaIIn

2 1
L (2, A71Dy) K 1o () =

1 i 1 < #L( p) -
=Ky (=7 21 mr ) @ H0 (7,
j=

e d/di — NpoWsBOfHAA BAOJNL Tpaektopum. B uacrHOCTH,
IiA CUMMETPHYHHIX OmepaTopod L mmeeMm

= 1 de -~
Taxmm ofpasoM, omepartop L ¢ HOMOMBI0 KAHOHHYECKOTO
omepaTopa mpeobpasyerca B omeparop AuddepeRqupoBa-
HHA BJOJIb TPAeKTOPHU.

1. Onopenenenne KaHOHHYECKOro omeparopa. Hawnonuue-
ckull onepamop

K CF (A™) —C™ (Re X RY) (8.1)
onpenexsercsa 3agauneM CHAERYIOIIHUX 00'BEKTOB:

1) Jlarpamsesa mmEorooGpasma A™ ¢ n-MepHHIM 06HeMOM
do™ m ¢ ormeueHHOIl TOUKROW 1P
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Mur opeanonaraem, yro dim 2 (A™) < n — 1, 4ro Bcersa
HMEeT MeCTO A JarpamkeBa MHOroobpasust obIero Imojo-
MEHIIA,

2) Kamommueckoro armaca {Q;} m pasOuenus eJHHUILL:
1 = Dlej (r). Hpuorom e; € CF (A™), 0 << e; << 1 usupp e; €
€ Qy, k =k (j). Hamomnum obosmauenue: r = (z, p) —
ToOIKa MHOrooOpazus A",

Ilycte Q; — wapra ¢ (OKaJbHHEIMH  KOOPAMHATAMIE
{Pw zp}, dyurmua ¢ € C7 (2;). Bpemem omeparop, Koro-
DBl OTAHYAETCA 0T IPEIKAHOHUYECKOTO OMePaToOpa TOJNBKO
qucaoBrM mMuo:mureaem (cp. (6.3)):

(K:\On (€2;) @) = exp { — %‘- Ind I (ro, 1) } X

1/2

% @ (r (P @) X

do (r (Pewrs )
X F*’P(m‘”‘(ﬁ)

dpiay dz(p)

{ T®(g)» *(g))
X exp iﬁv ( S (p', dz"y — (Twy (Pars Ze), P(oc)))}- (8.2)

r0

3necw C(r) — nemoura wapr {Q;,}, 0<Ck s maxas, 910 9109
3% jo=1i u y(C (r)) — ee ungexc.
Hamonmuecknit omeparop (8. 1) BBegeM 1o ¢opmyie

(KTno) (z Z (K (Q5) (e;9)) (2). (8.3)

Taxmm ob6pasom, omepaTop K, n saBucut or BpbOpa Kamo-
HHYeCKOT0 aTjiaca, oT BeOOpa (OKalbHBIX KOOPHHHAT B Kap-
TaxX M 0T pasGueHus: eJIMHUIH,
Owuesnano, gro dopmyna (8.3) oupemensier HEOTHO3HAT-
r
HYI0 QYHKIAIO 0T £, TaK KAK M HHTeTpa S (p, dz),
70
n wmagexe ind [/ (*°, r) moryr B3aBucerr o1 BhIGOpa WYTH,
coeuuamomero troukn r® u r. Jlaa roro utob6n gopmyna (8.3)
3ajlaBaJa OJHO3HAYHYI0 QYHKIMIO, He0GX0uMO, YTOOL MHTE-

rpasu g (p, dz) n nuperc ind [ (r°, r) me saBucenu ot BrIGOpa
%
OyTH, COCJUHAIONEr0 TOYKH 1Y, r.
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2. npapuaHTHOCTP KAHOHHYECKOrO ONEPATOPa.

Teopema 8.1. Jun mozo ymobu ranonuneckuii onepa-
mop He 3asuces (¢ mowrocmsl 9o O (A71)):

a) om en60pa KAHOHUHECKO20 AmAaca U om subopa fhokasb-
HHZ KoOpOunam é Kapmar;

6) om pasbuenus edurHuywl,
Heo0xodUuMO U DOCMAMOUHO, YWMOobH:

1) S {p, dz} = 0 no awbomy szamrnymomy nymu;
3

2) ind I = 0 das awbozo samknymozo nymu.

TakuM o6Gpas3oM, BBeJeHHHN B § 7 XapakTepHCTHUYCCKHIT
KJIacC MoJeH OBITH TPUBHAJEH.

JorasareanrcTBo. H606XOJII/IMOCTI) 3TUX YCIo-
BHil oueBugHa. J[OKajKeM HOCTATOYHOCTH.

(Purcupyem xapry £; u (oKamsbHBe KOODAUHATH
{Pia)> T} B Heil. HonameM, aTo omeparop (8.2) saBucur

r

ToabKO oT Kapril ;. Ilo yexosuio S (p, dz) me saBHCHT
r0

OT IyTH WHTerpHpoBamus, a Beaumumua y (C (r)) opu r € Q;
He 3aBHCHT OT BEOOpa nemouku myreit. [lonomum y (C (1)) =
=y, r € Q;. B cuny nemmer 6.4 oueparop (8.2) He saBHCHT
oT BHOOpa QoKaJbHHX KoopamHAT B Kapre ;. CiaemoBarein-
Ho, Popmyaa.(8.3) 3anaer oroGpasenme (8.1). ITocTpoenmsrit
omepaTop 3aBHCHT, BoofIme roBops, OT BHOOpAa KaHOHHYE-
CKOTO aTjaca # OT pasbmeHHA e[HHWIEL; 0003HATAM ero
sepes K ({2;}, {e;})-

Jloxakem He3aBHCHMOCTh K OT pasbieHMsA eJUHUNB IPU
durcuposanmom atiaace {;}. Ilycts {f,} — mpyroe pas-
ouenne epuenisl. [as Kaxkpmoro k cymectByer j (k) Takoe,
qTo Supp fr < Q. Ecaum supp fp COAEPIKHTCA B HECKOIb-
KX KapTax Qj ), Q,-z(h), ..., TO B XKadecTBe j (k) MBI BHIOH-

paeM ao6oe w3z uucen ji (k), jo (k), ... Homoxum K, =

= K ({2}, {es}) (r.¢.” omeparop K ({2}, {e;)) ompene-
JAfeTcs 1o KaHOHHYecKoMy ariacy {€;} u mo pasGuenuio
equHaubl {e;}); AIA KPATKOCTH apryMeHTH y QYHKIHE M5
onyctuM. lmeenm

Kop= ; K (R;) (¢;9),
Kip= ; K Q) (fr9),

11 B. TI. Macnos, M. B. ®efopior
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rre K (Qj) — mpegrasonugeckme ouepartopst (em. (8.2)).
Tax rax f = Zejfk, TO
7

Kip=(3K Qi) (€5729))- (8.4)

Horaskem, g9T0
2 K Q) (eif®) = K (%) (59)- (8.4)

Tak Kak e; = 2\ejfy, 10
P
K () (¢;0) = ; K (R;) (ejfr®)- (8.4")

Ecam ¢ € C7 (A™) n supp ¢y € QL 1 Q,, To mo aemme 6.4
K ()¢ = K (Q,) ¢ (RanloMEEM, IT0 BCe paBeHCTBa Gepyrcs
mod 0%, (R})). CaenoBareisuo, K (2;) (¢;fre) = K (Qj4) X
X (ejfr®), u us (8.4") Bmreraer (8.4"). IlogcraBmsa (8.4")
B (8.4), monyqaem, wro K, = Kj.

Hoxasxem HesaBmcmMocTs K or BeI6Opa KaHOHHYECKOIO
ariaca. Ilycrs mamer fBa Kamommueckux atiaca {Q;}, {0}
I COOTBeTCTBYIOIIME HM pasbmenna emuHuIb {e;j}, {fy}.
Homowum Ky = K ({Q;}, {e;}), K1 = K ({6}, {fr})- Bse-
gem ariac u3 Rapt Uy, = Qj () 8, coorBercrByMOIee pas-
fuenme OIWHHLEL £j; H OIEPATOP K2 = K ({Ujr}, {gm)})-
IIo poxasammomy smme Ko = K ({Q;}, {gn}), K=
= K ({0}, {fr}). Ecan muosxecrBo U}, Hemycro u supp ¢ €
€ Ujy, 10, no aemme 6.3,

K () (¢) = K (Uj) (),

orryga caenyer, d9ro K, = K, Amnagormuno K; = K,.

3. ®opuyas1 kommytannu. Haunoumueckmit omeparop
II0BBOJIAET LOCTPOWTH (.a. peLieHNe B TeJAOM I ypaBHe-
wu#i suga (3.1). llenrpanpubiM MecToM B MeTONe KaHOHNYe-
€KOT0 OUepPaTopa sABAACTCS POPMYIa KOMMYTAINHA A-LCEBHO-
auddepeHnMaIBHOTO oNepaTopa L ¥ KAHOHHYECKOro omepa-
Topa K, xoropas, Tpy0o roBoOps, BRIIAAAAT TaK:

LK =KL.

Crpykrypa IPOKOMMYTHUPOBAHHOTO oueparTopa L spusercs
cyuecTBerHo (olee mpocrol, weMm cTpyKTypa omeparopa L.
Berogy B janpHefinieM DpeAmosaraercs, UTO JaTpam:keBo
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muoroobpasue A" ypmoieTBopsier ycaosumam 1), 2) Teo-

pemur 8.1.
Teopewma 8.2. Cnpasedrusa Hopmyaa rommymayuy

2 1
L (.Z, ?\«_li, (l}\f)_i) KAn(P = KAn (L (fC, Ps O) (P) +}\,_11p. (85)

30eco L ecmv A-n.d.o. ¢ cumgoaom us raacca TT (REL),

pynryus ¢ € Co; (A") u gynryus P € OF (A").
HJoxrasareansctso. Ilyerp Q< A™ — rRamonmue-
ckag Kapra, K , (Q) — npepkamonnueckuil omepatop um @ €

€ Co (Q).

Ilyers € — meocobas rapra. Torga K. () mmeer Bup
(6.1), 7. e. K,np = exp (itS (1)) | % [V2¢. Lo reopeme 2.6
nMeeM
LK o (Q) ¢—=
do |1/2 as -
| L (5 0) g ay =

TaR Kak p = 05 (z)/0z wa A" m ocrarouHsii wien P €
€ 0; (R").

Ilyetr Q—ocobas wapra ¢ GOKANBHBIMU KOODAWHATAMII
(Pwy, ). Torma K ,n () mmeer suj (6.3) u

= exp (iAS (2))

LE o (Q) o=
4 1 2 2 1 1 ot
=F, Py ™% (q) L(—2 Dp(oc)’ Zr» Pears Dx(ﬁ)’ )X

I do (r)

1/2 . »
ml exp (iAS (P> ) @ (1),

e =71 (P, Tp). Oyurmus S umeer BHJ

S (P zg) = S (P, dx) — (Payy Tioy (Pears Z8))),
70 .

TaK 4YTO

S (P %) a8
P o (P LBy)s P

= P

11*
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IIpumensa Teopemy 5.2, moayuaeMm, 9YTO
LK, n(Q) o=

-1 do (r 1/2 .
=F, Py % q) (( m}idi(—ﬁ)l exp (iAS (P -77((3))‘) @ (r) X

X L (2@ (Piass Z)s Tipys Piwys Py (Pecwrs Zegy)s 0) ‘{—7»_1113) ’

Iae OCTaTOMHHH wileH V€ Of (A™. CmepmosatensHo, (opMy-
jaa (8.6) ocraercss B cmae.

Iyers ¢ € C7 (A™). Torma (8.5) caexyer u3s (8.6) u (8.3).
B reopeme 8.1 ¢opmyna rommyrarum Obula ycTaHOBJIEHA
B clydae, KOrAa omepaTops xpuddepeHIupoBaHdd eicr-
BYIOT HOEpBLIMHU, a OIIePATOPH YMHOKEHUA HA He3aBHCHMBIO
nepeMeHHbIe — BTOpHMA. TodHO Takas ke QopMmyia cupa-
BeJIMBA ¥ TOrAA, KOTJa YKasaHHbie omeparopsl AeHcTBYIOT

B 00paTHOM HOPAJKE.
CanepcrBue 8.3. B ycaosusxr meopemi 8.2 cnpaged-

AUBA - HOPMYAL KOMMYMAYUL

L (2, A1Dy; (i) (K u0) (2) =
== KA“(L (17’ P, 0) ¢ (x) + 7\,-11})), (87)

ede Y € Oy (A™).
Takxum obpason,

LKg=KRg-+ O (\?Y),

2de R — onepamop ymuoxcenus na @Pyuryuo L (z, p, 0).
Ilomyaum ¢opMysny KOMMYyTai(HH B cJaydae, KOIJa Jar-
pammeBo MHoroo0pas3ue HHBAPHAHTHO OTHOCUTEJBHO CHBHTA
BJONb TPaeKTopui TaMuJAbBTOHOBOH cHCTeMH omepatopa L.
Teopema 8.4. llyemv onepamop L u aazpaniceso
muoz006pasue A" ydosaemsopsiom ycaosusm meopembt 3.2

U yeaosusm:
1) Qyuryus L (x, p, 0) sewyecmeennosnauna, u ypasnenue

Lz, p, 0)=0 (8.8)
onpedeasem 6 (pasosom npocmparncmee C*-mroz2000pasue

M2t (L) pasmeprocmu 2n — 1.
2) A< M (L),
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3) Muozoo6pasue A" u obwem do™ unsapuanmusl omuo-
CUMEAbHO OUHAMULECKOLL cucmembl
dz oL (z, p, 0) dp oL (z, p, 0)
T @ e (69
4) ITpu awénzr nauasvwuiz danuunz (r, p) € M1 (L)
pewenue cucmens (8.9) cyujecmeyem npu ecex t € R, edun-
cmeenno U beckoneuno dugghepenyupyeno.
Toeba cnpasedausa Hoprysa KOMMYMAYUU

1
L (;, MiDy; (IM)) (K np (1)) (2) =

1 4 1 02L (z, p; 0)
*TA‘KA" (E—TSP ( 8z op )+
oL (x, p, &)
+ de
ade X € Oy (A™).
3nechy d/di — mpomspogHasx B cuay cucreMe [ammiib-

roua (8.9), T. e
do(r) _
dt

. /oL(x,p, 0) dg(r) oL (z, p, 0) 89 (n)
- < 0xy ' 0P(a>> < apg@ 0$(B)>’ (8-11)

ecam OKpecTHOCTH TOUKM I € A" muddeomopdno mpoexTu-
pyerca Ha IUIOCKOCTE (Pqy» Zp))-
Horxasareaxnbcrtso. 1. Ilyers 1 — neocobas Tou-
Ka. Iloctpoum marpamsceso C™-muorooGpasue A™~! pasmep-
Hoctu n — 1 Ttakoe, uto r° € A"1 u A" rpaucsepcambno
K TPaeKTOpHAM CHCTEMBI (8. 9) Bygem cumrath, uto A"-1 =
= {(z, p)rz =2 ), p = p° (y), y € U}, rae U — obmacts
B R”'l [lycts z = x (y, 1), p = p° (y, t) — peurerne Bajia-
qn Homu Z | 1=g = 2° (), plimo = P° (y) Ana cucremn (8.9).
BriGepem § >0, U HacTOZIBKO MAJLIMA, 9TO0H MHOMKECTBO

Q= Az prez=zt.yp=p¢y. yeU |t|<b}
Ob110 HEoco6oil KanoHMIECKON KapToit ma A", m mycrhb m,Q —
upoerxrua Q ma RY. Torma

de™ (r (z)) = a (z) dz = a (z (t, y)) J (¢, y) dt dy,

rge obo3HaueHo

o) e+ @), (8.10)

9z (t, y)
ot y) -

J (t, y) =det
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Tax rak o6beM do" HHBapPHAHTEH OTHOCUTEIBHO CHBHTOB
BHONhL Ouxapakrepuctuk, Tto ymrmusa a (x (¢, y)) J (¢, y)
3aBucnT TonbKo or y. Takum oGpasoM, ofbeM umeer BuI
do" = b (y) dt dy, b (y) > 0. Caegosarennno,
dam () |12 _ (b (y)!"2 319
l dz R (5:12)

Hyets K, n (Q) — mpeaxanoHMdeckmii omeparop, OoTBe-
garomuit kapre Q (em. § 6), uw @ € C§ (Q). Torpa K¢ =

/— .
= V lZ_Z, ei*Sq. llpumenan Teopemy 2.6 # ydurpiBas, 410
L (z, p, 0) = 0 ma A", noaydaem

L (2, A1 Dy; (i) (K g (1)) (2) =
= —exp (1S (2)) Ry (9 (2)) +- A% (2, 4),  (8.13)
rae y € OF (n€2). 3pnecs o6osuageio

172

@ (2).

S@=1{ @ dan, v)=
ns (3.39) cnej:[ye'r 910
(Ryp) (2) = VJ TV Tv@)—

1 2L (x, p; 0 Lz, p
—38p (S v @+ gy @), 8.44)

z=xz(,y).
Tak xak, B cuay (8.12), ¢ (z) = Vb (y)L, TO OKOH-

i

YaTeabHO
deg 1 2L (z, p; 0)
(Ryp) (2) = -‘*f ('7;““2“ Sp (———'—'—w 5p ) +
oL (z, p; &)
=28 6),

1 Teopema JoKazaHa ia omeparopa K ,n (Q), oTBewanmiero
ueocoGoit kapre Q.

2. Ilyers r® € A™ — ocobas TOuKa, HEKOTOpas OKpecT-
HOCTL Koropoil guddeomopdro mpoekTHpyeTcA Ha KOOPHH-
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HATHYIO JarpamKeBy MIOCKOCTH (Pqy, Tpy). T€M e CHoco-
oM, uro m B 1, mocrpomm KaHoHmuecKyl Kapry I r?,
B KOTODOIl MOKHO BBeCTH (OKATbHBIE 'KOOPAUHATH (D(g), Z())s
u nuyers K ,n (Q) — npenkanomudeckuit omepaTop, oOTBe-

garomuit 10 Rapre (cm. § 6). Hoaomum
9 (p(OL) (t7 y), x(ﬁ)(tvy))
0, )

N3 wnBapumautHocTH of6bemMa do" OTHOCHTEABHO CIBHUTOB
BIONEL OUXapaKkTepUCTHK Clefyer, uTo

l 'do™ (r) |1/2_ Vb
AP dz ) - Vi’
rae 0 (y)>0. Uz (8.13) u (5.10) cnenyer, uto

J(t, y)=det

2 1
Li(z, A Dy (iM)) (K yng (7)) (2) =

» 2 2 1 1
- Fh’ p(oc)_’x(oc)L (_}\/ 1Z)p(oc)’ LBy Piprs x_li(ow ’
(M) (¥ exp irS),

rie 0603HATEHO

IP:l do \1/2

_— S I8 =
Doy A2 P, (Pars Ti)

(P, dx) —(Poy Ty (Piars Tiy)) (8.15)

SOy

<

(cm. (6.2)). Ilpumensas Teopemy 5.2, moldydaem, aTo
L (K no) (2) =

= i oy | €3D (108) (Bob+ = Ry) +272 ] (8.16)
rme y € OF (). Umeem u3 (5.11)

aS
RO\I} =L ( - 0P

as
v Lipys Peays T 0) P.

W3 supa $yuxuum S crenyer, 4ro

95 (Pioys T(B))

= —2x x
T @ (P @)

S (P, 2(8))

dzg =P (P L)
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Tak g9Tt0 Ha A"
Ry =Lz, p;, )y =0

B cuy ycaosas 2). B cuny (5.12), (5.13) oneparop R; umeer
BHT

LY (', p'; 0) &
Rpp = <a 1(72plp , 1P(Jﬁ)>_i__

1 l?ZLO (I s P 3 0) 02S (Z,)
+ [? Sp ( : ap'2 ox'2 ) -
0214 (.’t’, p'; O) LY (JE', plv 8) N
—5Sp ( t?a:' ap’ ) +—= de s=0] ¥ (8.17)

3nece 2’ = (P T@)s P = (T P@) L (@, p'50) =
= L (—2% T, p; 0) ¥ HyIp HaBepXy o03HAUaer, 4TO
suagenne JLy/0p’ w t.n;. B3ate B Touke (z'° p’%) =
= (Diay> @) —08/0p g, 8S/0z5) (r. e. B Toure (z, p) N
= (Ziy Py T@): by Piars T (Pearr Tegp)) ma  A").
U3 cucremur IMamunsrona (8.9) cuegyer, uro

dptey _ 0L (21, p'; 0) dz gy gLy («', p’, 0) (8.18)

dt 0x(q,) ! dt o)

ITosTomy

0]0(35 p 0)
’ Ox =

=__<6L‘i(x,p,0) mb> <(?L“xp0) ap \ AP

0z () ' 0P -

opp) ' Opp e

rae d/dt — npounssoguas B cuny cumeremsr (8.9). Ilpumensns
dopmyay Jluysumis (3.28) k cucreme (8.18), moayuaem, uro
BLIpa:KeHHe B KBajgpaTHeX cKoGKax B (8.17) paBuo
d 1 o2L (z, p; 0) oL (z, p; &)

Yar (In J)~—2-Sp ( 9z Op ) + g

e=0"
OKOHYATEIPHO HOJYYaeM
(R19) (Pears 2py) =
1 4 1/2 1 2L (=, p; 0) oL (z p, £)
= a0 — 3 Sp (=557 ) vt o

Vaurusag dopmynn (8.14), (8.15), nonywaem (8.10).

3. U3 voro, uro (8.10) cupaBefiauBo A TpegKaHoNmye-
CKAX ONEepaTopoB, u mpepcrapienus (8.5) BHTEeKaer Teopema,
ecau ydecTh emie ciaeiywmee samedaume, Ilyers r¥ € A”
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1 Qj ... Qj — Bce KAHOHHYECKHEe KapTHl TaKue, YTO
Qj' ) r*. Torma

e, (=1, N j—t(ejl(r))—=—0
1=1

=1

B OHpeCTHOCTI/I TOYKU ¥, Tak 4TO

Z [KAn(Q,l) (7 T ) o) ] (@)=

=[ Ky (@) ( ”( L

(MBI OIyCKaeM yKasaHHe Ha JIOKQTbHBE KOODAUHNATH B le).
Canenmcrsue 8.5. B yeaosuar meopemvr 8.4 cnpased-
auea gopmyaa
2 1 1 2
UL @, A1Ds; (1)) L (2, A Ds, ()71 (K yn) (2) =
1 d L (z, p, -
= (Ko (5 + 252D Yo )+ 2710 (@),

PaccmorpuM BaskEBIN 9acTHHI cny4aii Teopemst 8.4, ITycrs

o) ] @+007 =00

2 i
L=A"D,+ H (@, z, \'Dy; (iM)), (8.19)

rjge omepatop H ymowierBopser ycaosusam H 3.1 — H 3.3
3 § 3, m. 5. llonomum 2" = (2%, z), p’ = (E, p), rie 2° == ¢,
E — nBoiicrsennas K [ mepemeHuas (dHeprus), U PaccMoT-
puMm cuctemy l'amMuapToHa, orBedarmywo L, B ¢azoBoM mpo-
crpancree R***? ¢ woopmmumaramn (z', p'):

dr _ 8H(t, =, p; 0) dap oH (t, z, p; 0)

a op ! dar oz . (8.20)
dz0 _ 4 dE __  9H (¢, =, p; 0)

a 7’ dt — ot :

Hyc'rb gl: R*? —» R*2? _ omepatrop] cABUTa BIOJb TPAECK-
ropuit cumcremsr (8.20). Iloctpomm (r - 1)—MepHoe Jarpau-
skeBo MuHorooGpasme A™! p R¥™2, MHBAPHAHTHEOE OTHOCH-
TeNbHO guHAMHYeCKo# cmcrembr (8.20).
Ilycts A} ecTh marpamxeBo n-meproe C™-MHOrooGpasue
B R?™*2 ¢ n-mepubiM o6beMom doy (z, p).
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Honoxum
A" ={(z' p)i(z, p) A", t =0, E== —H(0, z,'p; 0)} (8.21)

Torga A™ ects n-mMeproe narpamxweso C™-muoroofGpashe
B R**2, Ilycrs 1 (z, p) — Touka na A", tje (z’, p') mmeror
g (8.21). Hamee, B cury upefioxenua 4.19 MmomecTRO
A= ) g'A™ (8.22)

I<i< 400
ectp Jjarpam:reBo C™-mmorooGpasme B R2"™? pasmepuocrn

(n + 1). B xnauecrBe (n 4 1)-mepuoro of6mema ma A™?
BRIGEpEM

do (' (r (z, p))) = dt dao (r (z, p)).

Taxmm ofpaszom, Mu moctpomau (r -+ 1)-mepmoe mar-
pamykeBo MuorooOpasme A™!, MEBapuaHTHOE OTHOCHTENLHO
muHamuyecroit cucremsr (8.20), m (n | 1)-Mepupi#i o6beMm
do, TaK;Ke MHBAPHAHTHEI OTHOCHTENHHO HTON JUHAMHYECKOH
cucremsl. Ilycts Aj — onmocBsisHoe wMuoroofpasme, TOTAA

A™! — onHOCBABHOE MHOrooOpasme u a? {p', dz’) = 0 paa

v
a060T0 3AMKHYTOTO TNYTH Y, JeRANero Ha MHOT00Gpasuu,

A" B cuny reopemu 8.4 mmeem
(AMDy - H (¢, z, p; (1W)7) K ynp=
e d 92H (¢, =, p; 0)
aH (t, =, p; €)
+ R Ve, (8.23)
JHaveunme YHKINY B IPABOY YACTH DTOTO paBeHCTBA Gepercs

B Touke g' (r (z, p)) u d/dt — mpomsBomgHAA B CHJIY CHCTe-
met (8.20), T. e.

dp /09 GHN /o9 0H> dp g OE -
dt T \ oz’ ap> <6p’ 55 ) T T oE o [(8.24)

&L (z, p, 13 0) _
aplat

Ipu BeBome dopmyas (8.23) Msr yunm, gro
=0ugrop® + H(t =z, p; 0) = 0 na A™
4. Ranonmueckuii omepaTop Ha pHMAHOBOM MHOrooépasmm. ITOT

omepaTop CTPOUTCHA IO TOR jiKe CXeMe, 4T0 M paxee, 1 MBI OrpaHHYNMCA
I{paTKI’IM OMHCAHVEM KOHCTPYRIUM M H3JIOHEHUEM Pe3yabnTaToB. HycTL
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M ecTh n-MepHOe PHMAHOBO MHOTrooOpasme Kiacca C® ¢ METPUYECKHM
tersopoM g = (g;;) 1 TM, T*M — ero xacaTeJbHOEe W KOKACATEIBHOE
paccioenns, n: T*M — M — npoexnua. Ecmm ¢ = (2%, ..., z2™) —
JOKANBHAS CWCTEMa KOOPAHHAT B 00JACTH (OTKPHITOM CBA3HOM IIO[-
mHOKecTBe) U < M, ToO

(Zv P) = (-771 cen ot Py« v oy pn)
rie p; = 0/0x' ofpasymwr crcreMy JIOKANBHEIX KOODANHAT B ofmacTh
V=mn1(U) na T*M. 3gech cTaBfapTHHIM 06pa3soM OTORAECTBICHE

T**M u TM.
Ha mmoroofpasuu I'* )/ MHBApDHAHTHO oOIpefeieHa 2-fopma 2,
n

KoTopass B JIOKaJAbHEIX KOOP/WHATAX IIMeeT BUJ, w2:2 dpi/\dxi.
i=1

Jpa Bexropa &, 1 € T, T*M HaBBIBAIOTCA KOCOODMOZOHAAbIMU, ECHI

»? (E, n) = 0. 3uech B € T*)M. Tlopmuoroobpasue A < T*J} wHa3H-

BAGTCS aazpanacestin, €CIH JN00He [ABA KAacaTelIhHHX BeKTOpa K A

KOCOOPTOI OHAJI BHE. Huke paccMaTpUBAIOTCA TONBKO n-MepHbIe Jarpam-

seBnl MHoroofpasusi A" < T*M.

B kawecTBe JTOKAJBHKX KOOPAUHAT B OKPECTHOCTH JI1000i1 TOYRH
€ A™ MOMRHO B3ATL OAMH W3 HAOOPOB (P(y), (). llomsrue wamo-
HIYECKOTO aTJIaCa OCTACTCA TPEeyKHIM.

Ilycrb do™ (r) — raagruil n-MepHbBId 06beM wa AT [pedranonu-
yeckull onepamop B KaHOHMYECKoIl KapTe Q@ < A" ¢ oKATBHBIMU KOOP-
AMHATAMU (P (g, x(B)) onpepensercs Mo gopmyne

Ko) () =F 1
o) b Doy %)

_ do™(r) _ ~ay-174 0T
[ 9 () ‘/‘ pR ‘(detg(r)) exp (11§ (r)):,. (8.25)

3pecs @ € CTAQ), r =71 (P x(ﬁ) $yHRITA S rouno Ta JKe, UTO

H QYHKO#AA II0K 3HAKOM dKcIomeHTH B (6.3), © g(r) = (g o m) (r).
®opmynsr (8.25) m (6.3), ouesupmo, cosnajawr, ecam M = RE.

Kanonuveckuti onepamop Ha A™ CTPONTCA WO IPEIKAHOHNYCCKUM
omepaTopaM TOYHO TaR jKe, KaK W paHee; J0Ka3aTeJlbCTBO €ro MHBA-
puanTHOCTH ocTaercs npesrHuUM. Dopmyna xommyramuu (8.10) B mam-
HOM cjiydae IpUHUMAaeT BUJL

2 1
L (2, 47Dx; (1)) (K @ (1) () =

"

s d 1< ®Lp0) 1 d o~

T KA"(dt T2 LT ey, | & at (In (det g)) +
“

%EL“ 20) (1) (@) 272 (2, A).  (8.26)

5. O erpykrype wamommueckoro omnepatopa. IlpmBemem
Gosee ssBEHE GOPMYIH s 3HAYeHUI (KAn(P) (x), ¢ € CT(AD).

+




172 YACTD I. KBAHTOBAHUE IIOJIi CKOPOCTEN

1. Toura z° € R" He nexuT Ha Kaycruke (KayCcTHKAa —
9T0 mpoermua m,2 (A") nmuraa ocobennocteii ma RY). 3mech
HMEIOTCSA JBE BO3MOMHOCTH.

A. z0 ¢ n A",
Torpa
(Kyng) (£)=0 (A7) (h—o0)

paBHOMEPHO II0 & W3 HeKoTopoll oxpectHocTm & Toukm z°.
B § 9 6yser nokaszawo, 4ro, HOANPABUB ¥AHOHHIECKHI oOme-

) paTop, MOKHO HOJYYATH COOT-
P ré o HOITeHHAE

(K pn) (@) =0 (A7)
(A >4 00) (8.27)

| npu Jawbom ueaom N > (0.
C ToukM 3peHUs reomMerpu-

9ecKoli onTukm Touka z° B cay-
wae 1, A agewur B objacTa

» TCHH.
| A 0
. i B. x° € A",
i
z0 =z bynem nmpepmoaarars, 4ro
TOJIBKO KOHEYHOE UYHCJI0 TOUeK
Puc.”13. rt, ..., €A™ 1npoexTHpy-

orea B Toury 2% mr! = z0
(puc. 13). Torma oxpecruocts € Touxm z° MOKHO BHOpATHL
TaK, uro0b oKpectnocTH Q; Touek 1’ muddeomopduo mpoex-
TupoBadauch Ha Q: nQ; = Q, 1 <<j<s, mak uyro Q; —
Heocobpe Kamoumueckue Kaprel. llosTomy omepatopst K ()
Mo;KHO B3aTh B Bume (6.2), 1. e. oHM ABAANTCA oueparopaMu
ymuoenns Ha $ynrnuo. CiaefoBareabuo, npu x € Q umeem

(K ) () = Z exp [ - T ind I (O, r’)] ‘/
i)

x exp [ iA K P, d2) | @) (@) + 0 (A1), (8.28)

r0

dom r-‘/ (z))

X

Tarum o0paszoMm, KaHOHHUYECKHN omepaTop B cayuae B
paBen cymMme OBICTPO OCIMJIIMDYIOMMX BKCIOHOHT.
2. Touxa 2° me:ur ma Kaycruke (1.e. 2° € nZ (A™).
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HomycraM mis upoctorsl, uro mpoobpas n~lU, roe U —
MaJiasg OKPECTHOCTH TOUKH 2, COJAEPIRUTCA B OHON KaHOHITe-
cKoit kapre 2. Jlanee, GyaeM cumTaTh, 4TO HAYAJIO KOOPAUHAT
nepeneceno B Toury r (z°) u wro r’ € Q. Coraacuo dopmyae (6.3)
K¢ ectp A-upeobpaszoBarue Qypbe GHCTPO OCIUIIED YOI EH
DKCIIOHEHTH, U B 00meM ciydae TPYAHO HpmBecTH 0oJee TOU-
HYI0O nHPOPMANUIO 0 CTPYKType KAHOHMYECKOIO omepaTopa.
OIHAKO BTO BO3MOZKHO A HEKOTOPHX ocoGeHHOCTeH 00mero
OJIO/KECHHS,

A.Oco6enmnmocrs tuuma A, (cm. § 7). B sroM
caydae B KadecTBe (POKAABHBHIX KOODAMHAT MOKHO BHIOpPaTh

KoopAauHaTs (py, Zy, . . ., Z,). MHorooGpasne A™ B oxpecrt-
HOCTH HAadaja KOOPJMHAT 3a[aeTcsi YpaBHEHUAMH
8o (")
2 ’ 0
xijpi? p = dx’ ?
me 2 =2y, .. 2n)y P = (P2, « v .y Pn). lomomum
So (0) = 0. ,U;a.nee

r(x)

S (pv dx>—<x1 (p1)7 pi) :SO (x, —%pf

70

CienoBaTennno,

(Kg) () = exp [iMSy (2')] Fi. py e, X

X[((por)(pi,:c)l/' L) Jexp (—2ipt) |- 8.29)

Hocaepanii naTErpaz paBeH

1/“5575 o) |z | o [ (pin— 502) ] o

) (8.30)

®asoBag Qyuruma pyry — (3/,) [Zf B 3TOM MHTErpale TOTHO
TaKas e, KaK n B mHTEerpase diipm — Poxa:

v(x):—z-—]—}? 3? exp[ ( -i—xt):]dt

Acumororura wrterpana (8.30) npm A — oo, paBmoMepHas
o r;, OpHM MaJHX I; BHpPa/KaeTca depe3 QyHKIuu IEpH —

®oxka [57].
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Wvenno, B OKpecTHOCTH Havalla KOOPAWHAT CIPABEIJIUBA
acuMITorudeckas Qopmyiaa -

(Kg) (2) = ™27 0 (4 [y o (=270 ) 4

e~ iM/hg =110y ~1/6 f+v =y (=273 0 (1) (8.31)
1

3pecs . — BHauweHWA QYHKIUK ( l/ ldP daz’
1

Kax r+ — (iVxl, Loy « - .y Ip). B qacmocm, npu x; = 0
PJIABHHIE WieH acHMIToTHRH paseH const ¢ (0) A€, 1. e.
¢yurmua (K¢) () pacrer BOAH3M RayeTurRW npu A — —-oo.

Paccmorpeunas Bome ocobedmocts Tuna A, saBagercd
uaufonee mpocTofl U sipasieresi 0COGEHHOCTHIO OOHIETO IOJI0-
smenus (cM. § 7). PaccMorpum B KavecTBe mpuMepa ypaBHeIHe
sitkonana (VS (z))? = 1, orBevawimee ypabuenmio IexbM-
roapra (A + k") v () = 0 opu n = 2.

IIyers S (x) — pemenue ypaBuennd »HKOHANA, AMHHSI
S (x) = const sBIAeTCsT BOXHOBEIM (POITOM HEKOTOPOIO
cemeiictBa ayuedt. TouraMm, B KOTOPBIX JOCTUTAETCH JOKAIAb-
HBII MaKCUMYM KpPHBHABHE BOJHORBOTO (pPOHTA, OTBEYAOT
ocofennoctu Kaycruru. Ecmum 20 — ogma u3 TakHX Touex,
npudeM z° — HEBHIPOKAEHHAA TOURA MaKCHMYMa (3TO 03Ha-
qaer, yro £° He ABIAFETCA TOUKOH meperuba BOJHOBOrO GpoH-
Ta), To el OTBEYAST (KIW0BY Kaycruku (puc. 3). On pacuoio-
JKeH B [eHTpPe KPyra KPUBHBHEL, KOTOPHII KAcaeTCs BOJIHOBOTO
¢pponTa B Touxe z°. /lis BonmHOBOrO (ponHTa, MMEIOUETO BH[
napabosst, sTorT ¢pakT Obl1 ycramoBien B § 7, mpumep 7.11;
AHAJOTAYHO WPOBOAUTCH JOKABATOABCTBO M B ofimeM caygae.

IIycrs B okpectHOocTH Toukm 1 = (2°, p°) € @ Mommo
BHOpars QOKAIAbHHIE KOOPAWHATH (P, Xg, . . ., &) TAK,
Y70 UpeqRAHOHMYECKUI omeparop K MO;KHO ONPENEJHTH KaK
A-mpeobpaszosanue Dypre 10nBKO [0 OAHON NEpeMeHHOU p;.
Hoxrasem, uto Jamke B sToM ciayvae yHKims K¢ He BHpa-
aaerca wepes ¢ymrnuio Jipu — Doka unum waryw-mubo
apyryio cuemuanabiuyo yarouio. Hyers n = 1, gmas  umpo-
CTOTHI, M Jarpad;keBo MHOTooOpasume Al sagaerca ypanue-

HUEM
Atiz = p*lk, p € R, (8.32)

r) B TOY-

rae k > 3 — mesnoe umcno. 3aMeTHM, UTO TaKoe MHOT00Gpa-
3We ACCONUUPOBAHO ¢ OOHKHOBEHHEIM AnfdepennnaibHEM
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ypaBHeHHeM
1 1 d\*k

Jle#CTBATENBHO, B OTOM Cjiyuae ypaBHenme IaMuibrona —
fAxo0u uMeeT BHL,
dS (z
z=p*, p= i )
JlarpamseBo Mmumoroobpasme — wpmpad Al — muddeo-
mopdHO mpoextupyercsa ua R}. Mmeem
do ds — 5
Lo 845 2R~ 2
==V 1+p

(ds — nmmuma pyrm xpueoit Al). Jlamee (sgeer r = (z, p),
= (07 0))1

k+1
p

S(r):S(p, dzy —(z(p), p)=— k+1
0

Hanonnuecknii oueparop K = K1 MOKHO B3ATH B BUJE
(6.3), 1. e

(K@ (1)) (2) = Fi p o 1/ |25 exp @38 (1)) 90 (7 (p)) =

— Y = TP () ()
kii pr+ +xp) J dp. (8.34%)
AcuMnrorura maTerpasa Buga (8.34) upu A — --oco BhIUmCIIE-

ua B [55]. M orpammemMcs ommcanmeM KaduecTBeHHOH Kap-
THHH,

. Cramumonapusie To4KM ($as30Bofl QYHKIUM HAXOMATCH M3
YPaBHEHUS

X exp [i?» (—

kp* = z. (8.35)

IIycre x = 0 ,pukcupoBano. Eciam %k HeueTHo, TO ypaBHe-
Hue (8.35) uMeeT 0HO BELIECTBEHHOS PONIEHNEe W aCHMOTOTHRA
HHTerpana (8.34) paBHA BRIAZY OT CTAMUOHAPHON TOUKK p =

= (2/k)V/*. Ecam me k uerso, 1o mp:m z >0 umeroTcs ABe
BellecTBeHHEe CTAMOHAPHEE TOUKYE p = = (z/k)Y/* u acumm-
ToTUKA mHTerpada (8.34) parHa cyMMe BKJIAJ0B OT 9TUX TOUEK.
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Ilpm z < 0 Bce crammoHapHBIE TOYKHA HEBEI{ECTBEHHH, TaK

aro (K@) (x) = O (A™") (b — --o00).
B.OcofGenunoctrs Tuuma A, (em. § 7). B raue-

cTBe (JOKAJBHHX KOODAHHAT MOKHO BHOpPATH KOOPAMHATEHI

(p1, %9, . .., T,), U ypaBHeHue MHOrOOGPasusa A" umeer BHJ
N y ey
zy= —4p]—2pxs, Py=pi, sz*i‘(%;j——xl),
3Ki<n.
Orpannunmes caygaem n = 2. Torga
(Ko) (z) =

= I3 ooy | (997) (P, 22) 1/ ' fexp [i (P! + 2pizs)] |.
(8.36)

Cregorarensuo, acumnroruka (K¢) () upm A — J-oo Brpa-
JHAETCA 9epes STANOUHHIN WHTErpall BUA

do
dpy

Vi | explin(p+2p%+pegldp,  (8.37)
ROTOPHIA, OJHAKO, He BRIPAsKAeTCA depe3 CrernuaibHie QynK-
uun. 3aMeTHM ellle, 4TO
(K@) (0) ~ const @ (0) Al/4 (A = J-00).
Hurerpax (8.37) cam sABAsieTCA HOBOU CLieliaJbHON PYyHK-
nueii, KOTOpas eCTeCTBEHHO BOSHMKAET B TPEXMEPHHX 3aadax
OOTHKH ¥ KBAHTOBOH MEeXaHUKH.

§ 9. Keaunrosauue molsi CKOPOCTEli B 1EIOM.
Bricmime mpuGamxenust

1. Beicime npuOIw:keHHA B OXHOH Kapre. B Hacrosamem
naparpade, caexys [29], [40}, mMsr mocrpoum Kamommueckmit
omepartop He ¢ TouHocThI HOo O (A7'), kak B § 8, a ¢ ToOU-
nocteio jo O (A™) (m >0 — xoGoe) H COOTBETCTBEHHO
yrouruM gopmyiay kommyrarum (8.10). Bymnem npeguonarars,
9T0 YCAOBHSA TeOpeMbl 8.4 BHIIOJHEHEI.

YrouruM mpesie BCEro OULPENEICHAE KAHOHUYECKOZO ONe-
pamopa. 1lycrs 2 — KaHOHHYeCKaA KapTa Ha JarpaHKeBOM
muoroobpasun A", Touxa r’ € Q. IIycrs B KauecTse AOKRaIb-
HEX KoopauHaT B Q Mo/KHO BuOparb Kooppmoate [ =
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= (Piays T@) ¥ KoopmuHATH 1 = (p(a), x@) Torma =Ha
pyurmuax @ € €y (Q) KaHOHHUIECKUT 0IePATOP MOIKHO oupe—
genurs Jaulo d)opMyJIon

do

1/2
X

X exp [ﬂ" 5 (p', dx'y— (T, P(W]] ’ (91)
70

rAe aprymenthl Beex ¢ymruuil te swe, wro m B (6.3), mambo
gopmynoit K (Q, ) ; umcio 8§ onpegensercs amanorm-
mo (8.2). Hax morasamo B § 6,
K@ Do=K(@Q@ Dig+0WY  (d—>+oo).
Jdemuma 9.1, [Tycmv 6 ranonuueckoli krapme Q moHcHO

evtbpamo aokanvrbie koopounamut I u I. Toeda dan awboeo ye-
a0eo M 2= 1 cywecmsyem maroii dugepenyuasviuiii onepamop
M—1

VA, D=1+ @V, T, (9.2)
=1
umo das aw6oil gynrkyuu ¢ € Cy (Q).
K@Q Doe=K®Q, VI, I)¢(mod 0Ty (). (9.3)
Bdecv VI — aunetinsie Jugepenyuarvuvie onepamopul
nopadra 2j 6 npocmpancmee Cy () ¢ kosguyuenmamu xaac-

ca C* (Q), npuuen V' ne sasucam om M.

JlokasareabcTB o, OO CYMECTBY, Y/KE COLOPIKUT-
¢d B JOKa3aTeabcTBe JeMMH 6.3, VIMeHHO, OpH BHIUMCICHHH
acuMmnrorukn muTerpara ¢ {(cm. (6.11)) Mm orpaHwumianchs
rIaBHbIM wieHoM. Hak HmOKasamo B BTOH jJeMMe, \p eCTh MHTE-
rpajx II0 KOHeYHOH ofmactu B IPOCTPAHCTBE (Pays » L)
¢ QuHUTHOR NoANHTEeTpambHONl (YHRIMEH, ¢ TOYHOCTHIO [0
ciaraemoro Kiaacca O, npu mwbom k > 0. BeimucsiBas cie-
AYIOIEE UIeHK ACHMITOTHYECKOTO PAasIOKeHHA, II0JYYaeM
B cuxy Teopemu 1.1, uro (cm. (6. 23))

P = exp [L?»S(Q)—{— iy ]I/l dp~dx~ l><

B
M-1 .
Xl (r @)+ ,-g, @)Wl 4 Koy,

12 B. II. Macios, M. B. ®eRopK
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e (F;f p(&).,x(ar)XM) € O3r (RY) (M coxpammam o0o3Hade-

musa gemmul 6.4). B cuny teopemur 1.1 omeparopst W’ o6aa-
HaloT TeMHU K€ cBo#cTBaMH, 9To ¥ V7, M OTIAMYAIOTCH OT MCKO-
MEIX 0HEPATOPOB V7’ 9YHCIOBHM MHOKHTENEM.

Jlemma 9.2. IHHyemv Q — KanoHuueckaa kKapma ¢ KoOp-
ounamamu I, u nycmv ycrosus meopemws 8.4 evinosHenwl.
Tozda Oasn awbo20 yeaveo M =1 cywyecmsyem ougpepen-
YUALbHBIL Onepemop

M1 .
RL(Q, I)= (Mt [RL+ 21 GWRLQ, D] (9-4)
=

makoli, umo das awboll Pynryuu ¢ € Cy (Q) cnpasediusa
gopmyasa Kommymayuu

2 1
L(zy, NDg; (@A)HK(Q, I =
=K(Q, )R.(Q, Iomod 0Ty (Q). (9.5)
3deco Ry — auneiinve Oubgdepenyuanvibie onepamops
nopadka j -+ 1 ¢ wospguyuenmanu kaacca C° (Q), @ R} —
onepamop nepenoca.

Has goxasatenscrBa pocraroduno B dopmyie (8.16) sunm-
cath He [Ba, & /M 4UNeHOB ACUMITOTHYECKOTQ PABIOKCHUA,
IOJY4eHHOr0 B Teopeme 0.2, M ydecTh, 4TO omeparTopul R;
B pasiomenun (5.9) ABIAIICA JTHHOAHLIMH ONHODOIHBIMHA
naddepeHMATBHEIME ONEPATOPAMH.

Crmenyer samerdTh, YTO SBHOE BEIYHCIGHHE OLEPATOPOB
VI, I)m Ry (Q, I) npuBoguTr K BecbMa TpoMO3TKHM (op-
MYyJIaM.

2. Beicume upuGamenua B peaom. llycrs A = A™ ectdb
n-MepHOe JjarpamxeBo C(C°-mHOTro00paswe B ($az0BOM Lpo-
crpascTBe. HamoMumuM, 910 yCI0BHA TeOpeMEl 8.4 BHIIOIHOHEL.
Qurcupyem touky r°€ A, xamommueckmir artaac {Q;},
JIOKAJbHBIE KoopAmHATH [; RaKIoN u3 KapT Q; u PurcupyeM
pasbuenue equHnui {e;}. [loctpoum KaHmoHnIecKui omepaTop
mo dopmyuae (8.2):

Kpyp= 2 K (Q, 1)),
J
roe ¢ € Cy (A). IIyers oneparop
L=—ibt -2t H(t, 2, \'Dy, (M)

Y/IOBIETROPAET YCIOBAUAM TeopeMel S.4.
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Teopewma 9.3. Ha mnozoobpasuu A cywyecmeyom
maxue dugdepenyuarvrse onepamopu V' = V' (H) nopsdra j,

ymo na @ynryusz ¢ € Cy (A) npu awbom yeaomw M =1
Cnpasediuso pasercmeo

M-1

(—av ‘——+H) Kyp= KA( S 'V')cp(mod0+M(A))
1=1
HorasartenbcrTso. Umeem, B cuay memmn 9.2,

LEA9 =2 K(Q;, I) R (2, 1) (e;0) mod Oy (A).  (9.6)
M
TIpeoGpasyem mpaByl0 9acTh 9Toro pasercrsa K Buay (9.5).
Caenys [30], Beegem omeparop B = MV (I;, I,) e, B mpo-
R

crparctee Cy (RQj5). B cuay (9.2) umeem
M-

B=1+ 3 Bivt,  Bl=3V'(I), L)ew

Onepatop B] aBingercs pmuddepeHtmaIbLHEM OIePaTOPOM

nopagka ! ¢ kosdpdunmenramu kaacca C™ (). Bynem uckars
dopMaabHHE npassii ofpatumit omepatop (B7)' B BHIe
M-1

(B)1 =1+ gi B, rie B — muddepennuansuse

omepaTopsl mopsaxka [ c¢ KoapdummenTaMm U3 KiIacca
C” (Q;). Jdas sroro paccMoTpuMm ¢opMajbHOE YpaBHEHWE
oo

B (1 + Y Bir)) = 1 u npupasusem Hymo Kos(dummentst
=1

opu cremesax A, m =1, , N —1. Mum nDoxyaum
PEKYDPPEHTHYIO CHCTEMY ypaBHeHIm, 3 KoTopoi HOCJIeJIOBa—
TeJAbHO HAAmeM oIepaTopH B, 1=1,2, — 1.

ITocTpoenusiit Takum 06pas3oM omepaTtop (Bj) -1 6y11eT yEOBIeT-
BOPATH PABEHCTBY

. . M-2 ~,
BByt =141 Z AiB,

rae B, = audPepeHnIAILHE OHEPATOPH IopARRa l ¢ xood-
punuenrama m3 wKiacca.C™ (Q;).
124
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Jlomuoskas B Qopmyne (9.5) ymrmumn R, (e;¢) cuesa
na B;(B;)! u wcmombsya coormomenne (9.3), moaygaem

%]K(Qh 1) Ry (R, 1) (e;9) =
- DK@ 1BV s L)ewx
)AZV Ly, )" Re (@, 1)) e (mod 0%y (A)) =
= 5 K@ 1) e [ XLV Ty In)en) '
X Ry (R, 1)) e;} @ (mod O3 (A)).

Bripasxenne, crosimee B PUIYPHBIX CKOOKax, 1O mOCTPoOeL-

"W —
HHAK MOKHO mpeicraButh B Bume 1 - Z A ’Q}, e ()é —
i=1

nuddepenInaabible 0IepPaTOPH, IT0 U JOKA3EIBaeT TEopemy.

damernM, dro ¢opmyna Rommyramum (9.5), B oranmume
or Popmyns (8.10), norasama A PUKCHPOBAHHOIO Kamio-
HUYECKOTO aTiaaca # Nid QUKCHPOBAHHOTO pasbueHus emi-
HIIHL.

3amedanne, Ecaum supp ¢ He comepmur 0colHX TO-
4ex, TO QOPMYIAL KOMMYTAIUMM VIIPOWIAIOTCH; HATPHUMED,
dopmyna (8.5) mpumer Bmpj

LK@ =KLg+ O\,

B panpueiimem OymeM, s KPaTKOCTH, HCIIOJB30BATE HMMEI-
HO Tarylo, YIPOMEHHYI0 3amich QOPMYJ KOMMYTAI[AH.



JACTH II

KBASURJACCHYECKOE NPUBJINKEHUE
JJA9 HEPEJJATUBUCTCKIX W PEJATUBUCTCKUX
YPABHEHUI KBAHTOBON MEXAHUKHN

§ 10. 3agava Houm ¢ GBICTPO OCHUIIUPYHOIMME
HAYAIDbHBIMN JAHHBIMA /UIA CRAMAPHBIX TaMHAbTOHHAHOB

PaccmarpuBaerca 3amaua Homm
MDDy + H (¢, z, A'D )] u = 0,
U |1—0 = g (x) exp [iMS, ()],

rme Sy () — BemecTtrennosnaunag ¢yarmua. Janusie Romm
HHYOUPYIOT n-MepHoe JarpansreBo MHorooOpasue AY B $aszo-
BOM IpocTpaHcTBe (, p). ACHMIOTOTHKA pemieHusa BToM 3aja-
gu Kommu «B Magom», T. e. 3a Majgoe Bpemd ¢, GHIa IIOCTPOEHA
B § 3. B macroamem maparpage GymeT mocTpoeHa acHMITO-
THKa peimenng safawn Komm «B Goapmmom», T. e. 3a JioGoe
romeynoe Bpema T (0 ¢ < T).

AcumrnToTrKa pemenus 3agagu HoImum B IeioM cTpomTCH
o cjaegymonedl cxeme:

!
Ar——g'A]
L
KA{;’ _; thAaL =U.

3mecs g@ — cxBUT BIOTH TPAGKTOPHUI TUHAMHIECKONR CHCTOMBI
¢ ramuabromnaroM H. TaxkuMm o6pa3oM, acHMITOTHKA perre-
vua u (¢, x) upu A — - oo BeIpaskaeTcsa 4epes KaHOHUYeCKMil
ornepaTop Kngg7 2CCOIMUMPOBAHHKIN C JarpaH;KEeBRIM MHOTO-

o6pasmem g'Al, KOTOpoe WOJY9eHO CHBHIOM 3a BpeMa ¢
HagadbHOTo MHOTooOpasma Al
1. INocramosra 3agaum. Pacemorpum 3amawy Homm

Lu (¢, z) = 0, (10.1)
U |1 = ug () exp [iAS, ()] (10.2)
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¢ OHCTPO OCHUIMUPYIOMUMN HAYAILHKEMA AaHHEME. 37ech L
€CTh CKAaJApHBIH A-IL.J.0. BAJa

-2 i
L=WD,+H(t, z, At Dy; (i\)Y), (10.3)

=0,z € R*; H ects A-n.g.0. B oneparope H nmepemennad ¢
Hrpaet poab napamerpa. OTHOCHTENHHO HAYAAbHBIX JTaHHHX
npepmozaraercsa, 9ro U, (z) € Cg (R™), S, (z) € C* (R™),
¢ynrmua S, () BemecTBeHHO3HATHA,

Bynem mpepmoiaraTh, 970 BHIIOJIHEHO YCIOBHE

H 10.1. Cumox H (¢, z, p; (iA)~!) BemecTBeHHO3HAYEH
npr —oo <<t << oo, A > 1, (z, p) € R*" u upuuagmexuar
raaccy 77 (RY) mpm kasxmom ¢urcmposannoMm £, 0 <Lt <L T,
rae m He sasmcur oT t. IlocToammrie C,5 B omenke (2.6)
MO}KHO BHIOpATh HE BABHCANIUMHA OT £,

BuiGop navansuux maunusx (10.2) me cayuaen u gurTyer-
ca cymecTBoM 3amauydm. He s BcAKnMX HA9aMbHEX JAHHBIX
ACHMITOTAKA pemeHHsA OyZeT OmMCHBATHCA B TEPMAHAX
KI3CCHIECKOH MeXaHHWKU, T.€. B TePMAHAX YpaBHEHHS
Tamuasrona — fIrobu.

Tpebyercs, 49T06BH HAYAILHEIE YCJAOBUA YHOBIETBODIIN
RPUHYURY COOMEEMCMEUs, T. €. 9To6u npu h = A~' — ( Bce
KBAHTOBOMEXAHMYECKNE BEJIMYMHH, HMEIOMHUe (PU3HYeCKuil
CMBICJ, EPeXOANIN B KiaccudecKue. B 9aCTHOCTH, HMOYJIBC
p = —A7'D,u fmomKeE uMerh KIACCHYOCKWIl Ipefes npu
A — Jo0. J_IJI;I HavaabHEX #amHEX Bupga (10.2) sto ycuosme
BEIIOJHIETCA:

Lim WD g = g (2) 20
A—>—to0

Bonee ofmue navanpHiie JaHHELE OYIYT PACCMOTPEHH HIKE.

Ouepnpno, 970 HE BCAKHME HAYANLHEIS JAHHEE YXOBIETBO-
PAT DPAHOHIY COOTBETCTBHA. Ecam, Hampmmep, paccMmor-
perb mias cpobopnmoro ypasmenusa [[Ipemmnrepa

., o R o2
th—Zr=— 2m 9z

3agagy Homm

Pheo=0(@exp(45),  @ECT (R),
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rme ¢ == 0, To cpegnee 3HAaUEHWE WMIYJAbCa, T. €.

v — L (L, z
s-—lp(t, x)th—l—p—l(h—)d:c,

-0

Gyner crpeMaThCA K OecKoHeuHocTH upm b — (.

HNarrse Komn (10.2) o6nagaoT caegyomum 3aMedaTelb-
HHM CBOMCTBOM: OHE WMHAYOMDYIOT R-MEPHOE JarpaH/KeBo
MHOT006pasne

n S n
Ay ={( p)y: p=22, zenn)

B ¢asoBom mpocrpanctse RY”,. Bulepem B kauecrBe ofBbema
Ba A} ¢opmy do" (z) = dx} m ¢Purcupyem touKy r® =
= (2% p°) € A}. Torma} maunme Homum (10.2) npumyr BEHE

U |i—o =exp [IAS (29 KA(y)luo ()], (10.2%)

roe K — wamommyeckuil omeparop, orBedammuit HeocoGoR
xapre (cm. (6.2)),

EcrecrennsiM of6o06mennem 3amauu Kommu (10.1), (10.2)
CIY;KUT 3ajada ¢ HAYANBHBIME TAHHEIME

oo = K yp o (2), (10.4)

rae ug € Cy (A"), K — ramommueckuir omeparop. Taxme
mapmele HKomu OymeM HazwBath Kanonudeckumu. Jlammnie
Homu smpa (10.4) ob6pasyior Gomee mmpoxmii Kiacc, deM
magane Komm smga (10.2), tak Kak KaHOHHYeCKHI 0mepaTop
He ¢BOOUTCA K ONepaTopy YMHOMKEHAA Ha (YHKIUIO.

Cucrema l'ammnprona, oreevaromas onepartopy L, mmeer
sapg (eMm. § 3)

de __ 0H(t, xz, p; 0) dp aH (t, z, p; 0) -
T w s (109
Hamee,
das dH (¢, z, p; 0
= (p BN At 2, p; 0),  (10.6)
dE aHdit, z, p; 0) at
=T @w=h (10.7)

rne E — ppoiicrBennas K ¢ mepemennas. Cmcrema (10.5) —
3T0 YKOpOUGHHAs cHCTeMa |aMHJIBTOHA, HMEHHO, BMECTO
(2n 4 2)-mepuoro dasosoro mpocrpaucrsa (¢, z, E, p) MH
paccmMarpuBaeM 2n-MepHOoe ()asopoe mpOCTpaHCTBO (Z, P).
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HNaunpie Komu (10.2) unnynupyroT Jarpamxesy 3agazy Komna

i n
zho=y ploo="2L,  yeR;  (10.8)

mag  cuctemut lammmsroma (10.5). Mwnoswectso Al =

= {(z, prx=y, p= aS{;’;y) , YER"} ects n-Mepuoe
marpamkeBo C™-muoroo6pasme B (Ha30BOM THPOCTPAHCTBE
R?", roropoe anddeomopdHO TPOSKTHPYETCA Ha Z-MPOCT-
PAHCTBO.
Merox nocTpoenns KBasuKIaCCHICCKON AaCHMITOTIRE Kalo-
HUYeCcKOH 3agaqu Homwm ommceBaeT Clefyoiasg AuarpaMMa:
¢

AP £ s gtAr

fw

K yp——> Kt yn=u ().

(Hecymectrennsle Oisl HOHMMAHHA MHOYKHTEIN, BpOIe
exp [irLSy (z)), omymenn.)

1. KBaHTOBHI 00BEKT — raMuiabTOHWAH [ — WHAYNHA-
pyer KiaccmuecKH# ofberT — cmcteMy lamuabrona —
u casur g'.

2. Kamouuveckue pmannse Komu pas ypaswenus (10.1)—
ato mapa (A, u,), e A} ecTh n-MepHOe Jarpam;ReBO MHOTO-
ofpasue B ($as30BOM HpOCTpaHCTBe, U, — QPyuKmus ma A7

3. JBoxonua Bo BpemeHH MuoroobGpasms Al mpomcxomur
M6 3aKOHAM KJaccHdecKoil Mexammku. VIMermo, caBAT BIOIBH
Tpaektopuit cucrembl ['ammabrToHa g': A — g'A”, rme g'A?
TaKKe ABIAOTCA N-MEDPHHIM JarpamxeBrM (™ -MHOr006-
pasueM.

4. Terepb MBI BO3BpAaMaeMCA OT KIACCHICCKHUX O0OBEKTOB
K KBaHTOBHIM. Ilo HagambHEIM HaHHEIM (A}, Uy) CTPONM KaHO-
HUYeCKUHA omepaTop KA(;}. Isonwnua QyHKIAN KA{} ug (r. e.
nanaex Komn) Bo BpeMeHH NpOMCXOMAT B CHAY onepaTtopa L.
a 2BOJIIONMA €¢ ACHMITOTHRE — B CIUIy omepatopa g', T.e.
uo () > u (t, 2y~ K ; Anto- Tounwie dopMyan mnpHBeReHH
mmue (em. (10.17)).

Hpyroit] momxox cBA3aH € pACCMOTPEHHEM IIOJHOTO
(2n + 2)-mepuoro ¢asoBoro upocrpanctsa. Jlamnme Homu
(10.2). moposmpmaoT n-MepHOe JarpaH;KEBO MHOT006pasme

4
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7\[,‘ B (2n -+ 2)-mepHoM (az0BoM NUpPOCTPaHCTBE C KOOPAU-
garamu (¢, z, E, p). Umenno,

Ar={(z, p): (z, p)EA}, t=0, E= —H (0, z, p; 0)},

e « = (t, z), p = (E, p). Ilyers G': R?™2 » R2™?%
OIIEPATOD CHBHTA BIOXb TPAEKTOPHIl MOAHOH TaMHJIBTOHOBOM
CHCTEMBI (10 5), (10.7). Torma MHOMKECTBO
A’n+1 U GtAn
— oo Lo

ecTh JarpamkeBo (n -4 1)-mepmoe mmorooGpasme B R2™2,
ecqy BHIOJTHEHH YCIHoBMA npemaomenus 4.19, Mi0r006-
pasue A™! Mo HOCTPOEHNI0 WHBAPHAHTHO OTHOCHTENBHO CHBH-
TOB BJIOJb TPACKTOPHH TOJNHOM TaMHAJIbTOHOBON CHCTEMHL.
Acumnrorura pemenns 3agaun Homm (10.1), (10.2) moscer
6HITH MOTYUeHA ¢ MOMOIBI0 KAHOHAYECKOTO onepaTopa K, n+1

2. Acumnrorura pemenus sagaun Howmm. ITomumo ycimo-
pua H 10.1, BRegeMm yciosue

H 10.2. Pemenune 3samaun Homu (10.8) mas cmeremsr
Tammabroma (10.5) cymecrByer u Geckomeuno muddepeniu-
pyemo B cioe Iy € R, 0 <Ct << T.

IMoctponm acumnroTuRy pemennsa samagn Iomm (10.1),
(10.2). Ormermm, uro MH mocTpomM .a. peImeHHe, T. e.
PyHRIUIO, KoTOpas TOYHO YIOBIETBOPSET MAHHBIM I{oimm
u upubamKenHo ypoBiaersopser ypasHenuio Lv = O (A72).
Crporoe obocHoBaHHE aCHMUTOTHYECKOH QopMmMyas TpeGyer
OUEHKH HOPMHL 00PATHOTO OIepaTopa; B MpocTelmeM Ciaydae
9Ta OMmeHKa OymeT mogyueHa B m. 3. PaccMmorpum 3amavy
Komnm mus ypasuenus mepeHoca

d
'Tz%"‘McP:O’ @ limo = (¥), (10.9)
rae 0603HAYEHO:

02HO oHo .
M~ 2 Z ax] ap] -('—):'_.;“ 4 HO:H(t7 x, py 0], (10.10)

7 B 91Ex fopmynax z = z (¢, y), p = p (¢, y) (r. e. Touxra
(z, p) mesmT Ha $a30BOIl TPAEKTOPHUM, KOTOPAsA B HudYaIbHbHIH

MoMeHT BpeMeHH ! = 0 IpOXOIHT depe3 TOUKY ( Y, __aS(;,y(y) ))
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Pemenue »To# 3aaud mMeeT BHN
&

p=exp (S Mdt ) Uo (y)- (10.11)
0

-3mecsr W manee

oHo é

T =7 2 (6 2 P)le=o-

Tar xax uy (y) — Pmwamraan Gyaxuus, 1o npr 0 St L T
QYHEOUA @ OTIUIHA OT HYJIA TONBLKO HA KoMOakTe % ¢ B (pa30-

BOM mpocTpamCTBe: F p = | g&'r, rhHe r = (y, 0So(y)) ,

o<t<T %y
Yy € supp uo.
Pacemorpum (n + 1)-meproe marpamxeBo MHOroobpasme
A™! B dasoBom mpocrparctee (£, x, E, p) m BBemeM 0603Ha-
9eHAA:

r@=(v. 2L}, ru=¢ra)

T(y)=(0, —H (0, r0(y); 0), r(y)),
=r(y), =T7(y0),

rme y° — ¢urcmpoBamHas TouKa. B Kauecthe ofmeMa Ha
A™!, mHBapMAaHTHOTO OTHOCHTENLHO CHBHTA G, BHIGepeM

do™ (GFr (y)) = dt dy.
Paccmorpam  GyHERIUIO
v(t, x)=-exp [iASy(29)] K \n11, (10.12)

rme @ onpenenserca u3 (10.11), npu 0 << ¢ << 7. Kax 6uin0
0TMEYEeHO BHIIE, QYHKOHUS ¢ OTIAYHA OT HYJIA TOIHRO HA HERO-
TOpPOM KOMIaKTe & r, IpoeKnnus Koroporo Ha R, coBmagaer
¢ % ;. BrifepeM pasGuenne euHUIEL, IO KOTOPOMY CTPOMTCSH
KaHOHHUeCKwit omepaTop mHa A", Tak, 4ro6H TOIBKO KOHET-
Hoe qaciao QYHRIAN e; OBIO0 OTIMIHO OT HYIAA HA F ¢} TOTHA
¢yarmua v OyAeT TOXKAECTBEHAO paBHA HYJIH BHE HEKOTO-

poro xommarra ¥ , B Ri X R;. [lanee, supp u, MOKHO
SAKJIIOYATH B HEOCOOYI0 KaprTy W ONPeHeNHTh KaHOHHYECKHH
oueparop B Heill mo mpocrteiimei popmymne (6.2).
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Teopewma 10.1. Qynrkyus v, sadannas @Gopmyrol
(10.12), yodosaemeopsem wnauwasvromy ycaosuto (10.2). Haaee,

Lv = A2y (¢, z, A) (10.13)

unpud =1,0<<t << T u npu wobom yeaom N = 0 sunos-
HAEMCL OYeHKa

v @z M I<CyA+ |z )N (10.14)
HdorxaszarteancrTso. Nmeem
v (0, z, A)=-exp [iAS, (29)] K ;nt1® |t0 =

T
= exp [ 1A (Sy (29)) + 3 (p, day—H d1) | @ |imo =

0
= Q [t0 =Ug (Y)s
31ech MH BOCHOJIB30BAIMCH TeM, UTO MHTETPAT

{0 a0—na, (10.15)

B3ATHIH [0 KpuBOi, mexameilt ma A™l, me 3apmcur oT HyTm
MHTeTPUPOBAHNA, TAK 9T0 B Ka4eCTBe KPUBOH, COSNUHAIONIEH
TourE 1°, T (y), MOMKHO B3ATH IyIh, Ha KoropoM ¢ = O.
Torma (3meck u gamee y° = z%)

() k)
§ 0, dn— | dsy @) =8y (5)— S0 @0)-
o 70

Hanee, us dopmyasr xommyramuu (8.10) m m3 Toro, gro
¢yurnma ¢ ygosiaeTBopser ypasmenuio mepemoca (10.9),
caenyer, 4TO

LK ,nis9 =0 (M2

pasuoMepuo mo z € R", 0 < ¢ < T. Bouee Tounas oreHKa
(10.14) BuTekaer w3 PUHATHOCTH (QYHKNOMK (¢ IO IEPEMEH-
HHIM Z, p u 13 Teopem 2.6, 5.2 u memmut 6.3.

BripasuMm ¢yHKIMI0O v dYepe3 KAHOHMYECKHE OIEPATOPH
K AP (pme. 2); aTo pmaer Godee o003pMMEIE ACHMOTOTHIECKHE

¢opmyanr gus v. lpoaspogaman ¢yaxnus S, acconmapoBas-
Hag ¢ Maoroobpasmem A™?, wmeer Bmp (10.15). Jlarpammero



188 YACTH II. HBA3UKJJACCHYECKOE IPUBJINHEHUE

muoroobpasme A} mapamerpusyerca napamerpamu y. Ilycrs
r: (y) = G'r (y). B cuny wesasumcumoctn muterpaia (10.15)
OT WyTH WATeTpupoBanns Ha A™! mmeem

E0)

(p, dz)—H di) =

TFo
T4 )
= 5 «p dx>~Hdt)+S (p, dz), (10.16)
70 rl(yO)

rjie IepPBHI MHTETPAX B IpaBoit TacTu Geperca BAoAb GasoBoil
rpaektopun B R¥“2 a Bropoit — Bions KpuBOH, ne:Ramtein
na A}. Ilepsobrii M3 9TMX WHTErpasoB eCTh QYHRIUS TOILKO
or ¢, mocaeguAN ecTh feiicTBHe Ha MHOTo0Opasmu Af.

Hamee, B! oupenesienne KAaHOHWYECKUX OIEPATOPOB KA?,

KA“H BXOJUT WHAPKC KpHBOH. 3amensas, Kak ¥ BHlIe, KPH-

Byn Ha A™1, coemHsonyo TogKM 7° i 7y (y), CYMMOH ABYX
KPHBHIX, MOJYY4aeM B CHJIY aJJUTHBHOCTH WHIEKCA M OJHO-
CBSIBHOCTH pACCMATPHBAEMEX MHOT0OGpa3mMil, uUro WHIEKC
5TOol KpHUBOil paBeH

indy (70, 7 (y9)] -+ind ¥ (r: (¥9), 72 ()]

THocnepnnii wHAEKC ecTecTBEHHEIM 00pasoM BOHIET B olepa-
Top K AW @ TepBLIA JacT 4HCIAEHHBI MHOEHTeNb. OKOHYa-
TEJBHO HOMYTIaeM CIeNYmYyw «pabodyi» acHMIOTOTHIECKYIO
dopmyny:

v(t, x, A) = eibKA?H(P, (10.17)

T

s=1[S)+ | (p, dn—Hay—Fina3ie, 7 01|

T

=)

ameganume 10.2. Ouesmgmo, uro Tteopema 10.1
ocraercsa B cuae, ecau ycuaosmsa H 10.1, H 10.2 poinoameust
mpu 0 <<t T.

dameuwanue 10.3. Teopema 10.1 ocraerca B cmie
ana parpamsesol sagaun Homm (10.1), (10.2°) ¢ pyrarmmei

uo € Co (R").
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Caepcreue 10.4. Hyemv ycaosus meopemnr 10.1
eunoanentt w H — onepamop ¢ cummempuunbim cumeosom:

Ly 2 1 1 2
H = [H(t, z, \*Dy) + H (¢, 2, A"'Dy)].

Tozda
v(t, z, A) = eiﬁKA,tluO. (10.18)

Ilpusenem sBmyo dopmyay aasa ¢. a. pemenusa B Hedo-
RaJbHBIX TOUKax. Bmemem ycaoBume

H 10.3. Tlycrs Toura (¢, x) TaKoBa, 9To HMEETCH KOHEY-
Hoe YuCI0 (A30BHIX TPAEKTOPHI, IPOEKIHN KOTOPHIX (JIyuH)
B MOMEHT BpeMeHHU ! NpPHUXOAAT B TOUKY Z, u TouKa (f, z)
HepoKaIbHAA.

JTo o3Hagaer, 4To 3afada

Xfo=y, Phoo=-22,  Xl=z (10.19)

TV TaMIIbToHOBOH cucreMsl (10.5) paspemmma mpm KoHEU-
HoM umese sHadenuidt y — y’, 1 << j << N. OGosmaunm coot-
BeTcTRYIOIe (A30BEIE TPAEGKTOPHH TaK:

Li(t, ) ={X =X (1, ), P=P (1, y), 0< 1< 1},
rak uto X (f, yj) = z. Iomxosrum

J (¢, y) = det ‘”‘—5;-@- : (10.20)

rorga J (¢, yj) # 0 mo ycmosuw. Bpemem o0o3Hadenns:
t

Si(t, ) =So(y) + | (p, dey—Har),  (10.21)
i
rme mHTerpaa Gepercs BRONL Tpaekropmu [/; (£, z),
m; (¢, ) = ind I; (¢, z). (10.22)
Teopema 10.5. Ipu  yeaosusz H 101 — H 10.3
@. a. pewenue sadauu Koww (10.1), (10.2) umeem sud

N
v (P] (t1 $)
£ VTG 4]

X exp [zxsj (t, 2) — - m; (1, x)]. (10.23)

v(t, x, )=
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3mece @; (£, x) ompemeasterca mo dopmyne (10.13), rme
mHTerpaa Geperca mo dasomoil TpaerTopum I (¢, z).

HoxrasareabctBo caegyer u3 (10.17) m onpesenenus KaHo-
HHYECKOI'0 oIleparopa. '

3. 06 omenke o6paTHOorO OmepaTopa. B m. 2 65110 mocTpoe-
HO (QopMaibHOE ACHMITOTHYECKOE pemrenue sajaqn HKoumu
(10.1), (10.2). Hmemno 6buia mocrpoeHa QyHKIuA S (cM.
(10.17)), woropas ypmomierBopser HaEEMM HKomu, a mpm
nmoacranoBKe B ypaBuenue (10.1), maer Manyio HeBsasky (T. e.
< v =0 ("1 upa A - +o0). OgHAKO 0CTAETCH OTKPHITHIM
Bompoc: Oymer aum «upuOiadkenHoe pemeHue» v OINBKO
K HCTHHHOMY pemeHdi u?

ITOT BONPOC ABJAAETCA W KpaiiHe BasKHHIM, W Kpaiine
TpyAumM. lmeores unpumepsi, Korga guddepeniymaispHoe
ypaBHeHHe nMeeT (OPMaJbHOE ACHMITOTUYIECKOE pelmeHne,
HO He CYMEeCTBYeT HWKAKOTO WMCTMHHOTO peeHHs ¢ TaKoi
acumurortmkoit [20].

IlpwsegeM ofums pesyabTar, IO3BOJAIINUN IOAYIATH
cTporoe oGOCHOBAHHE ACHMITOTHKM, T. €. I03BOAAOMAM
JoKa3aTh OanM30C¢Th §. a. pemeHusaA W UCTHHHOTO pPENIEHNsA.
IIyers &# — rmabbeprToBo npocTpaHcTBO ¢ HoOpMo# |||,
A: F — F¢ — camoconpsukeHHE omepaTop ¢ 0061acThio
oupeaexenuna D (4), f (1), 0 <Lt << T, — pyHKUHUA co 3HaYe-
nausama B ¢ u pyurnud || f (¢) || venpepoiua upu 0 < ¢t < 7.
Pacemorpum 3amawy Homm (cm. [66]

i—%l-:-zAu+f(t), 01T, '.
u(O):uoED(A).

IHpepgaosxmenne 10.6. Pewenue sadauu Kowu (10.24)
cywecmeyem, eJuHcméeRno U ydosremeopsem oyeHke
t

lu@I<luwli+ | 17 @ e (10.25)

0

(10.24)

npu 0 <Ct << T.
lokasaTenscTB o clegyer U3 ABHOTO BUAA peIe-

HIA
t

u (t) =exp (—itd)uy+ S expli(v—1) Al f (v)dr
0
H yHHTapHOCTH omeparopa exp (iad) mpm a € R.
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4. 3anava Komm ¢ 6BICTPO OCHMINHMPYIOIEME HAYaIbLHLIMH JIaH-
HHIME M PaspuiBhl  (PyHAAMEHTAJIbHBIX peimeHuil runepGoaMyecKux
cucTeM. PaccMoTpuM ¢Tporo rumepOoinndecKyro cucTemy us N ypas-
HOHHH C YacTHRIMH IIPOM3BOJHEIMU

ZLu (t, ) = [ (t, z). (10.26)
3mecs u = (uy, ..., uy) (BexTOp-cTOMGem), z € R®, f-— BeKTOp-
cronber,

2 1 1
£ =L (z, Dy, Dy) (10.27)

u L ects (N X N)-Marpuna. Ilpegmonaraercs, 9T0O BHIIOJHEHO YCJIOBUE
L 10.1. Daementnt MaTpuuu-QyaKRuNN L (2, pe, p) ABIAIOTCA MO~
HOMaMHU CTememEM < m OT IepeMeHHHX (pg, p) € R, X R} c roa(du-

guerTamu kaacca C® (RE). Koopodumuent npm pi* ecTh egmENYHAS
(N X N)-marpmma 1.
TaxuM oOpasoM, cuMBOX L paBen

m-1

L(z, po, p)=pd+ ) phLy(z, p),
=0

rje MaTpuuh Ly — IOIMHOMEL OT p ¢ Koddduuumentamu xiracca C° (RE).

ChopMynupyeM YCIOBHe CTPOroii TuUNepOOMHYHOCTH  CHCTEMEI
(10.26) (cm. L 40.2). Hycrs L° (z, py, p) — crapmas OgHODPOAHAS
gacth Matpunil L (z, pg, p), T.e.

Lz, po, p) = L° (z, pg, p) + L* (2, po, D)

rpe dIeMeHTH MaTpPUOE L% — ogHOpPOAmELE IONMHOMEL CTEIICHN m OT He-
PeMeHHHX (pg, p), a DIEMEHTH MATPHOE L1 — IoXHHOMEL cTeyienu
<m — 1 or Tex e IEPEMEHHEHIX.

L 10.2. YpaBHeHHU®

A (z, pg, p) = det L® (z, py, p) = 0 (10.28)

OTHOCHTENBHO po Ipu Bcex z ¢ R™, p € R™\ {0} mmeer poEO mN
KopEeit py; = py; (¥, p). Bce 3TH KOpHM BemEcTBEHHH U pPA3THIAEL
upu Beex z € R%, p € R\ {0}.

B wacTHOCTH, W3 HTOTO YCIOBHSL BHITEKAET, 4TO BCe KOPHHU D, (Z, p),
1< j<<mN, Oecxomeuso puddepennupyemst mpu =z € R®, p €
€ R*\{0}. Kopau pg; (z, p) ABIAITCA OJEOPOAENMA QYHRIUAME OT p
mopAgKa

1lpuMepoM cTporo runepdoxuteckoro ypasrerusa (N = 1) apiuser-
cs BOJIHOBO® YpapHeHHe

2u
ot2

rae koaddunment ¢ (z) € C*(R?) ¢ (z) > 6 > 0 upm z € R*. Ecan
R00aBHTH K BOJXHOBOMY omepaTopy AuddepeBnmanbHEI ONEpaTOpP Lep-
BOTO HOPAARA

=c2 (z) Au,

#(2) 5+ D) i) o= +4 ()
j=1

J=
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¢ TIadKuMA KodPPUIMeHTaMN, To TMOJYYEeHHOE yPaBHEeHUe Takme OymeT
crporo runepGoNMIecKUM.

HeobxoguMmo, KpoMe Toro, BBectH TpeloBamme, 4To0H ycIoBHe
CTPOTOit TANepOOTHIHOCTH BHIIONHANOCH PABHOMEDHO O TEPEMEHHRIM Z.
HanoMEUM TarKe, 9To B HacTOAIlell KHHTe paccMarpusaiores judde-
peHIHANIbHRE ONepaTopel ¢ cuMBojama wiaacca I. HamGosee mpocrto
dopmynupyemeiM (Ho u mHaubomee IpyOBIM) YCIOBHEM TAKOro poja
SIBJISIOTCSL  YCJIOBUE

L 10.3. CymectByer a > 0 Taroe, aro Matpumna L (z, py, p) He 3a-
BHUCHT OT z IpH | z | >> a U ONHOPOJHA II0 YepeMeHHHM (pg, p).

Hocratouno BMecto yesomnsa I 10.3 mnorpefosarh, manpumep,
91008 KO3 PHUIMenTs (IPH CTeUeHAX pgy, p MATPUIL L) H0CTATOYHO
OBICTPO BRIXOAWAN HA TOCTOSHHEE TPH | & | —» oo W UTOOE KOCTATOUHO
G0IBII0E YUCIIO HMX IPOMBBOAHBIX CTPEMINIOCH K HYJW HpH | z | — oo.
ITpepenwpastii cumBoa L (oo, pg, p), pasyMmecrcsi, o6a3am OHTH CTpOTO

IHIepboINIeCKIM.
Hocrapum samavy Komu pias ypasmemus (10.27):
D} ul,_g=uy (), 0Lk m—1. (10.29)

Teopna sapmaun Komm pns runepGoianmuecKHx ypaBHeHHI pasBHTA
B paBorax [84], [78], [17]. Ham momagoOuTca TONBKO OWH, CPaBHU-
TeJBHO TPYOBIl daxT.

IIycrs pammeie Komm — uy (z) € C°(R™), a mnpasBasg yacrh
i, )y eC>npn 0 < ¢t < T, z € R Torga (upu yenosusax L 10.1—
L 10.3) pemenwve zagayn Komn (10.26), (10.29) cymectsyer, enuH-
crBeHHO T Gecwomeuyno puddepenmiupyemo mpu 0 <C ¢t << T, x € R

Cucrema (10.26) me cogepssur OoXbIIoro mapaMerpa A, OJHAKO
Jepes HEKOTOpOe BpeMs TaKOBOIl IapamMerp MOABHTCH.

Beenem uomsarme mampuyw I'puna G (i, z, 2°) 3agaun Homn
(mam mpocro mMatpmusl 'pmma) g onepartopa £. Mampuyeii I'puna
nHassiBaercss (N X N)-marpuma G (¢, z, z%, Koropas YHOBIETBOpAET
OJHOPOAHOMY (MATPUYHOMY) YPABHEHUIO

LG =0 (10.30)
npu z € R?, ¢ > 0 1 gagpum Kommn
D{Gli_g=0, 0<k<m—2;

DP16|,_g=8(z—a0)1.

3pecy 2° € R®, I — egumpnumass (N X N)-MaTpuma u § ecTh meibTa-
¢yaxnusa [Iupaka. Ecan £ — ckansapmstii oneparop (VN = 1), T0 G —
CKanApHag QYHKIUA, KOTODAS HABBIBAETCH PyHOAMEHMAAbHUM Deuie-
nuen samaun HKomn [13].

Marpuna Tpuma G . sBasercs oOobmenmoil Qymxiueir. Mojxkpo
paccMaTpuBaTh G Kax QYEKIUOHAI HAJ MPOCTPAHCTBOM [ = C?(Rg)
(MaTpuma G UPOROMKEHA HYZeM B LOJYUDOCTPAHCTBO ¢ << 0), saBm-
camuil oT ¢ KaKk oT mapaMerpa. Hama 3agada — mCCIEHOBATh PAB3PHIBH
Matpuns I'pumna.

Ilycrs G° (¢, z, 2% ects (N X N)-MaTpuia, KoTopas YIOBIETBO-
pPAeT ypaBHEHUIO

LG = f(t, z) Ot 7T, z€RY (10.32)

(10.31)
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u panEpM HKomn

D}GY|,_g=up (2), 0k Cm—2;
s (10.33)
Dy Golt=o:5(1_$°)1+um-1 (x).

Ecnm Bce QyERmME uy (z), f(f, z) € C* (npm z € R™, 0t << 7),
TO PAasSHOCTH
Gt z, 2% — G (¢, z, 2% € C®

nmpu 0t << T, x€ R™ JlelicTBUTeNbHO, pasmocth G = G — GO
yropaersopsaer ypasrernio (10.32) u pamasiM Komu (10.29). Iloatomy,
KaK MEL yKe OTMeJaiu BhOIe, U3 TeOPHH runepboTHYeCKUX YpaBHEHNH
BBEITEKaeT, 4T0 G € C® Bcaoe 0 <Ct << T, 2 £ R,

Taxnm obpasoM, crpykrypa ocobemnocreii martpunm ['puma G
TOYHO TAKasd jKe, KaKk M y Marpunst G% ¥ umeciaegoBapue ocoGeHHOCTEH
Matpunsl I'pura cpopuTea K nocTpoermio Matpunsl GO, Ilpu nocrpoenuu
Marpunil G° MH orpagMYmMcAa (OpManbHOH cxeMoll. IloxamkeM, Kak
CBABAHHE Me;KAy cobofl dyHpaMeHTajgbHOE pelenne G sagaum Komu
W pemenya 3afadu Homu ¢ GHCTPO OCHWLIMPYIOIUMA HAYAIBHBIMU
[2HEBIMH.

Ilycrs w (¢, z, p, %) — pemenue 3apaun Komn (npu 0 << t << 7T,
z € RY)

Zu:f(t1 Z, p)r

Dju|,_ =0, 0k m—2,
1 (10.34)
D u’tzoch(x) exp [i (p, z—=z0)].
Bmecs p € R?, 2% € R®, Touxa z® QurcHpoBaHa, Marpuna-QyHKIES
@ () €ECP(R™M um ¢ (x) =1 B HEKOTOPOH OKDECTHOCTH TOUYKHA z°-
Marpuunas ¢ynknus f Oymer ykasama HUKe.
BBepem oGobmenayio ¢ymrumo G° (¢, z, z°) mo dopmyne

GO (t, x, 20) = (2m)™" 5 n(p)u(t, z, p, 20)dp. (10.35)
R’I’L
Oyarous v (p) — crauapras, v (p) € C°5(RM), pasEa HyIW [OpH

| p| < a, paBEa emupuue IpH | p| > a, U 1 — PYHKOHA TOJBKO
or | p|. Torga pazEocTs G = G — G® yROBEETBOPSET YPABHEHUIO

£G=¢ (1, x) (10.36)
u pmagaeiM Hommn

D& |,y =0, o<k m—2;

D26 |1 = Pmes (2).

Marpuunas QyHRUMA ¢y () paBHa (uHTerpaael OepyTcs 1o Rz)

(10.37)

Pnet (2) =B (e —20) T—(20) ¢ (&) | 1w exp i o, a—2)] dp=

= (2m)~" S (1—n (p)) exp [i {p, z—29)] dp,

13 B. I. Macnos, M. B. ®emopiok
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MIOCKOIBKY
§ (x —20) = (27)-" S exp [i (p, z—z0)] dp,

a marpuunasa Qymknua ¢ (r) =/ upu z, Gaumskux K 2z° @yrKuA
(1—1(p)) € CF(RY), TaK 916 Qppq (2) € €= (RM).
Jemma 10.7. Hyemv npu | pl =a, 0Kt T, z€R?
BUINOAHANWMCA OYEHKU
ID?;,x)f(t’ Zy P)I<Calp|_n—s7 (10.38)
20e &€ > 0, das wwbozo myasvmuunderca o, Tozda mampuunas Pynryus
G (t, z, 2% — G°(¢, z, %) € C™
npu 0Lt <C T, 2 € R
JlorkasareanbcTBo. Wz ycumoBus (10.38) cumemyer, uro
npapas yacre ypasHenna (10.36)

g (t ) = (2m)™ S it =, p) dp

Gecromeuno puddepennupyema mpu 0 <Lt < 7, z € R% [lammte
Komu (10.37) mpmmapmesxar C g°(R%), W yTBEDIKieHWE JIEMMEl BEITe-
KaeT M3 cTporoil rumepOonudHOCTH omepaTopa L.

@opmyna (10.35) ommcriBaeT CTPYKTYPY ocobeHHOCTe MaTpHIELL
Tpuna G, Tak Kak pasHocTh G — G = G € . UToOH saBepmuTb
KOHCTPYKIMIO MATPHIE G°, ocTaeTcsA HCCIeZOBATH ACHMITOTHRY pemre-
masA 3324 Komtu ¢ GBICTPO OCHUMINDPYIONIHMY HAYAIbHBIMI JAHREMA

(10.34).
Poxp Gombmoro mapamerpa murpaet | p |. BBegem Goabmoit mapa-

MeTp B omeparop Z. Ilomeamm omeparop £ Ha | p |™, TOrja OH HpH-
MeT BHJ

m 2 1 1 a
[plrme= > (@lp|y*Lr(z, [p|1 Dy, [P Dy), (10.39)
k=0

rae L (z, py, p) — OEHODPOIHbE MATPUYHEIE IIOJNHOMEL CTENIeHN m — k
OT TepeMeHHHX (pg, p). CumBox | p |-auddepennuanbooro omeparopa

L=|plmz (10.40)
pasen

Lz, po, P)= D, (i|p|)* Lk (z, po, p)s (10.41)
E=0

¥ NpuHAAISGKHT kiaaccy 79 (em. yemosma L 10.1—L 10.3).

. 3amerum, uTo B famEbX Komn (10.34) Moskmo cuurarts, uto | p | >
> a (cm. (10.35)). Yumeno a > 0 MoieT GmTH BHOPAHO CHOIB YIOZHO
QosbmiuyM, HO (UKCHDOBAHHEIM. '

. Hocrpoum ¢. a. pemenne sapaun Homm (10.34) pst ypasmerms
Lu =0 (1. e. pua ypasmenusg Lu = 0) ¢ Toumocte o O (| p |_M),
rae M >> n. WUmenno, maiimeM Marpusmyro ¢ymsrnuwo u (f, z, p, 2%,
KOTOpasA TOYHO yfoBiaeTBopsAer AamEnM Homu (10.34) ¥ yaoBierBopser
YPaBHEHUIO :

Eu:lpl-M ,fM (t) I, p)v



10. BATAYA KoM 195

rae far € Og,p. Kuaccw Og,p OHINM BBefeHH B I. 2 HACTOAINEro Iapa-
rpada. Torpa Bce yemopus Jemmul 10.7 6YIyT BHIOIHEHH, @ MaTPUYKASA
¢yuxnus G° samammas gopmynoi (10.35), Gymer umers Te ke ocobeH-
HOCTH, 4TO M Marpuma I'pwma G.

Ocrtaercss, HCHONL3YSA ABHEIE ACHMITOTHYeCKHe (OPMYJAH &iIsa

pemennii u (¢, z, p, z°), MOIYIUTL ABHHE GOPMYIH A 0COOCHHOCTOMH
maTpuanoil ¢ymroHE G (T. e. mAs ocobemmocTedl MaTpumel I'puma G).
MH ;OTpAHHYHMCA TOABKO KAUYeCTBEHHHIMHI PACCMOTPEHUAMI; sBHEE
dopMmyxs guas ocobemmoctedl cm. B [26], [38], [40], [52]. TlogpoGmas
oubnuorpadua 1o FAHHOMY BoIpocy mMeercs B [10].
75 - B § 11 npHBeneHs acCUMIITOTHYECKUE HOPMYINH IS POMICHUS 3aHadd
Komn ¢ OhcTpo OCHIIIHPYOUIEME HATANbEKEME JaHHEIMU HpH m = 1,
T. e. AIA CHCTeMjIepBoro mopaAmka. Ilpm manex ¢ > 0 pemenme u
eCTh CyMMa CJaraeMHX BHIA

N
U= Z uoc’ u® (tv Ty Py xO)—_.—
o=1

k
= > @pl)yiv§ (¢, z, 0)exp|iSq (t, 2, P)]. (10.42)
=0

3pecy @ = p/| p |, PyAruuu S, — opmopoAHEE PYHRILHN p cTemern 1.
@ymrnusa S, sBasgercs pemenueM 3sapain Homu

S, 3Sq \
ot +ha ($, dz )“'07

Sa [tz():(f—xov P)y
rie hg (z, ¢) — KOpPHU yDABHEHHs
det L® (z, —h, q) = 0.

Bozsmem ommo m3 cmaraemsrx (10.42), orsedawmee 3mavenuio j = 0
u mopcraguM B mATerpan (10.35). Torma moayumM mmTerpai

[ expisai, o v m pnpDnmar 0.4
R'n.
¢ OricTpo ocnuanmpyomel Hasosoit ymrimeir S,. Ocobennoctn sroro

. 1
UATETpAJa  CcOfepaTtca B  NODPOGKIHH  HA R?; MHOKeCTBa

{(t, z, p): 8S,/0p = 0}. AHANOTMYHEIE BRIPAMKEHHS NOJYYAIOTCA PR
TIO/[CTAHOBKE OCTAJbHBIX WileHOB cyMMmel (10.42) B mmrerpan (10.35).

TloxaseM, THe pacIojokeHE ocobeHHOCTH MaTpumesl I'puma G.
C cuncremoit (10.1) acconuuposanst N cucreM amunsToma (HalOMHNM,
YTO MBl paccMaTpuBaeM caydail m = 1):

92* _ dhy ap* Ok
P ap® ’7 T T g !
(40.44)
ot op%
—=t, 0 —o,
0T ot

13*
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ree 1 << a < N. Janmsie Komm, KOTOpEEe WHAYIIHPOBAHHL 3ajadeil
Komu (10.34), umeror Bup

& lo=¥ P*fmg=p
t* ITZO :01 Py ,1;:0: —hoc (y7 p)v Y € supp Q-

2
(QurcupyeM manpaBilenne « Bexropa p. Ilyers IIF (p) — obmacrts
B a30BOM NPOCTPAHCTBE, 3aTONHEHHAS TPACKTOPHAMI CHCTEMBI ¢ HOMe-

N
pom o, upn 0 <{ 1< T (rpyOka rtpaexropuil), Il (p) = U H%(p)

u HT( ) — mpoeruus 06’LeILI/IHeHHH Tpyboxr Tpaemoplxm HT (p)
Ha R . Tarum o6pasom, IIT (p) —910 OOBEmUHEHNE TPYOOK Iydeit
(1 <oc N), xoropeie upu ¢ = 0 BHIXOHAT M3 SUpp .

HaK nokasano B § 11, pemenue u 3agayu Komu (10.34) yGmBaer
GricTpee a000il cTEHOHN |p| opu | p| — oo BHe xnwb6oil gukcHpo-
BaHHOU OKPECTHOCTH TPYORU HT (w) (pasmomepro 10 ¢ € [0, Tl ®wmo z,
JIe;RAMIM HA KOMUAKTe, 4 TakKe PaBHoMepuo 1o o). CrefoBaTensHO,
Matpuia G® € C* BHe U Il (o). HagoMmuM, 4YTO MaTpWYHAA

wesS™
¢ymrmqua ¢ (z) (em. (10. 34)) — awbas Takasg MaTpmuEas QyERIUA
Q () ECT(RM, at0 9o (x) =1 B ORPECTHOCTH TOYKH 2%, Tag uro
SUpp ¢ MOMKeT le;KaThb B CKOJIb YTOAHO MAJIOH OKRPECTHOCTH TO4KU z0.

ITosToMy ocobemmoctn matpuusl [puma mpu 0 <L T, z € R®
COfleP;KATCA B MHOMKECTBE o , KOTOPOe CTPOMTCS CIAeXYIONUM o6pa30M
HocraBuM miaa ragpoit ms cuereM (10.44) sagagy HKomm

x lt=0:x0, 14 IT=0:P7
1« |T=O :O? . pgz ,1:0 = _hoc (xO’ p)!
e | p| > 4. Torma & ;—oro oObepVEeHHe INPOGRIMN Ha R"+1

Becex Tpaekropmii (1 <Ca < N) 3a Bpema 0 <1< 7T, e p npo6e-
raer R™.

AHanOru4HHi pe3yabTAaT COpaBeJUB /s THHEePOOIHYECKEX
cmeTeM 000ro mopAmKa m.

Paccmorpum B KavecTBe IIPEMepa BOJHOBOE YDPABHEHWE

P%u
W: c2 Au,
rge ¢ > 0 — mocrosimmasa. Cucrema TaMuibTOHA HMeeT BUT
dx dp dt dpo
Fan O e B i L

TlocTasmm 3agauy Homwu
z ]1::0 =a0, p lr:(] =P, t|1=0 =0, po '1:=0 = Po»
rae p2 = c?p?; Torma Ay4YW UMEIOT BHL
z = 2%} 21ep, t= —21p,.
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HGKJIIO‘-IaH T, IoxydaeM N3BECTHHI peaynLTaT: MHOKeCTBO 00068HHO-
GTeﬁ (I)yHlIaMeHTﬁJILHOI‘O pemieHUA BOJHOBOI'O YpaBHeHUA CO}Iep}RHTCH
B CBETOBOM KOHYCe

(z — 202 = 22,

5. Paspeisst  Marpunsl I'pusa, KOPOTKOBOJHOBasS ACHMOTOTHKA
PE30ALBEHTHI CTAIMOHAPHOH 3ajauM, ACHMOTOTHKA pemleHnii Hecra-
IHOHApPHOI 3aJauy Npu ¢ — -~ co. PacCMOTPUM CIeLYIOIIIe TPY BOIPOCA.

I. Acumnmomura no zaadrxocmu mampuyw I'puna necmayuonap-
noti sadaiu.

II. Kopomgrosoanosas acumnmomuka {npu k—» - o00) pesoavsenmsl
cmayuonaproll zadaiu.

1. Acumnmomura pewenuli necmayuonapuotd sadauu npu t—
— -} oo.
3amawa I Gbu1a paceMorpera Bmmiie, B 1. 4. OxaseBaercs, 4TO
mura 3agaq I, II, 111 mosker OHITH mCCIIe[OBAH MO CJIEAVIOMER cXxeme:

I 1II 1IN

PaccmorpuMm sagawy Homm (10.26), (10.29) u coorsercTByMONIyio
cTaNuOHADHYIO 3a7aYy
(Zru) (z) = f(2), =z € R™ (10.45)
Omnepatop

2 1
Lr=L(z, k., D) (10.46)

HoJydeH M3 omeparopa £ 3ameHol D; — k.

IIpuBefcM HEKOTOphIE BBpHUCTHUECKHe coobpaskenuns. Ilycrh
G (¢, z, z%) — marpnua T'pusa s3apmauu Hommu, mpomomxenHas Hyaem
B TOJympocTpaHcTBo ¢ <7 0. dopManbHO HpHMeHAsa mpeobpasoBamue
dyphe mo mepeMeHHOW ¢, HoayyaeM, 9T0 MaTpUNA-QYHKIUS

oo

G (z, k, 20) = 5 e-ikt G (¢, z, 20) di
0
VIOBJETBOPSET YPABHEHMIO

LyG=58(z—a0)1.

IIyers Toukm z, 20 ¢puKcupoBamst, Torna G upu k > 1 ecth uure-
rpax or OBICTPO OCHUINMPYIOMEH (YHKOHU. ACHMITOTHRY 9TOTO
HHTeTPaJIa MOKHO BBIYMCIATH, HPHMeHsA MeTOJ CTAIUOHAPHON (asHl.
ITpu sroM OCHOBHOH BRJIAj B ACHMNTOTHKY HETerpaja G BHOCAT, Kak
u3BecTHO, ocoOeHmocTH Marpmmul I'puma G (¢, z, z° (Kar ¢yHRIUM
or ).

TeMm caMEIM QOpMaIbHO YCTAHABIMBAETCS CBA3b MEKIY PasphiBaMu
Marpunil I'pura 3amaus Homu G M KOPOTKOBONHOBOI acHMOTOTHUKOMH
Marpunsl I'pmEa G cTapUoOEHApHONE B3ajgadi.

Crporoe 0GoCHOBaHNE TaKOH TPAMOJIUHENHOR CXeMBI HATAJIKUBAELT-
CA Ha cepheaHoe NPeHsATCTBHe — 3TO BOIPOC O CXOJUMOCTH HHTErpaa,
OpencTaBAAKIEro MaTpuny G, T. e. BOIPOC 00 ACHMITOTHKE MATPHILL
I'pnra G upu ¢t — - co. JTa TPYRHOCTH HACTOIBKO BEJNWKA, 4TO yKa-
3aHHASA IpocTasg CXeMa IIOYTH HHUKOFAA He IPUMEHAeTCA.
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Usnosum peaynbratel paGotu [10], otrocamuecsa x 3agagam [—I11.
B sroit paGore npuBeser moxpobumil 0630p pesynbTaTOB, OTHOCAIIAXCS
x sagmagam I—II1I, # copepmurcs obmupmas Gubamorpadus.

IMomumo yemoBmit L 10.1—L 10.3, BBOgATCA CHOAYIOIHE YCAOBHSI.
Oycre A (z, po, p) = det L% (z, py, p). VYpasmemmwo (10.26) otse-
gaeT cucreMa I aMHIBTOHA

dt_ aA iz oA
dt  dpg ! dt _ ap !

Po P (10.47)
b0 _ dp __ 0A
dt ~ ' dv — ox

B (2n -+ 2)-MepHOM ()a30BOM IPOCTPAHCTBE ¢ KOOpAUHATAMI (i, Z, Py, D).
BpeneM mOMOJHUTENbHEE YCIOBHA.
L 10.5. Oua xwboro z € R™

Az, 0, p) #0

upu p = 0.

9TO yCNOBHE DHBUBANEHTHO DILIMITHYHOCTH orepaTtopa L.

L 10.5. Tpaexropuu raMumabrTomoBoHl cucremsl (10.47), worophe
BEIITYINEHH M3 mapa | | < ¢ # Ha KOTOpHX A = 0, yxopar Ha 6ecko-
HEYHOCTbD.

Tounee, pas awoboro R << oo cymectsyer I (R) << oo Taroe, 9T0
rpaexropun cuctems (10.45) ¢ mammrmym Komu

t(0)=0, z(0)=2a0, po(0)=pf, p(0)=po,

rae | 2% < a, A (2% pl, p°) = 0, memar upm t > T (R) B ofimactn
| z] << R. Yucno a yrasamo B ycjopmu L 10.3.

W3 ostux ycunoBmil BLITeKAaeT, YTO pa3phBH MaTpunsl [puma
G (t, z, 2%, e | 20| < @, yxomaT Ha OECKOEEYHOCTH LPU # — - oo,

O6o3magum gepes HS (Q) npocrpanctso C. JI. Cobonena QyHRI{miA
B obractm @ — R™, npousBofmble KOTOPHIX MO MOPAMKA s CYMMED YeMb
¢ wBagparoM. Hmxe Bcerga s > 0 — memoe. Togmo Tak e o6o3Ha-
YaloTesA IIPOCTPAHCTBA  BeRTOp-QyHKIUA U Marpun-Qymaruuit, Bce ae-
MEHTH KOTOPHIX NpUHAJLIEKAT IpocTpaucTBy HS (Q).

Bsenem pesoabBeETYy R, CTanmuHoHApHOH 3aJadd H HccleayeM ee
aHAJTUTHYeCKHe cBoiictsa (1o mapamerpy k). Paccmorpum omepatop Rj
(pesoabBenTy)

Ry: Hs (R%) — Hs™m (R™)

B modynzockoeT Im k> 0. 3rtor omeparop aeficTeyer no dopmyie
ka = U,

rae f € HS (R™), a u — pemenne ypaBHeHua Lyu == f, npuuajfiesRaiies
Hstm (R™). B monymmockoetd Im k > 0 pesonbBenta R; fABIfAeTCH
KoHeuHO-MepoMopduoll ¢yErumeir k [9].

Bce ToUKHM BemIeCTBEHHOH OCH k& WPHHAAJNE/KAT HEOPEPHBHOMY
CIeKTDY PEe30IBBEHTH, TAK YTO 0IeparTop R He IPOHOIIKACTCH AHAIH-
THYeCKH N3 BepXHeill moaymiockocTd Im k& > 0 B amxuion. G pe3ons-

BeHTOH R) MOKHO CBA3aTh Takod omepaTop Ry, KOTOPHI [JOIyCKaer
AHANUTHIECKOE TPONOJIKeHNe B BHMHIO IOJYNJIOCKOCTb.
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Iycrs H§ < HS(R™) — mpocrpancTBo (VHEKHUN, TCKIECTBEHHO
paBHEIX HYAIO 1Upd | x| > a. BBemem omeparop

‘ Rp: H) -~ H* (|z| D),
rne b >a— @ImcnpOBaHHaH nocrosggrad. Ilo onrpemeseHio

Ryf(x) = Ryf (=) ( | z l < b),
ecnn Qyaxuusa f (r) € HE. Onepartop Ry monyuaercs, TaKEM o0paszom,
"3 PE30JbBeHTH Ry, ecau cysuTh ee o0macth onpeperenus ¢ HS (R?)
mo HY m pacmuputh o6macts smauenuit ¢ Hstm (R mo HSY™ (| z | <
< b).

Oneparop R;, mpopgomHaeTcs HA BCIO KOMIUIEKCHYI) IIIOCKOCTH
KaK Koneurno-mepoMopPuas GYHRIUA, €CIN n HEUYOTHO (n — pasMep-
HOCTB IIPOCTPAHCTBA), II HA PHMAHOBY HOBCPXHOCTL (ymrmnm In k,
ecau n gerno [9].

Moxyunm acuMnToTHRY omeparopa R, npu | k| — oo B obmacru

Ugpg = (ki | Imk| <<aln| Rek| — B},
rae @, p — mocrosmnmie. Tounee, Oyger moayueHa acuMnToTHKA PYHEK
mu¥ Ryf, roe dynrmua f opumajie;rur npocrpanctsy HE (r. e. puuunt-
Ha). ACUMITOTUKY sjapa pesoxbBeHtol G (r, 2%, k) 0Opm TaxoM 1oj-
Xofie IOJyduTh He yHaeTcs.

Iloctponm Martpuny Gpr(¢, z, z%, woropas ynoBHeTBepsieT ypaB-

HEHNIO
ZGI\I = f,M' (ta X 10)1 t>0’
un pamHsIM Komu
DiGy|ip=0, 0L <m—2

DGy )y g=8(z—29) 1.

3mecs i € oMy > 2) mo wepeMennmiM (¢, x, 29) u opu jobom R = 0
Gult, 2, 2% =0 (2|l <R, t=tR)-F1)
Yucao T (R) ompemeneno B yexosuu L 10.5.
OueBniHo, 9T0 B KadecTBe Gy MOIKHO B3STH MATPUIY-PYHKIIUIO

Gl\I(tv Zy xO) = G° (t7 Z, xO) h (t, x),

rme hécConpu ¢ >0,z € R, h=1uput < T(R)+-1/2uh =0
upu ¢ > T (R) + 1, a KOHCTPYRIUS MarpHis G° ykasaEa B 1. 4.
Marpuua G° CTpOuTCA ¢ [OMOMBI0 KAHOHUYECKOTO OHEpATOPa.

OGosmaumM dgepes R g, Opeobpasopanne (MDyphe HHTETPATbHOTO
omepaTopa ¢ sppoM Gpr, T. e.

IA'?M, B P = g S G (%, z, 20) ¢ (20) etht dx0 dt, (10.48)
0 |x0i<a

Tje UHTeTpasl HOHUMAEeTICsT B cMbicae o0o0menmerx dymwrumii. OKase-
BaeTCsd, YTO OIeparop Ry .t H — Hstm (|z| L b) Gnusox K omepa-
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TOPY f?k upr | k| — oo, k € Ug,g-
Teopema 1. IHycme n nevemno. Ecau M docmamouno éeauro,

mo onepamop R pr,p 02panuien npu scex k u sasasemces yeaot gynryueti k.
HOpu | k] > 1 eunoansiomes oyenru

| Bt v |[srm—i, ) < C1E | T exp (1 T k) (171l 4,
0£ji<m+1, (10.49)

2de y — nocmoannas. Ipu k € Uy,p eunoansiomea oyenru

(B —Ryy ) Flloymes o <Clk[ P expy[Imk[)I £, ,. (10.50)

3mecs || f llogr Il f lls, ) — HOpMBT B mpocrpamersax  HS,
Hs (] z| << b) coorBerctBemno # omeska (10.50) cmpaBepnmsa mpu
HEKOTODHX o, P, ¥ > 0. Amagornunsle DPe3yapTaTsl UOJXYYEeHH Npi
n 4YeTHOM.

Jta TeopeMa [aeT aCHMHTOTHRY PyHRIMK (ﬁk]‘) () (r. e. pemenns
ypasrenus (10.45) ¢ pmauTHON mpaBoit YacTeio f € HY), KoTHA k — oo
B obgactu supa Ug,p, & & AeHAT HA KoMmakTe | z | << b. B wacrroery,
onenku (10.49), (10.50) B coueranuu ¢ popmynoi (10.48) maror acumm-
TOTURY TIpA %k — -} oo pesoabBentsl (Ryf) (z) HA wommaxre | x | < b.

HKpome Toro, TeopeMa 1 H0O3BOIAET BHUUCINTL ACHMOTOTHRY (Opu
t — - oo) pemenus zagaun Homu mua ogmopopuoro ypasmerus (10.26)
¢ ¢uauTHEMYE HAYANGHEIME JapEeMH. PaccMorpum samagy Komrn

Lu=0; Diul_¢=0, 0<k<m—2;

10.51
D;n—iult=0:q)(x), ( )

e ¢ (x) € Hi. .

Ilyerh n mewermo; Torja omepatop Rp B Kajkmodl momoce cp <
< Im k << ¢, KopeuHoll wHpHEE ¥WMeeT He Oojee KOHEUHOrO YuCIa
TIOJIOCOB.

Teopema 2. IHycmv n newemuo, na npamoti Im k = q nem
noawcoe onepamopa Ry. Tozda cnpasedauso acumnmomuueckoe pasic-
aenue daa pewenus sedavy Koww (10.51):

w(t,z)==—i Y res (Rpp(z)e k) tuy (¢, z).  (10.52)
Im#;<q k=F;

Han ocmamounozo uaena cnpagedausa Oyenra

ug llstm. ) < cqe? || @ () llg,q- (10.3)

Onenxu (10.52), (10.53) mmerorT MecTo mpm & > f; > 1, Tak wro
dopmyma (10.52) paer acHMITOTHYECKOEe PAa3jIOKeHWe peIIeHus y
pu ¢ — - oo,

3ameruM, uTo cymMMa B upapoll uactu dopmyam (40.52) cocroumr
U3 KOHEYHOrO YHCJIa CJIATAEMHX.

Apajiormgable Pe3yJNbTATH NOJYYCHH IIPH YEeTHOH pa3MEpPHOCTH
TIPOCTPAHCTBA.

Teopema 2 BEBOEMTCH U3 TeopeMH 1 ciaegyoomuM obpasoM. C mmo-
Momb0 (opMyar ofpamendas npeobpasopamus Jlammaca modydaeM,

1]
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qTO
c+ioco

u(t, z)= e"iRtRy @ (2) dk,

¥

e—ioo

rae ¢ > 0 TakoBo, 4TO omepaTop R, HE uMeeT IoxiccoB Opu Im %k > c.
B cuay omenox, IOAYYeHHEHIX B TeopeMe 2, KORTYD HHTeTpHPOBABUS
MOMKHO [BUTaTh I&pPAJIeTbHO BEIIECTBEHHOR OCH, TaK 4T0 PyHKOMA u
paBHA UATerpany mo npamoir Im & = ¢ < ¢ ¥ cyMMe BHYETOB IOIBIH-
TErPalbHOTO BHDAKEHWs, JiesKAMMUX B Homoce ¢ < Im k < g. Crporoe
obocroBamne 3THX coofpaskeHuil TPHBOXUT K TeopeMe 2.
Awmanornysse pesyabTaTh Toxydens B [10] misa cmemannoil 3agagn
0aA Hecranuomapmoro ypasmesusa (10.26) m Amg CoOTBeTCTBYIOIMIETO
CTAIlHOHAPHOTO ypaBHeHusA. VIMenno, paccmarpuBaerca samaua (10.26),
(10.29) wpu ¢ > 0, z € Q, THe Q — BHEIIHOCTH OTPAHUYCHHOH 0OnacTH
B R” ¢ rpampuneii Q2 knacca €, Ha §Q moctaBieHsl KpaeBre YCIA0BUSA

Bz, Dy, Dy u(t, 2) =0 (t >0, z € 99), (10.54)

mN

2
mopagra <m — 1 ¢ wospdunuentamm kuacca C°(6Q). Ipemmoma-
raeTcd, 4TO KpaeBas 3ajada AJas CTAI[MOHAPHOTO YPaBHEHH

Lw=1Ff 2€Q; B(x, k, Dy)v=1, z €99,

ABJACTCA KODPUUTUBHOK 3ajaveil ¢ mapaMerpoM xors OH JIs OZHOTO
ayaa k= pe'? (0 << p << 00, 0 < @y << m); mogpobmee cm. [9].
Yenosus L 10.1—L 10.4 mo-mpeskHeMy NPeAIONATAIOTCI BHIIOJHEH-
pEMu. Bmecro yemoBms L 10.5 (roTopoe siBusiercsa Tpe0oBaHmeM Ha
NMOBeJeHNE TPAEKTOPHIl TaMIILTOHOBOI CHCTEMEI, ACCOMWHPOBAHHON
¢ omepatopoM £) BBOAUTCS YCIOBHE, CMECJ KOTOPOTO COCTOMT B Cje-
nyiomem. Ilycts G (¢, x, 2% — marpmna I'pmea cmemawnoii 3agaun
(T. . G yNOBIETBODSAET OJHOPOJHOMY YDABHEHMIO, ONHODOIHEIM Kpae-
BHIM ycuoBusaM u pamEbiM Komnu (10.31)). TpeGyercs, 9T00m paspriBe
Matpuus I'puHa G yXOmwiu Ha GeCKOHEYHOCTH IpPH t — -+ oo.

B [10] moayuena Taxske AaCHMOTOTHKA DEIUCHNS 33Jaud O pacces-
HUI B KBa3WKIACCHYECKOM NpPUOIMKEHUH A CTAaNHOHAPHOTO YpasB-
meana Illipeanarepa ¢ (QUHATHHM ITOTERI[TAJIOM.

roe B ecth ( X N )—ManIma n3 puddepeHnaIbEEX 0IePATOPOB

§ 11. Marpudnbie raMuiabTOHIAHBI

B srom maparpade paccmarpuBaerca 3agaua Kommu ¢ 6ucr-
PO OCIMIIUPYIOMUME HAYANBHHIMA [AHHBIME JJIS CHCTEM
ypaBEenuit. IIpenmonaraercs, 4r0 XapaKTePHCTUKH COOTBET-
CTBYIOIINX OHEePATOPOB BEIIECTBEHHH M HMEIT HOCTOSHHYIO
kpatHocTh. llomydens ypaBHeHWA NepeHoca M IOCTPOEHA
aCHMNTOTHKA pelneHms 3afaun Homm B OoabmmoM.

1. Ypasnenne Tammaproma — fko6m. I[lycrs u© ectd
N-Bextop (cTombem) u (z) = (uy (x), ..., uy (x)), z € R,
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u L ects (N X N)-marpuna c saxemenramu Lj, (z, p; (iAM)™1).
Paccmorpum cmeremy m3 N ypaBHeHHi

2 1

L(z, AMDy; (iM™) u=0. (11.1)

Bypem upefmonaraTts BCIOJAY B BTOM IYHKTE, UTO BEIIOJI-

HEHO YCJIOBHE

L 11.1. CumBox omeparopa L mpmmajuemnt raaccy I

(cM. ompemeaenme 2.5), T. e. Bce 3ieMeHTH Lj;, MaTpHIEI

L (z, p; (iA)~') mpunapaeskar kiaaccy 77 ¢ OAHAM H TEM ke m.

Bygem ucxars ¢. a. pemenme ypasuemusn (11.1) B Bupe
$OpPManLHOTO pAsA

u (z, M)=exp [iAS (z)] >} (M) ™™ (z). (11.2)
m=0
Ilpumenss teopemy 2.6 kK omepartopam Lj,, moiaydaem
exp (—iAS) L (¢ exp (iAS)) =
= Rop + (IM)"' Rygp + O, (x, 4). (11.3)

Omneparoprt Ry, R, nmenoT BuJ

(By9) (2) = L (2,251 0) ¢ (2),

aL @ 1 " " oL
(Rup)(@) =2 22 42 8p (8" () Lp) € () + 5|0 (@),
(11.4)
rae sHaueHme marpuupl L Geperca B TouKe (x, aéix); 0).

Hamomuu, aro Bep, R1¢ — s10 N-Berropsr (crombusr). lag

CHUMMETPHHU MBI COXPAHHUM Te ke 0003HAYEHN, IT0 ¥ JJIA CKa-

JAPHBIX I‘aMI/IJII)TOHIIaHOB B noxommonenrmoln zanmem mMeem
n

‘?LmJ aq)]

(qu))m—— Z 2 aph ‘9%

j=1 k=1

N
1 2L 5 a8 oL mj
+5 2 2 9P, 52, 0o, Pt Z

j=1k, m=

o 9 (11.4")

IIyers Ly, = (Lml, <« oy Lpmy) ecth m-sn cTpoKa MaTPHIH
L; rorma dopmyma (11.4') npumer Goiee KOMIAKTHEIR BH:

aL. a R 1 w  02L \ aL.
(Bl =2 + S5+ 58 (Si G 0) + 52

e=0

(11.47)

ap 9z
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2
3nechb Z—(xp — wmatpurna  fAxobwn, gp—Lz — TEH30p (T. e. g—f ==
o (090 f a?-L) _ OZL‘)
(6xh)’ <j k<n, = (8})2 = Fom) -

Beenmem ofosnauwenns: f (z, p), /¥ (z, p) — cooTBercTBen-
HO TpaBHil ® JeBHH HyIb-BeKTOph Marpumbr L0 =
= L (z, p; 0) (f — crounben;, f* — crpokra), T. e.

Lo f (xv p) =0, f* (z, p) L° = 0. (115)

Ilycrs Q -— orpammuennas oGuacts B R} Hac maTepe-
cyror ¢.a. pemesms ypaBmemma (11.1) opm A — L+ oo,
z € Q. Byzem mcxarh Takoe pemnienue B BUe

u(z, 1) = exp [iAS (2)] ¢ (2). (11.6)

Ilogcrasissa u B ypaBuenume (11.1) m mpupaBumBas HymIo
xoodpPunmenr npu A’ B Boipamenuu e MS5LeihSq. moayuaem,
B cuay (11.3), (11.4), ypasuenme

L(, P05 0) e @)=0. (11.7)
CaxefoBaresnbHo, upn z € Q wmmeem
Az, "’i‘ﬁ):o, (11.8)

rae obosmaueno A (z, p) = det L (z, p; 0). Iro ypasHeHHE
ecrb ypasuenue Iamuswmona — fArobu, accOMUMpPOBaHHOE
¢ omeparopoMm L.

Mpegunomenne 11.1. Hycmv  @pynryus S (2) €
€ C” (Q) sewecmeennosnauna u Yydosaemsopsem I PABHEHLIO
Tamuavmona — Hro6u (11.8) ¢ obaacmu Q. ycmv sexmop-

Pynryus @ (x) € C* (Q) seasemcs npasvim HYLb-6eKMOPOM

(E‘a—?; O) npu x € Q. Tozda eexmop-

pynryus (11.6) ecmv pewenue ypasnwenus (11.1).
Hyns-sexrop ¢ (z), oueBUAHO, oupefereH HEOTHO3HATHO;

Hampumep, ecau ¢ (x) — aobas cradspHag QYHROUA, TO
a8 (z)

o (x) ¢ (z) ecTpb HyIb-BeKTOp MaTpHnsl L (:c, T )

Hopumuposka nyiab-ektopa ¢ (z) (Togmee, Gasumca B mOJ-

IpOCTPaHCTBE HYMb-BEKTOPOB) HAXONHTCH LPH BEIHCICHHH

CHEAYIOEro WIeHA ACHMUTQTHKY PeIneHud.

mampuyb, L (x,




204 YACTb 1I. KBA3ZUKJACCHMYECHKOE IIPHEBJIMKEHUE

AnanoruunLie PACCYRACHWUA NpoOBEAeM IS DBOJIOTHOH-
HO¥ cmcTembr U3z N ypaBHeHnﬁ

Lu=[IN'D;4+H (1, x, Ve 1D ; (M DHu@, z)= (11.9)

3nece ERY, t€R, u="_(uy, ..., uy) (BeKTOp—CTOJI6eI.[)s
H ects (N X N)-marpuna c¢ sanementama H;;, I ec1s egmuny-
HaA Marpuua nopanka N. Ilyers Hj, yIOBAETBOPAWT YCIO-
puto L 11.1. IocraBum samazy Komm

U |1—o = exp [iAS, (z)] uo (z), (11.10)

rae Ser € CT (R™), v (x) € CF (R)* n dynxmus S, BemecTBeH-
mosmagua. . a. pemenme 3agaux Komm (11.9), (11.10)
O6ymeM HCKaTh B BHIE

w(t, 2, A) =
= exp [iAS (¢, )] [¢® (¢, 2) + (AN o (¢, 2) + .. .]
(11.11)

Nz (11.8) caepyer, yro QyHRIuA S HOM:KHA YHOBIAETBO-
pATH ypaBHEeHMIO I'aMHAbBTOHA — HR06H

dt“l +H (2, 2 O)H_ (11.12)

Mnr Gymem paccMaTpuBaTh clIydall, Kormga coGCTBEHHBIE
suawenus h, (¢, r, p) marpuns H (¢, z, p; 0) pasnugau
HIH Ke MMeT IOCTOSHHYI KpaTHocTh. Torga ¢asopas
¢yurmua S OymeT yAOBIETBOPATH OMHOMY M3 ypaBHEHHH

S aS
2 the (t z, a_)—o, (11.13)

KOTOpHIe Takske OyaeM Ha3HBATh ypasHenuamu Iamiabvmona—
Hrobu. Hanee, nyers f* (¢, z, p), /** (¢, =, p) — cooTner-
CTBEHHO NPABHI M JEBHH COGCTBEHHBIE BEKTODHI MAaTPHIH
H (¢, z, p; 0). Ecnu S ypmosuerBopsier ypasuenuto (11.13),
10 BeKTOop-Qyurnua ¢° (¢, ) Gymer upasbIM COOGCTBEHHBIM

BeKTOpOM MaTpuisl H (t z, 9‘5, O), T. @.

ox
oS
b4 (t, z, 2 o) @0 = o0, (11.14)

2. Ypapuenus nepeHoca. Paccmorpum ypaBmenme (11.1).
B sroM pynkrte npegmoxaraercs, uro cmMBox L (z, p; &)
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BelIECTBEH IDH BeleCTBEHHHIX I, P, & M YTO ypaBHEHHE
Az, p) =0 (11.15)

onpefiensaer C™-mHoroobpasme pasmepuoctn 2n — 1 B daso-
BOM IPOCTPAHCTBE. Bee TOCTPOSHUS HOCAT JOKAIBHHE Xapak-
rep (T. e. B Mamoll okpecrmocTH HeKoropoi Tourm (20, pY)).
Bee HYyIb-BeKTODHL TaKyke BHOHpPAIOTCH BEIECTBEHHEIMI.

Cucrema I'amwibrona, orsevawormas ypasHenmio (11.15),
nMeeT BUJ

T (11.16)
Bexrop-pyarmus R;¢p cofep:KUT  BEIpasKeHMe g—ﬁ%
(em. (11.4)), B To BpemMs Kak TpOM3BOJHAsT BeKTOD-PYHKINH
¢ (z) B cmry cucremnr [ammnsrona (11.16) pasma %%%% =

. oL dA
== (. YCTAHOBUM CBSI3b MEK]Y IPOHBEBONHHIMEI 03 u ap;
J 7

Pacemorpum Buauaze cayuzail, worga Marpuna L (z, p; 0)
mMeeT MPOCTONl HYJIb-BEKTOP.
Jemma 11.2 [26]. ITycmo
A (@, p0)—0 _—__M(x" P L0 . (147)
v rank L (z, p; 0) = N — 1 e wuewomopoii orpecmuocmu
mouru (z° p°). Tozda cywecmeyem nocmosnunas C maras, wmo

e f c 1<j<n, (11.18)
J

e moure (z°, pv).

Hoxasareaxascrtso QDurcupyem x = 2% ¥Ypas-
nenme (11.15), B cumay ycaosus (11.17), oupememser C°-
mBoroobpasme M pasmepuocTn n — 1 B OKpecTHOCTH TOU-
km p°. Ilyers 4;; (p) — anareGpamdeckoe MOMOIHEHHE K Die-
meury L;; (2% p; 0). Ilo ycaoBmio xorsi OBl ofHO M3 4mcexn
A;; (p%) oramuno or myms; myers A;;, (p°) 5= 0. Torpa mex-
Top f ¢ wommomentamMd A;; (p), Ain (p) ABAsETCA mpa-
BHIM HYJIbs-BeKTOopoM Martpuitel L (2%, p; 0) mpm p, Gumskmx
k p° p € M, upmragaekur Kaaccy C” W OTIUYEH OT HYIA.
IIpaBsiil HYyIB-BEKTOP, IO YCIOBHIO, eJMHCTBEH ¢ TOTHOCTLIO
0 MHOKHATENA; AQHAJOTHYHEE YTBED:KICHHUA CIPABEIINBEH
mas gesoro Hyuab-Bektopa f* (p). Hupdepesnmpys mo p
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roipgectBa A = 0, Lf = 0 (upu p € M) u ymMHOKAs mochen-
Hee Ha f¥ caesa, moaydyaeM COOTHOIEHWS
n
oA
a—pTdeZOa Zf* fdP1~O
J

i

Bropoe u3s »Tux coorHOImeHWH BHIIOJAHAETCA LpH p = p'
A BCeX dpj, CBABAHHEIX MEPBHM CoOTHomeHwmeM. Tak Kak,
B cuny yenosus (11.17), cpepu nuddepennuanos dp; nmeercs

0.

posEo n — 1 HesaBucHMHZX, To KosdhduumenTtn ¥ i f
J

npu puddepennuanax dp; TPONOPIUOHAIBHE Koddduiuen-

TaM 8—’7
i

dra neMMa Jomycraer 0000IleHHe Ha CIydYall XapakTepi-

CTHK DOCTOSHHOM KPATHOCTH.

Jemma 11.3 [26]. Iyemv ¢ oxpecmuocmu  mouku

(=* p

1) ypasuenue (11.17) sreusarenmuo ypasuenuio Ay (x, p)=
= 0, 20e %d_x"_l’_" = 0;

2) cywecmeyem 6asuc {f! (z, p) coe o Pz p)} Raac-

ca C™ npasozo uyasv-npocmpancmsa mampuys L (z, p; 0).
Toz0a cywyecmsyem nocmoannas C maras, 4wmo

wa AL B__ 6A()
i 35]‘ _C—apj (11.19)
npu ecex a, g e {1, k), A1 <<j<<n, e2de {f*!,
, ¥ } 6asuc ./L63020 HYAD-NPOCMPAHCME  MAMPUYLL

L', p; 0).
JI0oKasaTesbeTBO MOJHOCTHIO AHAJOTMYHO AOKABATEILCTBY
npensAymeil aeMMEL.
Toncrasaga (11.2) B ypasuenne (11.1), momywaem pexyp-
PEHTHYIO CHCTeMY YPaBHeHHi

Rocpo = 0, e e ey RQ(Pk = —R1(Pk~1 — szpk—z — . ..
.. — Ryg®. (11.20)

IlepBoe u3 9THX ypaBHEHUH MBI Ve NPOAHAIMBHPOBAIH;
mecaegyem ocraabHee. VMenHO moKayKeM, 9TO 9TH YPABHEHHSA
OPHUBOTAT K YPABHEHHAM IePeH0Ca BIOJE TPAaeKTOPHE raMuib-
roroBoi cmcremsr (11.16). Otu ypaBHeHWs OKa3HBAIOTCA
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fojee CIOMKHEIME, UeM [JIf CKAISPHHX TaMAJIbTOHHAHOB.
[anpHelimue paccMOTpeHMA HOCAT JOKAJbHEIR XapawTep.

Mycrs Gpyurnma S (x) yioBmerBopser ypaBHeHHIO |'aMHuIIb-
rona — flko6u B oKpecTHocTH TOYKH 2° M B OKPECTHOCTH
rourn (z°, p°, p® = 45 (2°)/0z, BumonHeHH ycmoBHA JeM-
mu 11.2, r. e. § — mpocraa xapakrepueruka. llyers f (z),
/* () — npaBit m JmeBHE HYIB-BeRTODH Martpumi L% =
= L (x, 8S (z)/0x; 0) wmacca C* upm z, Gamskux k 2°.

Torga
¢° (z) = o (2) 1 (2), (11.21)
rie 0 — crajdapuas Qymrnms. PaccmorpmMm ypapuenwme
Ryo! () = —R10° (2). (11.22)

IIpu PpurcupoBaHHOM T HMEeM CHCTEMY U3 I JIMHEHHHX ajred-
pamgecKUX YpARHEOHMH OTHOCHTEJIBHO HEMBBECTHHX @1, . . .

.+, @y, UPATEM OLPEIeIUTENb PTON CHCTEMH PaBEH HYJIIO.
Husi paspemmMocT: 3ToH cHeTeMB Heo0XOo[HMO H JOCTATOU-
HO, 9TOGH BHIIOJHAJOCH TOMKIECTBO

* (@) Rig° () = 0 (11.23)

(8 orpecrmoctm touknm z°). CrmemoBarenbmo, Ppymrumma o (x)
TOMKHA YIOBIETBOPATH YPABHEHHIO

n

S‘,ath* f+Mo=0, (11.24)
k=1
§‘f* o T S (Saalip) [+ 5| f
(11.25)

(o6ozmavenns Te sxe, uto m B (11.4)). Ilycrs (z (1), p (1)) —
pemenne cuctems (11.16); Torma
a s o

= (002) ()= D

h=1

g OA
6xh (9pk :

B cuny memmbr 11.2 umeem

f* fC() (11.26)
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(spagenns f*, f Gepyrea B TOUKe r, 3HAYEHMS POUBBOMHHKIX
or L, A — B touke (z, 45 (x)/dz; 0)). CiremosarensHo, ypasHue-
mue (11.24) Broas Tpaexropuu xr = z (T), p = p (T) UMeeT BUJ

€% Mo —0. (11.27)

Brinumews raasunii wien ¢§. a. pemenuns ypasmenus (11.1).
Iycts Ha HEKOTOPOM TMIAgKOM MHOT00Gpaswnm M pasMepHo-
ctu n — 1' B R} sajasnl coriacoBaHHEle 3HadeHHsg S, VS

(r. e. ypasmenwme (11.8) BEImOX-

¢ o(ty) ©Aercs B oxpecrmoctu M). Pac-
"~ CMOTDHM JIaTPaH;KeBY  3afady
Hommu
a8 (0
B Zlheo =29 Plmo= p°*——a(x—l,

oeM,

IJs TaMWIBTOHOBOM  CHCTeME
(11.16), ayers z (1; 2%, p (7; 2% —
pemenue sroit sanagn Homm. B ka-
gectBe f () Bo3bMeM IPOU3BOJb-
BB mpaBbii Hyuab-BekTop Marpmmnl L (z, 84S (x)/dz; 0).
Torma rmaBEBI wien ¢.a. pemenus ypasrenua (11.1)
(B6mmsm M) mmeer (cMm. (11.6)) Bun

Puc. 14.

u(z, ) =exp| S (x)——S CHML 0| f (). (11.28)
0

3necy C, M, oupenensiorca uz (11.18), (11.25) u nurerpax
Gepercs BRONH (as3oBoil TpaeKTOpWH TaKol, 4to z (T, 2°) = z
(pue. 14).

3. 3agasa Homm (11.9), (11.10) B mamsom. Ocnosnas
33j1a4a, KOTOpasg Hac murepecyer,— 910 3agaua Komu (11.9),
(11.10). B srom caydae GopMyaH CUABHO YIPOIIAOTCA, TAK
Kak omeparop L sABisercs oIepaTopoM NEpPBOr0 IOPALKA
mo mepemenHoil {. Bmemem ycmoBme

L 11.2. Marpuna H® = H (¢, =, p; 0) »pMuroBa @npm
t=0, (z, p) € R™ '

Iocunenyomue paceMOTpEHHS HOCAT 10KGALHWIL Tapak-
mep — HeUcTBUE IPOUCXOXUT B Majo¥ okpectroctn U Pukcn-
poBanHO# TouRHm Qy = (¢4, z°, p°). BBemem ycaosme

L 11.3. Co6crBennsie smawenusa hy (Qo), 1 <o <N,
PA3IHUYHEL.
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Torma B mManoit okpecraoct U coGcTBenHbIe 3HAYEHUS Ry
0ecKoHeYHO zmq)(bepeHunpyeMLI n cym,eCTByeT OPTOHOPMHPO-
BaHmui Gasue {f* (¢, z, p)}, 1 << a << N, u3 colcTBEHHHX
BeKTOpPOB Marpmi(bl HO.

Ypapaennio [ammabsroma — fAxobum  (11.13) orseuaer
cucremMa l'amuabrona

dz  0Ohg dp Ohq

iy e e Fab (11.29)

Honyaum ypasnenms nepernoca. [lomcrasasaa (11.41) B sBO-
monuonHoe ypasHenue (11.9) u npmpaBruBas nymao Kodhdu-
MeHT npu A~l, moayuaem ypaBHeuue

Ryt = — Ry, (11.30)

Ro=12%-+H (1, 2,23 0).

Ecnu ¢ynxnus S ymoBaerBopsier ypasmenuio (11.13),
det Ry = 0, ¢° — colcrBenssii BeKTOp, OTBeYaomuil cob-
cTBeH#OMY 3sHauenuio h,. DuxcupyeMm (raafkuii) coOGCTBEH-
wrii Bextop f*. Torga

o = of%,

rie ¢ — crajsapHas QYHKUMA, TaKk Kak kA, — upocroe col-
creenHoe sgavenne. HeoOXoMuMbIM M JOCTATOYHEIM YCJIOBHEM
paspemumoctu ypasuenus (11.30) asusercs ycaoBme

(1% Ryf*)=0. (11.31)

Omneparop Rl nMeeT BUJ

OH o9

r1i 928 02H
axj dz;, apj opy,

+ 58 Jo=Tg+Re, (1132

J, k=1

rme H = H (¢, z, p; 0), p = dS5/dz. llpeoGpasyem ypasue-
uue (11.31). Beegem ompegemurens

To (¢, 2)— det -a’i%i (11.33)
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3mecs  {z* (¢, y), p* (¢, y)} — pemeHme TraMUIBTOHOBOIL
cucremsr (11.29) ¢ mammnmum Homm

S
Tlmo=y, Plicog=-22 (11.34)

Ypasuenue (11.31) u ecth mcxomoe ypapHeHme; WMEHHO,
TOKAIKREM aHalor JeMMbl 3.14 s cucTeMH ypaBHEHHH.

Hewmwma 11.4. Hyems ycaoceus L 11.1 — 11.3 eunoa-
newtt, 0 = 0 (¢, ) — ckasapras PGYHEYUI, eKMOP-GYHKEYUS
f® maxosa, wmo { f*, f*) = 1. Toeﬁa

(" Ryof =017 L inJ,+ Moo,  (11.35)

8decv d/dt — npouseodnas ¢ cuay cucmemnr Iamusvmona

(11.29),

. 7—1‘ o | 0H oh af*
My, = t}_Ji <f ,(—85;— O°) P
J=

apj

af®
)

(11.36)

s+

H:H(t, z, %f—-; 0).

n
1 3hy, o
2 . | ﬁxjapj+<f ’
I=

HdoraszareascTso DBexkrop-gymximua j* wumeer
Bun [ = f* (¢, z, p), tHEe p = 0—(1 S (¢, z), T.e. ABugercH
ciaokuo¥ Pynrimenn or z. CuMBOJIOM D,; oGosnaunym moaiyio
NPOUSBORHYH IO HePeMeHHOHN :cj, T. €.

oc
+ Z 8pk 0x 03:

B dopuyay (11.32) mxomar mommnie mpomsBojmsie. axee,
ecau ¢ = ¢ (£, z, p) ecTh cRaAApHAA QYHKIMA HIH BOKTOD-
dyHRIMA, TO ee DPOU3BOAHAA B CHIY CHCTeMbI ['aMHIBTOHA
(11.29) umeer Bupg

(smecs p = 0S/0x).
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YceranoBuM HeKOTOpHE aidrefpamdeckue Tosgectsa. [lug-
(epeHIUDYA TOKIECTBO

H(, z, p; 0) f* (¢, z, p) = hy (¢, z, p) f* (¢, =, p)

1o nepeMenHoH p;, moaryJyaem

oH kg
<Wj‘ 0pj) “ = (hy —H)—-— (11.37)

B »10M W moCHeNyIOIMEX TOMKIEeCTBaxX £, £, D— He3aBHCHUMEE

nepeMenHble. YMHoKas Toxectso (11.37) ckamspmo ma fP,
HoxygaeMm

(PP G 1) =T Bap - (ha— ) (', 5 N (11.38)

Huddepertiupya nCXOHOE TOMKAECTBO IO LEPEMEHHBIM
Pj» Pr M yMHOMKAA CKIAPHO HA %, momywaem

<B ap, 0phf >_a§}2§; OchL<f, 0pj_ gg @, >+
+<ﬂ5, P 2 ) 3f°°>. (11.39)

6pk dpy, /| 0p;

WNmeem
R, (6f*) = A (o) {*+ Bo,

rge 0603HAYEHO:
n
90 oH
=t 2 55 Dxy0
j=1

02H
. 6pj 0pk

Ies o 3
f +?g=of .

+Z ijf +a 3

7,

YumreiBas rtoxgectBo (11.38), moayuaem
(f A) =5

Ilpn Boramciennu Bupamenma (f*, B) BocmoabsyeMcs ¢op-
myno# JImysuans (§ 3)

n

d 928 2hg
L lndy= e
dt * j,h2=1 0z ; Bz, ap aph Z B:c ap;
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TOMKIECTBOM

afr 928
ap]. az]. axk

fa

— o« __
- thf dz,
j=1

un tompectBom (11.39). Torna moayumm, 910

*, B — {f,—- ‘.é’HDf+

j=1
n n

828 ohg _3je a8
L3 Y e s
0 6 6’1 oz, < “ap, @p, 0z:éx
J,h:i Pr i OPi P OF1 0%
=
g=(

oH of* @S
Z + (’)g
, B=
oL z é‘ha (oA
=" S+ 355 Duf >+

p aph Gx dxy

9p;
11 dt _Phy
+?[Tt’1nJ“" CANTITY ]+
=1
: oH ar* / H
' OH  Ohg f o o
+2<'f ’(apj 6pj) 5xj>+\f’ a=0'f>'
=1
103
YuursiBag $opMyILy 1A DPOU3BONHON % B CHJIY CHCTeMHI

Tamunprona, moaywaem (11.35), (11.36).

IIycrs ycaosuss L 11.1, L 11.2 npo-upemmneMy BHIION-
HeHsl, a Bmecto ycaosusa L 11.3" Bmemem yciosme

L 11.3". B oxpecrmoctn U tourm @, marpmma H umeer
cobcTBeHHOe 3HAaUeHUe h (f, x, p) MOCTOAHHOH KPATHOCTH X,
U cymecTByeT oproHopMEHpoBammHI Gasme {f*}, 1 << o < «,
13 coOCTBEHHBIX BEKTOPOB, OTBEYAION[UX COGCTBEHHOMY 3HA-
wenmio h, rracca C*(U).

B aacrmocT:, 9T0 ycnoBHE BHIIOAHAECTCA MJAA YpaBHEHHS
Hupara (§ 14).

Torma Bcakmii coGcTBeHHHN BexTOp f, OTBewarOImuil cob-
CTBEHHOMY B3HA4YeHHWIO /, MOKeT OHITHb TIPEJCTaBACH B BHUIE

H

f= 2 Gafa7

=1
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rie 0, — CKajApHbie pynKmuu. B sTOM cayuae BMmecTo CKa-
AAPHOTO ypaBHEHHS HEpPeHoca Ml MONYIUM CHCTEMY YpaBHe-
gl naa ¢ynknuit ¢,. VimenHo, copaBefanmBa

Jemwma 11.5. ITyemv ycaosus L1114, L 11.2, L 11.3
eunoarenst. Tozda

(', Ry (0f%)=080p (—%——]—%th-an) 0+ Mago, (11.40)
1<a, B<x,

Sl

02h B aH
Sap Z 9z 0p; +<f

HoxaaaTenbcTBo BTOM IeMMHl CJIe[yeT U3 HOKa3aTeJIhCTBA
aemmur 11.4, Cucrema ypaBHeHHIT mepeHOCA WMEET BHI

. f“>. (11.41)

k.1
d 1 d
(—d_t+77{1nj) Gﬁ+ Z Ma[iga:01 1<5<M'
o==1

Bynem uckars wactuoe ¢. a. pemenme cucremsr (11.9)
B BH[E

u® (t, x, A)=exp [iASq (t, )] kZO (A" Qhe (t, x), (11.42)

rxe S, — pemenne ypasaeruns (11.13). . a. pemmenne 3agaqn
Komm (11.9), (11.10) 6yner npencrasieno B BUHe CYIOPIO3H-
I¥MA TaKAX 9acTHHX §. a. pemenmii. B caywae cmcTeMs Bo3-
HOKAKT IBa HOBHX 06CTOATEIBCTBA, KOTOPHX HET B CKAJIAD-
HOM: CiIydae.

1. IlepBoe mpubam:xenme HAXONUTCA ¢ IOMONMBI0 YpaB-
HeHUA A BTOPOr0 UpAGIHKEHNA.

JelicTBATeNBHO, BHIIEG MHE BHJEJIN, YTO NPH BHYUCICHUN
¢ HeoOxomaMo Bocroabsosathes ypasmemmem {(11.30).

2. Yro6m moxyunrb ¢. a. pemeHme ¢ TOYHOCTBIO 10
O (A?), meo6XonuMO 3HaTH J(Ba. NPUOINKEHHAA.

JlediCTBATENIEHO, €CAUM OIPAHAYIUTHCA TONBKO TJIABHBIM
YJeHOM, TO

e_m»sa L (¢ %) = Tl?.— R+ 0 (A2)
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n Ry =£ 0. Ilosromy ¢.a. pemenme ¢ TOIHOCTHIO [0
O (A?) cnenmyer B3ATH B BHJE

u® = exp [iASq] ((POOC_!_%?C cpla) . (11.43)

JaA CRamApPHOTO YPABHEHHA MOMKHO HONOKUTL @ = 0,

Bsepmem caepyoliye ycaoBHA.

Yeaosue L 11.3' samerum Gonee CHIBHEBIM:

L 11.3. CoGerennnie sHavenuws Martpuust H (¢, =, p; 0)
pasmmanael npa 0 <C¢t << T, (z, p) € R*™

L 11.4, 3apaua Komm (11.29), (11.34) nmeer, u mpurtom
eHHCTBEHHCE, DeIIeHue

{z*(t y), Pt }EC™ (10, TI X Ry).

L 11.5. Orobpamenune (¢, y) —> 2= (¢, y), t€[0, Tl
y € R} ects pudpdeomopdusm.

CumBonom O_p, ¢ 00603HAUHM KIacC BeKTOP-QyHKOMI
P (¢, x; ((M)Y) rarwmx, uTO

1) ¢ € C” (R x [0, T X Rf);

2) masa a00HX MYJALTUHMHIEKCOB o, P u oA Jroboro
IEJIOT0 § CHPABEIIHBH ONEHKA

” DEDM (2, x; (M || Cayp, b MR A1 2] ) (11.44)

apu A =1, 0<<t<{ T, z€ R*, rme wnocroapamnie ( He
3aBUCAT OT £, I, A.

Omenxa (11.44)—yroumennwii amamor omenka (3.54).
Ilpumepom BekTop-pyHEIUE ¢ € O_p, 1 CIYRHAT

'[p = }\,"M exp [l}\«S (t, x)] P (tv Z),

rae S — BemecTBeHHo3HauHas QYHRmuA Kiaacca C° mpum
0t T, z€ R, ¢ — Bexrop-pyaKOud, ¢ TakKe OecKo-
pegno puddepennupyema m @ (¢, 2) =0 mpu |z | = q,
0L TT.

Ecan, rpome toro, Bee mpomsBomubie GYHKRIUE S orpa-
auvensl mpu 0 <<t <C 7, 2 € R*, 1o B KadecrBe ¢ MOKHO
B3ATh TAKYI BEKTOD-QYHKIHI, 4TO

I DD (t, D) | < Cavpoor (1127
mpu 0 <Lt <L T, z€ R" u upn nw0bux a, f, M.

Bynem, mus KpaTKocTu, TOBOPUTH, 4TO REKTOP-QYHKOUA
u (¢, z, A) ects ¢. a. pemenne cucremsr (11.9) ¢ TogHOCTRIO
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no O (AM), ecan
2 1
(AD I +H (T, z, M'Dy; (M) )] u=9M€0_y, 7. (11.45)

Iloctpomm wactHBre ¢. a. pemenus cucrems (11.9) mpm
yeaosusax L 11.1—L 11.5.

Brauwame Gymer ommcama mpomegypa mocTpoeHEs ¢. a.
pemeHHs, a 3aTeM MHB CPOPMYIMDPYEM COOTBETCTBYIOIIYIO
TEOpeMY.

1. ®ynrmua S, (4, z), Bxogamas B dopmymy (11.42),
onpefensierca Kak pemrenne ypaseHenma (11.13) ¢ mamneimm

Konmm
« (0, ) = S (2). (11.46)

ITo yeaoBuio S, € C*¥ upn 0 <<t << T,z € R,

2. IlorkaskeM Temeph, KaK BHYHCIUTL BEKTOP-PYHKIIUIO
¢ (em. (11.42)).

Ifycrs {f* (¢, z, p)}, 1 <a <N, — oproHopMEpOBaH-
ueit Gasue (apuw KaseAeX QurcmpoBammmx (¢, z, p)) B R"
rracca COnpu 0 <Lt << T, (z, p) € R*™, cocToamuii ua cob-
CTBeHHHIX BeKTOpoB Mmarpuusl H (¢, z, p; 0). BriGepem srm
BEeKTOP-QYHKINK  TaK, 9T0GH  Bce  BeKTOP-PYHKI[AH
(0, z, 8S (z)/0x) Goinmu duruTHeiMu., BosbMmem ¢ B BuHOe

" (t, z) = g, (t, 2) f* (¢, z, p),
rae p = 08, (¢, z)/0x, 0, — HemsBecTHAsA CKAJAPHAA PyHK-
maa. Torma Ry = 0. U3 (11.31) n aemmu 11.4 maa o,
NOAYYaeM [ PAGHeHUe NepeHoca:

dO’a *_ 0'“ dln./ +MO¢O'0¢~O (,11.351)

3anmaBas HeKo'ropme JaHHEe Homn opu ¢t = 0 u pemas ato
ypaBHeHHe, IIOIydaeM

——— t
— Jo (0, 1) _ 1
=V I 6 exp[ § M“er 0. (0, y).

Takum o6pasoM, I'TaBHHE WIEH aCHMOTOTHKE MMEET BHJ
u*® (¢, x, )=

t
._exp[ﬂ»S t, )] I/Ja(? yy))exp[ SMadT Ga]t o X

0

X f*

(t z, p) - (14.47)
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B oroit dopmyme z = a*(t y), p = p* (¢ y) (3TO
pemenmne 3amaun Komm (11.29), (11.34) nns raMuabTOHOBOM
cHCTeMEl, AkobuaH J, u Qymxmua M, OUpENeNnHsOTCA U3
(11.33), (11.36)).

Ormerum, uro u® * (¢, z, 1) = 0 BHe MHOKECTBA

x=2%(t,y), 0t << T, y€supp f* (0, y, s (y)/dy), (11. 48)

T. €. BHE MHOKECTBa, KOTOPOe 3AIOJHAETCS TPAeKTOPUAMH,
BHOYIIEHHBIMA K3 HOCHTENA BEKTODP-OYHKIUHE [f%*|;—o. Daan-
KocTh BeRTop-Qyukmua ud *upn 0 <Lt <K T,z € R™, A =1
O4eBUIHA.

3. Teuwepp BHYHCAMM CHGAYIONHE WIEHH pPAa3I0KEHUA
(11.42). Iloncrasasaa (11.42) B (11.9) m npupaBHEBas HYIW
K0d(pPUITHEATE U CTemeHAXx A, MosydaeM PEKYDPEHTHYIO
CHCTEMY ypaBHEHUI

ROCPXOL = -'—BI(POOL7
Rop® = —Rigle — R,q%, - (11.49)

B cranspuom caydae Ry — 5T0 omepaTtop yMHOKEHHS Ha
¢yarnuo, @ Ry==0, ecau S, — peileHHme ypaBHOHHA
Pammaprona — flko6u; B BekTopHOM caygsae R, z= 0.

Brrumcaum o', Pneen

Pl = 2 Capf®. (11.50)

Mmeem RofB = (hy — hy) fﬁ. YMuOMAA NepBoe W3 ypaBHe-
uus (11.49) crangpuo wa /8, noxyaaem

B (I3
c&F%, Bo<a. (14.50)
3necs, kak u B (11.47), smavenus Qyurnumii m BEKTOpP-PYHK-
wmik Gepyres B Touwe {f, x% (¢, y), p* (¢, y)). B cuny roro,
910 Bekrop-pyurimu [P (0, x, Js (x)/0zx) ¢mHEUTHEI, HMeeM
[ g — hg | = C >0 Ha MHOKeCTBe, 3aJaHHOM YCJOBHAMHU
(11.48), rak uro C3 — raagkue QYHKI[HH.

4. 3uagenme KodPpdunuenra Cg, 0CTAGTCHA HEMIBECTHEIM.
Ecnm ME X0THM OrpaHMIUTBCA . 8. pemIeHHEM € TOYHOCTBIO
mo O (A-%), ro Momuo momosxurs Chy, = 0. IIpm nmocrpoennn
Gomee TogHOTO (). a. pemeHus KospPunEeHT Chy OmPEAeIAeT-
€A H3 CIeNYIOIero UpuOImmKeHnHd,
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HeobxoquMsiM H JOCTATOYHKIM YCAOBHEM Da3peImMMOCTH
proporo u3 ypasuenuil (11.49) asuserca

(1%, Ry@!® - (f%, Ryt =0,
TaK YTO '

(f*, Ry (Caaf™)) = g%,

e
gi%=— Rog™— Ry 2 Capf®
Bt

ecTh U3BeCTHAs BeKTop-QyHKumA u g'® = (0 BHe MHOKECTBA
(11.48), 1. e. BHe mpoeKIUHA Ha R?fxi TpYOKHE TpaeRrTOpPHI,
BHIIYIEHHON u3 supp /% B cuay memmu 11.4 moayuenmoe
COOTHOUIGHHE eCTh ypaBHenme mepexnoca (OOLIKHOBEHHOE NH(-
depeHIIANLH0e YPABHOHNE BIOIb TPAEKTOPUH):
1
ac dInJ

ozoc_l_ C

. Mol = g,

3anaBad (bHHHTHHe napasie Homm Cly |i—p, HaxomuMm Chy
BI0Jb TPAEKTODHIL.

Taxum obGpasom, mpoieaypa OTHICKAHHA WICHOB ¢. a.
pemenus Taxosa. Hmeem

Zcﬁfﬁ

Kosppurmentsr Caﬁ, o = B, HaXOIATCA W3 a.ureﬁpanqecxm‘(
coorHomenuit (em. (11.50)), a KospdummenTs: C(m — u3 ypas-
HEHUH IIepeHoca, IPHIeM JUIA BHIMCIeHHA (i, HEOOXOXEMO
ACHOIL30BaTh ypaBHenue mis (k + 1)-ro npmOamKerRus.
TeMm campM JoKa3aHa

Teopema 11.6. Iyemov ycaosus L 111 — L 11.5
ewnoanens, S (z) € C°, {f0, z, 88 (x)/oz}, 1 < a < N,—
Purumnse cob6émeerisie 8ekmop-Pyrryul kaacca C° mampu-
yo. H (0, z, 0S (x)/oz; 0).

Tozda das awbozo yeaozo M =1 cywecmeyem ¢b. a. pewse-
“nue ¢ mounocmoio 90 O (A~M) cucmemwvr (11.9) euda (11.42).

JT0 o3HAYAeT, 4T0 IA U¥ CHPABEIJIMBO COOTHOINCHHE
(11.45). 7

OrmernM, 9TO BCo BeKTOp-Pyarmun @** € C™ mpm z € R®,
0L T, n TO/IECTBEHHO DABHE HYJI0 BHE MHOKOCTBA,
samammore coorsomenusamu (11.48).
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Inapuasil wieH acumnororukm fRaercs dopmymoit (14.47),
a ¢. a. pemenne ¢ TourocTh0 10 O (A~2%) mmeer sug (11.43).

Pacemorpum samasy Komm (11.9), (11.10).

Teopema 11.7. Hyemv ycaocsus L 114 — L 14.5

eunoanens, S (z) € C° (R"), u®(zx) € C;° (R™). Toeda dan
atoboeo  yeaoeo M =1 cywecmeyem eexmop-ynryus uM,
kKomopas ssasemcs pewenuem cucmemuvt (14.9) ¢ mounocmur
do O (A™M) u umeem sud

uM(t, 2, M) = usM (i, x, 1), (11.51)

1

L

20e pewenus u*M umerom sud (11.42). Bewmop-gynryus u
ydosaemeopsem dannum Howu (11.10):

uM|,_o =exp [iAS (z)] u° (z).

Bermop-gpynryun u™ obaadaom memu e ceolicmeamu,
ymo u ¢ meopeme 11.6. Kpome mozo, uM (¢, xz, A) = 0 ene
MHOHCECTBA,

z=12%(y), 0t T, y € supp u’ (y).

HoraszatTeanbcTso. Bextop-pyaxmma wuM smpa
(11.51), B cuay reopemsr 11.6, aBaserca ¢. a. pemenuem
cucteMut (11.9) ¢ tounocrnio mo O (A-M)., Ocraerca yuoBier-
BOpUTE manuuiM Homu, nenonsays mpouasoa B BeiGope §. a.
pemenuit u*M. Vmeem

M
uM limo == exp [IAS (2)] 2 (M) ¥* (),
N

YO (2) = 21 ouf” [t=0+

=

N
YR = 2 (Cos) =0 (k=1).

o, B=1

Tax rax BerTopsr {f* |;} oOpasyoor raagruii opro-
HopmupoBanHHi#t Oasuc B RMN npm moboM x, To, momaras
npu =0

Ou {t:() = (uO (x)’ f“ ’t———-O)’

noxygaem §° (z) = u° (z)., [Ipu atoM G4, |1—o € C;° (R™). Uro-
0N yROBAETBOPUTh HAHEHM Homm, ocraercAa FOOWTHCA TOTO,
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arobur Y* (z) = 0 npm k¥ > 1. V3 ypasmenna §' (z) = 0 mo- -
IydaeM COOTHOMICHHSA

Clplimo=0, 1<B<N.

HamommnM, 4To [0 H3BECTHHM O, f* KodpdmiumenTH Cgg,
o = B, oOmpemeaAOTCH ONHOSHAYHO, 2 KOIPPHUIAEHTH Cly
YIOBIETBOPAIOT YPaBHEHHAM IIePEeHOCA, OfHARO JauHbe Homna
MOKHO 3ajgaBarTh mpousBoabuo. llomaras

Céﬁltzoz—gﬁcéﬁlt=o, 1< BN,

‘momxydaem, aro P! (z) = 0. Cymecrsenno, ur0 Ko3ddUIUIEHT
Chg li—o =0 BHe HocHTeas Bexrop-pymxmmm u’ (z). Ilpo-
AONKAA STU pacCy;saeHus, moiaysaeMm ¢. a. pemexmne, g
KoToporo pamusie Homm yZOBIETBOPAITCA TOYHO.

Hpumep 11.1. PaccmoTpuM cuCTeMy mnepBOro HOPAT-
Ka, He 3aBHCANILYI0 OT [:

[AID; -t i A; () Dy, +B(2)]u=0. (11.52)
i=1 4

3necs A; (z), B (z) — BeuiecTBeHHbE CHMMETPHUSCKHE MarT-
PHITEL.

B srom cayqae gopmyana (11.47) masa raaBHoTO 4ieHa acHM-
LTOTHKU YOPOINAETCA, TAK KaK BEKTOPH f* MOKHO BHOpPaTh
He 3aBUCAIIUME OT { I TaK Kak Hp,p, == 0. [losToMy ruaasmsri

9JleH acMMHUTOTHEH NMeeT BH]J

Ja ( ‘
1% = exp z?»Sa]]/J ((t) 5)) O =0 X

con[ [ (43 22— 3 (" a0 1)) ]
” (11.53)

AprymenTsl Bcex QYHKUMA U BeKTOD-PYHKIUN Te Ke, ITO

B (11.47).

ITpusegem amamor demmul 11.4 mas omepatopa L, B KoTO-
POM HM3MEHEH NOPAOK [IeACTBHA OIEPaTOPoOB ZXj, ij.
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Jdemma 11.8. Hycmev yeaosus aemmw 11.4 aunoamnens
U onepamop umeem 8ud

1 2
L =MDy -+ H (¢, z, A1Dg; (iAY)). (11.52")

Toeda cnpasedausa dopmyaa (11.35), ede Pynryus M, umneem
sud

S
j=1

f> (11.53")

dx;y E)p

HHoxasarexscrtso. [Iycrs R} — omeparop (11.32),
a R, — aHaJOTWYHEH omeparop, OTBEYAION[HMI I'aMHJILTOHHA-
ny (11.52'). Torga, B cmay (2.11), (2.15),

02H

n

0
Rﬂp:Bﬁp-{—Jé‘i 52, 57; .
Huddepennmpys Tompecrso (11.38) mo x;, momysaem

ol oH 6% | oH of*

9p; 0zn I 3p; an " dzn ap
. .
+H dpjdzy, ~ 0pjoxy F+ ap; axk +

Ohg, 924
t e “Bxy ap + * 9pjoxy,

YMHO3KA HTO TOKIAECTBO CKAJAPHO HA %, HONYI2eM TOKIECTBO

o e 1)+ () )+

a(H hg) 9f*N\ _ 0%
+<f ’W?La—p,- = sarae- (11.54)

W3 a7oft popmynm u remmur 11.4 cmegyer (11.53").

4. Acummrornka sajaum Nomn (11.9), (11.10) B memom.
C aroit sagavelr Hommu cesasanst N jarpamskeBHX R-MEDHBIX
MHOro00paszuit

AL o ={(z, p): z=2a%(t, y), p=p* (¢, ), yER"},
1<<aCN,
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B ¢asoBom mpocrpaHcTBe R*™ m N jarpammeBnX MHOr000-
pasumil
n+1 n
Aa - U Ai,oc
<I<T

stis

pasmeprocta n + 1 B ¢azoBom upocrpamctse R?*"*? ¢ roop-
nunaramu (¢, z, E, p) (£ — ABoficTBeHHaA K ! mepeMeHHAas).
Mur coxpauum Te ke oboszmawenus, uro u B § 10, moGaBnas
BCIONY mupexc o (Homep muoroo6pasus).fllyers G, — omepa-
TOP CHABHTA BIOABb TPAEKTOPUUE IaMHIBTOHOBON CHCTEME!

dr _ Ohgy dp _ Ohg dt dE Ohe,

dt — 6p ' dv ar ' dv. O dv at -’

(11.55)

Pacemorpum marpam:keBo MHoroo6pasue AZM'; oHo cTpo-
UTCA;O TaMHJIBTOHUAHY ko, (¢, , p) Tak ke, Kak ¥ B § 8, 1. 3.
[Tonyanm dopmyny KoMMmyTaruu fisA oueparopa L U Kawo-

i
HUYeCKOI'0 oIeparopa KazK'jnH. Ilyets muoroo6pasus
o

A" n coberBenusie sHauenma hg, 1 << B <C N, ynosaerso-
AT ycaoBuaM Teopemu 8.4, yeaosua L 11.1 — L 11.4 Bu-
IOJIHEHBI,

Teopema 11.9. Hycmo f: AL — RN ecmv genmop-

Pynryus raacca C° u npoeryus supp f na RYY, codepacumesn
8 neromopom komnakme npu ecex t € 10, T1. Tozda cnpasedau-
64 HopMYAIL KOMMYMAYUL

LK f=Kqy X (M7 Rif + 0y, ¢ (11.56)
j=0

npu awbom yesow m = 0. 3deco R; — dugghepenyuanvruie
onepamopy Ha AL nopadre <j, ¢ wrospuyuenmamu u3

kaacca CT (AL™), ne sasucawyumu om h. Haaee,
Rof = (H — hyl) f. (11.57)

Ecau f = 0,/*, ede o0, — craaspuas Pynkyus waacca
C™ (ARY), (%, f*) =1, mo
Ry (0%f%) =0, (11.58)
(1%, Ry (0af") =202 4 M0, '

20e gpynryus M, umeem eud (11.36).
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Bo Beex stux dopmynax f = f (¢, z, p), roe Toura (z, p) €
€AL o

JTa TeopeMa HIpaeT TOYHO TAKYI K€ POJb [JIA CHCTEM,
910 M Teopema 8.4 MIA CKaNADPHHX YPABHEHHI.

B gopmyaax (11.56) — (11.58) saraioueno ocnosnoe codep-
Jgcanue Hacmoswe2o napazpaga.

HJorasarexpctro teopems 11.9. IIpusemem
TOKA3ATENBCTBO [IA HPEKAHOHMYCCKHX OmepaTopoB; mocie
9TOr0 Hepexoj K KaHOHUIECKOMY OLepaTopy COBEPIIAeTCA
TaK e, KaK M B II. 3 JOKA3aTeJLCTBA TeOpeMbl 8.4.

YuuTHBasg HHBAPHAHTHOCTH MHOToOOpasmus ALl orHocm-
TEALHO CABUTOB BHOJL TPAEKTOPHI JUHAMUTIECKOH CHCTEMBI
(11.55), BmGepeM KapOHHYeCKHH aTiac crmermuaibHEM o0pa-
som. Mwmenno, myets £ — Kapra ma A} ., xoropas nudpdeo-
MopdHO ]I[poeRTI/IpyeTGH Ha JaTPaH)KeBY ILIOCKOCTD Dy, &)
(smecn (y) U (8) = {1, 2, ..., n}, muomecrra (y), (8) me
.nepecexamca). Toma xaprer g' Q oGnagaior oTHM Ke CBOII-
CTBoM, ecam |1 — fy | < e, rme & >0 mocraTouno Malxo,
a Q@ — wapra Ha AJ, ,, RoTOpas comeprmTca B  BMecre
CO CBOMM 3aMbIKaHHEeM. B KauecTBe KAHOHHMYECKOTO arTiaca

Ha ALYl Bmfepem ardac W3 Kapr, NPOCKIMM KOTOPHIX HA

ap umeor B | g'Q.

lt-tol <e
1. HoxaskeMm ¢opMyny KoMMYyTamum B Heocofo#dl Kapre.
IIycrs £ — Heocobasa KapTa, T. €. B Ka4eCTBe KOOpHUHAT Ha Q
MOKHO B3ATH IlepeMexHsie (¢, ). B cooTBeTcTBUH ¢ BEIOIEN3JI0~

JHEHHBIM Q MOMKHO B3ATH B BHUE

z=2%(t, y), p=rp*(E y),
t
E—'-——Eo——S

0

Ohg

dv, ty—e<<t<<ty+e, yeQ.

3mece Q — ob6macte B R}, {2%, p*} — pemenume cucreMms
(11.29) ¢ mammpive Kom# z |i—g = 2° (y), p |i—0 = P° (1),
rge Touxa (z° (y), p® (v)) = A}, . Tourm r € Q mapamerpu-
ayorcesa mepemeHusMu (¢, y): r = r (¢, y). lpegragonwgeckuit
omeparop K B Kapre €2, ¢ TOYHOCTBIO [0 HECYLIECTBEHHOTO
AUCIOBOTO MHOKHTENsI, WMEET BUJ

(K (7)) (¢, 2) = exp (8) )/ T B (g0, 2
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(sce MHJEKCH y omepaTopa K, AdA KPAaTKOCTH, ONYIIEHBHI)-

31ech
t

S— 5 (p*, da®) — he dt"),

pHTErpaja Oepercsa BHOJH OHXapaKTePUCTHKU, S — B TOUKE
r= & z*(t, y), E, p* (¢, y)). Umeem

S,
at —hOC (t7 x, p)
B Rapre Q. Ilyers Bexrop-pymkumus € C2 (). Torpa,
B cury (11.3), (11.4),

LKf = oxp (125) )/ 280 (Rof - L Ruf) 40,

Rof = (15 +H) f=(H—huD)f.

3mecy u ganee H = H (¢, z, p; 0), rouka (z, p) € A} . Ecan
[ = 04f%, To us memmar 11.4 caepyer (11.58). Mur orpannmanm-
cA mepBHIMHU ABYMA wienamu pasiomenus (11.56); cymectso-
BAHHC 3TOT0 PASIOKeHUs ¢ JAOGHM UHCIOM YIHOHOB BHITEKAET
u3 § 9. B panppefimem Tak)ke OrpaHUIMMCHA HEPBHIMH JIBYMA
CIEHAMH,

2. Ilycre Q@ — ocofas Kapra, ¥ IYCTHh B KadecTBe KOOPAU-
nar Ha Q MoskHo B3ATh mepemenmsie (f, p). CoorHomenmus
(11.56), (11.57) monaspIBAIOTCA TOYHO TAK jKe, KaK M BHIIIE.
Coormomenue (11.57) Mer monyaumM, wombunupys memmy 11.8
u Popmyan Aas mpeobpasoBanusa Dypre A-m. 1. o.

Nmeem

P
K¢—=F1 ( V%i;lexp (iAS) (p) (11.59)

rae F1 = Fy! .., QyuRIma S u axo6uan J ., 6yIyT yRasaHs
umre. B cuay (5.3) umeem

LFt=F[,
~ 2
L=%'D,+H(t, — x-iDp, P (iA)Y).

3aMeruM, 4T0 HOPAAOK AeHCTBHUA omepaTopoB JudepeHnn-
POBaBMA W YMHOKEHHSI HAa QYHKIUIO MHOH, 4eM B HCXOJHOM
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omepartope
1 2
L=M'D;+H (t, z, \1Dy; (id)Y).

Oyurmua S saBmenr or unepemenunix (£, p). Ee apumii
BHJ B JAaHHOM MecTe HeCYIecTBeH. BaykHo TOJIBKO, 4TO 3Ta
PYHRIUA yHOBIETBOPAET YpaBHEHHIO I aMILIbTOHA — fKoGH

Cnenaem B cmcreme l'ammabroma (11.29) sameny

Z=p, p=—=x (11.60)

U TOJOKUM
R (t, 7, P) =ho (I, x, D). (11.61)

Cucrema (11.29) orsewaer ypasuenuo ['amuarrona — fArobn
(11.13), uw p = 9S/6x wa TpaewkTOpMAX HTOU CUCTEMBI (CM.
(3.10)). Ilepemennas ¢ urpaer poab ImapaMerpa.

IIpeoGpasosanme (11.60) — xamouwueckoe; mo TeopeMe
4.16 mpu Tarom npeobpasosamuu cucrema [ammabrona (11.29)
CHOBA HepexofutT B cucreMy l'aMurbToHA ¢ TaMHIBTOHHAHOM
ho. Hus marmsgHocTH BHIUMINIEM BCe YPABHEHHA Iapallieib-
Ho; 3meck S = S (¢, ), S =8 (¢, p) u, B cuxy (11.60),
(11.61),

To (t, 2, p) = hy (t, p, —2). (11.61")

Caenyiomasa rtadnuma WLIOCTPAPYET TBONCTBEHHOCTH X-
¥ p-OpeAcTaBISHHUI.

Z-TIpeacTaBJIeHe

Ny as )
—a—t— + ho(, (t, Z, 712_ == 0
de _ 0hy  dp Ohey

dr ~ ep ' dt oz
HA TPaeRTOPHH
_as

oz

p-upepcraB/ieHue

o8 | a8

_0—t_+ha (t, —-'—0,7)—,p):()
dz _ ohy dp ok
dt ap ' de or

Ha TpPaeKTopuu
~ &

rF
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Hus OGomee uONHON CHMMETDMM 3alHINeM yDPaBHeHHA
I'amunbrona — Axobum m omeparoput L, L B Buje

as ~ ~ o~

—t—i‘h'z(t’ x’P):O 7’}‘}%(% .’E,p):()

2 1 - = A 2
L=W\'D;+H (L, z, A'p; €) L=M\'Dy++H (t, 2, M1p; €)
rne cumsoant H, H CBAsaHEL TeM ke COOTHONICHHEM, TTO

a hg, 7la:
H(t, z,p;e)=H{(t, z, p; e). (11.61")

Ilpavenas semmy 11.8 (B JAHHOM  Ccayuae Jq =

Iz (t,y)
=det — aHAJOTHIHO (11.33)) , moaydaem us (11.53)
y
nas oneparopa M. BmIpakeHue

Ma:—2<f, (hg—H) 37* >+

8:::] 0p_,
0%y < aHO J ~a>
3 % dz; 0p; +% ")

Ianee, B cuxy (11.60), (11.61"), (11.61") umeem

3he (8,7, D) __ 9hg (¢, , p)
(3;]' 35]' 0z 0pj

oH of* _ oH of*
oz; 05,- ~ op; 0z;

HamoMuuM, 9T0 B OKDECTHOCTH Ka:RAoH He0co00d ToURH
Raptel Q < AL B KavecTBe JOKAJNBHBIX KOODHUHAT MOKHO
Beiopare aubo (¢, x), aubo (¢, p) U 4TO TOUKH

(t, z, E, p), (& z, E, D)

OIIpeNelIAT OJHY M TY e Touky Ha A+, ecan

0S4 (¢, x) ~ ~ 6S (t, p)
=%+ T=P P= ap

15 B. II. Macios, M. B. @egopoK
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3. Touno Tak ke MCCHENYeTCA CAydail, Korjla B KauecTse
JTOKANLHEX KOOPAHHAT B KapTte {2 MOMKHO B3HTH {, 4aCTh Iepe-
MEHHHX % H 9acTh DNepeMeHHHX p. Imenmdno, nycrs
{1, 2, ..., n} =) U (v), maosmectBa (3), (y) mHe mepece-
Kaorca u (4, Py, &) — JTORATBHEIE KOODIUHATH B KapTe
Q, F! =F3 poy-xpyr Omeparop K mmeer Bmg (11.59).

CroesaeM KaHOHHYeCKOe IpeobpasoBaHme
Ty =Pry Dr= —p, k€ (),

;k:xkv Ek:pk’ kE(Y)y
TaKk 9TO
Z={(Pw» Tp) P=(—2Z Pp)s

m momosuMm, Hax ®m B (11.61), (11.61"),
R (t, T, p) = ho (t, @, D),
H(t, 2 p; 0)=H (¢, , p; 0).

Torpa moayuenHne Ha ¢Tp. 223 GOPMYIH OCTAHYTCA B CHIe,
¢ TOU IWUIMb pasHHUe, 4T
2 1

—~ 2 ~ —~ 1
L=N1'D,+L (7\4—10;(6) » Zyyr Pepys }\'—li(G); (i}")_l)'

VimenHo, mO HEpeMEHHRIM Z, U T(, ONEPATOPH YMHOMKCHHA
Ha (yarnuio u puddepeHnmpoBanud AeHCTBYIOT B pasHOM
mOopARKe, TAK UTO NpH BHUHCIeHAH M, HEOOXOMUMO HCIIOIh-
soBaTh u Jemmy 11.4, u memmy 11.8. Ho, xax M yixe yOenu-
amcn BEIme, B no. 1, 2, caaraemere, cocraBasoomze GyHEKIAIO
M ,, MHBADMAHTHH OTHOCHTENBHO LOPAMKA, B KOTODPOM Ieii-
CTBYIOT YKa3aHHEE OmEpaTops, Tak dro ¢dopmyrna (11.36)
ocTaeTcAa B CHJe.
Pacemorpum sagawy Homm

U |t=0 = u® (x) exp [iLS, (z)] (11.62)

mas cmeremst (11.9), rme, Kax o6Gsrano, ¢ymrmusa S, (z) ¢
€ C” (R") u BellecTBeHHO3HAYHA, BeKTOp-OyHEmua u’ (z) €
€ CT (RY. Ilyers {f* (t, x, p)} — oproHopMupOBaHHLIH 6a-
3uc U3 coOCTBeHHKIX BeKTOpoB Matpunkt H (¢, z, p, 0) rnacca
C* mpm 0<<t<<7T, (x, p) € R* Torma, Kak moKasaHo
B jpoxasatenpcTBe Teopemut 11.7, Bexrop-pymmmus ul ()
pasmaraetcs OO0  COOCTBEHHEIM  BeKTOpaM  f% [;_, ==
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= f@ (0, z, 98, (x)/0x):
N
[u (x) = ;1 0o (2) f* li=o0, (11.63)
e o () € Cy (R™). CoorBercrBenno 3amaua Homm pac-
magaerca ma [V 3agad Homm

w9 |i_g = 0 (2) * |io- (11.64)

Pemenne zamaunm (11.9), (11.62) ecth cymma pemennil 3amaq
(11.9), (11.64). Hamomumm, gro ycmosusa L 11.1 — L 11.4
BHIIOJHEHE M 4T0 BCe JarpaHKeB MHOroobpasus AL,
1 << o << N, YHOBIETBOPAIOT YCJIOBUAM Teopemil 8.4.

Teopema 11.10. Hycmo svnoanenst cgopmyiuposar-
Hole eblwe ycaosus. Tozda Oan awbozo M 2= 1 cywecmsyem
eexmop-gynryus u*M (¢, x, A), Komopas mouno ydosiemeopa-
em dannom Kowu (11.64) u ydosaemsopsem ypasnwenuw (11.9)
¢ mounocmuio do O (A™M), m. e.

LusM ¢ O_y, 1. (11.65)

dro ¢. a. peimennme MMEET BHUL

70 M

M (1, z, h) = exp [ihSo ()1 K ms > (1) ¢ (11.66)
o j=0

(o6o3navenua Te ke, uro um B (10.12)).
Bomvmem riaBHbi 9iIeH aCHMOTOTHKH:

t
¢*0 (¢, x, p) =exp ( —S My d’t) oo (¥) 1% (t, x, p). (11.67)
0

B oroit popmyne x = z* (¢, y), p = p* (¢, y) (pT0 pemenue
sagaun Homn (11.29), (11.34) masa raMnabToHOBO CHCTEMH),
a ¢ymrmus M, umeer supm (11.36).

OtmerEM, 4TO BCe BEKTOP-QYHKHUE ¢% TOMIECTBEHHO
paBHEL HyJ0 Ha Ay BHE «IOJOCE», BEIpesaeMoii Guxapaxre-
PHCTHKAMH, T. . npa KamgoM ¢ € [0, T'] onun orawyss o myda
TOJIBKO B TeX TOUKaX, HpoeKnun Korophix Ha RY” ,, comepsrares
B MHOKECTBE

{(.’I:, p): x =z (¢, y), p = p* (¢, y), y€ supp Ga}'

HorxasarteancrTso. Bynem uckare ¢. a. pemenne
B Buge (11.67). Ilo Qopmyise kommyrammum (11.56) mmeem

FETrN
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(amecyr Ko = K:\g+1)
Mo Mo
LEqu*M — K, _>_3) & ( 2 R M) + 05 p o= ()
= =

Bynem mocaemoBaTesbHO HPUPaBHUBATD HYMIO K03OPUIMEATH
npn crenensx e. Mmeem Ryp*® = 0, 1. e. ¢* = g, /% [laa
QYHEOUH O, TOJNy4aeM YypaBHEHHE IePeHOoCa

d
;’; L MGe=0

I OOCTAaBUM JalHbie Komm

monyunm (11.67). Tlocmexywomue LpubiamKeHUs HAXONATCH
mo Toii ;Ke cxeMe, 4ro M B JloKaszaTeabcTBe Teopemsr 11.7.

TunaBupiii 4nen aCHMOTOTHRE MOJKHO TaK:Ke 3amucaTh
Baume (10.17), roe ciexyer samenuts H ma b, m A} HA A} .

5. XapakTepHCTHKH IOCTOSAHHOI KparHOocTH. DBEIBemem
ypaBHeHHsA mepeHoca B ciayuae, Korja ypasmenume (11.15)
nMeeT KOPHI MOCTOAHHON KpaTHOCTH., PaceMOTpuM ypaBHOUHUe
(11.1) ¢ cmmBomom L (z, p; (iA)™1), ymoBmerBOpAOIIM yCIo-
puio L 11.1. Ilycrs h; (z, p) — cobcrBeHmbe 3HAYEHHST MaT-
puns L (z, p; 0). BeeneM ciegyionime mpeiioaoKeHus.

1) Kparmocts cobctBeHHOTO 3Hauenus h,y (x, p) paBua k
m me 3asucur or (z, p) € R,

2) Muoskectso My: ky (z, p) = 0 ects C*-MHOroO0Gpasme
pasmepuocta 2n — 1 8 RY ,. @yuxuusa k, (2, p) BemecTBenHO-
3HAYHA B OKPECTHOCTH STOTO MHOMKECTBA.

3) CobcrBeHHoe 3HAWEHHE /; M30MHPOBAHO B CIAEAYIOMEM
CMBICIIE: CYIIECTBYIOT MOCTOAHHEE €9 > 0, §, > 0 takme, uro

Lhj (=, p) | =8

mpu Beex (x, p) rakmx, 910 | Ry (2, p) | << &y, W HpPA BCeX
j 1.
4) Tlpum | ky (z, p) | << &, pesoussenra (ul — L (z, p; 0))*
uMeeT (pum QUKCHPOBAHHBIX (£, p)) HPOCTON NOIIC B TOUYKE
hl (xv p)'

Iocieanee ycrosme 03HAYAET, UTO HOPMAJBHAS JKODPAAHO-
Ba popma marpumnst L (z, p; 0) He uMeer RoPIAHOBEIX KIETOK,
OTBEYAIONMINX COOCTBEHHOMY 3HAYCHHI B OKPECTHOCTH MHOILO-
obpasusa hy = 0
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Jdemma 1111, Hycmv ycaosus 1) — 4) suinoarnersl.

Toeda cywecmsyem mampuya L (z, p) us waacca C* (R¥™)
maxas, wmo

L(z, p)L(z, p; 0) =L (z, p; 0) L (z, p) =l (z, p) I,
I*=L. (11.67")

3aecy I — emmamunas (N X N)-marpuia.

NoxasarennctTso. Durcupyem toury (z°, pP)
raKkyo, 4to #; (20, p°) = 0, u ee samrmyry®o okpectHocTh U,
B Koropoil | ky (z, p) | < &, tne & < &, Oymer yKasaHo HUKe.
B cuny yciaoBus 4) mmeeM

. . -1 __ A(.Z‘, p)
(“’I L(.Z', p? O)) #M—hi(l, p)+B(M? £y p)

upu (z, p) € U. Marpuna B rorxomopdHa mo p Upn
[W—"hy (z, p) !<f]¥i{1|hi (z, p)—hy (z, p)|,

TaK KaK IOJIOCH PEe30JbBEHTH COBIANAIT C COBCTBEHHBIMMA

spavennamn marpuusl L (z, p; 0). Ilomowmum & = 8y/4

u BoIfepem p TaKoe, aro € < p < 8, — &. Torma pesonsBenTa

rojoMopdua HA OKPYKHOCTH | 4 | = p OpH M06HX PEKCHAPO-

BanuwnX (z, p) € U. [elicTBuTensHo, HA DTOH OKPYKHOCTH

[p—Fi(z,p) [ =p—2&>0, a npu j~1

lw — ki (z, p | =

=Z|hi@p)—h@p |l +inl—IhkEpl=

=8, +p—e>0

Nmeem

Az, p)= res (W—L(z, p; 0))"=
u=hy(x, p)
1 -
=5 | =L@ po)tay,
Iu]=p

orkyma cuenyer, aro A (z, p) € C* (U). NeiicrBurensHo, Mar-
puna (ul — L)™' Geckonewno nuddepernunpyemMa mo mepeMeH-
mEM (W, , p) upu |p | =p, (x, p) € U B cuny enbopa
p, U. 3 usBecTHHX CBOWCTB BhIYeTa pesosbBents [18] BhiTe-
Kaer, 4ro

Lz, p, 004 (z,p) =4 (,p)L(z,p; 0), A*=A.



230 YACTE II. KBASHKJIACCUYECHKOE TIPUBJIIKEHUE

Monowum L (z, p) = A (z, p) B obnactm | hi (z, p) | < &,
a 3aTeM NPOMOIKEM DTy MATPHUHyl ¢yHKnmio Ha R,
¢ cOXpaHeHmeM IIaJIKOCTH.

3aMeTyM, 9TO B TadbHENNIEM HAM IOHAMOOUTCH CYIMecTBO-
BaHWEe MAaTPHILEL 2 (z, p) xracca C; TOJIBKO B MaJoil oKpecT-
HoeTH Hekoropoi Touru (2°, p%), h1 (z° p® = 0.

ITycrs ycaoBus xemmsr 11.11 Bumonmens. IToctpomm mo
raMuabTOHMAHY Ay (£, p) JarpamieBo MHoroofpasme A"
(ROHCTPYRIMSA ¥ YCHOBHS Ha FAMUJILTOHMAH TE sKe, UTO I B Te-
opeme 8.4) m wamommueckmit omeparop K = Khn

Teopewma 11.12. ITyems sunosnens cgopmyauposari-
noe ewwe yeaosus u fr A" — RN ecmv mampuunan dynryus
kaacca Cy (A™). Tozda cnpasedausa gopmyia kKommymayuu
(11.56) ¢ ocmamounvin uaernom waacca Op_y (RY). Jasee,

Ry = L' = L (z, p; 0),
LR,L= (i_iz 92 (z, p)

dt 2 0x;0p;
j=1

oL 6L° oL0
+ 2 op;j Ox] 78_ e=

0) I. (11.68)

30ecv d/dT — npouseodnas 8 cusy 2aMmuULbMOHOBOT CUCMEMbL
dx o 6h1 d_p__ 0h1

dt . ap dt Jz

u L (z, p) — nocmpoennas e aemme 11.11 mampuya.

llokasaTenbCTBO TEOPEMBl CBOAKTCA K HOKAa3a-
renbetTBY fopmyan (11.68). Ilockonpky omemRE miasa 0CTATOU-
HEX YJIEHOB ysKke OBIIM HOJIYIeHH PAHEe, TO MBl IHIIEM IIPO-
cro O (g*), e = (iA)~, me yrounsaa cmuica cumBora O. lanee,
BmbepeM wmartpuny-Qynrmmo L (z, p) € C; ¢ HocuTenew,
COCPEJOTOYEHHEM B OKPECTHOCTH HEKOoTOpoH Tourum (20, pv),
mas roropoin Ay (2°, p°) = 0. Hamomuum, gro %, (z, p) = 0
ma A" Umeem

LK = SKR]_ —I— 0 (82),
TaK 4YTO

LKL =¢KR,L+ O (%),
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rae L — omepaTop yMHOMKeHHs Ha MaTpELy L (z, p). Ilyers
1

7 — omepaTop IT(aZ:, ATID ), Torma
LLKL —eKLR,E 1+ 0 (2. (11.69)
Temepp crpynnmupyeM omepaTopsl HHAYe:
LLKEL — (LL) (KL).
B cuny (2.33) — (2.35) nmeem
IL =i+ 0+ 0 (e,

e

~ 2 1
O = Q (x1 }"_le)

eCTh A-I. A. 0. C CHMEBOJOM

Qe p)= 3 Len e ni0 L 2| (11.70)

op; dx; oe
=1

Bocnonbpayemes (QopMmyisoii KOMMYyTAmuM QIS CRAIAPHOTO
oneparopa fh; (cm. Teopemy 8.4); TorHa mOJAYy9HmM, UTO

K=ok ({5 -7 2 o)) +0 )

CaemoBaTelanHO,

2w i 1 Pk
LLKstK(I(d—T—f | T3 apJ)JrQ) +0(e?). (11.74)
]_

CpasunBas npassie actu popmy (11.69) m (11.71), moaywaem

3

s (d 1 Phy \ ¥ . 7
LRiL: (E—?_——i 2 0;51'(7;7]' ) L+QL
=1
Tem cameim popmyna (11.68) morasama.

B § 14 Gymer paccMoTpen eme ofvH BapWaHT ypaBHEHHH
mepenoca, oTBevanmmx cmcreme (11.1).
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§ 12. Kpasuknaccnmyeckas acHEMOTOTHRA
sagaun Koum pgas ypasdwenuss Ilpenmurepa

1. Tloeranopra 3agaun. Paccmorpum ypasaenwme Iipemusn-
repa
0 K2
ih = — 2 A+ V (2) (12.1)

" nocTaBuM sagady Homm

i

Plimo = Yo (z) " S (12.2)

3necs z € R", S, (r) — BemecTBenHo3HaYHAA (QYHKIHA.
Ypaeueune (12.1) ommcrBaeT ABM;KEHWE HEPEISTHBUCT-
CKOHM KBAHTOBOH YACTHIE MAacCHl M B IOTEHIMAJBHOM HOJE
¢ morenmmaabnon sueprueit V (r). Horemmman V (z) upen-
HOJATAeTCH BEHIECTBEHHBIM.
Pacemorpum omeparop L: L, (R™) — L, (R") ¢ obxacrsio

onpepenennss D (L) = Cy(R™), peficreyromuit mo gopmyie
h2
L= — o Ap +V (2) ¥
Omepatop L cummerpuden:

(Lp1y Po) = (Y1, Lp,)

mas aGHX Yy 5 € C; (R%), rme ckamsipHoe upomsBeneHue
(-, +) nmeer BHA

(b9 = | 0@ ¥ (@) da.

RS

Ilpn HEKOTOPHX YCIOBHAX Ha moTeHNmAN V () MHHEMANb-
HEH cuMMeTpHIeCKIid oneparop L MOIKHO pacIIAmpPUTE IO CAMO-
. n n a
conpsixenraoro omepatopa A: L, (R*) — Ly, (R™) ¢ maorHolt
B L, (R" o6aacteio ompegmenenmsa D (A). Jlocraroumsim
ycIaoBmeM ABJAETCH, HaupuMmep, ciaemymomee [66]:

Viz)eC* R™, inf V(z) > —oo.
xER™

Torpa ypaBueune Illpenmnurepa Mo:kHO 3ammcaTb B BHJE

LAy
th—Aw. (12.3)
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Mui  orpammumMmess morenmumanamum V (z) € f (R™), rne
& — npoctpamcreo [lBapua. Hac mHTEpecyeT acHMUTOTHKA
pemenusa sagaun Homm (12.1), (12.2) upn 2 — 0 B obaacTh
z € R", 0 <<t << T. ¥Ypasuenune (12.1) mosxizo saumcars B BUfie

R R '
H(z, p) =LV (2), (12.4)

rae p* = (p, p). Jesaa wacrp ypasuenus (12.1") ecrp h71-
uceBronuddepentmanbuniit omeparop ¢ cumMBoaom —FE -
-+ H (z, p), rre E — pBoitcTBeHHAaA K ! HepeMEHHAA.

ITpumennym pazsuryo B § 10 cxemy ® ypasuenmio lllpenun-
repa. ¥Ypasuenue l'ammiabrona — AKobm, oTBevamIiee ypaB-
wenmio Illpeguurepa, ects ypasueune [ammisrona — Hxobm
KJI3CCUIECKON MOXaHHKHI

Bt g (VaS)2 4V (2) = 0. (12.5)

Dyurnua S ABISETCA Kaaccuieckum Oeticmsuen.
Yropouennas cucrema ['aMHIbTOHa, OTBeUAIOIasi ypaB-
weumio Illpenmerepa, uMeer BHJ

d d
mr=p, L=—VV(a) (12.6)

9’1'3 CHUCTEeMa J3KBHUBAJCHTHA CHCTEME HbIOTOHa
d2x

m— = —VV(z). (12.7)

IHomman cuctema Ilamuaprona wuodyuaerca nobaBieHHEM
k cucreme (12.6) cmeremnr

a
dit

dE
=1, =0, (12.8)

a ¢ymrnus S YOOBIETBOPsSET YPaBHEHWIO

S _ p?
=oY@
Ecniw z =2 (1), p=p(r), 0t <7, ecth pemenHe
cucremsl 'amuabrona (12.6), To Broak Tpaexropum peiicTsHe
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BuqnciageTct uo gopmyne

S@®) =8 @O+ | [ P@d—V@@]dr (129
0

HIHA Ke
(z(®)=S5 (&H{[ 22—V (z(0)]dv, (12.9)

rae z (t) — pemenme cueremsr Hriotoma (12.7).
Jagaue Homu (12.1), (12.2) otBewaoT marpamskeBs 3aja-
g Konm

350 ()

Zl—o=Yy, Pl=o=—p=, yeR*  (12.10)

ANA yropouemHo#n cucremur l'ammawroma (12.6) u

a8
Th—o=Y, P !t:oz—aLy(yl, tli—0=0,

Elt:(]:EOv yERn

ons cucremsl amuawrona (12.6), (12.8).

Muomecrso, sagamnoe ypapuenmeM (12.10), ectp sarpan-
»eBO n-mepuoe C™-MHOroo6pasue A} B asoBoM IpocTpaHCTBE
Ry »; MmuomectBo (12.11) — marpamskeBo n-MepHOe MHOTO-
o6pasme A} B (2rn -+ 2)-Mepuom dasosom mpocrpamncTBe R¥HH2,

Tax wax noremmman V (z) € & (R™), To pemenue mocTas-
JEeHHHIX BHIe 33ga4 Homm cymecrByer B mesoM, T. €, IpH
—o00 < ¢ < oo.

2. Acnmnrorura pewenna sagayn Komm B mazom. Iloxo-
UM, Kak 00BIYHO,

T (t, y)= det_‘””_‘ty’_” (12.11')

¥

(12.11)

rme (z (¢, y), p (¢ y)) — pemenne 3zamagn Komu (12.6),
(12.10).

AcmMnrornka pemenns safaun Komu (11.1), (11.2) weno-
cpefcTBeHHO BEITeRaer m3 peayabraroB § 10. Opmaro pas
TAaHHOU KOHKPETHON 3alady MOKHO LOJYdIATh (ojiee IPOCTHIE
QOPMYIN ¥ IJIA TIABHOI'O WIeHA aCHMITOTHKH, W JJIA IOCTe-
mylonax npuGamxennit. Bewoay B panpueilimem mpeguonaraer-
¢5, 9TO BHIIOJIHEHO YCJIOBUS
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I 12.4. Oyargun Sg (x), V () BemecTBeHHO3HAYHKE M
So(x) €C™ (R™), o (2) €Co (RT).

ITpu sTom ycropum pemenume 3amaun Homm (12.1), (12.2)
cymecrByer, emuHcTBeHHO M mpuHamiexur C™ (R2 X Ry)
npm KaykgoM ¢urcmpoBamuom hk == 0 [66].

IMonyunm xapaKrepuCTUIECKOE NPENCTABICOHNE YPABHOHUA
penunrepa B mamzom (Popmyraa (12.14)). Beegem MHOReCTBA

H(M) = {(t’ L, p): J::x(tv y)’ P:P(t’ y)1
—oo <t < o0, yE M},
Iy (M) = IT(M) ) {0 < ¢ < T},

rge M — Heroropoe MHOkecTBO B R} (puc. 4).

Muosxecrso II (M) — sro momocka, samogHeHHas Omxa-
PAKTEPUCTHKAMU, RIS KOTOPHIX T |;—9 € M (rpyOka Tpaek-
ropuit). OGosuaaum wepes I1, (M), N, , (M) onpoernum moio-
cok 11 (M), Il (M) ma R}*:. Ecau muo:kecTBO M KOMIOAKTHO,
to muO;RecTBa Il4 (M), I1; . (M) KOMOAKTHE B IPOCTPAHCT-
pax RZ¥1, R™! coorBercTBEHHO.

Jlemwma 12.1. Hyemo ycaosue T 21.1 svinoaneno u M —
wap |y | < R. Tozda cyyecmsyem T = T (R) >0 maxkoe,
ymo

DIGYEeC™, [Tty | =60
npu 0 <Kt KT, y€ M, ede J — arobuan (12.11°);

2) pewenue S (¢, ) sadauuw Kowu S (0, z) = Sy (z) Oas
ypasuenus amurvmona — Arobu (12.5) cywecmsyem, edun-
cmeenno u Geckoneuno dugppepenyupyemo npu (t, 2) €l 5, . (M).

Horazareascrtso. Bceuny yemosus [ 12.1 Bex-
TOP-PYHKINA

r=z(t y)€C” (R x Ry),

Tak 4ro AKobmam J (¢, y) Gecromeuno mupdepeHnupyeM mpu
Bcex ¢, y. Tar xax J (0, y) = 1, To yTBeps;kjeHNEe BHTEKAET
w3 KoMHmakTHoct:m mapa M. ITo Teopeme 0 HeABHOH QYHKIUH
ypaBuenme z = z (£, ) OTHOCHTENBHO J OIHO3HAYHO paspe-
MO U HMeeT eAHHCTBeHHoe pemenue y = ¢ (¢, z) Kracca C*
B OKPeCTHOCTH m1060it Togrm (fg, ¥°), e 0 < 6o << T, | ° | <<
< R. Tak kak M — woMmakr, To, npuMeHsasn jgemMmy Lefine —

Bopens, wnonywaem, uwro y = ¢ (¢, ) € C* uwpm (¢, z) €
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€y, . (M), 0< T'<<T. CaepoBaTennso,

p=p(t,y)=p( ¢ 2)=p(t, 2)€C”

upu Tex ke t, x n dyurnuma S {f, ), sagannas Popmynoil
(12.9), becroneuno gupdepeniupyema B mosocke Ily, . (M)
(puc. 4). Ira PyHRUUA ABIAETCA pemenueM 3zafaum Homum,
Ka® Toraszamo B § 3.

Boonocke I, . (M), TakuM 06pasoM, MOYKHO BBECTH KPH-
BoJAMHeHHHe KoopamuaTel (¢, y) (pue. 14) BMecTo KoopamHAT
(t, ). Ilonosxum
< S(t, x)

IR
v N

(S ompeneasierca us (12.9), roe z = z (¢, y)). Hanee, mono-

JREM
¢ (b z ()= 1) (12.13)

JJemma 12.2. lTyemv T, M me ace, umo u 8 aemme 12.1.
Toeda é noaocke 114 , (M ) ypasnernue M pedurnzepa umeem eud

ag (¢, y) 9ty y)
2L VJ(t y) Ay Ve (12.14)
BaMeTI/IM, qTo MO0 OTHOIIIEHHID K .JIylleBbIM KOOplII/IHaTaM y
oneparop Jlamraca A, ects omeparop B KPHBOMHHEAHEIX
KOOplII/IHaTaX

¢ @, z) (12.12)

n

A (t, y) = Z(Z 52 ‘) @

j=1 h=1

HdorasareaxnbcrBo. IloncraBuaAs  BHpaskeHme
(12.12) u wmenonvsysa dopmyay

A (@192) = ©AQ+2(VPy, VP2) 4 91AGo,
nmolydaeM IIoCjie COKpalmeHusa Ha e_;‘- ypaBHeHUue
2 L e, v A (77)=

~ [ s el 4 (717) -

—711-<v (]_/1_1__) VS>—-%-171}:AS], (12.15)
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a
rme V= 5. ITpaBass gacTh 5TOr0 ypaBHEHHA PaBHA HYJIIO:

Koa¢dumment mpm A° paBen HYM0, TaK Kak pgedicteHe S
ynoBnerBopser ypapHemnio l'amunasToHa — fIK0GH, a Koad-
dunuenT upn k paBeH HYIO, Tak Kak J yAoBJIeTBOpAET ypaB-
HEHHIO LEepPeHoca.

3aMmeTnM, 9TO MOKHO ObIIo OB HE BHNHUCHBAThH SABHLIA
B upaBoil wactx ypaBuenmsa (12.13); mocratoumo sHaTBh,
uTO OHA mMeeT BHT a® -+~ kb, rue a, b — GyHKOWM, HEe 3aBH-
camgue or ¢. [leiticrBurensno, ¢pyukuma (12.12) nmpu ¢ =1
ects pemenue ypaBumenusa Ilpeguurepa ¢ TOYHOCTBIO [0
O (h?), rax moxasamo B § 3, Teopema 3.15, Tax uro a = (),
b = 0. Haxouem,

g 1 __d9(t y)
-bt—'“i‘F(V(P’ VS)__dT_’

rie % — OpPOM3BOAHAA B cuiay cucteMmnl amuabroma (12.6),

H JieMMa JloKa3aHa.

Bregem mpocrpasactso Cp (L,), KOTOpoe SBIAAETCA 3aMBI-
Kanuem Gecroneuno muddepenmmpyemux mpu || <K T, ¢ €
€ R" u QUHUTHHX [0 Z TPH KamaoM (QUKCHpoBaHHOM £ €
€[—T, Tl pynroumit ¢ (¢, ) no HOpME

o @ 2)llcy@n = )
" ner e, z) “LZ(Rn):ft?i§ (énl ¢ (t, x) 2 dx) .

Teopewma 12.3. Hycmv ycaosue Il 121 ewinoaneno

u T =0 docmamouno maao. Tozda pewenue sadauu Kowu
(12.1), (12.2) umeem 6ud

L% (t7 x, h) = N
1 i ,
=S o [7 S (t, x)] ED (ih)* Py (¢, )+ Byus (¢, T, B).

(12.16)

3dece N =1 — awboe yeaoe uucao;, ocmamounuiii wiek yoos-
AETNBOPSE Oyenke

| Ryvsa (&, 2, 1) |l pan <Cyh™ (12.17)
npu 0 << h < by, 20e by >0 docmamouno mano.

Henvie euwpascenus 0Oas Pyuryull P, (6 smux dopmuy-
aax x = z (t, y) u unmezpais, Gepymcs no MPAEKMOPULM
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eamuaemoroeoii cucmemtr (12.9)) umerom eud

Yo (£, ) = Yo (y), (12.18)
t

t, — 77- A Vr (ta z (tv y)) dt-
Yriq (8, 2) _§V (¢ y) x(_———_l/./(t,y) )

Bee gyuryuu Py, (¢, ) Geckoneurno dugdepenyupyemst ¢ no-
aocke Iy, . (SUpp Po) u pasusl Hy.aio ére amoil nNOAOCKU.

Horxasarearcrsno. B ceuny yemosmsa (12.1), nem-
Mt 121 m rteopemsr 3.15 mpm awbom N =1 cymecTryer
OYyRRIAA

N+1 -
Yyualt, 2, B)= Eo(ih)kwka, z),

KoTOpasa yAoBierBopsaer mammsiM Homu (12.2) w TarkoBa, 410
L 0 h2
Ly =fy€0.yg, 1, L=1h 'y +—2;; A-—-V.

Ecan ¢yarmua f € Oy, 7, T0
I f llopizn < CRY,

9TO CAeAyeT m3 ompepienenusa riacca O_p, r (§ 10).
3apmmem ypasuenme lllpemmurepa B Bume (12.3); Toraa

. A,
lh‘i‘g"i‘ = APy iy = fy-

Us upemmomenns 10.3 caexyer, dro
b=V llopaa SKECx || fur leja < ChNH,
0 < h<Chy,
rak Kak fy € O_py-s, 7- A HOCKOIBKY

| P+ (& 2) lle iz < o,
TO _
1 —¥n lleya< CyhN .

Tem cammM ycranosieHa omeHka (12.17) gnsa ocratounoro
wIeHa. B

Ocraercs HoKasaTh, 910 Py = PJ V2, 1. e. wro {J%2
mmeer Bax (12.18). [locKoABKY CymIeCTBOBAHUE AaCHMITOTHYE-
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CKOTO PABIOKeHUS Y3Ke YCTAHOBIGHO M ACHMITOTHYECKOE
Pa3J0;KEeHIe 10 CTENeHAM A eIUHCTBEHHO, TO MOJKHO OrPaHH-
upTHCA (OPMAABHEIMA BEIKIAJIKAME IIPH JOKa3aTeabCTBe Gop-
wyau (12.18). IToxosum

r-1y2 i,;s S
p=J""% k;](zh) Py

TloncraBum B ypasuenme lllpequarepa m mocme coxpamenus
i

Ha P OpUpABHAEM HYJII0 KOIQOUIMEHTH OpH cTelneHax A.
Ucmonnays xapakrepuctuaeckoe mpepncrasienue (12.12) mus
ypaBuenus Illpexmarepa, moixydgaeM peKYPPEHTHYIO CHCTEMY
YpaBHEOHHHN

%{%!-:07 (91131_*_01‘)0_0’ ey aw]“ +Q¢JHO

Brecs V; (5, y) = P; (¢, x (¢, y)). Hammse Komm sapgarores
caegyomuM o6pasomM:

o0, )= (®), ¥;(0,y)=0, j=1.

Pemas mocaemoBatenbHo dTH 3ajaud Homm, momyuaem
(12.18). Wz sroii GopMyibl BHITEKAeT TIIaKOCTh (YHKIHAR
Py B mosocke I , M HX PaBEHCTBO HYJII0 BHE HToH MOIOCKH.

Teopema 12.3 ects CTpPOroe HOKA3aTEAbCTBO H3BECTHOTO
Pusnueckoro (QarTa: KEA3UKAACCUNECKAS B04HO8AR PYHKYUL
KEAHMOBOMELAHULECKOT, YACMUYB COCPedomoiena 86AUSU KAQC-
cuueckoti mpaekmopuu. IeHcTBUTENbHO, €Cam | — pemeHne
samgaan Howmmn (12.1), (12.2), 10 u3 teopemnr 12.3 caenyer, uro
| ¢ |* ecTb Benmumma mopsagka 1 B myuesoit Tpybre Ilg, ,,
3aIOJHEHHON KJIACCHICCKIMU TDPAEKTOPHAME, M dTO |1 |2
yGniBaer Opictpee m06oil cremenn k mpu k —> O BHEe aydueBoit
TpyOru. IT0 03HAUAET, YTO BEPOATHOCTH HAXOMKACHAA JACTHIIE
BHE JyUeBOil TPYOKH CKOJb YyTOZHO MaJjia IPH MaJHX A.

3. Acamnrornka perrennsa 3anaqn Komm B Gonbmiom. Husxe
mpefmonaraercs, 4ro BumoaHeno yciaosue I 12.1 m ycmosue

IIT 12.2. MuoxectBa A} = gt Al (upn 0 <t << To) u AR =
= |J A} apasorca C™-mHOroo6pasmsaMu.

0<t<Ty

W3 npemnosxenna 4.19 Borreraer, uro AL ects aarpamie-

Bo MHOTO0Opasme pasmepHocTHm 7 -- 1.
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Teopewma 12.4. ITyemv ycaosus I 12.1, m 12.2
eunoanens npu 0 < T << Ty; moeda pewenue sadawu Kowu
(12.1), (12.2) umeem eud

N

Wit @ W) =K gyt 20 Yt Bavaa (4 2, B). (12.49)

Haa ocmamounozo uwaena cnpasedauea oyenra (12.17). Qynx-

yuu Py, € C (A1) u pasnsr nyato ene noaocku Il ¢ (supp o).
HorasarTeannrcTnBo B9DTOH TeopeMH BHITEKAaeT u3

CcYyIecTBOBAHNA §. a. pemeHus 1]7
o dP ~
¢ lh—dltp——All’:fNEO—N—z,T,

#zY  powasammoro B § 10, TeopeMa
10.1, 1 u3 omenk:m c6paTrHOro

omeparopa (upemiosxennme 10.3).
/ IlpuBenem acuMuroTHgecKue
GOoPMYNE ONA pemeHHd ypa-
47 4z ¢" « Buemmsa lllpenumarepa B Hedo-

KaabHKX Toukax., [Iyers z =
= z (¢, y) — TpPaeKTOpHA CH-
cremul (12.6). Touxa f, massi-
BaeTcs Horycom HA TPAEKTOPUR
z =z, y), ectuJ (ty, y) = 0.

Brnumem acumnroruxy pemenusa sagasn Homm (12.1),
(12.2) B meporanbunix rourax. Gurcupyem ¢y, Toury z° ¢ R",
unyere ' € R, j=1,2, ..., N =N (2%,— Bce Tarue

TOYKA, UTO )
z (ty, y’) = z° (12.20)

Unello TAKUX TOYEK [’ KOHETHO, €C/Id TOUKaA (£g, 2°) HedoRaIn-
nas [83] (puc. 15). HamomuuMm (cMm. § 7), 910 mHAeKe Mopca p
TpaekTopuu (¢ HePOKANBHEMA KOHIAMA) paBen Iuciay GoKamnb-
HEIX TOYEK HA TPAGKTOPHUH € YI€TOM HX KPaTHOCTEH.

N3 reopem 12.3, 10.2 Brreraer

Teopema 12.5. llycmv moura (ty, z°) neforarvras.
Toeda

¥ (fo 2%, 1) = Z o () det L) |

Pue. 15.

1/2
>/

X exp [+ (b, &)~ by | +O(R)  (h—0). (12.21)
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3nech S; (tg, #°) — AeficTBHE BIOIDL KIACCHUYECKOH TPaGK-
TOpHUM, COeIMHAINEH Touku y', 20, T. e.

S5 (f, 2%) = So y)+59( 2 _0@)d,
0

rje AHTerpai Gepercsa mo TAKOH TPaeKTODHH, 4TO
— .0
Tlh=0=Y, x |pmgy = 29,
u p; — aggexc Mopca »sTolf TpaeKTopHH.

B xauectBe mpmmepa paccMoOTPUM KBAaHTOBOMEeX2HWUECHHHE
OCIIUILIATOP

, 2 1
= LAY (@, 20 b, (12.22)

rae z € R*. dyupmamentanbuoe pemenune G (¢, z, y) samaqu
Komm pgna ypasmemma (12.22), 1. e. pemeHHe ¢ JaHHBIMHU
Hommn

G]t:O =08 (.’E—y),
BHUHCIACTCI B ABHOM Bmae [H4]:

G (t, x, y) = (2nhisint) ™ *exp [';TS (¢, z; 0, y)] ,
(12.23)

S, 20, y)= [(z, 2) + (¥, ) cost—2(z, y)].

251nt

Haoomumm, aro § — 910 ABYyXTOYeYHAA XapaKTePHCTHYECKAS
OYHKOHUA, T. e, AelicTBHe BHOAL aAyda £ = X (1) Taxoro, 910

X0 =y, X()=2¢

(em. (3.72)). Ormerny eme, aro gopmyana (12.23) cupasegnusa
Toapko mpu O << t << n/2.

CaemoBarensmo, mpu 0 << ¢ << /2 mMeer MeCTo TaKoe
npejcTaBienue i pemenus samaum Homm:

Vo= G o ey, (12.24)

n
RII

ecim P (0, y) € C;° (R™).

Paccmorpnm 3amagy Homu

P lmo = Yo (2) exp (£ % ), (12.25)
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rae Yo € C; (R™), p® 5= 0 — PuxcupoBaHHEE BEXTOD, W BH-
nAUIeM AaCUMITOTHIECKAS (OPMYAH JUIA pEIMenns 3ajadn
Komn (12.22), (412.25). Cucrema I'aMunbproma mMeer BHf

dx dp .
it A At

mampnsle Homu gy ool cuCTeMBI, HHAYIHPOBAHHbIE JaHHAIMI
Komu (12.25), mmeror Bup

Zi=0=1Y, Dlt=0= P°7 yER™
Pemrenne sajagn Komm pams cucremn 'amumiabroHa paercd
dopmymamu (cM. umpumep 3.22, § 3)
= p®sin ¢ 4 y cos ¢, p = p®cos t — y sin L.
(12.26)
Axobuan J (¢, y) = ?f%y_ﬂ paBen

J (¢, y) = (cos )"

u obpamiaercs B Byab uph ¢ = £, = kn 4 n/2, k = 0, £1,
+2, ... Mopmymna (12.26), rme y mnpoGeraer R", zajaer
anarpammeBo C~-mHorooGpasue Al B ()azoBOM IpPOCTpamHCTBE

R 5. 310 MHOroo6pasue nuddeomopdHo mpoeKTHpyETCH HA
RY upn ¢ 5= ;. lpu ¢t = &, umeem

AL ={(z, p): z=(—1)*p°, p=(—1)**1y, yc R},

T. e. MHorooGpasme A} ecTb n-IIIOCKOCTH, TApalIeNbHAs

KOOPAMHATHON JarpamxeBoll mirockoctTy p. 310 Muoroobpasue
angdeomopdHo mpoexrHpyercs ma RE,
Uccaenyem cemelictBo aysedt z = z (¢, y), y € R". Ecan

1t = th’ TO
z (tw y) = (—1)* p°

1IpH BCeX Y, T. e. Bee JY4IH cOOHPAIOTICSA B OJHY TOUKY — HpPO-
ucxomur QorycwpoBra nyued (puc. 7). Ecam ke ¢ 5% ¢y, To

B m06yio Toary = € R" 3a Bpems ¢ upuxofuT poBHO OfmH Jyd
z =2z (4 y), T y OUDPENeNACTCA U3 COOTHOHICHHA
Z—pOsint

Ccosi

y= (12.27)

(cu. Taxsxe (3.69)). Bonumem acumurornueckue GopMyaH LI
pemenns 3agaun Komm (12.22), (12.25) npu ¢ + #,. [leiicrsme
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S pasuo S (¢, z) = S (¢, x; 0, y), tAe y onmpepmeasercd u3
(12.27), Tax d9ro

S (t, @) =5 tgt ((p°, P)—(z, ). (12.28)

1) 0 <<t << m/2. 3a BpeMsd ¢ B IAaHHYIO TOURKY Z OPHXOJUT
POBHO OJ{MH JIYY; TaK KaK Ha 3TOM JIyde HeT POKAIbHBIX TOYCK,
TO ero mHAEKC paseH Hyawo. Ciaemosarennno, us (12.21) moay-
qaeM

Wt @)= cost) P exp [£ S @) ¥ (ZEZEL) +ob)
’ (12.29)

<t<3).

rne S umeer Bup (12.28).

2) m/2 <<t < 3n/2. B osToM ciaydae B KOKAYI0 TOUKY
3a BpeMA ! MO-PEKHEMY HPUXOAUT POBHO ONMH JYY, HO Ha
aToM Jayue x = z (T, y) uMeerca GOKaJbHAg TOYKA IPH
T = /2. Kparwocrs nyia axobuana J = (cos T)" pasua n,
TaK 9To mHJekc Mopca p maa sToro sgyda pasex n (§ 7). Us
(12.21) momyuaem

P (2, ;r:):]cost[_"/2 e~ /2 exp [%S (¢, x)] X

X o (ZZEIRE) 10 i) (12.30)

cost
(<<,

9 G rkm<t<ZH+k+Na k>0
W3 agmurusroctn mugerca Mopea ciexgyer, 9o muAeKe ayda,
OpUXOAALIETo 32 BpeMs £ B TOUKY Z, pasen n (k - 1), Tak 910
P (¢, 2) =|cost| ™? exp [%S (2, x)] e~ inn(h+1)/2 5

X o (EZBERE) Lo (12.31)

cost
(g—<kn<t<%—|—(k—|—1)n).

Ocrarouuniii ynen O (k) upuragmexur xaacey O_y, r (R™)
Bo Bcex (opmyaax (12.29) — (12.31).

16*
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Paccmorpenunii mpumep 3amegareseH B TOM OTHOLIEHHH,
9TO0 MBI MMeeM BO3MOKHOCTH HEIOCDPECTBEHHO HPOBEPUTH
acumrroradeckne ¢opmyasr. Hmenno, myers 0 << ¢ << m/2;
Torfa pemenue 3afagn KHommu (12.22), (12.25) nmeer Bup

¥t @)= 2ahising ™ | exp[ L8 (¢, 2, 1) ] %o () d,
;n -
S=28(t z; 0, y) +<p° v
Borunmenmv acuMOoTOTHKY 9TOT0 MHTErpama Opd QUKCHPOBAH-
HOM ¢ m upu h — 0 metomom cramuonapuoit dassr (§ 1). Cra-
nuoHapHbe Togku (ymriuu S (Kak QyHKIEE OT y) oupeje-
JAAITCA M3 YpaBHEHU f;-f/ = 0, oTKyaa HaXONMM, YTO CTAIMO-
HapHAst TOYKA Yy = y (¢, ) eUHCTBEHHA W HMEET BHJ
__ z—pPsint
y= cost
(cp. ¢ (12.27)). 3uauenne pyurnunm S B CTAMOHAPHOH TOUKE

paBHO
SCT = S (t, x),

2S
e S (¢, x) umeer Bup (12.28). Teneps BHIYHCIUM %?2-. Nmeem
928
ay?

TaK 9TO B CTAIMOHAPHOH TOUYKe

=TIctgt,

28

928
det Fra (ctg?)”,

Ilo ¢opmysne (1.4) momygaem (sHadennsa Bcex QyHRIui Gepyr-
CA B CTAalMOHAPHOI TOYKE)

0T 1~1/2
dtaS

¥ (¢, ) = (2mik sin t)~™?

X exp[ 58+ sgn 25|, (140 (i,

910 coBmajgaer ¢ mpaBoil wacteio Qopmynst (12.20). Toumo
TAK JKe MOKHO IIPOBECTH HPOBEPRY M I NamEHX Komwu
(12.2),

JTOoT mpHEMEp MMEeT eie OfHO HHTePEeCHOe IPHIO0KEHUe.
s dopmyn (12.23), (12.24) caemyer, wro ecau P (¢, ) —
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pemenne 3amagr Homm (12.22), (12.2), To
T o\ ~1/2 i '
¥ (%, 0) = @)™ | exp[ 5, () | wo () dy. (12.32)
R™

Ho sror mrTerpan — ato marerpai suna (1.1), 1. e. muTerpan
0T MPOU3BOILHOA GRCTPo ocnuiamupyiomeit Gpyaromn. OKassl-
BAeTCA, 9TO MOKHO HOJYUHTH ACHMITOTHIECKOE DA3IOMKEHHE
mirs maTerpana (12.32) m ABHHE BHpPaKeHANA FIA Koddunuen-
TOB IPH CTENEHAX £ ¢ MOMOIBI0 KBASHKIACCHICCKOA ACHMITO-
TAKM pemends 3agadn Homm (12.22), (12.2). Iro cpemano

B [42].

IlpuBenem acmmirormdeckne ¢opmyns juia  ¢ysxnmun  I'pmea
G (¢, x, y). PaccMoTpuM KpaeByIO 3amadvy s KIACCHYECKOTO ypaB-

Henna HreotoHa:
m a2xX . v (X)
iz X (12.33)

X(O=y X(@O=z
IIycre pemenne X (t; t, z, y) dTofl Bajaunm epgwECTBeHHO. Jleii-
CTBHE BAONb KIACCHIECKOH TPAEKTODWH DAaBHO

t
S(t, =, y):S [mTXZ~—V(X(T; ¢z, y))] dr.  (12.34)

0
Durcupyem y ¢ R™, u mycts pemenye 3anaun (12.33) equncrBeHHO

upm BceX z € R™ u mpu Beex ¢ € [0, T]. Ha morennuan V (z) mana-
TalTCA Te 3Ke ycuaoswd, uro u B 1. 1. Torga KBa3meIacCH4ecKas acHMII-
ToTuka ¢ymxmuM I'pmma mmeer Bum [35], [36]

G(t, z, y) = (2nik) ™2 ]/

028
ot ey |

X exp [%S @, z, y)] [1+hz].  (12.35)
Hna dysruun z = z (¢, z, y; h) UMeeT MecTo OLEHKA
[l 2 ”Lz(Rn) <C

mpr 0 <t <L T2 € R, 0 < B <C 1.

Ecan noreenman V (») — xBagpaTnumas GyEKONS, TO aCHMNTO-
TEdeckas popmyaa (12.35) (nmpu z= 0) maer Toumywo dymxmumo ['prma
mpn 0Lt T, 106 T OoIpe/leNAeTCA Ho NnoTeHnuany V).

Ha Gonsmmuii unrtepsan BpeMeRW acEMNTOTHKY QYHENuE ['puma
MOYKHO LPOAOMKATH, MCHOJIL3YA M3BECTHYH QOPMYNY CBEPTKH:

Gttty 7 )= | G(ty, 2, 1) C 11,7, ) 7.

-

Rn



246 YACTH II. KBASHHKJACCHYECKOE IPUBJINKEHUE

ACHMOTOTHKY HOCHE[HEr0 MHTErpalla MOKHO BEIYHCIHTL C HOMOIIBIO
MeTofla CTamuoHAPHOR (asH.

ITycrs npm ¢ukxcmpoBamHHX #, y KpaeBad 3amaua (12.33) mmeer
KOHCUHOE 4HMCJIO PA3INYHEIX pemeHHE X, (T; £ z, y) (k=1, 2, ...
- .., N), n mycrb Sy (¢ z, y) — meficTBue BEOJb k-TO peIIeHHASA.
Torga acmMmoroTmKa (QyHrRumE I'puma umeer Bup

N
— (9= /2 025y |1/2
G (t, z, y)=(2nik) [z ldet T I
R=1

xexp (4 Sn () —5-w) +0 () |, (1236)

Tme p, — mmexc Mopea k-it TpaexTopuu. IIpm sToM mpepmosnaraercs,
YTO KOHIBI KayKAOH TPaeKTOpUHM HE ABIAIOTCH (QOKAIHHEIMH TOYKAMIU.

4. Ksasmknaccnueckaa acumnrotrura ¢ynkgum I'puna mua cra-
guonapuoro ypasmenmsa [ipenmurepa. PacemorpmM cTanuoHapHOe
ypasmenue lipemunarepa: .

W2ALG -+ (B — V (2)) G = & (z — 29). (12.37)

3pecy z, z° € R™, rouka z° ¢uxcmpoBama, moremuuan V (z) — Beme-
CTBeHHO3HAUHAsA QYHKIuA Riacca C*®(R"), E > (0 — mocrosnHafd,

E—V(@)>a>0, z € Rn. (12.38)

Ilycrs moremmman V (z) mocrarouno 6merpo yOHBaeT Ha GeCKOHEYHO-
CTH, a HMeHHO, IS J000T0 MYZBTHHHIEKCA o COPABEINBA ONEHKA

[DEV (2) | < Cq(t-+1a])~1*=2  z¢Rn. (12.39)
Ha GeckoHeYHOCTH NMOCTABUM YCIOBUA Usnyuernus 3ommepdenbua:

G(z, 29 =0 (|z|1-M/2),

FEti) Zomotz ) (21,

Kax wusBecrtHo, pemenme 3agaunm (12.37), (12.40) cymecTByer
¥ eIMHCTBEHHO NIPH CPOPMYJIMPOBAHHHIX BHINEe YCIOBHEAX HA IIOTEH-
nuax. 9To pemenne ecTh P-QYEKIYUA MyIKA TACTHIL, BHIETAOIUX C SHOD-
rueit £ ¥3 MCTOYHAKA, PACTIOIOKEHHOIO B TOUKe z°, U JIBIKYIEXCHA
B IIOTeHIHAJLHEOM I0Jie ¢ TOTEeHINANbHOM dHepruerr V (z): ITY e
3alaqy MOKHO WHTEPIPETHPOBATH KAK 33084y O BEYHUCICHWN OIS
TOYEYHOr0 MCTOYHUKA CBETA B HEONHOPOXHON cpepme ¢ Kodddummentom
npenomaernas n? (z) = E — V (z), ¢ BOXHOBHM uwucioM k = k7L
Yenosue (12.38) B dToM caydae osHayaeT, 4TO KoPPHIUEHT HpelIoM-
nenusa n? (z) BCIOAY HONOKUTENeH, T. e. 4TO B Cpefieé OTCYICTBYeT
HOTJIOMeHNE.

B ommomepHOM ciaydae 3azava O pACCeSHANM XODOMO H3YdYeHA.
VlccneqoBannl [aske CTOJIb TOHKHE BOIDOCH, KaK 3ajada 0 KBa3HCTa-
HHOHAPHHX YPOBHAX, 3ajada o BagbdapbepHoOM oTpasKemmH (cM. [37],
[49], [571, [59]).

Ilpu n > 2 3ajada 0 pacCeAHUY HBJAAETCH 3HAYUTeABHQ Oojee

CHOMKEOH.

(12.40)
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B arom nymkTe mamoykeHH Ge3 JOKA3ATOALCTB CTPOTHE PO3YIbTATH,
noxydyesniie B [27] MeTOZOM KAHOHMYECKOrO ONEPATODA.
C ypapmenmeM (12.37) acconumpoBaEH ypaBHEHN® TammnbToma —

Axobun
(VS (z))2 = E — V (2) (12.41)
u cucreMa aMmibroHa
2 2, B W), (12.42)
ITocraBnM caepyomyio sagauy Komu pia cmeTeME I‘amnnb’rong;
PPl_g=E—V (a9, z | _g=20. (12.43)

Hamomanm, g9vo ramunbrommam H (z, p) = p® -} V (z) asaserca
TMepPBEIM HHTerpajsoM cucTeMnl [ammabroma (cm. § 3), Tak gro

rP+VE=E (42.44)

na mioboM pemennn {z (T), p (t)} sagaum Wommu (12.42), (12.43).
Ousuyeckas WHTepnperanus fgaEmnx Homm (12.43) Taxosa:
3 TOYKU z° B MOMEHT «BpeMeHN» T = () BHIIYCKAKTCA Bce JYUH, TIOR
BCEMH BO3MOKHHIMH YIiaMH, KOTOphHe MMEIOT SHepruw K. VEKaKeM
JarpameBo MHoroobpasme, accomumpoBaHHOe ¢ 3apagedr (12.37),
(12.40). Havadbeble NMIYIBCH p |,=q 3amHodHAOT cdepy S71 =
={p RN PP=E — V (29} TIIyers 6 = (B, 04 ..., Op_q) —
YIJIOBHle KOOPAMHATH HA cdepe; obosmawymm gepes {z (t, 8), p (%, 8)}
pemerne 3amagnm (12.42), (12.43) Takoe, 9TO HAYANBHHEA WMIOYILC
p (0, 0) mMeer yrnoBme kooppumatsH 0. Bewogy B ocTapmefics wacT:
aToro maparpada mIpeamosaraercs, 9TO BHIIOIHEHO YCJIOBHE
7 12.3. Horenuwan V (x) ymoBumerBopser yciaosuam (12.38),
(12.39), m cucrema (12.42) me mmeeT dunummuunz Jdsusxcenui.
Ilocnepnee ycaosme osmagaer, 4ro unpm Jgiobom z2° € R7
lim jz(t, 0)|=o0
T+ +oo0

mpu Bcex 6 € S7-1, Torma MHOMKECTBO
A" = {(z, p)ER™ 2 =12 (7, 0), p=p (7, 0), 0 €57,

v 0< 1< oo}  (12.45)
ecTh Jarpammeso (®-MHOroo0pasme DPasMePHOCTE n € KpaeM

A" = {(z, p) ER¥M z = 2% p? = E — V (a9}
Acumnroruka ¢ymkuun I'pmaa G (z, 2% upm b — 0 cTpouTes ¢ MOMO-
B0 KAROHWYECKOTO omepaTropa K Am OTBEUAIONIETO mgoroofpasmio A®,

TIpu mocTpoernH acuMuTOTHRY QYHEKIUE I'pHHEA BO3HMKAET OCIOK-
Hefre, cBA3aBHOe ¢ TeM, 4ro PyEKIEA G (r, z°) uMeeT 0COBEHHOCTD
B Touke z = z°, ¥ IOTOMY acHMITOTHKa G, MMeeT Da3HHEIl XapaKTep
B orpectHoctst U = {zr € R™: | 2 — 2°| < &} Tourm z° u BHe aT0W
okpectHocTH. B panbmefimem & > 0 QurcupoBaHo, HO [OCTaTOYHO
MaJjo. ‘

Hpubnwkennyo pyaxnmo Ipura Gy (z, 2°) GyneM MCKaTh B BH[e

Gy (2, 2 =GY (z, 20)+ G} (z, 29, (12.46)
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rge G = 0 npu z € U, a pymsnua GY cocpeioTo4eHA B OKPECTHOCTH

Toury 29
1. KoHcTpyruus cuweyaspnot uwacmu Gfy ¢ymrnun I'pusa.
Oynxnna G} CTPOUTCA ¢ MOMOMBI0 HECTAIMOHADHOTO yDPABHEHUA

Mpepuarepa. PaccMoTpsM BcHoMoraTeabry!o 3ajgady Homun

—ih Z—‘f=h2w+n2 (@) b, (12.47)
—ipn-1 ; -
P li=o =—(2%n—exp [%{p, x)J , (12.48)

roe n?(z) = E — V (z), p € R% Iyers ¢ (4, 2, p) — pellerne 3Tof
3ajgagu. Tax Kag

6 (x — 20) = (2mh) ™" S exp [% {p. x—xﬂ)] dp,
R™ '
To dopManbEOe npuUMeneHwme upeobpaszoramme Dyphe MPUBOAUT K cie-
nyiomei dopmyie:

oo

i

G (x, 20) = S dp S exp l: - (p, xo)] P (¢, x, p) dp.
r® 0

Mu ye o0CyRpanm CBABaHHBe ¢ TAKHM (OPMAILHBIM IIOAXOO0M
TpyasocTH B § 10, m. 5. Kpome Toro, MH co0upaeMcss IOCTPOUTD ACHMII~
ToTHRY Qyumuuu I'puma TomxbKo B Majoil okpectHocTm U Toukm z0.
B s10i1 oKpecTHOCTH BCE NYUM —«IIOYTH IIPAMBIEY, TAK YTO €CTECTBEHHEI~
ME Koopaumatamu B U/ sBnAnTCsa nmepeMenubie (T, 0), ecau 0 Tt <T ¢
n ot <L 1.

BeeneM cpesaromyo ¢ymrmuo n (¢) € € upu t = 0, pasaywo 1
IPU MajbiX ¢ M PABHYIO HYIIO NPH ¢ > t,. OOosmaumm uepes Yy §. a.
pemenue 3agaun Homn (12.48) ¢ TogrocTsi0 70 O (| p\‘N) (ROECTPYH®-
LU0 Y, CM. HIGKe) H TOJOKUM

~ .
6% (=, x0)=5- dpj~ dtn (2) Y (¢, 2, p) exp [_%@, xo)]. (12.49)
rR® 0 E
DopManbEG BTOT HHTEIpal pacXOJUTCH; CTAHNAPTHHIME cliocobamu,
KOTOpHIE NIPUMEHATCA K HHTerpasaMm oT 6BICTPO OCIIHHJII/IpyIOHJ,HX>

GyHKIH, ero MOMKHO pPeryiIAapH30BaTh.
Dysrnua Gy € C® B MaJ0# IPOKOIOTOH OKPECTHOCTH TOYKH z°.

OcraercA MONYIATL ABHEE QOPMYJAH A QYHROHUIA P, 94TO CBO-
AUTCH K MOCTPOeHHI0 acuMnToTury (npw kb — 0, | p | == 1) sapgaun Homn
(12.49) B Mamom. Uz pesyabraros § 10 BrTeraeT, uTo

N
Ww (& @ p=exp [ =S e, p) [ITH2 3] (= w9yt = P
ot
o (12.50)
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HeiictBue S ABIgeTcA pellieHHeM 3apgayn Homn
s
e 4-(V8)24-n2 (2) =0, S [t=0= (2, P)

M ABIACTCA ofHOpoxuol pyrKnmell oT HepeMednrX p cremenu 1. Hamee,
J — saxrobunam:
dx (t
J— et 22 v, P) ,
ay
e z = z (¢, y, p) — pemenne 3agaan Komn gna cucremsl HeioToma:

(12.51)

d2x dx

S Yn2 e = p. )

T V2 (@), zlimo=y, | _ =P (12.52)
TeM caMbIM KOHCTPYRUHS cuHTYAApHeol wacTu ¢ymwxnun Tpuna 3a-

BCpillena. .
Kar suguo us dopmyan (12.49) — (12.52), ¢ymsmus G% BEpa-

JRAETCST depe3 pelieHUs mpuHaMugeckoit cueremsr (12.52). dra ¢yErnuA
B ofnacte U YA0BIETBOPAET YDPABHEHUIO

[h2A+n2 (2)] G =8 (z—20) -+ BN Ty (@, ),
Imne fN € C®, U yIOBIETBOPAET OLEHKAM
| D%y | < Ch™ 1
npu x € U.

2. Acumnroruka ¢yHrmum G BHe CHHIYJIADHOCTH.

Wurerpax (12.49) mreer ocobennocTh npi x = 2° T ero HoBefenue
B HEIIOCPEeJCTBEHHON OKPeCTHOCTH TOUKH z° BechMa cioskuoe. Onmako
ecJIM OTCTYLHTh OT 8TO TOUKH, To GY OygeT OHCTPO OCHMIIUD YOI
dysRImed. 9T0 MOKHO IOKA3aTH, NPHMEHHB METOJ CTAMOHAPHOH
¢ass k unrerpany (12.49). 9Ta acUMIOTOTHRA BHPA;KAeTCS B TEPMUHAX
JarpammkeBa Maoroobpasma A7 (ca. (12.45))  gUHAMAYECKOR CHCTEMEL
(12.42). Baepem peiicteme

S (z, 2% = § {p, dz). (12.53)
1‘(’7

Wnterpan Oepercs 0 KPHBOH, KOTOPas JeKUT HA A™ M CoellHHAET
roukn 0 = (2% p%, r= (x, p), m p® — mwbaa Takam TOUKa, UTO
p(%2 = n? (29) (T. e. 2% z — UPOEKIWE TOYeR r, r HA z-IIPOCTPAHCTRO).
Tloxa z maxoguTcs B Masto# okpectrocT U Touru z°% ¢ymrnus S ogHo-
smauna. [Jlamee, BBefileM SKOOHMAH

J (2, 29) = 2% (12.54)

do dt |r=it’

3mecs z = z (1, 0) (ay3),
do =sin®20; ...s8n0,,d0; ... d0,_;

7 z (¢, 0) = z (T. e. Iy4 NPOXOXHUT Hepes TOUKY z). Bpemsa z € (0, ¢,),
TouKa z € U, TAK 49TO TAKOW JIy9 OAMHCTEOH LPH MAJHX f,, 0.
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OxoHYATeNbHO IMONYIAGM ACHMOTOTHYECKYI Qopmyny (k — -+0)
n+1 n-2 im 1
—— —— —— (n+1) -5
6 (z, 29 =h % (@ 2 * I (z, 291 ? x

m
xeXP[—;TS(x, xO)] [1+ S 95 (e, 20 hi+-0 (hm“)]. (12.55)
=1

9ra dopmyna cnpasegnusa B obmactm UNU,, roe U, — Mempmasd,
aeM U, OKpecTHOCTb TOUKE z¥; QYHRIHA @; € C® (U Uy).
3. Homcrpyrmus ¢ymxnmn Gi.

dra ¢yEKOUA BHpaKaeTCA depes KamoEUYecKui omeparop K A

OTBEeYAOIMUIl NarpamKesy Muoroobpasmo A7 (cm. (12.45)).

Ilyers Al — wacts Muoroofpasua A™, mpe:kamas Hag o61acThio
RENV, 1 V — OKpecTHOCTE TOYKH 2°, JIe;Kamas CTPOro BHYTPH BHIOpAm-
HO#i Bemre oxpectHocTH U. Muoroofpasume A} — meorpaHmueHHOe.
Tem He MeHee ero MOMKHO NOKDHITh KOHEYHKIM YHCJIOM KAHOHWIECKUX
KapT B CWITY OTCYTCTBUA QUEUTHNX ABmKenui (yeaosue 7 123 u Gsierpo-
TO CTpeMJIennA moTeHNuMana V (z) K Hy o NpH | 2 | - oo. 3TO m03BO-
JseT BBECTH KAHOHWIECKHEl omeparop K Ap TO Tem e dopmynam, 4ro

7 B § 8 O0veMm do™ na A} smGupacresa Tak:
do” = do dr.
Id1oT 00bEM VHBAPUAHTEH OTHOCHTEJBHQ CIBHIOB BJOIb TPAeKTODHH

cucreMn (12.35).
Oyaxnus Gy sagaeres opmynol

& @ 9= Kap [0 (80t ot oot (ii)NgN)]. (12.56)

3meck p — cpesaromas yuknus, papgas 1 ga A} u pasrag 0 B oxpe-
CTHOCTH KpasA dA™. OYHROHUN g; CTPOATCA MO HAUJCHHLM BHIIe QyHK-
muAM ¢y (em. (12.51)). ‘
HNmeer MecTo caegymonias
Teopema 6. IHpu z€ R?, 0 << h <1, cnpasedausa oyenka

1-n
[G(z, 29 —Cy (z, 2% L CRN""(A4+z}) 2 . (12.57
B sarnouenme nmpuBeneM aCHMITOTHYECKYIO PopMyay anst HyEx-

nun Ipuna s medoranbaoil Touke. IIycTes z 54 2% — medoranbEaa To4-
ka. Torma cymecTsyeT KOHEUHOE YHCIO JNY4el

xzvx(T, 89, 1<<j<k,
KOTODHE LPOXOJAT 4epes TOUKY z, T. e.
z (15, 0) =7
UpH HEKOTOPOM Tj. Bregem oGosEauenus: S; (;, 2% — pmelicTBme BIOIB
j-ro axyda, p;(z) — wEEeKC j-ro Jaysa u J; — aAxobmam (12.54),
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BHYHCIOBHNH npm T =1j 0 = 6. Jlna ¢ymknum G cmpasemimsa
dopmyaa .

k
G (z, 29 =d kM2 ) 175|712

j=1
X exp [ — 83 (5 2%+ (?)] +O®),  (12.58)

ne d, — TOCTOABHAA!

dpn=2V1n (ifz_:;(f.)_yl/zqi exp[i(n—l—l) —J-Z—] .

5. Meroq crapmonapHoil (a3l ¥ acUMNTOTAKA pemleHds 3ajnaun
Kowmm B manom. V3iosRuM 37ech MeTof, unpemioseEEni Jle By Anmn
AAA TOTYdeHus CHelyIONMNuX 9ICHOB PAa3J0KeHMA Mo cremenn h=A—1
maprerpasa (1.1) (TM®D 25, Ne 2, 1975)

1 %(I)(x)
:W g e Q(z)dz, z==4 ..., Tp,

rne @ (z) € C* (RM), @ (z) € C5° (RD),
CyTp MeTofa BaRIIOUAETCA B TOM, YTO KODPPUIMEHTH a;; HIA CBO-
Oonmoro ypasmemua Ilpexwarepa

Lz, t) v 9% (s, 1)
ih ——— = Z oy el (12.59)

I(n)

i, §

nox0rpaoTes TaK, TTo0H I HEKOTOPOT0 HAYANBHOIO YCIOBUA pPelllenre
9TOTO ypaBHeHUsS B Touke z = 0, ¢ == 1 coBmajago GH c HCCIAEAYEMBIM
HATErpajsoM u, ¢ APYroil cTopomH, npu O < t < 1 O OB NpUMeHUM
sl HAXOMIEHNA aCUMITOTHYECKOTO DAa3JiOjKeHWs pelleHHs YPaBHE-
s (12.59) meron BKB (r. e, GuxapakTepucTury me nMenu O POKaib-
HHX TOYEK).

IIycrs 2 = &k — nsommpoBammas IpocTas CTandoHapHAA TOYKA

dyrxIn
@ (z): grad @ (&k) = 0, det C (§®) = 0,
rme C (2) = || @, . (z) | Hmeer Mecro criegywomas BakHas Lif
] .

JaJbHeHmero
Nemma. HOyems Qé‘ — g-ompecmuocms mouku &R, @

def
XK (zg, 1) = 2C-1 (E¥) VD (z0) +(1—1) o.
ax*t
0.1)0]' 7

0 u cywyecmeyem eduncmeennoe nadKoe pewenue Tg = x’g (z, 1)
ypasnenus &= X* (zg, 1), .

def
Tozda npu docmamouno masom € ut = 0J (zq, 1) = det
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MorasareabcTso HeoocpefCTBEHHKEM BHYHCIEHUEM J0-

xasuBaercsa, uro J (&R, 1) = det LA = (t + 1)» Orcioma
a‘l‘oj x0=§h

cleayeT yTBepHKIEHHE.
Beegem o0ospavennsd:

1 N
——— = R
(1-—A )N 2 A%,

k=0

t
By (z, )= S VI @ D, 0, ¢ E V) et ® D g
0 V7EE G 0, 0

V= (-i, vy i—) , te J (zq, 8) 1 sz (z, t) onpemeieHs B JeMMe.
(?aq (7.7:n
Teopema. Hyembv ¢ obaacmu Supp @ (z) umewmes s wsosu-
posanunx npocmux cmayuonaprwx mouer &Y, 2, ..., ES fynmyuu
D(z) (m.e. VO(ER) =0, det C(ER) %0, k=1, ..., 5 C(z)=
= || CDx.xj (@) 1)). Toeda daa awbozo N =1 cnpasedauso swpanenue
i
iz i

Y]

n 2
e & exp {.—i —g—(inerdex C(gh))} el

I(h):Z — %

k=1 Videt g1
x (0@ i [ (g ) y e @ @ ) o @) ], )+

+Zr+0 k™), (12.60)
2de ep(z) npunadaemam C§ u makosw, wmo ey (z) =1 npu =8k

U pasHo HYAI0 NPU T, JAeHAWEM €He JOCMAMOYHO MAA0U oKpecmHOcmU
mouru ER, a ocmamounuii waen umeem eud
s 1

1
Zh e hN+1 S X
nf2pq A2 902
hé J ) (1= 2

0o

x | oxp { =g (=, c@y (—m } x

xexp {4 [ (V0 @ a, ), -1 @8 VO @, DTk
. !
+ =DM D, CEalm ]| exp (o EEm M) x
N, 3 3
X (7, G- @) V) Ry {25 (0, 1)) en (x5 (0, 7)) dnd,  (12.60)
Vidkm v, v
npusen | Zy | << CHN IV N > [ng2].
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JowrasaTenbcTho I3 meMMH ciefyeT, uTo mpu z €
€ supp ¢, (z) J («, #) == 0. Mt Beerna MozeM HailTu Takce pasbuenue
e[[MHULE, YTO

s 51
=D e@e @+ D ¢)e;(a),
=1

j=s+1
mpuvem EE Csuppej(z), k=1, ..., 5 j=s-+1, ..., s. Ioaro-
My 3ajada CBOAUTCA K Haxomnenmo ACHMUTOTHKA WHTEIPAIOB
°‘? —-fD(x) ,
Iy (B)= o h"/z Joe @ (z) ey (z) dz, T=(Tqy «vvy Tp)e
— 00

HnTerpupysa mo wacTAM, UONyYaeM, yro upu k > s uATerpan [ (k)
paBeH o (A*°). PaccmorpuM caywaii k& < s. [[1 IOonydeRNUA aCHMITOTHKY
MH BOCIOJb3YeMCH KBa3MKJACCUIECKOU aCIMITOTHROMN pellleHNA 3a/a4unu
Komn ceoGogmoro ypaememus Illpepumrepa Buga

g awﬁ(tx_”_’ D h(v, A E VB 0. (12.62)

Herpynuo ybepnutbcs (HENCCPELCTBEHHOM HOJICT&HOBI\OH), 4TO TOYHOE
pemerue 3TOI 3aMauW mMeeT BHJ (371€Ch h — cO0CTECHHEE 3HAYCHU S

CEM)

exp{ —i% (Z sgn 7\.;-‘) }

_ i=1
P (2, )= i o X

><V|detC(§k)] S exp{ let (x—n) C (M) (1—7])}><

xeXP{—— S"(n)} PMen (AN,  M=1g ...y Mn- (12.63)

Ionosum Sok(:c) = ® (x) — Y4 (z, C (E*) z). Herpyauo Bupers,
4TO TOIA UCKOMBII WHTerpai OyfeT BHPAKATHCA uYepes pENIeHHe
P (z, t) caepyromny obpasom:

exp {i —2— (E Sgnh;-‘) } an/2
Iy ()= e S P (0, 1). (12.64)
Videtc @&n |

Hawm ocraerca HailT¥ aCHMUTOTHKY pemenws sagadu (12.62) mpm
t=1, z = 0. Dra mocjeNHAA AaCHMITOTHKA MO;KeT OHITH HAHAeHA
B CWJIY jJdeMMH Ilo cTampgapTeEoMy MeTtony BHB. [leiictsutensHo, mocie
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3aMeHhl
SR, by
P, t, hy=i" 9 (2, t, ), (12.65)
rae Sk (z, t) ABNsAeTCA pemeHWEM 3afadd
R
L&D | sk, y, ot E ISt )=0,  (12:66)

Sklimo =Sk (2) =D (2) — /s (z, C EF) 2),
OOJIyYMM ypaBHEHHE

§ 90420 (VS, C-1 ) Vg)+i9 (7, C-1(64) VS) +
4h(V, C-LER) V) =0. (12.87)
Pemenve sapaun (12.66) mmeer Bup
Sk (z, t)= (VO (z§), C-1 (ER) VO («})) t—
— 1y (t—1) (2, C ) 2l) + @ (2 (2, ), (12.68)
rae xf,‘: xé‘ (z, t) ecTp pemeswe ypaBHEHHS
x=2tC-1 (£ grad @ (zf)-+ (1 —1) z. (12.69)
k

=0 npu t>=0, xoke

€ supp ep, (x); WOITOMY 9TO pemIeHME CYIIECTBYeT, a 3HAYUT, CTAHJZAPT-
meiii Merog BHKDB npumenum.
Pemenne ypasmemma (12.67) wmmercs B BI(I]J;e

B cuny aemmsr J (x}:;, t) = det

1
@ (J?, t, h) ———— thPv $ t) (12.70)
Vi@ o9 2

Torga aas oupegeneHud @ (z, ) TONYIUM CIEIYOIYI® CHCTEMY ypaB-
HeHnii:

dpy
dt =0,

..................... (12.7)
Py~-1
Viek@o, s

Polv—0=9 (z}) en (),

i VT 9,00, e

rge
d der a
dr

Orciofia cuenyer, aro Qg (z, £)=¢ (zoh (z, 1)) ep (:c0 (z, 1)), a gna Jo6oro
N =1 ¢, onpegeaswrea no gopmyne

Oy (2, )= ()" RYQ (2} (z, 1) en (o} (2, 1)), (12.72)

—2(7S, CLER V).
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MO3TOMY
i
. exp {—]-l—Sh(x, t)}
(z, t, )= | e (2h (2, 1) P (af (z, 1)+
i V7@t 1, 9 [one ’
N
+ D) By () e e, )@@, 1) |-
v=1

i
exp {TSh (=, t)}
= | @zl (2, ) e (R (2, )
Vi@, 0,0 (vt oo

it (T ) Boen (e 006 ()] (1273

HoxasieM Temepp, 4To QYHKOMA Py (r, , h) MeHCTBUTENBHO OUpe-
AeAseT acUMOTOTHKY pemreHws sajfaqu (12.62). 9r1a ¢yHKIUMA yHoBie-
TBOPsAET ypPaBHEHUIO

YN N+1 78y
i R (7, T E V) T T e (v, CL(EH V) X
— she)
h
P ) YN [t=0 =10 (2) ¢ ;

X ——————
ViEh@ o
cJe/loBaTeNILHO, f[;(z, t, h)=vn (x, t, B)— (z, {) ecTb peleHRe 3a734u

A

ot h (V’ C_i (Eh) V) 1]’ (.’Z, hv h) -

Tish(x’ Y ON ~
—rNHe (v, CLER V) V7 Ple=0 (12.74)
Pemenne aroil 3agauu mMeeT BH[
i
T e p=n"t [ x
1]

n

eoxp { — 1 (N sign?) } Viderc @)

X

? X
(ﬂh)n/z (t_T)n/Z 9n

x OSO exp { =g @~ CEM (e —n) }
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xexp { - (VO (@ (1, ©), €1 €9 VO (2 (n, 0) o+

+1/a (e 1) (@ (1, ©, €@k o) Jexp {4 @@, )} x
R (5 (0, 1) ex (x5 (n, V)
Vim0

9To pemenye MO;KeT GHTBL IPeACTABIGHO TAaKKe B BHjIe

X (Y, C-L(ER V) dndt.  (12.75)

3 B = sk, )
Tz, t, B)y—=hH1 5 LAV, CIIER VY-, R
0
O (25 (2, 7))

X (V, CL(ER) V) Dm0 1
J @z, 1), 7)

dr.

A mag mak || ¢HE[=] Y c-1Ehwye (=1, To
t
1%, &l <V |
0

_ 8z, 1)
v, 1@y vy &2 Y)
V7@, )
< const VL,

at <

ITocromsRy
- !
9 _ N+t Seiw, caehvie-v 9,

ox dz
0
i ook
— 8P, » R
R (eh (V, C-1(E") V) _CPV_(ZO_(’”’_’@_> di—
VI @k, 1)
t
N S AT ek - IR @ )
ox
0
1 gk
— 8™(x, 1) k
%< (e h (v, C-1(ER V) _(P__NM) dt -
V7 @@ )
t ik
— 8%x, 1)
LN+ S (Y, CAERIE-T) B (x y
0

k
x—(j—[(V, C1 &4y vy PN (2 7)) ]dr’
’ J (25 (2, )
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TO
p N
”75— ” L const th™,
Ananornuno
Ins .
9 \P < const th¥ t1-/,
ox?
IToaTomy

| 9 llyps < const eNNF1-3,
2
B cuany reopemml BunoeHus

Max | B <l ¥l fns2re1 < exth® 112

M (12.75) m (12.64) moayumm m ocraTouHelfi wieH Zp. WNa (12.64)
u (12.73) paa nHTerpaja UOAYIWM DpaslioiKeHue

. . n i
—i—mn
, e [t exp{i—%—(n~23gn}»§‘)}22
Jj

Iy (B) =, %
2 Vietcen | VieEko n, 1)
2500, 1) .
et [ oteh @ ) e @l @ )+ ih (g )y X

X Rye (@ (2, 1) @ &} (@ 0) ] + 2.
t=1

s (12.69) B Toune z=0, t=1 moayumm VO (zh =0, wo mpn =z¢
€suppe, (z) VD (z) =0 B egwucTBeHHOH TouKe 2z = L. Orciona

25 (0, 1)=&
Uz gemMu HOXy9AM

J (@R (2, 1), O)]g=J EK, 1)=2n,
f==1

KpOMe TOro,
S0, 1)=[/4 (C (E®) 2k, C1(EM) € (EP) 2By —

— 1/ (zf, CER) 2+ O (@], g =D (EP).
t=1

Orcioga clexyoT TpeGyeMsIe DasOMKeHUs.
17 B. II. Macios, M. B. Dexopiok
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§ 13. AcmmnroTmdeckne cepum COGCTBEHHBIX 3HAUYCHMI
(npasuao ksanTosanus Bopa)

C mOMOIBI0 KAHOHMYECKOTO OTEPATOPA IOCTPOCHLI CIIEIH-
AQJbHHE ACHMITOTHYECKHE CEpHM COOCTBEHHHIX 3HAYCHHH I
mogTn coGCTBEHHBIX QYHKIMA caMocomps:KeHHHX Ruddepen-
n@agbpHEIX omepatopos B L, (R™).

1. Hocranoska 3anaun. Ilycts / — cemapaleabHoe THIL-
GeproBo mpocrpancrBo, A: H — H — nuneitapii omepartop.
Hamomuum onpegenenne cuektpa ¢ (4) oumeparopa A. Touxra
Ao HABEIBAGTCHA TOUKOM crekmpa onepaTopa A, ecad CymecTBy-
eT II0CJe0BATEIbHOCTS BEKTOPOB fmy € D (4), m = 1,2, .. .,
TaKas, 49TO ’ )

[fmll =C >0, [|[(4—1)[m]| = &m—>0 (m— oo).

Bekropn f,, HABHBAWOTICA ROYUMU COGCMECHHBIMU BEKMOPAMU
oneparopa A. Ecan A — caMoconps;keHHHIA omepaTop ¥ M3-
BECTEH €U0 HOYTH COGCTBEHHHIH BEKTOD, TO MOMKHO IONY-
InTh HHPopMAHuIio 0 cueKrpe oneparopa A. CopaBegmupa ma-

BeCTHAs
Jlemma 13.4. lTyemv A: H —> H — camoconpascennvili

onepamop, [ € D (4) u
il=C=0, ||(A—-—Wf]|<e. (13.1)

d (\) < ¢/C, (13.2)
2de d (A) — paccmosmnue om mouru A do cnexmpa o (4).
HJorasartexnbcrtno. Tark xar omeparop A camo-
COLIPAKEH, TO
A —0T)<<1/d ).
Eciu A € 0 (4), To d () = 0 u nepasenctro (13.2) ouesngno.
Ecam A § o (4), 1o
C< T =l A—N* A=) f]<
<l A=l A=D1 <z55
970 W JOKaspiBaeT OmeHKy (13.2).
W3 mepasemcrBa (13.2) BoiTekaer, YTo HAa OTpPe3Ke
[ A — %, L+ %J HMEITCH TOYKH cleKTpa omeparopa A.

B arom maparpage uccaegyerca mosememue mpa kb — -0
JHCKDETHOTO0 CIEKTPa CeMeHCTBAa CAMOCONDSKEeHHLIX olepa-

Toeda
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ropoB 4 (h), meficrBymux B rursGeprosom npocrpancree H.
3neck h € (0, ko), kg > 0; obnacTu ompejeneHNs ONEPATOPOB
A (k) ue 3aBucsr or k. IIpegnonaraercs, aro cnexrp o (4 ()
omeparopa A (k) mpm kasxmoMm ¢urcuporannom A € (0, hg)
YHCTO JUCKPETeH W COCTOMT W3 COGCTBEHHHX 3HAYCHHUI
{E; (h)}. Hac marepecyeT acHMITOTHYECKOE NOBEJCHHE CIEK-
tpa o (A (k) opu A — 0.

HosicanM mocranoBKy sajjaud Ha TPHMEpPE OJHOMEDPHOTO
ypasrenusa Illpegmurepa

—B" AV (2) § = EW.
3nech

He=Ly(R), A= =Rz +7 (),

$yuruuss V (z) BeniecTBeHHO3HAYHA, HENPEPHBHA W CTPEMUT-
ca K +oompu | x | — oo. Torga mpu kaxoM pukcupoBanuom
h >0 coerrp ¢ (A (h)) 9ucTO MICKpETEH M COCTOMT U3 MpPO-
CTHIX COOGCTBEHHEIX 3HAYEHHIT

Eo(h)<E1(h)<...<Em(h)<...—++oo.

Cnexrp omeparopa A (0) (s10 omeparop yMHOKeHHA Ha QyHK-
mu V (z)) HempepoiBeH M 3amOJHAET WOIyochk [V, —-o0),
Vo = min V (z).
X ER

Bymem caepurb TonbKo 3a To# wacThio cuertpa o (4 (h)),
KOTopas IomagaeT B QUKCHpoBaHHLE nuTepsax I = [Eq, Eyl,
Vo << Ey << Ey. Aaa OpocToTH PaccMOTPUM CHEKTP OCHOUILIA-
ropa V (z) = 2%/4. Torga cuexkTp TOIHO BEIYUCIACTCS U WMEET
BHT

Em(h):(m+%)h, m=0,1,2 ...

Ha sroM mpumepe xopomo BuAHH [Ba 0GCTOATEIBLCTBA.

1) C ymenbmenuem k gucao N (k) Toger cuertpa o (4 (k)),
momafaIux B uHTepBas I, HEOIPAHMYEHHO BO3PACTAET:
N (b)) ~ BaEo,

h

2) Homepa m cofcTBeHHHIX 3HA4YeHHH, Uonagaoinux B I,
HEOTPaHUIeHHO Bo3pacTaot upu 2 — 0: m > Ey/h. Ecan e
$uxcuposars m, 10 Ep, (B) = 0 npm h — 0, u coGerBennoe
sHagenue kK, (h) yxommr us murepsaxa I upm h — 0.

[To sro¥ii mpmumne Mb He GygeM HCCIeZOBaTh IOBeJeHHe
AHIMBUAYAIbHOTO cobcTBeHHOTO 3HaveHun K, (h) npu b — 0,

17*
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a Gymem wmccaefioBaTh CTPYKTYpy MHOoskectBa o (A (B)) N 1
upn h — 0. Umenno, pis cemeiicrBa {4 (k)} camoconpsen-
HHX Aupdepennmannsusix omeparopos B L, (R™), a rTounee,
mas hl-ncesgomuddepeniimaanbabIx omepaTopoB GyAeT MOIy-
YeHA ACHUMHTOTHKA HEKOTODON cepmu COOCTBEHHBIX 3HAUCHHM
(mpum h — 0).

Jpyroit BapuanT 3agagu 00 aCHMOTOTHKE COEKTPA COCTOUT
B cirepgyomeM. BymeM paccmMarpuBath £ Kak CHeKTPAIbHEIH
mapaMeTrp, T. €. OymeM paccMaTrpuBaTh IYYOK OIEPATOPOB
A (R); coGeTBennbe 3HAYCHUS Ky M COOCTBEHHBIC BEKTOPHL Py
onpejensniorca us ypasueana 4 (By,) fm = 0. B caygae ocrimi-
IATOpa MMeeM

E
hm:—1, m=0,1, 2, ...,
m —
+ 2
rie £ — ¢urcuposannoe unciao. B vroit samaue mccaenyercs
aCHMIITOTHKA CIIEKTpa Iryuka omepatopoB {4 (k)}.

2. HanoHnuecknii omepaTop HA 3AMKHYTOM JATPAHKEBOM
MHOTOOOpasun. YTolHl HMCCIAEMOBATH ACHMITOTHUKY CIEKTpa
cemelictsa kA ~l-ncesgomnddepentmanpurx oneparopos {4 (h)},
mocrponM modtH cobcTBenHble yarium omepatopos A (h),
T. e. Takue pyurmuu ¢, £ D (4), qaro

A (R) on = (E (h) + & () @n,

roe e (h) = o (E () (h—> +0). NuwMm caoBaMu, L0YTH
coOcTBeHHASS (QYHKUUA ecTh NPUOIMKEHHOC DEHIeHHE ypaB-
HOHHA
ARy =E(R)e.

JloranbHO TaroOe pelmenue KAeTcA NPeIKAHOHHUECKHM OHepa-
ropoM (§§ 3, 5, 6). TocTpoenne pemeHns B UEAOM OCYIIECTBAM
¢ HOMOIILIO CPAIMMBAHUA JIOKATHHEX DEIIeHHuil, T. €. ¢ IOMO-
b0 KOHCTPYKIUM KaHOHUYECKOro omeparopa. IIpm sroM
BO3HHKAIT HOBBE TPYAHOCTH, TAK KAaK COOTBOTCTBYIOINE
JarpamKeBsl MHOToo6pasusa A" uMeT HeTPUBUMANBHYIO QYH-
RameHTanbHEYyI0, rpynny st (A"). Hampumep, ¢ 3ajgaueit o co6-
CTBEHHBIX BHAYEHHAX OCIHLIATOPA

—h" + 2t = Ep
acCoONMUPOBAHO CEMEHCTBO JarpaH;KeBEIX MHoroobpasuil Ha
IIOCKOCTH

{A! (E)}: 2* + p* = E, Ey << E < E,.
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B cBasu ¢ oTHM upoaHaim3MpyeM €le pa3 KOHCTPYKIMIO
KaHoHMYecKoro omeparopa. Ilycte A™ — rumamroe n-mepHoe
JarpamkeBo MHorooGpasme B Qasosom mpocrtpamcTBe R,
{Q;} — xamonunueckuit arnac ma A", {¢;} — pasGuenue enu-
autp Ha A" (oGosnagenvisa Te ke, 4ro u B § 8) 1 1 — oTme-
gennas Touka ma A" Jlua xparkocru yrasanue Ha r’ Gymem
onyckath; mo Oymem ymorpebiusarh samuch Kan (R), 9T00H
TMONYEPKHEYTh 3aBHCHMOCTH OT mapamerpa ot h = A~l. Kawmo-
HAYeCKUI omepaTop ompepeinsierca mwo ¢opmyrne (8.3):

(K (R) @) (I)Z%JK(Q]', h)(e;o) (z) — (13.9)

Ha Qyuxmmax ¢ € Cp (A™) mpu 0 << h < hy. lpm rampmom
¢urcupoBanHoM h uMeeM 0TOOpasKeHNe
. 00 o0 n
K, n(h): Cy (A™) — C7 (Ry),
n ¢ arolt Toukm spenusa K,n (h) — 3710 cemeiicTBO oTOGpasKe-
guii. OcuoBHEE cBoficTBa BTOTO ceMmeilcTBA TAKOBHI:
1) Hyerh x nemnT BHe HEKOTOPOH &-OKPECTHOCTH MHOKe-

cTBa I, supp ¢ (1, — mpoerrusa na R}). Torna mias aoboro
MYABTUHHICKCA o U Jia Jio6Goro mexoro N 2= 0

| D% (K (1) 9) (2) | < Car, " (1] 2)7N, (13.4)
roe C,, y — TocTOsAHHBE (3aBUCALINE OT ).

“ 2 1
Iycres L = L (z, kDy; k) ects h7'-n. 1. 0. ¢ CHMBOJOM

knacca I7 (RR). Torzma
2) copaBemsuBa nepBasg (GopMyra KOMMYTALHK

(LK (n (h) 9) (@) = (K yn (B) L (%, p; 0) ) (%) +hx (z, k), (13.5)
rme X € O, (RY) (cm. § 1).

Ecau, xpome Toro, BHIOOJHEHBL YCIAOBHA TeOpPeMH 8.4, TO
3) cupaBegmuBa Bropaa $opMylZia KOMMYTAI|HH

(LK \n (B) @) (@) = (L (2, p; 0)—ihR.¢) (z) -+ ¥ (2, h), (13.6)

ruge X € Oy (RY) (cMm. § 1); sisubiil Bug omepatopa Ry yraszau
B Teopeme 8.4.

Hpome TOro, KaHOHWMYECKHIH OIEPATOP, ¢ TOYHOCTBIO JIO
O (h), MHBapuaHTeH OTHOCHTEJbHO BHOGOPA KAHOHHYECKOTO
atyaca, poKaJbHEIX KOOPAMHAT B KAPTaxX U pazbueHus eMTHI-
upr (teopema 8.1). ITockoabRy MBI cobmpaemess IOCTPOUTH
KOHKDETHYI0 LOYTH CoGCTBeHHYIO f dyHKOHIO, TO ¥ aTiac, W
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pasbuenne equHEUNE, W POKAIBHEIE KOOPIHHATH OYAYT QHK-
CHUPOBAHEL.

IIpu xomcrpympoBanmi KaHoOHWYECKOTO onepatopa B § 8
TPeAnONaraiochk, 4To

1) § (p, dz) = 0 gus ;oGoro 1-muxaa ma A"

¥

2) ind ¥ == 0 mua moboro 1-mmkaa ma A"

BriscuuM, R uwemMy UDHBOAMT OTKa3 OT ITHX YCJOBHIL.
Ilpesxme wem QopMymupoBaTh OKOHYATENBHBIH pe3ynbrar,
PacCMOTPHM TIpUMEp.

Myers A" nuddeomopduo npoextupyercs na RE u Gyuga-
MeHTanTbHag rpymma b (A") &~ Z (Z — rpynna neasix 9ucen).
Loctatouno orpammuUmMTHCA CHETYOIIAM IIPHMEPOM: 7 == 2,
upoerima A? ma R ects womsmo C: r << |z | << R. Torga
A? sagaercs ypabHenuem

p = p (x), z€C,

riie p (z) — rmagkas ogHosHaumas Bekrop-pyHkiumsa. Tak
Kak A? — jparpamskeso MHoroo6pasme, TO JOKAJIBHO, T. .
B MaJoit ojHocBH3HOU okpectHoctH U (2°) aoboit Toukm
2 € C, mmeeMm

as (x)

p(2)= o 2 €U (29,

rie S — raagkas ci)yHszm, rag aro (p (z}, dz) = dS (z).
Onraro «pyHRITHI»

x

S(@) = p (@), do

x0

MOKeT He OHTh OfHO3HAUHON, ecaum ¢opma o' = (p, dr)
nMeeT HEHYJeBOH Hepuon:
= [ p, doy 0.
Yo
3mecs Yo — OKpYEHOCTL | | = p, r < p << R; ouemmano,

gro J He sasmcur or p. HKpusas y, — obpasyomas rpynnm
romormornii  H, (A% Z). 3amermm eme, uro ind y, =
Ourcnpyem toury r® = (2° p°) € A?, obvem do (x) Ha A?
U PACCMOTPHM BRIPAKCHUE

do () |

(KAz (h) (P) (x) = ,/ ax

e (4 r§)<p, dz))  (13.7)

ro
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(rme @ € C;° (A?), nocTpoennoe 1o o6pasny IpelKaHOHUTE-

cKoro omeparopa B meocoboit Kapre (cm. (6.2)). dro Bepaske-

HHe ecTh, BooOlle ToBOpA, MHOrO3HAYHAS QYHKIHA OT I

(mapamerp h ¢urcuposam). JleficTBuTeNBHO, BCE SHAUEHHA

WHTerpaja, CTOAMero B 9KCIOHeHTe, B Touke r (x) = (, p ()

natorcst gopmynon ,
(x)

[ dey={ip, daty+hr, k=0, %1, 2, ...,

r0~ %
rae Vo — QUKCHPOBAHMHHEI NYyTh, COCAUHAIMINN TouKm x°, Z
u aexxamui B C. Mosxuo canrars, uro J > 0. Qopumyaa (13.7)
TOTHA U TOJBKO TOTHA OIpEeCHder OAHO3HAUHYIO (byHRU,mo,

Homa
J = 2amh,

rre m >0 — mesoe gmcno, T. €. IIpI/I OVCKPETHHX 3HAYEHWAX
napamerpa h

A m=1,2, ... (13.8)

2rem

Taxum 00pa30M, UpH JUCKpPeTHHX sHadenusaAx A € {hp}
nmeetcs cemeicTBo omepatopoB {K e (fm)}. (DOpMy.IIBI KOM-
MyTalui, MONAyYeHure B § 8, ocraiTcs B cuie, ¢ TOH IuOIb
pasumnel, gto A -—> 0 mo mociemosarenvmocTH {fnm}.

ITpogommuM pacemorpenne 9TOTo mpumepa. 11yers HMeer-
csi cemMefcTBO JarpamkeBHx MuorooGpasmit {A? (E)}, E € A
(rme A — meKoTOpHIL MITEPBAN), TAATKO 3aBUCAINEE OT Mapa-
merpa F, m mycth mo-npesknemy 5, A% (F) coBnagaer ¢ Koxb-
nom C. Torga nepuox J = J (E) m yciaoBue 0oH03HAYHOCTH

uaTerpasna \ {p, dr) upmHHMAaeT BHJ
J (E) = 2nmh. (13.9)

Iyers J (E) >O, T (E') = 0 upn E ¢ I. Torma mpu wam-
mom ¢urcaposarnom h € (0, ko) ypasmeume (13.9) umeer
cemeiicrBo pemenuit {E,, (h)}, rae m npoberaer MHOKECTBO
menwrx uncen M (h): my (h) << m << my (h), 3aBucsmee ot /.
Yuemo anementoB muo:xectsa M (h) pacrer jmmeiino (mo k1)
¢ ymenbmenweM h. Ecam h ¢urcuporano, a E = En (h),
m € M(h), o popmyaa (13.7) oupenensier oneparop KA% o (R);

naa kparkoctu obosuaumMm ero K (K, (h)). Takmm ob6pasom,
OpH Kak[oM (QUKCHPOBAHHOM £ MEI HOJydYaeM [HCKPETHBIY
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HaGop omepaTopoB
K (Eq(W): C5 (AL ap) = C3(C),  m€ M (h).

ITepeitnem k obmemy cayzawo. ITyers A™ ecth sarpanskeBo
C>-muoroo6pasne B $a30BoM HpoCTpaHeTBe, A" — KOMIAKT-
Hoe MHOTooOpasme Ge3s kKpas. Hac murepecyer caydail, Korga
A™ wmeommocBsasuo; mnycrs dim Hy (A", Z) =p. 1 {y;}
1 <j<p,,— Gasuc ogmOMEpHO# TPyOmsl  [OMOJOTHI
H, (A", Z). Toxomum

Ji:<§ (p, dz),  l;=indvy;
Vi
(3mecy J; — mepuonsr dopMu o' = (p, dz)). Ilycrs T o=
= (z, p) € A™ — meocoGan Toura r € Q;. DoPMATBHO TOCTPO-
um oneparop K,n (k) mo popmyune (13.3); rorma (K n (R)) (9) (2)
Gyner meomnosuaunoi ¢ymxumedn x. Ecawm supp ¢ cocperoro-
9eH B MAJIOH OKDECTHOCTH TOYKH T, TO BCE BHAYCHHA QyHKIHI
(Kan (h) @) () mamorea dopmyanoi

exp H— S (p, dx)—
s

a5
dz

K o) @ =) [Z]

in ~ ~.
—v]e@ p @),
THe Yy — TPOM3BOABHEIE UyTh, COCAMHAMMEA Todrm rl, r
u ae;xamuil Ha A”. DurcupyeMm OyTh Y,; TOTAA IYTh Y TOMO-
JorndeH JHHEHHOH KoMOHHAIUH
Y41

T~ Yot 2 mivy,
i=

rqe  mj; — measie  auciaa. CiefloBareIbHO, BHPAaKEHHE
(Kan (R) @) (x) ompermesneHo ¢ TOIHOCTHIO [0 MHOMKHUTENS BHIA

exp| i 3 Ty _ & .
p[i 3 m(—5u)]s (13.10)
=1

TO JK€ caMoe BepHO A Jo60i HeocoOoit TOIKH MHOT006pasns
A" TlosroMy masa Toro, urobni Bmpasxenue (K, n (B) ¢) (z)
OpL10 ofiHO3HAuUHOH QymKIueil (moka 4ro mpu z ¢ w2 (A™)),
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He00XONMMO I IOCTATOYHO, YTOOBI BHIOAHAINCH COOTHOIIEHHA

g .
'%—‘—g‘lj:’2ﬂkj, 1<i<py, (13.11)

rue k; — neasie gncna. Herpyauo BumeTh, 4T0 COOTHOILIOHUSA
(13. 11) HHBADHAHTHE OTHOCHTeNbHO BrOopa Gasmea {y;}
TPYIIIL TOMOJOTHH Hy (A", Z). JleiicTBUTeNBHO, €cIH i) —
apyroit tako#t Gasue, TO

P1

V=2 Cirvis 1<i<p;,

I—

C;; — ueawe wucna. [lockonpky marpuuna C = (C;;) oGparn-
Ma u ofpaTHas K wmeil Marpura C~' Takke Iiel0dHCIeHHANL
¥ TOCKOJBKY

_ P1 1
Ji”_‘z le'].h l 7121 lel]'/

=1

o coornomenud (13.11) sKBUBAJEHTHH COOTHOIIECHHAM

—

a-l}h

Herpyamo Bujers, 4ro ecaum p; == 2, TO COOTHOIICHAA
(13.141) Moryr He BHIOJIHATHLCH HH IPH OJHOM 3HAYCHHH .
Hawpumep, ecau l; = 1, = 0, 70 m3 cooTHOmMEnwHit

Jy = 2mhky, J o = 2mthik,

BHITEKAGT, 4TO HEPUORHL Jy, 5 CONBMEPUMBI.

Taxnm 06pasoM, Ha 3aJaHHOM JATDAHKEBOM MHOT000 pasuu
A" ranoumweckuii omepartop K,n (h) Moker me GRTH OIpe-
JIeeH HH IPU OJHOM 3HAUEHNH K.

Coornomenusm (13.11) MosxHO0, 0O4eBHIHO, YIOBIETBOPUTD,
eCJIM WMEeTCA p,-UapaMerpudecKoe ceMeHcTBO JarpaHyKeBHIX
MHOT006pa3ui (BBINE, HA WpuUMepe, GBI PacCMOTPeH caydal
p1 = 1). Nmenno, nycrs umeercs cemeitcto { A" (o)} marpan-

sreBeIx  C™-mmoroobpasmit, o = (o0, .. ., ap) € U (o10
obmacts B RP1), Taxoe, YTO BHIIOJHEHH YCJIOBHA:

A 131, Tlpu raxmpom PurcupoBansoM o € U A" (a)
ects KoMmmaktaHoe C™-MHorooGpasme 6e3 Kpag u ceMeiiCcTBO
{A" (a)} raagxo saBmemt or mapamerpa o € U.
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PasHrM 3HAYCHUAM O € U orBedaior Hemepecerammuecs

muoroobpasus A" (x); obsegumuenme | A" () ectp C™
aEU

mHOr0o0Gpasne A™7Pt pasmepmoctu n -+ py.

A 13.2. Pasmepmocts uurma ocobemmocteit X (A" (o))
He mpeBocxoauT r — § mpnm o € U, u nukan ocobenmocreit
rIagKO 3aBUCAT OT o.

A 13.3. Ha xasknom muoroobpasun A" (a), a € U) cyme-
CTBYeT n-mMepHHi o6bem do” (a) waacca €™, HOPMUPOBAHHEIT
yemoBueM

[ dom@=1.
ATa)
Ormerum, 4T0 uucto napamempos (g, . . . Up,) PasHo

pasmeprocmu 00HOMePHOTL 2PYRRWL 20MO0A02ULL MH02006pasull
A" (a).

IIpu sTux yecnoBmax, ecau ¢hmacts U mocrarodnmo Maja,
MOKHO BHOparh KaHoumueckue ariachi {Q; (o)}, pasGuenue
eguuanusl {e; (x)} wmacca C% (A™ (@) x U), roe umeno rapr
HE 3aBUCHAT OT ¢, a Taxske Gasuck {y; (o)}, FIafKo 3aBucsmme
or «. Torma mepumopnt

Ii(@)= § o do)
? )
6yayr pynrmuamu kaacca C~ (U), a ind y; (o) = 1; me 6ynyr
saBucers or o. Cooraomenwme (13.11) mpunumaer Bupg

WA (0) =5 Lk 2amy,  A<G<pr  (13.12)

OueBUIHBIM J0CTATOYHBIM YCAOBHEM COBMECTHOCTH 9TOH cHCTe-
MBI ABJASIOTCS HE3aBUCHMOCTEL Hepuofos J; (o), Kar $yHximii
or o.. Beemem obo3maveHua:

J(OL) = (Ji (OL), LR *Tm (O‘))’
:(lh LR lpl)v M:(mi, ey mpi).

Jlemma 13.2. Hycmo o’ € U, det 316(30) # 0 u 0<
<< h << hg, by > 0 docmamouno maro. Tozda cucmema (13.12)
npw kascdom h € (0, hy) umeem pewenus {on ()}, 2de yeao-
yucaernue eexmopsl M sanoansiom  EYOGUHECKEYI0 DelLemEy
€0 ¢cmoponoli nopadka const bt npu maswz h,
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HoxasaTeascrtso. Ecau Uy — mocrarouno Majas
OKpecTHOCTh Toukd o, To ee 06pas mpu orobpaskenun J =

zin J (a) — % hl copepirur okpectHOCTs Vo Toukm J (a);
MOKHO CUUTATE, YT0 Vg ecth Ky0O. McKoMoe MHOMKECTBO permre-
Huit cocTouT 13 BeeX Touek o € V, Tarux, uto A-LJ ecrs memo-
YHCIEHHBIA BEKTOD; IPH LOCTATOYHO MAJHX A 3T0 MHOMKECTBO
HEHmyCTo.

Hpome toro, ay (k) riagro sasucar ot k upn QEUKCHpPO-
BanHoM M, moka TouKa ayy (k) mesxur B obnactu Uy, Jlemma
AoKa3ana.

ITyers Bomoanensr yemous A 13.1 — A 13.3 n yemoBusn
nemmer 13.2, Uy < U — ykasannas B JIOKA3aTeJLCTBE JEM-
mer 13.2 gocrarouno Masaa o6aacTh, QYHKIHUA ¢ OmpeeIena
Ha cemeiictBe {A" (o)}, o € Uy, u mpuHageKutr Kiaaccy C.
CemeiicTBa KanoHmueckuXx ariaacoB {Qj (@)} u (orambHEIX
KoOpAMHAT B 9THX Kaprax, pasbmenmit emmmuust {e; ()}
n  GasmcoB {y; (@)} oXAHOMEPHEIX TpPymD TOMOJOTHIE
Hy (A" (), Z) BrGepeM Tak, Kak ykasamo Bume. Durcu-
pyem k€ (0, hy), nemnoduciaenuwiii Bextop M U permeHme
o () coeremnt (13.12), ax(h) € U,.

Paccmorpum maTerpas

Sova W=+ | (0, dy—F L1 (0@), 1)
r0(a)

rjle IyTh HHTECPHPOBAHUA Y JEKUT Ha MEOTOOGpasum A™ (o).
Eeau o = ay(h), To mepmomsl mmTerpaida S KpaTHB 27,

tak uro Bhpassenue exp [iS (r, ay (B), k)] ectb 0dnosHAUNAR
Pynryus ua wmuoroobpasum A" (ay (B)). Cuegosareasuo,
TOYHO TaX ke, Kak ¥ B § 8, MOKHO IOCTPOHTEH ceMmelcTRO
KaHOHH4eCKHX omepaTopoB {Kan,, o = au (R)}.

Ecoan Bextop M ¢ukcmpoBaH, TO 3T0 ceMECTBO ompefese-
HO Tpu Tex k, upm Koropeix oy () € U,. lpm b — 0, oue-
BupHO, oy (k) — 0, Tak 9ro TouKa o (h) yxomuT m3 obia-
cru U, C gpyroit cropombl, mprm KayKAoM (EKCHDPOBAHHOM
(z mocTaTouHo MagoMm) k mmeeTca Komewmoe MuHOMecTBO I (k)
HEeIOYNCIEHHE X BeKTOpoB M rakux, 4ro Todka oy (k) E U,
upu M €M (h).

Taxum ofpaszoM, OpE Kaykgom (UKCHMPOBAHHOM A cemeli-
¢meo srazpancesux miozoobpasuli {A" (a)} keamwmyemcd —
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aMeeTCs  Juckpemuwii Habop MHOrooGpasuit (o = ayr (R)),
Ha KOTOPHIX OLpe/ie)ieH KaHOHUYeCKHH omeparop.

- Ormernm, uro ¢opmyasnt Kommyramum (13.5), (13.6)
0CTAIOTCS B CuiIe A1 omepaTopoB Kyn . & = oy (h), u wto
ONEHKM OCTATOYHBIX diaeHoB B dopmyrnax (13.4) — (13.6)
paBHOMEPHEBI o o € Uy. ITo creyeT U3 MeTOAA CTAIHOHA PHON
¢assl IS WHTETpaJioB, 3aBUCAIIMX OT mapamerpa (Teope-
Ma 1.4), m u3 yeaosuit A 13.1 — A 13.3.

3. AcuMITOTHYECKHME cepHu COOCTBEHHBIX 3HAaveHHii. Pac-
cMoTpuM A~l-mncesmopuddepennmansunit omeparop A (k) —
BeIeCTBEHHBIN 1 POPMATHHO CAMOCOLUDSKEHHEBIH. OJTOT ole-
PATOpP MOFRIO NPEACTaBATH B BH/E

A(h)=4[L (2 hDs; ih)-L L (¢, hDs; ih)] (13.13)

¢ BemiecTBeHHO3HauHBIM cumBoioM L (x, p; ih). Bmemem yc-
JIOBHS:

L 13.1. CamBon L (z, p; ih) € TT mpm HeKoTOpOM .

L 13.2. Munumaawusiii omepatop A° (h), orBevarommit
purpamenuio A (h), upu ramgom ¢urcmpoBaruom h € (0, k)
JOIIYCKAeT pacHMpeHue [0 CAMOCOIPS;KEHHOI0 Oleparopa
A (h): L, (R™y — L, (R*) ¢ uncro AMCKPETHHM CHEKTPOM.

Ilyers g' — cpsur BEoaL TpaeKTopHil TaMHJIBTOHOBOM
cHCTeMBI, accortumpoBamHoii ¢ cumBoxom L (x, p; 0). Acumm-
ToTHHeCcKasg cepus coGCTBeHHHIX BHAUEHUil, Koropad Oyaer
mocTpoeHa HUyKe, MOPOIKIAETCH CEMeHCTBOM JarpaHmKeBHIX
MHOrooOpasuil, HMHBAPUAHTHHIX OTHOCHTEJIBHO CABHTA g°.
WNmenuo, nmycTs BHIIOMHEHO YCIOBHE

A 13.4. CymecTtsyer cemeiicTBO JAarpaH;KeBHX MHOTO-
obpasuii {A" (2)}, « € U, ymoBieTBopAIONmiee YCIOBHAM
A 131 — A 13.3 m rakoe, gTO

1) g*A" (o) = A" (o) mpu Bcex ¢ € R;

2) L (z, p, 0)=E (a), (x, p) € A" (a).

Taxnm o6pasom, Kaxgoe MEorooopasne A" (o) uHBapuant-
HO OTHOCHTEJLHO CHBHTA BIOMH TPAeRTOPMIl TaMHALTOHOBOH
cucremsl i cuMBOX L | p—o = const Ha Ka:KIOM M3 MHOI0006-
pasuii cemelicTBa (KOHCTAHTA MOJKET B3aBHCETH OT ).

-G omeparopom A (h) cBa3zau enle OAWMH KiIacCHISCKHi
00BeRT — nuPdepeHIuaIbLHbA OTepaTop

oL

1 d
R=— (E‘JFW (13.14)

i h=0) ’
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rae d/dt — mpomsBofgHas B cuay cuctemnt l'amunbtoma. U3
CaMOCONPAAEHHOCTH W BemiecTBenuoctn omneparopa A (k)
1 oL
cilefyer, 4To QYHKUUA — G| o BemlecTRenia. Onxcu-
pyeM a € Uy, B cmIy nepeuucieHHHIX Bblie ycaoBmii R
€CTh  CAMOCONDS;KEeHHEI  omeparop B  IPOCTPAaHCTBE
Ly onigy (A" (2)). CremoBarenpHo, ero COeKTD BeEIIeCTBEH.
Bymem unpenmoxararb, uro omepartop R wmMmeer riajkoe
mo & € U ceMmelicTBO cOGCTBEHHBX PYHRIUA ¢y, OTBEUAIOIUX
[JIagKOMY COGCTBEHHOMY BHaueHUHIO W (o):

Ry = pn(a) 9o, a€U. (13.15)

B wactHOCTH, ecan cuMBox L He sasucnT oT A, TO MOMKHO
IOJIOKUTH

By =0, ¢o=1. (13.16)

IToerporm mourm coGcTRenHnle $yHENUE cemelicTsa
{4 (k)}. @uxcupyem k € (0, hy) u maiigem nabop {onm (h)}
pemenwuit cuctemsi (13.12) (memma 13.2). Bymem nckath mouTH
co0cTReHHyY0 PYHRIUIO B Bxjie

u]\l (x? h) = KAn(a)(pCL (a — a}\[ (h))~ (13.17)

Ipumensna dopmyny kommyramum (13.6) m yaurthBag, 9T0
L (z, p, 0) = E;(a) ma A" (o), moxyuaem (o = opy (h))

A )ty = K gy (L (2, P, 0)f R) o+ O () =
= (E (@) + s (@) K g0 - O (1) =
= (E (o) I (&) tips + O (B%).  (13.18)

I(.TIH OCTaTOYHOI0 4YileHa cHIpaBeljinBa ONEeHKAa

10 (72 | < Ch? (13.19)

mpu z € R™, a € Uy, h € (0, hy) ¢ me saBucameir ot z, «, %
nocrosguuoii €. Jamee, cymecrByer mocrosmaas C; >0
TaKas, 970

1K >C,, (13.20)

Ay Pa | Lrm
a = oy (h). 310 cemyer us TOTO, UTO B HE0COGOH RapTe KAHO-
HUYeCKUE 0mepaTrop CBOMUTCS K YMHOMEHHIO Ha (YHKITHIO,
MOZYJb KOTOpO# He 3aBucuT OT 2 um KoTopas mHe obpamjaercsa
B myas (em. (13.41)).
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ITo nemme 13.1 umeem (npu ¢gmxcuposamnmx h, M)
d(E@+FmEN<o 1 (@=ax k), (13.21)

roe d (p) — paccrosgHEe 0T TOWRA O no cuerrtpa o (4 (k).
‘Tem caMBIM [JORA3aH OCHOBHOH peayJabTaT HACTOAMEro Hapa-
rpada.

Teopewma 13.3. IHycmv {4 (R)}, b € (0, hy),— cemeti-
emeo  hl-ncesdoduepenyuaivnuir  onepamopos, U nYcmMb
cywecmeyem cemelicmeo aazpancesnr mrozoobpasut {A" (a)},
ydosaemeopsiowuzr yeaosusm A 13.1 — A 13.4,

Toeda npu waxcdom gurcuposannom h € (0, hy) u npu
hy >0 docmamouno masom onepamop A (h) umeem cepuio
cobcmeennnx sHauenull euda

By () = E (2) + hu (@) + O (h?). (13.22)

3ecy o = ay (R), |0 (?) | << Coh?, nocmoannas C, He
sagucum om h, M

Coomeememayouyas cO6CMBEHHOMY SHAYEHUN ROWMUL OG-
cmeennas Pyuryui wuy (r, h) daemcs gdopmyaoii (13.17).

Ilosrcumm Teopemy 13.3. Ilycre py = 2 (aas upocroTh)
n Ey<<E{a)<?Eyopn o € U. Ourcupyem £ >0 u sarem
w3 cueremnt (13.12)

Th

Jy (0, %)= 35" ly -+ 2mumyh,

Jo (@, o) = —ﬂzi Iy 4 2mmyh

Haxo#uM JUCKPETHHI HaGop pemremui o (k, m;, m,) Tarux,
aro Eog << E (o (b, my, m,)) << E;.

Qopuyna (13.22) oupepmexser ceprio COOCTBEHHEX 3HATE-
Huuil, 3aBUCAMYIO OT ABYX IEJOYNCACHHBIX IAPAMETPOB My, My

By, my (B) = E (a0 (b, my, mo)) b (& (B, my, my)) 4O (h).

IIpu sToM HaGop moumycTMMEIX map (74, M,) BABHCUT OT HApa-
metpa h.

Pacemorpum Hiacemdeckmii npmMmep — 3ajady Ha cob-
CTBEHHBIe 3HAYEHUA AN ORHOMepHOTOo omeparopa Ilpeamm-
repa Ha Bcedl ocu

BV (2)p = By

Horemmmanx V (z) € C* (R) memecrsen, V (d=oo0) = —oo,
u aoyers V (z) Bemer ceba Ha GECKOHEYHOCTH, IJIA IIPOCTOTEHL,
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Kak moxmmoM. Torfa, B wacTaoct#, Pymrmasa V (x) crporo
MOHOTOHHO yOHBaer npu <. —M/R ¥ CTPoro MOHOTOHHO BO3-
pacrtaer npn z > R, ecain R >0 RocraToyHo BeIHKO.

Ypasuenue
PPV @) =a

npu o == o, > 1 ompesiensier ogHOMEpPHOE JATPAHIKEBO MHO-
rooGpasme Al (o), muddeomopduoe orpymuoctu S?, TaR UTO
p1 = 1. Hepnoxg J (c) paren
x4(a)
J (o) = S pdx=2 5 Va—V(z)dz,

Al(a) x-(a)

rie  z. () — kopum  ypasHenums V (r) = a, z_(a) <<
<< z, (a). Hpmeyo Al (z) opmenTupyem mIo wacoBoil CTped-
re. Herpyano Bupers, uTo %’i (o) > 0. Jlanee, Ppyuwrinmsg
H = p? + V () sBasietcs DepBEIM WHTETPAJIOM COOTBET-
crpymomeii cucremsl l'amMunbrona, tak uro £ (o) = a. Creno-
BaTeabHO, Bee yeaosms A 13.1 — A13.4, L 13.1 — L 13.2
spumoanens. Hakomer, ind Al (a) = +2. Bufepem, rak u B

(13.16), p (a) = 0, ¢ =1 (ma A’ (o). Torma us reopems 13.3
BHITEKAET CYIIECTBOBAHME CEPUH COOCTBEHHEIX 3HAYCHHH

Em (B) = am (B) + O (B3,
e o, (k) ompegensiercA M3 YpaBHEHUR
J (om) = 2nmh - mh,

T. €. O () yOoBIETBOPAET YpaBHEHHIO
x4(0) 1
Va—V (z)dx=mnh (m—l——z—) .

x- (o)

Ira hopmyra coBHagaer mo Gopme ¢ M3BECTHON B (u3UIECKOMK
anreparype ¢gopmyaoti reawmosanus Bopa.
CoorBeTcTBYIOIIE MOUTH COOCTBeHHHE (QYHKIHHE (P, HMe-
0T BHJ
P (x) = ([&Al(mmﬂ) (x) Ay, = O (h)

(Gonee wmonpolune dopmyast cm. [38] w ap.), rae 1 — dynx-
LM, TO;RACCTBEHHO PABHAA euanne Ha KpuBoir Al. Ormernm,
910 (QYHAROEA ¢, JOKAJIM30BAHA B OKPECTHOCTH IIPOEKIUH
kpusoii A' Ha ochb z, T. e. B OKpPECTHOCTH OTPe3Ka
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L= (z_ (), zy (@), & = oy (h), mockomsry (Kal) (x) =
= 0 (k™) BHe n060il £-0KpPECTHOCTH OTpe3Ka I.

Sameuanue 13.4. Teopema 13.3 ocraercss B cuie,
€CJIM 9gacTh cHeKTpa omeparopa A (k), nexamas B MHTepBaJe
E = E (), oo € U, aBAsSETCH YUCTO JUCKPETHOI,

Sameuganne 13.5. llyers uy (x, ) — moaru cob-
crBennas gyuriusa (em. (13.17)) m B > 0 mocratouno Majo.
Torga sra PYHRIUA COCPETOTOYOHA B OKPECTHOCTH IIPOEKI[UN
V =n,unmu Kyne, & = oy (h), TaKk Kak BHe 3T0# oGmacTi
Kanig (B) 9 = O (£°). Boaee toumo, ecam z jemaT BHE
HEKOTOpPOii oOKpecTHOCTH MHO:KecTBa U, TO

lum (2, @) | <K Cyh (1 + |2 )7V
npu aobom N (cm. (13.4)).

4. AcuMnToTHYecKne cepun cOOCTBEHHBIX 3HAYCHWIT Omepa-
topa Jlannaca — BeanrTpamu Ha cepe. B sToM DyHKTe U3I0-
JKeHBI Pe3yabTaThl, mosydennsie B [23]. [Tyers S™1 — egunuw-

mas chepa |z | = 1 B eBraugosom upocrpamcTBe R". Pac-
CMOTpPUM 3aJady Ha COOCTBeHHELIC BHATOHUA
(Ag ~ k¥ u(x) =0, z € 8™, (13.23)
g2
rie Ap — yrioBag dWacTh omepatopa Jlammaca A = ‘ax-z.
i= Y
Beemem ma cpepe S™! chepudeckne KoopAuHATH
z; = sin 0, ; ... sin B, sin 0y,
Zy =s8in B, ; ... sinB,co8 6y, ..., ,
Z,_y = sin 0,,_; cos 8,_,, z, = cos 0, 4,

rae 0 <C0; << 2m, 0<CO;<<m (j 5%~ 1). Oneparop Ag umeer
BUJT

B 1 9 ins d
Ae T sinn-2 Gn_1 59;1—1 s en_i 06n_1 +
1 0 g 9
+ sin26,_;sin"30, s 80,9 sin"* 0, 17,5 Y T
1 o2
et sin2 0,4 ...sin20, 907 ° (13.24)

3amaga na cobcrBenunie suavenus (13.23) pemaeres Tou-

vo. CobGcrBeHnble 3HaueHHA omepaTtopa Ag mMewT Bun ki =
=1({l4+n—2),1=01,2,..., acobcrBernbie QyHKIHH,

0TBeYAIUe COOCTBEHHOMY 3HAYCHHUIO ki, ABIAITCA OTpaHU-
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gepreM Ha cdepy S™! OfHOPOAHEIX TaPMOHMYECKAX LOAMHO-
MoB crenenu /. C momompio Teopemur 13.3 Gymer mocTpoema
ACHMIITOTHKA HEKOTODPHIX cepuil COOCTBEHHHX 3HAYCHUHA 1 CO0-
¢TBeHHRX (QYHKINWH omeparopa Ag.

Merpura B R™ wrgynupyer Ha ccbepe S*-1 merpury

ds? = do%_, +

sin20,_;d0a_o- ... Fsin20,_, ... sin20,,d0?,  (13.25)
tak uro cdepa S™!, cmabikenmnas merpuxoit (13.25), ects
(n — 1)-MepHOE KoMIaKTHOE PEMaHOBO MHOr000pasue. Hanoum-

HEM onpeneaenne omneparopa Jlamnaca — Beasrpamu ma
puMmanoBoM Muoroobpasum M*® [67]. Ilyecre Q — rapra Mmo-

roobpasuss M*®, z = (zy, . . ., &s) — JOKAIBHEE KOOPIMHATEI
B Q, g;; (x) — Merpuuecknii Ten3op. Bpemem, rax oOniuHO,
obospauenua g = | det (g;;) |, (¢9) — marpmma, ofparmas

K Marpune (g;;). Hasmpmas cramspras ¢yariusa f € C~ (M?)
moposkiaer mexropHoe moje grad f (rpagment ¢ymrmuu f)
Ha M*, orpaHu4eHHe KOTOPOTO Ha {2 mMeeT BHUJ
. of 0
ij
grad]‘: Z g '%l——a;]—.
i, 3=1

Herpyano mpoBepuTh, 9T0 BEIPa;KeHWE B mPaBOil 4acTH 3TOTO
paBeHcTBa He 3aBmcuT 0T BHGopa Koopmmuar B Q. [lauee,
pextoproe mose X Ha M° MOpPOKAAET CHAIAPHYIO (QYHKIHIO
div X (muBeprenmus moas X ), cy:keHue KoTopoii Ha { 3amaer-
csi dopmyron

dle—--VE éi 527 VegX,).

IlpaBas wacTh HTOr0 paBeHCTBA MHBADPWAHTHA OTHOCHTEIBLHO
pHIGopa Koopruuar B 2. Oneparop Jlanxaca — Beabrpamu A
ompepensercd GopMmynoi

Af = div grad f (f € C* (M?))

NJIH, B JIOKAJBHBEIX KOOpAWHATAX,

Af =l Z 6 (Zgiiyg &f]_ ) f.  (13.26)
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Ws (13.25) eaenyer, uto masn chepsi S™! umeem (8 KoopauHa-
rax (81, . .., 0,.1)

— e ain?
gn_1, n-1 — 1’ gn-?. n—g — SIN e71-11 vy f11 =
= 8in%*0,_; . .. sin®0,_,, = sin*™=?» 9,_, ... sin*0,_,

(13.27)

muro g;; = 0, 5= j. Hopcrapusaa (13.27) B (13.26), monygaem
(13.23), rar uro Ay ecrp oneparop Jlammaca — Beaprpamm
Ha equHu4HoO# cdepe S™L.

Ypapoenne l'ammiabrona — flrofm, acconuupoBaHHOE ©
ypasuenueMm (13.23), mmeer Bug

H (0, p) = 1. (13.28)
ENC)

3necy p = S5
H (O, p)=(P2_ + 55— (Pt g (P2st -
—1 51I126 Dys sinZ 0, 5 n-3

n—1

mmrer (PP ) = D i (13.29)

sin2 03
i, j=1

Cucrema TaMuiabToHA HMeeT BHT

n—1
do; i ol dp; o
G =28 e = ey (13:30)

Haiinem mepBbie mHTETrpassl 910l cucremwi. [lis atoro Boc-
mogb3yeMcsi GopMymnoi

h (8, p)={h, H},

rfie & — TPOW3BOJHAA B CHIY CHCTEMB | aMHJIBTOHA ¢ TAMHIb-

rornanom H (0, p), a {h, H} — crobra Ilyaccoma QyHKumit

h, H (§ 4). CiaepgoBaTtensuo, mias Toro urobel ¢ynkuusa h

0pliIa mepBHM HHTETPAIOM cucTeMsl IaMuIbTOHa, HE0GXOMIMO

m pocraTouno, urobut {h, H} = 0. Wcnoapsys 210 coobpaske-

une, HaxoguM n = 1 mepmhix muTerpamon cucremsl (13.30):
2

2
c Cn-2
hiy=p by = p2fr —2—, ... h — e
1 i 2 2 ' sin28, ’ R n 17 sin28,_4°’

(13.31)
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TZe Cy, - . .» Cp_p — HPOU3BOJNBHEE TMOCTOSHHEE, ITH mEpPBLIe
MHTErpalbl HAXOAATCA B MHBOIIonuu, T. €. {k;, h;} = O mpm
BCeX i, j; HOTPYQHO BHUETH, UTO HTH MHTETPAIL HE3aBHCHMEL.
Caxenoparennno, cucrema (13.30) Bmonme maTerpupyema.

Paccmorpum B dasoBom mpocrpancree RE;Y MHo:KEeCTBO
AT = A" (¢, ..., Cp_p), 3aJIAHHOE YPAaBHEHHAMI

hl :Ci, hzzcz, “ e ey hn—ZZCi_27 hn-i = 1, (13.32)

e 0 <oy << ey <<T...<<cy_p<<1. Hepemenusie O MenswT-
ca B npemenax 0<C{6;, <2m, 0<C0; <<m (j>=2), no mua
Kparrocti (aszoBoe mpocrpanctBo Oymem obosHauarh depes
R§™P. Tax wak wMuHOmectBo A™! KOMIAKTHO H CBABHO,
a cucrema (13.30) Bumomme wmuTerpmpyema, TO HO TeopeMe
JInysunas [4] muomectso A" (cy, . . ., cpop) mudPeomopdmo
(n — 1)-mepuomy topy T™l. Dror dakr HeTpyAHO YCTAHO-
BUTH HemocpelcTBeHHO. [leiicTBHTENbHO, ypaBHeHHe

p+5m29 =03, 0<a<<h,
ompepexser B ofaactu 0 <C 0 << m, p € R raaaryo KpuBYO
v, auddeomopduyw orpyskHoctu. Toukm, B Koropsix Kaca-
TeJbHAA K KPUBOH 7Y BePTURAJIBHA, HMEIOT KOOPIHHATH
(B4, 0), (m — 0y, 0), rme 0, = arc sin {a/b). [lamee, npoeritus
A" uwa maockocrb (py, 0;) mmeer Bum p; = ¢, 0 << 0; << 2m,
T. e. OKpy;rHOCTh. Tar Rak h; = h; (0, p;), To U3 aTUX pac-
cysrmenuit caegyer juddeomopdrocTh MuOTOoOOpasms A™!
Topy 7T™!. Ha puc. 16 nsobpakeno muorooGpasme AZ.

IMukx ocoGennocreii X (A™!) — »T0 MHOMKECTBO TOYEK
Ha A™1l, B KOTOpHIX py, == ... = p,_, = 0. B wacruocrn,
npn n = 3 QUK ocobennocTell COCTOMT U3 ABYX OKPY/KHOCTEH
(puc. 16), samaHHBIX ypaBHEHAAMH

{pi=cy, po=0, 0,=0], 0O, < 2x},
{p1=c1, p2=0, B, =n—06;, 0<LO,<2n},

rue 0 = arcsin (¢i/c,). lIpu n 2= 4 nuxa ocoGennocreii cocro-
ur u3 2"-3 1opop I"-2

Bribepem 6asme Yy, ..., Y,_1 TPYOOH TOMOJOTHH
Hy (A", Z) caepyromum ofpasoM: B KauectBe Vj, j == 2,
BO3bMEM nepecequne A™! ¢ manockocTsio (05, p;). B Kauecrse
vy BosbMeM okpyskuocth 0 < 0; < 2m, ocranbHBeE mepeMeH-
Hoie 0;, p; PUKCHpOBaHH; W HYCTh y; He JIGKUT Ha IHKIe

18*
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ocobernnoctert (puec. 16). Brrameanmm nepuopgst oJ, $opmst
ol = (p, d0) u nupexcu I; = ind vy;.

Ilo mocrpoennso mmeem I; = 0 (kpuBas y, He HepeceKaeTCA
¢ uKIoM ocobennocreir). [lamee, kpuBas y,, s == 2, mepece-
KaeTcsa ¢ IHKJI0M 0coDeHHoCTeR
¢ POBHO B [BYX TOYKAX, B KOTO-
pux pg = (; HeTpygHO BHIETH,
910 [, = 2 mpu s = 2. [lauee,

25

J.i_—.: S P del:s Cy d61 == 27[61,
Y1 0

Jzzypzdezz
V2

T~ .______2._
- 2 _ G4
A2
Puc. 16. rae o, = aresin (¢/c,). Cae-

ROBATEJIBLHO, J o = 27 (3 — ¢y)-
AHaloTHYHO BBIYHCJAAITCA OCTANbHbIE TEPHOJH, TaK UTO

J1 = 2ncy, J, = 2n(cs —csq) (s>=2), (13.33)

O

roe ¢, , = 1. Ypasuenus (13.12) B qannom cayuae nMe0T BAJ

kCi = mi,

..... (13.34)
1
k(cn-2—Cn-g) =My + 5

1
E(l—cns)=mp_y+ 5

rpe mj; — IieJible 4ucJa. CEJI&]IHB&H 9TH YPABHEHHA M IOJa-

rag [ = my; + my + ... + m,_4, HOoXyUIaEM
—2
k=145, (13.35)
BuiGepem qucaa ¢q, . . ., Ch_g, K TAK, 4TOOH BHIIOIHAINCH

coornomenusn (13.34). Torma ma aarpamxesoM MrOTO00PA3HAN
A" (¢, ..., €h_p) oOmpefesieH KAHOHWUECKHWI omepaTop
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Kpna (h), b = k™. Tlonoxum, kak u B (3.16), n = 0, o = 1,
T. €. B KauecTBe HOYTH COOCTBEHHONW QYHKIUA BosbMeM (PyHK-
muo P = K,na (h) 1. Torma

() 1= (=10 () )v-
—(—1+0 ()¢ (> +oo),

TaKk Kak & ~ [. 3 atoro coorHomenns u jgemMur 13.1 BriTe-
KaeT CYHecTBOBAHHE ACUMITOTHYOCKON cepHH COOCTBEHHEBIX
smaderdil omeparopa Jlammaca — Beastpamm na cdepe:

=l+222 400 (> +w).  (13.36)

IlockoasKy 3agaua ma coOCTBEeHHBIE 3HAYEHUA IS omepa-
Topa Jlammaca — BeaprpaMmu ma cdepe pemaercs TOYHO
1 upuToM Hosee LUPOCTHIME CPEICTBAMU, TO IOXydeHHAad (op-
myaa (13.36) gas cepuu coGerTBeHHBIX 3HAYEHME cama 1o cebe
He mpeficTaBisier 0ONBIIOro wHTepeca. BaskHo apyroe, a WMeH-
HO acCHUMNTOTHYeCKHEe (OPMYJB TIS COOTBETCTBYOIHX C00-
CTBEHHBIX QYHKIMI, X0TA B HacTodmiee BpeMms crporoe 06o-
CHOBaHWe 9THX (GOPMYJI OTCYTCTBYeT.

OrpaumuuMca caydaem n == 3, 7. €. paccMorpum cdepy S?
B TPEXMEDHOM IPOCTpaHcTBe; o0muit caywaii em. [23]. Ilepsrie
HHTETPANH U YCIOBHA KBAHTOBAHUA HMEIOT BH[L

pi=¢,  Pbt+ oy =1 (13.37)

sm2 9

key=my, k(1—c)=my+ o, (13.38)

rge 6; = ¢, 8, = 0. Orcoga naxogum Iy = [ -+ % 4+ 0 (1™,

. 2)‘?11
€ = 3T
orBevaer Habop coGCTBOHHBIX QYyHRIMIA Um, 6, @), rme 0 <<

<8<

orpaHquHue BO3HUKAET II0 TOH mnpwumHe, dTO UHCJIA Cp,
1 — ¢, nomkun GBITH OTHENEHBl 0T HyaA. flcwo, uto NV (1) =~
&~ 21, rne N (I) — pasMepHOCTsF HHBAPHAHTHOTO TOLIPO-
CTpaHCTBa omeparopa A, oTBevamllero coOCTBEHHOMY 3Hade-
a0 k.

rge | = m y + m,. CobcrBennoMy sHaueHuio k,

'mll <1 —206, § >0 — PurcupoBanHoe YHcI0. ITO
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VYpasuenusn (13.37) oupeneadaor ceMeicTBO HHEBaPHAHTHEIX
Jarpami<eBsx TOPOB [%, TIAKO 3aBHCANIHX OT MAPaAMETPa Cj.
B ragectBe mavanpHoit Tourm r° BniGepem Touky {@ = 0,
0 = arcsin ¢;, pg = 0}, a B KauecTBe HAYAIBHOLO MHOTO-
obpasua 7; BoabmeM Goxabmmoit kKpyr 6 = n/2. Mepa na T}
HHIYIIpYeT WHBApUAHTHYI0 Mepy do Ha Tope 772

Brraneanu  jeitcteue

S (g, 0)= 5 P A -+ pe dO
r0

B HEOCOOBIX TOUKAX. JTOT HHTETPAJ 1@ 3aBHUCHT OT MYTH MHTC-
rpupoBarud. ITosToMy B KadecTBe KpuBoil Ha T2, coenuHAN-
mieit Toury r’ m Toury r = (@, 0, pg), MOZKHO B3ATh RPUBYIO,

COCTOANYIO M3 IYyTH KDPUBOH pj + = 1, BI0IH KOTO-

sm29
poii ¢ = 0 m KoTopasg CoelUHIET NpoeKuuH TOUeK 1, r,
¥ U3 oTpeska, Ha KoropoMm 0, pg mocrosmunt (puc. 16). Torma

® 9 ©
S (9, 0) = Yp(pdwjpedezf i do+
o 0

1V sinz0—c?
o g ]/1 sm2 sinZ0 d0 = ¢, +-aretg cos 0 -

1/ sin2 9 —¢2

— ¢y avetg 1 cos

(Bce xopum — apudmernueckue). Ho B Toury (¢, 0) npoextn-
PyloTes mBe Toukm Topa 1'% ecam obosmaumth uepes r2 (g, 0)
BTOPYI0 M3 HHX, TO JelcTBHe OyAeT BLIUMCAATHCH IO Toﬁ
#e GopMyne, ¢ TOM NN PASHULEH, 9T0 pg = — ]/ sz YT
BIOMB NyTH mHTETpHpoBanusA. Oxomuareasno faasa S moxyda-
eM OBa 3HAYeHUA S.:

S+ (9, 8) =cy9 £5,(9),

S, (6) = arctg Vsimb—cf ¢, arctg VsinZ8—cf . (13.39)

cos O cos 0
Hamnee,
,—m——
S |=V —S";—_?CITCI— (13.40)
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Kanonuveckuit arnac Ha T2 MOKHO COCTABUTH M3 HOTHPEX
kapr. Lluka ocobemHocTell COCTOMT M3 [ABYX OKPY:KHOCTEIR,
Ha KOTOPHX pp = 0, M ero npoekmua Ha naockocrs (8, pg)
COCTOI/IT U3 [BYX rouek (84, 0), (m — 0y, 0). Ilokpoer KpuBy0

pé + 51112 6
oxpectroctH Touek (0, 0), (1 — 04, 0) (obosnauum ux Uy, U,),
U, aesxur B moaymmockoctu pg >0, U, — B monymwiockocTn
po << 0. B xapre U; B KauecTBe OTMEUEHHOH TOUKH BO3BMEM
Toury r! == % B Kotopoil pg > 0. Torma rpusasa Iy, coegu-
HATomas Touru 7w r = (¢, 0, pp), rae ps > 0, He mepecekaer
muKa ocobernnocreit u ind ! = 0; ecau swe pg << 0, To Kpusag
! mepecexaer mmka ocobennocreir n ind [ = 1. CaemoBarens-
HO, B meocoboil Toure (8, ¢) umeem

Do St ea,  iS_ g
o 0=} [prle T e T,

e oy = 0, a_ = n/2. YMHOmRas 5T0 BHpaKeHHe Ha e it/
u yuuteBasg cootmomenua (13.37) — (13.40), noaywaem mas
HO9TH COOCTBEHHOH (YHKINH ACHMITOTHYECKYIO (OpMYIy
(B HEPORATBHEIX TOUKAX):

= 1 wersipbmMsa Kapramu Uj, JBe U3 KOTOPHIX —

m2 \ /4
- 7\
U (0, @) =eimo — cos (kSi——Z) . (13.41)

sin2 0 — ———
X

/" 2

sin2 6———2—- k V sin2 0 — mz

S, (0) = arctg r B m a;nl't:t‘g——-———L

t cos 6 k m cos B :

Awanoruunas Qopmyrna momyuena B [23] mpm aro6oit
pa3mepuocTu  cdepni.
Dopumyma (13.41) Grina modyuyena B mPeIIOMOKEHHE, 9TO

m
OTHOIGeHHe l—k-l OT/[eJeH0 OT HYJdA H, B YacTHOCTH, YTO

m == 0. Ecan nonossute m = 0, k = 1 + % B 9100 PopmMyae

M YMHOKHUTH 00€ 4acTv Ha COOTBETCTBYIOIUA HOPMAPOBOTHEIH
MHO;RHTeIb, To Oymer monyueHA H3BECTHAA aCHMITOTHICCKAS
dopmyna oas mommuoMoB Jleskammpa:

0.0 Ty s (14042
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[Tocrpoenuane soime (cm. (13.41)) mourn coGeTrennnie GynK-
AU TOKATN30BAHE B OKPECTHOCTH Hpoermuu Topa 72 nHa cde-
py S2, 1. e. B orpecrHocTa ciod Of << O < m — By, 0, =
= arcsin (m/k). Ipm m — 0 sTor ciuoil cTarHBaerTcda K K-

BaTOPY.

Ilas omeparopa Jlanmaca — BenbTpamMH MoOKHO I0Ra3arb, YTO
TIOCTPOCHAKE BHINE IM0YTH co0CTBeHHKe QVHKIUM OIUM3KH K MCTHHHRM
cofbcTBenHNM QyHKIUAM. ITO CBSA3AaHO C TeM, YTO B HAHHOH 3ajave
CTIeKTP H3BECTeH TOYHO: COGCTBeHHBe 3HAYCHHA k75 MMEIOT BHJ

Be=l(l4+n—2), 1=1,2, ... (13.42)

Breime 6p10 [JOKa3aHO CYLMIECTBOBaHNE ACHUMITOTUYECKOH CepHH 06~
CTBOHHHX smauenwit supga (13.36). Iipm I > 1 mocaegosartenvuue cob-
CTBEHHBle 3HAYEHHA k] pACIONOKEHBI HA DACCTOAHEH MOPARKA nl
ApYT oT xpyra, tak 9ro Qopmyna (13.36) comepskMT Bce coOCTEeHHEIE
3HAYeHUs (IpH TeX 3HAUEHHAX [, IPHM KOTOPHIX oHa OHJIa MOJydeHa)
oneparopa Jlammaca — Beabrpamu. Iaznee, 0wl NOCTPOEHH HOYTH
cofcTeename QYHKIUN 1) (1A KPATKOCTH 3aHYMEPYEM UX OJHAM UHACK-
coM) Takue, uro upm I > 1

fful) = Cy, AR ur ] < Coy

rae UOCTOAHREE C; HE 3ABUCAT OT I,

OcraeTcsi BOCIIONB30BATECA CHEAYIOIIHM (AKTOM #3 CIHERTPaABHOMN
Teopuu. IIycth A — caMOCONPS;KEHHHE OIEPAaTOpP B TIHALOSPTOBOM
npocTpanctee &, HIsA KOTOPOro TOUKA A= O ABIAETCH HIONUPOBAH-
HEIM KOHCUHOKDATHEIM COOCTBeHHHIM 3madenueM. Il1ycrs axeMent f €

€D (4),

il = Cs, Mafll < € (13.43)
¥ CIPaBeJiuBa OLEHKA
C/Cy < dyg,
e do — PACCTOAHHE OT TOUYKH Ay = 0 [0 OCTANBHOH YACTH CIEKTpPa
o (A)YN\{0}.
Torma
Hf— Pof Il < Ca(doCa)t (13.44)

e Py — OpPTOTOHAJNBHHII IIPOEKTOP HA WHBAPHAHTHOE IOAIPOCT-
parcTBO &€, omeparopa A, oTBedaromee COOCTEEHHOMY 3HAYCHHIO
0= Y.
IIpuMeHHTeJbEO K omeparopy Jlamumaca — BeabTpamMm 3T0 paer
OIEHKY

flu— Pug i< Cl? (13.45)

apu I > 1. 3peck mocrogHRaA C He 3aBMCHT OT [ ¥ P; — OpPTOTOHANB-
HH TPOSKTOpP HA WHBAPHAHTHOE HOANPOCTPAHCTBO emepaTopa Jlam-
naca — BejsTpaMu, orBeuanmee €O00GCTReHHOMY 3HAYGHWIO k2.
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§ 14. HKpasurnaccudeckue npubanmxenns
A PeAATHBHCTCKOrO ypasmenns J{upaka

IlocTpoena KBa3WKIACCHIECKAA ACHMITOTHKA PpEIICHHSA
sajaun Komm g pensrmsBucTcKoro ypabmenusa Hwmpaxa.
Iloxasano, 4ro CuHHOBAA WOMAPU3ATIA HMEET KJIACCHUeCKHI
opepgex npua h — 0.

1. Ypasuenne lupara. J{Bukenne pejstuBHCTCKOH 3aps-
REHHOHA JacTHIH co cnuuom 1/2 Bo BHemMHEM 9JEKTPOMArHUT-
HOM II0JIe ommchiBaeTcsi ypasmemueMm Jlupara [6], [19]

—in I — fry. (14.1)

Boanosas ¢pynruus P = (¢, 2y, £y, T3) €CTH 4-BeKTOD (CTOTI-
Germ) P = (P1, Por Psr Pu), raMmasTORMAH HMeET BUA [72]

H = a(cp—eA) — eq + Pmc?. (14.2)

31ecy e — 3apan, m — Macca 9acTHIH, ¢ — CKOPOCTH CBETa
B Bakyyme, h — nocroasHasa [lmanka, 4 = (44, 4,, 45) —
BEKTOPHBIA M ¢ — CKAJAPHBIA HOTEHINANL DIEKTPOMATHUT-
Horo mous. [lamee,

Gp == 4Py + %P2 T A3Ps;

ad = o4, + opd; 4~ azds,

rae py = —ih a—zl_. Marpuns o;, § umeror Buf
0 o; 1 {0
“f:(cj o) B=( )

rme 0, 1 — nyneBas u egumEmunas (2 X 2)-MaTpuue, 6; —
cumHoBEe Marpumsl [laynm:

0 1 0 —i 1 0
01:(1 o)’ G2:(i 0)’ 03:(0 —1)‘

Haxr o0brano, 6ygem npegmoaarars, uro Bee pyurnun 4 ; (¢, x),
¢ (¢, ) BemecTBeHHOSHAYHH u OeckoHeuno Auddepen-

I[HPYeMH.
19 B. TI. Macnor. M. B. ®eroDioK
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3ameram, 9T0 BCe MATPUNH O;, Oj, § spmuroBn. CEMBOI
omeparopa [/ ecTs 3pMHTOBA MATpHUIA

He =[5 ¢

A:(_—e(p+mc2)(é j’) B:(gz ~§§), (14.3)

1 0
C=(—ep—mc?) 0 1),
rge 0003HAUYEHO: ’
By = —edy + cps, By = —e (4 + id,) + ¢ (py + ipa)-
(14.4)
HocraBum samauy Homn

P o =40 (@) exp [ 1 So(@) |, (14.1')

rae Y € C; (R3), Sy € C* (R®), dpynrnua S, BemecTreHHO-
3HAYHA, W MCCIENYeM acuMUTOTHKY peimenus sanaum (14.1),
(14.1") mpm h — 0.

2. Ypasuenne l'ammastona — fIxo0n m ypaBmenne nepe-
Hoca. Brraucaum co0cTBeHHEE SHAYCHAA MaTpuiki H. ¥Yaurhl-
Basg OJOYHYIO CTPYKTYDPY 3TOH MATPHUIH, HOXydYaeMm
det || H — Rl || = det || (4 — hI,) (C — hi,) —

— (A —hly))B(A —hl)? B =
= det || [(ep + h)? — m*] I, — B? ||,

rpe I, ecrs emmumunasz (k X k)-marpuua. Tak wax B? =
= (| By |* + B3 I,, vo cobciBennbie 3mavyenms MaTpuus H
AMEWT BH[
hy = —ep = V' D. (14.5)
3nech
D= (cp—ed)?+ m?*=| By >+ By + m%*:  (14.6)

Cnemosarenbmo, wmarpuma H npum nw00BX BemECTBeHHBIX
{, z, p uMeeT fABa ABYKDATHHX COOCTBEHHHX 3HAUYCHUS A,

rracca C7. M orBewaror papa ypasHemumsa [ammiabroma —
frodu

%z e ]/(VS~§ A)2+m2c2+ecp-, (14.7)
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Co6cTBennbie BeKTOPH i, j = 1, 2, oTBeualomue coOCTBEH-
HHM 3HAYeHAAM A,, MORHO BHIOpaTh ciemyromuM ofpasom:

B 5,
—B, B,
fi= me+VD ) 2= 0 ,
0 ch+V5}
- 14.8
me2+7/ D 0 \ (14.8)
- 0 _ me2--1/ D
f1: B3 ] fZ: EZ .
By —Bs )

BexTopH f;° 06pa3ynT opToroHadbHbI Gasuc B R* (cramsap-
HOe MPOM3BENEHHE HPMUTOBO) M UMEIOT ONNHAKOBYIO JIMHY:

| /7 [2=2V D (me+V D).
Hpome toro, cupasegimBel TOMKIECTBA
(f-i‘.’ ajf§>507 ]: 1a 27 37 (149)
¥ aHANOTHYHEEC TO/REECTBA HJA BEKTOPOB f .
IIpocrpaucreo R* pacuapmaercs (mpu Jo06HX QUKCHPOBaH-
HBIX £, Z, p) B OPTOrOHAJBHYK CYMMY JIBYX HHBAPUaHTHEIX
nopmpoctpancte Rf = R? @ R? wmarpumm /. DBasmc mon-
mpoctpanctBa R®: (coorB. R?) o6pasyror BeKTOpH f; 4 (COOTB.

fi o). CoorsercrBeHHo BeKTOp-QynKmuio Y’ (), BXOEANYIO
B pganuere Komu (14.1'), MokHO mpefcTaBuTh B BHIE

P=194+42, Tne YIERI, YLER2

Hwmxe msr cunraem, uro ¢° € R2.
@opMasbHOE ACHMIOTOTHYECKOE pemenue 3zamadm Homu
(14.1), (14.1") 6ymem, Kar oOBIYHO, MCKATEH B BHUJE

. N
vt D =exp[ S )| ) (%)kq}k t z). (14.10)
k=0

Boramcnmy rnaBam# wien acmMmnrorukd. [as dasst S
MB DoJyuuM YypaBHenue [amunbToHa — fXK06H
as
W+h+20’ S It=0=S0(x).
19*
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Bexrop-¢pyurnmo ¢° (¢, r) Gymem mcKaThL B BHjle
W, D =olt, @) fi+os o) f5  (14.11)
HeunsBectabe QYHKUIIE ) , ONPEJEIAIOTCA M3 CHCTEMBI YPaB-

HeHHMII IepeHOCA

dmi
— =y O 4,0,

dt 4
o, (14.12)
— = 12101 1 @250,
Jannpme KomM TarROBHL:
0; Ji—o = 0] (),
rpe ®) OIpemeNsifoTCA U3 COOTHOMICHWS
Y0 (2) = O] |1—0 + 0313 li—0-

B cuny memmer 11.5 umeem
w0 7 [ N (e L ) 8y
+{f5 (G52 )%fki>] (14.13)

Hanmame muoswmrens (ff, /i)' cBasamo ¢ Tem, 4T0 BEKTOPH
{7 we epmumumse. [lo compsykeHHBIM HmepEeMEHHHIM NPOH3BO-

IUTCA CYMMHUDOBaHHE, T. €.

3
ohe 0f _ < Oy Of
op dx & 9p; Oz
i=1
1. 1. 3meck J — axobuman, orsedanmmit cucreme I'aMuiap-

TOHA

dx _ Ohy dp _ ok
at T ep ' At T oz ? (14.14)

- oz {t, y)
J+—_detT,

rae (z (¢, y), p (¢, y)) — pemenue cucremst (14.14) ¢ maunbIME

Komm
oS
Zli—o=Y, P,t=0="70y(2'-
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M3 oproroHaibHOCTH BEKTOPOB ff, [;, Tompecrs (14.9)
¥ BellecTBEHHOCTH 7#,, H BEITEKaeT TOKIECTBO

a4y = — a4y (14.15)

OnHako HENOCPeJICTBeHHOE BHUMCICHNEe K03POUIuedTon
a;y, mo Gopmyne (14.13) opuBOMUT K IPOMOBAKEM BHIKIA[KaM.
IT1o cBaABamo, rpyGo rOBOPSA, C TEM, YTO MEL OT/IEJIA6M NEePeMEH-
uywo {. Huke npusegen mpyroil BHBoJ, YpaBHeHHI mepeHoca.

3. Ksappuposammoe ypapremne J[lmpaka H ypaBHeHHA
nepenoca. CmmBoa omepartopa Jlupaka paBen —pol, +
+ H (x4, z, p), THE po = —lh— ?%’ zo = . Haiinem martpuny
Hy (zy, z, p) Taryio, 410

(—poli+Hy) (— poli + H) = (pg—h) (py— ) I, (14.16)

rie h, — coOcreennsie smawenwsi Mmarpurs H. Herpymmo
MPOBEPUTH, UTO

H,= —epl,—a(cp—ed)—Pmc?. (14.17)

Marputmt —pol, & Hy, —pol, + H, B cuny (14.16},—
aCCOTUUPOBAHHEE, ¢ TOYHOCTHIO 10 CKAJIAPHOTO MHOFKUTEJIS.

Hycrs L, — omeparop Hupaxa, L, — omepaTop ¢ CUMBO-
aom —pol, + H; (zo, z, p). Torma [72]

LoLy = [(py + €9)* — (cp — e A — m2c¥) I, -+
- (jeco’H 4-cak).  (14.18)

3necn

E=—-% _v¢, H=rot4, (14.19)

¢ = (0}, 0,, 0,), ' H=0H +0,HyL0,H,
U 0 — MaTpuOs OopAgKa 4 X 4:

oi=(% 7). (14.20)

0 0'j
0; — cuuHoBee MaTpuusl Ilayam. Omeparop
S=2o (14.21)

HABHIBACTCA  CRUHOBLLM MOMEHIMOM KOAUNECTNER O8UNCEHUR
AEKMPOHA,
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Opneparop @ = L,L; HasuBaercs keadpuposanusm onepd=
mopom J{upara, a ypaBHenue

Op =0 (14.22)

HABBIBACTCA KBAJPUpOsAnHBM Ypashenuem Jupaxa.
Monoswum z = (g, 21, Ty Z3), p = (Do, P1s P2y P3). Cum-
Box () omeparopa @ pasen (cm. (14.18))

Q=00+, (14.23)
Co=1(p,+ e(P)z- (cp— eA? —mPch [, =
= (Po— i) (py—h-) I, (14.24)

1 62
Q;=B—+ jxgg . (14.25)

3gecr B — marpuia
B = ieco’'H — cakE. (14.26)

Ilo comps;keHdLIM HMHIEKCAM [POW3BOJUTCA CYMMHPOBAHUE,
T. €.

3
Q0 __ z 82Q0
oz dp x5 0p;
=0
7 T. [

PacemorpuM Tenepr He KBaJpWpoBaHHOE ypaBHenme [u-
paKa, a WpOU3BOJABHEH A~l-11, 1. 0. ¢ cuMBoaom Buga (14.23),
roe Qq, Uy — Marpuner mopanka N X N, He saBHcanize oT A,
u Marpuna @, — CKaJApHAA.

Momygum ¢. a. pemenne ypapuenus (14.22) ¢ ToaHOCTBIO
no O (k). Ilpm 310M oTpammYIEMCA (POPMATHLHBIME BEIKIAIKA-
Mu m uHe Gymem QopMynHpOBAThH CTAHZAPTHHIX YCIOBHH Ha
CHMROI.

Bynem uckats ¢. a. pemenme B BHJIe
N

v@)=3 (4)¥ @ exp[+5@]-
0

IlopcraBiasisi 4 B ypaBHeHHNe M IPUPaBHUBASA HYI0 KOPOHIA-
SHTH TIPH CTeMeHAX A, HOJIYYaeM YPABHEHUSN

Ry’ =0, Ry + Ry’ =0
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u T. O 31ech
Rop— Qo Bip—S2 Dy

1 92 928
G Py Oy (14.27)

H [0 CONPA/KEHHHIM IEPEMECHHEM NDOHBBOAHTCA CYMMHPO-
Bamnue.
[Io ycaoemio wmarpuma (Q, — CRadApHas; 3amuImeM ee
B Bue (ol v, rie p — cranapnaa yuxuusa. Torma ypapHe-
s gas P, Pt mpuMyT BUn
Qo(z, p) =0 (p=VS (), (14.28)
Ry’ = 0. (14.29)
G ypasueunem 'avmarrora — fIro6m (14.28) accommmporama
cucreMa ['aMmibToHa

de _ 9 v _ __ 00 (14.30)

dv T ap ! dv - oz

Oneparop R; ¢ unomompw Qopmyan Jwysumas (cm. § 3)
npeobpasyerca K BULY

R,=— [{T—Jr—;— (diT InJ— jjg; ) [2x+Q0 (14:31)

CremoBaTenbro, COPABEIINBO
Mpennoxenne 14.1. Pewenue ypasuenus nepenoca
(14.29) umeem 6ud

— T
J (0 1 92
=) 7o (g | 2L ar)w@, (1432
0
a0e %O () — pewenue sadavu Kowu _
0
Qo =0, %m0 = - (14.33)

B dopmyne (14.32), xax obbuno, z = 2 (1), p = p (1) —
aro pemenue cuctembl (14.29) m J (1) = det _._Z;((g;
PaccmorpuM oBomonmoHHOe ypaBmenme (14.22), T. e.

Q.f = QJ' (tv L, Po» p),
rme ¢ € R, z € R™ Ilycrs ypaBHenHme . )
" Qo (t %, Py p) =0 T (44.34)
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OTHOCHTENHHO NepeMenuoil p, umeer peiuenue us ruacca C™

po = h{t, z, p) (14.35)

(mas TpoCTOTH) IPHU BCeX BEIECTBEHHLIX {, £, p ¥ 9TOT ROPEHB
omuokparen. Iloctpoenune ¢. a. pemenun ypasuenus Q¢ = 0
npusoguT K ypaeuenuio I'amumiabrona — fxobu (14.34) (smechk
po = 8S/0t, p = 3S8/0z); BuGepem TO pemmeHne, KOTOPOE
yioBiersopsier ypasuenuio (14.35).

C ypasuenuem (14.34) accommmposana cuctema [ammiab-
TOHA

4t __ 90 dpy __ _ 9Qo
dv dpg dtv a7’ 14.36
dz _ 9Q dp _ 9Qo (14.36)
dt = opy’ dt ap
a ¢ ypasuenuem (14.35) — yxopouennas cucrema [amMuibrona
de ok dp _ ok
r i R i e (14.37)

YCeTaHOBAM CBA3H MEKLY POIIEHHAMU 3THX CHCTEM M ME:RIY
sarobmanamu  J.
ITocrasum samaay Kommn

¢ |T=0 - O? p() 117:0 == EO’

Zleo=2%  Pleo=p° (14.38)
A cucreMer (14.36) m samawy Komm

Z |peg = 20, Pli—o =p° (14.39)
nns cucremu (14.37), rue mamusie z° p° omuu um e xe. OGe
3alla9l MPEIONATaAlTCA JarPamsKeBHMU; NyeTs pd = 0—‘5;";(5—0) .

Mebr orpaBEuYHMCH JTOKAQNBHHME PACCMOTPEHUSIMU.
Pemrenne sagauu (14.37), (14.39) o6osmaunm wepes =+, pt,
9T00R OTIMYHTE €r0 0T pemenus samaun (14.36), (14.38).
Beenem sixoOumamst
_ D, 2 +_ Dzt
o et Ay

(manomuumM, uro ¢ = ¢ (1, 2%, 2 = z (7, 2°) B caydae sajaum
(14.36), (14.38)). Bymem upegnonarars, uro J = 0, J+ == 0.
Torga (mo kpaiireir Mepe IpH MAIBIX £) MOKHO PACCMATPHBATE
pemernme r (T, z°) Kar ¢ymrmmo or ¢, z°.
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Jdemma 14.2. ITyemv dannve Kowu (14.3) makoswt,
ymo E® = h (0, 2° p°. Tozda npu masvix t

z(f, 20 =2z"(¢, 29, p{, 29)=Dp* (I, 29), (14.40)

Q¢ *

~ dpg Ilo=hJ ’
IllokasaTtensncrtso. Dyuruua (J, ABIAETCA Iep-
BEIM wHTEerpanoym cucremsr (14.36), m rak Kak oHa paBHA HYIK
opu 1 = 0, 10 Qg = 0 ma tpaerropusx cucremn (14.36).
MockoabRy Kopenb p, = h ypasmenus (14.34) msonnponan-
upét w upu T = ) uMeem p, = A, TO BIOADL TPAeKTODPHH cHcTe-
el (14.36) ypasuenue (14.35) BHmoJHseTCA TO:NKIECTBEHHO.
Nuddepennupysa rosmpecrso (14.34) wo p, rme po = A,

noJgydaen
Ok _ 900 _‘?@)‘1
op ap ( 0p, '
W3 cucremsr (14.36) maxomum, gro
dr 80 ( 9Q0 )‘1_* _oh
di ap opo ap ’
(:/‘ﬁ

@
THYHO JIOKABHIBAGTCH, YTO 5?— >

1A
z (¢, 2% p (¢, 2% samaum (14.36), (14.38) ymomaereopser
cucreme Y14.37). Ua coBumagenus pgawapx Homm BRITEKAOT
TosRAecTBA & = x+, p == p+. Jlaiee,

dtNdx N .. Ndx, =
=dt \ (25 dt+}_| i dzh):J’fdt/\dx(i‘/\.../\dx%,

h=1
OTHKyJa ciexyer mocaemuee us rtommectrs (14.40).
Pacemorpum samauy Komum (14.1°) mias »BOAOIHOHHOTO
ypasmenua Q¢ = 0. Bymem npegmomarath, uro cuMBOX ()
nmeer Bug (14.23) (manomauMm, aro Marpuna () — CKaIAPHAA)
¥ gro yeaosma memmsl 14.2 spmonpensl. Torga cmpaBefanBoO
Hpepnomenue 14.3. 3adava Kowu (14.22), (14.1")
umeem HopmaALLHOC ACUMRINOMULECKOe peltenue 8uda

— J7(0) 9Q0(0) { Qs (1) \ 1 i
b, x)“l/ﬁ(t) Py (6p0 ) exp (4 S (¢, 2)+

t n
1 8200 32Q¢ 1 { 000 \ 1 ;7
;,_.

, TAK 4TO penieHue
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30ecv § — pewenue ypasnenus Lanusvmona — Arobu (14.35)
¢ Oannnimu Kown S iy = Sy () u X° — pewernue sadanu
Kowu

dy? 3]
At () 0o =0, o= (1442)
JloxasarennscrBo ciepyer u3 mpemzomenna 14.1, memmut
14.2 u coorHomenus ?{ = QQ_ B dpopmymax (14.41), (14.42)

po = h. :
HpnMenum o1y wmetopury ® samade Homm (14.1°) nns
ypasEenua Hupaka. Jra 3ajlava sKBHBajgeHTHa 3ajade Komm

Vo= e (4-5(), 2] =

1=0
= [ (z) exp (i S (7)) (14.48)

I KBajpupoBanHOro ypasmenms Hmpara. Heiicrsureinsro,
O = L,L, w rax xax I, Y limo = 0 B cuay (14.33), ro, mo

Teopeme egmacTRenHOCTH, L; ¢ = 0 npu Bcex f. Bropoe ua
yeaxopuit (14.43) OpUBONMT K COOTHOIMEHWIO
a8 .0 —
(1 =) | v @)=
T. €. %%l =0 — cobcrBennoe smawennme, Y° () — cobernen-
HH# BewrTop wMmarpuus H |;_,. My yme ycqogmmcz, BEHIMIE,
aro Y0 € R, 1. e. uro H |10 ¢° = Ay |i—
Teopewma 14.4. 3adava Kowu (14.17 ) 6/m YPpasHeRUA
HAupara (14.1), 20e ° (z) € R}, umeem npu 0 < ¢ < T u npu
maanix I gopmasvroe acumnmomuueckoe peuterue

. J* 0, 9 [{cp —ed)2+ m2c] |i—o
(& o) = Tt Y) l(ep—ed)2+ m2c4] |,

Xexp (184 (5 2)) 10t @) (14.44)

X

3decv X — pewenue sadauu Kowu

%-: ——% (ieco' H — ca ) ((cp——eA)Zﬁ—ch‘*)“i/z, (14.45)

x° Jtmo = P° (2).

Dynryus S — pewenue ypasnenus (14. 7) ¢ Oannuimu
Kowu § =g = So (%).
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HJoxasarteaxabcTBso caemyer us mpemiaoskenus 14.3
a1 popmyx (14.25), (14.26). B dpopmyne (14.44), rax obmrumo,
z=ux(t y), p=p(¢ y) (pemenme samaun HKomm (14.37),
(14.39), rae z ;=9 = y).

Anpanormuno, ecam P |;—o € R%, 710 cymecryer ¢. a.
pemenne Buga (14.44), rme J+ — J-, S. — S_. Tem camuiu
aCHMIITOTHKA pelnenus 3agadn Ko BHUYHCIATCS NI TPOR3-
BoabHHEX JanHEsX Homu (14.1'), ynosaerBopAomux cTaugapT-
HBIM YCJIOBUAM TIANKOCTH H (HUATHOCTH.

B ypaBmenme mepenoca (14.4H) BXoguT omeparop CImHA

1.
- ieco’ H. CnemoBarenbuo, KBasSMKIACCAYECKOe HPHGIIIKOHNE

nns ypaBHeruA [lupara COZepyRUT COMHOBEIE MOMEHT KOJIIMIe~
CTBA NBIGKEHUA.

Gopuynn (14.44), (14.45) maror ¢. a. pemenme samadu
Komuz B mamom. C mOMOIIBI KAHOHHYECKOIO OmepaTopa
(cm. Teopemy 11.10) mosxmo moctpouth (. a. pemeHue Is
A060T0  KOHMETHOTO NPOMEKYTKA BpPeMEHH.

OGocHoBanue acuMuToTHIecKoir dopmynasr (14.44) momy-
gaeTca caefyomuM obpaszom. [1yeTh cKaaapHHil 1 BeKTOPHLIA
9JIEKTPOMATHUTHBIE MOTEHIHANH ABIAITCA BeIeCTBeHHO-
sHagnpiMu  Pyukmuamum kaacca C” (R3), me saBuecar or
¥ OTPAH@YEHH BMECTE ¢ IPOM3BOAHEIME 0 BTOPOTO MOPAJKA
BRJIIOUATENBI0. Torga MUHIMAIbHBIH CHMMETPHIECKU omepa-

rop H, B L, (RE), orBewarommii cmcreme Jmpaka (14.1),

HOUYCKAeT pacmupeHue A0 CaMOCOUPSKeHHOro oneparopa H.
W3 reopemer 11.10 n upegmomenus 10.3 BrTeraer oneHKa

” 1P (t7 .Z) - 1P° (t, I) “ < Ch7
rae Y° — mpaBasA wacTb Qopmyasl (14.44).
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