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NMPEUCIOBUE KO BTOPOMY PYCCKOMY M3JAHHIO

«Kypc coBpeMenHOro asajusa» YurTekepa M BartcoHa Boizepxai
3a pyOexoM HeckoJbko Mananuh, Hauunas ¢ yverseproro uspauus (1927 r.)
sapyOexHble H3LAHMS CTAAd CTepeoTHNHBIMM. IlepBoe pycckoe u3iaHue
oo . 8 1933—1934 rr. fion penakumeit . M. Toxysuna. Bropoe
pycckoe Hu3laHue, npelnaraeMoe ceHuac 4YMTaTeNI0, elle pa3 CBEpeHo
C aHraufCKUMHM u3IaHUAMH. B HeM ycTpaHeHBl 3aMeyeHHLHle OMeEYATKH,
npousBeieHa He3HaYuTe/NbHas MOJAEPHHU3ALUA TEPMMHOJOIUMH U A0OaBIIeHbH
HEKOTOpHle CCBIIKM. B 0CTaJbHOM OHO COXPaHHJIO CTHJb aHTIHHCKOHN
IIKOJH KJACCHUeCKOrO KOMIIeKcHOro aHaiusa (bpomyuu, Bapuc, Batiau,
Xapau .u Jlutasyn, TuTumapi), ¢ KOTOPOH COBeTCKMH 4YUTaTeJb 3HAKOM
Ternepb MO MHOTOYMCJ/IEHHBIM INepeBOAaM.

Kuura pasneneHa Ha ABe uacTH. IlepBad W3 HMX CONEPKHT H3JI0XKe-
HHE OCHOBHBIX BOTPOCOB KOMIJIEKCHOTO aHanu3a. Bropas uactbh nocesiueHa
rJaBHBIM OOpa30M M3YUeHUIO PAa3JMYHBIX KJACCOB CliellMaJbHBIX (PYHKIUA.
XoTsa 3a TpUAUATL JET, NpoOIuedllde C BHXOLA NEpPBOr0 PYCCKOIo H3la-
HUSI, TIOSIBUJIOCH MHOTO KHUT M CIIPABOYHUKOB MO CHELHAJbHEIM (YHKILMAM
(HanpuMep, cnpaBouHuk Oprefin, Marnyca, OGepxerTurrepa u TpuKOMH
«Higher transcendental functions», tr. I—III), xnura Ywurrekepa wu
BarcoHa ocTaeTcs HenpeB3OoHAeHHOH MO IIMPOTE OXBaTa M YeTKOCTH
KOMIJIEKCHOH («COBPEMEHHOH») TOYKHM 3peHUs HA CNeuyatbHble (OYHKLMH.

B kHure OTCYTCTBYIOT, OAHAKO, TakHe METOAbl TeOPHH (YHKURH KOM-
"IJIEKCHOTO TIEPEMEHHOT0, KaK, CKaXeM, MeTOI KOHOPMHBIX OTOOpaxeHuMH
¥ MeTO[ Mepepaja, Urpaiollie BaXHYIO POJb B COBDeMeHHON TeOpHH Che-
uManbHEX GYHKUMH M B ee NPHAOKEHUIX. B 3TOM CMBICIE KHHMra He
aBJasieTcs ucuepnbiBaloiteft. HekoTophle riasbl, Kak, HanpuMmep, rJaBa
O TPUrOHOMETPHYECKUX PAAAX WM TIJaBa 00 HHTErpaibHEIX YpPaBHEHHSX,
cefiuac Gbliu Obl HANMCAHBL O-HHOMY, B

OcHOBHasi LeJb KHHTH B 1IeJOM — HAayuuTh uyurdTeas obpamarhcs
CO CneuHaJbHEIME (YHKUUAME TaK Ke CBOOOAHO, KakK OH oOpamaercs
C 3/eMEeHTAPHBIMH GYHKLMAMY, K KOTODBIM OH TOJbKO M MNPUYUEH [IKOJOH
u, yBbl, yHuBepcuteroM. CrieuuanbHble (YHKIMU B BelleCTBEHHOM 4HAIH3e
06/1aal0T «XKECTKOCTbIO». MeToNaMH BellleCTBEHHOTO AaHANM3a MOXHO,
HATIpMMED, PA3JONKUTb KOTAHTEeHC B sl saeMeHTapHEIX Apobel. Oanako
pelueHne KaxAoH Tako#i 3azaun TpeGyeT CBOGrO MCKYyCCTBEHHOrOQ IpHeMa,
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ToabKO TPH KOMIVIEKCHOM MOAXONE «KeCTKHe» (DYHKIUUM BeUleCTBEHHOTO
aHa/113a CTAHOBATCH «MJIACTHYECKUMU». METON KOMIIEKCHOTO HepeMeHHOTO
ro3soJaer (ecrecTBeHHBIM cnocoBom!) npeobGpasoBaTh pal B NpPOH3Bele-
HHe, TpOHM3BeLEeHHe TIPEBPaTUTb B Pl 3JeMeHTapHbIX Apofelt, pan
3/J1eMEHTApHBX ApobGefi NPOCYMMHPOBATb U BHOBb CBEPHYTb B (PYHKUHUIO
M T. 0. DTOH KOMILIEKCHOH <«II4CTHKE» M yYUT YMTATE]d KHUTA YHT-
Tekepa u Barcona. _

OrpoMHyi0 poJb B KHMIe HrpaioT IpUMepH 4 3a1auyM (MX OKOJO
THCAYM B O0eux uactax). TpyaHble, a HHOTAA U OYeHb TPYIHBIE BEHI-
KJaIKH BJeKyT 3a cOOOH cBOGOJHOE B/aleHHe aHAMUTUYECKHM AlMNAPATOM. .

KBaHTOBAas MeXaHUKA, TeOpHS PACNPOCTpaHEHHMS PALMOBOJNH M MHOTHE
ApyrHe AMCUMIAKHBL HYXIAIOTCA B TEODUH CMEUHANbHBIX (YHKIHHA; 3Ty
HoTpeGHOCTb ¥ NMPH3BAHO YIOBJIETBODUTb (Temepb YXKe TOJbBKO OTYaCTH)
HOBOE€ H3JaHHE «COBPEMEHHOrO» aHa/Iu3a, CTaBUIETO HBIHE YXe KJac-
CHYECKHM.

&. Uluporos



FrTABA1
KOMILIEKCHBIE YHCJA

1.1. PauynoHanabHpie uHCJaQ

Vines COBOKYMHOCTH uuCeJ BOSHMKAET B NEPBYI0 Ouepedb M3 pac-
CMOTPEHHSI COBOKYMHOCTU ROALONCUMENbHUXY) yHeavix 4ucen, T. e.
agcen 1, 2, 3, 4, ... TlonoxuTenabHele Lefble Yucaa 06Ja1al0T MHOTUMH
CBOMCTBAMH, KOTODHIE H3/araloTci B DPYKOBOACTBAX M0 TEOPHH UMCel.
OnHako emie Ha caMod paHHel craaMM pasBUTUA MarTeMaTHKH ObLIO
M3BECTHO, YTO apudMeTHueckue NeHCTBHS BLIYUTAHHA W [AeAE€HHUS BHINOJ-
HEMBl B 00/1aCTH TIOJIOXKHTEAbHBIX LEJBIX 4YHCEJ JHLIb NPU HEKOTOPHIX
HeyROOHBIX OrpaHuueHuax. BcaelcTBhe 3TOro B 3/eMeHTapHOH apugme-
THKe 00/1aCTb uyucesa Obla paclippeHa TakuM o6pa3oM, uToOb apudme-
THYECKHe JeHCTBUA BHIYMTAHHA U JeJeHds OblM  BCeraa BHIMOJHUMBI
B O6G/MACTH ITUX UHCeJ. » '

Yro6bl MOJYYUTh KJACC 4KMCes, Hal KOTOPHIMH MOXET NpPOU3BOLUTHCSA
6e3 BCAKUX OrpaHuyeHH# NeficTBUE BEIUMTAHHA, MBI CTPOUM KJACC 4esblx
Yhces, KOTOPHIH COMePHHMT B cebe K/IACC NMOJOKHTEIbHBIX 2) LEJbIX YHCe
(+1, 42, 43, ...), KiIacC OTpHLATeNbHHIX Ueabx uucea (—1, —2,
—3, ...) u uucao 0.

Jas Toro ke, ytoGH MOJYYHTb KJACC YHCeJ, Haj KOTOPHIMH H Bbl-
upTaHue M JeseHue S) MOXKHO NPOMSBOJANTb 6e3 BCAKOTO O paHHYEHHH,
MBl CTDOUM KJACC DAYUOHAAbHBLX 4uces. YucjiaMu, TNPUHALIEKALMMH
K 9TOMy kKuaccy, O6yayr, HampuMmep, 1/2, 3, 0, — 15/7.

Mui, TakuM oOpasoM, BBeau Tpu KJjacca uuceda: (1) 6e33naunsie yeave
wucaa, (1) yeave wucaa, (1) paguonassneie wucsa. B nian HacToR-
L€ KHHTH He BXOIUT pPAacCMOTPEHHe TOro, KaK CTPOUTCA KJacC UenabiX
yyuces, a TAKXe JIOTHYeCKOe OOOCHOBAHME TEOPHUH PALMOHANBLHBIX uHCes?).

) Crporo roBops, 6ojiee MOAXOLAIUM Ha3BaHUEM OblI0 Obl HE NOA0NHCUMEN -
Hbole, @ 06e33Haunble.

2) B yskoM cMbicae.

%) 3a uckawyeHuem JeleHUus Ha pauuoHaiabHoe yuciao 0.

4) Takoe u3NOXEHHE, ONMpefesioliee PAMOHAIbHOE YHCIO KaK YHOPSLOYEH-
HYI0 TI2py LEABIX yHCeJ, MONOGHO TOMY Kak xommaexkcHoe uucio B § 1.3 onpene-
JSeTCa Kak YHOpAAOUEHHas Mapa BeLeCTBEHHBIX YHCed, MOXHO HalTH B KHure
Fo6cona (Hobson) «Functions of a real variables, §§ 1—12. Cm. Takxe
. Jlaupgay, OcHoBul auaausa, WJI, 1957,
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ToabkO 4YTO H3JONKEHHOE O6OOMICHHe HAEH uMCAA NPOHCXOAHIO He 6e3 He-
KOTOPOTO NPOTHBONEHCTBHA €O CTOPOHH G0J€e KOHCEPBATHBHBIX MaTeMaTHKOB.
" B nocaepioio nonoBuHy XVIHI Bexa Mazepec (Maseres, 1731—1824) u Ppenn
(Frend, 1757—1841) ony6ankoBaan pa6oTsl O aare6pe, TPUrOHOMETPHH H T. 1.,
B KOTOPBIX OHH COBEDIIEHHO OTKa3aJHCb OT NPHMEHEHHMS OTPHLATEJbHHLIX YHCEl,
xota Jlekapt CBOGOAHO TOMb3OBalCs OTPHLATEAbHBIMH YHCAAMH GoJee ueM 3a
CTO JIET JO HHUX.

Paunonanbhnoe u9HCI0 X MoOxeT OBITb HATJAAHO TNPEACTAaBJEHO CJe-
LyiouwuM o0pasoM. .

Ecau Ha npaMo#t B3ATe HauaapHyio TOuky O W oOmnpeneseHHHH OT-
pesok OP; (nycrb P; nexur cnpasa or O), TO ME MOXeM OTJIOXHTb

X
0P,
GepeTca cnpaBa dau ciaesa oT O, cMOTpsS MO TOMY, GyIeT /M YHCIO X
MONOXHUTeNAbHEIM HJIM OTPHULATEIbHEIM. MBI MOXeM pacCMaTpUBATbL HJIH-
mouky P, win nepemeuenue OP, (xoTopoe Mbl Gynem o603nauats OP )
KaK H300paKkeHHe YuCaad X.

or O aauny OP, TaK, 9TO OTHOIIEHHE

Oyzer paBHo x. Touka P,

Bce panuonaabHele uncaa, TakuM o6pazoM, MOTYT OBITb NMPEACTABJEHH TOU-
KaMH NpAMOK; oOpaTHOe Ke 3ax/ioueHue OyjeT HempaBuJbHHM. B camoM mene,
€CAH MB! OTJNOXKHM Ha npsmok Aauny OQ, paBHYIO IHAaroHaMH KBajipaTa cO CTO-
poroit-OP,, TO MOXHO [0OKa3aTh, 4TO TOYka @ He GyleT COOTBETCTBOBATb HH-
KaKOMY  Pal[HOHAJIbHOMY - YHCJY.

ByneM cuutaTh, 4TO TOUKH, HE NPEACTABJSIOMME PAHOHAMAbHBIX YHCEJ, Npej-
CTaBAAIOT uppayuonassusie uucaa. Tak, Touxka Q wu3ob6paxaer co6o10 Hppanuo-
nanbHoe wucao ¥ 2= 1414213 ... Ecau Takoe pasbicHEHHe CyIECTBOBaHHUS
HPPAIHOHAJLHBIX YHCeN yIOBJIeTBOpsio MatreMatukoB XVIII croaerus W, MOxer
6BITh, eIle ABJASETCH YAOBJETBOPHTENbHBLIM JIJs TeX, HHTEPECH KOTOPHIX Ha-
npaBjeHbl 6ojiee. K NMPUIOKEHHAM MAaTeMaTHKH, YeM K BBIICHEHUIO JOTHYECKHX
OCHOB CaMO# TEOpHH, TO C JOIHUE€CKOH TOYKHM 3peHHs 3aMeHa apuMeTHUIECKOro
J0Ka3aTeJbCTBA -CYJIeCTBOBAHHS MPPAHOHAJIbHOIO YHCIA HHTYUTHBHBIMH FeOMe-
TPHYECKHMH NPEICTaBAEHUIMH sBAseTcA HenpaBuabHoH., Hexexunn (Dedekind)
B 1858 r. mokasan, uTO TEOPHS HPPALHOHAJBHBIX YHCEN MOXET GhITh HOCTPOEHA
Ha YHCTO apH(METHUECKOH OCHOBE, 6€3 NOMOLIH reOMETPHH. :

1.2, Teopus nppaunouanbhmx uucea Jdenekuugal)

" TeoMerpuyeckoe CBOHCTBO TOUEK HPSMOH, TIOCJIYKUBIIEE HCXOAHBIM
NYHKTOM JIOCTPOEHUA apu(MeTHUYeCKOH TeOpHUU HKPPALHOHAJBHBIX YHCe,
‘3aKOyaeTca B TOM, 4TO eC/JM BCE TOUKM MNpAMOH pasieseHb Ha JBa
Kjacca TakuM o0pasoM, UTO Kaxcias TOYKAa NMepBOT0 Kjacca pacrnoJoeHa
npaBee KaX(JO#f TOYUKM BTOPOro KJacca, TO Ha NpAMOU uMeeTcs OAHA U
TOJbKO OJHA TOUKa, KOTOpas NPOU3BOJUT YKasaHHOe paslelicHUE TOueK
Ha MnpsaMoHf.

) Teopus, paspaGorannas B 1858 r., He 6blaa, OfHaKO, ONyOIMKOBaHA paHee
nossaenus tpyna Jlenexunna «Stetigkeit und irrationale Zahlen», Braunschweig,
1872. Ilpyrue teopun mnpuHamjexar Bejepmtpaccy (cM. von Dantscher,
Die Weierstrass’ sche Theorie der irrationalen Zahlen, Leipzig, 1908) u Kan-
topy (Cantor, Math. Ann, 123—130 (1872)). '
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Cnenyss sto#t unee, JleleKMHI YCTaHOBMJ HpAaBUJa, MO KOTOPHIM
MOXeT OBITb OCYIUeCTBJIEHO pasjiefeHHe, WA CedeHuel), scex pauuo-
HaJbHLIX YHMCea Ha JBa KJacca TaK, YTOOBl 5TH KJacChl (KOTOpble Ha-
30BeM: K/a1accoM L m KiaccoM R uaM JeBHIM U NMPaBHM KJIaccamyd) obnafanu
CHAENYIOIIUMH CBOHCTBAMM:

(1) cywecTtByer no KpaiHedl Mepe OJIHO YHCIO KaXIOro. KJjacca;

(II) kamnpoe uucao kjaacca L MeHblle Kaxaoro uyucjaa kiaacca R.

SIcHO, YTO TaKoe CeueHHe NMPOM3BOAMTCA JIOOLIM PpAaLUOHAJbHBHIM YH-
cioM x, ¥ x Oyler HanOOMbIIMM HMCAOM Kjacca L, WA HaNMEHbIIMM
yuciaoM kaacca R. Ho MOXHO mpousBecTH Ceyelus, B KOTOPHIX HHKAKOe
pauuoHadbHOE. YHCJAO X He Oyder o6najath STUM cBOMCTBOM. Hanpuwmep,
TAK KaK HET TaKOTO pPAallMOHAMbHOTO YHMCJIA, KBALpaT KOTOPOro Owil Okl
paseH 2 2), To Mbl MOXKeM 06pasoBaTh Ceuennue, B KOTOPOM kaacc R colep-
KAT MOJIOXKHUTC/AbHBIE palOHAJbHbIE YHCAA, KBaAPAaTH KOTOPLIX Ipe-
BOCXOZAT 2, & kaacc L — Bce ocTanbHble DallMOHAJbHEIE YUCHA.

Toraa 310 ceuenve OyleT TAKOBO, UYTO kJaacc R He OyneT- UMeTh
HauMeHbIEro yucsaa, a kjaacc L — Hauboabluero umcaa. B camoMm nere,
ecan x Oyler KaKuM-JuH60 MOJOXUTENbHBIM pPalMOHAILHBIM YHC/IOM H

x(x2+46 2x (2 — x? x2 —2)3
y=-——322_':2) , TO TOraa y—x:————3)(c2+2) H y?—2: (gx2+2))2,
u x2, y2 u 2 OyLyT pacmosoxeHH B MOpsAKe BO3pacTaHus MJH yOniBa-
HUA; TMO3TOMY, ecau OyneT naHO Kakoe-HuOyAb uuciao x knacca L, 1o
MBl MOXeM Bcerna HalTH OoJibliiee YMCIO TOTO ke Kijacca L, u, ecaw
OyneT IaHO Kakoe-iau60 uuca0 X’ Kjaacca R, MBI MOXeM Bcerja Ha#Tu
MeHblllee YHCAO Kjacca R; TaKMMH UHCJAAMH MOTYT OBbITh, HANpHMEp,
y u y, rae y Oyner ompeienarbcs To# ke caMoil ¢yHKUueH OT x.
KaK 4 y OT X.

Ecau npousBeleHO CeyeHHe, NPU KOTOPOM kjaacc R mwee'r Haumeﬂbmee
uucno A, uwan kaacc L mmeer HauGosbluee uncio A;, T0 3TO CeueHHe
OMpENeNUT PAYUOHAAbHOE BeuecmsenrHoe HUCAO0, KOTOPOe IIPHHATO
0603HauaTh TEM Ke CAMBIM CHMBOJOM Ay wmn A, 3).

1) JTOT mpouecc COTTABASAN OCHOBY pACCMOTPEHHS HMPPAIIHOHAJbHBIX HHCeN
rpeueckux MareMatHkoB B VI m V Bekax no nameil spui. [Iporpecc, 10CTHrHY-
ToIfi JlemeKuHAOM, 3aKJIoYancsa B TOM, 9TO OH 3aMeTHJ, YTO Ha 3TOM nponecce
MOXeT ObIThb NMOCTPOEHa YUCTO apHPMeTHYeCKas TEOPHs HPPAUHMOHAAbHBIX YHCEN.

2) Ecau {Il 6yaeT TaKUM YHMCAOM C HaNMEHbIIMM BO3MOXHBIM 3HAMEHaTeleM,

TO JIETKO BHJETh, YTO —2;—__—:— 6yner ApPYruM TakuM uucioM H 0 < p—¢g < g,

TaK. 4TO % HE éyﬂe'r TAKUM YHCJIOM C HAaUMEHbUIIMM BO3MOXHBIM 3HAMCHATE-

aem. dto NPOTHBOpPEYHEe IMPHBOAUT K 3ARJWWUYEHHI0O, YTO TAKOr0 PAanHOHAJAbHOrQ
yucaa CyIEeCTBOBATh HE MONET.
3) 310 He BHI3bIBaeT HAa NMpPaKTHKE HUKAKOH IyTaHHUBL
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Ecnv npousBeleHO TaKoe CeueHHe, YTO KJacc R He UMeeT HauMeHb-
ulero, a kJaacc L naubGonblliero 4uc/ia, TO OHO ONpelelseT Uppayuo-
HAALROC BeujecmBennoe wucaol).

Ecam x, y-— BellleCTBEHHLe uyHcJa (ONpeje/seMble CEUEHUAMH), TO
MB TOBODHM, uYTO X OOJblue, ueM y, eCad kaacc L, onpegesioummil 'x,
COLEPKUT NO KpaHHeHd Mepe 1Ba?) umcaa kjaacca R, ONpefe/fiouIero y.

[lycte a, B, ... — BewecTBeHHsle yucaa, A;, B, ... — Kakue-Ju6o
yucsia COOTBETCTBYIOLIUX KaaccoB L, a Ay, By, ... — Kakue-1u60 uucaa
cooTBeTCTBYIOLUMX KjaaccoB R. Knaccwl, 3iaeMentaMu KoTOphX OyayT
COOTBETCTBEHHO A, Ao, . .., 6yleM 0603HauaTs cuMBodaMu (4;), (Ay), ...

Torzna cymamoii (0603HauaeMol a — (3) ABYX BelleCTBEHHBIX uuces o 1 B
GyneM Ha3bBaTh TaKOe BeleCTBEHHOE UMCJIO (PALMOHANLHOE MM Hppa-
LHOHAMbHOE), KOTOpOe ompenensercs kiaccoM (A, B;) xak kaaccom L
u kaaccom (A, By) Kak xaaccom R. :

KoneuHo, HEO6X0AMMO 10KA3aTh, YTO 3TH KJAACCH ONMPEENdoT CeyeHHe pa-
LMOHAMBHBIX uuced. SIcHo, uto A, |- B, < A, 4 B, u 410 CcyuiecTByeT o KpaiHe#
Mepe ofHO umcao Kaxpgoro us kaaccos (A, 4+ B,), (4, + By). Ocraerca noxa-
3aTb, YTO CYHIECTBYeT He 6ojee 00HO20 PANHOHANLHOTO 4UCJAa, GOJbINETO, YeM
no6oe u3 yucen A, 4 Bj, u Meublrero, ueM mo6oe u3 uucea A, -+ B,; aaa 3T0ro
IONYCTHM, YTO HMEIOTCA JBA TAKMX uHCaa X H ¥ (x < y). [lyctb a, Oyner unciao
u3 (A;) u a, —uucao us (4,), u nycrb N Oyzer Oamxaimee Ienoe YHCIO,

Gonbmee, uem —2 21
g (y—x)
m
BoabMeM mocaefHee H3 yucen a, +W—(a2-—al) (m=0, 1,..., N), npu-

Hauaexamee K (A,), 1 nepBoe u3 uuce’s, npuHamiexamee k (A;); nycTb 3TUMH
1 1
yucaaMu 6ynyr ¢, u ¢, Torma ¢, — ¢ == N(az —ay) < 7(y—x).

BriGepem d, u d, mopo6HbIM e o6pasoM M3 KJAacCOB, ompenensaiomux f;
TOraa

tdy—e—d <y—=x.

Ho ¢, +d, > y; ¢+ d, < x noaroMy ¢y+dy— ¢ —d|>y—Xx; Takum
06pa3oM, Mbl HPHILIM K [POTHBOPEUHIO, NpPEANonaras, uT0 CyHmIECIBYWT JBa
palMOHAaNbHBIX uMcaa X, ¥, He npuHanaexamue i K (A, -+ B)), vu k (A4, 4 B,).

Ecau BCAKOE palHOHaNbHOE YHMCIO TpUHALJAEKHT uan K kaaccy (4, B)),
uin K kaaccy (A, + By), 10 kuacest (A, + By), (A4, 4+ B,) onpeneasior
HppPALHOHAIbHOE uHCA0. ECAH CyIIecTBYeT OAHO pAalHOHAJbHOE YMCIO X, He

1) B. Paccea (B. A. W. Russel) onpenensier kaacc BEILIECTBEHHBIX HHCeN
NPOCTO KaK KAGCC 8Cex KAAccOo8 L, xaacc BelleCTBEHHBIX uuced, Kaacchl L
KOTOPbIX HMMEIOT HauboJbliee WUHCIO,- COOTBETCTBYET KJACCy pPalHOHANbHBIX
4ucen, H, XOTS PalHOHAIbHOE BELIECTBEHHOE YHUENO0 X, COOTBETCTBYIOIIEE PAllHO-
HaJbHOMY uHCaAy X, OYAET KaK NOHATHE OTIHYATLCA OT Hero, obosnaueHue o6OUX
OIHHM U TE€M e CHMBOJOM He BbI3BIBAET HHKAKOH NyTaHMLBL

2) Ecau 8TH B4 KJacca ‘UME0T TOMbKO OJHO YHCIO OOMHM, TO OHO MOXET
OKa3aTbCsl HauGOJbLLIMM Cpelu uMces Kjaacca L uucia X ¥ HaUMEHbIUIHM CPEJIn
uucen ‘kaacca R yucaa y.
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OpHHajgJexalllee HH K KaKOMy KJaaccy, To Torjga kaacc' L, o6pa3oBaHHHI u3 x,
(4, + By), m kaacc R, obpazoBannniit u3 (A, + B,), onpenesioT pauuOHaJbHOE
BCIIECTBEHHOEe uucao x. B oboux cayuasx ompeneiseMOe HHCAO HA3BIBAETCH
cyMMoH a4 8. .

Pasnocts @ — B 1ByX BelmecTBEHHHIX uHCeN onpeneasercs kiaccom (A; — B,)
KaK kJgaccoM L u kxaaccom (A, — B,) xak xiaccom R.

[TpousBeneHue ABYX IOJOXHTENbHBIX BEUIECTBEHHBIX uucelx a M f ompene.
asercs kaaccom (A,B,) kak kaaccoM R u kaaccom L, cOCTOSMHUM H3 Beex
OCTaJbHBIX PAllHOHAMbHBIX 4HceJ. YuTareab Jderko cooGpasuT, KaK ONpPEeNeNuThb
NpOM3BENCHHE OTPHLATEJbHHIX BEIIECTBEHHBIX WYHCEN H YaCTHOE JBYX BellecT-
BEHHBIX YHCeJ. MOXHO 10KasaTh, 4TO BENIECTBEHHBIE UYHC]A MOMHO KOMOGHHH-
poBaTh COTMIaCHO COYETATEAbHOMY, PACMPENENHTENbHOMY B IePeMeCTHTEAbHOMY
3aKOHaM.

COBOKyrlHOCTb BelIeCTBEHHBX PaliMOHAaJbHBIX W BeIUECTBEHHBIX Hppa-
LMOHAAbHBIX YUCEJI HA3BIBAETCH COBOKYIIHOCTbIO BEIIECTBECHHBIX UHCE]; AJ4
KPAaTKOCTH BE€UIECTBEHHBIE PANHOHAAbHbIE YUC/a H HUPPALHOHAJIbHBIE YUCaa
H43bLIBAIOTCA, COOTBETCTBEHHO, paluoHaNbHbIMU U HPPaLHOHAIbHBLIMH
Yucaamu.

1.3. KomnjekcHble 4uncaa

Mbl BUZeNH, 4YTO BeIECTBEHHOE YHCJIO MOXeT OHTb NpelCcTaBJeHO
HarJIaIHO KaK MepeMellleHHe BLOJb ONpejeseHHOH npamo#t. Ecau ke
P n Q—-nBe xakue-1u60 TOUKM HA IJIOCKOCTH, TO IJIS OIpeaeseHus
nepemewenns PQ tpebyercss yxe 1Ba BELIECTBEHHBIX YHCJA, HanpuMep
pas3HOCTH KOOPAMHAT TOUeK P U @, OTHEeCEHHHX K HENOJBHMKHBLIM MPSMO-
yroabHeiM ocaM. Ecanm koopaunatet P cyme (5, %), a -+ x, N+ y)—
KoopHuHath Q; To nepeMeuienne PQ MoxeT GbiThb 0GO3HAYEHO CHMBO-
aom [x, y]. Taxkum 06pasoM, Mel IOJXKHH B 3TOM CJydae PaccMaTpH-
BaTb YMOPsLOYEHHBle Maphl BelECTBEHHBIX uHcen!). :

EcrecTBeHnniM onpeleneHneM CyMMbl ABYX nepemewleHuit [x, y],
[x’, y'] aBasercAa nepeMellieHHe, 3aMeHsOUlee MOC/ENOBATEILHOE INpHe
MeHeHHe STHX IBYX IepeMelleHHH; NOSTOMY NMPUHATO ONpefeasTb CYMMY
IBYX map uuceJ pPaBEHCTBOM

[x, yI-++1x", yl=[x+x', y+ ']

[TpouaBeseHHe Maphl YHUCeJ M BeLeCTBEHHOTO 4HCJa X' €CTEeCTBEHHO
TOrjJa OnpeieNuTh PaBEHCTBOM : ’

X' X %, yI=1x"x, x'yl.
Mbl MOxeM omnpenenuTb NeHCTBHEe YMHOMXEHHS Nap YUCEN Pa3/JIHYHBLIM

06pa30M, HO €ILUHCTBEHHBIM OIllpene/eHueM, NPUBOIALUIMM K HETPDUBHAJbe
HbIM pesyJibTaTaM, 4BJAAE€TCSI TO, KOTOPOE BBIPAXKAETCA PABEHCTBOM

[x, ¥] X %', y1=[xx’ —yy, xy’ 4 x'y].

) Iopsanox wicen oTautaer yHopaAoUYeHHy0 napy [X, y] OT ynopsaioueHHQ}
uapst [y, x].

2 2. T. Yurrekep, Ox. H. Barcon
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OueBHIHO, UTO
/ [x, 0] X [x, yl=lxx", xy']=xX[x', ¥'].
[0, YIX I, yl=[—yy", x'y]=yX[—y, x'].

[eomeTpuyeckas HUHTEPApPeTAUMA STHX ONpeleneHHH 3aK/II0UYaeTCs B TOM,
YTO pe3dyabTaT YMHOXEHHA Ha nepemelenue [x, O] coBnamaer ¢ ymHO-
JKeHHEeM Ha BEIEeCTBEHHOE YHCIO X, 4 pe3yJbTaT yMHOXeHud NepeMelie-
Hua Ha [0, y] coBnamaer ¢ yMHOMXEHHEM €ro Ha BeLIECTBEHHOE UYHCJIO Y
¥ NMOBOPOTOM Ha mnpsMON yrods.

[Tpunsito 0603Ha4aTh NMapy uuced [x, Y] COCTABHBIM CHMBOJOM X —}- iy
U HaswiBaTb (ciaenys layccy) xomnaexcroim wucaosm. B ocCHOBHBIX nefi-
CTBUAX apu(MeTHKU KOMIUIEKCHOe uuc/I0 X -+ {0 MoxeT GHITL 3aMeHEHO
BellleCTBEHHBIM YHCAOM X, W, ONpenessd i kak KoMIaekcHoe yuciao 0 i1,
Mu Gynem umers 2 —=[0, 1] X [0, 1] ==[—1, O}; cienosareabHo, i MOKeT
6LITb 3aMeHeHO yepe3 — l.

Yuratedb Jerko yOelUTCd B TOM, UTO OIpeJde/eHHe - CAOKEHUR U YMHO-
HEeHHs [ap 4uces YCTAHOBJEHO TakuUM OOpAa3oM, YTO OOGBIUHblE NeHCcTBUS
anreGpel MOXHO OCYLIECTBJSTh 1O TeM K€ CAMBIM NPAaBHJAaM, KaK H C Be-
LIIeCTBEHHBIMH YMCJAaMHM, DacCMaTpuBas CUMBOJ { KaK 4YHCJIO M 3aMeHss
npousBejeHue (i, rie OHO BCTPeTHTCA, yeped — l.

Hanpumep, serko y6eauTbcs, 410 €CJu @, b, ¢ — KOMILZIEKCHbIe YUCJa,

a+b=>b-+a,

ab=ba,

(a+d+4c=a+@OG+0)

ab-¢c=a . bc,
a(-+c)y=ab-+ ac.

Ecan ab paBHO HymMO, TO WId @, WM H paBHO HyJIO.

OxaseiBaercs, uTo anare6pamyeckde NeHcTBUS mNpsMbie M OOpaTHbIe,
NPpUMEHEHHbIE K KOMIIJIEKCHBIM YHCJIaM, HE NPpUBOIAT K KaKUM-TU00 HOBHIM
KJacCaM 4uces, -N03TOMY KOMIJIEKCHOE YMCJIO MOXHO pacCcMaTpuBaTb HJjs
Hamux desteld kak Hauboiee 061.[1,1/[1’1 THIl 4yucJa.

TO

BBegenne KOMIVIEKCHBIX YHCEA NPUBENO K BAXHBIM OTKPHITHAM B MareMa-
tuke. Hanpumep, HekoTopsie GyHKUMM, pacCMaTpHBaeMbie TOJbKO KaK (GyHKUMH
BEIECTBEHHBX aPryMEHTOB, KaxyTCsl CYIEeCTBEHHO PasAHUHBIMM, MEXNY TEM Kak
OHH OKa3BIBAIOTCA DOACTBEHHBIMH, €CJHH PACCMATPHUBATh HX KaKk (YHKIHHU KOM-
NAeKCHHX apryMmenToB. Tak, 6b110 HaliieHO, YTO TPHrOHOMETPHUECKHE (YHKIUH
MOryT GHITh BRIpaX(EHbI Yepe3 MokasaTe/bHbe GYHKIHH KOMIVIEKCHOTO apryMeHTa

1, - ] T
TpH NOMOIIM PABEHCTB COS X = - (e 4-e7%), sinx= 5 (ei* — = %),

Kpome Ttoro, Muorne BaxHefimue T€OpeMbl COBPEMEHHOIO aHaJH3a OKaXYTCs
HEBEPHEIMY, €CIHM OrPaHHuYHThCA 06AacThi0 BelecTBeHHHIX uyucen. Tak, Teopema
O TOM, YTO BCAKOe ajire6pauyeckoe YpaBHeHHe CTENCHH 71 HMEeT 7 KOpHe#,
6yZXeT cnpaBeiauBa B o0LIeM C/yuae TOAbKO B 00MACTH KOMIIIEKCHBIX YHCE..



1.4. Monynb KOMIIJTEKCHOTO WYHCJA 19

Ksarepunonnt I'amMmabTOHa nalT npuMep JajbHEHINIEro pacIIMpeHHs HIEH
yucna. Kesarepunon w +4- xi 4~ yj+ zk cocraBiasercs U3 YeThIpPeX BeHmlECTBEHHBIX
udcen W, X, y, 2 H YeTHIPEX UYHCJAOBHX enunun 1, /, j, k2 TaxuM we o06pasom,
KaK 1 OGHIMHOE KOMIEKCHOE YHCIO X -+ yi COCTaBJAETCS M3 JBYX BelleCTBeH-
HBIX YHCeN X, ¥y M ABYX YUCJOBHIX eauHun 1, ;. KBaTepHuUOHH HE MOJYMHAIOTCH,
OJIHaKO, NIEPEMECTHTE/AbHOMY 3aKOHY YMHOXEHHs.

1.4. Moayab KOMILIEKCHOI'O uHCJaa

ITycTs X - Iy — KOMILJIEKCHOE YHCJIO0, X ¥ Y — BelleCTBEHHbe YHC/A.
Torna nojoxuTeAbHbIA KBaApaTHHH KOpeHb U3 x2-4-y? Ha3hIBAETCS MO~
Oysem x iy u obosHauaercs |x—iy]|.

PaccMOoTpuM KOMNJIEKCHOE YHCJO, NpelCcTaBsioliee cmey IBYX KOM-
~"@KCHBIX uMced X-~iy u u—-+ iv. Mbl uMeeM

(%~ 19) = (- 1) = (x 4 &)+ L (y+ ).
Moayab cyMMBl STHX ABYX uHces GyZeT TMO3STOMY
1
(x4 wf+(y+v)? 2,
HIn
1
2z

H (24 %) + (@ + ) + 2 (xu—+- yv)} 2.
(]

2
(24 i3]+ |- o] 2 {4 o7 +<u2+v2>2} -
— () (1 0) 2 52 7 (o) =
— (2 3 (@ )+ 2 (5 Y0P+ (v0 — yu)

TMocaennee Bupaxenne Oyaer GoJblie (MaM, camoe MeHblliee, PaBHO)

(%24 ¥) 4 (2 4 v+ 2 (xu + yv).

[TosToMy MH uMeeM ,

[x—iy| + [u—iv] > |(x 4 iy) 4 (e iv)],
T. €. MO0YALb CYMMbL 08YX KOMNACKCHBLX 4uces He Moxcem Coimo
Goavuie cymmbl ux MoOysel; N0 UHLYKLUUM MOJYUHM, YTO MOLYJb CYMMEI
JI060TO ™ YHC/Id KOMILIEKCHBIX YHCeJd He MOXeT Obithb 6oJblle CYMMB HX
MonyJet. ,
Ilanee, pacCMOTPUM KOMILIEKCHOE UKCJIO, NpPEeACTaBasfioliee coboti
NpousBefieHHe NBYX NAHHBIX KOMIIEKCHBIX uMCel X —Iy U &+ iv; uMeeM

(x - iy) (u+ i) = (xu — yo) +i (xv + yu),

1
2

U MO3TOMY
[(x + iy) (e 4 1v)| = {(xu — yv)2 4 (x0 4 yu)?)
1

= (24 y) (@ + )2 = |x +iy| - |utiv),

1
2

2%
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T. €. M00YAb NPOU3BELOLHUSR O08YX KOMNAEKCHbLX 4ucen (U, cleloBa-
TeJIbHO, N0 MHAYKUUH, J0OOro 4Hc/]d KOMIIEKCHBIX ‘4HCeNl) pagen npous-
8e0eHuI0 ux Mmooyrei. '

1.5. Jiuarpamma ApraHa

Mp! BHAENH, YTO KOMIJIEKCHOE YHC/JIO MOXHO NpPeICTaBHTh eOMeTpHu-
yecKd Ha IJIOCKOCTH, MOJb3YsiCh MpAMOYroJbHeiMu ocsMu Ox u Oy.

Torza Touky P, KOOpPAMHATH KOTOPOH OTHOCHTE/NbHO 3THX OCeH
OyLyT X, y, MOXHO paccCMaTpuBaTb KaK H3006paxkeHHe KOMIJIEKCHOIO
yucaa x -+ Iy. Takum oOpasoM, Kaxo#f TOYKE IJOCKOCTH COOTBETCTBYeT
HEKOTOpOe KOMIUIEKCHO® 4HCJAO0 W, HA060pOT, JAI0GOMYy KOMIJIEKCHOMY
YUCJAY COOTBETCTBYeT OJHA M TOJbKO OJHA TOYKA HA MAOCKOCTH. KoM-
MJIEKCHOe YHuCJI0 X iy Moxer ObiThb 0003HaueHO O#HOH Oykso#t z1).
Torza Touky P OyleM HasbiBaTb 4300padceruer unuciai z. Mbl OyneM
TaKXKe TOBOPUTb, YTO UYMCJIO 2 eCTb agdurc Touxku P.

. 1 .

Ecau bl o6Go3HauxM (x2—+y?)2 u pe3 r u BosbMeM 0O Takoe, uto
rcos=x, rsin =y, To, oueBuaHo, r 6yAer AJIMHOK paiHyca-BeKTOpa
Toukd P oTHocuTeqbHO Havansa O, a 0-—ero yriom ¢ ocvio Ox.

Takoe npelcTaBjeHUe KOMILIEKCHOTO YHMCJA HA3bIBAETCH 4acTO OUa-
epammoii Aprana?). Ilo IaHHOMY BbLILIE ONpele/IEHHIO OYEBHAHO, YTO 7
ecTb MOALY/b, YHCAA 2, YroJ e 0 HasbiBaeTcd apzyMeHmoM, QMRAU-
myooi uiM asol. '

Mu nuineM

f =arg 2.

M3 reoMeTprueckux coo6paxeHuil sCHO, YTO aPryMeHT KOMIIEKCHOTO YuCaa
He ojHO3HAaueH (B TO BPEMs Kak MOIy’ib ojHo3HaueH)?3); ecaum 0 ecTb omuo
3HaqeHHe aprymMeHra, TO Jpyrue 3HaueHhd apryMeHTa JalTcsd BhIPAXKEHHEM
2nm 4 0, raie n— mo6oe 1en0e YUCAO, He PAaBHOE Hyao. 3HaueHue arg 2, KOTo-

poe YIOBJETBOPAET HEPABEHCTBY — T << alg 2 < W, HA3bIBACTCS 2/448HHLM €rO
3HAuEHHEM. -

Ecau P, u P, — TOUKM, COOTBETCTBYIOLINE UMUCIAM 2 U 25, TO TOUKA,
NPeACTABIAIOLIAT 3HAYeHHEe 2 —{-2,, OyldeT KOHe4yHOH TOYKOH OTpe3Ka,
npoBeeHHOr0 U3 P;, KOTOpPHI paBeH U napajiieleH OTPe3Ky, COeNHHSIO-
leMy Hauajo KoopiauHaT ¢ P,. UYroGbl HaiTH TOYKY, HPeLCTaB/AIILYIO

!y [TpuHATO HA3bLIBaTh X W Y COOTBETCTBEHHO B8EW4eCMBEHHOH W MHUMOL
wacmoero 2. Mbl 6ynem uacro mucath x =Rez, y =Imz.

2) J.R. Argand, Essai sur une maniére de représenter les quantités
imaginaires dans les constructions géométriques, 1806 r.; oxHaxko €0 NOJL30-
Banes yxe Faycc B ero xeasmmrenckoit nucceprawuu 1799 r. (Werke, 111, 20—23),
KoTOpHlil Tpulien x He#t B oktaGpe 1797 r, (Math. Ann. LXIIL, 18); Beccean
(Caspar Wessel) paccmoTtpen ee B MeMyape, mpenctasaennoM J1aTckoll akanemun
B 1797 r. u ony6auxoBanuoM taM B 1798-—1799 rr. TepMuH <KOMIIEKCHOE UHCHO?
prepBee BcTpedaercs B 1831 r. (G auss, Werke, II, 102).

3) Cm. npuaoxenue, § A521,
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KOMIUJIEKCHOE 4MCI0 2,2, THhe 2, &, — JABa INaHHbIX KOMIJIEKCHbIX 4YHCJa,
3aMEeTHUM, YTO €CJaHu

2y =r,(cos by} isin b)), zy==ry(cos by~ isinb,),
TO NepeMHOXEHHe HaeT
212y == 1175 [0S (B + 0q) & sin (6, + 6))].

Touka, NpeacTaBafiolias YHCIO 212y, MMEeT NOITOMY MOLYJb, paBHHIH
MPOM3BENEHUIO MOAyaeH Touek P; U P, W apryMeHT, paBHbIH CyMmMe
apryMentoB Touek P, u P,

JIMTEPATYPA
Jlornyeckne OCHOBAHHS TEODHH YHCenN
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P. Nl enexunn HenpepriBHOocTh ¥ uppauuoHanbHeie ymcla, H3L. 3, HEpEB.
¢ Hem., Onecca, 1914. T

V.von Dantscher, Vorlesungen iiber die Weierstrass’sche Theorie det
irrationalen Zahlen, Leipzig, 1908.

E. W. Hobson, Functions of a real variable, ra. 1, 1907.

T. J. 'a Bromwich, Theory of infinite series, npuaoxenue 1, 1908.

KomniiekcHble uucaa

H. Hankel, Theorie der complexen Zahlen-Systeme, Leipzig, 1867.
0. Stolz, Vorlesungen iiber allgemeine Arithmetik, II, Leipzig, 1886.
I. X. Xapau, Kypc uacroit maremaruky, ria. III, HJI, 1949.

Mpumepw

1. [TokasaTs, 4YTO TOWKH, NPEACTABJMIOIME KOMIJEKCHBle yucaa 1 4 4,
2 +7i, 34 10i, nexar Ha oxHOH HpPsAMOH. '

2. MokasaTh, YTO MOXKHO NpPOBecTH HapaboJay uepes TOUKH, NPeACTaBAAILIHE
KOMILIEKCHBIE YHCJa

244, 4+4i, 6--9i, 8--16i, 10--25i
3. IMpeacrasutb n KOpHeil M3 eXMHHIBI Ha IAuMarpaMMe ApPraHa H IOKasathb,
4TO YHCJIO NEePBOOOPASHBIX KOpHe#l (T. e. KOpHeH, CTeMeHH KayiIOoro H3 KOTo-

PHIX AT BCE KOPHH) PABHO YMCAY LEJBIX yucen (BKJIOYAs eIMHHLIY), MEHbIUIHX 71
¥ B3aUMHO NPOCTHIX C 7. :

Hoxasatb, uto ecau 0y, 6,, 8, ... — apryMentsl nepBooGpasHbIX KOpHEH, TO
- n
2 cos pf = 0, xorza p — MONOKUTEJHHOE LiEN0E YHCI0, MEHbIIIEE, YeM TR
npuueMm a, b, ¢, ..., K — BCe PadIHYHBIC NPOCTBIE MHOXHTEIU YHCAA N} a TAKKE,
; @
(=)' n

410 ECaH P =

no.
e F T 2 cos pb = —he % FA€ i— UHCIO MPOCTHIX

MHOXUTEJNEH uucia n.
(Math. Trip., 1895)



TJTABA 2
TEOPHUS CXOJIHMOCTH

2.1. Onpenenenne!) mpepeaa’ TOC/IEROBATENbHOCTH

Myctb 2y, 29, &3, ...— OeCKOHeYHas IOC/ENOBATEJIbHOCTb YHCel,
BELIeCTBEHHEIX UM KOMIUIEKCHHX. Toraa, eCim CyumecTByeT TaKoe Yucio [,
UTO COOTBETCTBEHHO BCAKOMY MOJOXUTEJbHOMY 2) UHCAY €, KaK YrOJHO
MaJoMy, MOXeT OHITh HalIeHO TaKOe UYHMCJO My YTO '

'zn - l! <e
119 BEeX 3HadeHu#h £, GOJBLIMX A, TO TOBOPSAT, YTO NOCALQ08AMEN-

nocms (2,) cmpemumcs K npedery | npu cmpemsenun n K 6ecko-
HewHOCMU. ,
CHUMBOJIMYECKH YTBePXIEHHE NpPeles MOCAeloBaTeNbHOCTH (2,) IPH 1,
cTpeMslleMcsi K O€CKOHEYHOCTH, paBeH [» 3aNuCHIBACTCA CJCAYIOLUM
o6pasom 8): ‘
lim 2,==1; limz,=1Il; 2z,—>1, Kozda n—>oco.
n-yco
Ecau mocnenoBaTebHOCTH TaKOBA, YTO IPH 3aNaHHOM MPOH3BOJLHOM
upciae N (Kak YroiHo OOJBIIOM) MOXHO HaHTH TakKoe YHCIO 7, HTO
|2,| > N nns Bcex sHauenuit n >> 1, TO TOBOPAT, YTO «|Z,| cTpeMuTCH
K GECKOHEYHOCTH NP CTPEMJEHHM 1 K OGeCKOHEUHOCTH», W 3aNUCHIBAIOT
_ |2,] —> co.
CoOTBETCTBEHHO B CJayuae, Korga — x, > N npu n > n, FOBOPAT, UTO
X,—>—oC. ‘
EciaM nocneqoBaTe bHOCTb BEILLECTBEHHBIX WYHCEN He CTPeMHMTCH HH
K KOHEYHOMY Hpelenay, HM K 0O B HA K — OO, TO OHA Ha3bIBAETCH
Konebrnowetica. '

1) OnpejeneHue, paBHOIEHHOE I1aHHOMY, BHepBble xaHo Baaancom B 1655 r.
(J. Wallis, Opera, 1, 382, 1695).

2) Upcao HyJb, HCKJIOYAeTCd M3 KJacca INOJOXKHUTENbHHIX HHCEN.

3) O6osnauenue crpeakoli npunaaaexut Jusemy (Leathem, Camb. Math,
Tracts., Ne 1).
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-2.11. OnpepneJeHne TEPMAHA <«NOPAJAOK BEJIMUHHBLI»

Ecan ase nocienosatenbnoctd (S,) u (2,) TaKOBH, YTO CyLIeCTByer
Takoe uucao n, uro |C,/z,| <K npu n>n, npuiem K He sasucur
OT 7, TO TOBOPAT, YTO BeJHYMHA {, MMeeT MOPSNOK BeJHYUHH 2, U 3a-
NUCHBAT 1) '

C,=0(z,);
TaK, Hanpumep, .
1Bn419 /1
e =0()-

Ecau lim (—C'i
. V-4

) =0, To BamucwBaior {,=0(2,).
n

2.2. Ilpenea Bo3pacrawoumeil nocaeA0BaTEJNbHOCTH

Iyctb (x,) — Takag NOC/AENOBATENbHOCTb BeLIECTBEHHBIX YHCeJ, YTO

w1 > X, A Bcex sHavenu# n. Torma sma nocredosamersroctms
CMpemMumca K HeKomopomy npedeay usl kK 6ecKoHedtnocmu (X, TaKUM
o6pa3oM, OHa He sBJfeTcd KoJeOmouleiics NMOCTeI0BaTe bHOCTBIO).

[Tycte x — Kakoe-1160 pauuoHajgbHOe uHMcjo; Toraa uau (I) x,>'x
st BCeX 38HayeHu#t n, OOJABIIMX HEKOTODOTO YHMCAA ng, 3aBHCAILErO
oT BequuuHbl X, wan (II) x, < x naa Bcex sHaueuuft n.

Ecmn ycaosue (II) He BHINOJHAETCS Hu 048 KAKO20 3HAYEHUS X
(xax yroaHo 60.bl1OTO), TO X, —> OO.

Ho ecan cymecTByeT Takoe 3sHaueHHe X, LJAS KOTOpOro ycnosue (1D
UMeeT MeCTO, TO MBI MOXeM pa3fequTb PpalUOHAaJbHLIE YMC/IA HA JBa
Kaacca: knaacc L, colepxauinit Te palMOHAaJbHEIE 4HCJIA X, AJAS KOTOPHIX
umeer Mecto (I), m kmacc R TeX pauMOHAJNbHBIX YHCeJ X%, AJA KOTOPHIX
umeer Mecto (II). DTo ceueHwe ompenessseT BelieCTBEHHOE YHCIO «,
pauMoHaJIbHOE MMM HPpalUMOHA/bHOE.

Ecan e ecTb mNpOU3BOJBbHOE TOJOXKUTEJbHOE 4YHCJAO, TO 4HCJIO

1 .
0 — =& NPUHALJICKHT K KJIACCy L, OonpenesdoleMy o, H Mbl MOXeM,

2
. ‘ 1
TakuM o0pasoM, HaltH Takoe £y, uTO X, > @—-€ NpH N > ny;
. 1 .
HanpoTUB, UKUCJIO a+—2—s 6yneT yHcaAOM Kiacca R M, CJELOBATENBHO,
1
X, <aAoe
Iostomy npu n > n,
a—ux,| <e
¥, TakuM ob6pasoM,
X, —>a.

) 310 o6o3Hauenue mpuxamaexut BaxMany (B achmann, Zahlentheorie,
401, 1894) u Jlannay (L and au, Primzahlen, 1, 61, 1909).
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CrnencrBue YO6bBaONaa NOCACAOBATEILHOCTD CTPEMHTCS K HEKOTOPOMY
npejeiy HIM K —Qo,

P . ! 7 . 4
Npumep L Ecan limz, =1, limz, =1, 10 lim(zm—i—zm)=1+l'. n6o
IS J@HHOTO ¢ MBI MOMEM IOABICKATh Takue n ¥ a’, UTo

I lzm—1] <—é~s, KOFAa m > n,

’ ' 1 ’
() |z, —1 |<7s, korna m >n'.
Mycts n, Gyner Goablie n u n'; Toria ONpH m > n,
|2+ 2m) — U+ < 2 — 1|+ |2 — 1| <5,
a 3TO W O3Hayaer, yTo

. ? '
lim (z,, + 2,) =1 +1".
D . ’ '
1 p/H M e];,) 2. llcl)xasarb auanox;mno, quO lim zm——zm):lv-l,
lim (z,,2,,) = 10’ w ecan I =0, lim (2,/2,) =/l
Mpumep 3. Feu 0<x <1, To x>0, ubo ecan x=(14+a)"! u
a >0, To in Qopmyie 6HHOMA AJst IOJOKHTENLHOTO IEJIOr0 NOKA3aTelds HMeeM
1. < 1
(14 a)” 1-t+na’
C npyroit CTOpPOHBI, OYEBUAHO, UYTO AJs JAHHOTO IMONONKHTENbHOrO 4ycia €

Mbl MOXEM B3§iTb Takoe n, urto (1 +na)"l < ¢ npu n > ny Takum o6pasoM,
x> 0.

0 < x

2.21. IlpegenvHbie TOYKH W TeopeMa bBoasunano — Beifepmrpaccal)

[Tyctb (x,) — MOC/IEN0BATEIbHOCTh BelECTBEHHBIX yucea. Ecau cyue-
cTByeT Takoe uucao G, YTO 1A KaWAOTO TMOJOXKUTEJIbHOTO 3HAUEGHHS €,
KaK YrOJIHO MaJjoro, Moxer OblTb HalLeHO HeOrpaHHYeHHOe YHCJIO TaKUX
4/IeHOB MOC/EeN0BATENbHOCTH, UTO

G—e<x,<Ge

10 G HAa3HIBAETCH HpedessHOl mo4Kold WIM MOUKOE c2yujeHus mocnie-
IOBATENbHOCTH.

TeopeMa Boabuano cocToMT B TOM, 4YTO ecau k< X, < p, 20e A, p
He 3a8uCAmM OM RN, MO nocAed08aAMeNbHOCMb (X,) uMeem no Kpaiuei
Mepe 00HY NpeoesbHYI0 MOUKY.

Jlis 10KazaTenbCTBA TeOpeMbl BO3bMeM cedenue, mnpu Koropom (I)
Kaacc R COCTOMT U3 TaKuMX PALMOHAJBHBIX UHCeJ, YTO ecid A ectb
OHO M3 HHX, TO HMeeTCs TOJbKO OrpaHHUYEHHOE YHC/IO UEHOB X,, ylo-
BJIETBOPAIOWAX ycaoBuo x, > A; (II) xaacc L TakoH, 410 B HeM

') dra Teopema, uacto mnpunucHlpaemas BeftepmrTpaccy, Obiia  nokaszana
Boabnano (Bolzano, Abh. der k. bohmischen Ges. der Wiss. v. (1817)) (nepe-
neuataHo B «Klassiker der Exakten Wiss.», Ne 153). [To-BunuMOMy, OHa 6bina
u3BecTHa ¥ Kommu. i
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UMeeTCs HEOTpaHHUEHHOE YUCJIO0 Y/EHOB X, TaKUX, UTO X, > @ 11 BcexX
yucea a kaacca L.
370 ceueHue omnpejendeT BellecTBeHHOe uuciao (G, H ecam e-—— npo-

1 1
M3BOJbHOE TOJIOXKHTEJIbHOE YHCJIO, TO 0*78 " G—]—75 COOT-

BETCTBEHHO OyAyT uucCaIaMM KJaccoB L u R; CleloBaTelbHO, uMeeTcs
HEOTPAHUYEHHOE UHC/IO YIEHOB MOCNELOBATENbHOCTH, YAOBJIETBOPAOLIKX
YCJIOBHIO

G—e<G—ge<x,<0+5e<Gre,
a toraa G u Oyner npéﬂenbﬂoﬁ TOYKOH.

2.211. Onpenenenve «HaHGOJbLIErO M3 NpPEAEJOB»

Yucao G, noayuennoe B § 2.21, HaswiBaeTcss «HauOOJBIIMM H3 npe-
LeNOB nocaeoBatenbHOCTH (X,)». [locaenosarenbHocts (X,) He MOXKeT
uMeTh npeflebHOl Touku, OCosbmelt G, ubo, ecin G’ Oymer TakoH

TOYKOH W e_—-—;—(G’——G), 10 G’ —¢ Oynper umc/ioM Kaacca R, ompe-

neasoutero G, Tak uyrto OyleT TOJLKO OrpaHHYeHHOE YHCJIO YAEHOB
NOCAe0BATeNbHOCTH, YAOBJACTBOPAILMX yCioBuio x, > G’ —-e. 3ro0
ycnoBHe NPOTUBOPEUUT TIPUHATOMY IpeAnoNoxeHHo, uro G’ — npe-
neJabHas TOuka. Mpl 0603HavaeM
G=lim x,
n-» oo
«Hanmenbiun#i w3 npenenos» L nociaenosatesbHoc™d (0603HAyaeMbI
lim X,) onpeaeaserca Kak
n-» oo
— lim (- xn)'
n-»oo

2.22. Teopema Kown!) o Heo6GXOAMMOM H IOCTATOYHOM YCJIOBHU
CyuecTBOBaHuA mOpejnesa

[ToxaxeM Temepb, 4TO HEOOXONUMOE H JOCTATOUHOE YCJOBHE Cylie-
CTBOBAHMA Npelesa NOCAeNOBATEIbHOCTH UMCET 2p, Z9, 23, ... COCTOMT
B TOM, UTOOBl COOMBEMCMBEKHO BCAKOMY OQHHOMY NOAONCUMEALHOMY
qyucay €, KQK Y2O0OHO MQAAOMY, MONCHO Obao Halimua marxoe
4ucao n, 4mo

(240, —2,] <&

1y Cauchy, Analyse algébrique, ctp. 125, 1821,
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0151 8Cex HNOAOHCUMENbHULX yeasx 3Hadeduli p. DTOT pe3ynbTaT
ABASAETCS OLHOH M3 Bax(HeHIIMX M OCHOBHBIX TeopeM aHaausa. llHoraa ero
Ha3bIBAIOT NPUHLUNOM CXO00UMOCTLU. .

MBbl mOMKHBL NOKA3aTh, BO-NEPBEIX, YTO 3TO YCJAOBHE HE00X00uMo,
T. €. YTO OHO VIOBJeTBOpseTCs, KOria npelen cyuectByer. Hrak,
NpeANONOKUM, YTO cyuiecTByeT mnpenea [; toraa (§ 2.1) aaa moboro
NOJIOXKHTENbHOTO KK YrOZHO MaJOro uYMC/Aa € MOXHO HalTH Takoe
IleJI0€ YUCJO 7, YTO

2g— Il <ge |2ge,—1 < e

IJS BCEX MNOJOXUTEJbHBIX 3HAYeHUH p; NO3TOMY
n+p'—_zn| = I(zn+p—l)—(zn—'—l)l < lznll—p_ll '+' ’Zn_” <s,
4TO IOKA3LIBAET HEO6X00UMOCMS YCIOBUS

lzn+p"—znf <s,

¥ TaKUM 006pas3oM, neppas MOJOBHHA TeODeMhbl NOKa3aHa.

Ilanee ™Mbl AOJDKHBI [OKas3aTb !), 4TO' 9TO YC/IOBUE OOCMAMOUKO,
T. €. 4TO €CJU OHO YLOBJETBOpseTcs, TO Npeles CYILECTBYeT.

(I) MpexnonoxuM, 4yTo NOC/IeA0BATENbHOCTD BeU,eEMBEHHb X YHCET (X ,)
yaoBaeTBOpsieT yciaoBuio Komu, HHaye roBops, 4To Aas 11000ro noJjo-
XUTEJbHOTO YHCJA € MOXHO HaliTH TaKoe le/n0e UHMCJIO 7, 4YTO

Ixﬂ+p'— xn' <e

ISt BCeX TOJIOXHTENbHBIX leJbX 3HadeHu# p.

Iycto 3HaueHue n, coorsercTyloiee e==1, O6ymer m. [lycTts,
nantee, Ay, p; OyLyT HauMeHbIIUM M HauGOJbIUMM M3 3SHAYeHuH X,
Xg, «+., X,; TOTAQ

z

)\1-'1<xn<91+1

a9 BCex 3HadeHnit n; o6osHauuM A — 1 ==X, p;+1=p.

Toraa 44 Bcex 3Hayenu#t n umeeM A < x, < p. [losromy no meo-
peme § 2.21 nocuedosamensnocms (x,) umeem no /cpauueu Mepe
00ry npedeavnyio moixy U,

JlokaxeM, uTO He MOMeTr 6LTL  6oIee ONHOH Ipefe/q-HON TOYKH;
nefcTBUTeIbHO, ecau uX uMeercs ase, G u H (H < (), 10 BO3bMEM

1
e < T(G — H); rorna no ycnoBuio OyLeT CYliecTBOBaTb TaKOe YMCJIO 1,

uto |xn+p—~xn| < e A8 BCeX MOJOXHUTeNbHHIX 3Hauenudd p. Ho rax
Kak, ¢ npyroit. cropoust, G u H SBAAOTCA Npele/bHEIMA TOYKAMH, TO
CYHIECTBYIOT TaKue IOJIOXUTeJbHbIEe YHCHA g M 1, UTO

]G—xn+q' < I‘H;xn+r| <e.

D) aro AokasaTenbctso paHo Illtoabuem u [malinepom (Stolz, Gmei-
ner, Theoretische Arithmetik, II, ctp. 144, 1902)_



2.3. CX0QUMOCTh BECKOHEYHHIX PALOB 27

Orciona uMeeM
IG_xn+q! + 'xn+q-xn’ + lxn"_xn+r’ + ]xn+r'"_H{ < 4e.

Ho mo § 1.4 cymma B Jseso#t uwactu Gosblie uwian pasua |G-— HJ.
MMostroMy G — H < 4e, .4TO NpPOTHBOPEYHT INPENNONOKEHUIO; Cle]OBa~ .
TeJbHO, CYLIECTBYeT TOJbKO OJHAa npeleibHas Touka. OTciona ke
BHITEKaeT, YTO CYIUECTBYeT TOJbKO KOHEUHOEe YHCJO YJEeHOB NOCjeL0Ba-
TeabHOCTH BHe mMHTepBana (G —3d, G+ 8), rae & — NPOM3BOABLHOE 0O~
xurtenbHoe uncao. M6o ecau Obl CyIecTBOBAaJO HeOrpaHHUEHHOE YUCIO
TaKUX YJIEHOB, TO OHM uMeau Obl MpelebHYIO TOUKY, KOTOpas Oniia GBI
npelejabHOH TOYKOH JaHHOM NOC/IeJOBATENLHOCTH M KOTOpas He COBMA-
nana Owm ¢ G; urax, G ecms npeden (x,).

(II) Temepb nycTb nNOCAENOBATENBHOCTh (2Z,) BeELIECTBEHHLIX KM
' KOMILIEKCHBIX YHCeJl YAOBAeTBOPsieT ycaoBuio Kown; nmycts 2, == X, iy,,.
rae x, U y, BEIUECTBEHHB; TOTJAa LA BCeX 3HAauUeHUd n u p °

’xn+p_xn’ glznﬂz_znl’ lyn+p_ynl <l2n+p~'zn"

Tlosmony nocaedosamersrnocmu seuwjecmsennslx wuces (x,) a4 (y,)
yoosaemeopsom ycrosuo Kowu u, cienosaresbHo, no (I) cyluectByior
npenessl (x,) 4 (y,). Toraa, cornacho npumepy 1 § 2.2, cywecTsyer u
npenena (2,), U TeopeMa, TakuM 00pasoM, JOKasaHa.

2.3. Cx0auMOCTh GECKOHEUHHX pAAOB

Mycte uy, uy, us, ..., 4, ... — NOCAEAOBATENLHOCTb YHCEN, Belliee
CTBEHHBIX MM KOMIaekcHeX. OGo3HauuM uyepes S, cymmy

| Aty o Ay
Toraa, ecmu S, ctpemutcs K npefeny S NpH CTPeMJIEHHH 7 K GecKO=
HEYHOCTH, TO FOBOPAT, YTO GeCKOHEYHBIH Pl

Aty o
ABIACTCA CXOO0AMUMCA WIM YTO DTOT pSL cxodumcsh Kk cymue S.
B nporusHoM e ciyuae rosopsar, uro Geckoneunmi pan 6yner pac-
xodawumca. Ecau pan cxomutcs, TO Bhipaxenue S—S,, mnpeicra-
B/AIOLIEE CYMMy psia

Upp1Flprottps+ -0y

HA3BIBACTCA H-M OCMAMKOM DPAla M 00O3HAYaeTcs 4acTO .CHMBOJIOM R,.

Cymmy
' un+t+ un+2+ e + Untp
OyneM 0603HauaTh CUMBOJIOM S, ;.

s sToro omnpesenenusi u pesyibTaTOB NEEALIAYUIEr0 Naparpagi,
HEeMOCPeACTBEHHO MNOJyyaeM, 4YTO HeOOXOAMMOE H JOCTAaTOYNOe YCAOBHe
CXOAUMOCTH GECKOHEYHOTO pAla 3aKJAOUAETCA B [OM, YTOOH AJas J06Oro
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JIQHHOTO TOJIOMHTEILHOTO YHCAA & MOXHO OO Halvn TaKOe 1, 4TO
|S, | <& 77 BceX NOMONKHTENbHLIX BHaueHUH p.

Tak xak u,,,==S, ;. TO OTCIOJA, KaK YaCTHWH cayuat, cienyer,

yro lim#,, =0, APYruMH CJIOBaMH, 7-§ WIeH CXOAALLETOCH PAla CTpe-
MUTCS K HYJIO TNpH CTPeMJeHHH 7 K OeCKOHeUHOCTH. ITO mocaelHee
yCJIOBHE XOTS M HeOOXOLUMO, HO HeLOCTAaTOUHO 1/ CXOLUMOCTH psia,
KaK 3TO BHUIHO U3 PacCMOTPEHHS psaia ‘

1,1 ,1,1,1
Ttttz -
B aroM pane |
1 1 1
Smn:n+1+n+2+n+3+"'+ﬂ'

Bupaxenne B NpaBo# YacTH YMEHbIUMTCS NpH  3aMeHe KaxJA0ro
uena Ha (2n) ', M TaKuM 0GpPasoM,

1
Sn,n> 9
Tostomy
Sgn+1 =1 +SL1+SQ,2+S4,4+S8,8+SIG, 16+ et
o S > g (n4-3) >0

W psf, CIENOBaTeJbHO, PACXOIMTCH; 3TOT pedyibTaT Gbla 3aMeueH Jlef6-
HuleM B 1673 r.

Cymectsyer aBa oOWHUX Knaacca npo6iaeM, NOOYKAAOLWMX HAC
K HCCJAELOBAHUIO CXOLMMOCTH PSiLOB: '

(I) Mbl MOX:iM MOAYYUTb pPsill KaKuMU-HUOYAb (OpPMaJbHBHIMU Hef-
CTBUAMH, HanpuMep, NMpH pelieHUH JuHeRHOro AuddepeHLnalIbHOrO ypas-
HeHHs C MOMOWLI0 pAKOB, M TOrAa MJs ONpaBlLAaHUS 9THX NeHcTBUi
TpebyeTcs OOCHIYHO J10KasaTb, UYTO psl, NOJydYeHHBIH TakuM o06Gpa3oM
dopManbHO, OyneT CXOAALIMMCS. ‘

[TpocThle [pPH3HAKH, KOTOpble TNO3BOJSIOT CYAUTH O CXOLUMOCTH
pALOB B TaKHUX cayuyasx, paccmarpuBaorcd B §§ 2.31—2.61.

(II) Moxet cayuuTbcs, YTO 1A/ [AHHOTO BHIPAXKEHHA S MOXKHO

n
NOJAyuuTh pasioxenne S== 3 4, R, TOLHOE 15 BCeX 3HaueHuft n;
U3 ONpejlejieHUs Tpejena gfu:elﬂyeT, YTO eC/IM MBI CMOXeM JOKasatb,
o -
uto R,—>0, T0 pan X 4, CXOIMTCA M ero cymma pasHa S.
[Ipumep Ttaxoi 3anajllu npusefed B § 5.4.

Beckoneunnie pspabi BeTpeuawtcd!) y Jgopna Bpaymkepa (Brouncker,
Phil. Trans., II, 645—649 (1668)). Belpaxenue «CXOAAMHUHCA» OblIO BBEACHO

1) CMm. mpuMeuanue K § 2.7,
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B ToM xe camoM rony Jhwxeitmcom [peropm (James Gregory), upodeccopom
MaTeMaTHKH B Dnuubypre, a TepMuH «pacxoismuiics» — H. Bepuyaas B 1713 .
BeckoneuHsle pannl NOPUMEHSJIMCh cucTeMatuuecku Hsiotonom B 1669 r.
B «De analysi per aequat. num. term. inf.», u on xe uccienosan B 1704 r. cxonwu-
mocts rumepreoMmerpuueckux psgos (§ 14.1). Ho seaukue marematuxku XVIII
CTOAETHSI NOAb30BANHCh GECKOHEWHHIMH DsilaMH CBOGOAHO ¥ 10 GoabIned wacTu
6e3 paccMoTpenus Bompoca 06 ux cxoiaumocTd. Tak, Jitnep (Euler) yrBepxnaanx,
4YTO CyMMa psana '

1,1, 1
e M =i iy md e a i e aE A SRR @
PaBHa HYyJ10, Ha OCHOBAaHHM TOro, 4TO .
2ttt = )
! 1,1
s . V4
1+?-r‘?+..-———’_‘z~l- (C)

Omu6Ka NPOM30INIA, KOHEYHO, BCAELCTBHE Toro, uro psax (b) cxomutcs
ToabKO mpu | 2| < 1, a psan (c) cxomurcss TOAbKO HpH-|2z| > I; Tak uto psax (a)
HHKOTJa He CcXx0AuTcad. OTHOCHTENbHO HCTOPHH HCCASJOBAHMH O CXOXHMOCTH
cM. [lpunrcreiivm nu Moapk (Pringsheim, Molk, Encyclopédie des Sci.
Math,, I (I)) u Paitd (Reiff, Geschichte der unendlichen Reihen, Tiibingen,
1889).

2.301. HepaBeHctBo AGeas!)
ITyemos f, > foe1 >0 0Oan scex yeawx 3uawenuii n. Tozda

m
IZ a,fn| < Afy, 20e A ecmb nauboasuias u3 cymm
n=1

ol |a+ Gl a4ty tagl, ..os |+ a4 ... +a,.

B camoMm nene, monoxus a;—+ay—+ ... 4a,=s5,, MH HMeeM
m

2 apfrn="51f1+a—s) fot(S3—8) f3+ ... +(Sp—8p-1)frn=

n=1

=s;(fi—f)+(e—f)+ - + w1 (Fu1— Fd + Sufme

Takx kak f;— fo, fo— f3. ... He OTpHLATE/NbHB, TO Mbl MMeEeM npu

n=2,3, ..., m ’
!Sn—ll(fn—-l_fn)<A(fn—1_fn);

KpoMe TOro,

lsml fﬂl<Afﬂl;

TakuM oGpa3oM, CyMMupys i noabaydch § 1.4, Mbl noJayuaem

m

2 a,f,
n=1

9] Abel, Journal far Math.,, 311—399 (1826). Yacrubiii cayuaii Teopemni
§ 231, caeacrBue (I), uMeercs B 3TOH e CTAaThe.

< Afy.
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Caencrteue. Ecam ay, ay ..., @, @y, ... — KakHe-1u60 uucIa, BelLe-
CTBEHHBlE HJHM KOMILIEKCHHE, TO
m (m—1
Z apWpy <A{ 2 iwn+l"‘wn‘l+|wml}’
n=1 n=1

p
2

n=1

rae A ectb HauGoJbliasg H3 CYyMM (p=1,2,..., m) (Xapan).

2.31. Mpusnak cxomxumoctd JupuxJe!)
, .
2 a,
n=1

oz fae1 >0 u limf,=02 pﬂdl X a,f, cxodumcs. B caMowm
n=1

nene, Tak kak lim f,==0, TO MbH MOXeM M HLAHHOTO IMPOUSBOJLHOrO

ITyems <K, 20e K He 3asucum om p. Tozda, npu

€
- OMIOXKUTENBHOrO YMCIA & HalTH Takoe m, 4TO f,,.q <3r- Ho

m+q m+-q m
2 oa,|<| 2 a, |+ | 2, | <2K
n=m+1 n=1 n=1

LN BCEX TOJOXKUTEJbHEIX 3HaueHUH g, 1 TaKuM 06p330M, 110 HepaBeH-
crsy AGens Mbl HMeeM JJg BCeX NOJIOXHUTEJbHbIX 3HaueHUi p

m+p |
2 anfnr<‘4fm+1'
n=m+1 .
rue .
A< 2K.
m+p o)
MostoMy | X @nfu| <Kfmi1<e wpin X a,f, no § 2.3 cxo-
n=m-1 n=1
IUTCA. B
. . [e0)
Canencrsue (). Hpusnax cxodumocmu Abeas. Ecan pan 2 a, Cxo0-
) n=1

" IMTCA, @ MOC]EeA0OBATENbHOCT (u,) MOHOTORHA (T. €. BCETAA UAH U, > Uy, UIH
(oo

Up <Upyy) W |8, | < X, THE X HE 3aBHCUT OT 1, TO PAR Y, @pllp CXOAUTCH.
n=1 '
B camom nene, no § 2.2 u, crpemMutca x npefeay 4; NONOKHM |u—u,| = f,.
o 4

Torna f, >0 MOHOTOHHO, H MOSTOMY PSR ) dnfn Cxomutca. Ecam renepb (u,)
. . n=1

B Dirichlet, Journal de Math. (2), VI, 253—255 (1862). Ho ony6auxo-
BaHufi BO 2-M u3nanumu xopaaHockoro «Cours d’Analyse» (1893) npushax
Jupuxae u npusnak AGens yacto 06belMHAANCh Kak npusHak Jlupuxae — Abeas
(cv. Pringsheim, Math, Ann., XXV, 423 (1885)).

2) [Tpn 5THX YCJAOBUAX MBI FOBOPHM, 4T0 fp >0 MOHOMOHHO.
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<«

eCTh BO3PACTAIONLas MOCJAEeNOBATENLHOCTb, TO fp=U—U, U pan E(u_—u,,) a,

n=1
0

cxozm’rcn MosTomMy, Tak Kak psx Z ua, CXOIMTCS, TO M PAIL Z u,a, Gyner
=1 n=1

cxonutsca. Ecau xe (u,) ectdb yébIBalomasx NOCJE0BATENbHOCTD, TO f == U, — U,

M [I0KAa3aTeJbCTBO aHaJOTHUHOE.

Cunencrede (lI). BsaB B npusnaxe ﬂ,npnxue a,=(—1)""1, TIOAY YHM,

YTO NPH fp > fpay 1 lim f, =0 pan f, — 1, +f3 fi+ ... cxomurcd.
Iipumep 1. TMokasars, uro npu 0 < 0 < 2=

p
Z sin nb
n=1

BHIBECTH OTCIOJA, 4UTO €Ciu f, —>0 MOHOTOHHO, TO pPHA

O
Z S sin nf

n+1
cxonuTca JJs BCeX BeUleCTBEHHbIX 3HayeHult O M 4TO pAn

< cosec ~1— 0;
g%

joe)
2 fn cos nf

n=1

cxonutcd, ecan 8 He 6yAeT UETHBHIM KPAaTHBHIM .
[Tpumep 2. Iloxasarp, u4T0 ecan f, -0 MOHOTOHHO, TO psn

‘2 (—1)" £, cos nb
=1

CXOAUTCA NpH 0 BemecTBEHHOM H He paBHOM HequHomy KPaTHOMY =, a pﬂll

(o)

E —1)" £, sin ab

CXONMTCH AJf BCEX BEINECTBEHHBIX 3HaueHud 0 [3aMenutb O Ha = -} 0 B mpu-
mepe 1.

2.32. AGcomoTHAS M YCJOBHast CXOAMMOCTH

(0]

ﬂJIﬂ TOr0 4TOOBI pan Z U, BEUICCTBEHHBIX HJ/IH KOMIUIEKCHBIX YuCen
n=1

cxonuAcs, 00Cmamouro (Ho He HeOGXOUMO), 4TOGH psn MoLyAel X |u,]
. : n=1
Obi cxoaswmmcs. B camom aene, nosaras o, , = |,q| 2,0+
- [Se]
+ .- |apq,]s MB MOXEM, ecau pan > |u,| cxomutcs, mo namHOMY.
n=1
YUCJHY € Ha#TH Takoe n, 4TO cgsp < e Ans BcexX 3Hauenu#t p. Ho ]Sﬂ’p|<

Jo, , <8 TaK 4TO H pAA 21 i, CXOLMTCH.
n=
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Ycaosue 3T0 HE HeoGxonUMOe, u6O, NOJAORMUB f, —_—_% B § 2.31, cren-

' 1 1
creue (II), Mb BHIHM, YTO psai T 7—|—-3 — %—|— ... CXOMUTCH, XOTH

(§ 2.3) pan monyneit %—{—-%—{-%-{——l——i— ..., KaK u3BeCTHO, Oyner
PACXOASLUMCS. ‘

B atoM cayuae, cliefoBaTeJbHO, PACXOLHMOCTL DPAfLa MOLYyJel He Bie-
yeT 3a COGOH PACXOZMMOCTH CaMOro psiid.

Panpl, A4s KOTOPHIX PSAbl MOALyJelf HX uJeHOB cXonsTcs, 006/alaioT
OCOGLIMH BeCbMa Ba)XKHBIMH CBOHCTBAMH M Ha3hblBAOTCA GO COAIOMHO CXO0-
OAwumuca panaMu. Psaabl ke, XOTA H CXOIsUHeCs,  HO He abCOJIOTHO
(T. e. ecad caMM PsAbl CXOLATCH, HO PAALl MOLyJAeH PACXOZATCSH), Ha3bl-
BAIOTCAA YCAOBHO CXOOAWUMUCA PAIAMH. '

2.33. T'eomerpuueckuit pag u Pag > 5r
. n=1

CXOAMMQCTb OTHEAbHHX pPSAAOB B GOJbUIMHCTBE CJIyyaeB YCTaHABIM-
BAETCA He NPAMBIM DACCMOTPEHHeM CyMMbl S, ,, a (kak GyLeT NOKasaHo
B MOC/IEAYIOIIEM) CPaBHeHHEM JHHOrO Psilla C HEKOTOPHIM APYTHM DALOM,
O KOTOPOM H3BECTHO, YTO OH CXOIMTCS MM pacxomurcs. Mei Mccrexyem
Tenepb CXOXMMOCTb ABYX PALOB, Haubo/ee 4acTO MpUMEHAEMBIX A/ CPaB-
HEHHUS. ' '

(1) Teomempuneckuii psod.

TeoMeTpUUECKUM ‘PAIOM Ha3biBACTCA PAN

142422428424 .
PaCCMOTpﬁM pan Mony.ett
Lt |z] 4|22+ 2P+ - ..
s 37010 psmav
S p= 2"+ |2|"+2 L A 2] = 2] ll—jlzzllp )
Orcropa npu 2| < 1 '

NETN

Sap <T=T7zT

Ana BCex B3Havenu#ht p, u no npumepy 3 § 2.2 s mo60r0 JaHHOTO
10I0KUTEJALHOTO UKMCJIA € MOXHO HafiTH TaKOe 7, YTO

2w (1 — 2]} <.

TakuM 06pa3oM, 1Jd NaHHOTO € Mbl MOXeM Hafité Takoe n, uto S, ,<e
Aas Bcex sHauenn#t p. CrnegosaTenbHo, no § 2.22 pan

1 J2|+ lzl2+ ..
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cxoautes npu 2] < 1, n reoMerpuueckuft pan 6yLer afcoaOmuo cxo-
Oawyumcs npu |z| < 1.

Ecau xe |z| > 1, TO ujdeHs reoMeTpuueckoro psia He CTpeMsTCs
K HYJIO NpU CTPeMJeHHH # K OeCKOHEeYHOCTH, # pal OyAeT pacxods-
WuMCa

1 1 1 1 1
P gt+wt+ggtggtegt- -

PaccMOTpUM Temepb CyMMy
n
1
S,,:mz—l nF rae s > 1.
Mbl umeeM
1 1 2 1
= T <o =g
1 1 1, 1 4 i
Frtyteta<gFg=FT 8L
TakuM o6pasoM, cymMa 2”7 — 1 ujeHoB pama OyZeT MeHbllle, YeM

1 1 1 1 1 1
151 + 25— + 451 + gs—1 + s + 9lp=T) =1 < 1—921-5,

a cJhaenoBaTte/ibHO, CyMMa 2106020 4YHMCIA YJEHOB paaa 6y,£l6T ‘MeHblle
1
mS

n
(1 — 21=%7", MosToMy BO3pacTawLias MOCAEAOBATENLHOCTL X

HE
m=1 .
oo

o 1
MOXeT CTpPeMHTbCR K OecKOHeYHOCTH, TaK uto no § 2.2 psd 2 g
n=}

6yoem cxodawumcs, ecau $>1; a Tak Kak BCe ero ujeHH Bellle-
CTBEHHBl H IIOJIOXKUTE/NbHbl, TO OHH PABHH CBOMM MOIYJAM, M DAL MOAY-
Je#t ujgeHOB OyleT MOITOMY cXoAswumcd, T. €. cxodumocms Gydem
abcorromnod.

Ipu s==1 noayuaercs paa

1 1 1 1.
Tt+s+zt+tgz+--o

KOTOpHI, Kak MH MOKasanu, Oyaer pacxoaswumca. Ecan s <1, 1o pan
a fortiori GyzeT pacXOAAWMMCA, TAK KAaK C yMeHbLIEHHeM § UJeHH psia

o |
Boapacrat. HMmax, pad > ¥ 06yoem pacxooauumca npu s < 1.
n=1 -

2.34. Teopema cpaBHEHHS

[MoxaxeM Tenepob, ¥mo paod u;—+ s+ uz~+ ... 6ydem aGcorlOmno
cxooauumca, ecau |u,| scezda mensvuwe, wen Clv,|, 20e C — nexo-
mopoe 4ucAo, He 3aBucAuee om n, a V,— n-f 4AeH 0py2020 paoa,
0 KOMOpoMm U3BECMHO, XMO O AOCOAIOMHO CXO00UMmCA.

3 3. T. Yurrexep, Jx. H. Barcon
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an 3THUX YCJAOBHAX HMEEM

. ]un+1|+|un+2l+° . + Iuﬂ+pl <C{ lv/1+ll + Ivn+2l + .. '+lvn+p”'

Tie n H p—-KaKue YroaHo ueabie uucia. Ho -Tak kak paa X, v, ab6co-

MOTHO CXOAMTCH, TO pPsd |U,| ABAAETCA CXOMSLIMMCH, H TAKUM 0Gpa-
30M, IA LNAHHOTO € MOXeM HalTh TaKoe n, 4YTo :

Vsl 1Osal 4 -+ (V] <

Aas BceX 3HauyeHu#t p. OTCI0A2 BHITEKAeT, YTO MOXHO HaliTh Takoe 7,
LIS KOTOPOTO

R e |”n+p, <e

LA BoeX B3HaueHm# p, T. e. pam Ny |u,| Oyler cxomAmmMMcs, paa ke
D\ 1, aGcoMOTHO CXOLALMMCS.

CnencrBue. Wrak, pag 6yneT aGCOMOTHO CXORHTbCS, €CAH OTHOLIEHHE
€ro n-ro 4YieHa K n-My UYJ€HY APYrOro psjia CXOASMErocs aGConTHO GyneT
N0 MOAYMO MeHbIIe HEKOTOPOI'O KOHEYHOrO YHCJ]a, He 3aBHCALIEro OT n.

Mpumep 1. Tlokasarb, uTo psA

cosz—{——%;cos?z—}—%l?c0532+%cos4z—{-...

Oyzner aGCOMOTHO CXOASIIMMCA A BCEX BEUIECTBEHHBIX 3HaUEHHuit 2.
Korga z BewecTBEeHHO, Mbl uMeeM | cos nz | < 1, u mostomy

cos nez 1
n2 < n2

.

Mozyau 4aeHOB JaHHOro psaja OyIyT MO3TOMY MeHblue (Mau B KpadHeM cayyae
paBHbI) COOTBETCTBYIOMIHX UYJIEHOB psla

1 1 1
I+ttt

kotopulit mo § 2.33 Gyner abcomorHo cxofautuMca. [loaToMy M JaHHBIH psR
a6CoNMOTHO CXOAUTCA.
ITpumep 2. Tloxasath, 4TO pan
1 1 ; 1 :
Py T T T Fe—zy T

rae .
zp=ei  (n=1,23, ...)

6yneT CXORAUIUMCSH AAs BCeX 3HaueHHii 2z, He JeXallMX Ha OKPYXHOCTH | 2] =1.

[Ipu paccMOTpPeHHH BONPOCOB TAKOrO POJA BeCbMa MOJE3HO FeoMeTpHYecKoe
npeacTaBieHHe KOMMJIEKCHHX uuced. ITyCTh 3HAaueHHS KOMIIEKCHOTO YHCJA 2
npeiCcTaBAEHB Ha HEKOTOPOH MJOCKCCTH; TOrAa 4Hucaa 2, 2 23, ... HAAAYT
NOCAENOBATEAbHOCTD TOYEK, JEHAUMX HA OKPYXHOCTH pajuyca, paBHoro 1, u
C NEeHTPOM B Hayaje KOOPIHHAT, MOXHO MOKa3aTh, 4TO JN06asd TOUKA OKPYXHOCTH
ABAseTCA npepenbHoi Toukod (§ 2.21) Touek zj,. ,

Jlns 3THX 4YacTHBIX 3HAaYeHWH 2, BEJIMYUHBl 2 NAHHBIA pAN HE CyUleCTBYeT,
TaKk Kak 3HAMEHaTeAb A-TO YJeHa pAaBEH HYJIO MpH 2 == 2, Paiu IpPOCTOTH Mbj
He 6yzxeM1 paccMaTpuBaTh HALl PAJ B TOYKAX 2, PACHOJOMEHHBIX HA OKPYXKHOCTH
paauyca 1.
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Mraxk, npepnonoxumM, uro |2]| == 1. Torxa aas Bcex 3HaueHuil n

lz—z,| >l —]z]|>c!
npﬂ HeI{OTOpOM 3HAYEHHH ¢ 4, TaAKUM 05paSOM, MO,U,yJIH YJCHOB HAHHOTO psma
6y,11yT MECHBIIIE COOTBeTCTBleUJ,HX YJCHOB pﬂlla

¢

c c 4
TrteEtEtE T

0 KOTOPOM H3BECTHO, 4YTO OH abCOJMIOTHO CXORHTCH.

JlaHubii pax M0o3TOMy 6yAeT aGCOMOTHO CXOAAIMMCH 145 BCeX 3HAUGHHH 2,
HCKJI0Uasi T€, KOTOPhle JeXaT Ha OKpYxHOCTH |z| = 1.

VINTEpECHO OTMETHTb, YTO 06J4CTh MJIOCKOCTH 2, B KOTOPOH DX CXOXHTCH,
AENHTCA OKPYXHOCTBIO | 2| =1 Ha gBe yacTy, MEXAY KOTOPHIMM HET HHKAaKOro
CcoO6IeHUS.

Hpumep 3. Tlokasars, uto pag

- - 2 2
2sin o+ 4sin— 4+ 8sin— 4 ... +-2%sin — ...
G Fasing 48sin 2 4. 2 sino 4
o . . [z
6yner abCoJIOTHO CXOAAUMES 114 BCeX 3HaueHul 2. Tak kak !) lim 3" sin <§1-)=z,

n-> o
TO MBI MOKEM HAlTH Takoe YMCNO k, He 3asucsujee om n (HO 3aBHUCAILEE OT 2),

<
1
2\"
(2.

| .
470 I 3" sin (T)
2\" .
Tak kak pan Z <-§> CXOAMTCS, TO JaHHBIH psax Oyxet abCcoOMIOTHO CXOAdA-
n=1

< R, ¥ noatomy

.2
2" sin 371-

muMcs.

- 2.35. Ilpusnak aGcomoTHOl cxopumoctn Kommwu 2)

1 ©0

Ecau Vim|u,|™ <1, mo pad X u, cxooumcsa abcosOmHo.
n-»co n=1

B camom nene, MB MOXeM Hality Takoe m, 4TO NPH N > M UMeeM
1
|a,|" < p<<1, rnepue 3asucur or n. Torna npu n > m Gyzer |u,| <p"
]

a TaK Kak psna 2 p” cxoaurca, To u3 § 2.34 cuaelyer, uTO pan
n=m-+1
20

[ee]
> o, <a NOTOMY U pHi 21 un> CX0QuTCca abCOJIIOTHO.
n=

n=m+1
1

Npumeuwanue. Ecmm lim|u,|” >1, 10 4, HE CcTpeMHTCa K HYMIO M 0O

[se]
§ 23 pan ¥, u, He OyleT CXOAAWHMMCA.
n=1

1) D10 BUIHO H3 PE3YJbTATOB, NOKA3AHHHIX B MPUIOKEHUH,
2) Cauchy, Analyse algébrique, 132—135,

a*
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2.36. Mpusnak aGcomoTHON cxoaumocTH JaaamGepa 1)

Tloka)keM Temepb, 4TO pAd
Uy dg g4y~ . ..

Gydem a6COAOMHO CXOOAWUMCA, ecalt Oafl 8Cex 3Haderull n, 60.4b-
Unviy
Un
MeHpule p, 20e D— HEKOMOPOE NOAONCUMEAbHOE HUCA0, He 3A8UCA-
uee om n u MeHvuiee eQuHulbl. .
JelicTBUTEeNbHO, ujieHBl psia

[ 1] + [l + |‘fr+3' + .
GyLyT MeHblle COOTBETCTBYIOLLMX YJMEHOB psila

lupq] A 4-p 40202+ .. .)

wux HeKomopol NOCMOSHHOI BeAUdUNbL T, OMHOWeRUe Gyoem

[ee]
abcomoTHO cxonsduerocs npu p < l; nostomy paan Z u, (a BMecTe
n=r+1
C TeM W JaHHBI# paa) aBGCOMIOTHO CXOAHMTCS.
' . u
YacTHuiit cayualt sTolt TeopeMbl: ecau lim —Z*—‘}=l< I, To psax
n

Oynet abCOJIOTHO CXOAALMMCS.
JeficTBUTEAbHO, O onpeje/eHUIo mpejesa, Mbi MOXeM HaHTH Takoe r,
4yTOo
‘ Upyy
u

-~4ll<-%(1-—l) npH n >,

u TOrAa :
’u—ZtLI<-%(1+l)<l npu n > r.
n

. . lu
Mpumeuanue. Ecaum Ilm,—"t‘— > 1, T0 u, He CTPEMHTCA K HYMO

Up

(s o)
coraacHo § 2.3 psn 2 u, He 6yZeT CXORHUTbCH.
n=1
Mpumep 1. ITokasats, uro npu |¢| <1 pan

o
n
Z c,,z e z
n=1

o u 2.
6yner abCoMOTHO CXONAMEMCA A BCEX 3HAUEHHH 2. [M(So —%:c(”“) P
n

=1 0% 50 mpu 1> oo, ecan ¢ < 1.]

') D’Alembert, Opuscules, V, 171—182 (1768).
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Mpumep 2. Flokasatb, 4TO pAxR

a—b a—b)(a—2b a—b)(a—2b) (a—3b
Z+ 5] 22__}_( )3(' ) 23+( )( T )( );34_‘__ .
6yaer aGCOMOTHO cxoxAmuMes npu |2 | < |6 |7L [I/Iﬁo ul’:“ a—_{—_nlbz_»_ bz,
n

KOrZa n-—>oo0; TaKHM O06Da3oM, YCaAOBreM abCOAITHOH CXOMUMOCTH 6yider
bzl <1, 1. e 2] <|b]7L]
nzh—i
Mpumep 3. INMokasare, 4T0 psin 2 (Lo 6yner aGCOMOTHO
n= (I+4+n7h) ,
cxoxsmumes pk | 2| < 1. [”60 ecmm|z| <t t0lz"—(1 4+ 20+2)"—

.—1>1 u Moaynu uneHoB paxa 6yAyT MeHbue

n
— |z
o0
comaercmy;omnx YJAeHOB pAia 2 n|2"~1}|; Ho mocaexuuit pax a6coaTHO cxo-
n=1
IZMTCS, ¥ TakuM 06pasoM, AaHHBH pax Gyaer aGCONIOTHO CXOASIEMMCS.]

2.37. O6mas TeopeMa O pAAax, AAf KOTOPHX lim | <2l

n-»oo

n

SlcHO, YTO ec/M Ajs BCeX 3HaueHMH 7, 6OABIUMX HEKOTOPOH NOCTOSH-
HOW BeMHYHHHI 7, |u,,| Oyner Goxblie |u,|, TO YMeHH psaa He CTpe-
MATCA K HYmO TpU n—>00 M paa 6ymer pacxoxswmmcs. C npyro#t cro-

u
DOHBI, eCaH Z—“ Oyner MeHblle HEKOTOPOrO  UYMCIa, KOTOpPOE CaMo
" .

MeHblle eIHHHLL M He 3aBHCHT OT 7 (KOraa n > r), TO, KaK Mbl NOKa-
sami B § 2.36, psan Oyner abcomoTHO cxonsumcs. COMHUTENbHBIM CIIy-

u
yaeM GyxeT TOT, KOTia —';*'—l NpH BO3PACTAHMH N CTPEMHTCA K elu-
n
Hulie. B 9TOM caydae HeOGXONMMO maibHeHIIee HCCIeNOBAHHE.
[TokaweM Ttemepb, ut0 paAd?l) wu,~+uy—+us;— ..., 8 Komopor
. u
lim ——iil =1, 6ydem abcoromno cxo0AWUMCA, €CAlL CYWe-
n-=»co
Cmeyem maxoe NOLONCUMEAbHOE HUCAO C, %MO
T u
lim n{ —.”—“—l—l }:-l———c.
n-» o Up

JleHCTBHTENBHO, CPAaBHUM PAI X | 4,| CO CXOAAUIMMCS PAIOM XU,
~l-zc
raie v,—An % u A— nOCTOfHHAs; Mbl HMeeM
1
1 L 14 5c¢ :
TR \)Hﬁc:(l +1 (e, Hee +0 (5)-
U, n-+1) n n n?

) 16 mpeanoKeHne 3aHHMAaeT BTOPOE MECTO B MOCAENOBATEILHOCTH TEOPEM,
npnnannemaméﬁ Je Moprauy (De Mo gan) (mepBoe MecCTO 3aHuMaer Teopema
Janambepa, Aokasanxas B § 2 THOCHTEAbHO MCTOPHH 3THX TEOPEM
¢M. Chrystal, Algebra, ru XXVI
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[Mpe n—> 00
R

Up 2
K TakuM oO0pa3oM, Mbl MOXeM HaliTH Takoe m, yTo npu n>m

Un+i
Up

- YUni

Un

Hansnexamym BrOOpOM nocTosHHOM A MOXHO RoCTHb TOro, 4T0 AJs
BCeX 3HaueHnil n OyleM HMeTb

Jn| <0

Tak kak psa Y v, cxomatcs, TO M pAL X| 4, Tawke cXomuTCs,
a pan 4, OyaeT abCOMIOTHO CXONAILUMCS.

Caencreue. Ecan

un+1l 14— —}-O( ), rae A, He 3aBHCHUT

oT M, TO psf Gyxer abcosoTHO cxonsuuMca npH A; < — 1.
[oe]
Mpumep. MceaenosaTh cxoauMOCTh psjia Z n"exp| —& 2‘ , korzxa
n=1

r>kunxkoriar<e.

2.38. CXORMMOCTb THNEPreoMeTpHUYECKOro psaa

BoiBeieHHBIE HaMM TeOpeMbl MOTYT ObiTb W/INOCTPUPOBAKL HA MpPH-
Mepe CXOLRMMOCTH 2UNepeoMempuiecKozo pAoa

ab a@+1)6@G4+1)
" 1ot —Tocerny 2+

a(@-+1)(@e+2)b 1) (+2)
LB WP By o v 22+

o6o03HayaeMoro o0nyHO (cM. i, 14) cumsoaom F (a, b; ¢; 2). Ecan ¢ —
OTPHLATENbHOE IHeJ0e YHCI0, TO Bce uYieHH mnociae (1 — ¢)-ro umeror
3HAMEHATe/SIMH HYJM; @ €CU @ WM b — OTpULATENbHOE HEJN0e HHCIO, TO
PAL OKOHYHTCA COOTBETCTBEHHO (1 — a@)-M uau (1 — b)-m uneHoM. Tlpen-
MOJIOXKAM, 4YTO STH CAydYad MCKJIIQUeHH, TaK 4to @, b u ¢ He OyayT
OTPHUATENLHBIMH LIeJbIMH YHCAAMM.

Ias storo pama npu n-—>o00 uMeeM

n—l)(b-{-n———l)z
n(c+n—1)

MostoMy mno § 2.36 paod Gydem alcoawomro CcxoQumocs npu
|z} <1 u pacxodumscs npu |z| > 1.

un+1

— |2].
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Korna |z|=1, mb umeem’)
Rl s S 5o () =
_—_ll_+__‘£_+b__'5__1+0( )

Iyctb a, b, ¢ OyniyT KOMILIEKCHBIMH YHC/IaMH, 321aHHBIMH HX Belie-
CTBEHHBIMH M MHHMBIMH YacCTAMH:

a=a +ia", b=b' 4", c=c' -} ic".

Torna Mb uUMeeM

un+1 ‘1_%4 +0 =7 ~1+t(a"+b"—0 )—}—O(—1—> —
)| =
1
a’ +b —c —1 Q" 4 b" — " \2 1\12
~{ =) () o) =
Coa b —c—1 1
R e (F)
CoraacHo caeactsvio § 2.37 ycinoBueM abCONMOTHOH CXOAUMOCTH
6yner
a4+ b — ¢’ <0.

Orciona: npu |z|==1 0sn abcosomnol cxodumocmu zunepzeo-
Mempuneckozo paoa ABAsemcs 00CMAmouKuM?) ycao8ue, 4mobu
gewjecmeennans wacme a4+ b—c 6oaa ompuyamenrsnoi.

2.4. BansiHue M3MEeHEHHS NOPAAKA WIEHOB psAna

B KoHe4yHO! CyMMe MODAIOK 4YJEHOB He HMeeT HHKAKOTrO 3HAYEHHS,
TaK KaK ero M3MEHEHHE He OKAasbiBaeT BJMAHHA HAa DPe3yJabTaT CJONKEeHHH.
B GecxoHeyHBIX - JKe pALax eslo OOCTOMT MHaye 3) KaK 3T0 6y11eT BHAHO
U3 CJAeNYIOLEero NpuMepa.

1 ) . :
1) CumBoa O|-—-) He o6o3HauaeT Bcerga OOHY M Ty Xe HKL{UIO OT 7.
2 y Yy y

Cwm. § 2.11.
9 2) 10 ycaoBue Taxkxke Heob6xonumo., Cv. Bromwich, Infinite series,
02—204.

. [ee) o]
%) Ml roBOpHM, YTO DAL | U, COCTOHT M3 WIGHOB PANa ) 4, BSATHX
n=1 n=1

B ApyroM mnopsjke, €CAM JaHO NPABHJAO, II0 KOTOPOMY MbI MOXEM HaHTH Aad
KaXJIOTO TIOJOXHTEJbHOTO 1eJOr0 YHCJA P OXHO (M TOALKO OIHO) LeJN0oe YHCJIO ¢,
u 06paTHO, Tak H4TO Uy = u, Pesyabratr storo naparpada 6mia ormeuen [lu-
puxae (Dirichlet, gerlmer Abh., 48 (1837), Journal de Math., IV, 397
(1839) ). Cm. raxxe Cauchy, Résumeés analytiques (57, 1833, Turin)



40 ri. 2. TEOPHS CXOAHMMOCTH

[Iycts

1 1 1 1 1 I I 1
I=ltg—gtsty—7testm—5+t

1 1 1 1 1
S=l—gt+z—g+5—5t.

W nycTh X, U S, 0603HAYAOT CYMMB NepPBBIX 7 HX YJICHOB. DTH DPAAbl

COCTaBJIEHbl M3 OJIHUX M TeX Xe WIeHOB, HO TOPAROK UJEHOB pasiuyeH,

¥ MOSTOMY CyMMbl X, # S, ABIAIOTCA Pa3auuHLIMH (QYHKLHMSAMR 7.
[Tycts

1 1 1
op=1+5g+ ... + 5

TOraa
S2n=°2n—“°n
U, naJnee,
1, I 11 1
Yn=1t+3zt -t T T =

1 1 1 - 1
=04 =5 %n " 5 % = (04 — O24) +7(02n — o) =34+ bl Son

3acraBass # —> 0O, Mbl BUAMM, YTO
1

TaKuM 0Gpa3oM, NepPecTAHOBKA 4JAeHOB B pale S M3MeHHWAA €ro CymMy.

[Tpuwmep. [Nokasars, ut0 ecauw B psane 1—-%+%—— %-{— ... H3MEHHTb

NOPANOK YJIEHOB TaK, YTO OTHOMEHHE UHCAA MOJONHTENbHBIX UIEHOB K 4HCAY
OTpHLATEAbHHX B NEPBHX 7 4ieHax pajda GyieT paBHO B mpefede a2, TO CymMMa
pana Gynet pasna In(2a).

2.41. OCHOBHbE CBOHCTBA aGCOMOTHO CXONSIMXCH pAxOB

TMokaxeM, 4YTO cyMMa alCOMIOTHO CXOASLIErOCs psija He 3asucum
OT NMOpsAAKA, B KOTODOM CJeRyioT 4/eHn psaza. [lycre

S=u+u+u+ ...

—— aBCOMOTHO CXOAAWMUC psAf, H OycTb S’ — psan, COCTaBAeHHBIH U3
TeX e Y/JEeHOB, PACMOJNOXKEHHHX B ADYrOM NOpPSAIKe.

TlycTh € — MpPOU3BOJAbHOE HOJOMUTENbHOE YUCJAO, U MYCTb 7 Bbl-
6paHo Takg, uTO

lttgar]  ltgral F o ev o g p] < e

A BCeX 3HauyeHud p.
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[Tpeanonoxum, YTO AA% NOJYYeHHS NEPBHIX 7 UYAEHOB pana S Ml
JIOJKHBL B3SITb M uJeHOB B S’; Toraa, ecam kB> m, 10 S;:Sﬂ—i— 4/IeHH
paaa S ¢ MHIeKCaMH, GOMbIIMMHA n, Tak 4T0 S, — S=3S§ —§ + uiennl
paga S ¢ uHnexcamu, GOJbUIMMU 7.

Moayab cyMMbl J1060ro uMc/ia uYi2HOB pana S ¢ MHIAEKCAMH, 66/b-

UIMMA %, He MPEBOCXOAHT CYMMBl UX MOLyJeH W MO3TOMY GYy1eT MeHblie

+e
5 €

CaenoBaTelbHO,
’ 1
IS::_SI <]Sn—SH—7e.
Ho

. 1
ISn_SI <p1—1->m ”an+l|+’un+2l+ e + Iun+pl} \<—§e'

[lostoMy 18 J1aHHOTO & MBI MOXKeM HallTW Takoe m, 4TO [pH
E>m
|Si =S| <=

T. €. S:n—>S, YTO ¥ ABAAETCA TPeOyeMBIM pe3yabTaTOM.

Ecnn pan ¢ BewecTBEHHBIMH 4Y/MEHAMH CXONUTCH, HO He aGCOJIOTHO,
n ecan S,— CyMMa NepBHX p NOJNONHUTEJbHHX UJEHOB, a G, — CyMMa

TIEPBLIX 7 OTPULATE/NbHBIX YIEHOB, TO S, —>CO, 6, —> — 00  lim (S, + o,)

HEe CYWECTBYeT, €CJIH He JaHO HHKAKOTO COOTHOUIEHHS MEXAY p H 1.
Puman naxe noxasan, YTO MOMHO HAAJIENKAIUMM DPACHONOMEHHEM YJEHOB
psna clenaThb lim(Sp—i— 0,) DPaBHEIM 2/060MY IaHHOMY BelUeCTBEHHOMY
uncay b).

2.5. JlBoiinbie psani 2)

fycts u,. ,-— YMCIO, ONpeAeseHHOE LI BCEX MOJOXHMTENLHBIX Le-

JBIX 3HAYEHHH M M 1, PacCMOTPUM Tabauuy 4ucen

1{1’ 1 u1'2, lll'a, .

Ug 1p Uy 9 Uy iz oo

Ug s Uz 90 U3z e

Y Riemann, Ges. Werke, 221.

2) Moanas TeopHs IBOHHMX PANOB, Ha KOTOPOH 6asupyeTcs AaHHOE H3JO-
xenue, pana [lpunrcrefimom (Pringsheim, Miinchener Sitzungsberichte,
XXVII, 101—152 (1897) ). Cwm., ero sxe naabneiimuii memyap, Math Ann., LIil, 289—
321.(1900) u memyap Jlougona (London, taM e, 322—370), a Takwe Bpo-
myuua (Bromwich) «Infinite series», B koTOpOM. B nOnOAHEHHE K TeopuH [IpHHrC-
refiMma, conepxKaTcs MHOTHE APYrHe BOMPOCH, OTHOCAIUMECH K TOH Xe TEOopHH.
Il%y_riue BaxHble TeopeMbl naHbl Bpomynuem (Proc. London Math. Soc. (2), 1,
176—201 (1904)). -
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CyMMy u/eHOB B NPSAMOYTOJbHUKE, COCTOSILEM U3 TIEPBHX M CTPOK
H mepBBIX 7 CTON6UOB, 0603HauuM uyepes S, ,.

Ecau cyulectsyer Takoe 4ucaA0 S, 4TO NPH 3a1aHHOM MPOU3BOJbHOM
MONOKATEALHOM YMCJE € MOXHO HaliTH Takde leable YMCAA M U 1, 4TO

]SP,,—SI <e

npy p>m ¥ v>n, TO MH rosopuMm!l), uro Osolinoli pad, obuui
4AeH KOMOPOZO eCMmb U, ., CX00UmcA K cymie S, W IilieM

lim S, ,=S.

g, v>w

Ecu asoftio#t pan, ofuit unen koroporo |z, [, CXONUTCH, TO MBI
TOBOPUM, YTO JAaHHLIA ABOKHOM psu1 ABJAAETCS a6comomﬂo CXO00AUUMCA.

Tak kaxk u, ,=(S,, —S, =1) —(S,—1,y — Sy=1,+-1)» TO JerKoO
BHJAETb, YTO €C/JM ABOMHON psAL CXOLMTCS, TO

lim 4, ,=0.
®=> 00, ¥ =¥ 0

Heo6x00unoe u docmamounoe ycrosue cxooumocma Lllmoavya ?).
YcaoBue, cocrosiliee B TOM, 4TO MNpu 3alaHHOM €& Mbl MOXeM HaiiTu
Takue m u n, 4ro |S, ., o — S, | <e Korma p>muv>n, ap, o
NpUHUMAIOT 4i06bie u3 3Hauenuit 0, 1, 2, ..., ouesunHo (§ 2.22), ue-
00X0IMMO [/ CXONMMOCTH. YCJOBHE 3TO TaKikKe M JOCTATOYHO, HOO
eC/IH OHO YJIOBJeTBOpAeTCH, TO NpU p > m—n

ISp.+p, pte Sp.. p.’ <sg

nosToMy mo Teopeme § 2.22 S, umeer npelen S, a TOra, 3aCTaBaAs p
M G CTPeMHTbC K GECKOHEUHOCTH TaKUM 06pasoM, 4ToOHl g—-p=v g,
Mbl yBUAHM, YTO |S — S,y <enpu p>muv>n; asmod asagerca
yCI0BHEM CXOAHMMOCTH IBOMHOrO psiaa.

Cranencrrue. A6COMOTHO cxoAsuuiicsd nBOHHOH pax OGyleT CXOXSMHUMCS.
JeAcTBHTENbHO, eCAH [BOHHOH psj abCOMOTHO CXOAMTCA H €CAH lpy p—
CyMMa 4ieHOB NEpBHX m CTPOK B NEPBBIX 7 CToA6UAx psfa Moiynaed, To mpu
3a1aHHOM ¢ Mbl MOEM HAaHTH Takoe W, YTOMPH p>m > u U ¢ > n > p 6yher
tp,g—tmp<ce

Ho [ Sp, q—Sm, al < —tm, n H, TakuM 006pasoM, | S, 4— Sy, 4l <¢
NpH p>m> @, 4> n>p; a aro M eCTh yCJAOBHE CXOAHMOCTH JBOHHOrO paja.

) 310 onpexenenve N0 cymecTBy npuHafaéxur Komm (Analyse algeb-
rique, 540.)

2) 310 ycaosme, BoickasauHoe LUrtospuem (Stolz, Math. Ann, XXIV,
157—171 (1884) ), kaxercsa, Buepsnie 6plio Rokaszano [Tpuurcreimom.
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2.51. MeToasl HaxXOXNEHHA CYMM RBOHHBIX paAnoB!)

[Tpeanonoxum, psn 2 u,, cxoamtcs K cymme S, Toraa pan 2 S,
y=1 p=1

HASHIBAIOT CYMMOM IBOHHOrO psila 10 CMPOKAM; HHAaYe TOBOPA,

cyMMa 1O cTpoxaM Oyner 2 <2 u, v). [TonoGHeIM ke 06pasoM cymMa

p=1 \v=1

(o)
no cmoabyam ONpeleaseTcs Kak 2<21 4, v). ITH CyMME He 00s3a-
v=1 \p=

TeJbHO OJAHWHAKOBLI, KaK BHIHO H3 MpHMEpA S P~+ » B KOTOpDOM

cyMMa N0 CTpoKaM paBHa -1, a cymMma 1o CTonéuaM —+1; S we He -
CYILEeCTBYeT.

Teopema Ilpunrcretima?). Ecau S cywecmsyem u cyue-
CMBYIOM CYMMBL 1O CMPOKAM U CMOACUAM, MO KAXCOAA U3 IMUX
cymm paspa S. JleHCTBUTENbHO, ecau CyllecTByeT S, TO Mbl MOXKeM
HaltTu TaKoe m, 4TO

|Sp,v‘*3| <e, ecad p>m, v> .

Mosromy, Tak xak lim S, , cymectsyer, To | lim S, ,— S| <e, 1. e.

y ~» co ¥ > o0
Zs

I p=1
crpokam crpemurcs Kk S. ITonoGHbiM ke cnocoGoM AOKa3bIBaeTcs CXO-

AHMOCTb K S CYMMbl MO CTOJIGUAM.

< e mpu p>m, u caenosaTenpHo, (§ 2.22), cymma mo

2.52. AGcoqoTHA# CXOLHMOCTh JBOHHHIX PANOB

Ananornuno § 2.41 Mbl MOMeM [0Ka3aTh JIJs IBOHHBIX PSIOB, YTO
CYMMA 4AEHO08 QOCOAOMHO CX005Ue20cH 080H020 pAda, 83AMbBLY
8 M0OOM HOPAOKE KAK YAEHB. NPOCMO20 PAOQ, CMPeMUMCS K 00HOMY
L momy gce npedeny, eCcAu MOALKO BCe HAEHb. Y4ACMBYIOM 8 CYM-
MUPOBAHUU.

Iycrb o, , Gyaer CyMMOH 4/leHOB B MNpPAMOYTOJNbHHKE, COCTOSLIEM
U3 P MePBHIX CTPOK MEPBHIX v CTOIGLOB ABOHHOTO psxa, obuiuit uieH Ko-
TOPOro |, ,|; MycTb: CyMMa 3TOTO ABOHHOrO psma Gyzer o. Toraa

1
MPU BaNAHHOM € MHl MOXeM HalTW Takue m u n, 4to ¢ — o, , < 7 &,

2
KOTAa p>m U v > n. )
Temepr NpeAnonoKuM, 4YTO Heo6XOAMMO B3aTh N UYJEHOB nepecTta-
BJIEHHOTO psla (B TOM NOpsiKe, B KOTOPOM 4JeHB B HEM CTOAT), YTOOHI

1) dtn meroaw npunamaexar Komu.
) Uur. cou., crp. 117.
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B HeM COIEpIKaJHChb BCE WIEHH CYMMBl Spriq ariq, M MYCTb CYyMMa 3THX
uneHoB Oyner £y.

Torna fy— Spyi1, me1 OYAET COCTOATH M3 CYMMbI UIEHOB BHAA U,
rae p>m U g>n, xoria M2>2m u MZ> n; nosromy

1
|ty — Sar1, M1 | <0 — 0y, 1 < 5 &

q’

Ho S8 —Sjp41, M1 TaKKe COCTOHT U3 WICHOB 4, ,, B KOTOlprX

p>m, q>n; MOSTOMY IS_SM+1,M+1|<<."°M+1,M+1<7€-

u crenosatensHo, | S — £y | <e; npu 3TOM 1% 1060r0 3a4aHHOTO € MBI
MOxeM HafiTH COOTBeTcTBYyiOllee N; MOITOMY fp —S.

Mpumep 1. NokasaTs, 4T0 y abCONNTHO CXopduierocs ABORHOrO pana
o . .

CYIIECTBYIOT CYMMBbI 2 Um,n U UTO CYMMBI [0 CTPOKAaM M CTOAGUAM CXOAATCH
n=1
K cymme psana S. .
{MycTty £,,,— CyMMa YIEHOB B MEepPBHIX { CTPOKAX H MNEPBHIX v CTOAOLAX

psana MoiyJaed M mycTb f-—cCyMMa pAla MOApyJeH.
[eo]

(o]
Torxa Ellup”l <t u, Takum 06pasom, 21 u,,, cxomurcs; myctb b, —
= V=

. €ro CyMma TOria
lbll+]b2]+ e +|bp.]< lim tmv<t:
¥y >0
[ee]
H, C1eJi0BATENbHO, 2 b, cxoaurca abcomorHo. Ilostomy cymma nBoitHoro

pAla MO CTPOKAaM CYUIECTByeT; MOAOGHEIM ie O06pasoM NOKa3biBaeTcs Cylie-
CTBOBaHMe CYMMBl N0 crtoabuaMm. TpeGyembiii pe3yJbTaT mOJAyyaeTcs TOrAa U3
tTeopeMbl IIpurrcreiima.]

Mpumep 2. [ToxkazaTh, HCXOAS M3 NpocTeHmHX coobpaxceHud, uto ecau
41eHB a6COMIOTHO CXOAAIIErocs XBOHHOTO psla Pa3MeCTHTb B NOPALKE

Uy (g, Fuy, ) F (g g, o uy, ) F (g, 4+ o Fun ),

TO moayueHHbH psj cxomutesa k S.

2.53. Teopema Komn 06 yMHOXeHHH
a6CoOMOTHO CXOAAMIKWXCH PAROB 1)

[MoxaxeM Telepb, YTO ecaiu 06a pAda
S=uy+u+u;+ ...
T=v04 v+ v+ ...

a6CcoAOMHO cx00amcs, mo pAad

P=uv + w0+ uv,+ ...,
1) Cauchy, Analyse algébrique, nmpum. VIL
y

u




2.6. CTENEHHBIE PSAbI 45

COCMABACHHUE U3 npou3sederull ux 4AeH08, HARUCAHHLLX 8 A1060M
nopaoxe, maxsice abcoromuo cxodumca u ezo cymma pasia ST.

Iycrs
Sﬂ=ul+u2+ PR "‘!"un,
T,=v,+v+ ... 47,

ST =1im §, lim T, = lim (S,T,)
coriacHo npuMepy 2 § 2.2. Hanee,
SpTy=uv v+ ... 4,0+
+ 4+ uvy+ .. Fu, U+
~+ 8V, UV, .. 1,0,
Ho coorseTcTBylomnit ABoHHON psal Oyaer aGCOMIOTHO CXONAUMCSH, H6O
ec/I4 ero u/ieHbl 3aMEHUTb UX MOLYAAMH, TO BMecTO S,T, NOAYYHM o, - T,,

rie
cnzlull+lu2]+ +[unl’
Y=V |+ v+ ... F]7,].

a ¢,t,, N0 NpeanonoxeHuio, uMeer npenet. Ilosromy, cornacwo § 2.52,

ecqU B3ATb 3JIEMEHTH ABOMHOrO pana, oOWME ujeH KOTOPOro u,v,,

B M060M mopsiike, TO cyMMa ux Oyder cxoxutbca x ST.

Torna

Tpumep. lNokazatb, 4TO pal, NONYUEHHBIH YMHOXEHHEM JDYX DAIOB
z 22 23 1 1 1
I+ 5+5tom+ 0 I+ttt m+ 0

C NOCJEAYIOI(MM PACIOJOXKEHHEM YJeHOB NONYyYEHHOTO pAja IO CTENeHaM z
6yaeT CXOAAUIMMCH, NMOKA TOYKA Z JEXHT B KoJbleoOpasnoil 06aacTd, orpaHu-
YeHHOH OKpYXHOCTsMM |2|=1wu |2|=2.

2.6. Ctenennsie psapli 1)
Pan Buna :
ay-+az+ a2+ ...,
B KOTOPOM KO3(dUUHEHTH @y &y, @y, a3, ... HE BABUCAT OT 2, HA3bi-
BaemcA pAOOM, DACROAONCEHHbBIM NO 803PACMANUUM CMENEHAM Z,
WM, KODOYE, CHeneHHum PAJOM.

TTokaxeM Tenepb, YTO eCAl CMENEeRHOU pad cxo0umcs 0L HeKo-
mopozo 3Ha%eHUs 2, nepemenHol 2, mo OH Oydem aGCOAIOMHO CXO-
oauumca 04 8cex 3naueHull 2z, 045 KOMOPuLX COOMBemcmsyiouue
MOUKL NeHCAM BHYMPU OKPYICHOCMU, NPOX0OAUel wepes 2, U umen-
well yenmp 8 Hauase KOOPOUHAM.

1) PesyabTaThl, M3M0XEHHHE B 3TOM muaparpade, npuHaanexar Komu
(Cauchy, Analyse algébrique, ra. IX). ;
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IleficTBUTENbHO, €C/H 2 Takas TOUKa, TO UMeeM |2|<C|2z,|; HO Tak kak

o0
,ngoanzg CXOIHTCH, TO @,27 HLO/KHO CTPEMHTbCA K HYJIO IIpH 1 -> 00
H, CJelOBaTe/]bHO, Mbl MOXeM Hafitu Takoe M (He 3aBucdllee OT 1), YTO
|a 25| < M.
ITosTomy
la,z

(s o]
CnenoBaTelbHo, Kawau#h uileH psxa D | a,2"| Gyner Meblie COOT-
’ n=0

0
n
BETCTBEHHOI'0 uJ/JIeHa CXOAdALlerocd reOMeTpuYecKoro pdalia ZM

n=0

1)

Orciona caenyer, uTo nepBhft pax GyleT Takke CXOLUTHCH, H TO-
STOMY CTeNeHHOR pax OyleT a0coAOMHO CXOLALIUMCSH, TaK Kak psm
MonyJeft ero llJIeHOB CXOIHMTCH; TeOpeMa NOKa3aHa.

Iycrtb 11m]a | n=—=r, TOrma mo § 2.35 pan Ea 2" Byner abco-
JIOTHO CXOnsILMMcS npu |z|<r. ECJIPI lz|>r, 10 a 42" He cTpeMuTcs
K HYJIO H, TakuM o6pa3oM, pan Z.a,,z pacxonutcs (§ 2.3).

Kpyr |2| < r, Bkmouawoumu ﬁ:g 3HaueHUs 2, AJf KOTODHIX CTeleH-

HOM psax
ay+ a2+ a2+ a,28 4 .

CXOIMTCA, Ha3blBaeTCa KpyzoMm cxodumocmu psana. Panuyc storo kpyra
Ha3bIBaeTCA paduycom cxodumocmu.

Ha npakTHKe NpuMeHsercd Gojee NpocTof Cnoco6  HaxOMEHHA 7
Bmexammﬂn H3 NpH3HaKa ﬂanaMGepa (§ 2.36). Pammyc cxoaumocTd €cCThb

lim

), ecAd STOT Npefied CYUIECTBYeT.
a,,+1 :

CreneHHOR DA MOXKeT CXOOMTbCA AJi1 BCEX 3HAYEHHH NepeMeHHOH,
Kak, HanpuMep, paal),

28 25
ﬁ_{-—.ST_""

npeiactaBasiolwuft GpyHKLMIO sin 2; B 9TOM cJydYae psaA CXONUTCH BO BCeHt
naockoctd 2. C Apyro#i CTOPOHB, Paiuyc CXOAMMOCTH CTeMeHHOro psia

') Panbl Rast €7, sin 2, cOs 2 H OCHOBHBIE CBOMCTBAa THUX (yHKUMH, a TakKe
bynxuun g 2 mpeamonaraloTci H3BeCTHHMU. KpaTkoe H3ioxeHHe TEOPHH 3THX
¢yuxnuii naHo B - IPUAOKEHHH.
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MOXKeT OBITH PaBeH HYJ/I0; TakK, B ciiydyae psdna
11z 212243123 4120 | ...
HMeeM

m‘:nm.
Un

Ho nocieanss BeanuHHa A BCeX 7, HAYMHAS C HeKOTOPOrO 3Haue-
Hug, Oyzaer OCoJblle eNMHHUB AAf JIOOOTO 2, OTIMYHOrO OT Hy’d. Ilo-
TOMY pal CXOILUTCH TOAbKO B TO4Ke 2==0 M pamuyc ero kpyra cxo-
OUMOCTH paBeH Hy 0. B TOukax, KOTOpDHE JeXaT KA 2paxuye Kpyra
CXOLMMOCTH, DSl MOXET KaK CXOAMTbCA, TaK K PAaCXOIHTHLCSH; HANPUMED,
psn

2 3 4
I+ F4+g+mt+F+

pasuyC CXONMMOCTH KOTOPOFO paBeH eluHULe, Gy@eT CXOAAMMCHS /U
pacxonAlUMCA B TOUKE 2Z==1 B 3aBHCUMOCTH OT TOro, Gyner Jau §
Gosblie MM MeHblIE eNMHHMLbI, KAk 3TO Mb BHieau B § 2.33.

Cnencreue. Ecau (@,) — Takad NOCAEIOBATENBHOCTh TOAOKHTENbHBIX
1

. a PR "
YJEHOB, YTO 11m< Z“ ) CYIIECTBYET, TO 3TOT mpelen pased lima” .,
n n

2.61. CxoauMOCTh PANOB, MOJyYaeMbIX AH(pPepeHuHpoOBaAHNEM
CTENEeHHOro psaja '

IlycTh haH CTemeHHOH psn
Gy a2+ a2+ a2+ ...
Paccmotpum psx
a,+2ay2-+3a322 440,28+~ ...,

noJyyaeMblit MOYJEHHHIM AkddepenurpoBaHneM NaHHOTO CTENEHHOTO pAaa.
IMokaxeM, HTO nosyteHHsl pAO uMeem mMom e CaAMbili KPY2 CX0-
oumocmu, KaK u nep8oHa4aAbHbLE.

B camoM snenme, mycTh 2z Oyler TOYKOH BHYTpH Kpyra CXOAMMOCTH
CTETIEHHOrO psila; BbhiOepeM.NON0KUTENbHOE YHCIIO 7y, Aexallee Mexay |2 |

oo
¥ paguycoM CxXoaumocTu r. Toraa pan Eanr{' 5y11,e’l' cxXoauTbca abco-
n=0

JIOTHO W €ro YIEHB JNOMKHB! CTPEMUTBHCA K HYJAK NpU n —> CO. Beaen-
CTBHE 3TOT0 MOXHO Halith Takoe He 3aBUCsLlee OT 1 IOJOKUTEb-

noe uncio M, uro |a,| << Mr{" ans Bcex sHauewnit n. Toraa useHn
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jes]

-1
pama X nla,|lz|"”" 6yayT Menblue COOTBETCTBYIOUMX HJAECHOB psla
v 1

- MEn]zl”‘

Ho »3ToT pan GyleT CXORUTBLCA -NO § 2.36, Tax xak |z| <<r;. [lo-
stoMy no § 2.34 psan

i": n=1
nla,llz]
n=1

-1
CXOAMTCHA, . T. €. PAal Znanz" cXoauTca abCOJIOTHO IS BCEX TOYEK Z,
n=1
pacno/ioKEeHHHX BHYTPH Kpyra CXOAMMOCTH TI€pBOHAYaibHOrO . psaa
© .

> a,2". Korna |z|>r, 10 a,2", u Tem Goxee na,z""!, ne crpemurcs
=0

K HyJi0; TaknM oOpasoM, 00a psna MMeIOT OAMH M TOT e KpYyr CXO-
IUMOCTH.

[oe)
a2t
CnenctBue Pan =,
n+1
n=0
HHEM MEePBOHAYaJbHOrO CTENEHHOT'O PAAA, HMEeT TOT Xe CaMbili KPYr CXOLHMO-
oo

MONyYeHHBIH MOUYAEHHBIM HHTErpHPOBa-

CTH, 4TO M paA Y, @,2".
n=0

2.7. BeckoHeuHHe NPoU3BeAECHHS

PaccmMoTpuM  KJacc npejlesioB, M3BeCTHLIX NMOJ HasBaHHeM OecKoHed-
HoLX npou3eederuil.

Mycrs 1+4ay, 14a, 1-4a; ... Oyler nocrenoBaTenbHOCTHIO,
HA OAMH 4YJeH KOTOpoR He pasen Hymo. Ecau mpm n—> oo mpousse-

JOEeHue
(I+a)(+a)(I+a) ... (1 +a)

(xoTopoe Mbl o06GosHauum uepes II)) crpeMurcs k ompeleseHHOMY npe-
lesqy, OTJAMYHOMY OT HYJS, TO STOT Npene] HasbBACTCHA 3HQHEHUEM
GeCKONEUHO20 npou3sederus :

O=(14a)(1 +a)(1 +ay) ...

B 9TOM cayuae roBOpsT, uTo OeckOHeyHOe NpOU3BeLeHHe CX0-
dumca ). Ouesuano, 4to ycaosue lima,=0 sBageTcss HEOOX0OUMbBM

1
") CxomuMOCTb NpoOHM3BEAeHHSA, B KOTOPOM @,_ =—7> 6bl1a HCCREROBAHA
Basaucom yxe B 1655 r.
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yCJIOBPleM CXOAHMOCTH, IIOTOMY UTO
limII,_; =1im T, +# 0.

3HayeHHe GECKOHEYHOrO Npou3BeleHUss 0003HAYAIOT TaK:

III (14 a,).

Jlanee, uMeeM

Il ¢ +an)=exp{nz=1 lg(1+an>]
ul) ’ '
exp{ lim u, } = lim {exp am}’

m-» m-»

o0
ecad TIepBHIH Tpejaena CyllecTBYeT, CXOANMOCTh psia Z g (14 a,).
n=1
rie JjorapudMaM HNPUMHUCHIBAETCA MX TI/AaBHOE 3HAaveHWe, ABAAETCH MO-
3TOMY IOCTATOYHBIM YCJOBHEM CXOAMMOCTH OeCKOHEUHOTO -lPOHM3Bene-
uug. Ecau s1oT pam norapudmor cxomurcs aGCOMIOTHO, TO FOBOPAT, UTO
GeckoHeyHOe NPOM3BEJEeHHE CXOAUTCH a6 COAI0MHO.
Ycnosue abcoMOTHOR CXOAMMOCTH JAaeTcs cjienywowe#t TeopeMoii:
0251 mozo umobGe GeckOHewHoe npoussederue

(I+a)(t+a)+ay...
CX00UA0CH QOCORIOMHO, HEOOX00UMO & 00CMAMO4HO, 4mobu. pao
o+ a+az+ ...

6bin A6CORIOMHO CXO00SUUMCA.

B camom jene, cormacHo omnpenenexnmio II Gymer uau ue Oyner
a0COMIOTHO CXONALUMMCS, CMOTPS MO ToMy, OyaeT mau He Oyxem abco-
MIOTHO CXOAALIUMCS PSl

lg(l+a)+lg(l+a)+lgl +ap+ ...

Ho mak kax lima,==0, TO MB MOxeM HallT Takoe m, YTO NpH
n>m

1
!anl<_2"
M TOrja
la‘ll . a, a?z ai
n g(l+an)—1[_ —5+3—731T <
1 1 1
<2—2+7a‘+ e =g

') CMm. nmpuaoxenue, § A2

4 3. T, Yurrekep, Ax. H. Barcon
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CuaenosatenbHo, NpH 7 > m

1 /\ Iig(14-ay)
2 a,

3
<g-

ITo TeopeMme 0 cpaBHeHHH PpAAOB OTCIOJA CJelyeT, 4TO abCOMOTHAA
Y|
CXOAMMOCTh psla Z lg(1 +a,) Baeder 3a COGOR alCO/MOTHYIO CXONH-

MOCTb pfa Zan, ¥ .00patHo, Jaub OB TOMbKO @,%— 1 HH 1pu
KaKOM 3HAYCHHU .
DM TeopeMma NOKazaHa l).

Ecan B GecKOHEUHOM NMPOM3BENEHUH KOHEUHOEe HHCHO MHOXHTENEH paBHseTCA
HyJI0 U TIpH O0T6pachIBAHHH MX OCTaWleecs NMPOH3BENEHHEe CXOAMTCH, TO ToBO-
PAT, YTO NepBOHAavadbHOE OeCKOHeYHOe Npou3BeleHue cxoauTcsa K Hymo. Ho

0 .
O TaKOM NPOH3BELEHHH, KaK H(l—n"), TOBOPAT, 4TO OHO pPacxo0umcs K Ry IO,
n=2
Cunencreue. Tak kak exp S,-—>exp/, mpu S, >/, 10 u3 § 241 cxenyer, 4ro
MHOXHTEJH aGCOMNIOTHO CXOAAIIErocs NPOH3BENEHHS] MOMKHO NEPECTaBidTh, He
OKa3piBas BJMAHHA HA BEJHUMHY MPOU3BELEHHUA.
[ee]

Mpumep 1. IMokasars, uTo ecau II (14 a,) cxoaurca, TO CXOAUTCH
n=1

(o)
TaKxe 2 Ig (1 -+ a,), ecqin norapudmbl MMEIOT TJaBHBIE 3HAUEHHSA.
’ n=1 N
NMpumep 2. INokasars, yTo GeckoHeuHOE NMPOU3BENEHHE

sinlz sin-l—z sinlz
sin 2 2 3 4
z 1 1 B!
7%  3F 7*

a0COoMIOTHO CXOIUTCS npu BCeX 3HAYCHHUAX 2.

" . z\ /(=2 . An
Heitcrsurensro, (sin—)/(=) moxer Guth HamucaHo B Buxe 1—-T;

A
rie |A,| <k u k ue 3aBHCHT OT n, paj Xe 2 —’l—;‘— fBAsseTCH a6COMOTHO CXO-

n=1
=9)

‘ 1 .
IAUHUMCA, KAaK BUJIHO M3 CpaBHEHHA C PAIOM —n—2 Beckouneunoe npoussene-
n=1

HHe GyeT No3TOMy abCOMIOTHO CXOAAIIMMCAL.]

1y PaccMOTpenue CX0IuMOCTH GeCKOHETHBX NMPOM3BEeH R, B KOTOPOM Te e
pe3yabTars moayuawoTcs 6e3 MOMOIIH norag:(ndmnqecxnx ¢GyHkuyi, fano ITpuur-
creiimoM (Pringsheim, Math. Ann, XXXIII, 119—154 (1889)), a rakxe
Bpomyuuem (B ro m wich, Infinite series, ra. VI).



2.71. NPMMEPBH BECKOHEUHBIX TTPOH3BENEHUHH 51

2.71. Ipumepsl GeCKOHeYHHIX NpPOHM3BEACHHH

PaccMoTpum GeckoHe4yHOE NpPOH3BEJeHHE

(1—2—2)(1_272;—)(1——372:{)...,

KOTOpOE, Kak OyieT nokasaHo Huxke (§ 7.5), mpeictaBasieT (GyHKUMIO
z-lsinz.

YroGw y3HaTh, OyleT au OHO abCOJIOTHO CXOMSILIAMCH, M5l LOJDKHBI
[ee] [ee]

22 22 1, 6 .
paccMoTpeTh pal —gqz W —p )}, —5) 9TOT paA aGCoMOTHO cXo-
. n=1 n=1 )

AMTCA, M TaKUM o00pasoM, mpousBeleHue OyLeT abGCOMIOTHO CXOAAIMMCS
npu BCeX 3HAYEHHAX 2.

[Tepenuuem Tenepb OGeckOHeuHOe NpOU3BeleHHE B BUle

(=) =5)(+35)-

A6comoTHAA CXOLUMOCTb 9TOr0 OeCKOHEYHOro NpPOHU3BeleHHS 3aBUCHT
0T alCOJIOTHOH CXOLUMOCTH psia

z

P4
— st r Tt

Ho s5T0T psl TOJbKO YCJOBHO CXOAsiuHcA, TaKk KaK psj MoAyne#

|z|+|z|+|z[+|z[+

pacxonurcs. CieloBaTenbHO, B 3TOM BHAe OeCKOHeYHOe MDOU3BeLEHHE
He Oyzer abCOMOTHO CXOASIMMCA M, TakuM 00pa3oM, NPH H3MEHEHUHU

z
nopsaka MHOXHUTeJeH (1 :f:~n—n) HYKHO ONAacaThbCsl UBMEHEHHS 3HAYEHHU:

npou3Be JeHHUS. :
Hakonen, nycts TO e caMoe OeCKOHeyHOe INpousBeleHHe OyleT
HalMCaHO B BHIE

(=) +9) T -2 F R0 +2) 7] -
B KOTOpOM Kamloe U3 BLIpaxeHHH
(1 i%—)expfj_ﬂ

CUMTAETCA 34 ONHMH MHOXHTEJb OECKOHEYHOro NpOU3BEIEHU . A6conoTHas
CXOAUMOCTb 23TOr0 HNPOUBBEACHUA BaBUCHT OT a6CoONIOTHOH CXOIUMOCTH

4%
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psna, (2m —1)-# n 2m-fi yneds xortoporo Gyayt

(1 _—F—,hf;)ei%-— 1.

Ho nerko yGeintbcs B TOM, 4TO

(175) % =1+ ()

M, TakuM 06pa3oM, a6COJIOTHas CXOMMMOCTb pAia CJAeLyeT U3 CpaBHe-
HHA ero ¢ psioM '

T - T

BeckoHeuHOe NPOM3BeJeHUHE B ITOM NOCJHeNHeM Buie OydeT MOSTOMY

onsATh abCOJIOTHO CXOLAIUMCA; TaKAM 06p830M, BBCAECHHE MHOXHUTE-
z

+—
Jel e 7 npeBPATHJO YCJIOBHYIO CXOAMMOCTb B a6co/oTHYIO. JTOT pe-
3yJAbTaT SABJAAETCS YACTHHIM CJydaeM MepBoit dyacTe TeopeMbl Beftep-
witpacca (§ 7.6) 0 GecKOHeUHBIX NPOM3BELEHHAX.

[ee)

z
Mpumep 1. Hdokasarp, utO H { (1 - ﬁ\ e } 6yner a6COMOTHO

n=1
CXOAAMIMMCA NPH BCEX 3HAYEHHAX 2, eCJH ¢ — Kaxkoe yroano nocTosnHoe YyHucao,

OTJHYHOE OT OTPUNATENbHbIX WEJBIX UHCE.
JeficTBuUTEeAbHO, GecKOHedHOE npoH3BeseHie GyneT a6COMOTHO CXOAMMHMCS

OJIHOBDPEMEHHO C PSAOM

[oo]

S{(-ct) 1}

n=1

O6mui xe uneH sToro papa Gyrer

(—egm) {1+ s Haerole)h-1=
F-04 lz2
2 1 1
=——+0(5) =0()-
Ho psan 2 - CXOIHTCA; TakuM obpasoM, mo § 2.34 pan

Sl(—2a) 7 1)

n=1
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CXOIUTCA a6COMOTHO, a MOTOMY H GeCKOHeUHOe NpoH3BeneHHe abCOMOTHO CXO-

IHuTCA.
=)

. l -n
Npumep 2. IMokasars, 4t0 l I { 1— (1 —-7) 2~"} cxomutcs BO Beex
n=2
TOUKAX, PAaclOMONEHHHX BHE KPYra ¢ PaiMyCOM eIWHHIA H C LIEHTPOM B Hayaie

KOOPAHHAT.
B camoM gene, 6eckoHeuHOe NMPOM3BejeHHE CXORUTCA abCOMOTHO npu abco-

JIOTHOH CXOAKMMOCTH pfja
(o) 1 -n
E (1 —-——) 2",
n
n=2

1\"" _
Ho lim (1———n—) ==e¢, Tak YTO npexen oTHomenus (n - 1)-ro uyjsena
n-»co

1
pala K n-My paBeH —; TNO3TOMY a6CconoTHaA CXONMMOCTb PAAA MMEET MecTo,

KOrza |
‘?'<1, T.e.npu |z|>1.

Mpumep 3. [Tokasars, uTo

1-2.3...(m—1)
(Z+1)(Z+2)- EFm—D "
CTpeMHTCﬂ K KOHEUHOMY npeaeay npu m —»co, €CJH TOJAbKO 2 He 6y)1eT eabiM

OTPHLATEbHHM YHCAOM.
370 BHpaXeHHe MOXET OHTb 3aMMCaHO Kak nponaaeneﬂne n-it MHOXHTENb

KOTOpPOro paBeH

S (Y (2 (12 =20

TakuM o6pa3oM, STO NpoH3BeleHHe aBCOMOTHO CXORMTCA, €CJH ToabKO cxo-

IMTCS abCOMIOTHO DAl
B2+ ol)}

n=1

CpaBHeHHE INOCJEIHEr0 pAAA CO CXOAAIIUMCSA DAIOM 2;12— NIOKa3bIBAET,
n=1
YTO 3TO MMEHHO K HMeeT MecTo. EcaH e z eCTb OTPHIATENbHOE UEeJOe YHCIO,
TO AAHHOE BBIpaKEHHWE HE CYIIECTBYeT, TaKk KaK OIMH H3 MHOXMTelel B 3naMe-
HaTeJe paBeH HYJIO.
MMpumep 4. Jokasats, utO

(1= 2) (1= 2) (14 ) (1= 2 ) (=) (14 &)= e
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JleficTBUTEABHO,

klimmz(l—%)(l“%)(““‘z) (- ) (=) (1 ) -
X

z 1 1 1,1 i 11
I B e e R R ))
k>0
2
2(1—2 e—’z‘— 1—-—1):2_2" (1———2 eg’%"(l—}——z— e_kz"
X T 2 2kn kn -
z 1 1 1 1
—Zl-stm—+
=k1—i_;n e 7!( 2 3 k-1 2k)><
o

XZ(I—;Z;) e;‘_ (1—}—;—) ené (1—72;) e%(l—k—;?) e—;—"...,

u60 NpousBelieHne, MHOXHUTEIAMA KOToporo 6ynyT

z\ T~
(1i-——)e e
re

a6CcoAIOMHO CXOAMUTCA H, TAKUM 00pa3oM, MOPANOK €ro 4JAEHOB MOXHO MEHATh.
Ho Tak kak

1 1 1 1
TO 39TO NMOKa3LIBAC€T, YTO JNAaHHOEC NPOU3BECINCHUE PABHO

-2 .
e T sin 2.

2.8. becKoHeuHbIe OmpereauTeNu

BeckoHeuHnle psibl 4 OeckOHeuyHbie NPOM3BENEHHS OTHIONb He
SBJSIOTCS eIUHCTBEHHLIMH M3BECTHBHIMH OECKOHEUHBIMH IpOLEeCccaMu, KOTo-
pbie NpPHUBOIAT K pasyMHbIM pesyabTataM. Mcciemomanus [. V. Xuana
no teopud [IBHxeHUss JIyHBI!) TMpUBEAM K DPACCMOTPEHHIO GECKOHEUHBLX
onpedesumeneii.

dakTHyECKOE HCCAENOBAHKE CXOAMMOCTH mpuHapaexur He Xwuany, a [lyan-
kape (Poincaré, Bull. de la Soc. Math. de France, XIV, 87 (1886) ). Mu
npugepxuBaeMcsl usnoxeHus, fauHoro Koxom (H. von Koch, Acta Math,
XVI (1892), 217).

Y Hill G. W., Researches in the Lunar theory, Amer. J. Math., 1, 5—26,
126—147, 245—260 (1878). Ilepemeuarano B Acta Mathematica, VIII, 1 —36
1886).

( B)ecxouequme onpejie]HTENH PaHblle BCTPEYANUCh B M3bICKAHHAX 06 aare6-
pauueckux ypaBHeHMsX n-# crenend, Popcreday (Fiirstenau, Darstellung
der reelen Wurzeln algebraischer Gleichungen durch Determinanten der Coe-
ifizienten, Marburg, 1860). Cnenuaabhbie THIOB GeCKOHEYHBIX ONpeneuTenei (u3-
BECTHBIX KaK KOHMMUKHYAHMb) BCTPEYAOTCH B TEOPHH GECKOHEUHBIX HENpEpHIB-
Heix ApoGeil; cm. Silvester, Math. Papers, I, u. 1, 504 u III, 249.
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MMycts A;, onpeleneHo NS BCeX LeabIX 3HAYeHUH (IIOJOXKHTENbHEIX
¥ OTPUUATENbHBIX) { M k; 0003Ha4YUM uepes

Dm= [Aik] L h=—m, ...,+m

onpeneNuTeNb, COCTaBNeHHEH u3 uucen A;, ((, k=—m, ..., |+ m).
Toraa, ec/av NpH m —> o0 onpefenureas D, CTPeMHTCS K ONpeleeHHOMY
npeseny D, 1o Mb 6yZeM TOBODHTH, 4TO GeCKOHEUHBIH OMNpele/nuTes

[Aik] i, B=—~0, ve., +00

cxodumcsa w umeer 3Havenue D. Ecin mpelnena He cyuiectByer, TO ro--
BOPAT, YTO paccMaTpuBaeMblf onpenefuTeNb pacxodumcs.

06 snementax A;; (rie { NPUHMMAeT BCEBO3MOXHbE 3HAUEHHS) ro-
BOPAT, UTO OHU ©0pa3yloT 24a8HYI0 Oduazonaxs onpeleiutens D. Die-
MedTs! A;,, rae [ NMOCTOSHHO, a B NPHHAMaeT BCEBO3MOXHBIE 3HAYEHHS,
o0pasywt cmpory i, & 31eMeHTh A,,, T'lle X NOCTOSHHO, 4 [ HPHHH-
MaeT BCEBO3MOXKHBIE 3HaueHHA, 00pasywT cmoxbey k. dneMeHT A;, Ha-
3bIBAETCA OUAZOHANLHbIM WX HEOUQZOHAAbHHLM B 3aBUCUMOCTH OT TOrO,
Oyner i i==Fk um (< k. DneMeHT Ay, Ha3bIBACTCA HAYQLOM OINpe-
LeJUTe/IS.

2.81. CxoauMOCTp GeCKOHEUYHOTO ONpeaeauTeNs

ITokaxem Ttenepb, 4TO OecKOKe4Hul onpedearumeny cxo0umcs,
ecau npous3sedesue OUQZOHAANLHOLX INCMERMO8 U CYMMA Heduazo-
HAABHOLX BAEMEHMO8 CXO0AMCA QGCOAOMHO.

O603nauuM JIMaroHa/jbHble  3JEMEHTH GEeCKOHEYHOro OIllpejelnTels
yepes 1+ a;;, a HeIMaroHa/MbHBIE Yyepes a,k(l#:k) TaK 4YTO ONpelenu-
Teb 3amMINeTCa Tak:

L T S T Y PR . . .

oo a4 a_yo Qg oo

a1 ay [/ 7 N

ay_q N I4ay ...
(o]

Toraa, TaK kak pax % |a;,) cXomuTcs, TO npom3BeleHHe

P= ﬁ <1+ Z |”1k|>

== k=—co
TaKkKe CXOLUTCA.
CoctaBuM Tenépb NPOU3BEJeHUSA

=M1 (14,8 o) 2= BT (14 3 tou));

i=—m R=~-m i=~-~m k=-m
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TOTHA, €CJH B Pa3BEPHYTOM BblpaAXKEHHH Pm HEKOTOPBIE Y/I€Hb! 3aMEHUTDL HY~

MMM M Y HEKOTOPHIX APYTHX 4/JEHOB U3MeHHTb 3HaK, TO Mbl moayuuM D, ;

TaKuM 00pasoM, KaXAOMy ufeHy B BeipaweHuu D, COOTBETCTBYET B Bbi-
paxkenuu P, ujeH ¢ paBHEIM HJIH 6oabium MonyJem. Hanee, Dm+p — D,

NpenacTaBadeT CyMMy TeX HY/JACHOB B OMNPEACIUTE]E Dm+p' KOTOpLIE 06-

pal@IoTCs B HYJIb, €CIH HUCHd @, (I, k=X (m 4 1), ..., E(m + p))
3AMEHHTL HYJSMH; KaXIOMY H3 STHX UYJIEHOB COOTBETCTBYET UY/eH paB-

Horo wau Goabuiero moayas B P, -— P,.
TakuM obpasom,

|Dm+p_ Dm’<P—m+p—‘5m'

Ho rak kax P, cTpeMurca K npejeny npu m—>oo, 7o u D, cTpe-
‘MUTCS K Ipellesly, YTO M JOKAa3LIBAET INPEJIOXeHUe.

2.82. Teopema 06 H3MEHEHHUH SJEMEHTOB
B CXOAAMMUXCA GECKOHEYHBIX ONpeleauTeNsax

TTokaxeM Tenepb, uTO onpedesumens, CXO0AULECS 8 BbluleyKa-
SAHHOM CMbiCAE, OCMAEMCS CXO0AUWUMCA, eCAu 3aeMeHmb. 2106004
CMpoKL 3aMeHUMs NPOU3BOALHOL cucmemol snemenmos, 8ce Moodyaiu
"KOMOpbLX MeHbUe HeKomopozo Onpedesennozo NOALONCUMENbHOZO
4ucaa. ,

3aMeHuM, HANpHMep, SJEMEHTH

cier Ay g enes Aggs eeer Ag e e

Haua/JbHON CTPOKH 3JeMeHTaMu

s Pl s B een P ee e
YAOBJETBOPAIOILUMH HEPABEHCTBY

o] < g
e [ -— HEKOTOpOe NOJOXKHuTeaAbHOe unucao. Hoswle snauewus D, u D
0003HAYNM uepes D, u D, Kpome toro, o0603HaunM uepe3 2
NpOM3BeNeH s, MOAyYeHnbe 3 P, u P oTOpactisanieM MHOKHTEs, COOT-

I’
BETCTBYIOLLET0 HHAEKCY HOJb; Mbl BHAWM, YTO HM OAWH M3 YJEHOB Dm
He MOXeT uMeTb O60JblIero MmonyJad, 4yem COOTBETCTBEHHBI! YJieH B BHI-

—7
paxennu pP,; cleroBaTe/NbHO, paccyxias, Kak B NpelblAylleM napar-
pade, MBl NOJY4UHUM

’ ! - i
le+p—Dm| <P‘Pm+p—‘P'va
" 4TO JOCTATOYHO A% YCTAaHOB/IEHUA BHICKAa3aHHQIO peayanaTa.
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MMpumep. [Moxasarb, 4T0 Heo6x0AMMOE M AOCTATOYHOE YCJAOBHE abco-
JIOTHOH CXOIHMOCTH GECKOHEYHOro ONpejesHTeAs

im |1 « 0 0 0
T8, 1 a4 0 0
0 8 I q O
0 0 B, 1

3aKJ04aeTcy B TOM, UTOGH pan @B, + B, -+ asBs 4+~ ... Oma abcosmoTHO cx0-
IAHUMCA.
(von Koch)

JIMTEPATYPA
CxoasiuiHecs psanbl

A. Pringsheim, Math. Ann, XXXV, 297—394 (1890).
T. J. Pa Bromwich, Theory of infinite series, ra. II, I, 1V, 1908.

YcnoBHO cxoasuiHecs paabi

G. F. B. Riemann, Ges. math. Werke, 221—225.
A ringsh eim, Math. Ann.,, XXII, 455503 (1883).

JBofiHbIE PSAABI

A. Pringshelm, Minchener Sitzungsberichte, XXVII, 101—152 (1897).
A. Pringshelm Math.” Ann,, LIII, 289—321 (1900).
G. H. Hardy, Proc. London Math. Soc. (2), 1, 124—128 (1904).
Mipumepn
1. Onpeneants lith (e="9n%), lim (n=21gn) npu @ >0, & > 0.
n->co, n-»o
2, Uccnenopatb CXOAMMOCTb psaaa
' 241
n
E{I—nlg o1 }
n=1 .
‘ (Trinity, 1904)
3. MccaenoBarh CXOXMMOCTh psila
i{ 1-3...2n—1 4n4312
1 2.4...2n 2n+2}
n=
(Peterhouse, 1906)
4, Hafitn coBOKYNMHOCTb 3HaueHuil 2, NP KOTOPHIX pAd
2sin?z —4sin*z4-8sinfz— ., 4 (—1)**+12%sin2" 2z 4,
CXOMUTCS.

5. Ilokasatb, uto psin
1
PR E S W E ™ R - Sttt
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6y11eT YCJIOBHO CXOAAWIMMCH IIPpH BCE€X 3HAYEHHAX 2, 328 HCKJIOYEHHEM HEKOTO-
PbBIX YAacCTHBIX 3HaYeHHul, a paa

1 1 . 1 1 1
FRFES *"'+z+p—1 T eFp  ZFpFi
1 1
BEES TR RS TR Rl

B KOTODOM BCETNA 34. p TIOMOXKHTEJbHBIMH WIEHAMH CAELYIOT p 4 g OTpHLaTedb-
HBIX 4/IEHOB, OyJleT PacXOAAMIUMCH.

(Simon)
6. [lokasats, 4TO

(Trinity, 1908)
7. Moka3sats, 410 psaA

a+ +n;+ o (<a<h)
CXOAMTCH, XOTS
Laner
Uan
(Cesiro)
8, TloxasaTb, uto pang
a4B24ad B4 ... O<a<B<])
CXOHHUTCH, XOTH
L I
Un—1 .
(Cesiro)

9. Iokasarb, 4T0 psax

E n2" ' {(1 4 n-1H)r —1)}
2" —1){2" — (1 +n~1)}

a6COJIOTHO CXONMTCA NpPU BCEX 3HAUEHHAX 2, HUCKJAYasd 3HAYEeHHd
a\ opri/m
z2={1+4+—)e
(14 L) etbmim,

rie a=0,1; k=0, 1,...,m—1; m=1,23,...

10. Iokasatb, 410 mpu s > |
D i
(17T a! }]

=
ELL
n
n=1
M 4TO psi B mpaBoH wact cxoautest mpu 0 < s < 1.
(Dela Vallée Poussin, Mém. de I'Acad. de Belgique, LIII, Ne 6 (1896))
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11. /lns paja, o6muii uzeH KOTOpOro

1
ey, 30D
Up=¢qg" X O<g<l<yx,
rie v 0603HayaeT YWCJAO LM(pP B YHCAE 71, 3AMHCAHHOM B OBBLIYHON NECATUUHOL

cucTEMe CUHCJEHUsi, NO0Ka3aTh, 4TO

Ny

lim u
n->x

=q

T Bn+1
H 4YTO DSl CXORUTCS, XOTa lim = C0,
n>c0 Up

12. Tloxkasathb, 4t0 pan

n+a+ata+atata+...
rie
142
am=q ",
CXONHTCA, XOTA OTHOWeHHe (7 - 1)-ro uieHa Kk n-my Goablue €IHHHIM, KOTJA 7
He OymeT TpeyroabHbIM YHCAOM !).

13. Iloxasate, 910 pax
i p2nmix
(w+n)’’

n=0

e @ BelecTBeHHO M mox (@ -+ n)° nonumaertca 3uauenue e° €@+ rpe jo-
rapudM B3AT B e€ro apumeTHYecKOM CMbicke, OYAET CXOAAIMMCA NPH BCEX
3HaueHusiXx S, ecan Im x mnoaoxureabHa. OH OyneT Takke CXOAAUUMCH IIPH
BCeX 3HAUEHHAX S, BEIeCTBEHHAs YaCTb KOTOPbIX [IOJOXHTE/]bHA, NPH YCJAOBHH,
YTO X BEIEeCTBEHHO U HE PaBHO LIEJAOMY HHCJY.

14. Ipu u, > 0 nokasaTe, 4TO ecaAu pax Zu,, cxoxuted, To lim (nu,) =0

>
H 4TO €CJH, CBEPX TOrO, Uy > Uyy,, TO lim (nu,) =0.
n->oo

15. Ilokasats, yro ecau
m—n (m4+n—1)!

A, n = m,n>0
BT gmin m! n! . )
A, 0=2"", ay,=—27", ay, =0,
TO
[se) o0 o0 [s¢]
N N
Upyn | =—1, 2 Eam.n =1

m=0 \n=0 n=0 \m=0

(Trinity, 1904)

kD e
2 ’

'y Mon TpeyroAbHEIM 4YHCIOM MIOHUMAETCA YHCJAO BHAA
& —uenoe. (lTpur. ped.)
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16, O6pamenueM paaa

8¢ 1642 2445
1
+]_q+1+q2 _q3+

(rne | g < 1) B nBoiinoit pax noxasatb, UTO OH paBeH

(e R (S (= 3)2 T
(Jacobi)
hadl 2
17. [IpuHuMas, 4TO sinz:zH (1 -——r%g>, MOKa3aTh, 4TO €CAH M —>CO
r=1

.om
U n->»00 Takum o6pasoM, uto lim = k, rie k xOHeYHO, TO

z

m .
lim H,(l+%)=k“ =

r=en

npuYeM IITPUX 06O3HAaYaeT, YTO MHOXHTe b, IJs KOTOporo r =0, omyuieH.
(Math. Trip., 1904)
18. Ecam uy==u; =u, =0 u ecan npu n > 1

1
Ugp | = — —F=— ==
2n—1 V'n 3 + fan

10 II (14 u,) cxonurcs, xors pﬂll’.bl 2 U, 2 u;, PacxomaTcs.
n=0 n=0
(Math. Trip., 1906)
19. Jokasath, uT0 GeckoHeuHOe NMPOH3BEAEHHE

hd ) P nk x ]il pk—m gm
H ( _7) exp m ’
n=1 . m=1

rae k— mo6oe ueaoe MONOKMUTEAbHOE YHCJAO, aGCOMIOTHO CXOAMTCH IPH BCEX
3HaYeHHAX 2.
(o8
20. Ecau Za,,—-—yc.uonno cxonfamuiicas PAX C BElUIECTBEHHBIMH HJEHaMHM,
n=1

o0
TO I[ (14a,) Oyner cxomsmumca (HO He abBCOMIOTHO) K HYJIO HIH pacxous-
n=1

0
IAMCH, CMOTPA N0 TOMY, OyIeT MU paj 2 ai CXONHTbCH HAH PAaCXOAHTHCH.
n=1

(Cauchy)
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oo
21, Ilyctb pan Zﬂn abcomotHo cxoxutcd. [Tokasarth, 4TO GeckoHeuHH

n=1
ofnpeAeSHTE b
{(c —4)2—8, — 8 — 8, — 04 — 8
429, 42— @, 42 — 1§, 42 — 4, 42§,
— 98 (c—2P—0, —0, — 0 — 05
22— 4, 22 — 6, 22 0, 224, 22— 0,
— 0, — 6, c2—10, — B, — 8,
Ae) =1... - 02— 9, 02 —10, 029, 029,
— B — 0, —0, (+2°—6, ~—6
22— 10, 22 — 8, 22 — 0, 22— 9, 22 — 1,
— 0, — U — 0, =0  (c+4)*—46
42— g, 42— 48, 429, 42 — g, 42 — b,

CXOAMTCA H YTO YPaBHEHHE

9KBHBAJNIEHTHO YPaBHEHHIO

sin? % nc = A (0) sinzé 2"
(Hill; cM § 19. 42)



FJTABA 3
HEMPEPbLIBHBIE ®YHKHHUHW U PABHOMEPHASI CXOJAUMOCTD

3.1. 3aBHCHMOCTH OJXHOTO KOMILIEKCHOTO YHCJA OT JAPYroro

3anaud, KOTOPLIMH 3aHUMAeTCsi aHAJM3, OTHOCATCA B OCHOBHOM K 34-
BUCUMOCMU OLHOTO KOMIIEKCHOTO YHCJa OT APYroro.

Ecam 2z u {— [Ba KOMIUIEKCHBIX 4HMCJIA, CBA3aHHBIE Mex1y Co00I0
TaK, 4TO JId 3HayeHu# 2z, NMPHHALJMENKAILMX K HEKOTOPOU COBOKYNMHOCTH,
MOXHO OTpele/uTh COOTBETCTBEHHbIe 3HAaueHus ( (Hanpumep, ecau G ecTb
kBagpar 2z win ecam (=1 mpu 2z BemecrseHHoM u (=0 aja BCex
OCTa/bHBIX 3HayeHU# 2), To rosopsar, 4to § ecTb QyHKUMA OT 2.

DTy 3aBUCHMOCTb He HANO CMelHBAaTb C HauboJ/iee BAXHBIM CaydyaeM
ee, KOTOphH OylZer OOGbACHEH HHUMXe NOL HA3BAHMEM QHAAUMUUECKOU
PYHKGUOHANLHQUE 33BUCUMOCTY.

Ecau { ecTb BemiecTBeHHass (YHKIHUA OT BEl[ECTBEHHOH NEpEMEHHOH 2, TO
cooTHOmEHNe Mewny { M 2, 3aluchiBaeMoe B Buie

L=/(2),

MOXKET OblTb HArAggHO NPENCTABAEHO NPH MNOMOWM KPUBOH Ha IJOCKOCTH,
HMEHHO FEOMETPHYECKHM MECTOM TOYEK, NPAMOYTrOJbHbIE KOOPAMHATBI KOTOPBIX
cyTb (2, {). Ho neabas HaliTH Takoro mpocToro u yA0GHOrO, reOMETPHYECKOTO
cnoco6a s HarJsIHOro MpeicTaBJeHHs COOTHOWeHus { = f(2Z) B ciyuae, Korpa
{ u z 6YLYyT KOMNJECKCHBIMU NMEPEMEHHBIMY, T. €.

C=Et-fin, 2z=x-iy.

B sToM cayuae npexcrasieHue, TOJHOCTBIO AHANOTHYHOE YKA3aHHOMY Ias
BeLIECTBEHHBX NMEPEMEHHBIX, NOTPe60oBas0 Obl YETHIPEXMEPHOIO MPOCTPAHCTBA,
160 31eCh UMEEeTCs YEeTHIpE NepeMeHHHX: §, M, X U ¥ )

OnuH M3 cnoco6oB, npepnowenunil Jln u Belepmrtpaccom, 3akaiouaercs
B TpUMEHEHHM ABYNaPAMETPHYECKOH CHCTEMBI NPSMBIX, (PUHAANEKAUHKX K Ue-
THIPEXMapaMeTPHUECKOH CHCTeMe NPAMBIX TPEXMEDHOTO MPOCTPAHCTBA.

Jlpyroe TpeJOXeHHe 3aKAIOYAETCH B NPEACTaBACHUU § U 7 OTAEAbHO TPH
HOMOLIM MOBEPXHOCTEH

IE=<:‘,(JC, y)r ’1=71(x: y)
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Tperuit npueM, npunagnexamuit Xeddrepy !), sakaiouaercs B TOM, 4TOCH,
3amHucan ) .
¢ = re',
[HOCTPOUTH MOBEPXHOCTb 7 = r (X, ¥), KOTOPYIO MOKHO Obl Ha3BATb NOBEP XHOCMbIO
#00yasi GYHKIMY, H Ha HeHl oOTMeuaThb 3HadyeHus 0. Moxno 61O Obl H3MEHHTDb
9TO MpPENJIOXEeHHEe PANUYHBIMH crocobamu, H300paxas 6 KpHBBIMH, BHIYEpYEH-
HbHIMH Ha MOBEPXHOCTH r ==r (X, y).

3.2. HenpeppiBHOCTh (PYHKUHUI BelieCTBEHHBIX MNEPEMEHHBIX

Yurtaredb, KOHEYHO, HMeeT obulee npeicTaBieHHe (MOJYy4eHHOE u3
rpaduuecKoro npeacTaBaeHus QyHKUHE BelleCTBEHHOH MepeMeHHOR) 0 ToM,
YTO MOHMMAETCH IOJ HENPEePHIBHOCTBIO. ;

Mbl 1O/XKHBL Telepb JaTh TOYHOE ONpejeleHde, KOTOPOe MPHIANO Gbl
Onpele/ieHHOCTb ITOMY PACH/LIBYATOMY MPENCTABJEHHUIO.

Iycte f(x) ecTb yHKUMA X, KOTOpasd onpeledeHa npu a < x < b,
A NMYCThb X; TakoBo, uTo & < X; < b. Ecan cyumecTByer Takoe yucio [,
410 NPU MPOU3BOJLHO BHIGPaHHOM NOJIOKHTENLHOM YHMC/E € MOXKHO HadTu
TaKoe IOJIOXKHTEJbHOE YMCJIO 7, UYTO

[Fx) 1] <e,

korma |x — x| <M x#+x, u a{x<bh 710 [ HazwBaerca mpele-
aoM f(x) npu x — x;.

MoxeT CayuuTbCs, YTO Mbl CMOXeM HallTH Takoe 4ucio [, (maxe
Toria, Koria He cyuectsyet [), uro | f(x)—I, | <enpu x; < x < X+,
Mb HaswiBaeM Torja [, mnpeneaoM f(x) npu X, CTpeMALIEMCI K X;
cnpaBa, U o0003HayaeM B3TOT npeles -deped f(x; -+ 0); noLOGHHIM e
o6pasom Mbl onpenenseM f (x; — 0), ecau o cymectsyer. Ecan f (x,-+0),
f (%), f(x;—0) Bce cyluecTBylT H paBHbl MexAy co6oit, TO Mbl roBo-
puM, uto f(x) Henpepssna 8 x;. CuejosarenbHo, ecanm f(x) Henpe-
DBIBHA B Xy, TO NMpPH NaHHOM & MBI MOXeM Ha#iTW Takoe 7, 4TO

If () —f(x)] <e,

xorga |x — x| <muaxLb

Ecau [, w [_ cymecTBYIOT M He paBHB MexI1y CcOGOH, TO roBOpAT,
4T0.f (X) HMeeT pa3puis nepsozo poda ) npu x; ecan we [, =1_= f (x,),
TO TOBODAT, 4TO f(X) UMeeT ycmpanumwvlli pa3pss B Xy.

Ecau f(x)— xomniexcHas GyHKUHS BelleCTBeHHO! mepeMeHHOH#, T. e.
ecad, f(x)=g(x)+ ih(x), rae g (x) u h(x) BellleCTBEHHB, TO U3 He-
NPepLIBHOCTH f(X) B X; BHTeKaeT HempepblBHOCTL & (x) u A (x). 6o
ecan | f(x) — f(#)| <& 10 [g(%) — g (x)] <em|h(x)— h(x)] <e

IIO3TOMY BBICKA3dHHOC YTBEDXKACHHE OUYeBUIAHO.

) Heffter, Zeitschrift fir Math. und Phys., XLIX, 235, (1899).

?) Ecan roBopHTCs, u9TO (YHKUMS HMMeeT pa3phHIB MEPBOrO poja B Ompene-
JEHHBIX TOYKaX MHTEpBaJja, TO HNOAPa3yMeBaeTcsd, YTO OHA HENpephiBHA BO BCEX
OCTaJbHHIX TOYKAaxX HHTEpBaja.
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Mpumep. 1. N3 npumepos 1 u 2 § 2.2 BuiBecty, uto ecau f(x) U ¢ (X) He-
TPEPLIBHE NPH X, TO TaKOBHMMH Oyaytr u f(x)x ¢ (x), f(x)-¢(x), a ecan

(%)
% (x)0, T0 ¥ e ()

Pacnpoctpanesnoe npeacTaBieHHe O HENPEPHBHOCTH, MOCKOJbKY OHO OTHO-
CUTCAl K BEIIECTBEHHOH nepeMeHHOR f(x), 3aBucsmed or Apyrofl BeuecTBEHHOH
AEepPEeMEeHHOH X, HECKOMbKO OTJIHYAETCHs OT TOJbKO 4T YCTAHOBAEHHOIO, H €ro,
noxajny#, Jaydile BCEro MOXHO BBIPa3HTh caeaylomuM obpasoM: f{x) — Hempe-
priBHag QYHKIAA X, €CAM NpPH NPOXOXAEHHH X BCEX 3HAUEHWH, MPOMEXKYTOUYHBIX
MexAy JMOOBIMH JBYMS CMEXHBIMH 3HAUGHHAMH X, H X, QyHuxuua f(x) mpobGe-
raer BCE 3HAYEHHS, IMPOMEXKYTOUHbIE MEM(IYy COOTBETCTBEHHBHIMH BHAUEHHAMH
f(x)) 1 f(x). :

BosnukaeT Tenmepb BOmPOC, HAaCKOAbKO 3TO HATJsAAHOE onpeieneHue Oyner
3KBUBAJNEHTHO TOYHOMY ONpPEREJEHHUIO, JAHHOMY Bhlile.

Komwu noxasan, uto ecau B2ulecTBenHad ¢YHKius f(X) BeilecTBeHHOH
NepEeMEeHHOH X yNOBASTBOPAET TOUHOMY ONpPENENEHUI0, TO OHAa YIOBJETBOpAET
¥ TOMY, KOTOPOE Mbi Ha3BaJW HArAdHbIM ONpeleNeHHeM; 3TOT pe3yabTat Oyaer
nokasad B § 3.63. Ho o6parthoe npemnoxense, kak noxasal [lap6y, HeBepHO.
k3
2x
Mexay x=-—1 n x=41 (uckmovaa x =0) u f(0) = 0. MoxHo 10Ka3aTs,
4TO f(X) 3aBHCHT HENpepHBHO OT X B6aM3N X =0 B CMBbICKe HArafgHOro onpe-
nenenusi, HO He OynaeT HempepbiBHa NpH X = 0 B CMBICAE TOYHOrO ONpeje]eHHs.

Mpumep 2. Ecan f(x) 6yner onpenesentoir u Bospacraomedl ¢yHxuuei
B npoMexyTtke (a, b), To npeneant f(x+0) CymtecTBYIOT BO BCeX TOYKAX BHYTpH
STOrO NPOMEXyTKa.

[B camom pene, ecaum f(x)— Bospacrawmas GyHKUUs, TO MOXHO HAHTH
TAKOE CeyeHue PALMOHAJbHBIX YHCe], 4TO ecau a u A 6yRyT xakuMu-1160 uuc-
JaMH COOTBETCTBEHHO KaaccoB L u R, 10 a < f(x 4 h) ajaa mo6oro nonoxu-
TEAbHOTO 3HaueHus h u A > f(x+ h) 14 HEKOTOPOro NOJOKHTENLHOrO 3Ha-
yenus A. Yucho, onpeneaseMoe 9TuM cedyenneM, 6yner f(x -+ 0).]

9710 MOXeT GbiTh HAMOCTPUPOBAHO caeRy oM npumepoM ). [Tycts f(x) = sin

3.21. Ipoctee kpusbie. Kontuuyyms 2)

[lycte X W y— nBe BeulecTBeHHble (YHKLUHM BeleCTBEHHOH mepe-
MEHHOH f, HenpepuiBHble AJsS BCeX 3HaueHuH ! B npoMexyrre @ < ¢ < b.
OOG6o3Haunm 3aBHCUMOCTb X M 3 OT ¢ CleAyIOUM 06pasoM:

x=x(), y=y@ (@<t

bynxuun  x (f), y(f) npeAnosaraloTcs TakMMH, YTO OHM He MPHUHH-
MalT OIHOH W TOH Ke mnaphl 3HaueHWH HM NPU KAKUX IABYX pas/iny-
HBIX 3HAaueHudax ! B npomexyrtke a < ¢ <b. Toraa COBOKYMHOCTb TOYEK
C KOOpIHHATaMH, COOTBETCTBYIOUIHMM STHUM 3HAueHHUAM [, Ha3bIBAETCH
npocmol kpusoi3). Eciu x(a)= x (b), y(a)==y(b), To npocras xpu-
Basi Ha3bIBAETCA 3AMKHYMOU.

(189;); )ﬂpunannemamnm Menmeny (Mansion, Mathesis (2), XIX, 129—131
2) TepMHHonoruﬁ 4BTOPOB OTJIHYAETCH OT TMpPHHATOH B pYCCKOH auTepatype.
(ITpun. ped.) ‘
%) B pycckoil Jautepatype ymoTpeGJAeTCS TEPMHH <IpPOCTas KOPAAHOBA
kpuBas». ([Tpum peo.)
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Mpumep. Oxpywxuocts x%4 y?=1 npeacrasaser coboit npocrywo 3aMx-
HYTYI0 KPHBY®0, HOO MBI MOXEM.HamucaTth ')

x=cost, y=sinf O <t 2n).

J8ymeproim KOHMUHYYMOM %) HA3LIBAETCA COBOKYNHOCTb TOYEK Ha
MJIOCKOCTH, 06/a1d0WuX CAeAyIOUUMY ABYMs CBOMCTBAMHU:

(I) Ecmu (x, y) — AekapToBel KOOPIWHATH /M000# ee TOUKH, TO MOXKHO
HaATH TAKOE MOL0XNCumenbHoe 4ucao O (3aBucAlee OT X H y), yTO Ka-
KZAfT TOUKA, paccTOfHHe KOTOpoH oOT (X, y) MeHblue O, NMPHUHALIEKUT
9TOH COBOKYIHOCTH.

(II) Jlio6uie. nBe TOYKH COBOKYMHOCTM MOTYT ObiTb COENHHEHH IpO-
cTOH KpUBOM, cocTOfleH LEAMKOM M3 TOUYEK COBOKYMHOCTH.

Mpumep. Touxu, mans xoropuix x4 y2 < 1, obpasyioT kouTHHYYM. Ecau
P ecrb ojHa M3 TOYEK BHYTPM ENMHUYHOTO Kpyra, W INpPUTOM Takas, 4YTo
OP =r <1, To Mpl MOXeM B34Tb d == 1 —r; mo6ble ABE TOYKH BHYTPH Kpyra
MOXHO COEJMHHTL NPSMOI, UeAMKOM Aexailieit BHYTIpU KpyTa.

Cuenyiowue ase TeopeMbl 3) npuHuUMaloTcs B STOH kHure 6es JOKa-
3ateabcTBd. [IpocTbie cayyam MX KauyTc OUEBUAHBIMH TeOMETPHYECKM,
B oOlleM e Clyuyae TeopeMbl NOAOOHOTO pOia npuHumanTcd 6e3 AOKa-
3aTeJbCTBA TNMOTOMY, YTO TOYHBIE AOKA3aTeIbCTBA OOBIYHO upe3Bblualiino
AMWHHBI U TPYIAHBL.

(I) Tlpocras saMkHyTasi KpuUBAas NEMUT NAOCKOCTb HA ABA KOHTUHYYMA
(«BHYTPEHHOCTb® M «BHEUIHOCTDHY).

(II) Ecan P — Touka Ha KpuBoft u Q — TOuka BHe KPUBOH, TO yro.a
mexay QP u Ox mn3menserca Ha £ 2m uau Ha Hyab, Korja P onuchi-
BaeT KPUBYIO, CMOTPsi mo ToMy, OyjerT an Q BHyTpeHHe# W/Iu BHelHeH
TOUYKOH.

Ecau uaMenenue Gyner -+ 2=, To rosopar, ufo P omuckBaeT kpu-
BYI0 «IPOTUB YAaCOBOH CTpPEJKU».

KoHTuHyyM, 06pa3oBaHHbI U3 BHYTPEHHOCTH MPOCTOH KPUBOH, 4acTo
Ha3bIBAGTCS OMKPLMOLl 08YMepHOiE 00 AQCMBI0 WM, KOPOUE, OMKpbL-
moli o6.aacmbio, a KpUBasd HA3LIBAETCH €€ KOHMYPOM; TAKOH KOHTH-
HYYM, B3THI#E BMECTe C KOHTYPOM, HA3bIBAETCH 3QMKHYMOL 08y MePHOL
o6racmsio WM, KOpoue, 3amrHymoti o6aacmeio. Ilpoctas Kpusas
YaCTO HA3BIBACTCS 3AMKHYMOU 00HOMeDHOIL 004aCMbI0, & TIPOCTA KPH-
Bag C MCKJIOYEHHEM KOHLEBHIX TOYEK HA3BIBAeTCA OMKPHMOL 00HO-
MepHOU 00.aacCMbI0.

) Jloka3aTeaAbCTBO TOrO, 4TO CHHYC H KOCHHYC fIpeficTaBisfior Cco6oit
HenpepuiBHble GYHKIHIM, TOMeIeHo B npyuiaoxeHny, § A, 41

2) B pycckoii autepatype ynotpebaserca TepMHH «obaactby. ([1pur. ped.)

3) ToyHOe JOKA3aTeAbCTBO MOXHO Haiitm B kuure Barcona: Watson,
Complex integration and Cauchy’s theorem (Cambridge Math. Tracts., Ne 15).
(Cm. takxe II. C. Anexcanipos, Kombunaatopnas Ttonoqorus, ria. II, Foc-
texuanar, 1947.)

5 3. T. Yurrekep, Hx. H. Batcou
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3.22. HenpepoiBHbie DYHKIHH KOMIJIEKCHBIX MepeMEHHBIX

Oycts f(2) ecTe GyHKUMA OT 2, olpejeseHHas BO BCEX TOYKAX He-
KOTOPOH 3aMKHYTOH 06sacTu (OAHO- MU IBYMEePHOH) HAa IJIOCKOCTH KOM-
MJIEKCHOTO TNEPEMEHHOT0, W NyCTh 2Z; — OJHa U3 TOYeK 3Tof o6.JacTu,
Toraa rosopsar, 4To f(2) #BAsETCA HeNpepLIBHOW B TOYKe 2, €Cau 113
21060r0  3aJlaHHOTO TMOJOKHUTENLHOTO . YHC/IA € MBI MOXEeM HaHTH Takoe
MOJOXKUTENbHOR HYHCJIO 7], YTO

/(&) — f@)] <e
KOrAa |z — 2z;| <7, mpuueM 2 -— TOYKa OBJACTH.
3.3. Paabl ¢ nepeMeHHHLIMHM YjJeHaMH. PaBHOMepHas CXOAMMOCTH

Paccmorpum psan
9 X2 X2 x2
X ’+‘1+x2+(1+x2)2+ e +m+ vee

Oror pan Oyner abcoawTHO. cxonsuumcs (§ 2.33) nna pcex Belue-
CTBEHHBIX 3HayeHU# x.
Ecan S, (x) — cyMMa # mepBHIX 4/IEHOB, TO

1
— e -
S,(x)=1 —{—-x N

lim S, (x)=1-4 x? (x + 0).
n-» o

OTKYla CJeiyeT

Ho §,(0)=0, nostomy
lim S, (0)=0.
> 00
CrenoBatelbHO, XOTA 9TOT PAL HENpephIBHBIX (GyHKUUHA OT X abco-
MIOTHO CXOAMTCA, TeM He MeHee ero CyMMa fBJASeTCH pa3phIBHON (yHK-
uuefi or x. Hac, ecTeCTBeHHO, MHTEPECYIOT MDHYMHBI 9TOrO0 3aMeuaTesb-
HOTO fABJeHus, uccienoannoro B 1841—1848 rr. . Crokcom!), 3eitne-
neM?) u Befiepmrpaccom?), KOTOphie NOKasad, UYTO OHO BCTpeyaercd
TOJbKO TPU HAJAUYHU APYrOrO ABJEHUA, a HMEHHO HepaABHOMEPHOI CXO0-
Jumocmu, K OODBACHEHUIO KOTOpDOR MBI Tenepb U MepefieM.
Ilycts ¢yHKuMu 24 (2), u4y(2), ... OHpelesieHH BO BCeX TOUKax He-
KOTOpOH B3aMKHyTO# 06/acTH Ha IJIOCKOCTH KOMIJIEKCHOTO MepeMeHHOro.
IMycts, nanee,

S, ()=, (@) 4ty () ... +u,().

3’ Stokes, Camb. Phil. Trans, VIII, 5633—583 (1847; (Collected Papers,
1, 236—313).

?) Seidel, Miinchener Abhandlungen, V, 381 (1848).

) Weierstrass, Ges. math, Werke, I, 67, 75.
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<O
%

Ycaosue, utToOB Pl z u,(z) OBl CX00AWUMCA RIS KAKOTO-HUOY b
a=1

YaCTHOTO 3HA4YeHMd 2, B3aK/JKIuyaeTCd B TOM, UYTO IAJasl J4AHHOIO & OOJXKHO
CyLUeCTBOBATL TaKOe HHCJAO 1, UTO

[Snip(0) — S, (@) <e

‘AJSi 8CeX TIOJOMXUTENbHBIX 3HAYEHUH p; 3HaueHHe £, KOHEYHO, 3aBUCUT
oT E.

[Tycte 7 — HauMeHbllee LeJOe YHCJIO, YIOBJETBOPSIOLIEE YCJIOBHIO.
ITO YUCAO0 8000uje OyleT 3aBUCETb OT PACCMATPUBAEMOTO YaCTHOFO 3Ha-
yenns z. O603HauuM 3Ty 3aBUCHUMOCTb ueped n(2). Moocem caysumocs,
YTO MBI HalleM Takoe #e 3asucAuee ot 2 uucao N, uTO.

n(z) <N

/% BCeX 3HaueHMM 2 B paccMaTpuBaeMoff o0aacTa.

Ecan 370 uyHcao N cymecTByeT, TO TOBODPST, UTO PAL CX00umcs
pasHoMepHo BO Bcett obaactu. ‘ :

Ecaw e Takoro uucia N He CyulecTByeT, TO FOBOPAT, YTO CXOMH-
MOCTb pana OyleT HepaBHOMepHOH !).

PaBHOMepHass CXOAUMOCTb fBJAfeTCH, TaKUM 0O0pasoM, CBOHCTBOM,
3aBHCAULEM OT 8Ceil COBOKYNHOCHU 3HAYEHUH 2, MeXIY TeM KaK paHblie
Mbl pACCMATPHBAIU CXONMMOCTb PAAa TOJbKO AAS OTAGNbHLIX YaCTHRIX
3HaueHult 2, He RPUHUMAS 80 BHUMAHUe Opy2ue €20 3HAUEHUS.

Ecau CyllecTByeT TaKoe MOJIONKUTEAbHOE YHCIO ©, YTO Psfl CXOLMTCH
paBHOMepHO B oGaactu, ofueit xpyry [2—2,| <8, u oburactu ero
CXOJIMMOCTH, TO MBI TOBODUM, UYTO OH CXOMMTCS PABHOMEPHO 86 .4u3u
TOUKH "2y, : ‘

3.31. O6 ycnoBuH paBHOMEPHOH CXOAMMOCTH 2)

TMonoxum R,,,p(z)zu,lﬂ(z)—{—unﬂ(z)—{— -—}—un+p(z); MHl BH-

LeJd, YTO paBHOMEPHAs CXOLUMOCTb psna Eun () B obaactu sak/o-
n=1

yaeTca 'B TOM, 4TO AJad J106GOro JlaHHOI'O“IHCJIa € MOXHO Obnin0 Halitu N,

) Uurareab, He3HAKOMbIH C IOHATHEM PaBHOMEPHOH CXOIUMOCTH, CMOMKET
noxyunth GoJee sCHOe MNpeicTaBjenue, obpaTMBIIMCL K Bpomyuuy (Bro m-
wich, Infinite series, ra. VII), rie naHo wuanoxeHue rpaduueckOoro mccJje-
noeauust Ocryna (Osgood).

2) ABTOpHi ONPENeNsOT DaBHOMEPHYIO CXOIHMOCTH NPH NOMOIIH HepaBeH-
CTBa Ry, p(2)| <'¢, BHIMOJHAIOUIErocs PAaBHOMEPHO MO 2, a4 B KauecTBe HeoO-
XOJUMOr0 M JOCTAaTOUHOTO YCHOBHA DaBHOMEPHOM CXONUMOCTH HCHOAB3YIOT He-
paBeHCTBO | S (x)— S, (x)| <e. OObuno npuHuMawT OGpaTHBI NOPSIOK.
(ITpur. ped.)

5*
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He 3asucsujee OT 2 (HO 3aBucdiiee oOT E), A9 KOTOPOTO fIpH 8CeX MOJOo-
JKUTEJIbHEIX LeJBIX 3HAYEHHAX P BBINOJHSACTCH HEPABEHCTBO

lRN,p(z)l <e.

Ecan 370 ycnosue yaosaersopsercs, To no § 2.22 S, (2) crpemurcs
K HeKoTOpoMy npelely S(2) Aad KaxXAOro pacCMaTPHBaeMOro 3Haye-
HHf 2, W TOTAA, TaK KaK € He 3aBUCHT OT p,

_ ! lim RN,p(z)’gs.
. p-> oo

Ho npu n > N

S(z)—S,,(z)———{ li)m RN,p(z)}~RN, a-n (@)
p>oco
¥, TakuMm obpasom,
[§(&)— S, ()] < 2e.
3ameHsis & Ha %s, nojayyaeM Kak Heol0xo0uioe yCIORHe PaBHOMeEp-

Hot cxommmoctH, uto |S(2)—S,(2)] <e, xorma n> N, rae N He sa-
BUCAT OT 2. OTO yc/ioBHe OyAeT TaKkKe U OOCMAMO4HBLM, TaK Kax
eCIM OHO YDOBJETBOpseTCsd, TO, Kak B § 2.22 (I), nmoayuaem, uTO
iRy, p(2)| < 2¢, uT0 MO ONpejeseHUI0 U SBASETCS YCAOBHEM paBHOMEp-
HO# CXOAMMOCTH.

[Tpumep 1. TMokasaTh, uTO ecan X BELECTBEHHO, TG CyMMa pajia

X X X
Te+D) T GFDer+y T TTe— s amern T

6ynet paspuiBHOH dyHkuue#t B TOuke x =0 K pag Gyrer HEPaBHOMEDHO CXOS-
wumcs BOau3y x = 0.

CyMMa mepBbIX 7 WYJAEHOB, KaK JMErKO BUAETh, 6yleT l—n—;———l—;, TaKuM
o6pasom, mpu x =10 cymmMa psaa pasHa 0; npu x 5= 0 cymma psaja pasHa l.
3nauenne R, (x) = S (x) — S, (x) paBHO TR’ eca x = 0; Takum o6pasom,

KOraa x MaJjo, Hampumep x=w, OCTaTOK nOC/€ MHJJIHOHA 4YJEHOB

1. ,
6yner paseH T mm I_W’ TaK 4TO MNEPBHH MUJIMOH 4YJCHOB pAia
' Too + .
He faeT jaxe OJHOI'O IpolueHTa cCymMbl. M BoobGue, 4To6BI CAeaaTh nx 1 <,

HeOoOXONUMO B34Th

1 /1
n>—|——1}.
x \e
Jlasi faHHOTO ¢ HE CYLIeCTBYeT TaKoro uxciaa N, He 3aBHCAILETO OT X, 4TOObI
6p10 n < N s BCeX 3HaUeHHH X B KakoM-iubo NpoMexyTKe, COXepKameM
x =0, Tak Kkak, B3gB X [OCTaTOYHO MaJblM, Mbl MOXeM clejaTb n 6oJablle,

ueM aoboe uncao N, ne 3aBucamee ot x. Ilostromy B6au3M ¥ =0 CX0ANMOCTb
6yneT HepaBHOMEPHOIH,
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Mpumep 2. Paccmorpers pan

oo

x{n{(n+1)x2—1}
- {T+n2x3 {14 (n+1)2 x2} °

B KOTOPOM X BElleCTBEHHO.
n-# 4JeH MOXeT OBITh 3amucaH B BHIE

nx (n+1)x
T+n2x® 1 (nFD2x2’
TdK 4TO 1)x
S () =77 Rn‘“?ﬁ%frw-

Mepr BHIHM, 4TO B 3TOM IpHMEpe CyMMa Dsja He HMeeT paspbiBa mpu x = 0.

Ho (ﬁepﬂ e <% H X = 0) 6yneM uMeTh

| Ra(x)| <,

cCan
e=l(n4-1) | x| < 14 (n4 1)2x2,
T. €. €ClH :
P> o (et VTR
HIH
n4-1< —12— {e-t—y e 2 "4} | x|7L

Mbp! BHIHM, UTO BTOPO€ HEPAaBEHCTBO He MOMET YAOBJAETBOPATbCA s BCEX
3HaueHuit n, GONbUIHX HEKOTOPOro 3HAUEHMs, NPH BCEX 3HAYEHHsX X; NEpPBOE
#e HEePAaBEHCTBO J1aeT 3HaueHue n(x), crpemsimeecs K GeCKOHEUHOCTH IIpH
x>0, Tak YTO aAa JOGOrO NPOMENKYTKA, COAEPIKAINErOo TOUKY X == 0, He cy-
uecTByeT yucaa N, ne 3asucsiwyezo ot x. [lostoMy psj 6yneT HepaBHOMEPHO
cxoasmumea BOau3n x = 0.

3ameruM, uT0 ~n(x) Oyner paspblBHOA (QyHkuued mnpu x =0, ubo
n(x)->co npu x>0, o n(0) =0.

3.32. CBA3b paspbiBHOCTH C HepaBHOMEpHOH CXOAMMOCThHIO

[TokaxeM Tenepb, #mo ecau pAOQ Henpepvlsrblx OYHKYUEL om 2
PQBHOMEPHO CX00UMCA 0Nl 8Cex 3HayeHui 2 8 OAHHOU 3AMKHYMOL
o6racmu, mo exo0 cymma Gydem Henpepol8Hol PyHKYyuelE 2z 80 8cex
mouxax obiracmu.

Iycts psa Gyaer

f@=um@+u@+ .. Fu,@+ ... =8,@)+ R, (),

rae R,(2) — n-# ocratouHblii ujeH psia. -
Tak xak paj PaBHOMEPHO CXOAMTCS, TO A4s JIOGOro 3aXaHHOrO NoJo-
AHTEALHOTO HHC/IA € Mbl MOXEM HaliTH Takoe lLieJoe YHCIO 1, He 3asu-

1
cawee ot z, uto |R,(2)| < -3 & ana scex 3uadewnth z B oGacTH.
QuKCHpOBAB Temeph ITH A4 U €, Mbl MOMEM HA OCHOBANHH HENPEPHIBHO-
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CTH S,, (2) HaliT Taxkoe NOJONKUTEJAbHOE YMCIO 7, HTO

S, —S, (z’){ < —é— e
npu
jz—2'| <.
CnenoBareibHo, Mbl O6yleM UMEThH
if(z)_f(z,)l == ISn(z)“’Sn(zl)l + an(z)'—Rn(z,)l <
<8, (@) — S, @)+ R, ()| + |R, (2] <,

YTO U sABJsIETCS ycﬂosneu HENMPEPLIBHOCTH B TOYKE 2.

Mpumep 1. lokasats, uro BGAu3M x ==0 pax
uy (x) 4 ug (X) s (X) ...,
1 1

-1 __ 213

rae

u(x)=2x, uy(x)=x

H X BELIECTSEHHO, HMEET pa3pLIBHYI CyMMY H, CAENOBATEJbHO, CXOXHTCA He-
PaBHOMEDHO. :

B aroM npumepe yA0O6HO NPHUMEHATH INPHU3HAK PABHOMEPHOH CXORUMOCTH
B HECKOJbKO HHOM BHIE; Mbl NIOKAXEM, UTO AJs NAHHOrO NMPOU3BOJLHO MaJOro
YHCJA & MOXHO HAHTH KaKk YroAHO Majble 3HaueHHs X, 3aBUCALIHE OT 7, TaK
uto | R, (x)| 6ymer e Menswe, ueM ¢, nns Mo6Oro 3HAUEHHS M, KaK YTOLHO
Goapnioro. Jlerko BHAETb, YTO CYIECTBOBAHME TAKHX 3HAYCHHH X HECOBMECTHMO
€ yCJIOBHEM paBHOMepHOMH cxonurlﬁocm.

Beauunna S, (x) Gyzer x*~1; mpu crpemaenuu n x Geckoneunoctu S, (x)
npubamxaerca K 1, 0 maa—~1, cMOTpPs nMo ToMy, GyAeT AX X NOJOXKUTEILHO,
PaBHO HYJIO HJAM OTpHLATENbHO. Psn mosTtoMy a6COJMIOTHO CXOAMTCH IAs BCEX
3HaueHui x ¥ uMeer paspniB npu x = 0. B atoM psazne

1
Ry(x)=1—x2""1  (x>0),

¥ KaKuM 6m GOJbIIMM HH OnaO 2, ecan B3ath!) x=e~ =D 10 My noayuum
OCTaToOK, paBHHH 1-—e~!, uTe He GyZeT MPOHM3BOJBHC ManOH BequuuHoH. Pax
6yXeT moITOMy HEPAaBHOMEDHO CXonsuwuMcs BOau3n x = 0.

Mpumep 2. ITokasats, uTo B6AM3H 2 =0 pax

i —92 (1 4 2y
U+ T+ A2y

HEpaBHOMEPHO CXOIHMTCA H CyMMa ero HMeeT pa3phiB.
n-# yjgen Moxer ObITh 3anucaH B Buue

=42 1—(142""
I+(42"  1+0+2)""

1y 310 SHaqéHug X yIOBAETBOPAET YCAOBHIO | x| <D mpu 2n—1 > Igd~l,
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TdK 4YTO CyMMa HEpBBIX 71 4JEHOB paBHA

1—(142)"
T+ (I+2)"

PaccmatpuBast BemleCTBEHHbIE 3HaueHHs 2, 66ablme — 1, BUAMM, YTO CyMMa
Bcero paaa Oyazer pasHa I, O wam— 1, cMoTpst mo ToMy, Gyxer Jam 2 oTpuua-
TeAbHBIM, HYJEM HJIH TOJNOXHTEAbHbHIM uHCAOM. TakuM o6pazoM, B Touke 2 =0
uMeeTcs paspblB. JTOT Pa3pbB O6bACHAETCA HEPABHOMEPHOM CXOAUMOCTHIO psila
s6au3u 2 = 0. JleficTBHTEbHO, n-ii OCTATOK PALA NPH NOJNOXHTENLHOM 2 paBed

—2
T+ a+2r

1
i, Kak Obl BeJUKO HH OblNO 7, B3AB z=— MOXHO CJ1enaTh 3TOT OCTaTOK

o abcomoTHO BeanyuHe OOJpIIMM uHCAA , KoTopoe He 6yZLeT Npou3-

2
I4e
BOJABHO MaabiM. Paj 6yneT mostoMy HepaBHOMEPHO cXoisiqumcss BOau3n 2z = 0.

3.33. Paszauume Mexay aGCcoJiOTHOH M PaBHOMEpPHOH CXOAUMOCTHIO

Pan, pasnomeprno cxonswuBica B o6aacTH, He 00s3aTenbHO a0CO-
AIOMHKO CXOOUTCA B KakuX-aub60 Toukax 3TOH o06aacTd, U HAoGopoT.
Hanpunumep, psan

8

22

=
]

CXOAUTCA alCOAOMNO, HO HepasHomepro (B6an3n z2==0), C npyro#
CTOPOHBI, PRI

(o]
22+4n
n=1
O 1
CXOAUTCS TOJbKO YCA208HO, WO Pl MOLYJeH ero ujieHOB Z————-——ln+z2[
' n=1

pacxoautca. Ho ana Bcex BeluecTBeHHBIX 3HauyeHHH 2z 4/eHH psaga GyayT
nonepeMeHHO NOJOXUTENLHEIMU H OTPHLATEIbHEIMH, YObIBAIOIUMH 110 a6CO-
MOTHOM BeJMUHHE, TAK YTO CYMMa pSAa 3aKJI0YaeTCR MeXAY CYyMMOH
€ro MEpBBIX 7 YJEHOB M CYMMOH ero mepBbX 7 -1 YJeHOB; TakuM
00pa3oM, OCTATOK nocje n uiaeHoB CyAeT MeHblle N0 abCONIOTHOH Besu-
uHHe, 4eM n-# uyjeH pAna, U HeOOXOAUMO B3ATb JHIIb KOHEYHOE YHCJIO
YNeHOB (HE 3aBHcAllee OT 2), 4TOObl MOMYYMTb A/ BCEX BELECTBEHHBIX
3HaueHU# 2 OCTATOK MeHbliu#, ueM Jw060e 3amanHoe uucao e, Caerosa-
TeNbHO, PAl OyNeT pasHoOMepHO CXOASLUMCH.

Ab6corromno cxodauuecs pads NOLOOHH PANaM C KOHEUHBIM YHCIOM
YIEHOB B TOM OTHOUIGHHWH, YTO HX MOXHO NEPEeMHONKATb M NepecTa-
BAATH B HHX YJ/IEHBI,
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Pasroaepro cxooauuecs pads NOLOGHB psilaM C KOHEUHEIM YHCJIOM
YJeHOB B TOM OTHOWIEHHH, YTO HX CyMMa OyleT HenpephiBHOH (yHK-
muel, ecid KaXAbli wieH psala eCcTb HenpepeiBHad ¢QyHKUMSA, U UTO
MOXHO (KaK Mbl YBHUAHM) HHTETDUPOBATL 3TU DALl IOUJEHHO.

3.34. llpusnax paBHoMepHolf cxoxumoctu Beiiepmrpacca!l)

JlocraTouHOe, XOTA U He Heofxo0umoe yCNOBHE AJf PaBHOMEPHOH
CXOIMMOCTH pPsiia MOXeT OHTb BBHICKA3aHO CJeLYIOLIMM 00pasoM.
Ecau nas Bcex 3Havewuft 2 B HeKOTOpol o6GJacTd MOAyam uie-

HOB psla . :
S=a1(z)+u2(z)+t{3(z)+ ce

6y.IIYT MeEHblle COOTBETCTBYIOLUUX Y/JIEHOB CXOAfUIETOCd pAla C MOJOXH-
TEJAbHBIMU 4YJ/JEHAMU

T=M 4 My—+ Mg+ ...,

rie M, He 3asucum om 2z, TO pal S PaBHOMEPHO CXOAMTCA B 3TOH
o6GaacTH. IDTO BHITeKaeT M3 TOTO OOGCTOATENbCTBA, YTO B CHIY CXOJIH-
MocTH pajga T BCerla MOXHO HaliTu Takoe n, uTo n-# ocraroxk pspa 7,
a CJIeJ0BATEJNbHO M MOLYJAb OCTaTKa psaga S, Gyler MeHblue, yeM Harie-
pen 8alaHHOe NOMOKHUTeNbHOE uucao €. M Tak Kak sHauenue 7, Half-
IeHHOe TakuM O0pasoM, He 3aBHCHUT OT 2, TO OTCl0Aa BhiTekaer (§ 3.31),
470 psx S paBHOMepHO cXomuTcs; nmo § 2.34 sror pan S Gyler Takxke
n abCOMOTHO CXOAALINMCA. -

Mpumep. Pan |
cosz+-§1; cos’z—[——3; costz -+ ...

PAaBHOMEPHO CXOAHWTCA 1A BCeX BCIECCTBEHHBIX 3HaueHu# 2, Tak Kax MOy TH
ero u/JIeHOB He 60JblIe COOTBETCTBYIOIMMX YJAEHOB CXOAALIErocH paia

1,1
R e s SO

YjeHbl KOTOPOI'O —— MOJOXHUTEJNbHbIE INOCTOAHHBIE “IHCJIa.

3.341. PaBHOMepHas CXOZHMOCTh GeCKOHEUHBX HPOH3BeJeHuii?2)

x
FoBopaT, uTo cxozfleecs NpoH3BEAEHHE H {1+u,(2)} cxomurca paBHO-
n=1 :
MEpHO B HEKOTOpO# 06JacTH 3HauyeHMH 2, €CAM NpH 32JaHHOM & MOXHO HaHTH

) Weierstrass, Abhandlungen aus der Funktionenlehre, 70. 3tor
npusHak o6puHO HaswiBaercs (HampuMep, Osgood, Ann. Math., III, 30 (1889))
M-nipusnakom.

2) [TpuBonumoe- onpénenenue 6uino gano Ocryzom (O sgood, Funktionen-
theorie, 462). YcaoBue, nawHoe 34€Ch AN DPABHOMEPHOH CXOLHMOCTH, TaKxe
YCTAQHOBJEHO B 3TOH KHHTe.
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TaKOe He 3asucsujee om 2 LEN0€ YuUCI0 m, 4TO

n

m--p
Il 4@ —Jf 1 +u )| <
n=1 )

n=1

A9 BCEX TIOJOXKHUTENbHBIX HEJbIX 3HaYeHHH p.
.ExuHCTBeHHBIH NpH3HAK paBHOMEPHOH CXONMMOCTH, KOTOPBIM Mbl Gyxe
[0/B30BAThCA B LaibHEHuUIEM, 3aKJI0YaeTCH B TOM, YTO MPOM3BEJIEHHE CXOIHTCH

paBHOMepHO, ecau
fug(2)| < Mp,

=)
rue Mﬂ HE 3aBHUCAT OT 2 H TAKOBHI, UTO pﬂllZMﬂ CXOIHTCA.
1

YT0661 10KA3aTh CNPABELJIHBOCTL 3TONO NPH3HAKA, OTMETHM, UTO
O
1 -+
n=1
cxogutcst (§ 2.7), ¥ NO3TOMY MBI MOXeM HaHTH Takoe m, Y10
m+p

]il (14 M) — J[ (1 Ma} <<,
1

a Torja GyieM HMeTb

nm-p n
1l ¢+ @) —]I] {14 u (2)) !———
n=1 n=

m m+p
II (14w ) [ Ill{l+un(z)} —IH<

n=1 =m+

<1l (1+Mn>[ T oo+m- 1JI <e.

n=1 n=m+1

npuyeM BLIGOp m HE3aBHUCHM OT 2.

3.35. Ilpusnak paBHOMepHoit cxomymoctu Xapau!)

Ananornuso paccyxfenuaM § 2.31 nerko XokasaTh, YTO €CJH B AAHHOH 06-
JacTH
D

> aa(2)

n=1

<&,

rie a,(2) BELWECTBEHHO, a £ — YHUC/IO, KOHEUHOE U He 3aBUCAEE OT P U 2, H
ecJu
Fa@ > fu1 (2) 1 f(2) >0

"YW Hardy, Proc. London Math. Soc. (2), IV, 247—265 (1907). At pesy.ib-
TaTe, MpeicraBasiomue obobuienne TteopeMmbl Abens (§ 3.71), x0Td u Xopoo
H3BECTHH!, NO-BHAUMOMY, Oblan onyGankorawsl . He panee 1907 r. [lo cxoxcTBy
¢ npusHakaMu cxoaumoct Hupuxie n Abeas BpomyHu NpepnoxHui Ha3BaTh X
COOTBETCTBEHHO mpusHaxkaMu [Jupuxie u AbGeas.
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PABHOMEDHO npu n->» 0O, TO PAX

zlan (2) fn (2)

CXONIHMTCA PAaBHOMEPHO. _
Mono6ueM xe o6pasoM, ecau

22U (2) > Uy, (2) 20,

(e e
TIe % He 3asucum Om n W 2, W €CIH Y @y (Z) CXONHTCH DaBHOMEPLO, TO H
n=1

[=e]
paL 2 a, (2) u, (2) cX0OHTCE DPaBHOMEDHO.

n=1 X

Jlas LoxasaTeabCTBa NMOCJAEIHEro yTBEDMAEHHR 3aMETHM, YTO MOMXHO HaHTH
Takoe m, 4TO

Ant1(2)s iy (B) + B2 (@) ooss B (D) F i () .. Am+p (2)

o €
6yayT mo a6CcOMOTHOH BeJHYMHE MEHble, ueM + 1 moromy (§ 2.301)

~

m+p
\ | 372 F4
}J a, (2) u, (2) <——”ing<e,
n=m+1
npuyeM BbIGOp € U m He 3asucum om 2.
Mpumep 1. INokasars, uto psiaut
[ee] o0 )
2 cos nb E sin nb
n n
n=1 n=1

XOAATCA PaBHOMEPHO Ha OTpe3Ke
PO 2m—3 (3> 0).
[ToayunTh COOTBETCTBYIOIMH pe3yabTaT Ais PHIOB

(o) el

2 (=1)" cos nb 2 (—1)% sin no
n ! A

n=1 n=1

nytem 3amensl 0 wa 0 m.
[Mpumep 2. Ecaun npn a < x b
[es)
!

lon ()] <k 1 D) | 0pgy () — 0, (x) | < By
n=1
(o]
rae k;, k, HE 3aBUCAT OT 7 U X, H €CIH Pl 2 a, C 4YJCHAMH, He 3aBHuCH-
n=1

[ee]
IMUMH OT X, CXONMTCH, TO PAX 2 ap», (x) 6yneT paBHOMEPHO CXOIAIUMCS npy
’ n=1

a<< x < b (Hardy).
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[B camom znene, MOXKHO HaliTH Takoe m, He 3aBUCAUIEE OT X, YTO
m+p

an
n=m+1

<e,

u Torka no ciaexcreuio § 2.301 Mu umeem:
m+p

S au0n(x)

n=m+1

< (B1+ ko) e]

3.4, HccaenoBanke HEKOTOPLIX ABOHHEIX PSNOB

Tycts ©; U wy — 1106Be MOCTOAHHBIE, OTHOLIEHHE KOTOPHIX HE fB-
JSeTCs BELeCTBEHHBIM YMCJAOM, H NYCTb 0 — MOJOXHUTEIbHOE YHCIO,
Psan

1 .
2 (z + 2mo, + 2n0y)*
m, n
B KOTOPOM CYMMHMPOBAaHHE pacmpOCTPAaHSieTCs Ha BCe IOMOXKHUTEJbHbIE,
OTpHUATE/bHblE M HyJeBbie 3HAYEHHUS M W N, UMeeT 6OJbLIOE 3HAYEHHE
B TEODHM 3IMNTHYECKHX (YyHKuuM. B Toukax z=— 2mo, — 2nw, pan
TepAeT CMbICA. MOXHO mnOKasaTh, YTo psd Oyaer abCOMIOTHO CXOnf-
IIUMCS A4S BCeX OCTAJAbHBLIX 3HAYEHHUH 2, ecad a > 2, W YTO CXOA4M-
MocTh OynerT paBHOMEDHON n/d TeX 3HAueHMH 2, A KOTOPHIX HepaBeH-
ctBO |2+ 2mo, + 2nwy| >3 cnpasepamBo npH BceX HeAHX 3Haye-
HUSX m W 7, IpHYeM O — NMPOUBBOMLHOE MOJNONKHTEILHOE YHCIIO,
ITyctb 2' 0603Ha4aeT CyMMHPOBaHHe N0 BCeM LieJIBIM 3HAYUCHHAM M H 1,
3a uckjwoveHueM m==n =70,
Ecan ne o6a uncna m u n Hyan u ecam |z 4+ 2mo; 4 2nw,| >8>0
LU BCEX leJbiX 3HaueHWH m M 7, TO MOXHO HAKTH TaKoe MOJOKH-
TeabHoe uyuc/a0 C, 3aBucsAulee OT O, HO HE OT 2, uYTO

1 l< C‘ 1
(24 2mo, + an?)“ 2mo, 4 2nw,)*

CrenoBatensHo, 10 mnpusHaky § 3.34 nanup#t pas 6yser abCOMOTHO
M paBHOMepHO!) cxoasuuMcs B paccmMaTpHBaeMOR 064acTH, ecan pan
Y s
[ mo, + ne, [*
OyZeT CXONSLIMMCS.
Yro6rl ucc/eA0BaTh CXOAMMOCTb IOCJAEAHEro psfa, MOJOKHM
o ==a;+f;, wy=ay+ if,,

') Uuratenp Jerxko JHacT oOmpejeleHHe PaBHOMEPHOH CXOAMMOCTH JBOHHOrO
paga (cM. § 3.5).
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. . ®
rie oy, & @y B, BemecTBenHn. Tak Kak —L He BelIeCTBEHHO,
1

10 of; — ayfl; = 0. PaccMaTpupaeMeifl paA 3amMCHIBAETCA B Buie

DR :
{fym - ayn)? - (3,m -+ 3,m)2}*2

KOTOPHI/ CXOMUTCS, eCH CXOIWTCS Pl

’ 1
S:E —_—
(m? + n2)/?
JleficTBUTeIbHO, OTHOLIEHHE COOTBETCTBYIOUUX YJEHOB paBHO

[ (a1 + ag)? + (B; + Ba)? ]“/2
14 p2 )

n
rie p==--. MoXHO 1OKasazb, 4TO 9TO BEIpAXeHHe, KAK (yHKLHA

BEIECTBEHHON mnepeMeHHOR &, GydeT UMETb MOJOXHTENbHBIH MHHAMYM !)
(1e Hyab), TaK KaK a8y — aoB; == 0, n, crenoBaTe bHO, pPaccMaTpUBaEMOe
orHolieHue OyLeT Bcerda 6oJibLie HEKOTOPOTO noL0HCuMmeAbHO20 ducaa K
(He 3aBHCAILETO OT ). '
[Tostomy Ham HeoGxoauMo nsqurb CXOIUMOCTb TOJMbKO psda S.

IMyets
14 q ]
;‘ ; <m2+n2>"/“’\ E_ Zj (m2+n2) [CEOT

Pas6usas Sp , Ha cjaraeMbie, B KOTOPHX m==n, m >n u m < n
COOTBETCTBEHHO, NOJYYHM

1 q n-1

p ) p m-
1 \ URN 1
-S —,
4 YP 4 2 (sz)aﬂ +mz=l ,E) (mz + z)a/2 +;ﬁ] mz:o (m2 + ng)a/2
Ho
m—1 1 m 1
;) (mg + ng)aﬂ < (mg)aﬂ = ma—l *
[TosTomy '

fee) [ee) N [ee]
2} 2a/2 E molz—l—i—E nal—l *

1) Yyrarenp 6e3 TpyAa CyMeeT KOKA3aTh 3TO YTBEDMACHHE, MUHUMYM 1aeTcs
COOTHOLIEHHEM

3
)
-
3
It
-

2
[

‘ 1
K =%[a‘;’+a§+s +B—{—8)’ +(a2+al)2} [+ 2P+ ()T



3.5. OBIUEE MOHATHE PABHOMEPHOCTH 77

Ho nocaennue psambi, KaK M3BeCTHO, cxoidarcs npu o« — 1 > 1. Takum
o6pazoM, pan S Oyxer cxoauthca npu a > 2. [lepBonauaabHefi psn
6yxeT NO3TOMY abGCOMIOTHO U PABHOMEPHO CXOLALLMMCA B OMpeELe]eHHOH
puiie o6acTH 3HaueHu# 2, ecau o > 2.

ITpuwmep. lokasarb, 410 pag
2 1
(m%—l—mg—l— —|—m3)M ’

B KOTOpPOM CYMMHDOBAaHHE pPACHpoOCTPAHAETCA Ha BCE NOJOXKHUTENAbHBIE, OTpHIla-
TEJbHLIE WU HYJNECBbIE 3HAUECHUA m,, My, ..., M, HCKAWOUAd COBOKYHNHOCTb OJAHO-

BpPEeMEHHBIX HYJACBbIX 3HAYCeHuH, OyileT abCOMIOTHO CXOIALIUMCH, €CIH @ > %vr.
(Eisenstein, Journal fiir Math,, XXXV.)

3.5. O0wee nOHsiTHE PABHOMEPHOCTH

Kpome cyMMupoBaHusi PANOB MMEIOTCA APYTHe MpOLECcCH, B KOTOprX
ules pPaBHOMEDHOCTH UMeeT BaXKHOe 3HaueHHe.

[TycTb & — NMPOM3BOJbLHOE MNOJNOXUTENbHOE YMCAO U [ (2, ) — dyHK-
LHg ABYX TIEPEMEHHBIX Z M C, KOTOpas [IJid KaXAO# TOUKH 2 3aMKHyTOH
o6aactu yaoBieTBOpsieT HepaseHcTBY | f (2, {)| <e, korma { naerca
KaKaf-HUGY b COBOKYMHOCTL 3HaYeHuH, KOTOPYIO Mbl 0003HaunM yepe3 (C,);
9Ta COBOKYNHOCTb 3HAa4eHHH, KOHEYHO, B3aBHCHT OT pacCMaTpPHBAEMOrO
YaCTHOFO 3HAYEHHd 2. :

Ecnu MOXHO HafiT Takylo COBOKYNMHOCTb 3Hauenuit ({)), 4TO Kamaoe
3Hauenne coBokynHoctd (L), OyZeT conepkaThcs BO BcexX COBOKYIHO-
ctax (C),, To rosopsar, urto dyukuua f(z, L) yaosierBopseT HepaBEHCTBY
pasHomepro LAA scex Touek z obGhactu. Ecau ¢dyukuus ¢ (2) o6ranaer
HEKOTOPHIM CBOHCTBOM 115 J1I0OGOTO MOJIOXHUTENbHOTO 3HAUEHUS € B CUIY
Hepaseuctsa | f(z, ()| <e, TO roBopsar, uTo ©@(2) oGradaem Imui
CBOUCMBOM DPABHOMEPHO.

B nomoaHeHue ¥ paBHOMEPHOH CXOZUMOCTH DSIOB H MpPOH3BEJEHHM MBI pac-
CMOTPHM B JajibHeHIIeM PaBHOMEPHYIO CXOAMMOCTb HHTErPAJOB, a TAaKKE PaBHO-
MEPHYIO HEIPEPHLIBHOCTb C TOYKH 3PEHHS OGLIEro MOHATHA paBHOMepHOCTH

Tak, pan 6yaeT paBHOMEPHO cXoaduuMmcsd, ecau | R, (2)] < ¢, xoraa {(= n)
NpHHUMaET LeJibieé 3HaUYEHUsl, He 33BUCALIUE OT 2.

Hanee, pyukuus f(z) 6yzeT HempepHBHOH B 3aMKHyTOH 06JacTH, ecau mpH
3aJaHHOM & Mbl MOXEM HaHTH TaKoe MOJOXKHTEJIbHOE YHCIO vy, 4TO

If+8)—rf)] <
0 <:lCz,<: Nz

€CaH

u z 4, 6yner ToukoH obaactu.
Pyukuua GyIeT pasHOMepHO HENPEephBHOW, €CAM MOXHO HalTH Taxoe
MIONOKHUTENBHOE YHCHO 1), He 3a8UCAUjée Om 2, 4TO0 1 < Yz U

[fe+0—f(2)) <e
O< |l <

€cin
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u 2z} § Gyner Toukoit o6mactu (B 3TOM cayuyae cOBOKynHocTb (§), 6yner coso-
KYHHOCTBIO TOYEK, MOAYJAH KOTOPhX GYNyT MEHbLIe T).

Huxe Mol naidaem (§ 3.61), uT0 HempephlBHOCTH BJedeT 3a coboit paBHOMED-
HYI0 HENPEPLIBHOCTb; 3TO COCTAaBJAET PE3KYI0 NMPOTHBOMONOKHOCTb TOMY (akTy,
YTO CXOAHMMOCTH He BJeueT 32 cO60H PaBHOMEDHOH CXOZHMMOCTH.

3.6. Bujgousmenennan teopema Ieiine — Bopeas

Crenywuas TeopeMa nveeT GOMbLIIOE 3HAYEHHE B CBA3H CO CBOMCTBAMH
PABHOMEPHOCTH; MHl NafHM [OKA3aTeJbCTBO A4 OLHOMEPHOW 3aMKHYTOH
obnactul). .

Hawn (1) ompezox CD u oan (1) 3axon, no xomopomy coomsem-
cmeenno raxcdol mouxe?) P ompesxa CD mo. moscem onpedeaums
samxuymod unmepsas [ (P) na npanoi CD, 043 xomopozo P 6yoe
sHympernei ) mouxoi. :

‘Tozda ompesox CD moocem Cums pasdesen Ha KOHEUHOE HUCAO
marux 30MKHYMbLX UHmMepsaros J, Jy, ..., Jp. umo kaswoei unmep-
sasr J, Gydem codepiycams RO MeHbuield Mepe 00HY mouxy P,
(OMAUMHYIO  OM €20 KOHY,08) MAKYIO, YMO HUKAKAA MOYKA urmep-
sara J, we aexcum sne unmepsara I(P,), coomsemcmsyouezo (ra
OCHO8aHUNL OGHHOZO 3aKoHa) smod mouxe P.*).

3aMKHYTHI MHTepBaJ OIHUCAHHOTO XapakTepa OyleM HasbiBaTb 1n00-
X00AuuM VHTEPBAJIOM ¥ T'OBOPUTH, YTO OH YIOBJIETBOPAET YCAOBHIO (A).

Ecau CD yanosJierBopser ycjioBuio (A), To TeopeMma [0OKAa3aHa, ecJu
sToro Her, TO pasfesuM CD nome.am; eciu oiuH M 00a MHTepBaJa,
Ha kotopse pasedned CD, GyiyT HeMmOAXOIALIMMH, TO HEMOAXOIsLMH
uHTepBaJ MJM 00a AeauM OMNATb momoJaam 5).

[pouecc AeseHUs MONOAAM HEMOAXCAALLMX . HHTEPBAJIOB AU6O 3QKOH-
wumcs, Au60 He 3axonuwumcs. ECIA OH 3aKOHUMTCH, TO Teopema GyneT
nokazaua, 6o CD Gyzer pasiesieH Ha NMOAXOAALME HHTEPBAJH.

[TpeAnoIOKHUM, YTO NPOLECC HEe 3AKOHUHTCH, M YCJOBUMCS TOBOPHTDH
06 HHTepBaJe, KOTOPHH MOMeT ObiTh pasieseH Ha NMOAXOAALINE HHTep-

1) TouHoe [OKa3aTeAbCTBO TeopeMbl A4 ABYMEepHOH 06JacTH. HMeeTcs
B kHure Batcona: W.atson, Complex integration and Cauchy’s theorem (Camb.
Math. Tracts, Ne 15). ,

2) [Tpumepnl TaKUX BaKOHOB, CBA3BIBAIOIIHMX HHTEPBANbl € TOYKAMH, MPH-
genenst B §§ 3.61, 5.13.

- 8) Uckaoualorea caydau, korga P 6yaer B C wan D, 1. e. korga ona 6yaer
KOHLIOM HHTEpBala.

4) dra popMyaupoBka teopemnl [eiine — Bopeds, KOTOPYI0 HHOr/a HAa3bIBAIOT
teopemoli Bopens — Jle6era, npuHannexamas Befikepy (Baker, Proc. London
Math. Soc. (2), II, 24 (1904), Hobson, The theory of functions of a real
variable, 87 (1907), nokasmBaeTr, YTO TeopeMa NO CyUleCTBY JlaHa B JIOKa-
sateabctBe ['ypca teopemst Komm (Gowursat, Trans. Amer. Math. Soc, 1,
14 (1900) ); o6eiunyio dopMy Teopembl I'eitne — Bopeas uutarteab nafiner B yka-
3aHHOM COYMHEHWH. )

5) Tlogxoadwuii MHTEPBAA He MOIJNEKUT JeJeHHI0 HajaBoe, H6O OnHA U3 ua-
cTeli, Ha KOTOphie OH OyaeT pasjeneH, MoxeT OLThb W HEMOAXOAALIEH,
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Ba/bl BbIIICONUCAHHEIM MPOUECCOM JEeJEHHA TMONOJaM, 4TO OH YAOBJAE-
TBOpAeT ycaoBuio (B). _

Toraa no npeanosoxeunto CD He Gyler yaoBAeTBOPATL YCaA0BUIO (B);
M03TOMY MO MeHblueft Mepe onaHa u3 nogosus CD He Oyrer yaoBie-
TBOPATL yc/a0BHIO (B). BosbMeM Ty, KOTOpas He Y1OBJAeTBOpseT (ecJH
ycnosuio (B) He yAOB/IETBOPAET HU OJHA M3 MOJOBHH, TO BO3bMEM JiEBYIO);
pasienuM ee MOMOJAM W BBIACJIMM TY M3 MOJOBHH, KOTOpas He YIOBJje-
TBOpsieT yc/aI0BUI0 (B). DTOT npouecc ne/eHus MONOJMAM M BbLAEJCHHS
naeT OeCKOHEYHYI0 MNOCAeA0BATeJbHOCTh HHTEPBAAOB S;, Sy, Sy, ... Ta-
KHX, 4YTO

(I) anuna s, pasna 27"CD,

() 'vu onna TOYKA S, ; HE JIEWHT BHE §,,

(IIl) untepsan s, He ynpoBierBopsier ycaosuio (A).

[lycts paccrosnus koHuos s, or C O6ynytr x, M y, TOria
Xy K Xppy < Ypit <Yy TosTOMy mo Teopeme § 2.2 x, u y, uMenor
npepenst © no ycaosuo (I) stu npelenst GyayT OAMHAKOBH; MYCTb OHH
paBHH &, M mycth Q OyZeT TOUKOH, pacCTosHue KOTOpoit or C pasHo &.
Ho no ycisosuio umeercs Takoe uuciao 8y, uto Kamnaas Touka CD, pac-
CTOfHME KOTOPO# OT Q OyneT MeHbLIe Bq, 6yner TOUKO# COOTBETCTBYIOLIETO

udtepsana I (Q). BosbMeMm n HacToMbKO 60abmuM, 4Tobn 27 "CD < 3y,

Toria @ Oyner BHyTpeHHe#f TOYKOH MM KOHLOM HHTepBala S, M pac-
CTOfiHMe MIOGOH TOuKM uHTepBana S, or Q Gyier MeHbuwe 3, A noToMy
UHTEPBA/l §, YIOBJETBOPAeT YycJAOBUIO (A), YTO NPOTHBOPEYHT YCJO-
suio (HI). Tlpexnrnoaoxkenne, yTo NpoLECC Ae/IeHHUS TOMOIAM He 3AKOHYHTCS,
NPUBOAMT K IIPOTHBOPEUMIO; [OITOMY NpOUECC MOJKEH BaKOHUHTHCA,
M TeopeMa, TakuM o0pas3oM, JokasaHa.

B reopeme ans nBymepHo#t obaactu ') uutepBax CD 3aMeHseTCH 3aMKHYTO#
IsyMepHO# o6aacTblo, untepan [ (P)— xpyroM?) c¢ peurpom B P, a MHTep-
Bal J, — KBaJpPAaTOM CO CTOPOHAMH, NAPAMICILHHIMH KOOPAWHATHHIM OCHM.

3.61. PaBHOMepHas HenpepeHBHOCTD

M3 TonbKO 4YTO 1OKABaHHOH TEOPEMBI . JErKO BHIBECTH, HYTO eCaH
¢byuxuua f (x) BellecTBeHHOR nepeMeHHO#t X HenpepblBHA NpH @ < X < b,
10 f(x) Gyler paBHOMepHO HempepbiBHOfi®) Ha BCeM OTpesxe

a L xLb.

1) IToxa3aTesbCTBO MOXHO NMOCTPOHTH MOJOOHBIM ke 06pa3oM, paccMatpuBas
KBajpaT, cojepxamui o061acTh, H NPHMEHAA TpoUecC [elJeHHa KBaApaTOB
Ha 4 paBHBIX KBajpara. ‘

2) Waun yactbio Kpyra, Jexalleil BHyTpH 3TO# o6JaacTi. )

%) dror pesyabrat npuxauaexur eitne (Hein e, Journal {iar Math., LXXI,
361 (1870) u LXXIV, 188 (1872)).



80 TaA. 3. HEMNPEPLIBHBIE ®YHKIUUH

[Iyctb € — NpOH3BO/IBHOE NOJNOXKHTRALHOE UHMCA0; TOria, B CHAY
genpepbigHOCTH  f(x) nansg Mw060r0 3HAYEHMd X, MOXHO HaHTH Taxoe

MOMIOWUTENLHOE UYUCAO O 3aBHCgLIEE OT X, 4YTO

f @)= f ()] < 5o

AJS BCEX 3HAYeHMH X/, yJIOBIETBOPSIOUIMX HEPABEHCTBY
7 ) N
Jx"— x| <3,.

Torna no § 3.6 Mbl MOXeM pasieiuTb OTpe3ok (@, b) Ha KoHeuHoe
YHC/IO 3AMKHYTHIX MHTEPBAAOB, 006/1a44I0IINX TeM CBOHCTBOM, 4TO B KaXI0M
uHTepBasie OyAeT HAXOAUTLCH TAKOE YHCJIO Xy, YTO

|f e —F )l < e,

KOTHa x' JeXUT B TOM Xe HHTepBaje, uto H x,. Ilycte O, — Aauna
HaHMEHbINRTO0 U3 3THX HMHTEPBAJOB, M NycTh £, & — mobule nBa uucia
B 3aMKHYTOM HHTepBante (a, b) Takme, uro |£—¢&'| <9, Torma &, &
OynyT JexaTb B OIHOM M TOM e HJM CMeXHbIX HHTepBaJgax. Ecuau
OHM JieXXaT B CMEXHLIX HHTepBaAax, TO MycTh & — OOWMH KOHEL 3TUX
WHTEPBAJOB; TOTAA Mbl MOXeM HalTH TakHe 4HCId X, X, TO OKHOMY
B KAXIAOM HHTepBaJje, 4TO

fO—FE <o 1fE~—FG)]< e,
1FE) =T < ge [fE)— x| <y

OTKyAa

[FO—F =[O — f(x)) —{fE)— f(x)} —
—{fE)— f (2} +- {F G)— [ (2} | <.

Ecau ke & & nexaT B OJHOM M TOM e HHTEpBale, TO Mbl MOXeM
IOKasaTh NOJOGHBLIM ke 06pasoM, yTo

FO—FE) < v

B ofoux cayuasx Mbl noOKasajad, 4To AJd Ji06oro uucaa £ u3 pac-
CMaTpUBAEMOTrO OTpe3Ka HMEeM ’

fO—fE+DI<e

xoraa £--{ TnpHHALAeXHT TOMY ke OTpesky H — By < G < ), mpuuem
0 He 3asucum om &. PasHomepHocms HENPEePHBHOCTY, TaKuM 0GpasoM,
yCTaHOBJIEHA.

Caencreue (I). C momomplo AByMepHOro BapuaHTa TeopeMsl u3 § 3.6
MBI MOXeM IOKa3aTh, 4TO (QYHKIHMS KOMIJIEKCHOTO MePEeMEeHHOro, HENpephlBHAs
' BO BCEX TOYKaX 3aMKHyTOH 06JMacTH MJIOCKOCTH KOMIJEKCHOrO MEePEeMEeHHOro,
6yner paBHOMEpHO HenpepuiBHOH 8O BCeH o6aacTH.
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Caencrene (). dyskuua f(x), HempepbiBHas Ha OTpe3Ke a < x b,
GyaeT orpaHuyeHHOH Ha 3TOM OTpe3ke, T. €. MLl MOXEM HAaHTH TAKO€ 4YHCJO k,
e 3aBHcsllee OT X, uTO | f(x)| < & AJd BCEX TOUYEK X 3TOr0 OTpe3Ka.

[[lycts n— uucjo uwacTed, Ha KOTOPOe DAa3LeNIeH OTPE3OK. fycts a, &,

9 ooy o1, b — KX KOHUBL;, TOTJA, €CAM X €CTh Aw6asd TOUKA 7-TO MHTEpBAJ3,
MBI MOXEM HAaHTH TaKHE UYHCAA X,, Xy, ..., Xp, UTO

1
F@—Fr) | <ge 1F)—FE) <36 FE)—F)l <ge

1
e —FE < pon o) —FMI< e
[Tostomy :

F@—F )| < re

<17 @ |+ s

4TO W mpeicTaBaseT TpeGyeMbill peayabTar, TaK Kak MpaBas 4acTb HE 3aBHCHT
oT x.]

BbiBOL COOTBETCTBYOILEH TeOpeMbl Aas GYHKUMIT KOMINIEKCHOH IepeMEHHOH
[peJoCTaBAfeM YHTATENI0.

3.62. BemecTBeHHas @YHKUMs BeileCTBEHHON nepeMeHHOH,
HempepbiBHAas B 3aMKHYTOM HHTepBaJe,
JOCTUraeT CBOEH BepXHeH rpaHulbl-

ITycte f (x) — BewiecTBeHHAs HenmpepbiBHAS PyHKUUA X 1pu @ < x <L b.
OnpenenuM cedeHue, kiaacc R KOTOPOTO COINEPKUT TaKHe UKCJIA 7, UTO
r> f(x) ana Bcex 3Hauenud x Ha orpeske (@, b), a xiaacc L — Bce
OCTajbHEIE YHC/IA. DTO cevyeHHe OMpejenseT Takoe 4ucio «, uto f(x) < a,
HO, KQK0B0- Gbi Hu 65,40 TOJOKATE]IbHOE UUCIO 8, HA OTpe3Ke cCylile-
CTBYIOT TaKHe 3HaueHus X, 410 f(X) > a — 0. DT0 YMC/IO & HA3LIBAETCH
sepxnel 2panuned dynkuun f(x). Teopema yTBepkIaeT, UTO HA OTpe3Ke
a < x < b MoxHo Ha#TH Takoe uucio x’, uro f(x')=a.

JleHcTBUTEAbHO, KaK Obl Majdo HU OblAO O, Mbl MOMEM HaHTH Takue

snavenus X, aaa Koropux | f(x)—a| ' > 87", nostomy | f(x)—a| "
He orpanuveH Ha otpe3ke (a, b) u [§ 3.61, caencrsue (II)] ne Gyner
HellpepblBHBIM B OJHOH uau 60/iee TOyKax oTpe3ka (a, b); HO Tak Kak
|f(x)—a]| O6yzer HempephIBHEIM BO BCEX TOYKAX OTpPe3Kd, TO €ro
oOpaTthHas BeauunHa OyIeT HeNpepLBHOH BO BCEX TOYKAX OTpe3Ka
(§ 3.2, npamep 1), 3a MCkJIIOUEHHEM TeX TOUeK, B KOTOpHIX f(x)=aq;
nostomy f(x)==a B HexkoTOpOH# Touxe oTpe3ka (a, b); Teopema,
TakiM 06pa3oM, LOKaszaHa.

Caenctrue (I). Huxuaa rpannua HenpepriBHOH (DYHKUHMH MOXeT
ObiTh onpejeseHa MOAOOHEIM Xe 0Gpa3oM, MOITOMY MOKHO YTBep:KIAaThb,
YTO HenmpepuBnas QyHKUHA JOCTHTAeT TaKkKe CBOCH HNKHEH TpaHMILbL,

6 3. T, Yurrexep, k. H. Barcoy
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Caenctaue (II). Ecau f(2)—®dyHKUMA KOMIIEKCHON MepeMeHHOR —
HempepbiBHA B 3aMKHyTOR o6aactu, To | f(2)| mocTuraer csoeft Bepxued
TpaHUIIb.

3.63. BemecTBenHas GyHKUHA BemCCTBEHHOH RepeMEHHOMN,
: JHenpepbiBHasA B 3aMKHYTOH ofaacTu,
OpPHHHMAET BCe 3HAYEHHsA MeXAYy BepxHe#d W HHUKHell rpaHumaMu

Ilycte M, m — BepxHAs M HHXKHAS TPaHUlbl pyHKuuu f(x), Toraa
no § 3.62 moxHO HaliTM TaxkMe umcaa x, x, uro f(x)=M, f(x)=m.

[Tycts 1 — npou3soabloe yucao ‘Takoe, 4ro m < p < M. CoOTBETCTBEHHO
JI0GOMY 33JaHHOMY MOJIOXKUTENLHOMY YHCIY & MOxHO (110 § 3:61) pasaenuts

0Tpe3oK (X, X) HAa TaKOe KOHe4HOe YHCJO r 3aMKHYTHIX HHTEPBAJIOB, YTO
{4 ) — 4
()= 1 ()] <
rae x{", x{)— moGbie TOUKH r-ro uuTepsana; npumem 3a x{", x{) kouun

'r-ro MHTEpBaNa, TOTAA HaljeTcs MO KpaHHe# Mepe OIMH MHTepBan, 1is
KOTOPOTro f(x({))—-p, f (xSP)——p 6ynyT HMeTh pasHbie 3HAKU, a TaK Kak

[{f () — v} = {7 () — v} | <e
TO
[/ () —p| <e
[TOCKOMBKY IAS KaXIOTO CKOJb YrOZHO MAMOTO 3HAUEHHS € MOMNHO
Hafttu uucao x{), y1oBIeTBOpsAIOUIee ITOMY HePaBEHCTBY, HUXHeH rpa-

Huue# ¢yHkuun | f (x¥) —p| OyHer HyAb, M B CHIy HeNpepbIBHOCTH
oTo#t pyHkuMH OT x noayuaeM no caedactsuio (I) § 3.62, uro f(x)—p
paBHfeTCS HYJIO NMpPH HEKOTOPOM 3HAYEHUH X.

3.64. IMoanas Bapuanus q)yrixunn BemeCTBEHHON nepeMeHHol 1)

IMycts f(x)— BellleCTBEeHHAS orpaﬂuueﬂuaa Qynkuus, onperenenHas
npu a < x<b, unycm

0L L LxgL v KX, K0
Torna |f(a) — f (x| 4+ f(x)— flx)| 4+ ... +[f(x,) ~ f(B)] ma-

3biBaeTCqd sapuayuet yukuuu f (x) Ha oTpeske (a, b) Aas pasbuenns
Xy, Xoy ey X

Ec/n Bapnauus uMeeT BEPXHIOI I'PaHHULY F? NpH BCEBO3MOXKHHIX 3Ha-
YeHUAX 7 M YHCeN X;, Xy, ..., X, TO FOBOPAT, q'ro f(x) umeer ozpa-
HuweHnYIO Bapuayuio Ha orpe3ke (a, b). Yucno I*a Ha3LIBaeTCA NOAHOL
sapuayuel Ha oTpe3ke (a, b).

!y TepMunoaorus atoro naparpada mpuHasaexutr yactuano Fo6cony (Hob-
son, The Theory of functions of a real variable, 1907), a uacTuyHo YOury
(You ng, The theory of sets of points, 1906). .
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ftpumep 1. Ecan f(x) moHoTonHa !) Ha oTpeske (@, b), 10 ee moaHas
papHallua Ha 3TOM OTpe3ke pasHa | f(a)—f(&)|.

Npumep 2. PyHKnus OrPaHMUECHHOH BapHallii MOXET ObiTh NMPEACTaBJEHA
KaK Pa3HOCTb ABYX MOJOMHUTENbHBIX Bospzicmxoumx MOHOT(iHHbIX GbyHKUHA.

3a raxue PYHKIHH MOXKHO NPUHATH 5 (Fﬁ —}—.f(x)}, 5 {Fé—f(x)}.

Mpumep 3. Eciu f(x) uMeeT OrpaHHueHHYI0 BapHauuo Ha orpeske (a, b),
TO CYWECTBYIOT mpeieant f(x & 0) BO BCeX TOYKAX 3TOrO OTpe3ka (CM. NpH-
mep § 3.2).

[Ipaumep 4 Ecau dynxuuu f(x), g(X) HMEOT OrPaHMUYEHHYI0 BapHAIHIO
n1 otpeske (a, b), o dyHxkuua f(x) g (x) TaKKe HMeeT HA HEeM OTPAHHYEHHYIO
papHaLuo,

[AeitcTBHTENBHO,

() g EY—F(0) 8 (D<) |18 () — g @) [+ g f (&) —F(x),
W chaejoBaTenbHo, Bapuauust ¢yHkuuH f(x) g (x¥) He MOXeT NPEBOCXOAHTD ,
gFZ—}—fGZ, rie f, g — Bepxuue rpanuub GyHxumi | f(x)|, [ £ (x) |,]

3.7. PaBHOMepHAA CXOAMMOCTb CTEMNEHHLIX PAJAOB

[Tycte
a+az+ ... Fa2"4 ...
abCOMOTHO CXOAUTCH TPH 2= 2.
Torna mpu |z] < 2| Oyzer |a,2"| <lazp|.
. .

Ho Tak kak psn lanzgl cxoaurcs, TO coraacHo § 3.34 noay-
n=0 '
[ee)

yaeM, uTO Pl Y @,2" CXOLUTCA PABHOMEPHO OTHOCHTEMBHO IEpeMEH-
=0

n=
Holt 2, xorga |z| < |2l
Orciona, cornacio § 3.32, caenyer, uTo creneHHo# psaj 6yner Hempe-
puiBHOH (yHKUMeR OT 2 BO BCAKOH 3aMKHYTOH oOnacTu, cocrosiued wus
TOYeK BHYTPU U HA FPAHULE BCAKOTO KPYyra, KOHUEHTPHYECKOTO C KpPy-
rOM CXOLMMOCTH H HMMelouiero MeHpliu#t paapyc (§ 2.6).

3.71. Teopema AGenna O HempepLIBHOCTH
BINIOTH A0 TPAHHIBL KPyra CXOAHMOCTH 2)

(o9
Ilycts 2 a,2" -~ CTeNeHHOH Ppal, paiuyC CXOAMMOCTH KOTOPOro pa-
n= o0
BeH eJMHuLle, M NyCcTb OH OylderT TAKOB, uYTO pAl Ea" CX0IUTCH;
n=0

flx)—r)
x—x'

HJH PAaBHO HYAW AJa BCeX NMap Pa3NHYHBIX 3HAYEHHH x u X',
2y Abel, Journal fir Math., 1, 311—399 (1826), reopema IV. JlokazaTe/b-
¢TBO Afens MCUOJb3yeT HENOCPENCTBEHHO TNPHEMBI, KOTODBIMH GBIAH JOKa3aHbl

teopembl §§ 3.32 u 3.65. B Tom cayuae, xoraa pan 2 | ayl cxomutcs, Teopema
ouesuaHa no § 3.7,

‘1) ¢ynkuns Ha3biBaeTCs MOHOTOHHOHW, ecau OJHOTO 3HAaKa

6*
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nycrb, nanee, 0. x < 1; Torna reopeMa AGens yTBepxaaeT, uTo

[ee)]
lim <Za x ): Zan.
x->1 n=0

JeficteuresbHO, B 0003HaueHuax §335 $OyHKUMS X" YIOBJETBOPSET
ycIOBUAM, HaJOXKeHHHIM Ha u,(x) npu O < x <{1; caenoBatensHo, pan

o0

f(x)y= 2 a,x" cxoaurca pasHomepso Ha BceM oTpeske O < x <1
n=0
nostoMy coraacHo § 3.32 ero cyMma Oyxer HempephiBHOH ¢yHKLUeH
oT x Ha BceM oTpeske 0 L x < 1; orcioma lim f(x)=f(l), uto u
x->1-0

JOKa3biBaeT TeopeMy.

3.72. Teopema AGensn !) 06 yMHOXKEHHH pPANOB

Jrta TeopeMa NpeACTaBAseT COOOH BHAOM3MEHeHHe TeopeMbl § 2.53
L aBCOMOTHO CXOAALIUXCS psmos

ITycmey
—60 +abn l+ nbO'

Tozoa cxodumocms paoos 2 a,, Z b, Oc,, Asasemca docma-
n . n=

5/

MOYHBLM YCA0BUEM 0N MO20, ttmodbt

-5

B camom zeJte, nyeTob

A(x) = Zax B(x)——anx C(x)_ZC,lx

n=0 n=0 n=0
Toraa pans A(x), B(x), C(x) abcomorHo cxonarca npu |x| <1 (cM.
§ 2.6) u, cnepoparteabho, corjacHo § 2.53
A(x)B(x)=C(x)
npu 0 < x < 1; nosromy no mpumepy 2 § 2.2
{ lim A(x)}{ lim B(x)}:{ [im C(x)},

x->1-0 >1-0
ecau I]pEILIIOJIO)KMTb 4TO 3TH TPU npeﬂena CylLleCTBleT Ho no § 3.71
STUMH TIpefejaMu OYAyT psibl Za 2 by, 2 C,; TakuM 0o6pasom,

n=0 n=0
TeopeMa IJOKasaHa.

Y Abel, Journal fiir Math,, 1, 311—399 (1826), teopema VI. Mm mpu-
BOJMM IIEPBOHAYaJhHOE fOKa3aTeabcTBO Abensi. B HekoTOphIX yuebuukax naerca
Gonee CAOMHOE JOKa3aTeabCTBO ¢ NoMomibio cyMm Yesapo (§ 8.43).
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3.73. CteneHHble pAAbl, TOMACCTBEHHO PaBHBIE HYMi0

Ecau cxooswuiica cmenennoll paod pasen HYA0 npu 8cex 3ua-
weHuAx 2, 0aa rxomopwix |z| <ry, 20e r; >0, mo sce xoappu-
HUeHMbL 3MO020 CMENeHH020 PO PABHbL HYAW.

B camom gene, ecam He Bce KO3 UUHEHTH DPaBHBI HYJI0, TO MyCTh
a, Oyier mepBHIM 43 KOPGHUUKEHTOB, OTIMYHBIX OT HYJIs.

Torza a,—+a,,.12+ a,,,92>+ ... DaBHAETCA HYJIO NPH BCEX 3HA-
YeHHAX 2, KpOMe Hyad, M a6CcoMmoTHO cxoautcs, Korma [zf <Lr <ry;

OTCIOAA, ToJaaras § =@, .1+ @&, .24 ..., uMeeM

1512 3 el 7t

i, TakuM 00pasoM, MOXHO HaHTH 1) Takoe no.o0xCUmMensHOE HuCAO
8 <L r, uto mpu |2]| L3
1
2 .
|dm+12~—+~ Q2% + v I < 9 ‘am!’
TOraa

|00+ 52> |a,] — [s2] > 5 |a,]

, clreloBaTenbHo, |a,—+sz| %0 npu [2] <3.

Me! npumiaM, TakuM 00pasOM, K NMPOTHBOPEHHMIO, MPEANONOKHB, HTO
HeKOTOpHe Ko3Gh(dUUHeHTH He paBHel Hymwo. [lostomy Bce kxo3ddu-
LUHEHTH PaBHBI HYJIO.

Canepcteue 1. Ecau cyMMBl JBYX CTeNeHHBIX DAJOB PaBHBI B 064acTH
|z] <8, rage 8 >0, To KOadPUIHEHTH B YJEHAX C OIHHAKOBHIMH CTENEHAMH 2
COOTBETCTBEHHO PaBHBL. .

CnenctBue 2. Ecam cyMMB [JBYX CTENEHHBIX DSAJAOB DPaBHbl XOT# Obl
IpH 2 BEWECTBEHHbIX, TO KO3 UUHEHTD! B YleHaX C OAHHAKOBBIMU CTENEHAMH 2
TaKXe COOTBETCTBEHHO PAaBHBL’

JIMTEPATYPA

Bromwich, Theory of infinite series, ra. VII, 1908,

¢ a, Kypc marematuueckoro amajnusa, ra. I, X1V, OHTH, 1936.

B g{n ane-Mlyccen, Kypc aHamusa Geckoneuno Maanix, I'TTH, 1933,
L XL

X apnu, Kypc uucroit maremaruxu, W/, 1949, ra. V.

E. Osgood, Lehrbuch der Funktionentheorie, ra. II, Ill, Leipzig, 1912.
N. Watson, Complex integration and Cauchy’s theorem, ra. I, 1I, Camb.
Math. Tracts., Ne 15, 1914.

1y JloctaTouno BHIGpaThL d TaK, uTOGHI

(o]
' . 1
br 1 Bz‘am—fnlrn—lgjlam[-
n=1
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IipumMepsl

1. MMoxka3sate, 4TO psajx

=1 2n-1
(I—2)(d—2rth)
n=1
paBeH T3 npu | 2| <1 n pasen E(l—j——}?— npu |z} > L

CBs3ao aH 3T0 OGCTOATEJbCTBO € TeOpHeH PABHOMEDHOH CXOAHMOCTH?
2. [TokasaTh, uTO pax :

.1 .1 1
2Slﬂ-3—:z-+451ﬂ§é'+ e _‘_2’1_@_*_ ves

CXOAUTCS abCOMOTHO 148 BCeX 3HaueHnH 2 (uMckaouas 2z =0), Ho He Oyjer
PaBHOMEPHO cxoisuiuMcs B6ausu 2 = 0.
3. Ilycrb
—(n=1)2x2 - -
Up (X)) = —2(n— 1)2 xe= =¥ | 9p2 cp— %

[ee)
0Kas3aTh, uTo psin Y U, (x) He GydeT DABHOMEPHO CXOnsmmMMcs BOAu3U x =.0.
L n

n=1
(Math. Trip., 1907)

... CXOAUTCHA, HO €ro KBajg-

1 1 1
Vi~ yi Vs T
pat (o6pa3oBaHHb MO npaBuny AbGens)
1 2 2 1 2 2
T tiEt) At

4. Tloka3saTb, 4TO pax

pacxoauTcs.
5. 11 . 1 1 1 1
. [TokasaTb, 4TO ecau CXoAdAwMics paj S"T’-_7+3_’_ 3’_+
(r > 0) yMHOWMMTbL Ha cebs M uJeHbl NPOU3BEJCHHS Da3MECTHTh MO OPaBUAY
AGens, To mOAyUYeHHBIH pAA pacxoauTcs NpH r < =, HO CXOAUTCA K CymMe s?
1% 5 y

1
H r o) s e
p ~ 3 : . (Cauchy n Cajori)
6. ITokaaaTb, 4TO €Cau [ABa YCJIOBHO CXOMAIIMXCA pAAA

oo}

[ve) .

N (D \' (=D
2& ( n’ " 2& ns ’
n=1 n=1

rage r ¥ s 3akmouaoTcs Mexay 0 u 1, yMHOXMTL ADYT Ha Apyra, W HpOH3Beje-
Hue npencTaBuTb B popme AbGens, To HEOOXOMHMBIM H ZOCTAaTOUHBLIM YCIOBHEM
CXOJHMOCTY TOJYYEHHOTO DAL ABJAAETCS HEPaBEHCTBO 7 -+ s > 1.
(Cajori)
7. Tokazatb, 4TO ecau psaf

1.1 .1
1 — e .
st —%+ ..
yMHO)KPITb Ha ceba mgw00e YyuCIO pa3 U Npou3BeJeHUE NpeacCTaBuTL B (bOpMe

AbGenss, TO NONYYEHHBIH pajy 6yAeT CXOAAIHMCS.
(Cajori)
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8. lMokasath, 4TO g-9 CTENEHb psala ‘
a;sinfL-aysin20 4 ... +a,sinnb - ...

6ynet cxopamecs, ecau ¢ (1 —r) < 1, rne r — nauboaslee YHCAO, YAOBJCTBO-
pRIclllee HEPaBEHCTBY &, < n~7 nas BCeX 3Hauenuit 7.
9, Tlokasarb, uTo ecau 0=+0 W He KpaTHO 2% M ecau u,, U, Uy, ... — TaKad

HOCHAEL0BATENbHOCTD, UTO U, ->(0 MOHOTOHHO, TO pAx Zun cos (nt 4-a) cxo-
JAUTCH. ’
[lokasate Takwxe, 4TO echu npenea 4,70, HO {u,} BCE Xe MOHOTOHHa,
TO paAd PACcXOAMTCH, KOJebasch, eClH — PAlHMOHATLHO, HO €CAH — HppauKO-
HAAbHO, TO CyMMa MOXeT NPHHMMATH JI060E 3HAUEHHE MEXAY OupefeleHHBIMH
rpaHHLaMM, Pa3HOCTb KOTOPBIX paBHa acosecgﬁ, rie a = lim u,.
n=>»co

(Math. Trip., 1896)



TTABA 4
TEOPUS MHTETPAJIA PUMAHA

4.1. TloHATHE HHTErPHPOBAHHUSA

Yuratenb, HeCOMHEHHO, 3HAKOM C HAeell HHTETPUPOBARHS KAK ONEepaluH,
obparHolt nuddepeHLHpOBaHUIO, a4 TAKXKe U ¢ TeM, YTO HHTerpas (B 3TOM
CMBIC/IE) OT AaHHOH djeMeHTapHOH (YHKUUM He BCerfa MOxeT OBITb Bbi-
paxkeH yepes sjeMeHTapHble ke ¢yHkuuu, [Tosromy, yroObl AaTh Ofpe-
Le/leHHe uHTerpada GyHKUMH, TOLHOe BO BCeX CJAyuasx, Jame ecid
HaxoxXaeHHe (QYHKUWM, TNPOU3BOLHAA OT KOTOPOH paBHsAnach Obl IaHHOM
GYHKUMH, SBASETCS NPAKTHUYECKH HeOCYLIeCTBHMBIM, Mbl JO/MKHE 0Opa-
TUTbCA K TeOMETPUYECKOMY CMbicay HuTerpanal) f(x) B mnpenenax or a
10 b, KOTOpHI BbipaxaeT IJIOWIANb, OrPAHHYEHHYIO0 KPHUBO#H y = f(x),
OCbI0 X W OpAMHATAMH X ==a, X ==0b. ITO NOCAYNKAT MCXOLHOA TOUKOH
/5 TOYHOTO ONpele/leHUs HHTETPUPOBaHKS.

4.11. Bepxuuit H HHKHUH WHTErpausi %),

[Mycte f(x) — orpaHuuenHas ¢yHkuus OT x Ha orpeske (a, b).
PasobbeM 3TOT OTPE30K HA YAaCTH TOUKAMHU X;, Xg, ..., X,_1 (8 L %) <
Lxg < vve L x,y_y L) Myers U, L —rpanunst f(x) HA OTpeske
(a, b), wnycrs U,, L, — rpannunl f(x) Ha OTpeske (X,_y, X,), NPHUEM
Xy=a, x,=b. . =

PaccMoTpuM cyMMbl 3)

S,=U,(x;,—a)+Uslxy—x)+ ... +U,(0b—x,_9,
Sp=1L; (xy = a)+ Ly(xg—x)+ oo + L, (00— x,)

") OmnpenensieMoro kak (saeMexTtapHas) (yHKIHS, NPOM3BOAHA® KOTOPOIi
paBHa f(x).

2) JlaHHO€ HM3JOXEHHEe TEOpeM CYLIEeCTBOBAHHS, OTHOCAIIMXCA K MHTErpaJfam,
OCHOBAaHO Ha uajoxeHuH, nauHoM [ypca, Kypc anaamsa, 1. I, ri [V. Tlonsrus
BEpXHEro M HHXHEro HHTerpaios mpunamiexatr Jap6y (Darboux, Ann.
de P'Ecole norm. sup. (2), IV, 64 (1875)).

%) S, U s, NPEICTaBJIAOT CYMMBbl [IOLIaJleHl HEKOTOPOrO YHC]A NMPAMOYTOJb-
HHKOB M COOTBETCTBEHHO O0OJblle W MeHblle IIOMAJH, OTPaHHUYEHHOH KPHBOK
y=f(x), x=a, x=06 1 y=0, ecan npeinojaraercs, 4TO Takas TAOI{aLb
ROOOIIE CYLIECTBYET,
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Toraa ‘
U~ a)>8,>s,>L0b— a)

Jlis naHHoro n cyMMbl S, u s, GymyT OTpaHHuYeHHHIMH (QYHKUHAMH OT
Xy Xgo vvvy X,_g. TlycTb HMX BepXHSSs M HHXHAA TPaHulUbl !) O6ynyT
COOTBETCTBEHHO S,, §,, TaKk uto S,, §, 3aBUCAT TOMLKO OT 7 U OT
Bia f(x), HO HE 3aBHCAT OT CTOCO6A pa3GueHUs MHTEPBAJA HA 7L yacTef.

-TlycTb HWXKHSAS M BepXHAs TPaHuUB 3THX OyHKuuft oT n 6yayT co-
OTBETCTBEHHO S, §.

Torna
: S, >S, s,<s.

Mbi nokaxewm, uTo § camoe 6oabluee paBHO S, T. e. S>> .

[Tycts oTpesku (a, Xp), (X;, X5), ... pasOHTH HA MeHblUHE OTPE3IKU
HOBBHIMU TOYKAMH, H NYCTb
Yo Yo ooos Yoot Ye(F= X100 Yers - os Vi Yi(= %),
Yi41s oo 5o Ypo1o b

! 4
OyAyT KOHUAMH MeHbINUX oTpeskoB. DO6osHaunm uepesd U,, L, rpaHuusi
f(x) Ha orpeske (Y,_y, ¥,) 4 MOJOKUM '

M=

m
Tm=§1(y,-y,_1)Un tw= 2 (9, ~ ;) Lz

i
—

T

! ’ ’ .
Tak kak Uiy, Uy, ..., Uy ue moryr npesocxoaurs U, To nerko no-
JydaeMm, 4TO
S, >T,>t,>s,
Temepp  paccMoTpum  pasOuenne ortpeska (a, b) Touxamu Xy,
Xy -v., X,_q W LDYro#f cucteMoff ToueK X, X ..., X, .. Ilycts

S’,, §,, — CyMMbl, COOTBETCTBYIOLUE Pa3GHEHHIO BTOPOH CHCTeMOH TaK e,

Kak S,, S, COOTBETCTBYIOT pasOuenuio mnepsoft cucremo#. IIpumeM sce

TOUKM Xy, .o X, 3 X[, «oo X, 32 TOUKH Y, Yo, - o0r Y.
Torxaa
Siz T2ty >3,
"
4 4
Sn’>/Tm>tm>sn"

TakuM o6pasoM, Bcakas cymma S, Gossute (Mau Mo MeHblueH Mepe
pasHa) 0GOH CYMMBl S7,, M TIO3TOMY S He MOXeT OBIThb MeHblle .

[U6o ecin S <s u §—S8=2m, T0 Mb MOXeM Ha#ith Takoe S, u
’ i o ,

TaKoe §,,, 4TO Sﬂ S< s s, <m Hu, crenosarenabHo, s, > S,

4YTO HEBO3MOKHO.] :

1) Tpanuubl QYHKUMH OT 72 NEPEMEHHBIX ONpEAeAfIOTCs TaKuM Xe TOYHO
06pa3oM, KaK rpaHuibl GyHKIHE ORHOH nepemenHo (§ 3.62).
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Ipanuua S HasblBAeTCA BepXHuMyHHTErPaioM f(x) u ob6o3Hauaercs
B
CUMBOJIOM ff(x)dx; S Ha3bIBACTCH HUNCHUM UHTErpaioM H 0003Ha-

a
b

4yaeTcs CHMBOJIOM ff(x)dx.
a
Ecan S==s5, 70 ux obLias BeJHYNHA HASLIBAETCA UNTLEPAAOM, B3A-
TBIM MeXAY NpeienaMu !) uHTerpuposasus a u-b.
On 0603HauaeTcss CUMBOJIOM

b
f f(x)dx.
‘ a b
Korna a < b, Mbi onpeleiaseM MHTerpa ff(x)a'x KaK ——fvf (x)dx.
b a
Mpumep 1.
b b b
JUrm+eende= [ fmas+ [¢@ax

Mpumep 2..[Tpu nomomu npuMepa 1 onpelenuTs HHTErpal HelpepbIBHOH
KOMIIEKCHOH (YHKUUH BelIeCTBEHHOH nepeMeHHOM.

4.12. YcaoBue HHTErpUPYEMOCTH B cMbicje Pumana ?)

ToBopAT, uT0 (yHKUMS <«uHHTerpupyeMa B cMbicie Pumana», eciu
(B obosnauenusx § 4.11) S, u s, umeor obwuit npenen (HasbiBaeMbIf
. unmeezpasom Pumana or 3TOH GYHKUMM), KOTAA YUCIO OTPE3KOB
(X,_1, X,) cTpeMHUTC K OeCKOHEYHOCTH M AJMMHA HAUGOMLLIETO H3 HUX
CTpeMUTCs K HY.JO.

Heobxo00umoe u docmamounoe ycao8ue unmezpupyemocmu o2pa-
HUYeHHOU PYHKYuU 3aKaonaemcs 8 mom, 4mobe. S, — S, cmperu-

") «Kpafinne 3snauenus» Optio Gbi Gosee NOAXOASIIKEM TEPMHHOM, HO «Iipe-
AeJi» MMEET CaHKHHIO JABHOCTH W OPHBBLIUKH. JIoMO6OM ObLJIO NPEANOKEHO CIOBO
«termini» (L a m b, Infinitesimal calculus, 207, 1897).

?) Puman (Riemann, Ges. math. Werke, 239) o6ocHoBan cBoe ompefe-
JeHue MHTErpaja Ha mpeliese CyMMbl, BcTpevaiomeiica B § 4.13, Ho rorza ouenn
TPYNHO JIOKa3aTh €IMHCTBEHHOCTb mpenena. Boxee obuiee onpeieieHye HHTErpH-
poBaHug (KOTOpPOe HMeeT BecbMa 00/bIIOE 3HaYeHHEe B .COBPEMEHHOH TeopHu
(yHKUMHM BeuleCTBeHHOH nmepeMeHHOH) nano JleGerom (Lebesgue, Annali di
Mat. (3), VII, 231—359 (1902) ). GM. ero «HurerpupoBaHye U OTHICKaHHEe MPHMHU-
TUBHBIX (yHxuuii», 'TTH, 1934.

Cum. takxke M. 1. Hataucon, Teopua ¢yHkuuil BeilecTBEHHOH nepemen-
Ho#, Focrexusnar, M., 1957, ([Tpur. ped.)
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20CH K HYRIO, K0204 4ucao ompe3xo8 (x,_,, xX,) OecnpedessHo pac-
mem maxum o6pasom, umo 0AUHG HAuOOAbULE20 U3 HUX CMPEeMUMCS
K HYAI0.

Ycaosue, oueBuaHO, HeoOxonumo, u60 ecau S, u s, uMeloT oOwui
npenea, t0 S,—s,—>0, xorna n-»>oo. WM ono mocrarouso, uGo u3
nepasenctsa S, > 8 > s> s, caeayer, uro npu S, —s,—>0 umeem

limS,=lims,=S=s.

[Ipumeuanne Henpepusuaa ¢yuxnua f(x) Oyner HuHTErpupyeMmoH.
B caMom jnede, IAs JAaHHOrO ¢ MBI MOXeM Ha#iTH Takoe 9, 4TO
N3

) —F ) < 5=

lx" —x" | <.

KOrjaa

[Iycth Bce OTpe3kH (Xg—;, Xg) MeHbe, ueM 9, torna Ug— L < y— c Z
W, TakuM o6pasoM, S, — s, < ¢ noatoMy S, —s,—~>0 npu n—>co u & >0, uto
J4eT yCJOBHE HHTETPHPYEMOCTH. )

Canencreue. Eciu S, U S, UMEIOT OIHH H TOT Xe mpejea S JAf OXHOTO
onpejeieHHoro crnoco6a pa3bueHus oTpeska (@, b) HAa uwacTd, TO mHpepen S,
Il S, AA9 A06Or0 APYroro crnoco6a paséuenus GyAeT Takxe S

Mpumep 1. Ilpoussenenne ABYX MHTErpUpyeMbIX QYHKIMA GyneT Takxe
unTerpupyemoil dpyuxnvei. .

Mpumep 2. PyHxkuusa HenpepuiBHas, 3a HCKIOUCHAEM KOHEYHOTO YuCAa
PasphiBOB NEpPBOro pofa, GyneT HHTerpHpyeMoH.

[Ecnu f(x) wuMmeeT pasphiB MEPBOro poja B ¢, TO 3aKJIOYHM ¢ B HHTEpBas
IJMHB 8, AAd JAHHOrO & MBI MOXeM Hakltu Takoe d, 910 | f(x') —f(x)]| <s¢,
koraa |x' — x| <3¥ M x, x' He HaXOJATCA B STOM HHTEPBAJE.

Torna S, — s, < e(b—a—3,)+} kd,, rae k — nauboabliee 3HaYCHHE BbIPA-
wenus | f(x')— f(x)|, kxorma x, x’ Jexar B 9TOM HHTepBaie.

Koraa 8, >0, £ —>| f(¢c+0)— f(c—0)|, a orciona

lim (S, —s,)=0.]
n-=> o
[IpuMmep 3. PyHKUUS OrpaHHYEHHOH BApHALMU C KOHEUHBIM UYHMCJOM pas-
PHIBOB HepBOro poxa uuterpupyema (cM. § 3.64, mpumep 2).

4.13. OnHa o6mas Teopema 006 uHTerpaje Pumana

IMyctb f(x)— unrerpupyemas ¢QyHxuus, a € — kakoe-Hubyib 10J0-
WUTeNbHOE YMCa0. Toraa MOXHO BLIGpaTh & Tax, uTOOH

n b
N (=%, ) F (%) — [ Fwax| <s
p=1 p

npu ycC/a0BUHU, YTO

’
xp—xp_1<6, xp_1<xp_1<xp.

Yto6m 10Ka3aTh STy TeOpeMy, 3aMeTHM, YTO NpR JAHHOM € MHl
N

MOx¢eM BHIOpaTb JAAMHY Hau6GO/biero H3 NPOMEWYTKOB O HACTOJBLKO
Mano#, uro S, — s, <&,
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Hanee,
> ,,gl (o= %p1)f (%p-1) > 5,
"
b
S>> [ fdx>s,

IosToMy ¢

2(p pl)f ff(x)dx\ S,—s, <e.

p=1

- B kauecTBe npuMmepa!) Ha BbIYMCIEHHE ONpPEAEIEHHOrO HHTErpaja, OCHO-
BaHHOTO HEMOCPENCTBEHHO HAa TeopeMe STOrO maparpada, paccMOTpUM HHTErpas

X

/ dx
d a __xz)‘/z ’

[Tonoxum & = %arcsin X, ¥ nycTb X = sin §d (0 < 8 < -;—n\, TaK 4TO

rie X < 1.

1 N, .
xs+|‘—xs=251n-§§ [0} <S+7)6 < 0,
nycrtb, nanee,

X = sin (s -+ %) 3.

Torna
) LA e . o
E = fzs:‘_‘l:/z =)‘ e — (sl —Do_ 2p sin 5 b= —Sln6§2/ ) arcsin X.
s=1 (1—x_,y) s=1  cos (s—7>a ‘
B3gB p nocTartouHo GOJbIIKHM, MBI MOXEM CHeaath

X
: P
/' dx Xg— xs_
{) (1 _x2)'/2 - (1 - ‘/2

NPOH3BOABHO MAJAbIM,
Mpl MOXEM TaKXe crenaTh NMpOU3BO/JABHO MalAblM ¥ BHpPAXEHHE

A 3TO 3HAUHUT, YTO Nnpd JI3HHOM NPOHU3BOJNBHO MAaJOM UYHCJAE & Mbl MOXeM

clienaTb
X

f—a—%ﬁ;——arcsin Xi<e
0

) Netto, Zeitschrift fir Math, und Phys., XL (1895).
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B3aB p jgocraroyno GoaemuM. Ho paccmarpuBaeMoe BhipaxeHue ne 3asucum
oT p, TO3TOMY OHO JOMXHO PABHATBCA HYMIO, TAK KaKk & NMPOM3BOJLHO Maso.
Hrak,
X

f (—1%51—/; = arcsin X.
0

Mpumep 1. [okasars, uto

© X 2x n—
14 cos — +cos— + ... -} cos
- n n
lim —
n-> o n X

sin x

MMpuMep 2. Ecaiu f(x) uMeeT pasphiBH NEPBOTO poja B TOUKaX

a, d2y [SPRN akr
TO
a;—6y Qy—0y
ff(x)dx-— lim f + f 4o ff(x)dx ,
a,+¢; ak—‘—sk
rje npeie B3AT B NPENNOJNOXEHHH, UTO ¥y, By, ..., Bp, €, &, ..., €, CTPEMATCA

k -0 HesaBHCHMO ADYF OT Apyra.

Mpumep 3. [Iycts f(x) unterpupyema ua orpeske a; < x<b;; npu
e a<b<b; nonoxum

ff(x) dx =19 (a, b),

TOrja
lim (P(d, b+§)—‘?(a! b)
5> +0 8

=f(6+0),

ecan f(b--0) cymecrtByer.
[Moxasars, uto ecau f(x) Henpepbuaﬂa B TOYKAax & H b, To

< ff(.x) dx =—f(a), {;ff(x) dx = f(b).
a : a

MMpumep 4 Joxasarb auddepennupopanueM, 4YT0 €Chu ¢ (X) — Hempe-

X
priBHast QYHKLHUS OT X, a 7~ HenpepuiBHas ¢bynknus or ¢, TO
Xy t '
f?(X)dx= f?(X)——a’f
Xo ty

Mpumep 5. Iycts f' (x) u ¢’ (x) HenpeprBHE npu a < x < b; NOKa3ath.
nom;aysxcn npuMepoM 3, 4TO

b
f F@e@dr + [ @) F () dx=10)¢ ()~ (@) (a).
a [
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Mpumep -fi. Hycts f(x) muterpupyema Ha otpeske (e, ¢) u a<<b <G

fI0Ka3aTh, YTO ff(x) dx 6yaeT HenpephBHOH GyHKnued or 4.

" 4.14. TeopeMbl 0 CpeaHeM 3HaueHHH

Crenyiomte pBe oO6like TeOpeMbi SBJASIOTCA OCOGEHHO NOJE3HBIMH.

(I) Mycts U u L 6ynyt -BepxHel M HUXHe#t T'DaHHMIIAMH NOJAMHTe-
rpaabHo#t  ¢ynxumn f(x) Ha otpeske (a, b). Toria u3 ompexesneHus
MHTerpana fCHO, 4TO

b b

[w=rwjax. [{re—L)dx

a a

OynyT He OTpPIU,aTeJIbeIMH’PI, CeNOBATEINbHO,
UG- a)>/ff(x)dx>L(b—-a).
a

- DTOT pe3y/bTAT U3BECTEH KaK nepsas meopema 0 cpedtem 3Ladenul.
Ecan f(x)— unenpepusrnas ¢ynxuus, TO MH MOXeM Ha#iTH Takoe
yucao § Ha orpeske (a, b), uro f () npuHuMaeT xoGoe 3anaHuoe 3Ha-
YeHHe, Jexalliee Mexniy U u L (§ 3.63). TTosToMy MBI MOXeM HaltT
TaxKoe 4ucao §, 4o

b
fﬂ@w=@—®ﬂ&

Ecau F(x) MMeeT HEeMpepLBHYIO MPOU3BOLHYIO F’ (x) na otpeske (a, b),
Mb OyneM uMerb, B3aB F/(x) BMecto f(x),

F@)—F(@=@®—a)F (),
rae §— HEKOTOpOe 3HauYeHHe, LIA KOTOPOro & < ELb.

Mpumep. Ilycrs f(x) nénpepwisHa H ¢ (x) > 0; nokasars, uro Hafizerca
Takoe §, "ro

f F) 9 () dx = &) f ¢ (1) dx.

(II) Nycte f(x) u @(x) — uHTerpupyeMeie GyHKUUH Ha OTpe3ke (a, b),
M MyCTh @ (X)— noroxcumensnas yossawuwas Pynkyug om x. Toraa
smopas meopema O CpeOHem 3HAUeHuUU 8 gﬁop.ue Bonnel) yreep-

Y Bonnet, Journal de Math, XIV, 249 (1849). lIaHHoe JI0Ka3aTeNbCTRBO
€CcTb BUROU3MejieHHas ¢opMa JOKa3aTeNbCTBa, npuHaaiexaumero [éabaepy
(Holder, Gott. Nach., 38—47 (1889).
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:KAAeT, 4TO HafijeTcsd Takoe uucio & Ha orpeske (a, b), 1Jas KOTOPOro
1IMCET MECTO DPABEHCTBO

b £
[r@emar=¢@ [ f(xax.

JIleRcTBUTeMIbHO, MOAB3Yfch o0o3Hauenuamu §§ 4.1—4.13, paccmo-
TPUM CYMMY

r
S= ‘gl(xs; xs—l) f (xs——l) (P(xs—l)-
ITonoxuB
(k=X D f(¥gD=0,_1, (X )=¢1 G+a+...+a=0b,

OyneM HMeTb
p-1

S: §1 bs-l (P51 95) + bp—lcpp-—l'

Kaxapil ujgeH CyMMbl YBeMUUUTCH, €CAH BMeCTO by, HamucaTb b, u
YMEHbLIHTCA, €CAH BMecTo b, ; Hamucatb &, rae & u b — HauGoabluce
1 HaUMeHbIUee U3 HaueHuH by, by, ..., b, _;; cirenoarenbho, bo, S by,
MostoMy S aexur Mexay HauGo/blieff M HauMeHbluel M3 CyMM

TEN Zl (Xg— Xgq) f(£5_y),

rie m=1, 2, 3, ..., p. Ho npu 3aliaHHOM € MBI MOXeM HaHTu Takoe 9,
YTO NP Xg— Xg g < O

P *p
Y — 5 [ ) e () — [ F (D) (nyax| <e,
§=1 Xo

X m

‘P(xo)E (xg—%5_1) [ (x5-1) “‘F(xo)f [ dxll <,
s=1 X

OTKyJia, HAIHCaB @, b BMeCTO X, X, ~ Mbl  Halinem, uTO
b )

ff(x)cp(x)dx JeHUT MeXAy BepxXHe#t M HudKHeHl IpaHWUAMH BHIpaXce-

a
3

Hufi 1) q;(a)ff(x)dxi%, rle £ MOXET NPHHHMATL BCe 3HAYEHMS
5 A

&
') Coranacvo npumepy 6 § 4.13 unrerpan ff(x) dx GyneT HenmpephlBHON

a
byukuueii or £), Tak kaK f(x)— orpaHHuEHHan GYHKIHS.
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Mexcay @ m b. Ilycte U u L O6yayr BepxHed u HuxHeH rpanuuamu
&

BEIDAXEHNA cp(a)ff(x)dx. Torna
a

b
U -+Qe>ff(x)cp(x)dx>L~—25
. a
At BCeX MNOJOXUTENbHBIX KaK YroAaHO MaJjblX 3HAYeHUH ¢; HOSTOMy

b
U> [f(0)e@)dx> L.

€
Ho Tak kak cp(a)ff(x)dx, Kak GyHKIUA §, NpHHUMaeT BCe 3HAYeHUN

a
MeXJy CBOMMM BepXHet M HuKHeH rpaHHLAMHU, TO HaWIEeTCH TaKoe 3Haye-
: b

HHe £ mepeMentoft §,, 117 KOTOPOro 3Ta (YHKUUS paBHa f F(X)e(x)dx.
a
DTO ¥ NOKA3bHIBAET BTOPYIO TeOpeMy O CpellHeM 3HaueHHH.

‘Mpumep. HamucaB ¢ (x) — ¢ (b) BMecTo ¢(x) B Teopeme O CpelHeM
3HauyeHuH B (opMe DoOHHe, IOKa3arb, 4YTO €CAH ¢ (X) — MOHOTOHHAA (YHKIHSH,
TO CyllecTBYeT Takoe 4yucao § Ha. orpeske (a, b), 4TO

b ¢ b
[rmewdar=¢@ [ 1 dax+o@) [renar
* ' ¥ ‘ ¢ (Du Bois Reymond)
4.2. udpdepenuuposanne 'HHTETrpadoB, COAEpKAUUX NMapaMeTp

Pasenctso 1)
b : b
d ) 0
Taff(x,_a)dx:f%dx
a a o
Gynet crnpaBednMBBIM, ecau f(x, a) unmezpupyema 8 cuvicae Pumana

omuocumessho x, a f, (= m{) —- HeRPePHBRas PyHKyun obeux ?)
nepemMesnsyx X u a.

1) dra ¢dopmyna O6bina JjaHa JleiiGHuneMm 6e3 ykasaHUS Ha orpaHHYeHud,
Hanaraemble Ha f(x, a). ’

?) ¢ (x, y) HasbiBaeTcs HenpepbiBHOK QyHkumeH o6eux nmepeMeHHBIX, eciH
NpH 3alaHHOM & MBI’ MOXeM Haitu Takoe B, uTo | @ (x5 y')~—%(x, y)| < e npm
(" — x)2 4+ (y' — y)?}"2 < 3. Moxno mnoxasath ¢ momompio §:3.6, uTo ecawu
¢ (x, y) — HenpepbiBHaa ¢yHkuus 06eux MEPEMEHHBIX BO BCEX TOYKAX 3aMKHY-
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B camom nede,
b b
diff(x. ) dx == lim ff<x'¢+hl>l—f(x, D e
aa h-)()a

ec/n 3TOT mpelen cyuiecTByeT. Tak Kak MO MpelnoJoxeHun f, — He-
npephiBHas QYHKIMA OT &, TO MO NMepBOH TeopeMe O CPELHEM B3HAUECHHMH
NOAMHTErpaibHOe BLIPAXKEHWe BO BTOPOM uuTerpaqe OyLeT paBHO
fo(x, a4-0h), rre 0L LI, '

Haq anst m060ro nanHOro e cymecTByet (MOCKOAbKY HENMPEPHBHOCTb f,
paBHOMepHa !) OTHOCUTE/NbHO MepeMeHHOH X) Takoe He 3agucfujee OT X
4HCJI0 O, 4TO :

€

(%, ) — fo (5, @) < 5=t
ecan o' —a| < 8.
Bass |#]| <3, mb BuauM, uro [64| <9, u cnenosaTesbHO, K0204
|k] <8, Bcerna

b . : b
y & h - ’ ‘ X
/{(x th =0 4 —-/f,,(x, 2dx| <
a a

b
<[ ifute ety — £, (5. )] dx <o

[Tostomy mo onpenesnenrio npeiena ¢yskuun (§ 3.2) npenen

lim
B0

CyllecTBYeT H paBeH

b .
/ f(xn a\+h)_f(x9 “) dx

h ‘
a .

b
f £, dx.
a

TOH orpanuueHHONH o€aacTH, TO OHa OYyAET PABHOMEPHO HEMPEPLBHOH BO Bcel
9TO# 06aacTH (ZOKa3aTeJbCTBO NOUTH TOXKAECTBeHHO ¢ aHHmM B § 3.61). Cuxe-
LyeT 3aMeTHTb, YTO eCiH ¢ (X, y) — HenpepblBHAas GYHKUHA KaxcOOl NepeMeH-
HOH, TO M3 9TOrO ele He CJAelyer, 4TO0 OHa OyleT HempephBHOH (yHkEuei
0T o0erx mepeMeHHbIX; /s NPUMEPA BO3bMEM

x4 y)?
v =Y g0 0=1

B touke (0, 0) sTo — HenpepbiBHas GYHKIHA OT X U OT y, HO He OT o6eHx
KOOPJHHAT X H Y. N

) flcHo, wTO KocTaTOYHO 6blA0 GBI MPHHATH, UTO f, HHTErPHPYEMa B CMBIC]IE
Pumana u HenpepblBHZ Kak @YHKUHA OT a (IPHYEM HEMPEPHIBHOCTH PaBHOMEpHa
OTHOCHTEABHO X), BMECTO TOTO, HYTOGH NpUHHMATh, 4TO f, — HENpEphLIBHAA
Oyuknus o6eux mnepemenunix. Tax umenno mnocrymaer I'o6con (Hobson,
Functions of a real variable, 599).

7 3. T, Yurrexep, Ax. H. Barcon
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Mpumep . Ilycts &, b He NOCTOAHHHE, 2 QYHKUMH OT o ¢ HEMPEPHIB-
HBIMU T[IPOM3BOJHBIMY; MOKA3aTh, UTO

b
%/f(x, a)dx = £ (b, a)%%-—f(a, a)%+ /%dx.

Mpumep 2. Ecan f(x, o) — HenpephiBHaa GyHKIHA O6EHX NEPEMEHHHIX,
b

TO f f(x, a)dx 6yner HempepuBHO _q)yﬂxuueﬁ OT a.

a

4.3. JBoiinbie nos-ropnbxe HHTErpajn

Iycts f(x, y) Oyner ¢yHkuueft, Henpepmﬂoﬁ OTHOCHTEJILHO 06eHX
nepeMeHHHX X M Y B obmacti a L x < b, a <y LB
Ms npumepa 2 § 4.2 acHO, 4TO CYyLIeCTBYIOT 00a uHTerpaja

b B B b
Ji[ree waytax, i [ 7 paxiay.
a a a a
TToc/ieinne HABLIBAIOTCS NOBMOPHHLMU UHMEZPALAMU.
fco Takxke, kak B § 3.62,- uro f(x, y), OyAyuH HenmpephiBHOH
¢yHKuue#t 06enx MepeMeHHbIX, MAOCTUraeT BepxHeH M HiKHelt rpaHul.
Byzem Tenmepb paccMaTpHBaThb COBOKYMHOCTBH . 3HAaueHWH x M Y Kak
TOYKM BHYTPH H Ha TPaHHIE NPAMOYIOJbHHKA B JeKAPTOBHIX KOODPIHHA-
‘TaX; pasje/quM €ro Ha nv NPSAMOYTOJLHHUKOB TPSMbIMH, NapaJie/bHbIMU

OCAIM.
Mycrs U, w L,,,'P—-Bepxusm U HUXKHAA TPaHUUB GYHKUHH f (X, V)

B OfHOM H3 9THX MeEHbIINX MNPAMOYTOAbHHKOB, TIIOLIAAL KOTOPOro 060-
3HauuM dYepes A, ;' MOJOKUM

n v
mz_ 2 m, w m. “Sn, v 2 z Lm, uAm, Spove

m=1 p=1
Torna S, ,> S, ., W, Kkak B § 4.11, Mbl MOxeM HaliT uncaa S, . s, ,,
KOTOpbie GYLYyT COOTBETCTBEHHO HUMHeR M BepXHefl rpaHMIAMH BedHuuH
S, ,H$8 npudeM S, ,, S, , SABHCAT TOJbKO OT YHC/IA MPAMOYrO.b-
HHKOB, HO He OT ux ¢opmu u S, ,>S, ,.
HafizeM 3aTeM COOTBETCTBEHHO HUKHIOIO M BEPXHIO0 FPaHHUbl S u §
BequuHH S, ,, S, , Kak QyHkuud OT # W v; HMeeM, Kkak B § 4.11,
Spv>S>s>58,,. ‘
Baaronaps papHOMepHOH HenpepHBHOCTH (yHKUMH f(X, y) MBI MOXKeM
npd AaHHOM €& HalTH Takoe 9, 4TO
Uno— Lo, W <<e

ms p

n, v n.y
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(a4 BCeX 3HAUeHWH m M p), KOraa CTOPOHBI BCEX . Ma/jbiX NpAMO-
YrOAbHHKOB MeHblle O, 3aBHCALLErO TOALKO OT BHAAd ¢ynkuuz f (X, ¥)
H OT €.

Torna

Sn,v_"sn,v<e(b'_a)(p-“a)

i, C/1el0BaTeAbHO, .
S—s<e(b—a)B—a).

Ho S u s ne 3asucam ot e, W ChreNOBaTeqbHO, S=¢.

OG6uiee 3HayeHHe A1 S M S HA3LIBAETCH OBOUNBM WUHME2PAAOM
dyHKUUH f (X, ¥) B 00603HAuaGTCH CHMBOJIOM

b B
[ [ fex yaxay.

Jlerko nokasarb, YTO NOBTOPHHE HHTErpaisl M JBOHHOK HHTErpan 6yiyt
paBHH, korna f(x, y) — HenpepuiBHas (yHkuus 06eHX NepeMeHHBIX. k
JelictBuTeNbHO, NYCTb Y,;, A, — BEPXHAS H HHXHAA TPAHHIH HHTErpaja

8
f f(x, y)dy,

KOTHZ X H3MEHAETCA MENAY Xp_) H X

Torna »
n b¢ B ] n
Y Vntn—sn-)> [{ [ £ ) 4 dx> Y AnCtn— xm-)
m=1 a a m=1
Hol)
2} Un o Qo= Y02 Yn > An> D Ly o (95— Yurr).
p= . =1 .

YMHOMaA 5TH NOCAeNHHE HEPABEHCTBA HA X, — Xm_;, CYMMHPYS H HpH-
HHMasi BO BHHMauue NpeAblAyliHe HePaBeHCTBA, MOAYYHM

v b( B n hd
i- EUm.pAm.p.}f ff(xr y)dy}dx>2 21‘"!' wAm, o

me=l p=1 a m=1 p=1
H, nepexoas K npeneay,

b( B )
S>f!ff(x, y)dyidx>s.
e |a
5 B
S=s=fff(x, yVdxdy,
a a
') Bepxusa rpanuua ¢ymkumu f(x, y) B NpAMOYroJbHHKE Ap, nyeT He

MeHbllle, 4eM BEpXHAA TpaHHUa GyHKuMH f(x, y) HA TOH YacTH NpaMoil x = §,
KOTOpas JeXKHT B 3TOM NPAMOYTOJbHHKE,

7*

Ho
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TaK 4TO ONMH M3 MOBTOPHBIX WHTErPANOB paBeH IBOHHOMY HHTerpany. [Togo6HiM
e 06pa3oM [0KA3BIBAETCH H PAaBEHCTBO APYroro IHOBTOPHOrQ MHTErpaia LBOMi-
HOMY HHTErpaiy.

Canencrsue. Ecan f(x, y) —nenpepniBHas OyHkuua obeux mnepemex-

HBIX, TO . [l—x R ] 1 1-y ]
[axi [ rex y)dyj= fdyjf Flx yydx )
0 10 0 lo I

4.4. MnTerpajisl ¢ GeCKOHEUHBIMH NpejejamH

Ecau cyuiecTByeT npededn

b
lim x)dx,
b—)oo&/‘f( )

TO MB 0003HauaeM ero CHMBOJIOM ff(x) dXx W Ha3blBACM UHMEZPANOM
. a
¢ Oecxoneunsim npedesor (infinite integrall)).

Mpumeps.

(o]
dx . 1 Iy _ 1
b [ G- (f—5)=F @0
a

b->

: xdx : 1 1 L.
) afm= i (= sgran o) = mr

3) WHTerpupoBanueM 1o 4acTAM IOKa3aTb, 4TO

[s¢]

ft"e‘.’dt:n! (Euler.)

0 - ‘
.

IToxo6HbIM e 006pas3oM Mbl ONpejefasieM HHTerpan ff(x) dx Kak npejen

—0
+ oo

lim f(x)dx, ecau TakoBOH CylecTByeT, a MHTErpaf f_f(x) dx ompeje-
a-»—oc :
a

b

00
a [ee]

aAfeTcs Kak cyMMa ff(x) dx + ff(x) dx. B atom nocaenHem onpenenenuu

-0 a
BLOOD BeJHUHHB @ Ge3pasiHyeH.

') 910 naspanue, mpunaniaexamee Xapam (Hardy, Proc. London Math.
Soc., XXXIV, 16 (1902) ), noxuepknBaeT aHAJOIHI MEX1y HHTerpaiaMu ¢ Gec-
KOHEYHBIMH TpejenaMu H 6eckoHeuHbIMM pajgaMu (infinite serics).
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4.41. UHTerpadnl ¢ GeCKOHEUYHBIMH HpejeJaMu
OT HempepbiBHHIX (yHKIHHA.
Heo6xoanmoe H A0CTATOYHOE YCJOBHE CXOAUMOCTH

(o]

TTokaxeM, 4TO A8 CXONHUMOCTH HHTerpaja ff(x)dx Heo6X0AUMO -

a

H JOCTATOYHO, YTOOBl A/ MI0GOr0 MOJOXHTEJLHOI'O YMC/Ad € CYULeCTBO-
o

BaJO TaKOe MOJMOXUTeAbHOE uHCA0 X, uTO ff(x)dx <& BCAKHH
<
pas, xoria x” > x' > X. :
YcnoBre 3TO, OueBHIHO, He0OXOZUMO; Aad NOKas3aTelbCTBA €r0 10-

CTAaTOYHOCTH IPelNnO/NOXKHM, YTO OHO YIOBJETBOPAETCA; TOrLa, €CJH
a+n

n> X —a, rie n— NOJOXHTE/IbHOE LEN0€ YHCJIO, H S,,:f f(x)dx,
: [/]
TO Mbl UMEEM

lsn+p—snl <e.

Orcona, cornacko § 2.22, BuiTekaer, yTo S, CTPEMUTCA K HEKOTO-
pomy npelneay S; nanee, ectu.§> a--n, T0

a+tn

13 £
S—[fwax|<|S— [ fendx|+| [fxax| <2,

atn

U Clei0BaTeqbHO,
£
lim ff_(x)dx:S.
E>o0
a
Takum 06pasoM, YCJOBHE H LOCTATOUHO,

4.42, PaBHOMepHas CXOAMMOCTH MHTerpaJa
¢ GeCKOHEUYHBIMH NpeaejaMu

oo

ToBopAar, uTo HHTerpan ff(x, a)dx CXONUTCS pPABHOMEPHO OTHO-

a
CHTeN>HO 0 B JAHHOR O6MacTH 3HayeHHH o, eCAH M NPOU3BOJLHOrO
NOJIOKHUTENbHOTO YUC/A3 & CYIIeCTBYeT TaKOe 4YHCA0 X, He 3aBHCAlUee
OT a, 4TO '

fof(x, a)ydx) ‘<a‘
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I BCeX 3HaueHWH o B paccMaTpuBaeMoM OO/acTH U /9 BCeX 3HaUYeHHH
x’ > X. Yararens nerko ybeaurcs, cpasuuBas §§ 2.22 u 3.31 ¢ § 4.41,
(oo}

YTO AN PABHOMEDPHOH CXOAMMOCTH MHTerpana ff(x, a)dx B nauHott
’ a

obsacty 3HaueHMH o HeoOXOXMMO H JHOCTAaTOYHO, uTOOGH AJas awboro

NOJIOKUTENBHOIO UYHCJAA & CYIeCTBOBAJIO Takoe uucji0 X, He 3aBHcAllee

OT @, YTO

»

X

ff(x, a)ydx| <e

x'

118 BCeX 3HaueHMH o B paccMarpuBaeMolt obaactd, xoraa x” > x' > X.

4.43. Tlpu3HakH CXOLHMOCTH HHTErpanos
¢ GeCKOHEUHHLIMA MpejeJaMH

CyILeCTBYIOT TNPHU3HAKH CXOAMMOCTH HHTErpasoB ¢ GeCKOHEUHBIMU
npenesaMy, aHaJOrHyHble JHaHHLBIM B TJ. 2 nna cxonuMoctH GeckoHeu-
HBIX DSALOB.

Huxkecnenyouue npusaHaku UrpaloT OcOGeHHO BAaXKHYI0 DPOJb.
(I) AGCONIOTHO CXOAAILHECH MHTerpaiabnl. MoOXHO mNoOKasaTh, uTO
fee)

[o0)

f f(x)dx 3aBenoMo OyleT CXOIMTbCH, eC/H f | f(x)] dx cxomutcs;
a a
O NMepBOM MHTerpaje TOrla FOBOPAT, YTO OH aGCOMIOTHO cxoautcs. Jlo-
Ka3aTeJbCTBO NMONOOHO NpuBeXeHHOMY B § 2.32.

Mpumep. lpusnak cpasnenus. Ecnu | f(x)| < g(x) u f g (x)dx cxo-
aq

[oe]

IUTCH, TO f F(x)dx 6yner abCcOMOTHO CXOAAMIUMCH.

a
0

[MpuMmeuwanne [upuxae!) ykasan, 4TO Aa8 CXOXHMOCTH ff(x) dx

a
He Heo6xodumo, uTobu f(x) >0, xorma x-»co. ITO MOKHO BHAETb H3 pac-
CMOTpEHHA q)ynxum{

f(x)=0 : (r<x<L<nd1—(n+1)72),
f(x)—(n+l)‘(n+1~—x){x—(n+1)+(n+1) 2}
(n+1—@+D)72< et 1),

) Mpumep, naunnit dupuxne, Oma f(x)=sinx? (Dirichlet, Journal
fiir Math XVII, 60 (1837)).
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3

rie n NPHHEMaeT BCe Lejue 3Hauenua. B camom nexe, f f(x)dx Bospacraer

0
" on+l o

BMecTe € § H f f(x) dx=—é—(n+ 1)~2, orciona caenyer, uto f f(x)dx cxo-
n L ’ 0

autea. Ho mpu x=n4+1— %(n F1)72 nmeeMm f(x) = %—; CIe0BaTENBHO,

f(x)-He cTpeMHTCa K HyMo.]

(1) Npusnax Makaopena — Komn!). Ecan f(x)>0 u f(x) =0

MOHOTOHHO, TO ff(x)dx K pan Ef(n) CXOIATCA MU PaCXOAATCS
1

‘n=1
OJLHOBPEMEHHO.
6o
m+1
fm> [ fdx>sm+,
OTKYyAa "

n 1 1
Y 70my >’f f(x)di> S]f(m). ‘
m=1 n. m=2

I'Iepﬂoe HEPABCHCTBO NOKa3nlBaeT, YTO eCaH PAA CXOAHTCH, TO BO3pacraio-
n+1

1as nocaeRoBaTedbHOCTb f f(x)dx cxomurca (§ 2.2), koraa n-—> 0o, NpHHH-
i

x!
Masg lejdble 3HAYeHHs, a OTCIOAA HENOCPENCTBEHHO Caelyer, uTO f f(xydx

: 1
CXOAuTCH, KOTMAa X’ -»00; 06paTHO, eclH HMHTErpaa pacxomurcs, To 6yaer pac-
XOMAIMMCA H PAM. )

Bropoe HepaBeHCTBO MOKa3biBAeT, YTO €CAH PAX PAaCXOIHTCHA, TO pPacxo-
AUTCA M MHTErpal, a €CHH HHTErPad CXOAMTCHA, TO OyHET CXOAHTHCA H pax (§ 2.2),

(1) Mpusnak Beprpana?). Eciu f (x)=O(x1'1), TO f f(x)dx

cxoautea mpu A< 0; ecan f(x)==0(x"1{ig x}k"l), TO ff(x) dx

CX0AUTCA NpH A< 0.

OTH pesyabTaThl ABAAINTCA YACTHHMH CAY4adMH NPH3HAKA CPABHEHHd, AaH~
#oro B (I). :

') Maxaopes (Maclaurin, Fluxions, 1, ctp. 289, 290) Brcka3nBaer B cao-
BecHOHt (opMe yTBEpXKAEHHE, NO CYMECTBY 9KBHUBAACHTHOE STOMY INpH3HaKY.
Butson Kommn nan B ero counsenusx (Cauchy, Oeuvres (2), VII, 269).

) Bertrand, Journal de Math., VII, crp. 38, 39 (1892).
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(1V) Npusuax Lliaptbe!) A8 HHTErpajos, COAEPKAUHX NEPHO«
audeckne tynxnuu. Ecan f(x)— 0 MOHOTOHHO, KOTLa X —> 0O, H €CaH
X o

f<p(x)d.x OrpaHUyeH NMpH X —» 0O, TO ff(x)cp(x)dx CXOJUTCH.

a a
X

B camoM Ieae, nycTh BepxHeil rpanuuel aas fq:(x) dx| 6yner A; Mu
a
o ¢ .
MoxeM HaiTH Takoe X, 4t0o f(X) < 54 TPH X > X, u Torga no BTOPOIi TEO-

peMe o cpelHeM 3HaueHun mpu x” > x’ > X umeem

x" 3
[reemax|=]7e) [ o de|=

13 x

=1 |[ e dr— [ o dx|<247() <,
a a ‘
YTO U ABJAFAECTCH YCJIOBHBM CXOUMOCTH,

sin x
X

oo
Mpumep 1L / dx cXomuTcA,
0

oo

MTpumep 2. fx“ sin (x® — ax) dx cxoxmred.
0
4.431. IIpusHaku paBROMepHOHi CXOAHMOCTH HHTErpaJoB
¢ GeCKOHEUHLIMH mpejeaMu 2)
(1) Npusnak Baane-Myccena®). YnraTeab J€rkO yCTAaHOBHT, MOJb-
oo
3yachb paccyxiaeHueM §-3.34, yrto uHTerpai ff(x, a)dx cxomuTcs

a
pPaBHOMEPHO OTHOCHTE/JBHO & B HEKOTOPO# 00JacTu 3HaueHuHl o, ecau
npu 9THX 3HaueHusx | f(x, a)| < p (%), rie p(X)— He B3aBHCHT OT «
[o9]

1 MHTerpai fp(x)dx cxoaurcs. [M6o, BuGupasa X Tak, wuTO
. Q

Y Chartier, Journal de Math,, XVIII, 201—212 (1853). 3ameuaTenbHo,
‘4TO STOT NPHBHAK IAS YCAO6HO CXONALIMXCSH MHTErpajoB Obl JaH 32 He-
CKOJIbKO JeT 10 TOUHHX omnpejefeHull aGCOMOTHON CXOXMMOCTH HHTerpana.

2) Pegyabrathl storo naparpada u § 4.44 npuHapaexar Banne-ﬂycce{xly
(de la Vallée Poussin, Ann. de la Soc. Scientifique de Bruxelles, XVI,
150—180 (1892)). C

8) 3t0 nasBauue npunaaiaexur Ocrydy.
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"

x" X

fp (x)dx <e mupn x"> x> X, Mb uMeeM ff(x, dx| <e,
d o
;pﬁqu sbibop X He 3aBHCHT OT a.]

fee]
Mpumep. f x%le~¥dx CcXONMTCH paBHOMEPHO Ha a1060M OTpeske

0 -
(A, B) snauennit @ takoM, uto 1< AL BY).
(II) MeTox 3aMeHbl nepeMeHHOH. Mul 1mo3BONHM cebe pa3bACHUTH 3TOT Me-

=)
sinax : »
10X Ha npumepe. PaccMOTpuM uHTerpan / ~— 4, Tne a BemecTBenHO. Myeen
0
x" ax”

f sinax / siny 4
x y
ax'

x!

oo

sin y o

Tak xak y dy CXOAMTCH, TO MBI MOXeM Ha#ité Takoe Y, 4TO
0

"

y
f S";y dy|<e, xorga y" >y’ >Vv.
v

TakuM 06pasoM,

"

X
sin

/’—&——a—x—dx <e,

. x

x!

koraa |ax’|>VY; ecam |2 >8>0, 10

"

X

/'smax dx|<e,
X

%!

Y .
korga x” > x" > X = —, u ator Bbi6op X He 3aBHCUT OT a. Taxum 06pasom,

d
CXOAMMOCTb OyHeT paBHOMEpHOH, Korna ¢ >3 >0 u korna a <{—38 < 0.
© ¢ a 7~
Opumep. f f sin (82x%) d§ } dx paBHOMepHO cx0AHuTCA B M0GOH 06aaCTH
1 lo ‘

BeleCTBEHHbIX 3HAYeHuH a.
(de la Vallée Poussin)

') Orpanmuenue 1< A u3MHIUHE H HYXHO TOJBKO JAS TOrO, 4TOGBL HHTE-
Fpanx He 6bln HeCOGCTBEHHBIM B Hayane xoopauHat. ([Tpu. ped.)
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alx?
[MTonaraem (2x® = 2 u.moAb3yeMCA TEM, YTO f 27 sinzdz | ue npesoc-

V]
o

-1 .
XOIMT MOCTOSHHON, He 3aBHCANIEH OT a M X, Tak KakK f 2~ esinz dz cxozxurca.}

o
(III) MeTrox HHTerpHpoBaHHs No dacTaMm. Ecau

f/(x, ) dx =g (%, a)+fx(x, o) dx

o0
i ecau ¢ (x, a) >0 PaBHOMEPHO OTHOCHTEAbHO a MpPH X -> 00, A f Y (x, a)dx
0

oo
CXOIHTCH PaBHOMEPHO OTHOCHTEAbHO o, TO OYEBHAHO, UTO f f(x, «)dx cxo-
‘ 0
JUTCS PaBHOMEDHO OTHOCHTEJBHO a.

(IV) Metox pasiaoxeHHs.
[Tpumep.

oo

/' cos x sin ax dx=l./‘ sin(a 1) x dx+—1-f sin (@ — 1) x dx;
X 2 X 2 X
0 0.

0

00a nocAefHHX uHTerpdna GyAyT PaBHOMEPHO CXOAAIMUMHCH B MoGoiH 3aMkuyTOH
06jacTH BEMIECTBEHHBIX 3HaueHHH a, He copepxaumed Touek a= + 1.

4.44. TeopeMmn, OTHOCAWHECH K PAaBHOMEPHO CXOAAUIMMCH
HHTerpajiaM ¢ GeCKOHEUHBIMH NpejelaMu

[os]

() ITycme f J(x, a)dx cxodumcsn paauo»tepuo,' Koz20a o aexcum
a

8 o6racmu S.
Ecau f(x, a) — Henpepusran yRxyus o6eux nepemennsx, Kozoa
’ o) -

X>auo aexcum 8 S, mo f J(x, a)dx 6ydem Henpepoisnoll ghynw-
a

yueii om al),
JecTBUTEAbHO, AN JAHHOTO & MHl MOxeM HaHTH Takoe X, He 3a-

sucaujee om a, 4ToO ff(x. a)dx|<e npu £ > X.
£

'y 3tor pesyabtat npunamaexur Crokcy. Yreepxnenue CTokca raacwr,
YTO uHTerpan GyneT HenpepuiBHOA (QyHKuuel OT ¢, €CaM OH CXOLMTCA «He Gecr
KOHEYHO MEIJICHHO».
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3aTeM Mbl MOXeM HaliTh Takoe 8, we 3asucauiee om x U &, 41O

If(xv a)_—f(x;

KOraa
Ja—a’] < 3.

A STO 3HAYUT, YTO AJA JAHHOrO & MHl MOXKeM Ha#TH Takoe O, He 3a-
BHCAIIEE OT &, 4YTO

X
<[ o—fx an)ax|+

foof(x. °t’)dx~—j‘?f(x. a)dx

< 3e,

+| [ fx anax|+
X

fof (x, a)dx
X

xoraa |a/ —a| <3, 4TO K ABAAETCA YCJOBHEM HENPEPHIBHOCTH.
(1) Ecan f(x. @) yoossemsopsem mem e CAMbLM YCAOBUAM,
amo u 8 (I), u ecau o6racms S codepacum ompe3ox

ALe B,
mo
B

f‘j‘of(x a)dx}dq:f{ff(x, a)da}dx
A \a a A

B camom zene, coraacio § 4.3

B £ E¢ B
!{!f(x, a)dx}da:!{!f(x, a)da}dx

Tostomy

£E( B
{ff(x a)dx}da {ff(x, a)da}dx =
f{f)f(x. a)dx}da

A
LJ BCEX AOCTATOYHO GOJbIIMX 3HAYeHHM §,
Ho cornacio §§ 2.1 u 4.41 970 M ecTb yCNOBHe TOIO, YTO Cylie-

CTByeT npeien ‘B
|
lim (x, )da }dx
E-)ooaf{:{f j

B

/

A

B
<feda<e(B——A)
A
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U UYTO OH paBCH

B ©
!{ff(x, a)dx}da..

a

o0

Cnencrtrue. CooTHOmEHHE % /‘cp (x, 0)dx = / % dx crnpaBelIuBo,

a a

€CJH HHTerpaj ClpaBa PAaBHOMEPHO CXONMTCH, €CHH €ro MOJHHTErpaibHas GyHK-
Lug ecTb HenpepeiBHa® QYHKUHA OOEHX NEPEMEHHBIX, KOTAA X >4 H o JEXHT
B o6aactu S, ¥ €C/H MHTErpan cleBa CXOAHTCH.

0y
Mycts A -—rTouka obsactd S, u mycTs 5;— f(x, @), TaK YTO COI'JIAaCHO

npumepy 3 § 4.13

ff(x, a) da =g (£, @) — o (2, A).
A

oo a ]
Torna unterpan f {ff(x, o) da i dx 6yner cCXOAUTHCA, @ 5TO 3HAUHT, 4TO
a (A

(e8]
HHTErpan f {o (x, @) — 9 (x, A)} dx CXOmHTCH; CNEROBATENbHO, NOCKOJAbKY
a

[ee] (o]
f ¢ (X, a) dx CXOAHTCSH, NOMKEH CXOAHTbCHA H f ¢ (x, A)dx.
' a

Jaaxee,

';&“[/m‘?(x' “)d] di[/mmx, a)— ¢ (x, A)}dx]:
a
=—[/ f f(x, @) da dle——— a{ f(x, a)dxp da=

a A
[f(x a)dx—/a? dx.

a 9TO U ecTb TpefyeMbiii pe3yabTaT: 3aKOHHOCTb H3MEHEHHS TOPAJKA HHTErpH-
poBaHus Obila OOOCHOBaHa TOABKO 4TO, @ 3aKOHHOCTH AH(depeHnupoBaHus
a

HHTerpana f no « ocHoBaHa Ha § 4.44 (I) n npumepe 3 § 4.13.
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4.5 HecoGcTBeHHbe HHTerpajnl. I'aaBHbIE 3HAYEHHA

Ecmu |f(x)|—>o0 npu x—>a~-0 u ecau npenen
b

lim f(x)dx,
BCE e CyHleCTBYeT, TO €ro 0003HaualoT OOBIYHBIM CHMBOJOM

b
[ 7xax

¥V HA3BIBAIOT HECOGCMBEHHbIM UHMEZPALOM.
Ecm |f(x)| —co, korna x—>¢, rie a < c¢ < b, T0 cymMma

lim ff(x)dx+ tim ff(x)dx
c+9/
BCE KE MOXKer CyUJ,eCTBOBaTb, B 3TOM C.le'-lae €€ OIATb 0603Haqa10’r
b

CHMBOJIOM ff(x)dx M TaKiKe Ha3blBAlOT HECOOCTBEHHBIM HHTErpaJIoM,
b :

MoxeT, OLHAKO, CIYUMTbCH, YTO HHM OAMH M3 STUX MPEJAE/]IOB He Cylie-

cryer, korga 8, 8'—(Q He3aBHCHMO JApYr OT JAPYyra, HO CYIUeCTByeT

npejea

Jim ff(x)dx—-{— ff(x)dxl
c+3 J
STOT npenen HAa3bIBAETCA TOraa TJaBHBIM 3HAaUY€HHEM Kown HHTErpana
b

ff(x) dx u o6os3nauaercs Aas KPaTKOCTH CHMBOJIOM Pff(x)a‘x

,U,Jm HeCOOCTBEHHBIX HMHTErpajoB MOTyT ObITb nonyqe}m peay.ib-
TaThl, aHaJOrMyHble pasyabratam §§ 4.4—4.44. Ho anq npaxtuku
TpebyeTcs rTaaBHeIM oOpasoM (I) mnoHsTHe abCOMIOTHOR CXOAHMOCTH,
(II) ananor npussaka cxoxnumoctn bBeprpana, (II) anazsor npusHaka
paBHOMepHOCTH cxoauMmocTd  Bamne-Ilyccena. BmBox ux mnpego-
CTAaBASIETCS] YMTaTeqo, KaK W pacCMOTpeHHe HHTErpajoB, B KOTOPHIX
NOJAMHTerpanbHad (yHKUHA UMeeT OeckOHeyHBHH mpeden OoJsee ueM
B QIHOH TOuke 0GJacTH MHTErpHpPOBaHuUs ).

1) Moapo6Hoe H3JOXKEHHEe HECOGCTBEHHHBX HHTErPaloB AaHO B Kkuurax Io6-
cona u [lupnonra (Pierpont, Functions of a real variable), k koTOpsiM
Mbl M OTChiJaeM uuTaTend. CBA3b MeXIy MHTErpanamu c 6ecKOHEUHbIMH npe-
feJlaMu 1 HeCOOCTBEHHBLIMU HHTErpaJaMu ycTaHoBleHa bpomyuueu (Bromwich,
Infinite series, § 164).
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b

Mpumepn. 1) f x "' cos x dx — HecOOCTBEHHNH MHTErpad.

4]
1

2) f xh (1 — x)‘st—l dx —necoBcTBenHbft  unterpaa  mpu 0 <A <1,

0
0 <p <1 OH He cxomuTcd RJs OTPHUATENbHBIX 3HaYeHuit 2, M p.

2
x'.('-l
3) Pf1 " dx — rnaBHoe 3HaYeHHe HECOOGCTBEHHOrO HHTerpanta MpH
0
O<ax<l

4,61, MismeHeHHe mopsaKka HHTErpPUPOBAHHSA
B HEKOTOPHIX MOBTOPHBIX MHTErpajax

O6uye ycioBYsl 3aKOHHOCTH H3MEHEHHS IOPALKAa HMHTErPHPOBAHHA, KOrAa
NOJMHTErpanbHas (YHKIMA HE HENpEpHBHA, NOXY4HTh TpyaHo. Caexyouwmit
npUMep XOpOLIO NMOKA3HBAET 3aTPYAHEHHA, KOTOPblEe NPHXOZUTCS MPEONOAEeBATH
BPH H3MEHEHHH NOPAIKA HHTEIPHPOBAHHUS B IOBTOPHBIX HECOGCTBEHHBX HHTErpaiax.

[ycts f(x, y) — Henpepvinas gyHkyus o0eux nepemMesnsx, i NycTh

0<AiK], O<pgl, Oy,
10r/2

X

1 1-
fdx f A Tlypl (1 x — y) = f(x, y) dy | =
0 0

1 1-y
=fdy f A lypm (L — x — y) =1 f(x, y)dx
0 0

dra ¢QopMyaa, BuepBbie ykasanHas J[lupuxise, MrpaeT BaxHY DOJb
B TEODHH MHTErpaAbHHX YypaBHEeHUH; HCCHEIOBaHHE, KOTOPOE MBI 3/1eCb JaauM,
NPHHALIEKHT [“ypsnuy‘). g

Nyers x2~Typ=! (1 — x— y)~Lf(x, y) = ¢ (%, y), n nycts M Gyner Bepx-
Heit rpannued Momyas | f(x, y)|.

1
Mycts 8 — moboe MOJNOKHTEJIbHOE YHCAO, MeHbluee 3
[TocTpouM TPEYrOAbHHK CO CTOPOHAMH
x=8 y=3 xty=1-38,

BO BCeX TOUKAX BHYTPH M Ha KOHType 3TOro TpeyroibHuka QyHkuus ¢ (x, y)
GyleT HemnpephlBHA, W OTCIONA, O cieAcTBuio § 4.3,

1-23 1mx—3 1-28 1-y~3

[ ast [ ¢ (x, y)dy =[ ay{ [ ey
3 & 8 9

) W. A, Hurwitz, Annals of Mathematics, IX, 183 (1908).
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Hanee, .
1-2 1~x 1-2% lax-3 1-23 193
fdx{f <p(x.y)dy}=f dng ?(x.y)dy}+f s [ 1, dx
3 0 6 A6 8 8
rie

6 1-x

Li=[endy, L= [ oxyay

0 lex<3

Ho
8 8

1< [ M7 A — gy T dy <M T == [0 ay,
0 0
TaK Kax
(I—x—y)"" <A —x—8)""

[TostoMy nonoxuB x = (1 —3) x,, Gyaem umern !)

1-2 1-3
lf Ldx|< Mvp= [ 2 (1—x =8 dx g
3 0
1
<Ma“p"(1—s)‘+""fx}“(l-xl)”'l dsx, <
0
<M A —=3)TTB (L v) >0, korma B ->0.

123
[MonoBuviM e o06pa3oM MOXHO yG6eAuTbCS B TOM, qrof ldx >0
H

npu 3 > 0.
Orciona 2) ‘
1 le=x 1-25 1-x ‘l ‘
fdx{f ¢ (x, y)dy}=alim0f dx{f ¢ (x, y)dy } =
0 0 >3 0 J
1-23 J 1-x-8 1-23 lwey~j ]
= m | dxlaf <p(x,y)dy}=5h_t)noaf ary{! <p(x,y)dxj>

1
) fxi"l (1—x)"tdx,=B(\,v) cymectsyer, ecnn 1>0, v>0

0
(§ 4.5, upumep 2).
2) 3TOT MOBTOPHEIH MHTErpaJ CYLIECTBYET M Aawe abCOMOTHO CX0uTcs, H6O
1-x
f [ 11— x— )7 f(x, yydyl <

]
1

< Mx1(1 = x)P+-l fs““‘(l-s)”" ds,
Q
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no D,OKH%&HHOMy BbIII€; TOYHO TAaKHM K€ paccymneHHeM‘y6enuMCE, 41O
NOCJCAHNN HHTErpaJa paBcH

1 i~y
[ay fv(x,y)dx}l
Q

0

CuelloBaTENbHO, TpPEINOXEHHas TeopeMa jJoKasaHal).
CanencrBue. Ilonowus §=a+4(b—a)x, n=0b—(b—a)y, BHIUM,
yto ecan ¢yukuus ¢ (§, 1) HenpepuBHA, TO

b b
fdeff(a-a)k‘l C—""t—8"Te G ) dnl=
a lﬁ J

v .
=[ar{ [G=ar =" —8"Te ) de}.
a a

ATo COOTHOILIEHHE Ha3bBaeTcss gopmyrol Lupuxaie.

[IpuMevanue.  VHTerpaab ¢ GeCKOHEYHBIMH mpeletaMH H HecoOCTBeH-
Hple uurerpaas Obam  BBeneHol Komm (Cauchy, Lecons sur Ie calc. inf,
1823), xoTsi mAeda MHTErpajoB € GECKOHEUHHIMH NpejeNaMH, Kamercd, Cynie-
cTByeT cO BpeMmenn Makaopena (1742). [IlpusHak cXOZMMOCTH  HMeeTCd
y Wapree (1853). Crokc pasanuan «cymecrBeHHO» (aOCOMOTHO) M «HECyule-
CTBEHHO» CXOJSILIMECS HHTErpabl, XOTS OH M He Jalx A HUX TOYHOro ompeje-
aenusn. Taxoe ompenenenne O6wnio  maHo Jupuxae B 1854 wu - 1858 rr.
(cv. Dirichlet, Vorlesungen, 39, 1904). B nepsoii monosune XIX cronerus
HecoO6CTBEeHHble HMHTErpann npuBiAeKand Oojbine BHuMaHfAs, deM WHTErpasb
¢ GeCKOHEeUHBIMH IpejedaMH, MO Bcel BEPOATHOCTH, MOTOMY, 4TO He BIIOJHE
CO3HABAJOCh, UTO HHTErpaj ¢ GECKOHEUHBIMH IpejelaMd B UEHCTBUTEAbHOCTH
ABAAETCA NPENENOM HHTErpaaa. ‘

riae nojoxeHo y = (1 — x)s; unrerpan xe

1 1
: fo”'l(l——x)““—ldxfsi“l(l—s)"_lds
0 0

CyurecTByer. A MOCKOJABKY 3TOT HHTErpan CYIIEeCTBYyeT, TO €ro 3HaucHue,
P 1-28

paBHoe lim , MoxeT ObiTh o6o3HayeHo lim .
3, >0 F >0 v
Q

"y C nosaenneM unterpana Jle6era M CBA3aHHOrO ¢ HUM npunyuna Dy-
Ounu («CyMMa» NOMOXKUTENbHBIX CAaraeMblX He 3aBHCHT OT COCO6a «CyMMHupO-
BaHHA») HEOOXOAMMOCTb B MOMOOHHIX HCCAeNOBaHUsAX oTnana. TeopeMa cpasy ke
caeayeT u3 ofIuX yTBEpxkAeHud, cMm., nanpumep, M. 1. Hataucown, Teopus
¢dynxuuii BemectBennon nepeMmennol, [ocrexuszar, 1957, ctp. 379—387, u
B 4aCTHOCTH, TeopeMy 2 Ha ctp. 387. ([Tpun. ped.)
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4.6. UnTterpupoBanue KOMILIEKCHHX (YHKUMi!)

WuTerpupoBaHie 10 BeLIECTBEHHOM TNepeMeHHOM X MOXHO pac-
CMATPUBATL KAK MHTErPUPOBAHHE BAOJb CNELMATHHOTO MNyTH (a MMEHHO
II0 YacTH BellleCTBEHHOH OCH) B MJIOCKOCTH KOMILIEKCHOTO NepeMeH-
nHoro. Tlycte f(2)(= P -+ iQ) — dbyHKuUA KOMNIEKCHOH TepeMeHHOH 2,
HenpephlBHAS BJAOJb MNpPOCTOH Kpnsoﬂ AB B MJI0CKOCTH KOMIJIEKCHOTO
TlepeMeHHOTO.

IlycTs ypaBHeHUs KpuBOH OyiyT

x=x() y=y@ (ea<tb).
Ilycth, Zanee,

x(@)+iy(@)y=2z, x@)-+iy(b)=12

Ecan?) x(f), y(f) umeT HenpephiBHHE INPOU3BOAHEE S), TO Mbl
Z .

onpeodersien ff(z) dz, Baarthift BAOIbL TpocToit kpuBod AB, Kak

% b
f(P—}—iQ)(%—{—i%)dt.

«dnuHay xpusolt AB ompeneaseTcd HHTErpajoM

VG -

dx® dy
: dt ' dt
o6pasoM, Mbl cBeJd BONMpoC, 06 uHTEerpane B O00JAaCTH KOMIIIEKCHOM

nepeMeHHONH K- PAaCcCMOTPEHUIO ‘-leTblpBX BCLIECTBEHHBIX  HHTETPAJOB,
a l/lMeHHO'

b
/P—dt deydt fQ‘fi—f, /Qd—ydt
a

Cornacio npumepy 4 § 4.13 910 onpenesnenne  corjacyercs
C ompele/ieHHeM UHTerpasa B TOM ciaydae, korla AB sBaseTcs 4acTblo
BeleCTBeHHOU OCH.

OHa, OYeBUIHO, CyuleCTByeT, ecCJ/H HENPEpPbIBHB; TAKHM

) Teopuio MHTETPUPOBAHHS KOMIIEKCHBIX byHKIHH, OCHOBAHHYIO Ha HHO¥
CHCTEMe NOHATHH M HE 3aK/MOYAIOWYI0 TaK MHONO NPEANONOKEHHH OTHOCH-
TenbHo Kpuso# AB, moxkno Haiitu y Barcona (Watson, Complex integra-
tion and Cauchy’s theorem)

?) Takoe npeamojowenue Gyner deaaTbcsi BO BCEM  [OCAEAYIONIEM
H3NOMEHUH.

) Cm. § 4.13, npumep 4.

8 3. T. Yurrekep, Jx. H. Batcoy
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z
MMpume po. ff(~) dz = —ff(z) dz, T1e NyTb UHTErPAPOBAHHA OAHH

2y

H TOT € (HO NMPOXOJHTC B HNPOTHBOMOJONHBIX HANpaBAeHHAX),

V4 Z b
. - dx y dx _
./.dz_.Z—zo, t/qzdz._ Q[{x —Y g +l< t+y7> df =
b

2 2 a
t

4.61. OcHoBHaa TeopeMa AJA HHTErpaloB B KOMIJIEKCHOH o6GaacTH

Us peaynntatoB § 4.13 Jerko BbIBECTH CJAENYIOHIYIGC Teopemy.
ITycte B3sTa OGecKOHeyHas MOCAEAOBATENbHOCTb TOYEK HA INPOCTOH
KpUBOH 2,Z; nepBHE 7 H3 HHUX, PACNOJONKEeHHble B MOPALKE BeJHYHHbI

napamerpa, o6oanaumM uepes z{”, 23", ..., 2" (zé”)——z 0s zﬁ,”il _Z)
a COOTBETCTBYIOLUHE B3HaueHUs NapaMeTpa — yepes R LA

NycTb NOC/JELOBATEBHOCTb TAKOBA, YTO MpH Ji000M HaHHOM duciae ¢ > 0
Mbl MOXeM Ha#ttu Takoe N, uto npu n > N OyieM HMeTb t(,'ﬂl -—-—t(,”) <3

as r==0, 1, 2, ..., n; nycts (" — moGas Touka, napameTp KOTopo#

aexur mexay £, t(,'le, TOTZA BHpaXeEHHE

n V4 .
E (e — 2 f (@) — [f@as

MOXHO CHeJaTb NPOHU3BOJNILHO MAa/bIM, B3fB A LOCTATOYHO GOJIbILIUM,

4.62. Bepxusas rpaHuga MOAYJA MHTerpaJja
B KOMILIeKCHO# o6nacTH

[lycte M — Bepxusis rpaHuua HempepuiBHOR QyHKuuu | f(2)].
TOI‘lla

ff(z)dz < f!f(z)i (%1 ar <

I

b

L)

l |
<'/M{l(%)2+(d_¥>2i at < M,
rie ! — nanua kpusolt 2,Z. ‘

z

ViHpIMH COBAMH, ff(zj dz| ue Moxer npesocxomuts M,
20
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4.7. UnterpupoBanne (eCKOHEUHBIX pPALOB

[TokaxeM Tenepb, uTo ecau S(2)==u,(2)+ uy(2)-+ ... — pasuo-
MepHO CXOAAINMACH DAl HENMPEPBIBHBIX (GYyHKUMA 118  3HaYeHH# 2,
colepxalMXCs B HEKOTOPO# 006JacTH, TO pAX

fal(z)dz—1— fu2(z)dz—|—
o C

(rie Bce uHTerpajiel GepyTcs BAOAL HexoTOpOro myTh C B 9TO# 06aacTH)
Oyaer CXOAMTHCA M ero CyMMoft Gyner

f S(2) dz.
C

B camoMm nene, MOJOXHB
S@Q=u @)+ u,@)+ ... +u,(&)+R,(2),

OyneM HMeTb

[Ss@az= ful(z)dz_—}— oo F [u@dz+ fR,,(z)dz,
C C C C

Tak xak JaHHBIA pAd PABHOMEPHO CXORHTCH, TO KaXIOMY M0JO-
HUTENbHOMY UHCAY € COOTBETCTBYeT TaKoe UHC/IO F, He 3Q8u-
cauwee om z, uTO nNpu n>r uMmeeM |R,(2)| <e ans Bcex
3HayeHuR 2 B paccMaTpuBaeMoft o6JsacTu.

IMostoMy, ecau [—-n1AMHA  TYTH  MHTETPUPOBAHHSA, TO  Mbl
uMeeM (§ 4.62)

< él,

f R, (2)dz
C

T. €. MOAY/Jb PA3HOCTH MemIy
n
fS(z)dz " 2 fum(z)dz,
C m=1C

MOXHO caenarhb MeHblIE, yeM nw6oe NOJIOXKHUTEJNbHOE  YH(CJIO0,
naBas n J0cTatoyHo 0oJbllioe 3Ha4YeHHe. ITO JOKasbplBaeT, 4YTO pHAA

(o]
2 fum (2)dz cxoAMTCR M YTO €ro CyMMa paBHa
m=1C

f S(@)dz.
¢

8*



116 ri1. 4. TEOPHS MHTETPAJA PHMAHA

Cnencreue. Kak u B caenctsun § 444, MoxXHO moKasaTh, UT10!)
(o] (oo}
d d
v Uy (2) = 77 Un (),
n=0 n=0
€CAH DAL CTPaBa CXOAMTCS PABHOMEPHO M PAJL ClieBa CXONHUTCH,
[Tpumep 1. Paccmorpum pan

[es]

N\ 2x{n(n+-1)sin?x2—1} cos x?
dad (14 n?sin? x2} (14 (n+ 1)2 sin? x2}
n=1

B KOTOPOM X BEIIECTBEHHO.
3xech n-d yaeH paBeH

2xn cos x? 2% (n-1) cos x?
T-Fn2sin?x? 14 (n+1)Zsin2x2’

¥ CAEl0BATe]bHO, CYMMa 7 TIEPBHIX UJIEHOB PaBHA
2x cos x? 2x (n+ 1) cos x?

1 - sin? x2 1--(n+41)2sin2 x2 °

OTcona caenyer, 4ro pax a0CoJIIOTHO CXOAMTCH IJAS BCEX BEIIECTBEHHBIX

anauenuit x, uckmouasn + Vomw, rae m=1,2, ...; HO
_ 2x(n+1) cos x?
R () = 14 (n+1)2sin2 x2 "’

H ecan n — Kakoe-HMGYIb Leaoe wucao, 10 mpH X = (n -~ 1)"1 npenesom R, (x)
npu n->co 6yner 2. Ilostomy, BOau3H x =0, pSA CXOAMTCA HEpaBHOMEPHO.
Ero cymma pasna

2x cos x?

14 sin2 x? ~

Wnterpaa ke sto#t cymmpi or 0 no x pasen arctg {sin x2}. C npyro# ctopous,
cyMMa HHTerpasos of 0 10 X NMEepBHIX n YNEHOB DPAia paBHa

arctg {sin x2} — arctg { (n - 1) sin x2}
. 1
u OpH n->co OHAa cTpeMurcd K arctg {sin x2} —5 [TosToMy HHTerpan cyMbl

1
psaa OTJAHYAETCA OT CYMMbl pPsla MHTErpaJgoB €ro 4JEHOB Ha g‘ﬁ

[Tpumep 2. PaccMorpeThb MOJOGHBIM XKe 06GpPasoM paj,

i 2" x {1 —n(e—1) Je?+1x2}
n(n+ 1) (1 + e"x?) (1 4 e”+1x2)

JUigd BEIIECTBEHHBIX 3HAUEHUH X.

af(2) fz+h)—1(2)
h

1y ==~ osznayaer lim , rie h—>0 Broas ompenene-

dz B0

HOK TpPOCTON KpHBOH; 3TO ompeneneHue OGynerT cJherka BujaousMeHeHo B § 5.12
Aag cayuyas, koraa f(2) — anasumuneckas QyHKnus.
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Mpumep 3. Pacemotpeth pan

u - uyug ..,
22

—_ _ 2 - -
u, =ze"%, u,=nze " —(n—1)ze~?-D#

rae

1A BEUIECTBEHHBIX 3HauYEHHH 2.

CyMMa TMepBHIX 7 4JEHOB PaBHA nze” ", Tak 4TO cyMMa GeCKOHEUHOFO
psiza pasna 0 A8 BCceX BelleCTBEHHbIX SHaueHnd z. Tak kax uaesnl u, Beute-
CTBEHHBl H TPH ZOCTATOUHO GOABLUIOM 71 HMEWT OJHHAKOBBIE 3HAKH, TO CXOIH-
mocth Gyner aGCOMIOTHOM.

B pane

nz2

(4 14
{uldz—&—fu;,dz—l—...
0 0

1
CyMMa n TepBHIX YJEHOB PaBHA —2—(1 —e™ ™) u cTpemutcs K mpeney % npH

cTpeMieHud 7 K GecKOHEYHOCTH. JTa CyMMa He paBHa uHTerpaiy or 0 jo z
CyMMBI psina 2 Ly, DTO HecoBNaJeHue 00 BACHAETCS HEPABHOMEPHOH CXOAUMOCTHIO
BO6ausx z=0. B camoM Jene, oCTaTOUYHBIH uJeH paja U, -+ iUy~ ... paBeH

—nze~ " ecau B3ATH 2 =n }, on 6yner paBHATbCA — e~/ 10 ecTh He Gymer
NPOM3BOJILHO MajbiM UHCIAOM, NO3TOMY pAj He O6yAeT PABHOMEPHO CXOZMTBCSA
BON3U 2 = 0.

Mpumep 4 CpaBuuTb 3HAUECHHS

4 [ee} . o] 2
N 1
f{z‘u,,}dz n }-‘ fu,,dz,
n=10

0 n=1

rae

P 2n2z _ 2(n+1)2z2

T AT ign D) (It FDR gt

(Trinity, 1903)
JIMTEPATYPA

G. F. B. Riemann, Ges. Math, Werke, 239—241.
P. G. Lejeune-Dirichlet, Vorlesungen (Braunschweig, 1904).
F. G. Meyer, Bestimmte Integrale (Leipzig, 1871).
3. Typca, Kypc maremarnueckoro aHaausa, ra. IV, XIV, OHTH, 1936.
I

. )K.3§3am1e-flycceﬂ, Kypc ananusa Gecxoneuno Mauawix, ra. VI, I'TTH,
1933.

. W. Hobson, Functions of a real variable, ra. V,-1907.

.J. 'a Bremwich, Theory of infinite series, npunoxenne III, 1908,

=l

NMpumepn

1. MokasaTh, 4TO MHTErpaJsl
oo o0 oo
f sin (x?) dx, f cos (x?) dx, f xexp(—x8sin2x)dx
o 0 0 '

CXOAATCH.
(Dirichlet u Du Bois Reymond)
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2. Ecau @ BeluecTBeHHO, TO HHTErpan
oo

cos (ax)
/ TEa dx
0

ecTb HempephiBHas (QYHKLHS OT napaMmerpa a.
. (Stokes)
3. PaccmoTpeTh BOMPOC O PABHOMEPHOH CXOIHMOCTH HMHTErpaia

xsin (x* —ax)dx,

k_ﬁg

]
[3 f xsin (X —ax)dx =— —i——[— 3—;—) cos (x% —ax) —
1 a 1 in (x3 —
__f(?—{-?) cos (x*—ax) dx+§a2f———————sm (xxa ax) dx.]
(De la Vallée Poussin)

[es]
4, TTokasaTb, 4TO HHTerpan fexp[—eia (x® —nx)]dx paBHOMepHO cXO-
o
1 1 .
JIMTCA B WHTepBaAe | — 5 T, o7 | 3HaueHHH a.
(Stokes)
[ee]
atdx

5, Paccmorpers BONMPOC O CXOAMMOCTH HHTerpana f
0

(Hardy, Messenger, XXXI, 177 (1902))
6. MccaenoBath cX0AUMOCTb HHTErpanoB
o] [oo]

1 1 1 dx sin (x + x?)dx
f(x"ve ) B f"‘“‘"———xn -
0 0

(Math. Trip., 1914)

14 x"|sinx)?’
KOTAa v, +, P MOJOXHTENbHHL.

fes]
dx

—— — cymiecTByer.
X2 (sin x)*2

7. MMokasath, UTO HHTErpal /
.

(o]

-n .
8. IMokasath, YTO HHTErpan f x" "¢ ¥ sin 2.x dx cxomurca npua > 0, n>0,

a

[ee)
9. Mycry pan g(2) = 2, (¢, —¢,4,) sin (2v 4 1) =z (B xoTOPOM ¢y == 0) cXO-
v=0
IZHTCA DPAaBHOMEPHO B HEKOTOPOM HHTEpBaje; MNOKa3atb, 4T0 g (2) _HnnT[

(o]
. \Y ¢ .
GyneT NpoU3BOAHOH psana f(z2) = L —vi sin 2vnz.
v=1

(Lerch, Ann. de I'Ec. norm. sup.) (3), XII, 351 (1895,
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10. IToxasath, 410 UHTErpaisl
fea] (o] o0
/‘ /‘ j” dxydx,y ... dx,
(A+5+ ...+

oo [es) [eo]
/’ /‘ /‘ dxydx,...dx,
PR R —}—x;‘z
CXOAATCA, KOTAa COOTBETCTBEHHO
1 - - -
a>on u oo g™t L+ <1
(Math. Trip., 1904)

11. Mycte f(x, y)—HenpepbiBHasd QYHKUHA OOEHX IEPEMEHHBIX X H ¥
B obaactH a L X b, a <y < b, ecau He CUHTATh Pa3PHIBOB <«IIEPBOrO POAA»
B TOYKAX KOHEUHOrO UHMCAA KPHBHIX C HENPEPHBHO BPAINAIIMMHCA Kacarehb-
HBIMH, KaXJAasd H3 KOTOPLIX mepeceKkaer moGy:g NPAMYIO, NapadaeNbHyI0 KOOpAHU-

HAaTHBHIM OCAM, KOHEYHOE YHCAO pas; TOrjia f f(x, y)dx Oyner HenpepbiBHOH
a

¢dyHKIHER ot y.
ay=3; ay—3,

b
[PaCCMOTpeTb f + f T+ f (ft, y4hy—f(x, y)) dx
a a;+e; an+s"
rae uucaa by, 8, ..., £, €5, ... BHOPAHB TaK, YTO OHM HCKJIOYAIOT Pa3pbiBhI
dyukuun f(x, y -+ h) u3 064aCTH MHTErPHPOBAHHS; 4y, &y, ... — PA3PHBHl PYIK-
unn f(x, ¥).]
(Bocher)
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OCHOBHbBIE CBOMCTBA AHAJUTHUECKUX GYHKIIUHA,
TEOPEMbI TEAJIOPA, JIOPAHA W JHYBWLISA

5.1. CsoiicTBa 3/MeMeHTApHHX (QYHKUHI

[Tpeanonaraercq, 4TO YWTaTeNb 3HAKOM C TEPMUHOM 34eMEHMAPHAS
dyuryun, ynorpebiaseMbiM (B yuyeGHuKAX no ajnrefpe, TPUrOHOMETPHH
u auddepennralbHOMY HMCUMCAEHUIO) A48 OOGO3HAUGHHS ONpelesNeHHBIX
aHAJAUTHYECKUX BelpaxkeHufil), saBucsawux ot nepeMenHofl z. Ciomza Bxo-
nsT GyHKuMKU, oOpasyeMbie MOCPEACTBOM AeHcTBUA 3/1eMeHTapHOH anreOphl,
a TaKke [MOKasarelbHble, JOrapuMuUyYecKue H TPUrOHOMETPHUECKHE
¢GyHKUMM; TpuMepaMy NOLOOHBIX BHIDAMKEHUH CJayxKaT

22, &%, lgz, arcsinz’h.

Kom6unauun Takux s/JeMeHTapHHX (yHKUUR aHajiusa 06JaNaI0T HEKOTO-
pbiM OOLIMM MM BCeM 3aMevaTeabHBIM CBOHCTBOM, KOTOpOe Mbl Temepb
M uccaenyeM.

BosbMeM nas npumepa ¢yHkunio e®, ITonoxum

2
Toraa, ecau 2z —- GUKCHPOBaHHAA TOYKA U 2’ — Kakasi-HUOYAb Apyras
TOYKAa, TO MBI HMeeM '
f)=f(2) _ e —e st P11
2 —z T o2—z T —z T

’ ’ 2
2 df—z (2" —2) .
:e{1+ T
¥ TaK KaK pal B CKOOKAX DPABHOMEPHO CXOMLMTCS AJs BceX 3HaieHu# 27,
TO 3aijioyaeM (§ 3.7), uro mpu 2’ -—>2 OTHOIUEHHE

1@)—1()

2! —z

CTpEMUTCA K Mpelely e° paBHOMeDHO .MJs BceX 3HaueHuit arg (2/ — 2).
p p

')y Cnenyer OTMETHTb, 4YTO CMBICA 3TOrO TEPMHHA HE TOT, KOTOPHIK mpH-
nan tepMudy o¢yuxkuua (§ 3.1) B srtofi kHure. Tak, HanpuMep, x—iy ¥ [z],
ABAAACL PyHruusmu z2(=x-iy) B cMmbicae § 3.1, He 6yIyT aNEeMEHTApHHIMU
(QYHKIHAMI pPacCMaTpUBAEMOTO THTIA,
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D10 nokashBaeT, UTO npedes
f(2)—f(2)

2 —2z

8 3MOM CAYy4Ge He 3aBucum Om Nymu, N0 KOMOPouy moixa 2’
cmpeMumcs K cosnadesuio ¢ 2. .

Oxa3sbiBaeTcs, 4TO 9THM CBOMCTBOM O00/alal0T MHOTHE XOpOLUO u3Be-
CTHHIE 3/eMeHTapHble OYHKIHUU, 4 UMeHHO, ecad f (2)— OllHa M3 TaKuX
¢yHKUNR, & £ — KaKOe-HHOYAb KOMIUIEKCHOE YHC/O, TO CYLIECTBYET MNpe-
AeNbHOE 3HAYEHME BLIPAMEHHA

e+ D—f@),

He 3asucswee om cnocoda cmpemaenus h i HYAO.
Yurateab, ONHAKO, JMEerKo. mOkKaxer, 4yto ecad f ()= x—Iy, rie

fle+m—f
h

. . 4
z=x-+1iy, To lim @) O6ydem 3agucemb OT TOrO, KaKUM

obpasom 22— 0.
5.11. OrcrynieHus OT paccCMaTpHBaeMOro CBoiicTaa

Dast kaxnofl u3 sneMeHTapHBIX (QyHKUMA TeM He MeHee CYLIECTBYIOT
onpejesieHHble TOYKM 2, B KOTOPBIX 3TO CBOHCTBO I€PECTAET HMETh

mecto. Hanpumep, OHO He uMeer MecTa A8 (PyHKUHH B TOuKe

Z = @, TaK Kak

tim - { o — o |

hso B lz—a-th Z2—a
He cyuecTByeT npu 2z==a. [lonoOHbIM xe 00pa3oM 3TO CBOHCTBO He
uMeeT Mecta Aas ¢yHkuu# lgz u- 2% B Touke 2=0.

ST HCKJIIOUNTE/bHbIE TOYKH Ha3BIBAIOTCH O0COO0GLMU MLOYKAMU WIH
ocobennocmamu paccMatpusaeMoft ¢gyHxuuu f(2); B OCTaJdbHHIX TOYKAX
¢yukuus  f(2) Oyner, Kak roBOpAT, anasumuyveckold @dyuryued. Insa
OyHKIMH |2 | yKasaHHOe CBOMCTBO He UMeeT MeCTa Hu 8 00HOU mouxe.

5.12. OnpeseneHne aHAJHTHUECKOH (YHKUMH
KOMIIEKCHOTO nepeMeHnHoro no Kommu!)

CeoficTBo, paccmoTpenHoe B § 5.1, npuHuMaeTcd 3a OCHOBY AJif
OnpeleleHUss arasumutieckold @yuryuu, 3T0 onpelecHue MOXeT OblTh
chopMy MPOBAHO CJeLYIOIHM OOpasoM.

Ilycte naHa nByMepHas 06/1acTb B NJOCKOCTH 2, M MyCTb # — QYHK-
uus OT 2, ONpelieneHHas OJHO3HAYHO BO BCeX TOukax obnaacrtu. ITycTe

) Cm. memyap, ynomsnyThiit B § 5.2.
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'z u 2} 08z —3HavyeHus mnepeMeHHOM 2 B ABYX TOYKAX, a #, 4— du—
COOTBETCTBYWOUIMe 3Hauenns u. Torna, ecam B MoGOH TOuKe 2 paccMar-

-du
puBaeMo#t 00uacTH 57 CTPEMUTC K ONpele/leHHOMY Mpelely, KOraa

8x —>0, 3y —>0 nesaBucuMo Apyr or apyra (dz==3x - i#3y), 10 roso-
paT, YTO 4 eCThb (QYHKUHUA OT 2, MOHO2EHHAGR WIH araaumudeckasn !)
B 3TOH Touke. Eciu ¢ynkuusa GyAeT aHANMMTHYECKOH M OXHOBHAYHOH BO
BCeX TOYKAX 0G6JaCTH, TO MM TOBODUM, 9YTO GYHKUMA QHAAUMUIRG
80 8ceil ob6aacmu ?).

Mpr Gynem yacTo ynoTpebaaTh CAOBO «(PYHKUHA» A 0GO3HaueHHS
aHanuTMYecKoM GyHKUMHM, TaKk KaK OQyHKUUK, H3yyaeMbie B 9TOH KHMre,
MOYTH HCKJIOUHTENbHO OYAYT aHANMMTHUECKHMH.

B npenninymem onpeienenud ¢yHkuus u Obljia 3alaHa JHMILb B HEKO-
Topo#t o6sacTd naockocTH 2. Kak Mbl yBHIMM 43 NandbHeRuiero, pyHKuus «,
BooOuie roBopd, Moxer ObTb ONpejiesieHa TaKke IJA 3HaYeHHH 2, He
BXOAAIMX B 3Ty 064aCTh, M (KAK H B yKe PacCMOTPEHHOM cCiyuae 3Je-
MEHTADHBIX QYHKUUR) MOXET HUMeTb 0Cco6enHocmu B ONpeAeNeHHBIX TOY-
Kax BHe 00/MACTH, B KOTOPBIX OCHOBHOEe CBOHCTBO HepecTaeT HMETb MECTO.

Jlanum Tenepb ONpele/eHHEe aHAJHTHYeCKOR (YHKUMOHANLHOW 3aBH-
cuMocTu B 6oJaee ctporo#t gopme.

Mycrs f(2) — ananutHyeckas B TOUke 2, a €— IIPOM3BOJILHOE TOJIO-
KHUTEJIbHOE 4YHMCJAO; TOTAA Mbl MOXeM Ha#TH Takve uucna ! u § (3 saBUCHT
OT &), 4TO

7
1)=& | <,
npu |2/ —z| <3,

Ecau f (2) — aHanuTHyeckas BO BCeX TOYKAX Z HEKOTOPOH o6.aacTh,
T0 [/, OYEBMAHO, 3aBUCUT OT 2, M Mbl NHIUEM NO3TOMY ! = f’(2).

Orciona

J@)=7@+E -2 @+vE —2)

rae v-——Takas QyHKuEs oT 2 M 2, uTO |v4 < &, Koraa [z’—.zI <3,

Mpumep 1. Halith Touku, B KkOTOpHX cireayomue ¢yHkuuu ne 6yayr
AHAMUTHYCCKHUMH:

(I 22,
(i cosec z (z = nx, n-— ao6oe Lenoe YUCIO),
(“I) —_—_5—?6- (Z = 2, 3),

1
(V) e% (2=0),
1
V) {(z—D2}?* (=0, 1).

') HUuoraa ynorpe6asiotcs ca0Ba «peryaspHag» M «roaomopdHas». Bopens
HeraeT pasinume MeXAy «MOMOrERHOH» M «aHAMHTHUECKOH» GYHKLUUAME B Ccay-
yae QyHkumi ¢ GeckoHeduHbM umCAOM ocobennocred. CM, § g

2) Cm. caeacTBue § 5.2, moacTpouHoe npHMevaHue.
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Mpumep 2. Mycrs 2=x+iy, f(2)=u-} iv,rie u, v, x, ¥ BelleCTBEHHD
N f— aHanutnyeckas (QyHKiHd; NMOKa3aTh, UTO

w0 ou__ oo
0x oy ' dy ox "

(Riemann)

5.13. Mpuaoxenune BuaousMeHenno#t teopemnt I'eline — Bopeas

Mycte f (2) — aHanuTHYeCKAas BO BCeX TOYKAX BHYTPH HEKOTOPOH
ob6aactu !); mycTb, najee, B KaxI0H TOUKe 2 rpaHuisl 3TOH 061acTH cyle-
CTBYIOT Takue uuciaa fy(z), 8 (rae ¥ 3aBMCHT OT 2), uTO

f@E—F@— @~ fi@)|<e|z —z],

koraa |2/ —2| <3 u 2’ — TouKa, nexamas BHYTPH 00JacTH HIH Ha ee
TpaHule.

[Mu numeM f} (2) BMecto f/(2), TaK KaK NPOM3BOAHA® MOXET M He Cylie-
CTBOBaTh, Korja 2’ npubanikaerca K 2 ussHe 06aacTd, Tak 410 f; (2) He 06a-
3aTeJbHO OyJeT eRMHCTBEHHOH NPOH3BOAHOM.]

ITpuseseHHOe HEPABEHCTBO, OUEBHIHO, YIOBJACTBOPACTCA TaKxke Aad
BCeX TOYeK 2z BHYTPH 06/acTy.

[Tpumenns AByMepHH# BapuaHT TeopeMbl § 3.6, yBuaMM, uTO paccMa-
TpuBaeMas 06.1aCTh, B3fTag BMeCTe C ee rpaHulielf, MoxeT OHITh paszeseHa
HA KOHeYHOe YHCIO 4YacTed (KBALPATOB CO CTOPOHAMM,. NMAPaiIe/bHEIMH
OCAM KOOPIAMHAT, MJIH vacTel TaKHX KBAaJAPaTOB) TaK, YTO BHYTPH HJIH
Ha rpaHuue JioO0OH uacTH HafizeTcd TaKad TOYKA 2{, UYTO HEePABEHCTBO

If(z,)_f(zl)—'(z,.—zl)fl(zl)l <e|z/ —z|

6yieT cnpaBelJMBO [JA BCeX TOYeK 2’ BHYTPH HJH Ha rpaHulle 5TOH
YacTH. :

5.2. Teopema Kowmu 2) 06 uHTerpaje no KOHTYpY

[MpocTyio 3aMKHYTYI0 KpiBYI0 C B NJIOCKOCTH NiepeMeHHON 2 4acTO Hasbi-
BalOT KoumypoMm: eciu A, B, D-—Touku, B3ATHe Ha Ayre KOHTypa
B HampaBJeHWH TNPOTHB YacoBOH cTpesku, M ecau f (2) — ONAHO3HAYHAS
HenpepbiBHaA QYHKLUMS OT 2 (He  06f3aTe/bHO aHAJUTHYECKad) BO BCeX

') B opurunaze ,xOHTHHYYM®, cM. § 3.21. ([Tpun. ped.)

2) Cauchy, Mémoire sur les intégrales définles prises entre des limites
imaginaires, 1825. JJoka3areJbCTBO, NaHHOE 31eCh, IpuHaAsexnT ['ypca (Gour-
sat, Trans. American Math. Soc., 1, 14 (1900) ).
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TOuKax ayrul), 10

[ r@dz na [7@ a
C

ABDA

B3ITHIM 1O KOHTYpy, HauMHAs OT TOUKHM A M KOHYas TOH ke TOUKOH A,
HasbiBaeTCA Unmezpasom Pyurxyun f(2) no amomy Kowmypy. SicHO, yTO
3HaueHHe HHTerpana, B3ATOrO0 MO KOHTYPY, He U3MEHHTCH, ec/ 33 HCXOA-
HYIO TOUKY Ha KOHType BMecto A OyleT B3ATa Apyras TOYKA.

IlokaxeM Tenepb TeopeMy, NpHHaAJexautylo Koum, KOTOPYI0 MOXKHO
copMyMpoBaTh cienywomum obpasom. Ecau f(2) — dyuryus om z,
AHAIUMULECKAs 80 8Cex mouKax ) na kowmype C u 8HYmpu Hezo, mo

ff(z)a’z:O.
C

Pasnenaum 06aacTh, orpannyennyio C, npsMbIMU, HapaJie/bHbIMU Belle-
CTBeHHON 1 MHUMOR ocsaM, kxak B § 5.13; Torna o6aactb, orpannuennas C,
pasjenuTcs Ha HeKOTOpoe uMca0 ofgactelt, rpauuuaMu koropux, Ci,
C,. ..., Cy, Oynyr nepudepuu KpalpaToB, M JApyrue 00JacTH, TpaHu-
uamu kotopeix, Dy, Dy, ..., Dy, Oyayr uactd nepucdepuit KBajpartos
u vactu kourypa C. PaccmoTpum :

; |
Y [r@a+

n=1 Cn n

i D=

f f(2) dz,
DII

1

rZe Bce MyTH MHTErpHpOBaHUA GepyTcd NMPOTHB 4YaCOBOH CTPeKH.

B o6ume#i cymMe Kauas CTOpOHa MoGOTO KBAaipaTa, KaK NMyTb HHTe-
TPUPOBAHUSA, BCTpPeuaeTcs MABAXIH, a HHTerpaasl OepyTcs BAOJIbL TaKMX
CTOPOH B NPOTHBOMOJIONKHBIX HAIPABJIEHHAX M, CJENOBATE]bHO, B3AUMHO
coxpauiarcs 3). EXMHCTBEHHHIMU YaCTAMH CYMMBI, KOTOpbIe COXPaHAIOTCH,
GyAyT MHTErpajibl, B3AThie BAOJb OTHAEJbHHIX LYT, COCTABJIAIOMMX BMecTe
koutyp C, npuyeM Kaxjaas Ayra ONUCHIBAETCS B TOM »Ke CaMOM Hampa-

'y BnpoueM, 10CTaTOYHO, uTO6H f(2) Obna HenpephliBHOH, KOrjia z usMe-
HAETCH TOAbKO BIOJAb LYIH.

2) He Heo6xoaumMo, uTobnl f(2) 6bina anaautHueckoil xa C (ROCTAaTOUHO,
41068l OHa Ghlna HempephiBHOH Ha ¥ BHYyTpu C), HO ecau f(2) He GyaeT aHanu-
THYecKo# Ha C, TO J0KasaTbh TeopeMy OyleT ropasao Tpyaxee. JaHHOe ROkasa-
TeJbCTBO NpPEANoaaraeT mpocro, uto f’ (2) cyujecmsyem BO BCEX TOUKAX Ha
Buytpu C. [Ipexnue H0KasaTenbCTBA OCHOBHIBAJMCH Ha OOJbIIUX TPEANOAONKE-
HMAX; TaK, JOKa3aTeabCTBO Komu mpeamoaaraio nenpepeisnocms f'(z). Joxasa-
TEAbCTBO PHMAaHA OCHOBLIBAETC Ha JKBMBAJEHTHOM npeanonoxcenuu. I[lepsoe
nokasateabcTro ['ypca mpexnonarano, 4to f(2) pasnomepro puddepeHuupyema
Ha u Bl({:y'rpu C. ’

3) Cum. mpumep § 4.6
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BJIeHUH, KaK U B ff(z)dz, B CyMMe 3TH HHTerpajbl HAIOT TO3TOMY

Kak pas f f(@adz.

Paccmorpum Tenepb ff(z)dz. Hcnoasays obosnauenus § 5.12,

Cn

uMeeM

[F@dz= [{fe)+GE—2)f @)+ —2)0)dz=
CIK

n

= {f(2)— 2,f’ (2})} fdz+f’ (2) fzdz+ f(z—zl)vdz.
. C}l ’ Cn Cn

j dz=[2), =0, fzdz—_—[%zﬁ}c =0
-, ! c ~ :

3
n

Ho

cornacio npuMepy § 4.6, Tak kak kouub .C, COBNajdioT.
O6o3HauuM Temepb yepes l u A, cropony u mmouwaxs C,. Toraa,
1no/p3ydach oueHkol § 4.62, HamleM

Jr@a|=| [e—zyvi
C,

n

< [le—zpvdz| <
Cn ‘

<el, V2 f |dz| =¢l, V2 4l, = 4¢A4, V2.
cn
[TonoGHuiM ke 0GpasoM

ff(z)dz fl(z»——zl)'vdz| 4e(An 1k, VB

D,

rie Ay — IJIOImAanb KBAAPATA, YACTHIO KOTOPOTO fIBAAETCA 06MacThb, Orpa-
nndenHas D, /) — CcTOpOHAa 9TOr0 KBaapara M A,—— IJIHHA YaCTH KOH-

Typa C, nemameﬂ BHYTPH 3TOr0 KBajpara. OTczona, eciu \-— MOJIHas
aauHa koutypa C, B TO BpeMs KakK [ — CTOpPOHA KBaApaTa, BMELIAIOMIErO
Bce KBaapathl C, u oﬁnacm D,, 6yaemM uMeTh

2 +3

n= n=1

<48V2{2A +2A +12) 1<48V2(z2+zx)

) n=1 n=1

[1@az|< f f@dz [r@az| <
c

b,
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Ho &-— npou3BoabHO Majan BeauuuHa, a I, h u ff(z) dz He 3a-

C
sucam om e,

[To3TOMy H3 MNOJYYeHHOTO HepPABEHCTBA CJelyeT, YTO €LHHCTBEHHOE

3HaueHue, KOTOPOE MOXET UMETb ff(z)dz, 6yneT Hyab., JTO H ecTb

C
Teopema Koy,

Caencrsue 1. Ecay umeiorca nBa nytd 2,AZ u 2,BZ or 2y x Z u
ecan f(2) — byHKUHA, aHAaNMTHYECKass BO BCeX TOYKAX 3THX KPHBBIX H BO BCeH
¥4

06/1aCTH, OXBATHIBAEMOH STHMU MyTAMH, TO HHTErpan ff(z) dz Gyner HMeThb

£
OIHO M TO € BHAUCHHE 1A nyTei WHTErpupoBaHus 2,AZ u 2,BZ. dto caenyer
u3 TOro, 410 20AZBz, ectb KOHTYp M HHTErpai, B3ATHH 0O 3TOMY KOHTYDY
(paBHBI Pa3HOCTH HHTErpajioB BIOAb 2,AZ u 2,BZ), paBeH Hyawo. Takum 06-

pasoM, ecad f(2) — aHaauTHuecKas (QYHKIHA OT 2, TO 3HaueHue ff(z) dz ne

AB

3aBMCHT B M3BECTHOH CTenenu oT BhiGopa ayru AB, a 3aBHCHT TOJBKO OT KOHeu-
HuX Touex A u B. CiexyeT NOMHHTbL, 4TO 3mO 8EPHO MOALKO 8 MOM CAy4ae,
xoz0a f(z) seasemcn anarumuweckold gyuxgued B cMbicae § 5.12.

Canencrpue 2. [IpeanonoxuM, 4T0 JaHB Takue IBE MPOCTHie 3aMKHYTHE
kpuBbie Cy v C,, uto C, oxBathBaer C;, KaK 3TO HMEET, HaIpHMEp, MECTO,
ecan Cy 1 C; 6ynyT COPOKYCHBIMH 3JAHIICAMH.

[Mpeanonoxum, kpome TOTO, utOo f(2) 6yxer byukuueil, aHantHTHYECKOl !)
BO Bcex Touxkax Ha C, v C; u BO Bcelt Koabneobpasuoit o6aactu Mewny Co u C,.
Torna, mMOCTPOHB CETKY HNEPECEKAIOUIHXCH NPAMBIX B 3TOH KOJAbUeO6pasHOH
061acTH, MOXKHO TOKa3aTh TOYHO TaKHM Xe 06pa3oM, KaK B TOAbKO YTO A0-
Ka3aHHOH TeopeMe, UTO UHmMezPan

[ f@ az,

83amolii no 6cell epanuye kOAbYEOOPA3HOL 006AACMU, PABEH HYAI, IMa 2pa-
Huyga cocmoum u3 08yx xpussx Co u C,, u3 Komopsex OO0HQ@ OnUCHEALMCS
8 Hanpasienuw, OCPAMHOM 4A4CO80L CmMpeake, a Opy2as — no 4aco80il cmpenxe.

CaencrBue 3. Boobie, ecad Ha NAOCKOCTH 2 NaHa Kakad-HuGylb CBA3-
Hag 06JacTh, OrpaHHYeHHas MOGLIM UYHUCJIOM DPOCTHIX 3AMKHYTHX KpuBHX C,, C,,
Cy ..., u ecau f(2) — kaxas-HHOYNb GYHKUHA OT 2, aHANHTHYECKAdA M OJHO-
3HayHas BCIONY B 3TOH o6aacTu, TO uwmezpar

f f(2) dz,

83mulil no sceli zpanuye o6lACMU, PABCH HYAID;, IMA IPARLULA COCMOUmM U3
xpussix Cy, Cy, ..., KGHOAS U3 KOMOPHLX ORUCHIBACMCS 8 MAKOM Hanpasie-

1) Bripamenue «aHaaurudeckas BO Bcel o6nacTu» npeanofaraer oxHo3Hay-
HocTh (§ 5.12); 9T0 3HQUUT, YTO mNOCAE TOTO, KaK 2 ONMINET B3AMKHYTHH INyTb,
okpyxawomuit Cy, f(2) npuMeT HaualdbHOe 3Hayehue. O TakoH GYHuuuu, Kak,
HanpuMep, Ig 2, paccmarpuBaemoit B obaactH 1 < |2z |< 2, roBopaT, 410 OHa
«@HANMTHYECKAsA BO BCEX TOUKAX 0GIaCTHY,
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Huw, $m0o 06aacms OCmaemcs usu 8cez00 CRPAsA, UL 8Ce20a CAeBA OM Auya,
udyuwezo (8 paccHampueaeMom HANPasieHuL) no 2panuye.

PacnpocTpanenue Teopemnt Komu ('r. e. f f(2)dz =0) Ha KpHBblE, JIEeWa-

HiMe Ha KOHyce ¢ BEepIIMHOH B Hauaje KOODAMHAT, Obia0 cienano Pasio (Ravut,
Nouv. Ann. de Math. (3), XVI, 365—367 (1897)); Mopepa (Morera, Rend. del.
Ist. Lombardo, XXII, 191- (1889)) u Ocryn (Osgood, Bull. Amer, Math. Soc.,

I, 296—302 (1896) ) mokasany, 4T0 CBOHCTBO ﬁ f(z2)dz =0 moxer 6HTbL npH-

nATO 3a CBOHCTBO, ompejeJsiontee aHaautTHyecKylo dyHkuuio. OcTanbhple CBOii-
CTBa BBHIBOAATCH OTCIOJA KaK CJAEACTBHs (CM. B KOHIE FaBbl npuMep 16).
[Tpumep. Koabueobpasnas o6aacTb OrpaHHYEHAa JBYMA OKDPYIKHOCTAMH

dz
|z|=1 u | 2| =2 Ha naockoctH 2. Y6exuThCd, YTO 3HAUEHHE HHTErpaja =

B3ATOr0 1O IpaHHue 06JacTH, PaBHO HYJMIO.

B camoM jene, rpaHMua COCTOMT M3 OKPYXHOCTH |z|==1, onuchiBaemoii
10 HanpaBJEHHIO YACOBOH CTPEJKH, BMECTE C OKPYKHOCTBIO | 2| = 2, onuCchBaeMOH
B HampaBJeHHH NMPOTUB YacoBOH crpenkd. TakuM oO6pas3om, eca s TOYEK Ha

- MEePBOH OKPYMHOCTH HOJOXKHM z=e"® a g1 Touwex na BTOPOH OKPYXKHOCTH
2=2¢", 10 0 u ¢ 6yIyT BEUIECTBEHHH U MHTErPal PaBHAETCA
-2 2n

150 10,0
[y [ Ry oy,
i
0 0

N 2e™?

5.21. BpipakeHHe 3HA4YCHHUA AHAJAHTHYECKOK (YHKOHH B TOuKe
yepe3 HHTerpaJ, B3fATbIk MO KOHTYpPY, OKpy:KaiomeMmMy 3Ty TOUKY

IMycts C — KOHTYp, BHYTPH KOTOPOrO H Ha KOTOPOM f(2) ecTh
aHaauTHYeCKan QYHKUHS 2.
Torma, ecnn a — kakas-HuOylb TOUKa BHYTPH KOHTYypa, TO

f(2)

Z—a

Gyset pyHKuneH OT 2, aHAAUTHYECKOH BO BCeX TOUKax BHYTPH Koutypa C,
KpOMe TOUKH 2 = a. Jla/ee, AJs HAHHOIO & MOXHO HaHTH Takoe J, uToO

lf@)—f@—@E—af (@) <Le|z—a]
np |[z— a| < 3; oniilleM OKOJMO TOYKH @ KAK LEHTPA OKPYKHOCTb o
paauyca r <O, mMpUYeM 7 HACTOJbKO MAaN0, YTO 7 JAENKHT TOJHOCTHIO
sHyTpH C.
Toraa B obgactn Meway 7 # C dynxuua f(2)/(z — a) Oyner aua-
JAUTHYeCKOH, M TakHM o6pasoM, no cieacTsuio § 5.2 O6yaeM uMmeth
f(2)dz f(z)dz
J 2—a T z2—a '’
c 1

rue fﬂ f 0603HayaoT UHTErpanabl, B3ATbIE COOTBETCTBEHHO NPOTHB
C

1
YaCOBOH CTpPe/KH BIOJb KPHBBIX Cu g
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Ho Tak Kak |z—a] <3 Ha 7, TO MH HMeeM

f(z)dz:/'f(a)+(~’—a)f’(a)+v(z—-a) dz
J z—a : z—a ’
1

rae |v| <e, u Takum 06pasoM,
d g o
’/’ fiz_l'az:f(a)/zd_za_{_f/(a)'/ d2+./ﬂdz_
C Y : :

ﬂanee, €CJIn 2 JIeWHUT Ha 7, TO Mbl MOXeM Hamucatb

z—a=re®,

FA€ 7 -— PaluyC OKPYKHOCTHU 1, 4 CJIe,ELOBaTeJIbHO
2,.,

R
/zd_za:/ fre 4} fde_Qrz
0

1

2n
fdz:fire”’d@:O;
't Y]
KpoMe ToOro, cornacHo § 4.62,

fvdzl.<52nr.

1 |
/vdz
.
Ho BoipaxeHue B JIeBOH uacTH He 3aBUCHT OT & H, TakuM oOpasoM,

IO/KHO OBITb PaBHO HYJI0, TaK KAK € NPOM3BOJBHO, OTKYLAa CJHELYeT,
41O

Taxkum o6pasow,

d .
[ L2% onif ()
C

< 2nre.

.
f(a)‘—“‘g;i—! @) dz

Z2—a
C

- Ora 3aMmeuartenbHas GopMysa BhpaxaeT 3HaveHue QyHkuuH [ (2)
(anasumuneckol Ha u BHyTpH C) B J1006OH TOuKe a 8Hympu kourypa C
yepes MHTerpat, 3aBUCALIMHA TOJABKO OT 3HaueHHH f(Z) B TOUKAX CaMOTO
KOHTYpa.

CanepctBue. Ecau f(z)—— aHaJAUTHYEeCKas OJfHO3HauHasd (YHKLHA OT 2

B KOJbIEOOpasHOH obxact, orpaﬂmeﬂuou kpuBbiMu C u C’', U a—TtouKa
3TOH 06aacTH, TO

f(2) f(2)
/(@)= Oni f 2—a dz— Omi ./z—idz’

rae C — BHewmnull «OHTYp u 06a MHTerpana 6epyrc91 B HANpaBJEHH! OPOTHB
YacoBOH CTpEKH.




5.22. MPOU3BOJIHHIE AHAMUTUYECKOH &VHKIIHY 129

5.22. TpousBopHbie aHAIKWTHUECKOH ¢yHKuun f(2)

dynxuusa f’(2), npexcraBasiomas coGOH mpejes BbIpaKeHHs
fz4+ 1) —f()
h

fpu CTPEMJIEHAH 2 K HYJI0, HAa3BLIBAEGTCH npou3sodxod or dyukuuu f(2).
[ToxaxxeM Tenepb, 4ro f/(2) cama ABafemMCs QHAAUMULECKOU HYHK-
yueti om z u, CAe008AMEAbHO, CAMQ UMeem NPOU3IBOOHYIO.

B camomM pese, ecam C — KOHTYp, OKDPYXAIOWKH TOUKYy a4 M pac-
NOMOKeHHEA 1EeIMKOM B 06JacTH, B KOTOPOH f(2) aHaiMTHYecKas, TO
Mbl MMeeM

7@ = lim f(a+h)—f(a) . 1{ f@dz f(Z)dz}=

——,El_r)no ik z—a—h & z2—a
. 1 f(2)dz
= lim 5— ==
70 anc (z—a—h)y(z—a)
_ 1 [f@az / f(2) dz
T 2w, z——a)2—+_,11_r)n0 i E (z—a)(z—a—h)’
C

dynknusa f(z) Ha C HenpepniBHA n NOTOMY OrpaHuueHa, M TO Xe
caMoe OTHOCHUTCH K QYHKIUA (z—a) ; TOrAa KaK [/#| MOXHO B3STb

MCHbBIIUM, YE€M HHXKHAA TPAaHULA BBIPAXKEHUs D) ]z —_— a].

l f(z
(z—ay3(z—a—n
nycTb K —ero BepxHsas rpaHuua. Torza, ecau [— pauHa C, 1O

f(2)dz
,}l_ino 2ni f (z—a)(z—a—h)

H, CJle,LlOBaTeJleO,

[TosToMy BbIpaxkeHue t Oyner orpauudeno Ha C;

<L lim [A|(2%) ' KI=0
h=>0

f/(a):-%,; Cf(z(dz)

J (z—a)2 ”
&

3Ta (OPMysa BbIpax<aeT 3HAYeHHe NPOU3BOLHON (YHKIUH B TOUKe yepes
HHTETPaJ, B3ATHIH MO KOHTYPY, OKDYXaIOLeMy 3Ty TOYKY.
U3 sroit (bopmymﬂ MBI [OJIyddeM, .eCJH - TOYKH & U @ — h Jexar
suyTpu C,
flat+thy—~f@ 1 f(z)dz{ 1 1 }_
h

2mc T h (z—a—0nE (z—a)?

z—-a——lh

2 f(2)dz
= o /f(z) dz —a—h)? (z——a,)2 = 2m f(z 7 1 A

9 3. T. Yurrexep, dx. H. Barcon
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¥ JIeFKO BHAeTb, 4T0 A, OyleT orpannyenHoft gyuknueit npu
1
[h| <5lz—al..

Mostomy {f’(a- k) — f’(a)}/h cTpeMuTca K oOmnpeieleHHOMY Ipe-
neay npu k£->0, a uMeHHO

f)dz
Qrz ¢ (z—a)y "

Tak kak f’(a) uMeeT eNMHCTBEHHYIO INPOU3BOAHYI0, TO oHa Gyner
aHaauTH4ecKOH QyHKIUeH OT @; ee NPOU3BOAHASN, MPEACTABAsEMAas TOJbKO
YTO TOJYyYeHHHIM BbipaKeHHeM, 0003HAauaeTcs uyepe3 f”(4) W HasbiBaeTCs
smopoili npousgodnot om f(a).

IMono6HeM ke 0Opa3soM MOXHO NOKa3aTb, 4to f”(a) GyleT aHa/M-
THUeCKOW ¢QyHknnelt @, umemwllell NPOU3BOLHYIO, PABHYIO

f(2)dz,

2z ) (2 —a)¥’
c

nocnennss o6osnavaercss uepes f”(a) u HaswiBaeTca mpemveil npous-

soonoti om f(a). W1 BooGwe, cyumectsyeT n-1 npousBojHas [ (a)
0T ¢yHkuuu f(a), KOTOpas BHIPAXKAETCH HHTErpajoM

n! / f(2)dz
2ni J (2 —a)"ti
‘ C
W Tak¥e HMeeT NPOUSBOLHYIO BHIA

(n+ ! f(2)dz

oni z—a)tte’
i & ( a)

Yurateab coo6pasur, YTO 3TO Jerko AOKas3aTb MO HHAYKLUUH.

TakuM 06pasoM, ecau (YHKUUA HMeeT NEPBYI0 MPOU3BOLHYIO OTHO-
CUTEJIbHO KOMNAEKCHOL TepeMeHHO!t 2 BO BCeX TOUKAaX 3aMKHYyTOH 1BY-
MepHOM 06JacTH B MJOCKOCTH 2, TO OHA HMeeT TAKXKe U NMPOU3BOIHbIE
M060ro nmopsAiKa BO BCEX TOUKAX BHYmpu 00JACTH.

5.23. Hepasenctso Komn f™ (@)

[yctb f(2) — ananuTnyeckas GYHKUUS BHYTPH W Ha okpyxHOCTH C
C ueHTpoM @ M paauycoM r. Ilycte M — BepxHss rpanuua QyHxuuu f(2)
Ha 3TOH OKpyxHocTH. Torza coriacHo ouenke. § 4.62

177 @] <L [ Moz = 2L,

C
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MMpumep. [Ilycts f(2)— anaautuueckas quuxum of z=x-4iy u
2
V2= 0x2+002 ; MOKasaTh, yto V21ig | f(2)| =0, aVzlf(z)j > 0,ecan f(2) =0

um ' (2) + 0. (Trinity, 1910)

 5.3. AHaquTHYeCKHe (YHKUHH, MpeACTaBAseMbe panﬂomepuo
CXONAMMMUCH PALAMH

Mycty pan 2 f.(2) obnanaer cnenyiomumu csoiicrsamu: (I) on pas-

HOMEPHO cxoamcn Ha xoHrtype C, (I) f,(2) — anaimrTuyeckas cbyHKuuﬂ
Ha C ¥ BHYTPH HeFO

Torza psan Z f,, (2) cxomuTCa H CyMMa ero 4BJdeTcd aHaJUTHYECKOH
n=0 '

byukume#t Ha koutype C ¥ BHYTPH Hero.
ITycts @ — kakas-an6o TOuka BHyTpu KoHTypa C; Ha kontype C

noaoxum X, f, (2) = @ (2).
" on=0
CornacHo § 4.71)

a4 = [ S o) S [ £ e

Ho 10T nocsensnit psx B cuay § 5.21 Oyner pasen

ﬂ.§0 fa(a),

C/lel0BATe/bHO, PaccMaTpuBaeMbit psil OYIeT CXONMTLCS BO BCEeX TOUKAX
BuyTpu C; o06o3naunM ero cyMmMmy -BHyrpu C (xak npexiae Ha C)
yeped D (2). Dra PyHkuua OyneT aHAJIUTHYECKOH, €CIM OHA MMeeT eJIMH-
CTBEHHYI0 NPOU3BOIHYIO BO BCeX TOUKaX BHYTpu KoHTypa C.

Ho ecau a n a4 h nexar sHyTpu Kourypa C, To

Da+h)—P(a) - @ (2)dz
h an (z—a)(z—a—0)’

) Tak kak | z—a |~ ! orpasuuena, xorna a dwkcupopano u z nexut Ha C,
o

TO paBHOMepHasd CXOZHMOCTb psja 2 fn(2)/[(z2 —a) caenyer u3 paBHOMEPHOK
n=0 ’

CXOAMMOCTH PALA 3 f5 (2).
n=0

g*
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aoTcona, kak B § 5.22, caeayer, uTo npeﬂen lim [ O (a+h)— D (a)} k_l]

¢ (2)

— dZ, U noaTomy 0] (z)—ananmuuecxan
(z —a)?

1
CYWECTBYET U PaBeH 5— [

odyukuns BHyTpH C. Jalee, npeo6paayﬂ 9TOT NMOC/AeIHUN HHTET Al TeM Ke

caMbIM CNOCOOOM, KakuM Mbl npeo0pasoBaji IepBBIH, Mbl YBUAMM, uTO
[sa] foe)

D’ (a) = ) f,(@), Tax uro pan > fn(a) moxno nuddepeninpoBath
n=0 n=0

TIOWJIEHHO.

Ecau psap anaautuueckux GyHKUHMHE CXOIHTCA TOMBKO B TOYKAX HE3AMKHYTOMH
KPHBOH, T0 0 cxonnmocm psilla NPOH3BOAHBIX !) HHUEro HEJb3s YTBEPXKIATh.

Hanpumep, pan Z( 1)”M
n=0

CXOIUTCA PABHOMEPHO /A BEHIECTBEHHBIX

<o

sHauenuit x (§ 3.34). Ho pax nepsuix HPOH3BOAHBIX Z CXOIHUTCH

—~1 sinnx
(_l)n 1
n
n=1

HepaBHOMepHO BOau3n x = (2m + 1) n (m — n06oe Lenoe Uucao), a psai BTOPHX
0

IPOHU3BOJHBIX Z (—1)_" COS 1X He CXOAMICH BOBCE.
n=1
Cuaencteue. M3 pesyabrata § 3.7 BBITEKaeT, 4TO CyMMa CTEIEHHOrO
pana Oyaer aHanMTHYECKOH QyHKuHEH BHYTPH €ro Kpyra CXOIHUMOCTH.

5.31. AHajuTHYeCKHe (PYHKUHH, NpencCTaBJsAeMble WHTerpajamu

[Tycte f (£, 2) yaoBJeTBOpseT cneﬂyromm VCJIOBHAM: eCau £ JIEWKUT
Ha OIpeldeicHHOM NyTH WHTerpupoBanus (a, b); a 2z — mobas TOukKa
obnactu S, 10

I fu —;{7 SIBJISIOTCH HeNpephIBHLIMH (PYHKUUAME f;

() f saBnserca aHajMTHYeCKOH ¢yHKuMe# 2;
of

(II1) HenpepHIBHOCTH 55 Kax GQyHKUMH OT 2 fBASeTCA PaBHOMepHOMR

OTHOCHTEJbHO [f.
' b

Torna unrerpai (t, 2)dt 6yier anajuTHYeCKOH HKUMeH oT 2,
p y

a
b

60 cornacHo § 4.2 OH uMeeT eIHHCTBEHHYIO IIPOU3BOLHYIO /laf%—z—)dt.

) Droro MO¥HO OBLIO OXMAATh, TAK KAaK TJaaBHAg TeopeMa 3TOrO pasjeaa
OTHOCHTCSt K PaBHOMEPHOH CXOIHMOCTH B 08yMepHOL OONAacTH.
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5.32. AHajquTHuYeCKHe (YHKUHMH, NPeJCTAB/SEMbIE HHTErpaaaMu
¢ OeCKOHEUYHBIMH INpejeaMu

Vs caencteus § 4.44 (II) smitexaer, uto ff(t, 2)dt Cyner ananu-
a

THYECKOH ¢yHKUMeH OT 2 BO BCex Toukax obmacta S, ecmu: (I) unterpaa
spaserca cxonawmumcs, (II) f (2, 2) asaserca ananutuueckol dynxuueft
OT 2, Korja t JieXuT Ha NMyTH uHTerpupoBanus, a 2—e8 S, (III) mpo-

of (¢, 2)
0z

M3BOJHASA AIBASETCA HENMpPepLIBHOH ¢yHKuxel# 06enx NepeMeHHbIX,

o0

(IV) unrerpan figz—zl df cxomutcs paBHOMepHO mo Bcelt obaactu S.
a

[ee)

6o ecanm 3TH YyCJHOBHA YNOBJeTBODEHH, TO HHTErpas ff(t, 2)dt

a
[o0]

fyaeT MMeTb €IMHCTBEHHYIO MPOU3BOIHYIO / of (¢, 2) dt
’ Y PBOANY —oz A
a
[IpuMeHHM TMOJMyUEHHYIO TeOpeMy K BeCbMa BaXHOMY HMHTerpary

[e9)

f et f (f) dt,

0

rie f(f)— HenpepuiBHas QyHKuus, a | f(¢)| < Ke™, rne K, r ue 3apu-
cAT oT f. M3 MpHBeIeHHHX YCJOBHHM OUeBMIHO, YTO HHTerpas Oyler aHa-
JUTHYecKON ¢dyHKuuel oT 2, korma Rez >r; > r.

[yCJKOBI/Ie (1V) ynosierBopsiercs corjacko npusHaky § 4.431 (I), rax

KaK HHTerpais fte(’-fl“dt cxomnca.]
0

5.4. Téopema Teiiaopa?)

PaccmoTpuM '~ QyHKUMIO f(2), AHAJUTHYECKYIO B OKPECTHOCTH TOUKH
2= a. [Tyctb C— OKPYKHOCTb B MJIOCKOCTH Z C LUEHTPOM B TOUKe &, KOTO-
pasi He CONEPXKUT HU BHYTPH, HU Ha caMolt ceBe 0coObIX ToueK PyHKLUMK f (2),
TaK 4YTO f(2) — aHaJAUTHYECKAss BO BCeX TOYKAX BHYTPH H Ha OKPYX-
nocti C. Ilyctb 2 = a -+ & — Kakas-HuGy b TOUKA BHYTPH OKPYKHOCTH C.

] ') PopMaibHOE pasaoxenue BNEPBHE ObUIO ONMYGNHKOBAHO LOKTOPOM Bpyxom
Tefinopom (Brook Taylor, Methodus Incrementorum, 1715).
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Toraa no dopmyraM § 5.22 umeem

fla+ h)——g—;’ SO~

2—a—nh

1 1 n
=-2;gé/f(2){z_a R R i
hn+1
+(z—a)”+1(z—a—h)
=@+ hf @+ 2 [ @+ . A+ f (@) +

}dz:

L [ f(2)dz- ")
+ 2nié' (Z—d).’H'l(Z——a__vh) .
AC)
Ho korma 2z unexur Ha C, BhBIpAXKECHUE rr—y 6y11e’r Henpe-

PHBHOH ¢yHKUMeH M, cTano GHTb, ero Moayab no caeactsuio (1) § 3.61
He OGyleT MPeBOCXOAUTb HEKOTOPOro KOHeUHOro umcaa M.
ITostomy B cuny ouenku § 4.62

1 n+l
2 f(2)dzh
v/' (z

2mi & —a)"tl(z—a—h)

e (141"

rae R — paauyc oxpyxnoctd C, Tak uTo 2rR eCcTh AJMMHA NYTH UHTETPHPO-
BaHHA B HOC/eNHEM WHTerpane M R==|z-— a| nns TOueK Z Ha OKpYX-
soctn C.

BripaxeHne B npaBO# YacTW TNOC/KeJHEr0 HEPABEHCTBA CTPEMHUTCH
K HyJi0 npu n—>oo. ViMeeM mnosromy

flathy=F@+hf @+ g @+ ...+ fP@+ ...,

YTO MOXKHO MNEpENuciaTb B BHIe
fO=f@+e—a 7 @+ @+ .+ E2 0 @

Or1oT pesyasTaT M3BeCTeH KaK meopema Telinopa; 10Ka3arTesbCTBO,
nanHoe 31ech, npuuHassexut Komm.

Vi3 Hero BLITeKaeT, ¥mo paouyc cxoatmocmtz cmenennozo psaoa
He MeHble paouyca Hauboavwezo Kpy2a, He codepicau,ezo 6auxcaii-
uwel occboli mouxu PyHKYuL, npedcmasigemol smum padom. A mno
caencTBuio § 5.3 pamnyc CXOZUMOCTH He Goablie HeM paduyc mMoAbKO
umo ykas3annoz0 kpyza. CneloBaTeslbHO, paiUyC CXOAUMOCTH Kak pa3
TaKOH, KaKOH -HeOOXOLMM AJSI HCKJIOYeHUs M3 BHYTPEHHOCTH Xpyra 6.u-
Walie# K @ OCOOEHHOCTH (PYHKLHH.

BBeneM HeKOTOpble TepMUHBI, KOTOPHIMH 6yIeM YacTO NMOJAb30BATbCA.

Ecin f(a)=0, To rosopsar, 4710 f(2) MMeeT HY.b B TOUKE 2= a.
Ecaum B Tako# Touke j’(a) OT/IHYHA OT HyJsl, TO FOBOPAT, UYTO HYJb
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dyukuun f(a) npocmoii; ecan me Bce npoussonusie f'(a), f’(a), ...

of 7D (a) 6yayT Hyasmu, TaK uTO pasaoxende TeHaopa ¢yrk-
ud f(2) B TOUKe 2==@ HauYMHAeTCAd C ujeHa (Z — a)", TO roBOpPAT,
uTo PyRKYUA f(2) umeem Hyab n-20 ROPAOKA 8 MOUKE Z==qQ.

Mpumep 1. Hafitu dyukumio f(2), aHATUTHYECKYIO BHYTPH U HAa OKPYXK-
goctu C, LeHTp KOTOpOff HAaXOAMTCA B Hauajle KOOPIAHHAT H paluyC KOTOPOH
paBeH eIUHHLE, HMEIOIIYI B TOYKAX OKPYXHOCTH C 3HadeHue

a—cos b +i sin 6
a2 —2acos 41 a?—2acos b+ 1
(rae a > 1 u 0 — apryment 2).
[Mbl umeeM

fmgy =t [ f@dz

7:[ . szrl -

2n
! . — 04-isi ;
=2 [ g-niby gy £ —CO8 +isin 0 = (nonoxus z = ')

2ni a?—2a cos 6+ 1
0

T .

_nl * e nib gp _nl / dz __{ dn 1 ] - nl

T o d a—e T 2m 2tl(a—z) T d2" a—zlpmg a" TtV
v & _

[Tostomy no teopeme Makaopena ')

oS
N 2"
1@ =X o
n=0
T. € f(2)=A(a—2)" 1 1as Bcex Touek BHYTPH Kpyra.

JTOT NpuMep BO36yxnaer umepecnmﬁ BONPOC O TOM, HACKOJbKO ILeNeco-
06pasHo onpene.rmn, f(2) kak (a—z) B TOYKAX BHE xpyra. ItoT Bompoc byner
paccmoTped B § 5.51.)

ﬂpnmep 2. Hoka3atb, 4T0 cpentee apudMeTHUECKOE BCEX 3HAYEHHI

0
z*"zaz' AJsi TOYeK 2 Ha OKpYXKHOCTH |2|=1 paBHO a, ecau Ea,zv
v=0, v=0

ABAgETCH (pyﬂmmeu anammqecxou BHYTpH H Ha rpanuue kpyra |z| <
f’“>
[nyCTb Za 2" = f (2), Tak 410 @y = ( ) . Torna, monaras zz'ei6 H noj-
v=0
pasyMeBas nox C OKDYXHOCTb |2 |==1, noayunm
2n
1 fyds 1 f(xdz @0 _
W) T T e T T
0 ' C

) dopmyna f (2) = f(0) 4+ 2f' (0) - Ef—f” (0) + ..., noayuaemasn 43 ¢op-

myaut Teiinopa, ecamn MOJOKHTH u,-—0 o6wmo Ha3biBaeTca gopmyroi Marao-
pena; oHa Obina oTkprTa CTHPAHHIOM (1717) u ony6anxoBaHa MakuopeHom (1742)
B ero «Fluxionss.
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Mpumep 3. Ilyects f(2) =2"; Toraa f(z 4 h) 1na Bcex 3HaueHudt r Gyner
aHaaHTHYECKOH dyHKumedt h, korga | k| < |z|, Tak ut0 (2 + A)Y = 2" L r2""lnt.

+—';(—CQ:———)z"2h2+ ..., NpuueM psx 6yAeT CXOAHTbes, Korda | A| < |z].

310 — 6UHOMHANbHAA TeopeMa.
MMpumep 4 [okasarh, uTO eciu /2 — NMONOKHUTENbHOE HOCTOAHHOE UHCJIO

u dynxuua (1 — 22k + £2)~"2 paznomena B pan
1+ kP, (2) + 2P, (2) + h*P3 (2)4 ... - @A)

(rae Pp(2), kak aerko BUAETb, GYAeT NOAMHOMOM CTENEHH 7 OT Z), TO 5TOT PAX
CXOAHUTCA BO BCEX BHYTPEHHHX TOUKAX Z BHYTPH 3JJIHMICA, GOKYCH KOTOPOrO Haxo-

JATCH B TOUKAaX 2=1 1 z=-—1 1 60JbIIas MOAYOCh KOTOPOrO PaBHa 0} (h4n71).

PaccMoTpuM cHavana 3ToT pad Kax ¢yHkuuio oT A. OH OGyzer CTeNEHHBIM
pagoM'no A u nosroMy 6yner CXOZMTbCH IO TE€X IO, HOKA TOUKA A JEKUT
BHYTPH HEKOTOPOTO Kpyra B IJMOCKOCTH h. LIeHTpOM 3TOro Kpyra sBiasercs
Touka i =0, H €ro OKpYKHOCTb NPOXOJHT uepe3 Oamxaimyio k i =0 ocobyio

Touky dyuknun (1 — 2zh 4+ h2)~",
Ho .

1—22h 4+ ={h—z4 (22— 1)} (h—2z— (22— 1)},
‘TaK 4TO 0cOOBIMH TOuKaMH dyHkuun (1 — 2zh 4 h2)~"2 6ynyr Touknm
h=z—(2—1)" u h=z4(2—1)"
9T Ocobble TOUKH SBJIAIOTCA TOuKaMu BerBaeHus (cM. § 5.7).]

Taxum o6pasom, pam (A) cxomurcs IO Tex mop, Noka | /| Gyser MeHbe,
geM 06a BhIpaXKeHus

lz—(@2—1D"] u |24 (@2—1)"|
IocTponM Ha IOCKOCTH 2 SMMHMIC, MPOXOAAIMIE uepes TOUKY 2, ¢ (oKy-

camu B Toukax = 1. [IycTb a — ero GoJbluas 1MOAyoch, a 0 — SKCUEHTPHUECKUH
yroJ TOUKH 2 Ha HeMm.

Torza
z2=acos b +i(a?—1)"2sin 0,
4TO Jaer :
zx (22 —1)"={a = (a2—1)"} (cos 8 = i sin b),
TaK YTO

|z + (22 —1)2]| =a x (a2 — 1)

Takum oOpasoem, pax (A) 6yner cxoidmuMes JO TeX HOp, moka || 6ymer
MeHbIlle HAUMEHBIIEro 3 uncen a - (a2 — 1)2 u g — (a2 — 1), 1. e. 10 Tex nop,
noka || Gymer Membmre, ueM a — (a?—1)2, Ho h=a—(a2— 1)":, korza

ﬂa=—2—(h+h“1). IMostoMy pan (A) Oyzer cxoismuMmcs. A0 TeX HOp, HOKa 2
_OCTaeTcs BHYTPH aaaumca, ¢okycs kortoporo -1 m —1 u GoJbinag nmoayockh
KOTOpOro pasHa —2—(h +r71),
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5.41. Popmbi ocrarounoro unena s pane Teilnopa

Iycte f(x) — geujecmeennan QYHKIUMA Beujecmeennol epeMeHHOH,
M NyCTb OHA HMeeT HEeNpepLiBHbie NPOMSBOAHLIE NEPBHIX 7 MOPSIKOB,
korma a < x <L a-th.

IMpu 0Lt L1 umeed

%{Z ma— t>'"f<”"><a+”"}:
m=1
ney __pn—l
= L0 S @t thy — hf G+ th)

VuTerpupys 3TO COOTHOUIEHHE Memay npeaenal\m 0.1 1, noayuum

fla+ h)=f<a>+),%-f‘”’) (@) +f—-——{§f——f<”) (a+ that.

O603HaunM
1), /(1 Y AP (@ - th) dt,

U NyCTb p — ileJioe NOJOXUTeNbHOe YUuCA0 < .
Torna

, |
an‘_(n_f"_l.)_r f (1 — 811 — " F f™ (a - th) at.

Hyc'rb nanee, U, L — BepXHSi W HIDKHAS. TPAHHLLLI Bmpameﬂym

(=" f7 (a+th).

Toraa

1
fL(l — P at <
0

1 1
<fa—=pta—or ettt < [U— 67 at,
0 0

Tak kak (1 —£)""? f™ (a4 th) — HenpepmBHas yHKUUS, TO OHA
NpOXOAMT uepe3 BCe 3HaueHus Mexay U u L, u c/J1eloBaTeNbHO, MH
MOXeM HalTH Takoe 6, uto 0 <6 <1 "

1

fa t)”lf(”)(a+th)dt—p”l(1 0"~ 1 (a+-6h).

Q
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Takum 006pasom,

Ry=——t

(T___';m-(l — 0" £ (e Bh).

b m y
[Moaokus p==n, noaryuuM R, == T (@ 0r) — ocmamonnoi
yaen 8 gpopme Jlazparoca, a noloxus p == 1, noayuum

.k n-1 (n)
Rn—m(l—e) [ (a—+0h)

—ocmamounuii 4aen 8 gopme Kowu.

Basas n==1 B aTOM pesyabrare, Mb nolayuaem
fle+h) —f(a)=hf" (a+6h),

ecay f’ (x) HenmpepblBHA Ha OTpe3ke & < X < a -+ kh; 3TOT pe3ynbTaT UIBECTEH
NOX HasBaHHEM nepsoli meopems O CpeOHexm 3naxenuu (cM. Takxe § 4.14).
Hap6y ykasaan B 1876 r. (Darboux, Journal de Math. (3), II, 291) dopmy
OCTaTOYHOrO ujeHa B paxe TeHaopa, KOTopas NPHMEHHMAa K KOMIIEKCHBIM mepe-
MEHHBIM M TOXOXa Ha BhlllenpuBefeHHylo dopMy, nauHywo JlarpamxeM Jaa cay-
4as BEW[ECTBEHHOH NepeMEeHHOi.

5.5. pounecc aHANHTHUECKOrO NPOAOJIKEHHS

Ecan BOGausu Touku P ¢ adduxcom 2z, dynkuusa f(2) aHaamTuadeckas
TO, KaK Mbl BHAeJH, BOJH3H STOH TOUKA CylLlecTBYeT pasioxeHue f(2)
B psill, PACMOJIOXEHHbIH 10 BO3PACTAIOWIMM MOJOKUTENLHEM LeJbIM CTerne-
HAM 2 — Z;, NpHYeM KO3(hQHULUEHTH STOTO Pas/JIOKEHUA BHIPANKAIOTCH Yepes
noc/eloBaTesibHble NMPOU3BOLHbE GYHKUMY f(2) nNpu 2 =<2,

[lycts Tenepb A — ocobas Touka ¢yekuuu f(2), Oammadmas x P,
Torna Kpyr, BHYTPH KOTOPOTO 3TO pa3JOXeHHe CNpaBelNHBO, MMeeT
Touky P uenrpoM u PA — paiuycoM. '

[1peanoJoXKuM, 4TO HaM U3BECTHH TOJLKO 3HauYeHHs (QYHKUHH BO BCeX
TOYKAX OKDYMHOCTH KPYra HeCKOJbKO MeHbILEro, ueM KPYr CXONMMOCTH,
M KOHUEHTPHYECKOTO C HHM H HM3BeCTHO, uTO ¢yHkuma f(2) aHaiuTHue-
CKas BCIOAY BHYTpu OGoJabluero kpyra. Toraa npelniiyiiye TEOPeMbl INO-
3BOJIAIOT HaM HaHTH 3HaueHus QYHKLMH BO BCEX TOUKAX MeHbIIETO Kpyra
U onpereruth Ko3(duuuenTst B pasaoxenun Teftnopa no crenedsm
2 — 2z,. BosnnKaeT BONpPOC: MOXHO JH ONpeldelHTh (PYHKUMIO B TOUKAX
BHe Kpyra TakuM o0Opa3oM, yToObl (pyHKiMa Oblla aHAJUTHYeCKOH B obaa-
CTH, GoJjblitedt BHYTpeHHel obnactu Kpyra? :

JpyraMu cJOBaMH, HMesl cmenexruoli pad, xomopbili cxodoumcs u
npedcmasasem QOYHKGUIO MOAbKO 8 MOYKAX BHYmMpU Kpyza, onpe-
fesums ¢ €20 NOMOWBIO 3HAHUEHUA PBYHKYUU 8 MOUKAX BHE KpY2a.

Ing sToM mesu BO3bMeM Kakylo-HHOYAb TOYKY P, BHYTPHM Kpyra,
HO He Ha JuHun PA. Mbr 3HaeM sHaueHne (YHKUHM M BceX ee NpOus-
BOJHHIX B P; H, TakuM o0pasoM, MOXeM COCTaBHUTb pai Teitnopa (aas
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TOH ke camoft - yHkuuu) ¢ P; Kak MCXOJHOH TOYKOH, KOTOpHIH onpe-
AeNUT AHAJIATHYECKYID (YHKUMIO B HEKOTODOM Kpyre C HeHTpoM B P,.
droT kpyr mpoctupaerca 40 Sauxatiweti 0co60# TOukH 1), KOTOpas MOXeT
OuiTb, a MOXeT M He OHTb Touko#t A. Ho B oboux caywasx HOBHIH Kpyr
00biuHO OyneT?) JexaTh YACTHYHO BHE CTAPOrO KPyra CXOLMMOCTH, H
8 mMouKax obaacmu, COOCPHCAUUXCA 8 HOBOM Kpyze U He C00epica-
Wuxca 8 cmapoM, HOBbIL pacd moxcem Ovime npumesen 048 onpe-
Oenerusi 3nauenuit PyYHKYuU, XOMA NpexcHul psad 028 amozo Henpu-
MeHuM,

[Tono6ubimM e 06pasoM Mbl MOXeM B3fTh JOGYI0 APYryio TOuky P,
B 006sacTH, B KOTODOH 3HauYeHHs (PYHKUMH Telepb M3BECTHBI, H COCTABHTH
pan Telnopa ¢ P, xak uCX0AHOH TOYKOH, psill, KOTOPHIH, BOOGIE rOBOPH,
MO3BOJIUT HAaM ONpeleuTh (YHKUMIO B INPYrUX TOUKAX, B KOTOPHIX ee
3HAYeHHs TpexJe He OBIJIM W3BECTHH, W T. A. : :

OTOT npouecc HasHBACTCS anasumuteckum mnpoiomxerueMd). [pu
HOMOLIH ITOTO NPOLECCa, UCXOAA M3 NpelNCTaB/eHHs PYHKLUUK KaKuM-au6o
CTeMeHHbBIM PSAAOM, Mbl MOXeM HaliTH /1000e YMCAO APYTHX CTeNMeHHHX
pANOB, KOTOPHIE ONpelelsioT 3HaueHus QyHkuuu B 06aacTH, K aw0boi
TOYKe KOTOpOH MOXHO nonoltu u3 P, He npoxons 4epe3 ocolble TOUKH
GYHKUMU; COBOKYHNHOCTb?) BCEX CTeNMeHHBIX PSNOB, MOAYYEHHBIX TAKUM
00pasoM, @0pasyeT aHaNMTHYECKOe BblpaxeHHe (YHKIUH.

Becbma Baxno 3HaTb, JAdeT JH NPOAQJKCHHE IO ABYM DPas3jJU4YHBIM nyTaM
PBQ, PB’Q onuH u TOT € OKOHUATe/JbHbIl+ CTENEHHOH DPAJL; JErKo CAefyOmuM
nyTeM y6enuTbCs, UTO Tak OyZeT B TOM Clyuae, KOraa QyHKUHS HE UMeeT 0cob0H
TOYKH BHYTDH 3aMkHYTOi KpuBoii PBQB’P. Ilyctb ¢yHKUHA NepBOHAYaAbHO
3allaHa CTeneHHHM psioM S, cxoisdmuMmcd B kpyre C ¢ LeHTPOM B TOuke P, u
nycrb P, — Kkakas-i160 Touka Ha PBQ, nexawas BHyTpH kpyra C. [locTpoum
aHanMTHYeCKOoe NPOLOMKEHHE (byHKuHH—C’Eel'leHHOﬁ pan Sy, cxonsamuiica B kpyre C,

cueHTpoM B Touke Py. Ilycrsb, nakoneu, P; — kakaa-aub0 TOUKa, Jexallas BHYTPH
060nxX KpyroB M BHYTpM kpuBoi PBQB'P, w Sj— CTeneHHoll psj ¢ LEHTPOM
B P|, aBasiomufica npozomxenneM paga S. Torma, ecau P} B3sTa ROCTaTOUHO
6au3ko K P, Gyner uMeTb MeCTO pPABEHCTBO SIESI ) B HEKOTOpOi 0b6xacTH,
conepxameii P,, a noToMy S, 6yneT aHaJIMTHYECKHM MPOJOJKEHHEM psaia S{,‘

p .
u6o ecan T, ecth mpopomxenue paga S, 10 Mu umeeMm T =S§; B obaactu, co-
nepxamedt Py, u TakuM obpasom (§ 3.73), coorBeTcrBywOUMEe KO3dPULHEHTH S,
u T, onnu u Te xe. [loBTOpeHHeM Takoro ReHCTBHS JOCTAaTOYHOE YHCIO Pa3 MBI
xepopmupyem nyts PBQ B myrs PB'Q, ecau Buytpu PBQB’P uer 0cobhx

) dyHknuu, onpenenseMoll HOBHIM PALOM.

2) CnoBo ¢OOBWYHO» OTHOCUTCA K CAydadM, C KOTOPHIMHM HHTaTelb MOMET
CTOMKHYTbCS NpH H3YUEHHH CPABHHUTEJbHO 3JeMEHTAapPHBIX BOIPOCOB.

8) IMo-ppanuyscku prolongement, mno-Hemeuxu Fortsetzung, no-aHraMiACKH
continuation. :

¢) Takas COBOKYNMHOCTb CTENEHHBIX DPANOB ObAA I PA3AHUHKIX PYHKUUA
noaydena Xuaiom uHcTo aareGpamuecknM nyreM (Hill, Proc. London Math.
Soc., XXXV, 388—416 (1903)).

5) Tak kak kawabli paBeH S.
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Touek. Yurareap yOeauTCH, CIeNaB YepPTeX, YTO BECh MPOLECC MOMKHO BHIIOJIHHTD
B KOHEUHOE YMCJO WIaros.
MMpumep. Pan

1 z 22 2B
ottt
IpeICTaBAsAET (YHKIHIO
f(z) = .—1_
T a—z
TOABKO 1A TOYEK 2 BHYTpH kpyra |z|<(|al.
Ho cymecTByeT MHOFO ADYTMX CTENEHHBIX PANOB, NPEACTABISIOUIUX TY XKe
G YHKIHIO,
1 , &—b + (z—0)? | (z—0b)° + .
a—b " (a—b2 " (@a—bB® " (@a—b) " v

b
€cau —‘-1— HE PaBHO BELICCTBEHHOMY IIONOXKHTENbHOMY UHCIY, TO Takoh pan 6y11€T

CXOIMTbCA B TOUKAX BHYTPH KPyra, KOTOPbH HAXOZHTCA YAaCTHYHO BHYTPH M Ya-

cTHuHO BHe [2|<|al; 3aTH pAAb HPENCTABIAIOT PACCMATPHBAEMYI0 (BYHKUMIO
B TOuKax BHe Kpyra [z|<la].

5.501. O ¢yHKuUHAX, K KOTOPbIM He MOXeT ObITb NPUMEHEeH NpoIecc
aHAJHTHYECKOTO NPOAOJIKEHHU S

BHINOAHUTHL NPOLECC aHANUTHUECKOrO NPOJOIKEHHS OKa3biBaeTCs He BCeria
Bo3MOXHEIM. BogbMeM B kauecTBe npuMepa ¢ynkuumio f(2), onpeienseMmyio cre-
NEHHBIM PALOM

f@=1+4+224z4284 ... +2"4 ..,

KOTOpHI#, OUEBHIHO, CXONHUTCA BHYTPH KDYra C DajHyCOM eJHHHIA H I€HTPOM
B Hayale KOOpAHHAT.
Slcno, uto f(2)—>-+co npu z—>1-—0, Touka -1 .6yner moaromy ocoboit
TO‘IK&ﬁ dyukunn f(2).
0

F(2) =22+ £ (22),

uecau 22->1—0, 10 f(2?) >0, a crano 6wiTh, f(2) > ©0; NMO3TOMY TOUKH,
a8 KoTopbix 22=1, OyayT OCOOGHIMH TOYUKAMH QYHKUHH f(Z) W 3HAYHT TOYKa
2 =—1 Takxe Gyrer ocoboii Touko#t Qyukuuu f(2).

AHaJOrM4HO, NOCKOJbKY

f(@)=22+2+f(2*),

MB BHIHM, 4TO eciu 2%=1, T0 Touka 2 Gyjmer ocoGoif; BooGuie M0GOH KOpeHb
moboro U3 ypaBHeHHH

22—'_—‘1, 24:':11 _ZB=17 216:11...

6yaer ocoboit Toukoit dymknum f(z). Ho Bce 3TH TOUKM nexaT HA OKPYHKHOCTH
jzl=1, u Ha moGo# Ayre 3TOH OKPYXXHOCTH, KaK YTOIHO MaJOH, HX UMeeTcs
HeorpaHuieHHoe 4ucao. [lombITKa BHIOAHMTL NPOLECC aHAIHTHIECKOTO Mpo-
HOJMEHHS OKa3blBAaeTCs THIETHOK BCIENCTBHE CYIHECTBOBAHHA 3TOH CIJIOMIHOM
JuHEE 0COOEHHOCTEH, Yepe3 KOTOPY0 HEBO3MOKHO MPOHTH.

B atoM cayuae oyuxkuua f(2) coscem wne moocem Gboimb npoOosscena
00 mo4ex 2, PACTMONOXEHHbIX BHE OKPYKHOCTH |z |==1, Takas GYHKUMA Ha3w-
BaETCA HEnpoOOA#CUMOL PyHKYueld, a TIPO OKPYKHOCTb TOBODAT, UYTO OHA
ABJAETCA eCMeCmeeHHOU zpanuyeli dyHKyuL,
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5.61. ToxAeCTBEHHOCTD ABYX yHKuuil
Isa psana

1424224284 ...
el (2= — (2 — 2P+ (z— 2P — (2 — 2+ ...

He CXOJATCHS OJHOBPEMEHHO HHM I/ KaKOTO 3HAUeHUs 2 U ABJAIOTCA
Pas/IMYHBIMA PA3JI0KEHUAMH. :

TeM He MeHee MbBl OOGLIYHO TOBODUM, YTO OHH NpPeACTABJAAIT OOHY
u my ace (GYHKYUIO, HA OCHOBAHMM TOro ¢akra, 4TO OHM 006a MOryT

OblTh npeacTaBaeHbl OLHHM M TeM XeE palMOHaJNbHBIM BhIpaXeHueM 1 z°

3nech 'BO3HHKAGT BONPOC O moxcdecmeennocmy ABYX GyRKUHH.
Korza MOXHO CKasaTb, 4TO [Ba pPA3AUYHbLX PI3NOAUKEHUs HpellCTaBJIﬂIOT
00HY u my ogice PYHKGUWO?

Mu morau Gbl ompeneauTh ¢yHkumio (crenys Be#lepmitpaccy) mo
METOAy Npeibayliero naparpaga Kak COBOKYNHOCTb, COCTOALLYIO U3 HEKO-
TOPOTO CTENEHHOTO pPAld M BCEX JPYIHX CTENEHHHX PAl0B, KOTOpHIE
MOTYT ObITb NOJYYeHbl H3 HEro TMPOUeCCOM aHAJMTHUECKOTO NPOLOJ-
weHHsa. JIBa pasiMUHBIX AHAJIMTHYECKMX BBIPAKEHHA OMpeleNsT TOrAa
ONHY M 7Ty 2Ke (YHKUMIO, €CAM OHM MPeICTaBAAIT COOOH cTemeHHble
psAbl, MOJyuYaeMbple OAMH M3 LPYrOro NPOLOJIKEHHEM.

Taxk xak ¢ydkuus, aHaauTHdeckas (B cmuicae Komwu, § 5.12)
B OKPEeCTHOCTM HEKOTOPO¥ TOYKH M B CaMO¥ 3TOH TOYKe, MOWeET ObiTh
pasjoxkena B pan TeAnopa M TaK Kak CXOLSIUMHCS CTENEHHHR pan umeer
eIMHCTBEHHYI0 1pou3BoAHylo (§ 5.3), TO 3ak/iOuyaeM, u4TO OmpelefeHue
BeftepiuTpacca SKBHBAJEHTHO Ha CaMOM [eje OnpeleseHuio Koum.

BaxHO OTMETHTb, UTO npedes NOCAE00BAMEAbHOCMU GHAALMUYE-
CRUX QOYHKUUL Modcem npedcmasasims pA3AULHbE QHAAUMULECKUE
PYRKGUL 8 PAAULHBLX HACMAX RAOCKOCMU. IDTO MONKHO BHAETH,
HafpHMep, U3 PacCMOTPeHUs pala

7o+ >+24(z‘“' )7 — TFe=r)-

Cymma I'IepBblx n—1 uleHOB 3TOTO psia pasHa

1 1 1
TH+(e—3) o
F4 z) 142
Psan nosToMy 6yneT CXOASIIMMCSA IJs BCeX 3HaueHHH 2 (KpoMe HYJs),
He Jexamux Ha OKpyxHoctH |2z| =1. Ho npu n-—>co [2"| -0 wm
|[2"| —>co, cMotps mO TOMy, OymeT qm |z| Goiblie WM MeHblue enu-
HHLB; OTCIOKA MBI BHIUM, UYTO CyMMa OeCKOHEYHOro psla paBHa 2,

xorna |z| <1, u pasHa -l— xoraa |2| > 1. Omom pad npedcma-
Baslem, Makum o6pason, 00HY BYHKUUIO 8 MOLKAX SHYMPU OKPYIHC
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Hocmu |zl =1 u coscex unyio GYAKUUIO 8 MOiKax B8HE Mok dice
camoll OKpyxscrocmu. Huratenb yBumMT u3 § 5.3, uTO STOT pesyabTar
CBfi3aH C HePaBHOMEPHOH CXOIMMOCTbIG psma BOausu |z| = 1.

Bopeas ') noxa3aa, uto ecad. o6aacts C M COBOKYNHOCTb TOYEK S TaKOBHI,
YTO TOUYKM COBOKYNHOCTH S OyAyT NPOM3BOAbHO OJHM3KH K KawAoH Touke obaa-
crn C, TO MOXET OKa3aTbCs BOSMOMNKHBIM ONPEENHTh GyHKUUIO, HMEIOMYIO euH-
CTBEHHYIO IIPOM3BOAHYIO' (T. €. MOHOreHHYI) BO BCex Toukax C, He mpuHanie-
Kamux K S, HO ¢yHkums we OyAerT ananutHueckoi B C B cumbicae Beiiep-
uITpacca.

Mono6uo# GyHknuel apasercd

. O\ % exp (— exp n%)
f(z"‘El )y zoz—(pwi)/n'
n=1 p=0 g=

=0

5.6. Teopema Jlopana

Becbma BaxHas Teopema Onlna ony6uaukosana B 1843 r. Jlopanou 2);
OHa OTHOCUTCA K pasnoxeHusM ¢GYHKUMH, K KOTOPBHIM Teopema Teiiaopa
HeMPHMEeHUMa.

Iycte C u C’/ — 1iBe KOHLIEHTPHYECKHE OKPYIKHOCTH C LEHTPOM B 4,
u3 KOoTophx C’ BHYTpeHHARl, W MyCTh f(2) — aHaauTH4YecKas QyHKUudS)
Bo Bcex Toykax Ha C u C’ u B xoumpie Mexxay C u C’. Ilycre
a -+ h — kaxkaa-uuOynab TOYKA B 9TOM KoOJblie. Torza Mbel HMeeM IO
creacreuio § 5.21

flathymob [ 4 L[ 1@,

ol z2—a—h' Oni z—a—h "
C C’

rie TNPeAnoJaraeTcs, 4YTO HMHTErpajthl B3ATH B IOJOXHTEJbHOM HANpa-
BNEHHH (NPOTHB YacCOBOM CTPeJKH) MO COOTBETCTBYICILUUM OKPYIKHOCTSAM.
DT0 CcOOTHOWIEHME MOXeT OhiThb BaNHCAHO B BHIE

fatn=gr [ F@]Ee e+ o
: h
h

hntt

e (z—ayt 1 + =2y T(z—=a—h) }dz‘f‘

(c—ay' __ (z—ay

+2—chf<z){%+%"-+--«+ e e |4

) Borel, Proc. Math. Congress, Cambridge 1, 137—138 (1912); Lecons
sur les fonctions monogénes, 1917. PyHkuuu He GyLyT CTPOrO MOHOrEHHBIMU
B cMbicne § 5.1, Tak Kak B LMTHPyeMOM IpuMepe M0pPH DPAcCMOTPEHHH

fe+h—72)
h

ONHOBPEMEHHO PALiMOHAJbHBIMH IPOGAMH.

Y Laurent, Comptes Rendus, XVI, 348—349 (1843). Teopema cozxep-
KUTCA B COYHHEHMH, HamucanHoM Beiiepmrpaccom B 1841 r., HO He omyG6uauko-
BaHHOM, BepoaTHo, &0 1894 r, (Welierstrass, Werke, 1, 51—66).

8) CM. noacTpouHoe npuMeuaHue K cjaeAcTBHIO 2 § 5.2

HyXHO mnpexnohaarate, 4T0 Re(z - #) u Im (2 + k) He Gyayt
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Mp  natineM, xak npu J1oKasareibcTBe TeopeMel Teftiopa, uTo
MHTEerpaJnl

/ f(2) Ar+idz f(2)(z—a)'+' dz
(z

—a)ttli(z—a—h) " (z—a— h) A?+1
CTpeMATCA K HYJ/IO MPU 72 —> 00, U TAKUM 06paSOM, Mbl HMeeM

flat+ =+ ahtah+ ... f o

rael)
d
Qm [(szzz)”zﬂ " = Ta f(z__a)n 1 f(2)dz.

IT10T pesyabTaT H ecTb meopema JIopana; usMeHss 0603Haquua,
ee MOXHO BHIPa3uTb B chenyioumed dopme: ecau gynryus f(2) — ana-
aumudeckas Ha Konyenmpuueckux oxpyscnocmax C u C’ ¢ yen-
mpom a4 U 8 KOAbUE MeIHCOY Humu, mo 8 4060 mouxke z 3mozo
Koavya Pyaxyus f(2) moocem Goims pasdaodcena 8 pao

F@=t+ 01—+ aE—af+ ... + 0o+ ot

20e

f@)dt
= 2m (t—gz)"ﬁ nobn=gr f(““ @yl f(#®)at.

Baxuui#t cayuah TeopeMbt JlopaHa moJyuaercs, KOrAa BHYTPH BHY-
TpeHHe#t okpyxHoctd C’ uMeercs TOMLKO OZHA 0co6as TOUKA, 4 UMEHHO
ueHtTp a. B artom cayuae okpymHocTh C’ MOMXHO B3ATb KaK YrOIHO
MaJjiolf M, TakiM o00pa3oM, pasioxenue JlopaHa GyleT cCnpaBelJuBO /s
BCEX TOYeK BHYTPH OKpYyxHOCTH C, HCKJIOYas UEHTD &.

Ipumep 1. Jlokasars, 4TO

;7 (-3) Jo(x)+z-’1(x)+22-/2(x)+ 0+
.——;J](x)—f-?-Jz(x)— ...+(;_n)

TAe
2n

Jp(x) = [ cos (ne ~— x sin 6) d6.

0

f(n) (tl)

n!

1) MBI He MOXXeM THCATb @, = , kak B TeopeMe Tefopa, Tak xak

f(2) He obazateabHo Oyner aHaauTuueckolt BuyTpu C’.
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{B camoM jpeae, paccmarpuBaemas (yHkums Or 2z OyxeT aHAAUTHUECKOH
B no6oit o6iactH, He coiepxamel Touky 2z=0; caexoBaTeNbHO, IO TeOpeMe

Jlopana
x 1
e—i(z_;)=ao+alz+a§z2+ _*_.ILZL_{.%__{_ cees
rie
1[5 (3) e 136D
ap=o— [ ¢ —arr M bnszr. e 2"-ldz
c ’ '

urae C u C’ — nobsie OKPYXHOCTH C WUEHTPOM B Hauaje kKoopauHar. [IpuHsas
3a C OKPYXHOCTb pagnyca elMHHIA H MOJOKHB 2z = %, moayuum

2n 2r

. ixsin 8,~nib; _ 1 / i
a”___%i_fe e zde_%' cos (n — x sin 6) 46,
o .

2

TaK Kak fsin (n% — xsin 0) d6 paBen HymoO, Kak 3TO MOXHO BHIETb, CHelaB

0
noxcTanoBky 0 =2n—¢. Takum obpasoM, a,=J,(x), a b,=(—1)"a,, Tak
kak pasnaraemas (yHKIMS HE M3MEHMTCH, €CIH 3aMEHHThb B HeH 2 Ha — 2~
TakuM o6pasoM, b, = (—1)"J, (x), yeM 10KA3aTEAbCTBO 3aKaHYUBaeTCH.]
MMpumep 2. MNokasats, uto B koavlle |a| < |2 < |b| dyaxnusa

{ (z— affb —2) }7

MOXeT ObTh Pas3joXeHa B Pl
: w0 .
\ " a 2n\
So+ 3 Sn(m+3w):
n=1

S”=§‘) 1.3 ... @—1).1-3... @ +2n—1) (_‘i)’,

—

rue

221701 (1 4 n)! b

dynKuua ABASETCS OJHO3HAYHOH H AHANMTHUECKOH B 3TOM KoJble (cM. § 5.7),
u60 Touxku BerBJMeHusa 0, a HeHTpanusylOT APYT ApYyra, M Takum o6pa3oM, no
teopeMe JlopaHa koddduuuesT npu 2" B TpeGyeMOM DPa3liOKEHHH paBeH

_1__ dz bz 2
2ni 2n+1 {(z—a)(b——z) } !
C .

rae C— okpyxunocTs |z|=1r, |a]| <r < |b]|. Tlonoxus z = reff, npeo6pasyem
3TOT HHTETpal B :

o 1 1
! /‘e"”fer—” (1 — Leif') 2 (1 —-‘ie-"e) % ds
2n b r
0
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HJIn

L /emn;er_n{{z 1.3 ... (2k—1) rkeklﬂ }}X

P
£=0 2*k!
1-3... (2[-—-1) ale-1i8 ]
2 idﬁ
2 ]
1=0

Psannt 3nech cxonsTcs a6COMIOTHO M PABHOMEPHO OTHOCHTENBHO .

EnuncTBenHble uiieHbl, JalollHe KHTErpajbl, OTJHYHbIE OT Hyad, OYAyT Te,
i KOTOpHIX k=1-}-n.

Taxum ob6pasom, Koa(MmuneHT npu 2" pasen

2n .
—1—/.d6j 1:3...QI—1) 1-3... @+20—1) & _ 5,
oS 2 2847 (1L +-n)! plea  pn

0

1
[TonoGHpiM 3e 06pa3OM MOXHO I0Ka3ath, YTO KO3GGHIKEHT HpH —n Pased Spa”.
MMpumep 3. [Nokasary, 4TO

v
uz-l-? . b2
e =ao+alz+a2z+...+—z—+22—+—...,
rae )
ap= 2%’/‘@“‘“’)”59 cos {(u— v) sin 6 — nb} 46
" on
b, =§1— / ) cost oo {(v — u) sin § —nb} 4. -
0

5.61. MNpupona ocobennoctell OXHO3HAYHBIX (YHKUUI

PaccMorpuM crawana ¢yHKumio f(2), aHaAMTHYeCKYI0 B HeKOTOpOH
3aMKHYTOH 06aactd S BCIOAY, KpOMe OIHOH TOYKH @ BHYTPH 067acTH.

ITycts MOXHO OMpeleHTh TaKyl (YHKUMIO ©(2), uTO:

(I) ¢ aHasurnueckas B obaactn S,

() mpu z=£a

— Bp
f@)= CP(Z)—FZ__a—’r—(z*a)z%- i i P
Torma roBopst, uTO f(2) HMeeT noaloc nOpAOKa n '8 mouxe @,

B, B, B, y
a cymmy ——— -+ G—a) ~+ ... —}——(—z-—:;l)T HA3BIBAIOT  2/4Q8HOU

yacmoio Gyuxyuu f(2) 86ausuw a. [lo onpereleHHl0 OCOOHX TOYEK
(§ .5.12) nomoc sBasercs ocobGoi TouxoH. Ecaum n==1, 10 Takas ocobas
TOYKA HABLIBAETCH NPOCMbLM NOAIOCOM.

10 3. T, Yurrexep, Ax. H. BaTcon
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Ocobas TOuKa ONHO3HAYHOH @YHKLMHM, He ABJAIOLIAACH TOJIOCOM,
Ha3BIBAETCH CYWECMBERHO 0CO00H MmMOUKOU.

Eeau cyuiecTBeHHO ocofasi TOYKAa @ M30JMPOBaHHAA (T. e. ecau

MOXHO Halttm o6JjacTe, AJA KOTOpo# a OydeT -BHYyTpeHHeH TOUKOH U
B KOTOpO#t He OyneT COZepXaThCs APYTHX OCOOBIX TOYEK, KPOMe &),
TO MOXHO HafiTh pasjoxeHue JlopaHa no BO3pacTalOWIUM M yGHIBAIOIIUM
CTeNeHsM Z — @, CchnpaBefauBoe NpH A > [z— a| >3, rme A 3asucur
OT IpYrux ocob6biX ToYeK GYHKUXAM, a O — NPOU3BOJBHO Majas BelH-
uyHa. Takum o0pasoM, 2.asHan wacme GYHKUMM BOMM3H H30./HPOBAHHOM
CYILECTBEHHO 0COOO# TOUKM npeicTaBifeT COO0i OeCKOHeuHBIH psn.
- Cuaenyer OTMeTHTb, 4YTO TMIOJIOC IO ONpele/eHHI0 ABJAETCA H30JHU-
poBaHHOK ocofoft TOYKOH, TaK 4TO BCe HEM30JHPOBaHHbie OCOOBIE TOYKH
(nanpuMep, npelejbHas TOYKAa MOCJELOBATEJIbHOCTH TOJIOCOB) OynyT
CyLIeCTBEHHO OCOOBIMM TOYKaMH.

He cymecTtByet, BooGie roBopsl, pasnoxeHus (yHkuuu, Kotopoe Guli0 6bl
CIpaBelauBO BOJH3H HEH3OJHDOBaHHOH 0cO6OM TOYKH, HamopobHe TOrO KaKk pas-
JoxeHue JiopaHa crpaBelJuBO .BOJAN3H H3OAHPOBAHHOM OCOBOH TOUKH.

CanencrBue. Ecau f(2) uMeeT noaloc NopsiikKa n B TOUKE a U

@ =(@—a)"f(2) (z+a), ¢(a)= Z“j)ﬂa (z—a)" f(2)

10 § (2) Oyner aHaAMTHUECKOH B 3TOH TOUKe.
MIpumep 1. B6ausu nzonnpoBauno#t 0co60H TOUKH QYHKLHSA HE OrpaHHYEHA.
[Hoxa3atb, yTo ecan QYHKIHS OrpaHuyeHa BOAM3H 2 ==da, TO KOIDQHLHEHTH
IIPH BCEX OTPHUATEJbHBIX CTENEHAX Z — d PABHb HYJIO.]

£ /4 z

Mpumep 2. Halitu ocobrie TOYKK dyuxuun e‘“a/{e“ —1f.

[lpn 2z =0 uucintenb aHanWTH4eH M He paBeH 0, a 3HaMeHaTeNb HMeeT
npocro# Hysb. CiaenoBaTenbHO, GYHKUHA MMeET mpocToi moJioc B 2 =0

[Tono6HbIM ke 06pasoM HMEETCH NMPOCTOH MHOMOC B KauAO# M3 TOYek 2nmia
(n==*1, =2, £3,...); A9 IPyrux 3HaueHMH 3HaMeHaTeab OyleT aHaJHTHue-
CKMM U He 6yleT paBHATLCA HYJI0. :

flpu 2 = a uyuCJuTE]Nb HMEeT H30JHPOBAHHYI0 OCOGYI0 TOUKY, TaK 4YTO TEOo-
pema Jlopana npuMednMa, a KO9(QOHUMEHTH B pasnoxenu JlopaHa MOryT GhITh
Hal/ieHbl JEJEHHEM CTENEeHHBIX PAN0B:

cC c? 1
1+ - 2 T e
z2—a 21(z —a)? .
zZ—a
e(l + + ...)—1
a
YTO HAaeT pasJOoNEHHe, CONEPKANIEE BCE NOMONKHTENbHBIE H OTPHLATEAbHBIE

cTeneHu 2 — &. Taxkum o6pasoM, NpU 2 == 4 HMeeTCs CYLecTBEHHO 0cobasd TouKa.
MMpumep 3. IMokasath, uTO QyHKNHUA, ONpeneseMas PAAOM

nzt=1 {(1 =17 — 1}
=D (=T a7

uMeeT IpOCTHle MOMIOCH B Toukax z = (1 4+-n=1)e*™" (£ =0,1,2, ..., n—1;

n = 1 bl P tew
) (Math. Trip., 1899)
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5.62. «BeCcKoHeYHO yAajJeHHAs TOUYKA»

[MoBenenue ¢ynxuuu f(2) npu [2{ —CO MOKHO paccMaTpuBaTh
TakuM Ke 0OpasoM, Kak ee MOBeJeHHe B CAydae, KOria 2 CTPeMHUTCH
K KOHEYHOMY MNpefeny.

1
Ecan MB MON0KUM 2= r TaKk YyTo OOoJblllHe 3HAYEHUd 2 6}’}1y’l‘

npelcTaBjeHbl MajbIMH 3HAUeHWsIMH 2’ B IJIOCKOCTH 2/, TO MeXiy 2 u 2’
GyleT B3aMMHO ONHO3HAYHOE COOTBETCTBHE, JHMIIL Obl TOJILKO HH 2z, Hu 2’
He ObINO0 HyneM; yTOGH CHeJaTh COOTBETCTBUE MOJHLIM, HHOrAa YAOGHO
rOBOPHTb, YTO Korja 2’ mnonagaeT B HAYaJ0 KOOPAMHAT, 2Z CTaHO-
BUTCA OecKOHeuHO ylaneHHOR Touyko#. Ho uuraremo ciaenyeT ocobeHHO
OTMeTUTb, YTO B 3TOM CJayyae 2 He Oydem ONpeleJeHHOH TOUKOH H
BCAKOe TNpelnoKeHHe, K Helt OTHOCAleecs, B JeHCTBHTEJNbHOCTH SBASAETCH
npeasoMeHneM; OTHOCAIIUMC K Touyke 2/ ==0.

IMycte f(2)=¢(2’). Toraa ¢(2’) He onpeneneHa apu 2’ =0, HO
ee noseleHue 86.u3u z' =0 onpenensercd ee pasnoxeHueMm (Teliopa
uwii Jlopana) no crenensM 2/, u Mb onpefeaseM @(0) kax lim ¢(2’),

2 -0

ecau 3TOT mpejes cyuectsyer. Hanpumep, dynkuus ¢ (2”) Moxer umeth
Hyab nopsika m B Touke 2/ ==0; B 3ToM cJayuae pas/oxenue Teftropa
¢yHkuuu ¢ (2’) 6yner UMeTb BUIL

A"+ Bz 4 C2™r L,

1 TakuM 0o0Gpas3oM, pasnoxeHue GyHkumu f(2), cnpaBeiJHBOe AJ8 ZOCTa-
TOYHO GO/BIIMX 3HAueHuH |z|, Oyder uUMeThb BHU]

f =t o o

B 3toM caydae roBOpAT, 4YTO f(2) UMEET HYAb NOPAOKQ m <8 Gec-
KOHewroCmUu».

Hanee, ¢yHkumMa ¢(2’) MOmeT HUMeTb NOJIOC TQPSAKA - M B TOYKe
2/ =10; B sTOM CJyuae

$@) =t ot e b MNP

U TaKMM 00pasoM, AJi NOCTATOYHO GOAbIMINX 3HaueHuR |2| PyHKuus f(2)
MOxeT OBITb paa/oXeHa B pal

f@)=Aen4Ben - Com . L M+ L

B atom ciyudae roBopar, uTo f (2) UMeeT ROLIC NOPAJKQ m &8 OecKo-
Hewnocmuy. :

INono6uuiM. e oOpasoM TroBOPAT, 4TO f(2) uMeem Cyu,ecmsento
ocobyro mouky 8 GeckoHewnHocmuy, ecau ¢ (2’ MMeeT CylIeCTBEHHYIO

w*
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ocoBenrocts B Touke 2’ =0. Tax QyHKUHA € uMeeT CYILIECTBEHHO 0CO-
1

6yi0 TOUKY B OECKOHEUHOCTH, MOCKOJbKY (YHKUMA e2', uau

1 1 1
4=+ s+

2127 312" e

HMEET CYLECTBeHHYI0 ocoOeHHocTb mpn 2’ =0.

Mpumep. HccaeroBarb QyHKUHIO, NPEACTABACHHYIO PAIOM

o

1 1
n! 1+ a?n2? (@>1).
n=0
i
PyHKIMA, NPEACTaBAAEMAd ITUM DPAXOM, HMEET OCOOhie TOUKH z=a—nn
. i . ;
Z=——z (n=1, 2, 3,...), Tak KaKk B KaxJIOH M3 3THX TOYEK 3HAMEHaTEJb

OZHOTO M3 4JEHOB psjga 6yIeT paBeH HyMO. DTH OCOOBIE TOUKH JeKaT Ha MHH-
MOH ocu W uMernT 2 =0 npejeabHOH TOUKOH; TakUM 06pasoM, JAs 3TOH QYyHK-
LMY Heab3sl COCTaBMTb HM pasnoxenua TeHaopa, mu pasnoxenusa Jlopana, crpa-
BEIJHBOr0 B Kaxko#-1160 o6AacTH, Aid KOTOPOH Haua/Jo KOOPAMHAT GYAET BHY-
TpeHHeH TOUKOH.

IOna sHaueHu#t 2, OTUHHHBIX OT 3THX OCOOBIX TOuek, pan O6yzeT ab6CcoJIOTHO
CXONALIUMCH, TaK KaK Ipejea OTHoOweHus (n - 1)-ro uneHa x n-My paBeH

lim (n+1)"'a7?=0.

n-»oo

PaccmatpuBaeMas GyHkuua spasercs yeTHoH ¢ynkuueir ot z (T. e. OHa He
MeHseTCl NPM HSMEHEeHHH 3HaKa 2), OHAa CTPEMHTCs K HYJIO NpU |2 | —> oo u
6yzieT aHaJHTHYECKOH BHE H Ha okpyxHocTu C panuyca G0AbIUEro, YeM eJMHUIa,
¢ ueutpoM B Hauajae. TakuM e0pasoM, 1Ji TOYeK BHE ITOH OKPYXHOCTH OHA
MOXeT ObiThb Pa3JOXEH B Pax

b b b
b bep e

rie mno reopeMe Jlopana

[e0]
1 1 a=2"n
— 2k —1 2
bop = i o E n! a= | z2 dz.
C

n=0
Ho
—2n2R—1 2R—-34—21
) YU \y e (— 1ymg—3nmz~2m
nl(a—2" 4 22) n! ’
n=0 n=0 m=0

3T10T ABOHHOK pax abGCOMIOTHO CXOAuUTCA TpH | 2| > 1, u ecau wieHw ero
PacmoJOXUTh M0 CTENEHAM 2, TO OH 6yAEeT PaBHOMEPHO CXOAAUIMNMCA.
Tak xax ko3d¢unueHt npu 2-! paBen

[ee]
(__ 1)k—1a—-.2kn

n!
n=0
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U eIVHCTBEHHBLIH uJeH, KOTOPHH JaeT He paBHBIH HYJI0 HHTErpal, ecTb 4JeH
¢ 27!, TO MbBl HMeeM

e 1

- .

RS (=1)f-lg=2 gz NV (=Dp-1 T

b = 57 ,[E nt ’ 2 _2 nlgzkn =(—DFtet
C n=0 n=0

[TostoMmy npn | 2| > 1 ¢yHxuuA MOMET GbITh pasinoXeHa B paj
I e
ea2 ea4 . as

e
i

¢yuxuuﬂ HUMEET HYJAb BTOPOro nopsika B GeCKOHe'{HOCTY[, TaK Kak pasJao-
WeHWe HauHHAeTCd € ujieHa 272,

22 2t

5.63. Teopema Jluysuaas!)

ITyctb f(z)—aua/mmuttecxdﬂ PVYHKGUA 0as 8cex 3HAYeHUd z,
u nycms |f(2)] <K npu scex 3nauerusax z, 20e K—nocmosunas
(mak wmo | f(2)| 6ydem ozpanuwennsn, kozda |z|— o). Tozda f(z)
ecms NOCMOAHKARA.

Ilycts 2, 2’ — moOble nBe TOYkH M C — Tako# KOHTYp, uro 2, 2’
nexar BHyTpu Hero. Toraa mo ¢opmyne § 5.21

fer—j@= [t o
o S C

npumeM . 32 KOHTYP C OKPYXHOCTb C LEHTPOM B 2 M PaiuycoM p >

1
>2[2' —z|; wa C nomoxuym {=2z-pe; max xak [L—2/|> 5o,
xorna & sexut Ha C, 10 mo oueHke § 4.62 Haxooum, 41O

1 r.
/@)~ F @] = gf?g%z-,)(_c—z_-—z-)—f(f,),dc <
C
. n
<§1;5_ Izv'l——-w?lee__:Q’zl__lep_I.
0 5P

3actaBuM p —> ©O, COXPaHssl 2 M 2’ HeNOJBHXKHBIMU; TOTAA SICHO, UTO
f(2)— f(2)==0, a 370 3HAYMT, YTO f(Z) eCTb MOCTOSAHHAS.

Kak 6ymer BugHO u3 O6mikafimero naparpada u uwacru II sTo# KHurm
(raasnt XX, XXI u XXII), Teopema JluyBuans nosBoJsieT AaThb KpaTKHe H mpo-
CThle JI0K23aTeJbCTBA HEKOTOPHIX M3 BaXHEHIIMX PesylbTaTOB aHAJIH3a.

) Sroit TeopeMe, mpunajnexaimei B geicTBurearnoctn Komu (Cauchy,
Comptes Rendus, XIX, <1377—1378 (1844)), nassanue 6wmi0 paHo bopxaparom
(Borchardt, Journal fir Math.,, LXXXVIII, 277—310 (1880) ), xoTOpbIi Clbi
waJa ee Ha Jekuusax Jluysuaas B 1847,
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5.64. PyHKuAN 6Ge3 CymeCTBEHHO OCOGHX TO4YeK

IMoxaxem Tenepb, #mo eOuHCMBEHHLLMU OOHO3HAYHHIMU DHYHK-
UUAME, He UMEOUUMI HUKAKUX OCOOBX mMOHeK, KpoMe NnoACO8,
80 8cell naockocmu (BKA0O4ASR OO) AEARIOMCSA PAYUOHANLbHbE BYHKGUU.

[ycts  f(2) — Takas ¢yHKUMS; NYCTb €, Cg, ..., Cp-—€€ 0COOHIE
TOYKH B KOHEYHOH YacTH NAOCKOCTH, M MycThb rjaaBHas yactb (§ 5.61)
€e pasjoWeHHS B IOJIOCe ¢, HMeeT BHE,

ar,n

ar,1 + 2 9 + L
z2—¢; (z—1¢;)? *

(z—¢)'r

HYCTb HaKOHell, rjaBHass 4YacCTb €¢ Pas3/oXKeHUS B IIOJIOCE B Gecko-
HEYHOCTH HMMEET BUA

a2+ 4,224 ... +a,2"

eCJM T0/10ca B GeCKOHEYHOCTH HeT, TO Bce KOI(HIUEHTH B 9TOM pas-
JIOXKEHHU PpaBHBI HYJIO.
Toraa ¢yukuus

k
. n

fQ*‘E{z—q*k»w%*‘ '+__JT}—

(z—c) 7

— 02— a2 — ... —a,2"

r=1

OYeBHIHO, He MMeeT OCOGeHHOCTeHt HH B .TOUKAX €y, Cg, ..., Cp, HH
B OeCKOHeyHOCTH; OHAa OyAeT MOSTOMY aHAJHTHYeCKOH BCIOAY M OrpaHu-
yeHHOH, Koraa |2|->oco, M, TakuM o6pasoM, no teopeme Jluysuaias
paBHa MOCTOAHHOM, a ITO BHAYHUT, UTO

f@=C+az+ a2+ ... +az"+
ar,nr
+E{z—-c,+(2—c)2+ +~—~_—T}’

(z—cp) "

rie C —nocrosuuas; f(2) Oyner, TakuM oOpasoM, PalHOHANbHOH yHK-
uuvelt, U TeopeMa IOKasaHa.

Us Teopemul Jluysunas u caenctsua (II) § 3.61 oueBunHo, uyto
(yHKUMS, aHaMHTHUeCKas BCloLy (BkJjiouyad oo), 6yHeT MpPOCTO MOCTOSH-
HOHl. ®YHKUMH, KOTOPbIE SBJSIOTCS aHAJUTHUECKUMH BCIONY, UCKAI04AA OO,
MMeloT O6O0Jblloe 3HAYeHHe; OHHM HA3LIBAIOTCA 4eavimu GYRKyusmul).

[TpuMepamn Takux ¢yHKuufi cayxar e, sinz, e, Vs pesyabTatoB § 5.4

1) Io-dpanuysckn fonction entiére, mo-nemeuxn ganze Funktion, mo-aurauiicxu
integral function.
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BHITEKAeT, YTO IJS TAKMX (YHKUHM paiuyc cXomuMoctTd psaaa Te#aopa
6yneT GeCKOHEYHHIM, a U3 -pe3yJbTaTa NaHHOrO naparpada scHO, yTO BCe
ueable QYHKUUH (KPOMe NOJHHOMOB) MMeEIOT CYLIeCTBEHHO 0COObIe TOUKH
B GeCKOHEUHOCTH.

5.7. MHoOrosHauHsle (PyHKIHH

PaccMOTpeHHble B TNpenblAyLEM U3JI0KEHHH OQYHKUWH MMEOH eluH-
CTBEHHOe 3HauenHe (MauM MOpelen) A7 KaXIOTO 3HAYEHUd ApPTyMeEHTa,
KpoMe OCOOHX TOuYeK.

Ho Moryr OuiTb onpeleieHn ¢(yHKUUH, uMeiolmde 6ojee YeM OLHO

3HaueHWe I KAaXAOTO 3HAYEHMs 2; TaK, Hanpumep, eciu 2=r(cosf 4
1

~+isin0), To ¢ynxuus z? uMeeT NBa 3HAYEHHS:

1

1
r7<cos~%6 —{~isin%9), r7{cos—é—(@—l—21:)—|—isin%(6+2w)},

¢ynkuua ke arctgx (x BellleCTBEHHO) HMEET HeOrpaHHueHHOe 4YHCIO
1 1
3HaueHu#t, a UMeHHO 3HaueHus Arctg x - nw, raie — ™ < Arctgx < 5T

H n— moboe ueJ0e YUCJO; APYTHMH NPHMepaM¥ MHOTO3HAYHBIX (YHK-
umit sBasiorca g 2z, 2=, sin(2'5).

Kaxnas us IBYX ¢yHkuui, NpeICTaBAseMBbIX BhipaxenueM z'z, Gyxer
TeM He MeHee aHANHTHYeCKOHl BCIOAY, 3a MCKJIIOYeHHeM Toukn 2==0,
H Mbl MOXeM NPHUMEHSTb K HUM TeOpeMbl 9TOH IiaBH. DTH lBe QYHKUHUH
HA3bIBAIOTCS «BeMBAMU MHOFO3HAUHON (yHKuMH 2'e» 1),

Boo6uie roBops, uMelOTCA Onpefie/ieHHEHe TOYKM, B KOTOPHIX COBMa-
naloT ABe MaM Gonee BeTBeft MM B KOTOPHIX OJAHA M3 BeTBeH HMeeT
OeckoHeuHBI Npelien; 9TH TOYKH HA3BIBAIOTCA «TOUYKAMH BETBJEHHAY.

Tax ¢ynkuus 2’2 uMeeT TOUKy BeTBjeHus B 0, U ecau Mbl PacCMOTPHM
' H3MeHeHMe 2'2, KOTAA 2 ONMCHIBAET OKPYKHOCTb MPOTHB YacOBOH CTPeJIKH
Bokpyr O, To MBl yBuauM, uyto O Bo3pacraer Ha 2w, 2 OCTaeTCs Heus-
MeHHBIM U Kajoas 8em8bv BYHKWuU nepexodum 8 Opy2yi Gemss.
Tocrennee np:acTasaser cofoft obuyio yepTy Todek BeTs/enus. Hacros-
was KHMra He CTPEMHTCH AaTh MNOJIHOEe H3JO0XeHHe CBOWCTB MHOTO3HAUY-
HEX (yHKUMH, TaK K4K HAaM BCeria NMPUAETCH PAacCMAaTPUBATh YacCTHBIE
BeTBM QYHKUUA B 00GnacTaX, He cOAePXAaMMX TO4eK BeTBjeHHsA. Taxkum
06pasoM, OyneT CPABHUTENLHO HETPYLHO BHIETb, MPUMEHHMA HJHM Henpu-
MeHuMa Teopema Komm. :

o 3,
Tak, MBl He MOEM MpUMEHHTh TeopeMy Komm k Tako# (ymKkumuH, Kax 27,
KOrZa NyTeM HHTETPHPOBAHMS SABISETCH OKDPYXHOCTb, OXBATHIBAKIIAf HAYalo

KOODIMHAT, HO MOXHO NDHMEHHTh ee K OXHOH M3 BeTBeil dymkuum 27, Korza

') 3Tu paccymuenus He BHNOJHE TOYHH. ABTOPHl HE OrOBAPHBAIOT, B KaKOH
obxacTu onu paccMaTpuBaloT BeTBd. ([Tpus. ped.)
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nyTh HHTErpHpPOBaHHS NORO6GEH NyTH, NMokaszaHHOMY B § 6.24, u6o Ha BceM KOH-
Type ¥ BHYTDH Hero QyHKUUS HMEeT eJMHCTBEHHOE ONpejeleHHOEe 3HAauyeHHe.
MMpumep. JiokasaTh, 4TO eCJH PAsJHuHbIe 3HAUEHHS @7, COOTBETCTBYMILHE
NIaHHOMY 3HAYCHMIO 2, MIPEJCTaBJeHbl TOUKAMH HAa MIOCKOCTH KOMIIEKCHOrO nepe-
MEHHOr0, TO 3TH TOUKY GYIyT BEpUIMHAMU DaBHOYTOAbHOH NOMaHOH, BNUCAHHOH
B JorapudpMuuecKylo Cnupadb; Yrod MexAy KacaTelbHOH M pajuyCoM-BEKTOPOM

CrUpaJd H2 3aBUCHT OT 4. (Math Trip 1899)

Upest pasiamuHbX 8emseil ¢yHKNMM OKa3blBaeT HaM MOMOIIbL B NOHHMAHHH
TaKoro Napajokca, KaKk HHmeCAelyOnlHi,
PaccmorpuM dyHKIHIO

y = x¥
Nasi KOTOpOH
dy .« :
T = (1--1g x).

d o
Korma x BelecTBeHHO H OTpHIATENDHO, —d% HE 6leeT BEIIECTBEHHOM. Ho

eCad X OTPHIATENbHO W uMeeT dopMy T}“T (rie p u g — NOJOKUTENbHBIE

HIH OTPHLATEJ]bHbIE 1edble YuCia), To y 6yleT BeHecTBEeHHO.
[ToaTomy, ecau Mbl BHIYEPTHM BEIIECTBEHHYIO KPHBYIO

y =%

TO MBI 6leeM HMETH IJ4 OTPHUATECJIbHLIX 3HaYEHUH x COBOKYHHOCTb BE€HIECTBEH-
HBIX TOUYECK KpI/IBOﬁ, COOTBETCTBYIOUMX DAMHOHANABHBIM SHAYCHUAM X € HECUETHBIM
3gameHarteneM. Torga Mbl MOrau Gbt HOHpOGOBaTh MOJY4HTh KacaTeJblylo Kak

o ) d
npejaea XOpAbl, Kak eciu Obl KpuBas GHJA HENPEPHIBHOM, M TaKUM 06pa3oM, d—i ,
BbIBEICHHAN M3 HAK/IOHA KACaTeNbHOH K OCH X, OKAWeTcs BEIeCTBeHHOH. Bos-
HHKAaeT BONPOC: MoueMy OObluHHI mpouecc nuddepeHnHpOBaHHA N1aeT Hepeme-
d
CTBEHHOE 3HAauYEHHE IJs E{-? O6bsicHeHUEM CIYKHT TO OGCTOATENbCTBO, YTO 3TH
BEHIECTBEHHBE TOYKH NPHHALJEeXaT He OJHOH M TOH e BETBM (YHKUHH.
JleffcTBUTEINBLHO, HMEEM
X +2kni
y = o lg Xt kmx’
rae k— mo6oe yenoe yncao. KawaoMy sHaueHHI0 2 COOTBETCTBYET OJHA BETBb
¢byuknun y. Temepp, 4To6b NOJYYMTh BEIECTBEHHOE .3HAUEHHE, KOTAA X OTPH-
HaTeNbHO, Mbl IOMKHBL B3ATb HajJeXallee sHAUCHHe Aaa k, ¥ amo 3nauenue k
Oydem U3MEHSIMbCS, KO204 Mbl nepexodur om OOHOU Beujecm8enHKOl mouxy
K Opyzo0ii. Vtax, BEHECTBEHHBI@ TOUKH HE NPENCTABAAIOT 3HAaueHuH y, MpHHAZ-
AeXauwux OJHOH H TOH e BeTBM (QYHKUHM y == x¥, M CNEJOBATENbHO, MBI HE
d \

MOXEM OXHIaTh, YTO 3HAUEHUE T;{—’ HaxOIMMOe JiJisl OFpejeNeHHOH BEeTBH, JaeTcs
TAHT€HCOM HAKJ/OH& K OCH X HpHMOﬁ, COEILI/IHSHOILIGX?I JABE MNPOU3BOJBHO 6an3Kue
BEUIECTBEHHbIE TOYKH.
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nbnmepm
1. Moayuurb pasnoxeHue
z+a
1@ =r@+2{ EFEr (250 +
+ ‘2_“’ F () e o (2R )

¥ ONpeleNHTh YCAOBHA K 064acTb €ro NPHUMEHHMOCTH.
2. Moayuuts npu HaznexKalWMX YCJAOBUAX DPA3AONKEHHE

f(2) = 2[r(a+ )+f'(a+ 3(2““))+
.+f'(a+@i—%‘—z;"l)]+
PRl e 220
P (a+——————-———(2”‘"3n‘z_"’)]+
FHERT I 5 s 255
+f(5>(a+_(2ﬂ::_1_)£?_*_‘i)_ﬂ+m

2m

(Corey, Ann. of Math. (2), 1, 77, (1900)).
3. [Toxasatp, 4TO HJig paga = =
[ee]
2 1

A A
n=0

obaactb CXO}.II/IMOCTH COCTOUT M3 INBYX OTHAENbHBIX o6yacTelt, a UMEHHO BHEUJH&H
41 BHyTpeHHeI/I obaacTu OKPYXHOCTH pajuyca €JvHMUE, H 4YTO B KaXI0H M3 HHX
PAA npeiactTaBaseT OLHY Q)yHKl.lHlO H npeacTaBageT €€ BIOJHE.

(Weierstrass, Berliner Monatsberichte,
731 (1880), Ges. Werke, 1I, 227, 1895)

O .
4. ITokasaTb, 4TO GyHKUHUS 2 2" cTpemutcst K GeCKOHEYHOCTH NpH 2 ~> eXp

N n=0
2
<A mp) BIOJb PpajHyca, NPOBEAEHHOIO uepe3 3Ty Toqu; m — moboe uenoe
YHCHQ, a p mpuHuMaeT 3HaveHus 0, 1, 2, ..., (m!'—1).

BuiBecTu. oTciona, yTo (pyuxum He MOMer GbiTb NPOJOJKEHA 33 €AHHUYHYIO

OKPYXKHOCTb.
(Lerch, Sitz. Bohm. Acad.,
571—582 (1885—1886) )
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5. IMoxasarp, 4TO ecam 22— 1 He gBJAAETCH MOJOXKHTEAbHBIM BelleCTBEHHBIM
qUCJAOM, TO

1
z I1.
(lf—z2) 2=1+-%—z2+-—;—-§-z4+.“+ 324( —b, oy

z 1

3.5...(2n41) 2—'5/'2”] w7
0
(Jacobi u Scheibner)
6. [TokasaTh, 4To e€can 2 —1 He ABJAAETCA MNOJOXKHUTENbHBIM BeIleCTBEHHBIM

YHCJIOM, TO
m (m + 1)

(1= =142+ 202

mnA ). k=)

n!

24 ..+
m+m 1z /t" (1 — tym=1 dt.
0

(Jacobi u Scheibner)

7. TTokasaTp, 4YTO ecJaH 2 U 1 —2z He aasTCA OTPHUATEAbHBIMA BEILECTBEH-
HBIMH 4HCJAaMH, TO

z 1

1
a —22)7/ tm(1—t2) 2dt=

+m(m—l—1)...

n!

z”l‘H m 42 (m+2)..(m+2n—=2) ,,_
m+1{l+m+3 +"'+(m+3) (m+2n—-11 : Z)H_

-3 (m4+2)(m-44)... (m+2n) mt2n
+ 1=z 2 mFDmF9).. (m+2:—D greran (1 —£) 2‘“

(Jacobi u Scheibner)

8. B pasaoxenus Bblpaxenus (@ - a,2 + @,2%)™ 1o CTeNEeHAM 2 OCTaTOYHHIN
yjeH NOche n UJAEHOB obOo3HaueH deped R, (2), Tak 4TO
(@4 a2+ a2?)" = Ay + Az 4 422+ ... + Ap—i2 1+ Ry (2);

TpebyeTcs MOKa3aTh, YTO
2

- 9 naApt" =+ 2m—n + 1) a, A, _t"
Rp(2) = (& + a4,z + a2%)™ '/l (@ F a,f F a,i2yn+1 at.
0

(Scheibner)

9. Ilycts dynxuus

2

@+ az + 222" / (@0 + a,t + ayt?)™ at
0

Pa3noNEeHa 1O BO3DPACTAOLIUM CTENeHdM 2
Az4 A2+ ..
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Tpe6yeTcs MOKA3aTh, YTO OCTaTOMHME wiaew mocae n— 1 unenos Gyner

(a0 + a2+ 2207 [ (@ +art + ety X
° X {nayAp—2m+n-+1)a,A,_\t} t"~1dt.

(Scheibner 1))
10. Tlokasatsp, 4TO PR

S 2 479 (2)
b @ et =g
e 2 3 n
M@ =—ldz—tar— .

u rae ¢ (2) — byHkuus, aHaauTHYeckas BOAM3M 2z =0, cXOmHTCA BOIH3M TOUKH
2z =0; mnoxasaTb TaKxke, 4TO eCAd CyMMy psna o6osHauuTb uepes f(z), TO
f(2) 6yner ynosaerBopaTh InddepeHnualbHOMY YpPaBHEHHIO

@ =r@)—¢ ()

(Pincherle, Rend. dei Lincei (5), V, 27 (1896))

11. Tokasats, 4TO cpenHee apudMeTHuecKOe KBaApaTa MOAYJS 3HAuUEHHit
O

pana 2 a,2" Ha OKPYWHOCTH |2z ]==r, pacnoJoxeHHOH BHyTPH €ro Kpyra cxo-
n=0
IHMOCTH, PABHO €YMME€ KBaJpaTOB MORyJeH OTJeNmHBIX UJACHOB.

(Gutzmer, Math. Ann, XXXII, 596—600 (1888))
12, ITokasatb, uTO pLX

2 2 Y
Z e~ (am) zm -1
m=1

cxonutcst npH | 2| <1 u uto npu a > 0 OyHKUUS, NPEACTABASEMAT MM, MOXET
6niTh Takxe npeicrasieHa mpH | 2| < 1 uHTerpanam

o) [

1 -2
a\7 / e * dx
©) J F ez X
0
M 4TO OHA He MMeeT OCOGBIX TOUYEK, KpOMe TOYKH 2 = l.

(L erch, Monatshefte fiir Math und Phys. VIII)
13. [MokasaTtk, 4TO pax

2t +

2 z 2!
+ T 2 { (1—2v—2v"2i) (@v -+ 2v'zi)? + (1—=2v—2v"z" ) (v -2z 1j)? } ’

"y PesyabTatsr npuMepoB 5, 6 u 7 ABJSOTCA YACTHBIMH CaAydasMu GopMyds,
colepXamHxcs B aucceprauuu $ko6u (Berlin, 1825), ony6ankoBanHOH B ero
Ges. Werke, III, 1—44, 1881. Popmyabl fxo6u Obiv o6obumenbl [llaii6uepom
(Scheibner, Leipziger Berichte, XLV, 432—443 (1893)).
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B KOTOPOM CYMMHPOBaHHE pPaCHpPOCTPAHACTCA Ha BCe Lefable 3HaYeHHs v, v/,
kpoMe kKoMOGuuauum v=0, v/ =0, a6COMOTHO CXOAMTCH AJIf BCEX 3HAUCHHH 2,
KPOME YHCTO MHHMBIX, H 4TO €ro cyMMa 6yaer pasHa - 1 uid — 1 COOTBETCTBEHHO
TOMY, 6YI€T MM BEMECTBEHHAs YacTb Z NOJOXHUTENbHOH WJIH OTPHLATENLHOH.

(Weierstrass, Berliner Monatsberichte, 735 (1880))

. 1
14, IToxa3sars, yTO sm{(zJ,- 7)} MOXeT ObiTh PasNoXeH B PsA Buia

b b
Qo taz + a2 ... —{—7‘4—?22—_—{- e

B KOTOpPOM KO3(dduuuentom kak npu 2", Tak u npu z~" Oyrer

2r
1 .
o [ sin (2u cos 0) cos b d6.
0
15. Ilycrb
= 2
\ 2
&= T
n=1

nokasaTh, YTo f(2)— KoHeuHas ¥ HeNpepblBHAas JJIS BEUIECTBEHHBIX 3HAUEHHH 2,
HO He MOXeT OblTh pasaoxeHa B psal MakJopeHa NO BO3PACTAIOUHM CTENEHSM 2;
OB BACHUTD 3Ty KAXKYILYIOCH aHOMaJHIo,

[OTHOCHTEABHO APYLHX CAYYaeB HENPHTOXHOCTH TeopeMbl MakaopeHa cM.
nocMeptHuif Memyap Ceaneppe (Cellérier, Bull. des Sci. Math. (2), XIV,
145599 (1890)); Lerch, Journal fiir Math., CHI, 126—138 (1888); Pring-
sheim, Math. Ann, XLII, 153—184 (1893), Du Bois Reymond, Min-
chener Sitzungsberichte, VI, 235 (1876).]

16. Ecau f(2) — Henpepoisnas ojpHo3HauHad (YHKIHA OT 2 B HEKOTOPOH
JIBYMEpHOH 06MacTH M €CJH

ff(z) dz =0
C

Adf BCEX 3aMKHYTHIX KOHTYpoB C, Rexauiux BHYTpu obaactu, 10 f(2) 6yzer
aHaJuTHYECKOH (QYHKuUMeH OT z BCIOAY BHYTPH 00JaCTH.
[Myctp a — mo6as Touka 06AACTH, U MYCTb

F(2) = f f(2) d.

U3 ycaoBuit caexyer, uto £ (2) uMeeT eIMHCTBECHHYIO NMPOU3BOAHYWO f(2).
‘TMostomy F(2) 6ymer anamuTuueckoi (§ 5.1) u, Taxum obpasom (§ 5.22),
ee npoussoaHas f(2) Oyzer TaKxe aHAJHTHYECKOH. IJTO BaxXHoe obpaileHue
teopembl Kowmu npunanaexur Mopepa (Morera, Rendiconti del R. Ist. Lom-
bardo (Milano), XXII, 191 (1889).]



FTABA 6

TEOPPIQ BbIUETOB W NPUIOXEHUE EE K BbIYUCJEHHUIO
ONPEJAEJEHHbBIX UHTETPAJIOB

6.1. Boiuernl

Ecmn ¢ynkuua f(2) umeer mnoJaioc mnopsixka m nOpu z=4a, TO,
no ONpeleJIeHUIO MoJioca, BOJIM3H TOUKH 2= a OHa OyleT UMeTb pasJjo-
’KeHHe BUIA

a_ — a_y
()= premi 2T+ —+9(),
f o) ( 2y 1 oot
rie ¢ (2) — aHajiuTHyecKas QyHKIUS BOMM3H @ M B 4.

Kos¢pduunenT a_; B 3TOM pa3/OKEHUH HA3BIBAETCH Bb4emoMm (YHK-
uuy f(2) B monoce a.

PaccMoTpuM  MHTErpain ff(z)dz, rje TNyTeM HHTErPUPOBAHUS §B-

a
ASeTC OKPYXKHOCTb 1), LEeHTP KOTOPOH ecThb TOYKAa @, a pajuyc p Ha-
CTOJIBKO MaJ, uYTO ¢(2) OyAeT aHaJIUTHYECKOH BHYTpH M Ha caMoHt
OKPYXKHOCTH.
Mbl umeeM

/f(Z)dz:- oot [ @Zt [ e@an

Ho fcp(z)dzf—-o corracio § 5.2, u (nonoxus 2z — @ = pe'd) M

uMeeM, €CJau r % 1,

. / peldi d 0
(z —_ a)’ o7erio
2n

N , (1-r) 8 2%
=p r+1/ e(l—r) Lﬂi 48 — p—r+1 [ e ] —0
'0 1—r 0

1) CyHLECTBOBaHPIE TaKoi OKPYXHOCTH BBITEKAET H3 ONpeACJCHHA noJica
KdK HSOﬂHpOBdHHOH 0c0060#1 TOUKH.
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Ecau xe r=—1, 10

2
f dz :[id9=2m'.
Z—a .
0

a

Orclola OKOHYATeJILHO

f f(2)dz =2mia_,.

[Tycts Tenepp C — Kakoi-n1u60 KOHTYp, CONepKalMi BHYTPH cels
HEKOTOpOE HYHCJO NOMCOB &, b, ¢, ... QPyHKUUH f(2) ¢ BHueTaMu a_,,
b_y, €_y, ... COOTBETCTBEHHO; NPEANOJOXUM, uTO f(2) Oyler aHaJMTH-
yecKOff B OCTaJbHBIX TOYKAX BHYTpH C M HA HEM CamoM,

OKpyXHUM TOUKM @, b, ¢, ... OKPYKHOCTAMH &, B, Y, ... HACTOJIBLKO
MaibIMH, YTO OCOOHIMH TOUYKAMH B KaXIOH M3 HHX GYAYT TOJNBKO HX
LLeHTPHl; Toraa QyHkuus f(2) OyleT aHainTHYeCKOH B 3aMkHyTo# o0Oxa-
cTH, orpaHuyenHo#t xomrypamu C, a, B, 7, ...

Orciona no caeacreuio 3 § 5.2

[r@az=[f@dz+ [ f@dz+ ... =2mia_+ 2rib_+ ...
c a 8

Takum 06paaoM, nonyyaeM meopemy 0 8vitemax, a UMEHHO: ecau
f(2) — anasumuneckan na xkoumype C u 8HYmpu Hezo, 3G UCKAO-
YerueMm HEKOMOPOZO HUCAQ NOAIOCO8 BHYMPU KOHMYPA, MO

[r@az= Qf:iE»R.
C

20e ZR ob603nauaem cymmy 8oinemos8 gynxyuu f(2) 8 noawcax,
aescauux 8uympu xoumypa C.
dra TeopeMma sBisietrcs obobieHueM Teopemn § 5. 21,

[Tpumeuanue Ecamu a—npocmoid nomoc ¢yHkuun f(2), TO BblueT
B 3ToM moJawce pases lim { (2 —a)f(2) }.
zZ=>a

6.2. BouncjaeHue onpexeJeHHHX HHTErpajos

TIpumennM Tenepb pesyabTaT § 6.1 K BHIYHCAEHUIO PA3JIHYHBIX KJAc-
COB OMpeleieHHHX WHTerpasoB. MeTOAH, KOTOpHlE CJAelyeT NPUMEHSTDH
B TOM WJIH WHOM YacTHOM cJyuae, GoJblueH 9aCTbIO SICHH M3 CAEAYIOLMX
TUOMYHBIX NPHUMEpOB,
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6.21. BoiunMcjeHHe HHTErpajoB HEKOTOPHIX
nepuoanueckux GyHknufi, BSATHIX Meway npepenamn O u 2z

WHTerpan Ttuna
2n

fR(cosB, sin 8)d®,
0

rie NONMHTerpa/jbHas GYHKIUUS #ABJAAETCA DaUUOHAaAbHOM dyHKuuel
or cosf u sinf, koHeuHO# B 0OJACTH HHTErPALUMM, MOXKHO BBIYHCJUTH,
nonoxus e =—z. Tax Kax

1 o owen 1 -
cosG_—Q—(z—}—z ), smﬁ__—g(z—z n,

TO HHTErpast NMPUHHMAaEeT BUI fS(z)_a'z, rie S(z) 6yrerT panMoHalbHOH
C . :
dyHkuue#t OT 2z, KOHeuHO# Ha myTu unterpuposanus C, rae C — OKpyxk-
HOCTb pajuyca eIMHHMIA C LEHTPOM B Hauaze.
ITostoMy corjacHo § 6.1 unmezpas pasen 2wi, YMHONCEHHOMY HQ
cymmy 8vinemos ynxyun S.(2) 8 mex u3 ee noawcos, Komopue se-
sicam 8HYMpPU 3mol OKPYICHOCHU.

Ipumep 1. Ecan 0 < p <1, 10

2n
1.—2p cos 0  p? —‘C, il—pz)y(z—p) °
0
EAMHCTBEHHHIM MOJIOCOM TOAMHTErpafbHON (QYHKIHY BHYTPH OKDYKHOCTH
ABAKETCA NMPOCTOH MOJIOC B P; COOTBETCTBYIOIIKH BHYET PaBEH

lim 2P = 2n .
z>p L (1—p2)(z—p) i(1—p?%

Orciona
on

/‘ db _ 2n
1—2pcosb+p2  1—p?°
0

Mpumep 2. Ecu 0<p<1, 10
2r

cos? 36
J 1—2pcos26+ p?
0

dz (1 1\ 1 _
—é/i—z<7zs+’2“" ) ==y 2R

(2°+ 1)
42° (1 — pz?) (:* —p)
noawcax, Jexauiux BHYyTpH C; 9TH moJochl 6yayr O, —p’lz, p‘/z, a BH9ETHI

db =

rae ZR 0603HaYaeT CyMMy BHIUETOB (YHKIHHK

B ¢e
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14 p24-pt P41y (P+1? |
B HHX PaBHBI COOTBETCTBEHHO 5 A=y B d—ph
NO3TOMY HHTErpaj paBeH
r(l—p +p2)
1=
Mpumep 3. Ecin @ — nonoxurenvHoe uefdoe 4HCaO0, TO
2n 2r

/ 205 ¥ cos (nf —sin 6) db = %—1'5 , f 28 O 5in (n6 —sin 0) 48 = 0.
¢ [

. 0
fipumep 4 Ectu a> 56> 0, 10
2%
db - 2na /’ _ ma+b)
(@+0bcosb)? (g2 p2yin’ S (@t bcos?O2 ~ Fhig o)

6.22. Buiuncjaenue omnpeaeieHHLIX HHTErpPaJioB,
B3ATHIX MEXAY NpejenaMmu — oo H -+ o0

400

BoiuncauM Tenepb f Q(x)dx, rae Q(2)— dynxuus, (I) aHaTUTH-
—00

yeckad, KOTAA MHMMasg 4acTb 2 TOJOXHTeJbHA MJM Hyab (BCIOAy, 34
MCKJI0YEeHUEeM KOHEYHOro uucaa mnoJqwocoB), (II) He uMelowas nosocoB
Ha BemwectBenno#t ocu u (III) Takas, 49ro npn [z]->00 2Q(2)—>0
PaBHOMEPHO [l BCeX B3HAYeHHH arg z, KOTOpbie YIOBIETBOPAIOT Hepa-
BeHcTBy 0 <L argz ™, AJA BelUeCTBEHHHIX 2, CBEPX TOrO, (IV) npexn-
noxaraercs, '-lTO xQ(x)—>0 npu Xx—> 1t oo TakuM 0o6pasom!), uto 06a

MHTErpana fQ(x) dx u fQ(x)dx 6yLyT CXOAAUMHUCS,

Mpu aaﬂaHHOM € Mbl MOXeM B3fTb Takoe p, (He 3aBHCsllee OT arg 2),
. £ .
uto [2Q(2) |[<— . korma [z] >py m O<Cargz<w. Paccmorpum

fQ(z)dz, B3ATHH MO KOHTYPY C, COCTOSLIEMY M3 YaCTH BelleCTBEHHOH
C . .
ocH, coeluHsiowe# Touku = p (rae p>>py), M MoJayokpyxHoctd I' pa-
IHyca p C LEHTPOM B Hauajle KOOpAMHAT, Jexauiefl Haj BeleCTBEHHOM
0CbIO.

Torna corsaacho § 6.1

f Q(2)dz=2ri ZR
(&

") Yenosue x Q (x) >0 camo mo cefe HenOCTaTOUHO AJisi ofecmeycHus CXo-
(e8]

JUMOCTH fQ(x) dx; paccMoTperh mpuMep Q (x) = (xlgx)”L
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rie ZR 0003HayaeT CyMMy BbYeTOB ¢yHkuuH Q(2) B ee moocax,
JeXKAUMX Bhlllle BelleCTBEHHOH ocul).
TTostromy

fQ(x)dx——QniER =| [Q@az
— . I‘

Honroxue B 9TOM mOCHelHeM HHTerpane 2 ==pe'd, uMeeM coOraacHo
oueHke § 4.62

l/Q(z)dz
T

P
Orciona mosayuaeMm lim fQ(x) dx:?wiz R.
P o

= /Q(pe"“)pe""idﬂ </‘%d6=e.
0 0

«+ 00 c
Ho suauennme wunrerpana f Q(x)dx pasHo lim fQ(x)dx; no-
p, 6~»00
-—00 —p

CKOJIbKY CYIECTBYIOT o6a mnpefena lim Q(x)dx u lim Qx)dx.
s>e0 o p>oo ¢

4
TOT ABOHHOHM npelen coBnazaer ¢ lim Q(x)dx.
p>o0
—p

Takum 006pasoM, Mbl NOKa3ajH, YTO
+oo0
f Q(x)dx =2ni ¥ R.

31a TeopeMa QCOOEHHO MOJE3HA B CHELUAIbHOM cnyqae xoraa Q(x)—
pauuoHajJbHasg (GYHKUMS.

[I‘I pumevanune, Ecau nawxe ycnosue (IV) He ynoBneTBOPsETCH, TO MHI
BCE IKe HMeeM

f{Q(x)+Q(_x)}dxnpgn; _fQ(x)dx;QniZR.]

Mpumep 1. EnuucteennmM nomocom ¢yukumu (22 +1)"° B Bepxueii

NONYIINOCKOCTH ABJASAETCA TOJIOC B TOYKE 2==] C BHYETOM B HEM — i.

16

') Q (2) He MMeeT MOMIOCOB HaJ BELIECTBEHHOR OCbI0O S8HE KOHTYpa.

11 3. T. Yurrekep, Jx. H. BaTcon
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ITosTomy

. oo
/ dei 8
(S VR
-0
Mpumep 2. IMycts a > 0, b > 0; mokasars, 410

[oe]
xtdx T

@¥ o) = Tehph
—00

Mpume 3. PaccMarpmBaa HHTErpan . ~e‘>‘z2dz 0 MNpPAMOYTOJbHOM
P

KOHTYPY , BEPUIHHB KOTOPOTO Jexar B Toukax — R, R, R--ai, — R+-di, mo-
KasaTb, 3acTaBadgs R -—> oo, uto ecau A > 0, 10

e} o) __1_ 0
f e~ cos (Qhax) dx = e~ f e Mgy =0\ ? e"wf e~* dx.
—t0 -0

6.221. HexoTopeie uMHTErpajn ¢ OGeCKOHRYHBIMH NpejetaMHu,
coJepxammue CHHYChl M KOCHHYCHI

Eciu Q(2) yZnoBIeTBOpsieT yCJIOBUEM O, D u () § 6.22 u
m >0, 10 Q(z)e™? Takke yLOBJETBODSET STHM YCJIOBUAM.

OTciona BEITEKAET, 4YTO f (Q(x)e™* 4+ Q(— x)e~mi*} dx pasen

0
2ri Q R’, tae X R/'— cymma BriuetoB ¢ynkuwn Q(2) e™? B ee momo-
cax, Jexawux B BepxHeft mouaymiockoctd. CilenoBaTelbHO,

(D) ecim Q(x)— veTHasa ¢yHKUESA, T. €. ecal Q(— x)=Q(x), T0
f Q(x)cosmx dx =i 2 R;
3 ,
(1) ecim Q(x)— HeueTHas GYHKLUA, TO '
f Qx)sinmxdx = nE R’.
0

6.222. Jlemma Xoppaamna 1)

Pesyabtatet § 6.221 Bephbl, ecanm Q(2) mopuMHAeTCS MeHee Orpa-
HUYUTEJLHOMY YCJIOBHIO, MMeHHO: Q (2) —> 0 paBHoMepHO npu 0 < arg 2«7,
Koria |z|—»oco, BMecto ycaopusi, uto 2Q(2)—> 0 paBHOMepHO. \

Ins nokasaTelbCTBA 3TOTO HaM HeoOXonuMa TeopeMa, H3BeCTHad
nox HasBanueM Jiemmbl YKopraHa:

1y Jordan, Cours d’analyse, II, 285—286, 1894.



6.222. JEMMA KOPIAHA 163

Ecau Q(2)—>0 pasnomepro ommuocumesso argz, Ko20a z—»co
g obaacmu 0 <argzw uecan Q(2)—arnarumuyecrasl), xozda
,zl > ¢ (c—nocmoanuan) u 0 Largz L™, mo

lim ( [emz@e dz> =0,

r

20e T'— nosyorpyxcnocms paduyca p, sexcawas Rad sewecmsennoli
0CbIO, € UeHmMpoM 8 Ha4aase KOOpOUHam, m — Beuecmsernoe ROAO-
AHCUMeAbHOE HUCLAO.

IMo nanHoMy € BhGepeM TaKoe pg, YTO |Q(z)|<;€-, ecan |2[> p,.
u 0 Largz m; Toraa npu p > p, uMeeM

f emizQ(2) dz

ki3
- f emi (p cos 8+1ip sin 0) Q (peie) peie iddl.
T 0

Ho |emipcos® — 1, u TakuMm oGpasowm,

[

f e™?Q (2) dz

r

x . -51!
<f%pe-"'9 S‘""de=2§/ pe=mesin® gp,
0 0

)lz‘mee,. sin § >% 6, korma 0 <6< %7: 2), ¥ CJelOBATEJbHO,

1
F] 2mph 2mph 15 ™
miz & T e - ¢
fe Q) dz <2_1t—./ pe d9=2-;5-7[—8 i ]0 <;l-.
T 0, ' ‘
Orciona

lim f e™*Q (2)dz = 0.

p—>co 1
AToT peayabTaT M ecThb JemMa 2Kopraua.
Hanee,

P

f (e™*Q (x) 4 e~mHQ (— x)} dx = 2wl 2 R/ — f e™2Q(2) dz,

4] iy

Yy Jlas caMoit JeMMB STO YCJOBHE H3JHMIIHE, OHO HYIKHO TOJNBKO I ee
npumeHenud. ([Ipum. ped.)

2) 9TO HEPABEHCTBO CTAHOBHMTCA OYEBHHBIM, ECHM BHIYEPTHTH rpadukn xpu-
_BHX y==sinx, y=2x/m, er0 MOXHO IOKa3aTh, MOKa3as, 4r0 (sin 0)/0 yMeHb-
maercs, koraa § sospacraer or 0 po w/2

u*
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H, 3aCTAaBJAA p—> CO, MBl BHAMM Cpasy, 4TO
f {e™Q (x) 4 e~ mxQ(— x)} dx = 2xi 2 R’
0

—— pesyJbTaT, COOTBETCTBYIOWIHH pesyivrary § 6.221.

MMpumep 1. Mokasate, 4ro npu a > 0

(o]
Cos X ki1
e dx = —e" %
f x4 a? 2a
0

MMpumep 2. Mokasarb, uto npu ¢ >0, 6 >0

 cos Qax —
08 2ax 2cos 2bx dx == (b—a).
X

0

(B3aty KoOHTYp, COCTOAmME M3. 6OMLIIOH NOJYOKPYMHOCTH pajguyca p, Manoi
NOJIyOKPYXHOCTH pajuyca 3, o6e ¢ LeHTpOM B HavalJe KOOpIMHAT, U U3 OTpe3-
KOB BeUIeCTBEHHOH OCH, COCRMHAIONIMX MX KOHIB, 3aTeM nepefity K mpexeny,

3actaBasg p - oo, 8 —»>0.)
[Tpumep 3. Ilokasatb, uro npu b >0, m >0

(o0
e 2 —mb
-—-——(i’: T b‘:)ﬁ cos mx dx = ﬁibs {3b? — a® — mb (362 + a?)},

0

Mpumep 4. Ilokasarb, uto mpu 2> 0, a >0

o0
x sinax 1 _ra
fmdx—'gne: .

Ipumep 5. Ioxasars, uto npu m >0, a >0

[ee)
f sin mx dx m g~ M4 m 2\
x(x2Fa?)? "7 T 2t T T 443 al’
0 .
(B3aTp XOHTYp, Kak B npuMepe 2.)
puMmep 6. ITokasaTh, YTO ecau BelieCTBEHHAs YacTh 2 MOJOKUTEIbHA, TO

(o]

f (emt—e~1?) -‘i—t =lgz.
H
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[Mbl nmeeM

[eS) p
/(e—t _e—tz)_[l{t_z lim {./‘it_—idt— e~ t? dt}:
¢ .

8>0,p> 0 Y g t
[ 4 pz
-t —u
= tim {fi—dt—f b dulb=
5—)0,9-—)ool6 ¢ K u
Pz
[[era foa
= lim ——~dt— ———dti,
6—>O,p—>oo ¢

tak Kak ¢ le”!

— @HaJuTHYeCKas ,BHYTPH YeTHpPEeXyrolbHHUKA C BepUIMHAMH O’
¥z, p2, p. :

p2
Nanee, ft‘le’t dt -0 mpu p - co, korma Re 2> 0, a

e
oz

[ttetar= 1gz—ft—1(1 e~ dt >lgz,
8

tak Kak £ (1 —e ) —>1 npu £ > 0]

6.23. I'naBHble 3HAYEHHSA HHTErpajioB

B §§ 6.22, 6.221, 6.222 6ni10 npepnonoweno, uto dynxuus Q (x) He uMmeer
HOMIOCOB HAa BEIIECTBEHHOH OCH; ecaud (YHKuUUS HMeeT KOHEeYHOe YHUCAO npo-
cmolX NOJNIOCOB Ha BELIECTBEHHOH OCH, TO MBI MOXeM NOJYYHTb TEOPEMB, COOT-
BETCTBYIOI[ME YXe [MOJAYYEHHBIM, C TE€M, OJHAKO, OTJHMYHEM, 4YTO Tenepb moj

MHTErpalaMu TOHHMAIOTCS WX TWiaBHble 3nauchus (§ 4.5), a | R 3avensercs Ha
N\ 1 % Y
Z R_'_'Q_E Ry, tne }_‘ R,— cyMMa BHIUETOB B MOJIOCAX HA BELECTREHHOH

ocH. YToOH NOAYUUTH STOT pe3yaAbTAT, Mbl AOJKHbI BMECTO NPENHEr0 KOHTYpa
B3ATb 32 KOHTYp Ty XK€ HOJYOKPYXHOCTb pajuyca p, OTPE3KH BeIeCTBEHHOH
OCH, COERUHSIOLIHE TOYKH

—p, a—2d; a+3d, b—3; b+3, c—135...
U Malble TNOMYOKDPYXHOCTH HAJ BEIIECTBEHHOH OCbIO DPagHyCcoB Bl, ¥y ... W

¢ ueWTpamu B a, b, ¢, ..., rae a, b, ¢,... —nomocsi ¢yHxkuun Q (2) Ha Beme-
CTBEHHOH OCH, M 3aTe€M 3aCTaBUTb ¥y, Dy, ... —>0. O603HauuM Majsie nNOAy-
OKPYKHOCTH Yepes 7, 72, ...; TOTAA BMECTO COOTHOIIEHHS

fQ(Z)dz—]—fQ(z)dz_%zzR

-p
OyneM uMeTh

P—{Q(z)dz—}—}ﬂ; a,11120va(z)arquer(z) dz=2m'ER.
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IMycts @’ — Buiwer gynkuun Q (2) B @; TOrLa, NONOKMB 2 = a +-3,6® Ha y,, Mu
NOJYYUM :

0
f Q(2) dz = f Q (@ 4 d,e™) b,e idb.
13 T
Ho Qe+ Bleie) B,e”’ ->a’ paBHOMepHO, Koria 9; —>0; mosromy
lim Q(2)dz =—mia’
51—> 0

L6
H, TaKuM 06pa3oy,

14
P fQ(z)dz—{—fQ(z)dz=2iti2R+"i2R0'
’—P I

a OTCI0AA, MpHMeHss paccyxaenus § 6.22, moayuum

P fQ(x)dx=2ni(2R+—%2_Ro)'

Jlerko y6enutnca, aro reopemn §§ 6.221, 6.222 umeror coBeplIeHHO TaKHe XKe
o6o6uwenws.

MeTon, ONpHMEHEHHbIH BHIIE M 3aKJIOYAIOMHKHCS B BHIACACHHH IYT MajblXx’
OKpYKHOCTEH, HA3HIBACTCA METOAOM 6b/pe3anusl KOHTYpa.

(e

6.24. BriuncjieHne WHTErpajoB BHAA f x2-1Q (x)dx
0

[ycts Q(x) — pauuoHanbHas (QyHKUUA OT X, He HMeloLias MOJIOCOB
HA TOJIOXKUTENbHOR YacTH BeluecTBeHHOH ocu, H x%Q (x)—>0 mpu x —0
H IpH X ~—> 0o,

PaccMOoTpHM uHTerpan f(»——'z)“"lQ(z)dz,
B3aTHIA N0 KOHTYpY C, mokasaHHoMy Ha puc. 1
W COCTOSIEMY M3 AYyr OKDYyXHOCTe# panuny-
p COB D, 8 M MPAMBIX JUHHH, COSMHAIOWUZX HX
KOHLLbI; (—z)a"1 MOHUMAETCS KaK
exp {(a - Dlg(—2)},
rae
Ig(—2)y==Ig |z| +-iarg (- 2),
Puc. 1. 4 <
—rLarg(— )<
Ip¥ STHX YCJOBHAX TONMHTErpaibHas (yHKuMa OyLeT ONHO3HAUHOH M
aHAJMTHYECKON HAa KOHTYpE M BHYTPH Hero, ec/ii He CUUTaTb TOJIOCOB

dyuxunn Q(2).
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Orciofa, ecau uepes X7 0603HAUMM CYMMy BHINETOB BHPAXKEHHS
1
(—2)"7'Q(2) BO Bcex ero momocax, TO

f( (z)dz—_~2m2 r.

Ha wManofi OKDYXHOCTH IOJOXHM —z_(“)e“’ TOTJAA MHTerpal mno
—T

reit OyneT paseH —f (~z)“Q(z)Ld6 H OyIeT CTPeMUTHCA K HY MO

npn 3—0.
Ha 6oabmoft ox(pyxmocm MOJIOKKHM — 2 = pe’d, uHTerpan no eft

6yneT paBeH — f(— 2)° Q(z)idﬁ u Oyier CTpeMl/ITbCﬂ K HYJI0 npu
-
p—> 00.
Ha onHOU u3 npsMBIX MOJOXUM — 2 == xe™, a Ha Apyroft — 2=xe~";
toraa (—2)*”! cramer pasHo#i x@-lex(@a-Dwi,
Orcrona

?

lim f (xe-1e=@-17Q (x) — xa- lela-D™Q (x)] dx = 2ni Y, 7.

d>0,p>0 3

a TIoTOMY
(Sl

f x2~1Q(x)dx = m cosec an 2 r.

0
CnencrBue. Ecau Q(x) umeer HeKkOTOpOe HHCJIO MPOCTHIX NOJMIOCOB H:

DOMOXUTEAbHOR YaCTH BeleCTBEHHOH OCH, TO BHIPE3aHMEM KOHTYPa MOXHO MOKa-
3aTh, 4TO

[0}
-
Pf x%~1Q (x) dx = = cosec an Z r—m= ctg anEr',
0

rae 2 r’ —cymma BbiueToB dynxunn 2% 1Q (2) B sTHX nomocax.
Mpumep L. Ecm0<a<], 10

[ee]

xal
f1+ dx = = cosec an, P[

Mpumep 2 Ecmml0<z<lu—n<a<nm TO

dx = 7 ctg am.

o0

f -1 g — net E—1Da
p t+ e sin w2

(Minding)
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MMpumep 3. Ilokasare, uro mpu — 1 <2 <3

x* _ m(l—2)
f(l+x2)2 dx = i .
0

4 cos =-n2
2

Mpumep 4 TMokasats, aTo mpy — 1l <p<lum —r<h<n

O

/' x Pdx _m sinph
1+2xcosh+x2 " sinpm sink

(Euler)
6.3. Unrerpanast Komn

PaccMOTpMM KJAacC KOHTYPHBIX HHTErpajoB, KOTOPbIE HEpPenKO IONE3Hbl Npu
AHANUTHYECKUX HCCACAOBAHUAX.

Iyets C —KOHTYp B IJIOCKOCTA 2, a f(2)— dyHknud, aHaauTuueckas
BHyTpH 4 Ha camoM Koutype C. [lycTh ¢ (2) — Apyras QyHKnus, aHaAuTuuecKas
BHYTPH 4 HAa CaMOM KOHTYpe, 3a HCKJIOUEHHEM KOHEYHOrO YHCJIA MOJIOCOB;

nycts &, @y, ... — HyJd1 QyHKnuu ¢ (2), aexauue BHyTpu C 1), 7y, ry, ... — uX
KPaTHOCTY; NyCcTh, naxee, by, by, ...-—momocel 3T0H dyHkuuu BuyTpu C,
a Sy, Sy ...~ UX TOPAIKH.
o 1 ¢’ (2)
Torza nmo OCHOBHOH Teopeme O BBIUETAX D f(2) E) dz 6yner paseH
c

@9 (2)
9 (2)
MOXET HMETb 'ocoéble TOYKHM TOJBKO B IOJIOCAX H B Hyaax

CyMMe BHIYETOB (DYHKILUH

o £&)¥ (2)
2
dbynxnun ¢ (2). Boausu onnoro us uyne, nanpumep a,, Mbl MMeeM

¢R)=A@—a)"+B@—a)" "4 ...

B e MoJCax, Jexamux BHyTpH C.

[TosTomy
¢ @=Ar@—a)" B+ D—a) + ...
FE@=f@)+E—a)f @)+ ...,

7
f@¢ (@) nfa) 6yneT aHaJIUTHYECKOH B TOUKE 4,
¢ (2) 2—ay
F (@ e (2)
¢ (2)
[Tono6HbIM e 06pa3oM BblueT NpHU 2 ==b, paBeH — §,f (b,), u6o BOAU3M
2=>5b, MBl HMeeM

"

CJIEXOBATENbHO, (YHKIHSA

W 3HAUUT BHIYET (YHKUHMH B 3TO# Touke OyleT pameH r,f (a,).

¢ =C—b)""+D@E—b) "4 .,
f@=r0)+E—0)f )+ ...,
f(2) ¢’ (2) _{_Sznf_(bbxl)

M TakuM o6Gpa3om, HKIHS
P by 16)

6yfeT aHaaMTHYECKOH
B Touxe b,. '

') ¢(2) He moMXHA HMETb HH HyJAeH, HH momocoB Ha C.
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wr [ 1@ L = rrey =Y s,
0 .

NpHYEM CYMMHPOBAHHE PACHpPOCTPAHAETCH HA BCE HYJAH H NMOMOCH GYHKIHUH ¢ (2).

Orcozna

6.31. Yncao KopHe#l ypaBHeHHs, COAEPKAMMKXCA BHYTPH KOHTypa

PesyabTar npejpiayniero naparpada cpasy Mower ObITb HPHMEHEH K Haxo-
WIEHUI0 YHCAA KOpHEH ypaBHenus ¢ (2) = 0, newamux BHYTpH koHtypa C.
K60, nenoxus f(2) =1 B npeislnymeM pe3yibTaTe, Mbl HOJAYYHM, 4TO

1 9’ (2)
i / o5 ¥

C

paBHO H3OHITKY whCha HyJeH Hax 4uCAOM NOMOCOB (yHKuuu ¢ (2), copepxa-

wuxcs BHYTpH C, CYMTAd Ka¥ABH NOJIOC M HYJAb COOTBETCTBEHHO MX KPATHOCTH.
MMpumep 1. Ilokasatb, 4TO NOJNMHOM ¢ (2) CTENEHM m UMeeT m KOpPHei.
IMycts

¢ () =a2™+a 2™ 4 . Fan (g 0).
Torna

¥ (2) _ magd"™ " 4 .. tapy
¢ (2) @™+ .. Fap

CrenoBateabHo, aas 60AbIIKX 3HAYEHHH | 2|

Takum o6pasoM, ecau C -— OKPYXKHOCTb PajHyca p C LEHTPOM B Hauaje
KOODAMHAT, MBI MOJYYHM

"Q_L?C ,%%dzz_g%é/"i_z—i—g—ii—é/O(?lz-)dz:m+%C/'O(—zl§->dz.

Ho, kak B § 6.22,
/ (] (Lz) dz—>0
. z
C

npH p—>00, H, MOCKOAbKY ¢ (2) He uMeer moaiocoB BHyTpu C, obuiee yucio
HyJe#l dYHKUUH ¢ (X) paBHO

L@
p > 27”.C ¢ (2) '

[Tpumep 2. Ecau Bo Bcex Toukax koHTypa C CnpaBeNJHBO HEPaBEHCTBO
lare?| > lag+ a2+ ... Fap 2P app 2P L+ apE™ ],

TO KOHTYP CONEPXHT & KOpHeH ypaBHEHHS

am2™ 4 ap 2™ faztay=0.
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JedicTBUTENbHO, OGO3HAYUM
f@=apzm+an_ 12" 1+ .. Fa2+ay,

TOoraa

f(Z) = akzk (1 +

an2m+ ... +ak+1zk+l+ak—lzk—l+ P —
akzk )
=apF (1 4 U),

rae | U] < a <1 Ha KOHTYpe W 4 HE 3aBUCAT OT 2 h.
[losToMy uucao xopHel GyHkumu f(2), COIepmamMHUXCA B C, paBHO

1 @, 1 k 1 dUu
) T "z—mc (z+_1+(] dz)dz'

dz X
Ho f7=2m; nanee, Tak Kak |U|<a, TO Mbl MOXEM Da3JOXHTb
c

(14 U)—l B pPaBHOMEPHO cxonflmnﬁcn pan

1—U4+ U203+ ...,
W TakuM 0ODa3oM,

1 dU , Vo 1 -
fmﬁdz_[u_7u+§ua—...]c_o.
C

[TosToMy umMClO KOpHeil, colepxamuxca B C, pasHo X.
Mpumep 3. Haility, ckoabko KopHeH ypaBHeHHs

20462+ 10 =0

CONePKUTCHA B KAWKOM KBaJPAHTE KOMILIEKCHOH IIOCKOCTH.
(Clare, 1900)

6.4. CpA3b MexAY HyAAMH QYHKUUH U HYJIMHU €e NPOH3BOAHOM

MakjoHanaba 2) noxasada, uto ecau f(2) — yuxyus om z, anarumuyeckas
SHympu npocmoz0 3aMKHYmoz0 Konmypa C, onpedeaseim0zo ypasuenuem
| f(2) =M, 206 M—nocmosnnas, mo 4ucir0 nyasei gpynxyuu f(2) 6 3moii
ofaacmu npesocxcoum uucA0 Hyaeil npou3so0nol f'(2) 86 mol xce camoii
obsacmu HAQ eOuruyY. -

Ha C moxem Hamicath f(2) = Me'®; torna B Toukax koutypa C
db az6

f'(z)=Mei9i.E, f"(z):Meie{iE_(%r}.

NiU|— HenpepbisHas QyHkuusa or 2 Ha C, u Takum 00pasom, ona docmu-
2aem cBoe#t Bepxuen rpanuubl (§ 3.62). IToaToMy ee BepxHsi rpaHHiia @ J0/MKHA
6biTh MeHbIe 1.

2y Macdonald, Proc. London Math. Soc., XXIX, 576—577 (1895).
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Coraacuo § 6.31 u3bbiTok uncaa nyaell GyHkuun f(2) Hax 4MCJOM HyJeH TpPOHU3-
BoaHo# f’ (2) Buytpu C 1) Gyner paseH

1 (@) 1 7 _ 1 d®0 ,db
% e T é/ 7 dz“"?n‘ié[ (7 22) 4=

Mycte s—ayra Ha C, u3MepsieMas OT ONpPENENEHHOH TOUYKH, M NYCTh
o y
¢ — yroa xacareavnoit k C ¢ ocvio Ox; Toraa .

1f(dze N, 17 dﬂ} __lr,a  dz
T 2mi dz? dz) - 2m‘[gdz c 2ni[gds—ga’s]c'
c

db
JHanee, lg-zg €CTh YHCTO BCUICCTBEHHAA BEJAMYHHA, HAYaJbHOE H KOHEYHOE 3Ha-

. dz . o
YyeHHs: KOTOPOH COBHAAawT, a lgd—s = {{; no3aTOMy M3OHITOK 4uCAa HyJaeH dyHK-

uue f(2) Haj uucaOM HyneH f’ (2) paBeH NpupalEeHUIO —2% npu 06xo1e Kpu-
Boil C; BnoaHe oueBuiHO %), uto ecau C — OGHIKHOBEHHast KpuBas, TO ¢ Bo3pac-
TaeT Ha 2w, KOTA3 TOYKA KacaHHs KAaCAaTEJbHOH ONHCHIBaeT kpuBylo C, uTO H
JOKa3HIBAET TEOPEMY.

Mpumep 1. Bubecru us pesyasrata Makzonanbia T€OpeMy, u4TO NMOJHHOM
CTENEHH n uUMeeT n HyJeH. .

MpuMmep 2. Tlokasath, 4TO eciu TOMMHOM f(2) HMEET BelleCTBEHHHIE
KO3(QUUUEHTH H €Clu BCe HYJNH €ro BEIeCTBEHHB H PASIHUYHBL, TO MEXKY
IBYMS TMOCJEIOBATENbHLIMH HYJSMH HOJMHOMA f(2) AEKHT OLMH M TOJbKO ONHH
HyJb ero IpoM3BOXHOH f' (2). '

[Moaua yxasan, 4TO 3TOT pe3y/ibTaT He 06S3aTeNbHO CHPaBELIMB Aas PyHK-
nuH, OTIAMYHBIX OT TONMHOMOB, YTO MOXHO BHIETb HAa TNpHMepe (YHKUHK
(22— 4) exp (2%/3).] »

JIUTEPATYPA
M. C. Jordan, Cours d’analyse, II, ra. VI, Paris, 1894
. 'y pca, Kypc maremaraueckoro aHaausa, ra. XIV, OHTH, 1936.
E.Lindel 6, Le Calcul des résidus, ra. II, Paris, 1905.

Mpumepn

1. [yctb ¢ (2) paBHa Hyaw npu 2 =10, BEECTBEHHAa NPH 2 BEHIECTBEHHOM
H aHamuTHYHa B Kpyre |z| <1, M mycts f(x, y)—kosddunuesr npu i

') ' (2) ne moxer paBHATbCE HYMO Ha C, eciu C He MMeeT HH KPaTHOH,
HH KakoH-nu60 xpyro#l oco6oit ToukH, HGO ecau f= ¢ --i{, rAe ¢ H ¢ Beme-

CTBEHHB, TO B CHJIY i??=5§— OueBHIHO, 4TO npH f' (2) =0 B Kako#-aHGO

TOUuKE 99 ~Op Ob 9y BCE PABHAIOTCA HYJIO, @ 3TO M fIBJASETCS JOCTATOY
dx’ dy ' dx’ oy P o, Bazerca I
HBIM YCJOBiHEeM g OCOGOH TOUKM Ha
¢ 407 = M

?) OTHOCHTENBHO: TOYHOTO JOKasaredbcrBa cM. Proc. London Math.
Soc. (2), XV, 227—242 (1916).
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B ¢ (x -} iy); mokasats, uTo mpu—1 < x < 1

2T
X sin 0 . -
f T —%xcos 1 F 42 f(cos 0, sin 8) d6 = =nep (x).
0

(Trinity, 1898)

Sz ] VO KOHTYPy TNPAMOYrOJbHUKA C BEpUIMHAMH 0, R,

R i, i (npuueM mpsaMOYToOJbHMK Bhipe3aH mpu O u i) u 3acraBiss R —> oo, NO-
Ka3aTb, 4TO

+ai
e_atz

2. Wnrerpupysa

jo.o]
sin ax 1 241 1
f g1 =@ —1 %"
0 (Legendre)

3. Hnterpupys mo koutypy § 6.24 ¢ynxuuo 1g (— 2) Q (2), rze Q (2) —ra-
kas paluoHaiabHas Qynkuus, uto 2Q (2) >0, xorna | 2| >0 u xorma |2 |—> o,
[I0Ka3aTh, 4TO ecau Q (2) He MMeeT HOJIOCOB Ha MOJOXMTEJbHON YacTH Belle-

(9]

CTBEHHOH OCH, TO f Q(x)dx paBen Munyc cymme BoiyeToB dyHknuu lg(—2)Q(2)
0

B noniocax dyukuuu Q (2); 3mech MHHMMas 9acTb BBIpameHus 1g (— z) Gepercs
MeMay = 7.
4. Iokasarp, yto npu ¢ >0, b >0

oo

acos bx ; fi___i a__
/'e sm(asm‘bx) = =3 n (e 1.

0
5. ITokasatn, urto
1

T 1
2 . lzn]g(l-{—a)A mp —I<a<l,
asin2x vdx _2
— 2 -
1—2acos2x+a ll-‘lrnlg(l—{—a-l) mpu a2 > 1.
(Cauchy)
6. Ilokazats, uto
[eo]
sin ¢,x  sin @px sin ¢,x sin ax m
f ,xl ji’ )f” €OS @1 X ... COS Ay X —— dX:j%’?z cre P
0
THE 1, D9y o.vs Ppy &y Qgy ..., Oy — BEIECTBEHHBIE, @ — NMOJOKUTEAbHASA BeJH-
uHHA H

a>lo [+ lgl+ .. Fleal+lal+ ..o Flan]

(Stromer, Acta Math., XIX)

7. Ecau Touka z onuceiBaeT OKpyxHocTh C C IEHTPOM @ M ecau f(2) — aHa-
autvveckas Ha C M BHYTPU Hee, 32 HCKJIIOUEHHEM HEKOTOPOro YHCJAa IIOJI0COB
BHyTpu C, TO TOYKa u = f(2) ONMINET 3aMKHYTYI0 KpPHBYIO | B TLIOCKOCTH i,
[ToxasaTb, 4TO €CAHM KaXJIOMY 3JeMeHTY KPHBOH Y NPUNMCHIBAETCH Macca, Ipo-
NOPLHKOHAJbHAS COOTBETCTBYIOLIEMY 3JEeMeHTY OKpYxHOCTH C, TO LEHTPOM Ts-
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z
KECTH | 6yNeT TOuKa r, TAE 7 — CyMMa BHIYETOB (YHKIUHU —;(—)a- B ee MOJIi0-

cax, jqexamux BHyTpH C.
: (Amigues, Nouv. Ann. de Math,

(3), XII, crp. 142148 (1893))

8. Iloxasars, uTo

jo dx _ m(2a+41b)
(24 6% (x2 4 a?)? — 2a% (a -+ 0)*°

9, Tlokasate, uto

[eo)

/ dx . m 1.3...2n—=—3) 1
¢ (a-+bx0)" 2% 1.2...(n—1) a5
n—-1 n-1
10. NMycts Fp(2) = II ]I(l—-z’"l’); NoKasaTth, YTO PAX
m=1 p=1
[ee] F ( .
_ n(2n=1h)
Q=X Gy
n=2

6yneT aHanMTHYECKOH QyHKHHEH NpH 3HAYEHHAX z, He DPABHBHIX HH ONHOMY H3

KopHe#l ypaBHeHuit 2" =n", n 4TO cyMMa BHUETOB OYyHKuuu f(2) B MOJIOCAX,

JeKAUEX B KOJABIlE MEN(IY ABYMS OKPYXHOCTAMH C LleHTPAaMH B Hayaje KOOp-

IWHAT W PAjAMyCaMH, W3 KOTOPHX ONMH Maf, a IPyroil 3akiiouaercs Mexiy n

#u n-4 1, 6yner paBHa YHCAY MPOCTHIX YHCEJ, MEHBUIHX n - 1. ,
(Laurent, Noyv. Ann. de Math.
(3). XVIII, 234—241 (1899))

11. Myctb A u B npeacTaBAfioT Ha KOMIUIEKCHOH IUIOCKOCTH IBa AaiHBIX
KOpHS (BElIECTBEHHBIX HIM KOMIUIEKCHBIX) ypaBHeHusi f(2) = 0 crenenu n ¢ Be-
HIeCTBEHHHIMH MM KOMIIEKCHBIMH KO3((dHIMeHTAMY, MOKa3aTh, YTO MMEETCH 1o
Kpaiineit Mepe OIMH KOpeHb ypaBHEHHSI f’ (2) = 0 BHYTDH OKpPYXHOCTH, EHTPOM

KOTOpOH CIHYHHT cepenuHa orpeska AB u pasuyc xoropoit pasen 5 AB ctg.:.:,,

(Grace, Proc. Camb. Phil. Soc., XI)
12. Hokasath, uto mpu 0 < v < 1

e?m ivx

1 oomix

1 ervni
L lim .

)
g
3
¥
8
[;
!
=

p@=D2ml 1
[Paccmorperb —Sinms 5+ BSATHH N0 OKpyKHOCTH pajuyca n+7,

¥ nepediTH K HpejeNy, YCTPeMHB 71—>Co.

(Kronecker, Journal fir Math., CV)
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13. IlokasaTh, uto npu m >0

[oe]
sin"mt ., mm! noy__ 1t n—1
j' 7 d”“wwn—lﬂ{” T(n—2"""+
0 .
+i%§ﬁw_wﬂ—”m”gw“”m—wﬂ+“}.
WccaenosaTh paspbiB mHTErpana mpu m==0, -
14, MMycrv A+B4+C+ ...=0 u a, b, ¢,.,. —NONOKUTENLHBIE BeJH-

_9MHBI, [OKa3aTb, 4TO

dx =

j’Acosax+Bcosbx+ vo. +Kcos kx
X
0

=—Alga—Blgb— ... —KIgk

(Wolstenholme)
(R+t1)

15. PaccmatpuBas / _—
5. Paccmatp P
HOMY B Hauajle KOOPAHMHAT, NOKa3aTb, 4TO npu k& >0

p p
¥ (k+th) exti
i lim f———,dt:m’ fim P | ——dt
Jm ) TETE t 7
-P =P
H BBIBECTH OTCIOJa, MOJb3YyACh KOHTYypoM npumepa 2 § 6.222 wiau ero orpaxe-

Hnemoomocmenbuo BELIeCTBEHHOH ocu (cMOTpA mo ToMy, Gyxer au x >0 uau
x < 0), gT0

dt, B3aTHi 1O NPAMOYrOJbHHKY, BbIpe3aH-

’ P
i 1 ? ex(k+ti)
im — | ———
p>c0 T k4t
-
cMOTpA MO TOMY, OymeT au x >0, x =0 man x < 0. [DT0oT MHTerpan usBecTeH
10X Ha3BaHHEM pa3pulén0z0 MHOxucumers Kowu.)
" 16. ITokasatp, uto mpu 0 <2 <2, 6>0,r>0

(o) .
(1 rdx 1
a1 Il — — A~ p-—-br
fx sm(Qan bx>x2+r2""2ﬂr e~ Y7,
0

0
17. Mycts ¢ >0, w nyets 3, e~ "™ = ¢ (#).

n=-—

dt=2,1 wm 0,

— 2t

PaccmarpuBas uHTErpalt f dz, B3ATHIH IO NPAMOYTOJIBHUKY C Bep-

e21:iz —1
1 .
IMHAMU B TOUKaxX = (N —i—»Q—.) =+ i,rae N —nenoe yucio, ¥ sacrapass N - co,

noKasarb, 4To
co—1i oo+ 1

e—zzﬂ:t e—zint
v = feTm—_—ldz" fﬁ{d

~c0—§ —co+i
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Pa3noweHHeM TOAMHTErpadbHbIX (QYHKIHH COOTBETCTBEHHO 10 CTEMEHAM
e—2ri2, g2nlZ g NOUJICHHHIM HHTErPHPOBAHHEM BEIBECTH, MOJABL3YACH HpuMepoM 3
§ 6.22, uro i

q’(t)=(T;)‘/Tq’ (%) _{e?ﬂdx.
1

Orcioaa, noJoxHB ¢ = 1, nokasathb, uto ¢ (f) =t""/’¢ (—t—)

DTOT pesyabTaT MPUHANJIEKHT Hyaccong (Poisson, Journal de I’Ecole
polytechnique, XII, terpamp XIX, 420 (1823)); cm. Takxe Jacobi, Journal
fiir Math., XXXVI, 109 (1898), Ges. Werke, I, 188, 1882).

18. [Tokasate, uro npu £ >0

1 n2n

0 _— 0
2 e—n%t—?lmat = ¢ 2e1ra2t { 1 + 2 2 e t cos 2nra }
n=1

ne= —0co

P oisson, Mém. de I’Acad. des Sci.,- VI, 592 (1827); Jacobi, Journal
fir Math., IIl, 403—404 (1828), Ges. Werke, I, 264—265, 1881 u Landsberg,
Journal fiir Math., CXI, 234—253 (1893), cm. Taxxe § 21.51).



FMTABA 7
PA3JIOXKEHUE ®YHKUUNA B BECKOHEYHBIE PSI/bI

7.1. ®opmyaa HdapGy?!)

Iyctb f(2) — ananuThyeckass BO BCeX TOYKAX OTPe3Ka, COENMHSHIO-
ero @ ¢ 2, M ¢ (f) — NpOM3BOJLHLIK TOJMHOM CTeNeHU n OT L.
Torna npr 0. f <1 nuddepeHunposanueM noayuaem

2 Y (D E— @ g (¢ [ [a -t (2 — a)] =

m=1
=—G—a¢" O f latt—al+
+ (D — a)tle(t) f D [a £ (2 —a)l.

3ameuas, uro ¢!™) () — nocrosnHas, pasHas @™ (0), u unrerpupys mno ¢
or 0 go 1, moayunm

o (0) (f (2) — f(a)) =
zzmgl (—-—l)TII—-l (z - a)m [q,(n—m) (1) f('m) (Z) o (P(n—m) (O)f(m) (a)} +

1
+ (D E—ay+t [ o) fr+t) o+t (2 —a)lat,
0

YTO M NpeicTaBiisieT cOBOH HCKOMYWO QopMyny.
Psap Tei#tiopa MOXHO NOJYuYHTb KaK yacTHHIH ciaydait sTod dopmyas,
noaoxuB B Helt ¢(f)==(f — 1) u 3actaBass n—» oo.

Mpumep. 3amenss B dopmyae JapGy n Ha 2n u Gepsa ¢ (t) =t (t — 1)4,
NOJYYMTb pasjoimeHHe (nmpenmoJjaras, 4YTO OHO CXORHMTCAH)

f@— 1@ =Y ELED po ) 4 (a1 @)
n=1 :

# naditu BbIDAXEHHe 71-TO OCTATOUYHOro 4JeHa.

1) Darboux, Journal de Math. (3), II, 271 (1876).
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7.2. Yucaa u noanHomnl bepryiian

PyHKLHS %zctg —;-z—auanmnqecxasl mpu |z| <2m, W TaK Kak

OHa uYeTHas, TO MOXeT OBTb pas/oxeHa B pal MakiaopeHa cleldylOIUM
obpasoM: .

26
3_6_1_ T e a e
Kosdduuuent B, HaseiBaerTcs n-M yucson Bepuyaaul).
MoxHo nokasaTb, 4TO ?)

1 1 22 24
’Q‘zctg 722——-1 '—‘BIQ—|_32F—B

1 1 1 1 5
Bl————°6'-, 82:'_3‘0"7 333—45, B4‘——'3'_0" BS———EB', .
ITH uucaa MOryT ObiTh BBIPaXKEHB ONpeJe/eHHBIMH -MHTErpaaMH.
B camom nmezne, cornacho npumepy 2 ra. 6 (crp. 172)

@© .

*sin px dx 1 i ,
f*e%:“ir%*“g”’:
d _
LI 2py? @)
2p 2;7{1 B B }

Ho nocko/abKy uHTerpax

‘/of’ x™ sin (px - —;— nn)

er —1

dx

0

paBHOMepHO cxonmutrcs (nmo mpusHaky Bamme-Tlyccena) B6ausn p =0, 10
no creactsuio § 4.44 Mu MoxeMm AuddepeHuEpoBaTh 00e YaCTH 3TOTO
cooTHOIIeHHs moGoe 4YMCIO pa3 W 3aTeM NOJNOXKUTh p==0; nporeias
9TO M NOJOXHB 2f = X, NOJyYuM

o
t?n'—‘] dt
enf 1"

B,=14n

0

JApyroe aokasatenbcTBO 3TOH (GOPMYJbl, OCHOBGHHOE HA HHTErPHPOBAHHHU 11O
KOng Py, nano Kapna (C ar d a, Monatshefte fiir Math. und Phys., V, 321—324
(1894)). -

puMep. [TokasaTs, uTO

(02
2n Y xM-igx
By = ﬂzn(22n_1)‘/ > 0.
0

sh x

1) D1 uucaa 6biau BBefeHn SlkoBom BepHyaau (Jakob Bernoulli) B ero
«Ars Conjectandi», ctp. 97 (ony6aukoBaHo nocae ero cmeptu, 1713).

2) Ta6aunsl MEpBHIX WIECTHAECATH IBYX uucead Bepuyaau paHnl Ajamcom
(Adams, Brit. Ass. Reports, 1877); nepBsle AeBsiTh 3HaYaluX LUGP MEPBBIX
250 uucen Beprnyaau 6buiam notoM ony6ankosanbl [emepom (Glaisher, Trans.
Camb. Phil. Soc., XII, 384—391 (1879)).

12 3. T. Yurrexkep, k. H. Barcon
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et —1
Pac;MOTpuM Tenepb (YHKUUIO t“;tf" KOTODPYI0O MOXHO pasJo-

¥uTb B psal Makiopena no cremensm f npu [t| < 2w,
IToaunom Bepuyaaunl) nopadka n onpenensercss kKak KO3(QUUHUEHT
n

TpH -~ B STOM Pas/OKEHHH. On o6o3HauaeTcs 4epesd ¢,(2), TaK YTO
oo
e?t —1 N @@t

e —1 n!
. n=1

t

T MOJUHOMB 00/1aLaI0T MHOFOYMC/EHHBIMH BAXHBIMH CBOHCTBaMH,
3amensis z Ha 2-+ 1 B mpenulaylleM COOTHOLUGHHW K BbIMUTAA INepBO-
HayaJbHOE BLIpAXEHHE H3 BHOBb IIOJYYEeHHOrO, HailzeM, 4TO

te =¥, (o, 24+ D — 9, (2)) L7
n=1 ’

Cpaguupast KodGhduuuerTsl npu ¢” B 00eMX YacTAX 3TOTO PABEHCTBA,

nonyuyuMm
nzn—l = Pp (Z+ 1)—(‘Pn(z)’

4TO NpencTaBiseT co00# ypaBHeHHe B KOHEUHBIX DPa3HOCTAX, KOTODOMY
yAOBJIeTBOPAET (pyHKUMSA @, (2).

flBHOe BhIpaxeHne IJs NOJMHOMOB DepHyanu MOxeT ObITb NOJYYEeHO
caenyiolwuM o6pasom. Mbl uMeeM

2t . 2242 2343
4 ~1wzt-}——-2—!—+~w+...
u
£t .ttt Bt By

‘ FoT=gy —y=l—gtar—ar -
Orcona .
0—01 (2) th 242 348

e (2) " Z 2
24 o —{zt"‘“ 57 1 3 +"'}><
n=1

¢t B Byt
x{t—5+5-—J+ .-}

CpasuuBass Kos(pduuuents npu ¢* (§ 3.73), noayunm

L Gl i .

o
nocaeanuM Gyaer uien ¢ 2 mam ¢ 2%, a C2, C4, ... — GuHOMHANbHbIE

KOS()UUMEHTH; 3TO BHIPAXKEHHe TNpelcTaBadeT coboit psn MakaopeHa
Ias n-ro nojuHoma bepuyias.

) D710 Ha3BaHue Ouiio mano Paa6e (Raabe, Journal fiir Math.,, XLII, 348
(1851) ). MonpoGuniit 0630p cBoiicTs noxuHomMoB DBepuyaau nmaw Hépayunom
[Noriund, Acta Math,, XLIII, 121—196 (1920)].
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Ecan z—nuenoe uucao, T0 HU3 YPaBHEHHA B KOHEYHBIX PpPas3HOCTAX NOJay-
qaeTcs

‘Pn,fz) ==t on-t 4 (z—1)L,

Pan MakaopeHa nis BbpaxeHHsS B HpaBoll yact Obla JaH Bepuyaan.
Mpumep. Ilokasats, uto npu n > 1

9n (2) = (—1)%, (1 —2).

7.21. Pasnoxenune diinrepa—Maxksiopena

B ¢dopmyre Tap6y (§ 7.1) sa ¢(f) npumem o, (£), rae @, (£) — n-i
noauHoM Bepuym.
- Auddepenuupys paBeHCTBO

Ot + 1) — @, (f) =nt"1
n—k pas, OyieM uMeTb
GGy — P By =n(n—1) ... kt*L,
Monoxue £=20, noayuum ¢y ¥ (1)=o¥ ™ (0). Us psza Maxaopena
aas @, (2) umeem npu R >0

2%~ - - !
@ O=0 PO =" g By
- 1 :
o Oy =—znl & O)=n!

Moactapass sTu 3Hauenus s oP=H(0) u ¢l—F (1) B dopmyay
Dap6y, nojyuum ¢opmyny d#iepa— Maxiopenal)

G—a)f@=rE@—f@— {f@—f @+

n-1
_1yn— —g)2m
o+ 3 g Em A (pom () — fam) ()] —
m=1

2—a
2

(z — a)2r+!

1
T @)l / bgn () fOFD {a 4 (2 — a) ¢} dt.
0

1) Ueropusa ¢opmyan paerca y Bapuca (Barnes, Proc. London Math.
Soc. (2), HI, 253 (1905) ). Ona 6bina oTkpuita JiaepoM (1732), HO cBOEBpEMEHHO
He Ghra onyGamkoBana. Jitnep coobmua ee (9 mions 1736) CTupaKHTY, KOTODHI
orBetua (16 ampeas 1738), uto oHa BkJIOYaeT ero COGCTBEHHYIO -TeopeMy (CM.
§ 12.33) kax wactHblfi cayua#, a Takxe, 9TO o6umIas TeopeMma OTKpbiTa MakJjo-
peHoM; Diiiep B MPOCTPaHHOM OTBETE€ OTKa3blBAeTCA OF NpUOpPHMTETA. Teopema
6bina ony6ankoBana Jitnepom (Euler, Comm. Acad. Imp. Petrop., VI, 68—97
(1732), Boimao H3 meuatd B 1738) m MaxkaopenoMm B 1742 r. (Maclaurin,
Treatise on fluxions, ctp. 672). MndopManied OTHOCHTENBHO KOPPECIOHACHIHM
mMexny OHaepom u Crupausrom Mbl o6a3aner Tymnu (C. Tweedie).

12*
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B HeKOTOpHIX CJyYasxX HNOCJAeJHWH WIeH CTPeMUTCH K HYJ/IO, KOrAa
n—>00, ¥ Mbl MOXeM, TakuM 006pasoM, NOAyunTb OeCKOHEUHBH psn IJs
f@— f(a).

Hanucas © smMecto z—a u F(x) BMecTo f/(x), nepenuieM mo-
cleJHIo GOopMyay B BUIE

at+ow

[ Fyaz =1%o (F@+F@+o)+

+E EDB™ (Flamd (a4 ) — FORD @)

w2h+1

1
- omT el [?2:: () F® (a4 of) dt .

Ecnu Hanuutem B stoit dopmyre a—-o, a+20, a-+(r— 1o
BMECTO @ M CJOXHUM, TO NOJIYYHAM

=0l g F@+F@+0)+Fa+20+ ... +5 Fatra}+

n-1
4 3, DB penb (o) — FanD (@) 4 R,

m=1
rie

02n+1

1 r—1
Rﬁw,/%n @{2 Faw (“""’”‘”“"‘)}d"
0 m=0

Ara nochesnas GoOpMyna BecbMa BaXKHA AJIS UYHCJACHHOTO BBHIYMCJEHUS
onpenesieHHBIX uHTerpanos. OHa roina B caydae, xorja F (x)— anaiu-
THYecKash BO BCeX TOYKAX OTpe3Ka, COeIMHAOUWIET0 & ¢ a-}ro.

Mpumep 1. ITycte f(2) —HeueTHas GyHKuUMA OT 2; MOKa3aTh, 4TO

o @) =1 @)+ 3 () LestEITT paned )
m=2

1
Q21 520+ 1

Tt / 9an (Y FOMHY (— 2 42201 2,
0
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MpuMep 2. [TokasaTh UHTEPHPOBAHHEM IO YACTHAM, YTO OCTATOUHEIH UJEH

1
moCAE 1 WACHOB PA3NOMCHHS o 2 Clg o 2 MOXNET ObiTh mpejicTaBieH B ¢dopme

__1 ﬂ—122n+1
L—Q_BL)T—Si_ﬂ_—Z— ./I Pan (t) cos zt dt.
0
(Math. Trip. 1904)

7.3. Teopema Bropmanal)

PaccMoTpuM Temepb HeCKOJBKO TeOpeM, Lelb KOTODBIX — pas3fodwe-
Hue HeKomopoi PYHKyuu no cmenenHsm Opy20i @yHKyuU.

Ilyctb ¢ (2) — aHaauTuyecKas QYHKIUS OT 2 B 3aMKHYTOH oGAacTu «S;
nycTb, najee, a OyIeT BHyTpeHHeH TOYKOH 3TOH 06.JacTH H

¢(a)==>b.

I'Ipeimonome Takxe, 4To ¢’ (@) == 0. Torna Teopema Teﬂnopa Iaet
pas/oxeHue

2@ —b=¢ (@) —a)+ D@ —apt ...,

M eClH $BJSETCA 3aKOHHHIM oOpailleHue I9TOTO pAla, TO MBI NMOJIYUYHM
paa

Z—a= (a){ ¢ (2) — b} — ; % ((;)) le(@—0b}?+ ...,

BBIpAXAIOWMA 2 KAaK aHAJUTHYECKYI0 (YHKLHIO NepeMeHHOH {e(2)— b}
LA JOCTATOYHO ManblX sHaueHu#t |2 — a|. Ecam rtenepp f(2) — anamiu-
THyecKasi (GpyHkuUMsA BOJMBM Z==@, TO OTClOAa cJenyeT, 4T0 f (2) Oymer
Takke aHajiuTHYecko# ¢ynkume#t or (¢ (2)— b} npu |2— a| nocra-
TOYHO MaJOM; TaKMM 00pasoM, Mbl OyleM HMeTb pas/OXeHHe BHIa

f(z)=f(a)+d1{<?(z)—b}+ Lo@— 0P+ 5t o — 0P+ ..

Koad¢puunenTsl 3TOr0 pasnoxeHus JaoTcs cnenylomeﬁ TeOpeMoHt,
M3BeCTHON mon HasBaHueM meopems Biopuara.

ITycme (2) — pyuryus om 2z, onpedessemas GopmyLol
Z2—a
vO=5a—7

moz20a anarumuueckas gywxyus f(2) mozxcem Gums npedcmasiena
8 onpedeseHHOl o6aacmu 3nadenuii z 8 sude

n-1
f@=r@+ 52OZUE 0L 1 ) {9 (@) "1+ R,

m=1

1y Biirmann, Mémoires de I'Institut, 11, 13 (1799). Cm. Takxke Dixon,
Proc. London Math. Soc., XXXIV, 151—153 (1902).



182 rj. 7. PA3SJOXEHHME ®YHKIUUE B BECKOHEUHHIE PAIBI

20e

/’ <9(2)—-b -l ()¢’ (2)dtdz
2m go(t)—-b P () —9(2)

U — KOHmYp Ha naoCKOcmu t, codepicauui BRYMPU MOYKU 4 U 2
u maroli, umo ecau { G6ydem Kaxof-aubo mouxol BHYMpPu Hezo,
mo ypasuenue ¢(f)==¢({) He umeem unvlx KOpHel RHu HA KOHMYype,
" Hu 8Hympu Hezo, kpomel) npocmozo wopusa t=_=,

Ilepexons x NOKasaTeIbCTBY, HMEEM

f@—7 (a)—/ FOd=—gy f f f,g()tfl—(cgp?ct)dc B

n-2
] [ eogens] S gty

m=0

{o ) —b6}""1
T H—5" le)—¢ (C)}]'

Ho cornacuo § 4.3

2 :
_1_[ ?(C)—b]'” @ Q)dtadl
2mi o (t)—b &)=t -

____{?(z)—b}”‘“f Fyat
Zim+1) S ey —o)t

{¢ (&) —b3™ ! /‘f’(t){¢(f)}m+‘dt

2ni (m + 1) 2yl

__ pumtl m
- %%’ﬁ[ﬂ @ {4 @)""].

ITosTomy, samenss m Ha m — 1, nonyuuM

f(z)—f(a)—l—z @=H" "7 11 @) (g @)"]+

m=1
<9(C)~b n=1 £ (t) ¢’ (C) dt d¥
+2m /f <p(t)——b @) —e )

) Ipennonaraercs, 4TO Taxoi KOHTyp MOxeT GBITb BHIOpaH, €cl |2 —a |
6yzeT JOCTaTOYHO MaabiM; cM. § 7.3
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Ecau nocaeiuu#t MHTErpaj CTPEMHTCS K HYJMO, KOTLa #—> 0O, TO MbI
MOXeM TNpaByl0 YacTb 3TOrO COOTHOUIEHHs 3aNuCcaTh B Buie OGeckoHeu-

HOTO Ppfia.
Mpumep 1. Jlokasars, 4TO

N\ (— 1)"1C, (z—a) e e
z:ﬂ+2d n! !

n=1
raie

Cn —_— (Qna)n—l . n (n' — 11)'(71 - 2) (Qna)ﬂ—3 _!_
on2(—1D(r—2 (n—3)(n—4 -
+ ( ) ( 2)'( ) ( )(Qna)tl 5_'”
Uro6bl MOAYYHTH STO PaslokeHue, MOJOKHM B pasioxenud Biopmana
f@ =2 ¢@—b=(—a)e"" % {()=e""7
torza 6yineM UMEThb

[os)
n—1
z=a+ 2 %(z —a)t @) {——Zzn—l e" (“’—2’)}
n=1 gn1 . zZ=a
= n (a2-2?) _ — ,—n(at+4y
Ho, nonoxus 2=g¢ ¢, noAy4uM { PP e }z=a { p 7T e }t=0

= (n— 1) X kospduument mpu £*~! B pasaoxenun QGyHxuum e~ Ca+H)
o0

= (n— 1)1 X xosppument mpw 12-1 5 ¥ = 1)’n’tr’! Qatdr
r=0

n-1
. N ("‘“1)’ nr (Qa)Zr—n+1
=(”“1)!><24 —1—nl@r=ntnl"

r=0

Haw6oabmum 3HauenueM r, NpUHUMAaeMbIM. B cyMMe, Oyzer r —=n— 1. Pac-
nojiaras NO3TOMY CYMMY IO YOGbIBAIOIIUM HHIEKCAM 7, HauyuHad ¢ =7 -— 1
HOJY YuM

{ an—1 o (42_22)} .
dzi—1 -

— (___ l)ll—l { (2na)n—l —

»

Z2=a .
ﬁ(”—_—i)!(”—"%(%a)"“3+ } =(—=1""1c,

4TO U Haer TpeGyeMmutii pesyJbrar.
Mpumep 2. [oayuurh pasaoweHue

- . 2 1 . 2-4 1
2?=sin?z } = +-sintz2++ o+ sinb 2
Tyt gy rgsitat
Mpumep 3. Ilycrs nmpaMast p MPOXOZHT Yepe3 HAYalO KOOPAMHAT HA MJO-
CKOCTH 2 NMEPNEHIHKYAIPHO K NMpPAMOH, COefHHAI0IEeH HaYal0 KOOPAMHAT C KAaKOH-
aubo toukoi a. Iloxazarh, 4TO ecau 2 — Jwbasd TOUYKA HA TIOCKOCTH 2, A€kauias
C TOH e caMOH CTODOHBI OT NpSMOH p, 4TO U @, TO

z____a\2m+1

gz =lgat2 ¥ oot (£7%)

Com=1
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7.31. O6o6menne Teopemnl Bropmana, nannoe Teimeiipa

B npenminylieM Maparpade Mbl He HCCAENOBaAM NOAPOOHO yc/oBuS
CXONUMOCTH. psina DiopMaHa no TeM CO0Opa¥eHusM, YTO NpeanoJaranu
ycraHoBUTb BCkope Oosee ofuwiyio TeopeMmy; 5T0 0CoOlleHne CTOUT
B TOM e OTHOIUEHMHM K TOJbKO YTO JaHHOR TeopeMe, B KaKOM TeopeMa
Jlopana crout K Teopeme TeHnopa, a MMeHHO: B MoCJAejHeM maparpade
Mbl 33HMMAJHCL pasioXeHHeM QYHKLHU TOJBKO IO NOALOINCUMEALHBLM
cTenmenamM Apyrofl GyHKUMM, MeXAy TeM KaK Tenepb Mbl PACCMOTPUM
passiomenne GYHKUHH 70 NOAOKHCUMEAbHBLM U OMPUAMEAbHBLM CTe-
neHsiM Apyro#t QyHxuuu.

O6mas Teopema npuHaliexur TeHmefipal), W3I0KeHHIO KOTOPOro
ML ¥ CIeiyeM B 3TOM mnaparpade.

Ipeanoaoxum (I), uto f (2) — aHaauTnyeckas QyHKUUS OT Z B KOJib-
ueobpasHoft o6aactu A, orpamuueHHo#t Hapyxuo# kpuso# C u BHY-
tpenne#t kpusoRt ¢; (II) yro 6 (2)— ananutuueckads ¢yHKUMA BHYTPU H
Ha camoM kourtype C M ¥MeeT TOJIbKO ONMH HYJb BHYTPH 3TOr0 KOHTYDA,
npuyeM 95ToT Hyab npocrolt; (II) uro x — nawnas Touka BHYTPU A;
(IV) uro mas Bcex Touek 2 Ha C Mbl uUMeeM

[0(x)| <[0()].
a 19 BCEX TOYEK 2 Ha ¢ HMeeM
16(x)| > 19|
YpaBHeHue
(2)—0(x)=0

uMeeT B STOM Clyuae eJUHCTBeHHHIH NMPOCTOH Kopenb 2 =x BHYTPH C,
KaK 3TO BHAHO M3 COOTHOLIEHHS 2)

1 0’ (2)dz 0’ (2) 0’ (2)
@)1 [ [+ e+ f Toap ]
1 0’ (2)d=
T 2mi J b8(z) °’

B KOTOPOM JleBasd H NpABasg 4yacTU MPENCTABJAIT COOTBETCTBEHHO YHCJO
xopuel paccmarTpuBaeMoro ypaseenusi (§ 6.31) M umMCa0 KOpHeH ypapHe-
nusa 6 (2) =0, cogepxaummuxcs BHyTpu C.

Iy Teixeira, Journal fiir Math.,, CXXII, 97—123 (1900). Cm. Ttakxke
Bateman, Trans. Amer. Math. Soc., XXVIII 346356 (1926).

0 (x)
b (2)

- n
2) PaznoxeHue ClpaBeiauBo coraacHo § 4.7, u6o z { } paBHOMEPHO

n=1
CXOAUTCA, Korna 2 Jexur na C.
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Teopema Komn naer nosTomy

1 f(@ 0 (2)dz f(2) 0 (2)dz
f(x)—_zﬁ[ i) —6(0) . ﬂ(z)—ﬁ(x)]'

VlHTerpans B 9TOM BHIPAXEHHH MOryT OHiTb DasoXeHBl, TaK ke Kak
8 teopeme Jlopana, mo crenedsM 0(x) no ¢dopmyaam

[ (2)dz 2 6( X)) f(2)9’(2)dz’
n=0

b(2)— () —0(x) {6 (2)y"*!
f@V(dz N n—1n,
S5 = %1_{6(x)}n [reouer e

Takum 00pasoM, Mb uMeeM Qopmyay

P =3, 4, 0 )" +2 T

n=0
rjae

1 F(2)¥ (2)dz
_2— / ﬁ(z) n+l ’ B

2m f F@{0@)" 0 (2) de.

I/IHTeI‘pHPOBaH[/leM nO 4acTAM Mbl MoJjyuaeM nmpu # == 0

1 4 —1 5 o
4= | (ot dz, B,—o [10@)" /' @) dz.

Onin
c

910 u JaeT pasnoxende ¢YHKuud f(X) MO MOTOKUTEJbHBIM M OTPU-
uaTeJbHEIM cTemeHsM 6 (x), romHoe AaA BceX TOYEK X BHYTPH KOJble-
o6pasHoit obaiacth Al).

Ecau Hyau 1 mosioch ¢yHkuu# f(2) u 9(2) Buyrpu C u3BeCTHH,
10 A, u B, Moryr OuTb BhuMCAeHb IO MerodaM § 5.22 wmm § 6.1,

ITpumep 1. Ioxasaty, uto mpu | x| < 1

=g () o (5w e (rew) o

[Moka3ath Takxke, 4TO TpH | x| > 1 npaBasa uacTh mpexcTaBjiseT X~
Mpumep 2. Iycts S o6osnauaeT CyMMy BCeX NpousBeAeHHHE uu-
2n
cen 22, 42, 62, ..., (2n —2)2, B34THIX [0 m; IOKA3aTh, YTO

Lo Lyl 1 S,
z sin 2 @2n+2)! | 2n+3 2n+1
n=0 (=" 011 n
3 (ntl) (sin 2)2 +1

') Koutryp ¢ B wuHTerpaie, ompepeasoiueM B, MoxHuo 3amexuTb Ha C.
([1pun. ped.)
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H pasnokeHHe CIPaBelJauBO NI BCeX 3HaUeHMH 2, NPEICTaBASEMBIX TOUKaMH
BHYTPH TOFO H3 OBaJOB, NPEICTABAAEMBIX ypaBHeHueM |sin 2| =1, Koropwii
COREPHHUT TOUKY 2 =0.

(Teixeira)
7.32. Teopema Jlarpanxa

IpennonoxuM tenepb, 4to ¢ynxuus f(2) § 7.31 amaauruueckas
BO BCex Toukax BHyTpu C, n nyctsh 6 (x) = (x —a)6,(x). Toraa pynk-
uust 0, (x) OyrdeT aHaIMTHYeCKOH M He DaBHOM HyJNIO HA CAMOM KOH-
type C u BHYTPH Hero M MoxHo 0GoHTHCH Ge3 kontypa c¢. ITostomy
¢opmyasl, nawowue A, ¥ B,, npespamawrcs cornacHo § 5.22 u § 6.1 B

A =L 1 (2)dz :idH{fMI
| @ |

(n> 1),

2nin : (z—a)* {6, (2)}" ! da™~!

A= 57 f Rt =r@.

8, (2) Z2—a
B,=0.
TeopeMa TOCJeAHEr0 naparpaga nNpPUHUMAeT CONJIACHO 3TOMy cJe-

3 1
Ayomylo GbopMy, €Cau NnoJoxuTh 0; (z):m‘

IHycmo f(2) u 9 (2)— dbynkyuu om 2, anasumuvecxiue Ha KOH-
mype C, okpyscamowem mowky a, u SHYMPu He20, U NYCcMs t Mmaxoso,
ymo 0asn scex mouex z Ha ronmype C ydosaemsopsemcs Hepa-
BEHCMBO

lte(2)| <|z2—al;
moz0a ypasHerue

C=a-t+to(0),

paccuampusaesoe KAk Ypasrenue omuocumessno G, umeem 00uwn
Kopens suympu woumypa C; Oaxee, aw6as @dyuxyus om L, anaru-
muneckan Ha u suympu C, moocem Goims pa3A0XNCEHA 8 CMeNneHHOl
pAO no t no gopmuyse

n—1
f(t:)—f(a)+}] L 1 (@) (9 (@)1,

=1

3rtor pesyabrar Obl1 onyGaukosan Jlarpamxkem!) B 1770 r,

Mpumep 1. BuyTpu meTan JeMHHCKATH, OKpYMXaiouleH a v onpenenseMoi

|a]®
paBeHCTBOM |2 (2 —a)] = —j —» Ypasuenue

[
2—a——=0
z

Y Lagrange, Mém. de I’Acad. de Berlin, XXIV; Oeuvres, II, 25.
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lal?

mpu el < 7 6yizer uMeTb OfMH KopeHb {, DasjOXeHHE KOTOPOro Aaercs

tTeopemoit Jlarpamxa

nl(n—1)1 g?7—!

t=at 3, & D@Dt
n=1

W3 sneMeHTapHo#t TeOpHU KBAADATHEIX ypaBHEHHH Mbl 3HaeM, 4TO ypaBHe-

a
Hue 2 —a —— =0 uMeeT 1Ba KOpHHA, & HMEHHO!

z
ey ) o sl G )

H Halle pa3iOXEHHe npedcmasisem mMOAbKO Nepsuiii 13 3mux Kopei ') —
npumep HeOGXOAMMOCTH TINATENbHOTO PACCMOTPEHHS TAKHX PAMNOB.
Mpumep 2. MycTh y — 10T U3 KOpHEH ypaBHEHHU:

y=1+42y%
KoTOpHIt cTpemuTca K 1 nmpu 2 —>0; mokasaTs, 4TO
yrm g ROED a ROFDEED 0
n(n+5)(n4-!l—6) (n+T7) 4 n (n—+6) (n+7:_))!(n+ 8)(n+9) S

+

" moka |z| <%.
Opumep 3. TlycTs x-—TOT U3 KOpHEH ypaBHEeHHA
x=1+4yx%
‘KoTOpH# cTpeMurtca X 1, koraa y —0; moxasats, 4TO

2a—1 3a—1)(Ba—2
lgx=y-+ aQ y2+(a 2)‘(3(1 )y“—l-‘...,

NMpuHYeM pas3noXeHHe CHPaBEMIHBO IpH

Iyl < l@—1*""a™?
(McClintock)

7.4. Pasnoxenne yHKuuil HEKOTOPOro Kiacca Ha npocteituue apo6u ?)

PaccmoTpum (pYHKUMIO f(2), €AMHCTBEHHEIMK OCOGBIMM TOYKAaMH KOTO-
polf B KOHeUHOW 4YacTH IIOCKOCTH ABJAIOTCA NPOCThie MOMIOCH &, @,
ag ..., 1Ie |og| <@g L lag| < ..o nyers by, by, by, ... — BbYeTH
B 9THX nomocax. JlOmycTuM, YTO MOXKHO BHIGPaThb NOC/ENOBATEJNbHOCTDL
takux okpyxHocte# C,, (pamuyc oxpyxuocTn C, o6o3HauuM R,) ¢ LeH-
Tpom B O, He NPOXOAAIUX HM uepes OLMH W3 MOJIOCOB, 4TO |f(2)]

Gyner orpanuyed Ha C, . [I(ax npuMep paccMaTpuBaeMblX QPYHKIUA MOXKHO

)y Bropoii 6yAeT BHe MaHHOIO KOHTYypa.
?) Mittag-Leffler, Acta Soc. Scient. Fennicae, XI, 273—203 (1880).
Cum. Takxe Acta Math., IV, 1—79 (1884).
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1
NpUBeCTH COSECZ, U B I3TOM CJy4ae MOXHO B3ATh Rmz(m—f—?)m]

[Tpeano0mHM, janee, 410 - R, —> 00, KOrla m-—> CO, H UTO BepXHss
rpannual) gysxuun | f (2)| va C,, Gyser orpaHnueHHOH, KOT1a m —> 00 2),
TaK uYTO [IJs BCeX Touek Ha OkpyxHoctax C, |f(2)| <M, roe M
He 3aBHCUT OT M.

Bcan x He sBafeTcs noaiocoM (yHkuuu f(2), TO eIMHCTBEHHBIMU

(@
r4

— 5 OyayT nOMOCH PyHKUMU f (2) H TOUKA Z = X;

noJocaMy GyHKLHH
toraa coraache § 6.1 Oyaem umethb

R S

rie CyMMUPOBaHHe PACIPOCTPAHACTCS HA BCe MOJIOCH, Jiexkaluue BHyTpU C .
Ho

1 f(2) f(2)dz i
Oni dz 21” f + o 2m . dz——'

2ni J z—x Z(z—x)
m

r f(2) dz
“f(o)+24 + 2m E z2(z—x)’.
m
eCid TPEeANOJIONXUTb, YTO QYHKIMA f(2) aHaJidTHYeCKas B Hauajse KOOp-
DHMHAT.

f(dz

Z2(z—%) 6yner O(Ry') u, Taxum

Janee, npu m —> 0O HHTErpal

m
06pa30M, CTPEMUTCA K HYJI0, Korja m CTPEMUTCA K 6eCKOHEYHOCTH,

[MosToMy, 3acTaBisis m —>CO, MBI NOJYYHM

o C 11 o x [ f(dz
0—f<x)~f(°>+§bn{an—_‘;—a—a}"‘“m ) =

m-—>oo
m

T. €.
an

£ = F O+ Db ),
' n=1

YTO W MpelCTaBjsieT pasjoxeHue ¢yHkuuu f(x) Ha npocrefimme Apobu;
CYMMHPOBAaHME pacnpoCTpaHfeTcd Ha 6ce MOJIOCH (yHKuuu f(x).

1) Koropas Oyner dyuxuueit or m.
2) Koneuno, R, He 0043aTeJbHO NONKHO (@ YacTO M COBCEM He ,uomx(uo)

CTPeMHThCH K 6eCKOHEYHOCTH HEeTpEpHIBHO; BO B3ATOM NpUMeEpe Ry = (m-}- )'m,

rxe m NpHHUMaeT TOJNbKO HEJBIE 3HAYCHH.
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Ecan |a,| <|@p+4,|, TO 3TOT psax 6yleT pPaBHOMEPHO CXOIHTbCS BO BCeM
kpyre |x|< @, rie a— a06as NOCTOAHHAA (32 MCKJIIOUEHHEM OKpeCTHOCTel
T04eK a,). B camom jnene, ecam R, — pajHyC OKDYKHOCTH, OXBaThiBamomeH

TOUKH &y, ..., &y TO MOLYJb OCTATOUHOrO 4ieHa Psla Mocje MEepBLIX 7 YJEHOB
Oyner
X f(2)dz Ma
2 J Z(z—x) Rp—a
Cm

no onenke § 4.62, u 19 3aNaHHOTO ¢ MBI MOXEM B34Tb TaKOE N, HE 3a8UCTUjee
Ma <e
Rp,—a )
CxonuMOCTb, OYeBHAHO, OyIeT DPaBHOMEDHOH, mawke ecin |a,|<| @y
€C/H WIEHBl PALa, COOTBETCTBYIOUIKE MOMIOCAM C OLMHAKOBHIMU MOLYJIAMH, GyIyT
CTPYINHPOBAHLL
Ecan BMecTo ycaoBus | f(2)| < M Mbl uMeau 6 ycaoBue [2=2f(2) | < M,
rae M He 3aBHCHT OT m, KOrja 2 JAeXuT Ha C,, a p— NONOXHUTENbHOE LeJoe

om x, 4TO

f(2)dz 1 1
YHCA0, TO Mbl pasaaraau 6l MHTerpan [ ————, HONOMUB ——— = — |
J Z2—x z2—x =z
x xP+1
+?2‘+ +‘;17¢T(7:7)‘, H noayumin Obl mojobHOe, HO HECKOJbKO Gojee

CJI0KHOE Pa3joKeHHe.
Mpumep 1. Jokasarts, 4TO

IpuueM CYMMHPOBaHH€ PaCIpOCTPAHACTCA HA BCE IOJOXHTCAbHBIE U OTPHIA~
TEJbHBIC 3HAUYEHHA 1.

Yro6H noayuutb 31y Hopmyay, TOJOKKM COSEC 2 — 1?= f(2). Ocobennoctu

9TO} GYHKLMM PACNIONOKEHH B TOUKAX 2 = T, TAE 1 — N060€ NONOKUTENbHOE HIH
oTpuuareJbHoe uenoe uucao. Bhiver ¢ynxunu f(2) B ocoboét Touke nz pa-

sen (—1)*, u nerko BumeTs, uTO |f(2)| OyAET OFpaHMuEH HA OKDPYKHOCTAX
I2I=(n+%)n, KOTAa 7 -> co.
[Ipumensas tenmepp o6mylo ¢opmynry

1@ =1O+ N ba[ =],

ap

rae b, — BeIIeT B 0cO0OH TOuke a,, UMeeM

n 1 1
f@ =10+ Y {o——+_1.
Ho .
N Z—S8inz
JO) = lim =7 =0.
[Mostomy

cosec 2 = % + 2 (—1n" [2—1 —}—L],

—nw nw

4TO K mpejcTaBaseT coboll TpebyeMoe pasiOmeHHe.
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MMpumep 2. Mycrs 0 < a < 1, nokasars, 410

[ee]
e%* 1 N 2z cos 2nan — 4n= sin 2naw
e —1 —?‘*‘2‘ 22 | 4n?x?
n=1
Mpumep 3. ,H.oxaaale, 910
1 I 1 1
2mx2 (ch X—cosx) 2nx*t er—eTw i 71_ 4

2 1 3 1-
+eZ1c___e—21: 1 - o3t — p—3n 1 + e
@)+ ¢ @r)t o o &

O6muit uaeH B NpaBoi wactu Oyner
=)'r
(eru — e—r‘n:) { (rn)‘ + %x,s}

410 TpeAcTaBAseT co60if BHIUET B KauNOH u3 UeTHIpeX OCOGHX TOUEK r, — I,

ri, —ri GyHKIHH
T2

(n‘z‘ + % x‘) (€ — e~ ™) sin nz

dta GyHKOM, MOMHMO TOYEK r, —r, ri, — ri, UIMEeT elle CAeylInHe NAaTh

0CO6HIX TOUEK: :
(£lxi)x
0, ~——2,

P2
2 i
B TOUKE 2 == 0 BHyeT PpaBEH ﬂ_xé; B Kamﬂoﬁ H3 geTHIpeX TOUECK 2 = (:t—lg':l:ﬂ‘
T

" BHIYET paBeH .
{2nx2 (cos x — ch x)} "L

[Moatomy
) r )
-1y r 1 2 2
4 21 7T o-TT oy 4 T " + nxt  wx2(ch x —cosx)
r=
= __21“, lim / — dz : ,
nree (n‘z‘ +7 x‘) (e — e~"%) sip

rae C—-Opr)KHOCTb C LEHTPOM B Hadajeé KOOPAHWHAT H pPAaJHYCOM n-{-—é—

(n — 1eJoe 4uCIo).
Ho B Toukax Ha C mommuterpanbuas ¢yuxuus ects O(|2z]|73); mostomy
npezaes HHTerpaia mo C pasen Hyao.
OTCl0fa H H3 NOCAEAHEr0 COOTHONIEHMA BHITEKaeT Tpe6GyeMblll pesyabTar,
Npumep 4. Hoxasars, aT0

_ 1 3 5 ‘
secx_47v:(ﬁ2__4x2 —ge—iE T A —ia ).
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Mpumep 5. Hoxasare, uro

1 1 \
cosechx=?—2x(n2+x2 - 4ﬂ2+x2+9n2+x2 =)
Mpumep 6. Jlokasars, uro
1 3 5
SeChx=4,”(n=+4x2 BT Ty )

NMpuwmep 7. HoxasaTb, 4TO

1 1,
cthx=-;+2x(n2+x2—[—4ﬁ2+x2 +9n2—‘{—x2+ )

Mpumep 8. Iokasarb, uTo

72
Z 2 (m? F az) W b cth =a cth zb.
M=—00 N=-—0c0
(Math. Trip., 1899)

7.5. Pa3joxenue pyHrunit HEKOTOPOro kJaacca
B OeckoHeuHble MPOH3BEAEHHSA

TeopeMa mnoOcJTenHero mnaparpada MoxeT ObTb NpPHMeHeHa K Pasfio-
HEHUI0 HEeKOTOpOro kuaacca ¢ynkiuit B OecKOHeuHble NPOU3BENEHUS.
Tlycte f(2) — dynxuusa, umewmias NPOCThie HYAM B TOYKAX @y, dy,

.1, rme lim|a,| GeckoHeueH, W nycTh f(2)— aHaIATHYECKAS,
n->»co
AJ BCeX 3HaueHUt 2.

Toraa f/(2) Oyner anaiuTHuYeckoH naxd Bcex 3Hauenuit 2 (§ 5.22)
4

H, CJEeZOBaATENAbHO, MOXeT HMeTb OCOOEHHOCTH TOJbKO B TOY-

f(2)
Kax @y, Gy, Qg ...
ITo rTeopeme Te#topa

f@=(- a)f @)+ @)+ .
F@=F@)+GE—a)f @)+ ..

Orciona HenocCpeaCTBEHHO CJellyeT, UuTO B KaxJaoH U3 Toyek a, q)yHK-
!’
g 7@
7o)

HaflTH HOC/JeNOBaTeNbHOCTh OKpYyXHocTe#t C, XapakTepa, ONHUCAHHOTO
f
f(2)

M3 passoxeHus, Januoro B § 7.4, craenyer

= f'<(00))+2{z——an +a )

1) Ipuuem 5TO eauHCTBEHHBIE HYAH yHKnuM f(2) u a, 5= 0,

HMeeT npocTofl moaioc ¢ Buhiyetom —+1. Ecam Mb MOXeM

B § 7.4, Tak uToO

Gyzer orpannueHa Ha C,, KOria m—»00, TO
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Tak kak 3TOT psan OyXeT PAaBHOMEPHO CXOAHThCH MNpU COOTBeT-
cTByloueft rpynnuposke uiaeHOB (§ 7.4), TO MBI MOXeM ero HUHTerpupo-

BaTh nouleHHO (§ 4.7). IIpomenaB 3TO U B3AB NMOKAa3aTeJbHYIO (pymcumo
oT 0o6Genx uacTed paBeHCTBA, MOJYUUM

L1 2\ =
F@)=ce 7O {(1——)ean},

Flie ¢ He BaBUCUT OT 2.

MMosoxus z==0, wmb BuguM, uto F(0)==c¢, ¥ Takum 0Gpasom,
ofmas ¢opMy/1a NPUHHMAET BUI

f(z):f(())e_fﬁ%;)‘zﬁ [(1~—a’;)ea—n}
‘n=1

dra ¢opmyna LaeT pasnoxeHHe B OecKOHeYHOe NpoOU3BeleHHe M000H -
byHkuun  f (2), yLOB/IETBOPSIOILEH BEICKA3aHHBIM YCJIOBUSAM.

Mpumep 1. Pagcmorpum dyHknuo f(2) = Sz

, HMCHOWYK INpPOCTHIE

HyJ#d B TOYKax rm, rie r — n06oe NONOKUTENbHOE HIH oTpulareJbHOe LUEeN0e
YUCNO.

B srom cayuae mbl uMeem f(0) =1, f/ (0) =0, u Teopema HenOCPEACTBEHHO

i (-2) o2 )

S
z
u60 JNerko BHAETb, UTO ycaoBue, Kacawiueecs NnoBeACHUA (pyHKllHH f ( ) TpH

f®

| 2 | > 00, BHIIOJHEHO.
[Tpumep 2. Hokasarb, 410

{1+ G H =) Hi+ () ¢

R e i o R =

(Trinity, 1899)

7.6. Teopema Beilepmtpacca 0 GeckOHEUYHHIX NPOM3BENEHHAX !)

Teopema § 7.5 sBusieTcs YacTHHIM ciydyaeM Ooaee ofieft TeopeMbl,
B KOTOpOH Xapaktep OYHKuMM f(Z) npu [2|-—>CO He TaK CHJILHO
OrpaHHueH.

Myctb f (2) — GyHKuus OT 2 Oe3 CymleCTBEHHO OCOGHIX TOYeK (Kpome
«BeCKOHeYHO YIaNeHHOH TOYKH»); MyCThb HYJH M NOMOCH QyHKuuu f(2)

'y Weierstrass, Berliner Abh., 11—60 (1876); Math Werke 11, 77—124,
1895.



7.6. TEOPEMA BEMEPLITPACCA 193

AeXAT B TOYKAX @y, Gy, G3, ..., Phe 0 <|a;|<{|ay| ... IlycTs Hyas )
B a, uMeeT (Uelbif) MOpPAROK m,.

Ecau uucio Hynel M TNOawCOB He OrpaHHYeHO, TO HeO0OGXOIUMO,
yto6s | a,|—>co, korma n-—>oco, ubo ecam Obl STOrO He GHLIO,
TO TOYKM @, uUMedud OBl NpeleibHYI TOUKY %), KoTOpas Gbiia OB Cylue-
CTBEHHO 0C000#t Toukoifl dynkuuu f (2).

[Tpexae Bcero nokaxeM, YTO" MOXHO HafiTM TaKue NOJMHOMH &, (2),

YTO NpOU3BEICHHUE
S )Y "n
1 — 2\ etn? } ]
H [{< dn)

n=1

CXOIOUTCA Aaf BCeX %) KOHEUHHIX 3HaueHUH 2.

Mycts K — xaxas-uuGynb nocrosHHad, u mycts |z | << K; Torxaa,
MOCKOMBKY |@,|—>00, Mbl -MOxeM HaliTh Ttakoe N, uto |a,|> 2K
npu.n > N. :

[Tepsrie N MHOXHTeJel NpousBeleHHs He BJIMSIOT HA ero CXONH-
MOCTb; DaCCMOTPHM Kakoe-HuOyIb 3HaueHne #, Ooabmiee N, M OycTb

G@=2 4 (Z)+ o ()

Torna o

~SEE) rae|-| Y@<

m=1 m=k,

<Z["S|E[ <lway,
MOCKOJbKY _ )
[2,87| <
O1ciona
(o e

rae "

-1\k
|4, @) < 2| M, (Kag )]
Hanee, m, u a, Aauel, HO R, HAXOAMTCA B HalleM PACMOPSKEHHH;

1
rax Kax |Ka;l| <, 70 B Kauectse k, MOXHO BHOpaTh Takoe Hau-

1) Mel paccmarpuBaeM 3jJech NOJIOC KaK HyJb OTPHUATEJNbHOTO TNODHAJKA.

2) Ha ocHoBaHuu IBYMEPHOrO aHAJOra TeOpeMbl § 2.21.

%) Mpenmoaaraercs, 4T0 2 He GyZeT HH OJHOH H3 TeX TOUEK &, A KOTO-
DHIX M, OTPULLATENbHO.

13 3. T. Yurrekep, Jxk. H. Barcon
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o0
MeHblllee YHCJIO, 4TO Q‘mn (Ka;l)kn] <b, rze an— Kakol-nu6o
n=1

- cxousuuficst psinl) ¢ MOJOKHTEJAbHBIMU HJeHAMM.

Torza
TR |

n=N+1 n=N+1

rie |u,(2)| <b, a noroMmy, mOCKOMbKY b, He B3aBUCHT OT 2, NPOHU3-
BefleHue OyneT abGCOJIOTHO U DABHOMEPHO CXOLUThbes, Koraa |2z| < K,
332 MCKJAIOYEHUEM OKDeCTHOCTeH ToueKk a,.

Fo=TT[{(1—%)*}"]

TTonoxum Gl(z)zf,—((?)—, toria G,(2) Oymzer ueno#t ¢yuxuueh

(§ 5.64) ot 2, He nMemoled HyJeH.

Orciona caenyeT, uTo (yHKUUS G, (2) Oyner asanutu-

G, (2) (z) dz
4yeCKOM I/ BCeX KOHEYHBIX 3HAYeHMH 2, M CJeJ0BaTeJbHO, MO TeopeMe
O

Te#tnopa sTa QYHKLUS MOXKET OBIThb BHIPAXKEHA PAAOM Z nb z""l. KOTO-
n=1
pHIt CXONUTCH BCIOLY; HHTETPLPYS, NOAYYUM

G, (2)=ceG @,

o]
rae G (2)= Eb,,z”, a ¢ — NMOCTOSIHHAA; STOT Pl CXONUTCA BCIOAY, H
n=1

caenoBatenbno, G (2) aBagercs ueno#t ¢ynkuuei. ITosToMy OKOHua-
TECJAbHO IOAYYUM :

er=soen T [{( — )}

rae G (2) — ueroropas uenas (QYHKUHS, Takaﬁ, yro G (0)=0.

Mpumeuanne. [IpousBoabubiii snement G (2), BCTpeqa}omuncu B 3TO#
dopmyne aas f(2), BosHHKaeT O6Jaroaaps OTCYTCTBHIO YCJOBWH OTHOCHTENBHO
nosejenus f(2) npu | 2| —»> oo.

Cnencteue. Ecan m,=1, 10 cornacuo § 2.36 gocTatoyso B3aTh k, = n.

1) Hanpumep, mbl MrxeM B3Tb b, <=2
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7.7. Pasjoxenue nepHoAMuecKHx OyHKnui
HEKOTOpPOro KJacca B pAX MO KOTAHIE€HCAM

Hycty f(2) — nepuonuueckas GyHKUNS OT 2, aHaJUTHYeCKas BCIOLY,
KpPOMe HEKOTOPOrO UHCJA4a INPOCTHX TMOJIOCOB; NyCThb paiu  yroGeTBa
w — nepuol GQyHKUuH f(2), Tak uToO

f@)=f(z+m).

[MonowuM 2z==x-iy, u nyctb f(2)—1 npu y—> -+ co paBHOMepHO
otHocuTeqbHO X, Koraa O < x <w; noaoOHEIM Xe 06pasoM mnycTb
f(2)— ' paBHOMepHO, KOTIa y—>— CO. '
Mycte momocamu ¢ynkuuu f(2) B notoce 0 < x < w aBasioTcs
TOYKH @y, @y, ..., @, C BHUETAMH B HUX Cj, Cg, ..., Cpe
Iycts, nanee, ABCD — npaMoyroJbHUK ¢ BepluvHamu 1)

—ip!, wmw—1ip’, w—ip u ip.
Paccmotpum unTerpan

’-;u—iff(t)ctg(t—z)dt,'

B3ATHIt MO KOHTYPY STOTO NPAMOYTOJbHMKA; BbIYET NOLHHTErpajibHOHA
¢byHkuMM B @, paBeH c¢,ctg(a,—2), a BmueT B 2 paBeH f(2). Mure-
rpanst o DA w BC B3auMHO YHHUYTOXKAIOTCA 6Jaroaps nephoOIHYHOCTH
NOAUHTerpadbHO# GyHKUMU; KOTAA p’ — 00, NOIMHTErpajbHas (QYHKIUSA
Ha' AB cTpeMuTCs , DaBHOMepDHO K [’f, B TO BpeMs Kak IpH p—> 0O
nojauHTerpanbHas ¢ynxuus Ha CD cTpeMUTCs - paBHOMEpHO K — [f;
N03TOMY

n
* 1 Q
FUF+D=f@+ Y, ¢ clg(e,—2).
r=1
A 310 3HAYHUT, YTO MBI HMEEM pasfoKeHue

F@O=5W+D+ Y ciglz—a,).
r=1
Mpumep 1. ctg(x—a))ctg(x —ay) ... clg(x—a,) = .

= Z ctg(e,—a) ... * ... ctg(a, —ay) ctg(x—a,)—l—(-l)—2”
My =

n
= 2 cg(a,—a)) ... * ... ctg(a, —ay) ctg (x —a,),
r=1

1) Ecau Kaxo#-1u60 13 INOJIOCOB JIEXHT Ha NPAMOH X == 7, TO NepeHecem
HPAMOYTOJbHHK HECKOJbKO BIPaBO: p, p/ OEpeM HacTOAbKO GOJbIIMMH, YTOOL
ay, ay, ..., G, JEHAAN BHYTPH NPAMOYTOJbHHKA.

13*
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CMOTpy 1o TOMy, OyAeT JH n 9YeTHHIM WM HEYeTHhIM, 3HaK * yKa3HBaeT, 4TO
MHOXUTENb cig (a2, — a,) onyileH.
MMpumep 2. ioxa3aTs, YTO

sin(x—b,)sin(x —b;) ...sin(x—b,)
sin (x —a,) sin (x —a;) ... sin(x —a,)
__ sin(a;—b)) ... sin (@, — by)

= sin (@, —a,) ... sin (a; — ap) ctg(x —a)+
sin (@, — b)) ... sin (@, — b,)
-+ sin (wz—a,l) ... sin (a:——van) cg(x—a)+ ...
+cos (@, +ag+ ... +a,—b,—by— —b,)

7.8. Teopema Bopeus 1)

Mycts f(2)= 2 a,2" — ananutuueckas ¢yuxuua npu | 2| <7, TaK

YT0 TO HepaBeHCTBy § 5.23 |a,"| <M, rae M He 3aBuCHT OT .

n
Orciona, ecam ¢ (2)== Z anf

n=0

, T0 ¢ (2) Oyzer ueno#t ynkuueft u

4 s 12§
. M n
le@] < Y Tl =Me 7

n=0 -

1zl
r

B Noxo6HHIM e o6pasom | (2)] <ﬂfﬁ_,

[ee]

Paccmorpum fl(z)_—..fe“‘cp(zt)dt; 9TOT HHTerpaj COMJIACHO YycJo-

0
BusM § 5.32 Gyser amanurnuecko#t ¢ymxumeft or 2z, koraa |z| <r.
Jlanee, uHTerpupys MO YACTAM, HOJYYHM

[se]

h@=l—e"le@IF+2 [ ety (ot) dt =
0

0

n
=Y 2m [ e~tgm (2 + 27+ [ e-tgln (at) at.
m=0 0
Ho

lim e~fom (zf)=a,,, u npu |z|<r lim e~fe (2f)==0.
t>0 t>

) Borel, Lecons sur les séries divergentes, 94, 1901. Cm. Takxe uuTHpO-
BaHHbie Tam MeMyapel. CM. Takxe Xapau, Pacxomsmueca pags, WJI, 1951
Ulpun. ped.)
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Tosromy

n
fi@= 2 e.2"+ Ry,
rae
. lzep
R,| < |2t f e~tMe T r-aldf=|zr "' M{1—|2|r-1}"' >0,
0

KOrJla 1~ 0o,
Cuedosamenvno, npu |z| <r

f1(2) = ﬂgoamzm = f(2)

u maxum o6pason,

f@)= f e=to (2t) dt,
0
- n
rze @(2):}3-%21——; dyHkuua @ (2) HasbBaeTca PpyHxyuel, accoyu-
n=0
uposannol no Bopeao .c X a,z".
n=0

(o) (e N
\ N 2,2"
Ecau S= a, U 9(2)= 1~ M €CAH MBI MOXeM yCTaHOBHTb COOT-
n=0

n=0
o0

HoleHue S =f e~ ¢ (t) dt, 1o rosopar (§ 8.41), uto pan S scymmupyen (B)»,

. 0 .
Cle0BaTeNbHO, JOKa3aHHas TeopeMa MNOKa3blBaer, 4To g;m Tetinopa, npencra-
BJSIOIMH aHaJuTHYecKylo dyHkuuio, Oyler cymmupyem (B).

7.81. Hurterpan Bopens n aHajJuTHYECKOE MPOAONMEHHE

JlokaxeM tenepb TeopeMmy Bopeas, cocTosimyio B TOM, 4TO MHTerpaa Bopeas
NpPEACTABASET aHAAHTUYECKYI0 (YyHKUUIO B GoJjee IMHPOKOH 0OMACTH, 4eM BHY-
TPEHHsI1 06JaCTh OKPYIKHOCTH | 2| ==r.

JT1a pacmupeHHas 06JacTh NOJYYaeTcs CASAYIOLHM -06pa3soM: BO3bMEM OCO-
6ble TOYKM @, b, ¢, ... dOyHKUMH f(2) U GPOBEAEM uepe3d KaXAylo H3 HHX nps-
Myi0, MEPNEHIUKYASPHYI0 K NPAMOH, COEAUHSIOWEH 3Ty 0COOYI0 TOUKY C HaYaaoM
kcopxuHat. [IpoBejeHHble TakuM o00Opa3oM IHpsiMble pas3jedsiT MAOCKOCTh Ha
06/1aCTH, U3 KOTOPBIX OjiHa 6yleT MHOrOYrOJbHHKOM, COAEPIKAIHM BHYTPH Hayano
KOODAMHAT. :

Toz0a urnmezpar bopeass npedcmasum GHAAUMUHECKYIO QPYHK{UIO (KOTO-
pas no § 5.5 u § 7.8 Gymer, oueBuIHO, ONpeneasThcsa GyHkuueit f(z) w ee npo-
JIOMKEHUEM) 8CI00Y BHYmMPU MO0 MHO20y20AbHUKA. HuTaTeab AOAREH 3ame-
THTb, YTO 3TO — I€PBas HacTosAlas GoOpMyaa, NOAYUEHHAS [AA AHRAMTUYECKOTO
NPOROJMKeHUs GYHKIKH, €CAH He CYUTATh TPUBHAALHOH dopmyan B npumepe § 5.5.
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JeficTBUTENbHO, BO3bMEM Kakywo-HuOynb TOuky P (puc. 2) ¢ adduxcom {
BHYTDH PACCMATPHBAEMOrO MHOTOYTOJbHMKA; TOAA OKPYKHOCTb, NOCTPOEHHAs
Ha OP kax Ha AuaMeTpe; He GyHeT colepxaTb OCOOBIX TOUEK HH Ha ceGe caMoi,
HH BHYTpH !); C.leIOBATENbHO, Mbl MOXEM
HOCTPOHTb HEMHOTO GOJBIIYI0 KOHIEHTpH-
4eCKYy10 OKpykHOCTb C 2), He HMeIYI0 HU
OIHOH 0COOOH TOUKH HH BHYTPH, HH Ha
cebe caMmoil. Toraa B cuay § 5.4

f(2)
= o / 2T dz

4, TaKUM 06pasoM,

foe]
1 gt f(2)
o (L) = S Y Zarr 42
n=0 C
CHf (2)
Puc. 2. Ho pan 21 Tnlzntr Oyzer  pasio-
mepHo cxoxamumcs (§ 3.34) na C, TaK Kak f(z)—orpaHmeHa, lz[ >8>0,

rie d He 3aBUCHT OT 2; OATOMY coraaceo § 4
¢ ()= gz f 2f (2) exp (=) d.

Takum o6pasom, npH { MOJOXHUTEJILHOM |<p € < F(i:)e rae F () orpanuuena
B M060it 3aMKHYTOH 06JACTH, JAeKalieH IOAHOCTHIO auympu MHOT'OYTOJIbHUKA %),

£
¥ He3aBHCUMa OT £ A GyzeT HamGoAbUINM 3HAUEHHEM BELIECTBEHHOH YacTu < Ha C.
. 2
Ecau mMbl mpoBeneM OKPYXHOCTb, ONHCHIBAEMYIO TOUKOH 7 » 10 YBHAM, uTO
BEIECTBEHHAs 1aCTh BHPANKEHHA — Gyaner HauboabuIeH, KOrja 2 JEWUT HA KOHUE

JMaMeTpa, npoxoasiuero yepes { BO6au3u ToukH (, M TakuM o0pasoM, 3HaueHue A
pasro [L]{[¢]+3} 7 <1,
[Tono6HbiM ke 06pa3soM MBI MOMXKEM MOJNYYHTb HepaBeHCTBO s ¢’ (&),

a OTCIJIA COrJaacHO ycaoBuaM § 5.32 HaiizeM, uTo dyHKIuS fe“go (¢t) dt — ana-
0
JNHTHYECKAs M, OUEBUIHO, OfHO3HAUHas (QyHKUHs OT L.
A 31O H ecTb pesy’braT, CHOPMYJIHPOBAHHBIH BhLILIE.

') Hurateab yBuguT 3TO M3 ueprexa; MO0, ecanm Obl CylleCTBOBaXa Takas
ocofast TOYKa, TO COOTBETCTByloWas eif npaMas npomaa 6ui Mexay O u P uau
uyepe3 P, T. e. P Obaa 6nl pacnojoxeHa BHE MHOTOYroJibHHKA HJIH Ha ero
rpaHuue.

2) Pa3HoCTb pajuycoB OKpyxHOCcTeH 0003HauuM uepes d.

8) Oxpyxuocts C 3aBuCMT OT { u oT Bbl6opa 3; aucio 3 MOXHO BhI6path

f(2)

HenpepblBHO 3aBucsuM oT & Tak, uto F ({) = o l {l dz) 6yner He-

npephiBHA B MHOroyroJavHuke. (/Ipust. ped.)
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7.82. Pasjoxenue B pajn o6paTHeIX (akropnanos

Onun w3 cnocob6oB pasyoxeHus (GyHKUuH, KOTOPHH, mOCae NpuMe-
nenus Hukoaem ') u Crtupaunrom 2) 8 XVIII cTometnn, Obla cHCTeMaTH-
yecku uccaenosadn lndmuabxom 3) B 1863 r., 3ak/ouaeTcs B pasioxe-
HUM B psil OOpaTHHIX (aKTOPUAJIOB.

UrtoOn MOAYyYMTb TaKOe pasioeHHe (YHKUUM, AHAJUTHYECKOR NpH

[se)

|z| > r, nonyctum, uyro f(2)= Z a,2”", u BOCNOJb3yeMCd (opMyJIoH
. n=0

oo}

f@= [ze-(tyat ¥,

0

o

anth
rie cp(t):Z Z! ; 9Ta QopMyna MoxeT OBITb MOJYYeHAd AHAJIOTHYHO

n=0
¢dopmyne B § 7.8. Bumousmenum ee, nonoxus e~f==1—%, o(f)=F (§);
1

Torza f (2) = f z(1 —E" " F (¢) ds.

0
Ecima ¢ == u -+ iv u-f 3akmoueHo B nojoce —w < v < w, T0 ¢ 6yler
onHO3Ha4HOH ¢yHkuuel ot &, a F (§)— aHainTHuecko ¢yHkuue# ot &;
npu 9TOM £ orpaHudeHo HepaseHcTBOM — © < arg(l —§) <.
- Hanee, BHyTpeHHas o6JacTb OKpYywHOCTH |&]==1 cooTBeTCTBYET
BHyTpeHHeH 00nacTH KPUBOH, onpelenfeMOd PaBeHCTBOM

t=~—lg(2cos%6>——~—é—te

(MB!I noJsaraem E= exp {{(8 4 w)}); BHyTpU Xe 3TOR KpuBOH
1
[t] —Ret [{Ret}?+ n?2 —Ret—0,
korga Ref— oo.
Orciona caeayer, uro npu |E| 1 |FE)| < Merltl < M|et],
rie M; He 3aBucuT 0T £; Takum oGpasoM, F (§) < M1|(1 —E)_'l.

" Nicole, Mém. de I’Acad. des Sci., Paris (1717); cu. Tweedie, Proc.
Edin, Math. Soc., XXXVI (1918).

2) Stirling, Methodus Differentialis, London, 1730.

) Schlomilch, Compendium der hoheren Analﬁis. Boaee coBpemen-
Hele uccaeroBanus npuHapaexar Kaéiisepy (Kluyver), Huabceny (Hielsen) u
[uukepae (Pincherle). Cm. Comptes Rendus, CXXXIII (1901); CXXXIV (1902);
Annales de I'Ecole norm. sup. (3), XIX, XXII, XXIII; Rendiconti dei Lincei (5),
XI (1902) u Palermo Rendiconti, XXXIV (1912). CroiictBa ¢yHkuuii, onpe-
IelsgeMblX psaaMu o6paTHbHIX (GAaKTOPHAJOB, H3yueHH B BeCbMa BawHOH paboTte
Hépaynna (Norlund), Acta Math., XXXVII, 327—387 (1914).

4) Jror uHrerpan cxoaurcs npu Re 2z > r. (Ilpum. ped.)
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[Tpeanonoxum Ttenepb, uro 0 <& < 1, Torma mo HepaBeHcTBY § 5.23
|F® @) < Myntp,

rae M, -—BepxHas rpannua |F(Z)| Ha OKPYXHOCTH ¢ UeHTPOM & H
paguycom p < 1—E&. :

IMonoxuB p:n—-’{}-—T(l'__&) u sameuas, utol) (14+-a"1)" <e, Mu
HaliaeM

Pl <t —{eapra—o}] m{ 22 <
< Me (1 nl(1—5 ™"

1 1-e

Bcnomunag, uto, coraacHo § 4.5, foéoaﬂaqaeT lim , ¥ IOBTODHO
0 ¢>+0y

MHTErpUpPYys IO yactaM, OydeM HMeTb
l-s
f(2) = lim ![——-(1 —ﬁ)zF(E)]é_s—i-/ (1 —8*F' % d§}=
40| 0
: 2z 1-¢ 1 2 P ql-e
%.lgllo{[f(lﬂa) F®l, +';_¥_—1[‘“(1—E) HE (E)]O +
-z
+?11F‘1‘/ <1—s)’+‘F”(s)da}—.=
0

b b :
e =bht Tt et

b
T ETEDETY e T Re
rie

— n 1-§ ”
bn —_ li_r’no [_ (1 . E)Z-Hl F( )(E)]o — F( )(0>’

) dynkuns (14 x~')* Boapacraer BMecte ¢ X, u6o 1iy > ¢Y, korna

y <1, u, caemnosateibHo, lg (—1—_1__7) >y, OTCloAa, HoJOXuB y~ =1+ x,
MOy YHM ) ‘
1

T35 x > 0.

S xlg (L x7) =g (14 51 —
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ecJUd BelEeCTBCHHAA 4YaCTb BLIPAXECHHUA z—-l—n—r — n IMOJOXKUTEeJNbHE,

T. e. ecid Rez > r; nanee,
. 1-¢

1

1 : _g\#tn p(ntly g ¢
'R"'<1(z+1)(z+2)...(z+n)|*3§”05/1 A= FEh e <
Me(n 4-2)"n!
<TEIFDGETD . GFRRG=n <

< Me (n+2)" n! ’
CFIF)C+2F+8) ... rFnFoys’
rae .
d=Re(z—r).

r+d

n
Haiee, H{(l —+ rma)e_ m } ctpeMutTca K mnpeneay (§ 2.71),
m=1 )

KOrZia #—> 0o, W CliefoBaTelbHo, |R,|—0, ecau -

(n+2>'exp{—<r+a>2%}
1

CTPEMHUTCA K HYJIO; HO
n+1

n\ 1 dx
Lo [ & gt
m=1 1

no § 443D u (n+2Y (n+1)""""—0 npn 3> 0; nostomy R,—>0,
Korjia n— 00, U CJaef0BaTe/NbHO, IHPH Rez> ' MBI HMeeM cXojJdiieecd

pasiioxeHue ) )
J— bl 2 n
fO=bhtaternera T Ternery ecFa T

Mpumep 1. IToayuutb TO e camoe pas3loKEHHE, BOCIOJAb3OBABIINCDH

¢$opmyaamu .

. . 1 z
EFDEF) .. zFn+D =W0/u"(1—u) du,

1
7() at =fdtff(t)(1—u)z~‘-1 du,
C - 0

z—t

[Tpumep 2. INoayuuts pasnoxeHue
1 a

N_1_ _ ) _
‘g(l+z)—z ZeFD)  ZEEDEEH

rpe 1
anzft(l—t)(Q—t)...(n—l—-—t)dt,
0

H paccMOTpeTh 064acTb, B KOTOPOH OHO 6yJeT CXOAUThCS.
(Schlémilch).
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JIUTEPATYPA
3. F'ypca, Kypc marematnueckoro ananusa, OHTH, 1936.
E. Borel, Lecons sur les séries divergentes, Paris, 1901.
T.J.I'a Bromwich!), Theory of infinite series, ra. VIII, X, XI, 1908.
O.Schloémilch, Compendium der hoheren Analysis, I, Dresden, 1874.

Mpumepn

L. Mycte y—x—¢ (y)=0, rae ¢(y)— RaHHas QYHKLHA OT y; NMOAYUHTD
pasaoxeHue

1 d

FO) =1+ L AGE (T:‘m 'g;\)mf(x)r

Nk

m=1

rie f o6osHauaeT JAWGYI AHAAHTHYECKYI0O (GYHKUHMIO CBOErO apryMeHra, M pac-
CMOTpeTb 064acTh €ro CXOIHMOCTH.

(Levi-Civita, Rend. del Lincei, (5), XVI, 3, 1907.)
2. Monyuutp (no dopmyne llapby uam IPYrHM MyTEM) pasiomeHue
[ee]
_\V' =D e—a)”
f(z)-—-f(a)——}_‘ TAld—nF

n=1

{£r® @) —r"f ™ (@)};

HaHTH OCTAaTOYHBIL uYJeH hocjAe 7 4YJEHOB M PacCMOTPETb CXOAMMOCTb psija.
3. TlokasaTb, uTO

Flrtm)—f(x)=

=Yyt 28 '(‘,,;éf”’ =D 2 ey — " 7 ()

m=1

1 .
+ (—1)" A" / 1 O Y (x o+ bty at,
rne 0

n+—l— Yl+'l 1 1
ot t=n""7 a{ -3 3
T () = (ny? dx" - =

1 1

1
=—;ln-[-f(x-—-z)” 2 2 (1 ——z)—? dz,
0

H TOKa3aThb, YTO Y, (X) mpeacraBaseT coboit kosdduuuert npu n!f" B pasno-
1

weHun Beipaxenus {(1 —#£x) (1—}—t—t.7c)}_3 N0 BO3PACTAIOWIUM CTENeHAM £

') BpoMynu mOayuaeT pa3NoKEHWA 3AEMEHTApHEIMHU croco6aMH, T. €. He
npuMeHssi TeopemMn Komm.
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4. MMoxnaras B dopmyae Hapby

TS N S ELLAL

n! T—re-#

nokKasarthb, 4TO

L=

h™ )
P B —F ) =— 3 an oy {7 (e 1) — L7 (9] 4

m=1
1
4 (—1)" A1 f ¢ (£) FFD (x 4 he) at,
rae 1 2 O 3
R LS Uk S
5. IToka3zars, 4TO
fe)—f(a) =
— Z (___1)"1—] 23”1 (22“—21’)'1(!2 - a)zm-l {f(?ﬂt-l) (a) +f(2m—-1.) (Z)} +
m=1
1
FEZ [ 7% (04t (=) a,
roe ’

oy =2 2 ()]

6. Ilokasatb, 4TO

f(@)—f(2)=Ci(zs—2) f (2'2? +Cy(z;—2)2 f" (2)) —

—Cy(2y—2)° f" (2) — Cy (2, — 2)) FTV ) 2 + ...
) .

u=0

.. +(—1)”(22——zl)"+1/{:—unn(e“‘sech u)} FOHD (2 4tz —t2) dt.
0

3HakM nMOC M MHHYC B paje NOBTOPRAIOTCH KaXAbIH pa3 ABaAbl; NOCJAEIHHIL
yJleH Mepej HHTErpajoM ecTb wieH ¢ (2, —2,)% C,— koaddunuenr npu 2"
Tz
B PasloXeHHH ctg (—4——7) N0 BO3PACTAOLUIUM CTENEeHs M 2.
(Trinity, 1899)

7. llyctb X, M x,—nease uucaa, a ¢ (2) — dyHkuus, asagutuveckas u
OrpaHHuyeHHaa A4 BCex 3HaueHu# 2, 18 KOTopex X; < Re 2 < x,; mokasatp,

B34B HHTErpan
e (2)dz
e iz __ |
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NO BHIPE3aHHBIM NPSMOYIOJbHHKAM, UMEIOIIHM BEPHIMHBl B TOUKAX Xy, X3, Xyt 00l
x,x o0i, 4TO

1ot Fo Dot +D+ s o0t — Db () =

e —1

£ -
=/.(P(;)dz+% /.cp(x2+iy)_(?(x‘+iy>"“?(x2"‘i)’)+<P(x1——iy)dy.
£ K

Orciona, npumenas gopmyay

<0
4n / " gy—B
n e ==
. e?ny —1 y mw
0
rae B,, B,,... —uucaa BepHyanH, noxasarb, 4To

¢W+e@+ ... +oM=Chgrm+ [ 9@zt

\' (—1)""1B -
4+ ( )er r 2= (py
. r=1

(rze C — nOCTOAHHAA, HE 3aBHCHINAA OT 1) NMPH YCJAOBHH, UTO NOCJEXHUA PAX
CXOIUTCA. i

(d1a Bawuaa dopmyna mpHHauaexut [lnaua (Plana, Mem. della R. Accad.
di Torino, XXV, 403—418 (1820); noxasaTeabCTBO NPH IOMOIM KOHTYPHOrO
MHTErpupoBanHus Obio ony6aukoBaHo Kponekepom (Kronecker, Journal fir
Math., CV, 345—348 (1889)). OtHocHTenbHO NOAPOGHOH HCTOPUYM CM. KHWLY
Jluaneaéda (Lindeldf, Le calcul des résidus). Hexoropuie npunoxenns ¢op-
MyJBl ZaHbl B ra. 12.) ‘

8. TloayunTh pasioxeHue

X O _y-11:3...@n—3) x"
““7*2;( D T arom
n=

AN OJHOTO W3 KOpHeH ypaBHenus x ==2u-}-u®? W TOKa3arTh, uTO OHO GyaeT
CXOAUTHCS RO TeX MOop, moka | x| < 1. -
9, Ilyctb S‘Q”(’}, +1) 0003HaYaeT CyMMy BCEX NPOUSBENEHMil uuces
22, 42, 62, ..., (2n)?,
B34THIX MO 72, NOKa3aTh, YTO

sz 1 N\ (Dt {2“’”” R
z sinz+21 Cn+T | 2 F3 = S2(n+1) 2n+1+
n=0

‘ 22y
cor DSy sin®

(Teixeira)

10. Ilyctp yuxuus f(2) aHaauTHUECKas BHYTPH TOrO M3 OBAJOB, ypaBHe-
HHE KOTOpHX ecCTh |[sinz]=C (raze C<{1), KOTOpHI OXBATHBaeT Hayaa0
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KOODAHMHAT, NOKa3aTh, 4TO f(2) AAs BCEX TOUEK 2 BHYTPH 3TOTO OBANA MOMKET
6HTh pasiokeHa B pAl

N PO+ SR O 4 L S5O
r'(z):f(O)—}—E 2 Sl 2 ¢ sin?* z 4~

sin24+! z,

n=1

0 f(2n+l)(0)+3(121 F=Y) 4 ... -f—s(’i,) f/(O)
+2 2n+1 T 2n+1
n=0

cae S(Q'Z)—cyMMa BCEX Up0H3BelleHHl';I qucea
22, 42, 6%, ..., (2n—2)?,

obosHauaet CyMMYy BCeX HpoHSBe,ﬂeHﬂﬁ qucen
121 321 521 ey (2’1_ 1)2,

(m)
B3SITHIX [0 M, & 82n+1

B3ITHIX 10 7.
(Teixeira)
11. Iloxasats, 4TO ABa psARa

225

223
22—{—?2——'{——5—2““ se

22_2(2232-4(225
1—22 1.3 1—22) +3-52 1-—22) -

NpeicTaBAsoT OJHY M Ty Xe (QYHKIHMIO B HeKOTOpo# 06JacTH MIAOCKOCTH 2 H
MOTryT OBITb INpeoOpa3oBaHbl ONMH B APYroH mpu moMomu rteopeMbl BiopMana.

(Kapteyn, Nieuw Archief (2), 1lI, 225 (1897))
12. ITycts ¢yHknusa f(2) mepuopMueckas ¢ NEPHONOM 2% M AHANHTHUECKas
BO BCEX TOUKAX B 6eCKOHEYHOH moJoce MIOCKOCTH, 3aKMOYEHHOH Memay AByMs

BeTBSIMH KpuBOit | sin 2| = C (rae C > 1); nokasarb, 4TO BO BCEX TOYKAX MOAOCH
Takas QyHKHHS MOXeT ObTb pasjoweHa B GeCKOHEYHHIH pal BYAA

f@)=Ay+Asinz4 ... +A,sin"z+ ... : :
. eo. Fcosz(B,+Bysinz ... - Bysin*tz 4 ),
¥ Haiity kodddunuentn 4, u B,
13. Ilyctb ¢ W f cBA3aHB ypaBHEHHEM

¢ (%) + M (x) =0,

OIWH U3 KOPHeH KOTOpOro paBeH &; mokKasaTh, YTO

PO)=F—1 o P +
21| w1 |8 e PR
L e @y (PR |
[ " 2F7Y 112131 o8 ? (¥?) (f '
112 ¢ ¢ (f2F) 1213 ¢ (?”/ ((?z)m (st’)”

, YMHOXGEHHOMY Ha

+

o AT
rae obmuit uneH paseH (—1)7

l m(m+1)
112! ... m!(g")?
OIpeNieUTENb, B KOTOPOM SJEMEHTH NepBoil - CTPOKH cyTh ¢, ($2), (9%, ...
cen (@™ (f™F'), a kamnaas clielylman CTPOKA eCTh IPOH3BOARAS TIPELILY lileit
OTHOCHTENBHO @; F, f, F', ... obosuauaior, F(a), f(a), F' (a), ...
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(Wronski, Philosophie de la Technie, Section II, 381. Otnocurennuo
nokasateancTB TeopeMu cM. Cayley, Quarterly Journal, X1 (1873); Transon,
Nouv. Ann. de Math.,, XIII (1874) n C. Lagrange, Brux. Mém. Couron-
nés, 4°, XLVII, Ne 2 (1886))

14, [Myctp ¢ynxuua W (a, b, x) onpeneaserca paaoMm

a—b —b)(a—2b
W(d, b,x):x—l— 2! x2+( )3(| ) + Y]

1
cxoAsmuMes npy | x| < o] ; MOKasaTh, 470

g_W@m@=1+w—mww—aa@;
KPOME TOro, A0Ka3atb, uto eciu y = W(a, b, x), 10 x = W (b, a, y).
[TpumepaMu Takux GyHKuui ABAAIOTCA:

W({1,0, x)=e"—1,
W&L@:@ﬂ+ﬁ
. a_
W@L@:Qi%—i.
- ‘ (Jezek)
15. Jlokasatb, 410
1 1, N (—1)yrxn
IR T
> anx” o
n=0
rae
2a, ag o o0 ... 0
4a, 3a, 200 0 ... 0
G, = 6as 5a, 4a, 3a, ... 0
@Cn—2a, 4. . ... .. e e . (n—1)ayg
na, n—Day_qy ..o aq

H IOAYUUTb IONOGHOE Xe BhIpaweHUe AJs

{i”} :

(Mangeot, Ann. de I’Ecole norm. sup. (3), XIV)
16. ITokasatsb, uTO
0Sr+l r
" Oa, x

bm

[=]

2 ot e

rie S, —cymMa r-x cTemeHeil o6paTHBIX BEIWUHH KODHeH ypaBHEHHS

é a,x” =0.
r=0

(Gambioli, Bologna Memorie, 1892)
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17. TlycTb f, (2) o6o3HauaeT n-10 NpoU3BOANYI0 dyHKuuU f(2), H ByCcThb f_, (2)
0603HauaeT TOT M3 1 KPATHBIX MHTErpanos QyHKUMU f(Z), KOTOPHH MMeeT HyJb
(s}

n-ro nopsagka B 2 ==0; Tpefyerca mokasaTb, 4TO €CJIH DAL 2 f (@) g_,(x)
n=-—oo

CXONHUTCA, TO OH mnpeicTaBaseT OYHKNMIO OT 2 4 X; ecau 061acThb CXOZMMOCTH

BKJIOYAeT Haualo KOODAMHAT B ILIOCKOCTH X, TO AN paBeH

oo .
N7, e+x0g,0.
n=0
W3 artoro peayabraTa, moJoxuB g (2) =1, moayuuts psaj Telnopa.

) (Guichard)
18. IMoka3ath, YTO €CJU X HE SIBJAETCH IEABIM YUCAOM, TO

\ - 2x+m-+n
2 E GFmrGFnag >0

m=—yv ==y

Korjna v ->co, Hnpeanoaaras, 4to BCE€ HJACHBL, NJad KOTOPLIX m == 1, HCKAYATCH
U3 CyYMMHPOBAHHSA.

19, BoiuucauTh mpenes CyMMbl (Math. Trip., 1895)

3 1 1
2 ((—1)"x—a—n +;)’
n=-q
rae sHauenue n =: 0 HCKJIOUAETCH, A P, ¢ — NOJOKHUTCAbHBIE LEJble YHCAA, KOTO-
phble HyXHO Ge3rpaHHuHO YBEJIHUMBATE, :
(Math. Trip., 1896)
X .
) ()f xmctg (xm)dx
20. Iycts F(x)=¢ ; TIOKa3aTh, 4TO

" 4T0 d)yHKl.lHﬂ, OIpelieNICHHAA TaKHM 06p330M, YAOBJACTBOPAECT COOTHOLICHHAM

F(—x):F(—x)—, F(x) - F(l = x)=2sin x=.
Hlanee, nonaras 2
22 28 dt
v =zttt . =— [1iga—nit,
0
noxasaTb, 4T0 1
1 —oni
Fx)= e? e (1-e2e5%)

pH
[1—e™ 2% | < 1.
(Trinity, 1898)
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21. IMokaszarp, ut0

[+ () I+ ) [+ ) I

x[1+ (=) T+ ) - -

-

<—2-n ) \ —1— \ l
| {1 — 278 cos (x +Bp) + e~ ag}z {1 — 207" cos (x —Bg) ¢~ rzg}z
_ &= -
- 1 Ln _reos® ’
22 " (1—cosx)? e
rae

ag=ksin 2¢—1 2g—1
n n

w, 0< x<2m.
(Mildner)

22. I[Tyctb | x| <1 ¥ @ He 9BAAETCA HEABIM TOJONKHUTEAbHBIM . YHCIAOM; IIO-
Ka3aTb, 4TO

- 1 1
2 x* o 2mix® 4 X f 4= X9 o
n_a_ ]__eani 1—"82‘”:[6 t—x ’

rie C— KOHTYp B IIOCKOCTH ¢, OKpyxaiomuil touku 0, x.
(Lerch, Casopis, XXI, 65—68 (1892))
23. Myctb ¢, (2), 93(2), ... — mobuie MHOrowjdeHsl oT 2, F (2)— mobas

uHTerpupyeMas OyHxkuHs u ¢ (2), ¢y (2), ... — MHOTOUJEHbI, ONpereseMble
bopmMyaaMu

b
f P 2B =00 gy a)

b
[r@ama@z0 wy,q,
b “ \
[P @ ... om0 Q=0 gy o)

a

N0Ka3aTh, 4TO

b
F(x)dx 41 (2) ¢, (2) ¥ (2)
a[ g—x _“‘91(2’)_’—‘?1(2’)‘?2(2)+‘Pl(z)?2(z)<?a(z)+
e + ‘Pm (2')

G @RE .. T

1

b
’ d
TeeRE . ?m(z)/”x”‘ )92 () - ¥m ()

X
z—x
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24, Cuctema dyuxuuit p, (2), p,(2), p,(2),... onpenennerca GopmynamMu
Po(@) =1, Pry1(2) = (2% + a2+ b5) Pn(2),

rie a, 4 b, — naHHble QYHKIUH OT N, KOTOPHE crpemncx COOTBETCTBEHHO
K OpefeiaaM 0 u —1, xorpa n—>co.

[Moka3ath, 4T0 06JaCTbI0 CXOAMMOCTH DSif& BHAA 2 e, (2), rue ey, &, .

He 3aBUCAT OT 2, 6yxer oBax Kaccuue ¢ dokycamu 41, —1.
IMokazats, uTO BCsikas GyHkuus f(2), aHaIMTHYECKas BHYTPH OBaja M Ha
€ro KOHTYpe, I BHYTPEHHHX TOYEK OBala MOMET OLITb pPasfoWeHa B pan

@ =X (c,+2¢,)p, ),
rme
=5 f @424 f () dz, =5 f 4, (2)f(2) dz,

npuyeM HHTerpaabt OepyTcs mo rpanune obaactd, a QyHkunuu g, (2) ompene-
agTcs GopMynaMu

Dot e () = ]
40( - 22+a03+b0 ) Qn+1( - 32+an+12+bn+1 qn(z)'

(Pincherle, Rend. dei Lincei (4), V, 8 (1889))

25, [lyctb *C — KOHTYp, OKpyXalomui TOYKY @, ¥ nycTb (YHKOuH ¢ (2)
n f(z) aHaiuTHYeckue, Korxa z Jewur Ha C unu BHyTpH Hero. Ilycth ¢ Oyner.
HAaCTOAbKO MaJo, 4TO
[t ()| < |2—al,

KOTJia 2 JAeXuT Ha Koutype C.
Pasnoxennem. nmerpaaa

f? @)
2 /f( r—r——ry

10 BO3pACTAIOMIUM CTCHECHAM f II0Ka3aTb, 4YTO OH paBEH

f(a)—i-z L L@ @)

Orciona, NpuMEHsis pe3yabTarthl §§ 6.3, 6.31, noayuurs TeopeMmy Jlarpamia.



FJTABA 8
ACUMINTOTHYECKHE PA3JOXEHUSA U CYMMHUPYEMbBIE PSIJbl

8.1. IlpocToii mpuMep acHMIOTOTHYECKOrO Pa3JOKEHHUS

PacemorpuM  dynkumio f(x)__f t~'e*~'dt, roe x — BemecTBenHas

U NOJOXHTEJAbHAad BEJHYHHA H I/IHTel"paJI B34T IO BelleCTBEHHOH OCH.
HOBTOPHHM UHTErpUPOBAHUEM 110 4acTAM NOJYYUM

1 1 21 (=" 1 (n—1) ex=t

f(x):z—-——);—{—;—...+————xn———+(—1)”n1' ?mdt
X
B cBssu ¢ dysxumed f(x) Mol paCCMOTpnM BHIpaXKeHHe
—1*" N (n— 1)
= N 21

v OyneM mHCaTb

- 11 2 (=1yal

: —_ n!
zu =T X X3 "‘I_ PR _Sn (x).

m=0
Toraa MH HMeeM

Um | -1
— M _l—mx~l—>00 npu m-—>oo0,

Um—1

Pso Zum 6ydem nosmomy pacxo0swumcs 04A 8CeX 3HaueHUl Xx.
Tem He MeHee 3TOT DAL MOMET ObTb NPUMEHEH JJIA BHMHCIeHHS f (x),
YTO MOXHO BHIAETb H3 CJeLYIOUIEro.

BosbMeM onpeleseHHOe 3HAYeHMe HJS UMCJA 7 U BBLIYMCIUM 3HAue-
Hue S,,.

Mnu umeem

[~ Sy =(— "+‘<n+1)'f—tni—;”,



8.2. ONPENEJEHHE ACHMIITOTHYECKOTO PA3JIOMEHUA 211

orciona, mockoabky e*~f .1,

lﬂm—suw~w+mftﬁg<m+n/wa:§%-

Il 3HaueHHWH X, OCTATOYHO GOLILHX, npasBas 4acTh ITOrO. Hepa-
BeHCTBA OyleT BecbMa Maja. Tak, naa x > 2n OyleM uUMeTb

£ () =800 < Sy

KoTOopoe Iias Gonpluux 3HadeHuf n OyleT BecbMa Maqo. ITostoMy mo.ay-
yaercs, 4TO 3HaueHue @dyHryuu f(x) Moocem Gombv BHHUCLLHO
¢ 60sbUlOf mouHOCMBIO 04 OOABUUX 3HAYEeHWI X, ecAu B3SMb

CYMMY HAOALICAUL20 LUCAA HAEHO8 psoa Zum
Eepa AdxKe JOBOJbHO MaJble 3HAUECHHA X H 71, NONYYHM
S5 (10) = 0,09152, npuuem 0 < f(10) — S5 (10) < 0,00012.
B cuay atoro o6CTOATeNbCTBA TOBOPAT, YTO PAA ABJIAETCH ACUMNMO-

muveckum pasaodncenuem Gynkuuu f(x). Tounoe onpeneseHue acumi-
TOTHYECKOTQ pasfiokeHHd Mbl ceHuac HaxuM.

8.2. Ompenenenue acHMNTOTHYECKOrO pas3JomeHus

ByleM roBOpHTb, 4YTO pacxonsmnﬂca p;m

Ao+ + 7+ . + i eI

CyMMy mepBHX # -1 41eHOB KOTOPOro 0603Haun yepe3 S, (2), npex-
craBisieT co06oft acumnmomuteckoe paszroxcerue Gyukuuu f(2) B paH-
HOH oGJacTi 3HaueHult arg 2, ecu Bhipaxenue R, (2)=2" {f(2) — S, (2)}
YILOBJETBOPSET YCJIOBUIO '

lim R,(z)==0 (n ¢uKCHPOBAKO),
|z] >0
Jaxe eCau
lim [R,(2)| =00 (z ¢duKCHDPOBAHO).
n->oo —

B 210M cayuae Mbl MOXeM cleaathb
, |2 {f (&) — S, (@) | <e
rie & — NPOU3BOJALHO Ma/ias BeJHUMHA, B3AB |2Z| MOCTATOUHO GOJbLIMM.

To 06CTOATENLCTBO, UTO NAHHBIM Dl €CTb aCHMINTOTHYECKOE pasiio-
KeHue QYHKLHUH f(z) 0003HauaeTcs Tak:

f@eEAz

14*
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Onpejenedne, HaHHOe TOJLKO ~uTO, MpuHaMIexuT [lyankape 1),
OJHAKO YacTHBE CJAyYaH ACHMITOTHYECKHX PAa3/OXeHHH OBLIM OTKPHITH
u npumensauck B XVII crosetun Crupaunrom, MakjopeHoMm u Ditnepom.
ACHMITOTHYECKHE PAa3J0XEeHHA UrpaioT GOJbINYI0 POJb B TEOPUH auHEeH-
HEX AudQepeHInaIbHHX ypaBHeHUE ¥ B HeOeCHOH MeXaHHKe; HEKOTOPHIE
npunoKenus GyAyT HaHM B AaJbHERUINX FiaBax HacTosied KHUTH.

PaccmotpeHnblt B § 8.1 mpuMep, OYeBHAHO, YAOBJETBOPSIET TOILKO
YTO JAHHOMY OINpeiefieHHI0, MO0, €CAd X TOJOXKHUTEJIbHO, TO

|x" {(f(x)—S,(x0)}| <nlx"1—0, xorma x-—>oo.

JIast IPOCTOTH M3JNOXKEHHUS MBI 6y11eM paccMaTpuBaTh B 3TOH raaBe GOAbIIHH-

£TBO ACUMITOTUYCCKUX paBJlO)KeHI’IH TOJBKO NPH IIOJOXHTENbHBIX 3HAYEHUAX apry-

seura. Jasg KOMIJIEKCHBIX 3HaveHuH dpryMEHTa PpacCyXACHHA HYXKIAI0TCHd JWIIb
B3 HEKOTOPHIX JOINOJHEHHAX.

8.21. Jlpyroii npumep acHMMITOTHYECKOTO pa3JokeHHs

B xauecrBe BTOPOrO nIpuMepa paccMOTpuM GyHkumio f (X), npeicraBiaseMyio
panoM

<k
F@= X5
k=1

rme x>0n0<c<l :
OrHowenne k-ro uiaeHa atoro psana k (k— 1)-My 6yxer MeHbute ¢, W caemo--
BaTelbHO, Pl OYyAET CXOAAIIMMCH RIS BCEX MOJNOXHMTENbHBIX 3Hauenuit x. Orpa-
HUYUMCH TOJOXHTEJNbHBIMH 3HaueHuaMH x. Mb uMeeM mpu x > &
1 1 -|" k3 LS k4
EE x2 x5

' 1
Ecau 660 MBI MMeJH NPaBo 2) pasNomMUTh KAKAYIO APO6H *TE TaKuM 06pa3oM U

PACHOJOKKUTL 3aTeM PAX Aas f(x) no yOHBAaOIMUM CTeNeHAM X, TO (POpMaabHO
MBI MOJYYHAH OBl PAK

A A, A,
T+'}_2‘+ e +7+ e
rie
[ee}
n-1 n—1.k
a=(=1""1 3 "Ik
k=1
[oe)
Ho T0 neficTBHe He3aKOHHO, M NEeHCTBUTEJBHO, PAl 2 Apx~" pacxopurca. Tewm
n=1

He MeHee Mbl MOXEM IOKa3aTh, 4TO OH MpejCTaBiaseT co6OH aCHMITOTHUECKOE
pasnoxenue ¢ysxnuu f(x).

1Y Poincaré, Acta Mathematica, VIII, 295—344 (1886).
?) Mpi He wuMeeM NIpaBa MOCTYHUTb TakuM O6pa3oM HOTOMY, 4TO R > x Ais
BCEX WIECHOB DPA]a, HaYHHAas ¢ HEKOTOPOr0 MeCTa.
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TTonoxum
A A A
S”(x)z_x‘-_{—_—x%—*_ + xnzl .
Torna
(0]
¢ ke® | RF (1" knck
sn(x)=2(—-)—c-—-—x'7 x3 —-...+—3{W—):
k=1
—% {1_ '_E‘”“} ¢*
h ( " %) PR
k=1
TaK 4TO
- n41 k s
1< .
=Sl =| (- E) g <y e

k

i

1 k=1

0
Pan 2 k"t1ck cxomuTes ans MoGOTO IaHHOTO 3HAUEHHS 7; TYCTb €FO CYMMa
k=1
paBHa C,. Torga
If(x) = Sp(x)| < Cpx—n72

", CJeJ0BATEAbHO,

f(x)~ E Apx—n.
n=1

[oe]
Mpumep. Iycms f(x)= f ¢*’ = dt, re X MONONKHTENBHO M MyTEM HTE-
X
IPUPOBAHHS CYKHUT BEIECTBEHHas OCb; J0Ka3aTh, YTO
1 1 1-3 1-3-5
FO) ~ gy~ grm g

[Crokc B 1857 r. mokasan, 4To

2 9x 9355 T 0T

X
g 2 e (1 1 1.3 1-3-5
fe" ‘dtNiﬁe”—( — o —]-)
0

BepXHHH WM HMMHHE 3HaK GepeTcs COOTBETCTBEHHO TOMY, OYyIeT Ju

———1—71:<argx<—1~ﬂ: U ln<argx<§1:]
2 T2 2 2

8.3. YMHOXeHNe ACHMOTOTHYECKHX pasaoxeHuii

IMokaxeM Temepb, YTO [BA ACUMNITOTHYECKHUX pAa3JOWEHHS, T'OLHBIX
A OLHOM M TOH ke oOnacTH 3HAuYeHHH arg 2, MOryT GHITh NepeMHOMKEHH
TakuM ke o6pasoM, Kak U OOGBIKHOBEHHblE Psilbl, NPUYEM DPe3yabTaTOM
9TOrO YMHOXEHMsS SIBJASETCA HOBOE ACHMIITOTHYECKOE DasJioKeHHe.
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Ilycts
f@~2A,z2" o)~ B,2",
m=0 m=0

u nyctb S,(2) u T,(2) 6yayT CyMMbl 4X MepBbX 72—~ 1 u/leHOB, TaK 4TO
npu q)nxcupOBaHHOM n

f@&—S, (Z)—O(z"”) ¢(@)—T,(&)=0(z"")1).
Torna, eciu .
Cm=A03m+Ale—1+ s +AmBO'
T0, OYEeBHIHO,
S, T,(2) = ZOszf"‘—{-o(z‘”).
Ho )
F@e@=1{S, @)+ 0@ T, (@)+40(c™")} =
=S,@T, (z)+o(z‘”)—26 27" 40(z7").

10T pe3yabTAT BepeH LI .4/00020 (DUKCHDOBAHHOIO 3HAYEHMA 72, M Mbl
BHIUM, 4YTO ‘

f@e@~2C,2"

8.31. UnrerpupoBanue aCHMNTOTHYECKHUX DPa3JOweHui

[NokaxeMm Tenepb, YTO MOXHO HHTerpHPOBATb ACHMNTOTHYECKOEe pas-
JIOXEHHE NOYJEHHO M YTO NOJyuYeHHBIH B peaysbTate. pad OyleT acCHMOTO-
THYECKUM pa3/oxeHHeM HHTerpana (QpyHKUHMH, OpelCTaBJaseMol nepBOHa-
YaJbHBIM PAAOM.

[yctb

fy~2A,x™"
m=2
MOJOXUM
. n
S,(x)=X A,x"™
m=2

Toria TNpH 3aJaHHOM TOJIOKHUTEJNBHOM 4YHCIe € Mbl MOXeM HaiTH
TaKoe X, H4TO

| f(x)— S,(x)| <ex™", korma x> x,,

1y Cu. § 2.11; mb ymoTpebaseM CcHMBOJ 0 (2~") nas obosHaueHus 210000
dyukiun § (2) TakoH, uro 2"y (2) >0, korma | 2| —>co.
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H NO3TOMY

ff(x)dx -—fS,,(x)dx f[f(x)——S (x)ldx<_“_1‘)xT'

Ho

A A
/S (x)dx = 2+2x2+ —{——(;;_—1)”,67:’
U TOITOMY _
S A
J rear~ Y o
X m=2

C apyroii cTopoHH, AuddepeHuUpoOBaTH ACHMOTOTHYECKOE pasJOKeHue,
BOOG11e TOBOPA, HEJONYCTHMO 1), UTO MOXHO BHAETb H3 pacCMOTpeHus e~ * sin (e¥).

8.32. EquHCTBEHHOCTh ACHMOTOTHYECKOrO PasJjiOKeHHs

EcTecTBeHHO BOSHHKAeT BONPOC: MOXET JM INAHHBIR psAN NpelcTaBasTh
aCHMNTOTHYECKOE Da3JOXKeHHEe HeCKOJbKUX pasianyHbiX ¢yuxuu#i? OTser
Ha 310 Gymzer yTBepauTe/bHH#. UTOOH NOKa3aTh 9TO, 3aMeTMM CHauana,
YyTO CywecTBYIOT ¢ynkuuu L (x), KOTOphle AaCUMIITOTHUECKH NpeacTa-
BJSIOTCS PRAOM, BCe 4YJeHH KOTOPOro HyJH, T. €. Takue (YHKUHH, 4TO:

lim x"L (x)=10 nas mo6oro ¢uKCHPOBAHHOTO 3HAaYeHHs n. PyHKuUus e~ *
X => oo
Gyner TakoR QyHKuUMed NAs MOJOKHUTEJLHBIX X. ACHMITOTHYECKOE pas-

N0XeHHe HekoTopolt ¢ynkuuu J(x) OymeT 'NOITOMY aCHUMNTOTHYECKHM
pasaoxeHueM u yHxuuu J(x)—- L (x)2).
C npyro#t croponsl, (GYHKIMS He MOxeT OBITb MNpeicTaBieHa Gojaee ueM

ONHHM OTPEICACHHBIM ACHMITOTHUCCKHM DA3NOKEHHEM B JaHHOM 06J/1aCTH 3Haue-
Hui 2, u6o ecau

F@~ 3 Az, F @) S Bz,
m=0 m=0

TO0

A A B, B
lim z"(A S+ Bt — . ——F)=0
23 oo ) 0+ 2+ +zn 0 z zn)
4TO BO3MOXHO TOJbKO mpu Ay = By, A, = B, ...

Baxubie npuMeépst ACHMITOTHYECKHX pasiomeHni 6y11yT paccmorpeﬂu HHXCE
B cBSI3H ¢ ramma-ynkuueit (ra. 12) u dynxuuamu Becceas (ra. 17).

1y B craree Ritt, Bull. American Math. Soc., XXIV, 225—227 (1918) npu-
BeleHa TeopeMa OTHOCHTeJbHO IHdepeHIHpOBanys aCUMNTOTHUYECKUX PasloxKe-
HHil, NPENCTaBAAIONINX aHAIUTHUIECKHE (YHKIHH.

2).loxazaHo, uYTO KOTAa KO3(GHUMEHTH B PA3NOXKEHHH YIOBAETBODPSIOT
ONpeléNeHHEM HePaBEHCTBAM, TO CYLIECTBYET TOJBKO OJHA QHAAUMU4ECKas
bynxknus ¢ TaKuM acHMOTOTHYECKHM pasaowenneM. Cm. Phil. Trans. 213, A,
279—313 (1911).
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8.4. MeTogn «CYMMHPOBaHHA> PAAOB

Mu BHEsM, YTO MOXKHO NOJAYHYHUTb pa3JaOXKeHUE BHLa

f(x) =mE=0Amx ™+ R, (x),

- .
rie R,(x)—>0co npH n—>00 U DAL EAmx'm He CXOIuTCA.
m=0 ;

VeranosuM Temepb, KakoRt BOOGLIE CMBICA MOXHO TPHIATb NOHATHIO
«CyMMay B clydae pacXojsiierocs psaa. VIHpIMM c1OBaMH, Mb coGHpaeMcs
chopMyMpOBATH ONpeleNeHHEe NPAaBU/A, COracHO KOTOPHIM MO 3a1aHHEIM
YHCIaM Gy, @y, @9, ... MOXET OLITh INOJYYeHO 4YUCJAO S TaKoe, YTO

(o] [oe]
S =20an, eclH pan Zoa,, CXOIMTCSH; NpPU ITOM UHCAO S MOMeT
n= n=

CylIeCTBOB4TL M B TOM CJyyae, KOrIa paccMaTpupaeMH# psan  pac-
XOJUTCH.

8.41. Merox cymmupoBanusi Bopeas?!)

Mu Bupenn (§ 7.81), uro dopmyana

2 a,,z”:fe"cp(tz)dt.
n=0 0
. rge
ad tﬂ n
oltr)= Y, 2 E,
n=0

MMeeT MeCTO BHYTPH Kpyra CXOIMMOCTH pfia

Ecnu wHTErpan cyuiecTByeT B TOYKAaX 2 BHe 3TOrO KpPyra, TO. Mbl OyleM
CUATaTb STOT UHTErpan «cyMMmo#t mo Bopemo» psna

Y Borel, Légons sur les séries divergentes, 97—115, 1901.
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Tax,” manpumep, npu Rez <1 «cymmo#t no bopemo» ans psga

2" Gyner
;§o pad . -
fe"‘e’zdt =(1—2)""
J -

Ecan cyliectsyeT «cyMma Bopém», TO Mbl TOBOPUM, UTO DAL «CYM-
mupyem (B)».

8.42. Metox cymmupoBanus Jiinepal)
K Metony cyMMHpOBéHuﬂ, Mo CYLIeCTBY NpHHaMJexaleMy Iiiepy,

oo
npuBoauT TeopeMa § 3.71; «cymma» pana 2 a, MOXeT OHITb oOmpeje-
. n=0 B

JieHa Kax
[ee)
H > n
tim 2 a,x",
X > 1-0n=0

ec/ii 9TOT Mpejes CYyLIeCTBYeT.
Tak, «cymma» psaga ! —1.41 —1-4- ... paBHa

lim (1 —x4x2— ...)=lim (I—{—x)_‘:%.
X ~»1-0 x->1-0
8.43. Meroa cymmupoBanus Yesapo ?)
[ycts 8§, ==a; -0+ ... +a,; Toria, ecaum CyWECTBYyeT Mpenen

|
§= lim G184 o sy,
n~» oo .

[e 9]
TO MHl TOBOPHM, UTO pAl Zan «cymnupyer (C 1)» u uto ero
n=1

(C 1)-cymma pasHa S. Heo6x0auMO yCTAHOBUTb <YCJAOBHE COBMeCT-
_HOCTH» 3), a HMeHHO, YTO

o
S= Z a,,
. n=1
ecad 3TOT pAd CXOIHUTCA.
Jlas noayueHus TpeOyeMOro pesy/bTara MOJOMNKHM

fo o] n .
Eam——.s, ZSm:nSn:
m=1 m=1

) Euler, Institut. Calc. Diff. (1755). CM. «BBegenne» unTupoBaHHOH Bhille
kauru Bopenda. (31or MeTox uaule Ha3bIBAOT MeToHOM AGeas HAH METOL0M
[yaccona. — ITpum. ped.)

2) Cesaro, Bulletin des Sciences Math. (2), XIV, 114.

%) Cm. xonen § 8.4.
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TOrJa MBI JOJ/DKHB! J10Ka3aTb, 4TO S,,—>S. HpH 3aJaHHOM e MBI MOXeM
n+p

Zam

m=n+1

BEIOpAaTh TAKOe 72, HTO

< & 1% BCeX 3HAYeHUH p H, caejo-

BaTenbHO, |§ —§,| e
Ilanee, ecau v > n, Mbl HMeeM

S=amta(l—3)+ - +a, (1 =250+
+a,,+1<1 —%)+ ... —l—av(l — ”"1).

v

Tak kak 1, 1—v71, 1 —2v71 .., ecTs nonoxkurensHas y6bBawmasn
noCJ/1eJ0BaTe TbHOCTb, TO M3 HepaBencTBa AbGeas (§ 2.301) caexyer, uro -

an+1(1 ———%)—{-—an”(l - n:,i_l)‘*‘---'i—av( v—1>l <(1 —%)e-

[Tostomy

[sv—{a1+a2(1—%)+...‘+a,,(1 n—1 }|< 11— e

3actapisigs v—> 00, Mbl BHIUM, 4TO ecin S —a00as u3 NpeledbHEIX
touek (§ 2.21) mocaenosare/bHOCTH S,, TO

S—Xa,

m=1

IMostouy, Tak Kak |s —s,| <&, Mbl HMeeM
|S——sl 2e.

DT0 HepaBeHCTBO BEPHO A/ /uo6ozo TMOJIOKUTEILHOTO 3HAUEHHS €,
M Mbl 3akmaiouyaeM, kaxk B § 2.21, uro S=s; oTciona caeayer, yto S,
UMeeT eJMHCTBEHHBIl Tpeles] S, a 9T0 W eCTb TO YTBepHIeHHe, KOTOPOe
TpeGoBa10Ch NOKA3aTh.

[Tpumep 1. HaTe ompegenenne «paBHOMepHOH cyMmupyemoctd-(C 1) nas
pAla ¢ nepeMeHHbIMH YJIEHAMH>».
Mpumep 2. Ilyers b, 42 b44q,,>>0, KOroIa n <v, U OYyCTb 0OpPH 7
o .
(QUKCHPOBAHHOM 11m b,m = 1; Toraa, ecau 2 ay, =S8, 10
m=1

lim {Zan ,,,V]=s.

V= w0
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8.431. OGmuii MeTox cymMMHpoBanus Yesapo

[ee) vy
T'oBopsrT, uTO pAZ 2 a, ccymmupyem (C r)», ecau cymectsyet lim 2 anby,
n=0 V2>® p=0

rue

bov=te b= (V=) (1 ) - ()|

M3 mpumepa 2§8.43 caexyer, 4TO «ycCJIOBHE COBMECTHOCTH» YAOBJETBODEHO;
B CaMOM Jielie, MOXHO J1OKa3aTb!), 4TO ECIH ANl CyMMHDYEM (C r’), 1o ou byzer
Takwke cymmupyeu (C r), korza r > r yCJIOBHE COBMECTHOCTH fBJAETCS YaCTHHIM
caydaeM aTOro pesyJabTara, Korma r’ =0.

8.44. MeTtox cymmupoBanus Pucca?)

Bosee ofmuii MeTox «CyMMHPOBaHHS»> psfa, Y€M NPEIbIAYILHH, COCTOHT
B CYMMHMPOBAHHH NPH NMOMOIM Hpenena

v
. QY / A Y
lim ( —T”) an,
V>0 \ Y
n=1
rae A, —moGas BemiecTBeHHas GYHKUMA 7, CTPEMAImAscd K OGECKOHEYHOCTH
BMeCTe C . IIpo psx, nas KOTOOro CyIECTBYET STOT Mpejed, FOBOPAT, YTO OH
Oyner «cymmupyeM (Rr) ¢ cymmatopHoil dyHkuuedt )\,,»

8.5. Teopema Xapau3d)
ITyemsy psad Za,, cysnupyem (C1). Tozda, ecau
n=1

a,=0(%).

. o .
mo pd X a, cxodumcs ).
n=1

Mycte s,=a;—+ a3+ ... -+a, TOria, MNOCKOMBKY pan > a,
n=1
cymmupyem (C 1), umeeM

sS4 .. Fs,=n{sFo(D),

rie s —(C 1)-cymma pana X a,.
n=1

1) Bromwich, Infinite series, § 122.

?) Riesz, Comptes Rendus, CXLIX, 18—21 (1910)

3) Hardy, Proc. London Math. Soc. (2), VIII, 302—304 (1910). Hoka-
3aTeNbCTBOM, JaHHHIM 3]€Cb, Mbl 06si3anbl JluTABYLY.

4) Teopema Xapiuu OTHOCHTCH K UMCJIY TaK Ha3blBaeMblX Tayb6epoBBIX Teo-
pem. TlonpoGuedt 06 stom cM. kunry Xapau «Pacxomsmuecs panvi», WJI, 1951
(Tpun. ped.)
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[Tonowxum
s, —Ss==1_ m=1,2,..., n)

t+t6L+ ... +t_”=°’"

[pu sThHx 0603HAYeHHAX NOCTATOYHO NOKasaTh, YTO ecmd |a,| < Kn~l,
rae K He sasucut OT n, u ecau o,==no(l), o ¢{,—~0 npu n—co.

[TpennosoxuM cHayana, 4To @y, @y, ... BelleCTBEHHH. Torna, eciu f,
He CTPEMHTCS K HyJI0, TO CYUECTBYeT TaKOe IOJIOXKUTeJbHOe YHCIO £,
YyTO Halilercsi OECKOHEYHOE MHOMKECTBO HHCeJ f,, KOTOpHE YAOB/IETBO-
pawt usu (I) ycaosuo ¢, > h, uau (1I) ycaosuwo £, < — h. TTokaxem,

s

\
%

~——_ ‘p\ 5
h K

\ Py
\\ -
7J Tz

Puc. 3.

4TO ¥ TO M JAPYroe M3 STHX NpPeANOJOXeHUH NPUBOLHT K NPOTHBOpe-
ygi0. BosbMeM nepBoe npennosoxenue!) u BubepeM # Tak, uto £, > A.
Mul umeem npu r=20, 1, 2, ...

K
lan+r.‘,<—n"

OTMeTUM Ha uepTexe TOUKM P,, KOODIMHATH KOTOPHIX B JeKapTOBOH
cucreMe kooprunar Oyayr (r, Z,,,). Tak kak £, . —1, ,=a, .1
TO HaKkAOH orpe3ka P P, ; Oyier Menbue, ueM 0= arctg (%)

TostoMy Touku Py, Py, P,, ... nexar pulille JuHUH y ==k — x tg 0.
Iycts P, — nocaennss us touex Py, Py, ..., Jjexawas cjeBa OT -
x = hctgh, tax uro kB hctgh.

HauepruM npsMOYroJbHHKM, Kak MOKasaHo Ha puc. 3. Ilnowiaip sTux
NPAMOYrOIbHUKOB NPEBOCXOIUT IVIOWIAAb TPEYroJbHUKA, OrpaHHYEHHOro

) Yutartedb JErKO yBHAMT, YTO BTOPOE MPENNONOXEHHE TaKIKEe MPHBONHTICH
K NPOTHBOPEYUIO C MOMOLIbIO DAcCYyXREHHH, COBEPIIEHHO CXOAHBIX C TEMH, KO-
TOpHe Mbl yHNOTpeGuM Npn pasbope NepBOro NPEANOAOKEHHS.
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npsMoit y=~Fh— x{g 0 u OocAMH KOODIAMHAT; & STO BHAUMT, YTO
Sner—On 1=ty bygrd o T lygy > o Hclg = KK 'n,
Ho
(0048 — On1| <0l F[op] =
=@n+k-o()+r—1-o)=n-o(l),

-1
nockoabky k< hnK™ " a h n K He saBuCAT OT K.
[TosToMy A4 HEKOTOPOH NOC/AEZOBATE/NBHOCTH SHAUEHWH 7, CTpeMs-
muxcst K 6eCKOHEYHOCTH,

%hQK_ln <n-o0(l),

1 ,2,—
YTO HEeBO3MOXKHO, TaK Kak —Q—h.K " ne ecms o(l) npu n—>oo0. 1o

NPOTUBOpeuHe NOJMY4YeHO B NPelNooXeHud, yto limf, > A > 0; nosTomy

lim¢, 0. Tono6uniM ke 06pasoM, B3SB aHAaMOTUuHHM cayyait, B Ko-
TOpOM f, < ~— h, Mbl npuleM K sak/ioueHuwo, urto limf, > 0. ITostomy

B CMIy HepaBeHCTBa lim t, >limt, Mb uMeeM
lim¢, =lim¢, =0,
¥ TakuM oGpasom, £, — 0.

o0
Hunave rosopsa, s,—>s, TO ecTb paod Zla,, cxooumen u cymma
. n=

e20 pasHa s. :
Ecmu Obl @, OBHJIO KOMIJIEKCHOR BeJMUMHOH, TO, paccMaTpusas -OT-
> o0 o8]
neasHo Rea, u Ima, Mul Ham 6, uto psasl X Rea, u X Im a,
. n=1 n=1

CXOAAaTCAa i'lO TOJLKO 4YTO JHOKa3aHHOH TeOpeMe, a MNOITOMY 6y,ue’r CX0-
o

AATbBCA H pan Zd”.
n=1

Yuratenr yBUAMT B IM. 9, 4TO 3TOT pe3y/ibTaT urpaet 60.sIUYI0

ponb B coBpeMeHHOR Teopuu psioB Pypse.
. o

CnencrBue. Ecau a,(§)— maxue gynxyuu om & wmo pad Za,, )

n=1
pasnoseprno cymmupyer (C1) 8 nexomopoli obracmu 3nauenuli § u ecau

(e}
la, )| < Kn~!, 20¢ K ne 3asucum om § mo psao Za,, (§) 6ydem pasHo-
) . n=1
MEPHO cx00umbcst 8 moll e o0racmu.
CoxpanuM npexuue o6o3HadeHus; ecau f,(E) He CTPEMHTCA PaBHOMEDHO
K HYJIO, TO Mbl MOXEM HaHTH TakOe NOJOXMTENbHOE YHCAO /i, He 3aBHCALIEe
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oT n 4§, 9TO Hakuerca OeCKkOHEUHAs WOCJENOBATENbHOCTh 3HAUGHHI 1N TaKux,
4t0 £, (§,) > h umm £, (§,) < — h AAm HEKOTOPOH NOCIENOBATENBHOCTH TOUEK &,
H3 paccMaTpuBaeMod o6aactu!); 3HaueHue &, 3aBHCHT OT PaCcCMaTPHBAEMOro
3HAUYEHHs 7.

Torna, kak u B neproH TeopeMe, MBI HahjaeM

1 -
5 WK~ n < no (1)
LISl HEKOTOPOH IOCJAEJOBAaTEJbHOCTH 3HAUEHHH 7, CTPEMSIIMXCHA K GeCKOHEuHO-

ctu. [IpoTuBOpeyne, 3axJiouampleecs B HEPABEHCTBE Z), MOKA3bIBAET, 9TO TAKOTO
YuCiIa h He CYWecTBYeT; CleR0BaTeNbHO, f, (§) - 0 pasroMepHo.
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Hﬁumepu
1. Iokasarb, yTO
o8]
e—*t 1 2! 4!
JiFed~s—wtm
0

KOrja X BEUIECTBEHHO H MOJONKHTENBHO.
2. PaccMoTpers mpexncraBienre QyHKUHH

0
r@o= [ewe=at

(rie x npennoJaraeTcs BeIIECTBEHHBIM ¥ IOJOKHTENbHBIM, a ¢ — QYHKUueH,

') IIpeanonaraercs, 4TO a,(5) BELIECTBEHHO; pAacIPOCTPAHEHHWE HAa KOMII-
JeKCHbIE NepeMEeHHBIE MOXeT ObITb CHelaHO, Kak M B nepBoit TeopeMe. Ecau 6wl
He CYIIeCTBOBAaJO Takoro wuumcaa h, 1o f,() crpeMmiaocs Opl K HyMO pas-
HOMEPHO.

2) Heo6x0auM0 OTMETHTb, YTO IOCTOSIHHBlE, BXOJSIIHE B HEPABEHCTBO, HE
saBucat of £, Ecan 6m K 3aBuceno or &, 10 K~! 6n10 6u B jJeficTBHTEIb-
Hocty (yHKIUEH OT n M, Moxer OBITb, 6bia0 6ul 0 (1), Kak QyHKUMA OT n, u
HEPAaBEHCTBO HE NpHBEJO Obl K MPOTHBOPEUHIO.

8) Dra paboTa COZEPKUT MHOrO CCHIJIOK HAa HOBHIE DE3YJAbTATHI.

*) Ha c1p. 372 storo Memyapa mnpuBejena 6ubauorpadus pabor mo cym-
MHMPYEMBIM PSIaM.
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NONUMHALIEHCT HEKOTOPHIM OOHIMM YCJOBUAM) B BHIE psja:

fy=20 _ 0 , ¢O
x x2 x3
IMoxasaTb, 4T0 B HEKOTOPHIX CJAyYasax ?Ianplmep, npu ¢ () = %) ator pan a6-
COJIIOTHO CXONMTCS W TIPEACTABAAeT f(x) Jif OOJbIIMX NOJOXKHTEJbHBIX 3Haue-
HOA X M YTO B HEKOTOPHIX JDYTHX clyuadx OH NpeAcTaBigeT co6of acuMmmto-
THYECKOE pasnoxeHue QyHkIuH f (x).
3. Ilokasars, uTO

(o)

ezz‘”fe-xx“”'dx~%—[— a—1 + (@e—1)@—2 +...

22 28

2 .
aas OOJBIIMX IMOJOXKHTEAbHBIX 3HAYEHHH 2.

(Legendre, Exercices de Calc. Int,, 340, (1811))

4. Tlokasatb, yTo ecau mpu x >0

1 du
f(X)=f{1gu+lg(1—Jw)}e"”7.
0
° 1 B B B
f(x)"'_??_ 22;2 "l_ 42;4 - 62;6 +’

¥, KpoMe TOro, mokasaTb, YTO f(x) MOXHO pa3JOXHuTb B aGCOMOTHO CXOAd-
muica paj Buia

(Schiémilch)

4
fm:;) (x-{tl)(x+§)-.-(x+k) ’

5. Ilokasats, uto pax 14+04+0—140414+04+0—14..., B KOTO-
poM ABa HyJs NpeamecTByioT — 1, a oauH HyJb mpexpuiecTByeT 4 1, «cymMmu-

pyercsa» meromoM Yesapo kK cymme 5
(Euler, Borel)

6. loxkasath, uto psg 1—2!4-41— ... HecymMmupyem MertoaoM Bopeus,
apag 1+0—214-0+44!4 ... cymmupyem.



FTMTABA 9
Psiibl ®YPLE U TPUTOHOMETPUYECKHME PSIbl

9.1. Omnpegenenue psaga Pypoe!l)
Pann THna

aO + (@, cos x - by sin x) +(aycos 2x -+ by sin 2x) 4 .

0—{—}_‘ (a, cosnx+b sin n.x),

n=1

rie a,, b, He 3aBUCAT OT X, WIpaioT GOMBLLIYIO POJb BO MHOTHX HCCJe-
noBaHusax. OHU HasbIBAIOTCS mpuzoHoMmempuseckumy psoaru. Ecmm -
™

uMeeTcs q)ym(uvm f (£) makas, uro f f @) dt cymecTByer xak HHTErpas
-

Pumana wuaM Kak HecOOCTBeHHHIH HHTerpad, cXosmmiAcs a6COMOTHO,

U Takas, 4To

= [ f(t)cosntat, nb,= f £t sin nt dt,

TO TPHUrOHOMEeTpHYeCKHR psi Hasbiaercs psdon Dypve.

TpuronoMerpuueckue pajbl MOABHIHNCH BIEpBble B  aHaJH3e B CBA3M
¢ uccneroBanuamu Janwuaa Bepuyanu o koneGaHusx cTpyHnl. [Hanambep pawee
2

02
d—g:az—(—?}% B BHJAE

y= % {f(x -+ at)+ f(x—at)}, rae y = f(x) onpeleanseT HayaJbHyIO (OpMY

CTPYHBI, C KOTOPOil HAaUYMHAETCSH NEPEXoj OT MOKOS K JBIKEHHIO. BepHyaau e
noxasan, 4ro GOpMaJbHEIM pelieHUeM OyaeT

_2 X Smtat
o l [

) Bo Bceit sro#t raase (uckmouas' § 9.11) npeanoaaraercs, YTO BCE BCTpe-
qaolHecs B HEH UHCHa 8€1yeCmBeHHbl2.

Hauiea pellieHde YPaBHEHHs KoJeGaHHH  CTPYHH
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€CNM 3aKpeIJIeHHbe KOHLB CTPyHH HuMewT koopauHatel (0,0) u ([, 0), u
TBEp#JaJ, 4YTO 3TO HauGojee obliee pelHleHHe BONpPOCA. IJTO NOKA3aJOCh
ﬁanamtiepy n Jiiiepy HEeBO3MOXKHBIM, NOCKOJBKY TAKHM DSAIAOM, HMEIHIHM
nepuoj 2/, Ka3anoCch HEBO3MOMHBIM HpeAcTaButh mpa ¢ =0 Takyw GyHKuHIO,
Kak ¢x (! — x)'). Mexay aTuMu MaTeMaTHKaM{ BO3HHK CIIOpP, H3JOXKEHUE KOTO-
poro npuBeneHo B KHure [ob6cona: Hobson, Functions of a Real Variable.
Pyppe B cBoeit «Teopuu Temaotel» (Fourier, Théorie de la chaleur)
HCCaenoBan GOJBIIOE. YHCJAO TPHUTOHOMETPHYECKHX palOB H [OKa3al, YTO
B OOMbLIIMHCTBE UACTHBIX CAyyaeB psisl Pypbe Oelcmsumessno cxo0sames
K cysmume f(x). Ilyaccon mnmiTancs nath oflee AOKa3aTeAbCTBO 3TOH TeOpEMHI
(Poisson, Journal de I'Ecole polytechnique, XII, 404—509 (1823)). IBa noka-
sareabctBa Oblan Jaubl Komm (Cauchy, Mém. de I’Acad. R. des Sci., VI,
603—612 (1823), ony6aukoBano B 1826 r., Oeuvres (1), Il, 12—I19, u Exercices
de Math., II, 341--376, 1827, Oeuvres (2), VII, 393—430). I1u 10Ka3aTeAbCTBA,
OCHOBaHHEIE HA TEOPUHM HHTErPUPOBAHHA MO KOHTYPY, OTHOCHJMCH CKOpee K ua-
CTHHM KJaccaM (YHKUHH, a OJHO M3 HUX HecoCTO4TedbHO. BTopoe jaokasaTeinb-
:irssgsdbmo uccaenoBano Xaphakom (Harnack, Math. Ann.,, XXXII, 175—202

) ).

B 1829 r. Jupuxae nan nepBoe CTPOTOE JOKA3aTEAbCTBO ?) TOTO, YTO PAIB
Pypbe, ompenendembie, Kak YKas3aHO BbIlIE, AEHCTBUTENbHO CXOAATCS LA AO-
BOJbHO OOmero kaacca ¢yskuui x cymme f(x). Bupousmenenue storo mnoxa-
3aTeJbcTBa OblJI0 JBaHO mo3xe Bouue ?).

Peayabtar [lupuxie coctout B chaeaywowmem?):. ecan f(f) onpeieneHa u
OTpaHHYEHA B MNPOMEKYTKe (—=, ®) M UMEEeT TOJbKO KOHEUHOE UUCAO MaKCH-
MYMOB M MHHHMYMOB U KOHEYHOE€ YHCJO Pa3phIBOB B 3TOM NPOMEXYTKE, H eC]H
f(¢) onpeneaserca paBeHCTBOM

FE+2m) = f(2)

BHE o6aacTH (— =, ©), TO mpH

T T
nay= [f@®)cosntat, mby= [ 7(t)sinntat
- -7

® .
pax é— a, + 2 (2, cos nx 4 by, sin nx) cxomurcs K cymme
n=1

T 0+ £ (x— 0.

[Toasxe Puman n KaHTOD pasBHAM TEOpHIO TPHTOHOMETPHHECKHX PALOB
B oOmelt dopme, a B mociaenHee spems I'ypsuy, Peilep u Apyrue HccaenoBanw
cBo#icTBA panoB Pypbe AaAa caydad, KOrja psa He 06s3aTeJbHO CXOauTcA. Tak,
deilep nokazan 3aMeuaTeJbHYK TEOpPEMy O TOM, 4TO pal Pypse (mame ecau
OH # He cxonurcd) Oyzer «cymmupyem (C 1)» BOo Bcex TOuUKax, B KOTOPHIX

cymectByioT f(x = 0), u ero (C 1)-cymma pasHa —;- {f(x+0)+f(x—0)} npu

) Jra dynxnua naeT OZHY 3 NPOCTHIX HAUAABHHIX (DOPM CTPYHHL

2y Dirichlet, Journal fiir Math., IV, 157—169 (1829).

) Bonnet, Mémoires des Savants étrangers (Beasruiickoli axazemun),
XXIII (1848—1850). BonHe HpuMeHseT NPAMO BTOPYIO TEOPeMYy O CPEXHEM, B TO
BpeMs Kak [lupuxie mpH MmEepBOHaYadbHOM J[OKA3aTeNbCTBE NPHMEHSET NpHEMHL,
B TOUHOCTH MOJO0HbIE TEM, KOTOPBIMH JTOKa3HBaEéTCH TeOpeMa 0 cpenHeM. Cu. § 9.4.

) YcaoBus, mocTyaupoBaHHbe Aas f(f), U3BECTHH NMOX HA3BAHUEM YCAOBUL
Hupuxase;, vy yBunum B §§ 9.2, 9.42, 4T0 OHM U3JHMIIHE OrPaHMYMBAIT (YHKLHIO.

15 3. T. Yurrekep, Jx. H. Barcon
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YCJAOBHH, MTO HMHTErpaJ f f(t)dt abcomoto cxoxurca. OnHO M3 HCCAenOBaHUlH
-7

0 cxopumoctH psaoB Pypbe, koTopoe Mbl aanuM mosxke (§ 9.42), ocHoBaHO Ha

sToM BhiBoge. [loxpoGueie cBenenua 06 HccleJOBaHUAX BIIOTH 10 Pmmana

MoxHO HaliTH B kHure [o6coda (Hobson, Functions of a real variable)

H B Kypce aHann3a GecKOHEeYHO Majbix BaJme [Tyccena.

9.11. OGaacTe, BHYTPH KOTOPOH TPUrOHOMETPHUYECKHIl PAJ CXOAHTCA

Paccmorpum psn

L%sz_

29| =

ay +

(a, cos nz -+ b, sin nz),

1
-

n

Iie 2 MOXeT OhTb KOMIUIEKCHBIM. Ecau Mb 06o03HaumM e depes [, To pax
NpHMET BHI,

3 4 +Z{ @)U+ 5 @+t 0" ]

ot paa Jlo aHa CXOIMTCS, €CAH TOJAbKO OH BOOGIIE CXOAHTCH, B HEKOTOPOH
obaacta a < < b, rne a, b — NOJOXKHTENbHBIE MOCTOSTHHBIE.

Ho ecan z—x—l—zy, 10 |{|=e~Y, u TaxuM 0O6pa3oM, Mbl MOJYYaeM B Ka-
yecTBe 061ACTH CXOXUMOCTH TpnrOHomeTpnqecKoro pAia NoJaoCy B INIOCKOCTH 2,
onpenenseMyl0 HEpaBEHCTBOM

lgaL—y<Ighb.

SIpakTHuecku HauboJee BaXHBIM ClydaeM aBasgeTcsl caydall, koraaa = b = 1,
T. €. KOTfa MO0J0Ca COCTOMT W3 NPSAMOH JHHHM, HMEHHO BeIleCTBEHHOH OCH.
Mpumep 1. Ilycts

f(&)= smz—-~§- sm2z+—sm3z——%sm4z+ oo
rae z=x-iy.
[Tepenucas 310 B Buze

f(z)=—~%i(eiz—~l2-e2iz+ 1

3iz '
€ " — ...
3 v )+
1. iz 1 o 1 3z
=ile™*— e 3 —_—
+i ety s
MBI 3aMeuaeM, 4TO NepBHH psax cxoautca ') TonbkO mpu y >0, a BTOpOH
TOaBKO TpH ¥ K 0.
3aMeHas 2 Ha x (x BeEUIECTBEHHO), Mbl BHIMM N0 TeopeMe Abeas
(§ 3.71), uto

f(x)= lim (rsinx-——lr2sin2x+—1—r3sin3x-—- ):
’ . r-»1 2 J

= lim {——é—i(re”—; “”‘—l— riedix )+

—{—%i(re" ——;—r e‘z”’—i— rie—3ix _ )}.

Y) At pann dedicmeumenrsuo cxodamcs upu y =0, cM. § 2.31, npumep 2.
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Ho sto ecTb npenea OAHOrO H3 3HaYeHui BBIDAXEHHUd
—%ilg(l +rei")+—;—iﬁlg (A + re-ix),

1
a nmpu r—>1 (ecam — = < x < =w) NOCleHee CTPEMHTCA K 5 X + &=, rxe
%k — HEeKoTOpOe LeNoe YHCIO.

s _1\r-1g;
Ho psxn 2(__1)_nsm_nx cxomurca pasHomepHo (§ 3.35, npumep 1) na

n=1
orpeake — - d LxLn—23, rge d— moGas NONOXKHTENbHAS MOCTOAHHAS
H CJEI0BaTeAbHO, NPEJACTaBAAeT Ha 9TOM OTPe3Ke HENpEpHIBHYI (YHKIUHIO.
Tax kax 5 X HENpephiBHA, TO k uMeeT OXHO U TO Xe 3HAYeHHe, I'e Ou

HH JIeXaNo X Ha 9TOM OTpe3Ke; MOMOXKHUB X = 0, BuauM, uto & = 0.

TTosmony f(x)=7ﬂf npu —x < x < OxHaKo mpH © < x < 3
f(x)=f(x—2n)=%(x—2n)=%x——1c,

u Booble ecad
@Cn—Nr<x<@n41)m,
TO

f(x)=%x—nn.

Msi npumiau, TakuM 06pasoM, K IpEMepY, B KOTOPOM f(x) He NpencTaBiseTcs
€MHbIM aHaJUTHUECKHM BBIPaXKEHHEM. :

Crenyer 3aMeTHTb, UTO TaKOe $BJEHHE MOMXeT Haba0iaTbhbCsi TOJAbKO B TOM
caydyae, KOrja mnojoca, B KOTOpOH psa Pypbe CXOXUTCH, CBOAUTCH K TMPAMON.
M6o ecqu mupuHa MOJOCH He HYJAb, TO COOTBETCTBYlomuH paj JlopaHa cXoxuTCs
B KOJbIle HEHYJIeBOH WIMDHHBI H NPEJCTaBAsSeT aHAJIHTHYECKYI0 GyHKkuuio ot {
B STOM KOJbIE; a TaK Kak (- ananuTHuecKas GyHkuus or 2, T0 pag Pypbe
npejcTaBiseT aHaAHTHYECKYI (YHKUHIO OT 2; TaKOB, HANpUMEp, P

r sin x———%—r2 sin 2x +-13— résin3x— ...,

rsin x
rie 0 <r <1; ero cyMMa paBHa arctgl—_i_——m, rae arctg mnpeacrasaser

yrod, 3aKkAIOUeHHBIH Mexny =+ 5
Mpumep 2. Ecmt —x L xw, 10

Z D" cosnx 1, 1,
, — )
n=1

l e
12 4

DTOT paAL CXONHTCA TOAbKO KOTia X BemeCcTBeHHO, coraacHo § 3.34 cxomumocTb
6yzner aGCOMOTHOH ¥ PAaBHOMEPHOH.
Tak kak

—é—x:sinx—%sixﬂx +%sin3x— e (i LxLR—3, 3>0)

15*%
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H 3TOT PAA CXOJMICE DABHOMEPHO, TO Mbl MOXEM HNPOMHTErPHPOBATh. €ro. fno-
yjento ot 0. 10 x (§ 4.7), u chaenoBaTeabHO,

1 x2=2 (=1~ (1 — cos nx) (b x<n—b)

q n?
n=1

Hnayve rosops, ecit —n-FdLxLn—3, 10

[ee]
1 N\ (—1)"~'cosnx
—_—— 2= A=) PR
¢ i 2‘ n? !

n=1

rie C — NOCTORHHAS, NOKA HEONpEJEeIeHHAA.

Ho rak xak pax B mpaBoil 9aCTH CXONUTCS DAaBHOMEPHO HA BCEM OTpeske
—nxm TO ero cymMma Oyler nenpephiBHOH dyHkuueH OT x Ha 3TOM
oTpesKe, H Takum 06pa3oM, Nepexoif K TMpeneny npu X —> £ =, Mbl BUAUM, 4TO
nocjefHee COOTHOHIEHHE OCTAeTCs CPABENAMBBIM, KOIJa X == = .

Ins ompeienenus C NPOMHTErPHPYEM KauAYyl 4acTb NOCAEAHETO COOTHO-
menus (§ 4.7) B nperenax — =, 7; MNONYYHUM

21cC——(15—n3:=0.

CieioBaTebHO,
1 1 N\ (—1)*~! cos nx
™ 4"2"—'2«( ) P (=r<x<n).

n=1

Mpumep 3. 3aMenus x Ha = —2X B TpUMEPE 2, NOKaA3aTh, YTO

Yv—n  O<x<n),

(=)
2 1n2nx _ 2

l%{n[xl—xz} (—rLxLn).

9.12. Buipaxenue xo3pdHnHEHTOB Yepe3 CyMMy
TPHTrOHOMETPHYECKOTO psAaa

TIycTb TpUTrOHOMETPUYECKHR psn —;—co—{-E(cncosnx—l—d,,sinnx)
© n=1

paBHOMEPHO CXONWTCS HA OTpe3ke (—m, m), M MyCTb €ro cymma
paBua f(x). Iloab3ysach O4EBHIHBIMH PABEHCTBAMHU

kg

fcos mxcosnxdx = {

-T

0 (m=n),
© (m=n-+0),
(m = n),
(m=n=+0),

T

0
fsin mxsinnx dx ={
T

-1

fdx: 2r,
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Mbl HallleM, YMHOXas pDaBeHCTBO

é‘ Co—t+ E (cpcosnx —+d,sinnx)= f(x)

=1

Ha cosnx ¥ Ha sinax!) u 3areM nouaeHHo uHTerpupys (§ 4.7), uto?

e, = ff(x)cosnxdx, rd, = ff(x)sinnxdx.

Cnencreue. TpHUrOHOMETpHUECKHH DS, paBHOMEpHO cxoismuiica Ha
oTpeske (— =, =), aBagercs paiom Pypbe.

MMpumeuanue. Jleber gan noxaszaredbcTBo (L ebesgue, Séries trigono-
métriques, 124) Teopemni, coobuenHoit eMy PaTy: TPHIOHOMETPHYECKHH paX
o0

sinnx “ ' o
2 T cxonsmuiicss AJS BCEX BEUIECTBEHHHIX 3Hauenuit x (§ 2.31, nmpumep 1),
n=2

He seanemcs pagom Pypbe.

9.2. 06 ycaosusax Jlupuxae u reopeme dypne

TeopeMy THna, ykasausoro B § 9.1, o pasnoxenun ¢GyHKuuMM Beue-
CTBEHHOH TmepeMeHHOM B TPUrOHOMETpHYeCKuH psl, OOHIYIO HasLBAIOT
meopenmoli ®ypbe. BeneacTBue CI0MHOCTH M TPYAHOCTH CTPOroro Jnoka-
3aTeNbCTBA TaKoO# TeopeMbl (Haxe B TOM CJayyade, KOrla pasjaraemas
OyHKIMSA NOJNUHHAETCS MBMMINHE XECTKHM OTPAHHYeHMSIM) Mbl OTKJAAbl-
BaeM 3TO JHokasareqbcTBO 10 §§ 9.42, 9.43. Tem He MeHee ymOGHO
NPUBECTH 31eChb HEKOTOpHE Qocmamo4inble YCIOBUA ILJIS Pa3AOKeHHs
(YHKUHE B TPHTOHOMETpHUECKUHt psf.

Hycms  f(t) onpedessiemes npu —= Lt < ® npousdsoasro?),
Q@ 04 6CeX OCMQALHbLLX BEW,CMEEHHUX 3HAYeHul ! pasencmsom

ft+2m)=f ()

max amo f(f) G6ydem nepuodunecxoii Hyuxyued c¢ nepuodom 2m.

Ilyemy f () maxosa, 4umo unmezpanr ff(t)dt cyuecmeyem; ecau
-1

amom uHmezpan ABASLEMCA HECOOCMBEHHULM, MO Ml NPEONOAONHCUM,

Ymo OH a6COAOMHKO CX00umcs.

" 1) YMHOXeHHE Ha STH MHOXHMTENH HE HApylIaeT DABHOMEpHOH CXOAHMOCTH.

2) 3tu dopmyast ¢ mpenedamu 0 u 2= panet dinepom (Euler, Nova Acta

Acad. Petrop., XI (1793)). -

3) 3to onpepesieHHe HepeiKO BejeT K TOMy, 4To f(f) He mpexcTaBiaseTCs

€IMHBIM aHANUTHYECKMM BBIPAXCHHEM JUIA BCEX BEHICCTBEHHHX B3HAYeHHH f,
Cp. § 9.11, npumep 1,
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Ilyems a,, b, onpedeasromcs pasencmsamul)
na,= ff(t)cosntdt, nb, = ff(t)sinntdt (n=0,1, 2, ...).

Toz20a, ecau X — BHYMPEHHASL MOUKA KAK020-4u00 unmepsara (a, b),
8 KomopoM f(f) umeem O3paHUYEHHYIO BApUAUUIO, MO DPRO

-%— ay—+ 2 (a,cosnx—-b,sinnx)

n=1

CXO0UMCA U e20 CYMMA pasHa?)
1
5 (£ (£ 4+ 0+ f(x — 0.
Ecau f(t) Henpepovisna npu t==x, mo ama cymma pagia f(x).

dta teopema cuutaercst uasecTHod B §§ 9.21—9.32; B aTMX nmaparpadax Mbi
paccMaTpuBaeM TeopeMbl 0 psfax Pypbe, HMEOIHEe HEKOTOPOe 3HaUeHHe B IpH-
noweHuax. Crenyer OTMETHTb, YTO BCe (DYHKLMH, KOTOPbIE B HPHKJAJHOH MaTe-
MaTHKe IPHUXOJMTCA .pas3aaratb B. psibl Pypbe, yIOBJAETBOPAWT TOJAbKO UTO
HalOXeHHBIM Ha f(f) ycaoBusM, TaK 4TO aHaJu3, JNAHHEIH HHXe B 3TOH raase,
yCTaHaBAMBAET 3aKOHHOCTb BCeX pasJioXcHHH B paasl Pyphe, BCTpeuaomuxcs
B (U3HYECKUX HCCAENOBAHHUAX.

YyraTenb BHAMT, 4TO cHOPMYJNHPOBaHHAs TeopeMma mnoauuuser f(f) meHee
CHJABbHBIM OFPaHUYEHHSM IO CPaBHEHHIO C ycJAOBHAMH JupuxJe, u 3TO ocnabienue
OrpaHUYeHHil NpeJCTaBlIseT 3HAUUTENbHYIO MPaKTHUYeCcKylo BaxHocTb. Hanpumep,
Takoit mpocroil pax, Kak

0 .
N' (—1)*~!cos nx
: n

’

—

n=

1
ABAAETCH paA3oXeHHeM BYHKUHH lg|2cos 5 X ‘ 8), u 3Ta QyHKUHUA HE yAOBJe-
TBOpAET YGJOBHIO OrpaHMuEHHOCTH JupHXie npu =+ w.

[TpuHaTo HasbiBaTh PAL

—é—ao -+ 2 (a,cosnx—b,sinnx)

n=1

'y Uncna a,, b, uHaswBawTca rxodfguyuenmaru Dypve gynxyun f(t), u
CUMBOJB @, b, Gyxyr npuMenatbcs B §§ 9.2—9.5 B 3TOM cMbicKe. MoxHo
NOKa3aTh, YTO CXOAMMOCTb H abCcoJIOTHas CXOAMMOCTb HHTErpajioB, oOImpeje-
AsomWUX k03hduuMeHTH Pypbe, fABASETCH CAENCTBHEM CXOAMMOCTH ¥ aGCoioT-

HOH CXOJAMMOCTH HHTerpana f f() dt (§§ 2.32, 4.5).

2) [Ipereant f(x =+ 0) cy;;ecmyxoT-cornacno npumepy 3 § 3.64.
3) Cp. npumep 6 B Konie raaeb (ctp. 269).
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padon Dypse, COOTBETCTBYIOMHM ¢yhukunu f(£). DTo Ha3BaHUe TeM
He MeHee HUKOUM OOpasoM He MOAPA3yMeBaeT CXOLUMOCTH PacCMaTpu-
BAaEMOTO pdia.

9.21. MpencraBaenne dyuxuuu pagom dypee
Ha NPOHM3BOJBLHOM OTpe3Ke

PaccmorpuM dynkuumio f(x) ¢ (aBcoMOTHO) CXOLAIMMCSA UHTETPAIOM
M C orpaHuyeHHOM Bapwauue#t Ha ortpeske & < x < b.
. TTonoxuwm
= ; (a0 “%(a—b)ﬁ‘lx’, Fx)=F(x").
Toraa ussectHo (§ 9.2), uro
1 F 4 F 14 0 R 1 O% ’ b H 7
—2—{ (x'+0)+4 F(x' —0)] —7a0—l—2‘(a“cosnx -+ b, sinnx’),

n=1
TakuM 06pasoM,

H
U E+0+ f(x—0) =

0
1 nr (2x —a —b) ... nn(2x —a—b)
=—2—a0—{—2{ancos—-ﬁa——+b”sm ‘h}
n=1

b—a
Tie B CHJIY OYeBUAHOIO NpeolpasoBaHus

—;—(b~a)an_—_/f(x)cosm—(22—:—a_—m-dx,

a
b
30— )b, = [ flxysin BEE=C=0) g

9.22. Pagnl KOCHHYCOB M PARb CHHYCOB

IMycty f(x) — dynxuus, onpeneienHas Ha otpeske (0, [), u nyct
oHa umeeT (a6COMIOTHO) CXOAAMHCA WHTErpai W OTrPAHUYEHHYIO Bapua-
LMI0 HZ 3TOM OTpe3Ke.

Onpedesusn f(x) Ha orpeske (0, — [) paBeHCTBOM

fl=x)=f(x).

Torna

{f(x+0)+f(x—0) ————2» i{a cos % 4 b, sin mcx}
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rae coraacko § 9.21

1
nxt

. Vl
t
la, = ff(t)cosi;‘—dt=2_ff(t)cos—l—dt,
-1 0

nnt

1
b, = /f(t)sin—l—dt= 0,
=1 )

Tak yro mpu — I x !
1 o~ x
7{f(x+0)+f<x-0)}=§a0+21,ancos"_l£;

nocjaejiHee BLIPAXeHHe HasbiBaeTcs pAdoM xocumycos. Ecau, onHako,
MH onpefenuM f(x) Ha orpeske (0, — /) paBeHCTBOM

f(—x)=— f(x).

T0 noayuum npn — < x !
1 o% nnx
F I E+ 0+ F(x—0) =Y, b,sin 77X,
rue "
nnt

!
b, =2 /f(t) sin —— dt;
0

nocjenHult PN HA3HIBAETCS PAOOM CURYCOS.
TakuM o6pasoM, panbl

l 0 s
nrx - \ . X
—2-a0+2 a,cos 7; , Zb,,smﬁ’li—.
n=1

n=1

rie

1 !

1 e 1 . t

_2__10" — '/‘f(t) cOos nlldt, 7lbn = ‘/‘f(t) Sin v_fl;t ,dtn
. 0 0

umerom oduy u my oe cynumy npu 0 x <Il; ux cyMms npu
0> x> — 1 6yayr paBHM no aGCOMIOTHOH BeJWYMHE, HO NPOTHBO-
TNOJIOXKHE!l 1O 3HAKY.

Pan rocunycoB 6vin Bmemen Kiaepo (Clairaut, Hist. de I'’Acad. R. des
Sci, 1754, ony6aukosano B 1759 r.) B MeMyape, ‘faTHpoBaHHOM 8 wiohs 1757 r.;
PSR cuHYcOB Ouln moayueH Jlarpanmem Meway 1762 u 1765 rr. (Lagrange,
Oeuvres, I, 553).
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Mpumep 1. Pasaoxure dynxnuio —:12— (r—x)sinx B pAA KOCHHYCOB Ha

otpeske 0 L x .
[Mb HMeeM IO TOJBKO 4TO HOJyYeHHOH (opMyJe

_%-(-n:—x) sin x == %ao-{—E a,cos nx,
n=1
rie

%na,,: /‘%(n—x)-sinxcosnxdx.

Ho npu n == 1, uHTerpupys no yacTsiM, HMeeM

/'Q(w—x)sinxcosnxdj«t: /(n—x){sin(n+l)x—sin(n—1)x} dx
0 0

=[(x—-n:){ cos fln_:ll)x . cosfln_—ll)x }]:_
_f{ cos’(zrz_:ll)x _ cos’(ln_——ll)x }dx:

__( 1 1 _ —2n -
=M\ n—l)“(n+1)(n—z>
Ecau we n=1, 10

/2(n-—x) sin x cos xdx=%n;

CnexoBareJbHO, HCKOMOE HMEET BHA

—é—+-}Tcosx 113 cos 2x — 21_4 cos3x——%§ cosdx — ..,
Crnenyer OTMETHTb, YTO TOABKO AAs 3HaueHHH x Meway 0 ¥ m CyMMa 3TOro

1 .
pfAla OKasbiBaeTcs paBHOH 5 (= — x) sin x. Ecay xe, HanpUMep, X JeXHT MeXLy

1 1
0 u —=, TO cyMMa psila paBHa ——(n—x) sinx, a He 5 (m — x) sin x;
KOrja X JIeWHT MEXIy 7= M 2%, CyMMa psAla CHOBAa OKa3LBaeTCA paBHOM
1 . . -
—2—(n——x) sin.x, OLHAaKO 3TO YHCTO cJydYalHOe COBMajeHHe, BO3HHKawee 6.a-

rojaaps ClenuanbHOMY BHAY JaHHOH (YHKUMH ¥ He HMelwolnee Mecta B obuieM
cayuae. )
Mpumep 2. Pasnoxurs g (%= — X) B pAX CHHYCOB Ha OTpe3ke o<rgm,

[aror PSL uMeeT BHAL sin x -} su;fx + —— sn;fx -+ ]
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Npumep 3. [Nokasars, uto mpu 0L x

1 cos 3x cos bx

—gg—m(‘m——Qx)(nz—{—?nx——sz):cosx+T+ 53 4 ...

[O6o3nauan JeBylo wuacTh uyepes f(x), MB KHMeeM, HUHTETPHPYA HO YacTAM H
sameuas, uro f'(0)=f'(z)=0,

'/'f(x) cos nx dx:%[f(x) sin nx]z)‘——%—/'f’ (x)sinnxdx =
0 . . 0

= 7117 [’ (x) cos nx]g— 712— /f” (x) cos nx dx =
0

—— -,,IT\[ F7 (%) sin nx]f + ;13— . / F7 (%) sin nx dx =
0

k3
4nt

—_ ;14_ [F* (x) cos nx]g = (1 — cos Iln).:l

IMpumep 4. Ilokasars, yto xaa 3Hauenuit x mMexay 0 m = dyHkumio e5¥
MOXHO Pa3JOXHUTh B PsJ KOCHHYCOB

28 [ sn 1 cos 2x cos 4}; ,
7 (e —1)(2—sz‘+ ST F4d T EFie T )"

28/ on cos X cos 3x
— +1)(s2+1 Teage T )

H BbHUepTUTb rpaduku QyHKuuu e # CyMMbl psja.
Mpumep 5. TIlokasare, uTO AJa 3HaueHmir x Mexay 0 u = Qymxnuio

" (% — 2X) MOMXHO PasJOXHTb B PAN KOCHHYCOB
cos 3x cos 5x

cos x 3 —{—,52 -

H BeUepTHUTh rpaduk GyHKnuM —é—ﬂ:(n—2x) H CYMMBHI psja.

9.3. CeoiictBa x03dduuuenToB psajga Pypnel)

IMpeanonoxuM (Kak ¥ BO MHOTMX M3 PACCMOTPEHHBIX NPHMEpOB),
YTO OTpe30K (—m, w) MOmeT ObTh pasnéleH Ha KOMEYHOe YMC/AO OTpe3-
KoB (— =, &), (R, By, ..., (k,, ®), TaK yTO B KaXIOM OTpeske f(X)
M BCE ee INPOW3BOJHBIE CyTh HEApepPhLIBHEIC (YHKUHK C OFpPaHMYEHHON

1y Paccyxnenus aroro maparpada u § 9.31 conepxarcsa B 604bIIoM MeMyape
Crgxga 3(ls3tOCkes, Camb. Phil. Trans., VIII, 533—583 (1849), Math. Papers,
1, 236—313).
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Bapuauuelf, umeloume npenens cnpasa u ciaeBa (§ 3.2) B KoHuaxX 3TUX
orpeskos 1), Torza

ky ke n
na,= [ f(t)cosmtdt+ [ f(tycosmtat+ ... + [ 7 tycos me at.
- ) kl ‘ ' kn

HuTerpupoBaHHeM 1O YacTaM MOJyYaeM

8y, = [m=1f (£) sin mt)® - [m1f () sinmefit -

. B ,
v HImTIf @ sinmet];, —m”Y | f/ () sin mt df —
kn

k, T
—-m-lff’(t)sinmtdt— —m-lff'(t)sinmtdt,
kl kn
TaK 4ToO A b,
—_—_m__m
m =T m’
rie

nA, = X sinmk, {f(k,— 0)— f(k,-+0)},
r=1 . ‘
a byp— Kkosdhduunent Pypoe ¢yskuun f’(x).

IMono6ubiM ke 00pasoM.
By |
b=+
rae _
wB, = — glcosmk, {f (R, — 0)— f (&, 0)} —
) —cosmx (f (x — 0) — f (— =~ 0)},

’ 7
a a, — xosp¢puuuent Pypve dyHkuuu f’(x).
[TonoGHEIM e 06pa3oM Mbl NOJy4YaeM
AI b”

Bl
a/_ m__m b/____ m+am
m- m m ' mT m m’

"

rae a,, b — xos(pduuuents dypre dywkuun f7(x) u
ﬁA,'ns 21 Sil’lm.k,. {f/(k,- 0)"—f, (kr+0)}’
r=

By — 3 cos mh, (7 (6, — 0) — J' G+ 0)) —
o —cosmr {f/ (m— 0) — f/(— n-+0)).

) HenpepriBHas (GYHKIMS OrpaHHMEHHOH Bapualu¥ Ha brpesxe 0653aT€AbHO
UMEET KOHEuHble Npejiedbl B KOHLAx oTpeaka. ([lpus. ped.)
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Iostomy ' ., ) B
— Am Bm Cm b _— Bm Am bm
b= T T, = Ty

Janee, Mbl BHIMM, 4TO NPU m —> CO
Apn=0(1), Bn=0(),

W TAK KaK MONMHTErPajbHbe (YHKUMH, BXOASWMe B a, W b, orpanu-
YeHbl, TO fACHO, YTO

” , ” o

a,=0(), b =0().

IMostomy, ecn A, =0, B, =0, 10 psn Pypse 11.1191 f(x) cxonurca
a0COMIOTHO M paBHOMepHO comacuo § 3.34.

HeoGxonuMele u 0CTaToOuHBIE YCJIOBHS TOro, 4To6n A, =B, —0
Iisl BCeX 3HAueHW# m, COCTOST B TOM, UTO

[, —0)=f(k,+40), f(x—0)=f(—n-0),

WHaue roBOPd, B TOM, uTO f(Xx) HenmpepolBHA IiA 8Cex 3HadyeHu# x 1),

9.81. Jnddepennupopanne pagos Pypoe

Mounenno nupdepeHuupys pan

oo
%a0+ Z (a, cosmx -5, sin mx),
m=1
noJyyaem
(o]
Y {mb,cosmx — ma,, sin mx}.
m=1

B o6osnauennsx § 9.3 9T0 TO ke camoe, uTO

(o]
1 ’ 7 '
5 & -+ 2 (am cosmx b, sin mx),
m=1
eC/H TOJbKO

Ap=8B,=0 ff'(x)dx—

STH YC/AOBMA YNOBJETBODPAIOTCS, ecaH f(x) HenpeprBHa AJ1g BCeX 3Ha-
. YeHu#t x.

1y Koueuno, f (x) TaKXKe INORYHHAETCA YCJOBMAM, YKa3aHHHIM B Hayale
naparpada.
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Bcaenctsue 3TOr0 AOCTATOUHBIMH YC/IOBUAME 3aKOHHOCTH MOYJIEHHOTO
muddepesuuposanus psana Pypbe ABIAOTCS chaelyoolnue: uToOb f (X)
6bia HeNpepHBHOM (QyHKUMeR 144 8cex 3Havyenuh x, utobw f/(x)
uMeJa KOHeuHOe YHCJAO TOYEK pasphiBa Ha OTpe3Ke (— 7, T) M YTOOHI
o6e ¢(yHKUMM HMeJM OrDaHMYEHHYI0 BapHaLHIO HA BCEM OTpeE3Ke.

9.32. Onpepenende TOUYEK paspniBa

Buipaxenus jasa @, u b,, Haiinenssie B § 9.3, 9acTo MOTYT NpHMEHATHCH
Ha NPaKTHKE 1 OIpelelieHHs TOueK, B KOTODHIX CYMMa IaHHOrO paia Pypee
okasnBaeTcsi paspuiBHOH. Tak, myctb Tpefyercs onpejaeauTb TOYKH, B KOTOPHX
cyMMa paaa

sinx-{—-—:l,;-sin{ix +—}5- sin bx 4 ...

HMeeT paspHIBHL.
[1pednosazas, 4to JaHHHE pAn ectb pan Pypbe (a He 06wyuil TPUTOHO-

MeTpuueckuit psn), ¥ 3amewad, uT0 @, =0, b,= @m) "t (1 — cos mx), Mut
NONYYHM H3 paccMoTpenus (opMmyJ, HaknenHbix B § 9.3,

1 1 ’ ’

A,=0, Bm=7——2-cosvmn, a,=b, =0

Orciona, ecau k|, ky, ... — TOUKH, B KOTODHIX aHAJIUTHYECKHH XapaKTep CyMMb
Hapymaercs, TO Mbl UMEEM

0=mdg, = sin mk, {f(k, —0)—f (& +0)} +
+ sin mk, { f (k; —0) — f (k2 +0)} + ...
Tak xax 9TO PaBEHCTBO HMMEET MeCTO JLJIf BCeX 3HAUEHHH m, TO 4ucaa ky, ky, ...
JOJKHBI ObITD KPaTHbl 4YHCJIYy 7, HO HMEETCA TOJbKO 'OJMHO KPAaTHOE€ ™ BHYTPH

NpoMexXyTKka — = < X < T, a UMeHHO HyJab. Takum obpasom, &, =0, a &, k3, ...
He cymecrsylor. [Toacrasassa 2, =0 B paBeHcTBO

1 1
— €0s mm,

Bn=5—3

fnoay4aem

u(-é--—cé—cos mn)=—[cos mz { f(n —0) — f (—= + 0)} + f(—0) — f(4-0)].

Tak kak STO COOTHOLIEHMe CUPABENMBO ILAs BCEX SHAUEHUE A2, TO MB HMeeM
n = f (+0) — f(-=0),

r=f(x—0)—f(z+0).

JTO NoKasblBaeT, YTO €CAH paccMaTpUBaeMmH pal ecTb pai Pypbe, 10 f(x)
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) o ’
MMeeT pasphiBel B TOUKAX nn (n— JoGoe ueaoe YHCIO), a Tak Kak a, =b, =0,

TO MBl MOXEM OXuaath!), uyro f(x) OyleT NOCTOSHHOH B OTKDPBITOM IpOMeE-
wyTke (—=,0) u Gyser Apyro#i mnocTosHHOH B oTKpHTOM TpoMexyTke (0, w).

9.4. Teopema Peiiepa

HauteM Temepb usnoxeHue Teopuu psios Pypbe ¢ I0KazaTe/bCcTBA
caenylome Teopembl Pefiepa?) OTHOCHTEILHO CYMMHDYEMOCTH - psila
dypbe, cOOTBETCTBYIOLEr0 NPOHU3BOJBHON (yHKuUMM f (£).

ITyemsy  f () — dpyuryun sewecmeennol nepemennold t, npous-
804bHO onpedeneHnas npu —w Lt T u onpederslemas pased-
cCmeon

fe+2m=71@)

OAR 8CeX OCMAAbHULX BeuwecmBeruHbx 3navenud t; nycms unmezpar

®

ff(t) dt cywecmsyem u (ecau ImMoO HecoOCmBeHHbd uxnmezpanr)
t—zdcomomno cxooumcs.

Tozda pad dypve, coomsemcmeyouuli @Gynrygun f(t), 6ydem
cynumuapyer (C1)3) 80 8cex mourax x, 8 Komopsx cywecmsyom
npedeast f(xL0).

Ezo (Cl)-cymna paska 5 (f (% -+0)+ f(x —0)).

Iycts a,, b,(n=0, 1, 2, ..'.)—~Kosq>q)mmemm bypoe (§ 9.2)
¢yukuun f(£), 1 nycthb

1 \ |

-2—a0=A0, a,cosnx b, sinnx = A4, (x), ZA,,(x):Sm(x).

: ) n=0
Torpa Mbl JOJDKHB JOKa3aTb, YTO

im e (A S S04 - S () =
— 2 {f (40 f (x — )}

NpH YCJOBMM, YTO TMpeLeisl B MPaBOH 4YacTH CYLIECTBYIOT.

1) 310 TAK H €CTh:
f(x)=——}1-m: mpu  —n<x <0,

f(x)=%n mpr O<x <=,

2) Fejér, Math. Ann, LVIII, 51—69 (1904),
%) Cu. § 8.43.
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Ecav Mb NOACTaBHM BMecTO Kk03(h¢uunenToB ®ypbre HX BbIpaMeHus
B Bule uurerpanos (§ 9.2), To Jgerko yGemumcsl), urto

Ayt X S, (%)=
n=1

= At — DA @+ =D A o Ay ()=

=1 f 5 m—4+(m—1)cos(x —¢t)—(m—2)cos 2(x — )+ .
...—+—cos(m—il)}f(t)dt=

x o1
sin? 5 m (x — )

T sin? o m (x—1)
sin 2”1 )

1
T on

Ftydt= o J F (6 dt;

a1
AT L o5 (x—1)

sin? % (x—1)

nocnaejiHee npeoﬁpasoBaHvxe ciaenyeT H3 NEPHOJUYHOCTH MOLHUHTErpalib-

HOT'O BBIPAXKEHHS.
Eciau rtenepb paso6beM NyTb MHTETPUPOBAHHA HA JBE PABHBIE YacTH

M Ha TepBOM M3 HUX 3aMenuM ¢ Ha x — 20, a Ha BrOopoM ¢ Ha x - 26,
TO IOJY4HM

A0+ Z— Sn (x)=

n=1
1 0
= f S'S‘]’n;’; f(x+2e)de+ f ““nz’g‘e f(x — 28)ds.
1]

Caedosamenvro, docmamonno 6ydem 0o0Ka3ames, 4mo npi m—>oo

1 f
7/ S's’l’n;’g f(x+26)d6—> nf(x—}—O)
0
7
1 [ sin?2mb

1
— | Ssrg [ (x—28)d9 > f (x —0).
-0

!y OyeBuzgHO, 4TO ecau MBl Hamumem A Bumecto €' ¥~8 B cymme
m4+2(m—1)cos(x—£)4 ..., 10 nmoayuum
m4-(m—1A+A" Db (m—2) 242D . 4 W) =

== pEm T e Am} =

1 2
oty
=(1 __;\)"‘2 {)\1—-"1_2)L _*_)\ﬂl-l»l} — A A

b))
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Ecad Mb NPOMHTErpHpPYeM PaBEHCTBO
sin? m6

m:—ém’—i—(m— 1ycos20+ ... —cos2(m—1)8,

TO HaljeM, 4TO .
T
sin? mf 1
/ ~mrg 49 =5 mm,
0
u TakuM o6pasoM, HaM TpeOyeTcs NOKA3aTh, 4TO

sin? 0

3
%f Smzmecp(ﬁ)d@-+0 npu  m — oo,
0

rie ¢(9) npencTaBiseT MOOUEPENHO KAMAYI0 43 ABYX OyuKuui
fx+20)—f(x+0) flx—20)— f(x—0).
Jlanee, ISl MPOM3BOJILHOTO IOJIOXKUTEJbHOTO YHC/IA € MBI MOXEM Bhi-
6pate Takoe 8, uTo!l)
l[e(®)]<e,
koraa 0 < 6<—%—8. Sror BHGOp 8, OUYEBUZHO, He B3aBUCHT OT Im.
Toraa

20} o

Ot oy a

1 sin? mb 1 - in2 m0 )
L[ o wyan|< 4 [ R0 100 a0+
13

[T

1 in2 mo
4L [ o @) a0 <
7

3
7 '
3 sin? m9 1
<t [ Emmat L [lesla<
0

in?

1
7° 1

5
T
2

3
in? mb 1
<i/ sin® 9 40+ [ 1ol as=
oS m J sin? § msin2%5 o (®)]

1]

x
2

1 1

270

') B npennonoxenuy, 4to cymechyeT' S (x=x0).
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Ho u3 CXOXUMOCTH HHTErpaJa
[ir®)at

BhITEKaeT CXOJUMOCTb MHTErpana

lo (8)] 8,

Oy ol 8

M TAaKHM 06pa3OM, KOrja & (a CcJjeLOBAaTeJbHO, M 8) 3aJAHO, Mbl MOXEM
cliesaTh

T

2
5 memsint 53 > f |4 (6)] o,
0

B3B m JnocraTouHo GospmuM. OTCI0Ja BHTeKaeT, 4YTO NpPHU JOCTATOYHO
Goabwux m Mbl OyleM HMETb

[

)
1 sin? m9

o) “smrg #(®)dl) <,
0

rle € — NPOU3BOMbLHOE [MOJIOKHUTENbHOE YHC/IO; CHeLOBATENbHO, MO Onpe-
NeJeHRI0 Tpefena

3
lim —}n—f sintmd o 9yah =0,
J ,

in?
Mmoo sin? @

n TakuM o6pasoM, TeopeMa (Peftepa noxasaHa.

CaeanctBue 1. [lycts U u L — Bepxusisi ¥ HiXHaAS rpaHunst f(f) B He-
KOTOpPOM HHTepBane (2, b), BeJUUHHA KOTOPOTO He NPEBOCXOAHT 2%, H MyCTh

f|f(t)|dt=nA.

18 8. T: Vurrekep, Jx, H. Batcon
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Torna, ecau a4 1< X< b—1, rie 1 — NONOKUTEILHOE TUCHO, TO MBI HMEEM

m—1
1
U-—m—{Ao+ ;sn(x)}=

1 [ x—m ?n 1:+x\ sz_Q_m(x_) , o
= 9mn {l~—ﬂ:+x +x—7l +x+.,] i sm’—l—(x—t) {(U—~f@®)} dt=
X=1  ®+x .
1 [ Sm27m(x_~t)
B ———— \U—=fOrdt>
2mTE 1_‘;-{; +x+n- J} Sin2—2—(x—t) { f()}
[ *=7 ntX v lf )
; U1+ /()]
>z an{l f + f _—S_i;z___l—_;—dtv
—m4x X+ 5

TaK 4TO

m—1 1
Ul+La
—,}T\Aﬁ— an(x>}<0+———2—.

s g 1
el m sin? -

[Tono6GubiM xe oGpasom

"y Li++4
: {Ao‘{" an(x)}%—u——?——.
n=1

‘m in2 1
m sin® 5 7

Cnencrpue 2. Ilycts f(f) HenmpepbiBHa Ha otpe3ke a < f<Cb. Tak xak
HEeNPEPHIBHOCTh Bledyer 3a Co60i paBHOMepHylo HenpephiBHOCTh (§ 3.61), TO BHI-
6op d COOTBETCTBEHHO KAKOMY-au6O 3HaUeHHI0 X B (a, b) OyneT He3aBHCUM OT X
W BepxHsst rpaHuna suipawenud | f(x=£0)[, . e. |f(x)]|, Oymer Takke He3aBH-
CHMa OT X, TaK 4TO

3 3 .
[1e@1a0= [ 1rzam—rezoia<t [1r@ a5 17620,
0 0 -7

¥ BEpXHAs T'PaHHLA TOCJENHErO Bbipawenus Oyaer HesdaBucuMma oT x. OTcloga—
BHIOOP BEJAUYMHB M, NPH KOTOPOM

1

2
- .
_I_/M?(e)de < e,

m sin? 6
0
| m—1 l
GyleT He3aBMCHM OT X, H €A22008amenbHO, —m—J A+ 2 S, (x) ; cmpemumcs
n=1

& npedeny f(x) npu m—>00 pABHOMEPHO KA BCeM Ompe3Ke a < X < b.
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9.41. JlemMmbl anaﬂa—'.ﬂeﬁera

YroGul ¥MeTb BO3MOXKHOCTH npuMenuth Teopemy Xapmu (§ 8.5) maa
BHIBOJA cxoauMocTH psaa Pypoe u3 Teopemb deflepa, Mbl HyxAaeMcs
B CJAEAYIOUMX IBYX JeMMax:

b

() Hycme fq)(e)(dﬂ cyuecmeyem u (ecau 3MO Heco6CMBeHH bl

a
unmezpas) abcorromruo cxodumcs. Tozda npu h— o0
b
fq,(e) sin\0db  6ysem o(1).
a

() Ecau, daxee, (0) umeem ozpanuiesnyno 8apuayuio va om-
pesxe (a, b), mo npu A—co
b

fq)(e) sin\0db Gydem O(Tl-)

a

TMepBuiit #3 9THX pe3yabTaToB Obin BhickadaH. I'aMuabTOHOM !) 1 PumanoM ?)
g orpanuueHHbix ¢yuknuit. CnpasemanBocTs Jemmut (II), kawercs, 6haa xo-
poLIO M3BECTHA paHblle, yeM Obla OCO3HAHA €e BAXHOCTb; OHa ABAseTcs 0606-
IeHHeM pesyJbTaTa, ycTaHoBienuoro [HupxcenoM 3) um Crokcom (cm. § 9.3) mas
Gbyukuuit ¢ HeNpephIBHOH IPOH3BOAHOM.

YuraTemo c/aelyeT OTMEeTHTb, 4YTO pPAaCCyXAeHMs STOro naparpada
COXPaHAIOT CHJIY M B TOM CJayyae, ec/H CHHYCH 3aMeHHTb BCIOAY
KOCHHYCaMH. \

(I) Yno6Ho nokasath %) 9Ty seMMy cHauana Aaas caydas ¢yskuud ¢ (0),
orpannyeHHo#t Ha orpeske (@, b). B aTom cayvae myctb K — BepXHss
rpannua |$(6)[, a e— npousBoAbLHOE NOMOKHMTEAbHOE uMC/I0. Pasienum
oTpe3ok (@, b) Ha n vacTeit TOUKaMu Xy, Xy, ..., X,_; U COCTaBUM
cymmbl S,, §,, cootBercTBylomMe ¢ynkuuu ¢ (6), mo cmocoby § 4.1.
BosbMem n HacToAbkO GoabluuM, 4TO6H S, —§, <& 3TO BO3MONKHO,
tak Kak () — uHTerpupyemas byHxuus.

Ha otpeske (x X,) TONOMWUM

q)(e) = Lpr (xr—l)_'_ mr(e)’
. ’mr(e)l< Ur'—Lr’

') W. R. Hamilton, Trans. Dublin Acad., XIX, 287 (1834).

2) Riemann, Ges. math, Werke, 241. OTHOcuTeabHO HcCaefoBaHHs Jle-
Gera cM. ero kuury «Séries trigonométriques», ra. III, 1906.

8) Dirksen, Journal fiir Math,, IV, 172 (1829).

4) 9THM J0Ka3aTeJbCTBOM Mbl O6sizaHbl Xapau; OHO Kawercs 6ojee H3AI-
HBIM, UeM [0Ka3aTeJbCTBA, AaHHBlE ADYrHMY aBropamu, HanpuMep Baaae-Ilycce-
HOM B ero «Kypce aHain3a GECKOHEYHO Maablx», T. IL

i6*

r—1:

TaK 4YTO
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rae U, u L, — BepxHas M HuxkHAa rpanuns ¢oynxuun ¢ (8) na oTpeske

(xr-l’ xr)'
Torma fcHO, 4TO

» n x,
fq)(e) sin A8 d6 | — Exp,(x,_l)/ sin A8 d0 4
a ' r=1 x

r=1
+X f o, (8)sinr6 a8 | <
r=lx, |
< X 19l / sind0df | 4 Y, / lo, ()] 26 <
r=1 Xr—1 -or=1 Xpy

2 2nK
<nKT+(Sn—Sn)< Py =+ e.
.Basas N\ pmocratouno GoJbliuM (7 OcTaeTcs (UKCHPOBAHHBIM, TNOCJe
TOTO Kak & BhHOpaHO), NOC/elHee BhHIPaXEHHe MOKHO CHEJaTb MEHblue,
yeM 2e, TaK 4TO

‘ b
ti D (0)sinA6db =0,
l-l)mooafq)(. )sn

4yTo M TPe6OBANOCL NOKA3aThb.

B cayuae, xorzma ¢ (6) me orpaHuueHa, eciu OHa uMeeT abCOJIOTHO
" CXOAALUMMCA MHTErpana, TO, COraacHo § 4.5, MBI MOXeM 3aKJIOUHTb TOYKH,
B KOTOPHIX 5Ta QYHKIMA HEe OrpaHHYEHAa, B KOHe4HOe!) 4MC/]0 MHTEpBaJOB

8, By, ¢vvy By, TAK WTO
Y [le®iae<e.

14
r=13,
[Iycte K o6osnauaer BepxHiolo rpanuuy |¢(0)| ans 3sauennit 6 BHe
STMX MHTEPBANOB, M NyCTb Ty, Yg +--» Tp41 OOOSHAYAOT HACTH OT-

peska (a, b), ocraiommMecs nocae yLafeHHs MHTePBAJOB Oj, 8, ..., 8,5
Toma MBl MOXKEM [1OKA3aTh, KdK U paHblle, YTO

fap(e)smxede — 2/¢(6)sxnxed6+2 fqa(0)31n)\9d6

r—ly r=1 8

p+1
Y [ e snroas +2flq)(e)s1nxe|de<2£’i+2

r= 1 1, r=18,

D) KOHQ'tHOCmb YHCAA HHTEPBAJNOB COACPKHUTCA B ONpPEASACHHH HecoO6CTBEH-
HOTO MHTerpana § 4
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Tak kax BuOOpD & ¢uxcupyer n u K, TO moclelHee BHpaxmeHHe
MOXHO CIe/aTh MeHblle, 4eM 3e, €CJAM B3ATb A LOCTATOYHO GOJBLIKM.
KHave rosopsa, naxe ecau ¢ (0) ne orpanuuena,

b
lim 0)sin\6 d6 =0,
Hmafq»( )

ecnn TOMbKO (HecoGcTBeHHHt) uuTerpan ot ¢ (0) abcoaioTHO CXOZHTCS.
ITepBas JseMMa, TakuM 00pa3oM, NOKa3aHA MOJHOCTHIO.
() Eciu §(f) umeer orpaHmyeHHyl0 Bapuauuio Ha orpeske (a, b),
TO, NpPHHHMas BO BHMMande npumep 2 § 3.64, Mb MoxeM HanucaTh

$(8) = x; (8) — x2 (9),

rie  x;(8), x2(0) — nonoxutenbHeie  HeyGHBAIOWME  OTPAHHYEHHbBlE

(yHKUNH,
Torza mo BTOpOH TeopeMe O cpenHeM sHauenuu (§ 4.14) cyumiecTByer
takoe uucao & uro a LECh n

/ X1 (9)sinA0d0 | =y, (d) [ sin \6db | < _____27(;\(b) .

Eciu Mb nmpojenaeM TO Xe camoe ¢ ¥o(8), TO moayuum
b

b
/ 90 sinn0a0 | < | [ 7 (0)sinxb b |4+ f 42 (0) sin A6 48 |
a a
2 (1 () +1u®) (]
<Emoenm ()

# TaKUM 06p630M, BTOpas JeMMa JOKasaHa.

Cnencreue. Ecaum f(f) TakoBa, uTO HHTErpai ff(t) dt a6comoTHO

cxopurcd, 10 kosbduunentnt Pypove a,, b, Qynxuun f(t) 6ynyt o(l) KOrza
n-»oo; ecay, aaxee, £(f) umeer orpaHuquﬂylo BapHaUHIO HA OTpe3ke (— =, =),

kosduuuenter Pypbe 6yayrT O(%)

[Koneuno, 3TH pesyabTaTh caMu MO ce6e HELOCTATOUHH M5 OGecmedenus
CXOZHMOCTH paAfa Pypbe, COOTBETCTBYMIIEro GyHxuuu f(#), MO0 pan, HieHH
KOTOPOr0 HMMEIT IOPAAOK 4YJeHOB rapMmoHuyeckoro paza (§ 2.3), He o6s3a-
TeJbHO 6yJeT cxopamumcs.]

9.42. JlokasaTteanCTBO TeopeMn Pypne

JlokaxeM Tenepr TeOpeMy, BhICKasaHHYI0 B § 9.2, a uMeHHO:
Iycmo  f(f) — dyuryus, npoussossnas npy —wLt<® u
onpedessneman pasencmsor f(t-42w)= f(f) 0.4 8cex ocmarsHbLx
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ki

BeujecmBenHblX 3Haqenuil t;, nycmeo ff(t)dt cyuyecmsyem u (ecau
-1
Mo HecoOcmeenubll unmezpan) A6COAOMHO CX00UMCA.
Iycmy a,, b, onpedessnomcsn paseHcmeanu

wa, = [ f@cosntat, mb,= [ f(@®sinntat.

Toz0a, ecau X — SHYMPEHHARS MOYKA KAK020-2u60 ompe3xa (a, b),
Ha Komopom f(f) umeem O2PAHUHEHHYIO 8ApUAYUIO, MO PAD

% a,+ E (a,cosnx—b,sinnx)

n=1

CXo0umcs Ha 3mMom ompe3rke u e20 cyMma passa

F G0+ (x—0).

Yno6Ho naTh 1IBa JOKA3aTeJbCTBA: OQHO, OTHOCALleecd K QyHK-
LMAM, AJ9 KOTOPHIX MOXHO TNpPHHATb 33 OTPe3ok (@, b) Becb OTpe3ok
(— -+ x, =+ x), a Apyroe, oTHOCsAIeeCd K (QYHKUUAM, AA9 KOTOPHIX
3TOrO Clenarb HeJb3s.

() Ecan 32 oTpesok (@, b) MOXHO NMPUHATb OTPe30K (— ® -+ X, T X),

To u3 § 9.41 (II) caemyer, uro a,cosnx 4 b,sinnx Oyner O (;;)
npu n—>oo. Ilo Teopeme Peltepa (§ 9.4) paccmaTpuBaeMblit psan cyM-
mupyem (C1) u ero (Cl)-cymma pasHa %{f(x—i—O)—i— fx—0)}h.
IMostromy mo Teopeme Xapau (§ 8.5) paccmarpusaemmit pan Oynaer cxo-
OUTbCA U ero cyMmma Oyner pasHa (1o § 8».43)-%— {f(x +0)+ f(x—0)}.

(D) Ecan e HeBO3MOXHO NpHHATbL 32 OTpe3oK (a, b) Bech OT-
pesok (—m—x, w~-} x), TO HO YCJIOBHIO MOXHO HaliTW Taxkoe NOJO-
HUTeIbHOE YKMCJIO0 O, MeHbulee =, 4TO f(f) OylNeT MMeTb OrpaHHYEHHYIO
BapHauMi Ha orpeske (x — 9, x - 8). Brelem Bcmomorate/ibHYIO (yHK-
uuio g (¢), pasuyio f(¢), korma x — 08t x93, u paBHyI0 Hymo
B OCTa/NbHOM uyacTH OTpeska (— m—- x, ®— x), npuueM g (¢H-2n)=g (£)
I/ BCeX BellleCTBEHHHIX 3HaueHuit f.

Torma g (f) Oynmer yIOBIETBOPATH YCJIOBHAM, HAJOXEHHHIM HA
¢dynkuuu, paccmorpenssie B (1), a MMeHHO: OHa uMeeT aGCOJIOTHO CXO-
IAMAACS HHTErPaJ ¥ OTPAHUYEHHYIO BAPHALMIO HA OTpeske (— X, n—-X);

Takum o6pasom, ecan a, Y — xos ¢unente Pypbe GyHKUMH g (£),
P

1) Mpepeast f(x=0) cywecTsyioT coraacHo mpumepy 3 § 3.64.
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TO pesyabTaT, mnoayueHHn#t B (I), moxasbiBaer, uto pai Pypse, coor-
BeTcTByOLIuM# (yHkuuu g (f), a uMeHHO

a“) + 2 (@} cos nx - b sin nx),

CXOAUTCH K CYyMMe

T (g +0+gx—0),

KOTOpasd paBHA

5/ (x40} 47 (x —O)).

Myctb Tenepb S, (x) u sW (x) o603HauyalOT cyMMH m — 1 mepBEHIX uJe-
HOB psnoB dypbe, COOTBETCTBYOWMHMX ¢yHKuuaM f(f) u g (¢). Torna
JIETKO BH[ETb, 4TO

Sp ()= / L1 cos(x —£)—4-cos 2 (x — )+ .

. sin (m ) (x —1)
o dcosmx—n) Fo dt =L t)dt =
~+cosm(x )}f() 2 _.[ sin—é-(X—t) 79
T+X 1
1 sm(m+7)("")
o1 Hydt =
21? _;{; sin —2!- (x—10) 7
: 3
F ; 1)0
_L [ Sn@nED oo gy L /s'—"(i‘ﬁnﬁiﬂx'mdo

0

anajsoruyHo § 9.4.
[Tono6HEIM ke 06pas3oM

S(l)(x) 1/’ sin(2m—++1) 6 g (5 28)db -

T sinb

ro} 2

+_1_/' sin (2m 4 1) 6 g (x — 20)db,

T sin §
0
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H CJeloBaTe]bHO, NOJb3Yich ONpelesenneM (QyHKUMH g (f), UMeeM

3
f sin@m—+1)6 LEE2D 46

sin 6

Sn () — S0 =+

a

(X199

T

— 20
+1 /sxn(2m+1)e.f(ismT2lde
)
]

Tax xax cosec 0 sBasercs HempepbiRHOH (yHKuUuMeRt Ha OTpeske

3 =

(- 3):
10 oTciona caeayer, uto f(xt20)cosec® O6yayr unTerpupyeMuiMu
¢yHKIUAME ¢ a0COMIOTHO CXONALUMMHUCAE HHTErpataMyu; CJaeloBaTeNbHO,
no JaemMme Pumana — JleGera [§ 9.41 (I)] o6e unmezpara cnpasa
8 NOCAEOHEeM DABEHCMSE CMPEMAMCA K HYAI0, K020a m—» 0O,

Wuaye rosops,
lim {8, (x)— ﬁ,l,)(x)]=0.
. m-»co

Orcioaa B cuiay

lmSWw=gw+m+fu~w
m-» oo
clelyer, YTo '

lim S, ()= (f (04 f (x—O).

Hmar, mw o0oxa3asru, 4mo pk() Dypve, coomsemcemsyouul
[ee]

dyuryuu f(t), a umenno pao % a,-+ Z (a,cosnx~b,sinnx), cxo-
) n=1
dumcs u e20 cyMMa pasxa

S {F 0+ F(x—O)).

9.43. JoxasateanctBo Jupuxje — Bonne reopeMn Pypne

[IpeicTaBaseT HeKOTOPHH MHTepec AOKasaThb TeopeMy § 9.42 He-
NOCPeNCTBEHHO, He Tpuberas K TeOpHH, CymMupoBanud. COOTBETCTBEHHO
STOMY Mbl LAJUM Tenepb AOKA3aTe]bCTBO, MMeiOllee TOT e OOmuMH Xa-
pakTep, YTO M IOKA3aTelbCTBA, MpUHAAJexamue Jupuxne # DoHHe.
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Kak 06biuHO, 0603HAYMM CyMMy NepBHX m—1 ujeHoB psma dypre
yepe3 §,, (x) rToraa corsacHo § 9.42 umeem

S, (x) = lj snn(?srlnn—é—l)ﬁ F (6 +26) db +

nala

-+

ale

f L“@L”ﬂf(x_ge)dg_

sin f
0

Ho, uuTerpupys paBeHCTBO

s—in—(%—é;l—)—g—zl—i—%os%—{—?cosw-{— eo. +2cos2mb,
nMeeM
F]
j' sm(2m+l)0 n
sin 0 =73
0
TaK 4TO

Sp(¥) — 5 f (X HO+ f(x—0)) =

of 8

=%f“—“%"§—“§ﬂ{f(x+2e>—f<x+0>}de+

0

2 / SERADD (76— 20)— £ (x — O)
Ins noxasareabcTBa paBeHCTBA
lim 8, ()= (f(x+0+F (x—0)

LOCTATOYHO IMOKasaTb, UTO

k]

2

fim fwcp(e)a’a:o,
m-»oo .

sin 0
0

rae 3a ¢(0) moouepenHo npHHEMaeTcs oiHA M3 (YHKUMH

fx+20)— f(x+0), f(x—28)—f(x—0)
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Ho, corsacio mnpumepy 4 § 3.64, O¢(0)cosecO siBagercs obyHkumett
C orpaHH4YeHHO} BapHalMeii HAa HEKOTOPOM OTpe3Ke, y KOTOPOro OAHOH
M3 KOHUEBHIX Tovek Gyner 6= 01); no3ToOMy MOXHO HalHCaTb

B (8) cosec b =y, (8) — %, (0),
rie ¥;(8), yo(0) — Takue orpaHMuEHHEIE MOJOKUTENAbHEE HeyOLIBAIOLIHE

¢yukunu ot 6, uro

X1 (-£0) =y (-£0)=0.
[TosTOMYy [/ NAHHOTO MPOMSBOJBLHOTO MOJMOXKHTEJILHOIO UHCAA € MBI
MOXeM BHIGpPATb TAKOE INOJIOKHUTEJIbHOE YUCJIO O, 4TO

0<Cu®)<e 0Ly (B) <,

Korna
8
0 < 6 il 7 .

BriBesieM Tellepb HEPaBeHCTBA, KOTODHIM YIOBJETBOPAIOT TPH HHTErpaia
CrpaBa B OYEBUAHOM PABEHCTBE

3

2

i i} .
[HnCmA DY ¢ gyap = [ sinczm 41020 ap 4

sin § .

o} 3

)

| o

3 3

2

T
+[ﬂ'ﬂ2—%iﬂxl(ﬁ)d9—f _bil‘l_(_?_m_ﬂ—]_—_l)_@)w (6) 0.
0 0

Monyab mepBoro MHTerpana MOMeTr ObTb CleJaH MeHblle, YeM €, ecJ
B3ATb m JA0CTATOUHO OoJsbliuM; 310 caenyer u3 § 9.41 (I), tax kak

: [ B A
unterpan ot ¢ (8)cosec no orpesky 7 7 abCcoIIOTHO CXOLHUTCS.

Janee, 1o BTOpPOH TeopeMe O CpelHeM 3HAYEHHH HMeEeTCs TaKOe YHCJIO §
Mexny O u 3, uto
)

2
/' sin (2m6—[— 1o 11 (0) b | =

0

: (+)
3 sin 2m 4~ 1) 8 3 sinu
L (2) [ Smemt 0 gy () e g,
<2 5 6 (2 (m+/l‘)g u
2 2

') Opyro# koHueBo#l Toukoit 6yzeT 6= (b — x)/2 wuan 0 = (x — a)/2 coor-
BETCTBEHHO Tomy, 6yuzer au ¢ (0) npeacraBisTh mepBylo HJAH BTOPYIO U3 pac-
CMATpUBAEMbIX QYHKIUH.
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[ae)
- sint
Tak Kak / 7 dt cxomutcd, TO
0

oo

sin u
/ du
. u

B
uMeeT BepxHIOl0 rpanuuy B 1), He sasucsuyw ot §; OTCiOAa fCHO, YTO

o} o

[ Rment Dy, (ya| < 284 (3) < 28,
0

Tloctynas ¢ TpeTbUM MHTErpasoM NOLOOHBIM e 0GpasoM, BHIMM.
YTO MBI MOXEM CIeJaTb

ki

2
[EnCmEDY o @) as| < 4B+ e,
0

sin §

B3sB m JAOCTATOUHO OOJbLIUM; maxKium 06pa3om, me 00KA3AAU, ¥MO

T

2

Mmoo sin B

Ho Mbl yKe BHI@JH, YTO 9TO fBJISETCA NOCTATOYHBIM YCJAOBUEM IJst
. 1
TOro, 4TOGH NMpefes cyMmu S, (x) Obit paBen 5 {(f(x—+0)+ f(x—0));

NO3TOMY CXOLMMOCTb psia Pypbe NMpH YCJIOBHUAX, M3JNOKEHHHX B § 9.42.
YCTaHOBJIEHA. )

HpuMevanune. Yuratemo crenyer 3aMeTHTh, YTO B OGOMX NOKA3aTeJb-
cTBax cxoauMoctTu pana Pypbe Tpebyerca 8mopas TeopeMa O CPelHEM 3Haye-
HHM, a JJIf JOKa3aTeJbCTBA CYMMHMPYEMOCTH psifia HOCTaTOYHO nepsoii TeopeMbl
o cpenHeM 3nauenun. CiefyeT Tax:kKe OTMETHTb, YTO, B TO BpPeMs Kak IpH JO-
Ka8aTeNbCTBE CYMMUDYEMOCTH B KAaKOH-IM60 TOUKE X HaKJaLbIBalOTCS OrpaHu-
tenuss Ha f(f) Bo Bced o6aacTu (— w, m), HCOOGXONUMBIM JOMONHUTENAbHBIM Orpa-
HHyeHueM s o0ecmeuyeHHs CXOIMMOCTH DpfAfla fBJASETCS TOJbKO OrpaHHYeHHE
nosejieHHs (QYHKIUH B HENMOCPEICTBEHHOM COCEJCTBe ¢ TOUKOH x. PakT 3aBucu-
MOCTH CXOJHMOCTH TOJBKO OT TMOBelleHHs OYHKLHUU B HENOCPENCTBEHHOM

') Yutatemo OyaeT HHTEPECHO NOKa3aThb, 4TO

feo]

sin u T
B:'—/' dy = —
. u
0
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coceAcTBe ¢ x (IpH yCJAOBHM, uTO QyHKUHA HMeeT a6CONIOTHO cxonsumuiics HHTe-
rpan) Obln 3amedeH Pumanom u mopuepkuyr JleGerom (Lebesgue, Séries
trigonométriques, 60).

Ycnosue '), 4TO X €CTb BHYTPEHHSS TOYKA HMHTEpPBana, B KOTOPOM f(f)
MMEET OTrPAHUYEHHYI0 BapHAIHIO, ABJIAETCH, OYEBHUIHO, TOJABKO JOCTATOYHLIM NS
CXOXMMOCTH psifia Pypbe, ¥ OHO MOXeT OHTb 3aMEHEHO JIOGHIM YCIOBHEM, IPH
KOTOPOM

k3

2

lim /w?(ﬂ)d0=0.

m->co sin §
0

YenoBue XopnaHa TeM He MeHee ABJSETCH €CTECTBEHHBIM BHIOH3MEHEHHEM
ycnoBua [lupuxae, cOCTOSIIErO B TOM, 4TO (QYHKUHUS f(f) uMeeT KOHEYHOe YHCJIO
MaKCHMyMOB H MHHHMYMOB, OHO HE YBeNHUHBAET TPYLHOCTH AOKA3aTEALCTBA.

Hpyroe ycaosue npunagsexur Junn (Dini, Sopra le serie di Fourier,

a
Pisa, 1880); oHo cocTouT B TOM, 4TO MHTErpai f@(ﬂ) db, rae
0

® (0) = f(X+20)+f(X-—20)(;-—f(x+0)—-f(x_()) .

AOMKEH CXONHTbCA abCOMOTHO NPH KAKOM-HUGYAb NONOWKHUTENbHOM 3HAUCHHH 4.

[Ecan 3TO ycrOBHE BHINOJAHEHO, TO IJAf NAHHOTO € MH MOMEM HalTH
Takoe b, 4ro° _
o

2

f]cp‘(e)[de<e,
0
& Torjxa R
T

/sin(2m+1)e'sig_ec1>(e)de <—é—ne;
0

yTBEpKAEHHE, UTO
T

2
/Sin(2m+1)6¢(0)dﬁ <e
sin 0 '

3

2

31]:1% ,uoc]TaTOqu 6OABUINX 3HAUSHHH m BHITEKAeT IPH STOM M3 NeMMb Pumana —
ebera.

Bosee orpannumtensHoe ycaosue, ueM ycaosue Juuu, npunHamaexur Jlum-
muny (Lipschitz, Journal fir Math, LXIH, 296 (1864)), a wumeHHO:
l¢ (B)| < Cb% rme C u k nONOXHMTENbHB W He 3aBHCAT OT 0. OTHOCHTEAbHO
ApyrHX ycioBuil, npunannexamux Jle6ery u Baase-Ilycceny, cM. KHHTY mocuef-
Hero «Kypc ananusa GeckoHeyHO MaJawix», T. II, cTp. 131—-138. Cuaenyer OTMETUTS,

') Mpunaanexamee XKopaany (Jordan, Comptes Rendus, XCII, 228 (1881)).
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at0 yeaoBue XopiaHa oTandaeTcs Mo xapakTepy o ycaosua Luuu; ycaosue Jumnu
€CTb YCJOBHE TOrO, 4TOGH pAJ CXONHJACSA B HEKOTOPOH moO4ke WHTEpBana. (— w,m),
a ycaosue M{opjama ecTb YCAOBHE TOro, UTOOB! DS CXOAMACH B HEKOTODOM
unmepsane. :

9.44. PaBHOMepHAs CXOAUMOCTb psgoB dypse

[lycts f(¢f) yzoBaerBopseT ykasanHbiM B § 942 ycaoBuaM, M NyCTb OHa
6yner Henpepusnoil (B JIONOJHEHHE K OrPaHHYECHHOCTH. BapHAlHH) B HHTEpBaJe
(a, b). Tozda psd @ypove, coomsememsyouwuii Pyuryun f(t), cxodumcs pas-
HOMEDHO K cyMue f(x) 80 scex moukax x, 0As komopox a3 <L x<Lb—=3,
20e ¥ — 21060e NONONCUMENLHOE HUCAO.

Iycts & (¢f) — BciomoratenbHas GyHkuua, paBHas f(f) npu a<{i<b n
HYJIO- 1l OCTAJbHHIX 3HAa4YeHHR ! Ha oTpeske (—=, m), 4 NycTh a,, B, o6o3Ha-

qaloT kospduunentnt Pypre dyskuuu £ (¢). Hanee, nycrp S}Z) (x) obosnauaer .
cymmy nepBHx m -1 uneHoB paga Pypbe, cooTBeTCTByWOLIero byHKuuH A (F)
Torza no caeacteuio 2 § 9.4 psn

[ee]
—%—ao + 2 (2, cos nx - 8, sin nx)
n=1
Oyner pashoMepHO Cymmupyex Ha BceM orpeske (a8, b-—3); a Tak Kak

1
Ia” cosnx+aninnx!<(“i+ﬁi)2’

rie npasas 4acTb He 3aBHCHT OT X M, coruacHo § 941 (II), 6ymer O(1/n), 0
no caepctsuio § 8.5 pan

[o0)
-;-a,, + 2 (2, cos nx - B, sin nx)
n=1

CXONMTCA PaBHOMEPHO K cyMMe h (x), paBHOH f(x).
Tenepb, kak B § 9.42,

3
s,,,(x)—sﬁ(x):_ﬂl_ f sin@m+ D8 oot opyant
X

/ sin 0

b—x
3

vl a

+1 / sin@m+1)8 (28';;’5‘ DO ¢(x—26) as.
X—-a
2

Kak B § 9.41, BO3bMeM NPOUSBOABHOE MOJOKHTENBHOE UHCJIO € M 3aTEM 3aKJIOUMM
TOUKH, B KOTOPHIX f (f) 6yAeT He OrpaHuueHa, B TakKHe HHTEPBAJH dy, By, ..., By,

410 o
2 flf(t)]dt<e.
r=1 6'_
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Ecau K -—BepxHsas rpanuna |f(f)] BHE 3THX HHTEDBaJOB, TO Mbl HMECM,
kak B § 941, onK
» n

I S, (x)— Sﬁ) (x) l < (m + 23) cosec B,

rie BHOGOD n 3aBHCHT TOJBKO OT a4 M b u oT Buia ¢yuxuuu f(£). Otciona
BMIHO, YTO MBI MOXEM CJeJaTb lSm (x)—Sfl) (x)[ TPOU3BOJBHO MaJbIM, Bhi-

Gupasi m HE3a8UCUMO OT X, TaK 91O S, (X) — sz) (x) cTpeMHTCA K HYJI0 paBHO-

mepHo. Ilockoabky S}fl) (x) > f(x) paBrOMepHO, ficHO, 4TO H S, (x) > f(x)
TaKXe PaBHOMEPHO, a 3TO H €CTb De3yabTaT, KOTOPHH Tpe6GoBanoCh 70Ka3aTh.

Mpumeuanue Caeryer OTMETHTh, YTO HENb3s CAelaTh OOILEro yrBep-
MICHHS OTHOCHTENbHO PABHOMEPHOH MM a6COMOTHOH CXONMMOCTH PsioB Pypbe.
Tak, nanpumep, pax B npumepe 1 § 9.11 cXORUTCA PaBHOMEPHO, 33 HCKJIIOYEHUEM
okpecTHOCcTelt Touek x = (21 - 1) %, HO CXOANTCA aGCOMOTHO TOJBKO NPH X = A,
B TO BpeMda Kak psai B mpumepe 2 § 9.11 cxonurcs paBHOMepHO H aGCOJIOTHO
IJst BCeX BEIECTBEHHbIX 3HaueHuil x.

Mpumep 1. Ilycte ¢ (6) ynoBieTsopseT HalJiexKalMUM YCJIOBHAM Ha OT-
peske (0, m); mokasarh, uTO

kig

L 2

lim fw,P(o)de: lim Mﬂe)de_}_
m—)ooo

m->co sin 0 sin 6
0

™

2
+tim [ SCREDT, gy g0 = Lo (40 + ¢ (=—O)L

Mmoo sin 6
0

Mpumep 2. Jokasars, uto npH @ >0

[ee]
lim /Ma'ae db = }_ncth —(EE.
neo o sin 0 2 2
(Math. Trip., 1894)
[[Toxasatb, uT0
© mm
/we—ae db = lim f we’ae db =
sin 0 m->co sin 0

. 0

- tim f sin (2'.1+1)6 {e_a6+e—a(9+7t)+ s ema0rmR) gp
Mmoo sin 0
0 T
_/' sin@n4-1)0 e~ 48

sin 8 1]—e—an

M BOCHOJb30BAThCA mpuMepoM 1.]
Mpumep 3. PaccMoTpeTs PaBHOMEPHYIO CXOLMMOCTh paAnoB Pypse mpu
noMolu KHTerpanoB Jupuxie — BoHHe, He NOJb3YSACh TEOPHEH CyMMHPYEMOCTH.
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9.5. Teopema [ypsuna — JlanynoBa!) o koadduumentax Pypne

Ilycms  f(x) oepanuvena 8 unmepsase (— =, m), 4 nycms
ff(x)dx cywecmeyem, Maic. 4mMo cywecmsyiom rxospduyienmot

gypbe a, b, gynxguu f(x). Tozoa pao
1 \
7o+ (G40
n=1

cxooumcs u ezo cymma pasxa?)

K

L [rwpas.

—T
[MokaxceM cHauasia, ucnoab3ysi oGosHauenus § 9.4, uro
2

T m—1
lim f{f(x)f—,}l— ZS,,(x)} dx = 0.
T n=0

m-»co _‘
Pasnemnm oTpesok (— n,‘n) Ha 4r uacTed, kKawaas AauHo# 3; mycte U,
¥ L, — BepXHfil U HWKHHAA TpaHuubl f(x) Ha OTpeske
{@pr—1)d—m, (2p+43)3 —=},

a§ %egxxmﬂ rpanuna | f (x)| Ha.oTpeske (—, =) paBua K. Torxa mo caeacrsuio 1.

m~1
£ = 380 ()
n=0

" m sin? = m sin?
2 2

2 1
<Up— L+ —2 <2K(1+———3—).
KOrJa X JewMT Mexay 2p8 —= u (2p 4-2)% —m.
CuenoBatenbHo, IO HEPBOH TeopeMe O CpeiaHeM 3HaUeHHH
™ m-1 2
1
f{f(x)—»ﬁ 2‘ S,,(x)} dx <
n=

—% 0

2r—1
1 O 8Krd
<U[1t——p 0 ¥ W, — L)+ —5
msin? ~ p=0 m sin? -

2 2

'y Math. Ann,, LVII, 429 (1903). JisnyHos otkpea TeopeMy B 1896 r. u ony-
6auxoBan ee B M3BecTusx MaTeMarmueckoro o-Ba XapbKOBCKOTO YHHBEPCHTeTa.
Cum. Comptes Rendus, CXXXVI, 1024 (1898).

%) Jror uHTerpan cymecrsyer coraacHo npumepy 1 § 4.12. HokasaTenbcTBO
TeopeMnl, AaHHoe Banne-Ilycceno, nanaraer na QyHkuuio f(X) eXnHCTBEHHOE
OrDaHHYEHHE, YTO MOJXKHBl CYLIECTBOBATb HECOGCTBEHHbIE MHTErpann GyHKIui
S(x) u {f(x)}? no orpesky (—m, n). CM, ero «Kypc aHaiusa GecKOHEUHO Ma-
abix», 1. I, cTp. 1563—154.
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lak xak f(x) uurerpupyema B cmbicie Pumana (§ 4.12), To oba BhipaxeHus

r—1 r—1

L (Usp—1Lypy) u 43 Z(U2p+l_l‘2p+l)
p=0 p=0

MOXHO CHeJaTh NPOM3BOJBHO MaibiMH, €CHM B3ATb 7 JAOCTAaTOYHO GojbmuM.
Bu6pas Takoe r (M TeM CaMbiM BbiGpaB 3), Mbl MOXeM 3aTeM BbGparb m; CTOJb

60JbIINM, HTO GyleT npousBOJbHO MaabiM. HHaue rosopsi, Mb

r
m sin? (3/2)
MOXEM CHeNaTh BHpPaXeHHE CNPaBa B INOCAEIHEM HEPaBeHCTBE MPOHM3BOJBHO
MaJbiM, JaBas m Jqi06oe 3HaueHHe, Goibluee, YeM BHIOpAHHOE 3HaueHHe m;.
Orciona caenyer, 4To BhIpaweHHe B JeBOH 4aCTH HEPaBeHCTBa OyNeT CTPEeMHTbCA
K HYJIO OpH m —> Co.

Ho ouemuano, uro

- m-1 2 e m—
[1r@—n XS} dx= f{f(so— DESIES a=
- n=0 B n=0
g m—1 m-—1 2
= [{ro—Yaw+ Do 4,6} dx=
- . n=0 n=0
T m-1 ]2 T rm—1 2
= f f(x)—ZAn(x)Idx—{— f Z%A,,'(x) dx +
-7 n=90 - n=90

g m-1 m—1
+2 [17— Y 4w ZA,,<x)}dx=
- n=0 n=0 )

v m—1 2 1
= / f)— EAn(x) dx'+—”':—, Zn2(a§+b§),
" n=0 n=0
TaK Kak

n m—1
[rwawae= [{¥ 4,014, ®ax

- n=0

npu r=0, 1, 2, ..., m— 1.

- Hurerpan caesa CTPeMHTC K HYy/MIO, W MO NOKA3aHHOMY OH paBeH
CyMMe [BYX [MOJIOXMTENbHHIX BHPaXeHHH; CleloBaTe/bHO, Kaxioe H3
3THX BHIPaXEHMH# CTPEMHTCA K HYJMIO; TaKMM 00pasom,

T

f Jx)— mzl Ay (x) }2dx - 0.

-% n=0
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Ho 3zech Bbhipaxenue cjeBa PaBHO

= m—1

‘/I{f(x)}gdx—Q '/T:{f(x)“”ifl,,(x)}{zAn(x)}dx—

-—TC

—_ j:{mgl/ln(x)}?dxz f{f(x)}mx—— !f{”ilAn(x)}?dx=
-z | n=0 - -z \n=0

I m—1
[1 N .
= / (f(x))2dx — =} §a3—{— }‘(ai—{—bn)},
-% l n=1
TaK 4TO0 npua m —> oo
‘ T m—1
(f (0))2dx s34 Y, (a2 482) L >0
) f(x) — i at (a2 + n) —0.
—n n=1
TakuMm 006pa3oM, TeopeMa /[OKasaHa.
Canencreue. Teopema I[lapcesans!).
Mycth pyuxuuu f(x), F(x) yroBaeTrBopsioT yCJIOBHAM, HaNOKEHHBIM Ha f(x)
B HauaJe 3Toro naparpada, u nycts A,, B, — xosdduauento Pypre byHKnuu

F(x), TOrZa MOYJMEHHEIM BBIYMTAHHEM CJAEAYIOIUX JIBYX PaBEHCTB, KOTOpble 3a-
NHCaHBl B BUJE OJHOTO PaBEHCTBA: _

T

/ (F0) £ F(o))2dx =

-7

== [é— (a0 £ A+ ¥ (@ = Ap¥ o (b B,o*}] .
n=1

noayuaem

[ rer@ax= { 5 oo+ i (ann+ an,o}.

n=1

9.6. PuMaHOBa TeOpHA TPUTOHOMETPHUUYECKHX PANOB

Teopus [upuxne Aas psanos Pypbe NOCBALIEHA psiaM, KOTOpHIE
NPeACTaBAMIOT 3a]anHble (YHKUMM. Baxubifi 1mar Bnepeld B 3TOH TeOpHH
Obla coenad PuMaHOM, KOTOpHI# paccMorTpen cBoHcTBa (yHKUMH, onpe-

" Parseval, Mém. par. divers savants, 1, 639—648 (1805). [lapceBaan,
KOHEYHO, TPEATIONaral BO3MOXHOCTH MOUJICHHOrO WHTErPUPOBAHHA TPHUIQHOMET-
PHUECKHX DSOB.

17 3. T. Yurrekep, Jk. H. Barcon
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JesfieMblx psiaMu Tuna b)

oo
1 N\ .
5 @+ L (a,cosnx b, sinnx),
=1
rie MpeinosaraeTcs, 4YTo

lim (a,cosnx - b, sinnx) =0.
n-»>co

IIpensaputenbHO MB JadMM [peNJOXEHUS, BeAylide K TeopeMe Pu-
MaHa 2), cocrtosiie B TOM, 4YTO eCad [Ba TPUrOHOMeTPHUECKHX psia
CXO/ATCS M paBHBl BO BCeX TOYKaX OTpe3Ka (— w, W) C BO3MOXHBIM
HCKJIIOYEHHeM KOHEYHOTO uMCJa TOYeK, TO COOTBETCTBYIOLIHE KO3(ddu-
uMeHTel ofoux paaoB OYAYT pPaBHEL.

9.61. AccouunpoBanHaa ¢pyHkuusa Pumana

OGo3Hauum cymmy psia

—21—a0+ 2 (a,cosnx b, sinnx)y= A4, + 2 A, (x)

n=1 n=1

BO BCAKOH TOYKe, rae OH cxoautcs, veped f(x). IlycTe, nanee,

F (%)= 5 Apx? — 3, n724,(x).

n=1

Toz0a, ecau paod, onpedessiowmusi f(x), cxodumcs 80 Bcex MOYKAX
KaKozo-4u60 unmepsarq, mo pao, onpedeasiowuii F (x), cxodumcsa
045 8CeX BEU,eCMBEHHBLX 3HAYEHUD X.

YroObnl 3TO 10Ka3aTb, HaM HyxHa OyaeT ciaelylolias JemMa, Npu-
Hanaexamas Kanropy: '

Jemma Kanrtopa 3). Ecau lim A,(x)=0 0as 8cex snauenud x na
n

o0
HEKOMOpOM ompesre a < x <L b, mo a,—>0, bp,—>0.
BosbMeMm nBe ToukM X, x -8 storo orpedka. Toria pas 3aJlaHHOrO & MBI
MOXEeM HaliTH Takoe ry %), uTo Ipu 1 > n,

@, cos nx 4 b,sinnx| <e, |aycosn(x—438)4b,sinn(x4-3)| <e.

) B § 9.6 —9.632 6ykBH a,, b, He 06s3aTeNbHO 00p3HAYAIOT KO3GDPULMEHTHE

Pypbe.
yp"‘) Iannoe pokasartennctBo mpuHapiexut I'. Kantopy (G. Cantor, Journal
fiir Math., LXXII, 130—142 (1870)).

3) PumaH, MO-BHIMMOMY, CUMTaJ 3TOT Pe3YJbTAT OUEBHIHMM. [laHHOe 31ech
JI0Ka3aTeAbCTBO SIBASETCS BHIOH3MeHeHHeM nokasateabcTBa Kantopa (Cantor,
Math. Ann., IV, 139—143 (1871) u Journal fiir Math. LXXII, 130—138 (1870)).

4) 3naueHHe ny 3aBHCHT OT & M O,
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TMostoMmy
| cos nd (@, cos nx - by, sin nx) 4-sin nd (—a, sin nx b, cos nx) | < e,
Ho tak kak '
| cos nd (a, cos nx | b, sin nx)| < e,
10
| sin nd (— a, sin nx + b, cos nx)| < 2¢;
¢ ApYroH CTODOHBI, OUEBHIHO, UTO
' | sin 1d (@, cos nx b, sin nx) | < 2e.
Bo3BoAs B KBAaJpaT NOCJAeJHHE JBA HEPABEHCTBA M CKJAfAbIBasf, MOAYYHM

1
(a%l +b,21)7 |sinnd| <2:V2.

Tenepp TUPEANOJNONXUM, YTO &, b, He cTpeMaATCs K eIHHCTBEHHOMY npexeny O;
MOKaXeM, 4TO 3T0 NPEANOJOXeHUe NPUBOJUT K MPOTHBOpeunio. JleHcTBUTENbHO,
N0 3TOMY NPENNOJOKEHUIO CYHIECTBYET HEKOMOpOe NOJNOKHTENbHOE UHCIO €
TaKoe, 4YTO- HafjgeTcs OecKOHeuHas BO3pacraminas I0CAEIOBATENLHOCTD 7,
o 21!

ny, ... 3HAYEHHH n, AJ8 KOTOPHIX (a?l —{-b;z) o > 450.

HasoBeM o6aacty 3HaueHu#l 8 Ha BeuwecTBeHHOH ocu oTpe3koM [, nauumt L,,

4 7
[lycte n; — naumMenbilee u3 NENbIX YHCEA 7, IAf KOTOPHIX nyL, > 2m;

. 7 » -
TOFja sinn, y mpoijeT 4epe3 Bce CBOM 3HaueHHd Ha ortpeske /,; HaszoBeM /,

1
oTpesok '), cogepxamuiica B /|, B KOTOpPOM sin n{y > ’—VQ—; ero JJHMHA paBHa

9 ! 1
—— = L,. TlycTh 3aTeM n, — HauMeHblee M3 LEJbIX YHCeN n,( > nl),,)um KO-

2ny.
. ’

TOPBIX n;L2> 2r, TaK 4TO Sin 7,y TNPOXOAMT uepe3 BCe CBOM 3HAUEHHA Ha

otpeske [,; HazoBeM [; TOT W3 OFPESKOB, coiepwamuxca B [, B KOTOPOM
™

sin n;y > ——; €ro JaJMHa paBHa — = L;. Mbl nmoayunM, Takum oOpasoM,
V2 2ny

N0CJel0BaTENbHOCTh YOBIBAOWUX OTPe3KOB [y, [y, ..., U3 KOTOPHIX KaXAbIH MoO-

caepyoiuil conepaUTCa B NPexblayieM. JCHO U3 onpeleseHHs HPPANHOHANBHOTO
ypcaa, UTO HMEeTCH TOYKA a, COJIEPIKALIasics BO BCEX 3THX OTPE3Kax, H

. 7 ’ 7 s
sin na nas n=ny, ny, ... (1> n)

1
> ey
Jlist 3TUX 3HAUEHUH n .
(a2 +82)2 sinna > 25,V 2.

Ho Hamu 6B110 OKA3aHO, YTO MO JTAHHBIM YHCJIAM o H ¢ Mbl MOXEM HAHTH TaKOE 7g,
YTO NPH 1t > M

1
(a2 +82)7 |sinna| <2:V2;

7
TaK KaKk HEKOTOpbie 3HaueHus n, 6yayT Goabine, ueMm ny, TO MBI NPHINIH K TpO-
TUBOPEYHIO, HOO MBI MOXEM B3ATh ¢ < ey CAECKOBATENbHO, @, >0, b, ->0.

) Ecan uMeercqa GoJblle 4eM OAHMH Taxoi OTPe30K, TO caAelyeT B3ATb TOT,
KOTOpHill JEXUT CJeBa.

17*
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[peanonaras, 4ro psia, onpejeasgiomuiél f(x), CXOIUTCA BO BCeX
TOUYKaX. HEKOTOPOTO OTpe3Ka BeIECTBEHHOH OCH, MBl TOJAYyYaeM, YTO
a,—>0, b,—> 0. ITosTOMy A4 BCeX BELIECTBEHHBLIX 3HAYeHHH X

1
| @,cosnx—+b,sinnx| L (& +b2)7 >0,

a 3Hauur, cornacHo § 3.34, psan
1 L
o Agx? — Y, 1724, () = F (x)

n=1

CX0AuTCa aGCOMIOTHO M PaBHOMEPHO JJIA BCEX BELUECTBEHHBIX 3HAYCHHH X;
crenoBatenbHo, F(x)  npencrasaseT co0ofi  HenpepbiBHYI0 (QYHKLMIO
or x (§ 3.32).

9.62. CeoiicTBa acconuupoBaHHoi GyHkuuu Pumana;
nepsas nemma Pumana

Tenepb Mbl MOXEM JOKasaTb IHepByi0 JeMMy PuMaHa:

ITycmo

F (x -+ 20) + F {x — 2a) — 2F (x)
402 !

lim G(x, a)==f(x)
a—>0 ’

G(x, Ot):

mozoa

[ee]

npu ycaosuu, wmo pso 2 A, (x)cxodumes 09 poccmuampusaemozo
) n=0

3HaYenus X.
Tak kak psaas, onpepenstowne F(x), F(x & 2a), cxoxarcd, TO MH
MOXeM CKJIaJbiBATh UX MOWIEHHO M, 3aMeuas, 4TO

cosn(x -+ 20)-cosn(x — 2a) — 2cosnx = — 4 sinna cos nx,
sinn (x— 20) +sinn (x — 2a) — 2 sin nx = — 4 sin? na sin nx,
HalineM, 4To

G(x, o)=Ay+ i (S‘" na )2 A, (%)

na
n=1

[Tokaxem Temepb, YTO 3TOT PN CXOLUTCA pPABHOMEPHO OTHOCH-
TeJbHO @ [IJf BCEX 3HayeHMH o MPH YCJIOBHH, YTO PSR

X A, (x)
n=1
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cxonutcs. Tpebyembi#i pesynbTaT sBAAeTCA TOrAa HENOCPeACTBEHHEIM
crencteueM § 3.32, ubo ecam

Fo(@)= (sm :La

) @0 w 7,0=1,
10 f,(a) GyleT HempephiBHAa A9 BCeX 3HAYeHUH o H, TAKUM 06pasoM,
G (x, a) Gyler HempepniBHOM (yHKUMER OT o, Tak 4TO corjacHo § 3.2

G(x, 0)=lim G (x, ).
a0
Yro6u HoxasaTb, 4To psz, onpeneasiomuft G(x, @), CXOAUTCS paB-

HOMEpHO, TPUMEHHUM npusHaK, JaHHu# B mpumepe 2 § 3.35. Bripae-

HHe, COOTBeTCTBYlomee w,(x), Oyrer f,(a), u sicHo, uto | f,(2)| <1
NO3TOMY J10CTATOYHO NOKa3aTh, YTO

Z (a1 @ — fo @] <K,

rae K He 3aBHCHUT OT «.

B camom nene, mycTh § — Taxkoe umcao, uto s|al<w < (s-+1)}al; koraa
a %= 0, Mb uMeeM !)

Zlf,m(a)—fn(a)l—E @) — i (@) = S sin? sa

T (sap
n=1 n=1
Hanee,
¥ e @—fa @)=
n=s+1 o .
sin? na {1 1 sin? na —sin? (n + 1) a

2 N —arm + tire <

+

{% 1

< u &2‘

1 N [sin?ne—sin?(n+1)a|
(W_ (n-l-l)2>—*ﬁn_'5:+1 (1)l

1 \' |sinasin(2n4+1)a]
R CES Zl GFipe S
n=s+

<I)

lsmai N\ 1
<eFyetE 241’ e
n=s+
<%+!sina| dx 1

@) GEw s =5 T

1) Tax xax x~!sinx ymedbmaerca npu pospactanau x or 0 1o =,
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[Mosromy

sinfa  sin? s J_( sin?se , sinZ (s 4 1) a)

2{fn+1(a)—fn(°‘)|< P RS i B ) -+ (5+1)2az)+
n=1

1
<l

Tax kak 9Te BHIpaXKeHHE HE 3aBHCUT OT o, TO Tpebyemblil pesyJbTaT AekasaH !).

oo
CaepoBaTe/bHO, ecad psl Z A, (x) eXORUTCH, TO PSill, ONpERES0-
n=0

wu# G (x, @), CXOAUTCH PABHOMEPHO OTHOCUTEJbLHO & A/l BCEX 3Haye-
HU# o M, KaK MBl ¥ YTBEpXIAaMd BHILIE,

limOG(x, a)==G (x, 0)=A,+ f}l Ay ()= f(x)
o~y n=

Mpumep. Ilycrs
Hx o = LETaTO PO e f) - Flr—e b D FFle—e—f)

e

o0
¥ mycth pan Y, Ap(X) CXOmuTCs; KOKA3ATh, UTO

n=0
H(x, a, ) > f(x),
a 8
Korjia a, B——)O TAKUM 06pa30M, 4YTO — H ‘; OCTalTCd OrpaHUYCHHBIMH.

B

(Riemann)
9.621. Bropas semma Pumana
Ilycmy 8 o6o3nanenunax §§ 9.6 —9.62 xosgpduyuenmn a,, b, —> 0,

mozoa
F(x+20) + F (x — 20) — 2F (x) —0

lim

a->0 4a
0Afl 8Cex 3HAueHUll x.
JeficTBUTE NBHO,
1 , O sin?
& (F(x+20)+ F (x — 22) — 2F (%)} = Az + }‘ S”,'ﬂ:“ A, (x);

n=1

Ho, cornaacHo npuMepy 3 § 9.11, npu o > 0 umeeM

s .

\! sinZne 1 . .
e =g (T

n=1

) 3To HepaBeHCTBO, OYEBHIHO, CIPaBELIHBO, Korja a == 0.
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1 TakuM ©00pasoM, NOCKOJbKY

Ay () adt Yy BN 4 (x)= Ay () at- 4 (x — ) 4, (1) +

n=1

n

o% 1 1 sin? ma
+L{7<w~a>—)W}{An+1(x>~An<x)},
n=1 m=1

Mbl BUAMM, cOrJacHO npuMepy 2 § 3.35, uTO 3TOT paa  cXOAUTCH

PaBHOMEPHO OTHOCHTENbHO & I/ BCeX 3HaueHHH a, GOABIINX Hyaa HaH
~ paBHHIX Hyo0 ).

Ho

lim o {F (x - 20)+ F (x — 22) — 2F ()} =

a-> +0

= linlo[Ao(x)““}"“%'(“‘a)/ll(x)"{"}]g,q(a) {An+1(x)‘—An(x)}:|,
e n=1

M STOT Ipefiesi B CUJY TeopeMb 10 § 3.32 paBeH 3HAUEHMID QYHKLHM

npu «==0; 9TO 3Havenme paBHO Hym0, TaK Kak lim A, (x)=0. Ilo
n-»co .
CHMMeTpDHUH 3aKJioyaeM, yTo lim == lim .
a->+0 a->—0

9.63. Teopema Pumana?) 0 TPHrOHOMETPHUYECKHMX pPsiIax

YV 08yx mpuzonomempuneckux paoos, cX00AUUXCA U PABHUX
80 B8CeX mMO4KaAx ompes3xa (— ™, T), ¢ BO3MONCHBIM UCKAOHEHUEM
KOHEUHO20 HUCAQ MOYEK, COOMBEMCMBYOWUE KOIPHUYUEHMbL PABHY.

HemocpencrsenHsiM BBIBOJOM M3 3TOH Teopembl 6yneT To, 4To GyHKUHA THTa,
paccmotpernoro B § 9.42, ne moxeT OnThb MpeACTaBJeHAa HAa OTpeske (— m, w)
HHKAKUM TPHUTOHOMETPHUYECKHM paloM, KpoMe pana Pypre. IT0 06CTOATENLCTBO
BrepBble Obuto ormeueno Jio Bya Peitmonom.

OTMETHM, UTO MOXHO HAaHTH M ApYyrue pas/oXeHHs, HallpuMep BHAA

[ee]

X \

ap z (am cos%— mx + By, sin%mx),
m=1

1) Ecau Mbl ompelenuM g,(a) paBeHCTBaMH

n
1 sin? m 1
G@=gE—a—Y T G £0) n g @) =5
m=1
To npu a 3> 0 dyHxuusa g, (o) 6yner HenpephBHOH H g, 1 () < gn(®).

2) JlokasaTeqbCTBO, NIPHBOAMMOE HaMy, npuHaaaexut I'. Kawropy (G. Can-
tor, Journal fir Math., LXXII, 1397—142 (1870) ).
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npeicTaBaAfomUe f(X) MEXAY -—m u 7; IEHCTBHTENbHO, NMOJOKHB X = 2%, pac-

cMotpuM dyHkuuo ¢ (§) Takylo, uto ¢ (§) = f(2€) npu ——% <E< —721 u ¢ §)=
=g) mpu —rn<E< —% U npH g— <t<m, rae g (&) — xakas-HuGyIb
QyHKuMs, yAoBJAeTBOpsomas ycaosuam § 9.43. Torma, ecan. Mbl pasaomum ¢ (€
B paa Pypbe BHIA

o0
dg + 2 (@, cos mS - 8, cos mg),

m=90

TO 3TO PpasJoXeHHe MpelCTaBHT f(x) NpH —= < X < ® U ACHO, UTO, MEHsd
¢yHknuo g (§), MOXHO TOAYYHTb HEOTDAHHYCHHOE YHCIO TAKHX pPas3oKeHHH.
Bompoc, paccmMatpuBaeMblif ceduac, COCTOMT B TOM, CYWECTBYIOT JH P, pac-
NIONIOXKEHHbIE 10 CHHYCaM U KOCHHYCAM (€AO4UCACHHHLX KPATHBHIX X, KOTOpHIE
OTAMYAIOTCA OT panoB Pypbe u Bce Xe NpeAcTaBasioT f(x) MeKAy —= U =.

JlonmycTuM, 4TO HMeeTCsi [IBa TPUrOHOMETPHYECKMX pala, YAOBJAETBO-
PAIOLIMX AAHHLIM YCJAOBHAM, H NYyCTb MX DAasHOCTbIO OyleT pan

At 2 Ay ()= f ().

Torna f(x)==0 BO BCcex TOYKax NpPOMEXYyTKa (— 7w, w), 3a HCKJIOUe-
HUEM KOHEYHOTO YHCJa TOYeK; Nyctb &, & -— IBe COCelHHe H3 3THUX
HCK/IOUHTEJbHBIX TOYeK, M NycThb F (X)-— acCOUMMPOBAHHAA (YHKUHUSA
Pumana. [lepefizeM K 10Ka3aTe/ibCTBY. JE€MMBl OTHOCHTE/JbHO 3HAueHUH

F(x) npu & < x < &,

9.631. Jlemma IliBapua!?)

B npomesxcymre § < x <& ¢ynrxyqus F(x) 6ydem auneiinoi gpynxyued
om x, ecau f(x)=0 8 amom npomexncymre. i
JleficTBUTENBHO, DYHKIHS
x—8 .y 1.,
¢ = 0[F () —F €) —F =2 (FG) = F @) | = 72 (r—8) (s — ),
rae =1 uan —1, nempepniBHa Ha orpeske & L x <& U ¢(§)=¢(&)=0.
Ecau mepBbii 4leH B ¢ (X) He paBeH TOXIECTBEHHO HyJO BO BCEM IpOMe-
wyTke ?), TO HaMIeTCA HEKOTOpas TOUKa X ==¢, B KOTOPOH OH Oyler OTJHYeH
oT uyas. BosbMeMm 3Hak 0 Tax, 4ToGb NepBbIH 4iaeH Obla MOMOKHUTENEH B TOHUKE ¢,
u 3ateM BbibepeM A CTOAb MaJabiM, uTOGB! ¢ (€) GblAa BCe elle NOJOXHTEAbHOH.
Tak kak ¢ (X) HenpepbiBHa, TO OHAa JOCTHIaeT CBOEH BepXHeH TIpaHHIBL
(§ 3.62), m sra BepxHas rpanuna GyJeT NOJOXKHUTEJbHOH, Tak Kak ¢ (¢) > 0.

'y Liutupyerca [. Kantopom (G. Cantor, Journal fir Math, LXXII
(1870) ). o ) :

2) Ecan o paBed Hyal0 BO BCeM IpoMexyTtke, 10 F (x) OyleT JAunelHoi
dyHKuue# ot X, -
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[Tyctb ¢ (x) mocTHraer cBOeH BEpXHEH rpaHumel B ¢y, TaK 9TO ¢; %= &;, €, +# &,.
Torpa no mnepBofi remme Pumana :

¢le+a)Fol—a—2%@) _,,
a? )

lim
a—>0

e(ci+a)<e(e) v(e—a)< ()

TaK YTO 3TOT Npene] NOMXKeH OblTh OTPHUATENbHBIM HJIM HYJEM.

TakuM 06pasoM, mpeamonaras, 4TO NEPBHH WIeH B ¢ (X) HE PaBEH TOXAECT-
BeHHO HyJI0 B npomexytke (&, £;), Ml mpumau k nporuBopeuuio. ITostoMy on
TOXISCTBEHHO PpaBeH HYJI0 H, cjefoBaTelbHo, F(x) aBagerca JAuHeHHOR QyHK-
nue#t or x B obnacTH & < x < &, JleMMa, TakuM 06pa3oM, NOKasaHa.

Ho

© 9. 632. JlokasareabCcTBO TeopeMsl Pumana

Msul BuauM, yTo KpHBas y= F.(X) COCTOUT U3 psiia OTPe3KOB, HAuasa
¥ KOHIBI KOTODHIX COOTBETCTBYIOT HCKAIOUMTEJbHBIM TOUKAM, M TaK Kak
paa, ompefensiowu#t F(x), OyAyun paBHOMEPHO CXONSLIUMCSH, SIBJISETCA
HEeNpepeiBHOW (QyHKUKER OT X, TO 3TH OTPe3KH COCOHMHAIOTCA B ONHY
HENPEPHBHYIO JOMaHYI0 JHHHIO.

Ho no Bropo# semme Pumani, naxe ecam §— HCKIIOUHTeJbHas
TOYKd, HMeeM
F(E40a)+ F(§—a) —2F (§) —0

o

Tlim
a->0

_ po6b, BXOAswas B STOT mpeles, NMPeACTaBASLT Pa3HOCTh HAKJIOHOB
IBYX OTPE3KOB NPSAMBIX, ‘BCTPEYAlOIUXCA B TOuke ¢ abcuuccolt & mo-
3TOMy o00a OTpe3Ka MMelOT OJHO HaNpaB/ieHHe, TaK YTO YpaBHeHHe
y=F(x) npenctaBaser OIHy npaMyl0 JHHMIO. Ecau MH Hanuiuem
F(x)=cx—¢’, To orciona cieayer, 4To ¢ ¥ ¢’ MMEIOT OLHH H. Te XKe
3HauYeHus Ihia scex 3HayeHuH x. Takum oOpasowm,

[e0)
1 U
- 2 oy — ! = -9
5 Agx cx —¢ _Zn A, (x),
n=1
npuYeM NpaBas YacTb STOFO PABEHCTBA MEPUOAMYECKAS C MEPHONOM 2.

ITosToMy seBasi 4acTh paBeHCTBA TaKxe JOJKHA ObITb MePHOAMYECKOH
¢ nepuoaoM 2w. .Orciona

Ay=0, ¢=0

[es]
—c¢' = X n24,(x).
n=1
Pan B mpaBolt uacTH 3TOTO pAaBEHCTBA CXOAMTCH DPABHOMEPHO, TaK
YTO MBI MOXEM YMHOXHTb €ro Ha COSAX WA Sinfx U NPOUHTEerpu-
poBath,
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310 naet

T
w2, = —c’ f@os nxdx =0,
-%

T
2%, = — ¢ f sinnx dx =0.
-T

[TosToMy BCe x03¢(@HUUMEHTH 3Iech PABHH HYMIO W y LBYX TPHrOHOMe-

(o]
TpUYeCKUX DSNLOB, PA3HOCTb KOTOpHX pasHa Ajy—+ 2 A, (x), cooTser-
n=1l

CTBylOIlMe KO(PPULUUEHTH PaBHHL.
A 510 M ecTb pe3yabTaT, BblCKasaHHHH B § 9.63.

© 9.7, MpeacraBienue GpyHKuun uHTErpajom ®dypne!l)

U3 § 9.43 caenmyer, uto ecau f(x)— HenpepbiBHAA (PyHKUHS, 3a
HCKIIOYeHUeM KOHEUHOrO YHC/A PpAaspbiBOB, W €CIH OHAa MMEeT OrpaHu-
YeHHYI0 BAPHUALMIO B NMPOMEXYTKe (— 00, ©O), TO HJA BCAKOH BHYMpeH-
#ell Touku x oTpeska (—a, §) umeeM

3

. i 1) (¢t —
tim f m@rtDE=D ;yat =

m->o0

= lim 4 =07 sin 0 (£ (x 4 20)+ 7 (x — 20)}.
06>0

HYCTb Tenephb X\ — moGoe BElIECTBEHHOE YUCJO0;, BO3bMEM IL€/J0€ YUCIO M
TaK, 4T0 A=2m - 127, roe 0 Ln< 1. ‘
“Torma corjaacro § 9.41 (i) ‘

B
[ fsinr¢— x)—sin@m—+ 1) ¢ — %)) ¢ — 07 f (O at =

-

. .
= f2 {cos (2m =1 -+ ) (t — x)) {sin (¢ — %)} (¢ — £)™" f () dt >0,

KOFIa m-—>0cO, TaKk Kak ¢yHKuus (f— %! f () sinn(t—x) wumeer
OTpaHHYeHHYI0 Bapuaumio. CleloBaTenbHO, MO HOKasawuwo#t B § 9.41
aemMe PumaHa — JleGera fiCHO, 4TO €CJX HHTErpaJibl

o 1]
[lrora w  [17@]at
0 —00

YFourier, La théorie analitique de la chaleur, ra. IX. O no3aHenme
paboTe mo uHTErpanamM Pypbe U O COBpeMEHHOH TeopuH «npeobpasopanuil Pyppe»
eM. Titchmarsch, Proe. Camb. Phil. Soc, XXI, 462—473 (1923) u Proc.
London Math. Soc. (2), XXIII, 279—289 (1924).



9.7. NPEICTABJIEHHE ®YHKUMM MHTETPAJIOM ®YPLE 267

cxonarca, Tol)

(o)

tim [ =D fi gt L (7 (e 4-0)+ £ (xr—0))

A->» o
—00

H#, CJIeJ0BATC/IbHO,

A->o0 5

Yro6u nouayunte ¢opMyay Pypbe, Mbl AO/KHB H3MEHHTb NOPALOK
MHTErPHPOBAHUA B STOM NOBTOPHOM HHTErpaJe.
Jlna mo60ro 3afaHHOTO 3HAYEHUs A M JIOOOTO I10JOXKHTEJILHOTO 3Ha-
YeHUs € CYLIECTBYeT TAKOe YHCIO B, 4To
oo

o

A
S \ |
lim {/cosu(t—x)dui-f(t)dt:%n{f(x—{— 0)+ f(x — 0)}.

[ sl <5
B8
noNoKHB cos u (t — X) f (¢)=¢ (¢, u), Mbl umeem?)

fo{fgo(t, u)du}}dt—f{focp(t, u)dtt}du

0 0 0

A

f{fcp(t, u)du}dt-\t—fo{fqa(t, u)éuldt—
OA 0B i o(: J
—f{fq:(t, u)dt}du —f{f o (t, u)a’t‘)du
‘ oeo A ¢ )\B o] J .
f{fap(t, u)du}dt——f{f o (t, u)dt}du
g 0

0 B

<

©

A A oo co
< {f[cp(t, u)[du}dt+ff lo ¢, widtau<on [ | f#)]at <e.
g Lo 0 8 B

[>e] a
1) f obo3HauaeT ABOHHOH mpeme lim f Ecan sTor mnpenen
> p~> 00, d>x
- -¢

[4

CYyLIECTBYET, TO OH, KOHEUHO, Oyxer pasen lim
p->™
B A g °
2) PaBeHCTBO f f = f f Jerko o6ocHoBaTh no § 4.5, paceMaTpuBas npo-
00 0

0
MEXYTKH, BHYTPH KOTOPBIX f(x) HempepbiBHa.
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Tak Kak 5TO CNpaBei]UBO [/ BCeX 3HAaYeHHH € KaKk YroiHO MajhX, TO
MBI 3aKJI0uYdaeM, 4YTO

noao0HBIM Ke 06pasoM

Orciona

A o
57 1 (x4 0)= f (x —0)) =Al_i)moof / cos u (t— x) f () dt du =
0 -~

:jf’ focos.u(t—x)f(t)dtdu.
0 -oo

10T peaysabTaT H3BECTeH MON HA3BAHHEM UHME2PAAbHOL BOPMYALb
Dypoe ). :
Mpumep. [IpoBepurh uHTErpadbHyld Gopmysy Pypbe HemocpeinCTBEHHO;
() ana dynkunu .
F=(@+x 2,
(1) nas dyHkIuM, onpelenseMOl paBEeHCTBAMH
FO=1 (—=l<x<l), f(=0 (Jx|>1.

(Rayleigh)
JIMTEPATYPA
G. F. B. Riem ann, Ges. math. Werke, 213—250.
E. W. Hobson, Functions of a real variable, ra. VII, 1907.
H. Lebesgue, Lecons sur les séries trigonométriques, Paris, 1906.
I, X. Baaae-Ilyccesn, Kypc ananusa 6eckoHeuHo Maanix, 1. II. F'TTH, 1933,
H. Burkhardt, ncgklop%idie der Math. Wiss., 11, 1 (7), Leipzig, 1914.
G. A. Carse u G. Shearer, A course in Fourier’s analysis and periodo-
gram analysis, Edinburgh Math. Tracts, Ne 4 (1915).
H. K. B apu, TpuroHomerpuyeckne pans, Puamarrys, 1961.
A. 3urmyna, Tpuronomerpuueckne paxbl, FOHTH, 1939.
U, 3. TutuMmapu, Beesenne B Teopuio uurerpana Pypne, [octexuanar, 1948,

1) OTHOCHTENbHO ~JOKAa3aTeJbCTBA CHPABENIMBOCTH (OpMyJbt, koraa f(x)
nojuMHeHa MeHee CHJbHBIM orpaHuuenusM, cM. Hobson, Functions of a real

o0 A
variable, §§ 492—493. Caenyer oTMeTHTb, 4TO XOTa lim ’ f f H CymecTBYeT,
. A-> oo
—~co O

0 [o0]
HO MOBTOPHBIH hHTerpan f { f sin u (¢ — x) du} f(t) dt ue cymecTByer.

—co 0
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MpumMepn
1. Monyuurs pasnoxeHus:
l—rcosz . 9
a)m_l+rcosz+r cos 224 ...,
b) —é—lg(l——Qrcoéz-{—rz)=—rcosz~—%r2cos.‘22——%racosiiz——- ey

rsinz
©) arctg 1—rcosz

d) arctg%%=rsinz—[—%r3sin3z—{—%—r5sin 5z 4 ...

=rsinz—|—% r2sin22—}—%r3sin 324+ ...,

H NOKa3aTh, 4TO HpU |7 | < 1 OHM CXOmATCH 1A% BCEX 3HAueHUll 2z B HEKOTOPHX
N0JIOCaxX, MapajelbHbIX BeIeCTBEHHOH OCH B MJIOCKOCTH 2. .

2. Pasnoxurb x% u x B psaA Pypbe mo. cHHycaM, TOAHBIH HpH — @ < X < T,
H OTCI0fla HaHTH 3HaueHHe CYMMBI psja

sin x——21—ssin Qx—f—% sin 3x——113asin dx 4 ...
AAs BCeX 3HaueHHi x. (Jesus, 1902)

3. Moka3arh, uTO (GYHKUHSA OT X, MPEICTaBAEHHAs PAJIOM

fee]
E sin nx sin? na
n s
n=1 '
6yner moctosuHoll npu 0 < x < 2¢ u HyaeM npn 2a < x < BEUEPTHTb Fpadux
GyHKUAL. (Pembroke, 1907)

4, Haiitu pasnoxenve ¢yHxuuu f(x), onpeneiseMol paBeHCTBAMHU
) T

f(x) = sin x 4 cos x ( 0<x<-’2—>,

f(x)=sinx—cos x (%<x<1:),

B pAJ MO KOCHHYCaM.
(Peterhouse, 1906)
5. IlokasaTh, 4TO

. sin 3 in5 in7 ) 1
sinmx & smanx + sm5nx+sm7nx + ,.._=74—1t[x], v

rae [x] o6GosHavaer -1 uam —I1 coorBeTCTBEHHO TOMY, OyneT Jau Oamxaimee
11eJI0€ YHCJO, MEHbILEe X, YETHBIM HJH HEUeTHBIM, H HYJb, €CJIH X — HeJoe YHCIO.

(Trinity, 1895)
6. [TokasaTh, UTO Pa3jOKEHUR

1 : 1 1
lg 2c087x écos * — = cos 2x—1—§cos 3x— ...
"
g QSinlx = — C0S x———l—cos?x—Lcos 3x—
2 2 3

CIIpAaBEAAUBLl I8 BCEX BEIMECTBCHHBIX 3HayeHui x, KpoMe 3HaueHui, KPaTHBIX w®.
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7. Monyuutrs pasnoxeHue

(—1)™ cos mx

1
mzom = (cos x -} cos 2x)1g (2 cos & x)—}—

2

1 . .
—}—7 X (sin 2g 4- sin x) — cos x
¥ HaHTH NPOMEXYTOK 3HAYEHHH X, NS KOTOPHX OHO NPUMEHHMO.

: _ (Trinity, 1898)
8. JokasaTh, uTo npu 0 < x < 2%
sin x 2sin2x , 3sindx n sha(n— x)

a2+12+a2+22+a2+32+”' 2 shan

(Trinity, 1895)

9, MokasaTh, YTO /I 3HAYEHUH X MEXAY — T U -~ © HMEOT MECTO Cleiylo-
ue PasioKeHus:

. 2 . sin x "2sin2x | 3sindx
sin mx = — sin m“(12~m2 — St T — >,
cosmx——-z—sin m'\:(/l—i— M COS X mcos 2x + m cos 3x
T "\2m T 12—m? 22— m? 32 —m2 )’
emnr feg—mx 2/ 1 m cos X m cos 2x m cos 3x
emn_e—mn:—“';(ﬁ_ 12 F m? + 2L m? 3 Lm? + )

10. I[Tycts X — BewlecTBeHHass nepemexHasa Mexay 0 u 1 H 7 — HeueTHoe

yucao > 3. [lokasars, uto
[ee]

(_1)s=_1_+_2_ \ -l_tgﬂcos%nnx,
n w m n .

ﬂi:

—

1
€CIM X HE KPATHO —-, NpHUeM s — HauboJbIIee LEeJN0e YHMCH0, COAepKalneecs
B nx, HO 4TO

-+ % 2 %'tg l’?— cos 2mnx,

m=1

X =

0=

eClH X — Le0e KpaTHOe —. (Berger)
11. IToxasatb, 4TO cyMMa pdna

o
/—:1,-’——{— 4n—1 2‘ m~1sin %mn cos 2mnx
m=1
1 2 1 2

3 n~3—<x<l H paBHa —I1 mpH o < X <5

(Trinity, 1901)

paBra 1 mpu 0 < x <

12. IMycts

[eoe)

ae®* a"V,(x) .

et —1 2 nt ?
n=0
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MOKa3aTh, 4To mpyd — 1 < x < 1

cos 4nx cos brx an 1p2n
cos 2mx - 22: + - 3% + . (—'1)’1 ! i Van (x),
sindnx  sin6nx na 22 241
sin 2nx + owatT 1 enTFI + .=t PrESI Vant (%).

(Math. Trip., 1896)

13. nyCTb m — 1HeJjoe ‘H/ICJIO NOKa3aTh, 4YTO AAf BCEX BECUICCTBCHHHIX 3HA-
yeHUH X

cos?y =2 g i 5 (2”;;;1){2 + cos 2x -
m(m—1) m(m—-l)(m——?)
MECE N +‘2‘) cos 45+ G G4 ) cos 6+ ...},
4 2.4.6... @n—2 —1
leos*™~ix| = — 1737 5 52_2—1; { 7 T 2 T s 2+

©@m—1) @m —3)
+ O

14. Touka xBWXETCA HO NpAMOH €O CKOPOCTbIO, KOTOpas BHaYaje ObIA 4
¥ KOTOpas MOJydYaeT IIOCTOAHHBIE MNpUpPAaIeHHs, PaBHBlE i, Yyepe3 DaBHbIE Ipo-
MeXYTKH BpeMeHH t. JOKa3aTh, YTO CKOPOCTb B MOMEHT ¢ noce Hawana IBHXKE-
Hua 6yner

B (o) ’

u ut u O 1 . 2mnt

st Tt T A i
m=1

a MpOoHIEHHHIH HyTh

uwr ant

O 1
T (f+*)+“—“2?2 T 0
m=

1

o (Trinity, 1894)
15. Iyctob

f(x)= 2 T sm(6n—3)x—22 5T sm(?n——l)x-{—
n=1

3 V sin 5x sin 7x sin 11x
{ N VE +'“};

NnOKa3aTth, 4YTO

FH) =Ffr—0)=—7

5+l

f(%i“)”‘f(%‘“o) 7
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3ameuan, wro nocaeauudl pax pased
[oe)
=2
T
n=1
BHYepTuTh rpadux dynkunun f(x).

sin % @n—D=rsin@@n —1) x
(2n—1)2 ’

(Math. Trip., 1893)
~ 16, Tokasats, uto mpu 0 < % < =

f(x)=2—‘—§§(cos x—%cos 5x+%cos 7x-—% cos 1lx -+ )=

== sin 2x+—;—sin 4x+—i—sin 8x+%sin 104 ...,

rae
il 0< x'< o
3’ 3’
) ) T on
f(x)= 0, 3 <x< 3
mo L
-3 3 < :
r 2n
Haiitu cymmy kawzaoro paza aas x =0, T 50" U 1 BCEX OCTAaJbHBIX-
3HaueHult x. “(Trinity, 1908)

17. ﬂoKaBaTb, 9TO FreOMEeTPUYESCKOE MECTO TOUYCK, NPEACTaBAAEMOE YPABHCHUEM
) o
“—"‘l‘f—— sin nx sinny =0,
n=1

6YZeT COCTOATb M3 JBYX CHCTEM B3AHMHO MePHEHAHKYAAPHHIX TPAMBIX, NEAAMIHX
KOOPAKHATHYIO IJOCKOCTb Ha KBaApaThl MAOMAmu w2
(Math. Trip., 1893)

18. IlokasaTh, uTO ypaBHeuue

=0

it n-1 . :
N (—1) sin ny cos nx
ﬂ3
© n=1
npeacTaBAfeT mpaMble JAMHMH Yy = £ mn (m =0, 1, 2,,,.) BMecTe c Ayramu
1

V3

naomany 2n2. BrluepTuTb rpadmk 3TOr0 reOMETPHYECKOrO MEcTa.

3JUIMICOB, NOJYOCH KOTOPBIX PABHBI T W

; AYTH pacnoJjoxeHnl B KBaaparax

(Trinity, 1903)

19. ITokasatb, uto ecau Touka (X, y, Z) JEXKHT BHYTpH OKTasjpa, OTDaHH-
YSHHOTO MJAOCKQCTAMU X+ y+ 2z ==, TO

[ee)
1 sin nx sin ny sin nz 1
E (1! - J =5 Xyz.

a=1

(Math. Trip., 1904)
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20. Hauepuens! OKpPYWHOCTH pajuyca & C UEHTPAMH B BEPUIMHAX, B3ATHIX
yepes 0AHy, NPaBUJLHOTO HIECTHUYrOJbHHKA cO CTOpOHOH a. Ilokasatp, 4TO ypas-
HEHHEe TPHJUCTHHKA, OGPA30BAHHOrO BHEIUHHMH JIYyraMH OKDYKHOCTEH, MOXeT
6LITh HAUCaHO B BUAE

Ty 1 1
= — -} ——cos 36 —
F 5

6V 3z 2 2.4

ecau moasipuas ocb Oepercs TakuM 06pasoM, YTO OHAa NPOXOLHT YePe3 UEHTP
OJHOM M3 OKPYXHOCTEH.
(Pembroke, 1902)

cos 90— ...,

1 1
cos 66
7 +, 8.10

21. Briueptuth rpaduk, npeiacTaBasieMblil ypaBHEHHEM

r 2m . = [ 1 O (—1)" cos nmﬂ]
Z=ir s gt —T_“W—f
n=1
rlle m — [ejoe YUCJIO. (Jesus, 1908)

22. U3 Kawmjolf BepliuHbl NPABUALHOTO MIECTHYFOJbHAKA CO CTOPOHOH 2a
Kak u3 IEHTPa NpOBENEHb IYrH OKPYXHOCTER pajguyca 2a, aexamue BHYTPH
IIeCTHYroAbHHKa. [lOKa3aTh, YTO_ ypaBHeHue QHIYpHI, oépasosaHHoﬁ 5THMH
HIECThIO AYI'aMH, HUMEEeT BHJ

n—1
6—-3V3+2>d (“” 1)6(2;12/1?} cos 6n6.

Hauanpupi#i paguyc-BexTop IeJAUT NOTOAAM JENECTOK.
(Trinity, 1905)
23. Tlokasats, uto npu ¢ > 0

lim [e“" cig x sin (2n+1)xdx=—12--r:th
n-»co¢

[

o} —

(Trinity, 1894)
24. Iokasath, 4TO

S

, sin (2rn 4 1) x dx l
lim [ " TEx - mcth 1.

n—->»co 6
(King’s, 1901)
25. [Moxasats, uto mpu — 1 < x < 1 ¥ @ BeulecTBEHHOM

jee)

sin (2n 4 1) 8 sin (1 4~ x) 6 0 1 shax
m s grr =g g
0

‘(Math. Trip., 1905)
26. Ilpexnosnaras BO3MOXKHOCTh pasioxeHus f(x) B paBHOMEPHO CXOASIIMiiCH

paa Buia 2 Apsin kx, rae k—xopexb ypaBHeHus k cosak - b sinak =0,
k

4 CYMMHPOBAHHE DaCNpPOCTPAHAETCA Ha BCE IOJONKHUTENbHbIE KOPHH 3TOrCO YpaBHE-
HYg, ONpeueanuTh IOCTOSHHBIE Ak'
(Math. Trip., 1898)

}8 3. T. Yurrexep, Mmw. H. Barcoy
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27. Tlycts pan
0
f(x)= %ao -+ E (a, cos nx -} b, sin nx)

n=1

aBasgeTcst pagoM Pypbe; mokasaTth, uUTO ecau f(X) YIOBIETBOPSAET HEKOTOPHIM
0o6LIHM YCAOBUAM, TO

it dt

t dt 4 .
;’/.f(t) sin nttg—Q—T.
0

7 b=

v

[ee]
an=%P /f(t) cos nt tg
o .

) (Beau)
28, ITyctp

n
N _1 sinrx
Sa(x) =2 Y, (—1y 1 225,
r=1
IOKa3aTh, 4TO HaubGoOJbmHEA MakCHMyM cyMMBl S, (x) B nmpomexyTtke (0, =) 1oCTH-
n

™ .
n+1"’

racrcqa npu x == J0Ka3aTh TaKKe€, YTO NpH N -—>00

nmn sin¢
sﬂ(m>—>2/‘ 1Lt
0

flokasatb, uTo, KOrAA 1 —> 00, opMa KpHUBOH y = S, (x) B npomexytke (0, )
CTPEMHTCH NPUGAU3UTHCA K POpMe JHHHH, 0GPa30BAHHOM OTPe3KOM ¥ = x (0L x <)
1 orpeskoM x = (0L y < G), rae”’ i

G=2/ sinf
0

t

[To obctosTeabcTBo, uT0 G == 3,704 ... > w, Ha3blBaeTcs A6AeHuenm lubbea;
cu. Gibbs, Nature, LXIX, 606 (1899). Slsienve »TO XapaKTepHO mas paja
dypbe B COCEACTBE ¢ TOUKOH Pa3phiBa NMEPBOr0 PoAa GYHKUHMH, NPEACTABJSEMON
psaaoM. OTHOCHTENBHO NOJHOTO DPA3bLACHEHWS SIBJICHHS, OTKPHITONO Y HAGpPaMOM
(Wilbraham, Camb. and Dublin Math. Journal, III, 198—201 (1848)), cm.
kuury Carslaw, Fourler’s series and integrals, ra. IX, 1921



FTABA 10
JIMHENHBIE JU®PEPEHLUAJNBLHLIE YPABHEHUSA

10.1. /luneiinbie nuddepeAunansHeie ypapHeHus 1),
OGbIKHOBEHHbIE M O0COOBIEe TOUYKH

B HexkOTOpHIX U3 JajibHeHINMX TJaB ITOH KHUrM Mbl 3aliMeMcs Hccie-
foBaHueM OOWMPHBIX M BaXKHBIX KJ/IaCCOB (YHKLHH, YIOBJIETBOPSIOLIMX
JuHeRHBIM AuddepeHuUasbHEIM yPaBHEeHUAM BTOpPOro nopsaaka. Ilostomy
HeJaTeqbHO YCTAaHOBHTb HEKOTOpHE o0liue pe3yJbTaTh, Kacawoiuecs
pelieHMH TakuX IMdpdepeHlHalbHBX ypaBHEHUH.

3a KaHOHMUeCKYH (OpMy JuHe#HHOro AuddepeHUHaIbHOIO yPABHEHUS
BTOPOrQ MOpfAKa TPUMEM

e+ P (@) 4 g () u=0 @)

u Gysem mpeanonaraTb, 4TO MMeeTCA HeKOTOpas ob6jacts S, B KOTOpOH
Kak p(z), Tak U g (2) OyAyT aHAJINTHYECKUMHM (DYHKLMSMH, 3@ HMCKJ/IOYe-
HHEM KOHEYHOr0 YMCJa TOJIOCOB.

Besikyio Touky ofaacth S, B koropolt p(2), ¢(2) obe aHaauTuye-
ckne, OyneM Ha3blBaTb OOBIKHOBeHHOU MO4KOU YPAaBHEHHS; OCTa/bHbIE
Touku 06jacTH S OGyleM Ha3blBaThb 0COCBIMU MOYKAMU.

10.2. Pemenune?) auddepeHnUAILHOr0O YpaBHEHHS B OKPECTHOCTH
OOBIKHOBEHHOH TOUYKH

Mycts b — o6biKHOBeHHas TOUKAa AU (epeHUHAIbHOTO yPABHEHUS
u S, — obnactb, oGpasoBaHHas KpyroM pamuyca 7, C LEHTPOM B b

1) Manowenne B aTOH riaBe IJIAaBHBIM 06pPa3OM TeOpeTHYECKOE, OHO COCTOHUT
6oapiiell YacTbl0 M3 TEOpeM CyLiecTBOBauud. [Ipeanonaraercs, uTO UYUTATENb
HMEET HEeKOTOpOe 3HAKOMCTBO € MPAaKTHYECKMMH METOJaMH pelleHus IHbdepen-
LHAJbHBIX YPaBHEHWH; 3TH METOJHl JaHbl B paboTaX, CHEUHaAbHO IOCBSILEHHBIX
3TOMY NpeiaMeTy, kak, Hampumep, Forsyth, A treatise on differential equa-
tions, '1914.

2} 10T cnOCO6 TPHMEHHM TOJbKO K YPaBHEHHsSM BTOporo nopsaka. OTHocu-
TeAbHO CHOCO0a, NPHMEHHMOro K ypaBHeHHAM JioGoro mopsanka, cM. Forsyth,
Theory of differential equations, 1V, ra. 1, 1902.

18*
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BMeCTe C OKDYXHOCTbIO; paluyC Kpyra TaKOB, YTO Kaxlas Touka S,
sB/sieTCsl TOYKOR S u OOHKHOBEHHOH TOYKOH ypaBHenus.
ITyctb 2 — nepeMenHas Touyka obaactu S,. IToroxum B ypaBHenun (A)

( : |
u=vexp{—%/p(()d€}.
-

NOJyYNM YypaBHeHue
d2y
zzz TI@v=0, (B)
rae
J@)=q@)—5—F7—— g P @}
Jerko BuzeTs (§ 5.22), uto OOblKHOBeHHas TOUKa ypabheHus (A) Gyner
TaKe OOBIKHOBeHHON Touko# ypasHenus (B). ’

PaccMOTpUM Tenepb NOC/AeN0BaTe/bHOCTh QyHKUu#t v, (2), aHamuTHYE-
CKHX B S,, Onpele]seMblX DaBEHCTBAMH ,

(2) = ay+a;(2—0b),

v,,(z)-_—f(c —2JQ v, @dl (=1, 2,3, ...),
b

rie, ay a4y — IpOU3BOJIbHbIE MOCTOAHHBIE,
TMycrs M, p — BepXuHe TIpaHHUb |J(2)| u |vy(2)| B obnacTa S,.
Toz0a 80 8cex mouxax 3amoh o6racmu
pM? |z —b |2
l vn (Z)I < n! ¢
OT0 HepaBeHCTBO clpaBeluBO npu n==0; eciu OHO CHpaBelJHBO NpH
n=0,1,..., m—1, To, NpUHMMAA 3a MNyTb HHTErPUPOBAHHA OTPE3OK
npAMOH JMHUM, MOJYYHM , '

<

0@ =| [ =2 v, Oa
b

1 m— m—
S [ 1e—2 @ M e b 4] <
b
lz-b|

M™|z—b| f t2m'2dt<—ml—!pM'”]z——-b|2m,
0

1 .
Sm=nr*

MO9TOMY 1O HHAYKLMM HEPABEHCTBO MMeeT MeCTO /s BCeX 3HAuYeHHR n.
Jasee, Taxk Kak
uMnr2n

n!

@<
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korna 2z nesxur B S, u pan

~ pM”r;‘;”
2 n!
n=0
cXoauTcd, To 3akiaiouaeMm (§ 3.34), uro
v(@)= 2 9,(2)
n=0
ecTb PSA AHAMMTHYECKUX (YHKUMH, PABHOMepHO CXoisumiica B S,; HO
no OonpeleleHH0 U, (2)
N z
d .
7;1!”(2)=—‘/.J(C)'U,,_1(C)dc (ﬂ—-—-l, 2, 3, ...),

d?
dzz

v (Z)‘———J(z)’vn 1(2),

orcoaa noayuyaeM (§ 5.3), uro

a2 d2 d,,
;ﬁ¥=§ft+2 22— )0 @),

Hosmony v(2) 6ydem anasumuueckoii 8 S, gynryueld om z, ydo-
saremeopsioueld OudPeperyyuarioHomy YPABHERLIO

d

L) i@ye =0,

u u3 dopmyas, nmyuenuoﬁ osn d 2z Vn (2), acno, umo

'U(b): Qo v/ (b): {Ed;‘v (z)}z=b= a;.

20e ay, Qy— npous3sosvHble ROCMOAHRHBLE.

10.21. EA#HCTBEHHOCTh pelIeHHSA
Ecau 6B UMEJOCh JBa aHAVUTHYECKUX pelIeHus ypaBHEHHﬂ Aqaa v,
cKaxeM U, (2) 1 U,(2), Takux, uto v, (b) =10 4(b) = a,, v (b) = v,(b)=a,,
TO TOTIa, MOJOXKUB W (2)==v,(2) — ¥y(2), Mb uMeaH Gbl

LB 4@y w@) =0.

NuddepeHunpys 5TO ypaBHeHHe n — 2 pasa U MoJaras Z=>b, NOJyynM.
@™ B)+ J (0) @™ (0)+Chz) B) "V (0) -
oo+ Ja-2(B)w () =0,




278 ra. 10. JHHEMHLIE JMePEPEHLUMAJNLHLIE YPABHEHUS

TMoaaras nocjemoBaTeqbHo n =2, 3, 4, ..., MB BHIUM, YTO BCe
NpPOU3BOAHbIE (GYHKUMM @ (Z) PABHATCA HYJI0 TNpU Z2=¥5, U TaKuUM
obpazom, mo Teopeme Teiiopa w(2)==0; unaue rosops, ABa pelueHHs
?;(2), V5(2) TOWKAECTBEHHBI.

TTonoxus

; ]
u(z)=v(z)exp{—% ’/’p(C)dCJ},
b

MHl JIerKO yOexnaaeMcss B TOM, u4To #(2) OyAeT eJUHCTBEHHBIM aHAJHTH-
yeCKUM pellleHueM ypaBHeHHst (A) TakuM, 4TO :

u(b)y= 4, w(b)=A;, e Ay=ay A1=a1——é~p(b)ao.

Tenepb, KOrJa MH 3HAaeM, uTO peuleHne ypasHenus (A) cyliecrsyer,
yTo OHO OyleT aHanuTHYecKuM B S, M TakuM, uto u(b) u ' (b) umewr
NpOM3BOJbHBIE 3HaueHus A, A;, npocreAmnit cnocob HesyueHus 3TOro
pewenus B Buie psina TeHJopa cOCTOMT B TOM, YTO Mbl MOJaraeM

u(z) =n20 A, (z— by,

3aTeM TOJNCTaBJAfeM STOT psil B AnbQepeHUHaIbHOE ypaBHeHWE W TpH-
paBHUBaeM HYJI0 KO3(PUUUEHTE NPA NMOC/ENOBATENLHEIX CTENeHIX 2 — b
(§ 3.73), a saTeM moc/en0BaTebHO BhipaxaeM Ay, As, ..., uepes A, A;.

[Ipumevanue [Jad BHIOOAHEHHS ITOrO Ipolecca MOLCTAHOBKH HA IpaK-
THKE T[OPa3f0 NPOILE HMETb YPAaBHEHHE <OCBOOOMICHHHIM OT JApoGeil», ueM
uMeTb ero B kaHoHuueckoéi dopme (A) § 10.1. [losTomMy B MpuBeAEHHHIX HHXKE
npuMmepax 1, 2 crenyer monb3oBathcsl ypaBHeHHAMH B ToH Qopme, B Kakol oHu
JaHbl, T. € He HYocHO pAeautb Ha 1-— 22, (z—2) (2 —3). To ke camoe 3ame-
yanue oTHocHTCS M K mpumepam §§ 10.3,-10.32.

s obue#t Teopun aHaJHTHYecKOro npojosxenus (§ 5.5) BhiTexaer,
YTO TMOJIyueHHOe pelleHHe OyAeT AaHAMMTHYECKMM BO BCeX TOYKax 00-
aactTd S, 3a HUCK/IOYeHHEM . 0COOBIX TOYeK AH(QepeHLNaNbHOrO ypaBHe-
uus. TeM He MeHnee pelleHne He Gydem BOOOIE «aHAJMTUYECKHM TO BCeH
o6aactu S» (§ 5.2, cHOCKa K CJEACTBHIO 2), 3a HCKJIIOYEHHEM OCOOHIX
TOYeK, TaK Kak OHO MOXeT He OKTb OJHO3HAYHEIM, T. €. OHO MOXeT
He BePHYTbCS K MCXOJLHOMY B3HAY€HHMIO, €CAH 2 OMUIUET KOHTYp, OKpY-
WalowWui 0JHY WAM HeCKOJbKO O€OOHBIX TOUEK YpaBHEHHS.

{CBoficTBO, uTO pel€éHHe JHUHEHHOTO UG (depeHUUANbHOTO YpaBHEHHs
OyaetT aHAMUTUYCCKAM BO BCEX TOYKAX, 33 HCK/IOYEHHEM OCOOHIX TOYeK
K09 UIMEeHTOB ypaBHeHud, ABasgeTcs OOMMM IJS JHHEHHBIX ypaBHEHHH
BCeX TOPAILKOB.]

[Ipo xBa uYaCTHEIX pellleHUst ypaBHeHUS BTOPOTO MOpsiiKa, OTHOLLe-
HHe KOTOPHIX He TOCTOSHHO, TFOBOPAT, YTO OHU 00pPaA’YOT PYHOAMEH-
MaAbHYIO cucmemy peuienuil.
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Mpumep 1. [lokasats, 4TO ypaBHeHHE
(1—2)u" —2zu’ +—i’—u=0

nMeeT (QyHAaMEHTaNbHYIO CHCTEMY pelueHuf

— 3 2 21 4
m=l—g&—pga— .
5 15
Uy =2+55 2 + o5 2t .o

Onpeneautb obunii k03dPHUUEHT B KaX/IOM PAlE U NOKas3arb, YTO PAAUyC CXo-
IMMOCTH Kax(Ioro psia paseH 1.
ITpumep 2. Paccmorpers ypaBHeHue

(z—2)(z—3)u" —(22—5)u’"4+2u=0

nonoGHbIM e 06pa3oM, Kak u B mpumepe 1.

10.3. NpapuasHbie TOuKM Aud@PepeHnHaJbHOrO ypaBHEHHSA

[TpeAnon0kKNM, 4TO B HEKOTOPOH Touke ¢ obmactu S dyHkuun p(2)
.1 g(2) (uam x0T OB OAHA M3 HUX) HMeIOT MOJIOCHl, TPHYEM TaKOTro
nopsiaka, uto (2 —c)p(2) u (z— ¢} q(2) 6yAyT aHATMTHYECKHUMH B C.
Takag TOYKa HA3HBAETCa APaAsuAbHOl moukol ) muddepeHLnaTbHOrO
ypasuenns. Bce npyrue momoch ¢ynkuuu p(2) um ¢ (2), He o6Jaanaio-
L€ YKasaHHLIM BbllIe CBOMCTBOM, HA3LIBAIOTCA HeENPABUAbHBLMIU MOY-
xamu. OCHOBaHME IJIsI pa3juuyeHusl CTAHET SCHBIM M3 H3JIOXKEHHS 3TOro
naparpada.

Ec¢in ¢— nmpaBuibHasg TOuKa, TO YpaBHeHUE MOMKHO Tepenucarhb
B Bule?)

, du

(@— P+ )Pz — c)%—l—Q(z — )u=0,

rie P(z —c¢), Q(z —¢) OynyT aHaAWTHYECKUMH B TOYKE ¢; OTCIOAA MO
Teopeme Teltnopa

P(z—0)=py+pi (2 — ) p(@— Pt ...,
Qz—o=q +qE—0)4gE—cP+ ...,

THe Py, Prs o-e+r Ggo qis ... — TNOCTOSHHBIE, ¥ 3TH DAl  CXOAATCA
B oGnacti S, 06pasoBaHHOH Kpyrom paimyca 7 (C UEHTPOM B ¢), Tie
7 HACTOMBLKO Mano, uTo ¢ OyneT eamHCTBeHHOM OCOOOH TOUKOH ypaBHe-
Hus, Jexadiefi B S,.

) Haspanue «mpaBmabHas touxka» (regular point) npunamnesur Tomé
(Thomé, Journal far Math.,, LXXV, 266 (1873)). ®ykc paublte ynorpeGasi
TEPMHH «TOYKA omnpeneieHHoctu» (point of determinateness).

%) Ppobennyc Ha3bIBaeT STO HOPMaJbHOH (OPMOR YpaBHEHHS.
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[peanonoxuM, uto (PopMasbHOe pelleHue YPABHEHUS HMEET BHA-
[oe)
u=’<z—c)“[1+2an(z—c>"].
n=1

The o, @y, @y, ... — TOCTOAHHBE, NOAAEKAlMMe onpeleneHuw. [Toacra-
HOBKOH B ﬂuq)cpepeﬂunanbﬂoe ypaBHeHHe (Mpelnosaras, Y10 NOUJEHHOE
AuddepeHUMPOBAHIe M YMHOXeHHE DSAOB JOMyCTHMO) MOJydaeM

(z—¢)* [a(a— 1)+n§an(a+n)(a+n— 1)(270)”]—{—
+(z— ) P(z—0) [a+n§an<a+n)(z—c)"]+

~+(z— c)“Q(z—— c) [’1 —}—nzlan(z——c)"] =0.

Jlanee, moacranosko#t panos BMecto.P (2 —¢), Q(2 — ¢), YMHOXeHHeM
W NpUPaBHUBAHMEM HYMO KO3 UUUEHTOB NOC/AeLOBATENbHHX CTeleHeH
2 — ¢ noJyyaeM CJAeIyIOILYI0 MOCHeLOBATE/NbHOCTh YpaBHEHHH:

@ (pp—Da+gy=
ay {(a 4124 (py — D (a4 1) 4-go} +ap; +¢, =0,
02 {(‘1+ 2)2+(P0—1)(“+2)+QO}+‘11 {(“‘*‘Ulﬁ‘l"‘h +°‘P2+ qzz()

{(a+n)2+(po_ 1)(“+n)+qo} +
+mz=lan-m (@1 —m) p, +q,) +ap,~+q,=0.

ITepsoe w3 3TUX ypaBHeHu#, HaswBaeMoe onpedesaswouwur (indicial)
ypasneHuem ), paer nBa 3HaueHMs o (KOTOpHIE MOFYT OKasaThCs U
paBHbiMH). UuTaTesb Jerko ybenurcs, 4to ecau Obl ¢ Obla Henpasuib-
HO# TOYKOH, TO omnpelessioliee ypaBHeHue umeno Obl (camoe GoJbluee)-
MEePBYIO . CTENeHb; OH OUEHUT Telepb pasJiuude Mex1y NpPABHIbHBIMA
HeNpaBHILHEIMH OCOGBIMU TOYKAMMU.

[Mycts a=p;, &= p, — KOPHK %) ONpeLe/sIOEer0 ypaBHeHHUS

Fa)y=a?+(p,— )a-+g,=0;

TOrfa Npu BHIGPAaHHOM o NOCJAeAYIOLIMe YpaBHEHUS ONHO3HAYHO Ornpe-
IeJRI0T 10 NOpPSAKY &, @y, ..., ecan Toibko F(a—n) He paBHseTcs
Hymo npu n==1, 2, 3, ...; MHaue rOBOPH, eCJH & == Py, TO Py He JOJKHC

) HasBanue indicial npunagnexur Ksan (Cayley, Quarterly Journal,
XXI, 326 (1886) ).

2) KopHu py, p, OHpeleisioler0 YpaBHeHHs Mbl GyAeM HasbhlBaTb NOKA3a~
measgmu Jad@EpEHIKATbHOTO YPABHEHUA B TOUKE ¢,
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ObiTb OfHMM M3 uucen pi—+1, py42, ..., U ecaum a==p, TO p, He
IO/KHO ObITb ONHHM M3 uHCeq po— 1, po—4+2, ...

TakuM 06pasoM, ecad pa3HOCTb [OKa3aTe/el He pPaBHA HYJIO WAH
LIeJJOMY 4MCJY, TO BCeria MOXHO MOJY4YHTb ABA DPasJUuHBIX psia, ¢op-
MasbHO YIOBJETBOPAIOUINX YPABHEHHUIO.

Mpumep. [okasaTh, 49TO ecau m He PABHO HYJHO WIH LEJIOMY YHCIY, TO

ypaBHeHHne
% —my
CA\TE )0

¢dopManbHO YNOBAETBOPAETCA ABYMA DAJAMH, HEpBble UACHB KOTOPHIX GYIyT

1. 1 . .
S it b (ot f

ompeneautb koadpduunueHTHl 06mEro uJeHa B KaKAOM pAAe H I0Ka3aTb, 4TO
panbl CXONATCA IJS BCeX 3HaueHHH 2.

10.31. CxogumocTtp pasaowenus us § 10.3

Ecau mnokxasarenu s He paBHLbI, TO IYyCTb éyﬂe'r TOT M3 MNOKa-
P> P2 P ¥ P1
3aTeselt, BellleCTBeHHAas 4acThb KOTOpOro He MeHblIe BelleCTBEHHOR 4acTH
APYTOTO, W MYCTb Py — Py ==§; UMeeM
Flpitn)=n(s+n.

[To ouenke § 5.23 mbl MOXeM HaHTH Takoe MOJNOXKHUTEAbHOE YHCA0 M, uTo
(ol <Mr=" g | < Mr~% |pyp,—+q,| < Mr~", rae M we sasucu~
ot n; yaobuo B3t M > 1.

Base a==p;, BUAUM, HUTO
o121 +41] M M
Feit D] SFsF1] <7

la| =
Tak Kak [s-+1|> 1.
Ecim  mbl Temeph mpennooxum, uto |a,| < M"r~" koraa
n==1,2,..., m— 1, TO noJy4uM

mZ—l

{1 +m—Hp + @) +010m+am

_ t=1
|4l = FFm <
m-—1 m-1
S amtllopr+ 0t 1+ 1000m+ qm |+ D m—1)] am_s||p;]
=1 t=1 <
< . m|s—+4mj

m—1

mM™r=m 4 { }‘_,(m;t)}Mmr—m
f=1

< m2|14sm~1|
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Tak xak [1-4+sm~!| > 1, ubo Res neoTpuuaTeJbHa, TO MBEl NONYYUM

|a,) < ZEL pmp-m < e,

u Takum obpasom, no HHAyKuun |@,| < M"r~" nas Bcex 3Havenu#t .
Ecan sHauenus Ko3(QUUMEHTOB, COOTBETCTBYIOUIME [10KA3ATENIO by,
6ynyT a;, @y ..., TO MBl NOAYYHM TOAOGHOHR e MHAYKLMEH

| a;| < MM r",
rhe #*— BepXHAs PAaHALA BbIpAkeHHH

n—s™ |1 —ls}_l, [1—5s

-1
2 3,

? s e ey

3Ta TPaHULA CYLIECTBYeT, KOTAa § He eCTh MOJOXUTEJNbHOE Ilenoe 4uCJo.
Taxum oOpasoM, MB CHauana MOAYYMJIM IBa (OpMAJbHLIX psla

w, (2) =(z — o) .[1 +r§1 a,(z— c)”] ,

W, (2) = (2 — o) [1 + 5;1 a (z2— c)”] .

Ho nepBrift psn OyneT PaBHOMEPHO CXOAALUMMCA PAAOM AHAMUTHYECKUX
dyHkumi, xorsa |2 — ¢| < rM™', Bropott, —korna |z —c¢| < rM~ %7},
aqiub Obl TOABKO B KaXAOM Cayuae arg (2 — c¢) Obl1 OrpaHHYeH TaKHM
o6pa3oM, 4TOOB paAB NPeACTABAANM OAHO3HAUHbIE (YHKLMH; ClefoBa-
TeJbHO, (JOpManbHas MOACTAHOBKA STHX DALOB B JIEBYIO 4acCTb audde-
peHLMaAbHOTO ypaBHeHHs ONpaBlaHa, W KaXAbH M3 3THX PALOB TNpel-
CTaBJsIeT pellleHWe YpaBHeHMs; MPH ITOM BCe BpeMsl Mpelronaraerocs,
YTO p, — py He OYJeT MOJOXHTENbHBIM LEJBIM UYMCIOM WM HyjeM !).

WTak, Mbl MOJYYHIM OCHOBHYIO CUCTeMY pelleHMH, TOAHBIX B OKpeCT-
HOCTM NpaBUALHOK OCOGOH TOUKM, eCau p;— Py He eCTb UeJa0e HUCJO
WM Hyab, [lo TeopuM aHAMUTHYECKOTrO. NMPOLOJKEHUS MBI BHIHM, YTO
ecnu Bce OcoOble TOYKM ypaBHeHus, Jexaulye B S, OYLYT NpaBHJIbHLIMH,
TO KaXIOe M3 JIBYX pelieHu#t (yHiaMeHTaqbHOH cucrTeMmel OyaeT aHaau-
THYECKMM BO BCeX TOYKAX, 3@ MCKJIOUeHUEeM OCOOBIX TOYEK YpaBHEeHHS,
KOTOpbie GYAYyT TOYKAMH BeTBJIEHHA pelleHus.

1) Ecan p; — py — MOJOKHTENbHOE LEJAOE 4YHCJIO0, TO 3HAUEHHE % He Cylle-
CTBYET; €CJIH P, == p,, TO 00a pELICHHA OAUHAKOBLI.
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10.32. Haxoxaenne BTOPOro peuleHust B cayuyae,
KOrja pasHOCTb MHOKasateded OyaeT LeJAbIM YHCJIAOM MJAX HyJeM

B TOM cayuae, KOTNA p;— Pg==§ — MOJOXHUTEJbHOE LEJOe YHCIO
WM Hyab, pelueHue w,(2), Hadgennoe B § 10.31, Moxer norepsrs
cmuica l) uan cosnacte ¢ w (2).

Ecan Mb monoxuM u#==w,;(2)G, TO ypaBHeHHe, ompeiensoluee §,
6yner

ax | w)(2)
E—Pgm +2<z—c>2—(—27+(z—c)P(z—c>

oO1ee pelleHue 3TOTO ypaBHEHHUSA uMeer BH L

c__A+Bf - 2exp{ /’i(z—i)dz}dz~
— )y Po 1
zA—{—B/g%b—l——g)}z—exp{—pl(z——-c)——2—p2(z——c)2——.’..}dz:

—A+B /(z — )P g (2)dz,

rie A, B— npoussonbHele NOCTOAHHbIE, @ & (2) — aHANUTHYECKAS (YHK-
uMs BHYTPH BCSIKOTO Kpyra, LEHTP KOTOPOTO JeXHT B ¢ U KOTOpPHIH
He CONEepMHUT HH 0COObIX TOYeK (YHKUMH P (2—¢), HH OCOOBX TOuek

uan Hyae# ¢ynxkumu (2 — ¢)” "'w, (2); kpome Toro, g(c)=1.
Mycte

g(z)=1+n2=~11g,,<z—c>“-

Torna, ecau s + 0, to

C=A+Bf<{1 —f—ign(z\'—c)”}(z—c)"s'ldz::
n=1
s—1

=A+B[~—§<z~c)’3~2§%<z—c>""s+
n=1

+elge—o+ Y, n—g_"—;(%—c)”"s]-

n=s+1

1) Kosdounuenr a' MOXET OKa3aThCfl HEONpPEAEJCHHBIM HIH GeCKOHEUHBIM;
B NEPBOM Ciayuae w, (z) Oyner PeIleHneM, CONepKaluM 1Be NPOH3BONbHBIE
NOCTORHHEIE @) W @y PAL, Y KOTOPOTO @, 6yIeT MHOKHTEAEM, GyAeT OTAYaTbCs
OT w; (2) AuLIb NOCTOSHHBIM MHOMHTEJEM,
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IMosromy oO6wmMM peweHueM ANdQepeHUNanbHOT0 ypaBHeHHA, aHAIUTH-
YecKUM BO BceX Toukax S, (kpome c¢), OyneT

Aw, (2)+ Blgw, (2)Ig (2 — ¢) +w (2)],
rae mo § 2.53
w (2) = (2 —c)"’{——l——— D k,,(z-—c)”},

n=1

npyuueM KOS DULHEHTL! h, OyayT NOCTOAHHLIMH,
IMpu s==0 cooTBeTcTByIOLIas (POPMA peHICHHA UMEET BHI

Aw,(2)+ B le (@)1g @ — 04— 3 hy(z— c)"] :

YrBepxieHue, npuselenHoe B kounme § 10.31, coxpansercs, kak
Temepb BHUAMM, W B HCKJIOUMTEJLHOM Cayuae, KOI'AA § — HY/b WU T0JO-
KUTEJIbHOE Ile/0e YHCJIO.

B uactHom ciayuae, korma g =0, BTOpoe pelieHue He COHEPHHUT
qaorapudma.

[TosyueHHble peilleHus, TONHBIE B OKPECTHOCTH npaBnanoﬁ TOYKH
ypaBHeHHUs, HA3bIBAIOTCH NPABUALHBIMU UHMEZDAAAMU.

ViHTerpajibl ypaBHeHUs, TORHble BOJH3U NMPABUILHOR TOYKH ¢, MOXHO
NpaKTUYeCKU NOJAYuYHTb, Halas cHavajsa w@,(2) ¥ onpelejus. 3a-

(o)

Tem KO3(duuMeHTH (GYHKUUH W, (2) = 2 b, (z~—~c)"’+” NOJCTaHOBKOMH
n=0

w, (2)1g (2 —¢)+w,(2) B neByw yacTh ypaBHeHUHs W NPUPABHUBAHUEM:
HyM0 KO3(h@UIUEHTOB PAa3JAUUHBIX CTeNeHeR (2 — ¢) B OKOHUYATEALHOM
Bhipaxcenuu. JIpyro#t cnoco6, npunaniexamuit ¢pobenuycy !), npusenen
y ®dopcatita (Forsyth, Treatise on differential equations, 243-—238).

Mpumep 1. IToxaszath, 9TO MHTErpaibl ypaBHEHHS

d?u 1 du 9
Tz =0
npaBuabHble BOau3u 2 =0, 6ynyT
j m2nz2n
w,(2) =1+ LW( s

b 2n 2N 1 l 1
w, (2)1g 2 — 2'%?(T+7+ +—n*>
n=1

[TpoBepuTh, UTO 8TH PAAbl CXOZATCA [Js BCeX 3HAUEHHMH 2.

Y Frobenius, Journal fir Math,, LXXVI, 214224 (1874).
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Mpumep 2. lNokasaTh, 4TO MHTErPaibl ypaBHEHHA

az d 1
z(z-—l)d—zl:—{—(szl)—(zl;——{—z-u:O,

npasuabibe B6Au3U 2 = 0, 6yayT

foe) .
O (1-3...m—1\2 .
w1(2)=1+>d(————~——~—24 H.?n )Zn
n=1 o
H .
/13 m—12/1 11 1
“”'(Z)‘gz“Z(———*z-lﬁ..Qn )(T*“f*‘?“---“'aﬂz"'

[poBepHTH, YTO BTH PAAbl CXOAATCA NpH | 2| < 1, M MOJYYHTH HHTerpajbl, Opa-
BUJbHBIE BOAM3H 2 = I.
Tpumep 3. [Tokasats, uTO rnnepreomeTpuqecxomy YPaBHEHHIO

z2(1— )d22+{c—(a+b+1) —————abu—O

yhoBJaeTBOpsieT runepreomerpuyeckuél pan § 2.38. IMoayuuTs noaHoe pelueHue
ypaBHeHus mpu ¢ =1

10.4. Pemenus, roausie aas GoJbWuX 3HAYeHHi |z|

Myctb 2==1/z;; Torna roBOPAT, 4TO pelleHue AuddepeHIHaNbHOrO
ypaBHeHUst T'OAHO a8 «OOJbIIMX 3HAaYeHUH [2|», ecau OHO TOAHO A4S
NOCTATOYHO MAaJHX 3HadeHMM [2z;|, M TOBOPAT TaKke, YTO «TOYKA Ha
6eCKOHEYHOCTH ©CTb OOBLIKHOBEHHAs (MM NPaBHJAbHAR, HJH HellpaBHJbHas)
TOYKA yPaBHEHHSI», KOT'a TOYKA 2; = 0 — OOBIKHOBeHHas (U/IH NpaBu/bHas,
WM HENMpaBH/IbHAs) TOYKA yDaBHEHUS, B KOTOpOe npeoOpasyercs 3alaH-
HOE YpaBHeHHe, eC/u BMeCTO 2 NpPHHATb 33 HE3ABUCHUMYIO TNEPEMEHHYI0 2.

Tax Kax

o+ r @ +q(z)a—
=t o ()| o 2]

TO MBl BHAMM, UYTO YCJOBWUS, '-IT06b1 TOYyKa 2==00 Onlsa (I) 06bKHOBEH-
Ho#t Touko# uiu (1) npaBMAbHOH TOUKOM, 3AK/ICYAKTCA B TOM, 4TOOLI
() 22 — 22p (2), 2% (2) GbLIM aHaAMTUYECKUMU HA GecKOHeuHOCTH (§ 5.62)
u (II) urobul 2zp(2), 22¢(z) ObM AHAAMTHYECKHMHM Ha GeCKOHEYHOCTH.

Mpumep 1. Ilokasath, uTO Kaxmzas TOUKA (BKJI0UAR GeCKOHEUHOCTh)
OyneT M OOBIKHOBEHHOH TOUKOH, Man NPABHAbHOH TOUKOH KAWIOrO H3 ypas-
HeHHf

O le—(a+b4+12) 2 _apw—,

(1 —z"’)ﬂ— 227Z—+n(n—}—l)u=0,

TAE a, 8, ¢, 1, ~—IOCTOSHHLIE,

2(l—2) i
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Mpumep 2. MMokaszars, uTO Kaxjias TouKa (UCKMouas GECKOHEUHOCTSH)
6yner nay OGbIKHOBEHHOH TOUKOH, UAM NPAaBHAbHON TOUKOH ypaBHeHHs

d%u dn
2 a2 +2E+(z"’—n2)u=0,

4

rie n— nocTosHHas.
MTpumep 3. lokasare, 4TO ypaBHEHUE

a?

u
(=2

du .
— 22 v +6u=0
uMeeT peureHus

2?2

1 3-4 1 3-4.5-6 1
9 -+ .0

1
—3 mrsTwTeTao 7

npHueM MoclefHee pemenne GyneT CXoauTbes, ecuH [ 2| > L

10.5. HenpaBuibHble 0COOble TOUKH H CJAHSAHHE

B6ausn TOukM, KOTOpas He fBJAETCH NMPaBU/bHOH, ypaBHeHHE BTO-
poro mopsixa He MOXeT MMeTb JABYX TPaBMJbLHBIX HHTerpajios, HGO
onpefeJsioulee ypaBHeHue OyreT, camoe OoJbliee, NepBOR cCTemeu;
B paceMaTpHBaeMOM cJayyae MoXeT OblTb WM OIMH NPaBUJbHBIH MHTe-
rpan, un HH onHoro. Huxe mm ysuaum (§ 16.3), kakoB xapaxTtep
pelieHus BOJIM3H TaKHX TOYEK B HeKOTOPHIX MPOCTHX cayuaax. Obuiee
MCC/AENOBAHNE TAKMX pellleHWH He BXOAMT B 3alaud STOH KHurul),

Yacto caykaeTcd, UTO HEKOTOpoe AuddepeHlHalbHOe ypaBHeHue
MOXKeT ObITb TOJYYeHO M3 ApPYyroro auQdepeHLHasbHOTO YPABHEHUS, ecid
3acTaBUTh fABe Miu Gojee ocoOble TOUKM NMOC/IEAHETO CTPEMHTLCA K COBMA-
nenno. Tako# npenensHsl#t nipouecc’ HasbiBaercs cauanuen (confluence),
W TepBOe ypaBHeHMe Ha3blBaeTcs NpejeabHoit dopmoft (confluent form)
proporo npu ciausuuud. B § 10.6 Mbl yBumaumM, uTo oco6bie TOYKH mep-
BOFO ypaBHeHUS MOr'yT ObiTb Go/ee CJAOXKHOIO XapakTepa, ueM ocobbie
TOYKM BTOPOr'O YpaBHEHHUS.

10.6. JuddepeHuuanpHbie ypaBHEeHUs MaTeMaTHueckod (H3uKu

HauGosnee ofuwee -anddepeHnuasshoe ypaBHeHHE BTOPOrO NOPSIKa,
y KOTOPOrO BCSIKast TOYKA, 32 MCKJIOUEHHEM @, Gy, A3, G4 U OO, SBJIAETCS
OGLIKHOBEHHOH, NpHYEM 3TH NSTb TOYeK OYAyT MPABUILHEIMH TOUKAMH
c noxasateasmu o, B, B a, (r=1, 2, 3, 4) U TOKA3ATENAMH [, P

1) HexoTopble ajieMeHTapHble HccaenoBaHus faubl Popcaiitom (Forsyth,
Differential equations, 1914). [Toanoe uccaemobanue xaxo B ero «Theory of dif-
ferential equationss, 1V, 1902,
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Ha OO, KAK JIErKO NPOBEPUTH 1), uMeeT BUL

4 4
d%u O 1—a,—8, | du S o8 A2 42Bz4C|
@t Z_z——r"d,_Li'éi‘z_+ Goay T #=0,
r=1 r=1 H(z‘"“f)
r=1

rie A TAKOBO, UTO p; U Py OYAYT KODHAMH yPABHEHHS

/7 4 4
pﬂ_"’l"{rgl(ar""’pr)_3}+r§lar§r+‘4=0s

a B, C —mnocrosHHbie 2).

Knetinom3) u Boxepom?) Obia IOKasaHa 3aMeuaTeqbHas TeopeMa:
BCce JHHeHHble AuddepeHUUaTbHLIE YPaBHEHUsA, BCTpPeyaiouinecs B Ompe-
NeJeHHBIX 06JacTaX MareMaTMuyeCKOR ¢usuku, MOryT OBITh NOJyYeHH
MyTeM C/MAHHS M3 YACTHOTO YPABHEHUS TOJbKO YTO YKA3dHHOTO THMA,
B KOTODOM pa3wocms ioxasameseld 8 Kaxcdold o0co6oli mouke

pasna = ; KPaTKOe HCCAefOBaHUe NPENCNbHLIX yDAaBHEHHH Ml Cefuac
1anuM.
1 .
Ecam nonoxure B, =a, 45 (r=1,2,3, 4) n nanucat ¢ BMecTO 2,

TO HaMUCaHHOe BHIIIE YypaBHEHNe NMPUMET BUL
1

4

= —2a
d?u 2 T | du
@+ 2 = (@t

S (+3)
r\TT2) | Ae42
4 2 LAeBECE,

(C—a,)
= Mce—an
r=1
. du
) Koatbduuuentst mnpu 2z 1 ¢ ROmKHH 6bITb DPaNMOHAJNBHBIMH, TaK Kak

B NMPOTHBHOM CJ/Iy4Yd€ OHH HMEJH 6n1 CyLIeCTBEHHO ocoOble TOYKH; 3HaMEHATEAIMHU
4 4 -

y 2 (2), g (2) nomxusl 6biTb COOTBETCTBEHHO H(z-—a,), ]I(z—a,)z; pa3aaras
r=1 r=1
p(2) u q(2) Ha mnpocrefimue - fpo6M M BcnoMHHAs, uTo P (2) = O(271),
q(2)=0(z7%) npu | 2| ->co, MBI NONYUHM TpeGyemblit pesyabtaT 6e3 3arpya-
HEeHHH.
2) Orciofa BHIOHO, YTO {4, iy CBA3aHBI COOTHOIICHUEM

4
P~1+92+Z(ar+?‘r)=3-
r=1

3) F. Klein, Ueber lineare Differentialgleichungen der zweiten Ordnung,
40, 1894; cu. takwe Vorlesung iiber Lamé’schen Funktionen. .
. 4) Bocher, Ueber die Reihenentwickelungen der Potenzialtheorie, 193,
894.
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7 . N
rie (Ha OCHOBAHUM YCJIOBHSI {ig — pl_—:%)

4 2 4 3 4 3
Y 9 N1
A=|de| — Xt —g Neti)
r G —5 Mot 15"
r=1 r=1 r=1"
dro AuddepeHUnanbHOe ypaBHEHHE HA3BIBAETCS 060G UleHHBM YPABHE-
Huem Jlanme. :
Ec/id MNOMOKHTL B STOM YPaBHeHUH @y==4a,, TO OYEBHUIHO, UTO
causHUe OCOObLIX TOYEK @y, @y NMOpOMXAAeT O0COOYI0 TOYKY, B KOTOPOH
nokasaTeau o, $ NAIOTCS ypaBHEHHAMH

: [ 1 1
aH-f=2(+wn) f=09 (a1+‘2—)+°‘«z (a2+7>+0,
rae : o Adtt2Be 4 C
(a1 —a5) (@ —as)
[TosToMy pasHOCTb NMOKasaTese#t B CIMTHOH 0coGOH Touke Oydem He

1
—2—!
a moocem umems a060e 3a0AHHOE 3HAUECHUE NPU COOMBEMCMBEHHOM
soi6ope B u C. TlonoOubiM ke oOpasoM ciaufHHeM TpeXx Had Gouee
0COOBHX TOYEK MBI MOX<€M HOJYYUTb OIHY HENPaBHJAbHYIO OCOOYIO TOUKY.
Hannexalmym ciusiHueM NatdH ocoObIX TOYeK, HAXONAIIUXCH B HaileM
pacmopsKeHUn, Mbl MOXeM IOAYUMTb LIeCTb THNOB YPaBHEHUH, KOTOpHie
MOXHO KaaccupuuuposaTh (a) MO UYHCAY OCOOBIX TOYeK C DPaBHOCTHIO

noxasarenef <, (b) mo wuymcay JApYyrMX nNpaBUAbHBIX OCOOBIX TOYeK,

(c) mo uucay HempaBHAbHBIX OCOOLIX TOYeK NMpPH MOMOILM CjeRyoleH
CXeMBl, KOTOpas, KaK Jerko BHIeTb, OyleT WcyepnbiBaiolies 2).

(a) (b) ()
() 3 1 0 Jlamé
(1) 2 0 1 Martbe
(111) 1 2 0 Jlexanup
av) 0 1 1 Becceab
V) 1 0 1 Be6ep, dpmur
') 0 0 1 Crokc %)

, 4
=
1) Oeficteurenpno, B obmem cayuae A= pp,-— L oy, Wil = % X
v . 1
4 :
X[+ 1202 — (1 — 1)) 1y - p2p = 83— X (o + By). ([Tpust. ped.)
) 1

?) Hanpumep, tum (a)3, (b)0, (c)1 HeBoaMOXeH, TaK KaK OH BHI3BIBAaeT
Heo6X0NMMOCTh B IIECTH HAaYaJbHBIX OCOOBIX TOYKaX.

3) YpaBHeHHe 3TOro THma 6blio paccMoTpeno CTOKCOM B €ro HCCAeIOBaHHAX
o nudppakuuu (Stokes, Camb. Phil. Trans, IX, 168—182 (1856) ); BmpoueM, oHO
Jerko mpeobpasyercs B uwacTHbit cayuail ypaBHenus Becceass (npumep 6, Huxce).
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ST ypaBHeHHd OOBIMHO HA3HIBAIT IO (aMUAMAM *~ MATEMATHKOB,
NpUBEAEHHLIM B nocjeaseM croxabue. Boobuwe roeopsd, uem - HuXe no-
CTAaBJIE€HO YpaBHeHWe B 9TOH cxeme, TeM OoJjee HPOCTH CBOHCTBa ero
pewsenus. Pemenus ypasuenutt (IN—(VI) paccmarpusalores B ra. 15—19
aTO#l KHurH, a pemeHde ypaeHenus (I)!)—B ra. 23. BuiBoasl KaHOHH-
yecKHX (OpM 3TUX ypaBHeHu#t w3 0600ULIEHHOTO ypaBHeHus Jlame yka-
3aHBl B CJEAYIOIIMX ApHMepax.

Ipumep 1. Moayunrs ypaeuenne Jlame

3 1
du | K} du {n(n+1DEC4hlu
Tcz+{2c—‘—a,}7(— 3 =0
r=1 4]1((—"11')
r=1

(rae h ¥ n— NOCTOAHHBIE), MOJaras
ay=ay=o03=0a,=0, 8B=n(n+1)a, 4C = ha,

H 3aCTaBafifl @, —> <O,
Mpumep 2. [loayuuTs ypaBHeHue

1 1
d?u 3 2 du  (a—1694-32¢0)u
vz +<T+ =T )Tc_‘ ze—n  —°

(rae a u g — noctosHHne), noaaras a, =0, a,=1 u 3acTaBAsq a3z = a4 —> Q.
BrBectn orciosa ypasaenne Martve ; 19.1) ’

du
717{—}-((1-1— 16g cos 22) u =0

NpU. IOMOIH NOACTAHOBKH § == cos? 2.
I[Tpumep 3. [Monyunth ypaBHeHue

1
d%u b) 1 du 1 (n(n41) m? u _
7icT+<T+ c':“1>71t;“+'4"{ T T T=1 } e—=n =%

noJiaras

a=da,=1, a3=a,=0, o =0y=03=0, a4=—‘lr.
BuiBectu otciona ypasuenue Jlexauppa (§§ 15.13-, 15.5)
d%u du m?

(1—22) dzz—QzE-—}—{n(n—{-l)—-—l:—z-z—-}u:O

MPH TOMOIMIM MOACTAHOBKHU § == 272, )
Mpumep 4. lonaraa g, =a,=0, o =ay=o03=a,=0 u 3acranass
a3 = @, —> 00, NONYYUTh YpaBHEHue

d?u du 1
¢ty Ty C—nu=0.

Y O cBoiictBax ypasuenuit tuna (I) cm. paborn Kueiina u Popcaitta, nuru-
pyeMbie B KOHIle 9TOK raasbi; cM. Takxke Todhunter, The Functions of Lap-
lace, Lamé and Bessel, 1875.

19 3. T. Yurrexep, Ox. H. Batcon
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BriBectn oTCIOKA ypaBHeHué Becceast (§ 17.11)
d?u du
2 Pkl 2 p2) g —
LA +z dz—l-(z n*)u =0

Npy MOMOIIM TMONCTAHOBKH { = 2%
Mpumep 5 [Monaras a;, =0, ¢) =ay = a3 =, =0 1 3aCTABAAA @y = Q3=
= a4 —> 0o, MOJY4HTh ypaBHEeHUe

d%u 1 du 1 1 l
C_—_dcz +7T+Z(n+§-—TC)u=O.

~ BmBecTn oTciofa ypasHenne Bebepa (§ 16.5)
d?u / 1 1
Gty — g #)u=0

npu TOMOLYU TOACTAHOBKH { = 2%,
Mpumep 6. [lonaras o, =0 u sacrasaas a, - oo (r =1, 2, 3, 4), noay-
YuTb ypaBHEHHE

daz?
S+ B+ CYu=0.

ITonaras 3ateM
1

2
u= (B+C)lu, BL4C = (% Bz’

moxasarb, 4ro
d%v dv |8 :

2 - 2 —

2 —}—zdz-}—(z 9)41;_0.

i
\

MMpumep 7. INokasars, uTo o6mas dopma 0606ieHHOro ypaBHenus Jlame
He uaMenutcst (I) mpu J060M 1pOGHOAHHEHHOM Npeo6pa3oBaHHU HE3aBHCHMOH
HepeMeHHOM, TIPH KOTOPOM 0O OCTaeTcsi 0C060i TOUKOH Npeo6pasoBaHHOrO ypaB-

nenus; (1) mpu M0Go# 3aMeHe saBMCHMOR NMepeMeHHOH TumA u = (2 — a,)' v.
[Tpumep 8 BoiBecTH M3 npuMepa 7, YTO pasjuyHbie NpefeabHbie GOpMBI
060611eHHOr0 ypaBHeHus JlaMe Bcerna MoryT ObiThb CBeleHb! K ¢GopMam B mnpH-
mepax 1—6. [SamernTe, uTO Nonxosdimee APoGHOAMHeHHOE mMpeobpasoBakue me-
peMeHHOll mpeoGpasyer JioGbe TPH pasauyHbie TOYKH B Touku 0, 1, co.]

10.7. Jluneiinpie anddepeHnualbHbie ypaBHEHUSA
C TpeMs OCOOHIMH TOYKaMH

[lyctb
az d
et P@) G tq@u=0

MMeeT TPH M TOJbKO Tpu ocoOble TOUKH a, b, ¢1); mycTb 3TH TOYKH

GyLyT NMpaBUALHBIMM TOYKaMH C mokasateqsmu «, o’; B, B/ 1, /.
Toraa koadduuneHr p(z) OyaeT pauMoHanbHOH yHKHUEH c, Tpo-

CTHIMM NOJIOCAMH B @, b, ¢, €ro BHYETH B 3THX MOJIOCAX OYAYT PaBHBI

1) Touka Ha GECKOHEYHOCTH HOJIKHA ObITh OGBIKHOBEHHOH TOUKOM,
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l—a—a/, 1—8—f§, 1—7—1', 1 p(2)—227! npu z—->00 Gyzer
0 (z72). Iosromy

1—g—a’ 1—8—p’ 1y —
P@)= 2iaa+ zfp—bﬁ_'_ zI—cY

ul)

ata/ BB 411 =1.
TMonoGHBIM ke 00pasoM ‘
aa’ (@ — b) (a—¢) + B (b —c)(b—a)

q(z):{ z—a z—b
W (c—-a)(c—1b) 1
+ Z2—c }(z——a)(z—b)(é—c)’
M CleNOBATe]LHO, Nu(pepeHUualpHOe YpPABHEHHE WMEeT B
d%u l—a—af 1—8—8 l—1—7") du
dz? +{ z—a =+ z—b + z—c¢ }71—2_+
aa’ (@—b — "(b—c)(b—
+{ (a z——)c(za C)+B@ ( ZC_); a)+
| 17 (¢ —a) (c—b) u
+ .l } 0.

C—az—b0@E—0o

D10 ypaBHeHue Obi10 BmepBhle HaHo [lanmepuruem 2).

Yto6r BBHIPA3UTL TOT GaKT, YTO # YIOBJIETBOPAET YPABHEHHIO 3TOTO
THna (koTopoe Ml OyneM HasniBaTh P-ypaBHeHueM Pumana), Pumad
nucan %)

a b ¢
u=~Pya B 1y =z
al BI .r

’

Oco0rle TOUKM ypaBHeHHs IOMellleHH B NEepBOH CTPOKE C COOTBET-
CTBEHHBIMH TOKA3aTeNAMH HEeINOCPENCTBEHHO MO HUMH, 4 He3aBUCHMAas
nepeMeHHas MOMeIEHa B YeTBEPTOM CTOJOLE.

ITpumep. [NokasaTh, YTO rUNEPreOMETPUYECKOE YpaBHEHHE

z(l—z)%—f— {c—(a+bF+12) —j-i'——abu:O

') IMokasaTend NOMAKHB YAOBAETBOPATH 3TOMY YPaBHEHHIO.

2y Papperitz, Math. Ann.,, XXV, 213 (1885).

% Riemann, Abh. d. k. Qes. d. Wiss. zu Gottingen, VII (1857). Us
9TOr0 MeMyapa BHIHO, YTO XOTs PuMaH 4 He COCTaBJAsa 3TOr0 ypaBHEHHUS fABHO,
HO BHIBOZHJ/ €r0 CYIIECTBOBAaHHE M3 THIEPreOMETPHYECKOr0 ypaBHEHHA.

19*
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0 oo 1 -
P!Oa 0 z

ll—c b c¢c—a—>b

onpejensieTcs CxeMon

10.71. TlpeoGpazosanna P-ypaBHenus Pumana

IBa ﬂp606p33033HHﬂ, npeinctasaseMple CXEMAaTHUYCCKH PABEHCTBAMHU

(f‘__,ﬁ’)k(——j:,ﬁ)lP: g ; z (=
. al BI T,
a b c

=Py at+k P—k—1 41 2;, ()
o 4k B —k—1 741

a b ¢ a b ¢
Pia By zi=Pya B 1 2 (I
al p/ .,{l } a/ BI T,

(rze 2y, @y, by, ¢; moayuensl u3 2z, @, b, ¢ HEKOTOPHIM JAPOOHOJMHER-
HEIM TIpeo0pasoBaHueM), uMel0oT Oosblioe 3Hayenwe. OHH MOTYT ObITH
NONy4eHbl MNPAMBIM TpeoOpasoBanueM Aud@epeHLnasbHOro  ypaBHeHHS
[Manneputua — PuMaHa nyTeM Hagjexalueit 3aMeHbl 3aBHCMMOM M Hesa-
BHCHMOH TepeMeHHBIX; HO BEPHOCTb Pe3y/bTaTOB MpPeoOpasoBaHuit MOXKHO
BHIETb MHTYMTHBHO, €CJM 3aMeTHTb, YTO P-ypaBHenue Pumana ompeje-

JSeTCH  ONHO3HAYHO 3HAHMEM TpeX OCOOHX TOYeK M WX mnoxasareJfeft,
a rakxe uro (I), ecuu

a b ¢
u=P{a B T 23,
al BI ,TI
o\t o\
TO u1=(—§-:g-> (zz—_—Z) u ynosiaerBopsieT AnddepeHualbHOMY ypaB-

HEHHI0 BTOPOTO NOPAAKA € TEMU Xe CAMBIMU TpeMs OCOOBIMM TOYKAMH
W nokasatensmu a—+k, o -k; B—k—I, B —k—1U; v Y 41
Az, + B

Cz,+D’
TO ypaBHeHHE OTHOCHTEJbHO 2; OymeT JuHEHHBIM YpaBHEHWeM BTOPOrO
nopsiika ¢ OCOOLIMH TOYKAMH B TOYKaX, MOJAyYeHHBIX M3 @, b, ¢ mpu
NOMOIIM 3TOr0 IpoGHOIMHEAHOr0 Npeo6pasoBaHus, ¢ NoKasaTe aMu «, a’,
8. B’. 1. ¥’ npu Hux.

¥ CyMMa 9Tux nokasartese#t 6yzer 1; (II) ecay Mpl nOJOKNM Z =
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10.72. Casss P-ypaBHenns Pumana

¢ FUNEpPreoMeTPHYECKHM YpaBHEHHEM

Ha ocnosanun pesyaprtaros § .10.71 saxaiouaem, u€To

a b ¢ a b c 1
Pya. 8 1 2 Z(ﬁif\aﬁ:%)TP' 0 Btaty 0 2=
of gl T/ .

| (o' —a B'aty ' —y
0 e’} 1
(z—a\*{ z—c 0
=EE) SRy 0 e o
ol —a Btaty 71
rae

. (z—a)(c—0b)
r=E=he=a"
IMostomy, coraacho npumepy § 10.7, pemenue P-ypasuenus Pumana

MOXHO BCerja noJy4YuTb M3 peEHICHUSA TUIIEPreOMETPUYECKOro ypaBHEHU,
9JIEMEHTH KOTOpOro &, b, ¢, X COOTBETCTBEHHO PaBHbBI

| /7 ’ - —b
atbtr a4 1da—e, TEIEZ

10.8. JInneiinpie nnq)q)epénunamnue YpaBHeHus
C AByMSi 0COOBIMH TOYKAMH

Ecau B § 10.7 Mbl cnenaeM TOuky ¢ 0BLIKHOBeHHOM TOUYKON, TO MH
nOoMmKHb GyneM uMers | —y— ' =0, y7'==0, a
aa’ (@a—b)(a—c) | B8’ (b—c)(b—a)
z2—a + z2—b

JOKHO JIeJHThCA Ha (2 — ¢) 1aa Toro, uToGwl p(2) u ¢(2) Gbiau aua-
aurndeckumu B ¢. Orciona a—ao’ +B4-B'=0, aa’=0B", u Mb no-
JyyaeM ypaBHeHHe

d%u l—a—ao 14ad0a" ) du a’ (a—bY2u
dz? +{ z—a + z—0b }E—}—(z——a)z(z——b)?—o'

pelleHHe KOTOpOro Oyner

z—a\* z—a\* |
u:A(z__b) +B(Z_b) ;
TakuM o06pa3om,

pellieHUe CONEPKHUT TOALKO 9JeMeHTapHble (YHKUUM.
Korpa a==a’, peluenne uMeeT BUJ

z—a\* {z2—a\® z—a
urA(z—b) +Bl(2—bl) lg(z——b)'
20 3. T. Yurrekep, Hx. H. BaTcon
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Mpunmepn
1. Iokasath, 4TO ypaBHEeHue
d%u
v +2u=0
1, 1,
HMEeT PEWeHHs 2 — o 2 o 1——6~ 23+ ..., a TakKe HCCAe0BaTh 006JacTb

CXOAUMOCTH 3THX PsLOB.

2. TToayuuts HHTErpajpl ypaBHEHHUS

d?u 1
ar T 1= He=0

npaBuabHbE BOJH3M 2 =0, B dopMe

HMEET pelICHus

1
5 2 4
”'232{1+Tz€+1§W+'“}’
3

i '2"
u2=ullgz—%+

3. Tokasarh, 4TO ypaBHeHHe

d?u 1 1
Gt (g —g #)u=o

2n+1 ,  4n24-4n43
1— i 2?2 4 96 2= ..,
2n41 o, 4P+ 4n 47
z——qg &+ aw/o LT

# 4TO 3TH PAAbl CXOAATCHA sl BCEX 3HAaYEHuH 2.
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4. MoxasaTb, UTO ypaBHEHHE

a’u { i‘ l—a, —8B, ] du V! a,8,
dz? _Hlk—‘i z—a; J’ {-J(z—a)2+2l z—a, i =0

Z (@, +8)=n—2, Z D, =0, Z(WDr‘]‘“rﬁr):Or

=1 r=1 r=1

ﬁ (a’D, +-2a,2.8,) =0,

rae

aBasercsa HauGoaee OBIUM ypaBHEHHEM, I KOTOPOro BCe TOUKH (BKJKWOUAA oo),
KpOME TOYE€K d;, &3, ..., d, OYAYT OOLIKHOBEHHBHIMHM, a TOUKH &, OyxyT
NPaBUIbHBIMH TOUKAMH C NOKA3aTedsMH a,, B, COOTBETCTBEHHO.

(Klein)
5. [Toxasath, 4TO mpH B—]-y-{-ﬁ’-}—«(':%
0 o 1 —1 oo _1 ‘
P (1) P 22}=P{( v B 1 24
= & v Ly oy |
(Riemann)

[,{ln(pcpepeﬂuuanbﬂoe ypaBHeHne B 0GOMX cayuadax Oyner
d?u 22(1 —y—17') du ' ko du
d22+ 2—1 TE-I—{B@ +r } zz——l_o']

6. IToxasarp, 4TO e€cCau 7—}-1’:—3— H ®, ©?—KOMNAGKCHbIE KyOHuHbIe

—_—

KOpDHH K3 €IUHHIBI, TO

0 o 1 . ‘
0 0 23 © @

P{ 11 1 . }=P 1 1 zj,
l-é— F 1’ J ,\{/ ,\[/ ,\‘/

(Riemann)
[,Ilmpcbepeuunanbﬂoe ypaBHeHue B 06OHX caywasx Oynet
d?u 222 My'zu
dz=? + 2 —1 dz+( 1)2_0']
7. lokasaTb, YyTO ypaBHeHue

—(2a—|—1)z%+n(rz+2a)u=0

a2
(1—2

onpejnenseTcs CXEMOH

1 e —1 ]

p 0 —n 0 z},
1 1

5 —a n—+ 2a 5 —a J

20%
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H YTO ypaBHEHNHE

2
(4 0 T tn (1 + 2 u =0

MOXHO MONYYHTh W3 HEro, MOJOXKMB @ ==1 U NPOU3BENs 3aMEHY HE3aBHCHUMON
NepeMeHHOH.

(Halm)
8. PaccmorpeTh pelneHHs ypaBHEHHS
d?u du 1
e G 1 m G (n 14 g m)u =0,
ronnble -B6aAn3H 2 = 0, ¥ pelmeHus, rojsple BOJU3H 2 = CO.
(Cunningham) .
9. PaccMorpeTh pellleHHs ypaBHEHHSA
d%u 2u du du
Gt T TR TR we=0
rojHbie B6au3u z =0, u pemenus, rogHble B6aH3H 2 = ©O.
PaccMoTperh clelylollye YacTHble Caydau:
3 1
O p=—z5, @) p=z5, ) pfv=3
(Curzon)

10. Jokasatb, 4TO ypaBHEHHE
d%u 1 du
z(l——z)—ﬁ—}-é—(l—%)d—z—{—(az—}- Hu=0

nUMeeT IBa 4YaCTHBIX HHTErpala, INPOH3BENeHHe KOTODHIX €CTh ONHO3HAYHas
TpaHcuenienTHas Gynxuua. [Ipn xakuX 06CTOATENbCTBAX STH ABA YACTHBIX
pHTErpafia cosnagaiot? OG603HAaUMB X NpousBejeHue uepes F (2), A0KasaTb, 4TO
YacTHHie MHTErpaist 6ynyT |

1 2
pen® 4
o= (P x| € [ e,

rie C — onpejeneHHas NMOCTOSHHAA. (Lindemann; cm. § 19.5).

11. Jokasatbk, uto obmee auHeliHOe AubdepeHnralbHoe ypaBHEHHE TPETbEro
nopsaaka, ocebuie TOUKH KoToporo cyth 0, 1, c0 M KOTOpOe HMeeT BCE CBOH
WHTErpadbl APAaBUAbHBIMH BOJIM3UM Kau/J0oH 0cO60H TOUKH (TIpHUEM TOKa3aTelH
B Kawaoi ocobodi Touke 6ynyt 1, 1, —1), 6yzer

d3u 2 2 d’u 1 3 1 du
F+{?+z—l}_¢i?—{~27_z(z—l)+ (2—1)2}75—*—
1 3cos?a 3sin?a 1
+{53—_~ 2@—1) z@E—1)y + (z—1)° }u:(),

rie a MOXET HMeTb JM1060e MOCTOAHHOE 3HAYEHHE,

(Math. Trip., 1912)



FTTABA 11
HMHTETPAJIbHBIE YPABHEHUS

11.1. OnpeneseHne MHTErpaJbHOTO ypaBHEHHS

YpaBHeHne HasbIBA€TC MHTETPAJbHBIM, €CJHM Heu3BecTHad (YHKIHA
COIEePKHTCS MOJ 3HaKOM uHTerpana. OmnpeleneHne HEU3BECTHOM GYHKIUH
Ha3bIBaeTCs pellleHHEM ypaBHeHus 1),

BBenenne MHTerpajbHBIX ypaBHeHHH B aHanu3 npuHaiiexuT Jlannacy
(1782), xoTophlft paccMaTpuBans ypaBHeHHUS

f=[e"ewat,  g=[tTewat

(rme B 06OMX Cayyadx ¢ mpeicTaB/ifeT COOOH HeU3BECTHYIO (PYHKUMIO)
B CBA3M C pemleHHeM IuddepeHunasbHbIX — ypasHeHuH. IlepBriM
MHTErpaJbHbLIM ypaBHEHHEM, pelleHHe KOTOpPOro OHIO MOJAYYeHO, OHI/IO
ypaBHenue Pypoe

[e ]
f(x)= f cos xt o () dt.
—co
Ero peutenneM?) npu u3BeCTHHX OGCTOATENbCTBAX Gyser
[ee]

¢ (x) :—i— [cos uxf(u)du,

0

f(x) nomkHa OHTb ueTHOH (yHKLMel OT X, TaK Kak COS Xf-— yeTHad
dyHKLUA.

[Tosxe AGeab3) npumies K UHTErPAJbHOMY YPABHEHMIO B  CBA3U
C ONHOW MeXaHW4YeCKOH 3ajayel M NOJy4ydua JABa €ro pellienus; nocjae
oToro JIMyBU/AAb MCCJAENOBAJ UHTErpajbHOe YpaBHeHHe, KOTOpOe BO3-

) Wckaouas cayua#h unrterpana Pypoe (§ 9.7), Mbl I[pakTHUECKH 8Cezda
HYXJAeMCS B HenpepvieHolX PelleHHAX MHTErpajbHHX ypaBHEHHH.

2) Jle#iCTBHTEJbHO, €CJM 3TO 3HaueHHe 1Jd ¢ NOACTaBUTh B ypaBHeHUe, 10
noayuutcs (opmyna, Aokasanxas B § 9.7. .

3) Abel, Solution de quelques problémes a [l'aide d’intégrales définies,
1823. Cm. Oeuvres, 1, 11—97.
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HUKJO B Tpollecce ero 3aHaTuil nuddepeHIMaJbHBIMH ypaBHEHUAMH, H
OTKPHLJI BaXHHIH croco6 pelieHns HHTerpasibHLIX ypaBHeHu# 1), pacemarpu-
BaeMbift Hamu B § 11.4.

B nocaennue roAbl MHTerpajibHble ypaBHeHHs npruoGpeau 6o/blioe
3HaueH¥e B pA3JTMYHBIX OTPAC/AAX MATEMaTHKW; B TaKHe ypaBHeHHS
(B ¢uanyeckux npobieMax) yacTO BXOAST KPaTHble HHTErpanbl, W HCCle-
IOBaHME KX, eCTeCTBEHHO, NpeAcTaBideT OO/bllMe TPYAHOCTH IO CpaB-
HEHHIO C HCCJeIOBAHHEM 3/eMeHTapHHIX YypaBHeHMH, KOTOpHe OyayT
paccMoTpeHbl B 3TOH rJase.

Jlas oGneryeHuss U3JIOKEHHS MBI MDELNOJONKHM, UYTO NOCTOSHHLIE &,
b ¥ mepeMmeHHble X, y, £ BelleCTBEHHH M, Najee, 4T0 @ < X, ¥, §<b.
Banannag ¢yukuua?) K (x, y), BCcTpeuaiollascs INOJL 3HAKOM HHTerpana,
B GOJbIIMHCTBE ~PacCMaTPUBAEMBIX ypaBHeHHH. OyleT BellleCTBeHHOM
¢yakuue#t o1 ¥ # y U niu (I) HenpephiBHOK ¢yHKUKMeH 0OeuX MepeMeH-
HeX B oOnactn (¢ < x < b, a < y<b), um (II) nenpepriBHOR (yHK-
uueft ofeux mnepeMeHHHX B ofmach a4 y<{x<d u HyreM npm
y > x; B nocjenHeM caydae K (x, y) uMeeT TNpaBWJIbHO pacnpefelieH-
Hple paspeiBbl, M B OOOMX cayuasax Jerko 10KasaTh, uTO ecad f(y) —

b

HenpepoiBHass ¢yHKUMA npu a L y-<Lbh, 10 ff(y)K(x, y)dy Oyaer
‘ a

HenpepblBHOH ¢yHkuue#t ot x npu a < x < b.

11.11. AJsireGpanueckas Jemma

Ipennoxenue aare6panyeckoro xapakrepa, KOTOpOe Mbl cefuac moayuum,
urpaeT GOJBLIYIO POJb B TEOPHUH MHTErPaJbHBIX ypaBHeHuH Ppearoabma.

nyc‘“’ (xl! yl! zl)r (x2v Yo 22)1 (XSI Ys» 23)—Tpﬂ TOUYKH, HaxoadiHecd Hg
PacCTOSIHMH eJMHHUA OT Hauana koopaunar. HamGoabmee (mo . aGcoOMIOTHOM
BeJMUMHE) 3HaueHHe o6bpemMa IapaJJenenunena, NOCTPOEHHOrO Ha OTpe3kax,
COEMHAIOIMX HAYaJo C JAHHBIMU TOYKaMH, paBHO - 1, mpuuem pebpa Gynyr
TOrAa mepmennukyaspub. [lostomy, ecmm xi-y24zi=1 (r=1, 2, 3), 10
BEDXHAS M HIXKHAS TFPaHULbl ONpele]uTens

X Y1 &4
- Xy Yo 2y

X3 Y3 23
paBHb * 1.

1) YucaenHOe BHIYMCAEHHE DEIUEHHH HHTErpajibHBIX YpaBHEHHH ObLIO uccie-
IOBaHO B mocienanmee Bpems YurrekepoMm (Whittaker, Proc. Royal Soc.,
XCl1V, (A), 367 — 383 (1918)).

2) boxep B cBoeil BaxHOH paboTe 1O MHTErPaNbHLIM  yPaBHEHHAM
(Bocher, Camb. Math. Tracts, Ne 10) Bceraa paccMmaTpuBaeT Goaee o6mui
cayuaii, B KoTopoM paspuiBhl K (x, y) pacnpedesens. npasuAbHO, T. €. Pa3pbiBbl
HMEKT XapakTep, onucaHHsii B mpumepe 11 ra. 4. Yurateap yBHAMT U3 yKasaH-
HOrO HPHMepa, YTO TMOYTH BCE Pe3yabTaTbl STOH MAaBbl MOTYT COHTh 0OGOGUIEHBL
M Ha Cly4ail JI060ro NpPaBUIBHOrO pacnpefenenus. Urto6bl. caenatb 3Ty raaBy
6onee mpocTOit, Mbl He OyAeM pacCMaTpHBaTh TaKHX- 060OLIEHHH.
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JlemMa, npuHanaexamias Anamapy !), o6o6maer 3T0T pesyabtar: IlycTs

ap Qi ... Qip
a1 Ay .. an | _ p
Qn1 Qno Ann
Q2
rlie 3JeMEHTHl d,, BEIIECTBEHHb H Eamr;l (m=1,2,...,n), nycts Ay, —
F=1 :

JOTIOJHEHHE 3JEeMEHTA &,, B D, u mycTb A — onpejeauTesib, 31EMEHTH KOTO-
poro cyTb Ap,; TOrla IO H3BECTHOH Teopeme %)

A== Dn—i,

Tak xak D sBasieTcss HeNpephiBHOH (yHKuHEH CBOHX 3JEMEHTOB H, CJel0Ba-
TeAbHO, GyAeT OrpaHvyeHHOH, TO K Hell NIpHMeHuMa OOLIUHAsA TeOpHs MaKCH-

MyMa M MuHMMyMa. Ecau MBI 3aCTaBHM H3MEHATBCA TOJABKO a\, (r=1, 2, ..., n),
n
o oD
10 D Gyner crauMOHAapHOM INpH TakHMX U3MEHEHHSX, KOrja e da,, =0,
1r
r=1 ’

n
npHYeM BapHaluu 04,, NOAYMHEHH TOAbKO OJHOMY YCJOBHIO Za,,Bal,_—_O,

r=1
w10sToMy %)
oD
Ay=—-"—=1ha
ir aalr 17
HO
n
Z ay Ay =D,
r=1
CJEN0BATENbHO,
n o -
A a?r =D
r=1
u
A = Day,.

PaccMaTtpuBas ‘M3MeHeHHs JIPYTHX 3JeMeHTOB ompefeautets D, Mb BHIHM,
410 D 6yneT cralMoHapHBIM IPH M3MEHEHHH BCEX 3JEMEHTOB, Korna A, = Dag,,
(m=1,2,...n, r=1,2, ... n). CaenoBareabto, A= L"D, orkyna D"*+! =
= Dnr=1, Orciola Cjaenyer, YTO MAaKCHMaJibHOE W MHHHMaJpHOE 3HayeHus D
6ynyr £ L.

Canencraue. Ecau a,, BemecTBeHHb H MNOAYMHEHBl TOJBKO YCJOBHIO
lamr | < M, TO0 U3 HepaBeHCTBa

) Hadamard, Bulletin des Sci. Math. (2), XVII, 240 (1893).

?) Burnside and Panton, Theory of equations, II, 40. (CM. Takxke
®. P. Taurmaxep, Teopws marpun, ocrexusnar, 1954. — [1pun. peo.)

3) Io oGuynOK Teopuu MHONuTedell Jlarpanwa.
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JIErKO BHIETb, YTO MaKCHMaabHOe 3Hauenue | D| paBHo
1 n 1
( —i' 7” -
n°M) =n° M
11.2. YpasHenue $penrosrmal) u ero mpeamosaraemoe pemeHue

BaXHbIM HMHTerpa/ibHBIM ypaBHeHHeM OOLIero Tuna siB/seTCH ypaBHeHHe
b .
P(0)=F(x) + [K(x De®ds
a

rie f(x)—s3anaHHas HenpephiBHasg ¢yHKuud, A — napamerp (B obluem
cayyae KOMIUIEKCHbIR), a K (x, £) noxduHsieTcs YCJAOBUAM 2), YKa3aHHBIM
B § 11.1. K (x, &) HasbiBaerca sdposm (nucleus)?d) ypasuenus. 3Ito
HHTErpajbHOE YpaBHEeHME M3BECTHO MNOL Ha3BaHHeM ypasheruss Dpeo-
2046MQ WM UHMEZPAALHO20 YpasHeHus 8smopozo poda (cm. § 11.3).
BoabTeppa sameTHs, YTO ypaBHeHHe ITOrO THIA MOXHO PaccMaTpHBATb
Kax mNpenesabHBIM cayuah cucreMbl muHelHBIX ypaBHeHu#i. B cBoem
ucciaeoBanul PpearossM 3BPUCTHYECKH TMPOBOAUT IMOAOOHBIR Npelelib-
HBHIfl Npouecc, a 3aTeM NPOBepWET pe3yabTaT PACCYXAEHUAMH, NPUBOMIU-
mMpiMM  Huke, B § 11.21, Tuasbepr (Hilbert, Gottinger Nach.,
49—91 (1904)) o6ocHOBaM nNpelebHbfl MPOLECC HENOCPEACTBEHHO.

Mpul npucTynuM Temepb K PAaCCMOTPEHHIO CUCTeMbl JHHEHHBIX ypaB-
HEeHUR U HCCaelyeM 3ateM cnoco6 Ppeiaronbma [Ijs OmpasiaHus Mnepe-
X0la K npefeny.

MurerpaibHoe ypaBHeHue sBAseTCH TpeaeabHod  ¢dopmoit mpu 3 >0
ypaBHEHHA

(P(x):"f(x)‘f”}\ Z K(x, xg) ¢ (%) 3,
.og=1 .

rie Xg— Xq_y =19, Xo=a, X, =0b.

!y Mepsas pabora  Ppearoasma (Fredholm) no sToMy Bompocy nosiBHiach
B «Ofversigt af K. Vetenskaps-Akad. Forhandlingar», LVII, 39—46 (1900). Ero
H3BICKAHUS HAIleYaTaHH Takxke B «Acta Math.», XXVII, 365 — 390 (1903). )

?) Yurareab 3aMeTHT, yTo ecau K (x, &) =0 (£ > x), TO ypaBHeHue MOXeT
GbITh NEPENHCAHO ‘B BuAE

¢ =F 1 [Kx e @

Takoe ypaBHeHHe HAa3bIBACTCS YDPABHEHUEM C NEPEMEHHHLM 8ePXHUM NPEOCNOM.
3) Mo-aurauiicky raxxe Kernel, mo-ppanuyscku noyau, no-Herenks Kern.
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Tak kak 3TO ypaBHenke [OMKHO ObiTb BepHbIM IpH a < X < b, TO OHO
GyJeT BEpHBLIM, B HYaCTHOCTH, KOIJA X NPHHUMAET 3HAUEHHS X|, Xy, ..., Xp H
TaKHM 06pasoM,

n
—RB Y K xde(x)+o(x)=r(x) (p=12 ..., n).
g=1
dta cucreMa ypaBHeHu# maa ¢ (xp) (p=1, 2, ..., n) uMeer elMHCTBeHHOE

pellieHne, eciy OnpelejuTe/s, COCTaBACHHH U3 K03(duuunentos npu ¢ (x,), He
paBeH Hyaio. ITOT ONpeie]HTeNb pPAaBeH

1— MK (x), %) —WK (X, £3) ... —MK (X, xp)
Dy =| K G ) A=K G ) o RK G )
- )BK (Xn, X.) - }‘61\ (.Xn, JC2) e 1— }\BK (Xnv -’Cn)
n n T
. \ " A2 K(xp, xp) K(x,, x4)
=1—2A BK(x’x)_*_.._._ 62‘ P p P a’ | __
pz:l P op 2! p,2q=1 L K(xg %) K(qu, Xg)
A8 "j K (xp xp)  K(xp, xg)  K(xp, x;)
—3r 2‘ 83 K (xg xp)  K(xg Xy Kixg, x7) |+ ..o
Par=l | K(xp %) K(xn %) K(xn x)

€CJH Pa3NOoXHTbL ero!) mo cremeHaM A
3acrasaaa 8 >0, n->0o ¥ 3aMEHAs COOTBETCTBEHHO 3TOMY CYMMHDPOBaHHA
UHTETPUPOBAHUAMM, MBI IIPHXOJAUM, TaKMM 00pa3oM, K PacCMOTPEHHIO psjia

b b b
2 KGo &) KGoi)|
D"‘)zl“kf’“&“&‘)dgﬁﬁf/ Ko 8) Ko | adi— ..
a a a

DNanee, ecnn Dy (x,, x,) ecTb aareGpauueckoe AOMONHEHHE 3JEMEHTa, COAEpIKa-

wero K(x,, x,) B onpeaeautene D, (), To pelleHHe CHCTEMbI JHHEHHLIX ypaB-

HeHu#t 6yner MMeTb BHI

f(xl) Dn (xpu xl) +f(x2) Dn ('xw X2)+ e +f(xn) Dn (xw xn)
Dy (1) ’

Jlerko BHAeTh, YTO mpejesbHOH Gopmoit aaa D, (%, x,) crenyer
cuurath D (A); ecad xe p == v, T0

? (xu) =

Ky %) K(xy, Xp) ]

. [ : L
Dy (%) %) =204 K (x5, x,) — kb |
(X Xy) {l (X X)) pg] K(xp x))  K(xp xp)

- 1 n K(xp.v xv) K(xp.: xp) l< (xp.' xq)
For 2 Y | K ) K ) Kl xg) | — - b
pa=1] K(xg4 x,) K(x4 xp)  K(xg xg)

e PaxTopHank NOSBJALIOTCH IOTOMY, YTO KAaXIBIH ompeneauTelp M3 S -
CTPOK M CTONOUOB BCTpeuaercs S! pas, KOTAA P, ¢, ... TPUHUMAIOT - 6C¢ 3Hauye-
Hua 1, 2, ..., n, MeXIy TeM KaKk OH BCTpPeYaeTCs TOJALKO OAHH pas B IEpBO-
HayanbHOM omnpefenutene D, ().
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o o -1 .
TaK YyTO mpeneabHolt GopmoH ') mas B D (x,, x,) caexyer cuurarh
b

D (x,, x,; \) = MK (x,, xy)—mf Kxy, 2 Kx &)

K&, %) KE, &)
b b K(xw Xxy) K('xp.r £) K(Xu, &)
b [ [ KG %) KG &) KG &) | dey—
a a K@G, x) K€ &) K &)

‘Cl1e0BaTEAbHO, Mbl NMPUXOINM K PacCMOTPeHHio GyHKIUU

dg, +

(p(x)=f(x)+ﬁ'/lD(x, & A f(§)at
a

KaK BO3MOXHOI'O PELICHHS HMHTErpajbHOrO YPaBHEHus,
Mpumep 1. Tlokasats, yto B cnyqae ypaBHEHHS

<p(x)=x+)\fxycp(y)dy
0

Mbl HMEEM ,
D(}\)zl——;—k, D(x, y; &) = hxy
4 uTO ‘ 3
X
¢(X) =73y

OyleT pelieHHeM.
MNpumep 2. INokasars, uto B c.uyqae ypaBHeHus

ce(x)=x+xf(x,v+y2><e(y)dy
0

Mbl HMEEM 9 1
DRy=1—Fh—g it

1 1 1
DG 3 D=y 4ym 12 (3o Sy — Ty b 1),

H TONYyYHTb HEKOTOPOE pellieHue ypaBHEHHA.

11.21. HUccaenosaHue pemeHus Ppearonsma

Jlo cUX MOp MOCTpOEeHHe pelueHHs HOCUJIO SBPUCTUUECKHE XapakTep;
Temepb Mbl Ha4WHeM BCe CHAyana M ybOeldumcs, 4TO MBI JAeHCTBUTENBbHO
noayyaeM TAKMM OOpa3oM pellleHue HHTEI'PAJbHOTO YpaBHeHUs; 4YTOOHI
ClesaTh 9T0, paccMOTpuM Ase ¢yHkuun D(A) u D (x, y; ), K KOTOPHM
Mpl npuman B § 11.2.

’) 3aKoH COCTaBJAeHUA NOCACAYIOIIMX 4JACHOB BHJ€H IO TEM, KOTOpHIE
BbINTHCAHBL.
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HanumuweM psaa, xoropnim onpefeasnocs D(A) B § 11.2, B dopme
1+ 2 azh
n=1

s s WK B KGL B K 6
om0
KEp &) KGp &) - Ky £

TaKk Kak K(x, y) HenpepblBHa X INOITOMY OrpaHHYeHa, TO Mbl HMeeM
IK(x, )] <M, rae M He 8aBWCUT OT X M y; TaK Kak, Jjaiee,
K (x, y)— BellecTBeHHass (YHKUHSA, TO MBI MOXeM NPHMEHUTb JeMMy
Anamapa (§ 11.11) u noayuum cpasy, 4to

TaK 4TO

1
la,] < n?nM” (b —a)*

1
= n
Tonoxum n? M” (b— a)* =n'b,; Toraa

tim %i—'z fim —(——M{(l +l)"} —0,

n>w > (1)

TaK Kak (.l —{—-n—) —e.

[ee)
Pan Ebn)\” 6yneT 1mo3ToMy aGCOJIOTHO CXOAMTBCS Aasl BCeX 3Haue-
n=1

nuit A; TakuM oGpasom (§ 2.34), psn 14 a;’:"

n=1
3HaueHu#t A M, caenosatenbHo (§ 5.64), mpexcraBisgeT HeaAyK (yHK-
H{Io OT A '
HanuweM Teneps psn aas D(x, y; A) B ¢opme

[ee]

\' U, (x, y) A+l
}d al ’
n=0

Torma no jgemme Anmamapa (§ 11.11)
1
[v,1 (%, ¥)] <n? " mn (b — ay-1;

X,
OTCHAa _UL(,_YLI < ¢,, TAE ¢, He 3aBUCUT OT X U Yy, NpHYEeM pan

oo
> ¢, A1 abcoNTHO CXOAMTCH.
n=0
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TMostomy D(x, y; \) Takwe Oyner uemoi ¢yuxuuet ot A. [laiee,
pan naa D(x, y; ) —AK(x, y) 9BaseTcs DPABHOMEPHO CXOISILMMCSA
(§ 3.34) pazoM HempepuiBHEIX !) GyHKUUE OT X M y, KOrla a <x < b,
ay<b

CoGepem B D(x, y; \) Bce 4.TeHBL, conrepxamue K (x, y); Mbl
ROy YHM

D(x, y: N=MD WK (x, y)+ 3 (—1y et Ll d)
n=1
Fiae

Qu(x, y)=
\ , 0 K(x, &) K(x, &) ... K(x, &)
:f . f K(El, y) K(Elv E]) K(Ep EQ)"‘ K(EI’ n) dE E

K(En» y) K(En’ 51) K(i,.’ 52)”- K(E,,, ,,)

Pagjaras no sneMeHTaM MePBOTO CToJA6UA, Mbl moayuaeM Q,(x, y)
B BHIe HHTErpaja CyMMbl n Ompelenutenedt; Hamucas &, &, ..., §,_;,
€ &y oo, £,y BMeCTO &, &, ..., £, B m-M onpelesuTe/ie, Mbl BHIHM,
YTO HHTErpajbl BCEX onpejenuTen]efl paBub 2) M, TakuM 0GpasoM,

bMb

b .
Q,(x, y):—-nff fK(E, NP, dtds, ... dt,_,,

rae ' A
1K (x, %) K(x, &) e K(x gy
Pn= K(Elv E) K(El; E1) tee K(El’ n- 1)
KGrn & KGot &) - Kt Eno)

Orcwona NnoJaydyaeTcss HENOCPeACTBEHHO, UTO

b
D(x, y; N)=\D () K(x, y)+>.fD(x, 5 NKE ) di

BosbmeM TENnepb ypaBHEHHE

b
e®=/O+ [KE ek dy,

1y Jlerko yO6eguTbCsd, 4YTO KaXAbIA uneH (32 HCKAIOUEHHEM, BO3MONHO,
nepBoro) pana mas D (x, y; k) Gyner HempephlBHOH ¢yHKIHEH npH O6OHX mpejx-
nonoxenuax (1) u (II) § 11.1.

2) [Nopanox uHTErpupoBaHus Hecywectsel (§ 4.3).
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ymHoxuM Ha- D (x, & X) M NpOUHTETPUPYEM; MOJNYUYNM

b b
JroDe & hat= [e@D(x. & Nt~
a a -

— [ [ D & HKE Devayd

a a

MHTerpupOBaHUe B 1BOMHOM UHTerpaje MOXHO NDOM3BOLHTL B JIOGOM
nopsike; TakuM o6pasom,

b
ff(E)D(x,.E; )) dt =

a
b

. b
= [e®D(x & N&— [ (D(x, y; N—IDOK (%, )} ¢(v) dy =

b
=DM [ K(x, y)e()dy=D0){¢(x)— f (%)

B CHJY 3aJaHHOTO YPaBHeHMs.

[Mostomy, ecau D(A\)=£0 u eciu ypaBHeHue &Ppeirosbma HMeeT
pclueHWe, TO 3TO pelleHue naeTcs Gopmynokh

b
s=r+ [ 16 2EEN &

fpoussesnss MOACTAHOBKY I3TOr0 3HaueHus CP()C) B UHTErpa/sbHOE Yypas-
HeHWe, Mbl BHIHM, 4YTO OHO B CAMOM JeJie fBJAETCA pelIeHHEM.

Sto peieHue nosTOoMy OylAeT eNMHCTBEHHbIM HENPEPHIBHLIM DelleHHEM
ypaBHenus, ecin D (W)=+0.

CaenctBue. Ecau noxoxum f(x) =0, To noayunM «OXHOPOAHOE> ypaB-
HeHue .

b
ﬂ@:thuim@M&

OHO HEe HMEEeT HeNpepHBHOrO pelleHHd, KpoMe odeBugHOro ¢ (x)=0, ecau
Toabko D (A) #=0.

IMpumep 1. Pasnaras onpenerurens, cofepxamuiica B Q, (x, y), no aae-
MEHTAM IIepBOil CTPOKH NOKa3aThb, 4TO

b
D(x, y N=ADWK(x )+ [ Kx DG 3 N
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[Tpumep 2. [Toavaysce dopmyramu

D(7\)=l+~1a)\

n=1

\ A+ )
D(x, y; ) =2D W K(x, )+ X, (—1)" __QTr;'(LL)
A0Ka3aTb, YTO n=1

fo(e, g ndi=—1 200
a

[Tpumep 3. Mycrs K(x, V=1 (y'<x), K(x, ¥) =0 (y > x); noxkasats
410 D (M) =exp {— (b —a)r}.
Ilpumep 4. Ilokasars, uto ecan K (x, y)=f, (x) f(y) u ecan

b
ffl (0 fo (x)dx= A

TO
DM =1—A\ D(x, y; ) =Mrfi(x) f,(y)

U pCHIEHHE COOTBETCTBYIOLIErO HHTErpafbHOrO0 YpPaBHEHHS HMEET BHUI

b
¢ () =F)+128) / FYCYACES

Tpumep 5. [lokasatsb, uto ecan
K(x, y)=fi (%) g1 (9) + f2 (%) &2 (),

0 D(X) n D(x,y;A) Gyayr KBallpaTHblMH NOJHHOMAMH OTHOCHTEIbHO AS
Booﬁme, ecau

K(x, y)= 2 Jm (%) &m (),
m=1
10 D(A) u D(x, y; \) 6ynyT NONHHOMAMU CTENEHH N OTHOCHTENBHO A.

11.22, B3aumunie @pyHxkunun Boanteppa

[osopar, urto ABe ¢yHkuuua K(x, y), k(x, y; ) 83aumHe, ecau
OHM OrpaHHyeHbl B oOaacth a < X, y < b, ecau paspeiBH, KOTOpHE
OHM MOT'YT MMeTh, pacmnpelejeHbl npasuabho (§ 11.1, npumeuanue)
H ecau

K(x, y)+k(x v =) [ k(x, & DK y)d
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Tak xak mnpaBas wacTh ecThb HenpepbiBHas QyHKuua!), TO cymMma IByX
B3aUMHBIX (YHKUMH €CTb HenmpepbiBHas (YyHKLHs.

dynxnua K (x, y) MOKET HMETb TOJbKO OAHY B3aMMHYIO (QYHKUHIO, eCiaH
D (\)==0; u6o, ecam 6bl nx ObLIO ABE, TO. HX pa3HOCTL R, (x, y; A) GOblia Gbr
HEePEphIBHBIM PEIICHHEM OJHOPOIHOTO ypPaBHEHHS

b
by =2 [ k(e ENKE y) e

(TRe x paccMarTpuBaeTcs Kak mapamertp), a no cieactBuio § 11.21 equnctBedsbiM
HENPEPHIBHLIM pELICHHEM 3TOr0 ypaBHeHus OyJAeT Hyib.

C nowmolbio B3auMHBIX (yHkun#i Boapreppa moayumsi saMeyaTtenbHoe
B3aMMHOE COOTHOILEHHE MeXHy napaMu ypaBHenu#i Tuna Ppearonbma.
3aMeTHM CHauaja, TpUHUMAs BO BHUMAaHWe COOTHOLIEHME

b .
D(x, y; N=2D MK (&, »+) [D(x. & NKE y)d,
a
noxasaHHoe B § 11.21, uro sHaueHme £(x, y; A) paBHO

—D(x, y; })
AD (\)

H 49TO Ha OCHOBAHHHU anMepﬂa 1 § 11.21 BHMOJHAETCH COOTHOLIEHHE
; b
kG 3 DK G =) K DRE 3 Dk
. a
Eciu MBI Temepb BO3bMEM HHTErpajbHOe ypaBHEHHUE
’ b
() =)+ [K(x Ho®di
a
rie @ < x < b, TO MOAyUMM, yMHOXKas ypaBHeHUE

b
PO=7 O+ [KE oG

Ha k(x, & )\) u uHTErpupys,

b b
[ snemdi= [k 5 DrEOES

b b
[ [ ke s NKE W6 d

') Coraacio npumepy 11 B kouue ra. 4,
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~ VismeHss mOpAAOK MHTerpHpOBaHusi') B IBOHHOM HHTerpale u MOJb3YACh
COOTHOLIEHHEM, ONpeNeAIOlIuM B3aUMHbIe (QYHKUHMH, MBl HOJIYYAM

b b
Jrax sne@a= [k 5 n @@+

b
+ [ K Gt ke & W) o) d

M, TakuM 00pasom,

7

b b
MG s NFOE= - [ Kx Do) dh= —9()+f ().
Orcona
b
F@=¢@ =+ [ ke & NG

TI0J00HEIM e 06p330M U3 3TOrO0 ypaBHEeHHUS Mbl MOXeM BLHIBECTH YpaB-
HeHue

b
p(x)=F ()4 [K(x Dok,

TaK YTO KaXaoe HU3 3TUX ypaBHeHl/lﬂ C B3aWMHLIMH sgapaMH MOXKHO pac-
.CMAaTpPUBATb KAK PAaBEHCTBO, Jawollee peuleHue Apyroro.

11.23. OpHOpOAHBIE HMHTErpajbHble ypaBHEHHUS
b
YpasHeHue cp(x):)fo(x, ¢) ¢ (§) d& HaspiBaeTCA OJHOPOIHBIM MHTE~

a

rpaabHbiM ypaBHeHHeM. Mul Bugenn (§ 11.21, caeactsue), uto €1uH-
CTBEHHLIM HENpepHIBHEIM pellieHUeM ONHOPOAHOTO YpasHeHud, KOria
D (\)=#0, 6yner ¢(x)==0.

Kopun ypasuenuss D (A)=0 wurpaioT no3TOMy BecbMa BaXHYI0 DPOJb
B TeOpUM HHTerpasibHuX ypaBHeHuH. OHHM Ha3blBAOTCH Xapaxmepucmi-
wecKuMu wucaamu?) supa.

IMokaxem Tenepb, 4to npu D(A)==0 MOXHO NOJY4HTb pellieHue,
KOTOpOe He OylIeT TOXAeCTBEHHO PAaBHBIM HYJIO.

") Yurareab Ge3 3aTpylHeHMHl pacmpocTpanuT TeopeMy § 4.3 ma paccmarpu-
BaeMbIll HHTErpal.

2) [lo-aurauiicku characteristic numbers of the nucleus, no-gpasiy3sckn
valeurs caractéristiques, no-neMeuxn Eigenwerte (co6cTBeHHBIE 3HAUEHHA).
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IMyctb ) A=A, — xopenb ypaBHenus D (A\)==0 xkparHoctu m.
Tak xak D (A\) — uenas GYHKUUA, TO Mbl MOXEM pasliOXHTb ee
B CXOAawWwuHcH pan

DOY=p (=) "+ i O —X)" I o (m>0, ¢, 20).

[TonoGHHIM xe ’06p830M, nockoabky D (x, y; \) — Takxke uenas QGpyHKuus
oT A, cyiuectByer psax Teftsopa Buia

& (x, ¥
“IT"" =X+

BTN o g >0, g0,

Dx, y; )=

no § 3.34 nerko yOGemutbcs, uTO paA, onpeleasowuil  g,(x, y)
(n=1I, 41, ...), cxonurca a6COJIOTHO U PaBHOMepHO NpH a <L x < b,
e L y<b, otkyna cnenyer, uro psa Axs D(x, y; A) cxoautcs abco-
JIOTHO W DABHOMEDHO B TOH e camoi 06JAacCTH 3HAYeHHH X H V.

Ho, cornacHo npumepy 2 § 11.21, umeem

b
[De & nar=—21 200

B HalleM CJyyae NpaBas 4acTb WMEeT HYyJb Mopsaka m — 1 npu A=A,
B TO BpeMs KaK JIeBas 4acTb UMeeT HyJb NOPSAAKA He MeHblue [, u maxum
obpason, mot umeem m— 1> 1. TloacraBasas TOJbKO YTO YKa3aHHBIE
paast pas D(A) u D(x, y; N) B cooTHowenne mnpumepa 1 § 11.21,
T. €. B COOTHOUIEHHE '

b
D(x, y; N=AD MWK (x, )+ [ K(x. DD G y; Mk,
- meas Ha (\— )t u ycTpemans A—>)), MBI MOJYyYUM
b .
gite =X [K(x. g i

TakuMm o6pasom, ecau y HMeeT Kakoe-1ub0 MNOCTOAHHOE 3HAUYEHHeE,
TO £;(X, y) yIOBJETBOPSET OJHOPOIHOMY WHTErPAJLHOMY YpPaBHEHHIO;
BCSIKast NMHeHHAs KOMOMHAUMA TAKUX pellleHHH, KOTOPHIE MOXKHO MOJNYYHTh,
laBasi y pasIMuYHble 3HAYeHHs, TaKke Oyler pelueHHeM.

) B § 11.51 6yner mokasaHo, yto ecau K (x, y)=K(y, X), TO ypaBHeHue
D (A\) =0 umeer no kpaliHeli Mepe OZHH KODEHb.
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CnenctBue. YpaBHeHHE .
g =70+ [[K(n 8¢ @
a

UM HE HMEET HH OJHOTO peINEeHHf, HWIM HMeeT GECKOHeYHO MHOro pemeHui.
- U6o, ecau o (x) — pelneHne, TO TakoBuIM OyneT M ¢ (x) +2 cy81(x, y), re ¢y
y

Moxer Ouith a0Goit dyHkuued or y.
[Mpumep 1. Ilokasars, 4TO ypasHeHue

e(x)=2X\ fcos"(x—&)q:(&)d&

uMeeT pemenus ¢ (X) = cos (n — 2r) x u ¢ (x) = sin (n — 2r) x, rae r ApUHUMaeT

BCE€ 1eJble NOJAOXHTECAbHBIE 3HAYCHHA (BKJI]O'-laﬂ Hleb), HE IIpeBOCXOondainue 5”'

Mpumep 2. [okasaTts, 4TO ypaBHEeHHE
¢ () =2 [ cosm (x8 ¢ () as
-1

HMEET TE WKe PEeIeHHs, YTO H B IpHMepe 1, M 4TO COOTBETCTBYIOUME 3HAYEHHUS A
1aT Bce KOpHH ypasHenus D (1) = 0.

11.3. UnTerpajbHbie ypaBHeHHs MEPBOrO H BTOPOro poja

YpaBHenue PpenrosbMa HHOrJA HA3LIBAIOT URMEPALLHOM YPOB-
HeHuem 8mopozo poda, ypaBHeHUe Xe

b
f@=)[Kx Do@d

Ha3LIBAOT UHMEIPANLHELM YPOABHEHUEM NEP80O20 PO0g.
B tom cayuae, korna K (x, £)==0 npu §> X, MB MOXEM HamucaTh
ypaBHEHHS] EPBOTO W BTOPOFO0 POJa COOTBETCTBEHHO B (OpPMax

F@ =K Do
P =F@+ [ Kix De®dk

DTH ypaBHeHU HA3HBAIOTCH YPABHEHUAMU C NePeMEHHbM BePXHUM
npeoeroM.
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11.31. Ypasnenue BoasTeppa

YpaBHeHHe NepBOrO pOJA C NePeMeHHBIM BEDPXHHM MNpelNes]OM YacTo
Ha3bIBAIOT ellle ypaBHeHueM BoabTeppa. 3amaua ero peueHus cseleHa
9THM 4BTOPOM K pellleHHMI0 ypaBHeHusi Ppenronpma.

[peanonaras, uto K(x, £)— HenpepblBHas QyHKUHS 0OeHx nepe-
MeHHBIX NpH £ < X, MH HMeeM

FE=M[K(x, De®di

0
[TpaBas wuwacTb uMeeT mpoussoiHylo (§ 4.2, npumep 1), ecin —0§
CYLIeCTBYeT W HellpepbIBHA, U B 2TOM Cayuae
X

fE@=M(x De@+t [ Lowa

910 — ypasHeHne tuna Ppenronavma. Ecau Mbl 0603HAUUM €ro pelieHHe
yepe3 ¢ (X), TO MOJYYHM MOCJe MHTErPMPOBAHUA OT 4 1O X

FEO=f@+[Kx De@d

M TakuM 0OpasoM, pellleHHe MOJY4YeHHOro ypaBHenus $penroabma Gyrer
TaKXe pellleHHeM ypaBHeHus Boabteppa, ecim f(a)=0.

Peliense ypasHeHHs NepPBOrO Poja € MOCTOSHHEIM BePXHHM TpefeoM
YaCcTO MOMKHO NOJY4YuTb B (opMe psnal).

11.4. MeTop, nocjesoBaTedbHBIX NOACTaHOBOK JluyBuAns—Heiimana 2)

JInyBU/IIO NMPUHALMEKHUT CNOCO0 pellueHus ypaBHEHHs

b
o(x)=J ()4 [ K(x, Do®

uMeouMd ucropuueckoe 3HaueHue. OH COCTOUT B NOC/ELOBATE/LHOMH
NOACTaHOBKE 3HAaueHus GYHKUUM ¢ (x), NOJyvyaeMOro B JeBOH wacTi,
Ha MecTo ¢ (§), cTosiLle#l B mpaBoff vacTu.

1) Cm. mpumep 7, ctp. 326. Boxep Hamea pemeHue npu Godee chaabbix
OrpaHHYEHHSX.

2) Liouville, Journal de Math., II (1837), IIl (1838). MccaenoBauus
K. Heiimana uMean Mecto nosxe (1870); cm. K. Neum ann, Untersuchungen
itber das lozarithmische und Newton’sche Potential.
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STOT npouecc NPHUBOAUT K pPALY
b
S(x)=f(x)+)\fK(x, DO+

b
+2 x'"fK(x al)fK(zl, ) - fK(E,,,_l. E) f G iy -

m=2 a

[Tycte Bepxuue rpamuusl (K (x, y)| u |f(x)| papu M, M’. Toraa
MOJyJab OOLIEr0 4JeHa psia He NPeBOCXOLHT

XM M (b — a)™,
noToMy pags Aas S(x) OyleT PaBHOMEPHO CXOIUTLCSA MAPH
n<Me—a)

H HeNOCPeNCTBEHHOH MOACTAHOBKOH Mbl yOexaaeMcsi, YTO OH HeHCTBH-
TEJbHO YAOBJIETBOPACT HHTErPajJbHOMY YpaBHEHHUIO.

Ecan K(x, y)=0, xorma y > X, TO MO HHAYKIMH HAXONHM, YTO MOAYJb
obwero ujexa B pajge 1as S (x) He NPEBOCXOIHUT
| AMPMPM (x — a)™ | MPmM™M (b — a)™
< ’
m! m!

a 3HauuT, paApx OyleT CXOAMTHCA PABHOMEPHO JAJs 8Cex 3HAYCHHH A, H MH
yOexnaeMcs B 9TOM Ciyuae, uro pemenue PpearoapMa Oyner uenoi Qymux-
uueii or A

U3 ¢opMbl peuleHust OYeBHIHO, 4TO TpH || < M'l(b—— a)”' Baaum-
Haa ¢yHkuus K (x, & A) Moxer ObiTb HamucaHa B Qopme

k(x E; k)_—K‘(x £ —
_Z " ‘fK(x t) fK(el, ) fK<&m 1 O By oy

B camoM lHeje, mpu STOM omnpeleleHUH R(x, & L) MBl BUJAUM, YTO
b
SE=r©—=[kx. & VG
a

tak uyto k(x, & N) Oyner BsaumHOH ¢yHKuHeH, a coraacuo § 11.22
uMeeTcs MoAbK0 00H@ B3auMHas Qynxuus, ecanm D (k)#0.
Tlonoxus

K(x, §=Ki(x, ), f K K 9 =Ky 5. B,



11.5. CUMMETPUUHBIE SAPA 313

nMeeM
o0

—k(x, &)= 20 WK i (%, 8)

b
f Kn(x, VK, (&, 5d =K, (x, b,
a

KaK 3TO MONHO BHIEeTh Cpa3y, Hanucas obe yacTw kak (m—n — 1)-
KpaTHble HHTerpadsl.

Pynxkunn K, (x, £) HaswiBaloTca umepuposannsmu (iterated) wuan
NOBMOPHBLMI ALPAMH.

11.5. CummeTpuunsie sapa

Mycts K, (x, y)-—K1(y, x), Toraa rosopsar, uto aapo K (x, y)
CUMMEMPULHO.

[TosTopHele sapa Takoro sapa OyAyT TaKie CHMMETPUUHBIMH, T. e.
K,(x, yy=K,(y, x) ana Bcex 3uauewut n; ubo, ecam K,(x, y)
CHUMMETPHYHO, TO

b ) b
Ko, )= [Ki(x, 9K, G pdi= [K G 0K, (y, o=

b
= [K,(0. DK G D dE=K, 1y, %)

u TpefyeMbifi pesyJbTaT moayuaercss MO MHAYKLHH.
Ilanee, HH OZHO M3 NMOBTOPHHLIX Alep He OYIeT TOKAECTBEHHO PaBHO
HyJII0; B caMOM Jese, fonyctuM, uto K,(x, y)==0, n nyctb n BrbpaHo

Tak, yro 2"7 1<p < 2% Torna, TaK KaK K,(x, y)==0, 10 no ¢opmyuse,
onpejesioileft MOBTOPHbIE fAApPA, nonyqaeTcn uto Ky (x, ¥)=0.

Ho Toraa
b b

O=Kp(x. x)= [ Kp-1(x, 9Ky G 0)di= [ (K1 (5,9 )20,

a

¢1e00BaTebHO, Kon—1 (X, £)==0; npononxas 370 paccyxieHue, Mbl TPULEM

K ToMy, uto K| (x y)_.O a Torja uHTerpanabHOe YypaBHeHue OyaeT
TPHBUAJILHBIM.

21 3. T. Yurrexep, HOx. H. BaTcon
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11.51. Teopema Illmuaral): ecanm sapo CHMMeETpuUHO,
To ypaBHeHne D (A)==0 umeeT mo MeHbwmeiH Mepe OIHH KOpPeHb

Jlas noKasaTesibCTBA 9TOH TEOpPEMBl HOJOKLM
» ,
= fK,, (x, x)dx,
a

Tak uro mpu |h| < M '(b—a)”' Mb umeem mo mpumepy 2 § 11.21
uno § 11.4, uro

1 dD (A) <
DOy 2_4

Ilanee, MOCKOJAbKY
b b

[ [ 9K e 9+ K,y (2, 9)2d2dx >0

4

i
AAS BCEX BELUECTBEHHHLIX, 3HAUEHMM v, TO MBI HMeeM
2 L 9.
WUgpio+ 20Uq,+ Uy, >0
M, CJeLOBaTesbHO,
2
U2n+2U2n-2 >/ U2f1v U?n-—-Z > 0.

’ L/4
ITostomy Bce U, Uy, ... NONOXKHTEbHBI, MOJONKUM T:v. TOT /14
2

u3 HepaBeHCTBA Uq,  oUo,_» > Uy 1O MHIYKIMH NOTyaeM, uTo 2+2 2”“ >
[ee]

[Tosromy npu |A2| > v~! unensl psiza 2 U =1 pe CTPEMHTC% K HYJIO

1 dD)
DNy dn
1

M, cJlenOBaTe/bHO, corjiacHo § 5.4 dyukuug umMeeT 0Ccobyio

TOUKY BHYTPH WM Ha rpamuue kpyra |A| ==v 2; no Tak kaxk D(.) —
uenas QyHKUHA, TO eIUHCTBEHHBIMM BO3MOXHBIMH OCOGBIMU TOUKAMH
BBLIDAXEeHHUA
1 dD )

DOy dn
ABAAIOTCS KOPHM ¢yHKimu D (1); nostomy D ()) uMeeT HyJ b BHYTPU WM

1
HAa rpaHule Kpyra [A]==v 2.

') Jannoe noxasateabcTBO mupuHapaexnt Kuesepy (Kneser, Palermo
Rendiconti, XXII, 236 (1906)).
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[Mpumeuanune. [lo § 11.21 D(A) 6ymer uam uenoit dyskuvedt, wiu
NPOCTO MOJHHOMOM; B TNOCHEAHEM CJydYae OHAa UMEET HYJAb COTJacHO mpumepy 1
§ 6.31; cymHocTh TEOpPEMB COCTOUT B TOM, YTO B NEPBOM ciy4ae D (\) He MOKET

K2

6uiTh, HampuUMeD, Tako¥ yHxuuel, kak e, KOTOpas He uMeeT HyJeit.]

11.6. OproroHajabHble (QyHKUHH

['oBOpAT, UTO BELIECTBEHHLIE HEMPEPhIBHEIE QYHKUMH @ (X), 9 (X), . ..
OpTOrOHA/bHE M HOpMaJjbHb ) Ha orpeske (a, b), ecim

0, m<n,

b .

afcpm(x)@n(x)dx { 1, m=n.

Ecau 3agaHO £ BelleCTBEHHBIX HETIPEPHIBHBIX JUHEHHO HE3aBUCHUMBIX

byskuui o (), us(x), ..., 4,(x), TO MB MOXeM COCTaBHTb U3 HHUX N

JuHeHHBIX KOMOMHauu#, KoTopble OyAyT OPTOTOHAJbHHI.
JleACTBUTEAbHO, MPENNONOKKM, UYTO MBI MOXEM MOCTPOHTb m — 1

OpTOrOHAMbHEIX QYHKUUR @, ..., @, _; TaK, uT0 ¢, Oyrer JuHeino#
KoMOuHauMeH Gyukuni uy, g, ..., U, (The p= 1p 2, ..., m—1)
NOKaXeM TeNepb. KaK MOCTPOUTh (PYHKUHIO ¢, TaK, uTOOb ¢, @y, ..., @,

Oblsin BCe HOPM3J/JAbHBL U OPTOTOHAJbHLIL.

TIyeth 195 (x) == €1, @1 (%) + Co, o (K)o T+ Cpy, 1 (X)+
+ u,, (x), Tak uTO (9, Oyner suHeHHOH komOMHanMeH ¢yHKL!*
4y, Uy, ..., U, Torsa, ymHONAZ Ha ¢, M MHTErpUPYS, NOIYUMM

b b

[ @ o,(0dx=cp it [uy(@g,dx  (p<m).

a

Orciona
b
[ @m0 ¢, (xydx =0,
aq
ecim
b
Copom=— " fum(x) gop(x)dx;
a
GyHKUMA (9, OpTOroHa;bHAd K ¢, (X), 9, (xX), ..., 9ph_y(X), TaKMM

00pasoM, MOCTPOEHa.

) ['oBOpAT, UTO OHM GYAYT OPTOTOHANbHBI, €CAY BHIOAHAETCSH TOJIBKO NEpBOe
COOTHOMIEHHE; CHCTEMAaTHUECKOE M3yueHue Takux ¢ynkuui npuuamaexnt Mepdu
(Murphy, Camo. Phil. Trans., IV, 333—108 (1833) u 'V, 113—148, 315—39%4
(1835) ).

21*
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BriGepeM Temepb a Tak, YTo0bI
b

@ [ fin (0P dx =1,

a
f NMOJOXKHUM

Pm (X) =0 1@, (x).
Torxaa

b
f@m(x)cp,,(x)dxz{ 0, p<m,
“ I, p=m.

fakuM cnoco6OM MBI MOXeM NOC/IeAOBaTeNbHO NOJYYUTH (YHKUUYM @y,
’?2, “ e

OpToroHaisbHele QYHKUMM B KOHEYHOM 4YHCJe BCeria JuHeHHO He3a-
BucuMbl. K60 ecnu

a1y (X) P (X)+ .. %9, (%) =0,

TO, YMHOXa Ha @,(X) ¥ HHTerpupys, Mb nouayuuM o, = 0; nosromy
BCe KO3((UUMEHTbl &, PaBHAIOTCA HYyMO U, CIEJOBATE]bHO, JHMHEHHOH
3aBHCHMOCTH HeT.

OueBHHO, 4TO =~ 72 cos mx, n~"2 sin mx cOCTaBAAIOT COBOKYMHOCTH HOPMAb-
HHX M OPTOrOHAJbHBIX (QYHKIMH Ha OTpE3Ke (—~c ).

Mpumep 1. CocraBurh u3 pyHkumii 1, x, X2, ... cAeAyOLYIO COBOKY THOCTD
GYHKIHUH, OPTOTOHAAbHBEIX (HO He Hopmanbnux) Ha orpeske (-1, 1

1 3., 6.,
1, X, Xz—“g, xa—'-gx, x—7x +-3€,...

Mpumep 2. Cocrapurs u3 dysxkumit 1, x, x2, ... COBOKYNHOCTb (yHKUME
fu(x)v fl (x)v ) f2 (x)! vy
OPTOrOHaAbHHIX (HO He HOPMaiabHBIX) Ha oTpeske (g, b); 3mech
ﬂ
Fal¥) =t (6 — @) (x— b)),

(ITomo6uoe uccaeroBanve npuseseHo B § 15.14.)

11.61. CBsi3b OPTOrOHAJbHBIX (PYHKUMH C OXHOPOXHHIMH
HHTErpaJibHbIMH YpPaBHEHHSIMHU

PaccMOTpMM OLHOPOIHOE YypaBHeHue

b
e(0) =) [¢®K(x D,



11.61. OPTOrOHA/IbLHBIE ®YHKUMH 317

11e Yy -— BeulecriBeHHoe ) XapaKTepucTHUecKoe ukcao sapa K (x, £); Mu
yKe BMAEAH, KaK MOIyT OHITb TNOCTPOEHH PEIUeHHS TAKOTO YDPaBHEHHS;
NycTs NaHO 72 JMHEHHO HE3ABUCHMBIX DellUeHu#; COCTABUM MO HUM A HOp-
MaJbHBIX OPTOTOHAMbHBIX QyHKUMHA @, @5 ..., ¢,. Toraa, Tak Kak QyHk-
LUHU @, OPTOTOHAJbHL H HOPMAJLHE, TO

b n b .
f[E'%(y)fK(x. E)?m(i)di} dy =
a Lm=1 a

n b

A 2
=) f{cpm W [K(x 9,0 dE] dy.

m=la

H JErKko BHILETb, YTO BBbIpAXECHHE B npaBoH 4yacTH MOXeT ObITb nepe-

NHCAaHO B BHIE
n b 2
P {fK(x, s)cram(s)da}.

m=1 \a

€CJ¥ BbINOJHHTb WHTErpupoBaHue 1mno y, a 3710 6yneT TO XKe caMoe,
uTO H

n b b
Y, [Kx. onmay [ K e, @

m=1la

TlosTomy, ecan Mb HanuuweM K BMecTo K (x, y) u A BMecto

n b
Y on ) [ K5 Den@di,

m=1 a
TO0 OyleM HMeTb
b b
fA?dy:fKAdy,
a a
HJIH HHA4ye
b b .b
fA?dyszQdy—f(K—A)?dy.
a a a
[TosTomy

b

n 2 b
f{Z?—”’%‘f’ﬂ"—’} ay < [ (K. y)2ay

a m=1

') Bckope 6yneT nokasaHo, 4TO BCE XaPAKTEPHCTHYECKHUE YHC/AA CHMMETpHY-
HOO siApa BELIECTBEHHBI,
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H, TaKUM 00pasoM,

n b
152 W (on (D12 [ (K (2 )2 dy.

m=1

WHTerpupys, NoOydaeM
b b
n < [ [ K y)ayax.
a a

Ora ¢opMyna naeT BepXHIOI0 TPaHMLY MO8 YUCJAA 7 OPTOTOHAIbHHIX
(GyHKUMH, COOTBETCTBYIOIMX KAKOMY-/1160 XapaKTePHCTUYCCKOMY YHCIY Ay,

ST 1 OPTOrOHaJdbHBIX (GYHKLHUN HA3LIBAIOTCS XAPAKMEPUCMULECKUMI .
dyuryuamu (WM coGcmeHHbt My DYHKGUAMU), COOTBETCTBYIOLMMH
XapaKTePUCTHYECKOMY HHCIY Ag.

ITycte Tenmepb ¢ (x), ¢V (x) — xapaxrepuctuueckue QYHKLUUH, COOT-
BETCTBYIOILIHE pPA3AULHbLM XADAKTEPUCTHYCCKUM UYMCAAM Ly, hy.

Toraa

b
90 (0 ¢ ()= [ K (x, 59 ()¢ @) a&;

oTcrona
b b b
[e0@en@dr =0 [ [Kx 9¢D e @adx (1)
a a a

Vi aHaJOTHYHO

b ’ b b

[0 e (nax =1 [ [K(x., HeD @ (x) didx=

.a.a

“ b b .
=% [ [KGE 00 0V ®axd: @

nocje 3aMeHn X Ha €. ‘
Mb Bugum u3 (1) u (2), 4T0 ecam A £ A, U ecau

K(x, =K x),
TO

b
[ 49 e (x)dx =0
a

u, TakuMm obpasom, dynkuun ¢ (x), ¢V (x) 6yayr s3zaumHo oproro-
HAJIbHBL

Wrak, ecau a0po cummempuuno W eCAM AN KAWIOIO XapakTepu-
CTHYECKOTO YHCAA MBI COCTABHM TNOJHYIO CHCTEMY OpPTOTQHAIBHBIX



11.7. PA3JOXEHHE CHMMETPHYHOTO SIJPA 319

byuxuutl, TO 8ce QyHKuuH, TakuM 06pasoM noayueHssie, OyLyT OpTO-
FOHAaJIbHHI.

Ilanee, ecnu fAAPO CHMMETPUYHO, MO 8Ce XAPAKMEPUCHMUYECKUe
wucAa  BeujecmBerHHs, HO0 eCAH )y, A — KOMILIEKCHO-CONpPSIKEHHbIE
upcna U ecan #y(x)==v(x)-}+ iw(x)!) — pelueHde, COOTBETCTByWLIeE
XapaKTEPUCTHUCCKOMY HHCAY Ay, TO & (x)=v(x)— iw (x) OyLer pelue-
HUEM, COOTBETCTBYIOLIMM XapAKTePHCTHUECKOMY YHCITY A;; samenss ¢O (x),
¢! (x) B cooTHOMIEHNH

5
[ 49 (0§D (x)dx =0
a

yepes UV (x)—+iw(x), v(x)-—iw(x) (410, OUYEBUIHO, HOMYCTUMO), MBI
noJjyyaeMm

b
[l + (@ ds —o,

OTKyZla BBITeKaeT, uTo ¥ (x)=w(x)==0, Tak 4YTO HHTerpajbHOe YpaB-
HeHHe He MMeeT HeHy/JeBBIX pelueHHH, COOTBETCTBYIOLIMX XapaKTepH-
CTHUECKUM uHucaaM Ay, L. Ho sTo mporusopeunt § 11.23; orcioma cie-
AyeT, UTO ecC/iM sIpPO0 CHMMETPHUYHO, TO XapaKTepHCTHUYECKHe 4YHCJIa
BelECTBEHHHI.

11.7. PasnoxxeHne CHUMMETPHYHOrO siipa?)

IMycts @ (x), ©3(x), @3(x), ... —NOJHAA CUCTEMAa OPTOTOHAJbHBIX
GyHKUUA, YAOBAETBOPSAIOWMX OJHOPOIHOMY HHTErpaibHOMY ypaBHEHHIO
C CUMMETPHYHBIM SADPOM

b
p()=M[K(x, Do) &,

HIYCTb Ay, Ay, Ag, ... — COOTBETCTBYIOLIHE XapaKTEPUCTHUECKHE uucaa d).
[Mpeanonoxum %), uro pax

N 0 (3)52.0)

n=1

'Y v (x) u @ (x) BelECTBEHHEL )

2) pusopuMoe paccyxiesue npuHaarexut Llmuary, a peayabtar — [uab-
6epry.

3) DT ymcaa He BCe DAa3JMuHbl, €Clu MMeeTcd Gojee ueM OAHA OpTOl‘OHaJlb-
Hasg (QYHKIHA AJ8 KaXJOro M3 XapaKTePHCTHYECKHX YHCe.

‘) 270 npeanoJNOKEeHHe, KOHEYHO, HyXJaeTcsd B IPOBEPKE B KaXJIOM 4aCTHOM
cayudae.
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paBHOMEPHO CXOAHTCA, KorAa a < x < b, a <y <b. Iloxkaxem B sTOM
ciyuae, uTO

K (x, y)=2i’ﬁﬁ‘%¥l,

n=1

B camoM fHese, pacCMOTPUM CHMMeTpUUHOe SAPO

__ Y n (X) 9 (¥)
H(x, y)=K (x, y)— Y 0 8a)
n=1
Ecau 3To 81p0 He paBHO TOXAECTBEHHO HYJIO, TO OHO HMeer

(§ 11.51) no kpaiHHe# Mepe OJHO XapAKTEPUCTHYECKOE YHCIO p.
IMyctb ¢ (x) — Kaxkoe-1100 pelieHHe ypaBHeHHS

b
p=p [H(x D@,

He pPaBHOe TOXJECTBEHHO HYJIO.
YmHoxass Ha ¢, (X) U MHTErpHPYA, NOJYyUUM
b b

/Wx)cpn(x)dx:pvf/{K(x, s)—i‘*’—”’%—j“—“’}sb(&)%x)dxds;
a a m=1

a

TaK KaK PAA CXOLMTCA PABHOMEPHO, TO MOXHO MHTerpHPOBATH MOUJIEHHO,
H MBl TOJyuaeM

b

b b
fqd(x)cpn(x)dx=f‘:~/q»(z)<pn(s)ds—%. e (B)Y(E)d: =0,

n

T. €. Y(x) OyneT OpPTOroOHabHA K ¢ (X), ¢p(X), ..., U CHAELOBATEIBHO,
#3 COOTHOIUIECHHUA

b (0]
n»(x):p,/’{K(x, e>~23%?ﬂi}¢<z>da

n=1
Mbi TIOJIyYaeM

b
v =p [K(x DG &

Mostomy @ aBasieTcs XapakTepucTnueckuM uuciaom aas K (x, y),
a ¢ (x) noakHO ObiTe JAnHefHON kKoMOMHalmeft (KOHeUHOro uucaa) GyHK-
uu# @, (X), COOTBETCTBYIOLIMX 3ITOMY UMCAY; MYyCTh '

. (‘P(x) - Zn CmPm (x).
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YMHoxuM Ha @, (X) ¥ NPOUHTErpHpyeM; TOrZa, Taxk Kak {(x) oproro-
HaJMbHa KO BCeM QYHKUUAM ¢, (Xx), MBl BHAHM, 4TO &,==0, u cirenoBa-
TeabHo, §(x)==0, YTO NMPOTHBOPEYHT YCJOBHIO.

310 NpoOTHBOpeuHe TMOKa3hBaeT, YTo sApo f1(x, y) TOXIECTBEHHO
paBHO Hymio; uHaue roBops, K (x, y) MOxeT OBITb Da3/OXKEHO B JaH-
Hbf pAN, eCJAH OH paBHOMEpPHO CXOIMMTCH.

Mpumep. [Mokasars, uto ecan Ay, — XapakTepUCTHUECKOE YHCIO, TO ypas-
HEHHE C CHMMETDUUHBIM SAPOM

b
¢ () =F0)+hof Kix, D@ di

He uMeeT peweHus, ecau f(X) He OPTOrOHaJbHa KO BCEM XapaKTePHCTHYECKUM
(OYHKIMAM, COOTBETCTBYIOIIUM Aq

11.71. Pewmenue ypaBneHus Ppearoqbma npd NOMomH pAjoB

Coxpanss. o6osnauenns § 11.7, paccMOTpuM uHTErpanbHOE ypaBHeHHe

b
O W=7+ [K(x, HOE &,

rie K (x, £E) — cuMMeTpuuHad (yHKuUHA.
Ecan mbt npeonoaoscum, wro @ (x) mMoxeT ObTb pasioXeHa B PaBHO-
MepHO cxolsuluica pan

i PG
TO0 OyneM UMeTb -
Y 000 ()= f ()4 2 7 4,9, (2),
n=1 n=1

TaKk 4T0 f(x) MO¥eT OBLITb pas3jomeHa B pAA

o0

Y A, —
X

n=1

CuenopatebHo, 00patHO, ecau yuxyus f(x) moxcem 6bims pa3ao-
ocena 8 cxolaujuiica pad

(x).

D by ()
n=1

mo pao

[os]

b,A
2 7\11"1—”)\ Pn (JC),

n=1
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ecau OH cx00umcs PABHOMepHO Ha ompe3xe (a, b), 6ydem peuenuem
ypasnenus Ppedzorsma.
Has onpeneneHuss KO3PODLLUIEHTOB b, OTMETUM, YTO- Pl

2049, (%)
n=1

cornacHo § 3.35 cxoaurcs paBHOMepHO!), TaK uTO, YMHOXKAs Ha ¢, (x)
¥ MHTETpUPYfA, NOJAYUUM

b
bu= [ (%) f (x) dx.

11.8. PemeHnne MHTErpaJLHOro ypasHeHHs AGeJs

IT0 ypaBHEHHE MMeEeT BHJ
X

f(x)=/—i&d5 O<p<l agxb),
hs (xr—&)"
rie f’(x)— HenpepviBHan ¢ynkuua u f(a) =0; HalizeM HenpepsiBHOE pelne-
HHE u (x).
Iyctn

X

7= [u@a
YMHOXHM 00e HacTH paBeHCTBa 2)

n =/ dx
sin pw / (z—x) "F(x—H)"*

Ha u (§) ¥ mpomHTErpupyeMm; TOrJa NoayyuM, npumenss dopmyay Hupuxae, § 4.51,
caeacTBHe:

i {o (2) — 9 (a)) = fdgf u(€ydx

sin pn (z—x)"F (x—E)*

/dx/ - u(B)dE _ f(x)dx

—x)"FE—* J (z—n'TF

'y Tak kak Bce uucaa A, BEHIECTBEHHB, TO MBI MOXeM pas3buTb WX Ha 1Ba
KJIAacca: ONMH € OTPHLATEAbHBIMH, ADYTOH € MONOKHUTEJNbHBIMU YJEHAMH, PHUEM
YieHB KamJOTO KJacca PacmojOXHTh N0 MX abCOMIOTHON BeauuuHe; TOrAa NpH

[An| > A oueBugHoO, YTO —A—”* 6yneT MOHOTOHHOH MOCJHENOBATEAbHOCTBIO 1
n— . .
KaXJOTO H3 YKa3aHHHIX KJAAaCCOB.

2) Ono caenyet u3 npumepa 1 § 6.24, ecan aamenuts x Ha (2 — x)/(x —§).



11.81. UHTErPAJABLHOE YPABHEHHE HMIAEMHJ/IbXA 323

Tak xak mepBOe U3 3TUX BHIPaXECHUH MMEET HENPEpPHIBHYIO NPOM3BONHYW, TO M
NOCJEIHEE BbIPAXEHHE HMEET TAaKOBYI0; MO3TOMY HENpepHIBHOE pelleHue, ecau
OHO Cyujecmsyem, JOJKHO HaBaTbea (opMyoh
z
u(z)= sin un  d f(x)dx
n dzé (z— )¢’

MONCTaHOBKOK ') MOXHO yOemUTLCH, 4TO aTa (GYHKUMS HEHCTBHTENBHO S8.4SemceA
pelieHneM. :

11.81. HuterpaabHoe ypapHenue llaémuanxa?)

ITycmo f(x) umeem nenpepuisky o npoussodnyio npu —n << x < n Tozda
ypasuenue :

T
2

f(x):% /cp(xsin 0) db
0

umeem MoONbKO OOHO peuienue ¢ HenpepsieHOll npoussodnol npy — ng x <~
a UMEHHO '

T

2
<p(x)=f(0)+xff'(x sin 0) df.
0

H3 § 4.2 caenyer, uto

T

2
f(x)= 2 ¢’ (x sin 6) sin 6 40
T .
0

[rak w10 ¢ () =£(0), ¢ (0)=5f (O] _
Bamenan x Ha xsin ¢, yMHOXAs 3aTeM Ha X M HHTErPHDYH, MOAYUHM

T L ™
2 2

7
x /f’ (x sin 4»)d4/==27—;£/. /sin O’ (x sin 0 sin ¢) d0 { d.
0 o |0

Menas nOpAAOK MHTETPHPOBAHHA B IBOHHOM uHTerpaie (§ 4.3) u BBOAA BMECTO
HOBYIO NEPEMEHHYIO 7y, ONpeleasieMyi0 ypaBHeHHEM
sin y == sin 0 sin ¢,
TIOAY UMM '
T

2 ;[ ] )
x!/f’(xsinap)dq;:gﬂﬁ'/i/'? (x sin y) cos y dy | o
0 0 5

cos ¢

1y OtnocuTenpHO fAeTadedi OTCHIAIaeM YuTaTeas Kk Tpaktary Boxepa.

?) Schlomilch, Zeitschrift fir Math. und Phys., Ii (1857). Yuratem
JErKO YBHIHT, YTO 3TO ypaBHEHME MOMET OHTb TPHBEAEHO K HEKOTOPOMY cay
qaio ypaBHeHus BodbTeppa ¢ paspbiBHbIM fADOM.
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Mensa BHOBb mopagok uHterpupoBanus (§ 4.51), Oyaem umeTh

3 bl kd l
2 2{ 2
» . ’ N : O R
x | f(xsiny)dy = 2x / / i3 (an db { dy.
o T & > V sin? 6 — sin? y

Ho

™
2

T
/' sin 0 40 __[ . (cosﬂ)Ji_i
Y cos? y — cos? B AT s 1 /1, 2

3 - L

H, TaKuM 06pa3om,

T

3 :
xff’(xsinq;)dﬂ;J:xfcp’(xsinX)cosxdx:cp(x)——cp(O).
0 0

Tak xak ¢ (0) = f(0), T0 OKOHUATeAbHO NOAyYaEM

k3

2
¢ =S O +x [ 1 (xstad)ay;
0

MOACTAHOBKOH MOXHO yOeIHTbCs, YTO 3Ta (yHKUHA AeHCTBHTENbHO fABJAETCA
peleHHeM.
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NMpumepn

1. [TokasaTb, 4TO €CAH BpeMs CIOYyCKa 4acTHUb MO TIaaikol xpuBoi mo ee
HauHu3me TOUKM He 33aBMCUT OT MCXOZHOH TOukw (NMPH yCJOBMH, UTO yacTHLa
HAauMHAET LBUIKEHHE M3 COCTOSHUA NOKOs), TO KPHBasA OyleT LUKIOHIOM.

(Abel)

2, IToxasatp, 4TO ecau f(x) HempepulBHA, TO PEIIGHHEM YPABHEHHSA

¢ () =7 +1 [ cos @rs) ¢ (s) ds
6yzner ‘

f(x)+2 ff(s) cos (2xs) ds
0

9 (x) = i H
L3
1 47\~r

npeanojaraeTcs 3aKOHHOCTb HEKOTOPO#l MEepPeCTaHOBKH MOPAAKA MHTErPUPOBAHHS
3. IMokasarb, uto GyHxkunn Bebepa — dpmura

—1—x2 ( — x?>
Dy = (e’ LN
YAOBAETBOPAIOT yPABHEHHIO .
o] _1_ "
g =1 [ g(s)as
—Q0

IJ% XapaKTepUCTHUECKHX 3HaueHHii A
‘ (A. Mifne)
4. Iloxas3ath, 4TO UETHBIE NIEDHONMYECKUE DEUICHHS (C TepHOiOM 2m) aud-
(epeHnHaNbHOrO ypaBHEHHS

%—k(a?—{— k? cos? x) 9 (x) =0

YIOBJETBOPSIOT MHTErPabHOMY YPaBHEHHIO

‘F(x) =\ fek COS X COS s? (5) ds.

(Whittaker; cm. § 1921

5. [TokasaTb, UTO XapaKTEPUCTHUECKHMH (YHKUHSAMH ypPABHEHHS

™

1 1
v =1 [{E eyt ie—yitemay
oynyT .
¢ (x) = cos mx, sinmx,

rae A= m? n m-— awboe ueJ0e YUCIO.
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6. [Tokasath, 4TO ypaBHEHHE
X
W= [Fhea
0

MMEET PaspbiBHOE DellleHHe
g (x) = kx*"L
(Bocher)
7. TlokasaTh, YTO UHTErpaibHOE YPaBHEHHe C CHMMETPHUHBIM 71f Gil

b
F=[ K @
a
HMeeT pelleHHe
0
¢ (x) = Z Gphn%n (¥)
n=1
npv yCJAOBHM, 4TO 3TOT DS CXORUTCS PABHOMEPHO, TpUYeM X, ¢, (X) — Xapak-
(=)

TepucTHyeckHe uucaa d Gydaxkuun g K (x, §), a Z ap%y (X) — pasnoxeHue
n=1
byuknuy f(x).
8. INMokasarb, UTO ecau | A| < 1, T®@ xapakTepuCTHUCCKUMHU QYHKIUAMH ypaB-
HEHUS
n

o {— A2 s
‘P(x)_“Q_:T./"1——2hcos(5»x)+h2?(g)dg

6y1[yT 1, cos mx, sinmx, a COOTBETCTBYIOIIMMU XAPAKTEPUCTHICCKHUMHA YHCJAAMU

6y,uy1‘ 1, W—, —FL?n-, ri€ m IPUHUMAET BCE MOMOXKUTECJbHbIE LEABIE 3HAUCHHS. .



NMPUJIOXEHUWE
AJIEMEHTAPHbBIE TPAHCUEHAEHTHBIE ®YHKLHUHU

A.1. O HekoTOpHIX AONYyWEHHAX, NPUHATBIX B raapax-1—4

B nepsbix deTeipex riaBax aTof KHHUT'M MBI NPEANOYJH NPHHATL 6€3 JOKasa-
TEJbCTB HEKOTOPhIE CBOHCTBA 3JMeMeHTAPHBIX TPAHCUEHAEHTHBIX QYHKUKH, 2 HMEHHO:
NMOKa3aTe/bHbIX, JOrapu(pMHUECKHX H TPHFOHOMETDHUYECKHX; NpPeACTaBALA0Ch
Takxke yA0OGHBIM NOJAb30BATHCH HEKOTOPBIMH IOJNOCXKEHHAMH, KOTOpbIE YMTaTeldb
CKJIOHEH MPUHHUMATb MHTYWTHBHO Ha OCHOBAHWM TE€OMETPHYECKOro IpeicTaBie-
HUS KOMIJIEKCHBIX 4uCeJ TOYKAMHM HA IJAOCKOCTH.

Ykames Ha xBa mpumepa: (I) 6wno gonyweno (§ 2.7), uto lim (exp 2) =
= exp (lim 2); (II) reomerpuueckoe mpeAcTaB/ieHHe yraa Ha KOMIIEKCHOH ILIO-
CKOCTH Aenalo NPaBioNOJOOHBIM, UTO aPryMEeHT KOMILIEKCHOIO 4YHCJa ABJASETCH
MHOTO3HauHOH (yHkuued, obaanawmed TeM CBOMCTBOM, 4TO JioOble ABa ee 3Ha-
YeHHs OTJMYAIOTCH JAPYr OT ApYra Ha 4MCJIO, KpaTHoe 2.

JlonmymeHde NepBOro TUMa, OUEBHAHO, HENOTHUHO; HEJOTHYHO Takixe 06O0CHO-
BbIBaTh apudMeTHUECKHEe NMOHATHS TeOMeTPHYECKHMHU paccyxaenusamu. M6o, utobsl
060CHOBaTh T'€OMETPMIO YAOBJCTBOPHTEJBHO, HE TOJNbKO XeJlaTeibHO HCNOJb30-
BaTb aKCHOMB apu(METHKH, HO HeOGXOIMMO TaKiKe HMCNOJb30BaTh 0COBYyI0 COBO-
KYNHOCTb AaKCHOM TeOMETPUYECKOr0 XapakTepa, OTHOCAIXYIOCH K CBOHCTBaM
TOYEK, NMPAMBIX U TJIOCKOCTEH !).

Hanee, apudmeTnueckas Teopus Jjorapudma KOMIJIEKCHOrO 4MCAd, TO-BHIH-
MOMY, SBASETCS NpPeaBaPHTEJbHO HEOOGXOAUMON AJs JAOTHUECKOH TEOpHH YTJIOB.

[ToMuMO TOrOo, MareMaTHKY KaMeTcs 3CTETHYECKH HEeYAOBJIETBOPHTENbHBIM
NPUMCHATL OAHY BETBb MaTeMaTHKU Kak CYMECTBEHHYIO COCTABHYW0 4acTb IpYy-
roff, B OCOGEHHOCTH KOrja mnepBas MMeeT B H3BECTHOH CTENeHH MaTepHaJbHYIO
OCHOBY, B TO BpeMsi KaK Apyras —— YMCTO OTBJIEYEHHOrO Xapakrepa?). -

[IpyunHB HECKOJbKO HEJNOTHYHOI'O M HEe3CTEeTHUHOTO IOPALKA H3JOWEHHH,
NPHUHATOTO B Havyane STOH KHHTHM, COCTOSJIM, BO-NEPBBIX, B TOM, 4TO CBOHCTBa

) B sToli KHUre He MMeeTCs B BUAY AaTh KakoH-Ax60 aHaAnu3 OCHOB €OMETPHH.
Ero MoxHO HalTH BO MHOTHX CHElHAJbHBIX KHWraxX, Kax, Hanpumep, y Yaiitxena
(Whitehead, Axioms of projective geometry, Cambridge Math. Tracts.,
Ne 4 (1906)) u Moarpioca (Mathews, Projective geometry, London, 1914).
Yrenre raae I, XX, XXII u XXV nocaenneft kuuru ybexnaer B TOM, 4TO JOTH-
YeCKH H3/MOXHTb FeOMEeTPHIO, MCXOIsi U3 MUHMMYMa AaKCHOM, 3HAYHTEJbHO TPYA-
Hee, YeM H3JI0XKHTb TEOPHIO KDPYroBHX (YHKUMA mpH MOMOILH YHCTO AHAMMTH-
yecKHX MeTONOB. [TonHBIH aHaan3 OCHOBHBIX NMOJNOXKEHUH Kak apudMETHKH, TaK H
reomeTpun naH YaiitxenoM u Paccesom (Whitehead, Russel, Principia
mathematica, 1910—1913).

2) Cu. Merz, History of European thought in the nineteenth century, II,
London (1903), 631 (npumeuanve 2) u 707 (npumevanue 1), rae UUTUpyercs mMUCbMO
Befiepmrpacca k Llapuy. Cum. takike Syl vester, Phil. Mag. (5), 11, 307 (1876)
(Math. Papers, III, 50 (1909)). ‘
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3JEMEHTapHbIX TPAHCLEHIEHTHBIX QYHKUME HCnoab30Baauchb B ria. Il mocrenehro,
H NO3TOMY OBbIJIO HexeJaTeJbHO NpephiBaTh H3JAOKEHHE OOUleH Teopuu Gecko-
HEYHHIX NPOLECCOB J0Ka3aTeJbCTBOM TEOpPEM, OTHOCAIMMXCH K (DYHKIHAM 4acT-
HOr0 BHAAa (C KOTOPBIMH YHTaTeldb, 1O BCeH BEPOATHOCTH, Yke ObL1 3HAKOM);
BO-BTOPHIX (YTO Kacaerca NPHMEHEHHS pe3yJbTaToB, BHITEKAOUIMX H3 reoMe-
TPHUYECKUX CcOOOGpax<eHuil), B TOM, 4TO YHCTO apHPMeTHUECKu# cnoCO6 M3A0KeHHs
raas 1—4, He npuberawiuil K NOMOIIH IeOMETPHUECKOH HILIIOCTPANKY, 3aTPYRHSA
6bl yHTaTEAd, HE3HAKOMOrO C METOAAMM M AYXOM aHaJu3a.

A.11. CozepxxaHue HAacCTOSIEr0 NMPHJIOKEHHS

CojepaHue NPHJIOKEHUA CJIeRyloulee:

B § A.2—A.22 noxasaTenbHas (QYHKUMA ONpeliedseTcs APH TOMOLIM CTENEH-
Horo paaa. M3 storo onpesenenus B COYETAHUWH € PE3YabTaTaMH, COJEPIKALIHMUCH
B M. 2, BHIBOJAATCA 3JEMEHTapHble CBOHCTBa 9TOH (QyHKUMH (KPOMe NepHOAWY-
HocTH). [lociae 3TOro nerko BHIBOAATCS COOTBETCTBYIOIMME CBOHCTBA J0rapudMoB
OT mnosoxuteabHnix uucea (§ A.3—A.33).

Jlanee onpeneasioTcs CTENEHHbIMU PRAAMHU CHHYC U KOCHHYC, OTKYAa TOTYacC xe
BbITEKAaeT CBA3b 3THX QYHKNMA ¢ nokasateabHoH ¢yHkumei. B §§ A.4—A. 42
HaeTCs KPaTKOE H3JOKEeHHEe METOAd, KOTOPHIM MOrYT ObiTh BhiBEACHBl (POPMYIbI
3NeMEeHTapHOR TPUTOHOMETPHUH. ,

[oayueHHble TakuM 06Pas’oM - Pe3yAbTAaTH = NAIOT BO3MOXHOCTb BbISBHTD
HEPUHOAMUHOCTD MOKA3aTeNbHHIX H TPUIOHOMETpHUECKMX GYHKIuH wucmo apug-
Memuueckumu memodaru (§§ A.5, A.51).

B §§ A.52 — A.522 paccmaTpuBaercs, raaBHBIM 06pPasoOM, HEHPEPHIBHOCT.
o6paTHbIX TpuroHoMerpHueckux (Qyukuuil. Ilocse Toro kax 3T QyHKHMH yxe
JOCTaTOUHO HCCJEJOBaHBI, He NpeicTaBader 6ojee HHKAKUX TPYAHOCTEH M Teopus
JorapudpmoB xommaexcHux uyuced (§ A. 6).

Hakouen, B § A.7 mnokasaHo, YTO YroJ, ONpejeasieMbl YHCTO aHaJUTH-
YyecKHM crocoboM, o06jajaer CBOHCTBAMH, COTJACYIOIMHMHCA C OOBIUHBIM mpex-
cTaBjeHneM 06 yrie, OCHOBaHHBIM Ha HamieM IOBCEIHEBHOM OIbITE.

SlcHo, 4TO Mbl He MpETEHiyeM 31ech Ha MOJHBI aHANM3 9JIEMEHTapPHBIX
TPAHCUEHZEHTHbIX (YHKIHWH, a OrpaHUYMBAEMCH JHIIb KPAaTKUM JOTHYECKHM
obocHoBaHHeM uX TeopuH !). ITonHoe e H3JOMEHHE MOXHO HAHTH B Pa3JHYHBIX
Kypcax, kak, HanpuMep: Hobson, Plane trigonometry; Xapam, Kypc uncroit
matematuky, WJI, 1949; Bromwich, Theory of infinite series.

A.12. Jlornueckuif MOPAAOK pa3BUTHA 2JEMEHTOB aHaJaH3a

- YuraTeab HaiileT MOYYHTENbHHIM BTOPHYHO NPOYecTh raaBbl 1—4 M npuno-
MEHHe B CJAE[YIOIIEM MOpsAnKe:

I'naBa 1 (omyckas ?) Bech § 1.5, kpoMe InepBiX nsgx ab3anes).

T'naBa 2 no xomna § 2.61 (omyckas npumepn B § 2.31 — 2.61).

TaaBa 3 1o kouna § 3.34 u sarem §§ 3.5—3.73.

) [Ipu COCTABAECHHU NMPHJOKEHUS YACTO NPHXOIMIOCH mpuberath K CTathe
no aire6panueckomy aHaiusy B Encyklopddie der Math. Wissenschaften, wanu-
cannoit [punrcreitvom u Pabepom (Pringsheim, Faber), koTopas B mepepaGoTaH-
HOM OpanuysckoM nepesoie Moabka moMemena B Encyclopédie des Sciences
Math., u k knure Tannery, Introduction 4 la théorie des fonctions d’une va-
riable, Paris, 1904 (pycckuii mepesox: XKioas Tansephn, BseneHue B Teopuio
dynkunk ¢ onHoli nepemennoit, M., 1912, 1. [ u Il. — ITpun. ped).

2) CaolicTBa apryMenta (mau (asbl) KOMIVIEKCHOTO uucia he Tpelylorcs
B TEKCTE paHblue I 5.
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[Ipunoxenne, §§ A.2— A. 6 (onyckas §§ A. 32, A.33).

Inasa 2, npumepn §§ 2.31 —2.61Y.

nasa 3, §§ 3.341 — 3.4

T'naea 4, BcraBass §§ A. 32, A.33, A.7 nocae § 4.13.

Cnasa 2, §§ 2.7 —2.82.

Uutatemo mnpennaraetcs yGenutbcsl B TOM, YTO (B STOM IOPHAKE) MOXKHO
BbIPAGOTATH YHCTO apH(METHYECKOE H3JMONEHHE aHAAM3Ad, B KOTOPOM OGBIUHBIH
rpapuyeckuil A3blK reOMETPHH ') ABASETICH YMCTO YCJIOBHEIM.

A.2. lokasarennHas QYHKUHS expz

TloxasateabHas QyHKIHA KOMIJIEKCHOH NEPEMEHHOH 2 ONpeneaseTcs PRaoM 2)

» 2 22 33 R 2
expz=1+—1—!-+\§!——{——3T—+—...=l+ T

n=1

drtor pai no mnpusHaky Jlanambepa CxoAMTCA aGCOMIOTHO 19 BCEX 3Haue-
HHH 7 (BemleCTBEHHBIX M KoOMIIeKcHbX) (§ 2.36), rtax-xak lim |z/n|=0<1;

) n->co
TaKHM 006pPa3oM, 3TO OmpelejeHHe UMEeT CMBICA IJf BCEX 3HAYEHMH 2.

Hanee, pajx CXONHTCA DABHOMEDHO BO BCSIKOH OrpanuueHHOH 06JacTd 3Ha-
yeHHH 2; u60 ecau 06aacTh TakoBa, 410 | 2| < R, KOrjza z JexuT B 3Toi 06-
A3CTH, TO '

Rﬂ

n!’

P

nt |

¥ paBHOMEpHaf CXOIMMOCTb CJAeRyeT QTCIOZa IO mNpu3HAKy Befiepmtpacca

00 .
\ R1
(§ 3.34), taxk kax pan 1—]—2 ~;7 CXOHUTCA W €rO WICHH HE 3aBHCAT OT 2.
n=1 o
Kpome Ttoro, tax kak mas Jmo6oro ¢HKCHPOBAHHOrO 3Hauenus n (QyHK-
n

P ‘
Ul —- HenpepbiBHa, TO MO § 3.32 szaxamiouaeM, uTO MOKasaTedbHas QYHKLHA

GyneT HEMmpepulBHOH 1A BCeX 3HauUeHuit 2; M cAefoBatedbHO (cM. § 3.2), ecau
nepeMeHHas 2 CTPEeMHTC K mpepeay {, To uMeeM

limexp 2 = exp{.
z->0

') To ecTh TepMHH «TOYKa» YHOTpeGJAeTCA BMECTO «yNOpAAoueHHas IHapa
qyuces», «OKPYKHOCTb eIHMHHYHOrO pasnyca ¢ UEHTPOM B Hauaje KOOPAHHAT»> —
BMECTO «COBOKYITHOCTb YHOPSAOYEHHBIX Nap uucen (X, y), yIOBJIETBOPSIOMMUX yCI0~
BHI0 X2 +4'y? = 1», «TOUKHM MPSAMOH» — BMECTO «COBOKYNHOCTb YHOPSAOIEHHBIX Hap
uncea (x, y), YAOBAETBOPSAIOMKX COOTHOWEHMIO THnA Ax 4 By +C =05 u.1. I

\
?) Panbme G6bIO NPUHATO OIpPENEAdaTh €Xp2z Kak  lim (1 +_§_) ;
) n>» o

em.. Cauchy, Cours d’analyse, 1, 167. Komu (1am xe, 168, 309) BHBOIUA TaKKe

cBOACTBA 9TOH YHKIUM U3 PSAA, HO €I0 HCCASOBAHHE, KOTAd Z HE PAUMOHANBHO,

HenmoaHo. CM. Takke Schlémilch, Handbuch der alg. Analysis 29, 178,

246, 1889. Xapau ormeuaer (Hardy, Math. Gasette, III, 284), uto onpeaeae-
‘HME, OCHOBAHHOE Ha mpeJiesie; UMEET MHOrO HEJROCTAaTKOB.

22 3. T. Yurrexep, Jx. H. Batcon
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A.21. Teopema caoxeHud JJd noxaszateabHol GYHKnUH
U ee CJAeACTBHA

V3 Teopemn Komy 06 ymMHOXEHHH a6comoTHo cxoxgmyxea panos (§ 2.53)
ciaenyer, 4To !)

2 zf 2y zg
(exp 2z,) (exp 2,) = 1+T!_+7+"" 1+—1~!——[-—§—!——{—... =

2 2
2,4z 27 22,20 4 2
=142 I =exp (a1 2),

Tak 4T0 exp{(2; + 2,) MoxeT OnTb BbIpaXeHa uyepes3 MoKas3aTelbHble (GYHKIHH
OT 2, H OT 2, Mo dopmyie

exp (2, + 2,) = (exp 2,) (exp 2,).

ATOT pe3yJabTaT UBBECTEH TION HA3BAHHEM meopeMsl CAOXNCeHUs 14 NoKa-
3areabHoH ¢yHkuuu. V3 37O TeopeMbl MO MHAYKUMH NOAYYaeM, UTO

(exp2)) (exp2y) ... (exp 2p) =exp(z; + 22+ ... +24)
¥, B YaCTHOCTH,
{exp 2} {exp(— 2)} =exp0 =1

9T0 CCOTHONIGHHE NOKa3blBaeT, YTO He CYMEeCTBYET 3HAaUCHH#l 2, 1JIg KOTO-
pbix expz =0, u6o ecam Ob Taxoe 3HAueHHE 2z CYHIECTBOBANO, TO, TAK KaK
exp (— 2) cyumecTByeT A 3TOTO 3HaueHuss 2, Mbl moayuuau 6u 0 = 1.

Hanee, ecad x BemecTBeHHO, To exp x > 0, u60 H3 onpejpeseHus nocpej-
CrBOM psjia cienyet, uto expx > 1, ecan x >0, a ecan x <0, 10

exp x = > 0.

exp (—x)
Nanee, exp x 8o3pacmaem ¢ BO3pacraHueM X, u6o ecau k> 0, 10
exp(x +k)—expx=expx{expk—1} >0,
TaK Kak expx >0 n expk > 1.
Tax kak, HakoHel,
exph—1 h h?
— 5 =ltgrtgt ...
U psif cnpaBa (KaK Jerko y6exuTbcs mo Merdny § A.2) aBagercd HenpepHBHOIN
(yuxuuell 14 Bcex 3HaueHuH h, TO UMeeM
lim {exph—1}/A=1
h->0
H, CJIeJI0BaTelbHO,
"dexpz . exp(z4-h)—expz
—— > = lim
dz n->0 h

=exp 2.

1) Jlerko yGeauMThCS HENOCPEICTBEHHO, YTO OOIIMH UYJMeH PANA, TOJNYYEHHOrO
MOYJIEHHBIM TIEPEMHOMEHUEM JIBYX psioB, 6yner

A Crel Tl Ot TP L 2 (22

n! o nl
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A.22. PasiuuHbe CBOHCTBA MOKA3aTeJbHOH (yHKuHH

Boaspamasicb k ¢opmyae .
(expz,)(exp2y) ... (exp2y) =exp (2 + 2+ ... +2n)

BHIMM, 4TO €CJH 71 — IOJOXHTEIbHOE HEN0e YHCIO, TO
(exp 2)" = exp (n2),

OTKYyJa
= 1 = L = exp (— nz2)
(exp2) == (exp2)®  exp(n2) — P )
B wactHOCTH, B3%B 2 =1 M Hanucas ¢ BMecTo expl =271828 . ., Buium,

4TQ €CAM 72 — NMOJOXKHUTENbHOE HIH OTPHUATEJNbHOE LEN0E YHCAO, TO
m m?
e’":expm:l-{—T—{—T—{—
_PF
Hanee, ecau p— Jaoboe paLUOHAIbHOE UYHCIO —7, rie p 1 g — uense

qyuchaa, 4 — I'IOJIO)KHTEJH)HOG) , TO

(expp)? =exppg =expp =e’,

TaKk 4TO ¢- CTeNeHb BHIPAXEHHA eXp paBHa e”; JAPYyrHMH CJIOBAMH, €Xp {+
" ecTh OAHO M3 3HaueHu# Buipaxenus eP/ = e, u oueBmpno (§ A.21), uTo 370
UMEHHO BEIIECTBEHHOE NOJOXHTENbHOE 3HAUEHHE.

Ecau e x — uppanuoHalbHOE BEWECTBEHHOE YHCJIO (ompereiseMoe ceve-
HHEeM) U @, H a,— Jo6ble YHCIa COOTBETCTBEHHO KJaacca L w Khacca R, 10
UPPAUULOHAALHYIO CmeneHs e* Tpolle BCEro ONpexeJHTb KaK exp X; TaKuM 00-
pasoM, umeeM s BCeX 3H@UEHHMH X, PALMOHANbHBIX M HPPALUOHAJbHBIX,

2
¢r=1+-{-‘!—‘+’2‘—!+

(bopmyaa, nauHas pnepsbie HbioToHom !)). _ ‘

[105TOMY 3aKOHHO THICaTh €* BMECTO €Xp X, KOTAA X BEIeCTBEHHO; NPHHATO
TaKKEe MHCATh €° BMECTO €Xp 2, KOrjJa 2 KOMIIEeKCHOo. PyHknus e? (koropas,
KOHEYHO, He JOJXKHA pPacCMaTpHBATLCA KaK CTENeHb €), OnpeleiaseMas TaKuM
06pa3oM, NMORYHHAETCS OOLIUHBIM IIpaBH/AM: :

. 1

20" — o2+, -2
e = ottt emi=sp
[Mpumevuaunune Tannepu (Tannery, Lecons d’algebre et d'analyse,

I, 45, 1906) ompezeasieT e* mpu X MPPALHUOHAJIPHOM Kak Takoe 4HCJIO X, 4YTO
M L X <™ npas mobuix a, u a,. V3 Hamero ompeieneHns JErKo BHIETb, UTO
TaKoe WYHCJIO CYIIECTBYET, H IPHTOM moOAbi0 00HO. W60 exp x (= X) ynosie-

TBOPAET 3TOMY HEpPaBeHCTBY, u ecan X' (== X) Takxke yNOBJIETBOPAET €MY, TO

expa, —expa, =% —e% >| X — X|;

) Newton, De analysi per aequat. num. term. inf. (samucano fo 1665 r.,
HO ony6iaukoBaHo Toabko B 1711 r.); mama raxxe HbpioToOHOM H Jlefibuuuem
B muchbMax k Ouabnenbypry B 1676 r.; Bmepebie sTa ¢opMyna Gwa ony6uKo-
Bana Baaamcom (Wallils) B 1685 r. B ero «Treatise on algebra», 343. Mpn x
UPpPAMOHAAbHOM CIPABENIMBOCTb 3TOH (OpMYJbl SBHO BhiCKasaHa [ aémuapxOM
(Schiomilch, Handbuch der alg. Analysis, 182, 1889).

22*%
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B CHJIY HEIPEpLIBHOCTH MOKA3aTENbHOH OYHKUUH 3TO 0OKA3LIBAET, 4TO @y — &,
He MOXeT GhiTh B3ATO NPOM3BOJABHO MAaJuIM, H, Takum obpasowm, (a,, a,) ue omnpe-
Iender ceueHHs.]

A.8. JlorapudMsl HONOKUTENAbHBIX 4Hced!)

Mu supean (§§ A.2, A21), uTo npH X BeLIeCTBEHHOM €Xp X — MONOKHTE/]b-
Has HelpepbiBHas Bo3pacraoias (GYHKUHA OT X, H, OUEBHIHO, eXp X —> |- oo,
Korja x —> -4 co, u

exp x = -0, korza x->—oo.

1
exp (— x)

Ecau Tenepb @ -— NPOU3BOJBHOE MOJOXKHTEAbHOE H"HCAO0, TO u3 § 3.63 cie-
Jiyer, 4TO ypaBHEeHHE OTHOCHTENbHO X

expx=a

{iMeeT OAHMH H TOJbKO OJWH BeEUIECTBEHHbIH KOpeHb. ITOT KOpeHb (KOTOPBIi,
KoHeuHo, 6yier ¢yukuueir oT a) obGosnauaercs?) Lg,a wan mpocto Lga; ou
Ha3bIBAETCA A02aPUPMOM NOAOHCUMEALHOZO HuCAa a.

Tak Kak MeXAY X M @ YCTAHOBJIEHO B3aMMHO OJHO3HAYHOE COOTBETCTBHUE
M TaK Kaxk a — Bo3pacTamowas GyHKuus oT x, TO X JAo/KeH ObTh Bo3pacraomed

(yskuue# OT @; APYTUMH CIOBAMH, JOTapHdM €CTb BO3pacTalOlas (yHKUHS.
[TpuMep. BuBecty, ucxons u3 § A.21, uro

Lga+Lgb=>Lgab.

A.31. HenpepsiBHoCTb Jorapupma -

MoxaxeM Tenepb, YTO MPH & MOJOKHTENbHOM Lga sBAseTCH HenpephBHOMH
dyukuuedt o1 a.
MMonoxum
Lga=ux, Lgat+h)y=x+k,
TaK 410

h
e*=a, F=ath, 1+7=ek.
Cuauasa OPeRnosoxuM, 410 £ > 0, a cieloBatenbHo, u k > 0; Toraa

1+-2i=1+k+-é~k2+ o>k

H, TaKUM 00OpasoM,
: h
O<b<—;
a
JADYTHMH CJIOBAMH,

0<lg@+m—Llga<r,

1) MHoruae MareMaTuky ONpefendioT JorapudM npu MOMOUIM MHTErpaabHOH
dopMyasl, nanHod B § A.32. UuraTearo CIEAyEeT O3HAKOMHTbCA C MEMYapoM
I'ypenua (Hurwitz, Math. Ann., LXX, 33—47 (1911)) 06 ocHoBaHHAX TeOpHH
aorapudma.

2) J1o coraacyercs ¢ 0603HauYeHHEM, IPHHATBIM B GOJLIIHHCTBE PYKOBOACTB, .
B KOTOpHX Lg o6osHauaer raasHoe 3HaueHme (cM. § A.6) sorapupma xoMniexc-
HOrO yHCJa.
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OTcoaa cleiyer, 4T0 ecad /i MOJNONUTENbHO, TO pasHocTs Lg(a - k) —
— Lga MOXHO CleJaTh MPOH3BOMbHO Manoil, B3fB A NOCTATOUHO MAJbIM.

a
IpexmonoxuM teneps, yto k < 0, TaK 9t0 ¥ £ <0, Torza = ek,

a-t-h

a .
Ortciona (BSHB 0<—h< 5+ UTO, OUEBHIHO, nonycmmo) MONY M

a

1
i h=l+(—k)+7k2~ L.>1—k

U, CJAeJOBaTelbHO,

a h 2h
k<=t o= T

Witak, 6yneT au i TOJMOKMTEbHO HIM OTPHUATENbHO, ECAY ¢ — NPOM3BONbHOE
MOJOXHUTENbHOS YHCAO M €Cad | B| MeHblue, ueM a/2, H MeHbllle, 4YeM 4g/2, TO

ILg(a+h)—Llga|<:
u ycaoBue HenpepmBHocTH (§ 3.2) maa Lg x ynosaerBopsetcs.

A.32. Nuddepennuposanne Jjgorapupma

Coxpansig ob6osnauenne § A.31, BHAMM [O J0Ka3aHHOMY TaM pe3yJibTaty,
yro npn 2 ->0 (a duxcuposano) taxxe n £ —>0. lostromy npu a >0
dlga , k 1 1
= lim ————=—0=—"
da r>0eftE—p¥ - ot g

Tak kak Lg1==0, 10 coraacHo npumepy 3 § 4.13 umeem

a

Lga= f 1 dt.
1

- A.33. Pasnoxenue ¢pysxuuu Ln (1l + a) no crenenam a
Mo § A.32 umeeM

Ln(1+a)=f (1 +8)~'df =
0

=f l—tfer— (= e (e (1 )7 et =
0
ca—taio— )T e R
rae

R, = (-1)”[ " (L4-0)7 dt.
V]
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Ecan remepp —1 <a <1, 10
tal

|Ral< [ 7 —la)7! dt=1al™ (a1 —]a] )" >0,
0

KOra fn —>od) H, Clel0BaTelbHO, npu — 1 < e <1 dynkuuio Ln (1 4-a) Moxno
pasJoXMTh B cXoasmuics pan ')

1 1 = n
Ln(l+a)=a—a®+5a— ... =2 (“1)"_1%-
n=1

Eean a = +1, To
1 4 .
anl=ff"(1+t)'1dt<ft”dt:(n-(-l)-l_)o,
0 0 :

KOTJa n —>00; TakAM 06pa3oM; pa3ijoxeHHe COXpAaHAET CHAY # npu ¢ =+ 1, no
OHO TepsieT CHIy mpH @ = — 1.

ITp umep. Hokasars, uto lim (1 + _nl_)” =e.

n-»oo
[Umeem
; 1 . ( 1 1 '
Jim nlg (144 )= im (1— g — ) =1,
¥ TpeGyeMulii pe3yJbTaT MOAYUaeTcs C MOMOUIbI0 pedyabrata § A2: lim €% =
zZ->0

¢

= e .]

A.4. Onpepnenenue CMHyCa H KOCHHYCA

dynxuuu ?) sinz M €OS 2 QNPENENAIOTCA AHANUTHYECKH NpH MOMOLIM CTe-
IEHHBIX PAJOB, 8 MMEHHO:

) 2‘3 25 ' o% (—-1)” 22ﬂ+1
Sinz=Zz—gr+gr— - =23"(27ﬂ?1‘)'—

n
2 4 °°( )2 220
z z —1)? %"
COSZ=1—7+-E— ...‘=1+.2’~(2)n—)‘!—_,
n=1

sTu pannl coraacHo § 236 cxomaTcs abGconOTHO AAA BCeX 3HaueHuit 2z (Belge-
CTBEHHBIX H KOMILIEKCHBIX), H TaKOM 00Dpa3oM, JaHHbIe ONpeleaeHus TOAHB IS
BCeX 3HAUEHHu# 2.

) ToT MeTON MOJAyuUeHHs JOrapudMHUECKOTO psla IpuHaAAexHT Baaaucy
(W allis, Phil. Trans., II, 754 (1668)).

2?) Dtu pamsl Obimu naner Helotonom (Newton, De analysi..: 1711),
cM. cHocky k § A.22. [lpoune rpuronoMeTpuueckue GyHKOUM ONPERLAAOTCH,
KaK OGbIYHO, OTHOIIEHHAMH K OODATHHIMM BEJAHYMHAMH CHHYCOB H KOCHHYCOB.
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CpaBuuBas 3TH pAAb € MOKAa3aTEJNbHBIM DSAOM, BHAHM, YTO CHHYC M KOCH-
HyC He ABJA0TCA N0 CYLIECTBY HOBLIMH (YHKUHSMH, U060 OHH MOTYT OWTb BbI-
paxeHbl yepe3 NOKA3aTeAbHYI0 (YHKLHIO NpH moMowu dopmya ')

2isinz = exp (iz2) — exp (— i2), 2cos 2 =-exp (iz) + exp (— i2).

SlcHo, uTO sinz u COS z ABAIOTCS COOTBETCTBEHHO HEUETHOH U YeTHOH
QyHKnHAMH OT 2; APYFHMH CJOBAaMH,

sin(—2) = —sinz, cos(— 2)=cosz.

A.41. OcnoBHble cBoificTBa PyHKuuii sinz u cosz

MoxHo 10kasaTh, Kak H B cayyae mnokasarenbHol dynxumu (§ A.2), uto
pAABl IJf SinZ M COSZ CXOAATCS PAaBHOMEPHO B JIIOGOH OrPaHHYCHHOH 064acTH
BHaueHHH 2 W, CeNOBATENBHO, SINZ M COSZ SABJAOTCA HENPEPHIBHHIMU (yHK-
LMAMH OT 2 s BCeX 3HauyeHui 2. :

Ianee, MOXHO 10Ka3aThb TMOZOGHBIM e 06pa3oM, UTO H Psf

2?2 24
l—gr+sr—

ofpefienseT HEMPEPHBHYI (YHKUHIO OT 2 JJ8 BCeX 3HAaueHHH 2 u, B 4acTHOCTH,
5Ta Qynkuus OyaeT HenpepbiBHOH mpu 2 = 0; TakuM 06pasoM, N0JAyuaeM, 4TO

lim (¢~ !sin2) = 1.
z2=>0

A.42. Teopema caoxeHus ajas GyHkuuil sinz u cosz

[Moabsysice dopmynamu dfinepa (§ A.4). Jerko BHIBECTH U3 CBOHCTB IOKa-
3aTeabHOH (QYHKUHH, YTO

sin (2, + 2,) = sin 2; cos 2, + cos 2, sin 2,
u
€os (2; + 2;) = c0s 2, €05 2, — sin 2, sin 2,.

dTH pe3yJbTaThl H3BECTHH O] HA3BAHMEM meOpeM CAONCeHust JAS  sin z
U COS 2.
MoxHO Takxe JOoKasaTb, MoJb3yach dopmyramu Ditrepa, uTo

sin? z 4 cos?2z = 1.

[Ipn nomomu sToro peaynabTara sin(z, - 2,) MOXHO BHPasuTh Kak aired-
pauueckyio QyHKIHIO OT Sin 2, H sin 2,, a co0s (2, 4 2,) — KaK aarebpanueckyio
(QYHKLHUIO OT COS 2 U COS 2,; TaKUM 00pa3oM, (OPMYJBl CJIOXKEHHS MOXHO pac-
CMaTpHUBaTb KAK. TEOPEeMbl CJHOXKEHUSd B TOUYHOM cmmuicae (cM. uactb II, §§ 20.3,
22.732, npuMeuaniie).

Huddepenunposanue dopmya Diiepa, O4eBUIHO, KaeT

dsinz dcosz

= C0S$ 2 = —sin 2.
dz ! dz

1) 91u Qopmydasl Gbiny BbiBeleHbl JiepoM (OHM OblaM JaHbl B NHCbMe
k W. Bepuyanu B 1740 r. u ony6auxosanm B «Hist. Acad. Berlinw, V, 279,
1749) 13 reoMeTpHuYECKHX oOmpejeNeHMd cuHyca M KOCHHYCa, H3 KOTOPHIX B T€
roabl OBLIYHO QCHOBBIBAJH TEOPHIO TPUTOHOMETPHUECKHX (YHKIHH.
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[Tpuwmep. [Moxasars, uto
sin2z =2sinzcosz, cos22=2cos?z—1;

9TH GOPMYJIbl Ha3bIBaoTCA (OpPMYyAaMu yABOEHHS.

A.5. llepnoanuHocTh NMOKasaTeabHOH (QYHKBHH

Ecan 2, U 2z, TAKOBBI, YTO €Xp 2, == €XP 2, TO, YMHOXad 06e CTOPOHHBI 3TOro
COOTHOLIEHH HA €XP (— 2;), HOAyuHUM exp (2, — 23) = |, MOJOKHB | =2, — 2,,
BHAHM, YTO 1A BCEX 3HAUEHHHl 2 W BCeX LeablX 3HAUYEeHHH n

exp(z+njy)=expz(expy)* =expz

O noxasaTeabHoit GYHKIMH TOrAa MOXKHO CKas3aTb, UTO OHAa uMeem nepuood v,
TaK KaK yBeJHMEHHE 2 Ha Y HAM HA 1eJOoe KpaTHOE Y HE. M3MEHAeT 3HAaueHHs
3TOH BYHKLHH. :

[MoxkaxceM Tenepb, YTO Takue 4uHCaa Y (OTAMYHBIE OT HyJs) AeHCTBUTENbHO
CyLIECTBYIOT H YTO 6Ce HHCJAA Y, 06/1aaI0MHKe TOAbKO YTO ONHCAHHBIM CBOHCTBOM,
CONEpKATCH B BBbIPAXKEHHH

2nmi (n= £1, £2, +3, ..)),

rie © — HEKOTOpOe MOJOXHTEeAbHOE YHcao '), koTopoe Goabie 2V'2 u mensmre 4.

A.51. Pemenne ypasHeHus expy =1

[ycth y==a i3, rne o u $ BelEeCTBEHHH; TOrAa 3a1aya peLIeHUs ypaBHe-
HUsd eXpy = | ToXIecTBeHHa 3ajlaye pelieHHs ypaBHEHHs

expaexpif =1
CpaBHnBan 34eCb BelIECTBEHHbIE H MHHMBbIE YaCTH, HMeeM
expacosf=1, expasinf=0.

Bospens B KBaapaT, CAOXHB 3TH yPABHEHHS ¥ BOCIMOJNb3OBABIIMCH TOMAE-
cteoM cos? § + sin? § =1, nmoayuum

exp2a=1.

Tenepb, ecan Obl o GblIO TOJNOKHUTENbHBIM, TO eXp 2z Guiaa 6bl Gosbue 1,
a ecan Obl « ObIIO OTpULATENbHBIM, TO eXp 2¢ Obita 6b Menbiie 1; maxum 06-
PA30M, eOULHCMBEHHOE B03MONCHOE 3HAYEHUE OASL @ PABHO HYAIO.

Torna noayuaem, uto cos 3 =1, sin 3 = 0.

Ho ypaBhenue sinB =0 sBaseTcs HEOGXOXHMBIM CHAEACTBHEM YyPaBHeHUs
cos 3 == 1 Bcaeacreue TowaecrBa cos?f --sin?8 =1. TlostoMy gocraTouHo pac-
CMOTpeTh pellleHHs (eCAH TaKOBbIC CYWECTBYIOT) ypaBHeHHs cos B = 1. Ognako
BMeCTO ypaBHeHHs cos 8 = 1 6onee y106HO paccMaTpHBATh YpaBHEHHE COS X = () 2),

') Tot ¢axT, 4TO = — MpPpPALHOHAAbHOE uKCIO,3HaYeHue kotoporo 3,14159 |, .,
HEe OTHOCHTCS K HacTosAuleMy uccaefoBaHuo. O630p MONMBITOK ONpenetdTb 3Ha-
yeHue m, 3aKaHYMBAIOWIMICA AOKA3aTEJIbCTBOM TEOpPEMbl, YTO T He YIOBJAETBOPSAET
HHKAaKOMY aJjre6panyeckomy rYpaauenmo C palHOHAAbHBLIMH KO3 dULHeHTaMy,
cM. B MoHorpaduu 'o6cona: Ho b son, Squaring the circle, 1913.

2) Ecan cos x =0, TO HEMOCPEICTBEHHBIM CJAEACTBHEM (GOPMYabl YXBOEHHs
6yner, 4To cos 2x = — 1, a 3aTeM, 4TO c0s4x = 1, TaK 4YTO eCAH X — pPeleHHe
ypaBHeHus cos x =0, 10 4x Oynaer pemeHueM ypaBHeHus cosf =1,
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Mokawkem Tenepb, 4TO ypaBHeHHe €OS X =0 HMEET ONMH H TOABKO oamH
KOpEHb, Aewaiui Mexay 0 u 2, u u4TO 3TOT KOpEHh NPEBOCXOAUT ]/7; A8 no-
Ka3aTeJbCTBa BOCHOJAb3YEMCS CAEAYIOMHMH COOOPaXEHHAMHU:

(I) Pynkuust cos x HenpepsiBHAa B uHTepBane 0. x < 2.

() Mpu 0L X<V 2 umeen')

X2 X X6 x8 x!10

=520,

T 6!>0’ W——-I_O,i}()""’

H CJAEAOBATEAbLHO, IIPH ngglf?_ yMeeM HepaBeHCTBO cos x > 0.
(III) 3uauenue cos 2 paBHO

2 26 4 210 4 1
1—2—{—-3-——72—()—(1_7'—8)—"@(1—@‘)— e e —'—g‘_‘ s <0-
(V) Mpr 0 < x 2
X

sin x 2 x4 x2? X2 1
% =<1“?)+W0(1_6‘7>+ SRty A

. 1
u Takum o6pasoM, mpH 0 < x < 2 UMeeM HEpaBeHCTBO sin X > — x.

Ma (i) u (Il1) coBmectHo c (I) n u3 peayabrata § 3.63 3akmouaem, uTO
ypaBHeHHe cos X =0 WMeET no kKpainei Mepe ONMH KODEHb B HHTEpBaje

V2 < x < 2u He HMeeT HH OXHOrO KopHs Ha orpeske 0 L x < V7.

Jlanee, uMeetc He GO0Aee 4em ONWH KOpeHb B HHTepBate V2 < x < 2
JeHCTBUTENbHO, IPEANOJOXKHM, UYTO HMEeTCd ABA KOPHA X; H X, (X > X))

Toraa 0 < x,—x;, <2—V2 <1mn
sin (x, — X ) = sin x, €OS X, — sin x; €0s Xy =0,
a 3to HecoBMectumo ¢ (IV), u3 koToporo caeayer, uTO sin (x; —x) >
1
> 5 (6 —x)
Ypasnenue cos x =0 umeem nosmomy O0un u moaAsbkO OOUH KOPeHs, Ae-
ocawuii mexncOy 0 uw 2. ITOT KOpeHb JexuT Meway V2 u 2 um obo3Hauaercs

ki
yepes ~2—; ero (akTHueckoe 3HaueHHe, KAK yKas3aHo B nmpuMeuanuu k § A.5, paBuo

1,57079 ...
M3 reopeM caOXeHHs TOTYAC HOAYYAETCA MO HHAYKIHUH, YTO

cos nx = (—1)?, sinnar =0,

rae n— moboe Ledoe Yucao.

Otciona cos 2nn =1 npu aoboM ueloM n.

Boaee TOro, He uMeerca 3HauYeHMH B, OTAMYHBIX OT 2n7m, 1JS KOTOPHIX
cos B =1, u6o ecan 66 UMeNOCh TaKOE 3HAUEHHEe, TO OHO OblIO0 Obl BEIIECTBEH-
HbIM 2) ¥, TakuM 06pa3oM, Mbl MOrJH Obl BHIOpAThb LeJO€ YHUCAO m TaK, 4TO

—rL2mr—3 < m.

') CumBos > moxer OBITb 3aMEHEH CHMBOJIOM >, 33 HCKJIOYEHHEM Ciay-
yas x =19 B mepBOM M3 STHX HEPABEHCTB W cAyuas X =0 B OCTANbHBIX.

?) U3 ypasnenus cos 3 = 1 BuiTekaer, uto expi3 = 1, a MB BHAENH, YTO 3TQ
ypPaBHEHHE He HMeeT KOMIEKCHBbIX KOopHeil.
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Torna
1 1 1 - ;
sin mn———@!: =+ sin (mn-——5{3>= isin— B= +2 2(1——cosﬁ)2 =0,
a 3TO HECOBMECTHMO'!) ¢ HEpaBeHCTBOM sin mn———— BI 5 } me — = (il
ecau 3 == 2mm.
Caedosamensro, 0as wucea 2nn (n =0, = 1, =2, ...) u moasko 041 Hux

KoCunyc paser eOuHuye.

OTcola CAefyeT, uTO CyINECTBYET MNOMOKHUTENbHOE YHCAO 7 TaKOe, 4TO
expz uMeem nepuol 2mi u 4moO eXp =z He uMeem nepuolda, CYUuecmeeHHo
OMAUKO020 Om 2%i.

®opMyasl 3JeMEHTapHOH TPHIOHOMETPHH, OTHOCSIIMECH K [EPUOIAWYHOCTH
TPHIOHOMETPHUECKUX (GYHKUKH, MOFyT OBbIThb TeNmepb JAOKa3aHsi 6€3 BCAKUX
3aTPYJNHEHHH AHAJUTHYECKH.

Mpumep 1. Ilokasars, uto sin 1 n paBeH 1, a He —1.

2
Tpumep 2. [lloxkasartb, uto {g x > X, KOrAa 0<x<% z,
[M60 cos x>0, u
. _ .- xin—1 )
smx——xcosx«Z m{4n——2—m~l—},

n=1

M Kawablf ujaeH panra no.no»(meneﬂ.]

X x4
Mpumep 3. Iloxasars, :TO 1— 5 + 5 5% 720 6yleT HONOKUTENbHBIM,
. A 4 e —
KOTZa X = ?—g M 9TO 1—%— g? pasen myamo, kora x=V 6—2V3 =

= 1,5924, ..; BeBecTH oTcwaa, 4ro ?) 3,125 < = < 3,185.

A.52. PewmieHHe OfHOH CHCTEéMbl TPHTOHOMETPUYECKUX YpaBHeHHU
[ycTs X, . — nNapa BEUIECTBEHHBIX YHCEJ, TaKUX, 4TO A2 4-p? =1
Torna, ecan A %= — 1, T0 ypasHeuus
cos x ==}, sinx=p

HMeIoT 6eCKOHEuHOEe MHOXECTBO pemeHﬂn, M3 KOTOPHIX OAHO H TOJLKO OIHO
JEWUT MENKIYy — T H « 3).
[yctb cHayasa A M p HeoTpuiuaTeabhs; torga (§ 3.63) ypaBHerme COS X ==\

UMeeT N0 MeHblied Mepe ONHO pelieHue x,, Takoe, uto 0 < x, < 2 , TaK KaK

1) Hepasencrso cnpaseasio no (IV), rtak kax

0L

ﬂ:————@l —_—n < 2

2) Cu. De Morgan, A budget of parado;ges, London, 316, 1872, rume

5

IPHBOIATCA COOOpAXEHHs, B CHJIY KOTOPLIX 7 > 5

3) Ecamu A=—1, TO * = 4BAAI0TCS peeHMAMYM U IPYyIMX pemMeHnil Ha
oTpe3ke (— =m, ™) He MMeeTcs.
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T
5 = 0. dTo ypaBHenue He MOXET HMETb JBYX Da3/HYHNX pele-
HUI HA 5TOM OTpeske, 6O ecau Obi X; H X, ObIM TAKUMM PEMIEHHAMH, . TO MOXHO
6bin0 6B Hokasath (cM. § A.51), uro sin (¥, — X3) =0, 4TO NPOTHBOpPEYHAO b
§ A51 (IV), tak xax

cos0=1, cos

T
0<|x2~—x,}<—2—<2.

Haanee,
sin x, = 4- Y 1— cos? x, =+Vi—2=y,

TaK YTO X; ABJAAETCS peuleHneM 000uXx ypaBHEHHH.

o kY
YpaBHeHnus He HMeloT pelreHuH Ha oTpeskax (—m, 0) u (7, n), TaK Kak -

Ha 3THX OTpe3Kax WAHM sin X, HIK cos x Oyner orpullatenbHeiM. Takum o6pasom,
YPaBHEHHS MMEIOT OJHO U TOJbKO OLHO PEIIEHHE Ha OTpeske (—m, m). ‘
Ecan A nau p (uan 06a) oTpunarebHbl, TO MOXKHO HCCAEI0BATh 3TOT CAydah
aHaJOTHYHO; NOIPOOHOCTH NMPENOCTABJAIOTCS UHTATEIO.
OueBuUIHO, UTO €CaM X, €CThb peuieHHe JaHHBIX YpaBHeHUuH, TO ¥ x, 4 2n=n
TaKiwe OyAeT MX peunieHHeM NpH JIoO0M HEeJOM n, W CleloBaTelbHO, ypaBHEHHs
uMeoT 6eCKOHeYHOe MHOXECTBO BEIECTBEHHBIX pellleHHH.

A.521. I'naBHOe pemeHHe CHCTEMBl TPUTOHOMETPHYECKHUX ypaBHEHHii

EnubcTBeHHOE pelieHrne ypaBHeHMA cos x = A, sin x =y (rae A2 p2=1),
nexamee MeX1y — T U 7, Ha3BIBAeTCS 2AABHLIM peuierHuesm '), U BCAKOE Apyroe
pelieHne OTAMYAeTCs OT Hero Ha Ieloe, KpaTHoe 2w.

Irasroe 3naverue?) apeymenma. KOMImIexcHoro uucha 2 (== 0) Ttemepb
MOXeT ObiTh ONmpejeneHO aHAAHTHYECKH KaK IJIaBHOE DelleHHe ypaBHeHui

|z]cosg=Rez, |z|sing=1Imz,
a TOTAa, eciu :
z=|2z|(cos b 4 isin §),

TO MBI JOMKHB nMeThb 6 ==¢ + 2n=m, rae 0 nasvizaeTcs OOHUM u3 3HaveHUl
apzyMenma wucaa 2 ¥ 06O3HAYAETCst CHMBOJOM arg z (cm. § 1.5).

A.522. HenpepriBHOCTH apryMeHTa KOMIJIEKCHOTO NEpeMeHHOro

[TokaxxeM Temepb, 4TO MOXHO BbIGpaTh 3HayeHHe aprymenta 0 (2) KoMmmaek-
CHOTO IEepeMEeHHOro 2, KOTopoe 6y/eT HelpepbiBHOH (yHKHHEN OT 2 IIPH YCJIOBUH,
YO 2 HEe IMPOXOAMT Yepe3 HYJNeBOe 3HAUEHHE.

[Tycts 2y — pannOe 3Hauewue 2z, ¥ nycrb 0; — Kakoe-HUOYAb 3HAYEHHE ero
apryMmeHTa; Torna, ¥tobsl HoKasaTh, 4TO 0 (2) — HempepbiBHaa GyHKIusA BOAIU3U 2,
LOCTATOUHO 1I0Ka3aTb, UTO CyLIECTByeT Takoe uucjao 6,, uro 6, = argz, u urto
|8, —6y| MOXMHO chenaTh MeHbIle, YeM NPOU3BOJbHOE MOAOKHTENLHOE YHCIO €,
naBas |2, —2,| mo6oe 3HaueHHe, MeHpLIEe HEKOTOPOro IOJNOKHUTENbHOrO
yucaa . Ilycrp

zy == Xo+ Yo, 2y =X+ iy,

'y Ecau A =—1, 10 3a raaBHoe pemenue npunumaercs - w; cM. crp. 20,
2) Tepmuy «riaBHoe 3Hauenuev Oua . BBelen B 1845 r.. Boépauurom,
(Bjorling, Archiv der Math. und Phys., IX, 408 (1847)).
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Myctb, Aanee, !z, — z,| B3ATO HACTOJAbKO MajblM, YTO YLOBJETBOPHIOTCH
clelyoliie HepaBeHcTBa ')

) Jx,— x| < ~12—]x0 |, ecau TONbKO Xxp=£0,
D | yi—yl < %lyo |, ecan TOAbKO ¥y, 0,
() |x; — x| <';11" eleol [yi—yol < 711‘ e]2o].
M3 (I) u (II) caeayer, uto xox; u yoy, OyAYT HEOTPHUATEJbHBIMH H

1 1
XX 2y £, YN Z5 Yoo
TaK 4TO -

I
XXy + Yoy = 7| E

ITyctb Tenepb B3dTO TO 3Hauenue 0;, KoTopoe orauuaerca or 0, meHblre
YyeM Ha w; TOrja, TaK KaK X, M X, MUMET OJMHAKOBbHIE 3HAKH H Y, H y, TaKke
HMEWT OJMHAKOBbie 3HAaKM %), TO M3 peweHus ypasHenudi § A.52 moayuaercs,

=
uytos0; u Oy omaunaomes dpye om Opyza Menee 4weM ua,%.
Hanee,

_ . KXoy — X1Yo
g b} = XoXy =+ Yoy1

4 TakuMm obpasom (§ A.51, npumep 2),

8. —f {xo}’l—‘xl)’o]: 'xo()’l—“}’o)*‘Yo({Vl‘—xo)l
0l S Y s, XoX1 + Yoy <

L2020l T N0 11y = Yol + 1yl [ — %01},

Ho [xol < lzof [ yol <12, nostomy

161"‘00'<2|20!_l{ [yi— o+ 16—} <e
Hanee, ecau B3aTh |2, — 2y| MeHblIe, YeM 4HCJIa é— | %ol (ecau x,£0),

—%— | yo| (ecaun y,%0) n %e | 20|, 10 HepasekcTBa (1), (), (1II) ynoBaerBopsioTcs;
HHBIMU COBAMH, €CJIH 1 — HaHMEHblee U3 Tpex qncen—flj 1 X0 |, % ' ¥o ],7:— e|20]9),

TO, B3MB |2, —2o| <%, moayuum |8, —0,|<e a 3TO u ecTh ycaoBue TOro
4yT06bl 0§ (2) Ob1I0 HempephlBHOH (yHKIMEH KOMIJIEKCHOrO MEepeMeHHOro 2.

—
Y (I) uan (II) coorBeTcTBEeHHO OTOpacHIBAIOTCA B Caydae, Koraa x, =0 uiu
KOrJa Yo ==

?2) FeomeTpuueckas MHTEpNpeTAUUs STHX YCJIOBHH 3aK/II0UaeTCs B TOM, YTO 2,
W z, JEKAT B OLHOM H TOM XK€ KBaAPaHTE MAOCKOCTH.

3) Ecan kakoe-Hubyib M3 9THX 4HCE] PABHO HYJAO, TO OHO OINYCKACECH.
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A.6. Jlorapu¢mpi KOMIIEKCHBIX HHCeJ
’
ToBopaT, uTo uncno { asasercs A02apugMOM uucia 2, €cli 2 = e°.
UT06bl PENIMTL 3TO ypaBHeHHe OTHOCHTEJbHO &, MONOKUM {=¢%t-4in rae ¢
¥ 7 BelIecTBEHHHI, TOTIa HMeeM

z=2¢ (cos m - i sin 7).

Bsas mMonyau oT o6eux uacTell, BuzuM, 410 {2 |=¢°, Tak uro (§ A.3)
¢=1Lg|z|, a Torna

z=|2z|(cos q-isinT),

TaK YTO 7 AOMKHO ObITb PaBHO OMHOMY M3 3HAauUEHHH argz.

JlorapuM KOMMIEKCHOTO uYMCaa sABAAETCH, CAESLOBATENbHO, MHOTrO3HAUHOH
GyHKUHEH U MOXET ObiTb BhIpaxeH uepe3 6ojee 3JEMEHTAPHbIE (QYHKUHU NPH
noMourt Gopmy.Jisl .

lgz=Lglz|+iarga.

HenpepoiBHocTs 1g 2 (xorza z==0) caenyer n3 § A3l u § A.522, no-
CKOJbKY |2 | eCTh HenpepbiBHas QyHKuus OT 2.

[IponsBoaHas KamJOK OTIeAbHOH BeTBM OyHkuuu 1g2z (§ 5.7) Moxer 6bITh
qnpeneneHa, kak B § A.32; pasnoxenne § A.33 MmoxmeT OblTh YCTAaHOBAEHO
nas 1g (1 +a) npu |al < L.

Caenctsue. Ecau a® onpepensnts Kak e
¢yHkuueit or 2 M oT @ npH a==0. '

2lga 1o a® 6yner HenpepHBHOH

A.7. AHalHTHUYECKOE ONpejeieHHe YTJIOB.

Myctb 2), 25, 23— TPH KOMILIEKCHBLIX YHCJA, MPEACTABAAEMBIX TOUKAMU P,
P,, P; na xoMmaekcHolt maockoctd 2. Toraa yron Mexay npaMbIMH (CM. CHOCKY
k § A.12) PP, u P P; onpejensercs Kak Kakoe-1400 3HaueHHE Pas3HOCTH

arg (23— 2,) —arg (z; — 2y).

MoxaxeM Teneps '), uTo maouwaib (onpeiensemMas Kaxk MHTErpan), orpaHu-
ueHHas ABYMA paiMycaMu M JyrOR J@HHOW OKPYXHOCTH, HPONOPHHOHANbHA
OIHOMY M3 3HaueHWH yria, COCTaBAs€MOro PajMycaM#, Tak yTo yroa (B aHaauTH-
yecKOM CMblcie) 06/iajaeT M3BECTHBIM CBOHCTBOM, KOTOPO€ YKa3biBa€TCsl BO BCeX
PYKOBOACTBAX IO TPHrOHOMETpHH 2).

Mycts (X, y,) — HekoTopas TouKa (00€ KOODAMHATHl KOTOPOH MOJOXHTEJb-
Hbl) OKPYXHOCTH X2+ y2 = a? (a > 0). [TycTb § — raasHoe sHauenue arg (x,+iy),
T
2
npsamoii, coeauusomeir touxkn (0, 0) u (x,, y,), H Ayroél OKPYKHOCTH, coeau-

tak yto 0 < 0 < +-. Toraa naowanp, OrpaHMueHHas OTPE3KOM OCH OX, oTpesxom

1) Jdoka3ateabCcTBO, AAHHOE 3REChb, NPUAOKHMO TOAbKO K OCTPBIM yriam;
) T 53
yuTaTeab 6e3 TpyAa pacnpOCTPAHUT €ro H Ha yriabl, 601bUIME o » W HA CAyuan,

koraa OX ue GygeT OZHHM M3 TPAHHUHBIX PaAuyCOB.

2) EBKJWIOBO ONMpEje/icHHe yria He NaeT camo No cebe Heps yriaa, B coun-
HEHHSX N0 TPHUrOHOMETpHH nokasmiBaercs (cM. Hobson, Plane trigonometry,
ra. 1, 1918), uTo yroa nsMepsercs 1BOHHOH MNJOMAAbIO CEKTOP, BHICEKAEMOroO
YTIOM H3 €AMHMYHOrO Kpyra, LedTP KOTOPOrO HaXOAuTCs B BEpUIMHE yria.
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a

Haowed Touky (x;, y,) ¢ (a, 0), paBHa ff(x) dx, rne )
0

f(x)=xtgh 0 < x<Lacosh),
1
f) = (a®—x2)? (acosb < x < a),
ecay MAOLIAAb ONpeleseTcst KaK Haljexalle BblOpaHHbit uaTerpan (cM. ctp. 88).
a

QOcraercd A0Ka3aTh, YTO MHTErpasn ff(x) dx npomnopuyosanen yray 6.
0

Himeeum
a acos B a 1
ff(x)dx:f xtg 0 dx + (@ —x%)? dx=
0 0 acosl :

1 1 a! 5 . a +1
— = a%si = 2 (g2 — x2) 2 i 2__ )2} _
__Qasmﬁcosﬂ—{—2 /la (a x?) —i—dxx(a x?) de

acost
a 1
=%a2 . / (az-—x?)“de:
ac'OSG

[ 1 1 cos 1 ]

1 Ty T
==7aZ{l (1—1ty “dt— (1—1#) dt}}:
6 L2

rjie IMOJOXEHO “X = af U HCNOJbL30BaH npuMep, pasobpanubiii B § 4.13.
JpyrumMu cAOBaMH, IJOMAAb CEKTOPA NPONOPLUOHANbHA YLy CEKTOPA.
Mrak, Mbl NOKasamy, 4TO OOLIYHOE MOHATHE Yrad COBMECTHMO € aHAMUTH-
YECKUM €ro OIpejeieHHeM.

) Uprareab Jaetko HalAeT reoMeTpHUECKOe UCTONKOBAHUE 3TOrO MHTErpana,
CIEJaB 4YepTex.



9. T. YUTTEKEP, I2K. H. BATCOH

K¥YPC COBPEMEHHOI'O AHAJIM3A

naBa
napa
naga
I'1aBa
"'naBa
I'naBa
1aBa
[naBa

[nasa 21.
[naBa 22
nasa 23.

12
13.
14.
15.
16.
17.
18.
19.
Fnasa 20.

YACTh BTOPAS
TPAHCUEHAEHTHBIE ¢YHKUWU

COJEPXAHHWE

[amma-dynxuua

I3era-pyuxuus Pumana.

Funepreomerpuieckas QyHKuus.

Pyukuyuu Jlexanapa.

BripoxaenHas runepreomerpuueckas QyHkius.
dyuxunu Becceas.

Y paBHenus MaTeMaTHueCKOH (H3MKH.

dynkuun Martbe.

Aanunruueckue ¢yuxuuu. O6mue TeopeMbl H QYHKIMY
Befiepmtpacca.

Tara-dyukuum.

Qaauntrueckue GyHKuMU Axobu.

duauncoupanbuble rapMoHHueckHe QYHKUHH H ypaB-
uenue Jlame.



