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[Tamsmu
Cepees Bacuavesuua

OOMHHA

INPEANCIOBIAE

YpaBHenusa KIacCHIECKOH MEXaHWMKH MOMYIAIOTCH, KaK
H3BECTHO, W3 COOTBETCTBYIIIMX KBAHTOBAaHHBIX YypaBHeHHH
(B reiisenGeproBcKoM UPEACTABICGHHM) LYTeM HpPEIeXbHOTO
mepexofia o MaJoMy HapaMeTpy. AHAJOTMIHYIO HpOLeny-
PY MOKHO OPOJeNaTh AJA BTOPHYIHO KBAHTOBAHHEIX YpaBHE-
HUH KBAHTOBOH dMeKTpomuHaMUKM. VMenHo, 3ammCHBAas 9TH
YPaBHEHAA B OpPeNeJbHOM ciydae 0OJMBIIOr0 9HUCIA YACTHI,
Korga KoMMyTartop (aHTHKOMMYTATOp *) MesAy omepaTopa-
ME DORIEHHA d YHUITORKEHNA MOKHO CUNTATH PaBHHM HYI,
MH IIOJIYYHM HEKOTOpHE, HeJuHelinwe, Boolme TOBOpH,
YDPaBHEHHA, KOTOphe OyAeM Ha3EBATh HEJIWHEHHLHIMH yDAaB-
HEHHAMH KBAHTOBOH MEXaHUKH.

IHonyuenue pemenmit 5THX HeMWHEHHHIX YpaBHeHHH He-
06x0qUM0 A H3YYCHHA ACAMITOTHICCKOTO MOBEJEHUs pe-
IIeHW# ypaBHeHAH KBAHTOBOH dJIeKTPOJUHAMUKHA, KBAHTOBOH
TEOPHUH [OJISA M BTOPWIHO KBAHTOBAHHHIX YDaBHeHUH i
60aBIIOro UMCIA YacTHI. Bce M3BeCTHHE JIMHEHHKEe ypaBHe-
HHEA KBAHTOBON MEXAaHUKH IOJYYATCH M3 3THX HeJIHHEHHBIX
B mpefede IS MalbkiX IO HOPMe HAYaJAbHEX [aHHHIX.

Yrasamubie HequmuefHbe YPaBHEHMS IIHPOKO HCIOJb-
3ylorcsa B UBHUECKOH IuTepaType, OJHAKO MOCKONBKY IIA
HEX He BHIOOJHEH OJUH Y3 OCHOBHHIX IPHHINIIOB KBAHTOBOI
Mexamukyn 20-X rogoB — OPHUHNHUIN CyHmepuosurua — B y4el-
HUKaX N0 KBAHTOBOH MEeXaHHKe OHHM LIOKa He COJep/KaTCAH.
OTH ypaBHOHHS HMMEIOT BechbMa CJIOMHBIE BUJ, U IOITOMY
O0OKYHO PacCMaTPHBAIOTCA PA3JHYHEE YIPOICHHLIe AX MOJe-
au. Mexpay TeM oKashLBAeTCsA, 4TO CaMH OTH ypaBuenus (a He
HX YOpoUIeHHEIE Mopjeawm) 00JIamaioT PATOM 3aMeYaTeNbHBIX

*) CM. sameuaHwe 1 BBejeHHA.



CBOMCTB M HA HHX MOTYT OHTh IepeneceHbl BajykKHeMIue Me-
TOAEl pelleHusA JAHHEHHEX ypaBHeHHH.

OxasniBaeTcsi TaKKe, 4UTO OCTAJBHBIE OCHOBHBIE IPHHIUIILL
cTapoil KBaHTOBO MeXaHUKU (HanpuMep, NPWHIUI YHATAPHON
DKBUBAJEHTHOCTH) COXPAHAOTCA JAJA TAKHX YPaBHEHUH.

B macroameill KHETe Mbl OHPEHEANM KIAacC HeTHHEHHBIX
YDPAaBHOHHH, IOJAa pPeIleHUs KOTOPHX BHOOJHAKWICA HTH
opuanuosl. K 3TOMY Kiaccy OTHOCATCA Takyke ypaBHeHHA
Xaprpn — Moxa, TemueparypHble ypaBHeHHs XapTpPH, He-
JuHefiukle yPaBHeHHSA OHTHKE ¢ IPOCTPAHCTBEHHON quCHEp-
cHell v BpeMEeHHO pejaKcanuedl ¥ YPaBHEHHA, OLUCHIBAIOIHE
B3auMofeicTBue (MHOTHX) KJIACCHIECKHX M KBAHTOBBIX Ya-
crur;. Kumra mpusBaHa Tak MONUQPUIHPOBATE pPasiHUHEIE
MeTOOEl NPUOJH)KEeHHHX pelleHHH JIUHeHHBX YpaBHeHui,
9T00Bl 5TH METOIE HePEHOCHINCH HA PeUIeHUA JRHHOT0 KIac-
ca HeJIHHEWHHIX YpaBHEHHI.

B dgacrtHOCTH, Ha 3TH HeJuneilHble ypaBHeHHS (e3 Tpyla
MePenoCcHTCA TeOPUA PA3HOCTHHIX cXeM. D macroamiedl kuure
pemiennsa PasHOCTHEIX CXeM IOHUMAIOTCA KaK MATpPUILI, all-
OPOKCUMEPYIOIIHE KORTHHYAJXbHEIN HHTETPAJ, HOToGHO TOMY
krar menu MaproBa anIpOKCHMHUPYIOT MAapPKOBCKHI IPOIECC.
Ha npumepe Taxoro KOMIIEKCHOTO aHAJIOTa MapKOBCKHUX Ife-
mei Jyd4lie BCEro IPOCIEKHBAETCSA BEPOATHOCTHASA TPAKTOB-
K4 KBAHTOBOU MeXaHWKH ¥ OCHOBHEE 3aROHLI BHIIHMCJIEHHSA
aMILIATYR BEPOATHOCTH.

OTtMmeTuM, 9TO HUCKPETHAS ANMPOKCUMATAA KOHTHHYAJb-
HBIX HHTerpajoB, paspurag B ra. VII, VIII, nyame Bcero
HO3BOJAET 3aMETATh KOMILIEKCHYI0O Mepy B KOHTHHYallb-
HOM HHTerpalie B P-IpeNCTaBIeHNH, TAK KaK Ha THCKPETHOM
cayuae (TaK HABEIBAEMBIX KOMILUIEKCHBIX MaPKOBCKEUX IIEIAX)
MOryT ObITH HpPOBEpPeHbI (OPMYJIH 3aMeHH IepEeMeHHHX H
HHTErPHPOBAHUA [0 YACTAM IJIA UPEAeNbHOT0 (eAHMaHOB-
CKOI'0 HHTErpaJa.

Baumelinmam MoMeHToM JHHEHHON KBAHTOBOM MEXaHUKH
SABJSAETCA €€ CBA3b ¢ COOTBETCTBYIOIHMH HeJHHEeHHBHIMH
ypaBHEHMAMH KIACCHICCKOX Mexaumku. VIMeer MecTo COOT-
sercrBue ypasuenus |penmurepa m KiacCHIeCKOTO ypaBHe-
nua Jlmysuaas (miam SKBEBAJEHTHON €My CHCTeMHl ypaBHe-
nuit 'amuabproHa):

ypasuenue (Ipemmurepa <> ypaBueume Jlmysumais.

9TO COOTBETCTBHE B3aMMHO B TOM CMBICJE, UTO H3BECTHASA
mpomeaypa KBAHTOBAHUA YPaBHEHHH KJIACCHICCKOU MeXaHH-
K TpUBOAAT K ypasHenmio Ulpepunrepa, a acCHMITOTHKA
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pemerus ypasHenus Ilpegunrepa mpm k — 0 npuBommT
B CBOI0O OYepeqbh X YPaBHEHHI0 KJIACCHYECKON MeXaHWKH.
OxaskKBAaeTCsA, 9TO AHAJIOTHYHOE ABJIECHHE HMEET MEeCTO H B
HeIWHeHHOA KBAaHTOBOH MeXaHHMKe, IPHYEM pPOJDL yPaBHEHHA
JImyBuans wmrpaetr QYHAaMeHTANLHOE YpaBHEHHE TEOPUHU
mnasMe — ypaBHenme Baacosa:

YpaBHEHWEe HEJIWHEeHHOHR
<> ypaBHenme Bjacosa.

KBaHTOBOU MEXaHHUKH

B oroit cpasu s ra. I usyuarorca ypasuenue Bracona n ana-
gor ypasuenus avmuasrona — fro0w, orpegaromuiit yparue-
nmio Bmacosa. B ra, II BBogumTcs ecrecTBenmnas mporeaypa
KBAHTOBAHWA ypaBHenwit Biacopa, KoTopas IPUROIUT K YPaB-
HEHMAM HeJuHelHo#l KBaHTOBOH MeXanHKu. AcHMITOTHIE-
CKOe pelieHHe STHX YPaBHEHHI B HYJeBOM npuaGamskennn
yrnosiaersopsger ypanuenmio Buaacosa. B ra. III crpomres
neauHeRnEH aHanor I-mpoumsBefenumsa AJs YPaBHeHUH KBaH-
TOBO# MeXaHOKH H (QOpMynH BHOYTHBaHUA IS HETO.
B ra. IV » V crponres raobanpHas *) KBasMKIacCHYECKAH
ACHMITOTHKA HeJuHeHHKIX KBAHTOBHIX ypapHeHul (Ge3 cOuHA
¥ cO COMHOM, a Tak:Ke cucTeMs ypapuenniz Xaprpu. Iloay-
YeHO YpaBHEHVE BPAIIGHHS CUMHA W OONAPH3AIUM B KJIAC-
cuyeckoM mpepmexe. B ru. VI crpomres HeamneldHHN amaxor
(PeAEMaHOBCKROTO KOHTHHYAJIBHOTO WHTErpajxa, TOTHEE —
HeauHeHOe KONTHHYANBHO-HHTETPANLHOE YpaBHeHMe [IIA
pemIeHHA HEeAWHEeHHHX VpaBreEmil KBAHTOBOM MeXaHHKH.
Jlasa sroro mmrerpaja TPUBOTUTCH AHaNOr METOfa CTalIo-
Hapuo# gassr, B YACTHOCTH AOKa3HBaeTcs, UTo QopMajbHble
acuMuroruyeckne pemenusg raap 1V, V asasores acuMnro-
THKAMH TOYHHIX pelmenuii HeXHHeHHHIX KBAHTOBHIX YpaB-
HEeHWH.

B rax. VII, gaercst aunporcuManusa nyTeid B KOHTHHYAJ b-
HOM MHTErpalie ¢ NMOMONMBI0 JOMAHHX M AIMPOKCHMANWA ca-
MOTO0 KOHTHHYAJXBHOTO HHTEIPANa KOHETHOH CyMMoOH WO
9THM JOMaHBIM. J[lemaeTcA FIOMBITKA OaTh BEPOATHOCTHYIO
arTepuperanuio cymmam mo myraM. B ra. VIII sru’pesyas-
TaTH 06G00IaroTcsa Ha HeJIHHeHHHHA caygail.

B ra. IX (pesynpraTsl KOoTOpO# mOJydeHbl COBMECTHO
¢ A. M. UYeGorapessM) paccMaTpmBaeTCH ANIPOKCHMATHA

*) To ecTh BEAIOYAINAS OKPECTHOCTH (DOKANBHKIX TOYEK M TOYOR
moBopoTa



$elHMaHOBCKOTO HHTETPANa B HUMIYJLCHOM NPE/CTABICHUN.
Ilyrw B 9TOM HHTErpale AnnpOKCHMUPYIOTCA YiKe CTYIEHIA-
THIME KPUBEIMH, DOCKOJBRY JIOMAHOU TPAEKTOPHH B KOOPIU-
HATHOM NPOCTPAHCTBE OTBEYAET CTYmeHYaTas TPAEKTOPHUA
B PMIOYJBCHOM NPOCTPAHCTBS. D pesyabTare MOJYyIAeTCH
KOMIIJIEKCHAZ Mepa B KOHTHHYAJBHOM HHTErpajie, COCpemo-
TOUEHHASI Ha CTYNEHIATHX TpaeKropusx. Jokasmpsaercs, 4ro
ROHTHHYyaabuE# wATerpas @DellHMaHa MOMKHO NpPeCTABUTH
KaK MHTETpai mo dToil Mepe W 4To OH YAOBJIETBOPSET ypaBHe-
auto ilipepmnrepa B p-mpencrasieHun. JTO MO3BOJAET HA OC-
HOBE HpeARAymeidl BePOATHOCTHON TPAKTOBKEM KOMIIEKCHBIX
MapKOBCKUX IfeneH naTh HOBHEIY AKCHOMATHIECKHIT IOMXOL
K KBAHTOBOW MeXaHUKe.

OrmervM, 9T0 TEPBOHAYANLHO IMOCIGIHNE TIABH OBLIN
pacmonoIkensl B wavaje, npuvyeM ponb 7-orobpaskeHus urpa-
0 KOHTHHYAJIBHO-WHTETpalbHoe (II0 KOMIOJIEKCHON Mepe)
ypaBuerne, BMecTo GOPMyN BEOYTHBAHUA TPWBOAUIUCE Gop-
MyJH 3aMensl nepeMennsix., OgHaro B Iporecce pemaxkTHPO-
BAHHUA peIeHo OHIIO BHHECTU BCe [PUIOIKEHWS B HATAIO,
MOKA3aB MX C MOMOIMBI TeXHHKHA 7-0To6pajxemmii.

Hacrosmmuit Texer Hanucam Tak, 9T00H PA3BATHIE anma-
par Mor OBITh NPHMEHEH K HEJIWHEHHHIM NOJYKIaccHdec-
KAM YPABHEHHAM TeOpHHM NoAA (Hampumep, OPH B3a-
nMOHefCTBUA WOJSA MaTepud C TPABHTANUOHHBIM IOJEM).
Onnako, TOCKOIBKY B ATON CHUTYAIMA HE YAACTCH MOCTPOUTH
CTPOTYI0 MaTeMaTHYECKYI0 TeOpHio, M m36pajum B KadecThe
MO HeJWHeNHhe YPaBHOHHA KBAHTOBOH MeXaHWKHU, He-
CMOTpPA Ha TO, YTO HOCTPOEGHHA KBAa3WMKJIACCHIECKON acuMi-
TOTHRA HX peImeHuii MORHO 0bLT0 OH IPOBECTH B PaMKax
yake passuToro Qopmanmsma [13, 16].

B sakmouenne aprop Bepaskaer 6xarogapuocts A. M. Ca-
MapCKOMY 3a INIONOTBOPHEIE Gecembl. ABTOop TriAyGOKO HpH-
snareqen takxke M. B. Kapacesy, A. M. UYeGorapesy m
B. 11. Benasknuy, okazasmuM oTpPOMIIVIoO ToMOms B paboTe
Hagl KIUTOI.

B. II. Macaos



BBEJJEHIE

OcHOBHOH pPe3yJAbTAT HACTOMIMEH KHUTH 3aKJIKYAETCH
B DOJydeHMA TI00AaTBHBIX ACHMIOTOTAYECKHX pasiiokeHuit
o CTemeHAM /A [JIA DeHICHWI Ifeloro Kiaacca HeAMHeHHBIX
ypPaBHCHHIA, BRIYAWIIET0 HeJIHHeHHHEe YDaBHeHHWA KBaH-
TOBOYM Mexanmuku. [[oKasaTelabCTBO BTOr0 pesyiabTaTa pac-
CPefoTo4YeHo mo Beeil mepBoi wactm Kuurm: B ria. I K Hemy
OTHOCHTCS upe[cTaBienme permenuidl ypaHenuwit Bmacoma
Yepes pelleHHe COOTBETCTBYIOIAX YPaBHEHHH XapaKTepH-
CTUK, B ri. Il — KBasmkiaccHMYecKas aCHMUTOTHKA MATDPUIIEL
mroTHocTd, B T, IV 1 V — moixyuenne OpMagbHEIX achM-
nrorugeckux pemennit. Haromen, B . VI mosyuenst onen-
KM Pas3HOCTH MEKIY TOYHEIM pelnenneM H (OPMaTbHHIM acuM-
OTOTUYECKHM PAKOM.

Hennneiinnie ypaBHeRmMs, paccMOTpEHHEIE B KHHTE, Ie-
JATCH HA TPH THOA:

1) Henuneiranie maTerpo-guddepeHIualbibe YpaBHEHHA
nepBoro uUOpANKA, BRIloYanmmue ypaBuenusa Biacosa
(va. I, ).

2) YpapHeHHS C YHUTApPHO# HEJIUHEHHOCTHIO, BRIITAIO-
mye HeJlWHEWHble YPaBHEHHA KBAHTOBOH MeXaHMKH, YDaBHE-
ousg Xaprpu m gp. (ra. II, VI, VIII).

3) Ypasmenus, moJydaeMble ¢ HMOMOIIBIO «PA3HOCTHOTO
kBanTosarmay (§ 4 ra. II), Briarowamommme ypaBHeHHS [JIst
MATPHOH IIOTHOCTH, OTBedarImell ypasHeHumio Xaprpd.

Meronmueckaa 3ajJada 3aKJII0YAETCH B IEPOHECEHHH OIle-
paroproro meroma Qeltnmana u MeTofla KOHTHHYAIBHOTO
WHTEerpaja Ha HeAHHeHHBIH cayuail, npmdeM DOCIeTHEro
B TOH Mepe, B KOTODOH OH MPUBOAUT K IIOCTPOEHUIO THATPAMM
Deitrmana, a [Ad 2TOTO, KaK BeAcHeHo B [2], Momuo orpa-
HUYATLCA YCTARHOBIGHWEM ANNPOKCHMHDPYEMOCTH HHTerpaia
HOMINIGKCHEIME MAPKOBCKHAMHE IENAMU,

Mpenmosxennuit B § 4 ra. [T merox wacTryHOrO KBaHTOBA-
HHSA MOsKeT OHITh UPHUMEHEH IIPH KBAHTOBAHUY HEJIHHEHBIX
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ypaBHeHMH TeOpHH IOJA B ciaydae, Korfla us (GU3HYECKHX
coo0pakeHH# cJaefyeT, YTO [JIA YacTH YaCTUL, MOKHO
KoMMyTaTop (AaHTHKOMMYTATOD) MERY OHepaTopaMH poOsk-
LeHHsA U YHHUYTOKEHUA CUMTATH PABHEIM NFIII0.

B EkBanTOBOH TEOpHEM mOJASA HPOBOXUTCS aHAJOIUYHOE
yacTuupoe KsanroBanue [26], Korga cUuTanwT, 4TO YACTHIA
B KaKOM-TO €eCTeCTBeHHOM cMpiciae kigaccmana. Hampuwmep,
B DOJYKIACCHYECKOH TEOPHHN B3aMMOJEHCTBHS IOJIA MAaTEPUR
¢ TPABHTAI[MOHHEIM HOJEM B OPaByI0 4acTh KJIaCCHIECKOTO
ypaenenua OJWHNOITeHHA CTABAT BAKYYMHOE ORKUJAHHE TEH-
30pa DHEPIMH-HMIYJIbca KBanTOBammoro moad marepuu. [le-
penecenue anmapara Qeiiumana, B ocofennoctu GopMYya BH-
OyTHBAaRMA, HAa HEJWHEOUHHI caydail JOJKHO GHTH HOJEe3HO
B BTOU CBABH.

B nacroameii kKauure MH B OCHOBHOM He GyieM paccMmart-
pUBATH KOHKPETHHX VpaBHeHMil HeaumueHdHoHd KBaHTOBOH
MeXaHuUKH — HaM YyHo0Hee paccMaTpuBaTh IeJdHH KiIace
ypaBueHu#, K KOTOpOMY oHE oTHOocATcHa. (Xors 6B mo To#t
OpuYMHe, 4TO K 9TOMY KIACCy OTHOCATCSA M HeJUHelHBIe
YpaBHeHUA ONTHKH, YYHTHBAKIINE TPOCTPAHCTBOHHYIO OHC-
nmepcmio [25].) ITosromy MBI TpHBemeM HuKe Teé ROHKDPETHHE
VPaBHEHHUS CO BCeMM (U3NYECKUMHU KOHCTAHTAMH, K KOTODHIM
NPUMEHHME! MOJNYIeHHEE B KHHUTe Pe3yabTaTH.

IlpuBesemM BHauale NpocTeiinee BTOPUYHO KBAHTOBAHHOE ypaBHE-
HUe A 603e-9acTHI] ¢ MAPHHM B3auMOJelicTBUeM B relizeHGEPrOBCKOM
PEICTABJICHNN:

OV (z, D) h?

T = e A ) 1Y 0\ e, )Y =) R (),
0¥ (=, 1) Bt

—ih P e A @, 1) +

+ ¥ (e, t)gdy‘l’* v, )VeEe—y¥y. 1), (2

rie z, y & R®, h — nocrosmnaa Ilnamka, m — Mmacca 603e-qacmum,/
V(z—y)=V(y — r) — noTeHOWax  NAPHOTO B3aUMOJIeIICTBHSA;
¥#* (z, t), ¥ (x, {) — OHEPATOPH DOKOCHNS W YHUITOEHUA B KOOPHV-
HATHOM IIPEJICTABIICHII.

B cayuae, xorpa xommyrarop [¥ (z, #), ¥* (y, #)] paren nymo, Mu
noayiaeM HeJuHeiHOe ypaBHEHUE HKBAHTOBOI MEXaHWKH BHIA

A (x, 1) he
m%:—mw,n+¢<x,t>§dy|wy,mw—y), 3)

rge 1P (x, t) — KOMIIEKCHOBHAYHAA QYEKnmA. (ACHMOTOTHKA DeImeHus
ypasHenHua (3) cTpouresa B Ta. IV).
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B Teopum KBaHTOBAHHHIX IoJiell reiiseEGeproBcKUe YypDaBHCHAA AJA
OIIEpaTOPOB B3amMofelcTByomux Gose- M QepMu-vacTHI] HMEIOT BHS

a e
(’r"iha—x;,-—TI‘(D——Mcl) ¥ (2, 1) =0, %)
— a e
‘i’(’rnihm—-—c—I‘@—FMcl) =0, (5)
47
CO= ¢, (6)
[=TTY, F=1v" M

3pecr ¥ u @ — reiisenfeprosckue omeparoph ¢epmm- m Gose-moas,
M — macca depMu-IacTan, e — KOHCTAHTA B3anMOjeHcTBES, h —
noctoanHaa [lxamka, ¢ — CKOpOCTH cBeTa B Baryyme, y" (rn = 0,1,
2, 3) — martpunu J[wpara, /] — efMEWYHAA MAaTPHOA.

Ilna xsamTOBOH BmeKrpogmEaMmrn I = {y,}, ® = {4A" (z, 1)},
rae {A™} — 4-moTeHnNAa; SIEKTPOMATHHTHOTO mOJs.

IIycrys G — ¢yuxpusa Tpuna ypasuerus (6). Torma, sepaskas ome-
patopH Gose-mona @ wepes CIMEODHHI TOK j

4m
c

®=Go PTY, (8)

nopcrasass (8) ® (4) m (5), m monaras, aro ¥ m ¥ yme He onepaTopH,
a KOMILIeKCHO3HATHE e QYHRIVN, TOAYIaeM cucmeny ypasrenull Heaunel-
HOU KEAHMOBOU MeXAHUKU

i A G by G ()T Vdydr | —
Tihym— "3 @, &y, Yy, )T (y, ) dydt

——Mc[)lp(x, 1) =0, (9
a 4rte —
(T"ihé—x—n— - I‘SG (2, ;9,7 Y (. 1) TY (v, 1) dy dt + Mc) X
e .IE (z,0)=0.

3amMeugarmue 1. Mu pacemarpuBaem ypapHeHHs (4), (5), mo-
narast, 9ro P # O — KOMOJEKCHO3HadYHbe (YHKNHW, B TO BpeMs Kax
nas GepMU-9aCTHI] HYKHO HOJaraTh aHTUKOMMYTATOpP PaBHHEIM HYJIO, ¥
CJIOIOBATEIBHO, P NOMKHO OBITH QYHKIHE CO 3RAYCTHAMN HA TpaccMma-
sOBo# anrebpe [3]. Ho, Kak M3BeCTHO, MEPEXON, OT KOMIJIGKCHO3HAYHKIX
¢yaxnnit X pyERIUEAM Ha TPaccMaHOBOIT ajre6pe He WPENCTABIACT,IPY-

ma [3].
Bameuanue 2. Oyosxmum V (r — &) 8 ypasmemmm (3) u
¢yrknua G B ypaBHeHHHU (9) HMEIOT 0COOSHHEOCTH.

Mu GymeM B maJxbpHeHIIEM pPacCMaTpHBATH PeryIApH30-
BaHHBIE S[Pa B MHTETDANBHBIX UIeHAX HEIMHEHHHIX ypaBHe-
HOH, T. e. IPEJIIOJaraTh, YT0 3TH AApPA HE HMEIT 0COGEeHHO-
crefi. 9To CYMECTBEHHOE OrPAHHYCHHEG HEe CKAa3HBaeTcd, Boo6-
Ime ToBOPA, HA OCHOBHBEIX Pe3YJIbTaTaX KHUTH, B YaCTHOCTH
Ha §cIaBHOM WIeHe KBasHKJIacCHYeCKOH aCHMOTOTHKH B Ie-
nom mus yparuermi (3), (9). Ogmako B caepyomux wWwiemax
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pasiiomenuss mo k2 ocobennoctn QyHruumum G GyTyT CHA3H-
BaTpCA. YHeT DTAX WIONPABOK MOKeT ORTH DIpowW3BeleH
B paMKaX OPeJI0:KeHHOI'0 3Jech METOJa, XOTA 9TO M Ipej-
CTaBJIHET, N0 MHEHHWIO aBTOPA, GOJIBIIHE TEXHUUECKHEe TPYI-
mocta. I'pyGo rosops, ecad pasiosRuTh HHTErPaJ B HPaBol
gacT ypaBHendA (3) HA TIagKkyo0 A GRICTPO OCHAILIHDYIOIYIO
gacTH IO mapamerpy A, To, Korga 9Ta OBICTPO OCHEIIADPYIO-
mag 9acTh He HOnajgaeT B PE30HAHC ¢ COOCTBOHHEME KoIeba-
HUAMHA BOJHOBOrO ypapHemmsa (T. e. B o0meidl curyammm),
oma maer srjaax mopanka O (A%); ecau momamaer, TO ee BRIAJ,
umeer nopagor O (k). Beckma rpomosgrmit ammapat, KOTO-
PEIA 1103BOJAA OB YYecTh NMOMPABKH, BHOCHMEIC HTHMH TI6€-
HAMU, UMeI0 OB CMBICH PA3BHTH, ecau O GBUIO fACHO, YTO
9TH LONPABKH HPHUBOIAT K HEKOTOPHM ¢usmIecKuM dPdexr-
tam. Bo BeaKoM ciaydae 3mech MBI 9TOTO BONPOCA KAacarbesd
ue Gymem,

BaskHEI pesynbTaT KHAUTH COCTOUT B KOHCTPYKIOHH MepH
A KOHTHHYaIbHoro uarerpana @elimmana, KOoTopas IpPoOBO-
auTcs Bo Bropolt gacr:m kauru. B ra. VII opoBogurcs Gois-
mas MOATOTOBUTENbHAsA pabora, CBA3aHHASA ¢ BEPOATHOCTHOH
TPAKTOBKON CyMMH 1m0 myTaM. OKOHYATeIbHAA TeopeMa JoKa-
3aga B T, IX. Jra teopema ommpaercs ua § 1 ru. 11 o cy-
mecTBOBaHUM 7-0TOOPA/KEHNA W HA HEKOTOPLIe OUpeReIeHus
u3 ra. VI.

Ilpu manoskeHUW ME TOJB30BANHACH HEKOTOPHME TepMuU-
HaMH, B3ATHME u3 (QU3UYECKOU JHUTepPaTyphl — OHHW BCEra
3aKJII09AI0TCA B KaBhiaxu. OTMeTHM TaksKe, 9TO TJIA COTIAco-

BaHuA ¢ 0003HaUeHMsAME (UBUKOBR MBH MOHEMAeM HUKE IIOf
1 2 def 1 2
¢ (p, ) = ¢ (—ihd/dx, x) PyHEKOUIO OT YIOPATOIEHHBIX OTIe-

1
patopoB, B Koropoli p = — ihd/dxr ecrr omepartop madde-
PEHIIMPOBAHNA, YMHOKEHHBI Ha —i W Ha BeINECTBEHHHI ma-

1 2 1
pamerp h, B orauuue ot f (p, ik 3/0p), roe mox p HOHAMAETCH —
OIepaTOp YMHOKEHWA HA p, /JEHCTBYIOINUH IePBEIM,



I''TABA I
T-OTOBPASKEHIA [JIS YPABHEHII BJIACOBA

CaMoCcoraacosannsie ypaBHeHAA Ia3MH 63 yuera cTOJK-
HOBEHMH ONIMCHBAIT B3amMOJEMCTBHE JaCTHHH C yCpPeJHEeH-
HHIME IOJAMA APYTHX 9aCTHII. JTH HeJIUHeHHHe YpaBHEHUS
Oo0RYHO COIepsKaT LPOW3BOAHEIC LEPBOrO HOPAKA, a HX
KO9(POHITEHTH 3aBACAT OT CBEDTKU HEH3EECTHON (yHKIIN
u (x, ) ¢ HEKOTOPHIMYU 3aJaHHKIMH HoTenmuajamu. M3 ¢u-
BHYEeCKHX CoOOpasKeHUH caemgyer, 4TO KodPduimenTsl 3aBu-
CAT 0T 3HAYCHWA HEeM3BECTHON PYHKIMH B HEKOTOPHH IIpef-
ImecTBYOmuii MOMeHT: u (%, t — &) (sderT sanmasgbIBaHUA
unm peraxcanmm). OJHaKo mapaMeTrp & HACTOJIBKO MAaJ, 9TO
B ypasBuenum MH um npenebperaem. Ho mpu cocrasimenmu
Pa3HOCTHONR CXeMH JJif TAKUX ypaBHEeHHU 3TOT PaKT 1o cy-
IMeCTRY YIUTHBAETCH, NOCKOMbKY 3HaUEHUA KO3QPUIMEeHToB
OepyTcs Ha OpPEmBIyIIeM Inare U0 CPABHOHHIO ¢ PENICHHEM.

Mg BBemeM cmenumajibloe moHATHE [-oTOOpaeHnsi, B KO-
TOPOM HA CaMOM JeJie oTpaKkaeTcss QaKT 3ala3fbBaHNd KO3(-
$UOAeHTOB YPABHEHHA H KOTOPOE JaeT METON IOCTPOeHHA
pelnenns HenwmHedHOro ypaBmenms maramu mo i B artoMm
cmuicae 7-orobpaskenuwe MHOTAA CTOMT OJMKE K PEATHHEIM
dusmuecKHM mpoleccaM, dem camo ypaBuemme. C gpyroi
CTOPOHH, Kak 0yder moKasaHo HUKe, Merod I-orobpaskeHnit
obo6maer meron JoMaukix Jinepa. Tarkum ob6pasom, MeTOxN
T-otoGpammennil MOKeT CIYRATH KOHCTDYKTHBHEIM MeTOJIOM
[0Ka3aTeIbCTBA LCYIIECTBOBAHUA | pelIeHMit. HpOMe TOTO,
7- OTOﬁpa}KeHHH‘TeCHO CBA3aHBI C HOHATHEM HOTHHEHHOTO KOH-
THHYaJbHOTO mHTErpaxa (cMm. ri. VI) m ¢ mamed Touxum 3pe-
HHUS €CTeCTBEHHO DeIIeHHA «XapPaKTePHCTHISCKHX YpaBHe-
HE#» AIA KOHTHHYATBHOI'0 MHTETPAJIA 3a0NUCHBATL B BHOE
T-orobpaskennd, MOCKOJBKY KOHTHHYAIBHWHA mHTErpast 'Mo-
AeT OHThH TAaK)Ke HHTeDPUPETHPOBAH KAK METOJ MOCTPOCHUSI
pemrenmsa maramm 1o Z.
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T-orobpaskends, acCONAUPOBAHHELE C HOIUHEHHENMHA yPaB-
vennaMu KBanToBod Mmexammkm (ra. 1I, III), aBasrores ecrte-
ctBennbiM ofGo6menmemM I-mpomsBefienmii, mpHYEM B 2TOM
caydae gopmyant sunyrtupanusa QPefilHMaHa IepeHOCATCA Ha
T-orobpaenua. Vmemno »r10 ¢yngamentraxrsuoe obcrTos-
TEJBCTBG  WOBROJAET  OOCTPOHTH KBA3UKJIACCHIECKYIO
aCHMOTOTHRY HEJMHEHHKX ypaBHeHm KBaHTOBOH MeXxa-
HEKM M HeJWHEeHHHN KOHTHHYQJIBHHY HHTErpajJ, OTBeyYam-
mA# UM.

¥Ypasuenme Baacosa, Kak Yy:Ke TOBOPHJIOCH, HIpaer
B HAIlAX ITOCTPOEHHAX TAaKyI jKe poJb, KaK YypaBHeHHe
JImyBuana waaccwmdeckoidl MexammKH [Iaa (eHHMaHOBCROTO
ROHTHHYaAAbHOro uprerpana. Ho B deliHMaHOBCKOM KOHTU-
IyanbHOM HiTETpase HemocDEACTBEHHO YYacTBYET He pelie-
nue ypaBuenms Jlmysmias, a geiicTBue, T. €. pelIeHHe SKBH-
BaJieHTHOTO ypasuenws [ammasrona — HAxobu.

B macroameii riase BBOAHTCH HeJuHeHHOE MHTETPO-THD-
depennmansioe ypaBHeHHe, KOTOPOe OTHOCHTCA K ypaBHe-
nmio BaacoBa Tak ke, kKak ypapuenue I'amuiabrona — Hrobn
oTHOCUTCA K ypasmenww Jluysmmas. Pemenwus wuuterpo-
muddepennaaIbEbIX YpaBHEHHI CTPOATCA ¢ MoMomIpio I-oTo-
Opaskennmit. ITH pemeHusa MoHagoGATCA HAM B JajbiHeilniem
KAk JJIA DOCTPOEHHWA KBABHKIACCHYECKOM AacHMUTOTHKH,
TaK W JIJIA IMOCTPOEHUS HOIMHEAHOr0 KOHTHHYaJbHOTIO WH-
Terpana.

§ 1. T-orobpaskennn

Miorme ypaBieHuA MaTeMaTHYECKOW (U3HKH i, B dacT-
HOCTW, KBAHTOBOH MeXAHHKM SABJAMTCA HBOJIONHOHHLIME
yPaBHEHNSAMHA BUA

AP | A
— i 20 LA @y =0, P
rae P (8) — PyHKOUA CO 3HAYEHMAMH B IMILGEPTOBOM mpo-

crparctse H, H (f) — 3ajauusfl JuHeHHLIA HeOTrpaHHYEH-
HE[H CaMOCONPSKEHHBIH 0HepaTop B HTOM ke IPOCTPAHCTBe.
QDopMarbHO pellenye TAKOTO YPAaBHEHHA 3aUCHBAIOT B BANE
T-upoussenenus caexyoiuM oGpasoM:

i

(1) = exp{— i § £ (x) de} p o).

ty

14



ITog 3TMM DORUMAETCA CHEAYIOMUEA HTPEMed «XPOHOMOTHYE-
CKOTO» IIPOMBBEJEHHA:

V()= lim exp {— iAty_ H (tn-)}. . -
SN0

covexp{— iALH )YV (L),  (1.4)

rme to <t <<...<Tiy= 1! — HeRoTOpOoe pasGHeHHE OT-
peska [to, t] ma N nurtepBanoB RImHH Afl; = by, — 1,
a Oy = max At

i
Taxum oGpasom, mag moxyuenuda QYHKOHHE P B (MOMEHT
BpeMeRm» ¢ -+ dif HY)KHO IPUMEHATHh «MHQUHHTE3AMAaILHLI

omeparop exp { — i dtH ()} x pyEKNEE P B (MOMEHT Bpe-
MmeHI» I:

Y (¢ df) = exp { — i dtH (1)} ¥ (1).

Ilpenex (1.1) mur maorga Gymem oGo3HAYATH

t
v () = [ [T exp(—idv & @)]wto).

T==lo

IHycrs temeps B — Hexoropoe 6aHaX0BO OPOCTPAHCTBO
dyurnuit, a H — nenuueinpI HenPePHIBHKI OmIepaTop B HeM:

PaCCMOTpHM IBOJNIIOIIUOHHOE YDaBHEHHE
, 0 y
1 9% — (A 19, (1.2)

- 2 1
rae H [yl = (H ) (z, p).
Pemenne sponoruonnoro ypapuenus (1.2) 6ynem dop-
MAJBHO OPEACTABIATH B BHIE

P(O) = lim Wy, (1.3)
Sn—0

rae Yy OUpPeHeAseTCA M3 CAeRYyoUlell peXyPPeRTHON CHCTEME
PaBeHCTB:

¢K+1=exp {_ iAtkﬁ[lpk]}’lPk* /L‘:O,l,...,N—— 1,
Py = P (to)1
uiu, B gudpdepennnanpuofi dopme,
P (¢ + df) = exp {— i dtH [y ()1} (8).
15



Taxoe npeacrasienne gyuriun p (£) M 6yaeM 3amACH-
BATH B BHJE

t
$(O) =[] expt—ided pN} |00 (14)
T=lo

TarmM oGpaszom, smavenme (yurium \p B MoMeHT ¢ -+ dt
Moker OBITh IOJNYYEHO HMPUMeHeHmeM HHPHHATE3HMaIbBHOTO
omeparopa exp {— i dtH [y (£)]} x ¢ymrmum ¢ (£).

OtoGpamenne P (20) — P (), mocTpoeHoe WO PopmMyIaM
(1.3), M masoseMm I'-omo6pasxcenuem 1O aHATOIHH C TEPMH-
mOM «7T-TpomaBemenney, KOTOPHM 06HTHO 0003HATAIOT MYIb-
ranauratapabii warerpax (1.1). Tarum obpasom, T-mpoma-
BeJleHAE eCTh WacTHHI caydyalt T-orobpasmeHumA, KOTHA OLe-
parop H nmueew.

1. Pacemorpum meroTopoe OamaXxoBO IPOCTPaHCTBO B =7
o6osmagum uepes C ([0, t], B) 6anaxoBo HPOCTPAHCTBO He-
npepoiubix Qymemmi P = P (¢) ma [0, ] C R co smage-
uaaMu B B, Hamenenmoe HODMOI

”"P"c([o, 1,8 Oilil;t I (v) |-

IIpocrpancteo C (10, 0], B) oromnmectsum ¢ B.

Nyers t > t'. Kaxpoit pyurunn P < C ([0, t], B) como-
crapaM ee oyaeame Ha [0, t']; momyumM {HOBYIO (yBRUIMIO
Vv &=C (10, t'], B). B naxeneiintem Mb GygeM onyCcKarh 3HAK
mrprxa 1 0003HAYATH depes P KaK caMy HCXOMHYI0 QyHEK-
OHIO, TAK M BCE ee CYMKEHHS Ha MEHBIIHe OTDE3KH.

Ilycrs sajant €0 > 0, To > O u upu a106KX ¢, & TARHAX,
aro 0Lt L To, (— t) < &< €0, onpefeseno HOKOTOpOE
IByHOapaMeTPHYeCKOe CeMeHCTBO 0TOOpaskeHmit

S..:C (0, t], B) -~ B (1.5)

Takoe, aro upum awbom v & C ([0, ¢], B) mw awwbom t = [0, To]
siemenT Sy e [v] Beupepssmo sapmemr or g, u ecam & << 0,
0 St e [v] = v (8).

Pacemorpum pasbuenme Ay orpesra [0, Tol:

Ay = {0=to<<t,<<...<<ty = To}.

IMycrs At; =ty — t; 1 Oy = max At;. llna wamaoro
<IN -1
vo (mpmmapme:kamero B) ompemeamm MoCaeL0BATEIBHOCTD

PymrRIAT
Uiy (1) = St]-, tt; [v;] 0 <t tn),
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ree j=0,1, ..., N —1. OGozunaaum
UN = StN—I' Aty %0 ® Sto, ate[Vol-

Boobme ropops, mpefen lim vy mo HOpMe HpocTpaH-
BN—-»()

crea C ([0, Tol, B) cymecrByer e npu Beex vo = B. Ilycrs
D — nommuos®ecTBO B B, Ha KOTOPOM 9TOT Ipejes ¢yIecTBYeT.

Onpepmeanernme 1.1, Ilyers vo =D 1 v = lim vy.
SN—>0

OroGpaskenne vo — U HazoBeM I1-omobpadxcenuem ¢ 06pasyio-
weti S;, . @ o00o3HAUAM

v(t) = ( H S, dr) (Vo]

Pacemorpum wacrabit caydait 7-oroGpaskeHusa, accoquupo-
BAHHOTO ¢ HEJIWHEHHHIM DBOJIOIUOHHHIM YPABHEHHEM.

Iyers B, C B, — nBa 6GaEaXOBHX LIPOCTPAICTBA € HOP-
mama || - |; > || - ll,- Pacemorpum mpocrpamcrsa C; () =
= C(l0, t], B;) neupepsiBurix orobpaskenmi [0, t] - B, j =
=1, 2. Torma C, () Cy(¢). Ilycts upm XammoM
t = [0, To] Bagman HenmHeHHHIE HeUpPepPHIBULIA omepaTop

R,:C, (1) > B,,
npuveMm; juaa awoboro v & C; (8) R, (v) ecTs HempephHIBHAA
¢yaruma aprymenta ¢ & [0, Tol.
Sadauet; Kowu pusoneparopa R, ¢ HA9aJIbHEM YCIOBHEM
Yo & B, HasHBaerca CHCTeMA YpaBuUeHWi [ia (YHKOAA
V), 0Lt<< T,

d
L9(t) =R (),
P (0) = P,
upmdeM npomsBofgHad OGepercs B HopMe B,
=0.

(1.6)

¢

: d YA A)—p (1)

e

P v ® At

Ilycrs samama ofGpasyomans T-orobpaskenns:
Si,e: Cy (1) > B;.

Onpemenenune 1.2, Ecam npu awbom ¢ & [0, Tol
obpasyomasn S; . YIOBIETBOPAET YCIOBHIO

Sy, e [01— 0 (2)
"———R,(v)2=o (1.7)

€

2

lim
e—+10
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A0KaJbHO paBHOMepHO mo U & Cy(f), 10 S; . HasmBaerca
UHBUHUMESUMAALHEM PABPEWAIOWUMN  0Nepamopom IJIsa 3a-
gaan Komm (1.6).
2. JJemma 1.4, Hyemv Sy — ungunumesumarvnoil
paspewalowuii onepamop daa 3adavu Howu (1.6) w Odas
t
Vo & B, onpedeaeno T-omobpavcerue | (t) = ( H S, ac ) [Po]s
=0
Y& Cy (T0). Toeda dynryus p seasemes peurenuem 3ada-
yu (1.6). ,
Hoxasareascrsro. llyctrp Ay — HexoTopoe pas-
guenue [0, Tol 1

QPN = StN—l’ Atpgg @+ 00 ® StOy Aty [1})0]
Torma, ecnm tj; > 1> t;, TO
Y () = Sy, t-1; [Pn ]

Mooromy B cuany (1.7) vaiigerca No Taroe, 4ro

tim | P GEDTIE g | =0
2

At->+0

pasmomepuo o N > No.

Sadurcupyem toury ¢ < [0, To) u Brbepem mocaegoBa-
TeJBHOCTE pasbueHui {Ay} Tar, 91065 mpu KawkxoM N oguH
M3 y37A0B I; coBmajgan: ¢ &.

Torpma B cmay Toro, uro R, nenpepmben u T-oroGpaske-
HEe ¢ ofpasyromeit S;. cxommres,

lim 2000 _ gy | o,
Ats0 At "2
JleMma pmorasama. /

B nmanvneitmrem Hac Gymer mmTepecoBaTh CJaydail, Korga
nesqunelinslil omeparop R, B sagawe Homm (1.6) mmeer cme-
MUAAJBHBI BH

Ry () = A (0) ¥ (1),

rae A, () opm ramgoMm Y & C; (f) ectb JUHEHHHN Hempe-

pHBHHI omepaTtop m3 B, B B,, aBiaommiica AHOHUARTE3N-

MaJdbHO# 00pasylomei Oua ofHOIapaMeTPHIeCcKoi moJXyrpyn-
€A ()

opr e ",
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WngnanrtesnMalbHNi paspemaiomyi omepaTop 3amadu
Fl .
PO =4 @),  P(0)=1p (1.8)

6ymeM HMCKATh B BHJE
Sy e [V] = 4 (). (1.9)

T-orob6paskenne, oTBewalomee Takoll o0pasywomeil, MoxeT
6HITH 3amUCAHO CHeAYyHMuM o6pasom:

p@)= [[ =" py=exp {{ A4 (W) dr} b (1.10)

=0

B cayuae, xorga mokasaTexrb DKCIOHEHTH He 3aBHCUT OT ),
ar0 T-orobpaskenme o6HTHO Ha3HBAT [-npoussedenue.
OrMeruM, 9T0 B fainbHeiimem unopn T-orobpaskenneM MH Oyaem
MOHUMATEL CAY9all clHelUaNlbHON MHTETPAJbHOU 3aBHCHMOCTH

Ay ot . '

§ 2. Wurerpo-guddepennuasipiple KBa3MINHEHHBIE
YpaBHEHMA HepBOro HOPSAAKa

1. Pacemorpum  HerkorTopoe orofpaskenne {(PyHRIUIO)
/:R"x R x C9(R" x R)—C,

KoTOpas Rajkgoil Togre x & R", Ka)kIOMy «(MOMEHTY Bpe-
venm» = R n wrampoit ¢yuxumn F & CO (R X Ry
CTABHT B COOTBETCTBME KOMIUIeKCHoe wmclo f (z, ¢; [F]).

Onpenenenue2.1. Byzem rosopurs, 910 QyHRmuNA
f = f(x, t; LF]) unmeepaavio sasucum ot F, ecau f apaser-
ca raagkoil *) pynxmmeidt or x, ¢ @ OT KOHEYHOro 4mMcIa HH-
TerpajgoB BUIa

Voo S v Yo F @y 1)y ey F @y )Y, - -, d

t t
Sdrl...Sdrmg...gpz(x,t;yl,...,ym,rl,...,rm;F(yl,rl),...
0 0

o s FYmy Tm)) Y15 -y QY s

*y To ecTs ¢yHKnua Kaacca C™°; EusKe MH HUITIe HE KacaeMCHd BOII-
Poca 0 MEPEUMAJNBLHO HeOOX0AMOIl TIANKOCTN TeX WA WHHX (QYHKIOU n
BCErfa MpejIIonaraeM CyIecTBOBaHME® y HHX ZOCTATOYHOTO YWCJA IIPO-
HM3BOJHHIX.
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tie Oy (T, & Y1y « - or Yms Zps o o 0r Zm) B P (T, 85 Ypy o - s
s Ym} Z1s - + -y Zpm) — DH3JAKAEe QYHKOAW, HOCHTENH KO-
TOPHIX T0 HEPEMEHHBIM Yy, . . ., Yy CONEDIKHTCA B PHKCHDO-
BaHHOHA orpammuennoit oomacre K™ C R™", e saBmcsameit
0T OCTAJAbHKIX AaPIYMEHTOB z, L, 2.
Nurerpasm takoro Buja B HaabHeiimeM Gymem oGosHa-

9aThb
t

S drg dyo (z, t; ¥, 1, F (y, 1)).
0
Pacemorpum ¢ymrnum a,, . . ., a,, b, WHTErpajJbHO 3a-
pucsamue ot F.
Onpepemxexnnme 2.2. Keasurunelinvm unmeepo-ougd-
gepenyuasbrbmM Ypasrwenuenm Ha308eM HellmHeliHOe ypaBHenne
BHJIA

%+ 2l ai(z,t, [F])‘;%H(x,}t, [F))F =0.

T=]
O6Gosnaunm
n
Z _OF _OF _ )
R s A
i=1 Lt

2. Paccmorpmm samagy Homm

O tale t, (PNt b(e t, IF)F =0,

(2.1)

Flf———O = F07
rge Fo — raapkas ¢unurmas dymkmua Ha R", a; (j =
=1, ..., n) — BemECTBEHHO3HAYHHEe QYHKINE. PaccMoT-
puM IByHapaMeTpumdYecKoe ceMeMCTBO HEIHHEHHHX omepa-
TOPOB ' /

G [V] = exp {— &b (z, ¢, [v])} X

X exp {— ea (;, ¢, [v]) 61/056} vz, t) =
= exp {— &b (z, t, [v])} v (x — ea (a, ¢, [v]), ), (2.2)

e ve CO (R™),

IIyers B, = C® (R"), B, = C® (R").

Jlemma 2.1. Onepamop G [v] seasemcs ungunume-
BUMAAbHBLM  paspewanwyum onepamopom '0as sadawu (2.1)
6 nape 6anarosur npocmparcme B, C B,. .
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OHoxasarteascrtso. Oumeparop samaum (2.1) mme-
eT BUJ
9 _
R,(v) = —a(z,t, WD) 5 — b(@ ¢, [U]) 0.
ITostomy
Gy . 7] — vz, 1)
e

e —1

—Rrw) = (5

1 Fax—v(x, t)—%v(x—raa, t)
-+ e—‘baag dr.
0

+ b> vz, 1)+

4

Oueruguo, upaBas wdacTh mo Hopme B, = C" (R"
CXOMATCA K HYN upu & — -+ () JOKaNbkHO pAaBHOMEPHO IO
ve C (0, ¢, By).

3. Hoxamem, a10 7T-orobpaskeHme ¢ obpasyomeli Gy,
cxomurTest K pemenwio 3amadm Homm (2.1).

Teopewma 2.1. Hycme M — awboii Komnaxm, codep-
mawuti K u supp Fo. Tozda cywecmayem uwucao To >0
maxoe, umo ¢ nopme C ([0, Tol, CO® (M)) cxodumes T-omo-
bpasenue ¢ obpasywueli G, onpedesenrnoil ¢ (2.2):

B (z, 1) — <T[;IOGT,M> (F.], 2.3)

npuien gynryus F : M X [0, Tol > C ssanemes eradrum
pewenuen sadayu Kowu (2.1).

HoxasateascTtBo. 1) Hoadppurnuentsr a (z, ?,
[F]), b (z, ¢, |[F]) no ycmopmio wmTerpaipno 3aBucaT OT F,
T. €. ABIAIOTCA TAafKAMH CQYHKIUAMHA OT HWHTErpPaloB BHUA

¢
Sdugp(x, t, z, u, F(z, n)dz.
0
CnenmaeMm B »Tmx mETerpamax sameny z = X (y, u) u o6o3-

HadYAaM i ~
Fy, py=F (X (y, ), W),

o et 2258

ITonyanm
t

Sdu Sp(x, t, X (o 0), 1y By, p) [J (9, W) dy. (2.4)
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IToce Ttarkoro mpeoGpasoBanma Ko3dpdmuumenTs a, b 6yay:
maTerpansuo sasucets ot X, K, | J |. OGosmaunm mx gepes
a(r, t; [X,F,J)), bzt [X,F,J).

2) Bomummewm cmctemy xapawrepmcTHK Aia samaum (2.1):

9% (y, ) =aX )t (X, F,J), X(y,0)=1y;

ot
20D 4 (x (y, ), t; [X, F, J)F =0,
Fi(y, 0) = Fo (y) (2.3)
WY givaX 1), (X, P TN @, 1),
J(y, 0)=1.

n
aa
daecy divd (z, T; [X, F, J]) = Z 81
i=1
Ecan pemenme a710ii cucTeMbl CymMecTRYyeT, TO oTo0paske-
Hume g0y > X (y, ) ectb JmoKambHBIE romMeoMopdmam, Tak
KAk ero AxofHmam OTHHWYeH OT HYNA:

f .
Ty, 1) = exp{s diva (X (y, v), 7; [X, F, J])dr}>0. (2.6)
0

3) Paccmorpum pasbuenwe Ay orpeska [0, Tol] Togxamm
O=to<<t,<<...<<ity = To. OnpepennM  QyHROHIO
XM (y, ) caegyomuM obpasoMm:

XM (y, 0)=y, o7
XMy, ) — (@ —t)a XNy, 1), t; (XD, FO, 7= """
= XY@ 1))

mpu t; < < tje, = 0,1,. .., N — 1. 3necs JM (y, t)/:
XM (y, 1) /

= det —y | @ pynrmqua F®™ (y, ) oupenmensercs

cucTeMoun ypa]BHeHm?i

™ (y, 0) = Fy (y), 2.8)

FNV(y, t) = F NV (y, t;) e -5 (X (y, 1), 155 (XD, FO, 7O

opr b <ty j=0,1, ..., N —1.

Cucremy (2.7), (2.8) pemaem caexyomaMm obpasom. Bra-
gane pemnM (2.7) opu j = 0, satem (2.8) mpm j = 0, sarem
onsTs (2.7) mpu j = 1 m . n. Jlerxo pupeTs, wro XM (y, 1),
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a sHaunt u F M (y, {) asasaoTca raaakama GyHKIUAMEA OT Y,
npudeM KX TNPOUSBOLHBIE JOKAJIBHO OTPAHHYEHH PaBHO-

mMepeo mo N =1, 2, . .. m t [0, Tyl
4) PaccMoTpuM ypaBHeHHE
XM (y,8) ==z (2.9)

g Hajigem ero pemenune y = Y@ (z, 1). B cuny (2.7) umeem
opu 1 < P Ly

Z— (t—t)a(z, t) = X® (YO (2, 1), 1;).

3mech onymeHH apryMenTs [XM, FM JM]y pyaxuun @.
Orcrona

YW (z, 1) =YW (x — (t — ;) @ (2, 1)), £), ; <E<S ey
Y™ (z, 0) = z. (2.10)
Pemas nocneposareasno upm j =0, 1, ..., N — 1 ypap-
menus (2.10), madmem ¢yurmmio y == Y™, ynopieTBopsmw-

myio (2.9).
Topcragum y = YW (z, ¢) B (2.8) m ofosnaumm

PO (z, 1) = F® (YW (z, 1), 9. (2.11)

Ionysum, yunreiBaa (2.10),
F® (2, 0) = Fo (z),
FO (z, 1) =
— PO (z— (£ — 1) @ (z, 1)), 1,) P& (2.42)

opun tj<t<tj+1,].:0, 1, C e ey N — 1.
Ho 8 cuny (2.11) u (2.9) mmeem

F® (y, 1) = FO (XM (y, 1), 7).

IToaromy, coraacHo omnpefeneHuo d, b (cm. 1)), ua (2.12)
OONTYyYHM CJHeAyIOMYK CHCTEMY YypaBEeRmit mias QyHE-
nuu F;

F™(z,0) = Fy (),

F®™ (z, t) = exp{— (t — ;) b(z, tj; [FV]P}x
1
X eXP{(tf—t)a(fc, ti; [F ) % F®™(z, t))
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npa ¢; <t << tjy;. Taxum ofpasom, F®™ (2, t) ssusercs
annporcumauumedn T-orobpaskemms (2.3) ¢ obpasyiomei

Gy (cM. (2.2)).
5) B cmay (2.11) gna moxasareibCTBA TEOPEMEL HAM He-

00X0iUMO YCTAHOBUTH, UTO CYIIECTBYET
lim F™(, t) = lim F®™ Y™ (z,1),1) (2.13)
SN ~>00 N—»oo
B mopme C ([0, Tol, B), tne B = C (M). Jlna sroro mocra-
TOYHO [OKa3aTh CYIMECTBOBAHHAE B YHKA3aRHOH HOpPMe mpe-
IeJIOB
lim A%, lim Y™, (2.14)
3y —oo Sy —oo
Ho Y™ = [XM]1 (em. (2.9)). TlosTomy MosHO TOKAa3HI-

BaTh cxomumocTh XM,
6) Bomummem rTemeps ypaBHewHA Jud  akoOmama
JM (y, t). U3 popmyasr (2.7) monyamm (upm f; < t < Lj4q)

TN (y, 1) =

™) .
— 6di J‘ (Y, &) ~ ’(215)
det 651‘—(7)—-13].)0—%(}(0‘”(3/, t), t_,'-; [X(N), F(N), J(N)]),
JM (y, 0) = 1.

7) Paccmorpum cumcremy ypasmenm# (2.7), (2.8), (2.15).
O6o3nagum

fm (B = {XM (-, ), FM (., 8, JM (-, t)}

Taxum ob6pasom, @™ (1) — nenpephiBHasg (QYHKOHA cO 3Ha-
YeHUAMH B TPOCTPAHCTBE HEOPEPHBHHX (n - 2)-MepHBIX
BeKTOP-QyuKnmit B’. )

Bpemem orobGpaskenne Q. : C (10, Tol, B') -~ B’ 1o

dopmyire
Que /M1 = {XN (-, 1) + 62 (XN (-, 2 +-¢), ),
FM™ (., tyexp{—eb (X®™ (-,t +e), 1)},
J®™ (., 1) v,

da,
rém—ea—%(xm”(-, t+ e, t)"

det

rae v @, & onymens aprymentst XM, FM™, JM™) | ot KoTOPHX
@, b BaBHCAT HHTErpalbHO.
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Kpome rtoro, mycre
P ™ =@X™ 0,0, —58 XM, 10,1,
diva (X% (-, 1), )},
QR =1 @+ 1/
Torma ypasuenus (2.7), (2.8), (2.15) Mmoo 3anncaTh B BHAe

™ (0) = fo, (2.16)
f(N) (t) = Qt]-,t—t]- [f(N)]
npn ti< t< t]'+17j207 - "N —1, /o (Z/) = {yv Fo (y)vi}

Ucnonssys Bmecto ;. 00pasynomyio 0, mocrponm
cacTeMy
F™ (0) = fo, (2.17)
f(N) (t) = (0) 4 []c(N)]
opa tj < t< t]'+1.
Cucrema (2.17) ectp cmecTeMa JloMaHnx OHjiepa Has 3a-
maqu

Y — P, 1O = o (2.18)
CymecTBosanme npefena f = lim f®¥) gorasuBaercs, Kak
-0

H B KiaccuuecKoM ciaydae [16, 18]. OxraswiBaercsd, 9ro 3TOT
upepen cymecrsyer B mopme C ([0, Tol, B') mpu jocrarodno
mamom 7o > 0 m ymosmerBopser sapmage (2.18). C gpyroit

cTopoHEl, obpasynmas (J; . OTINYAeTCA OT Q(O) ma O (g?).

Hostomy na [0, To] cymecrsyer lim f&V) =
S0

Wrax, gorasaua cxogumocts cxemul (2.7), (2.8). Teopeara
moKasaHa.

SaMevanmnme. 3agasa Homm (2.18), ammpoxcmMa-
nue# xoropoi sBasoTcH cxemer (2.16) u (2.17), commamaer
¢ cucreMoil ypaBHeHmmii xapaktepmctuk (2.5).

CanemgcrBue. Pewenue F(x,t) sadauu Kowu (2.1)
cyweemeyem na mom ompeske [0, T, na komopom cywecmeyem
pewenue (X, F,J) cucmemw zaparmepucmur (2.5), u 3a-
daemcsa  gopmyaoi

Flz, 1) = F (Y (2, 0), 1),
20e Y (x, t) ecmv pewenle ypasHenus
r=X{(y,1).



4. O6o6mennoce ypaspenne Bracosa. Ilycrs Bemectsen
Hag o¢ynsruaa H (q, p, t; [fl) wunrerpambro saBmeur o
fug, pesERY > 0. PaccmorpuM yacTHHIE caydall ypas
neuna (2.1):

%+%(q’ Dt [f])g—f—'
_aa_I;I_(q, p. i []‘]):39 6paq (g, p, t; [fDf=0, (2.19
f(Q7 D, 0) = fo (q, p) = Cgo (RZ")’

rge 0603HaYEHO

e Z oH
9pdq 611164

9ro KBasUIHHe{iHOe HHTerpo-IHPPepeHNUATBHOE YpaB
HeHHe Ha30BeM 0000wenHuim Yypaswernuenm Baacosa.

Oyarmua H nmo yelaoBAi0 TIaflKO B3aBHCKT OT HMATET POl
BHIA

t
VarSo(a pots s P F(as P, ) g dp,
0
rre p & C> — ¢unrarras yuxmas or (¢', p’).
B waskmoM TakoM mHETErpajie ClienaeM 3aMeHY NepeMeH
HBIX
g —+0Q((z 0,7, p =Pz 0, 2, (2.20

rie Q, P — memsBecTHHe QYHKIUH, HpUYEM

D@ P _ n
m_L (z, o) &R ;

Torna dyuxmua H (q, p, t; [f]) mepeiiner B
H(q, p, 10, P, f]), (2.24

e f (z, @, 1) =f(Q(z 0, 1), P(z o 1), 1), nputem A
[IafKO 3aBHCHT OT HMHTErpaJjoB

t
Varlp @ p.t 0z, 0,7), P(z,0, ) F(z, 0, 1) dado. (2.22
0 .
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Oyuxnun Q, P onpefilesidM H3 cHefywomel CUCTemMbl ypan-
HeHWI:

22 (2, 0,7) = ‘” (02 0,7, P (3,0, 1), 7 10, P, o)),
_a!i.(z o, )A 61] (Q(z 0, 1), P (z, 0 1), 7 [0, P fol)s
Xz 0, 0)=z7P (z, o, 0) = o, (2 23)

rie fo (g, p) — HagaabHOE ycsiosue B (2.19).

W3 1eopemur 2.1 BrITeRaer ciemyIOUIas

Teopewma 2. 2. Cywecmeyem Ty > 0 maroe, wmo npu
t = [0, Tl cucmema ypasnenuti (2.23) umeem eduncmsenioe
pewenue Q, P & C= (supp f, X [0, T']), u mozda:

1) Omobpamncenue g, (z, @) - (Q (z, o, t), P (z, 0, 1))
A6AKEMCS, KAHOHUNECKUM; 6 YACMHOCIU,

DWQ,P) 4
D(z, w)

2) Pewenue sadawu Kowu (2.19) npu t = [0, Tl cywye-
cmeyem, eduncmeenno u aadaemes T-omobpasceruem:

1@, p, 1) = exp{—i[%—(q, p, T /1) 0%~
0

— —;(]L(q, P [f])%]df} fo(a, P)-

3) Cucmenma (2.23) seasemes cucmemoti ypasHenui xapar-
mepucmuk Oas sadawu (2.19), m. e.

f(Q (Z’ @, t)v P(Z, ®, t)? t) = fo (Zv (D)°

Wusimu ciopamu, pemenne sagaun Homm (2.19) nonxyuaer-
CA ¢ IOMOMBIO CAIBATA HAYaJAbHON QYHRIMHE f, 10 TPAEKTOPHAM
cacremu (2.23).

3aMeuanue. Bcodysdasvneliven na 2amuibmonuan
H, mu 6ydem narazamo donosHumenrvroe ycaosue suda

6Ho +| 9Ho ‘ Ci+ Co (|| + [P)),

20e C; u Cy; — roHCcmaHmMbL.

Ilpu sTOM orpaHWYeHMH, KaK 3TO CleIyeT M3 TeopeMul 8.4
ra. I [16], cmcrema (2.23) paspemnma ua 11060M OTpe3Ke Bpe-
menn [0, T1].
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Eean e sro yCIOBHe He BLHIIIOJHEHO, TO BCC pe3ynbrathi
ra. IV—VI umeror MecTo nump Ha ToM oTpeske Bpemenu [0,
T,], Ba KoTOpOM pemiemme cHCTEeMHI 2.23 CYmECTBYeT.

OnpepenuM Teneps JlefiCTBEE B YHTPOINIO HA JaTPAHKEBOM
MHOTO0Opa3nu, orBedaomeM ypaBueHmio Brxacoma. Ilyers

Af — mexoTopoe JamrpammeBo MuorooOpasue [13, 16]
0
1’ n n
B R¥ = Ry X R, ormocurensuo ¢opmer dz A dp, %, —
n
rIafgKas BemiecTBeHHad (ummTHas PyHrmma Ha A, do —

Mepa Ha Ag, HEIynEpoBaHHag Mepoit dxr dp ma R*".
Pacemorpnm ypaBhenne BiacoBa ¢ Ha4aibHEIM YCIOBHEM,

CoCpeloTOUCHENM Ha Ay:
oF oH oF 0H
dt+69: 8 ( Dyt [F]) 6]) x( P,t[F)_O
(2.24)
F(x’ P O) = Fo (xv P),
supp F, C Ay, tne o6o6mennan ¢ynkmms F, meiicTyer 1o
dopmyre
(For 9> = Y %0(o) (e (@), p(@)) da,

An
o —xooppunara Ha Ag = {z =z (a), p =p (a)}, p =Cq (R?Y).
PaccmorpuM  xapakrepmCcTHKE X (z, o, 1), P{z o i)

srofi samaum Homm. OGoszmazmm X (o, &) = X (z (a),
p(), ), Pla, )=P (@), pla), f); cmsur Ag
[0 9TEM XapaKTePHCTHKAM €CTh Jarpaskeso MEOroob6pasme A,:

Al ={z=X (1), p="P, 1) a € A}

Iycrs S, — peiticrsme ma Ay (em. [13, 16]). Onpenennm deii-
cmeue ma A}y Qopmynoit |
t \
\
o . 0X .
8 (1) =Sy + {{P 6 v 5@ v —
0

— H (X (2, 1), P(o 1), © [X; P]) | dr.

Iumponueii H, (t) na A} — Gymem HasmBath neificTBme
S (a, t), ycpenHeEHOE TI0 QYHKIAL %,
Ho(ty=  S(@, t)no(@)da.
AT .
0
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TakuM o6pasoM, SHTPOOHA NOJHOCTHIO ONPENEIAeTCA Ha-
9aJbHEME FaHHBIME 3amaunm (2.24).

Ilycrs, HampmMep, MHOoToo6pasme Ay 3afaHO ypaBHEHHEM

386 (x)

 ox !
rie S, & Cy (R"). Hepemennnie z = (x4, . . ., &,) ABIAIT-
cA TaOGalbHEIME KoopmuHaTaMu Ha Ag. Ha mmorooGpasum
Ay PacCMOTPHM HEKOTOPYIO TJIaJKyK0 BemecTBeHHYI (yHK-
nuio %,. lyers F (2, p, {) — pemenne sagaun Homm ypas-
Hennsa Baacosa (—) ¢ HAYaJIbHBIM YCJIOBHEM

@),

F @, p 0) = %o (2)8 (p—

cocpemoroueHunM Ha Ag. Iyern X (z, t), P (z, t) — coor-
BeTCTBYIOIME 3TOM 3afiage Homm XapaKTepHUCTHKE, BHIYIMIEH-
HEe u3 Ay

(X (z, 0), P(z 0) & Ag,

a S (z t) — pmedicteme Ba Ay = {z =X (z ¢0),

— P (z, 1)}. Pacemorpum surpommo H(8)= {5 (z, t) %, (2) dz
ma Af. Jlerko pgoxasats, 4ro Ha ToM orpeske [0, 7], ma
rotropom DX (z, 1)/Dz > 0, 9HTPOOUI0 MOKHO BEYHCIUTH
oo cjaepypomeit dopmyie:

Hy(t) = \\S(z, ) F(z, p, tyda dp, (2.25)
rpe S (z, t) — pemenme ypaBHeHMsA [amMmisToHa — flkobum
as
S H (224 (F]) =

S (x, 0) = 8, ().

5. Cucrema ¢6oGuiennnix ypasmenuii Brmacosa. Pacemot-
UM CIeAyoINylo CHCTeMY KBasMIHMHeHHLIX ypaBHeHnﬁ:

k oH . Of aH
‘—‘1-7;[7((], p1t, [f])'_a'q"_‘ dq (Q7 P, 5 [f])

+me (¢, b &5 (/D 1= 0, (2.26)

fl\ (C], b, 0) - f()k (Q1 )7 k= 11' ey T
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3necs sBemecrBendan §yuruua Favuabrona H u kosdpdumuen-
TH b;; AHTETPAJBHO BaBHCAT 0T KOMIOHEHT BEKTOP-QYHKIHE
f={y..- [r). Hocne samenn uepemenunx Buma (2.20)
$ymrmmn H, b;; mepeiinyr 8 H (g, p, t; [Q, P, f]) u B b;; (g,
p, & 1Q, P, 1) mo dopmynam (2.21), (2.22).

Cucrema ypaBHeHHH XaparTepucTHK misa 3ajgadn (2.26)
AMeeT CijeyIOIMUA BHI:

o) = S0 G 0,0, P, 0,0, 6 (0, Py ]

oP 1124 N

(@ 0 1) = =5 (Q (6 0, 1), P (3 0, 0), 1 [Q, P, T,

7, 00 1) (2.27)
ot

+ DB (Q (5 0, 0), P (3, 0,05 [0, Py 1) i@ 0,1) = 0,

Q (Z, O, O) = 2, p (Z7 , O) = @, fk (Z7 o, 0) = f()k (Za (l))v
E=1,...,r

Has sapaanm Komm (2.26) ocrawrcsa copaBelJHBHMHA BCe
VTBeD/KIeHAA TeopeMBl 2.2 (¢ 3aMeHoil CHCTEMBl XapaKTepHC-

tax (2.23) wa (2.27)).

§ 3. 06iue wumrerpo-guddepeHuuanbubie
ypaBHEHHA OEPBOre MOPAAKA

1. Oupenenennme 3.1. Humeepo-duppepenyuaro-
HblM Y DASHEHUEM RePeo2o Nopaldka HAa3HBACTCH CIENyIoNmee He-
IMHe#HOe ypaBHeHHe OTHOCHTENbHO Qymrmmm @ (z):

R (2, 2 (@), ® (o) [%;3 cb]) _0, @A)

rae R (z, p, s; [P, ®]) narerpanwvuo sasucmt ot P, O u as-
asgercss rmagroil ¢pymrmmeit z, p & R™, s & R.

B »1oM maparpade OymeT paccMoTpeH ciaydai, Korja
B ypaBuenmu (3.1) onma m3 mepemeHHHX (0Go3HagdaeMasn f)
BEIJIEJIEHA 10 OTHOINeHHMI0 K ocranibHEM. Hpome toro, Ges
yMeHBIIOHAA OODIHOCTH MOKHO CYHMTaTh, Y10 CHEMBOX I
B ypapueunu (3.1) 3aBHCHT JHIb OT HPOMSBOIHEX HEH3BCCT-
HOH (yHRIAW.
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PaccmorpmM caenywomyo 3axavy Homm ama naTerpo-mudg-
depeHINAIBHOI0 YPABHEHAS IMePBOr0 WOPAMKA:

IS @ty + L ty o (a, 1) [%—i}) -0, (3.2
S (z, 0) =8, (2),

rae L (x, t, p; [Pl) — BemecTsennan QymHRmaAs, raamgkas mo
z, p <= R", t = R, n unrerpansuo sapmesamas oT P (z, f).
Tarxum o6pazom, HeraHedHet wied B (3.2) ecTs rmamgras
(YHKTAA 0T HHTErpaioB BHMA
t

1 = &dt g 0 (x, t, —%(x,‘ ;v T, —g‘—jl (v, T)) dy, (3.3)

0 R"
rae p & C®, npmaeM HocuTenb supp p (x, t, p; Y, T, &) comepsruT-
y

CA B OTPAHHYEHHOM MHO;ieCTBe K, HE BaBUCAIIEM OT 0CTalb-
HEIX mepeMeHHHX (z, f, p, 7, E).

B srom maparpade 6ymer moxyueHa TeopeMa CYMIECTBO-
panua pemends samagn (3.2); TPeBABIEH MeTOHN CBeJEHUSA
safgaun (3.2) K KBasmnmHeinoMy HHTErpo-mudQepermanb-
HOMY ypaBHEeHWIO, HCcleloBamnoMy B § 2; monydeHa OCHOB-
Hag dopMyaa A pemeHma 3anaud (3.2) wepes pemenusa coor-
BeTcTBYIOmeil cuctemMmr xapakrepuctur. (DopMynuposrm
TeopeM OpHBefieHH B 1. 6).

B m. 8 paccmaTpmBaercda cHenuaXbHEIA KJIACC HMHTETPO-
mnddepeHnUATHLHX YPaBHEHUE BTOPOTO MOPAIKA, TAKKE JO-
MYCKAWIMUX pPEMEeHHe MeTOMOM XapaKTepPHCTHK.

2. Tloctpoum ¢ymrmmio 'aMannTOoHA, OTBEYAIOMIYIO 3afa-
ge (3.2). Caemaem (PopMANLHYI 3aMeHy

as
5 (& ) =D,
(3.4)
y=X(2 1), - (X (2, 1),"1) = P (3, 7),
S(X(Z7 )v ):‘S(za )
Nycrs, xpome Toro,
Jij = aXi/(?z,-, J = “ Jij "

ITocae samenu (3.4) marerpaxn (3.3) mepeiimer B wATErpan
t
T=dv\ oG t,p X(z ), 7, Pz, 1)|detJ (2 7)|dz. (3.5)
0 r"
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TMoncrasmm B L (z, ¢, p, [0S/8x]) BMecTo Kaskgoro muTErpana
I Bupa (3.3) umrerpan I ms (3.5). Tonmyamm $ynrmnumio

H (z, t, p; [X, P, J]), (3.6)

KoTopas raafaxo sasmenmt ot x, p & R™ ¢ & R m unrerpans-
o or X, P, J. @ynxmmio (3.6) nasosem gynryuei lamurv-
moHa, oTBedarmeil 3amaqe (3.2).

3. BBegem emmunie oGo3HaweHmA A BceX QyHKImi X,
P, J, or woropux sapmenT ¢ymrmums Tammaprona (3.6).
Bsenem sro6nan [y; = dP,/dz;. Ilycrs

Vi=Xy ..., Y, =X,
Yn+1:p17-'-’Y2n=P'm
Y2n+1 = Jn, DY st = J1m

................... (3.7
Yn(n+1)+1 = Jm’ [ 1 Yn(n+2) = Jnm
Yn2+2ﬂ+1 = 1119 ) Yn2+3n = [17’L1
Y2n2+n+1 = [m, LS Y2n2+2n = [nn'
Beero monyuaem m= 2n2 - 2n dynrmuit Y, (z, 1),. . ., Y 1n (2, T).
ITyers, kpome ToTO,
1
YO = (Y, ..., Y,
2
Y® = (Yoer, -« o Yau),
Yonsts -« Yan
D
\ Y'n2+n+11 vty )f7'12+2r1,
Y772+2n+1, LY Yn2+3n
YO | .. \
\ vY2n2+n+17 LIRS Y2n¢+2n

Oyuxnna Namuaprona H u3 (3.6) B aTux 0603HATeHAAX NpU-
mer Bup H (z, £, p; [YO, Y®, Y®)),
4. Bummmewm cucmemy xapaxkmepucmuk A 3agadd (3.2):

6}
oYYV (z t) _ oH (Y(l) (z, ), t, yv® (z, 1), [Y(l), y®, Y(3)]),

ot ap
W@y oH (3.8)
ot - oxr
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Y (z, 1) H

— y® @
at T 9pox N TT T 8 6p Y¥ (1), (3.8)
aY® (z, 1) PH @, ®H @
ot =T Bzap Yo 1) — dx ox Y™ (z 1),

rie Y dyexmum H ¥ ee NpOM3BOHBIX ONMYNIEHH aPryMEHTH,

BHIIECAHHHE B NepBoi crpoke (3.8); dyepes ; zgx oGo3HATEHA
0H 0H 0tH
Oxdp ' Oxodx ' dpdp —
9T0 MATPHIH W3 BTODHX NPOMSBONHEX (Qymwmuu H.

Hagansapie pamane nas (3.8) oupepmensiorea ua GopMya
(3.7), (3.4) m magansuErx gammbix (3.2):

”2H
n X n-MaTpuna I’W “I/I AHaAJOTUIHO

Y9z, 0) = z,

Y® (2, 0) = 22 (2),

y® (z 0) =61 )
o - [ S5

Humxe Gyner mokasano, aro cucrema (3.8), (3.9) asuaserca
CHCTEMO# YpaBHeHHH XapaKTepUCTHK nasa 3amagsn Homm

(3.2). Ilycrs

Yo(z2) =@ (z, 0),..., Y® (7 0)). (3.10)
Iepenmmem cmeremy (3.8), (3.9) B KoMmaxTHOM BHTE:
D _a(Y (a0, 45 [V]), V(2 0)=Y,(). (3.41)

3mecs BerTop-PyHKIEUA a (y, {; Y) mHTerpaainHo 3aBHCUT OT
Y u zamaerca dopmymamm (cMm. (3.8))

a=(av,... a(4)) Y= (Yo, ..., yo),
a® (y,t, [Y]) = (y(l) t,y®; (YO, y® v,
: 3.12)
PH (
= )
a® = apax ye _|_ y(4)
02H a H
) o — —_
at oz dp y® oz 0z ¥,
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rge v ¢yErnur I m ee MPOM3BOGHHX ONYMEeHH apryMeHTH,
BHIIMCAHHEIE BO BTODPOIl CTpOKe.

5. Kak y:xe ormeuasioch, yuruua L B ypaBHenud (3.2)
raxafko 3aBHCHT oT wmETerpanoB Bmpa (3.3). Haspmit Takoi
murerpax I mocme 3amenn (3.4) mepexomur B I (eMm. (3.5)).
ComocTaBuM TeUeph KamaomMy #uTerpany I OGyHRO@

t
T =Nat § ot y®, v, y@) | det y© [F(y, v)dy. (3.13)
0

Rm

3necy F — memspectHAaA QYHKIUSA

dy =dyy, - o o WYy ¥y = @Y, .. y @),
y(l) = (ylv MR yn)’ y(z) = (yn+1, MRRE] yzn),
Yant1r + + s HYn
!/(3) . ,
Yntinily + » +9 Ynzeon (3.13,)
Ymreanats -+« Yn2isn
y(i) =l ... 000 ,
Yonzentts ¢« +1 Yoneron,
m = 2rn® 4 2n.

Ioncrasum B dynrumo L (z, £, p; [0S5/dz]) BMecTo Kammoro

murerpana I Buma (3.3) wmrerpaa I ms (3.13). IMomxyumu
OYHKIHIO
F (z, t, p; FD, (3.14)

AHTErPaJBHO 3aBHCAMYIO or F.
Wcnonwsya ¢yurmuo 57, mo dopMmylraM, aHAIOFHIHBIM
(3.12), mocTpomM BeKTOP- q)yHKumo a = (aw, .. a(\

am(y, t; F) = %(ym, t, y®; [F]),
¥4

ox

P

arae Y+ a ap
A
oz dp

a® = —

ac) =

y(4)

3.45
b @.15)

@ —

aw = —

Oyurnus & (y, t; [F]) narerpanpro s3asmeutr or F.
34



6. Cdopmynmpyem Temepnr OCHOBHEIE PE3YJILTATHL O pas-
pemuMoctr 3aflatn Howmmm (3.2). Hamommmym, dro, mo mpep-
mookeHuo0, Hocurean GyHKOUA p (z, f, p, y, T, &) mo mepe-
MeHHOH y B muTerpanax (3.3), 0T KOTOPHX 3aBHCAT QYHKIEA
L (z, t, p; [0S/0x]), comepsxaTcss B PUKCHPOBAHHOM KOMIAKT-
soM muoskecrse K C R,

PaccMorpmM 6aHaxoBo OpoCTpaHCTBO Bjr HeNpepHBHBIX
Pyaxmui wa wommakre M C R™ co smawemmamm B RT™,
m = 2n* llycte M DK un M Dsupp S, VYpasHenue
(3.11) Gymem paccMaTpmBaThL Kak o0bKHOBeHHOe Auddeper-
NHajJbHOE ypaBHeHHe MIA QYHKIUHA €O 3HAUCHUSAMH B By
(cm. § 2):

dY

- =Y, t; [Y)).

3peck Y (-,1) € By, Y (2, t) = (X (¢, 2), P (¢ 2), Ji5 (¢, 2),
I;; (¢, 2)). Bapaua Komm i1 5T0ro ypaBHEHHs ¢ HA9aIbHBIMU
yeaosuamu Y (z, 0) = Y, (2) u3 (3.9) paspemuma Ha HeKo-
topoM orpeske Bpemenu [0, Tyl. ITycrn gmsa Beex ¢ & [0,
T ] copasemuBo BRIWUEHHE

KC {zlz=X{(t 2, z& M}.

Pemenune Y (z, {) samaun KHomm (3.11) Gecromeuno mmd-

¢depennupyemo. KpomMe Toro, gerxko Jokasarh ciaegyimee yT-
BepiKleHHe.

Jlemma 3.1. fas awbozo romnarma G C R™ maxoeo,
umo G D K, G D supp S,, cywyecmsyem uucio Ty >0 u
enadras Pynryus z = z (x, t) wa G X 10, T,] co snauenusmnu
¢ R" makue, umo

z =X (z(z, t), 1),
det | J;; (z (z, t), t)| >0, (3.16)

o P(a(z, 1), t) = =38 (s (x, 1), 1),

80 =S+ {{Pe 1 50—

0

— H(X(z 1), 1, Pz, 1) [X, P, J]}dr. (3.17)

IIpm momMomu »TOf JieMMBI HEMOCPENCTBOHHEIM BHIYHCJIE-
HHeM [OKa3KBAETCHA CleLyIomas
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Teopema 3.1. Oyuryus S : (G X [0, T,l) - R, za-
Oasaemas gpopmyaoii

S (.Z', t) =S (Z (.’13, t)1 t),

2de & onpedeaeno e (3.17), seasemes 2aadkum pewenuem sada-
yu Kowuw (3.2).

dra Teopema cpoguT pemenme 3ajavm Homm (3.2) x pe-
mennio cacTeMu xapakrtepmerur (3.11). Moskao Tamsxe cBe-
cru 3amaay Romm (3.2) k keasmnuneiinoMy marerpo-gaddepen-
MHAJbHOMY YPABHEHNIO, H3YIeHHOMY B § 2.

Teopewma 3.2, Hyemv Ppynrxyus F ydosiemeopsem
sadaue Howu das keasuauneilinoeo unmezpo-duddepenyuars-
H020 YDPAGHEHUL:

A, (3.18)

Fy, 0) =1 89 — Y @),

2de m = 2n* + 2n, a dynryuu a;, Yy onpedeaenw ¢ (3.15),
(3.9), (3.10), (3.13"). llycms S (x, t) — pewenue caedywowe
sadauu Kowu 0Oas ypasmenus Iamusvmona — Hrobu:

B (2t 25 1F1) =0

S(z, 0) = 8, (2). (3.19)

Toz0a pyuryus S ydosiemsopsem sadaue (3.2).
Horaszarteuascrtso. Paccmorpmm cucreMy H3 m
oONKHEOBeHHLHX JuddepeHNNaNbANX YpaBHOHAHA

~

a6 1), V9eo=usR™ | (3.20

Oyers Y (u, £) — ee pemerne. Torna

~ t
DFw _ . (f. ,
D (u) = exp {Soa’ (Y(uv 17)1 T [F]) dT} . (3.21)

Paccmorpum dyrKImI0
Fu O=FF @ 0, 0.
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B caay (3.18), (3.20) oma ynmoBierBopseT caegyiomeil sajfaue
Kommn:

DR 4 p o, by divea (¥ @ 0 ¢, [F]) = 0 3.22
(3.22)

F(u,0) = H 8 @® —Y® "),

i=2

3necs mcuonn3oBaHo IpefcTaBiende Bexktopa u & R™ B Bage
= (@, ..., u®), roe ¥, u® = R" a KOMODOHEHTH
u®, u® cyrs n X n-matpumu (cp. (3.13'))

Pemenre samaun (3.22) BHNHCHBAGTCS ABHO:

4
B, t) = ﬁ 5 (u? — Y @) x
=2
i
x exp{—{div,a(¥ (u, 1), w (F])dr}. (3.23)

0

Crenaem Teneph B KayKAOM HMHTErpaie I Bupa (3.13) sza-
MeHy mepemeHuux y = Y (u, 7). Hoayamm
t
T=\av§ o@ t;p. 79 @ 1), v, 79, ) x
0 rR™

x | det ¥ (u, 1) | F (1, r)]%

du.

Bocmonnayemcs gopmyiramu (3.21), (3.23). Torga maTerpan
I nocue gHTerpupoBanns mo u® , . . ., u® Gymer EMeTh BHL
¢
T = Sdr S oz, t, p; YO (z, 1), 1, Y? (2, 1)) | det YOz, 1)|dz,
0 rR™
(3.24)
TIe
Y (z, 1) =Y (Y, (2), 7). (3.25)
®opmyaa (3.24) u ompepemenwe Qymxumit @, a (cM. (3.15),
(3.12)) moxasmBatoT, 4TO
iy, & [Fl) = a (y, t; [¥). (3.26)
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Bocmoannayemea Temeps ypasmenumem (3.20). IlomommMm u =
=Y, (z). Torna u3 (3.20), (3.25), (3.26) moayumm

6Y z,t = .
DED 0@t (XD, ¥ (@ 0)= Yo

Jra Bamava Homm coBmajjaeT ¢ CHCTEMOH XapaKTEePHCTHH
(3.11) m B cuNy eMUHCTBEHHOCTH €€ PEIICHHA MH HMeeM

l}z(z, H=Y (z t).

U3z (3.7), (3.24) Buireraer, 970 UHTETpa ? copmazaer ¢ 1 (cm
(3.9)). CnemoparensHo,

F (x, t, p, |[F]) = H (, t, p, |X, P, J]).

U3 sroit opMyaEl, a Tak:Ke B CHAY TeopeMsl 3.3 4 ompe-
nemenda (3.6) ¢yuxinun H monyaum

H (z,t, D, [F])=L(x,t », L"S]) ,

Taxmm o6pasom, penrenne 3agaqn (3.19) yrosaersopser Tak:Ke
samage (3.2). Teopema moxasaHa.

7. B sawmmogdenme paccMorpuMm 3afiaay Hommwm mins mater-
po-muddepeHIMAIBHOTO YPABHEHUA, COMEPIKAMEro BTODEHE
OPOM3BOJHEIC HEM3BECTHOH QYHKIMH. OTH IPOU3BOMHEE BXO-
AT B YPaBHeHHsA TaKuM ofpasoM, 4UYTO yAAeTcs HANACATH
CHCTEMY YPaBHEHUN XaPaKTePHCTHK M ¢ ee IOMOIIbI0 PEImUTh
ACXORXHYI0 3ajfauy.

Ilyers L) (z, t, p) — rnagkas BelmecTBeHHas QYHKIMA,
sapucamas ot z, p & R", t & R u or Komeunoro umciaa MH-
TerpaiioB Bua

t
L=Sdat \ f@t.pyom %(y, ®, T), %(y, , T))’x

0 R2"

% det ' do dy, (3.27)

\ 28 (v, @, 1) |-

dy; amJ

rie [ — rnamkas QYHKINA, HOCHTENb KOTOPOM 1m0 ¥ B
colepskATCA B PuKCHEpOoBaHHOM KoMmMmakTe K.
Paccmorpum sagawy Homm

M—FL[S](.’ITT, g (x (O,t)) 0,

S(z, 0, 0) = ro. (3.28)
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Tpebyerca HaiiTu ee PelIeHHe HA HEKOTODPOM OTDPE3KE Bpeme-
g [0, T,], na KOTOpOM

det,

g @ 011 “ >e>0. (3.29)

IIpw ycaosmm (3 29) mogmiaTerpanbroe BHpaykenme B (3.27)
KOHETHO.

Brmumem¢ysrnuo [aMuiasrona, OTBEYANIYI0 3ajade
(3.28). IIycrs X (z, 0, t), P (z, ®, 1) — HeKOTOpPHE TIagK@e
BOImECTBeHHEIe QyHKIUE co suadenusmu B R™. Ilycrs

t

1, = Sdr S f(z, t, p; X (3, 0, 1), ©, T; 2, P (3, 0, 7)) dodz.

0 R

(3.30)

3amennm B Qymknmu Ly (z, f, p) Raaslil wuTerpan /, Bo-
na (3.27) {or roroporo ona sasucut) Ha wnTerpax I, us (3.30).
[Tonyuamm ¢yurmmo amumabrona
H (z, ¢, p; [X; P), (3.31)
WHTETpaJIbHO 3aBucAmy™ or X, P.
Pacemorpum cucreMy xapaxrtepuctux sagaum (3.28):

%ﬁ_ﬂ(X(z o, 1), t, P(z, 0, t); [X; P]),

oP _ oH
a oz

X(z 0,0 =2 P(z 0,0 = o, (7, 0) =M,

(3.32)

rae y ¢yarnuit X, P ¥ UX DPOU3BOJHKX ONYINEHH apryMeH-
TH (2, ®, £}, a y pysruua H 1 ee IPoA3BOMHEIX OMYIIEHE apry-
MeHTH, BHUOHCAHHHE B mepBoit crpoke (3.32); M — xommaxt
B R%",

Bce yrBepsxuenns n. 6 aroro maparpada _OCTAoTeA CUpa-
(BeI_UIzEBLIMH s sagaqn (3.28) u ee CI/ICTeMBI “XapaKTePUCTHK
3.32) K

Has mo6oro komuakra M K cymecTByeT T > O Ta-
koe, uto mpu ¢ & [0, Ty] pemernme’ {X (-, L8, P (-, , 1)}
cacremMu (3.32), paccmarpmBaemoit Kak 3anaqa Homn B 6a—
HaxoBoM mpocrpaHcrBe C (M, R#'1), cymecrByer, mpmaem
raa awoboro t < [0, Tyl cupaBeanBo BRIOYeHME

KC{z, 0)|z=X(z o, 1), (3, 0) E M}.
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CanexnctBue. Ilpeobpasosarue

(z, ©) > (X (z, o, 1), P(z, @, 1)

npu awbom t< [0, Tyl sessemcs KaHOHUMECKUM OMHOCU~
meavho gopun dz /\ do.
Omnpenennam ¢ymrmuio S: M X [0, Tu] - R dopmynoit

t
5o ty=10+{{Pe 0,05 @ o0

0

— H(X( 0,7, TP (s, 0, 7 [X; P))} dv. (3.33)

Jemma 3. 2. IHyemv G — awboii komnakm ¢ R®", co-
depacawuti K. Cywecmeyem wucao Ty > 0 u anadras Pynk-
yus z = z (x, 0, t), onpedeaennasna G X [0, Tyl u npununaro-
was snavenus ¢ R™ maxrue, umo

z=X(z( 0, 1), o, 1),
aet py (3.34)
J(z, 0,8) =—7-(2(z, ®, ), 0, 8) >0.

PaccmorpmM Temeps dymrmmw S (z, o, t) = S (z (z, o,
1), o, t). M3 xiaccATecKoi TeopuHE ypaBHEHMA IePBOr0 HOPAL-
Ka WsBecTHO, 910 PyHEnma S yAoBIeTBOpPAET 3afade

o8 - as
T-|-H(ac, t, =3 1X; p]) =0, (3.35)

S (z, 0, 0) = ro.

Hpome TOro, cupaBelJHBH TOKIECTBA /

z(z, 0, t) = o8z, o, 1) (“50)“” Y.

Pz, o, )0, t)=2E0n (3.36)
%S (z, o, t)

" =T (z, o, 1)

Cnemaem B muterpase I, m3 (3.30) sameHy mepeMeHHBIX
y = X (2, o, t). Torna B cany (3.34), (3.36) mmrerpan I,
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copmafaer ¢ I, (em. (3.27)). CaenoBatensso,
H (z, t, p; [X; Pl) = Ly (z, t, p).

CpaBudBas 3ro TO}AeCTBO ¢ (3.35), momytaM, uro QyHKOHA
S ymosaerBopser sagade (3.28).

Takmm o6pasoM, [OKa3aHa CIeqyIOINas

Teopema 3.3. @yuryus S: G X [0, T, - R, 3za-

dasaemasn paseHcmeom
S (z, ) =8 (z(z, 0, 1), 0, 1),

20e S (z, o, t) u z (z, ©, f) onpedesenn coomsememeenno ¢
(3.33) u (3.34), asasemcs enadxum pewenuem sadawu Kowu

(3.28).



FITABA II

FBASHRIIACCHUECEAA ACAMIITOTUKA MATPUIIBI
ILJIOTHOCTH 1 KBAHTOBAHUE YPABHEHUA
BJJACOBA

KeanToBanueM oOHYHO HABHBAKT HEKOTOPHHA dopMaib-
HHE cmocol comocTaBIeHHS BEIHIMHAM KIaCCHIECKOH Mexa-
HUKM HEKOMMYTHDPYWOIIUX 0HepatopoB B rEapbepToBoM Hpo-
cTpameTBe. B HacTosgee BpeMA npoGieMa KBAHTOBAHHA IO-
Tepsada cBoo octpory. B 20-e rogm mamero cTojieTHA HOCJe
oTKpETHA KBaHTOBaHUi ['eiizenGepra m Illpemmmrepa m yc-
ragoBieHEEsA JlUpakoM KX OSKBHBaJIeHTHOCTH 3Ta mpobiaeMa
OrliIa O9eHL AKTYAIbHA.

HamomMumM KpaTko cxeMy KBamroBammsa [eitsenfepra,
Hlpenmurepa 1 Qeiinmana.

1. Ksanrosanmne leiizenGepra. Ilycrs z (£), p (f) — peme-
une ypasueunuii HeioroHa

. . v
r=p p=— ax(.x) ’ (1)

VAOBIETBOPAKIIEe HEKOTOPHM HaYalbHEIM AaHEEM 2 (0) =
= 2% p (0) = p°. PacemorpuM Te ;xe ypasmemus (1), Ho
¢ OIEepPATOPHO3HAYHKME HAYaJbHEIMA AaBHEME £°, P?, KoM-
myratop koropux [£°, D°] pasem ih, rme h —IIOGI’}[‘)OHHHaH
IImanka. Herpymwo Bmpers, wro pemenne X (£), P (f) ypas-
HeHMA (1) ¢ TAKEMH HAYANBHEIMA [IAHHEIMA CYIECTBYeT,
IpAdeM COOTHONEHMe KOMMYTALMM COXPAHAETCH BO BpeMe-
HHE: A A
LX (&), P ()] = ih.
CooreercTBHE

( (8), p ) = (X (2), P (1))
HaBHBAKT keanmosanuem Ielizenbepea.
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2. Ksanrosauue lllpequnrepa. ComocraBuM KOODIHHAT-
HBIM QYHEUUAM £ = (Zy,. . ., Z,), p = (P1,. - ., Pn) B Qa-
soBoM mpocrparctBe R*" = Ry X R} caemyromme omeparo-
pu B L2 (R™):

zj — &; — omepaTop YMHOKeHHA Ha zj,

- I ,
pj—>pj= “‘ha—xj (=1, .. n).

Oyurnmn avunnsrona H (z, p) = p*2 + V (z), orseuaro-
me#t ypasHenmam (1), mpm arom Gymer comocramien omepa-

top H = p?/2 + V (&). Hanumem ypasueunme Hlpemmurepa
mis raMmnbronmana H:

—in 2 4 Fry 0. 2)

Keanmosanue Illpeduneepa — s1o mepexox oT YypaBHEHHIA
Hrworoma (1) x ypasmemmioo Ipemumrepa.

Herpyneo Bumers, uwro omeparopn ['eitzenbepra X (B,

P (1), nocrpoennsie B m. 1, mMeror Bujg
i o i 5 i s i s
o — Ht~ —— Ht Lol —Ht ~ —-—Ht
X(@)=1¢eh 2% ", Pt)y=eh pe "

3. KBanroBanme @eiinmana. Paccmorpum omeparop 7
B L? (R"), peitcrBymwimmii o gopmyie
Tpu(x) = SSGXP { [p(x —Y)—
2 o0
— (L +v (=t1)) arffuwydydp, wesci @Y.

ITonosxmam
V(@ 1) = lim (Tyn) "y a).

ITOT mpeie] MOKeT OHTH MATEPIPETHPOBAH KAaK KOHTHHYAIb-
HHI HHTErpajl IO TPAeKTOPHAM:
t

$(z, 1) = SS DyDgexp {%Sp(f) dq (7) —

q(f)=x

— (L2028 4 v (g (@) dv) w0 (g (O)).

Mo:;xpo morasath, dro P (r, I) yNOBIeTBOpAeT YpaBHEHHIO
[lpepmurepa (2) ¥_HavaasHOMY yciaoBmi VP (z, 0) = P, ().
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Taxkum o6pasoM, ME BHAMM, YTO BCe 3TH CIOCOGH KBaH-
TOBaHUA O9KBABaJeRTHH. OmHaKO B ciydae Gomee ofmeit
¢ysrnun l'ammasroma H (z, p) rakoit, wro 8* H/op 6z + 0,
9TH CHOCOGH 3aBHCAT OT NeHCTBHA OIepaTopoB P u £ B ypas-
permax (1) mnm (2) (cm. [4, 16]).

Hanpamep, peaATmBHCTCKOMY ypaBHOHHIO Oid (yHKOAH
Tammnbrona

(H —eq (2))* = (p — ed (2))* + me?, 3)
¢ (z), A(x) = C> e, m, ¢ = const,

OTBeYaeT KBaHTOBoe ypaBuemme Hieitma — ['opmoxa
., 0
(th5r — @ @) ¥ (2, 1) =
= (ih—‘% —ed (x))zw (x, 8) &+ me*Pp(z, ). (4)

C npyroit cTOpOHH, MOKHO HailTd U3 ypaBHendd (3) PyHKIEIO
H aB=Ho:

H=cp(@)+ YV p—cA@) Fme,

M COIOCTABHTH 6/ KBAaHTOBHE YpaBHeHHnA

a
h 20— o (@) =

+ l/ <ih3%7 +e4 (.zz))2 +mep(r, y). (5)

KBanTOBaHME B 3TOM Ciy9ae He eJUHCTBEHHO (C TOYHOCTHIO
no O (h*) u BuGop ypasrerns (4) (a me (5)) mEKTyerca gomon-
HATEJIbHHMA COOGPaKeHAAMHE PEeNATHBUCTCKON HHBapAAHT-
HOCTH.

B rBasmrnaccmveckoM NpHGIMxeHHE aBTOpOM OHLI mpej-
J0KeH cmoco6 KBAHTOBAHAA He YPABHOHWH HIAA TaMHIBTO-
HAQHA, 4 IOBePXHOCTEed B ()as0BOM HPOCTPaHCTBE, Ha3BaHE-
HHX aBTOpoM Jarpamxesum [13, 32]. Tor ¢axr, aro ypas-
HOHWA XapPaKTeDUCTAK, OTBeUAIIMe YpaBHeEWiw Baacosa,
COXPAHAIT JarPaHKeBOCT:H HOBEPXHOCTEH, MOSBOJACT IpPH-
MEHHTH HTOT CHOCO0 [JiA KBaHTOBAHHA PEHICHHN YpaBHEHHA
Biaacosa.

B macrosmei#i riaBe Oymer o6oOmen $opmMaimsM KBamTO-
BAHAA Ha YpaBHOHHA BaacoBa ¥ mojydeHH ypaBHeHAA HeNH-
HeHO KBAHTOBON MEXaHWKM, KaK KBAHTOBAHHEE ypaBHe-
A BiaacoBa. Bymer ycTamOBIOHO COOTBOTCTBEE MEKIY
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(vnaccmuecknM) ypasHendeM BiacoBa m (KBaHTOBHIM) ypaB-
HOHMEM JJIA MaTpPHOH INIOTHOCTH, OTBeYalOINel ypaBHEHAIO
Xaprpu. B ogHy CTODOHY 9TO COOTBercTBHe (opMammayer-
cA ¢ moMompb pasHocTHOTO KBamToBammsa (§§ 1,4). Ilepexox
opa k — 0 oT MaTpHIH NJIOTHOCTA K PEMeHA ypPaBHEHHS
BanacoBa (§ 2) o6ocHOBEBaeT 3TO COOTBETCTBHE B JPYTYI0 CTO-
poHY.

B ruiaBe mpmBoAgmTCSA TaK;Ke CIOCO6 KBAHTOBAHMA YACTH
KJIacCHYIeCKHX wacTHn. Hampummep, mycTh MMelOTCA [Be 9a-
CTHIH C KOODIOHHATAMHA & == (I3, &3, Z3) B ¥ = (Y1, Ys, Y3)»
m nycts V (z, y) — moreHOUAJ B3aMMONCHCTBMA Me;KAy HA-
MH, TaK 9T0 KJIACCAUECKU JaTrpamHKUaH PABEH

. a2 2
L(f, Y, z, y)=7+%—v(x’ y)

Ecan mepBag dwacTEma — KBaHTOBasi, a BTopas -— KJIACCH-
geckad, To ypaBEemmsa HrioToHa, IPOKBaHTOBaHHEE mO Lep-
BOHA UYaCTHHEe B KJIACCAYECKHe IO BTOPOil, WMET BUJ

—in 22E D B AV (@ Y Uor dor s O D=0, (6)

i=—\Iv@0pS-@nd,

yO =1%o 7(0)= i M
ITH ypaBHEHWA TaKKe BXOMAT B KJacC YPaBHEHHH ¢ YHH-
TapHON HEJIMHEHHOCTHI0, PACCMOTPEHBHX B 3T0# KHETe. Ecaun
BajaHa pYHKOUA pacmpefeleHHUA KIACCHIECKEX YacTaN O (¥,
Y,) B BAaYAIBHHE MOMEHT, TO B ypaBHemaum (6) mocaemmmit
9jeH HY/XHO HPOMHTerPEpPOBATH WO Y, U ¥, ¢ BecoM P (Y,
Uo). Cucrema ypaBmenmii (6) (7), Tak ke Kak I HelHHeHHbIe
YPaBHEHHA KBaHTOBOM MeXaHWKM, OTHOCHTCA K eJAHOMY
KJacCy oUmepaTopoB ¢ YHATADHOW HEJIMHEHHOCTHIO, BBEeH-
mux B § 1.

Ypasuenus Tana (6) (7) B nocaenmee BpeMa MCIONBL3YIOT-
CA B HNOJYKIACCHIECKON TEOpHd B3aMMOJEVCTBHEA KBA HTOBBIX
H KJACCHYeCKHX YaCTHI] B KBAHTOBOM TeopuE moJisa (Haupumep,
IPH B3aEMOJGHCTBAM C IPABHTANAOHHHM nojieM). Ormeram
elme pas, 9T0 METOMH, PASBATHE 3[eCh [JIA OIEPATOPOB C YHH-
TapHO# HeJHMHEHHOCTHIO, W3JIO0MKEHH € TAKAM PacyeToM, 4TO-
6n BEX MO3KHO OHJIO IPEMEHATH (Ha HECTPOTOM YPOBHE) K LO-
706 BEHM YpaBHEEHMSM KBAaHTOBOf TEOpHE mOJA.
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§ 1. Omepatopsi ¢ ynmrapnoii meamuefiHOCTDHIO

B sroM maparpade BBOAMTCA KJIacC HeJHHEHAHKIX ICEBO-
naddepeHNAANBPEKX  ONEPATOPOB, WCCHEROBAHMIO KOTOPHX
Gyner DocBAMIeHAa OCTANBHAA YaCTh JAHHOM TJIABH, a TaKke
raasel III-—-VI.

IlpepBapuTenbHO HATOMHUM ONpPEReleHNe TIANKOLO OTO-
Opaskenma*) 6aHaxoBa mpocrpanctBa B; B GaHaxoBo IpocT-
paHcTBo B,. O6osmauum gepes C; = Hom (B,, B,) 6anaxoso
OPOCTPAHCTBO JIWHEHHHIX OTPAHHYCHHHX OTOOpaykeHuii us
B, B B,. Ilycrs

Crp = Hom (By, Cy) upu k =1,2,. ..

OroGpaskenne r: B, — B, masuBaercs a4adxum, eClH OHO
aMo U Bce ero mmddepeHImaap

DE r: B]_“* Ck’ k= 1,2,. .
OTpaHWYeHHI, T. e. Aaa awdoro M > 0

supM I (D*r)[v] "Ck< oo,

g, <

IIpmmep 1.1. Iyers L = L* (RE, m) — ruanbepro-
BO mpocTpaHcTBo Qyuknumii ma R¥ co smadenmsmMm B MHOKe-
crBe M X mMAMATpHI] ¢ KOMIIEKCHEIME KodpPmmmenramu,
HAJeJeHHOE CKAAAPHEIM OPOM3BeJeHAEM

(& Dyt my= ) 1€ @) ] (@)1 da,
rk
I'Te 3BE3N0UKOM 00603HaYeHa HPMHUTOBO-CONPSIKEHHAs MaT-
puia, a 4epes tr oGo3HAUEH CJe[, MATPHIEL.

Ilyers p (z, y) — HexoTOpag m X m-MaTpHIaA, KO3¢-
PHIHeHTH KOTOpoil raagko sasmear or z, ¥ & R¥ u (puamt-
uel. Kpome Toro, mycts 7 (z, z) — HOTHHOM HO 2z ¢ Ro3ddm-
muentamu u3 L2, Orobpamenne us L? (R¥, m) B ceba, 3agan-
HOEe (opMYyJiod

g— (2, § trip(z, v g @) dy),
rE
ABISIETCS TIAJIKAM.

*) Ofmee onpefeneHWe opgepaTopa ¢ YHMTapHOI HeNUHEIHOCTEHIO
MOSKHO TIPOIYCTATH UPH MEPBOM YTeHANW. B NPHMIOMKEHHAX HCHOAb3YeT-
e omepaTop, OOpefieIeHHEHN B 3aMeTaHUH 2,

46



HamomunM temepr HeKOTODHE oNpefelsHHA TeopHH nu-
HeWHHX nceBmomuddepeHMUaNbHEX ouepatopos. lLlycrs
L*™ (R™) — raan6eproBo IPOCTPAHETRBO  BeKTOp-QyHKUmil

Y= (P®, ..., P™) co CRATAPHHEM IPONBBENCHHEM
m
(b Ppa,mpry = 2§ $9 (@) 90 @) da,
j=1Rgp®"

IIyers 0 << A << 1. OGo3naumm gepes E (p) npeoGpasosanme
Dypre BerTOp-OyHKIUA VP (2):

P (0) = @y [0 @) TP dw,  j=1, ., m,
Qopmyna

vt (3 = ) = o {7 1o 2P (1)

sajaer amueRHE# 1/A-mceBgommddepeHUNATLHBIE OmEPATOP

. 2 1
= f(x, — ih 8/6z) B L»™(R™) pasa mwboro riagroro ¢m-
aaTHOTO cuMBoia f & L* (R®, m). ConpasmenHsui onepaTop

-~ -~ ~ 1 2
f* maercs dopmynoin f© = f* (x, — ihd/dz). HKpome Ttoro,
CIPABEIINUBO TOKIECTRO
o 1
tr[fg*] = W(ﬂ g)L,(Rzn, my? (1.2)

Tie depes tr o6o3Hauen cief omeparopa B L»™ (R™. Us (1.2)

caIefyer, 4T0 COOTBETCTBHE W: f—- f pacHmHpserca [0 W30-
MeTpHYecKoro orTobpaskemmsi mpocrpamcta LP (R*, m) ma
npoctpancTBo H, (L*»™ (R") oneparopos I'manGepra —
Ulmmara, gedicreyromux B L2™ (R"). O6parmoe oTobpasxenue

pto Hy (IH M(RY) > L2 (R, m)

~

COLOCTABIACT KamoMy omepartopy l'minGepra — Immara f
ero cumBoa f = smb f. Takum oGpasoM,

TR
p(y=F=1lz —ihi|.

Bygem B pmanbueiimeM coxpammeHro 00603HAYATh: L"’:vm (R™)
wepes L»™ m L?(R®*, m) wuwepes L*?(m). HKampoir Bex-
Top-pynrnum P E L»™ cOmOCTaBAM MAMPUYY NAOMHOCIU
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gw) € L? (m), (j, k)-it, samement xoTopoit sagaerca Gopmyiroi

_— 3 _n
gy (@ P =¥ )PP (p) e T (2nk) . (1.3)

Onpepenum Ttemepsr ncesgopudpepeHnAanbEHA 0mepaTOp
¢ YHATADHO! HETWHEHAHOCTHI0 B MpocTpancTBe L*™.

Onpepenennme 1.1. IIycrs H — raagkoe orobpa-
menne L* (m) B ceba: g(z, p) — H[g](z, p). Onepamopox
C YyHumapHoii HeauHeliHocmblo HasoBeM orolGparenme H

npoctpasctBa L*»™ B cebsa, ompepmenaernnoe (opMYJIoi

1
1) = Higw] (x — ik ;"—) P.

QOynxmuio H (gl (x, p) HasoBeM aukelinuxm cumsosom one-
pamopa H ¢ cocmosnuu .

Pacemorpum cBoiicTBO 0mepaTopoB ¢ YEATAPHOH HeJHHEH-
HOCTBIO.

Ilycrs V — nuwelineni yamTapuHi omepatop B L»™. Om-
penexnym omepatop Ady B upocrpamcrse H, (L%™) omepaTopos
TmnsGepra — HMImupgra:

Ady (f) V]‘V‘1

Jlemma 1.1, Jas onepamopa He YHUMAapHoil HeauHel-
Hocmuio cnpagedauda gopmyaa

Vuloﬁov=ﬁu, Hy=UYHoU,

20e U — aunetinwii ynumapnwi onepamop ¢ L* (m), zadan-
KW paseHcmeom
U=ptAdv-p. (1.4)
Y1BepiKIeHNe JeMMH ClefyeT W3 oNpefejeHAs. ]4
H, TO

Ecom g (z) m f(a, p) — HEKOTOpPHE m >< m-MaTpH
2

2
oGosuaaum uepes f (z, p) g (@) ugf(x, p) MATPHOH, ¥ KO-
TopuX (i, j)-# bAeMeHT PaBeH COOTBETCTBEHHO

(/@ D) g @)= D) Fu (@ D) &ai (@),

k=1

(€ @)@ D=3 fu (@, D) g (@),

k=1
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Paccmorpum sagasy Komm s omepaTopa ¢ yHHTAapHOH He-
JIMHeHHOCTHIO:

—in 2 A =0,
VY (@, £, h) |imo = Yo (z, B), Yo (-, R)SL*™
Jlemuma 1.2. Mampuya naomrocmu

T S———
g (T, P, t, k) = (% (z, t, K) TP (p, ¢, kye ™ " (2mh) i),

omseuaowas pewenuio P sadauu Kowu (1.5), ydoesemesopaem
YDasHeHUI0

(1.5)

— ih

24 25
a(:) +Hgw] (x, — ih o +P) Bw —
2

L, 9 1
—_ g(¢)H [g(q,)]* <$ —_ lh%, p) = 0. (1..6)

HJorxasaTeanrcTBo. BumameM ypaBHeEma I

V(2 8 k) 5P (b, 4 h):

1

—in 2y 2 H [g(w)]( t),.lw(l) =0,

o (5 )\ =
—ih ll;t —§1H[g(¢)](——zh?l;,p, t)ksmp()=0
(, k=1, .., m).

YMHOKMB mepBoe W3 STUX ypaBHeHmA HA (2mwh) ™2 X
i i

X @ (p, t, h)e ", a Bropoe ma P& (z,t, h)e * (k)M
HCIOJb30BaB GopmMyry

-—xp

=] e

FTTor (=) =r (—ib L +p)oe

H cioxnB 00a ypaBmenmsa, moaywum (1.6). JlemMa moxasama.
Jdemma 1.3. Mampuya naomuocmu gy, onpederer-
nas_Oas Kaxcdozo P & L2™ gopmyaoii (1.3), obaadaem cae-
Jyrowumu ceoticmeamu:
a) Jaa awbozo cumsosa f & L? (m) cnpasedausa gopmyaa

b, F)pa, m = (€wy» Nisem- 1.7
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6) Onepamop gy camoconpsoen e L>»™, umeem HOpmy
Few | rom r2m = Ruk)" || }em u deticmeyem no gopmyae

é(w)v = 2y ", Yo, mb, VE "

npu donoanumeavronm ycaosu | P | ;o,m = (21h)™2 smom one-
DAMmop A6ASEMCs, ODPMOZOHAALHUM NPOEKMOPOM Ha 00HOMED-
Hoe nodnpocmparncmeo 6 L»™, nopooxcdennoe aremeHmom .

B) Hopna g kKar asaemenma mnpocmpancmsa L* (m)
pPasHa

| g laem = Cah)y 2| [fo,m. (1.8)

Jra JeMMa HeHmOCDPefCTBeHHO BHITEKAeT W3 OUpefeneHUil u
dopmyarr (1.2).

Temeps paccMOTPHM HODMY MAaTPHIEL IJIOTHOCTH, OTBEYa~
ome#t pemennio 3afagm Hommwm. Ilyers mpu 0 <A <TH{,
t & R, samamo cemefictBo riamgkmx oroOpakeHuir Hp; mpo-

2
crpanctBa L®»™ B ceGa takoe, uro omeparop Hyn: lgwl(z,

1
—ihd/dx) camocoupspren mpm aiobom P & L™, [lyers
P = ¥ (z, t, h) — pemenne 3agavu Komu (1.5), ¢ omepaTopom
H =H;,;, a gul(z, p, t, h) — orBeuaromag 7P MaATPHUIA
IIOTHOCTH.
Jemma 1.4. Hopmb

WGt BY o my (8 (s -5 8y ) fram

He 3asucam om <«gpemenuy t.
JoraszareanwcrBo. CoxpaHenme CoO BpeMeHEM
HOPMEL 1\ eCTh LPAMOE CAEJICTBHE CAMOCONPSREHHOCTH OIe-
2

1
paropa Hp,lgwl (x, —ihd/dz), a coxpaHeHme HODPMH gu)
caegyer musz (1.8) ‘
3ameuanue 1. Corxacmo ompemenemuio 1.1 numeii-
HEIfl cUMBoJ omepaTopa H ¢ yHMTapHOH HEIHHEHHOCTHIO €CTH
¢yuaxuaa u3 mpocrpamcrBa L™ (R"). Jlerko 06o6murs a1y
CATYAIIMI0 ¥ NOIYCTUTHh POCT cuMBoJa H [g(q,) (z, p) o me-

pemersoii p & R™. Omeparop H [gyl (x, —zh&/ﬁx) opu
9TOM CTaHeT HEOTPAHMYeHHHM B L™,

Kpome Toro, uacto GHBaET HEJAOCTATOTHO PACCMATPHBATDH
omeparop I B mpocrpamcrBe L®™ u TpebGyercsa OmpenesnTh
H na 0606meHabx QyHRIUIAX. ITOro0 MOKHO JOCTHTHYTH,
ecan HeJmHeinoe oroGpakemde H ompefieiUTh Ha HEKOTOPOM
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rkiaacce <y ob6obmenHnx ¢yurmmii:
H: &y—>C™(RM,

3aTem Haltm ®imace o6obmensux ¢Qyurmmi L'y C ST (R
TaKOMH, d9TO

YeLy=gw &Ly

I 3aJaTh OIepaTop ¢ YHATAaPHON HeammefinocTbio B Iy TOdH
se GopMmysoRr, uTo u B ompepesenunm 1.1:

1
Hy] = Hlgw] (agc — ih%) P

3ameganue 2. Besge muxe Mel GyjeM Aas HarJiam-
HOCTH pacCMaTpPHBATL ONEPATOPH € YHHTAapPHOH HeJHHEeHIHO-
CTHIO CJHEIYIOmMEro YacTHOTO BHIA.

Oyers §= (R¥) — mpocrparCTBO IIAZKEX KOMILIEKCHHIX
¢ynrnmit f ma RF, pacrymmx co BceMH TpPOMBBOIHBIME Ha
GecKOHEYHOCTH He ObicTpee HeKoTopoidl crememw Kk = k (f)
cBoero aprymenta. Qepes S (R¥, m) obosmaumm kiace m X m-
MaTpHIl, sJeMeHTH Korophix mpmmagmesar S= (RY). Ilycrs
H (z, p, t, h, n) — HexoTopii cmMBonm kmacca S (Ry X
X Rp x R, X R, X RY'; m), orparmuennsiii co BceMH 1po-
M3BOgELIMA mpum h — 0 u BemectBennwit mpu h = 0.

Pacemorpnm Tarsre M X m? X s cEMBOJOB Kiacca S*:

L. g, (@ p 9, &), tRe k=1, .., My, ..., j =
=1, ..., m; y, EER™, mpauem y = (y©, ..., y®),
E= (8D, ..., E®), rme y®, E® & R" Ilycrs nocurenn

supp L{f),-s (z, p, & y, & h) sarawueHs B (HKCHPOBAHHOE
Y &
OrpaHpdYeHHOE MHOKECTBO, He 3aBUCAIEe oT I, p, t, k. Obo-
3HAYUM — ih——a— = <— ih—2_ —ik——a—->
3y @ y® )
Ilyers ¢ (z, §) — HeKoTOpas m-MepHas BeKTOp-QyHKIHA.
IlocTporM mETErpasl

a(k)(x7 D, t; ['\P]) =
= X Sayo . §ayopd @y, 0.9 @, 1) x

4, 310 o o Gg=1

1

Ce, B . ; j
X L, 4,5, (x Pty —ihgo, h) P L 8 (1.9)
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Bynmem ynpomeHnno SammceBAaTh 5T0 PaBEHCTBO B BHJIE

a(z, p, t; [P]) =

= deqj (¥, t) L (.’t, j 2R ;1 - ih% , h) V(y,t), (1.10)

rme a = (aW, ..., a®), -
BBefieM Temepr MaTpAYHOBHAYHEIA CHMBOJI

def
F (z, p, t, h; [V]) = H (z, p, t, h, a(z, p, t; [P])).

Ncnonsaysa cumBon 57, onpefelienre onepaTopa ¢ yHATAD~
HOA HeJIHHEHHOCTHIO MOKHO CHOPMYIHPOBATH CJ6[YIOIMMAM
obpa3oM.

Onpengenenmne 1.2. Onepamopom ¢ ynumapHoU He-
auHelinocmew ¢ L>™ (R™) HazoBeM omepaTop, HeiCTBYHOMAA
no dopmyie

By (@0 = %’(; —ih(,;ix, t, h; [q;]>1p(:c, ).

Oyexnmio F# (z, p, t, h; [Y]) BasoseMm aunelnom cumsosomn
omeparopa H B cocroanmum . Husxe mMb1 GymeM B 0CHOBHOM
HOAb30BATHCA WMEHHO JTHM YaCTHHIM ONpefeleHdeM oOIepa-
TOPA ¢ YHATAPHO# HeamueiiAOCTHI0. BBeieM papx oGosHadeHAM.

Hepesinem B dopmyne (1.10) or dymxmmm ¢ ® MaTpmme
IVIOTHOCTA g (T, p, )

a (.Z', D, L [g(lb)]) = SS g(¢)(y7 g) t)L (xv » Ly, gy h)* d.lil ‘Z§°
(1.11)

Amanormaro 6GymeM o0o3magaTh

F (z, p, t, h; lgl) = H (2, p, t, b, alz, p, t; [g])). (1.12)
Cnenaem B kamnom uaTerpaie (1.11) samery nepeMenBHX y =
=X (z o, t), E=P(z 0, ) c enEAAIHEEIM AK0OHAHOM, a
Pyrrmmo g« (X (z, o, t), P (z, o, t), t) samenam Ha g, (2,
). Rasgpui marerpan (1.11) opm stom mepeiijer B caenymo-
AR WHTErpai:

a(x, p, t X, p, gO]) =
= SS 8o (Z, (0) L (xa Pt X (Z, w, t)’ p (Zv o, t)’ h) * dz do.
Bynem o6osnagath

'%(x’ p, t k; [Xv P, go]) =
=H(z p, t, hya(z, p, t; |X, P, g)l)). (1.13)
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§ 2. AcuMNTOTHKa MATPHIBI IUIOTHOCTH

1. Cayuaii o6mero omepaTopa ¢ yHHTapHOH ReJmHEliHO-

A 2 1
ereio. Ilyers H [yl = H [gwl (z, — ihd/dx) p — omepartop
¢ VHETapHO# HEJWHEAHOCTHI0 HA HEKOTOPOM IIPOCTPAHCTBO
cranApuux (m = 1) ¢dyuxnmit ¢ = ¢ (z), r & R*. Marps-
Iy IIOTHOCTA &) (Z, p), OTBEUAOIMYIO P, B CKAJIAPHOM CIy-
qae OymeM BasHBaTh PyHKyuell niomHocmu.
Pacemorpum ypaBrenme (1.6) mua $ymemam g = gy, (z,

p, t):
., o8, 2 5
— th—r + H [gy] xy—iha—x'i-P)gh—

2
J—— R F) 1
— H lgn] (‘Z - lh'g_v P) &n = 0. (2‘1)
Ilyers H gl (x, p) — rnamkas BeimectBeHHAs QYHKIUA,
B pepBom mpmGammenum npu i — 0 moaydum ypaBHeHude

dg OH [g] dg 0H [g,] og
P @ D5 — —5 @ PG —
0%H [g;]
- 3[)6:1’: (x’p)gh"*‘o(h):()

My moraykeM HMKe, 4T0 HOHHMAeMbBl B HEKOTOPOM 0006-
IMEHHOM CMHEICJIe Opefied

g (2, p, t) = lim gy, (z, p, ¥)
h-s0

YHOBJIETBOPAET NpPEeReIbHOMY YpPaBHEHUIO

a
£ Ao(ger )80 =0, (2.2)
rge
oH a oH a H
Ao(e, 1) = a;glﬁa? - aigl P axa[f]

910 yTBep:OeHme OyIeT HHKe MOKa3zaHO 6e3 OrpaHMYeHHA
ofmHOCTA RIS OmEpPATOPOB € YHATAPHON HEJIHHEHHOCTHIO
YacTHOro BUfa. YpaBHeHue (2.2) mazoseM 0600weHHuM Ypas-
Henuem Baacosa.

Xapaxrepucrura X (z, p, t), P (z, p, t) aua ypaBaenumsa
(2.2) samaror otobpamenne

I‘t5 (x7 P) - (X (:t, p, t)9 p (z’ y 4 t))



n n
obnacra $asoporo mpocrpancTBa Ry X Ry, m coorsercrsy-
omee oTo0pakeHHe IIafKMX (YHKIHA Ha 9ToH obiacTh:

i, p) =f(X (@, p, ¥), Pz, p, 1),
YAoBJIEeTBOpAIOIECEe YpPaBHCHHAM
LT =THHIT) @ 0, OL 7}, Tof =1, (2.3)

rae {k, f} osmagaer ckobry Ilyaccoma

Bssas B kauwecrpe ¢pyurium f B (2.3) voopauHaTHHE QYHK-
e £ = (Zy, . . ., &) WA p = (pPy, . . ., Pp), DOJYINM CH-
cTeMy YpaBHEHMI

3H [(T})™ golz, p, 0)]

d R
— Tz = o (T:z, Tip),
d e OH [T go (@ p, O)] & s
Tiny = — N T, 20

J
Tz =2, Top = p.
Ilyers cymecTByeT pemenue
Tiz =X (z, p, ©), Tip =P (z, p, 1)

aroit cucremu. Orobpasxenme I';, oueBHmAHO, ABIAETCS KAHO-
n

HAYECKUM OTHOCHTEIBHO (ODPMEL Z dz; /\ dp;, a oroGpa:xenne
=1
I'; VHUTapHO OTHOCHTeNBHO CKANAPHOTO LPOM3BEJCHHS B
L2 (R™). ,
VrnTapeOe oToGpaskemme Iy ecTh Ipefe opu (h — 0
yHETapHOTO OoTOOpaskenus Uy, yAOBIAETBODAWIETO CHCTEME
ypaBHeHHAH

w0 (3) = Uin{t Whan@ 2, 00 (7)) @9)

(Bcero spech cofep:KUTCA 2n yPaBHEHHil, OTBEYAOIUX KOM-
x
IIOHEHTAaM BEKTOP-CTOI6Ia ( - ) ).

*
OrMersmM, 9To KaHOHMYecKoe orobpakenme I'; coxpanser
ckoOry Ilyaccoma, a oroGpaskemme U;; COXpaHser CKOOKY
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{k, f}n, MEAYNEPOBAHHYI0 Ha IPOCTPAHCTBE CAMBOJOB OIe-
panueii KOMMYTHDOBAHMA B LPOCTPAHCTBE OIEPATOPOB:

def i A A
{k, fin = —-smblk, /1.

B npepene npm & — O cko6ka {-, -}, mepeXoauT B CKOOKY
Ilyaccona.

2. OnepaTop ¢ yHATapHON HEIMHEHHOCTHIO CIENHAIBHOIO
Bua. B sTOM ImyHKTE MEl YCTAHOBEM CXONMMOCTH PEUIOHAA
gn ypaBmeHmAa Aixsa Pyeriuum mirotHoctm (2.1) ¥ pemeHH0
g, obobmeHHOTO ypaBHeHHs BiacoBa B cIydae omeparopa
¢ YHHTApHON HeJHWHEeWHOCTHIO COeNHmANbHOro BHAa (CM. ompe-
nemenme 1.2):

2 1
H Y] = % (x, — ihd/dz, t, h; [P])P.
Pacemorpmm sagagy Romm

0
A Aulgn Den =0, gn(z p, D))= = pn(z,p), (26)

e

An (g, 1) = {1 (&, p — ih 9)d, 1, I g]) —

—~H (x— ihfa/ap, 5, t,h; [gDI},  (2.7)

a Gymknua %7 (z, p, £, h; [gl) onpenenena B (1.12). Ilpen-
HDONOMAM, YTO (YHKIEA P, CXOOUTCA B IPOCTPAHCTBE

CoGoueBa W3°, s >0 & ¢wHATHOIN 0600menHOH PyRKIAE P,.
BribepeM a1y mpefesnpuyi0 QYHKIHAIO B KaYeCTBe HAYAJIBHHX
OaHHHX Aas obobmennBoro ypaBmenna Biacoma:

a
%0 L Ao(gn )80=0, g (z, b 0) = p, (2, p). (28)

Pacemorpam cacreMy xapaxrepuctak mis (2.8) (em. § 2 ru. I):
0X

. a X
(@ 0, 1) = Z (X 0,1, Pz 0,0,1,0 [X, P, pol),
| (2.9)
P (g 0,) = =22 (X (2,0, 8), P (3, 0,0), 8, 0; [X, P, ou]),
X (2, 0,0) = z, P(z, 0, 0) = o,
rae (z, w) = K, K — xommart 8 R** (cp. (1.13)).
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Homnaxr K BrfepeM Tak, 4To6H OH Coftep:<all HOCHTENb
$yHKIEE Py A HOCHTEIH su;E)‘p L (z, p, t; y, &, h) Bcex PyHK-
Y

nmit L, 0T KoTopux 3aBucAT maTerpais s (1.10).

IIycres pemenme cmcremMmr xapaxrepmcTEr (2.9) cymect-
ByeT Ha HeKoTopoM orpeske { = [0, T,]. Ha Tom sxe oTpeske
cymecTByeT pemenme g, (x, p, f) samaum HKomm (2.8); sto
pemenme 3amaerca (GopMyIoR

§fgo (z, P, O @ (2, p)dedp =
= ”Po (z, ©) ¢ (X (2, 0, 8), P (2, o, 1)) dz do,
¢ = CY (R?),

Teopema 2.1. Hyemv cumeon ¥ (x, p, t, h; lgl)
co ecemu npoussodnumu pacmem npu | p | — oo He Gbicmpee
C (4 +1p )" oncpamap

1
FH (x, —ihdlox, t, h; lg))

camoconpsscer ¢ L* (R™) u nauarvnvie dannve sadauu (2.6) cxo-
dames 6 W, (R*™):
Pn —> 0o npu h — 0.

ITycmv pewenue
&h ('v ) t)E W2—8 (R2n)

sadauu (2.6) cyyecmeyem na Hexomopom ompesre t & [0, Tl C
(- [O, T1] u

Y )

sup ngnllgh( e )szs(ﬂm)<const,s>0
IIpu smux ycaosusxr PyHryus naomuocmu gp (-, -+, )
pasromepro cxodumes ¢ Wy (R?™) na ompeske t < [0, T,
K pewenurw gy (-, +, t) sadauu Kowu (2.8) dan o6o6u;,enuozo

Ypasrenus B./Lacoea adeco r >s-+m+ 1.
ODoxkasaTeabcTso. BH‘ITBM(28)EB(26)|

a(g
—"——— + An(8nr £) 8n — Ao (80s £) €0 = 0.
Ilocae To)kHeCTBeHHHX NpeoOpas’oBaHME HOJYYAM YpasB-
HEHUe

0
20— 8 4 Ao (8o, ) (gn — £0) +

(Ah(gm t) — An(gos £)) gn + (An(80s £) — Ao (g0, t)) g = 0.
(2.10)
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Temepp 3aMeTHM, 4TO

(An(2or ) — Ao (8o 1) 8n = (— iR) | (1 — ) dv x

n
ir g 0 >y,
pd { (z, —ihv—,t, h; [ _—

2 Far; p 7 b I [&) oz,0;

2 2 3
o 4 o g8 1 _ )
—mm%ﬁx—(a”—“ lhf—g, P, t, h; [go] gh} .
(2.11)
TTpeoGpasyem ram:xe TpeThbe caaraemoe B gopmyre (2.10):
(An(gn, ) — Ah (80» t)) gh =
1
rH (2 L .
Sd’cgdp 2 2 {6paa ( p— kT b b

j=1 k=1
1

pa(:c,p——ihm’%,t; [gh])'i‘(i'—l*)x
2 3
xa\z, p—ihr 5, ;g0 ) ) |\ (n 0, & ) — g0 0 B 1))
—_ 3 ad (’ s t
x I® (x,p_mr?g-,t;y,a) dydg}ﬁij—)—

— 2 2

»H L9 X N R

- axjaak (1:—— lh'r?; y Dy t, h, na <$ — lhT—a; s Dy t; [gh]> +
5 1

+(1—u)a(x—ihr75,p,t; [gol)>><

W 5 1 5
) . .
X L (:c — Lhr—%—, .t Y, §> dy dg] a—Pjgh (z, p, t)} . (2.12)
Brenem Goiee mpocteie 0003HaYeHHA:
a=(z, p), v (@) =(X(a, 1), P (a, t).

Hopcrasasaa B (2.10) dopmyam (2.11), (2.12), monyunm
/]
> (8, — &) (1 (@), 1) +

+-\ Qule, &, 1) (g, — &) (¥} (@), ) d&’ + (— ik) F (&, £) = 0,
(2.13)
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rae o L
Qn (o o'y 1) = [L(Y (@), £, R),8 (1s D))yt

Fr(, ) =M@ h)8, (1 )]ty (2.14)
a oneparopur L m M wumenr Bup
1 3 1 n
0 a
Lt k), = S Lo (v, 1, —ih-2 t (__ .
¥ 1%0 ( oY ) 67)
2
M(t, k), = 2 M. (1.~ m—— (%)
| =0
=y, ..., Top) ~— MYIBTHEHNEKC, L., M, — HEKOTOPEH®

rIagKue d)yHKmm dyuruua L. (v, v, 6, i) demHa mo Y’
(aBEBIL Bug L. mw M. Moser GuiTh Jerko Haigen m3 (2.11),
(2.12)).

B pesynprate murterpuposamua (2.13) monydaem

t
(8 — &) (1" (@), 1) = exp{—§ Qu () at} (0, — p) (@) +

t t
+ihexp{— Qn (1) dr} F (2 ) dn,
0 P

rie depe3 @y (T) o6o3naven MATErpadbHER omepaTop B (2.13)

¢ agpom Q, (e, &', 7). Orcioma mas mwoboit & Cy (R¥)
MOAYIAM

S(gh_ g) (@, p,)o(z, p)dxdp =
= (0, — 00 @, @ t, Wy da+ ik, @ 1, Ry da,  (2.45)
rae

Dl ) = g, @ L@ G @Y+
: 11 2 /
-+ 2 (— 1)"Sd Sdr Sdrlg (@, p) X
k=1 0o P
X ( ( ) (P (Tﬂ l‘L(C’"), Ty eee 9"7,‘, tv h'))v
o t T
"‘I)L(&vtvh)zl"]l'Z(——i)kS S
k=1 0 0

T2

N dng, (11 (@), T T ).
Q
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3xech

@, (1 rl;...,tk,t h) = S...Sgh(ixl, T1) oo gy (o T X
X q)k (al, e ,dk, T1y oo ,Tk; T, Z, h)dal- . .ddk, (2.'16)

npuyeM

O (s - 18y Ty v v oy Tin 7o £y B) = L (X, Ty )y X

X Dp_y (Olgy oo vy Oy Tayev oy Ty Y8 T@a)y E,R) (B=2,3,..)),
D, (ocl, LI h) LY, T, 22 (777 (00)s 5 )

N3 sroit peryppenurnoit gopmyas gnsa @, monydaeM OIEHKY
o\™y 0

Y,SB:E), hg' (5?) ( T ) Dy (01 + oy s Trye o 0 T3 7, 1, B) P <

<(O)F] (Pﬂ;,; ®R2Y’

rge C — mexoropas Komcramra, [ = (IW, .. ., I®) m |m],
D)=0,1,..,supm j=1,..., k
Kpome Toro, mo ycaosmio

sup <supTo”gh t)”W;s 2y, < const.

Taxum o6paszom, ecim ¢ & W,  (R?), 1o m3 (2.16)
MOYIaeM ONEHKH

sup sup
h ogi<T,

§op, @ 2, 1) dar| < const,

sup sup sup
R0<I<T, «

( ax) Py, (2 2 h)‘<const,|m| =0,1,2,..., 5.

Temeps yrBepsgenne Teopembl ciaexyer m3 (2.15) m cxo-
DMMOCTH Q) — Dg.

YrBepsunenne TeopeMur 2.1 Mo;kHO 0600IMUTH Cjie/YIOMUM
o6pasom. IIpepmonosam, 9T0 HAYAAbHEC JAHHHE TOTYCKAIOT
pasiojkeHde IO CTemeHAM A B ACHMOTOTHICCKHEA PAN

N—1
04 (@, D) = po @ P) + 2 (— i), (e, p) +
k=1
+ (—in)py (@, p, k), (2.17)
rme Pg, P1s - - -, PN — HeKoTOpHEe 0600mMeHHKe GYHKIAU H3

Wi (R,
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Ecan ttonyuars pemesme aumbn ¢ ToumocThio fo O (AY),
T0 B KauecTBe HAYaJbHHX AaHHHX 3afadd (2.6) ecTecTBeHHO
B3ATH JEMmb HepBre N wienoB pasiokemda (2.17), orbpocus
ocratok (—ih)Npy.

IIpexnomosKuM, 9TO0 MH HAULIM aCHMITOTHYECKO® pelleHHE
ry (z, p, t, h) «yropouennoit» szagagu Komm (2.6), T. . 3a-
naun

1
Lh——}—.%’(x, — ih aa t, h; [rN])rN

2
7 N . -
— (x — lhw, Pt by [rN]) ry=(— lh)NON (, p, ts B),
(2.18)
N—-1

T'n (z, p, 0, k) = Z (— ih)kpk (x, p),

k=0

rie ()N — HEKOTODHIH O0CTATOK.

IMopcrasaM ¢yurmuio ry B caMmon 2 (z, p, &, h; lgn))
BMecTo QYHRIME IUIOTHOCTH g;,. BO3HAKaeT BOLPOC, HACKOIL-
ko camBox 97 (z, p, t, k; [ry]) ornmuaerca or ammeiinoro cuM-
Boxa omepatopa H B cocrodHWM 1, €ciaW \p — pelIeHHe 3a-
magn (1.5), ynoBierBopawImee YCIOBHIO gy(-, b)) = Ph.

MoskHO 3TOT BOIpOC MOCTAaBHTH WHaUe. 1lycrs, 3HaA CHM-
Box F(z, p, ¢, h; Iryl), MBIl mOCTpOMIE acCEMUTOTHYECKOE pe-

2 1

menue (1mmeiimoit) samawm Homm maa omeparopa 77 (z, p,
t, h; [ryl), 1. e. gamnm Takyo dymrmmio Py (z, ¢, k), dIro

Pty B Trg]) Yy = (— i) Ry (@5 1, h),
2.19)

L2 ('Z’ O, h) = 'lpo (x’ h)’

/

re Sy — HewoToDHit ocraTok. Mymrmua Py Gymer Taxxe
ACHMOTOTHYECKAM pemeHHeM HMCXO[HOW HeJWHEeHHOU 3ajadm
Homm (1.5).

JleMma 2.1. ITyemv Qn (z, p, ¢, h),

Py (&, Py ),
fN(x Dt h) [ﬂN(xat h)'q)N(p’t h)+

ml:

+ 9y @t h) By(p, t,h)le B (2mh)
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ozpanuuent. 6 W' (R*) npu h — 0. Tozda

\pN 'y sp\N ¢ 2 1
lhT -+ H [‘\.PN] = (— lh) ng (.’II, D t, h) 'lPN,
Yy (z, 0, B) =P, (z, k), (2.20)
20e cumeon nesasku Py (x, p, t, h) asaaemca aaadkoli ynx-
yuell CMENeHHo20 pPOCMA NpU p —> 0O,

HJorasarteasbctBo. Ouesagmo, ¢yEKOEA Py
ynonneTBopﬂeT ypaBHeHmo

Lh————{—H(x p,t k; a(x,P,t [PyD) —

(=) oy @ py G )Py =0, (2.21)
rae
b (@, p, t, h) =

~ Ny 8t LP @, p, iy, Baydt, k=1,..., M,

a d)YHKHﬂH N ABJIAGTCA PEImMEeHHeM 3aJavdd
1
—th 2N o (2 p— th 1 i Iry]) gy —
2

—%(Jc—-zh ,p,th[rN])qN__

—fN(x p, i, h) QN(I7 ps h)9
a~ (.Z', P, O’ h) = PN (.’Z, P, h)

Pemenme sTo#t (MmEeHHOH) B3ajaum orpaEmdYeHo B W'
npu h— 0. OT0 JAoKa3HIBaeTCA AHAJOTMYHO Teopeme 2.1.
ITostomy ms (2.21) caenyer yTBep:KHeHHE JEMMHL.

3amevanune. Coocol mocTpoeHHA aCHMIOTOTHYSCKHX
pemenwuit (2.18) n (2.19) Gymer mogpo6HO paccMOTpeH B Cle-
AYVOIMUX IIaBaX. YKasKeM 3[ech JHIIb HA TO, YTO pPEIeHHE
ry WOETCA B BHfE PeryJAsipHOro psaga OO0 cTemeHaM h:

N—1
o Nk (K
ry(z, p,t, h) = 2 (—ih) rl )(x, Dy i),
k=0
a peileHHe Yy — B BHJE AHAAOTAIHOTO PAMA, YMHOMKEHHOIO
H2 OCHULTHDYIOIIYIO BI{CHOHeHTY'

Yy (@, 1, B) = eh e Z (— ih)'e® (z, t).

k=0
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Ilo sroid upuanne s onenru ocrarra B (2.20) cymecrsen
poecr cuMmBosma Py mo aprymenty p — oo. Ecim

@ P 0| <CU+ [P +al,

sup| L® @, p, 6 1, ] <CA -+ P
TO ’
| PN (x, p, t, B) | << C (1 -+ | p)kstsnm,

CregoBateabHo, ocTaTok B (2.20) MMeeT OLSHKY

) 2 1 ¢
133‘\7(33’ D ¢ h)\PN‘<W

IooTomy, ecam mopamor acmmaroTuku N HOCTATOYHO BEJHK,
mpaBag gacths (2.20) mocrarowno mama mpu h — 0.

Taxum o6GpasoMm, JJIsS ACHMIOTOTHYCCKOTO PEIMICHHWSI HEJH-
nefiHo#l samagn Komwm (1.0), mavaabmmte maummme ¥, (x, h)
KOTOPOYl MOPOMKAAIOT acMMOTOTHYEeCKoe pasnokenuwe (2.17)
dyuarnuu

n
2

Pn (.Z', p) = Ilp() (.’E, h) 150 (p, h) 6_ P (231:}1/)' )

JOCTATOUHO DPeIMUTh PEryaapHyo sagavy (2.18) u nuneiinyio
sagauy (2.19).

B ru. IV, V oror npuem 6ygeT uCI0iNb30BaH B KOHKPET-
HBIX 3afiagax.

§ 3. KeanroBanue KuHeTHYecKMX ypaBnenuii

1. KeanroBanme leitzenfepra. B mpemmpymem maparpa-
de 6BLI0 mOKa3zaHO, YTO KMHETHYeCKOoe ypaBHenme Bracosa
ABISACTCH KiaccmaecknM npenesnoM (b — 0) neaMHeHHOTO KBaH-
TOBOrO ypaBHeHUA HasA Marpunbl mrorHoctH (2.6). Okasbr-
Baercs, uto u ofpaTHO — IpoueAypa KBaHToBamma I'eiizen-
Oepra mI03BOJAeT HOJYYUTH U3 KUHETAYeCKOTO YPABHEHHSA
KBAHTOBEC HeJAWHeiHbe ypaBHOHWA.

Pacemorpum samady Homm s KUHETHYECKOTO YpaBHEHHNA
Bracosa:
9gy

o5 gy _ 0% 0
go(z, P, 0) = po(x, p)

rie p, — BemiecrBenHasg Gyuruua, F (z, p, & lg,)) — ruan-
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Kasd BemecTBenHaa O(yuxknma I'aMEapTOHA, WHTErpaJIbLHO
3aBHCAMASL OT g,. JTO 03HAYUAET, 9T0 F7 eCTh riaafKas QyHKIHUA
OT HMHTErpajioB BHJA

Cay, at,. .. ay, de,v @, po 3 9, -
.. y;'m gl? LR 1§m) go (ylv %17 t) CRUI] go (ymv gms t)1

KOTODbIe MBI 6y116M KpaTKO 3aOHCEIBATH
{Vayaev @, p, 11y, 92, 0. & 1), (3:2)

3necr dynwuma V (z, p, ¢ y, &) Bemecrpenna n PUHATHA 10
(y, €). IlpenmonosmM, Kpome TOTO, UTO BCe IPOM3BOTHBIE TIO
(z, p) dyarmun F (z, p, t; [g,]) Bxomar B L2 (Ry X Rp).

CroenaeM B kayrgoM muterpaie (3.2) saMeHy NepeMeHHBIX

y:X(Z,(!),t), §:P(Za®7t)

¢ AKCOmaHOM, PABHBHIM eNWHUIE, W 3aMeHHM OQYHKIHIO g,
Ha P, (2, ®). B pesyaprare murerpan (3.2) mpuMeT BHT

§§dzdoV (z, p, t; X (2, ®, 1), P (z, 0, 1)) p, (z, ©). (3.3)

O6osmagnm wepes 7 (x, p, t; [X, P, p,]) dynruuw, nosyans-
OIYIOCA IOCJE 3aMEHBI KayRmorTo mHTerpana (3.2), BXomsamero
B ¥ (z, p, t; lg,]), ma maTerpan (3.3).

CucremMa XapaxkrTepucTuk aas sagagd (3.1) mmeer B[

=X, PG IX, Prggl) X(50,0)= 15,
oP 0 (3.4)
W:_%'(X,Pv £ [X,P,po]), P(zv(‘)’o):(’)‘

Reanmosaruem Ietisenbepza (ypapuenmii (3.4) mam (3.1))
Ha30BeM CAeIyIOMne MPABUJIA CONOCTABICHMS KIACCHICCKUM
BeJIMTIHAM KBANTOBLIX ONEPATOPOB, 3ABHCAMEAX OT HapaMeT-
pa A< (0, 1). , 3

I. KnaccmueckuM  xapakrepuctuxam X ) (z, ®, 1),
PO (z,m,t),j=1,...,n, conocTaBAM ceMeilcTBa CaMOCOIPA-
JKeHERIX omepartopoB X (t), P, (f) B L*(R" ¢ roMmmyTa-
OYOHHHEMY § COOTHOMIEHAAMHA

(XD @), PP (t)] = ihd;
(X0 @), X o1 =120 @), PP @1 =0.  (3.5)

I1. Kampot BemecrBenHoit ¢ymxmma [ & L2 (R?),
f=7f(x, p) comocraBEM CaMOCOUPS;KEHHLIA o0IepPaATOP
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T'aanbepra — MMagra

HX @), B2y, by,

i

—ih) .
RS P P
k=1

III. Havaasmoit yuraun p, (3.1) comocraBEM HEKOTODEIH
caMocoupsyKeNHERE omeparop [mmsGepra — MImmara Py
B L? (R"), a rampgomy mmTerpany suma (3.3) — craxspsoe
npomssefenre B npocrpancree Mmmupra H, (LP):

2 1
\v (X, P)oy— @) te [V (R, B YD1 (3-6)
IIpeoGpasyem rasepui marerpaa (3.3), sxopqammii B yHk-
mao  (z, p, t; 1X, P, p,l) mo npasmny (3.6). Iloxymy me-
KoTopyio HOBYW ¢ymrumio 57 (z, p, t; [ Xy, P, pnl). OGo-
3HAYAM

H(z, py L, h; [Xm ﬁm F;h]) =
—ih) @&
== exp{( 21, )602 ap}%(x’ D t [th Ph’ ph,])
Hnaccrgeckas cacrema xapakTteprcT®E (3.4) mocie KBaH-

rosamgua [, II, IIl mepeiiner B cucTeMy OUEPATOPHEIX ypaB-
wennit I'eitsenGepra

dz;,;(t) =?ﬂ(xh(t) Ph(t),t R 1R Brs 00]),

P (3.7)
ap

st(t) = (Xh (t)' h(t)’t h [X-hv ?’hv ph])

IIycre maiimeno pemenwe ypasHeHmi (3.7) ¢ HasaJabHHME
HAHHHIMHA, YXOBIETBOPAIMHAMA COOTHOUIGHMAM KOMMYTAI[AK
(3.5) (upnm £ = 0). Torma coormomenusa (3.5) ocraorca cupa-
BeJIMBRIMIX IpPH BCeX I,

Ilo Teopeme Hefimama cymecrsyer yHMTADHEIX omepaTop
U; 8 L*(R™ raxoii, grO0
o~ - - o~ — . 8
X, (¢)=UiaU,, P,(t)=U7 (— zha—x) U,

Mosxao BRGpars U; tak, 9ro0s GRUI0 CUpaBeUIMBO ypaBHE-
HIe

1

lh——-]—,%’(x—zh— t, b X P, p,J)U,:O.
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ITyern

def -
g, (x, p,t)y = smbU,p Uy

Torga
1

2 3
@Y e [V (X P 0,1 = \V (4, & k) g, (4, &, 1) dy dE-

Orcroga m u3 jemmer 1.1 mosydusm psaj OPOCTHX CIEACTBHIA,
KOTOpHE MBI cHOPMyIHpYeM B BHJE IBYX JEMM.
Jemwma 3.1. Qynryus g, ydostemsopiem YpasHEHUID
0as PYRKYUL RAOMHOCMU:
9, ( 2 L a _
lh'gf'!'% \.’17, p— lh%v l"» h: [ghj) gh -
2

o7 ., 0 !
—.7[.’(x—zh$,p,f,h; [gn])gh:O. (3.8)

IlpenmonoKuM Temeps, 4TO HadYaiAbHbE AAHHLE CHCTEMEL
(3.7) mmeror Bux X, (0) = z, P, (0) = —ihd/0x, a omepa-
Top D B III pefictByer mo ¢opmyne

Ppv = (2rh)™ (v, Po)LaPy,

roe P, == P, (o, #) = L2 (R?). B vrom caydae u3 ompepe-
nerua Qynrumu g, (z, p, !) moayumM CIAeryiolee yTBEPIKHIe-
HEE,

JeMmma 3.2. Qyuryus g, umeem 6ud Pynryuy niom-
Hocm

—_—
g (@, p,t) = 2eh)y ™z, £, B)P(p, t, ke Ty (3.9)
20e Pynryus P Aeasemes pewenuem sadaiu Kowu 0aa onepa-
mopa ¢ YHUMAPHOL HeAURECIHOCTbI0

—in 2L +5‘£(x, ‘; B 191) % = 0,

VP (z, 0, B) =y, (z, k).
30ecy cumeor F (x, p, t, h; [P]) noayuaemea us Pynryuu
—ih 0 .
exp{ o ap} H (x, p, t; lg,)) samenoii rancdozo unmee-
paaa e¢uda (3.2) na urnmezpas

(3.10)

So@. t. WV @, p, 1; yo— ik 33y, BB, 1, b dy,
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20e

ih 9%
Viz,p, 19, & h)—exp{ — aya&}V(w Pty E)

Taxam o6pasoM, or ypasmemusa Baacosa (3.1) m cmcremu
YPaBHEHAN XapawTepucTHr s Hero (3.4) ME Depemin
¢ moMombio wpaBua KBanToBanms | —JII K KBaHTOBEIM ypas-
HeHUSIM:

— cncreme I'efisembepra (3.7),

— ypasmeHmi0 nna QyEkmuE niaornoct: (3.8),

— ypasmernuo Hlpegmmrepa mis raMuapTOHMAHA € YHA-
tTapHO# mHexmHehHOCTHIO (2.10).

2. Paznocrnoe ksanToBanme. OTMeTHM ellle OJUE CHOCO0
nmepexofia ot 06o6menHoro ypasHeEns BiacoBa K YPaBHEHHIO
IaA (QYHKOAA DIOTHOCTH.

Ilyers H — meroropoe otobpaskenme L2 (R*) B S* (R?),
opudeM st aioGoir Pymrmmn ¢ &= Cy (R¥) orobpaskenue
g — ¢H [g] asasercs raankum B L% (R?"). Hamommmm (cMm.
§ 2), aro o6GoGmennsM ypaBHermeM BiacoBa MBI Ha3HBaeM
claelyoIee ypapHOHMUE:

ago + 0H[go1 (z, p)0g, _ 0H [go)(x, p) 9gy __
ki ox dp
o2 , .
_ _%’xﬂa_(;_ﬂ.go =0. (3.11)

Nyers @ (z) — ananuTnveckas QYHROASA IBYX KOMILIEKC-
HEIX TEPEMEeHHBIX Z, Z,, PACTYMaA Ha BemeCTBeHHON Hio-
crocrm Im 2z, = Im z, = 0 me 6reicTpee cremenu. O6o3HaTUM
Z = id/6p, p = —idloz, u nycrb

%x(z, ¥y, p, & lgl) = @ (§z, yp) H [g (x, p).

PaccmorpuMm crnenymomee o6o6menwe ypasmemma (3.11):

3g 2 21 ]
A ( z, p, p; [g,]) g = 0. (3.12)

B cayuae @ (z;, z,) = 2z, — 2, ypapaennme (3.12) copmagaer
¢ (3.11).

B ob6mem ciyqae cumBon O HazoBeM npoussodauyum cum-
soaom ypaBuenusn (3.12). Pasnocmibuim keaHmosaHuem Ha-
30BeM cJieflyiolee npeofpasoBaHne HPOX3BOANIEr0 CAMBOJA:

e—ih21 — ,1 e-‘ihZZ — 1
—ih — ih )

q)(z)—>(Dh(z)::CD<
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3necr h — mexoTopHii BemecrBeHHHIH napameTrp. OueBmmHO,

}lim @y, (2) = D (2).

PasmocrHoe kBanroBamme @ — @), mepeBoguT ypaBHOHHE
(3.12) B ypaBHenme
Ogh

g 2 1 1
W— + M’ (xa Z, pﬂ p; [gh])gh = O’ (3‘13)
e
# (2, ¥, p, & lgl) = @, (§Z, yp) H gl (=, p).

B caywae mpomssogsamero cumsoaa @ (z) = z — 2, KBaH-
roBanHoe ypasmemme (3.13) umeer Bup

9 1
(— m) L+ Hig, (:c,— p— Lha%) En
2

— H [g,] (x—ih}%; ;)) g,=0.

Tarkum o6pasoM, pa3HOCTHOE KBAHTOBAHNWE IEePeBOJMT YDPaB-
mennme Bracosa (3.11) B ypaBuenme 1iia (YHKOUE HIOTHOCTH.

WNnrepecHnIM CBOWCTBOM Pa3HOCTHOTO KBAHTOBAHHUSA fB-
JSETCA BOSMOMKHOCTH €ro BTOpWIHOre unpmmeneHHa. llycrs
0 eme ojuH BeIlecTBeHHHIH mapamerp. PaccmorpmM «Bropmu-
HOE» PasHOCTHOe KBAHTOBAaHHE:

—1921 —1 ,~1022 1
@), (2) — Dy, o (Z) q)h < 0 - —i0 ) :

ITyers
Hn,0 (x: Y, D Ev [g]) = (Dh,e (g'%v yi)) H [g] (.Z‘, p)'

((BTOpI/I‘IHO Pa3HOCTHO KBAaHTOBAHHOE» ypaBHeHHC MMEeT BH]
9 2

og 211
he+wh9(xx » D5 ghe])gh9=0.

YrazaHHH MeTOJ KBAHTOBAHUA MOKeT OHTL NPUMEHEH MHO-
FOKPATHO.

3. Yactnunoe kBaHTOBaHHE. B KauecTBe mpHUMepa HCIOIb-
30BaHH METOJOB KBAHTOBAaHHUA W3 Im. 1 moayuymM ypaBHeHHA
I CHCTEMEI, COCTOANEH W3 JIByX YaCTHI — JIerKod (KBaH-
TOBOM) M THKeN0H (KIacCHUYeCKOIL).
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Paccmorpum ypasmemma Hrlotona

. ;1% i
T= e (2,0), Zly=2%0 2|_y="p

(3.14)
- oV .
q=— aq (x’ Q), QIt=0 = qoi G lt=0 - §0)

e xO: pOE an qo; EOE Rk'

IlpokBamTyeM sTy cmCTeMy IO HepBOil rpynme mepeMeH-
HHX z. Hna aToro BmOmImeM cHCTeMY YypaBrHenmit Biacosa,
orpegaromyo (3.14):

i 9 4 ’
i +psi—°—ﬁ§§ax (@ 0) ol ¥ 1) d @ = 0,

ap
/] d 0
Do xR U@, @, v, e dp =0,

o (x,p, 0) =8 (x —z,) 6 (p — Po)s
fo(y, & 0) = 8 (g — gy 8 (E— &p)-

IlpokBanTyeM OTHeNBHO LEePBoe ypaBHenme cmereMbl (3.19)
no npapmiaam u. 1. Homyaum
1

P xd 2 ) \
. 8h ,
—ih W——{—H(x,p~lh %‘, t)gh_
2

—H(x_ihi,}),t)gh:o (3.16)

‘%—FE’_{;—_%SS 3q («, Q)gh(x p,t)dz' dp’ =0,

(3.15)

Tie
H p )=+ (V@ 0)foa, 0 ag @

s toro wro6r pemenue gy, cuctemst (3.16) cnabo exommnocs
R g, Upmr h — 0, Hy;kHo norpeGoBarh, uTOOH B HAYAJILHBIN
MOMEHT (i)yﬂmum gn (z, p, 0) caabo cxopmnach K& (z — xy)-
8 (p —
YpaBHeHnH (3.16) mBagIOTCA HCKOMEIMH YaCTHYHO KBaH-
TOBAHHHIME YpaBHeHHAMH. MOKHO HepemmcaTb HX B BHJE
ypasuennii [llpepgmurepa w HeworoHa:

‘Ph

—ith—> thlth + lPhV (-771 q (t)) = 0,

o (3.17)
{=—\5 @ 0lb, @ 0P,



npudeM
i

Lim (2h) ", (z, ) Fu(p.0) e+ = 0w — ) 8 (p— P.)
—0

q(0) = qp, §(0) =&,

Ipn srom ¢yuxmua g, us (3.16) sapxsercs dyurimed mmoT-
HOCTH, OTBevawmei Vp.

PaccmoTpum Temeps Gonee o0mymo cucTeMy ypaBHeHHN
Baacosa

0F1 o a8, 0H1 0F) 0F1 (¢ 0m

ot oy s T e op T op ) B B8 X
Rzm

X Fy(y,&,t)dydE =0,  (3.18)

0Fs 0H> 0l OH2 012 oFe ( 0Op2 , . .
5 T s~ — S,,—@ (2, p) X
R.‘b

X Fi(z,pt)ydedp =0

me z, p&R", y, E& R™, a Hy, H,, p;, P, — 33faHHBIE
BemecTBeHEHe QyHRRumA. llocTaBuUM HEKOTOpPHE HavYaJIbHbIE
YCIOBHA

Fl(x1 ps 0)=F10(.Z‘, P), F2(y1 g, 0) :F20(y7 g)

IlpoxBanryeM mepBoe ypasHenue cucreMsl (3.18). Anaso-
THYHO NpPeJHAyIeMy OpuMepy wmoaydmm ypaBmHenme Iipe-
IOUHTEepa

, .
— ih%+ﬂ1(x,~iha% t) 4
o @ O P& )dyde =0, (3.19)

OpuYeM HadaiabHBEE JTaHube P, (z, 0) yI0BIETBOPAIOT CIeRy-
0IEeMY YCIOBHIO:
S S _—
lim (2h) F e T @, 0) (P, 0) = Fuo @, )

(upenen Geperca B mexoTopoM mpocrpanctBe CoGomesa Wi°).

Bropoe ypaBmenme cmcremu (3.18) mocime Takoro KBam-
TOBaHUA IepelfieT B CIeNYIOIHee:
Ofa 0Ha 312 _ 02 3713
ot + 0t  dy dy dE

1
F2 ] 2 . 0
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Cuctema, cocroamas us ypasuenua Illpepmmrepa (3.19)
u ypasmEerusa BuaacoBa (3.20), sBusercs pesyibTaTOM Hac-
THYHOTO KBaHTOBaHHA cucreMel (3.18).

Moskso Tawke mHepenmcath ypaBmenme (3.19), BBess
xapakTepucTurE ypaBHermsa (3.20). B pesynsrate M npm-
IeM K claejyloolleit cmcreme:

. a‘bh __I_H'l (.’L‘,-—-—lh'—' t)’lph—l—’ll)hgpl (1‘ Yh(y,gvt)v

":"h (?/, En t)) F20 (y, ) d?/ dg = 01
oYy 0H:

ot = E, (Yha —hs t) Yh (y’ g’ O) =Y
o= 0H
:—6-{’.'— = — aJ (Yh7 =h t) - g"l“h (.Z' t) X

1

K ap) (Yh, x, — lh%) Py, (z, t)dz,
Eh, (y7 g! 0) = g'

Hpuvmep 3.1. YacTuumoe KBaHTOBAHHE 3JIEKTPOHA
B KJACCHYECKOIl CHCTEME B3JIEKTPOHM — OCIUIJIATOPH IIOJA.

Paccmorpum Kiaccmueckoe OIBMJKEHHE JIEKTPOHA B BIEK-
TPOMATHATHOM HoJNe ¢ yuerom camojeiicteua. Ilyers (g (f),
p (f)) — woopamHaTa W EMOYNBC EKTPOHA, YEOBICTBOPSIO-
mue cucteMe I'aMIILTOHA

. oH . oH -

Tjae
H(g p)=9(g O+]|p+4(@ )3

¢, A = (A;, A,, A;) — CRaNApHLIT W BEKTOPHHHA NOTEH-
OAATH JJXeKTPOMATHATHOTO mOJA. VMeeT MecTo pasiojKeHune

=90 +o¢" A4=4"+4",

rae (¢, A') — morennuans Bremnero mos, (¢”, A”) — mo-
TOHOMAIH COGCTBEHHOIO HOJIA SJIEKTPOHA. Y PABHEHHA IS
moTeHnmanoB ¢ (z, t), A (r, t) mMeloT BHQ

He=ad(z—q@), A =00 —q@), 622

roe [ |= W — ¢?A — omeparop HanmamGepa, ¢ — CKOPOCTH
cBeTa, O — HEKOTOpasA KOHCTaHTa, [ = Ag.
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Ypasuenun (3.22) Gymem paceMarpmBarh Kak Geckomey-
HOMEPHYI0 TaMIJIBTOHOBY cucteMy ¢ @ynrumei ['ammiabroma

(@ 4,9, 4) = {{(10P + Vo) —apd e —g() +

3
1 : p
3 2 (Al + | VA ) —BAS (& — g (1)}da.
i=]
TamunpronoBo mpepcraBienue ypasmemuit (3.22) mMeer
BH]L
. b7 R Y2
(P—‘—Wv A———W. (3.23)
Ilpokeanryem uwactuwio mepsymo mapy ypabmenmi (3.21)

B cucreme (3.21), (3.23). Iloryuum KBaHTOBOC ypaBHEHHE JUIA
BICKTPOHA

. PR (g, .y 0 2
—n LD o (g, (e, ) + | — ik g+ A@ D] X
X Pn(g,t)=0 (3.24)
U YpPaBHEHHA DOOJA

('P=—S|‘Ph[2‘§(%d A—‘——‘S"_P—h%‘l’hd%

Ucuonssysa spumit Bun (yHKOUEM 57, ypaBHEHHS OIS
mepenwmeM B CAeyIOmeM Bue:

D(P = OLTPh (.’l', t) ’lph (l’, t)7
[]4 = — Re 2iha,, (2, 1) V ¥, (2, ). (3.25)

Ilonyuenmaa cmcrema (3.24), (3.25) apuaerca HeIMHOH-
HHIM YpaBHOHHEM KBAaHTOBOM MeXaHHKH (CM. BBeJGHHE).
Taxum oGpasom, HejimmeiiHHe YpaBHeHNA KBAHTOBOM MeXa-
HUKH MOTYT OHITh MHTEPOPETHPOBAHEL TaKie, KaK YaCTHIHO
kBagroBamane. (Crajo OBITH, 4YroGLl NHOAYYATH YDPABHEHHE
KBAHTOBOHl odiexrpopmuamurn (4)—(7) =3 cmcremnr (3.21),
(3.23), mybo cHayala dYACTHIHO NPOKBAHTOBATH YpaBHe-
ame (3.21) (gIa 9IeKTPOHA), W TOJABKO MOTOM HPOBECTH IIOJ-
HOE BTOPMYHOE KBAHTOBAHME YACTATHO MIPOKBAHTOBAHHHIX
ypaBHeHHIT.



TTABA III

T-OTOBPASREHUE [IJI OIIEPATOPOB
C YHUTAPHON HEJMHENHOCTBIO

B teopun ¢elimMaHOBCKOr0 ONEPATOPHOTO HCUYHCICHHA
CYIECTBEHHYI0 POJIL WTPaeT TaK Ha3BIBAeMEIA HPOTECC BEINY-
thBanusa giua T-upoussenenuii. GopMyns spnyToBanus Oefin-
MaHa B HacrosAmeid ryaBe 06Go6matorca Ha IMUPOKHI Kiacc
T-orobpasKkeHuii, B TOM 4HCJIE W TeX, KOTOPHE OTBEYAIOT BCEM
paccMaTpHBAaeMBIM B 3TOH KHUre YpaBHeHHAM.

§ 1. Teopema cymecreoBarna T'-oToGpakenns

Paccmorpum sapmauy Homm nus ciemyomero ypaBHeHHA
C YHHTAPHOH HEIWHEHHOCTHIO:
m
. O (x, )
— DD A (2, 1) 4 D) Vi (@) (20 ) +
=1

D @ ) \pf @) [0 (v, D) Py =0,
!

, =1 (1.1)
wk (.Z’, O) = Ip()k ($)a k = 17 « ey M
3nece Py = Pz, - - - Yom) & LT (R, a ¢ymrmum

Vi, pY) HenpepHBHB, OrpaHNYEHBl W CHMMETPHTHEL
Vkl (x) = Vlk (x)’ Psgl) (x7 y) = pﬂf) (xs y)'
HapmomuuMm, uwro L%™ (R™) — mpocTpancTBO M-MEPHEX BeK-

Top-QYHKOUIL ¢ HOPMOM
m
[blr = 2§10 () P .

i=1
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Ananormuno oitpefiensiercss  mpoctpamctBo  CoGoseBa
WE™R") ¢ mopMmoi

o By m = 2 sl -

revg
wd

BeegeM cuepyromue coxpamenHsie oGosmawenms. llycrs
Y () — dynxnua ma R co smauvemmsamm B L%H™ (R”)

YO =@ ... @) @O E L (R

IIyets v & L*»™ (R™. PaceMoTpEM HEOPEPHBHYO MATpHU-
HO3HAYHY0 (QYHKIOWIO ¢ MATPAYHEIMEU HJIEMEHTAMM BUJA

Vi () +12— Xpé,-(-,y)]vl ¥ [ dy,

KoTopyIo Mu 06osmaunm gwepes A [v]. Obozunaunm 1epes A [v]
OTrpaHAYCHHHE JAuHeiuni omeparops L™ (R™), mefictBymo-
muit mo Gopmyae

(21 [vlu); = 2 Avhiu; (@(=1,...,m),

j=1

roe u & L™ (R"). Mcmonbsys BBeferHEE 0603HAYEHHS,
wepenuniem 3agady (1.1) B Bmzme

il — M)+ A@IvO =0,  (12)
P (0) = YPy.

HoxasxeM, uro pemenme P (f) € L>»™ (R") oroii 3amaun
Komm cymecrByer u 3agaercs T-orobparkenmeM

P (t) = (] Gax 19 (0)1) 0]

T=0

¢ ofpasywomeit
G. vl = exp {ieA} exp {ied [v]}, vE L»™ (R"),
rge A — omepartop Jlammaca.

Ilyers 8 = t/N, N =1, 2, ... Paccmorpum mociemoBa-
TeIbHOCThE (QYHRUIHR

‘PN,O = me
Yy = Gs [Wn el Yn, E=0,1, ..., N — 1.
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OGosraumm Py (£) = Pn,n. [lokaskem cymecrsoBanue T-oro-
Gpaskerna P, — lim Py (£).
N-~>co

Teopewma*) 1.1 [17] Hycmo p, = W™ (R"). Tozda

6 nHopme L™ (R™ pasnomepro Ha aobom ompeske t < [0,

Tol cywyecmeyem npedea P (t) = lim Py (t), ydosiemsopsio-
N—co

wuii sadawe Kowu (1.2).

Horasarteanctso. 1) Ilpeskme Bcero samerm,
9TO NTOCIEeJ0BATENBHOCTHh {Pn x} OrpaHHYeHA PABHOMEPHO
mo N m k. [eifictBuTenbHo, HMEIOT MECTO PABEHCTBA

lexp{isA[vl}] =1, [exp{ied}]=1

(HOPMEL BCeX OmepaTtopoB — 3T0 OGHITHEIE OmEpaTOPHEE HOP-
met L2" — L%H™), looromy

1w, ] = ol (1.3)

2) Homasxem dopmyny
Y, & = exp {{k8A} 1, -

k-1
+ 83 expi(k—j— 1) 88} A [, ;1 %w,5 +0 () - (1)

=0

3aMeTEM, UTO IOCIe[0BATEILHOCTH ONEPaTopoB A [v]
paBHOMepHO orpaHmYena Ha Jiobom mape |v|<C r, 1. e.
cymmecTByeT Koucradra (, Takas, 9TO

14 1< C, (1.5)
ITostomy (cm. (1.3))

exp {184 [P, 1} = 1 ++ i8A [P, ;] +0 (1/N?).

Orcioma moxydaeM CIeNyRINYI0 PeKYPpeHTHYR QOpPMYyILy

aaa 1PN,)¢3

YN, & = 1

= exp {i8A} ¥, k1 + 18 exp {i6A}A [P, k1] Pk + O (Wz—)’
(1.6)

*:) Hinen porasarexnctea comep:kuTcea B pabore [30], mocsamernoit
JUHENHOMY CIy4a.

ITocme Toro, xam KmwWra OHJA CHAaHA B TI€YATH, ABTOP HOIHAKO-
Mmuaea ¢ paboroi [29], B KoTopoi KoKaszama TeopeMa CyMECTBOBAHMS JJIA
Gonee mupoxroro, gem (1.2), Kiacca HeMUHEHBLX ypapHEEHi,
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rge ocratok O (1/N?) mmeer omenry [ O (1/N?) [ << C/N?,
npmduem C we sapucut ot k£ = 1, ..., N. A3 (1.6) amemenrap-
HEIMA BhIYECHOEMAME moayunm (1.4).

3) lokrasxeM HepaBEHCTBO

[, e — b, | S Coe®st (RS - [lexp {i8kA} b0 — o)y (1.7)

rme C,, C{— Hexoroprie IocTosuuKne, [+ k< N. Uz
dopmyaw (1.4) cremyer, uro

P, 14k — P, 1 = exp {il8A} (exp {iA8A} o — o) +

k-1
-+ i8 Z exp{id(k +1!—j— 1)A}21[1PN,511PN,5 -+
=0

-1

+ 18 Dlexp {(i8 (I — j — 1) AY (A ¥, jux] Y, jok —

i=0
“ 1
—Afpw il b )+ 0 () -
Orcroga 1 u3 (1.5) mosywaeMm cmcTeMy HepaBeHCTB
a0<CB,

-1
o <Cle+h8+3 8a;), L=1,...,N,
o i=0
a; = |, i — P, il & = [P — exp {{ABA} 1 ).

WUa orax umepasemcts ciefayer omenra (1.7).

4) JlowaskeMm, d4ro mociemoBaTeisHOCTh {Yy (£)} Pymma-
MeHTaJAbHa. 3aduKcmpyeM, moMamo N, ele OJHO [eI0e IACIO
M > 1. OrmermM, uTO

; .
o — )<t

rae uepes [j/M| oGosmawena uenasa 4YacTh PamEOHAIBHOTO

qucaa j/M. Ilosromy ms (1.7) momyumm

Yun,; = Yun, My + O (11/—) , (1.8)
rie | O (1/N) | << (8 + o — exp {i6 (/M — [j/MI) A} pf) <<
<8 ol y2im gn, - OG03mATIM Yy = 8 [P, |y 2m oy -

2 2

Urak, Mbr myMeem nBa pasGuenus orpeska [0, £]: mepsoe —
HA OTpes3Knm imHel #/N, a BTOpPOe — Ha OTPE3KHE [JIWHH
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t/(MN). flcuo, uro ysis mHepBOTO pasCHeHHA COAEPIKATCH
B MHOKECTBE Y3JI0B BToporo pastuenms. Ilpm sroMm ysau mep-
BOTO pasbmeHHsA BHIIEIAITCA CPefll Yy310B BTOPOro pasbume-
HEUA TeM, 970 uX HoMep KpareH M. @opmyna (1.8) osmauaer,
9r0 AAA J000ro ys3xa BTOPOro pasbMeHHA ¢ HOMEpOM j &
& {1, ..., MN} nafizercn ysex mepBoro pasGmeHEs ¢ HO-
mepoM jo = M [j/M] raxoit, aro GyHKmEE Yyuyn; T PuN,j
OTIM9AIOTCA APYT 0T Apyra mo mopme L™ (R™ na penmuumny
mopsigka O (yy) pPaBHOMEPHO IO .

Sanmmewm dopmyay (1.4), samenaa N wa MN pia nHomepa
k, = M]I, xparsoro M, npudyeM B IpaBoil YacTH Bce QYHRIMK
B y3JXaX BTOpPOro pas30ueHAs aUUPOKCHMHUDPYEM (YHKIHAME
B y3Jax mepBoro pazbmenusa, mcmonesya (1.8). B pesyapraTe
MOy IAM

1-1
Y, e = exp {il8AY Yo+ i8 D) exp {id (I — j — 1) A} X
=0
A [uw, ] Gary, s F O (I )y (1.9)
l=1,...,N.

VUbo3raIaM

bj = ¥n, 5 — Vv, ms[-

Brrauraa pasenctso (1.4) ms (1.9) n omenmBas HopMY NeBoi
YaCTH mOJYYMBHIEHCA Pa3HOCTH, MPUAEM K CeYIOmel cucre-
Me OTEHOK:

by <oy +ed b, 1=1,...,N,

rae ay <¢ C1yn. Orciofa moayIuM paBpHOMEPHYIO IO [ OLEHKY
b, < ayebet, (1.10)

B wacrmoctu, npu [ = N nmeem
. t
T (8) — bvar ()] <57 Cae®t | o b2 ™ gy -

TeMm caMbIM [[0KazaHa PaBHOMEPHAS CXOZAMOCTH MOCIENO-
Batersroctn {Py (¢)} Ha mo6oM orpesre [0, T,] k HeKoTODOI
$yrrmum P = P (f) co smavennamn B L™ (R™).

5) Tockoasky waskmas GyHrRums Py mHempepwBHa Ha [0,
T,l, to ¢ mempepmsEa ma [0, Tl
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—> T OocJienoBa~-

W3 (1.10) crepyer, wro mpat < £ m k (x)t

TeXBHOCTh QyHKImUA {Pn,xav)} cXommres k P (1). CremoBaTesanb-
HO, DPHMAHOBEL CYMMEI
N-1
t Lt .
gow—exp {;W(A —k— 1)A}A(¢N, B by,

cxomarca upm N — oo B Hopme L%™ (R™) ® wumrerpaxy ot
HENpPePHBHOH (PYHKINA CO 3HAYEHMAMH B 0aHAXOBOM LpO-
CTPAHCTBE:

t
[ dvexp (it — 1) 8y 205 () v (1),

Hepeifinem & mpemeny upm N —> oo B paBenctse (1.4). Iloxy-
YEM WHTErpaNbHOe ypaBHeHHe i Qymrmam P (1)
t

P (t) = exp {itA} by + i § drexp {i(t —7) &Y A (¥ (7)) ¥ (v).

0
(1.11)

Orcioa caepyer, aro QyHKOuUs P (f) yHAOBIETBOpAET 3a-
navse (1.2). Teopema moxasama.
damevganmume 1.1. Ipemmosoxnm, aro KoaPummen-

T™H Vi 1 pff’l) ypaBmerusa (1.1) spasiorca raaggeaMa QyHK-
[HAME, OTPAHHICHHHIMA CO BCEMHM CBOUMW IPOW3BOJHRIMH.
B arom canydae Teopema 1.1 momycraer ciefyiomee yroIHeHAE,

HOycrs P, S Wa™™ (R", rge k — mexoropoe Bemect-
pennoe gncino. Torga T-otobGpaskenme P, — P (t) = lim Pn (2)
cymecreyer B Wi3™ (R™, mpmuem cxopmmocts Py (£) —
— 1 (f) paBaomepHa Ha nioGom orpeske { < [0, Tol, a mpe-
nenbHasg (QYHKIUA UMEET OMEHKY

“ K (t) “W;c, ™ ” Po “W%“m eCt,

Maa  wmarpuger noorrocTH  (CM. § 1 . I g =

= P ()Pe (e P (2nth)"2 cnpaBerymBa aHAJIOTHYHAA ONEH-
xa: ecan g (0) € Wa (R*") msup S I ('667) (;7)99%’? (z,y) |2 X
X dy < 00, 10

L (01, <hen (Ol 5 e

OGa oTEX yTBeD:KIHM:A JIOKABHBAITCA TAK ke, KaK H
teopema 1.1,
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§ 2. @opMyan BHNNYTHIBAHAA HA npuMepe
KBaspimaEeliAore mATerpo-mEddepeRnasIbHOr0 ypaBHeHAR
IEepBOTo MOPARKA

t » t
Pacemorpum  T-o106paskenne H g At exp {i S Au du}
=1 T
¢ obpasyromei eiAi*‘, HOPORIEHHON JIWHEHHHIM OmepaTopoM
Ay (1. e. T-mpousseneHme).
IIyers U, — HEKOTODOe muddepennupyeMoe ceMeincTBO
o6paTUMEIX AMHEHAHIX OMepaTopoB Ha orpeske [T, .
Onpepmeunenune 2.1 Bunymuseanuem omeparopa U,
t

u3 T-upousBefeHus exp { SAyLdu } Ha30BeM npeobpaszoBanme

I POM3BOIAIIETO oneparopa A, B HOBHI onepaTop A, Takoii,
qTo

exp{ SAp.du} U,exp{ S]I'pdp,}[]” 2.1

flpras Qopmysia Iig YKa3aHHOTO IpeobGpa3oBaHHUA LPOUB3-
BOJAINErO OIIEPaTOpa MMeeT BUJ
_y 4aU,
Ay = Ut AUy + iU d: . (2.2)
Mosxno chopmyaapoBats 310 yTRepMpeunne maave. Ilycrs
BaaHbl MPOU3BOANIAE OHepaTopH Ay n Bp, moposKaarome

T-mponsBefieHns exp { SApdl.L } Hexp { Sdep, } . Ecam ce-

meticteo U, yJIOBJIeTBopHeT ypaBHeHmo

dU -
—[—(Ap,Up.—-Up.By.)— ) w2,

TO BHIyTHBanme omeparopa U, mepeBofuT IPOHBBONAMMAI
omepatop Ay, B By. B wactHOCTH, BRHIIYTHBaHEWE oOepaTopa
U,, yROoBIeTBOPAKNINETO YDPAaBHEHHIO

UP«] = 0’ ME [T’ t]v

He N3MEHSeT IPOMBBOMAMEro oleparopa 7-mpou3BeleHHSA.
OHpumep 2.4. Hyers {4,} — cemeiicTBO HecaMmo-
CONpSKEHHEHX JHHe#EHX omepaTopos B ruiabsGepToBoM
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OPOCTPAHCTBE, Y/OBIETBOPAIOEE YCIOBHIO
Im Ap = ‘21,-“(49— Ay) >0

O6oznaunm
Re Ay = %‘(AH + Ap).

ITycts 5TO CceMeiiCTBO CaMOCONPAKCHHEIX ONEPATOPOB IOPOsK-

naer T-mpomssegenne Uy = exp {i 5‘ Re Ay dp} . Torga Uy —
0

W
yuurapauit omeparop m Up' = exp {-— iSRe Ap dpt} .
0

BumyTeieanme — omepatopa U; ws  T-mpomssejenus
i
exp {iS‘AH dp} UPUBOTUT K ¢opMyJae
; t t
exp {i 5I A}Ldp&} = U, exp {—— ‘sm}x dp} Uz,
I[ie HOBHI IPOM3BOJAMMII oLepaTop /IMH pageH mp =
= U;Ll Im AP‘UI""

Baverny, uTo Im A Ap. >0 u omepartop exp{ Smpdu}

CAMOCONPSIKEH.

ITpumep 2.2. PopMyna BHOYTHIBAHUS JAJNA KBAa3H-
JUHEeRHOTo mETErpo-gaddepenualbaOT0 YPaBueHusa LepBo-
ro mopAnka. B rx. | Mul usywanmu menanmefinkie YpaBHEHUS
HepBoOTO MOPHAMKA

e a8l 4@ 00 6 11]) = 0,
f(xv O) = fO (x)? r = Rn1
rae dymrmum a (z, t; [f]) = (ay (2, &; [f]), . . ., a, (z, t; [f])

u b (z, ¢; If]) murerpanbpHo saBdcAT OT f, T.e. ABIAKTCA
raagkuMa QYHKOUAME OT MHTEIDAloB BHUAA

(2.3)

t ¢
gdrl...jdrmgdyl...ydymp(x, E Y1y e e os Yms Tao v v vy Ty) X
° °

XTI ) oo o Um T)y m=1,2,... (2.4)
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Kpoume Toro, Npeaioyaraioch, 9T0 @; — BelleCTBeHHbe GYHK-
qon =1, ..., n).

Pemenne 3amaqu (2.3) Moxuo 3anmcarh B Bujge I-oTobpa-
IKEHUSA:

/(@ 1) = exp {— S [o@@ v UN 55 + 0@ v UD]dt) fo@).

0

(2.5)

Bynem BROyTEIBaTH B Hpapoll gactu 510l GOPMYAL 0mepaTop
t

exp {— S[a (x, ©; /D 3%—] dr} .
0
ITo popmynam (2.1), (2.2) moxyaum

f@t=exp{—([a@ winL]ddran, @0
0
rje
A
r(z, t) = exp {— j be dr} fo (),

a omeparop b, pasen

5o a1t F]
by = exp {— Sa —a;} b(z, T; [f]) exp {—- % a %} . (2.7
0 0

Nmeer MecTo TOMKIECTBO

{

0 -
exp{—{at, v (1) 5} 0 @) =0 & @),

(i3

T g; — CABWMT BJOJbL TPAEGKTOPHH CHCTEME!

XD —a(X (@t ) X@0) =z,  (28)

T. e. g () = X (x, t). Hosromy omeparop b ns (2.7) ects
omepaTop yMHOMeHnma mHa Oyuxmaio b (X (z, 1), T; [f]).
Tenepsr cosepmum mnpeoGpasosamme (2.6) B KayKIoM WHTe-
rpaire (2.4) m BocuoabsyeMcs xapakrtepucruramu (2.8). B
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pesyisTaTe mATerpan (2.4) mepefimer B cleyoOmuii:

t t
Vav...{dvn (dy. .. | dymp (@, 6 X @2, 7o) -
0 0

LS ] X (ym7 Tm); Tl’ L] Tm)r (yl’ Tl) <. T (ym, ’rm) X
XV w)ees JUm ) [, (2.9)

rne 0003HAYEHO
J(y, 1) = det ”—"’E%l)”
HaoomunyM, 4ro

3~ T@ive)(X, & /1) T (@, 0) = 1. (2.10)

Ilocse samensr xasimoro mmTerpasa Bupa (2.4) Ha mHTeTpan
(2.8) pynxuun a (z, t; [f]), b (2, ¢ [f]) mepeiinyr B @ (z, ¢;
[r, X, J1), & (z, ¢; [r, X, J]), a ypaBnenus (2.8), (2.10) upn-
MYT BH[

8Xé():tc, Y _ aX (), tir, X,J]), X(z, 0=z,
2.11)
YED _ pe, @iva)(X @ 0, 6 0n X, T, T (@ 0) =1

Hpome toro, dopmyaa (2.6) B HoBmX 0003HaTeHNAX HMe-
eT BH[
t

f(z, t) = exp {—og[a (@, v I, X; J])a%] dr}r(x, f), (2.12)
rne

t
r(z, t) = exp {— (53X @ v, v X, ) dr} fo@).  (2.43)

JTHM 3aKOHUYeH Hpomecc BHUyThHBauus. MEl Jokasamm, wTO
ncxoguoe I-otobpaskenue (2.5) SKBUBAJICGHTHO CHCTEME YPaB-
weruit (2.11), (2.13), xoropas mpepcrasiser coGoil cucTeMy
xaparTepucTuk nias 3agaum (2.3) (em. § 2 ra. 1).

Jais Toro 4roGe chopMyAEPOBATE HTOT PE3YALTAT HA S3Hi-
ke T-oroGpaskenmii, BBefieM caemyiomume obosnadenus. IlycTs
o) =@ (,0,X(, 8, J(, 1) — dpyurgEa co sHaUeHAA-
MH B IIDOCTDAHCTBe HENPEPHBHHIX (n - 2)-MepHHX BEKTOpD-
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dynrmuit ma R”. Ounpegennm obpasyromyio T-orolpaskeHnn:
Gt, £ [(P] = (exp {— SB(X(’ t)v L [‘P])L X('? t) +
+ed (X (-, 1), ¢ [9]), exp {e diva (X (-, 1), ¢; [@])})-
Ilycrs, xpome Toro,
P (O) = (fO, X (" O)a 1)7

rre X (z, 0) = .
Teopema 2.1. Paccmompum T-omobpascenue
t

f(z, t) = exp {—- S (a (z, T []‘])56? +b(z, T, [f])) dr}fo (z),

0

a maxraxce T-omobpascerue

o) = ([ Graclen) @@ (o 9=, X, T). @14)

T=0

Hmeem mecmo gopmysa (svinymuiearnun)
t
f@ ) =exp{—{ (2@ v lo) 5 ) arf o (e 0. 219)
0

Mosxro Taxmxe paccmatpuBars (2.14) kak cucremy I-010oG-
pasxenuit, orpewaromux (2.11), (2.13). BuuyrwBanme (2.15)
npeobpasyer mcxoguoe I-orobpaskenume (2.5) B CcHCTEMY
T-oro6passennit (2.14).

§ 3. BrmyrsiBaune B 7'-oroGpaseHnn
¢ YHMTapHOH HeIAHeliHOCThIO

Hycrs H — omepatop ¢ yumrapHOii HeIEHeHHOCTHIO
(cM. § 2 ra, [I):
~ 2 1
H ] = %) (x, —ik 0/0z, t; [y,
v =1 (2, ), z = R".
Hamomnmm, aro cumBoa F7, (x, p, t; [p]) asmaerca rmapxoit
¢yaxmuen or z, p, ¢, h MegmenHoro pocraupu |z |, |p | —

— 00, 1/h — oo m ruagroit ynRUME# OT WHTErpaioB BHIA
t 1

T E— 2 ., 8 o
Sdrgdyili(y, ez, p, t, y, -—zh;y—, 1:>1p(y, ) peECy.(3.1)
0
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ITycrs npwr ®axmoM Y omepaTop

Fn(t, T9]) = T (& — ih ] 0z, t; [9])

camocoupsoxern B L% (R™), B janpreitmem GymeM omyckaTs
mHEKC h y cuMmBouna L.

IIpegnonosmum, uro 4 (¢, [}y]) mBAseTCA WpOH3BONAIUM
omeparopoMm IT-oToGpaskeHus

V(e )= [f[exp (7@ rna]ve0. @2

T=0

IlpeoGpasyem »s10 T-oTOGpamkernme c HOMOMIBIO dopMyn

BHOyTHBaHug. Paccmorpum eme omun omepatop B ¢ yHHTap-
HOIl HeXUHETHOCTHIO!

B Iyl = B, (?c, —ih c19/0x, t; [pInp.

2 1
Jluueiinsit omeparop By (x, —ik d/dz, t; [P]) npr duxcmpo-
BanHOM Vp Oymem Tawrse o6osmavyath depes By (¢, [¢l). Ilpen-
TOJIOKMM, YTO OLEPaTop
2 1

By, (x, — ih 3/0z, t; [P])

npm  ¢ukcmposaHHOM 1P camocompsiren. VEmexc h HEKe
6yzem omyckarts. CumBon B (z, p, ¢, [$]) aBnserca rmagroi
¢yurmgme#n or muTerpasos mmpa (3.1).

Wcmonbaysa dopmynst seinyrhsanma (2.1), (2.2), noaydnm
" m3 (3.2)

V(2 t) = expi— 4 tﬂ?(v«, WD) dpp X
0
t

x exp{— 4 | Z (v, ) dr}v =, P,

0

TIe
2 1. .
%@, %)) = F (Xn(v), Pp(x), v [9]) —

2 1
— B(Xn (V) Pr(7), 75 [V]),
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a omepatops X (1), f’h (t) onmpemeasOTCA HO CIEAYIOIIAM
dopmyaam:

T

X(v)= (exp {— —;—S«@ (, [¥]) du})_l X

xz (exp{—4-{ B w, 19 du}),

T
~

Pa(e) = (oxp{— - { B, 9 an}) " x
0

x (— th ) (exp{— (B @, (w1 du}).
0
@opuyma (3.2), TakaM obpasoM, TpUBMMAeT BHI

4
v ) =exp{— -\ B @ wddlo@n 33
rme '

t
@ (z, t) = exp {-—thy?(v, [\p])dr}\p(x, 0). (3.4

Hcrmomsaya (3.3) m camoconmpskennocts 3B (w, [P]), mpe-
oGpasyeM Ka)kgeit mHTerpas smga (3.1) B mHTerpax

! 9 1
Vae [ dyo (Do (e po i Xu(@)h Pa(1), DO (-, DI (@) (3.5)

3amenuM KaKOud wHTerpax (3.1), Bxomamuid B QyHruAn
S wim 93, na murterpan (3.5). Ilomyumm nopoe ¢ynxmum

'%1 (z’ D, I [Xh’ ﬁm (P]) HfBl (.I‘, D, t; [th ﬁh, (P]), HPJIHI?*
mueca GyHKOWOHAIaMH OT OOEPAaTOPHEIX cemeidcts X, P
u QyskouA ¢. R

O6o3ragum (3mecy omepatop P (1) meficTByer mepBhiM):
(v, (X, Pool) = #1(X (), P (v), % 1K, P o)) —

— B(X (1), P(x), (X, P, o)),

B arux obosnavenuax dopmyns (3.3), (3.4) mpuBogar k

cAenyomen TeopeMme,
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Teopema 3.1. Paccmompum T-omobpaxcenue
t

@ (z,t) = exp {— Lh—gﬂ?f'l (%, [Xn Pr, 91) dr}cp(x, 0),

‘p(xv 0) = 'lP(.Z‘, O)’ (3.6)

ede Xy, b, yOosaemeopsaom cucmeme ypasrewuli I'elisentepea
aX, ) ap 2 1 PO
7 5o (Xn(®), Pa(@), & [Xs, Pry 9

i

2 1 -
2 - (Xn () Pu(t) 65 [1Rn Pry9l), (37

o 2 . a
Xh(O) = I, Ph(O) = — lh.@?.
Hmeem mecmo cneaylowaﬂ gﬁopmry/m eblnymuvléaHUuL :

t
V(@ 1) = exp{= 4| B, (Rn P o) difo (e, 1) (38)

0
20e

~ A 2 1 A A
By (s [Xny Py 91) = By (x, — ik, 3/ 0z, t; [ Xy, P, 9).

IHIpumep 3.1. T-orobpakenne B IPEJCTABICHAN B3aH-
momeiicteua. Ilpegmonosxmm, uwro cmmsox B (z, p, t; b))
HEe 3aBHCHUT OT \, T. €.

B(t) = B (2 ih ] 0z, )

— nunednnit omepaTtop (HA30BEM €ro ce0600MBLM 2aAMUABLMO-
ruanom). Ilycrs

F (z, p, t; W) = B (x, p, ©) + & (z, p, t; [Y]).

2 1
Oueparop & (x, — ih 0/0z, t; [{]) HazoBeM samuspmoruarom
e3aumodeticmeus.
@opmyas Teopemsl 3.1 MO3BOIAT UPEACTABATD PEIMEHHAS
ypaBHEHHSA

1
o OV (x, (2 8
'—'lh lp(axt t) +%<x,'—-lhb;-, t, ['lph]>'lph(.l', t)= 0
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B CllelyIOIIeM BHIe:
. t

Pn (2, 1) = exp {—- — & I8 (1) du} Pn (2, 1),
0

rme
t

Qp (z, t) = exp {—— —;l—&.??'l (v, [Xha ph, nl) dT} Pn (2, 0),

1]

Dn (x’ 0) = Yp (xv O)'

Oneparop 7%, (ouepatop /4 B TPEACTABICHHAH B3aMMOIEHCT-
BHUA) 3amaercsa (QOpMyaoii

2 1
K1 (& Xpy Py @n) = 91 (X (v)y Pr (%), T5 [ Xy Prs @1),
rae omepatopst Xy (£), Py, ({) yE0BIeTBOPAIT cHCTEME ypaB-
nenuit I'eitzenGepra

a0 m & . %
_—d’;__. = —ap—(Xh(t), Ph(t)v t)v Xh(o) =7z,

dP, (t) om 2 1 R s
— = _3F (R0 (t), (), 1), Pu(0) = — ik



TIIABA IV

KBA3SUKJACCUYECKAA ACIMITOTUKA
IJIA HEJIMHENHBIX YPABHEHWUN
KBAHTOBOV MEXAHMNKHU

§ 1. HocranoBra safgadau

B »sroifi m cuaemymoImuX TJaIaBax HOCTPOSHA KBAa3HKJIAC-
CHYeCKad AaCHMIOTOTHKA peIeHus KOHKPEeTHRIX ypaBHeHmiH
¢ YHATAPHOH HeJMHHeHHNOCTHI0, BOBHHKAMHUX B KBAHTOBOH
DICKTPOJMHAMEKE M TeOpHU moJsA. I8 sroMy THHY oTHOCATCH
TaxsKe ypasHennmd XapTpu B HeauHelinkie ypasuHenna Makc-
BeJIa ¢ IpoCTpaHCcTBeHHOR pucnepcmeii. B mannoi riase
MHI HOPo6HO PacCMOTPHUM IIpocTeiilliee, HOo B TO yKe BPeMA Xa-
PaKTepHOE ypaBHEHNE ¢ YHUTAPHO HelmHefHOCTBIO: ypaBHe-
mme lpegunrepa mis mapHEOro B3amMOJEHCTBUA.

Bynem pemarts caepynomyio 3agawy Homm:

0

—ih%’L—th"Ph"‘Vh'th =0, t>0, z&R",

. (1.1)
P Ji=o = €¥SoMy,,

rae P, = Py (2, t) — neuspectHan ¢Gynruus, yo & Cy (R,
So & Cy (R™), So m %o — BemecTsennsie ¢pyaruud. IloTen-
nmaa V, sagaerca ¢opmymroi

Vile, )= | oz, 0)|%nty, )P dy, (1.17)

rne p & Cy (R™, ¢ — BemecTsennag QyHEKIOHUA.

Tarmm ob6pasom, sagada (1.1) oramuaerca ot 0GHTHOTO
ypaBrenna [lpegmnrepa KBaHTOBOM MeXaHMKH TeM, YTO IO-
TEAOHAJ LHOJA 3aBHCHT OT BOJNHOBON (YHKIMH V) TACTHIILL.
Ilosromy ypasmenme (1.1) Mo:HO HasBaTh ypasHeHUeM ca-
MOC02AAC06aHH020 NOAA: HaCTHI[A caMa HaMeuger IoJge, B
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xoropoMm asmwkercs. llapamerp 2 B (1.1) cumraerca MaibiM.
Hameii 3aadeit Gyfer oTHCKanRe HPUOIMRETHOTO (ACHMITO-
tEgeckoro) pemenusa (1.1) mpm h— 0.

Byner nokasano, 910 3ajada (1.1) u nexsiit pag mogoGuEIX
efl HoaMHEHHNX 3a/adY, KOTOPHe MEl PACCMOTPHM HIDKe, HMe-
0T ACEMOTOTHIECKEE PEHIEHMs BHAA

—i-S(x, t)
Pz, t)y=e"  o(z,t, h), (1.2)

Ife aMIUIHTYAA ¢ peryuspHa npm A~ O (8 oranune o1 3Ke-
moHenTH ¢S/, mpomsBOgHEE KOTOPOHM CHHTYISIPHBI ILIDH
h— 0). Tounee, acumorornyeckoe pemenue mmeeT Buj (1.2)
JUMb TPY JOCTATOTHO MAJOM «BPEMEHH» f; B I@NOM JKE OHO
CTPOMTCA C HOMOINbI0 GoJee CJIOKHOH KOHCTPYKIME KAHOHM-
geckoro omeparopa [13, 16] (cm. nmke).

Hanwane y nuddepenmuanipaoro ypasuenus pemenuii Tu-
na (1.2) recHo ¢BA3aHO ¢ CYMECTBOBAHWEM Y HEr0 XapakTe-
puctux u Guxapakrepueruk. Hanomumm, 9ro mis auHeHHEIX
YPaBHEHAH TEOPHA Pa3pPeITMMOCTH U MOCTDPOEHHE aCHMITOTH-
YeCKHX pelleunil pasBHBAETCA MMEHHO HAa (ase DOHATHA Xa-
paxTepucTukn n GuxapakrepucTuku. OOGRYHEIN DYTh aCHMIL-
TOTHYECKOTO PEeXIeHHsA JuHeAHOro nquddepeHnnalbHoT0 ypas-
‘HOHHsS TaKOB:

1) Bmpenserca ¢yuwmua lamuawroma H, T. e. CEMBOJX
crapmeil gactTu qudpPepeHIEAILHOTO OmEpaTOpa.

2) Crpourcsa cucrema 'amunsrona (ypaBHenma Gmxapak-
TePHUCTHK):

i 0.4 oH opP aH
_&—':—E?(X’P’t% WZ_W(X’ P1t)‘ (1‘3)

3) C nmomompio Guxapaxrepuctuk (X, P) ABHO BEUMCIAET-
ca ¢asa (xapaxTepucTuka) S ¥ aMIUINTYAA ¢ B BREDAKEHHH
(1.2).

OCHOBHEIM MOMEHTOM 3/1eCh ABJIAETCA HAJUINE Y CHCTEME
(1.3) rmagkux pemienmii, «XOpONIO» BaBHCAIUX OT HAYAJb-
HHIX JTaHHBIX,

Rax 6sumo mokasamo 8 ra. I, 11, naa meammeliHnX ypas-
nenmil Buga (1.1) Tarme MOKNO ompelenuTsh MOHATHE XapaK-
TEPUCTHK ¥ CMXapaKTepucTaR. PaccMoTpuM ¢ BTofl T0YKYU 3pe-
nus Oollee moppobHo 3amawy (1.1).

IIpe:xme BCcero MEl moKaskeM, 4TO NMPEAICTABIOHAE PEINIeHHSN
B Bujie (1.2) ABAAETCA HEIOCPEACTBEHHEIM CAeACTRHEM OPMYT
BHIIYTHBaHAA, moxydenunx B ra. III.
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§ 2. MocTpoerne acCHMOTOTHKH B MajoM
¢ moMompio OPMYJT BHITYTHBaHHA

3amaza (1.1) oxBmBamenTHa ciexylomeMy ] T-oToGpa-
FREHHIO !

Yn (x’ t) = .

= exp{— - {dr (= w8+ (o @ v 4. D )@, 0),
b (21)

P2, 0) = exp {4 80 (=)} 10 (2).

Ilpumenny K Hemy popmyay BunyTeBannd n3 §§ 2, 3 ra. IT1.
«BHIyTaeM» OCHUIIAPYIOMAiT MEOKHATEIb XD {-Fl— S (x, t, h)} ,
rae S (z, 0, k) = So (z). Ioxydum

—;‘T S(x, t, h)
Yn(z, 1) = e Q(z, t, h),
e
i a8 Ry
Q(z, t, h) = exp{%dr(-TW _T 3

——,;S (*, Y|Py, v, WP dy —

a8 6
—2% 2 AS—HhA)}(p(x, 0, %), (2.2)

@ (x, 0, ) = %o (x).

Oyurnmo S B aTux GopMysiax ME BHOepeM HIEKE TaK, YTOOH
9xen mopagka 1/h B mokasartesne skcmoneHTH (2.2) GRT pa-
BeH HyJi0. A cefizac MOBTOPHO HPUMEHUM (QOPMYNY BEIIYTH-
Bapma K T-orofpamennmio (2.2), onpepmeasoumeMy (yHROHIO
¢ (z, t, ). «Brnyraem» omepatop

0 esp (= (225 0,0 ) o

¢ (z,t, by =Uf(x,t, h),

Moxyunm

89



rie
t

fa b 1) = oxp {{ (= a0 @, T 1D — ax (e, %) +

(B Do Ao ﬁ)} f(x, 0, ), (2.3)
f(z, 0, B) = %o (2).

3necr MBr 0Go3HaUMIM:
ay(z, t, h)=AS(X (3 t, h), t, k),
ao (2, &, by [1]) =
= (%ti (X (3, £, h), t, B) + | VS (X (2, £, B), £, b) 2 +-

+loX @t b X, t,m) x
t
% 6Xp {2 o . b dr}] F ts )P dy>,
0
Xj@ t,h) =0t ozjol, j=1,..0,n, X =(X1,..., Xu).

Ormernm cieayomee OYeBHIHOE TOMIOECTBO:

t

_Pz%’_z_t’_h_)_sexp{z Sal(z, T, h) d’t},
0

7 elfje OXWH Pa3 npuMeRNM GOPMYyay BHIOyThiBanusa K I-oTobpa-
1

sernio (2.3). «Baimyraem» MEOKATEIb eX] {—— S a, (x, v, h) dt} .
0

Homxyanm
t

f(z, t, h) = exp {— {ay(z, v, by dr} 5 (z, £, B),
rme ’
X(x' Z h) =
t
=oxp {{(— b b 1) + W E)itbr @, 0B, 24
% (.Z‘, 0» h) = o ($)-
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3nech MEl 0003HAYNIH:

b(Z, ta h9 [Xh]) =
= 2 (X (ot Byt B) +| VS (X (2, 1, B), £, B2 +
+oX @ t,n), X (. t, ) |1, 1, ) [P dy, (2.5)
Bi= ) PR 0o n 0ot

DX &, i, h)
Dx

Bubepem Temeps ¢pymrmmio S Tak, 4ToGH K03pUIEERT npH
(—i/h) B morasarene skcnonernTtH (2.4) Grut pasen myao. llo-
ayaum ypasmerua (cM. (2.4), (2.3))

% (2, t, B) = exp {ih St‘ A, dr} %o (@),
0

(2.6)
S +1vsp+{olnpdy =0

Pemenme BTOpOro ypaBHCHHS IEIKO BHDasHTh Iepe3 (yHK-
oao X:

S(x,t,h) =8 (X" (z, t, h), t,h),
14
3z, t, h) = So(2) +g<% (2, 7, B4 —

—[o(X @t m) X (v, m. W) [x (v, . WP dy) dv, (2.7)

3necs uepes X1 (-, ¢, h) obosnavena Ppymrmua, obpaTHas K
X (-, t, h).

B cBoro ouepens ¢pyuriua X Mosker GHITH MOJYUeHA Kak
pellenne ypaBHEHUSA

32X (z,t, h 9
FRELD Xt 1), X (gt W) |1 s t, W dy,
2.8
X0,k =2 2 (z0,k) = VS, (). (25)
Ypasuenue ni1a yErmuu y moaysuM us (2.6):
0 L~ ]
-6—1( = thAyy, % (2, 0, k) = %0 (2)- (2.9)
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Oneparop A; B (2.9) neficTayer mo dopmyde
Ntf (2) =

l/DX(z t, h) 7(2)
- DX (z, 1, )

Dz

]

Taxkum o0pasoM, MEl [OKA3aJu clefyIoImee yTBeP:KICHHE,
JJemma 2.1. Pewenue *) yy, (z, t) sadauu Kowu (1.1)
na ompeske [0, T'ol, na komopom DX/Dz >0, umeem eud

’lph (x, t) - (exp { S (Z t h) —‘X—(z——;——i—}?———_") )
z=X—%x, t, h)

z=X"1x, t, h) x=X(z, l, h)

DX (z, 1, h)
Dz

2de gynryun S, X, y onpedeasiomesa us (2.7) — (2.9).
3amegannme 2.1. Pemenne sagaun (2.9) perymapuo
apu i — 0 1 mMeer Bug

X (2, 1, h) = %o (2) + (—ik)y, (2, ) + O (A7),

rge y; — BemectsenHad Qyukrusa. llopcrasnas sro pasio-
JkeHEe B (2.8), IoTyInM aHAIOTHYHOE PABJIOKEHNE A PyHK-
man X

X (z,t, k) = Xo(z, t) -+ O ()2,

e ¢ynrnua Xo yAOBIETBOPAET YPABHEHUAM
X dp
==\ 3 KXo X0 (1, )18 (3) &2,

2.10
Xo(z 0) =2 25 (2,0)= VS, (2). (=19

Crenoartenbuo, B cuny nemumu 2.1 pemenume sagaum (1.1)
HMEeT BHJ
¥r (x’ t) =
2
i Xo (2)
=]ex -8 2, 1, ) ————
P { i ) DX, (z, 1)
Dz

+ O(k)

2=Xg (s, 1)

(moppoGuee cM. § 3 ra. VI).
SamMeuanume 2.2. Ypasuenma (2.10) asasiorcs xa-
DPaKTePHCTAYECKUMHE A CIeAYINETo ypaBHeHMs Biacosa,

;‘I)ICymec'rBonanne pemenna sagaud (1.1) Gwiao moxasamo B § 4
g
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oreegaomero 3agave (1.1):
oF OF | OF
- t2po +a—,,8&p(x, NF(y, & t)dydt =0,
F (z,p, 0) = x5 (#)8 (p — Vo (2)).

Pemenue zagaun (2.11) Jerko BHOKCATE ABHO ¢ IMOMOIIBIO
¢pyaxnmr  Xo:

(2.11y

\ X,
B0 (p— G 0)
DX, (z, t)
Dz 2=X5\x, 1)

Fx, p,t)=

Jurpomus 3agagn (2.11) (em. § 2 ra. I) pasra
Ho(t) =\\S (@, t, 00 F @, p, tydzdp = [ 5(z,¢,0)%3 (2) dz.

C npyroit ctopousl, u3 Gopmyasl deMMu 2.1 moayanm

a

§ (— i) (4 (2, 1) | n (3, 1) [ de =

ZS(S(Z, t, ) — ikIny (z, &, B) +

g g 2L )xz (G, t, h) da.

CiepoBaTensHo, mMeeT MECTO ciefywmas ¢opMyaa Iia
SHTpONEU ypasueHusa Biacosa:

Hy(0) = lim (— i) 1., ) (1 @, 1) (e 1) e

§ 3. AcmvnrorHka B 1enoM

B npennpymem mnaparpade acHMOTOTHYECKOE pelleHue
sagaum (1.1) 6BTO mOCTpoeHO JHWINB Ha OTPe3Ke BPEMeHR
0 <t T, B 10 BpeMa Rak pemenma cuctembr (2.10) cyme-
cTByIoT rirofanbuo. Ilpmauna Takoro orpaHuIeHuUs 3aKII0TE~
Ha B HEBOBMOKHOCTH 0Gpatwth ¢ymrnmio X mpu Bcex ¢ > 0.
Heiicteurensno, arobuan J (z, t) = DX (z, t)/Dz nump B
HMCKIIOYUTEIBHEIX CIYIaAX MOKeT GRTH OTJIHMYEH OT HYJA IpH
Bcex t >0, a, BooGme rosopsa, J (z, t) = 0 — B HeKoTOpHIE
MOMEHTH BpeMeHH I, Iy, . . . CoorBercrBymue Touku X (z,
4), X (3, ty), ... HAasHBAWOTCH (POKANBHLHIMEA. ACHMITOTHYE-
CKOe pelIeHMe B OKPECTHOCTH (OKAJBHOM TOYKU HE MMEET
Buga (1.2), a crpouTcsa ¢ MOMOMBID KAHOHHYECKOTO OIEPATO-
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pa. JToT omepaTop HO3BOJAET BHILUCATH GOPMYINY [JIA aCHMI-
TOTHYECKOI'0 PA3JoKeHus cpasy upu scex ¢ > 0.

Pacemorpum (n -+ 1)-mepnoe MmuorooGpasme A B ¢aso-
oM mpocrpancree R¥™?2 = {(z, ¢; p, pY); 2z, p ERY ¢, pt €
= R}, samaBaemoe dopmyiramn

r=X(38,p=P(8),p'=—|P (20 F—V(X(z1),1),
Vol(z, t) = fp (=, X (3, )% (2)dz, (3-1)
rne X, P — pemeunust cuUCTEMbl XapaKTEPHCTHE A

ypasuenusa Bmacosa (2.11). Mmuoroo6pasue A marpammeso
orrocurearso Gopmer dr N dp -+ dt /\ dp' (em. § 2 ra, I),

Iycers 27Y" — wamommueckuii omepatop ma A, ompeme-
JdeHnbil ¢ TognocThio 0o O (k) o Mepe do == dz /\ di [13, 16].
FnoGansrnoe pemenne 3agaam (1.1) GygeMm HcKath B BUmE

Vo (2, ) = LK 001 (2, 1) (3.2)

[To emme 12.2 ra. V kuuru [16] maiigem

Vi lz, 8) = j o (x: y)| 12K %0 (2, 1) | dy =
- gp(x’ X (2, 1) %o (2) dz + O (h?).

TakuMm oGpasom, dopmyna (3.1) ana Vo (z, f) mmeer mecTo
opu Beex ¢ & [0, o). IlogcraBum Teneps yy, (2, £) B ypasHe-
nme (1.1). Ncoonsaysa teopemy 11.1 ria. V guurm [16], moay-
quM

[- ih 2= — 1A 4 Vi (2, z)] (2X"0) (1) =

= (— ih) (e} 2 )@ n+0m) =00, (3.3)

TaK Kak 0yo/dt = 0.

Tarum obpasoM, dopmymna (3.2) samaer npm Beex ¢ > 0
acuMOToTH4eckoe permrexme 3agaud (1.1), Koropoe ynoBierso-
psAer HadaabHEHM AanakM (1.1) 1 ypasmemmio (3.3), mpuuem
¢ynrmaa O (h?) B (3.3) umeer omenny

(V] () 0w

") <O, Jal=0,1,... (3.4
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§ 4. Beuncienne cpegHHAX

BonmoBasa ¢pynxnus 1, ymHoBiIeTBOpsAET 3ajade
., O 21
—lh—é—th + H (x, p, t)Vr =0,

¥ (2, 0) = 1o (@) exp {— - S0 @)}
rae
H (.Z', p,t) = P+ Vh (-% t),

Vh = (pwh’ 'lph)Le(RTt) .

Buaucaam acumnrotmeeckoe pasmosxenme Vi mpm h— 0 ¢
momomsio MeromoB § 2 ra. II. Myuxnua maormocrn

(4.1)

—~ --i_xp -1
g@ pot,h) = p (z, )P (p, tye " (2uh)™?,

cocTaBuenHas u3 Y, n ee 1/h-mpeoGpasoBanua Dypoe {I;h,
yroBaerBopsaer ypasHenuio (cm. § 1 ra. 1I)

1
., 0g 2 ., 9
— ik -a—t—[—H(x,p—zk%,t)g—-
2

—H(x_iha%,;,t)g= 0 (4.2

d TO3BOJAET BHYMCIAHTEL cpefHee or Jioboro mcesmopudde-
~ 2 1
penImanbHOro omeparopa f = f (z, p):
(brr o)y = | | 7@ P g @ po t k) dadp. (4.3)
ITo gopmyme KomMyTanum ¢ sKcnonentoit [16]

) @Gl )
To(z) = e 2 (— i) Ly (2 5-) 10 (@) +

k=0

f@pe
L 8o() -
T Y G @), (4
riae
2k ke pes
Le@ = 3 3 7L @980 Onlelt”
Jat=k |B]=0
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®,,; — BemecTBeNHKE NOJMHOME OT IPOH3BOAHEX QYHKIUN
Q ~
So, E8=E} ... E.*; ocratok Qy mmeer OLEHKY

(Xo» ON  Xo)gsmmy <SCoODS.

OnpegennamM o0600HIEHAY0 (PYHKIIAIO
N-1

T (@, ) = Z T (%, P) (— ik,
(4.5)

Tk (%, p) = Z Z( 1)

laJ=F |B]=0

[ aﬁ -
< 8§ (p— VS (2)) Dy, 5 () %0 (%) ;Cxéx) ’

Hax noxasano B § 1 ra. I, cpenuee 1/h-ncesgonuddepen-

~ 2 1
nuajgpHoro omepartopa f = f(x, p) Ha BoaHOBON (yHKIHH
P), BRAUCIASTCA IO HopMyIe

(P TR oy = § § 7@ D)1 py ) dz dp + O ("), (4.6)

rae QyHROUA 1, ABIACTCA pelIeHmeM CJIedyioumed 3amadd
Kommn:
1

Lh—~+H(x, —ihaix,t)rh—
3 1
—H(x—-iha—ﬁ,p,t)rh=0, (4.7)
T (.Z‘, D, 0) = Yn (Z', p)

B caywae ramunrronmana (4.1) r, yoosaersopser 3afaue
d
— th 22 (2, p,t) + 2(— ih) p TP (a, p,t)—mAxrh(x,p,t) +

+(\ee y)—p(x— h 1Y) | %
X 7 (4, &0 £) dy dg) ra(@ pt) =0, (4.8)
T (x7 D, 0) = .\,h (x7 p)'
AcmMmurormueckoe pemenme samaud (4.8) mMmeeT BHE
ry=ro+ (—ik)ry + ... + (—i)N1 ry_, + O (RN), (4.9)
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rie QYHKUMA o, 7y, . . . ONPeHeaAoTcsa us (4.8) cTangapTHHM
oOpazom. :

A GopMyIHpOBKM OKOHIATEIBHOTO pe3ylbTaTa HAIIAX
BHYHCJHEHUA BBefeM o603HadYeHHe:

L‘S)i‘.)l(x1pvt;r)=

1 3%p
- Z a—’S S oz*

(Y, &, 1) dy dg Frile.p )
ap*

fa|=k=l-m
k-2 k-11 k-2
My ptyry=2 X L¥ + D Ly k>2.
=1 m=0 ) m=0

Jdemwma 4.1. Kosppuyuenmn r; us (4.9) ydosaemeops-
1om caedyioujeti peKypperRmruol cucmeme YpasHeHUl:

o — (R @yrwinae) =0
u npu k> 2:
Tt 4 2p 2t — ((( 2@ wro (0,8 1) dy dg) Tt —
— (SS (@) a5 ) dy dE) T2+ Aryy — M, = 0; (4:10)

npu omom .

r]'(x7p70) :Yj(xip)7'j:()1 1721 o o
3aMeTnM, 4TO ANA PYHKIMHM 7o MOJAYUAeTCA KBaMIUHEH-

Hoe maTerpo-muddepentuanbHoe ypaBHenwe Tuma Biacosa,

mecaenoBagHoe B ri, 1.
Beejgem xapaxrepmeruru jpaa (4.10):

aX(;.,t(o,t) = 2P (3, o, t), X(Z,Cl)yo) =z R

AP (z,0.1)
ot -
= S S%:? (X (Z’ o, t)’ X (Z,’ CO’, t)) FO (Z', (.0’, t) dz'dco' = 09
(4.11)
P(Z,(D,O): (DER”;

a"’ I z0,)=0, F(z0,0) = 1o (z 0).

B cury (4.5)
Yo (2, ©) = %5 (2)8 (@ — VS0 (2)).
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IToaToMy cmcTeMa xapaKTepHCTHK mepexonut B 3agavy Homm
IJIA OGHOTO OGHKHOBEHHOTO de)d)epeHuI/IaJILHOro ypaBHeHHAA
B GamaxoBoM mpocrtpanctBe C (R?"):

PLE0D 1 2(2 (X (50,0, X (2, VS, () ) () ' =0,
(4.12)
X (Z, ®, O) = Z, —86% (z’ o, O) = 2.

Qyuruug ro onpejenderca depes peurenne (4.12) caexyomum
ofpasomM:

ro (z, p, t) = % (2 (z, p, V)8 (0 (z, p, 1) —
— V 8o (z(z, p, 1)), (4.13)
rae {z (z, p, ), ® (z, p, t)} — pelmenne ypaBHeHHI
Xz o, =2 P(z 0,1 =p.
Ocramsubie Koadduiuentst ry,, k = 1, 2, . . ., BHUINCAATCA

n3 Jauuednsx ypasuenmit (4.10):

Ty ('Tv pst) = ;:k (z(z, p, 1), ® (x, p, 1), 1),

71 (2,0, t):n(z,m)-{—&Mhl (X (3, 0,1), P(z,0,7), 75r) dt —
0

t

—{ @) (X @ 0,7, P (z,0,1), 1) dv +

t
+ v S S 20 (X (3, 0,7), X (&, 0, ) P (2, 0, 1) da'd’ X
0
X 5 2 (X (2,0, 1), P (2,0, 1), ). (4:14)

Taxum ofpasoM, (QYHKUMS 7} YOOBJETBODHET JIMHEHHOMY
YPaBHEHHUIO BHUIA

e = fo+ I (ry,

rae fo — 3agannaA QyHKOuA, a /| — MHTeTPaJbHEIH omeparop
tnoa oumepatopa Boapreppa. OrmeruM Takike, 4T0 B (4.14)
HHTeTPaJIEl MO «AMIyAscaM» o’ Gepyrces aBHO 3a cuet 8-pyHK-
UM B HAYANBHHX YCIOBHAX FAA r; (cM. (4.9)).
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Jlemma 4.2, IHomenyuasa V, ¢ gopmyae (4.1) umeem

acumnmomuueckoe pa3aoxcerue
N-1

Vi(z,t) = D) (— ik)f Vi (z, t) + O (BY), (4.15)

k=0

20e O (WN) — esadras dunumnas gyrnkyus no x = R™, pas-
HOMEPHO 02DAHUMEHHAR eeauxunol hYN - const. ITpu smom

Vo (.Z', t) = Sp (.Z, X (Z, ~VS0 (Z), t))Xg (Z> dZ,
V, (z, 1) =0,
Vilz, ) = [§p(z, X (2, ©, )7 (2, 0, O)dz do, k> 2.

§ 5. Peirenne ypaBHeHmii ¢ npuyeHEHHEM OIEPATOPHBIX
MeTojoB

Qopmyaa (4.15) no3roNseT BHYNCINTH ACUMITOTAKY Cpefl-
uero (p ¥, P) Ha pemenun P sagagm Homu (1.1). Taxum 06-
pasoM, 3amada (1.1) cBefena K JwmHeHHO.

Ilpu maanx ¢t > 0 pemrenue nosydusineiics JuHeinol 3a-
nayn GymeM HCKaTh B BHJE

1
Pz t) =T (1) e 7 5, (2), ©-1)
rae

A

2 ] 2
T(t)= CP(:c,llo,t,h)exp {%S(x, 113, t)},

S — BemecTBennaa Qynknua, S, ¢ & Cy, dyHknus ¢ pe-
IyJIAPHO 3aBUCUT OT A:
N1

¢ (@ pit, ) = 2 (—ih) ¢i(a, P, 1). (5-2)

Jas toro wro6s ¢ynkims (5.1) ymoBmerBopsia ypaBHe-
nmo (1.1), mocratouHo, UTO6E!

F 2 N
—in Y | o, p, )7 (1) = 0. (5.3)

ITo ¢popmyme wommosuiuu [16]

i 21
_S(xv D, )

2 1 ~ 2 1
Hz,p, )T (t)=Q(x, p,t, h)el ,
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rié
Q(z,p,t,h) =
1

4
- — 8, Dy & 2
=g BT )H(x,p——ihé;,t

i
9 ) @R
3

¢(z,p,t,h) =

2 1
=H (x,p—{—VS—ih-(,% , t)(p(x,p,t,h).
Ilostomy ypasuenme (5.3) BHIIOJAHAETCH, €CIH '
., 0 a8
—Lha—cf—i—(-(—,jr)(p-{-Q:O. (5.4)

Hcnoapsysa ¢opmyny xommyranud ¢ sKcmoHeHTod [16]
n apusli uf pynknun [ammasrona H = p? 4 V,, noaydam
u3 (5.4)

(%f‘+(p+VS)2+Vh)(p+(_ih) (%c_tp_.l_gp%g__*_
+(8:8) @) + (— k) A = 0. (5.5)

BBeI{eM HavaJbHEIE YCJAOBHA:
S (.Z', D 0) =0, P (.Z, D, 0, h’) = €o (‘x’ p)v (56)

rme eo = Cy (R?) — awbasa ¢usmTHAd QYHKIHMA, TOMKIECT-
BeHHO PABHAs GNUHHIE B OKPECTHOCTH KOMIAKTHOTO MHOjKe-

crea Q B Ry X Rj:
Q ={(z, p) | p = VS0 (2), x E supp yo}.

Ypasuenus (5.5), (5.6) pemaroTcs mo cxeme, OPHUBETEHHOA
B [13]. dna ¢ysxnmu S monyvaem ypasHenwme 'aMmmabrona —
Axobu

2 (P4 VSR 4 Vo(z,)=0, S(z,p0)=0.

Cucrema xapakTepHCTHK 5To#f 3ajaum mMmeer Bum (4.11).
Pemenue S (z, p, ¢) sanucsBaerca ABHOH PopMyI0l

t
S@ pt)=pG—2)+ | [P*G p,7) — Vo (X (2, p, 1), D) d,
' (5.7)
rae z = z (z, p, ) — pelleEWe ypPaBHEHHA
z=X (3 p,1).
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OrmernmM, 91O
oS
2(#,pyt) =& + 5= (, p, t). (5.8)

J1a rosdpdunmenTos pasioennsa QYHKUEU ¢; HO CTELEHAM
(—ik) noxyunym m3 (5.5) cucreMy ypaBHeRMmir

d i}
S+ 2022 4 (8:8) @ + Vg = 0,
09, 99; d .
=i 20 5~ + (8:S) 95 + Agjy + kZ Viavin  (7>1),
=0

Po (2, P, 0) = e (2,P), @j(z,p,N)=0 (j=>1)

(byuxmun Vi Gepyres ms (4.15)).
Kax 6p110 mokasamo BTJ. I, cmcTeMa Takoro BHIA JIerKo
peluaercs ¢ momombio xapaktepuctuk X, P. Ilycrs

j y DO E) Pt .
9j (@, pyt) = 1?%) ,i>0, (5.9)
rie
DX (z, p, i 25 (X (z, p, 1), P -
J(Z»p,t)==——gth)=ldet 8y -+ 224 ;;g’pj) P4 ]H t

(5.10)

Bpewms t canraem MainM, tak 910 J > (. OyHrumnm u; oupe-
IeJAKTCA U3 caefyiomell cucTeMbl:

a
- — V=0, uy(z,p,0) = ez p),
(5.11)

ou; ~ !
'Tt]—' -+ Au]'_l + Z Vk+1uj_k = 01 Uj (Z7 D, O) =0 (] = 1)7

k=0
rje

Ru(zp,t) = VIG D [Ax

u(z(x, p, t), p, 1) ]
VI p.o).p.t)

x=X(z, p, 1)

Orcrona mafizem Bce QYHRIMM u;; HanpuMep,

t
uo(z, pyt) = €y (2, p) exp {—SVl (X (z,p,7), 7) dr} .
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Qopmynn (5.7), (5.9), (5.11) monmocTeiO ompemeIAIOT
acuMnrotTndeckoe pemenue P,. ChopMymrupyeM mosydeHHbIHR
peayaswrar. Ilpesxnme Bcero, B caay Teopemst 2.2 ra. I cymecr-
Byer To > 0 Takoe, wro npm 0 < ¢ < To, (3, ®) & supp eo
CHCTeMa ypaBHEHHI

ZEOD _9p(s0,0), X(z0,0) =g,

oP (zat(o t) ap (5.12)
2P0 (28 (X (z,0,8), X (v, VS0 (9), )15 (4) 4,
Pz 00 =0
i DX (z,0,1)
uMeet Taagkoe pemenune (X, P), mpudem — > 0.
Ha orpeske 0 < ¢ < T moctponm (yHrIuo
<o )
P (2, 1) = [e IS P, (det 8ii+ Bz an ax a,, (x p,t)H
gl 2 3 -+ 5o ()
X 2 (_ ih)ku'k (CE“}“W(]«W Pvt),P» t))] el ’ Xo(x)’
k=0
(5.13)

rre oyariusa S (x, p, {) oopefeasercsa o Gopmyire
¢

t
S@ 1) =[pe—2)+{|P@p, r)]2dr——g o (X @),

X (y, VSo (4), ©) % (%) dy]

z=2(x,p, 1)’
as
npuuem z(z,p,t) =z + > (z, p,t) ects pemenme ypaBHEHHSA
z =X (z p, t).

IIycrs B gopmyae (5.13) wo (z, p, t) = eo (z, p), & PyHK-
mun u, opa k > 1 ompeensioTcs U3 PeKYPPEHTHOH CHCTEME
(5.11).

Jevmma 5.1. Oyuryus P, us (5.13) asasemea acumnmo-
muneckum peuteruem sadanu (1.1):

i
— So(x)
eh ™’

Y@, 0) = ¢ %o (2) + O (h),
— ih 2D — e, @, 1) + b @ D) o (1) i (9,0 Py =
= BN fy (z, 1, h) (5.14)
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20e uepes O (h™®) o6osnauena eaadkas GyHkyus, umeOWAs cie-
oyrowyio oyenry dan aobuz k= 1,2, ... u |a|=0,1,

3 e s ea

i(‘%)ao(h“)KCa, ohE.

IIpasas wacmyv fy ¢ (5.14) — smo wekomopas eaadkas Pyuk-
yus, umelowas oyenry (3.4).

Sameuanue. llpumensa meron crammomapuodl da-
3B, JIETKO JOoKas3aTh, 910 ¢ynxmusa (5.13), mocrpoennas ¢ mo-
MOIIBIO OMEPAaTOPHOIO METOAa, COBIAKAET B PACCMATPHBAEMOM
gacTHOM caydgae o mod O (k) ¢ maiimenno# panee B § 2 acum-
protukoii. Ilpeumymectso mpeacrasiaenus (5.13) coctomr B
TOM, 9TO OHO I[0YTU Ge3 M3MeHenmil uepeHocurcsa Ha Ooxee
CHOKHEIE 3a[a9d, B KOTOPHIX HAYAJIbIbIe HAHHHE He TMEIOT
Takoro mpocroro Bujga, kak B (1.1) (cM. moxmpoGHee caemyro-
NIy IIaBy).

AcmMuoToTuueckoe pemenne coxpamser Bum (5.13) ma
oTpeske Bpemenu, rje arobman J > (0. B orpectmoctm ¢o-
KaJibHHIX To4ek ¢opmyna (5.13) wempmmenmma,

Hast toro wrobsl Haumeards riaobainbuylo ¢opmyrny, pac-
CMOTPHUM CeMeHCTBO JIarpamHsKeBHX MHOTroo0pasmil

Ay ={z=X@Go0,0); p=P(z, 0,1 — o; z&R"}

U KaHOHHYECKUH omepaTop f/fi,”i na mem. 3pech X, P — pe-
menne cucreMsl (5.12) xaparrtepmcTHK Aasa ypasuenms Bia-
coBa.

Iosropsas wmoctpoenmsa § 3, MOMKHO JOKa3aTh, 9T0 QYHK-

nusa
N-1

1/h 1\ 21 —;“So(x)
Y= | Fo,t 2y (— il up|(z, pit)e %o (%),
k=0
I o = eq, Uy, Ugy . . . OHPEHEIAIOTCA N3 CHCTEMH YpaBHE-

Huit Tana (5.11), ABIAETCA ACHMUTOTHYCCKMM pELIEHWEOM 3a-
nagn (1.1) mo mod O (AV).

Iloppo6Gubie BEHUMCHIEHHWs OYAYT TPORXEMOHCTPHUPOBAHEL B
caefyomeli rlape Ha OpuMepe CHCTeMH ypabHenmd Xaprpw,



I'ITABA YV

KBA3UKJACCHIECKAA ACUMIITOTURKA
JIJIA CUCTEM YPABHEHU C YHUTAPHON
HEJMHEINHOCTLXO

§ 1. Ypasuennsa Xaprpu

1. HocranoBra szamaun. PaccMoTpuM cuCTeMy u3 m dac-
THI{ ¢ BOJHOBLIMH (QYHKIHAMUE

Yo, L, pm,
Ilyers BsawMmopeiicTBHe OHOMCHIBAETCA MOTEHIHAIOM

Vi@, t) =V (@, 0, k=1,...,m},

npuyem

wth=2§ (@Y, )| WD (y, 1) 2y, e R,
= R .

rxe fii (-, -, 1) € Cy (R™) — nexoropesle riajKue Bemect-
BeHHEIC (QYHKIIHU. ,
Ilycts samana ¢yurmua IamumiasroHa

l

F(z,p,t,V k) = D) (— ik} Fy(z, p, 8, V), hes(0,1) (1.4)

k=0

raacca S* (R X Ry X RY)*), raapko sapmcamas ot £ & R.
Ilycrs Fo (z, p, t, V) — BemecrBennass (QyHKIHSA.

*) Kamacc S (R™) cocToUT N3 KoMIAEKCHHX (YHKNMII, Bce mMpoms-
BO)HBle KOTOPHX PAacTyT He OHCTpee OfHOR M TOH e cTemenH |z |,
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PacemorpuM caegyomylo neammeiinyro sanavy Komm
(ypaBuenua Xaprpu):

@
— i B2 e, pt, Vi@, 0, 1) 40 =0,
1 (1.2)
¥ (z,0) =p@ (2, k), j=1,...,m; 75:“”&3%'

3neck mavanbHble ganubie %Y YMOBIETBOPANT YCIOBHAM:
a) ¢unarnoctn: pynrummn ¥ m nx 1/h-mpeobpasopannsn

(Dypre co BceMu Tmpou3BOAHBIME uMeT mopsaok O (k™) Bue

KOMIIAKTHOH 00JacTH, T. €. CYHMIECTBYeT BelllecTReHHAS QYHK-

musg e & Cy (R™) ragas, 4to

49 (@, 1) = eo (@, p)u (2, h) + O (=); (1.3)

6) mpemespHocTH: miaa Jwboro cuMpoaa f & S* (RY)
BHIIONHAETCSH PABEHCTBO

$2T @ )/ @ )1 (b der
N

= > (— ity \$o (@, 1) / (&, PYap + O (W), (1.4)

k=0

rae p(k” — HeKoTOpHe 0000menuble QYHKIHYN ¢ KOMIARTHRIMH

HocHTesasiMH, mpmieM p§ — BemecTBennmie; umcao N ompe-
feaAeT TOYHOCTh, ¢ KOTOpoil Mul OyjaeM pemarh sapagy (1.2).

2. Beraumcsenne cpemmmux. bymeMm mekats acHUMOTOTAKY
upu h— O pemenus sagauu (1.2). llpemme mcero nHalimem
pasioskeHue MOTOHLKANa Vj; B aCHMOTOTHIECKHU CTeIeHHOM
pan oo 4. Todmo Tak ke, Kak ato 6buro cHenano B § 4
ra, 1V, monyaum caemyioliiee yTBED;KICHHE:

Jlemma 1.1. Cnpasedausa dopmyra

N
Vi (2, t) = D) (— ihy VS (z, 1) 4 O (BN+1), (1.5)

$=0
20e
ReV{® = 0,
V¥ @, 0 =3 i@, 9.7, p, 1y dy dp,
=1



npuen psd
N

2 (— ih)srgj) (xv D, t)

s=0

ABAREMCA acumnmomuieckum pasaodcenuem npu h — 0 pewe-
nua r9 (z, p, t, h) sadawu Kowu

1
i orh 2 .9 2 .
— ik :9t -{—F(Jc,p——zh%,t,Vh(x,t),h>r(a)_.
2 2
—F(x—ihi 1 t,V (x— ih -2 t) ’ h)m’) -0
ap ’p7 ? h ap L] L] - b)
N
r (z,p,0,h) = 2\ (— ik ol (z, ).
k=0
Caemcrsue Qyuryuuw rd (=1, ..., m)ydosiem-

sopsiom cucmeme ypaswenull Baacosa

BrSj) Br%") ' ﬂ_ arﬁ)j) (ﬂ&‘l“ aF, _Bﬁ T
ot oz ap ap ox ov 6:3)
+ (2ReFy — Q) = 0, (1.6)
i (@, p,0) = p§ (z, ),
ade
n Va)
. Oy (z, p, ¢, Vo,
Q(x,p,t, Vo) = 2 —mr—+
i=1 v
n m . ’(k)
RFolx, p,t, Vo) OVy iz 1) .
51 IZII apiaV(k) 9z,

nomenyuan Vo sasucum om rd:

Vi@, 1) = D) ggfkj @9, )rd (@, p, ) dydp, k=1,..., m;

=1

a gyuryuu Q, Fy, 0Fo/dp, 0Fo/dx, Fo/3V ¢ (1.6) paccmampu-
sawmes ¢ mouke (x, p, t, Vo (2, t)).
(@

AHAJIOTHYHO BHIUCIAITCA M OCTAJbHEE OYHKIHE Ty,
s=1,...,N—1 (cp. § 4 ra. IV).
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Kax 6nuto noxasano B § 2 ra. I, cmerema (1.6) momer
GBITH pelmeHa ¢ IMOMOMIBI0 XaPaKTePUCTHK:

%:aﬂ X (3, m,O)—ZERn
apP aF, aFo\ Vo n
5{=“55—(57) , P(3,0,0)= o=R",

50 (1.8)
——~—}—Qr(7)——0 r<1)(z o, 0) = p((,f)(z,(o),

rue

Vo = 4P, .., 7™,

m

79, o2 3 i (e, X 00, 0) 70 (2, 01, 1) d5' d,

=1
a 'y ¢yurnuit Q, dF¢/dx, 0F¢/0p onymenn aprymentst (X, P,
t, Vo (X, t).

Cacrema (1.8) mpeacraBiger co6oii 00nkHOBeHEOE THPe-
PeHIAAJbHOe YPaBHeHHWe B 0amaXOBOM IPOCTPAHCTBE Hempe-
PHIBHEIX BeRTOp oymrmmit (X, ..., X5 Py oohy Py
oL TS )} Hocratouno pemmuts (1.8) Ha KOMIAKTHOM
MHOJKeCTBe HAYaJhHHX JAaHHHX (2, ®), Cofep:KameM BHYTPH
ce6sa mocurennm ¢yuxumit p$ (z, ®) u eo (z, ®) (em. (1.3),
(1.4)). Ilycrs Taroe pemenme cylmecTByeT upu Job6oM ! &
& R (cu. teopemy 2.2 ra. I m sameganme k meii). OHo sagaer
KaHOHHYECKOe npeofpasoBaHme

& (Z, (’)) g (X (Z, @, t)r p (Z7 ®, t))

Illyers z (z, p, t), © (z, p, t) — Qyurmuu, 3agaomue 06-
partHoe mpeoGpaszosanme g; . Torma

)<.Z‘ b, ) = r(j) (Z (‘Z7 P t)v U (.Z, D, t)a t)’

3. AcumuroTuueckoe pemenme. Onpefenns Bce Kodpdu-
nuenTH pasinosxenms (1.5) morenmmana V,, MH cBemeM 3aga-
gy (1.2) & pacmajalomelics cacTeMe JWHEHHHX YpaBHeHHI.
ITycrs

Ase= {(=,p) |z =X (z, 0, 1),

p=P(z 08— 0 z&R"}

— ceMelicTBO JarpamskeBHXx Mmoroo6pasmit B R X Rj-
Hocrponm mo mod AN kamoamweckuit omeparop .77,"1”1 Ha Agy
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[16]. ITycrs

0 @, t)y = (22 0] (@, P 1) 1z, ), (1.9)
Q(z,0,th) = Z (— ih)egk (2, @, t), (1.10)
k=0

9o (z, 0, 0) = eo (2, ®), ¢ (3, ©,0) =0 (k> 1). (1.11)
ns (1.9) — (1.11) caegyer, ato npu ¢ = 0

. 21
P (,0) = eo(@, ) 1Pz, b) = %D (&, B) 4 O (k™)
(em. (1.3)), T.e. dyurnua (1.9) ymoBiaeTBOpseT HAYAJIBHEIM
yeaosuam (1.2) ¢ Togrnoctsio o O (A®).

ITomcrapam (1.9) 8 ypasuenme (1.2). Ucnoassysa gopmyay
kommyTanmu 1/h-ncegonmddepeniimaabaoro onepaTopa ¢ Ka-
HOHEUeCKEM omeparopoM (cM. [16], ra. V), a Tawske pasio-
mennsa (1.1), (1.5), moayaum

[—ih & +F@pt, Vh(i; 0,09 (z, 1) = w12

= (— ih) (0] (@ 2, O 1O (2, 1)+ (— )V T, 5z, 1,
rae omeparop 9P mmeer BUI

N
g‘) = Z (— ih)kgbk,
k=0 (1.13)
9%=%+ Fl(X,P,t,VO(X,t))——;—Q(X,P,t,Vo(X,t_));

Py upn k> 1 ects mudpdepennmanbEui omepaTop Ha Ag
¢ ITAIKAMH, He 3aBACAMAMH OT h KosgdnmmenTam,

Ocrarox Zn,; B popmymre (1.12) uMeeT caemyo0myo omeH-
Ky B HOopMe mpocrpancrBa CobGomena (upm kb = 0, 1, 2, . . .):

| 2,5 1) ] < HCe (1. (1.44)

U3 dpopmyn (1.12) — (1.14) BrTeraer crenywomasn Teopema.
Teopewma 1.1. Hyemv dynryuu @ ydosiemeopawm
navasvhbim yeaosuam (1.11) u cucmeme ypasrenuii *)

*@0(P0=01
k
3°oq)k—]— ngjq)k—j=04 k"—“i""aN'

j=1

(1.15).

*) VantuBas sAsEmil Bupy (1.13) omeparopa %Py, cucremy (1 15),
. (1.11) nerxo pemurs.

108



Tozda @ynkyus

N
. 2 1
h . :
(@ 1) =7l 3 (— o] @ 2,019 (@, )
k=0
ABAACMCH ACUMNIMOMULECKUM DEULeHUEM CUCIeMbL ypaenenut’i
Xapmpu, m. e.

;] 2 1 2 .
[~ih 5+ Fept.Viia 1), h)] Vi (z, 1) =
— ( N+1ﬂ‘1) (x’ £ h),
wumm=¢wam+owﬂ,

2de ocmamor BY; ydosaemeopaem oyenre (1.14).

§ 2. TeumeparypHbie ypaBHeHHS Xaprpn

1. Hocranosra zagaam. Paccmorpum GecKomedrRoMepHOE
o6o6menne 3agagnm Homm (1.2)., Iyers H = —A%A -+
-+ U () — omeparop Ulpemmrerepa L?* (R™) ¢ riragram Be-
mecrennbiM norennmagoM U, upmuem ¢yarmmua U (x) moc-
TaTOYHO CHILHO pacTeT mpu |z |- oo, Tak, 4ro cmeKkTp H
IACKPETeH

EWM<E,R<<... <E;jh)<<...
u peryasaper npu b — 0:
sup E;(h) < oo,
oh<

omeparop e-tH 1 Bce ero KOMMYTATODH ¢ & B —i0/dx mpu Jio-
Gom t > 0 sapasiorca omeparopamm I'masGepra — IlMmara
B L? (R"), a coGcrrenusie Qyuxpam x; = ¥  (r, h) omeparo-
pa H:

Hyy = Eyy; J=1,2,

H uX npeo6pa30BaHm1 Oypre §; (p, B) co BCeMd TPOM3BOA-
HEMu mveoT no mod O (h*) mocmrennm, orpanmieHake B R

paBEOMEpHO mo j (eM. ycaosme a) § 1).
OGo3naumm

s(h) = D) exp{—BE;(h)}, B— 5 = const > 0
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(R — mocrosunaa Bouasnmana, I’ — temneparypa). Cxomu-
MOCTHh W ACHMOTOTHKAR pAga o (&) OYAyT MOJy4YeHH HUKe.
PacemorpuM Geckoneunnii HaGOp BOJHOBHX QYHKIMA

{wl (JE, t’ h)’ ‘pz (-’E, t7 h); .. -}
H mocrponM HaboOp WOTEHIUATOB

Vi (z, t):{v“‘”(x t), k=1,2,...),

(2.1)
1 —BE,
Vi@, 0= Z 5 L (2,9,1) 195 (v, 1) Py,
rxe Ly &= S8~ pasmomepromo k = 1, 2, . . .; ¢yuruuu L, —
BeIIEeCTBEHHEE,

O6o3nadum yepes [® mMpoCTPAHCTBO BEIMIECTBEHHHIX HOCJIe-
moBateabHOCTEH ¥ = {v,} ¢ HOpMOH

o = sup v

Hpegmonosxum, drto
1

F(z,p,t,h, V) = D) (— ihYFy (z, p, ¢, V), (2.2)
k=0

rrer,p =R t=R, Velo,he(0,1), Fo — BemecTsen-
HaA (QYHKROWA; OAA JA0GHX MYJIBTHAHAEKCOB o, f§ I ¢ =
= (Vin EEIRY 'Vis)
9 a\PranT
SRR G
< Cap v (4|2 (1 +lPl)”(1 +1V )" (2:3)
j=1,2,...,

<

Temnepamyprumu YPABHEHUAML Xapmpu HasbBaerca
[23] cnenyoman menummeiizas 3ajaga Komm:

I

'le(-’l',O,h)=Xj($C,h), ]=1$27"'1

I'e BEKTOp- d)yHRmm V, saBmcur or ¢y nmo gopmymam (2.1).
Hame#t sagadeii Gyner mocTpoemme acHMITOTHUECKOTO
(npn h — 0) pemenus ypasmemmi (2.4).
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bynem mnerarn pemeune (2.4) B nujge

3
- £

- 2 1
P,y h) = e’ G (z, p, 1) %; (2, h), (2.5)

rae
G, (@, p, £) — Ry, (&, p, t)exp{ 8 } (2.6)

Honcrasus dyuruun (2.5) B dopmyay (2.1), noayaum

V@0 = 7 2<Mémﬁ®mnb
=1

Hocronbky cucrema {XJ} ofpasyer Gasuc B L2 (R"), 1o
ans mobux 1/h-ncegomuddepeHnuaATEHEY OIePAaTOPOB f ==
2 1

2 1
= f(z,p) u § = g (x, p) ¢ gocraTouno OHCTPO yOHBAITUMA
CHMBOJIAMH CHDPaBe/IABA QGopMylia I ciaena tr (fg*)

El(ij,éxj) o h) SS/‘( p) g (z, p)dz dp.

Kax 6ynmer norasano uuske, cuMBoX G, Gbictpo yGriBaer
no (z, p), U TOITOXY

Vi) = e (Lo 9 0 Gy, & Py a5 @217)

Hns toro wrobur gyurums p; us (2.5) yhooBieTBOpsaiIa
ypapuenuo (2.4), mocrarouno morpeGoBaTh, 4TOGH

8Gh 2 1 N 4 3 4 21
h = (@ P, 8+ F(x, po 6, Vi la, 1), k) Gr(z, p, t) = 0.

Ycoonr3ya QopMyay Mg CHEMBOIA KoMImosunun AByX- 1/h~
ncepfofupdepennuansrnx oneparopos ([16], crp. 340), mo-
Jyd9nM ypaBHeHHe B CHMBOJAX

G 2 1 2
ih a—th(x,(o, H4Fr, 0o+ p, t, Vi, )Gz, o, t) =0,
(2.8)

rae V;, sasucur ot Gy mo gopmyne (2.7); o & R™
Bulepem mavanbunie yeaosusa Aas Gp. llomosmmum
Rh (.I', b, 0) = € (xa P),
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e e, = Co (R*™), npuuem
— By -£ E;
2

3 1
e ® oe@mp = - GrOE), i=1,2... 2.9)
10 (1) e <HECy, B =1,2,.

Taxag yERUUA e, HAHAETCA B CHAY YCIOBHM, HAJOMKEHHBIX

Ha omeparop H.
s (2.5), (2.6), (2.9) caenyer, 4T0

Y;(z, 0, h) =y;(z, k) + O (h~), (2.10)

TAK 9TO0 HAYaJbHEE YCIOBUA HA 1P; YAOBIETBOPHIOTCA C TOY-
HOCTRIO 110 O (h™).
2. Boraucnenne epeguux. Pacemorpum cumpoa T, omepa-

TOpa exp {——% ﬁ} ) T
Ty (;, — ihé/(?:c) = exp {—— % ﬁ'} .

B cmny ycioBmii, HaIokeHHEX Ha omepatop H, cuMBox
Ty ¥ ero NpoN3BONHEIE HpREHAMIEKAT mpocTparcTsy L2 (R").
Ilo dopmyie g cumBona cnoskuoll fyurmuu ([16], crp. 340)
MO yIUM

Ty (z, ©) = exp {-— Eﬁm} 1,

rae Hy, = |0 — ihd/dz)? + U (z). Haxee w3 dopmynnr muas
cuoxuoit Gpyurmmm ([16], crp. 40) cremyer acmMmmroTmUeckoe
pasIo;KeHNe

T, (z,0) = exp {—- %H(az, co)} X
N—1

X 2 (— ke (z,0) - ORY),  (2.41)
k=0

1, :
rae qijKHIfIH;NO(hN) H BCE ee IPOMBBOJHBIe IpHHAMIEKAT

L*(R*") u orparngens npu i — 0, a x0dGPUIMEHTH f;, MOTYT
OBTH ABHO BHUUCHEHH:

fo(z,0) =1,
hr(2,0) = U%ff—)w, (2.12)
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Tlonaras B (2.7) L, =1, t = 0, noxyunm

1
5 (h) = WSS | T (2, ) 2 dz do. (2.13)

Temepsr MH B COCTOAHHHE BBIYHCIHTH HOTEHMHAJE Vﬁk).
W3 dopmyx (2.8), (2.12) m § 2 ra. I sureKaer, 410

Sg Ly (2, t,9) | Gn (. &, 1) Pdy dE =

N—1
= 3 (= iy \§§ Li (e 0 (0. 0,1) dy dE do + O (),
J=0 :

(2.14)
e pajg

2\ (— ihyri(z, p, 0, 1)

ABIAETCA AaCHMITOTHYIECKMM PasiokeHmeM pemeHua r (z, p,
®, I, h) ypaBHeHHs

TNy —'hétV(ir)hr
—lT'it_— (v’f,P Zaw)’1h 1’7)‘—
2 2

= N L
—ﬁ<x—th57,p,t,Vh<x—lh$,t>,h>r=0, (2.15)

IpuIeM

i s X
—1)° — 8H (x, N
2 Z (—1) exp{ S!B (=, )} 8§

=0 m=0

Tj(x, p, 0, 0) = (p—m) X

X frmeem 0, 0) (= 5 T (2, @) (0, @), (216)

3a cuer unaTerpana mo do B (2.14) nocraroyno yuecTs AUIND
craraeMure ¢ uagexcom s = 0 B (2.16). Takum oGpasom, ma-
YaJbHbE YCIOBHA NJIA r; IPAMYT BHJ

ri (z, p, ®, 0) = exp {— BH (z, @)}f; (z, ©)*0 (p — ©).
(2.17)

Tak ;xe, kak u B rai. IV, nna yunknmii r; monyamm us (2.15)
pPeKYPpeHTHYI0 CHCTeMY YpaBHeHHMH. YpaBHeHWe JJIA r;
npu j > 1 cBopuTcA K JIMHEeAHOMY HMHTErpajbHOMY ypaBHe-
mnio Tama Boawpreppa (eM. §4 ra. 1V), a maa r, momyvaem
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ypasunenue BaacoBa

87‘0 aro 8f‘0 8r0 3[0 810 aVo
At o) T
ko 02Fy 9V
=+ [239F1 — (m‘l‘ma—x)]ro =0, (2.19)
ro(z, p, ®,0) = exp {— BH (z, o)} § (p — o).

3pecy ¢yuknmu F,, F; Gepyrcs B Touwe (x, p, £; V, (z, t),
a moreHmman V, paBeH

1 ;
Vi (@, 0) = o\ L@y 0 0,8, 0,0y ay de do,
Gp = SS exp {— 3H (r, @)} dx do

(mocmemuasa gopmyna mgna o, caeayer m3 (2.11), (2.13)).
Hax msBectro (§ 2 rur. I), ypasuenue (2.18) pemaercsa ¢ mo-
MONIBI0 CHCTEMBI XapaKTepPUCTHK

0X oFy aP oFy aly oV

Bt 9p et o= vV bz
LRSS [ZReFl _%—a—fa%%_‘;] Fo=0, (2.19)
X (2 & 0,0 =2 Pz & o, 0 =E,
To(z, & o, 0) =exp { —PH (z, ®)}8 (§ — ©).
Ilpn arom
ro (z, p, ©, t) = 7y (z (2, p, ®, ¥), E (2, p, o, 1), -m, 1),

roe ¢yuxmuu z (...), & (...) samaior ofparmoe orofpasKeHue
K KAaHOHHYECKOMY OTOGpPasKeHUIO

g+ (Zy g)—> (X (Z, Ev o, t)v P (Z, E’ ®, t))

3. Hocrpoenne acumoToTMYECKOro pemieHmst, Mpl BLIH-
CJMIH aCHMIOTOTHYECKO® PadiosKeHne HOTeHIHAa:

N—
Vi (z,t) = ( 21(_ ih)igg e BHW, o) {1 (y, 0) dy dm)’]l X

N—1
(3 (= \\ Lute, v, hrm @ B 0,0 dy dEdo ) + 00 ).
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Ilpm srom
V¥, 1) —_gg Li (2, Xo (2, &, 8), D) 70 (2, &, 1) dz dE,

def :
rie Xo(z, 8 8) = X (2, & & 1), 140 (2, &, 1) =74 (2, &, E, ).
Ilycts, xpome toro, Py (z, &, t) = P (z, &, &, ). Oygrnun
Xo, Py, 7y YHOBAeTBOPAIOT YpaBHOHHAM (2.19) g X, P, 7,
¥ HAYaJbHHM YCJIOBHAM

XO (Z7 E7 0) =z, Po (Z, Ev 0) = E’ Yoo (Z, ga 0) = ¢ PH(E)
(2.20)

3amaua Komm (2.4) ceegena k nuneiinoii. Halinem ee acum-
uroTmueckoe pemenue. Ilycrb
Aot ={z=X,(2 0, 8), p=2DPLy(z, 0, 1) —o0; z& R"}

— ceMeficTBO n-MEepHEIX JarpaH;keBHX MHoroo6pasmii B Ry X

X Rp. Ofosmaunmm wepes .%'i,/ht KaHOHMYeCKHH OmepaTtop Io
mod A" ua mem [13, 16]. Pemenue (2.4) wmewm 8 Bune (2.6), rue

G (z, 0, 1) = [Fa'9) (z, ©,1),

N—1
(20,1, h) = X (— thfgu(z,0, 1),
@, (2, ®,0) = exp {— %H (z, m)} -€, (2, ®), (2.21)

o (3, ©, 0):exp{—%H (z, m)} (2, ®)ey(z, 0), k>1.

Hawannunie ycmosua smech BuGpaus ¢ yieroMm (2.6), (2.9),
(2.11), (2.20).

Touno Tak ke, Kak 1 B § 1, maiimem us (2.21) u ypaBuenna
(2.8) peryppesTHyIW CHCTeMY OOHKHOBeHHHX AR{depeHmu-
anpHHX YypaBmeHu# muaa yHErmmi ¢y Haupmmep, mra ¢,
HOJIYIHAM 33729y
0o 1 ?Fp R2Fp 9V
'aT""[Fl_“?(axap N TY 2T (Xo, ) +

oF,
+ aVoVI (Xm t)] 1
Py (Z’ o, O) = exp {— 'g— H (Z’ (0)} € (Z, (,0),

rae y yurumii F, F; onymens apryments X, Py, £, Vo(X,, £).
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TaxuM o06pasoM, TOCTPOEHO ACHMITOTHYECKOE peIIeHHE
Temneparypuux ypasuermir Xaprpu (2.4). Umenno, mmeer
MeCTO

Teopema 2.1. Oyuryuu

wi(xv tvh’): N1
—exp (2.5 )[R (3 (— i9r) | @ 5 00 1)

k=0

ydosaemsopsiom nauasvrum yeaoeuam (2.10) u coomuowenuo
—ih —+ F(x ., Vh(x 1), B)P; = (— i)V By, ; (x, t, B),

2de ocmamor Ry, ; oyernusaemes ¢ Wi (R™) caedyowum o6-
pasom:

"'ﬁN 7( £ h)”Ws CN s (1) he,

§ 3. Keasurmaccmyeckas aCHMITOTHKA PeIIeHMt CHCTEMBI
YpaBHeHUid HeJMHEHHOi KBaHTOBOH MeXaHHKH

1. Hocranoeka samaam. B srom maparpade Mul @3yIHM
ACHMOTOTHYECKNE PONeHNS CHCTeM HEeIMHOWHHIX ypaBHEHM,
He pacrafalouxcs, B OTIAYHe OT ypasHemuii Xaprpw, Ha
OT/IeIbHAE CKAJAAPHEE YPABHOHHUS MOCHE BHYUCACHUA HOTEH-
nuaJia Baammopeicreusa V.

CEMBOJIN 0IepPaTOpOB, KOTOPHE MH Temeph OymeM pac-
CMATPHUBATH, ABJAOTCA MATPAYHO3HAYHEIME (PYHKOUAME.
IIyers

V=(Vo, ..., VM)SRY, = R", t= R, h< (0, 1).

Paccmotpum ManK‘IHOBHa‘IHym ¢yurnuwo F (z, p, t, V, h)

rmacca S (RT X R} x RY, m)*), rmagko saBucamyio ot ¢
u h. Ilycrs

F(z,p,t,V,h) = D (—ih) F;(z, p,t,V) (3.1)
j=0
u Matpuna Fg (z, p, t, V) uMeer ! pasiHYHHX BeIlecTBEH-

HHX cOOCTBeHHHIX 3HAaUeHMWE ny (z, p, ¢, V) mocToAHHOR KpaT-
HOCTH 7y ¥ He HMEeT ;KODAAHOBHIX KJIETOK.

*) Bce snmements MaTpuns kaacca S (R™, m) upuragmeskat S (R?)
(cM. cHOCKY Ha cTp. 104); m — 9To pasmep MaTPHRH.
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Tlonomum

M=

4
Vit @ty = D \de § 1@t g0 0 @0 pdy, (3.2)
0 RrR"

v

i
~

rae fre (¢, t,- -, 1) E Cq (R?*") — rnagkme BemecTBeHHHE
¢yurmuu f, 1= R. llorerumans %% KBAJIPATHYHO 3aBHCHT
or M Bexrop-¢ymrnmi P, = ¥, o ™).

Pacemorpum samawy Komwm Jisa cuCTeMH HeJIMHeHHEX
ypaBEeHU#, 0000IMalONUX YpaBHEOHHS HEJMHEHHON ONTHKH
¢ TPOCTPAHCTBEHHOHW ¥M BPEeMEHHOW nucmepcmeil (B 4acTHOM
cayuae — ypasmenwit Maxcsesaa) {25]:

b, 2 1 2
h/ —at———l—F(aj,p,t,Vh(x,t), h)lpv=0,
Py {z, 0) = Yoo (x, )y v=1,..., M.

Haiigem ee acmMnroTmdeckoe pemeniwe upm £ - 0 ¢ mpo-
A3BonbHOM TounocTeio O (AN) (mns ypaBHenui onTuxE h =
= 1/w, rme ® — dacrora).

Hanosmm ciefyronue yCcIoBASA HA HAYAJbHEE IaHHEE
(3.3):

a) GHEATHOCTE: BCE KOMIIOHEHTH w") (z, h) m ux 1/h-

npeoGpazoanmsa Dypse w(’) (p, h) BMecTE CO BCeMm TIPOH3-
BOMHHIMHA BHE KOMOAKTHO# obxacté (r, p) AMEIOT HOPANOK

O (h>); 1. e. cymecrByer pynrmua e, =Cy (R") Takas, yro
0 (z, k) = eq (z) e (D) W5 + O (h™);
g 0
p=— Lha—i ;

6) YCIOBHEE NPefeJpHOCTH: A N060ro MaTpMyHO3HAT-
goro cuMBona A=S> (RY™, m)

2 1
(A (2, p) Yovs Vov) =

N—1

= 3 (— iyt Az, p) oWz, ) dz dp + O ("), (3.5)

k=0

(3.3)

(3.4)

m

tne (X ¥) = S D %@ (z) PO (z) dz; tr obosmauaer caen,

- K
* — DPMATOBO CONPAKEHNE MATPHIH, p{” — mexoTopre m X

X m-MaTpunn u3 OMHATHHX 0000mMeHHNX QyHxnuii, MaTpu-
na o spmumroma.
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2. Beramcienne cpemuux. B oriamuve oT mpeAHAYmEX
npuMepoB, 3Mech MH He OyJeM CBOJAHTH BHYMCAEHHEe HOTEeH-
nEana B3aMMOJEHCTBAA K ACHMUTOTHUECKOMY DAaBI0KeHEO
MaTpuis maoraoctd. McmonssyeMm gpyroit merom.

Myers X@ (z, o, 1), PO (z, ®, t) — raagxkme QYHKIER
co snavenaamu B R™ (j =1, ..., I; z, o &= R"; t= R), ygos-
JAeTBOPSOIINAE TaMIJIBTOHOBOM CHCTeMe ypaBHeHmii:

X0 O .

a = a_p] (X(J)’ P(?), t), X(?) (Z, o, O) — 7 26

aPy¥ M e pli) ) GO

— = — 5 (XU, P, P (z,»,0) = o,
rae A; & C* — BemecTBenmBe (QYHKIUH, TPHICM

Ai (z, pyt) = Aj (z, p, B), i #]. (3.7)

Pacemorpum (n 4 1)‘—MepHLIe JarpaH;KeBE MHOT006pasus
B (R X R) x (Rp x Ry

(0) = {(x7 i p, pt)lx = X (z, o, t),p =P (z, o, ) — o,
pt = —4; (X, P, t); z&R"},

R
Iyers ;= }/m — KaHOHHYeCKHUHA omepaTop Ha ceMeii-
cre A; mo mod AV [13, 16]. Bynem mcrars acumMuroTaIeckoe

pemeHne samaqn (3.3) B BHpE

! 2 1 .
o (ot h) = 2 1%505] (@, Py 1) You (2, 1), (3.8)
— J=1
N—1
a;(z,0, t,h) = X (— ik)ka® (z, , 1), (3.9
k=0

a{ — rmankme m X m-marpmuEO3HausEe ¢ymkmum. Ilof-
crapaM (3.8) B dopmyany (3.2) mis moreHnmata B3amMofeii-

CTBHAA
4

t
V@ = 3 S (dv (a1 @ by ) Fue (0,02, 7) X
0

v=1 1, j=1
2 1
X [%a;1(%, Py T) Yous Yov)s  (3.10)

* a3
T7le a; — COMpsyKeHHaa K MaTpHENne a;. B dToit cymme oc-
TaHYTCA JHIMBb CJaraeMeHe OpH ! = j, a OCTaJbHHE YIeHH
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.D

pymetor mopanok O (h>®). B cmry yeaopma (3.5) maa sroro
JIOCTATOIHO AOKA3aTh, UYTO NPH i = |

4 —_— 2 3 2 2 1
S (7391 (, py ©) fo, 5 (Y 8y 2, D) [H595] (2, p, v) dv = O (A7)
0
(3.11)
A Mo0HX CRAIAPHEX GyHRIui cp,, ¢j, IpHYeM HpaBas

gacth O () ecTs omeparop % (Y, x p, t), CHMBOJI KOTOPOTO
ABAACTCA TIAEKEM ¥ GBICTPO yOIBaer 1o x, p u 1o 1/ co Bce-
mu upoussoausiMu. Qopmyna (3.11) BoTeraer U3 ciaefyolled
JIEMMBIL.

Jdemma 3.1. Hpu i #=j u awdon u=Cq (R?) umeem
Mecmo CoOMmHOWeHUe

t
gdrg U G G b0 i) (o, Py ) o) de = 0 (67,
’ (3.12)

2de ocmamor O (h®) = wp (p', p, 1) aeisemca eradkum u
Gucmpo ybusaem npu (L/h, p', p) —> o0 co ecemu npous-
B800OHBMUL,

HdorasareasncTsno. llogcraBuM BMecT0 KamoHH-
JeCKUX 0NepaTopoB ', ;B (3.12) ux paziosxeHus o 0co6EIM
n peocoGuM KapraMm [13, 16]. Berumeaum 3aTem cranmoHapHER
TOUKH HOJYYHBINAXCSA MHTerpasioB. OKaspBaeTcs, 9T0 HpH
yeaosun (3.7) cTalmOHAPHEIX TOYEK y HTUX MHTErpajoB HeET,
u woatomy our pasusl O (h~). IpomemoHcTpEpPYeM 8TO JIHIDB
B ciayuae HeocoOHX Kapr. AHaJOTHYHO paccMmarpuBaercs o06-
Uit caydaii.

C TOYHOCTBHIO [0 HECYIIECTBOHHBIX MHORMTENeH HuTEerpad
(3.12) mepeumcuiBaercsa (B HEOCOOHIX KapraX) B BHJE

1
S dt S exp {TLL fx(p"— p)+ S;(=, p', 1) — Si(x, p, 'c)]} X
0
¢; @@ 1), P0G @ @ pv), )
Vl J(x’ p’! T)J'(xv P T),

u (z) dz, (3.13)

rae z (z, p, ) — pemeﬁne ypapuennsa x = X©@(z,, p, 1),
(x“’ (z, p, 1), p, ©) 5+ 0. [eii-
crBuag S; m S; yﬂOBJIeTBopmo'r YpaBHEHHAM 1 aMHIBTOHA —
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fAro6m

as , Pt aS ,
k(ztp )+hk<x _(_x_p__‘_p, ):O, ]f:i,j. (314}

Beraucnum crarmuonapuyo Toury (#, T) marerpaia (3.13).
Omna onpefensierca u3 ypaBHeHHR

aSJ- L, - , as, def _
@+ =@ ) +p=0
8Sj

, =~ aSi _ ~
» =_(F(ra D, T)-

Orcropa u u3 (3.14) BHTeKaeTr paBeHCTBO
7":’ (Ta pa ?) = }\'j (77 p1 %’)7

KOTOpoOe TPH i = j He MOKeT uMeTb Mecta B cuny (3.7). Cae-
moBaTedbHO, mHTerpaa (3.13) He mMeer crammOHApPHBIX TOUEH
u pasen O (h*). Jlemma 3.1 norasana.

Temeps B8 Popmyie (3.10) ocraroTea AMME cilaraeMbe ¢ WH-
aexcamu i = j. OHE mpeodpasyoTcsa ¢ MOMOMBIO TeopeM § 12
ra. V [16]. TnaBupii wien moayumBmeiics acHMIOTOTHKE V),
HMeeT BHUJ

® Pt s 2 3
Vi (y, 1) 2§ dr @; (@ p, ) %
0

1 j=1

/ 1
X/ (tX‘”2er (o1 0k
v, k 2/7 1 Z, 9 s T ,T)(l](x, p7 T)‘P«Jw‘Po\;).'{— ( )

HME

e

Hcmoansya (3.5) u (3.9), orcioga HailleM oKoHYATEJbHOE
BEIpaskense Aus acumurorukm V5. ChopMmymmpyem sToT pe-
3YJABTAT B BUAE JEMMEL.

Jlemma 3.2. Hmeem mecmo pasnoocerue

N—1
Ve, t)=Vo(x, £) + D) (— ih)V, (x, 1) 4 G (hY), (3.15
r=1
e0e woappuyuenmu V,, . .., VN_; — Heromopuie @dynryuu,
UHMESDALLHO  3A8UCAUE  OmM a§m7 =0,1, ... N—1;
=1, ..., . Jas V, umeemes ssnoe evipaxcerue

M [
Ve (z, )= D) D SdTSStF O (z, o, 1) af” (z, @, T) X

v=1 i=10
X p" (2 ) [ (@, 1, X (2, 0, 1), 7) dzdo. (3.16)
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3. HMocrpoenue acuMorornueckoro pemenus. llomerapum
pasaosernne (3.15) B ypaBmenme (3.3). Henwmelinsii omepa-

rop F B (3.3) mpumer BuA

. 2 1 2 2 1 2
F=F( pt Vy(z, t))+(—ih)F1(x, D, b, Volx, t) +

(= ik 20 @) p, V(2 D) Vi, 1) + O (D). (3.47)

Hanomnwm, wro wepes p; (z, p, ¢, V), j=1, ..., 1], mu
oGosmauaem cobGcerBennse wmesa marpuns F, (z, p, t, V).
Llyers P; (z, p, £, V) — cOOTBeTCTBYIOIHE OLEPATOPH IIPO-
ekTuposanysa B C™ Ha j-e co0CTBEHHOE MOANPOCTPAHCTBO, IPU-
qeM

! 14
PiPy = 8;,xP;, X Pj=1, X wPs=F,,
= = (3.18)
(Fo—pj) Pj = Pj(Fy —p;) = 0.

KpaTHOCTB rj CO6CTBBHHOI‘O Yucsaa |; 1o yCIOBHIO He 3aBUCUT

or (z, p, t, V) m Zr,—m

Ws (3.17) BI/IJIHO ‘ITO IJIABHYIO POIL OPH KOMMYTAIUA ome-
paropa F ¢ xazonmgeckmmu omeparopamu (3.8) Gyler urpats
MaTpuuHbi cnMBoax F®, rue

F(])(.T,p, t):F](.’I),p, t’ VO(x7 t))?]:07 :L ¢ ..

O6o3ragum
7"j (x’ P t) = W (.Z‘, Pt VO (.73, t)): (3 19)
E;i(x, p, ) = P;(x, p, &, Vola, 1), j=1, ..., L

Torga £; u A; yROBIETBOPAIOT COOTHOIEHNAM BuAa (3. 18) ¢ 3a-
MeHOI F0 ma FO.

Dopmyna (3.19) samaer ¢ymrmumio Tammabroma A; mis
cucteMsl ypapmermii (3.6). Ormerum, 4910 A; 3aBucmr 0T V),
a V, ects pymrmmonan or XW, i =1, ..., I (em. (3.16)).
Taxnm o6pasom, A; (z, p, t) HHTErpaIbHO BaBHCHT 0T (YHKIAR
X @ 7. e. cucrema (3.6) npescrasisier coGoil cUCTEMY HHTETDPO-
gugdepeHIAAIHHNX YpaBHEHAH, PACCMOTPEeHHYI0 B Ii. 1.

. Orwermm, uro B dopmyde (3.16) pma V, yuacTByioT eme
HCBHYMCHOHHBe MATPUIE af”. [[ia HX HAXOMIeHHA mopcTa-
puM Qysrmmio (3.8) B ypasHemme (3.3) m BOCHONB3YyeMCs
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reopemoir [16] o xommyranun 1/h-nceBmoguddepernuaabuoro
ouepaTopa ¢ KAHOHHIECKAM OHePATOPOM:

Lh—+1 (x p,t Vh(x, ), b)Y, =

2 1 2 1
= Z [ijRja'j] ($7 P, t) lIJOV (xv h’) -+ (_ ih)NQN (:C, P, Z h) lPovv

j=1
(3.20)
rfe CHMBOJ oCTaTKa (y UMeeT OICHKY
J \o a 8,71, T Q] pial-lBl=n
(%) (55) eve p e ml< TEA TN P

mis aobux o, P, ry, ry. Onepatops R; B (3.20) pasmaratorcs

o cTenenaM h:
N—1

Rj= D) (—ik)kR{". (3.22)
r=0
3nech R,(-T) — nuddepeHIAABPHLI ollepaTop HOPARKA j ©
IIafKAMH, ¥e B3aBUCAMAME 0T /4 MATPUYHO3HAUHEIME (m X
X m)-roddduiiuenramu,

l
R = D) (Mg — Ay Ex,

k=1
k#3 .
3.23)
p (
E;RPE; = (7%_ + r]-) E

npuuem Bee QyHKIUE B (3.23) BHIUMCIAIOTCA B TOYKE I =
= X@, p = P®,. Marpuana I'; samaerca ¢gopmynamu
s oL, 51 ® oL, ©
1 s 21 @ ]_____aﬁ E;+
"2 ox op ap op ox on ot

- EFVE; B 9 vE, (3.20)
)™

Fj:——

e L; (p, z, p) = (w — 4 (= p, 1)) (0 — FO (z)! p, 1)
mpudeM mpoumaBofuiele oT L; B (3.24) Gepyrcsa B TOouKe W
= — A (X9, PO, ).

Hpome Toro, cmpaBefiiuBH TORIECTBA

?

TjE =Ty, El=Tj+(t—E)y2i,  (3.29)
J
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O GL T e T op % & ap
exropuit (3.6).

ITomcrasum B (3.20) pasnosxenue (3.9) u norpebyeM, 9T00H
B IpaBoil wacTH Kodduimenrsr npu creunenax (—ik)k, k =

IIPOM3BOAHAA BIOJHL Tpa-

=0,1, ..., N —1, 6unn papan myawn. [lorydmm cacreMmy
YpaBHeHHU [Js MaTpPHI] a§k):
R,(O)a,@) =0,
B](O)a,g) -+ B,(l)a,(o) == 0,
............. (3.26)
R](-O)a}N Vo4 R(N l)a]@) =0.
Ilorpe6yem, arobn B HavaabHbL MOMeHT § = ()
{
2 4" (2,0, 0) = e ()¢9 () 1,
- (3.27)

Z(k)(sz_—O k>1,

rae [ — eJuHMYHAA MaTpHIA.
Torga w3 (3.8) u HavaibuBEX yCaoBHi (3.6) moaydumm

I N—1

by (2, 0,0y = D D) (— kel (@, py 0) o, (z, k) —

j=1 k=0

= €0 () eo (P)Pou (2, ) = oy (2, h) -+ O (h).

B mocaemmem paBencTBe MH mCHOAB30BANH Gopmyay (3.4).
Taxum oGpasom, yeaopus (3.27) rapaHTUPYIOT YIOBIETBO-
peHmMe HadYaJbHEIM JlaHHEM (3.3) ¢ TounoCTRIO f0 O (h™).
Pemmym cucremy ypasmenmit (3.26), (3.27). U3 mepsoro
ypasrenua (3.26) m dopmynnr (3.23) uMeeM

2 (i — M) Exaf” =0,
K]
MM, YIATHBaA, 9TO ZKkE,f: FO,
3
FOP = h;af.
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Orciona eaegyer, 9ro 06IacTh 3HAYCHHM a() (rax omepa-
Topa B C™) IOJJKHA IPAHAIIEKATH CO6CTBeHHOMy MOAIpo-
crparcTBy F©, orBedaiomeMmy coGCTBEHHOMY 9HCIY Aj, T. €.

E ja;O) = d]go). (3.28)
Bropoe ypaBmeHnue (3.26) samumem B BHJe
ERPE@® + RPaf® + (1 — E) R{’af” +
+ E; R(l) (1 — ) J(0) _
B cuny (3.23) u (3.28) orciofia momydaeM fBa paBeHCTBA:
E;RP (o) =0,
R?#%Hi—E»E%W=O- -2

HepBoe 13 95THUX PaBCHCTB JAaeT YPasHeHUEe NepEeRoca NITHA a(m

(W T rj) 2 = 0. (3.30)
Haganwsuoe yciaopue BriGepeM, ucxomus us (3.28) m Hada bHUEIX

yemosmin (3.27):

af” (z, ®, 0) = ¢, (2)e, (@)E; (XD (z, o, 0),-PD (z, v, 0), 0).
(3.31)

Ilorakem, uto pemenme ypaBuenmit (3.30), (3.31) ymos-
aersopsaer ycaosmo (3.28). IlelicTBATENALHO, TOMOKEM

O — E;p°.
Torma maa MaTpHIH! b]go) moJNyYUM YPaBHOHHE
ab](") . ©
E,-7+<th>b +TEL® = 0. (3.32)

Bribepem Manﬁuy b}o) TaK, 4TO0H 0HA YHOBIETBOpPAIA
sajaue
b0 d
i 0)
= (3 1) o7 + T =0,
(3.33)
b (2, ©, 0) = ¢ (e, ().

Torpma B cuy (3.25) maTpuna b}o) aBTOMAaTHYECKHA GydAeT YIoB-

JIeTBOPATH W YypaBHEHHMH (3.32), a ciefoBaTENLHO, pelleHHE
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samaum (3.30), (3.31) o6asaTenbHo HMeeT BHIL
o’ (z, 0,9 = E; (X9 (2, 0, 8), PO (3, 0, 1), )b (2, 0, 1),

t. e. ycaosme (3.28) smmoameno. Ocranbuiie KosQdummenTH
a§k), k=1, 2, ... BHYACJIAIOTCA AHAJOIMIHO H3 CHCTEME
(3.26).

B kauectBe mpmmepa Haiiem Mmarpmmy af”. Mcmombays
(3.29) m (3.23), momyumm

Eaf = ERPal®, k=i (3.34)

(A ——7»)

1
Jlst Toro aror ompenesiTs camy Marpuny af? = Ejaf" 4
-+ 2, Eka,- ,+ 0CTAeTCA HATH KOMIOHEHTY E,-a,- . Ouna BBEIUH-

k]
clIAeTcs U3 TPeThero ypaBuenus cucreMsl (3.26):

R§°)a§2) + R](l)a](ﬂ 4 R]g2)a§0) = 0.
Heicreurensno (em. (3.23)),

E;R{PEal + E;RPa® + D) E;R{PEaf" =0,
kg
AR

9
(W + 1‘,-) (Eja)) = — E;R{af” +
+ o= MER(l)EkR(” a”. (3.35)

kzj
TTocTapmM HadYaJbBHEE YcioBua
£.RW 40
) itk %k
Bl = 3 (Rt

k#j

(3.36)

t=0

Torga ycaopma (3.27) aBroMarmueckd BHEoJHAITCA. HKak
m upu mepexome ot (3.30) x (3.33), paccmorpmM MaTpmEUIy

b,(l) (z, o, t), YIOBIETBOPAWIIY® B3afiage

9, 9E; W __ R{VERVE; @p. )10
(_OTt-—J‘__dt]- +F5> b:' = éj }“k"'}“j —Ri EJ b: ’
(3.37)
RWOE p®
b (2, , 0) = D) (..}»L—_k}‘_"_) (2, 0, 0).
k45 3 k .
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Torna pemenne (3.35), (3.36) umeer Bus
E]-a}l) = Ejb}l).
Taxum 06pa30M, B euxy (3.34)

=EpP + 2 (A E,,R,”E b,

ABajioTHIHO BHIYUCJAAIOTCH M OCTATIbHHIE MAaTPHIH 4;
=2, ..., N —1; upn srom

a® = Ep + D) Eal?, (3.38)

87]

k k-1)
rjie MaTpHITH Esa]( " onpegeasiores ABIO qepes , a,( ,

., af" amamoruumo (3.34):

k k k1)
ﬁsa§>#——~———w E P @, ..., a1V,
S

a MaTpuna b(-k) ymosieTBopsgeT 3agave Honru saga

k= 3 [
Po=e By — Mg

s=j

(3.39)

t=9

¢ U3BeCTHRIMI (QYHRIMAMHA D](-k) B IPABOH YacTU H fgk) B Ha~
9aJbHHX JAHHBIX.

TlogBegem mror. Cunmras M3BECTHRIMH PeIIGHHAS X(j), P»
cucreMsr (3.6), Myl ompegeaunn moreHimmans VY (em. (3.16))
H CBEJIM BBHIYMCICHHAE MATPHI

a0k =0,.. ,N—1,j=1,...1,

K pemmeHW0 OOHKHOBeHHHX An(depeHIMaTIbHNX ypaBHeHHH
Bupa (3.39).

Tarum o6pasom, uz (3.6), (3.16), (3.19), (3.33) momyyaem
CICAYOIIYI0 CHCTEéMY ypaBHeHm mia QyHxmmit XI, Pi:

@ O, . .
2o = (X9, PO, 1), X9 (2, 0,0) = 5
I ;
PWD Ohs: A " i
S =— 52 (X%, PP, 1), PP (3, 0,0) = 0,

126



# marpun b{:

b , _ :
T [ B X9 0,0, PO 20, 1), )] 60 + T = 0,

(1 B (2, ©, 0) = e, (e, (0) 1,

Thae
}"i (.23, D t) = Wy (.Z, Pt VO (.1‘, t))s
Ej (xa p’ t) - P] (x’ .p’ t’ VO (1', t)); ] = 17 RS ] l7

a noTeHIHuAal BBaHMOJIef/'ICTBmI V, sanaercs dopMyaaMu
t
VP @, 1) = 2 2 (ar /e @ 1, X0z, 0,v), 1) x
v=] i=10

X tr [B2 (z, @, 1) E; (X 9z, 0, TP (2, 0, 1), T)" X
><E-(X“> 2, 0, 1), PP (z, 0, 1), 1) ¥
b (z, 0, )P (z, M dzdo, k=1, ..M

Marpuna I'; snece ompefenena dopmyuoit (3.24).

Cucrema (I), (II) aBaserca cucreMoil OGHIKHOBEHHBIX MH-
rerpo-guddepeHINAILHEX YPaBHeHAR IePBOTO HOPAAKA, U3Y-
genueix B mii. I. OHa mMeer penienue Ha HEKOTODPOM OTPE3Ke
[0, Tyl. Ha srom orpeske Bpeme}m uz dopmyan (3.38) mu
oupefienum Bee kodhdmumentsr al’ ) pasnomenns (3.9), T. e.
BuguciaaM QyHrnuu P, u3 (3.8). I/ITaK, JOoKa3aHa

Teopema 3.1.  Bexmop-gynryuu P, (z, £, h)=

! 2 1
= Z [#a;1 (x, p, 1) Pow (x, R YOosaemeopatom sadaue

i=1

alljv . 2 1 2 .
P + F(z, p, t, Vi (x, 1), B)p, = (— ik)V Ry, (z, t, B),
Py (2, 0, B) =Py (z, B) + O (A~), v =1, ... M,

npuxenm «Heeaskuy Ry , umerom caedyiowyio oyewry ¢ npocmparn-
¥
cmee Wy

t

VIR, (o, M) pdt < Ce@B¥, b=0,1,2, ...
[

V= 1, vesy M,
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II pume p. PaccMorpum cucreMy ypaBHeHIH HeaRHEHHOMK
KBAaHTOBOH MEXaHHUKN:
e

i‘f——{—e‘b—kc (— ih%——TA)‘mp—}-mcﬁﬁq):O,
(3.40)

00 =22y, 04 =22 ay, (3.41)

rie O, A — CKaJNAPHEI A BEKTOPHLI IIOTEHI[HAIL HIEKTPO-

0 ¢ " (1 0 4 4
MATHATHOTO HOJA, O = = — X 4-Mar-
’ s 0/77 70 —1
pALE, 0 = (01, 0,5, 03) — marpuns [laynm, P — YeTHPpeXx-
KOMIOHEeHTHAsi BeKTOp-OVHKIMA. 'aMunpTOoNMan ypaBHEHHA

(3.40) mmeer mBa coGerBennnix aucaa A. (z, p, ) = eD(z, ) F
x c]/mzc2 —|—‘p— %A(x, t)lz, z, p &= R?; smaxum =+ coor-

BETCTBYIOT YpaBHeHHAM [[IA djeKTpoma u mosmrpoHa. llo-
CTABWUM HadaJNbHEe yeiaosua nuas  (3.40), orBeuamwolmee SieKT-

POHY:

iSa(oc)
Pz, 0) = e P gy (@) o (2), (3.42)
e e, = Cq (R3), % = ﬁ — coGcTBeHHAsA (YHKIMA, OTBe-
X

0
varomasn A, (z, VS, (z), 0), . e.

@) (me + 1/ mie [V, =4 @ O ) +
+ (V8@ =5 4= 0)) o1 @) = 0.

Buinuimem cucremy Iamumsrona:
t=H, p=—H,;, {=Hp, p'=—H,
T |emo = %oy Plimo = Vo (xy), t|z—p =0, (3.43)
P! im0 = A, (2o, Vo (o), 0),

e H(z, t, p, p) =(p' —eD(z, t))2 —c?|p — —E—A(x, t)r—
—m%?, a Tourka oGozmauaer puddepeHOUpoBaHmE IO T.

Kpome Toro, paccmMorpmm ypaBHeHHe BpameHHA CIHHA
masa (3.40) (cm. Bome ypasrenme (II) mam [13], crp. 323):

i 2% = o (B - 180) X [ Xm0 = %o (20) €0 (@0)s (3.44)

2mc
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, 0
rme ¢ = (g G) — 4-paparte marpumsr Ilayam, B = rot A —

A
MarEMTHAA WHAYKNAS, & = — -+ — ——_ _ preKTpHuecKas

HAIIPAYKEHHOCTH, TpAUeM BeKrop-pymurmm 7B m & Gepyrcs B
TOUKe Z = & (X, t). Y PABHEHM;I [JiA IOTEHITHAIOB 3IeKTPOMAr-
gutHOro mons (3.41) B mpemene (A — 0) mpumyT BET:

D0 =2 /17, DA=507),  (3.45)

rae J = Dz/Dz,.
Ilycrs @, A, %, z, t, p, p' — pelmennme XapaKTepHCTHIE-
crofi cmcremer (3.43) — (3.45). PaccMmorpum  nmarpamEmeBo

muoroo6pasue B8 Ry X R; x R} X R

ATL+1 - {.’L’ =X (xg, T), t—=1 (xo, '\j)’ p — p(','UO? T),
p! = p'(%, 7), zoE suppey, TE R).

Hyers 1M — xamoEHYECKHWIt oepaTop HA HEM ¢ TOYHOCTBIO
no O (k). Us teopemnt 3.1 momyunm cieqyiOMOiA pPe3yIbTaT.

Teopema 3.2. Cyweemeyem ompesor 10, Ty, na ro-
mopom PyrryuUs

P (2, 1) = V(%)

ydosremeopsiem cucmenme ypasrenuii (3.40), (3.41) ¢ mounocmoio
do O (h?) (¢ nopme L?).

ABaJOTHIHBI PE3YIBTAT MOKHO TMONYYATH NPH BeeX 16
&R, HaKJIaJuBag HOKOTOPHE YCIOBHA «OOMEro MONOKeHHAN
Ha MHOroo0pasme A.

3ameuanme. Herpyaro y6ennrbed, uro cucrema (3.43)—
(3.45) sABIAeTcA 3amMCAHHOE B JArPAEKEBHIX KOOPIUHATAX
CHCTEMOil YPaBHEHNI PEIATUBHCTCKOI HOJIEBOW THAPOTHHAMAKE
3apAKEHHON KUIKOCTH:

m((%-{—vV) =e§é’~l—z—[v><ﬂ8],

- r
V11— v¥c?

ap .
= T divpy = 0,
()@ = 4mp, [JA = 4mpv.

5 B. II. Macaos



rqTABA vi
KOHTUHY AJTLHO-MHTETPAJILHBIE YPABHEHUA

B »sr0oi#f T7aBe BBOAHMTCH KOHTHHYAIbHO-HHTETPAIBHO
ypaBHEHHE, KOTOPOMY yHOBJIeTBopsier [-oTobpaskende, oTBe-
4aiolmee HEJIWHEHHHM YPaBHEHWAM KBAaHTOBOM MeXaHHKH.
IlpaBas 9acTh 9TOTO ypaBHEHHS MOKeT OHTH MHTePIPETHPO-
BaHA KaK HeJWHOHHHA KOHTHHYAIRHHN WHTerpal.

AcEMOTOTHYECKOE peNieHHe BTOT0 KOHTUHYAThHO-HHTE-
TPAIbHOTO YPaBHEHUSI TPOBOINTCH METOMOM, 0000IHaomuM
M3BECTHHIA METOM CTallMoHapHO# (ase I KOHTHEHYAJIHHOTO
murerpasa Deitamana [14]. Kak mssectro, Meron cranuonap-
HO#l (a3H TpUMEHHM K WHTErpajy BHUAA:

I= SeTF(x)(p(x)dx, pe=Cy, Fel™

IPH YCIOBHEM, UTO CTAUUOHADHEIe TOUKH & == Iy, . . ., &, Pe€-
menna ypasuenns dF (z) = 0 — HeBHIPOKAEHH, T. €. MaTpH-
na A dopmi d?F HeBHIpOMICHA B CTAIAOHAPHHX TOTKAX.
DopMyna MeTola CTATMOHAPHOH (a3hl MMEET BHL

I @uibys 3| D@9 Fexp {5 (29 — 5% fote,

rge D (x) = detd, a y, — umgexc Mopca cramuoHapHOH
TOUKH Zy. JTa Qopmysa Obura mepeHeceHa aBropoM B 1965 r.
[13, 14} ma caywait kourmmyanpHOTO mHHTerpasna (DelirMana.
Narerpan DeiiuMana UWpeficTaBAACTCH B BHIE

1= {exp {4 S1g (M1} da (v), ()
t
rae Slq ()] = [ L(3, ¢, v)dv, ¢ =q (), ¢(0) =y, q () =
=z, L({,q,1)= —q;— —V (g, 1). Ecam 8S [g (1)] = O mmeer
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HeBHIPORACHHNE pewrenus ¢F = ¢¥ (1), 7. e. 625 mpu ¢ (T) =
= ¢* (1) He HMeeT HYIeBOTO COGCTBEHHOTO BHAYEHHHA, TO

hath

1= @ity 31 D@ Presp {4 (S1or 1 =) | @

rge y; — uagexe Mopea skerpemanu ¢F (1), a

5 14" (@)

( r‘t‘ —

D{g") = det 0 0
ITOT 0TBeT MOeT OHITH Hepelucam B BHEe KAHOUUYECKOTO
omepaTopa, 0TBeUAIIMEro JarpamikeBy mmoroofpasuio A" ()
B $a30BoM NpPOCTPAHCTBE p, x. JT0 MHOrooOpasme B obaac-
TAX, XOPOMIO IPOEKTHPYEMBIX HA Z-TIIOCKOCTD, 3aaeTCA YPaB-

a8 ((/H ) Ln
HOHHEM P = ——F—— . B nenom A" (f) sagaercss ypaBHenus-
Mu p =P, Y, po), =X (4, Y, py), tie P, X ynoBierBopsaior
; ; (X, 1
ypasmennsm Hporona X = P, P = — ﬂ——g—x’—)—, 7 HaYaJbHEM

yexoBusaM X |i—p = ¥, P |i—p = p,. Ypasrerue X ({,y, p,) =
= 2 OTHOCHUTEJBHO Do JUIA qmﬂcupOBaHme y, x 1t oupe—
nenser Touxm pg Tamme, uro ¢ (1) = X (v, ¥, p), a

X,
D (g¥) = det <t%mw
0
Ecimi BHpO;KIEHHEE DKCTPEMANH OTCYTCTBYIOT, TO OKPECT-
HOCTH TOYKHM Z Ha A" () X0pOIIo TPOeKTHPYETCS Ha ILI0OCKOCTD Z.
IIpu sToM yCIOBHE B OKPECTHOCTH TOYKHA I KAHOHWIECKHI
omepaTop paBeH HpaBoil wactu BeipaykeHmsa (2). B okpectHO-
0X,
8})0]
MyJa Ui KAaHOHHYECKOTO O0Ieparopa COXpaHseTcsd, ecid
4acTh KOOPAMHAT (BHIPOKICHHBIX) B3aMEHHTh HA HMMIIYJIBCH
H COBepINATH IO HAM npeo6pa30BaHne Dypse *).
n
Kanonmueckuii oneparop An o B2 A" (1) paeT aCHMITOTHRY

npu k — 0 roETEHyaJapHOro muTerpasa (1) Kax B HEBHIPOK-
JMeHHHX, TaKk M B BHPOKIEHHHIX CTAHOHAPHHIX TOIKAX —

1/h
TpaekTopuax. Tarmm o6pasom coornomenue I ~ %’A/n(t), 0600-

maet (2) u 3T0 COOTHONICHME MOMKHO CIATATH (OPMYIOH MeTo-
Ja CTAamHOHAPHOH (ask.

CTH TOYEK, B KOTOPHX MaTpHila BHIpOEIeHA. J1a dop-

*) To ecTb B TAKOM CMEHIAHHOM p, & TTPeCTaBIeHIH dopmyna masa
KaHOHWYECKOTo OIepaTopa coxpaHseT BHA (2).
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Hennpeiipnit KOETHHYaALHEE Qyarmuonax @, KOTOPHIA
MH TOJYYAM B 3T0#l riaBe, 0000maeT KOHTAHYAJXbHKA WHTE-
rpaax @eiinmana. Ponp ypaBmemmit Hspotoma B HeM mrpaer
CHCTEMa YpaBHeHHI XapaKTepPHCTHK [jis ypaBreHHsa Baaco-
Ba. Tpaekropuii (B (a30BOM HOPOCTPAHCTBE) Y 9TOM CHCTEMH
HeT, HO HavajibHOe Jarpam:keBo Muoroo6pasue {(z, p)lz = y}
OHA HePEeBOJIUT B HEKOTOPOE Jarpamkeso Muoroobpasme A" (1).
HOas ymrmmonana @ taxske mmeer Mecro coornomenne D =~

h
=~ Jf}(n(t), KOTOPOe ecTecTBEHHO TPAKTOBATH Kak GopMyry
MeToja CTAarMoHaPHON (assl IS Hero.

§ 1. KowrnuyanpHo-NHTErpasibHOe ypaBHEHHe,
orsevaioutee 1’ -orodpaskeHmio

Paccmorpum T-otobpaskerme ¢ obpasyiomeit

Gie [v] = Gy (962, — ihc?l/(?x, t; o) vz, 1),

ABIsOmelica nceBroanddepeHINANBHEM 0IEPATOPOM € YHH-
rapEoi  meanmmelnocThio. Ilyerer 0 =, << < ... <<
<< tyy; = t — mexoTopoe pasbmemme orpeska [0, t], Af; =
= tjy — b, Oy = maxAf;, z € R"™. T-or1o6pasmenne

1

Po@—p(@ )= (1G0a) bl (1.0)

=0
cTpoutca mo QopMmysaMm

Pz, ) = lim Yy (2, 1),
Sy—0
‘Po (-Z', t) = llPO(x)7
THe Py (2, 1) = Py (2, §) mpu Oty |

2 1
Vi (2, 1) = G111, (2, — 18 0/0x; [Py]) i (, L)

mpa b Ly (K =0, 1, ..., N). U3 stux ¢opMyn m u3
olpeneneHAsn nceBpofnddepennmatbHOro omeparopa *)

(2, — ;’—) u (@) SdpeiT "t p) Se—%”pu () dy

HOJIy9duM CJIENYIOMYIO JTeMMY.

1
(2h)"

*) HaTerpann 3[lech U HMKe HOHAMAIOTCA B CMEICIe Teopud 0606-
MEeHANX (QyHKuuit,
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Jlemwma 1.1. ITycmo ¢ nopme Heromopozo npocmpancmea

Coboaesa W¥ (R"), k>0 cywyecmsyem T-omobpadcenue
(1.1). Tozda cnpasedauso pasencmeo

\p(z, t) =

N
. 1 i
= 81;1110 G S . & exp {% go (Tpsr — Zk) Ek} X

N
X 1 Gi at (@ens 8 19D Yo (o) de e, (1.2)

k=0

20e TNy =2 udr =dz, ... dry, dE = dE, . .. dEn, zj,
&, R"; npedea Gepemea ¢ nopme Wy (R").

3anmmem paBenctBo (1.2) B caegyomeit (KOHTHHYaIBHOM)
dopme:

Y (z, ) =
t
= {2\ spve@opexs {5{p a0} x
q(t)=x 0 '
t
X lj G, 4= (2 (%), p(¥); [¥]), (1.3)

t
rae ¢opmansHO 00603HAveHO D — H _dq()

— n
L g(r)eR"
PasencrBo (1.3) HazoBeM KOHMUHYAAILHO-UKMEZPALLHELM
ypasHeruem, orbedarommM I-orobpaskemmio (1.1). Jro ectsh
YPaBHeHHe OTHOCHTeILHO Hem3BecTHOM ¢ynrmuu . Jlemma 1.1
Aaer MeToj] BEYHCIeHHA QYHKOWA P (z, {) Mo ee 3HATCHUAM
B OPeIYIEe MOMEHTE BPEMEHH.
U3 gemmer 1.1 7 cransapuoro (m = 1) BapmaHTa TeopeMH
1.4 ra. 1II moxyumM ciaemyomuii PesysibTaT.
Caxepgcrsme. Ilycmv V (z) u a (z, y) — eewjecmeen-
Hble Henpepuenble 02panuiehHyle BYHKYUL COOMEECMCMEEHHO Ha
R" u R?". Toz0a pewenue sadauu Kowu

—in 2D gy (z, 1)+ V (@) (1) +
+9@ 0 a@ylv@opa -0, 14

¥ (z, 0) =1, (2)
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ydosaemsopsiem npu kamdom P& Wt (R™ ypasnenuio

(V1)
. T e Yo (wo) e, . L dayy
1) = lim (4mik) S TN
VP (z, t) G (4mih) Ve X

. x —x
X exp {—;; éo [—14‘ <_ktlf‘_thk> —V (#pr1) —
— (e 9Ib WPy|an), (19)

20e TNy = Z.
Hournuyansuoit sanucsio Qopuynn (1.5) HazoseM cie-
Rylomee KOHTI/IHyaJILHO-I/IHTeI‘paJIbHOG ypaBHeHHE:

P = | Dap(@O)exp s S['”“” V(g () —

q(t)=x

—{a@@ plvE.Payla, (@6

rfie fopManbHO 0603HATCHO

13
_ dq (v)
D= EO (dvdmih)™?

§ 2. RournayajnHo-AHTErpajIbHOe ypPaBHEHHE .
Ana QyHKOUA IIIOTHOCTH

Pacemorpum T-oroGpaskenme P, () — ¢ (z, t) ¢ obpa-
sywmeii G, moctpoernoe mo ¢opmyiae (1.1). ComocraBmm
¢ynruum P pysrnuio nxoraocra (em. § 1 ra. II)

@y ™e T (2, t) B (p): 2.1)
ITyers
Pt, € (xa E’ 0, Z; [g]) = Gt, € (JI, E + o, [g]) Gt, € (.72 + Z,E; [g])'

C momompo o6pasyiomeit
2

2 1 FR.
Piolg] = Py (28 —ihgy, —ing; 1g1) g b0)

mocrpoum I-orobpaskenue
t

g(x, &, t) = ( H by, a) [go], 80 (2, £) = g (=, & 0). (2'2)

=0
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Jdemma 2.1. Hyems cywyecmeyem T-omobpaxceriue
(1.1), onpedeaniowee gynryurw . Tozda cywecmeyem T-omo-
6paxcenue (2.2), npunen g (z, E, t) cosnadaem ¢ Pynryuel
naomuocmu (2.1). i

Jlemma nmokasmBaerca AHATOTHTHO JTeMMe 1.4 rx. 1I.

Iepenwmem T-orobpasrenne (2.2) B fopme KoHTHHYAILHO-
HEHTErpaJbHOT0 YPABHOHAA:

i
g(xr,&1)= WSS&(%’ &) X
. N
X exp {% 2 (g1 — ) 0 + (Eprr — &) zk+1]} X
k=
. 0
X H Ptk, Aih. (xk+17 gk’ (")h"v Zk+1; [g]) dx dg dZ d(D, (22l)
k=0
rae
INyy — X, §N+1 == g, dx = dx() .. de,
dt = dE, .. .dEN, dz = dz ... dzny,
do = de, ... doy.

B nonTunyanprEX o6o3uavenuax (eum. § 1) ypasuenne (2.2)
nMeeT BHJ

swtn= \ a0 § Dp{2y|omea®.pO) %

at)=x p(t)=E
X exp{ &[y(f) dq (v) + n(7)dp (1)] dr}

t

x [ Pe ac(@ (@), L), 4 (), (@) [g]). (2.3)

=0

Dpumep 2.1. Pacomorpum zamauy Komm (1.4). B cn-
ay nemmser 2.1 ra. Il cupasegnmmso paBencTBO

Ve )@ npdy = (g @8t ale,y)dyde.
Bsenem cmemmanpHoe 0003HAYeHUe IJIA HTOTO WHTETPAIA:
@z, 1) =g, & t)alz, y)dy d&.

Wz dopmynn (2.2') momyumM crefymoinee ypaBHeHde s
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¢yaxumn O:

(D($ t)—— lim M

sy—0 (Blo. .. Aty)" ga (=, 9) dy x

AP N ;Y
v (oo [ 3 (B75) anfesn (i S0

— V (@+1) + P (2gs1s Lr) — O (Tpa1s t)] Atk})
1 — %k 3 — Zp1

A, k= At
= dZo. .. dZN.

Apanormuno (1.6) aTo ypaBHeHHe sammimeM B KOHTHHY-
aJbHO! (opme:

0@t =\a@y | D2 § Dap@@)TH@O) x

ati=y A=V

xespfp{ [LGF — DO 1y () -V @)+

dx dz,

1= Zg+1=V

zZ
roe & = " dr=dz,...dzy, dz=

+ oM@ —O@@]|d}. (24

Pemenne sagaun Hommu (1.4) Bepaskaercs dYepes pemeHme
KOHTHHYAJbHO-HHTErPATbHOT0 ypaBHeHAA (2.4) ¢ IOMOMIBbIO
maTerpara Qeitamana (cm. (1.6)):

P = | Dab(g()x

q(f)=x

X exp{ S[Iq_(ﬂl_ V (g (1)) — D (g (7), r)] dr} .

0

§ 3. AcmMOTOTHKA pEmIeHAA KOHTHAHYAJIbHO-MHTErPAaJIbHOrO
yPaBHeHH:

Pacemorpum 3amawy Homm s omeparopa ¢ yHHTapHOM
HeJIMHe{THOCTHIO:

3 2 2
—ih Tltpll(:c, 1)+ 9, (x, — ih(%, t; [qph]> ¥y (z,1) = 0,
. 5 3.1
Py (.Z', O) =& (.Z‘, —ih a) X(xyh)a
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e Fy (z, p,t; Yp]) — raamkmit cAMBOX MeIJIeHHOTO PoCTa HO
) 2

1
z, p, omeparop I (z, — ih 8/0z, t; [Pl) camocompsixen
B L* e, = Cy (R, ¥ L? (RY).
KomruryanpHo-HHTErpalbHOe ypaBHeHHe OiaA (QyHKIHE
Y mmeer Bup (cMm. (1.3))

@ =\ 2\ Tpng(0), 0) x

q(ty=x
t

xexp{z{ M@ —F@@ p @ uId}. (B2

0

Haiinem acumororuxky npu ~ — 0 pemenws ypaBHEHHAS
(3.2) mam, 9ro ToO Ke, aCHMOTOTHRY pelmerds 3afadn Hoimm
(3.1). Ilpegmonomum, aro QYHKOUA HIOTHOCTH, OTBEYAIONIAS
HAYAJIbHHM JaHHHM (3.1), HEMeeT aCHMOTOTHYECKOEe pasnio-
JKOHUO

_— — XD

Yo (2, 0y (p,O)e ™ (2mh) ™ =
N

= D) (— ik} (z, p) + (— ih)¥ ™ 8y (z, p, B), (3.3)

k=1
rae Oy, . .., Oy — oOoOmennne ¢ymxmum mz Wi (R,
npuyeM

51}11p 8541 (-4 o 1) "W;S(R2”)< const, (3.4)

Ilyers 6, — BemecrBennas ¢umamrHan ¢@yEroma. CaMBox
Fy (z, p, t; P) D0 OIPEIETCHAIO OLEPaTOPa ¢ YHATAPHOK He-
amaeiHoCTHIO (§ 2 ror. 1) roagko 3aBHCHT OT HHTETPANOB BUMA

Stdrgmp (x Pt f/ — iha% ) 17) Y (¥, 1) dy, (3.9)
[

rae oyuxmms p (x, p, ¢, Y, &, T) BemlecTBeHHa M QWHATHA IO
z, p, Y, & Hasrguit Tako# HHTErpajyl 3aMeHMM Ha BHpayKeHHe

t

Var(8,w, Bo p, 6 X@.5 WP, & 1) 1) dydE, (3.6)

0

rie X, P — meroropsie riaajgkwe (QYHKIUMH.
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Ilocae Taxoi samenn yrkmua 7, (z, p, t; [P]) mepeiiger
B HeKOTOpYI0 ¢yurnuw 77, (z, p, ¢; 1X; Pl). Paccmorpmym cu-
cremy aMmisToHA

X (z, r, t)_”“ (X (@, p, 1), Pz, p,t), 151X PJ), X (2, p, 0)=

at
3.7)
ol (x,p,t 0 \ D/
@rD - 22X (z, p,1), Pz, pyt), 5 1X; PY), Pz, p, 0)=p.

W3 teopemnr 2.2 ra. I u 3amedaniiz X Hell HONYIUM JIEMMY:
JJemuma 3.1. Cywecmsyem romnarm V C R maxroil,
uymo supp 8, C V,suppe, C V u npu (x, p)&V cucmena
(3.7) paspewuna wa awéom ompesre [0, T].
Hoctponm cemeficTBo marpamueBHX MuOTOOOpasmit A =

= {Ag,:} B R¥ = Ry X R} no dopmyme

Ao = {(z,p)lze = X (3, 0,8),p =P (z, 0,0, (z,0) EV},
= [0, T1.

h o o
Hycrs 4" — ramonmueckuit omepatop [13, 16] na cemeiicTne
A, 1. e. oroGpaskenne

¥ Y (Vx(0,T,])— S(R: x R} x [0, T]),

rae S — upocrparcrso lpapna. Ilyers N — moGoe meaoe
HOJIO/KUTEJIbHOE YHCJI0, a gy — hiobag obobmennas Qynr-
Uusi, YOIOBJIETBOPAIAA oueHKe (3.4).

JJemma 3.2. Cywyecmsyem pynryus ©n euda

N
Qx (2, 0, t,h) = D) (— k)i (z,0,0), @ C3(V X [0, T)),
k=0
(3.8)
Y0o61emeopa0Lyas HALALLHUM YCA0BUAM
(PO (Z, o, 0) = 60 (Z, (‘)),
oz, @, 0) =0, k >1
u makas, wmo PyHKYUs
W (@, p, 1) = (9% on] (z, D, t)
yOosaemeopaem YpasHeHuio
I’(N) 1
—ih —— +Jf,.<:c p~—zha ot [gN]) 2y,
3.9

«p%N’ = (— i) An (@, p, t, ).
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3decy npasas wacmv Ry umeem oyenxy (dan 4106020 seuecmeer-
Ho2o T)

c
< —2En T (3.0
ey @12 310

8
— ﬂ z, p, i, h
<S}1<pT ” al" v P )

YrBepkienne o510k JeMMB Tokaszamo B 1. V kuurm {16].

OrmeTnm, 9T0 QyHEOUE ¢p B (3.8) cTpoaTcs ABHO Kak pe-
MeRVs PEeKYPPERTHON CHCTeMH JHHEHHHX OGBIKHOBEHHBIX
mrdPepeRnHaNbIENX YPaBHEUMA HepBoro mopsafaxa (WpuUMepPsl
eMm. B 1. IV, V).

Teopewma 3.1. Haawbom ompesre [0, T1, na komopom
cywecmsyem *) pewenue Py, (-, ty =L* (R") sadauu (3.1), ono

npedcmasumno ¢ gude
1

a/h 2 .0
Py (r, t) = [X on] |z, —zha—x, t) ¥ (x, By -+
+ (— i) By (z, 8, k), (3.11)
20e
sup | B (8, 1) . <TCy » (hopma e L2),
0\ >

a Pyrryua QN 06aadaem ceoticmeanis, YyrasanHMi 6 temnme 3.2,

HoraszaTenscrso. Bhpasum RORIBE HETErpat
(3.8) B % (x, p, t; [§]) epes pyurmuio mnornocru g (z, p, &, k)
(em. ra. II). Hoayamsmyioca ¢yHRUmGO M 0603HAdaeM
Fn (z, p, t; 1g]). Hocrponm acuMnToTHUECKOE PelleHNe 3afadn
Komn gasa ¢yarmun miaormocta (cm. (2.6) ra. II). 9ro perre-
mre gy umeer BHE (Ca. momgpobuee Ta. 1V)

N
gn (xa P ts h’) = Z (— Lh)kg(k) (Z, P t)

k=0
¥ YIOBIETBOPSAET 3ajave

. agN 2 . 1
—ih — -y, (Jf, — thdfox,t;[gn]) En —
—, (x—zh py L [gh]) gy = (— i) Qn (w, p,1,h),

M%RQM=204WMWW

*) Cm. row. III, § 1.
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3necs ocrarok Qn orpammueH B W,' ' (R®) mpm HexoTopoM
r > 0. Kak moxasauo B § 2 ran. 11, dyrxuma

1
hN_+]T— [g(.l‘, P, t9h)_ N (.Z‘, D, Z, h)] = 1N (xv D t, h)

orpammuena B W3' - Ilaa ¢ymxmmm Py, (r, £) momrydaeM cie-
IyIOIee ypaBHEHHE:

—ih Dt 38, (5 — ih0J0z, & [gn -+ (— 1) yn] = 0.
(3.12)

IIpexBapuTesibHO TOCTPOWB QYHKIUIO g, ¢ IOMOIILI0 JIeM-
ME 3.2 HOCTPOHM ACHMMITOTHIECKOE POINeHHe qJ%N) (x, p, t) =

= %" onl(z, p, ?), yrnoBuaerBopsomee Popmymam (3.9),
(3.10). daxnee samermm, uTO

Fn (@, p, 1 lgy + (=) yy]) =

= #n (x, p, 8 lgnl) + (— i)VUFR (2, p, 1), (3.13)
rme cuvBox 571 duruTeR 10 Z, p (TaKk Kak QyHRUAA 0 B HHTeT-
pame (3.6) ¢ummmrma), a mosromy omeparop FHD (7)=

2} 1
= (¢, — ih 80z, 1) orpammuen B L? (R").
W3 upepcrasnenna (3.13) ypasmenmit (3.12), (3.9) m u3
2 1

camoconpsxenHocra 57y, (z,— ih 0/0x, t;[gn]) chemyer, dro
( wh - w%\])

asgoctb By =
pasmocty N — i

) B (3.11) ynosaerBopser ypas-

HEeHHUIO
2B ¢t P = (=) By, P9 + (1) (B, Bry) —
— (F Oy, By)— (Bnx, By).  (3.14)

3necs crobru (-, -) 0003HAHWAIT CKAIAPHOE IPON3ReTicHHE
B L? (R"). U3 ypasmenma (3.14) caemyer, 410

1Bn (o 1, <28 2 () oo [0 (-, O+

2 1
-+ “ Fn (@, —ihd/oz,, h)“ L:_;La"’)(,") dv<t-Cy,
TeopeMma pgoxasaHa.
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Crepcrsue. Iyems gynryus y, (x, 0) ydosaemeops-
em yeaosuan (3.1), (3.3), (3.4). Tozda pewenue KonmunyarvHo-
uKmezpaivro2o0 ypasrenus *)

q(f)=x

Y (2, 1) = & Dqpr, (¢ (0), O)QXP{l i[ —V{g(v)) —
(¥

S (), Y) | n T)de]dr} (3.15)

npedcmasuno ¢ sude

1

By (2, t) = [#Y "on] <§ —inl, t) 1 (z, By + O (RY), (3.16)

N
. h .
2de @y = 2 (— ik, @o=c¢e5 a Jfk/ — KaHOHUYecKUl
=0
onepamop Ha cemeticmée mwozoob6pasuii {Ag.}, nocmpoen~
nom no pewenuio (X, P) unmeepo-dugdepenyuarvroli cucme-
nw Lamuavmona

W rnd _ 2P @,p,t), X(zp0) =2

o
PPenll - V(X (a, p,t)) — (3.17)
— (5 (X (@ p ), X (& 0)8u(y, Dy &,
Pz, p,0)=p

Qopumyna (3.16) mpencrasiaser coboit 06o6meHnH MeTOT
cranmoHaproil dask mas murerpana (3.15). HedicrsurtensHo,
CTAUMOHAPHEE TPACKTOPUH IOKa3aTedsi dKCUHOHeHTH (3.19)—
aT0 KiIaccHdeckme Tpaekropun X, P cucremn (3.17). Ho nmen-
1o Ha HEX K cocpefoToden (mo monyaio O (A®)) RaHOHUIeCKUI

h o
omepaTop H# A (cM. BBeJleHHe K JAaHHOM IiaBe).

*) QyEKIMY V ¥ ¢ — BEINECTBEHHHE OTPAHWYEHHKE W TJIamgKue
{cM. caepcteue ms gemmul 1.1).



TITABA VII
AIITPORCIMANINA JIOMAHBIMH TPAEKTOPUN
NHTETPAJIA ®EMHMAHA
1 EE BEPOATHOCTHAA MOJEJDb

B npepnpynieit rimase MBl ompegeniian HeJWHeHHOe KOHTHHYANIBHOS
ypaBrenne. OLHAKO BO3HMKAET BONPOC: HA KAKOM OCHOBAHNW MBI HA3Ba-
N TOJIyYeHHOe BEPAKeHe MHTerpajioM. JTOT BOIPOC MOKeT OBITh OT-
HeceH U K (PelHMAHOBCKOMY HATEIPAJY, IIOKA KOMILICKCHAS Mepa B HeMm
He onpeperneHa. C GoapmM mpaBoM Mo3KHO 6Gbuto On deiiEMaHOBCKMI
WHTEIrpal II0 IYTSM HA3BATh MHTErpPajoM, eCiau OB OH anIPOKCHMHUPO-
BAaJCS CYMMaMH IO JOMAHBIM NMyTsAM. VIMeHHO Takoii anmpokcumaimei
u ee ofobmerHnemM Mel ¥ OymeT 3aHMMATBCA BO BTOPOIl WacTH KHUTH.
Mut mommTaeMesl 1aTh CyMMaM N0 PA3dNYIHBIM COBOKYHNEOCTSAM JIOMaHBIX
nyreil BePOATHOCTHYIO TPAKTOBKY. HenocpeacTBeHHOe OTHOIIEHNE K
BONIPOCY O Mepe B KOHTHHYAJIbLHOM MHTErpajie nMeeT 3ajada o «deiinma-
HOBCKOH TPyOKe», T.e. 00 ompejleleHMH KOHTHHYAQJbHOIO HHTErpaja
He 110 BCeMY HPOCTPAHCTBY, a 10 HeKOTOPOH «Tpy0OKe» B IPOCTPAHCTBE
rpaeKkropuil. ME yBHAHM HIDKe, UTO «TDPYOKH» HE HMCUEDPIHIBAIOT BCEX
MHOKECTR MYTeH, MePy KOTODEIX HAM HYKHO OHJ0 OB OLIpEIeNnTh, YTo-
OBl OTBETHTH HA BOTPOC O Mepe B KOHTWHYaldbHoM mHTerpame dejimMma-
Ha. HopmHOMKeECTBO «Tpy00K» ofipasyer JUNIL TOJMHOMKECTBO «COOHI-
THil», KOTOPOe ME HA3HRAEM HIWME ICEBIOVCTHHHEIME. 1eM He Memee
B § 1 ME HAUHEM WMEHHO C HWHTepIperanun «rpybor» Deiiamama, kax
«Tpy3oK» ¢ abcoloTHO YepHOIl rpaHunei.

§ 1. Iepucrnuecrme cooGpakennsa

1. MmckperHslii aga:0or EHTErpaa Mo NyTAM. 3aada 0 cayuaiiHoM
OnypaEun GPOYHOBCKoil dWacTumel ecth mpuMmep memnnm Mapwosa. Ilo
aHaMOTHU MEl BBOJHM I 3aaYd O KoiaeGaHHAX pemeTKH ¢ [JUCKper-
HHM BpeMeHeM IOHATHE KOMINIEKCHON MapKOBCKOI menm. ITo0 IOPATHE
¥ ecTh MUCKPETHHII aHajor WHTerpajga mo mytaMm. Teopema o ToM, 4To
KOMIIJICKCHAA MApKOBCKAaA IENb YIOBJIETBOPsSeT YPABEEHHUID B KOHEU-
HBX Pa3HOCTAX, ABIAACTCA aHANOTOM TeoPeMH (DeliEMAHA O TOM, 9TO
KOHTHHYAaJILHEL] WHTETpaj y/oBJeTBopAeT ypapHeHuio Illpemunrepa.

AMIIIUTY/IA OZHOPOXHOI MapKOBCKOIl Ilemu, KOTOPOil sABasercs,
HATpUMep, pereHne OJHOPOSHON N0 ¢ PASHOCTHOI CXEMH, 33 ONH IIAr
T 10 BPeMEHN MOjKeT ObITH TPE/ICTABJIEHA B BHUAE

u(t)=Au(0), 4 =1ajl. i j<s,
w (0) = (11 (0}, « « , ug (0),
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rue A — Marpuua, He 3aBUCAMAA OT £ Jlia mara nt MoXydaem
u (nt) = A" (0).

Tenepb ompeleadM aMIINTYAY BUPTYajbHOro HyTH. IIycTh B Mo~
MeHT () Komebaucs ig-if aTOM KPRCTAIINYECKoll pemeTkn (BCe OCTANIHHNE
MOKOMIUCh). B MOMEHT T ocTaBHM KOJeGIIOIHMCH TOJABKO i1-H aToM, &
BCG OCTANBHEIC OCTAHOBUM, T. €. IIOJOMKHAM BCé KOMNOHeHTH BEKTOPA
u (t), 3a MCKIIOUeHNeM I,-ii, paBHEIMZ HyJ0. [lasee aelicTByeM BHOBb
MaTpuneii 4, saTeM TOJOMUM BCe KOMIIOHEHTHl MOJYYEHHOTO BEKTOpa,
34 HCKIIOUEHMEM iy-if, PABHEIMH HYJIO, U T. 4. B pesyubraTe MB TOJNY-

UM aMIUIUTYAY BUPTYANLHOTO OYTH (ig, iy,. . -, iy, k) (N — ¥nchHO ma-
roB uo ), paBEY u; (0) a;;.a;;, - . .4iy_inGiyk O9EBURHO, 4TO
u, (NT) = 2 1, (0) @y, o ety g i
foviay iy _q

¢ eMWHCTBEHHOIT OTIWYHON oT Hyas k-Rommomentoil. IyeTs biyiy,, =
= Int @i i4,,, B OyeTs uy (0) — epuEmamsiii Bexrop. Torma

w (VO = D exp{iQa - Py, 1)) (1.1)

RIS
Ob6o3naunm wepes & (iy, k) MHOKECTBO BceX BHDTYAJLHEIX NyTell, mpu-
XORAmUX M3 -T0 y3ua B k-, awepes I =1l iy T BHPTYaJbHHII

BYTb  (ig, iqye « o iN’,i). IIycrs

h =
D D R R e AR TE
te0nty
Torpa dopmyny (1.1) momuo Gyner uepemucarh B BHje

1= L (4o, k)

CyMMy B SKCHOHEHTe HETPYAHO TPEJCTABHTDh KAK KPHBOJUHEHHEIN HHE~
Terpai mo JIOMaHoil 0T HEKOTOpPoro (QYHKIUOHANA, KOTOPHIl M Gymem
HABKBATE 442DAHICUAHOM JAHHOIT PA3HOCTHON CXeMBl (MM KOMIJIEKCHOIl
MapKOBCKoil memu). B wacTHOCTH, ecal cxeMa OjMHODOAHA Io r, T. €.

ag; = @ (k — j), mo, monaras L (z) = — iln a (), nonyuum *)
u (V1) = 2 exp J[_;_S L (50) dt},
I £(i0,k) {

e I — HYTh 110 JOMAaHOMN, coemmEsIIONmeii i,-if w k-il yamsl.

Mu noay4nan SUCKPeTHEI! aHajioT nHTerpasa mo nyram deiimmana,
fcHo, 4TO mECKpeTHAd aunporRcuMannd T-mpPoH3BEACHHA TAaKMKE Hpu-
BogMT K mETerpajny (Peiiamana. C TOUKH 3peHHA NOAYICHHA KBAasli-
KIAcCHYecKNX aCHMOTOTHK TaKoe HpelcTapjesue I-pousBeeHus rpen-
craBigeTcs BechMa YHOOHAIM, TaK KaK K KORTUHYAIBHOMY HHTerpaly
deiirMana MOKeT GHMTH IPUMEHEH METOJ CTAIMOHAPHOIT (asH.

*) Beauuuna ln a (z) uMeeT CBA3E ¢ AHAJIOTOM SHTPOINHA B KOMIIIEKC-
HOIl TeopHH BEPOATHOCTEI.
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2, BepoATHOCTHAA TPAKTOBKA HOAMHOKECTBA, MHOKECTBA myTei.
M moneITaeMcA 3Hech AATh HEKOTOPYI0 (QU3HYECKYH) HMHTePIpeTanuio
PasnuYHEIX HOOMHOKECTB MHOMKecTBa myTel B cymme (1.1). Ilpesxne Bce-
IO BO3HMKAeT BOHPOC O TOM, MOKEHO ¥ HA KaKoM-EWOYNb sKCNepHAMEH-
Té IOJYIHTh «COOHITHE», OTBedaionee JIOOOMY HOJMHOMKECTBY MHO-
mecTBa nyrell & (iy, k). A BaKHOro Kjacca DOJMHOMKECTB OTBET Ha
BTOT BOIIPOC COMEPIRHUTCA, II0 CYINECTBY, B IepBOHAadYadbHoil pabore
QeiiaMaHa 0 KOHTHHYAJILHOM HHTETpajie jJisA ypapHenus Illpepgunrepa.
Jas Toro 49To6m unepeHecTn coobpaykennsa (DeirHMaHA HA JUCKPETHHII
ciydail, MBl OOBTOPHM WX BHadajJe OPUMEHUTEJNHLHO K 3ajade o pac-
TpOCTpAHeHUN CBeTa.

CoBepIIeHHO FACHO, KAK IOCTABRTDH DKCIEPUMEHT, KOTOPHIH ORI OH
OTBETOM Ha BONPOC, DPACIPOCTPAHAETCA JH COJHEYHHH Jyd HPAMO.
QuepugHO, 4TO HYKHO HOCTABUTL NEPUEBIUKYIAPHO WO OTHOHICHMIO K
manpasjesnio #a CoJIHIe YePHHE ILIOCKOCTH ¢ QTBEPCTHAME (IePHHS
nuadparMnl), MEeHTPE KOTOPHIX HAXOAATCA HA 9Toli mpsamoil. Ecam (mpm
paauyce OTBepCTHil, MHOr0 O0JBHIEM [JIMEH BOMHHE) WHTEHCHBHOCTDL
csera [/, BOau3u npAMoil, Wpoxopameil uepes auadparMu, He OTIH-
gaeTcAa (C 3afaHHOU CTeIeHBI0 TOYHOCTH) OT WHTEHCHBHOCTH cBeTa [,
Oes pguagparMir, TO MOJKHO CKA3aTh, YT0 COJHEYEHI Jyd UPAMOil. dTOT
KCIEePIMeHT MOKaMKeT OTHOBDEMEHHO HPUMEHHMOCTH B JAHHHEIX YCIO-
BUSIX IeOMeTPO-OITHIeCKOro HOLXO[a.

MaTtemaTHYeCKOE ONHCAHMe HOCTAHOBKN IKCIEPHMEHTA C YePHHME
UOTIOMAIOMMUMU AuadparMaMyu B CTAUMONAPHOM Cilydae BeCbMa CJIOM-
Ho. B cayuae ske cBera, PacmpocTPAHAIOINETOCH OT MIHOBEHHOTO MCTOY,
HHAKa, 3a7ia9a ¢ yCTAHOBKOI YePHBIX guaparM B MOMEHTH Iy, Ly, ..., I-
cTaBUTCA CiepyomuM obpasoM. Pemaem sagawy HKomu fnsg MoMeHRTa
£, ¥ DOJYyYeHHOE PEImeHne H ero HPOU3BOJHEIe N0 [ YMHOKAaeM Ha Xapak-
TePHCTUIECKYI0 QYHKUHUIO AuadparMel ¥, PABHYIO eJUHHIE B OTBEPCTHH
auadparMu 1 Hya0 BHe ero. lloiaydenmne QyHHIuM npuHNMAaeM BHOBb
B KavyecTBe HAaYaJbHEIX YCJOBUI U pemaeM samady Homm po MomeHTa
¢y, 3aTEM CHOBA YMHOKaeM IOJyUeHHOE pelleHHe,Ha XapaKTepucTuye-
CKyl0 QYHKIUIO BTOpPOI AmadparMel ¥ M T. X. ¥ MHOKeHHe Ha QYHKIHIO
 03HA4YaeT, YTO BCA YACTh PENICHHA, 3& MCKIYEHHEeM QTBepPCTHdA, HO-
TJIOMIALTCA.

Ecan nmam sKcnepuMeHT HACTOJBKO TOYeH MJIH OTBEPCTHS HACTOJb-
KO M, 4TO MATeHCUBHOCTH [, U [/, He PABHE, TO OYEBULHO, 4TO, BOOO-
me rosops, OyZeT OTAUYHA OT BYJA U MHTEHCHBHOCTH CBETd, PacIpo-
CTPAHAIOMIETOCA BIOJNb KpuBOI, IIHHMM CIOBaMH, €CJH MH _BHOJb HE-
KOTOpoil KPUBOI MOCTABUM YePHHE HuappArMbi, TO WETSHCUBHOCTD 1IPO-
mejIero 4epes HAX cBera OyzAeT OTJHYHA 0T HyJiA. VHTeHCUBHOCT CBETA
OPOIOPINOHAJIbLHA 9HCIY (OTOHOB, LO3TOMY Mbl MOKEM MHTEHCHBHOCTB
CBETa, DpolleAueroc depes Amapparmy, TPAKTOBATh KAK BePOATHOCTD
npoxoyrienua GOTOHOB BHOJb HaHHOII KPHUBOIl, Bau, TouHEE, TPYOKM BO-
Kpyr 9Tol Kpusoii. IIpn aToM yeM 60ibIie ME HOCTABUM juaparM BAOIb
KPHBOIL, TeM TOTHEE MEl BEIYICIUM BePOSTHOCTh TOT0, YTO (OTOH mPOX0-
UT BAOAE 9ToH TPyOKu. B npefene, KOrpa UPOMEKYTHU MEMAy AUa-
dparMaMu ycTpeMATcA K HyJI0, MBL HOJYYUM 9ePHYI0 TPYOKY, T. €. TaKyI0
TpyOHY, CTEHKN KOTOPOil DOTIOIAKT, KaK a0COMIOTHO YepHOE TeJIo.

WerynTusao sAcHo, 4970 ecap TPyOKa mpsMasg, TO BHIYUCICHUE WH-
TeHCHBHOCTH CBETA, NPOIIEAIIEro 4Yepes 3Ty TPyOKy, AaeT HaM BepOAT-
HOCTb TOTr0, 9T0 (POTOHH PACHPOCTPAHAIOTCA WO HpAMoil. Memee ode-
BUJIH CHEAYHODIMA JIOTMYeCKUii 1epexol; ecam TpyOKa Kpusas, To HH-
TeHCHBHOCTb CBETA, HPOUICJUIEro Uepesd 3Ty TPYOKyY, [aeT HAM BepoAT-
HOCTB TOTO, 9TO (OTOH PaCHPOCTPAHACTCH BHONH HTOU KPHUBOIL,
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TIpopenaem TaKoii me onnT giud Auddyapupyomux actun. WHEMH
cIOBaMM, IOCTaBHM «YeDHBIE» BOPOTA ANA Ru¢dyHARPYOIIMX TaCTHIL
BIOJIL HEKOTOPOI KPHBOIL: IYCTH CTEHKA BOPOT 06IA/{al0T TeM CBOHCTBOM,
g10 mE00aA YACTUIA, ROTPATMBAKINAACA A0 HMX, NPRIHNAET K HAM.
D70 ozHAUAeT NOJHOe MOTIOLIeHHE IacTIl Ha CTeHKAX, T.e. AHAJOT
abconroTHo 4epHOTOo Teja. Ilo aBamormm MHE 6yneM roBopuTh 00 9THX
BOPOTAX Ka® O YepHHX Auadparmax. MaTemMaTHYeCKH MX MO;KHO ONH-
caTh, YMHOKAfA pemieHNe ypapHesusA puddysum Ha QYHKIUIO 7y, Das-
HYI0 HYJI0 BHE BODPOT B MOMEHT #,, 3aTeM, CHOBA Pemad ¢ 3TEM HOBHIM
HAuaJbHKEM YCJIOBHEM ypaBHeHne puQysuH f0 MOMEHTA {, 4 T. H., ClO-
BOM, COBEPIIEHHO 3HAJOTHYHO CJYYal BOJHOBOIO ypapreHus. [lomy-
4YeHEOE PeHIeHNe (8 He KBajpaT ero, KaK B cIydae BOJHOBOIO YDABHEHHA)
ONpefieJisieT BEPOSATHOCTh IPOXOKAeHNA nu(pPysmoBHHX dYacTUI Tepes
BopoTa — puadparmel. EciIH NPOMEKYTKEM MeXKmy puagparmMamu yc-
TPeMUTh K HYJ, MH NONy4dM 9Y€PHYI0 TPYOKY, HA CTeHKax KOTOPOH
4aCTHIQ [PAIMOAET.

Kak "3BeCTHO, YCIOBHA IPHINNAHNSA HA CTEHKAaX TPYOKU paBHO-
CHANLHH HYJeBHM KPA3eBHM YCIOBHAM Ha 9TOH CTeHKe ANA PeIleHHUs
ypapaenusi guddysnn. AHANOTHYEO [JA YPaBHEHHA TEMIOIPOBOJHO~
CTH YCIOBHEM MOJHOIO MOTJIOINEHUA ABIAETCH, 0YEeBUIHO, 406COMIOTHEI
Byab Temneparypsl. Taknm o06pasoM, B 9TOM ciyyae, B OTAHYUE OT BOJ-
HOBOTO ypapHeHusd, npobieMa abcoAOTHO YEPHOIO TEJIa PelnaeTcs mpoc-
ro. B caygae BOIHOBOrO ypaBHEHUS Ta LpoOjema He peweHa (cM. [10]).

OTMeTHM, YTO BePOATHOCTh AiA AuysnoHHOH dacTHUIE MPOHTH
gepHy0 TpyOKy papHa Mepe Bumepa aroit Tpy6xu. Ifo amamormn momuo
cKasaTb, WTO DElI¢HNHE COOTBETCTRYIOWEH 3aja4dm jiA ypasmenus Illpe-
paErepa panmo Om «vepy @eiimmana» TpyOku gas QeiiHManoBCKOTO
KOHTHHYAJBHOTO MHTerpana. Taxum ofpasoM, mpolmeMa ompejeseHms
«epn @DeilBMana» TPYOKH DKBHBAJCHTHa NpobieMe MaTeMaTHYeCKOro
onmcaHMsA «albCoJTHO YePHOTO Teja» HA rpanuue Tpybrm. Ilociegaan
mpo6iiemMa LOCTaBIeHA ellle B IPONLIOM BeKe, a NepBad BOBHMKIA IOCHE
paGor @eiiEMaBEa B 50-X rofax HAIIEro CTOJIETUA,

xECTb ele olHO CYIMECTBEHHOE U Tiy0oKoe Qusuyeckoe, pasumaue B
prodHoRoil u puddysmonnOH 3amavax. Juddyanupyomas vacTuna, Ko-
Topas IPOXOJMT Yepe3 BOPOTa, «He 3HAET» O TOM, 4I0 PSfIOM BOPOTA,
a QoTom «3HAeT. llHawe rosopsA, AaA nuQyEAUPYIOMEH YACTHIEL MH
MOKeM IOCTaBUTh MbICIEHHO BOPOTA M CJIeIUTH TOJALKO 38 TeMH 9aCTHIA~
MM, KOTOPHE depes HUX HPOXOJAT. OT0 HeBO3MOMKHO CHEJIATH HiA CBETa
B cmiy ero BomBOBoOH mpupopusr. Takmm o6pasowm,,CraBsi AuaQparMe, B
cayuae CBeTa, MEl CYIIECTBEHHO BJNfAeM YKCIHGPUMEHTOM HA HPOHECC
PACIPOCTPaHeHNHsA ¢BeTa, a B cuayyae HuPPYHAUPYIOMMX IaCTHI —
HECYIIECTBEHHO. DT PACCYKIeRns CTaHOBATCA sCHHME LpPH Lepexofe
K JMCKPeTHOMY aHAJIory mponecca fuddysum — ciaydaiimomy Giryspma-
HAI0 GPOYHOBCHOI YacTHIE H AMCKPETHOMY AHAJIOTY BOJHOBOLO ypaB~
HeHWs — cucTeMe YPaBHEHUIl Kone(GaHmil KPHCTANANYECKOH, PeNIeTKH,
B To BpeMs KaK B 3ajade O CIyTaiEoM OJIyKEaHEE YacTHLOA MOKeT
NPOXOAUTH JE0G0H NyTh ¢ HEKOTOPOH BEPOATHOCTRIO, B CIyuae, HANDH-
Mep, ONHOMEPHOH KPHCTAJUIMYECKOH PeIleTKd U3 n LEHTPOB x;, i =
=1,. .., n, I;KAMAX BA OKPYKHOCTH *), CWTyauusa uBag. ITy LOCHEH-
HIOI0 33y(a4y, JUIA OPOCTOTH, GymeM paccMaTpPHBATH C HUCKDETHHIM BPe-
MeHeM £y, i3, . . «, Ly (HAIPEMED, eca¥ O ME cuuTaxu 3ajavy Ha IBM,

*} To ecTh n MAPHKOB, COGAMHCGHANX NPYMUHKAMH. JTa 3agada
IOJEOCTHIO fleTepMuHKMpOBaHa, Ho 10 aHANOTHHE ¢ BOJHOBOH MeXaHUKOI
MH HE)Ke HPHEfaeM eii BePOATHOCTHYI0 HHTEPIPETAIHIO.
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TO MK paccMaTpEBaiu G PA3HOCTHY ANMPOKCHMANAI UPOM3BOAHOL
0 Bpemenu). CHTyanus, NPU KOTOPOH B MOMEHT f; OTKIOHAETCA L[EHTP
;,, & ocTaiBHLLe OCTAlOTCA B NOKOE, B MOMEHT ¢, — IEHTP I;, & 0CTab-
HEI® NOKOATCHA, W BOOGIE — B MOMEHT ¢ OTKIOHSETCS IEATP Ziy, 0C
TanbHLEIE B IIOKOE, PasyMeercs, HEBO3MOMKHA — TAKOTO cOGHITHA He cy-
mecTayer. IlosToMy TaKoe sSiBJIeHUE MH Gy/ieM HA3HBATh 6upMyaibHuM
cobuimuen (supmyasvnvik nymem zi). Taxoe BupTyameHoe colHTHE

MBI MOKeM OCYLIECTBUTH JHMIIb HACHIBCTBEHAO, OCTAHABJHBAA B Kak-
AEIA MOMEHT ¢; KONeOAHNsS BCeX LEHTPOB, 3a HCRIOMenueM ;. Mare-

MaTU9ecKy 3TO O3HAYaeT, 9T0 B MOMEHTH I; MH JIeliCTByeM Ha pelleHue
MaTpHuueil, y KoTOPoil Bce 3JeMeHTH d¢;; PABEH HYII0 U JUNIb aji, = 1.
Jdra omepanus ABIAETCA AUCKPETHHIM AaHAJIOIOM YMHOMKEHHA HA XapaK-
TePHCTUYECKYI0 (QYHKIMIO NuadpParMbl.

B caysae samauu o ciyuaiiHOM Oay:RnaHEH, CKJIA/IHIBAS BePOATHOC-
TH IyTell WACTHIE, MB MOKEM IIOJYIuTh BePOSATHOCTH JI060ro cobhTus.
B cayuae xoxefanuii pemerku, pasyMeercsa, CyMMa BepOsTHOCTeil Bup-
TyanbHEIX IyTedl zy, k= 1,...,n, H6 DaBHA EEPOATHOCTH CYMMEI.
Ecam mepead cyMma 110 OYTAM ABIAETCA RUCKPETHEIM aHAJIOIOM BH-
HEPOBCKOTO KORTUHYAJBbHOTO HHTEIpaja, To BTOpPasg CyMMa N0 IOyTAM
€CTh JMCKPeTHHl aHanor QeilEMaHOBCKOTO KOHTHHYAJBHOILO HHTErpa-
na *). Ilo cymecTBy, ypaBHeHIe, ONUCHBAIOIEe CIYUailHKe OayKIands,
ABJIAETCA PABHOCTHOI CXEMOi, alIPOKCHMUpYIODIell ypaBHeHue mug-
¢ysum, a sajaga o KomeGaHMH PEINETKH ¢ JUCKPETHHM BPeMEHEM —
PasHOCTHOH CXeMOll, annpOKRCHEMUDYIOmEH BOJHOBOE YpPaBEEHIHE.

M=uorne cBolicTBa HHATETPANIOB UMEIOT TOYHKII JUCKPETHEIH aHAJIOT K
MOI'yT GHITH IpPOBePeHH HA CyMMax mo nyTaM. Eciam ME paccmarpuBaeM
CYMMY [0 BCEM IyTAM (i, ly), TEMANUM B HEKOTOPOIl 8ajaHHON TPYG-
Ke, TO IOJydYaeM [HCKDETHRIH aHAJIor a0COJNTHO YepHOi TpyOKM
«wiepsr Qeftamanay. OxaspiBaercs 6ojee yroOHHM PACcCMaTPUBATh UMEH-
HO TaKyl ANNPOKCHMAIMi0 4epHOH TpyORm; a He KOHeYHO-AHadpar-
MeHHYI0, KaK 2To jaegan caM QeliEMmaH.

Ipocreimeit yeproit TpyOroit fymeT omucaHHHI paHee BUPTyalib-
HEL ITyTh 7, KOTOPII €CTECTBEHHO IPURATH B KAIECTBE BIIEMEHTaPHOTO

BHPTYaNbHOIO COOHITHSA.

Anajorom 4YepHOIi TpyOKu, He 3aBHCAINEH OT £, CHAYMUT IPOU3Be-
neHae
= (PA4)"u(0),

qu
e P — maTpuna, ¥ KOTopoil Bce diIeMEHTH HYJH W JHINb HA [IEaTOHA-
Jd, B 9aCTH, OTBedYAlOmeil oTBepcTHO TPYOKM, CTOAT emmEHNBL. Eciu
BH6pPOCHTE H3 MaTpPHUR A BCe Té CTPOKH H CTOINGHHI, KOTOPHIE COOT-
BETCTBYIOT HYJIEBHIM CTPOKAM U CTOI0IAM MaTpuupi P, TO ME HOXY49uM
HEKOTOPYI0 KBajgpaTHYI0 MaTpuiny B mopapka, paBHOTO paury A.

$1cHO, 9TO HEHYIeBHE YIEMEHTEHL BEKTOPA U, PABHE B'Pu, (Uof
Pu, moHuMaeM Te BIEMEHTH u,, KOTOPHEe OTBEYAIT eJMHUIAM MATPHIIE
P). Taxum o6pasoM, guCKpeTHAs alpoKcnMmanus dYepHoli TpyOKm Jjer-
KO IIO[faeTCH YUCICHHOMY CUeTy.

Kpome deiirmManoBckoil TpyOKmM, HeoGX0oaUMO PacCMATPHBATE BCe-
BOBMOJKHEIE HOIMHOKECTBA MHOMKECTBA 3IeMEHTAPHHIX BWPTYAIbHBIX

*) Toumee, oGobmenne GeliEMAHOBCKOTO HETEIPaja HA PeAATHBHCT-
CKHil ciydYail BOJHOBOTO YPaBHEHHs, KOTODHII MBI 3[eCh [jaeM.
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myTeit [JIA TOro, YTOOH MOAYINTH ANCKPETHHIT aHaJoT He TOJABKO TPyG-
Ku, HO # Ji060T0 MHOKECTBA.

PaccMorpnM npmMepsl TaKHX TOAMHOMKECTB B ciyIae n = 2, T. e.
KPUCTAIIMIECKYI0 DPeIIeTKY M3 NBYX HEeHTPOB z;, Z, U IBA MOMEHTA
BPEMeHNM: f; — HAYAJIbHHI MOMEHT U f, — KoHeuHbii. B aToM caydae
uyTrh (ry — x,) ABASETCA COOGHTAEM, O3HATAIONIMM, ITO B HATAJTBHBI
MOMEHT BDeMeHH ME OTHJIOHW/IM JAWINb aTOM z;, 4 B KOHEYHHI MOMERT
¢, CMOTDHUM, KaK OTKIOEMJICA aToM Z, (MHCICHHO O0CTAHOBUB BCE OCTAND-
HHe). PaccmoTpnM Tame nytu (x; — ), (2, = %), (Z3 —> 21), (¥a —
—> y) (CM. PHUCYHOK).

7 12 17 (227 7 % Zs

‘Z’Z ® L L

aa) as) as) az)
Z % Z g ¢ %, Z Z,
T ] = [ ]
Zy < ]
ba) 66) 28) oz)

O6wenurenne ABYX mePBHIX cobuiTuii (z, — x,) =+ (21 — ) cocTOUT
B TOM, 4TO MH OTKJOHWJM B TIePBHLIII MOMEHT #; aToM z; H HalmofaeM
B MOMEHT f, OTKIOHEH)TSI [BYX ATOMOB r; W x,. TOYHO TaKme obnequse-
Hue (z1 — z1) + (23 — 21) ecTb cobwTHe, COCTOAMIEe B TOM, UTO MEL
OTKJIOHHJIU 8TOMBI 21 M 7, B MOMEHT f1 ¥ HaluionaeM OTKIOHEHIe aToMa
z1 B MoMeHT t,. Ho colsitne, cocrosigee B ofbegnHennn (z1 — z1) +
<+ (z; — z,), BoOGmE AMKOMM ofpazoM He Mo;KeT OHTH OCYIIECTBIEHO
Ha OFHOIT pemeTKe jayke C IOMOU[HI0 BMEINATEJNbCTBA HAOMIOAATENA
B IPOIECC KoIefaHuil (0 KOTOPOM MBI TOBOPHIN paHee *)). ITH coOwiTitsa
MOTYT GRITh Oj{(HOBDEMEHHO OCVIHECTBJIGHH JUIIb HA ABYX IK3EMILIApax
pemeTRE **), 310 o6benMEEHHE — BUpTyampHoe cobsiTue. Touro Tak
sKe ofbeunerne (z; — x,) - (7, — x1) BIUPTyadbHOE,

* Tax KaK B 5TOM COOBITHM OTKJIOHEHIe r1 B MOMEHT {1 He BJIIUACT HA
OTKJIOHEHUE T, B MOMEHT f,, a OTKIIOHGHHE r, B MOMEHT {1 He BJIUsET
Ha OTHJIOHEHWe Z1 B MOMEHT Iy,

*¥) 3HaquT, BEPOATHOCTS CyMMbI TAKUX COGHITAN MOKET GoITH*(B0OOG-

me rogopa) GojbiNe eNUEMIfE, IJIH, TOUHE®, NOJLKHA OHTH HOPMUPO-
BaHA yJKe MO-IPyroMy (IepeHopMupOBaHa).
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3aMegartenbHo, 9T0 OOBeqUHENHEe [BYX MOCHCHHHX BUPTYANbLHHEIX
coGrTHit yyKe Oyner WCTHHHMM COGHTHEM *); 0HO COCTONT B TOM, 4TO
MH OTKJOHWIM B MOMEHT {1 aTOMH z1 ¥ z, 1 Habulogaem X ;Ke B MO-
MEHT f,.

AHaIOTMYEHNIT NPUMED MOKHO UPHUBECTH, B3fAB ABA NOCIELYIMMX
MOMEHTA BPEMEHU fy H fj,, W PACCMATPHBAA COBOKYHHOCTH BCEBO3MOK-

HEX OyTell, OPUBOAAMMX U3 (UKCHPOBAHHOH HAYANLHON TOUKU Zg, f1
B QUKCHPOBAHAYI0 KOHETHYIO Z;, fn, & B MOMERTH Iy, f,. ,, HPOXOAAMIAX
ORMH W3 OTPe3KOB pucymEKa. CobblTne, OTBedalomee PUCYHKY ab, COC-
TOWT B TOM, YTO MH BMEIITBAEMCH B Iipomecc KojJe0aHUsS aTOMOB, ocTa-
HaBANBAsA B MOMEHT Iy (,,,) BCE aTOMHI, Kpome z1 (z,). CoBOKYIROCTh

IBYX TaKHX cOGHTHII (6a) y:Ke HEBO3MOKHO OCYINECCTBUTL HA OJHON
pelerke ¢ TOMOIIBIO uadparM. UToOH oTAUYaTH BUPTYadbHEE COORTISA,
KOTOPEI® MOTYT OCYIECTBIATHCA HA ONHOI perreTHe ¢ IIOMOUIBI0 BMOIIa~
TeJBCTBA HAONIONATeNsA, OT BUPTYAIBHHX coBGHITHII, KoTepoie BooOmIe
He MOIYT OBTh OCYILECTBJIEHH HA OFHOIT pemieTke, Mel OygeM IepBre
Ha3HBaTh NCEBIONCTHHAKMH, TakuM ofpas3oM, sIeMeHTaADHEE BEPTYalb-
HEIe COOHITASA — TYTH — IICeBIOUCTHHHbBIE *¥),

B reopnn pemeit MapkoBa 4acTo roBOPAT 0 HEKOTOPOIl usnIecKoi
cucreme S, KoTopad B KaKUHI MOMEHT BPPMEHM MOKeT HAaXOLHUTHCH B
OJHOM W3 COCTOSHMA A1, ..., Ay W MeHSeT CBOE COCTOSHIE TOJBKO
B MOMEHTH! 1, . ., lp,. . . TaKas ke TePMUHONOTHUSA MOKET OBITH ECTECTREH-
HEIM 00pa30M IPHHATA [IA CIeAYOMEeil 3a/aqdy B Caydae KOMIIEKCHBLX
MapKOBCKNX neneil. PaccMarpupaeTcs 9BOMONMORMPYIOmMAs KBAHTOBAA
cucreMa B DHEePTeTHUECKOM NPEICTABICHHN HEKOTOPOTo omeparopa A,
IpnueM IIPOMBBORHAS IO BPEMEHH 3aMEHseTcs KOHeYHO-PA3HOCTHON B
MOMEHTH ¢ = f1, tgye o »y £y, . . B BTOM CIyuae 3agava o wepaoii TpybHe,
T. €. 00 oupeere N aMIINTY/IH ICEeBJIOUCTHHENX CoOHTHI, eme Gojee
aKTyaJbHA. 37ech peus nieT 00 BBOJMNIN KBAATCBOII CHCTeMEl IPH HaJIM-
YHF BHEPTeTHYECKOTO (MIbTPa, T. 6. PE30HAHCHOTO IOTJIOMEHNS HEKO-
TOPHIX BHEPTHil (MU YacTor).

BrengeM Temmeph cTporoe onpepeneHne BYPTYANBHOTO COOBITHUS JIIA
IIPOCTOTO YACTHOTO ciydad. Pacemorpum 3amawy Komm Jgis ypaBHeHHA
Mpepuurepa (xr & R, > 0):

17} 1 9
i#:’T amlg s W (@,0) = o (r),

rme p = (z, 1), P, & €y (R). Oyers G (x, &, t) — Pynrums I'pnxa
DTOTO ypaBHeHHA U Y, ; () — XapakTepucTHiecKas (QYHKIUA OTpesKa
[a, b]:
1 x a,b
%, @) z{o nag x € [a,b],
I % gk [a,b].
Oyuxnns

Py )= § Gle,un i, 0y § 689 wE)

*) A BHaYHT, ero BePOATHOCTh He GOJbINe UHWIH: MPOMCXONAT

uETepdepeHnus,
**) X BepOATHOCTH HO LPEBOCXONAT ©NHHUIEL.
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ONMCHIBAET COCTOSHNE B MOMEHT f -} s DIeKTPOHA, NPOJNETABIIETO IePe3
yepEyio nuadparMy B MomenT s. OdueBupgHo, yTo M xiofoil Toukn
¢ € [a, b] mMeeT MecTO PaBeHCTBO P, = P, , + P pe

OGospaunmm uepes Y (z), tAe Q = [q, 8] X [a, ], dysxnmo,
pamay® ¥, 4 (2, £, 5) ipn z € [a, B] 1w Bymo mpu z & R\ [a, Bl.
BepoaTraocTh o0HApY:HTH Ha oTpeske [a, B] wacrumy, mpomemmyo
wepes puwapparmy f{e, b], paBHa

P=loft= { |ba@)Pde.

TarnM oOpasom, NPAMOYTOILHIKY £ miockoctn R? MokHO comoc-
TABUTH (BHPTYaJbHOE) COBBITIG, COCTOMIICE B TOM, YTO DJIGKTPOH, UPOii-
s "epHylo pradparmy [e, b], monan ma srpan [a, Bl. BepoarmocTs
sTOrO cOOHTHA pavHA | Pg [2. 910 cooTBercTBIE MOMET GHTL CTeCTBOH-

HEIM o6pasoM o6obmero.

ITaockocts R2 ecTh NpsAMOe MPOU3BeEHNE NPAMOIl x, HA KOTOpoil
pacrono:eH 9EpaH, M UpAMoii y, HA KoTopoil. pacmonoskena aumappar-
ma. Ileprywo mpsimyio GymeM HA3HIBATH 6a30ii, & BTOPYIO —- CA0eM.

MuoecTBO BCeX TOJMHOKeCTB 13 RZ coctarsisteT GymeBy aareGpy
OTHOCHTEJBHO ©CTeCTBEHHHIX olepanuii o0nejHHeHNS ¥ IIepecedenus,
dureMenTH 9ToI1 anreGpr MBI GyfAeM HABHBATH 6UpMYAabHHMU COGHMUA-
M, @ BCIO IIOCKOCTD — RDOCMPAHCMEOM IAeMEHMADHHL GUDMYALb~
nux cobamui. Oymrnouo Pq (z), crepya Qeitmmany, OyzeM Ha3bIBaTh

(KoMrueRcHOM) amnaumydoil cobprua Q. AHamornyHo, o0o3Eauas yepes
%g (z, y) xapaxrepucTrmuecKylo ¢yHKmuio obmacri g & R, mojomum

Vo) = § w6 @mn e § 6wk w@

H, ©CIHM HTE WHTeTPAJHl CXOAATCs, HyneM Ha3HBAThH Vg () AMILINTYA0R
cobuitua g. Anmencusnocmuio P (g) coburug g OyaeM HasHBaTH KBaJ-
par HOpMHL aMuauTyns. (MOMeHTH BpeMeHH ¢ W s 33ech (HKCHPOBAHE).

JIeMeHTAPHOMY BHPTYAIbHOMY Co0BITHIO — To9Ke w & R2, ¢ Koop-
mnEaTaMu (z, §) — COmOCTABHM KOMIJICKCHOE YWCIO

2w) =G @,5,0 { GE 9wy,

KoTopoe OyjeM HassiBaTh amnaumydoll dNEeMEHTADHOTO BHPTYAJBHOTO
CcOOBITHSA .

Cpepu BHPTYaJBHBIX COGHTHIl BBLICINM BaKHEI KJacC ICEBRONC-
THHHKX COOHTIHH, & Cpefn NCeBJOUCTUHHNX — KAACC MUCTHIHKX COOH-
Tnil. BUpTyanpHHe COOWTHA COAEP/KAT INCEBIOMCTHNUbIC, KOTOPHE B
CBOX 09epeNs cOomepsrat mCeTwHnLe. ITcesfoucmunney cobbITHEM GymeM
HA3HBaTh COORTHE, OTBEYAIONIEe NPSIMOMY NMPOU3BEASHNIO OTPE3Ka CHOS
Ha 0Tpeaok 6asu. Takne coGHTUA MOTYT OBITH OCYIIECTBJIOHHN C IIOMOMIBIO
TePHLIX AEadparM ¢ OTBEPCTHAMM, OTBEYAIOMUMH OTDE3KAM CIOH, H
9KDAHOB, OTBEYANMUX oTpeskam Oasel. Ilepeceuenwe (upomspenenue)
ABYX HCEBROMCTHHEHX COOWTHII — ICEBLOMCTHHHOe cobnTme. EMy oT-
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BEYAIOT HAJNOKEHHHE APYT Ha Apyra auadparMs ¥ aKpaH, PaBEHI mepe-
cedernIo bKpaHoB. OObeRNHERNEe NMCEBAOMCTHHHBIX COOHITHII, 0YEBHIHO,
y#te He ABIAETCS NCEBROMCTHHHHM, 9TO MH Y3Ke BHHeJIM HA IOPUMEpe
KoxeGanmil KPHCTANTMIECKOH peIIeTK.

IIpameM B KauecTRe CYMME! IBYX NICEBHONCTHEHHKX coORTHI HAaUMEHD-
myio (HecBABHYIO, Boofie rosops) o6aacTh, COCTABIEHHYIO H3 HPAMO-
YJTOJIBHUKOR, KOTOpasg MX 3akKmiogaer. Torma MHOMKECTBO HMCEBAOMCTHH-
HHX cobuTHii ofpasyer cTpykrypy *). CymMe orpedaeTr cobnTHe, KOTO-
poe monygaercs, ecawt 0OBeIWHUTH NUAaQpPATMBL U SKPAHHL YIEHOB CYM-
Mil. HETEHCUBHOCTS [ICEBAOUCTUHHOTO COOBITHA, KaX HETPYIHO yOOunTs-
s, He IPEBOCXOANT eTHHIIE U MMeeT CMECJI BeposaTEoCcTH (eM. [19, 22]).

Hemunnun coburneM 6ymeM HasHBaTh NPAMOYTOIBHUK {(Z, ¥) : & <
KrKP, —ooKLyoo) AMIIHTYIAa TAKOTO WMCTHHHEOTO COGHITHS
paBHA

(avceyn (cuiommar= { ¢oyitanma

Tpu & < z <, P # Ey:0 BHe sToro orpeska. Taxum ofpasoM, npu z &
& [«, §] aMmiuTyna coermagaer ¢ penreHEneM ypasmenws Ilpepunrepa,
a WHTEerpaj OT ee KBajipaTa onpefeserl (MCTHHAYIO) BEPOATHOCTH Ha-
XOKECHNA 3JICKTPOHA HA mATepBaxe (o, ) B MoMent ¢ - s. MHOMeCTBO
HCTHHHHX CcOOBITHII, 09eBHjIHO, cOCTaBisteT nofganre6py aare6psl Bup-
TYaJIBHKX COOBITHIT.

Bsegem Temepp mOHATHE BUPTYAJbHEIX HECOBMECTHEIX COOHTHIL,
oTBEYAI0NIee KIIACCHYECKOMY IMOHATHIO Teopum BepoATHocTH. CoOHTHA
HA3EIBAIOTCA HeCOsMecmublMU, eCAM TX mpoekmuu mHa z (6asy) He
nepecexaTcs (B OTINYMEe OT KaacCuyeCcKOoro caydas, roe Tpedyercs,
qrofEl He IePeceramnch JHunb camy cofeTig). OueBUIHO, 9TO IS HBYX
HECOBMECTHBIX COOBITIII MHTEHCHBHOCTH MX CYMMBI PapHA CyMMe NH-
TeHCHBHOCTEI.

B axreGpe BHpTYanbHBHIX COOHKTHIT OTHENBHO BHEASETCS BAKHBII
cayuail HenepeceRA0IMUXCA coOuTHil. ByneM Ha3pBaTh BUPTyaidbHEE CO-
OHITHA nenepeceralowuMUca, ©CAH OTBOUAIOMME WM 0OJIAaCTH HE Iepe-
cexaoTes. AMINIUTYAA CYMMBL ABYX HerepeceKalonnxcst cOOBTHI pPaB-
HAa CyMMe aMILIUTy; RayKIOro m3 coObTHil, HO HHTEHCHBHOCTH CYMMEL
TAaKHX COOHITHIi, BooGule roBops, He PaBHA CYyMMe WHTEHCHBHOCTeIl.
Hark HeTpymHo BHeTh, HMEET MeCTO JUmb IPy(oe HEPABENCTBO

n

P(Zgi) Qnil’(gi),
1

1
ecan g; () gy = ¢, i F k-

§ 2. Onpepenenne KOMIJICKCROM MapRoBeKoil menm
ITycrs 3amamo wKoHeuHoe MHOecTRO K = [a1,.., a;}, dIeMeH-

ThI KOTOPOI'O HA3BIBAIOTCH SMeMEHTADHBIMU CcocmoAHUAMU, T LEJI0e
HOJIORUTeNbHOE N. PaCCMOTpI/IM MHOMKECTBO € BCEBO3MOIKHBIX

*) 9Ta CTPYKTypa HasHBAeTCsH OPTOMOAYIAPHON U BUepBHE ObIa
pacemorpera HefiMaHoM B APYToil CUTYaIUl i oTpefelNeHus JIOTHKI
KBAaHTOBHX CHCTeM.
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ocaegoparTennrocTell N cocToamHmil
{@igse - aiN}= w; &= (i, ., iN),
HA3BIBAEMBIX 9AeMEHMAPHHMU SUDMYAALLHBMI cO6BmuAML, B TPEIH0JI0-

UM, °9TO Kamnoll NOCAeJ0BATENHHOCTH COCTOSABAI ®; COMOCTABJIEH
KOMILIEKCHEIE BEKTOD P (®;), HMEIOMMIT & KOMIOHeHT:

P ((’)i) = ({1 ((Di,. < PR (wi))r

opuueM ¢, (0,) = 0, ecun k == iy. Oapegesum pyREmuI0 Y Ha agrebpe
% BCex IOIMHOMKECTB MHOyKecTBa 0, momaras

PA) = D V() AdeA. 2.1)

TozE=A

TaxzMm o6pasom, Ha anre6pe Y, 2JAeMEHTH KOTOPOI HAZHBAIOTCA 6up-
myasonomu COORTHAMM, 3ajaua amIuTWBHAS QYHKONA MHOKECTBA
P Y - CF *), Bupryanpheie coOurus 4 u A’ HABHBAOTCA 0pmo-
20HAABHBMY, ECHT OPTOTOHAJLHE BEKTOPH P (4) u + (4'). Bupryaas-
Hoe cobpirue, oGosmavaemoe depes AQY, cocTosiiee W3 BCEX LOCJe0Ba-
TEJBHOCTEH COCTOARUI, YNOBIETBODAIIIUX YCIOBUIO &, = aj, 6y-

J16M Ha3BIBATDb COCMOAHLUEM (lj & MOoMEeHm m, NN HOPO‘IG -— COCMOoAHUEM.,
QyHEKOUA ) HASHBAETCA axnaumydoil, €CHI OHA HOPMUPOBAHA:
k

i (Q)[2= 2 [%;(Q)[F= 1w B moboil PukcupoBaHEmi MOMEHT

=1
m DasiMYEbe COCTOAHMS HONAPHO OPTOTOHANLEEL <Y (4;"), P (4;")> =
= 0, ecnu j = L.
Ilpenanomenue 2.1. Keadpam unopmer amniumyodn o6vedune-
nusa cocmosnuil \J A" pasen cymme Keadpamos nopm uzx amnaumyd.
jed

KHeadpam wnopmv amnaumyds a106020 cocmosnus He npesocrodum edu-
HUYbL,

HorasareanbcTso. Hax awoboro m < N aMOauryga MEO=-
JKecTBa UA;” paBHA CyMME aMILUIUTYR BHPTYAXBLHHX COORITRII A;” =

jed
& J). HocKonbKy aMILIUTYAK 3THX COOBITHI IONAPHO OPTOTOHAIBHH,
TO
k

U AN E=] 3 R = 3 e < X 1 =1

= jeJ 1=1

Ipennosxenne, KoKaszaHo.

*) Yepes CF ofozmaueno xomeyHoMEpHOE IWHENHOE IPOCTPAHCTBO
BEKTOPOB P == (Y1,. . ., ;) €O CKAIAPHEM IPOA3BEAEHMEM (@,P) =
kK

= 2 @b, m mopmoit || | = (¢, Py)72, Uepra cBepxy osmauaer

i=1
KOMIJIGKCHOO CONPAKeHMe.
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ByneM HA3KHBATh LHMEHCUSHUCHbI0 BHPTYANbHEOTO COOMTHA A KBajl-
par HOpME ero amuawuryau. Ilpemnomxenue 2.1 moxassiBaeT, YTO HE-
TeHCHUBHOCTh JIO00TO COCTOAHWA HE IPEBOCXONAT €IUHWIEL.

Onpepnenernne 2.1. Ilycry Ba anrebpe Y BUPTYAIBHRIX COOR-
Tmil 3ajaHa aMOAUTYAA . ByaeM roBOPUTbH, 9TO OHA OHpeAeNseT Kom-
naexcryw maprosckyio yeny (KM-pens), ecnm cymectByer Habop yHH-
TapEMX Marpun {Z! }iv !y emmEuvAL BeKTOD YO *) TaKme, UTO AMMII-
Tyfa m06oro SIEMeHTAPHOTO BHPTYAIbHOTO COORTHA ©; = {ai;, . - .

.« . @iy} PaBHA
P (@) = (P1,..,P): $;=0, ecatx i =iy

u 2.2)
N—1 £33
— 1 0
Py (05)= ( ]_—[ Zilﬂil) i
I=1
Marpuner 2!, 1=1,2,.,.., N — 1, HasHBAOTCA MaAmMpUYaAHU

nepexoda KM-menu sa ofWME mar, a MaTDUYHEIE 3JIEMEHTH Zéj — am-
naumydamu neperofa U3 COCTOAHUA @; B COCTosHEEe a;. KM-nens Ha3H-
BaeTcA 00nopodnol, eCIH aMINIETYAH Hepexoja 3a O/IMH IIAT He 3aBH-

CAT OT HOMepa Imara.
MuokectBo K HA3WBaeTca MmHoacecmsom cocmoswuli HM-menn.

§ 3. Mapkrosckue CBOMCTBA KOMILICKCHBIX Iemei

PaccmorpnM OCHOBHHI® cBolictBa aMmiautygn HM-nemeit, ITycrs
Ii,. .., Iy — DopMHOMecTBA MHO;KecTBA {1, 2,. ., k}. Brouncanm

aMIVIUTYRY BUPTYAIBLHOIO COOMTHA

A = U o,
Il . ) .
e iN i:l:EI:,...,lNEIN ¢
Bupryanbsne cOOMTHA TAKOTO BHAA HABHBAITCA NCeedoucmunHuMU.
OGosmaunm 4epes ¥; AMATOHANLHYIO MATPHIY, y KOTOpoil Amaro-
HaJIbHH{ 3JleMEHT PaBeH eJUHINE, eCil¥ i & [/, W HYI0 B HPOTHBHOM

cirydae.
Jdemma 3.1. Annaumyda ncesdoucmunnozo cobuimus AIl .
pasna

P (AI1,...,IN) = (’)\CINOZN_IOQZ":N-IO ve.0Z1o ;(Il) Po, (3.1)

HdorasaTexscTso. Us onpenenerus yEKnuUA | ciaexyer,
9T0 AMINIETY[Q 3JIeMeRTapHEOr0 BEPTYaJILHOrO COOHITHA ©; paBHA

V0 = (k02N o Xyyon o Ble %) YO

*) Bce maTpuns EMeloT pasMep k& X k, a BeKTODH ~— k KOMIIOHEHT.
**) Ilo amajiormm ¢ oupefeseHNeM ciayuaiimoro mponecca (cm. [19])
MOHO math Ooxee Qopmanbmoe onpepenenne HM-memuw, Hampumep,

nog KM-nensio MO3kXHO mOHKMATE Habop QyHRIuI {§j}f’: 1o THe Ejr Q ~—
— K, mpmuem &; (0;) = aij.
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CyMMEPYs aMOJRTYAH BJIEMEHTAPHHX BUPTYANbHHX COGHTHE, mpen-
CTaBJEHHEE B TaKol dopme, moxywaeM (3.1). Jlemma AOKa3aHa.

Ecarm A u A’ — pBa BUPTYARIBHHEX COOHTHA, TO YCAOSHOU UHMEH-
cusrhocmyui COOHTASE A OTHOCHTENBEO A’ HA30BEM BeAWIHHY

v A
(RS T

PaccMoTpuM Temeph BHpPTyanbHoe CcoGmTme A =

I(A4/4) =

4 l;u+11, !i,... ‘,ji
coctosimee M3 oOBeUHEHHA BCEX IOCHENOBATEIBHOCTEH cocro;m,n]n
©,;, IPFHVMAOMUX QUKCIPOBAHHEbE 3HAYCHIA @ijs + +  @ip, Gipyy B MO-
MEHTH 1,. .y I, 1 4+ 1. Anasoruyso ompefenseM BRPTyaabHOe COOHTHE
A= A e T Tlo amamornu co caywsaeM nmemeit Mapkxosa 6ynem ro-

BOpIzITI:, 970 BUPTYAJbHOMY COGEITHIO Al+1 l’,'l’ -3 i OTBEYAeT MOCHe[oBa-
Yerry

TeNABLROCTD cocTonRmil KM-menm a;, ., B Momem -+ 1, @iy — B MOMEHT
I, mT. 1. a;; B MOMEHT 7.
Teopewma 3.1. YVcroenan unmencusnocms eupmyarsHozo coGu-

mus A = A7+1"’ ol i omuocumeavno A’ = ALl sasucum moavro
il ety iy

om cocmosnul HM—uenu e momenmut L u l - 1 u pasna veadpamy modyas
annaiumydu nepexoda us COCMOAHUS @i; 6 COCMOAHUE Qi .

ODoxrasareabcTso. Ilockonpky Matpuns Z (1 =1, 2,. ..
.+« N — 1) — yEUTapHHE, TO W3 oOuUpejeleHNA HHTEHCHBHOCTH MU
dopmynu (3.1) BEITexaeT PaBeHCTBO

RN OV (VAR AV ARY A Sy AV AR B ER

Ay o~
e c! = || %;,0Z TtosoZtoyy ) WOIR =% (A) [P Tosromy 1 (4/4") =
= o, il . Teopema poxasaHa.

Beanungy lzfjlz 6ymeM HA3HBATDH UKMEHCUSHOCMBIO NEPEX0ofa
W3 ¢j B a; 33 ONEH INAT.

Teopema 3.1 mOKasHBaeT, YTO METEHCHBHOCTh coCToaEMi KM-menn
o6nagaeT MapKOBCKEM CBOWCTBOM: €CHH U38ecmuo, umo 6 momenm [

K M-yenv nazoduaace 6 cocmoaruu a;, (cobumue Aél), a 6 momenm
1+ 41—~ 6 cocmosnuu aj,, (cobumue Ai’;r:l), MO YCAOGHAS UNMEHCUS-

HOCMb 8UPMYALLHO20 cobumusn Aé+1 CMHOCUNMEALHO A,ZL He 3asucum om

moz0, 6 Kaxux cocmoanuszr nHarodusace K M-yenv o momenma l. Amayo-
THYHEIM CBOHCTBOM ofmamaeT w ammantyna KM-memu.

Teopema 3.2. ITycmv ¢ u 0 — npoussorvriie edunuunsle eex-
mopw. Ecau ommunowernue

@, p (AN A

= P(A Q, A’ .
<9"P (A')> ( L] / ve)v (3 2)
ede A = AJtLlod , A" = Abeeid ., KOHEUHO, MO OHO 3G8UCUM MOAb-
‘l+1ﬂp oy L]

K0_om cocmosnull I{M—qenu ] Momeumu tul+ 1,
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MoxasaTeanscTno. U3 (bopmym.l (3.1) caenyer

{p, \IJ (A m A4 )> = 7'l+1 7'l+1"lw"l’
rae
D = (2., .02V ),

Uyl 41’

1~ ~ -
% =(Z loxil—l O ozloxixwo)il :

(3aMeTnmM, YTO 3aBHCHMOCTH OT COCTOSHHI, B KOTOPHX HaXOAUIaCh
KM-1enb 0 MOMEHTA [, COAEPMKHUT TONBKO BeJIUIMHA xpé J)
!

C npyroit ctopomr, <8,y (4') =_E£lmp§1, e B = (Zlo...

. ZN‘1 0). Ecmu <6, (4')> =0, To ormomemne P (4, ¢/4’,
6) = zm_l1 (®1l+1 Eél) OYEBUIHO, BaBUCHT TOJABKO OT COCTOSHHUIY
KM-nenn B mMoments ! m ] - 1. Teopema pmorasama.

Ecnn @ — epumuyBEI BeKTOp rminbeproa mpocTpanctsa H, To
npocTpaECTBO H MOJKHO ODEJCTaBUTh B BHAE OPTOTOHAABHOI CYMME
nojupocrpanctsa H, (@), OPTOTOHANBHOTO ¢, W €T0 OPTOTOHANBHOTO

mononuerns H (¢): H = H, (9) + H (p). Ipoeknueir BeKropa
B H () Ha3bIBAIOT CKAJIAPHOE HPOM3BENEEHO (P, ).

Ho awamorun 6y11eM HA3HBATE amnaumydol GupmyarvHozo cobbl-
mus A ¢ H (p) (H = CF) penunuuny <Q,P {4)>, a orEomernue J (4,
@/A’, 0) — GylmeMm HasHBATD ycaosrol amnaumydol coburna A B H (cp)
oTHOCUTENTEEO A’ B H (0).

[Tpnaas yreepsxpeHne TeopeMsr 3.2 B KaduecTse ompepenenna KM-
Oen¥ B TEPMUHAX YCJIOBHON aMOUTYIH, MOMKHO B KAa9eCTBO CJIEACTBHA
noNyuuTh QopMyasl (2.2} H, TAKUM 00pa3oM, IPHITH K NCXONHOMY OIpe-
IeJIeRnio.

HameruM myTh TaKOro TMoAXofga K omnpefeneEnoo KM-memu *).

ITycrys -# — HekoTOpasa ¢-anre6pa NOAMHOMKECTB MHOKeCTBa £
W z — C-AUIUTUBHAS (QYHKNUA MHOJKECTBA, 3afaHHAA HA £ M TIPHHEU-
MAamas SHAYEHHS B TUIK0ePTOBOM mpocTpaHcTse H. DyHENHIO 2
HAa30BeM zuavbepmossin 3apsdom, €Ciad: a) s mo6or0 0 & H u mo-
Goit yOriBammell HOCHEXOBATENBHOCTH gy D g2 D . ﬂ g = O,

gi € s, cymectsyer mpenen: lim <0,z (gi)> = 0; 0) ,[UIH no6oro

1>

0 & H u nwoboil mocneroBaTeNbHOCTH IONAPHO HEIEPeCeKAWINXCA
MHOJReCTB {gi}f" BHIIOTHEHA OIeHKA

D18, 2 (g)y | <0 const.
izl

IIpocmpancmeon ¢ amnaumydoli HasHBaeTcs Tpoiika (RQ, 4, V),
COCTOAIIAS 13 MPOCTPAHCTBA HIEMEHTAPHRIX BHUDPTYAXBHHX COORITHI
Q, NOAYKONbUA BUPTYANBHHX COOBTHI o4, COEEPAMPETO MHOKECTBO
Q B KadecTBe DJIEMEHTA, ¥ AAJUTHBHON QYHRIUA MHOMecTBA P: A —
— H (maspBaemoil amunamTypoi) rtakoi, 9t0 [P (Q) [ = 1, tne H —

ranb6epTOB0 TPOCTPAHCTRO.

*) 9To saMegaEHe COEEPIKAT HONHTRY HAaMETHTh aKCHOMATHYECKUH
NMOfIXOf ¥ B AajbHejimeM Wcloab3oBaThcA He Oymer.
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Illycrs I — HEKOTOpOE MHOMKECTBO HHAEKCOB; CEMEICTBO Omeparo-
POB {7i}; > AelicTBylonux B JK', HA3HBACTCSA NPOEKYUORHIM, CCITH JUIA

a000r0 i € { BHIIONHEHW 4YeTHpe YCIOBUA: a) n%: n;; 6) ofpas
T304 TOAYKOJBLUA J¢ ABIAETCA G-anredpoil, comepsxaineli Q; B) cy;KeHue
AMILIUTYAR ¢ Ha o-aareGpy ;-4 ABIAeTCA THIABGEPTOBEIM 3aPALOM
Ha WX} T) aMuIuTyRs HEUePeCeHalomIXCH BUPTYAJBHHX COOBITHIT
U3 ;04 OPTOTOHANBHH.

UYersepra W = (Q, 7, P, {n;};=;) BaspBaercs npocmp ancmeon
€ NPOCKYUOHHUM CeMellCmeon.

HeTrpyamEo ONPCACHUTh HHTOIPAN HA o4, HOKA3aB, 9T0 A JI060TO0
0 & H cymenne @ymrnun maoxecrsa <0, (g)>: # — C Ha o-asees-
py A ABAAETCA 3aPAJNOM HA Ui

MoxHo 0600IUTDH HOHATIC CAYYAfHON BEANYHMHE I CIAYIAHHOTO
mporneeca, Jua 9TOr0 FOCTATOYRO YCTAHOBHTDL, ¥TO CYKEHIIe HHTEHCHB-
mocrr 1 (g) = |V (¢) [}y HAa ;¥ ABusieTcA BepOATHOCTHOI MepOir.

Ilycre (E, &B) — H3MEPUMOe IPOCTDPAHCTBO. [lapa (mj, @), rme
n; & {n:}, a @ — (s, ) — usmepuman QyEKUUA, HAIHIBACTCA
0606wennoli cayualinoi seauuunoli 5a W co sgavemnamu B (£, %), Ilycrs
T — HeKoTopoe MHOKECTBO. Ofofwennuxn cayiaiinsly npoyeccoxm HA
W co smagsenuamu B (X, 47) nHasusaercda napa §; = {705 P4, t = T,

ABAANNIAACA OPN KayKIOM QUKCUPOBaHHOM ¢ oGo0meHHON cixyvaiiHOi
t.otn

BemuuuHOIl, DyHKEEA P,

Pogom.ro, s DHITHCIAOMAI 110 dopmye
n

t,t , [T
" (b’lv . '1Bn) = \irj (gBh“ijB ):

P n=1,2,...,

7 £
Pty Pry

e

tyennyt [ t, _
gn B, = 0 8f, gd ={00 @ )& By,

HA3EBaeTCH KOHGYHOMEPHHM pacnpedesenuer amnaumyd 0000UIeHHOH
cJIy4yaitHo¥i BeNMIWHE.
Ecau i (t) = i, To MOKHO CYUTaTh, 4To §; — clyvaiimag Bejuuu-

peonsl lyeo !
moo=| " |f — ee KoHegHOMEpHOE pac-

dyaK r’
Ha, a HKIHA ; ..
I y 1 @t‘,...,(ptn \p[l"“'wtn

LIPefeNerne BePOATHOCTEI.

Yem e apagerca ¢ s1oit Touku spesnsa KM-uens? Hycrs sapamo
MBOKeCTBO [F == Ep= (a;, ..., a;), SJEMEHTH KOTOPOI0 HAZHBAIOTCA
cocmoanusnu, u Q= 95{, — MHOJKECTBO  IIOCIei0BATeNbHOCTEH N
cocTosARnl, Hasgas HOoCaefoBaTeJbHOCTh

W0 E=(i1,.., iy)

(ail,...,aiN) O iy =

Ha3pIBACTCHA ILEMERMAPHHLM SUDMYAALbHOIM coboimuen.
PaccMoTpuM MHOKECTBO YHHTADHHIX Marpun {Z'} pasmepa k X k
k

o 1/2
. opumrmnsi pextop ¢ = @y, - @) 1= (3 [of )" Oupere-
i=1
auM  aMUJIATYRY § HA IOJXYKOIBHE oA 1’%, JJIeMeHTaMHd KOTOpOoTo
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ABIAIOTCA MHOMKECTBA

fu.uly

gIl,...,IN: ©

U i
’I:Z’hEIl,...,‘I:lVE ILV

| TP ¢ iy N-1 o . o7lo
w(g;h“.’[]\;v) = ()(]NCZ OXI R XIg yAS XIl)cP’

CemeiicTBO omepaToOPOB {m}llv , OeHCTBYIOMHEX B oA fv 0 TpaBEAY

N~

h,...,ij,...,tN

T8 Lyl jyns I N = ,

i
z.ljefj

ABAACTCA NPOERINOHHKM, [MO3TOMY dYeTRepKa Wlfv = (Qlkv, 951’172,, P,
{ni}f] ) SABJISETCA IPOCTPAHCTBOM C MPOEKIMOHHEIM CeMeliCTBOM.

Oupeneanerne 3.1. KM-yenvio Ha WI}{} co sHageHUsAMH B Ej
HasmBaercss o00Cmennpil caywaimeii mpomece & = {m;, @i}, =
=1, 2,..., N, Taroii, uro

(Pj: Q%—»Ek, CP‘7 (0),,:):&7.]-.

Ecau aMmantyfma amo6oro COCTOSHHUSA OOOBIIEHHOTO CIyZailHoro

mpomecca §; Ha WI'fJ €O 3HA4YeHUAMH B Ej OTIINYHA OT HYIA, TO MOMKHO

aTh Cclefyinee SKBUBaJieHTHOe onpefeireEne HM-nmenm B TepMmHax
ONpefeNeHHO BEIIE YCIOBHOHI AMIJINTYHHL.

Onpepmpenernue 3.2. OGo0mennnil caydaiiBui mpomecc Ha
Wllf, co sHageHUAME B Ej, Hasusaerca K M-yenvio, ecnunpu L = 1, 2,. ..

1, ""-tl—l’ tl, tl+1

.« <, N ycuopHAA aMUAUTY/A BEPTYAIAbHOTO COOHITHS gy It i
s bpogs tl
caey Il—l, 3
mecca B MOMEHTH fy,. . ., &;_4.

|21 o
B h,, OTHOCHTENBHO gy’ B hy HO B3ABHCHT OT COCTOAHUI WpO-
s

§ 4. Jlarpamxuan KM-uenn

IIpepmonoyxuM, 9T0 WHTEHCHBHOCTH mepexonor HM-mennm OTIHYHEL
ot myasa. Takag HKM-uens masnBaerca KM-meuvio Ges sanpewennuix
nepexodos.

Hycrs saeMeHTADHEMHA cocToARMAME KM-memu SABJAIOTCA TOYKH
BeImecTBeHHOII npamoil: K = {ay,. .., a;}, a; & R. [Jlaa upocroTh
OymeM cumTaTth, 4T0 aj = jh, rme 2 > 0. YUepes mociemoBaTeIbHOCTH
Touex {(a;;, Tl)};vz 1+ T> 0, HA 1WioCcKoCTU (2, f) MpoBeleM HENPEPHB~
HYO Kpusywo z (f), ammeiinyl npum ¢ & [(I — 1) T, It], HasmBaeMyio
mpaexmopueti. MOMHO CYATATH, YTO MHOKECTBO BJIEMEHTAaPHEIX BHP-
TyaabHEIX COOHTHI £ COCTONT U3 TPAeKTOPUIl, TAK KAK 3T MHOKECTBA
COBIIANAIOT ¢ TOYHOCTHIO O H3oMopgmaMa, PaccMoTpuM KycOYHO-IU-
HelfiHyI0 MHETEPLOJANNI0 KOMILIEKCHON sHTPONNH.

OGosmaunM depes 0; (f) HenpepuBHYO QYHKNWIO, PABHYIO HYJIO
mpu ¢ < Tl, eguEAne upm ¢t >t (I 4+ 1) m aumeinyno mpu ¢ E [1l,
T+ 1)) Oyerp npu ISz l+1, m<Cy/h<m+ 1

N—-1
1 i !
Liw,y, ) = D) 8;8) D =02 e P (@ 9), (41)
i=1 U, m'=0
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rge Z’ — marpunm mepexosa KM-memm, a*)
Pl la, y) =

m
:[1——(2l’—1)<1+l’ ——'%)][1——(2m’—1)(m+m’———z—>].

Onpepnenernne 4.1. HycouHo-HenmpepwBHAA KOMIJIEKCHAS
oyaxuna L (z, z, t), ONpeflelieAHAs UPH MOYTH BeexX ¢ opMymoik

2
Lz, # 1) = 20 0@ ¥ ) yeg_s—ary TELTUHNL (42)
HaspiBaeTesa aaepanacuanom KM-nenu. Jeiicmeuer KM-men:m Hash-

BaeTca QYHRIMOHAJ HA TPAGKTOPHMAX, BHUNCIACMHI 0 MpPaBUIY
N

Slxi)] = X L (), #(t), t)dt. (4.3)

Opeanomenne 41. IHyemp S — deficmeue KM-yenu u
z, (f) — mpaekmopus, omeeuaANWAR SAEHENMAPHOMY GUDPMYALLHOMY
cobumun  ©; = {a;, . ., ain}. Toeda amnaumyda ssemenmaprozo

BUPMYAILIO20 CO6UMUR ), DAsHa

Y (o) =1 (0,), ..., Y {o)); ;= 0, ecam iFiy,

N

by 00 =oxp = Ley ), 2,0, 01t} w8,

(4.4)

20e PO — edunuunnii eexmop, onpedeanrowuii amnaumydy KM-yenu.
HJoxasareasbcTso. PaccMoTpuM HETErpan JgarpaEKuada

BJOXE TPaeKTOpEH z, (f):

TN N1t
g Lz, (1), 2,{0), Hdt = f Lz, (), 4, (), t)dt.
T =1 tl

Ipu t & (¢, t;,,) Pyuxuna #,(t) DocroAHma: &, (¢) = (ail+1 — ail)/'r,
n, (t) = ail -+ j"m (t) (t - tl)~
N3 oupegedesns Jarpamkmada (4.2) BRIT€KaeT PaBEHCTBO

)
Liy+ 2t —1t), 4, t) ='(_9Tl (x, y, t), moaTOMY

0
L (ail + (ail+1 — ail) (t—1))/%, 7y, t) = a3 l (ail+1’ a4 1).

; I
*)  OrmernM, uTO In z},rl,, man PPy ABIAGTCA AUNPOKCHMALVEH
KOMILTIEKCHOH SHTPONUE, BBE[JeHHON HUKe, TAK KaK KOITIA MIAard CeTKH
cTpeMATes K HYJI, MOAYIb KodpPUIMeBTOB MATPuUnH Z’ cTpeMurcs
K eAHANE, & JJIA (PABHO BEPOSTHHX» COOHTEN xorapuMu ammin-
TYAH COBHAAAIOT € KOMIJIEKCHOH SHTPOHHeil.
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Taxum o6pason,
4 i
Ld 9 l
f = o7 L@y, @ Dt
i iy

Temeps mpr samerny, uTo u3 (4.1} cmexyer, uto mpn t & (4, ¢/,,)

J
— I («, . 0oz .
ot (”11+1’ 4, i LESTUA

IlopcraBisais mony4YCHHELIE cooTHOLICHUA B (4.3), HaxoAmM

N N—1
T "

S [, (1)] = g Ldt=— 2| Inz}
=1

pe

1+

IToaTomy
N—1

i . _ ]
exp {T Sz, (t)]} = l[;ll Zizﬂy i

YTBepeHne NOKA3aHO.

O6o3naunm uepes P° (z) PYHKINIO, PABHYIO 1p?, ecan z = a;. Cym-
MUPYA aMIITYAR 3JeMeHTaPHLX BUPTYaJAbHBIX COOBITHII, 3aNCAHHAE®
B BUpe (4.4), wmomydaem

CanepgctsBue Amnaumyde ucmunrnozo cobumus moxem 6uime
npedcmasiena & sude

b= X exp{i—swun}wwx(r)), I=1,... /. (45)

x(t): x(rN):al

®Qopmyna (4.5) ABAAETCA ANCKPETHEHM AaHAJIOTOM KOHTHHYAJIBHOTO
unATerpana Meitamama [21, 22].

ConocraBum Kaamomy BerTopy |° w3 C¥ pextop \ mo (opmymam
(4.5). TeM camniM 3ajaeTcsi JUHEHHEIH OIepaTop (MaTpUOa), AEHCTBYIO-
muit B CF: Ay® = . MaTpuuBsie 9IeMEHTH MATPHUIEL 4 MOJKHO BRIYHC-
I4TH 10 gopMmyie

4, = > exp {% s [x(’c)]}.

J a(t): x(x)=a;, x(=N)=gq,

Beenem o6oznaverne
i
A =exp {T S} .

Pacemorpum puddepennupyemyo ¢yHEnmo S, (z, ), cOIOCTABEM
et pyHROu0 Ha cetke S, (jk, T/) U BBeJeM oLepaTOp YMHOMKEHHA Ha
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i
dyrenmo exp {TSO(-,-I:I)}, reficrpytommii B Ck:

exp {{,— So (-, 'rl)}lp —
= (exp {—_Lr— So (A, -cl)} P1, ..., exXp {—_EF So(kh, rl)} wk>.

i
Hama 6ammxaiiman neas — NPOKOMMYTHPOBATE ONEPATOPH eXp {— - X

XS0 (-, rl)} i exp{ S} Ucnonpsyda gopMyay
t41 g
So (& (f149), t1yg) — So(21t)), 1)) = S =5 So(z ), hdt =

AY 98y
=\ [BEew o+r05ewn, n]a

npeofpasyeM mOKasaTesNb IKCHOHEHTH B (4.5):

exp {5 [z (tn} ¥ (& (¥) = exp == (S (2 (TV), TV] +

+ y L (@), #(1), ) dt — So (@ (1), 1:)]} iz (7)), (46)

TAe
a8 o8
L'(x, 2,8y =Lz, 4, 1) — 7= (2, ) — & 5=, 1). (4.7)

JlarpamKuaBEs, CBs3aEHHE cooTHomeHWeM (4.7), HABHBAWTCH IKeU-
sasenmubixny. PopMyna (4.6) naeT IpaBuI0 BRITUCHCENA AMIJIATYREL IPH
mepexofie K 9KBUBaJIGHTHOMY NaTpamkmnaHy. l13 mee me ciegyeT gopuy-

i
4G KoxMYmayuu C ONPATOPOM YMHOMKEHNA HA OXP §— Sol(-, TN)[:
exp {——“_‘L[,—So(', TN)} o e/x\p {—::‘ S} =

— 65D {—%— 5'} oexp {~% So (-, 0)}, (4.8)

e
N

S’ [z {1)] = ( L' (@ (1), # (1), 1) dt.

T

Ilas cpaBHeHMWS pPAcCMOTPMM J[Ba CBOHCTBA SKBUBANEHTHHX mpeolpa-
gopammit ¢yarmum Jlarpamma B KJaccHYeCKoil MeXaWuKe,



Ecam L — narpamsman Mexaaddeckoil cucreMsl u Jo (z (£)) — Be-
mecTBenHasa muddepernupyeMas Gyurumnda, T0 Ha MHOMKECTBE TPAGKTO-
pEil ¢ (UKCAPOBAHHEHIMA HAYAJIOM ¥ KOHIOM DKCTpPeMatm pelicTsmsa

t

t
Sz )] = S L), z{),tdt m S'[z@®)] = SL’ (x (), 2(t), t)dt,
0
L' (x, #, )y =L (z, 2, 1) — (—B;t—o- + % % (> (t))) coBOagaT. B camom
neie,

t
oL d 9L
88" [z (t)] = S (‘37— o aa @), £(0), t)) bz () dt +
0
t

d
—l—-Gg'd—tSo(x(t), t)dt =
0
t

oL d 9L
=S<6_x— U gr @ 2, t))esx (1) dt = 8.
0

IToatomy 68’ [z (¢)] = 0 Torma @ TombKo Torfa, kKorza 68 [z (8] = 0.

Iyers H (p, z, t) — dyEKnua TaMuabTOHA MEXAHHYECKON CHCTEME,

JlarpamKuas KoTopoit eeTh L (z, #, ). IIpeo6pasopammio L — L' =L —
as as ‘

— <W— 4 -5;—) ¢ymrmun JIarpam:ia 0TBeIAeT KanonUudeckoe npeobpa-

80BaHWe TAMWIBTOHOBEIX TepeMeHENX z — X, p — P ¢ npousBopusa-

mieil dynAKnmell KaHOHHIECKOTO MpeobpasoBaHust

O (z, P, t) = P,z — 8 (x, ?).

§ 5. Bupryanbubie coGbrrusa

1. Tlonymamepmmbie MHOMKECTBAa. MHOMKECTBO BHPTYAlXbHEIX 3Je-
MEHTAPHHX COOHITHI, paccMaTpuBaBmieecsi BHme B cBsasnm ¢ KM-me-
NAME, MOMKeT OnITh NAPAaMeTPH30BAHO MHOJKECTBOM BEKTOPOB.

PaccmoTpuM nBa MHOMKECTBA: MHOMKECTBO B, COCTOAINEe U3 THCEN
HATYpaxbHOro psaga oT 1 mo k, m MHomectBO A = B X ... X B =

= BN, Ilycrs ®; = (@i« ooy aiN). ConocTaBUM 3TOMY DieMeHTap-
HOMY BHpPTyalJbHOMY coOnTHI0O Tourky & (®i) = (z, y) MHOKecTBa

()
N = A X B ¢ KoOpAWHATAMEI
z=iyEB, y= (..., Iy, E 4.

MHo%ecTBO A HA30BEM ca0exm, & MHOMKECTBO B — 6asoil MHOKecTBa /.

C TogHOCTBIO [0 nzoMopduaMa (: Q — . 4° MHOMECTBO dIeMEeHTap-
HHX BUPTYaJBHEIX COOHITHIT { MOMKHO OTOMIECTBUTEH ¢ MHOMKECTBOM ./},
B panpHemeM TOYKH MHOKECTBA 4" MK Tak:ke OyIeM HazHBaThH dJe-
MEHTAPHEIME BUDPTYAJBHHME COCHITHSIMI,
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IlceBaoNCTHRARIM COGBITIAM NPH OTOOPAsKCHUH { OTBEUAIOT IPAMO-
'YLONLHEIE MHOMKECTBA B .}", HABHBAGMEIE YUALHODULECKUMU: -

(A= U, 0= {L(A) =T x ... xIy) (5.1)
@ hely,..., iNEly

OBV 00Pa3yoT NONYROALIO o 4, HOAMHOMKECTB MHOMeCTBA 4~
3agamuM aMOaRTyRy @ Ha K o0

Q(g) =1 (4), tae ((4) =g
PaccMOTpEM CRaXApHYIO (QYHRnUIO f Ha A/

fl, =19 o) ©;=(ay ..., q.) (5.2)

rfe ;. - KOMOOHENTA BEKTOPA Z = iy, ¥ = (i ., iy} ¥ (u)i)
¢ HOMEPOM iy. 9Ta GyEKOUA 06;a7aeT OYeBUHNM CBOHCTEOM: €CIH mPH
KayKgoM (QUKCHPOBAHHOM Z NPOCYMMUDOBATh €€ 3HAYCHHA IO CJIOIO,
a 3aTeM CJOKHTH KBAaZDPATH MOJyJeil BTHX CYMM, TO B pe3yJbTaTe mo-
AYIEM SUBNIY:

D Dteaf=v@r=1 (5.3)

x= Y==&B

OnpepennM Kiacc MEOKeCTB, 60J1ee MEPOKHUIT, YeM HOAYKOJBIO NCEBO0-
HCTHHBHX COORITHIH, ¥ BBeJeM NJA HEr0 HOHATAA aMIUINTYNH U WHTEH-
CHBHOCTH.

Ilyers (A, A4, v) u (B, &, p) — IPOCTPAHCTBA C G-KOHOUHBIMHE
mepamu *). OOosEauuM wuepe3 ./° npAMOe NDOU3BEJAECHNE MHOMKECTB
Aun B: /= A X B. MuoxectBo ./ OymeM HA3BHBATH 7 POCIM PAHCTL-
6om, MHOKecTBA A W B — caoem M 6asoii cooTBeTCTBedN0, PaccMorpmm
6amaxoBo IPOCTPaHCTBO PyHKIUI

Lo (L1)=L2 (Ll (A' -#1 'V); Bv ‘%’ “‘)v

cocTosAlNee U3 MAMEPHMBIX (YHKIWE, 3ajaHHEBX Ha B, npuaAMAaonmx
spavendd B Li1{4, o#%, v) 1 MMeIOMUX MHTErPHPYEMHIA OTHOCATENLHO
MepH [ KBajpar HopMel B upocrpadctBe Li. Hopma B L2 (L1) sagaerca
COOTHOUICHAEM

ree=([wa ([ vanive )" 5.4
B

A

dneMeHTH BTOr0 NPOCTPAHCTBA HA3HBAKOTCH ¢yHKuMAMu u3 L Ha
6ase co smaueHnaME B L1 Ha ¢loe,

Tipmeenem nBa npumepa ¢yaxumii m3 Le (Li1). B npocrpamctse ¢
G-KOHETHOI MepOit CYIMEeCTBYIOT MHOMKeCTBA KOoHeduHO# mepw. Cremona-

*) Tpotira (X, &', p), cocrosamad U3 MHOMecTBa X, o-aareGps
ero MOAMHOKECTB 4 M MeDH 0 HAa &, HABHBACTCA NPOCMPAKCMEOM
¢ mepoii. Mepa p HasHBaeTCA O-KOHEWHOH, ecam 3 {z;} : X = | )%z,

=
P (zi) < o0,
6 B. 1. Macaos 164



TeAbHO, CYIMECTBYIOT MHOMKECTBA O & £ U f & & rarue, aro v{(a) <
< oo uw W (B} < co. XapaxrepucTudeckas (GYHKOHR Yz UPAMOYTOIb-
muKa g = o X f, ompeneaseman Qopmyioil

{1, ecan a < a u beB,
%g (@ D) =10 eomm a et o u beB,

paccMarpuBaeMas Kak QYHKUHA TOIKH HA o# (T. . RaK Yg (@, +)) u upu-
HEMAKIMAA 3HageHudA B L, (B, &, u), ABxaercd npocroi Gyrxmmeit *).
Ee mopma B L, (L) KoHegHa:

Vg Iy = v (@ 0 B) < .

CneoBaTeNbRO, Yz & Ly (Ly).

Myers MuOoKecTBAa 4 B B COCTOAT N3 KOHEYHOTO 9HCIA TOYeK 1
Mepa OTReJNbHOH TOIKA paBHA efuAnne. Torna BMecTo naTerpaios B (5.4)
caexyer amcath cyMMmul (5.3), u B 3TOM ciygae dyaruud f (z, y), onpe-
nenenrag GopMyroit (5.2), ABIAETCH HIEMEHTOM TPOCTParCcTBA Ly (L,).

Onpegenernne 54. MromectBo g & N HasnBaeTca noay-
usmepumelM, €CHM ero XapaKTepHCTHIECKAasd (QYEKNUA NPHHANIEHKHT
Ly (Lq). Ioaymepoii moaymsMepPHMOT0 MHOJKECTBA HA3HBAeTCA HODMA
L, (Ly), ero xapawrepucTuieckoil Qymrmmm.

OxapakTepuayeM CBOJCTBA Kijacca IONYN3MEPHMBIX MHOMKECTB
G. Teopema 00 ymaomennn ¢pyEkouit L, (L,) Ha XapaKTepHCTHYECKYIO
PYHKOWI0 TONYU3MEPUMOTO MHOKECTBA IO3BONSIET ONPENeINTh MOHA~
THEe aMOJUTYAH ¥ WBTEeHCHBHOCTH B 3HAUHUTEeNbHO Goiee ofieil curya-
UUW, 9eM MBI PACCMATPUBAIE HO CHX WOp. J{JNA HOKABaTeNBCTBA BTOI
TEOPEeMEl MOHANO0ATCA BO JIEMME O HPOCTHX (QyHKIIAX **).

JHemma 54. Hyeme % (2, y) — npocmas Pynkyus no z E B
co sHauwenusmu 6 Ly (A, A4, V) u ¢>0, d<<0. Toeda Pynryuu
Rex (x, ), % (2, y) = min {%(z, y), ¢}, % (z, y) = max {x(z, y),
d} makwe seasiomcs npocmumu @ynkyuimu na 6ase B co snauenus-
smu 6 Ly (A, o4, V).

JowrasaTeancTtso. fIcHo, 4To Bee 1pU GYHKINT ABAAIOTCSA
npocTaMu. TaKk Kak KJACC UBMEPUMBIX QYHKIUA 3aMKHYT OTHOCUTEIBITO
omepaumif sup, inf v Re, To mpm KampmoM ¢RKCHPOBAHHOM z BCC TPW
OYRRUMM H3MEPUMbBI OTHOCUTENBHO ¢-alreGpnl .£. [lanee,

Ren(z, ») <% v, [#@ n|<
Klnle, N1, e <)% 9l

NO3TOMY B cuay TeopeMsl 3.7.9 us [24] Bce onm sBIAIOTCSI DAEMEHTAMHU
Ll (A7 17%’ V)‘ ~
Cnepcreue 5.1. Ecau % (x, y) — npocmas fynryus na B co
sHauenuanu 6 Ly (A, o, v}, mo Pynryusa
% (z, y) = max {min {Re¥ (z, ), 1}, 0}

maxace aeasemea npocmoti ynryueil na B co snavenuanu e Ly (A, A4,v).

*) yEKOAA Ba3LHBaeTCA IPOCTOll, ecim OHA HPUHNMaeT He Gojee
CUETHOTO 4UMCJa DPA3NUYHEIX 3HAUCHMNH.

**) B mocnepHHX ABYX CIy49adX PAcCMATPHWBAIOTCA BeUIECTREHHHE
$yBRIuEn.
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i dlegmma 5.2 Eeau yg (x, y) — zapaxmepucmuneckast GHynryin
noAyusMepuMOz0 Muoscecmea g & N, mo cywyecmeyem nocaedosamenn-
wocme Gyrkyuls  {%, (x, y)}; maeraz, uwmo: a)0 <Y < 1;  6)
%n (x, y) — npocmas Pynkyua us Ly (B, F, n) co snauenuamu &
Ly (A, o, )y B) | dn (2, ) — %g (2,°) g, = (;L npu n — oo daa
p::noumu ecer I.

JJokxasareuabcTBo. B cuany onpereseHHs MoIyusMepuMoro
MHOJKECTBA W ILUTOTHOCTE B L, (L,) Kaacca npocTHX QyHKmwi us L, €O
sHavenussMu B L, (em. [24], ra. 3, § 1, n. 3.8) cymectryer mocsaegosa-
TEJIBLHOCTD {%n}? HpocTHX pyHKIWil U3 Ly na B co 3HaueHWAME B L, Ha
A raras, uro || Yy (z, *) — g (z, *) lr, = 0 npm p-noutn Beex a.

Pacemorpun  1ocaefoBaTeabHoCTh QYHKNHIT {9, }, LPHHUMAIONHAX
suaueHust Ha orpeske [0, 1]:

def ~
%, (@, ¥) = max {min{Re ¥, (=, v), 1}, 0}.

B cumny caefersus 5.1 3T0 nmpocThie PYHKIUN HA B co sHaveHUAMH B L,
Ha A, upumaguemamine Ly (Ly): | %n LoLy) S I on Lo(Ly)* Takum 06-
PasoM {¥,} — LOCIeLoBaTeNbHOCTh NPOCTHX $yBKUmI n3 L, Ha B co
sHadenMaAMu B L, Ha A.

IlocKoMBRY %4 (2, y) — BCHICCTBCHHAA QYHRINS, UPHEUMAIOIIAA
TOJLKO ]\BA 3HAYEHHs] — HYJADL U eAUHULA, TO

[y @0 %) — T 2 9) [ > 1 1 @0 y) — Re %, (@, )| >

ITosromy | Lg (z, -} — %n (x, ) Ly < Xg (#y *) — ¥ (@ ) L, 0
p-mouTH BCiopy. MTaK, IOCHeROBATENBHOCT: {Xn)y YHOBIETBOPAET

yciaoBusaM a) — B). JleMma pmokasaHa.

Teopewma 5.1. Ecau Y & Ly (L;) u Yg — zapasmepucmuuec-
Kas PYREYUA NOAYUIMEPUMOZO MHONCECMSEA, MO Pynryui yYp mare
npunadaescum Ly (Ly).

JorxaszartenbctTno. CHauama JIOKameM, 4uTO QYHKIUA
(%g¥) (z, +) cunpEO mamepmMa *), a saTem yGepumcs, 410 KBaj[paT ee
HOPMH B L, (4, w#,v) — p-nETerpupyem. Tem caMuiM OymeT HoKasaHO,
at0 Yg¥ & Lg (L;)- 3

Itycrs {{n} H {¥n} — NOCIEJOBATENBHOCTH NpPOCTHX QYHKImMIi
u3 Ly Ha B co sHavenuaMu B L; HAa A Taxwme, 49TO

l]'lpn(:l‘, ) =Y (x, ')"L1 -0, ” Xn(x7 4 _Xg (7"1 ')HL1 -0

upH p-mouTH Beex x & B. He ymemnpmaa oOmHOCTH, MOMKHO CUMTATH,
410 QYHRIWH Py, U ), DOCTOSHHE HAa OJHNX M TeX jKe MHOJKECTBAX M3 T
u QYHKIWA Y, YAOBJIETBOPAIT YCJIOBHAM a) —B) JEMMH 5.2.
ITockonsKy nponsBeneHNe ABYX QYHKuMil us L, OfHA H3 KOTOPHX
OTpPAaHAYEHA II0 MOJAYJI0, TaKKe UPUHAJJIEKUT L), TO OPH U-IOYTH BCeX
z QyEROUR
(Xn‘pn) (.T, ')7 (anp) (-’x’ ')7 (ng) (.22, ')

*) To ecTh CYIECTBYeT IOCJeJ0BATENBHOCTb IPOCTHX (YHKIMII,
CXOAAMAACA K Yo\ N-TOYTH BCIOAY 1O HOPME L.
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upnnapaekar L, (4, o£,v). 3aduKcupyeM Tarxoe 3HAYEHNE T H OMEIIIM
HOPMY PasHOCTH B L; QyRRmHI Yp,P, # P!

1% (2, ) — Kl (@ ), <
SMotg & V=1 @ N, Y H1¥ @ ) — ¥y g,

IMocaegaee caaraeMoe CTPEMHUTCA K HYNIO W-IOYTH BCIOXY NPU N — co.
IlooToMy [iiA [OKABaTEI5CTBA CHABHON HBMEPHMOCTH QYHKOHE Yo
mocratouno yoeparsest, 9r0 | (%g (%, ) — ¥n (& NP (2, )| p,~0
P-TIOUTH BCIOZY HPH 7 —> co.

Oyarups P (z, y), ABIALMAACS MpH QHKCHPOBAHHOM T 3JIEMeH-
rom B3 L, (A, o, v), KOHeUHA TOPH V-TIOYTH BCeX y. 3HAUUT, HOCJHICO-
BaTeJBHOCTE {Py}:

Qo xy ¥) = (n — %) ¥ (2, )

-— CXOAHTCA K HYJIIO UPHA W-TIOYTH BCeX z U V-IIOYTH BCeX y. HPOMB
TOTO, PABHOMCPHO IIO 7 CHOPaBe/iiBa OLCHKA

IrPrL (z, y)l<2l1b(x, y) [

CrefoBaTCAbHO, IIPH Q-II0OYTH BCeX Z BHIIOJEEHH YCJIOBUA TEOPEME
JleGera o 1upe/ieIbBEOM TICPEXOAC IIOF 3HAKOM HHTeIpaja II0 Mepe v:

Y | (1 — ) ¥ (22 Mgy = Vi [ 0y (2, )19 (0 =
—» 00 ‘lA.

— {im [ @, (e 0)[v (d) =0.

Orciofa BHITEKAaeT CHIbHASA WH3IMEPUMOCTh (PYHKIMmIT ¥ ).

JoxrameM, 4TO KBagpaT e¢ HOPMH B L, (4, -, v) HETerpapyem
OTHOCHTeNHHO MeDH p. [IJIA [0Ka3aTedbcTBA BOCMOJAb3yeMcA TeM (ax-
TOM, YTO eCAl f — HEOTPHIATENbHAA U3MepuMas (QYHKIUAA d ecid cy-
mecTByeT paTEerpupyemas pymrmua @, taxaz uro f (z) < @ (z), TO
¢yHKuuA f mETErpupyeMa. JTO yTBeDIKJASHHME CJIeNYeT, HANPHMep, U3
[24], Teopema 3.7.9.

Iyers f (z) = | ¥g¥ (= <) | §,» Tockomsry § & Ly (Ly) 1 || x4
Pz, ) g, <M (2 ))p, 70 B Kazecrse pyErnum @ MORHO IpR~

HATH HATeTPUPYEMYIO OTHOCHTeILEO MepH p ¢ymxnumio ¢ (z, )| %l.

Beime GBLIIO JOKA3aHO, 9TO HOCJIEXOBATEAHLHOCTh HPOCTHX PyHROIT
(Xn¥n) (2, +}) €O BHAYEHUAME B L; CXOJWTCA W-HOUTH BCOAY K (Yg¢)-
+(z, +). IloaToMy mocienOBaTeABPHOCTE HEOTPUNATENLERX IPOCTHX (PyHK~
it | (Xn$n) (2, °) |, cxomurca p-mourm BCORY X | (Xg¥) (=, L.
CnenoBaTedbHO, PYHKUUA f (r) H3MEPHMA OTHOCHTENHHO C-aarebpel 4.

Orciofia clefyeT MHTeTPUPYSMOCTh KBajpaTa HOPMH B L, GyBERouu
%g OTHOCUTENBHO MepH p. Teopema fokasama.

O6o3EagnM 4epes G KJACC HOAYHSMEPHMBIX HOXMHOMKECTE MHO-
sKecTBa Q.

CuanepgctBue 52. Kaace G samknym Omuocumeasio onepa-
YuU nepeceienus.

JAoKaszaTedbCTBo. XapakKTepucTHIecKasg QyHKIUA MHO-
WecTBa gy (| g2 €CTh NPOU3BEJeHHe XAapPaKTePHCTAYECKHX QYHKIHI
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MHOKECTB gy i gy [locKoshity xapaxtepucriteckas PpyEKIIA MOMYHL-
MepPHMOTO MHOKecTBa IPUHALMEKHT L, (L), TO U3 TeopeMH, HOKa3aH-
HOU BHINIE, CIEJYET, YTO NPOM3BEJeHNE XaPAKTePHCTHYECKHX QYHKIuil
NOAYH3MEPHMEIX MHOKECTB TalsKe MpUBamAexT Ly (L,), 9ro u Tpebo-
Banochk. ClegoBaTesibHO, MHOKECTBO g | g MOAYU3MEPHMO.

Canepgctue 5.3. Kaace G 3amknym omuocumeibho onepayuls
o6vedunenus,

JoraszarteahbcTBo. XapaKTepHCTHYeCKasg QYHKDHAS 00B-
eIUHeHN MHOMKECTB g, M g, HUMeeT BUJ

XeUg: = Xgo T g Xginger

ITocronbRy L, (L) — nuneliBoe UPOCTPARCTBO M BCe TPH CJATAEMEIX
npugagnesar Ly (Ly), T0 Y44, € Lg (Ly) U MHOMECTBO gy U 82
E;

O YU3MEPIAO,
Cunepncreue 5.4. Ecau gD g’y g, 8 G, mo g\ g €G.
Jlais1 JOKA3aTeIbCTBA DTOTO YTBPIK/IEHHA JOCTATOYHO 3aMETHTh, 9TO

Lgng = %g 7 Xgne

Jlemma 5.3. Cywecmsyem cuemmoe mHOICECB0 NONADHO HeNepe-
CeRaoUUTCR NOAYUIMEPUMNBET Mitoacece {g1),° makoe, wmo | g, = ",
i=1

JJoxasareancTBo. HocroubKy MepH p M v GO-KOHEYHBI,
TO MHOKECTBA A U B MOMKHO TDCACTaBATL B BUAC O0hequHEHHS CHeT-
HOTO 9UC]A [ONAPHO HeNepeceKanmuxcs MHOMKeCTB {a;) 1 {Pi}]°,
UpHHALNEKAIMUX g-anrefpaM o4 N 47 COOTBeTCTBEHHO, TAKHX, 9TO
v (&) < 20, W {Pi) < co. Bece nupaMoyroabHnkn o; X f; momxyHsme-
PuMEH, a HX o0begumEeHme copuagaer ¢ 4 X B = /°. MHOKeCTBO Ta-
KX MPAMOYIOJBHUKOB CUeTHO. JleMMa poKasaHa.

CaonepgcrBue 5.5. Kaacc G seazemcsa Koabyon.

HJorxaszarteancrtso, Ciegctsua 5.2 m 5.4 u jgemma 5.3
HOKAa3HIBAIOT, YTO Kjaacc (G ABIAeTCH DOJYKOJBIOM, a U3 ClIeACcTBUA 5.3
ciaenyer, 9To0 G ecThb ROJBIO.

2. AMmimaryga B AHTeHCHBHOCTH, Eciu ¢ & Ly (L), mo Pynsyus
f(-)= S(p (-, ¥) v(dy) npusamiae;kut L, (B, %, ). 9T0T PaKT cay:Rut

A
OCHOBOIl AJA ABYX ONpefeseHui.

Onpepgenenue 5.2. [lycth ¢ — KoMmiaekcHas QYHKOUA HA
N TaKas, 910 A 1060T0 TOAYH3MEPEMOTO MHOMKECTBA ¢ GYHKIUA ),
TIPHEAANEKUT TPOCTPAHCTBY Ly (L;). HeHopMupoBamHON amnaumydoi
MHOMECTBA g & G HaswBaeTcA QyBKnuA u3 Ly (B, %, u), Buauciasde-
Mag mo Qopmyrae

(&) =% () ()= | Gg®) (-, ) vian,
A

THe g — XapaxTepumeTHieckas (YHKIUA NOTYH3MEPHMOTO MHOFKECTBA
g. llpu ¢urcuposanaoM P GyERUEA P : G — L, (A, »%, v) HassBaeTcH
amnaumydoti ma G. IlpocrpaHcTBo .4° HABHBAETCA NPOCTPAHCTBOM
JAEMEHMADHBL BUPMYAALHUE CcO6Wmul, €T0 DIeMEHTH — sieMenmap-
HBMU eUpMYyasbHuML COOHTHAMH, a 9JEeMeHTH Koibua G — supmy-
@ibHBEMU COOHTHAMA.
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Cnepcroue 5.6, Aunaumyda seasemes addumusioti gyni-

yueli Muoxcecmea wa kKoavye G.
OQupeunexenue 5.3. Humencusnocmuiw TOIYH3MEPHMOTO
MHO}KECTBA g HABKBAETCH KBAJPaT HOPMH B L, (B, &, n) ero aMmiu-

TYABL: .
def
1) =1v @B = [r@mivie @ )R,

Mlycts Q6o MepH W B v KOHEUHH, nubo ¢ (z, y) & (L;, L,); Tornma
A7 & G, u ciregoBaTeNbHO, KOJbHO G ABJIACTCA aaz2e6poli.

Paccmorpum orobpaykerne p: G — G, HasmBaeMoe npoekyuet,
NeACTBYIOmMES IO OPaBUIY

plg)= A Xsupp | |1, (@ 1) [ v (dy),

¢,

b

e g — XapaxTepmcTuieckas QYHKIUA MHOMecTBa g & G.
Bupryanbaste COONTHA g U g HABBBAITCA HENEPECERANMUMUCE,
ecrn g ()} g = (&, unecosnecmunmy, ecaxa o (g) ) p (g') = . Pas-
JUIHe MEeMKAY HEIEePCCCHAIMMUCS U HECOBMECTHHIMU BUPTYANBHBIMI
COGLITHAME COCTOUT B TOM, YTO MHTEHCHBHOCTH OO0bLEIUHEHIA HECORMECT-
BEX BHPTYANBHHX COOHTHI DABHA, OYCBMAHO, CYMMe WX HHTCHCHBHO-
cTeif, a UIA HEUCPECEKAIOIUXCH MHOMKCCTB 9TO YTBCPHKACHHC, B0OOII0

TOBOpA, HEBEDHO.
Bupryanbhsie cofuTust U3 00paza p(; TABEIBAIOTCH UCMUNHBLMU.

MHOKECTBO MCTUEHHX COOHITHII n30MopdHO G-asrebpe 7 NMOTMHOKECTB
MEO;KecTBa B. Taxum o6pasoM, MHOKECTBO MCTUHEHIX COORITHI ABI-

eTcst  o-aareGpoi.
Npepaomenune 51. Cywenue unmencuenocmu na G-ga-
2e6py UCMUHHBZL cOOBMUL A648eMCL KOHEeUHOU Mepoil.
JlOKa3aTeabCTBO STOI0 YTBED:KACHUA CIeAyeT U3 MHTerDaNbHOTO
IPefCTABIeHAS] MRTEHCHBHOCTH; eCl ¢ < pG, To g = A X f,p & B u

1) = [ @) 1t )3, I Bz
B

rae Y (=, ) ”?:1 — HHTETPHDYyeMasd OTHOCHTeNBHO MEDH [ QYHKOuA.
B saxnouenuse oupenmennM KoMmieKcHyo asurponmio. IIycrs Y(z,y) —
— dymrmua w3 Ly (Ly) 1 ¢, =1, tne (z, y) € 4 X B. Torga
BeJINYIHY

r@=le@r=|{venauf

+

A

Ha3HBAIOT INIOTHOCTHIO BEPOATHOCTH, & F£ — j p(z) In p (x) du (x)— o8-
B

TpolHMell pacIpefeneHus p.
BymeM Ha3BIBaTh KoMnaekckol swmponuel BCINMYURY

#={ae|[ve o n{vensye.
A B B
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CymiecTByer o9eBYJHAS CRA3L MEKAY DHTPOmuMEHd F7 M KOMOJEKCHOMH
sHTponmelt H:

1
—E—%:ReH.

IIyery (A, o#i; wi), (Biy &, vi), =1, 2, ... mpocrpamcTBa ¢
O-KOHEYHHI M Mepaml nyp E L2 (Ly (Al X A2), B, X By), ¢ (N, X
X NYl=1, meNi=A4; X B; (i=1, 2, ...). By,ueM 0603EATATH
qepes a; TO‘IRH MHOMECTB AI 11 gepes b; — TOUKH MHOKecTB B;. s
a006x 0; € Ly (B;) ¥ @ & o#; BeRWIHEH

o, b == | B (ba) dpa (b2) 5 ¥ (a1, az b, be) dve (as),

éz 23]
ll‘:g ((la, bg) - \“ O (111) d}ll (171) gl lb (al, az; b1, b-z) dvi ((11)
By @

HABKIBAIOTCA CYaceHusMy AMIAUTYHH P Ha N; ¥ N, COOTBETCTBEHHO.
CymeBusa ; ¥ \, HABHBAIOTCHA He3A6UCUMBLILL, ECITT cymec'myxo'r TaKme
oyeERIun f; u f, us L, (L; (4,), By) ®t Ly (I (A }, Bs) COOTBETCTBEHHO,
q10

P (ay, ag; by, by) = fy (a1, &) fp (@g) bo). (5.5)
Bes ymembimenns o0IHocTH OyHeM CYMTATB, UTO

1 WVyl,=%:i=1,2.... (5.6)

OyHEKnUY f;, yHOBIeTBOpsAIomue ycaosuaMm (9.5) u (5.6), HassBa-
OTCA He3ABUCUMBMY COCMAGARINWUML AMIUTHTYREL .

IIpepmosmenne 5.2. FEeau cywenus amnasumydsn P wa
Ny u N, nesagucumsl, mo KOMRACKCKAL oumponus amnaumyow P
paswa cymme sHMPONUL ee He3QBUCUMBE COCMASALIOUUL:

@) = H(ffs) = H (fy) -+ d (fy).

JoxasaTteunbcrtso. s onperenenus RoMIJIEKCHOI BATPO-
NN ¥ HOPMUPOBKN GYBKUUil f; U f, claegyer:

H ()= \ de dpgl 5 f dvy dvafafe {2(111 f1-E I fa) ==
— (s dps l \ dvify I‘z In fx) ( \ dirz jdx‘zfz 2) +

(] v o) (] s [ =
S du

S vify ] Inf-+ j dpa ] f dvafs A0 fo = H (f1) + H (f2).




FJTABA VIII
KOMIIJIEKCHBIE HEJIMHEWNHBIE IENN

§ 1. Heapgurusrasn avnimTyma

IIyers (4, .7% v), (B, %, p) — npocTpaEcTBa ¢ O-KOHEYHHMIN
mepamnt, A = A X B, G — KOIBIO NONYA3MEPHUMHX MHOKeCTB B @ —
HEKOTOPpas cbyﬂmum, orofpakaomas G B MHOKECTBO HEHOPMHDOBaH-
HHEIX aMINIATYR Ha G.

Hpnm mio6wx ¢uxcuposamEnx g, g € G  ¢yErkmaa D (g)
Xg (2, y) ABHAETCA 2MeMeHTOM upoctpaHcTBa Ly (L,). Ilosromy me
AHAJOTHHA C OOPEIeJIeHNeM HEHOPMHDOBAHHON aMILIMTYAH MOKHO
JaTh CIefyIo(ee OIpeereHie. :

Onpengeunernne 1.1. Headdumuenod amnaumydoii Ha G Ha-
3HBaeTCA QYEKIHA cO 3HAUEHUAMH B L, (B, &, p), BHUuCiIseMad 0o

dopmyie
P& =2, N @y, DV, (1)
A

e %e (z, y) — XapaxrepucTuieckasg QYHKUHs MEOXKECTBA g.
P{BaupaT wopMit B Lo QyERumum P (g) (-) Ha3LIBACTCA UnmeNcus-
nocmuvio MHOMecTBa g, ormomenue [ (g () g'}/! (¢') = [ (g/g’) Haau-
BAETCA ycA06Hol MHTEHCHBHOCTHIO MHOKECTBR g OTHOCHTEXBHO g'.
Tenepb Mbl HepeiiieM K PACCMOTPEHUI0 KOMIUIEKCHNX HOIHHOHHBIX
Ieneit, oupejenseMuXx HEaXJHTHBHOH aMmianTyjoii Ha MHosKecTBe BUD-
TYaJNbHRX coOnTUil, BrImcaseMmoii mo dopmyne (1.1).

§ 2. KoMunekcnnie neamHeiiabie menn

1. MeruHnas aMnaaryga. PaccMOTpUM MHOMKECTBO {ai}?zl, Ha3nt-
BAEMOC MHOKNCECIE0M COCMOARUL, M WYCTh K == 'y — II0OXYKOABLO

OOAMHOMKECTB MHOM(ECTBA DJIEMEHTAPHEIX BUPTYAJALHHX cobuTHil 0],
ABJAIMMUXCA MOCHELOBATENABHOCTAME COCTOSHII

0y =251 .0 4 P= (i1, ..., iy) (2.1)

i

O6o3maumm wepes 1y MHOMKECTBO DICMEHTAPHHIX BUPTYAJLHEX COGHI-
tit. B ro. VIIL§ 4, m. 1 Mu orMevwand, 9To ¢ TOYHOCTRIO A0 HW3IOMOP-
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¢H3Ma HPOCTPAHCTBO DIGMEATAPHKX BEPTYANLHHX COOKTHI Qp MO-
HO OTOKAECTBUTH € TpocTpancTBoM A=A X B,rie A=B X ... X B=

=Bl y B muomectso uncen HRaTypajieHOro psapga or 1 fo k.
TaruM o6pasom, croit A m6aza B npocTpaHCTBA )y COCTOAT M3 KOHEY-

HOTO 4YHCJa To4YeK, Mepa KOTOPHX paBHA 10 ONpefeNeHdI0 efWHIIe.
Toaromy Kuacc G HOXYynsMEpUMHEIX MHOMKeCTB ABisercs anreGpoii,
coflepsKaIeil Bce DONMHOMKeCTBA MHOKECTBA /4°. Ecin ma G oupepenena
BeaJi[UTABHAS aMILIATY/A, e MOKHO CY3HMThL Ha JI000H KIace NoaMHO-
#eCTB, mpHHALIeKamuil anrebpe G. Jlanee MM Gymem paccMaTpwBaTh
HOQANATHBEYI0 AMILIATYAY Ha nmoxykomsme oA C G, siAeMeRTaMH

KOTOpOIr'0 ABJAITCA MHOMKECTBA BHIA
g == U (Di',’l,\/.--XIN*leﬂngNE*@y (22)
thshAnElNy

e % u & — anreOpH Bcex MOAMHOMKECTB MHOMKECTB ciiog A u 6asu B
COOTBETCTBEHHO.

VITak, mpeguosioKAM, YTO Ha MOJYKOJABLS of 3aJaHA HEANIMTUB-
pagd amMmantyga @. PaceMoTpuM aMuomuTyAy BHPTYAJILHOTO COOBITHSA
g Kak (QYyBRIEI0 MEOKeCTBA TOYeK O0assi:

def
DUy =2y =2
Mpu QurcrposamAMX /; ... {y_; KOMOOHEHTH BOKTOD& z == (21, . ..

e« oy Zj) ABIAIOTCA KOMIIIEKCHBIMI YHCIAMH, apryMeHTH M MOMYIH
KOTOPHIX BaBHCAT, BooOme roBops, OT MHOMeCTBA TouweK 6asel Iy *).

Onpegenernmne 2.1. IIyctb D — MHOMKECTBO U % — KONb-
1o ero mogmuoKecTB. OyHKOMA @: & — ( Ha3uBaeTCH Keasuaddumue-
®oil, ecan gia noOux d' ud” us & 1aRuX, 910 ¢’ (|} d” = d, BHIONHEHC

@)+ 9@ —o@ Ud)=o@d?**).

O6osmaanm uepes arg z; (/) apryment [-if KoMmoHeRTH BexTOpa z (/)

n GyneM rosoputh, 9t0 (O — aMmauTyna ¢ keasuaddumuenol dgasoii,
ecam a) arg z; (/) — KBasHagUTUBHAA QYHKIOUA  MHOMECTBA;

6) ) z; (Iy) | me sasucutr or Iy mpw Beex I=1, 2, ..., k.

Ilycts @ — HeagguTHBHAA AMIJUTYAA ¢ KBasHajuuTUBHON da3zoil.
Ecau I;v " Ilzlv — [IB& HENEePeceKalmUXCs HOXMHOMKECTBA MHOKECTBa
ungexcoe {1, 2, ..., k}, 10 Beamumma

argz, (I}v) +argz; (I ) — argz; (I;v Uly)=
def .
=argz, (p) = vralargz,

HO 3aBHCHT OT MHOMKECTB [, I U HABHBACTCA UCMUHNBM ADPESYMEHIMOM
KOMIIEKCHOro 9ncya z;, QyHKnus arg [y, onpenensemas gopayuroil

def
argz; (I y) — vraiarg z, = (arg I y) (1), (2.3)

*) Ilpm ¢mucuposammnix [; ... Iy ; Kaacc MHOMeECTB BAAA (2.2)

ABiagercsa axreGpoii.
**) [IpmMepoM KBasHAANUTHBHON (YHKIHE MEOKECTBA HBIACTCA
CyMMa MEDHL H KOHCTAHTHL.
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— apeymenmon muoxcecmea Iy, & BERTOD
vraiz (Iy) =
== (| z1 | exp {i vraiarg z1}, ..., |z, | exp {i vraiarg z;}) (2.4)
— ucmunnol amnaumydoli MHOKeCTBA g, oupelencHHOTOo B (2.2).
OGosmaaum gepes vrai @ ¢yrruuic Ha /)y, BHIHCAAEMYIO IO TPa-
BUILY
vrai @ (g) = vrai z (Ip),
rge vrai z (Iy) — Bextop, ompenensemerit Qopmynamn (2.2 —2.4).
JJemma 2.1, Ecau @ — neaddumuenas amnaumyda na A
¢ keasuaddumusnoii @Gaszol u

g=_ . _ U oz,
i: 'l:Eh.u‘lNEIN

mo
@ (g) = (exp {i arg Iy}) vrai O (g), (2.5)
2de exp {i arg Iy} — Ouasonasvnan mampuya, l-ii Juazonarvnuil sse-
menm Komopotl pasen eXp {i (arg Iy) (1)}, a dynryua vrai @, addumus-
nas npu Purcuposannus Iy, . . ., Iy |, aeazemea neaddumuenol annau-
mydois na XK y.

HJoxasaTeilbCTBO. [-1 KOMIOHEHTA BeKTopa exp {iarg [ y}X

X vrai @ (g) pasma ‘

| z; | exp {i (arg T5) (1) 4 i vraiarg z;} = | z; [ exp {{ arg 2; (I y)} =

=z (Iy)= Dy ().
Orciona caexyer popmyna (2.5). Ouermpgmo, wrTo ecam @ — Hean-
MRTUBHAS AMILINTYHA B cMEicie ompenesneHnsa 2.1, to vrai @ — ramke

HeANUTHRHASA aMIUIMTYIA.
Joxamem, 4TO

vrai @ (g) == %TN vrai ® (g),
VIC:]
g = Wi, ¢ = U (GF

i

LS, INEl N sl s N EI N
Ha oroii dopmyas caepyer anguruegocTs QyEEOmE D (g) mpu
QUKCAPOBaHHKX [y, ..., [ N-1v
IIpesce Beero, U3 OIPefeNeHNA AMIIATYH, KaK QYHKINN CO 3Ha-
ueHnAME B L2 Ha (Jaze, CIeAyeT PaBeHCTRO

D (g) =%p, @ ().

IToaTomy

vrai D (g) = vrai XIN(D (g) =

= (XIN (1) [z1|exp {i vraiarg z1}, .. ., Ty (N)1z, lexp{ivraiargz,}) ==
=Xy zlexp{ivraiarg s}, .. .. |z, |exp {i vraiargz,}) =

= Yy, vrai © (g).
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2. Onpepenenne npocroit KH-nenn. OGosmagtuM uepes g; , MHO-
ReCTBO U3 A, ;, a 9epes g, , — MHOMKECTBO U3 o, CBA3AHHEHE COOT-
HOIIEHHEM: eCin

g__ =1 (G .
RS N = AR S
To
g 1= U W, 7,
-1 HET 1y 11_1511_1, il Mooty
The Wy, .y = {ag, - - ail}.

Onpepenenue 2.2, Bygem roBopuTh, YTO HeANNUATHBHAA
aMIIATyaa "¢ KBasmajgauTuBHON (asoil @, samaEHasd Ha HDOJYKOJLIe
'y OmpenenAer npocmylo KOMILIEKCHYIO HeJWHEHHY0 memb (npocmym

KH-nmemns), ecid CymecTByeT HaGop YHUTAPHEX MaTpHI {Zl}iv -1, masH-

BaeMHX mampuyanu neperoda mpocroit KH-menm, Taxoil, 910 GyHRIUN
mHEOKecTBa D!, sajaHmbie HA TMOJSYKONBLIAX of; W CBABaHHEE COOTHO-
ureEueM

O (g =2 vrai®l (g, I=n,n—1,...,2,
" (g) =D (g),

SIBISTIOTCST HOQANTVBHHIMHA AMIUINTYJaMH C KBasMaJ{UTHBHHMY (a-
3aMH.

Teopewma 2.1, Ecau neaddumusnas amnaumyda c¢ xeasuaddu-
musnoii asoii @ onpedeasem npocmyrw HKH-yenw, mo cywecmeyem
sexmop ' u reasuaddumuenvie Gyuryuu mnoxicecmea arg I;, onpede-
AEHHBIE U3 COOMHOWENUE

@' (g) = (exp {iarg I;}) vrai @ (g), I=N, N—1, ..., 1

(2.6)

makue, umo amnaumyda cobwumus gy pasha
D(gn)=
= ,’)\(IN o(exp{targ Iy} o ZN-1, k\IN—l °o,..0 )A(,l o (exp {i arg I1}) Vs
2.7)
ede {Z’}i\’"1 — na6op mampuy nepexoda npocmot KH-yenu,

JoxaszaTteancrTno. Qopmyna vraivy (g) = - vraip (g),

JoKasamHasa B eMMe 2.1 ANA HeANANTHBHOH AMIININTYJH ¢ KBasvajgu-
TuBHON (asoii, m coorHomenna (1.5) marot

oy} (gN) = (exp {i arg IN}) vrai @ (gpy) ==
= (exp {targ Iy} o )A(IN vrai @ (g}N).
[ToCcKONBKY AMATOHAJBHLIE MATPUIH KOMMYTHDPYIOT, TO
D (gy) = X o lexp {i arg I y}) vrai O (z).
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U3 dopmyant (2.6), cnpasepausoit nisa npocroii KH-nenm, rnMeem

vrai © (gp) = ZNV 10N (g ).
TaxuMm o00OpasoM,

D (gy) = )A(IN o(exp {iargIy}) o Z-1ph-1 (gn-1)-

IoBTopas paccyxperusa st QN1 (gn_y)s N2 (gN,z), <o ey HONTY-
guM gopmyny (2.7). Teopema foxasama.

Hockonsry wmarpuust exp {i arg I;} YHATapBH, TO A&HAJOTHYHO
AoKasarenscTBY TeopeMsl 2.1, BocmombsoBaBmuch (opmymoit (2. 7)
JIerK0 JIOKa3aTh TeoPeMy 2.2, ONMACHBAOILYID B TEPMHUHAX YCJIOBHOM
HHTEHCHUBHOCTH MapKOBCKoOe cBoiicteo mpoctoil KH-menn.

Teopewma 2.2. Ecau neaddumuenas amnaumyda @ c¢ reasuad-
dumuenotli asoti onpedessem npocmylo KH-yensv, mo ycaosnas unmen-

CUBHOCMY UPMYAALHOZ0 COOBMUS milg:’:l lik ”1 , COCMORULELO 6 MOoM,
s g

umo 6 momenmsi j, . .., k, k -+ 1 npocmas KH- L;enb Hazoduaacs 8 coc-

MOAKUATL Qijy « « +y Qigy iy OMHOCUMEABHO SUDMYAALHO20 COGHMUA

Eyid "
o5 ’Ji,, sasucum moavko om cocmoanuii HH-yenu 6 momenmu k
o

u k- 1 Ecau {ZZ}N_1 — HA60p YHUMAPHUZ Mampuy nepexo&a npoc-
moti KH-yenu, mo

P((Dk+1k /k, Wi )__l

IZ
Yt k’ Tpreoe

ISt

3. Mpumep npocroii KH-nemn. Hycrs {2} — mabop ymmrapmsx

MaTPHI[ H @ — MaTPHIA ¢ BENICCTBeHHHMHU Kooddunuenramu. Bexropy
P e CY comocraBnM ymuTapEylo AMATOHANBHYI0 MATPHIY

k
exp (i Doy lee} 0

U (p) = L ) ;

0 -exp{izakjwjp}

1

H JUIA NPOM3BOJNBHOI NOCHE0BATeNLHOCTH  MHOKCCTB {lk}{v, IynE

{1, ..., k} sapajuM DPEKYPPEHTHYIO TIOCJE0BATEILHOCTh BEKTO-
pos Ck:
Q' =%, 0 U (@Y o 2101
1=1,2,... N, ®° — egurnunnit sexrop us Ck, Torga gus ao6oro
def
A= ©; onpepexcua gyrrmua @: OY (4) = @ (4), ar-

STy, iy=Ty
JTAOIMAACA HeajATABHON aMIIuTyol Ha 4 y ¢ KBasmajIuTuBHOE (a-

soii. Herpymmo mnposeputh, uto ammantyna @ onpegesnser mpocrymo
HH-nens.
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§ 3. KH-nens pns nesmneiigoro ypasHeHHA
KBAHTOBO} MeXaHUKH

B arom naparpade MH ociabiim TpeGoBaHus K aMoauTyae, chopmy-
JnpoBaHEEHIe TPH onpefpeaeEun npocToii HH-umenu, coxpasEB JHmb
pexyppenTHoe mupaBuio (2.7) BuuncieHua ammuntyns. Hamefi neasio
SIBJISIETCsT OpucaHHe mocnexoBaTeabHocrd KH-nemedt, amMmawrynm XKo-
TOPHX CXO[ATCA K peleHNIO 3ajaiy g yPaBHEHHs ¢ YHUTapHOH He-
auneiiHocTeI0 (eM. ra. II, III):

h 0 h2 g2
s, =g bl ) AN @), 0<a <L,

1
Y0, h=%{, 1)=0,

tne A (P) — omeparTop yMHOKeHHs HA (PYHKIMIO

(3.1)

—vlz) ) alz =P )Py

[P S

N1ax, nycrs' © = oV — HeaUTUBHAS aMiunTyna Ha K. Bymem

roBopHuTH, uto amMmmtyga @ onpedeasem KH-yenwv (ecnm cymectByer
eJUHMYHEIT BekTop P! H TaKue MaTpuyHosHauBHe (yEKypmu Ba CK

{Z’(-)}Ilv‘l, uto pus moGoro ¢ & CVY mopma matpumm Z' (@) (I = 1,
2, ..., N — 1) He NpPeBOCXOLUT €JUEMIE, a aMOAUTY]a I000TO BHp-
TYanpHOTO COOHITHA gp = U ®; MOReT GHTH BHuUNCHEHA

ithelh,. ., inely
110 peKyppeHTHHIM $opMymam
D (g) =7 o2 @ T g ) O gy 1=23,.., N
D1 (g1) = Ry, W
Pacemorpam KH-pens, s KoTopoit

ZL N (V=2 N () =U (Vo Kilyo Ky n, (3.2)

rae K n ~— TPeX[HaroHANRHAA MATPHIA pasMepa kEXEk
1+22 —a
ith
KK’N:=<—a0 1+2'1.. 1-}-2&)’ a:m_’

a U, (-) — nuaroHajpHas YHEWTApHAA MaTpAna, [ pumaroHanbHLR
ajeMeRT Matpunsl U (V) pasen

k
. \ , o
exp ¥ { (th) + gl ha (1 — VY B) | s 12} —exp 1T 4 (p),

rne v (x) ¥ a (r) — melicCTBUTeNbHENe (YHRKIHH,
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OGognaaum 'epes | - ||, , — HOpMY B Ck, pasaywo

" s
ncpn?,,cz{Zlcpm} .

i=1

- ’* £}
OTHOCHTEJIHEHO MAaTPHIHI Kk,lN o K y mssecrro ([20], cTp. 84—86),
q9TO0 B 2TOH HOpME OfHA JIUCCHMIIATHBHA, T. O,

Tbly, x> 1K o Ki bl &

Iycts ¢t m I — HOKOTOPHE MOJOMKUTENbHBIE gmcna T = ¢/N, h = l/k.
Onpenmenenue 3.1. Konnaencrnoti osnmponuer HKH-memn
¢ HEQIIHTUBHON aMmaaTynoit @ HA3HBACTCA BeIUIHHA

k
Hy = — h D) {| ©; (Qy) [*In ®; (Qn)} Uk,
j=1

a komnaekcrnoil swmponuei; 3agaun Komm (3.1) — dysrnusa
H(ty=—h{ %@ nPEing (@, t)ds.

Pacemorpum nmocaegonarensHocTh I{H-neneil ¢ ammunrygamn (3.2)
mpu k=1,2, ..., N=1,2,...
Teopema 3. . yems v (z) a (z) mpuxcdu wmenpepueno dug-

depenyupyenn na ompesre [0, 1] u ug (r) & Hs[0, 1] *). Tozda & rao-

doii mouke x & [0, 1] cywyecmsyem npedea

lim Z "NoZ N Ho...0Z, PYY = D (¢, »),
o 87 2 07 o D)W =00, )
T

npuven Pynkyus (napamempa t) O (¢, z) npunumaem anavenus ¢

d
H3 [0, 1] u asaaemca nenpepuensla peuwreHuem HeAURETLHO20 UKMEZDAAbL=
HO20 YpABHEHUSR

1

B () = K (t) uo - ’;Tg K{ft—1)o A (N P{v)dr, (3.3)
0

*) Yepes H, [0, I] o6o3Baueno IoionHeHHe MHOMECTBA (YHKIHIT
u3 C* [0, I], yHOBIETBOPAIOIUX YCIOBUAM

8 (0)=u® 0= ...=u™ (0)=u®)=u? O)=...= ™) =0,
rae m = 2 [r/2], mo Hopwme

l

1/2
luf, = {j (u (@) 4w (@) ) dw} :
0
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ede K (l) — paspemawwuli onepamop sadawy Koww 0an ypasmenus

Hlpedunzepa
h du ht @2
T T 2w o ¢ iy =t m € Hol0, 1],

ull, y=u(l, t)=0,

Hdorasareasbcrso. Ua xemmu 3.1, upusogumoil Hmmxe,

ciestyer, 9To B KJIacCe HeNPEPHBHKX 10 ¢ i OrPAHUYCHHHX B 3 [0, 1]
QyHRIuI CymecTRyeT eIWHCTBEHHOe pemerme sagaud (3.3), mpadeM
$yBxIHEA HenpephBHO nupdepeHnApyeMa OfuH Pa3 IO { H ABA pasa Uo
2. IomyTreo Oypmer norazamo, uT0 | K (1) ”ﬁ g = 1.

r r

OGosmauuyM wepes Py, oHEPAaTOP OPOPKTHPOBAHLSA
Py (@ =P (gh, 1), (g— D2z qgh, (—~Dr<Ct <IN
Wz gemmur 3.2, fMoKa3aEHOI HYMKE, CIEAYET, UTO
Py K (0w (@) — (Kt y o K ) Py o = al (N, b,

npugem o (N, k) — 0 B HopMme | - [ o
K

Yz
Lol Y, m) Iy, =( S kfal, (v, m) ,) ,

m=]
npu N, k — oo pasromepro mo I, Ilostomy
— * N N X
Py {7y = (Kk,lN"Kk, N Pygouotat (N, k) 4
N—1
i — N i
o B TGy e Ky, VT Py (ACHED) ¥ (1),
i=0
B aEazoTWYEOM BHEE MOKHO mpepcTasuth (ymmuio OF (95\;) H, BOC-
TI0JIb30BABIINCH HENPEPHBROCTBI0 yHKIMHU ¢ (£, z) IO z W ¢ ¥ aupuaOp-
HOII OrpaHmIeHHOCTBIO TOCJEROBATEJNbHOCTH @ (Q;‘V), BHITEKaWOmel na

AUCCANATHBHOCTI MATPUL Z ¥ yHuTapHocTn Marpuy U (DY), mowydnts
POXYPPEHTHYI0 CHCTEMY OIICHOK

ay,  \0 = Py o (1)) — @ (QQ) [, <
I—1
SO + ol (N, k)l 4 ¢ D) Tay, 1), (3.4
j=0
Hocronsry Bexmamant O (N7Y) m || ol (N, k)ffz,k CTpeMATCA K HYJNIO
npn N, k — oo, To u3 (3.4) caepyer, uro mpn awboMm @
ay  (P) <OV +] al (V, k) ) exp et — 0 mpn N, k — oo.

TeopeMa noKa3aHa.
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Jdemma 3.1. Hycme sothosnenbt jéadéus meopenwi. Tozda e ;13
[0, 1] cywecmeyem eduncmeennoe nenpepwvienoe no t pewenue sadaxu (3.3)
JlokasareabcCTBo. MerTogoM pasfeienns TNePEMEHHbX
MO)XHO J0KA3aTh, ITO B YPABHEHMH (3.3) omepatop K (f) pmeiicTsyer
B H,. [0, I] u ero Hopma pasHa egmmume. B camom pmene, nycts ¢ €
e€Cc”®[0, !l w ¢ () = Qupn z = 0, « = . Torga o WIBECTHON TeO-
peme o pagax Oypse ([6], crp. 295) cbymcumo ¢ (z) MOKHO PaB3IOKHUTh
B PeryiApHO CXONAMMICSA pPAAtHo COOCTBeEHHM (YHKOHAM 3ajavun
wdAhu=0,u (0)* uw(l)=20
i
l I 1% N
¢ x) = Z @;sin —7— Q= o S sin 7= @ (z)de.  (3.5)
j=1 1

IopcraBaas (3.5) B ompepesieHre HOPMEL M HHTETPUPYA IO 43CTAM, HO-

Iy
> : 2r
19
Tol= D) lo;P (1+<—’l—) )
i=1
pemenue 3afaud Komu MOMKHO UpeNCTABUTH B BAAE

@z, ) = z(p’-sin ’m” exp {— (_1) t}_ 2¢J(t)51n_.
i=1 j=1 .
Hocrousry] |95 (0.1 ={@j|, 10 | @ (-, &Jr = [ @ ;. Ha nce upocr-

paHcTBO H. 10, 1] oneparop K (&) upomoiskaercs mo HEeIPePHBHOCTH.
OnernM HOPMY ONepaTopa YMHOMEHHS HA IJIANKYI0 ¢yHEEOUIO, HeficT-

syomero B H, [0, 1]. IIycTh r NpOM3BOXHEEIX tbymumn v (z) orpaEmye-

HE HA oTpeske [0, !], m mycrTs ||v “C': 2 max | o (z)|. B cuny
. x
P
ompefeaeHNsS HOPMEL HMeeM
loult =112} ul,.
TaxkuMm obpasom, ecan QyHKIUS v (z) TPH pasa HenpepuiBHO nudpdeper-
nupyeMa, TO ONEpPATOP YMHOKeHHMs Ha $yHKROuo v (xr) orpaHNdYeH

B Hs {0, !]. PaccmorpuM Temepn omepatop 4 (u). OH obnanaer cexyio-
IIMHE OYeBHIHEIMH CBOHCTBAMH:

a) |4 (u)”,, i, STUZles +leles lull) (moxamemas orpammuen-

HOCTb);

6 14w —A@ g g <Tlele(ub+1v) v —v} (ommoe
HeMPepPHIBHOCTD);

B) | exp (itA (u)/h) n = 1 (paBHOMepDHas OTPaHHYeHHOCTD),

It coiicTBa onepa'ropoa °K 1 A HOBBOJNAIOT HCIOIB3OBATH Teope-
My *) pa6Goru [17], H3 KoTopoii cieyeT, 9T0 CYMECTBYeT €NUHCTBEHHOO
HempepuiBHOoe pemenue samadu (3.3). Jlemma moxasama.

*) Ee powrasatemscrtBo upusemeso 8 § 1 ra. IIT ma wacteoMm
npmMepe.
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Us Teopemm BIoOsKeHUS cliefyet cymécTBOBaHHME MOCTOSHHOI By
Taxoif, 4To

flu "C’f < Bk fe s

Taxmm o6pasoM, MOMHO YTBeDKAATh, uTo pemenue sagadm (3.3)
ABaKNE HempepsseEo fuddepeRn@zpyeMo mo z. Brianmeanm npou3BOXEYI0
no t. ITockompky K (t) — paspemalomuil omeparop samaud Homm
" QYHKmuA ABaKAH HenpepuBHo AuddepeHmupyemMa mo z, TO

h 9 h® 3
T Ve =g g Vi O+ AW Y (=, 1)

CrenoBaTebHO, MPOM3BONHAA WO f{ TaKKe HeNpepHBHA.

Jemma 3.2, Hyemvug 1?3 [0, I] u onepamopn Ki.nuK 63

onpedesenn ewwe. Toeda npu (g — 1O 2 <Cgb, —1NNIK
<7 < N .

Py xK (Y w (@) = (Kt y o K ) Py, it (2) = 2L (N ),
20e a(ll (N, k) >0 npu N, k — oo.
JloKazaTexsCTBO. IlockonpRy ¢ymrrmus u (T, ) =

= K (1) ue (z) — HenpepsisHO pupepernupyemMoe pemeHHe 3a7aTN
Komn, 1o pasmocTh

- *
Pyt (v, @) — (Kl o Ky ) Py o (g8) = b
AIBAAGTCA PelneRneM PeKyPPeHTHOH CHCTeME
1 1
Bovt— R ( 1 L — 29k gl

i tN—1 — 2m \ 2 5
1 Phg — 2%) + )
+_2_ q-1 bzq q+1 + gq,l(k' N), (3.6)
V=0,
rae
b=k,
b L4+ 1) tN-1, gb) — u (LN, gb
Sq,:(’f,N)=i—u((+ ) ﬁ;l,_)l u( g%
R o1 w{l+ 1N, (g—1)b) — 2u ({4 1) N1, gb)
~ om (T ? +

1 L4 1) tN-L, (g—1)b
+_2_u((+) - (g )))+

1 ( u (N1, (g — 1) b) — 2u (ILN-1, qb) 4 u (IEN-1, (g 1) B) ) .

— 5

2

B cuny «xopomeit obyciomemHOCTHY cucTeMil (3.6) jiA ee pemienHA
BHIIOJTHAKTCH oueBRu (cM. [8], cTp. 38—41):

| wfl*'l]gcltl\/'”l I(IIIalX &g, (B, N) -0, k, N - o0.

Orciofia cllenyeT YTBePIKIEHHE JIEMME,
{17



Ampagormunpiy ofipaszoM moxmo paccmorpers ISH-ienn, coorper-

CTBYIOIINE CIlicTeMe ypaBHeHuIl.
Cnepgcrrue 3.1. Hycmop ewnosnent Ycaosus meopems 3.1

@ {CDN}“’ — onpedeaennas ewwe nocaedosamervrocmy amnaumyd KH-
epaneil, cxodawaacs k pewenurwo sadauu (3.1). Toeda swmponua KH-
epanel Hy cxodumcs npu N —> 00, k — oo kanumponuu sadauy Kowu

(3.1) (cn. onpedesenue 3.1).
JdorasarceancTso. Cymma
k
DR OY @) o @Y (@)} Uk = Hy
=1

annpoKCHMAPYET HMHTerpan PuMana

4 .
E{ 0w, 0PIy, 0)de =17 ).

/

IMockonbRy npu N — 00,) & —» 00 CyIIECTBYeT IIpefedt

lim  ©OY (Qy) =¥ (z, 1)

N—rco, R; -z

u ¥ (r, t) — HenpepsiBEasg QYEKOUA, TO B CHAY Teopems 3.7.9 ma
[24]  lim H,y = H (f), aro n TpeboBanoch fOKA3aTh.

N-—o0,k—>00

TaxuM o0pas3oM, MB TIPojeNalnn NYTh OT MPOCTOHNINX KOMILIEeKC-
HHIX MapKOBCKHUX [emeil A0 HeIUBEHHEIX ypaBHeHEHmi. B cayuae
HKM-nemeit aMmanTyaa MBIAJACH afIHTHBHON (YHKU@ENl MHOMECTRA, &
B ciysae HH-memedl M HCOONB30BAJM HOBOE PEKYPPEHTHOE TIPABHIO
BHUMCICENA aMIINTYA BHPTYaXbHEHX coOblTuil (2.7). Kak noKasmpaer
OpUBeReHHAs BHIIE TeopeMa, 2T0 IIPABUJIO BEYNCHCHNA AMILINTY
€CTeCTBEHHBIM 00pa3oM CBA3aHO ¢ HEIMHEHHHM XapaKTepoM ypaBHe-
HUfA, K POIIEHNI0 KOTOPOr0o CXORATCA B IPENeie aMILIATYAR MHOKECTBA
BCEX DJIEMEHTAPHSHIX BIPTYANbHHIX COORITHIL.

§ 4. Crarmermaeckuii ancaMOi1p KBa3MIacTHIL

Paccmo’rpmu CUCTEeMY C r CTeOeHAMNI CBO60I(I>I, ONINCHIBAEMYIO B KOM-

1
LeKCHHX NePeMeHHHX O; = T/—_’_ (qj -+ ipj) CHCTeMOTi KBa3UJIMHENHEX
2

ypaBHeHHII BHAA
=N, VI3, j=1,2...,r (4.1)

Bnece VI (&0, d@) = V! [(cr, ) — KOMUOHEHTH SPMUTOBOI MAaTPHIE
j m
pasMepa r X r, KOTOPHE MOTYT 3aBHCETE OT O U & CAEMYIONUM 00PA3OM:
- 1 Mygeeey M, m — -
Ve, 7)) = v, Ty a &....%; . (42)

~ nl Jaseres e mc? Tmy, Tt n
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Taxyo cucreMy OyjeM HasuBaTh yHHPOpMuayemoll., YHEUQOPMH3YeMLIe
CHCTEMBI DTO HeJUIHeHHble TaMHIJIBTOHOBEL CHCTEME ¢ FAMIJILTOHHAHAMII
BUJIA

1 ompye,m
Lo Ty . =
T Vigeeeady " g e o O By oo 8 {4.3)
n

H (o, ) =

CucreMa ypapuennil (4.1) MoxeT OmTL 3alicaEa B BUAC KoMIeKcudn-
ITAPOBAHAOIl CHCTEMB FaMIILTOHA:

. 9 - . .
iotj:a—o_(j.f/(oc,a), J=1,2,...,r.

Takag cucreMa MOMeT OWTH IIOJIy4eHA HNPENeJbHBIM INEPexXoaoM 13
KH-neneit, Korga mar mo BPeMeHHM CTPEMHTCS K HYJIIH.

IIycrp pis n1060T0 KOMILIEKCHOTO BEKTODA ONpefesieRa SPMHTOBA
marpuna V (1, P) pasmepa r X r:

Vi (b, ) =

L SO - =
. 1se0 I .
_’Z n! V'mp---, 'mn,mlljjx’ ce wjn' Wiy - - o2 wmn’ Isimsr.
n

PacemoTpum uocaefoBatenbHOCTs HH-memeil, aMmanTygst KOTOPHIX
BEIUMCIATOTCA 110 PEKYDPPEHTHHM (opMyam

Oy (8) =%y, © Zn (ON () O g1y 1=2.3,.., ;

Dy () =¥ Ve, [P=1,

rme V=2,3,...
T - 4
N =expT VP T=5 g =.. ’hEUIu 0, E K, %).
”leIl

O6osnaynm 4epes £, NCTHHEOE COOHITHE, COCTOAIEE M3 BCEX DJIEMEH-

TAPHEIX BUPTYalNbLHHX COGHTHII. ARaJOTMYHO N0KARATENBCTBY TeEO-
pemu 3.1 noxaswiBaeTcd caefyloplee YVTBED;KJeHIe.
IMIpenpnosmenue 4.1, Jan awbozoPp! & C" cywecmeyem npedea

lim O (Qy) = o (1),
N-—>oo

2de o (t) — nenpepuisnas gynryus napamempa t co siavenusmu 6 CF,
R6ARI0WARCA  peuteHuen Heaunelinozo ypasuenus (4.1).

Onpenenenne 4.1. Yuugopnusayueit cucremm (4.1) wasm-
BaeTCsA CHCTEeMa JWHEeHHKX ypaBHe}mﬁ

. I15.-
sy, = Wipin e (4.4)

'n

..o fnzi,...,r; n=0,1, 2,

*) 31eck NCHOJNB30BAHH Te ;K€ 0003HATEHAs, 9TO0 U B § 2 Hacros-
mieii IJAaBH.
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rzie

n
L I
m 2eers by 1.
W -3 Z LROWE | B
sl g di : 7
m=01iy,..., 1 = L =1
'Ll> >z iy, 1)

(h — napamerp, Glli — cuMBos K{poHekrepa).
CucreMy ypasaenuii (4.4) Juis Ka/0T0 n yA06HO BaNHUCHBATL B BeK-
TOPHOM BHAE

lh(i)(n) — W(n)w(n)’ (44/)

[ — 7, 3 o
rge @t = {(Pj., i, } — r"-MepHE KOMIJAEKCHHI BEKTOp (TouHee —

TEH30D n-TO PaHra pasMepPHOCTH r), a wm = {WJ- . l“} — onmepaTop

N o
B npoc'rpanc'me C™ orEX TeH30pOB, KOTOPHIl, KAK U OHNEPATOPH
: Iy,
ym — {V1 ” m} 06uagaer CBOIiCTBOM DPMHTOBOCTH.

Ha6op Homepon (Fg» + + +» jn) OyneM HAZHBATE sseHEHMAPHUM
" =
cocmosnuem n WBasmyacrtnnm. Hasosem Bexrop @ ——{(pjbm’,-n},
VIOBJIETBOPAKIMIT ypapHeHUIo (4.4), amnaumydol CUCTEME KBA3WIAC-
THI, a BeJauyuHy (4.5) — ee zamusvmonuanom. Jlajlee paccCMaTpUBAaI0T-
ol AMILIATYAB  @; . , TOJHOCTHIO CHMMETPHYHBIE OTHOCHTEIBHO
seod

[IepecTaHCOBOK WHHEKCOB fy, ..., J,, HA3blBAGMHEE AMIIIATYAAMH TOM-

JeCTBEHHRIX KBa3n4acCTHIL.
n+r-1

O6o3magum gepes C( n ) ruAL6ePTOBO NPOCTPANCTEO HOJBOCTLIO

cuMMeTpHYHNX TeEsopos @i = {@il,.'.,]-n} paHra nH pasMepHOCTH r.
PaaMepHOCTH 3TOr0 IPOCTPAHCTBA DPaBHA WHCAY COYETAHWI W3 n -

+r—1 no n.
PaccMoTpuM GeCROHEUHYI0 IPAMYI0 CYMMY
o ntr-1
E= & c( 7

n=g
Ounpepgenenne 4.2. BygeM ropopuTh, 910 KaKIHE BEKTOD

o0
3TOTO HPOCTPaHCTBA ¢ = @D cp("), YAOBJIETBOPAIOINI  yPAaBHEHHIO
n=0
ihp = Eg, (4.6)

oo
e BE= @ WM, wi {W“ “} OlIPefeNsieT CTATHCTHYECKHUIT
n=0
apcaM0ib ¢ IepeMeHHEIM YHUCJIOM TOKISCTBEHEKX KBa3WuacTHI|, OTBe-
qalomux raMuiabToHUAHY (4.3).

Qyrruua ¢ = ¢ ({), ABIAlOWAACH pemrepneM ypaBHeHHA (4.6),
faspBaeTCA AMIUIMTYAOH aHcaM0ia TOIECTBEHHHX Kpasuyacrmy. Oue-
BHJIHO, YTO n-YaCTHYHHE NOANPOCTPAHCTEA MHBAPHAHTHE OTHOCHTENE-
HO Ppaspemaomero omeparopa sajgauyd (4.6), KOTODHI Ha KaykooM u3

i
3THX HOAIPOCTPAHCTB HMeeT BHUI OXp —TtW(")
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Teopewma 4.1. Ypasuenue (4.6) 0a2 amnaumydn ancambas
MOoncOecmeeHHBLT K6A3UNACMUY, OMECLANWUT 2AMUAILMOKUARY

1 dyei

—_— *m 5 .
ml Viendpg Qs ooy aima.’h’ PR aJm,

H (o, q)=

1 )
*=V3 (7 -+ ip).
YyHUmMapho sreusasenmuno ypasuenuio Il pedunzepa

d 1 2,
ih a7 b =5 (a, a) ¥, Y& L2 (R), (4.7)

2de a = vié- (z+ hV), a* = -—1175 (x — hV). Yrumapnoe npeobpasosa-

Hue, npeobpasyiowee pewenue ypasnenus (4.7) e pewenue yYpasHe-
Hus (4.6), umeem 6ud (4.8).

HoxasarteanbcTtso. PaccMorpuM yHuTapHOoe nmpeoOpasoBa-
Hue U: L? (R™) — E:

7
— 1 S 1 { 1 2}( p 0 >
@y, 5 = e _exp{—— M2 (x, 4. .
e T Vern n d Van 2h? HATR 3z,

d
.o (xj + 5 >1p(x) de=U¢. (4.8)
n in

OGpartHoe mpeofpasosamne P = UtQ umeer BHET

oo

1 a
po=S 1 O <x~—h >
n§0 V(Zh)n nl jl,%jn 1 In Jt (91']1

' (x]" . ‘9 > V(r:h)nﬂ o {_——21721“763}

JlokaskeM, 4TO 3PMUTOBEL ONepaTopsl E 1 57, oupefenaonye ypapaeans
(4.6), (4.7), SKBHMBAJEHTHE OTHOCUTEJBHO YKA3AHHOTO YHHTAPHOIO
npeofpasoBaHusg, T. €.

UoHoU'=E,

Jlaa 9Toro saMeTuM, 4To MarpadyHbie dieMeHTH (U o H o U+)Jl’ 'Jl
npu yEuTapHOM npeobpasoBaHnu (4.8) MOryT GhITH HaleHH nmpq)epem
IUPOBAHUEM:

1 g a"

UoHoUnr 08,8 . (4.9
( =y i 0 O Py 49
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rjne
-

Filin)

bi=7-2;h— xi+h%7>' bi:ﬁz— xi—laxi i

n

Yo == .ﬁexp {——_zih_fo}

1

0@, B) = (p, P

. 80"
Yaureipas cueyione CBOACTBA BEKTOPOB Y = € * o

88

by = 6"pg’ (11’5’ wp) =e"?

cpaBeganBee npn moboM xommmekcaoMm P & C7, HaiiieM IIpoHaBo-
IAmMyo (YHKOUIO olepaTopa

- n

= BBV i ~

0@ B) =% D) TV DB By Br oo By (410)
n

Judpdeperumpys pan (4.10) mo B m B, moxyuum, aro siemerTH (4.9)

j j
IpM n == m PaBHEHE HYJN0, & OPH h = m COBHNAAIOT C WZ:"“’ n
Seead 9L
e[IMHCTBEHHEIMM HEHYJEeBRIMH DJIEeMEeHTaMH OIepaTopa.
9T0 W 3aBepmaeT ROKa3aTeALCTBO TeopeMH 4.1.

§ 5. AMmmiryaa TpyGkmM TpaerTopmii
B (azoBoM IpocTrpaHCTBC

B . VI Mbl n3y4ajnn UHTEIpas 1Mo TPacKTopusaM B ($aszoBoM mpo-
CTpaHCTBE -—— KOHTMHYAJbHBII HHTerpan (DeiiEMaHa B «TraMHILTOHOBOI
dopmey. BoOSHMKAET e€CTECTBCHEO BONUPOC O BBHUMCIEHUH AMILIATY/IHI
TpyOKHU TpaeKropuit B ¢azoBoM mpocrpaHcTBe. OTMETHM, OJHAKO, UTO
TaKas TPyOKAa B CUJY NPHHIIIA HEOUPEeXeNeHHOCTH He nMeeT Qusmuec-
Koro cMuIcja «uepHoli TpyOkm», JleficTBuTeNbHO, pasbuBas HHTEPBAI
Bpemern [0, t] Ha TPOMEKYTKHE Af MBI JO/DKRHKL Oy/leM B KaKABII MOMEHT
CTaBUTD 10 ovepenu guadparmMy mo KOOpPAUHATAM I guadparMy mo um-
NyabpcaM M B Pe3ynbTaTe B Ipefiese HH [0 UMIYJIbcaM, HI 110 KOOpIH-
HATAM MBI He IOJYYHM IIOJHOTO TOIJIOMEHUs Ha rpanule TpySru. Br-
YHCHCHUE TAKUX AMILINTYL LOPENCTaBJIA6T HHTEPEC JIUUIL ¢ TOYKH 3Pe-
HUsA HX KOJMOTOPOBCKOTO 1IPOAOJGKEHNT HA JI00be MOMHOKECTBA MHO-
AecTBa KOHEYHBIX TpPaeKTopHif.

~ 12

Mycts H=H (p, z), p = i0/8z (H (p, z) npanagnemnr C* u orpa-
Hpyema cO BCeMH NPOU3BOAHHIMH) — IIPOMSBOAAMMUII 0I€paTOp 1O-
Tyrpyunel, a e, (), e, (p) — XapaKkTepucTudeckre GyHKINE HEKOTOPHIX
OrpaHmgeHHEX o6aacTell Q. 1 Qp B 2- I p-IPOCTPAHCTBAX COOTBETCTREH-
HO. AMmraTyna TPyORM TPaeKTopuil, 3aKmIO4eHHHX B ofmactm O, X
X Qp, OueBHAHO, PaBHA Ipefeny npm N —» oo BHPaKeHUs

Ty = e (z) lexp {ilf At} ey (i0/9z)e, (x)]Vp, (2),

At =t/N, ¢y, € C*=,
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Owuesnnro, Yy—0. Ecrmsxe Q, =R, 10 ¢, (z)exp {i[?At} e, (10/9x) =
= oy (z)ey (i0/9z) L iey (x)Hey (i0/02)At -+ O ((A)?). Tooromy TI'y =

= ¢, (x)exp {ite, (x)Hey (i0/02)} ey (i0/0z)e, (z)P, (z) 4 O (Ar). o-
5TOMY aMIIUTYAA TPYOKM pasHA e ()P (z, t), THe @ (z, t) — pemenmne
sagadn i0Q/0t = e; (2)Hey (i0/0z)p, @ (x, 0) = ey(id/z)ey(x) P, (x). Co-
OTBeTCTBeHHO  JJIsi  olepaTopa ¢  YHATApHOl  HeNUBEHHOCTHIO

1 2
(i8/08)@ = e (2)H (p, z, [§* (p)p (x)e'P%e (2)ey (p)))e, (i0/32) MBI 1O-
ayuaeM HeagiuTHBHY aMnauaryny. llpomece yHE(ODMH3amuU 3TOTO
ypaBEeHHs (SKBHBAJEHTHHII Nepexomy K IIPefuETepOBCKOH KapTuHE
BTODHYHOTO KBAHTOBAHMA) LPHBOANT K aUTHBHOI aMIUIHTYHRE, OTBe-
vaiomeil BTOPMYRO KBAHTOBAHHOMY YDaBHEHHIO.

AcuMoToTuKAa HpE h — (O pemieRus IOCAeAHET0 YPaBHERH (ecan
B IIPOM3BOJHEE BBECTH MHOJKNTENHL /) CTPOUTCA AaHAJNOrH4HO T, VI,
eclil x0T OB OfHA KIACCHYECKAS TPAeRTOPUA WHOTAACT B (TPYOKYH;
€CJIN ke HIf OTHA KITaCCHYeCKasA TPAeKTOPIA He IONAaAaeT B 9Ty «TPYORY»;
(T. e. 1IPOXOKIGHUE DIEKTPOHOB uepes TPYORY ecth wicTo guddpariim-
onuHi 3QQeKT), TO BOZHMKAET BechbMa aKTyaJbHas npo0ieMa BBHIUNCIe-
AIf TaKOH acHMOTOTHKE (3KCHOHeHNuajbHO Masoil). llo-Bapumomy,
8 ITOM cliydae HY/KHO HCKATHh SKCTPEMAJbHYIO TPaeKTODUIO B KJjacce
TPaeKTOpHil, JONYCKADIeM CKOJbL3ANNEe JYId BIOJb TPAHUIE TPYOKH,
¢ IIABHBH YleH acCHMITOTHKE OyneT COBHAjaTh ¢ aCHMNTOTHKOI perme-
A1 KpaeBoil 3a/1a49y ¢ HYIeBHMHE YCJIOBUAME HA YACTH TDAHUIEI, BJOJIb
KOTODOH CKOJB3HT JKCTPEMAIb.

AwmanoroM 4epHOro Tesa (Hau YePHO «TpyORI»y) KorpurypanuogEEoTo
fPOCTPAHCTBA CIYMAT B HWMITYJIBCHOM IPOCTPAHCTBE TAaK HA3HIBAEMBIil
cerapaTop ckopocrteit. ITogo6HO TOMY KaK «4epHOE TeJo» IOTJIOLIACT
BCe 9acTUIE, KOTOPHE B HEro MOUAMaioT, CemapaTrop cKopocTeii mMOTIo-
IIAeT BCE WACTUIREL, CKOPOCTH KOTODHIX He NPUHAIEKAT K JaHHOMY Ce-
MapHPyeMoMYy MHTePBALY CKOPOCTeil. AHAJOTMUHYIO PONb UIPAIOT BCC-
BO3MOSKHEE QUIBTPE PAIMOIACTOT.

Cenaparop cropocrell mpuMeHseTcs OOBYHO B MOJNEKYJAPHBIX IyY-
Kax, T. €. [JIA KIACCHUeCKUX Bacrun. Boszuuraer BoIpoc 0 BHUHCACHUL
ITHTEHCHBHOCTH JIEKTPOHHOIO IyYKA, MPOINENUIEro Yepe3 cenapaTtop
cRopocTeil, ¢ y9eroM KBauToBHX puddparyuonasnx dddexrron. I3 rian
VII u VIII Bugmo, 9To 5Ta 3aj1a9a CYIECTBEHHO Gojiee TOHKAsA, UeM Te,
KOTOPEIe MBI DEIMAIH ¢ IOMOIpI0 I-0TOODAIKEHNsA, I ee Pemerue TpeGyer
DeTaJbHOTO AaHANW3A AMIIIUTYALHI MHOJKECTBA WyTeil B IPOCTPaHCTBC
CcROpocTeii, KOTOPHIT MBI TPOBeJieM B ciegyiomeil riase.



'aABA IX
KOMIIJIEKCHASI MEPA B MHTEI'PAJIE ®ENHMAHA

§ 1. HomekcHas mepa B maTerpane Deiinvana

Pacecmorpmm samauy Homu paa ypasmemmsa Illpepmsarepa
B p-UPeACTABICHUN!

{—zh—+ Ark +v(thp)}1p(p,t)_ (1.1)
¥ (p, 0) = = €7 (RY). (1.1)

Ecau mortengzan o (z) npmuapaexar B, (R, ([16]
(rm. II, § 3)), 10 mpeobpasosanue Pypre ¥ TpuUHANIEKUT
C*(R"), u pemenne 3axayn (1.1) MOKHO mpeaCcTaBUTH B BUje
pAfa TeopmHm Bo3MyumleHwid, cxopdmerocs B HopMme C (R™):

E(ﬁ’t)=exp{ e 18P 2} $o®) +
!
+Z ( L (nllz(iih)lgdsgdp{,]‘_—__];lg(pk—-pk_l)} X

!
—_1 ~
x explgmr D 1P —EP e — )} FE—p).  (1.2)
k=1
rme s = (S, ..., §) OPHHAWIEKAT [-MEPHOMY CHMIJIEKCY
Dl:{SIO<Sl<...<Sl<t}; sl+1=t; p=(p1,...
, ) ERY, ppeR", pp=0
B srom maparpaje BBOAHTCA KOMILIEKCHAs Mepa m, Ha
HOKOTOPO# g-anrebpe TpaeKTopmil, MMEOIMAsA OrPAHHICHHYIO
Bapmanumio, @ (1.2) Mosker GHTH 3amEcaga B BHAe HHTETpaia
10 Mepe m,:

VE 1) = Sﬁo(g—Pt)eXP { 2_,_,,

; §|g_ pe [ v} dm, (p:).(1.3)
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B KomeuHOMEpPHHIX ANNPOKCHMATUAX KOHTHHYAJILHOTO
maTerpana Qedimmana (cm. rir. VI, §§ 1, 2 u ra. VII) Tpaerro-
PUA YACTHOE ABIAETCA HEUPEPHBHOA KyCOUHO JIHEHOHHOM
¢yarnueit. CienoBaTelNbHO, €6 MMIyIbC GymeT CTymeHdIaTol
¢yuxnumeit. I{nsa oupepmenerroctu GymeM camrars, 970 CTY-
MeHYaTHe TPAaeKTOPHM, ANNPOKCHMAPYIOMEEe TPAaeKTOPHIO
B HMOYJLCHOM DPOCTPAHCTBE, HEMPEPHBHH cmpapa. Mpo-
FKECTBO TAKAX TPaeKTOpHil, 00pasywinee JuneliHOe IPOCTpam-
cTBO, oGosmaumm gepes .

PacemorpuM GamaxoBo HpocTpancTBO &', HEIPePHBHEIX
Tpaextopnii, sagamEnix Ha [0, t] m oxamumBaromuxca B Touke
ayns: 2210, t1 > R", 2, =0, | 2. | = max |z.|. O6osua-
anm uepes P, moaupocTpancTso P, orpaHAYCHHEIX CTYIICH-
9aTHiX TPAEKTOPHUH, HAYMHAWIUXCA B HYJIe N UMEIOIHX
nofoe KOHETHOE YNCI0 TOYeK pasphBa. Kamol TpaeKTopun
P: & P, CODOCTABEM HENPEDHIBHHA IWHeHHHH (YHRIUOHAT
ma Lyt {p, ) = § z.dp.. Hopma B P, sajaercs dopmyoi
|p<] =sup|<p, 2>, |2 <1, copmapaomeir ¢ ompepe-
JIeHMEeM HOPMHL COOPSKEHHOTO IPOCTPAaHCTBA.

Ilycts N — memoe moxoskmreasroe 1 B (RN — g-an-
rebpa GopemeBckux mopmuosxects RN (cm. [19, 24]). Pac-
cMOTpEM Kjace A LOAMHOKECTB MHOecTBa Py, dIeMenTaMu
KOTOPOTO ABJIAITCH MHOKECTBA CTYIEHIATHX TPAEKTOPUH
Baga: {p,| (P, - - Piy) EBY, BEBR™) 04 <
< ...<ty=1). lpr ¢Puxcuposammrix £; (1 Lj<CN)
KIace Yy MOIMHOIKECTB BTOTO BUNA sABaderca anrebpoit. Ilo-
CKOJNBKY JiBe Ipom3Bombukle anreGper AUy u Uy comepswarcs
B HEKOTODO# Tperkeii, To kinace A asnserca anrebpoit. Yepes
A mu1 6ynem oGosHadarh o-aarebpy, mopoxkgaemMyo aiure6-
poit A, a uwepes ¥, (p.) — XapaKTEPHCTHYECKYIH (YHKI(UIO
MHOKeCTRa a4 & 4. SN Vo

OGozuaunm 4uepes p.; {p, §) HEOPEPHBHYI CIPAaBA CTY-
nexuarylo Ttpaexrepuio [0, t] —R", mmeromyn ! ckauros

P1 Po— P - - Pt — Py B TOURAX (S, . ., ST Py =
=p; OPE §; < T < Sjpq, ] =0, 1, ..., L. llpu Purcupo-
BaHHEBIX §, . . ., § BeamamHA Y, (p.; (-, 8)) 'ABIAeTCSE Xa-

paxTepucTmuecKodl yEKOUEH HEKOTOPOTO BOPENeBCKOro MHO-
secTBa B R™. Pacemorpum ummTerpai

my (@) = (a5 {ap 7 (P) ta (o (P, ) Z{ s Cra (P (190, 15

sneck s Dy, a € A, f & C+*R™ (116] rao. 1I, § 3);
veE Ry e Cr uonyers T HEIPePHBHO B 0. Komuncxc-
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def
mas  ammmryia  my (@, §) = (e (Pes (-, ), f>  ects
0-aJfinTHBHAA KOMIINIEKCHAA Mepa Ha o-aiarebpe 4. Ona sg-
Jsercss OpocToil ¢ynkuumedn mapamerpa s &= D,;, eciu a &
= A, u usmepumoit, ecau a & 4. Orciofa cTaHIAPTHRIM
00pa3oM BHBOIMTCA, UTO My () TAKIKE SBJIAETCA O-aUTHUB-
HOHl KoMIIeKcHON Mepoil Ha c-axurebpe 4, upudeMm var mf <
< et | flle+, ¢ = const. 3maunmr, miobas KomegHas cyMma

k
(@) = ot ) -+ 2 (s dp/ (9) 1o (P (0. 9),

=<1 & <

e f, = C* (R™), sapusercss oO-aJUTHBHON KOMILIEKCION
Mepoil Ha 4. Jlamee mcmonb3yeM HB3BECTHYIO IPOLENYPY IPO-
TOJKEeHNA.

Nazsectno, 9ro ecam mocicAoBATENBHOCTH KOMIJIEKCHBIX
mep {m*};" QyHAAMEHTANbHA OTHOCHTENBHO HOPMH | m | =
= var (m), 1o lim mF(a) = m (a¢), a & A4, cymecrsyer

I ~>00
¥ ABJIseTCS G-aAIuTHBHON Mepol Ha 4. Y6egumcs, 910 eciu
(upm 7 & C+ (R7), pp = 0)
l

[i(pysoe s p) = (7;7)111/2 (%)l H '7(171{ — Dk-1)s

k=1

TO MOCJe0BATEIbHOCTE Mep mF (¢) (yHIaMeHTaTbHA OTHOCH-

texbro HopMu | -[. [leiicraurensno, ecam k > r, To npu
r— oo
var (mf — m") < D) var (m# — ml) < 2-}—‘(&)’ |v]ts,— O
i=>r I=r

Tarum 06pasom, MB yCTAHOBWIU, MTO eciu v & By, To
KOMIUICKCHO3HAYHAA (QYHKIHA MHOMCCTBA

my (@) =0 0) -+ X $ds{dpsy (0) ta (et (0, 5.

>l

ecTh O-afauTHBHAA (QYHKOUA HA 4, OpHIeM var m, <
<L exp {c | v | mt}. Wnmrerpanm mo osroii mepe Oymem mmie

o6o3magars ) ... dm,.
def

Temeps MH poKaskeM, 9TO Mepa | m, | = var m, cocpefo-
TOYOHA HA MHOKECTBE CTYNEHUYATHX TPAaeKTOpHWH, UMeolmuy
11000¢ KomeuHoe YUCIAO TOUCK PaspuiBa,
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4 0 * ) ' N :
Tlmxe Gymer jiokazamo *), wTo GYHKHIT MEOMKECTRA | |1 o | T Mo ies
PABHEIC IIO ONIPe/CICHAI0

k
by g (@) = Sds S dp |1 7Py — Prca) X (Pe i (Pas)),

r=1
[ Wy | (@) = varap .,

ABIAIOTCA MEpaMil, COCPeNOTOTeHHEIMH Ha MHOJKECTRe CTYIeHTaTH X Tpa-
ekTopuif, mMeoNIx e 6oJiee k ToueR paspHBa.

; o ) . 1

Kax mu Bupemi shume, pag ¥ var p, .= 3 var (mF — mF-1) exo-
anresa. Iosromy pas aoforo e cymecTsyer ctonb Goabmoe N, yTo

. \ . . ;
2 varp . < e, Hpu atom mepa }_I ”Lu,kl U KOMIIJIEKCHAdA Mepa

k>N kN

Z I, COCPCIOTOUCHH HA CTYMCHYATEIX TPACKTOPIAX, IMEIOI{IX He
EN

Gonee N Touex paspsiBa. CIeoBATENLHO, MONOIHEHHE K MHOMKECIBY
CTYyIeHIATHX TPaeKToPHi, HMeIonuX Ji06oe KOHEeUHOoe YHCI0 TOUeK Pas-
DhIBA, BMeeT Mepy | my |, paBayl Hymo. WHNMH cioBaMu, Mepa | my |
Il KOMIIEKCHASI MEPa My COCPCOTOYEHBI HA MHOKECTBC CTYHEHYATHIX
TPaeKTOPUII, NMeIOMuUX J060e KOHEYHOC UHCI0 TOMCK PasphIBa.

Hoxazkem Teuephb, 4To Mepa | f, 3 | COCPESOTOUCHA HA CTYICHYATHIX
TpaeKTOPMAX, UMEIIUX He Gojlee k To4eK paspeiBa. It 9TOTO HaM [0-
cTaTouHo yOegurhesd, 4To eciau C; O €, . . . — mpousBoJgbHAA yObI-
BapINag MOCHeJOBATENHHOCT: MHOMKECTB M3 A ¥ [y, [(Cr) > 8 >0

,
upu Beex r = 1, 2, ..., T0 nepeceyenne [ C, He MYCTO U COAEPKUT
X0Tsi OBl OIHY CTYNEHYATYIO TPReKTOPHI0, UMMy He Goljiee k ToueK
pasphiBa.

IMocronpky NAOTHHM MHOeCTBOM B npocrpaHcree (Y (R™) apaser-
¢s1 MHOKECTBO JHHEHHHIX KomOumauwii 8-pymrumit Jlupaka n QyHERIMI
ma C° (R™) u xaparTepucTuueckas Gyukius 1100010 GopenmeBcKoro Mao-
mectsa B R™* umeeT mHopMy B C**(R"’f) PABHYIO €[IWHUIE, TO CYIIECTRY-

~ Y o -~ o
eT Takasg QYyHKUUA W, ABIAKMIALCT IUHEHHON KoMOumanueil O-pyHKIIT
ma R"™ © ¢ysxgui mz CF (R™), uro pasa mo6oro  MHOMKECTBA
a & A varg (I, ; — Hyy) < 0/2. B atoM cayvae varg fo., . > 8/2 ,

Hockonrry Cp D Cr41 D ..., TO CYHECTBYeT Ipemel
lim ¥ (p) =infye (pg) =% (p)-
rsco T r r

Hanee, B cuay Teopemnt JleGera, MoKHO COBEPINUTHL TPejeNbHEE Tepe-
X0 MOJ 3HAKOM MHATerpaja**)

~ . d
Sds Sdp H [w ([7]-——- Pj_l) 4 (p-;,]; (Pys) 2> rl—l:?o varg B,k >-2— >0.
j=1

*) JTorasatenbcreo mpuHamie;xnt A. M. UeGorapesy.
** pp| DoHMMAaeTCA KAk npemesl  MOAyJeil  II0CHeXOBATEIBLHOCTIL
¢yHKIMH, 13 Cg" , cnafo cxopsmieica K W.
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CaegopaTeJnio, cynieetnylor Takne p & RPE u § & Di, uaro
Pynkuma % (p.; (P, ¥) = 1. Ho mockousky Cra1 C Cy, 10 te, >
> Ac ) CAICROBATENBEO, p. (P, Y= Cr npuBcex r=1,2, ....

- ,

CaemoBaTelbHO, CYIECTBYET TPAaeKTOpuUA, UMeimas #e doiee k To-
4eK pasprBa, NPHHALJIEIKAIAA MepecedeHny MHokecTs Cr.

§ 2. Hpeodpasoranme Pyppe KOMHNEKCHOH MEpPHI

Brraucamm cuavalza mHTErpad OpOCTOH  OTDAHMYEHHOM
$yHKIEHR @, 3aaHHOH HA Py, OTHOCHTEABHO Mephl m,. IlycTh

{ax}y — HabOp HONAPHO HEMePeCeRAIUXCH MHOMKECTB N3
A, 1 uycts ¢ (p;) = @i, ecau p, & a,. B orom cayuae

Scpdm,,d=e’§ oun(a) =90+ §ds § dpsi (0) 0 (e (p.9)).

>1
2.1

Psp B (2.1) exopurcss aGCodOTHO. '

B cuny xommiexcroro ananora teopemsi JieGera gopmyia
(2.1) ocraercs cupaseuuBol ¥ A a1000# WIMEPUMOM OTHO-
CUTENbHO .4 OrpanmdeHHON GyHKuuE Ha JP,.

IlpumepoM raxoil (yHKUUN ABIAETCA Cjaenynmas Qynk-
oasA 0T p, & Pyt

¢
exp {% vadpc} . meE .
0

Brraumcsium murerparn
t

S exp{—}il— erdp,} dm,(p:) = Fm,,

0

HABHBaeMH npeofpasosaruem Dypve KOMIOISKCHON MEPH m,:

. l
Fmy =1+ X {as{ dpf, (p) exp {Lh 2 @ (pi— PJ—l)} oo =
i>1 =1

o t

t
= 1+§ lilgdsl. ..Sds, 3 dg %
=1 0 1] rol
4 l
x [1 v(a;) exp {LTZ Q:ixsj} ,
j=1 j=1
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Urax, ‘
Fm, = exp {— ‘TS v () dr} . (2.2)
Ananormuno moayuaercs gopmyna (1.3), mawomasa mperx-

crasienmne pemenus ypasHenus Illpegmnrepa B BUpe HHTe-
rpajga oo KOMIJIEKCHOH Mepe.
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