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NMPEAUCIIOBHE THUTYJbHOTO PEAJAKTOPA

B Hactosinlee BpeMsi Iporpecc B MaTeMaTHKe B OOJIBIUOH CTENEHH
CBsI3aH C Pa3BUTHEM 3JIEKTPOHHO-BBIYHCJIHTENbHHX cpelcTB. Marema-
THYECKHE METOJAbl HCCJIEeJOBaHHA [POHHKAIOT BO Bce 00JacTH uesoBe-
yeCKoll JesiTesibHOCTH. Bce 3TO moBHIIIaeT MHTEpPEC K MaTeMaTHKe CO
CTOPOHH CMEXKHBIX HAayK, HCNOJb3YIOIUMX PasJHYHBIH 06beM MareMa-
THYECKHX 3HAHHH, H CTAaBUT HOBHIe 33Jaud B H3yYeHHHM caMO¥i Mare-
MaTHKH. B cBI3M ¢ 2THM BO3HHKaeT NOTPeOGHOCTb B HANHCAHHH yyel-
HUKa N0 MaTeMaTH4YeCKOMY aHaJau3y, YYHTHBAIOLIETO yKa3aHHbBE 3a-
KOHOMEPHOCTH.

To o6cToATeNbCTBO, YTO pellleHHe MaTeMAaTHYECKHX 3ajlauy peajid-
3yercsi Ha DBM ¢ moMmouibi0 BHIUHCHHUTEIBHBIX aJrOPUTMOB, NpeNb-
ABJSieT NOBHILIEHHHE TpeOOBaHHA K YETKOCTH aJrOPATMHYECKOro
YPOBHSL M3JIOXeHHsT MaTeMaTHuecKHX aucunniauH. OxHako Takoe wu3-
JOXKEHHEe MAOJIKHO 0a3HpOBAaTbCH- HA KJACCHYECKHX KOHUENUHAX Ma-
TE€MAaTHKH U He JOJKHO HX 3aTEMHATh.

Ot 00IlKe NPHHLUHINBI BMECTE C 3ajayeil YeTKOro, SICHOrO H J0-
CTYIIHOTO H3J/IOKEHHS H MOJIOXKEHHl B OCHOBY HalHMCaHHUA IpejJjarae-
MOH uyHTaTes 0 KHUrH. KHHra HanWcaHa ¢ yyeToM COIJIaCOBaHHOH
mexay MockoBckum H CodHICKMM YHHBEPCHTETAMH NMpPOrPaMMbl Mpe-
NOJaBaHHA NEpPBOH YaCTH MaTeMaTHYeCKOrO aHaJIH3a.

B npeanaraemoM yuyeGHHKe YAeJeHO O6OJblIOE BHUMaHHE BOIPO-
CaM ONTHMH3ALHH, HIPAIOIHM B MaTeMaTHKe H ee IPHAOXKEHHAX
GoJsblyl0 posib. B wacTHOCTH, B KHHMre BnepBhie B yueGHOM JuTepary-
pe B 32KOHYEHHOM BHJE H3JlaraeTcsi aJrOPHTM OTBICKAHUA KaK BHY-
TPEHHEro, TaK M KPaeBOTO 3KCTpeMyMa QYyHKUHMH. B yueGHuke yneie-
HO 3HaAYMTeJbHOE BHHMAHHE H3YUEHHIO Bompoca 006 HCXogHO# HHOp-
Mall{H, AOCTYIHOH NpH pelleHHH 3anaud. Tak, Hanmpumep, MJs OTHIC-
KaHHs 3KCTpeMyMa (YHKIHH ONHOH NepeMEHHOH aBTOPH NpenJsaraior
aNropuT™M, Gasupylolliuiica Ha HHPOPMAIMH TOJBKO O 3HAYEHHAX
GyHKIHH B TOuyKax obsacTu ee 3ajaHus. Ilpepjaraemoe pelleHHe He
onupaeTrcd Ha 3HaHHe 3Ha4YeHHI NPOH3BOJAHOH B TOUKax o6JacTH 3a-
JaHHs H TIPDHTOJAHO JJIsl OTHICKAHHSI 3KcTpemMyMa HepuddepeHunpye-
MbiX ¢yHkuuii. Takasg NnocTaHOBKA THNHYHA OPH peilleHHH 3anad 06
ONTHMH3aUHH NPOH3BOACTBEHHHIX NPOUECCOB.

[Ipn BHIGOpe MeTOAZA H3/IOXKEHHS ABTOPHl OTNPABJSIOTCA OT TOTO,
YTO BHIGOp aJrOpPHTMAa DELIEHHS 3aJayd 3aBHCHT OT TOrO, KaKas HH-
dopmanus M3 TOCTAHOBKH 3TOH 3afaud MOXKET OHLITh HCHOJb30BAHA.
Tak, manpumep, npn BBeIeHHH NOHATHS ONpPEeJEJEHHOTO MHTerpana



6 IlpenucioBHe THTYJBHOTO pelaKTOpa

PuMana aBTODHI OTHPAaBJAIOTCS OT KOHIENIWH H3JOXKeHHH, 0a3upYIO-
meics Ha HCHOJb30BAHWH 3HAaueHHH (QYHKLIHH B TOYKAX CEerMeHTa.

Dra KOHIENIHA, HECOMHEHHO, ABJseTcs GoJjiee NPEAINOYTHTENbHON
7O CPaBHEHHIO C KOHUenNHed BBeJEHHS OIpEJEJEHHOr0 HHTEerpanaa
Pumana ¢ moMmolibio nepBooOpasHoli, u60 OHa OTBedaeT Hjaee YUCJEH-
HHIX METOJOB BBEIUHCJEHHS ONpPeNEJEHHOTO HHTEerpaJa, HCIOJb3yeMBX
Ha OBM. :

B 3akiiouenyne X04y BBICKAa3aTh YBEPEHHOCTb, YTO NpejJjaraeMast
KHura 6yjaer crnocoOCTBOBAaTh MOBBLILIEHHIO MaTeMaTHYECKOH KYyJbTYpH
gprateqefl ¢ pa3NHYHBIMH 3anpocaMH K o6beMy MaTeMaTHUYeCKHX

3HaHUH.
A. Tuxonos

Mocksa,
ceHTsa6pp 1978 r.



NPEIUCIOBUE KO BTOPOMY H3JAHHUIO

Bo BTOpOM H3maHHM KHHra MHoJBepriachk CYLIECTBEHHOH mepepa-
60OTKe H COKpAlleHHIO B LEJSIX MaKCHMaJbHOrO NpHOJMIKCHHS ee Ma-
TepHajsa K TOMY KYypCy, KOTODHIH peaJlbHO MOXeT ObiTb NPOYHTAH
CTYIEHTaM NepBOro rofa o6ydeHHs.

OcoGenHo cylecTBeHHOH nepepaboTKe OBIJIH NOJABEPTHYTH pasie-
JIB, TIOCBSILLEHHBIE TEODHH BEIIECTBEHHBIX UYHCEJ, TEODHH MHOXKECTB H
TEODHH METPHUECKHX, TONOJOTHYeCKHX H HODMHDPOBaHHBIX IHpO-
CTPAaHCTB.

B kHure coxpaHeHB TPH YPOBHA H3J0XKeHHs (o6jerdeHHBH, OC-
HOBHOH M MOBHIIIEHHBIN).

Tak.Xe, KaK ¥ B NePBOM H3[aHHMH, TEKCT IOBHILIEHHOTO YPOBHA
BHIleJIeH B KHHTE JBYMS BEDTHKAJbHBIMH YepTaMM, TEKCT OCHOBHOTO
YPOBHS — OJHOH BepPTHKaJbHOH uepTOH, a OCTaJbHOH TEKCT KHHIH
OTHOCHTCSI K 06JIeT4eHHOMY YPOBHIO H3JI0XKEHHS.

TIpoBefieHHEe BO BTOPOM H3JaHMM NepepaGOTKH YAYYIUMJIH BO3-
MOXHOCTH HCIOJIb30BAHUSI KHHIH Ha YKa3aHHBIX TpeX pasyHYHHX
YPOBHSIX H3JIOXKEHHs.

Aptopnl BBIpaxaloT 6JarofapHOCTL COTPYAHHKAM Kadeipsl Ma-
TeMaTHYeCKOro aHaJli3a MeXaHHKO-MaTeMaTHYecKoro (axyJibTera
MIY u corpyanunkaMm Kadeapb oOlieil MareMaTHKH (akyJbTeTa BHI-
YHC/IUTEbHON MaTeMaTHK# W KuOepHeTukn MI'Y 3a KpurHueckne 3a-
MeYaHHs 1O NePBOMY H3JaHHIO 3TOH KHHTH. ABTOphl 6/1arofapst Tak-
xke B. M. ToBopoma, B. H. Henncosa, M. C. Jlomosa u B. B. Tuxo-
MHDOBa 32 NOMOLIb NPH NOATOTOBKE BTOPOrO H3NAHHS 3TOH KHHIH.
Ocobyio GaarogapHocTh aBTOphl mpuuocat A. M. [lpusenko, npouw-
TaBIIEeMY PYKOIIHCb BTOPOrO H3JAHHS W CHeJNaBLIeMy KPHTHUECKHe 3a-
MeYyaHHS, CIOCOOCTBYIOUIHE ee YJYUHIEHHIO.

Mocxksa,
¢despass 1985 r.



NPEAUCJIOBHUE K NEPBOMY HU3JAHHIO

Hacrosmaa kmura siBasiercsi yue6OHHKOM 1O MaTeMaTHUECKOMY
aHaJu3y Io corjiacoBaHHoi Mexkay MockoBckum u- CoduiickuM YyHH-
BEPCHTETaMH eIHHON nporpamme mepBoro roga obGyudenus. Ona mnoa-
HOCTBIO OXBaThIBaeT Marepuasj MepBOro roja OOGyYeHHs, MpeAyCMOT-
peHHEIH mporpaMmoill nasi cryreHToB yausepcureros CCCP u HPB,
O6y4aloMUXCsl [0 CHEHUHAJBHOCTAM <«MaTeMaTHKa», «MEXAHHKa» WU
«IpUKJAafAHad MaTeMaTHKa». '

Oco6eHHOCTBIO 3TON KHHFHM SIBASIETCS TO, YTO OHA COJAEPXKHUT TPH
YeTKO OTAEASEMBIX ADPYT OT APYra YPOBHS H3JIOKEHHS: 0OJerueHHBIH,
OCHOBHOH M TNOBbILICHHBIH, Npu4YeM [JIA NOHHMaHUs Matepuana ob-
JIETYEHHOTO YPOBHSA He TpebyeTcss UTEHHs MAaTepHa/JOB OCHOBHOIO H
NOBHIIIEHHOIO YPOBHEH, a AJA TNOHHMAHHA MaTepuaza OCHOBHOTO
YPOBHSI He TpebGyeTcsd UYTeHHS MaTepHajia NOBHILEHHOTO YPOBHS.

OG6JieryeHHHII YpOBEHb OTBEYAaeT NPOrpaMMe TEXHHYECKHX BY30B
CCCP c¢ yrayG/ieHHBIM H3yYeHHeM MaTEeMaTHYECKOTO aHalH3a; OCHOB-
HOH YpOBeHb M3JIOXKEHHsS OTBeYaeT NpOrpaMMe CHelHasbHOCTeH «Ipu-
KJaJHas MareMaTHka» H «(pusukas yHusepcuteroB CCCP; marepunan
NOBHIIIEHHOTO YPOBHS JOMOJIHSIET MaTepHaJsJ OCHOBHOTO YDOBHSI pas-
JAelaMHi, OOBIYHO H3JaraeMbIMH Ha MeXaHHKO-MaTeMaTHYecKHX ¢a-
KyJbTeTaX YHHBEPCHTETOB. ’

Tekcer, BbieNIEHHBIH B KHUT'e JABYMSI BePTHKaJbHBIMH YepTaMH, OT-
HOCHTCA K TNOBBHIIIEHHOMY YPOBHIO H3JIOXKEHHS; TEKCT, BEIEEJeHHBI
OJHOH BepTHKAJbHOH 4YepTOH, — K OCHOBHOMY VPOBHIO H3JIOXKEHHS;
OCTaJIbHOH TEKCT KHHTH COCTaBJISIET COjJepKaHHE OOJIErYeHHOrO YpPOB-
HA H3JI0XKeHHus. ' :

Kuura comepHuT BBOAHYIO I'VIaBY, Pa3bACHAIOUIYI0 BO3HHKHOBEHHE
OCHOBHBIX DOHATHH MaTeMaTHYeCKOro aHajin3a M O0GJerdamoLlylo Boc-
NpHsSTHE NOCJERYIOIIero MaTepuana.

B knure Hamia oTpaKeHHe BO3POCIIAS POJb BHIUHCIHTENbHBIX
METONOB H COZEpPIKHTCA PAJ NPHEMEPOB HpHMEHeHHs alfapaTra Mare-
MAaTHYEeCKOTO aHaH3a JUIS BEIYHCAEHHS 3JieMEeHTapHBX (QYHKUUH, HH-
TErpajoB W OTHICKAHHA KOpHeH YpaBHEHHH H TOUEK 3KCTPEMyMa.

B Bacrosimee Bpems B CCCP u HPD umeercss mennit psg yue6-
HHKOB IO MAaTeMaTHYECKOMY aHaaMu3y, CpeiXH KOTOPHIX OCOGEHHO
YAaYHBIMH, MO HalleMy MHEHHIO, fIBJAIOTCS yYeGHHKH, HalHMCaHHHE
JI. . KynpsisuessiMm u C. M. Huxkosnbckum 8 CCCP u . Taramuauu-
kuM B HPDB.



TIpeancioBHe K IEPBOMY H3IAHHIO 9

ABTOpH HacTOsLeH KHUTH, HECOMHEHHO, HCHBITAJH BJIMSHHE 3THX
npeKpacHbX y4eOHHKOB.

[Ipn HanmucaHuu 3TOH KHHTH aBTOPHI HCTIOJIB30BAJIH 9aCTh MaTe-
puana kuura B. A. Mabuna u 3. T. Ilosnsika «OcHOBH MaTematuye-
CKOTO aHaJH3ay, a TaKxkKe ONBT NPENoJaBaHHs MATEMATHUYECKOTO aHa-
JH3a B YHUBEPCHTETAX.

ABTropHl BHIpaxkaloT yGOKy10 6J1arofapHOCTb THTYJILHOMY pefaK-
Topy 2To# KHurH akaZeMuky ‘A. H. TuxoHoBy 3a 6o/blioe KOJHUECT-
BO IIEHHBIX COBETOB H 3aMeYaHHH.

Agropnl 6naropapsatT takxe JI. II. Kynpasuesa, Y. W. JIsmxo,
B. JI. Makaposa, [l. B. Jlofiunnosa n T. Bosnopa, xpuruueckne 3sa-
MeuaHHs KOTOPHIX CNOCQGCTBOBANH YAYYIIEHHIO 5TOH KHHTH.

Ocoboit 6JIaF01IapHOCTblO aBTOpHl ormevator Tpya B. M. T'osoposa
u I'. XpucroBa, KOTOpHI# HaMHOro npensomea pPaMKH OOBIYHOTQ pe-
JaKTHPOBAHHS.

Codus,
mapt 1978 r.



Fanasa 1

OCHOBHBIE MOHATHSA
MATEMATHYECKOI'O AHAJIU3A

B nacrosmefi riaBe, He npeTeHAyd Ha TOYHOCTH (POPMYJHPOBOK H

OTOPABJIASACH OT NPOCTeHIUMX 3afad MEXaHHKH, MBl IocrapaeMmcs 06-
PHCOBaTh OCHOBHOH KpYr NOHATHH H mpo6JeM MaTeMaTHYecKOro aHa-
JIn3a.
- 1. Haunem Hale paccMOTpeHHe C BBISICHEHHS TeX MaTeMaTHue-
CKHX NOHAATHH, KOTOpHle HeH306exKHO BO3HHKAIOT IiPH ONHCAHMH CaMo-
ro NpOCTeRINero BHAA ABHXEHHS — JBHXKEHHS MaTepHAJbHOH TOUKH
BJOJIb NPAMOH JIHHUH.

Ecaun mMarepmanbHas Touka asuxercs BRosb ocu Oy, a x 0603Ha-
9aeT BpeMs, OTCUMTHIBAEMOE OT HEKOTOPOrO HavyaJbHOrO MOMEHTa, TO
ANl ONHCAHHA YKa3aHHOTO ABHMIKeHHS HeOOXOAMMO 3HATh IPAaBHJIO,
MOCPEACTBOM KOTOPOrO KaXKIOMY 3HAUeHHIO BPEMEHH X CTaBUTCA B
COOTBETCTBHE KOOpJAHMHATa Y JABHXKYIeHCA TOYKH B MOMEHT Bpe-
MEHH X.

B MexaHMKe Takoe INDaBHJIO Ha3bBAlOT 3aKOHOM JBHXE-
Hu . AGCTparupyach OT KOHKPETHOTO MEXaHHUYECKOTO CMhICJa MHepe-
MEHHBIX X M § H pacCMaTpuBasl B KauyecTBe X H Y ABE COBEPIIEHHO
NPOH3BOJIbHBIE NEPEeMEeHHbIe BEJMYHHbBI, MBI NPHIEM K TOHATHIO (QYHK-
UMM, SBJSIOLUEMYCH OJHHM W3 BaXHEHIIHX DNOHATHH MaTeMmaruye-
CKOTO aHaJ/H3a. .

Ecau ussecrno npasuiro, nocpedcreom KoTopozo xaxc0omy snaue-
HUtO 00HOU nepemenHOl X CTABUTCA 8 COOTBETCTEUE OnpedeseHHoe
3Ha4enue Opyzol nepemerHol Yy, TO 2080PAT, 4TO NEPEMEHHAS Y S6-
ARETCR QYUK YU el nepemennoll x, u nuwyr y=y(xX) uru y=f(x).

Ilpuy sTOM nepeMeHHYI0 X HA3BIBAIOT aPrYMEHTOM HJIH HeE-
3aBHCHMOH NepeMEeHHOH, a nepeMeHHYl0 y— GyHKIuel
aprymeHra x.

Byksy [ B 3amucu y=f(x) OOBIUHO Ha3HBAIOT XapaKTepH-
CTHKO#® paccMarpuBaeMod (YHKIMH, a 3HaueHwe y=f(X) Ha3H-
BalOT YaCTHH M 3HaueHueM (PYHKHHH B Touke x. CoBo-
KYMHOCTb BCEX YaCTHHIX 3HaYeHHH (YHKIHMH NPUHATO HAas3HIBATh 06 -
JacThl0o H3MeHeHHSA 3TOH PyHKUHH.

OrmeTHM cpasy Xe, 4YTO NpHBefeHHAss (OPMYJHPOBKA INOHATHS
¢yHKuun Tpe6yer yTOYHeHHs, HOO B 3TOH (GOPMYJHPOBKE HHYEro He
FOBODHTCSL O TOM, M3 KaKOro MHOXKectBa GepyTcsi 3HAYEHHSI He3aBH-
CHMOH TepeMeHHOH X. .

MHoxecTBo, cocTosillee U3 Te€X H TOJBKO TEX UHCeJ, KOTODHE SB-
JAOTCA 3HAYCHHSMH HE3aBHCHMON HepeMeHHOH ¥, OOGHYHO HA3BIBAIOT



11

o6nactbio 3agaHus GyHKnuu Onucanue obaactedl 3afaHus
¢yukuun TpeCyeT PasBHUTHS TEOPHH UYHCJIOBBIX MHOXECTB.

OTMeTHM ellle, 4TO TOHATHE QYHKUHH (TAaK XKe, KAK H NOHATHE
YHCJIa, MHOXKECTBA W IlepeMeHHOH BeJMYHHE) eCTeCTBEHHO CUHTAaTh
Ha4YaJbHBM NOHATHEM (T. €. TAKHM NOHATHEM, KOTOpPOE MOXK-
HO ONHCATh, HO HEeJb3s CTPOro oOnpefeianTb, n60 Jobas moONBITKA
JaTh CTPOTOE ONpeJeleHHe YKa3aHHOTO HOHATHA HeH306eXHO CBeJeTcCsH
K 3aMeHe Olpele/fieMOro MOHSITHS €My 3KBHBAJIEHTHBIM). Takum 06-
pasoM, BMECTO TepMHHa «OlpefeseHHe (YHKIHH» ecTeCTBeHHee ynp-
TpeOJsATh TEPMHH IOHSTHE QYHKHHH».

OrmeruM, HakoHel, 4TO ;s 0603HaueHHs apryMeHTa GYHKUHM H
ee XapaKTeDHCTHKH MOTYT YNOTpeOJsATbCA pasianuyHble OyKBHL. Tak,
Hampumep, 3anuch x=¢(f) o003HauaeT, YTO NepeMeHHas X SBJASETCS
¢yHKUHeH aprymeHnTta f, IpHYeM XapaKTepHCTHKa 3ToH ¢yHKuUuu 0060-
3HayeHa uepe3 ¢. IIpH oaHOBpEMEHHOM pacCMOTPEHHH HECKOJBKUX
(GYHKUHI 0JHOro aprymeHTa ¢ jAjasi 0603HAUYEHHs] XapaKTepPUCTHK STHX
yHRUME HeOOXOAUMO YyNOTPeOAsTh Pa3JHUHbBIE CHMBOJLL.

2. Yacrto NPUXOAHTCS paccMaTpUBATL TAKYI0 QYHKUHIO Y= f(x)'
aprymeHt x KOTOpO#H cam sBjserTcs (QyHkuued Bujga x=q(f) HEKOTO-
poit HOBO# nepemenHo# f. B Takom cayuae roopsT, uTO nmepeMeHHas
Yy Tmpeicrasiaser cob0H CJUOXHYI0 GYHKLHIO apryMeHra f, a
nepeMeHHYI0 X Ha3HBAlOT MPOMEX YTOUHB M apryMeHTOM. Vka-
3aHHYI0 CJHOXKHYI0O (YHKUMIO Ha3BEIBAIOT TaKXe cynepnosnuneu
¢yHkuui f u @. Jlasg o603HaueHHs] yKa3aHHOH CJHOXKHOH (QYHKIHH
€CTeCTBEHHO HCHOJb30BaTb cUMBOJ y=f[p(f)].

Paccemorpum npoc:Toﬁ NpHMEp, WIJIIOCTPUPYIOUINA  BO3HHKHO-
BeHHe MOHATHA CJIOXKHOH ¢ynkuuu. Ilpeamosoxum, 4to Marepuaib-
Hast Touka M paBHOMEPHO C NIOCTOSIH-
HOH yrJIOBOH CKOPOCTHIO @ Bpaia-
ercd 110 OKPYXHOCTH pajauyca R.
Hafizem 3aKOH JBHIKEHHS MPOEKUHY
M’ touku M Ha uexoTOpyw ock Oy,
NpOXoAsIyo uepe3 ueHtp O OKpYHK-
HOCTH H JIeXKallylo B ee IJIOCKOCTH y y
(puc. 1.1). Tlpu 3TOM e€CTeCTBEHHO
IPeANoNOXKHUTh, UTO B HAYAJBHBIH MO-
MEHT BpeMeHH !=0 ABHKyHIasiCs TOY-
Ka M Haxomunach B To4Ke M, mepe-
CeUEHHS OKPYXHOCTH c ocbio Oy.
O603HauuM uepes y KOODJHHATY IpO-
ekuun M’ toukn M Ha oce Oy, a uepes x yroa MoOM, Ha KOTOpHIH nO-
BepHercsa Touka M 3a Bpems f. OUeBHAHO, 4TO Y= Rcosx x=wml, H MH
NOJyYHM, 4TO KOOpAHHaTa y mnpoekuun M’ npeacrasnser co6Goi
CJI0XHYI0 (GYHKUHIO BpeMmeHH ¢ Buga y=Rcosx, rge x=wf. Ity
CJAOXHYI0 (DYHKLIHIO MOXKHO 3amucaTh B BHAE y=R cos wf. Ormerum,
YTO JABHXKEHHE IO 3aKOHY y=R cos w! B MeXxaHHKe NPHHATO Ha3BIBATD
TAPDMOHHYECKHM KoJeOHaHUEM.

Puc. 1.1
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3. Uz xypca (H3HKM H3BECTHO, UYTO BaXKHOH XapaKTePHCTHKOH
JIBHKEHHS MaTepHalbHOH TOYKH SfBJSAETCA €e MrHOBEHHas CKOPOCThb
B KaxJblii MOMeHT BpeMeHH x. Ecan MaTepuasibHasi TOYKA HBHIKETCS
BaoJab ocH Oy no 3akoHy y=f(x), TO, GUKCHPOBAB IIPOH3BOJLHBIH
MOMEHT BPEMEHH X W KaKOe YrojHo INpHpallleHHe BpeMeHH AX, MBI
MOKeM YTBEpKIaTh, YTO B MOMEHT BPEMEHH X ABHXKYIIAsiCs TOHKA
uMeeT KOOPAMHATY f(X), 2 B MOMEHT BpeMeHH X-HAX — KOOpAHHATY
f(x+Ax).

Tagkum o6Gpasom, unucio Ay=f(x+Ax) — f(x) nmpencraBaser coboi
nOyTh, IPOHJEHHBIA ABHXKYIIeHCA TOYKOH 3a NMPOMEXYTOK BPEMEHH OT
x o x+Ax.

Orciofa BHITEKAeT, WO OTHOLIEHHE

Ay _ FetAD—f() (w1
Ax Ax ! ’

OOBIYHO Ha3blBaeMOe PA3HOCTHBIM OTHOIMIEHHEM, INpelcTas-
JsieT co6off CpeXHIOI CKOPOCTHb ABHXKYIIEHCS TOYKH 3a IIpO-
MEXKYTOK BPEMEHH OT X J0 x+Ax.

MruHoBeHHOH CKOpPOCTbhIO (WIH HPOCTO CKOPOCTHIO)
JIBHXYIeHca TOYKH Ha3blBaeTCs npees, K KOTOPOMY CTPeMHTCS cpel-
Hiag cKopocTb (l.1) npu cTpeMJeHHH K HYJIO TNPOMEXYTKa BpeMe-
HH Ax. -

Ecnu mcrnonb3oBaTh H3BECTHHIH M3 Kypca cpefiHed IIKOJE CHMBOJ
npefesa, TO MOXHO 3alHCaTh CJAeRYIOlllee COOTHOLICHHE HJIA MIHO-
BEHHOH CKOPOCTH U(X) B MOMEHT BPEMeHH X:

() =lim AL — jim [EEA9—F() (1.2)
ax—»0 Ax Ax—0 Ax

®uspyeckoe MOHATHE MTHOBEHHOM CKOPOCTH HPHBOIMT K (yHAaa-
MeHTaJbHOMY MaTeMaTHYeCKOMY TMOHSITHIO NpOu3BOxHOH. AGcrTparu-
PyACb OT MEXaHHYECKOro CMEICJIA PacCMOTPEHHOH Bhe GYHKUHH y=
=f(x), MBI Ha3osem npou3sodHOl nNPou3BoALHOL YHKYUL Y=
=f(x) B OaHnoil (puxcuposanHoli Touke x npedea, cToAWul 8 npa-
eoti wacru (1.2) (npu ycaosuu, kKoHeuHO, 4TO 3TOT npedes Cyuwect-
syer).

Hcnonb3ys nnisi 0603HayeHust NpOU3BOAHON (GyHKUHU y=f(x) B
TOuKe X CHMBOJ f/(x) uau y’'(x), MBl MOXKEeM NO ONpeAe]CHHIO 3a-
nHcaTh CleAyiolllee PaBeHCTBO:

() =lim AL —fjm JEEA9—F ()

Ax—0 Ax Ax->0 Ax

Onepaudio HaxXOXJEHHS NPOU3BOJAHON JOrOBOPHMCS Ha3bIBaTh A H ¢ -
depeHUUDOBAHUHEM. :

Hame paccMoTpenne noKasbiBaeT, YTO NPH BBIUHCIEHHH TNIPOH3-
BOJHOH (yHIaMEHTaJbHYIO POJib HTpaeT MOHSTHe Npedesa. QyHKIHH.
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HpenBapmeanoe npeacraBJieHHe O IIOHATHH npenena (byHKIn/IPI
(}Ia H O CaMOM IIOHATHH IIpOPIBBOlIHOPI) Jaercsd B Kypce CpelIHeH INKO-
JIBL. OﬂHaKO CTporoe H mocjaeaoBaTeJibHOE H3YYCHHE NOHATHSA Ipeae-
Jla BO3MOXKHO JiHIIL Ha Oase CTpOl"OH TCOPDHH BEUICCTBECHHDLIX YHCEJI.
TaK, Hanpumep, bes CTpOI‘Oﬁ TEOPHH BEUIECTBEHHBIX 4YHCEJI HEBO3-
MOXHO YCTAaHOBHTb CYLIECTBOBaHHE ABYX CJCAYIOUIHX BAaXKHEIX IIpe-
AeJIOB:

lim sint
-0

u lim (1 + 8",
-0

Hen30eXHO BO3HUKAIOIIMX, KaK MBI YBHAHUM HHXE, NOPH BHIUHCJICHHH
IPOH3BOAHEIX (YHKUHHA y=sinx u y=log, x

Hrak, nposejieHHOE HaMH pacCMOTpPeHHE MOKA3HIBAeT, YTO BONPOC
O CYIIeCTBOBAHHH M BBHIUHCJIEHHH NPOMU3BOJHON ymupaerci B Heo6Xo-
JAHMOCTb PAa3BHTHA CTPOTOH TEOpDHH BeLIECTBEHHHIX YHCEJN H Ha ee
6ase Teopuu NpeJesnoB.

4, 3alimeMcsl Tellepb BHUHCAEHHEM nponanonﬂux JIBYyX KOHKpeT-
HBIX 2JIeMEHTapHBIX QYHKOHH y=sinx H y=10g,x u BLIACHUM, KaKHe
MaTeMaThHYeckue HPOGJeMbl HeH36eXXHO BO3HHKAIOT IIPH 3TOM.

Crauasia BLIYHCJIHM TNPOH3BOJHYIO (YHKIHIO y=sinx B J060i#
¢ukcupoBaHHOH Touke x. Has aTofi GyHKUMH PAa3HOCTHOE OTHOLUEHHE
(1.1), oueBHAHO, HMeeT BHJ,

. Ax
. . sin —
Ay __ _sin(x+ Ax) —sinx = cos <x+ Ax 2 .
Ax Ax 2 Ax
2

Takum o6pasoM, npousBoxHasi PYHKUHH y=Sinx B TOUKe X 1O Ompe-
JleJIeHHIO paBHA Npejeny

oin 2%
. Ax 2
lim {cos (x ——> _ .
Ax-0 + 2 Ax (1 3)
2

(npu ycsIOBHM, YTO 3TOT Mpejesl CylleCTByer).
MoOXHO 0XHAATh, 4TO

lim cos (x + -A2i) = COS X. (1.4)

Ax—0

3aMeTHM, OJHAKO, UTO He AJs BCAKOH 4)ynmmu f(x) cnpaBennuBo
pPaBeHCTBO

lim f <x + —AE"—> = (%) (1.5)

Ax-0

Dynryus f(x), 012 xoropoi 8 OaHHOL TOYKE X CnPasediuso pa-
8encrso, (1.5), nasvisaerca wenpepolanoi (3 touke x). Tlons-
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THe HENpPephLIBHOCTH (YHKIHH SBJISETCS OJHHM M3 BaxKHEHUIHX Mare-
MaTHdecKHX NOHATHH ¥ OyAer OCHOBAaTeJbHO H3y4yaTbCsi B CHCTEMAaTH-
YecKOM Kypce MaTeMaTHUYeCKOro aHajusa. B dacTHOCTH, B CHCTEMa-
THUECKOM Kypce OyleT HOKas3aHo, 4To (QYHKUHS Yy=COSX sBJseTCH
HeNpepLIBHON B KaXKAOH TOYKe X, T. €. B KaKJOH TOUKe X CIpaBel-
AuBO paBeHcTBO (1.4).

3aMeTHM Temepb, uTo sl BhiuucaeHHss npefena (1.3) nempocra-
TOYHO HOKAa3aTh CNPABEAJHBOCTb cooTHoweHHs (1.4). Iag sTtoro He-
06X01uMO ellle BHIUMC/AKTD CJASAYIOMUH Npefes: ‘

. Ax
sin —— )
. . i \
lim ——2— —lim-30L (f= 25 (1.6
Ax—0  Ax >0 \ 2
2

B cucremarnueckom Kypce aHaiausza OyAeT CTPOro A0OKasaHO, 4TO
npenen (1.6), yacto HaspiBaeMHH NEepPBHM 3aMedaTEJbHH M
IpeneEsoM, CyslecTByeT H paBeH eJMHHIE. ‘

Tonbko mocae TOro, Kak OyJeT YCTAaHOBJEHAa HENPEPBIBHOCTD
¢yukuum y=cosx (1. e. paBeHcTBO (l.4)) W BHIUMCIEH NepBBIH 3a-
MeuaTesbHHIA npemen (1.6), M cMoXxeM, omupasich elle Ha TO, YTO
npefes NpOH3BEACHHS DaBeH NPOH3BENEHHMIO NPEAEJOB COMHOXKHTE-
nel, crporo yrtBepxpaarth, uro mpefgen (1.3) cywectByer u paBeH
COS x HJIM, YTO TO e CaMoe, NPOH3BOAHAsi (YHKIMH y=sinx cyule-
CTBYeT U paBHa COS X. ,

[MepeiigeM Tenepb K BHLIYHCICHHIO NPOH3BOAHOH GYHKIHH Y=
=log, x, cuntas, uro 0<as+1l, u QHKCHPOBAB MPOMU3BOJBHYIO TOUKY
x>0. IOns stoll GyHKUHH pasHoctHoe oTHowmeHue (1.1) umeer BHA

Ay _ logg (x -+ Ax) —logg x
Ax Ax

(Ax==0 u BblﬁnpaeTc;i Tak, uro x-+Ax>0). Takum obpasom, NnpoHus-
BofiHass GyHKUHU y=log,x B m0Goii Touke x>0 no onpeneseHHIo
paBHa npepeny

lim log, (x + Ax) —log, x 1.7
Ax—0 Ax

(npm ycioBum, yro aror npejen cyuectByer). IlpeoGpasyem apoGb,
croamyo B (1.7), apomenas caefyiompe onepaunuu: 1) 3amenum pas-
HOCTb JIOTapH(MOB JIOrapH(GMOM HacTHOro; 2) NPOH3BENEM yMHOXKe-
HHe W JeJleHHe Ha ONHY M Ty ke Beiudumy x>0; 3) BHeceM MHOXH-
Tedb, CTOAUMA Hepex JorapudmMoM, moj 3HaK Jorapudma, clenas
ero nokasartejeM creneHd. B pesysabraTte monyunM, uro mpepea (1.7)
paBeH

lim {-l—-loga(l +-"i)} = lim {-‘_Lloga (1‘+ ﬁ)} ~

x Ax ) x

Ax-0 | Ax Ax—+0 X
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x

-t [ 1+ 25

1

=1im{—l-loga[(1+t) t ]} (t_--——> ) » (1.8)
-0 X X

Pacemorpum orpenpHo mpenen mpu i—0 BEIpaKeHHs, 3aKIIOYEH-
HOro B npaBoﬁ 4YacCTH IOCJE€AHEero paBeHCTBA B KBaJpaTHHE CKOOKH:

lim [(1 + t)_;-]. (1.9)
-0

ITOT mpejes YacTo Ha3biBAlOT BTOPBIM 3aMeYaTeJdbHHM
npenegoM. B cucreMaTH¥eckoM Kypce aHasiu3a OyAeT ycTaHOBJe-
HO, YTO 3TOT NpEeRes DPaBeH WPPAUHOHAJLHOMY UHCAY e, KOTOpOe ¢
TOYHOCTBIO JO MATHAANATH 3HAKOB MOCJAE 3aNATOH HMeeT BHA e=
=2,718281828459045...

Kpome Toro, B cucreMaTHueCKOM Kypce OyAeT AOKasaHa Hermpe-
PHIBHOCTH q)nyunu y=log,x B KaxJ0#i Touke x>0 H, B YaCTHOCTH,
B Touke x==e. Ho Torma wus cymecrBoBaHHs paBHOro e mpejena
(1.9) 6ymer caenosath, 4TO

1
lim log, [(1 + ) 7] = log, .
>0

IMocaeanee coorHoulenHe n cooTHomeHnne (1.8) mosBossiior yreep-
®nath, uyro npenen (1.7) pasen

lim log, (x + Ax) — log, x
Ax—0 Ax

= _l— loga Co
X

Takum o6pasom, nocje Toro kKak OynerT BHIYHMCJEH BTODOH 3aMe-
YyaTeJbHHH Tpeldes]l M YCTAaHOBJEHA -HENPEepEBHOCTD (YHKUHH Y=
=log, ¥ B TOUKe e, MBI CMOXEM CTPOTO YTBEpXKJaTb, UTO JOrapHb-
MHyecKass (PYHKIHS HMeeT NPOH3BOJAHYIO, IPHUEM

(Iogax)’=—x—logae npu 0< a1, x>0.

5. B kypce cpeiHeil WIKOJE KPOMe IBYyX pPacCMOTDEHHHIX HaMH
dyrkuuit y=sinx u y=10g, x usyvanuco enie cieaywine GyHKUHE:
y=cosx, y=tgx, y=ctgx, y=x* (a— BeuleCTBEHHOE YHCJO), Y=
=g* (0<as:1), y=arcsinx, y=arccosx, y=arctgx, y=arcctgx.

Bce nepeuncieHHble (YHKIHHM UPHHATO HA3BIBATL MNPOCTei -
MUMHU 3JEMEHTAaPHH MH.

3ameyaTeNbHHIM SIBASETCS TOT (DAKT, YTO IPH BHIYMCJICHHH IIPOH3-
BOMHBIX BCEX NMPOCTEHIIHX 3JeMeHTapHHX (YHKUIMHA He BO3SHHKAET HH-
KaKHX HOBEIX TDYJAHOCTeH, KpOMe TeX, C KOTOPBIMH Mbl BCTPETHJIHCh
IpU BHIYKCJIEHHH NPOH3BOAHHX GYHKUEA y=sinx u y=Ilog, x. He-
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TPYAHO TMPOBEPUTh, YTO JAJA BHIYHCJIEHHS IPOH3BOJAHBIX BCeX MPOCTE-
IIMX 3J€MEHTAPHHX OYHKUHA TpebyoTcs Jub apHpMeTHUECKHEe
cBOMiCTBa ONMEPAllHH NpPEJeTbHOI0 Nepexofia, ABAa 3aMedaTe/bHEIX Ipe-
Aena u (GakKT HENPEPHBHOCTH KaXAOH H3 3THX (YHKUHH B TOYKaX

obJsiacTedl UX 3aZaHus.
OrMeueHHOe OGCTOSATENBCTBO J4€T HaM mpaBo 0e3 JajbHEHIIHX

pasbsiCHeHHH NpHBecTH TabJHIly NPOH3BOJHBIX BCeX TPOCTEHIIMX 3Je-
MEHTapHbIX (PYHKIHH.
1°. (x*)’=ax%"! (x>0, a — BeleCTBEHHOE YHCJIO).
2° (log, x)' = L loge (0<a=1, x>0).
X
B uactHOCTH, IpH a=¢
1
(loge X)’ =TT
X

3°. (a*) =a*log.a (0<a+#1).
B vacTtHocTH, IpH a=¢e
(e*) =e*.
4°, (sin x)’=cos x.
5° (cosx)’=—sinx.

6. (tgx) =—— <x.—#—n—-+nn, rae n=0, il,iz...),
: cos? x 2

7°. (ctgx)’=——,;;;- (xs£nmn, roe n=0, +1, +2,...).

S1

o < e 1 .

8°. (atcsznx) =—m (|xI< 1)

o : ' 1

9°. (arccosx)v=-ﬁ (|x|<I)

10°, (arctgx)’:Tjrle.

11°. (arcctgx)'=—ﬁ;2—.

Crporoe o6oCHOBaHHE MpPHBEAEHHOH TAGMHILI SBJASETCS OJHOM H3
BaXXHBIX 3allay TOH YacTH MaTeMaTHYeCKOro aHaJsu3a, KOTOpYK MpH-
HATO Ha3HBaTh AHGPPepeHUHANBHBM HCUYHCJEeHHEM.

TpanunuoHHO# 3ajaueil ‘kaaccuueckoro -auddepeHIHaNbHOTO HC-
YUCJICHHS SIBJISETCS M HECKOJAbKO Gojsiee 061iasi 3aaiya — BHUHCICHUE
npousBojHON JI060H GyHKnuH f(x), KOTOpasi MOJy4yaeTcs W3 HNEPEUHC-
JIEHHBIX BHILE NPOCTEHIIHX 3JeMeHTapHBX (QYHKIHH NyTeM KOHEYHOTO
9yHcJa CyNepHO3HHUN W KOHEYHOTrO YHCJIa ueThbipex apHpMeTHYeCKHX
JeHCTBHH (CJIOXKEHHSI, YMHOXEHHs!, BBHIUMTAHUA M JejeHHsd). Takyio
¢yHRIHIO f(X) NDPHHATO HA3BIBATH MPOCTO 3JEeMEHTApPHOH.

Hrak, smemeHTapHOH HaswBaercs GYHKUHA, KOTOpas IIO-
JIydaercsi M3 INPOCTEHIIAX 3JeMEHTApHHX (YHKIHH NyTeM KOHEYHOTO
yHcJa CylepnoO3HUHE H uyeThlpex apH(PMeTHUECKUX NelCTBHIL.



IIpuMepoM aaeMmeHTapuo#t (YHKIHH MOXKET CHYXHUTL (PYHKLHA

X410\
f(x)= o™ ("’:2).

Il BBRIUMCAEHHST NPOH3BOAHOH JI06OH = sJeMeHTapHOH (QyHKUME
cjeflyeT NPHUCOSAMHHTL K BHIIHCAHHOH HaMH TabJule TNPOM3BOILHBIX
npocTeAmHX 3JNEeMEeHTapHbHX (YHKUHH JABa npaBuia: 1) .mpaBuio
auddepeHIRPOBAHUS CJHOKHOH (GyHKUHH, 2) npaBuiao AuddepeHyu-
POBaHHA CYMMBI, Da3HOCTH, NPOM3BEAECHHS H HaCTHOTO (DYHKLUH.

IIpaBusno auddepeHIHPOBAHHS CJIOXKHOH OGyHKUIuM y=f(u), rae
u=¢(x), EMeeT CIeAYIOWHA BHA: eWIH (QYHKIHA u=¢(X) HMEeT
IPOM3BOAHYIO B [JaHHOH TOUYKe Xo, a OYHKUHA y=[(u) = umeer
POU3BOJAHYIO B COOTBETCTBYIOLEll TOUKe wo=¢(Xp), TO CJIOXKHAST
¢yuknus y=f[e(x)] HMeeT NpOH3BOAHYIO B TOYKE X), NpHUEM 3Ta
npou3BojHas (0003HAYKM ee yepe3 y’) paBHA

y'=F[9(x0) |9’ (x0), (1.10)

T. €. paBHa NPOH3BEJEHHIO NPOH3BOAHONH OYHKUHH y=f(u) B TOuke
U= (xo) Ha MPOU3BOAHYI0 QYHKUMH u=ip(X) B TOUKE Xo.

CnpaBen/IMBOCTb AJSI NPOH3BOAHOH CJIONKHON (DYHKUIHH q)opmynbr
(1.10) nerko ompaBaaTh ¢ NMOMOUIBI0 HABOASIIHX COOOpaXKeHHH, HO:
crporuil BEIBOA (opmyanl (1.10) He siBAsieTcss mpocThiM M OGYyAeT NpH-
BeJleH B CHCTEMAaTHYECKOM KypCe MaTeMaTHUECKOTOo aHaJid3a.

lopaspo mpoume ycranaBiIMBalOTCS NpaBuaa Jud{pepeHLEPOBAHUS
CYMMbI, Pa3HOCTH, IPOU3BEJEHHSA H YaCTHOrO JABYX (DYHKUHH, KOTOpHIE
HMEeIOT BHJ,

[u(x) £o(x)]'=1'(x) =0 (x),

[u(x)o(x)]"=u" (x)v(x) +u(x)v'(x),
[ 6(®) 1 _w @) —u@)v )

v(x) j 0* (x)

(B mocnegne#t Gopmyse tpedyercs Heo6pameﬂne B HYJb (QYHKIHWE
v(x) B paccMaTpHBaeMOH TOUKeE X).

[TomBons mror, MBl MOXKeM 3aKJIOUHTh, YTO OJHOH M3 BaXKHBIX 3a-
Jlay YyacTH MaTeMaTHYeCKOro aHaJH3a, HA3eBaeMoll AudbepeHUHaIb-
HBIM HCUYHC/IEHHEM, SBJSETCH CTPoroe OOOCHOBaHHE TaOJHLbl NPOU3-
BOJHBIX MPOCTEHIIHX 3JeMEHTapHHX OYHKUHHA H npasui guddepen-
LHPOBAHHS CJOXKHOW (YHKIMH, a TakKXKe CYMMBI, PasHOCTH, NPOH3BE-
JEeHUS] U 4acTHOro (QYHKIHMIL.

910 060CHOBAHHE NO3BOMHT BBHIUHCIHTH IPOH3BOXHYIO JI060H 3ae-
MEeHTapHOH (QYHKUHH f(x), . e. nmo6oli dyuruun f(x), noayyaro-
eHCs H3 NPOCTEHLINX 3JIeMeHTapPHBIX MyTeM KOHEUHOro 4YHesa Cymnep-
MO3HIHA H yeThipex apudmeTHyecKux nedicrBud. Ilpm 3TOM OKa3bi-
BaeTCsi, YTO NPOU3BOJAHAS JOOH 3/1eMeHTApHONH (QYHKIMH TpeaCTaB-
AseT cobol Takme 37eMEHTapHY0 (QYHKUHIO, T. €. ouepaunus audde-
PEHUHPOBaHHS He BbIBOAMT HAC M3 Kiacca 3/IEMEHTapHBIX (QYHKIHI.
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OrMedeHHOe OOGCTOATENBCTBO ONPABABIBAET BBEJEHHE KJacca 3JeMeH-
TapHHX (YHKIHHA KakK TPagHIHOHHOTO OOBeKTa K/IacCHYeCKOro aHa-
JIH3a.

6. Eme pas ofpatHMcs K paccCMOTpPEHHIO MeXaHHYECKOH 3ajauu O
JBHXEHUH MATEPHAJBHON TOYKH BAOJL HPAMOH JHHHH — ocH Oy, HO
Ha 9TOT pas HPEINOJOXKHM, 4TO AJsf JIO60r0 MOMEHTA BpPeMeHH X
HaM 3aJaHa MTHOBEHHAsi CKOPOCTh f(x) ABMIXKYylleHCcH TOYKH H Tpe-
OyeTcs HAHTH 3aKOH ABHUKEHHS 3TOH TOUKH.

ITockoABKY MrHOBEHHasi CKOPOCTb f(X) sIBAsieTCd NPOM3BOJIHOM
«$yHKIUH y=F (x), onpenensionmieil 3aKOH ABHMXKEHHS, TO 3ajauya CBO-
JMTCS K PasBICKAHHIO MO AaHHOH GyHKUHH f(x) Takodl dyuxuuu F(x),
npousBogHas [I’(x) xoropoli pasHa f(x). OTmiekasich OT MeXaHHYe-
ckoro cMmeicia ¢yHRUmi f(x) u F(x), MBl NpHAEM K MarTeMaTHUECKHUM
TIOHATHAM NepBOOOPA3HON H HEONPEIeNeHHOTO HHTerpaJa. ‘

Ilepsoob6pa3noil ¢gyukyuu f(X) nHa3bLBAETCA TAKAA PYHKYUS
F (x), npoussodnas xkoropoi F’(x) pasua f(x).

Ato onpemeneHue TpebyeT YTOUHEHHS: CJAeAYeT UETKO OTrOBOPHTD,
Ha KaKOM MHOXKECTBE AOJXKHO OBITH CIpaBEIJHBO paBeHCTBO I/ (x) =
=f(x). OrMeueHHOe OGCTOSTENBCTBO ellle pa3 MOAYEPKHBaeT Heo6Xo-
JUMOCTb DPA3BUTHS TEOPHH MHOXECTB. YTOUHEHHe MOHATHS NePBOOO-
pasHoll 6yIeT AaHO B CHCTEMAaTHYECKOM Kypce.

3aMmeruM, uro eciu OyHKuus F(x) sBasercs uepBooGpasHOM
$yuxuuu f(x), To u dynkuusa F(x)+4-C, rne C — npousBosibHas mo-
CTOSIHHAs, TaKXKe siBasieTcss nepBoob6pasHoil ¢yHKumu f(x) (B cuay
TOro, 4TO NPOH3BORHAs HoctosiHHO#M C paBHa HYJIO).

Bosee TpymHEIM siBisieTcs oOpaTHOE yTBepxKAeHHE: Ji00be ABe
TiepBooOpasHple OAHOH H TOH ke (GYHKUHH f(x) Ha uHTepBaste (a, b)
MOFYT OTJIHUAThCA JHIIL TOCTOSIHHBIM  cjaraeMbiM. [JokazaTesberBo
3TOrO YTBepKJAeHHs Tpebyer pasBHUTOTO anmapaTa MaTeMAaTHYECKOro
‘@aHaJu3a U OylleT NPOBENEHO B CHCTEMATHUYECKOM Kypce aHaJjiM3a.

Onmpasice Ha yKa3aHHOe YTBEPKJIEHHE, Mbl MOXKEeM KOHCTaTHPO-
BaTh CJAeAYIOWHH (akT: ecin OYHKIHS F(x) sBASeTCS OXHOH u3 mep-
BoOGpasublx ¢yukuun f(x), To J06as neppoobpasHas GyHKUHH f(x)
umeet BuJ F(x)+C, rae C — mocrosiHHAas. :

CosokynnocTs 8cex nepsoobpasHelx OaHHOU (ynkyuu f(x) Ha3bt-
8aeTca HeonpedeseHHbIM uHTe2paAsoMm OT (yuKkyuu f(x)
U 0603HAUAETCA CUMBOAOM

§ F(x)dx.

TosbKO Y4TO OTMEUYEHHBIH HAMH (PaKT NO3BOJSET YTBEPKIAThH, UTO
ecnun F(x) —onHa u3 neppoobpasubix ¢yHKuuE f(X), TO Heompege-
JICHHBIH HHTEerpaJ oT GYHKUHH f(X) paBeH

§F(x)dx=F(x)+C,

tne C— mobas NOCTOSITHHAS.
BosspaTtuMcst K NMOCTaBJEHHOH HAMH 3afade 06 OTHCKAHHH 3aKO-
Ha JBHXKEHUS MaTepHaNbHOH TOUKH BIOJNb ocH Oy N0 H3BECTHOM
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MTHOBEHHOH cKopocTH f(x) 3ToH TOukH. Mpl Temepb MoXkeM yTBep-
KJaTh, YTO HCKOMBIH 3aKOH IBHXKEHHS olpelensercs QyHKuHen y=
=F(x)+C, rae F(x) —nwo6asn nepsooGpasnas ¢pysxuusa f(x), a € —
nocrosgHad. Kak Mbl BuauM, (€3 JONOJHHTENbHBIX YCJIOBHH 3aKOH
JBHJXKEHHS IO MTHOBEHHON CKODOCTH ONpefe/sieTcsl HEeOJHO3HAYyHO: C
TOYHOCTBIO A0 nocrosinEoro ciaraemoro C. [lns ompedeneHus MOCTO-
sipol C NOMXHO OHITh NMPHBJIEYEHO HOMOJHATEbHOE YCJ0BHE, 00bIY-
HO 3aKJIoyalolieecss B 3aaHHH KOODAMHATH Yo ABHKYLIEACH TOUKH
B HEKOTOPHIl MOMEHT BpeMeHH xo. Mcnoabsys 3TO ycjioBHE, MBI Ib-
JyauM cootHowenne yo=F (xo)+C, u3 kotoporo C=yo— F(Xo), Tak
YTO OKOHYATe/JbHO MCKOMBIH 3aKOH ABH2KEHHS HMEET BHI

y=F(x)+yo— F(x).

7. PaccMorpuM BoHpoc 00 OTHICKAHMH NEPBOOOPAsHBIX H Heompe-
JeJeHHBIX MHTErPajioB OT HEKOTOPHX ajeMeHTapHbIXx (yHkuui. Tax
Kak (yHKnEs f(x) =cosx sBasercs npoH3BOAHOH ¢yHKuuH F(x)=
=sinx, To ¢pynruus F(x)=sinx sBiagerca ofHOH M3 nepBOOGPasHbIX
dyrkuuu f(x) =cosx, u noromy Jio6as mnepBoobpasHas QyHKUHKE
f(x) =cosx mmeer Bug sinx-+C, rpe C—nocrosnnas. Takum. 06-
pasom,

Scosxdx:sinx+ C.

TonbKo 4YTO TIPOBeJeHHOE pacCyxjJeHHe HMeeT OOIUMH XapakTep..
MoxHO yTBep¥aaTh, uTo Jiobasa (opmyna AudpdepeHIHaJbHOrO HC-
yucaenua F/(x)=f(x), yrBepxaamwomias, 4to QyHKuusa f(x) sABIsETCT
npousBoAHoi (yuKiuK F(x), Hopoxkaaer SKBHBAJEHTHYIO eil (opmy-
Jy HHTerpajbHOro ucuuciaehus §f(x)dx=F(x)-+C, yTBepKAaOMLyI,
YTO HeompeJeJeHHHH HHTerpan or ¢yskuuu f(x) pasen F(x)+4C,
rae C— n106ast nOCTOSIHHAS.

Takum oOGpasoM, BbiNHCaHHasi Bbille TaG/HIA NPOH3BOAHBIX INPO--
CTEHIIMX 3JeMEHTAapHbIX (YHKIHH MOpPOXKAAaeT SKBHUBAJEHTHYIO ek
Ta6JIHIy BAaXKHBHIX HEONpEeXeJEeHHBIX HHTErpasoB, KOTOPYIO MBI NMpPHBO-
LUM HIXKE.

a1
o, oy = .
1 j‘_x xs a+1+c (as= 1
20, j‘—d;—=logex+(} (x >0).

30, Sa"dx= _LC (0<awl
log. a

B wacrHOoCTH, IDH a=¢
j' edx=e*+C
40, Ssin xdx = —cosx+ C.
50, S cos xdx =sin x+ C.
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69, ‘g-——dx—:tgxﬁ—C (——ﬂ—+nn<x<—“—+nn, rae n=0, 41,
cos? x 2 2
\
1_1—2,...),

79, S ‘-dgx—"z—ctgx—kc (n < x<mt-an, rae n=0, 1, +2,...).
Sin® x
80.5'71‘1_".;;=arcsinx+c (Jxi<1).
9o, ST%_xarctgx—{—C.
» .

ITpuBesennasi Ta6iHLa B CHCTEMATHYECKOM Kypce aHanusa Oyaer
JONOJIHeHa ABYMS BaXXHeHIIHMH NpaBWiaMH HHTErPHPOBAHHA (HHTe-
TPHPOBaHHEM IIOCPEJICTBOM 3aMeHbl NEPEMEHHOH W HHTErpPHPOBAHHEM
410 4acTaM).

3nech Mbl He 6GyneM MNPHBOAHTH (GOPMYJHPOBKY 3THX NpPaBHJ, a
JIHIIb OTMETHM, YTO HanucaHHasg tabaulla BMecTe C 3THMH INIpaBHJa-
MH COCTAaBJAET BaXHHIH BBIYHCJAHTENbHBLIH anmapaTr TOH YaCTH Mare-
MaTHYECKOTO aHaJii3a, KOTOPYI0 NPHHATO Ha3biBaTh HHTErpansb-
HBM HCUHCJEHHEM.

Caenyer, ofHakKo, cpasdy Ke NOAUEPKHYThb, YTO AJSA BHIYHCJIEHHS
MHOTHX Ba)KHHIX HEONpEeJeNeHHbHIX HHTErpajloB 3TOr0 ammapara oOkxa-
3piBaercs HejpocTaTouHo. Hampumep, aroro amnmapata HeaOCTaTOYHO
JJIS BHIYHCJIEHHSI HEONpPEJeJeHHOr0 HHTerpaJsa

ye—de, (1.11)

MTpaoUlero BaXKHYIO POJib B TEODHH BEPOSATHOCTEH M B JPYruUX pasje-
Jax TOYHBIX HaykK.

HMurerpan (1.11) cayXuT npuMepoM MHTErpajsa OT 3JeMEHTapHOIL
DYHKIMM, He SIBIAIOLIETOCs 3JeMeHTapHOH ¢yHkuueid. Takum obpa-
30M, B OTJIHYME OT omepaunn AuddepeHUUPOBAHHSA, ONEpALUA HHTE-
TPHPOBAHHA BHIBOAMT HAC M3 KJacca aJeMeHTapHbX ¢GYyHRuuH. 310 06-
CTOSTEJIBCTBO MOJYEPKHBAET YCJIOBHOCTb CAMOIO MOHATHS 3JEMEHTap-
HO# (YHKIMH KaK TPaAHUHOHHOTO OGBHEKTa KJAaCCHYECKOTO aHaJM3a.

HenocraroyHoOCTh OMHCAHHOTO HAMH anmapara CTAaBHT Ha IOBECT-
Ky JIHS 3ajauy O CYIUECTBOBAHMH M O BBIUHCJEHHH NepBOOGPasHOH H
HEONPEeNIeJIEHHOTO HHTerpaja oOT JI60# ¢yHKIuM f(x), TOJBKO He-
npepLHBHOH B KaxKAOH Touke x 06JaCTH CBOEro 3afaHmus.

OxkaspiBaercsl, Takylo 3afady MOXKHO PEIIMTb NPH FOMONIH APYro-
TO NOAXOLA K NMpobjeMe HHTErpPHPOBaHUS (BYHKIMH, K BLIICHEHHIO KO-
TOPOro MHl cefidac W mepeijgem:

8. CHoBa mpeanoJoXHM, 4TO (GYHKUHS f(x) mpeiacTaBAsieT coGoii
MTHOBEHHYIO CKODOCTb JBHXYIIEHCH BAOJAb ocH Oy MaTepHanbHOMN
Touku. IlocTaBuM uenb — BBIYHC/AHTL NYTh, NPONAEHHBLIA 3TOH TOYKOH
32 NPOMEXYTOK BPEMEHU OT X=a J0 x=Db. '
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Il1s o6JlerdeHHs paccyXJeHHH GyfeM CUHTaTh, YTO CKOPOCTh f(X)
HeoTpHLaTeNbHA AJISl BCeX 3HAUEHHH BpeMEHH X.

Jlis pellieHHs NMOCTaBJEHHOH 3afayd pas3oObeM NPOMEXKYTOK Bpe-
MEHH Ha MaJible NPOMEXYTKH, OrpaHHYeHHbie MOMEHTaMH BPeMEHH

a=x<x<X9< ... <xn_1<xn=b.

EcrecTBeHHO CUHTaTh, YTO Ha KaXJOM MaJOM INPOMEXYTKe Bpe-
MEHH OT Xu-1 80 xx (R=1, 2,..,n) ckopocts f(x) MeHseTCHd M@IO
(uto 3aBegoMoO Gylder HMeTb MECTO BCSKHH pa3, Koraa f(x) smjsercs
HenpepbiBHOH B Kaxpao# Touke x). Ho Torma npuO/HXKEHHO MOXHO
CYHTaTh CKOPOCTh f(X) NOCTOSIHHOH HAa KaXAOM NPOMEXYyTKe [Xp—,
xr] u paBHO# 3naueHnio f(&), riae & — HekoTOpoe 3HAUeHHE BpeMe-
HHE H3 OPOMEXYTKA [Xp—1, Xr].

Takum o6pasoM, nytb S[xp—1, ¥z], npolinennsifi ABHXKYILle#Cs
TOYKOH 3a IPOMEKYTOK BPEMEHH OT Xip—1 IO Xp, NPHOJTHNKEHHO MOXK-
HO CYMTaTh DaBHBIM npou3Befenuio f(Ex) Ha AIHHY AXp=Xp — Xp
npoMexyrka [xz—1, xx]. HrTaK,

S [xa—1, xx] = [ (Er) Axp.

B Ttakom cayuae mytw' Sla, 0], npoiineHHbii mMarepHaJbHOH TOY-
KOH 32 Bech NPOMEXYTOK BPEMEHH OT x=a R0 x=0b, Gyner npub/H-
JKEHHO pPaBeH cyMMe

Sla, b] =F(&1) Axi+f(E2) Axo+-...4-f (En) Axn. (1.12)

CymmMmy, crosmyio B npaBoit yactu (1.12), npuHATO Ha3bBaTh HH-
TerpajdbHOH CYMMOH.

EcrecTBeHHO 0XHI4Th, YTO TOYHOE 3HaueHHe nytd S[a, b] MH
NOJIYYHM, NePeXOJsl B HHTErpajbHOH cymMMe, CTOsHle!l B MpaBoi yacTH
(1.12), ¥ npemeny npd CTpeMJIeHHH K HYJI0 HauGoJabluel H3 IJuH
Axp (mpH 3TOM, KOHEYHO, o0lliee YHCJIO 7 YAaCTHYHBIX T[POMEKYTKOB
6yaeT HeOTPAaHHYEHHO BO3DACTATH).

Hcnoan3yss cumBoa npeaena W obos3Hauas uepes d HauGoapliee
u3 uncea Axy, Ax, ..., Ax,, TONAYYHM, 9TO

Sla, bl =lim {f (&) Ay + [ () Ayt oo + F(E) A} (1.13)

PasyMeercs, Tpe6yeT YTOUHEHHS = BOINPOC O TOM, UTO MBI IIOHH-
MaeM IOJ MPEAeJOM HHTerpajlbHOH CyMMBI, CTOSIIHM B IIpaBO#l ua-
cru (1.13). Ha sror pas onepauusi mnpeaespbHOro nepexosa BCTpe-
yaeTcs B HOBOM M Gojee CJ0XKHOH ¢GopMe, yeM UPH BLIYHCJACHHH
o6blyHOrO npefena ¢ynkiuuu lim f(x).

XX,

Crporoe omnpefesneHHe u H3ydeHuwe cBoiicTs mnpefena suia (1.13)
Oyner JaHO B CHCTeMAaTHYeCKOM Kypce aHaju3a. 3JeCh Ke Mbl yKa-
XKeM, UTO B MaTeMaTHKe npedea, crosuwjuii 8 npasod  wacru (1.13),
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Hasvisaercs onpedenennolm UHTezpaasom or pynaxyuu f(x)
8 npedesax or a do b u o6o3nauaerca cumsorom

5f(x) dx. (1.14p

a

Hrak, onpejleJleHHbIH HHTErpaJl (1.14) paBeH myTu S[a b, ‘npoﬁ-
JEeHHOMY IBHXKYyIUeHCs CcO CKOPOCTHIO f(X) MaTepHAJNbHOH TOYKOH 3a
HPOMEXYTOK BPeMeHH 0T x=a J0 x=b.

BMmecTe ¢ Tem 04YeBHAHO, YTO HHTerpajbHasi CymMma, crosilasi B
npaBo#l wactu (1.12), reomeTpuueckn npeAcTaBasieT co6O# CYMMY
nJomansel IpsAMOYrOJIbHUKOB, OCHOBAHHAMH KOTODHIX CJy3KarT OTpe3-
KH Axy, a BHICOTaMH — OTPe3KH ANUHBL f(Er).

VubiMu cioBaMH, HHTErpasbHas CyMMa, CTOSIUast B NPaBOH yacTe
(1.12), paBHa muomanu cryneHyaTodl Qurypsl, oOGBeAeHHOH Ha

v 1

\\\ | 4 ‘.
Ly

0] ]| ges| @20 5 2 0 . A‘A 1
g, & E, £, a | x zthx
Puc. 1.2 | Prc. 1.3

puc. 1.2 xupHoit Junuedi. EctecTBeHHO 0XHIaTh, YTO NPH CTpemJe-
HUHM K HYJ0 AJuHE d Hauboablero u3 yucesn AXp IUOMaAb YKasaH-
HOH cryneuanoﬁ ¢urypsl 6yeT CTPEMHTbCS K IVIOLIAIM KPHBOJH-
HeHHOW Qurypsl, Jexauiedl nox rpaduxkom QyHkuuu y=f(x) Ha OT-
peske a<<x<Cb (Ha puc. 1.2 s1a ¢urypa sawrpuxoBaHa). D1y ¢ury-
Py NPHHATO Ha3HBaTh KPHUBOJUHEHHOH Tpameuuei.

Takum obpasoM, onpegenenubit unrerpan (1.14) paseH nuowaam
YKa3aHHOH KPHBOJHMHEHHOHU Tpanelnuy.

KoHeuHO, mpoBejeHHBIE HAMH HarJsiAHBE pacCyXKAeHHS TPeGYIOT
yTOYHeHHs. B vyacTHoCTH, B cHCTeMaTHueCKOM Kypce aHaJjiu3a HajJe-
XHT YTOYHHTb CaMO INOHSITHE IJIOUIAAK KDHBOJIMHEHHOH Tpameuud w
BOO6Ille MJIOLIAAH IJOCKOH (HTYDHI.

Hrak, ¢ noHsiTHeM ompelenenHoro uuterpana (1.14) ceasanbl Ase
byHaaMeHTaNbHBle 3afauM: (u3pYecKass 3ajadya O BHIYUCJIEHHH NYTH,
NpOHJEHHOrO ABHXKYMIEHCH CO CKOPOCTHIO f(X) MaTepHaJbHON TOUYKOMA
3a IPOMEXYTOK BPeMeHH OT x=a J0 x=b, u reomerpnueckas sajga-
Ya O BHYHCJCHUH [JIOHIAAH KPHBOJHHEHHOH Tpalelyy.

9. Tenepsr Hacrajio BpeMsl 3aHATHCH BOHPOCOM O CBSI3H ONpee/eH-
Horo MHTerpasa (1.14) c BBejeHHBIM paHee HeONpeAeNE€HHBIM HHTe-
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rpasom (uiaH ¢ mepBooGpasHOi), a TakXKe BONPOCOM O CMOco6ax BHI-
YHCJIEHHS] ONpe/eJeHHOr0 HHTErpasna.

O6o3nauum uepe3 F(x) ompenesneHHB!l WHTErpas oT QyHKUHH f(x)
8 mpeXenax OT a4 J0 X, Iie @ — HeKoTopoe (GHKCHPOBaHHOe 3HAYEHHE
apryMeHTa, a x— nepeMeHHoe 3HaueHue. MuwMu cnosamu, mnoJo-
UM *

F (x)=jxf(t) dt. (1.45)

C reoMeTrpuyecKofl TOYKH 3peHHS 3TOT HHTerpaji, Kak 3TO MOKa-
3HiBaeT NPOBeJeHHOe BHIIIE PACCMOTPEHHE, PaBeH IJIOWIAZH KPHBOJH-
HellHOH Tpameuuu, Jexaue#l nox rpadukoM ¢yHKuuH y=f(x) Ha
cermente [a, x]. Ha puc. 1.3 ara kpusosuHeliHass Tpaneuus oGBe-
JeHa XUPHOH JIHMHHEH.

Hcnosp3ys HarasigHble reoMeTpuyeckHe coobpakeHus, yOeIuMcs
B TOM, YTO BBeleHHast HaMu ¢yHguusg (1.15) sBasercs ofgHOH H3
epBoo6pa3Hnx (yHKuuH f(x), T. €. ybeauMcs B TOM, yto F/(x)=
=f(x).

Ilyete Ax — HekOTOpOE HOCTATOYHO MaJsIoe NpPHpAlleHHe aprymeH-
Ta x. OueBmiHo, pasHocTe F(x-+Ax) — F(x) mnpencraBaser co6o#t
IVIOIIAAb «Y3KOH» KPHBOJHHEHHOM TpaneuuH, 3alUTPUXOBAHHOH Ha
puc. 1.3. C gpyroit cropoHs, ecau ¢yHKIHUS f(X) HenpepsiBHA B
KaXJoH TOYKe ¥, T. €. eCJH 3HadeHHe 3TOH (PYHKUHMH 0OpH MaJjJoM H3-
MeHeHHH apryMeHTa MeHsieTcsl MaJjo, TO YKa3aHHas MIollaib «y3KOH»
KDHBOJIHHEHHOH TpamelluH MaJo OTiHyaeTcs oOT Ivouwand f(x) Ax
OpSIMOYTOJIbHHKA C OCHOBaHHeM Ax M BhICOTOH f(Xx).

Orcrona caepyer, 4To npH MajoM Ax pPasHOCTHOEe OTHOLICHHE

F(x 4+ Ax) —F (x) (1 16)
Ax ’

MaJIO OTJIHYAETCS OT BHICOTHL f(X) YKa3aHHOTO HPAMOYTOJbHHKA, T. €.
upegen npu Ax—0 pasnocrHoro oruouwenust (1.16) o6si3an 6uTh pa-
BeH f(x). BMecre c TeM, mo ompepeneHuio, yKasaHHHH mnpegea pa-
BeH npousBoauoi F’(x).

Hrak, Mp yGepuauce B TOM, urto F’(x)=f(x), T. e. dyHKIHUS
(1.15) sBnsercst oxHoit u3 mepBoo6pasubix GyHkuum f(x). Ho Torna
Jio6as nepsoobpasHas GyHKIMH f(x) paBHa

fb(x)sz(t) dt+C, (1.17)
rae C — nocrogHHad.

[IpoBenenHble HAMH pPAacCyXAEHHS HMEIOT IpeABapPHUTeJbHBI Xa-
paKTep, HO IPH HAaJHYHH PA3BHTOLO anmapaTa MaTeMaTHYeCKOro aHa-

* IlepemeHHyI0 IOJ SHAKOM ONpEJENEHHOTO HHTErpaja MH O603HauaeM uepes
¢, 4TOGH He NMyTaTh € C BEDXHHM NpPeJe/IOM MHTErPMDOBAHHA X. -
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JIH3a WM JIErKQ NpHJAaTbh CTPOTHH XapakTep H CTPOro JAOKa3aTh, 4TO
y Jr060# ¢GyHKHHE f(X), TOJBKO HENPEPHIBHOH B KaXXAOH TOUKe X, CY-
lecTByeT nepBooOpasHasi (a 3HAYHT, H HEONpPeJeJeHHHIH HHTerpals),
npuueM Jilo6asi nepBoobpasHas 3ToH (YRKIMH onpepessieTcs paBeH-
ctBom (1.17). :

Pasencreo (1.17), B cBotw O4epefls, NOSBOJAET YCTAHOBUTL CBAL

MEXJY ONpEeAeJeHHBIM HHTErpaJoMm Sf(x) dx u moSo#t neppoobpas-
a
ot @ (x) Jyuxuuu f(x}.
[nsi ycraHoBJeHus Takoil cBsi3M Bo3bMeM B paBeHctBe (1.17) B
KayeCcTBE BEPXHEro Npejiena WHTETPHPOBAHHS CHavaja yYuCIo b, a
3areM yucjo a. Ilpu aTOoM nonydum

b b
(D(b)z'(i(t)dt—i—C:Sf(x)dx+C,f (1.18)

(D(a)z.s'f(t)dtq-C:C (1.19)

a

(u60 mHTErpad ff(l‘) dt, o4eBHAHO, PaBeH HYJIO).

A a
Buiunras uz paBencrBa (1.18) pasencrBo (1.19), MBl nmoaydyum
sHameHnTyio bpopmyny Howorona—Jlefi6ununa

ff(x)dx=q>(b)—-q>(a),

CBOAAINYIO BONPOC O  BHIYHCJEHHH - OHPENeJEHHOTO  MHTerpaJa
b v
jf(x)dx K BBIYHCJIEHHIO PA3HOCTH 3HaueHHH JM1060i nepBooOpasHoOi

a
@ (x) dyukuuu f(x) B Toukax b u a.

Crporoe oGocHoBaHue ¢Gopmynsl Hpiorona — JlefiGnuma sapiasercs
OJHOH W3 BaXKHBIX 3aflay MAaTEMAaTHIeCKOro aHaJau3a.

10. 3ameruM, OAHAKO, YTO TOUHOE AaHAJHTHYECKOE BhbIpaXKeHHE
IJs 1epBoOoOpasHOf MOXHO [OJYYUTH JHWIb AJsS Yy3KOro KJjacca
¢ynakuui. IMostomy wsanuume dopmynast Helorona —— Jlefibuuna He
CHHMaeT BONpoCca O TPHOJHMKEHHBIX crocobax BBIUHCJAEHHA Olpejie-
JIEHHOTO HHTErpasa.

[Ipocrefiuil ¢cnoco6 NpUOIHKEHHOTO BBIUHCJEHHSI ONPEACJEHHOTrO
HHTerpasa (Tak Has3blBaeMBIH METO X Hpﬂl\goyFOHbHHKOB)

OCHOBAH Ha 3aMeHe BHIYHCJASEMOTO HHTerpaJsa Vf(x)dx UHTErpanb-

a .
HOH cyMMO#, crosilieil B npaBo#i yactu (1.12), y KOTOpO# BCe TOYKH
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Er SIBISIIOTCS CePEeAMHAMH COOTBETCTBYIOIIHX CErMEHTOB [Xn—1, Xx|, a
JJHHB BCE€X YKA3aHHBIX CErMEHTOB, T. €. Bce UHCNa AXp=Xp — Xp_1,
paBHHI IPYT ApPYTY.

B cucremMaTHueckoM Kypce = aHanu3a OyleT [JOKas3aHO, 4TO HpH
onpefie/ieHHBIX Tpe6OBaHUAX bHa ¢dyukubio f(x) omubka, coBepluae-

Masi Ipd 3aMeHe HHTerpasa jf(x) dx yxkasaHHO# crelHaJbHON HHTe-
a

‘rpajbHOf CyMMOH, HMeeT MOPANOK A3, Tle n—YHCJIO YaCTHYHBIX
CErMeHTOB. ' )

3ameyaTeJIbHHIM SIBJASETCS TO OOCTOSITENBCTBO, UTO METOJ NPAMO-
YroJbHUKOB (KaK M MHOTHE Jpyrue MeTOAnl NPHOJTHKEHHOrO BBIYHUC-
JIGHHSI ONpPeJEJEHHOTO HHTerpasja) JHOoNycKaeT YAOOHYIO peasH3alHIo
Ha OBM. 3710 ob6crositenbecTBO W paBeHcTBO (1.17) gmenaior aTH Me-
TOAB 3(QdEKTUBHBIM CPEACTBOM BBHIUHC/ACHHS TMepPBOOOPA3HBIX M. HE-
OnpeJe/eHHbX HHTErpaJos.

Huxke MBI NpHBOIUM pPe3yabTaT BbluHceHHs Ha IBM no merony
NpSIMOYroJIbHUKOB TaK HasblBaeMoro HHTerpasa IlyaccoHa

tZ

F(k):fe 2 gt
8

AJd 3HaueHHs1 X u3 cermenta 0<Cx<<l.

PesyapraThl BHUHCAEHHH coOpaHbl Hamu B Tabu. 1, B KOTOpO# B
IIepBOi KOJIOHKE CTOMT apryMeHT x HmHTerpana IlyaccoHa, BO BTOPOi
KOJIOHKe YyKaszaHa [JIMHa A YaCTHYHOrO CcermeHTa (WJM wara), B
TpeTbell KOJIOHKe NpHBEJeH pe3yJbTaT BbIYHCJAEHHS, a B YEeTBEpTOH
KOJIOHKE YKa3aHO YHCJO 1 YACTHYHBIX CErMEHTOB *.

Takum o6pasom, aas unrerpana Ilyaccona, He sBAsIOlIErocs, Kak
yKa3aHO Bhbllle, 3JeMeHTapHOH (yHKIHeH, ¢ momompio IBM wu mpo-
CTEHIINX NpUOJHKEHHBIX METOJOB 6e3 Tpyaa MOryT ObiThb cOCTaBJje-
Hbl TabJHUB €ro 3Ha4YeHHH, AeJalOLIHe HCIOJb30BAHHE 3TOr0 HHTE-
rpaja cToJib Xe JOCTYNHBIM, KaK H HCIOJIb30BaHMe JIOGOH 3JeMeH-
TapHOH (QYHKIHH.

11. Hapsiny ¢ npu6GIHXeHHBIMH MeTOZAMH BBLIYHC/IEHHS HMHTErpa-
JIOB BaXKHYIO DOJIb B COBPEMEHHOH MareMaTHKe HrpaloT NpubIHKeH-
Hble METOABI OTHICKAHHSI KODHEH pAa3/IMUHBIX YPaBHEHHH.

Paccmorpum npocrefiliee ypasHeHHe

f(x)=0. : (1.20)
B cucremaTHuecKOM Kypce aHanuza GyleT [0Ka3aHO, YyTO NpPH ONpe-

* Tlpu aTOM clleAyeT YUMTHIBATE OMEGKH OKDYIVIEHHS, BOSHHKAIOLIHE TDH Hepe-
BOJIe YHCeJs, B3SITHIX B JECATHYHOH CHCTEME CUHCJIEHHMS, B JBOHYHYIO cHcremy SBM
H OGpaTHOM NepeBoje UHCel, NOJyYeHHHIX B [BOHYHOM CHCTEME CUHCJCHHS, B JHeCs-
THYHYI. BeslencrBue yKasaHHBIX OIHMGOK OKPYIJIEHHS H3 JIeCATH BHIIMCAHHHX NOCJE
3anATOH JAECATHYHBIX 3HAKOB MOXHO TapaHTHPOBaTb NPABHJBHOCTL NEPBHX INECTH
3HAKOB (OCTasibHHE YeTHpE 3HaKa B TabJ. 1 B3ATH B CKOGKH). :



26 I'a. 1. OcHOBHBIE NMOHATHA MaTEeMaTHYECKOrO aHaJH3a

TaGauuga 1
x h F (x) n
0,0999999642 0,0099999964 0,039827 (9885) 10
0,1999999285 0,0099999964 0,079260 (0074) 20
0,2999998927 0,0099999964 0,117911 (8581) 30
0,3999998569 0,0099999964.. 0,155422 (3028) 40
0,4999998212 0,0099999964 0,191463 (1319) 50-
0,5999997854 0,0099999964 0,225747 (6439) 60
0,6999997497 0,0099999964 0,258037 (1805) 70
0,7999997139 0,0099999964 0,288145 (4843) 80
0,8999996781 0,0099999964 0,315940 (7870) 90
0,9999996424 0,0099999964 0,341345 (6679) 100
0,0999999642 0,0009999996 0,039827 (8248) 100
0,1999999285 0,0009999996 0,079259 (6848) 200
0,2999998927 0,0009999996 0,117911 (3861) 300
0,3999998569 0,0009999996 0,155421 (6952) 400
0,4999998212 0,0009999996 0,191462 (4058) 500
0,5999997854 0,0009999996 0,225746 (8192) 600
0,6999997497 0,0002999996 "0,258036 (2789) 700
0,7999997139 0,0009999996 0,288144 (5284) 800
0,8999996781 0,0009999996 0,315939 (7992) 900
0,9999996424 0,0009999996 0,341344 (6698) 1000

JeJIeHHBIX TpeGOBaHUAX, HalaraeMbix Ha (YHKUHIO f(X), KOpeHb x=
=c ypaBHeHus (1.20) moxxer ObITb HaliieH KaK MpejAes] NOCJIE0BA-
TeJbHOCTH HTepauuit x, (n=1, 2, 3,..), nepsasi u3 KOTOPHIX X; Oe-
peTcss B3 HEeKOTODOTrO JOCTATOYHO UIHPOKOrO JAuanasoHa, a Bce Mo-
cJeNyIOLIMe Lar 3a WaroM OnpefessiioTes no gpopmysne

flm) 1, 9,3, ... (1.21)
I’ (xn)

YKaszaHHBIH MeTOJ NPUOGIHMEHHOTO BLIYUCJEHHS] KOPHS YpaBHEHHS
(1.20) nasmiBaercs mMetoaoM HpioToHa (wim METOAOM Ka-
caTeJbHB X). DTOT MeTOJ [IONYCKAe€T OYEHb y1L06Hle peaju3a-
nuo Ha DBM.

B kauyectTBe KOHKDETHOro MpHMepa paccMOTpuM ypaBHenue (1.20)
¢ yuxuue#i f(x) Buma f(x) =x"—a, rjie a — NOJOXKUTEJIbHOE Bellle-
CTBEHHOE YHCJ0, a k=2 — 1ejioe NOJOXKHTEJIbHOEe uMca0. JJasg TakoR
dysruun f(x) NOJIOHTENBHEM KOPHEM ypaBHeHHS (1.20) 6ymer sB-

JATBCS YHCJIO /a (T. €. KOpeHb CTeNeHH R U3 MOJOKHTEJbHOTO Be-
[IEeCTBEHHOrO YHCJ/Ia a).
@opmyna (1.21), ompepesnsiomlas nociefoBaTelibHble NpHONHKE-
HHf MetoAa HpioToHa, Ha 3TOT pa3 IPHHHMAET BHJ
k—1 a
K1 = —— Xn+ n=1,2,3,...). (1.22)

k—1
kxy

Xnt1=Xp—

(Uro6er ybemuTbcss B 3TOM, AOCTATOYHO yuecThb, uto [ (X)=kx"1)
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d>opMyna (1.22) npenacraBasier coboft 3¢ HeKTHBHBIN JierKo peasiu-
3yeMbii Ha DBM anropuT™M BBIYHCJIEHHS KODHS CTENEHH R H3 I0JO-
JKHUTEJNBHOTO YHCHAA 4.

IIpuBefeM npumep BHIYHC/IEHHH, NpoBeleHHbIX Ha IBM mo 3to#
dopmyie.

Besikoe monoxuTespHOE BelIeCTBEHHOE UYHCJO @ INPeICTaBUMO
(v mpHTOM eXHHCTBEHHHIM cnocoGoM) B Buiae a=2%, rxe [—uesoe
YHCJIO0, a X yAOBJeTBOpsier HepaBeHcTBam 1/2<{x< 1. Bygem kaxasiii
pa3 BHOHpaTh 3a nepBoe npubiuxeHwe x; yucao x1 =20k rpe k—
CTeNneHb H3BJEKaeMOro KOpHs, a cHMBoJ [//R] oGosHauaer welyio
qacThb uuciaa l/k.

PesynbraTel BHIYHC/AEHUH CcOOpaHbBl HAMH B NPHBOJUMYIO HHXKe
TabJs. 2, B KOTOPOH B IePBOH KOJIOHKE CTOSIT YHCJa @, U3 KOTOPHIX H3-
BJIEKaeTCsl KOpDEeHb, BO BTOPOH KOJOHKE YKa3aHBl CTeNeHH kB wuaBie-
KaeMblX KOpHeH, B TpeTbe#l KOJIOHKE NpHBEIeH pe3yJbTaT BbLIUHCIIE-
HHH, a B 4YETBEPTO#l KOJOHKE yKa3aHO YHCJO CAEJaHHBIX HTepalHi.

Ta6auna 2

k,—
a k Y a n

2 1,41423181

2 1,732049942

2 1,999999046

5 1,148697853

5 1,245730400

5 1,319507599
10 1,071773529
10 1,116123199
10 1,148697853

B CON R LN R W

S UG UL UL

12. Mu paccMOTpesad NOCTAHOBKY BaXXKHCHIIMX 3ajad MaTeMaTH- -
4ecKOro aHaJjJu3a, OTHPABJSISICH OT IIpocTefliliell MexaHHYeCKOH Mope-
JIM — JABUKEHHS MaTepHaJbHOH TOYKH BHOJb NPSAMOH JHHUH. Takas
MOJeJIb €CTeCTBEHHO NPHBesa Hac K HeOOXOAMMOCTH NOCTPOEHHST IHP-
depeHUHANLHOTO M HHTErPAJbHOTO HCUHC/AEHHS (QYHKUHH f(X) OX-
HO# He3aBHCHMOH II€epeMeHHOH.

[lpu omucanuum GoJsiee CJAOXKHBIX 3afay €CTECTBO3HAHHS BO3HHKAET
noHstee GOYHKUMA HECKOJbKHX HE3aBHCHMBIX IepPEeMEHHBIX Xi,
X9, ..., Xm. TakK, HampuMep, TeMIepaTypa u HarpeBaeMoro Tteja mnpel-
craBJjsieT cobo# (PYHKIHIO YeTbipeX HEe3aBUCHMBIX II€pEMEHHBIX: TpeX
KOODAHHAT Xi, Xo, X3 TOUKH 3TOTO TeJa W BpeMeHH f. DTy (DYHKUHIO
eCTeCTBEHHO 0603HAUHTh CHMBOJIOM u=f (X1, X, X3, {).

Jlnsg (GYHKUHH HECKOJbKHX HE3aBHCHMBIX NEpPeMeHHBIX eCTeCTBEH-
HO BBECTH NOHSATHE NPOH3BOAHOH NO Kam[OH H3 NEPEMEHHBIX (TaKYIO
NPOK3BOJAHYIO HAa3HBAlOT YaCTHOMH HpOI/ISBOlIHOI/I no JaHHOH
nepeMeHHOM).
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Baxuoll 3amauefi s MOCHEAYIOIIEro PasBHTHA MaTeMaTHYECKOTO
anajusa gBASETCS IOCTpoeHHe JAU(P(PepeHIHaJbHOr0 H HHTErpaljbHO-
ro HCUHCJeHHH (YHKOHUI HECKOJIbKHX NepEeMeHHHX. '

Hagonen, MarTeMaTHueCKHH aHa/lu3, NOHHMaeMbl# B COBCEM IUIH-
POKOM CMEIC/Ie, BKIIOuaer B ce06s TEOPHIO TaK HasbiBaeMBIX aubpde-
peHIHaNbHBIX ypaBHeHH# (T. e. YPaBHeHHH, COIepKAIUHX HCKOMBIE
(hYHKIHK [OJ 3HAKaMH NPOH3BOJAHBIX).

B nocnennue HecSTWIETHS LIMPOKOE DPa3BHTHE NOJYYMJH TEODHH,
Hexoasuue H3 O6GOOUIEHHOH TPAaKTOBKH CaMOrO IOHATHA (DYHKIIHH,
NIOHATHA TPOW3BOJHON M IOHATHA pelleHHs JubbepeHIHanbHOro
ypaBHEHHsI, CBSI3BIBAIOLIETO NPOH3BOAHBIC (DYHKIIHH.

CosZiaHHe MaTeMaTHYeCKOTO aHajiu3a SBJSETCS OJHHM M3 BelHu-
YaflUIuX JOCTHXKEHHH gesoBeueckoro pasyma. OHO NO3BOJHJIO OT pac-
CMOTpEHHS! OTAENbLHHIX DA3PO3HEHHBIX (DU3HUECKHX H IreOMeTPUYECKHX
3ajgauy (Takux, Kak IajJieHHe Tesa NQJ AeACTBHEM CHJIB THAXKECTH, BbI-
yMcAeHHe TJIOLIaAH, Jexaliell noj napabosoll) NepedTH K PasBHTHIO
O6GIINX METONOB pelueHHs GOJBLUIMX KaaccoB 3anau. Paspurue marte-
MAaTHYECKOTO aHa/lu3a, B CBOW ouepelb, 0Ka3aJo OrpOMHOE BJIHSHHE
Ha IPOrpecc HayK# U TEXHHKH.

KnaccuueckH#i MareMaTHYeCKHH aHa/lH3 TpeICTaBJasieT CcoOoH
oueHb yAOGHYIO HAeaJH3UPOBAaHHYIO MOJesb, OCHOBAHHYIO Ha TOM, 4TO
MBI pacroJjiaraeM TOYHBIMH 3HAUeHHSIMH BCeX HCXOJHBIX BEJIHYHH H
MOKeM HaiTH TOYHBle 3HAYEHHS BCEX BBLIUYHCJSIEMBIX BEJHUYHH.

3aMeTHM BMeCTe C TE€M, 4TO, OTNPABJAACH OT 3TOH MOJEJH, MBI,
KaK HpPaBHJIO, MOXKeM OLEHHUTb NOTPEIMHOCTh, BO3HHKAIOULYI0 BCJEA-
CTBHE TOTO, YTO MCXOJHBIE BeJHYHHB 3aJaHBl HaM C HEKOTODOH
OIIHOKOH W BCEe BHIUMCJEHHS MOTYT OBITh NPOBEJEHBI JIHIUb C OIpefe-
JIEHHO! TOYHOCTBIO.

TakuM 06pa3oM, anmnmapaT MaTeMaTHYeCKOro aHaJjdH3a MOXKET OHTh
HCIIOJIb30BAH JUISt NOCTPOEHHS UHC/IEHHBIX METOAOB M OLEHKH HOrpenl-
HOCTeH.

IlogBoast uTOr, CHCTEMATH3HPYeM IEpBOOUepelHble M HauboJjee
BajKHbIE npoﬁJIeMbl BLISIBUBLIHECS B pesynb'ra're MPOBEICHHOTO HaMH
NpeJBaPHTENBHOTO PaCCMOTPEHHS.

1. YrouHeHHe TOHATHH BEIIECTBEHHOTO YHC/AA, MHOXKECTBA H
dyrKkuuu.

2. PasBuTHe TeOpHH NpeNesoB H CBSI3aHHOTO C 3TOH Teopuedl mo-
HSITHS HENIPEPHIBHOCTH (DYHKIHH.

3. Ilocrpoenne anmapara aubdepeHNNANbHOIO M HHTErpaJjbHOTO
HCUUCNEHHH.

4. TlocTpoeHHe TeOpDHHM oOmIpele/eHHOTO HHTerpaja Kak Mpejena
CYMM CIelHaJbHOTO BHZA. :

5. PasBurHe npuOGAHIKEHHBIX METONOB BBHIUHCJEHHS OIpeNeJCHHBIX
HHTErPaJioB H NPHOJTHXKEHHBIX METOJOB pelleHHs ypaBHeHnﬁ

6. BrlsicHeHne HEKOTOPHIX TeOMeTPHUYeCKHMX MOHATHH (TaKHX, Kak
nJaouaab NJI0CKOH (Uryphl, HIHHA IYTH).



Fanasa 2

BEILECTBEHHDBIE YUCJIA

B npeampymeil riaBe Mb yOeJHJIHCb B TOM, YTO Da3BHTHE TeO-
PHH BELIECTBEHHBIX * uuces HeoOXOAHMO AJ CTPOrOro M MNOCJeL0Ba-
TeJPHOTO H3YUEHHS NOHSATHS HpeJiefa, SIBASAIOUIerocs OJHHM H3 BaX-
HeHIIHX MOHATHH MaTeMaTHUYECKOTO aHaJH3a.

H606X0}II/IMa$I HaM TeopHA BEUIeCTBEHHBIX 4HCeJ, H3JlaraeMmas B-
3TOH IJIaBe, BKJIOUaer B cebsl onpejeseHHe ONepalHil ynopsiAodeHHus
CJIOKEHHSI M YMHOXKEHHS 5THX 4YHCeJT U YCTAHOBJEHHE OCHOBHBIX
CBOHCTB YKa3aHHbIX onepaum‘/’l, a TaKXe J0KasaTe/bCTBO CYILLeCTBO-
BaHMs TOYHHIX TPaHell y MHOXECTB YHCeJ, OrpaHHYEHHBIX csepxy U
CHH3Y.

B konue rJyasml faercs IpejcTaBJeHHE O AONOJHUTENBHBIX BOIPO--
CaX TEOPHH BEIeCTBEHHBIX YHCeJ, He SBJAKIIHUXCA HeOOXOZUMBIMU
JJIS. IOCTPOEHHS TEOPHH NpPENeJIOB M BOOOIIe Kypca MaTeMaTHYeCKQro
aHaJH3a (IOJIHOTA MHOXKECTBa BELeCTBEHHBIX yHcea B cmblcie I'nib-
6epra, akKCHOMAaTHYEeCKOe INOCTPOEHHEe TEOpHH BelleCTBEHHBIX HHCed,
CBSI3b MeXJy pas3JuYHbBIMH CcHoco0aMM BBeJEHHsl BeleCTBEHHBIX:
yHce).

Cawmmbiit nocnennuii naparpad - IJiaBel NOCBSILEH  3JeMEHTapHBIM
BONpOCAaM TEOPHH MHOXKECTB, G6JIM3KO NPHMBIKAIOLIHUX K TEOPUH Beile-
CTBEHHBIX YHCe.

§ 1. MHO)KECTBO YHUCEJI, HPEB,CTABHMHX
BECKOHEYHbBIMHU NECATUYHbBIMHU JPOBSIMH,
H ETO YNOPAJOUYEHHE

1. CpoficTBa panHoOHaJbHBIX uMcea. [loHsiTHE palHOHAJBHOIO YHC-
Jla H OCHOBHBHIE CBOHCTBA PAalHOHAJbHBIX YHCEJ M3BECTHH M3 Kypca
cpefiHell WKoJAH. B HacrosleM nyHKTE MBI JaeM CHCTEMAaTH3aluIo
XOpOILIO H3BECTHHIX M3 Kypca CpelHeH IIKOJH BOIPOCOB TEOPHH pa-
IHOHANBHHX YHCEJ.

Payuonaarornoeim naseleaercs uucao, npedcrasumoe (Xora
661 00Hum cnocobom) 6 sude OTHOULEHUS asyx yerolx wucea, T. €. &
sude dpobu mjn, ede m u n — yeavie yucaa u n0.

* BmecTo TepMHHA <BELIECTBEHHOE HHCJO» 4aCTO YNOTPEGASIOT —TEPMHH «efi-
CTBHTEJIbHOE YHCJIO».
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PannonanpHele uucaa o6gazaloT  CcleAYOIHMH 16 OCHOBHBIMH
cBofictBaMHu *, (Ilpu (popMYJHPOBKE STHX CBOHCTB MBI BMECTO TEpPMH-
#Ha <«paluOHaJbHOe YHCJAO» yHoTpebisem OCojee KpaTKHH TepMHUH
<UHCJIIOY.)

1°. JIwo6ule nBa 4ncaa ¢ U b CBSI3aHH OOHHM H TOJLKO OJHHUM K3
Tpex 3HaKOB >, < WM =, NpHUeM ecan a>b, to b<a., MHBME
CJIOBAMH, CYUIECTBYET IIPABHJIO, MO3BOJSIOUIEE YCTAHOBHUTH, KAKHM H3
VKa3aHHHIX TpPeX 3HAKOB CBfI3aHBl JBA JNAHHHIX YHCJIA. DTO IPAaBHIO
Ha3BBAeTCHd N PABHJOM YONOPALOUYEHHST **

2°. CymwecTByer NpaBWJIO, MOCPEACTBOM KOTOPOrO JIOOHM YHCIAM
a u b craBuTCA B COOTBETCTBHE TPEThE UHCJO C, HA3HIBAEMOE HX
CYMMOH H o603HauaeMoe CHMBOJIOM C= a+b***. Onepanust Ha-
XOXK/eHHS] CyMMB! HA3bIBAETCH CJHOXEHHEM,

3°. CylecTByer npaBHJ/IO, IIOCPEJICTBOM KOTODPOro JIOGHLIM YHCIAM
4 ¥ b cTaBHTCSA B COOTBETCTBHE TPEThE UHCJIO ¢, Ha3bIBaeMoe MX
npousBefeHHEeM H 0003HaUaeMoe CUMBOJOM c=a-b **** QOne-
palus HAXOXKAEHHs MPOH3BENEHHS HA3BIBAETCH YMHOXEHHEM.

[IpaBuno ynopsizoueHusi obsafaer CAELYIOUIHM CBOHCTBOM:

4°. U3 a>b u b>c¢ BuITeKaer, ut0 a>¢ (CBOACTBO TPaH3UTHBHO-
-CTH 3HaKa >); 3 a=b u b=c BHTeKaer, uT0o ga=¢ (CBOKCTBO TpaH-
3UTHBHOCTH 3HaKa =).

Omnepauust cjoxkeHHs 00/afaer CAEAYIOLMMH 4YeTHIPbMSI CBOMHCT-
aaMn

a+b=b—|—a (KOMMYTaTHBHOCTb MJIH II€PECTAHOBOUHOE CBOIi-
CTBO).

(a+b)+c=a+ (b+c) (accouHaTHBHOCTL HJIM COUETATEIbHOE
«CBOHCTBO).

7°. Cywecrsyer uucsio 0 takoe, uto a-+0=q pas aob6oro uucia a
(ocobasi posib HYJIs1).

8°. Insa xaxmoro tmc.rra a cyuiecTsyer npomaononomﬂoe eMy YH-
<J0 a’ Takoe, 4yTo a-+a’ =

AHAJIOrHIREIMH ‘{eTblprSI cBoHicTBaMHu oOJsagaer omepauus YMHO-
JKEeHHUs:

* Bce mpHBOAMMEIE HaMH CBOHCTBA PallHOHAJIBHBIX WHCEN MOLYT GHITh NOJIyYEHH
H3 CBOHCTB LIEJBIX YHCEJ.

** [IpaBuyi0 ynopsIO4YeHHS DPALHOHAJBHBIX HHCEJ (GOPMYJHPYETCS TaK: [Ba He-
OTPHLATENbHHX uYHCIa a=m;/n; 0 b=my[n;, y xotopeix n,;>0 u ny>0, cBsA3aHH
TeM Xe 3HAKOM, YTO ¥ JBa HEJbIX YHCJA My-Np H Mg Ny, JBa HENOJOKHTEJbHHX
YHCJHAa @ U b CB#3aHBl TeM JKe 3HAKOM, 4YTO M JBa HEOTPHNATEJbHBIX uHcia |b] u
[a]; ecan a weorpHuaTesbHO, a b OTpHUATENBHO, TO a>>b.

*** [IpaBujao 06pa30BaHﬁ9{ CYMMHl JABYX pAalVOHaJbHHIX uHCeNl a=my/ny H

my my my-ng - ma-my
b=myfny onpeaensieTcsi paBEHCTBOM ~—— 4 —— = ————————,  KOTOpO8
ny ny ny-ng
qI0JIy4aeTCsl ¢ [IOMOLIBIO M3BECTHOrO IHpHEMa MpuBefeHHs K OOIleMy 3HaMeHAaTello.
*xik [IpaBunmo o6pa3oBaHHSI NPOM3BENEHHS JABYX pANHOHAJBHBHIX UHCeN a=
my mgy my - My
=my/ny B b=my/n, onpenensieTcst PaBeHCTBOM —— «—— =" .
ny flp ™ Ng.
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9°. a-b=>b-q (KOMMYTaTHBHOCTb).

10°. (a-b)-c=a-(b-c) (accouHaTHBHOCTD).

11°. CymectByer uuciao 1 takoe, uto a-l=a pmas mwoboro duc-
Jla a foco6asd poJib €THHUIK).

12°. Oas xaxjoro umciaa a==0 cyuiectByer ob6paTHoe eMy YHCIO
a’ Taxkoe, uto a-a’=1.

Omnepanuu CIOXKEHHS] M YMHOXKEHHS CBSI3aHBl CJCAYIOLIMM CBOH-
CTBOM:

13°. (a-l—b) c=a-c+b-c (muCTpUOYTHBHOCTL HJH pdcnpeneﬂu-
TeJbHOE CBOMCTBO YMHOXKEHHS OTHOCHTEJIBHO CYMMEL).

Crnenylolllne JABa CBOMCTBA CBA3BIBAIOT ONEPAalMIO YIOPANOYCHHH
¢ onepanuell CJAOXKEHHS HJIH COOTBETCTBEHHO YMHOXKEHHS:

14°. U3 a> b BHITEKaeT, yTOo a4c>b-+-c.

15°. i3 a>b u ¢>0 BHTeKaer, uto a-c>b-c.

Ocobast poJib NPHHAMJEKHAT NOCTEAHEMY CBOHCTBY.

16°. KakoBo 6n HH OBLJIO YHCJO @, MOXKHO YHCJIO 1 IIOBTOPHTH
cjaraeMbIM CTOJb pa3, 4TO CyMMa npeB3oiiger a *.

Ilepeunciennble 16 cBOWACTB Ha3HBAalOT OCHOBHB MH IOTOMY,
YTO BCe JApyrue aJire6paHyeckne CBOHCTBA, OTHOCAIIMECH K omepa-
UM CJOXKEHHSl W YMHOXEHHMS W K COYETAaHHIO pPABEHCTB M Hepa-
BEHCTB, MOTYT OLITb H3BJEYEHbl KaK JIOTHYECKHE CJIEJCTBHS H3 yKa-
3aHHHBIX 16 cBO¥CTB.

Tak, HanpHMep, H3 OCHOBHBIX CBONCTB BHITEKAeT CJeAYIOIIee YacTo
HCIOJb3yeMOe B JajbHeHIIeM CBOHCTBO, MO3BOJISIOUIEe IIOYJEHHO
CKJIaJbIBATh HEPABEHCTBA OMHOTO 3HAKa:

ecau a>b u ¢>d, 10 a+c>b-d.

B camom jgene, n3 HepaBencts a>b u ¢>d u us ceoiictB 14° n
5° BeTekaer, uto a-+c>b-+c u b+c>b+4d, a us aByx nocaeAHHX
HEepaBEHCTB U cBoiicTBa 4° BHITEKaeT, uTo a-+c>b+4-d.

2. HepocraTo4yHOCTh PALMOHAJBHBIX 4MCEJ AJS H3MEPEHHS] OTpe3-
KOB YHCJOBOH OCH. [[02080puUMCA HA36I8ATH HUCAOBOL OCLIO NPAMYIO,
Ha Koropoii evibpane. onpederennas Ttouka O (nawaro orcuera),
macwrabuetti orpesox OFE, Oauny KoTOpo2o Mol npunumaem pasHoit
eduruye, u noaowuressroe Hanpasaenue (06viuno or O x E). Odge-
BJJHO, KaXKAOMy DAlHOHAJbHOMY YMCJY COOTBETCTBYET Ha YMCJIOBOH
OCH ompejesieHHasi TOuKa. B camoM nese, M3 Kypca cpeiHeH LIKOJIBI
H3BECTHO, KaK IOCTPOMTb OTPe30K, JJHHA KOTODOrO cocramiser 1/n
YacTh JJIHHB MacmrabHoro otpeska OFE (n— n1060e 11e/10€ I0JIOXKH-
TeqbHOe yHcno). CiemoBaTeNbHO, MBI MOXKEM MOCTPOMTh H OTPE3OK,
AJIHHA KOTOPOTO OTHOCHTCS K JJHHE MacliTaGHOrO OTpe3ka Kak
min, rie m u n— a06ble LeJble NOJOXHTeNbHEE upcaa. OTJI0XHB
TAKOH OTpe3oK - BNpaBo (BJaeBo) oT Toukd O, MBI HONYYHM TOUKY
1(141 (M22) )COOTBeTCTByxomylo pauHoHAJbHOMY dHCIY Mm/n (—m/n)

puc. 2.1

* D710 cBOHCTBO 9acTO HA3HIBAIOT aKCHOMON ApxHmena.
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3aMeTuM Tenepb, 4TO He KaXJo# Toyke M uuc/IOBO# OCH COOTBET-
CTBYeT palHOHANbHOe YyHcao. Tak, HanpuMep, ecim Touka M BHOpa-
‘Ha TakK, YTo AJHuHa oTpe3ka OM pasHa Auwaronanm KBajpara, CTOpO-
HO# KOTOPOro CJAyXKHUT MacmtabHbt oTpe3ok OF, TO NOCKOJAbKY IJIHU-
‘Ha macwtabuoro orpeska OF papua enuuuiie, no teopeMme Iludaro-
pa mauHa x orpeska OM gBisiercs KopHeM ypaBHeHust x?=2 M, KakK
[0Ka3aHO B Kypcax cpejnHefl WIKOJB, He SIBJISIETCA  PAlHOHAJBHBIM
gucaoM. Ho 310 ¥ o3nauaer, uro ykasanuo#i Touke M He cOOTBET-
CTBYET pallHOHAJbHOE YHCJIO.

Oy a
R o Eamm TR

Puc. 2.1 Puc. 2.2

EcrecTBenHo, BO3HHKaeT MOTPeOHOCTh PACWIMPHTbL MHOXKECTBO pa-
A{HOHAJILHBIX YHCEJ H BBECTH B paccMOTpeHHe 6oJjiee IIHPOKOE MHOXKe-
CTBO YHCeJ Tak, YTOOB KaXKAOH TOUKe YHUCJIOBOH OCH COOTBETCTBOBAJO
‘HEKOTOPOE YHCJIO H3 3TOr0 60Jjiee IIHPOKOrO MHOXKeCTBa (MJH, 4TO
TO e caMoe, uTOGHl ¢ MOMOUILI0 3TOro GoJsiee IIKPOKOrO MHOXKECTBA
YHceJ MOXKHO GBUIO BHIDA3HTh AJMHHY Jwoboro orpe3ka OM uucioBoi
-OCH) .

Y6enquMcsi B TOM, YTO MOCPEACTBOM uH3MepeHHs orTpedka OM kKax-
Jo# Touke M UMCNIOBOH OCH MOXKHO IOCTaBHTb B COOTBETCTBHE BIIOJ-
He onpefesieHHYI0 GECKOHEUHYI0 JeCATHYHYIO APO6b.

Mycte M — mo6ast Touka yuCJI0BOH ocd. Pagm onpeneseHHOCTH
TIPEANOJIOXKUM, 4T0 Touka M jexut HanpaBo ot O. Ilposegem mpo-
1ecc uaMepenus orpeska OM npu noMomM MacmTaGHOrO OTpes-
ka OF

Caayajia BBHISICHHM, CKOJIBKO pa3 lesdbll MaclitTabHBIl OTPE30K
ynoxurcst B orpeske OM *. Moryt npeACTaBUTLCS [ABa CJayyas:

1) Orpesok OFE yknanwiBaercss B otpeske OM uenoe uucio ao pas
« HekoTopbiM octaTkoM NM, menwiuum OE (puc. 2.2). B stom cay-
yae LeJ0e YHCJIO0 Qo NPEeRcTaBiaser cobolt pesy IbTaT H3MEPEHHs 1O
HeJOCTaTKy C TOYHOCTHIO 10 yucaa l.

2) Orpesok OE ykaaawBaercs B orpeske OM uenoe uucio ap
pa3 6e3 ocTaTkKa B 3TOM cayyae mnpolecc H3MEPeHHS MOXKHO
.CYHTaTh 3aKOHUEHHBIM M lieJIO€ PAlHOHAJIbHOE YHCJIO o CUMTATL JJIH-
HOol orpeska OM. ®opmasJbHO MBI MOXeM yTBEpXKAaTb, UTO B 3TOM
«ayuae Touke M coorBercTByer GecKoHeuHas JecATHYHas Ipobb
.0,000..., KOTOpast OTOXKIECTBJASETCS C IeJbIM palHOHAJbHBIM YHC-
JIOM Qp.

* B cualy akcHOMH Apxumena IJIA OTPe3Ka, KaKOBH OH HHM OBUIM JBA OTpeska
AB u CD, 1noBTOpPUMB OfMH H3 5THX OTPE3KOB CJaraeMhM JOCTaTO4HO = GoJibluoe
YHCJO pa3, MH HOJYYHM OTPE3OK, AJHHA KOTOPOTO NPEBOCXOAHT JJHHY BTOPOro
«OTpe3Ka.
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B nmepBoM cJayuae npollecc H3MEpEHHs! CJeAyeT NPOJOJNKHTH H BHI-
SCHHTb, CKOJbKo pa3 1/10 wacts macwrabroro orpeska OF ykaambi-
Baercss B orpeske NM (sBasiomeMcsl OCTATKOM H3MepeHHs ¢ I0-
mombio Menoro otpeska OFE). CuoBa MOryT npeiacTaBuUThCH  HBA
caydasi:

1) 1/10 yacrs OE yknapwiBaercsi B orpeske NM a, pas ¢ HEKOTO-
peim ocratkoM PM, mensmam 1/10 wactn OE (cm. puc. 2.2). B stom
cjyyae palHOHaJbHOe YHCJIO Qo, @ IPEACTaBAAET COOOH pe3ysbTaT
usmepenuss OM 1o HeZOCTATKY C TOYHOCTBIO Ao umesa 1/10.

2) 1/10 gacry OE yknagrBaercsi B orpeske NM uenoe uymeno a,
pas 6e3 ocTaTkKa. B aToM cayuae mpouecc uaMepeHHS MOXKHO
CUUTATb 3aKOHUEHHBIM H DallHOHAJbHOE YHCJO (o, @1 CUHTATH JJIHHOH
orpeska OM. ®opmabHO MBI MOXKEM YTBEPXKAATh, UTO B 3TOM CJaY-
gyae Touyke M coorBeTcTByeT GecKOHeUHasi JecsiTHuUHas  ApoOb
a0,a:000..., oTOKECTBIsIEMAsA C PALLHOHAJBLHBIM YHCIO Qo,).

ITpononkas ykasaHHBIC DAacCyKACHHS Jajiee, Mbl NpPHAEM K JBYM
BO3MOKHOCTSIM:

1) nu6o onmcaHHb mpolecc u3MepeHus o6OpBeTCs Ha N-M LIare’
BCJIE/ICTBHE TOTO, 4TO TOouKe M COOTBETCTBYET DaUMOHAJIbHOE YHCJO
Q,a103 ...An (B 3TOM caydae Touke M cooTBercTByeT GeckoHedHad
JdecaTHyHas Apobb ao,@1ds ... 2,000 ..., KOTOPYI0 MBI OTOXAECTBJAAEM C
pauuoOHaNbHBIM YUCIOM 0,810y ... Q) ;

2) nu60 onucaHHBIA NPOUECC H3MepeHHsl HHUKOTAA He 0BOpBeTCH H
MBL TIONYYHM OECKOHEUHYIO NOCJAEA0BATENbHOCTh PAlMOHAJNbABIX UYHCE

Qo; Qo,Q1; ...; Qo,A183...An; ..., (2.1)

NpeAcTaBJATIOUIMX COGOH pesysbTaT H3MepeHHst MO HeJOCTATKy OTpes-
1

ka OM c toudocteio go 1, —, ...

O e e

Kaxnoe u3 uucen nociemoBaresbHoctH (2.1) MOXeT GbTb noJty-

YeHO OGphIBAHMEM Ha COOTBETCTBYIOLIEM 3HAaKe GECKOHEUHOH AeCSTHU-
HOH Apobu

9 o s e

Qo, 1Ay ...Gn ... (2.2)

Takum o6pasom, B cayuae 2) touke M uuCJ0OBOH OCH OTBedaer
BIIOJIHE ONlpeaesieHHas GecKOHedHasi fecsiTHyHast apobp (2.2). MoxHo
CKasaTh, 4YTO H B cAydae 1) Touke M orBeyaer GecKOHeYHast MeCSTHY-
Has Apo0b (2.2), HO B 3TOM cayyae y 3TOH ApPoGH BCe: AeCSTHUHBIE
3HAKH C HOMEPOM, GO/IbIIMM 7, DaBHH HYJIO, T. €. yKa3aHHas Apobb
B cayuae 1) mMeeT BHA ao, a1as ... 4,000 ..., -

IIpuBefenHble HAMH DACCyX/ACHHsS NPUMEHHMEl W IS CJyYasi, KO-
raa rouka M gexur seBee ToukW O, TOJBKO B 3TOM CJAYyHAe €CTeCT-
BEHHO CUMTATh, YTO BCE IJEMEHTH NOCJaefoBaTesbHOCTH (2.1) u 6ec-
KOHeyHast AP06b UMEIOT OTPUIATENbHEIH 3HAK..

Hrak, Mpl yGefMauch, 4TO ONHCAHHHIH HaMH npouecc U3MepeHHA
HO3BOJISIET NTOCTABUTb B COOTBETCTBHE KaXA0H Touke M uHCJI0OBOH OCH
BNOJIHE ONpene/]eHHYI0O OGEeCKOHeUHYI0 HecATHYHYI0 Apobb. 10 06-

2 3ak. 72
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CTOAITEJNBCTBO €CTECTBEHHO NPHBOJHUT HAC K HEOOXOZHMOCTH PacCMOT-
peHns uuces, TPEICTABUMEIX GECKOHEYHBIMH AECHTHYHHIMH JADOOSMHU.
3ameuanne. KoHeyHO, onmucaHHBII HaMM MPOIECC H3IMEPEHHA
orpeska OM MOXKHO BHIOH3MEHHTb TaK, UTO OH OYAET NPHBOAATH K
PacCMOTPEHHIO He OECKOHEUHHIX NECSTHUHHIX, a, Hanpumep, GecKoHed-
HhIX ABOHMYHB X HIU OECKOHEYHHX TPOHUYHEX apobeir. JKeaa-
HHE paccMaTPHBaTh GECKOHEYHble AeCATHYHBIE APOOHM BHI3BAHO JHIIbL
TOH 0c060# POJIbIO, KOTOPYIO TPAAULHOHHO HIpaeT AecaTHYHas CHCTE-
Ma cuucsieHusl. PasBuTHe 3J€KTPOHHOH BHIYHCJHTENBHOH TEXHHKH IO-
BHICHJIO POJIb JBOHYHOH H TPOHYHOH CHCTEM cuHc/aeHus, ubo (B cuay
KOHCTPYKTHBHBIX ocoferHocTeli DBM) atu cucreMbl cunciaenus Gogee
YAOOHH B IPAKTHKE HCHOJb30Banus DBM.
3. Ynopspouenne MHOMKeCTBa OECKOHEYHBIX HECATHYHbIX JPOGei.
Bo BBOAHOII riaBe MBI yKe OTMeYaJid, YTO MOHSTHE YHC/IA OTHOCHTCSH
K TaK Has3hlBaeMbIM Ha4YaJbHBM HNOHATHAM (T. e. K INOHSATHAM,
KOTOpHIE MOryT OBITh pa3bsCHEHbl, HO He MOryT OBITh CTPOrO Ompe-
JeseHbl, u60 BCAKas MOMBITKA JAaTh CTPOTOe ONpPEHENEHHE TaKOro Io-
HATHA Heus30eXHO CBefeTCsl K 3aMeHe ONpelesisieMOro MNOHATHA eMy
3KBHBAJIEHTHBEIM). MBI BBeeM NOHATHE BELIECTBEHHBIX YHCEJ, OTIPAaB-
JS5ICh OT MHOXeCTBa GeCKOHeYHBIX AECATHYHBIX Apobeil.

PaceMoTpEM MHOXKECTBO BCEBO3MOMKHBIX GECKOHEUHBIX JEeCATHUHBIX
Apobe#i (KaK MOJOXKHUTENbHBIX, T. €. B3ATHIX CO 3HAKOM -, TaK H OT-
PHUATENbHBIX, T. €. B3ATHIX CO 3HAKOM —).

Mul 6ynem npuAepKUBATHCS CAEAYIOIETO MJIAHA.

Ilns MHOXKecTBa BCexX UHCeJ, NPEACTaBHMBIX GECKOHEYHBIMH Aecs-
THYHBIMH ADPOGAMH, MBI BBeJeM ONlepaluio ynopsmouenus. [locie 370-
ro Mbl y6eammcsi, 4To AJA BBEJEHHOH HaMH OmepauuH yNOPsAOYCHHS
OCTaeTcst CIpaBeVIUBbIM TO K€ caMoe CBOHCTBO 4°, KoTopoe copmy-
JHPOBAHO B 1. 1 AA palHOHAJbHBLIX YHCeJa (T. e. CBOMCTBO TpaH3H-
THBHOCTH 3HAKOB > H =)

Hannuue TOJBKO OJHOTO 3TOr0 CBOKMCTBA MO3BOJIHT HAM [0KAa3aTb
3aMedaTeJIbHYyI0 TeOpeMy O TOM, UTO Y MHONMCeCT8a 4ucen, npedcrasi-
MbLX DeCKOHeuHbiMU O0eCATUUHBIMU OPOBAMU U OZPAHUUEHHBIX CEepXY
(uau cooTseTcTBeHHO CHUBY), cyujecTsyeT uucao, npedcrasumoe Gec-
KOHe4HOU OecaTuuroli OpobbI0 U ABASIOUeecs To4uHOl sepxueti (uiu
COOTBETCTBEHHO TOUHOL HUJNCHEL) ePaHbI0 YKA3AHHO20 MHONECTsa
qucen.

Iocne 2TOrO BBOAATCH ONEPALHH CJIOKEHHS H YMHOMXKEHHS 4dHCel,
NPeJACTaBUMBIX O€CKOHEUHBIMH NECATHUHBLIMH APOGAMH. DTO 1aeT Ham
BO3MOXHOCTb BBECTH 8eUeCTEEHHbIe HUCAQ KAK TaKue 4ucad, KOTopobie
npedcrasumet Geckoneunsinu OecaTuunsiymu Opobamu u 041 KOTOPbLX
YKasaunHoim Hamu cnocobom onpedenenst onepayun ynopadodenus,
CAOXCEHUS U YMHONeHus. JlOKasaHHasi HaMHM TeopeMa O CYILeCTBOBa-
HAH TOYHBIX I'paHedl MO3BOJHT JOKa3aTh CYyujecTB08AHUE CYMMbL U
npoussedenus ABYX JIOOHX BEIIECTBEHHBIX UHCes, a TaKKe CIpaBef-
JIMBOCTB JIJIs 3THX YHCEJ TeX XKe CaMbiX 6 oCHO8HbIX CBCICT8, KOTO-
pHe chOpPMYJIHPOBAHH B I. 1 AJil PAlHOHAJIBHEIX UYHCEJ.
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IlpucTynum K peajmu3alui yKa3aHHOro IJaHa.

B 3TOM myHKTE MBI BBeleM MAJs UHCEN, NPEACTaBUMBIX OeCKOHed-
HBIMH JIECATHYHBIMH JPOOSiMH, ONEPANUIO YNOPSAAOUEHHS H YCTAHOBHM,
9T0 3Ta omepauus objamaer ¢BOHCTBOM 4°, chOpMyJIHPOBAHHOM B
@. | Aad pauHoHAJBHBIX YHCeJa (T. €. CBOACTBOM TPaH3HTHBHOCTH 3HA-
KOB > H =). )

Paccmorpum npoussossnoe wuucio, npedcrasumoe OecKOHeuHQL
decartuunoil 0pobsio, orauunoil or 0,000.... 310 uucro mur 6ydem Ha-
36l60T6 NOAOMUTEAbHOLM, eCAU OHO npedcTasumo OecKoHe4Hol
decaruunoli Opoboro, 83aTOL O 3HAKOM -, u OTpUYaTeAbHbLM,
ecau OHO npedcrTasumo Geckonednol OecATu4Holi Opobbro, 83ATOU €O
3HaKOM —.

Hucaa, He seasroujuecs nososxcutenrsvroimu, mol 6ydem HA36L8aTH
HENOAOHUTEAbHBIMU, A HUCAQ, HE ABAAOWLECS OTPULATEAbHbL-
MU—HEOTPUYATENbHObLMIL

Cpasy Xe OTMETHM, 4YTO BCe pallMOHaJbHble YHCJIa OTHOCATC K
MHOXKECTBY 4YHCeJ, NPeJCTaBUMBIX OECKOHEYHBIMH JeCATHYHBIMH ApO-
6smu. IlpesncrapiieHHe NaHHOrO DaLHOHAJBHOrO 4YHCJa GECKOHEUHOR
JAECATHYHOH APOOBIO MOXKHO NOJYYUThH JBYMS COCOGAMHU:

1) B3siB TOuky M, OTBeYaIOUIYI0 NAHHOMY PalMOHAJLHOMY YHCIY
Ha YHCJOBOH OCH, H NPOH3BeAs H3MepeHHe oTpeska OM ¢ nomotuib
MaclTabHoro oTpe3Ka crnoco6oM, yKasaHHHM B M. 2; ‘

2) B37B OOLIKHOBEHHYIO Apo0b M/n, NpEACTaBJASIOULYIO JaHHOE pa-
UHOHANbHOE YHWCJIO, H NOJAEJHB YHCJIHTEJNb M Ha 3HaMeHarteldb 7Nt
«CTOJOUKOM>» *. :

Mbpl mpesncraBisieM yurtatenio y6eIMThCA B TOM, 4TO 06a 3TH CIO-
co6a 3KBHBANEHTHHl ApYyr apyry. Tak, npu J060M H3 YKa3aHHBIX
€I0CO60B pallHOHAJbHOMY uHCIy 1/2 craBHTCS B COOTBETCTBHe Oec-
KoHeuyHast gecsituyHasg Apobs 0,5000..., panuonanbHOMy umeny 4/3 —
OecKOHeuHast mecsiTuuHas Apobn 1,333....

IIpexne uem mepeiitn K GOPMYyJHPOBKe TpaBuAa yHOPSAOYCHUS
YHCes, NPEeICTABUMEIX OGECKOHeUHbIMH JECSTHYHBIMH ADOOSMH, pac-
CMOTPHM BONpOC O INPEACTaBJeHHH B BHAe GECKOHEUHBIX HECSTHUHBIX
ZpoGell TeX palMOHAJBHBIX YHCEJ, KOTOPble NPeACTABHMBI B BHJIE KO-
HEYHOU JecATHYHOH Apo6H.

3aMeTuM, YTO TaKMe palMOHAJbHble YHCJAA JONYCKAalOT KB a
MpeACTaBJ/JCHHUS B BHIe GECKOHCUHBIX IeCATHUHBIX ApoGeit. Ha-
fIpHMEp, palHOHaJbHOe uyucao 1/2=0,5 MOXKHO NpeacTaBHTL B BHAE
JABYX OECKOHEUHBIX JeCITHUYHHX Apobei:

1) 1/2=0,5000..., 2) 1/2=04999... .

BooGuie, panmuoHanbHOe 4HCaIO @=ao, A14s ... An, TlE a0, MoX-
HO 3amHCaTh B BHAE ABYX GeCKOHEYHBIX NECSITHYHBIX Apobeii:
1) a=ao, @102 ...a,000..., 2) a=a,,a1as ... an— (@n — 1)999....

* B xypce cpenmeli IIKOJB JOKa3bIBAETCH, ¥TO NPH TAKOM [EJEHHH noJy4aercs
0653aTeJIbHO NepHO LMY CKA A GeCKOHEYHAS JAeCATHIHAS npo6b,

ox
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EcrecrBeHHO, MBI JOJIKHBL OTOXAECTBHTh YKa3aHHbie JBe 6ecKo-
HeyHble JeCATHYHble JpOOH (T. e. CUHTATh, 4TO OHH MPEACTABJASIOT
OJHO M TO XK€ BellleCTBEHHOE YHCJIO).

PaccmorpuM Temepb JBa NPOM3BOJIBHBIX BeIeCTBEHHBIX 4YHCAA &
H b W TMpeAnosONRUM, YTO ITH YHC/IA NPEACTABIASIOTCS OGECKOHEUHBIMH
JEeCATHUHBIMH ApOOsSMH

a=-+aqg, 10z ... Ay ..., b=ib0, b1b2 bn veey (23)

rje H3 ABYX 3HAKOB -+ H — B KaxkJIOM IpeACTaBJeHMH Gepercs Ka-
KOH-TO OJMH.

HckaouuM yxe pacCMOTPEHHMIH BhIE cayudall, korpa ob6e Gecko-
HeuHble jgecaTuuHble Apofu B (2.3) HMeEOT OAUHAKOBLiE 3HAKH H CJY-
Xar AByMf pAa3JHYHBIMH IPeACTABJEHHSAMH OIHOTO M TOrO JKe palHo-
HaJILHOTO YHCJa, NPEACTAaBHMOTO KOHEUHOH JaecsiTHYHOH apolbio. Ilo-
cJle HCKJIOUeHHS 3TOro CJydyasli JOTOBODHMCS HasbiBaThb JBa YHCIa @
H b paBHBIMH, ec/H UX NPEACTaBJEHHS B BHIAEe OECKOHEUHBIX AeCATHY-
HBIX Jpoleft (2.3) MMEIOT OXNMHAKOBBIE 3HAaKH 4 €CJHM CHPaBENJIHBa
GecKOHeUYHast 1[€HOUKA PaBeHCTB

a0=b(;, alzbl, a2=b2,...,an=bn,.... (24)

Hrax, mor Hasvisaem 0sa uucaa ¢ u b pasnemu, eciu ux
npedcrasaenus 8 sude 6ecKoneunvlx decaTudHbix dpobeti (2.3) umeror
o0unaxossie 3HAKU U ecau AubO CnpagefiuBa Yenouka PABeHCTs
(2.4), aubo 6eckoneunole decarudnvie dpobu e (2.3) caysxcar Osyms
npedcTasAeHuAMU OOHO2O U TO20 e DAUUOHAALHOZ0 YUCAQ, NPedcTa-
BUMO20 KOHEUHOU OecaTuuHoll dpobsio.

IlycTs jnaHbl ABa HepaBHBIX 4YHC/AA @ W D, MpeACTaBHMBIX Gecko-
HCYHBIMH NECATHYHBIMH JPOOSIMH. YCTAaHOBHM NpaBHJIO, II03BOJSIO-
lee 3aKJIOUYHWTb, KAKUM H3 JBYX 3HAKOB, > MAH <, CB3aHbLI 3TH
qucJa.

Hocosopumes naseiars modyrem 4ucaa a, npedcTasumozo
beckone4Hoti decaTuunoil Opobbsio, uucio, npedcTasumoe TOL e ca-
Mot OeckoneuHOl OecaTUuHO Opobvio, 4TO U 4UCAO Q, HO 8ce2da 83-
10l €O 3HAKOM +. ’

Monynb uucna a Gynem o6o3Hauatbh cumsosom |a|. Yucao |al
BCErja sIBJSETCS HEOTPHILATENbHbIM.

PaccmoTpuM oTnenbHO TPH BO3MOMHBIX cayyas: 1) cayuaii, Koria
a u b o6a HeoTpuuaTenbHH; 2) cayyaii, Korna ob6a uucaa a M b or-
pHIATeNbHB; 3) caydall, KOTAa OAHO H3 YHCEN @ W b HEOTPHIATEJNBLHO,
a [pyroe OTPHLATENBHO.

1) Iyctb cnavana a u b 06a HeOoTpHLAaTedbHB H HMEIOT
ApeJCTaBJeHHs a=Qg, Aidy ...; b=0by, b1by.... Tak Kak uucia @ U b He
SIBJISIOTCSl PaBHBIMH, TO HapyluaeTcs XoTsi Obl OMHO W3 paBeHCTB (2.4).

OGosHauum yepe3 X HaWMEHBIUHA M3 HOMEPOB 7, AJASt KOTOPOTO
HapyluaeTrcsl PaBeHCTBO dn=0,, T. €. NPEANOJOKHM, 4TO

ao=bo, a1=0by, ..., an_1=by_;, ar==bs.
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Torza MBl Oyaem cudtath, Yyto a>b, ecnu ar>bx, u Gynem cun-
TaTh, uT0 a<b, ecnm ar<<by. . ,

2) Ilycrs Tenepb 06a uuena a u b orpunareasun. Torpa
MB OyIeM cuuTaTh, uto a>b, ecmm |b|>|al, u a<b, ecan |b|<
<lal| *.

3) Ilycts, HaKOHEL, OZHO YMCJIO (HAampHMED, @) HEOTPUILLATENLHO,
a gapyroe uuciao (b) orpuuarenvHo. Torga, ecTrecTBeHHO, MBI Oyaem
cuHTaTh, 4TO a>b.

Hrak, MBI IOJHOCTHIO CHOPMYJHPOBAIH MPaBUJIO YIOPSILO-
YeHHS YHCeJ, IPEJCTaBHMBIX OECKOHEUHBIMH [ECATHUHBIMH JpO-
6sMHu.

Uto6Hl cpenarb cHOpMYTUPOBAHHOE NPABHIO GE3YIPEYHEHIM C JIO-
THYECKOH TOYKH 3peHHs (WJIH, KaK TOBOPST B MaTeMaTHKe, KODPEKT-
HBEIM), JIOKaXeM CJeAyIOULyIo JeMMYy.

Jlemma., Ecau a=ap mas.... 0y ... — APOU3BOALHOE HEOTPUUQ-
TeabHoe uucao, a b'=by, biby... b, 1b,000... u b"=by bibs...
b (b —1)999... npu b,>0-—08a pasauunbly npedcTasACHUA
O00HO020 U TO20 e PayuUoHaAbHO20 4ucaa by, biby..b,, TO ycaosue
a<b’ axeusasentno ycarosuro a<b”, a ycrosue a>b’ sxsusasreHTHO
ycaosuro a>b".

OTa JeMMa HO3BOJI€T NPH YHOPSLOUEHHH IBYX HEPABHBIX UYHCEN
He 3a00THTHCS O TOM, KaKoe H3 IBYX BO3MOXKHBIX NPEACTABJIEHHH B
BuJle OECKOHEUHOH [E€CATHYHOH APOOHM B3SITO AJsI UHCJA, I[peACTaBH-
MOTO KOHEUHOH JAeCSITHYHOH ApoObIo.

HokasatenabcTBo. Jas MOJHOrO A0Ka3aTenbcTBa JEMMBbl CJie-
AyeT JOKa3aThb YeTwpe yTBepxkiaeuusi: 1) us a<b’ Borekaer a<b”;
2) u3 a<b” Buitekaer a<b’; 3) uz a>b’ BuTekaer a>b"; 4) us
a>b" Britexaer a>b’. .

Mpi orpanuuEMcsi J0KasaTeJbCTBOM YTBepkKaeHui 1) u 2), ubo
yTBEPKAEHUA 3) ¥ 4) MOKa3HIBAIOTCH AHAJOTHUYHO.

_Ilyers a<b’. Torpa no npaBmay ynopsiAoyeHust HalgeTcs HOMep
k Takoi, yro

ao=b0, a1=b1,.;.,ak_x=bk_1, ah<bh (25)
(B 3THX COOTHOIIEHHAX CJEAYeT CYHTATh BCE bnyi, Dnio, .. PABHBIMH
HYJ10) . . '

Cpasy e sameTuM, yto k<, u6o npu R>n HepaBeHCTBO < by
He MOXKeT BBUIOJHATHCA, TakK Kak 0<Cap<<9, a bp=0.

. Ecam mpu atom k<n, To, nockoibKy npu k<n Bce HecATHUHbBIE
3HaKH 10 Nopsiika Ry b’ u b” coBmapaioT, ycaosusi a<b’ u a<b”,
OYEBHIHO, 9KBHBAJIEHTHHI. \

Ocraerca paccMoTpeTs cayuail k=n. B sTom cayuae cooTHOMmeHus
(2.5) npuuumaior BuI ao=by, a;=0b,..,an1=bn_, an<b,. Camoe
NoC/JeHEe HEPABEHCTBO 5KBHBAJEHTHO HEPABEHCTBY an<ibn,— 1.
Ecau npr atoM an<bn, — 1, 10 no npasuny ynopsamouenus a<<b”.

* Tlpu 3TOM MH Y9YHTHBAaEM, YTO JJIf HEOTDHLATeJAbLHHX a4 H b mpasu-
JI0 yNOpPSIIOYEHHs yXKe onpefeJeHo (cM. caydai 1)).
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Ecau Xe B yKa3aHHOM TOCJelHEM HepaBeHCTBe a,=b, —1, TO
Bce JecATHUHbBIE 3HAaKH Yy uuces a U b” o mopsiaka n coBmajalor.
IMockoawpKy v uucyia b” Bce mecsAiTHUHBIE 3HAKH MOPsiAKa, GOJbLIEro 7,
PaBHBl [EBSITH, TO B B 3TOM caydae a<<b”, ubo y umcna a Bce mecd-
THYHBIE 3HAKH TOPSAKA, GOJBIUEr0 n, He MOTYT ObITh PaBHH AEBATH
(B cuay TOrO, YTO @ He paBsHO b').

Urak, yrBepxaeHne 1) mokasaHo.

Ilepeiinem Kk [goka3aTenbCcTBY yrTBepxKAeHus 2). llpexmosoxum,
yro a<<b”. JloroBopuMcsl O CJAEAYIOINUX 0603HAYeHHUIX OeCKOHeUHBIX
JeCATHYHHX Apobeil, mpeacTaBisiiouux ynciaa b’ u b”.

b'=by, by’by ... by ..., b =bo",0,"by” ... b, ...

B stux npexcrasieHusx
by’ =by” =bo, by’=b,"=b1, ..., b1 =b"n_y =bu1, b,/ =b,, b, =br—1.

Unbimu CJlOBaMu, CiipaBe€LJnBa Lelo4yKa COOTHOIIEHHH
bO/: bOI/, b[/——‘— blll’ vy b,n—l — b”n—l, bn,> bn”-

C npyro#i CTOpoHH, NOCKOJAbKY a<b”, naiimercs HoMep K Takxo#,
YTO CIpaBeRJUBA IENOYKA COOTHOLIEHHI

ao="bo", a1=b\", ..., ap1=b"r_1, ar<<by".

O6o3HauuM yepes M HauMMEHbIIHH H3 ABYyX HOMEPOB 71 H R
H CONOCTAaBUM MexXJy co0oif JABe nocjeJHHE IENOYKH COOTHOLIEHHH.
Hcnonb3ys cBolicTBa TPAaH3UTHBHOCTH 3HAKOB > W = JJIF LEJbIX YH-
cesl, MBl IOJYYMM IIPH 5TOM CJEAYIOMYIO HEeNOYKY COOTHOLIEHHH:

ao=by, a1=b\, .., am 1 =b"m_1, an< b’

IlonyyeHHBle COOTHOINEHHSI HA OCHOBAHHMH NPaBHJa YIOPSJOYEHHS
BEUIECTBEHHBIX YHCEN YCTAHABJHBAIOT CIPaBeJJUBOCTb HEPABEHCTBA
a<b’. Tem caMbIM yTBepXKJeHHE 2) TaKXKe JOKA3aHO.

Enie pas noguepksHeM, uYTO [JOKa3aHHas JieMMa IO3BOJseT IPH
YIOPALZOYEHHH JBYX 4YHCeJ, IPeACTABUMBbIX OECKOHEYHBIMH JeCsATHY-
HBIMH JpOOGSIMH, NOJb30BATbCS JIOOBIM K3 ABYX IpeACTaBJeHHH B
- BHJle 0eCKOHEYHO! MeCATHUHOH Jpo6GH I/ pPalHOHaJbHBIX YHCEI,
NPEACTABHMbIX KOHEUHOH JeCATHYHOH APOOBIO.

- Jlerko y6eiuThCs B TOM, YTO CHOPMYJHPOBAHHOE IPaBUJIO YIO-
PANOYEHHS B NPHUMEHEHHH XK JABYM palHOHAJbLHLIM UMCJAaM, Npef-
CTaBJEHHBIM B BHAe OeCKOHEUHBIX JAECATHYHBIX ApobeH, MPHUBOILHT
K TOMY XK€ De3yJabTaTy, YTO H IpexHee I[PaBHJIO YIOPSJOUYEHHS
PallUOHAJBHBIX UHCEJ, IpEeACTaBJEHHBIX B BHJAEe OTHOLUIEHHSA JBYX
LeJbIX YHCeI.

B camoM pnese, AOCTATOYHO paccMOTpeTh cjay4all OBYX HeOT -
PHULATENAbHBL X pauHoHaJbHbIX uuces a u b. Ilycts a>b co-
IJ1acHO TNpPEXHEMY NPaBH/y YIOpPAJAOuEHHs PpaluOHAaJbHBIX YHCeJ],
U IyCcTh a=do, &1z ...On ...; b=bo, bibs...by ... OTHOXKHB panuo-
HaJIbHBIE YHCAa @ B D Ha 4uCJIOBON OCH, MBI MOJYYHM OTBeuawllHe
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uM TOUKH M; u M,, npuueM, mockoJapKy a>b, orpesok OM,; 6oib-
mwe orpeaka OMs,. M3 onucanHoro B 1. 2 mpoiecca H3MepeHHs OT-
pe3Ka YHCJOBOH OCH BBITEKAET, YTO LEJO€ YHCJIO Qolids...Ar TOKa-
3BIBaeT, CKOMbKO pa3 10~* uacte MacwiraGuoro orpeska OF yxaa-
nbiBaetcss B orpeske OM;, a nenoe wucao bobibs... b, mokasniBaer,
ckoJibko pa3 10~* uacte OE ykinagpiBaercss B orpeske OM,. Tlo-
CKOJIBKY 0oTpe3ok OM; Gosbiue orpeska OM,, To Halijercs HOMep
k TaKOﬁ, UYTO QoQi -na«h—l':—“bobl---bk—l, a apty ...ak>b0b, ...bk, HO
3TO W O3HavaeT, 4ro @>0b corjacHO NpaBHJIy YNOPSAOYEHHS UH-
cesl, IpeJCTAaBHMBIX GECKOHEUHBIMHM JIECATHYHBIMH JPOOSIMH.
JlokaxeMm Tenepb, 4TO AJad C(HOPMYJHPOBAHHOrO HAaMH IIpaBHJA
YINOPSNOUEHHS] YHCE, NPEJCTABUMBIX OCCKOHEUHBIMH JAeCATHUHBIMH
JApoOsiMH, OCTaeTcst cnpaBefJUBHIM CBOICTBO 4°, NpuUBeJeHHOe B M. 1
JJIsi PallHOHAJNbHBIX YHCEN, T. €. JNOKaXkeM, uTo 044 A06blx Tpex 4u-
cer a, b u c, npedcrasumoix Geckorneutoimyu OecaTuunbimu OpPOOGAMU,
u3 cnpasediusoctu uepasencrs a>b u b>c¢ swirexaer cnpasediu-
80CTb HepasencTsa a>>C (C80ICTE0 TPAH3UTUBHOCTU 3HAKA >>), a U3
cnpagedausocTu paseticte a=b u b=c sbirekaer cnpasediusocTs
pasencrsa a=c¢ (C8OLCTB0 TPAHZUTUSHOCTU BHAKA =).

CBOMCTBO TPAaH3WTHBHOCTH 3HAaKa = Cpa3y e BBHITEKAaeT W3 chpa-
BeJIJIUBOCTH COOTBETCTBYIOUIEIO CBOHCTBA AJIS IJBIX YHCEJ.

JloxaxkeM CBOHCTBO TpaH3WTHBHOCTH 3Haka >. Ilycts a>b, b>c.
Tpebyercst BOKa3aThb, 4TO a>cC. '

PaccMOTpHM TpH BO3MOXKHEIX caydas: 1) ¢ HeoTpuuarenbHo; 2) ¢
OTPHIATENBHO, @ HEOTPHLATENbHO; 3) ¢ OTPHUATENbHO W @ OTPHIlA-
TEJbHO.

1) Ilycrp cnavana ¢ HeorpHuaresbHo. Torma b Tak:ke HeoTpHla-
TeJNbHO, U060 ecan Obl b GBLIO OTPHUATENBHO, TO B CHJIY NMpaBWjia yuo-
PANOYEHHST MBI NOJYYHIH GBI, uTO ¢>b, ¥ 3TO NPOTUBOPEYHJIO Gbl ye-
JoBuio b>c¢. Jlanee, MOBTOPSs T K€ PACCYRACHHS, MB TOJy4YHM,
YTO H @ HeOTpHUaTeJbHO (HGO B NPOTHBHOM CJyYae Mbl INOJYYHIH
6B, 4TO b>a, H 9T0 NPOTHBOPEUMIO Gbl YCJIOBHIO a>b).

Hrak, B paccmaTpuBaeMom cayuae Bce TPu umcia a, b ¥ ¢ Heor-
pHIlaTesqbHBl. 3alHCaB NPEACTABJAEHHS THX UHCea GeCKOHEUHBIMH Je-
CATHUHBIMY APOOIMH
a=ao, mas...; b="by, biby..; c=co,€iCs..., MBI NONYYUM, UTO B CHJY
yciaoBusi a>b naiigercs HoMep R Tako#, uTo

_ ao=bo, ay=by,..,ak1=br_1, ar>by. (2.6)
AHajorHuHO B CHJY YCJIOBHSI b>¢ Halimercs HOMEp p TakoH, 4To
bo=co, bi=cy, ..., bp_1=Cp_y, bp>cp. 2.7)

O6osiauum yepes 7 HaHMEHbUIHHA W3 ABYX HOMepoB 2 u p. Toraa,
O4Y€BHIHO, M3 CcOOTHOWeHHH (2.6) u (2.7) m H3 cnpaBeATHBOCTH
CBOHCTBA TPAaH3UTHUBHOCTH 3HAKOB > M = JJIs1 IEJEX YHCEJ BHITe-
K3eT, 49TO Qo= Cy, @3 =C1, ..., Am—1=Cm1, Gn>Cm, @ 3TO U O3HAUaET (1O
NpaBuIy yNOpPSiLOYEeHHsT), YTO A >C. '
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2) IlycTs Temepb ¢ OTPHIATEJbHO, @ HeoTpuLaTesnnHo. Torma (He-
3aBHCHMOE OT 3HaKa uHc/l1a b) HepaBeHCTBO @>¢ CHPaBeLIHBO B
CHJIy NpaBHJia YNOPSJOUYEHHS.

3) Paccmorpum, Hakomen, caydvai, Korja o6a uMcia @ M ¢ OTPH-
Lare]bHEl. 3aMeTHM, YTO B 3TOM caydae W b orpumarenbHo (u6o B
NIDOTHBHOM CJIy4ae Mbl MOJY4YMAM Obl M3 IpaBuja ynopsaodeHHs, 4TO
b>a, u 310 npoTHBOPEUNIO OBl YCAOBHIO a>b). _

Hrak, B paccmarpuBaeMom caydae BCe TPH uHCHa a, b u ¢ OTpH-
narespHel. Ho B Takom cayuae (B cuiy npaBuia ymopsgouenus) He-

aBeHcTBA a>b, b>c osKBHBajeHTHH HepaBeHcTBaM |b|>|a| u

Tc|>|b[. W3 nocnennux AByX HepaBeHCTB (B CHJy CBOKCTBA TpaH-
SHTHBHOCTH 3HaKa >, yXe JOKa3aHHOTO HaMH B cayuyae 1) mias He-
OTPHIATENbHBIX YHCeJ) BHITEKaer, uro |c|>|al, a 310 u o3mauaer
(B cuy mpaBm/ia YNODPSAOYEHHS ‘OTPHLATENLHBIX UYHCET @ H C), 4TO
a>c. Tem caMbIM J0Ka3aTeJbCTBO CBOMCTBA TPAH3HTHBHOCTH 3HaKa
> MOJIHOCTBIO 3aBEPIIEHO.

§ 2. OTPAHMYEHHBIE CBEPXY (WJIH CHU3Y)
MHO)KECTBA YHCEJI, NMPEJCTABHMbIX
BECKOHEYHbIMH JXECATHYHBIMH APOBSIMH

1. OcHoBHble mnOHATHSI. PaccMOTpDUM COBEpIEHHO IIPOM3BOJIbHOE
MHOXKeCTBO {Xx} 4HCEJ, NpPeNCTABUMbIX OeCKOHEUHBIMH JAeCATHYHBIMH
IpOGAMH. :

‘OtpeNbHbie 9HMCJIa, BXOJSLIAE B COCTAB MHOXKeCTBa {x}, Mbl GyneM
HasbIBaTh JIeMeHTaMH 3TOr0 MHOXKEeCTBa.

Bciogy B atom naparpacde Mo 6yzeM Tpe6oBaTh, 4yTOOBI paccMmar-
pHBaeMOe MHOXKECTBO {x} comepxajo XOTsi Ol OAHH 3JEMEHT (Taxoe
MHOXKECTBO NIPUHATO HA3HIBAaTh HEM Y CTH M).

BBezeM BaxkHOe NOHATHE OrPAHHYEHHOCTH MHOMKECTBA CBEPXY
(unu COOTBETCTBEHHO CHH3Y). .

Onpexenenue 1. Muosecrso {x} uucea, npedcrasumoix 6€CKO-
Heunbimu OecATUYHbIMU OpPOGAMU, HA36IBAETCE O2PAHUYEHHDbLM
ceepxy (COOTBETCTBEHHO O2PAHUUEHHBIM CHUBY), ecau cy-
ujectsyer rakoe npedcrasumoe OGecKoHedHol OecATu4HOl Opobsio 4u-
cro M (coorsercreenno Taxoe npedcrasumoe 6eckoneuHol OecaTuy-
HOU Opob6sio 4ucro M), 410 KAXObLL dLemenT x mHoxecTéa {x} ydos-
AETBOPAET HEePaBeHCTsY

XM (coorsercrsenno x=m). (2.8)

IIpu stom wucao M (uucio m) naseisaercs eepxHeti ePanbso
(huscnell epaHbr) mHoiecrea {x}.

Koneuno, n060e OrpanuyeHHoe CBepPXy MHOXKeCTBO {X} nMeer Gec-
KOHEYHO MHOro BepXHHX rpaneit. B camom pnene, ecan uncio M — og-
Ha M3 BEPXHHMX IpaHeli MHOXecTBa {x}, To Jw6oe unciao M’, 6oabuiee
uynciia M, Takke sBJsercs BepxHell rpaHbio MHOXKecTtBa {x} (u6o H3
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crnpaBeJIMBOCTH HepaBencTBa (2.8) Oymer caemoBath, yro x<IM').
AnajlorHuHOoe 3aMeYaHHE MOXKHO CjielaTh B OTHOILEHHH HHXKHHX rpa-
Hel OrpaHHYeHHOTO CHH3Y MHOXecTBa {x}.

Tak, Hanpumep, MHOXKeCTBO BCE€X INPEACTAaBHUMHIX OGeCKOHEUHBIMH
JECATHUYHBIMH APOOSMH OTDHIATENbHHIX YHCEJ OrpaHHYeHO CBEPXY.
B kauectBe BepxHe#l rpaH M Taxoro MHOKECTBA MOMKHO B3SITh JIIO-
60e HEeOTPHIATEJbHOE UYUC/JI0. MHOMKECTBO BCEX HENbIX MOJOXKHTENb-
HEIX umcen 1, 2, 3,.. orpaHnyeHo cHu3y. B KauecTBe HUKHeH rpaud
3TOTO MHOXeCTBa MOXHO B3fIThb JI060e YHCJIO ™M, YyIOBJETBOpsOllee
HepaBeHCTBY M< 1.

EcrecTBeHHO, BO3HUKAeT BONPOC O CYIIECTBOBAHMH HaHMeEHbIIEH
#3 BEPXHHUX IpaHell OrPAHHUYEHHOTO CBepXY MHOXKeCTBa H HanmboJibilueH
M3 HHXKHEX TpaHell OrpaHHYeHHOro CHH3y MHOXKECTBA.

Onpenenenne 2. Haumenvuwias uz 6cex 8epxnux epauei
02PAHUYEHHO20 C8epXYy MHONcecT8a {X} HA3bl6AETCA TOUHOU. 8epPX-
Hel 2PAHbIO 3TO20 MHONECT8G U O0003HAYAECTCH CUMBOAOM X=
=sup {x} *. '

Hauboavuwian uz scex HudCHuUX epaneil 02pAHUYEHHO20 CHU3Y MHO-
#ecT8a {X} HA3LIBAETCA TOHUHOL HUMHED 2PAHbIO 3ITO20 MHO-
secrea u oboznawaerca cumgorom x=inf {x} **. :

Onpenenenre 2 MOXHO COPMYJIHPOBATH H TO-APYTOMY, a MMEHHO:
Yucao X (uucao x) Haseleaercs TO4HOU eepxted (TO4HOL

MU Hell) epansio ozpanutennoeo ceepxy (CHu3y) muoocecrsa {X},
ecau solnoanenst caedyrowue dsa rTpebosanus: 1) xaxcOeid srement
x mroxcecrsa {x} ydosaereopsaeT HEPABEHCT8Y XX (x>=Xx); 2) Kako-
80 ObL Hu ObL20 wuCAO X', Mmenvuiee X (66avulee x), HalideTca xoTs 6ol

00un 31emenT X MHONcecTsa {x}, yoosaeTsopsiowul HepaBerCT8y X>
>x(x<x).

B arom onpenenenuu tpeGoBaHue 1) yTBepKaaeT, 4TO HHCJO X
(uucro x) sABJAETCS ONHOH W3 BePXHHX (HHXKHHX) rpaHeii, a Tpe6o-

BaHHe 2) TOBOPHT O TOM, 4TO 3Ta I'DaHb SABJSETCS HaHMeHbuiei (HaH-
Gonbuie#) U yMeHbineHa (yBesanueHa) ObITb HE MOXKe?P.

2. CywecTsoBanue To4HbX rpased. CyuiecTBoBaHue y J1060ro
OrpaHHYEHHOro CBepXy (CHH3Y) MHOXKeCTBa TOYHOH BepxHell (TOYHOM
HHXKHEH) I'DaHW He SIBJSETCS OYEBHAHBIM M TpeGyeT AOKA3aTeJNbCTBA.
JlokaxeM cJeyIOUyI0 OCHOBHYK) T€OpeMy. .

OcnoBnasa teopema 21. Ecau Muomecrso {x} wuucens,
npedcrasumblx GecKOHeuHoIMU OeCATUYHbIMUL OPOBAMU, 02PAHUYLEHO
ceepxy (COOTBETCTBEHHO CHU3Y) U COOEPHCUT XOTA 6bL 00UH 3NEMEHT,
TO Y 3T020 MHONCECTBA CYUW,ECT8YET TOUHAS BepxHAA (COOTBETCTEEHHO
TOUHAR HUNCHASL) 2PAHb.

* sup — nepeole TPH OYKBBl JATHHCKOTO CJIOBA supremum  («CympemyM»),
KOTOPOe TIEPEBOAHTCS KaK «HauBHICUIEe», _
** inf — nepshie TpH OykBH JaTHHCKOro caosa infimum («undpumym»), Koro-

poe nepeBOAUTCSH KAK «HAHHUSLICE».
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JokaszaTeabcTBO. Mu ocraHoBHMCH JHIIL Ha J0Ka3aTelb-
CTBe CYLIeCTBOBAHHSA TOYHOH BepXHeH IpaHH y J1060ro OrpaHHYeHHO-
ro CBepXy MHOXeCTBa, HOO CyIleCTBOBaHHe TOUHON HHWKHEH rpaHH ¥y
JI0GOT0 OrpaHHYEHHOrO CHHU3Y MHOXKECTBa HOKa3BIBAETCS COBEPLICHHO
2HaJIOTHYHO.

Hrak, mycTe MHOXKECTBO {X} OrpaHMYEHO CBEpPXY, T. €. CYLIeCTBYeT
Takoe 4HCa0 M, UTO KaXKIHf SJeMeHT X MHOXKecTBa {X} yIOBJIETBO-
pfeT HepaBeHCTBY x<M.

" Moryr npeIcTaBAThCA ABa CiaydYas:

1°. Cpenu 3jieMeHTOB MHOXKecTBa {x} ecTb XO0Ts 6B OXHO He-
orpunareibHoe uHcao. 2°. Bce snmeMeHTH MHOXecTBa {X} ABJSA-
I0TCA OTPHUILATEJIBHBIMH YHCJaMH. DTH CJAydaH MBI PacCMOTPHUM OT-
JeJIbHO.

1°. PaccMOTpHM JIHIIb HEOTpPHLATENBHBIE YHCHIA, BXOAALIHE B CO-
cTaB MHOXecTBa {x}. Kaxmoe U3 3THX umces mpeacraBsuM B Buae Gec-
KOHEYHOH NecsATHUYHOH IPOo6GH H PacCCMOTPHM liesible YacTH 3THX Hecs-
THYHBEIX gpo6Gefl. B cuny HepaBeHcTBa <M Bce Lejble uacTH He Ipe-
BOCXOAAT uucaa M, a mo3ToMy Halifercd HauO6OJbUIAasg M3 IENHX
gacTell, KOTOPYI0 MH 0603Ha4uM uepe3 Xo. COXpaHHM Cpeim HEOTPH-
IaTeNbHBIX YHMCEJ MHOXKecTBa {X} Te, Y KOTOpPHIX Illejiass 4acTb paBHa
Xo, 1 OTGPOCHM BCe OCTaJibHble YHCJa. ¥ COXPAHEHHBIX YHCEJ PaccMoT-
PHM IlepBHE JecATHYHble 3HAKH nocie 3ansgtoii. HauGouplinit U3 sTux
3HaKoB 0603HayuM uepe3 X;. CoxpaHHUM cpelud HEOTPHIATEIbHBIX YH-
cen MHOXecTBa {x} Te, y KOTOPHIX LieJasi yacTb paBHa Xo, a IMepBbIi
JeCATHYHHIA 3HAK paBeH Xi, H OTO6POCHUM BCe OCTaJjbHble uyucjaa. ¥ CO-
XpaHeHHBIX YHCeJ PacCMOTPHUM BTOphle AeCATHUHBIE 3HAKH MOCJTe 3a-
naroii. Hanbonpmuii u3 3THX 3HaKOB 0603HauuM depes X.. [Ipomoi-
Xasli aHaJOTHYHBIe PacCyXJeHHs xajlee, MBl INOCJEIOBATEILHO OIIpe-
JeJTUM JeCSITHYHble 3HaKH HEKOTOPOro 4Mcja X:

. ;=?Co, )_6-1;2 .« ;n IR (2.6)

JlokaxeM, 4TQ 3TO YHCIO X M SBJASETCS TOYHOH BepXHEHl TpPaHbIO
MHOKecTBa {x}. ﬁm{ 3TOr0 JOCTATOYHO JOKa3aTh jABa YyTBep-
kKaeHus: 1) KaXABIA 3JeMEeHT X MHOMKeCTBa {X} yIOBJETBOpsieT He-
PaBEHCTBY X< X; 2) KakoBO OBl HM OBLJIO UHCJAO X', MeHbIee ¥, Hal-
gercsl XoT Gbl ONMH 3JeMEHT X MHOXeCTBa {x}, YIOBJETBOPSIONIM
HepaBeHCTBY x> x’.

IokaxeM crHauana yrBepxkjeHHe 1). Tak kKak ¥ no mocTpOEHHIO
ABJSAETCS HEOTPHIATENbHBIM YHCJIOM, TO JIOG0H OTPUILATEJNbHBIH 3Je-
MEHT X MHOXeCTBa {X} 3aBeOMO YJAOBJETBOPSIeT HepPaBeHCTBY X<X.

ITosToMy HaM [A0CTaTOYHO JOKa3aTh, 4TO JGOH HEOTPHIATENb-
HBIIl 3JIEMEHT X MHOXeCTBa {X} yIOBJIeTBOpsieT HEPaBEHCTBY X< X.

[TpeanosoxHuM, 4TO HEKOTOPBIA HEOTPHIATENbHBIH 3JEMEHT X=
=Xo, X1X2 ..X n ... HE YNOBJETBOPsIET HepaBeHCTBY x<_X. Torma x>X u
IO NMpaBU/y YHODPHLOYEHHs HaiileTcs HoMep R TakoH, UTO xy=X,,

Xy =Xy, .oy Xke) = Xp—1, Xp > Xp. Ho mocaegnue coornouenuss mpo-
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THBOpeYaT TOMY, YTO B KauecTBe X Oeperci HaubOoJabmWuil Hs
JECATHUYHBIX 3HAKOB X; T€X 2JEMEHTOB X, V¥ KOTOPHIX Liejasi 4acTh H
nepsbie £ — 1 3HAKOB mOCJe 3alATOH COOTBETCTBEHHO PaBHH Xo, X1, ...
ooy X1

ITonyuennoe nporuBOpeune NOKasHBaeT yTBepxKieHne 1),

Jlokaxem Ttenepb yrBepxieHue 2). Ilycrs x'— nwoboe umcso,
yAOBJETBOpsAIONEe ycaoBHIO x'<X. Tpebyercs n0KasaThb, 4TO CYILECT-
ByeT XOTsi OBl OJMH 3JEeMEHT X MHOXKecTBa {X}, YIOBJIETBOPSIOUHH
HepaBeHCTBY x>x'.

Ecau uuciao x’ siBjiseTcsi OTPHLATENbHBIM, TO HEPABEHCTBY xX>x’
3aBeOMO YIOBJIETBOpSiET HEOTPHIATEJIbHBIN 3JIEMEHT X MHOXeCTBa
{x} (mo mpennosoxeHHIO XOTs OBl OIWH TAKOH 5JE€MEHT CYLIECTBYET).

Ocraercs paccMoTpeTb cayda#, KOrja 4ucJIO X', YAOBJIETBOPSIO-
uee ycaoBuio x' <X, ABJIsETCS HeoTpuuatedbHBIM. [lycts ¥/ =xy, X ...
w.Xn ... V3 ycnoBusg x’<X¥ M u3 npaBuia YNOPSZOYEHHS BLITEKAET,
YTO HalifleTcss HOMED M TaKoH, 4To

’ - ’ —_— ’; — ’ -
X0 =Xy X1 =1Jqs <+ s X1 = Xm—i1y Xm < Xppe (2.10)

C npyrofi cTopoHB, W3 mocTpoeHusl uucaa (2.9) BeITEKaer, 4TO AJA
Ji6oro HoMepa M HaHWAeTCs HEOTPHLATENbHBIH JIEMEHT X= Xg, X;Xs ...
. Xn ... MHOXeCTBA {X} Tako#, y KOTOPOro Lejasi 4acTb ¥ BCe NEepPBHE
M 3HaKOB IIOCJe 3andAToOH Te Xe, 4To y uyuciaa X. MIHBIMH cioBawmi,
U1 HOMepa m HaWjeTcsl 3JIeMEeHT X TaKoH, AJisi KOTOpOoro

x():xo, X1=)C1, oo s Xme1 = Xm—1, xm:xm- (2.11)
ComnocraBasas (2.10) u (2.11), MBI nosy4um, 4TO
’ ’ ’ ’
Xo= X0y Xy =XK1y « -+ s Xm—1 = Xm—1y Xm > Xm,

a 3TO H O3HayaeT (B CHJY IIpaBW/Ja YHNOPAAOYEHHs), yTO Xx>X'
YrBepxaeHue 2), a ¢ HUM H BCS TeopeMa AJjis ciydas 1° JoKasaHHI.

2°. AHa/OrHYHO JOKa3HIBAeTCSl CYILIECTBOBaHME TOUYHOH BepXHei
FPaHd W BO BTOPOM cCJyyae, KOTJla BCe 3JeMeHThl X MHOXKecTBa {x}
SIBJSIOTCS OTPULATENbHBIMH YHCIaMH.

B stoM clyyae MBI NPEACTABHM BCE 3JE€MEHTH X OTPHILATENbHBIMH
GeCKOHeUHBIMH JAeCATHYHBIMH APOGSIMH H 0603HAYHM dYepe3 Xo HaH-
MeHbIIYIO H3 IeJbIX 4YacTed 3THX Apobel, yepes X, — HaMMEHbIIHH H3
NepBBHIX JECSITHYHBIX 3HAKOB TeX ApoOeH, nejas 4acTb KOTOPHIX paB-
Ha Xo, yepe3 Xp-— HaMMEHbINHH W3 BTOPHIX JECATHUHBLIX 3HAKOB TeX
ApoGei, nenas 4acTb W NepBbIA NECATHYHHH 3HAK KOTOPHIX COOTBET-
CTBEHHO PaBHBI Xo U X1 U T. I.

_ Takum o6pasoM Mbl onpeiesHM HENOJNOXKHTENbHOE YHCIO
X=—Xgy Xy Xg oo Xy oo. .

B nmosHoO# anasorum co caydaeM 1° poKasbiBaeTcs, UTO 5TO YHCJIO
X sABJsieTCS TOUHOHM BEepXHeH TIDAaHBI0 MHOXKECTBA {X}, T. e. JOKa3hl-
BaeTCsl CNpPaBelIMBOCTb yTBepkaeHHd 1) u 2), chopMysupoBaHHBEIX
TpH paccMoTpeHHHu cnyyas 1°. Teopema mokasana.
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§ 3. NPUBJIMXEHHE 4YHCEJ, NMPEIACTABHMbIX
BECKOHEYHbIMH AECATHYHbBIMHU JPOBSIMMH,
PALLHOHAJIBHBIMH YHCJIAMH

JokaxeM TPH JIeMMB O NPHOJHKeHHH YHceJ, NpeACTaBHMEIX Gec-
KOHEUHBIMH JIECSITHYHBIMH JPOGSMH, pallHOHAJBHLIMH UYHC/AAMH.

Chavana y6emuMmcs B TOM, YTO IIPOH3BOJIbHOE UHCIO @, NMpeAcTa-
BHMOe GeCKOHEeuHOH HecsTHYHOH Apo6blo, MOXKHO C Halepej 3ajaH-
HO# TOYHOCTHIO MPHOJU3UThL PAIlHOHAJBHBIMH UHCIAMH.

Panu onpefeseHHOCTH OyieM CYHTaTb @ HEOTPHUATENBHBIM H
HpeACTaBHM €ro Apobbio a=ap, a1dy ... Ay ... .

O6pbiBasg yKa3aHHYI0 [poOb Ha r-M 3HaKe IOCJe 3alsTOH, M
HOJIYYHM pallHOHAJBbHOE YHCJIO Qp, @1Qs ... An, IPHYEM M3 IIpaBHJIA YHO-
PANOYEHHS uMCEJ, MPEACTaBHUMBIX OECKOHEYHBIMH JeCATHUHBIMH JPO-
05IMH, cpa3y ke BBITEKAeT, UTO

Qo, Q1Q2 ... An <A,

YBeNHYHB YKa3aHHOe palfoHaJbHOe 4YHCIO0 Ha. 107", MBI moJayyuM
IApyroe palHOHAJBLHOE YHCJIO dp, Gidg..An+ 107", KoTOpOe (B CHIY
npaBujia YNopsiiodeHHst) o0s13aHO YAOBJIETBOPSATH HEPaBEHCTBY

a<ag, a1ay...an+ 107,

Urak, paa moboro HoMepa n Mbl HAULIH JBa PalMOHAJbHBIX YHC-
Ja o =dag, @183...4, H Qe=dy, Q10Q3...0n+10~" Takue, 9T0 01 <A<
" ag—a;=10"".

Y6enuMcsa B TOM, 4TO AJst J0O0ro Halepen B3SITOrO INOJOXKHTENb-
HOTO pallHOHAaJILHOTO UUC/a €, HAYHHAsh C HEKOTOPOTO HOMepa n, cmpa-
BEIJHBO HepaBeHCTBO 107" <.

B camoMm jpene, B cuiy akCHOMBI ApxuMena HaHAeTCs! JIMIIb KOHEY-
HOe YHCJIO HaTypaJbHBIX YHCeJ, He IpeBOCXoAsfmuX yucesa l/e. 3Ha-
YHT, JHULIb JJ KOHEYHOTo YHCJIa HOMEPOB 7 CIPABEAJHBO HEPaBEHCT-
Bo 10n<l/e, uau 1077>¢. s BCEX OCTAJBHBIX HOMEPOB 7 CIpaBel-
JIHBO IIPOTHBOMOJIOXKHOe HepaBeHCTBO 107"<{g, uTO UM TpeboBaNOCh
JOKA3aTh.

Mbl IpUXOJHM K CleAYIOUIEMY YTBepPKAEHHUIO.

Jlemwma 1. [Jaa awbozo npedcrasumozo 6eckonedHoll 0ecaTusnoil
0pobsi0 uucra a u 4106020 Haneped 634TO20 NOAOHCUTEALHOZO PAYUO-
HAAbHO20 HUCAQ & HAUOYTCA 080 PAYUOHAALHBIX HUCAQ 0y U Gy TaKUe,
Y7o o <A<l U ag—a<e.

JlokaxeM ellle ABe JieMMbl, XapaKTepH3yIollHe TYCTOTY pacupere-
JIeHHs DANUOHANbLHHIX YHCEN CPeJH NPOM3BOJBHLIX WHCEJ, NpeicTaBH-

MBIX GeCKOHEYHBIMH HECSITHUHBIMH APOOSIMH.
' Jlemma 2. Kakosor 661 nu 6biau dsa npedcrasumolx 6eCKOHeHbL-
mu Oecartuynoimu Opobamu wucia a u b raxue, uro a>b, naiidercs
POYUOHAABHOE HUCAO a, 3AKAIOYEHHOe MexncOy HUMU, T. e. TAKoe, 4TO
a>a>b (a caedosarensro, nHaldercs u Geckoneunoe MHONECTBO PaA3-
AUHHBLX PAYUOHANLHBIX HUCeN, 3AKAOYeHHbIXx mextdy a u b).
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INokaszaTeabcTBO. JloCTaTOYHO pPaccMOTPEeTh Chaydai, Korxa
06a uhciia @ U b HeoTpuHaTeabHH, HOO caydadl, Korda a H b
HemOJOXHUTeJbHBbl, CBOAUTCA K YKa3aHHOMY ClydJan IOCPeICT-
BOM Mepexoja K MOLYJAM, a cjyya#l, KOTAa b OTPHUATENBHO, & 4 TO-
JIOXKHTENbHO, TPUBHAJEH (B KauecTBe ¢ MOXKHO B3fTb HYJb).

Hrtak, nycts a>b u 06a uucaa a U b HeoTpuuaTeapHel. ITpeanoso-
UM, UTO A=Qag, Aidy...0n ...; b=bg, bibs..by.., IpHUEM B ciyuae,
€CJH @ SIBJISETCH DPAIMOHAJbHBIM YHCJIOM, NPeJCTABHMBbIM KOHEUHOH
JecATHYHOM APOOBIO, JOroBopuMcsa OpaTh NpejacTaBjeHHe a NeCATHY-
Hol ApoBBI0, 3aKaHYUBAIOLIEHCA GECKOHEYHBIM YHCJIOM IeBATOK.

Tax kak a>b, To HalileTcs HoMep k TakoH, 4T0 Go=bo, a1=Dby, ...
Qp-1=br—1, ar>Ds.

B cusy mpuUHSTOR HaMH JOrOBOPEHHOCTH BCE AECATHYHBIC 3HAKH dn
1pu n>k He MOryT ObITb PaBHBI HYJIO. :

O603HaYMM yepe3 p HaWMeHbIUMH H3 HOMEpOB 1, 6OMbWHX k, Ms
KOTOPHIX an520. Torna 4ucyio @ MOXKHO 3aNUCATh B BHAE

a=4a, alaz “ae ah_OO o Oap--. (ap>0).

b}

C noMOIIpI0 NpaBHiIa YIOPSiIOUeHHS JEerkKo NMPOBEPUTD, YTO PaALHO-
HaJlbHOE YHCJIO

a=doy, A0z ... 600 ...0(a,—1)999 ...

YAOBJETBOPsieT HepaBeHCTBAM «>a>b. JlemMa JokasaHa.

Jemma 3. ITycro x; u xy — 06a 3a00HHbIX 4UCAG, NPEOCTABUMbLY
OecKkoneynbImMU ecaTudnbimu dpobanu.

Hycrs daree 0aa 2106020 NOAOHUTEALHO20 PUYUOHANLHO2O HUCAA
& HQUdYTCcA 08a PAYUOHANALHLLX YUCAG Y1 U Yo TAKUE, 4TO

Yi<X1<Yg; Vi< Xo<Yg; yo—y1<&.

Toeda uucaa x1 U X3 pasHui.

HdokaszaTedbcTBO. JONycTHM NPOTHBHOE, T. €. IIPEAINOJIOXKHM,
9TO0 X;54Xs. He orpaHuumpBas oOLIHOCTH, GylJeM CUHTATh, UTO X1 <Xp.
B cuny nemmbl 2 Ha¥AyTCs ABA PALHOHAJNbHBIX UHCJIA @ H Og TaKHe,
qTOo

x1<a<lae<Xo.

[Iycte Tenepp y; 4 ys—KaKHe YyTroJHO palHOHaJbHBIE YHCJA,
YAOBJETBOPSIONIHE HEPABEHCTBAM Y1 < X1 <Yy, Y1 <X2<Yo2.

M3 HanucaHHBIX BHILIE HEPABEHCTB W CBOHCTBA TPAH3UTHBHOCTH 3Ha-
KOB > H = noayuuM y;<<a<ag<<ys. Ho Ttorma ys—vy1>0o—a, 4TO
TPOTHBOPEYHT TOMY, YTO PAsHOCTh Yy—Yy: MOXKET OHITh CjlejiaHa MEeHb-
e J60ro Hamepen B3SITOrO MOJOXKHTEJLHOTO pallHOHAJbHOrO 4YHCIa
e. Jlemma pmokasafa.
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§ 4. ONNEPALLUYH CJIO)XEHHUA H YMHO)XEHHA.
ONUCAHHE MHO)XECTBA BEIIECTBEHHbBIX YHUCEJ

1. Onpepenenye onepanui cloxXeHuss H yMHOXeHus. OnucaHue mo-
HATHA BENIECTBEHHbIX YHCeJ, XOpOLIO H3BECTHO, KaK CKJA4ABIBAIOT AB&
yucsa, NPeACTaBHMBIX OeCKOHEYHBIMH AECATHYHBIMH JApPOGSIMH, KOrja
Tpebyercst BHIUHCJIUTL HX CYMMY Ha IpPaKTHKe.

Jast Toro ytoGHl CJAOKHTH IBa TAKHX YHCJAA @ U b, 3aMEHSIIOT HX C
TpeGyeMoil TOUHOCTbIO PAlMOHAJBHBIMH YHCJAMH U 3a NPUOIMKEHHOE
3HaUYeHHEe CYMMBbI 4Kicesa @ U b 6epyT CyMMY YKa3aHHBIX PallHOHAJbHBEIX
uyces. [Ipu 3TOM coBeplIeHHO He 3a00THATCH O TOM, C KaKOH CTOPOHEL
(mo HemocTaTKy HAM IO H3OBITKY) B3fAThle palliOHa/bHble YHCJA TIPH-
6auxKaoT a u b.

DakTUYeCKH YKa3aHHBIN NpPaKTHUYECKHH crmocob CJOXKeHHs guced,
NpeACTaBUMBIX OECKOHEUHBIMH JECSITHYHBIMH JIPOGSIMH, NMpeANoJaraer,
4TO YeM TOYHee palHOHaJbHBle 4HucJa o H § npubamxkalor (¢ 060k
CTOPOHBI) YHCJA @ U b COOTBETCTBEHHO, TeM TOYHee cymMMa a -+ mpu-
6auxKaeT TO NpeACTaBUMOe GeCKOHEYHOH AECATHYHOH JpOOBIO YHUCJIO,
KOTOpOe JOJIZKHO SIBJISITbCS CyMMOH 4HCesa a u b.

JKenanue onpaBaath yKa3aHHBI NPAKTHUECKHH CHOCOO CJIOXKEHHUST
€CTeCTBEHHO NPHBOJNT K CJAELYIOLIEMY ONpeLeseHHIO.

Onpenenenue 1. Cymmod 0syx npedcrasumoix 6eCKOHEUHbL-
mu decaruunoimu Opobamu uuces a u b nasviaerca Taxkoe npeocrasu-
moe 6eckoneynoli 0ecaTudnol Opodbio 4uUcar0 X, KoTopoe OAfl At0bblx
payuonarbHolx wuces ai, o, Pi, P2, Y00B84ELTEOPAIOULUX COOTHOULEHUSM
a<a<ay Pr<b<Py ydosaersopser nepasencrsam

ar+pr<x<ar+ Po.

3T0 4uUcA0 X 0603HAUAIOT CUMBOAOM G+ b.

B n. 2 Gyjger noKasaHO, 4TO TaKOe YHCJO X CYLIECTBYET W NPHTOM
TOJbKO OfHO. TaMm e OyJeT yCTaHOBJIEHO, YTO TAKHM YHCJIOM SIBJIS-
eTCsl TOYHasi BePXHssi IPaHb MHOXKecTBa {a;+ PB;} CYMM BCeX pauHo-
HaJIbHBIX YMCeJ o; H Pi, YHOOBJETBOPSIOIIHX HepaBeHCTBAM «a;<da,
Bi<b, HAH TOUHAN HUKHSAS TPaHb MHOKecTBa {ay+ B2} CyMM Bcex pa-
IHOHAbHLIX YHCEN ag H Py, YAOBJIETBOPSIIOLIHX HEPABEHCTBAM 4 <y,
b<Be.

B n. 2 6yser poxasaHo TakiXe, 4YTO B NPHMEHEHHH K ABYM palUO-
HaJbHLIM YHCJIaM AaHHOe HaMH ONpeleieHHe TNpPHBOAHT K TOMY Xe
pesyJbTaTy, 4TO H CTapoe ompejeseHHe CyMMBl PallHOHAJIbHBIX YHCEJ..

ITepeiinem Temnepb K onpeneseHHIO NPOU3BENEHHST ABYX UHCEJN, NpPe-
CTaBUMBIX OECKOHEYHbIMH JecATHYHBIMH ApoGsivu. CHauana onpefe-
JUM NpPOH3BeJEHHe IBYX INOJOXHUTENbHBIX YHCEJT @ U b

Onpenenenune 2. IIpoussedenuem 08yx npedcrasumorx
noaoscuTeAbHuIMU becKkoneunbimu OecaTuurbimy Opobanmi wuces a u b
HasviBaeTcs Takoe npedcrasumoe Oeckoneunoil Odecaruuuoil Opobsto
HUCAO X, KOTOpOe 0as A06bIX PAYUOHAALHLIX HuUCer ay, Og, Bi, Boy
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yoosaersopsouux cooTHoueruam 0o <a<ay, 0<Pi<b<P,, yodos-
AETEOPALT HePABeHCT8aM a1« Pi<x<dg-Po.

JT0 4ucs0 x 0003HAHAIOT CUMBOAOM Q- b.

B n. 2 6ymer yCcTaHOBJIEHO, YTO TaKOe YHCJO X CYUECTBYET H IPH-
TOM TOJbKO OJHO. TaKHM 4YHCJIOM X SIBASIETCH TOUHAs BEPXHsAs IPaHb
MHOKecTBa {a;-fP} NpOHU3BEJeHHI BCeX DALHOHAJbHBIX UMCEN a1 H Py,
yAoBjeTBOpsomux HepaBeHcTBaM 0<ay<a, 0<Bi<b, wuim TouHas
HHXKHAS PaHb MHOXeCTBa {ag-Po} NMPOHM3BEACHHH BCEX PALHOHAJIbHBEIX
YHCeJ 02 M P, YAOBJETBOPAIOUINX HEPABEHCTBAM A<y, b<Po.

Upoussesenue uyuces 0600 3HAaKa OMPEENSAETCS MO CJAedyionle-
MY TpaBHIY:

1) mns mo6oro mpeacTaBUMOro GeCKOHEYHO! JAecaTHUYHOH APoOhIO
9HCJIa @ I0JarawnT, 49To

a-0=0-a=0;

2) Anst MPOM3BOJBLHBIX OTJIHYHBIX OT HYJS H NPeICTABUMBIX 6ecKo-
HEUHLIMH DeCATHYHBIMH Apo6siMu 4uces a u b mosaraior

ab— |al-[bl, ecntt a u b onHoro 3HaKa,
—|a|-|b|, ecth @ u b pasHEIX 3HAKOB.

B 0. 2 Oymer ycraHoBJIeHO, UTO B NPHMEHEHHH K ABYM pallHOHAJb-
HbIM 4HCJAaM JaHHOe HaMH ONpeAeseHHe TNPOH3BENEeHHS INPUBOAHT K
TOMY K€ Pe3yJabTaTy, YTO H IpexkHee ONpelencHHEe NMPOU3BEACHHS pa-
UHOHAJNBHBIX YHCEJ.

Tenepnr MBI pacrosaraeM BceM TeM, 4TO HEOGXOAMMO AJs ONMHCA-
HHUS IIOHATHS BellleCTBEHHBIX YHCEJ. v

Jlozosopumcs Ha3618aT6 BeujeCcTBEeHHbLM U HUCAQ, NPeOCTABU-
Mble OeCKOHedHbIMU QeCcATULHbIMU OPOdAMU, NPU YCAOBUL, 4TO OAR ITUX
“ucen YKA3AHHbIM Bbiuie CROCOOOM Onpedenenvl TPU Onepayuu: Yynops-
JOUeHUSl, CAOMCHUS 1 YMHONCEHUS.

Tak kax Bce H3JoXeHHOe B § 2 u 3 (M, B 4acCTHOCTH, OCHOBHaA
Teopema 2.1 u neMMbl 1—3) cnpaBedsiMBO AJS IPOHU3BOJNLHBIX YHCEU,
TPEACTABUMBIX OECKOHEYHBIMM JPOOSMH, MJisi KOTOPHIX OmNpefieseHa
TOJNILKO OJiHA OnepauMs YHOPSAOYEHHs, TO BCE HSJOXEHHOe B 3TUX
nwaparpadax cnpapeJJHBO H [Jsl IPOH3BOJIbHHX BEIECTBEHHBIX YHCEJI.

B nanpnefimem GyXyT paccMaTpUBATBLCA YHCJA, NPEJACTABHMBIE
GECKOHEUHbIMH JeCATHYHBIMA JPOOSIMH, IJs KOTOPHIX KpOMe oOlepa-
LHH YNOPSNOYEHHst ONpE/IeJICHB TaKkKe M ONEPAIHH CJHONKEHHT H YM-
HOXKEHHUS.

Taxue uncna B COOTBETCTBHH €O CHOPMYJIMPOBAHHBIM HAMH IOHSA-
THEM MBI B JaJibHeidlleM OyIeM Ha3blBaTh BeHIeCTBEHHBIMH.

2. CywecTBOBaHHE M €JHHCTBEHHOCTb CYMMBI M NPOH3BEJNECHHUS Be-
TECTBEHHBIX YHCEJI.

TeopeMa o cymecTBOBaHUH CYMMB BEN[ECTBEH-
HB X uHCeNd. [Jan awboix eeujecreennoix qucenr a u b cyujecrsyer
BEULECTBEHHOE HUCAO X, ABASIOULCECH UX CYMMOL.
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JokasateabcTBo. ®UKCHpyeM NpPOH3BOJbHBIE pallMOHAJbHEE
Yhcaa g ¥ Po, YAOBJETBOPAIOIINE HepaBeHCTBaM a<ag, b<Py, u pac-
CMOTPHM BC€BO3MOIXKHbl€ palHOHA/JbHBIE YHCAA o) M Bi, YAOBJET-
BOPSIOIiNE HEPABEHCTBAM a1<4a, Bi<b.

Y6eauMcs B TOM, uTO MHOxecTBO {1+ PBi} Bcex cyMM ai+pBi, oT-
BEUalOINX YKA3aHHBLIM Bbllile BCEBO3MOXKHBIM DalHOHAJNbHBIM a H Pi,
OrpaHHYeHO CBEpPXY.

B cuay cBOHCTBa TPAH3UTHBHOCTH 3HAKOB > H = H3 HEPABEHCTB
a<ay U a;<a BHTEKaeT, UTO a1<0g, a H3 HEPaBeHCTB b< Py u Pi<b
BBITEKaeT, 4TO f;< Bo.

Ho nBa uepaBencTBa ay<as H B;<f2 0AHOTO 3HaKa, CBA3LIBAIOLINE
pauHoHaJbHBlEe YHCJAA, MOXKHO CKJIaAbLBaTh MOWIEHHO (cM. Koner I. |
§ 1). 3HauuT, copaBeAilBO HEPABEHCTBO

a1+ pr<as+Pe,

KOTOPOE H NOKAa3BIBAET OTPaHMYEHHOCTb MHOXKecTBA {ai+ PBi} cBepXy M
TOT (PAKT, 4TO YHCJO Gg+ Pg sIBASETCS OZHOH M3 BEPXHHX IPaHEH 3TO-
rO MHOXKeCTBa.

ITo ocuoBHO#t Teopeme 2.1 (cM. § 2) y mHOxecTBa {a;+pi} cye-
CTBYeT TOYHAs BEepXHSIS TpaHb, KOTOPYI0 Mbl OOO3HAYHM depes3 X.
Ocraercs ybequTbCcsl B TOM, YTO 5TO BeIleCTBEHHOE YHCJO X H ABJSET-
cd CYMMOH uuMces a ¥ b, T. e. YIOBJETBOPSAET HepaBeHCTBAM o+ fi<<
<x<ag+P2. CHpaBensuBOCTb J€BOrO HepaBeHCTBA o+ fi<X BhITEKA-
€T M3 TOro, YTO X sIBJIAIETCA BEpXHeH rpanbio MuHOoxecTBa {ai1+fi), a
CNPaBeAUBOCTb MPABOr0 HEPABEHCTBA X< 0o+ Pg BHTEKAaeT M3 TOTO,
YTO UHCJIO az-+fo ABJIsIETCS OAHOM M3 BEPXHHX TrpaHed MHOMKeCTBa
{o1+B1}, a uncao x ABAsieTCs TOYHOH, T. €. HauMeHblied, BepxHeil
TPaHbi0 TOrO MHOXKecTBa. TeopeMma AoKasaHa.

AnanordyHo MOKHO GbLIO OBl JOKa3aTh, UTO B KAUECTBE X MOXKHO
B3iTh TOUHYIO HHYKHIOW rpaHb MHOXecTBa {ag+ P2} CyMM oo+ B Bee-
BO3MOXHBIX pallMOHAJbHBIX YMCea dg H P2, YAOBJETBOPSIOIHX Hepa-
BEHCTBAM a< g, b<Ps.

TeopemMa eZIHHCTBEHHOCTH CYMMB JABYX BellecT-
BeHHB X yHCeJ. Moxer cyuectsosars To0A6K0 00HO 8eujecT8eHHoe
YUCA0 X, ABAANOULeeCs CYMMOL 08YX OQHHBIX BeULECTBEHHBIX HUCen
ub.

HokaszatenbcTBo. IlpeanosioxuM, YTO CyLIeCTBYIOT 1Ba Be-
IIeCTBEHHBIX 4uCsaa X; H X, YAOBJETBOPSAIOUINE HepaBeHCTBAM

{ oy + By < ¥ <oy + B (2.12)
o+ By < hy <Ay + By

11 BCEBO3MOXKHBIX PALHOHAJIbHBEIX UHCEN O, d2, Bi, B2, YAOBJIETBODS-
IOIUX HEpPaBEHCTBAM

a<a<o, Bi1<b<PBo. (2.13)

QDUKCHPYEM NPOH3BOJBHOE NOJIOXKHTENbHOE PAIHOHANBHOE UHCJIO €.
B cuay ngemmul 1 U3 § 3 [/ MOMOKUTEILHOTO PAUKOHANBHOrO HHCAA
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¢/2 U ISR JaHHOTO BEIECTBEHHOrO YHCJIa 4 HaAHAYTCA TaKue PalHo--
HaJbHElE 9HCJIA Of H dg, UTO @ <a<dg, NPHUEM do—o;<<ef2.

AHAJNOrMyHO Ui YKAa3aHHOro €/2 W JJa JA3aHHOrO BellleCTBEHHOro:
yuc/aa b HaHAyTCSA TaKhe palMOHAaJbHble YHCAA PBi U Bg, 9TO B1<b <P,
npuueM Bo—Pi1<e/2.

Ecau B3aTb B HepaBeHcTBax (2.13) ykasaHHBIe ay, ag, Pi1 H Ps, TO:
MBI TIOJIY4YHM, uTOo 06a YHCIa X; H Xy YJAOBJCTBOPHIOT HePaBEHCTBAM.
(2.12), xoTOpBHIE MOXHO HEPENKCaTh B BHAE

Y1<X1<Y2 Yi<X2<Y2,

NOJIOXKHB y1=01+f1, y2=a2+ P2
YuuThIBasg, 4TO

Yo— Y1 = (% + Bg)— (o + B3) = (“2““1)+ Ba—Po < _;_+ -;_zsr

MBI MOJNYYHM, 4TO o6a UHCAa X; M Xp 3aKJOYEHB MEeXAY panuoHaib-
HBIMH YHCJAMH y; H Y2, PA3HOCTb MeXIy KOTODHIMH MeHbUle Hallepe,
B3ATOrO NOJOXKHTEJHbHOIO PAlHOHAJIBHOTO &.

B cuny JIeMMBI 3 u3 § 3 Mbl HOAYYUM, YTO X;=

Teopema n0kasana.

CrnencrBue. B npumenenuu x 08ym payuonassHeim wucram . @
1 b dannoe Hamu onpedeserue CYMmol BEU,ECTBEHHBLX HUCEA NPUBOOUT
K TOMY OoCe pe3yabTaTy, 4TO U npexcHee onpedeseHue cymmsl payuo-
HQAbHBIX HUCeA.

B camoMm jeJie, myctb @ u b — ABa panMOHAJbHBIX uHCaa, a+b —
HX CyMMa COTJIaCHO HPeXHEMy ONpeAe/eHHIO, ai, 02, B H Py — KakHe
YrOAHO panHOHAJbHBIE UYHMCJAQ, YAOBJETBOPAIOLIHE HEPaBEHCTBAM
(2.13). Torpma, o4eBHIHO, CIpaBeAJHBH HEpaBeHCTBA *

at+pi<atb<as+Po, (2.14)

HpHYeM. COrMacHO TeopeMe eJHHCTBEHHOCTH UHCIO a-+b siBisiercs
€JMHCTREHHBIM BEIlECTBEHHBIM YHCJIOM, y,ZIOBJleTBOpﬂ}OH.LHM HepaBeH--
ctBam (2.14).

CoBeplLUEHHO aHAJOTHYHO JOKA3bIBAETCS CYUeCT808aHUE U eOUH-.
CTBEHHOCTH NPoU3BedeHus 08Yx OGHHBIX BeULeCTBEHHbLX HUCEA.

SICHO, 4TO AOCTATOYHO AOKAa3aTh CYIIECTBOBAHHME H €JAHHCTBEHHOCTD.
NPOH3BEJEHHS ABYX MOJNOXKHUTENbHBI X Yucea a U b.

Hasi noxasaTesbCTBa CYLUIECTBOBAHHA TIPOM3BENACHHS (HUKCHPYEM
NPOHU3BOJIbHbIE PAllHOHANbHEIE YHCJIA O H Bg, YAOBIETBOPAIOIIHE He-
paBeHCcTBaM a<ts, b<Ps, U pPacCMOTPHM BCEBO3MOMKHBIE PallHOHAJb-
Hble yucJsia «; H Py, YHAOBJIeTBOpsAIoIlHe HepaBeHcTBaM  0<ai<a,
0<Bi<b. Jlerko y6ennTbCcst B TOM, 4TO MHOXecTBO {ay-B;} Bcex mpo--
H3BeAEHHHA @;-f; OrPAaHUYCHO CBEpXY, IPUUEM UHCJIO Qp-Ps sSBASETCH
OJIHOH Y3 BEpPXHHX IpaHell 3TOT0 MHOXKECTBA.

* W60 nnA panuOHANBHBIX HHCEN HEPAaBEHCTBA OJHOTO 3HAKA MOMKHO CKJIAfb--
BaTh NOuJeHHO (cM. KOHen m. 1 § 1).
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ITo ocuoBHO# TeopeMme 2.1 cymiecTByeT TOUHAsl BEPXHssl rpaHb 3TO-
TO MHOXKECTBA X, KOTOpas, KakK JIerko IPOBEPHTb, YIOBJIETBOPSET He-
‘pPaBeHCTBAM O1-Bi<X<ag-fs, T. €. ABJsETCH NPOU3BELeHHEM YHCEJ
.anb. "

AHaJlorH4HO MOXKHO ObLIO OBl HOKa3aTh, YTO npoussederuem no-
NONCUTEAbHBIX 4UCEN Q U b ABAACTCA TOYHAS HUMNCHAR 2PAHb MHOMCECT-
.68a {ag- B2} npoussedenut as-Ps 6CEB03MONHOLE PAYUOHANLHBLX HUCEN
‘go U Ba, YOOBACTBOPAOULUX HEPABEHCTEAM A< g, b< Po.

Hnsi nokasaTesbcTBA € JHHCTBEHHOCTHR NPOU3BEJEHHS IBYX
TIOJIOJKHTEJNbHBIX BelleCTBEHHBIX YHCe/ a ¥ b NPEeANONoXHM, 9TO CyIle-
CTBYIOT J[Ba BeIECTBEHHBIX YHOJIA X| H X5, YAOBJETBOPSIOIHE HEpa-
(BEHCTBAM

a1-61<x|<a2-62, 01'B1<X2<‘(12°[32 (2.15)
JLJIsl BCeBO3MOXKHBIX PallHOHAJbHBIX Q1, Gg, B1 U Pe TAKHX, 4TO *
I<o<a<as<M, 0<Pri<b<PasM. (2.16) .

@uKcHpoBaB J1000€ NOJOKHTENbHOE PANHOHANbHOE UYHCJIO €, MBI
-C TIOMOILbIO JieMMbl 1 HafileM AJIsl AaHHBIX BellleCTBEHHBIX YHCeJ a H
b Takue palHOHaJNbHblEe YHCJIA a1, G2, B1 M B2, YAOBJIETBOPSIOIIHE Hepa-
BencTBaM (2.16), mas KOTOpbIX ag—a<e/2M u Bo—B1<e/2M.

Ho torma B cuay (2.15) o6a uncna x; B X GyAyT 3aKJIIOYEHBl MEX-

Ay DAaUHOHAJbHBIMH YHCJAAMH dg-P2 M «;-Pi, DPA3HOCTH MEXKAY KOTO-
PBIMH

OgrBy—0y- By =y (Bo—B1) + B1 (2g—) < 2M » 2;4 =E¢.

B cuny nemmbl 3 u3 § 3 nosnyuaem, 4TO X1 = X».

C nomolllbio T€OpeMbl eMHCTBEHHOCTH TaK XK€, KaK H AJS CYMMH,
JIOKA3BIBACTCS, UTO 8 NpPUMEHEeHUU K O08YM DAUUOHANbHbIM  HUCAOM
Dannoe Hamu onpedeseHue NPousedenuss eujeCT8EHHbIX YUCeNr NpU-
800UT K TOMY diCe CAMOMY Pe3YAbTATY, 4TO U npexcHee onpedeseHue
Npou3BedeHUs PayUOHANbHOLY HUCeA.

§ 5. CBOMCTBA BEILECTBEHHBIX YHCEJ

1. CpoiicTBa BelmecTBeHHBIX uHced. B aToM nyHKTe MB yOenumcs
B CIPaBeNJIHBOCTH AJ S HPOHU3BOJbHBX BEMECTBEHHK X UH-
€ €J1 BCeX OCHOBHHIX CBOHCTB, NEpPeYHC/CHHHX B . 1 § 1 mns paumo-
HabHBIX yHces. CrpaBeRsHBOCTL /I BEIECTBEHHBIX YHCEJT CBOHCTB
1°—4° yixe ycraHoBjeHa Bbiile. TakuM 06pa3oM, HYXKHO BHISCHUTD
JIHIIb BONPOC O CHPaBeJJUBOCTH MAJS BEIECTBEHHBIX UHCEJ CBOHCTB
5°—16°. Jlerko yGemHTbCcsi B CIPaBEIJMBOCTH JAJS BEMIECTBEHHHIX UH-
<eJ cBodcTB 5°—8° u 14° cBsizaHHBIX ¢ nouaTHeM cymmbl. Crnpabefanu-
BOCTh CBOHCTB 5°—8° HENOCPENCTBEHHO BBITEKAeT M3 ONpeleseHUs

* B kauectBe M MOXHO B35Th, Hanmpumep, unciao M=2 (a+b).
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CYMMBI BeUleCTBEHHBIX UYHCEJT M H3 CIPABEJJIHBOCTH YKa3aHHBIX
CBOHCTB [JI PAalHOHAaJbHBIX YHCEJ.

OCTaHOBUMCH Ha J0oKasaTeJbCTBe CBOHCTB 14°, T. e. doxaxcem, 4To
ecau a, b U ¢c— aw0bble Tpu 8eu,ecT8eHHbIX Yucaa U a>b, T0 a+c>
>b+c.

Tak kak a>b, To B cuay nAemMMul 2 3 § 3 HaligyTcs pauHOHAJbHBIE
yucsa op H fo Takue, 4To a>a;>Pe>b. s BelllecTBEHHOTO YHCJA €
H JUIsl TOJIOKHTEJBHOIO PANUOHAJNbHOIO 4YHCJaa e=wa;—Ps HaAHAYTCSK
pallHOHaJIbHEIE YHCJIA Yi H Y2 TAKHE, UTO V1< C<Ys, IPHUEM yo—y<g==
=a;—B2 (cm. gemmy 1 § 3). Ilycrte, najee, az ¥ By — J0OBE paiuo-
HaJlbHbIe YHCJIA, YAOBJIETBOPAIOILNE HepaBEHCTBaM ag>a, b>f;. Toraa
N0 ONpeleJIEHHIO CYMMBbI BEUIECTBEHHBIX UHCEJ

tet+ve=a+c=a+yi, Batyo>b+c>Bitvyi.

Hasi mokasatenbCcTBa TOrO, 4TO @-+c¢>b-+¢, B CHNY TPAaH3HTHBHOCTYE
3HaKa > AOCTATOYHO J0Ka3aTh, UTO a;-+y1>P2-+ vy, HO 3TO HENOCpeld-
CTBEHHO BHITEKAeT H3 HePABEHCTBA yo—1y1<<a—f2.

3ameTHM, 4TO BOTPOC O BHIUHTAHMY BELIECTBEHHBIX UYHCEN KaK O
AeHCTBHH, OOPATHOM CJOXKEHHIO, NOJHOCTHIO HCUEPHBIBAETCA Ha OCHO-
BaHHM CBOHCTB 5°—8°. Hasosem pa3HOCTb10 BeU,ECTBEHHbIX HUCEX
a u b gewecTsennoe yucio ¢ Takoe, 4To c+b=a.

Y6eauMcs B TOM, YTO TAKOBOH PAasHOCTbIO SBJASETCH UHCJAO €=
=a+b’, rae b’ — uucj0, TPOTHBOIOJOKHOE b.

B camoMm jgene, Hcnoas3ys cBoiictBa 5°—8°, MOXeM 3aMHCATh

ct+b=(a+b)+b=a+ (b'+b)=a+0=a.

Y6enuMcst B TOM, 4TO CYLIECTBYET TOJib KO O J1HO BelleCTBeHHOe YHC-
JIO, SIBJISIOLIEeCss Pa3sHOCTHIO [BYX NAHHBIX BELIECTBEHHBIX YHCe.

[Ipeanonoxum, 94To KpPOMe YKA3aHHOrO BHILIe YHCAa Cc=a-+b"
CyLIecTByeT ellle OJHO uucao d Takoe, uto d-+b=a. Tornga, ¢ ogHOH.
croponbl, (d+b)+b'=a+b'=c¢, ¢ ppyroit cropoun, (d-+-b)+b'=
=d+ (b+b')=d+0=d, 1. e. c=d.

M3 onpenenenust pa3HoCTH 4 M3 CBOHCTBA 8° BHITEKAeT, YTO YHCJIO-
@’, IPOTUBONOJIOKHOE @, PAaBHO pasHOcTH 0—a. DTO YHCIO OBBLIYHO 3a-
NHCHIBAIOT B BHle —a. He Bbi3pIBaeT 3aTpynHeHHs TepeHeceHHe Ha
cayyal BeILleCTBEHHBIX yHces cBoiicts 9°, 10° 11° 12° 13° u 15° cBs-
3aHHBIX C TOHSITHEM Mpou3BefeHdss. OTMETHM JHUIb B OTHOLIEHUH
CBOMCTBa 12°, 4TO eCH a — MOJIOKUTEJbHOE BeIIeCTBEHHOE YHCJIO, a
01 U 0 — KaKHe YrOAHO palluOHAJbHble YHCJ4, YIOBJETBODPSIOLIHE
HepaBencTBaM 0<a;<a<ap, TO yucjao a’, o6paTHOe pJst @, Ompeaesi-
eTCs KaK eJHHCTBEHHOe BELIECTBERHOE YHCJIO, Y/OBJCTBOpSIONICe He-

1
paBeHCTBAM — < @
Gg 51

* B kavectBe uHcia o’ MOXeT ObITh B3STa TOMHAS BEPXHAS rpaHb MHOJKEeCTB&
BCEX palHOHAJbHBIX uHcea {1/as}.
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Cpoiictea 9°—12° NO3BOJISIIOT 3aKMIOUUTh, YTO 045 Ar066lx 08YX Ge-
wecT8ennblx 4ucer a u b (b=50) cywecrsyer u npurom TOALKO OOHO
.BeuLecTB8eHHOe 4UCAO C, YOo8AeTB8OpAOWee Yycaosuw c-b=a. 310 4uc-
A0 C HA3bIBAETCS 4ACTHbLM 4ucea a u b. VI3 onpeesiennss 4aCTHOTO
H u3 csBoiicTea 12° BhITEeKaeT, UTO YHCJO @', o6paTHOe UHCJIY @, PABHO
yacTHoMy 1/a.

3aMeTHM, HaKOHeN, 4YTO HAa CJaydYal BellleCTBEHHBIX YHCeJ NepeHo-
-CHTCSI M MocJnefHee, 16-e, CBOUCTBO PAIHOHAJIBHBIX YHCEJ, 2 UMEHHO:

Kakoso 661 Hu Oblr0 BEULECTEEHHOE HUCAO G, MONHO 4UCAO 1 no-
8TOPUTL CAQ2aeMbiM CTOABKO Pa3, 4TO NOAYHEHHARA CYymma npessoli-
.der a*

Jlokaxkem 3T0 cBo#icTBO. B caydae a<<0 poxasarenbcTBa He Tpe-
-6yercst, u60 1>a. Ilycets a>0, a=ay, ajas.... B cuay Toro, uto ompe-
.JejieHHe CYMMBI BeLIeCTBEHHBIX UHCEJ B npumeueﬂuu K CyMMe paluuo-
‘HaJIbHBIX YHCeJ COBIlaZlaeT C ONpeJeeHUEM CYMMBI palHOHAJbHBIX
"yuceJl, MOBTOPHB YMCJIO | cjaraeMbIM 7 pas, MOJNYUHM LEJ0E THCJIO A.
"Takum oOpa3oM, AOCTATOYHO AOKAa3aTh, YTO AJA YHCJAA @ HalzeTcs
UeJIoe YHCJOo 7 Takoe, 4yTo n>a. Ho 3TO OueBHAHO: JOCTATOYHO B3AThb
= ao+2

Taxkum o6pa30M Ha cjayuyall BelleCTBEHHBIX YHCEJ MEPeHOCATCS BCe
*OCHOBHbIe CBOHCTBA, cHOpPMYJNHPOBaHHblE AJS PALHOHAJbHBIX YHCEJ B
0. 1 nacrosmiero maparpada. CiefoBaTesNbHO, MAJs BeIieCTBEHHBIX
"YHCeJl COXPAHAIT CHJIY BCE MPaBHMA anreOpbl, OTHOCALHECS K apub-
_METHYECKHM JNeHCTBHSIM H K COUETAaHUIO PABEHCTB H HEPABEHCTB.

2, HekoTtopbie yacro ynorpebiaseMbie COOTHOWEHHs. JloKaxkeM
~CIIPaBeJINBOCTb I/ JIIOOBIX BELIECTBEHHBIX YHCEJa @ H b clenyiomux
_ABYX COOTHOIIEHHUI:

|a-b]=|a] -], (2.17)
la+b|<|a|+b]. (2.18)

“CoorHomieHune (2.17) HenmocpejCTBEHHO BHITEKAET H3 ONPEAENEHHs TPO-
H3BEIEHNs ABYX BeIleCTBEHHBIX yHces. [lokamxem cooTHoweHue (2.18).
Ha OCHOBAHHUH ONpCAeJEHHA MOAYJA H NpaBu/Ja YHOPANOUECHHST IJs
JIIOOBIX BelleCTBEHHBIX YHCEJ a4 H b ClipaBeJInBbl HepaBE€HCTBa

—lal<a<]|al, —|b|<b<]|b].

‘B cuny crnpaBeJIMBOCTH OCHOBHBIX CBOMCTB JIJIsl BEUIECTBEHHHBIX YHCeJ
MOJKHO NMOYJIEHHO CKJIaJblBaThb HEPABEHCTBA OJHOTO 3HakKa (3TO JOKa-
.3aHO B KoHle 1. 1 § 1). [Toatomy

—(la] +]b]) <a+b<(|a] +]0]).

‘Hcnoassys B caydae a-+b>0 npasoe, a B cayyae a+b<0 nesoe u3
NOC/JAeIHUX HepaBEHCTB, Mbl NMOJYYMM HepaBeHCTBO (2.18).

3. Hekoropble KOHKPETHbIE MHOMKECTBA BEIIECTBEHHBIX YHCEJ.
B manpHeiiuieM HaM 4acTO NPUAETCS MMETh JeJ0 ¢ PA3JTUYHBIMH MHO-

* 3aMeTHM, YTO 3TO CBOHCTBO Ha3HIBAIOT aKcHOMO# ApxumMepna,
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JKeCTBaMH BeLeCTBeHHBIX uuces. DyjaeM o0603HauaTh IPOH3BOJbHOE
MHOZKECTBO BEIIECTBEHHBIX UHCEJ CHMBOJIOM {X}, a 4UHC/a, BXOAS]ILIHE B
COCTaB 3TOr0C MHOXKecTBa, OyIeM HashBaTb 3JEeMEHTaMH HJIH
TOUKAaMH 3TOro MHOXKecTBa. MBI OyAeM TIOBODHThb, 4TO TOUYKa X
MHOXeCTBAa {x} OTJIHYHA OT TOYKH Xy 3TOr0 MHOXe-
CTBa, eC/H BEUeCTBEHHEIE YUCJ/Aa X; U X He DaBHHI APYTr Apyry. Ecan
TIpH 3TOM CIPAaBEeAJIMBO HEPABEHCTBO Xi>X2 (x1<Xx2), TO MB Oyaem
TOBOPHTB, UTO TOUKA X; JICKHUT Npasee (JeBee) TOUKH Xo.

PaccmoTpuM HekoTopble HauboJiee ynoTpebJsieMble YAaCTHHIE BHJbI
MHOXKECTB BEHIECTBEHHBIX UHCEI.

1°. MHOXKECTBO BeLIECTBEHHBIX YHCEJ X, YAOBJETBOPSIOUIHX Hepa-
BeHCTBAM a<x<b, rne a<b, 6yleM HaswBaTh CETMEHTOM H 060-
3Havath cumBoJsioM [a, b]. Ilpu stOoM ymcsa a u b mMbl GyaeM Ha3bIBATH
TPaAaHHYHBIMM TOYKAMH HIH KOHI aMH cerMmMenra [a, b)
a Jn1060e YHUCIO X, YIOBJETBOpsIOllee HepaBeHCTBaAM a<x<b, OyleM
Ha3piBaTh BHYTPEeHHEeH TOUKO# cerMeHTa [a, b

2°. MHOXeCTBO BCEX BEIUECTBEHHBIX UHCEJ X, Y/JOBJETBOPSIOIIHUX
HepaBeHCTBAM a<x<b, OyleM HashBaTb HHTEepBaJOM d 0003Ha-
YaTh CUMBOJIOM (a, b).

3°. Vlurepan (a—e, a+c¢), rie >0, 6ynemM Ha3piBaTh &£-O0Kp e-
CTHOCTBHIO TOYKH a.

4°. Jlio6o#t uHTepBaJ, COAepKAaWMi -~ TOUKy @, OyHeM Ha3bBaTb
OKPECTHOCTbIO TOUKH d.

5°. MHOXKeCTBO BCeX BEUIECTBEHHBIX UYHCEN X, YAOBAETBOPSIOUIHX
HepaBeHCTBAM a<x<b (u1m a<x<b), GyneM Ha3kBaTb noJycer-
MeHTOM H 0603Ha4YaTh CUMBOJIOM [a, b) (uau (a, b]).

6°. MHOXeCTBO BCeX BELIECTBEHHBIX YHCesN OyfeM Ha3biBaTh Y H C-
JO0BOH (6ecCKOHeuHOH) mpsmMof u 0603HAYATH CHMBOJIOM
(‘_oov +°°)

7°. MHOXeCTBO BeIECTBEHHBIX YHCEJ X, YAOBJETBOPSIOIHX Hepa-
BEHCTBY x>a (umaum x<b), OyaeM Ha3biBaTh MOAYTUPAMOH u 060-
3HayaTh cuMBoJioM [a, +o0o0) (miu (—oo, bJ).

8°. MHOXKeCTBO BCeX BEUIECTBEHHHIX YHCEN X, YAOBJETBOPSIOUIMX
HEPaBEHCTBY X>a (uau x<<b), OyieM HasbiBaTh OTKPHITOH moay-
npsiMoi u 0603HaYaTh CHMBOJIOM (@, +o0) (Hau (—oo, a)).

ITpousBosipHOe MHOKECTBO {x} 6yaeM Ha3bBaTh NMJAOTHBIM B
cebe, eciu B 1060 OKPECTHOCTH KaKJAOH TOUKH X TOTO MHOMKECTBA
COJEPXKHUTCA XOTH Obl OZHA TOYKA MHOXKECTBa, OTJIMYHAA OT X.

[IpumepoM MIOTHOTO B ceGe MHOXKECTBA MOXKET CAYKHTH Ji1060e
M3 ONpeJesIeHHbIX Bbllle MHOXKecTB 1°—8°. [IpyrumM NpHMEPOM MJIOTHOTO
MHOKECTBA MOXKET CJYXKHTb MHOXECTBO BCEX PANMOHAJBHBIX YHCe,
BXOJALIMNX B COCTaB J1060ro U3 MHOXKeCTB 1°—8°,

B usnoxesHOM HaMH MaTepHalie COAep:KATCH CBEJEHHS, HEOOXOLH-
MBble JUIsl TIOCTPOEHHS alllapaTa MaTeMaTHYECKOro aHajusa. B caeny-
Jolxx naparpadax 3Tod raaBbl GYAYT PacCMOTPeHbl HEKOTOphie J0-

fIOJITHUTEJNbHBIE BONPOCHL TEOPHH BELIECTBEHHBIX UYHCEJ ¥ 3JIEMeHTHL
TEOPHUH MHOXECTB. ’
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§ 6. JONOJHUTEJHLHBLIE BONPOCHI TEOPHUU
BEHIECTBEHHbBIX YHCEJ

Briniie, AJisi Toro 4roObl BBECTH BENIECTBEHHEBIE YHCJd, OBIJIH HC-
H0JIb30BaHbLl GeCKOHEUHble JecaTHUHBe ApoOH. a1 MuoxecTta Gec-
KOHEYHBIX JECATHUHBIX Jpo6el GhlIN Onpejie/ieHBl MPaBHIA YIOPSLO-
YeHHS, CJOXKEHHS U YMHOMXKEHHS H 6blJO YCTAHOBJEHO, UTO 3TH Ipa-
BUJIA YAOBJETBOPSIOT 16 OCHOBHHEIM CBOHCTBAM (N€PEUHCIIEHHBIM B
0. 1 § 1 ana paunonanpHblX uyHces). ONHCAHHBIA METOJ BBEACHHS
BELIECTBEHHBIX HHCeJ, XOTsd U 06JafiaeT HeCOMHEHHBIMH 3BPHCTHYE-
CKHMH M METOAHYECKUMH [IOCTOMHCTBAMH, HE SIBJISeTCSl €JHHCTBEH-
HO BO3MOXKHBIM. BelllecTBeHHBIe yHCaa MOXKHO OblIO OBl BBECTH C
OMOIIIbI0 OeCKOHEUHBIX JBOUYHBIX Apo6el, ¢ MOMOLIBIO TaK HA3bI-
BaeMbIX JeAeKHHJOBBIX CeueHUH B OOJACTH PAUMOHAJNBHBIX uyuces ™,
C MOMOMLIBIO IOCJENOBATEIbHOCTEH palMOHAJBHBIX uHcesa ** u 1py-
FHMH CIIOcOHaMH.

Uro6bl BBISICHHTh B3aHMOCBA3b MEXAY DA3JHYHBIMH METOLAMH:
BBeJECHHSI BEUIECTBEHHLIX YHCeJ, NPHBJIEYEM HEKOTODHIE HOBHIE TO-
HSITHA M YCTAHOBHM ellle OJIHO BAXKHOE CBOHCTBO MHOXKeCTBA H3Yy-
YeHHBIX Bbllle BEIeCTBEHHBHIX 4HCeJl.

1. MoaHora MHoKecTBa BewecTBeHHbIX uyncea. Ilycte A u B —
JiBa TPOHM3BOJbLHBIX MHOXKeCTBA. DylneM rOBOpPHUTb, UTO MexcOy mHO-
acecréamu A u B ycranosaeno 83aumnHo 00HO3HAUHOE CO-
OT8ETCTBUE ecau KaxOomy sremeHTy muoxcectsa A orsedaer
eQUHCTBEHHbLL 31emenT mHoxcecTea B, kaowOoul srement mrooce-
cT6a B conocrasacH HEKOTOPOMY IAEMEHTY MHONCeCT8a A U pasHoLm
IACMEHTAM MHONCECTEQ A OTBeUAIOT PA3Hble JAEMEHT6L MHOMCECT-
6a B. 4

Haszosem 0sa muodxcecrsa, 0ii 34eMeHTO8 Kand020 U3 KOTOPbLX
onpedenenst NPABUAL  YNOPAOOHEHUS,  CAOMEHUR U YMHONCEHUS,
uzomoprnoimu Apye Opyey OTHOCUTEALHO 3TUX NPAGUA, eCAU
MeNCOYy INEMEHTAMU ITUX MHOMECTE MONCHO YCTAHOBUTbL B3AUMHO
O00HO3HAYHOE COOTBETCTBUE TAK, 4T0 eCAl diemenram a u b nepso-
20 MHOXCECT8A COOTBETCTBYIOT dAemenTsl @ u b’ 8Topoeo mHoxMcecT-
8a, To 1) saementor @’ u b’ ceazanel Tem e 3nakom (>, < HIW
=), 4T0 u 31emenTs. @ U b; 2) saemenry a-+b cooréercrsyer sse-
menr a’+b’; 3) aaemenry a-b coorsercrsyer saemexr a’-b’.

AHaJOrHYHO MOXKHO OBIJIO OBl TOBOPHTH HE O NPaBHJAX YHOPSi-
JIOUEHHsI, CJNOXKEHHsST H YMHOMXKEHUs, a 0 KaKux-Jub0 APYrux HpaBH-
JiaxX, XapaKTePH3YIOMHUX COOTHONIEHHST MEXIAY 3JeMeHTaMH, H BBe-

* BpefeHde BELUIECTBEHHHX UHCEN € NOMOMIBIO JENeKHHIOBHX CeyeHHH H3J0XKe-
Ho, Hanpumep, B ri. 1 kuuru @. Opankauna «Marematuyeckuit aHagu3» HIH B T 1
kauru . M. ®uxrenrossna «OCHOBb MaTeMAaTHUECKOTO AHAJHU3A%».

*% JroT cnoco6 BBENEHUS BEUIECTBeHHMX uucesn npuxapiexut Kantopy. Ero
H3JIOJKEeHHe MOXKHO, Hampumep, Haiitd B Kuure B. B. Hewmmixoro, M. M. Cayackoi
#H A. H. Yepxacosa «Kypc maTemarnueckoro aHaimsa, T. I, ra. II, a Takxe B KuH-
re $1. Taramnugoro «JIuddepencunanto cmsarave» (Codus, 1971).
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CTH NOHATHE MHOMXKECTB, U30MOPOHHBIX JAPYr APYTY OTHOCHTEJLHO
yKa3aHHBIX [pPaBHJL.

IIpuMepoM OBYX MHOXKECTB, M30MOP(HBIX JPYr APYLY OTHOCH-
TEJNLHO NPaBUJ YIHOPSAOYEHHS, CJIOXKEHHS H YMHOXKEHHS, CJYXKHT
MHOJKECTBO pallMOHAJBHBIX YuceJ, BBEJEHHLIX B BHAE OTHOIIEHHS
UeJABIX YHced, ¢ cooTBetcTBylomuMH (cMm. m. 1 § 1) mpaBunamu
YHOPSIIOUEHHS, CJOXKEHHSI H YMHOXKEHHs H MHOKECTBO PallHOHAJbHBIX
yucesl, 3aNHCAHHBIX B BHAe OeCKOHEUHBIX Apo6el C OOBIIHBIMH IIpaBH-
JlaM¥ YIOPSA0UEHUs, CJIOXKEHHS H YMHOXEHHS BellleCTBeHHBIX YHCeJI.

PaccMmorpum 6oJiee BHEMATEJNBbHO [Ba MHOXKECTBA: MHOXKECTBO
BCEX pALHOHAJBHBIX YHCEJ H MHOXKECTBO BCEX BeIleCTBEHHBIX YH-
cesa. Jlusi KaxKAOro M3 3THX MHOXKECTB ONpefesieHbl MpaBWja YIo-
PSNOYEHUS, CJOXKEHHS W YMHOMKEHHS U CHpaBelJHBLl OCTaJbHble M3
16 ocHOBHBEIX CBOHCTB. BMecTe c TeM SICHO, YTO MHOXKECTBO BCeX
BELIeCTBEHHBIX YHCe] sBJAseTcs 0oJiee KUIHPOKHM», YeM MHOKECTBO
BCEX palMOHAJBHBEIX YHces, HO0 B 1leJOM MHOXKeCTBO BCEeX BeHiecT-
BEHHEIX YHCeJ He H30MOD(HO OTHOCHTEJbHO NPABHJ YNOPSAAOYEHHS,
CJIOJKEHHUS] ¥ YMHOMKEHHS MHOMKECTBY BCeX pallHOHAJBHBIX 4YHcea *,
HO B MHOMECTBE BeI[eCTBEHHBIX HHCEJ] MOXKHO BBIAEJHTb 4YacTb,
H30MOPGHYIO OTHOCHTENbHO YKAa3aHHLIX NMPAaBHJ MHOXKECTBY palHo-
HaJbHBIX YHCeJ. :

EcrecTBeHHO, BO3HHKAaeT BOIIPOC, HeNb3sl JH H JJISI MHOXECTBA
BCEX BeIIECTBEHHBLIX YHCeJ IIOCTPOHTb 0o0Jiee <«IIHPOKOE» MHOXKe-
CTBO OOBEKTOB, ob6Jajlalollee TAKUMU CBOMCTBaMu: 1) B 3TOM GoJee
KIIHPOKOM» MHOXKeCTBe OIpeJesieHBl NpaBHia YNOPAAOYEHHUs, CJO-
| KeHHS M YMHOXEHHS H CIpaBelJIMBH OCTajbHble H3 16 OCHOBHBIX
CBOHCTB; 2) B uesoM 6oJjiee <IIMPOKOe» MHOXKECTBO He H30MOP(HHO
OTHOCHTE/JIbHO YKa3aHHBIX NPaBUJ MHOXKECTBY BCE€X BellleCTBEHHBIX
quceJs; 3) B GoJiee «IIHPOKOM» MHOXKECTBE MOXKHO BBIIE/IUTH YacCTb,
H30MODGMHYIO OTHOCHUTEJNBHO YKA3aHHBIX NPaBHJA MHOMKECTBY BCeX
BellleCTBeHHBIX 4HceJ. MBI JoKa)keM, YTO TAKOro GoJjee <IIHPOKO-
ro» MHOXKECTBA He CYIIeCTBYET, T. €. MHOXKECTBO BCEX BeIlleCTBEH-
HBIX YHCeJ SIBJISeTCS IIOJHBIM OTHOCHTEJBbHO NPaBHJ YHOPSAOYEHUs,
CJIOKEHHS H YMHOMKEHHS H OCTaJsibHBIX 16 OCHOBHBIX CBOHCTB.

Boobe, npoussossroe mHONECTBO 00BEKT08, 04l KOTOPO2O
onpedeseHbl HeKOTOpble NPaAsUAQ U CRPABedAUss. HEKOTopble CB0l-
CT8Q, HA3bIBAETCA N O AHbLM OTHOCUTEALHO ITUX NPABUA U CBOLCTS,
€CAU Henb3s NOCTPOUTs 6oiee <ULUPOKOE» MHOMLECTBO 00BEKTO8
Taxoe, 4Tobur 1) 8 3ToM 6osee «UUPOKOM> MHONECT8e Gblaw onpe-
{ Oesenwv Te sce npasusra u cnpasedausel Te gce csoiicrsa; 2) 8 ye-
A0m 3T0 6Oaee UWLPOKOEs MHOMECTBO He 6blA0 USOMOPPHO OAHHO-
My OTHOCUTEAbHO YKA3AHHbLX npasur; 3) 8 3Tom 604ee «ULUPOKOM>

* 9To BHITEKAeT H3 TOrO, YTO MEXKJAY MHOXKECTBOM BCEX DAUHOHAJbHEIX YHCEN
‘! BCEX BEIIECTBEHHLIX YHCE] HEJb3sl YCTAaHOBHTh B3AHMHO OAHO3HAYHOE COOTBET-
crre. B n. 3 § 7 GyneT M0Ka3aHO, YTO TAaKOTO COOTBETCTBHS HET MEXAYy palHo-
HaJbHEIMH YHCJAMH M BeIIECTBEHHHIMH yHcaaMH cermenta [0, 1]. Otcioma u BHITe-
KaeT TpebyeMoe yTBEpXKIEHHE.
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MHOMECTBE CYUECTBOBAAA 4ACTb, UBOMOPPHAL OAHHOMY MHONECTBY
OTHOCUTEABHO YKA3AHHbIX NPABUA.

Mo2XHO yTBEpPXKJaTb, YTO MHOMKECTBO BCEX PALlHOHAJbHBIX YHCEJ
HE SIBJSIETCS MOJIHBIM OTHOCHTEJLHO IPABHJ YIOPSJOYEHHS, CJIOKE-:
HHSI B YMHOXKEHHA H OCTaJbHBIX 16 OCHOBHBIX CBOHCTB, HOO cymle-
cTByeT 0oJiee <«HIHPOKOE» MHOMXKECTBO (MHOXKECTBO BEIECTBEHHBIX
yucesa), yAOBJETBOpsioliee TpeboBanusM 1), 2) 3) u3 TOJBKO YTO
c(hOpMyTHPOBAHHOTO OMNpEJeJCHHUS.

JlokameM Temepb, UTO MHOMECTBO BCEX BEUECTBEHHOLY HUCER
ABASAETCA NOAHbIM OTHOCUTEALHO NPABUA YNOPAOOUEHUS, CAONCEHUST
U YMHOOMCEHUS U OCTaAbHbLX 16 0CcHOBHBIX c8olicTa. .

[Ipenno/soxuM  NPOTHBHOE, T. €. IPENNOJOXKHUM, YTO CYHIECTBY-
er Gojiee «IHPOKOE» MHOKEeCTBO 06bekTOB {x'} Takoe, YTO BHIMOJ-
HeHbl Tpe6osanus 1), 2), 3) us chopMynHPOBAHHOTO BHIUIE ONpefe-
JeHudA, 1 o6o3nauuM depes {Z’} Ty yacte MHOXecTBa {x’}, KoTOpasK
H3MOp(HA OTHOCHTEJbHO IIPABHJ YHOPSAOYEHHS, CJHOXKEHHS H yM-
HOKEHMST MHOKECTBY {X} BCeX BeLIeCTBEHHbIX YHCeJ.

3aMeTuM npexie BCEro, uTo y MHOxecTBa {x'} cylllecTByeT eAuH-
cTBeHHasi napa asementoB 0’ W 1/, urpaomux ocobyio posab HYJT
H enuHumB *. Jlajee MOXKHO yTBEpXKAaTh, uYTo 3jeMmenthi 0" w 17
BXOAAT B COCTaB MHOXecCTBa {¥'} U HAXOXSTCS BO B3aHMHO OJHO-
3HAUHOM COOTBETCTBHH ¢ BeulecTBeHHbIMH uucaamu 0 u 1 **. IlycTh:
o’ — KaKoH-a1H60 3JeMeHT MHOXKecTBa {x'}, He NpHHAIJIEeXKAWHUHA
muoxecrsy {T’}.

B cuay nmpaBusia ynopsigouyeHHs Mbl MOxXeM Da3OHTbL BCe 3Jje-
MEHTHl MHOXKecTBa {X’} Ha JBa Kjacca-— BepXHHH M HHXHHH, OTHe-
Csl K BepXHEMY KJacCy BCe 2JIeMeHTHl Z’, YAOBJCTBOPAIOUIME Hepa-
BEHCTBY Z’>a’, a K HUXKHEMY KJacCy BCe 3JIeMeHTHl X', YAOBJETBO-
psoune HepaBeHcTBY Z'<<o/. O6a 3TH Kjacca He SIBJISIIOTCH MYCTHI-
MH. B caMom pese, JoKaxeM, HanpuMmep, YTO BePXHHH KJacC He
nycr. IloBropus sjement 1’ ciaraeMblM AOCTaTOYHOE UHCJO PA3, MEL,
B cuay cBoficTBa 16°, moayuum snemedT n’ MHOxecTBa {Z'}, yHOB-
JIETBOPSIOIHUA HepaBeHCTBY #'>a/, T. e. NpHHaJJeXallkidl BepxHe-
My Kjaaccy. M3 cpofictBa 4° BhiTeKaeT, YTO KaxKABH 3/7€MEHT HUXK- .
HEero KJaccd MeHblle Jgi060ro sjeMeHTa BepxXHero ksacca.

* Ecau 65 Haumch ABa ajgementa 0’y # 0y, urparomue ocoGyio poJb HYyJs, TO:
B CHAy. cBOMcTBA CyMMBl MH noayumam 6 0=0,+40/=07/+0=0/, 7. e.
0y’ =0,. AHaJOTHYHO JOKAasbiBaeTCs €AWHCTBEHHOCTb 3JeMeHTa 1°, Hrpamwuero oco-
6yi0 poJib eJHHHIbL. )

** Jlokaxem, HaMpuMep, urto HYJAeBOH siement 0/ MHOXecTBa {#'} mnpuHanje~
XHT MHOXKeCTBy {X’} H HaXOIHTCs B COOTBTCTBHH ¢ BemecrpeHHniM uncioMm 0.

OGo3HauuM yepes O TOT 37eMeHT MHOMKecTBa {X’}, KOTOPHH HAXOMHTCS B COOTBET-
CTBUH C BeIIeCTBEHHHIM uucaoM 0, H 3aMeTuM, uto cymma 040 oTBeuaer BeluecT-
Benromy umcay 0+0=0, u notomy 0+6=6. C npyroit cropons, 0'-+6=0 (no
onpenenentio Hysnesoro snementa (). M3 AByX moc/eAHHX DABEHCTB 32KJIOYAEM, YTO
9+0=0'+0. IlpuGaBasis kK obeum yacTIM HOJYUYEHHOTO paBeHCTBA 3JemenT 0.
NPOTHBONOJOKKE 0, ¥ yuuteBag, uto 6+6' =0/, nonyuum 6+0'=0+0", um (s
CHNy CcBOKCTBAa HyJeBoro sieMeHTa) 0=(0’. AHaNOrMyHO NPOBOASTCA DPACCYKAEHHS
A/ €AHHHYHOTO SJEMEHTa.
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B cuay usomopduama MHOKecTBa {¥'} u MHOXKecTBa {x} Bcex
BEIIECTBEHHBIX YHCEJ MOXKHO YTBEpPXKIAaTh, UTO MHOMKECTBO BCEX
BEIleCTBEHHHIX uHcesJ pa3buBaercs Ha JBa KJjacca, NpHUEM KaxK-
Jl0e YHCJO H3 HIDKHEro Kjacca MeHbIle JI060ro yucia H3 BepXHero
kiacca. Ho 570 ¢3yawaeT, uTo HHXKHHH KJ1aCC BELIECTBEHHBIX YHCEJ
OTpaHHUEH CBepxy H uMmeer (B cuay Teopembl 2.1) TOUHYIO Bepx-
HIOI0 rpaHb M, a BepxHH#l KJacc HMEET TOUHYIO HHJKHIOIO FpaHb
m. V3 ompezeseHuss TOUHHIX rpaHell BhITeKaeT, 4TO ofe TpaHu
B M 3ak/J0UeHB MEXKIY BCLIECTBEHHLIMH YHMCJIaMH, KakK YToJIHO
GJIH3KHMH M2Xay coboi, a mostomy m=M. Tak kak uucio m=M
SIBJSIETCS OJHMM W3 BEIIECTBEHHBIX UHCEN, TO OHO IDHHAMJIEKHT
ONHOMY H3 KJIaCCOB, T. €, CYILECTByeT JHOO0 HaHMEeHbIUHH 3JeMeHT
B BEPXHeM kjiacce, nu00 mauboJIbILHHA 3JeMEHT B HHKHEM KJacce.
Jokaxewm, uro oba 5TH yTBepxAeHHs abcypnubl. Ilycrs, Hanpumep,
CyLleCTBYeT HAHUMEHBIIHH %JIeMeHT B BEpXHEM KJjacce BellleCTBeH-
HbIX unces. Torma cyuiecTryer HAaUMEHbIUH{I 3J1eMeHT 1 H B Bepx-
HeM KJjiacce, OTBeyawlneM pasGuenuio MHoxecTBa {¥'}. ITo ompene-
JIEHHIO BepxHero kJjacca m’>aq’. CornacHo cBOHCTBaM CYMMH CY-
L1eCTBYeT pasHOCThb m’—a’, mpUUYeM COrJIacHO 3THM CBOHCTBAM
m’'—a/>0". Ho Torma B cmay cmoiictBa 12° mis aneMenta m'—a’
cyllecTByeT 0OpaTHbIH, KOTOPLIA B CUJy CBOHCTB IPOM3BEAEHHS Da-
BeH yacrHomy 1’/(m’—a’). {CornacHo cBoficTBy 16° s;emenT 1”7 MOXK-
HO NOBTOPHTH CJaraeMblM CTOJBKO pas, YTO MOJYUEHHBIH NPH TOM
«leJblf» 3aeMeHT ‘n’ Oyger nmpuHamiexath {T'} W yLOBAETBOPATb
HepaseHcTBy n’>1"/(m’—a’). U3 nocieanero HepaBeHCTBA B CHIY
CBO¥CTB NMPOH3BCAEHHS U CYyMMBbI MOJYyUUM *

m ——>a. (2.19)
n

Tak kak sjgeMentsl m’, 1/ v n’ npunaase:xxkatr MHOXecTBY {Z’}, TO

’

, 1
H 3JIEMeHT (m'--—;—) TaK¥Xe NPHHALJJCIKHT 3TOMY MHOXKECTBY H,
. n

II
OYeBMJHO, YAOBJETBOpPseT HepaBeHcTBY m' ——— < m'. Ho Toraa
n

HepabeHcTso (2.19) o3Hagaer, YTO B BEPXHEM KJjacCe HMeeTcs 3Je-
MEHT; MeHbLIHHA m’, T. e. M’ He SBJSETCH HAUMEHBILIHM 3JEeMEHTOM.
ITosyyeHHOE NpOTHBOpEUHE NOKA3LIBAET HOJHOTY MHOXKECTBA Belie-
CTBEHHBIX yHces **.

2. AKCHOMATHYECKOE BBEJEHNE MHOMKECTBA BELeCTBEHHBIX YHCEJ.
Ji1s1 BBeZEHHs] BEIIECTBEHHBIX YHCEJ MBI HCIOJL30BAJH MHOXECTBO
OeCKOHEUHBIX JecATHUHBIX apolbeft. OnpexenuB [Ijas MHOMXKeCTBa
3THX Apo0ell NMpaBUJO YHNOPSLOYEHHs W ONepalllii CJAONKEeHHS H yM-

* OTH cBoficTBa 00eCNEUHBAIOT NPHMEHHMOCTb BCeX NpaBHJ aareGph.

** Jlpu JOKa3aTesbCTBe 3TOI TeOPEeMBl HCIOJAb30BaJNach Hles TaK Ha3blBaeMOro
AefleKnHaoBa ceveHHs. JIeJeKMHJOBHIM ceyeHHeM B O6JACTH DalHOHAJBHEIX  YHCEJL
HaspiBaeTcsl pa3fHeHHE MHOXECTBa BCeX paNHOHAJDbHEIX UHCEJ HA JABAa  HEmyCThIX
nojiMHOXKecTBa A M B TakHx, 4To Mo6oil 3JeMeHT A MeHblle Joboro sJgemedra B.
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HOXKEHHsI, Mbl YCTAHOBMJIM, 4TO 3J€MEHThl 3TOr0 MHOXKecTBa 0fJa-
JajoT 16 OCHOBHBIMH CBOHCTBaMH M, KPOMe TOro, CBOHCTBOM IIOJIHO-
TH OTHOCHTeJIbHO 16 OCHOBHEBIX CBOHCTB.

OmnucaHHBIN croco6 BBEJEHHsI BEIIECTBEHHBIX YHCEJ], XOTH U 00-
JajgaeT HeCOMHEHHBIMH 3BPHCTHYECKUMH U METOMHUECKHMH JOCTOHH-
CTBaMH, He SBJISETCH eAHHCTBEHHO BO3MOXKHBIM U 1eJiecOOGpasHbIM
C HayyHOH TOYKH 3peHHda. J[Jag OKOHUATENAbHOTO OQOPMJIEHUS B
HOJIHOTO JIOTHYECKOTO 3aBeplieHHs HALIKX NIpeAcTaBJieHHH O Belle-
CTBEHHBIX YHCAax 6oJjiee NPEeJNOUYTHTEIbHBIM SIBJISIETCS aKCHOMATH-
4ecKu# MeTOJ BBEJEHHS ITHX UYHCEeJ.

ATOT METOJ 3aKJI0YaeTcsl B CJAEAYIOIIEM.

MnoecTBO BeLIECTBEHHbIX YHCEJ BBOAHTCS KaK COBOKYNHOCTH
O0bEKTOB *,  y10BJETBOPAIOIHAX 17 aKCHOMAM, B Ka4eCTBE KOTODPHIX
6epyTcsi 16 OCHOBHBEIX CBOMCTB H aKCHOMAa O MOJHOTE OTHOCHTEJIbHO
16 yxasaHHBEIX cBoiicTB. Brpeab MBI GyleM Ha3bBATh YIOMSHYTHIE
17 akcuoM aKCHOMAaMH BelleCTBEHHOTO uucaa. Kouk-
PeTHOH peasiH3allMell COBOKYNHOCTH OOGBEKTOB, YAOBJETBOPHIOIIHX
17 akcnoMaM BeINIECTBEHHOI'O UMCJA, H SIBASETCS H3YUYECHHOE HAMME
BBILIE MHOXKECTBO O€CKOHEUHLIX NecATHUHHX Apobell. Bosmoxnbl w
Apyrue peaju3alid yKa3aHHOH COBOKYNHOCTH OODBEKTOB.

Hmeer Mecto ciepyioliee 3amMedyaTeqbHOE YTBEPIKAEHHE:

Jwbas pearusayus cosokynnoctu o6wvexros {x’}, yoosiersops-
rouux 17 akcuomam 6eujeCT8EHHO20 4YUCAQ, USOMOPPHA UBYUEHHO-
My Bouue mHoxecrsy {x} Oeckoneunovix OecaTuunsix Opobeil.

JloxasaTeJbCcTBO 3TOr0  YTBEPKAEHHS MOMKHO HAaHTH B KHHre
B. A. HMnpuna u 3. T. Ilosuska: «OeHOBbl MaTeMaTHYECKOrO aHa-
au3ay, 4, 1 (M., Hayka, 1982, c. 608-—612), a Takxe B KHUTE
B. A. Unbuna, B. A. Caposanuero u ba. X. Cenposa «Matemaru-
yecku#f ananus» (M., Hayka, 1979, c. 65—69).

[ToguepkHeM, 4TO aKCMOMATHYECKMH METOJ H NMOHSTHE H3OMOpP(-
HBIX (B DPa3JIMUHBIX CMBICJIAX) COBOKYINHOCTEH OGBEKTOB LIMPOKO
HCHOJb3YIOTCS B pasHooOpasHbiX pasjiesax COBDEMEHHOH MaTeMa-
THKH ¥ (DH3UKH (OPH TIOCTPOEHHY T€OMETPHH, TEOPHUH BEPOSTHOCTEH,
KJIaCCHYECKOH MeXaHHKM, CTATHCTMUYECKOH (DU3UKH, KBAHTOBOH Me-
XaHUKY ** ¥ 1p. pas3jenos). ‘

B 3aknioueHue 3aMeTHM, YTO B TE€OMETPHH MHOMKECTBO TOYEK
NpSAMOH BBOJHTCS KaK COBOKYITHOCTh OO'BEKTOB, YAOBJETBOPSIOUIKX
HEeKOTODLIM aKcHOMaM, CpelH KOTOpPHX (yHIaMEHTaJbHYI0 POJib
HIPaeT aKCHOMa O IOJHOTe 3TOH COBOKYNHOCTH OTHOCHTEJIBHO OC-
TaJbHbIX AKCHOM. YTNOMSHYTble aKCHOMBI [O3BOJIAIOT YCTAHOBHUThH

* [Ipu 5TOM HHYero He HPELNOJNATAETCs O NPHPOJE 3THX 0GHEKTOB.
** Tak, KBaHTOBas#g MeXaHMKa NEePBOHAYAJbHO BO3HHKJa B BUAe ABYX BHellHe

Pa3JIMYHBIX TEOPHH: «MATpPHYHOH MexXaHuku» [efizenGepra ¥ <«BOJHOBOH MEXaHHUKH»
Hipenunrepa. Ilosxke GELIO [0KAa3aHO, YTO 5TH [BE TEOPHH UCHOAB3YIOT JBE H30-
MOp®HBIE ADYr IpYry KOHKPETHHE DeaH3aluH OJHOM OOLIel COBOKYIHOCTH OOBeK-
TOB, BBOJAHMOM aKCHOMAaTHYECKH H Ha3bIBaeMOH aGCTPAaKTHHIM T'H/AbOEPTOBBIM IPOCT-
PaHCTBOM.
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B3aMMHO OfB03HAYHOE COOTBETCTBHE MeXKAY MHOXKEeCTBOM TOUeK
OpsAMOfl M MHOXKECTBOM BCEX BeIIECTBEHHBIX uHcesa *. 3To cooT-
BETCTBHE INI03BOJIsieT H300paKaTh BellleCTBeHHble UHCJAA TOYKAMH Ha
npsiMofi (4HCJIOBOH OCH), yeM Mbl OYAEeM IIHPOKO II0JL30BAThCS B
HJLTIOCTDATHBHBIX LEJSX.

§ 7. 3JIEMEHTbI TEOPUHU MHO)XECTB

1. Monsitne muoxecrBa. B npenpinymux naparpacdax npu usyde-
HUH TECPHU BELIECTBEHHBIX YHCEJ BAXKHBIM TOHSATHEM SBJAJIOCH TOHS-
‘THe MHOxecTBa. [lojuepkHeM, YTO MHOXKECTBO MBI DacCMaTPHBAJH
Kak HavyaJbHOe TIOHSITHE, HeolpeJle/sieMoe uyepe3 apyrue. B stom na-
parpace Mbl 6ygeM u3y4aTh MHOXKECTBA NPOHU3BOJIbHOH NPHUPOABL, HJH,
KaK TOBOPSAT, aOCTPAaKTHBIE MHOXKECTBAa. DTO 03HAYAET, YTO OOBEKTH,
COCTABAAINIINE JaHHOE MHOXKECTBO, HJH, KAK IOBOPST, 3/JeMEHTH AaH-
HOrO MHOXKECTBA, yXkKe He 00513aHBl ObITh BELlECTBEHHLIMH UYHCJaMH.
DneMeHTaMH aGCTPaKTHOTO MHOMKECTBA MOrYT ObITh, HanmpuMmep, GpyHK-
uMH, 6yKBbI andaButa, GHTYpPHl HA MJIOCKOCTH H T. 1.

B MareMaTHKe OOBIYHO BBOJASIT MHOMKECTBO KaK COBOKYIIHOCTb 06b-
€KTOB JI060H NPHPOJE, 00/MafaloliuX OnpeleNeHHEIM CBOHCTBOM.

MuoxecTBa MB OyzeM 0603HaYaTh TPONHCHRIMH OyKBamu A, B, ..
wan X, Y, .. U T. 0., HX 3JEMEHTH — MaJabIMH GyKBaMd a, b, ... WIH
X, Y,.. U T. . YTBepK/JEHHE «3JEMEHT @ TP HH A [ JI € XK H T MHOXKECTBY
A» OyneM 3anicHBaTh B BHAE a<A, €CJH XKe 3JIeMEHT @ He P H-

HanJaeXHUT MHOXecTBY A, T0 6yneM mucath, 4to a=A unu a<t A.
Ecau paccmaTpuBaloTcst [Ba NPOM3BOJILHBIX MHOXKecTBAa A B B u u3-
BECTHO, UTO BCe 3JICMEHTHl MHOXecTBa B cojepxkartcsi B MHOXKecTBe A,
TO B HasblBaeTCs MOJAMHOXKECTBOM MHOXecTBa A u 0603HAyYaeT-
¢st aToT GakT Tak: B A. Ilpu aT0M roBopsT, 4TO MHOXKECTBO B BKIIO-
uaetcs B MHOXKecTBo A. (3aMeTHM, uTo NpH 3TOM BO3MOMKEH Ciaydai
B=A, t. e. ciyuafl, Korga Kaxablil s1eMeHT MHOXecTBa B npuHaj-
JIeXKUT MHOXeCcTBY A M, HaoGOpOT, KaxKIbi 3JeMeHT MHOxkKecTBa A
NPHHAJIEXKUT MHOXeCTBY B.)

B nanbHefimeM yao0HO OyAeT paccMaTpuBaTh MHOXKECTBA, SIBJSIO-
giHecss MOAMHOXKECTBAMU HEKOTOPOro (HKCHPOBAHHOTO MHoOxKecTsa E.

Ecan MHOMXKeCTBO BBOIMTCA KaK COBOKYNHOCTb OOBEKTOB, 06saja-
JOIIMX HEKOTODBHIM CBOHCTBOM, NPHYEM OKAa3bIBAeTCs, 4YTO OODBEKTOB,
00/1a1aI0IUX yKa3aHHBIM CBOHCTBOM, HE CYLIECTBYET, TO MHOMKECTBO
Ha3biBaeTCsl MYCTHIM H 0003HAYAETCSH CHMBOJOM .

Takum 06pa3oM, mycToe MHOMKECTBO — 3TO MHOXKECTBO, HE COAep-
Kallee HH OAHOrO 3jeMeHTa. [IycTOe MHOXECTBO SBJSETCS MOJMHOMXKe-
CTBOM J1000ro MHOXKECTBaA.

3ameTHM, YTO KOTJa PeYb HIET O HEKOTOPOM BLIGOPe 5JeMEHTOB,
AJIsi KOTOPBIX paHee OblIO BBeAeHO 0003HAuYeHMe, CKaxeM, 0 HaGope

* Cm. kudry B. A, Mibuna u 3. T. TlosHska «AHanuTHYecKas reoMeTpHsi»
(M., Hayka, 198!; npunoxeHHe B KOHUE KHHIH). .
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3JEMEHTOB X, TO JAAHHAs COBOKYNHOCTb HJIH JaHHOE MHOXECTBO MOXKET
ofoanayathess ¥ Tak {x} (rOBOPAT — «MHOXKECTBO 3JIEMEHTOB <<m<c>>)

Hanee, ecnn X — Kakoe-TO MHOXKeCTBO, a P — onpejiesieHHOe CBOHCTBO, .
1o 3amuce {x=X:P(x)} nan {xer|P (x)} o6o3navyaer MHOXKECTBO
3/MeMeHTOB x, o6aajamouinx csoiictBoM P. Hanpuwmep, ecaum o6Go3Ha-
YHTh uYepes N={x} MHOKECTBO HATYypaJbHHIX uncen: 1, 2, 3, ..., To 3a-
nuch {x<N :x?—4=0} o3Hayaer MHOXECTBO KOPHefl ypaBHEHHs
x2—4=0, gBAAIOIUXCS HATYPaJbHBIMH YhcJaMH. B jganHoM ciydae
3TO MHOXECTBO COCTOMT M3 OZXHOro sjemesra: 2. Takum ofpasom,
{x&N : x2—4=0} =2. '

MHOXKeCTBO BCeX TeX BEUIECTBEHHHIX uncen {x}, KOTOpble OJHOBpE-
MEHHO Y/JOBJIETBOPSAIOT ABYM ycjoBuaM: x<1 u 2<x, siBasercss myc-
THIM. [lycThiM siBJsieTcsi H MHOMXKeCTBO {x&=E : xs4x}.

2. Onepauun Hay MHoxecTsamn., Cymmoil (uasnw obvedunernu-
em) 0syx mroxecrs A u B Hazeisaercs Tperse mroscecrso C, cocros-
wee U3 31eMeHTO8, NPuHadsexcauyux XoTs Obl OOHOMY U3 MHONCECTE
A u B. CymMa gByx MHOXKecTB o6osHauaercsi tak: C=AUB. Anano-
THYHO onpefensiercst cyMma A mwoboro yuciaa MHoxecTB A,. B 3tom
caydae numyt A=|JA,, 4TO U 03HauaeT, YTO MHOXKeCTBO.A cocTOuT M3

€7

3JIeMEHTOB, NPHHAAJEKAUNX XOTst Gl oxHOMYy A,
3aMeTHM, YTO He cJelyeT NYTaTb MOHSTHE CYMMBI [BYX MHOMXKECTB
C NOHAITHEM CYMMBI ABYX BeIECTBEHHBIX uuces. Hanpumep, ecaun Mel
paccmarpuBaem MHoxkectBa A={1}, B={2}, T. e. MHOKeCTBa, COCTONA-
IIHe BCEr0 M3 OAHOTO 3JIEMEHTa: B IIEPBOM CJjydae H3 eJHHHIIB, BO
BTOPOM H3 uHcja nBa, to C=A{JB={l; 2} ectb MHOXKeCTBO, COCTOS-
ee M3 JABYX 9JMeMeHTOB —uHcen 1 u 2. flcuo, uro mpu stom 142=3
He #BJAETCS Ja¥ke 3JeMeHTOM MHoxkectsa C.
fepeceuenuemn deyx muosects A u B Haszei8aercs TpeTse
- mioxcecteo C, cocTOAUjee U3 HACMEHTOB, NPUHAOACHAULUL KAK MHO-
wectsy A, rax u mnoxcecréy B, 1. e. us sasementos, obujux 0as MHO-
amecre A u B. Ilepeceuenne C nByx muoxkects A u B o6osnauaercst
tak: C=ANB. Auanoruuto onpejesnsiercss nepecedenneé C MPOU3BOJb-
HOTO uHcya MHOXKECTB Aq: C=(1A., T. e. MHOXKecTBO C, cocTosilee U3
N o

2JIEMEHTOB, NIPHHAAJIEKAIHX, KAKAOMY MHOXKECTBY Ag.

Pasrnocroto C=ANB d8yx muowecte A u B Hazvi8aercs muo-
oHecT8o, cocronuyee us InemenTos A, He npurnadaencauyux B. 3ametum,
4TO eCJIH paccMaTpuBaeMble MHOMKECTBA SBJSIOTCH MNOJMHOMKECTBAMM
HEKOTOPOro PUKCHPOBAHHOIO MHOXKECTBA E, TO pasHocTe A'=EN\A Ha-
svi8aercs ConoAHEHUEe M MHOXeCT8a A uiu aonO/meuueM do
E muoscecrsa A.

[ToxuepkHem TakiKe, 4TO MOHATHE PA3HOCTH ABYX MHOXKECTB TaK-
Xe He cjeflyeT NyTaTb C INOHSITHEM pAa3HOCTH JBYX BEIEeCTBEHHBIX
qUCceJI.

HononnuTenpHbe CBefleHHsT O CBOHCTBAX omepauuil Haj MHOXKeCT-

BaMH 4 NOHATHe OTOOpa)KeHHs MHOKeCTB OyAyT AaHBl B 1. 4 B KOHUE
Hacroswero naparpada.
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3. CuerHple H HecueTHble mHoxecTtBa. HecuetHocTh cermenra [0, 1].
MOIHOCTD MHOMKECTBA. BaXXHBHIM BONPOCOM NPH H3YYEHHH MHOXKECTB
SIBASIETCA BONPOC O TOM, KaK CpaBHHBATh MexXAy coboit ABa MHOXKe-
CTBa, UMes B BHAY <KOJHYECTBO» 3JEMEHTOB, B HHX COJepKallHUXCH..
Ecap MBIl HMMeeM ABa MHOXKeCTBA, KaxkJoe H3 KOTODHIX COAEPHKHT KO--
HeuHOe YHCJIO 3JIEMEHTOB, TO 3JIEMEHTHl B 3THX MHOMKECTBAX MbI MO--
JKeM NpPOCTO KaKHM-HHOYIb cnocoGoM 3aHyMepoBath. IIpH 3TOM MOKeTr
0Ka3aTbCsl, 4TO B NEPBOM H BTOPOM MHOXKECTBAX COLEPKHUTCS OIHHA¢-
KOBOE YHCJIO 3JieMeHToB. HazoBeM Takue JBa MHOMKECTBA, COAEpKa--
Uie KOHEUHOoe H OJHHAKOBOE YHCJO 3JEeMEHTOB, 3 KBHUBAJEHTHBI-
MHu. Ecau B 0OZHOM H3 paccMaTpHBaeMbIX MHOMKECTB 3JI€MEHTOB OKa-
XKercst OoJsblle, To Mbl OyAeM TOBOPHUTH, YTO OHO HMeeT 60JibIIY 10+
MOILHOCTH, YeM JPYroe M3 pacCMaTPHBAEMBIX MHOMKECTB.

O6patuMcsi Temepb K MHOXKECTBAaM, COCTOSIIAM H3, BOOOILIE TOBO-
ps, QECKOHeYHOro 4YHCJa -3JEMEHTOB. IlIpuMepaMH TaKHX MHOXECTB
SIBJSIIOTCS. MHOXKECTBO PAalHOHAJBHEIX YHCEA HJIH MHOMKECTBO BELIECT-
BEHHBIX uHceJ, JexXallux Ha cermenre [0, 1].

Hasoeem dsa muoxcecrea A uBakeusarenTroL MU, ecau mem-
Oy HUMU CYuLecT8yer 63AUMHO OOHO3HAYHOE COOTBETCTElE, T. €. KaXK-
JIOMY- 3JIeMeHTy a&=A oTBeYaeT €HHCTBEHHBIH 3JeMeHT b B, KaxK bl
sneMenT beB comocraBjieH HEKOTOPOMY 3JeMeHTY a=A M pasHBIM
3/IeMEeHTaM MHOXKeCTBa A OTBEYaloT pasHble 3JeMEHTH MHOXecCTBa B..

B3auMHO OfHO3HAYHOE COOTBETCTBHE HA3LIBAIOT HHOTAA GH € KT H B-
HBIM COOTBE€TCTBHEM. ,

B uacTHOCTH, MHOXeCTBa, COJAepKallie KOHEUYHOe YHCJO 3J1eMeH-
TOB, 9KBHBAJIEHTHBl TOTAA M TOJbKO TOTJa, KOTJa OHH COAEPXKaT OJH-
HAKOBOE YHCJO 3JeMeHTOB: DKBHBaJEHTHOCTb MHOxecTB A m B 060-
3Hayaercst Tak: A ~ B.

[TokaxeM, Hanpumep, uTo MHOMecT60 R={r} payuonaroneix 4uces
u muomecrso N={n} nHarypaivroix uuces 3K8UBAAEHTHbL 3aMeTHM
CHayaJsa, 4To.AJa J0oro uejsoro k=0 ABa palMOHAJBLHHIX YHCJA
m/n u mk/nk SBNAIOTCS ONMHAKOBBIMU (34ech n~0). [ToaToMy BesiKoe:

palHOHAa/JbHOE UHCJIO r MOXHO 3amlucaTh = B BHIE ©= % (g > 0y

H 1po6b cuuraTh HecokpaTuMol. Uucao 0 6yaeM cUMTATb 3aNMHCAHHBIM®
. _ 0 : :
OZHHUM cnocofom: 0= -

HasoBem uyucio h=|p|+¢ BbCOTOH pamHOHaNLHOrO YHcaa p/q..
SICHO, YTO PALMOHAJILHBIX YHCEN 7, HMEIOUIHX JAHHYIO BBHICOTY, KOHeY-
noe umcno. Byaem HyMepoBaTh HaTypaJbHHIMH uncaamu 1, 2, 3, ..
pauHOHaJ/bHbIE YHCJA [0 BO3PACTAHHIO BBHICOTH, T. €. CIHEPBA 3aHyMe-
pPyeM BCe pauuoHaJbHble Yucaa BHCOTH hA=1. Takoe 4YHCJIO TOJBKO-
oAHO: 0. DTOMy palHOHAJBHOMY UHCJAY NpPHUUHLIEM HHAEKC 1, T. e..
NOCTaBHM €My B COOTBETCTBHe HaTypaJibHoe uucjo 1. 3ateM 3aHyMe-

- 1
pyeM paunoHaJbHble 4HCaa BbicOTH A=2. Takux uucen apa: | = —
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—1
un 1 =—- [TepBoMy M3 HHX IIOCTaBHM B COOTBETCTBHE HATypaJlb-

‘Hoe yHucao 2 (T. €. 3aHyMepyeM ero HHAEKCOM 2), BTOpOMY — 4HCJIO 3.
Tlocne aToro 3aHyMepyeM panuoHajJbHBIe YHCAA BHICOTHL 3 H T. .
SlcHo, uTO LPH 3TOM Mbl YCTAHOBHM B3aHMHO OJHO3HAYHOE COOTBETCT-
‘BHe MEXKJAY BCEMH PAlHOHAJbHBIMH YHCJIAMH H BCEMH HATYPaJbHbLIMH
qucJaMu, T. e. R~ N.

BBenem moHSTHE CUETHOrO MHOXKECTBA.

Onpepneanenue 1. Muowecrs6o Ha3bi60eTCS CHEeTHOLM, eCAl
OHO HKBUBAAEHTHO MHONMECTSY HATYPAAbHOIX HUCEA.

CoriacHo 3TOMY ONpejeJeHHI0 ¥ PacCyXKIEHHUSM, IPOBeAeHHLIM
BEIIIE, MBI OJYYaeM, YTO MHOMKECTBO PALHOHAJbHBIX YHCEJ SIBJSETCH
CUETHBIM MHOXKECTBOM.

,[onameM CJeAyIollHe ABA HPOCTHIX YTBEPXKAEHHA O CUETHLIX MHO-
2KeCTBax.

Yreepxaenue 1. Bcakoe HenycToe noOMHOMECTBO CHETHO20
MHONECTBA $BAAETCS. UAU MHONCECTBOM, COCTOSUUM U3 KOHEUHOZ0
HUCAQ 3AEMEHTOB, UM MHOXCECTBOM CUCTHBIMN.

JokasareabctBo. [lycte A -— HCXONHOE CUETHOE MHOMKECTBO,
T. €. A~ N — MHOXKECTBY HATypa/ibHbIX YHCeJ. DTO O3HAYaeT, YTO dJe-
‘'MEHTH MHOX€CTBa A MOXKHO 3aHYMepoBaTb KaKUM-HHOYIb CiOCOGOM.
'PacnonoxuM 3jJeMeHTH MHOMXKeCTBa A B BHIe MQCAEIOBATENbHOCTH:
ai, ag, .., Qn, ... [lycts B — HenycToe MOAMHOMKECTBO MHOXKeCTBa A.
PaccMOTpUM TNOCJI€0BaTeIbHO 3JEMEHTH ), d2, ds,.. MHOXKeCTBa A.

Ecan ay=B, 10 3tor sneMeHT MBI 0003HauuM uepes b;; ecan a;=B,
MBI TIEPEXOJAHM K PACCMOTDPEHHIO 3JIEMEeHTa dp. IIpH pacCMOTpeHHH
"9JIEMEHTA @y MOTYT NDPEACTABHTbCS [BE BO3MOMHOCTH: 4) 3JeMeHT
Q9 B; ecnn npu 9TOM GBIIO BHIMOJHEHO, 4TO U 1B, T0 37eMeHT ap

‘MBI 0GO3HAUMM yepes by; ecaH ke @B, To sJ1eMeHT a; 06Go3HauaeTCst

uepe3 by; 6) aJeMeHT as=B, Torna nepexofiMM K PacCMOTPEHHIO 3Je-
‘MEHTa Q3 U T. A. SICHO, UTO IIPH STOM MOKET CJYYHTHCS, YTO BCE 3Je-
‘MEHTHl MHOXKECTBa B GyAyT pacmosiokesHbl B BHUAE KOHEUHOH MOCAENO-
BaTeJbROCTH: by, by, ..., bu (M<oo). B aTOoM cayuae muoxecrso B
“COCTOUT M3 KOHEYHOTO YHCJa 3;eMeHTOB. EC/IH 3TOro He CJAYYHTCH, TO
MBI BBIIHILIEM BCE 3JEMEHTHl MHOXKecTBa B B BHAe 6ecKOHEeuHOH mno-
<J1e0BAaTEJbHOCTH 37eMeHTOB by, by, ..., bn, ..., OTKyAa cieiyer, 4To
MHOXeCTBO B cueTHoe. YTBepKIeHHE J0Ka3aHO. :

Yreepxaeuue 2. Cymma 210606 KOHeuHOH Ul CHETHOU COBO-
KYNHOCTU CHETHbIX MHOXCECT8 eCTb MHOMCECT80 CHETHOE.

HokasartenbcTBO. PaccMoTpum, nanpumep, ciyda#, Koraa
WMMeEeTCsI CUeTHAasi COBOKYNHOCTb CUETHHIX MHOxKecTB. IlycTs Aj, A,
A3z, ... —COBOKYNHOCTb MHOXECTB, KaXJI0Oe M3 KOTOPHIX CUeTHO. Pac-
TIOJIOKHM 3JieMeHThl MHOXKecTB Aj, As, As, ... B BUAe NOCIEL0BATENb-
FHOCTeH:
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A = {”ﬂ y A2y iz, e e,

fo= oy , G 5 Gy, <o

A = oy, 05, a5, .. 4
. L [ 4 L L] . [ 2 . [ . L)

w0
Hyers A= UlAn. Tlpou3BeieM HYMepaUHIO 3JEMEHTOB @ MHOXKe-'
n=
crBa A={a} caepywomum o6pasom *:
a1=an, A2=ag, A3=0a13, A4=0as, As=A0a0y, As=013 H T. A.

Y HexoTOpHX MHOXKecTB A; H Aj MOryT OKa3aThCst OOIIHE 3JE€MEHTBI'
(npu i7~j). B atom clydae MB HX YUHTHBaeM TOJbKO ONHH pa3.

Takum o6pa3omMm, sjeMeHTH MHOXecTBA A MOXKHO 3aHYMepOBAaTh,.
T. €. NIOCTAaBHTb BO B3aHMHO OJHO3HAaUHOE COOTBETCTBHE C MHOXKECT-
BOM HaTypajbHHX yucea N, T. e. A cueTHo. YTBepkKIeHHE N0KA3aHO..

BosHukaer BOIpOC: CYHmIECTBYIOT JH GeCKOHEYHEIE HECUeTHble MHO-:
JKeCTBa, T. €. TaKHe OeCKOHEYHble MHOXECTBa, KOTOpHE Hesb3s IMOoCTa--
BHTb BO B3aUMHO OJHO3HAYHOE COOTBETCTBHE C MHOKECTBOM HATYpPaJb--
HBIX yHcesn? OTBET COJNEPIKHTCA B AOKAa3bIBAEMOH HUXKe TeopeMe.

Teopema 2.2. Muoxecrso scex touex ceemenra [0, 1] necuerro.

HoxasarteancTBo. Paccmorpum unrepBaa (0, 1). OueBuano,.
4TO €CJM Mbl AOKaxeM, urto uHTepBan (0,1) HecueTeH, TO U CErMeHT"
[0, 1] 6ynmer HecueTeH, TaK KaK MHOXeCTBO Touek cermenta [0, 1] otan-
YaeTcs OT MHOXKecTBa TouekK MHTepBasta (0,1) Bcero AByMsI TOYKaMH::
0 u 1. Mrak, nokaxeM, 4To MHOMKEeCTBO Touek uHTepBaja (0, 1) me-
cyeTHO. [lomycTHM OPOTHBHOE, T. €. MPEANOJOXKHM, 4YTO BCE BELIeCT--
BeHHbIe yucja HHTepBajaa (0, 1) MOXHO 3aHyMepOBAaTh.

3anucoiBasg Bce uyHcaa uurtepBana * (0, 1) B BHIEe 6GeCKOHEUHBIX:
NeCATHYHLIX APOOe, NoJyynuMm, uTo :

X1 =0, anaig ... ...

y

Xo=0, A21Qs...Qon ...,

. . . . . N

xn': 0, (lnlaﬁz eew ann cesy

Paccmorpum Ha umutepBaje (0,1) BemectBenHoe uuciao x=0, b;b; ...
wo bne.., THE by — M06asg mudpa, oTaMynag ot a, 0 u 9; by — J06asn
uudpa, OTAHYHASA OT Gg, 0 U 9; U T. A.; b, — J06as udPa, oTIHYHAS
OT @np, 0 1 9. IlocTaTOYHO MOKa3aTh, YTO UHCJAO X HE COBNALAET HH
C OOHHM H3 YHCeJ X1, X2, ..., ¥n, .... HUCJO X HE CONEPKHUT IOC]e 3a-
NATOH HyJefl U AEBATOK, T. €. 3TO YHCJO He IPHHAJIEXKHT Kjaccy pa-

* B samHcn Bcex »JieMEeHTOB MHOXKecTB A;, Ag, .., NPUBEJEHHOR BHILIE, CTPEJKH:
YKasblBAaiOT MOPAAOK, B KOTODOM MHI IIPOH3BOAHM HyMepalHio. :
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LHOHAJbHBIX YHCEJ, NPEeACTABUMBIX JABYMsI crnoco6aMu B BHAe GecKo-
'HEeUYHHIX JECATHUHBIX JpoGedi. B Taxkom cayyae 4HCIO X JAONyCKaeT
-eIMHCTBEHHOE MpeJCTaBJeHHe B BHIE OeCKOHEUHOH JecATHYHOH APoOH
H OHO CTJIMYHO OT BCEX HHCEJ Xi, X3, ..., Xn, ..., HOO COBHajeHHe YHC-
J1a X ¢ KakKHM-uf0 YHCJIOM X, O3Hauajo Ob coBnajeHue b, U Qnn.
Takum oGpasom, uutepBan (0, 1), a Bmecte c Tem u cerment [0, 1]
HecuereH, Teopema pokasaHa.

Onpenenenue 2. MuoKecTrs0o, IKBUBANEHTHOE: MHOJNCECTBY TO-
«uex ceementa [0, 1], HasviBaeTCs MHONECTBOM MOUWHOCTU KOHT U-
HYyyma. ' :

Us nokasannoi#i TeopeMsl 2.2 ciejyer, YTO MHOXKECTBAZ MOUIHOCTH
KOHTHHYYMa M CUeTHble MHOXeCTBa He SIBJSIOTCH 3SKBHBAJCHTHBIMH
Mexay co6ofi MHOKecTBaMH. B dacTHocTH, H3 TeopeMbl 2.2 cienyer,
YTO CYLLeCTBYIOT HPpPAlHOHAJbHBIE UHCJA, TAaK KaK yXe Ha CerMeHre
10, 1] ne Bce umcna panHOHAJNBHBI: B NPOTHBHOM CJydae HX MOXKHO
6bls10 OBl mepeHyMepoBath. 3 Teopemul 2.2 Takxke cienyeT, 4TO Hppa-
‘'UMOHAJILHBIX YHCeJ HeCYeTHOE MHOMKECTBO, TaK Kak ecsH Obl HX OBLIO
CUeTHOE MHOXKECTBO WJH KOHEYHOe YHCJIO, TO N0 YTBEePXKAEHHUIO 2 ¢
"BCEX UHCEJ — DAalMOHAJbHBX H HPPALHOHAJbHBIX — OBITO OBl CUETHOE
MHO2KeCTBO.

Paccmorpum dsa npoussonstolx muosecrea A u B. Ecau st
MHONCECTB8A ABAAIOTCA IKBUBAAEHTHOLIMU, TO Mbl 6ylem 2080pPUTD,
4TO OHU UMEOT OOUHAKOBYIO MOUWHOCTbO UAL ABAANOTCA
PABHOMOUWH MU

st 0603HaueHHsi PAaBHOMOILHOCTH MHOXeCTB A ¥ B ucnosnsy-
I0T CJEeAYIOIYI0 CHMBOJHKY:

m(A)y=m(B) *

Ecau muosicect60 A 3K6UBANGHTHO HEKOTOPOMY MOOMHOMECTSY
mromecrsa B u npu srom mrioscectso A ne codeprcuT noOMHONCECT-
8a, 3KBUBAAEHTHO20 MHOXNCecT8Y B, T0 Gydem e2080purs, 4TO MO W4-
HoCTb mMHOMecT8a A MeHvweE Mouutocru MHOXe-
crsea B.

JJas o6o3HayeHHst TOTO, YTO MOIIHOCTb MHOXKecTBa A MeHbile
MOIHOCTH B, HCHOJb3YIOT CAEAYIOUIYIO CHMBOJIHKY:

m(A) <m (B).

Hanpumep, U3 HaHHOrO Bhillle ONpPeJeJeHHS MHOMXECTBA MOLIHOCTH
KOHTHHYYMa, H3 TeOpeMH 2.2 M H3 yTBepXKIeHHS | O CYETHHIX MHO-
JKeCTBax CJaeAyeT, YTO MOLIHOCThL CYETHOTO MHOXKECTBa MeHbLIe MOHI-
HoCTH MHOXecTBa cerMeHra [0, 1], T. e. MOIHOCTH KOHTHHyyMa.

Htak, HaMi BBEAEHO CpaBHeHME MOLUHOCTeH IBYX MHOXKECTB.
Hornqecxn BO3MOXKHBI €Ille JIBA CJydas:

* Beanuuny- m(A), npepcrabiasiomyio co6ofi ofuiyl0 XapakTepHCTHKY KJjacca
BCEX SKBHBANEHTHEIX MHOXECTBY A MHOXECTB, NDHHATO HA3HBATh Kap AHHAJdb-
HBIM YHCJOM. B uactHocTd, ecii A COCTOHT H3 KOHEYHOrO HHCJA 3JEMEHTOB, TO
#m(A) paBHO KOJIHYECTBY 3JIEMEHTOB 3TOFO MHOXKECTBa.
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a) MHoxectBo A CONEPXKHT TOJAMHOMXKECTBO, 3KBHBAJEHTHOE
MHOKeCTBY B, a MHOXecCTBO B COAEepXKHT NOAMHOXKECTBO, SKBHBA-
JgeHTHOEe A,

6) MuoxectBa A u B He 3KBHBAJIGHTHH, M HH OJHO U3 HHX He
CONEPKHUT NOJAMHONKECTBA, 3KBHBAJEHTHOTO JPYTOMY MHOXECTBY.
Herpynno poxasath, uTo B cayuae a) MHOXectBa A u B 6yayT 3K-
BuBaseHTHBl. Ciyyail ke 6) Ha caMOM Jejle HEBO3MOXKeH.

3aMeTuM elle, YyTO TPYAHOH mpoG/ieMoil OKasajcCs BONPOC O
CyUIeCTBOBAHHY MHOJKECTBA IIPOMEIKYTOYHOH MOIIHOCTH MEXAY
MOLIHOCTBIO CYETHBHIX MHOXKECTB M MOIHOCTbIO KOHTHHyyMa. Okxa-
3aJI0Ch, UTO YTBEPXKJAEHHE KaK O CyIeCTBOBAHHH, TaK H 006 OTCYTCT-
BHH MHOXK€CTBAa I[POMEKYTOYHOH MOIIHOCTH HE IPOTHBOPEYUT aK-
CHOMaM TEOPHHM MHOXKECTB H He MOXKeT ObITb BBIBEIEHO H3 HHX. Tem
CaMBbIM 3TO YTBePXK/JEHHE SIBJsSeTCSI OJHOH M3 aKCHOM aKCHOMAaTH-
YECKOH TEOPHH MHOXKECTB.

B sakiiouenne nokaxem, uro cermesr [0, 1] u unrepsan (0, 1)—
3KBUBAJIEHTHbIe HJIH, YTO TO K€, PABHOMOLIHBIE MHOXecTBa. [lis
3TOr0 YCTAHOBHM B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKAY HX

ssementaMu. Buibepem Ha cermenTte [0, 1] u unrepBane (0, 1) mo-
1

1 1
CJACA0BATENbHOCTDb TOYEK {7, —-g-, e R
n

Touke 0 cermenta [0, 1] HocTaBUM B COOTBETCTBHE TOUYKY
1
- untepBasia (0, 1), Tourke 1 cermenrta [0, 1] mocraBuM B coor-

1 1
BETCTBHE TOUYKY Y uHrepaaa (0, 1), najee TOUKe —-  CerMeHTa
' 1
[0, 1] nocraBEM B COOTBETCTBHE TOUKY Tun'nepna.na 0, 1)
H T. 1., TOUKe L cermenra [0, 1] mocTaBHM B COOTBETCTBHE TOYKY
n

untepBana (0, 1), n>>2. Bcem ocraJbHBIM TOYKaM CerMeHTa

(1. e. Toukam, oTauyHbIM OT 0,1 ¥ He NMpHHAAJIEKAIUMM- BEIOPaHHOH
HOCJeLOBATEJbHOCTH) CTaBATCA B COOTBETCTBHE T€ XK€ TOYKHM HH-
TepBaJia, T. e. TOUKH, MMelollHe Te ke abcuuccnl. Takum obpasom,
B3aHMHO OJIHO3HAYHOE COOTBETCTBHEe Mexay cerMentom [0, 1] u HH-
TepBasoMm (0, 1) ycraHOBIEHO.

4. CpoiicTBa omepauyil Haj, MHOXECTBaMH. OToﬁpa)KeHne MHO-
xecTB. OTMETHM pPsii CBOMCTB, BBeAEHHBIX BHIIE ONepaluil Haj
MHOXcecTBaMy. OTHOLIeHHe BKJIOYeHH 1 ABYyX MHOxecTB o6iana-
€T CJEeAYIOIUUMH CBOHCTBaMH:

1°) AcA4;

2°) eciu AcB u Bc A, o A=B;

3°) ecau BcA u A<=C, 10 B=C;

4°) A pna moboro MHOXKecTBa A.

3ak, 72
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Ta. 2. BellecTBeHHHE 4YHCJHa

Omnepauun cyMMBl (OGbefUHEHHS) M NMepeceyeHHSs MHO-
JKeCTB 06J1aJjaloT CJIeAYIOUMMH, HENOCPEJCTBEHHO POBEPSIEMBIMHU
CBOHCTBAMH:
5°) (UAa) NB= U (ANB) (nucTpuOYTHBHOCTD TiepeceueHus);

6°) (ﬂAa)UB ﬂ( oUB) (nuCTpHGYTHBHOCTb OOBENHHEHHS);

7°) ACB SKBHBaJIeHTHO yeaosusam AUB=B wuan ANB=A.

Hanowmuum, uTo ais noamuoxects {A} HEKOTOPOro GUKCHPOBAH-
HOro MHOXecTBa E MH BBeJM ONEpaluio JAONOJHeHHS A=
=ENA. OueBHJiHO 3Ta onepanus yAOBJETBOPSIET CJAeAVIOLUIHNM CBOIi-
CTBaM:
8°) AUA'=E, ANA' =,

9°) &’'=E, E'=(,

10°) (UAa) —ﬂA

11°%) (ﬂAa)’

Hocne;ume lIBa CBOWCTBA CyTh npaBuia fe Moprana *

Cummerpuueckoii pasnHocTso 08yx muoxwecrs A u B
nasosem muomcecréo C(AUB)\ (ANB). CummeTpHueckas paspHocThb
MHOXecTB A M B o6osnauaercss cumBojoM AAB. Jlerko BuIeTb,
yt0 AAB= (AN\B)U(B\A4).

BakpefllnuM NOHATHEM B aHAJIH3e SIBJSETCS NOHATHE 0TOOp a-
JKeHHs omHOro MHoxkectBa B apyroe. Ilyctb X u Y — kaxue-to
MHOXxecTBa. Ecau 8 cunry Hekoropoeo 3axona | kascdomy ssementy
xeX coorsercréyer ssement y=f(x)<Y, ro eosopar, 4ro 3a0aHO
orobpascenue [ muoncecréa X 8 muoocecTeo Y. 3anUCEHIBAIOT 3TOT
¢dakr B BUAE

f
f:X—>Y wm X—>Y.
B stoM cayyae aseMeHT y=[(x) HasnBaKT 06pa3oM 3jeMeHTa
X WIM 3HAYE€HHEM f HaA 5JeMEeHTe X, a 3JIEMEHT X—IIp o-
06pasoM HIH OZHUM H3 NIPO06Pa3oB asieMenTa y. Hacro aneMenT
xeX HasbHBalOT DepPEeMEeHHH M MA4 apryMeHTOM oToOpa-
XKeHus f.

O6pasom MmuoxectBa AcX npu orobpaxennu f:X—Y nasn-
BAIOT MHOXKECTBO BCEX TAKHX 3JIEMEHTOB ¥M3 Y, KOTOpHE SIBASIOTCA
o6pasaMu 3jeMeHTOB ¥&=A. D10 MHOXKeCTBO 0603HAYAETCST CHMBO-
JaoM f(A). Ecau BY, To npoo6pa3oM (UaH NOJHHIM mpoobpa-
30M) MHOXKeCTBa B Ha3HBAIOT COBOKYIIHOCTb BCEX IJIEMEHTOB x&X
Taxkux, uto [(x)=B. Ilpoo6pas mHuoxecTBa B 0603HauaercA CHM-
BoJiom f~1(B).

Oto6paxenue [:X—Y unorna ymo6uo HasmBath QyHKIHe#
¢ obnacThio onpezneieHnss X u o6aacThio (MJH MHOMXKECTBOM) 3Ha-
yeHuir f(X)<Y. B HeKOTOPBHIX pasjiesaXx MaTeMaTHKH B 3aBHCHMO-
CTH oT mpupoasl muoxect8 X u Y u csolicts [ oroGpaxenne | ua-
3BIBAeTC ONMepaTopoM, GyHKHHOHAJIOM M T. 1.

* A. pe Mopran — woTaangckuit matematux (1806—1871).
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3*

ITpo orobpaxense f:X—Y roBopsaT, YTO OHO CIOPBEKTHBHO
(uu aBiaserca oToOpaxenHeM X Ha Y), ecaum [(X)=Y; unbek-
THBHO (WJIH ABJISIETCS BJIOKEHHEM), ecid AIs JIOOBX 3je-
MEHTOB X, X2 MHOXecTBa X u3 ycsioBus f(x) =f(xs) BHITeKaer, 4TO
Xi=JXg, T. €. pa3JHyYHble 5JEMEeHThl HMeIT pasJHYHble 00pashi;
6HeKTHBHO (MJH B3aHMHO OJHO3HAYHO), eCHd OHO
CIODBEKTHBHO H HMHBEKTHBHO OJHOBpeMeHHO. Ecam ortoGpakenue
f: X—Y OunextuBHO, TO, KAK Mbl OTMeuajd B 0. 3, MHOXecTBa X H
Y HasbiBalOTCSl SKBHBAJEHTHHIMH (HJIH PaBHOMOLIHBIMH). B cayuae
6vekuuyn f: X—Y MoxHo onperenuts o6paTHOe oTOOpaxe-
Hue f':Y—X no npaBuay: ecau npu oTtoOpaxKeHHH f 3JMeMEHTY
xe=X cooTBercTBYeT 3jeMeHT y<Y, TO f~!(y) mosaraercs paBHHM
sneMenTty x. Jlas mo6oro yeY B CHIY CIOPBEKTHBHOCTH OTOOpaKe-
Hus f ajeMeHT f~!(y) Bcerja CyUIECTBYET, a BBHAY HHDbEKTHBHOCTH
0TOGpaXKeHust f 3TOT 3JieMeHT f~!(y) eAHHCTBEHEH.



Faasa 3

TEOPHSA NPEAEJOB

B ra. 1 yxe yxkasnBasoch, 4T0 OAHOH H3 OCHOBHbIX omepauui Ma-
TeMaTHUECKOr0 aHaJjH3a sBJSEeTCSI ONepauHs NpPeAeJbHOro nepexona
H YTO 3Ta ONepalus BCTpeuaeTcsl B Kypce aHaJH3a B PasjiHyHBIX ¢op-
Max.

B macrosmed riaBe usyualorcd npoctefimne GopMel onepauuH mnpe-
JenbHOro nepexofa. Mpl HayHHaeM € H3y4eHHsi caMoi mnpocTeiuiel
¢opMbl onepanMH TpeAeNbHOIO IepeXoAa, OCHOBAHHOH HAa NOHATHH
npeneya Tak Ha3piBaeMOH 4HCJICBOMH NOCIAEAOBATEIbHOCTH.

[ToHaTHEe npenena YHCJIOBOH INOCHENOBATENLHOCTH OOJErduT HaMm
BBEeJieHHe M APYrod BecbMa BaXHOH (OPMBI ONepauHd NpPeAesbHOTO
nepexoia, OCHOBAHHOH Ha NMOHATHH NPEAEJbHOrO 3HAYEHHs (HJH, KO-
poue,.nipefiena) (QyHKIIHH. :

KOHIle IJIaBel Haercs obluiee onpeneneﬂne npeleja (QYHKIHH
no Oase.

§ 1. MOCJHEAOBATEJNAbHOCTb U EE NMPEXEJN

1. TonsaTne nocaenoBaTeNbHOCTH. ApudMeTHUECKHE ONEpalMH HaRm
nocaepoparenbHocTaMu. IloHATHe 4MCJIOBON MOCIENOBATEJbHOCTH H3-
BECTHO M3 Kypca cpexnefl migoJjnl. IIpuMepaMH 4YHCJIOBHIX NOCJAENOBA-
TEJbHOCTEH MOTYT CAYXKHTb: 1) 1OCIeNOBaTEbHOCTb BCEX 3JIeMEHTOB
apupMeTHYECKOH HJHM reoMeTPHYeCKOH Inporpeccmu; 2) nocjaenosa-
TEJbHOCTh IIEPHMETPOB NPABHJbHBIX M-YTOJbHHKOB, BIHCAHHBIX B [1aH-
HYI0O OKPYXKHOCTb; J3) MOCJENOBATEJbHOCTh pPALMOHAJBHBIX YHCe]
x1=0,3, x,=0,33, x3=0,333, ..., npubauxalomux yucao 1/3.

Ecau xamdomy sHadenuto n u3 natyparsrozo pada wucea 1, 2,
ey Ny ... CTABUTCS 8 COOTBETCTBUE NO ONPEeOeAeHHOMY 3AKOHY HEKOTO-
poe Beuw,eCTBEeHHOE YUCAO Xn, TO MHONECTBO 3AHYMEPOBAHHLLX BeuiecT-
BEHHbIX Hucen

X1y X2y «ov 'y Xny oo (31)

Mol u Oydem HA3b6I8AT6 4UCA0B0E NOCAEeD0BATEAbBHOCTb IO
UAU RPOCTO ROCAE00B8ATEABLHOCTb I0.

OTpenbHble YHCA Xp MBI Gy/eM HA3BIBATb 3J€MEHTAMH HJIH YJeHa-
MH nocjefoBatenbHocTd (3.1). s cokpallleHHOH 3aMuCH NMOCJefoBa-
TeqibHOCTH (3.1) OyZeM HCHOMB30BATbH CHMBOJ {Xn}.

Tak, HanpuMep, CHMBOJ

2 o6o3HayaeT MOCJeL0BATEIbHOCTD
n

1, 1/22, 1/32, ..., 1/n? ..., a cumBoa {1+ (—1)"} o6osnauaer mocJje-
posarenpHocTs 0, 2, 0, 2,
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Paccmorpum Hapagy ¢ mocienoBatedbHOCThIO (3.1) eme omny
[OCJIeI0BATEAbHOCTD
Y, Yo, ooy Yny oo (3.2)

Ha3osem  nocaedosaressnocte  x1-+y, XotYo, oy XntYny -
cymmoii nocaedosarearsrocrets (3.1) u (3.2), nocaedosaresvrHocTo
Xi—Y1, Xo—Y2, -y Xn—Yn, .— PA3HOCTOb 0 NOCACOOBATEALHOCTELR
(3.1) u (3.2), nocaedosaresrvHoCTs Xi-Y1, Xa-Ya, s X¥n*Yn, ... — NP O-
ussedenuem nocredosareasnocredi (3.1y u (3.2) u, naxoney, no-

. X Xa ‘Xn
cAe008aTeAbHOCT —2, 2, ..., -0 . ..— wacTHb M nociedo-
Yn

Y Y2

sareasrocrell (3.1) u (3.2). _
Koneuno, npu omnpejesieHHH YacTHOro mocjejoBartejbHOcTed (3.1)

H (3.2) Beo6xoauMo TpeGoBaTh, 4TOGH BCE 3JIEMEHTHI MOCJELOBATEb-
HOCTH (3.2) OblJIM OTJIHYHBI OT HyJsd. 3aMeTHM, OJHAKO, YTO €CJH Y
NOC/eAGBaTeNbHOCTH {yn} oOpallaeTcss B HyJib JHUIIb KOHEYHOE YHCJIO

3JIeMEHTOB, TO 4aCTHOE {—3”— MOKHO ONpeNeJHTh C TOr0 HOMEpa,
n :
HAaYHHAsi C KOTOPOTO BCE 3JIEMEHTH YYn OTJIHYHBI OT HYJIS.

2. OrpaHHYeHHblE, HEOTPAHHUEHHbIE, OECKOHEYHO MaJbie M Gecko-
HeyHo Gosbuine nocneaoBaTeNbHOCTH. COBOKYNHOCTD BCEX 3JIEMEHTOB
NPOU3BOJNBHOH 1OCAeOBaTeNIbHOCTH {Xn} 00pasyer HEKOTOpPOE YHCJIOBOE
- MHOXecTBO. OTnpaBJisgsch OT NOHATHA OTrPaHUYEHHOTO CBepXY, CHH3Y
HJIH ¢ 06eHX CTOPOH MHOXECTBA, MBI NPHXOAHM K. CJEAYIOIHM onpe-
JEJICHHUSIM,

Onpenenenne 1. Hoczzeaosa:re/zbﬂocrb {xn} Ha3wBaeTca o e-
panuwennoil ceepxy (CHU3Y), ecau cywecreyer BeuyecTen-
Hoe uucao M (sewecrBennoe wucao m) TaKoe, 4TO KA#ObLL 3/1eMEHT
310l n0cAe008ATEALHOCTU Xn YOOBAETEOPALT HEPABEHCTBY

Xn<M (xn>m).

Ilpu stom umcio M (uuciao m) Ha3biBaeTcss BEepPXHEH TpaHbIo
(HHXHeli TpaHbIO) IOCICNOBATENHHOCTH {X,}, a HEPaBEHCTBO
X,<M (x,>m) Ha3HBaeTCsi yCJOBHEM OTPAHMYEHHOCTH
3TOH MOC/EN0BATEAbHOCTH CBEpPXY (CHH3Y ).

OrmeruM, uro J06asi OrpaHHYeHHAsi CBEPXY IOCJEA0BATEIbHOCTh
HMeeT GeCKOHeYHOe MHOMKECTBO BEPXHHX IpaHed * M YTO B YCJIOBMH
OTPaHHYEHHOCTH NOCJEJOBATENLHOCTH CBepPXy X,<M B KauectBe M
MoxeT OpaThes J06asi H3 BePXHHX rpaHeill. AHaJOrHYHOE 3aMeyaHHe
OTHOCHTC M K HHXKHHM TDaHfM OTPaHHYEHHON CHH3Y MOCJeJ0BaTellb-
HOCTH.

Onpenenenue 2. Ilocaedosarervrocts {x,} Ha3vi8aercsa o2 p a-
HuueHnHnot c obeux cTopon (uaunpoctoozpanuaennoii),
€CAU OHQ 02PAHUHMEHA U CBepXYy, U CHU3Y, T. e. ECAU CYuLecT8YroT 08a

* B camom jpese, ecin uMcio M — ojHa M3 BepXHHX rpaHeil, TO B CHJy CBOH-
CTBAa TPAHSHTHBHOCTH 3HAKOB >H = ¥ Joboe.aucao M*, Goéavuiee M, siBrsiercs
’ -
BEpXHeH rpaHsbio.
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seujectaennblx wucsa M u m taxue, 4To kaxcdoll 3aemenT 3T0i nocae-
008aTeNbHOCTU Xn YOOBACTBOPACT HEPABEHCTEAM

m<x, <M. (3.3)

Ilpu atoM uncina m u M HasHLIBAIOTCS COOTBETCTBEHHO HHXKHeH U
BepXHeil IpaHsMH IOCJIEN0OBATENbHOCTH {X,}, a HepaBencrsa (3.3) Ha-
3BIBAIOTCS YCJOBHEM OrPAaHHUEHHOCTH IOCAEAOBATENbHOCTH
{xn).

[MopuepkHeM, yTO B YCJOBHHM OrpaHuueHHocTH (3.3) MOryTt ¢wury-
pHpOBaTh Jio6asi HIXKHAA M J00ass BEPXHSsI TPAHH NOCJeJ0BaTe/]bHO-
cri. OnpejesieHne OrpaHAYeHHOCTH NOCAENOBATENbHOCTH TpebyeT Cy-
IIeCTBOBAHHUS XOTs Obl OJHOI Daphl BelleCTBEHHBIX uucea m U M Ta-
KHX, 4TO JJisi JI060r0 3JieMeHTa TO0CJ/eA0BaTENbHOCTH X, CIPaBeJJIHBHI
HepasesctBa (3.3).

3aMeTHM, YTO yCJOBHE OTPAHHYEHHOCTH IOCJ]EJ0BATENbHOCTH MOXK-
HO 3amlMcaTh He TOJbKO B ¢opMe yAOBJETBOPeHUS HepaBeHcTBaM (3.3),
HO M B APYro#l 3KBHBaJieHTHOH thopMme: nocaedosaressHocTs {xn} n6aa-
eTcs O2paHu4enHoll To2da U TOAbKO To20a, K020a CYyw,ecTsyer noAo-
JeuTeAbHOe BeujecTeennoe wucao A taxoe, uTo KawOblli IAEMEHT no-
€2e008aTEAbHOCTU Xy YOOBAETBOPAET HEPABEHCTBY

| %] <A. (3.4)

B camoMm nene, eciu  KaXAblH 9JEMEHT X, YHOBJETBOpsiET Hepa-
BeHCTBY (3.4), To, nmosoxuB m=—A, M=-+A, MH NOJAYYHUM, UTO Xn
ynoByerBopser HepaBeHcTBaM (3.3). Ecuan, Hao6opoT, Kaxabil ane-
MEHT X, YAOBJIeTBOpsieT HepaBeHcTBaM (3.3), To, 0603HAUHB 4Yepes
A nanGosbuwiee H3 ABYX uHcea |m| um |M|, MBI MOXeM yTBepXKAath,
4TO X, YAOBJETBOpsSeT HepaBeHCTBY (3.4). '

' B coorBercTBHM c onpesfeseHHeM 2 OrpaHHYEHHOH MOCJENOBATE/b-
HOCTH ¥ YCJIOBHEM OTrDaHHYEHHOCTH, B3ATHIM B dopme (3.4), MBI MO-
XKeM ONpefleJUTh NMOHSITHE HEOTPAHHYEHHOH MOCHEI0BATENbHOCTH.

Ilocaedosarenvrocts {x,} HasbiBaeTca HeoepaHuvennol, ecau
048 1106020 NONONHCUTEAbHO20 BeujecT8eHHo20 wucia A* natidercs
x0Ts 6oL OOUH 3AEMEHT NOCAe00BATEAbHOCTU X,, YOO0B8AETEOPAIOULUL
HepagencTsy

| xn| > A. . (3.5)

- C TOYKM 3PEHHs 3TOr0 ONpEAEJNEHHS BCAKAs MOCJeL0BaTeNbHOCTD,
KOTOpasi OrpaHHYeHa TOJbKO CBEPXY HJH TOJBKO CHH3Y, SIBJSIETCS He-
OI'PAHHYEHHOM. ' ;

Tak, nHanpumep, nociegosartenbHocts 1, 2, 1, 4, ..., 1, 2n, ... orpa-
HHYEHa TOJBKO CHH3Y H SIBJSETCS] HeOrDaHHYeHHO!: KaKoe GBI MOJIOXKH-
reJbHOE BellleCTBEHHOE YHCJIO A MBI HH B3siJM, HafiAeTCst 3JEMEHT 3Tol
MOCJIeJOBATE/ILHOCTH C YETHHIM HOMEPOM, Y/IOBJETBOPSIOUWIMA Hepa-
BeHCTBY (3.5). )

—_—

* Ckosib 651 GOJBIIHM MH HH B3SJH 3TO UHCJIO.
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1 o
- IlocaepoBaTebHOCTD [——} , OUYEBHJAHO, ABJASACTCS OrPAaHUYEHHOH:
n

KaXKIblH -2J1eMeHT 3TOH NMOCJeLOBATEJbHOCTH YAOBJETBOPSIET HepaBeH-
ctBam (3.3) npu aw06nx m<0 u M>1.

BBeneM Tenepp NOHATHA GecKOHeUHO OOJBIIOH H OeCKOHEUHO Ma-
JIOH 1OCJIel0BATEbHOCTEH. ,

Onpenenenue 3. [locaedosaresvrocrs {xn} HasviBaerca 6 e c-
KOHed4Ho 60Abwol, ecau 0aa At06020 NOAOKUTEAbHO20 Beuje-
cT8ennoeo uucaa A* naiderca Homep N taxoid **, 4ro npu secex
n>N arementol X, 3TOL nOCAe008aTeAbHOCTU YOOBAETBOPAIOT Hepa-
gercrsy (3.5). :

OueBHAHO, uTO BcsAKasg OeCKOHeYHO 60Jbllas NOCJAEA0BATEJLHOCTD
SIBJISIETCSl HeOorpaHMuYeHHOH, u60 ompejejerue OecKOHEYHO OOJbLIOH
NMOCJAEeI0BATENBHOCTH Tpebyer, uToOnl s Jaio6oro A>0 HepaBeHCTBY
(3.5) ynoBieTBOpPSAJH BCe 3JEMEHTHl MOCTAEJOBATEJBLHOCTH, HAUMHAS C
HEKOTOpOro HoMepa N, a ompejesieHHe HEOrDAHHUYEHHOH MOCJeLOBa-
TeJIbHOCTH Tpebyer, uTo6Hl And Jai06oro A>0 nepapencTBy (3.5) yzmos-
JIETBOPSIJI X0Ts1 OBl OJHH JIEMEHT IIOCJEI0BATENbHOCTH.

BMecte ¢ TeM He BesKas HeOrpaHHYeHHAss MNOCJEIOBATEJbHOCTh
sBJsgeTcss OecKoHeuno Oousbliol. Tak, HanpuMep, pacCMOTPEHHAs BHILIE
nocjenosarenbtocts 1, 2, 1, 4, ..., 1, 2n, ..., 6yAyus HeOrpaHUYEHHOH,
He siBasieTcss 6eckoHeyHo 6o.blioH, n6o pas Jwodoro A>1 HepaBeHCT-
BO (3.5) He HMeeT MecTa JJIA 3JEMEHTOB Xn CO CKOJb YTOAHO GOJIbIIH-
MH He4YeTHHIMH HOMepaMH f.

Onpenenenune 4. Ilocaedosareasnocrs {a.} *** nasvieaercs
beckoneuno maanoi, ecau Oan 2106020 NONONUTENLHOSO Beuje-
CTBEHRO20 4ucaa & **** naibdercs nomep N TaKod ¥**** yro npu ecex
n>N asemenTol @, 3TOL NOCAE008ATEAbHOCTU YOOBACTBOPAIOT HepPa-
BEHCTBY

lan] <e. (3.6)

Hokascem, 4uto nocaredosaresbHocts q, G2, ..., ™, ... 1645eTCA 6 e C-
KkoHewHo Goarbwod npu |g|>1 ubeckoneuno manrod npu
lg| <L ‘ ' .

[Tycts cnauvana |q|>1. Toraa |g|=1+8, rae 6>0. HUcnosssys
¢opmyny 6unoma HeloToHa, MOXeM 3amHcathb

[g|¥=(14+6)¥=14+N&+ (noﬁox{menbﬂbxe YJIEHH).

O'rc10/1a CJAeAYyEeT HepaBE€HCTBO
|g|¥>8N. (3.7)

* CgoJb 6Bl GOJIBIUMM MBI HH B3S/IH 9TO YHCJO. .

** Tak kak 2TOoT HoMep N, BoOOLIe roBopsd, 3aBHCHT OT A, TO HHOTJAa NHIUYT:
N=N(A).

*#% DJleMeHTH GECKOHEUHO MaJIHX MHOC/eJOBaTeJbHOCTEH MBI GyJAeM CTPEMHTbCS
0603HauaTh rpeyeckUMH GYKBaMH.

*#¥* CKoJb 6 MaJHM MBI HH B3SJIM 5TO UHCJO.
N ;‘E"*)* Tak kak sToT HOMep N, BOOGLIE rOBOPS, 3aBHCHT OT &, TO MHOTJAA NHUIYT:

=N(e).
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QukcHpyeM NMPOH3BOJBHOE MOJOXHUTEIbHOE UHCJA0 A M BhiGepeM no
HeMy Homep N Tako#, 4TOGHl OBIO CHpaBelJIHBO HEPaBEHCTBO

SN>A. (3.8)

Y6enumcst B ToM, uto 1o Jaiwo6oMy A>0 MoxkHO BHGpaTh HoMep N,
yaAoBJeTBOpsitomui HepaBeHCTBY (3.8). Hoeosopumecs ob6o3na4vats cum-
B040M [X] yeayro 4acTe NOAOHUTEAbHO20 BEULECTBEHHOZ0 HUCAQ X.

[TockosbKy HepaBeHCTBO (3.8) 9KBHBANEHTHO HepaBeHCTBY N >—';l—,

TO 3TOMY HepPaBEHCTBY 3aBeOMO GYAeT YHOBJETBOPsITh HOMep N, BH-
o A A
OpaHHBIH U3 ycaoBus N = [T +1= T =1 + L
3aMeTHM Tenepb, YTO NOCKOJBLKY |g|>1, TO H3 CBOHCTB mpousBe-
JeHHs BelleCTBEHHBIX YHCEJ Mbl MOJYYHM, YTO HpH BCex n>N

lq]™>|q]". (3.9)
Comnocrasnsist nepasencrsa (3.7), (3.8) u (3.9), MBl moAy4uM, 4TO AJAA
aiob6oro A>0 naiiperca Homep N = 4+ 1 Takoit, yto mpH

fgl —1
Bcex n>N

[9"]=1q|">A.

D10 M HOoKa3biBaeT, uTo NpH |g|>1 nocaenoBarenbHocTs {7} ABAS-
eTcqd 0eCKOHEYHO 6OJbILIO.

PaccmorpuM renepnb cayuait |g|<1. Mbl JOJMXKHB 10Ka3aTh, YTO B
3TOM CJllyYae MOCJENOBaTeJbHOCTh {g,} sABAseTca OGECKOHEYHO Manoi.

o - .
Hcknouas tpuBHaibHBIA cayuait ¢=0, nonoxuMm ——=1+39, rne

q
6>0. Hcnoab3ys, kak u Bbiue, 6uHoM HbioToHa, Mel BMecto (3.7)
NOJIYYHM HEepaBEeHCTBO

1 ) N 1 ’
" > 6N, i lq] < (3.7

@DuKCHPYeM NPOU3BOJILHOE IOJOXKUTEJNbHOE UHCJIO €& H BbiGepeM IO
HeMy HoMep N Taxo#i, 94ToObI OBLJIO CHpaBelJHBO HEPaBEHCTBO

1 ’
——é-lv— e. (3.8 )

B cuny Toro, uro HepaBeHCTBO (3.8’) SKBHBaJEHTHO HEPaBEHCTBY
I : ]
N> Y IJi7 BHIOOpA YKa3aHHOIO HoMepa [OCTATOYHO IOJIOXHTh
& .

N = [——1——] +1= [____l_ql__] + 1. Jlamee, MOCKOJbKY, B CUHIY
ed e(l1—1ql)

CBOHCTB IPOM3BEIEHUS BELIECTBEHHHX umMces, npu |g| <l nnsa Bcex
n>N cnpaBelJIHBO HepaBEHCTBO

lgl*<]|q|¥, . (39)



§ 1. IMocnenoBaTeNpHOCTh M €€ NpPENes 73

TO M3 comocraBieHuss HepasenctB (3.7), (3.8") m (3.9) Mm moxy-

% I
4HM, 9TO AJs Jtoboro e>0 nafizercs Homep N = G qllql)
TaKoH, 9TO IpH BceX n>N crnpaBelJiHBO HEPABEHCTBO

g =q]"<e.

dt10 ¥ pOKasbiBaer, uTO NpH |g| <1 mnoCIeNOBATENBHOCTh SBJAETCH
6eCKOHEYHO MaJIoH.

3. OcHOBHBIe CBOWCTBA GECKOHEUHO MaJbIX MOCJHENOBATEIbHOCTEH.

Teopema 3.1. Cymma {an-+ Bn} 08yx Geckoreuno marvix nocaedo-
sareavrocred {an} u {Bn} npedcrasaser coboii 6eCKOHEUHO MAAYIO NO-
€1e008aTeAbHOCTS.

JloxkaszatenabcTBo. OPUKCHPYeM IPOH3BOJLHOE NOJIOXKHTENbHOE
yucao ¢ Tak Kak [OCJeN0BATENbHOCTh {an} saBasgercs GeCKOHEUHO
MaJioi, TO IJIs MOJIOXKUTEJBHOrO 4YHcia ef/2 HafineTcs Homep N; TakoH,
4TO NPH #>N; cupaBenuBO HEPABEHCTBO

|an| <ef2. : (3.10)

AHajIOrHYHO, TaK KaK NOCJAEJOBATeNbHOCTb {Bn} siBNsieTcst Gecko- -
HEeYyHO MaJioi, TO JJIs MOJIOXKHUTENILHOTO uucaa /2 Haipercss HoMmep N
TaKOH, uTO NpH n>N, crpaBe/lyIHBO HEPaBEHCTBO

|Ba] <e/2. (3.11)

O6Gosnauum uepes N naubosblurii u3 ABYX HOMepoB N; M N
Torma nmpu n>N Oyayr cnpaBemjuBel 06a HepaBencrBa (3.10) m
(3.11).

YuHTEIBasA, 4TO MOAYJb CYMMH ABYX UHCEJ HE NPEBOCXOAMT CYM-
MBI HX MOAYJlefl, Mbl IOJYYHM, 9TO A/ BCeX HOMepoB n>N

lon+Bn| <fan]+|Bal- (3.12)

M3 coorHomennit (3.12), (3.10) u (3.11) sBHTekaer, uTo mpH
n>N crnpaBelJHBO HEPABEHCTBO

|+ Pn| <e.

D710 u 03HayaeT, 4TO MOCJEAOBATENbHOCTb {an+ P} siBAsiETCH Gecko-
HeyHOo MaJioii. TeopeMa nokasana.

Teopema 3.2. Paswocts {an—Pn} -08yx beckoneuno mairvlx no-
caedosatensrocredi {an} 1 {P.} npedcrasaser coboil 6eckoneuno ma-
AYO NOCA008ATEAbHOCTS.

Jloxa3aTesbCTBO 3TOH TEeOpPEMBl OTJIHYAETCS OT JOKAa3aTeJhLCTBA
TeopeMbl 3.1 TONBKO TeM, YTO BMecTO HepaseHctBa (3.12) cuenyer
B34Tb HEDaBEHCTBO

|an—Bn| <|an] +[Bal.
Crnencreue. Arzebpauteckan cymma Aw06020 KOHEUHO20 HUCAR

feckoneuno maavix nocaedosaressrocteli npedcraéaner cobotl 6ecko-
He4HO MAAYr0 NOCAeG0B8ATEALHOCTS. ~
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Teopema 3.3. IIpoussedenue oepaHu4erHotl nocaed08aTENbHO-
CTu Ha GECKOHEUHO MAAYIO NOCAe008aTeAbHOCTs npedcTasaser cobol
6ECKOHEUHO MAAYIO ROCAC00BATEALHOCTS. :

HdokaszateabcTBo, Ilycrts {X,} — orpanuuenHasi u {a,} — Gec-
KOHEYHO MaJias IoCaefoBaTeNbHOCTH. 110 onpenenieHni0 OrpPaHHUCHHOK
NOCJIEJOBATE/NbHOCTH Haffercs BellleCTBeHHoe yncao A>(0 Takoe, 4TO
JJIsl BCEX 3JIEMEHTOB X, CIPaBeAJHBO HEPaBEHCTBO

[xn] <A. ’ (3.13)

®DHKCHPYEM TPOU3BOJBHOE NOJOXKHTEJbHOE YHCJO & Tak Kak mo-
cJIeloBaTeIbHOCTb {0} ABJAgETCH OGECKOHEUHO MaJjof, TO AJS MOJOXKH-
TenbHOrO uHchAa gfA Hafigercs Homep N Takol, uro mpu n>N cuopa-
BEJJIUBO HEpaBEHCTBO

|an| <e/A. (3.14)

YuuThiBas, 4TO MOAYJb NPOU3BENEHUS] ABYX YHCeJ PaBeH NPOH3Be-
JEHHIO MOAYJIeH 3THX YHces, MB NMOJYYHM C TIOMOIILIO HEPaBEeHCTB
(3.13) u (3.14), uto A5 Bcex n=>N

|%n: an| = xn| - jan| <A-— =e.

OTO W 03HayaerT, YTO NOCJAEROBATENbHOCTb {Xa-wn} sIBJfETCH Gecko-
HeyHo MaJnoii. TeopeMa nokasana.

Teopema 3.4. Bcakas 6eckoneynHo maias nocaedos8areibHOCTb
ABAACTCA 02PAHUHEHHOL:

JokasateabcTBo. IlycTh {an} — GeckoHeuyHO Manas mocJeso-
BaTeJbHOCTb., PHUKCHPYEM HEKOTOPOe NOJOXKHTeabHoe 4yucao e. Ilo om-
pelesieHdI0 GecKOHEYHO MaJiofl NOCJaeOoBaTeNbHOCTH HaHJeTcsi OTBe-
yalomuii 3ToMy & HoMep N Takofl, yTo |an|<e M BceX HOMepOB
n>N. O6o3nauuM uepes A HauGoJbllee U3 CAeAYIOUUX N upcen:
e, |ai|, [ozl, ..., Jan—1|. Toraa oueBuaHO, ut0 |@a| <A ANs Bcex HO-
MEpOB n, a 3TO M O3HAYaeT OrPAHHYEHHOCTb MNOCJELOBATEJbHOCTH
{an}. Teopema mokasana.

CnepcrBue u3 teopewm 3.8 u 34. Ilpoussedenue dsyx (u aro-
6020 KOHEYHO20 4UCAQ) OECKOHEHHO MAAbIX NOCAeA0BATeAbHOCTEL
npedcraganer coboti 6eCKOHEYHO MAAYID NOCAe006ATENbHOCTS.

Teopema 3.5. Ecau sce sremenTol 6eCKOHEUHO MAAOL nocaedo-
sareavHocTU {0n) pasHor 00HOMY U TOoMY oce uucay ¢, 70 ¢=0. '

JdoxkasareabcTBo. JonyeraM, uro ¢+0. OGo3nauuM vepes &
nojoxurenbHoe yucao e=|c|. Ilo ompenenennio GeCKOHEYHO MaJjoW
1I0CJIeIOBATENIbHOCTH AJIS YKasaHHOro = |c| uafizercs Homep N ra-
Koil, uto |a.|<|c| mnpm Bcex n>N. Ho HepaBeHcTBO [an|<|c|
(B cuny Toro, uTo BCe @, PaABHHL €) TpeBpalaercs B 3aBeioMo ab-
cypaHoe HepaBeHcTBO |¢|<|c¢|. CaenoBaresbHo, Halle AONyLieHHe
¢70 He HMeeT MecCTa, ¥ TeOpeMa JoKa3aHa.

Teopema 3.6. Ecau {x.} — beckoneuno Goarbwas nocaedosa-
TeABHOCTb, TO, HAYUHAA C HEKOTOPOZO HOMEPA N, OnpedeseHO 4acTHoe
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{ ! } 08yx nocaedosareasrocrel {1}* u {x.}, koropoe npedcrasas-
Xn

er coboll Geckorneuno maayto nocaedosarensrnocts. Ecau gce aaremen-
Tol 6ecKoHeuno Maaol nocaedo8areabHoCcTu {on} OTAUYHGL OT HYAS, TO
1 "
4acTHoe {——} dsyx nocaedosareavrocteti {1} u {a.} npedcrasaser
Qn
coboil beckoreuno 6016WYt0 NOCACO0BATEALHOCTS.
JlokasarteabcTBo. [loKkaxkeMm cHagalla NepBYIO 4acCTb TEOpEMHI.
3aMeTuM, uTO y GECKOHEYHO GOJBIIOH IMOCAENOBATENbHOCTH (X} JHILS
KOHEUHOE UHCJIO 2JIEMEHTOB MOxeT OhTh paBHO HyJaio. B camom neie,
[0 ONpeJesieHHIO- GeCKOHEYHO GOJbIIOH IOC/AEJOBATeJbHOCTH IS
yucia A=1 Hafizercss Homep N* Takofl, uTo |¥.|>A=1 nna Bcex
n>N*, 3nauut, npu n>N* Bce 3JeMeHTHl X, He 06paLlaloTCsd B HYJb,
. 1
H Mbl MOXKeM, HauuHas ¢ HoMepa N*, paccMaTpuBaTh 4acTHOe {—}
Xn
nociiegoBatensiocteit {1} u {x,}. JloxaxkeM, 4TO 9TO HACTHOE SIBJISIET-
cs1 6eCKOHEYHO MaJiof IOCJAEJOBATEeNbHOCTEI0. DUKCHPYEM MPOU3BOJb-
HOe TOJIOXHTeJbHOoe uucio . 1lo onpenesnenuio 6ecKoHeuHO GOJbILIOH

1 o
IOCJIeA0BATEJbHOCTH JJist IOJIOKHTECJbHOrO 4HCJda —— HaHAETCA HO-
e .

Mep N (3TOT HOMEpP MBI BO3bMEM TaKHM, 4TOOH OH HpPEBOCXOAMJ N*)

o 1 1
TaKo#, yto - |x,| >— 1npu n>N HiH, 9TO TO XKe caMoe, =
e Xn
1
= < & 1npu n>N. Dro H 03HAYaeT, YTO NOCJELOBATEJIbHOCTh
Xn
1 . o
{———-} ABJSETCS GECKOHEYHO MaJoH.
Xn

Jlas moKasaTeqbCTBA BTOPOH YacTH TeOpPEMH NPEANOJNOXKHM, UTO
BCE 3JIeMeHThl GeCKOHEYHO Majoi MOCAEHOBATEJLHOCTH {an} OTJIHYHEL
or HyJsi. PuUKCHpPYeM NIPOM3BOJbHOE NoJoOXHTeNbHOe uHcao A. Tak
Kak {a,} fBJIsieTcA GECKOHEUHO MAJIOH IOCJEAOBATEJNBHOCTBIO, TO IJIsE

1 o . 1
HOJIOKHTENLHOTO uHCaa —- Hailfercs HoMep N tako#, uto |a,| < -
1 1
COn |anl

10 H O3HauaeT, YTo IOCJEAOBATEJIbHOCTh {— ) SABJIAETCA 6eCKOHEYHO
Un :

npu n>N HJIH, YTO TO .JKe CaMoe, >A npu n>N.

Gosbioii. TeopeMa foKa3aHa.
4. Cxoasuuecs MOCaeA0BAaTENbHOCTH M HX CBOHCTBA. Bpegem ¢yH-
JaMeHTajJbHOe MOHSTHe CXOASIIEHCsT TOCJAeNOBATEJLHOCTH H ee Ipe-
_Jena. _
' Onpeneaenue 1. ITocredosarersnocrs {x,} nas3vleaercs ¢ X o-
Jaujelicsa, ecau cyu,ecTsyer TaKoe 8eU,eCTEEHHOe 4UCAO @, 4TO NO-
caedosarensHocTy {X,—a} asasercs Geckorneyno maroll. Ipu arom se-

* CumBon {1} oGosHadaeT mOC/e0BaTeNbHOCTh, BCE 3JIEMEHTH KOTOpPOH paB-
HH 1.
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ujecT8eHHOe HUCAO G HA36I8AETCA npedenom nocaedosaresbHocTy
{x.} *.

Ecau mocnenoBaTedbHOCTb {X,} ABJSETCS CXOAsIIeiics ¥ HMeeT

CBOMM NPEJE/IOM YHCJIO @, TO CHMBOJIMYECKH 3TO 3aMHCHIBAIOT TaK:
limx,=a wm x,~a npu n—oo,
n—»w .

Hcnonb3ys ompegenenne GECKOHEUHO MaJjof IOCJAEeLOBATENbHOCTH,
Mbl IPHXOJUM K APYTOMY ONpeeJeHHIO CXOAsLIeHCs H0C/e10BaTeNbHO-
CTH, 5KBHBAJIEHTHOMY ompeneseHuio 1.

Onpeneanenne 2. ITocaedosarenvrocrs {xn} Ha3bi8aETCA € XO-
dauwelcn, ecau CyuecTsyer TAKOE BEUeCTBEHHOE YUCAO A, 4TO OAR
2106020 NOAOINCUTEAbHO0 BelecT8eHH020 4ucsa & Hatderca Homep N
raxkoldl **, yro npu ecex n>N 3semenTsl x, 3T0i NOCAA08ATEAbHOCTH
y008.2€TBOPAIOT HEPABEHCTE8Y

| xn—a| <e. (3.15)
IIpu stom uucno a nasvieaerca npedenrom nocaedoBaTEAbROCTU
{xn}. ‘
- HepasencrBo (3.15) MoOXHO 3amucaTh B SKBHBaJEHTHOH ¢dopme
—e<Xn—a<-+te
HJIH, 4TO TO XKe CaMoe, ,
a—e<xp<a+e. (3.1%%)

Ha reomerpuueckoMm siswike HepaBenctBa —(3.157) osnauaior, uTO
3JIEMEHTH - X, NpH n>N jexar B HHTepBase (a—e, a+¢), KOTOPHHA
MBI JIOTOBODHJINCH Ha3bIBATh €-OKPECTHOCTbIO TOUYKH d.

- 310 N03BOJIAET CHOPMYJIUPOBATH €Ile OAHO -ONpeleeHHe CXONsMmeH-
¢sl TMOCJIeI0BaTe/IbHOCTH, 3KBHBAJIEHTHOE ompejesieHusm 1 u 2.

Onpepenenue 3. ITocredosaresvrnocto {xn} Hagvisaerca ¢ xo-
dAauelics, ecau cyuwecTeyer TAKOe HUCAO @, 4TO 8 M0G0l e-0KpecT-
HOCTU TOYKU A HAXOOATCA B8Ce INEMEHTb. Nocaedo8arenrbHOCTU {Xn},
HAYUHASA ¢ HEeKOTOpo2o HoMepa (3ABUCAULLE0, KOHEYHO, OT €).

YCTaHOBHM CIEUHaJbHOE NpPEACTaBJEHHE JJis 3JEMEeHTOB JI060M
cxonsmeficss mocienoBatenbHoctd {x,}. B cmay onpepesenuss 1 pas-
HOCTb Xp—a=10, SABJSETCS 3JEMEHTOM G6eCKOHEYHO MaJoH MOoCJexoBa-
TeJbHOCTH. CJlelOBATENIBHO, 3JEMEHT X, CXOASINEHCSH IOCJeJ0BaTelb-
"HOCTH, HMelolleli CBOMM IIPeAEJIOM BEIeCTBEHHOe YHCJO a, MOXKeT GHITh
NpPeACTaBJieH B CAEAYIOIEM CHeHHANbHOM BHJE: '

xn=a+an, (3.16)

rie o, — 3JeMEHT HEeKOTOpOil 6EeCKOHEUHO MaJjiofi MOCJef0BATEeNbHO-
ct {a,}). :

* B COOTBETCTBHH C 3THM ONPEJENEHHeM BCAKas GECKOHEUHO MaJas NOoC]ejoBa-
TEeJLHOCTH SIBJAsETCS cxoAasmeRcss H HMeeT CBOHM mpezesnoM uHcao a=0.

** Tak kax 370T HOMep N, BoOOmIe TOBODS, SABHCHT OT €, TO HHOTAA NHIIYT:
N=N(g).
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3ameuanue 1. H3 onpedesenun cxodaujelica nocaedo8arerso-
cTu u ee npedeaa cpasy ke sviTeKaer, 4ro yoarenue at06020 KOHew-
HO20 HUCAQ IAEMEHTO8 NOCAed0BATEAbHOCTU He BAUSET HA CXOOUMOCTS
2TOil n0CAe008ATEABHOCTU U 8eAUYUHY ee npedead.
3ameuanue 2. [locredosarenrsHOCTU, He ABAAIOWUECH CX00S-
WUMUCS, RPUHATO HA3bI8ATL PACX00 A W UM UC .
3amedanue 3. Muoraa ¢opManbHO JOrOBapHBAIOTCH TPAaKTO-
BaTb GeCKOHEeWHO GoJibllHe MOCJAeJOBATENLHOCTH KaK IOCJAeA0BaTE/b-
HOCTH, cXojsiluecs K npefeay oo. Takas ¢opManu3anus mno3sosset
HCII0JIb30BaTh JJis G€CKOHEUYHO O0JbLIOH HOCJAEeNOBaTEJbHOCTH {Xn)
CJEelYIOLYI0 CHMBOJIUKY
lim x, = oo,
n-sow
Ecan IPH 3TOM 3JIeMeHTH OeCKOHeuHO O60JbIOH NOCJeA0BaTe b-
HOCTH, HayHHas C HEKOTOPOrO HOMepa, HMeIOT MOJIOXHTeabHBIH [oTpH-
uaTeJIbeIﬁ] ‘3HAK, TO HCHOJB3YIOT CJAEAYIOUYI0 CHMBOJHKY ¥

lim x, = + oo [lim x, = —o0].
n—»wo N>
B kavectBe npumepa dJdokascem, 4TO nOC/leaotiaTe/LbHOCTb {xn} ¢
asemenTamu
x.=0,33...3
n pas

cxodurca Kk npedeay a=1/3. PHKCHPYyeM NPOH3BOJIBHOE MOJIOKHTEND-
HOe UHCJIO & M JIOKaxkeM BO3MOXHOCTb BhI6Opa IO 3TOMY & TAKOro HO-

mepa N, uT0 x,,—-—[<s npu Bcex n>N. Tak kak uucio 1/3

npeicTaBuMo GecKOHeuHO# AecATHuHOH Apo6bio 0,333..., TO U3 npaBH-

Jla ynopsaJXO4eHHsa BEILECTBEHHBIX YHCEN BBLITEKAIOT CJAEAYIOUIWe Hepa-
BCHCTBA:

1 1
033...3<—<033...3+—,

n pas n pas
cnpaBelNuBbHE JJA JIOO0r0 HOMEpa .
M3 nocneAHHX HEPaBEHCTB MBI HONY4HM JJjis yucia X, =0,33...3
Ne—— ——

n pas
cieaywouiee COOTHOILEHHE:

1
107 °
AJig BCeX n>/N’, TO AJ1 HAXOXIAEHHd MO AaH-

1
xn—T|<

Tax kak

1 1
107 < 1Y

1
HoMy e>0 nomepa N Takoro, 4To x,,——-—g-[<'s npu Bcex n>=N,

1
J0CTaTOYHO BHIGPaTh 3TOT HOMep N H3 ycaoBus T <e.

* WauMu caoBaMy, limx,= 4 oo[—=—o0c], eciun aas moGoro A>0 Hafizercs

n—>wo

orBeyaomul sromy A HoMep N Takoil, 4T0 Xn>A[xa << —A] Adn Bcex x=N.
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HanoMuum, 4T0 B 1. 2 MBI YCTAHOBHJIH BO3MOXHOCTb BHI6OpA HO-
mMepa N us ycnoBus |g|¥<e zansa moboro |g|<1. Tam nokasano, uto
Takoil HoMep N MOXKHO B3S5iTb PaBHBIM

lql ]
N=|—" 1.
[e(l—lql) *

B namewm cayuae |g|=0, 1, Tak uro
N= [ 9e | ] + 1.

IMepeiinem YCTAHOBJICHHIO CBOWCTB IPOH3BOMBHBIX CXOAALHXCS
nocyefoBaTesbHOCTEH.

Teopema 3.7. Cxodaujancs nocaedo8arensHOCT6 UMEET TOALKO
o0ur npedea.

JdokasateabcTBoO. Ilpeamosoxnm, 4To JABa BeuleCTBEHHBIX
yHCJa @ M b SABJIAIOTCA NpejeNiaMH CXOAsfIleHcs NOCJ/eN0BaTeJbHOCTH
{xa}. Torza B cuiy cnenyuasbHOro IpeACTABJEHHS 3JEMEHTOB CXOHS-
wefics mocaegoBatenbHocTd  (3.16) MBI mOJyuHM, YTO X,=a4o, H
Xn=>b-Bn, rae {an} U {Ba} — HeKOTOPLIE GECKOHEUHO MAaJble IOCHENO-
BaTeJbHOCTH. V3 mOc/ielHHX ABYX PaBEHCTB HOJAYUYUM, UTO An—Pn=
=b—a. B cuny Teopemnl 3.2 mocnexoBaTeNbHOCTh {an—Pn} SBASETCS
OeCKOHEYHO MaJioH, a B CHJY PaBeHCTBA 0»—fn=b—a Bce 3JieMEHTHI
3TOH 6eCKOHEYHO MaJoH MOCJeNOBAaTEJbHOCTH PaBHBEI OJHOMY H TOMY
XKe BellleCTBeHHOMY uyHcay b—a. Ha ocHoBanum TeopeMnl 3.5 310 4mc-
70 b—a pasHO HyJIO, T. €. b=a. Teopema jnokazaHa.

Teopema 3.8. Beakan cxodawjasncs nocaedosaresbHoCTs s8ASET-
€ 02PARUYEHHOU,

HoxkaszateabctBo. Ilycts {xn} —cxomsimasica mocaenosa-
TeJIPHOCTE H @ — ee npefies. PuUKCHPYeM HEKOTOPOE NOJIOKUTENbHOE
YHCJO € ¥ 10 Hemy Homep N Takoi, uto |xp,—a|<enpun>N unu,uro
TO Ke caMoe, a—e<xp<a-+te npu n>N. O6o3naynumM uepe3 A Hau-
Goabiiee u3 caeayomux (N-+1) uncen: |a—e|, |a+e|, |[xi],[x2],...
vy |%n—1|. Torna, oueBnaHO, |Xn|<A HNA BCEX HOMEPOB 7, a 3TO W’
JOKa3bBaeT OrPaHHYEHHOCTh MOCJAeNOBaTeJbHOCTH {x,}. Teopema no-
KasaHa.

3ameuanue 4. He scakas ozpanuuennas nocarefos8aressHoCTs
ﬂB/UZeTCﬂ cxodaujelica. Tak, Hanpumep, nocjefosartenstocts 0, 1, 0,

, 0, 1, ... sBasercs OTpaHHYEHHOMH, HO He sBJseTCH CXoAsllefics.
B camom Jese, 0603HauuM n-if YiIeH 3TOH MOCNef0BATENbHOCTH CHMBO-
JIOM X, H TPEAINOJIOXHM, YTO 3Ta NOCJeJ0BATENbHOCTb CXOJHTCA K He-
KOTOpoMYy mnpefieny a. Ho Torma Kaxpas M3 mocjefoBaTeNbHOCTEH
{*n+1—a} u {xn—a} aBasnack 6n Geckoneyno Manoi. CTano GHITh,
ABJiANach Obl GECKOHEYHO MaJOH H pPasHOCTb 3THX MOCJAEAOBATE/IbHO-
ctefl {Xn4+1—Xs}, @ 3TOr0 GHITHL HE MOXKET B CHJY TOTO, UTO |Xni1—Xn| =
=1 nasa Bcex HOMepOB n.
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Caenymouniye YeThpe TEOpPeMB NMOKa3BbIBAlOT, 4TO ueThipe apudme-
THYECKHe OMepaidyd Haj 3JeMEeHTaMH CXOAALIHMXCS HOCAeA0BATENbHO-
cTeill NIPUBOAAT K aHAJOTHYHBIM ONEPalMAM Haj HX NpefeJ]aMH.

Teopema 3.9. Cymma cxodauuxca nocaedosaresvrocreil {xn}
u {y.} npedcrasaner cobol cxodaujyrocs nocaedo8aTesbHOCTb, npedes
KoTopoii pasen cymme npedesos nocaedosaresvrocreii {xn} u {yn}.

HokaszarteabcTBo. IlpeanosoxuM, YTO NOCAEIOBATEIbHOCTH
{xn} u {y,} cxomsiTCs K mpenesaM a u b cooTBeTCTBeHHO. Torga B CHIY
CIeHHaJbHOro NMpeiCcTaBIeHHsl 3JeMEeHTOB CXOAsIIeACs NocJef0BaTe/b-
HocTH (3.16) 6ynyT cnpaBelsiMBBLI COOTHOLIEHHS

| Xp=0a~dn, » yn=b+6n, (317)

B KOTODHIX On U Bn NPEACTABJISAIOT cOOOH 3JeMeHTH HEKOTOPHX 0ecKo-
HEYHO Majnlx mnocnepoBatensHocteit f{an} ¥ {Bn}. H3 coorHOWIEHHH
(3.17) BriTekaer, 410

(Xn+Yn)— (a+Db) = n+ B (3.18)

Tak xak cymma {an+ Bn} ABYX GECKOHEUHO MaJBIX MOCJENOBATE/NbHO-
creit {an} ¥ {Pn} npeacTaBAsier co60ii GECKOHEYHO MaJyIO IOCJEAOBA-,
TeJbHOCTL (TeopeMa 3.1), To u3 cooTHoweHnHs (3.18) BbiTekaeTr B CHIY
onpefeneHHsi 1, 4TO MOCJEAOBATENbHOCTb {Xn+Yn} CXONHTCSH M Bellle-
CTBeHHOe yucjao a+b sBasiercd ee npefenoMmM. Teopema AOKa3zaHa.

Teopema 3.10. Pasnocte cxodawuxcs nocaedo8aTesbHOCTEL
{xn} u {yn} npedcrasrser coboi cxodauyrocs nocaedo8aTeNbHOCTY,
npedea KOTOPOL pasen pasHocTu npedesos8 nociedosarervrocTell {Xn}
u {yn}. ‘

IlokazaTenbCTBO 3TOH TEOPEeMBl AHAJOTHYHO AOKA3ATEJbCTBY
TeopeMHl 3.9, TONBKO BMecto cooTHoweHus (3.18) MBI mOJAy4YHM COOT-
HOlLIeHHe

‘ (Xn—Yn)—(a—b) = an—Pn.

Teopema 3.11. IIpoussedenue cxodawuxcs nocaedosaresbHo-
cretd {xn} u {Ya} npedcrasaser coboil cxodauyocs nocredosarens-
HOCTb, npedes KOTOPOU pasen npoussedenuto npederos nociredosa-
Teavrocreil {xn} u {yn}.

HokaszarTenbcTBo. Ilpeanonoxum, 9To nocjiefOBATENbHOCTH
{xn} ¥ {yn} cxomsTcs k mpenenam a u b coorBerctsenno. Torza AJs
5NeMEHTOB 3THX IIOCJeJOBaTeNbHOCTE!l CHpaBeNJIUBH  CHENHajbHbIE
npepcrasiends (3.17), nmepeMHOXast KOTOpHe, MBI MOJYYHM

Xn'Yn=a-b+a-Pn+b-an+0n-Pn
IR, 4yTO TO XKe caMmoe,
xnyn—a‘b=aﬁ'ﬂ+ba"+u’!.ﬁn' (3.19)

Ina nokasartenbcTBa TeopeMbl B CHJY omnpefeneHus 1 ocraercs y6e-
AUTbCSH B TOM, YyTOo B mpaBoil yactH (3.19) cTour snemeHT GecKOHEUHO
MaJIoH MOC.IeA0BAaTeNIbHOCTH, HO 3TO Cpa3y e BBITEKAET H3 TEOPEMH
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3.3 (cornacuo 3Toi TeopeMe TmOCJen0BaTeabHOCTH {a:-Brn} ¥ {b-an}
ABJASIOTCS GECKOHEYHO MaJbiMH), U3 CJeACTBHS u3 TeopeM 3.3 H 3.4
(coriacHO 3TOMY CJEACTBHIO NOCJENOBATEJIbHOCTE {0n:Pn} SBASETCS
6eCKOHEUHO MaJjiofi) M H3 TeopeMnl 3.1 (cornacHo 3TOH TeopeMe CYM-
Ma Tpex OeCKOHEUHO MaJblX IocjefoBartenbHocTell {a-Bn}, {b- an} H
{an-Bn} sBASIETCS GeckOHeUHO MaJoH HOCJl_e,H.OBaTeJIbHOCTb]O) Teope-
Ma JOKa3aHa.

Teopeme o 4acTHOM ABYX CXOASIIIHMXCS NOC/IENOBaTeNbHOCTEH Mpen-
NOLLJIeM CAEAYIOMYIO JeMMYy. -

JlemMa 1. Ecau nocaedosarearsrocts {yn} cXodurcs K OTAUYHO-
MY OT Hyas npedery b, To, HAYUHAS C HEKOTOPO20 HOMepa, onpedere-
no uacrnoe |- nocaedosaressrocred {1} u {yn}, xoropoe npeod-

Yn
crasaser coboi oapauuqe;myro noCAe008ATENbHOCTD.

JloxaszatenbcTBO. YunthBas, uto b0, 0603HaunM qepea e
MOJIOXKHTEJbHOE YHCJIO §& == —!—— Has storo -¢ nafigercss nomep N

TakoH, uro npu n>N Cl'IpaBe,lIJIPIBO HEPAaBEHCTBO |Y»—b|<e uam, uro
TO K€ CaMoe,

| — bl < 2L, (3.20)

Hrak, aasi Bcex HOMEpOB 7, HauHWHas ¢ HoMepa N, BBHIIOJHSETCA
HepaBeHCTBO (3.20). YGenuMmcs B ToM, 9TO M3 HepaBeHcTBa (3.20) BHI-
TeKaeT CJefyiollee HepaBeHCTBO: o

PAPS "" (321)

KOTOpOe TeM CaMbIM OKa3bIBAETCS - CMpaBeLJHBEIM TaKXKe JJsI BCex.
HOMepOB 1, HauuHast ¢ HoMepa N. B camom AeJie, TaK Kak MOAYJb
CYMMBI JBYX YHCEJ He NPEBOCXOJHT CYMMBI MOAYJell 3THX uucesd, TO,
HCXOAs1 H3 TOXKAECTBA b—(b——yn)-{—yn U HCHOJb3Ysl HEpPaBEHCTBO
(3.20), Mbr mostyunm

' b
161 <16~ 9,1 + 2] < L2 + 15,1

M3 mnocselHero HepaBeHCTBA CpPasy Ke BHITEKAaeT HEPABEHCTBO (3. 21),
CNpaBeJIABOCTh KOTOPOTO, HauHHAasA ¢ HoMepa N, ycraHoBJeHa.

HepasenctBo (3.21) nosBosisier yTBEpXKAaTh, 4TOo npu n>N sie-
MEHTH Y, He o0palllaloTCst B HyJb. M, HauWHasi ¢ HoMepa N, MoxHO
paccMaTpuBaTh 4acTHOE {—1.

Yn

Hs (3.21), B cBOIO OYepenb, BHITEKAET, yTo AJsd BceX n>N cmpa-

BEIJIHBO HepPaBEHCTBO

2
<T'

1
Yn
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310 mocienHee HEDABCHCTBO HU [AOKa3blBaeT, 49TO IOCJeAOBaTeNb-

HOCTb {—l—} €CcJIH ee paccMaTpHBaTh, HaumHas ¢ HoMepa N, aBis-
Yn
eTcsi orpaHHyYeHHoH. JleMMa fokasaHa.

Teopema 3.12. Yacrrnoe 08yx cxodaujuxcs nocaedos8aresbHoc-
reti {xn} u {Yn}, npedes 8TOPOL U3 KOTOPHIX OTAUUEH OT HYAS, onpe-
0eNeHO, HAUUHAS ¢ HEKOTOPO20 HOMepa, U npeacTa'e/meT coboii cxo0a-
WYcs nocaedosarenbHoCTsb, npedes KOTOPOL pasew 4acTroMy npedet
208 nocaedosareavrocrel {x,} u {Yn}.

HoxasateabcTBo. [Ipeanonoxum, 4to mocjaef0BaTeNbHOCTR
{x2} n {yn} cxomsaTcs k mpenesam a 4 b0 cooTBeTcTBeHHO. B cHay
JeMMbl | nHafizercst Homep N Tako#, uTo HpH n>N 3JEMEHTH Y, HE

o . 1

o6pamialoTcs B HyJb, ONpPeleseHa II0CJeL0BaTENbHOCTh {— H 3Ta
. Yn

I0C/IEI0BATEABHOCTD SIBJSETCS OrpaHHuyeHHo#. HaunHas ¢ yKa3aHHOro:

HoMepa N, Mbl U GyJeM paccMaTpuBaTh YacTHOE {-f"—} B cuay ompe-
Yn |

JeJieHUus 1 JJ,OCT.’:I_TO'{HO JOKa3aThb, qTO mocNe10BaTECJbHOCTb-
X a o :
{ Z ——b—} aBJisseTca 6eckoHeuHo MaJsoil. ByaeM HcxonuTth H3 TOX-
Yn )
AeCTBa
n __ @ __ Xn-b—yn-a (3 22)}
Yn b Yn-b :

Tak Kak IJs1 3NEMEHTOB Xp U Ynp cnpaaemnau CrelHaNbHEE IPEeNCTaB~
nenus (3.17), To

xn‘b—yn'a= (a+an) ‘b—“(b"l‘ﬁn) 'a=anb—‘Bn'a. (3.23)
Ioxacraasis (3.23) B (3.22), noayunm
) Xn a 1 a
dn_ o Lg 28], 24
Yn b " Yn (Otn b ﬁn) (3 )

v Ocraerca 1oKasaTb, 9TO B NpaBod yactT#H (3.24) CTOHT 3JEMeHT
GecKOHeYHO MaJioii NOC/ELOBAaTEeJLHOCTH, HO 3TO Cpasy BHITEKaeT H3

. 1

TeopeMrl 3.3 M H3 TOro, -4TO HOCJEA0BATENbHOCTD (—} (B cuay
Yn

JIeMMBI 1) sBasgercs OrpaHHYEHHOH, a MOCJEeA0BATEJBbHOCTH

a .
{oc,,——l;-ﬁ,,} (xax Pa3HOCTh ABYX OGECKOHEUHO MaJjbiX) sBJISETCH

GeckoHeuHO MaJIok MocJefoBaTeNbHOCTHIO. TeopeMa noKasaHa.

- Y6enuMcsi Terepp B TOM, YTO HEpaBEHCTBA, KOTOPHIM  YAOBJETBO-
PAIOT 3J€MEHTH CXOASINHUXCS NOCTeI0BaTeNbHOCTER, NPUBOAAT K aHa-
JIOTHYHBIM HEPaBEHCTBaM /ISl TIpe/ieJIOB 3THX NOCJel0BaTeIbHOCTE.

Teopema 3.13. Ecau sce snements. cxodawedica nocaedosa-
TeAbHOCTU {Xn}, nO KpailHell mepe HAYUHAA C HEKOTOPOZO HOMEDQ,
y0068.4eTBOPAIOT HEPABeHCT8Y Xn>b[xn<b], To u npedes x srot no-
c2e008aTeAbHOCTU ydosaersopaer nepasercrey x>b[x<b].
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JokasateabcTso. [IpeanosoxuM, 4To BCe 3JEMEHTH Xp, IIO
KpaliHeli Mepe HauMHasi ¢ HEKOTOporo Homepa N*, ya0oBJIeTBOPAIOT He-
PaBEHCTBY X,,>b. JlokaxeM, uTO W npejes x 3Toil TOCHeA0BaATENb-
HOCTH YAOBJIETBOPSIET HePaBEHCTBY X>b. JlonmycTHM, uTO 3TO HE TaK,
'T. €. CIIpaBeJJIMBO HepaBeHCTBO X< b.

Torjaa mo onpejnesieHHIO CXOASILEHCS NMOCAEAOBATENLHOCTH JJIsI NMO-
JIOKHTeJbHOrO 4HcJa e=b—x Halijerca takoil HoMmep N. (3TOT HOMED
‘MBI BO3bMEM elle U TAaKHM, 4TOGH OH npeBocxonuy N*), uto npu n=N
OyIeT CIpaBeJHBO HEPAaBEHCTBO |xp—x|<e HIH |Xp—x|<<b—x.
IlocnenHee HepaBeHCTBO SKBHBAJIGHTHO HepaBeHCTBaM — (b—x) <
<Xp—x<b—x, IpaBoe U3 KOTOPHIX O3Ha4aeT, YTO X,<b mpH Bcex
n>N, a 3T0 IPOTHBOPEUHT YCJIOBHIO TeopeMbl. IlosyueHHoe - mpoTHBO-
‘peure 03HayYaeT, YTO Halle NPEANOJOXKEHHEe O TOM, YTo x¥< b, HeBepHO,
T. e. x> 0b.

Cayuaii xn<b paccmaTpuBaeTcsi aHaJOrHuHO. TeopeMa JoKaszaHa.

3aMeuaunue 5 Ecau sce asementol cxodaujelica nocaedosa-
TeAbHOCTU {Xn} YO0BAETEOPAIOT CTPO2OMY HepPaBeHcTsYy Xn>b, TO
woTcroda, 8oobuje 2080pA, He 8biTeKaeT, 4T0 u npedea x 3Tol nocaedo-
B8ATEAbHOCTU ydosaeTéoOpAaeT cTpozomy HepasencTsy x>b. (MoxHO
JIHIIb YTBEPKAAThb, YTO X>b.)

1
Hanpumep, ecan x, = — TO ANl BCEX HOMepOB x>0, oxHako

.1
ampenen lim — = x = 0 He ynoBJeTBOpsieT HepaBeHCTBY x¥>0.

n-»occo 1N
CanenctBue 1. Ecau sce dnementol 08yx CX00AUUXCA NOCAe-
Qosareavrocrell {x,} u {Yn}, no Kpatinei mepe HAYUHAA C HEKOTOPO2O
Homepa, yOOBAETBOPAIOT HEePABEHCTBAM Xn<Yn, TO U npederbl 3TUX
nocaedosaresvrocTeli YyOOBAETBOPAIOT TAKOMY KHee HePABEeHCTSY

lim x, << lim y,. (3.25)

n—»o n—>o

B camoMm gese, HauMHas ¢ YKa3aHHOrO HOMepa, BCE 3JIEMEHTH MO-
CJIeIOBATENBHOCTH {Yn—Xn} HeOTpHIATeNbHBL. B cuny teopemer 3.13
# TIpelles] yKasaHHOH IocJjejoBaTesqpHOCTH lim (y,—x,) HeoTpHuaTe-

n=->ow

aed. B cuny Tteopemur 3.10 lim (y,—x,) = lim y,—lim x, u Mu mo-
n—s>w n->w n->w

JryguM, uto lim y, — lim x, > 0. M3 nocnenHero HepaBeHCTBa BHITe-
n

n—ow —> 0
Kaer (3.25).

CanencrBue 2. Ecau sce anementol cxodaujetica nocaredosa-
TeavHocTu {Xn} Haxo0aTca wa ceemente [a, b], 70 u npedea x 3roi
nocaedoB8aTeAbHOCTU ACHCUT HA ceemenTe [a, b].

B camom gese, Tak KaK a<Xn<b 1Js BceX HOMEpPOB 7, T0 (B CHay
‘Teopembl 3.13) a<x<b.

[docaennioo Teopemy, K J0Ka3aTeJbCTBY KOTOPOH MH cefiuac mepe-
XOJlMM, MOXKHO Ha3BaThb NPUHIHUIOM ABYCTODOHHEro orpa-
HHUECHHU L.
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Teopema 3.14. ITycro {x,} u {yn} — Ose cxodawueca nocaedo-
8aTeAbHOCTU, umeroujue obuwuil npeden a. Ilycte, kpome TO20, 8CE
3nemenTbL TpeTbell nocaedosaresbHocTu {2n}, NO Kpaiunel mepe Hauu-
HAs ¢ HEKOTOPO20 HOMEPQ, YO0B8AETBOPSIOT HEPABEHCTEAM

Xn <20 <Yn. (3.26).

Tozda nocaedosaresbrocTo {2,} CXOOUTCS K TOMY dce CAMOMYy npe-
deay a.

HdoxasartennctBo. Ilpeamonoxum, wuro HepaBeHcTBa (3.26)
CIpaBe/lIuBLL, HaunHas ¢ Homepa N*. Toraa, HauHHAs € TOTO Ke caMo-
ro Homepa N*, cupaBelJIHBBl H HEpABEHCTBA

Xn—0<2n—a<Yn—a. (3.27)

M3 nepasencts (3.27) BBITEKaeT, 4TO JJs Kaxk[OTO HOMepa A, mpe-
BOCXOJsiIIero N*,

|zn—a| <max{|xrn—a], |yn—a|}. (3.28)

(9Ta 3anuch 03HAyaeT, 4TO |2,—a| He NMPEBOCXOAMT HAHGOJBILEro H2:
JABYX uHceNd |[Xpn—a| H |yn—al.) _

duKcHpyeM IPOH3BOJIBHOE NIOJIOXKHTEJNbHOE YHCIO g. Torza B cuiy
CXOJAMMOCTH nocJeloBaTenbHOCTell {X,} H {Yn} K Ipeleny a HaHAYTCs
Homepa N, u N, takue, uto

|x,—a|< e npun>=N,

(3.29)
ly,—al<e npun>N,.

Ecan Mpl Tenepb o603HauuM uepe3 N HauGOJbIIHH H3 Tpex HOMEpPOB:
N*, Ny u N;, To npu n>N 6yayT cnpaBeijuBsl 06a HEPaBeHCTBA B
(3.29) u mbl mosmyunM B cuay (3.28), uto npH n>N crpaBefJqHBO He-
pPaBeHCTBO

|zn—a| <e.
IT0 H [I0Ka3biBaeT CXOMMMOCTb IMOCJEN0OBATeNbHOCTH {2,} K mnpeme-
ay a. Teopema joxasaHa.

§ 2. MOHOTOHHBIE NMOCJENOBATEJbBHOCTH

1. TloHsAATHE MOHOTOHHOH AOCJENOBATENbHOCTH.

Onpepenenne 1. ITocaedosaresvnocte {x,} Ha3vi8aercs Hey 6 oL -
saroujell [nesospacranujeli], ecau Kaxdoul IAeMeHT ITOLE
nocaedoBaTeAbHOCTU, HAYUHAS CO 8TOPO2O, He MeHbuie [He Goabue]
npedoldyuieco ee 3Lementa, T. e. ecau 0aa 8cex Homepos n (n=1,2,...)
Ccnpasedauso HepaseHcTso

Xn<Xny1  [Xn>Xnqa]. (3.30):

Onpenenenune 2. [locaedosarensnocte  {xp} Hazeiaercs
MOHOTOHHKHOU, ecau OHa asanerca aubo Heybeolgarouell, Aubo Heso3~
pacrarowed.
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Ecau snemeHTH HeyObBamoLie# MOCTeJ0OBAaTEIbHOCTH AJis BCEX HO-
‘MepOB 7 YNOBJETBOPSIOT CTPOrOMY HEPABEHCTBY Xp<Xnyi, TO 3Ty IIO-
CJIEI0OBATEIbHOCTh HA3BIBAIOT BO3pacTalomie i

AHa/IOrHYHO, €CJIH 3JIeMEHThl HeBO3pacTamlieH Ioc/eloBaTeJbHOC-
TH  JJIg BCEX HOMEPOB N YJOBJIETBOPSIOT CTPOrOMY HEPaBeHCTBY
Xn>>Xn4t, TO 3TY IOCJIEJOBATENILHOCTh HA3bIBAIOT y 6 BI B a fo 1] e H.

3aMeTHM, UTO BCsIKasd MOHOTOHHAs IIOCJIEJ0BaTeJbHOCTh 3aBEAOMO
orpaHHyeHa ¢ OJHOH cTOpoHH (JHGO cBepxy, Jubo cHH3y). B camom
JeJe, BcaKasg HeyObiBalomiast IOCJAeA0BaTebHOCTL OrpaHHYeHa CHH3Y
(B xauecTBe HMIXKHEH I'DaHHM MOXKHO B35iTh BEJHYHHY €€ IIePBOro 3Je-
MeHTa), a BCsIKas HeBO3PacCTamollasi 0C/Jef0BaTeJbHOCTh OrpaHHYeHa
cBepxy (B KauecTBe BePXHEH I'DaHM TaKXKe MOXHO B3sTb BeJHUHHY e
1IepBOro 3JEeMEHTa).

Orcroga cienyeT, yTo HeyOpBaiollasi IOCJHEIOBATENbHOCTh OYyIeT
OrpaHHYEHHOH ¢ 006EHX CTOPOH, HJH IIPOCTO OrpaHHYEHHOH, TOoria H
TOJBKO TOTJa, KOTZa OHa OrpaHHYeHa CBepXy, a Hepo3pacTawoonlas Io-
CJIe/l0BaTeJbHOCTh OyAET OrpaHHYEeHHOH TOrAa U TOJNLKO TOTAa, KOTrAa
OHa Or'paHHYeHa CHH3Y.

PaccMoTpHM npHMepH MOHOTOHHBIX IOCJEJOBaTeJbHOCTEH.

1. ITocnepoBatenbHoCThb 1, 1, 2, 2, ... ABAsieTcs HeyOwiBalomeii. OHa
OrpaHHYeHa CHH3Y BEJUYHHOH CBOEro NEePBOTO 3JEMEHTa, a CBepXy He

OrpaHHyeHa.
3 4 n+1
—2—, —5—, ,-——'—n y e SABJAAETCA
yonBawoied. OHa orpaHHueHa ¢ o6euX CTODOH: CBEPXY BeJHUHHOH
CBOEro NepBOro 2JeMeHTa 2, a CHH3Y, HAalpHMep, yucaoM 1.

2. Teopema 0 cXOAMMOCTH MOHOTOHHOH OrpaHM4YEHHO TmocJexoBa-
T€JbHOCTH, CripaBeAJIuBO CaAeAyIollee (yHAaMeHTaNbHOe YTBEepKACHHUE.

OcunoBuas reopema 3.15. Ecau neybosarowas (Hesospac-
Tarowas) nocaedosaressHocTe {Xn} oeparutena ceepxy (CHusy), TO
OHQ CX00UTCS. v

JlokasatenbcTBo. PaccMorpum cayyail HeyGhiBalowei U orpa-
HHYEHHOH CBEpXy IOCJAeNOBATENbHOCTH {X,}. MHOXKeCTBO BceX 3JeMeH-
TOB TaKOH NOCJENOBATEJLHOCTH OTPaHMYEHO CBEPXY, a IOTOMY IO OC-
HOBHOH Teopeme 2.1 1.2 y 3TOro MHOXeCTBa CYLIECTBYeT TOUHAs BEPX-
Hsisl TPaHb, KOTOPYIO MBI 0603HAYHM CHMBOJIOM X. [JoKaxeM, 4To 3TO
YHCJIO X H SIBJSIETCS NPELEJOM NOC/eA0BATEIbHOCTH {X,}. Bo-nepshix,
3aMETHM, YTO IO ONpEJEJeHHI0 BEePXHEH IpaHH JI00OH 3JEMeHT Xa
MIOCJIEJOBATENILHOCTH {X} YAOBJIETBOPSET HEPABEHCTBY

Xn<X. (3.31)

2
2. TlocnenoBaresbHOCTD R

Ilanee QuUKCHPYEM IPOM3BOJBHOE TMOJOKHTEJILHOE YHCJIO & H 3ame-
'THM, YTO IIO ONpefeJIeHHIO TOYHOH BepXHeH rpaHu HaffeTcsl XoTs OBl
OJHH 3JIEMEHT II0CJeJ0BaTeJbHOCTH Xy, YHOBJETBOPAIOUIMH Hepa-
BEHCTBY :

F—e<xy. (3.32)
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YuTeM Temephb, 4TO NOCJEJOBATEJbHOCTh {X,} sBJseTCA HeyOuBalo-
el ¥ BCJEACTBHE 3TOTO Xy < Xn JJIS BCeX HOMEPOB N, YAOBJIETBOPSIO-
Uiux HepaBeHCTBY #>N. CoIloCTaBiisis HEPaBEHCTBO Xn-<Xp C Hepa-
BeHCTBOM (3.32), MH HOJYYHM, UTO JAJs BceX n>N

F—e<Zn. (3.33)

OO0mnenunsa HepaBeHctsa (3.31) u (3.33), MB NOJIyYHM, 4YTO JJs
Bcex n>N cnpapelJIUBH HEPABEHCTBA ¥—e<Xn <X.

CaepoBaTesbHO, MJs BceX n>N  cIpaBelJHBO HepaBeHCTBO
{xn—X| <e, KOTOpOE H [OKAa3HBaeT, YTO IIOCAEAOBATENLHOCTb {Xn}
CXOJHMTCA K Ipeflesly X=sup{xn}.

Ecam mnogaenoBateJbHOCTb {Xn} siBJsSeTCS HeBO3pacTrawluei H
orpaHHuYeHa CHHU3Y, TO COBEPLICHHO aHAaJOIHYHO JOKa3blBaeTcs, UTO OHA
cXonHTcs K mpejdeay x=inf{x,}. Teopema nokasana.

3ameuanne 1. Teopemy 3.15 MOXHO cOpMyJNHPOBATH B JpPY-
rom Bujie. Bo-nepBhIX, 3aMeTHM, YTO B CHUJYy CKasaHHOro B m. 1 moche-
JOBaTeJbHOCTb {Xn}, YAOBJETBODPSIONIAs YCJIOBHIO TeopeMu 3.15, sB-
JISIETCA OIPaHHYeHHOH ¢ 00eHX CTOPOH, WJIH IPOCTO OrpaHHYeHHOMH.
Ilostomy Teopemy 3.15 MoxHO nepepopMyaHpOBaTh Tak: 04f TO20
4T00bL MOHOTOHHAA NOCAED06ATEAbHOCT {X5} Cx00uAACh, OOCTATOUHO,
4T0006L OHA OblAa 02PAHUYEHA.

Jlerko ybenuThbcs B TOM, 4TO 3Ta (POPMYJHPOBKA MOXKeT GbITh 3aMe-
HeHa 6oJiee «CHJIBHOH»: Oaf TO20 4TOObL MOHOTOHHASR nOCAedosaTelb-
HOCTb {Xn} cxoOuaace, Heobxo0umo u 00CTATO4HO, 4TOOb. OHA Bbina
oepanuyena (HeoOXOJHMMOCTb BbITEKaeT M3 TeopeMbl 3.8).

3ameyanue 2. KoHeuHO, He BCAKasg CXOASIIAsACAd MOCJIEL0BA-

TE€JABHOCTh SIBJSIETCS MOHOTOHHOM. HaanMep, 3aB€AOMO cCXonsimascs
1 1

1 1 1 1
K HYJIIO IIOCJEe0BaTENBHOCTD T T T g e T T e

2’3" 3 n' n

He sBJISIETCS MOHOTOHHOH, TaK KaK 3HaKH €e 3JIEMEHTOB YepeayloTCs.

3ameyanune 3. M3 npHBeAeHHOro BHILE J0Ka3aTeJbCTBA TEO-
peMer 3.15 BBITEKAeT, UTO 8Ce INeMeRTol Heybovisarouedl, 02PanUYeHHO
ceéepxy nocaedogaresvrocTy {xn} He Goavuie ee npedesa ¥ (xn<¥).
AnanornuHo Jerko yG6efHTbCS B TOM, UTO 8Ce JAEMEHTbL HeB03PACTAIO-
weil, 02PaAHUYEHHOL CHU3Y NOCAe008ATEALHOCTU He MeHbuie ee npe-
deaa x.

H3ssaeyem BaxkHOe cieACTBHE H3 Teopemnl 3.15.

JloroBopuMcsi Ha3bBaTh GECKOHEUHYIO [OCAEA0BATEbHOCTL CErMeH-
TOB [ay, bi], [@s, b2], .., [@n, bn],..cTATHBamelica cucre-
MOH CErMeHTOB, €CJH BHIIOJHEHb JBa TpeGoBaHus: 1) Kaxab#
CIefYIOWUA CErMEHT  CONEPXKHTCS B NPEABIAYIUEM, T. €. Qn<Onis,
bni1<bn nas moboro n=1, 2,..; 2) AIUHA N-TO CErMEHTa [an, bn],
T. €. PasHOCTb Up—0n, CTPEMHTCS K HYJIO NPH A—00.

Cnencreue u3 Teopemu 3.15. ¥ scakoid crazusawougeiics
cucremol ceemento8 {[an, bn]} cywecreyer u npurom eduncreennas
TO4KQ C, NPUHAONEHAUAR BCEM CE2MEHTAM ITOL CUCTEMbL.
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JdokaszaTteabcTBoO. Ilpexae Bcero 3amMeTuMm, 4YTO TOUKA C,
IpHHAJJeXKallasi BCEM CerMEHTaM, MOxKeT GbITh TOJBKO OfHA. B camom
nene, ecau Obl HalIach €mle OJHA TOYKa d, OTJIHYHAS OT ¢ W IpPHHAA-
Jexaliasi BCEM CErMEeHTaM, TO, IPEIOJOXKHB Daadl ONpe/iesIeHHOCTH,
uTo d>C¢, MBI IONYy4uan Obl, 4TO CerMeHT [¢, d] NpHHAIJIEXXKHT BCEM
cerMeHTaM [a,, b,]. Ho Toraa nms so6oro HoMepa n BBHIIOJHSJHCH
66l HepaBeHCTBA bp—an>d—c>0, UTO HEBO3MOXKHO B CHJY TOrO, YTO
bn—an—0 npu n—oo.

Hokaxem Tenepsb, YTO CyIl€CTBYeT TOYKa ¢, NpUHAJJe}RaIas
BceM cermeHTaM. Tak Kak cucreMa CErMEHTOB SIBJISIETCS  CTSITHBAlO-
1efics, TO IOCJAeL0BATENbHOCTh JIEBHIX KOHLOB {a,} He yOLBaeT, a IO-
cJ1e[0BaTeIbHOCTb NPaBLIX KOHIOB {b,} He Bospacrtaer. IlocKOabKY
o6e 3TH IIOCJEJ0BATEJbHOCTH OTPaHHYEHH (BCe HX 3JEMEHTH Haxo-
AsiTcs Ha cerMeHTe [ai, by]), To o6e oHH cxomATcs (B CHJY Teope-
mMbl 3.15). U3 toro, uto pasHocTh bnp—a, siBiAsieTcst OeCKOHEUHO Ma-
JIOH, BEITEKAET, YTO TH JABE IOCJEA0BATENbHOCTH {@n} H {bnp} cxoasar-
cs1 K 00IEeMy 1Ipeaeny, KoTopeil Mbl 0603HaUUM uepes ¢. B cuiay 3ame-
yaHus 3 1451 JA1060ro HOMepa A CpaBelJMBEl HEPABEHCTBA An<C<bg,
T. €. ¢ IPHHA/JJIEKHUT BCEM CeIrMEHTaM [an, bn]. CielctBHe aokaszaHo.

3. Yncno e. [Ipumenum teopemy 3.15 1Jisi HoKa3aTeqbCTBa CXOJH-
MOCTH TIOCJIEIOBATENBHOCTH {Xn}, 3J€MEHT X, KOTOPOH ONpejesseTcs

PaBEHCTBOM
1 n
%= (L )"

B cuny teopembl 3.15 jpoctaTouHo JoOKasaTh, 4TO 3Ta NOCJE/L0BAa-
TeJbHOCTh 1) fIBAsieTCs Bo3pacTalolllefl; 2) orpaHHYeHa CBepXy.
[Ipumensia dopmyny 6uxHomMa HploTOHa, MOJNYyUHM NI X, CJELYIO-
Iee BBIpaKeHHe:
sn—1) 1 aa—D@r=2) 1
2! n® . 3! nd
nn—1)(r—2) ...In—(n—11 1
n! o’

xn=1+n-L—]— + ...
n

.+

310 BHIpaxKeHHe IepenyuieM B CJefylolleM BHAE:

Wﬂ+%@—ﬂ+L«—iw—iwﬂ“

n n

m+%<—%ﬂ—%»”@—%}» (3.34)

Hns cnepyiomero sneMeHTa NOCJTELOBATENbHOCTH {Xn} B MOJHOM
aHaJIOTHH ¢ (3.34) moayuHuTCs Clefyiollee BHIpaXKeHHe:

1 1 1 1 2
s =24 o (1= )+ 5 (L (1= )+

\
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T Lmbrael | L ) (1=t )+
n! n-1 n—+41 \ n-1

+(ni1)! (1_,”1“)(1— nil)(\ nfrl) (3.35)

Ias toro 4yTo6bl yOEAHTHCS B TOM, YTO NOCJIEIOBATEJBHOCTb {Xn}
SIBJISETCS BO3pacTaloulel, CPaBHHM MexAy co6oil BrlpaxeHHs (3.34)
# (3.35). Bo-mepBmiX, 3aMeTHM, uTO HpaBasg uyacTb (3.34) cocTouT
M3 n ciaraeMbix, a npasas uyacTb (3.35) — u3 n+1 cjaraeMbx, OpH-
yeM mocsenHee (n+ 1)-e ciaraemoe B mpaBodlt yactH (3.35) sBasercs
CTPOTO TOJOKATENbHBIM.

ConocraBuM Tenepb Mexay coboit so6oe U3 OCTaJbHLIX n cjarae-
MBIX B IpaBo# wactH (3.35) ¢ COOTBETCTBYIOIUHM CJaraeMbIM B Ipa-
80#t uacTd (3.34). Jlerko BHJIeTh, uTO AJs Jo6oro HoMepa k, paBHOro
2, 3,..,n, CnpaBellJIHBO HEPaBEHCTBO

=) =) - ()<

.<%<1_ n—ll—_l )(1_ n—2}—l ) (1— :—4——1 )

310 nmocaeaHee HEpaBeHCTBO O3HA4a€T, 4YTO k-e ciaraeMoe B npaBoﬁ
gacTu (3.34) MeHblIe COOTBETCTBYIOIIEro R-ro cjaraeMoro B IHpaBoi
gactu (3.35).

Hrak, MB J0Ka3ajH, 4T0 Xn<Xn41, T. €. MNOCJAEJOBATENbHOCTb {Xn}
sIBJISIeTCA BO3pacTalomei.

JlokaxeMm Tenepb, 4TO 3Ta IOCJ]EA0BATENBHOCTD orpannqeﬂa cBep-
Xy. 3aMeTHM, 4TO €CJH Kaxaylo KPyriayio cKOOKYy B IpaBOH uacTH
(3.34) sameHHTb ejHHHUEH, TO yKa3aHHas NpaBas 4YacTh BO3PACTeET.
{losTomy

1 1 1
$n < 2 e b (3.36)

3ameruMm paJiee, 4TO AJs JIO60TO HOMepa k>2 cupaBel/HBO Hepa-
BEHCTBO k!=2.3 ... k> 2k1,
[Tosromy nepaseHcTBO (3.36) Naert mpaBo yTBepKAaTh, UTO
1 1 1
xn<2+—2-+-2?+ cee F

on-1

(3.37)

(Mb1 Bocnosib30BaIHCh GOPMYJION ISl CYMMBbI YJIEHOB TE€OMETPUUECKOH
aporpeccun.) Hepasenctso (3.37) nokasbiBaeT OrpaHHYEHHOCTH IOCTe-
JIOBATENBbHOCTH {Xn}.

ITo ocuoBHo#l Teopeme 3.15 nocaenoBaTeNbHOCTb {¥»} HMeeT mpe-
JeJ, KoTophiil, cneaysa JI. Dinepy *, Mbl 0003HauNM Uepes e.

* Jleonappy DJitep (1707—1783) — Benuxkuit martemaruk, unex [lerepGyprcxoit
AkajeMHH Hayk, GOJBUIYIO 4acTh XKH3HH mpoBes B POCCHH, 0O NPOHCXOXKIEHHIO
IiBeiuapen. :
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Y6enrumcsi B TOM, 4YTO UHCJO ¢ YAOBJETBOPSET HEPABEHCTBaM
2<e<3. las storo (B cuily cieAcTBHsA 2 H3 TeopeMH 3.13) mocratou-
HO J0Ka3aTb, YTO KaXJABI 3JEMEHT X, IOCJHELOBATEJLHOCTH {Xn}
YAOBJIETBODPSIET HEPaBEHCTBAM 2<e<3.

HepaBeHcTBO X, <3 BeITekaer u3 (3.37), a HepaBEeHCTBO 2<X,
BeITeKaeT M3 (3.34), ecan orbpocutsb B (3.34) Bce ujieHH, KpoMe Hep-
BOTO.

B nanbHefimieM BHSICHHTCSA, 49TQO UHCJO € Hrpaer BaxkKHYI0 pOJb
B MaTeMaTHKe, H OyAeT yKa3zaH CNoco0 BBIYHCJCHHMS 3TOTO YHCJIa €
J10001 CTeNneHbio TOYHOCTH.

4. Mpumeprl cXOAAUMXCH MOHOTOHHBIX MOCJeROBaTenbHOCTEH. Hay-~
HEM C PacCMOTDPEHHsl NOCJEJOBaTe/JbHOCTH, KOTOpas IIHPOKO HCIMOJb-
3yeTcs1 B COBPEMEHHOH BBIYHCJIHUTENbHON MaTeMaTHKe AJs NPHOJHKEH-
HOro HaxOXJEHHUsI KOPHSI KBaJpPaTHOI'O M3 IOJIOXKHTEJbHOTO BellecT-
BEHHOTrO YHCJA @. DTa NOCJEJ0BATENBHOCTh ONpejeldaeTcs caelylomerr
peKyppeHTHOH opmyson *:

xn+1=_;-(xn+—;;—> (n=1,2...), (3.38)

IZle B KauecTBe NepBoro npubauxenus x; 6epercs moboe MOJOKUTENb-
HOE YHCJIO.

Ilpexkpe Bcero noKaxeM, 4TO TakKasi HOCJAELOBATENbHOCTb {Xn}
CXOJHTCH, JJIS Y€ro B CHJY TeopeMbl 3.15 10CTaTOUHO AOKAa3aTh, YTCG
OHa OrpaHHueHa CHH3Y H, HauHHAasl CO BTOPOTO HOMepa, ABJSETCS He-
BO3pacralomei.

HaureM ¢ jpokasaTesnbcTBa OrpaHHYeHHOCTH cHu3y. Ilo ye-
JoBuio x,>0. Ho Torma u3 pekyppentHoit ¢dopmyan (3.38), BasAToik
npu n=1, BHTeKaer, 9To x>0, najee u3 Toil ke opmyan (3.38),
B35TOH NpH n=2, BLITeKaeT, yTo x3>0, ... . [Iponoaxkas atu paccyxue-
HHs Jlajiee, MBI TTOCJelOBAaTeNbHO JOKaxKeM, 4To Bce X, >0. Mrtak, pac-
cMaTpHBaeMasi NOCJeJOBaTeNbHOCTh OTPAHHYEHA CHHA3Y.

JlokaxeM Temeph, UTO IPU N>2 BCE JNEMEHTH X, YAOBJAETBOPSIOT

HEepaBEeHCTBY X, >YVa. Ilepenncas dopmyay (3.38) B Buze

o = 5 (2 4 LB, (3.39)

1
BOCIIOJIb3YeMCsI TPHBHAJBLHEIM HEPaBEHCTBOM t+—t—>2, crpaBesi-

JIMBBIM IS BCeX >0 **.

* PexyppentHasa ¢opmyaa (OT JATHHCKOrO recurrens — BO3BDAMIAIOUIMACH) —
dopmyna, BHpaxalomas (n-+1)-fi sJeMeHT mOC/IeIOBaTeJLHOCTH 4Yepe3 3HAUEHHs ee
OepBHIX 7 3/1EMEHTOB.

** 910 HepaBeHCTBO Js BcexX !>0 3KBHBAJEHTHO HEpaBeHCTBY (241> 2f, BHTe-
KamomeMy u3 Toro, yro (i—1)2=0. ’
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- Ix, X
Basis B 3TOM HepaBeHCTBe ¢ = V”_>O, MBI IIOJYYHM, qTo—l—/ﬂ_—.—l-
a a
re —

+ 14 > 2, u noatoMy coortHoleHue (3.39) Aaer Xn41>7}a npu n=1,

n
2,.... JTO U 03HAYaeT, 4F0 Xp>Ya npu n=2, 3, ....

JlokarkeM, HaKOHEI[, 4TO MOCJEN0OBaTeNbHOCTb {Xn}, €caH ee pac-
cMaTpHBaTh C HOMepa n=2, aBJseTcs HeBospacraiollel. Ms pekyp-

pPeHTHOH (popMyJaH (3.38) BHITEKAET, YTO ¢
x,-,+1 — _1_ 1 a \
Xn 2 ( + x,2; )

M3 nocaeaHero COOTHOIIEHHS, YYHTHIBAS, UTO X, >}/ a 1pH n>2, no-
X .

ayguMm, yt0 —tt <1 1npu n>2 WIH Xpyq<Xn 0pH n>2. Mrak, npu
Xn .

n>2 NOCJeN0BATENbHOCTb {X,} ABJIAETCA HEBO3PaCTaIOILEH.

ITo Teopeme 3.15 moc/ieflOBaTENbHOCTb {X¥n} CXOAHTCH K HEKOTOPO-
My npepeay x. OcraeTcs HAHTH STOT Npefes. YUHTHIBAA, 4YTO X,>}a
npu n>2, MH N0Jy4uM (B cuay TeopeMn 3.13), uto x>Ja>0.

INpuHumas Bo BHHUMaHMe, yTo x>0, mepeijeM K mpejeny IpH
n—>o0o B PEeKyppeHTHOM cooTHoimleHuH (3.38). Mel moayuum B npenenae
npu n—oo u3 (3.38) caeayollee paBeHCTBO:

=1 2
x—2<+x)'

D10 paBeHCTBO HpeicTaBJiseT COOOH ypaBHEHHe JJs ONpeJesieHHs
npejesia ¥. EAMHCTBEHHBIH MOJIOXKHTEJbHBIH KOPEHb 3TOr0 ypaBHEHHS
ectb x=Va.

WTaK, MBI OKOHYATEJBHO HLOKA3aJH, YTO NOCJAEeJ0BATEJIbHOCT {Xn},
omnpejeaseMas peKyppeHTHoOH Qopmysod (3.38) mpu Jobom BHGOpE
%:>0, cxonurea x npexeny Va. -

B KauecTBe JPyroro NpUMEHEHHs Teopembl 3.15 paccMOTpUM BO-
IIPOC O BLIYMCJIEHHH NPEjesia IIOC/eJ0BATeNbHOCTH {Xn}, SMEMEHTH KO-
TOPOH HMEIOT BHJ

"
n!

Xn =

, (3.40)

rie t — mio6oe HUKCHPOBaHHOE BellleCcTBeHHOe uyHucao. Jas aoboro
¢uKkcHpOBaHHOrO ¢ Haiigercss Homep N Takoit, uTo |¢| <n-+1 npu Bcex
o ' vy moayumw, uto
Xn n+1 :
|*¥n+1| <|xn| npHu Bcex n>N, 1. e, HauuHas ¢ HoMepa N, mocnaeloOBa-
TeJbHOCTb {|Xn|} ABAfercs yOwmBalomell. Tak Kak, kpomMe TOro, 3Ta
I0C/IE[0BATEJIbHOCTh OrPaHHYeHa CHH3y (HampHMep, YHCJIOM HyJb), TO

n>N. Ho Torga, IOCKOJbKY
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no teopeMe 3.15 oHA CXOAMTCS K HEKOTOPOMY Ipeneny X. Il HaxoxK-
IeHHs1 X 3anuileM cooTHoueHnue (3.40) mas HOMepa a-+1:
L n ¢ . Ft

xn_l_l'—:————-—-:———. :xn. .

(n-+1)!  n! atl nt1

Takum o6pasoM, |x,44]=|x ,,| , U, Iepefiisl B NOCJIEIHEM paBeH-
CTBe K IpeJeay NpPH #—>00, MbI nonquM COOTHOIIEHHE
. ¢
(x| =]x| Jim— —o.
n—wo N 1

HMrtak, nocnefoBareqbHOCTh |Xn|, 2 BMecTe ¢ Hefl M IOCJEAOBATeNb-
HOoCcTh (3.40), cxomurcs K npepeay x=0.
. B o6oux paccMOTpPeHHBIX IpHMEPaxX Mbl IPHMEHHJIH 4acTO YNOTpe6-
JSIeMBIH IIDHEM: CHadYaJja C NOMOIIbI0 TeopeMbl 3.15 nokasanu cymecr-
BOBaHHE IIpejiesia IOCJEIOBATENbHOCTH, @ 3aTEM HAUIIH 3TOT IMpejed,
YCTPEMHB HOMEp n K GeCKOHEYHOCTH B DPEKyPPEeHTHOM COOTHOLIEHMH,
BhIpaxammem (n-+1)-# 3jeMeHT NoOCJAeJOBaTENbHOCTH dYepe3 ee
n-¥ 3J€eMeHT.

B kagecTBe TpeThero NpHMepa H3yYHM BOIPOC O CXOAHMMOCTH IOCJIe-
JOBaTeJNbHOCTH {Xp}, 3ME€MEHT X, KOTODOH HMeeT BHUJ

%z_Va+J/a+Vﬁ+”.+VE (3.41)

opu ycJaoBuH, uTo a>0 u ofllee yHCJO H3BJIeKaeMblX KOpHeH paB-
HO n. _

Yka3anHylo IOCJe0BaTeNbHOCTb {X,} MOXKHO 3a1aThb PEKypPDPEHT-
HBIM COOTHOLLCHHEM

$=Va+tx, (n=12 ...) (3.42)
IIPH YCJOBHH, YTO '
n=Va. (3.43)

.Jast nokasatespcTBa CXOAHMOCTH paccMaTpHUBaeMoOH IocjenoBa-
TEJNILHOCTH JOCTATOYHO (B CHJY TeopeMnl 3.15) H0KasaTh, YTO OHA BO3-
pacTaer u orpaHuyeHa.

CHayasia jJoKaxeM Bo3pacTaHHMe HocixejoBatenpHocTH (3.41), T. e.
JOKaxKeM, 4To AJd Jio60ro Homepa

Xn<Xnt. (344)

JlokasaTenbCTBO 3TOr0 HEpaBeHCTBA MpPOBENEM 10 HHAYKIHH Jlo-
CTATOYHO Jl0Ka3aTh [ABa yTBepxKAeHHs: 1) HepaBeHcTBO (3.44) cmpa-
BEJJIMBO 1/ HOMepa n=1, T. €. CIPaBeJJIUBO HEPABEHCTBO

X< Xp; (3.45)

2) u3 cnpaBeLJMBOCTH HepaBeHCcTBa (3.44) Js 1aHHOTO HoMepa n



§ 2. MoHOTOHHBIE 110C/I€/J0BATENBHOCTH 91

BLITEKAET CIPABEJJHBOCTb 3TOr0 HepapeHCTBA U JUJIg HoMepa n-+1,
T. €. BHITEKaeT CIpaBeAJIMBOCTh HepaBeHCTBa

Xnp1<Xnyo. (346)
CnpaBelauBOCTL HepaBeHCcTBa (3.4D) cpa3y BbITEKaeT H3 paBeHCT-

Ba (3.43) u u3 cootouennuss x,= V¥ a+V¥Va>Va.

HokaxxeM, 4To U3 CNPaBeJJIHBOCTH HepaBeHCTBa (3.44) BhiTekaeg
CPaBE/LTHBOCTh HEPABEHCTBA (3.46). M3 nepaBenctBa (3.44) u pekyp-
peHTHOH (opmyanl (3.42) BHITEKaeT, UTO

fuir =VaT 5 <VaT Fomr, (3.47)

C npyro#t CTOpPOHH, 3alHCHBasi PeKypPeHTHOE COOTHOuUIeHHe (3.42)
Asis HoMmepa n+1, MBI IOAYYHM PaBEHCTBO

Xbe =V @+ xppy. (3.48)

13 conocrasnenuss paBeHcta (3.48) c mepamenctBoM (3.47) M BHITe-
KaeT HepaBeHCTBO (3.46). TeM caMbIM HHAYKIMS 3aBeplieHa H BO3-
pacTanHe nocjaenoBaTenbHocTH (3.41) HokasaHo.

JlokaxeM Temepb, 4TO 3Ta NOCJEJOBATEJLHOCTL OrPaHHUEHa CBEp-
xy. CHOBa noJib3ysicb METOAOM MaTeMAaTHYeCKOH HHAYKIHH, MH J0OKa-
3KEeM, 4TO JJIsl BCeX HOMEpOB 1

tn<M, (3.49)

rae M — HauboJbuiee U3 ABYX YHCEN @ 2.

CHavana npoBepuM, 4TO HepaBeHCTBO (3.49) cmpaseaauso aas
Homepa n=1. Iloab3ysicb pasenctBoM (3.43) u paccmarpuBast OT-
JeabHo ciayuad 0<a<?2 u a>2, Mbl OJyUHM

n=Va<V2<2 mpu 0<ax?2

(3.50)
x=Va <a npu a > 2.
Hs (’3.50) BhITeKaeT, uto X3<M, rae M=max{a, 2}.
ITycte Temepn HepaBeHcTBO (3.49) cnpaBeiauBo AJs AAHHOTO HO-

mepa n. Ilosap3ysicb peKyppeHTHEIM cooTHoueHHeM (3.42) ¥ paccMmar-
puBasi oTAeJabHO ciayyan 0<a<?2 u a>2, MBl HOJYYHM, 4TO

=Va+x,<V2+2=2 mpu0<la<?2

(3.51)

Yo =Va+x,<Va+a=V2a<anpua>2.

M3 (3.51) BEITeKaeT CIpaBeJHBOCTL HEPABEHCTBA Xnp1<M, rie
M=max{a, 2}.

Takum obpazoM, HHAYKIUS 3aBepileHa, U OrpaHHYeHHOCTh MOC/Ie/10-
BaTeabHOCTH (3.41) AoKasaHa.
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Ilo Teopeme 3.15 mocnenoBatesnvHocTs (3.41) cXOAHTCH K HEKOTO-
pOMY Ipeneny X.

Ocraerca Ha#TH 3TOT HpeneJ. _

N3 cooTHomwenus (3.41) oueBHAHO, YTO BCE JEMEHTH DacCMaTpH-
BaeMOH IIOCJeJOBATEJNbHOCTH HeoTpHuaTeJbHH. CJjeroBaTes]bHO, B CH-
Jy TeopeMbl 3.13 M HMCKOMH# Npelesa X 3TOH NOCAELOBATEJBbHOCTH He-
OTpHUIATEJEH.

Bossoas B kBazpaT pekyppeHTHoe cooTHoumeHHe (3.42), Mbl moJay-
YHM paBEHCTBO
' ' pp=a-+Xn (3.52)

Tak xak mnocnenoBaTeNbHOCTb {Xn} CXONHTCH K INpeleNy X, TO,
nepexoas B paBeHcTBe (3.52) K mpeneny NpH n—»oco H MOJb3YSICh TEO-
peMoil o npejese CyMMBl H IIPOH3BEIEHHS JBYX CXOASIIMXCS TOCJIEI0-
BaTeJbHOCTEH, MBI NOJYYHM CJEAyIollee COOTHOUIEHHe AJs Ompejee-
HHSI HCKOMOTO IIpejesa X:

Xl=a-+x

x2—x—a=0. (3.53)

CootHomenune (3.53) npexacraBasier co6oit KBaJpaTHOE ypaBHEHHE
AJs1 ompejiejleHHss HCKOMOTo npefena x¥. DTO ypaBHeHHe HMeeT [Ba
KOpDHSI:

HJIH, 9TO TO K€ caMoe,

v 1+V21+4a >0 5= 1—}/21+4a <o.

Tak kKak HCKOMBIH Npefiesl, KaK YK€ YKa3aHO BHIIeE, ABJSETCS He-
OTPHLATEJbHBIM YHCJIOM, TO MBI OKOHYAaTEJbHO IOJYYHM, YTO OH COB-
najaer ¢ MOJOXKHTEJbHBIM KOpHeM ypaBHeHHs (3.53), T. e. paBeH

1+ViT4a

X = —
2

§ 3. NTPOHU3BOJIbHBIE NOCJENOBATEJABHOCTH

1. TlpenenbHble TOYKH, BEPXHUA M HHKHHA Npeledbl NOCJeH0Ba-
TEJbHOCTH. PacCMOTPHM HEKOTOPYIO NOCJE0BATENLHOCTD X1, X, ..., Xn, ...
H NPOM3BOJIBHYIO BO3PaCTAaO U YIO NOCHEI0BATEILHOCTb HEJBX 110~
JIOXKHTEJIbHBIX YHCeN Ry, Ry, ..., kp, ... . BoI6epeM M3 moc/efoBaTebHOCTH
{xn} aneMeHTH c HOMepaMu ki, Ry, ..., Rn,... H PACIOJOXUM HX B IO-
pslKe BO3PACTAHHS yKA3aHHHIX HOMEPOB. MEl MOJNyYHM NpPH 3TOM HO-
BYI0 NOCJIEA0BATENBHOCTD -

Xbs Xbyy oo - ’xkn1 ceey

KOTOPYIO NPHHSITO Ha3bBaTh HOANOCJAE€JOBATENbHOCTbIO HC-
XOJHOH MOCJIeN0BATENBHOCTH {Xn}.

B yacTHOCTH, H caMa NOCJIENOBATEJNbHOCTh {¥n} MONKET paccMmaT-
PHBaTbCs KaK MOANOCJAENOBATENbHOCTL ¢ HOMEPAMH Rp=N.
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3aMeTHM Cpasy e, 4TO BCerfa k,>n, u6o mobas Noanocaenosa-
TeJBHOCTD, HE COBNAaAAIONIast co BCell T10CIE10BATENbHOCTHIO, 0JIydaeT-
Cs1 TIyTeM HEKOTOPOro IPOPEKEHHs 3JeMEHTOB IOCJeJ0BaTebHOCTH.

CrnpaBe/iuBHl IBa TPHBHAJBHBIX YTBEPXKICHHS!

1°. Ecau nocaedosareavrocTs {xn} cxodurcs K npedery a, TO 4
at06as ee noonocaedo8aTeAbHOCTL CXOOUTCA K TOMY %e camomy npe-
deay a.

2°. Ecau 8ce nodnocaedosaresvHOCTU HEKOTOPOL nocaedos8aresbs
HOCTU {Xn} €x00ATCS, TO 8Ce OHU CX00ATCA K OOHOMY U TOMY e npe-
Oeay a (k aTOMY %e npedeny a cXO0UTCS U 8C NOCAEOOBATEALHOCTD ).

JokaxeM cHauasa yTBepiKieHue 1°

durcHpyeM INPOU3BOJbHOE HOJOMKHTEIbHOE YHCJIO & H, HOJb3YHACh
CXOJUMOCTbIO IIOCJIE0BATENBHOCTH {X,} K mpeleny a, Boibepem mo
aToMy & HoMep N Tako#, uTo |X,—a|<e mnpu Bcex n>N. Tlycts
{x#,} — TpOHM3BOJIbHAS MOANOCJEOBATEJbHOCTb MOCHELOBATELHOCTH
'{x,,}. Tak kax ky>N, To AJs1 BceX HOMepoB n> N 3jieMeHTHl II0ANO0CTe-
JOBATENbHOCTH {X,} YOBJIETBOPSAIOT HEPABEHCTBY | %, —al<e, asto
M 03HAYaeT, YTO MOAMNOC/IENOBATENbHOCTb {Xk,} CXOAUTCA K Npefeny a.

Jis nokasaTesbcTBAa YTBEPKIAEHHST 2° JOCTATOYHO yd4eCTb, YTO TaK
KaK caMa INOCJIeJoBaTeJbHOCTh {¥n} (KaK YacTHLIH caydaii moamocie-
JOBATEJbHOCTH) CXOZUTCS K HEKOTOPOMY Ipelenay @, To M Jwobasa ee.
MOANOC/EAOBATENLHOCT: ~ CXOAUTCA K TOMY XK€ Mpefely a (B cuay
YTBEDKICHHA 1°).

B mosHoON aHajoruy ¢ yTBep:kJeHHeM 1° nokasmbiBaercs, yTo ar06as
noonocaedosaresbHocTs 6eckoneuno 60abwol  nocaedosaresbHOCTY
npedcrasasner coboil Takme 6eCKOHEUHO 6OALULYIO NOCAED08ATEALHOCTS.

Benem ¢ynnameHTanbHOE MOHSTHE NPEAEJIbHOH TOYKH IOCJEIO-
BATEJbHOCTH.

Onpenenenue 1. Touka x Geckoneunoidl npsamoti (—oo, + oo}
Hasvieaercs npedesbrnoll TOoOuKOU nocaedosaressrocTu  {xn},
ecau 8 a060L g-OKPECTHOCTU TOUKU X COOCPHUTCA GECKOHEUHO MHO20
dNEMEHTO8 3TOU NOCcAe008ATENbHOCTU.

Onpenenenne 2. Touxa x beckoneunoil npamoti (—oo, -+ o0)
Ha3oleaercs npedesvHOl TOUKOU nocaedos8arenvHocTu {Xn},
ecau u3 3Toil nocaedo8aTeNbHOCTU MOXCHO 8ol0eauTs noodnocaedosa-
TeAbHOCTH, CXO0AUYIOCS K npedeny X.

Yo6enuMmcs B TOM, uTo onpezeneHus 1 u 2 SKBHBAJEHTHEL

1) Ilyctb B M1060# €-OKPECTHOCTH X COAEPKUTCS GECKOHEUHO MHOTO
3JIEMEHTOB II0C/I€/I0BATEJNbHOCTH {X5}. PaccMOTPHM COBOKYNHOCTb &-OK-

peCTHOCTefI TOYKH X, Aad KOTOprX & NocJeJ0BaATEJbHO paBHO
B nepBoii U3 3THX OKPECTHOCTEH BLIGEpEM 3JEMEHT NOCJeA0BaTE/b-
HOCTH X3, C HEKOTOPHIM HOMEDOM R;, BO BTOPOH U3 yKa3aHHHIX OKPeCT-
HocTeli BhIGepeM SJIEMEHT IIOCJENOBATENBLHOCTH Xp, C HOMEpOM ks,

YIOBJIETBOPSIIOIIMM YCJIOBHIO k3>>ks, B TpeTbeil H3 yKa3aHHEIX OKpecT-
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HOCTEH BBIGEpPEM 3JIEMEHT [OCJeL0BATENbHOCTH Xp, C HOMEPOM K3,

YIOBJETBOPSIOUHM YCJIOBHIO k3>ks.... DTOT NpOIECC MOXKHO IPOJOJ-
JKaTh HEOTPAHHUYEHHO, TaK KakK B JIOGOH &-OKPECTHOCTH TOYKH X CO-
Jepxurcsi GeCKOHEUHO MHOro 3JEeMEHTOB IOC/AeI0BATENbHOCTH {Xn}.
B pesysnbraTe MBI NONMYYHM MOANOCJEJOBATENBHOCTD Xk,» Xigs Xkgy « - -+
Ky =« - MOCJIEJOBATENBbHOCTH {Xn}, KOTOPAsi CXOAUTCS K Ipefeay X,

ubo | xp, —x|< -’l—l—

2) TlpeanosioxkuM, yTo H3 MOCAEZOBATENBHOCTH {Xn} MOXKHO BbIIE-
JIHTh TOJIIOCJIE0BATENbHOCTD, CXOAALIYIOCS K npeneay X. Toraa B Jaio-
00l £-OKPECTHOCTH TOYKH X JIE?KHT OECKOHEYHO MHOrO 3JIEMEHTOB NOJ-
II0CJIE0BATEJILHOCTH (Bce, HAuHHas C HeKoToporo HoMepa). Tak Kak
KA bl 3JIEMEHT NIOANOCIIEA0BATENLHOCTH SIBJSIETCS 2JEMEHTOM H BCEH
II0CJIEI0BATENLHOCTH, TO B JII0GOH £-OKPECTHOCTH X JIEXKUT OECKOHEUHO
MHOTO 3JIEMEHTOB ITOCJIeI0BATEJIbHOCTH. o

DKBHBaJEHTHOCTD onpelenenufi 1 U 2 fokasaua. :

BrisicHUM Bompoc O HaJWHYHMM IIpefesbHBIX TOYEK y CXOAsIeics
I10CJI€/10BATEJNBHOCTH.

JlemMmma 1. Kawdas cxodauwascs nocaredosaresbHocTy UMeeT
“TOALKO O00HY npederdbHYyr0 TOUKY, cO8Radaroujyro ¢ npedesom 3Toi no-
€2008aTEeAbHOCTU.

HdokasateabcTBo. Ilycrth HOC/KENOBATENBHOCTh {Xn} CXOMHTCH
K npepeay x. Torma B 1060 ¢-OKPECTHOCTH X JIeXKHT OECKOHEYHO
MHOTO 3JIEMEHTOB II0CJIEJOBATENLHOCTH {¥n} (Bce, HAUHHAA C HEKOTOPO-
TO HOMepa), a NMO3TOMY X SIBJSIeTCS NMpeleJbHOH TOYKOH MocJjeroBa-
TEJIBHOCTH {Xn}.

Ocraercst [0Ka3aTh, YTO HH OJHO YHCJO X', OTJIHYHOE OT X, HE fB-
JISETCsT MPEeJeNbHON TOYKOH IOCAEL0BATENLHOCTH {X,}, HO 3TO HeNo-
‘CPEICTBEHHO BBITEKAeT U3 HOKAa3aHHOrO BhIlle YTBepXKAeHHs 1, coraac-
HO KOTOPOMY H3 CXOAMMOCTH BCEH NOC/JeA0BaTeIbHOCTH K Ipeleny X
BbITEKaeT CXOAHUMOCTh JI0O0H ee NMOANOCIEJOBATENILHOCTH K TOMY XKe
fIpefieny X.

[puBeneM npuMep 02panutennol nociedo8aTenbHOCTU {Xn}, UMEIO-
well 0se npedeavHvle Touku. JlokaxeM, dYTO MNOCJHELOBATEJIbHOCTh

1 1 1 1 1 1 i

1 ——, ..., —, 1 ——, ... HMeeT TOJbLKO [Be
2 2 3 3 n n

npenenbHble TOukH Xx=0 U x=1. ToT ¢akr, uto 3TH ABe Toukd x=0 U
Xx=1 gBJAOTCA NpeAeNbHBLIMH, BHITEKA€T H3 TOrO, YTO MOANOCJENO0Ba-
TeJIbHOCTh BCEX HEUYEeTHBIX 3JIeMEHTOB paccMaTpuBaeMoil IocjiefoBa-
“TeJIbHOCTH CXOAHTCA K mpeneny x=0, a moamocjegoBaTeJbHOCTb BCEX
"ETHBIX 2JIEMEHTOB pacCMaTpPUBAaeMOH IIOCJEJOBATENbHOCTH CXOAHTCSA
K mpeneiy x=1. Ocraercs AOKa3aTh, YTO HH OJHO YHCJIO X, OTJIHYHOE
oT 0 u 1, He siBJseTcs IpeJeJbHOH TOYKOH Halel IOCJaeA0BaTeNbHOCTH.
Tak Kak x50 ¥ xp==1, To 3aBeJOMO MOXKHO YKa3aTb CTOJb MaJjioe IO-
JIOXKUTENbHOE YHCJO €, UTO g-OKpecTHocTH Tpex Todek 0, 1 m x, He
Oy.1yT uMeTh 06mUX Touek (pHc. 3.1).
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Puc. 3.1

Ho Bce HeueTHbIE 3JIEMEHTH Hallleli IOCAe10BATENLHOCTH, HaUHHAsS C
HEKOTOpOro HoMepa, HaXOASATCS B &-OKPeCTHOCTH yucia 0, a Bce uert-
HBIE 3JIEMEHTHl HalleH NOoCAef0BATEeNIbHOCTH, HAYHHAs C HEKOTOPOTO HOg
Mepa, HaXoJsATCsA B e-OKpecTHOCTH udcaa 1. IlosTomy 3a mnpelrenamu
e-okpectHocTell unces O 1.1 (M, B YaCTHOCTH, B &-OKPECTHOCTH YUC/&
Xg) MOXKET JieXKaTh JIHIIb KOHEYHOe YHCJO 3JIEMEHTOB HalleH MoCc/exo-
BATEJIbHOCTH. DTO M O3HAUAET, YTO Xy HE SIBJSETCS IpeleJbHOH TOYKOM
HOCJIeI0BATEJbHOCTH.

[TpusejeM Temepp TIPHMEDP O2PAHUUEHHOU NOCAL008ATENbHOCTU
{xn}, umeroujeti Geckoneuno mHo20 npedeavrolx Touex. Buime (B m. 3
§ 7 ra. 2) MBl YCTAGHOBHUJH, YTO MHOMXKECTBO BCEX PAlMOHAJbHBIX YHUCEJL
u3 cermenta [0, 1] MOXHO 3aHYMepOBaTb B MOCJACAOBATENLHOCTL {Xn}.
Jlokaxkewm, 4to J1060e BEIIECTBEHHOE yHcJI0 X 3 cermenra [0, 1] sB-
JISIETCSl TMpe/leIbHON TOUKOH YKa3aHHOH IOCJIeNOBATebHOCTH {Xn}.
3aMeTuM, 4yTO, KaKOoBO Okl HH OBLIO uHca0 X u3 cermenra [0, 1] amas
aoboro 0<e<<1/2 xoTss 6Bl OJAHO H3 ABYX UYHCEJ X—& H X-+& TaKKe
npuHaaiexut cermenty [0, 1].

[MpeanosoxkuM pafu ONpPeAeNeHHOCTH, YTO YHCJAO X-+¢& NPHHAA-
nexur cermenty [0, 1]. Mexay AByMsi He PaBHEIMH JApyr ApYyTry Be-
IIECTBEHHLIMH UHCJAAaMH X H X+¢€, B cuay JemMMmel 2 § 3 ri. 2, JNexuT
OeCKOHEUHO MHOI0 PA3JHYHBIX PallHOHAJBHBIX YHCeJ. DTO O3Hayaer,
uyto 1pH Jo6oM 0<<g<1/2 B £-OKPECTHOCTH TOUKH X JeKHT GeCKOHed-
HO MHOTO 3JIEMEHTOB MOCJIELOBATEJIBHOCTH {Xn}, T. €. X fBJAETCS INpe-
AeAbHON TOUKOH 5TOH NOCAELOBATENBHOCTH.

EcrecTBeHHO, BO3HMKAET H/AES PACCMOTPEHHs] HauOOJblleH H HaH-
MeHblIell npeJeJbHLIX TOUEK NOCAeL0BaTeNbHOCTH.

Onpenenenue 3. Hauborvwan npedesvras Touka nocaedosa-
TeAbHOCTU {X,} Ha3vleaeTca 8epXHumM npedesrom. Tol nocredo-
BATEALHOCTU U 0603HAUACTCS CUMBOAOM

x=lim x,.
n-w

Onpenenenne 4. Haumenowas npedesbHas TO4KQ nOCaAed08a-
TeAbHOCTU {Xn} HQ3bIBAETCA HUXCHUM npedesom 3Tol nociedo-
8aTeAbHOCTU U 0603HA4AETCA CUMBOAOM

x=limx,.
T how
BosHHKaeT BONpPOC O CYHIECTBOBAHHH XOTS1 OBl ORHOH IpeaedbHOR

TOYKM M BEPXHEro M HUKHEro NpejesoB y Jio0o# OrpaHHYeHHOH Mo-
CACA0BATENBLHOCTH.
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CrnpaBeaguBa cjefylomas 3ameuyaresbHas TeopeMa.

Ocuosuad teopema 3.16. ¥ scaroil ozpanuuennol nocaedo-
BATENLHOCTU CYULECTBYIOT BepXHUll U HUXCHULl npedenvt u, 8. 4QCTHO-
CTU, cyuiecTsyer xoTa 6bl 00HA npedesbRas TOYKA.

JloxasaTeabcTBO. OCTaHOBUMCS Ha AOKAa3aTeJbCTBE CYIIECT-
BOBaHHs y M0G0 OrpaHHYEHHOll NOCJENOBATEJBHOCTH XOTsi Obl OZHOM
TpeJeSbHON TOUKH M BepxHero mnpefena. (CyllecTBOBaHHE HHIKHErO
npefena J0Ka3hBaeTCsl aHAJOTHYHO.) .

Ilyets {x¥n} — npousBosibHAd OTpaHHYEHHAS IIOCJHENOBATENBHOCTD.
ITo ycsioBHIO OrpaHMYEHHOCTH HaMAYTCA [ABa BELICCTBEHHLIX yHcJa M
u M TaKue, uTO JIIOGON 3JEMEHT X, IIOC/AEI0BATENbHOCTH {X,} YHAOB-
JIETBOPSIET HEPABEHCTBAM M<Xn <M.

PaccmoTpuM MHOXecTBO {X} BceX BeUIECTBEHHBIX YHCEN X TaKHX,
4TO HmpaBee * KaxJAOro M3 3THX yHceJ JIHOO BOBCe HET 3JEMEHTOB IO-
CJIeflOBaTeJbHOCTH {X,}, 1H00 TaKHX 3JEMEHTOB JHIIb KOHEUHOE YHCJIO.

VHpIMH cJIOBaMH, BeUIECTBEHHOE UYHCJO X NPHHAJEXKHT MHOXKeCT-
BY {X}, eciu npaBee X JEXHT He GoJiee ueM KOHEYHOE UHCJO 3JeMEeH-
TOB TOCJIEJOBATEJBHOCTH {Xn}, H He NPUHANJIEKHT MHOXKeCTBY {X},
€CJIM NpaBee 3TOr0 YHCJA X JIeKHT GeCKOHEYHO MHOIO 3JIEMEHTOB IIO-
CJIeI0BATEALHOCTH {Xn}.

3aMeTHM, 4YTO MHOXKeCTBO {X} 3aBeOMO He SBJSeTCS NMyCTHIM: eMy
TIpUHAAJIEKUT J0GOe BELIeCTBEHHOE YHCJIO X, YAOBJETBOpSIOLIEe Hepa-
BEHCTBY ¥>M (u60 npaBee TAaKOro X HeT 3JEMEHTOB NOCJeL0BATENb-
HoCTH {X»n} ). Kpome Toro, oueBHAHO, 4TO MHOXeCTBO {X} OrpaHHYeHO
CHH3Y H B KauecTBe ero HHXKHel rpaHd MoxeT OblTb B34TO Ji000e
YHCJI0, MEeHblIee m (MpaBee TAKOTO YUCJA JeXaT BCe 3JEMEHTH MocJe-
JOBaTeNbHOCTH {X5}, a HX GECKOHEUHO MHOIO).

ITo ocHoBHOii TeopeMe 2.1 ru. 2 y MHoxectBa {¥} CymecTByer
TOYHAsl, HUKHSAS T'paHb, KOTOPYI0 Mbl 0603HauHM cHUMBoJOM X. Joka-
JKeM, 4To 3T0 uyuciao X=inf{x} W sBAseTcs BEPXHHM NPEAEJIOM MOCJe-
JOBATEJbHOCTH {Xn}.

JocTaToyHO MOKAa3aTh ABa YTBEPKACHHUS:

1°. Yueno X siBasieTcsi NpefesbHOM TOUKOH MOCJIeN0BaTebHOCTH
{xx} (1. e. B M060ii €-OKPECTHOCTH X JIEXKHT GECKOHEYHO MHOro 3Je-
MEHTOB II0CJIeJIOBATEJbHOCTH {Xn}).

-2°. Hu onHO uyucno x, Gojbllee T, ykKe He SBJIACTCA TNPELEIbHON
TOYKOH MOCJeN0BAaTEeNbHOCTH {X,} (3TO M OymeT o3HayaTh, YTO ¥ SIB-
JsieTcsl HanboJibiuefi TNpefesbHOH TOUKOH, T. €. BEPXHHM MpelesioM
{xn}).

Jasi nokKasaTenbCTBa YTBeDKACHHA 1° GHKCHPYEeM NIPOU3BOJILHOE
HOJIOXKUTEJIbHOE UHCJHO €. [I0 olpeneseHHIO HuUXKHel rpaHH Jw06oe
4HCJI0, MeHblllee X (¥, B YaCTHOCTH, YHCJIO X—e), He NPHHAILJIEKHUT
BBEJleHHOMY HaMH MHOXeCTBY {X}. 3HauHT, npaBee F—¢ JEKHUT GECKO-
HEYHO MHOIO 3JIEMEHTOB NOC/EN0BATEIbHOCTH {Xn}.

* HanomHuM, uTO TEePMHH «Y JIEXKUT MNpaBee Xx» O3HAayaeT, YTO YHCJIa X H Y
CBsI3aHbl HEPABCHCTBOM Y > X.
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Hanee, 13 TOro, 4TO YHCJO X SIBJSIETCS TOUHON HUXKHeH rpanbio {1},
H U3 HepaBeHCTBA X<X-+& BLITeKaeT, UYTO Haliflercsi XOTsH OHl OLHH
3JIEMEHT X’ MHOXKeCTBa {X}, yAOBJETBODPSIOWIHI HeDABEHCTBAM T <X <
<X -+e, T. e. JeXKallUl JeBee T +¢ (pnc 3.2). B cuny onpeneieHus
MHOXKeCTBa {X} mpaBee 3TOro uyucja X’ JIEKHT He Gojiee 4eM KOHEYHOe
YHCJIO 3JIEMEHTOB I10C/E0BATENbHOCTH {Xn}.

Ha puc. 3.2 ycaoBHO ykasaHO, yTo npaBee 4Hcsia X—e JEXKHT Gec-
KOHEYHO MHOTO 3/IEMEHTOB IIOCJEeJ0BATeJbHOCTH {Xn}, a npaBee quc-

Ja x' nexutr He GoJsiee 4EM KOHEYHOE YHCJO 3JEMeHTOB 3TOH nocJjeno-
BaTCJNbHOCTH.

becroweyroe vueao snemenmol

7 Koweyeoe waecns
f 1" el e e m= = =
l Ir-€ T T+eE=T-E€ I T+E
Z-€ T Z+g -
€ 3 € € & e
Puc. 3.2 Puc. 3.3

Tak Kak nmpaBee ¥—e JIeKHT O€CKOHEYHO MHOTrO, a npasee x’ —
JIMIIb KOHEYHOE YHCJIO 3JIEeMEHTOB IOCJIE0BATeNbHOCTH {Xn}, TO MBI
NPHXOJAMM K BEHIBOAY, YTO Ha IoJycerMeHTe (X¥—e, ¥'] (a 3HauuT, U
Ha HHTepBaje (X—&e, Xx-+¢&)) JeXKUT 6eCKOHEUYHO MHOLO 3JeMEHTOB IO-
CJIEIOBATENILHOCTH {Xn}. '

Hrax, mbpl gokasans, yto nas qawoboro £>0 B e-OKPECTHOCTH TOY-
KM X JIeXHT GEeCKOHEYHO MHOTO JIEMEHTOB IOCJe]0BaTeJbHOCTH
{xn}. D10 M O3HAayaeT, uTO X sBJAETCA HPEAEJbHOH TOUKOH NMOCAENO-
BaTeNbHOCTH {X,}. YTBepkKAeHHe 1° NOKa3aHo. :

ITonuepxkHeM, yTO MONYTHO MEI JloKasaaH, 4to aas Jwboro >0
mpaBee YHCAA X+e JIEKHT He Gojee UeM KOHEYHOE YHCJIO DJEMEHTOB
NoCJIeI0BaTebHOCTH {X,}.

910 mocjaefHee YTBEPKACHHE HCHOJB3YeM [Jisi  JOKa3aTeAbCTBA

YTBEPXKJEHHsA 2° O TOM, YTO ¥ ABJAseTcs HauboJblued NpenensHON
TOYKOI.

ITycts X — moboe uuci0, Gonpwee ¥. O603HayuM Yepes g IoJIO-
HKHTEJIbHOE YHCJIO e—(x—x)/2 IIpn TakoM BeIGOpE € HHTepBanm
(X*—e, X+¢) n (x—s, "X+g), T. e, e-OKPECTHOCTH TOUeK X U X, He GYAyT
uMeTh OOIMX TOYeK, a TOYHEe, BCSL &-OKPECTHOCTb TOUYKH X Oyaer
JexaTh Npasee ydcjaa X-+eg, T. €. HPaBO#l IpaHHIbl e-OKPECTHOCTH TOY-
ku Z (puc. 3.3). .

Brellle MBI yCTaHOBHJH, 4TO JJsi JioGoro e>0 npaBee X-+e& JEKHUT
He Gosee yeM KOHEYHOE YHCJO 3SJEMEHTOB NOCAELOBATENbHOCTH {Xn}.
3HauuT, B pacCMaTPUBAEMOli HAMH -OKPECTHOCTH TOYKH X JIXKHT He
GoJee yeM KOHEUHOE YHCJIO 3JEMEHTOB [IOCAEJ0BATENbHOCTH {Xr}, & 3TO

¥ 03HAYaeT, 4TO X He SBJIAETCS Npe/lesbHOH TOUKOH IoC/e]oBaTeNbs
HOCTH {Xn}. YTBepKAeHHe 2° ZOKa3aHO.

4 3axk. 72
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M#ur oKa3ajii CyIIeCTBOBaHHE Yy OTPaHHYEHHOH IOCJeA0BATebHOC-
1 {X,} BepxHero Ipefesa (T. e. HaubGoJblIeH NpeaenbHO# ToukH). Co-
BEPIIEHHO aHAJOTHYHO [OKa3biBaeTCs, 4YTO Yy TaKOH IOCJHeZ0BaTe/b-
HOCTH CYIIEeCTBYeT HHXKHHH IpefeJs, SBJSIOMHUICT TOYHOH BepXHelh
IPaHbIO TOTO MHOXKECTB2 BELIECTBEHHLIX yHces {x}, jJieBee KaxKIOro U3
KOTODBIX JIEKHT He 6oJiee ueM KOHETHOE YHCJIO DJIEMEHTOB TMOCJ]e]0Ba-
TeNbHOCTH {X»}. Teopema 3.16 mokasana.

Cnepcreue 1 us reopemn 3.16. Ecau {x,} — oepanuuecn-
Has nocAed08aTEeAbHOCTb, X U X — ee HUCHul u eepxnuil npedeaot,

e — at060e NOAOKUTEeAbHOE HUCAO, TO HA UuHTepsasre (x—e, X+¢&}

AEKHCAT BCE INEMEHTbL 3TOL NOCAEO0BATEALHOCTU, HAYUHAS € HEKOTOPO-
20 Homepa (3asucsauieco, KOHEYHO, OT ).

JlocraTouHo AOKas3aTh, u4TO [Js1 JiobGoro e>0 BHe HHTEpBaja
(x—e, X+¢) aexur He Gojiee yeM KOHEUHOE UHCJIO IJIEMEHTOB IOCJe-

J0BaTeNbHOCTH {¥,}. Tem Gosee HOCTAaTOUHO AOKa3aTh, YTO TpaBee
= e &
x+ —~ HJIeBee X——- JIeKHT He Goslee yeM KOHEUHOE YHCJIO dJeMEeH-

TOB IOCJIe/10BaTeNbHOCTH {xx}. Tor (baKT uTo AJs1 jaoboro £>0 npasee
x+7 JEXHT He 6oJiee ueM KOHEUHOE UHCJO 3JEMEHTOB {X}, yxe

YCTaHOBJIEH B Ipouecce JokaszaTenncTBa TeopeMbl 3.16. CoBepiueHHO
&
aHAJOTHYHO AOK&3BIBAETCS, YTO AJA Jiio6oro >0 JeBee x-—--z— JIeXKUT

He Gojiee yeM KOHEUHOE YHCJO 3JIEMEHTOB IIOCAEA0BATENbHOCTH {Xn).
CneagcrtBue 2 u3 Teopemul 3.16. Ilycro {xn} — ozpanuuen-
HAS NOCAEO0BATEAbHOCT, X U X — ee HudcHull u eepxuutl npedeno,

(a, b) — unTepsas, 6ne KOTOPO20 nedcUT He 6oaee uem KOHEHHOe Huc-
A0 INEMEHTOB8 NOCAedo8aTesbHOCTU {Xn}. Toeda unrepsasr (x, X) co-

depocutca 6 unrepsase (a, b) u, 8 wacrTHocTy, x—x<b—a.

JNokaszareabcTso. JlOCTATOUHO J0Ka3aTh JIBa HEpPABEHCTBA
<b u a<x. IlepBoe U3 3THX HEPaBEHCTB BHITEKaeT M3 TOrO, 4TO TOU-

Ka b, mpaBee KOTOPOH JIEXKHT He 60Jiée 4eM KOHEYHOE UYHCJIO 3JIeMeH-
TOB TIOCJIEOBATENLHOCTH {X,}, NPHHAIJIEXKUT MHOXKeCTBY {X}, pac-
CMOTPEHHOMY IIPH J0Ka3aTeJbCTBE TeopeMbl 3.16, a X ABJseTCS TOUHOMH
HHJKHeil TpaHbi0 3TOro- MHOXeCTBa. BTopoe HepaBeHCTBO a<x ycra-

HaBJHMBAETCS aHaJIOUHYHO.

CaepncrBue 3 u3 teopemb 3.16 (reopema Boabua-
Ho—BeilepmTpacca®*). H3 scakoi oepauutennol’ nocaedo-
BATENbHOCTU MOXMCHO B8b6l0€AUTS CXO0AUYIOCA NOONOCAe008ATENbHOCTS.

Dta TeopeMa SBJSETCS] HENOCPEACTBEHHBIM CJEACTBHEM TEOpeMBbl
3.16 u ompenenenus 2 npeneSbHON TOUKH. ,

Teopema 3.16 mposuBaeT CBeT Ha TO, KaK YCTPOEHO MHOKECTBO
BCEX INPEACNbHBEIX TOYeK JI0O0H orpaHuuyeHHOH IOCJAEN0BATEJNbHOCTH.

* Bepurapa Doabuano — ueinckufi ¢punocod u matemaTtnr (1781—1848), Kapa
Betiepmitpacc — Hemeuxuii matematHk (1815—1897).



§ 3. IlpousBoJsbHBEIE MOC/EA0BATEIBHOCTH 99

Ecnu, Kak # Bhiwe, 0603HAUHTL 4epe3 ¥ U ¥ HHUKHHH M BepXHHH IIpe-

JleNbl 3TOH MOCJEN0BATENBHOCTH, TO MOMKHO YTBEpKAaTh, UTO BCe €€

npejesbHbIEe TOYKH JieXKaT Ha cerMeHTe [X, X], mpHueM ecnH yKa3aH-

Hasi [OCJe[0BaTeNbHOCTh HE SIBJSIETCS] CXOAsiielicd, TO OHa HMEET II0

KpaiiHeil Mepe [Be IpelebHBle TOYKH X H ¥. PaccmorpenHas HaMu
1 1 1 1 1

BBHILIE TOCJIEN0BATENALHOCTD _ ]l — == ..., — 11—
2 2 3 3 n

1 . \
—_——y ... [peIcTaB/ger coboi HpHMep IIOCJIeA0BATEJbHOCTH, HMCIO-
n

1efl TOJBKO JBe IpejesbHble TOUKd x=0 1 ¥=1.

Ilpyras paccMOTPeHHasi BHILIE IMOCJELOBaTeJbHOCTh {Xn}, COmep-
JKallas BCe palHOHaJbHBIE uHcia u3 cerMenta [0, 1], mpeacraBiser
coboii mpuMep NOCJENOBaTEJbHOCTH, IpeJeJbHBIE TOYKH KOTOPO# IO-
KPHIBAIOT BeCh CerMeHT [x, X], y Kotoporo x=0, ¥=1.

JIerko mOCTPOMTb NMPHMeEP IOCJeJ0BATebHOCTH, NPEAEILHBIMHE TOY-
KaMH KOTODOH cayxaT: 1) HamepeJ 3aJlaHHOe KOHEUHOE MHOXKECTBO
TOUEK @1, @y, ..., Ap; 2) Hamepej B3sATas OeCKoHeyHast II0CJeJ0BaTeNb-
HOCTb TOYEK di, Az, ..., n, ... © (BO BTOPOM cCJyuae Kaxjasl npeesbHas
TOYKa MNOCJEJOBATEIHHOCTH NpelesbHEIX ToYeK {an} OyAeT SBIATHCA
1peNebHON TOYKOH HCXOHOH MOCTENOBATENLHOCTH {Xn}).

2. PacmiMpeHue MOHATHHA MpeJeJbHOM TOYKH H BEPXHEro M HHIKHEro
npenenos. AnajoroM TeopeMbl DBousbliano — Bedepmrpacca asis He-
OTPaHHYEHHOH IOCJEAOBATEIbHOCTH SIBIAETCS CJEAyIollee yTBEDXK-
IeHue.

JlemMma 2. Hz scakoll Heo2panuueHHOU nocae008aTeAbHOCTU
MOICHO 86l0eAUTo OeCcKOHeuHO 60abiuyto nodnocaedosaresvrocrs (U,
8 4aCTHOCTU, Beckoneuno 6oabulyr0 noOnocsedoBaTeAbHOCTb, BCe JNe-
MEHTbL KOTOPOL uMeroT OnpedeseHtbLll 3HAK).

JdokasareascTBo. [Ipexnae Bcero sameTHM, 4YTO €CIH Y He-
OrpaHHYEHHOH II0CJIeA0BATEILHOCTH OTOPOCHTh JI060€ KOHEYHOE YHCJO
IIePBBHIX €€ 3JIEMEHTOB, TO IOCJe TaKoro OTOPaCHBAHHS IOJYYHTCS
CHOBa HeorpaHHYeHHag nocjaenoBatesbHOCTb **. TlycTh {X,} — mpoms-
BOJIbHAsl HeOT'paHMYEHHas IOCJeJOBaTEeNbHOCTh. Toraa Haiijercs sJe-
MEHT Xp, 9TOH MOCJENOBATENLHOCTH, YIOBJETBOPSIOMUA HepaBeHCTBY
{x¢,| > 1. VunteiBas, uto mocJelOBaTeNbHOCTh {Xr}, paccMaTpHBae-
Mas ¢ HoMepa Ryt 1, Takxke sIBJIsieTCS HEOTPaHHUEHHOM, MBI MOJYYHM,
9YTO Ha#/IeTCA 3JIeMEeHT 3TOH NOCIeJOBATENBHOCTH Xg,, YAOBJIETBOPSIO-
IUHH HEPABEHCTBY |Xk,| > 2 1ipu ko>ky. IIpomosikas 3TH paccyXAeHHs
Jlajee, MBI IIOJYYHM, YTO JJs JIOGOro HoMepa n HalAeTcs 3JIEeMEHT
Xk, YAOBJETBODPSIIOLIHI HEPABEHCTBY kanl >n nupu ka>kp-y.

* TaroBOH ABJAETCS MOCACLOBATEIBHOCTH
aQ, 4, Q, M, A, A3z, «.. «
- ! Sl

** H6o mpeamnosioxeHne 0 TOM, YTO 3TO He TaK, NPUBOJMUT K NPOTHBOPEYHIO C
TpeGoBaHHEM HEOrPAaHHUYEHHOCTH HCXOAHOH MOC/IEA0BATENHLHOCTH.,
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OueBHIHO, YTO NOCTPOEHHAs] HAMH MOANOCJ]EA0BATENbHOCTD Xkys
Xkgs o v s Xk, -« SIBJISICTCS GECKOHEYHO OGOJbIIOH. 3ameyasi, 4TO 3Ta

IOJIIOC/IEA0BATEILHOCTb 3aBEIOMO COJEDIKHT GECKOHEeuHO MHOro Ju6o
HOJIOXKHUTENbHBIX, JH60 OTPHIATENIbHEIX WJIEHOB, Mbl MOXKET BBIACJIHTH
U3 Hee 0eCKOHEUHO GOJIBINYIO MOMAINOCIENOBATENBHOCT, BCE 3JICMEHTHE
KOTOPOH HMEIOT Oompejie/ieHHbH 3HaK. JleMMa JokasaHa.

U3 semmut 2 u u3 Teopemul Dogbliano — BefiepmiTpacca BHTEKaeT
cyelylolllee yTBEePKAEHHE.

Jlemma 3. H3 cosepuienno npousgoasHoll nocaedosaresbHOCTL
MOJCHO 8biGeAuTs AUOO CXO0AUYOCE NOON0CcAedosaTeAbROCTb, AUGO
6ecrkoneuno 60abUY0 NOONOCACO0BATENBHOCTS, BCE 3/ MEHTbL KoTopou
umeroT onpedeserHolil 3HAK.

JleMMa 3 ecTeCTBEHHO IPUBOAUT K Hiee DaCIIMPeHMs NOHATHS Hpe-
JeJbHOH TOUKH NocjaefoBaTenbHOCTH. JloroBopumcs QopMalibHO Jo-
HOJIHUTh BBEJICHHbI€ BHIE KOHEUHEe NpeJesbHBIE TOYKH IOCJIEJ0Ba-
TEJILHOCTH eule JABYMSI BO3MOXKHBIMH NpEeJEeNbHBIMH TOYKaMH -oo H
— 00,

Bbydem eosopurs, 4uto + oo [— o] seanerca npedensHoli TOUKOL
nocaedo8aTesbHOCTU {Xn}, ecau U3 3T0L nocAedo8aTeAbHOCTU MONCHO
8610eAUTb BecKOHeUHO b6oabuyro N0ONOCAe008ATEAbHOCTS, 8CE 3AEMEH-
ToL KOTOPOU NOAOHCUTEAbHOL [OTPULATENAbHBL].

IIpu TakoM paclIMpPeHHH NOHSTHS NpeJeNbHON TOYKH U3 JeMMH 3
BHITEKAET CJelylollee YTBEPXKAEHHE: Y COBEPULEHHO NPOUBBOAbHOL Nno-
c2e008aTEABHOCTU cyuiecT8yeT X0TA Obl 0OOHA npedesbHas TOUKA *.

EcrecTBeHHO, cuuTasi, yTO + oo H -— 0o CBSI3aHBI C JIOGHIM KOHeu-
HBIM BCILECTBEHHBIM YHCJOM X COOTHOLIGHHEM =00 <x<+ 00, ybe-
JHUMCSI B TOM, UTO Y COBEPULEHHO NPOU3BONLHOL NOCACO0BATEALHOCTY
{xs} cyuwjecrsyior sepxnull u HusCHUL npede/zbt (7. e. cywecrsyior Hau-
borbwasn U HauMeHbUAR npedesbrble TOYKU).

Pany onpeneJeHHOCTH OCTAHOBHMCSI Ha J0Ka3aTeNbCTBE CYILECTBO-
BaHHS BEpXHEro npejesa:

B cuny Teopemnt 3.16 moctaTouHO paccMOTPETh JHUIb CaAydYai, Kor-
Aa TOCJeI0BaTeJbHOCTh {X¥n,) He SIBAAETCS OTPAaHHUYEHHOH.

Ecau npu 3TOM NOC/IE0BaTENbHOCT {X5} HE SIBJsIETCS OrpaHHYeH-
HOH CBepXy, TO M3 Hee MOXKHO BBIAEJUTb OECKOHEUHO OOJBIIYIO MocJae-
JOBATEJILHOCTD, BCE 3JIEMEHTH KOTODOH IOJIOMHTENbHBL, H LO3TOMY
+ co sABJAseTCS NpeJesNbHOH TOUKOH, a 3HAYHT, H BEPXHHM MpPEIEJoM
NOCJIEI0BATENBHOCTH {Xn}.

OcraeTcs paccMOTpeTh caydal, KOTAa HeorpaHHUeHHAs NOCJAENOBa-
TEJBHOCTb {Xrn} ABJAETCA OTPAHAYEHHOH CBEpXy, T. €. KOTAa CYIIeCT-
ByeT BeLIeCTBeHHOe 4HCJ0 M Takoe, YTO BCe 3JIEMEHTHI X IOCJE0Ba-
TEJILHOCTH YAOBJIETBOPSIOT HEPaBEHCTBY X,<M. Tak kak npu stom
II0CJIe/IOBATENbHOCTh {X¥n} HE SIBJSETCS] OrpaHHYEHHOH CHH3Y, TO U3
Hee MOXKHO BBIZEJNHTh GECKOHEYHO GONbUIVIO MOAMOC/EN0BATENLHOCTD,

. .
* JIn6o xoHeunas, auGo pasHasi +0o0 HAH —oo,
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BCE 3JIEMEHTHl KOTODOH OTPHLATEJbHH, T. €. — 00 SBJSAETCS NpPEelebe
HOH TOUKOH TaKOH NOCJeL0BATEJIbHOCTH.

Ecau npu 3TOM yKasaHHasi NOCJENOBATeNbHOCTb {X,} He HMeeT HH
OJHOI KOHEeYHOH NpeiesbHOH TOUKH, TO €JHHCTBEHHAs NpejiesbHas TOY-
Ka — oo H SBJISIETCS] BEPXHHUM IIPEAeJOM 3TOH IIOCJEA0BATENbHOCTH.

Ecnin 3Xe NIpH 3TOM y YKa3aHHOH IIOCJIe0BaTENIbHOCTH €CTh XO0Td GH
OJHa KOHeYHas NpejesbHas TOUKa X, TO, QHKCHpOBaB HekoTopoe g>0,
MBI BBLAEJIHM H3 3TOH MOCJ€J0BATENbHOCTH NOANOCAEJ0BATENLHOCTD TEX
ee  2JeMEHTOB Xn, KOTODHIE YJOBJETBOPSIOT HepaBeHCTBAM *
xo—8<x‘n,<M- .

BrijesieHHasi NOANOCJAEAOBAaTEJNbHOCTh OrpaHHYeHa, M IO Teope-
Me 3.16 y Hee cymecTByeT HauboJjbllass IpelesbHas Touka, KoTopas
sIBJisSieTcsl HanbGoJbuieli npejeIbHOH TOUKOH (T. €. BEPXHHM IpejesioM)
H Bcell MOCJeJOBaTeNbHOCTH {¥n}. CyllecTBOBaHHE Yy COBEPIIEHHO
NPOH3BOJBLHOH NOC/IE0BATENLHOCTH BEPXHEro Mpejesna A0Ka3aHo. AHa-
JIOTHYHO JOKa3biBaeTcsi, 4TO Y COBEPUIEHHO NMPOH3BOJILHOH IOC/ef0Ba-
TEJbHOCTH CYHIECTBYeT HHXKHHUI Npejel.

B szaxiiioyeHHe 3aMeTHM, 4YTO IIOYTH BCe NOHATHS H YTBEPIKICHHS,
yCTaHOBJICHHbIe HAMH B 3TOM H B NpPEeABIAYINEM NYHKTaX, epeHocATCH
Ha Cyuall npou380AbHO20 4UCA08020 MHOKECTBA {X}, UMeOU €20
beckonedHoe YUCAO INCMEHTO8.

Touxy a 6ecxkoneunotl npamoii (— oo, + oo) Hasoeem npedesrs-
HOU TO4KOU TAKO20 MHONECTBA, ecau 8 A60l e-0KPEeCTHOCTU TOY-
Ku a codepacurcs 6eCKOHEYHO MHO20 3NEMEHTO8 3T020 MHOXMCECTEaA.

HanGoabluyio ¥ HAHMEHBIUYIO NpeJENbHbIE TOYKH MHOMKeCTBa {X}
Ha30BeM COOTBETCTBEHHO BeDXHeH M HHXHeH NpefeJbHBMH
TOYKAaMHU 3TOr0O MHOMKeCTBa. '

IToBTOpsis paccyxiaeHust TeopeMhbl 3.16 ¢ 3aMeHOHl TepMHHA <O«
CJIel0BATeILHOCTb {Xn}» TEPMHHOM «MHOXKecTBO {x}, comepxaiee Gecs
KOHEYHOE YHCJIO 3JIEMEHTOB», Mbl IIPHJEM K CJCAYIOIIEMY YTBEpXKae-
HHIO: Y 8CAKO20 02PAHUYEHHO20 MHOXMcecTea {X}, umeroujezo Geckorey-
HOe YUCAO INEMEHTO8, CYUW,eCTBYIOT BEPXHASL U HUMCHAR npedeibHoie
To4Kku (U, 8 HACTHOCTU, CYULeCcT8YeT XOTs Gol OOHA NPefenbHAs TOHKA).

U3 3Toro yreep:kieHHs BHITeKaeT cjelymoiulee o0o6IIeHHe TeopeMbl
Bonpuano — BefiepmiTpacca: u3 34eMEHTO8 8CAKO2O 02PAHUHEHHO20
MHOJCecT8a {xg, umeroujeéo bGecKOHeuHOe HUCAO INEMEHTO8, MOSLHO
8610ealTy cx00auwyrocs nodnocaedo8aresbHOCTd **,

Kak u aasa cayuas mocjieloBaTENbHOCTH, YAOOHO pacIIMpUTh MOHS-
THE NpeJesbHOM TOUKH M CUHTaTh, 4TO + oo [— oo] ssaserca npe-
JenrbrOll TOYUKOU MHOJCECT8A {X}, ecau u3 3NeMEHTO8 3TO20 MHO-

* 3ameruM, uTo Xo<CM, HGO Bce 3JMeMEHTH X, NOCHEAOBATENBHOCTH  {Xn}
YIOBJETBOPSIOT HEPABEHCTBY Xn<<M. Jlanee saMeTum, 4TO B CHJy TOrO, YTO Xp —
pefie/ibHas TOUKA, CYMECTBYeT GECKOHEYHO MHOTO 3JEMEHTOB X, IIOC/E[0BATENb-
HOCTH {Xn}, YZOBJETBOPSHOINHX HEPABEHCTBY Xo—e<Xn<M.

** Jlio6ple ABa 3JeMeHTa KOTODOH SABJASIOTCS pPa3jHYHHMH  3JIeMEHTaMH MHO-
xecTsa {x}.
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JHECTB8A MOMHO BbL0CAUTL GecKOHedHO BOAbULYI0 nOCAEJ08ATEALHOCTS,
COCTOAWYIO U3 NOAOHUTENbHBIX [OTPUYATEAbRbIX] 4dlCce.

dra (opMaJu3aiusa NMO3BOJsAET HaM YTBEPXKJIaTh, YIQ Yy co8ep-
UWEeHHO NPOUBBOALHOEO HUCAOBO20 MHONECTBA {X}, Umeroujezo
6EeCKOHEUYHOe YUCAO 3AEMEHTOS8, CYUECTBYIOT x0T Gbl 00HA
npedenbHas TOUKA, a TAKKHE BEPXHASNL U HUINCHASL npedeabHble TOYKU.

3. Kpurepuii Komn * cxoaumocrn nocjaeaoBatesbHOCTH. [Ipu usy-
YeHHH BOIPOCA O CXOAHUMOCTH IOCJENOBATEJbHOCTH {X¥n} C IOMOLIKIO
ONpeesIeHHsT CXOASIIEHCS TOCIe0BaTELHOCTH IPUXOAHTCS OlleHHBATh
PasBOCTb Xn,—@ 3JIEMEHTOB II0CJIeJ0BATEJILHOCTH H €€ IpelanoJjaraemMo-
ro npejesa a.

WHBIMU cjioBaMH, IPUXONHUTCS NpeRyraiblBaTh BEeJHUHHY NIpejea a
STOH 70CJIE10BATENbHOCTH.

B 3TOM NyHKTE MBI YCTAHOBHM «BHYTPEHHHH» KPUTEPHH CXOAMMOCTH
NOCJIE0BATE/IbHOCTH, TIO3BOJISIIOIUUI c/leiaTh 3aKJUeHHe O €€ CXOIH-
MOCTH JIHIIb HO BEJHYHHE €€ 3JIeMEHTOB H He HCIOJb3VIOIIHH BeaHyH-
HBEl IpejrojaraeMoro npefesa Tofl nocnaejoBaTenbHOCTH. s ycra-
HOBJIEHHS TaKOrO KPHUTepHs BBelleM MOHATHEe (YHAAMEHTAJbHOH MO-
CJel0BaTeNbHOCTH.

Onpenenenune. Ilocaedosaresvrocte {x,} Ha3bIBAETCA P YH-
damenTanbrOU, ecau 0aa 4106020 NOAOICUTEABHOZ0 HUCAA € HALL-
derca Homep N Takoil, 410 0A8 8Cex HOMePOS n, YOOBAETEOPAIOUWUX
ycaosuro n=N, u dan arwboeo narypasvrozo p (p=1, 2,..) cnpased-
AUBO HEPABEHCTEO

| Xntp—2n]| <e.

YcraHoBMM ABa BaXKHBIX CBOHCTBA JI06OH (PyHAZaMeHTadb-
HOH MoCcJenOoOBaTENbHOCTH.

CBolictBo 1. Zaa 2106020 nosoxcuTesbrozo ducaa e Halldercs
JNCMEHT (YHOAMERTANLHOL NOCACO0BATEAbBHOCTU Xyn TOKOL, 4TO 8
&-0KPECTHOCTY ITO20 3NEMEHTQ Xy HAX00ATCs 6Ce 3AEMEHTbL X, 9TOL
nocaedosaTe bHOCTU ¢ HOMEPAMU N, YOOBAETBOPAIOUUMY YCAOBUIO
n>N.

Jlpyrumu ciaosawmy, aas mwoboro e >0 Haligercs saeMeHT QYHIAMEH-
TaJIbHOU IIOCJIEAOBATENbHOCTH Xy, BHE £-OKPECTHOCTH KOTOPOTO JIEKHT
He 6oJiee ueM KOHEYHOE YHCJIO 3JIEMEHTOB 3TOH IOCJEL0BAaTeJAbHOCTH.

Jlnst nokasaTeNbCTBA 3TOrO CBOHCTBA CJeLYeT (PUKCHPOBATH IPOU3-
BOJIbHOE MOJIOXKHTEJbHOE YHCJIO € U B3AThb B ONpEeNeJeHHH (QyHIaMeH-
TaJbHOH IOCJNEAOBATENLHOCTH HOMED n paBHbIM N. MH NOJyYHM IIpH
3TOM, yTO JJs1 J1I0060oro HatypadwbHoro p (p=1, 2,...) ajaeMeHTsl QyH-
JaMeHTaJbHOH IOCJIe0BATENLHOCTH YIOBJETBOPSIIOT HEPaBEHCTBY

[Xvip—2xn]| <e
HJH, 4TO TO K€ caMoe, HepaBeHCTBY
In—e<Xypp<Xy-te.

* Oriocren Jlyn Kouml — ¢paHnyackuii MateMaTtuk (1789—1857).
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Tak kak p — J/060e HaTypaJbHOE YHCJIO, TO MOCJIEJHHE HEPABEHCTBA R
03HAYaIOT, YTO BCE 3JEMEHTH (hyHAaMeHTAJbHOH IOCJeL0BaTe]bHOCTH,
HOMep KOTOpbiX He MeHble N, HaX0JsTCS B HHTEpBaJe
(xy—e, xnv-¢2), T. e. B e-OKpecTHOCTH Xn. CBOHicTBO 1 JlOKa3aHo.

CBolicTBO 2. PYHOAMEHTANOHASR NOCAEO0BATEALHOCTb ABAAETCA
02paHUYEHHOLL.

HokasaTeabcTBo. dukcupyeM HekoTopoe £>0. Tak Kak 1o-
CJIeIOBATENbHOCTb {X,} fBJAETCS (QYHAAMEHTAJBHOH, TO JJs 3TOro g
(B cuany cBofictBa 1) HaligeTca 3JeMeHT Xy TakKOH, 4TO BCE 3JIEMEHTH
X, C HOMepam# n>N YIOBJETBOPSIOT HEPABEHCTBY

Xn—e<Xp<Xn-te.

O6osnaunM Tenepnr depes A HanGoabuwee u3 caeayomux (N41)
unces: |xi|, |%2}, .., |¥nv—1], |*x—¢|, |¥n+¢|. Torna, ouesnnno, auas
BCEX HOMEPOB 1 GyJeT CIpaBelJHBO HEPABEHCTBO |X»|<A, KOTOpOE H
O3HayaeT OrpaHHYEHHOCTb NOCJEAOBaTEIbHOCTH {X,}. CBodcTBO 2 10-
Ka3aHo.

JokaxeM Tellepb CJEAYIOIIYI0 BCIOMOTaTeNbHYIO TEOpPEMY.

Teopema 3.17. [uaa 1020 4T06bL nOCAEIOBATEALHOCTS {xn}
6oira cxo0aueiicsa, Heo6xo0umo 1 GocTaro4ro, 4To6st OHG Obviaa 02pa-~
HU4eHHOU U ee BepXHull U HuxcHul npedesvt X u x cosnadaiu mexoy

coboll.

HdokasareasbcTBoO. 1) Heobxodumocre. IlycTs mocaenoBa-
TEJBHOCTb {X,} cxoautcsi. Torga ona orpaHuHueHa (B CHJIy Teope-
Mbl 3.8) M HMeeT eAUHCTBEHHYIO HPeNEeJbHYI0 TOYKY (B cHyy JeMmbl 1
u3 1. 1 sToro naparpada). ATo U O3HAYAET, UTO €e BePXHHH U HHXKHHH
Ipejesbl X 1 X COBNajaloT Mexay coboil.

2) Hocrarourocrs. Ilycts nocnenoBaTelbHOCTh {Xn} OrpaHuYeHa
(npu aTOM OHa B cHay TeopeMBl 3.16 HMeeT BepXHHH Ipelesa X H
HHXKHUE npejen x), H nycTb =x. [lonoxum x=Z =x. B cuny caeacr-
Busi 1 u3 Teopemul 3.16 mas J06Goro >0 B uHTepBale (X—e, X+¢&)
JIeXKaT JIEMEHTH IIOCJIef0BATENbHOCTH {¥n}, HaUHHAs C HEKOTOPOTO
HOMepa. B cuay ompeneneHus 3 cxoAadmelics MOCJaef0BaTCIbHOCTH (CM.
n. 4 § 1) 570 ¥ 03HAYaET, YTO NOCJEAOBATENLHOCTh {¥n} CXOAHTCH K
npegeay x. Teopema 3.17 nokasaHa.

JlokaxkeM Tenepn CJAeAYIOUIYIO BaXKHCHIIYIO TeopeMy.

OcunoBuas Tteopema 3.18 (kputepuit Komu cxonu-
MOCTH IOCJHEeZXOBaAaTedbHOCTH). [as 1020 4T0606L nocaedosa-
TeAbHOCTb {Xn} Oviaa cxodaujelics, Heo6x00umo u 00CTATOURO, 4TObBL
oxa boira pyrndamenrTasrvHoll.

HokasateancTBo. 1) Heobxodumocre. IlycTe mnocaenona-
TEJBHOCTb {X,} CXOLHTCS K HEKOTOpoMy Ipefenay x. lokaxewm, uto 31a
HOCJIe10BATENLHOCTL SABASETCs (PyHAaMeHTaabHOH. PHUKcHpyeM HpoOU3-
BOJIBHOE MOJIOKUTEJIBHOE UHMCJO &. Tak Kak NOC/He0oBaTelbHOCTh {Xn}
CXOMHTCH K TpeJeay X, TO AJsi NOJOXKHTEJIbHOTO uwHCaAa e/2 Halijercd
HoMep N Takof, uto npH Bcex n>N :
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|xn—x]| <e/2. (3.54)

Ecau p — moGoe HaTypaJbHOE WHEJO, TO NPH Bcex n>N M NOAABHO
OyZneT CnpaBelJINBO HePaBEHCTBO

| %nsp—% | <6/2 (3.55)

(u6o npu n>N 3aBenomo GyleT CIPAaBENJIHBO HEPaBeHCTBO n+p>N).

Tak KaK MOJAYJib CyMMBI ABYX YHCEJ He NPEBOCXOAMT CyMMBI HX MO-
nyJae#t, To us HepaBeHcTs (3.54) m (3.55) MBI MOJYYHM, YTO NpPH BCEX
n>=N ¥ aas a060ro HaTypPaJabHOTO P

|Xnrp—2%n| = | [Fntp—2] + [x—2n] | < | Xnsp—r] + ]| 2n—x] <&,

a 3T0 M O3HayaeT (YHAAMEHTaJbHOCTb NOCJEJ0BATENbHOCTH {Xn}.

2) Hocrarounocte. IlycTh nOCJA€A0BaTEABHOCTb {Xn} ABJIAETCA
¢pynnamenranpHol. Tpebyerca N0Ka3aTb, YTO 3Ta MOCJ]EAOBATENBHOCTD
ABJsIeTCH cXopsmelics. B cuny Teopemsl 3.17 HOCTATOYHO J[0Ka3aTh,
YTO MOCJIEOBATENBHOCTb {X¥n} OrpaHHUEHA H UTO €€ BEPXHHH H HHKHHHA
Ipeliesibl X U X COBHAZaloT MexXIy co6oil.

OrpannueHHOCTb J1060H GYHAAMEHTANAbHOH IOCJAENOBATEALHOCTH
yKe yCTaHOBJIEHa HaMu Bblule (cM. cBoiicTBo 2). OcTaercsi H0Kasarh,
YTO AJs 060K QyHAAMEHTaJbHON NMOCIEN0BATENLHOCTH {X,} BepXHHH
npenes X M HHXHHH Npefes X coBHajalT. PHKCHPYeM IIPOM3BOJBHOE
HOJIOKHTEJIbHOE YhCsIo . B cuny cBoficTBa 1 pyHmaMeHTanbHOR HOCe-
JOBaTeJILHOCTH HAMIETCS MEMEHT 9TOH IOCJIeI0BaTENbHOCTH Xy TaKOH,
4TO BHE €-OKPeCTHOCTH JTOTO  3JIeMeHTa, T. €. BHe HHTepBaJja
(xn—e, Xy+¢&) Jexur He Gojiee YeM KOHEUHOE YHMCJO 3/E€MEHTOB IIO-
CJefoBaTeNbHOCTH {¥n}. Ho Torma B cuay chaeacTBHs 2 U3 Teope-
Mb 3.16 mHTepBa) (X, X) 006s3aH  CONEPXKATbCA B HHTEpBase
(*N—e, Xy+8&) M, B 4aCTHOCTH, JOJIKHO OLITb CIPaBeJJHBO HEPaBEHCT-
BO ¥—X< (Xy+e)—(xn—e) =2e.

Tak xak, KpoMe TOro, ¥>x, To AJs jaioboro ¢>0 GyayT cnpaBeisu-
Bpl HepaBeHcTBa 0<ZT—x<2e. B cuily IpPOU3BOJLHOCTH & U3 3THX He-
PaBEHCTB BHITeKaeT, uto ¥—x=0* 1. e. ¥x=x. Kpurepuit Kowmu moJn-
HOCTBIO JOKa3aH.

IIpumennm kpurepuit Komu AJsl yCTAHOBJEHUS PACXOAHUMOCTH

1 .
[OCJIeJOBATeNILHOCTH {X,} ¢ aJeMeHTaMH X, =1 + Y o+
n

3aMeTHM, 4TO ecJaH AJs JI0O0TO HOMepa 7 HATypajbHOE YHCJIO P
B3STb PABHBEIM 7, TO MBI NOJYYHM, YTO JJIsSI BCEX HOMEPOB 1

] 1 1
[ Xptp— x| = | X3 — %, | = (1 + > + .o+ 7}‘7) —
* B caMoM Jesie, eciH OH DA3HOCTh X—% DPaBHSAACH TOJNOKHTEALHOMY GHCIY

0, TO, B3sB B KaueCTBe & UHCJIO @3, MH OBl NMOJYYHJH NPOTHBOpEUHE € HEepaBeH-
CTBOM Xx—x<_2¢&. ’ )
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1 1 1
—_—=
n+1 + n-2 + + on 7

1 1
=hne— =,
= 2n 2

—<\1+%+...+%>=

H60 NOAYEPKHYTas CyMMa COAEPXKHT n CJaraeMbX, HaHMEHblIee H3
KOTODHIX PaBHO ——.
pHIX p -

1
Takum oGpasoM, A/ TOJOXKHTENBHOTO YHC/IA &= - He cyumecr-

ByeT HoMepa N Takoro, 4To npH BceX n>N u Aas J1060ro HaTypafb-
HOTO p CNPaBeJJHBO HEPABEHCTBO |Xnyp—Xn|<<e. DT0 O3HauaerT, yTo
paccmaTpHBaeMas NOCJeJ0BaTeNIbHOCTh He sIBAseTCs (yHIaMeHTalb-
HoHt u (B cuay kpurepusi Koumn) pacxozures.

B kauecTBe BTOpOro npHMepa npuMeHuM Kpurtepuit Kowu ass ycra-
HOBJIEHHs CXOJMMOCTH IIOCJI€JAOBATEJBHOCTH {Xn} C 3JIEMEHTAMH Xp=
=149+ ... +q", rae ¢ — aw06oe yucsao U3 uuteppana 0<g<l.

Jas moGoro HoMepa n H Jiio60TO HATypaJbHOrO 4uHcaa p (p=
=1, 2,...) cupaBeAJHBO HEPaBEHCTBO

[%ptp—%al =1 +q+ ... + ) —(1 + g+ .. + %)=
P
=g gL = qn+11__q‘n Al lqnﬂ . (3.56)
—q -—4q

(dugcupyeM NPOH3BOJNbHOE MOJOXKHTENbHOE MHCJIO e Tak Kak IpH
0<g<1 nocnenoBaTenbHOCTs {q"} sIBJsieTcss GECKOHEYHO MAaJOH, TO
ANA TMOJIOXKHTEJNbHOro uucaa €(l—q) Hafizercss HoMep N Tako, 4TO
np¥ Bcex n>N crnpaselJIHBO HEPABEHCTBO

gr<e(l—q). (3.57)

M3 nepasencts (3.56) u (3.57) sbiTekaeT, uTo NpH Beex n>N B
Jas Jif060ro HaTypaJsbHOTO p

e(1—¢q)
lxn+p'—xnl< =&,
l—gq
a 3TO (3HayaeT, YTO pacCMaTPHBaeMasi IOCJAEAOBATELHOCTh SBJSETCSH
GbyunancaTasnpHoll B (B cuay kputepus Koiin) cxoaures.

§ 4. NIPEAEJ (MU NPEJEJNbHOE 3HAYEHHE)
- ®YHKIHMH

I[Tepefinem Temepb K H3ydueHHIO Apyro#i Gosee CcJIOKHOH (oOpMHI
OlepanuH Lp€[eJIbHOTO Mepexoja, OCHOBAHHOH Ha NOHSITHH IpeleJa
(nau mpesestHOTO 3HAaueHHs1) GyHKIuH. Ho mpesx/e BCEro Ml ZOJIKHEE
YTOUHHTD C&MIi IOHSITHS MEePEMEHHOH BeJHUYMHBl H (DYHKIHH. .

1. Monsius nepemeHHOH BeanuMHnl W GYyHKuUMH. Kak MH yXxe BH-
AeM¥ B IVI. 1, ¥ MOHATHIO QYHKUHMH NPHBOAUT H3YYeHHE ABYX IepeMeHe
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HBIX BEJIMUMH, H3MeHeHHe KOTOPHX B3auMoobycnosieHo. [TosaTomy ecte-
CTBEHHO HayaTh C YTOYHEHUs HMOHATHS IePEMEHHOU BeJHYHHBL

PaccmoTpeHHe peasibHHIX (H3HYECKHX IepeMEeHHBIX BeJIHYHH IpH-
BOIHUT HAC K BBIBOJY, YTO 3THU BeJHMUHMHBLL He BCerja MOTYT IIPHHHMATb
IIPOU3BOJIbHbIE 3HAaYeHHs. TakK, CKOPOCTb MaTepHalbHOH TOYKH He
MoXeT GbiThb Goupine 3-10% cm/c (T. €. CKOPDOCTH CcBeTa B NyCTOTE),
TeMIlepaTypa Teja He MOXeT ObiThb MeHblie —273° cMemenue Mare-
PHAJIbHOH TOUYKH, cOBepLIAIONIeH rapMOHHYECKHE KOJIe6aHHH 0 3aKOHY
y=A cos(wf+05), MoxKeT NPHHHMATL 3HAUCHHS TOJBKO H3 CerMeHTa
[—A4, +A].

OTBJIeKasicb OT KOHKPETHHIX (PU3MYECKHX CBOHCTB HaOJI0faeMBIX
B IPHPOJe NePEMEHHBIX BEJHYHH, Mbl IIPHXOJHM K IIOHATHIO MaTeEM a -
THUECKOH MepeMeHHOH BeJHYHHB, XapaKrepH3yeMoH TOJb-
KO UHCJEHHLIMH 3HAUEHMSIMH, KOTODbIe OHA MOXKET IPHHHAMAThL *.

MnuoxecTBo {x} Bcex 3HaueHHH, KOTOpbIE MOXKET NPHHHMAaTb AaH-
Hasl nepeMeHHas BeJIMYHHA X, HaspBaeTcd 006JacCTbi0 H3MEHE-
HUST JaHHO#W mepeMeHHOHN BenauuwuHBL. IlepeMennas BeJH-
yHHa CyuTaeTcs 3aJaHHOMH, ecau 3ajaHa o6JacTb ee H3MEHEHHs.

B nasnpHefimem MBI, Kak IpaBuao, 6yldem o0603HauaTh IlepeMeHHBIE

BeJUYMHBI MaJIbIMH JIaTHHCKHUMU OyKBaMHu X, y, £, ..., a o6JacTH H3Me-
HEHHs] 3THX NEPEMEHHBIX BEJHYHH COOTBETCTBEHHO CHMBOJaMu {x},
{y}, {t}, ...

IlepeiineM Temepb K yTOUHEHHIO NOHATHA QYHKIHH.

Ilycth 3ajaHa epeMeHHas BeJHUYHHA ¥, UMelomast 06J1aCThio H3Me-
HEHHsI HEKOTOPOE MHOXKECTBO {X}.

Ecau xancoomy snauenuro nepemenHoti x u3 mHoxcecrsa {x} cra-
6UTCs 6 COOTBETCTBUe no U3BECTHOMY 3AKOHY HEKOTOpOe “UCAO Y, TO
2080pAT, 4TO Ha mHOxcecTée {Xx} 3adana Gyukyus y=y (x) uary
y=[(x).

Ilpu sToM nepeMeHHas x Ha3blBAeTCI AaPrYMEHTOM HIHHe3a -
BHCHMOH# mNepeMeHHOMN, MHoxecTBO {X} HaseBaercs 060 -
JacThlo 3afaHUSd GYHKIHH, a TO YHCJO Y, KOTOPOE COOTBET-
CTByeT NAHHOMY 3HaueHHIO X, Ha3BIBAeTCA YACTHBIM 3HAaYEeHHEM
¢ysrnuu B TOouKe X. COBOKYNHOCTh BCE€X YACTHLIX 3HayeHHH 00-
pa3yeT BHOJIHE ONpeleseHHOE MHOXKeCTBO {y}, KOTOpPOE HAa3bBaIOT

aubo o6nacTbio H3MeHEeHHUS (GYHKIHUH, Jub0o MHO XK eCT-
BOM BCeX 3HayeHHH GYHKUIHUHU.

B o6osnauennH y=f(x) GYyKBY f 4acTO Ha3bLIBAIOT XapaKTEPHUC-
THKOH PYHKIHH.

Hasi o603HaueHHss apryMeHTa, (YHKUHH | e  XapaKTepHCTHKH
MOFYT ynoTpebssiThcsi Pa3jHYHBIE CHMBOJBI.

OcraHOBHMCS Ha IpHMepax QYHKIH.

1°. y=V4 —%. Dra Qpyuruus 3agaHa Ha cerMenTe — 2<x<2
(mpu 3TOM BhipaxkeHHe NOJ 3HAKOM KODHSI SIBJSIETCS HEOTPHILATeJb-

* TlousTHe nepeMeHHOH BEAHUYHHH TAKKe OTHOCHTCS K YHCAY HaYalbHLIX MaTe-
MAaTHYECKHX NMOHSATHH.
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HbHIM ), 2 MHOXXeCTBOM BCex ee 3HayeHHH sBJseTcs cerMeHT 0O<y<2
(puc. 3.4).

2°, Tak HaspiBaemMas GyHKRILHA [ upHXJIe* koTopas onpeie-
JAETCS TaK:

y=D(x)= 0, ecim x-— MppaUMOHAILHOE UUCIIO,
: 1, ecau x-— panyioHaJbHOE HHCJIO.
Jra ¢yHKUHUS 3ajaHa Ha OeCKoHeuHo# nmpsMoii — co <<x< - o0, a MHO-
JKEeCTBO BCEX ee 3HaUeHHH COCTOMT M3 NBYX Touek O m I.
30
4+ 1, ecm x>0,
y=sgnx = 0, ecmu x =0,
—1, ecm x<<O0.
(TepMuH «sgn» IPOHCXOJMT OT JATHHCKOTO CJOBA Signum — 3HAK.)
Uuraercsi: «y PaBHO CHTHYM x». DTa GYHKUHS 3afaHa Ha Bceli 6ecko-
HEeYyHOH NpsAMOH — co<x< -+ 00, a MHOXKECTBO BCeX ee 3HayeHu# co-

CTOHT M3 TpeX Touek y= —1, y=0u y=1 (puc. 3.5).
i Y
y 7
7 E3
~2 7 7 z €7
Pxc. 3.4 Puc. 3.5

4°. y=[x], nan y=E(x), rne cumpoa [x] uau E(x) o6osnauaer
1eJNYI0 YacTh UHCJA X HJIH, TOYHee, HauOoJbliee 11eJ10€ YHCJO0, He Ipe-
Bocxoasiee x. UnTaercs:-«y paBHO aHThe x¥» (OT GpaHILy3CKOro cjaosa
entier — nennit). d1a QyHKUHS 3afaHa Ha Bcedl OeCKOHEYHOH IIps-
MOH — co << x¥<C+ 00, a MHOXKECTBOM BCEX ee 3HAUEHHH SBJAETCH MHO-
KECTBO Bcex uenbx yucea (puc. 3.6).

5° y=n!. dra QyHKUHUA 3ajaHa HAa MHOXECTBE BCEX HaATypaJbHBIX
gyucesa n=1, 2, 3,.... MHOXeCTBOM BceX 3HaUYeHHH 5TOH (YHKUHH 5B-
JsieTCs MHOXKECTBO HATypaJbHBIX uHces BHAa nl=1:2.3. .. .n, rne
n=1, 2, 3, ... (puc. 3.7). '

YacTo 3aKOH, YCTAHABJIMBAIOUIHE COOTBETCTBHE MeX /Y MHOXKECTBOM
BCEX 3HaueHHl apryMeHTa W MHOXKECTBOM BCeX 3HaueHH# (QyHKUHH, 3a-
naercs nocpeactsoMm ¢opmyn. Takoi cnocob 3ajganns GYHKIHH HA3LI-
BaeTcs aHAJHTHUECKHM.

* ITerep Tycrae Jlexen-Ilupuxje — HeMeUKHH MaTeMaTHK (1805—1859).
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HpPI 3TOM CJIeAYET IIOAYEPKHYTHL, YTO Q)YHKILHH MOXKET 3aJaBaTbCHd
PasHbIMH (pOpMyJIaMPI Ha pasHbBIX y4JacTkax 00J1aCTH CBOEro 3ajaHHus.

Hanpumep, ¢pyHkuus
_[—x opnx<0,
v= { x2 npu x>0
3ajaHa aHaJHUTHYeCKUM crmocoGoM Ha Bceil 6eCKOHe'-IHOPI npsMof
—oo<x< +oo (puc. 3.8).

9
LA 9
Fhme— I
il y
2—___| |= l /
Thed 1} | 4 r_——-?
—4-3-2-7 RSN ;
by ol T2 374
RN o |
4 :
I 7 i
-4 i o
Puc. 3.6 !
| :
q C
]
f
y=-a y= z? ,‘
|
I

Puc. 3.8

BecbMa pacnpocTpaHeHHBIM CIOcO60M 3ajaHHs QYHKIHM SBJseTCS
TaK HashiBaeMHH TaGMHUYHBIH cHoco6, 3aKJOUAIOMUiics B 3aJlaHUH
TabaMIbl OTACJNbHLIX 3HAUCHHl apryMeHTa H COOTBETCTBYIOUIUX UM
sHauenuil pyHknuu. IIpn TakoM crmocobe 3afaHHst MOXKHO NMPHOJIHIKEH-
HO BHIYHCJIHTb He cojepxkauuecst B Tabauie 3HaueHHUs GYHKIHUH, OTBe-
YaIll¥e NPOMEXYTOYHbIM 3HAaueHHSM apryMmenTa. Ijis 3Toro mpume-
HsAeTCS METOJ HHTEpPNOJAIMH, 3akjJioyamomuics B 3aMeHe (YyHK-
LHH MeXJy €e COCEeZHHMH TaOJMUHBIMH 3HAYeHHSIMH KakKoOH-AH60
dyHruHeH NpocTO MPHPOAH (HallpHMep, JHHEHHOH HJIHM KBajJpaTHY-
soii). ITlpumepom Tabauunoro crnocob6a 3ajanus (YHKIHH MOXKET CJy-
KHUTb PaClIHCaHHe JBUIKEHHA I0oe3fa, KOTOpoe omnpejeliseT MecTONoJo-
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KeHHe Noe3Ja B OTAeJbHEE MOMEHTH BpeMeHH. MHTepnonsuusa no3so-
JsieT NpUONUKEHHO OIpPEleNHTh MeCTONOJOXKeHHe Moe3fa B J000#
fIPOMEKYTOUHEIH MOMEHT BPEMEHH.

B npakThke (QH3HYECKHX H3MEDPEHHH BecbMa pacCHpOCTPaHEHHBIM
SBJISI€TCS M ellle OJHH crocol 3ajaHusa (YHKIHH — TaK Ha3blBaeMblH
TpadpunuecKuii cmnocob, npPH KOTOPOM COOTBETCTBHE MeXJy ap-
TYMEHTOM H (DyHKHHeH 3ajaeTcs NOCPeiACTBOM rpadHka (CHHMaeMoro,
HanpuMep, Ha ocuusiorpade).

2. Npepea ¢yuxknuun no Tefine u mo Komu. Ilycts ¢yHKnHS
y=[(x) ompeneneHa Ha HeKOTOPOM GECKOHEYHOM MHOXKeCTBe {X}, H
fiycTh @ — TO4YKa GeCKOHeUHOH HpsAMOfl (—oo, +o00), OBITH MOXKET H
He NPHHAAJeXAaIasi MHOXKECTBY {X}, HO o6jajaiomiasi TeM CBOMCTBOM,
4T0 B J1060# 8-OKPECTHOCTH 3TOH TOUKH @ HMEKITCA TOYKH MHOXKECTBa
{x}, otnuuHble OT a *. o

Hanpumep, MHOXecTBOM {X} MOXeT cayxHTb HHTepBan (a, b); B
TOM cJyyae ToukKa a, sBJSSICh 'PaHHYHON TOUKOH HMHTEpBaja, eMy He
fHPHHAAJEXKHT, HO B JIOO0H §-OKPECTHOCTH 4 COJAEPIKATCA TOUKH YKa-
3aHHOT'O HHTEpBaJa.

JIpyruM npuMepoM MHOxecTBa {X}, Ha KOTOpOM 3ajaHa (YHKUHS
f(x), MOXKeT CJY:KHTb MHOXKECTBO BCEX pPallHOHAJbHLIX UHCeJ, IPHHAL-
JiexKallux HHTepBaay (a—~>, a+90) ¢ BLIKHHYTOH TOUKOH a.

3aMeTuM, KCTaTH, uto npu aobom 8§>0 unrepsar (a—3, a-9),
U3 KOTOPO2O 8bIKURYTA TOYKA 4, NPUHATO HA36I84T6 NPOKOAOTOU
0-0KpPEecCTHOCTbLI0O TOYKU a. _

Onpenenenne 1 (npeiea pyHkmHu no [eitme**),
Yucao b Hazvisaerca npedeasom (uaunpedesrvHolm 3naqe-
Huem) pynkyuu y=f(x) 8 rouxe a (uau npu x—a), ecau 0aa 110604
10CcAe008ATEAHOCTU 3HAYEHUL APSYMEHTA X1, X2, ..., Xn, -, CXOOAUCLCA
K a u cocroawell U3 4UCen Xy, OTAULHBLX OT 4, COOTBETCTYIOWAs No-
caedosaresvrocts sraxenuld pyrkyuu f(x1), f(xe), ..., f(¥n) ... cxodur-
¢ K qucay b.

Onpepenenne 1* (mpenea ¢ynknuu mno Komu).
Yucsro b nasvisaerca npedesrom (uau npedesrvHolMm 3HAYE-
nuen) pyakyuu y=f(x) 8 rouke a (uau npu x—a), ecau O0ix
2106020 NOAOKHCUTEALHO20 4HUCAQ € HalideTcs orseuqroujee emy noio-
gicuTeAbHOE HUCAO & Takoe *** wro Qas ecex 3HA4eHUIl ApzyMmeHTa X,
ydosaergoparoujux ycaosuro 0<|x—a| <8, cnpasedruso nepasencrso

|f(x)—0b| <e. (3.58)

Hns o6o3HaueHus1 NpeaeJbHOro 3HaueHust GpyHKuuu y=f(x) B TOU-
K€ @ HCNOJb3YIOT CAEAYIOILYI0 CHMBOJHKY:

limf(x) =0 wm f(x)—>b npu x—a.

* DT0 03Hayaer, yTo @ SBJAeTCH NPEeNbHON TOUKOH MHOXecTBa {X}.
** Tenpux Dnyapn lefine — neMeuxuii mMatematux (1821—1881),
*** Tak kak 8 3aBHCHT OT €, TO MHOTAA MUyT: =25 (g).
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[Ipexne ueM HOKa3biBaTh IKBHBAJEHTHOCTb onpegeneHHi 1 u 1%,
ClesiaeM HeCKOJbKO 3aMeyaHHil, pasbsCHSAIOMHUX CMBICA 3THX ONpeje-
JICHHH.

3ameuanue 1. IToguepkHeM BaXXHOCTb (UIYPUPYIOUIETO B OIl-
peleneHHH 1 TpeGoBaHus, 0OS3BIBAIOILEIO 3JEMEHTH IIOCJe10BaTeNIb-
HOCTH 3HayeHUH apryMeHTa X, ObITb OTJIHYHBIMH OT @, H aHaJIOTMYHOTC
TpeGoBaHUs B ompejesieHHH 1*, o6si3piBaoouiero O6paTh 3HAY€HHS ap-
TYMEHTa X, YAOBJETBOpsoIHe yciaoBuio 0<|x—a|, T. €. OT/IHYHBIE OT
a. OTo TpeboBaHHe BHI3BAHO yXKe TeM, 4TO GYHKUMS y=f(x) MoKer
OniTh He ompejesaeHa B Toyke g. OtcyrcTBUe 3TOro TpeGOBaHHA cleJa-
10 Obl HEBO3MOXKHBIM HCIOJb30OBaHHE Npejena (YHKIHH AJs ONpeje-
JileHHs Ipou3BoAHoli pyHKuuH. B camom gese, U3 ra. 1 Ham H3BECTHO,
4yTo NpoH3BOAHAsA f (a) QyHKUMH f(X) B TOUKe a IpeiacTaBjaseT cobol
Opefea NpH X—a caelyomwei QyHKuuH:

F(X)= f(x]Z“—f(a) .

—a

OyeBuano, yTo 3Ta QyHKuua F(x) He onpeieseHa B TOYKE @ H 3TO
BLI3BAHO CYHICCTBOM JeJa.

3ameuanue 2. Ocob60 nNoAYepKHEM, 4TO MHOXKeCTBO {x}, Ha
KOTOpOM 3ajJlaHa QYHKLHsA f(x), BOBce He 0053aHO CIJIOWIbL NOKPHIBATH
HEKOTOPYIO NPOKOJOTYIO §-OKPecTHOCTh TOYKH @. OT 3TOro MHOXKECT-
Ba {x} TpebyeTcs TOJbKO, UTOGH OHO HMeEJO XOTS OBl OXHH 3JEMEHT
B /000K NPOKOJOTOH 8-OKPecTHOCTH TOUKH a. IIpumepom MHOXKecTBa
{X} MOXKeT C/IyXHTb MHOXECTBO BCEX 3JIEMEHTOB NOCJIEAOBATENLHOCTH

1 o
{——-—}, Jexalux B (QHKCHPOBAHHOH §-OKpeCTHOCTH TOUKH a=0.
n

3amevanune 3. 3ameruM, uto (QUIypHpYIOLUIEe B oNpeaese-
Hun 1* ycnosne 0<|x—a|<8 3KBMBAJEHTHO COOTHOLIEHHIM a—08<
<x<a+9, x#a, 1. e. 03HAYaeT, UTO X¥ NPHHANJIEKHT MPOKOJOTOH
0-OKPEeCTHOCTH TOYKHM a. AHAJOTHYHO, (HrYypHpYIOLlee B ompejeJe-
Huu 1* HepaBeHcTBO (3.58) ' 9KBHBAJIEHTHO HEPaBeHCTBAM b—e<
<f(x) <b-e, 1. e. 03HAUAET, 4TO f(X) NPUHALJIEKUT &-OKPECTHOCTH b.

3ameuanue 4. Ilpusaekas uuero npuObaHKeHHs QyHKUHH f(x)
B OKPECTHOCTH TOYKH @ C HallepeJ 3aJlaHHOH TOUHOCTBLIO €, MBI MOXKEM
caenyiouuM o6pasoM nepedpasupoBaTh onpejeseHue 1* mpenena
¢yuguuu no Kowm: #ucro b nasvisaercs npedesrsHoim 3Haue-
Huem pynkyuu f(x) 8 Touxe a, ecau dan 106oii Haneped 3a-
Oannotl TouHocTu €>0 MOMHO YKA3aTo TaKkyw O-0KpecTHOCTs TOU-
KU a, 4TOo 05 8Cex 3HAYEHUIl apeyMenTa X, OTAUUHbIX OT @ U NPUHAO-
ACHAUWUX YKABAHHOE O-OKPECTHOCTU TOYKU a, 4ucao b npubiudscaer
3Ha4venue pyuxyuu f(x) ¢ Tounocrso & (puc. 3.9).

3ameuanne 5. OTMeTHM, 4TO OYHKUHS f(X¥) MOKET HMeTb B
TOYKE @ TOJAbLKO OJHMH MIpeaen. B camoMm gese, ans onpelesneHus
npenesa ¢yHkuuu no efine 570 BHITEKaeT U3 € JHHCTBEHHOCTH IpejieNia
NOC/e0BATENLHOCTH {f(¥2)}, a Mg onpeneneHns mnpejena GYHKIKHH



§ 4. llpenen ¢pynxmun 111

no Kown 3To BHITEKaeT U3 yCTAHABJIHBAEMOIl HHXEe 3KBHBAJEHTHOCTH
3TOro npefesa npefeay QpyHkuuu no ['efine.

Jlokaxem Tegepb CIEAYIOULYIO BaXKHYIO TEOPEMY.

Teopema 3.19. Onpedesenus 1 u 1* npedera ¢pyuxyuu no Ieii-
He u no Kowu a6A710TCA IKBUBAACHTHOIMU.

HoxasareancTBo. 1) Ilycrs cHauasa guucao b siBasieTcs mnpe-
JenomM QYHKOHH y=f(x) B Touke g no Komu. JlokaxeM, 4TO 3TO XKe
guco b aBaseTcs npefedoM QyHKUER y=f(x) B Touke a u no efine.s
Ilyers {x,} — moGas
CXoAslasicss K a mocJe-
JOBaTe/IbHOCTL  3HAye-
HHH  aprymeHra, Bce
3JIEMEHTbl KOTOPOH OT-
Ju4HEl OoT a. TpebGyercs
J0Ka3aTh, YTO COOTBET-
CTBYIOIIAsl  IIOCJeNOBa-
TEJbHOCTD 3HayeHui
¢ynknun  {f(x.)} cxo-
nutcst K b.

QukcupyeM  INpous-
BOJIbHOE  IIOJIOXKHTEJb-
HOe YHCJIO € H N0 HeMy
[OJIOKUTENbHOE  YHCJIO
§, KoTopoe B CHJy ompe-
nenenusi npejpesa pyHkuum no Kollm rapaHTHpyeT CIpaBelJIHBOCTH
HepaBeHcTBa (3.58) 1 Bcex 3HayeHHH X, AJast KOTophx 0< |x—a| <8.

B cuay CXOAHMOCTH ITOCJEN0BATENBHOCTH {¥n} K @ M/ YKa3aHHOIO
TOJIOXKHUTEJLHOrO yncaa § Halpercs HoMep N Takoil, 4To IpPH BCeX
n>N cnpaBejiuBO HepaBeHCTBO |Xp—a|<8. IlockoNbKy xn7=a AJA
BCex HOMEpOB 7, TO NMpH Bcex n>N cupaBeluBb HepaBeHcTBa 0<
<|x¥n—a| <8 u, 3HAUHT, B CHJIy ONpejejeHHs Tpenena GYHKIHH IO
Kown npu Bcex n>N cnpaBenjuBo HepaBeHCTBO |f(xn)—b|<e. Dr0
¥ 03HAYAET, YTO MOCJEJOBATENbHOCT {f(Xn)} CXOAHTCS K yHcay b.

2) IlycTh Temepb.uHcao b sBiaseTcss npejenoM GYHKIUH y=f(X)
8 Touke g no leiine. JlokaxeM, 4TO 3TO Ke YHCJIO b sBJsercs mpeje-
Jom ¢yukuuu y=f(x) B Touke a u no Kommwu. IIpeanomsoxum, uto 310
He Tak. Torga Ajasi HEKOTOPOTO IIOJIOKHTENLHOIO YHCHA € H JS CKOJb
YTOAHO MaJiOro MOJOXKHTENbHOTO u¥ca § Halfercs XoTss 6B ONHO 3HA-
YeHHe apryMeHTa X Taxoe, uto 0<|x—a|<$, Ho |[f(x)—b|>=e.

Takum 06pa3oM, MB MOXKeM B3ATb NOCJeA0BAaTEIbHOCTL = 8, =

y=fiz)

Yl

Puc. 3.9

(n=1, 2,...) ¥ yTBepXKIaTb, UTO IJs KaXKJIOro ee 3JeMeHTa &

I

:I»—-:|v—-

n

gaiifeTcss XoTs Ob OJHO 3HAYEHHE aPIyMEHTa X, TaKOe, YTO

O<|xn—a|<%, Ho |f(x)—b|>e. (3.59)
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JleBoe u3 HepaBenct (3.59) osHauaer, YTO MOCJEAOBATENLHOCTH {Xn}
CXOAMTCA K @ U COCTOHT H3 YHCeJI, OTIHYHBIX OT a. Ho B TakoM ciydae
COTJIaCHO OMpeJeJIeHHIO Npejiesia o ['efiHe COOTBETCTBYOIAs OCAEN0-
BaTeJbHOCTh 3HauYeHH#H ¢yHkuuu {f(xn)} o6s3aHa CXOAUTHCH K UHC-
Ay b, a 3TOMY IPOTHBOPEUHT IpaBoe H3 HepaBeHCTB (3.59), cnpaBen-
JnuBOE JJAs BceX HoMmepoB n. Ilosyuennoe mpoTHBOpeuHe HOKA3HIBAET
TeopeMy.

Ilpusenem npuMepsb! ¢yHKIHME, Kak o6JajnaioliMX, Tak H He obja-
Jalomux B JlaHHOH TOUKe @ NpeJesbHbIM 3HaYeHHeM.

1°. dysruus f(x) =c=const umeer paBHHH ¢ npexen B KaJoil
TOuke a 6eCKOHeuHoH NpaMmod. B camom jnese, Ajsi yo60ro 3HaueHHs
apryMeHTa x pasHoOCTb f(X)—c paBHa _HYJO, H TIO3TOMY l[f(x)—c|<e
s gioboro e>0 B AJsd BCeX 3HAUEHHi apryMeHTa (B JaHHOM cjaydae
s goboro >0 B onpefesaenuu npefena no Komn MoxHO 6paTh B
kayecTBe § J1060€ MOJOKHUTENbHOE YHCJIO).

2°. QYHKUHA f(x) =x B mo60OI Touke a 6ECKOHEUHOMN NPAMON HMeeT
npexes, paBHel#l a. B camoM nede, pJs 3TOH QYHKIHMH NOCJEA0BaTENb-
HOCTH 3HaYeHUH apryMeHTa M COOTBETCTBYIOIUMX 3HAaueHMH QYyHKIUHH
TOXAECTBEHHBI, H II03TOMY, €CIH IOCJAEJOBATEIbHOCTh {¥,} cXoguTcs
K @, TO H T0CJIe0BaTeNbHOCTb {f(Xn)} TaKXKe CXOMHTCA K 4.

3°, QOynxuns Hupuxae D(x), 3HaueHHss KOTOPOH B paLlHOHAJbHBIX
TOYKaX DaBHHl €JHHUIE, @ B HPPALMOHAJLHEIX TOYKAX — HYJMI0, He
HMeeT Npejiesia HH B OJHOH TOuKe @ 6eCKOHeyHOH NpsAMOH. DTO BhHITE-
KaeT M3 TOro, 4TO AJsA CXOAfIleHCA K @ MOCJAeI0BATENbHOCTH paLHO-
HaJIbHBIX 3HAQUEHHH apryMeHTa IpeJeN IOC/JAef0BaTEJNbHOCTH COOTBET-
CTBYIOIIMX 3HayeHHH (DYHKIMH paBeH eJMHHIE, B TO BpeMA Kak AJd
CXOASIIENCS K @ II0CJIeN0BATeNILHOCTH MPPALHOHA/ILHBIX 3HaueHuH ap-
TyMEHTa Tpeje] MOCAeN0BATeNbHOCTH COOTBETCTBYIOUIUX 3HaueHHH
" (DYHKIHM DaBeH HYJI0.

BBeseM Temepp TOHSITHE OAHOCTODPOHHEro (T. e IIPaBoOro
HJIM JIEBOrO) npejenia QYHKIHH B AaHHOK Touke a. Jlas srtoro Ham
npexnae BCero CJeayer YTOUHHWTb XapaKTep TOro MHoxKecTBa {x}, Ha
KOTOpoM 3ajaHa ¢ynkuus f(x). Mbl Temeppr mnorpe6yem, uTOOH 3TO
mHoocecrso {x} 0asn 106020 §>0 umero xoTs 6oL OOUH INEMEHT, NPU-
naoaexcawjui unrepsary (a, a+06) [unrepsary (a—©6, a)].

Onpenenenue 2 (npaBHi [NeBH#]| npegen GYHK-
unu no I'eitne). Yucaro b nHasveaercs npasoim npederom
[resoum npedenon] pynkyuu y=f(x) 6 Touke a, ecru
0as 210601 ROCAEO0B8ATENbHOCTY 3HAUEHUE apeymenTa {Xn}, cx001-
welica K a u cocroaujeil us 4ucen, 60sbwux a [menvuwiux al, coorser-
cT8youas nocaedosaTesbocTe 3navenuil gpyukyuu {f(xn)} cxodurca
K qucay b.

Onpenenenue 2* (mpaBnit [neBH ] npenen GyHK-
nuun no Kowwu). Yucao b nasvisaerca npaswvim npedesrom
[resaum npedesrom] pynkyuu y=j(x) 8 Touxe a, ecau
045 1106020 NOAOHCUTEAbHOSO HUCAQ € HAUOETcA oTsedaroujee emy no-
AOHUTEAbHOE HUCAO O Taxkoe, 4TO O 8CeX 3HAUEHUL apeymeHTa X,



§ 4. Ilpenen ¢ysxuuu . 113

ydosaergoparowux ycaosuo a<x<a-+08 [ycrosuro a—d<x<a],
cnpasedauso Hepasencrso (3.58).

s o6o3naueHns npasoro [neBoro] mpenena ¢yHKnuH f(x) B TOY-
KE @ HCMOJb3YIOT CAEAYIOIYI0 CHMBOJHKY:

lim f(x) =86 [ lim f(x) =]
x—a+0 x—>a—0

uau Gojiee KPaTKyl0 CHMBOJIHKY
fla+0)=b [f(a—0)=0].

B noano#i anajoruu c TeopeMo#t 3.19 noKasblBaeTCs IKBUBAAEHT-
HOCTb onpedesenuti 2 u 2%. clefyeT JHUIb BO BCEX NPOBEAEHHBIX INPE
JIOKa3aTeJbCTBE 3TOH TEOpEMBl pacCy:AeHHSAX OpaTbh 3HauyeHHA apry-
MEHTa X H SJEMEHTHl I0CJIe/0BATe]IbHOCTH {xn} 60nBLIMME uYHClIa @
[MeHbIIMMH 4Hca a].

B kauecTBe nmpumepa paccMOTPuUM (YHKIHIO
+1, ecmm x>0,
f(x) =sgnx= 0, ecmn x=0,
—1, ecmt x < 0.

dta QyHKuug uMeer B Touke a=0 Kak npaBbH, TaK H JIeBHH mpene-
asl, npuyeM sgn(0+0)=-+1, sgn(0—0)=—1. B camom nexe, st
nw06oit cxomsefica k a=0 nociefoBaTeNbHOCTH {X.}, cocTosilell u3:
unces, OOJBIIUX HYJsS, COOTBETCTBYWOIIAst  NOCJeJ0BaTeJbHOCTb-
{sgn x,} cxopurcs K +1, a ang mo6oii cxoxsmeiica X a=0 nocaeno-
BaTeJIbHOCTH {Xn}, cOCcTOALIed H3 YHCeN, MEHBIIHX HYJs, COOTBETCTBY«
IolIas HOCAe0BaATENbHOCTD {SgN X,} CXoAUTCH K —1.

W3 mpoBe/ieHHBIX paccyKJeHu#l BHITEKAeT, YTO y paccMaTpuBaeMolr
GbYyHKUHE y=sgn x He cyulecTByeT B Touke a=0 mpegena.

Hrak, ¢ynknus y=sgnx He HMeeT B TOouke a=0 npenesna, HO:
HMeeT B 5TOH TOYKe NpaBHIi npejeds, paBHbil + 1, u JeBwil mpened,.
paBubii —1. Tor (akr, 4TO NpaBHi M JeBHIH NpelAess 3TOH (QYHKIUH
He paBHH JPYT APYrY, He sSBJseTcA CaydaifiHblM, HOO CIpaBelJIHBO: .
caenyioniee yTBepKICHHE: ecAu pyuxyus f(x) umeer 8 TOYKe a KaK
npasoll, TaK U Aesbil npedeabt U ecAu 3TU OOHOCTOPOHHUE npedensi:
pastol 00HOMY U TOMY dKe wucay b, TO 9Ta PYHKYUL umeeT 8 Touke &
npedea, pasHoill b*.

Jisi moKasaTesbCTBA 3TOTO YTBEPIKIEHHS KOCTATOUHO BOCIOJb30-
BaTbCcAg onpefefeHHAMH 1* u 2* u ydecTh, YTO eC/AH HepaBEHCTBO:
(3.58) cmpaBemsiMBO A/ 3HAYEHHH APryMeHTa X, YAOBJIETBOPSIOUIHX
ycaoBusm a<x<a+8 u a—b6<x<a, To HepaBeHcTRO (3.58) cmpaBen-

JMBO ¥ JJIS BCeX 3HAYEHHH apryMeHTa X, YAOBJETBODSIOMIHX YCIOBHIO«
0< |x—a|<s.

* QueBuzHoO, CIpaBe/JIMBO H 06paTHoe yTBEpXKIEHHE: €C/H dyHKuHs f(x) nme-
€T B TOUKe @ DaBHHA b mpenes, To Kak HDaBHM, TaK M JEBHA IpeRean [(X) Bt
TOYKE @ CYIMecTBYIOT H 06a paBHH b.
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CohopmysupyeM Telepb NOHATHE IpeAena (GYHKUHH IIPH  X—>00,
JLJIsT BBeJleHWS 3TOro MOHATHA cJjelyeT noTpe6oBaTh, YTOOH MHONMECT-
‘eo {x}, na koropom 3adana pynkyus y=f(x), dan aobozo §>0 ume-
20 x0Ts Obr 00un 3rement, rexcaujuti 8rne ceementa [—8, +868].

Onpenenenne 3 (npelesd GYHKIHH NPH X—>00 1O
Teitne). Qucro b nasvisaercs npedesrom (uau npederbrolm
BHavenuem) pyncyuu y=f(x) npu x—oo0, ecau 0ra a1060u
DECKOHEYHO  O0AbWOL NOCAEO08ATEABHOCTY  3HAYEHULl apeyMeHTa
{x.} cooersercrsyroujas nocaedosaresbHOCTs 3HA4eHU (QYHKYUL
{f (x4)} cxodurca k wucay b.

Onpenenenne 3* (mpefen GYHKIMH NPH X—>00 HO
Kouwn). Yucao b nasvisaerca npedesrom (uru npedervrolm
3Hauenuem) pynkyuu y=f(x) npu x—>oo, ecau a1 1106020
NOAONHUTEAbHO2O YUCAQ & HaldeTcs oTsedaroujee emy HOAONCUTEAbHOE
4UCA0 § TaKoe, 4TO OAs 68Cex 3HAYEHUL] apeymenTa x, yoo8AeT8opAI0-
ayux ycaosuro | x| >38, cnpasedauso nepasercrso (3.58).

Hasa o6osnauenns npefena GYHKUHH y=[(X) DpH X—>00 HCHOJb-
"3YIOT CJAERYIONIHEl CHMBOJ:

limf(») =b.

B nonnoii ananoruu c Teopemoil 3.19 mokasmBaeTcs 9K8UBAAEHT-
wocTy onpedesenuti 3 u 3*. Cienyer JHUIb B PAacCyXKAEHHSX, HCMNOJb-
BOBaHHBIX NPH J0Ka3aTeJbCTBE 3TOH TEOPEMBI, BCIOJAY 3aMEHHTh CXO-
JSIIYIoCS MOC/eN0BaTeIbHOCTh 3HAYEHHH apryMmeHTa {x.} GecKOHEUYHO
6osIbIIOK MOC/IEeJ0BATENPHOCTBIO 3HAUEHHH aprymedra {x.}, a Hepa-
‘BeHCTBO 0< |x—a| <8 3aMeHHTH HepaBeHCTBOM |x|>8.

ITpumepoM ¢yHKIUH, HMelOIEH UpeAesa NOPH X—-0o0, MOXKET CJy-

2KHTh OYHKUHA f(x) = -~ (x5£0), B camom pene, agsa saw6oit 6ecko-

HeyHo OOJIbIIOH IIOC/Ie0BaTEeJbHOCTH 3HAYEHHH apryMmenta {x.} coor-
BETCTBYIOLAsi MOCAENOBATEIBHOCTh 3HAUCHHH QYHKUHH f(Xxn) =1/xy
(B cumy reopeMmsl 3.6) siBasieTcsi GECKOHEYHO MaJiof, T. €.  HMeer
«BOHUM IIpefiesioM yucso b=0. 3uaunut, B cuiy onpeaeteHus 3

. 1

lim ~— =0.

X-+00 X

CdopmynupyeM, HakoHell, NOHATHE Npefesa (QYHKUHH HPH CTPEM-
JIeHHH X K OeCKOHEYHOCTH ONpPeleJsIeHHOro 3Haka. [lJis BBeleHHST TaKoO-
TO NOHATHSI MoTpebyeM, uToOH ¢(ynKyun y=f(x) 6sira sadana Ha Ta-
Kom muoxecrse {x}, koropoe 0i1 at06oz2o §>0 umeer xora 661 00u
BAeMenT, aexcawjull npasee § [resee — §].

Onpenenenne 4 (npelnen GpYyHKUHH NPH x—>+4oo

[x*>—o0] no Teiine). Hucao b Haseisaercs npedesron
(usw npedesrvnorm 3sHawernuem) pynxyuu y=f(x) npu
X—>+o00 [Apu x—>—o0], ecau O0rs 410606 Geckoneuno 60460l noc-
1e008aTeAbHOCTU 3HAYEHULl apeymenTa {X.}, éce 3AeMeHTs. KOTOPOL
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noroxcureAsHol [oTpuyaressnst), coorsercrsyroujan nocaedosareas-
rocTy 3Havenud pynkyuu {f(x,)} cxodurca k wucay b.

Onpengenenue 4* (upepfen QYHKLHHU NPH X—>+oo
[x~>—o00] mo Kowwu). Yucao b Haseieaercas npedenrom
(uru npedenvroim snawernuem) Gyrnkyuu y=f(x) npw
Xx—>+o0o [Apu Xx——o0], ecau 0is 2106020 AOAOMCUTEALHORO HUCAQ &
Haidercs OT8ewArOuee emy NOAOHCUTEAbHOE HUCAO § TAKoe, 4TO OAs
8cex 3HAYEHUL ApeymenTa X, YO0BALTBOPAOULUX YCao8uo x>0 [x<
<—90], cnpasedaruso nepasencrso (3.58).

Jnst o6o3HaueHHs BBeAEHHBIX NOHSATHI HCIONb3YeTCHd CJAEAYIOIAsm
CHMBOJIMKA:

lim f(x)=10 [ lxm f(x)-—b]
X-»—+-00
IKBUBANEHTHOCTL onpedesenuli 4 u 4% [HOKasbIBaeTcs MO CXEMe JOo-
KasaTesabcTBa TeopeMbl 3.19: cienyeT TOJBKO BO BCEX PacCyKAEHHSAX.
3aMeHUTh CXOAALIYIOCS NOCJEAOBATEJNBHOCTh 3HAUEHHH apryMeHTa:
{x.} Ha GeckOHeUHO GOJBIUYI0 NOCAEJOBATENBHOCTh 3HAYEHHH apry-
MEHTa {X,}, COCTOSIILYI0O M3 NOJOMKHTEJbHEIX [OTpUllaTeJbHBIX] yHCes,
a HepaBeHCTBO 0< |x—a| <8 3aMeHnTb HepaBeHCTBOM x>§ [x<—35].
3ameuanue 6. OrMeTHM, YTO H3yYeHHOe HaMu B § 1—3 mous-
THE IpeJeaa YHCJAOBOH IMOCJAeHOBATENBHOCTH {X,} MOXKHO paccMaTpu-
BaTb KaK YacTHHH ciayuafi mpefena QyHKuuM npu x—-+ oo, B camom
Jiesie, eciM B3ITb B KayecTBe {¥} MHOXKECTBO BCEeX HATYpPaJbHHIX YHCelL
1,2, .., n, .., aB KauecTBe QYHKUHH [(Xx), 3aJaHHOH HA 2TOM MHOXKE~
CTBE, Ty QYHKIHIO, KOTOpas Ka*XAOMY 3HAUEHHUIO apryMeHTa n CTaBHT
B COOTBETCTBHE £-H UJIEH NIOCJELOBATEJbHOCTH X, TO onpeielenune 4*
npejnesa TakoH (yHKIHH NPH X—-+co B TOYHOCTH COBNAJET C ONpe«
JeJieHleM Ipefieia YHCJIOBOM MOC/AeN0BaTeNbHOCTH {X,}.
3ameuanne 7. EcrecTBeHHO, BO3HHKAeT HAes CBA3aTb BOCAH~

HO BCe BBEJEHHble HaMH IMOHATHSA NpeAe]oB (GYHKUHH H Tpejed

YUCJIOBOH TOCHeoBaTeNbHOCTH. B § D Hacrosimiel ryiaBul BBOAMTCSE

noHsiTHe oOmero npefena ¢yHkunu no 6ase, BKIwYawilee B cebsk

KaK 4YaCTHHIH cjayyafl Bce BBeJ€HHblE HAaMH NOHATHS HpPeLesoB:

QYHKIHE H NMOHATHE Mpejesa YHCAOBOH HOCASHOBATEdbHOCTH.

3. Kpurepnii Koiuin cymecTBoBaHus npenea tyakunn. Pagn onpe-
AENIEHHOCTH PAaCcCMOTPHM NMOAPOGHO caydai mpenena gyukuuu y=f(x)
B TOYKE @, BBEJJGHHOrO onpefejeHusiMu 1 u 1%,

Onpeaenenne Bydem eosoputs, 410 (PYHKYUS Y= f(x) yodos~
AETBOPAET 8 Touke a4 ycrosuw Kowu, ecau 0ra awboco noso-
JHCUTENbHO20 wucAa & HaldeTcs oTréedaroujee eMy NOAOKUTEAbHOE HUC~
410 § raxoe, uro O0as A0bbix d8yx 3Hadenuil apeymenta X u x”
YO0BAETBOPAIOUUX YCAOBUAM

0<|x'—a| <8, 0<|x"—a| <8, (3.60)
cnpaeeéﬂueo Hepasencrso

[F(x)—F (2"} | <e. | (3.61)
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Teopema 320 (kpurtepuii Komu cymecTrBOBaHHUSA
spefesa GYHKIHHE B TOuKe a). Jaa rozo urobv. Qynkyus
y=[(x) umera 8 Touke a Koreunoii npedenr, Heobxodumo u 0oOCTATOY-
#0, uT0Obl  PyHKyus y=f(x) ydosiersopira 6 TO4YKE @ YCAOBUNO
Kowwu.

HdoxasateabcTBo. 1) Heobxodumocrs. Ilycth cyliecTBYeT
KoHeuHHl#i mpegen limf(x) =0b6. OHKCHpPyeM MNpPOH3BOJBLHOE MOJOKH-

x—=a

TeJIbHOE UHCJIO . B cuay onpepenenus 1* mpemena ¢ynkuuu no Koimn
JJISE NOJIOKHTENBHOrO 4Hcaa &2 HaBJeTcss MOJIOXKHTeJbHOE YHCIO §
TaKoe, YTO, KaKOBhl Obl HH ObLIM JBa 3HAUeHHs aprymenra x' H x”,
vaoBaeTBopsuomue yeaouam 0<|x'—a| <, 0<|x"—a| <8, nas co-
OTBETCTBYIOUIUX 3HAUeHUH (YHKIHH CIpaBeJJIMBB HepaBeHCTBA

|F&) =0l < - 1P —b[< (3.62)

Takx kKak MOAyJb CyMMBl JABYX BeJIHUHH HE NPEBOCXOAHT CYMMH
#X MOLYJeH, TO B culy HepaBeHCTB (3.62) MBI mOJYyuYHM, YTO

IF)—~F (") | = [F (&) —=b] + [b—F(¥") ] | <
<SIF () =0+ [F(x7)—b] <e,

A 3TO W O3HauaeT, 4To GyHKHHA y=[(x) yAOBJIETBOPAET B TOUKE @
‘ycaosuio Komu. :

2) Hocrarounocrs. Tlyctb ¢ynkuus f(x) ymoBaeTBOpSET B TOuKe
- ycaosuio Komu., Tpebyerca nokasatb, u4To ¢yHruus f(x) HMeer
B Touke a npeaea. Ilycrs {x,} — NpoOH3BOJIBHAs NMOCAEROBATENLHOCTE
3HaAyeHHHl apryMenTa, CXOAfAllascs K @ H COCTOfLIAs H3 YHCeJ, OTJIHY-
HBIX OT a. B cuay onpenenenus 1 npemena mo I'efiHe pocraTouHo xo-
K@3aTh, YTO COOTBETCTBYIOLlasi IOCJEAOBATEJbHOCTb 3HAYeHHH (YHK-
awn {f(x,)} cXOQHTCA K HEKOTOPOMY YHCAY b H 9TO 3TO 4HCJIO b OAHO
H TO XKe JJIsI BCeX CXOMsIIUMXCA K @ nocjefoBarenbHocredl {x.}, cocro-
‘AIIUX H3 YHCces, OTJIHYHHEIX OT 4. '

JokaxeM cHayaJsa, 4TO AJ8 KaxAOH cxoisimiefica K a IocJeno-
BaATEJbHOCTH {X,} 3HAUEeHHH apryMeHTa, OTJHMYHBIX OT &, COOTBETCTBY-
1ollas TOCAeAOBATeJIbHOCTh 3HaueHuit ¢yukuun  {f(x,)} cxomurcs
K HeKOTOopoMmy npeaeny. PHKCHPYeM NPOH3BOJBHOE IOJOXKHTENbHOE
YHCJAO € H II0 HeMy OTBedalolllee eMy, COTJIacHO ycioBui0 Komm, mo-
JIOXKHTEJNbHOE 4YHueIO 8. B cHIy CXOAHMMOCTH NOCJELOBATEJIBHOCTH {X,}
'K @ B B CHJIy YCJOBHSA X,7a Jja 3toro 6>0 Haiinercs Homep N ra-
Koit, uto 0<|x,—a|<6 npu n>N. Ecau Tenepn p — mwo6oe Haty-
panbhoe wucyo (p=1, 2, 3, ...), To Tem Gosee 0<|Xsp—a| <8 mpu
=N ¥,

Taxkum o6pasoM, npH n=N H i 1060ro HaTypaJbHOTO p chpa-
{BEJIMBH B2 HEPABEHCTBA:

0< Ixn+p’_a I <6, 0< l xn'—‘al‘_<_69
* U6o ecau n>=N, 10 ¥ mopasno n4p>=N, '
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M3 stux ABYX HepaBeHCTB H H3 ycJoBHs Komu BHITEKaeT, 4TO INPH
n=N u paa ao60ro HaTypaJbHOro p

[F (Xnt0) —F (%a) [ <6,

a 3TO O3HauyaeT (YHAAMEHTAJbHOCTh HocaefoBatTesbHOCTH {f (xn)}-
B cuny rputepus Koud .CXOZMMOCTH YHMCJIOBOH MOC/IEAOBATEJBbHOCTH
(cM. Teopemy 3.18) nocaenoBatensHocTb {f(Xn)} CXOAMTCA K HEKOTO-
pomy uucay b.

Ocraetcst [0oKa3aTh, YTO AJS JIOGHIX ABYX CXOAfLIUXCS K @ mocie-
ZoBaTeJbHOCTEH 3HaueHui apryMmenta {x.} u {x.’}, Bce ajleMeHTH KOTO-
PHIX OTJHYHE OT @, COOTBETCTBYIONIHE MOCJEJ0BATEIBHOCTH 3HAUEHHH
oyexunn {f(x,)} u {f(x.")} cxonsrca kK OAHOMY M TOMY XKe Ipejeny.
Npeanosoxum, uro nocaegosareasHocTd {f{x,)} u {f(x,')} cxomarca
K npefenam b u b’ coTBeTcTBeHHO. PaccMOTpHM HOBYIO moc/efoBa-
TEJbHOCTb 3HAYEHHH apryMeHTa Xy, X', Xo, X2, X3, X3, ., Xn, X4, ..,
TaKXe CXOIALIYIOCS K ¢ H COCTOSIIIYI0 H3 YHCeJ, OTJIHYHHIX OT a.
B cuiy nokasaHHOTO Bhllle COOTBETCTBYIOLIAsE IIOC/A€ROBATENbHOCTb
3HaueHud Qynkuuu f(x1), f(x1"), f(¥2), f(x2"), oy f(X%q), f(%2"),... 065
'3aHa CXOJAHMTbCS K HEKOTOpOMY mpefeny b”. Ho Toriza B criy yTBEpXK-
[ieHud, AOKasaHHOro B HavaJe . 1 § 3, u Jio6asg moamocsaenoBaTesib-
HOCTb 3TOH IOCJIENOBaTeJbHOCTH 00s3aHa CXOAHTLCS K TOMYy XKe ca-
MoMy mnpefenay b”. 3HauuT, KakK HOANOC/AENOBATENBHOCTb HEYETHBIX
aneMeHToB f(x1), f(x2), .., [(%s), .., TAK H MOANOCIEROBATENBHOCTh
YeTHHIX 3JeMeHTOB [(x(), f(x2'), ..., f(x4"), ... 0Be cxoasTca Kk b”.
Orcrona BeTekaer, 4To b=>b'=b". TeopeMa NOJHOCTHIO JOKa3aHa.

Ananoruuno dopmyanpyercs ycaoBue Komu H noKasnBaeTcs Kpu-
repuii Kommw u Jns ciyuaeB mpaBoro [JieBOro] mnpegesia B TOUKe 4,
npefesa NpH Xx—-00 H npejesa npu x—- oo [x——oo].

IMpu ¢opmynupobke ycaoBus KoM RoCTATOYHO B NMpHBEAEHHOM
BHIIE Onpeje’eHdH 3aMeHuTh ycuaoBusa (3.60) ans cayuas npaBoro
[neBoro] mpesxesna B TOuKe @ yCJIOBHAMH

alx’<a+d, a<x"<a+d [a—8<x'<a, a—8<x"<a],
AN ciydas mpefena INpH X—-00 YCJIOBHAMH

|x'[>8, |x"|>8 ,

H, HaKOHell, IJIs cJyuas Hpefiesia NMPH X—»-+ 0o [x—»—o0] yCJI0BUSAMH
X¥>8, x">8 [v<—8, ¥'<—0].

CootBetcrBylomue KpuTepun KollH AOKa3HBAOTCA MO CXeMe JOKa-
satesbcTBa Teopembl 3.20: cliefyeT TOJBKO BO BCEX PaCCyXIASHHAX
NOHHMATb II0J HOCJIeJA0BATENbHOCTAMH 3HAaYeHMH apryMenra {x,’} u
{x."} B cayyae mpaBoro [7eBoro] mpesesa B TOUKe a MOCJELOBATEJb-
HOCTH, CXOJsLIMECS K @ H COCTOAIIHE H3 yuceld, GOMbIIMX @ [MEeHbIIHMX

a), B clyyae npefesia NpPH X—>oo GECKOHEYHO GOJbIIHE MOCJAEL0BA-
TeJIbHOCTH H, HAKOHEN,  CJydae mpejela IpH x—+ oo [x—>—oo] Gec-
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KOHEYHO GOJibLIME IOCJAELZOBATEJbHOCTH, COCTOSIIIHE H3 MNOJOXKHUTENb-
HBIX [OTpHLATEJNBHBIX] YHCEJ.

4. ApudmeTHYecKHe onepauvu Hal (PYHKUMAMH, MMEIONIMMH npe-
nea. CnpaBeliuBa cieayiolmas GpyHJaMeHTaabHast TeopeMa.

Ocunosnasi teopema 321. Mycre dse ¢pynxyuu f(x) u g(x)
3a0ansl HA O0HOM u TOom e mHoxcecT8e {X} u umeroT 8 TOUKE a npe-
Oeabt, coorsercreenno pasusie b u c¢. Toeda pyukyuu f(x)+g(x).
f(x)—g(x), [(x)-g(x) u f(x)/g(x) umetor & TO4Ke a npedeisi, cooT-
sercreenno pastole b+c, b—c, b-c, bfc (8 caytae 4acTHO2O HYMCHO
donoanureavto Tpe6osars, 4T0G6l ¢ ObLAO OTAUUHO OT HYASL). '

HokasarteabcTBo. Ilycrb {x,} — mnpousBoJibHas CXOAALIASCS
K @ NOCJeOBATENIbHOCTh 3HAUEHHH apryMeHTa, BCEe 3JEeMEHTHl KOTOpOH
OTJIHYHBL OT a. B cuay ompenenenusi 1 npenena no I'efiHe cooTBETCT-
ByIOLIHE NOC/AEef0OBaTebHOCTA 3HaueHH# OyHkuuH {f(xn)} u {g(xn)}
CXOASATCHA K mpeaesaM b u ¢ coorserctBeHHo. Ho Toraa B cuiy teopeM
39—3.12 mocaegosareabuoctd  {f(%x) +8(xn)},  {f(xn)—g(xn)},

{f(xn)-g(x2)} m {%—} cxonsiTcsi K mpepenam b+c¢, b—c, b-c B
&\Xn

b/c coorBercTBeHHO. DTO MOCJeJHEE B CHIY IPOH3BOJNBHOCTH NOCHAEO-
BaTeJILHOCTH 3HAUeHul apryMenta {x,}, cxojsiuiefics K a, U B CHIY
onpenenenns 1 npexena mo Iefine o3Hauaer, yrto ¢yHKuHH [(x)+
+g(x), [(x)—g(x), [(x)-g(x) n [(x)/g(x) umeoT B TOUKe @ mpele-
JIBl, COOTBETCTBEHHO paBHBEIE b+c¢, b—c, b-c u b/c. Teopema noKasaHa.

JloKa3aTeabCTBO COOTBETCTBYIOIEH TeOpeMBl AJisi CAy4daeB NMpaBoro
[neBoro] mpenena B TOYKe a, mpefeda NPH x—»oo0 H Mpelenaa IpH
X—+ 00 |x—>—oc0] MpOBOAUTCs 1O TO# ke cxeme. Bce orinume cocto-
AT B TOM, YTO B KauecTBe IOCJeAOBAaTEJbHOCTH 3HAYeHHH apryMeHTa
{x.} cmenyer B3sATb B cjydYae mpaBoro [aeBoro| npenesa B TOYKe @
HOCJIeIOBATENbHOCTD, CXOAALIYIOCH K @ H COCTOSILIYI0 H3 4HceJ, 60Jb-
WIHX @ [MEHBIUHX @], B caydae npefesa IPH xX—»00 — GECKOHEUHO
6oJbIIYIO TOCJEJOBATENbHOCTh M, HaKOHel, B CJydyae Ipejena IpH
—>+ 00 [X->—00] GECKOHEUHO GOJIbIIYI0 MOCJAEL0BATEIbHOCTD, COCTO-
SIILYIO H3 HOJOMXKUTEJBbHBIX [OTpHIlATeIbHBIX] UHCeI.

Paccmorpum npumepnl npuMenenns teopeMmbl 3.21. Boime B m. 2
Mbl y6eJHJIHCh B TOM, YTO JJisi Ji00OH TOUKH a OeCKOHeUHOH mpsiMoii
limx =a. Hcnonbsys Teopemy 3.21, MBI MOXeM YTBEDXKAATb, YTO
X—a :

limx* =limx-limx = a-a = a®
X—=a Xx—>a xX-a

H, Boobe, 15 Jg0boro HoMepa n
lim x" = a".
X—a
[ycts reneps Pa(¥) =bo+bix+byx?+...4+b,.x", rue by, by, ..., bu,
bn#0 — Hekoropwle mocTosiHHble uncna. Takas ¢yHkuus P,(x) Ha-

SHIBA€TCd MHOTOUYJNEHOM CTeNeHH s B cuiry Toll Xe TeopeMst
3.21
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HmP,(x) =lim[b, +bx + ... + b x"] =b,+ba+ ... + b,a" = P, a)
Xx-q X=a

Anst qj0060H TOYKH a GeCKOHEeYHOH NpsMOH.

Urak, mnoeounen P,(x) umeer npedea 8 a1060i TouKe a GeCKOHEH-
HOUl npamol, u 370T npedes paseH HACTHOMY 3HAYEHUID 3TO20 MHOZO-
4ieHa 8 TouKe a.

Ilycts, Hakorel, Pn(X) H Qm(X) — ABa NPOH3BOJBHLIX MHOIrOUJIe-

o X

Ha creneneil n M m coorBercrtBeHHo. YactHoe R (x) =5p—"((—;

. m (X

Ha3bBaTh pallMOHaJbHOH HpoObio. B cmay rteopeMul 3.21 mnas cayuas
YaCTHOTO

NPHHATO

Pa(x) lim Pn(x) Pa(a)
l. = l‘ L x=a == n = a
ImR@=1m - m Qn(x)  Qn(@) R
—-»a

8 10004 TOYKe @, He SBJAOMEHCS KOpHeM MHOrowleHa Qm(x). Takum
obpasoM, payuonairbras Opobs umeer npedea 8 xasdol TouKe a bec-
KOHE4HOU npamod, He asrawelcs KOPHem ee 3HAMEHATEASl, U 3TOT
apeden paser 4ACTHOMY 3HAUEHUID 3TOU Opobu 8 YKA3aHHOU TOYKe 4.

5. beckoHeuno maJjnle M GeckoHeuvo Goabmue pyHkuuu. Pagu on-
penesenHocTd 6yfeM pacCMaTpHBaTh npeAes QYHKUMH B TOUKe 4.

Dynkyus a(x) Hasbl8aeTcs 6eCKOHEUHO MAAOL 8 TOYKeE a,
ecau npeden 3TOU PYHRKYUL 8 TOYKE A PABEH HYNI.

[TpumepoM GeckoHeuHO Masofi B TOUKE @ QYHKLHH MOMKET CJIYKHTB
PyHRUHA a(Xx) = (x—a)", rae n — Ja060e I1eNoe MOJOXKHUTENbHOE
YHCJIO.

B camom gese, B KOHIle NPEABIAYLIEro NYHKTA MBI YCTAHOBHJIH, YTO
MHOTOWJIEH (X¥—a)" MMeeT Ipelesl B KaXAOH TOYKE ¢, MPHYEM = 3TOT
fipefieJl paBeH YaCTHOMY 3HAYEHHIO 3TOTO MHOTOYJEHa B TOYKe xX=4da,
T. €. PaBeH HYJIIO.

3amernM, uTO ecau (ynxyus f(x) umeer npedea e rtouxe a, pas-
Hbul yucay b, 10 pynkyus a(x)=f(x)—b ssaserca 6eckoneuno ma-
£01L 8 TOYKE Q.

9TO BHITEKAeT M3 TOrO, YTO NpPeAesbl KaXmoH u3 GyHKuuH f(x) H
£g(x)=>b B Touke a paBHH uHCAy b, u u3 TeopeMs 3.2]1 maa ciayuas
pasHocTH f(x)—g(x).

CopmynpoBaHHOE yTBEPKAEHHE NPHUBOAHT HAC K CJAELYIOLIEMY
cnennaJbHOMY npejncraBideHHIO M ¢yHKUHH [(x), uMelw-
el paBHEIA b Npefes B Touke a:

f(x)y=b+a(x), (3.63)

rie a(x) — HexoTOpas GECKOHEUHO MaJas B TOukKe a (yHKuud. [Iped-
craBienne (3.63) BecbMa yAOOGHO B Pa3/IHYHBIX NPUIOKEHHSX TEOPHH
1IpeiesioB.

Beegem Temepb nousTHe GECKOHEYHO OOMBINOH B ZAHHOA TOYKe @
cnpaBa [uad cieBa] (YHKIHH.
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Pynxyus A(x) naselsaerca 6eCKOHE4NHO 60LbUWOL 8 TOH4-
ke a cnpasa [caesa]l pynkyued, ecau dara awb6ol cxods-
wetica k a nocaedosarenbHOCTU {Xn} 3HA4EHULl apeymenTa, sce dae-
MEHTbL KOTOPOL Goabwe a [meHvule al, coOT8eTCT8YIOWAL nocsedosa-
TeabHOCTd 3Ha4eHull gynkyuu {A(x,)} asanerca Geckonedno 6oAbUIOE
n0caed08aTEAbHOCTHIO, BCE IAEMEHTHL KOTOPOU, HAHUHAA C HEKOTOPOZO
HoMepa, AUGO NOAOKCUTEADbHEL, AUOO OTPULATEAbHbL.

Jas Geckoneuno GoJbIIHX B TOUKe a chnpaBa [ciaeBa] GyHKUHHA
HCNOJIB3YeTCs CJefylomas CHMBOJIHKA:

lim A(x) = + o0 [ 11m A(x‘ = 4 oo]
X-»a-+0
HJIH
lim A(x) = —oo | 11m A(x) = —o0].
x-+a-}-0
Huorpa ynorpebasior Gojee JaKOHUUHYIO CHMBOJUKY:
A(a+40)=+ o0 [A(a—0) = +o0]
HJIH
A(a+0)=—o0[A(a—0) =—o0].

OcTaHOBHMCS Ha METOJAHKE CPaBHEHHs ABYX O€CKOHEYHO MaJlbixX
B AaHHOH Touyke a ¢yHkuui. I[Tycre a(x) u B(x) — Ose ¢pynkyuu, 3a-
dannsle OAs OOHUX U Tex e 3Hadenuli apeymenra u obe asasoujuecs
6eCKOKEeUHO MAAbIMU 8 TOUKE Q.

1°. ToeopaT, uTO a(X) =nA644eTCAs 8 TOuKe a4 OECKOHEUHO
manroti 6osree sbicoKkozo nopadka, wem PB(x) (umeer
8 Touke a bosree 8blCOKULl nopadoK MAAOCTU, 4HeM

B(x)), ecau

lim 2. — g, (3.64)
xa P(x)

2°. ToBopsit, ut0 w(x) u P(x) Asas0Tca 8 Touke a 6eckKo-
HeduHOo marbvimu 00HO20 nopadka (umerwT 8 TOUKe a
odunaxosol nopadok maarocrtu), ecau npedea, croaujul
8 sesoti wactu (3.64), pasen KOHeHHOMY 4UCAY, OTAUHHOMY OT HYAS.

3°. ToBopst, uto a(x) u P(x) A8aa10TCA 6 TOUKe a4 2K B8 UBA-
AEHTHbLMU OBECKoneuno manbimu, ecau npedenr, CToAwWuUl 6 Ae80L
uactu (3.64), pasen edunuye.

Has o603nauenus Toro, yto a(x) SAIBJASETCA B JAHHOH TOYKe GECKO-
HeYHO MaJoH 6oJiee BHCOKOrO IOPsAfAKa, yeM P (x), HCIOJAB3YIOT CJe-
LYIOUIYIO 3aTHCh:

a=o0(p)

(4uTaeTcs: «0 paBHO O MaJjoOMy OT fB»).

Urak, cumsor o(B) obosnanaer at0byio GeCKOHLUHO MAAYO 8 OaH~
HoU Touke a (pyHKyuro, umerowjyro 8 3Toii Touke O0oaee GvlcoKuil no-
pAdoK maaocTu, 4em GeCKOHEHHO MaAas 8 Tol e To4Ke (DYHKUUR
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B(x). W3 atoro ompefesneHHss CHMBOJA €O MaJoe€» BBITEKAIOT CIEAYIO-

e ero CBOMCTBA:

1) o(B)+0(B) =0(B), 0(B)—0(B) =0(B);

2) ecnn y=0(p), 10 0(B) +0(y) =0(B);

3) ecnu a U f—a06be ABe GeCKOHEYHO MaJjible B AaHHOH TOYKe
¢yukumn, 10 a-f=0(a) ¥ a-B=0(p).

AnaJIorHYHO CpaBHUBAIOTCA JBe OeCKOHeYHO OO0JbIlHe B JaHHOH
TOUKe @ cnpaBa (MJH oreBa) (QYHKIHH.

ITycte A(x) u B(x) onpedeireno. Oass 00HUX W Tex e 3Ha4eHulls
ApeYMEHTO U 0 OnpedCACHROCTY

lim A(x) =+ o0, lim B(x) =
x-+a-4-0

X=a+0

1°. ToBopar, uto A(x) umeer 6 Touke a cnpasa 6osee goi-
" ; A(x)
cokull nopadok pocra, wem B(x), ecau ¢hynxyus B
X
aganercs beckonedno 60abWOl 8 TOYKE a cnpasa.
2°. ToBopsr, uto A(x) u B(x) umeror 8 TouKke a cnpasa odu-
" A(x
HaKoe8blli nopadoKk pocTa, ecau npedenr hynxyuu F((——))— npu
X
x—a+0 pasern KoHedHOMY YUCAY, OTAUMHOMY OT HYAA.
ITpuBeneM npuMepsl cpaBHeHHs] GECKOHEUHO MaJsbiXx M GECKOHEUHO
60J1%umx yHKIHH.
. OyHKUuE o(x)=x*—x5 u B(x)=5x3+x* £ABNAIOTCA B TOUKE
x= G GECKOHEYHO MaJbVH ORHOrO mopajka, nbo
163 . X3 — x5 . 1 —x?
lim - lim = lim
20 P(x. x>0 5x% - x4 x0 b4x

=L

5

2. @ynxuur o(x) = (x—2)2- (x—1) u B(x) =(x—2)2 sasaaworcs
B TOYXS x=2 KBHBAJICHTHHIMH GECKOHEUHO MaJbIMH, H60

=2 =D im(x—1) =1
X2 x) X2 (x—2)2 x->2 )

3. Qyuknun A (x) = _g-l-_x " B(x) = —1— ABJASIOTCS  GeCKOHEuHO

6OJBIIHMH OXMHAKOBOI'O MOpPsSAKa pOCTa B Toqxe x=0 Kak cnpasa,
TakK H cjeBa, ubo

A(x .
Iim -AG) =1lim 2+ x) =2
x>0 B(x) %0
AHasnorHyHO ONpeiensIoTcs H CPaBHHBAIOTCH (DYHKIHM, GecKoHeu-
HO MaJibie Wi GeCKOHeuHO GOJIbLIMe MPH X—>00, a TaKKe IpH X—-+ 0o
{COOTBETCIBEHHO MpPH X—r—00),
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§ 5. OBULEE ONPEAEJEHHUE NMPENEJA ¢YHKILHU
O BA3E

Ananusupys onpeneseHus Pa3IHYHBIX BHAOB npelesa (YHKUUE
f(x) no Kouin, MBI JIeTKO MO:KeM 3aMETHTb, YTO BO BCeX 3THX OHpe-
neserusax tpebyercs, yTo6wl Ana jawboro >0 Bce 3HaueHHs 3TOM
(GyHKUKH, OTBeyawllde 3HAYEHHSIM apryMeHTa X, MpHHAAJeXKallHM
HeKoTopoMy MHOKecTBY (s, YJIOBJIETBOpSNH HepaBeHcTBY (3.58),
T. €. IPUHAAJeXKaNH &-OKPEeCTHOCTH b.

[Tpu atom muoxkectso C,, ompenenenHoe pjs ecex §>0, umeer
pPasHblil BUJ NpH ONpefeJeHUH Pa3MUHBIX BHIOB npefena. Ilpu on-
peleleHHH Tpefejia B Touke a MHoxKecTBO C, mpeicTaBiisieT coboit
IPOKOJIOTYI0 8-OKPECTHOCTh TOYKH @, NPH ONpelesIeHUH - IPaBoOro
[neBoro] mpenmena B Touke a mHoxkectBo C, mpezncrasiser coboi
uHTEpBaJs (a, a+8) [coorBercTBeHHO (a—6, a)], NpH onpejeseHHH
npenena IpH x—oo MHOXKecTBO C, mpencrasiisier co60H BHEIIHIOO
gacTh cerMenra [—~O, +6] H, HakOHel, OPH ONpeJeNeHUH Npejena
INpH x—oo [mpH x—>»—oo] MHuOKecTBO C, mpeacrasiser co60H OTK-
PHITYIO0 TOJYNpsMylo (6, +oo) [cooTBeTcTBeHHO (—©o0, —0)].

Ecan ¢yukuusa f(x) sagana sa MHOXecTBe {x}, TO BO BCeX OI-
penesienusix npepeyos-no Kowm Tpebyercs, 4ToOB HepaBeHCTBO
(3.58) 6bLIO cripaBeANHBO JJISI TeX 3JEeMEHTOB MHOXKECTBAa {x}, KO-
TOPHIC INPHHAAJNEKAT COOTBETCTBYMOLeMy MHOXkectBy C,. Ioroso-
puMcsl 0603Ha4aTh CHMBOJIOM By NMOAMHOMXKECTBO TeX 3JeMeHTOB {x},
KoTophle npHHaaIexar Cs, T. €. MOJIOXKHUM

Bﬁ ={x}ﬂCe.

EcrecTBeHHO, BO3HHKaeT BONPOC, KAKHMH OOLIMMH CBOHCTBaMH
obJ1ajaeT COBOKYIHOCTb BCEX NOJMHOXKecTB B, MHOxectBa {x}.

Ananu3 yclOBHH, NPH KOTOPHIX (DOPMYJHPYIOTCS OIIpe/eJeHHs
1*—4* mpenenos ¢yukuuu no Ko, npuBOIKT HAC K BLIBOAY, U4TO
MHOXeCTBO {X} 3ajaHusi GYHKUHH f(x) BCSAKHH pas HMeeT XOTS Ol
OJHH 3JIeMeHT, npuHajiexamuil C,, T. €. MHOXecTBO B; 8cezda
He ABAAETCA NYCTHIM.

Hasnee nerko y6eAuTbCs B TOM, UTO JJIsSi BCeX BHJOB IPEHEJOB
nepeceueHue ABYX JIOOBIX MHOXKECTB COBOKynHocTH {B,} mpencras-
JgeT co00l HEKOTOpOe MHOXKECTBO TOH K€ COBOKYIIHOCTH.

Tak, manpumep, mepeceueHne ABYyX MHOxecTB By u B,’, mepBoe
U3 KOTOPHIX COCTOMT H3 3HAUGHHH apryMeHTra, NpHHAAIekKAaLIuX
NPOKOJOTOH &-OKPECTHOCTH TOYKH @, a BTOPOE — M3 3HAUEHHH
aprymenTa, NpHHAAJMeXAallUuX NPOKOJOTOH &’-OKPECTHOCTH TOYKH @,
npeicTaBisAeT co60H COBOKYNHOCTh 3HAYEHHH apryMeHTa, IpHHA-
JIeXKAalKUX NPOKOJOTOH §”-0OKPECTHOCTH TOUKH @, I/e8” — HauMeHb-
mee U3 ABYX INOJIOXKHTEJIbHHIX uuces &8 u §’, T. e. IPeAcCTaBJseT
coGoit MHOXKeCTBO B,” To# e cOBOKyNnHOCTH {Bs).

B Gonee obumiefi cuTyannu, KOTopasi MOXKeT BCTPETHThCS, HANPH-
Mep, NpH H3yuYeHHH (YHKHHMH HECKOJIbKHX II€PEMEHHBIX, nepecede-
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Hue dsyx at0boix mHoxcecTs cosokynrocTu {Bs} camo moocer He as-
ASTHCA 3AEMEHTOM 3TOU COBOKYNHOCTU, HO 0073QTEAbHO COOePHCUT
SAEMEHT 3TOL COBOKYNHOCTLL.

[IpoBeseHHOE pacCMOTPEHHe, eCTECTBEHHO, IPUBOJAUT Hac K QyH-
JlaMEHTaJbHOMY NOHATHIO Gaskl MHOMKecTBa {x} 3aflaHusi QYHKIHH.

Onpenenenue 1. Bylem 2080purs, 4t0 GECKOHEYHAA CO-
sokynnocts B={B,} nodmuonecrs B, muoscecrsa {x} obpasyer
6asy (uau G6a3uc QuavTpa) mHoxecrea {x}, ecau 014
JAEMEHTO8 3TOL COBOKYNHOCTU BOINOAHEHBL 084 TpPebOBaHUN:
1) kaxooiti saement B, ssanercs Henycrolm noOMHONCECTEOM MHO-
acecrea {x}; 2) 8 nepeceuenuu A106o6lx OBYX IAEMEHTOS cosokyn-
HocTu {Bg} 06ﬂ3aTe/leO CO0epIHCUTCS HEKOTOPbLL dNeMEeHT 3TOW Jce
COBOKYNHOCTHU.

[TpuBenem npumepnl HauGoJiee ynorpeGHTeIbHBIX 633 (6a3HCOB
¢unbTpa).

1°. Tlycrts Gynkuus f(x) 3afgana Ha MHOXKecTBe {x}, HMeiOUIeM
X0Tsl Obl ONMH 3JIeMEHT B J1I060H NMPOKONOTON §-OKPECTHOCTH TOYKH
a. YKa3aHHYIO NPOKOJOTYIO 8-OKPECTHOCTh TOUKH @ ©OO003HAUHM
camBosiom Cs u mosmoxkuM By={x}[1C;. OueBUAHO, COBOKYIHOCTb
B={B,} mHoxecTB B, npu Bcex §>0 o6pasyer 6a3y MHOXKeCTBa
{x}, n60 xaxnoe mMHOXeCTBO B, npu Jio6oM §>0 He ABAgETCA MyC-
THIM H NepeceyeHue JIOOHX ABYX MHOXKECTB COBOKYRHOCTH {B,}, KaK
yXKe OTMeYaJoCh BLILIE, NMPEJCTaBJsieT CcOOOH MHOXKECTBO U3 TOM
JKe COBOKYIIHOCTH.

Paccmorpennyio  6asy {B.} mpuraTo o0603HaYaTh CHMBOJOM
x—a.

2°. Ilyctb. pyuruusa f(x) 3aganma Ha MHOXKeCTBe {x}, mMmewleM
npu ao6om §>0 xoTa 6Bl OAMH 3JEMEHT, NPHHAAMEKALIUH HHTED-
Basny (a, a+8) [coorBercTBeHHO (a—08, a)]. O6o3HauuB yka3aH-
Hblli uaTepBas cumBoJioM Cs, nonoxuM Bs={x}NCs. TpusuaasHo
npopepsieTcs, 4TO coBOKymHocTs B={B;} muoxecrs B,, oTBeyao-
LIUX BCEBO3MOKHBEIM §>0, o6pasyer a3y mMHOxKecTBa {X}.

YkasaHHylo 6asy NpHHSATO 0003HAauaThb CHMBOJIOM x—»a+0 [co-
OTBeTCTBEHHO x—-a—~0].

3°. Tlycrs Qyurmus f(x) sagana Ha MHOXeCTBe {X}, HMelolleM
XOTq OBl OAHH 3J€MEHT BHe cermenra [—©O, +48] npu Jwbom §>0.
IMosoxkum Cy= (—o0, +00)\ [—86, +8], Bs= {x}NCs. Jlerko npose-
PHUTb, 4TO COBOKYNHOCTh B={B,} o6pasyeT 6asy mHOXKecTBa {x}.

A1y 6a3y NPUHATO 0603HAYATL CHMBOJIOM X—>00.

4°. Tlycre dyukuust f(x) samana Ha MHOXKecTBe {X}, HMeloleM
npy Jawbom 6>0 XoTa O6bl OAMH 3JEMEHT Ha NOJYNPIMOMH
(+86, +o0) [coorBercTBeHHO (—O00, —8)]. OGO3HAYHM YKA3AHHYIO
nosynpsamyio cumoaoM Cs v nontoxuM Bs={x}NC,. Jlerko y6eaurn-
Csi B TOM, YTO COBOKYHHOCTb B={B,} o6pasdyer 6a3y MHOMKeCT-
Ba {x}.

21y ]Gasy 0003HAYaIOT CHMBOJIOM X—>+00 [COOTBETCTBEHHO
x—>—o0],
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5°. Ilycrh, HaKOHEL, MHOXECTBO {x} mpejcTaBjseT co60H MHO-
HecTBO BCeX HATYpaJbHHIX yucea 1, 2, 3, ..., n, ... . Ilonoxus Bs;=
={x}N(+8, +o0). xns mwoboro §>0, Mbl Jerko y6eJuMCs H B TOM,
yTO COBOKYMHOCTh B={B;} o6pasyer 6a3y MHOXKecTBa {x}.

1y 6as3y npuHATO 0603Ha4aTh CHMBOJIOM 71—>00,

CdhopmyanpyeM Tenepb QyHIaMeHTaJbHOE ONpefesieHHe npefe-
Ja ¢yHRuuH f(x) mo 6a3e B MHOXKeCTBa ee 3afaHHusA, COJepHailee
B ce6e KaK BCEe PACCMOTpeHHBle BBIIIE BHAB mpefesa (QYHKIHH, TaK
H TpeJieJl YHCJOBOH MOCJe/[0BaTENbHOCTH.

M pednoromcunm, uto dyuxyus f(x) sado+a na muoxcecrse {x} u
410 cosokynnocte B={B,} nodmnoscecrs B, muoscecrea {x} obpa-
3yer 6a3y mHoscecrea {x}. '

Muooxcecreo scex srauenudl, xoropsle npunumaer gyrkyus f(x),
Koz0a ee apeymenr x npobezaer muowcecreo B, dozosopumcsa Ha-
3ol8aTy 06GpaA3oM MHOMecTsa B, u 0603HauaTL CUMBOAOM
f(Bo). ’

Onpeaenenune 2. Yucao b Haswisaerca npedenrom
pynkyuu f(x) no 6ase B mHomecTsa ee 3ad0anus,
ecau Oas atobozo >0 cyuwjecrsyer Takoi asemenr B, 6azer B,
obpaz f(Bs) KoTOPO20 NpuHAdAEHUT &-OKPECTHOCTU TO4Ku b, T. e.
npunadaencur unrepsary (b—e, b-+e).

Hast o603Hauenuss npefena ¢ysxuuu f(x) mo 6asze B MHOXKecT-
Ba ee 3ajaHusl GyJeM HCNOJb30BATH CHMBNI

lim f (x) =b.
B

Yurarean Ge3 TpyZa NPOBEPHT, UTO 3TO obllee olipefeseHue
npezesa mo 6a3e COIEPKHUT B cele KaK daciBHle CAy4YaH H3ydYeHHBIE
BBHIIIE BHABI NIPeflesIOB, OTBeyalomue 6asam v—>a, x—a-+ 0, x—a—0,
X—>00, x—>-4 00, X—>—00 U N—00,

JIerko mpOBepHTH TaKkKe, YTO JJs OOLIErO ONpeAeJeHHs Npefe-
Ja no 6ase ocraloTCd CIpaBeIJIHBHIMH OCHOBHBIE CBOHCTB2 mpefe-
Jla, OTBeyaloulero npocreiieil 6ase x—-a.

Mu orpanmymMmca TeM, uTO AoKaxKeM KpHTepuit Kowwm cyimecr-
BOBaHHS o6ulero npegena ¢yukuuu f(x) mo 6ase B muHOXecTBa ee
3aaHus.

Teopewma 3.22. Jaa cyuecrsosanus npedera ¢dynxkyuu f(x)
no 6ase B={B,} muosmecrsa ee 30danus neo6xo0umo u AOCTATOUHO,
4T0661 0as 1106020 £>0 nawencs srement By 6asor B, o6pas [(Bs)
KOTOPO20 COJepituTCcA 8 HeKOTOPOM UHTepsase Oaiutst 2e.

JokaszareanctBo. 1) Heobxolumocrs oueB¥AHA: €CIH CY-
mecTByeT npeaes b ¢yuxuum f(x) no Gase B, To mag awo6oro
e>0 nafinerca siemeHT 3TOH 6asnl B, 06pa3 Koroporo f(Bs) co-.
Jepxurcs B HHTepBase (b—e, b-+¢), uMew meM Ajudy 2e. .

2) Hocrarounocrs. Ilycte ans moGoro g>0 cyuiectByeT aJe-
meHT B; 6asbl B, o6pas koroporo f(B,) comepXurcs B HEKOTOPOM
HHTepBajle IJHHB 2g. PaccMOTpHM OGeCKOHEYHO MAaJyK IIOCJELOBa-
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' 1
TEJBLHOCTh NOJOXKHTENBHHIX uuces &£,=— (n=1, 2, 3, ...). Ham
n

Kaxa0ro e, Haliferca ajieMeHT 6asm Bp, 06pas koroporo [(Bs)
COJIEPKUTCS B HEKOTOPOM HHTepBaJie JJIHHB 2€,.

ITo onpepesienuio 6Gas3bl B NepeceyeHHd 3JeMeHTOB Bs, M By,
0653aTENBHO JIEKHT HEKOTOPH saeMeHT 6a3bl, KOTOPHIH MH 00603-
HauHM CHMBOJIOM By . OG6pa3 storo siaementa /!Bs) Jexur Kak.
B HEKOTODOM HHTepBaJe I; AJMuHBI 2g;, TAK ¥ B HEKOTOPOM HHTep-
Bazne [, nnunel 2g,. [Tepeceuende uutepsasnos Iy ¥ [y’ npeacrasiser
co6off mHTEpBax [, AnuHH, He OoJblieli 2gy, coACpKAIUHACA B HH-
tepsane /;. lanee, no onpejesnennio Ga3pl B NepecedyeHHH 3JEMeH--

TOB Eaz " Bj, 0653aTeNbHO JIEKHT HEKOTODHIH 3neMeHT 0as3hl, KO--
TOPBIH MBI CO0O3HAYHM CHMBOJIOM BQS. O6paz »sTOTO 3JEMEHTE
f(Bs)  nexur xak B unteppate I, IJMHBH, He Goabuwel 2ep, TaK U
B HeKoTOpOM HHTepBasie I3’ anudml 2e;. [lepeceuenwe HMHTEPBAOB-
I, n Iy’ npencraBaser co6oii uHtepBaa I3 ANHHE, He Gonbuied 2es,.
cojlepKauniuiica B uHTepBaJe [o.

ITponomxas sTH paccyXAeHHS jajiee, MBI IOCTPOHM MOC/ICNO-
BaTEJbHOCTh 3JEMEHTOB 0ashbl Baz, 35,, ...,85 s -.. TAKHX, YTO

obpas f(Bb) KaXJoro 3JeMeHTa Ba COJICPXKHUTCH B HEKOTOPOM
HHTEpBaJe 1,, JJIHHBL, He GoJbluel 2e,, npUYeM B MOC/IEAOBATENLHOC-
TH HHTEpPBaJOB lg, I3, ..., Ipn, ... KaXIBIHA CJAeAYIOWHA HHTEpBAJT CO-
NePHKHTCA B NPEALIAYIIEM. OG603HAUAM CHMBOJOM I, cermeHrt, mno-
Jydaroumuiics gob6apieHdeM K HHrepBany [, ero kouuoB. Tak kak.
nocjefoBaTeNbHOCTb I3, I3, ..., In, ... OPeACTaBJAsAET cOGOIli CTATH-
BalIIYIOCs] CHCTEMY CerMeHTOB (cM. 1. 2 § 2), To B cuJy CICACTBHSE:
u3 Teopembl 3.15 cymecTByer, H NpPUTOM eAHMHCTBEHHas, TOuYKa b,
NpHHAAJeXKaNass BCeM CerMeHTaM.

Ocraerca AokasaTb, yTo b sBJseTcss npefesaoM GYHKUHH f(X)
no Gaze B, T. €. yOeZUTbCS B TOM, UTO AJsA J06oro ¢>0 nakgercs
3neMeHT Gaset B, o6pa3 KOTOPOro COAEPHKHTCH B HHTEpBaJe
(b—e, b+e). .

B cuay Toro, uro cucrema cermMenToB {I,} SBISETCS CTATHBAIO-
weficas M b siBasiercss o6uled TOYKOH BCeX CETMEHTOB, MBI MOKEM.
yTBEPXAAaTh, 4TO AJs Jio6oro ¢>0 Hafizerca cermedr I, ¢ Hgocra-
TOYHO OOJbIIMM HOMEpOM  n, COJepKalluiics B HHTEpBaJe:
(b—¢, b+s). OTO O3HaYAET, UTO IPH COOTBETCTBYIOIUIEM HOMEpEe n

sneMent. 6asbl Bs, umeer obpas [(Bs), comepxalumiics B HHTeD--
Base (b—e, b+e). Teopema nokasana.

Iloauepkuem, yTO AOKa3aHHAs TeOpeMa COAEPXKUT B KauyecTse:
YaCTHHIX CJy4YaeB KakK Kpurtepmit Kol CXOJMMOCTH 4HCJOBON IIOC-
JIEIOBATEJIBHOCTH, TaK M KpuTepun Kolum cyuiecTBoBaHHA BCeX
PacCMOTPeHHBIX BhIlIE BHAOB Npefesa (GYHKUHUH.
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B kayecTBe BO3MOXKHBIX 0600HICHHH H3J0XKEHHOH TEODHH MOX-
HO paccMaTpHBaTh (QYHKIHH, 3afaHHble Ha NOJAMHOXKECTBAxX NPOH3-
BOJILHOTO METPHYECKOr0 IPOCTpaHcTBAa (CM. MO 3TOMY INIOBOAY HO-
nojuenue 2 K. ria. 12),

3ameuanue, basw B u D mHoxectBa {x} HasHBAlOTCA 3 KB H-
BaJEHTHB MH, ecad 1Js Jjoboro snementa Bs 6a3bnl B Hafi-
nercs takoli asqement Ds, 6aspl D, uto Ds, CC Bs, wu ags a060ro
snemedTa Ds, 6asni D naiimercsi takoit asement Bs,  Gasm B,
uto Bs,C” Ds,. COBOKYNHOCTb  BCEBO3MOXKHBIX  9KBUBAJICHTHBIX
Mexay coboii 6a3 B MHOXecTBa {x} HasbiBaeTcss GHJIBTPOM MHO-
xectBa {x}.

Herpynno y6enutbcsi, 4TOo yTBEpKAEHHS O Npefenax (YHKUHH
no axsusasentroim 6azam B u D cnpasedaussr 00HO8pemenHO.




I'masa 4

HENPEPbIBHOCTb ®YHKLLU U

B nacrogieii raase 6yAeT BCECTOPOHHE H3Yy4aTbCsl BaxKHeHliee HO-
HATHE  MaTeMaTHYeCKOro  aHaju3a — IIOHATHE  HeNPEpPLIBHOCTH
(YHKIHUH. :

B monosinenun 2 K 1. 12 noHsITHE HENPEPHIBHOCTH OyleT BBEIECHO-
B 0o0mle#l CHTyalluH, KOrja 3aJaHo oToOpaxkeHHe OJHOTO METPHUECKOros
IpOCTPaHCTBA B JApYroe.

§ 1. TOHATHE HENPEPbIBHOCTH ®YHKUHH

1. Onpenesnenne HenpepbiBHOCTH ¢(ynkuuu. IlycTh TOoYka a npu-
HaMJIeXKHT -00acTH 3afaHus GyHKuuH f{x}* u Jni06as &-OKPeCTHOCTh
TOYKH @ COHAEPXKHT OTJHUHBIE OT @& TOUKH OOJacTH 3afaHus (YHKLHH
f{x **.

QopMaJbHOE ONpefeJeHHEe HeINpepHBHOCTH B
Touke a. Dynxyus f{x} nasvisaercas HenpepuLlsrHOL 8 TouKe
a, ecau pynxyusa f(x) umeer 8 rouxke a npedea u 3TOT npedes pasew.
yacTromy 3Hauenuro f(a) pynxkyuu f(x) 6 Touke a.

Hcnonb3ys onpeneenns npelena (QYHKIHH y=[(X) B TOYKe a IO
leiine n nmo Kown, ME NPUXOJHM K OIpeJesIeHHIO HeIpepbIBHOCTH:
(QOYHKUHH B JaHHOH Touke a mo ['efine u no Komwu.

Onpepnenenune 1 (HenpepHBHOCTbL B TOUKEe a4 HO
I'efine). Pynxyun y=[(x) HasvisaeTcs HENpPepoLLBROE 6 TO4UKE
a, ecau 0aa aw060i cxodauelica K @ nocredos8aresbHOCTU  BHAYEHULE
apeymenTa xi, Xa, ..., Xn, COOTBETCTBYOW,AS NOCACO0BATEAOHOCTL 3HA-
wenuil ynxyuu f(x1), f(%2), .., f(%a), ... cxolurca k yucay f(a).

3ameuaunne 1. Ilo cpaBuenuio ¢ onpegmeneHunem 1 mpegesa
¢yukunu no lefine (cM. m. 2 § 4, 1. 3) B onpeneseHUH HENPEPHIBHOC-
TH no [efine Mbl onmycTuaM TpeGoBaHHE, 00S3bIBAIOLIEE BCE 3J1EMEHTHE
NOCJIeJOBATENLHOCTH {Xn} GBITH OTJIHYHBIMH OT @. DTO MOXKHO CHEJAaTh
B CHJIy TOro, uro JHoGaBJeHHe K 3JIeMEHTAM MOCJIeN0BATEJLHOCTH
{f(xn)}, cxomsmefica k uucay f(a), q060r0 uhcia HOBHIX 3JEMEHTOB,.
pa;mblx f(a), He HapyWHT CXOJMMOCTH 3TOH IIOCJHENOBATENbHOCTH.
K f(a).

* 3aMeTuM, 4TO 3TOro He TpeGoBa/loCh, KOTAAa MBl DACCMATPHBANH  NPEler
dyukuuu f(x) B Touke 4.

** T. e. ToYKa @ SBJsETCA NpeJEbHOM TOYKOH MHOXKecTBa {x}, Ha KOTODOM
3ajaHa ¢yuknus f(x).
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Onpegenenune 1* (HenmpepHIBHOCTH B TOYKe a IO
Kowu). Pynkyus f(x) HasbieaeTcs Henpepul8HOl 8 TOUKE
Q, ecau 0as 4106020 NOAOHUTEAbHO20 YUCAA & HAUOETCS oT6edaioujee
€M} NONONCUTENABHOE YUCAO § TaKoe, 4TO OAs 8Cex BHAYEHULL apeymer:
Ta X, YyO08AETBOPAIOWUX YCAOBUO |Xx—a| <8, cnpasedauso Hepasen-
60 [F(x)—F (a) | <e.

3ameyanue 2. Ilo cpaBHeHHIO cC omnpeleiienneM 1* npeznena
<pysxknun no Komn (cm. n. 2 § 4, ra. 3) B onpelesneHdu HenpepbIBHOC-
T4 1o Komm MH omyctuan TpeGoBaHue, 00s3bIBalolliee Bce 3HAUYEHHS
‘apryMeHTa X YJOBJETBOPATb HepaBeHCTBY [x—a|>0, T. e. GHTb OT-
JIAYHBIMH OT @. DTO MOXHO cAeJaTh B CHJIY TOTO, 4TO JJIsI 3HaYeHHH
X=a pa3HocTb f(x)—f(a) paBHA HYNIO ¥ YAOBJETBOPSIET HEPABEHCTBY
1f (x)—f(a) | <e npu awbom >0,

YcaoBue HenpepblBHOCTH (yHKUHH f(X) B TOUKEe @ CHMBOJHYECKH
MOXHO BBHIPA3HTb CJAEAYIOIIHM PaBEHCTBOM:

li_{n f(x)={f(a).

Tak kak a=1imx, TO 310My PaBEHCTBY MOXKHO NpPHAATH CJAeAyIO-
X—>a
ayio dpopmy:
lim f (x) = f (lim x).
X X—=>a

—a >

‘CiieloBaTeJIbHO, AJISI HENPEPLIBHONH B TOUKe @ (YHKUMH cuMBOoa  lim

X—a
Opeie/bHOrO IepexoAa M CHMBOJ [ XapaKTePHCTHKH (DYHKIHH MOXKHO
MEHATb MeCTaMH.

V3 Teopembl 06 >KBHBAaASHTHOCTH ONpENEJNEHHI NpeLesbHOTO 3HA-
genuss 1o Ieitne v no Komwu - (cM. Teopemy 3.19 u3 m. 2 § 4 ru. 3)
‘CIeIyeT, UT0 onpedesenus HenpepvlsHOCcTU ¢yukyuu no [eline u no
Kowu (onpedesenusn 1 u I*) 3x8usasenTHYL.

Coopmynupyem Tenepb onpefeeHHe OJHOCTOPOHHEH HempephiB-
‘HOCTH (YHKIHH f(X) B TOUKE @, T. €. HENPEPHIBHOCTH B TOYKE a JHOO
TOJILKO CIIpaBa, AHOO TOJBKO CJIeBa.

Ot mHOXecTBa {X} 3ajauusi GpyHKuuH f(X) MBl H2 3TOT pa3 JOJNXK-
HBl NOTPeGOBaTh, YTOOH 3TO MHONECTBC BKANOUAAO TCUKY G U OAf
2106020 6>0 umenro xora Go. 0OUR INEMEHT, A2HCAWUL HA UHTepsase
(a, a+48) [coorsercreenno (a—38, a)].

®opmManpbHOoe oONpefejeHHE HEUPSPHIBHOCTH B
TOouYKe @ cunpaBa [caeBa]. Pynxyus f(x) nazsizaerca nenp e-
poLeHOl 8 TO4Ke a cnpasa [caesa], ecau nyaseil [resobuii
npeden 37Ol PyHKYUL 8 TOYKEe O CYWeCT8YeT U PABEH YACTHOMY 3HQA-
wenuro f(a) ¢pynxyuu f(x) 6 rouxe a. '

Hcnonbsys onpejesieHds npasoro [geBoro] mpelena  GYHKUHH
f(x) B Touke a no Tefine n no Kommu, M IpHAEM X OIpefeeHHAM

HeNPEPHIBHOCTH GYHKUUH f(X) B Touke a cmpaBa [cieBa] mo Teifne u
mo Kouru.
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Onpenenenne 2 (HenpepHBHOCTh (GYHKLUHH B TOU-
ke a cupaBa [caeBa]l mo Teiine). Pyukyus f(x) Hasbieaercs
HenpepousHoll 8 TO4Ke a cnpasa [cxzeea] ecau  0Oas
A1060t cxofauwetica K a nocaedo8aTeA6HOCTY  3HAXEHUL ap2ymeHTa
{xn}, 8ce anremenTs. KOTOPOL YAOBAETEBOPAIOT Ycaosuio xn>a [x.<a],
COOTBETCTBYIOWAs NOCAe008ATEeAbHOCTy 3Havenull ¢ynxyuu  {f(xn)}
cxodurca k ucay f(a).

3aMeTuM, YTO B 3TOM OIpEIE/NEHHH YCIOBHE Xn>>a [¥,<a] MOXKHO
3aMEHHTh MEHEE XKECTKUM YCJIOBHEM Xn.=a [x¥.<<a], ubo nobabJieHHe
K nocienosatedbHocTH {f(Xn)}, cxomsimtefica X f(a), xakoro yroaso
YHCJA HOBBIX 3JE€MEHTOB, PaBHBIX f(a), He HAPYIIHT CXOAMMOCTH 3TOH
NOCIeI0BATENbHOCTH K [(a).

B npumenenuax GoJgee 3pPEeKTHBHO YCaOBHE X,>a [x.<a].

Onpenenenune 2* (HenpepHBHOCTh GYHKIUMUH B TOU-
Ke a cupaBa [caeBa] no Komun). @yuxyus f(x) rasseieaercs
HenpeposHoli 8 TOuKe a cnpasa [caesal, ecau dra At0-
6020 NOAOIUTEALHO20 4UCAQ & HaudeTca oTsedaroujee emy noAOHU-
TeAbHOE 4UCA0 § TaKoe, 4TO OAf BCex 3HA4eHul apeymenra X, yoos-
Aetgoparouux ycaosuw a<x<a+6 [a—8<x<a], cnpasediuso He-
pasencrso

IF(x)—F(a) | <e.

3aMeTHM, 4YTO W B STOM OIpeAeJeHHH YycJaoBHe a<xi<a+d .
[a—8<x<a] MOXHO 6niIo Gbl 3aMEHHTh MEHee XKECTKHM YCJIOBHEM
a<x<a+6 [a—d<x<a].

IKBUBANEHTHOCTy onpedesenull 2 u 2% gbiTeKaeT U3 IK6UBANEHT-
HOCTU COOTBETCTBYIOUUX onpedenenuii npedesa pyrKyul.

Tor dakr, uro yukuus f(x) HenmpephlBHA B TOYKe a cHpasa
[cnieBa], 3amuchBalOT Tak:

Jimf () =/ (@) win [ @+ 0)=F (@)
[ limf(x)=F (@) um [@@—0) = @)

Sameuanue 3. Ecau pyuxyus [(x) HenpepoisHa 6 TO4UKEe @ U
cAe8a, U Cnpasa, TO OHA HenpepuiBHa 8 3Tol Touke, IleliCTBHUTENBHO,
B CHJYy VTBEpXKAeHus, moKaszanHoro B . 2 § 4 ra. 3, B aToMm cnyqae
cyInecTByeT npenes GYHKUHH B TOYKE d, PaBHBIH f( ).

Touku, 8 KoTOpblx pyHKyUA He 06/uu3aer CB0OUCTBOM HENPEPLLBHOC-
TU, HA3BIBAIOTCA TOYKAMU PA3Pbl8a 370U GyHKYUU.

PaccmoTpuM npuMepsl.

1) Cremeunass ¢yHKuus f(x)=x", rie n — HaTypajbHOe YHCJIO,
HenmpepbiBHA B KaXAOM TOYKe a GECKOHEYHOH IpsaAMOil (—oo, +o0).

JlefcTBUTENBHO, B TJ. 3 OBLIO yCTaHOBJEHO, 4TO npefieibHOe 3Ha-

YeHHe 3ToH (PYHKIHUH B JIOOOH TOUYKe @ OGeCKOHeuyHOH IIpHMOl/I paBHO
JaCTHOMY 3Ha4YeHHio a”.

§ 3ak. 72
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2) MHorou/ieHH M palUOHAJbHBE APOOH HMEKWT B KaXJO0H TOUKe
o6/acTH 3ajaHHa NpelefbHOe 3HAadeHHE, PaBHOE YACTHOMY 3HAUYEHHIO
(cM. m. 3 § 4 ra. 3). IlosToMy OHM ABJSIOTCS HENpPepHIBHBEIMH (QyHK-
LUAMU B KaxAOH TOyke 006J1aCTH 3aJaHus.

3) @Oyukuus f(x) =sgnx umeer paspuiB B Touke x=0 U HENpepHIB-
Ha BO BCeX OCTAJ/bHBIX TOYKaX YHCJIOBOH OCH. [elcTBUTENbHO, B TOUKE
x=0, KxaK GBJIO OKA3aHO B IVI. 3, CYIIECTBYIOT npaBbiii (paBHBEIH + 1)
n aeBbllf (paBHBIE —1) npenensl ¢yHkuuH sgn x. [ToCKOALKY 3TH Of-
HOCTODOHHHE IIpefieJIbl HE pPaBHHl ADYT APYry, OYHKUHE Sgnx B TOY-
Ke 0 paspeiBHa (He sIBJIseTCs HEHNpPEPBHIBHOH). B ocranbHbix TOuKax
ocH OHa obJsafaeT NpejeJbHbBIM 3HAUEHHEM, PABHHIM HAaCTHOMY 3Haue-
HHIO, U HelpephiBHA.

4) @ynkuua Hupuxiae D(x) (cM. § 4 ra. 3) paspbiBHA B KaxJAO#
TOYKE YHCJOBOH OCH, MOCKOJIBKY OH4 He HMeeT HpPeHeJibHOI'0 3HAUCHHSE
HH B OXHOMH TOYKeE.

3ameTHM, OAHaKO, ato QyHKuus [(x) =x-D(x), rae D(x) — PyHk-
nusi Jlupuxie, sBJseTCS HENPepLIBHOA B TOYKe x=0 W pa3pbIBHOKH BO
BCEX OCTAaJbHBIX TOUKAaX OeCKOHeyHOH npsiMoil. PaspuiBHOCTD f(x)
B J1I060# TOUKe Xo7<0 yCTaHaBJHMBaeTCs TOUHO -TaK XKe, KaK JJs (YHK-
uud D(x) (ans mo60i cXoAsilelcs K Xo MOCAENOBATENbHOCTH {Xn}
PauUMOHAJIBHBIX TOYEK COOTBETCTBYIOILAS MOCJAEAOBATENbHOCTb {f(Xn)}
CXOOMTCH K 4Mcay xo7%<0, a aas no0ol cxomsileics K Xg mOCJeZoBa-
TEJIBHOCTH {X,} HPPAUHMOHAJBHBIX TOYEK COOTBETCTBYIOMAsl NMOCAEA0Ba-
TeJbHOCTD {f (X,)} cxomuTcs K HYyJI0). . ‘

Yobenumes B TOM, 4ro OYHKIHS [(X) =x-D(X) HenpephiBHA B TOUKe
x=0. Ina moGofi GecKOHEYHO MAJIOH MOCTENOBATEJbHOCTH 3HAYEHHIL
aprymenta {X,} nocienosarenbhocth {D(x.)} orpanuuesa, a mnoromy
(B cuay Teopemsl 3.3 3 ri1. 3) MOCHEAOBATENBHOCTD f(Xn) =Xn-D (Xn)
siBJisjeTcss 6ECKOHEUHO MaJIOH, T. e. MMeeT Ipejiesl HyJb, PaBHbBIH yacT-
HoMYy. 3HaueHHIO f(0).

Mb 6yzieM rOBOPHTb, UTO (YHKYUS HenpepbsiéHa Ha MHOMe-
cT8e {x}, ecau OHa Henpepoi8Ha 8 KaXAOL TOUKe 3T020 MHONECT8A.

Hanpumep, ¢yHkuus, HenpephiBHAsi B KaXk[IOH TOYKE HHTepBaJa,
Ha3bIBaeTCsl HENPEPBIBHOH Ha HHTepBaJe. ‘

Oco6o dozosopumcs naseisars (ynkyuto f(x) HenpepovLero i
Ha ceemente [a, b], ecau ona nenpepbisna 8 kasdoii enyTpented:
TOYKe 3TO20 CeZMEHTA u, KpOMe TO020, HenpepeléHa Cnpasa 8 TO4Ke a
It HenpepulBHA CAesa 8 Touke b.

Beie, nasas onpejenenne HenpepHBHOCTH GOYHKUHH f(X) B TOuKe
@, MH HAPEANOJOXUJIH, 9TO TOYKa @ o6Jafaer . TeM CBOICTBOM, 4TO
B JI06OH ee e-OKPeCTHOCTH CONEPHKATCH TOYKH OOJNACTH 3afaHHS, OT-
JHYHHE OT 4. POPMaJLHO 3TOrO MPEANOJOKEHHS MOXKHO GH GBLIO H
He HenaTh W JONYCTHTb, YTO TOUKA a 00JafaeT e-0KPECTHOCTLIO, CBO-
GopHOH OT TOYeK 06JIaCTH 3aflaHusi (YHKIHH, a B caMOH TOuKe @
¢ynkuns onpenenena. B stom ciyuae Qopmanbuo byukumio , J(x)
MOXKHO CYHTaThb HeNpepbiBHOH B Touke a. OJHAKO BCH COJAEPIKATENb-
Hasi 4aCThb INOHATHS HENPEPHIBHOCTH (YHKLUMH OTHOCHTCA KakK pas
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K cJydam, Korja a — TpelejbHasg TOYKa o0O6JacTH oONpejelieHus
pyHK1IHY. :

Omnpenenenne HeNmpepHBHOCTH (QYHKLMH MOXHO JaTh H B CJeAy-

" joulel, SKBHBAJIEHTHOH (popMe. '

Onpenenenne 1** dyuxyua f(x) Haseteaercs nenpe-
poLeroOild 8 TO4KE @ ecau Oan 41000l OKpecTHOCTY TOuKu f(a)
Hali0eTca TaKkas OKPecTHOCTb TO4KU G, 4TO 00pa3 8Cex TOUEK MHO-
aecrea 3a0anus PYHKYUU, Aexcauyux 8 3TOU OKPEeCTHOCTU TOYKU af
npu orobpaxcenuu, ocywecrsasemom pyuxyueid f(x), yeauxom ae-
HUT 8 YKAZAHHOL OKPecTHOCTU Touku [(a).

B gonosuenny 2 K ra. 12 Gyzer nokasado (maxe B Gojee 06-
mell CHTyallHH), 4TO MOCJAefHee OnpejeseHHe HenpephIBHOCTH 3KBH-
BaJIEHTHO npeabiayuM. IIpeasaraercs B KauecTBe yNpaXKHEHHs
IPOBEPHTH 3TO.

Hcnoansys BeenenHoe B § 5 ri." 3 ofiee ompejeseHne npefedia
¢dyuruun f(x) no G6ase B MHOXKecTBa ee 3afaHHsi, MBH MOXKeM O6b-
€JIUHHTb B OJHOH (DOPMYJIHPOBKE IIOHSITHE HENPEPHIBHOCTH B TOUKE
a, B TOYKE @ ClIpaBa W B TOUKE @ ClieBa.

Iycry dynknua f(x) 3amana Ha MHOXecTBe {X}, KOTOpOe BKJIO-
YyaeT TOYKY a W jgonyckaer 6a3y B oxHoro us BumoB x—a, x—a-+0,
x—>a—0%,

Oynxuus f(x) HasbiBaeTcsl HENPepHBHOH B TOYKE @, eCJH ee
,}Ipenen no 6ase B MHOXeCTBa ee 3ajaHHs CYILIECTBYeT H paBeH

(a). '
2. ApudMerHyeckue onepauuu Haj HEMpepbiBHLIMU QYHKUHUAMH.
Y6ennmcs B TOM, 4TO apH(pMeTHYECKHE ONepalHH Haj HelpepbiB-
HBIMH (QYHKUMSMH NPHBOAST CHOBA K HENPEPHIBHBIM (YHKIHSM.

CrnpaBeZiuBa Ciefyiollasi TeopeMa.

OcHoBHasa Teopema 4.1. [Iycre Ha 00HOM u TOM dce MHO-
sicecree 3adansl Pyuryuu f(x) u g(x), Henpepoisuoie 6 Touxe a. Toeda
Py [()+e(x).  [()—8(x), [(9-£() n L nenpepoians
8 TouKe a (8 CAy4ae 4ACTHO20 HYMHO OONOAHUTEAbHO TPebosars
g(a)=0).

HloxasateabcTso. Tak Kak HenpephIBHBIE B TOYKE @ (PYHKIHH
f(x) u g(x) uMeloT B TOYKe @ mpejesibl, COOTBETCTBEHHO DaBHH f(a)
u g(a), To B custy Teopemsl 3.21 u3 ra1. 3 npenensl Qpyukumit f(x) +

+g(x), f(x)—g(x), f(x)-g(x) u ;—((E;—cymecmyxm M DaBHE COOT-

BETCTBEHHO f(a)+g(a), f(a)—g(a), [(a) -gia) u é({—%. Ho xak pas

3TH BeJMYHHbl PABHBl YACTHBHIM 3HAYEHUSIM NEPEYHCJIEHHBIX (DYHKIHM
B touke a. Ilo ompeaesenuo 3TH (QyHKUHH HENpEepHIBHE B TOYKe a,
4TO H TPe6OBAJIOCh J0KAa3aTh.

*CMm. § 5ra. 3.
5*
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3. Croxnas (GyHKUMS H €€ HENPEePHLIBHOCTh, DYHKYUU, NOAYUEHHbIE
8 pe3yabTaTe cynepnosuyuu 08yx UAU HECKOAbKUX (yHkyull, moel 6Yy-
Oem HaswsaTs cAoHHouiMmu. Ilom cymepnosuuumeii aByX QyHKIHuK
MBI OHHMaeM (GYHKIHIO, IOJYYEHHYI0 B pesysabtaTe HaJOXKEHHS HIR
NOC/IeA0BATENbHOIO NPHMEHEHHSI YKA3aHHBIX NBYX (QYHKIHH B oIpefe-
JEHHOM TOpAJKe. FCHO, YTO AOCTATOYHO OMpPENEJHThL CJAOXKHYIO (YHK-
IHIO, TIOJYYEHHYIO B Pe3yJsibTaTe CYNEePNO3HLHH TOJBKO ABYX (OYHKIHH.
Yka3aHHBIH aAropuTM MOXKHO OyJeT NPUMeHSTh, Gepsi CyNepNo3HIHIO
Tpex H 60JbLIEr0 KOHEYHOro 4ucaa (QPyHKUHUH.

ITycrs pynxyus x=q(t) 3adana Ha muoocecrse {t}, u nycro {x} —
MHoxcecT80 ee 3Hawenud. Hdonycrtum, 4ro Ha muoxcectse {x} 3adana
pyuxyus y=f(x). Toz0a zosopar, 4To Ha muoxcecTse (i} 3adana
cromuan pynkyun y=Fflo ()] =F(t) uru y=f(x), ede x=o¢(t).

CropaBennuBa cilefymoolias Teopema.

Teopema 4.2. Ilycre ¢pynxyus x=q¢(t) nHenpepoiéHa 8 TOUKE a,
a ¢pynxkyus y=f(x) nenpepvisna 8 Touke b=¢(a). Toeda ciodxcnas
pynrkyus y=f|o(t)] =F (t) nenpepoisra 8 Touke a.

okaszateabcTBo. [lycrs {f{,} — mnpousBosbHAsi mocjeroBa-
TeJbHOCTh 3HAUEHHH apryMeHTa CJOXHOH (DYHKIHMH, CXOAANIAfica K 4.
Tak xak ¢yHkuusi x=¢(f) HempephiBHA B TOUKe a, TO (B CHJIY ompe-
JesneHuss 1 HempepbIBHOCTH 1m0 ['efiHe) COOTBETCTBYIOLlAs MOCAENOBA-
TeJNbHOCTb 3HAYeHHH OYHKUME X,=q(f,) cxomutcsa K yHcay b=gq(a).
Hanee, nockojpKy ¢yHKuus y=f(x) HempepriBHa B TOuKe b=gq(a)
H JJs Hee YKasaHHas BBIIIE TOCJEIOBATEIbHOCTh {X,}, CXOAAIIASCT
K b=q(a), aBiasercd NOCJENOBATENLHOCTHIO 3HAYEHHA apryMeHTa,
TO (B CHJIy TOTO Xe ompejeseHust 1 HenpepblBHOCTH mo ['eiiHe) coot-
BETCTBYIOLIas IIOCAEJOBaTeNbHOCTh 3HaueHHN  GYHKuuH [(x,) =
=Fl@(t:)] =F (tx) cxomurcs k uncny f(b) =f[p(a)] =F (a).

Hrak, pns mo6oft mocaefoBatesbHOCTH {f,} 3HaYeHHH aprymeHTa
CHOXKHOH (DYHKUHH, CXOASIleHcd K @, COOTBETCTBYIOINAs IOC/Ae0Ba-
TEJLHOCTb 3HA4YeHMH caMoi caoxuol  GyHKumHH {F(t.)}=][g(¢:)]
cxonutes K uyHeay F(a)=f[p(a)]. B cuny onpenenenus 1 nenpepsis-
HocTH no Iefine ciloXXHas (QYHKUHSA HENpepbiBHA B TOUKe a. TeopeMma
HOKa3aHa.

§ 2. CBONCTBA MOHOTOHHBIX ®YHKIUA

1. MonoroHHble ¢yHKuUMH. BBeaeM NMOHATHE MOHOTOHHOH (DYHKIHH.

Onpenenenue 1. -Pyuxyus f(x) Hasvisaercs neyb6olsaro-
wyeil [HesospacTarmuelil xa muowcecrse {x}, ecau O a066Lx
X{ U X U3 3TO20 MHOJCECTBA TAKUX, 4TO X1<Xe, CNPABEOALBO HepaseH-
cr6o [(x1)<f(x2) [[(x1)=F(%2)].

Hey6niBaomue H HeBo3pacramollme (YHKIMH HAa3bIBAIOT MO HO-
TOHHBMH (PYHKUHSAMH.

Onpenenenne 2. Pyukyus Hazeisaerca eo3pacraroujelt
{ybosarwueill] Ha muoxwecree {x}, ecau Oaa A106blx X, U Xo U3
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3T020 MHONMECTBA TAKUX, HTO X1<<X; CNpaeedaiuso Hepasencrsos
Flx) <f(x2) [F (%) >F(x2)].

Bospacralomue H yOhiBaioniue (YHKUHMH Ha3HBAaIOTCI CTPOTro
MOHOTOHHH MH. ,

IIpuBengem nmpuMepH MOHOTOHHBIX (DYHKLHH.

1. ®yuxuus. f(x) =x* — cTpPoro MOHOTOHHA, 2 HMEHHO BO3pacTaer
Ha Bcell YHCJIOBOH OCH.

2. PyHKuus y=x? — Bo3pacraeT Ha noayocu x>=0 u yOniBaeT Ha
noayocu x<:0.

3. OyHKUus y=sgnx — HeyOmBamooLlas Ha BCeH YHCJIOBOH OCH.
4. dyuguus f(x)=—l—— y6mBaer Ha MHOXKecTBax x<0 u x>0.
X

2. Ilonatue obpatHoit dynkuuu. Ilycts ¢ynkums y=f(x) sanana
Ha cermeHre [a, b], u myctb cerMeHT [a, B] fBJSETCH MHOKECTBOM
3HayeHHH 310l yHruuu. ITycTs, KpoMe TOro, KaXXAOMY y H3 CETMEHTA
[a, B] cooTBeTcTByeT TONIBKO OAHO 3HAUEHHE X M3 cerMenra [a, b],
Aas koroporo f(x)=y. Torna Ha cermeHnte [a, B] ompenenena QyHK-
Ius, KoTopasi KaxJAoMy y u3 [a, B] CTaBUT B COOTBETCTBHE TO 3Hauye-
HHe x U3 [a, b], ans kotoporo f(x)=y. Dta ¢yHKUUs 06GO3HAUAETCA
cuMBosIOM X=f"!(y) W -HasmBaeTcd 0oO6paTHON JId QYHKIHA
y=[(x).

B npoBefieHHBIX BHIILE DPAaCCyXIEHHAX BMECTO CErMeHTOB [a, b]
H [a, B] MOXHO 6blJIO OBl paccMaTpuBaTh HHTepBaJH (a, b) u (a, B)
HJIM, HalpHMep, cjaydaH, Korja OAMH MJM o6a M3 THX HHTEPBAJOB
npeBpamarTca B 6eCKOHEUHYIO NPAMYIO HJIH OTKPHITYIO HOJYHPSIMYIO.

MoxHo paccMaTpHBaThb M CaMBlii o6uiu# ciayuaif, KOraa 3afaHo
orobpaxenne f oaHoro MHoxectBa {x} Ha mpyroe wmHoxecTBO {4},
npuyeM orobpaxeHHe [ ycTaHaBJMBAeT B3aHMHO OJHO3HAUHOE COOT-
BeTCTBHE MEXAYy 3JeMEHTaMH 3THX MHOKecTB. Torfa MoXHO omnpeje-
JuTh o6paTHOe oToGpaxkeHHe f~! MHoxectBa {y} ua MHOXecTBO {t}.
B atoM cayuae ypaBHeHHE y=f(x) MOXKHO Pa3DPEIIUTb OTHOCHTENbHO
X, T. €. MOXHO OJHO3HAYHO ONpEJEe/IUTb X, 3Hasl JEMEHT Y, H Mbl HMe-
eM x=["1(y).

OrmernM, yro ecim ¥x=[~'(y) — obpaTHas QysKRuua aias y=f(x),
TO, OYeBHAHO, QYHKUHUA y=[(X) ABasercs oOpaTHOM A QYHKIHH
x=["1(y). Ilosromy ¢yukuun y=f(x) u x=f"'(y) HaspiBaloTCa B3 a-
HMHO ob6parubnMu. OueBupuo, uro f[f~1(y)]=y, [~[f(x)]=x.

ITpuBeneM npuMepsl B3aUMHO OGPATHHIX QYyHKIHH.

1. Ilycte Ha cermente [a, b] sagana ¢yuxkuus y=2x. MHOXKeCT-
BOM 3HayeHHH 3TOH ¢QyuKuuu Oyaer cerMedt [2a, 2b]. Pyuxuus

x=f" (y):—g—, onpenesieHnas Ha [2a, 2b], Gymer ob6paTHO# K 3a-

JaHHOH (YHKUHH y=2X.
2. PaccmorpuMm Ha cermente [0, 2] ¢yHRuu y=x2. MHOKECTBO
3HaueHHil sToM ¢yHKUMH ecTb cerMmedT |0, 4]. Ha stoM cermenre on-

pellesena obpatHas K 3afaHHOR QyHKUMH QyHKOHA X=V y .

L3



134 Ta. 4. HenpepoiHocTh QymKuuI

3. Paccmorpum Ha cermenTe [0, 1] dyukuuio

X, €CJIM X — pAallUOHaJIbHOE YUCJIO,

y = .
1 —x, ecn x— MppalfiOHaIbHOE UHCJIO.

Herpyano y6eautbes, uro 3ajanHas Ha cermeHte [0, 1] dyHKnus
e ( Y, €CIM Y — PallMOHANIBHOE YHCJIO,
| 1—y, ecmu y— mppanmonabHoe uKcIIO,
Oyzner obpaTHOH K 3aJlaHHOH (YHKUHH.

JloKaxeM HeCKOJIBKO yTBePXKJeHHI 0 MOHOTOHHBIX (YHKIMAX.

HauneMm ¢ JoKasaTesjbcTBA JIeMMEl, CNpaBeJJHBOH AJisi JMIO00H MO-
HOTOHHOH (He 06A3aTeJIbHO CTPOIO MOHOTOHHOH) (YHKIIHH.

Hdemma. Ecau ¢pynryusn [(x) n8a8€TCA MOHOTOHHOU HQ Ce2MEHTe
la, b], To y Hee cywecTsytoT npasvul u aesvili npedess. 6 a10601
BHYTpeHHell Touke ceemenra [a, b] u, xpome TO20, cywecTeyrT npa-
sbLil npedea 8 Touke a u Aedslli npedes 8 Toyke b. )

JlokaszateabcTBO. [l NOJHOrO J0OKa3aTelbCTBA JIEMMBI JOC-
TaTOYHO JOKasaTh fABa (pakra: 1) cyuiecTBoBaHme 1paBOro mpejesa
B JIIOOOH TOYKe ¢, YAOBJETBOPSIOIIEH HepaBeHCTBaAM a<c<b; 2) cy-
[leCTBOBAHHe JIEBOro npefesna B JI000H Touke ¢, YAOBJETBOPSIOLIEH
HepaBeHCcTBaM a<<c<b.

. MBl ycTaHOBHM TOJILKO INepBBIfi H3 yKa3aHHBIX ABYX (akros, 6O
BTOpPOH yCTaHaBJIHUBAETCS aHAJOTHUHO.

Ilpn sToM MBI mpoBeJeM BCe pacCyXKAEHHS IS (QYHKUMH [(X),
HeyOhBalOIield Ha cermenTe [a, b] (ubo a/is HeBo3pacrarouieil QyHk-
IIHH OHH YIPOBOJSITCS AaHAJIOTHYHO).

Hrak, nycts ¢ynkunst f(x) He ybmBaer Ha [a, b], ¢ — mobas
TOYKa, YAOBJAETBOPAIOAs HepaBeHCTBaAM a<ic<b. Paccmorpum MHO-
xecTBO {f(x)} Bcex sHawenu#t ¢yHKuwH f(x) /19 sHaYeHHH apryMeHTa
X, YJAOBJIETBODSAIOWHX HepaBeHCTBaM ¢<x< b. dto muoxectso {f(x)}
Hemycto (B CHJIy TOTO, 4TO ¢<b) H OrpaHMYeHO CHH3Y (B CHJy HEyOhl-
Banust QYHKIMH f(x) AJsd BCex X H3 IoJycerMenra ¢<x<lb cnpasen-
JHBO HepaBeHCTBO f(c)<{f(x), koropoe osuayaer, uto f(c¢) sBAAETCH
HMXHeH TpaHbl0 paccMaTpHBaeMoro MHoxectsa). ITo ocHOBHOM Teo-
peme 2.1 1. 2 y paccMaTpHBaeMOro MHOMKECTBA CYIIECTBYET TOUHAS
HHXKHSIL TPaHb, KOTOPYIO Mbl 0GO3HaUYHM CHMBOJIOM v. JOKaxeM, 4TO
3TO YHCJO y H SABJISETCA NPaBhHIM NpejesoM GyHKuuH f(x) B TOuKe C,
T. e. JOKaxkeM, uro y=[(c+0).

®urcupyem npouspoabroe £>0. [To onpenesennio TOUHOH HHUKHEH
rPaHd HaWAeTCs MOJIOKHTEJNbHOE YHCJIO O, He TpeBOCXoAdllee b—c
W TaKoe, 4TO 3HaueHHe (PYHKUHH f(c+8) yHOBIETBOPAET HEPABEHCTBY
fle+d)<vy-+e. . S

Ho Torma B cuay HeyOblBauus (yHxuud f(X) AJIA BCeX x H3 HH-
TepBasa ¢<x<c+98 u nomaBHo '6yjaeT CHPaBeJJHBO HEPaBEHCTBO
[(x) <y+e. Tak KakK, KpoMe TOro, A/is BCEX X H3 YKA3aHHOIO HHTEp-
BaJla CNPaBelJIHBO HEPABEHCTBO y<f(X), TO MBl IOJYYHM, YTO HJIS
BCEX X H3 mHTepBaJa c<x<c+§ crnpaBelJIHBH HEPaBEHCTBA
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V<<F (%) <y+e nan [y—f(x) | <e,

a 3TO W O3HayaeT (B CHWJy ompeflesleHHs NpaBoro npefena no Kowmmwu),
9TO YHCJO y ABJAETCS IpaBbiM mpeflesoM f(x) B Touke c. JlemMa fo-
KasaHa.

3ameuanne K JeMmMMe. B npeinoJoxeHusix JeMMH IPH yc-
JIOBHH HEYOBIBaHHA f(x) AIs MOGHX ¢ M X, YAOBJIETBOPAIOIIHX COOT-
HOWEHHSAM a<c<<X¥<b, OyAyT cpaBefJUBH HEPABEHCTBA

fa)<f(c)<f(e+0)<f(x)<f(b), . (4.1)

a AJst JoOHX € H X, YIOBJETBOPAIOIHX COOTHOLIEHHAM a<<x<c<lb,
OyayT crnpaBelJIUBH HepaBeHCTBA

Ha) <F () <F(e—0) < (e) <F (D) (42)

ITpu ycnoBuu HeBo3pacTaHHs f(x) Bce 3HaKW B HepaBeHcTBax (4.1) ®
(4.2) caenyer 3aMeHHTb Ha NPOTHBONOJOXKHEIE. ,
[lycry, Hanpumep, f(x) He yOniBaer Ha [a, b] u a<<c<x<bh. Tor-
ra f(a)<f(c)<f(x)<f(b). Y3 nocjeiHHX HEpaBEHCTB Cpasy e BHI-
rekaer, ut0 [(a)<f(c)<f(c+0)<f(b). Ona s3aBepuieHus moKasa-
TeJbCTBAa HepaBeHCTB (4.1) caeayer yGemutbes B ToM, uto f(c+0)<<
<f(x)<f(b) ana moboro x u3 noJyunHTepBaja ¢<x< b, HO 310 cpasy
BLITEKAeT H3 TOro, 4TO uHC/I0 y=f(c+0) sBisercs, Kak HOKa3aHO
B JleMMe, TOUHOH HHXKHEH IpaHbl0 MHOXKeCTBa 3HayeHHH [(x) Ha moJy-
uHTepBase ¢<x<{b. CrnpaBensuBocTh HepaBeHCTB (4.2) mpoBepsieTcs

aHaJIOTHYHO.
" JIoKaxeM Telepb TPH. TEOPEMHEl O CTPOrO MOHOTOHHBIX (DYHKUHSX.

Teopema 4.3. Ilycre ¢ynkyus y=f(x) eospacraer (ybeisaer)
Ha ceemente [a, b], u nycro a=f(a), p=f(b). Tozda, ecau mrnoxe-
cT80M 6Cex 3Ha4enull Gynkyuu y=f(x) asasercs cecmenr [a, B]
(coorsercreenno ceement [B, al]), TO HA 3TOM nocireduem cezmewnre
onpedesena obparnas 0an y=f(x) dynxyus x=["'(y), kKoropas Tax-
ace gozpacraer (ybvi8aeT) HA YKASAHHOM CeeMenTe.

HokaszarteanbcTBo. [IpoBeneM Bce paccyXJIeHHS B NpPeAIoJo-
JKeHHH, 4To. f(x) Bo3pacraer Ha cermMenTe [a, B] (ans yOGwiBawmei
(GYHKUMH pacCyXKIeHHS aHAJIOTHYHBI).

Y6empumcss B TOM, 4TO QYHKUMA y=[(X) yCTaHaBJHMBAaeT B3aHMHO
OJHO3HAYHOE COOTBETCTBHEC MEXKAY CerMeHTaMH a<iy<(b m a<{y<<B.
HeficTBUTENILHO, TO, YTO KaxXkAOMy X H3 [a, b] COOTBETCTBYeT TOJBLKO
OJHO 3HAuYeHHe y H3 [a, B], caefyer M3 cCaMOro IOHSITHA (DYHKIHUU
y=f(x), a T0, 4TO Kaxa0oMy y u3 [a, B] COOTBETCTBYeT TOJBKO OMHO
x H3 [a, b], BHITeKaeT U3 Bo3pacraHus QYHKUMH y=f(x).

Y6enumcsi Tenepb, 4TO ecJaH y=f(x) Bo3paeraer Ha [a, b], TO H
x=f"1(y) rakxe Bo3pacraer Ha [a, B]. [IycTtb y1<ys, rme y) u Yy —
Jio6eie aBa uucaa us [a; B]. Torma x;=f"1(y;) <x2=f"1(ys), n6o u3s
HEPaBEHCTBA X¥;—>X; H H3 BO3pacTaHus OQYHKUMH y=f(x) cjenoBaJo
Obl, UTO Y1=>Y2, UTO NPOTHBODEUHT HEPaBEHCTBY y;<Ys. Teopema mo-
KasaHa.



136 Fa. 4. HenpepHBROCTL QYHKUHH

3ameuyanune 1. CoBepiieHHO aHAJOTHYHO AOKasbiBaeTcs OCosee
ofuiee yTBepxKIeHue: nycto y=[(x) sadana u sospacraer (yboi.saer)
Ha Hexoropom mHoxcectse {x}, a {y} — muoxKecTéo 6cex IHa4eHUd
aroil pynxyuu. Toeda na muoowecrse {y} onpedesena obparHas 0af
y=f(x) pyuxyus x=f"1(y), xoropas rakyxce eospacraer (ybvieaer)
Ha yKasanHHoOM MHOMcecTse {y}.

Teopema 4.4. IMycrs pyuxyus y=f(x) eospacraer (uru ybol-
saer) Ha ceemente [a, b], u nycre a=f(a), p=f(b). Toeda Oss TO20,
4robsr  pynxkyus y=f(x) asrssace HenpepolBHOL HA Ce2MEHTE
[a, b], Heo6xo0umo u docrarouro, yrobol aw0b0E HUCAO Y, 3AKAIO4EH-
Hoe mencOy o u B, 6ola0 3naueruem aToU PyrHKyUU.

JoxazareabcTtBo. Bce paccyxAeHus mposelleM AJd Bospac-
Tatoulell Ha cermenTe [a, b] ¢yukuum, u6o mjas yOuBaroued (GYyHKUHH
OHH aHAJOTHYHHL.

1) Heobxodumocrs. Ilycts dyukiust y=7F(x) BO3pacraer u Hempe-
peiBHa Ha cermeHte [a, b]. Tpebyerca mokasatb, uto Jo6oe YHUCIO ¥,
yAOBJETBODsOlIee yCJoBHAM a<y<P, sBJIsgeTCS 3HAUeHHEM (YHKUHH
B HEKOTOPOH TOYKe ¢ cermeHra [a, b].

[lyets {x} — MHOXecTBO BCeXx 3HaueHHi#r x u3 cermenra [a, b],
Ana xoTophix f(x)<{y. DTo MHOXKecTBO {¥} HemycTo (emMy mpHuHajJe-
XHT, HallpuMep, TouKa a, u6o f(a) =a<y) W orpaHuHYeHO cBepxy (Ha-
npumep, ydcaoM b). [To ocHoBHO# Teopeme 2.1 ni. 2 y MHOXKecCTBa
{x} cymectByeT TOUHast BEepXHSsi TPaHb, KOTOPYIO Mbl 0603HAYHM Uepe3
¢: c=sup{x}. Ocraercs Xokasartb, 4TO f(C) =%.

Crauanra y6edumcs 6 tom, uro f(x)<y daa ecex x u3 [a, b], ae-
acauiux sesee ¢, u f(x)>vy dan ecex x ua [a, b], sexmaujux npasee c.

B camom pgene, ecan x<c¢, TO MO ONpEeJENEHHMIO TOUHOH BepxHeit
rpand Ha#jercs x’ H3 NOJNyHHTepBaJda x<x'<(¢, NpUHaAJIeXKallee
MHOXecTBY {x}, T. e. Takoe, yto f(x’)<{y. Ho Torna ms Bospacranus
f(x) Gymer BoITeKaTh, uTO H f(x)<y (6o f(x) <f(x)).

Hanee, no6oe x, Jexalulee npapee ¢, He NPUHAANEKHT MHOXKECTBY
{x}, a moToMy IJis TaKoro x CHpaBelJIHBO HEpaBeHCTBO f(x)>v.

Tenepp y6efuMcss B TOM, UTO € SIBJIsieTCs] BHYTpPeEeHHEeH TOYKOMA
cermenta [a, b]. Jokaxem, uto c<b. IIpeanosoxum, 4to 370 He TaK,
T. €. JONYCTHM, 4TO c¢=b. Bo3sbMeM /06YyI0 CXOUSAIIYIOCH K C¢=b BO3-
pacralollyio nocJefoBaTeJbHOCTb {X,} Touek cermenrta [a, b]. Tak
KaK BCE ee 3JEMEHTBl X, Jexar JeBee ¢, TO [(x,)<y Aja Bcex HoOMe-

poB n, a nostomy (B cuay teopemnl 3.13 ra. 3) u limf(x,) <y. Ho
TaK Kak GyHKuus f(x) HempepbiBHa B Touke ¢=b, To limf (x,) = f ().

Tem cambiM MBI moJyuyaeM HepaBeHcTBO B=f(b)<y, KOTOpO€ NPOTH-

BopeuuT ycaosuio y<f. IloayuenHoe npoTHBopeuue HOKAa3bIBAaeT, 4TO

c<b. : ‘ ,
CoBeplIeHHO aHAJIOTHYHO JOKasbiBaercs, yTo a<cC. :
Wrak, n0okasaHo, 4TO ¢ — BHYTPEeHHsisi TOUKa cermegra [a, b].
Tenepp aas Toro, 4ro6ul AOKa3ath, 4TO [(c) =y, PACCMOTPHM ABE
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cxoisfllHecs K ¢ C Pa3HBIX CTOPOH NOCJENOBATeJbHOCTH TOYEK CerMeH-
Ta [a, b] — BO3pACTAIOILYIO IIOCIEN0BATENBHOCTD {X,'} B YObIBaIOMYIO
NoCAEN0BaTeNbROCTh {X,”}. B cuay Toro, uro ¢dysxuus f(x) Henpe-
pHIBHA B TOUKE C,

lim f () = lim f (x) = (¢)-

C zapyro¥i CTOPOHBI, NOCKOJBKY X, <c<xn” mas awoboro uomepa n,
o f(x: )<y, [(x+”)>y (ans mwoboro nomepa n). Ho Toraa B cuay
teopeMsl 3.13 : : .

lim (xn) =F (c) < s Jirgi(xi)=f(6) >

T. €. f(¢) =¥.

HeobxoaumocTb nOKa3aHa.

2) Hocrarounocte. Ilycrs dyskuus f(x) Bospacraer Ha CerMeHTe
[a, b], m nycTh ar06G0Oe ymcaO y H3 cerMenTa [a, ] sBAferca 3Haue-
HueM 3Tofl ¢yHkuuu. JlokaxkeM, uto (yHKuus f(x) HenmpeprBHA Ha
cermente [a, b]. JlocTaTouHo RXOKa3aTh, uTO f(X) HENpEpHIBHA CpaBa
B J1060H TOUKe ¢, YAOBJIeTBOpAIOUIEH YCIOBHAM a<ic<b, U HemnpephB-
Ha cjeBa B Ji060H TOYKe ¢, YHOBJIETBOPSIOWIEH yCIOBHAM a<c<b.

Mbi  OrpaHHYHMCS J0OKa3aTeJbCTBOM  HENPEPHIBHOCTH CIIpaBa
B J060#t TOUKe ¢, YHOBJETBOPSAIOMEH ycloBUsSIM a<c<b, u6o BrOpad
YacTb YTBEPXKAEHHUS JOKA3bIBAETCA aHAJOTHYHO,

[IpeanmonoxuM, uro ¢yHkKuus f(x) He sBJAfeTCH HeNpephHIBHOM
cripaBa B HEKOTOPOM TOUKe €, YAOBJETBODPAIOIEH YCJHOBHAM a<ic<b.
Torma ee nmpaBbiit mpeneda f(c+0), KOTOpHM CyUIeCTBYeT COIVIACHO
JIOKa3aHHOH BhILE JieMMe, OyAeT OTJHYeH OT 3HaueHus [(c), u 1o-
3TOMY COpaBeAJIHBbIE B CHJY 3aMeUaHMsl K yKa3aHHOH JieMMe HepaBeH-
crBa (4.1) mpuMyT BHA

a=f(a)<f(c) <f(c+0)<F (%) <[ (0) =8 (4.2)
(mnst Bcex x M3 moJyuHTEpBasNa c<x<h).

Hepasencrsa (4.2") osnauwalor, 4To cojepxamuiica B [a, B] HH-
tepBan (f(c), f(c+0)) He comepxut smaveHu#t ¢pynkuuu f(x)*, a ato
HPOTUBOPEYHT TOMY, UTO JI060e uucyao y u3 cermenra [a, B] aBnsercs
3HaueHneM 31o# ¢Qyukuuu. Teopema 4.4 TONHOCTBIO JOKAa3aHa. |

Teopema 4.5. ITycro ¢ynxyus y=f(x) sospacraer (y6oieaer)
u Henpepviena Ha cezmente la, b], u nycre a=f(a), p=f(b). Toeda
Ha ceemente [a, B] (cooreercrsenno na ceemenre [P, a]) onpedese-
Ha obpatnas 041 y=[(x) pynkyua x=[-'(y), xoropas seo3pacraer
(y6bi8aeT) u HenpepulsHa HO YKA3AHHOM CeZMeHTe.

KpaTko MOXKHO CKa3aTh, 4TO M3 CTPOrOfi MOHOTOHHOCTH H HeIpe-
pbIBHOCTH Ha cerMeHTe ‘[a, b] HNaHHON (YHKUMH BHITEKAIOT CYIIECTBO-

* B camoM jfene, A9 X<C 3HadeHue f(x) ymoBJeTBOpsier HepaBeHCTBY f(x)<g
<f(c) (B cuny BospacrarHg QYHKIMH), a AJa X>>¢ 3HaueHHe f(X) .yAOBJETBOpHET
HepaseHctBy f{c+0)<f(x) (B cuny (4.2°)).
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BaHuWe, CTPOrasi MOHOTOHHOCTb H HEIPEPHIBHOCTb Ha COOTBETCTBYIOLLEM
cermenrte o6paTHOH QYHKLHH.

HoxkaszarteancTBO. IIpoBelileM Bce paccyxIeHHs HJs Bospac-
Talome#t QyHkuuu, H60 a5 yObBawomed (QYHKOHH OHH NPOBOJSATCH
aHaJIOTHYHO.

Tak xak f(x) Bospactaer H HenpepHBHa Ha cermeHre [a, b], To
B CHJIy HeOGXOZUMOCTH TeopeMbl 4.4 MHOMXECTBOM BCeX 3Ha4YeHHH 3TOH
¢oyukuuu siBasgerca cermenT [a, B]. Ho torma Teopema 4.3 oGecrneuu-
BaeT CyIIeCTBOBaHHE HAa S5TOM CerMeHTe Bo3pacTamlleli oO6paTHOM
¢ynrnur x=f"'(y). OcraeTcs HOKa3aTb HENPEPHIBHOCTb YKa3aHHOH
obpatHoit ¢yHKUHH Ha cermente [a, B]. [as srtoro JOCTAaTOUHO
yYeCTb, YTO MHOXKECTBOM BceX 3HayeHHH o6parTHOH QYHKUHH x=["!(y)
cayxur cerment [a, b], rme a=f"'(a), b=f"'(B), u Hcnoib30BaTh
aJ1si 3T0f o6paTHON (YHKUHH JOCTaTOYHOCTh TeopeMhbl 4.4. Jlokasa-
TEJbCTBO TeopeMH 4.5 3aBepleHO.

Sameuanue 2. Mox#HO nokasarsb, 4TO U3 CYuecT808aHUA 00-
patroid pynkyuu 0ra  pynkyuu f(x), Henpepeisnol Ha ceemenTe
[a, b], caedyer, uro f(x) cTpO20 MOHOTOHHA HG 3TOM CezMeHTE
(cM.'m. 2 § 6 HacTosMIeH rJ1aBHI).

§ 3. MPOCTEAUIHE 3JEMEHTAPHBIE ®YHKUHH

IlpocrefiiiHMH 3JeMEHTapPHBIMH (PYHKUHSMH, KaK yXe OTMedaJsoch,
'0OBIYHO HA3HIBAOT CJeAyloIIHe (QYHKHHH: y=x% y=a* y=logax,
y=sinx, y=cosx, y=tgx, y=ctgx, y=arcsinx, y=arccosx, y=
=arctg x, y=arcctg x.

Hamrefi ocHOBHOH HeJbI0 SIBJsIeTCS H3ydYeHHe Bolpoca o0 ompefe-
JIEHHH M HeIpephIBHOCTH NPOCTEHHIMX 3JieMeHTapHHIX ¢yHkuuii. Cie-
IyeT 3aMeTHTh, UTO BONPOC 06 ONpeleNeHHH NpPOCTEHIIMX 3JeMeH-
TapHblX QYHKUHH najneko He mpocT. Tak, Hanmpumep, mNOKasaTe/bHAas
GYHKUHA y=a* Jerko Moxer OHITb OmpelesieHa AJIS pallHOHAJbHBIX
3Ha4YeHHH apryMeHTa X, BMecTe ¢ TeM 3Ty GYHKIHIO CJAeLyeT onpeie-
JHUTb JJIs1 IPOM3BOJIbHBIX BEHIECTBEHHBIX 3HAYeHUH X, T. €. CIEeAYeT Ofl-
pe/leJIuTh BO3BefeHHE BellleCTBEHHOro YHCJIa B JIIOOYIO BEIleCTBEHHYIO
creneHb x. Jlanee, onpefejieHHe TPUI'OHOMETPHYECKHX (YHKIMH sin x
H COS X C NOMOILBIO HAIVISAHHIX T€OMETPHUYECKHX COOOpaxKeHHH HMMeeT
Joruueckuid npobes. Bo3MOXKHOCTD ONPENEJNHTb 3TH (QYHKIHH [AJA
BCcex BelIeCTBEHHBIX 3HAUYEHHH apryMeHTa X CBOJUTCH K BO3MOXKHOCTH
YCTaHOBJIEHHS] B3aHMHO OJHO3HAYHOTO COOTBETCTBHS MEXAY TOYKAMH
eIHHHYHOH OKPYXKHOCTH H BCEMH BELIECTBEHHBIMH YHCJIAMH IIOJycer-
menta [0, 2x). ;

Bcemu stEMH BONpOCaMH MHl H GyAieM 3aHMMAaTbCf B HACTOSLIEM
naparpade.

1. TMokasateabHas ¢yHkuus. HauneMm Halle paccMOTpeHHe ¢ ompe-
JleJIeHHs] pallMOHAJbHBIX CTeNeHel NOJOXHTENbHBIX umcea. Iduas Toro
4TOOBl BO3BECTH JI06OE BelleCTBEHHOE UHCJO X B LEJYIO NOJOMKHTEJb-
HYIO CTeNeHb n, CIeAYeT YMHOXKHTL TO YHCJIO X caMo Ha cebs n pas.
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CJefioBaTeNbHO, TIPH LEJAOM A MBI MOXEM CUHTaTb ONpeleseHHOH
CTENEHHYI0 (YHKUHIO y=Xx" HJs BCeX BCLICCTBEHHBIX 3HAUYCHHH X.
YcraHoBHM HEKOTOpPHE mpocTefiine cBOHCTBA 3TOH (YHKUHH.

Vreepxaenue l. Crenennas pynxyus y=x" npu x=0 u ye-
AOM NOAOHCUTEALHOM N 803DACTAET U HENpPepouleHa.

HdokasaTteabctBo. IlokaxeMm, uTo (YHKUHSA y=Xx" BO3pacra-
er. Ilycte 0<<x <xp. Torma xp"—x "= (Xo—x1) (x2" 1+ %272 X1+ ...
..tx1771). O6a COMHOXHTENd B NpaBOi 4acCTH, B COOTBETCTBHUH C BHI-
6OpOM 3HaUEHHH Xy H X|, MOJOXKHTENbHHL. [109TOMY NOJIOXKHTEJIbHA H
JieBasg 4acTb PaBEHCTBAa, T. €. Xy">x;", a TO O3HAYaeT BO3paCTaHHe
dyHRIHM y=x" npu x=0.

HenpeprisHocTs QyHKIMH y=x" B MI060H  TOuke 4 OECKOHEYHOH
npamofi (—oo, +00) O6bLIa ycraHoBJeHa B npuMepe 1 m. 1 § 1 nHac-
TosilleH ryiaBbl. YTBepxKIeHHe 1 goKa3saHo.

- Paccmorpum crenerdyio QyHKuuio y=x" Ha cermente [0, N], rze
N — n1060e nosnoxuresnbHoe yuca0. Tak Kak 3Ta GyHKUHSI HelpepplBHA
M BO3pacTaeT Ha yKa3aHHOM CerMeHTe, TO B CHJAy TeopeMbl 4.5 OHa
uMeer Ha cerMeHTe [0, N”] Bo3pacTramwuiyio H HeNpepHBHYI0 06paTHYIO
GYHKIHIO, KOTOPYIO MBI 0603HauuM uepe3 x=y'/?, [Tockonbky N mMoxK-
HO BbIOpaTbh KakK yrofHo 6oJbIIHM, TO H N” TakkKe MOXHO CHeJaTh
CKOJIb yroaHo GosibuM. CraepoBatenbno, GyHkuus x=y'/* onpenee-
Fa AJs BCeX HEOTPULATENbHBIX 3HaueHuil y. Meusigs mius atol ¢QyHK-
uuu obo3HayeHHe apryMeHTa y Ha X, a o0o3HayeHHe GYHKUMH X HA Y,
MBI MOJYYHM CTEeNeHHYI0 (QYHKIHIO y=x!/" onpeleseHHYIO AJsi BCEX
BellecTBeHHBIX X =0. .

Tenepb MBI B. COCTOSHHH ONpEREJHTH JIOGYI0 pallHOHAJBHYIO CTe-
IieHb 7 NOJIOXHTEJbHOro yneaa a. OnpejesnuM, npexiae Bcero, al/? xak
BellleCTBEHHOe YHMCJO b, paBHoe 3HaueHHIO GyHKUUH X!/" B TOUKe a.

m
Ila.nee, €CJIH r-—~7, rope m U n — 1HeJble TOJOXKHUTEJbHbIE = YHCJIa,

TO Mbl HOJJIOZKHM
' m

a’=a" = (a'mm.
KpOMe TOTrO, NNOJOXKUM 11O OHpeILeJIeHHIO

a’=1, a7’ = (_;-\)r npu r > 0.

\

Tem cambiM, MBI ONpeJeaHIH JIOGYI0 PALHOHANBHYIO CTENeHb MOJIOKH-
TeJbHOr0 BELEeCTBEHHOTO YHCJA 4.

BrIinosiHAOTCS  CJ€AyIOLlHe CBOHCTBA PAlHOHAJLHOH CTENEeHH MOo-
JIOXKHUTEJbHBIX BELECTBEHHBIX YHCEJ:

(a7)s=a"s, a"-b"=(a-b)’, a -as=arts. (%)

HokaxeM cHayaJla CIOPaBeJJHBOCTL NEPBOrO  CBOHCTBA ().
m

. =
3ameTHM, YTO IIPH LEJOM MOJOXKHTEJIBHOM p paBeHCTBO (a )" =
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m-p
=a", B KOTOPOM INOJ M H 71 NOHHMAIOTCA JIOOHE LeJbie NOJO-
XWTeJbHbIE YHCJIA, 33aBelOMO CIpaBefJHBO, w60 KaK JeBaf, TaK H
npaBas 4acTH 3TOTO PAaBEHCTBA PaBHBI NIPOH3BEJEHHIO 4YHCJIa al/»
camoro Ha cebst m-p pas.

m m

Monaras r=-—%-, s=-—>, IOKaXeM paBeHCTBO (a7)S=a"s
ny na

B CHTYauU¥H JIOGHX IMOJOXKHUTEJIbHHX palMOHAJbHHIX r K S. IloJo-
my m, my-My

®KuM = (a™™, cy=a™™. Ecim 66 ) 6HIO OTIHYHO OT Co,

TO M3 BO3pACTaHHUsi CTENEHHOH (YHKUHH y=x"* cJefoBajJo Oul, YTO
H C" 550" a MocJefHee COOTHOUIGHHE, B CHJIY yXKe JOKa3aHHON
: m m-p

cnpaBefIHBOCTH paBeHcTBa (a”)’=a " mnpu ueisom p, osHauano
T Tiyme '
651, yT0 (a™)™=s=2a ™ . TlosydeHHOE COOTHOUIEHHE NPOTHBOPEUHT
yXe MOKa3aHHOMY HaMM JJISi LeJbIX NOJOXHTeNbHBIX My, n; H Mg
y G
paBsenctBY (@™)=a ™ . Tem caMbIM ¢;=Cy, ¥ MepPBOE PABEHCTBO
(*) noxasaHo mjsi JMIOGHIX NOJIOKHTENbHBIX PAalHOHAJBHEIX 7 H S.
PacnpocrpaneHse 3TOro paBeHCTB2 Ha HENOJIOXKHTEJbHBIE 7 H S
He MpeACTaBJseT TPYAa B CHJY Halllefl KOrOBOPEHHOCTH O TOM, 4TO

a=1, a—r=-L npu r > 0.
ar

Bropoe paBeHCTBO (%) Takike AOCTATOYHO AOKA3aTh AJIS I OJIO-
KXHTeJbHOTO panuoHaabHoro r. [Ilomaras 3T0 r paBHBEIM
min, TAe M ¥ n — LeJble NOJOXKHTEJbHbIE YHCJIA, 3aMEeTHM, 4YTO
HaM JOCTATOYHO JA0Ka3aTb PaBeHCTBO al/?-bl/n=(a-b)V/" u6o mne-
pPeMHOXKEHHEM m TAKHX DaBeHCTB OyAeT JAOKa3aHO oO6liee COOTHO-
meHne a"-b"=(a-b)’. :

Jas npokasarenbcTBa paBeHcTBa al/*-bl/r=(a-b)Y/" 3ameruM,
YTO B CHJIy CBOHCTB B3aMMHO OOpaTHHX (QyHKuHH y=x!/" yu x=yn
MBH MOXeM yTBepxAarth, yro (b/*)r=b, (al/*)r=a, ((ab)V/r)n=
=ab. Iloatomy, noJIOKHB ¢y=al/"-bYn co=(ab)/" u npemnonaras,
YTO C154C, MEl NOJYYHJH GBI, 4TO €1"~Co", YTO NPOTHBOPEYHT pa-
BEHCTBY a-b=ab.

IokaxeM Tenepb nocjefHee CBOHCTBO (%), y4HTHIBAaf, 4YTO

m m
HepBhle XBa yxe AOKasaHu. Ilyerh r=-—%, s=—2, trorga r=
a1y

m ’ ny
_ Mmy-ny
= » 8= » H MBIl IIPHXOAMM K CJeAyIollleMy DaBeHCTBY:
Ny Ny-1y

1 ' 1 1

ar a8 = (anv n,)m,- n, 5 (anl- nz)mggn, — (anr ﬂz)mn-"ﬁ—mz'n,,.

(TTocaienHee paBeHCTBO CIpPaBeINBO, TAK KAK Myfy H My Ny —
LeJble yucaa.)
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Takum o6pasom,
my-Nytmy-ny my ms
a'-a‘ =a g — a"l A __ ar+3,
4yTO U TpebOoBaJOCh.
IIpu a>1 u payuonassrom r>0 cnpasedauso HepaseHCcTEO
a>1.
m
B camom pmene, nycts r=-— u @"=a™" 1. [lepemHoxas mnaqr
n

YJICHHO 7 YKa3aHHBIX HEPaBeHCTB, noayduM a™< 1. Ho sto HepaBeHcT-
BO NIPOTHBOPEYHT HEPABEHCTBY a™>> 1, NOJYYEHHOMY NOYWIEHHBIM Hepe-
MHOJXXEHHEM 1M HepaBeHCTB BHZa a> 1.
m
OTMeTHM TaKXKe, , UTO €CJH palHOHaNbHasi JpOOb r==-— HMeeT
: Q

HEUETHHIH 3HAMEHaTedb 71, TO OHpeJeJieHHe pANHOHAJbHOH CTeNeHH
MOXKHO DaclHpOCTpaHHUTb M Ha OTpULATeJbHBlE YHC/AA, MoJarasgs NpH
a>0, uto

(—a)"=a’, ecniu m ueTHoe,
(—a) ' =—a’", ecau m HeueTHoe,
Y6enumcss B TOM, UTO @ynkyus y=a* npu a>>1, onpedesennan

HAMU HQ MHOMCECTBE DAYUOHAAbHOIX 4HlUcesr, MOHOTOHHO 603pacraer
HA 3TOM MHOXMCecrse.

ﬂeﬁCTBHTe.ﬂbHO, nyCcTh 7y K r2 — JBa palAOHaJNIbHBIX YHCJa TAKHX,
4yto ry>ry. Torga

ar—ah =an(anri—1), (4.3)
Tlockonbky ro—ri>0 w a>1, T0 (B CHJIYy YCTAHOBJIEHHOrO BhIIIE)
a~">1. Takam obpasoM, npaBasi 4acTb paBeHcTBa (4.3) mouo-

xureabHa. CJenoBaTeNbHO,

ar—an >0, T. e. a= > an,
YTO H TPe6OBaJOCD.

OnpegnennM, HakoHell, GYHKIHIO y==a* He TOJBKO AJISl PALHOHAa/b-
HEIX 3HaYeHUi#l ¥, HO U AJNA JIOOHX BE€IMEeCTBEHHB X 3HAYe-
gau . Ilycte ¥ — NpOH3BOJIBHOE BEHIECTBEHHOE UHCIO. PaccMoTpum

BCEBO3MOXKHBIC pallMOHAJIbHBIC YHCNIA A H B, YAOBJIETBODAIOLIHE HEpa-
BEHCTBaAM

a<lx<B. (4.4)

Onpedeaum a* npu a>1 kax sewyecTéenHoOe 4ucA0 Y, yO0B8AETEOPALIO-
uiee HepaseHcTsam

< y<a® (4.5)

apL BCEBO3MONMCHBIX PAYUOHANBHOLX o u P, yoosaeTsOpAOWUY Hepa-
sencream (4.4).
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OxaspiBaercsi, 4TO TaKOE YHCJO y CyLIeCTBYeT M INPHTOM TOJBKO
onno. CaefoBaTeNbHO, TAKUM NyTeM (YHKUHSI y=a* GyleT OIpeiese-
Ha Ha MHOXECTBe BCEX BeleCTBEHHHIX X.

MBI nokaeM, 4TO 3Ta (YHKIHS BO3pacTaeT M HeNpepbiBHA Ha
BCell BellleCTBEHHOH npsiMoii. DTH pe3yJ/bTaThl COJepXKaTtcsd B AOKashi-
BaEMbIX HHMKE YTBEPXKACHHUSAX.

YTBepxpaeunue 2. [aa 21066lx PUKCUPOBAHHLIX BeULECTBEHHOLX
yucea x w a>1 u B8CeBO3MOICHOLY PAYUOHAAbHBIX 4ucer o U P, y0os-
aergoparouwux Hepasercrsam (4.4), cywecrsyer u npurom eOUHCTEEH-
Hoe seujecTéenHoe 4ucao Yy, yoosaersoparouee Hepasencrsaxs (4.5).

HokasateabcTBo. [loKaxkeM cHayajia CylecTBOBaHHE TaKOro
ypcna y. OHKcHpyeM IPOM3BOJLHOE pailHOHaJbHOE YHCJIO0 f, yAOBJeT-
BOpAIIOLIEe IIPAaBOMY HepaBeHCTBY (4.4), H PaCCMOTPHM BCEeBO3MOXKHEIE
palHoHa/ibHbIe YHCJIA @, YHAOBJIETBOPSIOIIHE JIEBOMY HEDaBeHCTBY
(4.4). Tak kak a<p H moKa3aTeJbHass (YHKUHsS, ONpeAcJeHHas Ha
MHOXKECTBE palHOHAJbHBIX uMces, Bospacraer, To a*<aP. Takum 06-
pasom, MHOXecTBO {a®} orpaHHYeHO CBepxy, H uHcJIo -a@® sBasercH
ONHOH H3 BePXHHX TIDaHe# 3T0ro MHOXKecTBa. M3 ocHOBHOMH
TeopeMH 2.1 clefyeT, YTO MHOXKeCTBO {a*} MMeeT TOUHYI0 BEpXHIOIO
rpaHb, KOTOpPYI0 MH 0603HaurMm uepe3 y. IlokaxkeMm, 4TO y yJAOBJIETBO-
psier nepaBeHcTBaM (4.5). M3 onpenesenuss BepXHeH TpDaHH BHITEKaeT
CIpaBeJJIMBOCTh JIEBOrO HepaBeHcTBa (4.5), a cnpaBedJMBOCTh Ipa-
BOro HepaBeHcrBa (4.5) BbIT€KaeT H3 TOro, 4ro a® — oXHa M3 Bepx-
HHX rpaHeil, a y — TOUHas BepXHss IPaHb MHOXKecTBa {a%}.

IlokaxeMm Tenepb, UTO TaKOe YHCJIO y TOJBKO oAHO. JlocTaTouHO
Jl0OKa3aTh, 4To IJsi Jwboro >0 HalgyTcs Takue palHOHaJbHbIE
YHCia ¢ H B, YAOBJETBOpsiloluMe HepaBeHCTBaM (4.4), MJst KOTOPHIX
af—a*<e. Torga mo6ble ABa 4HCJIA y; H Y2, YAOBIETBOPAIOLINE Hepa-
BeHcTBaM (4.5), 06si3aHEl COBNACTb, TaK KaK Pa3HOCTb MEXAY HUMH
IO MOAYJIO MeHbLIe JMI060ro Hanepes] 3afaHHoro gucnaa e>0.

®dukcupyeM IpPOH3BOJbHOE IOJOXHTEJbHOE YHCAO €& H HEKOTOpoe
palHOHAJIbHOE YHCJIO Po, ynoanemopmomee ApaBOMYy HepPaBeHCTBY
(4.4). Torpa tak xak a*<af, to

aP—a*=a*(aF*—1)<labo (a*—*—1).

HepaBencrBo af—a®*<e Gyaer AOKasaHO, €CJIH MBI YCTaHOBHM BO3-
MOXHOCTb Bb160pa B HepaBeHCTBax (4.4) TaKHX PalMOHAJBHHIX o H-f,

yro ab—*—1 < ﬁ
aO

B rai. 2 6b0 OKa3aHO, YTO Jst JIOGOr0 HAaTypasbHOTO i MOXKHO
BHIGpaTh paulHOHAJbHBIE YHCJIA ¢ H f§, VIOBJAETBOPSIOUINE HepaReHCT-
Bam (4.4), Tag, 4To pas3HocTb P—a Oyxer MeHbuwe 1/n. Takum o6pa-
30M, JOCTATOYHO [0KasaTh, YI0 CYLIECTBYeT TAaKOe HaTypaJbHOe 71,
4TO

atn —1<L

aBo
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Ilycrs al/7=146,. Tax xax a'/*>1, To 8, moJOXKHTEJIbHO. VcnoNb3YA
nepBble JBa uieHa O6uHoMa HbroToHa, MBI MOJYYHM, UTO

a=(aV/n)r=(1438,)">1+n-8,.

a—1 a—1

Ochna a—1>n-8q, T. €. 0« 5, < 3Hauur a'» —1 < -
n

Brifepem Temeph HaTypasibHOEe A YAOBJETBOPSIIOIIAM HEPABEHCTBY

— — .gPe —1
a1 <——-S— WM n >—(Cf—l)a— . Torpga  a'» —1<K = < ——8—,‘,
n aﬁo a aﬂo

& n
U JI0Ka3aTeJbCTBO OJHO3HAUHOK ONMpPeNeJIeHHOCTH YHc/a Y, YAOBJIETBO-
pamouero HepaseHcTBaM (4.5), 3aBepluieHo. YTBepXJeHHe 2 JOKa-
3aHO.

3aMeTuM, YTO €CJIH X — palHOHaJbHOE YHCIO H a* — 3HaYeHHe
B TOUKE X HOKas3aTelbHOH (YHKIMH, NMEepBOHAYAJbHO OlpeResIeHHOH
JIMIIb HAa MHOMKECTBE PAlHOHAJbHBIX UHCEJ, TO a* U SBJSETCH TeM
€IMHCTBEHHBIM YHCJOM Y, KOTOpOe VIOBJAETBOPSET HeDaBeHCTBaM
(4.5). '

YrBepxpenue 3. Ilokasaresvras ¢pynryus y=a* npu a>1
so3pacraer Ha eceil 6ecKoHeuHoll npamol.

JokazareabcrBo. Ilycth X1 U X — Ji00He IBa BelleCTBEH-
HEIX 9HCJIa Takue, uro x1<Xe. Bcerga CyIIeCTBYIOT paliHOHAJbHBIE
gucia ¢ " f Takue, yTo X;<a<P<xy (cM. gemmy 2 § 3 ru. 2). Tak
Kak x1<a u f<X3 TO HO ONPENeNEeHHIO NOKa3aTeJbHOH (PYHKIHH BH-
MoJIHeHB! HepaBeHCTBa a* < a%, ab < ax. C JAPYTO# CTOPOHBI, TakK
Kak a<f,, To H3 BO3paCTaHHs NOKa3aTeJbHOH (PYHKLUHH Ha MHOMKeECTBE
panHOHAJBHHIX YHCEN BbITeKaer a*<(af. ComocraBisisi HepaBeHCTBA
an<a% a*< a® u a® <a®™ u ucnonbays CBOHCTBO TPaH3UTHBHOC-
TH 3HaKOB > H =, IOJIyUHM, yTO a* <.a*, a 3TO W JOKa3blBaeT BO3-
pacranue GyHKUHU a*. YTBepXKAeHHe NOKa3aHO.

YrBepxkneuue 4. [lokasareavras ¢yuxkyus y=a* npu a>1 as6-
ASETCs Henpepouleroll Pynkyuell 8 1000l TOuKe BECKOHEYHOl nPaAMOL.

Hokaszarteabctpo. IlycTh x — DpOH3BOJBbHOE BELIECTBEHHOE
yucao, a {x,} — Jaiobas cCXoAdAMmasncs K x MOCaAeJoBaTebHOCTL. B cuiy
onpezesieHns HenpepelBHocTH no [efiHe mocraToyHo JoKazaTh, UTO

ans moboro >0 cymecTsyer takoit Homep N, uro |a'n—af| < e
1pu Bcex n>=N. DurcupyeMm npomu3BosabHoe £>0 M MO HEMy pauHoO-
HaJbHBIE YHCJIa @ H B Takue, yTo a<x<P H a*—a*<e. BosMoxkHOCTH
¢ukcHpoBaTth 1o JoboMmy £>0 Takpe panHOHaJbHEE YHCIA o H P
Obla ycraHosJeHa B yrBepxaeHuH 2. [lockoabKy mnocsenoBaTesb-
HOCTb {X.} CXOOHMTCH K x H a<<x<B, TO CymecTByer Takoil HOMep N,
4yro npu Bcex n=N cnpaBelJIMBH HepaBeHCTBa a<x,<p. Tak Kak mo-.
KaszaTejbHas (DYHKIHS MOHOTOHHO BospactaeT, To a < a* < ab, a* <

<L a™ < aP npu Bcex n>=N.

Taxkum o6pasom, oba uucnaa a™" ua* pu n2=N 3aK/TIOUeHB MeXK-
Iy ABYMSI WHCJIAMH a® M a°, pasHOCTh MeXAY KOTOPHIMH af—a* MeHb-
me e. Orciona cienyer, 4to npu n>=N CHpaBelJIHBO HEPaBEHCTBO
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la™n —a*| < &, kOTOpOe M NOKa3bLIBAET HENPEPHIBHOCTH NOKa3aTelb-

HOH (YHKUMH B NPOU3BOJBHOH TOUKE Xx. YTBepxkIeHue 4 J0Ka3aHO.
TlosyyuM Tenepb HEKOTOpBIE CJAECACTBHS H3 HOKa3aHHHIX CBOHCTB

nokasartesbHOH ¢yHKuMH. Ilpexxae Bcero samerum, uro ecan 0<a<l,

TO a=%, rae b>1. IToatomy ¢dyHkuuio y=a* npu 0<a<l MOXHO

OnpenesiuTh Kak (pyHKIUIO y%b“” npu b=L > 1.
a

CnenctBue 1. [lokasareasvnasn ¢yuxyus y=a* npu a>1 noao-
WuresbHa (npU 8CexX 3HAYERUAX X).

Ecin x — npoH3BOJbHAA TOYKA YHCJIOBOH OCH, a r — palMOHalb-
HOe YHCJIO TaKoe, uTo r< X, TO NO ONpeleJIeHHIO NOKa3aTeJbHOH (yHK-
UM HAa MHOXKeCTBe PAaHUOHAJbHEIX uuaces a’>0, a no yTBepKIeHHIO 3
a*>a" upu a>1. CaenoBatenbHo, a*>0.

Canencreue 2. Ilokasareavuas pynkyus y=a* npu a>1 yoos-
aersopsaer ycaosuam: lima®*=0, lima*= + oo.

n-»—ow X4} c0
B camom Jjene, Tak Kak a>1, o a=1+8§, rae §>0 u a"=
= (1406)">nd. CaemoBarensHo, lima®= +oco. B cuily MOHOTOH-

n—>w

HOCTH (QYHKUHH y=a* nojydaeM, uTOo H lima*= -} oo. Tak KaK
X+t

1 . i .
a"*=— 10 lima—"=0, u nostomy lima*=0.

an n—+w X+

CnencrBue 3. 3nHauenus Qyuxyuu y=a* npu a>1 3anosnawT
8CI0 NOAOKHCUTEAbHYIO noaynpamyio y>0. ‘

HeificrBuTenbHo, 10 cJAeACTBHIO 1 QYHKUHS y=a* npUHUMaeT
TOJIbKO IIOJIOXKHTEJbLHEIE 3HAUCHHSA, a MO CAEACTBHIO 2 OHa NPHHHMAaeT
KaK CKOJb YTOJAHO MaJibie, TaK H CKOJIb YFOAHO OOJIbILHE NOJOKHTEJbe
Boie 3HauyeHus. M3 HenpepHBHOCTH H CTPOrofi MOHOTOHHOCTH a* H H3
TeopeMHl 4.4 BBITEKaeT, 4TO JI060€e NOJOXKHTENBHOE YHCIO SBJSETCS
3HaueHueM (pyHKLIMH y=a*.

Canencreue 4. [Jaa a100blx BEWECTBEHHBIX HUCEA X| U X2
cnpasediusel COOTHOUWEHUS

(axn)xz =qg* %, ghbh = (a- b)’ﬁ’ a*i. q¥s = gxrt®s,

B camom Jmene, 3TH COOTHOWEHHs yXKe OLIIM YCTAHOBJEHH HAMH
IJIs1 PallMOHAJbHHX mnokasartenell. OTciofa BHTEKaeT CHPaBeIJHBOCTD
X H [J5 NPOU3BOJBHEIX BEIECTBEHHBIX NOKasaTeseH. Y 6efuMcs, Ha-
npuMep, B CHOPaBeJHBOCTH TNepBoro cootHomenus. Ilycrs {r',} ®
{r/’} — rmnocaeROBaTEJbHOCTH pauHOHaJIbHBIX YHCeJi, CXOAsliHecs co-

OTBETCTBEHHO K X; U X2 Torza (a ")"—a" n, Ilepexoas k& mpegeny
IPH n—00 M HCIOJb3Yys HENPEepHBHOCTh MOKA3aTeJbHOH (QYHKUMH,
noay4uMm (a%)%=0**. AHaJOrHYHO YCTAHABJAHBAIOTCA M OCTAJbHBIE
PAaBEHCTBA.

3aMeTHM Tenephb, 4YTO MBI (QAKTHUECKH H3YUHJIH u CBOIICTBA IOKa-
3aTeJbHOH (Qynkunu y=a* npu 0<a<l. ,Z[eHCTBnTeJIbHo, ee Hempe-
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PHIBHOCTB CJeJyeT M3 caMmoro ompeienennd. K3 ompeje/enus clienyer
TaK¥Xe, YTO 3Ta (YHKUHS MOHOTOHHO yObiBaeT Ha OGECKOHEYHOH Nps-
moit. Caeactsuda 1, 3, 4 Bepun u A ¢yskuun y=a* npu 0<a<l, a
cleicTBHE 2, OUeBHAHO, OyJeT BHIIIALETb TaK:

lima*= 4 o0, lima*=0,

Xr— X4

Ha puc. 4.1 u 4.2 n306paxensl rpaduKH NMOKasaTeNbHOH (QYHKUHK

y=a* ajs caydaeB a>1 n 0<a<l.

'S

X
0 P/
Puc. 4.1 Puc. 42

Bameuanune. [lokasaTeabHyio QyHKIMIO MOXHO ObLIO Obl Ompe-
JeNuTh Kak pelleHHe HEKOTOPOro (p)yHKUHOHAJbHOIO ypPaBHEHMS, YAOB-
JIeTBOPSIOIIee ONpefie/IeHHBIM YCAOBHSIM. MOXHO JI0Ka3aTh, YTO Cylle-
CTBYeT, H IIPHTOM eJMHCTBeHHas, (YHKUMS f(x), onpejeseHHas Ha
Bcell 6eCKOHEUHOH MpsIMOH M YJOBJETBOpSIOUlIas TPeM TPeGOBaHHAM:

1) nas mo6blX BEUIECTBEHHHIX X; H Xg BBIIOJHEHO COOTHOLIEHHE
f(xi+x2) =f(x1) - f(x2) 5

2) [(0)=1%, f(1)=a npu a>1;

3) ¢yuxuus f(x) nenpepeiBHa npu x=0.

Tako#i ¢yuxuuedl M ABJIgeTCH NOCTPOeHHast Bhe (yHKuUus [(x)=a*
npu a> 1.

2. Jlorapudmuueckas ¢yHkuus. JlorapudMuueckyio GyHKUHIO MH
onpelennM Kak o6paTHYIO K nokasartenabHofl. Ilycts [¢, d] — mpomns-
BOJILHBEIH cerMeHT GeckOHeuHOH npsaMoii. Ha stom cermenre ¢yHKuus
y=a* npu a>1 Bo3zpacraer u HenpepuBHA. [Io3TOMY B CHJIy TeopeMbl
4.5 dyuknus y=f(x) =a* nmeeT Ha cermeHTe [a‘, a?] Bo3pacrarouLyIO
H HenmpepwiBHYI0 obpaThHylo ¢yHkuuio x=f"'(y), KoTopas u HashBa-
eTcs JorapupMuUecKOon U o0o3HauaeTcs Tak:

x=[""(y) =logay.

3ameHsiss o603HaueHHe apryMeHTa y Ha X, a 0603HAYeHHEe DYHKUHH X
Ha y, 3anunieM ee B GoJiee IPUBLIYHOM HaM BHJE:

y=logax.

* MoxHno noxasaTh, 9To TpeGoBaune [(0)=1 spasieTcs cleACTBHEM OCTANBHHX.
TpeboBaHuil (M NOTOMY MOXKeT GHITh ONYIIEHO).
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Cayuait 0<a<1 paccMmarpuBaercss aHasnoruuHo. OTMeTHM cleay-
lomue cBoficTBa Jorapu@MHUIecKo# cpynmmn BBEITEKAIOIIHE H3 ee
OIpeJeNeHus:

1) JIoeapudmuuecrcan pynxyus onpedesena Oan 8cex NOAONHU-
TeAbHblx 3Ha4erull x. B caMoM gene, apryMeHT .norapnq)MquCKou
«pYHKOMH 1npefcTaBisier co0OH 3HAYEHHS TNOKasaTeJbHOH (YHKIMH,
KOTOpHI€, KaK MBI 3HaeM, TOJbKO IOJOXKHTENbHBE H 3alOJIHAIOT BCIO
Toaynpamywo x>0.

2) JIoaapuquuqecrcaﬂ pyuryua uenpepbteua u so3pacraer Ha
sceil noaynpamo x>0 npu a>1 u HenpepsisHa u y5bl3aeT Ha scell
noaynpamoii x>0 npu 0<a<<l, npuuem

limlog, x= —oo, limlog,x= + o0 npu a > 1,
x->0-+0 x—»—l—
lim log, x= 400, limlog,x= —o0 npu 0 {a < 1.
x-504-0 X~pf-0 :
‘CripaBeVINBOCTh 3THX CBOMCTB BLITEKAeT H3 CBOHCTB IOKasaTesbHOU

*(pYHKIHH.
3) Hasa 11066ix NOAOKHUTEABHBIX X1 U X2

loga(x1-x2) =loga x,+10ga %o

DT0 CBOHCTBOD TaK¥Ke BHITEKAeT H3 CBOHCTB IOKa3aTe/bHOH (DYHKIMH.
3ameuanue. Crenyer 0co60 BBAEJUTb JOTapHPMHUIECKYIO

. 14" .
pyHKIMIO y=log.x, Tle e——llm( + —) . Hna »>tofl QyHKIUHH

>0 \

MCnoab3yeTca o6o3HaveHne y=Inx. JlorapudMsl MO OCHOBAHHIO € Ha-
-3bIBAIOTCA HATypaJbHBIMH.

Y Y= ogax,an‘ y‘

oy

y=l0g,, Oca<l

Puc. 4.3 Puc. 4.4

Ha puc. 4.3 u 4.4 usoGpaxens rpaduku JorapupMuueckoit pyHx-
qiun y=1loga x nas cayuaes a>1 u 0<a<l.

3. Crenennas ¢yHkuusa. OIpesenuM Tenepb CTeNEHHYIO (QYHKUHIO
¢ JIO6LIM BELIECTBEHHEIM NOKAa3aTeneM ¢, 4Yepe3 CyNepHO3HIUIO Jora-
pHpMHUecKoii byHKuuH #H NMOKaszaTeabHOH. Ilyctb x>0- Toraa obmas
cTeneHHas (QYHKUHS ONpeJleNIgeTcs TaK:
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Y=x%= (aIOgax)a o aa-logax,

rge a — mofoe  (QUKCHPOBAHHOE UHCJIO, paiu ONpele/leHHOCTH
6O0abuiee €4 HHMUI B
M3 storo omnpeneseHHss U u3 TOro, 4yro InpH a>1 morapudmuue-
cKasi QyHKIHS BO3pacTaeT Ha Bcell moaynpamod x>0, a mokasaresb-
Hasg (QYHKIWS Bo3pacrtaeT HA Bcell GeCKOHEUHOI NpsIMOH, BHITEKaerT,
9T0 cTenennas Qyukyus y=x*=d"'%* gospacraer npu o>0 u
yboieaer npu <0 xHa noaynpamoti x>0.
CnpaBeJ iuBH cJefyloOlliHe CBOHCTBA:
1) Hdas crenenHod Qyuryuu B8b6LNOAHEHbL COOTHOULEHUSA:
"limx*=0 npu a >0, limx*= + oo npu a < 0.
x-0-+0 x-040
B camowm gmene, mycth {x,} — J106as cxoAsmascs K HYJIO CIpaBa
MOCJIEIOBATRILHOCT 3HAYEHHH apryMeHTa X.. Tak Kak limlog, x, =

n—oo .
=-—00, TO H3 CBOHCTB IIOKasaTeJbHOH (YHKUHH BBITEKdE€T, YTO
lima®'*®%a» =0 npu a>0 u lima® = 4 oo npu a<0. Io
n—w n-»©
onpenenenuo monoxuM 0¢=0 npu a>0 u Gyaer cUUTATb 3TO BRIpaxKe-
HHe HeompeaeJeHHbM IpH a<(.

2) Crenennas yuxkyus y-—=x*=a
TO4Ke X OTKpbLTOl nosynpamoti x>0.

310 cpa3dy Ke BBITEKaeT H3 TeOpeMbl 4.2 HENPEePBIBHOCTH CJIOXK-
HOH QYHKIHMH ¢ y4yeTOM TOrO, 4To PyHKUHA U=0a log,x HenpepbiB-
Ha B J060fi Touke x>0, a QyHKIHS y=a* HempepeiBHa B JI060M
TOUKe 4 GecKOHEeYHOH NpsSMOH.

3ameuanune. Eciu nokasareib o CTENEHHOH (QYHKUHH Npef-
cTaBsieT cO60 pamHOHAJIbHOE YHMCJIO Mfn, TAe n — HEUeTHOE LEJIoe
YHCJIO, TO CTENEHHYI0 (PYHKIHIO y=X* MOXHO ONpEeAeJNuTb Ha BCel
9YHUCJAO0OBOMH OcH, moaaras npu x<<0:

a-log,x

HenpepoieHa 8 KaxcOok

o
y=|x|* eciu = — M M YeTHOR,

m
y=—|x|* ecim o.=-— M m HEeYeTHOe.
n

Ha puc. 4.5—4.7 uzo6paxens rpapuku CTENEHHOH (YHKUUH y=x*
AJIs pa3JIMUHBIX 3HAUYCHUH q.

4. TpuronomeTpuyeckue GyHKuMu. Mul yxe uMeeMm npeicTaBieHue
O TPHrOHOMETPHYECKHX (YHKUHAX y=sinx U y=cosx U (PYyHKUHUSX,
- sin x COs x

, y=clgx= ,

KOTOpHIE Yepe3 HUX BHIPa)aiorcest, y=1gx = -
s x

1
y=secx= , Y =COSeC X = —
Cos x sinx .
Bo BBenenun k stomy nmaparpady bl yke FOBOPHJH O JIOTMUECKHX
npobenax, BOSHMKAIOWIMX INPH ONpeleJeHHH OYHKIuK y=sinx n
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Y
4
0 ) oo
z
- — - y/ +i
0 . 2/0 v y:.zfa:Z%;}
§=2 o5y o> ] ' T
2K+ x>]

Pue. 4.7

Y=cOSX ¢ TOMOLIbI0 HATJSAHBIX TeOMETPHUECKHX coobpaxkenui. Jlo-
ruyecky Ges3ynpeuno 5TH (YHKIHH MOXKHO ONpeNeJHTh KaK pelleHHe
HEKOTOPO# CHCTeMHBl (YHKUHOHAJbHHX ypaBHeHHiH. ToyHee, MOXKHO HO-
Ka3aTh CJAEAYIOLlee YTBEPKACHHE: CYUeCcT8YeT U nPUTOM eQUHCTEeHRAR
napa gyukyuil f(x) u g(x), onpederennoix 0asl 8Cex 6eujeCTBEHHBIX
BHAUEHUL AP2YMEHTA X U YOOBALTBOPAIOUWUX YCAOBUAM:

1) flxi+xe) =F(x1) g(x2) +F(x2) -g(x1),

g(x1+x2) =g (%1)-g(x2)—f (1) -g(x2), [ (x)+g*(x)=1;

2) [0=0, g@=1, f(F)=1 &[F)=0:

3) ecnu0<x<-2£, 7‘00<f(x)<x<—g(—(“2—;—- ‘ (4.6)

(%)

g(x) .
TanpHEIX CHOPMYJHPOBAHHHX 3AeCh YCJIOBHA (cM. mo 3ToMy mNOBOAY ykasHBaeMoe
HHXKe AonoJHeHHe K kHure B. A. Masuna u 3. T. [TosHaka).

4
* CnpaBe//IHBOCTb HEPaBEHCTBA X < . 0<<x<< > caelyeT H3 ocC-
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ITepByio B3 stux QyHKUM#EA Ha30BeM CHHYycOM M 0603HauUM
cHMBOJIOM f(x)=sin X, BTOpyi0 HA30BeM KOCHHYCOM H 0603HAUUM
CHMBOJIOM g(X)=COS X.

JloKa3aTe/ibCTBO NPHBEZEHHOTO YTBEPXKAEHHS MOXKHO HaliTH B ZO-
nosHeHuH K rit. 4 kuuru B. A. WUnbuna u 3. I, Ilosuaka «OcHOBH
MaremMaTHyeckoro asajnusa», 1 (M., Hayka, 1982).

HerpyaHo mokasath, 4To H3 cBOHCTB 1), 2) W 3) MOXKHO H3BJEuUb
B BHIe CJEACTBHH Bce JIpyrue CBOACTBAa (yHKUMH y=sinx g
Y=cos X, H3BECTHBIE YHTATENI0 M3 INKOJbHHIX YUeGHHKOB W yCTaHaB-
JuBaeMble B CpPefHeH INKOJe M3 HaIIsIAHBIX eOMETPHUECKHX coobpa-
xeHu#. BrpoueMm, 3T0T (paKT cpasy BHITEKAaeT H3 TOro, YTO CBOHCTBA
1), 2) wu 3) onpemensiloT - €e TMHCTBEHHYIO napy QyHKIui
f(x) n g(x) u uro BBeJeHHEIe B cpelHeHl WIKOJe W3 HAIJSIAHBIX Treo-
MeTpHYECKHX coobpaxennii ¢ynknun f(x)=sinx u g(x)=cosx
STHMH TpeMs CBOACTBaMHU 06J1afaoT.

B kadecTBe mpmMmepa yCTaHOBHM C HmOMoWIbl0 cBoiicTs 1), 2), 3)
HEKOTOphle CBOMCTBA QYHKIHH y=sinx M y=cCOSX, KOTOpPHE NOHAaAO-
6s71Cc HAM NpPH A0KAa3aTelbCTBE HENDPEPBIBHOCTH 3THX (YHKUMH H AJ8
OTBICKAHHSI YYaCTKOB MX MOHOTOHHOCTH. .

a) U3 tpernero coorHomenus 1), uMetoumiero BHA sin®x-+cos?x=1,
cpasy e BhTeKaer, uto sinx<1 n cos?x<]1, 1. e.

|sinx|<1, |cosx|<l. (4.7)
6) Jlanee, ¢ NOMOIIBbIO NMEPBHIX ABYX COOTHOLIEHHH 1) M MepBRIX
JBYX PaBEHCTB 2) MK IOJIYYHM, YTO
sin 0=sin[x+ (—x)] =sin x-cos(—x) +cos x-sin(—x) =0,
cos 0=cos[x+ (—x) ] =cos x-cos (—x)—sin x-sin(—x) =1.
[ToamydyeHHble nBa paBeHCTBA NPEACTaBJASAIOT cOGON cuCTEMY OBYX
YPaBHEHHH OTHOCHTEJIbHO ABYX HEH3BeCTHHIX cos(—x) H sin(—x). Pe-
masg 3Ty CHCTeMy H YUHTHIBag, 4T0 sin?x+cos?x=1, Mbl HOMyuHuM,

4TO
cos(—x)=cosx, sin(—x)= —sinzx, (4.8)

T. €. COSXx NpejcTaBiser co6oi ueTHyl0 (yHKHHIO, a sinx — Heuer-
Hyl0 (QYHKIHIO *.
B) M3 coorHomenu# 1), B CBOIO Ouepesnb, BHITEKAIOT PABEHCTBA
sin (x1—xg) =sin[x; + (—x,) | =sin x;-cos (—xz) +
4 €0s X1 - sin (—x3) =sin x, - oS Xo—c0s X, - sin xg,
(4.9)
cos (¥1—x2) =cos[x1+ (—xp) ] =cos x;-cos (—xz) —

—sin x; - sin(—xz) =c0s X -€0s xz+sin x; - sin xo.

* QyHROMS @(X), ONpefeNenHast AJs BCeX BEUIECTBEHHEIX 3HAYeHHiI X, HA3H-
Baerca ueTHOH, ecsm @(—x)=¢@(x) (ana JMo6OTO 3HAUEHHS X), M HEUYETHOH, eCaH
@(—x)= —@(x) (Taxxe A3 moGOro sHaUeHHS X). :
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r) W3 mepBoro cooTHoweHus 1) u mepBoro cooTHoumeHus (4.9}
Mbl TIOJIYUHM, UYTO

sin x, = sin ( x2—l2—x1 + ngxl) =
Ay

. X X; Xo — X; . Xg — X; X X-
= sin 2_*2—1-cos 271 4 sin 22— .cos 242_ L,

sin x, = sin ( a:Junk W xz*x‘) =
! 2 2

Cosin et g TR g T oq T2t
2 2 2 2

CKJIHIII)IBaH H BbIUMTAadA IMOJYYECHHbIE JABa pPaBEHCTBAa, Mbl NpUAEM K
COOTHOIUEHHAM

sin x, + sin x, = 2sin x2—21-x1 .cos xz;xl}
(4.10)
sin x, — sin x, = 2cos 2t A sin ;’xl

n) JHanee, u3 nepsoro cooTHoweHusi (4.9) W U3 NOCAEAHHX IBYX
PaBEHCTB 2) NOJAYYHM, YTO

b A Fi s R
sin (7 —x) = sin—-cos x —cos %’smx:cos X,

cos x = sin (—2-“ x) . | (4.11)

e) Ybeaumcs, HakOHel, B NMEPHOLUYHOCTH (YHKUMI f(x)—smx 7}
g(x)=cosx ¢ nepuosom 2;. M3 nepBhiX ABYX cOOTHOWEeHHH 1) npu
X=Xy =Xp NOJNYYHM, YTO

sin 2x=2sinx-cosx, cos2x=cos?x—sin’x. (4.12)
s JT ST
Y4YuTHIBasA, YTO B CHJY PaBEHCTB 2) snl?:l, cos—2—=0, MBI - TIO-

o b1 .
JY4HUM U3 cooTHomieHu# (4.12) npu x:;, 410 sinn=0, cosm=

= —1, a U3 NOC/EAHUX IBYX PABEHCTB H H3 COOTHOWeEHu# (4.12) mpm
X=g NMONY4HM, UTo sin 2n=0, cos 2x=1.

Hcnosnbsyss moc/ieanue ABa PaBeHCTBA, Mbl NOJIYYHM U3 MEPBHIX
ABYX COOTHOIUeHHE 1), 4TO

sin(x-+2mx) =sin x-cos 2m+sin 2r-cos x=sin x,
cos (x+2x) =cos x-cos 2x—sin x-sin 2 =cos x,
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2 3TO W O3Havaer MNEPHOJHYHOCTD (YHKUHE Sinx U COSX C NepHo-
Jom 2%,

X) B 3ak/oueHHe HECKObKO YCHJIHM HePaBEHCTBA, COAEprKallne-
¢ B cBOHcTBe 3). MBI yCTaHOBHM, YTO JUJISl BCEX BEIIECTBEHHBIX X
CIpaBeJJINBO CJEAyollee HECKOJBKO 00liee HEpaBEHCTBO:

|sin x| < |x]|. (4.13)

Ipu 0<x<—;— COOTHOILIEHHE (4.13) canenmyer u3 HepaBeHCTS,

CofilepXalluxcs B cBoicTse 3).
k14 - .
Ilpu - < x<0, B cmIy CcOOTHOIIEHHS sin(—x)= —sinx,

"HepaBeHCTBO (4.13) caexyer H3 CJeAYIOUMX HEpaBEHCTB:
0 < sin(—x) <-—x npu ———g-<x< 0,

a 3THM NOCJeJHHe HepaBeHCTBA CIpaBeJJIHBH BCJAEACTBHE TOrO, 4TO
14 . :
{—x) JexuT B HHTEpBaJe (0, -2—> ITpu x=0 sinx=x.

Ilpu —g—\<!x| HMeeM fsiux|\<1<%\<lx], T. e. |sinx|<

<|x]|.

[TepefineM K ycTaHOBJIEHHIO ABYX OCHOBHBIX CBOHCTB  (GYHKIHA
J(x)=sinx u g(x) COS X.

1°. Dynkyuu sin x u cos x Henpepolerol 8 KaxJol Touke x Oecko-
Heurnot npamol. .

HoxasarteabcTBo. JlOCTATOUHO yCTAHOBHTbL HeNPEPHIBHOCTH
B KaxJoH Touke X TOJNbKO (yHKUHH f(x)=sin X, 160 HenpeprIBHOCTb B
KaXJOH Touke X (YHKUHH g(X)=cos x OyAeT mpH 3TOM BBHITEKATb U3
«cootHoenus (4.11) u Teopemnl 4.2.

CHayana jpoxkaxeM, 4YTO (YHKUHS Sinx HempepnlBHA B TOUKe
x=0. Tak kak B cujay nepsoro paseHcTBa 2) sin0=0, t0o B cuay
OmpefeeHnss HelpephBHOCTH Mo [efiHe AOCTATOYHO J0Ka3aTh, 4YTO
JJist 1060 GecKOHewHO MaJsofl MocJeJOBaTeNbHOCTH {X,} NocjenoBa-
TeNBHOCTh 3HaueHH# GYHKUHE {sin Xx,} TakXke gBjsieTcs OECKOHEUHO
MaJoii. '

W3 nepaBeHctBa (4.13) m u3 ycioBHs |sinx]|>0 BhTeKaer, 4TO
JJIsT BCEX X

<|sinx|<|x]|. (4.13)
Cre10BaTeNbHO,
< |sinxu| < | xn].

Tlociiepnne HepaBeHCTBA B CHJIY TPHMHIMNA IBYCTOPOHHErO OrpaHH-
yeHdss (cM. TeopeMmy 3.14 ra. 3) 03HauyawT, 4YTO MOCJAENOBATEJBHOCTh

* OyHKOHA (X}, OMpeAeNeHHAs JJis BCEX BELIECTBEHHHX X, HA3HIBAETCS NEPHO-
Auueckoit ¢ nepuojoM T, ecau ¢(x+T) =g (x) nna scex x.
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{|sinx.|}, a 3nauuT, U MocJenoBaTeJbHOCTh {sin x,} sBJsercs Gecko-
HeyHO MaJofi. HenpeprlBHOCTh ¢yHKIHH sinx B Touke x={0 moxasaHna.
JlokaxkeM Tenepb, YTO (QYHKIHS Sifi X HENpPepHIBHA B JIO00H TOUKe
x Geckoneuno#i mnpamo#. Ilycts {¥,} — npousBoJbHas mnocJexOBa-
TEJBHOCTD, CXOAsANmiasicad K x. JocTaToyHO J0Ka3aTh, YTO COOTBETCTBY-
I01Iasi NOCJeN0BaTeNbHOCTD {Sin x,} cXomuTcH X sin x.
Bocnonbayemcsi BropuiM coorHOoueHHeM (4.10), nojloxXuB B HeM
Xo=1Xpn, x,=x. Ilonyunm
sin x,—sin x = 2co08 It X g In—X (4.149)
2 2
Jocratouno AOKa3aTh, 4T0 B NpaBoli yact# (4.14) CTOMT aJeMeHT
6eCKOHeUYHO MaJIOH HOC/eJ0BAaTeNIBHOCTH, HO 3TO CPa3y BLITEKAeT H3

Xn— X
TOrO, UTO IOCJEJ0BATENBHOCTD {sln ”2 } B CHJY yXe JOKa3aH-

HOfi HEHPEPEIBHOCTH CHHYca B HyJe, sBJIseTcs GEcKOHeYHo MaJiofi, &
X X
T0CJIe J0BATEIbHOCTD {2cos L;_——} B CHJY BTOPOTO HepaBeHCTBa

(4.7) sBnsieTcs OrpaHHYEHHOIM.
2°. dynrxyus sin x soapacraer Ha /caaicaom U3 ceeMenTos [2kn——

— L, %+ —;—} u ybovieaer Ha Ka#OoOM U3 CE2MEHTOB [(2k+ )rn—

Ck+ a4+ %] ; pynkyus cos x yboieaer Ha KaKooOM u3

ceemenros [2kRn, 2kn+n] u eospacraer Ha KaxcOOM U3 CeeMeHTO8
[2kn—m, 2kn] (30eco scrody k — atoboe yenroe aucao, 1. e. k=0,
+1, £2,. '

JoxaszarteabcTBO. Bce paccyxaenus DOCTAaTOYHO NPOBECTH
Ast QYHKOME sin x, KGO NOCJe HAXOXAECHHS BCEX yYaCTKOB MOHOTOH-
HOCTH (PYHKIHH Sin X yYyacTKM MOHOTOHHOCTH (PYHKIHH COSX MOryT
6HTH MOJAYYEHHl, HCXOAs H3 paBeHcTBa (4.11).

Jlasee, moCKOJBKY sinx — nepuojuyeckas GyHKIUSA C IEPHOAOM .
27, TO DOCTATOYHO HAWTH YYacTKH €€ MOHOTOHHOCTH, JIeXaHlHe B

npenpenax OLHOro mepuona, T. €., HaIlpUMep, AJ4 3HauYeHU#H apryMeHra

U3 cerMenta | — —-, 25—~
2’ 2

Jlokaxen cHauajfa, 9ro (yHKUMS sinx BO3pacTaeT Ha CcerMeHTe
[O, -g—] Ilycts %1 B X — mo6Ble ABa YHCJIA H3 3TOr0  CEerMeHTa
X+ %1 " Xg— X3

2 2
NpHHAAJEeXaT HHTEPBAJdY (O, —g—) npuueM B CHJIy BTOPOTO paBeH-

ctBa (4.10)

TakKde, 4TO Xy >X;. lorjga, OYEBHAHO, UHCIa

sin x,—sin x, — 2 €08 "2;”1 sin 22— (4.15)
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HoctatouHo AoKasaTh, yTo B MpaBoil dacTH (4.15) CTOUT MOJOXKH-
TeJbHOE YHCJO, 4 AJsS 3TOTO AOCTATOUHO yOeAMThCs B TOM, 4YTO AJA

o 3N .
Bcex 3HAUEHHH apryMeHTa H3 HHTepBaja (0, T) ¢byuruun sin x

H COS X MPHHHMAIOT TOJIBKO IIOJIOKHTENbHble 3HaueHus. Ias ¢yHKuH
f(x) =sin x ato BhITEKaeT u3 cBoiicTBa 3), a AJMA (QYHKUHH COS X
caexyer u3s paBeHcrsa (4.11). ,

Wrak, nokasano, uTO (QyHKUMsA sinx Bo3pacTaer Ha cerMeHTe

T .
0, <1 W3 HeyetHocT# GYHKUMH Sin X, T. €. H3 BTOPOrO COOTHO-

wenns (4.8), B TakKOM cayuae cjenyer, 4yTo (PyHKUHs Sin x BO3pacTaer
11
H Ha CerMeHte — 0

Tem caMbIM Z0Ka3aHO, YTO QYHKUHSA Sin ¥ BO3PACTAET HA CerMEHTe

k14 14 .
[_T’ —{] Ocraercsl HCCJAEXOBATH MOBeAeHHe (YHKNHH sin x

Ha cerMeHTe [—g-, :rc-i——;—]- B nynkre e€) MBI yOeIUJHCh B TOM,
yro sin w=0, cos m= —1, a U3 3THX PABEHCTB H H3 IIEPBOTO COOTHO-
weHust 1) BBITEKaeT, 4TO
sin(x+ ) =sin x-cos x+cos x-sin w= —sin x.
[MosyueHHnoe COOTHOIIEHHE NO3BOJSIET 3aKJ/IOUHTh, YTO H3 YCTAHOBJIEH-
k14 14

HOrO HaMM BO3pacTaHHMs (YHKIMH sifnl X Ha CerMeHTe - —2—]

o 14 ki
BhITeKaeT yOblBaHUe 3TOH (PYHKUHH HA CErMEeHTe [—2-, -+ ?]

MsyueHHe y4acTKOB MOHOTOHHOCTH (YHKIHH Sinx H COSX MOA-
HOCTBIO 3aBepLIeHO.

o sinx cos X
B cuny npexcraBieHHH tgx= ,clgx=—"—-— u B cuay
: COoS X sin x

TeopeMbl 4.1 pus caydast dyacTHoro (yHKIMs tg x HenpepbiBHA B J1i060H
TOUKe X #= —;——I—kn, a ¢yukuus ctg x HempepeiBHA B MI000H TOUKe

xstkn. TloJb3ysich COOTHOIIEHUSIMH sin (x+m)=-—sinx, cos (x+mx) =

. sinx
= —CO0S ¥, MH NOJAy4HM, uyrT0o {g(x -+ n) = ——=1g X H aHAJOTHUHO

Cos x
ctg (¥ +n)=ctgx. D10 o3nauaer, uto tgx u ctg x A8as07CE nepuodu-
deckumu QyrKyuamu ¢ nepuodom m. SHAUAT, AOCTATOUHO NPOU3BECTH
HCC/IeOBaHHE YYaCTKOB MOHOTOHHOCTH 3THX (QYHKUHH TOJbKO B Hpe-
Jenax uHTepBasa AJHHH ;. K3 paBencrsa

tgxz—tgx1= sin x, _ sinx _ sin (x3 — %) (4.16)

COs X; COS X COS Xy COS X
2 1 2 1

H M3 TOTO, YTO Sifl X NMPHHMMAET TOJbKO MNOJIOXHTEbHBE 3HAYEHHS Ha
uHtepBase (0, m), a cosSx NPUHHMAET TOJBLKO NOJOXKHTEJbHBIE 3HAUE-
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n 19
HHA Ha HHTepBaJje <—_——2—, —2—> BHITEKaeT, yro (QyHKUMAa tgx
x on ‘
BO3pacTaeT Ha HHTepBaJje (——5—, 7) (Ot mw06bHX X B X2
gs ka4 o
U3 MHTepBaJjga (——2—, —) TaKHX, 4TO Xo>>X|, B NpaBOH HacTm

(4.16) Gyzmer CTOSTH NMOJOXKHUTEIbHAA BeJHUHHA.)
AnanornuHo ycraHaBauBaercs, yto ¢yHKRuus ctg x y6niBaer Ha

uarepsane (0, 5).
Mbl He ocTaHaBJaWBaeMCS Ha H3yueHHH OQYHKIHH secx=

1
sinx
I'padukn BCeX TPUTOHOMETpPHYECKHX (YHKIHHH H306pakeHbl Ha
puc. 4.8—4.13.

COos X

.

H Cosecx =

~_ 7 ﬂ,-;’y

y=sinx y s &

Puc. 4.8 Puc. 4.9

I I ! ]

{ | | |

] 1 | |

| 1 | |

| ! | |

I | ] ]

] | ' | !

/. | |
e NG

2 | - 5 > |

! 2 b2z Z\ |

! | |

! i I ]

| i ! |

| { ‘ {

| | ! |

) i ! '
Puc. 4.10 Puc. 4.11

5. O6paTtHble TpuroHoMeTpHueckHe ¢yHkuun. OCTaHOBHMCS Ha
BONPOCAX OTpeJesieHHs] H CBOMCTBAX HENPePHIBHOCTH H MOHOTOHHOCTH
0oOpaTHBIX TPHTOHOMETPHUECKHX (PYHKIHH.
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c y=sec & ‘ y=coséc x
Puc. 4.12 Puc. 4.13

Ina onpenenenuss QyHKUMH y=arcsinx paccCMOTPUM  (YHKIHIO

. 1 I
Y=sin x Ha CEerMeHTe [—T' 7] CorsacHo 1. 4 Ha 3TOM cer-

‘MeHTe (YyHKUHSI y=sinx MOHOTOHHO BO3pacTaeT M HenpepbiBHa. MHo-
JKecTBO ee 3HayeHHH ecThb cerMenT [—I1, 1]. B cuay teopemnl 4.5 Ha
cermente [—1, 1] cymecTByer  HenpeprBHasi BospacTaiomas obpar-

T
Has d")YHKHI/IH, NpHHHUMAKUIAag 3HAYEHHE ——2-— B Touke —1 H 3Haue-

. :
HHE -~ B rouke 1. Dty ¢GyHKUHIO 00603HAYAIOT CHMBOJOM X=

=arc sin y uau, meHsis o603HAUYeHHe aprymeHTa y Ha X u obo3Haue-
HUe X IJsd (QyHKUHMH Ha y, CUMBOJOM y=arc sin x. TouHO Tak ke ofl-
peneasiercst Ha cermedtre [—1, 1] ¢yHKIHA y=arccosx, .ob6parHas
0 OTHOLIEHHI0 K (YHKUHH X=COSyYy, yObBaloliell H HeNnpepbIBHOH Ha
cermenTe 0<y<m.

OyHKIUA y=arccos x YyObBAeT W HeOpephiBHA HA CerMeHTe
[—1, +1] u npuuumaer B Toukax x=—1 u x=-+1 3Hadyenus, coor-
BETCTBEHHO paBHbie m U 0.

Oynxuuu y=arctg x u y=arcctg x onpenensiiorcsi KaK ob6paTHbIE
IUI TaHreHca U KOTaHreHCa, paccMaTpHBaeMBIX Ha HHTepBaJjax

(-———g—, —;—) # (0, m). dtu (yHKUUM ONpefesNeHBl H MOHOTOHHBHI
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- ———

LS

R ) S ——.

—_——————{

/4

She———— e

y=arcsin z

Ny

o) 4

Puc. 4.14 Puc. 4.15

h =
y=artg z < y=arcctg

Puc. 4.16 Puc. 4.17

Ha Bce#i OeckoHeuHofl mpsmoit. Ha puc. 4.14—4.17 uzo6paxeHsl rpa-
"¢uKH 06paTHBHIX TPHTOHOMETPHUECKHX (YHKIMH.

X e . eX— %
2 2
Ha3bIBAIOTCS COOTBETCTBEHHO FHNepOGOJTHUECCKHM KOCHHYCOM
HrunepboOJHYECKHUM CHHYCOM H 0003HAYAIOTCA CHMBOJA-

MH ch x u shx:

6. 'unepGoauyeckue dyuxkuun. OyHKIHH

I'unep6osuuecKuil TaHT€HC H THNEPOOJHUECKHH KOTAaHreHC Ompeseds-
IOTCSI COOTBETCTBEHHO (OpMyJIaMu

thy— Shx _e—e" x _ere
chx e* | e¥ shx ef—e™*

s onpenenenus runepGosnveckux ¢yHKumii cjieayer, -ato rumep6o-
JHYECKUH KOCHHyC, TunepOOJIMUeCKHHA CHHYC M THnepOOJIHYeCKHi TaH-
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reHc 3aJlaHel Ha Bcell YHCJIOBOH OCH, a THmepOOJHYeCKHH KOTaHIeHC
onpefiesieH Bciofy Ha UYHMCJAOBOM OCH, 32 HCKJIKUeHHeM ToukH x=0.
Ha puc. 4.18—4.21 n3o6paxeHn rpadury 3THX QYHKUHH,

¥4 _”x

0 -
, z
7
o ‘ z : ' y=5hz
Puc. 4.18 Puc. 4.19
91
1 TNS—
—————
v 0 __~
e e .
0 y=cthx
z
B R =T
Puc. 4.20 Puc. 4.21

TunepGosinueckye (GYHKUHH HenpepHIBHL B KaxJo# Touke obiac-
TH HX 33flaHHsl (3TO CJEAyeT H3 HENPePBIBHOCTH MNOKAa3aTeJbHOH
yHKUHE U TeopeMH 4.1).

F'unepGonuueckue (GYHKIHH 00nafgaloT pAJOM CBOHCTB, aHAJOTHY-
HBIX CBOMCTBAM TPHIOHOMETPHUYeCKHX (yHKuui. Hanpumep, nias ru-
nepGonuueckux (GYyHKIHH HMEIOT MECTO TeOPEMBI. CJIOXKEHHs, aHaJso-
THYHBIE TeOpeMaM CJIOXKEeHHS JJsf TPHIOHOMETPHUECKHX (DYyHKUHH:

sh(x+y)=shx-chy+chx-shy,
ch(x+y)=chx-chy+shx-shy.

HenocpenicTBeHHO Takxke npoBepsioress (Gopmysn sh 2x=2shx-chx,
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ch? x—sh? x=1. Dnuter Xe «runep6OIHYECKU» CBsI3aH ¢ TeM 06CTOA-
TeAbCTBOM, UTO paBeHCTBA x=a-chf, y=a-sh{ sanaor runepboay,
mojo0HO TOMY, KaK paBeHCTBA Xx=a-cosf, y=a-sinf 3anawoT . oK-
PyXHOCTb. JleHCTBHTENHHO, B I€PBOM CJaydae MH, OUEBHAHO, HMeeM
x?>—y?=a? rT. e. ypaBHeHue THUNepGOJB, a BO BTOpoM x2+y?=a? —
YPaBHEHHE OKPYKHOCTH.

§ 4. IBA 3AMEYATEJbHBIX NMPEAENA

1. Hepeblii 3amMevareabnblii npegen. I[Ipexae Bcero JOKaxKeM cle-
AYOWyI0 TeopeMy, NpecTaB/sfomy co00fl QYHKIHOHANBHBIA aHaJor
TeopeMHl 3.14.

Teopema 46 (PyHKUMOHAJAbHHH aHAJOr NpHHIHU-
ma ABYCTOPOHHero orpanuuenus). Ilycte 8 HekoTOpOU
npoxoAoTOl d-0KpecTHOCTY Touku a* zadansl Tpu pynxyuu f(x), h(x)
u g(x), dse ua xoropeix f(x) u g(x) umeror 8 To4xke a obwuil npe-
des, pashuui b. Tozda ecau 8cr0dy 8 YKa3aHHOU NPOKOAOTOU O-0K-
PECTHOCTU TOYKU O CNPpasedAUsbl HEPABEHCTEA

f(x) <h(x)<g(x), (4.17)
70 U pynryus h(x) umeer 8 Touke a npedes, pagusiii b.
HJoxasareabctBo. [lyets {x,} — npousBosbHas, cxoismiascs

K g NocJef0BaTe]bHOCTh 3HAYEHHH apryMeHTa, BCe 3JEMEeHTHl KOTOpOH
OTJIHUHBL OT @. Torga, ¢ OfHOH -CTOPOHBI, B CHJIy OIpejeJieHHs Ipe-
Jesa no Iefine, o6e mocjefoBaTebHOCTH COOTBETCTBYIOILHX 3HAUYEHHN
dynkuuit {f(x.)} u {g(x.)} cxomarcs K b, a ¢ APYroi CTOPOHHI, B CH-
ay (4.17), §as BceX HOMEPOB 7 CNpaBeNJHBB HEpaBEHCTBA

f(xn) <h(xn) <g(%n).

B cuny teopembr 3.14 MBI MOXeM YTBEepXKAaTbh, YTO HOCJENOBATEN]b-
HOCTh h(xn) Takxe cXOmuTCS K b, a 3T0 M O3HAYaer, uUTO YHCJIO b
ABJseTCSA NpeaeaoM (yHKIuM A(x) B TOuKe a.

Teopema mokasana.

Teopema 4.7. Ilpedesr  pynkyuu  h(x)=

sin x

8 TOuKe
x=0 cywecrsyer u pasen eduxuye, T. e.

sin x

lim = 1.

x-0 X

ﬂ OKa3aTeabCTBO. BYJIQM OTNPABAATLCA OT HEPABCHCTB

0« sinx<x<tgx(n’pn O<x<—’2t—); (4.18)

* HamoMHHM, 4TO DPOKOJOTOH O-OKPECTHOCTBIO TOUKH @ HA3HIBAETCA HHTEPBAJ
{a—9, a+90), U3 KOTOPOro BHIKHHYTAa TOYKa 4.
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ykasauabeiXx B 1. 4 § 3. IlocpencTtBoM paeneHus Ha sinx>0 MB HO-
aydam u3 (4.18) caenyouiue HepaBeHCTBa:

X

1<

sinx cos x

(om0 x< 2 )

Jns1 o6paTHbIX BeJHYMH, OYEBHJHO, ClpaBelJuBbl o0paTHHe Hepa-
BEHCTBA

sinx

cos x <

<1 (npu 0<x< %) (4.19)

X
3amerHM, YTO 43 TOro, YyTO HepaBeHcTBa (4.19) cupaBeAsHBHL IIpH

L
0<x<?, BBIT€KA€T, 4TO 3TH HEDABEHCTBA CIPAaBEAJHBHI H NpH

19
—?<x< 0, ubo npu saMeHe x Ha —x BCe TPH (QYHKLIHU COS X,

sinx

H |1 He MEHAIOT CBOHMX 3HaueHHH *.
X

Taxum o6pasom, HepaBeHCTBa (4.19) cnpaBeAnHBH JJsi BCeX 3Ha-
T 1 .
3 <x<L 5> 3a HCKIIOYeHHeM TOuKH x=0,

e o ks
T. €. cCHOpaBCcAJHUBB BCIOAY B INPOKOJOTOH T-OerCTHOCTH TOYKH

UeHHH X U3 HHTEpBaJa

x=0. Tak kag, kpoMme rtoro, obe GyHkuuun f(x)=cosx u g(x)=1
uMeloT B Touke x=0 paBHbIH eAHHHIE Npeles, TO B CHJIy TeopeMbl 4.6

sinx o
u pyHkuusa  h(x)= nMeeT B Touke x=0 npenen, paBHbIH enu-
X

rune. Teopema jpokasana.

2. Bropoit 3ameuarteJabHbIH npepe.

Teopewma 48. Ilpeder ¢pynxyuu f(x)=(14+x)"* 8 rouxe x=0
cywecTsyer u pasen wucay e **.

JJokaszatTeabcTBO. JlOCTaTOYHO JOKa3aTh, UTO KAaK IpaBhIH,
Tak M JieBbH npepenn GyHruuu f(x) = (1+x)/* B Touke x=0 cyme-
CTBYIOT ¥ 00a paBHH e.

1) Cuauara Ookasicem, 4TO np a8 bl il npedes YKa3anwot ¢ynk-
yuu 8 touke x=0 cyuwjecrsyer u paset e.

B cuny onpenmenenuss npaBoro npepena no Komm nocratouHo mgo-
Ka3aTb, 4T0 AJas jgioboro ¢>0 Hafinerca orBeyaioniee emy 8>0 Takoe,

* B camom nese B 0. 4 § 3 MBI yCTaHOBMJH, uTO cOS(—x)=c08 ¥, sin(—x)=
. sin (—x) sinx '
= —sin x u, 3HAYHT, = :
(—x) x

** Uneso e BBeJieHO B I 3 § 2 M. 3 Kak mpefies1 NOCJIE10BATeIbHOCTH {(l +

o)



160 Fa. 4. HenpepriBHOCTh HyHKIHH

uTo Aas Jioforo x W3 uHTepBasia O0<x<8§ cnpaBeanuBO HEpaBeH-
CTBO

[(14x)V*—e|<e. - (4.20)
@ukcupyem npousBoJbHOe €>0 M paccMOTPHM JBe IocjedoBa-
n
TeJAbHOCTH {an} U {b.} c sMemenTamu  aq,= (1 + —:—l ) , b,= (1 +
\ n
1 )n-{—l

+ —

n
IATCA K e. B camMom jedie, TOCKOMBbKY B cuay 1.3 § 2 ra. 3 lim (l +

n-—»w

Yo6enumcs B TOM, 4TO 00e 3TH MOCJEI0BATEJbHOCTH CXO-

1 n
+—-) = ¢, TO Ha OCHOBAHHH TE€OpPEM O mIpeae/ie JacTHOIO U IIPOH3-
n

BeAEHHA JABYX CXOAALIHXCA MOCJEeL0BATENLHOCTER MBI NoJy4YHM, HYTO

(l—{— ! >n+1 lim (1+ L >n+l
lim @, = lim ntl SRS

n->w n—o 1 . 1
(1+n—|-1) nlfvla(l_i—n )

limbn=lim[(1 +L>". (1 n L>]=
n—>w n->ow n n

= lim (1 —i--l—)".lim (1 +L)=e-1=e.
n n .

n—»w n—»o

e
=T

Tax xak o6e mocJienoBaTesbHOCTH {@n} u {b.} cxomsaTcst K e, TO
Ana ¢GukcupoBaHHOro Bee g>0 HalizyTcs Homepa N; u N, Takue,
uro |ap—e|<e npu n=Ny, |bn—e| <e npu n>N, Ilycts N — ato
HauboJbiuui H3 ABYX HOMepoB N; u N,. Torzma, oueBupaHo, npu a=N
6ynyT crnpaBequBE 062 HepaBEHCTBA:

lan—e|<e u |[bp—e]<e. (4.21)

Tenepb 1Jist 3aBepLIeHHs AOKA3aTEJbCTBA CYIIECTBOBAHUSI PaBHO-
To e mpaBoro npepeia ¢yukiuu f(x)=(1-+x)/* B Touke x=0 yGe-
JIHMCSL B TOM, YTO €CJH B3SITh O = —  To A JI060T0 X H3 HHTED-

Bama 0L x< 6=—1—L— 6yieT CHpaBefIHBO HEPABEHCTBO (4.20).
B camom gmene, myctb x — Jio60e uncao u3 uHTepBasia 0< x <
1
< d= _117 Torna — > N.OGo3HauuB Yepe3 n LeJyI0 UYacThb YHCJA
X .

1 1
—, T. €. IIOJIOZKHB N = [——:|, MBI, BO-IE€PBLIX, C INOMOIIBI HEpaA-
X X

1
gedctBa — >N MOXKeM yTBepXKIAaTh, uto n>N, a BO-BTOPHIX, MO-
X

KeM yTBEepXKAaTh, YTO CIpaBEAJHBbI HEpABEHCTBA
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n<-Lt<ntl. (4.22)
pa
H3 (4.22) BHITEKAIOT HEPABEHCTBA
1 1 1 1
_ — — <1 — 4.
n+1<x<n ul+ n+1< +x\<1+n. (4.23)

M3 comocraBieHns HepaBeHCTBa (4.22) €O BTOpPBIM HEpPaBEHCTBOM
(4.23) u u3 cBoficTBa BO3pacCTaHHsI MOKas3aTeJbHOH (PYHKLUHH C OCHO-
BaHueM, GOJbLIUM €JUHHLB], BHITEKAET, UTO

(14— ) <9< (14 )™ g, < (4275 <.
n

\ nd-1

Hrak, Mb mokasaju, yto ajasg Jjioboro x uz uareppata 0<x <
1
) = [PH HEKOTOpOM n>N, zaBpucsmeM, KOHEYHO, OT X, OymyT

CrpaBeJJiMBH HepaBeHCTBa a,<< (14x)/*<b, a 3HayuT, H HepaBeH-
cTBa

an—e< (14+x)Vr—e<bp—e. (4.24)

W3 comocraBnenus (4.24) c¢ HepaBeHctBaMH (4.21), cnpaBedJHBBIMH
aasg gob6oro n>N, MBI OKOHYaTeJbHO ybeguMcss B TOM, UTO AJIsi JIQ-

1
.6oro x m3 uHTepBana 0<x < 6=—1-v— O6yAyT cnpaBeiJHBH Hepa-

BeHcTBa (4.20).

2) Hoxascem Tenepv, uro u sesbiii npedenr Gynkyuu f(x)=
= (14+x)V* 8 Touke x=0 cyujectsyer u pasex e.

B cuay onpegenenus jeporo npeaena no I'efiHe A0CTaTOYHO AOKa-
3aTh, YTO JJa JM000H GeCKOHEUHO MajoH NOCNeZOBATENIbHOCTH OTPH-
ILaTeJbHBIX 4UCeN {X,} COOTBETCTBYIOIlAsl MOCJAEROBATEJNBHOCTH 3Haye-
anit pyrkumn  f(x)=(1+x,) " cxomurcs  e.

Ilycrs {x,} — mnpousBosbHasi GECKOHEUHO Majiasl II0CIeLOBaTEeb-
HOCTb OTPHUATEJNBHBIX uHced. DTy NOCJIefOBATENTbHOCTh MBI OyHeM
paccMaTrpuBaTh, HAUHHAsA C TOTO HOMepa N, ¢ KOTOPOro BCE 3JIEMEHTHI
Xn TIO MOJYJIIO MEHble eJMHHIEL.

T rak uro x,=—I%
1+ xn 14 yn
BHAHO, {y,} 6yAeT ABAATHCS GECKOHEUHO MaJsof HOC/eXOBaTeNbHOCTHIO,
COCTOsIeN U3 MOJ OXK HUTEJ bHE X UHCE], IPHIEM

Tlonmoxum yY,= Torma, oue-

_l+yn
_ Uty _ (1 _ __Un _
Fx)=(1+x,) (1 —1+y,,) on
1
—{ =1 — 41
_ 1 \In )_ Yn
—(1+yri> =U+y

€ 3ax. 72



162 T 4. HenpepslBHOCTh (yHKINH

Takum o6pasom,
1

im f(x,) =1im (1 + g™ - lim (1 + y,) (4.25)

NpH YCJOBHMH, YTO CYLIECTBYIOT Npeiesisi B mpasol dacta (4.25). Ho
MOCKOJBKY {Yn} CXORHTCA K HYJIO H COCTOWT H3 [OJIOXKUTENbHBIX M-

ces, TO 11m(1+y,,) e (B cuay yikKe [JOKa3aHHOTO CYILECTBOBA-

n-=->o -

HUS PaBHOTO e npaBoro rrpeﬂe.na) a lim(1+y,)=1. Tem cambm

n—-+eo
NOKAa3aHO, YTO NOCJAEAOBATENbHOCTb {f(X,)} CXOAMTCS K UHCAY e.
Teopema 4.8 mOJHOCTBIO JOKas3aHa.

Cnencteue. Ilpeder pynxyuu f(t)=<1 +—:—>t npu t—»o&

cyujecTeyer u pasex e.
B cuay ompenejyieHus npefiena npu t—oco no leiine tpeGyercs Ao-
Ka3aTh, YyTo AJs JI000H OeckKOHeYHO OOJBINOH MNOCJeI0BATEIbHOCTH

{t.} coorBercTBywolIasi INOCJEJOBATEILHOCTb 3HAYCHHH  (QYHKUHRW
1

t v :

fi&)= (1 + —t_) " CXOHMTCHA K yHcay e. Mu OyaeM paccmaTpH-
n

BaTb .6ECKOHEYHO GOJIBILIYIO NOCJIeN0BATeNbHOCTb {f,}, HAUHHAsL C TOrG

HoMepa N, ¢ KOTODOro BC€ €e 3JIeMeHTHl fn, 110 MOAYJIO MPEBOCXOAST

1 1
epununy. IMTosoxum x, —~—t—, TaK 4to I, =7 B cuany Teope-

Mbl 3.6 u3 1. 3 l'IOCﬂe,ZIOBaTEJIbHOCTb {xn} aBmeTcx 6eCKOHEYHO Ma-
/x,,
Jofi, npuuem f (¢,)= l+—-—) =(l+x,)
OcTaeTcsi 3aMeTHTb, YTO B CHIY TeOpeMbl 4.8

lim f(t)=lim (1+x,) ™=

§ 5. TOUKH PA3PBLIBA ®YVHKLIHH B HX
KIACCHPHKALLUSA

1. Knaccudukauus touex paspbiBa ¢pyHkuuu. B § 1 MBI morosopu-
JHCh HA3HIBATh TOYKAMH paspbiBa PyHKUUH f(X) Te TOUKH, B KOTOPHX
sta ¢yHKUHA He o6jajfaer CBOHCTBOM  HempepwmBHOCTH. [Ipu 3tom -
noapasymeBaetcs, 4To GyHKUuA f(x) onpeneneHa B TOH TOYKe, KOTO-
pyio Ml anpoGupyeM Ha IIpeIMeT HaJHYHS HJIH OTCYTCTBHA B Hel
CBO#CTBA HEMPEPHEIBHOCTH:

Paciiupsia Hame pacCMOTpeHHe, MBI MOXKeM MNOABEPTrHyTh H3yue-
HHIO U T€ TOYKH, B KOTOPHIX ¢yHKUusA f(x) He ompefesieHa (mpH ycJjo-
BMH, KOHEYHO, UTO 3TH TOYKH SIBJSIOTCH NpPeNeJbHBIMH IJSI MHOXECT-
Ba 3aJaHNsA (PYHKIHM):

BhISICHUM BO3MOXHBIE THIB TOYEK pa3pHIBa.
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1°. Yerpanumblit paspuiB. Touka a HasviBaeTcs TOYKOU YyCTpa-
#umoeo paspeiea Qyakyuu y=f(x), ecau npedea gynrxyuu f(x)
8 TOUKe @ CYWecTsyeT, Ho 8 Toyke Q4 (hynkyus f(x) aubo ne onpede-
snena, aubo umeer 4acTHoe 3nauenue f(a), orauunoe or npedera f(x)
8 3Tol ToUKe.

Hanpumep, ¢yHkuus

sinx ™ rod
npu x 70,

flx) =
0,5 mpu x =0

uMeeT B TOYKe x=0 yCTpaHHMBIH pa3phIB.

JlefAcTBUTENBHO, NpefesbHOe 3HAaYeHHe STOH (YHKIHH B TOUYKe
x¥=0, kak MBl foKasdanu B n. | § 4, paBro 1. UacTHoe Xe 3HaueHHe
0,5+#1.

Ecau ¢ynkuus f(x) uMeer B TOYKe @ yCTPaHUMBI pas3pbiB, TO
3TOT Da3phLiB MOXKHO YCTDAHHTb, He H3MEHAsl TPH 3TOM 3HAUeHHH
$YHKIMH ‘B TOUKAX, OTJAMYHHIX OT 4. [ 5TOro JOCTaTOYHO MNOJO-
XKHTb 3HaueHUe (YHKUHMH B TOYKe @ DABHHIM ee NPELe/IbHOMY 3Haue-
HUIO B 3TOH Touke. TaK, B PacCMOTPEHHOM BhIlue NMpUMepe Z0CTATOY-

"o noaoxkuth f(0)=1 u Torxma lim sin x =f(0)=1, r.e. OyHKuus

f(x) craner HenpepHIBHOH B Tque x 0
B ¢usnyeckux npoueccax TOYKH YCTPaHHMOro pasphbiBa BCTpeqa-
10TCA TNPH COCPENOTOYEHHBIX paclpeleseHusiX (PU3HYECKMX BeJHUHH.
2°, PaspbiB nepBoro poga. 1o4Ka a HA3b6I8AETCA TOUKOU pa3-
polea nepsoeo poda, ecau 8 ITol TOuKe yrkyus f(x) umeer
KOHeuHble, HO He pasHbie Opye dpyey npasolll u Aesbil npedeibl

lim f(x)== Hm f(x).
x—>a+0 x—=a—0

OG6pasHo Bhlpaxascb, Pa3pblB MEPBOr0 poja MOXKHO Ha3BaTh KOHeU-
#bIM ckaukoM. [IpHBeneM HEKOTOpbLie NMPHMEpHI.
1) Dyuruus
1 npu x >0,
fx)=sgnx= 0 npu x =0,
—1 mpu x< 0

B Touke x=0 uMeer paspeiB nepBoro poxaa*.  IlefcTBHTENBHO,

* @ynkuus f(x) =sgn x, OueBHAHO, MOXeT GHITb 3aMHCAHAa Tak:

f(x) =sgnx= 1x] npua x =0,

0 npum x=0.
6*



164 Ta. 4. HenpepuiBHOCTh (DYHKIHH

lim sgnx=1, lim sgnx=—1, H, TaKuM 'oépasoM, 3TH Npejensl
x-+04-0 x-»0—0
He paBHHE MeXZAy co6oii.

2) Ipyro#i npumep naer QyHKIusA f(x)— I npu x== 0. s
sroft pymkums  lim 55X =, lim 2% — ], rax w0 TOuUKa

x-04+0 |x| x-0—0 |x|

x=0 aBasgercs TOUKOH pasphiBa NepsBOro poja. _

3) Dynkuus f(x)=—————1——, ompeje/eHHass BCIOAY, KpOMe TOU-

1o

KH x=1, uMeeT B TOuKe x=1 pa3phulB NepBOro Poaa.
B camoM jedne, ecau {x,} CXOHHTCI K | H COCTOMT U3 3JIEMEHTOB

1 o
x.>1, TO {——— sgBJagercs 6eckoHedHo OO0JIBIIOH IIOCJAEA0OBAaTENb-.
Xn

, —l
HOCTBIO C TOJOXHTeNbHBIMH usieHamu. [lostomy {l1+42% '} —

GecKoHeuHO GoJibUIasi NOCAeJOBATEABHOCTD UM, 3HAYHT, TIOCJIEA0BATENb-
1

HOCTb f(x,,):———]——- aBJasieTcsl 6eCKOHEUHO MaJoi, T. e.
]+2xn——l

1m f(x)=

x->14-0

Ecan xe {x,} cxomurcs X | H COCTOMT H3 3JeMEHTOB X,<l, TO

{ ! } siBjisieTcsi GeCKOHEUHO GOJBIIOH MOCJe0BATeNbHOCTBIO <
Xp — .

oTpunaTenbHEIMH wienamu. [lostomy {2%7'}  cxomutes K nymo u,

3HAUYUT, MOCJIENOBATENBHOCTb | (x,) = CXOAMTCS K elH-

1

142"

I
nune, 7. e.  lim f(x)=1.
x—1—0

. Paspris Broporo poga. Touka a Has3eisaerci TO4KOU pas-
potsa eTopoeo poda, eciu 8 3Tol Touke pynkyus [(x) He
umeer no kpatneil mepe 00H020 u3 0OHOCTOPOHHUX npedesos Uil ec-
Al x0Ts 66 00UH 13 OOHOCTOPOHHUX npedenos GecKoHe4eH.

[Tpumepn. 1) Oyrkuua

'x'cos% npu x < 0,
fry=] 0 npu x = 0,

1

l cos— npu x >0

1 X

obaajgaer JeBblM mpegesioM B TOYke x==0, paBHEIM Hymw: lim f(x)=
x->0—0

= 0. B camoMm gene, ecau {x,} — NOCJEI0BATEIbHOETh, CXOMSILASACS
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K HYJIO H COCTOsfIIas M3 umcea X,<<0, 7o
0< If (%) = 15,1 -

ITockoabKy |x,]—-0 npu n—oo, To lim f(x,)=0.

n->w

Y6enumcst Tenepb B TOM, 4TO paccMaTpHBaeMasi QyHKIHS He HMeeT
B Touke x=0 npaBoro npepena. Ilas 3TOro paccMOTPHM JABE CXOAdA-
IKecss K HYJI0 H COCTOSIIIHE H3 NOJIOXKHTEJIbHHIX YHCeJd IOCJIeAOBae

’ 1
TEJbHOCTH X, = — Ll u Kn= . Ecan Obl QyHkuHS ob6iaanana
n
B Touke x=0 mpaBmIM IpefesoM, TO 06e mocaefoBaTeabHOCTH {f(Xn)}
u {f(xs)} cxomuauce OB K OEHOMY ¥ TOMYy xe umcay. OpnHaxo
f(xn") =cos2mn=1 cxoaurca K eawnune, a f(x,)=cos (%4- Jm>=

1
cos———l\< EAP
Xn

=0 cxoguTca K HyJIO.

Hrak, paccmaTpuBaemMasi pyHKuUHs uMeeT B ToYke x=0 pasphlB BTO-
poro poza.

2) ®yukuus f(x)=tg x, O4UeBUAHO, HMEET Pa3phLlB BTOPOro poja B

o 14 -
KaxKJI0H M3 TOYEK xk=7+ nk, rpe k=0, =1, £2,..., ubo B Kax-

AOH TakOH TOUKE X
lim f(x)= +o0, lim f(x)= —o0.
x—>x%—0 x—>x,+0

MoxHo 06pa3HO cKasaTh, UYTO B KaxIOH TOuKe X, GyHKRUMsS tgx
uMeeT GECKOHEUHBIH CKayoK.
3) ®yHKUHA
.1
sin— npu x % 0,
f(¥)= x
1 nmpux=0
uMeeT pasphlB BTOPOro poja B Touke x=0, 60 B 3TOH TOYKe y Hee
He CYIIECTBYET HH NpaBoOro, HU JIEBOro IpenesaoB. B camom nmene, mo-

. |
CKOJIBKY  SIn = —S8INl—, JOCTAaTOYHO YAOCTOBEPUTHCSA B OTCYT-
~X X

CTBUU B To4yke x=0 TOJBKO IpaBoro npenedqaa, a ajas 3Toro Aocraroy-

HO 3aMeTHuTh, 4TO JBYM MOCJIeHOBaTEJbHOCTIAM 3HauYeHUH apryMeHTa
1 ’ 1
X, = — H Xp =———— OTBE€YAIOT IOCJEAOBaTE/JbHOCTH 3Haye-

BUH pyHkuuu f(x,) =sinnn=0u f(x))=sin ’\—;— + 2m1) =1,

CXOHsILMeCs TlepBas K HYyJO, a BTOpass — K eIHHHIE.
BBeneM nousiTHe KycOYHO HENPEepHIBHON (YHKIHH, 4YacTo BCTpe-
YaoIIeecs B MaTeMaTHKe H B ee IPHIOXKEHHSIX.
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Dynkyus f(x) HA36IBAETCA KYCOUYHO HERPePBLLEHOI Ha
ceeamente [a, b], ecau sta pynkyus onpederena 8crody Ha cee-
mente [a, b], Henpepoierna 80 8cex 6HYTPEHHUX TOUKAX 3TO20 Ce2MeH-
TA, 3Q UCKAIO4EHUEeM, BbiTb MOXMCET, KOHEYH020 HucAd TO4eK, 8 KOTO-
polx OHQ umeeT paspeis nepsozo pola U, Kpome TO20, UMeeT npasviil
npedea 8 Touke a u Aeswil npedes 8 To4ke b.

Dynkyus f(x) HasviBaeTCs KYCOUHO HenpepvieHOl HA
unrepeasre (uau Ha 6ECKOHEe4nOl npamoii), ecau f(x)
KYCO4HO Henpepoi8Ha Ha Ar060M npuxadiescaujem 3ITOMY UHTepPsANY
(uau 6ecxoneunoli npamotl) ceamenre.

Hanpumep, ¢ynkuus y=[x] Kycouno HempepelBHa KakK Ha JO60M
CerMeHTe, Tak H Ha 0eCKOHeYHOH npsaiMoil.

2. O Toykax paspbiBa mMonoToHHo#t dyHkuun. Crepyomee yT-
BepXKJAeHHe [POJHBAET CBET HAa HPUPOLY TOYEK paspsiBa MOHOTOH-
HOH (YHKLHH. .

Teopema 4.9. Ecau ¢pynrxyus f(x) onpedesena na cezmenre
[a, b] u sasaserca MOHOTOHHOL ™ HA 3TOM Ce2meMTe, TO OHA MOXCET
UMeT6 HQ 3TOM CeeZmenTe TOAbKO TO4KU paspuisa nepsozo poda,
npudem MHONCECTBO BCeX ee TOYeK PA3puiea He 6osee 4em CHETHO.

JdokaszateabcTBO. B cuiay neMMn, gxokasaHHo#t B m. 1
§ 2, MOHOTOHHAsT (QYHKNHMA HMeeT KOHeuHble IPaBHlfl H JIEBHH mpe-
Jeasl B J1060N BHyTpeHHeH TOuke cerMmenTta [a, b] H, KpoMe TOTrO,
KOHEYHBbIH NpaBLIfl NpeAen B TOYKe & ¥ KOHEUYHBIH JIeBHIA IpeleJ B
Touke b. OTClofla M BHITEKAeT, YTO TOYKAMH paspuHiBa MOHOTOHHOH
(YHKIMH MOTYT ObITb TOJIBKO TOYKHM pa3pbiBa MEPBOro poja. ‘

UTob6kl 10Ka3aTh BTOPYIO YaCTh TEOPEMHl O TOM, YTO MHOXECTBO
BCeX TOUeK paspbiBa He Oosiee ueM cueTHO, OyfeM paiH onpefe-
JIEHHOCTH CYHTaTb, YTO [(x) sBJAsIeTCS HeyObIBaloOLle# Ha CerMeHTe
[a, b]. docraToyHo AOKa3aTb He GOJee yeM CUETHOCTb MHOXKECTBA
TOYEK pa3phiBa, PaCIOJIOXKEHHHIX Ha HMHTepBaJe (a, b), T. e. TOYeK
paspeiBa, SIBASIIONIMXCS BHYTPEHHUMH TOYKaMu cermeHra [a, b].
3aMerHM, 4TO B KaXJOH TaKOH TOYKe pas3peBa X CIPaBeNJHBO He-
PaBeHCTBO JUJIA TpaBoro M Jesoro mnpenenos f(x+0)>f(x—0) (cm.
3aMeuaHue K ykasaHHo# Boime Jemme). B cuay Jaemmn 2 ria. 2,
KakoBbl Obl HU ObIJIM [IBAa BEIIECTBEHHBIX 4HCJA, HE PABHEIX Jpyr
ApYry, Bcerha Haiigercsi PallHOHAJbHOE YHCJO, 3aKIIOUeHHOe MeX-
Iy HHMH.

Tak Kak B KaXJIOH TOYKe pasphBa X CIpaBelJIHBO HepaBeH-
ctBo [(x+0)>f(x—0), To KaxAOH TOYKE paspLiBa X MONKHO IIO-
CTaBUTh B COOTBETCTBHE HEKOTOPOE pAaUHoHaNbHOE 4wHCAO 7(X),
yroBJaeTBopsioliee HepaBeHcTBaM [(x+40) >r(x) >f(x—0).

3aMeTHM, uTO NIPH 3TOM Da3HLIM TOUKAM pa3priBa OYAYT NOCTAB-
JIEHB B COOTBETCTBUE pa3Hble pallHOHaJbHBlE uHcaa. B camoMm nene,
€CJIH X; H Xp —— JIBE€ TOUKH pa3pLBa TakKWe, UYTO X3 <Xz, TO M3 He-

* T. e. 160 HeyObiBaloOllell, JJHGO HEBO3PACTAIOMICH.
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yObBaHHA ¢yHKUMH caenyeT, yto f(x+0) <f(xe—0), a nostomy
r(x)) <r(xs).

Takum o6pa3oM, MHOKECTBO BCeX TOUYEK pa3puiBa $yHKIHH f(x),
PacNoJIOXXEeHHEIX BHYTPH CerMeHTa [a, b] 5KBUBAJEHTHO MOAMHOXKE-
CTBY MHOKeCTBAa palHOHAJbHEIX uYHces, KOTOpPOe, KaK J0KA3aHO B
§ 7 ra. 2, asasiercs ye GoJiee yeM CYETHBIM.

Teopema pokasaHa.

§ 6. JIOKAJIbHBIE U TJIOBAJIbHBIE CBOHCTBA
HENPEPBIBHBIX ®YHKUHHA

K nokalbHBHM CBOACTBAM OTHOCATCH Te CBOHCTBA (YHKLHH,
KOTODHIE CIpPaBeJJHUBH B CKOJb YrOAHO MaJOH OKPeCTHOCTH (HKCHPO-
BaHHOH TOUYKH O0JacTH onpepejenus (YHKUHH. DTH CBOHCTBA Xapak-
TEPH3YIOT NOBeJeHHe (GYHKIHUM IIPH CTPEMJIEHHH apryMeHTa K HccJie-
nyemoii touke. Hanpuwmep, HenpepblBHOCTh (YHKUMH B HEKOTOPO¥ TOY-
Ke 06/1aCTH ee onpejesIeHHs SBJsETCS JIOKAJbHBIM CBOHCTBOM 3TOH
byHKIHH.

F'no6anbHbe CBOHCTBA — 3TO CBOWCTBA, CBA3aHHBIE CO Bced
obJjacTteio onpenejeHus QyHkuun. Hanpumep, MOHOTOHHOCTb (YHKIHH
Ha cermeHre [a, b] ABiAercss ee riaoGajbHBIM CBOHCTBOM.

1. JlokanbHbie CBOHCTBa HEMpepHIBHBIX (yHKUMiA. BBeiem HOBHE
nonsartus. IlpennosoxuMm, yro ¢ysxkuus f(x) s3agaHa Ha MHOXKeECTBE
{x}. :

Onpenenenue 1. Pynxyus [(x) Hassieaerca ozpanu4en-
Hod ceepxy (cHu3dy) wua MHONecTee {x}, ecAu = cyujecTsyer
Takoe seujecreennoe wucaso M (sewjecreennoe wucao m), 4ro Oas
6Cex 3HQYEHULl apeymenTa x u3 MmHoicecTsa {X} cnpasediuso Hepa-
sencreo f(x)<M (f(x)=>m). IIpu stom uucao M (wucao m) Hasolga-
erca 6epxneld (Hudned) epanbvo Qyukyun f(x) na mHo-
ocecrae {x}.

Onpenenenne 2. Pyuxyus [(x) Hasvieaercs oepanudeH-
HOU ¢ obeux cTtopon (uAu npocTo O2parHuU4%eHHOL) Ha
MHOJCECTEe {X}, €CAU OHA 02PAHUYEHO HA 3TOM MHONCECT8E U CB8epxy,
U CHU3Y, T. e. ecAu HAUOYTCA TAKUe sewjecTeenrble yucia m u M, uro
0as 6cex 3HQUeHUL apeymenTa X u3 muoxcecTea {x} cnpasedaussi He-
pasencrsa m<f(x) <M. |

Takum o6pasoM, orpaHHyeHHOCTH (GYHKUHH f(X) Ha MHOXeCTBe
{r} daxTuyeckH o3HauaeT orpaHHYEHHOCTh MHOXKECTBA BCEX 3HAUEHHH
?Tf)ﬁ GyHKUME (OTBEYAIOIIHX 3HAYEHHSAM APryMEHTa H3 MHOXECTBa
x}).

I[Tpumepn. 1) Dynkuusa f(x)=tgx, paccMatpuBaeMass Ha HH-
TepBaJe (O, —’2‘—) OrpanMyeHa Ha 3TOM HHTepBale cHH3Y (B Ka-

YeCTBe HHXKHEH rpaHH MOXKHO B3fTh uHcao m<0), a cBepxy He orpa-
HUYEHa.
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2) Oyuxuus Hdupuxiae D(x), paBHas HyJI0 B HPpalHOHAJbHEIX
TOYKax W eJHHHIE B pallMOHAJLHBIX TO4YKax, orpaxHudeHa (c obeux
CTOPOH) Ha JTI0G0M MHOXKeCTBe {x}.

CnpaBeanuBa cllefiyioliasi TeOpeMa O JOKaJbHOH OrpaHHYeHHOCTH
(YHKLHH, HMEIOLel KOHeYHOe IIpeJebHOe 3HauyeHHe.

Teopema 4.10 (0 nOKanbHOH OrpaHHYEHHOCTH
GYHKUHH HMelomeHd KOHeUWHHH unpepen). [Hycrs ¢ynx-
yus f(x) sadana na muosxcectse {x} u umeer KoHeuHoe npedesbHoe
3Hauenue 6 Touke a. To2da cyuw,ecTsyer TaKoe ROAONCUTEAbHOE HUCAO
6, uro Qynxyus [(x) oepanuyena na mroxectee By, npedcrasasouem
coboii nepeceuenue muoscecrsa {x} ¢ unrepsasonm (a—=>s, a+96), 1. e. ¢
8-0KpecTHOCTBIO TOUKU Q.

Samevyanne |. Ecan MHOXecTBO 3aganusi QysHkuup f(x)
CNJAOMmMb NOKPBBaeT HEKOTOPYIO §-OKPECTHOCTb TOUKH @, TO B
KadecTBe B, MOXHO B34Tb caM HMHTepBaJ (a—38, a+9).

HJokasatrenbctBo. Ilycts mpemen f(x) B TOuKe a paBeH b.
B cuny onpegenenns npeaeiaa no Kowmu s HEKOTOPOTO  IOJIOXKH-
TEJbHOTO 4YuC/Aa & Halfercsl OTBeuawliee eMy NOJOXKHTEIbHOE YHCIO
6 Takoe, yTO A/ BCeX 3HAYeHHH apryMeHTa x M3 NPOKOJOTOH J-0K-
PECTHOCTH TOUYKH a* clpaBeJJiHBO HepaBeHCTBO |f(x)—b|<e wiu

b—e<f(x)<b-+e. (4.26)

Ecan mHoxecTBOo {x} 3amanus (HYHKUMH He COHEPHKHUT TOUKY 4,
TO TeopeMa JoKasaHa, ub0 B 3TOM cjaydae HepaseHcTBa (4.26) o3Ha-
9aloT, 4TO AJIsA BCeX TOYeK MHOxKecTBa Bs={x}{1(a—0§, a+98) 3uaue-
Husl QyHKUEU f(x) 3aK/JIIOUeHBl MeXAy yucaaMu m=b—e u M=b+e.

Ecnu xe mHoXxecTBO {x} 3agaHus (yHKUHH [(X) COHEPKHT TOUKY
Q@ W 5TOH TOYKe OTBeyaeT HEKOTOpoe 3HadeHme OyHKuuu f(a), TO,
0603HaUUB yepe3 m HauMeHblliee U3 ABYX uHcesa b—e u f(a), a uepes
M naubonbuiee u3 ABYX uuces b+e u f(a), MB mojy4yum, YTO AJS
Bcex TOYeKk MHoxkectBa Bs={x}1(a—0, a+38) Oyayr cnpaBemnuBH
HepaBeHcTBa**

m<f(x) <M, (4.27)

KOTOpbBIE U O3HAYAIOT OrpaHuyeHHOCTh f(x) Ha MHOXecTBe B, Teopema
JI0OKa3aHa. ‘
Wnnmoctpanuefi K JOKa3aHHOH TeOpeMe MOXKET CJYKUTh pHC. 4.22.
CaencrBue u3 reopeMmur 4.10. Ecau ¢ynxyus f(x) Henpe-
pblBHA 8 TOYKEe a4, TO 3T (PYHKYUAL 02PAHUYEHO HA MHONCECT8e 6CeX
3HAYEHUL ee QPESYMEHTR, NPUHAOAENHAULUX HEKOTOPOLl §-0KpecTHOCTU
TOUKU Q.

* HamomHHM, 4YTO NPOKOJOTOH O-OKPECTHOCTBIO TOYKH Q HA3HIBA€TCS HHTEpBaJ
(a—38, a+98) 6e3 Touxu a.

** B camom Jene, . ANf BceX TO4eK MHOXkecTBa Bs= {x}1(a—38, a+8), »sa
HCKJIOYEHHEM TOUKH @, OYAYT CIpaBelJuBH HepaBeHcTBa (4.26), a moTomy H Hepa-
BenctBa (4.27). Ins Toukn x=a HepaBeHcTBa (4.27) CHpaBeflMBE- BCJEACTBHE
BHGOpa uucen m u M.
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JloCTaTOYHO 3aMeTHTh, UTO HeNpEepHIBHAS. B TOUYKe @ (PYHKIHSA
HMEEeT B 3TOI TOUKe KOHEYHOe IpefesabHOe 3HayeHHe.

Teopema 411 (06 ycTOAUYHBOCTH 3HaKa HEIpepH B-
Hoit B Touke ¢ymkuuu). [Mycre pynkyus [(x) 3adana Ha
MHO%CecT8e {Xx}, Henpepolena 6 TOYKe @ ITO20 MHOMECTBA U ee 3HAYE-
Hue f(a) nosoocurensno [orpuyaressno). Toeda cyuwjecteyer raxoe
NOAOKHUTEAbHOE 4UcA0 O, 4TO pyrKkyus [(x) A645€TCA NOAOHCUTENLHOU
[orpuyarensvroii] 6ctody na muoxcecrée Bs, npedcrasaatoujem cobou
nepeceuenue muosxcecrsa {X} ¢ 8-0KPecTHOCTHIO TOUKU Q.

a- a an

Puc. 4.22 Puc. 4.23

3aMeuanune 2. Ecau MHOXKECTBO 3ajaHus OyHKHUH [(x)
CONJOWbL NOKPH BaeT HEKOTOPYIO O-OKPECTHOCTh TOYKH 4, TO B
KauecTBe B, MOXKHO B3iTb caMy O-OKPeCTHOCTb TOUKH 4.

JlokazaTenabCcTBO. B cuay onpejeneHds HempepuBHOCTH IO
Komu a5t 711060T0 TOJOKHTEJNBHOTO YMCJIA & HaljeTcss OTBeualoniee
eMy TIOJIOKUTENbHOE YHCJIO & TaKoe, UTO JJIsi BCeX 3HAUEHUN apryMmeH-
Ta X U3 §-OKPECTHOCTH TOUKH @ CIPaBEIJHUBO HEpABEHCTBO

IF(x)—F(a) | <e,

f(a)—e<f(x)<f(a)+e. (4.28)
Ec/iH B3ATh B KauecTBe g MOJOXKHTEJBHOE UYHCJIO —mfi, To 062

HIH

yucna f(a)—e u f(a)+e 6ynyr nojoxutesvHu npu f(a) >0 u orTpu-
uateabHsl npu f(a) <O0.

TTostomy HepaBenctBa (4.28) OymyT o3Hauarh, YTO AJsI BCeX 3Ha-
YeHHH aprymMeHTa H3 §-OKPeCTHOCTH TOYKH a QyHKuusa f(x) siBasercs
noJoXKHTeabHOH TpH f(a) >0 u orpunarensroii npu f(a)<0. Teopema -
IoKa3aga.

HManmocrpanueii x teopeme 4.11 moxer cayxkurh puc. 4.23.

Teopemy 4.11 serko nepegopmyJupoBaTh Ha cayuafi, Koraa (yHK-
nus f(x) HempepbBHA B TOYKE @ TOJBKO CNpaBa HIN TOAbLKO
cheBa. ‘
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JloroBopumMcsi HasblBaTh noayceement [a, a+98) npaso i d-nory-
OKPeCTHOCTb10 TO4KW a, a noasyceemenr (a—3d, a] — sesoil §-nory-
OKPEeCTHOCTbIO TOUKU Q.

Teopema 4.11*% Hycre ¢ynryus f(x) 3ad0ana na MHONecTSE
{x}, Henpepvisrna 6 Touxke a 3TO20 MHOMecT8a cnpasa [ciesa] u ee
snauenue f(a) He pasHo Hyso. Toeda nalilercs Takoe NOAOHUTEALHOE
qyucao 8, uro pynkyus f(x) ne obpawaercs 8 HYAb U umeeT TOT He
BHAK, 4TO U 8 TO4Ke a, OAsl BCex 3HAHeHuil x us mHooxcecrsa {x}, npu-
radsexcawjux npasol [resol] §-nOAYOKPECTHOCTU TOUKU q. ‘

Jlasi mckazaTesbcTBA 3TOH TEOPEMHI CJefyeT JOCJHOBHO INOBTODHTH
J0Ka3aTejbcTBO TeopeMbl 4.11 ¢ 3aMeHOHl TepMHHa «§-OKDeCTHOCTh
TOYKH @» TEPMHHOM «npaBas [aeBas] O-NOAYOKPECTHOCTb TOYKH a@».

3ameuanue 3. K uucay JOKalbHBIX CBOHCTB HENPEPHIBHHIX B
JaHHOH TOYKe (YHKUMH CJEAyeT OTHEeCTH JOKa3aHHBIC Bhillle TEOPEMB
4.1 1 4.2 0 HeNpepHIBHOCTH CYMMBI, Pa3HOCTH, IPOU3BEJEHUST H YacT-
HOrO JABYX HENpPEepHIBHBIX B NaHHOH TOYke (YHKUMH M O HENpephHB-
HOCTH CJIOXHOH (DyHKIHH.

2. Tano6GannHbie CBOMCTBA HenpepbiBHLIX GYHKUHH. ‘

Teopema 4.12 (npoxoxXJgeHHe HENPEPHBHON (QYyHK-
UHH Yepe3 HYJb NPpH cMeHe 3HaKOB). Ilycte ¢ynkyua
f(x) Henpepvisna na ceemenre [a, b, u nycrv 3Hauenus 310l @YHK-
yuu na kouyax ceementa f(a) u f(b) cyrs wucia pasHoix 3HAKOS.
Tozda enyrpu ceemenra [a, b] naidercs Taxas To4Kka &, 3HaYeHue
Gynxyuu 8 KOTOPOL pPaAsHO HYAIO.

INoxasartenbcTBO. He orpannunBasi OGIIHOCTH, MOXHO CYH-
Tath, uto f(a) <0, f(b)>0. Ilycts {x} — MHOXKecTBO BCeX 3HAUYeHHH X
u3 cermenrta [a, b], mias xkoroprx f(x) <0. ToO MHOXKECTBO HENMyCTO
(eMy, HampuMep, IPDHHAJJIEXHT TOYKA X=0a) H OTPAHHYEHO CBEPXY
(Banmpumep, uncaom b). -

Cornacio TeopeMe 2.1 y MHOxkecTBa {x} cymiecTByer TOYHas
BEpXHSs I'PaHb, KOTOPYI0 MBI 0603HauuM yepes E.

3ameTHM, uTO TOYKa £ — BHYTpPEHHS S TOYKA cerMesra [a,
b], TaKk KaK 3 HeNmpepbIBHOCTH GYHKUHH [(x) Ha [a, b] u u3 ycaoBui
f(a) <0, f(b)>0, B cuny Teopemnl 4.11% BhiTekaer, uro Hafigercs
npaBas 8-NMOJYOKPECTHOCTb TOYKH @, B Ipeaenaax KoTopoh f(x) <0, u
JeBasi O-IOJYOKPEeCTHOCTb TOYKH b, B Ipepgesnax Koropo# f(x)>0.

Y6emnumca B ToM, uto f(E) =0. Ecnu 6B 310 GBHLIO He Tak, TO MO
teopeme 4.11 Hamtace 6b1  6-OKpecTHOCTh E—O<x<<E+§ TOukM §,
B npefesiax KoTopoil ¢yHKuMs f(x) MMena Obl OnpejleleHHBIH 3HaK.
Ho 3T0 HeBO3MOXHO, TaK Kak IO ONpeleseHHI0 TOYHOH BepxHeil rpa-
HYu Haiferca XoTd OB OJHO 3HaueHHe x M3 moJiycermeHtra —8<x<§
takoe, uto f(x)<0, a mas nw060ro 3HaueHHs X U3  HHTepBaJa
E<x<E+ O cupaBeauBo HepaBeHcTBO [(x)>0. ITosyuenHOe mpoTHBO-
peune nokasbiBaer, 4to f(§) =0. Teopema nokasana. HMaarwocrpanuen
K Teopeme 4.12 MoXeT CIYyXHTb pHC. 4.24. '

Teopema 413 (npoxoxJgeHue HenpepoBHON PyHK-
uEy yepes JwbGoe TMNMpPOMeXyTOHUHOE 3HadeHHE).
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Puc. 4.24 Puc. 4.25

ITycre @ynkyus f(x) nenpepoisra ua ceemenre [a, b], npuuen
f(@)y=a, f(b)=B. Iycrs, daree, y — a1060e 4uci0, 3aKAOYEHHOE
mexcdy a u B. ToeOa nHa ceemente [a,b] nailderca Touka § TAKARA,
410 f(8) =v.

JoxasartenbcTBO. B poKasarenbCTBe HyXK7JaeTcs, OYEBHA-
HO, JHIb ci1yuall a=~P (B HPOTHBHOM cJyyae y=oa=f H MOXKHO
B3sTh E=a). [Io 3TOH Ke NIpHYHHe OTNajaer caydai, KOrga y cosma-
IaeT C OAHHM H3 YHCEJ o HIH P.

He orpanuuuBas oGmHOCTH, OyaeM CcuHMTaTh, 410 a<p, a<<y<f.
- Pacemorpum dyrknuio @(x) =f(x)—y. Orta ¢yHKUHS HenpepoiBHA
Ha cerMeHTe [a, b] (kakK pasHOCTb HENpPEPHIBHHIX (YHKIHH) U NpH-
HHMaeT Ha KOHIAaX 3TOTO CerMeHTa 3HaueHHs Pa3HhIX 3HAKOB:

p(a) =f(a)—y=0—v<0, q(b)=f(b)—y=p—v>0.
ITo Teopeme 4.12 BHyTpH cerMmenra [a, b] Hafifercs Touka §{ Takag,
uto @(E) =f(§)—vy=0, 1. e. f(§) =vy. Teopema mokasaxa.

Mcmoab3ys TOJBKO UYTO J[OKa3aHHYIO TeopeMy, MBI y6emnumcs
B CIPaBEAJIMBOCTH 3aMeuaHus 2, BHICKasaHHOrO B WM. 2 § 2. '

Iycro (ynxyus f(x) uenpepvisna ra ceemenre [a, b] 4 cy-
wecrsyer Gyukyus, obparnas 0as f(x), paccmarpusaemor Ha
arom ceemenre. Toeda f(x) cTpo20O MOHOTOHHA HA  YKASAHHOM
ceemente [a, b].

JokaszateabcTBO. M3 cymecrBoBanua oOpaTHOH (PyHK-
nau aas f(x) caepyer, uro f(a)z=f(b). Tlyers f(a)<f(b)
[f(a)>f(b)]. TlokaxkeM, 4To f(X) CTPOrO MOHOTOHHO BO3PACTAET
[yoviBaer] Ha cermente [a, b]. Pacemorpum cayuait f(a) <f(b).
(Ecau f(a)>f(b), To paccyxpaenuss aHanoruuus.) [Ipeasapu-
TeJbHO YCTAHOBHM CIIPaBeJJIMBOCTh HepaBeHCTBa f(X)<f(b) nas
Bcex x u3 (a, b). JleificTBuTenbHO, NyCTh CYIIECTBYeT TaKoOe
e (a, b), uro f(x)>f(b). (Pasencrso f(x;)=f(b) HeBO3IMOXKHO
BBHAY. CYIIeCTBOBaHHA o0paTHOH (yHKUMH ans ¢yHkuum f(x).)
Ipumensisi Teopemy 4.13 ans  cermentoB [a, x;] # [x, b] ¥ uc-~
nosb3yst BuiTekamouue H3 f(a) <f(b) <f(x;) HepaBeHcTBa

f@y < TR0 £ f(r),
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flr) > L0 > 1),

y6equMcsi B CYLIECTBOBAHHM JABYX TakHX ugumcea §E =(a, x) H
Be(n b), wo fE)=f(E) =IO prax, gtte wo
f(&1) =F(&2), uTO TPOTHBOPEUHT CYLIECTBOBAHHIO OOGpaTHOH (QyHK-
LHH 118 QyHKNHUHE f(x) Ha cerMeHre [a, b].

YcTaHOBHM Temepb CTPOr0 MOHOTOHHOe BO3pacraHue f(x) Ha
cermenre [a, b]. IlycTh cymecTByloT aBa umcaa X;<<Xp, NpHHaLJIeE-
JKalllme noaycermenry [a, b), Takue, uto f(x;) >f(x;). Tlokaxem,
YTO 3TO NPENIOoJOXKEeHHe NPHBOJUT HAac K mpoThBopeyHio. I[lpume-
HAs TeopeMy 4.13 aast cerMeHTOB [%y, x2] W [X2, b] u HcmOAB3yA
BhITeKatomue u3 f(x) >f(x2), f(x1) <f(b) HepaBeHcTBa

f ) >R ),
Fle) < LA XTCD ),

y6emuMcs B CyUIECTBOBaHHM MABYX TAaKHX UHCeN Es& (%1, X)) H
gl b), mo  f(g)=f () =[O prax, ggs wo

f(Es) =f(E4), 9TO TaKkKe NMPOTHBOPEYHT CYLIECTBOBAHHIO 0GpaTHOM
byHkuHM ans ¢yHKuuu f(x) Ha cermente [a, b]. 3ameuas, d9rto
ycaoBHe f(x1) =f(x2) Ans x;<Xy Takke HEBO3MOXKHO, Mbl NPHXO-
OUM K BHIBOAY, 4TO f(x;) <f(x2) mas moGHX x;<X; U3 CErMeHTa
[a, b]. 3amMeuanue JOKaszaHo.

Teopema 414 (nepBasi TeopeMa BeliepmTpacca).
Ecau ¢ynxyus f(x) Henpepoviena Ha ceemenre [a, b], T0 oxna ozparu-
4eHa HA 3TOM CeSMenTe. :

HJokasateabcTBo. JloxkaxkeMm, yro ¢yHkuus f(x) orpaHu-
yeHa Ha cermeHre [a, b] cBepxy (OTpaHHYEHHOCTb CHH3Y JNOKa3bIBa-
€TCsl aHaJOTHYHO).

JloKa3aTeJbCTBO NPOBENEM OT IIPOTHBHOIO, T. €. HPELNOJIOKHM,
uyTo f(x) He sBJsieTCS OrpaHHYEHHON CBepXy Ha cermeHrte [a, b].
Torga amns mwo6oro HarypaaeHoro n (n=1, 2, ...) najijgercs xorsi Oul
ojHa TOYKa X, U3 [a@, b] Takas, 4to f(x.)>n. (B mporuBHOM cayuae
f(x) 6B1a OBl OrpaHuueHa cBepXy Ha cerMenre [a, b].)

TakuM 06pazoM, MH YKas3ajH NOCTEeJOBATEJIbHOCTb 3HAueHHH {X.}
u3 cermenta {a, b] Takywo, YTO COOTBETCTBYIOWlAsi MOCJIEIOBATENb-
HOCTb 3Ha4YeHH# ¢yHrumu {f(x.)} siBasercs OGeckoHeuno OGoJabLIOH.
B cuany teopembl bBoabnano—Bedfiepmitpacca (cM. ciaeactsue 3 u3
teopeMul 3.16 m. 1 § 3 ri. 3) 43 moCNeROBATENBHOCTH {X,} MOXHO
BBIIEMHTD IOANOCAENOBATENbHOCTD {Xk,}, n=1,2,.., cxogsuyiocs
K HekoTOopof Touke E. Tak Kak Bce 3JeMEHTH NOANOCAEAOBATENbHOCTH
{xz,} nexar Ha cermente [a, b], TO M TOUKa § NPHUHAJJIENKHT cer-
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MeHTy [a, b] (B cuay caexctsus 2 u3 Teopemnl 3.13). B cuiy Henpe-
PHBHOCTH GYHKIHUH f(X) B TOuKe £ COOTBETCTBYIOWAs IOANMOCIEROBA-
TeJIbHOCTh 3HaueHHit ¢yHkuum {f (¥s,)}  o0s3aHa CXOZHTBCI K
f(¢). Ho at0 npoTHBOpeduT TOMY, UYTO MOANOCJEAOBATEIbHOCTD
{f (xx,)} 6yAydu BhiJeJeHa u3 OECKOHEYHO GOJbUWION HOC/IeNOBa-
teapHocTd {f(x.)}, cama saBasiercst feckoHeunHo Gouspliod. IlosyueH-
HOe NMPOTHBOpeYHe NOKa3blBAET TeopeMy.

Sameuaunune 1. Jasg uHTepBana (HJIH MOJyCerMeHTa) yTBepXK-
ZicHUe, BBICKa3aHHoe B TeopeMe 4.14, yxe HeclnpaBelJ/iHBO, T. €. H3
HENpepHBHOCTH (DYHKUHM Ha HHTepBase (HJH NOJyCErMEHTe) HE BBHI-
TEKaeT ee OrPaHHYEHHOCTb HA 3TOM MHOXKecTBe. PaccMOTpHM, HampH-

Mep, BYHKLHIO f(x)=—:c— Ha uHrepBase (0,1) (mnu Ha mnoay-

cermenre (0,1]). Dta GyHKHHA HenpepbiBHA HA YKA3aHHOM MHOXe-
CTBe, HO HEODAHHYEHHa Ha HeM. B camom jese, moc/jen0BaTe]bHOCTD

xnzT (n=2,3,...) NpuHALJIEXHT yKa3aHHOMY MHOXECTBYy, a

nocJe0BaTebHOCTy 3HaueHuil ¢yukmuu {f(x.)}={n} sBngercs Gec-
KOHEUHO OOJBbIIOH.

Paccmorpum (yHxuuio f(x), orpaHHYeHHYIO Ha JaHHOM MHOXKECT-
Be {x} cBepxy (cHHU3Y).
~ Omnpenenenue. Yucao M (uucro m) HaseieaeTci TOUYHO U
gepxHnell (Tounoid Huouned) apansvro yukyuu f(x) Ha
muoocecrge {x), ecau soinoanenv, 08a Tpebosanus: 1) 0aa Kaxndozo
3Hadenus x u3 MmHoocectsa {x} cnpasedauso Hepasencrso f(x) <M
(f(x)y>m); 2) Oaa awboeo wucaa e>0 cyujecTsyer Takoe sHA4eHUE X
us mHoxecrsa {x}, 4T0 Oas COOTBETCTBYIOULE20 3HAUEHUS (PYHKYUU
f(x) cnpasedauso nepasencTso

f(x)>M—e  (f(x) <m-+e).
3ameTuM, 4TO B JAHHOM ONpeAeseHHM YyCJaoBHe 1) O03Hayaer, 4ro
yucao M (4HcJo m) sABJAAeTCS OJHOH M3 BeDXHHX (HHXHHX) rpaHed
¢dynkuum f(x) Ha MHOXkecTBe {x}, a yc/jOBHe 2) O3Hayaer, 4TO 3Ta
rpanb sIBJSeTCS HaMMeHbllel (Hanbosbiuel) H ymeHblleHa (yBeJH-
yeHa) OBITb HE MOKET.

Toynas Bepxusisi rpaHb M ¢Qynxuun [(x) Ha MHOXKecTBe {x} 0OBIU-
40 0603HauaeTCs CHMBOJOM :

M =sup{f (x)},= sup f (x).
) {*}

Anajloru4HO TOuHAasi HIKHSAS rpaHb m GyHKUHE f(Xx) Ha MHOXeCTBe
{x} o603HayaeTcs CHMBOJIOM.

m= ig}f {f(x)}= ?x‘;" f(x)-

B uacTHOCTH, TOYHAs BepXHAA rpaHb (YHKUUH [(X) Ha cermeHre
[a, b] Moxer o6o3HauaTbCs JIOGHIM H3 CJAEAYIOIHX YeThipex CHMBO-
JIOB:
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Sup 0= Sup, {f(x)}= JSup, f(x)= JSup {f (=)}

Ananoruunsie YeTepe CHMBOJIA HOJid TOYHOH HHXXHeH TpaHH HMET
BHA

. é‘,ﬁi J @)= aggb {F}=_ ér[lj'b] fx)= xf;?;/ﬁ]f (x)}-

CnpaBeAJuBH CJEAYIOLIHE YTBEPKACHHUS:

1) ecau ¢ynxyus f(x) ozpanuuena wna muowecree {x} _ceepxy
[crusy], 10 y Hee cywecTsyer nHa 3TOM MHOXMCECTBe TOUHAA BEPXHASR
2panb [TOYHAA HUMCHASR 2PAKDL];

2) ecau ynxyus f(x) oepanuuena na muosxcecrse {x} (c o6eux
CTOPOH), TO Y Hee CYUeCT8YIT Ha ITOM MHONECTSe KAK TOYHAR 8epX-
HAA, TAK U TOYHAA RUNCHASL ePaKU.

OTH YTBEPXK/JEGHHS SABJAIOTCSH INPAMBIM CJeACTBHEM TeopeMul 2.1
ra. 2, u60 orpaHHYEHHOCTb GYHKUMH f(x) Ha MHOXecTBe {X} CBepxy
[cHu3y] o3HauaeT, YyTO MHOXKECTBO BCeX 3HA4YeHHH 3TOH (yHKIHH
OrpaHH4YeHo CBepXy [cHH3Y].

Bosnukaer BOIpOC O TOM, fBJSIETCS JIM TOYHAs BepXHSAA [TOouHasH
HUXHAS| rpaHb OrpaHuYeHHOH Ha MHOXecTBe {x} OyHkumu [(x)
AOCTHXHMOH, T. e CYWeCTByeT JIH CPelH TOYeK MHOXKecTBa {x}
Takasi TO4Ka Xy, 3HaYeHHE cpyHKmm B KOTOpo#l f(xp) paBHO TOUHON
BepXHeH [COOTBETCTBEHHO TOYHOl HMKHeH] rpanm f(x) Ha MHOXKecT-
Be {x}.

Crneayiomuii npuMep NOKa3bBAeT, YTO TOUYHHIE TPaHU OrpaHHUEH-
HOH Ha MAHHOM MHOXKeCTBe (PYHKIHH, BoOOlie TOBOPS, He ABIIOTCA
JAOCTHXHMBIMH.

Pacemorpum Ha cermente [0, 1] dynkuuio f(x) c.nezxyxomero BUAA
(puc. 4.25):

i(x)={ ¥* mpr 0<x< 1,
1/2 npu x =0 n x = 1.

dra ¢yHKUMs orpaHHYeHa Ha cerMmeHTe [0, 1] H uMeeT Ha HeMm
TOYHYI0 BE€pPXHIOI0 I'paib M=1 u TouHywo HuXKHIOIO rpanb m=0. Ox-
HAaKO 3TH TPAHH HEeJOCTHXKUMBI: cpefu Touek cermenrta [0, 1] me cy-
WECTBYeT TOUEK, 3HaueHns] QYHKUHH B KOTOPBIX ObIW Gbl PaBHH HYJIO
WIH eIHHHIe.

3ameruM, yTo paccMarpuBaeMas ¢QYHKUHS f(Xx) He sBAAeTCA He-
npepuiBHO# Ha cermeHTte [0, 1] (oHa uMeer pa3phiBM B Toukax x=0
u x=1). OxasrBaercsl, 3T0 0OCTOATENbCTBO HE SIBJAAETCH CJAydalHHBIM,
160 CIpaBeAUBO CJeAylolllee YyTBEPKACHE.

Teopema 4.15 (BTOopasa Teopema Beftepmrpacca).
Ecau ¢ynxyus f(x) nenpepoisna Ha ceemente [a, b], To ona docru-
2aeT HQ 3TOM Ce2MeHTe CBOUX TOYHbLX BepxHell W .HUdXCHeld epaned,
T. e. cpedu rtodex cezmenra [a, b) Haldyrcs raxue TOUKU X U X,
410 3Hauenue f(x;) pasno TO4HOU sepxueill epanu f(x) Ha ceemenre
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[a. b], a 3uauenue f(x3) pasHo Tounol nuskred epanu f(x) #a cez-
Mente [a, B].

JokaszareanbcTBo. B cuny nepsofi Teopemnl Befiepmrpacca
4.14 ¢yuruny f(x) orpaHuyeHa Ha cermente [a, b], a mostomy y Hee
CYILECTBYeT He 3TOM CerMeHTe TOYHasl BepxHfis rpaHb M ¥ TOuHad
HHXHAS TPaHb M.

OcTaHOBUMCH Ha J[0KasaTe/lbCTBe JOCTHXKHMOCTH TOYHOH BepxHeH
rpain M, H6O MQCTHXKUMOCTb TOUHOH HUIKHEH IDaHH m LOKa3biBaeTcs
AHaJIOTHYHO.

IIpeanosoxuM, YTO TOYHAsE BepXHss rpaHb M He sBasfeTcs JOCTH-
JXKHMOH, T. €. IPEANOJIOXKHM, UYTO BO BCeX TOYKAx cerMeHra [a, b]
¢yHKUHua f(x) npHHHMaeTr 3HaueHus, ctporo MmenbuHe M. Torga Mu
MOKEM paccMoTpeTh (QYHKIHIO

1
F(x)=————.
M—f(x)
3uamendrens M—f(x) npencraBisier co60it (GyHKUHIO, HENPEPHIB-
HYIO H CTPOro IIOJIOXKHTEJNbHYI0 Ha cermente [a, b]. Iloatromy no reo-
peme 4.1 (mns caydass yactHOrQ) ¢yHkuus F(x) Oyder sBJIATbCS He-
npepuIBHOH Ha cermeHTe [a, b]. 3Hauut, mo mepBoil Teopeme Befiep-
mitpacca 4.14 ¢ynkuus F(x) orpannyeHa Ha cermesre [a, b], T. e.
o 1 .
HaljeTcs moJoXuTeNnbHoe uuciao A Takoe, 4ro F (x)=W<
— X
<A pns Bcex x u3 cermenra [a, b]. Tak kKak ¢yHkuua M—f(x)
CTPOro MOJIOXKHMTeNbHAa Ha [a, b], To mocjenHee HepaBeHCTBO KBH-

1
BAJIEHTHO HEPABEHCTBY f(x)\<M—7 IJIsi BCeX X U3 CerMeHTa

[a, b], a ar0 mporuBOpeunt TOMY, 4YTO YHCAO M SABJSIETCS TOUYHOH
BepXHel IrpaHbIO, T. e. HAUMEeHbIIel H3 BCeX BePXHHUX rpaHeldl QpyHKIUH
f(x) Ha cermente [a, b].

ITonyyenHoe HpoOTHBOpeYHe AOKa3biBaeT, YTO Halle NpPeNNoJoKe-
HUe O HEJOCTHXKMMOCTH TOYHOH BepXHeH rpaHM sABJSIETCH HEBEPHLIM.
Teopema poxasana,

3ameuaHnue 2. Ilocne Toro Kak AoKazaHa JOCTHXHMOCTH He-
1pepLIBHONH Ha cermeHre [a, b] QyHKIHeH CBOMX TOYHBIX BepXHEH H
HUXKHe#l rpaHell, Mbpl MOXeM HasBaTh TOYHYIO BEpXHIOI® TrpaHs M
MaKCHMaJbHBM 3HaudueHHEM, a TOYHYIO HUXKHIOK TpPaHb m
MHHHMAaJbHHM 3HaueHueMm ¢yHruun f(x) Ha cermenre
[a, b]. Teopemy 4.15 MOxXHO nepedOpMyJIHPOBaTH B BHAE: HENpepbsig-
Has Ha ceemente [a, b] Pynxkyua [(x) umeer Ha ITOM ceemeHTe MaK-
CUMANbHOE U MUHUMAALHOE 3HAYEHUSA. A

MaxkcumanbHoe 3HaueHue ¢yHKRUMHE f(X) Ha cermeHnte [a, b]
0603HayaeTcss OJAHHM H3 CAEAYIONIHX CHMBOJIOB: :

max f(x) = max {f(x)} = max f(x) = max {f(©)}.
a<s<x<h a<x<b x€fab] x¢ef{a,b]
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AHajlorHyHHE CHMBOJIBL JJIsi MHHHMAaJbHOTO 3HavyeHus f[(x) Ha
cermenre [a, b] umeior Buxg

min f(x) = min {f(x)} = min f(x) = min {f(x)}.
agx<b agx<h x€la,b} x€fa,b]

Sameyanue 3. 3aMeTHM, YTO H QYHKUHH, He SABJIAIOLIHECH
HeNPEepPHIBHBIMH Ha JaHHOM CerMeHTE, MOTYT HOCTHTaTh Ha 9TOM Cer-
MEHTe CBOUX TOYHOH BepxHell M TOYHOH HHXKHeH rpaneii. [Ipumepom
MOXKeT CaAyxkutb (pyHkuus Hupuxae D(x), paBHas HyJI0 RIS BCEX
UppaNHOHAJIbHBIX ¥ H paBHasf ejHHHIE JAJd BCeX pPAlHOHAJbHBIX X.
Ota (yHKIHA pa3pbiBHa B KaxAOH Touke cermenta [0, 1], wHo, oue-
BHJHO, JNOCTHrdeT Ha 3TOM CErMeHTe CBOEH TOYHOH BepxHeH rpaHHy,
paBHOH eRMHHIE, W CBOEeH# TOUHOH HHKHEH I'PaHH, PaBHOH HYJIO.

3ameuanue 4. YrBepxkjeHHe TeopeMnl 4.15 oKaxercst Hesep-
HBIM, ecad B ee (QOPMYJHPOBKE TEPMHUH «CEIMEHT» 3aMEHUTb TepMH-
HOM «HHTEDBaJ» WJIH <IOJYCErMEHT>,

Tax, ¢ysxuusa [(x)=x s#BasieTcsi HeNpepLIBHOA Ha HHTepBase
(0, 1) nan na moaycermenre [0,1), ofHaKo TOUHAasi BepXHAA TIpaHb
sToil (YHKUMM Ha yKasaHHOM HHTeDBaJe HJIM InojycermMeHre M=1
XOTSl H CYLIeCTBYET, HO He JOCTHUTaeTCH.

K aromy canenyer mo6aBuTh, 4TO y (yHKIMH, fABJAsIOLIEHcA Hempe-
PHIBHOH Ha HHTepBaJie HJH IOJyCerMeHTe, TOYHbE TPAHU MOTLYT Aaxe
HEe CYIeCTBOBaTh, H60O Takas (QYHKIHS MOKET He ABJSTBCH OrpPaHH-
YeHHOH HA yYKa3aHHOM HHTEepBaJje HJIH MojycermMeHTe (CM. 3ameua-
Hue 1).

3. Ilonstne paBHoMepHoi#i HenpepbiBHOCTH ¢yHKuMH. IIpeamouio-
XKuM, uTo QyHKUMs y=f(X) 3aJaHa Ha TaKOM MHOKecTBe {X}, Kax-
Ias ToOuKa KOTOPOro siBjfeTcs npefebHOM TOUYKOH 3TOr0 MHOXECTBa.
IIprMepoM TaKOro MHOXKeCTBAa MOTIYT CJOYXKHTb CErMEHT, HHTepBaJ,
noJIycerMeHT, NoJynpsamasi, OeCKOHeuHasi NpsiMasi, MHOXECTBO Bcex
pauMOHAJbHBIX TOYEK, NPHHAJJIEXAIHNX JIOOOMYy H3 MepEeuHC/IEeHHBIX
MHOXKECTB. v

Onpenenenue. DPyukyua y=f(x) nHaseisaercs paeromep-
HOo Henpepous8Hol wna muoxecrse {x}, ecau Ois A106020 noso-
HUTENbHO20 YUCAQ €& HAUOeTCa oTeéewaroujee emy NOAOKCUTEAbHOe 4dlic-
210 8 Takoe, 4to Oasn A06bix 08Yx To4ex x' u x” mHomecTsa {x}, ydos-
aergoparowux ycaosuro |x'—x"| <8, cnpasedauso Hepasencrso

() —F(x") | <e. (4.29)

3ameuanue 1. Cpasy xe NOJYEDPKHEM, 4UTO e€CAH (YHKIHS
f(x¥) paBHOMepHO HeIpEpPLIBHA HA MHOXeCTBe {x}, T0O OHA HeNpephLIBHa
B KaxkJo# Touke x MHOxkecTBa {x}. B camoM pgene, B3aB B chopmy-
JHPOBAHHOM ONpeJeJEeHHH B KauecTBe x” NAaHHYI0 (DHKCHPOBAHHYIO
TOYKY Xo MHOXKecTBa {x}, a B KauectBe X’ — JI06YI0 TOUKY 3TOro
MHOXKeCTBa, MHl IpPHAEM K ONIpPEJEJEeHHIO HENPepLIBHOCTH (YHKIHH
[(x) B Touke xo mo Ko, '

3amMeuyanue 2. OcHOBHHIM B CHOPMYJHDOBAHHOM oOmNpejee-
HHHM paBHOMEDHOH HeNpepHBHOCTH ABJsAeTcs TpeGOBaHHe, TrapaHTH-
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pylolliee cyuiecTBOBaHue no Jgwobomy &>0 Takoro yHHBEPCAJBLHOrO
8>0, KoTopoe ofecneynBaeT CHOpaBeJJHBOCTb HepaBeHcTBa (4.29)
cpasy AJs Bcex ToueK x’ H x” MHOXKecTBa {x}, Y/JOBJETBOPSIOIWHX
ycaoBuo | x'-——x"| <8. - :

Ecan norpe6oBaTbh HenpepHBHOCTH (GYHKLHH f(X) B KaxJAOH TOY-
Ke xp MHOXecTsa {x}, To Ajna mwoboro >0 u M060H TOUKH X, MHO-
KecTBa {x} MOXKHO TapaHTHPOBAaTh CYLIECTBOBaHHE «CBOErO» IIOJIOXKH-
TeJbHOro 4ucia §=438(e, Xo), 3aBHUCAILEIO HE TOJbKO OT & HO H OT
Xo H 00eCeudBaIONIEro CIpaBeLJIHBOCTb HepaBeHCTBa. |f(x) —f(xo) [ <
<e JBAS BCeX X U3 MHOXKecTBa {x}, yIOBJIETBOPSIOMIMX YCJOBHIO
[x—xo| <6(e, x5). Ilpu 3TOM, BOOOGINE rOBOPS, MOXKET He CYULIECTBO-
BaTh MNOJOMXHTEJbHOH  TOUHOH HHXKHeH TpaHH YKa3aHHBIX
d(e, xp) mO BceM TOYKaM X, MHOXeCTBa {x}, T. e. paBHOMepHas He-
IpepheBHOCT (YHKIHH Ha MHOXecTBe {x} He BHITeKaer, Boobue ro-
BOPS, H3 HENPEepbIBHOCTH 5TOH (GYHKUHH B KaXAOH TOYKE Xg MHO-
xkectBa {x}.

3ameuanne 3. M3 mansoro HaMmMm onpejeseHHs] paBHOMEDHOM
HENPEPLIBHOCTH HENOCPEJCTBEHHO BHITEKAeT, uTo ecau QyHKuus f(x)
paBHOMEDHO HeIpepEBHA Ha MHOXecTBe {x}, TO 3Ta (YHKUHS pPaBHO-
MEpHO HelpephBHAa H Ha JIO60M NOAMHOMKeCTBE MHOXKecTBa {x}.

PaccmoTrpum npuMepn GyHKUHHA, Kak oOnafaloliux, Tak W He 00-
Jafalomux Ha [JaHHOM MHOXKeCTBe {X} CBONHCTBOM paBHOMEpHOH He-
NPEPHIBHOCTH. ~

1
1. Y6eaumcsa B TOM, 4TO (pyHKuust f(x)=—  paBHOMEpPHO He-
X

npepbiBHA Ha Noaynpsmoil x>1. B camom gene, miast mo0ObIX JBYX
ToueK X’ u x” H3 YKa3aHHOH MOJYNPSIMOA CIpaBelJHBO HepaBeH-
CTBO

&) —Fe)) = | =L

X X

x" - x

[TosTomy, B3sIB AJs J1060r0 &£>0 IOJOXKHTENbHOE YHUCJAO § paB~
HEIM g, MBI IIOJIy9HM, 4TO AJsS JM0ObIX ABYX ToYeK x' M x” mosynps-
Mot [l, +4o0), yZOBIETBOPSIOMIMX YyCIOBHIO |x”—x'|<8, cmpaseg-
JauBo HepaBeHctBo |f(x)—f(x") | <8==¢.

2. Oyukuug f(x)=sin-— He ABJSETC PABHOMEDHO HeNpepHIB--

X
soi Ha untepBasie (0, 1)* Urobu ybemuTbcsi B 3TOM, AOCTaTOYHO
J0KasaTh, 4T0 AJisd HeKoToporo e>0u pxasg n1060ro Kak

yrogHo MaJgaoro 6>0 zahjercs xora OH oaHa napa Tovexk x W
x” uarepsana (0, 1) Takux, uro

[ —x"] <8, HO |f(x')—f(x")|>e.

* Xorss 9ra (GYHKUMSA H SBJIAETCA HENPEPHIBHOA B KaXJIOH TOYKE HHTEPBaJa
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PaccMorpum JiBe IIOC/IEIOBATENIBHOCTH TOYEK, IpHHAAJEXAIUX
unrepBany (0, 1), {x'»} u {x”,} ¢ snemenramu

’ 1 " 1
X = Hx =———— n=1,2,....

4
— 2
2+ T

OGe -3Tu mocsief0BaTEeNbHOCTH, @ 3HAYUT, H HX PA3HOCTb ABJAIOTCS
GeckoHeyHO MaubiMH. IlosToMy s M06OT0  Kak YrOZHO MaJoro
8>0 nafizercsi HOMep n TakKOH, 4TO Ix [ < 6. Bmecte c TeEM

JJast aro6oro HoMepa n

[f(x)—F (x) | = !sin an—sin <% + 2nn) I = 1.

TlostoMy i e= -;— >0 u ana xak yrogHo MaJgoro §>0 nai-

JAercs mapa Touek x’ u x” us uurepsana (0, 1) Takux, 4to |%,'—
—xn"| <8, B To BpeMst Kak |f(x.")—f(x.")|>e, 370 M o3Hauaer, 4TO
paccMarpuBaeMasi (GYHKUHS He SIBJASIETCS PaBHOMEDHO HeNpephIBHOH
Ha uHTepsaJje (0, 1). :

3ameruM, 4TO ecau OBl MBI PAcCMOTPENH Ty Xe caMyio (YHKIHIO

f(x)=sin-—1— He Ha uHTepBaje (0, 1), a Ha wuHrepBaae (y, 1), rue
X

y — Jmo6oe yucao u3 uHTepBana 0<y<l, To MpuBeNeHHbLIE BLIIIE pac-
CYXJCHHUSI yXe He uMeJH OB Mecta. DTOT (pakT He sBJsAeTCA ciaydai-
HbIM, HOO HHXKe MBI IIOKAaXeM, UTO yKaszaHHas (QyHKUUA sBAAETCH
PaBHOMEPHO HeNpephHBHOH Ha HHTepBalte (y, 1) mpum 0<y<l.

3. NokaxeM, yto ¢yHKUHS f(x)=x% He sIBJsETCS PaBHOMEPHO He-
npeprBHoffI Ha nonynpaMoﬁ x>1. 3amerumM, uTO0 AN JIOOGBIX ABYX TO-
yex ¥’ U x” monynpsMo# x> 1 cnpaBelJ/JIMBO HepaBEHCTBO

[T —=F") [ =1 (¥)?—(x")?] =
=|x’+x”|~|x’-—-x”|>x’-|x’—x”|.

Y6enuMmca Tenepb B TOM, 4TO He TOJbKO JJII HEKOTOPOTLO
£>0, a gaxe aist A0 60ro >0 u Aasg J060ro Kak yrogHo MaJio-
ro 6>0 Hafigercs mapa Touek x’ H x” H3 noaynpsmol x>1 Takux,
47O

(4.30)

|x—x”| <8, HO |f(x')—f(x")]|>e.

(310 u 6Gyger O3HAuYaThb OTCYTCTBHE CBOHCTBA PaBHOMEPHOH Hempe-
peBHOCTH y GYHKUHH f(x)=x2 Ha paccmMarpuBaeMo#l NOJIYNPSMOM.)
duxrcupoBaB npousBoJbHbHe >0 H 6§>0, Bo3pbMeM B KauecTBe X’

28
HpOH}SBOJIbHOG YHCJO, IIPpEBOCXOAAlLEeEe €NHWHHIY H TakKoe, YTO x’> —6—-',

8 .
H TOJIOXKUM x”=x’+7. Has tTakux x” u x” OyAer cnpaBelIHBO
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HepaBeHcTBO  |x' —x"| =—Z—< 6. C pyro#l CcTOpPOHE, B CHJIY
(4.30) AIs 5THX ke X H x” 6yneTr CIpaBeNJHBO HEPaBEHCTBO
, " [ 2e
I &)= &) | = -~ =e.

3aMeTHM, YTO e€cJqH Obl MBI DAacCMOTPENIH Ty XKe caMylo (YHKUHIO
f(x) =x% He Ha noaynpsmoil x>1, a ma mobGom cermenre |1, b}, rae
b — a1060e QHCIO0, TO npoae,ueHHbIe HAMH pacCyXIeHHsl yXe He HMe-
Jau Obl Mecra.

BToT (GAKT CTAHOBHTCH NOHATHHM B CHIY CAeAyoIeld (yHxamed-
TaJIbHOH TEOpPEMHL.

OcHoBHasag Teopema 4.16. Ecau ¢yuxyus f(x) Henpe-
poisna Ha ceemente [a, b], TO oHa u pasHOMEpHO HenpepolsHa  Ha
aTOM CezMmenTe.

HokaszarteabcTBo. Ilpeanonoxum, uto ¢yHKuus f(x) He-
npephiBHa Ha cermente [a, b], HO He ABJIAETCS PAaBHOMEPHO Hempe-
PHIBHOH Ha 3TOM CerMeHTe.

Torpa Ansi HEKOTOPOro e>0 W 78 JIO60TO KAK YrOAHO MAJIoTo.
¢>0 Halinytca aBe ToukM x’ M x” cerMmeHTa [a, b] Takue, uTO

[#"—x"] <8, mo [[(x)—F(x")|>e.
BriGepeM GeCcKOHEUHO MaJyl0 MOCJAEJOBATEAbHOCTh MOJOKHUTENbHBIX
gyucen 8,=-— (n=1,2,..). MoXHO yTBepXJaTh, uTO AJf YKa-
n

3aHHOro &¢>0 u gjas Jawboro HOMepa n HaHAYTCH ABe TOYKH X,  H
” cermenra [a, b] Takwme, 4TO

%=l < —, Ho If () —f (x| > (4.31)

Tak xak NocleROBATENbHOCTL {X.'} COCTOHT M3 TOWEK CerMeHTra [a,
b], To ‘ona orpaHHieHa u no Teopeme Boabnano—Beiiepmrpacca
(cM. caencrsue 3 u3 Teopembl 3.16 ra. 3) H3 Hee MOXHO BBLAC/HTb
CXOAALLYIOCA TOANOCAEJOBATENbHOCTD {xkn} n=1, 2,... Ilpenexn

t VKa3aHHOH NOANOCAEAOBATENbHOCTH (B CHAY CASACTBMA 2 H3 Teo-
pembl 3.13 ri. 3) Gymer Takxe OpHHagdexartb cerMmedtry [a, b].
B cuay neBoro HepaBeHcTBa (4.31) cooTBercTBYIOLiasi IORNOCJAEIO-
BaTeNbHOCTH {x;n} 6yZeT CXOHUTHCH K TOH XKe caMoi Touke E.

[Mockoabky ¢yHKUHS f(x) HenpephlBHA B KaXAOH TOUKE CerMeHTa
[a, b], ona HenpepniBHa H B Touke E£*. Ho Toraa, B cuiy ompeneJe-
HHA HempepuiBHOCTH NO ['eiiHe, o0e MOANOCTENOBATENbHOCTH COOTBET-
CTBYIOUIMX 3HaueHHH (QYHKUHH {f(x )} u {f (x, )} 00s3aHBl  CXO-

auTthes K f(E), T. e. pasHOCTBb yKasaHme nonnocnenoaaTeanocmﬂ

* B cayyae, ecid § cOBmajgaeT C OJHMM H3 KOHLIOB cermenta [a, b], mon me-
NPEpPHIBHOCTBIO CJIEAYeT NMOHHMATh OXHOCTOPOHHIOK HENPEPHIBHOCTS.
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{f(x,;n)~f(x;n)} o6s3aHa ObITb GecKOHeyHO MajoH. DTO NPOTHBO-

peuuT mpaBoMy HepaBeHCTBY (4.31), cmpaBegjuBoMy [Jif BCeX HOMe-
POB n H NOTOMY AJIsI BCeX HOMEPOB K.

[Tonyyennoe mnpoTHBOpeuHe A0Ka3bIBAeT, 4TO Halle INPeANOJIOXe-
HHE O TOM, YTO HelpepbiBHAs HA cerMeHTe [a, b] QyHKUuS He ABJSA-
©TC PaBHOMEDHO HENpPEepLIBHOH Ha 3TOM CerMeHTe, siBJiIeTCs HEBED-
HeiM. Teopema AoKa3aza.

BosBpaTtuMmcst Temepp K pacCMOTPEHHOMY BHIE HpHMEDPy 2 H THO-

KaxeM, 4to Pyrryus f(x)zsinL ABAAETCS PABHOMEPHO Henpe-
poisroi na unrepsare (y, 1) npu fuo6om v u3 unrepsasa 0<y<l.
‘B camom gese, npu sn1060M TakKOoM y (QYHKIHUS f(x)=sin% Hemnpe-
priBHA Ha cermenTe [y, 1]. 3Hauur, no Teopeme 4.16 dynkuus f (x)=
= sin N PaBHOMEDHO HENPEpHIBH - Ha cerMeHTe [y, 1]. B cuiy 3ame-

YaHusg 3 K ONpENeJIEHHI0O pPaBHOMEPHOH HENpepHIBHOCTH (yHKUUS
.o 1 o
J (x)=sin— . rTem Oojee siBJifieTCS pPaBHOMEPHO HEHODPEPHIBHON Ha
X

IEHTepBane (y, 1), npencraeasiomeM co00i NMOAMHOXKECTBO CErMeHTa
v, 1].
Teopemy 4.16 yno6uo nepedopMy/nHpOBaTh B TepMHHaxX KoJe b a-
‘Husl GYHKLUHH Ha JaHHOM CerMeHTe.

Ilycte ¢yHkuust f(x) orpaHuyeHa Ha JaHHOM cerMeHre [c, d].
Haszosem korebanuen pynryuL f(x) Ha cezmenre |[c, d] pas-
HOCTb w=DM-—m meoncly TOYHOU BepXHel U TOUHOL HUNCHel ePAHAMU
pynrkyuu f(x) na stom ceamenre.

Haist HenpepbBHOH Ha cermente [c, d] ¢ynkuun f(x) Kosaebauue
PaBHO DPA3HOCTH MeXJYy MaKCHUMaJbHBIM H MHHUMAJbHBIM 3HaueHHA-
MH 3TOH (PYHKIHH Ha YKa3aHHOM CErMeHTe.

M3 teopemnl 4.16 HenmocpeACTBEHHO BHITEKAET crenyomee yTBepm-‘
JleHue.

Caenpcrsue u3 tTeopemu 4.16. Ecau ¢ynxyusn f(x) He-
npepoisa Ha ceemente [a, b, To 0 4106020 NOAOHCUTENBHO2O HUC-
AQ & HaiideTcs orseqaroujee emy NONONCUTEAbHOE HUCAO 8 Taxkoe, 4To
kosebanue ¢ynxyuu f(x) Ha awbom codepacawiemcs 8 ceemenTe
[a, b] ceemente Oaunst, menswed 8, 6yder menvule uucra e.

3amMeuanue 4. AHaqu3upPys NOKA3aTeNbcTBa TeopeM 4.14 u
4.15 Betiepmitpacca n teopemel 4.16, HeTPpyIHO 3aMeTHTb, ‘UTO B 3THX
TpeX TeopeMax BMeCTO cerMeHTa [a, b] MOXKHO B3ATb IPOH3BOJIBHOE
MHOXKeCTBO {x}, AJsi KOTOPOrO BBHINOJHEHH ABa TpeboBaHusA: 1) aro
MHoscecTéo {x} seasercs ozpanudenneim; 2) 3Tto mHoxectso {x} co-
depocur A06Y10 8010 NPedesbrYyD TOUKY (TaKoe MHOXKECTBO JOTOBO-
pHMCSI HAa3blBaThb 33 M KHY T bl M). 4

Muoxectso {x}, yZoBjerBopsilollee yKa3aHHBIM JABYM TpeGoBa-
HUAM, AOTOBOPHMCSI HA3bBaTh KOMMDAKTHBIM MHOXECTBOM
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Win KoMnakTtoM. Takum o6pasoM, yKasaHHHE TPH TEOPEME
(. e. nBe TeopeMnbl BeiltepmiTpacca u Teopema 4.16) cnpaBenJHBEL He
TOJIBKO JJIs (DYHKIIHH, HENPEePHIBHON Ha CerMeHTe, HO H AJsi (YHKIHH,
HeNpepHBHOH Ha JI060M KOMIAaKTe,

B § 7 vacrosme# raaBH 6yayT cHopMyAHPOBaHE GoJee TOUHBIE OII-
pelesNeHHs] 3aMKHYTOTO M KOMIAKTHOI'O MHOXKeCTB. Bmpouem, anas
cyydasi UHCJIOBHIX MHOXKECTB 3TH (oJiee TOUHBIE ONpPEAC/EHHS OKa3hl-
BAlOTCsl SKBUBAJIEHTHHIMHM NDHBENEHHLIM HAaMH Bbille ONpPENEJIECHUSAM,

4. lloHsiTMe MONYJSs . HENPEPBIBHOCTH (DYHKIMH. I'IpelmonomnM
uro ¢yHKnua f(x) ompeleneHa M HempeprlBHA HA HEKOTOPOM MHO-
KecTBe {x}, Kaxmas TOYKAa KOTOPOTO #BJISIETCS MPeAeJbHOM TOUYKOi
TOT0 MHOXKECTBA.

Onpenenenune. [Jaa xandozo 8>0 nasosem modyaren
HenpepolerhocTu Qyukyuu f(x) na muoxecTse {x} TOUHYIO
6epXHION epans modyas passocTu |f(x")—f(x”)| no ecem Touxam
X, u x", npunadaescawum mnoxcecTsy {x} u yoosareTsoparOUUM
Hepasencrsy |x'—x"| <8.

Hsis 0603HaueHHst yKasaHHOH TOYHOH BepxHe#dl rpaHu OOGBIYHO
ynoTpebJasioT CJAeAYONHA CUMBOJ:

sup{|f () —f(x") | : |¥'—x"| <d; X, x"={x}}.

Cam e MORYJbh HeNpPEpHIBHOCTH (QYHKIMH f(X) HA MHOXKeCTBE
{x} npunATo 0603HayaTh CUMBOJOM o (f, ).

Taxkum oGpasoMm, 1o ompeneeHUI0

o(f, 8) =sup{|f () —f(x") | : |[x*'—x"|<8; ¥, "={x}}.
(4.32)

3ameuanue. [lpu onpeneneHun MOAYJS HeNPEPHIBHOCTH
o(f, 8) B mpaBoit wactn (4.32) Bmecto |f(x')—f(x”)| MmoxHO
Obl10 OBl NHCATb PA3HOCTD [f(x’)—f(x”)] 6e3 3Haka MOAyJs. DTO
{ BBITEKaeT M3 TOrO, YTO TOYKH X’ U x” MOXKHO NMOMEHSTh MeCTaMH
(nmpu stom pasHocTh [f(x')—f(x")] H3MeHHT 3HAK HAa IPOTHBOMNO-
JIOXKHHI, B TO BpeMsi KakK BeJuyuHa |x'—x”| He H3MeHHTCS).

Ot™merHm JIBa CBOHCTBA MOJIYJs1 HenpepeBHOCTH o(f, §).

! 1°. Modyas menpepoigroctu o(f, 8) e6ceeda reoTpuyaresen:
o(f, 8)>0.

ATO CBOHCTBO HEMOCPEACTBEHHO BHITEKAET M3 OINpeAeseHHs MO-
AyJist HerpepheiBHOCTH (4.32).

2°. Modyav HenpepoisnocTu (f, 8) npedcrasaser coboi He-
yboisarowyro pyrkyuro § scrody Ha noasynpamoii 6>>0.

B camoMm pese, nmpu yMeHbIUIEHHH & MHOXECTBO, II0 KOTOPOMY
Geperca cynpeMyM (4.32), cyxkaercs, a CynpeMyM Ha 4YacTH MHO-
KeCTBa He IPEBOCXOAUT CYNpPEMyMa Ha BCEM MHOMKeCTBe.

BrelupciuM MOAYJIH HENPEpPLIBHOCTH HEKOTOPHIX (YyHKIMA.

1. BuuMcauM MOJAYJb HelpephiBHOCTH (yHKuuH [(x)=x% Ha
cerMeHTe [0 1].

; Iycts " u x” — m00be aBe Touku cermenrta [0, 1] takue, yTO
i x”=x"—6, rae 0<§<1. Torna, O4YeBHAHO,
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[ (&) —F (") ] =[(x)?—(x")?] =[ (x')*— (x"—8) *] <26—6".

U3 mocaenHero HepaBeHCTBA, YUHTHIBAS 3aMedaHHe K onpejeNeH I
MOJyJsi HEHPEePLIBHOCTH, ME HOJYYHM, 9TO

o(f, 8)=sup {[f(x)—f(x")]: |¥'—x"} <& ¥, x"<[0, 1]}<26—8

C napyro#t croponn, B3sB x'=1, x"=1—8§, tak uro |x'—x"|=4§,
MblI HOJYYHM, YTO :

[F () —F(x")] =1—(1—5)2=25—02.

3uayut, o(f, 8) = (x2, §) =26—06% (ecau 6<1).
2. BLYHCAUM Jajgee MOAYJ/b HENPEPHBHOCTH QYyHKUMH [ (¥)==

—sin—- na uarepsane (0, 1).
X R

Taxk kax
() —F ()] =] sin —1,———sin—l”—l < lsini,‘+|
X X X

10 0(f, 8) <2.
C npyroii CTopoHH, B3sB JBe OECKOHEYHO MaJble Iocjae-
noBatelbHOCTH {%¥,'} u {x.,”} TOuex wuntepBana (0, 1) BHIa
1

’ 1 "

X, = ————— X, =—————, TAen=1,2, .., MB 1J4 Ji060-

—’;—+2nn —-§—+2nn

<2

ro >0 cMoXKeM yKasatb HOMep nTakoll, uto  0<x,'<8 u 0<x,"<
<6, TaK 4r0 |X'—x."| <0, npuueM

[f (x1)—F (£)] =sin =~ —sin L~ = 2.

X

»
xn n
Orciona caenyer, uto o (f, 6)=(ov(sin —i-, 6) = 2.
3. BuumcnuM, HakKOHeN, MOAYJb HENPEePLIBHOCTH (YHKIHA
f(x)::—l—- Ha uHTepBajie (0, 1). Y6eaumcs B TOM, UYTO 3TOT
X

MOJYJib HENPEPHIBHOCTH PaBeH -+ oo.

@QHKCHPOBAB NPOU3BOJBHOE 0>>0, pacCMOTPUM TOJLKO TaKue
TOUuKH x’ ¥ x”, KOTOpHE YROBJIETBOPAIOT cooTHOmeHHaM O0<x’<§,
x" =8, Tag uro |x'—x"|<8. OueBuzHoO, uTO *

m(—l—, 6> > sup {—l—,——-l—:0<x’<6}= + oo.
x x 8

B 3akaioueHye AOKaXKeM TeOpeMy, VCTAHABJIMBAIOUIYIO CBS3b
MeXJy CBOWCTBOM DaBHOMEDHOH HenpepblBHOCTH ¢yHKIHH f(x) Ha

* Mpl y4uTHBaeM, YTO NpPH CyXEHHH MHOXeCTBAa 3HAueHHA X, M X"/, m0 KOTO-
pHM Gepercs CYNpeMyM, 3TOT CYNpPeMyM MOXKET TOJBKO yMEeHbIUATHCS.
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MHOXKecTBe {x} H BEJIMYHHOH MOAYJS HENpephIBHOCTH 3TOH (YHK-
IIMM HAa YKa3aHHOM MHOXeCTBE. 4

Teopema 4.17. [Haa 1020 urober ¢ynxyus f(x) assarace
DABHOMEDHO HenpepsleHoL Ha MHONecTee {x}, Heobxodumo u doc-
TaTO4HO, 4T06b6L MOOYse HenpepolsHocTu o (f, 8) arold yunxkyuu na
YKA3AHHOM MHOJKCECT8e YOO8AETBOPANL COOTHOULEHUIO

lim o (f, 8)=0. - (4.33)
8040

HokasareabcrtBo. 1) Heobxodumocrs. Ilycts ¢yHKIUS
f(x) paBHOMepHO HenpepbiBHa Ha MHOxecTBe {x}. Tpebyercs noka-
3aTh, YTO clpaBelsHBO cooTHoureHHe (4.33), T. e. Tpebyercsi HOKa-
3aTh, uTo AJd Jwboro >0 paigercs oreeyamuee emy §,>0 Ta-
KOoe, 4To AJsA Bcex 9§, y,IIOBJIETBopﬂ}OHlI/IX yeaosuio 0<6<8,, cupa-
BeJIUBO HepaBeHCTBO o (f, 6)<e *.

ITo onpejeNeHHIo paBHomepHon HereprBHOCTH nas  Jo6oro
¢>0 mafizercs orBeuawluee emy 8.>0 Takoe, uTOo AJas BceX X’ H
x” u3 MHOXKecTBa {x}, yZOBJeTBOpSAIILMX ychaoBuio |x'—x”|<8.,

cnpaBelauBo HepaseHctBo | (x)—f(x")| < —Z—, Ho 310 u o03-

Hauaer, yro AJs Joboro § u3 uHTepBasa 0<8<d, cIpaBelIHBO
HEPaBeHCTBO

o(f, & =sup{|f (*)—f () |1 | K| <& &', ¥ S} < - <o

2) Hocrarourocrs. IlycTb BhNOJHEHO cooTHomeHHe (4.33), T.e
nas joboro €>0 cymecTByer orBeyatomee emy §.>0 Takoe, uTO
LJsi Bcex 8, yaoBJeTBOpsiOIIMX ycaoBHI0O 0<8<0,, cHpaBelHBO
HepaBeHCTBO o (f, 6) <e.

s onpefeenns MOJIYJIsi HEIPEPEIBHOCTH ° CJAEAyeT, uTO JJIs
Bcex ¥’ W x” M3 MHOXKecTBA {X}, YHOBJGSTBOPHIOIIHX YCJIOBHIO
|¥—x"| <6<8., cnpaBeanuBo HepaBeHCTBO |f(x')—f(x")|<e,
9TO W O3Hauyaer, 4To (yHKUug f(x) paBHOMEPHO HempephiBHA Ha
mHoxkecTBe {x}. Teopema nokasaHa.

Brile Mbl BEIYHCJIHJIH MOAYJIH HENPEPHIBHOCTEH TPex (yHKIM:
dyukuuu x2 Ha cermenre [0, 1] ¥ dyHKuHi sm—;— B — Ha '
uHTepBane (0, 1).

.1 \ 1
Takkak o (x2,0) =20—6?, © (sm——, 6) =2, ® (—, 6) = + oo,

X X
TO H3 TeopeMH 4.17 cpasy ke BHTeKaeT, YTO (QYHKUHA X2
paBHOMEpHO HenpepuiBHA Ha cermeHTe [0, 1], a dyHKIHH sin -
X
" —l- He fBJSIOTCS PAaBHOMEDHO HENPepHIBHEIMH Ha HHTepBale

o, 1)

* MH yuHTHBaeM npu stoM, uto o(f, 8) >0,
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§ 7. NOHATHE KOMNAKTHOCTH MHO)XECTBA

1. OTKpbiThie M 3aMKHYThle MHOXecTBAa. PaccMOTpDHM Npous-
BOJIbHOE MHOKECTBO Bel[eCTBEHHBIX UHces {x}.

Onpenenenne 1. Touka x wmuosecrsa {x} Ha3bisaercs
BHYTPEHHEN TOYKOL 3T020 MHONECTBA, eCAl CYUu,ecT8yer noAo-
HCUTENbHOE HUCAO § TaKoe, 4TO §-OKpecTHOCTs TOYKU X TAKNCe npi-
HAOAEHCUT MHOJCECTEY {X).

Onpenenenne 2. Mnuoxecrso {x} Ha3eieaerca OTKp b~
T ol M, ecau A06as TOUKQ 3ITOZ0 MHOMCECTBA ABARETCH BHYTPEHHEl:
€20 TO4KOU.

[IpumepaMyu OTKPHITHIX MHOMKECTB MOTYT CJAYXHTb HHTEPBaJ,
OTKpHITass TnoJaymnpsiMasi, OeckQHeuHass npsimast, oObeAMHEHHEC He-
CKOJIbKHX HellepeceKalolHXCcs HHTEepBaJioB.

Onpenenenue 3. MroocecTeo {x} Ha3vi8aeTCSA 3AMKHY -
TolM, ecAu OONOAHEeHue 3T020 mHoxXcecT8a (T. e. PA3HOCTbL (—oo,
+o00) \{x}) s845€TCS OTKPOLITOLM MHONCECTEOM. ‘

B sameuanuu 4 B koHue n. 3 §6 Obuio maHo apyroe onpefe-.

‘JieHHe 3aMKHYTOro MHoxecTBa. HamomHuM ero ¢GOopMYJIHPOBKY.

Ounpenenenune 3*. Mnooecrso {x} nasvisaercs 3 a MK H y-
Tol M, €CAL I9TO MHOXMECT80 cOBepicur 8ce 80U npedesvrole
TOUKU. »

Y6enumcs B TOM, UTO AJsA CJAydyas NPOH3BOJBHBIX UYHCJOBBIX
MHOKECTB olipefiesieHust 3 U 3% 3KBHBAJIEHTHHI.

_ 1) Ilycrs cHauana MHOXKeCTBO {x} sIBjseTCs JAONOJHEHHEM OT-
KpBITOro MHOXKecTBa. JlokKameM, 4TO B TakoM cJaydae Jjwobas mnpe-
JAeNbHasi TOYKA x 3TOr0 MHOXKecTBa {x} 006s3aTejbHO €My IPHHAJ-
JIEKHUT.

B camom nese, npeaNoJIOXKMB, UTO NpeAe/bHasi TOYKa X He NpH-
HaAJEeXHT MHOXKeCTBY {x}, Mbl Obl HOJYUH/H, YTO X NPHHAAJEKUT
-IOTIOJIHEHHI0 MHOXKeCTBa {x}, KOTOpOe SBJAETCS OTKPBITHLIM. MHO-
xkectBoM. Ho Toraa x npuHamnexana Obl 3TOMY OTKDPHITOMY MHO-
JKEeCTBY BMeCTe ¢ HeKOTOPOH CBOeH §-OKPecTHOCTbIO, T. €. HEKOTO-
pasi 0-OKDECTHOCTb TOUKH X He cojepxana 0bl TOYEK MHOMKECTB&
{x}, a 370 mpoTHBOpEUYHJO OBl TOMY, YTO X fABJSETCH IPeAeJbHOR
TOUYKOH MHOMKeCTBA {x}.

2) Ilycts mo6asi mpefiesibHAs TOYKA MHOXKECTBA {X} NpuHamje-
XKHUT 3TOMy MHOXKecTBY. JlOKaxKeM, 4TO MHOXKECTBO {x} sBJseTcs JO-
[IOJIHEHHeM OTKpPHITOro MHOMecTBa. Ilycth ¥ — mo6as Touka no-
noauenusi MHoxectBa {x}. TpebGyercss mgokasartb, 4TO 3TO JAONOJHE-
HHe COJEPXKHT H HEKOTOPYIO §-OKPECTHOCTh TOYKH X.

Eciu 6H 3TO OBLIO He TaK, TO Jiobas §-OKPEeCTHOCTb TOYKH X
comepxana 6pl TOYKH MHOXKeCTBA {x}, T. e. TOYKa X SBJIANAChL Obi
npefesbHON TOYKOH MHOXKeCTBa {x} u no ycmoBui emy npunamie-
’Kajia, a 9TO NPOTHBOPEUYHJO OBl TOMY, YTO X — TOYKA AOMOJIHEHHS
MHOXKecTBa {x}. '

2. O TIOKPBITHAX MHOXKECTBA CHCTEMON OTKPLITBIX MHOXECTB.
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Onpepenenuel. Bydem eogopurs, uro cucrema {Z,} or-
KpolToLx MHOMeCT8 T, 06 pa3yeT NOKpuiTUE MHOXNECTEA
{x}, ecau arob6as Touka x muoxmcecrea {x} npunadaexwur xors ObL
O00HOMY U3 MHOXMCECT8 cucTemol {Tq}.

JlokaxeM xBe 3ameuaTesbHble JIEMMH O NOKDHTHAX MHOXeECT-
Ba CHCTeMOH OTKDBITHIX MHOXECTB.

Jlemma Tefine—bBopens gass cerMmeHta. H3 awo-
6oii cucremor {I,} oTKpLITHLY MHOMCECTE Z,, 06pa3yroujell noKpus-
Tue ceemenra [a, b], moxHO Bbi0eAUTO KOHEUHY nOOCUCTEMY,
TaKsce 06pa3yrowyio NOKPLITUE 3TO20 CE2MEHTA.

HokaszarteanbctBo. [Iycrs GeckoneuHast cucreMa {Zq}
OTKPHTHX MHOXECTB X, 00pa3yer HOKpuITHe cermenra [a, bl*.

Honycrum, uto cerment /=[a, b] Heab3ss NOKPHITH KOHEUHBIM
Ha6opoOM OTKDPHITHIX MHOXECTB H3 cHcTeMbl {Z,}). Toraa, pasnenus
3TOT cerMent / momogaM, MH NOJAYYHM, YTO XOTS OBl OfHY H3 IO-
JIOBUH cermeHnrta / HeJb3d NMOKPHLITh KOHEUHBIM HaOOpPOM OTKPBITHIX
MHOXeCTB H3 CHCTeMH {Z,}. O603HaYuM 3Ty NOJOBHHY. yepe3 I;.

ITopeaus I; monosam, Mbl NOJYYHM, STO XOTS OBl OJHY H3 IOJO-

BUH I; (0603HayuM ee 4epe3 [;) Hesb3si NOKPHITh KOHEUHBIM Habo-
POM MHOXKECTB H3 CHCTeMH {Z,}.
" Tlponoaxas nanee 3TH PacCyXJACHHS, MBl NOJYYHM CHCTEMY
BJIOJKEHHBIX CerMeHTOB {/,}, KaXAulli H3 KOTOPHIX HEJb3sl MOKDPHIThH
KOHEYHHM Hab0pOM MHOMXECTB M3 CHCTeMH {2,}. JJHHA n-ro cer-
MeHTa [, cocrasiaser 1/2* yacTb JJIHHBL OCHOBHOTO CErMeHTa
/=[a, b] U cTPEMHTCS K HYJI0 NPH N~»+00.

B cuny caexctBus m3 Tteopemni3.15 (cM. nm. 2 § 2 ra. 3) cy-
HIECTBYeT €AMHCTBeHHasi TOUKa ¢, NpUHAAJe}XKallas BCEM CErMeH-
Tam {/.}. Tak Kak 3Ta TOYKa ¢ NPHHAJJIEKHT OCHOBHOMY CerMeH-
1y I=[a, b], To B cucreme {Z,} HafimeTcss OTKPHTOE MHOXKECTBO
Z., KOTOPOMY NPHHAAJEXKHT TOYKA ¢. B CHy TOro, 4T0 MHOXECTBO
Z, ABAAETCA OTKPHITHIM, Hafgerca >0 Takoe, 4TO §-OKpeCTHOCTh
TOUKH ¢, T. €. HHTepBan (¢—~8, ¢+ 0) TakKe NpUHANJIEKHT MHO-
XKECTBY 2. :

B cuny Toro, uTo Bce cerMeHTH [, COAEPKAT TOUKY ¢ H AJIHMHBI
5THX HHTEPBAJIOB CTPEMSTCS K HYJIO MPH n—»00, MOKHO YTBEPXK-
RaTb, 9TO HaHJeTCA HOMEp 7y TaKOH, YTO IPH 73>ry BCE CErMEHTH
I, comepxarca B uHrepBane (c—~8, c+9).

Ho 3to osmauaer, 4ro Bce cermeHTH [, IPH n>>ny MOTYT GHITH
NOKPHITHl OJAHHM MHOXKeCTBOM I, CHCTEeMH {2,}. Tem caMbIM MH
NOJNYYHJH NPOTHBOPEYHE C YTBEPKACHHEM O TOM, YTO HH OJHH
CerMeHT [, He/lb3sl NMOKPHITh KOHEUHHIM HaGOpPOM  MHOMECTB H3
cucreMbl {2.}. [Toanyyennoe mpoTHBOpeyHe 3aBeplaeT A0Ka3aTelb-
CTBO JIEMMBI.

Hoxkaxem tenepb 6oJiee ofuiee yTBepXKAECHHE.

* Eciu 6m cHcreMa {Zq), oOpasyiolias MOKpHTHE cerMeHTta [a, b], He aBJs-

Jach 6eckoHeuHOMH, TO JemMa OHJa Gb JOKa3aHa,
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Jlemma T'efine—~DBopenas nass 3aMKHYTOrLoO OTpDa-
HHYEHHOTro MHOXecTBa. H3 aoboi cuctemer {S.} oTKpbL-
TblX MHOXMCECT8 3, 00pA3youieti NOKpouITUE 3AMKHYTO20 02PaHu-
4eHH020 MHOsCecTéa {x}, MOXCHO 8bl0eAUTt KOHeuHYyro nodcucremy,
Taxsce o6pasylouyro noKpLiTUe MHOXCecTea {x}.

IHoxasarteabcTBO. I[lycTh {x} — 3aMKHyTOe OrpaHHYEHHOE
MHOXECTBO, {Z,} — CHCTeMa OTKPHITHIX MHOMeCTB, o0pasyioias
NOKPHITHE MHOXKeCTBa {x}.

Tax Kak MHOXKECTBO {x} OorpaHHueHO, TO HAHAETCA CETMEHT
[a, b], copepxamuit 310 MHOXecTtBO. O603HayuM uepe3 g, OT-
KPHITOE MHOXKECTBO, sBJsIOlleecs MONOJHEHHEM K 3aMKHYTOMY
MHOXECTBY {X} W 3aMeTHM, uro OGbEeIHHEHHe CHCTeMH {Z.} ¢ OT-
KPHITHIM MHOXECTBOM X, ofpasyer nokpuitHe cermesra [a, bl.
B cuny nemmu I'efine—Dbopeas ajas cermMeHTa M3 3TOrO0 NOKPLITHS
MOKHO BLIZEJHTh KOHEYHYIO MOJCHCTEMY, TaKxKe o6pasylouyio
IIOKPHITHE cermMeHTa |[a, b].

Ecin MHOXKecTBo X, BXOJHT B 3Ty KOHEUHYIO NOACHCTEMY, TO,
VIAJ¥B €ro U3 Hee, MBl IOJYYHM KOHEYHyIO NOACHCTEMY CHCTEMH
{24}, 06pasyollyio NOKPHITHE MHOXKECTBA {x}*.

Ecau e MHOXKECTBO X He BXOAHT B KOHEYHYIO IIOJACHCTEMY,
o6pasylomyio IOKpHTHEe cerMeHTa [a, b], TO 3Ta KOHeyHas MOA-
CHCTEMA COCTOMT MCKJIOUHTEJbHO M3 MHOMKECTB I, CHCTEMBl {Za}
1 obpasyeT NOKpHITHE MHOXecTBa {x}, cojepiKallerocss B CErMeH-
te [a, b]. Jlemma pokasana.

3. NousiTne KOMNakTHOCTH MHOXKecTBa. Ilycts {x} — mpomus-
BOJIbHOE MHOXKECTBO BEIECTBEHHBIX UHCEJ.

Onpeagenenue l. Mrowecrso {x} HassbieaeTca KOMnNaKT-
Hoim MHOodMecTeom (ual KomnaxKkToOM), ecau u3 060l
cucremor {3} OTKPbITOLX MHOINMCECTS, O6pasyroujeli noxpuiTue MHO-
scecTsa {x} MOJNCHO BbIEAUTb KOHEUHY0 NOOCUCTEMY, Tarxce 06pa-
3YIOWY0 NOKpeiTUE MHOMCecTea {x}). :

B sameuanun 4 B xoHUe 1. 3 § 6 6pIO JaHO Apyroe ompeje-
JleHue KOMIAKTHOrO MHOXecTBa. HamomuuM ero (GopMyJHPOBKY.

Onpenenenue 1* Mnoxecrso {x} HaszviBaeTcs KOMNaxT-
HOIM, eCAL OHO ABAAETCA 3AMKHYTHIM U OZPAHUYEHHbLIM **,

JlokaxkeM, 4TO OAf NPOUSBONLHBIX HUCAOBBLX MHONCECT8 onpe-
Oesenusn 1 u 1* axsusasrenTrol.

1) ITyctb cHaualla MHOXKeCTBO {x} SIBJIsIeTCSl 3aMKHYTHIM H Orpa-
HuyenHBIM. Torxa TOoT ¢axT, 4To H3 J1060H CHCTEMBI OTKDHITHX
MHOXeCTB {2}, 0Opasyiomeii NOKPHTHE {X}, MOXKHO BBIIEJHTb KO-
HeUYHYI0 NOJACHCTEMY, TaKxe 0O0pasyiolmyi NOKpHTHe {x}, cpasy
BHITeKaeT u3 JeMMH ['efire—DBopeas (cM. m. 2).

* Mpl yuHTHIBAEM, YTO MHOXECTBO Xp, SBAAACL JONOJHEHHEM K MHOXECTBY
{x}, He comepKUT HH OJHOH TOUKH MHOKecTBa {x}. ;
** OTHOCHTEJLHO TePMHHA «KOMIAKTHOCTb» cM. 1, 2 § 3 rat. 127 -
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2) Ilyctp muHOXecTBO {x} TaKOBO, UTO H3 JIOGOH CHCTEMBI OT-
KPHITBHIX MHOXeCTB {¥.}, o6pasyiollefl NOKpHITHE {X}, MOXKHO BbHIAe-
JHUTb KOHEYHyI0 NOACHCTeMy, Takke 06pasylollyil0 NOKpbITHE {X}.

JloKaxeM, YTO MHOXKECTBO {x} sIBJIIeTCS 3aMKHYTHIM H OrpaHH-
YEeHHBIM.

Crauana JI0KaXeM 3aMKHYTOCTb MHOXeCTBa {x}.

HocraTouHo pOKa3aTh, uro AGNOJHeHHe D MHOXecTBa {x} sB-
JISIETCSl OTKPHITHIM MHOXKECTBOM.

QukcHpyeM [POH3BOJBHYIO TOUKY y pomosHerus D. TpeGyercs
J0Ka3aTh, YTO CYLIeCTBYET HEKOTOpasi 8-OKPeCTHOCTb TOUKH Y, TaK-
JKe TpHHAAJexKalas KOMoNHeHuw D.

Ilycte x — mioGasi Touka MHokectBa {x}. Tak Kak x=%y, TO
yncao O (x)= l—x;—y—'— SIBJIACTCS  MOJIOXKHTENbHEIM,  I[IpHYEM

0(x) — OKPecTHOCTH TOYEK X H Y
Ze=(x—08(x), x+06(x)), ¥x=(y—0(x), y+6(x))

He IepeceKamnTcs.

TTockoAbKY cHCTEMa OTKPBHITHIX MHOXKECTB {X:}, OTBeyalIiHX
BCEBO3MOKHBIM TOYKaM X MHOXKecTBa {x} o6pasyer HOKPHITHE MHO-
KecTBa {x}, TO M3 3TOH CHCTEMBI MOXHO BBLIEJHTb KOHEUHYIO NMOA-

cucreMy By, Xy, ... ,Zy, Takke 00pa3yOUIyI0 NOKPHITHE MHO-
KectBa {x}.
O603nayum yepes Wy, Wy, .. .,‘I’xn COOTBETCTBYIOLIYIO KO-

HEYHYI0 NOACHCTEMY O-OKPECTHOCTEl TOUKH . Haumenbmas
U3 3THX O§-OKpecTHocTeil GyZeT COXepKAaThCsi BO BCEX MHOMKECTBAX
TR FRETEN H noToMy He Oyfer MMeTb OOLIMX TOYEK HHU C
OJHHM M3 MHOXECTB g, Zigy« - ,5z,- [0 TOTAA, NOCKOJBKY INOA-
cucteMa 2y, Zg,. .., 2y, 00pasyer TOKPHITHE MHOXKECTBA {x},
yKasaHHa# HaMMeHbliasi §-OKPECTHOCTb TOUYKH y He Oyner coaep-
KaTb TOYeK MHOXKecTBa {x}, T. e. OyAeT LEJIHKOM IpHHAAJIEXATh
jonosanennio D muoxecrBa {x}.

TeM caMblM AOKa3aHo, YTO MHOXKecTBO D siBisieTcs OTKPHITHIM
'H IOTOMY MHOXECTBO {x} sIBJIsIeTCA 3aMKHYTBIM.

JlokaxeM Tenepb, YTO MHOXKECTBO {x} sBJAseTCA OTpaHHYEH-
HeiM. Ecan 66l 3TO OBLIO He TaK, TO Halllach Obl MOCJeROBaTel]b-
HOCTb {X.} He COBNMajamwIuHx APYyr ¢ ZPYroM TOYEK MHOXKECTBA
{x}, yaoBaeTBOpAIOWIAS YCIOBHIO

|| >n  (n=1, 2,..).

Tak Kak 3Ta INOCJHEeNOBATEIbHOCTh He HMeeT KOHEeYHB X Ipe-
ZleJbHBIX TOYEK, TO KaxJas TOUKa X, HMEEeT §-OKPeCTHOCTb g ,
cBOGOJIHYI0 OT APYTHX TOYEK NOCJIELOBATENBHOCTH {Xn}.

OueBHAHO, YTO H3 GECKOHEYHOH CHCTEMBl OTKDHITHIX MHOXKECTB
{2} 06pasyloLIHX NOKPHITHe MHOXKECTBA TOYEK - {X.}, HEJb3sk
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BHIGpATh KOHEUHOH MHOACHCTEMBI, 06pasyloumled NOKPHITHE .BCEX TO-
uek {x.}.

Tak Kak MHOXeCTBO {x,} ABJseTcd nOAMHOXKecTBOM {x}, TO
TeMm 60Jiee HeJib3sl M3 BCAKOH CHCTEMB! OTKPBITHIX MHOXKECTB, o6pa-
3YIOHIHX MOKPBITHE {X}, BBIIEJIHTH KOHEYHYI0 IIOACHCTEMY, TaKXe
o6pasyrowmyio nokpeTHe {x}. [lo 3T0 mpoTHBOpeuuT HallleMy Ipex-
TNOJIOKEHHI0O 0 MHOXecTBe {x}. HomyueHHoe mpoTHBOpeuHe N0Ka3bi-
BaeT OrpaHUUYEHHOCTb MHOXKecCTBa {x}.

3aMeTUM B 3aKJIOU€HHE, YTO Bce BBeJCHHBIe B 3TOM naparpade
noHATus B Gosee oOlUed CHTyallUH HM3y4aloTCs B JONOJHEHHH 2 K
ra. 12.




FiaBa 5

AUPPEPEHIUAJIDBHOE HCYUCJIEHHE

B Hacrosmeil riase OyAyT BBeAeHH (yHAaMeHTaJbHble NOHATHS
NpOU3BOAHOA M AuddepeHnnasa GpyHknuH. Mbl yCcTaHOBUM OCHOBHBIE
npaBuia JupQepeHnpOBAHUS H BBIUHCIMM HPOH3BOJHBIE BCEX NPOC-
TEHIIHX 2JeMEHTapHHX (QYHKUHH, yXKe NpUBeJeHHBe HAMH B M. 1 w
H3BECTHble H3 IIKOJBHOrO Kypca. B konme riasel OyAyT paccMoTpe-
HBl [POHM3BOAHbIE H JU(@epeHIHal bl BLHICIIHX MODPSAJKOB H BOIPOC O
AnddepeHnupoBaHUN (QYHKIHH, 3aJaHHOH NapaMeTpUUecKH.

§ 1. IOHATHE NMPOU3BOAHON

1. Hpupaumenne dynkuuu. Pa3zHocTHas (opma ycjaoBuS HeNpepbIB-
HoctH. PaccMoTpuM ¢yHKUHIO y=[(x), 3amaHHyI0 Ha HHTepBane (a,
b)*. Ilyctb x — miobasi GHKCHpOBaHHAs TOYKa HHTepBata (a, b), a
Ax — TIpouM3BOJILHOE UYHCJO, HACTOJBKO Majioe, 4TO 3HAUeHHe X+Ax
TakkKe HaXOJAUTCH Ha HHTepBaje (a, b). 310 uyucao Ax OOGHIYHO Ha-
3BIBAIOT NpHUpalleHHEM apryMeHTa.

IIpupauwenuemn ¢pyunkyuu y=f(x) 8 Touke x, orsewaroujum
npupawernuo apeymenta Ax, 6ydem HA3bIBATb YUCAO

Ay=F(x+Ax)—f(x). (5.1)

Tak, ana ¢yHKIMH y=sinx IpHpallieHHe B TOYKe X, OTBeyalliee
IpHPAIEHHI0 apryMeHTa Ax, UMeeT BHJ,
Ay=sin(x+ Ax)—sinx=2cos <x+%) sin—ézi, (5.2)

CrpaBeasiuBo cJenyiolllee yrsepaudenue:

Jas 1020 uTOGBL (hynKyUL Y=[(x) ABAANACH HENPEPBIBHOL 8 TOY-
Ke x, Heobxo0umo u AocTaTo4Ho, 4T00bL npupawenue Ay aroil gyuik-
yuu 8 TOHKe X, OT8edaoujee NPUPAUEHUID apeyMeHTa AX, A8AAA0CH
Oeckoneuno maroim npu Ax—-0.

B camom gese, mo onpejeneHH0 ¢yHkuua y=f(x) HempephBHa
B TOUKE X, €CJH CYLIECTBYeT npejed

lim f (x4 Ax)=f (x). (5.3)
Ax—->0
B cuny n. 4 § 4 ra. 3 cymecTBoBaHHe IpeleNbHOTO 3HaueHus (5.3)

* B KayecTBe MHOXECTBA 3aJaHHs (QYHKUMH BMECTO HHTeppana (a, b) MoXHa
B3sTh JoGoe mIOTHOe B cebe MHOXKecTBO {x} (cM. ri1. 2, § 5, m. 3). .
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9KBHBAJIEHTHO TOMY, YTO (pyHKImﬂ [f{(x+Ax)—f(x)] aprymenta Ax
ABJseTcs 6ecKoHeyHO Majnod npu Ax—-0.

JlokasaHHOe yTBepXKJeHHe NO3BONAET BHIPA3UTh YCJOBHE HeMpe-
peiBHOCTH (YHKHHH y=f(x) B TOuKe x B caexyoouled GopMe: qbymc-
yus y=f(x) Henpepvisna 8 To4Ke X, ecau npupauwjesue Ay. 3Tol
Gynxyuu 8 Touke X, orsedarouiee NPUPAULEHUIO apeymenta Ax, saeaa-
ercs beckoneuno marvim npu Ax—0, 1. e. ecau

lim Ay =1im [f(x+ Ax)—f (x)] =0. (5.4)
Ax—>0 Ax-0 .

Ycnosue (5.4) mbl 6yneM HasbBaThb pas3HOCTHOH dopmoi
YCJIOBHS HEeNpepBbHBHOCTH OyHKIHH y=[(x) B Touke x. ITO
ycaoBHe MBI OyleM HEOAHOKPATHO HCHOJb30BAaTh B AaJbHEHIIEM.

C nomouibio ycnoBusi (5.4) eme pas y6eaumcss B TOM, uTo (QyHK-
Uusi y=sin x HenpepuiBHa B JIOOOH TOYKe x O€CKOHEeYHOH IpAMOH.

B camom gese, n3 popmyant (5.2), wus ycJa0BHs ICOS (x+ £)|\<

<1 u H3 paBeHCTBa llmo sm-%— = ( HeNocpeICTBEHHO BBITEKAeT,
Ax~>

yro lim Ay=0.

©Ax-»0

2. Onpene.neﬂue npousBopHoii. Ilycth, Kak u B n. 1, QyHKUHA
y=f(x) onpeneneHa Ha uHTepBaje (a, b), ¥ — ¢HUKCUpOBAHHAA TOY-
Ka 3TOro HHTepBasa, Ax — Ji060e npupalieHHe apryMeHTa, HacTOJb-
KO MaJjioe, 4T0 HHCJAO x-+Ax TakXKe NpHHALJEXKHT HHTepBaxay (a, b).

Cunras, 40 Ax+0, paccMOTpHM B JNaHHOK (UKCHPOBAHHOH
TOYKE X OTHOLIEHWe TpHpalneHuss Ay OYHKUHH y=f(x) B 3TOH TOUKe
& COOTBETCTBYIOLEMY NpPHpPALICHHIO apryMmenta Ax:

— f(x+Ax) —f(x) . . (5_5)
Ax Ax ’

OrHoulenne (5.5) OyaeM HaspiBaTh Pa3HOCTHH M OTHOUIeE-
"dueM (B maHHOH TouyKe x). Tak Kak x (PUKCHPOBAHO, pPa3HOCTHOE
orHowenue (5.5) npexpcraBasier coGoi PyHKUHO apryMmenta Ax. dta
DYHKIHS onpejesieHa s BceX 3HAYeHHH aprymeHnra Ax, NMpuHajje-
JKallMX HEKOTOPOH JNOCTATOYHO MaJsiofi §6-OKpecTHOCTH To4kn Ax=0,
3a HCKJueHHeM caMoll Toukd Ax=0, T. e. onpejesieHa BCIOAY B JKOC-
TaTOYHO MaJIOH IPOKOJIOTOH &-OKpecTHOCTH TOoukM Ax=0. IT10 Haer
HaM NPaBO PacCMaTPHBATh BOTPOC O CYNIECTBOBAHMM Tpejena yKa-
3aHHO# pynKuuH nmpH Ax—-0.

Onpeneanenne 1. IIpouseodnoi ¢ynm;uu y=f(x) 8
dannoll uxkcuposantoli Touke x HazeleaeTcs npedea npu Ax—0 pas-
HocTHO20 oTrouienus (5.5) (npu ycaosuu, 4o 3T0T npedes cyuiect-
8yer).

Ilpoussoanyo ¢yukuun y=f(x) B nanﬂou (huKCHPOBaHHOMN TOUKe
x 6yaeM o6o3HauaTb cUMBOJOM ['(Xx) uaM y'(x) MM KPATKHM CHMBO-
Jom Y.
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Hrak, no ClIpeeJIEHHIO

P () = lim 2% — [im L3289 —F()
Ax-0 Ax . Axs0 . Ax

Ecian QyHKuus HMeeT NPOH3BOAHYIO AJd BCeX TOUEK X HHTepBaja
(a, b), To 3Ta npom3BoAHAasa OYyIeT NpPeACTaBAATb COOOH HEKOTOPYIO
¢YHKLIHIO apryMeHTa X, Olpejle/ieHHYIO Ha HHTepBane (a, b). v

IlpuBeseM nBa TPHUBHAJBHBIX HpHMepa BHIYHCJEHHS NPOH3BOAHBIXe

1°. f(x) =C=const. CoBeplieHHO OY€BHIHO, YTO NPOU3BOAHASN
f/(x) sTot QyHKUMHM TOKZECTBEHHO paBHA HYJ0, MO0 NpHpalleHHe
310l GyHKUMH Ay=[(x+Ax)—[(x) pasHo nyaro Oasn scex x u scex
Ax.

2°, f(x)=x. Oua s1oft QyHKUUH pa3HOCTHOEe OTHOIeHHe (5.5)
paBHO

= T T =],
Ax Ax Ax

Orciona caenyer, 4To W NPOH3BOAHAS YKA3aHHOH (DYHKUUH paBHA eIH-
HHIle B JI060# TOuKe x¥ 6€CKOHEYHOi# NpAMO.

B noano# aHasJlorHu ¢ NOHATHSIMH IIPaBOrO M JIeBOrO IIpeesoB
GYHKUMH B JaHHOH TOYKE BBOJATCS MNOHSTHS NpPpaBOH W JeBO#
NPOHM3BOJHBEIX (YHKUHH y=[(x) B NaHHOH (PHKCHPOBAHHOH TOUKE X.

Onpenenenue 2. Ipasoi [re60i] npoussodnoi pynkyuu
y=[(x) 8 Oannoli ukxcuposannoil TouKe X HA36LIBAETCS NPasbll
[1esoiil] npedea paswocrHozo otnowenus (5.5) 8 Touke Ax=0 (npu
ycaosuu, 4T0 3TOT npedea cyulecrayer).

Iast o6o3naveHusi mpaBol [JeBoi] nNpoM3BOAHON (HYHKUKH B TOUKE
x Hcnogs3ytor cuMBoa [/ (x+0) [f/(x—0)].

H3 conocraBiieHus onpefenelnii | u 2 U U3 CBOHCTBA NPaBOro K
JIEBOTO IPefeOB (DYHKIHH, YCTaHOBJEHHOTO B m. 2 § 4 ru. 3 *, BbiTe-
KaloT CJe[yIoUlHe YTBEPKAEHHs: :

1) ecau ¢pynxyusa f(x) umeer 6 rtouxe x npoussoduyio [’ (x), 10
aTa (QYHKYus umeer 8 TO4ke x KAK nPasy, TAK u NEBYIO npoussod-
note, npuuem f'(x+0)=f(x—0)=f(x);

2) ecau ¢ynryusa f(x) umeer 8 Touke X KAk npasyro, TAK u ae-
8Yt0 npousdsodnbie, npudem 3TU npPoussoOHvie pasuel Apye Opyey, TO
pynxyus f(x) umeer 6 Touke x npouseodnywo [’ (x), npuuem -

' (%) =f"(x+0) =F (x—0).

B nononnenne K yTBepKAeHHIO 2) cjefyeT OTMETHTb, YTO €CIH Y
¢ysruuy f(x) cyliecTBYIOT npaBas H JeBas NPOH3BOAHbIE B TOUKE X,
HO 3TH NMPOH3BOAHBIE HEe PaBHH JAPYr APYTY, TO Y 3TOH (YHKUHH He:

* Ecan ¢ynkuus f(x) HMeeT B TOYyke x M TpaBHi, H JeBHi mpelean, o6a
PaBHHE OJHOMY M ToMmy Xe yucay b, To &yHKuMA f(x) HMeer B 3TOH TOUKE Mpened,
PaBHH#H yHeay b. :
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CyilecTBYyeT NPOHM3BOAHOH B ToukKe x*. IlpuMepom Takoli (pyHKIHH
‘MOJKET CAYKHUTb QYHKIHSA

_ _ x opu x> 0,
Fe)=1x1 { —x npu x < 0.

Ota OyHkuusi uMeer B Touke x=0 NpaByi0 NPOM3BOAHYIO, PaBHYIO
lim A% — 1, u JneBywo npomsBoaHylo, paBuyw lim =89 1,
Ax—0 Ax Ax—»0  Ax
HO He uMeeT B TodyKe x=0 NpOU3BOAHOMH.

3. I'eomerpuueckuii CMBICA HPOM3BOAHOH. Paccmorpum rpaduk
‘QYHRKUHHE y=f(X), OnpelesieHHON M HempephIBHOH Ha HHTepBaJe (a,b).

OuKcHpyeM NPOH3BOJb-
HYIO TOYKY X HHTepBasa
(a, b) u paccmorpum npu-
pamenue Ax5=0 apryMmeH-
Ta X, HACTOJBKO Maloe,
49TO UYHCJAO X+Ax Takxke
NpHHALJEXKHAT HHTEpBaay
(a, b). Mlyctb M n P—
TOYKH Tpacduka QYHKUHH
y=f(x), abcuucch KOTO-
PHIX COOTBETCTBEHHO .paB-
HBl x ¥ X+ Ax (puc. b.1).
Koopauuatu touek M u P,
OYeBHJHO, 6yAYT UMETh BH]

M(x, f(x)),
P(x+Ax, f(x+Ax)).

Ilpsamylo, npoxoasmylo depes Toukh M n P rpaduxka QyHKUHH
y=f(x), 6ynem HasbiBaTh ceKyme . [Tockoabky Touky M Mbl npes-
nosaraeM (UKCHPOBAHHOH, TO YroJ HakJOHa KaxAoH cekymeit MP x
ocu Ox 6ymer dyukuueir aprymenta Ax (u6o 3HadyeHue Ax OJHO3HAU-
HO ompejesseT Touky P rpaduka ¢pynkuun y=f(x)). O6osHauumM yka-
3aHHBIA yroJ HakJoHa cekymed MP k ocu Ox cuMBOJOM @(Ax).

Onpenenenue. Ecau cyuwecréyer npedenvbHoe nosoxcenue ce-
xyweii MP npu crpemaenuu touxu P zpagura ¢pyukyuu x touke M
(usu, uro TO 9Ke camoe, npu cTpemaeHul Ax K Hyare), TO 3TO npe-
Oenvroe NONONCEHUE HA36L6AETCS KACATEeAbHOU K 2papury pyHk-
yuu y=f(x) 8 danrnoi ¢urcuposannoli Touke M 3rozo zpaguxa,

U3 sroro ompejenieHHss CJEAyeT, 4TO [Js CYLIECTBOBAHUA Kaca-
TeJbHOH K rpauky PyHkuuun y=f(x) B Touke M mocratoyHo, YTOOHI
CYIIECTBOBAJ INpeaes limocp(Ax)=q>0, npuueM YKAasaHHBIE Tpened

Ax—

o PaBeH YIJy HakJOHa KacaTeJbHol K ocu Ox.

* HMuaue MBl TOJYYHJIH GH [POTUBODEUHE C yTBEpKAEHHEM 1).
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JlokazkeMm cieayiolllee yréepocdenue:

Ecau yuryus y=[(x) umeer ¢ Oannod huxcuposannol Touke x
RPOU3BOOHYI0, TO CYWECTBYET KACATeAbHAR K epaguky GyRKyuu
y=f(x) 8 rouxe M(x, [(x)), npuuem yero8ol kosgpuyuent srot Ka-
careasroll (T. e. TaHzeHc yeaa Haxiona ee K ocu Ox) pasen npous-
soonoil [ (x).

Onyctum u3 Touek M H P mepneHAUKYyJsipel Ha ocbh abcuuce (cM.
puc. 5.1). IlpoBenem uepes TouKy M mpsMyIo, TapaJiebHyIO OCH abc-
nHpce, 1 o6o3HaunM uepes N TOUKy IepeceueHHs 3TOH MpsMOH C mep-

IDEeHJRKYJAAPOM, onylleHHEIM H3 P Ha och abcuucc. M3 TpeyronbrHka
MNP ouyeBHIHO, UTO

_ Ay Fx+AN—f(x)
te @ (Ax) = Ax Ax :
Taxum ob6pasowM, '
¢ (Ax) =arctg %i—. (5.6)

YGennMcst B TOM, YTO CYIIECTBYeT NpejeJ NpaBoil (a 3HAYHT, HJIEBOH )

gactd (5.6) npu Ax—0. B camMoM Jene, B CUJIy CYHIECTBOBAHHA TPO-
. . A
u3BoaHO# ['(x) cyumectByer mpexen lim TA_y_:f, (x). Orciona u H3
Ax—0 AX
HenpepuBHOCTH GYHKUHH arcigu IJs Bcex 3HayeHHH u CJeAyeT, 4TO
cyumecrsyeT mnpefies mpaeoii wactu (5.6), paBmu arctgf (x).

Hrak, Mbl JoKa3aJH, 4TO CyILeCTBYET mpenes
lim @ (Ax)=arctg f’ (x).
Ax->0

Ho 310 B osHauaer, 4TO cyLleCTByeT NpefeJbHOe MUJOXKEHHE CeKy-
mieff, T. e. CyLIeCTBYeT KacaTeapHasi K rpapuky QYHKIHH B TOYKe
M(x, f(x)), npuueM yrosn Hak/JOHa (o 5TOi KacaTeJbHOH kK ock Ox
paBen go=arctg [’ (x).

3HayuT, yrIoBoH KO3d(hHIHEHT YKa3aHHOH KacateabHOH tg o pa-
BeH [ (x).

CtopMmyIHPOBaHHOE yTBepKACHHE JOKA3aHO.

§ 2. IOHATHE JUPPEPEHIHPYEMOCTH ®YHKLHH

1. Onpenenenne auddepeHuupyemoctd Gynkuuu. Ilycts, Kaxk u B
npeabiayumeM maparpade, pyHkuus y=f(x) ompeieseHa Ha HHTepBa-
Jge (a, b), x— moboe QUKCHPOBAHHOE UYHCJIO H3 3TOFO HMHTEpBaJa,
Ax — npoH3BOJIbHOE NPHpAlleHHe apryMeHTa, HAacTOJbKO MaJjioe, 4YTo
3HaueHHe aprymeHTa x-+Ax Takke NDHHAJJEXKHT HHTepBanxy (a, b),
Ay=J(x+Ax)—f(x) — npupamenne QyHKUHH B TOYKE ¥, OTBEHaOLUEe
TIPHPAUIEHHIO apryMeHTa Ax. .

Onpenenenue. Pynkyua y=[(x) nazeisaerca ouddepenyupye-
MOL 8 Touke x, ecau npupaujenue Ay 3Toi (PYHKYUU 8 TO4Ke X, OTge-

7 3ax, 72
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yarouee npupawjeruro apeymenra Ax, moscer 66iTo npedcrasieno
8 sude
Ay=AAx+a(Ax)Ax, (5.7)

20e A — nexorcpoe 4ucao, He 3asucsaujee ot Ax, a a(Ax) — yuxyus
apaymenta Ax, beckorneurno masas 8 Touke Ax=0.

B camoit Touke Ax=0 »3ta pyHkuua a(Ax), Boobie roBopsd, HE
onpejiesieHa, B €fl MOXKHO IPHIHCaTh B 3TOH TOouke J1000e 3HAUCHHE.
Has panpuefinero yao6HO CUHTATh 3T0 3HaueHHe o(0) paBHBIM HYJIIO.
IIpu Takoit foroBOpeHHOCTH (YHKuUUA a(Ax) OyAeT HempepbBHa B
TouKe Ax=0 W paBeHCTBO (H.7) MOXKXHO DAacHpOCTPAHUTb H HA 3Haye-
Hue Ax=0.

3ameuaHue. Bropoe caaraemoe B npaBoit uactu (5.7) a(Ax)Ax
MOXKHO IHepenucath B Buje 0(Ax) *. B camom nesne, Tak xak obe QyHK-
oud o(Ax) B Ax aBasiOTCsT 0eCKOHEUYHO MaJbiMH B Todke Ax=0, TG
npousBefleHHe 3THX QYHKUMHA o(Ax)Ax npencrasisieT coboll GeckoHey-
HO Majayio B Touke Ax=0 ¢yHxnuio 6oJjiee BBICOKOrO TOpPSLKA, UeM
Ax (cM. n. 5 § 4 ra. 3). Takum o6Gpasom, npeiacTasiaenye (5.7) MOXKHO
HepenucaTh B BHJE

Ay=AAx+o0(Ax).

JlokaxeM caenymoouiee yTBEPKICHHUE.

Teopema 5.1. Jasn to20 urober pynxyus y=f(x) 6era dudgpe-
peryupyemoil 8 Touke x, Heobxo0umo u 0OCTATOYHO, YTOObL OHQ UMEAR
8 3TOl TOUKe KOHeuryto npoussodnyio [’ (x).

HokasareabctBo. 1) Heobxodumocre. Ilycts OyHKIMSA y=
=f(x) nuddepenunpyemMa B TOUKe X, T. €. ee mpUpalieHHe Ay B 3TOH
TOUYKe, OTBedaloulee IPHPAILEHHIO apryMeHTa AX, NpeACTaBUMO B BUIE
(5.7). Cunras Ax oTAHYHBIM OT HyJst W nofenuB (5.7) Ha Ax, NOJNYyYHM

LY 4t (Ar). (5.8)
Ax .
IlpaBas (a nostomy u sesas) uactb (5.8) umeer pasuniil A npeien B
Touke Ax=0%* Ocraercs samerurb, yto npezes npu Ax—0 JeBoi uac-
@ (5.8) (B cayuae, ec/aH OH CYHIECTBYET) IO ONpPEJENICHHIO paBeH
OPOH3BOAHOH [’ (x).

Hrak, Mbl HOKasaau, uTO ecjad AJst GYHKUHH f(x) cHpaBeiJHBO
npenctasjende (5.7), To 3Ta QYHKUHS HMEET B TOYKE X IPOH3BOJHYIO
F(x), npuuem [’ (x) =A.

2) Hocrarourocrs. IlycTs cymiecTByeT KOHeuHas MPOH3BOAHAS
f(x), 1. e. cynmecTByeT KOHEUHbIH TIpeae

lim 2L — f (x). (5.9)

Ax-0 Ax

* HanmomnuM, uro cHMBOJ 0(Ax) o0603HauaeT GeCKOHEYHO Malyi0 B TOUKE
Ax=0 ¢ynkuuio Gosee BHCOKOrO NOpsixa, uem Ax.
*#* H6o lim A=A, lim a=0.
Ax-»0 Ax—0
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A
O6o3HaunM cHMBOJIOM «(Ax) pasHOCTB _A%_f' (*), T e mo-

JIOZKHUM

a(Ax) = %—-— (). (5.10)

U3 cymecteosanus npenena (5.9) setekaer, uro dyuknus ao(Ax), on-
penreasieMasi cootHoumenueM (5.10), umeer npenen npu Ax—>0, paBHH#H
HYJIIO. .

VYmuoxkaa coorHomleHne (5.10)  Ha AXx, MB OpHIEM K IpeACTaB-
JICHHIO

Ay=["(x) Ax+a(Ax)Ax,

coBnapamoleMy ¢ npexacrasiaeiem (5.7) npu A=f'(x).

TeM campiM HOKa3aHO, UTO M3 CYLIECTBOBAHHS KOHEYHOH NPOM3-
BOAHOH ['(x) BbiTekaer AHdPepeHUHPYEMOCTb GYHKUHH y=f(X) B
TOYKe X, IpuueM B ycaoBuu AuddepenuupyemoctH (5.7) uncao A
coBnanaer ¢ {'(x). Teopema jpoxasaHa.

JloxasaHnas TeopeMa IO3BOJSIET HaM B JaJsbHefilleM OTOXJeCT-
BJSTH NOHATHE AUQ(EpPeHUHPYEMOCTH PYHKUMUH B JaHHOH TOUYKe C MO-
HSITHEM CYIIeCTBOBAHHS y 3ToH (YHKUHH B JAaHHOI TOYKE KOHEYHOH
IIPOU3BOAHOH.

Onepanuo Hax0XAeHHA NPOH3BOAHON B JajbHeluieM JOrOBOPHMCS
HasweBaTh JHPbepeHULHUPOBAHHEM.

2. JuddepenunpyeMects M HenmpepuLIBHOCTb. JIerko JAoKasniBaercs
cjelylollee YTBepXKAeHHE.

Teopewma 52 Ecau ¢yunxyus y=f(x) Jdupgepenyupyena 8
OQHHOU TOYKE X, TO OHA U HERPEPBIBHA 8 ITOL TOUKe.

HoxasarteasbcrBo. Tak Kak ¢yukuus f(x) audpdepenuupye-
Ma B TOYKe X, TO Juisg ee NpHpaLieHHss Ay B 3TO¥l TOUKe CHpaBelJHBO

npexacrasiaenue (5.7), u3 xoroporo caefyer, yto lim Ay=0, a 310
' Ax—0

U O3Hayaer HEMpepLIBHOCTb $YHKuMY y=[(x) B paunoi Touke (B cuay
PasHOCTHOH (OPMBI YCJIOBHSL HeNpepbiBHOCTH (5.4), BBeJeHHOH B
. 1 § 1). Teopema noxasaua.

3aMeTnM, yTO yTBepKAEHHE, o6paTHOE K TeopeMme 5.2, HecmpaseX-
JIMBO, T. €. U3 HENPepPBIBHOCTH GYHKUNH y=[(X) B JaHHOH TouKe X,
BOOOHIe TOBOpPs, He BHITeKaeT AU(pdepeHiHpyeMocTb GYHKIHH f(x)
B 3TOH TOUKe.

IlpumepoM MoxKeT cayxuTh QyHKuus y=|x|, KOTOpas, OUEBHIHO,
HempepulBHA B Toyke x=0, HO (KaK MBI yKe BHJeJH B KOHue I. 2
§ 1) He uMeer B 3TOH TOUKe MPOU3BORHOIL

OTmeTuM, 4TO CyIeCTBYIOT QYHKUHMH, HENPEPLIBHBIE B KAXKIOH TOY-
K& HEeKOTOPOro HHTepBaJ/ja, HO He HMeloliMe NPOH3BOLHON HH B OZHOHA
Touke sToro uHTepmasa. ([lepBelii mpumep taxkoll QyHKINM ObLT HO-

ctpoer Befiepirpaccom. Oaun U3 npuMepPOB TaKoM QYHKIUH CTPOHTCH
B JonoJiHedun K ri. 10.) '

Vi
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3. Mousitne nuddepenuuana ¢yukuun. PaccMmorpum OyHKIHIO
y=f(x), nuddepenuupyemyo B naHHo#i Touke x. [Ipupaumienne Ay Ta-
KON (DYHKUMH B TOYKE X MOMKET ObITb MpeACTaBjieHO B BuAe (5.7).

3aMeTuM, uto npupauleHne (5.7) npeiacraBasier coG0OH cyMMy IABYX
cylaraeMbX, IepBoe H3 KOTOPHX AAx JHHEHHO OTHOCHTEJb-
HO Ax, a BROpoe a(Ax)Ax sBiaserca B Touke Ax=0 6eCKOHeYyHO
MaJol GpyHKIHeH 6oJee BHICOKOTO MOPALKAE YeM AX.

Ecnn uncao A, pasnoe corsiacHo teopeme 5.1 mpousBopHoit ['(x),
OTJIHYHO OT HYyJs, TO yKa3aHHoe mepBoe cJjaraemoe AAx=f (x)Ax
npencrapisier co6oi rTaBHYI0 YacThb npupailedus Ay auddepen-
nHapyemolt Pynkuuu y=f(x). dra riapHas 4YacTb NpUPALIEHHS SBJS-
eTcsl JHHEeHWHO# OAHOPOAHOH GyYyHKHLHUEH aprymenta
Ax* u HasbiBaeTcs Audpepernunanom GYHKUHH y=[(x).

B cayusae, ecin A=f"(x) =0, nupdepenunan GyHkuHn no omnpeie-
JICHHIO CUHTAeTCH PaBHBIM HY.JIO.

Urak, dudppepenyuarom ¢pynxyuu y=f(x) 8 oOannoi
PUKCUPOBAHHOL TOYKe X, OTBEHAIOUWUM NPUPAULEHUIO apeymenTa AX,
HA3b180eTCA 4UCA0, 0603Hayaemoe cumsorom dy u paswoe

dy=7f'(x)Ax. (5.11)
- B cayuae f'(x)540 s10 yHcao mpeicTaBisieT co60i MVIaBHYIO YacTh
npupailenuss Ay dyskuuu y=f(x), JuHefiHyI0 H OXHOPOAHYIO OTHOCH-
TeJIbHO NPHPaLleHHus apryMeHTa AX.

Cpasy oce ormerum, uro Ougpgpepenyuar dy u npupawenue Ay
pynkyuu y=[(x) 8 dannoi Touke x, 06a oT8euaOUlLe OOHOMY U TOMY
e npupaujenuro apeymenta Ax, soobwe 2080ps, He pasHel Opye
opyey. ‘

~ OTO JIerKO YSICHUTb H3 PacCMOTpeHus: rpaduka QyHKuuH y=f(x)
'(puc. 5.2). Ilycts M u P — Toukn rpaduka QyHKUHH y=f(X), OTBeua-
IOllHe 3HAYEHHAM apryMeHTa, COOTBETCTBEHHO PAaBHBIM X H X+AX,
MS — xacartenbuas x rpaduky B Touke M, MN|Ox, NP||Oy, Q — Tou-

Ka IepecedyeHHsl KacaTeJbHOH
/ MS ¢ npsimoit PN. Torma mpu-

4 pauienne Ay OyHKUHH Y=f(X)
P B TOUKE X, OTBeuallee Npupa-

VS IIEeHHIO aprymeHta Ax, O4eBHH-

Ay HO, paBHO BeJHYHHE OTPe3Ka

) dy NP, B To BpemMs KaK Jaudde-

M pednuan dy stol OYHKUHH B
¥ TOYKe X, OTBEYAIOIHA TOMY XKe

4z _ caMoMy Ax, paBeH BeJlHUHHE

g _ x T+ix x orpeska NQ. (dto cpasy BuiTe-
waer u3 ¢opmyanl (5.11) u us

Puc. 5.2 TOro, 4YTO B TIIPAMOYrOJIbHOM

* HamoMuuM, 4TO NHHEefnOA - GyHKUHEH apryMent3 ! HasuBaeTcs QyHK-
1ua BHia y=Ai+B, rze A u B — HekoTophie mnocrosiHHHe. B caysae B=0 au-
HefiHas QYHKIHA Ha3HBAaeTCs OJHOPOAHOM.
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TpeyroiabHEKe MQN BeauunHa orpe3ka MN paBHa Ax, a TaHreHc yriaa
QMN pasen §'(x).) SlcHo, uyro BenMuHMHH oTpeskoB NP u NQ sBis-
10Tcsl, BOOGIEe roBOpsi, PasiHYHEIMH.

Bechbma yno6HO BBeCTH B pacCMOTpeHHe NOHATHe AHpPepeH-
nuaga aprymednta x. Ilpu stoM cnepyer pasauyaTh ABa cjayyad:
1) cayuaii, KorAa yKasaHHHIH apryMeHT X IpeJCTaBisier coboii He3a-
BuUCUMYIO Nepemernyro; 2) ciaydal, Korja apryMeHT X caM SIBJSeTCs
Jugppepenyupyemoil ynxyuell suda x=q¢(f) HeKOoTOpOH HOBOH mepe#
MEHHOH !, KOTOPYIO MBI MOXEM CUHTATb He3aBHCHMOH.

HorosopuMcs . a5 ciayuas, KOTAa apryMeHT X fIBJIseTCS He3aBHCH-
MOH nepeMeHHOH, OTOXKAECTBJAATh AuddepeHnuan 3Toro aprymeHnTta
C ero mpHpalleHHeM Ax *, T. e. cuHTaTh, UTO dXx=Ax.

B cuny 3to#t moroBopeHHocTH paBeHCTBO (5.11) mpHHHMaeT BHA

dy=F’ (x)dx. (5.12)

Taxkum o6pa3oM, AJs cayyasi, KOrja aprymeHT X sIBJsieTCS] He3aBHCH-
Mol mepeMenHoil, aaa aubdepennnana dysxuun y=f(x) cnpasenau-
BO mpejcTaBjieHne (5.12).

Huxe 8n. 3 § 3 Ml jgokaxeMm, uto npeacrasaenne (5.12) Hocur
YHHBepCaJbHbIi XapaKTep H CnpaBelJ/IHBO TaKXe H B cJydae, Koraa
apryMeHT X He SIBJISIETCS] He3aBHCHMOH NepeMeHHOH, a siBasieTcst AH(D-
¢depeHurpyeMoll pyHKuHeH BuAa x=@(f{) HEKOTOpOH He3aBHCHUMOH me-
pemeHHo#t f. (B stom cayyae B ¢opmyse (5.12) BeanuuHy dx Henb3st
CUHTaTb paBHOM Ax, 00 B CHJY CKAa3aHHOIO BbIlle OHA paBHA dx=

=g¢'(t)dt.) ’

§ 3. IH®PEPEHIIHPOBAHHE CJIO)KHOH ®YHKILUH H
OBPATHOHN ®YHKUHH

1. duddepenuupoBanne caokHOA (GYHKIHH. YCTAaHOBUM IIPaBUJIO,
NO3BOJIsSIOIee HAHTH NPOM3BOAHYIO CJOXKHOH (GyHKHHH Y=f[p(f)] B
TOYKE { NMPH YCJOBHH, YTO H3BECTHHI IPOM3BOJAHBIE COCTABJSIOMIUX €€
byukuuit x=¢(¢) u y=f(x) B Toukax t B x=¢({) COOTBETCTBEHHO.

Teopema 53. Ilycre ¢ynxyus x=¢(t) OJuppepenyupyemna 8
Touke t, a Qynkyus y=[(x) oupgepenyupyema 8 coorsercrayrouyell
r0uke x=q(t). Toeda caomnasn pynxkyun y={fle(t)] oudgepenyupye-
MQ 8 YKABAHHOU TO4Ke I, npuuem 0as ee npou3soOHol 8 3Tol TouKe
cnpasedausa opmyra '

{flo) 1} = ()¢’ () =flo(D)]-¢'(2). (5.13)

HokasateasctBo. [IpugaguM aprymenty ¢yHKuuH x=o(f)
8 JaHHOH TOYKe ! IPOM3BOJbLHOE OTJHYHOE OT HYJsl npupaieHue Af.
OTOMY mpHpAlUeHHI0 oOTBeuaer fpupamenue Ax=¢(¢+At)—¢(?)

* DTa NOrOBOPEHHOCTb COrJAacyeTcsi C pPacCMOTPEHHEM HE3aBHCHMOR nepeMeH-
Zou x kak ' OysruuH Buaa y=[(x)==x, Ana Koropodi dy=["(x)Ax=Ax, T. e
x=Ax. :
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¢Gyukuun x=@(f), NpuueM yKasaHHOe NpHpalleHue Ax MoxeT obpa-
IIaThCH B HYJIb.

Ilpupawenn:o Ax, B CBOIO Ouepeib, OTBeuYaeT MpHpalleHHe Ay=
=f(x+Ax)—f(x) ¢ysRuuE y=f(x) B COOTBETCTBYWOUIEH TOYKe
x=0¢(?). [lockombky Pyuxuus y=[(x) no ycaosuo AuddepeHuHpye-
Ma B yKa3aHHOH Touke x=g(f{), TO ee mpHpauleHue Ay B 3TOH TOuKe
MOXKeT OblTh IPEACTaBJEHO B Bue *

Ay=f'(x)Ax+a(Ax)Ax, (5.14)

rae a(Ax) uMeer npu Ax—0 npeznen, paBHLIH HYJIO.

[MonuepkueM, uto, Kak ykasauo B n. 1 § 2, mpeacrasnenue (5.14)
ocTaeTcs CnpaBelJIMBHIM H npH Ax=0.

Ilogenus (5.14) Ha At#:O 6y,ueM HMETb

—f’() +a(Ax) (5.15)

Hokaxewm, uTo npaBast (a 3HAuMT, U JIeBaH) yacTb (5.15) mmeer
npejen npu Af—0, mpuueM 3TOT Npelesl PaBeH BeJIMUYHHe, CTOSLIEH B
npasoit yactu (5.13). Itum Oyner nokasaHa AudPepeHIHPYyeMOCTb
cl10XHOH pyHKRUMH H dopMysa (5.13) Ans ee NpPOU3BOJHOH.

W3 nuddepenuupyemMoctd QyHKIHH x=¢({) B Touxke { BBITEKaeT,
' X

YTO OTHOLIEHHe ~—~ HMeer mpeiej npu Af—0, paBHbIA ¢’ (t). Ocra:

eTcs 0Kas3aTh, YTo PyHKIuS o{Ax) uMmeer npenei npH At—0, paBHBHA
HYJIO, HO 3TO Cpasy BbITekaer u3 Toro, 4ro a(Ax)—0 mpu Ax—0 u
yto Ax—0 npn Af{—0 Ha OCHOBaHHHM pPa3HOCTHOH (POPMBI YCJOBHSA He-
HUpephBHOCTH AuddepenHuupyemMoil B Todke ¢ GYHKUHH Xx=¢(¢) **.
Hrak, Bcst npaBas uacts (5.15) umeer npenen npu Af—~0, u 3TOT npe-
A€Jl paBeH BeJMYHHE, crosiilell B npaBoit yacTu (5. 13).

Teopema jpokasaHa.

Sameuyanue 1. Teopema 53 u cojepxanieecsi B ee dopmyan-
POBKe INIPABHJIO BBIYHCJEHMs] MPOHM3BOAHON CJOXKHON (PYHKUMH IOCe-
JOBAaTeJBHO MEPEHOCHTCA Ha CJO0XKHYIO QYHKIHIO, SIBAAIONIYIOCH Cylep-
nozuiueir Tpex u Goqabiiero yucaa QyHxkuui. Tak, pias cJI0OXKHOH QYHK-
IHH, siBjasolefics cynepnosuuued tpex ¢ynruui y=F[f(9(f))], npa-
BHJIO JH¢(epeHIHPOBaHUS HMEeT BH],

FlH N =FT (et (e(2)) (1), (5.16)

npuueM ¢opmyna (5.16) cmpaBeidJuBa IpPH YCJAOBHH, 4YTO (QYHKIUA
x=@(¢) nudpdepennupyema B faHHON Touke f, GyHruus u=f(x) aud-
- (bepeHLrpyeMa B COOTBeTCTBYylOUIeH Touke x=¢({), a dyHruua y=
=F(u) pupdepeHuupyeMa B COOTBETCTBYIOUIeH Touke u=f(x)=

=l (1]

* Cm. m. 1 § 2 onpenenenne nuddepeHHpyeMocTH u teopemy 5.1
** B cuay TEOpeMEl 5.2 nudpdepenuupyeMas B Touke ¢ QyHxkuus x=o({f} aBaA-
€Tcs HenpepHBHON B ITOR TOuKe,
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Samevanue 2. [Ipu gokasaresbcTBe TeopeMbl 5.3 MBl paccMat-
puBajy CIOXKHYI0 QyHKHHIO BHaa y=[(x), raie x=¢(¢), T. e. 06o3Ha-
YHJIH CHMBOJIOM X IPOMEXYTOYHB i apryMedr. DTa CHMBOJIHKA,
KOHEUHO, MoXeT ObITb H3MeHeHa. Haule ynoOHee ObiBaeT 0603HauaTh
CHMBOJIOM X OKOHYaTEeJbHBIA apryMeHT, T. €. PACCMaTPHBAThL CJIOXKHYIO
¢yukuuo suga y=flp(x)]. B atux o6osnauenusx npapuio xuddepeH-
UPOBAHUst CJOKHOK GYHKUMH (5.13) mpuHUMaeT BUJ

e (D) =Flo(x)]-¢"(x). (5.13%)

IlpuMepsl npuMeHeHMss TipaBuJa AU(QPepeHIHPOBAHHUSA CJOXKHOK
¢yHKuuu OyLyT OPHUBEAEHBl B CaeAylolleM naparpade.

2. MuddepeHunpoBaiue obpaTHol PYHKIUH.

Teopewma 5.4. I[Iycre ¢pynxyua y=f(x) sospacraer (usu yboisa-
eT) u HenpepoleHa 8 HeKOTOpPOU okpecTHOCTU Touxky Xx. Ilycrs, Kpome
T020, 3TQ (PyHKYUs Oupdepernyupyena 8 YKA3aHHOU TOUKE X U ee npo-
usgoonas 8 srod rouxe [’ (x) orauuna or Hyaa. Toeda 8 Hexoropol
OKpPecTHOCTU cooT8eTcTsyouell Touku y=f(x) onpedesena obparHas
.08 y=f(x) pyncyus x=f-1(y), npusem yxasaunas obparHas Pyux-
yus ougpepenyupyena 8 coorsercrsyrousell Touke y=f(x) u daa ee
npoussodHnoil 8 aToll Touke y cnpasedausa Yopmyia

(@Y = (5.17)
f(®) _

JdokazatenbcTBO. Tak Kak QyHKuus y=f(x) CTPOro MOHO-
TOHHA W HelpephiBHA B HEKOTOPOI OKPECTHOCTH JaHHOH TOYKH X, TO
B cuay TeopeMsl 4.5 (cM. § 2 ra. 4) ob6paTHas QyHKuMA x=f"1(y)
onpeje/eHa, CTPOro MOHOTOHHA W HeNPEPHIBHA B HEKOTOPOH OKpecT-
HOCTH COOTBeTCTBYIOLeH TOUKH y={(x).

IMpunagum apryMeHnty s71oii 06paTHOR QYHKUHEH B YKa3aHHOH TOY-
Ke NPOM3BOJIbHOE JOCTATOYHO MaJjoe H OTJHYHOE OT HYJ s NpPH-
pamenre Ay. DToMy NpHpalleHHIO0 Ay oTBeyaer INpHpaileHHe AX=
=f"1(y+Ay)—f~'(y) o6paTHO! (GYHKUHWM B COOTBETCTBYIOLIEH TOUKE
'Yy=[(x), npuueM B CHAY CTPOTOHl MOHOTOHHOCTH OGPATHOH (QYHKUHH
yKasaHHOe npupaumeHne Ax OTAHYHO OT HY J4.

DTO maeT HAM NpaBO HANHCAThH CJEAYIOIee TOXKAECTBO *:

Ax 1
A—y = A . (5.18)
Ay

ITycts Temepr B TOxpectBe (5.18) npupainenue Ay CTPEMHTCS K
Hymo. Torga B cuy pasHOCTHOH HOPMBI YCJAOBHS HENpPEPLIBHOCTH 06-
paTHOH ¢yHKUMH x=]"!(y) B cooTBercTBYyIOmEH TOUKe y=/[(x) NpH-
palleHne 3ToH (QYHKUMH Ax Takxke CTpPeMHTCH K HYJIWO. YOenumcsi B
TOM, YTO B TaKOM CJyuyae CYUIeCTByeT mnpeaes npasoii yactu (5.18),

* YkasaHHOe TOXK/JECTBO MOXHO HamHcaTh JJsi JMIOGHX ABYX uncen Ay u Ax,
OTJIMYHBIX OT HyJs. .
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paBHBEIM BelHYHHe, cTOsimed B mpaBol uactu (5.17). drtum Oyxer no-
Ka3aHo, 4TO TOT XK€ CaMbli NMpefen uMeer H JieBas 4acth (5.18), T. e.
Oyner QoKa3aHO, yTo ob6paTHasti GYHKUHS HMeeT NMPOH3BOJAHYIO B COOT-
BeTCTBYIOIIEH TOUKe y=[(x) M LJs 5TOH TMPOUIBOJHOH CIpaBeLJHB
paBenctBo (5.17). '

Hrak, nns 3aBepiueHHs JOKa3aTejbCTBa TeOPEMBI ocTaercsi yGe-
INTbCS B TOM, YTO npaBasi dacth (5.18) wumeer mpegen npu Ax—0
paBuniit 1/f/(x), rae x — nauHas TOYKA.

Tak kak x=["1(y), Ax=["(y+Ay)—['(y), 0 x+Ax=["'(y+Ay),
T. €. y+Ay=f(x+Ax) v Ay=F(x+Ax)—[(x).

Orcrona craenyer, uro npasas yacth (5.18) Moxker GHTL TMepenH-
caHa B BHJIe

1 — 1
Ay e+ A)—f(0)
Ax Ax

M3 nocsenHero paBeHCTBa B CHJIY OIpEeReNeHUsl MPOU3BOAHOH [/ (x)

H npexnojoxenus f[(x)=0 cpasy Ke BHITEKAaeT, YTO Hpenes NpPH

Ax—0 npaBo#i yactu (5.18) cymecrByer u paBen 1/f(x).

> TeopeMma oKa3aHa.

y ITIpuMeppl  NpUMeHeHHHA  JOKa3aHHOH

TeopeMbl OYAYT AaHBL B CleAyIOLleM Mapa-

M rpage. »

¥ IloxazaHnasi TeopeMa HMMeeT IIpPOCTOH

0 - reomerpuueckuit cmpica. IMyere M — rtou-
74/ - Ka rpadpuka QyHKuum y=f(x), oTBeyalo-

%y z mas JAaHHOMY 3HAYEHHIO apryMeHTra ' x
(puc. 5.3). Toraa, oueBHAHO, NPOH3BOAHASA
f'(¥) paBHa TaHreHcy yrjia HaKJIOHA o
KacaTeJIbHOH, NpOXoAsuled Yepe3 TOYKY
M, x ocu Ox, a mnpousBogHas 0BpaTHON
oyukuuu  {f~'(y)}Y B coorBercTByiOUIEH
TouKe y=f(x) paBHAa TaHTEHCY yrJa HakjJoHa B To# Xe camoil Kaca-
tesibHOM K ocH Oy. TTockoJIbKY Yrilbl HGKJIOHZ oo H B B CyMME COCTaB-
asgior  w/2, To ¢opmyna (5.17) BHpaxaer OUYEBHAHBIH (Qakr:

t =—1 =
gp o npHu a+p=mn/2.

3. UuBapnaHTHOCTL (popmul mepsoro auddepenumana. B n. 3 § 2
MH yOeQHJIHCh B TOM, YTO JJisi cJydyasi, KOria apryment x juddepen-
nupyeMoil GyHKUHH y=f(x) npeacrasisier co060H HE3aBHCHUMY IO
nepeMeHHYy©, Jaa Audpdepennnana dy 3tofl PYHKLHH ClpaBei-
JIUBO TpeJCTaBJeHHe

Puc.. 5.3

dy=["(x)dx. ‘ (5.12)

Ceifuac Mpl gOKaxkeM, 4TO mpencrasienue (5.12) saBnsercs yHuHBep-
CaNbHHIM M CIPaBeMJHBO TaKe H B cJydae, KOTAa apryMeHT X caM
asaserca Auddepenuupyemoit $yHxuueii BuAa x=¢({) HEKOTOpOH
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HE3aBHCHMOH nepeMeHHOH f. 310 cBoiicTBO AupdepeHuHana PyHKUUH
NPHHSTO HA3LIBATh HHBAPHAHTHOCTBIO ero ¢popMu *

Hrak, nyctp apryMeHT x AuddepeHuupyemoii ¢yHKuun y=f(x)
cam sBJasiercst Auddepenunpyemoii pyHknuel suga x=¢(f) HEKOTOPOH:
HE3aBHCHMOH IepeMeHHOH {. B TakoM cJjyuae y MOXHO pacCMaTpHUBaTh
Kak ciloxHylo ¢yHkuuio Buga y=flp(¢f)] aprymenra f. ITlockonbky
5TOT apPryMeHT { 9BJAsSeTCST HE3aBHCHMON NepeMeHHOWH, TO
Ins ykasaHHOf ¢ynKuun y=f[o(f)] u mas dynkuun x=@(f) aup-
¢depenuuanel npeicraBuMu B popme (5.12), T. e, B BUAE

dy={f[e())]}/dt, dx=q'(t)dt. (5.19)
ITo npaBusy auddepeHUIHPOBaHHA CAOXKHOH QYHKLHH
{flo () =F (x) ¢’ (1). (5.13)

IMoacrasnsas (5.13) B nepByio u3 dopmya (5.19), npumazum 3TOi

¢opmyne BUI
dy=f(x)¢’ (t)dt. (5.20)

ConocraBassi nojyueHHoe paBeHcTBO (5.20) cO BTOpPHIM H3 DaBeHCTB
(5.19), okoHuaTeNbHO MOJMYYHM [Js1 dy BHIpakKeHue

dy=f"(x)dx,

coBnajarmolee ¢ npeacrasjenuem (5.12).

HnpapuantHocts QopMmel (5.12) neproro auddepenuuansa ¢yHK-
nuyu dy ycTaHOBJEHA.

3ameuaHnne. MoXHO AaTh M APYIYI0 IKBHBAJEHTHYIO (OpMyJIH-
POBKY CBOHCTBA HHBApHaHTHOCTH ¢opMbl InepBoro JuddepeHuunasna,
Cpasy e BHITEKAIOLIYI0 M3 YHHUBepCaJbHOCTH npeacraBieHus (5.42):
npoussoonasn Jupgepenyupyemod ¢yuxyuu y=f(x) paswa orHoule-
Huo Jugpepenyuana arod ¢pyuxkyuu dy k Oudgepenyuary ee apey-
MeHTa dx, T. e. onpedesseTcs pasencT8om

F=-2L, (5.21)

KaK 8 cayuae, K020Qa QPZYMEHT X S6AAETCA He3A8UCUMOL nepemeHHoll,
TaK u g caydae, Koeda apeymeHT x cam a8aserca oupgepenyupyemoil
pynryuel suda x=q(t) nexoropoi nezasucumol nepemennod t.
YHuBepcanbHOCTh MpeficTaBlienHss AJsi npousBogHod (5.21) mosso-
d -
JSi€T HCHOJb30BATH OTHOLIEHHE —dy it 0003HaYeHuss NPOH3BOJAHOM
: X
Qynxunn y=f(x) no aprymenty x.
4. Mpumenenue guddepenunana Nas yCTaHOBJICHHS NMPHGIHIKEHHBIX
dopmya. Ilycte pagu npOCTOTH apryMeHT X (GyHkuuu y=[(x) ssas-
eTCs1 He3aBHCHMOH nepemenHoil. B n, 3 § 2 ™Mbl nmoxasaju, yro pud-

* Huxe MH BBeleM IOHATH BTOPOrO H HOCHCAYIOWHX AH(PPEpeHUHaNoB (YHK-
IHE y={(x) u o6GHapyxmuM, uTo 5TH RudbepeHnHaln yxKe He 06MaJAOT HHBA-
pHAHTHOCTBIC (OPMHE. BeslefcTBHe STOrO NOKa3hHiBAaeMOe CBOWICTBO HA3HBAKOT HHBA-
PHAHTHOCTbIO GOPMH mnepBoro ambdepeHnuana. :
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¢depenuuan dy ¢ynrumu y=f(x), BooOlle rosops, He DaBeH IpHpa-
meHn Ay 310# QyHKuHH. TeM He MeHee C TOYHOCTbIO A0 GECKOHEYHO
‘MaJiol (pYHKUKK 0oJiee BHICOKOTO MOPAJKA MAJOCTH, 4eM AX, CpaBel-
JINBO TPHOJHKEHHOE PaBEHCTBO

Ay=dy. (5.22)
€CTeCTBEHHO Ha3BaTh OTHOCHTEJbHOH

X
norpemwHoCcTblo paseHcTBa (5.22). Tak xak Ay—dy=o0(Ax) *, 10
OTHOCHTEJbHASA HOTPEHIHOCTh paBeHcTBa (5.22) cTaHOBHTCA Kak yrof-
HO MaJoii npu yMmeHbineHuu |Ax|.

Coornourenne (5.22) mosBoJsier NpubAHKEHHO 3aMeHATh HpHpalle-
Hue Ay audpdepenuupyemoin pynkuun y=f(x) nuddepenunanom dy
stoil dyukuuu. Llesecoo6pasHOCTb TaKOH 3aMeHB! ONPAaBAbIBAETCS TEM,
uto AuddepeHunan dy sisasercs JuHefHOH QyHKUHeH Ax, B TO BpeMs
Kak npupauleHue Ay, BooOlie TOBOps, HpeAcTaBiser co6oH Oolee
CJIO0XHYIO QYHKIHIO apryMeHTa Ax. '

YunteiBasi, uto Ay=[(x+Ax)—f(x), dy=f(x)Ax, Mbl MOKeM Ile-
pemucath npubankKeHHOe paBeHCTBO (H.22) B Buae f(x+Ax)—f(x) =
~ [ (x) Ax uau, 4TO TO K€ caMoe, B BHJe

F(x+Ax) =f(x) +f (x)Ax. (5.23)
IMpubanxennoe paseHcTBo (5.23), Tak ke Kak u (5.22), cnpaBeiJsiuBo
Lisi a06of nuddepedipyeMoii B JaHHOH Touke x GYHKUHH f(X) C

TOYHOCTbIO [0 BeJHUYHHH O0(Ax) Oosiee BBHICOKOTO INODPSAJKA MaJOCTH,
yeM Ax.

310 npuOJIHKEHHOE DPaBEHCTBO IIO3BOJsET C OWHOKO# o(Ax) 3a-
MEHHTb (QYHKLHIO f(X¥) B MaJold OKPECTHOCTH TOYKHM ¥ (T. €. AJs Ma-
JBIX 3HAUEHHH AX) snuHelHo#t <yHkuuelr aprymenta Ax, cTosiledl B
npasoi wactu (5.23).

IMpubnuxennas popmyaa (5.23) yacto mpuMeHseTCs IJs pasiHy-
HbIX KOHKPETHBIX BHIOB QYHKUHH [(x).

OTHOLICHKE Ay—dy

§ 4 AUGPEPEHUUPOBAHUE CYMMBI, PA3HOCTH,
MPOU3BELEHUA U YACTHOIO ®YHKLHA

Teopema 5.5. Ecau kamdan uz ¢pyuxyud u(x) u v(x) dugpge-
peryupyema 8 OQHHOL TO4YKe X, TO CYMMQA, PA3HOCTb, npoussederue U
4acTHOe 3TUX ynkyull (vacTHoe npu ycaosuu, 410 3rayerue v{x)=0)
Takoce Oupepenyupyemo. 8 3TOL TOUKe, NPUYEM UMEIOT MecTo ¢op-
MYyaol

[4(x) £v(@)] =u' (x) =0 (x),
[4(9) -0 (I =o' (x)-0(x) + (1) -0" (), (5.29)
[ u(x) ]': w(x)-v(x) —u(x)-v’ (x)

v (%) v (x)

*Cm.m 3 § 2.
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HokazartenbcTBo. PaccMOTPHM OTHENBHO CJHYYaH CYMMBL
(pasHoCTH), NPOHU3BEIACHHS H YacCTHOTO. ’

1°. Ilyers y(x)=u(x)*v(x). O6o3nayuM cHUMBOJAaMu Au, AU H
Ay npupamenust GyHkumi u(x), v(x) U y(x) B LaHHOH TOUKe X, OT-
Beuawllue npHpauleHuio aprymenrta Ax. Torna, oueBHAHO,

Ay=y(x+Ax)— y(x) =[u(x+Ax) £v(x+Ax)]—[u(x) v (x)]=
= [u(x+Ax)—u(x)] i[v(x+-AX)—?(x)]=AuiAv.

Takum obpasom,
Ay Au + Av

Ax - Ax Ax ’ (5-25)

Ilycte Tenepn Ax—0. Torza B cuay cymieCTBOBAHMS NPOH3BOJHBIX
¢ysruui u(x) ¥ v(x) B TOUKe X CYUIeCTBYeT Ipefes NPaBod 4acTH
(5.25), paBumiit u'(x)-=v’(x). 3Haumr, cymecrByer npeznena (npH
Ax—0) u Jnesoit yacta (5.25). Ilo onmpeneneHHIo NPOU3BORHOH YKa-
3aHHBIA npejes paBeH y (x), H MBI NPHXOAUM K TpebyeMOMY paBeHCT-
BY Y (x) =1t/ (x) =0’ (). ' S

2°. Ilycts, panee, y(x) =u(x)v(x). Coxpanss 3a Au, Av u Ay ToOT
JKe CMBICJ, 4TO U BHIIIE, OYAEM HMeTb

Ay=y(x+Ax)—y(x) =u(x+Ax)v(x+Ax)—u(x)v(x) =
=[{u(x+Ax)v(x+Ax)—u(x+Ax)v(x)]+ [u(x+Ax)v(x)—u(x)v(x)].

(Mbl npu6aBusH ¥ BHIWIH craraeMoe u(x+Ax)v(x).)
Hasee Moxem sanucath

Ay=u(x-+Ax) [v(x+Ax)—0v(x)] +o(x)[u(x+Ax)—u(x)]=
: =u(x+Ax)Av+v(x)Au.
Taxum o6pasom,
A Av Au
A—i=u(x+ M%) =0 () (5.26)
ITycts Tenepp Ax—0. Toraa B cuay AuddepeHUHPYEMOCTH (YHK-
uvid u(x) ¥ v(x) B TOUKE X CYLIECTBYIOT NpeAeNbl OTHOLICHHH

Au A
~ —i—’-, COOTBETCTBEHHO paBHble u’(x) u v'(x). Haunee, us nuod-
X X -

(GepeHLHPYyeMOCTH QYHKUHH 4(X) B TOUKE X B CHJY TeopeMbl 5.2 cie-

LYyeT HenpephiBHOCTb 4(X) B 3TOH TOuKe. 3HAUUT, CYILECTBYeT mpene

lim u(x+ Ax), paBHBIH u(x).
Ax~>0

TakuM o6pasom, cyuecTByeT npefea mnpaBoit wactu (5.26) npu
Ax—0, paBubiit u(x)v’ (x) +u(x)v’(x).

3unaunrt, cymectByer npeney (npu Ax—~0) u aeso#t wactu (5.26).
[To onpenenenuio npousBoAHOll yKasaHHBIi npejgen pasen y (x), u
MBI OpHXOANM K Tpebyemolt dopmyne gy (x)=u'(x)v(x)+u(x)v'(x).
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(*x)

3°. IlycTb, HaKOHel, y(x)=—"w, Toraa, MOCKOMBKY u(x)5<0, mo
U (X,

teopeMme 4.11 06 yCTOAYHBOCTH 3HaKa HENPePHIBHOH B JaHHOH TOUKe X
dyskuun v(x+Ax)=~0 nas Bcex HOCTATOYHO MaJblX Ax, H MH MOXeM
3anucarh, 4TO
u(x+Bx)  u(x) _
v(x + Ax) v (x)
u(x+ Ax)v(x) —v(x+ Ax) v (x)
v(x)v(x 4 Ax)
Ho6aBnsis ¥ BHIYHTasg B YHCJIHTeJNe ciaraemoe u(x)v(x), OyleMm
HMeTb
Ay= x4+ A o) —u@o@] —lv(x+ADu() —u@vE] _

Ay=y(x+ Ax)—y(x)=

v(x)v(x + Ax)
— vt A)—u()] —u()o(x+A) —v(x)] _ v(x)Au—u(x)Av
v(x)v(x 4+ Ax) v(x)v(x+ Ax)

Takum oGpasom,
Au (x)_él
Ay PO B
Ax v(x)v (x4 Ax)

(5.27)

ITycts Temeppr Ax—0. B cuany nuddepeHunpyeMOCTH (M BBITEKAlO-
el M3 Hee HeNnpepBIBHOCTH) GYHKUMH u(X) B v(X) B TOUKe X Cylle-
CTBYIOT NpeJebl

. Au ’ . Av ’ :
lim —=u'(x), lim — =v' (x), lim v(x+ Ax) =0 (x).
Ax—0 Ax Az-0 Ax Ax—0

Takum o6Gpasom, nockosbkKy v(x)==0, cymecTByeT mnpeiesa npu -
Ax—0 npapoit yactu (5.27), paBHHI ’ '
v(x)u’ (x) —u(x) v’ (%)

o (x)

.

3nauMr, cymecTByer unpeien npu Ax-—>0 u seBoit wuwactu (5.27).
Ilo onpenesenuio nPOM3BOAHOM YKasaHHBIA mpemen paBed Y (x), u
MB MOJYyYuM TpebyeMyio ¢opmyny

u’ (x)v(x) —o' (x)u(x)

v (x)

Y (x)=

Teopema 5.5 noJHOCTBIO JOKa3aHa.

CrnencrBHe u3 TeopeMu 55. Ecau dra ¢yukyud u(x) u
U(x) 8vinoanens. 8 OGHHOL TOYKe X Te se npednoAONHCEeHUs, 4TO U 8
Teopeme 5.5, T0 8 3TOU TOUKe X cnpasediusel caedyroujle COOTHOUEHUS
0xs Auppepenyuanos: /
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d (u & v) =du =+ dv,
du- v):vdu+udv,

u odu — udv (-.28)
(1)

v v? '

Jlast ycraHoBJeHusi cooTHouleHuii (5.28) [OCTAaTOYHO YMHOXKHTH
paBeHCTBO (5.24) Ha dx M BOCIOJIB30BAThCsSl YHHBEPCAJBHEIM Ipef-
craBjeHHeM (5.12) nuddepenunana npou3BosbHOH QYHKUHH y=f(x).,

§ 5. MIPOU3BOAHBIE NMPOCTENIIUX BJIEMEHTAPHHX
4>YHKU.HR

M3 BBOAHOI ryIaBHL W M3 IJ1. 4 HAM y3Ke H3BEeCTBO, YTO MpocCTeH-
IHMH 3JJ€EMEHTAaPDHHMH QYHKHHSAMH IPHHATO Ha3LIBaTh
caejyiolive (YHKUMH: IOKa3aTeNbHYI0 OYHKUHIO y=a* u Jorapud-
MHUYECKyI0 QyHKUHIO y=l0g, X, paccCMaTpHBaeMble AJis J1060ro (PUKCH-
poBaHHOTO 3HaueHHs a Takoro, 4To 0<<az%l, cTemeHHyio (yHKUIHIO
y=x% rle o— PUKCHPOBAHHOE BeHIeCTBEHHOE YHCJO, YeThipe TPHIO-
HoMeTpHYecKHe GYHKUHH y=sinx, y=cosx, y=1g x n y=ctg x U yeTH-
pe ob6paTHble TPHIOHOMeTpPHUYECKHe Q)yﬂxuma y=arcsin x, y=arccos x,
y=arctgx u y=arcctgx.

B Hacrosmem mnaparpade Mbl BLITHCAUM CHCTEMAaTH3HPYEM B

TabJ/IMIy NPOH3BOJHbIE BCEX IPOCTEHLINX 3 eMeHTapPHbIX (byHKumi yxKe
BBINHCAHHble HaMU B TJI. 1.

1. Tlpou3BoAHbIE TPHFOHOMETPUUECKHX (DYHKIHI.

1°. TlpousBoaHas GpyHkuuHU y=sinx. Tak Kak ajas 3To#
DYHKIHH

Ay = sin (x + Ax) —sin x = 2 cos (x + ——Ag—-) sin%—x—,

TO NpH J1060M Ax0 pasHOCTHOE OTHOLIEHHE HMeeT BHN

sin ~éi
Ay Ax 2
—=C08 (X + — | ——-
x ( + 2 ) - Ax
2
ITo onpenenennio NPOH3BOAHOM
st Ax
in ——
(sin"x)’ = lim 2% =1im lcos (x + -A—x> — 2 [ (5.29
Ax->0 Ax Ax-0 2 ( Ax )
2

B cuny HenpepHIBHOCTH GYHKUMH y=cO0s x B J060# TouKe x Gecko-
#HeYyHOH npsMoHn

lim cos (x + -%—) = COS X. (5.30)

Ax—0
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Jlanee, B cCHJYy IepBOTO 3aMedaTeJbHOTO NpejeJa M 3JeMEeHTapHOMR
. Ax *
3aMeHbl NepeMeHHOM’ t==—2——

. Ax
STy sint
lim ———=1im = 1. (6.31)
Ax>0  Ax -0
’ 2

U3 cymectsoBanus npenenos (5.30) u (5.31) u U3 TeopeMsl O npe-
ZleJie TPOU3BEACHHsS ABYX (PYHKUHI BbITEKaeT CYLIECTBOBAHHe Npejesa
B IpaBoil yactu (5.29) u paBeHcTBO

. Ax
Ax s T
(sin x)" = lim {cos (x + —) ———— 1 =C0s X.
Ax—>0Q 2 _é_x_
2
Hrak,
(sinx)’=cos x (5.32)

(znst mo6of Touku X GECKOHEUHOH NpsiMOH).
2°. [lpousBoaHass GYHRKUUH y=cosx. Tax Kax ajs m060i
TOUYKH X ORCKOHCUHOH IPAMOH

. 19
COs X = S1n <—2——x>,

TO TO npaBuiy A bepeHUuPOBAHHs CJAOXHON QYHKUHH ** u mo ¢dop-
myJe (5.32)

(cos x)' = [sin (%—x)]'=cos (%—x) (-’é_ —_x)'=

=cos(—"——x) (——’1)=-——sinx.

2
Urax,
(cosx)’=—sinx (5.33)
(mast 060 TOUKH x GeCKOHEUHOH NMpAMOH).
3°. IIpousBonnasg pyuxuumu y=tgx Tax Kak tgx=—ir%,

TO B CHJIy npaBuja Ju¢oepeHIHPOBaHHS YacTHOTO **¥ 1 COOTHOLICHHH
(5.32) u (5.33) B M000I TOUKE X, B KOTOPOil cos x5=0,

Ax
* QOueBHAHO, UTO [ = T-—»O npu Ax—-0.

**.Cm. . 1 § 3, popmyay (5.13).
**& Cm. § 4, Tpetsio popmyny (5.24).
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(tgx) = ( sin x )’ _ (sin x)’ cos x — (cos x) sin x

cos x cos? x
_ cos’x-fsin’x 1
- cos® x T cos?x
Hraxk,
(tgx)';= = 1+1g%x (5.34)
cos? x

(B JI000H Touke x;e-:;—+nn, rie n=0, 41, 42, )

cos x

4°, [IpousBonHas dyuruuH y=ctgx Tak kak ctgx=

sinx
TO B CHJAy npaBuja JubddepeHIUPOBAHHS YACTHOIO H COOTHOLIEHHH
(5.32) u (5.33) B nr060it TOuKe X, B KOTOPO# sin x==0,

(ctg x)' = ( cos x >' __(cos x)'sinx — (sinx)' cos x _

sinx sin®? x
—sin®x—cos?x _ 1
sin® x sinfx °
Virak,
(ctgx) = ——— = — (1 +ctg? x) (5.35)
sin® x ]

(B y060# TOuke xz7=mn, rae n=0, =1, £2, £3, ...).

2. Mponspognas gorapupmuueckoit ¢pyukunu. Ilycte y=logsx,
rae 0<az=1, x>0 — ¢ukcHpoBaHHast Toyka. Torza mjisa Jioboro jo-
CTaTOYHO MaJjoro Ax=-0

Ay _ loga (x4 Ax) —loga x.
Ax Ax

1 Ax \
1o (1455 =
x

T’“;loga(l +Ax"—> =%loga[(l + —%"—)r]

f
l...

ITo onpenenenyio Npou3BoOLHON
x

(log, )’ =1lim 2% =L lim log, [(1 +—A’i)“]. (5.36)
X

Ax—0 Ax X Ax—=0

B cusy BTOpOro 3aMeuaTeJbHOIO Npelesa H 3JeMeHTapHO# 3aMeHH
nepeMeHHoit t = -—Axi )
= 2
tim [(14 25" | =tim (1 +0 " ]=e. '(5.37)

Ax—0

Ax
* Tak xak x>0 ¢uxcupoBano, 10 {=———>0 mnpu Ax—0.
X
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WUs cymectBoBanus npefena (5.37) n M3 HeNpepbIBHOCTH QYHKIHH
y=Ilog,x B TOUKe X=e* phHTeKaeT, 4TO Ipele] B NPaBOH YacCTH

(5.36) cyulecTBYyeT M paBeH —i_ log, e.
Hrak,
(log, x)’ = ——log, e (5.38)
X

(ans molux 0<az-t1 u x>0).
B uvactHocTH, pH a=¢

(Inx)’ =—:c— (aaa moGoro x > 0).

3. MpousBoAHbIe MOKA3aTENbHOM H OOPATHBIX TPHTOHOMETPHYECKHX
¢yukumit, [Iss BHIUHC/AEHHS TNPOHM3BOJHLIX YKa3aHHBIX QYHKUHMH HC-
noib3yeM teopeMy 5.4 o auddeperunpopaHHH o6paTHOR (DYHKUHH,
JOKa3aHHylo HaMu B 1. 2 § 3 HacTosILIeH IJ1aBHL.

1°. TlpousBonHas ¢yHkuuun y=a* (0<as*l). Tak kak
GYHKUHS Yy=a¥, oOnpejeseHHas Ha Bced GeCKOHeUHOH MNpPAMOH
—oo<Lx< + 00, siBAsieTcss o6paTHO# masi GYHKUMH x=log,.y, onpele-
JeHHol Ha moaynpsamol 0<y<+oo, U Aag QYHKUHH x=l0gey B OK-
PecTHOCTH Jo60# TOUKH y moaynpamoii 0<y< -+oo BHINOJHEHHl BCE
YCJIOBHS TeOpeMBl 5.4, TO B CHJY 3TOH TeopeMbl GYHKUHA y=a* aud-
¢pepeHurpyeMa B 1000/ TouKe x=l0gsy ¥ ANA ee INPOH3BOJHON B
ITOH TOYKe cnpaBeldjinBa HoOpMyJsa

(@) =— ! = ! zly .
(logg y —logg e Oogg e

(Mu1 ucnosb3oBasu BblpaxeHue (5.38) ans nmpousaBOAHOH Jorapud-
MHYeCKO# QYHKLHH.)
V3 mosyyeHHOro paBEHCTBA B CHJIYy JI€MEHTAapPHOTO COOTHOIUEHHS

=Ina ¥ COOTHOWEHHS Y=a* OKOHYATEJHHO MOJYYHM
(a*)'=a*1na (5.39)

(ans mo6ok TOYKH ¥ GECKOHEYHOH MpsiMOH).
B uwacTtHOCTH, IpH a=e

log, e

(e*)'=e*.

2°. [lpousBoaHas GpyHKUUH y=arcsinx. Tak xak QyHKuds#
y=arcsin x, onpejejeHHas Ha HHTepBaje —1<x<1, aBasercs o6par-

o . o 19
HOH ISt QYHKUHHA X =SiNy, onpeielIeHHON Ha HHTepBaJie — Y <y<L

*Bn 2§ 3 ran. 4 nokasano, uro ¢yHruus y=1log, ¥ HeNpepuiBHA B 06Ok
Touke x>0,
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n . “
<+ > H Aas (PYHKOHH X=siny B OKPECTHOCTH J1000H TOYKH ¥

T I
HHTEpBaJja —-{< y< + - BBINIOJIHEHEl BCe YCJOBHS TEOpPEMEE

5.4, To no 3TOi Teopeme GYHKUMA y=arcsinx auddepeHurpyema B
M060it TOuKe x=siny H AJd ee NPOH3BOAHOH B 3TOH TOYKe CIpaBej-
auBa dopmyaa
. 1 1 1
arcsinx)’ = = e
( ) (siny)’ cosy Y 1—sinty

(5.40)

Mrul ucnosip3oBann paBeHcTBo (5.32) W B3siaM mepej KOPHEM 3HaK +
N n
B CHJIy TOTO, YTO COS Y IOJIOXKHTEJIEH BCIOAY HA HHTepBaJjie -——2—<

13

<y< + <=

YuHTHIBas, 4TO Siny=x, Mbl OKOHYATEJbHO TMOAyuyHM H3 (5.40)

i
Y 1—x2
(mns Bcex x U3 MuTépBasa —l<x<+1).

3°. IlpousBoxgHas dyHrguuHu y=arccosx. Tak kak dyHKUH®
y=arccos ¥, ONpeleJeHHass Ha HHTepBajle —I1<x<+41, sBIAeTCS
o6paTHOH Jasi (QYHKIHM X=COSyYy, OIpeleJeHHOH Ha HHTepBaJe
0<y<m, u ans QYHKUHH X=COS Y B OKPECTHOCTH JIIOOOH TOUKH Y UH-
TepBana 0<y<m BBINOJHEHH BCE YCJAOBHS TeopeMbl 0.4, TO MO 3TOX

TeopeMe (yHKuust y=arccosx naubdepeHuupyema B Ja060H TOUKe
X=COSY M AJs ee NPOH3BOJHOH B 3TOH TOYKe cnpaBeaauBa dopmyna

1 1 1
(arccos x)" = == e e (5.41)
. (cosy)”  (—sing) —y 1—costy
Mu ucnonb3oBanu paBeHcTBO (5.33) M B3sJH Nepej KOpPHEM 3HAK —
B CHJIy TOTrO, UTO Sin y MOJIOKHTENEH BCIOAY Ha HHTepBate 0<y<m.
YyuTHIBAS, 4TO COS Yy =X, MLl OKOHYATeJbHO moJayyum H3 (5.41)
. 1
yi=xt
(must Bcex x u3 uHTepBasa —l <x<+1).
4°, [IpousBonuas Gpynrkuuu y=arctgx. Tak Kak QyHKuH%

y=arctg x, onpenesenHas Ha GeCKOHeYHOH TpsaAMOH —oo<x<+ o0,
ABJseTCs 06paTHOH A (YHKUHMH xX=tg Yy, onpele/eHHOA Ha HHTepBa-

Je ——% ly< 3‘2“ H A5 GyHKuuM x=1tgy B OKPECTHOCTH KaXIOH

(arcsin x)' =

(arccos x)' =

n T .
TOUKH y HHTepBaJga —7< y< - BHITOJHEHEl BCE YCJIOBHSI TEOPEMBL

5.4, To mo.3TO# TeopeMe OyHKuMs y=arctgx puddepenuupyemMa B
KaXJoH TOuKe x=tgy M 1Jd ee NMPOH3BOJHOH B 3TOH TOUKe Chpabel-
JHBa gopmyaa
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R

arctgx)’ = = = .
(arctg) (tg vy I4tg?y 14«2
{Mmt ucnosb3oBanu cootHomenue (5.34).)
Hrak,
1
(arctg x) T

(s a06o# Touku x GeCKOHEUHOH MpsiMoil).

5°. IpousBoanasa Gynkuuun y=arcctgx. Tak Kak QyHKUHA
y=arcctg x, onpenejeHHass Ha O€CKOHeYHOH npsAMOfl —oo<x< 400
sBJsieTcss o6paTHON Aas (GYyHKUUM Xx=cig y, onpeleneHHOH Ha HHTEpBA-
Je 0<y<m, u Aja GyHKUMH x¥=cligy B OKPECTHOCTH KaxKJA0H TOUKH
uHTepBasa 0<y<m BEIIOJHEHBI BCe YCJIOBHSI TeOpeMBl 5.4, TO MO 3TOf
TeopeMe ¢yuknus y=arcctgx puddepeHuupyeMa B KaXKA0H TOUKe
x=ctgy u pjasa ee NPOM3BOJHOH B 3TOH TOYKE CIpaBelayBa (popMmyJia

1 1 _ 1

arcctg x)’ = = = — .
( ) (ctgy)’ — (1 +ctg?y) I+ x?
(Mpl ucnonp3oBasu cooTHomenue (5.35).)
Hrak,
r__ 1
(arcctg x)' = e

(ans mo6o#i TOYKH x GeCKOHEYHOH HPAMOI).

4. MponsBopHas crenenHoi pyukunu. Ilycts y=x*, riae a — aoboe
BEIleCTBEHHOe YHCIO, X — niobas Touka mnoaynpamoll 0<x<<+oo.
B ra. 4 MBl yKe paccMaTpHBaJM CTENEHHYIO QYHKUHMIO y=Xx* Kak Cy-
LIEPIIO3HUIHUIO JIOTapUPMHUYECKOH H NOKa3aTeTbHOH (YHKUUH

y= xoc — (alogax )a - aalogax
{rze a — moGoe QpuKcHpoBanHoe yncIo 0<al1).

- Ilo npaBuny nuddepeniupoBanns CcaoXHOH GYHKIHH y=a%, rie
u=qlog, x, noJyauM

Yy = (@9 - (alog, x)' ==a*-1n a-a-—i— log,e=

1 1
= aalogax Qe —— = X% — = g x%1,
X X
Hrak, okoHuaTesbHO
(x*) = qx*1
(nas moGoro x>0).

5. Ta6auna npou3BOIHBIX MPOCTEHIINX 3JEMEHTAPHBIX (YHKIUH.
Co6epeM Temepb B TaGJHIly BCe BHIYMCJEHHbIE HAMM NPOH3BOLHbIE
NPOCTEHIINX 91eMEHTaAPHBIX QYHKUHKE.

1° (x%)' =ax*! (x>0).



§ 5. IlpousBonrble TpOCTeHIINX 3JeMeHTapHHX (yHKuuh 21t

L R S 1 [
B uacTHOCTH, <—);—> =—— (V%) ik
2°. (log,x)' = %Iogae O<as=1, x> 0).

B uactrocry, (Inx) = —:C—

3% (a*)’=a*-Ina (0<a+#l1).
B uactHocTH, (€¥)'=e*.
4°, (sinx)’=cosx.
5% (cosx)’=—sinx.
6°. (tgx)’z——l—
Cos

2 x

1+tg?x (x#:—g-—i—nn; n=0,¢1,...),
7. (clgr) = ———=— (1 +ctg?x) (x3=nm;n=0, +£1,...).

sin? x
8% (arcsinx) =1/} 1—x* (—1<<x<+1).
9° (arccosx) =— /) 1—x? (—1<x<+1).
a ’ 1
10° (arctg x) T
© 14
11° (arcctg x) R
B rii. 4 MBI BBEJM B PACCMOTPEHHe YeThIpe TunepOoHyeckue QyHK-
nuu y=shx, y=chx, y=thx n y=cthx, asasomueca NpocTHIMH KOM-
OuHAUMAMH NOKasaTeJabHBIX QyHKuui. M3 npexcraBieHHS 3THX QYyHK-
IMH Yepe3 IOKasaTesbHble MYHKUUH 3JEMEHTAPHO BBHITEKAIOT CJEAYIO-
IIMe BBIPAXKEHHsI JJIsl UX IPOU3BOJHBIX:
12°. (shx)’=chux.
13°. (chx)’=shx.

0 ' 1
_14°% (thx) = .

15°, (cthx)' = ——-;h%x— (x5£0).

YcTaHoBJaeHHAs HAMH Ta0JUIa NMPOU3BOJAHBIX BMeCTe C IIPaBUJIOM
I hepeHIHPOBaHUS CI0KHON (YHKUHH (YCTaHOBJEHHBIM B I. 1 § 3)
H npaBujgaMH JH$GEepEeHLUPOBAHHSA CyMMBI, Pa3HOCTH, NPOHU3BeLeHUSA
H yacTHOro (yCTaHOBJEHHHIMH B § 4) cocraBisieT BbIUHCAUTENbHBIA
annapar TOf 4acTH MaTeMaTHYeCKOro aHajii3a, KOTOPYIO NPHHATO Ha-
3plBaTh LU P PepeHIUaNbHBIM HCUUCJTEHHE M.

B ri. 1 1 4 MBl yxe BBeJIH NOHSITHE 3JeMEeHTapHO# (PYHKIHH, KakK
TakKo# (YHKIHH, KOTOpas BhlpaxkaeTcs yepe3 HpocTefiliHe 3JjeMeHTap-
Hbole (YHKIHH NOCPEJCTBOM ueThipeX apu(pMeTHUeCKHX JeHCTBUH H
CYNepHno3UulLiHH, MOCHEAOBATENbHO NPHMEHSEMBIX KOHEYHOe HHCJO pas.

W3 ycranosieHHoil HaMH TaOJAHIE MPOUSBOAHKIX H IpaBui pudde-
PEHLHPOBAHHUS CYMMBl, Pa3HOCTH, IPOH3BEAEHHUS, YACTHOTO H CJIOXKHOH
GYBKIHH BhiTEKAET CJACAYIOIIHN BaXKHBIH BHIBOA: npoussodnas aiobod
saemenTaproll (hynrkyuu npedcrasaser cobOl TAKHEe IAEMEHTAPHYIO:
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Pyuryuro, 1. e. onepayus Jughepenyuposarus He 66.800UT HAC U3
KAQCCOQ 3AeMEHTAPHBIX PYHKYUL.

6. Tabsanua nuddepeHumuasoB NPOCTeHUIHX 3MeMEHTAPHBIX PYHKUHHA.
B 0. 3 § 3 Mu ycrauoBunH, uro puddepenunan dy GyHruun y={(x)
BCerJa paBeH NPOH3BOAHON 3T0#t GyHKUMH [’ (x), yMHOXKEHHOH HA HH-
<epenuras apryMenta dx. IlosToMy ycTaHoBJeHHass HaMH Tabgauna
fIDOM3BOAHBLIX Cpa3y e NPHBOAHT HAC K COOTBETCTBYIOIEH TabjHle
AudpepeHunaoB NPOCTeHIIAX JIeMEHTAPHBIX QYHKUMH.

1°. d(x*)=0a-x*"1dx.

B uactaoctn, d (—i—) = ———%dx, d(Vx) = L_dx.

2y'x
2 d(logax)=—i-logaedx 0<az1, x>0).

B uvactHocTH, d(Inx)= —df—'.
X

3°. d(a*)=a*Inadx (0<a:l).
B yacrtHoctH, d(e*) =e*dx.
4°. d(sinx) =cos xdx.

5°. d(cos x) = —sin xdx.
6°. d(tgx) = —2—=(1+tg?x)dx
Cos® X

(x;e% +an; n=0, il,i2,~->.

7 dctgx) = — —2— — (1 +ctg?x)dx (x3=nm; n=0, +1,...)

sin® x
8. darcsin x) =dx/V1—x (—1< x< +1).
9°. d(arccos x) = —dx/V'1T—x* (—1< x < +1).
10°. d(arctg x) =

1+ x 211.
o X
11°. d (arctg x) T
7. Jlorapuipmuueckas npoussoanasd. IpousBognHasi cTemeHHO-HOKa-
a3areavHont ¢pyukunn. Ilycrs  dyskuna y=f(x) nonoxuTeNbHA
# nuddepeHnupyeMa B 1aHHOH Touke x. Toraa u cjaoxHast QYHKIHA ap-
ryMeHTa x BuAa w=Iny, rie y=f(x), B cuny TeopeMn 5.3 Oyner
Takxe AupdepeHuupyeMa B YKa3aHHOH TOUKe X, NpUYeM MJisi NMPOHU3-
BOLHOH 3TOH CAQ¥KHOH QYHKUUH 1O apryMeHTY x OyneT crpaBedjHBa
opmyaa ‘

Inf()] =(ny) y* =2 = F& 5.42)
[inf () =(ingy g =L = LK (
Bennuuny (5.42) npuHATO Ha3uBaTh JoOTapHPMHUYECKOR
TPOM3BOAHOMN QYHKUHH y=[(X) B AaHHOHN TOUKe X.
JlorapudMuyeckas npou3BOJHASA MOXKeT GbITb HCHOJb30BAHA JJIst

BBEIYHCJIEHHS] IPOH3BOAHBIX HEKOTODHIX (DYHKUHMH, He SABJSIOUHXCA NPO-
CTEHUIHMH 3J€eMEeHTaPHbIMH,
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B xauectBe npuMepa BEIYHCJIMM TNPOM3BOAHYIO Tak Ha3bIBaeMo#
CTENMeHHO-NIOKa3aTeJbHON (DYHKIMH, T. €. QYHKIHH BHAA Y= u(x)w‘)
rae u(x) u v(x) — aBe QyHKUHM, AHPPEPEHIMPYEMbIC B JaHHOH TOY-
Ke x, IepBasi H3 KOTOPHIX U (Xx) 'CTPOro NMOJIOXKHTEJIbHA B 3TOH TOYKe.

Ilpu Takux orpaHuHueHHsix QyHkuus w=Iny=v(x)Inu(x) Oyner
Iuddepennupyema B JaHHOH Touke x. B caMoM feJe, B CHIY TeOpeMH
5.3 dyuruus Inu(x) auddepenunpyema B TouKe x. 3HAYHT, HA OCHO-
BaHHH TeopeMBl O AH(PepeHIHPYyeMOCTH NPOU3BeleHHsl ABYX Iudde-
peHIupyeMbIX (QYHKIHH MOXKHO YTBepXKAaThb AH((epeHUHpYyeMOCTs B
JAaHHOI ‘TOuKe X H PyHKuWH w=Iny=v(x)-lnu(x), npHueM B CHIY
BTOpOH opmyssl (5.24)

(Iny) =0 (x) Inu (x)+-v(x) [Inu (x)]’ =
=0 (x)Inu(x)+ 0 (x) w (x) (5.43)
Hs (5.42) u (5. 43) NOJIY9HM, YTO

=o' (1) Inu(x) + 0 (x) L&

u(x)

YuuThIBasl, UTO Y= u(X)?™*), OKOHIATEIbHO MOJYYHM CJAEAYIOllee Bbl-
pPaxeHHe IJisi NPOH3BOJAHOH CTEeNeHHO-NOKAa3aTeJbHOH (GYHKUHH:

(0 (£ = u (g0 [v' () Inu(x)+ v (%) %‘)’-] (5.44)
®opmyna (5.44) cnpaBexsuBa B NMPEANOJOXKEHHH, 4TO U(x) H v(X)
JuddepenuupyeMbl B gaHHOH TouKe x M u(x) >0 B 3TOi TOUKe.

§ 6. NTPOU3BOJAHBIE H NH®PEPEHILHAJIbI BbICIIUX
NnoPAAKOB

1. MNMouarue npousBoaHo# n-ro mopsinka. Kak yxke oTrMeyaJjoch B
m. 2 § 1, npoussognas f'(x) ¢yskuun y=f(x), onpeleseHHol H Aub-
<depeHuupyeMoii Ha uHTepBaJe (a, b), npedcrasaser cobol ¢ynxyuio,
Takoxce onpedesennyro Ha unrtepsase (a, b). MoxKeT CAyUHTHCS, YTO
Gyukuus [’ (x) cama asasiercs nupdepeHIHPYyeMOil B HEKOTOPOH TOYKe
x mHTepBaJsa (a, b), T. e. UMeeT B 3TOH TOuke npou3BoAHyw. Torza
YKa3aHHYI0 [POM3BOJAHYI0 HAa3HBAlOT BTOPOH TNPOH3BOAHOM
(Mly - TPOU3BOAHOH BTOPOTro mopsaka) ¢Qyukuua y=f(x)
B TOuKe X H 0603HAYaIOT CHMBOJIOM P (x) mau y@ *.

Ilocsie TOro .Kak BBEeNEHO IIOHATHE BTOPOHl IPOH3BOAHONH, MOXKHO
fI0CJIEJOBATEJbHO BBECTH NOHATHE TpeTbell NPOH3BOJHOH, 3aTeM der-
BepTofi IMPOH3BOAHON M T. A. ECJAH mpeAnoJOXHTb, YTO HaAMH YyXe
BBefieHo nousatHe (n—1)-i npousBoaHoi U uTo (n—1)-9 NpoHU3BOIHAS
JubdepeHuEpyeMa B HEeKOTOPOH TOYkKe X MHTepBana (a, b), T. e.

* IIJm 0603HaueHHsi BTOPOH NPOHIBOAHOM  HCHONBIYIOT — TAKKE CHMBOJH i
s y”.
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KMeeT B 3TOH TOYKe NPOHM3BOJHYIO, TO YKA3aHHYIO NPOH3BOAHYIO Ha-
3RIBAIOT A-H NPOU3BOAHON (HJH MPOH3BOJHON n-rO MOPAAKA) QYHKIHR
y=[(x) B Touke x ¥ 0603HAYAIOT CHMBOJIOM f(")(x) HIH (™.

TakuM 06pasoM, MBl BBOAMM MOHSTHe n-H NPOU3BOJHOH HHAYK-
THBHO, II€PeXOAS OT NEPBOH NpPOH3BOAHONH K mocienaytomum. CooTHO-
llieHHe, ONpeResIOiee /-0 TPOUSBOLHYIO, HMeeT BHL

ym = [yn=D]". (5.45)

QYHKIMIO, UMEIOLIYI0 Ha [aHHOM MHOXecTBe {X} KOHEuHyI Mpo-
' H3BOJHYIO NOPSijKa 7, OOBIYHO HAa3HBAKT n pa3 AuddepeHnupyeMon
Ha JaHHOM MHOXKeCTBe.

IToHsTHE TPOH3BOJAHBIX BHICIIHX NOPAAKOB HAXOAHT MHOTOUHCJIEH-
HEle IIPHMCHCHHS. 3/1ecb MBI OrpaHHYHMCS TEM, YTO yKaMeM MeXaHH-
YeCKHH CMBICJ BTOpOH npousBoigHo#. Ecau @ynxuuﬂ y=f(x) omucu-
BaeT 3aKOH JBHKEHHsS MaTepHaJbHOH TOYKH BROJb ocu Oy, TO, Kak

MBI yKe 3HaeM W3 1. 1, mepBasi mpousBojiHas ['(x) AaeT MIHOBEHHYIO
CKOPOCTh JABHMXKYULIEHCH TOYKH B MOMEHT BpeMeHH X. B Takom ciayuae
BTOpasi mpousBojgHasi [®(x) paBHa CKODOCTH HM3MEHEHHS CKOPOCTH,
T. €. PaBHAa YCKOPEeHHIO JABHXKYUleHcs TOYKH B MOMEHT BPEMEHH X.

MeToaHKa BBIYHCJICHHS NPOW3BOLHBIX BHICIIEro MOPSAKAa NPeAno-
Jiaraet yMeHHEe BHIUHC/AATbL TOJbKO NPOUM3IBOJLHBE NEPBOrO
nopsiAKa, ubo HOC/HENOBAaTEJbHOE HpHMeHeHHe @OpMyan (5.45)
€CTh HE YTO HHOE, KaK MHOTOKpPATHOE BBIYHCJIEHHE NIePBHIX NIPOHU3BOA-
EBX. B KauecTBe HmpHMEpOB BBIUHCIHM NPOH3BOJAHBIE 711-TO TOPAAKE
HEKOTOPHIX NPOCTEHINHX dJAeMeHTapHbX (QYHKUMH.

2. n-ple NPOU3BOJAHBIE HEKOTOPHIX GYHKLHMH,

1°, BouucauM 7-10 TPOU3BOJKHYIO CTeNeHHOR (YHKUHH y=x*
(x>0, o — maw6oe BeuiecTBeHHoe yuca0). [TocnegosatenavHo audde-
peHuupys, 6ynem HMeThb

Y =ax*"l, yP=q(a—1)x*2 y®=a(a—1) (a—2)x*3, ...

Orciofa JIErKo YSICHHTb O6GIIUA 3aKOH

x)®W =0 (a—1) ... (@—n-+ 1) x%",

Crporoe [0Ka3aTeJbCTBO 3TOI0 3aKOHA JIETKO IPOBOJHTCS METOAOM
MaTeMaTHYeCKOH HHAYKIHH.

B uacrHOM @unywae a=m, Te M — HaTypaJbHOE YHCJIO, MOJYYHM
(x™)M =ml,
(x™)™ =0 npu n>m,

Takum o6pasom, n-1 NPOH3BOJHAST MHOrouJjeHa m-TO MNOPsIKa IpH
n>m paBHa Hyn10*,

* Tlpy 3TOM MBI HCOONB3YEM CJAEAYIOIIYI0O OYEBHIHYIO qupmyJIy [Au(x)+
+Buy(x)] " =Aut™ (x) + Bv(®)(x), rae A u B — nocrosHukKe.
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~2°. Jlalee BBHIYHCIHMM r-10 NIPOU3BOAHYIO NOKa3aTesbHOR OYHKIHH
y=a*. TlocnenoBaTenpHo g epeHuupys, 6yieM uMmerhb

y=a*Inx, y@=a*In’x, y®=a*1n%gq,...

O6utas ¢opMmyna, Jierko ycTaHaBJHBaeMasi M0 METOAYy HHAYKIUH,
HUMeeT BHJ

I (@) =g*In"a. l

B ugacrtHOCTH,
(en)™ =e~.

3°. BRYUCIHM 71-10 NPOH3BOAHYIO DYHKIHH y=sin x.
[lepByo mpoH3BOZHYIO 3TOH (PYHKLUHH MOXKHO 3alHcaTb B BHAE

y' =cos x=sin (x + %) . Taxum o6pasom, auddepennupoBanue
¢$yHKHUH y=sin x npubasJjser K apryMeHTY 3TOH (QYHKUHUH BEJHUYHHY

—;L. Orcioga nonygaeMm Gopmyny

(sinx)® =sin <x +n —nz—) )

4°, CoBepLIeHHO aHAJIOTHYHO yCTaHaBaHBaeTcs GopMyJa

(cos x)™ = cos (x+ n%) .

o°. BhlyHCJIUM n-10 NPOM3BOAHYIO QYyHKuuMH y=arctgx. Jlokaxem
¢ NOMONIbIO MeTOJa MaTeMaTW4ecKol HHAYKIHM, YTO CHOpaBejJIHBa
ciaenywomas opmyaa:

to x) — r =D [ ( _“_” 46
(arctg x) TENTE sin | n | arctg x + > ) | (5.46)
YyurniBass, ut0 y=arctgx, x=1gy, L. ! =cos’y, MH

1+ 14tghy,
MOXKeM IepenucaTb yCTaHaBJHBaeMyio GopMyJay B BHIE

Y™ =(n—1)l cos™ y sin [n (y + —Z—” (5.46%)

Y6enumcsi MeTOAOM HHAYKLMH B cnpaBefauBocTH (opmyan (5.46 *).
Ilpr n=1, B cuny n. 3 § 5, ¢ = (arctgx) = =cos?y.To xe

14+ x2
caMoe BbipaxkeHHe moJydaercs npu n=1 wu3 (5.46*) (mocraTouno

ydecTh, 4TO Sin (y + %) =C0Ss ).

TakuM 06pasoM, npu n=1 dopmyna (5.46*) cnpasennusa.
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[Ipennmonoxum Ttenepb, uro ¢opmyaa (5.46*) copaseasiuBa mis
HEKOTOpOro 7, u ybGeJHMcs, 4TO B TaKOM cJjaydae sTa (opMmyJa cupa-
BeAJHBa H AJs CJefyiomero HoMepa n+ 1.

B camom gene, npousBoas audpdepenuupoanne (5.46*), monayunm

Yyt = (n— 1)1—:7 {cos"ysin [ (y + _’2‘_”} =

=(n—~rl)ljj?{cos"ysin[ <y+ )]}_d%z

= (n—1)! {diy(cos"y) sin [n <y + _2—)] +

+ cos™ y d [sinn (y + i) ] ]'y’.
dy -2
YuutbiBasi, uro y' =cos?y, —;—- (cos™ y) =ncos*~! y (—siny), Mur m0-
Y

JIYUHM, 4TO
¥t = nl cost y {——sinysiﬂ [ﬂ (y + %)] +cos ycos [n (y + —Z—)]} -

;nlcos"+1ycos [(n+ )y+ n—;—] =nl cds"+‘ysin [(n+ 1) (y + —’;-)]

Mu noayyaem pas y*+!) ¢opmyay Buaa (5.46*), Baatyio s Ho-
mepa n+1. Tem caMBIM HHAYKUHS 3aBepuieHa u ¢opmyaa (5.46) mo-
KasaHa.

6°. B 3akjioueHHe BHIYHCJIHM n-10 NPOH3BOAHYIO TaK Ha3bIBaeMoOid

Ipo6HO-THHeHHOH GYHKUHH Y= i , IBe a, b, c md—

cx+d
HEKOTOpPHIe HOCTOSIHHHIE.
ITocnenoBarensHo puddepennupys ary ¢yHkuuio, 6yieM HMeEThb

r_alxtd)—clax+b) 4 —2
T dp (ad—bc) (ex+ d)—2,

Y@= (ad—bc) (—2) (cx+d) 3,
y® = (ad—bc) (—2) (—3) (cx+d)—4c?, .

Jlerko ycMOTpeTh H OGIIME 3aKOH

Yo = (%ﬁ)‘"’ = (ad—bc) (— 1)1 nl (ex + d)=+D) ¢t
C.

KOTOprH HOKAa3HIBAETCS 110 METONY WHAYKIHH.
3. dopmyna JleiibHuna anaa n-i NpousBOAHON NMPOU3BEAEHHUS ,uByx.
¢yukuuii. B To BpeMs KaK yCTAaHOBJEHHOE BHIILI€ NPABUJIO BHIUHCJICHHA
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fIepPBOH  MPOM3BOAHOM OT CYMMBl MJIH PasHOCTH JABYX QYHKUmil
(4tv)’=u'*v" nerko mepeHocurcss (HANpEMep, IO METOLY HHAYK-
UMA) Ha Ccay4adl n-#i npoM3BOAHOH (4=*v)™=u™iy(M BO3HHKAOT -
3aTPYAHEHUS NIPH BLIYHCJEHHHM n-fi NPOH3BOJHOH OT NPOH3BEJEHHS
ABYX GYHKUHA u v.

CooTBercTByIOIICe NPABHIO HOCHT Ha3BaHHe GopMyan Jlefibnuua
Y MMEeT CAeAyIOIHHA BHA:

(uv)® = My + Crun—Vy" + Cour—2p®@ + Ciun—3@ 1 . . + uo,

(5.47)

Jlerko moAMETHTb 3aKOH, MO KOTODOMY NOCTPOEHa MNpaBas YacTh
dopmyanl Jleiibuuna (5.47): ona coBnagaer ¢ GopMyJoil pasyoKeHHS
6uHoma (u4-+v)" JUIIL BMECTO CTeleHed wu M v CTOSAT NmMpoO-
M3BOJHHE COOTBETCTBYIOUHX NOpPSJNKOB.

ITO CXOACTBO CTAHOBHTCA ellle 6oJiee MOJSHBIM, €CJH BMeCTO CaMHX
¢yHKIu# 4 u v nucatb cootBercTBeHHO u® n v@® (T. e. ecim paccMar-
puUBaTh caMy QYHKHHMIO KaK HPOH3BOJAHYIO HYJIEBOTO NOPSJIKa).

Hlokaxem ¢opmyny Jlefibuuna no merony uuaykumu. Ilpn n=1
sta QopMysa npuHuMmaer Buji- (uv)’=u'v-+uv’, uro coBmajaer ¢ yec-
TAHOBJIEHHHIM BHHe (B § 4) npaBuaoM JupdepeHUHPOBAHHST IPOHU3-
Beaenus aByx ¢yskuuit. IlostroMy mocraTouHo, mpeinoJoXuB chpa-
BefJauBOCT (opmyan (5.47) njs HEKOTOPOro HOMepa n, 10Ka3aThb
ee CNPaBeJJIMBOCTb AJISl CJEAYyIOLero HoMepa n+ 1.

Hrak, nyctb ans Hekotoporo HoMepa n ¢opmynaa (5.47) BepHa.
Tponndpepennnpyem 31y ¢Gopmyly W OGBEAHHHM ClaraeMele, CTOS-
Uige B NPaBOH YaCTH, TaK, KaK 3TO YKa3aHO HHXKe:

{uv)n+) = Dy 4 [Couo’ 4 Cru™o'| + [Cruti—D0® 4 C2uin—1p] +
+ [Coun—20®) 4 Coun—2®] + ... + wointD, (5.48)

(ITpu 3TOM MBI BOCHOJIB30BAJNHCHL TeM, uTO 1=C,0.)
Jlerko mpoBepHTb, YTO AJA JMIO6Or0 HOMepa k, HE NPEBOCXOAALIEr0
7, cupaBeanuBa $opMyaa

Cky i =cty,. (5.49)

Has toro 4robm ybGeauTbcss B cnopaBeJHBOCTH (opMyin (5.49),
JOCTAaTOYHO 3@8METHTb, YTO

C* — nn—1)...(n—k-+1) Ck—l_n(n—l)...(n—k+2)
n— ] - ’
k! . (k— 1)
Ck (a4 Dn...(n—k4+2)
n—}-l;-— .
Rt
V3 HanucaHHBIX COOTHOLIEHHH BHITEKAET, UTO

Ck_{_cqu__n(n—l)...(n—k—1~1)_{__n(n—l)...(n—k-{-2)=
e 3 (k—1)!
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n(n—1)...(l—k+2(r—k+ N +nin—1).., (2 —k+2k _

Kl
_af—1) .. (a—k+ln—k+1)+ k] _
k!
_ (kD=1 .. (a—k+2)

=Ck .
X n+1

Ucnonbsys dopmyay (5.49), Ml MoxkeM CJaelyiolmuM ofGpasoMm
nepenucath cooTHoumeHue (5.48):

(o) td = gty - Cp g ™o’ 4 C qu®=—10@ - C3 L u—20®) 4- ... + yolnth,

Tem camMbiM MH yOeJHJIHCL B clpaBeanuBocTH dopmyast (5.47)
st Homepa n+1. Maaykuusa nposefeHa, H BeiBoA ¢opMmyaw Jied6GHu-
na (5.47) saBepuueH.

pumep. Bpounenaum n-i0 npousBoinyio ¢pyHxkuuu y=x2e*. Ilo-
Jdarasi B ¢opmyae Jleiibuuua (5.47) u=e*, v=x%* u yuuTHBaA, YTO
uM=e* (mnust Jgio6oro HoMepa k), v =2x, v@=2, V®=pl=_ =
MBI [OJIYYHM, 4YTO

(¥%5)®) = e*x? - Cpe" 2x+-C €°- 2 = e* [x® + 2nx + n (n—1)].

ITopuepkueMm, uto dopmyaa Jlefibuuna ocobenno 3¢ deKTuBHa
B TOM CJyd4ae, KOrja OAHA H3 MepeMHOKaeMHX QYHKUMH HMeeT JHUI b
KOHEYHOe YHCJO OTJHUYHBIX OT HYJNS HOPOHSBOALHBX
H He INpeACTaBJseT 3aTPyAHEHHS BBIUHCJIEHHE BCEX NPOM3BOLHAEIX
JApYrof M3 nepeMHO}kKaeMBIX GYHKIHH.

4. Nud¢epeHuranp BBICUIMX NOPSAAKOB. Bhbille A8 0603HAaUYCHHS
anddepennnana aprymMesTa 4 COOTBETCTBYlolllero eMmy auddepenuua-
Ja (YHKIOUHM MBI HCIIOJIb30BAJH CHMBOJB dX H COOTBETCTBEHHO dy.

B paccyx/eHHAX HacCTOSIIETO MyHKTa HAM NPHIETCA HCHOJNb30BATh
Jjsa obossayeHus AuddepeHuuana aprymMeHTa # COOTBETCTBYIOLIETO
emy auddepennnana QyHKIHH H APyrHe CHMBOJBL. B yacTHOCTH, MH
Oyzem o6o3HayaTh AMpdepeHuuan aprymMeHta M COOTBETCTBYIOIIH#H
emy audpdepenuuans GyHKUHH CHUMBOJAMH 6x H 84 COOTBETCTBEHHO.
B stux o6o3HauyeHHsiX HMHBapHaHTHOE MO GopMe BhHIpaXKeHHe AJs
nepsoro auddepennnana GyBKuuH y=f(x) Oyzer uMeTb BHA Oy=
=["(x)éx. b

PaccmorpuM BhipaxkeHue 1 nepsoro auddepenunana gudde-
peHUUpyeMOil B JaHHOH TOuUKe X OYHKUHH y=f(x):

dy=F'(x)dx. (5.50)

[Ipeanonoxum, 4To BeJHYMHA, CcToduiasi B mpasofi wactu (5.50),
npejacrapjiser coboil GYHKUHIO apryMmeHTta x, JubdepeHuupyeMyio
B JaHHOH TouKe x. s 3TOr0 AOCTATOYHO MOTPe6OBaTh, YTOOH (PYHK-
uust y=f(x) Oblna asa pasa guddepeHumpyeMa B JAaHHOH TOUYKe X, a
apryMeHt JiH0O SBJSAJCH HE3aBHCHMOH IE€peMEeHHON, JMGO mpeacraB-

b4
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Jsan cobofi gBaxiabp auddepeHIHpPYeMYIO (YHKLUHIO HEKOTOPOH Hesa-
BHCUMOH NepeMeHHOH f.
[Ipu 2THX HpEANOJOXKEHHAX MBI MOXeM paccMorpeTb AupGepeH-

1Haa
8(dy) =8 f' (x) dx]
oT Beau4uHH (5.50).

Onpepnenenune 1. Suauenue 8(dy) Jupdepenyuara or nepsozo
Ougpepenyuara (5.50), 83aToe npu Sx=dx, HaA36180LTCA ° BTOPLIM
Ougpppeperyuarom Gynkyuu y=f(x) (8 dannoii TouKe x) u obosnaua-
ercs cumgosom d?y.

Hrak, no onpepe/eHuo™

d*y =6 (dy) | sx—ax = {8 [ (%) dx]}|sx=dx-

Juddepenunan d"y mwoboro nopsiika n BBOJUTCA IO HHAYKIHH.

[IpeanonoxuM, 4to yxKe BBeleH AubdepeHunHas d" !y mnopaika
n—1 u uro ¢yukuua y=f(x) n pas nuddepenurpyemMa B JaHHOH
TOYKE X, a ee apIyYMeHT X JAHOO SIBJASETCS HEe3aBUCHMOH NepeMeHHOH,
aubo npexacrapiasieT coboit n pas3 aubPepeHLHpyeMyl0o (QYHKUHIO He-
KOTODOH HE3aBHCHMOH NEpPeMEeHHOH ¢.

Onpeneaeunune 2. 3ravenue 8(d*'y) Ouggpepenyuara or
(n—1)-20 Ougpgepenyuara drly, 83aroe npu dx=dx, HazeeaeTCR
n-Mm nubpdepennunanom yukyuu y=f(x) (8 dannoi TouKe Xx)
u 0603HA4AETCA CUMBOAOM dA™Y.

Hrax, no onpeneienuio d"y =08 (d"1y) |sx=dx-

IIpu BHIUKCJIEHHH BTOPOro W INocaeAyouiux AuddepeHnHualoB NpH-
XOIUTCA CYIIECTBGHHO pa3/jnyarb Apa chaydas: 1) caydail, kKoriga ap-
TYMEHT X sIBJsIeTCs He3aBHCHMOU nepeMeHHOH; 2) cjyual, Korja apry-
MeHT X MpeacraBjsier coOOH COOTBETCTBYIOIlee uucJa0 pas audpde-
peHuHpyeMylo (YHKIMIO HEKOTOPOH He3aBUCHUMOH HepeMeHHOH i

B mnepBom cayuae, Korga x siBAseTC He3aBHCHMOH IepeMeHHOH,
MBI MMeeM IIpaBO CYHTaTh, YTO dx He 3aBHCHT OT X M paBeH OA-
HOMy H TOMYy e NpHpalleHuio aprymMenta Ax (4Jst BCeX TOYeK x).
Ilpn arom Mbl nogayuum, uto 8 (dx) = (dx)'6x=0.

Tlocienuee cooTHOUIEHHE H BTOpOe cooTHoIeHHe (5.28) m03BOJSIOT
HaM 3alicaTh CJAeAYOLYIO LelOoYKy PaBeHCTB:

d*y = 8 (dy) | ow=ar == {B[[' () dx]}| 6x=sx =
={8[F" ()] dx+[" (x) 8 (dx)} ox—ax = {S [[' (x)] dx}|br=ac=
= {f® (x) dxdx}| gx—ax =@ (x) (dx)2. (5.51)

Wrak, B ciayyae, Korjga apryMeHT X sBJIgeTCs He3aBHCHMOH mepe-
MeHHOH, AJs Broporo nu¢depenuunasa GpyHruun y=f(x) cnpaBeRaHBO
fipeiCTaBJeHHE

Py=]®(x) (dx)>. (5.52)

* CumBon {..}|sx—dx O3HAYAET, YTO B BHIPAXKEHHH, 3aKJIOYEHHOM B (HIypHHE
CKOOKH, CJIe/lyeT MOJOXKHTb dx=dXx.
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CoBepHICHHO aHAJIOTHYHO, N0 HHAYKLUHH JIeTKO yGeJHUTHCA B TOM,
4TO B CJy4ae, KOIJa apryMeHT X sIBJSeTCS He3aBHCHMOH MepeMeHHOH,
nas n-ro auddepenunana n pa3 puddepeHunHpyeModi (PyHKUMH y=
=f(x) cnpaBeANHBO mpeacTaBJaeHHE

dry=f"(x) (dx)".

Takum o6pa3oM, B cayuae, KOrJla apryMeHT X SIBJISIETCS HE3aBHCH-
MOH nepeMeHHOH, NPOH3BOAHAs Mopsiika n QyHKUHH y=[(x) paBHa
OTHOLIEHHIO n-ro auddepenHunana stod GyHKuuMH d"y K n-fi CTEneHH
Auddepennyanaa apryMeHra dx.

CoBceM apyro#i BHJ, HMEIOT NpeACTaBJeHHs AJs BTOPOTO H MOCTe-
ayoumnx AuddepeHnHaJoB B ciay4yae, KOrja apryMeHT X SBJseTCS
COOTBETCTBYIOILlee YHCJIO pa3 AHdPepeHnupyeMoit (pyHKLUHEeH HEKOTO-
poil He3aBHCHMOH NepeMeHHoH .

YcraHoBuM BeIpaxKeHHe AJa Btoporo JuddepeHumana, cuutas,
urto ¢yHKUMA y=[(x) ABa pa3a AndGepeHUHpYeMa B AAHHOH TOUKE
X, a ee apryMeHT x ABJsiercd ABa pasa audpdepeHnupyeMoil QyHKIH-
el HeKOTOpPOH He3aBHCHMOH mepeMeHHoil f.

IToBropsas paccyxpaenuss Hu3 uenouku (5.51), mMH Ha sToT pas
NOJyYHUM ‘

d2y = 8 (dy) | sxmdx = {8 [f’ () dx]}| brmax =
={8[F" ()] dx+ ' (x) 8 (dx)} | ox—ax =
={f® (x) 8xdx}| sx=ax+ {f’ (x) 8 (d%)} | sx=dix-
3aMeTHM, 4YTO B CHJIy onpefejeHuss BToporo audbdeperuuaa
QYHKIHHH Yy=x
8 (dx) | oxmax = d?x.

YYuTEIBAas 3TO COQTHOWIEHHe, MBI NPHXOJAHM K CJHEAYIOUIEMy mpeln-

CTaBJICHHIO:
A’y =[P (x) (dx)*+f (x)d?x. - (5.53)

CpaBHuBas nosayueHnoe npejcrasiaende (5.53) c mpeacraBieHneM
(5.52), mMbl y6equMcst B TOM, 4TO (B OTJIHYHE OT NepBOro auddepen-
uaja) Bropo#l au¢pdepennuan yxe He obJjajaer CBOMCTBOM HHBa-
PHAHTHOCTH (OPMHL.

Tem Gonee nHe o6nanaloT CBOHCTBOM MHBADHAHTHOCTH (OPMBI 1OC-
aexymomue nuddepeHuuany. . :

§ 7. AHPPEPEHUUPOBAHHUE ®YHKLMH, 3ATAHHORA
MAPAMETPUYECKH

Mui Gynem roBOpHTH, YTO NepeMeHHas y Kak QYHKUHA apryMeHTa
X 3ajladHa HaM napamMeTpHYecKH, ecin obe nepeMeHHbe X
H y 3aJlaHbl KaK QYHKIHH HEKOTODOH TpeTbhell NepeMeHHOH f: x=¢({f),

y=v(1).
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Ilpu sToM yKas3aHHYIO IiepeMeHHYIO { OOLIYHO Ha3HBaKwT NMapa-

METpPOM.
bl, ecTeCTBeHHO, OyJeM mpeamnosarath, uto ¢yHKmuu @(f) u P (i)

HMEIOT HY>KHOe YHCJIO NMPOH3BOAHHIX MO napamerpy f B paccMaTpHBae-
Mo# 06J1acTH M3MeHeHHs 3TOTrO nmapamerpa.

Kpome Toro, mm Bcerga OyaeM cuutarh, 4T0 GYHKUHSA x=q ()
B OKPECTHOCTH pacCMaTpHBaeMoOH TOYKH f=1, uMeeT 06paTHYI0 QYHK-
nuio t=¢!(x)*, w60 2TO MO3BOJSET paccCMaTpHUBaTh Yy Kak (YHK-
LIHIO X.

PaccMoTpuM BONpOC O BBIUHCJEHHH NPOH3BOAHHIX (QYHKUHH Y=
=y(x) N0 apryMeHTy Xx.

B cuay cBoHCcTBa HHBAapHAaHTHOCTH (OPMEI NepBoro AudgepeHmna--
Ja (cm. m. 3 § 3) MBI MOXXeM 3amHCaTh paBeHCTBA:

g (%) = :Ey— dy =y (t)dt, dx =g’ (B)dt. (5.54)
X
H3 sTux paBeHCTB Cpasy ke BHITEKaeT, 4TO
’ Y'()
xX) = —= . 5.55
y (%) o0 (5.55)
Jasi BHYMCJIeHHsT BTOPOH NpOH3BOJAHOH Y@ (x) NOCTAaTOYHO 3aMe-

THTh, YTO B CHJIy CBOJiCTBAa MHBAPHAHTHOCTH (OpPMBI NepBOro Audde-
pesunaJa

yo () = 2L (5.56)

Hcnoabsys B mpasoit yactu (5.56) cooTHowenne (5.55) m Tperbe
paBeHcTBO (5.54), mosTyYuM .

| v |’ -

d -

y® (x) = [ () J Y _ 90 ¢ (t) —eP ()’ () (5.57)
v (1)t [9"()12 '

[To TakoMy e NPHHUHNY BHIYHCJIAIOTCS NPOU3BOLHBIE TPETHENO M
NOCJeAYIOIIHX NOPAAKOB. Tak, IJs BBIUHCJAEHHS TPeThel NPOH3BOIHOIE:
y® (x). 10CcTAaTOYHO MPEACTABHTL 3TY NPOM3BOAHYIO B BHIE

¥ (1) = 412 W)
dx

¥ BOCIIOJIb30BATLCH “COOTHOIIEHHeM (H.57) M TPeTbHUM PaBEHCTBOM!
(5.54).
B KauecTBe mpuMepa BBIYHCJIHM NEpPBYI0 U BTOPYIO NPOH3BOAHBIE:

caenywoueil GyHKLIHH, 3aJaHHOH MapaMeTPHYECKHU:
x =a(t—sint), o<t 4 .
y =a(l — cost),

* B ra. 14 6yzer nokasaHO, 4TO JJIs CywecTBOBaHHs y GyHkuun x=¢(f) B
OKDECTHOCTH TOYKH f=={f; o6paTHOH (YHKIHH JOCTATOYHO, 4YTOGH INIPOH3BOJHE M
@’ (f) 6mna HenpephlBHA H OTJIHYHA OT HYNsi B TOYKe fq. :
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Kpupas, siBasiomascs rpagukoM 3ToH (QyHKIUH, Ha3bBaeTCs ILH K-
Joupoil. Dra KpHBasg NpPEACTaBJSACT COOOH TPAEKTOPHIO HEKOTOPOH
({UKCHPOBAHEON TOYKH OKPYXKHOCTH pajhyca a, KoTopasi KaTuTcs 6e3
CKOJIbXKEHHSI MO NPSIMOH JIMHMH (mapaMeTp { paBeH YyIJy HOBOpOTA
paznuyca 3TOH OKDYKHOCTH).

IMoabsysice popmynamu (5.55) u {5.57), noayuum

' _ asint . ot
y )= a(l —cos?) —Ctg? ’
<ctg—;—-) 1
(2) X) = = -
o a(l —cos?) 4asin4—t—
2

§ 8. MPOU3BOJHASE BEKTOPHOH ®YHKLLHH

B nmpujoxKeHHsIX MaTeMaTHKH YacTO BCTPEYAIOTCH NMOHATHS BEKTOP-
HOH (QYHKLMH H ee IPOH3BOJHOH.

Ecnn kKaxjoMy 3HAUEHHIO NMepeMeHHOH { M3 HEKOTODOro MHOXKECT-
Ba {f} cTaBUTCH B COOTBETCTBHE IO H3BECTHOMY 3aKOHY ONpeJeJeHHbIH
BEKTOD @, TO FOBOPAT, UTO HA MHOXecTBe {f} 3ajlaHa BeKTopHad
PyuHguua a=af(f). ,

Tax kKak kKaxabplfi BeKTOp a B 3afaHHOH JEKapTOBOH NPSMOYTroOJib-
HOH CHCTEME KOODJMHAT OJHO3HAYHO ONpEeNeJSeTCS TPEeMs KOOpAHHA-
TaMH X, ¥ H 2, TO 3aJaHHe BeK-
TOpHOH (YHKUHMH a=a (f) 3KBHU-
BaJIEHTHO 3aJaHUI0O TpexX CKa-
JADHEIX QyHKHUE x=x(f), y=
=y(t) m z=2z(¢).

IlonsaTue BekropHOK (YyHK-
uuu npuoOperaer ocobyi Ha-
DJISLAHOCTh NPH  ofpamieHuu K
TaK Ha3blBaeMOMY TOXOTID a-
by >T0f GyHKuum (T. €. reo-
METPUYECKOMY MeCTV KOHIOB
x BCeX BEKTOpPOoB a=af(f), mpuJjo-

Pre. B4 *KEHHBIX K HayaJy KOOpAMHAT
O). Ha puc. 54 xpusas L
npeacrasisier coboil romorpad

BeKTOPHOH (PYyHKUUHN a=a({). :

[lousTne romorpacda BeKTOPHOH (DYHKUHH SIBJISETCS €CTECTBEHHBIM
0600uIeHHeM NOHATHS rpadHKa CKaJsPHOHK (QYHKIMH.

BBesem noHATHe NPOM3BONHON BEeKTODHOM  (DYHKIHH a=a(t)
B JaHHOH (DUKCHPOBAHHON TOUKe f.

3anaiuM aprymeHTy B TOUKe ! MPOH3BOJBHOE npupauienue Af==0
M DacCMOTPHM COOTBETCTBYIOIUMH BeKTOp  OpHpamieHus Aa=
'=a(f+Af)—a(¢). (Ha puc. 5.4 ykasaHHBIH BeKTOp cosnanaer c MP.)
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. 1 .
YMHOXHB YKa3aHHbIlM BEKTOD Ha 4HuCJIO -——A-t—, MBbl NOJYYHM HOBBIH

BEKTOP
L2 _ L jagt+AH—a(), (5.58)
At ¢
KOJIMHeapHH npexHeMy. DroT BekTop (5.58) sABAseTCH aHAJOroMm
pasnoctHoro otsouiexus (5.5).
Bekrop (5.58), oueBHIHO, npeacTas/sieT cOG0H CPEAHION CKOPOCTh
H3MEHEHHS BEKTOPHO! (pYHKIUH Ha cerMmenre [f, {+Af].
HpOHSBOﬂHOI/I BekTOpHON ¢(yHKuuH a=a(f) B JaHHOH (HK-
CUPOBaHHO} TOuke { HasbBaercs npegea Ipu Af—>0 BexTopa (5.58)
(npu yCJOBHH, YTO 3TOT INpeAes cymeLTByeT)
Jia o6o3HaueHuss NPOM3BOAHON BEKTOPHOH GYHKuuH a=a(f) ue-

da
TOJIB3YIOTCS CHMBOJEL @’ (¢) unau =

M3 reomerpunyeckux coobpaKeHHA OUEBHIHO, UTO [POH3BOJHA%
BEKTOPHOl (QYHKIMM A= a(?) npexncrasaser cob60f BEKTOP, KacaTelb-
HBIH K roporpagy 31o#l QyHKLIMH.

Tak xak KOOPAMHATEI Pa3sHOCTHOrO OTHOLIEHHS] (5.58) coorserct-
BEHHO paBHHI

x(#4 Af) —x(¥) y(t + AH—y(?) 2(t + Af) —z(¢)
At ! At At

TO SICHO, YTO KOODAMHATH IPOM3BOAHOH a’(f) paBHB NPOH3BOAHBHIM
dyuknuii x(t), y'(t), 2’(t). Takum 06pasoM, BHIYHC/JIEHHE NPOH3BOA-
HOII BeKTOPHOH (YHKUUH CBOJAHTCS K BBIUMCJEHHIO NPOH3BOAHHIX €€
KOODJHHAT.

Bameuanue 1. Tak xak BekropHas QyHkuus a=a(t) ompene-
JIeT 3aKOH JBHXKEHHS MaTepHa/bHOil TOUKH NO KpuBO# L, mpeacras-
asoulelt co6oii rogorpad atoil pyHKHMH, TO npousBoxHast a’({) paBHa
CKOPOCTH JBHKEHHS 1O YKa3aHHOH KPHBOH.

3ameuanue 2. M3 Kypca aHaJHTHUYECKOH IEOMETPHH H3BECTHHI
pasjuuHble THIH IPOHU3BEJAEHHHA BEKTOPOB (CKaJspHOE HPOH3BEIECHHE,
BEKTODHOE TPOM3BEJeHHE H CMeINaHHOe Npou3BeleHue). BruipakeHue
BCEX 3THX IPOU3BEJEHHH B KOOPAHMHATAX JaeT BO3MOMKHOCTh YKa3aTb
IpaBHJa, N0 KOTODHIM BBIYHCIAIOTCS IPOH3BOJHBIE COOTBETCTBYIOIIHX
NpOU3BeJleHHH BEKTOPHBHIX (YHKUHMH. B KauecTBe mpuMepa INpHBeAeM
NpPaBHJIO BHIYHCAEHHS TNPOH3BOAHON CKAaJSPHOrO NPOH3BEJEHHSA ABYX
BEKTOPHBIX (pyHKuHH a(t)=(ai(t), ax(t), as(t)) u b(t)=(b:i(?),
ba(), ba(t)) : {a(1)-BUOY/=a' () B()+a(t) b/ (1) = lay (1) by () -
+oay (f)-ba(d) + ag’()bs(B)} + {ai(t) b (t) + as(t) by (f)
+as(¢)-bs’ (¢)}. AHaJOrHUHOE NPABUJIO CNPABENTHBO H IJS BEKTOP-
. HOTO MPOU3BEJEHHUS IBYX BEKTODHBIX (DYHKIHH:

[a()b(@)]'=[a"(O)b(5)] + [a(?), ' (H)].
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OCHOBHBIE TEOPEMBI
O IHPPEPEHUHUPYEMDBIX ®YHKIHAX

B macrosme# raaBe GyAeT YCTaHOBJEH psAJ BaxHHX TEOpeM, OT-
HOCSUIMXCH K NPOH3BOJbHEM Au(pdepennupyeMbM GYHKIUAM. IDTH
“'TeOpeMbl 4pe3BblYaiiHO 3(¢GeKTHBHH IIPH HCCJIEJOBAHHH IIOBEJEHHUS
{dyHKIME (KaK B OKPECTHOCTH OTHAEJNBHHIX TOUeK 00JacTH ee 3afaHHd,
TaK U Ha IeJBIX yuyacTKax o6JacTH ee 3ajllaHusd).

§ 1. BO3BPACTAHUE (YBbIBAHHE) ®YHKIHH B TOYKE.
JIOKAJIbHBIA 3KCTPEMYM

Paccmotpum ¢yuknuio y=f(x), onpeleseHHY BCIOAY B HEKOTO-
PO¥ OKPecTHOCTH (PHKCHPOBAHHOH TOYKH C.

Onpepnenenune 1. bBydem eosopurv, uro ¢ynrkyus y=f(x)
603pPACTAET B8 TOHKE C, eCay HAUOETca TaKas 8-0KPeCTHOCTb
TO4Ku C, 8 npedeaax KOTopou

f(x)<f(c) mpu x<c
u

Cf(x)>f(c) mpu x>c.

Onpenenenne 2. bBydem eosopurs, uro (ynkyus y=f(x)
yboisaer 8 TOouKe c, ecau Haldercs TAKAR §-OKPECTHOCTL TOHKU
¢, 8 npedenax Koropoi

f(x)>f(c) npu x<c
u

f(x) <f(c) npu x>c.

Onpenenenne 3. Bydem 208opurs, uro ¢yuxyus y=[(x)
umeer 8 TOuke € AOKAAbHOLY makcumym [r0KarbHblll
munumym], ecau naiiderca Takas §-oKpecTHOCTy Touku ¢, 6 npede-
Aax Kotopod 3Hauenue [(c) asaserca naubosbwium [HaumerouLum)
.cpegu scex 3Hauerull f(x) aroil pyrxyuu.

npenenenune 4. bBydem zosopurs, uro pynkyus y=f(x)
UMeeT 8 TO4Ke C AOKQAAbHULE 3KCTpemMy M, ecau ITa Gynkyua
umeer. 8 YKA3aHHOU TOYKEe AUGO AOKANbHBLE MAKCUMYM, AUOO AOKAAL-
L HbLL MUHUMYM.

Ha puc. 6.1 nsob6paxena QyHKkuus, Bo3spacTaomasi B TOUKe ¢,
'yObiBaioIlas B TOYKE Cp, HMEIOIlasi JOKAJbHBIH MaKCHMyM B TOYKe Cj
H JIOKaJbHHIH MHHUMYM B TOYKE Cj.

J_IOKa}KeM c¢iaenymoniye aBe TEOPEMHI.
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y=z7

N

Puc. 6.1 ‘ Puc. 6.2

Teopema 6.1 (ZocTatoyHoe ycJoOBHEe BO3pPaCTaHHS
HJau YyO6HBaHuAg QYHKUHH B TOouke). Ecau d)ymmuﬂ y=[(x)
Ougppeperyupyema 8 Touke ¢ U ee npoussodnas 6 aroil Touxe ['(c)
noioxcuresvna  [orpuyaressnal, to pynkyus y=f(x) sospacraer
[y6bi8aer] 8 TOUKE C.

JdokaszateabcTBo. [IpoBesem Bce pacCyXAeHHS IJs cnyqaa
{7(¢) >0 (mas cayuas f'(c) <0 oHM aHAJOTHYHBI).

Tak Kak (110 ONpeJe/eHHIO IPOH3BOAHOH)

f(x)— f(C)
(o) = hm —

TO Ha OCHOBAHHH ONpeJeJIeHHs npene.na quHKupm no Komu ans moJo-
XHTeJbHOro uhcna g=f'(c) naiigercs 6>0 Takoe, yTo

L(ﬁl:_fc(ﬁ.*f' (©) | < F (c) mpu 0 < jx—c| <8

X —

’

HJIH, YTO TO XK€ CaMOe,
0< M <2f’ (¢) mpu c—06< x<c+ 39, x5c.
—c

Takum 06pa3oM, BCIOAY B NPOKOJOTOH §-OKPECTHOCTH TOYKH €

=) <,

X —C
Ho 1o u osnauaer, yto BCIOAY B mpefesiax O-OKPECTHOCTH TOYKH €
f(x)>f(c) mpu x>c,
H _ T(x) <f(c) npn x<c,
T. e. QyHKUHSA y=[(x) BO3pacTaer B TOUKE C.

8 3ak. 72
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Cayuait J'(¢) <0 paccmartpuBaercs aHaJjoruuno. TeopeMa foKa-
3aHa.

Sameuanune 1. IloduepkHem, 410 NOAONCUTEABHOCTH [oTpuya-
TeAbHOCTs]| npou3sodnoi ['(c) He asasercs neobxolumeim ycarosuem
go3pacranus |ybeisanus] Juppepenyupyemoi 8 TOUKE € (PYHKUUL
y=1(x).

Tak, ¢yukuusi y=x3 Bospactaer B Touke ¢=0, B TO BpeMs Kak
npou3BofHas 3toil Qyurnuu f’(x) =3x2 oﬁpamaeTcs{ B HyJIb B TOUKe
¢=0 (rpaduk ¢ynkuuun — Ha pHc. 6.2).

Teopema 62 (Heo6XOZHMOE YCJOBHE JOKAaJbHOTO
3KCTpeMyMa AHbdPepenunpyeMoil B JaHHOH TOYKeE
dyukuum). Ecau ¢pynkyus y=[f(x) oupdepenyupyema 8 rouke c
u umeer 6 370l TOUKE AOKAALHYIL IKCTpEemym, To f'(¢)=0.

HokasarteabctBo. [lo ycloBHIO TeopeMsl CyIIeCTBYyeT KOHeu-
Hasa npoussogHas ['(c). Tak xak ¢yHkuus y=f(x) uMeer B TOUKE C
JIOKaJbHBEIH 3KCTPEMYM, TO OHa He MOXET B 3TOH TOUKE ¢ HU BO3pac-
TaTh, W YOBIBaTb. 3HAYUT, B CHIY TeopeMsl 6.1 TPOH3BOHASA i’ (¢)
He MOXKeT OblTh HH HOJIO)KHTeJleOPI HH oTpuiateabHoli. Tem cambiM
J0Kasano, uto ' (c) =

Teopema 6.2 uMeer OueHb NPOCTOH TIeOMETPHUYECKHHE CMBICI: OHa
yTBEPKAAET, YTO ecau 8 Tolu Touke xpusoud y=f(x), 8 xoropod doc-
TU2AETCS AOKAAbHBLL 3KCTPEMYM, CYUeCT8YeT KAcATeAbHAs K 3TOu
Kpusol, To ata kacaresvHas obasaressHo napassesvia ocu OX
(puc. 6.3).

 Kacomensros

KocamensHar

&Y

|
| !
| !
. | L
o -~ e £ 8

0]

Puc. 6.3 Puc. 6.4

3ameuanne 2. [lpumep TO# xe camoii (yukuun y=x3 (cMm.
puc. 6.2) TOKa3bIBAaeT, uTO 00pauUieHuUe 6 HYAb NPOU3BOOHOL ABAACTCH
AUULL HEOOX00UMbBLM U He 58A5eTCA JOCTATOYHbIM YCAOBUEM AOKAAb-
nozo axcrpemyma. (Ilponssonnas ' (x) =3x2 sToil (yHKumu obGpamia-
eTcsl B HyJb B TOYKe ¢=0, HO HHKAaKOrO 3KCTpeMyMa B 3TOH TOuKe
HeT.)

§ 2. TEOPEMA O HVJIE NPOHU3BOAHOM

Teopema 63 (reopema Poaas*). Iycre ¢yuxyus f(x)
Henpepblena Ha cezmenre |a, bl u Ougdepenyupyema so ecex 8nyr-

* Mmuens Pomts — dpannyscxkuii Matematuk (1652—1719).
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peHHUX Toukax aTozo ceementa. Iycrs, kpome Toeo, f(a)=[(b). Toe-
da sHyTpu ceemenra [a, b] Haiidercs TOwKa § TAKAA, 4TO 3HAYEHUE
ripoussodnoti 8 arol Touke [’ (&) pasHo Hyito.

KpaTKo MOXKHO CKa3aTh, UTO MeXAy ABYMS DaBHBIMH 3HAUEHHSIMH
ﬂHQ)q)epeHunpyeMon GyHKUHH 06513aTeNbHO JIEXKHT HyJb NPOM3BOAHOM
3TOA (YHKLHH.

NoxasartedabcTBo. Tak Kak ¢yHKIHA f(x) HempephiBHa Ha
cermente [a, b], To cornacHO TeopeMe 4.15 3Ta (QYHKIMA AOCTUraer
Ha 3TOM CerMeHTe€ MaKCHMaJbHOTO 3HaueHHs M W CBOEro MHHHMAaJb-
HOro 3HaueHHs m. Moryr mnpeicTaBuThes JBa caydasi: 1) M=m;
2) M>m. B cayuae 1) f{x) =M=m=const. [lostomy npousBoanas
f/(x) paBma myJio B a1060# BHyTpenHeH Touke cermenTa [a, b].
B cayuae M>m, TOCKOJBKY f(a)~—f( ), MOXKHO yTBepXkJaTb, YTO
X0Ta OBl OJAHO M3 ABYX 3HaueHHH M HJIH m jJocTHraercss (QYHKIHEH
B HEKOTOpO# BHyTpeHHedl Touke § cermeHnTta [a, b]. Ho rtorma ¢yuk-
uus f(x) uMeer B 3TOH TOukKe & JoKaabHBIH 3KcTpeMyM. Ilockosbky
¢yukuus f(x) mudp¢pepeHunpyeMa B Touke &, TO mo Teopeme 6.2
i/ (&) =0. TeopeMa moJHOCTHIO JOKA3aHA.

Teopema Posis mMmeeT NmpocTOH TeOMETDHYECKHE CMBICHK:  ecAu
Kpaiinue opounatsl kpusoli y=f(x) paswvl, TO CO2AACHO Teopeme
Poras na xpusod y=[(x) Hallercs TO4KG, 8 KOTOPOU KACATEAbHAA
K Kpueol napaareavna ocu Ox (puc. 6.4).

Kak Mbl yBHAMM HHXe, TeopeMa PoJiisi JIeXKHT B CCHOBE MHOTHX
¢$OpMYJT H TEOpeM MaTeMaTHYECKOr'o aHaJsH3a.

3ameuanune. B teopeme Pouans tpebyercss, uYToOBl (YyHKIHUA
y=f(x) Oblra HempepbiBHAa Ha cermenrte [a, b} u aucddeperuupyema
BO BCeX BHYTPEHHHMX TOYKax 3TOro cerMeHTa. Tak Kak u3 judpdepeH-
{UPYeMOCTH [(X) BO BCeX BHYTPEHHHX TOYKAaX BBITEKAeT HeNpepbiB-
HOCTH f(¥) BO Bcex BHYTPEHHHX TOYKaX, TO IO CYLIECTBY BMECTO
venpepnBHOCTH f(x) ‘Ha cermente [a, b] MoxHO OblIO OB HOTpEGO-
BaTh HENPEPHIBHOCTs f(X) B TOUKe @ CIPaBa M B TOUKe b CJeBa.

§ 3. POPMYJIA KOHEYHbIX ﬂPl/lPAlllEHl/lPl
(POPMYJIA JlAFPAH)KA)

Bosblioe 3HaueHHe B aHajM3€ H €ro NPHJIOXKEHHSIX HMEeT CJeRyIo-
was teopeMa, NpUHHaLAeRalas JlarpaHxy®*.

Teopema 64 (reopema Jiarpauxa). Ecau ¢ynxyus
f(x) uenpepoisna na ceemente [a, b] u Augdepenyupyema 8o ~acex
BHYTPEHHUX TOYKAX 3TO20 CESMEHTa, TO 8HYTpu ceemexra [a, b] Hail-
dercs TOYKa E TAKASA, 4TO cnpasedansa Gopmyira

[(b)—F(a) =F (§) (b—a). (6.1)

@opmyay (6.1) nassiBaor ¢dopmysoi Jlarpanxa HiH q)opvty.non
KOHEYHBIX NPHPAIUEHHH.

* JKosed Jlyn Jlarpamx — BeJHKHMIT AHLY3CKHA MaTeMaTHK ¥ MeXaHHK
(1736—1813). P pauny

8*
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HokasateancTBo. PaccmMorpuM Ha cerMente [a, b] caeny-
IOIIYI0 BCIOMOraTeJbHyI0 GYHKIHIO

F()=f0)—Ff@—L0=00 (r—a). (6.2)

IIpoBepum, uto past ¢yHKHIuM F(X) BHINOJHEHH BCE yCJOBHA TeO-
pemu Poans. B camom jnene, F(x) uenpepbiBHa ua cermente [a, b]
(kak pasHOCTb (YHKUHH [(Xx) u JunefiHOH (YHKUMH) H BO BCeX
BHYTPEHHHX TOUYKax cermMeHra [a, b] HMeeT npoOH3BOAHYIO, DPaBHYIO

. ’ F(b) —
F () =F (9 — =1
v » b—a
Hs dopmyant (6.2) oueBugno, uro F(a)=F (b)=0.
Coraacuo. TeopeMe Posis BHyTpH cerMeHTa [a, b] uafimercs Ttou-
Ka § Takas, YTo

Fe=fe—10=5 o (6.3)

W3 pasencrBa (6.3) BmiTekaer ¢dopmysa Jlarpauxka (6.1). Iloguepk-
HeM, yTo B ¢opmyse (6.1) BoBce He 06ﬂ3aTeano CUHTaTh, 4TO b>a,
sra ¢opmysa BepHa u npu b<a.
3aMeuaHHue. Mol noJydyusu teopeMmy Jlarpaumxa Kak CJAeACTBHE
TeopeMn Pojns. 3aMeTuM BMecTe € TeM, YTO caMa Teopema PoJis
ABJISETC 4YacTHRIM cJayuaeM rteopemnl Jlarpanxka (mpu f(a)=f(b)).
Jlna BbIsICHEHHS TeOMETPHYECKOro CMbicja TeopeMbl Jlarpanxa
3aMeTHM, 4TO BeJHYMHA Ho)—ita) ';( )
Kymedi, npoxoasies yepes toukn A(a, f(a)) u B(b, f(b)) xpusoit
y=f(x), a ['(§) ectb yrnoBoil Koa(PUIHEHT KacaTeJbHON K KPHBOIl
y=f(x), mnpoxoafme# uyepe3 TOUKY
C(t, f(§)). Popmyna Jlarpanxa
03HayaeT, YTO Ha KPHBOH y=
=f(x) mexnay toukamu A u B wuaii-
nercs rtaxkas touka C, KacarenbHas
B KOTOPOH mapaJjiensHa CeKylei
AB (puc. 6.5).
Yacro ObiBaeT yAo6HO 3amHCHI-
z BaTh ¢opmyny Jlarpanxka B BHAE,
HecKovibko oTsiuuyHoM oT (6.1). Tlycrs
Puc. 6.5 : f(x) yRoBJaeTBOpSAET YCJAOBHSIM T€O-
pemsl 6.4. 3acduxcupyem Jo60e X,
U3 cerMedra J[a, b] ®W 3azamum
eMy HOpHpalleHHe Ax MPOU3BOJLHOE, HO TaKoe, UTOGHl 3HAYeHHe Xo--
+Ax Takxke JexaJso Ha cermenre [a, b]. Toraa, 3anuckiBag gopmyay
Jlarpanxa JJis1 cerMeHTa, OrpaHHYEHHOTO TOYKAMH Xo U Xo-+Ax, Gyaem

HMEThb .
f(xo+Ax)—Ff (x0) =Axf (), (6.4)

ecrb YrJIOBOH Ko3agp(duuueHT ce-

-
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rae £ — HeKOTOpas TOYKa, Jexalas MeXAy Xo H Xo+Ax. MoxHO yT-
BepXKAaThb, UTO HaHAeTCs Takoe (3aBHcsiliee OT AX) uHCHO O H3 HH-
tepBana 0<06<1, uro

E=x0+0Ax.

Takum c6pasom, popmyJe (6.4) MOXKHO NPUAATH BUI
f(xo+ Ax)—f (x0) =Axf (x0+0Ax), (6.5)

rae § — HeKOTOpOe 4HCJAO0 H3 uHTepBasa 0<6<1. ®opmyaa Jlarpan-
Xa B Bule (6.5) maer TouHOe BhHIpaxKeHHe JJIS NpHPalUeHHA QYHKUHA
yepes BbI3BaBllee €ro NMPOHM3BOJbHOE KOHEUHOe IpHpalleHHe Ax apry-
'MeHTa. DTOT Buj Gopmyuk JlarpaH:xka OnpaBAbiBaeT TePMHH «(HOpPMY-
Jia KOHEeuYHbIX NpHpaileHn#».

§ 4. HEKOTOPBIE CJIEACTBHS U3 ®OPMYJIbI
JIATPAH)XA

1. TlocTosincTBO (DYHKUHH, HMeOHIEe HA HHTEPBaJe DABHYIO HYJIO
NPOU3BOAHYIO.

Teopema 6.5. Ecau ¢pynxyus f(x) OJudppepenyupyema 6crody
- Ha unrepsase (a, b) u ecau ecrody na srom unrepsase f'(x)=0, 1o
pyuxyus f(x) asasercsa nocrosannoll na unrepsase (a, b).

JokasarteabcrtBo. IlycTe xo — Hekoropas (HKCHpPOBaHHaA
TOYKa HMHTepBaja (a, b), a x — Ji06ast TOYKa 3TOrO HHTEpBaJa.

CermeHT [X9, X] HJIH COOTBETCTBEHHO [X, Xo] LEJHKOM NpHHaAJe-
KuT unTepBaay (a, b). IlosroMy oyskuus f(x) amuddepesunpyema
(a 3HauuT, B HeNmpephiBHA) BCIOAY Ha 3TOM CerMeHTe. DTO JaeT NpaBo
NpUMeHuTs K QyHKuHM f(x) Ha 3TOM cerMeHTe TeopeMy Jlarpamxa.
CornacHo 3TOH TeopeMe BHYTPH YKa3aHHOTO CerMeHTa HaHJeTcd TOYKa

€ Takasd, yro .
[ (x)—F (x0) = (x—x0) [ (§). (6.6)

[To ycnoBuio npousBoAHass GYHKuMH [(x) PaBHa HYJW BCIOAY B HH-
tepBase (a, b). 3uaunt, f(£) =0 u u3 GopmyIEI (6.6) mB1 noJyunM

[ (%) =F(x0). , - (67)

PaBenctBo (6.7) yTBepxKIaer, 4TO 3HayeHHe (yHKUHH f(x) B J060#
TOUKe X HHTepBajia (a, b) paBHO ee 3HAYEHHIO B (PHKCHPOBAHHOH TOM-
Ke xo. DTO M 03HAa4aeT, yTo QyHKuus f(x) MOCTOSIHHA BCIOAY HA HHTEP-
Bajne (a, b). Teopema nokasana.

Teopema 6.5 uMeeT HpOCTO# reoMeTpPHYECKHE CMBICI: ecAu Kaca-
TEeAbHAS 8 KANCOOL TOYKEe HEKOTOpOo20 yuacTka kpusoil y=[(x) napaa-
aeavna ocu Ox, TOo ykaszanuold yuwactox kpusol y=[(x) npedcrasas-
eT cobol oTpe3ok npamoi, naparressrol ocu Ox.

3ameuanue. Teopema 6.5 6yzer ucmoab3oBaHa HaAMH B TJI. 8
«IlepBooGpa3Has GYHKUHS M HeONpeJeJeHHBIH HHTerpai». Bo BceM
OCTAJIbHOM TIJI. 8 SABJSETCS HE3aBHCUMOH OT M. 6 B 7 M MOXET 4YH-
TaThcsl Cpasy nochae ri. 5. '
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2. Yci0BHS MOHOTOHHOCTH (PYHKUMM Ha uuTepBaae. B kauecrse
BTOpOro cjeiacTBHst ¢opmyanl Jlarpauxa paccMoTpuM Bompoc o6 yc-
JIOBHSX, O0€CIeunBaIOIIHX HeyOnBaHue (HeBOo3pacTaHHe) (YHKIHH Ha
JlaHHOM HHTepBaJe.

Ilpexpe Bcero HamoOMHHM oTpefeseHusi HeyObIBaHMs, HeBO3pacra-
HHs, BO3pacTanusa u yOniBaHHs (YHKLHM Ha JaHHOM HHTEpBaJe.

1°. T'ogopar, uro ¢yuxyus [(x) ne yboisaer (He so3pac-
Taer) Ha untepsase (a, b), ecau Ors 21066Lx TOUEK Xi U Xo U3 UHTED-
saara (a, b), ydosaersoparoujux Yycaceuo x,<Xxs, cnpasediuso Hepa-

BEHCTBO
[ o) <F(x2) (F(x1) =T (x2) ) -

2°. T'osopar, uro pyuxyus f(x) sospacraer (ybo.saer) na
unrepsase (a, b), ecau drn a106bix TOHEK X\, X2 u3 unrepsaia (a, b),
CBA3AHHBLY YCAOBUEM X| <Xy CNPABEOAUBO HEPABEHCTBO

F(x) <F(x2) (J(x1) >[(x2)).

Teopema 6.6. Jaa to2o 4T066l Gudppepenyupyenas na uLTepsa- .
se (a, b) pynrxyus [(x) He ybovisara (e 803pacTasa) Ha 3TOM UHTEP-
sane, Heobxo0umo u OoCTATo¥HO, 4¥T0bb6L NPOU3BOOHAN ITOLU pyHnryuu
6oiaa HEOTpUYATEAbHOL (HEnoAOHUTENbHOU) B8CIO0Y HA 3TOM UHTEP-
saxe.

Hokasareabcetno. 1) Jocrarounocrs. Ilycts ['(x)=0 (<0)
BCiOLy Ha uHTepBaJsie (a, b). Tpebyercs mokasath, uto f(x) He ybniBa-
eT (He Bo3pacraer) Ha uHTepBane (a, b). Ilycrb xy U xp — Jo0He
JBe TOYKH H3 HMHTepBaJja (a, b), yIOBJIETBOPSIIOULHE YCJIOBHIO X< X
@Oyuxnus f(x) nuddepennupyema (a 3HAYHT, U HENPEPHIBHA) BCIOAY
Ha cermMenTe [x;, xp]. IToaToMy K f(X) MOMKHO NpHUMEHHUTH Ha CerMeH-
Te [x1, xo] Teopemy Jlarpamxka, B pesyJibTaTe 4ero MOJYUHM

f(x2) —f(x1) = (xe—x1) ' (§), (6.8)
rape x;<g<xp. '

ITo ycaoBuio f/(&)>=0 (<0), xy—x;>0. [TostoMmy npasasi, a 3Ha-
YHT, U JeBasg yactu (6.8) HeoTpHLATeJbHBI (HEMNOJNOKHTENbHbI), 4TO
¥ JOoKasblBaeT HeyOblBanue (HeBospactaHmue) f(x) ua (a, b).

2) Heo6xodumocroe., Ilycre ¢yuxkuusa [(x) aubdepeHuupy-
eMa Ha uHTepBane (a, b) u He yObiBaer (He BO3pacTaeT) Ha 3TOM HH-
tepBase. Tpebyerca mokasarb, uto ['(x)>=0 (<C0) Bciomy Ha 3TOM
uuTepBase. Taxk kak f(x) He yObiBaer (He Bo3pacraer) Ha HHTepBaJie
(a, b), T0 aTa QyHKUHS He MOXeT yOblBaTh (BO3pacTaTh) HH B ONHOH
TOYKe MHTepBana (a, b). 3Hauut, B cusiy Teopemn 6.1 mpoussoguas
f’(x) Bu B onHOM TOYKe MHTepBaja (a, b) He MOXKeT ObITb OTpPHIA-
TeJBHOH (MOJIOXKHTENbHOM), uTO H TpeGoBafoch A0Ka3aTh.

Teopema 6.7. Jan rozo, urober pynxyus f(x) sospacrara (y6si-
sasa) Ha untepsane (a, b), docrarouno, uTober npoudsoduas [’(x)
boira noaoxuressroli (orpuydreavroil) 8co0y HA ATOM UHTEpsaie.

JoxasaTenbCcTBO NPOBOAHTCA MO TOH Ke CXeMe, YTO H JOKa-
3aTeJILCTBO AOCTATOYHOCTH B TeopeMe 6.6. Ilycrh: X, xo — mmobbie
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ABEe TOUKH W3 HHTepBaJa (a, b), yJAOBJCTBOPAIOLIHE YCJIOBHIO X;<Xp.
3anuceiBas IJsi CerMeHTa [x;, xp] ¢opmyay JlarpaHxka, noaydum pa-
BeHCTBO. (6.8), HO Ha 3TOT pa3 B atoMm paseHctse f'(E) >0 (<0).

BeaencrBue atoro JjieBast gactb (6.8) mosoxuresnbHa (OTpHILATENb-
Ha), uTO W NOKa3biBaeT Bo3pacranue (yOniBanue) f(x) Ha uHTepBaje
(a, b).

3ameuanue. IloguepkueM, 4TO nOAONUTEALHOCTS (OTpUYATEAD-
HocTy) npoussodnol f'(x) Ha unrepsase (a, b) ne asaserca Heod-
xodumem ycaosuem so3pacranus (yoeieanusn) Gyukyuu [(x) Ha
unrepsase (a, b). Tak, ¢dyHKHusS y=x° Bo3pacTaeT Ha WHTepBaJe
(—1, +1), vo npousBoaHas 3Toi QyHKuuu f'(x)=3x% He siBAseTCH
BCIOLY MNOJIOXHTEJBHOH Ha 3TOM HHTepBaJje (oHa ofpalllaeTcs B HYJb
B Touke x=0). Boobuie, serko noxasars, uto ¢yukyus f(x) sospac-
taer (yboisaer) nHa unrepsase (a, b), ecau npoussodunas 3104 PyHk-
yuu '(x) noroxuresrvra (OTpuYaTeAbHA) 6CIOOY HA ITOM UHTepsa.le,
3Q UCKAIOHEHUEM KOHEe4HO020 4UCAQ TOYeK, 8 KOTOpbLX 3T4 npoussoo-
Has pasua wyasro. (asi HOKa3aTeJbCTBA AOCTATOYHO IPHMEHHTb TEO-
pemy 6.7 K KaXKAOMY H3 KOHEYHOTrO YHCJa HHTEPBaJIOB, HA KOTOPHIX
f’(x) crporo nosoxurenbHa (OTpUUATEJbHA), H YUeCTb HelpepbiB-
HOCTb f(X) B Tex TOYKaX, B KOTOPHIX IIPOH3BOJHAS PaBHAa HY.JIIO.)

YCTaHOBJIEHHYIO TeopeMOoH 6.7 CBA3b MEXKAY 3HAKOM IPOH3BOIHON
# HanpaBJieHHEM H3MEHEHHs (YHKLUHH JIeTKO TNOHATh H3 reoMeTpHuec-
KuX cooGpaxenuit. [lockosbky 1po-
H3BOAHASsL paBHAa YIrJIOBOMY Ko3(d-
(HUHEeHTY KacaTeJbHOH K TrpadHky yi
byuxunn y=f(k), 3HAK NPOU3BOJ-
HOJ yKa3mBaeT, OCTPBIH HJH TYINOIH
yroJ ¢ [OJIOXKHTeJbHBIM HalpasJe-
HoeM ocu Ox cocraBJjseT Jydy Kaca-
TeJbHOH, Jexauell B EepXHeHd Tmo- |
ayniaockoctd. Ecau §(x) >0 Bscioay 0y a
Ha wuHrepBaje {(a, b), TO BCIOAYy Ha
3TOM HHTepBaJe JyY KacaTesbHOH, Puc. 6.6
Jexaleii B BepXHed HOJIYIJIOCKO-
CTH, COCTaBJSET C TOJIOXKHTEIbHBIM
HanpaejerueM ocH Ox OCTpHIL yroJs, 3:#a4uT, H KpHBaﬂ y=f(x) uper
BBEDX BCIOAY HA 3TOM 4HTepBaje (puc. 6.6).

3. OrcyrcTBHe pa3pbIBOB MEPBOr0 POAa M YCTPAHHMbBIX Pa3pPLIBOB
y npoussogHoil. Teopema Jlarpanxka 103BOJSET YCTaHOBHTb OJHO
3aMeuareJbHOe CBOMCTBO NpOH3BOAHONH. HauneM ¢ jJoxasaTelbCTBa
CAeAYIOIEeH JIeMMBI.

Jdemma. Mycre gynkyus y={(x) umeer KOH24HYIO NPOUIBOOHYIO
f'(x) ectody na unrepsase (c, c+38) [Ha unrepsase (c—S§, ¢)], ede
8 ~— HekoTOpOe NOAQHCUTENbHOE HUCAO U, KPOMe TO20, umeer npasyio
npoussodnyro ' (c+0) [resywo npoussodnyio |/ (¢c—0)]. Toeda, ecau
npoussodnasn ['(x) umeer 8 Touke ¢ npasoui npedea [aesoti npeder],

[ S SN




232 I'n..6. OcHoBHBle TeopeMul 0 aubdepeHnupyeMbIx GyHKIHAX

70 3TOT npedes cosnadaer ¢ npasol npoussodnoil ['(c+0) [c sesoll
npoussodnoil ['(¢c—0)]. :

HokaszarteabcTBo. M3 cymecTBoBanus NpaBofl HpOU3BOJHOH
f (¢+0) [neBoit mpoussoguoit f'(c—0)] BHTeKaeT CyulecTBOBaHHE KO-
HEeYHOro mnpeneiia

lim f(x)——f(c) [

x-+c4-0 X —C

x—c—0 X—c
Ho 310 O3H3yvaeT, YTO CYLIeCTBYET paBHbIﬁ HYJIO npeaet

xiicTo @) ~fE))=0 [ lim {F(x)—F@©)}=0],

T. €. QyHKUHUA y=[(x) sABIsAETCA HenpephHIBHOH B TOYKe ¢ CHpaBa
[cneBa].

®ukcnpyem mo6oe x us uwnrtepsana (¢, ¢+6) [(c—8, ¢)]. Tak
Kak ¢ynkuus y=f(x) nuddepenuupyemMa (a 3HAYHT, U HENPEPHIBHA)
BCIOAY HA YKa3aHHOM HHTEpBaJie H, KpOMEe TOro, HelpepPLIBHA B TOYKE
¢ cnpaBa [caeBal, TO mJjsi 3TOM (pyﬂxuun BBINIOJIHEHB! Ha CerMeHTe
[c, x] [na cermenre [x, c¢]] Bce ycnoBus Teopemur Jlarpauxa 6.4.

B cuny sroft TeopeMbl MEXAY X M € HaWAeTCs TOYKa £ Takag, 4To
CnpaBeJIHBO PaBeHCTBO

S~ p ). (6.9
Ilepe#inem Tenepr B paBeHcTBe (6.9) k mpepeay npu x—c+0 [npn
x—»c—O] Ecau nmpoussognas f’(x) uMeer B TOYKe ¢ KOHEYHBI npa-
BBl TIpefel llm f (x) * |koneunnii mesnl#t mpexen lim f'(x)], TO

x—c—0
npasasi qacn: (6 9) 06s13aHa CTPEMHTbCH K 3TOMy npepeay (ubo
E—>c+0 [E—>c-—0] npu x—>c+0 [x—c—0]).

Tor xe campblii npegea npu x—c-+0 [x—c—0} ob6a3ana nmersb
u seBas dacte (6.9). Ho npepen neso#t uwactu (6.9) npu x—c+0
[x—>c—0] no omnpenenennio paBen mnpaBoii mpousBogHoli [’ (c+0)
[neBoit npoussoaHo# |/ (c—~0)]. JleMma mokasawna.

[IpuMensis TOJLKO YTO J[OKA3aHHYIO JIEMMY B KaXIOH TOYKe €
HEKOTOpPOTo MHTepBana (@, b), Mbl IPHAEM K CJeIyIOLIEMY YTBEpKJe-
HHIO: ecau (yukyus f(x) umeer KoHeUHYr0 npoussoORylo 6Cto0Y HA
unrepsase (a, b), To ara npoussodnas ['(x) ne moowcer umers HQ 3TOM
uUHTEepBase HU TOHEK YCTPAHUMOZ0 pPA3PLIBA, HU TO4eK paspeléa nep-
8020 poda.

B camom jaese, eciu B HEKOTOpPOM Touke ¢ uwHTepBana (a, b) cy-
HIECTBYIOT KOHEUHble NMpaBblil W JieBbli mpefennl ¢yHKuuum ['(x), TO
f’()% HenpepbiBHA B TOYKE ¢ (B CHJIy MOKa3aHHOM HaMH JEeMMBI*),

* B cuny 3To#l JeMMH lim 0f’(x)=f’(c+ 0), lim . f(x)=f(c—0),
XdC S

a nockoasry F{c+0)=f"(c—0)=f"(c), 10 lim+o f’(;)__—_' lim o F(x)=f(c).

‘Oro u o3Hauaer, uTO [’(X) HempepHIBHA B TOYKE C.
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Ecan xe ne cymectByeT xoTa O OJHOTO H3 Hpe}.IeJIOB lim f' (x)
x—¢+0 .
u lim f’(x) TOo QyHKUHs [ (X) Mo ONpEeAeNeHHIo nmeeT B TOUKe ¢

x>c—0

paspuiB Broporo popa. Mitak, npousBojnas [’(x) B KaXZoH Touke ¢
gutepBana (@, b) nubo HenpepbiBHA, JIHOO HMEET pPaspbhlB  BTOPOroO
pona. CPopMyIHPOBAHHOE HAMH yTBEpPXKACHHE AOKA3aHO.

[Tpusenem npumep ¢YHKUMH [(x), mpousBoiHas ['(x) KoTopo#
CYUIECTBYeT H KOHEYHAa BCIOAy Ha HEKOTOPOM HHTEpBaJe H HMeeT*
B HEKOTOPOH TOYKE TOro MHTepBaja pa3pblB BTOPOro pPOAa.

Paccmorpum Ha untepBate (—I1, +1) dynkuuio

1
x2cos— npu x50,
fx)= x
0 npa x=0.

OueBupgno, uro Ans Jwob6oro x5=0 mpoussomuast ['(x) srolt ¢yHkuuH

: 1 1 s 1

cymecTByer u paBHa [ (X) =2xcos— + sin—, CyuecrBoBaHue
X X

npousBoguoll ['(x) B Touke x=0 HENOCPeACTBEHHO BHITEKAeT M3 CY-

IIeCTBOBAHHS TIpefiena

lim L0289 =10_ _ {im Axcos
AX0 Ax Ax~0 Ax

= 0.

[poussoxnasn [ (x) He mMeer B Touke x=0 HM NpPaBOro, HH JIEBOIO
1

npejenoB, W60 NepBoe cjaraemMoe 2xcos— HMeeT B Touke x=0
X

1
pam—rbm HYJ'IIO npenpeds, a BTOpoe caaraeMmoe SlI’l——- He HMEeT B TOUYKE

x=0 HH NpaBoOro, HU JEBOrO NPeaenoB. (IT0 5bIJ'IO NOKa3aHO B NpPH-
Mepe, paccMOTpeHHOM B IL. 3 § 5 ru1. 4.)

4, BblBOJ HEKOTOPBHIX HePAaBEHCTB. B 3ak/ioueHHe NOKaxkeM, Kak
C MOMOWIbIO TeopeMbl Jlarpanxka MOryT GbITb MOJYYeHBl HEKOTOpHIe
BechMa II0Jie3Hble HepaBeHCTBa. B KauecTBe mpuMepa yCTaHOBUM CJie-
Aymouiyge aBa HEPABCHCTBA!

| sin xj—sin xg | << | x1—x2], (6.10)
| arctg x;—arctg xp | < | 01—x2]. (6.11)

(3zech moA X; M Xz MOXHO NOHMMAaTb JIOGbie 3HAUEHHS APTyMeEHTa.)
Hans ycranoBaenus HepaBeHcTBa (6.10) npumennm rteopeMy Jlarpau-
Xa K QyHKUHH [(x) =sin x 1m0 cerMenty [, x]. [Tonyuum

sin x;—sin ¢= (x,—-xz)f’(g)_. (6.12)

YuursiBasi, yto ['(§) =cos & M uyto |cosE|<<l ana awboro E, mo-
ayuuMm, nepexons B (6.12) x monmysasM, HepaBeHncTBo (6.10).
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Jlnst ycTaHOBneHust HepaBeHcTBa (6.11) ciaeayer IPHMEHHTb Teope-
My Jlarpamxa no cerMeHty [X;, ¥3] x ¢ysHkunm f(x)=arctgx u

yuecTn, uto [ (&) = TP?\< L.

§ 5. OBOBHIEHHAS ®OPMYJIA KOHEYHbIX
NPUPALLEHHA (POPMYJIA KOWIK)

B sToM naparpade Mbl AOKaxKeM TeopeMy, npHHajlexaulyo Kouiu
1 0600611 a0IlyI0 yCTaHOBJIEHHYIO Bblille TeopeMy Jlarpauxa.

Teopema 68 (reopema Komu). Ecau kamdas us deyx
pynxyui f(x) u g(x) HenpepoisHa Ha ceemente [a, b] u duppepenyu-
pyema 60 8cex BHYTPEHHUX TOYKAX ITO20 Ce2MEHTQ U eCAu, Kpome
7020, npoussooHas g’ (x) oTAU4HA OT HYAS 6CO0Y BHYTPU Ce2MeHTa
ta, bl, To enyTpu aT020 Ceemenra Haiiderca TO4Ka § TAKAA, 4TO Chpa-
sedausa gopmyira

f(O)—fa) _ F(2) (6.13)
gb—gla) @

®opmyay (6.13) uHassBaior o6o6meHHOH GopMyJao#d Ko-
HEYHB X nNpupawmwenuit wim dopmynaoin Koun

IokasateabcTBO. [Ipexae Bcero moKaxeM, uto g(a)+#g(b).
B camom pede, ecan 6Bl 370 GBUIO He TaK, TO AAs - QYHKHHH g (X)
6biin Obl BBIOJIHEHBI Ha cerMeHTe [a, b] Bce yciaoBus Teopembl 6.3
(Poasis) u no 3Tofi Teopeme BHYTPH cermenra [a, b} Haumiace O
Touka & takad, uto g’(§)=0. [locnexnee NPOTHBOPEUYUT YCIOBHIO
teopembl. Urak, g(a)=g(b), 1 Mb uMeeM NpaBO PacCMOTPETb CJEAy-
IOLLYIO BCIIOMOraTe/bHYI0 (PyHKIHIO:

H(b)—1(a)
F(x)=[fx)—f(@ — ———[g{x)—g )] 6.14
(®) =[x —F@ £(0)— (0 [g () — g (@] (6.14)
B cuny Tpe6oBaHui, HAJOXKEHHHX Ha (QyHKIuA f(X) ¥ g(x), GyHKIHA
F(x) nenpepbiBHa Ha cermeHTe [a, b] u nuddepenurupyema Bo BCex
BHYTPEHHHX TOYKaX 3TOro cermenra. KpoMe Toro, O4YeBHAHO, 4TO
F(a)=F(b). Takum oGpasoM, ans [(X) BHIMOJHEHH BCE YCJIOBHA
teopeMnl 6.3 (Poans). CorsiacHo 3Toit TeopeMe BHYTPH CerMeHTa
[a, b] Haifinercsa Touka § Takas, uTO

F' (&) =0. ~ (6.15)
HUmes B Buay, uto F'(x) =f"(x) -Mg’(x), U HCIOJb3YS
g(b)—g(a)
paBeHctBo (6.15), GyaeM MMeThb
’ __rf(b)’-f(a) ’ 0. 6.16
Fe—-L2=8 g (6.16)

VunrteiBasi, uto g'(§)+0, u3 paseuctea (6.16) moayuuMm Qopmyay
Koumn (6.13). Teopema pokasaua.



§ 6. PackpriTie HeonpeaeJeHHOCTel 235

Sameuanune 1. Qopmyna Jlarpanxka (6.1) AB/sSeTCI YaCTHBIM
cryyaem ¢opmyasl Komn (6.13) npu g(x) =x.

Sameuanue 2. B dopmyne (6.13) BoBce He 06s3aTeJbHO CUH-
TaTh, 4TO b>a. dra dopmysa BepHa u 1pu b<a.

§ 6. PACKPBITUE HEONPEJEJEHHOCTEX
(NMMPABUJIO JIONMUTAJA)

0
1. PackpbiTHe HEONpefeJEeHHOCTH BHAA - ByneM roBOpUTb, YTO
o X o
OTHOUleHue 08Yyx (pyHKyuil —I% npedcrasaser coboii npu x—a
g{x
0

HeonpedeareHHOCTd 8UDQ 5 ecau

lim f (x) = lim g (x) = 0.

X—>a X—>a
PackpuTb 3Ty HeONpeLeNeHHOCTb — 3TO 3HAYUT BBIYHCAHTL Npeled

lim L (npu ycJIOBHMH, UTO 3TOT HPEJeJ CYLIEeCTBYET).

x-a g(x)

0
AHaJIOTHYHO BBOJHUTCS IIOHATHE HEONpeaeJIEHHOCTH BHAA ——0— IIpu

x—>a+0 [¥—a—0], npu x-—>00, a TakxKe Ipu ~ x—>-+o00 [x—>—o0].
Cuenyouasi TeopeMa JaeT NPaBHJIO PACKPHITHS HEONpPeLesIeHHOCTH

0
Bujaa —0—- AJIst npenesia B TOUKE a.

Teopema 69 (mepBoe mpaBusao Jlonutadaa*). [Iycre
nroocecrgo Cy npedcrasaser coboii nPoKOAOTYIO §-OKPECTHOCTb TOUKU
a**, ¢pyuxyuu f(x) u g(x) onpedeseror u Jupgpepernyupyemor Ha Cs
u, Kpome To20, npoussodnas g’'(x) He obpawjaercs Ha Cs 8 HYsb.
Ilycre, daxee,

lim f (x) = lim g (x) = 0. (6.17)
X—>a X=a
Tozda ecau cyujecreyer (koneunslii usu GeckoneuHbil) npeden
lim L) (6.18)
x=a g'(x)
TO cywecTsyer u npeden
lim L&) (6.19)
x-a g(x)
npuyem cnpagedAus0o COOTHOWEHUE
lim L8 — 1jm L) (6.20)

x—a g(x) x->a g’(x).

* I'mabom Ppancya pe Jlomaranr — dpanuysckuii Matematuk (1661—1704).
** HanoMuuM, uTo NPOKOJIOTOH O-OKPECTHOCTbIO TOUKM @ HA3HIBAeTCS HHTEp-
Ban (a—8§, a+38) ¢ BHKHHYTOMN TOUKOH @ (IpH YCJIOBHH, KOHeuHo, uro 8>>0).
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Teopema 6.9 naeT npaBHJIO PACKPBITHS HeONpeAeJeHHOCTH BHAA
0
—~ CBOAdliee BLIUHCAEHHC Mpejela B TOUKe 4 OTHOWIGHHS ABYX

$yHKIMH K BBIYHCIEHHIO Mpelesa B 3T0fl TOUKE OTHOIUEHHR MPOH3BOJA-
HHIX 3THX (QYHKLHH.

HNoxrkasateabctBo. [lycts {x¥,} — upomusBoJbHag IocJeloBa-
TeJIbHOCTh 3HAUEHWH apryMeHTa, CXOASIIascs K @ M COCTOsIIasi H3 4H-
cea oruunbx or a. IHoompenmenum ¢ynxuuu f(x) u g(x) B TOuUKe a,
IOJIOXKHB HX DABHEIMH HYyJI0 B 3T0H Touke. [Ipu Takom npoompenene-
HHH QYHKUHH f(x) H g(X) OKaXYyTCsl HENPEPLIBHEIMH BCIOXY HA MHO-
xkectBe Cs, JONONHEHHOM TOYKOH @, T. €. BCIOJY B 8-OKPECTHOCTH TOY-
Kd a. B camoMm pene, HenpepniBHOCTH f(X) H g(x) BO "BC€X TOYKax
8-0OKpeCTHOCTH TOUYKH @, 332 HCK/HOYeHHeM CaMOil TOYKH @, BBITEKaeT
u3 ux JuPDEepeHIUPYEMOCTH B 3THX TOUKAX, 4 HENPEPHIBHOCTH f(X)
¥ g(x) B TOUKe @ BHITEKaeT H3 TOTO, YTO B CHJIy HAIIero AOONpefese-
HUSI 9THX (QYHKLUHX HX Mpejesbl B TOUKE @ pPaBHBI YaCTHHIM 3HAYEHHMAM
B 3TOl TOUKe.

YyuThiBas, 4TO BCE 3JIEMEHTH MOCJIEJOBATEJNLHOCTH {X.} HpHHAA-
Jexar MHOKecTBY (s, pacCMOTPHM IIPOM3BOJIBHBIH CEerMEHT, OrpaHH-
YEHHBIM TOYKAMH @ H Xp.

B cuny ckasauHoro Beie obe ¢yHKuuu f(x) u g(x) OyAyT Hempe-
PHIBHBEIMH Ha TakoM cermente. Kpome Toro, ¢ynkuun f(x) u g(x)
JudbepeHEHpyeMbl BO BCEX BHYTPEHHHX TOYKAaX YKa3aHHOTO CerMeH-
Ta, M NmpousBoAHas g’(x) He obpaliaercs B 5THX BHYTPEHHHX TOYKax
B HYJIb. '

DTo naer HaM NpPaBO NPUMEHHTh K QymkbuaMm [(x) u g(x) mno
yKa3aHHOMY CETMEHTy, OIDAHHUYEHHOMY TOYKAMH @ H X, TeOpeMy
Koin 6.8.

B cuay aTo#l TeopeMBl MeXAY TOUKaMH a4 U X, HaheTcs Touka E,
TaKasi, YTO CIPABENJIHBO PAaBEHCTBO

fom)—H@)._ _ _F(En) (6.21)
g(xn)—g(a) g'(&n) |

YuuTeiBaf, YTO MO HaleMy moonpefaeseHHIo GyHKuMi f(x) u g(x)
cnpaBeAnuBEl paBeHcTBa f(a) =g(a)=0, MB MOXeM nepemucartb C€o-
orHouenue (6.21) B BHIe

foen)  _ _F(En) (6.22)

&(xn) g’ (&n)

Ilycts Temeps B cooTHoumenuu (6.22) Homep n cTpeMuTcs K Gec-
KOHEUHOCTH, TOTJa Xn—a. [10CKONMbKY &, 3aKII0UEHO MEXKIY & H Xn, TO
" §,—a npu n—oco. B.cuny cymecrBoBanus npenena (6.18) u ompe-
Jenenusa npefena ¢yskuuu nmo I'efine mpasas uacth (6.22) uMmeer
npepen NMpH A-»oo, paBHBIE mpefgeay (6.18). 3HauuT, TOT XKe CaMBIH
npenes NMPH n—-co HMeeT U JeBas uyacTh (6.22). B cuay npoussosb-
HOCTH TOCJIeIOBATEJNbHOCTH 3HAaUeHMH aprymenra {x,}, cxonsuieics
K a, 4 B CWJIY ONpeleseHuss mpefesia (PpydKuHH mo [eflHe cyHiecTBo-
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Bauue papHoro (6.18) mpefena npu n—»oco JjeBoil yactd (6.22) osua-
yaer cylllecTBOBaHUe npejesa pyHkiud (6.19), Takxke pasHoro (6.18).

Urak, B npenene u3 (6.22) npu n—oco M NOJy4aeM COOTHOUIEHHE
(6.20). Teopema goxasaHa.

3ameyaunue 1. IlpaBuso Jlomurtana «JelicTByeT» He Bceraa,
T. €. npedea oTHoweHus ¢ynxyuil (6.19) mower cyujectéosars u
6 cay4ae, kozda npedesa oTHowenus npousdsodneix (6.18) ue cyuwge-
crayer.

Hanpumep, npu a=0, f(x)=x?cos —’lc— g(x) =sinx cywmecrByer
1

i x? cos — \
. . X
npege Ixm—)i::llrn-—.——- = lim limxcos—=0, 8 TO
x»a g(x) x>0 sinx x>0 Sinx x—=0 x
1 1
,( 2x cos — —+ sin —

. . X
BpeMsl Kak npenesa lim L) im He cyniecT-

x>0 g'(x) X0 cos X :

: .1
BYET ( B CHJIy TOI'O, 94TO HE CYILICCTBYCT Ipenell lim sin—, a npepea
: x-0 X .

lim <2xcos —1—) | CyLIECTBYeT H PaBeH HYJIO).
x-+0 X

3ameuanue 2. Eciu K ycaoBusam TeopeMEl 6.9 nobaBuTp Tpe-
GoBaHHe HeNpepHBHOCTH NPOH3BOAKLIX f'(x) u g’ (x) B TOUKe @, TO
npu ycaosun g’'(a)0 coorHomenue (6.20) MoxHO mnepenHcaTh
B BHJIE

Gameuanune 3. Ecam npousBopuse f'(x) um g’(x) ynosserso-
PAIOT TeM e Tpe6OBaHHAM, 4TO M caMH QyHkuuum f(x) u g(x), T0
1ipaBuyIO JIOMATaJsl MOXHO NPHMEHSITh MOBTOPHO, T. €. IpeJes OTHO-
LIEHHs] TEPBLIX NMPOU3BOAHHIX QYHKUHI f(X) H g(X) MOXiiO 3aMeHHTH
IpelesioM OTHOUIEHHS BTOPHIX IIPOH3BOAHBIX 3THX (YHKIHA. Mul no-
JYYUM TIPH 3TOM, 4TO

tim L _ i £ i 1)
x—>a g(x) x-a g’(x) 2>a g//(x)
MMpumeps. 1)

. 1 —cos x . sinx 1
lim —— = |lim —— = —
x50 x2 x>0 2x 2

2). CeayolHi npefes BHYHCASETCH }J,ByxpaTHbIM NpUMEHECHHEM
npasusa Jlonurans:
. x—sinx . l—cosx = . i 1
lim = lim —2% _ lim 222 1—,
x 0 X3 o0 X0 3x x>0 bx 6



238 T'an. 6. OcHoBHBIE TeopeMmbl 6 AuddepeHIUPYyeMBIX (QYHKHHAX

3) TpexxpaTHBIM NpHMEHEHHEM InpaBuja JIomuTtans BHYHCAAETCS
npenen

1 x4 iy 4@ 1242
%90 X2 2cosx—2 x>0 2x—2sinx x50 2-—2cosx
. 4
= lim 2_x =12,
x-0 2sinx

MBIl paccMOTpesH BONPOC O PACKPHITHH HEONPENCJEHHOCTH BHIA
0
- VA cydas mpefesa B TOUKe a. CoBeplLIeHHO aHaJIOTHYHbBIE

pe3yJbTaThl COPABAEJNHBH U ISl CJAy4aeB Ipejesia B TOUKE @ Clpa-
Ba [creBa], nmpejena nmpu x—oo, a TaKke IpefeNa NPU X—-+ 00
[mpu x—»——oo]

Ml ceiiyac y6epumest B ToM, uTO TeopeMa 6.9 ocraercsa cmpa-
BeJTUBOH B KasKJIOM U3 CJEIYIOIHX TPeX CJAYYaes:

1) B cayuae, eciu B 3TOH TeopeMe B KauecTBe MHoxecTBa C,
B35ITb HHTepBaJa (@, a+§8) [cooTBercTBeHHO (a—©6, a)], a Bce mpe-
aeasl  (6.17)—(6.20) B3siTb npm x—a+0 [cOOTBETCTBEHHO IIpH
x—>a—0];

2) B cayuae, ecau B TeopeMe 6.9 B KauectBe C,; B35ITb MHOXKECT-
BO BCEeX TOUEK, JexXalux BHe cerMeHta [—©§, 8], a Bce npejenn
(6.17)—(6.20) B3aTh NpH X—>00;

3) B cayuae, eciu B TeopeMe 6.9 B kauectBe wMHomectBa
B3siTb HoJIynpsamyio (6, +oo) [cooTsercTBeHHO (—o0, —§8)], a Bce
npepenn (6.17)—(6.20) B3ATb npH xX—>+ oo [COOTBeTCTBeHHo npu
X—>—o00].

Cnyuait 1. B sToM cayyae ocraeTcss CIpaBelJHBOI BCSI CXeMa
JOKasaTesbcTBa TeopeMbl 6.9, TOJbKO BMECTO II0CJIeJ0BATEJbHOCTH
Jxn}, cxomsmeficas K @ H COCTOSILIEH M3 UHCEN Xn, OTJHUHBIX OT 4,
caenyeT  B3siTb  IOCJHEHOBATENBHOCTb {X,} TOUEK  WHTEpBaJa
(a, a+8) [coorBercTBeHHO (a—9, a)], CXOAfUyIocs K 4. Heranu
paccyXIeHUH NpPesoCTaB/sieM YHTATEJIO,

Cayuait 2. Ilycrs ¢ynkiun f(x) u g(x) onpeneneHsl u Aud-
(bepennupyeMel BCIOJy BHe cerMeHta [—©6, 8] OpH HEKOTOpOM
6>0 u npoussonHas g’(x) He ofpaliaercss B HyJib BHE YKa3aHHOTO
cermenTta. IlyTh, KpoMe TOro, CyHIeCTBYeT mpejes

lim f’ (x)

6.18
x»e g(x) " ( )

Cnenaem 3aMeHy nmepeMeHHON { =—- ! 1 monoxum G () = (17) -

=gx), FO)=F (Lt) = f(x). Torma, oueBHAHO, GYHKUHHK

F(t) n G(t) 6yayr onpeleneHs u AudGepeHiHpyeMs B npoxdno—



§ 6. Packpnitne HeonmpenesNeHHOCTEH 239

TOH % -OKpecTHOCTH TOuKH f=0* H npoH3BoOAHaA
14 ’ 1 1 ’
GW=¢ () (—5)=g® =

o o 1
He Oyaer obOpaiiarbcss B HYJb B YKa3aHHOH IIDPOKOJIOTOH w3 -OK-

PeCTHOCTH.

Kpome Toro, B cusy cymectBoBaHHs npejena (6.18”) cymect-
BYCT IIpeles
1

1 1
. r . M <———— ' fr — ' )
lim ey = im ; <<it)) - ;; = Eé; = lim 2%
(6.23)

Ho roraa B cuny teopeMnl 6.9 cymectByeT H npeged

1
)
lim £ —jim —<—f—— =1im L&) (6.24)
150 G(f)  i>0 g<_1.) rro g(X)
o)

npudeM crpaBelJIHBO cooTHoiueHue (6.20), npuHuMmalomee (B CHAY
(6.23) u (6.24)) BuAL

lim 19— gim £9 gy £O gy £

10 g(x) 10 G(Y) t20 G(f)  x=oe g(x)°
PaccmoTpenue cayyasi 2 3aBepiieHo.
1

Canyuait 3. B 3T0M ciiyuae AeiCTBYET Ta XKe 3aMeHa = —
X
YTO U B CJaydYae 2, OJHAKO Ha 3TOT pa3 B3Ta 3aMeHAa CBOJHUT
paccMOTpeHHe NpeAesga HNPH X— + oo[x—-—oo] K Ipeleay MpH
t—>0-+0 [+—~0—0], paccMoTpenHoMy B caydae 1. [leranu paccyx-
IeHUH NpPeIOoCTaB/IsgeM YHTATENIO.

8
IIpumeps. 1) Bpuucaure lim = (a1 moboro
x-040 In(1 4 x)
6>1). D10T npuMep OTHOCHTCH K caydaio 1. [IpumeHsas mnpasuio
Jlonurang, NOJYy4YHM

Pl . 5101 .
im ——— = lim ——— = lim 6x~1(1+4x) =0.
x-0+0 10(1 4 %)  x=040 < > 22040
1+x
1 1
* T. e. BclIOAY B HHTepBaJe _T<t<F' 3a HCKJIOYeHHeM TOUkH [==0.
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: p,
2) Beuucauts lim 5 (aTOT 1TpEMEpP OTHO-

x> sin —
X

4 1
— ~— arctg (1 ————-)

CHTCS K cAyuamo 2).
ITpumenss npasuno Jlonuranus, nonyyum

1 1 . 1
———ardg(l—-—-) 1+(1——-
. 4 X . x :
lim T =lim - i g =
X sin — r=o <cos-——> (—'—2)
x x x
R S ‘
1\2
1+(1~-—>
. \ x 1
= lim '—-—l———'—_—-—
X—dao cos — 2
X

oo
2. PackpbiTie HeoNpeaejdeHHOCTH BHAa ——. ByaeM roBopHTh, UTO
o

OTHOUWleHUe 08Yx onpedeseHHblX 8 OKPECTHOCTY TO4KU & GOYHKIHHA f(x)
: o o0

u g(x) npedcrasaser coboii npu x-»a HeonpedeAeHHOCTb suda —,
o0

ecau
lim f (x) = o0, lim g (x) = oo". (6.25)
xX~a X—a

Jasi pacKpLITHsL 3TOH HEONPEXEJEHHOCTH, T. €. JJs BHIUHCJIEHHS

. X
npenea lim L—;—, CHOpaBeJIMBO YTBEPXKACHHE, TMOJHOCTBIO aHaJo-
x-a g(x

ruyHoe teopeMe 6.9.

Teopema 69* (BTOpoOEe npaamxo Jonuransa). Hycre
mroxcecreo Cy npedcrasaser co60l nPOKOAOTYIO O-OKPECTHOCTL TOUKIL
a, pyuxyuu f(x) u g(x) onpedesenvt u ugpepenyupyemor na Cy u,
Kpome 1020, npousdsoduasn g’(x) ne obpawaercs Ha Cy 8 Hyas. ITycte,
daxee,

lim f (x) = oo, lim g (x) = oo. (6.17°)
Téeaa, éczz.u cyuwecreyer (Koneunolil uau Geckonednuill) npeden
lim g‘(;’) (6:18%)
TO cywjecrsyer u npedei

* Bumecto oc B (6.25) MOXKET CTOATb 00 WM —o00,
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npudem cnpasedil80 COOTHOWEHUE

lim L) _ fjm L&) (6.20°)
xsa g(x)  x-»a g'(x) ,

JoxkasareabcTBo. 1) IlpeanosoxkuMm cHayajaa, 4TO Cy-
I[eCTBYeT KOHeuHbli npefea (6.18 *), paBHbii uHcay b. Jlokaxew,
4TO B TOM chaydae cylfecTByer npedesn (6.19%), Takke paBHbR
yncay b. :

Iycts {x,} — npoOH3BOJLHAS IOCJIELOBATENbHOCTb 3HAYEHHH
aprymenTa, cxoismasicss K a qu6o cupasa, aubo caeBa *. Tak kak
BCe 3JIEMEHTHI 3TOH IOCJIEAOBATEJNbHOCTH NPHHAAJEKAT MHOXKECTBY
Cs, TO, KaKOBEL Obl HH OBIJIM ABa 3JEMEHTa 3TOH IOCJeA0BaTENbHOC-
TH Xm U Xn, A0 DYHKUHHE f(X) B g(X) BHIIOJHEHB Ha CErMeHTe
[%m, x5] Bce ycaoBusi TeopeMul Kown 6.8. ITo 3T0# Teopeme Mexay
Xm U X, HaHJETCA TOYKA Emy TaKas, YTO CIPABEAJHBO PaBEHCTBO

f(xm)

fem) PTG F )

g(xn)—g(xm)  [glxn) | _8Um)  g'(Emn)

f(xn)— [(xm)

g(xn)
M3 sTOro paBeHCTBa 3aKJ0OYaeM, 4TO
‘ 1 ___'g(xm)
f(xn) — I (Emn) &(xn) (6.26)
gm)  &Emn) g _LUm) T
tf(xn)
uxcupyem Temepb NPOH3BOJILHOE MOJOKHTEIbHOE HHCJO €. Tax
KaK [0 YCJOBHIO lim £ =b, a NOCAeJOBATEJBHOCTh {Xn} CXO-
x—a g'(%)

€
JMTCS K @, TO AJs1 NOJOXKHTEJbHOIo 4HucCJja ? MOZKHO Q)m{cnposam

Takoi HOMep m, 4TO 4Js Jio6oro HoOMepa 7, NPeBOCXOASIIEro m,
OyAer BHIIOJHATBCS ycJaoBue **

[ (&mn) b L e
— === =0+ a,, Tie |o — 6.27
g’(gmn) mn ! mn|< 2 ( )'
Hanee 3ameTuM, uTo B CHJIy ycioBuil (6.17%) lim f(x,) = oo,
n—-»wo
lim g (x,) = oo, a N03TOMY, NOCKOJBKY HOMep m (HUKCHPOBAH,
n—->w . .
CYILECTBYeT DaBHBLIH eJHHHIE Npeies
] — g (xm)
lim — &) _ 4
A= 1__&)_
f(xn)
* T. e. {xn} — Takas CXOAAWIAACH K @ HOCJAELOBATEJBHOCTb, ¥ KOTOPOH AHBO

BCE X, >a, MU0 BCe X, <<4a.
** Mpl yYHTHIBaeM, YTO Emn 3AKJIIOUEHO MEXAY Xm H Xnp.
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€/2
3T0 O3HauaeT, 4TO AJad NOJOXKHUTEJIBHOIO Yyucja ————— H 4Jad

. b e/2
(GHKCHPOBAHHOTO HaMH HoMepa m Hafijercs HpeB‘OCl;O_ILS/[IJIHﬂ ero
HOMEp 715 TAKOH, YTO IPH BCEX A>T
| — g(xm)
g{xn)

__ glm) _82 28)
| fm) f(xm) 1 + ﬁmn’ rae ‘ﬁmnl< Ibl_l__ /2 (6 8)
flxn)

M3 coornewenuit (6.26), (6.27) u (6.28) Brirekaer, uto
L — (b ) (1 + Brn) = b+ (6 + ) By + e
&(xn)

3HayHT, cOpaBeflJINBO HEPABEHCTBO

L) —b| < 101+ 10ma )1 Bl + 1]
g(xn) :

YuuThiBasi HepaBeHCTBa, CTOsIHE B ycaoBHAX (6.27) u (6.28),
MBI NIOJIYUHM, YTO IIPH BCEX N>y

€ e/2 £
(1814 V) 1Bl + ol < (D14 ) - -2 e - =
Htak, 4as [DPOM3BOJNLHOTO (HKCHPOBAHHOTO HaMu ¢>0 M
Halljly HOMEp fo>m TaKoH, YTO IIPH BCEX N>

fxﬂ) ]< e.
g(xn)

910 u o3nayaer, yTo npefea (6.19%) pasen ukcay b u cnpasen-
JUBO cooTHomeHue (6.20%). Takum o6pazom, [4Js cjydyas KOHEYHO-
ro npefena (6.18%) Teopema noka3zaua.

2) Ilycto temepn npeaen (6.18*) pasen oco. Torma, oueBHjHO,
npejaen o6paTHOro OTHOWIEHHs lim —=——- g(x)

A=>a i( )
TOJILKO YTO PAaCCMOTPEHHOMY HaMM CJyYalo KOHEYHOro mpejena
(6.18%) mbI moayuyum, 4To *

6yleT paBeH HYJO H MO

lim _gﬁc_)_ =
x—=a  f(x)

[Totnennee cooTHoweHue ¢ yuetoM (6.17*%) 3KBUBANEHTHO TOMY,

q9TO
fim L2
x=a g(x)
Teopema 6.9% NOJHOCTBIO J0Ka3aHa.

* Mbl y9uTHIBaEM, YTO A OGDATHOTO OTHOIIEHHS BHIIOJHEHHW BCe YCJIOBHA
teopembl 6.9% B uwactHocTH, npousBogHas [ (x) He ofpawaercs B HyAb B J0CTa-
TOYHO MaJIOH NPOKOJIOTOH O-OKPECTHOCTH TOUYKH 4. (ITO BHITEKAET M3 CylIecTBOBA-
HHSL paBHOro oo mpexena (6.28%) W M3 HeobpamleHHs B YKa3aHHOH NPOKOJOTOM
$-OKPECTHOCTH NPOHU3BORHOA g’ (x).)
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Tak ke Kak u Teopema 6.9, Teopema 6.9% ocraercs cnpaselTHBON
B KaX/JOM M3 CAEAYIOIOHX TpPeX cAydyaes:

1) B cayuae, ecaim B 3TOf TeopeMe B KauecTBe MHOxecTBa Cs B3ATH.
uHTepBan (a, a+90) [coorBercrBeHHO . (a—§, @)], a Bce npenen
(6.17%) —(6.20*) B3saTb npu x—>a-+0 [cooTBercTBeHHO NpH ¥—>a—0];

2) B cayuae, eC/in B KauecTBe MHoKecTBa (s B3ATb COBOKYNHOCTD-
BCEX X, Jiekaliux BHe cermenra [—o, 8], a Bce npepean (6.17%)—
(6.20*) B3ATH npH X— 0;

3) B cayuae, ecau B KauecTBe MHoxecTBa Cs B3ATb IOJYNPSIMYIO-
(6, + o0) [coorBeTcTBEHHO (— 00, —8)], a Bce mnpepenan (6.17%)—
(6.20%) B3sATH npH X— + 00 [COOTBETCTBEHHO IPH X—>— 0o},

OGocHoBaHHe CPaBEINHBOCTH TeopeMbl 6.9% B 3THX Tpex cayyasax
MOXKeT OBITb 3aHMCTBOBAHO H3 NPEABIAYIIEro NMyHKTA.

Ilpumepsn. 1)

. — . lnx
lim x Inx = lim —— =
X040 V xo0+0 xT2
L
= lim —>— = —21limyx =0.
x—0+0 ( _L) 302 %~50--0
2
\

2) n-kpaTHEIM OpHMeHeHHeM IpaBuja JIomuTans BLIYHCAACTCSE
npenaea '
. X" . nx-1 . n(n— 1)xn-2 . nl
lim -2 = lim 22 g Me=DPT  im-t = 0.
x>t €Y x>t €F P ex P

3. PackpbiTve HeonpeaeNerHOCTel APYrux BuAoB. KpoMe H3yyeH-

o 0 o)
HBIX BBIIIE HEOINpPeACJEeHHOCTEH BHIOB T U ——, 4acTO BCTPCHAIOT-
(o8}

Csi HEONpeJesIeHHOCTH CJeAyIoINX BHA0B: 0-00, co—oo, 1%, 0%, oof.
Bce 3TH HeonpeeJIeHHOCTH CBOASTCS K M3YYEHHBHIM Bbllie ABYM He-
OIpeJeNeHHOCTSIM IyTeM aJjrebpanyeckux npeo6pasoBannil. [Toxkaxkem
3TO, HAapUMep, N0 OTHOHIEHHIO K IOCJeJHHM TpPEM H3 YKa3aHHBIX
BbIILIe HeonpelesaeHHocTell. Kaxkaas u3 3THX HeolnpeleJeHHOCTEH HMe-
€T BHJ
y=F(x)E, (6.29)

rae npu x—a GyHkuust f(x) crpeMmuTcs coorseTcTBeHHO K 1, 0 wmuH
00, a g(X) CTPEMHTCA COOTBETCTBEHHO K oo wiH 0. Jlorapudpmupysa Bol-
paxeHnue (6.29), noayyuMm (cuurasy, yto f(x)>0)

Iny=g(x) Inf(x). (6.30)
Jast HaxoxJeHHsl npefena Bhipaxkenus (6.29) mocraTouHo HalTH npe-
neJs BeipaxeHus (6.30).

3ameTHM, yTo B JIO60OM H3 TpPeX pacCMaTPHBAEMBIX CJy4yaeB Bbl-
paxenne (6.30) mpeacraBaser co6oH IPH X—>@ HeDIPeJeJeHHOCTh
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BHIa 0. 00. 3Ha‘{HT, JOCTAaTOUYHO HaYuyHTbCs CBOJAHUTbL HeEOIIpeJeJieH-
0 oo

HOCTH BHIa 0.-00 K HEONIIpEICeJICHHOCTH BHAA -6—' Wi —, HOKa}KeM,
[or)

KaK 570 fenaercs. Vitak, mycTh
z=¢(x) p(x), (6.31)

lim @ (x) =0, lim Y (x) = oo.

x->a

npuYeM

Ilepenumem (6.31) B BHAE
2= () ¥(r) =2, (6.32)
$(x)

OueBHgHO, BhipaxeHue (6.32) mpeacraBJasieT co6ofi nMpu x—-a Heompe-
JENIeHHOCTb BHAA . Hama nean poctursyra.

Ilpumepn. 1) Beuncants lim x*. OGosnauum y=x* Torxa

x-040
Iny=xlnx= lnlx . Ilpumensis npasuno Jlonuransa, O6yaeM HMeTh
x
L
. . I . . .
lim (Ing) = lim —* = lim —2— =— lim x=0.
25040 040 1 2040 L £~0-4-0,
x X2
Orciona sicHO, 4TO
lim y = 1.
x-+0+40
) : 1
2) lim (14 x?) ¢~ Tlycms y = (1 4 x2) ¢ —1—*
x-0
Toraa ..
Iny = ! In(l 4 x%).
e*—1—x
[Toab3ysich mpaBuioM JIOmATANS, HOMYUUM
2x
. . i 2 . 2
lim (In y) = lim _n(l + %) = lim e
x—>0 x>0 e*— 1—x x-0 e¥ —1
= lim 2 =lim 2 =2

=0 (e —1)(1 4 x?) =0 e*(1 + x?) 4+ (e¥ —1)2x

Orciofa sicio, uto lim y = e*.
. x=-0
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§ 7. POPMYJIA TEAJIOPA

B stoM maparpade MBI yCTaHOBHM OIHY H3 BaxKHeHWHX (opMyJ
MaTeMaTHYeCKOTO AHAJH3a, HMEIIIYI0 MHOTOUYHCJIECHHBIE MPHIOKEHHS
KaK B MaTeMaTHKe, TaK H B CMEXHBIX AHCIHIIJIHHAX.

Teopema. 6.10 (treopema Te#imopa*). Ilycre ynxyus
F(x) umeer 8 nexoTOpoill OKkpecTHOCTU TOUKU @ NPOU3BOOHYIO nopad-
ka** n+1 (n— ar0boil puxcuposannsil Homep). Ilycre, darce, x —
A1000¢e 3HA4YEHUe APeYyMEeHTQ U3 YKA3AHHOL OKPECTHOCTU, p — Npous-
804bHOE noaoxcuTeasvroe 1ucao. Toeda mendy Toukamu a u x Hatider-
CA TO4KA § Takas, 4To cnpasediusa credyrouas Gopmyia:

F)=F@+ L (e gy ¢ LD (o gy

(n)
o+ —’—n—](ﬂ)— (x — )" + Roq1 (%), (6.33)
rhae
[ x—a\pr (x~—§) n
R )= (=) @ (6.34)

3ameyanue Tak Kak TOYKa § JIEXKHT MEXAY X H @, TO ApOGb
X—a
BCerja HOJIOXKMTENbHA, a M03TOMY IJs Jwoboro p>0 omnpene-

x—E .
x—a \P
Jdexa cremenb {——- .

dopmysna (6.33) saspiBaercs popmyaoit Teidnopa (c ueHt-
poM B TOUKe @), a BbIpaxKeHHe Rp4q(X) Ha3blBaeTCss OCTATOYHBI M
yjleHOM. Kak Mbl YBHAUM HHXKE, OCTATOUHBLI YJE€H MOMKeT GHTh
3anucaH He ToJbKO B BHAe (6.34), Ho u B Apyrux Buaax. IIpuHATO Ha-
3BIBATH OCTATOYHBIA 4JIeH, 3alHCaHHbIH B BUJe (6.34), OCTATOUYHH M
gieHoM B obmed q)opme**

JokaszaTenbCcTBO. OéosﬂaqHM CHMBOJIOM @ (X, a) MHOrouJieH
OTHOCHTEJNbHO X HOPSiiKa n, QUIYPHDPYOUIHH B npaBon gacty (6.33),

T. €. MOJIOXKHM
/ ©)
o (x,a) =f(a) —k—f—(l;i)—(x—a)+—f—2—’(ﬂ—(x-—a)2 + .+

)
+ L7 nl(a) (x —a)". (6.35)

Hanee 0603Ha4uM CUMBOAOM R,yq{Xx) pasHoCTb
Rnt1(x) =f(x)—q (%, a). (6.36)

. * Bpyk Tefop — aHIJKHACKHE MaTeMaTHK 51685—1731)
** Orcrona BHTEKAeT, 4TO caMa ¢YHKuHA [(X¥) H ee NPOH3BOAHHE RO NOPSAKA’
4! HENPEPHIBHH B YKA3aHHOH OKDPECTHOCTH TOYKM 4.
*** 1y GopMy OCTAaTOYHOrO YjeHa Ha3HIBAIOT Takke GopMoiH Ill NeMHJIbXa—

Poma.
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Teopema Oyner [nokasaHa, eciaM MBI YCTAaHOBHUM, 4TO Rp41(Xx) ompe-
leasiercss QopMydion (6.34).

@ukcrupyeM Jioboe 3HayeHHe X U3 OKPECTHOCTH, YKa3aHHOH B ¢op-
MyJHPOBKe TeopeMbl. Paau omnpeneseHHocTH OyJeM CUHTAaTb, YTO
x>a. O003Ha4YHM yepe3 { NepPEeMEHHYIO BeJHYHHY, HMEIOIY0 00/1aCThiO
CBOET0 M3MEHEHHS CerMeHT |a, X], H PacCMOTPHM  BCIICMOTaTeJbHYIO
¢yHkuHO P (f) caeayiomero Buja:

v() =f(x)—e(x 1)—(x—1)PQ(x), - (6.37)
rae
Rny4(x)
Qx) = _(Tt—a)—p- (6.38)

IloapoGuee ¢ (f) MOXKHO 3amHCcaTh Tak:

PO =f@—fO - e—n—...

— L’ii (6 — 1) — (x— 1) Q (). (6.39)

n

Hama neas — Buipasute Q(x), HCXOAsL H3 CBOHCTB BBEJCHHOH HaMu
@yHKRUHH P (£). "

IToxaxem, uro Qyukiusa ¢ (f) yAoBJeTBOpAET Ha cerMeHrte [a, Xx]
BceM ycuaoBuAM TeopeMnbl 6.3 (Ponis).

M3 ¢opmynn (6.39) u H3 ycJoBuil, HaJOXKEHHHX Ha (QYHKIHIO
[(x), oueBHiHO, yTO PyHKUHA P(f) HempepHBHA Ha CEIMEHTE [a@, X] W
AupepeHnupyeMa BO BCex BHYTPEHHHX TOYKAx JTOro CcerMeHra *,
Yo6enumcs B ToM, uTo (@) =¢(x)=0. Ilonaraa B (6.37) {=a u npu-
HUMasi BO BHUMaHHe paBeHCTBO (6.38), Oynem uMeThb

(@) =[ (£) ¢ (%, @) —Ru4s (x).

Orcioga Ha ocHoBanuu (6.36) mnoayunM +p(a)=0. Pasenctso
Y (x) =0 cpasy BriTexaer u3 popmyJn (6.39). _

Wrak, ana ¢yskuun ¢(f) Ha cerMeHte [@, X] BHIIOJHEHH BCe
ycaoBHst TeopeMbl 6.3 (Poust). Ha ocHoBaHuH 3TOH TeopeMbl BHYTPH
cerMeHTa [a, x] Hafijgercss TOYKa § Takas, 4TO

P’ () =0. (6.40)

[Toacyuraem npoussoanyio ¥’ (f). duddepenuupys pasescrso (6.39),
0ya1eM UMETb

* DTo BBITEKAaeT H3 TOrO, 4TO M3 YCJOBHSA CYyIeCTBOBaHHA Y GyHkuuu f(f) B
OKDECTHOCTH TOYKH @ NPOH3BOJAHOH HOpsiKa n-+1 BHITEKaeT HENPEPLIBHOCTL caMoil
Gysknuu f(f) H Bcex ee NPOU3BOAHHX JO NOPSAAKAa 7 B YKa3aHHOW OKPECTHOCTH
TOYKH @, a NMOTOMY H Ha cermente [a, x]. Jlanee MOXHO yTBepXJaTh, UuTO cama
OyHKUEsA [({) u Bce ee IPOU3BOAHBIE J0 HOpAfiKa n OAMH pa3 auddepennupyemb
BCIOJY B YKa3aHHOH OKPECTHOCTH -TOYKH @, a MOTOMY H BCIOAYy BHYTPH CerMeHTa
{a, x]. .
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w@——f@+(”—-ﬂm(xf%%—i—Qw—O—
FU (1)

n(x—ty-i — L mu B+ p(x—1t Q).

(6.41)
Jlerko BHJeTb, 4TO BCce ujeHH B npaBofl yactH (6.41), 3a Hckaloye-
HiHeM NOCJEJHHX ABYX, B3aHMHO yHHuToxawoTcs. TakuM obpasom,

ot

() =— L= mu o +p(x—1pQE.  (6.42)

Tonaras B dopmyJe (6 42) {=& u ucnoan3ys pasBeHcTBO (6.40),
1101y Y uM

mw=-tiL——ww@) (6.43)

Conocrasass (6.43) u (6.38), oxkoHUaTeNbHO GYAEM HMETDH

x—a \P (x—g)nt!
Ruta () = (x—a)’ Q) = (Z=5 ) B0 @)
Cayuail, koraga x<a, paccMaTPHUBAeTCsi COBEPIIEHHO aHAJIOTHYHO.
Teopema poxasaHa.
Haiinem pasnoxenue no gopmyse Telnopa = mpocreiiueit  ¢QyHK-
LiHH — aJre6pauyeckoro MHOroujeHa #-ro nopsiaka. Ilycrs

f(%) =Cox"+ Cixr=1+ ... +Cnyx+Ch.

Toraa, nockoanky fintD(x) =0, octatounslii uneH Rnp+i(x)=0 u dop-
myaa Tefiopa (6.33) npuHuMaeT BHJ,

f(x)=f(a)+f'§‘f’( —a) + —— f (x a)z-i—...-l_-—‘ﬁ:—!(a-)-(x——a)"

(3mecy B KauecTBe @ MOXKHO B3fiTh JIOOYI0 TOYKY GECKOHEUHOH MNps-
moli.) Takum o6pasoM, ¢opmyna Tefijopa mMO3BOJsSIET NPEACTABUTD
J000§i MHOrouJeH f(X) B BHAe MHOrouleHa IO CTENEHAM (x—a), rie
a — mo6oe BeleCTBEHHOE YHCIIO.

Ilyctb Temeps f(x) — npousBosbHasi QYHKIHS, YAOBJAETBOPSIOMAS
ycaosusim Teopembr 6.10. TloctapaeMcsi BBIICHHTB, KAKHMH CBOHCTBA-
MH obsaanaer MHorowieH (6.35), durypupyiomuit B popmysae Tefinopa
Aas 1ol ¢pyHKuud. Kak u Bhuie, 6yaeM 0003HauyaTb 3TOT MHOTOYJIEH
cuMBoJoM @{x, a). CumBosoM @™ (x, @) 06O3HAYUM n-10 NPOH3BOJ-
Hyo ¢(x, a) mo x. Juddepennupys dopmyay (6.35) mo x 4 3ateM
foJarasi Xx=a, MB IOJYYHM CJeLyIOllHe paBeHCTBA:

[ 9@ a) =[(a),
9 (@,0) =[ (a),
¢ (a,a) = [ (a),

P (a,0) = [™ (a).

(6.44)
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Taxkum obpasom, durypupywoiuii B dopmyse Teitsopa Aast NPOHU3-
BOJILHOH OYHKUHH f(X) mHocousen @(x, a) ob6aadaer caedyrouum
CBOUICTBOM: OH CAM U €20 NpoussoOHsie 00 NOPAOKA N BKAIOUUTENAbHO
pasHoL 8 TOUKe X==a COOTBETCT8EHHO [(X) u ee npou3sodHsim 00 no-
padka n.

§ 8. PA3JINYHBIE ®OPMbl OCTATOYHOIO YJIEHA.
®OPMYJIA MAKJIOPEHA

1. Ocrarounniit uaen B ¢opme Jlarpaumxka, Komu u Iteano. Brie
MBI ycTaHOBHAH Gopmyay Tefimopa ¢ oCTaTOUHLIM YJIeHOM B OOILeH
¢opMe. 31ech Mbl YCTAaHOBHM JpPyrHe BO3MOMKHLIE [peXCTaBJeHUs
JUJisl OCTATOYHOTO uJjeHa. JIBa M3 HHUX MOryT OBITh NOJY4eHbl B KauecT-
Be JacTHBIX cJAydYaeB H3 o6weil GOpMEL

Tlpexpe Bcero HeckKoqpko npeobGpasyeM ¢dopmyay IJs 0oCTaToy-
Horo ujena (6.34). ITockoapKy Touka § JIEXKHT MeX]1y TOYKAMH a4 W
%, Halijetcs Takoe uMcio §* u3 uHTepBajsa 0<8<1; uro E—a=
=0(x—a). Ilpu stom E=a-+0(x—a), x—E=(x—a)(1—0). Takum
obpaseom, dpopmysa (6.34) Moxer 6biTh NepenucaHa B BHAE

(x _a)n+1 (1— O)n—ﬁ+1 f(,,+1) [a +6 (x —_ a)] . (645)

Rn+l (x) = alp
PaccmoTpuM Tenmepb ABa BaXKHBIX YaCTHBIX caydasi ¢opMyan (6.45):
1) p=n+1; 2) p=1 (HanomuuM, uto B dopmyaax (6.34) u (6.45) B
KayecTBe p MOXKeT GbITH B35TO JI0G0e NOJOKHTeNbHOe yHcjo). Ilep-
BBl U3 THX YaCTHHIX caydaeB (p=n-+1) NPHBOJUT HAC K OCTATOY -
HOMY yJeHy B Gopme Jlarpanxa:

{x—ayrtt fnt [q + 0 (x--a)] (6.46)
(n4 1),
Ora Qopma ocraToyHOro uwJeHa HauboJsiee ynorpebuTesbHA B NMPHJIO-
xeHuax. OcraTouHelil ujieH B ¢opme JlarpaHka HanOMHHAaeT cJjie-
LyoomuH, ouepensHolt uned ¢opmynn Teitnopa, JHIIb  TOJbKO
(n413-s1 mpomssoxHasi GpyHKRUMH [(f{) BHIUHCAsSETCS He B TOUKe 4,
a B HEKOTOPOH IIPOMEXYTOUHOH MexIy a M x Touke E=a-+0(x—a).
Bropoit U3 yKasaHHBIX BHIE YAaCTHHX ciaydaeB (p=1) npuBonuTr
HaC K OCTaTO4YHOMY uJeHY B popme Komu:

(x—a)yh1(1—0) frtb a4+ 0 (x —a)].  (6.47)

nl

n+1 (x) =

Ry (0) =

Tak xak ¢opmnl Jlarpanxka u KomH orBevaloT pasHbHIM 3Haue-
HUSAM p, a O 3aBHCUT OT p, TO 3HaueHUus O B dopmysaax (6.46) u
(6.47) siBasiorcsi, BoOOIIE TOBOPS, PA3NHUHBIMH. JINs OUEHKHM HEKOTO-
peix ¢ynkuuil dopma Komu aBiasercss Gojee NPeANOYTHTEIbHOH, YeM
¢opma Jlarpamnxka. OGe dopmbl ocratoyHoro ujeHa (Jlarpanxka n

* CJelyer NOAYEPKHYTb, uTo E, a 3#ayWt, u O 3aBucHT OT p.
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Koum) o6biuHo HCTMOMB3YIOTCS B TeX cJyyasx, Korja Tpebyercs IpH
TeX HJHM HHBIX (HKCHDOBAHHBIX 3HAYEHHSX X, OTJHYHBIX OT @, IIPH-
OJIHKEeHHO BBHIYHCJAUTL QYHKIHIO f(X).

EcrectBeHHO npuHOJAHIKEHHO 3aMeHHTb f(X) MHOTOWIeHOM ¢ (%, a)
¥ YHCJIEHHO OUEHHTb CAEJaHHyI0 IpH 3TOM OWHOGKY. Hapany c 3TuM
BCTPEYAIOTCH 3ajadd, B KOTODHIX HAC HHTepecyeT He YHCJIEHHAs] BeJH-
YHHAa yKa3aHHOH OWHOKM, a JIMLIb NOPSAAOK €€ OTHOCHTEJbHO MaJioH
BeJUYHHbl (¥x—a). Ias sTo# meau ymobHa apyras ¢Gopma 3allHCH
OCTAaTOYHOro ujieHa (Tak HasmBaeMas popma Ileanmo™*), K ycra-
HOBJIEHHIO KOTOPOH MBI H NE€PEeXOAHUM.

I pednoacrcum, uro- pynxyun f(x) umeer npoussodnyro nop,q@fca
n—1 8 HEKQTOPOIl OKPEeCTHOCTU TOYKU @ U NPOU3BOOHYO nopadKka n
8 camol Touke a **. ,

IIpH 3THX TpennoJIOKEHHSIX MBI MOXEeM paccMOTPeTb MHOTOYJIEH
@ (x, a), onpenensieMuii cootTHomeHneM (6.35). PasHocte Mexay f(x)
¥ 5THM MHOrOYJIEHOM, KaK M ApH JoKasaTesJbcTBe TeopeMnl 6.10, obo-
3HAYHM CHMBOJIOM Rpiq(X), T. €. IOJOKHM

Rut1(x) =f(x)—g(x, a).

Hoxascem, 4To npu cOeAQHHBIX HAMU NPEONOAOICEHUAX O0ad oCTa-
TO4HO020 4AreHa Rpy1(X) cnpasedauso caedyroujee npedcrasienue ***:

Rny1(x) =0 (x—a)"]. (6.48)
IMpeacraBnenne (6.48) NPHHATO Ha3bBaTh OCTATOYHBIM UJe-
#oM B popme Ileano.
Hcnonb3yst ycTaHOBJIEHHOe B KOHHE INpPeALIAYILEro naparpa(pa
CBOiicTBO MHoOrousneHa (x, @), Bbpaxaloouieecss COOTHOLICHUSMH
(6.44), MBI IOJIYYHM CJIEAYIOIIHE paBeHcTBa:

Roi1(@) =0, R, (@) =0, R® (@ =0, ..., R, (a) =0. (6.49)

HaM ocTaeTcs GoKasaTb, 4TO H3 paBeHcTB (6.49) BBITEKaeT npe/ICTaB-
Jenne (6.48). HoxaszaTeJbcTBO TOro, uTO M3 paBeHCTB  (6.49) Boite-
KaeT mpeiacraBJeHue (6.48), mpoBeiaeM METOAOM MaTeMAaTHYECKOH HH-
AYKILHH.

CHayajia yGeiHMcSI B TOM, uTO paBeHcTBa (6.49) BJIeKyT mpeacras-
Jenue (6.48) npu n=1.

[Iprn n=1 (6.49) npeBpaiialTcs B JBa PaBEHCTBA:

Ro(a) =0, R’y(a)=0,

13 KOTOPHEIX Cpasy :Ke BBITEKaeT, 4TO

limM_—_limM:R;(a)zo,
x->q X—a x—a X—a :

* Ixysenne.Ileano — uranabsHckuii mMareMatuk (1858—1932).

** TakuM o06pasoM, MH nofunHseM ¢ynkuuio f(x) TpeGoBaHHsIM GoJjiee ciabhIM,
yem B Teopeme 6:10.

**% HanomMHHM, 4TO CHMBOJX O[(x—a)™] oGo3Hauaer GecKOHEYHO MaJyil0 NpH
X—>a QYHKIHIO Goslee BHICOKOTO nopsiixa MajocTH, ueM (x—a)™ (cM. n. 5 § 4
ra. 3) .
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a 3To M o3HauaeT, uto Ry(x)=o0(x—a), T. e. 1pu n=1 npexacrasje-
HHe (6.48) BriTekaer H3 (6.49).

Tenepb 1715 3aBeplUeHHs] MHAYKLUH NPEAIOJOXKHM, 4TO NPEACTaB-
Jgenne (6.48) Buitekaer uz (6.49) ans Hekoroporo HoMmepa n>1, B
y6eauMcs, YTO B TaKOM cJydae npeictaBiesue (6.48) BbITeKaeT H3
(6.49) n nas caexpywoomerc Homepa n+1. [las Homepa n+ 1 pasencr-
Ba (6.49) uMeloT BHL

Ros3(@) =0, R, (@) =0, RO,(a) =0, ..., R (a) = 0. (6.49")

[TockoabKY MBI IPEANOJIOXKHAM, 4TO AJs HOMepa n DaBeHCTBA
BHaa (6.49) Biexkyr npeacraBienue Bujaa (6.48), 10, oT6poCHB nepBoe
H3 paBeHcTB (6.49%), Mbl MOKeM yTBepxKl1aTb, YTO OCTaJbHBE pa-
BEHCTBA

R.,@=0, R®,(0)=0,..., R®V(a)=0

BJIEKYT IPeACTaBJEHHE
R, (x)=0[(x—a)T]. ’ (6.50)

C napyro#i cTOpOHBI, TpUMeHsisT K (QYHKHUH Rpio(X) 1O CerMeHTy
la, x] Teopemy 6.4 JlarpaHxka™® W yyuTbiBasg IIepBOe PaBEHCTBO
(6.49*), M noJgyuaeM, 4TO MeXAY @ H X Haiijerca Touka  Takas,
4TO

Rﬂ+2 (X) = Rri+2 ( ) n+2 (a) ,,+2 (E) (X - a) (651)

ConocraBassi cootHouleHust (6.50) u (6.51) wu yuuthBast, uTO
o[ (&—a)"]=o[(x—a)"] (B cuay Toro, 4ro & 3aK/IOUEHO MEKILY a
H X), MBI OKOHUYATEJbHO INOJYYHM, 4YTO Rpy2(x)=o0[(x—a)"], a sto
coBnajaer ¢ npejcrasjeHneM (6.48), B3sATHIM A4 HoMepa n+1.

TeMm caMblM HHAYKUHMS DpOBeleHa M BbIBOJ npeicTaBiieHust (6.48)
ocraTouHoro wieHa B dopme [leano 3aBepuuen.

B 3akatoueHue zanuiieM noaHocToio Gopmyny Teiinopa ¢ ocrateu-
HbIM 4jeHOM B ¢opme [leano:

f(x)={(a) —:——i’—(l—?—(x——a) + ... +-—f(in)T(a—)—(x—a)"+ o[(x —a)"].
(6.52)

2. Jlpyrasa 3anucb ¢popmyanl Telinopa. Yacto 3anuchiBaloT popmy.ty
Teinopa (6.33) B Heckosnbko HHOM Buje. [losoxkum B (6.33) a=xo,
x—a=Ax 1 BO3bMEM OCTaTOYHbi# ujeH B ¢opme Jlarpanxka (6.46).
[Tpu 3ToM x=xo-+AX, H MB TIOJAYYHM

PO+ A —f(xg) = LU Ax D) (e 1

21

* Tlpn moboM n>1 faaa Rnp42(X) BHIIOJHEHH BCce YCJOBHA NPHMEHHMOCTH TEO-~
pemnl 6.4 Jlarpanxa.
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n n—1)¢ ..
v SO g TG0 OAD (ppis (653
n! (n+ 1)
(3necy O — HekoTOpOE uyHCA0 H3 HHTepBata 0<8<1.) ®opmyna Teii-
Jopa (6.53) sBasercs ecrectBeHHHM 06o6uieHHeM dopMyant Jlarpas-
xKa (6.5) (cM. § 3). Popmyaa Jlarpauxka (6.5) moayuaercss U3 dop-
MyJan (6.53) B yacTHOM cayuae n=0.

3. ®opmyna Makaopena. Ilpunsito HaspiBaTh dopmyaoi Makio-
peHa * ¢opmyay Tedinopa (6.33) ¢ nentpom B touke a=0. Takum 06-
pasoM, ¢popMmysna MaxkjiopeHna aaer npejicTaBiaeHde QYHKIHH B OKpecT-
HocTH ToukH x=0. 3anumem popmyny MakjopeHa st HPOHU3BOJIBHOMN
QYHKUHH ¢ OCTAaTOUHBIM ujeHOM B opme Jlarpanxa, Komu n Ileano**:

4 (2) (n)
=1+ Ly O oy O R (),

2! n!
(6.54)
rae OCTAaTOYHBIH 4YJIeH HMeeT BHI:
1) B ¢opme Jlarpanxka
n+1: :
Ry (%) =~ ot (Bx) (0< 0L 1); (6.55)
(n+1)!
2} B popme Komnu

Ry (n) = 20 =00 giapyy (6x); (6.56)

n!
3) B ¢dopme [leano .
Rpy1(x) =o0(x). (6.57)

(Mur ucnosbsoBanu popmyant (6.46), (6.47) u (6.48).)

IMepeiinem K olleHKe ocTaToOYHOro wieHa B ¢opmyte Teisopa —
Maxkopena, K OTHICKaHHIO Pa3JIoKeHHs N0 popmyse MakJjopeHa Baxk-
HEAIHX 3JIeMEHTAapHBLIX (QYHKLKH U K PACCMOTPEHHIO Pa3/IHYHBIX TPH-
JIOXKEHHH 3TOH POPMYJIBL.

§ 9. OLUEHKA OCTATOYHOIO YJIEHA. PA3JIO)KEHUE
HEKOTOPBIX 3JIEMEHTAPHBIX &YHKUUH

1. OueHKa OCTATOYHOro 4JeHa AjA NPou3BoabHOil dyHkuuun. Ore-
HHM [UIS MPOU3BOJbHON QYHKIHU f(X) OCTATOYHBIA ujaeH B gopmyJe
Makinopesa (6.54), B3sThiit B popMe Jlarpanxka (6.55).

IIpeanonoxuM, 4To paccMatpuBaeMasi HamH ¢yHKuusa f(x) obaa-
AaeT CJeAyIOLIHM CBOHCTBOM: CYULECT8YET TAKOE BEULECTBEHKOE YICAO
M, yro Oas 8cex HOMEPOB N U Oas B8Cex 3HAUEHUL AP2YMEHTA X U3 pac-

* Kosmun MakJjopeH — aHIJIMACKH{ MaTtematuk (1698—1746).

** [lpum srom npeanosaraercs, 4ro f(x) umeer (n-+1)-10 NPOU3BOAHYIO B OK-
pectHocTH Toukd x==0, a ana ocrarounoro uwiexa B ¢popme Ileano (n—1)-10 mnpo-
H3BOJHYI0O B OKDECTHOCTH TOYKH x=0 H n-10 NpousBofHyK B caMmoii Touxe Xx==0.
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cmarpusaemod okpecrrocTu Todku x=0 cnpagedauso HepaseHcTso
[f™ (x) | <M. (6.58)

®OynKuH0, 06/aJaoNlyI0 YKa3aHHEIM CBOMCTBOM, OylIeM Ha3blBaTb
dbyukuued, COBOKYNIHOCTh BCEX HNPOH3BOLHHX KOTO-
pOH OrpaHHueHa B OKPECTHOCTH ToukH x=0.

W3 nepasencrea (6.58) u u3 Toro, yto 0<8<1 BrITEKaeT, 4TO

[fm) (0x) | <M, (6.59)

U NO3TOMY H3 q)opmy.nbl (6.55) noayunm

xl n-+1 leﬂ+1

R ~'~—— ) (@) < M LT

R ()] = -2 oo o) < 11 L2

I/ITaK, MBI NIOJIy4aeM CJACAYIOIYIO YHHBEPCAJNbHYIO OLEHKY OCTAaTOYHOIro
wieHa 415 QYHKIHMH, COBOKYNHOCTh BCEX NPOH3BOXHLIX KOTOPO# orpa-
HHUeHa YUCJIOM M B OKpecTHOCTH TouykH X=0:

|x|n+l
IRn+1 (x)l\<M (n—}—l)! .

HanomuuM, yto npu a1060M (HDHKCHPOBABHOM X

lim BET =

n—o (14 1)!
(cM. mpumep u3 m. 4 § 2 ra. 3). OTciona BHITEKaeT, 4TO, BHIGHpAS
0CcTaToOuHO OO0JIbIIOH HOMEp 7, Mbl MOXKEM CAesjaTh IHpPaByI0 YacTb
(6.60) xak yromHo Majo#l. DTO aeT HaM BO3MOXKHOCTb IPUMEHATh
dopmyny MakJjopeHa AJast NPHOJHIKEHHOIO BBHIUHCJIEHHST QYHKUHMIL, 06-
JajlalollMX yKa3aHHBIM CBOMCTBOM, c J060# Hanepen 3ajaHHOH TOu-
HocTolo. IlpuBesem nmpuMepnl (YHKLHH, COBOKYNHOCTb BCEX IIPOH3BOJ-
HBIX KOTOPBIX OrpaHHYeHAa B OKPECTHOCTH TOUKHU x=0.

1) f(x)=e*, f(®(x)=e*. COBOKYNHOCTb BCEX NPOH3BOAHBIX 3TOM
GyHKHHH orpaHuyeHa Ha Jio6oM cerMmente [—r, r](r>0) uuciom
M=er.

2) f(x)—cosx WU f(x)—smx COBOKYIIHOCTb BCEX NPOH3BOAHBIX
KaXIol u3 3THX GYHKIHA OoTrpaHHYyeHa BCIOAY Ha 6ecxoaeqnon nps-
Mol yucaom M=1.

2. Pasnoxenne no dopmynse MaKjiopeHa HEKOTOPHIX 3JEMEHTap- -
neix pynknmit. A, f(x)=e* Tlockoabky f(™(x)=e*, ™ (0)=1 paa
Joboro n, popmyna Maxknopena (6.54) umeer BHJ

(6.60)

ex=1+—"—+"—+...+_"_+1en+1(x), . (6.61)
. 1 21 nl,

rie OCTATOYHLIH uJieH B ¢dopme Jlarpanxka pasen

xat+

- pbx d
e <<, (6.62)

n+1( )
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Ha no6om cermente [—r, r] (r>0) B cuay Toro, uto |e*|<er, mo-
JYUY¥M CJIEAYIOULYIO OLEHKY /sl OCTaTOYHOrO 4JjleHa:

n-H1 .
Ren (< e (6.62°)

B. f(x) =sin x. Mockosmbky  f™ (x) = sin <x + n%) ,

_ 0 IIpY YETHOM 71,
fo () =sin (n) = —t
2 —3  TIpH HEUETHOM /1,
(—1)
¢opmysna Maxjopena (6.54) umeer BuA
n—1 n
sinx = x—=- + ﬁ——— +o (=D R (), (6.63)
Tle n — HEYeTHOe YHCJIO, a OCTaToyHHI uieH B ¢opme Jlarpanxka
paBeH
nt2
Rt () = * T sm(ﬁx—f n— —1—:1) 0<8<1).

OueBHaHO, 4TO Ha JIOGOM cerMeHTe [—r, r] (r>0) ans ocraTo4HOro
yJeHa cOpaBeJIMBa CJeldylolias OleHKa:
e

R 6.64
[Reta (01 < == (6.64)

B. f(x) =cos x. ITockombky  f™ (x) = cos (x + n—?—)

0 Ipd HEYeTHOM 1,
F (0) = cos (n i) — » _
2 (___1)7 NpH YEeTHOM 71,
dopmysna Maksopera (6.54) nmeer BHA
A non

cosx—l—?+—4'———+ +(—1)72 —fn!—+Rn+‘2(x), (6.65)

rjJe n — 4YeTHOe YHCJO, a OCTATOYHLIH UJIEH B q)opMe Jlarpamxa pa-
BCH

R 4 (x) = cos (Gx +n— +n) 0< 8<1).

xn
(n+2)!
Ha mo6om cermedte [—r, r] (r>0) noaydaem [js1 0CTaTOYHOrO ujieHa
oneHky (6.64).
I. f(x) =In(1+x). [Tockoabky

. [ (x) = (— 1)y (LIE;TI))':' f(O) = 0, f® (0) = (— 1)~ (n— 1)1,



254 Ta. 6. OcHoBlpie TeopeMH 0 ju(pdepeHHHpyeMbX DYHKIHIX

$opmyna MakJjopena (6.54) umeer BHJI
n(l +x) = x——-——’;i—f— §—§+ e (= X LR _14(x). (6.66)

OCTaTOYHBIH YJIEH Ha TOT pa3 3anuiueM H oleHnM H B (opme Jlar-
paHxka, H B popme Kon:

(— 1)n gt
(n+-1)(1 + Bx)ntt

R 41 (x) = (—=1)rxnt! a—(—:_—;;;?—;- ‘(8 popme Komm).  (6.68).

Rptr (%) = (B dopme Jlarpamnxa).  (6.67)

)

s ouenkn GyHkiuu In(l-+x) Ans 3HaueHuH x, IpHHAAJNEIKAIIHX
cerMeHTy 0<x<1, ynobHee HCXOAHTb H3 OCTAaTOYHOTO WjeHa B Gopme
Jlarpanxa (6.67). Ilepexons B popmyane- (6.67) K MOAYJSIM, NONYYHM
JUIsT BCEX X M3 CEerMeHTa 0<x<1

IR 41 (0 < T (6.69)

Y13 ouenkn (6.69) oueBuaHo, uTO A1 Bcex x M3 cermenta O<x<l
Rat1(x)—0 npu n—oo.

Onenum Temnepb QYHKUHUIO 1n(1+x) IJIst  OTpUILATENbHBIX 3Haye-
HHE x H3 cermeHTa —r<x<0, rae 0<r<l1. [das storo 6yneM HCXO-
ZHUTh U3 ocTaTouHoro uneHa B ¢popme Kown (6.68).

ITepenuiueM 3TOT OCTAaTOYHBIH YJIeH B BHAE

Rytr (%) = (— 1) (

1—6 \n xntt
1+9x> i+46x "

IlpuHuMasi Bo BHUMaHHe, 4TO AJAs pPacCMaTpUBaeMBIX 3HAYEHHH X BbI-
paxenHe < 1, u nepexoass B ¢opmysae (6.70) k Moay.sm,

(6.70)

1+ 0x
OyneM HMeETb
rh n+1

—r

[ Rty ()< (6.71)

Tak xak r<l, To omnenka (6.71) mno3BoJsieT YyTBEp¥KaaTh, YTO
lim R, 4, =0.

N=>w®

f(x)=(1+x)% rme o — BemecTBeHHoe uHcJa0. IlOCKOJNBKY
fo(x)=a(a—1) .. (a—n+1)(1+x)*n,
fm(0)=a(a—1) ... (a—n+1),

* Ewe pa3 orMerHM, uto B dopmytax (6.67) u (6.68) 3nauenus 0O spasioTCH,
BOOGIIe roBOPH, PA3/JHYHBIMH.
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dopmyna Makaopena (6.54) umeer BHJ

a{a—1)

2
o X4 o0+

(1+x)a=1+%x+

Lo a—=b ... (@=n+t]) X+ Rogq (%), (6.72)

n!

rJe OCTaTOYHLIH ujeH B ¢opme Jlarpanxka paBeH

Ry (1) = I Lot (14 02t 20410 < 0 < 1), (6.73)

B uwacTtHoM cayuwae, Korja a=n — HaTypajJbHOE UHCIO, Rnii(x)=0,
H Mbl IOJIY4HM H3BECTHYIO M3 3JeMEeHTapHoOro kypca ¢opmyay GHHOMa
Heiotona

(n— 1)

(1+x)"=1+—x+ b S ST (6.74)

Ecau Hy>XHO NOJY4YHTH pasjoxeHHe He AByuneHa (l+x)7, a nByune-
Ha (a+X)", TO MOXKHO BBHIHECTH @™ 3a CKOOKY M BOCIOJIb30BaThCs
¢dopmyaoii (6.74). Ilpu sToM nosyuum

(a—.Lx)":a”(l-}——x-)":
\ a

1 (2] S (£

Taxkum obpasom, o6wuil cayvaii 6uHoma HploToHa siBJIsieTcs] YaCTHHIM
cayyaeM gopmyabsl Magrmopena.
E. f(x) =arctg x. [TockosbKy

f (x) — ﬂ)‘—n -sin [n (arctgx + —H—H
(a7 e
(cM. npumep 5 13 0. 2§ 6 1. 5), TO
0 NpH YETHOM A,

fm (0) [ =l
(—1) * (n—1)! npu HeueTHOM 7,

1 ¢opmysa MaxkaopeHa (6.54) npuHHMaeT BUE

- n—1 n
aretgx=x — 2 4+ 2 X o4 (—1) T =4 Ry, (), (6.75)
7

3 5

rAe n — HEeYeTHOEe YHCJIO, a OCTATOUHHIH YJIeH B q)opMe Jlarpanxa
paBeH
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. T ,
e sin ‘i(n+2) (arctgex—}— ?> ] 0et 1
(n+2) nt2 O<o<).
(807 2
Ilas ocraTouHoro ujeHa Ha JioBom cerMmente [—r, r]  (rae
r>0) cupaBaenuBa OUEHKA

‘Rn+2 (x) | <

R4 (x) =

rnte
(n+2)°

U3 ouenku (6.76) oueBHIHO, uTo NpH J060M r<1 OCTATOUHBIN
ujieH Rpt2(X) CTPEMHTCS K HYJIO NPH H—> 0O,

(6.76)

§ 10. TIPUMEPbI NPWJIO)XEHUN &OPMYJIbI
MAKJIOPEHA :

1. Bouncnenne yucaa e Ha IBM, B n. 3 § 2.3 MBI BBeqtH uncso @
1 n
KaK Tpeies TOCJAeA0BaTeNbHOCTH {(1 -i——-) ] ‘H NOJAYUYHJAH AN €
n

rpy6y10 OLeHKY BHAA 2<e<3.

B sTOM nyHKTE MBI yKamKeM, Kak BBIYHCJMTb YHCJIO e C Ja06o# HH-
Tepecyiolleil HaC TOYHOCTBIO. ‘

Bocrosibzyemest popmydoii Makaopena (6.61) u oneHkoit ocratou-

HOrO yjeHa (6.62%), MoMOKHUB B 3THX popMyaax X=r=1. Mbl n0JyduM
NIpH 3TOM, 4TO :

e=1+——4+L o  +Lir . (6.77)
11 2! n! .
rje )
e 3
IRt (DI RN < PRI (6.78)

Buibupas Homep n B (6.77) u (6.78) mocTaTOYHO OGOJNBIIMM, MBI
MOXKeM OLEHHTb ¢ MOMOIIBI0 THX (OpMYya uHca0 e ¢ aoboil Hanepen
3a/laHHOM MHTEpecyloliell Hac TOYHOCTBIO.

ASTOPHTM BLIYHCJEHHS WHCJA e, OCHOBaHHbIH Ha dopmynax (6.77)
u (6.78), Jyerko peanusyercss Ha 3JEKTPOHHO-BBIYUCJIUTENbHBIX MallUH-
Hax.

M npuBejeM DpHMep BHIYHCJACHHSA YHCJA € 110 3TUM (dopMyaaM Npu
n=400. Boigucjenust Besiuch B MI'Y Ha 3J1€KTPOHHO-BEIYHCAHTENBHOM
Mamuae BOCM-6 ¢ 600 snakamH nocje 3ansaToil. YYUTHBAS BO3IMOXK-
Hble OMIHOKH OKPYIJIeHHs, Mbl oTOpocHaHn nmocieinue 10 3HaKOB H IIpH-
BOJLAM De3yJibTaT BhUKMCIeHHA ¢ 590 3HaAKaMu 1ocje 3ansaToi *:

2,718281 828459 045235 360287 471352 662497 757247 093699 959574 96696?7
627724 076630 353547 594571 382178 525166 427427 466391 932003 059921

* Tlns uurateneff, 3HAKOMHX CO CTAHAAPTHHM  aJTOPHTMHYECKHM  SISHIKOM
AJITOJI, wua c. 261 npHBéReHa 3alHCAHHAS HAa 3TOM SA3blKe UpPOrpaMma BLIYHC-
JIeHUH. .



§ 10. I1puMepnt mpuaoxkeHui GopMyns Marjaopera 257

817413 596629 043572 900334 295260 595630 738132 328627 943490 763233
829880 753195 251019 011573 834187 930702 154089 149934 884167 509244
761460 668082 264800 168477 411853 742345 442437 107539 077744 992069
551702 761838 606261 331384 583000 752044 933826 560297 606737 113200
709328 709127 443747 047230 696977 209310 141692 836819 025515 108657
463772 111252 389784 425056 953696 770785 449969 967946 864454 905987
931636 889230 098793 127736 178215 424999 229576 351482 208269 895193
668033 182528 869398 496465 105820 939239 829488 793320 36..

Takum o6pasom, HcnoJab3oBaHue Gopmynsl MakiaopeHa JaeT BO3-
MOXKHOCTb BBIYHCJIHTD e C J1060# HHTepecylollledl HaC TOUHOCThIO.

2. loka3aTeabCTBO MPPALMOHAJBHOCTH yHucaa e. Jlokaxkem Tenepb
¢ noMowb Toi Ke dopmynnl MaknopeHa (6.77), uTo yuClO e gBJIsIeT-
¢l HppalHOHAJAbHBIM.

Hcnoabayem anast Rn41(1) popmyry (6.62), momoxkuB B Helr x=1.
Mpsl nogayuum, uro,

9
ot (1) = ————— 6.79
Royi ()= TR (6.79)

Ie 0 — HEeKOTOpoe YHCJO, YAOBJETBOpsAIOLIee HepaBeHcTBaM 0<<O<1,
W3 atux HepaBeHcTB H U3 (6.79) BbITeKaer, 410 Rp4i(l) ynoBaerso-
psieT HepaBeHCTBaM

(n+l ——— < R (1)< —— ” —l—l)l (6.80)

Hrak, ana e cnpaBeiynBo npejcrasienHe (6.77) ¢ HepaBeHCTBAMHU
135 Rpiq(1) Buma (6.80).
ITpeAnos:KUM Tenepn, YTO YHCJIO e ABJISETCS PalMOHAJbHEIM, T. €.

m
€ro MOKHO NPEACTABHTE B BHIE €=—" jie m W 1 — HEKOTOPHIE LeJEIe

MOJIOXKHTENbHEIE YHCJIA, BTOPOE H3 KOTOpblx (n), MBI, He orpaHHuHBas
OOIIHOCTH, MOXEM CUYHTaTh He MEHbIIUM ABYX?¥,
Bruibupas B ¢popmyne MaxkyopeHa (6.77) HoMep n paBHLIM 3HaMe-

o m
HaTeJI0 PalHOHAJbHOH APOOH €= —, MHl MOJYYHM, YMHOXKaa (Gop-
n

Myay Maknopena (6.77) na nl, uto Kaxjae U3 uuces nle un! (l +

1 1 '
+_1—'+ oo — ABJSETCS LeNbIM, B TO BpeM A KaK YHCJI0 1! Ryt B

cuy HepaBeHcTB (6.80) yaoBiieTBopsieT YCaI0BHAM L
.n

. <! Ropa (1)<
% m
Ecan GH B NpeACTaBJCHHH e = = MHCIO 7 0Ka3aJ10Ch DABHHM eIHHHI, TO

12m
MB B3AJaH Osl SKBHBAJECHTHOe eMy NpeACTaBJeHHe € = —— 1+ B 3HAMeHAaTejle KOTO-

POro CTOMT YHUCI0 2n=2,

Q 3ak. 72
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< T B 3aBeJOMO He sBJjsercs LeJabM *. Takum obpasoM, mpH
n

yMHOXKeHHH (opmyasl MaksaopeHa (6.77) Ha umucso a! MBI HOJyuaeM
COOTHOILEHHE

1

1,1 -~ ’
nl e—nl (1 + b e —i—-;)—nl Ray1 (1),

B JIEBOH YaCTH KOTOPOro CTOHT LeJ0€ YUCJO, a B npaBon 4acTH — YHC-
JIO, He sIBJIsIONIeecs] LEJbIM.
MbI notyyaem npoTHBOpPeuHe, KOTOpoe llOKaSbIBaeT YTO Hallle Npex-
' IOJIOJKEHHE O TOM, YTO ¢ — panHoHaJbHOE YHCJIO, sIBJAsSeTCS OIIn6oyY-
HBIM,

HppannoHaabHOCTb € JOKa3aHa.

3. BbluHc/ieHHe 3HaYeHMil ' TPUIrOHOMeTPHYeCKMX (YHKHMiA. Jlerko

y6enuThcs B TOM, UTO 3HAUeHHSI TPUTOHOMETPHUECKHX QYHKIHUH sinx H

. n
COS X ANS X, IPHHAMJIEKALIUX CErMEHTY [0, TJ’ TIOJIHOCTBIO Ompeje-
JSIOT 3HAYeHUsT 3THX pyHKuuil pjs Bcex x. [ToaToMy MBI MOxkeM orpa-

HHUHTBbCS BBLIUHCJEHHEM SinX W cOSX [Jd 3HaueHWH X U3 yKa3aHHOTro
cermenTa. JKenas obecneunth TOYHOCTH 10—, mnoJOXKHM B ¢opMmyse

(6.63) u B ouenke (6.64) n=>, rz%- Toraa
Tt \7

| Rato(¥) | = | Ry (9) | < ———— ( <1074,

H MO3TOMY MJsi Jio6Oro X, YAOBJETBOPSIOUIETrO YCAOBHIO |Xx|<C
¢ ToyHOCTBIO o 10—

3 5
slnxzx__-x_ ..f_.
6 . 120

Ananoruuso, nonarasi B ¢opmyne (6.65) u B ouenke (6.64) n=86,
r=%, TOJYUHM '

/' n \
( )
!Rn-{—z(x)l = |Rg]| < al < 1073,
. m
HocraTouno yuectb, YTO B NPEACTABJEHHH € == ——> KaK yXKe CKAa3aHO BhILle,
n -
. , 1 s
MOXHO CYMTAThb n=>2, a NpH n>2 W3 HEPABEHCTB —— <<l Ry (1) <
n-+1 ) n—+1

BHTeKaeT, 4T0 0<n!R,y41<1, T. €. n!Rn 4 (1) He ABASETCH LETBIM.
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n
# NO3TOMy s JI000ro X, yAOBJETBODPAIONIEro YCJOBHIO [x]| < -

« TOYHOCTBIO A0 10-3
cosx =1 _i+i~£_
2 24 720

4. ACMMNTOTHYECKAas OIEHKAa 3JeMEeHTapHbIX (YHKUHMH W BBIYHCJE-
uue npefenos. Popmyna Teitmopa — MaknopeHa saBAAETCS MOILIHBIM
CPEJCTBOM LIS BBHIYHCJIEHHS TOHKHMX IpepeJioB.

W3 ycranosjaenHoro HaMmu B 1. 2§ 9 pasjoxenusi psjfa s/JeMeHTap-
HBIX (QYHKUHME BLITEKAIOT aCHMITOTHYECKHE * OEHKH 3THX (YHKUH,
XapaKTepH3YIOLIMe HX MOBEJEHHE B OKPECTHOCTH TOUKH X=0, T. . IIpH
MaJbiX 3HAUEHHAX |X| C TOYHOCTBIO [0 WIEHOB JIOOOH CTENeHH 7 Ma-
JIOH BEJIHYHHBL X,

Beps B ¢opmynax Maknopena Ans (QyHKuui €+, sinx, cosx,
In(1+x), (14x)* u arctgx ocrartounsiii uien B ¢opme Ileano, msl
TOJIyYHM, uTO JJis JioGoro HoMepa 7 CIHPaBeAJIMBH CJEAYIOUIHE OLEH-
KH: '

PR ST Nl o n
=1+ 4k o),

] %5 %7

i = —— e e e 2n4-2

sinx = x 3l + 5 7 4. (=1 @ l)l+o(x )y
] 8 X 2nt1

cosx=1 ol -+ a o + oo+ (=1 (zn)!+o(x ), (6.81)

P O . 1 X n
In(l+x)=x 2+3 .4+...—|—( 1) n+o(x),

:(1+x)¢=1+-ﬁ—‘x+-°i%'!—12x2+
'+G(a~—~l)‘.’.1.! (a’_n_*"l)xn_}_o(xﬂ),
3 x5 X7 x2ntl
= e e e D N\ 2n42y
arctg x =x s T3 - + +(—1) o1 + o (x?1+?)

IIpuBeneM npuMeph HCIONb30OBAHHS ACHMIITOTHUECKHX OLIEHOK
(6.81). .
1°. Tlpusnexast BTOpyI0 u3 oueHok (6.81), BasTyo npu n=1, BH-
YHCJAUM TIpefied

X3
B x——=+40(x4) —x
. SItX —Xx .
lim———==1im 3
x>0 x3 %0 x3

* QOopMyJay MM OUEHKY, XapaKTepHsVIOU[yl0 IOBejeHHe GyHKuuu f(x) mnpu
x—a (B JaHHOM cniydyae npu x—0), HA3HBAIOT ACUMATOTHYECKOMH.

9*
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x2

2
. e —00S X
2°. I=1im _—
x-0 x3sinx

Hcxonst M3 BUAA 3HaAMeHaTelss, MOXHO 3aKJIOUUTh, YTO Onpeje-
JSIOULYIC POJib AOJKHB HIpaTh YJIEHH 4eTBePTOro INOpsJAKa OTHOCH-
TeJbHO X (160 sinx=x+o0(x)). [loabsysce (6.81), MOXKHO 3amUCaTh:

x? x? ;
cosle-—E—{-—‘l—!——l—o(x"’), (6.82)
sin x=x-+4o0(x), (6.83)
ez=1+z+-z;—+o(z2). (6.84)
x2
3HayHT, IpH 2= — =5 moaydnm
e 2:1—1‘;-+_’;i+o(x4). (6.85)
Us popmya (6.82), (6.83) u (6.85) caenyer, uto
N S R
T T S A A g Tl 1,
I=1im =lim—— = 3
%0 x4+ o0 (x%) 0 1 o (x)

. o (x%)
(3necs cumBosioM o (X) MBl OOGO3HAUHJAH BEJHUYHHY o ABIiO-

mytocss GeckoHeuHo manaofl npu x—-0.)
1

3° I=Ilim

R x (sin x—x)
x=0 <

cos x +7)

1

O603HauuM uepe3 Yy BEIHUHHY

2 \ X (sin x—x)
y= <cosx + —2—> . Torma I=1limy. Ilposorapudmupyem y
x—0
(Tak Kak IPH MaJbLIX X 3TO BbIpaXKeHHe NMOJOXHTEJIbHO) !

! ln(cosx—}——f;j).

x (sin x — x)

x2
In (cos x4+ ———)
. . 2
Briuncanm limlny=1im .
x=0 x50 X (sinx— x)

Iny=
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2 x4 R 3
INockonbky cosx=1——f2—+—2—+o(x5), smx=x——2—+o(x4),

all ).

——’;~+o(x-")

NOJTYYHM limlny=1im
X0 x—0

Yutem renepsb, uto In(l4+2) =2+o0(2). U3 srtoii popmynsl

il 5y | — X 4
ln(l -+ ” +o(x )) ” + 0(x*). Taxum obpaszom,

B It
. . 24+°() o T I
limIny=Ilim =11m——1—————_—___4_-
X0 x—>0__6_+0(x5) x—>‘o __6_+0(x)
.
Orciozia I=limy=e
X0

INporpamma BbluKCJAeHHs YHCAA €

Cucrema Arcon—B3CM6, sapuanr 10—-12—-69
begin integer i, c, p, n, m; integer array a, b, e [0: 601};
m:=400; marg (39 50, 39 10, 0, 0);
e[O] =1; b{0]:=
for 7:=1 step l untnl 601 do
afil:=b [i]: =eli]: =0;
for n: =1 step | until m do
begm for Z: =0 step 1 until 600 do
afil: =bli}; ¢c: =a[0];
for i =0 step 1 until 600 do
begin b [{]: =c+n;
c:b——(c—nxb[i])X10+a[i+1] end
for £:=600 step—1 until 0 do
begin CO =e [i]+b [i]+p;

p:
if ¢<10 then e[i]: =c else
begin efi]: =c—10; p: =1 end

end

end

for n: =1 step 1 until 6 do

begin output (‘10/, 'zd.’, e[0]);

. for i: =1 step 1 until 590 de
output ('zd’, e[i])

end
end



I'masa 7

HCCAENOBAHHE TPA®UKA ®YHKIIUHU
W OTbICKAHHUE 3KCTPEMAJIbHBIX
3HAYEHHUHA

B Hacrosimeii riiaBe Mbl NpHMEHHM paspaGOTaHHBIH B IpeAbILY-
IHX ABYX IJaBax annapar Au¢gepeHUHaJbHOIO HCUHCIEHHA MJIS UC-
credosanus epaurka yHKYUU W VIS OTLICKAHUA KAK JAOKAAbHBLX,
TAK U 2A00AAbHBIX IKCTPEMYMOB (PYHKYUL.

§ 1. OTBICKAHUE CTALLHOHAPHbBIX TOYEK

1. Hpusnakn moHoToHHOCTH GyHKuMM. M3 mnpenwiayme# raapw
MH yXKe 3HaeM, 4TO H3ydeHHe Bompoca 06 yyacTKaxXx MOHOTOHHOCTH
Juddepennupyemoit GyHKUMH [(x) CBOAMTCH K HCCAEOBaHHIO 3HAKA
mepBoi IPOU3BOTHON 3TOH (QYHKIIHH.

Has ymo6etBa chopmysiupyeM elie pa3 HalAeHHblE HAMH B
npeAblAyIued IViaBe YCJIOBHA MOHOTOHHOCTH (DYHKIIHH.

1°. [laa to20 urobor Ougpgpepenyupyeman Ha uuntepsaise (a, -b)
pynkyusn f(x) He yboisara (e so3pactara) na ITOM uxTepsaie, He-
o6xo0umo u AocraTowHo, urobor npouzseodHas f['(x) aToi GyHKkyUL
bvira neoTpuyaressna (HeNoAONCUTEALHA) 6CIO0Y HA JTOM UHTep-
saze. :

2°. [asn 1020 urobul Oudppepenyupyemas na uurepsase (a, b)
pyuxyus f(x) eospacrara (ybeiéara) na unrepsaise (a, b), docra-
TO4HO, 4T066L npoussoduas f/(x) 6Gviaa noaoxcuresvna (OTpuyaTeNd-
Ha) 8clo0Yy Ha 3TOM unTepsase.

HafizemM yuaCTKM MOHOTOHHOCTH (yHKUHH [(Xx) =x3 — 3x2 —4.
ITpoussonnas ' (x) =3x(x—2) 3710# - QYHKUHMHE NOJOKHTEJbHA TNpH
—o0<x<0, orpunareabHa npu 0<x<2 u moNOKHTENbHA mpH 2<
<x<+o00. Tlo3TOMY, COrJIaCHO CKa3aHHOMY, HaHHas QYHKUuA [(x)
BO3pacraer Ha noaynpsmoni (—oo, 0) y6uiBaer Ha uutepsate (0, 2)
H BO3pacraer Ha moaynpsimoil (2, 4-oo). '

I'paduk sTo#l dynKUHH W300pakeH HA puc. 7.1.

2. OrbicKanMe CTaUMOHApHHIX TOYEK. HamoMHHM- onpeneneHHs
JIOKaJbHOTO MAaKCHMYMa H JIOKAJbHOTO MHHHMyMa (YHKIIHH.

Mycro ¢pynxyus [(x) onpedesena scrody 8 HeKOTOPOLi OKPeCTHO-
ctu Touku c. Toeda ata QyHKyus umeer 6 TOUKe C NOKQAAbHGLE MAK-
cumym [uau COOTEETCTBEHHO AOKAAbHBLE MUHUMYM], eCciu Cyuject-
8YeT TAKAR OKPEeCTHOCTb TOYKL C, 4TO OAs B8cex TO4eK 3TOli OKpecT-
HOCTU 3Hauenue [(C) seAAeTCA HaAuboAbWuUM [UAU COOTBETCTBEHHO
Haumenovuum] cpedu scex snauenud f(x) aroi pynxyuu.
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JIOKaJbHBIH MaKCHMYM M JIOKAJIbLHEI MHHHMYM OGBEIHHSIOTCS
o6IUHM Ha3BaHHEM JOKAaJbHH#E 3KCTPEMYM.

B § 1 npeppiaymeli riiaBel HaMH GBIJIO YCTAHOBJEHO HEOOXOAHMMOeE
yeaosre skcTpeMyMa auddepeHunpyeMoil B JaHHOH TOuKe (YHKIHH.

ITO yCJIOBHE HMEET CJeNyIo-
WHA BHA: ecau QYHKYuU Y=
=f(x) Ougdepenyupyema s
OaHHOLl TOuKe C U umeer 8 31Ol
TOUKE AOKAAbHBLL 3KCTPEeMYM,
ro §(c)=0.

Buvecte ¢ TeMm B § 1 ro. 6
610 yKasaHo, uTo oOpalieHHe
B HyJb IPOHU3BOJHOH sIBJsETCA
TOJBKO HeOOXOAMMBIM H He
ABJAAETCHA JOCTAaTOUYHBIM
YyCJHOBHEM JIOKAJbHOTO 3KC-
TpeMyma Jubdepennupyemoir B
JAHHOH TOuKe (PYHKIHH.

Tax, dynkuua  f(x)=x*
HMEeT INPOU3BOAHYIO f'(Xx)=
=3x2, o6palanmyiocss B HYJb .
B Touke x==0, HO HHKAaKOro
SKCTPEMyMa B 3Toit TOuKe x=0 QyHKuHs f(x)=x? He umeer (rpadux
3TOH (YHKUMH cM. HA puc. 6.2).

. Touxu, & xoropoix npoussodnas [’(x) ¢ynxyuu f(x) obpawaerca
8 HYyav, 6ydem HA3bIBATG CTAYUOHAPHOLMU TOUKAMU (PYHK-
yuu f(x). . ; ,

Kaxpas craunoHaphasi TOYKa —3TO TOYKAa BO3MOXKHOTO 3KCTpE-
MyMa QyHKLHH. .

Onnako cpmenaTh 3aKiiOueHHE O TOM, 4TO B JAHHOH CTAIHOHAP-
HOH TOYKEe Ha caMOM Jejle HMEeTCsi 3KCTPEMYM, MOXKHO.JHIIb Ha OC-
- HOBAHHH JONOJIHHTEJbHOIO HCC/IEOBAHHA, AJS NPOBEJEHHST KOTOPOro
MBIl JOJIKHB YCTAHOBHTb A OCTAaTOYHBIE YCHAOBHS 3KCTpE-
Myma. - . :

Takue ycnoBust GyAyT yCTaHOBJEHH B GJMXKAHIIMX TPeX NYHKTAX.

3. NepBoe nocTaToyHOE YCIOBHE IKCTPEMyMaA.

Teopema 7.1. Mycre ¢ynxyua [(x) Oupgepenyupyema ecrody
8 HeKOTOPOU OKPecTHOCTU TOYKU C, U NYCTb TOUKA C SBAAETCA CTA-
yuonaproi toukol ¢ynuxyuu f(x). Toeda ecau e npederax yxasau-
HOU OKpecTHOCTU npousgodnas [’ (x) nosoxmuressna (oTpuyarensna)
c/aesa OT TOYKU C U OTPUYATEAbHA (NOAOHCUTEAbHA) cnpasa OT TOYKL
€, TO pynxyus f(x) umeer 8 Touke ¢ AOKAAbHGIL maKCumym (MUHU-
mym). Ecau oe 6 npederax yxaszannoii OKPECTHOCTU TOHKU  RPOU3-
sodnas '(x) umeer oOun u ToTr e 3Hax ciesa u cnpasa or TOoYKU
C, TO 3KCTPeMyMa 6 Touke C Her. _ . :

HokasateancrBo. 1) Ilycte cHavasa npOH3BOZHAS F(x) B
npefesiaX. pacCMAaTPHBAEMOM - OKPECTHOCTH ITOJIOXKHTEJIbHA (OTpHIIA=

Puc. 7.1
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TeJbHA) cJeBa OT ¢ M OTpHIaTeJbHa (NOJOXKHTEAbHA) clpaBa OT C.
TpeGyeTca A0Ka3aTb, YTO 3HaueHHe f{c) sBifercs HaHOOMbIIMM (HaM-
MEHBLIMM) CPelH BCeX 3HadeHHH [(X) B paccMaTpHBaeMOH OKpeCTHO-
ctu. O6o3naunM uepes xp 4/060e 3HAUYEHHE apryMeHTa M3 pacCMaTpH-
BaeMOH OKPECTHOCTH, OTJIHUHOe OT ¢. JLocTaTouHO H0Ka3aTh, 4TO

f(c) —F(x) >0 (<0).

Tak kak ¢yukuus f(x) auddepeHunpyema BCIOAY B paccMaTpH-
BaeMOH OKPeCTHOCTH TOYKH ¢, TO Ha CerMeHTe, OFDAHHYEHHOM TOYKa-
MH ¢ H Xo, A5 (YHKUHH f(X) BBINOJIHEHBl BCe yCJOBHA Teopembl 6.4
Jlarpan:xka. B cuay 3Toit TeopeMu

(o) —F ) =F (€) (¢ — o), (7.1)

rae §-— HEKOTOpPOe 3HAUGHHe apryMeHTa MeXAy ¢ H Xo. I10CKOJBKY
npousBoAHas f'(E) mosoxuTenbHa (OTpHLUATENbHA) DNpH Xo<C H OT-
punarejbHa (IONOXKHTeNbHA) NpuU Xo>C, INpasasa 4actb (7.1) moJo-
XKHTeJbHA (OTPHUILATENbHA).

2) Ilycrb Temepnr mpousBogHasi [’ (x) MMeeT OJHH M TOT XKe 3HAK
caeBa u cnpaBa or ¢. O6o3HauasA, KaK M BhHILE, Yepes Xxo Jwboe 3Ha-
yeHHe apryMeHTa, OTJMYHOE OT ¢, M NOBTOPsis IIPOBeHEHHBbIE BBIlle
paccyIeHusi, Mbl Tenepp HAOKaxeM, yTo npasasd yacTb (7.1) umeer
pasnble 3HAKH IPH Xo<C H IPH Xo>>C. DTO HOKA3LIBAET OTCYTCTBHE
9KCTpeMyMa B TOUKe C.

BriTekamoiiee u3 TeopeMbl 7.1 MpaBHJIO MOXHO KPatko cpopMyJiH-
poBaTth TakK: 1) ecau npu nepexode uepe3 OanHYlO CTAYUOHADHYIO
TO4KY ¢ npoussodnasn [’(x) menser 3wak ¢ naoca Ha munyc (¢ mu-
HYyGa Ha naroc), To Gynkyus [(x) umeer 8 TOuKe C AOKAAbHOLY MAK-
cumym (munumym); 2) ecau sice npu nepexole wepe3 OAHHYIO CTAYUO-
HAPHYIO TOuKY ¢ npoussodnas ['(X) we MeHser 3HAKA, TO 3KCTpemy-
MQ 8 TO4Ke C HET.

Mpumepn. 1) Hairu touku sxcTpemyma Pyukyuu [(x)=
=x3-—3x2—4. TIlockoabky [’(x)=3x(x—2), 10 d¢ynkuust [(x)
¥MeeT ABe cramHoHapHble ToukH: x=0 u x=2. Ilpu nepexome uepes
Touky x=0 npousBojHas MeHsieT.3HAK C IUIIOCd Ha MHHYC, a NIpH Ie-
pexojie yepe3 TOUKy x=2-—c MuHyca Ha miaoc. CiefoBaTesNpHO, X=
=0-— TOYKa JIOKaJbHOIr0O MaKCHMyMa, a X=2 — TOYKa JIOKAaJbHOrO
MuHHMYMa (cM. puc. 7.1).

2) Haidiru rtouku akcrpemyma pynkyuu f(x) = (x-—2)°% TIlpous-
BoaHas ['(x)=5(x—2)* obpalaercs B Hy/Jb B €IMHCTBEHHOI TOUYKe
x=2. Tax xax ['(x) mnoJsoXHTeIbHA KaK cJeBa, TaK M clnpaBa oOT
3TOH TOUKM, TO (QyHKUHS f(x)=(Xx—2)° He HMeeT TOYEK 3KCTPEeMy-
ma. I'papuk dyukuuu f(x) = (x—2)° uzobpaxen Ha puc. 7.2.

HMHorza Boi3biBaer 3aTpyAHeHHe HCC/AeJOBaHHE 3HAKA TEPBOH NPO-
u3BOJHOM [’(x) cieBa m cnpaBa oOT craMuoHapHoi ToukH. Ha atoT
cayuall MBI yKaxKeM Jpyroe AOCTaTOYHOe YCJIOBHE dKCTpeMyMa B JaH-
HOH CTalHOHApHOW. TOYKe ¢, He Tpebymomiee HCCIeJOBAHHA 3HaKa
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f/(x) B OKpecTHOCTH ¢, HO 3aTO npednordzaioujee CYuecTé08aHUe 6
Touke ¢ OTAUYHOL OT HYAA KOHeunoil 8TOpPOL npousdsodHoii [ (x).

4. Bropoe H0CTATOYHOE YC/IOBUE IKCTPEMyMa.

Teopema 7.2. ITycro gynxyus [(x) umeer ¢ Oannoi crayuo-
HAPHOUi TO4Ke ¢ KOHe4Hyto 8ropyro npouseodnyio. Tozd0a (ynkyus
f(x) umeer g Touxe c aokarsHbul maxcumym, ecau f®(c) <0, u s0-
Kanrouoll munumym, ecau A (c) >0.

NokxasateabcTBo. M3 ycaoBua f@(c)<0 (>0) u u3 noka-
3aHHOW B Ii. 6 Teopembi 6.1 BhiTexaer, uro ¢ymkuus ['(x) ybuBaer
(Bospacraer) B Touke ¢. ITockoneky mno ycnosuio ['(c)=0, 10 Hail-

A
y=(x-2)*
8
_ £ D
o0/ 2 z 32
/ il
/
KL

Puc. 7.2 Puc. 7.3 -

JleTcsl TaKasl OKPECTHOCTb TOUKH ¢, B Npefesiax Kotopoit f’(x) moJo-
JXKHUTeJbHA (OTpHUATeNbHa) CJeBa OT ¢ M OTpPHIlaTesbHA (HOJIOXKH-
TesibHa) capaea ot ¢. Ho torma no mpeasiaymieit teopeme f(x) umeer
B TOUKE C JIOKAJbHBIH MaKCUMYM. (MHHHMYM)

3ameuvanue. Teopema 7.2 ummeer, BooOlle roBops, Gosee y3- -

Kylo chepy meiicTBus, ueM Teopema 7.1. Taxk, Teopema 7.2 He peniaer
Bonpoca 06 aKCTpeMyMe JJsi ciydasi, KOrjda BTOpas NPOH3BOJHAS
f®(x) He cyulecTByeT B TOUKe ¢, a Takxke JJsA CJaydas, KOTAa
f@(c)=0. B nocaennem ciyuae AJjs PelIeHHst BONpPOCAa O HAJHYHH
3KCTpPEMYMa HYXKHO H3YUUTh NOBeAEHHE B TOUKE ¢ NMPOMU3BOJHBIX BHIC-
WHX MOPAAKOB, YTO 6YAET CAENAHO HAMH HMXKE B II. D.

IIpumepsn. 1) B HemomemxkHylO waliky, uMmewoluyio ¢opMmy mHo-
Jyulapa pajauyca 7, ONYyLIeH OZHOPOAHBLIA CTEpPXKeHb JITHHBL
(puc. 7.3). Tlpegnonaras, uro 2r<<I<4r, HaliTH NOJIOXKEHHE DPaBHOBe-
CHSt CTEDIKHS. -

[TonoxeHn0 paBHOBECHS CTEPIKHSI COOTBETCTBYET MHHMMaJbHOE
3HAaYEHHE €ro NOTEeHUHaJbHOH 3HEPTHH, T. €. HAHHH3IIEE NOJOKEHHe
neHTpa ero TaxectH O (NOCKOJBLKY CTepKeHb HABJSIETCH OJHOPOJ-
HBIM, UEHTD THMKECTH Lro copmajgaer c¢ ero cepenunoi). Ob6oznauas
yepes OK nepneHAHKyJsip K IJIOCKOCTH, Ha KOTOPOH CTOHT dYallKa,
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MH CBeleM 3aJady K OTHICKaHHIO TOrO NOJIOXeHHs cTepkHs AB, mpH
Kotopom orpe3ok OK umeer MuHHMaJdbHylo manauHy. Ilpexpe Bcero
BLIYHCJAHM JJIHHY oTpe3ka OK Kak (QyHKUHIO yria o HakJOHA CTepX-
Hsl 'K IVIOCKOCTH, Ha KOTOPOH CTOHMT uaiuika. Ilycte npsmass DL ma-
paisenvna npsamoit OK, a npamas OC nepnenamkyisippa OK (D —
TOYKa, B KOTOPOH CTep:KeHb ONHPAETCS Ha KpaH YalIKH).

W3 paccmorpeHnuss mpsMoyrosbHOro TpeyroabHuka EAD cnenyer,

ut0 AD=ED cosa=2rcosa. Ilo ycnosuio AO=—;—. Taxum oGpasow,

Al

OD=AD—A0=2r cosa—-é—-.

C npyroit croponbl, DC=DL — OK=r — OK. Tloatomy u3s paccmoT-
peHHdst NpsIMOYyroJbHoro Tpeyroasuuka ODC cnenyer, 4To

oD l
2r cosx— )

Takum o6pasoM, miuHa otpeska OK, kotopyio MB ob6o3HauuM [(a),
paBHa ‘
. .
f(oc)=r+—2-smoc—rsm2a.
IlepexofuM K OTBHICKAHHIO TOrO 3Ha4YeHHs yria a, KOTOpPOe JOCTaBJsier

MuHEMYM f(a). (TTOHSATHO, 4TO MBI MOXKeM OI'pDaHHYUTHCS 3HAYEHHSIMH
yria o u3 nepBoil yerBeptH.) Tak Kak

) i 4 ‘
f' (@)= - cos a—2rcos2 o= —2—-cosoc+ 2r —4rcos? a,
TO CTAllHOHAPHBIE TOYKHM HAXOAATCS KaK pPelleHHsi KBaAPaTHOrO ypas-
HeHHs

4r cos? oc—-lg- cosa—2r =0.

ITockonbKy cOS o B nepBoil YeTBEPTH INOJIOXKHUTENEH, TO HaM IPHTO-
J€H TOJIbKO NOJIOXKHTEJIbHBH KOPEHb 3TOr0 ypaBHEHHS

14+ V1282 ’
16r ’ -2

COS Oy =

XoTd N0 CMBICJHY 3alaid H S$iCHO, YTO €IHMHCTBEHHas CTalHOHapHas
TOYKa Oo SIBASIETCSA TOYKOH MHHHMYMa (yHKuuH f(a), MB yCTaHOBHM
3TO CTPOFrO IpU NOMOMIH TeopeMH 7.2. Jlocratouno yGeqHTbCs B TOM,
uto [@ (ae) >0. [TockoabKy '

() = —17 sin a - 4r sin 2a = 8r sin cte (cosoc——-i—-) .

. \ 16r



§ 1. OThCKaHHE CTAUHOHAPHHIX TOYeK 267

TO B cuay (7.2)

f () = 8rsine, (cos aq——#> = %m"]/l2 + 12872 > 0.
Tem caMpIM YCTAHOBJIEHO, YTO IOJIOXKEHHIO DAaBHOBECHS CTEPHKHS OT-
BeYaeT yroJ HaK/JIOHAa €ro K IVIOCKOCTH, Ha KOTODOH CTOMP Yallka,
onpenensieMulit gopmydoir (7.2).
2) Eme pas Halilem TOuku SKcpreMyMa (yskuun f(x)=
=x3—3x2—4, CrauyuoHapHLIMH TOYKAaMH 3ToH (YHKIHH, KAK MH YXe
BHIENH BHIUE, ABJAIOTCH TOUKH x=0 n x=2. Tak kakK

@ (x) =6x—6, [@(0)=—6<0, [@(2)=6>0,

T0 B cuny teopeMu 7.2 ¢yHkuus f(x) umeer makcumym B Touke O m
MHHEMYM B TOuKe 2. DKCTpeMaJbHble 3HAaYeHHsl 3TOH (QYHKIMH DaBHH

fmax=f(0) =—4, [min=f(2)=—38.

5. Tperbe NOCTATOYHOE YCJIOBHE K IKCTPEMYyMa. YCTaHOBHM elle
ORHO Joctaro4HOe YCJOBHE JIOKAJBbHOTO 3KCTPEMyMa, NpPHIOfHOEe B
clyuae, Korja BTOpasi mpoH3BojHas (GYHKIMH B JaHHOH CTalHOHap-
HOH TouKe obpalllaeTcsl B HYJb.

Teopewma 73. Ilycte n>1— HekoTopoe HedeTHOe 4UCAO, U
nycte pyuxkyus y=7Ff(x) umeer npoussooHy> nopadka n 6 HeKoTopol
OKPEeCTHOCTU TOUKU C U npou3sodnyro nopsadka n-+1 8 camoli To4xe C.
Toz0a, ecau 86L10AHEHBL COOTHOULEHUA

F(e) =f®(c) = ... =f"(c) =0, D (c)=0, (7.3)

TO QyHKYus y=7F(X) umeer 8 TOUKe C AOKAAbHbLL 3KCTPEeMYM, TOYHee,
A0KAABRBLL makcumym npu forD () <0 u s0Karbubll MURHUMYM RPU
frth(c) >0. ‘

HoxkasateabctBo. I[Ipn n=1 Teopema 7.3 coBmamaer ¢ yxe
[OKa3aHHOU BBIlIe TeopeMo# 7.2, TaKk 4TO HYXHO BECTH AOKa3aTeb-
CTBO IMIIb NPH HEUETHOM n>3.

[lycTb HeueTHOe YHCJIO 7 YAOBJETBOPSET YCJAOBHIO n3>3, M NYCTh
panu onpenenenHocta f+1(c)>0. dokaxeM, uTo QyHKuHf y=](x)
HMEET B TOYKE ¢ JIOKAJbHHIH MHHHMYM.

Tak kak [+t (c)>0, To, B cuay Teopems 6.1 0 mocratounom yc-
JIOBUH Bo3pacTaHusi (QyHKUWH B TOuke, ¢(yHkuus f*)(x) Bospac-
tTaetT B Touke c¢. Ho rorma, mockoabky f™(c)=0, moxHo yTBep-
XKJAaTh, 4TO BCIOAY B JOCTATOYHO MaJsIOfl OKPECTHOCTH TOUKH ¢ (YyHK-
uus f(x) oTpHmaTeJbHA CJEBa OT ¢ M IOJOXKHTeJbHA COpPaBa OT C.

3ameTuB 3TO, PasNoXHUM (QYHKUHIO [/ (X) B OKPECTHOCTH TOUKH C
no ¢opmyne Teisopa, 3anucap ocrarounslilt uieH B opme Jlarpanxka
(cM. § 7 u 8 ro1. 6). MM nonydnM, 4TO AJS BCeX X M3 JOCTATOYHO Ma-
JIOH OKDECTHOCTH TOUKH C MEXAY X M ¢ HalijleTcl TOYKa £ Takasl, 4To.

Fo=f@+E2x—g+ .. +%ﬁ_”2¢)cz_(xfp)nfz+
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) 0 vaa
(n—1) (e=c)™

B cuay coorHowenuii (7.3) HanHCaHHOe pa3JioXKeHHe NPHHHMAET BHA

f () =L (e (7.4)

Boline MBI yCTaHOBHJIH, YTO MJIsi BCEX X M3 [HOCTATOYHO —MaJoH
OKPECTHOCTH TOUKH ¢ TPOH3BOAHast [(™)(x) oTpulaTesbHA cJeBa OT C
M IIOJIOXKHTEJNbHA clipaBa OT ¢. Tak Kak § JIEXKHT MeXAy X H C, TO
IJIg BCeX X H3 JOCTATOYHO MaJjioil OKPEeCTHOCTH TOUYKH ¢ BeJIHYHHA
f(n)(E) (a 3HAYMT, B CHJIy HEYETHOCTH n ¥ BCS mpasas yacth (7.4))
OTpHLIATeJNbHA CJIeBA OT ¢ U MOJOXKHUTEJbHA ClIpaBa OT C.

Urag, ¢ nomouipio pasenctBa (7.4) MB A0KasajH, uTo npous3sod-
Has ['(x) 04 scex x u3 GoCTATOUHO MQAOL OKPECTHOCTU TO4KU ¢ OT-
puyaresbHa caesq OT € U NOAOKHUTEAbHA Cnpasa OT C.

B sTo#l cuTyauuu, B CHJIY IepPBOTO JOCTATOUHOrO YCJOBHSI KCTpe-
myma (1. e. TeopeMmbl 7.1), dyHkumMa y=f(x) uMeer B TOUKe  JIO-
KaJbHBIH MHUHHMYM.

Cayuait fm+D(c) <0 paccmaTpuBaercs COBEpPIUIEHHO aHaJOTHUHO.
Te ke paccyxpuenus u dopwmysa (7.4) B 3T0M ciyuae AAOT BO3MOXK-
HOCTb 3aKJIIOUHTh, YTO GYHKIHS y={(X) HMeeT B TOYKE ¢ JIOKaJbHBII
MakcuMyM. TeopeMa moOJHOCTBIO AOKa3aHa.

Sameuanune. OueHp BaxKHBIM sBJseTCS TpeGOBaHWE HeUEeT-
HocTH uucia n B Teopeme 7.3. Ilpy weTHOM # M npu coxpase-
HHH BCeX OCTaJbHBIX YCJOBHI TecpeMbl 7.3 HHKAKOrO 3KCTpeMyMa y
bynkunu y=f(x) B Touxke ¢ He Oymer (CM. MO 3TOMYy NOBOAY Teope-
my 7.10 u3 . 5 § 3 atoit raashl).

6. dkcrpemym ¢ynkuun, HeauddepeHuUPYEeMOil B HaHHOH TOUKE.
Brime MBI paccMOTpesu BONPOC O HaJWYuM y OGYHKUHH [(X) 3KcTpe-
MyMa 8 TaKkol To4ke ¢, 8 KoTopol Qynxyus f(x) Jupdepenyupyena.
B 3TOM NIyHKTE Mbl M3YUHM BOIPOC O HAJIHYHH IKCTPEMYMa B TOUKe C
y Tako#l (pyHKIHH, KoTOpas HeAH(depeHUHpyeMa B TOUKe ¢, HO mud-
depeHIHpYyeMa BCIOJY B HEKOTOPOH OKDPECTHOCTH cOpaBa M cJeBa OT
¢ H, KpOMe TOro, HelmpephiBHA B TOUKE C.

OxkaswpiBaercsi, Teopema 7.1 Moxer ObiTh 0606IileHa Ha caydail Ta-
Ko#t ynkuuu. MMeHHO, nMeeT MecTO Cieaylollee yTBEPKACHHE.

Teopema 74. Ilycre ¢ynxyus f(x) Ouppepenyupyena s6ctody
8 HeKoTOpOll OKPEeCTHOCTU TOYKIU ¢, 30 UCKAOYeHUeM, GbiTe MOJCET,
camoil TO4YKi C, U HenpepovlsHa 8 Touke C.

Toz0a, ecau & npederax YKA3AHHOL OKPECTHOCTU nPoOU3BO0HAR
[’ (x) noaoscuresvna (oTpuyaressna) caesa or TO4KU ¢ u OTpUUQ-
TeAbHA (NOAOHCUTEAbHA) CAPABA OT TOUKU C, TO (pynKkyus f(x) umeer
8 To4Ke ¢ A0KaAbHoll maxcumym (munumym). Ecau sce npouszsodnasn
[’ (x) umeer oduwn u TOT dice 3HAK caesa u cnpasa OT TOYKU ¢, TO 3KC-
TPemMyMma 8 TOUKe C Her.
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JdokasaTenbCTBO B TOYHOCTH COBNAajaeT C J0Ka3aTelb-
CrBOM TeopemHl 7.1. )

" JlocraTouHO 3aMeTHTb, YTO YCJIOBHSL TeOpeMH 7.4 W Ha 3TOT pas
ofecneyuBaloT NPUMEHUMOCTb K f(x) TeopeMbl 6.4 Jlarpanxa mo cer-
MEHTY, OIDAHHYEHHOMY TOYKaMH ¢ H Xo, THE Xo— JI06oe uHCJIO H3
JOCTaTOYHO MaJIOH OKPECTHOCTH TOYKH C.

[Tpumepsn. 1) Hadru rouxu sxcrpemyma ¢pynxyuu f(x)=|x|.
drta ¢QyHKuHsA AuddepeHuHpPyeMa BCIOAY Ha GECKOHEUHOH npsMoj,
kpoMe ToukH x=0, u HenpepbiBHa B Touke x=0, nmpHueM IPOH3BO-
Had ['(x) paBna | npu x>0 # paBHa —1 mpu x<0.

Teopema 7.1 x 370l (yHKUMH HeNpUMEHHMa, a COIJIACHO Teope-
Me 7.4 oHa uMmeeT MUHUMYM nipu x=0 (puc. 7.4).

g4
y=lz|
Puc. 74 Puc. 7.5

2) Haiitu rouku skcrpemyma Gyuxkyuu y=x*3. dta QyHKUHS He-
npepeBHA Ha Bcell GeckoHeyHO! npsimolt u puddepeHuupyeMa BCIOAY
Ha 5ToH npsiMoi, 3a HckiaiouenneM ToukH x=0. [IpousBonHas npu
x+#0 paBHa

’

2
¥y =73

1

—
Vx

B npenplaymeM npumepe NMpoU3BOAHAS HMesna B Touke x=0 KoHeu-
HHI CKayoK *, Ha 3TOT pas MpOU3BOAHAs HMeeT B Touke x=0 paspbiB
2-ro pona («BeckoHeuHHIl CKadok»). M3 BhIpaxkeHusi A1 OPOHU3BOL-
HOU 3aKJ/IoyaeM, 4TO 3Ta NPOH3BOAHAS OTPHIATE]IbHA CJAEBA OT TOY-
ki x=0 W noJOXKHTEJbHA CcHOpaBa OT 3TOH TOYKH. HAYHT, Teope-
Ma 7.4 T103BOJNsAE€T YTBEPKIAThb, YTO paccMarpuBaemas (QYHKIHA

umeeT MUHHMYM B Touke x=0 (rpaduk paccmarpuBaeMoili QyHKUHH
w3o0paxen Ha puc. 7.5).

* B ToM cMHCTIE, YTO 3T4 NPOH3BOAHAS XOTA M HE CYHIECTBOBajAa B TOURE
x=0, HO HMena B 3TOH TOuUKe NpaBoe M JeBOE npeje/bHbie 3HAYEHHs, HE COBMa-
Jawliue Mexny coloH. :
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3) Haidru Touxu sxcTpemyma dynryuu

—=— npu x50,
y=f={ 14"
0 npu x=0.

Jlerko BumeTh, uT0 (GYHKIUS HeNpephiBHA Ha Bceldl GeckoHeuHOH npss
Mol. B camom jefie, €IHHCTBEHHOH «COMHHTEJbHOH» TOUKOH SsB*
Jsiercsl TOYKa x= 0 HO H B 3TOH TOuKe (yHKUMA HenpephiBHA, MO0
llmy_llmy 0.
x-0+4-0 x->0—0
[anee, OUeBHAHO, UTO paccMaTpuBacMas dyuxuust puddepennu-
pyema Ha Bcedl GeCKOHEUHOH NPSIMOM, KPOME TOUKH X= 0. Bcrony, kpo-
Me 3TOH TOUKH, NPOH3BONHAA ONpeLe/seTcs dopmyaoi
1 1

.
14 e” +——-ex
' X
Yy = T .
(1+e”y
. 1
Jlerko BHmeTb, uTO mpeaen lim 18 =1 _ Ilm——l— HZ cyule-
x—+0 X x>0 —_ .
l+e

CTBYET, TaK 4TO (pymmpm y= f(x) HepuddepernupyeMa B TOYKe
x=0. TTockosbKy npoH3BOAHAs Yy’ MNOJOXKHTEJbHA M CJl€Ba, H CIpPaBa
or ToukH x=0, paccmaTpuBaeMas (QYHKHMS COIJIaCHO Teopeme 7.4
He HMeeT 3KCTpeMyma B Touke x=0, a 3HAYuT, ¥ BOOOIUE He HMeeT
9KCTp7eIg})’MOB (Tpadux paccmatpHBaeMoit q)yﬂxuuu n3o6paxeH Ha
puc. 7.6.

z ' A
Y et y

8y

()
8y

Puc. 7.6 Puc. 7.7

7. O6mas cxema OTBICKaHHSI 3KcTpeMymoB. [lepexoauM kx obmeir
cxeMe OTHICKaHHsI TOYEK JIOKaJIbHOro skcrpemyma. Ilpeanonoxum, uro
pynxyus f(x) nenpepeisHa na unrepsase® (a, b) 'u ee npoussoaua;r

* Bmecro uHTepBaja (a, b). MO}KHO paccMaTpHuBaTh 6ecxox—xe!myxo HpﬂMYlO HIB
OTKPHITYIO HOJIYIPSAMYIO.
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-

(%) cyujecrsyer u nenpepoisrna na TOM UHTEpBase 6CO0Y, Kpome
KDHEUHO20 4UCAQ TOHEK.

KpoMme TOro, npeanosioxuM, 4TO npoussodua}z f'(x) obpawaercs
8 Wyas Ha unTepsase (a, b) He 6osee uem 8 KOHEUHOM 4UCAe TOHEK.
HHbiMu  cnoBaMmu, MB  npejnojaraeM, 4To Ha WHTepBase (a, b)
HMeeTCsT JIHIIb KOHEYHOe YHCJO TOYeK, B KOTODBHIX NPOH3BOAHas [ (X)
He CyLlecTBYeT WJH obpauaercsa B HyJab. O003HAUHM 3TH TOUKH CHM-
BOJIAMH X, X2, ...,%n (A< <Xx< ... <x,<b). B cuny chesanHbs
TP ANOIOKEHH I npoussoduaﬂ f(x) coxpauxer NOCTOsIHHbLE 3HAK HA
kandom us unrepsaros (a, x1), (%1, Xz),.., (Xxn, b). 3nauur, sonpoc
O HQAUYUL 3KCTPeMyMa 68 Kaxncooil u3 Touex X\, Xg, ..., Xn MOXCET ObLTH
pewen (8 YyreepOUTeNbHOM UAL OTPUYATEAbHOM CMblCAE) HAPL ROMO-
uwu reopemor 7.4.

§ 2. BBINIYKJOCTb TPA®PHKA ®YHKIUH

TIpennonoxum, yro dynxkuus f(x) nuddepeHuupyema B J1060H
TouKe MHTepBasa (a, b). Torma, kak ycranoBieHo B m. 3 § 1 ru. 5,
cyuiecTayer kacareavHas Kk epaguxy pynxkyuu y=f{x), npoxodasuas
yepes aobyo 1ouky M(x, f(x)) aroeo epagura (a<x<b), npuuem
aTa KacareivHas He napaasseavia ® ocu Oy.

Onpenenenne. bydem eosopurs, uto epapux Gyskygu Y=
=F(x) umeer Ha unrepsare (a, b) svinyxrocrs, HARPpasaeHHYyrO BHU3
(86epx), ecau epagur 3rol ynkyuu 8 npederax YKA3aHHO2O UHTEP-
BANQ NeHUT He Hudxce (He sviue) A0606 csoeil KacaTeabHOU.

3ameyanuune 1. Tepmun «rpaduk Jdexur He Hudxe (HWIH He
Boiue) cBoeli KacaTesNbHOI» HMeer cMblc], 60 KacarejabHass He Ma-
pasneabHa ock Oy.

yl

1 L
a

Puc. 7.8 Puc. 7.9

Ha puc. 7.7 uzobpaxeH rpapux (yHKIHH, HMEIOUHA HAa HHTEpBa-
Jie (a, b) BHNyKJIOCTh, HAaNpaBJeHHYI0 BHH3, a Ha pHC. 7.8 u30Gpa-
XeH rpaduk QYHKUHMH, HMEIOWUHA BHIIYKAOCTb, HANPaBACHHYIO BBepX.

* HGo yraosoii Ko3(dHUHEHT ee, PaBHHI NPOH3BOAHOR [’ (X), KOHeYeH.
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J

. Teopewma 7.5. Ecau ¢yukyua y=f(x) umeer Ha uHnTepsase
(a, b) KoHeunyto eTOPYO NPOU3BOOHYIO U ecAl ITa NPOU3BOOHas He-
oTpuyaTessHa (HENoAONUTEAbHA) 8COOY HQ JITOM uUHTepsasre, o
epagur gynxyun y=f(x) umeer na unrepsase (a, b) swvinyxaocrs,
HanpugaeHuyro snu3 (esepx). '

HokasatenbcTBo. Pagn omnpejieseHHOCTH paccMOTPUM Ciy-
yaii, Koraa Bropasi npoussogHas f® (x)=0 sciony na (a, b). O6o3na-
YuM yepe3 ¢ 4w06y0 TOUKy uHTepBana (a, b) (puc. 7.9). Tpebyercs
Ioka3zatb, uro rpaduk ¢yHkuuH y=f(x) B npelgenax HHTepBaJa

(a, b) nexuT He HMKe KacaTeJbHOH, NpPOXOAAILEH uepe3 TOUKY
M(c, f(c)). 3anumem ypaBHEeHHe YKa3aHHOH KacaTeJbHOH, 0003Ha-
yasi ee TeKymylo opaunaty uepe3 Y. ITockospky yrioBoli Ko3dduiu-
eHT lxasanﬂoﬁ KacaTenbHo#i paBeH f(c), To ee YypaBHeHHe MMeeT

BH]L
Y—f(c) =F(c) (x—c). (7.5)

Pasnoxum ¢yukiuio f(x) B oKpecTHOCTH TOUKH ¢ mo ¢opmyne Tei-
Jgopa, 6epa B saToil ¢opmyne n=1. [Tonydum

y=f0 =1+ T w—g+ LE gy, (16)

rZe OCTaTOYHBIH uieH B3sIT B ¢opMe Jlarpanxa, § 3ak/aI04eHO MeXKAY
¢ ¥ x. (ITockosbKY no yc/OBHIO f(X) HMeeT BTOPYIO IPOH3BOAHYIO Ha
" uHTepBase (a, b), dopmyna (7.6) cnpaBemauBa Ajsis Jgi060r0 X U3 HH-
teppaJa (a, b); cm. §§ 7 u 8 ra1. 6.)

Comocrasass (7.6) u (7.5), 6yaem uMerb

(2)
y—Y=% (x—0). 7.7

ITockoapky BTOpasi mpousBoiHas no ycjaosuio =0 Bciopy Ha (a, b),
TO npasas dactb (7.7) HeoTpugaresvna, T. e. AJa BceXx x u3 (a, b)
crpaBeliuBo y — ¥ >0, uau y>7Y. '

[Tocneanee HepaBeHCTBO MOKAa3HBaer, 4To rpadHk (QYHKUHH y=
=f(x) BCroay B Ipenesax HHTepBasa (@, b) JeXHT He HHXKe Kaca-
TeJabHO# (7.5). ’

AHaNOrHYHO HOKa3blBaeTcs TeopeMa st cayuas f@ (x)<<0.

3ameuanue 2. Ecau f®(x)=0 Bciony ua untepsane (a, b),
TO, KaK Jerko y6eiuTbes, y=f(x) — JuHeiiHast QYHKiHUSA, T. e. rpaduK
ee ecTb NpsiMas JHHMS. B 3TOM caydyae HanpaB/eHHe BBIIYKJIOCTH
\MOKHO CUHTATh IIPOHU3BOJIBHBEIM.

Teopema 7.6. Ilycre sropas npoudsodnas Gyrkyuu y=f(x)
HenpepoleHa u noaoxcuresvHa (oTpuyaressHa) e touke c¢. Tozda cy-
wjecTeyeT TaKAs OKPECTHOCTd ** TO4Ky ¢, 8 npedesax KOTOPOL zpagux

* YpasueHue MpsAMOfi, mpoxoxsmed uepes Touky M(a, b) u uMelOMmeR yriaoBoOH
ko3¢ duurent &, umeer Bug Y—b=£k(x—a) (cM. Kypc aHaJHTHYECKOH TreoMeTpHH).

w3 Hanomuny, uto0 OKDECTHOCTBIO TOYKH C Ha3blBAae€TCs MHTEpBAJ, COMCpIKaIHi
TOYKY C. ’
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Pynkyun y=7Ff(x) umeer GuINYKAOCTb, HANPABAEHHYIO 6HU3 (88€pX).

JokaszareancTtBo. [lo TeopeMe 00 YCTOHYHBOCTH 3HAKa He-
NpepLIBHOH (QYHKUUH HAHJIETCH TaKasl OKPECTHOCTh TOYKH ¢, B TNpeje-
Jax KOTOpoH Bropasi mnpousBoiHas f®(x) mnosoxureapbHa (oTpHua-
TenbHa). Ilo mpeablayieit TeopeMe rpaduk QyHKUHH y=f(X) umeer
B Ipenenax 5TOH OKPECTHOCTH BHIIYKJIOCTb, HANPAaBJEHHYIO BHH3
(BBEPX). ‘

Taxum obpasom, Hanpasierue - BINYKAOCTU epapura GyrRKyun
NOAHOCTHI0 " XAPAKTepU3YyeTcs. 3HAKOM 6TOPOL Npou3sooHoll 3Tolk
pyrryuL.

ITpuwmep. HccaenoBarb HampaBieHHe BHIOYKJIOCTH rpadHKa
¢ynkuun y=x*—3x2—4. V3 Buga BrOpOH npousBogHOH @ (X)=
=6(x— 1) BHITEKaeT, 4TO 3Ta NPOU3BOJAHAS OTPHLATeJSbHA NpH x< 1
H TOJOXHTeJbHA npu x>1. Takum o06pa3oM, BHIOYKJIOCTh TpaduKa
¢yHknun y=x%—3x2—4 panpaBieHa BBepX Ha yuactke (—oo, 1)
U BHH3 HA ydactke (I, o) (cm. puc. 7.1).

§ 3. TOYKH NEPETrHBA

1. Onpenenenne Toukn nepern6a. Heo6xonumoe ycinosue neperu6a.
Ilyctb @, b u ¢— HEKOTOpHIE TPH UHCJIA,-CBSA3AHHLIC HEPABEHCTBAMIP
a<c<b. Ilpexnoroxum, uro Gynruus y=f(x) nuddepeHuupyema:
Ha uHTepBase (a, b), T. e. cyllecTByeT KacaresbHast K rpaduky 3Toil
GyHKIlME BO BCeX TOUKaX, abCHMCCHl KOTODBIX IPHHAJJIERKAT HHTEp-
Basny (a, b). Ilpeamonoxum, Kpome TOro, 4ro rpaduk QYHKUHH Y=
=f(x) uMeer onpeneseHHOe HalpaB/JeHHE BHINYKJOCTH Ha KaXKIOM
H3 HHTEpBaJoOB (a, ¢) u (c, b). /

Onpenenenne. Touka M(c, f(c)) epagura @yuxyuu y=f(x)
HassleaeTcs TOUKOUL nepeauba 31020 epadura, ecau cywecr-
8YeTr TaKAs OKPEeCTHOCTb TOYKU C
ocu abcyucc, 8 npedesax KoTopol y4
epatpux pynxyuu y=f(x) cresa
U cnpasa OT ¢ umeeT pasHole HA-
npasiesus 8olNYKAOCTU.

Ha puc. 7.10 usobpaxxed rpa-
bUK GdYHKUHH, UMeloUHA meperub
B Touke M(c, f(c)).

HHorpa npu onpejeseHdd Tou- 0 Zp ¢ z
Ku neperuba rpacduxa GYHKIHH :
y=f(x) JOMOJHUTENBHO TPEOYIOT, Puc. 7.10

4T0ObL YKA3AHHBLL 2paur 8erody

8 npedearax OOCTATOYHO MAAOU

OKPeCTHOCTU TOo4Ku € ocu abcyucc caesa U cnpasa 0T ¢ Aexanr no
pasHoie CTOPOHbL OT KACATEAbHOU Kk 3TOMy epagpuky 8 Touke M(c,
j(c)). Huxe MBI JOKaXeM, 4TO 3TO CBOHCTBO OYAET BEHITEKATh U3 HaH-
HOro HaMM ONpeleJieHusi B NPEANOJOXKEHHH, YTO NPOH3BOAHAS f(x)
SIBJISETCS] HEelpepHIBHOH B C. ;
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JlokaxeM cleqyIOIHe JBE JeMMBI.

Jdemma 1. Mycre ¢ynxyus y=[(x) umeer npoussodnyrwo [’ (x)
8C100Yy 8 8-OKPeCTHOCTU TOuKU C, npu4em Ta NPoussodnas HenpepbLs-
Ha 8 Touke ¢. Toeda, ecau epadux Qynxkyuu y=f(x) umeer na uxtep-
saze (c, c+8) avinyxaocrs, nanpasaennyro snus [66epx], ro sciody
8 npedeaax unrepsasa (c, c+08) 3ror epagux aexcur He wuuxce [He
soluie] kacareavHoil k epaguxy, nposedennoii 8 Touke M(c, f{c)).

HokaszateabcTBO. PaccMOTPHM  mOC/A€AOBATENLHOCTD - {X,}
‘ToueK HHTepBana (¢, ¢+06), cxopsamyrocs k Touke c¢. Uepes kaxayio
104Ky My, (%n, f(Xs)) rpaduka quHKuym y=[(x) IIpOBEILeM Kaca-
TeJbHYI0 K 3TOMY rpadHKy, T. €. Ipamym0 *

nzi(xn) " (xn) (x ~“xﬂ)~

‘Tak Kak o yCJOBHIO rpaduxr (GpyHKIHH y=f(x) HMeeT Ha HHTepBaje
(¢, c+06) BHIYKJOCTb, HaNpaBJeHHYIO BHM3 [BBepx], To ass Jio6oro
HOMepa n M JI00H QukcuposanHol TOUKH x HHTepBasaa (¢, c+9)

F(¥) = Yn=f(x) —F(xn) —F (xa) (x—2) =0 [<O]. (%)

N3 ycnosusi HenpepsiBHOCTH f'(X) (u Tem Gosiee f(x)) B Touke C
W W3 ONpefesieHHs HeNmpephiBHOCTH no [efiHe BHITEKaeT, 4T0 CyLIECT-
BYET npejet

lim (f (x) —¥) = lim {f X)—f(x)—f (*)(x—x,)} =
=f()—F)—F () (x—o).

W3 cymecTBOBaHHS NOCTENHErO Npefesa B CHAY HepaBeHCTBa (%) U
TeopeMbl 3.13 u3 § 1 ra. 3 MBI IOJIYYHM, UYTO

fx) —f(e) —['le) (x—)=0  [<0].

Ecnn o6o3naunTh yepe3 Y Tekyuiylo OpAHHaTy KacaTeabHol (7.5),
npoxoAsiuleil dyepes Todky M(c, f(c)), TO mnoOCTeaHEe HEPABEHCTBG
MOXKHO [€peNuCcaTh B BHJE

f(x) —Y=0 [<0].

Hrak, nepexonst B (*) K mpefedy HPH n—-00 H HCHOJb3ysl Teope-
My 3.13, Mbl moaydum, 49to f(x) — Y220 [<<O] mnsa nro6oit durcupo-
BaHHOH TOUKH X M3 HMHTepBania (¢, ¢+0), npuuem Y o6osnauaer Te-
KYLIyI0 OpAIMHATY KacaTeJbHOH, MpoBeJeHHOH uepe3 Touky M(c, f(c)).
Jlemma pokasaHza.

Bameuanue AHaJOrHUYHO (OpMyJHpyeTcss H JOKa3bIBaeTCs
JemMma | ¥ aas caydas, Koraa rpaduk GYHKUHH HMeEeT OlpeleleHHOe
Hanpap/eHHe BLIIYKJIOCTH He Ha uHTepBante (¢, c+9d), a Ha MHTepBa-
Jae (c—38, ).

* Mb HCcnoJb3yeM ypaBHerue OPAMOH, NPOXOAAIEHA Uepes JaHHY©  TOHKY
My (xn, f(x,,)) H uMmeouefi yriaosod xosdduument, paBeHE ['(Xn). Tekymywo
OpAHHATy 3TOH mpsiMOit oGo3Hauaem uepe3s Y.,.
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Jdemma 2. ycre ¢pyukyus y=f(x) umeer npoussoduyro ' (x) 6
HEKOTOPOU OKPecTHOCTU TOYKW C, npuuem 3Ta npoussodnas - Henpe-
poisra 8 touxe ¢. Tozda, ecau zpagux Qyrnryun y=7Ff(x) umeer nepe-
2ub 8 touke M(c, f(c)), 10 8 npedesax docrarouno marot 8-oxkpect-
HOOTU TOYKU ¢ 3TOT 2pauK cAesa U CHPAsa OT C AEXUT no pa3Hele
CTOPOHBL OT KacaTesvHol, nposedennol yeped Touky M(c, f(c)).

Jdass pokasaTeabcTBa 3TOH JeMMH cjaelyer BeiGpate §>0

- HACTOJIBKO MaJIbIM, YTOOBI Ha KaXJOM K3 HHTepBaJoB (c—&, ¢) n
(¢, c+90) rpadux ¢yHKuHH y=fF(x) HMeJa ompelelleHHOE HampaBje-
HHe BBIOYKJIOCTH (2TO HampasJieHHe OVAeT pas3au4HbiM Ha HHTepBa-
aax (¢c—39, ¢) u (¢, ¢c+96). Ilocne aroro Aasi AOKa3aTeNbCTBA JieM-
MBI 2 OCTaercsi NPHUMEHHTH JeMMYy | K QYHKUMH y={(X) mo KaxmoMmy
u3 unrepBanoB (¢— 9, ¢) u (¢, c+9).

JleMMa 2 mosBosisieT HaM YCTaHOBHTL HeOOXOJHMOE YCJOBHE mepe-
ruba rpacduka aBaxab AHddepeHnHpyeMOll B JaHHOH TOUKe QYHKIHH
y=[(x). ,

Teopema 77 (Heob6xoxumMoe ycJoBHe mneperuba
rpadpuka ABaXAb ‘AuPdpepeHHUHUPYeMOH DYHKILHH).
Ecau ¢pynxyus y=f(x) umeer & To4ke ¢ BTOpYIO NPOU3BOOHYIO W
epaux atol pynkyuu umeer nepeeub 8 Touke M(c, f(c)), TO
f@(c) =0. ' .

HokasatenbctBo. Ilycrh, Kak Bblue, Y — Tekyuias opauHa-
Ta KacareaqbHoit Y=f(c)4f'(c) (x—c), npoxoasimell uepes TOUKY
rpadpuka M(c, f(c)). _ .

Paccmorpum dyHkiuio

F(x)=F(x) —Y=F(x) —(c) — ' (¢) (x—¢),

paBHYIO Pa3HOCTH f(x) u JuHelHOK QynrmuE f(c)4f (c) (x—c).

ta ¢ysxuns F(x), kak u QyHKuua f(x), UMeeT B TOYKE (C BTO~
PYyIO IPOH3BOAHYIO (2 NMOTOMY HMeeT NEPBYIO MPOU3BOAHYIO B HEKOTO--
pO# OKPECTHOCTH ¢, MpHYEM 3Ta MepBas NMPOU3BOAHAS HENpepbiBHA B.
Touke ). B cuny seMMel 2 B Ma/lofi OKPECTHOCTH TOYKH ¢ rpaduk:
$yskuuM y=[(x) NeXHT cleBa H CIpaBa OT ¢ MO Pa3HBe CTOPOHBL
OT KacaTe/bHOH, NpoxoAsuied yepes Touky M(c, f(c)), a moromy
¢yukuus F(x) B Mano#i OKPECTHOCTH TOYKH ¢ HMEET CJeBa H ClpaBa:
OT ¢ pa3Hble 3HAKU. ‘ )

3uauur, pynkyus F(x) ne moxer umero 8 TOUKe ¢ AOKAABHO20
IKCTpemyma. '

[Ipennonoxum_renepb, uto f@ (c)70. Toraa, nockoabky F’(x)=.
=f"(x) —['(c), F®(x)=7®(x), Bomonusiorcst ycaous F’(c)=0,
F®(c)5=0 n dynxnusa F(x) B cuny teopeMsl 7.2 nMeer B Touke ¢ JIo-
KaJbHbIA 3KcTpeMyM. [lofiyyeHHOe npoTHBOpeuHe MOKA3HIBAET, YTO»
npepnonoxenue f&(c)70 apasercs HeBepHHM, T. e. f®(c)=0. Teo-
pemMa JOKasaHa. »

Tor ¢akr, uro obpalieHne B HyJb BTOPOH NPOH3BOLHON ABJSETCS
Auuly Heo6xo0umeim YCJIOBHEM mneperuba rpaduka paBaxAw aupde-
peHunpyeMoit (QYHKUMH, BHTEKaeT, HampuMep, H3 pacCMOTPEHHS:
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rpaduka pyukuun y=x* [as stofi GyHKUMM BTOpas INPOH3BOAHAS
y”=12x% obpamaercss B HyJb B TOYKe x=0, HO ee rpaduK He HMeeT
neperuba B Touke M (0, 0). :

B cuny teopemnl 7.7 nss OTHICKaHHS BCeX TOdYeK meperuba rpadu-
¥a ABaxanl nHddepeHnHpyeMOH (QYHKUHH y={f(X) HYXKHO DaccMoT-
peTb Bce KOpHH ypaBHeHus f@ (x) =0,

ITockoIbKY paBeHCTBO HYJIO BTOPOH NMPOHM3BOAHOH SIBJSIETCS JIHILb
HEOOXOLHMBIM YCJIOBHEM Iepern6a, TO HYKHO MONOJHHTENBHO HCCJe-
JOBaTh BONPOC O HAJHYHMM mepernba B KaXIOH TOYKe, A KOTOPOH
f@(x) =0. [das npoBefeHHS TAKOrO HCCJAeJOBAHMS CJAEAYET YCTAHO-
BUTb JOCTATOUHblE YCA08UA nepezuba, K 4eMy MBl H IePEXOIUM.

2. IlepBoe pocraToyHoe ycJaoBue nepernba.

Teopema 7.8. Ilycre ¢pynxyus y=f(x) umeer s8TOPYr0 npous-
B00HYIO 8 HexoTopoli oxpecTHocTy Touku ¢ u fP(c)=0. Toeda, ecau
8 npedeaax YKa3awHOL OKPeCTHOCTU 6TOPAs npousséodnas [@(x)
umeer pasHele 3HAKU CAe8a U CAPASBA OT ¢, TO 2pagux Tol Gyukyuu
umeer nepeeub 8 Touke M (c, f(c)).

HdoxasartenbcTBO. 3aMeTHM, BO-NEPBBIX, 4T0 rpaduk QyHK-
uuH y=[(x) umeer KacarteJbHylo B Touke M(c, f(c)), u60 us yco-
BUH TEOPEeMbl BLITEKAeT CYIeCTBOBaHHE KOHEUHOH IMpPOuM3BOLHON [/(C).
Hanee, u3 toro, uro f®(x) cjeBa W cupaBa OT ¢ UMeeT PasHble 3HA-
KH, H U3 TeopeMbl 7.5 3aKJIOYAeM, UTO HallpaBJeHHe BHUIYKJIOCTH CJie-
Ba M ClpaBa OT ¢ SIBJIsIeTCs pas3nuyHeiM. TeopeMa JoKa3aHa.

ITpumep. Halith Toukn neperu6a rpaduka ¢yHkunu f(x)=
=x*—3x2—4. DTy OYHKUHMIO MB HEOAHOKPATHO pacCMaTPUBAH
Bpe (rpaduk ee uzobpaxen Ha puc. 7.1). Iockoabky [f@(x)=
=6x—6=6(x—1), To eIWHCTBEHHOE 3HAUEHHE APTYMEHTA, AJs KO-
‘TOPOr0 BO3MOXKeEH 'neperu6, ecTb x=1. DTOMy 3HAUEHHIO aprymeHra
cooTBeTcTByer Touka rpaduka M (1, —6). Tak kak fi¥(x) HMeer pas-
Hble 3HaKH npu x>1 ¥ npu x<1, To touka M (1, —6) siBasieTcst TOU-
Kol neperu6a rpaduka paccMatpuBaeMoi (QyHKIHH.

3. Hexkoropnle 006061teHnst MEPBOro AOCTATOUHOrO YCJIOBHS meEpe-
ruba. Ilpexxne Bcero 3aMeTuM, uto 8 ycaosuix Teopemo. 7.8 MONCHO
OTKA3aTbCA OT Tpebosanus 08YKPATHOU OudpeperyupyemocTy QyHK-
yuu y=f(x) 8 camoid Touke ¢, coxpanas sro TpebOBaHue AUULDL
Oa8 TO4eK, AeXcauiux 8 HeKOTOPOL OKPecTHOCTU cAesa U CAPAsa OT
<. IlIpu arom caredyer OONOAHUTEALHO NPEONOAONCUTH CYU,eCTE0BAHLE
KOHeuHol npoussodnoii f'(c).

HdoxasareabcTBO TeopeMbl 7.8 ¢ yYKa3aHHBLIMH H3MeHEHHSIMH
JIOCTIOBHO COBIIaJlaeT ¢ J0Ka3aTesNbCTBOM, IPHBeNEHHBIM BHILIE.

Jlanee MOXXHO JOTOBOPHTbCS IIDH OINpEJe/]eHHH. TOUKH neperuta
He HCKJIIOYaTh cJydasi, KOTAa KacaTeJabHas K rpaduky B paccMaTpH-
BaeMo#l Touke napajiesibHa ocH Oy *. Ilpu Tako#l HOrOBOPEHHOCTH B
TeopeMe 7.8 MOXKHO OTKa3aTbCAd Jaxe OT TpeGOBaHLs ONHOKPAaTHOMH

* B asroM cayyae neppas mpou3BOAHAA ['{x) B TOuUKe ¢ NpUHHMAaeT GeCKOHeu-
#Oe 3HAUEHHE.
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auddepenuupyemoctn GyHKHUH [(x) B caMOll Touke ¢ H CHOPMYJIH-
pPOBaTh 3Ty TeopeMy CJeAyIUHM o6pasoMm:

Hycte yrryus y=f(X) umeer KoHeuHyrO BTOPYH NDOU3BOOHYIO
8C100Y 8 HeKOTOPOLL OKPECTHOCTU TOYKU C, 3G UCKAIOYEeHU.eM, GblTb MO-
axer, camoti Touxu c. Ilycre, danree, pyuryus y=F(x) nenpepvisna 8
TouKe ¢ u 2padux 3TOU PYHKYuu umeer KACATEAbHYWO * & TO4Ke
M(c, f(c)). Tozda, ecau 8 npederax YKa3aHHOU OKPECTHOCTU 6TOPAL
npoussodnan A (x) umeer pasnoie
3HAKW CAe8a U Cnpasa OT TOUKU C, vl
70 epapux pynkyuu y=f(x) umeer r
nepezu6 8 rouke M(c, f(c)).

JloxazareabcTBO  copmy-
JINPOBAHHOrO  YTBEpPXKJEHUS  TOJ-
HOCTBIC AHAJOTHYHO MA0Ka3aTesbCTBY 0 z
Teopemul 7.8.

[Ipumep. Hafitu TOuKH mepe-
ru6a rpaduka QyHkuum y=x!3 Sra
GYHKIMS HMeeT BTODYIO IIPOHU3BOJ-
HYIO BCIOAY Ha OGeCKOHEYHOH HpSIMOH,
3a uckiaoyesHem touku x=0. B rtoy- . Pme. 7.11
ke x=0 pacemarpuBaeMmas QyHKIUA
HenpephiBHA, HO YKe IepBas NPOU3BOAHAdA obpaiaercd B OGecKOHEU-
#octh. OnHaKo rpaduxk dyskuuu y=x'/® umeer B touke (0, 0) kaca-
TeJbHYI0, NapasiaenbHyio ocu Oy ** (puc. 7.11).

Y=z 7

Tak kKak BTOpas NPOH3BOJLHAs ym:—?w HMEEeT CJIeBa H

“cnpaBa oT ToukH x=0 pasuble 3HaKH, TO rpapuk ¢yHKuHH y=x/3
umeer neperu6 B touke (0,0).

4. Bropoe nocratouHoe ycjosue mneperm6a. Ha cayuait, xorna
HexeaTeJbHO HCCJIe/JOBAaHHE 3HaKa BTOPOH . NPOM3BOJKHOH B OKpeCT-
HOCTH TOYKH ¢, MBI CHOPMYJHpyeM BTOpOe AOCTATOYHOE YCJAOBHE Ile-
peru6a, npeanojaraioliee CyliecTsoBaHne y GOYHKuuE y=f(X) B TOU-
K€ ¢ KOHeYHOil TpeTheil MPOU3BOAHOH.

Teopema 7.9. Ecau pynxyua y=f(x) umeer 8 To4Ke ¢ KOHeu-
HYIO TPETHIO N 0u3600HYI0 U YOOBLETEOPALT B8 ITOL TOUKE YCAOBUAM
F@(c)=0, j®(c)70, r0 epagpux 31Ol PYHKYUL UMmeeT nepezub 6 TOU-
xe M(c, f(c)).

HdoxasareanbcTBo. M3 ycaosus f®(c¢)0 u u3s Tteopemn 6.1
BHITEKaeT, yTo ¢yukius f@(x) nmb6o Bospacraer, JuGO YyOLIBAET B
Touke ¢. Tak kak f®(c)=0, To u B TOM, ¥ B APYrom cJaydyae HalgeTrcs
Takasi OKPECTHOCTb TOYKH ¢, B Ipejesax KoTopo# f?)(x) umeer pas-
#Hole 3HaKU cresa u cnpasa or ¢. Ho torjga mo npeawigyiieil treopeMe
rpaduk QyHKuHE y=f(x) uMeer meperu6 B Touke M(c, f(c)).

* BLITb MOXeT, NapaaiensHyo ocu Oy.
** Dre BHTEKaer, Hanpumep, u3 Toro, yro rpadux obpaTHoit ¢ynkuuy x=y3
giMeeT B 3TOM TOYKe KacaTeabHylo x==0. :
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3 ameyanue. Koneuno, teopema 7.9 umeer GoJsiee y3Kylo cdepy
JeficTBug, 4yeM reopeMma 7.8. Tak, Teopema 7.9 He pewiaer Bompoca ¢
HaJHYUH nepeméa ANIA cayyasi, Koraa y GyHKIHH y=f(X) He cylle-
CTBYeT KOHEUHOH TpeTheH MPOH3BOJHOH, a Takke AJA Cay<as, K020&
i®(c)=0. B nocneanem csayuae Ijsi pelleHHS BONPOCA O HAJIHYHKE
neperunfa HYXHO H3yYHThb NOBEJeHHE B TOYKE ¢ IPOM3BOAHEIX BBICIIHX.
NOPAAKOB, 4TO OyAeT ceJaH0 HaMH HUXe (CMm. I. 5). ..

Bo3BpaTtuméss K npuMepy, PacCMOTPEHHOMY B M. 2, H noxa)KeM
4TO BONPOC O HAJHYHU mepern6a y rpaduka QyHKUMH y=x°—3x%2—4
MOXKeT OBITh pellleH H NPH NOMOMH TeopeMbl 7.9. B camom gene,
f® (%) =65£0, smaumt, Touka M(l, —6) saBasercs TOuUKO¥ mnepermda
corJiacHo Teopeme 7. 9.

5. Tperbe pocTaToyHOe ycaoBHMe nepernba. YCTaHOBHM ellle OAHO
JOCTATOYHOE yCJOBHe ilepernfa, NpurofHoe N cjiydyas, KOTAa B jAaH-
HOA TouKe ¢ o0pamialoTcss B HyJb KaK BTOpas, TaK H TPeTbs INPOH3-
BOJHBIE PACCMATPHBAEMON (YHKUHH.

AnaJiorom TeopeMbl 7.3 sIBAsieTCs CleLyloliee yTBepxmeHHe

Teopema 7.10. IIycre n=2 HexkoTOpoe HeTHOe 4UCAO, U NYCTb
pyuryus y=f(x) umeer npoussoduyro nopadka n 6 HEKOTOPOLL
OKPECTHOCTU TOYKU ¢ U npousdsooryto nopsadxa n-1 8 camoil Touke
c. Toeda, ecau 86Ln0OAHEHbL COOTHOULCHUS

fA(c) =®(c)=..=fm(c)=0, fn+D(c)=~0Q, (7.3%)

10 epagur Pyuxyuu y=f(x) umeer nepecué s rouke M(c, f(c)).

JJokasareabcTBO. HpH n=2 rteopema 7.10 coBmamaer ¢ yxe
IoKa3aHHO! BHIIe Teopemoill 7.9, Tak yro hym{o BeCTH AOKA3aTelb-
CTBO AUlb 048 4eTHO20 n=4.

ITycTe dYeTHOE UYHCIO 1 YHOBJETBOPSIET YCJAOBHW n>4, U NyCTh
fntD(c)=0. Torma, B cuny Tteopemn 6.1 0 JAOCTATOYHOM YCJIOBHM
BO3pacTaHHd HJIH yObBaHHS (QYHKUHH B TOuke, GyHKuus [0 (x) JH6Or
yOniBaer B' xouke ¢ (mpu f™+D(c)<0), au6o Bo3pacraer B 3TO¥ TOU-
ke (mpu f»+1(c)>0). [TockonbKy, Kpome TOrO, f<">(c) =0, T0 ¥ B
TOM, H B APYroM cjydyae BCIOAY B AOCTATOYHO Majo# OKPECTHOCTH
TOUKH ¢ QyHKuusa f™)(x) umeer pasnsie 3HAKu Cnpasq u CAesa OT C.

3aMeTHB 370, Pas3jioXHM (QYHKIHIO f(2>(x) B OKDECTHOCTH TOYKH C
no ¢opmye Teu.nopa 3amHcaB OCTaTOYHHIH uieH B (opMe Jlarpan-
xa (cMm. § 7 u 8 ra. 6). Mbl nmosyyuM, uto AJf BceX X M3 JOCTATOY-
HO MaJiofl OKPECTHOCTH TOYKH ¢ MEXAY X H ¢ Haljercs TodKa & Ta-
Kas, 4To

3)
o0 =20+ a—0+ .. 4 §—’;_;,- (x— a3+

i (8) -
+ (n_m,( —c)" 2,
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B cuny coorsowennit (7.3*) HanuCaHHOE pasjioXKEHHe NPHHHMAET BHI

. ,
() = LB (g, (7.4%
(n—2)!
Brime MB YCT2HOBHJIH, 4TO /I BCEX X H3 JOCTATOYHO MaJo¥
OKPEeCTHOCTH TOYKH ¢ NMPOM3BOAHAs f(™)(x) uMeeT pa3Hbie 3HAKH cmpa-
Ba M cjgeBa OT ¢. Tak Kak f JIEXKHT MeXAy X H €, TO JJif BCeX X H3
JOCTaTOYHO MaJIoll OKDECTHOCTH TOYKH ¢ BejHuuHa f(™)(E) (a 3HauHT,
B CHJIy YETHOCTH A M BCS npasas dacth (7.4%)) umeer pasHble 3HaKH
copaBa u cjeBa oT ¢. YMTak, B cuay paseHcTBa (7.4%) nns Bcex x M3
JOCTAaTOYHO MAJIOH OKPECTHOCTH TOYKM € NPOU3BOAHAs f(2(x) HMeer
pa3Hnie  3HaKH chpaBa H caeBa oT ¢. B cuiay teopemmr 7.8 rpaduk
$yukuuu y=Ff(x) umeer nepern6 B Touke M(c, f(c)). Teopema no-
Kasaua. ‘ ’
3amevanue OueHp BaxKHBEIM gBJfeTCH TpeGOBaHHE HYETHOCTU
n B Teopeme 7.10 (cpaBHHTE 3Ty TeopeMmy c Teopemoll 7.3). Puc. 7.12
# 7.13 HAMIOCTPUPYIOT HCCAEAOBAHHE Ha 3KCTPpeMyM H neperub rpadu-

94
-y=/$,'7)”',
44 n+1 wevemmo
y=/zZ'*7 N+
n+l. . —-
k YemHo 0 M/f)ﬂ) ' z
ol (10 z
Puc. 7.12 : Puc. 7.13

“Ka ¢yskuun y= (x — 1)t B cuny teopem 7.3 u 7.10 ata (yHKuHs
UMeeT MHHHMYM B TOUKe x=1 npu HeyeTHOM n, a ee rpadHK HMeeT
mneperu6 B Touke M (1, 0) npu uerHoM n (mpoBepbTE 3TO CaMH).

§ 4. ACHMIITOTBHI TPA®UKA SYHKLLUH

Onpenenenue 1. I'ogopar, yro npamas x=a Asasercs sep-
TUKQAbHOUL ACUMNRTOTOU epapuxa Qyukyuu y=Ff(x), eciu
xoTs 66l 0QuK u3 npedenos '

lim f(x) wa lim f(x)
x-a+0 x-»3—0
pasen o0 uiu —oo.
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dlpumenp. Fpaq)HK (byHKnHH y=-—)lc— HMeeT  BEePTHUKANbLHYIO

acumnrory x=0, u6o lim —= 4 oo, lim d o (puc. 7.14).
X040 X x+0-—-0 X '

IlpennonioxumM, gajee, 4To GYHKOHS y=f(x) ompelejeHa maJas
CKOJb YrogHo OONbUIMX 3HaueHu# aprymenTta. Paau onpeiesieHHOCTR
Oyncm paccMaTpHBaThb  CKOJib
g4 yroiHo OoJbuive 3HAYeHHS I0JO0-
9.—_% KHTCJBHOTO 3HAKA.
Onpeneaenune 2. logopar,
4TO NPAMAS

Y=kx4b (7.8)
-  ABASETCA HOKAOHHOU acum-
4 %  nroroid epaduxa Gynkyuu y=
=f(x) npu x—-4oo, ecau f(x)
npedcrasuma 8 sude
[(x) =kx+b+a(x),
(7.9)
ede
. lim a(x)=0
Puc. 7.14 Xt

Teopewma 7.11. Jaa 1020 urober ecpagux pynkyuu y=7f{x)
umenr x—-oo naxiounyro acumnrory (7.8), neobxodumo u docrarou-
HO, 4TO6bL cyujecTeosasl 0sa npedeaq

lim L&~ 4 Jim [f () —ke] =b. (710
Xt X
HokasartenscTBoO. 1) Heoéxodumocrb. [Iyers rpaduk odyHk-
uuu y=f(x) umeer nmpu x—-+oco acumurory (7.8), 1. e. mas [(x)
crnpaBelyuBo npejcrasaenue (7.9). Torpa

lim L& — iy FebAe® oy [k+—b-+i("_)}:k,
X

X400 X X4 X X—>-}-0 X

lim [f(x)—kx]= lim [b+ a(x)]=b.
X+ X+t

2) Hocrarounocts. Ilycrb cymectBylor npegeaw (7.10). Bropoid
M3 3THX IIpeleJOB JaeT INpaBO YTBEPXKIATh, YTO PasHOCTb f(X) —
— kx— b sBnsercst 6€CKOHEUHO MaJoOH NpH x—>-00. OBGO3HAUHB 3TY
6eCKOHEUHO MaJsylo yepes3 a(x), moayunM ansi f(X) mnpeAcTaBjeHHe
(7.9). Teopema poxa3ana. ‘

SamMeuyanue. AHaJOCHYHO ONpeleNseTcsi HAKJOHHAs aCHMIITO-
Ta ¥ JoKasbBaercs teopeMma 7.11 u ans cny;xax X—>—00.

X’
pumep. I'papuk ynkuun y= ﬁl—x— UMEET  HAaKJIOHHYIO
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acamnrory Y =2x—1 u 1npu X->-+00, H OPH X—>—o00 ¥, KPOMe TOro,

HMeeT BepTHKaJbHYI0 acumnrory x=-—1 (puc. 7.15). B camom neue,
x>t X x—=>+w® x(x + 1) ’
. . 1
lim x)—2x}= lim }: —1,
lim [} (1) —24] ﬁ[ —

lim f(x)=+o, lim f(x)=—
x—->—1+0 x——1-—0

Hapsany c¢ suHeliHOH acumnTorol

(7.8) paccMmarpuBAIOT TaKkKe H ACHM-
nToTH 00Jiee CJIOXKHOrO BH/A.

T'osopsar, uro napaboaa n-eo no-

pAdKa, onpedeasemas MHO2O4ACHOM

Y=aux"4-an1x" 14 ... +a1x+-a,,
(7.8*%)

=-7

Z

g
o

8y

ABAACTCA ACUMNTOTOU epaguka
pynryuu y=f(x) npu x—+oo, ecau
¢Qyukyus f(x) npedcrasuma 8 sude

|
|
|
|
|
|
|
|
|
|
,
|
f(x) =axr+anxn14 ... */
|
|
|
|
|
|
|

/

“Faix+4-ao+a(x), //
lim a(x)=0. /
X4 /
Jlerko pokaszath Ccleayloolee YT- '\
TBEPXKJIEHHE.
HAara 1020 u4TOOOL epad)uic PpyHK-
yuu y=f(x) umer npu x—4oo Puc. 7.15
acumnrory (7.8%), Heobxodumo u Jo-
CTATOYHO, 4TO6bL CylyecTe06aL caedyiouue n+1 npedenos:

f(x) f(x) — anx®

lim =a, lim =Qn1y .
X400 xn n x>+ x""l n=h !
(x) —(anx™* + an_,x"—1 + oo Faxx®)

lim - =ay,

x>+t f X

lif [f () — (@ %"+ @noix"' 4 ... +ax)] =a,.

§ 5. IOCTPOEHHUE IrPA®HKA $YHKIHHH

B atom naparpade MBI H3J0XKHM cXeMy, IO KOTOPOH Leaecoobpas-
HO NPOBOAHTbL HCCJeAOBaHHe rpadura QyHKUHH, U anBeneM npuMep,
HJJIIOCTPUPYIOLIHNH 3Ty CXeMy.
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Ilast uccaemoBanust rpaduka GyHKuHH y=[(x) 1esecoo6pasHo
npexje BCero NPOBECTH CJeNyIOLUIHe HCCIeNOBaHHUs:

1°. ¥Yrounuth 06JjiacTh 3aZaHns QYHKIHH.

2°. BHISICHHTb BONPOC O CYHIECTBOBAHUH aCHMINTOT (BePTHKAJbHBIX
H HaKJIOHHEIX).

3°. Hafitu ofaactu BO3pacTaHHs U yOniBaHHA (YHKIHH M TOUKH

3KCTpeMyMa.

4°, Hafite obsacTH cOXpaHeHHs HalpaBJEHHs$t BBHIIYKJOCTH H TOY-
KH meperu6a.

5°. Hafitn Touku nepeceyeHusi rpadpuka ¢yHkUHH c ocblo Ox.

Ilo nmosyyeHHBIM [aHHBIM JIETKO CTPOMTCH 3CKH3 rpaduka (QyHK-
uuy. B xayectBe npHMepa NMOCTPOMM rpaduk QyHKIHH
x3 —5x2 4-19x —15

x2

(7.11)

y:

Bynem caenoBaTh H3J0XKeHHOH BEHILIE CXEMeE.
1°. Tlockoabky ¢yHkums (7.11) npexcrasisier coGoil palnHOHAJb-
HYI0 Apo0b, TO OHA OMpefiesieHa X HenpephiBHa BCIOAY HA 6eckoney-
HOM mpsiMolt, kpoMe ToukH x=0, B KOTOpoH oOpallaercss B HYJb 3Ha-
MeHaTeJb.
2°. BuisicHMM BONPOC O CyliecTBOBaHWH acumnToT. OueBMAHO, YTC
lim x® —bx2 4 19x — 15 — — oo,
x—0£0 E

HO3TOMY rpaqu GYHKUHE HMEET 8ePTUKAALHYIO ACUMNTOTY X= 0.
Jajee, H3 cylieCTBOBaHUS IPEHENOB

lim L% — {im 18 —5x2 4-19x —15

it X x—);too X3
Hm <1___§_+_19_,__15_>=1
x-t® X x? x3

—5x2 4+ 19x — 15— % _

lim [f()—x]= lim £ .
X-»t X+ oo X

lim ('—5+i9~— 15 )=~—5
X+ oo X x2
BHITEKAET, YTO NPH X—+00 M IPH X——0oo rpaduk (PyHKIUH HMeeT
HAKAOHHYIO acumnroTy Y =x—25.

3°. Jlag HaxoxAeHus objacrelt Bospacraﬂnﬂ H yObiBaHUA BHIYHC-
JHM NEpBYIO NpOu3BOAHY dyHKuHK (7.11):
x3 —19x 4 30 — (x4 5)(x —2)(x — 3)

x3 T a8 :

y ==

Hmest B BURY, KPOMe TOTO, 4TO caMa (QyHKUHS Hu Nepsas ApOU3BOAHAS
He cyliecTByloT npH x=0, MH NOJyuYHM cieiylollde ob6jacTH coxpa-
HEHHSA 3HaKa y:
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O6acTb 3HAUCHUS X —o < x<LH|-b < x <O O<x<2 23| 3<x< oo
3nax )’ + — + — +
TloBenenne (QyHKIHH Bo3pacTaer | y6bBaer { Bo3pacTaer | yOmiBaer 1 Bo3 pacraer

W3 npusefeHHOR TaGJIHIB OYeBHUAHO, YTO (YHKIHUS HMeEeT CJeaylo-
1IlHe TOUKH 3KCTpeMyMa:

1) MakcHMyM mpu x=—D>5, npuueM f(—95) =—14, 4;

2) MakcuMyM npH x=2, npuuem f(2) =2,75;.

3) muHEMyM mpu x=3, npuueM f(3) =2,666....

4°, lnsa HaxoxpaeHust obsacTedi coXpaHeHHMs HanpaBJeHHsl BH-
TIYKJOCTH BEIYHCJIHM BTOPYIO NPOH3BOJAHYIO

45
RN\ x——
38x —90 (x 19 )
y(2) = = .
xt x4 )

Hwmes: B Buay, uTo caMa (YHKLHMS U ee NPOHU3BOAHHIE He CYIIECTBYIOT B
TouKe x=0, MB TOJYYHM  cJexyollHe o00JaCTH COXpaHEHHs 3Ha-
Ka y®:

45 45
O6n1acTh 3HAUEHHIT X —0 < x<0 0<x<F -15—<x<+oo
3nak y® — — +
Hanpasnexne BBITYKJIO- BBEPX BBEpPX " BHH3
CTH rpaduka . .

W3 npuBenennon 4T36J1Hub150'~leBH,11H0, uyTo rpaduK (yHKUHH HMEeT
i ’ g
neperu6 B TOUKE (—E, f(—l—g—) ) Jlerko mnoacuurare, 4To
f (;ﬁ _ 8968 979,
© 19 2565

5°. OcraeTcss HalTH TOYKH Iepeceuenusi rpaduxa ¢ ocbio Ox.!ITH
TOYKH COOTBETCTBYIOT BELIECTBEHHHIM KODHAM YypaBHeHHS

x3—bx2+19x — 15=0.
Jlerko BujeTh, 4TO :

X —5x24+19x — 16=(x — 1) (x* — 4x-}15).

TlockonbKy KBajapaTHhi Tpexuien x2—4x-+15 He HMeer BellecTBeH-
HBIX KOpHEH, TO paccMaTpHBaeMOe YpaBHEHHE HMEeT TOJIbKO QAHH Be-
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Puc. 7.16

IeCTBEHHBI KOpeHb x=1, Tak
uTo rpaduKk (PYHKIHH nepecexa-
et ock Ox B Touke (1,0). Ilomno-
JYUYEHHBIM [JaHHBIM CTPOHM 3C-
KH3 rpauka paccMaTpuBaeMon
¢yuxmun (puc. 7.16).

§ 6. I'"'IOBAJIBHBIE
MAKCHMYM U MUHUMYM
®YHKILHH HA CEMEHTE.
KPAEBOH 3KCTPEMYM

1. OTbiCKaHHe MaKCHMaJlb-
HOTO ¥ MHHHMAJbHOTO 3Haue-
Huil (yHKUHH, OnpeaesleHHOH Ha
cermente. PaccMoTpuM (YyHK-
uuio  y=f(x), onpeieseHHYIO
Ha cermente [a, b] u Henpepois-
Hyro Ha HeM. Jlo CHX 1NOp MEE
3aHUMaJUCh JHIIb OTHICKAHHEM
JOKaJbHBHIX  MaKCHMYMOB  H

MHHEUMYMOB ¢yHKuuH. Tenmepb mocraBHM 3afadyy o0 OTHICKAHHH IJIO-
GanbHBIX MAaKCHMYMOB ¥ MMHUMYMOB WJH, NO-ApPYromy, o6 OThiCKaHUH
MaKCHMaJbHOTO H MHHHMMAaJbHOTO 3Hauenuil f(x) Ha cermente [a, b].
ITonuepxneM, yto B cHay TeopeMbl Beliepmitpacca (cMm. Teopemy 4.15
u3 7. 4) HenpepoBHas QyHKuus f(x) 00s3aTejbHO AOCTHraer B He-
KOTOpO#l TOYKe CerMeHTa [a@, b] cBOero MakCHMaJbHOrO (MHHUMAJb-
HOro) 3HaueHus. Paxn onpele/eHHOCTH OCTAHOBHMCS Ha OTbICKAHHH
MaKCHMaJbHOTO 3HaueHus f(x) Ha cermente [a, b].

MakcumasibHOe 3HaueHHe QYHKUMH [(x) MOMKeT HOCTHraThest nu60
BO BHVTpeHHeH TOUKe Xo cermeHra [a, b] (Torma oHO coBnagaer ¢

yl

l
|
l
|
|
!

¥

Puc. 7.17

z o[ a b x

Puc. 7.18

OIHMM W3 JOKaJbHBIX MakcUMyMoB ¢yuxuuu f(x)) (puc. 7.17), aunbo
Ha OAHOM H3 KOHIOB cermesra [a, b] (puc. 7.18). Orciona sgcuo, 4to
Oa8 HaxoMOeHus MAKCUMAABLHO20 3HaueHus Qyukyuu f(x) Ha cee-
mente [a, b] wyseno cpasnurs mewdy coboii sHauenus [(X) 6o ecex
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TOUKAX AOKAABHO20 MOAKCUMYMA U 8 2PDAHUYHbLX TOYKAX CeSMEenTa a
u b. Haubosswee uz 3Tux 3HA4eHUl 1 OyOeT MAKCUMQAbLHOIM 3HAHE-
Huem [(x) na ceemente |a, b}. AnaaocuuHO HAXOOUTCA U MUHUMAAbL-
Hoe snauenue f(x) na ceemenre [a, b].

Ecau XenaTeJbHO H3G€XKaThb HCCJAEIOBAHHSA CTAllMOHAaPHBIX TOUEK,
TO MOXKHO IIPOCTO CPaBHHTb Mexay co6oii 3HaueHus [(X) BO BCex
CTauHOHAPHBIX TOYKAX M B FPaHHYHBIX Toukax @ W b. Hamboabmee
(HauMeHbllIee) H3 ITHX 3HAUeHHH, OUEBHIHO, M OYAET MAKCUMaJIbHBIM
(MuHUMaJbHEIM) 3HauyeHHeM OyHKUHM f(x) Ha cermente [a, b].

OTMeTHM jaJsee, 4To ecqu f(x) uMeer Ha cermenre [a, b] aues
00HY TOUYKY JIOKAJbHOIO MAKCHMyMa (HJIH Autis 00HY TOUKY JIOKaJb-
HOTO MHMHHMYyMa), To 0e3 cpaBHeHHS 3HaueHHs f(x) B 3TOH Touke C
f(a) u [(b) MOXHO yTBepKHaTh, UTO 3TO 3HAYEHHE SABJSETCS MAaKCH-
MaJbHBIM (MHHHEMaJbHBHIM) 3HavyeHHeM [(x) Ha- cermenrte [a, b]
(puc. 7.19).

y .
7 y=sin(z?)
VB
I 2
I - —r_ /x oy z
= = T
Puc. 7.19 . Puc. 7.20

AHaJIOTHUHBIMH CPEACTBAMH pElIaeTcsi BONPOC 06 OTHICKAHMH MaK-
CHMAaJIbHOTO (MHHHMAaJIbHOrO) 3HaueHus1 GYHKUMH y=f(X) Ha HHTep-
BaJie, TOJNYNpsiMOA ¥ OEeCKOHEUHOH npsiMOH (NpH YCJAOBHH, 4TO 3TO
3HayeHHe CyILIeCcTBYeT).

Moxer cayudrbes Tak, uTo AH(depeHnupyemass (QYHKLHS BOBCe
He uMeeT Ha cermenre [a, b] (uau noaynpsimoit a<{x<--00) craumHo-
HapHBIX TOYEK.

B takom cayuae f(x) siBisiercssi MOHOTOHHON Ha. 3TOM CeTrMeHTe
(monynpsiMo#l) H ee MaKCHMaJbHOe M MHHHMAJbHOE 3HAUEHHsl JOCTH-
raloTcss Ha KOHLAX 3TOTO CerMeHTa (Ha KOHLE 3TOH nosaynpsiMoi).

B kauecTBe npumepa paccmorpum 3adasy 06 OTHICKAHUL MAKCU-
MAALHOR0 U MUHUMAALHO20 3HA4enull ¢yukyuu y=sin(x?) Ha cer-

MeHTe —V:—I:\<x\< V 5m

Ilockoabry y’=2xcos(x?), ykazaHHass (QYHKIHS HMEET Ha pac-
CMaTpHBaeMOM cerMeHTe TpPH CTalHOHapHble TOUKH: x=0 u

T
x = i‘/—{.CpaBHHBaﬂ 3HaueHHuss (QYHKIHH B YKAa3aHHBIX TOYKaX

¥ Ha KOHILAX cerMeira
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fO =0 F(=1/Z)=1 [(=Vm=0,

f (V_Qg‘“_> = sin—sf—z —-%2

yGeIuMCs B TOM, 4TO MakKCHMaJ/bHOE '3HaYeHHE pPacCMaTPHBAEMOM
¢yHKUMH paBHO —+! M JocTHraercss B ABYX BHYTPEHHMX TOYKax Cer-

T
‘MEHTa: Xy = — — H Xy= l/ - MHHHMAaJbHOE 3HaUYCHHE

'paCCManHBaeMOK Q)YHKHHH paBHO—%H JOCTHUraeTcsd Ha I[IpaBOM

; v 5n
KOHIe CerMenta ——.

I'paduk paccmatpuBaemodl ¢yHkuumm uszobpaxkeH Ha puc. 7.20.

2. KpaeBoii akctpemym. Ilycts dyHKuHsS y=[(Xx) ompeieleHa Ha
‘HekoTopoM cerMmente [a, b]. Dyzaem rosoputh, uTO 3Ta QPYHKYUS
umeer 8 2panudnoli Touke b 3T020 ceemenTa KpaAEEOU MAKCU-
mym (kpaesoti murnumym), ecau Haidercs aesas NOAYOKpPecT-
HocTo Toyku b, e npedeaax xoTopoii snauenue f(b) asaserca Hau-
borvuum  (Haumenvuwium) cpedu scex Opyaux - 3HaueHuly ITOL
pynxyuu. : -

AHaJioruyHO ONpeaensiioTcss KpaeBo MaKCHMYM H KpaeBOH MMHH-
MyM B TpaHHYHON TOYKe @ cermenta [a, b].

Kpaegoit MaKCHMYM M KDaeBOii MHHHMyM 06’beIlPIH$IIOTCH ob1uM
Ha3BaHHEM: KDaeBO# 3KCcTpeMyM.

Hmeer mecTo caenyiomee JOCTAaTOYHOE YCJOBHE Kpae-
BOTLO 3KCTpPeMYyMa: 0a1 1020 4T0686l hynkyus y=7[(x) umera 8
To4Kke b ceemenra [a, b] kpaesoil maxcumym (kpaesoiy Munumym),
:doCTaTO4HO, 4TOObL 3TA (PYAKYUA umesra 6 TO4Ke b noaoxcuresbryl
(orpuyaressnyro) aesyro  npouszsodnyro*. ([LloKa3zaTeabCTBO
:COBEPUIEHHO aHAJOTHYHO [OKAa3aTeJbcTBY TeopeMbl 7.1!) M3 ykasan-
'HOTO JOCTA4TOYHOT'O YCJOBHSI KPAeBOTO 3KCTPeMyMa HemOCPeACTBEHHO
BHITEKaeT cJaeAyiollee HeOO6XOJZHMOE YCJIOBHE KPaeBOTrO
9KCTpeMyMa OQyHKUHH, uMeoiiei B Touke b JeByl0 NPOH3BOA-
HYI0: 0452 TO20 4TO0Obl (hynxyus y=f(x), obaradarowas s To4ke b ae-
.801i npoussodHol, umenra 8 ITOL TOYKe Kpaesoli maxcumym (xpaesol
MURUMYM), HEOOX00uMO, 4TOObL YKABAHHAA NpoussoOHas 6biia HEOT-
PuyaTesbHOl (HenoAoONUTeAbHOU).

Ananoruyno, 0an T020 4T0GBL yHKyUs Y=f(X), o0baadaroujas 6
‘TO4Ke a npasoll npou3soldHol, umeara 8 3Toil TouKe Kpaesoti MaKcil-

* JInsl rpaHHMYHOM TOYKHM @ AOCTATOYHBIM YCJOBHEM KPaeBOro MaKcHMyMa (kpae-
-30r0 MHHMMYMa) $IBJISIETCS OTPHIATE/JbHOCTb (HOJOXKHTEJNbHOCTh) MpaBoOil MPOH3BOA-
FHOU B TOYKe 4.
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mym (kpaesoti munumym), Heobxodumo, 4T066. YKA3AHHAA NPOU3EO0-
Hasa 66iL4a HenoaoxcuTeAbHOU (HEOTPULATeAbHOU).

3. Teopema JlapOy *.

Onpedesrenue. Bydem 2080puts, uro ynkyus f(x) umeer
npouseo0uyro na cezmente [a, b], ecau f(x) umeer KoHeunywo npo-
u3800nyro 6 Kaxcdol enyTpenner touke [a, b] u, xpome TOZ0,
umeer KOHeunbie  OOHOCTOPOHHUe  npou3eodneie [ (a+0) w
(b—0).

e Oqu)HﬂHo, (yHKLHSA, HMeIlas NPOH3BOAHYI0 HA CerMeHte, Gy-
JIeT HENPEPHIBHOH Ha 3TOM cerMeHTe **.

Jlokaxewm Temepb CAEAYIOLLYIO TEOpeEMY.

Teopema 7.12 (reopema J[Jdap6y). llycrs ¢yuxyus
f(x) umeer npoussoduyio na ceemenre [a, b]. Toeda, kaxoso 6bL
Hu 6oiao0 uucao C, saxkaiouentoe mesxcdy A=f(a+0) u B=
=f(b—0), na saTom ceemente HaiideTcs TOYKaA E TAKAR, 4TO
f'(g) =C. .

Hrak, npousBozHast NpH OJHOM TOJBKO YCJIOBHH CYIIECTBOBa-
Hus Ha cerMeHTe [a@, b] npurMMmaer mn060e MPOMEXYTOUHOE 3HA-
YeHHe. '

HoxasarteabcTBo. CHayana JoKaxkeM cCJeAyiollee yT-
BepxkaeHHe: ecau F(x) umeer Koneunyio npousdsednywo na [a, b
u ecau F'(a+0) u F'(b—0) — uucaa pasneix 3HaK08, T0 HA ce2-
mente [a, b] naiiderca rouka § taxas, uro F'(§) =0. .

[lycte paam onpepenennoctu F’/(a+0) <0, F/ (b—0)>0. Torna
¢yukuus F(x) mmeeT KpaeBoH MakCHMyM Ha 00OMX KOHIAX cer-
MeHTa.[a, b]. Ho 3T0 o3Hauaer, yTo MHHHMaJabHOe 3HaueHue F (x)
Ha cermedTte [a, b] mocTHraeTcs B HEKOTOPOH BHYTPEHHeH Touke §
3TOro cermenra (¢QyHkuus F(x) HMeeT NPOH3BOAHYIO, a 3HAYHT,.
U HenpepbiBHAa Ha cerMeHTte [a, b] W MOITOMy HOCTHraer Ha 3TOM
CerMeHTe CBOEMO MHHHMAJbHOrO 3HaueHMs). B ykasaHHo# Touke E
¢ynkuua F(x) uMeer JIOKaJbHBHIH MHHHMYM, H mostomy F’(E)=0.

Husi jokasatesnbcTBa TeopeMbl 7.12 ocraercsi mosoXuTh F(x) =
=f(x)—Cx*** y npuMenuth K F(Xx) TOJbKO YTO JOKa3aHHOe
yTBepK/eHHe.

3aMeTuM, YTO HeNpPEePHBHOCTb NPOU3BOAHOH [’ (x) MBI He Mpex-
noJiaraJu.

U3 teopembl [dapOy cpasy ke cjaeayer AokasaHHoe B 1. 3 § 4
rJ. 6 yrBepxKjJeHHe 06 OTCYTCTBHH y NPO3BOAHOH TOYEK pasphiBa
1IepBOTO poja.

* Tacton Hap6y — ¢pannysckuii Matematux (1842—1917).

** B camoM jese, M3 CylleCTBOBAHHSI NpPOH3BOAHOH [/(X) BO BHYTPEHHHX.
toukdx [a, b], BHTekaeT HempepHBHOCTb f(x) BO BHYTpeHHHX TouKax [a, b], a m3:
CyILECTBOBAHHS "OXHOCTODOHHHX npousBoanbx {'(a+0). u f'(b—0) BHTEKaer Henpe--
PHIBHOCTb CIIpaBa B TOYKE @ H CI€BA B TOuke b, ,

*#* TIpu 3TOM MH, He orpaHnyuBas oGWIHOCTH, NpeanosaraeM, uto [’(a-+0)=:
=A<C<B=f"(b—0). ‘
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JONOJHEHHE

AJITOPHTM OTBICKAHHMS 9KCTPEMAJbHBIX 3HAUYEHHH
(QYHKUMH, HCTIOJB3YIOWMA TOJLKO 3HAYEHHS 3TOH
dyHkUHH

IMpeanonoxum, uro ¢yukuusa f(x) samana Ha cermente [a, b],
MBI pacliojlaraeM 3HAYCHHSAMH 3TOH (YHKUMH B y3JaX CETKH, IOJY-
yapmelics IpuH AeJeHHH cerMeHTa [a, b] Ha 2" paBHBIX uacred
{n=1, 2, 3, ..).

Pann OIpe/eeHHOCTH OCTQHOBHMCS Ha OTHICKAHHM TOYKH MHHH-
MyMa QyHKUHH [(x).

[Ipu s1OM MBI Oyjem mnpennoJarartb, UTO BHIIOJHEHH CJAeAyIOLIHE
JBa ycaosus: 1) ¢yHkuus f(x) umeer Ha cerMeHTe [a, b] exuHCTBeH-
HYIO TOUKY MHHEMyMa c¢; 2) npu a<c dyukuusa f(x) y6eiBaer Ha cer-
MmeHTe [a, ¢] (1. e. yb6niBaeT csaeBa OT TOYKH MHHHMyMa), a IIpH
¢<b ¢ynxuusa f(x) Bospacraer Ha cermeHTe [c, b] (T. e. Bo3pacraer
CIpaBa OT TOYKH MHHHUMYyMa).

Ot ycaoBus GYAYT BHIIOJHEHE!, HAllpUMep, B ClAyuae, ecaH QyHK-
uusa f(x) aBa pasa auddepeHuupyema Ha cerMeHre fa, b], npuuem
f(c)=0, a ["(x) crporo mojoxurenbHa Ha [a, b]. OxgHako AAs BHI-
TOJIHEHHS] YKa3aHHBIX ABYX YCJOBHH AHGb(EepeHIUupyeMOoCTh f(x) BO-
obue roBOpS, He Tpebyercs.

Mpr cefiuac ykKaxkeM aJ/IrOpHUTM INOCTPOEHHsI CTATMBAlOLIeHcss CHC-
TEMBI CErMEHTOB *, CONepXKAaLINX TOUKY ¢ MHHHMyMa ¢(yHKuuu f(x)}.

OcTaHOBHMCA Ha TNOCTPOGHHH NEepPBOro CErMEHTa CTATHBaloOLIekcs
CHCTEMBI, HMesl B BHAY, UTO BCe NOCJeAyloLIMe CerMeHTH 3TOH CHCTe-
MBI CTPOSITCSI 110 TOMY K€ NPHMHIMIY, YTO M NEepBBIH ee CEerMeHT.

Pasnenum cerment [a, b] npu nomouu TOYeK a=Xo, Xi, X2, X3 H
X4=b Ha ueThHlpe paBHLI X YacTHYHBIX CerMeHra [xi, xi] (i=1,
2,3, 4

,[[axmbm YaCTHUHBIA CErMEHT [X;-;, X;] JOTOBODHMCA HA3HBATH
cerMeHTOM y6umBaHuS, ecad [(x.-1)>f(x:), T. e. eciin 3Haye-
Hue (QYHKUHH [(x) Ha JeBOM ero KoHLe cTporo GoJblie, YeM Ha npa-
BOM, M COOTBETCTBEHHO Ce€rMeHTOM BO3pacCTaHHS, ecau
Flxis) <f(x:), T. e. ecniu suauenne YHKUHH f{X) Ha JeBOM KOHIE
CTPOro MeHble, YeM Ha MPaBOM.

Tax kak ¢yHKumus f(x) umeer Ha cermente [a, b] eXHHCTBEHHYyIO
"TOYKY MHHHMYMa ¢, TO yKaszaHHas TOYKAa MHHHMYyMa ¢ HOPHHAIJIEXKHT
OJHOMY H3 YETHIPEX YACTHYHBIX CEIMEHTOB [Xi-1, Xi].

Tort uwactuuubii cermeHT [xiy, X;], KOTOpOMY  DpHHAAJENRUT
TOYKa  MHHHMYMa €, MOXeM  sBJASThCA  JubO  CEerMeHTOM
BO3pacTaHus, 1u60 cerMeHTOM yOhBaHHs, 1100, HAKOHeL, CEerMeHTON,
Ha KoHlax Koroporo GQyHKUHS [(x) HMeerT paBHbE 3HAYeHHS.

* Onpepielende ¥ CBOMCTBA CTSACHBAIOWIENCS CHCTEMBI CEIMEHTOB CM. B I 2
$§ 2ra 3.
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Kpome Toro, u3 toro, uro no ycaoBuo ynkuusa f(x) yObiBaer
cjieBa OT TOYKM MUHHMYMa ¢ H BO3DacTaer clipaBa OT 3TOH TOUKH,
BHITEKAET, UTO ecAu OQHHbLL YACTUYHGIL CE2MEHT COO0epiCUT TO4KY
MUHUMYMA ¢, TO AtOOOL YACTUYHDLLE CE2MEHT, Aexauiull HAAe80 OT
JQHHO20, ABASETCS CE2MEHTOM YObl8aHUs, A AH000L 4ACTUYHbLL Ccea-
MENT, aexauyull Hanpaeo OT OAHHOEO, ABAAETCA CE2ZMEHTOM B03DPACTA-
HUA.

Ho Torna MOXHO yTBEpKAATb, YTO TOT HACTHUHBIH CErMEHT, K-
TOPBIHl COAEPKHT TOUKY MHHHMYMA C, SIBJISIETCH JHG0 CaMbiM IIPaBHIM
cerMeHToM yOnBaHHs, JU60 CaMBIM JIEBHIM CErMEHTOM BO3pacTamuf,
JH00, HAKOHeN, YacTHYHBIM CEMeHTOM, Ha KOHLIAx Kotoporo f(x)
HMeeT DaBHbi€ 3HAYEHHS.

CdopmyaupoBaHHoe YTBep}KlIeHHe H03BOJISIeT YKa3aTh AJTOPHTM
HOCTPOeHHUS nepBoro cerMenTa [ai, b;] craruBawolefics CHCTEMH cer-
MEHTOB [@n, bn], KAXIBIA H3 KOTOPHIX COAEPIKHUT TOUKY MHHHMyMa C.

PaccmoTpHM yeThipe BO3MOXHBIX cayuas.

1) Cpean yacTHYHBIX CEIMEHTOB [X;_j, X;] €CTb CEIMEHT, Ha KOH-
uax KoToporo f(x) umeer pasHble 3HaueHus. B atom caydgae sTOT
CErMEHT COJEPXKHT TOUKYy MHHHMYMa c*, H Mbl TIpUMEM ero 3a nep-
EBIH cerMeHt {ai, bi] craruBamoumefics CHCTEMBL.

2) Bce gactHuHble cerMeHTHl [x;(, x;] (i=1, 2, 3, 4) sBasoTCA
cerMeHTaMH yObiBaHuSI. B 3ToM ciyyae TOukKa MHHHMyMa ¢ JIEXKHT Ha
CaMOM NIPaBOM M3 YacTHYHBIX CErMEHTOB, T. €. Ha CermMeHTe [xs, Xi],
M Mbl IPUMeM 3TOT CETMeHT 3a [ay, bi].

3) Bce uacruunbie cerMeHTH [xi-1, x;] (i=1, 2, 3, 4) sBasOTCA
CerMeHTaMH BO3pacTaHusA. B 3TOM cJyuae TOYKAa MHHHMYMA JI€XKHT
Ha CaMOM JIeBOM H3 YAaCTHUHBIX CEIMEHTOB, T. €. Ha cerMeHre [xo, Xi],
U Mbl IIPMMEM 3TOT CerMeHT 3a [ay, bi].

4) Cpeau YacTHUYHBIX CETMEHTOB HMEIOTCS KaK CerMeHTH YOhiBa-
HHfl, TaK H JexallHe NpaBee HUX CETMEHTH BO3pACTaHHA. B 3Tom
cly4yae MOXKHO YTBEPXKAAaTh, YTO TOUYKA MHHHMYMa C JIEXHT Ha 00b-
€JUHeHHH CaMOro IPaBOro CerMeHTa yOLBaHHS M CAMOTO JEBOLO Cer-
MeHTa BO3pacTaHusl. YKazaHHOe oGbefHHEeHHe ABYX YAaCTHYHBIX 'Cer-
MEHTOB MBI M NpuMeM 3a [a;, by].

Tem caMbiM Mbl yKa3za/iH OJHOSHAUHBIA AaJATOPHTM IIOCTPOCHHS
IePBOro cermMeHTa [ai, by] W3 CTATHBAIOILEHCS CHCTEMbl CErMEHTOB
{[an, ba]}.

BTOpOH CEerMEHT 3TOH CHCTEMBI [dg, by] CTpOHTCA, OTHPABJSAACH OT
[ai, by], TouHo Tax e, KaK cerMeHT [a@;, b;] CTPOMJICSH, OTIPABISAACK
oT [a b]. Ilo Takomy xe NPHHUMILY, OTIPABJAACH OT 11-TO CerMeHTa
[an, b,], crpoutcs (n+1)-ii cerMeHT crArHBawINEHCs CHCTEMBL.

* Touka MMHHMyYMa ¢ HE MOXET JieXaTh HaJeBO OT YaCTHYHOTO CerMeHTa
[xiz1, x,] Ha KOHIaX KOTOPOro f(x) uMeer papuple snayenus, H6O TpH ITOM
YKa3aHHBIH CerMEHT sBJSeTCS CerMEHTOM BO3DACTAHHS, Anasorsuno TIPeANoIOXKe-
HHe O TOM, YTO C JIeXXHT HampaBO OT YaCTHYHOrO CErMeHTa, Ha KOHLUAX KOTOPOro
f(x) uMmeer paBuble 3HayeHHs, NPHBeJO OH K TOMY, 4TO 3TOT qacmqnuu CEerMeHT
ABJAACTCS CETMEHTOM YyOBIBAHHSA.

10 3ak. 72
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SIcHO, YTO NOCTPOEHHAs CHCTeMa CerMEHTOB {[@., bn]} siBaseTcs
cTATHBaWIelicss M, MOCKOJbKY BCE TH CEIMEHTH COJAEPXKAT TOUKY
MHHEMYMa ¢, o0e IIOCJIeOBATeNBLHOCTH MpaBbiX KOHUOB {b,} 3THX
CErMEHTOB U JIEBBIX HX KOHHOB {@,} CXOASITCA K TOYKE MHHHMyMa C.

AHaNOTHYHO CTPOUTCSI AJTOPHTM OTHICKAHMSI TOYKH MAaKCHMyMa
¢yukuuu f(x), umeomed Ha cermenre [a, b] eRHHCTBEHHYIO TOYKY
MaKCHMyMa ¢ DU YCJIOBHH, 4TO 3Ta (YHKIUHS BO3PACTaeT CJieBa OT
¢ IpH ¢>a 1 yOhIBaeT copaBa OT ¢ NpH c<b.



IFaasa 8

MEPBOOBPA3HAS ®YHKL U
A HEONNPEAEJEHHDBIA HHTETPAJI

B 310#i ryiaBe MBI H3YYHM oOllepalyio, o6paTHYIO IO OTHOLIEHHIO K
onepauun AupdepeHUHpOBaHHd, T. €. 3aiMeMCs BOIPOCOM O BOCCTa-
HOBJIEHHH ()YHKUHH II0 H3BECTHOH HPOM3BOJIHOH 3TOH (GYHKIHH.

H3yuenye 3TOr0 BONIpOCA €CTECTBEHHO NPHBEHET HAC K NOHATHUAM
nepBooGpasHOil H HeONpeAeJIeHHOro HHTerpaja (yxKe ynOMHHABIIHMCSH
B i 1). — v

OrtkaanpiBag g0 . 9 BoOIpoc O CyIeCTBOBAaHUM NepBo06pa3HOH H
HeoIlpefe/IeHHOrO MHTerpaJsa, Mbl H3YUYHM B HacCTOfllell rIJaBe BaXK-
Hiefiliie MeTOJbl HHTETDHDOBAHHSI M BBIIEJHM KJacChl (YHKIUH, He-
Onpefie/IeHHble MHTEerpaJbl OT KOTODHIX BBIpAXKalOTCS Yepe3 3JeMeH-
TapHble QYHKIUH.

§ 1. IOHATHE NMEPBOOBPA3HON ®YHKLHHU H
HEOMPEJLEJEHHOYO UHTEIPAJIA

1. Tlonarue neprooGpasHoil dynkuuu. K uucay BaxKHBIX 3ajay Mme-
XaHUKH OTHOCATCA 3ajava o0 onpeleseHUH 3aKOHA [BHXKEHHUS MaTe-
PHANBLHOH TOYKH IO 3aJlaHHOH ee CKOPOCTH, a Takxe 3ajgadya o6 or-
PeleJIcHHH 33aKOHA IBMXKEHUSI M CKOPOCTH MaTEepHaJbHOH TOUKH IO
3allaHHOMY ee YCKOpPEHHIO *. , ‘

STH 3ajJauyy NPHBOAAT K MAaTeMAaTHYECKOH NpobJeMe OTolcKaHus
pynryun no 3adanrol npoudsodrot aTol pynkyuu.

[lepexoguM K pacCMOTPEHHIO 3TOH NPOOJIEMEL.

Onpenenenne. Pyuxyus F(x) Haselsaercs nepeoob pas-
“Hotl pynkyued (usu npocto nepsoobpasHnoi) Ora ynx-
yuu f(x) Ha unrepsase (a, b), ecau 8 2w060i TOUKE X uHTepsaia
(a, b) ¢pynxyus F(x) Oupepenyupyema u umeer npoussodHyw
F'(x), pasnyrwo f(x).

aMedaHnHne. AHaJIOTHYHO OIpejensieTcss mepBooGpasHas IJst
GyHKIUH [(X) Ha OCCKOHEUHO[ npaAmMoid u Ha NOAYnPAMOU **.

* BMeCTO YCKODEHHsi MaTepHaJbHON TOUKH MOXKHO 3ajaTh AeHCTBYIOILYIO Ha
3Ty TOuKy cuay (6o coriiacHo BTopoMy sakony HbioTOHAa cHMa ONMpeje/sieT YCKO-
peHue 3TOH TOUKH).

** MoxHo BBECTH NepBooOpasuyw nas QyHkuuu f(x) u Ha cermemte [a, b],
TIOHKMMas NOX TaKOH nepBoobpasmoit dyuxumio F(x), uMeomyo npoussosuywo F’(x)
B moGolf BHYTpPeHHeH Tolke cermenta [a, b], paBuywo [(x), U, kxpome TOrO,
uMelollyl0 NPaBylO TPOM3BOXHY0 F’(a+0), pasuywo f(a+0), u JeByio NpOH3BOA-
#ylo F/(b—0), pasuyio f(b—0). _

10*
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[IpuMepn. 1) ®ynkuus F(x)=)1—x® sABAseTcs NepBO-
obpasuofi masa ¢ysrupm f(x)= ——7-1—"——1’-
— X

. 3\’ —x
+1), 60 B MOGOK TOuKe x 3TOrO HHTepBama (}/ 1—x2) =7—1__——__—;.
— X
2) ®ynxnus F(x)=sin x sBaserca neppoo6pasHofl pias (yHKUHK
f(x) =cos x na GeckoHeuHOH npsAMOH (—oo, +o00), W60 B KakAOH
TOuKe x OeckoHeuHO# npsiMoi (sin x)’=cas x.

3) Dyukuusa F(x)=Inx siBaserca nepBooGpasHoft ans ¢yHKUHU
f(x)=— Ha OTKPBITOH moaynpsiMmoit x>0, n6o B KaxXao# TOUKe
X

o o 1
x 370l moaympsimoit  (Inx)' =—,
X

Ha HHTepBaje (—1,

Ecau F(x) sBasercs nepooGpasnoil nns ¢ynxuuu f(x) Ha HHTEp-
BaJge (a, b), 1o, oueBupno, u ¢yuguus F(x)+C, rae C — mobas
NIOCTOSIHHASA, fABJAsETCH NepBooOpasHoi Aasi ¢yHKUHMH [(x) Ha HHTep-
Baje (a, b).

EctecTBeHHO, BO3HHKaeT BONPOC, KaK CBsi3aHbl Mexay coboit pas-
JHYHble nepBoobpasHble A OJHOH M TOH Ke QYHKUHH [(X).

CnpaBensinBa cjeyollas OCHOBHAs TeopeMa.

Teopema 8.1. Ecau Fi(x) u Fy(x) — awbbie nepsoobpasnole
Oas ¢ynkyuu f(x) nHa unrepsase (a, b), To 8ct00Y Ha 3TOM UHTep-
sane F,(x)—Fq(x)=C, 20e C — HexoTOpas nocToAxHHAA.

IpyruMu cinoBamu, ABe Jw06ne nepBooGpasHble sl OAHOH H TOH
ke QYHKUHH MOTYT OTJHYaThCs JHIIb Ha NMOCTOSHHYIO.

HokxaszartennctBo. [lomoxum @(x)=F,(x)—Fy(x). Tak
Kak kaxpas u3 ¢yuxkuuét Fi(x) u Fp(x) muddepeHunpyema Ha ui-
tepBane (a, b), To B cuny Teopemnl 5.5 n ¢ynkuua @ (x) auddepen-
nupyemMa Ha HHTepBane (a, b), nmpuueM BCIOZYy Ha 9TOM HHTepBaJe
@' (x) =F\’ (x) —Fy' (x) =f ()] (x) =0.

B n 1§ 4 ra 6 6bsa gokazaHa teopeMma 65 cJenylolero co-
nepxaHust: ecnn dyHkuusa @ (x) xudpdepeHuHpyeMa BCIOAY Ha HHTED-
Baje (@, b) u ecau Bcioay Ha 3Tom HHTepBaste @' (x)=0, To QyHK-
uus @ (x) sBJseTcs NMOCTOSHHON Ha HHTepBaJe (a, b).

W3 atoit TeopeMpl -mosyuuM, yto @ (x)=F;(x)—Fy(x)=C=const,
410 U TPe6OBAJOCH JH0Ka3aTh.

CnencrBue. Ecam F(x) — 00Ha u3 nepBoOGpasHHIX (yHK-
nuft ans ¢yukuuu f(x)y Ha nurtepnaie (a, b), To 4r06as nepBoobpas-
Has @(x) mas ¢ynkuuu f(x) Ha wunrtepBase (a, b) uMeeT BHR
@ (x)=F(x)+C, rne C — HexoTOpas NOCTOSIHHAS.

2. HeonpepeneHublit HHTErpa.

Onpenenenue. CoBOKYNHOCTG 8 Ce X nepsoobpas’Hulx QyHkK-
yuii 0as Oannoil ¢pyuxkyuu f(x) Ha unrepsase (a, b) Hasevieaerca
Heonpedenrennblm unrezpasom or pyukyuu f(x) (x2
aToM uHTepsane) u 0603HAYAETCS CUMBOAOM

[ Fx)ax. ®.1)
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B stoM o6o3HaueHHu 3HAK S Ha3blBa€TCA 3 HAaKOM HHTErpadga,

BblpaxeHue f(x)dx — NOABIHTErpaJbHBM BHPaAaXEHHEM
a caMa ¢ynkua f(x) — DOABIHTETrpaJbHOH (QYHKIHER.
Ecnu F(x) — oaHa u3 nepBoo6pasHelx OyHKUMHA I/ (DyHKUHH

{(x) Ha unTepBase (a, b), TOo B cuiy CIEACTBHSA H3 TeopeMnl 8.1
frdv=rerc, ®2)

rie C — nwobas nocrosiHHas *.

IToxuepkHeM, uTO ecau nepsoobpasHas (@ 3HAYUT, U Heonpede-
AeHHbLL unTezpar) 0asn gynkyuu f(x) ua unrepsase (a, b) cywecr-
8yer, 10 nodbinTeepaibroe soipajcenue 8 gopmyse (8.1) npedcras-
aser cobot Jdugppepenyuan 40604 u3 3TUX nepsoodpasHbLX.

B camom gnene, nycth F(x) — awo6as u3 1nepBooGpasHblX AJs
¢yurunu f(x) Ha uHTepBase (@, b), T. e. A BCEX X M3 HMHTEpBaJa
(a, b) F'(x)=f(x). Torna f(x)dx=F’(x)dx=dF.

{Ipumepn. 1) 571_—x—2dx=l/l——x2 +C Ha wunTepBase

—X
—1<x<1, u6o dynxuns F(x)=)1—x® sasBaserca oaHOH H3 mep-

BOOGpa3HbIX s GYHKUMH . f(X)= V—;——f—g
— X

Ha YKa3aHHOM WUHTEp-
BajJje.

2) _fcosxdx=sinx+C Ha Bceil  GeCKOHEYHOH  NpsMOH
—oo<Lx¥<+00, ubo ynkuus F(x)=sinx sBAseTcs OAHOH H3 mnepBO-
06pasHbIX Aa (GyHKUHH f(X)=c0Sx Ha GECKOHEUHOH NPSAMOH.

B aToit rsaBe MBI He GyAeM 3aHHMAThCsi BOIPOCOM O CYU4eCTEO-
éanuu nepBooOpasHbIX (MM HeolpelelEHHBIX HHTErpasoB) AJst M-
POKHX KJaccOB (YHKIMH. 3hechb Mbl JHUIbL OTMETHM, 4TO B § 4 ru. 9
OyaeT A0Ka3aHO, 4TO 04f 8Cakoll yukyuu f(x), HenpepoisHot Ha
untepease (a, b), cywecrsyer na atom unTepsase nepeoobpasnas
Pyuryus (u neonpedesennolii UKTe2PAL).

- 3. OcHoBHbIE CBOWCTBA HeompejeJeHHOro MHrerpana. Ilpexae
BCEro OTMETHM JABa CBOHCTBA, HEMOCPEACTBEHHO BHITEKAIOIHe H3 OIl-
penesienus HeoNpeAeJeHHOro HHTerpaJa:

1 d [ Fx)de=F () do.

2. {dF(x)=F@+cC.

CaoiictBo 1° o3nauaer, 4to 3Haku d W § B3aHMHO COKPAINAIOTCS B
ciayyae, ecqH 3Hak audpdepeHnHasa CTOUT Ilepe] 3HAKOM HHTErpaJa.

CoiicTBo 2° 03Hauaer, uTo 3HAaKH | W d B3aHMHO COKPAUIAIOTCS H
B Clyyae, ecqH 3HAK MHTerpasja CTOMT nepeX 3HakoM auddepeH-

uHana, HO B 3TOM cJayyae K F(x) caexyer A06aBHUTh IPOH3BOJbLHYIO
nocrosinuyio C.

* Pagencrso (8.2) clepyer nOHHMAaTb Kak pPAaBEHCTBO JIBYX MHOXKECTB.
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Ins ycranoBiieHHs cBoficTBa 1° gocratoyHo B3fATh  AHG(epeH-
muan or oboux wacreii ¢opmynan (8.2) u ydecth, uro dF(x)=
=F(x)dx=f(x)dx.

It ycTaHOBJIEHHs cBOficTBa 2° HOCTAaTOYHO B JeBod vactu (8. 2)
BOCIOJIb30BAThCSE paBeHCTBOM dF (x) =f(x)dx.

Caenyoouie nBa CBORCTBA OGBIYHO HA3HIBAIOT AUHELHbIMU CEOU-
creamu UHTeZpaia: :

° [f(x) =g (x) 1dx={f(x)dx =g (x)dx.
S[Af(x)]dx Aff(x dx (A=const).

I'Iop,qepKHeM 4TOo paBeHCTBo B topmynax 3° u 4° umeer ycnos-
HHI# XapakTep: €ro cJeAyeT NOHHMATb KaK PABEHCTBO- IPaBo# H Je-
BOJ 4acTeil ¢ TOYHOCTBIO [0 TIPOHU3BOJIBHOIO MOCTOSIHHOTO CJIaraeMoro
(3T0 NOHSTHO, MOCKOJBKY KaKABlH M3 HHTErpajios, (UIYPUPYIOIUX
B ¢opmysax 3° u 4°, ompeneseH ¢ TOYHOCTbIO [0 IPOU3BOJIBHOIO
TNOCTOSIHHOTO CJ1aTaeMoro).

ITockosibKy ABe mepBooGpasHEle AJI OAHOH WM TOH Ke (YHKIHH
MOIYT OTJIMYATLCS JIMIIb HA [MOCTOSHHYIO, TO OIS HOKa3aTelbCTBa
cBOiCcTBa 3° JMOCTATOUHO HOKasaTh, 4TO ecad F(x) — nepsoobpasHad
mis  f(x), a G(x) — nepBoobpasnas misa g(x), TO QyHKUUS
F(x) =G(x) sBnsgercsa nepBooGpasHoft ans  oyrkuuu [(x) =g (x).
dro INocJaelHee HENOCPEACTBEHHO BBITEKAET H3 TOTO, UTO IIPOH3BOJIb-
Has (aare6pamueckoli) cCyMMbl (yHKIMH paBHa CyMMe INPOH3BOAHBIX
3THX (PyHKUHH, T. €.

[F(x) £G(x) ) =F'(x) £C'(x) =] (x) =g (x).

Anasioruuso noKaseiBaercs CBOHCTBO 4°. B aToM cayyae HCHOJB3Y-
erca paserctBo [AF (x)]'=AF (x) =Af(x).

4. Ta6anua OCHOBHBIX HeONpeAeJeHHbIX MHTErpatoB. B ri. 5 mu
AOJIyYHJiH TaOJHIy TPOU3BOJHLIX NPOCTEHINHNX 3JEMEHTAPHHIX (YHK-
uuii (cM. § 5 ra. 5), mpencrashsiolyio COO0H BBIYUHCJAHTE/IbHBIN am-
napat auddepeHuuaspHoro Mcumciexus. Kaxpas ¢opmyna 31oH
Ta6JMIBl, YCTAaHABJAHBAIOULAs, YTO Ta HMJHM HHas ¢yHkuus F(x) ume-
eT IPOM3BOJAHYIO, paBHyIO f(x), NIPHBOJHT Hac, B CHJYy OIpeJeJeHHs
HEONPeAEeJIEHHOTO HHTErpana, K COOTBeTcTBylomle# ¢opmyse HHTer-
pPaJIbHOr'O HCYHUCJACHHUSA

{f(x)dx=F (x) +C.

Takum nyTeM MBI IPHXOZUM K Chefyioued TabJuie OCHOBHBIX
neonpeuenenﬂbxx HHTErpaJioB:

. §0-dx=C.
2° §1.dx= x+C
3°. Sx“dx: +C (a=—1).

1. 5;‘1"_=m\x[+c (x5 0).
5°.§a"dx:a*'/1na+C O<a=£1), j.e"dx:e*’—i—C.
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6°. j.sinxdxz—cosx+C.

7°. jcosxdx—~sinx+C

g°. jcosz _S(l-i—tg x)dx= A

=tgx+C(x¢ +nn, n=0, +1, )

0. Ssm2 _j(1+ctg %) dx= —ctgx+ C(x = nn, rje

n=0, +1, ...).
10°. j-lc_:{arcsinx+c, (—1<x< 1).
V1—4

—arccos x+ C
11°. j’ dx {arcctgx—}- C,
14 x2 —arctgx+C.
12°. V;—;—%:_T=]nlx+ V3 +1l+ C (B ciyuae sHaka «MHHYC»> JIHGO
x>1, mbo x < —1).
18 [ 2=l e (e,

K srtum ¢opmysraM MOXKHO IPHCOELHHHTb H COOTBETCTBYIOLIHE
($opMyJbl A5 THIep6oJnyecKnX QyHKINH:

14°. [shxdx=chx+cC.
15°. Schxdx—shx-l—C
16°.j o =thx+C.
17°.§ N — _cthx+C (x50).

sh? x

C,uenaeM 3amMeyanus B OTHOUIeHHH ¢dopmyna 4°, 12° u 13°. Popmy-

Ja 4° cnpaBefyyBa IJisi JIOGOT0 HHTEpPBaJia, HE COLEPKAIIETO 3HAYE-

Husg x=0. B camom pene, ecam x>0, To u3 ¢opmyan  (Inx)’ r=L
P

3aKJjoYaeM, 4To y———lnx—l—C , a ecan x<0, To uz GopMyJH

[In(—x)] ra Ll 3aKJI09a€eM, 4TO j‘jx—=ln(—x)+C. TeM caMbiM
X X

dopmyaa 4° onpasnana ags Jwo6oro x7#0.

(DopMme 12° u 13° 3aHHMAOT HCKJIOUHTEJbHOE MOJOKEHHe B Ha-
mwef tabuaune, H60 3TH (POPMYJE He HMEIOT aHAJOroB cpexu op-
MyJ1 TabJulbLl TPOU3BOAHBIX.

Onnako ans mpoeepku Qopmyn 12° u 13° mocrarouHo yGeauTbest
B TOM, 4TO [POH3BOJHEIE BHIPAXKEHHH, CTOSIIMX B MNPaBBIX YaCTAX
3TuxX (OopMyJ, COBIAAAIOT C COOTBETCTBYIOUIMMH NOJBIHTETPaJbHEIMH
PyHRIUAMH.
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Hama 6mamkafimias neib — JONOJHUTH Tabjauny HeompeneseH-
HBIX MHTErpaJjiOB OCHOBHBIMH NpHEMaMH H METOJaMH WHTErpHpOBa-
Hug. Ho mpexkje deM NMPHUCTYNHTh K peajusalf 3ToH LedH, caenaeMm
OJHO BaXKHOe 3aMeyaHue.

B ri. 1 u 4 MB BBesIH NOHATHE 3JeMeHTapHOH (PYHKUHH, a B 1. §
§ 5 ri. 5 ycTaHOBUAH, YTO MPOM3BOAHAS JIOGOH 3JeMEHTapHOH (YyHK-
UMM NpejcTaBiasieT co00f TakXke 3jleMeHTapHyio (yuxuuio. HHbMH
C/IOBAMHM, Mbl YCTAHOBHJIH, YTO onepayusa ouggepenyuposanis He Bbl-
800UT HAC U3 KAACCA 3AEMEHTAPHOLLY (PYHKYUL.

OTMeTuM cpasy e, 4YTO C Onepauueil HHTETPHPOBAHHS JE€JO
o6cToUT HHaue. MOXHO J0KasaTh, UTO UHTe2PAAbL. OT HEeKOTOPbLX 3Ae-
MEHTAPHBIX (PYHKYUL yoLe He ABARIOTCA IACMEHTAPHOIMU (PYHKUUAMU.

[IpuMepaMu TakKuX HHTErpajOB MOTYT CIIYXKHTE CTelyIoLlHe:

10, Se*"'dx

2°. 5 cos (x?) dx.

3°. 5§1n (x*) dx.
S 0 < x 1).
{ cos dx  (x=£0).
60. j's"”‘ dx.

X

Kaxaelit U3 yxkasaHHBIX HHTETpatoB npedcrasaser coboi ¢ynk-
YUuro, He ABAAOUYIOCS 3AemenTapHOoll. YKa3aHHbie (QYHKUHH HE TOJMb-
KO peaNbHO CYIIECTBYIOT *, HO W WrpaioT OOJbUIYIO POJb B pastuy-
HbIX Bompocax ¢usukd. Tak, Hanpumep, uHTErpan 1°,  Ha3bBaeMHli
unreepasom Ilyaccona nwim untezparom ouubOK, UIHPOKO HCNOJb3Y-
eTcsi B CTATHCTHYECKOH (U3HKe, B TEOPUH TENJONPOBOJHOCTH H JH(D-
¢ysuu, unterpansl 2° u 3°, HasbiBaeMble usrezparamu Ppeneis,
UIHPOKO NPHMEHSIOTCA B onTHKe. UacTo BCTPEUalOTCs B NMPHJIOKEHHSX
u uHTerpajbl 4°—6°, mepBblf H3 KOTODHIX Ha3bIBAETCH UHTEZPANbHbIM
Aozapugsom, a NOCNERHHE ABA — UHTEZPANbHBIMU KOCUHYCOM H CU-
HYCOM.

Jng Bcex NeEpEYHCTEHHBIX HOBHX (yHKUHi (uHTerpana Ilyacco-
Ha, uHTerpajoB PpeHess, HHTErpaJbHOro Jlorapudma, CHHyca H KO-
CHHyCa) cocTaBJieHH Tabauubl u rpaduku.

Beuay BaxKHOCTH AJSI TNPHJOKEHHH 3TH (YHKUHH H3y4YEHH C Ta-
KOIl Ke NOJHOTOH, Kak H NPOCTeHIIHe 3jeMeHTapHBe (yHKunu. Bo-
obule, caeayer NOAUYEPKHYTb YCAOBHOCTH NOHATHA npocTeduweil 3sae-
MeHTapHOU ynryuu.

* Mp yxe ormeyasu, uto B § 4 1. 9 Gyjger MOKa3aHO CyLIECTBOBAHHE HeOI-
pele/IcHHOTO HHTErpaja oT Jio60i HenmpepuBHONK ¢yHKuny, CyluecTBOBaHHE HHTEerpa-
Jq0B 1°—6° ofecneunBaeTcsi HENMPEPHIBHOCTHIO IOABIHTErPaNbHEIX (DYHKIMHA.
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§ 2. OCHOBHbBIE METOJlbl HHTETPHPOBAHUA

1. HurterpupoBaHue 3aMeHOH nepeMeHHOH (HoACTamoBkoH). 3a-
MeHa TepeMeHHOH — OJHMH M3 caMblX 3((QEKTHBHBIX NPHEMOB HHTEr-
pupoBanus. DTOT IpHeM Oasupyercss Ha CJEAYIOLIEM 3JeMEeHTapHOM
YTBEPKAEHHH. ~ .

Hycrs ¢ynkyus t=q¢(x) onpedesena u Ougpgepenyupyema Ha
muosxcectse {x}, npedcrasaarouem coboi iubo uHrepsas, aubo oOT-
KPOITYI0 NOAYNPAMYIO, AUOO GECKOHEUHYIO npAMYro, U NYCTb CUMBOA
{t} obosnauaer muovcecTso 8cex 3uawenul arod Gynxyuu. Ilycrs,

dasee, das yuxyuu g(t) cyuecrayer na muoxcecrse {t} nepsoobpas-
Has pyuryus G(t), 1. e.

fgwar=a@+c. (8.3)

Tozda scrody na muoxecree {x} dan pynxkyuu glo(x) ]’ (x) cy-
wecrsyer nepsoobpasnas Gynkyus, paswas Gle(x)], r. e

(eglomle () de=Glo@1+cC. (8.4)

Has noKasartenbCcTBA 3TOFO YTBEPXKAEHHA AOCTATOUHO BOC-
NOJIb30BaThCsl NpaBHAOM AupQepeHIMPOBAHAST  CJIOKHOH (GYHKIUH *

—— (Gl =G 9]¢ (9

M yuyecTb, YTO NO onpejpeneHuHio nepBoobGpasHoit G’ (f) =g(f). Ilpexn-
NOJIOKHUM Telepb, YTO HaM TPeOyercs BLIYHCIHTH HHTErpal

[ Fx)ax. . (8.5)

B pange cayuaeB ynaercs BeiGpaTe B KayeCTBe HOBOH I€pEMEHHOH
Takyio auddepenuupyemylo QpyHKUHIO {=q(X), 4TO HMEeT MeCcTo pa-

BEHCTBO
f(x)=glo(x)]e'(x), (8.6)
npuueM QyHKuus g(f) Jerko HHTErpupyercs, T. €. HHTErpal
| {gwax=61+cC

npocro BoiuHcasgercsd. JlokazanHoe BblEe YyTBepKJeHHE II03BOJSIET
HaMm HanucaTth cjefylouylo ¢opmyay s uHterpana (8.5):

{1y ax=6le@1+C.

ODTOT mpHeM BHIYHCJEHHs HHTerpana (8.5) M HasmBaeTcsi uuTezpu-
posanuem nyrem 3amensi nepemenHoll, ‘

KoneuHo, Taxkoli npuem npHMEeHHM He KO BCAKOMY HHTErpaJy.
Kpome Toro, crepyer momuepkHyTb, yTo BHIGOD NpPaBHJIBHON IOACTA-

*Cm.n. 1 § 3ra 5.
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HOBKM B 3HAUUTEJBHHOH Mepe OIpelessieTcs HCKYCCTBOM BBIYHCJIH-
renst. [Ipusenem psx mpuMepos, HITIOCTPHPYIOWHX TOJILKO HTO H3JIO-
XEeHHBI MeTOJ.

1°. Broiuncaute Ssm 3xdx. s BHYHCAEHHS 3TOTO I/IHTeI‘paJIa cie-
_OyeT cHeJjiaTh IPOCTeAIIyI0 NOACTAHOBKY f{=23x, dft=3dx. B pesyin-
TaTe 3TOH 3aMeHBl HOJYUYHM

jsin 3xdx=5.L3 sinfdft = ——:lg—cost—i-Cv: —%cos 3x+C.

dx

t4a’
CTBOM 3aMeHH f=x-+a, dit=dx.
IIpu sToM moJayunm

2°. Briuncantb j DT1oT HHTErpas BBIUHCJSETCA TOCpen-

S‘ e _ __1n|t|+c_ln\x+a|+C (x +—a).
x+a t

3°. BBIUHCAHTD je““ sinxdx. Jlerko BHAETb, YTO 3TOT HHTEr-

pas BBHIUUCJSIETCS NMyTeM 3aMeHBl {=(COS X.
B camom gene, npu atom di= —sinx dx u

jeCOS" sinxdx= ——fe’dtz —el - C= —eos* 4 C.

(arc tg x)to0

14 x2%
paJja yno6Ha 3amena f=arctg x. B camom pnese, Ipu TakoH 3ameHe

— dx (arc tg x)100 100 A4 (arc tg x)tot '
dt=r o w [ St dt = +¢ el e

5°. Briumcaurs muTerpan [=§(5x—6)19%4dx. Koneuno, packpniBas
NOJBIHTErpajbyl0 QyHKIHIO N0 GopMmyne GuHoma HbIOTOHA, MBI MO-
eM CBECTH 3TOT MHTErpaj K CyMMe TBICAYH JAeBATHCOT BOCBMHAECATH
nATH Tab6JMUHBIX uHTerpasoB. Ho ropasio mpolle cieaatb 3aMeHy
nepemenHoil t=>5x—6, di=>5dx, B pesyibraTe KOTOPOH Mbl HOJYYHM,
uTO

. Bruiugcauts dx. Jnsa BRIYHC/JAEHHUST 3TOTO HHTEr-

985 — H)19856
f O (5x—6)
9925 9925

[=-L Sﬁm dt =
5

6°. Boluncautb S e . Uto6H ycMOTpeTh Ty 3aMeHy, NoCpen-
Cos X

CTBOM KOTOpOﬁ MoXKeT OBITb B3AT 3TOT uwHTerpaJ, IMnepenuieM €ro B

BHJE
S’ dx _Scosxdx j‘ cos x dx
cos X cos? 1 —sin?x’

[Tocsle 3TOro MOHSITHO, YTO CJEIyeT NOJOXHTb t=sin x, df=cos x dx.
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B pesyJbTaTe mOJyuHM
S‘ dx — dt =—%—ln! 141

Cos X 1 —¢2 1—1¢

X Tt
+C_ln|tg <-2—+T)l+c.

x5dx
@417
unterpana ypobua samena  ¢=(3x)S, di=4374x°dx. B pesynbrare
YyKa3aHHOH 3aMeHbl HOJy4YHM
5 6
»dx _ 1 j‘ dt :arctgt C— arc tg (3x) +C
(Bxp2 1 4374 J 2+1 4374 4374

dx
8°, BBIUHCHHTDL —_—,
(¢ +-a?)*?
Ja OKasblBaercs yJAOOHOH TPHIOHOMETPHYECKAass MOACTAHOBKa fi=

= arctg-=, x=uaigt, dx=a
a C

7°. BBIUHCINTL HHTErpa s BHIYHCIEHHST 3TOrO

,H,JIH BBITHCJIEHHA 3TOTO HHTErpa-

0s2¢
B pesyabraTe 3TOH NMOJACTAHOBKHM HMHTErpaJjl NPUHHMAeT BHJ

;I—z—j‘costdt Smt 4+ C=

| wrar=
tgt

- C= 2 C
a2/1+tg2t+ _ aZVx2+a2+
° . dx o
9°. BriuucauTh J @ 3aech OKasmlBaeTcsd YAOOHOH moA-
cTaHOBKa ¢=arc sii-—, x=a sint, dx=acostdt. I'Ipn 3TOM
a .
1 dt tng
——mr = | = =—+C=
Sv (az_x2)3/2 .azj‘ cos? ¢ +

1 sint

@ y'1—sin?t @y a® —x

’ a-+x .
10. Boiuncaurh j“/——h—dx. JJAst BHIYUHCJIEGHUS 3TOrO HHTEr-

a~—~X

+C.

paJIa okasbiBaeTcsa ynoGHOH 3aMeHa 2f =arc cos —, x=a cos 2t,
a

x= —2a sin 2t dt. Mul nony4nm

S \/‘H'x dx = -—4a5cosztdt= —4a§ (—1¥+Lcos 2t> dt =
a—x 2 2

= ——2at—2a‘§cos Ot df = —%at —asin 2% + C =

=—aq [arccos%-l— "/1—— (—3)2]-%-0-_
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2. Hurerpuposanue no uactaM. K uyuciy BecbMa  3((eKTHBHBIX
METOJIOB HHTETPDUPOBAHHSI OTHOCHTCS METO0 UHTe2pUPOBAHUA no 4ac-
7M. DTOT METOJ OCHOBHIBAETCH Ha CJCAYIONIEM YTBEPXKACHHH.

ITycte Kascoas uz pyuxyuii u(x) u v(x) OJuppepenyupyema Ha
MmHodsicecTse {x} U, Kpome TO20, HA 3TOM MHONCECTBE CYUW,eCTB8YeT nep-
soobpasnas Orn Qyuxyuu v(x)u'(x). Toeda na ° muoxecrse {x} cy-
wectsyer nepgoobpasnas u Oan ¢pyukyuu u(x)v’(x), nputem cnpa-
sedausa opmyra

j. u(x)v' (x)dx=u(x)v(x) —j‘ v(x)u’ (x)dx. (8.8)

3ameuanune Onpeneienne guddepeninuana ¥ CBOACTBO HHBA-
pHaHTHOCTH ero (GopMpl NMO3BOJSIOT 3amucath (opmyay (8.8) B Bune

' Sudv:u(x)v(x)——jvdu. (8.9)

Hns pokasarenpctBa cGOpMyJIHPOBAHHOIO YTBEPKJEHHS  3amulIeM
dopMyJy AJiss MPOH3BOJHON IPOH3BeleHHs GYHKUMH u(x) u v(x)

[u(x)v(x)) =u(x) v’ (x) +u' (x)v(x). (8.10)

YwmuoxuM paeencrBo (8.10) Ha dx u Bo3bMeM uHTerpan or obeux
yacteid TMOJYYEHHOTO TAKHM NyTeM paBeHCTBA. TaK KakK IO YCJOBHIO
- IS BCex X M3  MHoxectBa  {x} cymectByer fu(x)u'(x)dx wu
{lu(x)v(x)]’de=u(x)v(x)+C (cMm. cBoiictBo 2° u3 n. 3 § 1), To
AJs BCeX X M3 MHOXkecTBa {x} cymiectByer u mHTerpan ju(x)v’(x)dx,
npuueM crnpasepiusa gopmyna (8.8) (uam (8.9)).

dopmyra (8.9) ceodur sonpoc o eeiyucrenuu uxreepara fudv k
evluucAeHu0 untTezpasd §vdu. B pAne KOHKDETHHIX CJydyaeB 3TOT
nocJefHUl uHTerpaJ 6e3 TPyAa BHIUHCISAETCS.

Boluncsiende uHTErpana {udv NMOCPeJCTBOM NPHMEHEHHS (OpMYJIbl
(8.9) ¥ Ha3LIBAIOT UHTE2PUPOBAHUEM NO 4ACTAM. 3aMETHM, HYTO IpH
KOHKPETHOM IIpHMeHeHuu (GOpMYJibl HHTETPHPOBaHHs No uyactam (8.9)
oueHb yHoOGHO moOJb30BaThes Tabuauuell AnpdepeHNHanoB, BHIIHCAH-
HOH HamHu B 1. 6 § 4 . 5. , ‘

IlepexoauM K pacCMOTPEHHIO IPHMEPOB.

1°. BoruncanM  uaTerpan  I={x"lnxdx (n% —1). Ilonaras

u=In x, dv=x"dx u ucnoansysa ¢opmyay (8.9), noayunm du =2,
X
Pk
n+1’
+ +1 :
I= i Inx— L Sx"dx: d <1nx—— L >+C.
n+1 n--1 n+1 n-1

2°. BpruncauM, jganee, uurerpan /={xarctgxdx. Tlonaras u=
=arc tg x, dv=xdx u ucnoabsys gopmyay (8.9), 6yaem umers
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du— dx :x_2
1—{—x2’
1 _x [(1+x2)—1]dx
I—-—Q—arctgx—~ 5'1+x2dx 5 arctgx S —
:-2—arctgx————j x-{—-—j‘l+ch * ;Harctgx——-——{—c

3°. Boiuncaum uHTerpai /= {x?cos x dx. Cuauana npumerum ¢op-
myay (89), mnomaras u=x?, dv=cosxdx. IloayunMm du=2xdx,
v=sinx, I=x?sinx—2{xsinxdx. a9 BHUYHCIEHHA MOCHEAHEro
MHTErpaja eue pa3 npuMeHHM ¢opmyay (8.9), monaras Ha 3TOT pas
u=x, dv=sinxdx. Iloayunm du=dx, v=—cosx, I=x?sinx+
+2x cos x—2§ cos xdx=(x2—2)sin x+2x cos x+C.

Takum oGpasom, HHTerpan {x?cos Xdx BbIUMCIEH HaMU TNOCpen-
CTBOM JABYKPaTHOTQ UHTEIDHPOBAHHSI 1O yacTsiM. Jlerko NOHATb, yTO
uHTerpan §x"cos xdx (rae n — Joboe Ienoe MOJNOMKHTEIbHOE YHC-
JI0) MOXKeT ObiThb BHIYHCJEH [0 aHAJOrHYHOH CXeMe IOCPeACTBOM
N-KPAaTHOTO HHTErPHPOBAHHSA MO YaCTHM.

4°. BoiyucsanM  Tenepp  uHTerpas  I={e% cos bxdx (a=const,
b=const). CHauasa npumenum dopmyay (89), mnoaaras wu=e%,

dv=cos bxdx. ITonyunm du=ae**dx, v=s'—‘;b-x-

\

’

] — €% sin bx

——a—S e%* sin bx dx.
b b

JIns BBIYHCJEHHs MOCJAeJHEero HHTerpana eule pas NpUMeHUM ¢Gopmy-
Jay (8.9), nosaras Ha stoT pa3 u=e**, dv=sin bxdx. [Tonyyum

cos bx

du=ae**dx, v= —

P
]:ea sin bx

008 2 enrcosbrm ). (8.11)

Takum o6pa3om, NOCPEACTBOM JABYKPAaTHOTO HHTErpHpoBaHHA [ mo
yacTAM Mbl NOJyYHM IJIE HMHTerpasia | ypaBHeHHe NepBOro nopsiika
(8.11). U3 aroro ypaBHeHHS HAXOAUM '
J—= acos bx -+~ bsin bx
a? -} b

X

IlpakTuka HoKasbiBaer, 4T0 6OJIbIIAS YacTh HMHTErpalioB, GepyliHXcs
[IOCPEACTBOM HHTErPHPOBAHHUS IO 4acTAM, MoXeT ObTb pa3buTa Ha
clelyouiHe Tpu epynnol:

1) K nepsoii rpynme OTHOCATCS HWHTErPajibl, MOABIHTErpajbHAsI
YHKIHA KOTOPHIX COJEPXKHUT B KAYECTBE MHOXKHTENS OMHY H3 CJie-
ayiomux ¢yskouii: Inx, arcsinx, arccosx, arctgx, (arctgx)?,
(arc cos x)2, In@(x),... — mpHu yCJHOBHH, YTO OCTaBLIasgcs 4YacTb MO-
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ABIHTErpajibHOH (YHKIHHM INpeACTaBJAeT COO0H NpOHU3BOAHYI0O H3BE(T-
HOl (QYHKIOHH (CM. pacCMOTDeHHEle BhILIe Tpumeps 1° u 2°). J[lnsa
BBLIYHC/ICHHS HHTETDaJIOB NEPBOH IPYNMH Caefyer HPHMEHHTH (opMy-
Jay (8.9), nonarast B Heft u(x) paBHOH OJNHOH W3 YKA3aHHBIX BHIIE
hyHKIHE *.

© 2) Ko eropod rpylige OTHOCATCA uHHTerpans BuAa §(ax+b)"X
Xcos(cx)dx, § (ax+b)nsin(cx)dx, §(ax+b)rec*dx, rne a, b, ¢ — He-
KOTOpbHIE IIOCTOSIHHBIE, 72 — JI060€ IleJoe MOJIOKHTEeJIbHOEe UYHCAO (CM.
paccMoTpeHHbIE BEIe IpuMep 3°). MHTerpanan BTOpPO# rpynne Oe-
pyTcs NyTeM A-KPaTHOTO NpHMeHeHHs1 (GOpMYJbI HHTETPHDOBAHHSA IO
gactaMm (8.9), npuyem B KauectBe u(x) BCAKUH pa3 ciaeayer O6paTh
(ax+b) B coorBercTBylOIle#l cTenenH. [locae Kaxmporo HHTErpuposa-
HHS TIO 4acTAM 3Ta cTeneHb GyJeT NMOHMXKAThCA Ha €AUHHUILY.

3) K 7perveil rpynne OTHOCATCH =~ MHTerpajsl BHAa §es* sinbxdx,
Jes*sin bxdx, §sin (Inx)dx, §cos (Inx)dx, .. (cM. paccMOTpeHHBI
Bhime npuMep 4°). O6osHauas m060# H3 I/IHTEFpaJIOB 9TOH IpPYNIEl ge-
pe3 I u npoH3BOJAs ABYKPaTHOe HHTErpHPOBAHMe IO YACTSAM, MBI COCTa-
BHM 17151 /| ypaBHeHHe NEepBOro nopsijKa. :

Koneyno, ykazaHHble TPU TPYIIB He HCUEPNLIBAIOT Bcex 06e3 wHc-
KJIIOUEHHsI WHTErpajoB, OepyllHXcs ITOCPeJCTBOM HHTEIPHPOBAHHS MO
yactsm. [IpuBesemM mpHMepbl HHTErpasioB, He BXOJAIIUX HH B OHHY
U3 IIEPEUYNCJIEHHBIX TpeX IPYNN, HO BBHIYHCJAAEMBIX IPH noMomu ¢op-
Myab (8.9).

5°. Buiuucnum mHTerpan [ = S

STOT HHTErpas He BXOJIUT
sin? x

HA B OHHY M3 YIOMSHYTHIX Tpex rpymn. Tem He meHee, npuMeHsst
o dx

dopmyny (89) wm mosaras B Heil u=x, dv=—-—, TOJIyYHNM
sin® x

du=dx, v= —ctg x,
I= —-xctgx-{—Sctgxdx— —-xctgx+5‘

cos x dx —
sinx

d (sm x)

—-—xctgx—{-g xctgx+1n|,sinxl+C

(B mpOBeNEHHEIX PacCyXKAEHUSAX xz=nn, rae n=0, =1..).

xdx
AHajIOrHYHO BBIYHCJSIETCS HHTErpaJ j —.
cos“ X
6°. BpiuucauM, HaKOHell, BeCbMa BaxXHHH AJs jAaJbHellnero HH-
dt %*
rerpaa K=\ ————, rae a=const, A=1, 2, ... **. DTOT HHTEr-
P | @+ o) AER S

paJa Takxke He BXOAUT HH B OAHY H3 YHOMAHYTHIX BBIIIE TpE€X Pyl

* B cayuae, ecny NOAHHTerpajibHas (QYHKIHS COJAEPXKHT B KAaUeCTBE MHOXKHTE-
Yy
ag (arctg x)?, (arccos x)%, .., dopmyny unTerpupomanus no uacTam (8.9) mpuuercs

TIPEMEHHTb ABAXKAEL
** Jlna O0O3HAauyeHHs NePEeMEHHON Ioj 3HAKOM 3TOro HHTerpajsa HaM yjaobHee

aucate GyKBY L.
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YlJis BHIYMC/JEHHS 3TOTO HHTErpaja yCTaHOBHM JJIi HETO PEKyppeHT-
0 (popmyny, CBONSILYI0O BONPOC O BhiyucJaeHun K, K BBIYHCIEHHIO
1. MoxHo 3anncaTb (nmpu As=1):

j a?dt S‘[(tz—{—a?)——tz]dt
(tz 112

+ah (4 a2y
1 dt 1 ( ot dt 1 1 d(2 +a?)
L& 2Y K —— T )
a? j‘ (¢ — a2t 22 ) (B+a)* @ Kis 202 S &+ o)t
JlJ1s BLIYHCJIEHMS NOCJENHEr0 HHTETpajia NPHMEHHM (OpMyJay HHTer-
2 2
pupoBaHus 1o gactam (8.9), nosnaras B HeH u=t¢, dv—‘(itgt+a2‘;,v),
1
H'OJIquM du=dt, v= — D E T
_ 1 t . 1
Ka a? Ko +2(12 (h—1) (¢ +a' 22(A—1) K-
V3 nocnegHero paBeHCTBA MOJNYYHM peKyPPeHTHYI (Gopmyny
t 2h —3
= —1. 8.12
Ko=a h—D) @+ Een—2 K (8.12)
Y6enumcsi B TOM, uTO peKkyppeHTHas ¢opmysa (8.12) mnossoaser
BHIUMCIUTh uHTerpan K, mas Jjwoboro A=2, 3,.... B camom neuxe,

uHTerpan K; BHIUHCISETCS 3J€MEHTapHO:

Y a___ S (t> Larctg L
(__—=a a+C'

2 z—_-
t2+4+a ';) 1

ITocsie Toro Kak BhuHMc/aeH uHTerpan K;, nonaras B ¢opmyse (8.12)
A=2, Mbl Ge3 Tpyna BuuHcauM K, B cBowo ouepenp, suas Ky u mno-
gaarasa B Qopmyae (8.12) A=3, mbl 6e3 Tpyaa Beiuncaum K. Ilpogoa-
*kasl JefCTBOBATh TakuM 00pasoM JaJblie, MBI BLIYHC/JIHM HHTErpan
K, nas mo6Goro HaTypaJbHOro A, BHIPA3HB €ro uepes 3/IeMeHTapHEIe
GyHKIUY.

§ 3. KJIACChbI OYHKLUHA, HHTETPHPYEMBIX B
3JIEMEHTAPHBIX ®YHKIHAX

XoTs, KaK yXe OTMEeYaJOoCh BhILIe, HeONmpeleJieHHBIHl WHTErpasa OT
3JIEeMEHTapHOH (YHKLUHH MOXKeT He BHIPaxKaTbCs. yepes 3JeMEHTapHbIe
§YHKIHH, BCce XK€ CYLIeCTBYIOT WIMPOKHe KJacchl (QYHKIMH, = Heonpe-
JeJICHHBe HHTErpalibl OT KOTOPLIX BBHIPAXKAIOTCS yepes ajieMeHTapHLIe
(QYHKIHH. HSY‘-ICHI/IIO TaK¥X KJaccoB (YHKIHH H-Gyler  IOCBSIIEH
HacTosWui maparpad.

Haunbosee BaXKHBIM CpelH yxasaHHbe KJIaccoB (GYHKUHA sABIseTcH
Kjacc pallMOHaJAbHBX Apobell, TpeacTaBagiouMx coboi oT-
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HOLIeHHe [ByX aire6panyecKuX MHOrodseHoB. M3yuenuio kKsacca pa+
HHOHAJMbHBIX ApoGeii Mbl NpeAnolllieM KpaTKHe CBEAEHHS O ‘KOMILIeKc-
HBIX 4ucjaax ¥ 06 anre6panyeckux MHOTOUJIEHAX.

1. KpaTkne cBeileHHsI 0 KOMNJIEKCHBIX Yucaax. [lsa semecweuum
wucaa x u y Mol 6ydem Ha3wieaTs ynopadodenHou napol,
ecau YKA3aHO, KAKOe U3 3TUX HUCEA. ABAAeTCA nepssim, Kaxkoe 8TO-
poiyn. YIOpsAOUEHHYIO Napy BelleCTBEHHBIX uHcesa x U y OyAeM obos-
HauyaTb CHMBOJIOM (¥, y), 3alHChiBasi Ha NMEPBOM MeCTe NEepBHI 3Je-
MEHT 3TOH maphi. :

Komnaexcrhoim wucrom Ha3vl6aeTCA YNOPAOOYEHHAA napa
(x, y) eewjecTeennbix Hucen, nepgoe U3 KOTOpuix X Haswieaercs O e d-
CTBUTECALHOU 4ACTbIO, @ 8TOpPOE Yy — MHUMOU 4aCTbH
5T020 KOMNAEKCHO20 Hucaa,

B cayuae, korna MHHMMasi yacth y paBHa HYJIO, COOTBETCTBYIOLLYIO
napy (x, 0) A0roBapuBaiOTCS OTOXKAECTBJSATH C BEHIECTBEHHBIM YHC-
JOM Xx. DTO NO3BOJISEeT PacCMATPUBAThb MHOXKECTBO BCeX BElIECTBEH-
HBIX YHCEJ KaK IIOAMHOMKECTBO KOMIJIEKCHBIX YHCeJI.

Jsa komnaexcuoix wucaa zy= (X1, Y1) U.2:=(Xs, Ys2) HA3LIBAIOTCS
PABHBIMU, eCal X\=Xy, Y;=Ys. 10B0PAT, 4TO KOMNAEKCHOE HUCAO

=(x,y) pasrno nyar, ecau x=0u y=0.

OnpeaenuM ONepalHH CJAOXKEHHS H YMHOMKEHHS KOMILJIEKCHBIX Y-
ces. ITockonibKy BelliecTBEHHblE YuC/Ja SABJSAIOTCH NOAMHOXKECTBOM
KOMIJEKCHBIX YHCeJ, 3TH onepauyul AOJKHBI ObITb , ONpejAeseHbl TaK,
yro6bl B MPHMEHEHMH K ABYM BeEIIECTBEHHBIM UHCJAAM OHH NPHUBOIHIH
K yXKe H3BECTHhIM HaM H3 § 4 ri. 2 onpejesieHHAM CYMMBbl H TPOH3-
BeJleHUsT BellecTBeHAbIX uHcel.

Cymmoii 08yx xomnaexcrolx yucea zy=(xy, Y1) U 2= (%2, Y2)
HQ308eM KOMNACKCHOE HUCAO Z 8uda

z='(x1+x2, y1+y2). (813)

ITpouszsedenuem 08YX KOMNAEKCHbIX 4ucer 2y= (X1, Y1) U
29= (X2, Y2) HA308eM KOMNAEKCHOE 4UCAO Z 8UlQ

2= (xixo—yY2,  Xiya+Xol). (8.14)

Jlerko mpoBepHTb, YTO cyMMa H DpOM3BeleHHe KOMIIEKCHBIX YHCes
064a0a10T TEMH. JKe CaMbBIMH CBOHCTBaMH, YTO H CyMMa U IpOU3Be-
" JleHWe BEIECTBEHHBIX yuces. MMeHHO cnpaBefJiuBHl CAeAYIOIHE CBOM-
cTBa: '

'1°. z1+23=27+2, (nepeMecTHTEJNbHOE CBOHCTBO "CYMMHI).

. (21+29) +23=21+ (22+23) (coueraresbHOE CBOHCTBO CYMMBI).

3°. z+ (0, 0) =z (ocobasa poab uucia (0, 0)).

4°, [Insi Xaxaoro uucjaa 2= (X, y) CYHmecTByeT MPOTHBONMOJOXHOE
eMy uucsio 2’ = (—x, —y) TaKoe, uto 2+2'= (0,0

5°, 21-20=2,-2; (mepeMeCTHTEJIbHOE CBOHCTBO NPOH3BEAEHHA).

6°. (21-2p) -23=2,-(29-23) (coyeraTesbHOEe CBOHCTBO NpOH3Beje-
HHSA).

7°. z-(1,0) =z (ocobas poab uucaa (1,0)).
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°. dast J11060r0 KOMIIEKCHOrO UHCJA 2= (x Y), He paBHOTO Hy-

Yy
J10, CyLIEeCTBYET obpaTHOe eMy YHCJIO 2 Td-
y y p y prariirsrr ,

Koe, uyro z-2'=(1,0).
. (21+22)-23=21-23-+22-23 (pacnpeiesHTelbHOe CBOHCTBO HpPO-
n3Be11eHn;1 OTHOCHTEJ/IbHO CYMMBI).

CrofictBa 1°—9° n0O3BOJAOT yTBepPXKAATb, YTO AJdA KOMILIEKCHBIX.
ypce,l HOJHOCTBIO COXPAHSIOTCS BCE NPaBHJa 3JIEMEHTapHOH ajreGpshl,
OTHOCSILMECH K apU(MeTHYeCKHM JAeACTBHAM H K COYETAaHHIO pa-
BEHCTB.

Kpowme Toro, ste cBOHCTBA MOJHOCTBIO PEINalOT BONMPOC O 8bL4UTA-
HUW KOMNAGKCH6LX 4UCeA KaK O JNeHCTBHH, 0OpPaTHOM CJIOXKEHHIO, H O
OeneHul KOMNACKCHOLX 4ucea Kak O AeHCTBUH, OOpDATHOM yMHOXe-
HHIO.

PasnocrTovto O08Yyx KOMnAeKCHolx auces 21= (X1, Y1) 0 2=
= (X3, Y2) HA3BIBAETCA TAKOE KOMNAEKCHOE 4UCAO 2, KOTOpOe 8 CYm~
Mme ¢ 23 daer z,. C momolpblo CBOHCTB 1°—4° 3jileMeHTAapHO ycTaHaB-
JHBAETCsl CYLIeCTBOBAHHE H €JHHCTBEHHOCTb PAa3HOCTH ABYX JIOOBIX
KOMILJIEKCHBIX wunces * _

Jlerko npoBepUTh, UYTO DPA3HOCTBI0 JABYX KOMILIEKCHBIX UHCEJ
Z1= (X1, Y1) H 22= (X, Y2) ABJAAETCA KOMINVIEKCHOE YHCJO Z BHAA

2= (xy—x2; Y1—Y2). (8.135)

Jacrrhoim 08Yx KOMNAEKCHObLX ucenr Zy= (X1, Y1) w 2= (X2, Y2),
8TOpOe U3 KOTOPbLIX He PABHO HYAK, HA36l8AETCS TAKOe KOMNAEKCHOe
HUCAO 2, KOTOpOEe npu YmrOMenuu Ha 2p Oaer z. C  1IOMOIIbIO-
CBOMCTB 5°—8° Jierko 'yCTaHOBUTb, YTO €JAMHCTBEHHLIM YaCTHBIM JBYX
YKa3aHHbIX KOMIJIEKCHBIX YHCeJ SIBJSETCA KOMIUIEKCHOE UHCIO 2
BHJA

_ [ XX+ e Xol1 — X1Ys
= 52 52 ).
5+ Xyt Ys
B onepauusix ¢ KOMIJIEKCHBIMHM YHCIaMM OcOOYI0 pOJIb Hrpaer
yucao, npexcraBumoe mapod (0, 1) u obosnavaemoe GyKBOH i. ¥MHO-

xKasi oTy napy camoe Ha cebs (T. e. BO3BOAS ee B KBajapar), IOJy-
YUM B CHJY ONpeJeJeHHs NPOH3BeJeHHs KOMIJIEKCHBIX YHCeJ

(0,1)-(0, 1) = (—1,0)= —1, . e. 2= —1.

3aMeTHB 3TO, MBI MOXeM Ji060e KOMINIEKCHOe YHCI0 2= (X, Y)
NpeACTaBHTh B BHIE

z=(%, y) = (x,0) + (0, ) = (x,0) + (4, 0) - (0, 1) =x+iy.
B nanbHeiimeM Mp GyieM IIHPOKO HCIOJB30BATh A/ KOMILIEKS-
HOro ymucaa 2= (x, y) mpeAcTaBiaeHHe 2=x-+iy. DTO NpeicTaBJeHUe:

* Jlns aToro cjeayeT NOCJAOBHO MOBTOPHTb PacCyXJEHHs, NMpOBeJeHHHe B I, 2
AJsl chyyas PasHOCTH JABYX BelIECTBEHHHIX uHcea (eMm. m. 1 § 5 ra 2).
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¥ paccMOTpeHHe [ B KauecTBe MHOXHTENS, KBaJpaT KOTOPOI'O DaBeH
—1, mospoJisieT NMPOH3BOAHMTH ONEPALUH C KOMIIJIEKCHBIMH YHCJIaMH
TaK XKe, KaK OHH HPOH3BOJSATCH C anreOpauyeCKHUMH MHOTOUISHZMH.

KomnekcHoe uucio z= (X, —y) =X—iy npuHATO HA3HIBaTh CO II-
PAXEHHB M NO OTHOWEHUIO K KOMAAEKCHOMY 4UCAY 2= (X, y)=
=Xx-+iy.

OueBHIHO, YTO KOMNAEKCHOE HUCAO PABHO HYAtO T020Q U TOALKO
10200, K020Q PABHO HYAIO CONPSANCEHHOE eMy YUCAO *.

Jns reoMeTpuyeckoro H3oOpakKeHH KOMILUIEKCHBIX uuces] YAOGHO
TI0OIb30BATbCA  JEKAPTOBOH NPSAMOYrONBbHOH CHCTEMOX KOODAMHAT.
TIpn stom koMmJeKcHOe uHcsIO 2= (¥, y) H306paxkaeTci MM TOUYKOH

-

M ¢ xoopauHaramu (x, y), uau BekropoMm OM, uaymum U3 Hagaja
KOODAHHAT B TOYKY M. ~

ITpu Takom cnoco6e H306paxeHHs CJOXKEHHE H BBIYHTAHHE KOM-
TJIEKCHBIX YHCeJ CBOJAHWTCH K CJIOKEHHIO H BHIUHTAHHIO COOTBETCTBYIO-
KX UM BEKTOPOB (370 moHsTHO n3 dopmyn (8.13) u (8.15)).

Henocpenctsenno us ompefenenus- (8.14) nponsBeneHuss ABYX
KOMIIIEKCHBIX 4YHCes BHITEKaeT CJeywllee YTBepX IeHHe: npo-
usselenue 08yx (a 3HAHUT, U HECKOALKUX) KOMNAEKCHbLX HuCenr pas-
HO HYAt0 To2da U TOAbKO TO20a, Ko20a 00pawyaercs 8 Hysb xoTsa 6ol
~00UH U3 comuoxMcuresel.

B camoMm jpene, ecam xora 6B oaHO M3 uHcen 2y=(xi, Y1) H
29= (%, y2) paBHo (0,0), To 3 (8.14) oueBHgHO, uUTO 2=212,=

E’vcnn, HaobopoT, 2=212; pasHo (0,0), To wu3 (8.14) cuenyer,
4TO '

x1x2'—‘yly2=0’ (8-14,)
YrXo =+ X1lfy = 0,

u ecan 2,7(0,0), T. e. x4+ y3=%0, 10 (8.14’) mpexcraBaser coGoi
OJHOPOJHYIO CHCTEMY JBYX YPaBHEHHH OTHOCHTEJNBHO ABYX HEH3BECT-
HBEIX Xy H yp C ONpenenuTeseM X7+ y?, OTIHIHHIM OT Hyad. Takas

CHCTEMA HMEET TOJIbKO TPHBHAILHOE PelleHHe, T. €. 2= - (X2, Y2) =
=(0,0). ‘

Henocpeucmenﬂo u3 onpenenenus (8.14) mnpousBeleHus ABYX
KOMIIIGKCHBIX YHCeJl BEITEKAET K ellle OJHO YTBep XK I eHHEe: KoM-
NAGKCHOE HUCAO, CONpANCEHHOe K npoussedenuro 0syx (a 3HauuT, u -
HECKOAbKUX) KOMNABKCHBLX HUCEA, PABHO NPOU3BEOCHUND KOMAAEKC-
HOLX uucen, ABASOULLXC CONPNEHHBIMU K KAHAOMY U3 COMHOMNCUTE-
anet, T. e.

(@12,) = 212, | (8.14")

x=0, x=0,
* Ubo cucrema 0 SKBHBAJIEHTHA CHCTEME
(Y= -

—y==0.
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C noMoIlbl0 NpaBHJIa NepeMHOMNKEHHsS KOMIJIEKCHBIX uucesa (8.14)
JieTKO NpOBEpsieTcs, 4yTo Kak mpaBasi, TaKk M JjeBast uactb (8.147)
paBHa OJHOMY M TOMY Xe€ KOMIUIEKCHOMY  UHCAY (X1Xe—YiYo,
—X1Yo—XaoY1) . ‘

2. KpaTKde CBEJEHHS O KOPHAX ajire6panyecKHX MHOTOYJIEHOB.

1°° Anre6panYyecKHM MHOTIOYJEHOM #A-H CTeleHH Ha-
3BIBAETCs1 BHIpAXKeHHe BHAA

f(2) =coz"+c12m 1+ ...+ Cn12+Co, (8.16)
rie z=(x, y)=x-+iy — nepeMeHHOe KOMILIEKCHOE YHCJIO, a Co,
" €1y ..., Cn — HEKOTOpDHIE [OCTOSIHHBIE KOMILIEKCHBIE YHCJa, IepBOe H3

KOTOPHIX OTJMYHO OT Hysas. Kak usBectHo, aio6oli ajare6panyeckuit
MHOTOYJIEH CTEIEeHH /I MOXKHO IOAEJHTb «CTOJNOHKOM» Ha JPYrod aji-
re6pavyecKuii MHOTOUJIEH CTEIEHH He BhIIE YeM n. TakKuM nyTeM MH
NPUXOAHM K CJEAYIOUIEMY YTBEpPKIEHMIO: KaKosv. 6oL HU Oblau 08a
mHoeousrena f(2) u @(2) raxue, 4ro crenems cp(z) He sblule, Yem cTe-
nens f(z), cnpasedaiuso pasescreo

[(2)=¢(2)-q(2) +r(2), (8.17)

8 koropom q(2) u r(z) — HeKoTOpbie MHO204AEHbl, NPUUEM CTeneHd.
g(z) pasna pasuocTu creneneli mnoeo4nrenog f(z) u @(z), a crenens.
r(z) Huoce crenenu ¢(z). :

ITo oTHOWmWeHHIO K ¢urypupylomuM B paseHctBe (8.17) MHOrO--
yreHam f(2), @(2), g(2) u r(z) oOBIUHO IPUMEHSIOT BIIOJIHE NOHAT~
HBIE TEPMHHEI <JeIHMOEe», «IEJUTENb», «YACTHOE» H «OCTATOK».

T'oBopsT, uro MHOrowied f(z) Oeaurcsa Ha MHOroOYIeH ¢(z2), ecam
B IIOJYYEeHHOH IIOCPEJACTBOM JeJieHHs <cToJa6ukoM ¢opmyae (8.17)
ocrarok r(z) =0.

JloropopuMcsi Has3blBaTh MHOFOUYJEHOM HYJEBO#H cTe-
nexu JO6YI0 KOMIVIEKCHYIO NMOCTOsIHHYIO. Torza coBeplieHHO siCHO,
uTO AK0000 MHO2OYAEH OEAUTCA HA OTAUYHOLL OT HYASL MHOZO4AEH.
Hyaesoli crenenu. VI3yunm BONPOC O AeJHMOCTH MHOrousleHa f(2) Ha
MHOTOUJIEH TePBO# CTeNeHH.

Onpepnenenune. Haszosem komniexchoe uucio b Kopuem
mHoeousrena f(z), ecau f(b) pasHo nyarw.

Teopema 82. Mnoeouren uenyaesoli crenenu f(z) = deaurca
Ha O0syusen (z—b) Toeda u TOAbKO TO20Q, KO20A b ssanercs KopHem
MHO204NEHA.

JoxaszaTeabcTBO. 3amuiieM MAJd8 MHOTOWIEHOB f[(2)

(z)—(z—b) dopmysy (8.17). IlockosnbKy cTemeHb ocTraTka r(2) B
atoii popmyne obsasamna OblTe Husice creNeHu Renutenas @(2)=z—b>b,
10 r(2) — MHO20uAen Hynresoli cTenenu, T. e. r(z) =c=const. Takum
obpasoM, ¢popmyna (8.17) npHHHMaeT BHA

f(2) =(2—b)q(2) +ec.

TTonaras B ¢opmyne (8.18) z=b, HaligeMm, uto c=f(b). Ilo ompe-
genenuio f(2) nmemurcs Ha (2—b) TOrAa M TOJBKO TOTAA, KOrJa OC~
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TaTok B ¢dopmyne (8.18) c=f(b) paBen HyJlo, T. €. TOrZa H TOJBKO
-TOrja, Koraa b siasiercs KopHeM f(2). Teopema JOKasaHa.

2°. EcrecTBeHHO, BO3HHKAaeT BOINPOC, BCHAKHI JH anreﬁpant{ecmm
MHOTOUYJIEH HMeeT Kopuni’ OTBeT Ha 3TOT BONPOC JA3aeT OCHOBHad
TeopeMa anrebpr ™ scakull mMHO20uneH HeHYyAe80l  cTenenu
umeer xora 6b6. OOUH KOpPeHb.

OrmpaﬂCb Ha 3Ty TeopeMy, JOKaxKeM, 4T0 aseebpauueckuil MHO-
204NeH N-1i CTenenu umeer TOYHO n KopHed ** B camoM jaeje, MycTb

f(2) — wmuorounes n-it crenenn. CoryacHo OCHOBHOH TeopeMe aireG-
pnl f(2) uMeer xors Obl OZHH KOpeHb by, T. €. Aaa [(2) chnpaBelIHBO
fpelCTaBJeHHe

f(2) =(z2—b)f1(2), (8.19Y)

B KoTopoM uepe3 f;(2) o6o3HaueH HEKOTOPHIH MHOTOWIEH CTeNeHH
(n—1). Ecan ns~=1, 10, corsacHO OCHOBHOH TeopeMme anre6pnl, fi(2)
1MeeT XOTsl Obl OAMH KOpeHb bo, T. €. s f;1(2) crnpaBelJHBO NpexA-

CTaBJieHHUe
f1(2) = (z2—b2)[2(2), (8.192)

B KOTOpPOM d4epe3 fq(z) 0603HayeH HEKOTODHIE MHOroOWwIeH CTeneHH
{n—2). TleBTOpAs yKa3aHHble pAaCCyXKIeHHS paajee, Mbl NOJYUHM

TIpe/ICTAB/IEHHS
f2(2) = (2—bs)[3(2), (8.19%)

fa1(2) = (2—=bn) [n(2). (8.197)
B nociefHEM H3 3THX «npeacraaneﬁuﬁ uepes f,(2) 0603HauUeH HEKOTO-
Pl MHOTOYJEH HYJIeBOH CcTemeHH, T. €. fn(2) =c=const. Comnocras-

Jsis MexJay coboH paBeHCTBa (819‘)——(8.19”) U YUHTHIBad, 4YTO
fn(2) =c, byaem nmern

f(2) = (2—by) (z—b3) ...(2—bx)c. (8.20)

OTMeTHM, UTO KOMILJIEKCHAs NOCTOSIHHAs ¢ He paBHA HyJ10, H6O B
NPOTHBHOM cJyyae MHOrowleH f(2) Ob1 OBl TOXKHECTBEHHO paBeH
HYJII0 ¥ He SBAAJCS Obl MHOTOUYJIEHOM n-# cTenenu ***,

N3 pasenctBa (8.20) oueBuano, uto (b)) =f(bs)=...=f(bs) =0,
T. e. Kaxjpoe H3 uHcesx by, by, .., b, ABJAsETC KODHEM MHOTrOUJeHa
§(z). Kpome Ttoro, uz (8.20) oyeBHAHO, 4TO, KAaKOBO OBl Hu OBLIO
KOMIJIEKCHOE UHCHAO b, otaununoe OT by, by, ..., bn, KOMIJIEKCHOE YHCJO

* Jloxa3aTenbCTBO OCHOBHOH TeopeMbl anreépu O6LIYHO TIPHBOAHTCH B Kypcax
.aare6pH H B Kypce TeOPHH (BYHKIMH KOMIJIEKCHON HepeMeHHOf.

** I1pu 2TOM, KOHEUHO, mpeAnosaraercs, uro n>0.

*%% 3nech MH HCIOJIB3YeM CJelyIOllee YTBEPKAEHHE: eciu MHOrOwIeH f(2)=
=R A A2 0y _Z+dn TOWOECTBEHHO pasen HYAD, TO 6Ce e20 KOIpPu-
yuentsl paswer wyato., B camoM nene, ecan f(2)=0, to npu 2=0 noayuum a,=0.
Ho toraa f(2) =z[apz" 1+ a;27~24...+an—1]==0. Tak xak 2520, 70 BblpaxeHue B
KBaAPATHBIX CKOGKAX TOMXKJECTBEHHO PAaBHO HYyMO, OTKyAa npH 2=0 noJyyum
a,_y=0, [Tpogoaxas amanoruyHbie paccyX[eHHs nasee, JOKaxKeM, uTO BCe KO-
«PHILHEHTH pPaBHHE HYJIO.
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f(b) e paBro Hymw *. Takum o6pasom, MHoroulen f(z) uMmeer
POBHO n KOpHeii: by, by, ..., bp.

PagenctBo (8.20) naer pasyoxeHHe MHOrouseHa f(z) Ha MHOXH-
Tenn. Ecam m3BecreH BHA MHoroujeHa [(z) (8.16), To MB MOXeM
onpeesuTh HOCTOSHHYIO ¢ B paBeHcTBe (8.20). CpaBHuBas B paBeH-
ctBax (8.20) u (8.16) xK03(pPHUMEHTH NPH 27, MOJYUHM C=Co **.

Mtmuorouned (8.16), y xoroporo co=1, HasbiBaercs NpHUBeE [ € H-
Hu M. [Insg npuBeneHHOTo MHOroujeHa GopMysna passoXkeHHs (8.20§

npuHuMaeT BUna
f(2) = (2—b1) (z2—b3) ...(2—bn). (8.21)

B ‘ranbueiimieM, ecjii He OTOBOPEHO NpPOTHBHOE, MH OyJeM paccMmart-
pHUBaTh npusedennble MHO204ACHDL.

Cpenn KopHe#l MHOrouneHa f(z) MOTyT OBITb cosnadaroujue Kop-
au. Ilyets a, b,...,¢c — pa3iuyHbB € KODHH NPHBEJEHHOTO MHOFO-
yneHa f(z2).

Toraa mjis 5TOrO MHOTOWIeHa NPEACTABJIEHHE BHAA (8. 21) npunH-
MaeT GopMy CJeAyIOUero paBeHCTBa:

f(2) = (z—a)*(z—b)B...(z—c)". (8.22)

B srom pasnoxenuu a, B,..,y — HEKOTOpble LieJIble YHCJIA, Kaxaoe
H3 KOTOPBIX He MeHblIe eJHHHLbl, npuyeM a+f+..4+y=n, rae n —
cTeneHb MHOrouseHa f(2).

.Ecau drn muoeourena f(z) cnpasedauso pasroxcenue (8.22), ro
2080PAT, 4TO KOMNAEKCHOE 4UCAO G ABAAeTCA KOpHeM [(2) Kpar-
HOCTU O, KOMRAEKCHOe 4ucao b sasanerca kopHem [(z2) kpar-
HOCTU B,..., KOMNAGKCHOE 4UCAO C ABAAETCA KOpHeMm [(2) kpaT-
HOCTU .

KopeHb, KpaTHOCTb KOTOPOrO paBHA €JHHHIIE, NPHHSATO HA3bIBATh
ONHOKpPaTHB M, a KOpeHb, KPaTHOCTb KOTOPOro 0oJblle eaHHH-
I{bl, IPHHATO Ha3biBaTh K P a T H Bl M.

MoxHo xaTh W ApPYyroe 5KBHBAJEHTHOE OINpeJesieHNe KOpPHS HaH-
HOIl KDPaTHOCTH: KOMNAEKCHOe 4UCA0 G HA3blBAETCS KO P H e M MHO20-
drena f(z) kpatHocTUu a, ecau Oan f(z) cnpasedauso npedcrag-

Aernue
f(2) = (z—a)%(2), rae q(a)70. (8.23)
3°. Ilyctb Tenepn
f(2) =2"+cizml4cp2n 2+ +en (8.24)

fIpUBEeHHBIH aNre6panyecKuil MHOTOUIEH C BEeMeCTBEHHBIMH
K03¢puIHEeHTaMHU €1, Cy ..., Cn.

* H6o mnpousBejieHHe HECKOJbKHX KOMIJIEKCHBIX THCeJ PABHO HYJIO JHIbL B
TOM CJiyyae, KOrjla paBeH HyJi0 XOTs Gbl OAMH H3 COMHOXHTeJe#d (cM. m. 1).

** 31ech MBl HCHOJb3YeM YTBeDKIeHHE: ecai 08Q MHO204AEHA Q2™ +@Z" 4.
wtan u bzr+b127 .. 4-b, TONOecTeHHO paswel  Opye dpyey, TO o= b,
a;=b,..,an="b,. JIna 10Ka3aTeJbCTBa AOCTATOYHO K PA3HOCTH YKa3aHHBIX MHOTO-
YJICHOB TIDHMEHUTH YTBEDXKJEHHe, OTMEUEHHOe B CHOCKe *** Ha c. 308,
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JlokaxeM, 4TO 3TOT MHOrouiex oGnajaer cnenyroan © BaXKHBIM
CBOHCTBOM.

Teopema 83. Ecau KomniekcHoe 4HucA0 a 58AS€TCA KOpHei
MHO204ACHA C BeuyecTeennbimy Koappuyuenranu (8.24) rparnocru
A, TO U CONPAJNCEHHOE eMy KOMNAEKCHOE HUCAO G TOAKXMCe SBALETCS
KOpHeMm 9T020 MHO204AEHA TOU Jce camol KPATHOCTU A.

HoxasarenbctTBO. Haunem ¢ TOro, 4yro AOKaxKeM CJAeAYIO-
IHA BcIOMOraTeJbHB (QakT: ecau [(2) — muozousen ¢ 8eujecT-
BEHHOLMU KOIPPUYUEHTAMI, TO KOoMnaeKcHas seauduna [(Z)
ABNAETCA CONPANCCHHOL N0 OTHOWEHUIO K sesudure [(z).

Tax xak ko2¢pduUHeHTH MHOTOUJeHa (8.24) ABAAIOTCH BellecT-
BEHHBIMH YKCJIAMH, TO JJs A0OKA3aTeJbCTBa yKa3aHHOTO (akra Jpoc-
TaToyHO yOeAUTbCS B TOM, YTO JJs JI000T0 HOMepa n KOMIJIEKCHAS
BeJuuHHa (Z)" sBJsieTcd CONpsiKEHHOH no orHoweHHw 2”. Ho sto
nocJjiefiHee Cpasy BBITEKAET W3 YTBEPXKAEHUsS, KOKA3aHHOTO B CaMOM
KOHUe I. 1, Tounee, us cootHomenus (8.14”). Ilosoxus B s10M COOT-
HOIIEHHH 2;=2p==2, Mbl NoJyuuM, uto (2% =(2)®. [Hanee, moJo-
KHB B TOM XK€ COOTHOLICHHH (8.147), 2y=22, 2;=2, MH NOJAYYUM
(2°) = (%) 2=(2)*. '

[Ipoponxas aHaJOrHYHbIE PACCYKAECHHS, MBI yOEIHMCsl B TOM, 4TO
(z)=(2)" nas moGoro Homepa r.

Wrak, noxkasano, 4To BeJHuYHHA [(Z) sBasdercs conmeeHHou 1o
OTHOMIEHHIO K BeauuuHe f(2), T. e.

F@&=i@
HJIH, YTO TO Xe caMoe, i -
f@=fG@). _ (8.25)

Tlycth Teneph KOMIUIEKCHOE YHCJIO @ SIBJSIETCSI KOPHEM  MHOTrO-
ujeHa ¢ BellecTBeHHbIMH Ko3(duuuenTamu f(2) KpPaTHOCTH A, T. €.
clpaBef/IHBO NPEACTABJIEHHE

[(2) = (z—a)*¢(2), (8.26)
¢ (a) 0. (8.27)
U3 conocrasienus (8.26) u (8.25) BmTekaer, uTo
f@)=@E—a)e @),
a mocjejHee paBeHCTBO B cuay (8.14”) MOXHO mnepemucaTts B BHAE
f@)=G—a) o). (8.28)

3ameTHM Telepb, YTO B CHJY YCTAaHOBJIEHHONO BHILIE COQTHOLIE-
Hus (2") = (2") cnpaBeAJUBO PABEHCTBO

B KOTOPOM

@—a) =@z—a)* = (z—a)*. (8.29)
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[MoxcraBasis (8.29) u (8.28), Mbl MOJyYHM TNpeICTaBJICHHE

f(z) = (z—a)*¥(2), (8.30)
B KOTOPOM uepes Y (2) 0603HayeHa BeJHYHHA
b(2) = @) (8.31)

Jas 3aBeplieHHs AoKasareJbcTBa TeopeMbl 8.3 ocraerca yOe-
JuThcs B TOM, 4T P (a@)==0%, HO 3TO cpa3y BBHITEKAET H3 TOTO, YTO %3
CHJIY TOro, 4To corjacHo (8.27) ¢(a) He obGpamaercs Hyab **. Teope-
Ma 8.3 goxasaHa.

3. PasioxeHne aire6paMyeckoro MHOrouYJieHa ¢ BELIECTBEHHBIMH
Koo(uilmeHTaMH Ha OpPOM3BEJCHHE HENPHBOAHUMbBIX MHOXKHTE/CH.
B panvuefiiem HaM NPHAETCS HMETb JeJ0 ¢ MHOTOWIEHAMH OT Iepe-
MEHHOH, NpUHUMAapUiel T UMb BellecCTBCHHB e 3HayeHus. [lo-
3TOMYy 3Ty IepeMeHHYI0 Mhl GyjaeM ofGosHauyaTh GYKBOH x, a He 2.

ITons3ysck Teopemoit 8.3, HaliieM palJioKeHHE MHOTOUJEHA C Be-
IIEeCTBEHHBIMH KOs(¢uuueHTamu f(x) Ha npousBeleHHe HEUPHBOIU-
MBIX BellecTBeHHHIX MHoxKuTesel. [lyers MHorousen f{(x) umeer Be-
IeCTBEHHbe KODHHU by, by, ..., b KpaTHOCTH Bi, P, ...y P COOTBETCTBEH-
HO U KOMIIEKCHO CONIPsiKEHHble Napbl KOpPHEH a; M aj, Qs U ds, ..., 0n
#H (dn KPAaTHOCTH A1, Ag,..,An KaXKhasi mapa COOTBETCTBEHHO.

Torpa, cormacho pesyJabTaTam M. 2, MHOrouieH f(x) moxer OBITH
TIPEJCTABJIEH B BUJIE ‘

F () = (=)™ (x—by)*. . .(x—b)"m x
X (x—-—al)"x (x,—51)7“ (x—aa)’“’ (x —wﬁz)“. . .(x—a,,)’”” (x—E,,)’”". (8.32)

0603HaYNM BeLIECTBEHHYIO H MHHMYIO 4acTH KopHS ap (k=1,2,..,n)
COOTBETCTBEHHO 4e€pe3 - Up H Uy, T. €. NYyCTb apr=ug+iv,. Torpa
dr=upr—iv,. IlpeoGpasyem nms Jawoboro k=1, 2, ..., n BHpaxeHue

(r—ap) " (x—a) "t =[(x—ay) (x—a)]"*=
= [(x—tp—iv,) (x —t + ivg)] =
= [(x—t)? + OF] M = (22 + P + g%, (8.33)
THe pp= —2uy, qy=Uk+ U}

Ucnoabaysi (8.33) B (8.32), oxoHuaTeNbHO NOAYUHM CJeAyloliee
‘pasjioXeHHe MHOrousjesa f(x) Ha Npou3BeJeHHe BEUIECTBEHHBIX He-
TIPHBOAHMbBIX MHOXKHUTENeH:

* H6o mnpeacrasnenue (8.30) mpu ycaosuum $(@) 0 u osmauaer mo onpejpene-
HHIO, 49TO KOMIJIEKCHOE YHCJO @ sIBJSIETCS KOPHEM MHOrowiena f(z) KpaTHOCTH A.

** Mbl YYHTEIBAEM, YTO KOMILICKCHOe YHCJIO DABHO HYJIO TOTAA M TOJLKO TOrAA,
®KOr/la PAaBHO HYJIO CONPAXKEHHOE eMy KOMILIeKCHOe uHcao (cM. m. 1 HacTosimero
maparpada). . ‘ :
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Fl) = (x—b)P (x—by). . .(x—b,)°m x
X (x4 px + )" (24 pax + ). (@ + px+ g (8.39)

Mpl npuxoaMM K BBIBOJY, YTO MHOrO4W/IeH f(x) ¢ BelLIeCTBEHHHIMH
Ko dunnenTaMu pacnajaercs Ha npousBenenue (8.34) HenpHBOAH-
MBIX BEIECTBeHHBIX MHOXKHTeJNECH, IPHYEeM MHOXKHTENH, COOTBETCTBYIO-
IIHEe BEUIeCTBEHHHM KOPHSM, HMEIOT BHJ ABYYIEHOB B CTeleHsX, PaB-
HBIX KPATHOCTH KODHEH, a MHOXHTENH, COOTBETCTBYIOUINE KOMILJIEKC-
HBIM IapaM KOpHef, MMeIOT BHA KBaJpaTHBLIX TPEXUJEHOB B CTeme-
HSIX, PABHBIX KPaTHOCTH 3THX I1ap KOpHENL.

4. Pa3joxenue NPaBHILHON pauUOHabHOM APOOM HA CyMMy mpoc-
reduwux Apodeil. Panunounaabnofi Apo6GbI HA3HBaercs OTHO-
uieHHe ABYX aare6panyecKHX MHOrOYJEHOB.

Beroay B pasbHefileM Mbl OyZem paccMaTpPHBAaTh PAUHOHAJIBHYIO
Apo6b, SIBAAIOUIYIOCS OTHOIIeHHEM MABYX ajre0pauvyeckux MHOrouJe-
HOB ¢ BeumecCTBeHHB MU Koapoduunenramu (Takyio Apobp NpH-
HATO Ha3pBaTh PallHOHAJbHOH Apo6bI0 C BeUECTBEH-
HHMH KO3PpPHUHEHTaAMH).

Px)

Panuonanbaas gpobb

Q)
cTeneHb MHOrowleHa P(x), crosiuero B uucJuTe/e, MEHbUe CTEHeHH
myorouseHa Q(x), crosiuero B 3HaMeHareJe.

B nporuBHoM ciyuyae pamHoHasbHas Apo6Gb Ha3bIBAETCH HEIN P a-

"BHJBHOH.

Jokaxewm . a1Be BCIOMOTaTe/abHbIE TEOPEMHL.

Jlemma 1. Iycre -———223 —  npPasuLbHAL PAUUOHAALHAS Opobb
¢ eewecTgeHHoIMU  KO3(DGuyuenTanu, 3namenaress Q(x) koropoit
uUmeer geujecTBeRHoe HUCAO O KOPHEeM KPATHOCTU o, T. €.

Q(x) = (x—a)%(x), rae g(a)5%0. (8.35)
Tozoa drs 3Toli Opobu cnpasediuso ciedyrowee npedcrasienue:
P(x A : X :
Qfx; T T (x~:))°£-)kcp(x)' (8.36)
B arom npedcrasaenun A — 6eujecTBEHHAN NOCTOSAHHASA, PABHAS
:—P—@—, k — yeaoe uucso, yoosisersopawoujee ycrosuro k>1,
P(x) (B—(-Q)HGKOTopbtll' MHO204NEH C BEU,ECTBEHHLIMU KOI(PPUYUEHTAME

TaKol, 4T0 nociednas 0pobs & npasod uacru (8.36) ssaserca npa-
BUNBHOU.

Ha3blBa€TCst NPABHJBHO H, ecan

JokxasateabcTBO. OG603HauuB uepes A. — BeulecTBeHHOS
P *
ycio A= ((a)) , PacCMOTPHM pasHOCTb
¢ (a

* Uneno A Bcersa ompenedieno, 6o ¢(a)=0 B cuny (8.35).
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Pix) A
Q) (x—a)*
TIpuBOAsS 3Ty PasHOCTb K obulemy 3HameHaTesio, OyaeM HMeThb
Py A P(x) — A (x) D (x)

— = < = - , (8.37)
Q)  (x—a) (x—a)*en (x—a* oW
rae uepe3 (D (x) 0003HAYEH MHOTOWIEH € BEIUECTBEHHBIMH KO3(¢H-
puesatamu Buga @ (x) =P(x)—Agp(x). P@
a

Tak kak @ (a) =P (a)—A¢p(a) =P (@) ——— e

‘BeHHOe YHCJIO a SBJSAETCs KopHeM MHorowaeHa O (%) HEKOTODOH KpaT-
HOCTH k> 1.
3To 03HauaeT, YTO CNPaBCAJIHBO NpEACTABJIEHHE

D (x) = (x—a)*p(x), rae y(a)7%0, (8.38)

a P(x) — HEKOTODHIi MHOrOWIEH ¢ BeILeCTBEHHBIMH KO%(h(HIHEH-
TaMH.

BcraBasis npeacrasienue (8.38) B paeeHcrBo (8.37), okoHUaTeNb-
HO OyaeM UMeTb '

¢(a)=0, Beuecr-

P A P (%)
QW) (r—a* (x—a)* Fo)’

Tem cambim npeacraBneHue (8.36) pokasano. OcTaercst TOJBKO
yGeAuThCsT B TOM, 4TO JApoOb, cTosiias B npaBoif yactu (8.39), aABaa-
€TCsl IPaBHJBHOH, HO 3TO €pa3dy BBITEKAeT U3 TOTO, YTO PA3HOCTb JABYX
TpaBU/IbHBIX palMoHalbHBIX ApoOell sABJASETCH MNPaBHIbHOK  paluuo-
HaJbHON ApoObI0 (4TOOH yO6eAMTbCS B 3TOM, JAOCTAaTOYHO IPHBECTH
Pa3HOCTh NpPAaBUJBHBIX pallHOHaJbHBEIX Apobeli K oOlieMy 3HaMeHare-
J). Jlemma 1 fmokasaHa.

P(x
Jlemma 2. Ilycre G
Qx)
¢ BewecT8eHnbLIMU KO3(PuyuenTany, 3uamenaress Kotopoli Q(x)
umeer KOMnAeKCHole 4ucad a=u-+iv U Q=U—iv KOPHAMU KPATHOCTU
A, T. e

Q(x) = (F+px+qg)e(x), rre ¢(a)+#0, (a)+0,
p=—2u; q=u+0v?

(8.39)

NPAsUAbHAA PAYUOHAALHAR OpODb

(8.40)

Toz0a das aroii Opobu cnpasedauso caedyrouee npedcrasaenue:

P (%) Mx+N $ix)
= + —, 8.41
QW (PHprtqt | (P tprt et T o0 (8.40)
B stom npedcrasrenuu M u N — wuexoropsie el eCcTeenNbLe NICTO-
AHHblE, B — yeaoe wucso >1, a P(x) — HEKOTOPbLUL MHO204NeR C

BeULEeCTBEHHbIMU xoati)quueummu TAKOoU, 4TO nocxzednﬂﬂ dpobs 8
npasod wactu (8.41) aeasercsa npagusbHol.
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HokasareabcTBo. loropopuMcsi 0003HAYAaTb BeleCTBEHHYKY
YacTh KOMIJIEKCHOH BeiuuuHbl A cuMBojoM Re[A], muHumyno uyacts
KOMIIEKCHOH Bennuunnt A camBojiom Im[A]. Tonoxum *

M:J_Im[ﬂ‘i], N:Re[ﬂﬁl]ﬁ_u_lm[iﬂ_]_
L P (@) P (a) v ?(a)
Herpyano mpoBeputs, uto ykasaHuble M u N sBASIOTCA pellleHHEM
CJIe/lyIOIIero ypaBHeHUs:

P(a)—(Ma+N)g(a)=0. (8.42)

B camom peJse, moje/nuB 3TO ypaBHeHHMe Ha ¢ (@) H NPHPABHSB HYJIO
JeHCTBATENbHBIE W MHHMBIE YacTH, Mbl NOJYYHM [ABa DaBEHCTBA

Pa) }
M N=
u -+ Re[ o @
Mo=Im {P—(")-J
9 (a)

13 KOTODBHIX ONpeleJsloTCss Hanucauuole Beiie M u N. Paccmorpum
Tenepb pasHOCTh

P (x) . Mx+ N

Q) (P hprfgt
IIpuBons ykaszaHHyio pasHOCTb K 00leMy 3HaMeHaTeqio, 6yAeM HMETb
Py _ Mx4+N __PH—WMx+Nel @ (x) (8.43)
QW (PAprt  (Ptprote® (it otew
3aech yeped @ (x) o6o3HaueH MHOTOWIEH C BELECTBEHHHIMH K03 H-
uuentamu Bujga P (x) =P(x)—(Mx+N)g(x). PaBencrBo (8.42) nosso-
JsIeT yTBEePKAAaTh, YTO KOMIIJIEKCHOE HHCJO @, a 3HAYMT, B CHJYy Teope-
Mbl 8.3 U CONMPSIXKEHHOE €My YHCJIO @ SIBJASIOTCS KODHSAMM MHOrouJeHa

®(x) uekoTOpO#l KpartHOCTH k>1. B TakoMm ciyyae JJii MHOTOYJIEHa
P (x) cnpaBeAJHBO MpeACTAaBJIEHHE

® (x) = (24 px+q) M (), (8.44)

‘The P (X¥) — HEeKOTOPBI MHOIOYIEH ¢ BellleCTBeHHBIMH K03(duiuesTa-
MH, He UMELIUH B KaueCTBe KOpHeH uyucia a W 4. Bceramddas npen-
craBjeHue (8.44) B dbopmyny (8.43), ncsayuum npeacraBiaenue (8.41).
Tor ¢akT, uro nociennsss Apobb, cTosias B npaBod yact (8.41), sB-
JAETCA TPaBUJIbHOH, BEITEKAeT K2 TOro, 4TO 3Ta ApoOb paBHA pasHo-
CTH JBYX NPaBHJBHBIX APOOEH.

Jlemma 2 noxasaga.

p
IMocnepopaiensHoe npumenenne Jemm | u 2 K apobu —Ef—x—))— 1o
| X
P(a)
*B cuny (840) @(a)==0, Tak uyTO OTHOlUEHHE 7@ paccMaTpHBaTL
. a

MOZKHO.
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BCEM KODHSAM 3HaMeHATeJsl NPUBOAUT HAC K CJeAYIONIeMY 3aMedarehb-
HOMY YTBEPXKAEHHIO.

Teopewma 8.4. llycre gix; — NpPABUALHAR PayUOHAbHAS OpOoDb
X

C BeujeCTBEHHbIMU KOIPPUYUeHTAMY, 3HAMEHATeNb KOTOPOLL umeeT 8ud

Q)=

= (x—b)P (x—b)". . . (x—b) (8 g (BB o+ g,)
(8.45)

Toz0a daa aroll Opobu cnpasediuso ciedyroujee pasiodcerie Ha CYm-
My npocreiiuux opobet:

) ) B
P B B '
0 __5 ..
Q(x) (x—b) (x—b) (x — by
(1)
+ B(lm) + B(Qm) + -+ ————B = +
(x—bm)  (x—bm)? (x— b
M{Vx + NV MPx - NP I MiDx - N)
(2% 4+ pix 4+ g5) (% 4 pix 4+ q1)? (2 4 prx + g)M
M(ln)x + NYL) Mg’l)x + N(2n) M(}Z:x—}— N&n)

+.F ——. (8.46
(4 pux 4+ gn)  (¥* 4+ Pux + gn)? (x? + prx -+ gn) ™ (e

B srom pazioscenuu B, B, ..., Bg’r:, mP, NP, .., M;f’;, Nﬁz—
HEKOTOpble B8eULeCTBEHHbIEe NOCTOARMbIE, YACTb U3 KOTOPbLX MoviceT ObiTo
pasHa HYyawo.

Samevdanue. JLisg KOHKPETHOro ONpeeseHHs] TOJbKO YTO YKa-
3aHHBIX TOCTOSIHHBIX CJeAyeT NpHBecTH paBeHcTBO (8:46) K obuiemy
3HaMeHaTe/ 0 M TOCJe 3TOr0 CPaBHHBATh KO3 OHIMEHTH IPH OJUHA-
KOBBIX CTENEHAX X B UHCJHUTEJE.

IlpuMeps U pa3bsiCHEHHS.

1°. Pa3jioxuTh Ha CyMMY HPOCTEHLIHX HpaBHAbHYIO ApOOH

248 4 452 4 x4+ 2
(x—1P 0 +x+1)
Y6eauBIIHCL B TOM, 4TO KBAaAPaTHHIH TpexuieH x?+x-+ 1 uMeer Komm-

JIeKCHble KOpHM, HIIEM, COrJIacHO TeopeMe 8.4, pasjioxeHue JApOGH
(8.47) B BHIE :
248 - 4x2 4 x 1+ 2 _ B . B, + Mx -+ N ‘ (8.48)
(x— 12+ x4+1)  (x—1) (x—12¢ 2+x41
TIpuBons paBenctBo (8.48) K oOliemMy 3HaMeHATENIO, NOJYIHM
23+ 4x2 - x 2 Bl(x3—1)+B2(x2—}—x—{- 1)-}—(Mx+N)(x2——2x+l)
-4 x+1) (x—1P (P +x+1)

(8.47)
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CpasruBas B uncjurensx kozhouunents npu x°, x!, x2 u x% npuzem
K CHCTeMe ypaBHeHHi *

B, +M =2,
B,+ N—2M =4,
B+ M—2N=1,
B,+ B, + H=2.

Pemas sty cucremy, naiifem B1=2, B;=3, M=0, N=1. Okonuate/n-
HO MOJYYUM

243 - 4x2 - x-2 _ 2 + 3 + 1
(x—12(24+x4-1) x—1  (x—1)2%  R4+x+1

Tosbko 4TO NPOHANIOCTPHPOBAHHBIH METOX OTHLICKAHHA DPa3JOXKEHHA
NpaBHJLHOH PALlHOHANBHOH KPo6H HaA3bIBaeTCt METOAOM HeONpe-
AeNeHHBX KO3 GHUHEeHTOB, ITOT MeTO NPHUBOIAUT K LEIH
BCer/a; J0Ka3hlBaTh Pa3pellMMOCTh IMOJIYYeHHOIl B pe3yJibTaTe NpuMe-
HEeHHsI 3TOr0 METOJAa CUCTEMbl YpaBHEHMH He HYXKHO — pPas3peuiuMOCTb
BHITEKAeT u3 TeopeMsl 8.4.

2°. TIponnaI0CTPHPYEM METOJ HeoNnpelejeHHHX Ko3h(HIHeHTOB
euwe oxHuM aipuMepom. TpeGyercs HaHTH pasjoxeHHe NPaBHJIbHOM
npobu

. (8.49)

3x4 - 243 - 342 — 1
(x —2) (2 + 1)

Tak kak kKBagpatHbifi TpexwieH x2+41 umeer KOMILIEKCHbIE KODHH,
HmeM, coraacHo teopeme 8.4, pas3sokKeHHe B BHAE

3x4+2x3+3x2-—-1= B M1X+N1+M2X+Ng
(x—(2+1p  x—2 | 241 (B

[Tocnensee paBeHCTBO NMPHBOAWM K OOlleMy 3HaMeHaTeNi0 H Tocje
3TOro comnoctasaseM uucaurend. [loayuum

3x44+2x24-3x2—1 =
=B (x*+2x2+ 1) + (Mix+ Ny) (£3—2x2+ x—2) + (Mox+ N3) (x—2).

CpaBuuBasg koadduuuentst npu x° x!, x2, x3 u x*, mpumeM K cucreme
ypaBHEHHUH

{ B+M, =3,
N,—2M, =2,
9B+ M,— 2N, +M, =3,
Ny—2M, + Ny—2M, =0,
| B—2N,—2N, = —1.

o e et e e St st =,

* Tlpu 3TOM MH HCTIONb3yeM YTBepPXKIeHHe, CQPOPMYJHPOBAHHOE B CHOCKe ***
Ba c. 308.
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Pemas 31y cucteMy, Hafigem B=3, M;=0, N;=2, My=1, N,=0.

OKOHYATENBLHO TOJTYYHM
it —1_ 3 2 ,

(x—2) (x4 1)2 x—2 x4l (k41

3°. MeTton HeonpeneseHHBX KO3((QHIUHEHTOB, KaK BHIHO H3 pac-

CMOTPEHHBIX IPHMEDOB, ABJSCTICA HOBOJBHO TPOMO3AKHM. EcTecTBeH-

HO MO3TOMY B TeX CJydasx, KOIAa 3TO BO3MOXKHO, HAUTH ApYyro#, Gosee

NPOCTOH METOJ OTBHICKaHHA KO3()GHLHEHTOB B Pa3J0KEHHH NPaBHJb-

HOH pauuoHaJbHOR Apo6u Ha cymmy npocrefimux. Ilycth 3HaMena-

» P(x
Teab Q(Xx) MpPaBHJABHOH PAUHOHAJBHOH APOGH %x; HMeeT BellecT-

(8.50)

BEHHOE YHCJIO @ KODHEM KPaTHOCTH a. Torna.cpelm HpOCTCﬁIﬂHX ApO-

—P(-—x), 6yner ¢ury-

Geil, Ha CYyMMYy KOTOpPHIX packjaajabiBaercs Apobb 0

pupoBath Apolb
A

(x—a)* "

(8.51)

VKaxem cOBceM TNPOCTOH MeTOX BblYHCJAeHHs Kos(pduunenta A npu
oTOH ‘npocreiuesi apobu. Ilpusnekasn jgemmy 1 u dopmyny (8.36), mpr
ybenumcst B TOM, uTO Kospdunuest A papeH :
_ P Q(x)
Q(a) (x—a)*
Mel MpHXOZUM K CJEAYIOLIEMY NPABHIY: A8 B6I4UCACHUS KOIPPHUyu-

enra A npu npocreiiweil Opobu (8.51), coorsercrsyrowjeli eujecreen-
HoMY KopHio @ mHoeousera Q(X) KpaTHOCTU a, cAedyeT 8bl4epKHYTo 8

sHamenaréae opobu —Z—%— CKOOKY (x—a)® u 8 ocTasuiemcs soipasie-
X

» THe @ (X)=

HUU ROAOXCUTS X=a.

YKasauHbll NpueM HaXoXAeHHs Koapduiuerra A 06LIYHO HA3bI-
BAIOT METONOM BbidepKHBaHHUsA OTMETHM, YTO 3TOT NPHEM NPH-
MEHHUM JIHLIb /IS BBIYUCAEHHS KO3((HUHEHTOB IIPH CTAPULUX CTENEHAN
npocreduwux opobet, cooT8ETCTBYOUUX BeuleCTBeHHbIM KOpHAM Q (X).

Meton BhIYepKHBaHHS O0COGEHHO >(D(EKTHBEH B caydae, KOrja 3Ha-
MeHaTeab Q(x) umeer auuis 0OHOKPATHOGIE BeUeCTBEHMbIE KOPHU, T. €.
koeda Q(x)= (x—ay) (x—as)...(x—a,). Torna, KaKk Mbl 3HaeM, cnpa-
BeLJINBO Pa3JjloXKeHHe )

An

Plg . 4 Y N
Q(x) X —a X —ay X —ap X —an

BCe KO3((PHUHEHTH KOTOPOTO MOTYT G6bITh BLIYHCJAEHBI 110 METOAY
BblYepKUBaHHA. [ BBHIYHCIEHHS Kosdduuuenta A, clefiyeT BbIUEDK-

Px)
HYTb B 3HaMeHarese Apobu
Q(x)

CKOOKY (X—ax) M B OCTaBUIEMCS
BBIDAXXEHHH NOJNOMXHTD X == Q.
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IIpumep. Haiitn pasnoxedne npobu

x+1
(x—Dx(x—2"

‘CorsiacHo TeopeMme 8.4 muiem:

s+l A A A
x—x(x—2) x——1+ x +x——2'

(8.52)

Jas orbickanust A, BeluepKHBaeM B BuipameHnuu (8.52) ckoOky (x—1)

H-B ocTaBUleMcs BolpaxeHuu Gepem x=1. [loayuum A,=—2. Anano-
1
THYHO HAXOJUM A2=—§—v, Az =3/2.
OKoOHYATENBHO TOAYUHM
— 1 3
*+l =2 1 (8.53)

(x—Dx(x—2 x—1 2  2(x—2°

5. HdrerpupyeMocTh pauHoOHAJNbHOH APOGH B 9JeMEHTAPHBIX (YHK-
auax. Tenepp MBI NOArOTOBJEHH K TOMY, 4TOGH B 0OIIeM BHJE pe-
1HTb NpoBieMy o6 HHTErPHPOBAHHH paunoaanbﬂon npobu ¢ Belecrt-
BeHHbIMH K03 dunueHTaMu.

Ilpexxae Bcero oTMeTuM, uTo 3Ta npobaemMa CBOAHTCA K mpobieMe
HHTETPUPOBAHUS TOAbKO npasu/zbnoﬁ paunnoHasbHOR ApolH, uGo BCs-
KYIO HEIPAaBUJBHYIO PALlHOHAJABHYIO 1po0b MOXKHO (LOCPeACTBOM HeJie-
HHS YHCJHTENs Ha 3HaAMeHaTeldb «CTOJOHKOM») TpeACTaBHTb B BUAE

«CYMMBI aare6paHyeckoro MHOTOYJEHA U NPABUJILHOH pPauuoHasbHON
Ipobwu.

T xt—x34-1 4 1
anMep. -,;2—_{-',"-‘-{—-2'—-:()62—2X)+ _x_z-?’;-—_xt—}———i_’ u6o
xt—x3 41 | X+ x 42
T AP O o
—2x3 —2x% + 1
T —2x3—2x%—14x

ocTatok 1+ 4x

WuTterpuposath MHOrowieH Mbl yMeeM (HANOMHHM, YTO HEONpeje-
JIEHHBIH HHTErpaJ OT MHOrOYJeHa NpeACTaB/sieT CO60f HEKOTOPHIH
MHOTOUJIEH CTelleHH, Ha eJMHUNY GoJiee BHICOKOH). OcTaercss HAYYUTh-
C5. HHTETPHPOBATD NPAGUALHYIO DAIHOHAIBHYIO npobes. B CHIy Teope-
MH 8.4 npobseMa MHTErpHPOBAaHHS NPaBU/IBHON PAUMOHANBHON APOCH

CBOJMTCS K HMHTErDHPOBAHHIO NDOCTEHIIHX APOGEH CAedyioujux 4eroi-
pex Tunos:

B, B . Mx+N | Mx+N
L. ; 11 ; I ; IV. .
x—b (x—0)P 22+ px+q (* + px + o)
3necy =2, 3, ...; A=2, 3 ,...; B, M, N, b, p, g— HexoTophHle Belle-

(8.54)°
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CTBeHHBIE YHCJA, NpHUeM TpexuJeH x2-4px-+g He HUMeeT BEUIECTBEH-
2
HBIX KOpHeH, T. e. q——-’;— >0.

JlokaxkeM, yTO KaxJas H3 YeTHpPeX YKas3aHHBIX Jpobeill HHTErpu-

pyeMa B 3JieMEHTapHBIX QYHKUHSAX.
Jpo6u Buga I u 11 ajemenTapHO HHTErpUPYIOTCS NPH MOMOIIU MOM-
CTaHOBKHU {=x-—b. Mbl noJyyuM

57 bd_Bj———Bl nj¢|+C=Bln{x—b] +C, (8.55)
X — .

at B 1 —B 1
B ——___+C:——.~———+C-

j( —oF B—1 P B—1) (x—5)Ff!
= (8.56)

Jlns BbluMcaenust uHTerpasna ot Apo6u suza 11l mpexcraBuMm xBazpar-
2

HBIl TpexuwsieH B Buge x*+ px-+g= (x+—g—)2 + (qw—’:—) Y, YUHUTHI-
‘ \ \ .

2
Bas, 4TO q~pT>0, BBEJEM B pacCMOTpeHHe BEIIeCTBEHHYIO MO-

CTOSIHHY10 a= -+ l/ q——pTz, CrenaB TNOACTAHOBKY t=x+%'n
OyaeM HUMeTb
Mp
Mt—{»(N—-—-‘—)
_M__x—._+N dx: S 2 dt e
*+px+gq 2 +a®
_ M otdt _ Mp a
T2 t2.+a2+<N 2 )Lu-a?
t
‘()
M d(fz—i-a”)%_ '<N,__ﬂ£’_ 1 L 4 =
2 Lg' 2 4 a? 2 > a S (_t_)2+1 _
\ a
:M—In(t2+a2)+—21v2—Warctg —I—C:
4
x4+ —
=%ln(x2+px+q)+ W_Mp__ arctg 2_1C. (857

/ p? p?
Vo5 Ve k

Ocraerca BblumcjnTh HHTerpas oT Apobu Buaa 1V. Hcnoansys Bse-
2

JleHHble Bbille 0003HauUeHHUs l‘=x+—g—, a= q___pz_’ Oynem:

HMETb
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Mx +N — Mt+< 2p> df —
E(x2+px+q)’" S (2 4 ar)*
d(tz+a2) (N _'Mp g‘ dt
(t2+a2>* 2 ) (@ + a?y*

BaeseMm o603nauesus

d(e4a?) dt
1 s ——— —
S @rap f @+

Hntepecyromut nac uaTerpan Gyner BbIUUCTCH, eCJH OYyAYT BHIUHC/IE-
#Hpl uHTerpansl [ v K,. Marterpan I Oepercs 3JeMEHTapHO:
1 1 1 1

= — C=— C.
(—1) @+ 2> i (A —1) &+ px+ q)’““‘+

Wnrerpan K, BbluucieH HaMH B npuMepe 6 B koHue § 2 pacrosimeit
TJiaBbl. TaM MBI NOJYYHJIH /ISt STOTO MHTErpasia peKyppeHTHYIO popMy-
Jy (3.12), nosBoasIOLYI0 NOCJEI0BATENbHO BbIUHCAHTb K, Aus n060-

TOo A=2, 3, ..., OHpasiCh HA TO, UTO
dt I t
= =—arctg— }C.
K, fﬂﬂg —arcfg— +

HiTak, HaMH BBIYMCJIEHBI HHTETPaJbl OT BCeX YeThlpeX NpPOCTEHLIHX
Jpobeii (8.54) m n0KaszaHO, UTO KasKAbIH H3 3THX HHTErpaJioB npen-
cTaBssieT co60H anemenTapHyo pynkyuo *. TeM caMBIM MBI IPHXOAUM
X cnenylom;eﬁ TeopeMe, HcyepnniBaomel mnpobaeMy HHTerpHPOBaHHSA
PauMOHAJIbHOH ApOOH.

Teopema 85. Beakas payuonarsuas 9pobs ¢ gewjecTéeHHbimu
KoapuyuenTamy UHTEZPUPYEMA B8 INEMEHTAPHBIX (DYHKUUAX.

B sakmouenHe 3Toro naparpada- MBI OCTAHOBHUMCH Ha IpHMepax
BBIYMCJIEHHS] HEONpeleJEeHHBIX UHTErpajiop OT PAalHOHaJbHBIX APOGen.
BriuncanM HeonpezneseHHble HHTETpaJibl OT TpexX Apobell, pacCMOTpeH-
HLIX B npeabiaymieM naparpade, (8.49), (8.50) u (8.53)- Ilosabsysch
YKa3aHHHIMH TpeMmsi (QopMmynaMu, a Takxe ¢opMmyaamu (8.55) —
(8 57), 6yneM HMeTh:

j- 244242
(=12 (x4 1)

2 3 dx .
= d O S —_— =
jlx—l x+5 (x —1)? dx+51 A3 x4 1
2%+ 1
V3

I

—-2]n|x—l[——————+V3actg + C.

* TouHee, BHIDAaXKAeTCs uYepe3 JorapudM, apkTaHreHC M palHOHAJbHYIO OYHK-
0.
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3x4+2x3+3x“‘—1dx=j’ 32dx—|—g‘ 2dx +j‘ xdx
x—

L(x=2) (2 1) J 1 RS
L de+1 _
=3In|x—2| +2arctgx+—§-§ @
1
=3Injx—2{ 4 2arct =T
=3Injx | + 2arctgx— 2( —I—l)

x4+ 1 _ d dx 3dx
8- 5(x—1)x(x—2) .S‘x——— x+5 2(x—2)

= —2In{x—1| +?ln|xl +—2—lnix~—2| +C.

6. HHTerpupyeMocTb B 3j€MEHTAPHbIX (PYHKUHAX HEKOTOPHIX TPH-
FOHOMETPHYECKHX H HPPALHOHAJBHBIX BhIpaxeHuH. B paccyxjeHusx
HACTOSIIEr0 NyHKTa BaXKHYIO posb GyJdeT HrpaTh pallMoHaJbHAA
pyHkuuss or ABYyx apryMmenTton. C omnpejejeHHs Takod
GYHKIHE M BBISICHEHHS HEKOTOPBIX €€ CBOHCTB M HAyHeM Halle H3JI0-
JKeHHe.

MHOrouyneHoM CTeNeHH A OT ABYX apTYMGHTOB X M Y Ha3H-
BaeTcs BrIpa:KeHue BHAA

P.(x, y) =aoo+alox+amy'+azox2+auxy+ Qo2y?+ ... +aony™,

B KOTOpPOM uYepe3 Ay, Gig, ..., Qon OO603HAYEHBI HEKOTOPHLIE MOCTOSIHHBIE
BeUIeCTBEHHble YUCJa TaKHe, YTO CPedH YHCeT Qno, A(n—1)1, Q(n—2)2 --
, Qon €CTb XOTS OBl OJJHO YMCJIO, OTJHYHOE OT HYJIA.
PamnonansbrHo#i @GyHKULHed OT ABYX apryMeHTOB
X M y Ha3blBAeTCS BEIPAaXKeHHe BHJA

Py (x, y)
X, y)=—"-—122
R =g o
B KoTopoMm uepe3 P,(x, y) 00603HaueH IPOHU3BOJbHBI MHOIOYJNEH OT
JABYX apryMeHTOB X H y CTeNeHH n, a 4yepe3 Qn (¥, y) o6o3HayeH npo-
H3BOJIbHBII MHOTOWIEH OT ABYX apryMEHTOB X W y CTEIeHH M.
CnpaBeAuBO clefyolllee TPHBHAJbHOE YTBEpPXKAEHHE ecAld
R(x, y) — payuonarvnan Qynxyus’ or 08yx apeymentos x u Yy, a
Ri(?), Ry(t) u R3(t)— Tpu npoussoavroix payuonarbHolx GyHKyuUL
OT 00HOU nepemerHoli t*, TO suipaxcerue suda

RIR(#), R2(t)IRs(?) ' (8.58)

npedcragaser co60l PAYUOHANLHYIO (PYHKYWIO OT 00HOL nepemerHoil.
Has mokasartesibcTBa 3TOTO YTBEPKAEHHS HOCTATOUHO 3aMETHTh,
YTO B pesyJbTaTe NPHMEHEHHS K PalHOHAJbHLIM (QYHKUHSIM OJXHOH Ie-

* Jlop TepMHHOM «panuOHaAbHAS (YHKIHS OT ONHOH NEPEMEHHOlH {» MH MNOHH-
MaeM DalHOHAJbHYI0 APOOb C BeEIUECTBEHHHMH KO3(hQHUHeHTaMH OT aprymedra f.

11 3ax. 72
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peMeHHOH { omepamHui CJAOXKEHHS, BHUHTAHHS, YMHOXKEHHS] W [EJCHHUSE
MBI CHOBA NOJIYUYHMM palHOHAJbHEIE QYHKIHUH OJHOH NepeMeHHOH f.

B nanbHefinmieM AJA AOKA3aTeJbCTBAa HHTETDHDYEMOCTH B 3JIEMEH-
TapHHX (YHKIHUSIX HEKOTOPHIX BbipaxKeHHH MBI OyJeM TIOCPEICTBOM
CrelHaJbHO NOAOOPaHHON NOACTAHOBKY CBOAMTL HHTEIPAJN OT paccMarT-
pUBaeMbIX BHIpaXKEHHH K HHTETpally OT paluoHajabHOH apobu *. Ilpm
5TOM MBI Oy/leM IOBOPHTb, UTO HHTErpajl OT paccMaTpHBaeMOTO BHIpa-
EHHS PalMOHANHM3UDYETCH VKa3aHHOH clenuaJbHOH IOA-
CTaHOBKO#.

1°. I/IHTeI‘pHpOBaHHe HEKOTOPH X TpurouomeTpuqe—
CKHX BH paxeHHu#A [loroBopumcs BCIOAY B AaJbHEHIIEM CHMBOJIOM
R(x, y) ob6osnauath M00YI0 pPalHOHAJLHYIO (PYHKLHIO OT ABYX apry-
MEHTOB X H Y.

B aroM myHKTe MH XOKaxeM HHTErPHPYEMOCTb B JIEMEHTAPHBIX
byHKuHAX A1060# HyHKUMM BHAA

R(sinx, cosx). (8.59)
IlokaxxeM, 4yTO MHTerpaj OT 3TOH (GpYHKUMH palUMOHAJM3UPYeTCs MO~
o X o
CTAaHOBKOI t=tg7. JleHACTBUTENbHO,

2tg — 1—tgr =
€7 9% Y i
sinx = —=———, COSX= =T A
gl 1+t | pigt— b
2 2
x=2arctgt, dx=—2d—t—,
142
TaK 4TO '
2 11— 2dt
, == - ‘60
SR(sinx cos x) dx 5R<1+tz’1+t2) TP (8-60p
1 —2
Ecan nmosoxute Ry ()= + — Re(t)=—— ol 3()_1+t= To

B mpaBod uacty (8.60) MBI MOJAYYMM MHTerpaj OT BhIPaXKeHHs BHJA
(8.58), KoTOpHIl mpejcTaBJseT .cO00OH HHTerpajJ OT pPalHOHAJIbHOH
(YHKIHH apryMmeHTa f.
dx
[Ipumep. Buuncauts HHTErpaln ]1=S—————, rae a>0,

1+acosx
as=1. IlpuMeHsis1 YHHBepCa/JbHYI0 TPHIOHOMETPHUYECKYIO NOACTaHOBKY

t=1g —;— [OJIYUUM

x=2arcigt, dx=—2d—t-—, cosx—_—.l___t.z_,
142 1422

* MHTerpupyeMocTh B 3JeMeHTapHHX (QYHKIHMSX pPalHORaNbHOR APOGH YCTaHOB-
JeHa B Teopeme 8.5.
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=2 & ===
1= S(a+l)+t2(l_'a) a+1 1+___1~at2 '
l1+a

' Jlanee HYXHO OTAEIbHO PaccMOTpeTh ZBa ciayHas: 1) 0<a<l,

2) a>1.
B cayuae 0<a<1

2 l—a
’1=71—_75“°tg( 1+a) +C

2 l1—a X
_Vl—za—zarctg(‘/l_i_a‘tg 5 +C.

B cayuae a>1

1

x

_ o
Ve —1 x
1= a+1fg2

2°. UHTerpupoBaHHue APOGHO-JHHEHHE X HppaLHoO-
sHaJbHOCTeH B sToM nyHKTe MB JOKaXXeM WHTEIrPHPYEMOCTb B
3JIEMEHTapHBIX (PYHKUUsAX JI060H (YHKIHM BUAA
n p——
ax b -
R(=x, o), (8.61)
. cx+d -
Tiae a, b, ¢ u d — HeKOTOpHIE NOCTOSIHHEIE, 11— JII000E 1eJ10e TOJOKH-
“TeJIbHOE uHc/0. OYHKIHIO TaKOro BHAA Mbl OyAeM HasuBaTh A PO O HoO-

JUHEHHOH HPPAULKMOHAJABHOCTS IO.
HokaxeM, uro unrerpan ot pyukunu (8:61) npu ad—bc+£0 pauuo-

n
HaJIM3UPYETCs MOACTAHOBKOH [ = / e+ b, B camom pgere,
‘/ cx+d :
(P —_ n=1
"= ax+b x=dt b’ dx — (ad — bc) nt dt,
cx - d’ a—ctn (a— ct™)?

TaK 4To

SR( Y EE) = (R (2 () by
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amm—b b (ad — be) nfn=1 -

L Ry)=t, Ry(O) =00,
TO B npapoii yactH (8.62) Mbl nonyth HUHTErpan oT Bmpamennﬂ BHJA
(8.58), koTopHIl mNpeAcTaBJsieT COOOH HHTErpajJ OT pPalHOHAJBHOR
¢yukuun aprymedra f. TeM caMBIM [J0Ka3aHO, YTO HHTerpaJ oT Apol-
HO-JIMHeHHOH nppaunonanbuocru (8.61) pauuonaausupyercs mOACTa-

Ecau nonoxurs Ry (f)=

HOBKOH [ = axtb
cx+d
d
[Tpumep. Buuncaute wurerpan [= 5‘ l/ :—+—x 1 ad Crnenan
— X -—X
NOJCTAHOBKY '

t_‘/1+x pldx ol 4d
, 1—x 1—x 241 (@ + 1)

H YuHTHIBafl, yTo 1—x=2/(#>+1), nonyuum

=2 S-ﬂa—=2th—Qg—w—=2t—2arctgt+C=
211 21

=2 l/‘—i‘—Qarctg ‘/‘+x+c.
1—x 1—x

3°. MurerpupoBaHHe KBajJpPaTHYHHX HppauHO-
HaJbHOCTeHl. B 2TOM NnyHKTe MH AOKa)KeM HHTErDHPYEMOCTb B
3JieMeHTapHbIX QYHKUHAX JA1000H QYHKIHH BHAA

R(x, Vax*¥bx+c), (8.63)

roe a, b u ¢ — HeKoTophle nocrosHHble. OYHKUHIO TaKoro Buja Oyaem
Ha3blBAaTb KBAapAaTHUYHOH HpPPALHOHAABHOCTD 0. [IpH 3TOM
MBI, KOHEUHO, CYUHTAEM, YTO KBaJDaTHUHBIA TpexuneH ax?+bx+c He
HMeeT paBHBIX KOpHe# (HHAue KOPEHb H3 3TOrO TPexuyieHa MOxeT ObTh
3aMeHeH paliiOHaJIbHBIM BbIPAXKEHHEM).

Mer nokaxeMm, uto uHterpan ot ¢yHkuuu (8:63) Bcerza pauHoHa-
JIU3MPYETCST OZHOM W3 TaK HashLIBAeMBIX MOJACTAHOBOK JDHJaepa.

Crauajia paccMOTpPHM cJjydaii, Korja KBaJpaTHUYHBIH TpexwieH
ax?+bx+c UMeer KOMOJEKCHB € KOPHH. B 3TOM cClyuae 3HaK
KBa/(PaTHOTO TPexujieHa COBMajaeT CoO 3HAKOM @, H NMOCKOJBKY NO
' CMBICJIY KBaApAaTHBIH TpexuseH (H3 KOTOPOro H3BJIEKAeTCs KBaJpar-
HbIH KOpEHb) MOJOXuTeJaeH, To a>0.

Takum o6pa3oM, MBI HMeeM NPaBO CAENATb CJAEAYIOUIYIO MOJACTa-
HOBKY: :

t=Val+bx+c+xsVa. (8.64)

INoacranoBky (8.64) 06GHIYHO HA3LIBAOT NEPBOH MOACTAaHOBKOMN
Diaepa. JlokaxeM, 4To 3Ta NMOACTAHOBKA PaIlHOHAJIHM3HPYeT HHTEr-
paa or ¢yukuuu (8.63) nas paccmaTpuBaeMoro caydas. Bo3pons B
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KBajZipaT obe 4acTH PaBEHCTBA Vo +bx+c=t—xVa, noayuam
bx+c=12—2 Vatx, TaK YTO

I — o, YattuttcVa
" o2Vat+b ' Vaxi+bxtc=: 2V at+ b
dx___2l/3t’+bt+c;/a_dt

(2V at+b)?
Takum ob6pasom,

SR(x, Var+bxtc)dx=

— £#—c | yatt+ot+cVay /Etﬁ_p.bt.H]/Edt 8.65
ITox snaxkom nmerpé.na B npaBoil uactd (8.65) CTOMT BLIpaKeHHE

Buja (8.58) npu R, (t)= —2%;%:— , Ry()= I/af; —,}}aﬁtti.;]/a

’

Yati+bt+cya
Ry (f) =221 .
(2Vat + b)3
Mbl NTOJIy4aeM MHTerpaJ OT palHOHaJIbHOH ApoG6H. .
PaccMoTpuM = Ttemepp cayvall, Koraa KBajpaTHHH  TpexusieH
ax?+bx-c¢ uMeeT HECOBNaJaloOlHe BeNleCTBEHH B € KODHH X; H X3
B TakoM cayuae ax’+bx+c=a(x—x) (x—x2). JlokaxkeM, 4TO B
3TOM cJyvyae HHTerpasa ot ¢yHkuud (8.63) panHoHalusupyercs no-
CPEACTBOM NOACTaHOBKH

Takum obOpasom, B npaBoii yacta (8.65)

2
t=_‘i‘3£.i'_b'_”_ic., (8.66)
X —X3
HasblBaeMoji 06HUHO BTOPOH nojagcTaHOBKOH DHgepa. B ca-

MOM JeJjie, BO3BOAs B KBajpaT DaBEHCTBO Vax”—}-bx Fec=t(x—x,)
H COKpalllasi NOJiyueHHOe paBeHCTBO HAa X—X), TOJNYYHM a(X—=x2) =
={?(x—x;), TaK uTO

_ —axy - X312 A Py L a (% — xa) ¢
x=—"r0, Vad dbr+o=—j—=-1,
dy=28a—n)t 4
(2 —a)?
TakuMm o6pasom,

SR(x, Vax®+bx+c)dx=

___XR( —-ax,)—{—x,tz a(xl—xz)t> 2a(x1—-x,)tdt_ (8.67)

" 2—g ° 2—a (2 —a)?
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B mpasoit yacte (8.67) nmox 3HAKOM HHTErpaja CTOUT BHPaXKeHHE
suaa (8.58) mpa R, (t)_-—"ij%’—, R,(t)_“—‘i‘“—"’li, R, (t)=
_a(n—x)t

(#—a)? »
HHTErpaja OT palHOHaAbHOH APOOH.

IMIpumeps. 1) Bruuciauts HHTErpaj

Takum oGpasom, B npasoii yactu (8.67) MeImoaydaeM

dx

I= .

x+V a2+ x+1
[TockonbKy KBaapaTHBII TpexuneH x2+x+ 1 uMeeT KOMIJIEKCHBIE KOP-
HH, CAeJIaeM IIEPBYIO NOJACTAaHOBKY JHjepa

t=VE2+x+1 +x
Bosseinas B KBagpar o6e 4acTH paBeHCTBa Viifr+l =t—rz,
mMoayunuM x2+4x+ 1=1>—2f{x+x2, nau x+1=12—2¢x, TaKk uro

Lkl S Y Wi it ol 2o o2 P
1+ 2t (1421

Takum oGpasowm,

. f4t4+1 . ([A B D
1_25 t(1+421)3 at Hr et <1+2t)ﬂ]d‘g

HeonpeAeneHHbIe Kospduuuentsl A, B u D Jerko BHYHCIAIOTCA:
A=2, B=—3, D=—3. OKOHYATE/NbHO MOJYYUM

= 2ln|tl-—-—-—-1n|1+2tl + 4+C=

2(l+2t)
[=2Im|V ¥ Fx+1 +x| —71n|1+2x+2Vx2+x+'1' |+

3

vy eTern

dx
2) Boluucauth wuHTerpan [ —f T ITockonbKy
KBaJpaTHblA _Tpexunen 1—2x—x? HMeer  BelIECTBEHHble KODHH
X=—14+y2 u x,=—1—V2, caenaem BTOPYIO NOJACTAHOBKY JDiiye-

pa (8.66)
_ YV I1=2x—x% .

x+14v2
BosBiIas B KBagpaT o6e YacTH paBeHCTBA
Vi—2x—ZE=t(x+1+V72), 6ynem umers (—D(x+1—y?2) =
=82x+14+V2),
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TaK 4TO
 _AYI+)+ VI —or— . 2V ¢
Xx= P N lll 2x—x ——-——t2+1
1+V1_2x_x2=t_2ﬁ.l/it_tl., = _..Wl_d

PRy (+1)?

TakuMm 06pasoM,
o tdt
I=—4VY2 S E+1)(@E+2¢2+1)

[Tosyyaem uHTerpaj OT PalHOHANbHOH APOOH, BBIYHCJ/IEHHE KOTOPOro
[OPeJOCTaBJsAEM YHTATEIIO.

§ 4. AJNINNTHYECKHE HHTEIPAJIbI

K HHTerpasaM OT KBaJpaTHYHHIX HPPaLHOHAJBLHOCTEH ecTecT-
BEHHO NPHMBIKAIOT CJeAYIOlHe HHTerpaJbl:

5 R(x, Vax*+bx®+cx+d )dx, (8.68)

j R(x, Vax* +bx*+c*+dx+e )dr, (8.69)

NOABIHTErpapHble PYHKIHE KOTOPHX COAEpPKAT KOPEHb KBaJpaTHHA
H3 MHOT'OWJIEHOB TpeThell HJIH 4eTBepTOH creneHH (C BellleCTBEHHH-
MH KO3((HIHEHTaAMHU).

STH MHTErpaJbl BeCbMa 4acTO BCTpeYaloTcs B npuioxenusx. OT-
METHM cpasy ke, 4To HHTerpaiasl (8.68) m (8.69), soobue 2080ps,
He ABASIOTCH IAEMEHTAPHOIMU PYHRKYUAMU.

O6a sTH HHTerpaja NPHHATO Ha3bBaTh AN UINTHYECKHMH
B Tex cJydasX, KOrZa OHH He BBIPAXKAIOTCS 4epe3 sjeMeHTapHhLe
(QYHKIHH, H ICEBALO3JAJNHNTHYECKHMHU B TeX caydyadax, KOrka
OHH BHIPAXKAIOTCS Yepe3 3JeMeHTapHble QyHKuuu *.

BBuzy BaXXHOCTH IJis1 mpHJIOXKeHHH HHTerpasoB (8.68) u (8.69)
BO3HHKJIa HEOGXOJHMOCTb COCTaBJieHHst TabJuull U rpadukoB (QyHK-
LHH, ONpeAensieMblX 3THMH HHTerpajamu. [IpH IPOH3BOJBHBIX KO-
s dunnenrax a, b, ¢, d 4 e Takne TabGJAMIBLI H rPadhUKH COCTABHTH
oueHb TpyzaHO. [loaToMy BO3HMK/A 3afauya O CBEJEHHH BCeX HHTe-
rpajos Buga (8.68) u (8.69) K HeCKOJbKHM THIIAM HHTErpaJos, CO-
JepXai¥x 10 BO3MOXHOCTH MeHbIE IPOH3BOJIbHLEIX Ko3dbuuueH-
TOB (MJH, KaK FOBOPST, O NMpHUBeJeHHH HHTerpasos (8.68) u (8.69)
K KaHOHHYeCKOH popme).

Ilpexxne Bcero sameruM, urto uHterpas (8.68) cBopuTCcs K MH-

Terpany (8.69). B camoM nene, KyOuuHEBIN TpeXuJeH 3aBefOMO HMe-

* OTH Ha3BaHHs NPOHCXOASAT OTTOrO, YTO BIEpBHE C STHMH HHTErpajJaMH BeTpe-
THIHCh HPH DPELIEHHH 3ajJaud O cHpsiMJeHHH 3Jjumnca (cM. mpuMep 4° m. 6 § 1
ra. 10). R
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eT XoTs Obl OJIMH BelleCTBEHHBIH KOPEHb Xp, 8 MO3TOMY €r0 MOIKHO
NpeACTaBHTh B BuAe ax®+bx?+cx+d=a(x—xo) (x*+px+gq).

CrenaB NOACTAHOBKY X—Xo===+{2, MBI, KaK JIerKO BHIETh, Npe-
o6pasyem uuTerpag (8.68) B (8.69).

Takum o6pasoM, HaM AOCTATOYHO PaccMOTpeTh JHIIb HHTErpal
(8.69).

B cuay n. 3 § 3 MHOrouJIeH 4eTBepTO# CTelmeHH MOXKHO pasJio-
JKHTb Ha NPOU3BeJEHHE JBYX KBaADATHHX TPEXUJEHOB C BelleCTBEH-
HBHIMH KO3 QHuMeHTaAMH

axt+bxd+cx?+dx+e=a(x2+px+q) (2+p'x+q').

Bceerna nafizercs HekoTopas nuuefiHas HJIH APOOHO-JIHMHeHHAs MOA-
CTAHOBKA, YHHUTOXAaOWasg y o60MX KBaJPaTHHIX TPEXUJIEHOB JH-
He#iHble uneHb. CoenaB Takyl INOACTAHOBKY, MBI C TOYHOCTHIO IO
cJlaraeMoro, MpeAcTaBJsionero coboi 3J1eMeHTAPHYI0 . (YHKUHIO,
npeobpasyem unrerpaa (8.69) k sunpy

S R(&) : (8.70)
VAL +m®) (1§ mB)

rie R — Hekoropas palMoHajbHas GyHKuusa. [Jajgee MOXKHO NOKa-
3aTb, 4TO IPH JNIOOLIX KOMOMHAUUAX a6COJIOTHBIX 3HAUeHWH M 3Ha-
KOB NOCTOSIHHBIX A, m W m’ MoxeT ObiTb HafileHa 3aMeHa, CBOJf-
mas uHTerpan (8.70) K Tak Ha3BHIBAaeMOMY KaHOHMYECKOMY HH-
Terpasy

Rl (22) dz , ‘ ‘7
V—2)(1— k2 (®.71)

B KOTOPOM 4Yepe3 k 0603HaueHa IMOCTOsSIHHASA, Y/JOBJETBOpSIONlas
ycaosuio 0<<k<1.

JI1060i KaHOHUYECKHH HHTEerpaj (8 71) ¢ TOYHOCTBIO KO CJarae-
MOro, MpPeACTaBJSIOMEro co6oil 371eMeHTapHYI) (YHKUHIO, MOXKET
6bITb OpHBEJEH K CJAEAYIOUIHM TpPeM CTaHAapTHBIM HHTerpaJam:

dz 22z
V(l——‘z2)(l—k232) ’ V(I‘—'Z2)(l—_k222)
i (8.72)
- f : dz
(1 +h22) Yy 0= 2)(1 —k?22) (O<k< 1).

Hnrerpannl (8.72) npuHATO Ha3biBATh 3JJHNTHYECKHMH HH-
TerpaJdaMu COOTBETCTBEHHO l-ro, 2-ro u 3-ro poza. Kaxanii us
3THX MHTETPaJIoB, KaK NOKasaHo JIuyBuasieM *, npeAcTtaBiser coOoi
HeaJleMeHTapHyl (YHKIHIO. DJUIHNTHYECKHe HHTerpajsl 1-ro B
2-ro poja comepikaT TOJbKO OJHH IapaMmerp, NPHHUMAIOUHH Belle-
CTBEHHbIC 3HAaueHHs M3 HHTepBaJja 0<k<l, a 3NJIUNTHYECKHH HHTe-

* JKosed JIuyBusab — ¢pannysckuii marematuk (1809—1882).
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rpaa 3-ro pona, KpoMe TOrO, COAEPXKHT napamerp A, KOTOPHI Mo-
3KET NPHHUMATh H KOMIUIEKCHBIE 3HAYCHHS.
Jlexaup * noasepr uHTerpaanl (8.72) nanbHefiuiemy ynpotie-

HHIO, CAeJaB 3aMeHy 2=S8ing (O << —g—) - C nomoulplo 3TOH

3aMeHbl NepBHIH H3 HHTerpasoB (8.72) mpeobpasyercs K BHIY

d
S . S— (8.73)
Vi—g sin? @
IIpu s1oji e 3ameHe BTOpO#H H3 HHTerpasoB (8.73) ¢ TOUHOCThIO
[0 MOCTOSIHHOTO MHOXKHTEJs1 paBeH pasHOCTH uHTerpana (8.73) u
CllelyIoLIero HHTerpaJa: ’

j Vi—Fsin’e dg. (8.74)
Tperuit us unrerpanon (8.72) npeoGpasyercsi K BHAY

S L C(8.75)
(14 hsin?@) Y1 —k2sin? @

Hurerpanam (8.73), (8.74) u (8.75). npHHATO HA3HIBATH 3JJH I T U-
YeCKHMH HHTErpajJlaMH COOTBeTCTBEHHO 1-ro, 2-ro m 3-ro
-pona B popme Jlexaunapa.

Oco6eHHO BaXKHYIO POJIb B IPHAOXKEHHSIX HrPaloT HHTErpan
(8.73) u (8.74). Ecau cuntaTth, 4T0 06a 3TH HHTErpasa o6pamaior-
csi B HYJIb 11IpH =0, TO NoJiyyaTcs ABE BIIOJHE ONpeNeJeHHbIe PYHK-
IHM, KOTOphe o0bYHO OGO3HaualoT cuMBoaaMu F(k, @) u E (&, ¢).
Hns sTux GyHKuME cocTaBjeHH OGIHpHble TaGMUE M rpaduKH.
JlexkaHapOM H JADYTHMH MaTeMAaTHKaMH H3y4YeHH CBOMCTBA 3THX
QyHKUHH, AN HUX YCTaHOBJEH psiJi Gopmy.I.

Hapsny ¢ snemenrapuniMu GynkuuaMu ¢yukuuu E u F npouno
BOLLIH B CEMEHCTBO (PYHKUHMH, YacTO HCNOJB3YeMBIX B aHaJH3e.
31ech emie pa3 CTOHT OTMETHTb YCAOBHOCT6 TIOHSITHS SJeMeHTap-
HOH (QyHKuHH. BMecTe ¢ TeM cJelyeT NOAUEPKHYTh, UTO 3aJauM HH-
Terpa/ibHOr0 MCYMC/IEHHS BOBCe He OI'DAHHYUBAIOTCH H3YUEHHEM
(QYHKUHUHA, HHTETPUPYEMBIX B 3JE€MEHTAPHHIX (DYHKIHUSAX.

* Auapuan Mapu Jlexauap — ¢panuysckuii Mmarematuk (1752—1833).
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ONPENEJEHHBIA UHTEIPAJI PUMAHA

Bo BBOAHOH riaBe GBLJIO NOKA32HO, YTO K MOHSTHIO ONPEEJCHHOTO
MHTErpaJjia MPUBOAAT TAKHE BajKHbBlEe 3aJaYH eCTeCTBO3HAHHs, KaK 3a-
Jlaya O BBIYHCJIEHMH TJIONIAJY KPHBOJHHEMHOH TpalelHH M 3ajaia 06
onpesesIeHUH YTH, NPOHAEHHOIO MaTepHaJbHOH TOYKOH, ABHraoiencs
€O CKOPOCThIO f(X) 3a MPOMEeXYTOK BPeMEHH oT x=a A0 x=>b. lensio
JaHHOH TJIaBHl SIBJSIETCS NOCTPOEHHEe CTPOTQHi TEOpHH ONpeleseHHOro
uHTerpasa Pumana.

§ 1. ONPENEJIEHHE UHTETPAJIA.
HHTErPHPYEMOCTD

Pacemorpum ¢ynkuuio f(x), onpeieneHHy0 B KaxJAOH TOUKe cer-
MeHTa [a, b]. BBegem moHsTus pas3OueHHsd cermenra [a, b, ua-
MeJbYeHHUSA TOro pasbueHuss 4 o6 belHHeHHN s JBYX pa3OueHHH.

Onpepngenenne 'l. Bydem eosopurs, 4To 300aHo pa3buenue
ceementa [a, b], ecau 3adarnst TOYKU Xo, X1, ..., Xn TAKUE, 4TO G=
=x0< 0 < . <Xp—1<Xn=Db. Pasbuenue ceementa [a, b] 6ydem 8 dasse-
Heliuem 0603HA4ATL CUMBOAOM {Xt).

Onpenenenne 2. Pasbuenue {x;’} ceemenra [a, b] nHassi8aercs
usmenrvuenuem pasbuenus {xi} TO20 KHe CezMEHTA, eCAl KaxOas
'.{rou/t}ca Xp pasbuenus {x.} cosnadaer ¢ 00HOU U3z ToHeK X, pas3bueHus
We'f.

Onpenenenuc 3. Pasbuenue {x.} ceementa [a, b] naseisaercs
obvedunenuem pasbuenui {x;'} u {x.”} Toeo se cezmenta, ecau
ace Touku pasbuenuil {xz'} u {x.”} asasoTcs Toukamu pasbuenus {X.}
u Opyeux Touex pasbuernue {x;} He codepaur.

3ameTHM, u4To OObelUHEHHEe ABYX' Pa30OUeHHi SIBJSETCH H3Mesbue-
HHeM KaXJOTO H3 HHX.

Paccmorpum Ha cermenTe [a, b] dyHRunwo f(x), NpHHUMAIOLIYIO B
KaxJ0H TOYKe CerMeHTa KOHeYyHble 3HaueHUs. [0 JaHHOMY pa3GUeHHIo
{X+} mOCTPOHM YHCJIO, TAK HA3BIBAEMYIO <KHHTETP aJbHY0 CYMMYy»,

n
o (xp, Ek):z f(B)(xp—Xz—1)» THe &, — HEKOTOpPAs TOYKA CETMEeHTA
k=1
[*e-1, xz]. TlonuepkueM, uTo uHTerpasibHass cymMMa o (Xz, Ep) 3aBHCHT
~ Kar OoT pasbueHus {xz}, TaKk M OT BHIGOpPAa TOUYEK £ HA CerMeHTax
Ixx—1, x¢]. Ecoin 0603HaunTs wepes Axp pPasHOCTb Xp—Xr_i, TO HHTe-
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rpajbHyl0 CyMMy, B JajbHedlleM 4acTo 00603HayaeMylo NPOCTO yepe3
0, MOXHO 3anHcaTb H TaK:

o= Zn [ (Be) Axpy & & [Hp—10 %)

k=1

CerMeHTHl [¥z—1, xp] HHOrA Ha3HIBAIOT YACTHYHHEHIMU CE€rMeH-
TaMH, @ TOUKH £, —TNPDOMEXYTOUYHHMH TOUKAaMHU

Uucno d=max Ax,* poroBopuMcsi HasblBaThb AHAMETPOM P @3-

1€kgn

6uenus {x.). Beemem dyHIaMeHTaNbHEIE TOHATHS Npejesa HHTe-
rpaJpHBIX CYMM H HHTErpupyeMoctd $yHKuuu no Pumany.

Onpenenenue 4. Yucao I Ha3vigaeTrcas npedesrom UHTE-
epasbHolx cymm o(Xx Er) npu crpemaenuu duamerpa d pasbue-
Hutl {x} & Hyato, ecau Oas scaxozo £>0 cyujecTéyer Taxkoe HUCAO
8§=38(¢e) >0, uto usz ycrosusa d<<e npu awbom goibope NPOMEHCYTOUHBLY
Touex & caedyer Hepasercreo |I—o|<e.

Jlerko yGenuTbCcsi B TOM, 4TO MOXKET CYIIECTBOBATb TOJIBKO OJHMH
npefesa HHTErPaNbHBIX CYyMM ¢ npu d—0.

Ins oGo3HaueHyuss mpefesa HHTErpajbHBIX CYMM  YIOTPeGJsIOT
CUMBOJI

I=1imo (xp &)
d—-0

Onpenenenue b5 Pyukyus f(x) HaszwiBaercsa uHTE2pUpYe-
Mol no Pumany na ceemente [a, bl, ecau 048 3108 pynryuu
HO YKA3aHHOM ceemenTe cyujecTsyeTr npeder I ee unTe2pasbHbIX CYMM
o npu crpemaenuu Guamerpa d pasbuenud {xz} K HYAIO.

Yucsmo / HaswiBaeTcss ONpefejieHHBM HHTerpanaom PH-
MaHa OT yskuuu f(x) B npeaenax oT @ L0 b U 0603HAUAETCH CHM-

BOJIOM S f (x) dx.

b
Takum 06pasoM, 1Mo ompereseHnIo jf(x) dx = Lim o (x,, &). Otme-
>0
a N

THM, YTO UYHCJIO @ Ha3bBAIOT HHX HUM I P e € J1 0 M HHTEeTPHPOBaHHUS,
a yncjo b —BepPXHUM HpenenoM uHTerpupoBanus. Ilepemen-

HYIO X TOJ 3HaKOM OIpeJe]eHHOro HHTerpaja MOXKHO 3aMEeHHTb Ha
J00y0 ADYTyI0 NMepeMeHHYIo, T. €. CIpaBeJJIHBEl PaBeHCTBA

 Feade= fir ) dy = 1@y n . a

BeisichuM reomerpuueckuil CMbic/ MHTErpaJbHOR CyMMHI. Paccmor-
PHM KpHBOJIMHEHHYIO TpaNleHHIo, T. €. (HUTrypy, OrpaHHUeHHYIO rpadu-

* T. e. WHHY HauGOJBINETO YACTHUIHONO CETMEHTA.
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KOM HeNpepLIBHOH HEOTpHIATeNbHOH GYHKuuHM y=f(x), 3aganHOl Ha
cerMeHTe [a, b], AByMsi IPSAMBEIMH X=a H Xx=>b, IepUEHAHKYAAPHBIMH K
ocu abcunce, U cermentoM [a, b] ocu abeumee (puc. 9.1). OuesHiHo,

HHTEerpaJbHas cyMMma
o(xr, Er), oOTBevawIas
17 y=f(x) BbHIODAHHOMY  pa3GHEHHIO

{x:} m paunomy o06o03Ha-
YeHHOMY Ha pHCYHKE BHI-
O6opy TOYeK Ep, NpelcTaB-
-JsieT co00fi miIomaab CTy-
NEHYATOH (DUTypH, 3alITPH-

vr,\ N
a&ﬁ%’g’) & % XOBaHHOH Ha 9STOM pH-
: b
CYHKe.

, LA :

7 whaby g & xp B cieayiomeit raase
' Prc. 9.1 oyzner chopMyJaHpOBaHO

He. 9. NOHsITHE IVIOWAAM  TpO-

H3BOJIbHOH IJIOCKOH (Hry-

PH ¥ YCTaHOBJEHO, yTo Npefen npu d—-0 niomwagu ykKazaHHOH CTy-
neHyaTod (urypHl paBeH IJIOLIAJU KDHBOJMHEHHOH TpANeIHH.

IIpusedem npocretiwuii npumep unrezpupyemoii no Pumany pyuk-

yuu. Tlokaxewm, 9ro '(py}IK;LHS{ f(x) =c=const uxaTerpupyema Ha Ja1060M

cermenTe [a, b], npuuem fcdx:c(b—a). IeficTBUTEILHO, TIPH JI0G0M

a
pasbuennn {x;} u J06oM BHIGODe TouYeK Ex Ha cermMeHTax [Xp—;, Xi)
COpaBellInBO paBeHCTBO f(&r) =c. CaenoBarennHo,

0 (X, Ex) =CAX1+CAX2+ ... +CAXn=
=C(Ax1+Ax2+ ... +Axn) =c(b—a)

AJA 711060r0 pasbueHHs {x.} u m060oro BLIGOpAa TouEK Ere=[Xr_i, Xal-
IToatomy

b
5 cdx =1limo (x;, &) =limc(b—a)=c(b—a).
d-0 d-0

HokaxeM caepyoliee

Yreepowdenue Ecau pynkyus f(x) ne a6aaerca oepanuyennol
Ka cezmenre [a, b], To 3TA PYHKYUS He uHTezpupyema Ha ITOM CezmeH-
re. Ilycte f(x) He orpannueHa ua [a, b]. ITokaxeMm, 4T0 Aas J0GOTO
pasGueHHs {x.} HHTETPATBHYIO CYMMY G (Xr, £x) MOMKHO CAENaThb CKOJb
yroaso GoJbuIOR N0 aGCOJIOTHON BeJHYHHE TOJILKO 3a CueT BhHOOpa
NPOMEXKYTOYHBIX TOUEK Ex. B camom nene, ecin dpyukuus f(x) He orpa-
HHYeHa Ha cerMeHTe [a, D], a cermeHT [a, b] pas6uT Ha KOHeuHOE UHCJIO
CErMeHTOB [Xz—1, Xz], TOo DyHKUUSA f(x) GymeT HeorpaHHUYEHHOH XOTS Ol
Ha OJHOM 4YaCTHYHOM cermeHTe pasbuenus. He Hapywas o6mHOCTH,
Gyxem CuYuTaTh, 4TO f(X) He OrpaHHYeHa Ha cermeHnTe [xo, x;]. Ha
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OCTANBHBIX CErMeHTax [, Xo], [Xe, X3], ..., [Xn—1, Xs] HpOMEXyTOUHHIE
TOUKH Eg, E3, ..., En BBHIOEDEM NMpPOHU3BOJBHBIMH H ¢ukcupyem. O6o3Ha-
gyM uepe3 o1(Xz, Ex) BEJHUHHY :

o1=01(Xk, E¢) =f(E2) Axa+[(E3)Axs+ ... +[(En) AXn.

PaccmoTpuM Tenepb GYHKUHIO f(x) ToabKO Ha cerMmente [xo, x1]. Ilo-
CKOJbKY QYHUKHS f(Xx) He orpaHHueHa Ha 3TOM CeIMEHTE, TO AJf JIo-
6oro Hamepel 3aJlaHHOrO MOJIOXKHTEJNbHOro yucaa M Hafigercss Touka
£, M3 3TOr0 CerMeHTa TaKas, 4To

IF(E) | = (Jor] + M) Ax,.
Orciona cnenyer, uro |f(£) |Axi> 01| +M, u nostomy

1o (ke Bl = | Y (8 Ay = I (&) Ayt 03 (0 B0 >

=1
Z1FE)AX— |0y (e &)= M.

Tenepp yKe COBCEM TPOCTO YOEIHTLCS B HEHMHTETPHPYEMOCTH QYHK-
uvk f(x) Ha cermente [a, bl. B camoM aese, mpeanonaoxuM, 4To f(x)
ygHTErpUpyeMa Ha [a, b}, T. e. 1sa Hee cyllecTByeT npenaesd [ HHTErpaJb-
HBEIX CYMM IIpH CTPeMJIeHHH AHaMeTpa pa3bueHHs d K Hym0. B cuiy
JOKA3aHHOrO BbILIE JJs1 pa30ueHHs ¢ KaK YLOAHO MaJblM KUaMEeTPOM
d W past nonoxuTenpHoro ducna M=|/|+1 nafinerca uHTerpasbHas
cymMa o, yaosjierTBopsioumiasi ycaosuio |[o|>|I|+1, u3 xoroporo B
cuay HepasenctBa |6—I|>|o|—]I| BwiTekaer, uto |o—I|>1 (mas
pa3bHeHust ¢ KaK YroAHO MaJjblM AuaMeTpoM d). ITO NPOTHBOPEUHT
onpejesieHHI0 4 Tpefiesia UHTErpaJbHbIX CyMM. -

Wrak, Mbl 10Kas3ajd, 4TO HHTErpHpPYeMBIMH Ha cermenre [a, b] Mo-
TYT SIBJIITbCA TONBKO OrPaHUYEHHBlE Ha 3TOM cermMeHTe (QYHKIHH.
EcrecTBeHHO BO3HHKAaET BONPOC: BCHAKAasl JH OFPaHHYEHHAs Ha CerMeH-
Te [a, b] pyHKUNA gBjAsieTCs WHTErPUPYyeMOH Ha 3TOM cerMeHTe?

JokaxeM, uto pynkyus [Qupuxse D(x), paBHash HYyJIO B Hppa-
AIHOHAJbHBIX ¥ €JHHHIIE B pAallHOHAIbHBIX TOYKAX CerMeHTa [a, b], npeo-
cTagasner coboil npumep 02PAHUMEHHOU U HeuHTezpupyemol Ha 3ToM
ceemente BYHKYUL. .

s pas6uennsi [a, b] ¢ KaKk yrogHo MajbiM AuaMeTpoM d, B3SIB B
KayecTBe BCeX MPOMEKYTOUHBIX TOUEK HPPAUHOHAJbHbIE TOYKH, MHI
[OJIYY¥M HHTErpajbHyl0 CYMMY o), PaBHYIO HYJIO, a B3SiB B KauecCTBe
BCeX NPOMEXYTOUHBIX TOYEK PAIMOHAJBHBIE TOYKH, MBEl IOJYYHM HH-
‘TerpajbHyl0 CYMMY Og, pPaBHYI b—a. Ecau 6Bl cyllecTBOBaJ Mpefed
1 mHTErpasBHEIX CYMM NpH cTpeMJeHWH d K HYJIO, TO A MOJOXH-

—a
‘TCJbHOI'O 4YHCJA &=

H JJid J0CTAaTOYHO MaJoro d MH HOJNYYH-

b;a, loy—11< b;a, otkyAa  |or—oi| =
= (0o—1) + (I—0)) | <|0s—I|+ |or—I| <b—a, a 310 mpOTHBOpEUHT
TOMY, 4TO 03—0y=b—a.

au 6 |oy—I|<
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§ 2. BEPXHHE U HH)KHUE CYMMbI H HX CBOWCTBA

1. Onpenenenne BepxHell M HUKHEA CyMM. YTBepxkKIeHMe, JOKa3aH-
Hoe B § 1, MaeT HaM OCHOBaHMe DACCMAaTPHBAThL BCIOAY B JajbHeHUieM
TOJILKO 02paHuueHHble Ha KAHHOM cerMeHTe (GyHKuuM (100 HeOorpaHH-
yeHHble (DYHKIMH 3aBEIOMO HE. ABJSIOTCA HHTErpPUPYeMBIMH IO Pu-
MaHy).

ITycts f(x) — orpanuueHHas Ha cerMmente [a, b] Gyukius # {x.}—
IIPOH3BOJIbHOE pa30ueHHe 3TOTO cerMeHTa. Tak Kak [(x) orpaHnucHa
Ha cerMeHTe [a, b], To OHa orpaHuueHa H Ha JIOOOM YaCTHYHOM CerMeH-
Te [Xe—1, Xz], @ MO3TOMY Y GOYHKIUK f(X) CYIIECTBYIOT TOYHAsl HHIKHAA
TpaHb M, W TOYHAsE BepXHAsl rpaHb M, Ha YaCTHYHOM CerMeHre
[Xe—1, xa].

Hrak, nycts my=inff(x), M,=supf(x).

Xy 1 Sx<xy Xy _(SAKX,

BeeneM ¢yumamMeHTaNbHEIe TOHATHS BepDXHell N HHUXHEH
CyMM. ‘

Onpenenenune l. Cymmot

n
S =MAx, + MAxy+ ... + M, Ax,= Z M Ax,

k=1

n
§=myAxy + myAxy + ... +mAx,= Z myAx,,
k=1

6ydem HA36I6ATL COOTBETCTEEHHO BepXHEll U HUMHED Cymma-
mu pynxyuu f(x) 0as dannozo pasbuenus {x.} ceemenra [a, b).

BrsicHHM reoMeTpPHYECKHH C MBI CJl BEPXHE H HHKHEH CyMM,
PaccMoTpuM cHOBa KDHBOJHHEHHYIO Tpaneuuio, T. €. GUrypy, OrpaHu-
YeHHYI0 oTpe3koM [a, b] ocu Ox, rpadMKOM HEOTPHUIATEJLHOH Hempe-
PHIBHOH DYyHKIMH y=[(X) >0 U npsaMbiMU x=a, x=>b, nepuneH UKy Isp-
HeiMM K ocu Ox (puc. 9.2). Ilycrs mano mio6oe pasGuenune {x.} cer-
menra [a, b]. Uncao M, B ciyuae HenmpepbiBHOH GYHKUMH y=[(X) aB-
JseTCs ee MaKCHMaJbHBIM 3HAUeHHeM Ha YaCTHUYHOM CErMeHTe [Xz—i,
xx]. TloaToMy BepxHsisi CyMMa paBHa IJIOLIALH 3JEMEHTapHOH CTyMeH-
4aToi (DHUrypHl, colepiKalledl KPUBOJHHEHHYIO Tpamenuio. DTa IJo-
majgp 3almTpPHXOBaHA Ha pHC. 9.2.

AnajornyHO HMXKHSISI CyMMa DaBHA IVIOWIALM 3JeMEHTapHOH CTy-
NeH4aToi (Uryphl, KOTOpas COAEPKHUTCA B KPHUBOJHMHEHHOH TpameluH
(puc.- 9.3). OTMETHM, YTO YHCJO M) B 3TOM CJydae SIBJSEeTCS MUHH-
MaJbHBIM ~ 3HAYeHHEM GYHKIHMH y=f(Xx) HA YaCTHYHOM CerMeHTe
[xe—1, Xn].

AHanu3upyst reOMETPHYECKHI CMBIC] HHTErPaJbHOH CYMMBI, MOXKHO
OXHJaTh, YTO HHTErpajl OT MHTErpHpyeMoid mno cermenry [a, b] yHk-
UHH y=[(X) RO/IKEH PaBHATBLCS YHUCIY, KOTOpPOE CJeAyeT NPHHATH 32
IJIomaab COOTBETCTBYIOIIEH KPHBOJHMHeHHOH tpameuuu. Ho x atomy
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XKe 4HCay OYAYT CTPEMHUTLCS BEPXHHE W HMXHHE CYMMEI IDH CTpeMJe-
HUHM JuaMmerpa pasbuenud Kk uynaw. [losromy npencraBisieTcss BeposT-
HBIM, YTO AJ51 MHTErpHpyeMOCTH (HyHKIUH HEOOXOAHMO H JOCTATOYHO,
YTOOH! PA3HOCTb MEXKJY BEPXHHMH M HHXXHHMH CyMMaMH CTPEMHJIACh
K HyJ10. CTporo 210 Gy/eT M0Ka3aHO HHIKE.

\
AL N, . \\\E\ \,

Zo Ty | Xpg T &, T % -1 Zx Zn

Puc. 9.2 Puc. 9.3

2. OcuoBHble CBOACTBA BEPXHMX H HHKHHMX cymm. JlokaxeM ciaeny-
tollHe JeMMBbI.

Jlemma 1. ITycre ¢(Xr, Er) — UHTE2PANLHASL CYMMA, OTBEUAIOUYAS
‘dannomy pasbuenuro {xp}. Toeda npu a06om 8o160pe NPOMENCYTOUHbIX
Todex Ep 8cez0a cnpasediusesl HEPABEHCTEA

s<o0<S,,

20e s u S — COOTBETCTBEHHO HUNCHAS U 8EPXHASL CYMMbL, OoT8exaroujue
ToMYy sce pasbuenuio.

Hdokaszarenbcrtso. Ilo onpenenenno uncen my, u M, 3akimio-
yaeM, uto mp<f(&z) <M nns moboro &, U3 cermenTa [Xg—;, Xz]. YMHO-
XKasi HaNHMCAaHHBIe HePaBeHCTBA HAa AX, M CyMMUPYs mo BceM R ot 1 go
n, nojgy4yaeM tpebyeMoe yTBepIKJeHHE JIEMMEL.

Jlemma 2. Ilycre {xx}— npoussonsroe uxcuposannoe pasbie-
Hue ceemenra [a, b}, e — npoussossvroe nososcuresrornoe uucro. Toz20a
MONMCHO 8bI6pPATL NPOMENCYTOUHbBLE TOYKU Er TAK, 4TOOBL UHTEZPAALHAS
cymma o(xr Er) U 8epxnas cymma S ydosaersopasu HepageHcT8Yy
0<S—o (X, Er) <e. IIpomedscyTounsie TOUKU Mp MONCHO BbI6PATL U
TaKum obpasom, 41obol 0N UHTE2PANLHOL CYMMbL G (XR, Tr) U HUIKC-
Hell cymmor S 8oinoanasuce nepasercrsa 0<o(Xg, me)—s<e.

HokasartenbctBo. I[Iycrts {x.} — QukcupoBannoe pasbueHue
cermenra {a, b] u £¢>0. Jokaxkem cHayaja NMepBOe yTBEPKAEHHE JEM-

Mbl. [Tockoneky M, =supf(x), To nas BeiGpaHnHoro Hamu &>0 Haii-
Ty SHSK

- JleTCst TouKa E CerMeHTa [Xk—1, X Takas, 9o O<M,—f (Er) <e/(b—a).

YMHOXKHB 3TH HepaBeHCTBA Ha AX; H IPOCYMMHPOBAaB NO BCEM k OT

1 jno n, nosyunm

0<S—a(xe, &) <e.
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Ananoruudo B cuay Toro, uro m,=inff(x), cymecTtByer - Takas
Xp 1 SHQ%,
TOUKa Me&[Xp—1, X&), 4TO -

<f(ne)—mr<e/(b—a).

[Mocnenune HepaBeHCTBA INOCJE YMHOMEHHS Ha AXxp H CYMMHDOBaHHS
NPHBOASAT K OLEHKaM
<0 (Xe, Ne) —s<e.

JleMMa poxkasaHa.
CaepcrBue. [Jaa awboeo ¢uxcuposarnnozo pasbuenus {xz}
cnpagedaussl caedyroujtie COOTHOUEHUR:

S=sup o (xz, &), s=Inf o (xp M),
. LN

20e TouMble BEPXHAS U HUIHASL 2PAHU Oepyrca no 8Ce803MONCHbLM

npOMENYTOUHBIM TOUKAM.

Jlemma 3. Ilpu usmenrsuenuu OaHHO20 pa3bueHus 6epxHas CYm-
MQ MOJCET TOALKO YMEHOUIUTOCA, A HUNCHASL CYMMQ — TOALKO YBeAl-
YUTbCA.

Hoxkasareasctso. [Tycte {x:} —nannoe pasGuenue, a pasbue-
Hue {x;’} nosyuaerca H3 Hero Ao6GaBJIeHHEM TOJbKO OJHOH HOBOH TOY-
KH ¥. Jlerko BHAeTb, 4TO O6MmIUHA ciaydail cBOAUTCA K RaHHoMYy. [Ipen-
MOJIOXKHM, YTO X JI€XKHT BHYTPH [Xr—, xk] Torpa B BbIDAKEHHH JUIst S
ciraraemoe MkAx,e saMmenutcst Ha My (X—Xp—y) + Mp(x,—7%), rHe
M = sup [ (x), Mi=supf (x).

Xp_ 1<x<x xgxgxk

Tounasi BepxHsis rpaHb (YHKUHHM HA 4acTH CeTMeHTa He IPEBOCXO-

JHUT TOYHOH BerHeﬁ rpaHu q)yHKILHH Ha BCEM CEerMeHTe. HOSTOMY
Mk’\<Mk, Mk”éMk H

Mpe (53— Xpmy) + Mi (5—2) < My [(X—%pq) + (% —2)] = MyA%,.

Tak kak Bce Apyrue cjaaraeMnble B BHIPaXKeHHH JIJisl BepXHEH CyMMBbl
COXPAaHATCS, TO MBI A0Ka3aJH, YTO NIpH XOOABJEHUH TOYKH I BepXHSsA
CyMMa MOXET TOJbKO yMeHbliHThesl. Coyuail, Korna K JaHHOMY pas-
6veHHI0 R00aBASIeTCs] HECKOJIbKO HOBBIX TOYEK, CBOJHTCS, OUEBHAHO,
K paccMoTpeHHOMY. ToYHO Tak e yCTaHABJIMBAETCH, YTO MPH H3MEJb-
YeHHH NAHHOUO Pa30HeHMs HUKHAS CyMMa MOXKET TOJbKO YBeJHUYHThb-
csa. JleMma HokasaHna.

Jlemma 4. Jaa 08yx npoussorvHolx u, 8006uLe 2080ps, pasiud-
Holx pasbuenuil ceemenra [a, b] nuscnas cymma o0Ho20 U3 3TUX pas-
buerull He npesocxo0ur sepxreli cymmer Opyzozo pasbuenus.

HdoxkasarenbctBo. Ilyers {x:'} u {x.”} — ABa NpPOHU3BOJBLHBEIX
pasbuenusi cerMmenta [a, b], a ', §’, S”, s” — BepxHHE M HHXHHE
CYMMBI 3THX pasbuenuift cooTBeTcTBeHHO. O603HAUHM uyepe3 {Xz} 06b-
enuHenne pasbuennit {x.} u {x."}, a 4epes S U S BePXHIOW H HHXHIO
cyMMBl pas3buenusi {x:}. 3ameTnm, uTo {X.} siBJgeTCI H3IMeJbUCHHEM
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KaK pas6uenns {x;’}, Tak u pasbuenus {x.”}. CorsacHO yTBEpKAEHUIO
JeMMbl 3 cnpaBe/JHBbl HEDPABEHCTBA

§>=8,8 =8, 5<s, §'<s.

Kpome Toro, B caiy JemMMb 1 moayunm, uro § < S. Iloabsysace cBoii~

CTBOM TPAH3UTHBHOCTH JJisi YHCJOBBIX HEPABEHCTB H HCIOJb3ys TPH
NOJUEPKHYTHIX BHILIE HEPaBEHCTBA, sakiawouaeM, uro "< S’. AHnano~
THYHO yCrTaHaBJauBaercs, uto §'s(S”. Jlemma pokasaHa.

Canexcrteue. Muosecrgo sepxuux cymm dannoil ¢pynxyuu f(x),
0T8EHAIOUUX 8CCBO3MONCHOLM pa30UueHUAM ceemenTa [a, b], ozpanuue-
HO CHU3Y. MHOJNECTBO HUNCHUX CYMM 02PAKUYEHO C8EPXY.

HefictBuTenbHO, Ji06asi BepXHAs CyMMa He MeHble HEeKOTOpOik
(pUKCHPOBAaHHON HHXKHEH CyMMBI, CJeJ0BATEJbHO, MHOXECTBO BEPXHHX
CYMM OTpaHHYEHO CHH3y. AHAJOTHYHO NPOBOAATCA PACCYXACHHS AJIS
HHXXHHX CYMM. B cuay ocHoBHOH TeopeMbl 2.1 H3 MI. 2 CylleCTBYIOT
TOYHAsi HHXKHAS IPaHb MHOXecTBa {S} W TouHas BepXHASA IpPaHb MHO-
xKecrBa {s}. '

Onpenenenune 2. Bepxnum unrezpasrom Hapby or
pynxyuu f(x) Haseisaercs wucao I*, pasHoe TOuHOU HudCHEld epaHw
mroxcecrea sepxrux cymm {S} dannod ¢pynrxyuu f(x) daa 8ceso3modxrc-
Holx pasbuerud ceementa [a, b, Humnum unreepasron Jap-
b6y or Qynxyuu f(x) nasolsaercs wucao I., pasHoe To4HOL 8epxHel
2PaRL MHOXMCECT8Q HUsCHUX cymm {S} Oannol ¢ynxyuu f(x) Ora sce-
BO3MONCHBLY pasbuenul ceementa [a, b].

Jdemma 5. Huownuil unreepas Jlapby scez0a He npegocxoour
sepxreeo unrezpasa Hapby, 1. e. 1.<I*.

JokasareabcTBOo. [IONyCTHM NPOTHBHOE, T. €. NPEANOJOXKHM,.
yro [.>1*. Torpa l.—I*=¢>0. '

J1Jisi 'yKa3aHHOTO e, COIVIACHO ONpEeJeJeHHIO uHcaa [*, Haiiercs Ta-
KOe pa3bueHue {x,’} cermenra [a, b], 4TO AJs COOTBETCTBYIOLIEH BepX-
nefl cyMMH S’ 6yper BHINOJHEHO HepaBeHcTBO S'<[*+¢/2. Touno
© Tak ¥e MOXKHO yKasaTh TakKoe pasbueHme {x.”} cermenra [a, b], uto
IJisi COOTBETCTBYIOIeH HIXKHeH CyMMB! §” GyAeT BHNOJHEHO HEPaBeH-
crBo §”>I.—e/2. BplureM BTOpOe HepaBeHCTBO H3 nepsoro. [losy-
uum S’—s”<I*—I,+e. Ho I*—I.=+—e, mnostoMy S'—s”<0, T. e.
5”>S8’. TloayuuBuieecss HepPaBEHCTBO NPOTHBOPEYHT YTBEPIKAEHUIO:
JemMmbl 4. TakuM o6pasoM, JoKaselBaeMoe YTBEPXKAEHHE CIpaBelJIHBO,.
1.e. L<<I*.

[lycte M =supf(x), m = inff(x), a {x.} — npousBoOJb-

x€[a,b] x€Ela,b)
Hoe pas6uenune cermenra [a, b], d — nuamerp storo pasbuennsi. O6o-
sHauuM uepes {x;} pasbuenue, nojyuensHoe u3 pasbuenus {xp} mytem.
KoGaBjeHHst K HeMmy [/ NPOM3BOJIbHEIX HOBHIX TodYeK., Ilycth S u 5 —
BeDXHAS M HIDKHAS CYMMBl pasGuenus {x:}, a S’ u 8’ — BepxHsg u

HHXHSSE cyMMbl pasbuenus {x.’}. CupaBeajuBo cjeayiomee yTBEpK-
JeHHe. :
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Jemma 6. Jaa pasuocreii S—S’ u s’'—s sbinoanaworcs caredy-
wuwue Hepasencrsa: S—S'(M—m)ld, s'—s<(M—m)ld.

IlokazateabcTBo. He orpaHnunBasi OGLIHOCTH, MBI MOXKeEM
IIPOBECTH pacCyXACHUd JHUIb AJA ciaydas, Korga K To4kam paS6HEHI/IH
{x:} moGaBssieTcsl TOJILKO OJHA HOBas TOYKa X, M JOKasaTh, 4TO
8 3TOM CJyyae CIpaBeJuBbl HepaBeHCTBa S—S'< (M—m)d, s'—s<
< (M—m)d.

Ilycte BHOBB AoGaBiseMas TOUKA X JIEXKHT BHYTPH CErMEHTa
i{xe—1, x]. Torma BepxHsasi cymMMa S 6yZeT OTJHYAThCS OT BepXHeH
CYMMBEL S’ TOJBKO TEM, UTO OJHO ciaraemoe MpAx. y cyMMH S 3aMme-
HUTCS IAByMsi cjaraeMbIMH Mg  (¥—xp—1) +Me” (x,—%) y cymmm S’
(3mech uepe3 Mg, My’ u M.” o6GosHaueHsl TOYHBIE BepXHHE TIpaHH
#(x) na cermenrax [xp_i, Xz], [¥r—1, Z] ¥ [Z, ¥z] COOTBETCTBEHHO).

Bce ocraibHBIe ciiaraemule y BepxHHX cyMM S u S’ 6yayT obuiu-
amu. Otciofa cienyer, 4To

S—S'=MkAxk— [Mk' (2——xk_1) +Mk” (xk—;?) ] .

#3 nocefiHero COOTHOLICHHUS!, YUHTHIBAsI, UTO B CHJY CBOACTB TOUHBIX
apanei * My <M, m<My/, m<M /. OJIy4HM, UYTO

S—S'<MAs—m [(F—Xp—1) + (£2—%) ] = (M—m) Ax,< (M—m) d.

JloKazaTenbCTBO OLEHKH AJIS HHXKHHX CYMM aHaJOT'HYHO.

Jlemma pokasana.

Onpeneanenne 3. Yucao A naselsaerca npedesrom sepx-
Hux cymm S npu cTpemaenuu K Hyato Ouamerpa pasbuenuti d,
ecal 0aa A106020 NOAONCUTEALHO20 HUCAQ & MONCHO YKA3ATb NOAONHU-
TeAabHoe yucao § Taxoe, 4To npu ycrosuu d<8 8bLNOAHAETCS HEPABEH«
180 |S—A|<e.

Hast 0603naueHuss yKa3aHHOTO Mpeledd eCTECTBEHHO YNOTpebJsaTh

scuMBos A=1im S.
d-0

AnanoruyHo ompejensiercs npepes B HHUXHHX CYMMS IpH
CTPEMJIEHHH d K HyJIIO.

OcnoBnas nemma dap6y. Bepxuui unreepar Hapby I*
Asasnercs npedesom 8epxHux cymm S npu crpemaenuu ouamerpa d

pasbuenuti k nyasto, T. e. I'=1imS. Anasocuuno [, =lims.
: d—0 d—0

JokaszarteancTBO. IIpoBeieM JOKa3aTeNbCTBO NEpPBOrO YT-
BepXKACHUS JIeMMBl. 3aMeTHM, 4TO ecJu ¢yHKuusa f(x)=c=const, To
S=c(b—a)=1I* pas moboro pasbuenus. [losTomy llmS I*. Ecam

pyuknus f(x) uHemocrosinHa, T0 M —supf(x))m mf f(x) Qdukcupy-
x€la,b] x€[a,b]

‘€M IIDOH3BOJIBHOE IOJIOKHTEJIbHOE UYHCJIO e. I10 ONMpefeNieHHI0 uHcaa

I* cymectByer Takoe pa3bueHHe {x.*}, 4TO BepxHsd cyMMa S* 3TOro

* Ecam my’ m m,” ~— TouHHle HMXHHe rpaHu f(X) Ha cerMeHTax [%x_;, X] H
1=, xh] COOTBETCTBEHHO, TO, IOCKOJIBK mp'SMy’, mp"<Mr” u m<my’,
wm<my’, MH NONyudsH, uto m<My’, m< :
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pasGuennst GyAeT yAOBJIETBOPATh ycjoBuio S*—I*<eg/2. OG6osnaunw
uepes [ 4HCIO TOYEK pa3bHeHHs {X,*}, HE COBNAJAlOLIHX C KOHIAMM:
cermenra [a, b].

Iycts {x.} — mpousBosbHOe pasbuenue cermenra [a, b], muamerp
KOTOPOro YJOBJIEeTBOpsieT HepaBeHcTBY d<<8=¢g/[2l(M—m)], u nycTb
S — BepxHfA cyMMa 3Toro pasGuenus. [lpousBemeM H3MesbueHHe
pa3buerus {x.}, 10GaBHB K HeMy OTMeyeHHHE Bhie [ ToueK pa3bue-
nust {x;*}. Tlonyuennoe npu sToM pasbueHHe OCO3HAYHM CHMBOJOM
{x:"}. Tlo nemMme 6 BepxHAs cymMMa S’ 3TOro noc.ne}mero pa3GueHHs
YAOBJETBOPSIET YCAOBHIO

0<S—S'< (M—m) ld<e/2.

Ho pas6uenue {x.’} MOXHO paccMaTpuBaTh KaK H3MeJbucHHe pa3bue-
HuSl {¥*}, K KOTOPOMY 100aBJSIIOTCA TOUKH pas3bueHHs {X:}, He coBma-
Japliyue ¢ KoHuaMu cerMeHTta [a, b]. IlosToMy B CHIy ONpene/eHHS:
I* u nemMMbt 3

I*<{S8'<S* 7. e. 0SS —I* < S*—1*.

Brie 6b110 mokasaHo, yto S*—I*<g/2, mostomy 0 S'—I*<egf2..
OO6benunsas 3TH HEPABEHCTBA C YCTAHOBJEHHBIMH BHIIIE HEPaBEHCTBA-
Mu 0<{S—8'<e/2, noayuaeM, uto 0CS—I*<e, eciH TOJBKO d MeHb-
me ykasaHHoro Beime 6. CaepgoBaresbno, [*=1imS. [ng HuxHEX

d4-0
CyMM JOKasaTeJbCTBO aHajlornmyno. OcHoBHas JemMa J[Jlap6y jpoxa-
3aHa.

§ 3. TEOPEMBI 0 HEOBXOJUMBIX U JOCTATOYHDBIX
YCJIOBHAX UHTErPHPYEMOCTH ®YHKLHH.
KJIACCbl HHTErPHPYEMbIX ®YHKILUHA

JlokasaHHble BBIHIE YTBEPXKICHHA O CBOMCTBAX BEPXHHX H HHKHHX:
CYMM IIO3BOJISIOT HaM YCTaHOBHTb HeOOXOJHMEIE M JOCTATOUHBIE YC-
JIOBHSl HMHTErPHpPYeMOCTH MO0 PHMaHy NpPOH3BOJIBHOH OrpaHHYEHHOM:
(GyHKLHH.

1. Heo6xonuMble H JOCTATOYHbIE YCJIOBHS MHTErPUPYEMOCTH.

BecnoMorartearnass Teopema. Jas 1020 4To6bl 02paHUYeH--
Has na ceemente |a, b] ¢ynxyusa f(x) 6vira unrezpupyema Ha 3TOM
gememe, Heobxo0umo u 0OCTATOYHO, UTOObL B6INOAHANOCH PABEHCTBO
*=1*.

HoxkasartenbctBo. Heobxodumocrs. Ilycte @yuruua [(x)
HHTerpupyeMa no Pumany Ha cermente [a, b]. Torza cyliecTsyer
npenen / ee HHTErpajbHBIX CYMM ¢ IIPH CTPEMJIEHHH JuaMmerpa d pas--
GHenuil K HyJlIo.

o ompegmenenuio mpefena HHTErpaJbHBIX CyMM JAJisl Jio6oro &> 0
cymiecrByer takoe 6>>0, 4TO sl MI0GOro BHIGOPA IPOMEXYTOUHEIX
TOYeK &, pasbuenust {¥.} ¢ nuamerpom d<§ BHINOJHAETCS HepaBeﬂ—

CTBO
[ I—o (xz, Ex) | <e/4.
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‘«CorJsiacHO JeMMe 2 JJisi HaHHOTO pasOueHus {x.} MOXKHO Tak BHOpaThb
TIPOMEXKYTOUHBIE TOYKH Ex" M &x” B KaXJOM YaCTHYHOM - CerMeHTe
[Xr—1, Xe], 9TO OyAYT clpaBelJIUBH HEPaBEHCTBA

S—0 (%, Ex') <e/4, o(%e, Ex")—s<e/4.

TloguepKHeM, 4TO, KpOMe TOro, HJAsi HaHHOro pasbuenus {x.} oxHO-
‘BPEMEHHO BBINOJIHEHB! HepaBeHCTBA

| I—o(xr, E2) | <e/4, |I—o(xe, E”) | <e/4.
3aMeTHM Tenepb, YTO
S—s=[S—0(%r, §')] + [0(xe, E&')—1] + [[—0 (e, E") ] +
+ [o(%k, ") —s].

Orciona, yYuTHIBasi, YTO MOAYJb CYMMBI UeTHIpEX BEJHYHH He
TIPEBOCXOAMT CYMMBI MX MOAyJeH, mosayuaeM, uro S—s<e. Mrak, das
ar06020 >0 cywecreyer Takoe 6>0, uro O0aa awbo2o pa3buenus
£ OQuamerpom d<O cnpasedaiuso nepasencrso S—s<e. Ilockoabky
sl io6oro pasbueHHs BHIOJHEHH HEPaBEHCTBA

s CS,

-T0O H3 HepaBeHCTBa S—s<e BHTekaer, urto 0<{/*—/,<e, a orcoja
.B CHJly NpOH3BoJIbHOCTH £>(0 BEITeKaert, uto [*=/,.
HoctatognocTsh. Ilycrs [*=/.=A. CornacHo OCHOBHOH JieM-

me Hap6y [I'=1imS, I, =1lims, T. e. BepxHu# HHTErpan sBISETCH
d-0 d—>0

TIpele/IOM BEPXHHX CYMM, a HHXHHI HHTerpajJ — NpelesioM HHXHHX
CyMM IIPH CTpeMJIeHHH Quamerpa d pasbuennit X Hymdwo. [Tostomy pjas
.Jo6oro ¢>0 MOXHO yKasaTh Takoe uuciao §>0, uro Aas Jwo6ora
pasbuenus ¢ guamerpoM d<8 OAHOBPEMEHHO BHINOJHSIOTCS HEpaBeH-
crBa [,—s=A—s<e, S—I[*=S—A<e. Ilpu n1060M. yKa3zaHHOM pa3-
-Onenun Jiobas HHTerpaJbHas cyMMma o(Xk, Ex) YIOBJeTBOpsieT Hepa-
BEHCTBAM S<J0 (X, §:)< S, a 3HAYHUT, H HEPABEHCTBAM

A—e<S<o(Xs, Er) <S<A+e.

Orciona | A—o (%, &) | <e (aast m06oro paséueHHs ¢ IHAMETPOM
.d, MeHbIHM §). ' :
Takum o6pasowm, A=ldirréa(xk, &), T. e. dyukuus f(x) umTerpu-

‘pyema.

JlokaxkeM CHAeAYIOILYIO TEOPEMY, HMEIOULYI0 BaXKHOE 3HaueHHe
" ‘B TeopHH HHTerpajia Pumana.

OcHoBHas TeopeMa. [aa 7020 4T06b. O2PAHUYEHHAR HQ
cezmenre [a, b] ¢ynxyua f(x) Goiaa unreepupyemod na sTom ceamen-
Te, Heobxodumo u JocTaTouHo, 4ToGsl daa arwboz2o £>0 mawsocsy Ta-
-Koe pasbuerue {xp} ceementa [a, b], daa koTopoco S—s<e.

HoxasarteancTBo. Heobxodumocrs. Ilycts pynkuus f(x) umu-
-Terpupyema na cermeste [a, b]. [Ipu mokasarteiabcTBe HeOOGXOMHMOCTH
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BCIIOMOTATEIbHON TEOpEMBl YCTaHOBJEHO, 4TO aif aw6oro >0 cy-
mecTByer Takoe 8>0, yro ans so6oro pa3bueHus cermeHta [a, b)
¢ nuamerpom d, MeHbIUHM O, clipaBeiJIHBO HepaBeHCcTBO S—s<e. He-
06X0IUMOCTh JOKa3aHa. ,

Hdoctartounocth. Hano, yro ans mawboro e>0 cymecrByeT
Takoe pasbunue {x;} cermenrta [a, b], UYTO AJAT COOTBETCTBYIOLIHX
BepXHell H HHXHEH CyMM BHINOJHEHO cooTHolleHHe S—s<e. Toraa
MOCKOJIBKY

s+,

70 I*—I,<e. VI3 5TOoro HepaBeHCTBA U M3 NPOHBBOJBLHOCTH & 3aKJIO-
yaeM, yto [.=I* a mo BCHOMOraTeJbHOH TeopeMe MoJydaeMm, 4UTO
¢yskuua f(x) marerpupyema. Teopema mokasaHa.

2. Knacenl uaterpupyembix ¢yukuui. Brime B § 1 macrosimied ruia-
BBl MHl BHJENH, 4TO (QYHKUHA f(x), MOCTOsSIHHAs Ha cerMmente [a, b],
HHTerpupyeMa no PuMany Ha 3TOM CerMeHTe, a TaK¥Ke YTO HHTEIPHpY-
eMble Ha JaHHOM cermMeHTe (QYHKUHH 00sf3aHbl OHITb OrpaHHYEHHLIMH
Ha 3TOM cerMeHTte. EcTecTBeHHO, BO3HHKaeT Bompoc 06 ONHCaHHH
xJgaccoB ¢yHKOMH, HHTErpupyembix no Pumany Ha cermente [a, b].
Cpeay 3THX KJIaCCOB BAXKHYIO POJb HIPAET KJacC HeNpephiBHLIX HA Cer-
MeHte [a, b] ¢dyukumii. Jokaxem ciaenyomyo ¢yHAaMeHTaJbHYIO
Teopemy.

Teopema 9.1. Henpepoigusie na ceementre [a, b] ¢pyntkyuu un-
Te2pUpYeMbl. HA ITOM ceemeHrTe no Pumany.

Jdokasarteanbctso. [lycte f(x) HempepblBHA Ha cermeHre
{a, b]. Bribepem npousBosibHOe yuCaI0 £>0. TlockoabKy ¢yHKIHA
F(x), Oymyun HempepbIBHOH Ha cerMeHTe, SIBJSIETCSi PABHOMEPHO He-
TIpepLIBHOH Ha HeM, TO HJs JIo60ro gaHHoro £>0 CyLIeCTBYeT Takoe
uncao 6>0, yro ecan & u §” — mo6bie ABe Toukm cerMenta [a, b],
anst kotophix |E'—E”| <6, 10 |f(E)—f(E") | <e/(b—a). Otciona cie-
JyeT, YTO PAasHOCTb MeXJY TOUHBIMH BepXHeHl M HHXKHEH TIpaHsMH
f(x) Ha m06oMm cermeHTe, HMeIOUEM AJIHHY, MEHbLIYIO 8, GYAET MeHb-
nie gyncia g/ (b—a). Bribepem Tenepn pasbuenue {x:} cermenra [a, b]
¢ AuaMmerpoM d, MEHBUIMM YyKasaHHoro uucaa §:d<<§. Ilycrs
M, =supf(x), mp=inf f(x).

XE[xp_y. %] X€[xp_ ;. %)

ITo ompenesneHuI0 BepXHEH H HHXKHEH CyMM

S_S = Z (Mk—mk) Axk.

k=1

Hcnonbsys B 9TOM COOTHOIIGHHWH YCTAHOBJEHHOE HAJS BHOGPaHHOTO
HaMd pa3bueHHss HepaBeHCTBO M,—m,<e/(b—a), yTBepxkaampllee,
YTO PA3HOCTb MEXKAY TOYHHIMH TDAaHSIMH Ha JIOOOM 4YacTHYHOM cer-
%aeme meHblie e/ (b—a), MBl MOJYYHM, 4TO JJs BLIGpaHHOrO pas-
OUeHHS
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] =
S—s < —b__akglek_ €.

ITo ocHoBHOI TeopeMe 3ak/aiouaeM, 4ro GyHKUHA [(X) HHTETpHpyeMa
Ha [a, b]. Teopema mokasaHa.

Crepylomas TeopeMa gaer JOCTATO4HOE YCJIOBHE HHTETPHPYEMOCTH
HEKOTOPOrO KJiacca paspolérbix GyHKIHMH,

YcloBHMCS TOBODHTD, UTO TOUKA X NOKPOLLTA UHTEPBAAOM,
€CJIH OHA COJIEPKHTCS B YKa3aHHOM HHTepBaJe.

JlokaxeM CJeYIOIYIO TEOpeMY.

Teopema 9.2. ITycrs pynrxyus [(x) onpedesena u oepanuyena
Ha ceemenre [a, b]. Ecau Oan aw0b6oco uucaa £>0 MONHO YyKras3ars
KOHe4HOe 4UCAO URTEPBAA0S, NOKPLLBAIOWLX 8Ce TOYKI PA3pbléq ITOL
QYHKYUL 1 UMCIOULUX OOUWYIO CYMMY OAUK, MEHOLILYIO €, TO (QYHKYUS
f(x) untecpupyema no Pumany na ceemenre [a, b]. ‘

HoxasarteabcTBo. IIyctsb M u m — TouHBIE BEpPXHSSA M HHXK-
HAA rpand QyHKuMH f(x) Ha cermente [a, b]. 3amerum, YTO eciaH
M=m, 1. e. dyHKUHS [(X) DOCTOIHHA, TO, KAK MB yXKe JH0OKa3aju
B § 1, ona unrerpupyema. ITostromy 6ynem cuurats, yro M>m. [lycts
>0 — npousBosbHOe yHcaO0. IToKpoeM TOYKH paspeiBa (YHKUHH
f(x) KoHEeUHBIM YMCJIOM HHTEPBaJIOB, CyMMa J[JIHH KOTODHIX HE IIpe-
BOCXOJHT 4ucaa & =¢/2- (M—m). Touku cermenra [a, b], He mpuHan-
JiexKaillie yKasaHHbBIM HHTepBaJjaM, O4YeBHIHO, 06pasyioT MHOXKECTBO,
COCTOsIIllce M3 KOHEUHOro YHCJa Hemepecekalomuxcs cermentos. Haso-
BEM 3TH CErMEHTHI- JONMOJHHTEJbHBIMH. Ha KaXJOM W3 TaKHX CerMeH-
TOB (YHKIHS HeNpephiBHA, a CJAeJOBaTeJbHO, ¥ PAaBHOMEDHO Hempe-
pbiBHA. 3HAYMT, CYNIECTBYIOT Takhe yHcaa §;>0, uro ecau |§/—E&"|<
<&, 10 |[(E)—f(E") | <e/(2(b—a)) nas Bcex & u E”, npuHaiIeRa-
IHX i-MY JOTOJHHTEJHHOMY CErMEHTY.

[Tycrs 6=m§n 8;. Torna eciau B3sTb pa3GuEHHs AONOJHUTEJbHBIX

CerMEHTOB Ha YaCTHYHBIe CeIrMEHTHl TaK, YTOGHl AMaMETP KaXKJI0ro H3
YaCTHYHBIX CErMEHTOB He NPEBOCXOAMN §, TO Pa3HOCTb MEXAY TOUHHI-
MH BepxHeH rpaHbio M, u HuXHeH rpaHbio m; yHkuuH f(x) Ha k-m
YacTHYHOM cermeHnte Oyner He GoJbuie &f (2(b—a)). O6benuusas sce
pa3bHeHHs JOTOJHHTENbHHX CEIMEHTOB H YKa3aHHBIE BHILIE HHTEPBa-
Jbl C NPHCOEJHHEHHBIMH K HHM KOHIAMH, MBl NOJYYHM pa3GHeHHE
{x:} Bcero cermenra [a, b]. st Tak mOCTpOEHHOro o6miero pasbue-
uus [a, b] :
n .,
S"'—S:Z(Mk—mk) Axk:Z' (Mk—'mk) Axk+ 2”(Mk“"mk) Axk,

k=1

rfe B CyMMYy C OJHHUM IUTPHXOM OTHECEHH! cJlaraeMble, OTBeYalollue
YaCTHYHBIM CerMeHTaM, 06pa30BaHHBIM H3 MHTEPBAJIOB, NOKPHIBAIOUIHX
TOYKH Da3phiBa, a B CYMMYy C JBYMS WIITPHXaMH — BCe OCTaJIbHBIE.
Paccmorpum mepBoe ciiaraeMoe NpaBOfl YaCTH 3aNHCAHHOTO  BHIIIE
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paBercrBa.  Ilockonbky ~ Mp—m<M—m pana mwoGoro K, TO
S (Me—mp) Axp, < (M—m) ' Ax,<e/2. ,
Ilajee, B CHIy CKa3aHHOrO BhHILIC, H3 CBOHCTBA DaBHOMEPHOH He-
qIpEPBIBHOCTH (QYHKIMH f(x) Ha JONOJHHTEJbHBIX CerMeHTax MoJyda-
eM, 4To
€

” g ” i —_— _—
2 (Mp—my) A?f< mz Ax, < 0 —a (b—a) 5

Takum o6pa3oM, HaMH YKasaHo pa3buenne {x.}, AJA KOTOpOro
S—s<e. Ilo ocHOBHO! TeopeMe noJyuaeM, 4To QYHKUHS [(x) wmHTer-
pupyema. Teopema pokasaxa.

Caenmcrteue. Oepanuuennan Ha ceemenre [a, b] ynxyua
f(x), umerowan aruws KOHEUHOE 4UCAO TOHEK PA3PbIBA, UHTE2PUDYeMa
HA ITOM CeeMEHTe. B 4acTHOCTU, KYCOHHO HenpepsleHas HA GAHHOM
CezMenTe (QYHKYUS UHTeZpUpYema HQ aTOM CeeMenTe.

JleficTBHTe/IbHO, B YCJOBHH INpefAblAyliedl TeopeMbl HOCTAaTOYHO BHI-
épaTb MHTEPBAJEH, IOKPHBAIOLIHEe TOYKH Das3phlBa, OJWHAKOBOH NJIH-
#Hl, MeHblIel 4eM &/(2p), rie p — UHCAO TOYeK pasphiBa (GYHKUHH
f(x).

3ameuanune. Ilycts ¢yHKums f(x) HHTerpHpyeMa Ha CerMeHTe
{a, b], a ¢yuruust g(x) coBmajaer ¢ pynkumeir f(x) BO Bcex TOUKax
cerMenTa [a, b], Kkpome, OHITH MOXKeT, KOHEYHOTO UHCJIa ToYeK. Torza
¢yHKIHSA g(X) HHTErpHpyeMa Ha cermente [a, b] u

b
Sf(x)dx=fg(x)dx.

Ykazauue. Hcoonb3oBaTh cxeMy JOKa3aTesNbCTBa CJEICTBHS.

Teopema 9.3. Monoronnan na ceemente [a, b] ¢yunryus f(x)
unreepupyema no Pumany na aTom cezmenTe.

HoxkasarteabctBo. Cayuail, xoraa ¢yukuus f(x) nocrosiHHa
Ha cermeHre [a@, b], MOXHO MCKIIOUHTb. PaccMOTpHM, HampuMep, He-
yOmBatonlyio Ha cerMmenre [a, b] ¢ynkuuio f(x). ITycts e>0 — mnpo-
#3BOJIbHOE uMcnO. Bribepem pasGuenme {x.} cermenrta [a, b] ¢ nma-
metpom d<e/(f(b)—f(a)). 3amerum, uto mockSaAbKy f(x) He mocro-

n

auga, 10 f(b)>f(a). Ouenum pasuocth S—s= Z (M —my) Axy,
k=1
M u mp — BepxXuAA M HHXHAS Tpand [(X) Ha [xe—, xz]. [Toayunm

S—s< 82 (Mp—mp)/(f () —F (a)). Ho anas HeyOhiBaomel

k=l
n

GYHKIHH Z (Mp—mp) =f (b)—f (a) *. TTosToMy S—s<e&¢ u yHKUUS
k=1

* 6o Mup=[(xr)=mrsy npu k=1, 2,..,n—1, M.=f(b), mi=f(a).
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f(x) uuterpupyema. Iasa HeBospacTawileli (QYHKUUH PpacCyXACHUS
. aHaJoruunbl. Teopema JoKa3aHa.

Jokaxem cefiyac TeopeMy 06 HHTETDHPYEMOCTH CYNEPIO3HIHH
ABYX (YHKIHH.

Teopema 94. ITycre ¢yuryua f(x) uurezpupyema no Pumany
Ha ceemente [a, b], M u m — ee TouHble BepPXHAS It HUNCHAS 2PAHL
na [a, b]. ITycrs, dasree, pynxyun @(x) onpedesena Ha ceemenre
[m, M] u ydosaersopser ycrosurw *: cyujecrsyer HEOTPUYATEALHOE
yucao C taxoe, 4T0 0 Ar00blx X1 U Xg u3 ceemenra [m, M] eoinoa-
HAETCS HepaseHCcTs0

[ (x1) —@ (x2) [ <C|x1—x2];

'r020a caoiKan Gyuxyus h(x)=op(f(x)) unreepupyema no Pumany na
ceemente [a, D).

HJokasateabcTBo. [lycTh ¢ — MPOH3BOJBHOE MOJIOXKHUTENBLHOE
yucio. B cuny unterpupyemoctu ¢yuknuu f(x) Ha cermente [a, b]
HalimeTcd Takoe pasbuenue {x,} aToro cermentra, uto S—s<e/C, rme
S M s — BepXHST M HHXKHAA CYMMB GyHKUHH f(X) COOTBETCTBEHHO,

C — rmnocrosinHas u3 yciuosuii teopembl. Ilyers My # m, — TouHbBIE
rpaHd ¢QYHKUHH [(X¥) Ha YacTUYHOM CerMeHTe [X,—;, Xx] pa3buenus
{x¢}, @ My* uw mg* — COOTBETCTBYIOLLME BeJHYUHH [ (QYHKUUK

h(x). Torna B culy ycJOBHA Ha (QYHKUHIO @(X) AJs JNIOOBIX TOUEK X
H Yy, NpHHANJIEXKAUINX YaCTHUYHOMY CerMeHTy [Xp—1, Xr] pa36uenus
{x.}, cnpaBeAnUBO HEPABEHCTBO

B () —h(5) <A —h () | =10l ] —o[F ()] 1<
<CIF () —F () |<C (Me—my).

Iockonbky Hepasenctso h(x)—h(y)<<C(Mr—m,;) cnpapexnuso
A JI06HIX TOYEK X H y, NPHHAAJNEXKAIIUX CeIMEHTY [Xp—1, Xk], TO
TeM Gonee Mp*—m*<C(Mp—my), b0 HafiayTcs nBe MOCAEHOBa-
TeNbHOCTH {X} U {y.} TOUEK cermMenTra [Xe—;, Xr] Takue, uto h(x,)—
—>My*, h(yn)—>mp* npu n—co.

[ycre, manee, S* u $* — COOTBETCTBEHHO BEPXHSAST U HUKHAS CyM-
MBIl (YHKIHH h(x) IJst BHIOpaHHOrO pa36uenus {x.} cerMenra [a, b].
Torna

S'— 2 (My—rmiz) Axk C?;] (M,—m,) Ax, < e.

k=1

[ToCKOJIbKY & — INPOH3BOJBHOE IOJOXKHTENbHOE YHCJIO, TO B CHAY oOC-
HOBHOfl Teopemnl ¢yHKuusi h(x) uHTEerpHpyeMa Ha cerMeHTe [a, b].
Teopema noxasana.
JlokaxeMm Tenepb CJAEAYIOLIYI0 HECKOJLKO Gojee o6uyo Teo-
pemy.

* JlanHOe yc]IOBHe HasbiBaercs ycJaOBueM Jlunmuma, ScHo, yTo ¢(yHK~
UHSA, YAOBJCTBOPAIOIAsT HA CerMeHTe ycjoBHio JIUnmuna, uenpepHiBHA Ha HEM.
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Teopema 94" Ilycre f(x) — unreepupyemas no Pumany Ha
teemente [a, b] pynkyus, M u m — ee TO4nble GEPXHAA U HUMCHAR
epanu na [a,'b]. Ilycre, Oaxree, pynxyus @(x) Henpepvigna HA
ceemenre [m, MJ.

Toeda croxmnas pynxkyus h(x)=o@[f(x)] unreepupyema no Pu-
many Ha ceemenre [a, b].

JlokasarteabcTBo. [ycth C = max |9(f)] u ¢ — mpo-

m<tSM

H3BOJBHOE IIOJIOXKHTEJIbHOE Yucao. [lonoxum e =g/ (b—a+2C),
BBuay TOro, uTo ¢ paBHOMEpHO HempepeiBHa Ha [m, M], cyiecr-
Byer Takoe o6>0, uro |@(t)—@(f)]|<ei, ecau |t—it| <8 u
ty, tres[m, M]. BoiGepem § eme u TakuMm, uto 6<eg;. B cuay Hu-
terpupyemMocts ¢yHkumu [(x) Ha [a, b] cyuiecTByeT Takoe pa3bu-
enne {x,} cermenra [a, b], ana Koroporo S—s<§%.
ITonoxum
My= sup f(x), m= _inf f(v),

xelxp_y.%] xelx, ;.21

Mp= sup h(x), me= inf h(x).
*€l¥%p 12 %] *€ [,y %]

Pa3obbeM 1esawe uucaa 1, .., n Ha aBa mHoxectBa A u B: uucio
keA, ecin Mp—m, <6, uuciao peB, eciu Mp—my>8. Ecau uH-
gekc kA, 10 Mp—m,<96, clenoBaTesbHO, B CHJIYy DPaBHOMEPHOH
HenpepuBHOCTH GyHKIHU ¢(f) Ha cerMenrte [m, M] noayuuM, uTo
Mp*—mp*<ey. JleMCTBHTENBHO, €CJHH pacCMaTPHBAeTCd HHJEKC
keA, To Mbl noayyuM, uto Mp—my= =sup f(x)— inf f(x) <39,
) [%g.1%] [%g.q:%]

T. €. OPH X, Y [Xr—1, Xx] pasuocts f(x) — f(y) =t—i no abco-
" JIIOTHOM BeJIMUMHE HEe OPEBOCXORHT & : |Hh—io| <6, rme t=f(x),
to=f(y). CaenpoBaTesibHO, B CHJIY PpaBHOMEPHOH HeIPEPHIBHOCTH
¢yHKIHH @ Ha BceM cermente [m, M] Mbl nosyuum, uto

lo(F () —o(F (1)) | =lo(t)—e(t) | <e:.

Tak Kak mocJjeiHee HepaBeHCTBO CIPAaBEJIHBO AJsi JIOOHX X H Y,
NpHHAJIEKALHX CETMEHTY [Xi—1, X&], TO H

sup @ (f(x))— iﬂf](P(f(x))\<81-

*po1 %l 10
Jadee, ecin kB, T0, 04eBUAHO, 4TO My*—m*< 2C. 3anuiem
Tenepb PasHOCTb (S* H §* — COOTBETCTBEHHO BEPXHASl W HHXKHAA

CcyMMB (YHKUMH A (X) BJs pacCMaTPHBaeMOro pasbueHHs {X})
§—s'=y (Mep—mp) Ax, = y (Mp—my) Axy +
k=1 keA
+¥ (My—mp) Ax, < &, (b—a) + 2C Y Ax.

keB REB
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Ocranock NPOH3BECTH - OUEHKY MAJS BeJUYHHEL Z Ax,. Umeem
kEB
n
) }: Axk\< Z/ (Mk—mk) Axk Z (Mk-—mk) Axp

kEB keB k=1

(3mecp MBI DOJIB3yeMcd TeM, YTO Bce caaraemble (Mp—mp)Axe
AIBJISIOTCS HEOTPHIATEJbHBIMH). YUHTBIBasl, YTO NPH BHIGPAHHOM
n

pasGHeHuH Z (Mp—my) Ax, =8 —s < 8, mnoayuaem, uTo

n

5y A <Y (My—my) Ax, < 82, 1. e. Y Ax < 8.

keEB k=1 keB
OKOHUATeNLHO MOJYYHM, YTO
S'—s" < (b—a)+2C Z Ax, <

keB
<& (b—a)+2C6< & (b—a+2C)=ce.

(Beiie MB BOcCmOsMb3oBaduCh TeM, uTo 8<g;.) Takum o6pasoM,
¢yHkuus A(x) uHTErpHpyeMa, H TeopeMa AOKa3aHa.

CaencrBue. Ecau ¢pyuxyun f(x) unreepupyema na ceemenre
[a, b], To 84 at0bo20 norosuresbHo20 4ucsa a pynkyus |f(x)|*
UHTezpupyema Ha 3TOM e CeZMEHTE.

JleHCTBUTENBHO, XOCTATOUHO PACCMOTDPETh HENPepPLIBHYIO (YHK-
nuio ¢ (f) =|£|* 1 npUMEHUTH MPeAHAYINYIO TEOPEMY.

[IpuBeeM HECKOJBKO NPHMEPOB,
IIpumeps. 1) Ilpumep unrezpupyemoti pynrxyuu, umerou;eu 6ec-
KOHeuHoe 4ucao Tovex paspsisa. Ilycrs Ha cermente [0, 2/n] 3amana

oyuxuusa f (x)=sgnsin-::—* (puc. 9.4). Vkasaunas (YHKLUHS HMeeT

pa3peiBH 1-ro poma BO Bcex TOUKax xx=l/nk, k=1, 2, 3, ..., a TaKkxke
paspueiB 2-ro posa B Touke 0. duKcHpyeM npoH3BoJbHOe yHucao &>0.
ITokpoem Toury x=0 unrtepBanom (—e/4, e/4). BHe sTOrO HHTEpBaJa
HaxXOJUTCH JHLIb KOHEYHOE YMCJIO p TOYeK paspniBa ¢yHKumu. Uucio
P 3aBHCHT OT 3aJaHHOro &. IIoKpoeM KaXAyi0 H3 3THX TOYEK HHTEp-
BaJOM JJHHH MeHbuie g/2p. Torma Bce TOYKM paspbiBa (QYHKIHH

.1 :
f(x)=sgnsm— OyAyT NOKPHITH KOHEYHHIM UHCJOM HHTEDBAJIOB,
oblasi cyMMa JJHH KOTOPHX He HPEBOCXOJHUT ————I—p ————=a Ilo

" 2p
teopeme 9.2 ¢yHkuus f(x) HHTErpupyema Ha CeI‘MeHTe [0,2/x].

* B touke x==0 3ty ¢yHKUHIO HOONpEReseM HpOHSBOJIbHO Hanpumep, NoJa-
raem f(0)=0.



§ 4. CpolicTBa OnpelesieHHOrO HHTerpaJja . 47

2) H3  unTezpupyemocTu
pynxyuu |f(x)| ne caedyer, 7
soobue 2080pA, uxTezpupye-
mocts  f(x). HelicTBUTENbHO,
paccmorpuM ¢ynkuuwo Di(x),
paBHYIO eJMHHIE IJs X pa-
IHOHAJBHHX H MHHYC eIHHHIE
IS x ¥ppaluoHaJbHEIX. Torza
|Di(x)|=1 HHTerpHpyeMa.

TouHo TaxK ke, KaK W AJd QyHK-

wun Oupuxae D(x), moxasbiBa-

ercs, uto ¢yukuus D;(x) He-

HHTEerpupyema (cM. IpuMep H3
“§1). '

=
3
]

P o o e i s oty e it i e S

P e ———

8~
S

&y

§|,\~
Qe

§ 4. CBONCTBA
ONPEREAEHHOIO
VHTETPAJIA. OLLEHKH
HWHTETPAJIOB.
TEOPEMbI O CPEAHEM
3HAYEHUH

e et s o . e e e o e . i o A e i i i e Pl e e i e e ek

1. CeoiictBa uHTErpaja. Bu-
SICHHM OCHOBHbE CBOACTBA MH-
Terpasa PuMaHa.

a) Iycre ¢ynkyuu f(x) u
g(x) unTezpupyemvl. Ha Ce2MeH-
re [a, b]. Toz0a ¢pynxyuuf(x) =
>g(x) TaKie uHTE2PUPYEeMbL HO ITOM CESMEHTe, npuiem

———— e e e —— S . P e e e ———— e e i e —
— e e e e i i i et e e i el e e e e ey e e o i o e et

i‘

Puc. 9.4

b b b
{ (@ £g0de=[f(vdsx [g(x)dv.

a q

JefcTBHTEJADbHO, NPH JIO60M pasbueHHH cermenTa [a, b] u
J1060M BHIOOpE NPOMEXYTOUHHIX TOUEK & CNpPaBENJIHBH CJeLyloUIHe
paBeHCTBa:

Z [F (B) &= g (B)] Axp = z f (Be) Axy == Z g (&) Axy.
k=1 k=1

k=1

[TosToMy, ecam cyliecTByeT NIpejea NpaBOd 4acTH OPH CTPEMJIEHHH
JuraMeTpa pasbHeHHH K HYJIO, TO CyIIEeCTBYeT NMpefes H JIEBOH YacTH.
M3 nuHefAHEIX CBOHCTB 3TOr0 mpefesa, KOTOpble YCTaHABJIHBAKOTCA
TOYHO TaK Xe€, KaK H JJIs Ipejesa MNOCJeJ0BaTeJbHOCTEH, BHITEKaeT
JIOKa3bIBaeMoe CBOHCTBO.
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'6) Ecau  ¢pynkyus f(x) unreepupyema na ceemenre [a, b], TO
dyuxyua cf(x), e0e c=const, Takice unreepupyema Ha 3TOM Ce2MmeH-
- Te, npuyem

fcf (x)dx=c Sb f(x)dx.

B camom nxene, aaa awo6oro pas6uenuss cermenra [a, b] =
J060r0 BHGOpA NMPOMEKYTOUHBIX TOYEK Er BHINOJHEHO COOTHOLICHHE

n

Z cf (§) Axp=c i [ (&) Axy,
=1

k=1

OTKyJa, TaK e KaK H BHIUe, [0JyYyaeM JOKa3aTeJbCTBO yTBepXkie-

Hus 6).
n

CnenctBue. Jinelnas xrombunayus Z ¢ fi (x) unreepupye-
' i=1
moix pynxyuil f:(x) aesnercs unrezpupyemoi gynxyued.
B) [Tycre ¢ynxyuy f(x) u g(x) unTecpupyemel Ha ceemenTe
[a, b]. Toeda f(x)g(x) Taxme unTezpupyema Ha 3TOM ce2MeHTe.
3anuieM OYeBHAHOE TOXKJECTBO:

4f (x) g (x) = [[ (%) + & (x) |*— [[ () —g (x) ] %
3amernM, jfaJjee, 4TO B CHJIY TeopeMbl 9.4 M3 HHTETPHPYEMOCTH KaKoH-
au6o ¢yHrnuM u(x) claeayer HHTErpUPYeMOCTb ee KBagpara*. [Jo-
cxoabKy GyHKUHH f(x)+g(x) B f(x)—g(x) 1m0 cBOACTBY a) HHTErpH-
pPyeMBl, TO 0 CKa3aHHOMY MHTErpHDYeMbl H WX KBaJpaThi, a Clel0Ba-
TeJIbHO, B CHJY YyKa3aHHOro, ¢yHkuusa f(x)g(x) unrerpupyema.

r) ITycrs ¢pynxyus f(x) unreepupyema na ceemente [a, b]. Tozda
3T (yHryus unTeepupyema Ha awbom ceemenre [c, d]|, codepxa-
uemcs 8 ceemente |a, bl. o

Bri6epem mpousBosbHOe yucino e>0 u Takoe pasbuenue {x.} cer-
meHta [a, b], uro S—s<e. Jlo6aBuM X ToukaM pasbueHus {X.} TOUKH
¢ u d. [Ina BepxHHX cyMM S’ M HHXKHHX S’ BHOBb NOJIYYEHHOTO pa3-
Guenust {x’} B cuay JeMmn 3 § 2 ToXe OyleT cOpaBei/iMBa OIEHKA
S§’—s’<e. PaccMmorpum pas6uenne {X:} cermenra [c, d], o6pasosan-
HOe TOYKaMH pa3bueHHsi {x:’} Bcero cermenra [a, b]. ns BepxHux
H HHXHUX CYMM S u § pas6uenust {¥;} BHIIOJHEHO, OYeBHAHO, COOTHO-
mweHHe S—3I<S’—s’, MOCKONBKY KaXAOe HeOTPHIATEJbHOE cJaraeMoe
(My—m)Ax, B BolpaXeHHH S—§ GyAeT cjaraeMbiM H B BBIPaXKCHHH
S§’—s’. TakuM o6pa3oM, S—35<e, H pynkuus f(x) uHTerpupyema Ha
cermenTe [c¢, d]. CBOHCTBO T') H0Ka3aHO.

* Tax kak u?(x)=0olu(x)] npn @(¢)=7 u dyuxuns ¢(f) yaoBIeTBOPSET yCJIO-
Buto Jlummuoa Ha MmoGom cermente [m, M], w60 mis moGHX f, H , M3 CerMeHTa
[m, M] cnpaBemnmBo HepamenctBo |Q(H)—@(fy)| =] —t:2]| = |fi—to] - |+ 1| <<
<Clti—ty|, rne C — Haunboabiuee u3 AByX uucen 2|m| u 2| M].
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Bydem no onpedesenuro eceeda cuurars, 4ro unrezpas Pumana
OT (QyHKYyuU*, 63aT6lL 6 npedesax OT To4Ku a 0O TO4KU @, PAGEH
a .

HYA10, T. e. j‘f (x)dx=0. D10 cBOHiCTRO CJICLyeT pPaccMaTPHBATh Kak

corJiallleHHe. .Ycﬂoeumcg Takixce o Tom, 4ro npu a<b no onpedene-

KU ff(x) dx= ——s f(x)dxOan awboii unreepupyemoi qbymct;uu

STy q)opMyny cnenyer TaKXKe pacCMaTpHBaTh KaK COTJiallleHHe.
“n) Ecau ¢ynxyusn f(x) uxrezpupyema Ha ceementax [a, ¢] w
[c b}, to ¢pynryus f(x) unrecpupyema u na ceemenre [a, b], npuvem

f,f(x)dx=ff(x)dx+ff(x)dx.

Ilpr a=>0 3T0 CBOMACTBO CIpaBeNJIHBO B CHJY NPHHATHIX Bhbllle cOrya-
IHEeHH .

IIpeanonoxum cuauana, uro a<c<b. BribepeM npOH3BOJIBHOE
yucao £>0. Ilyers {xz’} u {x.”} — Takme pasbueHUs: CErMEHTOB
[a, ¢] u [c, d], uTo Ha KaxjaoM H3 3THX cerMeHToB S—s<g/2. [lycth
{xz} — pasbuenue cermeHra [a, b], cocrosiee u3 ToueK pa3Guenult
{xs'} u {x."”}. OueBHAHO, UTO Pa3HOCTb MEXKIY BEPXHEH H HIXKHel
cyMMaMH pas3bueHHsi {x.} He OyJer IpPeBOCXOAHTh &. FIHTerpupye-
Mocth ¢yHKuuH f(x) Ha cermente [a, b] mokasana. Ilycts Temepn
{ftk} — TIpOM3BOJIbHOE pas3bueHue cerMenra [a, b], coiepxkaluee C.

orza

n

Y F(E) Axe= 3 F (&) Axi+ 3F (8) A,

k=1
rae ¥’ Geperca IO YaCTHYHRIM CEeTMEeHTaM, IpHHajlexauum [a, c],
a X" — 10 4aCTHYHHM cerMeHTaM, npHHagIexamum [¢, d]. TTockoub-
Ky 3TO BepHO AJjs Jio6oro pa3bueHus, To, mepefiis K npenesay Npu.
CTPEMJIEHHM AHaMeTpa pa3GHeHHH K HYJIO, NOJYYHM, 4TO

b ¢ d
‘ jf(x)dx=jf(x)dx+jf(x)dx.

Ecnu ¢ mve npuBapnexur [a, b], To cermepr [a, b] NpHHAMIEKHT
aubo [c, b], mubo [a, c]. Ilycrs, Hanpumep, c<a<b. B cuay cpoii-
crBa r) ¢ynkuus f(x) wuHTerpupyema. ma [a, b]. leificTBHTENbHO,
dysxnus f(x) uarerpupyema Ha [¢, b] mo ycaosmio, a [a, b] < |[c, b].

Ianee, nockosbky c<<a<b,

If(x)dx+ff(x)dx=ff(x)dx.

* ‘DyHKU.HX B TOYKE 4 OIpejiejleHa H NPHHHMEET KOHEYHOe 3HaueHHe.
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a ¢
Ho no NpHHATOMY COTJIAlIEHHIO sf(x) dx='—5f(x) dx. Takum 06-
c a

.pa3oM, CBOHCTBO X) YCTaHOBJEHO HaMH M JJs cJydasi, KOTAa € JIEXHT

BHE cerMeHTta [a, b]. 3ameruMm, 4TO HopMyJy 3TOrO CBOHCTBA MOKHO
.3allHCaTh TakK:

ff(x)dx+ff(x)dx—l-ff(x)dx———O.
a ¢ b

2. OueHKH MHTErpaJioB.

a) Ecau ¢ynkyun f(x) unreepupyema wHa ceemenre [a, b] u
J(x)=0 0dan 6cex x us [a, b], To unrecpar, or ¢gynxyuu f(x) no
STOMY Ce2MEHTY HeOTPULATeNeH.

JJokasaTedbcTBO CJeLyeT H3 TOTO, YTO AJjs Jo6oro pasou-
«HHus {Xz} H JI060ro BEIOOpa Er MHTErpajbHasi CymMMa

szgxf (§) Ax, = 0.

B atom ciyyae mpeles MHTETPATBHBIX CYMM TOXe GyJeT HeoTpHumaTe-
JieH. JleficTBHTeNbHO, NOMYyCTHM, 4TO npefesd A 3THX CYMM OTpHIaTe-
Jien. Ilycts e=|A|. Bribepem pasbuenne {x:} Takoe, uro |c—A|<
<|A|. Ho nmocnesnee HepaBEeHCTBO MOXKET BLITIONHATECA, TONLKO ECIH

<0, 4TO IPOTHBOPEUUT YCAOBUIO 0>=(0. 3HAUMUT, " f(x)dx >0.

a
6) HurerpupoBanue HepaBeHcTBa. FEcau pynxyuu f(x) u g(x)
:unreapupyef;m Ha cecMente [a, b] u [(x)<<g(x) dra sCex x wu3

{a, b], 10 yf(x)dx\<5g(x)dx.

~ HeiictBurenbno, ¢pynkuns g(x)—f(x) HHTErpHpyeMa WU HEOTpHIA-
‘TeJqbHa Ha [a, b], Tak uTO

b
fe—F ) dszo0.

b b
Ho torma B cuny cBofictBa a) u3 m. 1 jg(x) dx—S f(x)dx >0,
: a ‘ a

410 U TPeGOBANOCH YCTAHOBHTD.
B) Ilycre ¢hyuryus f(x) Henpepwiéna u HeOTPULATEAbBHA HA cee-
menTe [a, b]. Ecau cyujectsyer xota 6e. 00HQ TOYKA Xy Ce2MEHTA

{a, b], 8 koropoii [(x0)>0, TO HaideTcs NOAOHUTEAbHOE HUCAO @
Takoe, 4ro

ff(x)dx>a> 0.
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HNefictBuTeabHO, mycTh f[(x¥o)=p>0. Torma B cuay uempe-
pHBHOCTH (PYHKHHH f(X) B TOUKe Xo HaHJeTcst Takasi OKPECTHOCTD:
TOUKH Xo, UTO AJsi JioGoro cermenrta [c, d], c¢s~=d, nexallero Henan-
KOM B 3TOH OKDECTHOCTH, OyZeT BHIIOJHEHO HepaBeHCTBO f(x)=p/2.
Ho Torxa B CHJY OIEHKH M3 I 0)

d

Sbf(x)dx> ff(x)dx>S—S—dx

c

I

—g—(d—c)=oc>0.

b
CaienoBaTeNibHO, 5' f(x)dx Za>0.

a
r) Ecau ¢ynxyus f(x) unrezpupyema no Pumany Ha ceemexTe
[a, b], 0 Ppynkyusn |f(x)| unreepupyema Ha srom ceemenre u

| 79 dx| < 17 )1

Pacemorpum oyukmuio ¢ () =|¢|. Cornacso Teopeme 9.4 H3 HHTEr-
pupyemoctu f(x) caemyer murerpupyemocts @ (f(x))=|f(x)| (rak
KaK GyHKnus @(f)=|{| Ha M1060M cerMeHTe yROBJETBOPSET YCIOBHKY

Jlumuuna*). BribepeM Tenmepb uynca0 a=:=1 Tak, 4TOOH ocj'f(x) dxz=

>0. Ouesnguo, uro af (x)<<|of(x)|=|f(x)|. Torma B cuay csoiicT-
Ba 0)

b b b b
|[ @ dx|=a | f@de=[af () dx < [If ()]dx,

YTO M TpPe6oBaJsOCh. :

1) TepBas dopmyaa cpeasero sHaueHus. [Iycre xancoas us Gyuk-
yui f(x) u g(x) unreepupyema Ha ceemenre [a, b] u pynrxyus g(x),
Kpome T020, HeOTpUYaTeAsbHa (UAU HENOAOJNCUTEAbHA) HA 3TOM cCec-
MeHTe.

O6osnauum uepes M u m Tounble epanu f(x) Ha ceemenre
a, b]**. Toe0a naiidercs uucao p, yoosiersoparujee HEPABEHCTEAM:
m<p<KM u Takoe, yro cnpasediusa caedyroujas Gopmyia:

b b
[fg@dr=pfe@ar. (+)
a a

ITpu GondanurenrsHom npednoroxnenuu o HenpepwisHocTu f(x) xa cee-

* @ynkuus @ (f) =|¢], ouesunno, YAOBJIETBOpsieT YCJOBHK JIMnmuma Ha Jio-
6om cermente, H60 [@({f)—@ (L) | =t | —| U< | ti—22]. oo

** Hurterpupyemas Ha [a, b] ¢ynkuus orpannuena Ha [q, §], © nmoromy y Hee
CYIUECTBYIOT Ha [a, b] TOuUHbBIE rpanu. o ’
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mente [a, b] moxcHo yreepadars, 4TO Ha ITOM Ce2MeHTe Haudercs
TO4YKa § TaKAs, 4TO cnpasediusa Gopmyira :

b

b
[fgwde=F® [g () dx. (++)

a

‘@opMmyJly (#%) NPHHATO Ha3hiBaTh NepBOH GopMyaofr cpen-
Hero 3HaveHus. PopMysay («) HHOra TakxKe HA3HIBAIOT MEPBOH
(hopmyJIol cpeiHero 3Ha4YeHHS. _

3ameTum cpasy xe, uTo opMmysa (x=x) cpasy BHTeKaeT uz ¢op-
MyJsBl (%) H M3 TOTO, YTO HempepbiBHag Ha cermeHte [a, b] ¢dyaxuus
JOCTHr'aeT Ha 3TOM CerMeHTe KaK CBOUX TOYHHIX rpaHedl M u m, Tak
M J1060r0 MPOMEKYTOYHOTO 3HaueHusT w(m<usM).

Takum 06pasom, HyKHO JOKa3aTh TOJbKO Gopmyay (). Jlis poka-
3aTeJbCTBA (POPMYJBbI (%) 3aMETHM, UTO IO ONPeNeNeHHI0 TOYHBIX
Tpane# AJsa moboro 3HaueHus x u3 [a, b] crnpaBelsHBE HepaBeHCTBa

m<f (x) <M.

Ilpennonarass paau onpefejeHHOCTH g(X) HeEOTPHUATEJbHOH Ha
Ta, b], Ml mONTyYHM, yMHOXas NMOCJeJHHe HEPABEHCTBa Ha g(x), UTO
zas awboro x u3 [a, b]

mg () <f(x) g (x) <Mg (x). (4% %)

Tak kak, KpoMme TOTO, B CHJY CBOWCTB 6) ¥ B) W3 m. 1 Kaxnaas u3
<$yuruuii mg(x), Mg(x) u f(x)g(x) wunrerpupyema wua [a, b], TO
OLEHKa (#%*) INO3BOJACT YTBEPKAATH CHPABENJIHBOCTb CJEAYIOLIUX
' HEpaBeHCTB:

b b b
[mg(x)ds < [F()g(x)de < | Mg (x) dx

a
HJIH, 4TO TO e camoe (B cuay cBoiicta 6) us m. 1),
b b b
m fg(x)dx\< (f(x)g(x)dx\<Mjg(x)dx. (#%%%)
b a a
_ o b
MoryT npeacraBiThes ABa ciayyas: 1) S g(x)dx=0u 2) g‘ g (x)dx >0.

a
B nepsBoM cayuae u3  HepaBeHCTB (**x%) BBITEKaeT, 4TO
b
Sf(x)g(x) dx=0, u notoMy popmysa (x) cupaseisuBa NPH JIOGOM W.
a '
. Bo BTOpOM ciyuae, moJenHB HepaBeHCTBA (#* #%) Ha  UYHCIO

Sg(x) dx, Mbl OJYYHM, UYTO
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b
[F(9e () dx
a \<Mn

m<C 5
(g dr
a

Iins saBeplieHHs HOKa3aTenbcTBa (OpMYJH (%) ocTaercs o6o3Ha-
YHTh CHMBOJIOM W YHCJIO

f(x) g (x)dx

" s o

b= b
{ g (x)dr

Cuaexncreue. ChopmynnpyeM OTHENBHO JIOKA3aHHYI0 HaMH Teo-
peMy AJs yacTHOro cayuas g(x)=1.

IIycro pynrxyus f(x) unreepupyema na ceemenre [a, b], a cumso-
abt M u m o6osnauaror Tounsie 2panu [(X) Ha ykasaHHOM cezmeHTe.
Tozda Hailidercs aucio p, yOOBAETEOPAIOWEE HEPABEHCTEAM MU
<M u raxoe, 4T0 cnpasedaiusa gopmyra

b
S‘f(x) dx=p (b—a).

Ilpu donoanuressrom npednososicenuu o HenpepoisHocTu [(X) ma
[a, b] moono yrsepocdars, uro na sTom ceemente Hatidercs TouKa E
Takas, 410 chpasedaiusa gopmyra

b
[F)de=F @) (b—a).

[Mocnennoo ¢opmyny o6bYHO TaKke HA3HBAKT GOPMYJ0H
CPEeIHEro sHaYeHHH.

e) Bropas d¢opmyaa cpeaHero sHauenusa IHycro
pynxyus f(x) unreepupyema, a ¢ynxyus g(X) MOHOTOHHQ Ha cee-
menre [a, b]. Toeda na 3Tom ceemente Hailidercs uucio E TAKOE, 4TO'

3 b
f)g)de=g (@) | f(x)dx+g ) [ f(x)dx.
o §

Qe _—y o

YcraHOBHM CHaualla CJIEAYIOWHH (AKT, KOTOPHM MH BOCIOJb-
3yeMcsl HHXe
Jlemma AbGensa* Ilycre uucaa p; ydossersopsaror Ycio-
13

suam pi=p;=>0 npu i<j, a uucsra S,=£ g, i=1,2,...,n) —
k=1

* Hunee Tenpux AGear — nopBexckuil matemaruk (1802—1829).

12 3ax. 72
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HepaseHcTsam m<S,<M rae gr, m, M raxwce HexoTOpble HuUcaa.

Tozda mp1<): Pige < Mpy.

=1
Hoxkas aTeJIbCTBO. Jlerko mpoBepHTb, 4TO

n

Z quk—z Pe (Sk_Skr—l) Z Sk (Pr — Pr+1)s

k=1

rae nojstoxeHo So=0, pny1=0. Tak kak pr=0, pr — Pr+1>0, TO,
3aMeHHB B NOCJAEAHEM DaBEHCTBE KaxKjaoe S; cHayajla Ha m, a 3a-
TeM Ha M, mosyuyuMm
n n n R
mz (Pr—Pret1) < Z Pege < MY (Pe—prt)s
k=1 k=1 k=1
HO

n
Y, (Pe—pe1) = p1—prtr=p;.

k=1

Takum o6pasoM, jJieMMa J0Ka3aHa.
~ YcTaHOBHM Temepb BTOpPYyH popMyay cpexue-
ro snauenud. JonycrtuM, uro QyHKuMA g(x) He BO3pacTaer Ha
[a, b] u HeoTpuuarenbna. Pynkuusa f(x)g(x) HHTErpupyeMa Kak
NpOH3BENeHHe [ABYX MHTErpupyemblx QyHkuud. Ilycrb My m m, —
TOYHHIE TPaHH f(X) Ha YaCTHYHBIX CEIMEHTax [Xp_1, X&].’
Torxa oueBHAHO, UTO

n n n
Z Mg (Xr—1) Ax, <2 f (Xe—1) g (xr—1) Ax,, < 2 Mg (Xp—1) Axy.
k=1 k=1 k=1

B cuny mMoHOTOHHOCTH g (x) cnpaBeJJIMBa OlNEHKa

. n n

Y (Me—my) g (541) A%y < £ (@ ¥ (Me—m1) Ay

k=1 k=1
B cuay mHTerpupyeMocTH f(x¥) cyMMa B NIpaBOH, a 3HAUMT, H B Je-
BOH YacTH NOCJEJHEro HepaBeHCTBA CTPEMHTCS K HYJIO IIPH CTPEM-

JeHUH jJuamerpa d pasbueHnii K Hymo. CiaenoBaTesnbHO, NIPH JIO-
OBIX YHCIAX Mg TAKMX, UTO Mp<Spas<Mp, Bce CyMMH

Z Mg (Xe—1) Axps Z Wi (Xe—1) Axg, Z M,g (xr—1) Ax,

k=1

crpemstcss npu d—0 K uHTErpasy Sf(x) g(x)dx. dto caenpyer us
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12*

IBYCTOPOHHEH OLEHKH JJd HMHTerpaJbHOH CYMMbl (YHKLUHH

f(x)g(x) *.
Ilo CBOHCTBY [) HACTOSINEr0 NYHKTA YHCJAA p, TAE MpSpssS
X
%
<M}, MOXHO BHOPATh TaK, YTOGHI Y f (x) dx = p,, Axg.
;k-l

. x
3ameruM Temepb, uTo OGyHKUHs F (x)= jf(t) dt uempepbiBHa
a

Ha cerMmenre [a, b], Tak Kak
x+Ax
AF=F (x+ Ax)—F (x)= j f (¢) dt = pAx,

X

inf fA)<p< _sup f(o),
te[x,x+Ax] t€[».x+Ax]

#, cnepoBarenbHo, AF—0 npu Ax—-0.
i x;
PaccmorpuM  caepylomne upcaa  S;= 2 weAX, = S f () dt.
k=1

a
Scno, yro M<LSi<M, rie m u M — tounble rpann ¢yHRuun F(x)
Ha cerMenre [a, b]. Begem cienyionue 0603HadeHus:

pr=8(xXn-1),, Gr=rAxr, k=12, ..,n.
B CHIy MOHOTOHHOCTH M HEOTPHUATENbHOCTH (GYHKUHH g(X) BH-

NOJHEMO p;>p;=>0 npu i<j. Uucna ps, Sk, gr YAOBNETBODPAIOT yC-
JOBHAM JeMMbl AGessi. ITostomy

n
mg (@) <Y, g (%) wedx, < Mg ().
k—.—..l

n
-CyMMma zg(xk_l) n;Ax, 3akioueHa wmexay mg(a) u Mg(a).

k=1
Ycerpemum teneps puamerp d pasGuenuit Kk myao. Torjga H npeged
3TO# cymMBl Oyaer 3akiioueH mexay mg(a) u Mg(a), 1. e. 6yayT
clpaBeJJIUBhL. HEpaBEHCTBA

b
mg (@) < [ (%) g (x) dx < Mg (a).

* T, e. H3 HEPaBEHCTB

R n n
Y Mg (-0 A < Y Fx1) @ (-0) Axe < Y Mag (x4) Axi.
k=1 k=1 k=1
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x
HenpepuiBHas  dyHKuHS F(x):S f(t)dt nmpunumaer awboe
a

34ayeHHe, 3aKJII0YEHHOE MEXAY ee TOYHbIMM rpausmu m u M. Tak
KakK
: b
fixg(x)dx

m <~ < M,
g(a)

TO CYIIECTBYET TOUKa E TakKaf, uTo
h

g JF(g () ax
F(§>=§f(t>dt=—“—————

g(a)

CrenoBatesbHo, 8 cayuae, koz0a g(X) He 603pacTaeTr u HeOTPUYA-
TesbHA, 00KA3aHa Gopmyia

b E
[temdr=g@ [f@at.

Paccmorpum Tenepp of6mmit cayuaii HeBospacrammeld (QyHKUHE
g(x). B arom cayuyae dynkuusa h(x) =g(x) —g(b) He Bo3pacraer
H HeoTpuuateabHa. IloacraBuB ee BMecTo g(x) B dopmynay, moKa-
33HHYIO BBILIE, NOJIYYHM, YTO

b £
[I0e@—g®)]dr=[g@—g®)] [ f(x)dx.
OKoHYaTeNbHO nojaydaem p aBeHCfBO

b E b i
[fgwdr=g (@) [F(x)dx+g® [ Fx)de—

|3 g b ,
—g®) [f()dr=g(0) ([ dx+g©®) | f(v)dx,
a a g,

9TO H TpeGoBasoch AOKa3aTh *.
PaccmoTpuM npuMepbl Ha NpHMEHEHHe OUEHOK [/ HHTETrpaJioB.
I[Tpumepwn. 1) Paccmorpum ¢pyuruumo
X%, x= (0,
foy={* #= O 1
|1, x=0.

dta dyukuus f(x) HenpepeiBHa Ha cermeHte [0,1]. Jlerko y6emutnes

* Ecin g(x) He yGHBaer, To 3ameHoii g(x)= —g(x) CBOZHM 5TOT ciydail K
Y€ pacCMOTDEHHOMY.
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¢ NMOMOIIBIO BLIYHCJEHHS NMPOH3BOJHOH, YTO 3Ta (DYHKHHSA JOCTHTAET

JIOKaJbHOTO MHHHMyMa mpH Xxo=1/e. Ilpu stom [(l/e)=e~e, u arto.

3HAUeHHe ABJSIETCS e€e HaHMeHbUIMM 3HaueHHeM Ha cermente [0,1].

VicnoJib3ya cBONCTBO 6) HACTOSIIEro NyHKTA, MOJYYHM, yTo e~ /e
1

'\<S x*dx <<1,a oasa uucaa e~'/e jerxko moJNyuUTh, 4ro €~1/¢=0,692....

3aoMeTI/IM, 4YTO B 3TOM CJyuae ‘3HAa4eHHe HHTerpaja Hesb3si ONpPedeJHTb
yepes 3HAUEHMS 3JeMEHTapHBIX (PyHKUHH.

2) Ecan dyHkuus f(x) He sgBjasercs HeﬂpeprBHOId TO (opmyna
CpelHero 3HaueHHsi (*%) MOxKer OHITb HecnpabeuHBOR. Paccmorpam
QYHKUHIO 7 ,

f(x):{ 34, 12< £ <1

1
Torpa Xf(x) dx=>5/8. 3naueHue 5/8 ne mpHHHMaercs GyHKUHEH [(X)

0
Hu B oxHo# Touke & cermenra [0,1]. CienoBaTteibHO, He CYLIECTBYeT
1

uyucaa E< [0, 1], pas xoToporo j'f(x) dx=[(§).
0

§ 5. MTEPBOOBPA3HASl HENPEPbIBHOW ®YHKI HH.
NMPABUJIA HHTErTPHPOBAHHSA ®YHKUHH

B npembiaymux naparpadax yxe JOCTATOYHO MOJHO H3Y4eHB!
cBoficTBa HMHTerpasa Pumana. B uacrmocrd, 6blI0 NMOKa3aHO, 4To,
NOJb3ySCh ONpEJeJeHNEeM HHTErpaja, MOXKHO BBIUHCIHTb HHTErpaJy
OT HEeKOTOpHX mpocredmux ¢yHkuuit. OZHAKO TaKoe BLIYMCJIEHHE HH-
Terpajia ¢ NOMOILBIO NPEeREJNbHOro Iepexofia B HHTErpaslbHHX CyMMax
o6Jiajaer pAJOM HeyJoOCTB M NPHBOJAUT K 3HAUHTEJNBHEIM TPYAHO-
craM. IloaToMy Ha noBecTKy AHSL BCTaeT BOIIPOC O TPOCTHIX NpaBHJaX
BBIUHCJIEHHSI ONpeJesieHHOro MHTerpaja Pumana. Huxke namum 6ymer
JaHO OJHO M3 TaKHX IPaBHJ BBIYHCJIEHHs ONpPeJeJeHHOrO HHTerpasa,
a UMeHHO OyjeTr JoKasaHa OCHOBHAas (GopMy/aa HHTErpajbHOTO HCUHC-
Jgenus (dopmyna Herorona — JlelGuuna).

1. IlepBooGpa3nas. PaccMOTpUM HHTErpHPYeMYyIO Ha CErMeHTe
la, b] dyukumio f(x). Ilycrs p npuragnexur [a, b]. Torma aas Jro-
Goro x u3 [a, b] dyukuua f(x) uurerpupyema Ha [p, x], u mo3TOMY

/ x

Ha cerMeHTe [a, b] onpenenena ¢yHKuus F(x)=j f(t)dt, xoropas

: P

HasbBaeTCy HHTErpaJjom c NepeMeHHB M BE€Dp X-

HUM npexeJoM AHajoruuyHo onpepenasiercss (yHKums F(x) Ha

HerpBaJIe (a, b) mpu ycnoBuH, uto [(X) omnpejeseHa Ha HHTepBaJe
b) u uHTErpEpyema Ha JMIOGOM CETMEHTE, npnﬂa}_memamem TOMY

HHTepBaJIy
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Teopema 95. Ecau ¢ynxyusn f(x) unrezpupyema na cezmexre
{a, b], p— arbas TouKa 3TO20 cezmenTa, TO NPOU3BOOHAR PYHKYUU
X

F(x) =5 f()dt  cywecreyer 8 xaxdod Touke X, HenpepvL8HO-

p
€ T U nodeinreeparsroil pynxyuu, npusem F' (xo) =F(xo) *.
Hdokasareascreo. B cuny nenpepmBHOCTH (YHKUHH f(X) B
TOuKe Xxo AAs ao6oro &>0 nafmercs Takoe 6>0, uro f(xo) —e<
<f(x) <f(x0)+e, ecnu |x—xo] <8. Oast Bcex ¢ u3 [xo, x| BHIOJ-
©sieTcsl HepaBeHCTBO |f— xo|<C|x— %0] <8. IlosToMy pns Bcex Ta-
Kux 1

f(x0) — e<<F(£) <KF(%0) +-2.

CoryacHo cBOUCTBY Jh) m. 2 § 4 (He3aBHCHMMO OT 3HAKa pPasHOCTH
X— Xp) TIONYYHM M3 NOCJIEIHHX HEePaBEHCTB

X —

Fo—e < [ 1008t <)+ mpn [x—x] <.

x
(3naueHne P = —E—Sf(t) df He MeHsieTca INPH NepecTaHOBKEe UH-
X — Xy

Xo
Cell X H X, TaK KaK IPH 3TOM OJHOBPEMEHHO MeHSeTCsl 3HaK y BeJH-
x x
1
"gYHBl X—Xg H Yy HHTerpaia S'f(t) dt.). Ho —x—;~§ fdt=
%o ’ ° %
_FW=F(x)
X — Xg

, CIeJOBATeNbHO, NpH [X¥ — xo| <&
Fir—e <TA=LE < f () e,
A0

T. e. F/(x) cywecrsyer u paBHa f(x,). Teopema nokasaHa.
CnencrBue. Jwbas nenpepoisnas Ha ceemente [a, b] ¢yuk-
yus f(x) umeer na aTom cezmente nepsoobpasnyro. O0HOL u3 nepso-
x

obpasnoix aeaserca ¢pyuxyus F(x) = X f (@) dt.
a

3ameuanue 1, Teopema ocTaercs cnpaBefTuBOi, ecan f(x)
genpepbiBHa Ha HHTepBaJe (a, b). B 3TOM ciyyae B KauecTBe HHXK-
Hero npejeja HaiJeXHT B3ATh JIOOYI TOYKYy p STOro HHTEpBaJa.
Bce paccyxJeHHs COXPaHSAIOTCH.

* Ecan TOUKa Xo COBHAjaeT ¢ OJHHM M3 KOHIIOB cermeHTta [a, b], To mox
QIPOM3BOMHON B TOUKE Yo GyHKUHM F(x) NOHHMaeTCs JieBas WJH NpaBas NPOUSBOJL-
#as COOTBETCTBEHHO. JLOKa3aTelbCTBO TEOPEMHl NPH 3TOM HE MeHSeTcs.
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3ameuanne 2. MoxHO paccMaTpuBaTh H (YHKLUHIO HHXKHEro

q
npefena mHTerpajia ot f(x), T. e. QyHEUHIO (D(x)=§f(t) dt. oas
X

TaKoH (yHKIIUH
@’ (x) =—f(x).

3ameuanue 3. Ecan ¢ynxkuus f(x) uarerpupyema ma J1060M
cerMeHTe, COAepXkKalleMcss B HHTepBaje (a, b), To uHTerpan c mepe-
MEHHBIM BEDPXHHM MpEJIeJIOM eCThb HempephiBHast Ha (a, b) ¢yHknun
BEpXHero npejena. ;

X
JleAcTBHTEADbHO, NYCTh F(x)=5‘f(t)dt, p € (a, b). Torna
p

Xt Ax )
AF=F (x+ Ax)—F (x)= j f(¢) dt =pAx,
g ,
rae ) .
inf fx)<p<  sup  f(x)
x€[x,x+Ax] x€[x,x4-Ax])
no nepBo#t ¢opmyse cpeanerc 3HaveHus. Ecam ¢ymkuust f(x) unre-
rpupyema, TO OHa OrpaHHYeHa, a IO3TOMY AJs BCeX AOCTAaTOYHO Ma-
JAbiX Ax orpaHMyeHa H BeJHYMHA W, 3aBHCAmas oT X H Ax. Bosee
tTouno, inf f(x)<p< supd]f (x) *. Tostomy AF—0 npu Ax—0.
x€[e.d] x€le, :

3aMmeuanue 4. HMHrerpanbl ¢ TepeMEHHHM BepXHHM (o
HHXHHM) TPeeNoM MOXHO HCIOJNb30BaTh MM onpedeienus HOBHIX
GYHKIUH, He BHIPaXKAIOLHXCS Yepe3 a/eMeHTapHHe (pyHKUHH.

X

Tak, nanpumep, uurterpan 5' e "df, Kak yXe OTMeYaloCh, Ha3bi-
p ,
X

dt
BaeTcss MHTerpaoM IlyaccoHa, uHTerpai SV
0

1T—=20—¢r%)’ 0<

<k<1 HasbBaeTcs  HIMITHYECKHM HHTETPaAJIOM, HHTErp aJt

x
sin¢ dt —  murer xcostdl
; erpPaJbHEIM CHHYCOM, S

0 1

KOCHHYCOM H T. 1.

2. OcHoBHass (OpPMyJia HMHTErpPaJbHOr0 HCYHCAEHUS. Mol yxe
SHaeM M3 MpeAHAYLIHX PAacCMOTPEHHit, 4To J06bie ABe nepsoo6pas-
Hple QyHKUHH f(x), 3aJaHHOH Ha CcerMeHTe [a, b], oranualorca Ha

X

- HUHTErpaJbHEIM

nocrosiunyio. Ilostomy ecau F (x)=j f()dt, a ®(x)—nwbas npy-
a

_ . .
* 3mecy [c, d] — xaxo#-am6o (UKCHPOBAHHHI CErMeHT, NpHHAAJEKALHH Hi-
TepBany (a, b) u Takod, uto x<[c, d], x+Axe(c, d].
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rag nepBooGpasHas HempephlBHOH ¢yHKmum f(x), To ®(x)—F(x)=
x

.=C=const, . e. D(x) = Sf(t) dt4 C (cm. teopemy 9.5). TlonoxuM

B nociefiHeit dopmyJie cHauana x=ga, a 3areM x=>b. Kak mm ycio-
a

BHJIACH (em. n. 1 mpeawmayuiero maparpada), Sf(t) dt =0 pgns mo6oi

pyHKIHH, anHHMa;omeﬁ KOHeyHoe 3HaueHHe B TOYKEe a, NOITOMY

®(@)=C, O()= .ff(x) dx+C. Orciona

b
[t dx=@@®)—0 (),

H HaMH TOJyuYeHa OCHOBHasi GOpMyJia HHTErpajbHOrO HCYHCJIEHHS.

CdopmynupyeMm ee B BHJIE TEOPEMEL.

Teopema (ocHOBHafi TeopeMa HHTErpaJjJbHOTO
ucuuncaenus). Qas roz2o 4tobsl bl4UCAUTS OnpedesenHbll UHTe-
2par no ceementry [a, b] or uenpepbwﬂou pyuxyuu f(x), caredyer
BOLYUCAUTL 3HAYEHUE NPOU3BOALHOL ee nepsoobpasHol 8 Touke b u 6
TOYKe a U 8bl4eCTb U3 Nnepsozo 3HAHEHUs BTOpOe.

Temeph MBI HMeeM NPaBHJIO BHIUHCJAEHHS OINpPeJeJCHHOrO HHTErpa-
Jla OT IMHPOKOTO Kjacca WHTerpupyeMbix GyHKumid. 3ajada BbYHCIIe-
HHS ONpPE/Ie/ICHHOrO HMHTErpasa CBeJach K 3ajade HAaXOXKJAEHHs Tep-
" BOOGpasHOH Hel'lpeprBHOH ¢yuruun. EcrecTBeHHO, 4TO He JJIsi BCA-
KO# (YHKIHH Ha#TH NepBoO6pasHyio MPOCTO. M yX&Ke HeoJHOKpaT-
HO yKasblBaJH (YHKUHH, [epPBOO6pasHbIe KOTOprX He  BhIpaXKkamoTcs
yepe3 aneMeHTapHnle QyHKuuu (cM. Haupumep, n. | sTtoro maparpa-
da). B atom cayuae, ecTeCTBEHHO, BO3HHKAET BONPOC O MPHOJIMKEH-
HOM BBIUHCJIGHHM ONpEJeNeHHBIX HHTErpajoB, 0 u4eM MOMAeT peub
HHXeE.

OcHOBHYIO q>op1\£1yny HHTErpajibHOrO HCUHCJIEHHA YacTO 3aluChi-

BaloT B ¢opme {f(x)dxz(D(x) b rge BBefeHO 0003HadeHHE
a

® (x) [2 =D (b) ~ D (a).

- 3. Baxpple NPaBUa, MNO3BOJsiOLMe BHIYUCISTL ONPEAe/NeHHbIE
MHTerpanbi. [Ipn BHIYMCJEHHH OMNpe/eeHHbIX HHTErpajloB OYeHb 4a-
CTO HCHOJIb3yeTcd NPAaBUHJIO 3aMeHbl TlepeMEHHOH IOJ 3HAKOM Ompeje-
JIEHHOTO HHTerpaJa.

ITycto daymmuﬂ x=g (1) umeer Henpepvisrylo nNPOU3BOORYIO HA
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ceemente [m, M]* m tef{"f}lu]g (t)=a, Jax g ({)=b, npuuem

g(m)=a, g(M)=>b. Tozda j f(x)dx= jf[g(t)]g (t)dt (npu yeao-

suu, 4ro Gynxyus f(x) ﬂenpepbzeua Ha ceemem‘e [a, b]).
VkazaHHasg ¢opMysa HashHBaerca (GOpMyJOH 3aMeHH mepe-
MeHHOH IOJ 3HAKOM OIpe/eIeHHOr0 HHTerpaJja.
HoxasareabcTBo. [lycrs ®(x) — HeKoTOpasi nepBoOGpasHas
dynkunn f(x). Pynkuun O(x) u x=¢(t) AudpepeHuupyeMs Ha cer-
meHrax [a, b] u [m, M] coorBercrBenHO. [ToaToMmy, coriiacHo mpasH-

Jy ‘BLHIUHC/IEHHSI NPOM3BOAHOH CJOXKHOY QYHKIHM, AJNA BCeX ! M3
[m, M]

0= (gt g (-

3ameTHM, 4YTO mpousBojHasi D’ B BEIpaXeHHWH CIpaBa BHIYHCIEHA 10
aprgmemyx D (g(t)) =D (x), x=g ().
aMeTum TaK}Ke uTo cD’(x)_-f(x) [ToacTaBus B mpaBywo uacTsb-

dopmynnl gis —— @ (g'(f)) 310 paBeHCTBO, MOJyYaeM

7 DE)=Fg®)e @

Takum obpasom, dyuxuus @®(g(f)) saBasercs Ha cerMenTe M
<IsM nepsooﬁpasnon ans dyuxumnu f(g(t))g’ (), 1. e.

j fle®) g (t)dt = (g (M)—D (g (m) =D (B)—(a)

b
corsiacHo ycaoBuwo. CiiegoBaTeNbHO, C OJHOH CTOPOHHI, Sf(x)dx=

a
M

=D (b)—®d(a), a ¢ APYro#l CTOPOHHI, (D(b)—(D(a)=5 f(g @) g’ (t)dt,
4YTO H Tpe6OoBaJIOCh.

ChopMyaHpyeM H YCT4HOBHM Teleph NPAaBHJIO HHTETPH-
POBaHHUS IO 4AaCTHM.

ITycro ¢ynkyuu f(x) u g(X) umeror Henpepois8Hoie NPOU3BOOHbLE
Ha ceemenre [a, b], Tozda

b
[f0eg Wdi=f®g®E—[g®)f (x)d.

* ByneM rosoputb, uTo g(f) HMeeT HeNpEepHBHYIO NPOM3BOJHYI0 Ha CErMeHTe
[m, M}, ecnn mpomssogmas g’(f) cyumecrByer HeNpepHBHA B 00O BHYTpeHHER
lim g' () m 11m g' .
TOuKe [m, M] n cymecTBYIOT KOHEUHHE NPEAGIH  f-sm0 —0
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Teticrsnrensio, ——[f () g = ()8 (1) +f (x)g (x). Tosromy

dynkuus §(x)g(x) sBasiercst neppoobpasuoit ¢yHkunn [f(x)g (x)+
+i'(x)-g(x)]. CnenosarensHo,

b :
[0 e )+ () g@]de=F(x) g (%)%,

¥ Hallle yTBepxkKaeHne Aokasano. Ilocaennioo bopmyny ymaoGHO 3amu-
CHIBaTh B BHJE

b b
{ tdg=Ifellt—{ gdf.

4. Ocrarounnit unen dopmyant Teillopa B MHTErpainsoii dop-
Mme. leapio aToro myHkTa siBAsieTcs mojydeHHe popmyam Tefsiopa
Jag GyHKUHHE f(X) B OKPECTHOCTH NPOH3BOJBLHOH TOYKH @ ¢ 0CTa-
TOYHH M UYJE€HOM B TaK Ha3pBaeMOH HHTerpaJbHOH

dopme,
ITycty dynkuusa f(x) #MeeT B HEKOTOPOH &-OKPECTHOCTH TOYKH

@ HeNpepHIBHYIO NPOH3BOAHYIO (n-1)-ro mopsaka. Ilycts x mpH-
HaJJIeXKHT YKa3aHHOH OKPeCTHOCTH. PaccMOTpHM PpaBeHCTBO

x
fF)—f@=(f@a.
Honaras u(t)=f(¢), v(f)=—(x —1t), NpAMeREM K HHTErpaly
x X .
S f(dt= 5 u(tydv(t) copmyay uHTErpHpoBaHHA no uyactaM. [lo-
‘.:lyan ’

F—F@= | O dt=—F O G—DlIz+ [ F O c—t)dt =

=f"(a)(x—a)+ jf” (t) (x—1) dts

TaxkuM 06pasoM, NOC/IELOBATENbHO HHTETPHUPYS N0 UACTHAM,. 11O-
JyYUM

[ rw—i@=[rod=r@e—a+ [roc—mde-

= " (a) (x—a) + —fz—f” (@) (x—a)? + % { ) (e—t)rdt = . ..

a
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o= (@) (x—a)+ 1/2 ' (@) (x—a)® +- . ..

.+ % ™ (@) (x—a)"+ _;:—1 S ferd (@) (x—1)" dt =

- 2 ';S;’ f® (a) (x —a)* - Rnt1 (%),
rpe .

Ruy1 (%) = nil S FoHD (£) (x— £y dt.

Mu BuauM, uto Rpyi(x) sIBASETCA OCTATOYHBIM 4JeHOM pasJfio-
xenua Teinopa ans ¢ysxuud f(X) B OKPECTHOCTH TOYKH a. dTa
¢opMa OCTATOYHOrO 4YJieHa KU Ha3pBaeTci HHTErpaibHOR
dopmoi.

Ecan npuMeHuTh nNepBYIO (GOpMyJay cpeiHero 3Ha4eHHs (CM.
cBoiicteo ) n. 2 § 4), To

5 ) gy (v
Reps ()= [ 100 @) et dt = PO [ ety =

e o —ot
n! n+1

x= oD () (x—a)t,
a (n41)!

rae &— HekoTopasi ToukKa cermeHra [a, x]. CaejnoBaresnbHO, TIpH
TeX e NPEANOJOKEHHSIX MBI IOJYYHM OCTAaTOYHHIH ujleH B (opme
Jlarpanxa. Ha camoM geJe, JIerko 3akJIOUHTb (HCIOJb3ys Teope-
my [ap6y o mpoxoxKAeHHH NPOH3BOJHOH uepe3 Bce NMPOMEXYTOY-

; (x— "+ FD )

(n -+ 1)

BHH CYILECTBOBAaHHs H HHTerpupyemoctu f*+1(x).
PaccMoTpHM Tenepb NPHMEpHI, HIIIOCTPHPYIOLIHE H3JOMXEHHHH B

Hble 3Ha4eHHs), UTO Rnti(X)= JHILIb TP YCJIO-

3TOM mnaparpade martepual.

IlpuMmepsn. 1) BpuucauTh HHTErpajbl, nNpHUMEHsss OCHOBHYIO
(OpMysTy HHTErPANbHOIO HCUHCJIEHHUS:

. .
xn—l—l b bn+l__ n+1 ~
a) | x"dx= = g n=—1.
n41 |la n+1
a
b
6) gsin xdx = —cos x |5 =cosa—-cos b,
a

b
S cos xdx =sinb—sin a.
a
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( da
B) f e =arctg x |2 =arctg a.

.

0
a
_"ﬁz‘—' =—.1_.. 3 3 a:_l_
r)af T dx 5@+ x5 5-1n2, a>0.

2) BuunciuTh HHTErpasbl, IPHMEHsAs NpPaBHJIO 3aMeHH nepe-
MEHHOH: ,
/4

n/4 - 1
a) I S0y = j‘ —t—g-‘i—x—-dx=jt‘dt=—l—t‘
s cos® x cos? x s 5

=15,
0
rae t=tgx.

s
1 2=(21/§—-1)/3,

1 V2
6) j'x VIt ade= 5’ t”dt=—;—t3
0 1

rae t=V1+ 2

3) BuluHCAHTH HHTErpaj, NPHMEeHAs NPaBHJIO HHTEIPHPOBAHHSA MO
qacTaM:
2 x/2

m sin™ xdx = — S sin™—1 xd (cos x) =
0

~
I
Ot-—-ba

_ n/2
= —sin™! xcos x /24 (m —1) f cos® xsin™ 2 xdx =
0
/2 .
=(m—1) S (1 —sin? x) sin™—2 xdx = (m—1) [[n—a—1,,].
0

m—1

Orcioga: I, = In—o ipu m > 2.

. Jlerko Bugets, yto Io=m/2, I;=1. Ilo WHAYKUHH mOJyYaeM, 410
o m>2

[ 2m—1 2m—3 3 1 m _(@m—DIl =

am om om—2 T 4 2 2 @mn 2’
an  9m—2 4 2 em!

Iomyy = =l = ———
om+1 2m—1 5 3 (2m 4+ 1)1

4) Jokasate, uTo Aas QyHKmuM f(x)=(14+x)* ocTaTOUHHI
uneH Rn1i B HHTerpajbHo#l (OpMe CTpeMHTCH K HyJ0, ecan |x|<
<1. 3amerum, uto
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_ afa—1)..
Rpy1= p

.(a—n) j(l + tye—n—t (5 —f)n dt
0

Us ouesuaHbx HepaBeHCTs /x>0, 1 — x>0 caenyer, uto
Y=t -l gt
X

2 ——-—t——(l —x) =0 uwm
X x

JaJjiee, MOCKOJIBKY X H x — f— uHcJia OZHOTO 3HAaKa, TO

x—t |:1_‘_\<1-—t=|1-—t1 WA l 2t |\<lxl-
x x 1—t

CJileloBaTeIbHO,

‘S L(l+t)” (Ht)a—ldtl 'x'"0§(1+t)°‘—‘dt~0(x, )] x[",

rae C(x, a) e 3aBucut ot n. MHEIMH c/IOBaMH,
|Rnti| <C(%, @) |a(a—1) ... (a—n)||%|"/nl=pn,
Paccmorpum kakoe-nub60 UYHCIO ¢, YAOBJETBOpSIONIEe YCJIOBHIO
|x]<g¢<1. Tak rak
Pt fa —n—1] |x|

-t Il (noa),

~<q npu n=N. Orcroaa

TO HaBigercs Tako#l Homep N, uro

n
BHITEKAET, UTO Pr<SpnNg™ N mpu n=N. Ycrpemasis B 3TOM Hepa-
BEHCTBE 7 K 00, yO6exZaeMcsi B TOM, 4YTO Pn, a CJEJOBATEJbHO, H
R4 CcTPEMHTCA K HYJIO.

§ 6. HEPABEHCTBA J1JIfi CYMM H HHTETPAJIOB

B aroM maparpade MBI NMOJYYMM HEKOTODHIE BaxKHbE HepaBeH-
" CTBa JJSI CYMM ¥ MHTErpaJioB.

1. HepasenctBo IORra*. PaccMoTpuM naBa HeOTpHUATEIbHHX
uucsia @ B b W jgBa yMcna p W g, NPeBOCXOAsSIIHE EeNHHHLY H Ta-
Kue, uto 1/p+1/g=1. JlokaxeM crelyoluiee HepaBEeHCTBO
Oura:

ab<< -I—a”+L,b".
p q

JokazaTelXbCTBO. ‘PaCCMOTpan Qysknuo  f(x) =x!/? —
—x/p npu x>0. ITockoabky f'(x)=—p—(x“1/"— 1), To f(x)>0

* Bunnam IOnr — anramfickni matematek (1882—1946).
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npu 0<x<1 u f(x) <0 mpu x>1. B Touke x=1 byuxuusa f(x)
npuHEMaerT HauGoasilee 3Havenwe, npuuem [()=1——=—_

p q
CaepoBarenbno, x7—x/p << 1/q npu Bcex x>0. B nocienseM He-
paBeHcTBe poJjaraeM x=aP/bP, b=%=0. Hepasencrso lOnra mnpmn
b0, rakum oGpasom, ycrauosieHo. IIpu b=0 oHO OYeBHIHO.
2. Hepasencrso I'éabnepa * aaa cymm. ITycrs ay, Qy,..,0, w
by, by, ...,bn— KaKkue yeo0HO HeoTpuyaressvhvie uucaa, Tozda

ede 1/p+1/g=1, p>1, g=1. D10 HepaBeHCTBO HAa3LIBAETCAd HE-
paBeHcTBOM [énbpmepa gad cyMM.
Jloka3aTeabCTBO. 3aMeTHM, 4YTO YKasaHHOE HEPaBEHCTBO
OJHOPOAHO B TOM CMBICJIE, YTO €CJIH OHO BBHIIOJHEHO AJSi YHCEN Qi
b;, TO OHO CNpaBeAJHMBO H QA yucena fa; kb Hoa’romy' JocTa-~
n n

n
TOYHO YCTAHOBHTH, YTO 2 a;b; <1 upu ycinoBuu Z a?=1, 2 b =
i=l1 i=l1 =1

=1, Tak KakK MBI BCerza MOKeM pasAe/iuTb 4ucia a; u _bi cooT-
n

n
1 1
BEeTCTBEHHO Ha BEJHYHHHI (Z a{.’)  u (Z b‘;’) /4 %x 3anucap He-
i=1 i=]
pasencTBo IOHra Al TakKMX uyHCea a; H b; M NPOCYMMHPOBAB 3TH
HEPaBeHCTBA MO i, NOJYIHM
n

Eaib;\<—;;r§:a{?+—é—ib?.

i=] i=l1 i=1

n
1 1
TTosTomy Xaibi <—+—=1, uro u TpeGoBaJOCh.
i=1 P 9
SBameuanue, B cayuae p=2, ¢g=2 HepaBeHcTBO I'éiblepa
npeBpaliaeTcsi B HEpaBeHCTBO

i asb; \<(2" a2£)1/2 (Zﬂ b?) vz
i=1 f=1 i=1

HaspiBaeMoe HepaBeHCTBOM Komu — DYyHSKOBCKO-
ro*** nns cymm.

* Q. Ténbpep — nemeukuit marematuk (1859—1937).

** Mpl mpeAnoJiaraeM, 4TO XOTsi G OXHO M3 uuceJ Q; B XOTa 6H OJHO W3
yuces b; OTJHYHO OT HYJs. B mpoTHBHOM clydae HEPaBEHCTBO OYEBHAHO.

**+* Buxtop SIkoBneBuu BymskoBckuii — pycckuii maremarnk (1804—1889).
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3. HepaBeHcTBo MuHKOBCKOro * naa cymm. [Tycte ai, as,

Gy H by, Dy, ..., by — NPOU3BOALHLIE HEOTPUYATEAbHbIE HUCAQ, HUL-

c10 p>1 Toeda cnpasediuso credyoujee HepaeenHCcTBO
Munkosckoeo Oas Cymm:

(z (a; + b‘,)p)l/p < (i'a{-’)”p-l- (ﬁ bpi)l/p.
i=] — -

Jloka3zaTeabCTBO., 3anulleM paBeHCTBO
1] n n
Y @ +b) =Y a(a;+b)~"+ Y b: (@ + b
i=1 i=l i=1
K kKaxjaoi U3 CyMM, CTOSUIHMX B NPaBOH 4acCTH, NPHMEHHUMO Hepa-
senctso I'énpmepa. Ecam 1/p+1/g=1, p>1, q>1 T0o (pP—1)q=
|

= —_—= 03TOMY
=P, 7 o

Y @+ 0 < (X @) (3 @+ b)e = ope +

i=1 i=] i=l

+(E )" (8 kbt

i=]

p—1

{(E o)+ (E, #)") [E @+by [

] i=l

n
Ilogenus ofe wacTH nNOCJAEAHEr0 HepaBEHCTBA Ha [2 (a;: +

' i=1

p—l
+ bi)”] P,  HOJy4YMM HOKa3biBaeMoOe HepaBeHCTBO.

4. Hepasencrso TI'€abaepa ans wuurerpanos. Ilycts f(x) u
g(x) — nBe NpOW3BOJbHbIE HHTErpHpyembie Ha cerMenre [a, b]
YHKIHH, IYCTb p M ¢ — [Ba YHCJa, IPEBOCXOAfIINE EAHHHIY, H

1/p+1/g=1. Torpa cnpaBenmuBo HepaBeHCTBo [ &éabjaepa
LISl HHTErpaljos

bf(x)g(x)dx < blf(x)l”dx””’ blg(x)l"dx e
) |

(Bce HalHCaHHbIe HHTerpaJibl CYUECTBYIOT B CHJY CJICACTBHA H3

v TeopeMbt 9.47).

* Tepman MuBKOBCKHET — HeMmeukuil mMateMaTHK H ¢usux (1864—1909).
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3aMeTHM, U4TO, KaK H B M. 2, JIOCTaTOYHO PaccMOTPeTb Clydah,
b

Korjna ( If(x)|Pdx<1m ‘glg(x)lqu<1, U J0Ka3aTh HepaBeH-

a

CTBO Hf(x)g(x) dxl < 1. 3anunieM HepaBeHCTBO IOnra B Jaw0boi

touke x aas ¢ymkumit |f(x)| u |g(x)|. Tomyuum

1 1
I (x)] lg(x)l’<7|f(x)l”+—q—|g(x)l"-
Hurezpupys 310 HepasencT80, NOAYHUM

b
(1f@1 1g1de <,

HO, COTJiaCHO CBOHCTBY A) m. 2 § 4

b b
| {f ) g@de| < {17 ()1 1g@)ldx.

ITosToMy AoKazaTesbCTBO 3aBeplIEHO.
Kak u npwu BHBOJ HEDAaBeHCTBA I'énpmepa past cymm, Mut

npenoJaraj, 4To jlf(x)ldx #0 n glg(x)ldxqeo B nmporuBHOM

a

| ciIyYae HEPaBEHCTBO oqu}mHo
3ameuanue B cayuae p=2, g=2 mnepasencrso I'énpiepa

npespaujaerca 6 uepaaencreo
b
Uf(x)g () dx| < (5|f<x)|2dx)”"’ (1 (12 dx)™,

KOTOpoe HasuBaeTci HepaBeHCTBOM Komu—ByHsakos-
CKOro AJS HHTErpaJos.

5. HepaBenctBo MuHKOBCKOro pjg unrerpanos. [Iycre f(x) u
g(x) — aobuie Ose HeoTpuyaTeAsbHble U UHTezpUpYeMsle Ha Cee-
menre [a, b] ¢pynkyuu u wucao p>1. Toeda cnpasediuso H e-
pasencrso Munkosckozo daa unTezpaasos

b .
{ f )+ ) < [( 0 )+ j & (x)dx)'".

SameTnM 4TO COIJIaCHO CJIEJCTBHIO H3 TeopeMmhbl 9.4’ Bce NOAbIHTE-

rpajpHble QYHKLHH HHTETPHPYEMBL.
HokasartenbcTBo. TOUHO TaK XKe, KAK M IPH HOKA3aTelb-

CTBE€ HepaBCHCTBA Mungosckoro pns CYMM, 3allHHIEM paBeHCTBO
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]
[ () + g0y de=

b
= (16 (F () +g (P dx+ j g9 (9 + g ()" d.

[lasee npEMeHseM K HHTETpaJjaM, CTOSILIUM CIIpaBa, HepaBEHCTBO:
lénbaepa u, KaK ¥ B 1. 3, NOJYyYaeM [0Ka3aTeJbCTBO.

[To MHAVKUMM MOXHO JOKa3aTb H Gojee oOlliee HepaBeHCTBO:
ais ¢yHxrumi fi(x), fo(x),...,fn(X), HEOTPHLATEIBHEIX H HHTErpH-
pyeMHIX Ha cerMmeHre [a, b]: :

{f (@) +f2 )+ ... +f, (%)) dx}”” <

_(f”(x)dx”"’ ff (x) dx)'""+ .. +(_’ffﬁ(x)dx)”".

§ 7. JONOJIHUTEJNbHBIE CBELEHHSA OB
ONPEJEJEHHOM MHTETPAJIE PUMAHA

1. Mpepen uuTErpanbHpix cyMm no Gasucy ¢uanTpa. Paccmor-
pHUM MHOXKeCTBO Bcex pasbuenuil {xz} cermenra [a, b]. O6o3Haunm
3TO MHOXECTBO * BCEBO3MOXKHBIX pas3bueHuit cumBojsiom P*. Kax-
noMy (uKCHpOBaHHOMY pasbueHnio {xz}=P* orBewaer HeKoTOpas
uHTerpajbHas cymma o. Takum o6pas3oM, mnojyuaercd orobpaxe-
HHe MHOXeCTBa pa30HeHHil B MHOXKECTBO MHTErpPaJbHBIX CYyMM. BhI--
6epeM B P* 6asuc ¢uabrpa (6aszy) B*={B;*} c snemenramu

Be*={{xn}=P* : d<8}.

Sra 3anuch 03Hauaer: sjeMeHT B,* ectb pasbueHne {xp} ¢ pmamer-
pom d, menbwuM 6. Becrnomunas obuiee onpejeseHHe mpejena Mo
6ase (6asucy ¢uabTpa), MBl MOXKEM 3aIHCaTh, YTO

b
S f(x) dx=lima,
P4 d—0

rle npefies O3Hauaer Npefes] YHCIOBOH QYHKUHH O (MHTErpaJbHOR
CyMMBI ¢yuxkumn f(x)) 1o Gasncy ¢uabrpa (d-0). B cuay
CBOHCTB mpefiesia O 6a3e TAKOH NpPefes SIBJSIETCH €XHHCTBEHHBIM.
slcHo, uTO BCe TEOPEMB NPENMAYLIMX Naparpados, rjie HCHOMb30-
BaJics TIpefiesi CYMM NIPH CTPEeMJIeHHH AHaMeTpa PasOHeHHl K HyJo,

* Tlpeanosiaraercs, YT0 KaXIOMy DasOHEHHIO OTBEYAET H HEKOTOPHIA  BHGOD.
NPOMEKYTOUHEIX TOYEK.
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MOXKHO C(pOpPMYJNHPOBATh, HCIOJb3Ys MNMOHATHE Npexesia 1o Gasucy
puabTpa.

2. Kpurepnit wnrerpupyemocru JleGera. ByneMm roBoputh, uTO
MHOXKecTBO A TOYeK cermeHTta [a, b] umMeeT Mepy HYIb, ecan
st Jo6oro €>0 MOXKHO yKasaTh He Gojiee YeM CUETHYIO CHCTeMY
HHTCPBAJOB, NOKPHIBAIINYI0 BCE TOYKH MHOXeCTBa A M HMEWIIYO
CYyMMY IJHUH, He O6OJbLIYIO 4eM & 3aMETHM, YTO YHCJIO HHTEDBAJOB
MOXeT OBITb H GECKOHEUHBIM, OJHAKO OHH MMEIOT JJHHBLL G, TaKHe,
4TO ecau

S,=a;+a,+...+a, 10 limS,=1< &.
n—»o

B rteopun, mayuamwmieil Mepy MHOXKECTB, JOKa3hIBaercs CJepylo-
UIMA KDUTEpUH MHTerpHpyeMocTH (yHKUHM f(X) Ha cermeHre [a,
b} no Pumany.

Teopema 96 (kpurepuit Jlebera). Jan To2o0 uro6bl
oepanudennans Ha cezmenre la, b] ¢ynkyus f(x) Ovira unTE2pU-
pyemoit no Pumany Ha 3Tom ceemenre, Heo6x00uMo 1 AOCTATOUHO,
4T00bL MHOMECTB0 TOHEK paspulea ITOU (PYHKYuu umero mepy
HYAb.

JoxasarenbCcTBO 3TOH TeOpeMbl MOXKHO HalTH B KHHre
B. A. Vabuua, 3. T. Iosuska «OCHOBE MaTeMaTHUYECKOTO aHaJH-
3a», 11, c¢. 265—266.

AONOJHEHHE 1
HECOBCTBEHHBIE HHTETPAJIbI

HsyyenHoe B 1. 9 NOHATHE OIpefeNeHHOrO HHTrerpaja Pumana
‘«CYLIECTBEHHO HCIIOJIb30BaJO JBa o6crositesibeTBa: 1) ToT daxkr, uro
JIPOMEXKYTOK [a, b], mo KoTopoMy TpeGyercss MpOH3BECTH HHTErPHPO-
BaHHe, sBJAseTCI KOHeYHB M; 2) ToT $akT, 4To NOAbIHTErpasbHas
-QYHKIMA f(x) SIBJSIETCS HAa PAcCMaTPUBAeMOM INIPOMEXYTKe OTpa-
HHUYEHHOH.

B HacrosueM nonosHeHHn 6yneT AaHO 06OGIeHHE MOHATHS OIpe-
JeJeHHOro uHTerpasa Pumana Ha ABa cayuas: 1) Ha cayuaii, Koraa
NPOMEXYTOK, MO KOTOPDOMY TpeOyeTcss IPOH3BECTH HHTEPUPOBaHHE,
ABJsgeTcs GeCKOHEeUHH M ™, 2) Ha cayyall, XOrga NOABLIHTErpaJb-
Hasi QyHKUHA f(x) sABAsieTCA HEOTDAaHHUYEHHON B OKPECTHOCTH
HEKOTOPHIX TOYEK 06JaCTH HHTEI'DHPOBAHHS.

Bosuukaroniee npun TakoM OGOOIIEHHH NOHSITHE WHTErpaia NPUHS-
'TO Ha3blBaTb HeCOGCTBEHHBIM HHTErpajioM COOTBETCTBEHHO IepBOro
HJIH BTOPOTO poja.

* T. e. npeacTaBisieT cOGO MOAYNPAMYIO HJIH BCIO GECKOHEUHYIO NPSMYIO.
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§ 1. HecobcTsennbie unTeepansl nepsozo poda

1. TMonsaTHe HecoGCTBEHHOro0 MHTerpaja mepBoro poxa. [lepenecem:
[IOHATHE ONpPefeJEeHHOro HHTerpasia Ha ciayda#, Korja obaactb, 1Mo KO-
TOpO# TNPOM3BOAUTCS HHTErpUpOBaHHe, siBasercss OGeckoneunoil. Ha
npAMoll —oo<x<{-+oo CcymecTByer TPH THIA OECKOHEUHHIX CBSI3HLIX.
3aMKHYTBIX MHOXeCTB: 1) noaynpsimas a<cx<--o0o; 2) moaymnpsimast
—oo< x<b; 3) Best GeckoHeuHas mpsiMasi —oo < x< 400,

Pajau onpeeNeHHOCTH PacCMOTPHM MOAPOOHO NepBOe H3 YKa3aH--
HBEIX MHOXKECTB, T. €. NOJYNPAMYI asix<-}oo.

IIpennonoxuM, yto GyHKUHSA f(x) ompemeneHa Ha HOJYNPAMOH:
a<<x<-+oo u uto masi qo6oro uncna A, ynosiaerBopsiouiero HepaBen-

cTBY AZ>q, cyllecTByeT OonpefeseHHBIN uHTerpan Pumana ff(x) dx..
a

DTOT onpene/eHHbIA HHTErpas Mbl 0603HAYUM CHMBOJIOM
A
FA)= gf(x) dx. (9.1.1)

EcrecTBeHHO, BO3HHKAeT BONPOC O CYHIECTBOBAHHH mpejena (QyHK--
unu F(A) npu A—-+ o0

A
lim F (4) = lim Sf(x)dx.‘ (9.1.2)
A-+to0 A—>+cua

Onpenenenue. IIpeden (9.1.2) 8 cayuae, ecau on cywecrsyer,
HAa36l80eTC HECOGCTBEHHBIM WUHTE2PAAOM nepeoeo:

poda or ¢yuxkyuu f(x) no noaynpamoid [a, +oo) u obosrawaercs
CUMBOAOM

+ o
[ () dx. (9.1.3)

Ilpu arom eosopar, 4ro HecobGcréennoui unrezpas (9.1.3) cxo-
ourcsa, u nuWYT PasencTso ‘

+e ) A
{ f(x)dx *—'Al_)x_’l’_l'tln g f(x)dx.

BrnpoueM, cumsor (9.1.3) ynorpebasror u 8 cayuae, eciu Yykas3an--
Hoeo suiuie npedesa (9.1.2) ne cywecrsyer, Ho 8 3TOM CAY4ae 2060~
pAart, 4ro necobcreennsiil unreepas (9.1.3) pacxodurca.

CoBeplUIeHHO aHAJOTHYHO ONpelesioTCss HeCOOCTBEeHHBIE HHTerpa--
Jbl 10 TMOJynpsaMoii —oo<x<b u mo Bcelt GeCKOHeuHOH mpsiMol:
—oo < x< 400,
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[lepBrifi K3 3THX HHTErpajoB  ONpeleNsercsi Kak Ipeael
b : b

hm ‘.f(x) dx u 0603Hayuaercst CHMBOJIOM J'f(x) dx.
—— 2 2
Uto e Kacaercsi HHTErpasa Sf(x) dx, To OH ompeaensercs Kak
—0
fnpenen
AII

TPH He3aBHCHMOM Apyr or apyra crpemieruu A’ k —oo u A”
K oo,

M3 3THX ompefeNeHHHl ciaefyer, 4TO €CJIM AJs HEKOTOPOro BeliecT-
BEHHOTO THCJA 0 CXOAHTCH KaX[Ibl# H3 HeCOGCTBEHHBIX HHTErpasoB

jf(x)dx u )f(x)dx TO CXOAHTCS H HecOOCTBeHHHIH HHTerpasn

‘g'f(x) dx, npuHYeM CIpaBe[JIHBO PaBEHCTBO

+o0 a} “+©
(F@de= | Fo)det [ F(x)dx.
—0 -0 a
EameTuM elle, 4YTO €CJAH CXOHHUTCH HeCOGCTBEHHBIH HHTErpas
=]
5 f(x)dx u b— n06oe umcnO, MpeBOCXOAsLIEE @, TO CXOMHUTCH H -
a .

+o
HecOGCTBEHHBIH HHTErpaJ S'f (¥)dx, npuuem jf (x)dx = S‘f (x)dx+

+o

+ _(f(x) dx. D10 yTBepXKJeHHE HENOCPEeJCTBEHHO BbITEKaeT H3 OIlpe-
) .

JleJIeHus CXOAUMOCTH HeCOOCTBEHHOTO HHTErpaJa.
[Mpumepw. 1) HMsyuum Bompoc 0 CXOZHUMOCTH HECOOCTBEHHOrO
MHTErpaJa

B
b 1 —l— X2
ITockoabKy GYHKIHSA f(x)=~—l—2 npu Jgio6om A>0 HHTErpH-
X
pyema Ha cermenre [0, A], npuuem ans Hee
A
F(4) =S-%— = arctg x|§ = arctg A,
0
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limF (4) = limarctg A = n/2.
A9} At

o dx
TToatomMy HecOOGCTBEHHHIH HHTErpas s‘ﬁ CXOOHUTCA U AJS
X

+ oo
Hero CrnpaseaJIMBO paBEHCTBO S

2) Hayuum Bompoc O CXOZAMMOCTH HecOOCTBEHHOr0 HHTerpaJa

- -]
dx

ST' rge a u A — HpOHSBOJlebIe BeEHICCTBEHHBIE YHCJIA, nepBoe
X

a
M3 KOTOPHIX NMOJOXKHTeJbHO (a>0).

Tak kak o¢yHKuus f(x)=1/x* npu m6om A>0 uHTerpHpyeMa
Ha cermenre [a, A], npHuem
A
1—4

A A=A __ l—h
s 1—A

npu A1,

CNES

To mpu A>1 npenen F(A) npu A—- oo cymecTByeT U paBeH

A—1"
a npyu A<1 yKasaHHBIH IIpefieJl He CyIeCTBYET.
4o
o dx
Takum ob6pas3om, npu A>1 HecoOGCTBeHHBII HMHTErpas Y_’v-
. X
a
a—> o
CXOZMTCA U paBeH ——, @ NPH A<1 HecoGCTBeHHBIH MHTerpalg

—+

dx

—&  DAacXOmHTCA.
a

2. Kputepuit Komm cxoauMoCTH HecOGCTBEHHOrO HHTErpajga mep-
BOro popa. Jlocrarounbie MPU3HAKH CXOOMMOCTH. Bompoc o cxoxu-
MOCTH HecOOCTBEHHOro HHTerpajga 1-ro poia 5KBHBaJeHTEH BONPOCY O

A

CYLLeCTBOBAaHHH IpelesJbHOro 3HaueHus QpyHkuuu F(4)= S'f(x)dx
6

npu A--+oo, Kaxk H3BecTHO ™, gjs CyIIeCTBOBAaHHS Ipe/eb-

Horo 3HaueHHs ¢yHKnMH F(A) npu A—>-4oo Heo6X0AMMO H jocC-

TaTOYHO, YTOGH OHA YIOBJETBOpAJA cJjelyiolieMy YcJjoBHio Komn:

Aas goboro £>0 MOXKHO YKasaTh Takoe B>a, uro and  Jw00BX

Ay u Ay, npeBOCXOAAMUX B, BHINOIHAETCH HEPABEHCTBO

*Ta 3, § 4, 3
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4,
IF (4)—F (4)| =| [ f(m)dx|<e.
4

Taxkum o06pas3oM, cnpaBeAJHBO CJACAYIOLHEee YTBEPIKACHHE.

YrBepxpaenune 1 (kpurTepu#ti Komum CXOZHMOCTH
HecoGcTBeHHOTO HHTerpausa). [Jas cxodumoctu Hecob-
crsennozo unreepara (9.1.3) HeoOxodumo u docraroxno, 4Tobs. Oas
a106020 £>0 moxcHo Gvlao ykasare Taxoe B>a, uro das awboix A,
u Ay, npesocxodawux B,

4
H f(x) dx|< E.
Ay

3ameuanue. OTMeTHM, YTO M3 CXOJAHMOCTH HecOGCTBEHHOrO

HHTErpaJja He BbITEKAeT Jaxe OrPAaHMYCHHOCTb IOJbIHTErDaJ/bHOM
oo

¢ynkuuu. HanpuMep, HHTErpan ff(x) dx, rpe ¢yHruus f(x) pas-
: 0

Ha HYyJIO JJIs1 BCeX HEleJblX X U paBHa 7 NPH x=n, TAe n — LeJoe
YHCJIO, OYEBHJHO, CXOZHUTCS, XOTSt INOABIHTErpajbras (YHKUHA He
OrpaHHYeHa.

[Tockoabky Kputepuit KomH Mano yaob6eH Ajid NPakKTHYECKHX NPH-
MeHEHHH, HesecoobpasHo yKas3aTbh pasJIHYHblE AOCTATOYHHIE NPH3HAKK
CXOZMMOCTH HeCOGCTBEHHBIX HHTETPaJioB.

B panbuefimeMm mol sce spems 6ydem cuuraTs, 4ro ¢ynxyus f(x)
sadana Ha rzoﬂynpﬂm?qd a<x<+oo u 0asn aobozo A>a cywecrsyer

06blunbll URTE2PAN S'f(x) dx.
a
JlokaxkeMm cieayiollee yTBepKACHHE.
YrBepxpgesue 2 (ob6uuiA NpPH3HAK CPABHEHHUA).
Ilycto Ha noaynpamoit a<x<—+ oo

[f(x¥)]<g(x). (9.1.4)
+o0 /
Toeda uz cxodumocTu uHTe2pPALQ j' g(x)dx  seirexaer cxodumocTe

a

“+o0
uHTezpara g f(x)dx.

a

o0
HokxasarenbctBo. Ilycts j g(x)dx  cxopurea. - Toraa,

a
coraacHo kpurepuio Kow, mast nw6oro e>0 Halizercs Takoe B>a,
yro misi mobux A, >B u Ay;>B BHIOJHAETCS HepaBEHCTBO

ﬁ"g(x) dx| <e. (9.1.5)
A

1



Hononuenne 1. § 1 375

Coraacho N3BECTHBIM HCPABEHCTBAM IS WHTEPANOB H HeDABEHCTBY
(9.1.4) nmoayuum l Y f(x) dx ‘ \<5|f(x)|dx<5g(x) dx. Orcoma u u3
4, a, A

HepaBenctBa (9.1.5) BhiTekaer, yro aas aw06bx A,>B n A;>B cnpa-

BeJJINBO HEPaBEHCTBO ‘ Yf(x) dx|< e. CuenoBaTesbHO, HHTErpai
4

4o

5 f(x)dx  cxomures.

a

YTBepxaeHue 3 (4YacTHHH NpPpH3HaK CpPaBHEeHHS).
ITycto na noaynpamoii 0<a<x<+oo (pynsyusa f(x) ydosasersopser
cootrowenuo |f(x)|<c/x*, ede ¢ u b — nocroannsie, A>1. Tozda

+0
unTezpan j f(x)dx cxodurcs, Ecau oe cyujecT8yer Taxas nocro-

a
annag ¢>0, 410 Ha noaynpamoi 0<a<x<+oo cnpasediuso co-
-0
oTHouterue f(x)>c/x*, 8 kotopom h<l, 71O uUHTEZpAA jf(x) dx
a

pacxodurcs.

YTBepxKAeHHe 3TOH TeopeMbl BHITEKAET H3 YTBEpKAEHHs 2 W NpH-
Mepa, pPacCMOTPEHHOTO B INpEJABIAyIIeM NYHKTe (JOCTaTOYHO IOJIO-
KUTb g(x) =c/x).

CnenctBue (4acTHBA MNPH3HAK CpPAaBHEHHUS B
apenenbHolt popwme). Ecau npu A>1 cyuwecreyer xoHeurbiil

4o
apedea l_z'_rl_nl f(x)|x*=c, 710 unrezpas j f(x)dx  cxodurcs. Ecau
X 4]

a
e npu A<l cyujecreyer nososcurenrsnelli npedes limf(x) xP=c >
X—>-}o00

+ o
>0, ro unrezpan j f(x)dx pacxodurcs.
a

Y6enumcst B cIpaBeIIMBOCTH NepBOi YacTd caeAcTBHA. s 3TOro
3aMeTHM, YTO H3 CYIIECTBOBAHHSI Npefena HPH X— + 00 BBITEKAEeT
OTpaHHYEHHOCTh (yHKUHH |f(x) [x*, T. e. ¢ HEKOTOPOH MOCTOSTHHOM
€0>>0 BBHINONHAETCS HEpaBeHCTBO |f(X) | < Co/xh.

ITocne aToro nmpuMeHsieTcss nepBas yacth yTBepxieHus 3. Cmpa-
BEJJIHBOCTb BTOPOH HacTH CJEACTBHUS BBITEKAET U3 CJEAYIOUIMX pac-
cyxpaenul. Tak xak ¢>0, To MOXKHO yKasaTh CTOJIb MaJsoe £>0, 4TO
c—e>0. D1omy & orBeuaer Takoe B>0, uro npu x> B BHIOJHSETCA
HepaBeHCTBO c—e<f(x)x* (3TO HepaBEHCTBO CJeAyeT H3 Olpenee-
Hus npemena). Ilostomy f(x)>(c—e)/x*, u B 3TOM cCaydae jefi-
CTByeT BTOpas 4acTb YTBEPXKAEHHUS 3.

3. AGcoaloTHaa M YCJOBHAS CXOXMMOCTh HeCOOGCTBEHHBIX HHTErpa-
J0B. BBeneM moHsATHS a6CONIOTHOH H YCJOBHOH CXOIHMO-
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ctu uHTerpaaoB. [lyctb f(x) uHTerpupyemMa mno Ji060MYy CerMeHTy
[a, A] *.
00

Onpenenenne 1. Hecobcrsennoll uxreepan 5 f(x)dx  Ha-
a

3oi8aercs a6 COAOTHO cx00awumcs, ecau CXO0UTcs

-0
{17 ()1dx.

4]
Onpenenenue 2. Hecobcrsennoili unreepas ‘5 f(x)dx  na-
a
36l180ETCA YCAOBHO CXOOAUWUMCS, eCAU OH CXOOUTCA, G UH-

+o
Teepan 5 If(x)|dx  pacxodurcs.

a

3ameuanue Ilonoxus B yrBepxiennn 2 g(x)=|f(x)|, Mu
IOJYYHM, 4TO K3 abCOMIOTHOH CXOAHMOCTH HeCOGCTBEHHOTO HHTEerpafia
BHITEKAaeT ero CXOIHMOCTb.

OTMeTHM, YTO yTBEPXKAEHHS 2 M 3 IO3BOJAIOT YCTAHOBHTH JIHIIbL
a6GCOJIIOTHYIO CXOZUMOCTh HCCJefyeMbIX HeCOOCTBEHHBIX HHTErpaJios.

[lpuBeaeMm elle OAMH NMPH3HAK CXOAHMOCTH HECOGCTBEHHOTO HHTEr-
pana mepBOro pojAa, NPHIOAHBIA JJIt YCTAaHOBJEHHS H YCJOBHOH CXO-
JUMOCTH 3TOTO MHTErpaJa.

Vreepxnaeuune 4 (npusnak Jupuxae—AGeuns).
ITycte suinoanensl caedyoujue TPU YCAOBUA:

1) ¢ynxyus f(x) Henpepvisra na noaynpamol a<x<-+oo u ume-
eT Ha 3TOL NOAYNPAMOL o2panu4ennyio nepsoobpasnyro F(x) **;

2) ¢yukyus g(x) onpedesena u MOHOTOHHO He 603PACTAET Hit
noaynpamol a<x< +oo u umeer pagHelll  Hyao npeder npu
X—> 00, .

3) npoussoduas g'(x) Ppyuxyuu g(x) cyujecTeyer u HenpepoleHa
8 kaucdoil TouKe noaynpamol a<x< +oo. IIpu goinoAxeHuu 3TUX
Tpex YcA08Uil HecOOCTBEeHHbLL URTEZPAA

4o
[f® g ds (9.1.6)

cxo0urcs.
JlokasaTeabcTBO. Bocnonb3syemcs kpurepueM Komm cxo-
JNUMOCTH HecOGCTBEHHBIX HMHTerpajsioB. IlpeaBapuTe/ibHO NPOBEAEM

* Torga u ¢ynkuus |f(x)| uuTerpmpyema mo moGomy cermenry [a, A].
** 3Jro o3HayaeT, yro NepBooGpasHas F(x), KOTOPYIO MOXHO ONpeleluTb Kak

®

f(t)dt, ynmosmersopsier pis Bcex xz>a mepamexcty |F(x)|<CK, rae K — mno-

(e R

TOAHHASA.
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4 :
HHTErpHpPOBaHHE MO YaCTAM HHTErpa’ia Jf (¥)dx  Ha npou3BOJBLHOM

cermente [A;, Az], A:>A; noxynpamol a<x<+oo. [Nonyuum
jf(x)g(x)dx F(x)gl, §F(x)g (x)dx. (9:1.7)

ITo ycaoBuio Teopemm F(x) orpannuena: |F(x)|<K. Tak kak
g(x) He BO3pacTaer M CTPEMHTCS K HyJI0 HpH x—-+o0, To g(x)>0,
a g’'(x) <0. Takum oGpasoM, onennsaa (9.1.7), moayunm

A, Ae
| {10 g0 de| < Klg(A) +g (4] +K [ (—g' (1)) dx.
Ay ) Ay

Tak kKax uHTerpaj B NPaBOH YACTH 3TCTO  HEPABEHCTBA pPAaBeH
g(A)—g(As), To, OUEBUIHO,

A,
| 5 f (x) g (x) dx| < 2Kg (A)). (9.1.8)
A

Ucnonbayss 310 HepaBEHCTBO, HETPYLHO 3aBepIIUTb AOKA3aTEJIbCTBO
TeopeMul. IIycTb € — NPOM3BOJILHOE IIOJIOXKHTEJIbHOe uHca0. Tak
xakK g(x)—0 npu x—+00, To N0 NaHHOMY & MOXKHO BHOpaTh B Tak,
yto npu A;>B BumojHsAeTcs HepaBeHCTBO g(A;) <e/(2K). Orcmna
u u3 HepaBenctBa (9.1.8) cnenyer uTo M JI00nXx Ay u As, 66abIIHX

B, BHTOJHSETCS HEPaBEHCTBO ”f(x)g(x)dx|< €, KOTOpOE, cCor-

JIacHO Kpmepmo Koumn, rapaHTnpyeT cxoguMocte uHTerpasna (9.1.6).
. YTBepXKAeHHe JOKa3aHO.

3ameyanue. TpeGopanue 3) B yTBepmﬂ,eHnu 4 sgBasiercd
JHIIHAM M OOYCJOBJIEHO JHIIb METOJOM ROKa3aTelbCTBA  (XKeJa-
HHEM NPHMEHHTb (OPMYyJY HHTErPHPOBAHUA Mo yacTam). Has Toro
4yTOObl JOK23aTh yTBepXKJAeHHe 4 6e3 TpEGOBaHPIH 3), AOCTaTOYHO

NDUMEHHTh IJIsi OUEHKH HHTerpazia j‘f(x) g(x¥)dx Bropyio dopmy-

JIy CpefHero 3HayeHHs (CM. CBOPICTBO m 2 § 4 rn. 9). Ybenurech B
3TOM CaMH.
Ilpumep 1. PaccMoTpuM HHTErpan
o
5 1Y gx, @ > 0. (9.1.9)
X

1
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ITonaras f(x)=sinx, g(x)=1/x% nerko yOeAHTbCA UTO HJI%
3TOr0 HMHTErpajla BHINIOJHEHB BCE YCJAOBHS yTBepXKAeHHs 4. Ilostomy
uurerpan (9.1.9) cxomures *. N

o0

[ITpumep 2. Paccmorpum wuHrerpan Ppenens j sin x%dx.

. 0
Corsiacro 1. 1 3T0r0+lI-OH'OJIHeHI/IH Ero CXOAUMOCTb BHITEKAeT H3 CXO-
0 o®
IMMOCTH HHTErpaJa j' sin x%dx = stin xz—lx— dx. Tlonaras f(x)=
1 1
=xsinx?, g(x)=1/x, nerko y6equMcs, YTO BHIIOJHEHBl BCE YCJIOBHZ
yTBepxkaeHus 4. Ilosromy uHrerpan ®peHess CXOLUTCS.

4. 3aMeHa nepeMEHHbIX MOJ, 3HAKOM HeCOOCTBEHHOro HHTerpaJjga u
¢dopMysa MHTErPUPOBAHHS HO 4YacTAM. B 3TOM NyHKTe MBI CPOpMy-
JHPYEM YCJOBHS, NDH KOTOPBHIX AECHCTBYIOT (OPMYJH 3aMeHH Iiepe-
MEHHBIX ¥ HHTEIPHPOBAHHS MO YaCTAM IJs HeCOOCTBEHHHIX HHTErpa-
JIOB TepBOIO poja. PaccMOTpUM CHagaJla BONPOC O 3aMeHe Mepe-
MeHHOH mojJg 3HaAaKOM HecOGCTBEHHOTrOo HHTerpadJaa.

Mot 6ydem npednoaazats BbINOAHEHHGIMU CAeOyrowjue  YCAOBUS:

1) ¢ynxyus f(x) HenpepoisHa wa nosyocu a<x< - oo;

2) noayoce a<x<+o0o SABAAETCA MHONCECTBOM 3HAHEHUI HeKo-
TOPOU CTPO2O0 MOHOTOHHOU (pynxyuu x=g(t), 3adannoii Ha noasyocu
a<i<+4oo (usu —oo<t<a) u umerouweld nHa 3TOl NOAYOCU Henpe-
PbLBHYIO NPOU3BOOHYIO;

3) gla)=a.

IIpu atux ycaosuax uz cxo0uUmMocTu oduoao us caedyroujux Hecob-
CTBEHHbLX URTE2Pasos

+o + a
[Feyde [ fg@)g @ dt(nm — Sf (g®) g (t)df) (9.1.10

6olTEKAET CXOOUMOCTH OpYe020 U PABEHCTBO ITUX UHTE2PANo8.

ChopmynupoBaHHOE yTBepXKAEHHE YCTaHaBJHBAEGTCSH C IO-
MOILBIO C/ICAYIOUIHX PAcCyKAeHHH.

PaccmMoTpuM NPOM3BOJILHEIA CErMEHT [a, A]. Dromy cermeHTy
/OTBEYAeT, COIMJIACHO CTPOTOH MOHOTOHHOCTH (YHKUHH g (f), cerMeHT
[a, o] (uau [p, «]) ocu ¢ TaKOPI_ 4TO IIPH H3MEHEHHH Ha CErMeHTe
[a, p]] 3HaueHHs (QYHKUWM x=g(!) 3anonuswTr cermeHrt /[a, A], npu-
yeM g(p)=A. Taxum 06pasom, AJs YKa3aHHBIX CErMEHTOB BHIIOJHE-

11 T oy
* Tak kak |sinx]>sinx= - 9 €0s 2x ¥ HHTErpal o 1P 0<<a
i

+ o

cos 2x
pacxoaurca (cM. npumep 2 u3 n. 1 § 1), a unrerpan 5 Py dx cxopurcs (B

CHJly yTBEpPXKJeHHA 4 npu f(x)=co0s 2%, g(x)=1/(2x%)), To npn O0<a <1 uurerpan
(9.1.9) cxomuTcs ycJaOBHO.
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Hpl Bce yeaoBus I 3 § & rai. 9, npu koTopHiXx  geficTByer Qopmysia
3aMeHbl IepeMeHHOH MOJ 3HAaKOM onpejeseHHOro MHTrerpaJa. IlosTo-
My HMEET MeCTO PaBEHCTBO

‘ff(x) dx =jpf(g ) g ()t (mm = —ff(g(t))g' (B)dt). (9.1.11)
a )

a

B cuay CTPOroii MOHOTOHHOCTH ¢YyHKUMH x=g(f{), A—-+oo npu
p—-+oo H, obpaTHO, p—+oco npu A—>+oo (mam A—>+oo 1pH
p—>—0 u p—>—oo npu A-»-+o0). [Toaromy u3 ¢opmyas. (9.1.11)
BHITEKAeT CNpaBedJHBOCTh C(HOPMYJHPOBAHHOIO BHIlle YTBEPHKAEHHS.

[Tepefizem Temepb K Bonpocy 06 HHTErpHDPOBAHHH IO
4YacTAM HecCOOGCTBEeHHB X HHTErpajJoB MepBOro po-
Ia.

JlokaxeM caenyiolee

YrBepxnenue. Ilycre ¢pynkyuu u(x) u v(x) umeror Henpe-
polBHbLIE NPOU3BOOHbIE HO NOAYNPAMOL a<x<-+o0o U, Kpome TO20,
cyujecrsyer npedeavroe 3Hawerue limfu(x)v(x)]=L. IIpu aTux

X0

yca08uAXx U3 CXO00UMOCTU OOHO20 U3 UHTE2Pan08

+o0 o
Su(x)v’ (x)dx u S' v(x)u' (x)dx (9.1.12)

sbiTeKaer cX00UMOCT6 Opy2020 U3 3TUX UHTE2Pas08 W Ccnpasgediu-
80CT6 opmyrsl

-Tu (®)v' (x)dx=L—u(a)v (a)—T)v (x)u’ (x)dx. (9.1.13)

IOas nokasareabcTBa CcGHOPMYJHPOBAHHOTO YTBEPKJEHHS pac-
CMOTPHM IIPOM3BOJIbHBEIA cerMmeHT [a, A]. Ha stoM cermenre neit-
cTByeT OOGbIYHAsi (popMyJia HHTETPHPOBAHHA mO yacTsaM. [ToaTomy

4 a 4
5u (x) v’ (x) dx =[u (%) v (x)], —5 v(x)u (x)dx.

Tak kKak npu A->-+oo Bepaxende [u(x)v(x)]s.? crpemurcs X
L—u(a)v(a), T0 M3 mOCJeNHEro paBEHCTBA CJEAYyeT OJHOBpEMEHHAs
CXOZMMOCTb WJIH pacxoguMoctb uHTerpasoB (9.1.12) wu cnpaseniu-
BocTb ¢opmyart (9.1.13) B ciayyae cXOJUMOCTH OLHOTO M3 HHTerpa-
JgoB (9.1.12).

§ 2. HecobcTgerHble UHTe2pasbl 8TOPO2O POOQ

B stoM naparpacde Gyzner naHo oGoOlleHHe HOHATHS ONpejeseH-
HOTO HHTerpa/ja Ha cjyyall HeOrpaHHYeHHBIX (QyHKHHH.
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[Mycty Ha mosycermeHre :[a, b) 3anmana ¢yuxuus f(x). Touky b
Mbl GyAeM HasbBaThb 0C0 6 0#, ecan QyHKUHS He OrpaHHyeHa Ha
nosycermente [a, b), HO orpaHmueHa Ha Jwo60oM cermenre [a, b—a]
o>0, 3akioueHHOM B TMoJycermente [a, b). Bynem Takxke mpeamoJa-
raTh, 4TO Ha JOOOM TakoM cermente GpyHkuus f(x) unrerpupyema. Ilpu
HalluX NOPEJNOJIOKEHHsix Ha noiaycermenre (0, b—a) 3anaHa QyHK-

HUsl aprymeHTa o
- b—a

F (@) = S f(x)dx. -

I/IccneﬂyeM Bonpoc o] npaBOM npenene ¢yHkuud F (o) B TOUKe a=0:
S b—o ’

lim Sf (x) dx. (9.1.14)
a—>+0 4 .

Onpenenenue. Ilpaswui npedes (9.1.14) 8 caywae, ecau own
CyulecTayer, HABLIBAETCA HeCObCTBEeHHULM UHTE2PAAOM 8T O-
poeo. poda oT ¢pynkyuu f(x) no ceementy [a, b] u obosnauaercs
CUMBOAOM

b
(Fds. (9.1.15)

Ilpu srom ZOBOp}ZT 410 neco6cTaennuits untezpaa (9.1.15) cxodurca
b—a : -
u nuuyr pasencmo Sf( x)dxmllm j‘ f(x)dx.

CumBoa (9.1.15) ynorpeénmoT " B ciayuae, ecjau yKasaHHoro BBI
we npefena (9.1.14) He cylgcTByeT, HO B 3TOM cJydYae rOBOPST, YTO
necob6ctBeHHbIH nHTerpas (9.1.15) pacxodurcs.

3ameuaHue [lonsitue HecOGCTBEHHOTO HHTErpaja BTOPOTO
pojAa JIerKO NepeHOCHTCSl Ha cayyai, Koraa (yHKUHS f(x) HMeeT Ko-
HEeYHOE YHCJIO OCOOBIX TOYEK, R

IIpumep. PaccmorpuMm Ha noJgycermente [a, b) dyHKUMIO
f(x)=1/(b—x)* A>0. Scno, uro Toyka b sBAAeTcs 0CO6OH TOUKOH
Ana stoii ¢yukuuu. Kpome Ttoro, oueBHIHO, 4TO' (PYHKUHS HHTErpH-
pyema Ha Jo6om cermente [a, b—a], >0, npuuem ,

1-A b—o RN B W S U
T——— —— ] S e,
| A
J (b—x) —Inp—x) 5 *=In(0—a)—Ino npr A=1.
b—o d 1—%
OueBuaxo, npenen ml.ig]o X E_—J;)—,:CYHJ.%TBYGT u paBeg ,LI—‘E)A_

a
npu A<1 u He cymecTByeT npu A>1. CienoBaTesbHO, paccMaTpuBae-
MBIl HECOOCTBEHHBIH MHTErpaJs CXOAHTCs NpH n<l H | PAcXOJHTCS NPH
A>1.
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Cdopmyaupyem kpureputi Kowu CXOXUMOCTH HECOOCTBEHHOTO:
HHTerpasta BTOporo poia. Ilpu 3ToM ™Mbl OyAeM HpeAnosarark, 4YTo
dyukuus f(x) samama Ha momycermente [a, b) u b — ocobas Touka
3TOH (yHKUHH.

Yreepxpenne 5 (kpurtepuit Kommu). [as cxodumo-
cTu Hecobcreennoeo unrezpara eropozo poda (9.1.15) neobxodumo u
docrarouno, 4robot 0as a0b6oeo >0 mostHo 0610 yKasare TAKOE
§>0, 4ro dasa amoboix o/ u a”, yoosaersoparouux ycarosurw 0<a’ <
<a'<8, cnpasedauso HepaseHcTs0 ' :

lb-if‘”f(x) dx| < e.

b—a’

CrnpaBeAJHUBOCTb 3TOH TeOpeMBl BHITEKAae€T M3 TOTO, YTO NOHATHE
CXOAHMOCTH HHTerpaja N0 OIpeles]eHHI0 3KBHBAJEHTHO HNOHSTHIO CYy-
IIECTBOBAHUS TpelesbHOro 3HaueHusi ¢yHkinum F (o), BBeAeHHOH B:
Hauaje 3Toro HyHkra. Mul He 6yaeM noApo6GHO pas3sBUBATH TEODHIO He-
COOCTBEHHHIX HHTErpasioB BTOPOro pofa. DTo OODbACHAETCH TeM, UTO:
OCHOBHHE BHIBOAB U TeopeMbl INpeAblaynlero naparpada 6e3 Tpyna
mMoryT ObiThb MEPEHECEHB Ha CJay4all uyTerpaJsos Broporo pogma. Ilo-
3TOMY Mbl OTPaHHYHMMCS HEKOTODHIMH 3aMedYaHHu A M H.

1°. Tlpu HeKOTOpHIX OTPaHHYECHHAX HA NOABLIHTErpajbHble (QYHKUHI
WHTErpajbl BTOPOTO pOAa CBOAATCH K HHTErpajaM IepBOro poja..
HwmenHo: nyctb QyHKUHA f(X) HempepnBHAa Ha mosaycerMeHnrte [a, b) u
Il)) — ocobasi Touka 3To¥# (pyHKuMH. IIpu 3THX yCIOBHSIX B HHTErpafe
—Q
Xf(x) dx, a>0, MBI MOXKeM NpDOHM3BECTH CJeAyIOLIyI0 3aMeHy ne-
a

PEMEHHBIX:
' 1 dt 1 1
Xx=b—m—, dx=— —_—
> w o St<—
B pesysbrate 310 3aMEHBl NEPEMEHHBIX MBI II0JYYHM DaBEHCTBO
b—a 1/a 151
x)dx = b—— | —dt. .1.16
(fwar= | flo—| (9.1.16)
a. 1/(6—a)

b
[lycrs muTerpan Xf(x)dx CXOAMTCA, DTO O3HAyaer, UYTO CYIUECT-
a

b—a

Byer mnpemea lim ff(x)dx. O6pamasicb kK pasenctBy (9.1.16),.
a0 p4

MBIl BHJAHM, YTO CYILIECTBYET TaK¥Ke H npefes npu 1l/a—-+ oo Bripamxe-
Hus B npasoit yactu (9.1.16). Tem caMblM AOKa3aHa CXOAMMOCTb He-
COOCTBEHHOTO HHTErpaJja IepBOro poja
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1 1y 1
f (b———t-> —dt
1/(b—a)

b
M paBEHCTBO 3TOr0 HHTerpaja HHTerpajy 5' f(x)dx. OueBuaHo,

a
“CXOOHMOCTb TOJIBKO 4YTO YKa3aHHOro HeCcOOCTBEHHOT'O HHTErpaJsa nep-

b
TBOT0 POXa BJIEYET CXOJHMOCTh HHTerpaJa j'f(x) dx W paBeHCTBO

.9THX HHTerpaJoB. Mrak, u3 cxodumocru oaﬂgao U3 UHTEe2Paios
b +od '
Sf(x)dx u S f(b_-t‘—)_t‘;dt
a 1/(b—a

«caedyer cxo0umocTe Opyeo2o U PABEHCTB0O 3TUX UHTE2Panos.

2°. Ilns HecOOGCTBEHHBIX HMHTErpajioB BTOPOrO poja JIerko JOKashl-
"BAIOTCSA YTBEPMK/JEHHS, aHAJOTHYHBE YTBEPXKIEHHUSIM II. 2 NIpeAHAy-
‘mero naparpacga, KOTOpEe MOXKHO OOBbeIMHHTb OOLIMM HaMMEHOBa-
‘HHEM «IpH3HAaKH CpaBHeHHUA». OTMeTHM, 4TO BO Bcex ¢op-
MynupoBkax - ¢yHKuus f(x) paccMaTrpHBaeTcs Ha IIOJyCerMeHTe
[a, b), rie b — ocobasa ToYKa (YHKIUHH.

YacTHHA NpH3HaK cpaBHeHHUS Oyler HMeTb CJeLy-
JOWHUH BHA.

Ecaun |f(x) | <c(b—x)~, rae A<l, 10 HecOOGCTBEHHBIH HHTErpaJ
(9.1.15) cxonurcsa. Ecau xe f(x)>c(b—x), rae ¢>0 u A>1, T0
.Heco6crBeHHbllt uHTerpan (9.1.15) pacxoaurcsi. Jlokasare/bCTBO BbI-
“TeKaeT H3 OOWIEero IpH3HAKa CPaBHEHHsI W IpHUMepa, PacCMOTPEHHOrO
BhILIE. ‘

B nosuo#l aHajordu ¢ m. 4 mpexblAylero naparpaga s HecoO-
*CTBEHHBIX HMHTErpajioB BTOPOro poia (OpMyJIHPYIOTCSs THpPaBHJIA
‘MHTErpUPOBAHUA NIyTeM 3aMEHH NepeMEeHHOH M HH-
TEerpUpoOBaHHS NO HaCTAM. :

§ 3. I'rasHoe 3Ha4eHUe HECOOCTBEHHO20 UKTESPANA

Onpepnenenune. ITycre ¢yuxyus f(x) onpedesena na npamoil
—oo<Lx< +00 U uHTEZpUpYeMa HA KAWOOM CeeMeHTe, npuHadciexca-
Aem atoid npamol. bydem ezosopurs, uro ¢pyuxkyus f(x) uwnrteepu-

A

pyema no Kowu, ecau cywecreyer npedea  lim _f f(x)dx.
A—+4w T

3ror npedes moL 6yOem HA3bHIBATL 2AQABHLIM 3HAUEHUEM
.Hecobcreennozo unreepara ot ¢yukyuu f(x) (8 cmoicae Kowu) u
0603HauaTs cumsosom *

* V. p. — navajbHHIe OYKBH (paHmy3ckux cloB «Valeur principal», oGo3nauaio-
(IINX «TJIaBHOe 3Hayenue». IlomuepkHeM, YTO, B OTJHMYHME OT NOHATHS HECOGCTBEHHOTO
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+o A
V.p. —Swf(x)dszl_ﬁlm JAf(x)dx.

[Ipumep 1. Haiinem riaBHOe 3HaUeHHe HHTerpasna OT (QyHKIHW
x. TTockOJMBKY B CHJY HEUYETHOCTH X,

A 4o
S xdx =0, To V. p. j xdx =0.
—A —®

+w
TouHO TaK Ke 3aKJjawyaeM, 4to V. p. j' sinx dx = 0.
-0
CrnpaBeJIHBO CleAyoulee
VYrBepxaenue. Ilycre ¢ynrxyus f(x) unreepupyema Ha xas--
dom ceemente npamoi —oo<x<+oo. Ecau ara yuxyus f(x) wHe--
4eTHQ, TO OHA uHTeepupyema no Kowuw u ezrasroe 3Hauenue uxres-
paisa OT Hee PABHAETCA HYArO.
Ecau ¢pynxyus f(x) uerna, o ona unrezpupyema no Kowwu Toeda:
u T046KO0 TO20a, K020a cx00UTCS HecOOCTBeHHbLY URTe2pal
+
j f (x)dx. (9.1.17)s

0

HepBaﬂ YacTb 3TOTO YTBEPKACHUA ABJSAECTCA OUEBUAHOM. I[JIH JO-
KasaTenbCTBa BTOpOl';l YacTH AOCTATOWHO BOCIOJIb30BATHCA PABEHCTBOM:

A A
f f(x)dx = 2.5' f(x)dx, CIpaBeJIMBBIM 151 J1I060# uyeTHOH (YHK--
A 0

UMM, H OIpefeJeHHEeM CXOAHMOCTH  HECOOCTBEHHOTO  HHTerpana:
(9.1.17).

ITonsitne uurerpupyemoctu 1o Komwn MOXHO BBeCTH W JAsI Hecol-:
CTBEHHBHIX HHTErpajioB BTOPOTO poja B cJayuae, xorpa ocobas Touka:
sIBJIsieTCsT BHYTPEHHeH TOYKOH CerMeHTa, IO KOTOPOMY IPOHM3BOJHTCS:
HHTErpHpPOBaHHE.

Onpenenenne. Ilycre ¢ynxkyus f(x) onpedesena Ha cee-
meure [a, b], kpome, 6viT6 modeT, ToUKU ¢, a<c<b, u unreepupye-
Ma Ha aobom ceemenre, npunadaencauem aubo [a, c), aubo (c, b].
Bydem 2080purs, uro ¢yuxyus f(x) unrezpipyema no Koww, ecau:
cyusecrsyer npeden

o0 AII
HHTerpana j' f (x)dx, onpenensieMoro xax npepei lim j f(x)dx  npu
e A=, A"t o 2

HesaBHcuUMOM crpemaenny A’ Kk —oo, A” x +o0o, uurerpan no Kouwwn onpenesns--
e'l:;lﬂ Kak npejen npH A->+oo HHTerpajJa B CHMMETDHUHHB X  Ipeieiax.

5‘ F(x)dx.

~a
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c—0o b

1im(§ f(x) dx + y f(x)dx)=v.p.ff(x)dx, a>0,
a c+a a

a—->-+}+0

Ha3blBAEMBLL 2AABHbLLM 3HAYEHUEM UHTE2PAAQ B8 CMbiCAe
Kowwu. ,

Npumep 2. ®yukuua 1/(x—c) He uHTerpHpyeMa Ha CerMeHTe
[a, b], a<c<b, B HeCOGCTBEHHOM CMBbIC/IE, ONHAKO OHA HHTErpHpye-
Ma no Komu. [pu atom

b c—o b
v.p.j'-—df—z lim (S x4 f dx )=ln b—c
X—C a—-4-0 X—C X—cC c—a
a

a et

JAOIOJIHEHHUE 2
Hurerpaa Cruatbeca *

ITonsitne uuterpana CruiTbeca sBJSETCS HENOCPEACTBEHHHIM
o606uieHHeM IMOHATHA HHTEerpajga PumaHa, INOCTPOEHHIO KOTOPOro
6pl1a mocBsimieHa ra. 9. B HacTofleM JAONOJNHEHHH MBI NPHBENEM
OCHOBHBIE cBeJeHHs 06 uHTerpaje CrHiThECa.

1. Onpenenenue unterpada CTHATbeca M YCJOBHUSI €T0 CYHIECT-
BoBanusi. Ilonstve unTerpana CTHaTheca peajusyeT KHIEI0 HHTEr-
pupoBanug QYHKUMH f(X) OTHOCHTEJbHO APYyro# (pyHKuHH u(x).

[Tyctp ¢yHRUME f(x) ¥ u(x) ompenejeHn M OrpaHMYeHH Ha
cermedTte [a, b] u {xz} — pasbueHue aTOro cerMenra **:

a=x0<X1<...<xi1 <% <...<xn=b.
CymMmy BHIA
o= (&1) [u(x:)—u(xo) ] +...+ [ (&) [w(x:) —u (1) ] +

...+f(§n)‘[u(xn)_u(xﬂ—l) ] ’

THe X <E&i<x;, i{=1, 2,.,n, Ha3pBalOT HHTETrpaJbHOH
cymMmmoii CruarTbeca.
Uucno I naswiBaloT npepesoM HHTerpasbHeiXx cymm (9.2.1)

npu max Ax,—0, ecau pas gioboro £>0 uafimercs §>0 Takoe,
ILign

uto npu max Ax; < & chpaBemsuHBO HepaBeHCTBO |o—I|<e.
1<ign
Onpenenenne. PDyukyus f(x) naseisaercs uHnTe2pu-
pyemoii no ¢pynkyuu u(x) na ceemenre [a, b], ecau cy-
ujecTsyer KoHeunwili npedea uurezpasshely cymm {(9.2.1) npu

max Ax;, —0. Yxasannell npedes Ha3v180€TCS UHKHTEEZPAAOM
Igi<n

T(0.2.1)

* T. CTuatbec — roJaHAcKui MaTemaTtuk (1856—1894).
** Mbl npeanogaraeM, uro a<<h. Cayuaii a>b cBoAuTCA K PacCMaTpPHBAEMOMY.
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Cruastveca (usu unreeparom Pumana—Cruarsveca) OT QyHk-
yuu f(x) no ¢ynxyut u(x) Ha ceemenre [a, b] u obosnauaercs

CUMBOAOM
b

= j f (%) du (x). (9.2.2)

OYHKIHIO 4(X) HHOTJAa Has3plBAIOT HHTETrpHUpYylOLLER
GyHKUHEH

T. CrunTthec mpHilesa K ujiee TaKOoro HHTerpaja, paccMaTpuBast
NOJIOKHTEJAbHOE «paclipefesieHHe Macc» Ha NpSIMOH, 3aJaHHOE BO3-
pacrawomed QyHkuMeHd u#(x), TOYKH paspeiBa KOTOPOH COOTBET-
CTBYIOT MAaccCaM, «CKOHIEHTPHPOBAHHBIM B OJHOH TOUYKe>.

Huterpas Pumana npexcraBsser co60H 4acTHRIE ciaydail HH-
terpajsa CTHATbeca, KOrJa B KayecTBe HHTErPHPYIOLIEH (YHKUUH
B3dTa (PYHKLMS X+, TAe ¢c=const.

YKaxeMm pad ycaosuil cyujecreosan us uxreepara Crua-
Toeca (T. e. ycaoBMH, KorAa ¢yHkuus [(x) HHTerpupyema mo
(yHKIHY u(x)).

[IpeanosioxkuM, yTO HHTerpupylomias (QyHKUHS u#(x) sABJIsSETCA
BospacTtatmeid Orciofa caenyer, 4T0, TOCKOJBKY a=
X< <. <X <X <..<Xn=b, Bce Au(x;)=u(x;)—u(xi1)>0.
IT0 1mo3BOJsET, 3aMeHAss Ax; Ha Au(x;), NOBTOPUTb NOYTH BCE MO-
CTPOEHHS, IPOBOAUMBIC AJst MHTerpasa Pumana.

Anasoruuso cymmam Jlap6y A/s o6bluHOrO uHTerpasa Pumana
BBOAATCA BepXHAS H HHXHAS cyMMbl Ilap6y—Cruarseca

S= i M, [u(x) —u(xi—1)], s= 2 m; [u(x) —u(xi—)],  (9.2.3)

i=l

rage M; H m; — TOYHBle BeDXHAS H HHXKHfAA rpaHd QyHkuuH f(x)
Ha CerMeHTe [Xiy, Xi].

Cymmer (9.2.3) Ha3618a10TCA COOTBETCTBEHHO BepXHel U
nuxcneid cymmanmu Japby—Cruarseca.

Kak u B cayvae cymm [ap6y (T. e. B IpocTefiuiem ciayyae
u(x)=x+c, c=const) npu OZHOM H TOM e pasGHEHHH BBIIOJ-
HEHBl HEpPAaBeHCTBA S<O0<S, TpuueM S U S CaAyXKaT TOYHHIMH
TPaHsAMHM JJif CTHJTHECOBBHIX CYMM O, OTBEYAIOIHX BCEBO3MOMKHBIM
BEIGOpaM IPOMEKYTOYHBIX TOYEK §; HA UYACTHYHBIX CErMEHTax.

CyMMmbl ,U,ap6y—Cmmbeca obnanaT (Kak ¥ B IpoCTeiiueM
cjyyae) CBOHCTBaMH:

a) ecau K umeroujumcs Toukam pasbuenus 0dobasuTs Hogele
TouKu, TO HUxCHAL cymma Hapby—CTuaToeca MOXcET OT 3TO20
AUULL 803PACTU, @ BEPXHAS CYMMQ — AUULL YMEHOULUTHCS,;

6) kanldan uuscnas cymma Japby—CTuaTbeca He npesocxo-
our ar6oil sepxuell cymmol, oTseqarowjerl Tomy e Uil Opyaomy
pasbuenuro ceemenra [a, b].

13 3ak. 72
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AHanoOrHYHO TOMY, KaK 5TO CHEJaHO TIPH IOCTPOEHHH HHTErpa-.
Ja PuMaHa, BBOJASATCA BeDXHHH M HHXHHH HHrerpann ap6y—
Cruarbeca:

I*=inf{S}, I,=sup{s},

rjie HIXKHAST M BePXHss TrpaHH OepyTcsl [0 BCEBO3MOKHHIM pasbue-
HHSIM cerMeHTa [a, b].

Jlerko mpoBepHTb, 4TO CNPaBENJIHBE COOTHOIUEHHS
s<l.<I*<S.

Touyno Tak Xe, Kak u B ClIydae OOHYHOro HHTerpaia Pumana,
B cJiyyae uHTerpana CruiTheca [0Ka3hiBaeTCH, 4YTO BEPXHHMH
unterpan Jdap6y—Cruntbeca siBAsieTcss NpeeNOM BEPXHHX CyMM S
NpH CTPEMJIEHHH JAHaMeTpa pa3bueHHi K HyJ10. AHAJOrHYHO HHXK-
Huii uHTerpan Jap6y—CTuiatheca ecTb mpefiesi HHXHHX CYMM S
(em. m. 2, § 2, ocHoBHylO JeMMmy [dap6y).

CdhopmynHpyeM Tenepb TeopeMy, KoTopas sB/AfeTcH o6o6uie-
H¥eM OCHOBHOH TeopeMsl 1. 1 § 3 u cmpaBemsuBa B cayuae HHTEr-
pana Pumana—Crtuareeca.

-OcHoBHas Teopewma. [aa 1020 4TO06BL OCPAHUYEHHAS
Ha ceemente [a, b] (a<b) pynxyus f(x) 6vira unreepupyemoll Ha
aTom ceemenTe no eo3pacraroueli pyuxyuu u(x), Heobxodumo w
doctato4no, 4Tober 0aa at06020 £>0 Hawiocb Takoe pasbuexue
{x+} ceemenra [a, b], 0aa KoTopozo S—s<e.

HokasartesibcTBO 3TOH TeopeMbl (Kak, BIPOYEM, M JAPYTHX YIO-
MSIHYTHIX Bhille (PAKTOB M CBOACTB) SIBJSIETCS AOCJAOBHBIM IIOBTO-
peHHEeM pacCyKAeHHH, NPOBEJEHHBIX JJIsi HHTerpajia Pumana.

YKaxeMm Tenepb HEKOTOpPHE KJACCHl HHTETPUPYEeMBIX 1o Puma-
Hy — CTuaTheCY OYHKUH.

1. Ecau ¢ynxyus f(x) nenpepoisna, a u(x) eoapacraer na cee-

Mmente [a, b], To unreepar Crusrveca ;f(x)du(x) cyujecrsyer.

a
JokazaTesabcTBO 3TOro (PakTa MOJHOCTHIO AHAJNOTHYHO HOKa3a-
TeJbCcTBY TeopeMnt 9.1 (cm. m. 2 § 3).

3amMeuanue. YKasaHHBH Bblllle (aKT COpaBeiJHB 4 B
TOM cjayuae, Korga GyHKUHA #(x) sBiasercs GyHKIHeA OTrp aHHU-
YeHHo#H Bapuaunuu* Tax HaswBawTca GyHKuMH u(x), ompe-

JesieHHBle Ha cerMente [a, b], a<b u o6najawliue TeM CBOACTBOM,,
uyro AJd Jioboro pasbuenus

Xo=a<x<Xp<.<Xi<Xis1 <..<Xn=Db
n—l1
yucyIoBoe - MHOXKecTBO  V[{x,}] = 2 lu(x:41) —u(x;)} orpaumue-
i=1

HO CBEDXY.

* Wu OrpanuyenHoro H3MeHeHHs.
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T

TouHas BepXHsAsl TPAaHb MHOXKECTBA {V[{xk}]} Ha3pBaeTcs 00 J-
HHM H3MEHEHHEM MJIH NOJHOIM, Bapuaunen byHK-

uun u(x) Ha cermente [a, b] u o6o3HauaeTCs CHMBOJIOM Vu x) =
a

= sup {V[{x,}]}- Jas o¢yHKuuii orpanuueHHO# BapHAUHH cIpa-
BeJJIUB CJeAYIOIHi OCHOBHOA KpDHTEDHH:

Oaa 1020 4robel pynryus u(x) umesa na ceemente [a, b] oe-
PAnUYEHHY0 sapuayuro, Heobxo0umo 1 OOCTATOYHO, 4TOObL OHA
npedCcTasASIAACy HA ITOM Ce2MmenTe 8 sude pasHocTu deyx 803pac-
TAUWUX U O2PAHUYEHHOLX DYHKUUL:

u(x) =g(x)—h(x).

Takum ofpasom, B cayuae, Korga u(x) — GYHKIHA OrpaHu-
yeHHOH BapHauud, cymmy CruiTbeca, OTBeHYaOIylo (GYHKIHH
u{x), MOXKHO 3anucaTb B BHAE

o= () 8u(x) = ¥ 1(5) Ag (9)— ¥ F(E) A () = 0 — 0

=1 =1 i=1

rre  Au(x) =u(x)—u(x-1), Ag(x)=g(x)—g(xi1), Ah(x)=
=h(x;)—h(xi-1). )

CyMMbl 0] H Oy CTPEMATCS K KOHEUHRIM Npeie]aM IpH CTpeM-
JIEHHM AHaMeTpa pa3bueHuil K HyJIO, TaK Kak g(x) u h(x) — BO3-
pacraiomue ¢yHKUMH. [Jo3TOMY cyllecTByeT KOHEYHHIH IIpejes H
CyMM o NpH CTpeMJEeHHH AuaMerpa pasbueHHH K HYJIO.

CrnenoBaresibHO, Teopuio HHTerpana CTuiTbeCa MOXKHO CTPOHTD
¥ B cayyae, KOTAa HHTErpHpyoumlas QyHKIHs u(x) HMeer OrpaHH-
YeHHYI0 BapHalHIO, BIOJHE aHaJOTHYHO CJyyal0 BO3pacTamled
dyHkuuR u(x).

BrigesnuMm euie oAHH Kiace GYHKIMH, NI KOTODBHIX CYIECTBYET

unterpan Cruatbeca.

2. Hureepar Cruatseca (9.2.2) cyujecTsyer npl ycaosuu, 410
dyuryusa f(x) unrecpupyema Ha ceemente [a, b] no Pumany, a
dyukyus u(x) yoossersopser HA ITOM CezmeHTe Yycaosuto Jlunuu-
ya, T. e. YcAOBUIO

lu(x") —u(x") | <c|x'—x"|,

ede c=const, d4s awbeix x’ u x” u3 [a, b].

Tax kak (yHKUHS, YIOBJETBOpSAIOMas YCAOBHIO JIMNINHIG, SB-
agercsi GyHKUHeH ¢ OrpaHHYeHHOH BapHalHeH, TO AJ9 K OKa3 a-
TEeJbCTBA 9STOr0 KDHTEPHs, OYEBHIHO, AOCTATOYHO pPacCMOT-
peTh JHWb CJayvaii Bospacrawouiedl GyHKUHH u(x), YAOBIETBOPSAIO-
el ycaoBHio JIunmuna, # 3aMeTHTh, 4TO :

S—s= }i M;—m)Au(x) <C i M; —m)Ax, (9.2.4)

i=1 i==1
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rie M;=sup f(x), my=inff(x), x=[xi_, %], Au(xi)wmu(x;)—
—u(xi-1), ¢ — TIOCTOSIHHAsi H3 ycJoBus Jlunuuma. BripaxkeHue

n
Z (M; —m,) Ax; B HepaBeHcTBe (9.2.4) Moxer OHITh cHesaHo,
i=t :
B CHUJy HHTerpupyemocTd no Pumany ¢yukuuu f(x), cKoab yrogHo
MaJof BeJHYHHOU 3a cueT BhOOpa pasbueHus cermexra [a, b}.
CrenoBaTesbHO, BeHUMHA S—sS Takke MOXKeT ObITh CAeJNaHa
MeHblie Hanepen 3aflaHHOro uucia >0, ecau BbOpaTh AHAMeETP
pa3bueHHs JOCTATOYHO MAJBIM. ‘
CorsnacHo yTBepXKAEHHIO OCHOBHOH TeopeMbl ¢yHKHuA f(x)
uHTerpupyema no CTuaTbeCy.
B obuiem ciayyae QyHKIHM u(X), YAOBAETBOpAIOLIE!l YCJIOBHIG
JIunmmuna, Takxe MOXHO paccMOTpPeTh IpeJCTaBJeHHe

u(x) =cx—[cx—u(x)] =ui(x)—us(x).

B sTom npexacraBienun obe QyHKIUHM u;(x) ¥ us(Xx) YyAOBJET-
BOPSIIOT ycJoBHIO Jlummuua u Bo3pacramoT *. B Takom cayuae no-
Ka3aTeJbCTBO 3aBEPIIAETCS TaK e, KaK H BHIIE.

YKaxeM, HaKOHell, elle OXMH KJIacCc HHTErPHPYEMBIX MO
Cruntbecy ¢GyHKUUH.

3. Ecau ¢ynkyus f(x) unreepupyema na ceemenre [a, b] no
Pumany, a ¢ynxyus u(x) donyckaer npedcrasierue 8 8ude uH-
Te2paisa ¢ nepemenHbiM 8epXHUM NPedesom

u(®) =4+ [o@©d,

2de @(&) — unrezpupyemas Ha ceemenre [a, b] no Pumany pynk-
yus, To unrezpasr (9.2.2) cywecrsyer.

HeiicTButenbHo, Tak kKak @(&) uHTerpupyema 1no Pumawny, to
oHa orpanuuena: |@(E)|<K=const. CirenoBaresbHo,

) —u () =| | 08 d5 | <KIx' —1.

ITosToMy cnpaBeAJHBOCTb TOTO KDHUTEDHSI BEITEKAeT H3 CHpaBef-
JIMBOCTH TPeNbIAYHIEro.
3amMeTruM, uTO B psije ciaydaeB uHTerpans CrTuiarbeca

b
1=5‘f(x) du (x) cBoauTcs K MHTerpajy Pumana mo ¢dopmyJe
a

b b
j f(x) du (x) = j f(x) @ (x) dx. (9.2.5)

* Nas dyuxuuu up(x) npu x'>x”, OYEBHAHO, MOXKHO 3aNHCaTh COOTHOLIECHUE
ua(x'y—uy (x") =c (x'—x"y +u(x)—u(x")]=0.
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B uacrHocTH, paBeHcTBO (9.2.5) HMeeT MecTo B cJiydyae, €cCJH
©(x) uMeeT OrpaHHYCHHYIO H HHTerppremym B cMmbiciie Pumana
Ha cermeHnrte [a, b] mpousBomnyw «'(x). B sToM ciayyae ¢@(x)=
=u'(x).

2. Ceoiicrea wunterpana Cruarteeca. CdopmynupyeM  psn
cBoiictB mHTerpana CTHAThECA, HEMOCPEACTBEHHO BHITEKAIOIUX H3
€ro olpejeseHHsl. :

a) Jlunellnoe cB80UCTB0 KAK OTHOCUTEAbHO uHTezpupyemoi, Tak
U OTHOCUTeAbHO UHTecpupyoujed ynkyuu (npu ycaosuu cyuject-
sosanus kamooeo u3 unreepaaos CTuarseca 8 npasoll 4actu):

b

S(af1+ﬁf2) du:och fldu“{'ﬁ} fedu,

a
b

gfd[aul‘*‘ﬁuz = S dul‘}*ﬁ}fd”w

a

3decy a, B — nPoOU3BOAbHbIE YUCAQ.
6) Ecau soinoanero ycaosue a<c<b, To

b c b
[P du ()= [ f (0 du(x)+ | F(x) du (),
a a E
8 nPednoaoNeHUU, 4TO CYULeCT8YOT 8Ce TPU UKTEZpaAq.
Ho,aqepKHeM 4TO U3 CYUIeCTBOBAHHA OOGOMX HHTErpajion

jf(x Ydu (x) u Sf(x) du (x), BooO1uie roBopsi, He BhITEKaeT Cy-

LIeCTBOBAHHE HHTErpaJa S‘ f(x)du(x). Bor <coorBeTCTBYIOIHA
’ a

npUMep: )
’ f(x)={ 0, ecmu —1<x<K0,
A, ecm 0< x< 1, A#0;
u(x)={ 0, ecsit —1 < x<O
B, ecrn 0 x 1, B#0.

0
Hirerpann £ du (4, jfmdu(x) 06a cymectsyior  pas-

HBl HYJI0, TaK Kak COOTBeTCTBy}OHlHe M cymmbl  Cruartbeca Bce
paBHb Hyjo. [lefictBuTesbHO, B nepoM HHTerpane f(x) =0,
—l<x<0, Bo BropoM Au(x:;)=u(x;)—u(xi1)=0 /:um Jaw6oro

pas6uenus cermentra [—1, 1]. Opnako mHTerpa.n Jf(x) du (x)

—1
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He cymiecTByer. B camom pnese, nyctb {xz} — pa3bHeHHe cerMeHTa
[—1, 1], He comepkallee B KauecTBe TOUKH pa3bueHuss Touky 0.
n

Torpa B cymme Crunatbeca o'=z f (&) Au(x;) ocraercs JHmb
i=1

OJHO cjiaraeMoe, a HMeHHO cJaraeMmoe
f(Ee) [t (xe) —u(xe-1) ] =Bf(Er), B=40,

IJisi KOTOPOro TOYKa HyJb COAEPXKHTCA B CerMeHTe [Xe-1, Xi].
B saBucumocTH OT TOro, Oymer JH £, YAOBJETBOPSTL YCJOBHIO
Er<0 man E,>0, Mu moayyuM, uro c=0 unu o=A-B=0, tak uro
0 He HMeeT Mpejesna NPH CTPEMJEHHH AuaMerpa pasOHeHHH K HYy-
JI10.

YKasaHHbIH (aKT cBA3aH C TeM, 4TO Kak y ¢ynkuuu f(x), Tak
Hy ¢yHrnun u(x) Touka 0 gBJsercs TOUKOH pa3phiBa.

B) [asa unreepara Cruarsveca (9.2.2) cnpasedausa gopmyira
CpedHeeo 3Ha4erus.

Ilycts ¢ynkums f(x) orpannyesa Ha cermenrte [a, b], Tak uTO
m<f(x) <M, a ¢pyHkuusa u(x) Bo3pacraer Ha 3Tom cermenrte. Tor-
la HalJeTcs Takoe YHCJIO W, YAOBJETBOPSAIONIEE HEPaBEHCTBAM
m<u<M, yro ana unrerpana Cruiarbeca cnpaBefjHBa ¢opmyJia
CpeAHero 3HaYeHHH

b
[ du@=pu®)—u@]

B uacTHOCTH, ecqM JONOJHHTeNBHO NPEINOJOXKATH HelpephiB-
HOCTb [(x) Ha cermente {[a, b], To Halimercs Touka Ee[a, b] ra-
Kasi, uto u=/(§). '

Jloka3aTennCcTBO 9TOH (OPMYJBL BNOJHE aHAJOTHYHO J0Ka3a-
?enbcmy qup)My.nu CpPeHero 3HaueHHs AJsf HHTerpaja PuMaHna

cM. I 2, § 4).
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FTEOMETPHYECKHE NMPHJIO)KEHHSA
ONMPEAEJEHHOIO HHTETPAJIA

§ 1. AJIKHA AYTH KPHBOH

1. TlousTne npocToi kpuBoil. Haunem Hame paccMOTpPeHHe C BHIsAC-
HeHHs: NOHATHA KpuBoi. IlycTe Ha cermenre [o, §] 3ajaHm JBe He-
npepuiBHble QYHKUHH @(f) H P (f). ApryMeHT stux QyHKuui Oyner
B JaJjbHellileM Ha3bIBaThCst MapaMeTpoM. PaccMOTpuM IJIOCKOCTDb
(%,4), T. €. COBOKYIIHOCTb BCEBO3MOXKHBIX YNOPSAOUEHHHX Hap (X,y)
yuces x 4 y. Kaxiaas Takas napa Ha3HBaeTCss TOYKOH MJOCKOC-
TH, a YHCJIA X U Y HA3BIBAIOTCSE KOOPDAHMHATAMH 3TOH TOukH. Tou-
ka (X, y) Moxer 0603Ha4aTbcsi TakKe OAHOH OyKBOH M, mpu 3TOM
sanuch M(x,y) o3HauaeT, 4To Touka M HMeeT KOODAHHATH X H Y.

Ecnu paccmatpuBaTh napamerp { Kak BpeMs, TO ypPaBHEHUS

x=g(l), y=b(t), a<t<p (10.1)

OnpesessiioT 3aKOH JBHXKEHHsT TOYKH M c KOOpAHHAaTaMH X H Y Ha
niaockocTd. MHoxectBo {M} Touek M, OTBEYANOIIHX BCEBO3MOKHBIM
3HayeHHs M NapaMetpa f u3 [, f] MOXHO paccMaTpHBEATh Kak CJeR
Toukd M, nBrxkylleHcs no 3akony (10.1).

B obmeM cayuae Aaxe [Js HenpepuBHHX GyHKIHHA ¢ () u P(?)
5TOT 3aKOH [IBHIKEHHsS] MOXKeT ObIThb OYeHb cJOXHHM. Hanmpumep, mox-
HO Tak mojo0paTh HempephiBHblE Ha CerMeHTe a<I!<p QyHKUuH
@(t) u (%), uTo npu U3MEHEHHH NapaMeTpa f Ha 3TOM CErMeHTe TOUKH
{M(x, y)} 3anoJHSIOT UeJbIi KBaApaT *.

BpeneM noHsiTHE IPOCTOH NJOCKOH KPHBOM.

Onpenenenune. Muowecrao {M} 6cex Touex M, Koopdurares
X U y Koroposix onpedersnorcs ypasnenuamu x=q(t), y=v(t) npu t
us [a, B], Hasvisaerca npocToi naockold kpusod L, ecau pasaut- -
Holm 3Hauenusm napamerpa t us [, B] oreeuaror pasneie TouKu MHO-
acecrsa {M}. '

Kaxpywo Touky MHOXectBa {M}, ompeaensiolero NpocTyio mIoc-
KYyI0 KPHBYIO, Ha3BIBAlOT TOUKOMN 3TOH KPHUBOIM, NpHIEM  TOUKH,
OTBeyalolHe TPAHHYHBIM 3HAYEHHSIM o H B mapaMeTpa f, Ha3bBAIOTCSH
FPaHHYHHMH TOYKAaMH NPOCTOH KPHUBOH. ,

IIpu 31OoM roBopsT, uTOo «ypaBHeHus (10.1) ompenensioT MpoCTyIO
IJIOCKYI0 KPUBYIO L» HJIH «mpocTasi IJIocKas KpuBasi L mapaMeTpH3O-
BaHa npu noMmomu ypaBHeHH#E (10.1)».

.c ] 5,,,6 Cu. BuGep6ax. [uddepenunaisHoe u mHHTErpambHOe HCUMCHAeHue, 4. 1,
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[TpumepoM mpocToii KpHBOH sBAsAeTCA TrpadHK IOJYOKPYIKHOCTH
pazuyca r, Jexailefl B BepxHeHl HOJYIJIOCKOCTH C LIEHTPOM B Hayaje
"KOODJIMHAT:

x=rcost, y=rsint, npu O<i<m.

Bonee o6mum nmpuMepoM HPOCTOH KPHBOH siBAsieTCs rpaduK Hempe-
PHIBHOH Ha cermenTe [a, B] OyHKUMH y=f(Xx); mapaMeTpH3aLHIO 3TOH

KPUBOH BBOJAT IO NIPaBHAY
x=t, y=f(t) unpun t=][a, B].

3aMeTHM, UTO NPOCTHE KPHUBHIE HE HCUEPMBIBAIOT BCEr0 MHOXKECTBA
KDHBBIX, KOTOpHle MOryT ObITh onpejeeHbl ypasHenusmu (10.1).

B caenpyroomem NYHKTe MBl paccMOTpHM Oosee ofLine KpHuBHIE,
OTpefiesisieMble 3THMH YPaBHEHHSAMH,

B szak/ai0ueHHe 3TOTO NMyHKTA CHeNaeM JABa 3aMeJyaHus. ,

3ameuanne 1. Oara u Ta XKe mpocTas KpuBas L MoxkeT GHITb
nmapaMeTpu30BaHa pa3JHuHBIME crnocobamu. lleaecooOpasHo paccMart-
pPHBaTh TOJLKO T€ IapaMeTpH3aldH, KOTOpble NOJYYaloTcs H3 JaHHOH
nyTeMm IpeACTaBJeHHs NapameTpa ! B BHIe HENPEPHIBHBIX CTPOrO MO-
HOTOHHBIX (yHKUHI Apyroro mapamerpa S. Ilpm Takux npeo6pasosa-
HHUSIX TapaMeTpa COXpaHsieTcs NOPSJAOK CJAEJOBAHHsI TOYEK Ha KpH-
BOH L.

3ameuanue 2. [lycroe Ly u Ly — 0se npocreie Kpussie, npu-
yem epanuinsbie TOYKU Kpusol L, coenadaioT ¢ epanuunbimu TOYKAMU
Kpusol Ly, a arobeie He eparuunsie Touku kpuseix Ly u Ly pasauune.
Kpusas L, noayuennas obsedunenuem kpusoix L, u L, Haseisaercs
npocTou 3aMKHYTOU KpUBoI

2. NouaTHe napamerpudyemoit kpuBoil. B npexriayineM nyHKTE MBI
paccMaTpuBasu npocThle KpHBble. CjelyeT 3aMeTHTb, YTO B MaTeMa-
THYECKOM aHaJ/if3e 4acTo NPHUXOAUTCS paccMaTpPHUBaTh KPHBbLIE, He SB-
JsomYecss IIPOCTBIMH, HallpUMep KDHBBbIE, UMeEIOUIHe TOYKH caMmouepe-
CeyeHHs MJH Lesble yYacTKH caMOHaJeraHus. B cBsi3H ¢ 3THM BO3-
HHMKaeT HeoOXOJHUMOCTb BBECTH B DAaCCMOTPEHHE MOHSTHE TaK Ha3bl-
BaeMofi mapaMeTpH3yeMOH KDHBOH.

Bynem cuntars, yTo MHOXecTBO {{} mpeactaBaser coboit gubo cer-
MeHT, JU60 MoJycerMeHt, JH60 HHTEPBaJ, JHOO YHCJOBYIO TPAMYIO,
160 OTKPBLITYIO HJH 3aMKHYTYIO TOJYIPSMYIO.

Beenem nounsithe pasbuenus mMHoxectBa {f}. Bydem cosoputs, 4TO
Koneunas uau Geckonednas cucrema ceementos {[ti—, t;]} paszou-
saer muoocecreo {t}, ecau, go-nepsoix, ob6vedunenie scex 3Tux
cezmentos npedcrasiner coboil ece muoscectso {t} u, so-sTopeix, 06-
Wumu TOUKAMU A06bIX 08YX CE2MEHTO8 CUCTeMb. MO2YT GbiTo AUULL
UX KOKUbL.

PaccMoTpum npuMepsl pa36ueHUH HEKOTOPHIX M3 YKA3aHHBIX BhILIE
MHOXecTB {{}. '

1) Cucrema cermentos [0, 1/2], [1/2, 1], oueBnano, pasGusaer
cerment [0, 1].
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2) CucreMa cerMeHToB [n—1, n], rie n=1, 2, .., pasbuBaeT moJy-
npsamyio [0, o).

3) Cucrema cerMenTos [n—1, n], rae n — mw6oe wUejoe YHCIIO,
OYeBHAHO, pa30HBaeT BCIO YHCJOBYIO NPAMYIO.

- Tlyctp MHOxKecTBO {f} mpelcrasisieT co60H OIHO H3 YKa3aHHBIX
Bhillle MHOXKECTB, a GyHKuuu ¢(f) u +(f) HempepLBHL Ha 2TOM MHO-
JecTBe. BBeleM IOHsATHE NapaMeTpPH3yeMOH KDHBOH.

Onpenenenue. bydem eo80puTs, 4TO YpasHerus

x= (1), y=v(1) (10.2)

sadaror napamneTpuslyemyro kpusyw L, ecan cyuecteyer rakas
cucrema ceementos {[ti, t;]}, pasbusarowux mroxcecrso {i}, 4To
Oasi BHQ4eHUd t U3 Ka#0o20 CceeMenTa ITOU CUCTembl. YpPasHeHUus
(10.2) onpedesaroT npocTyio KPUsyro.

Mexay ToukaMH KpUBOH L MOXKHO BBECTH HEKOTOpPOE OTHOIIEHHE
nopsiaka. Ilycts Touka M; cOOTBETCTBYeT 3HAYeHHI0 IapaMerpa b,
a Touka My — 3HaueHHIO fp..

Mpl ckaxeM, 4To TouKa My npedwecreyer rtouke M, (u 3a-
nameM M<M,) ecnu 4<tp.

3aMeTHM, 4TO TOYKU, OTBeHQIOWjUe PASAUYHOIM 3BHAHEHUAM napa-
merpa, 8ceedn CHUTAIOTCS PA3AULHbIMU.

Takum o6pasoM, mapaMeTpH3yeMYI0 KPHBYIO MOXHO paccMaTpH-
BaTh KakK 0GbeJHHEHHE IIPOCTHX KPHBbIX, IPHYEM 3TH HPOCTHIE KPHBLIE
NoCJIeJ0BaTENbHO HpoberaloTes Toukolt M, KOOPAHHATH KOTOPOH ompe-
Jensiiorcss ypaBHeHusamu (10.2), gorxa mnapaMerp f, MOHOTOHHO BO3-
pacrtasi, npoberaet MHOXeCTBO {t}.

3ameuanue . Ilpocryio KpuBYI0O MOXKHO paccMarpHBaTh Kak
YyaeTHBIE CJayuaii mapaMeTpusyeMod KpuBoH. B 3ToM caywae cucreMa
CerMeHTOB, pa3GUBAIOUIMX cerMeHT [a, B], COCTOHT H3 OJHOTrO CerMeH-
Ta, a UMEHHO M3 CaMoro cermesra [a, B].

S3ameuyanue 2. Ilpo napamerpusyemyio KpHBYIO, olpejejse-
Myio ypaBHeHusiMu (10.2), roBopsAT Takxe, 4TO 3Ta KpPHBasg mapa-
MeTpH3oBaHa NpH noMolu ypaBsHedu# (10.2). 3amerum,
4TO OjHA W Ta e KphBasi L MoxeT ObIThb mapaMeTpH30BaHA pa3Al4-
Hotmy cnoco6aMu. Mul 6yzeM paccMaTpyBaTh BCEBO3MOXKHBIE Napa-
MeTpH3aluK KpuBo# L, mosyuawmuecss u3 ao060f AaHHOH IapaMeTpH-
3alliH NyTeM IIpeACTaBJICHHs] NapaMmeTrpa ¢ B BHJe HeNpPEPHIBHBIX,
CTPOro BO3pacTaoUMXx (GYHKIUH Apyroro napamerpa s. ToJbKo IIpH
TaKHUX NIpeo6pa3oBaHUsIX NapaMeTpa COXpaHseTcs NMOPALOK CAeROBaHHUS
TO4YeK Ha KpuBo# L.

ameuanune 3. Ilonarue npocTpancreennoli KpUBOH BBOAMTCA
B TIOJIHOH aHAJIOTHM C MOHSITHEM nAockoi KpuBo#. Tak xe, Kak U 1Js
MJIOCKOH NPOCTOH KPUBOH, NPOCTPAHCTBEeHHAs NPOCTAA
Kpusas—aro muouecreo {M} Touex npocTpancrsa, KoopouwaTel
X, Y, 2 KOTOpbiX OnpedenstoTCa YpPasHeHuamu

x=q(t), y=vp(t), z=x(), a<i<p, (10.3)
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apu ycrosuu HenpepolsrocTu pynxyui @(t), P (1), % (f) Ha ceemenre
[@, B] u npu ycarosuu necosnadenus touex mHoxecrea {M}, orse-
YQIOUUX PA3AUYHGIM 3HAYeRUAM napamerpa t.

Hcnonb3ysi MOHATHE NPOCTOH HPOCTPAaHCTBEHHON KPUBOH H NOHATHE
pa3bueHus MHOXKeCTBa {f} H3MeHEHHs IapaMeTpa, TaK XKe KaKk H B
IJIOCKOM cJiyyae, JaeTcs OIlpelesleHHe NapaMeTpH3yeMOH#
MIPOCTPAHCTBEHHON KPDHBOH (3alaBaeMoli ypaBHEHHSMH
(10.3)). .

IIpuBeneM mpuMepHl NapaMeTPU3YEMBIX KPHBBIX.

1) ycte naockas kpuBas L 3ajnaercst ypaBHeHHAMH

x=cost, y=sinf, 0<i<3m.

OueBugHo, cerMeHT [0,3:n] MoxkHO pasbuth Ha cerMeHnts [0, m],
[n, 2n], [2m, 3n] Takue, yTO AJS 3HAYEHHH { M3 KaxKJOIO YKa3aHHOTO
CerMeHTa BBLIIHCAHHBIE YPaBHEHHS ONpPEIEJSIOT NPOCTYI0 KPHBYIO, a
HMEHHO NOAYOKPYHHOCTs. B nanHOM cayuae KpuBasi L npejacTaBiser
€060l OKPY2KHOCTb, Y KOTOPO# NOJYOKPYKHOCTb, JiexKalllass B BEepPXHeil
HOJYIIIOCKOCTH, NPOXOAHTCS ABAXIbI.

2) YpaBHeHHs

x=cost, y=sint, z=t, —oo<t<oo,

* 3aJaI0T NPOCTYK NPOCTPAHCTBEHHYIO KPHBYIO, Ha3blBaeMYIO BUHTOB0U
aunued.

3. Hanna ayru kpusoit. IlousTue cnpsimasemoit Kpusoil. B sToMm
fIyHKTe MBI BReJEM IOHATHE AJHHB AYTH IlapaMeTpU3yeMOd KpH-
BOH U pacCMOTPHM HEKOTOpDble CBOHCTBA KPHBBIX, UMEIOWHX [JJIHHY
JAyrd (Takue KpUBble NPHHATO HA3bIBATH CIPSIMJSAEMBIMH).

YcaoBYMCS Ha3blBaTh NP SIM O U JIHHHIO, ONpefelsieMYIo IapaMers
PHUECKMMH ypaBHeHHAMH x=af-+b, y=ct+d. Bceria MOXHO BH-
6paTh Tak IOCTOsHHBIE @, b, ¢ U d, 4TOOBI NpsiMasi TPOXOAHJIA Yepes
JBe faHHbie TOUKH Mi(x1, Y1) B Ma(xs, y2). YuacTok UpPSIMON MEXIY
ToukaMu M; u M, Ha3pBaeTcs O TP €3KOM, COSAHHSIOUIHM 3TH TOU-
KM, a COBOKYIIHOCTh KOHEYHOTO YMCJa HPHUMBIKAIOMIHX APYT K IPYTy
OTPE3KOB Ha3bIBAETCS JIOM a H o H.

ITycte niockast xpuBast L mapameTpu3yeTcsl ypaBHEHHUAMHU

x=¢(8), y=v(), ts[a, B].

ITycrte, nanee, T — npousposbHOe pa3bueHHe cermMeHTa [a, B] Touxa-
MH a=f<<bh< .. <t,=p* O6o03HaunM uepes My, Mj, ..., M, cooT-
BETCTBYIOIIHE TOYKH KPHUBOH L, T. €. TOUKH C KOODJIHHATAMHU

Mo(@ (to), (to)), Mi(ps(ts), H(t)), Male(ta), ¥ (t2)), .
o0y Mﬂ(q}(t"):w(t‘ﬂ))
Bosnukaomyio npu stoMm JoMmanywo [(t)=MMM,... M, 6yizem Ha-

* B rn. 9 pasbueHne cerMeHTa MBI 0603HAYaTH CHMBOJOM {f4}.
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3pBaTh JOMAaHOH, BIHCaHHOH B KPHUBYW L H oTBeqawouieh
pasbuenuio T cerMeHta [a, B]. Hauna |[;| seena [;=M,_\M; sroi
JOMaHOH ecTb paccrosHue Mexay ToukaMu M (¢ (fi—), P (fim)) B
Mi(@(#:), (t:)). lostomy iLi = V[0 (i)~ @(ti—)]* + [¥ () — ¥ )|
u Aauna |l| Beelt momanoit [=MMM;... M, Gyrer pasHa

111 =¥ 11 =¥ VIet)—otD P+ % G — v G-

=1 i=1

Bseznem nonsaTue cnpsMisieModl KPHBOIL. :
~ Onpenenenune. Kpusas L naseisaercas cnpamasnemori,
ecau mHoscecrgo {|l|} daun snucanneix 8 kpusyo L aomanoix [=1(1;),
oreeuaroujux 8cego3mosicHoim pasbuenusm T ceemenra [o, B], oeparu-
ueno. Ilpu arom Tounasn eepxuas epans mrosxcecrea {|l|} naswsaercs
dauroid Odyeu xpusot L u obosnauaercs cumsorom |L|.

M3 chopmynnpoBaHHOro ompeleieHHs] HETPYAHO 3aKJIOUHTb, YTO
aauHa |L| nyru L KpHBOH Bcerja NOJIOKHTENbHA.

Sameuanue 1. Cywecrsyor necnpamasemoie xpusoie. [lpumep
HeCNIpAMJISIEeMOH KPHBOH MOXKHO HalTH B KHure B. A. Uabuna u
9. T. Tlosuska «OCHOBH MaTeMaTHYECKOro aHaNHu3a», | (M., 1982,
c. 382—386).

HokaxeM cjienyiomee BCIOMOraTeJdbHOE YTBEPIKACHHE.

JTemma. [lycre |l — dauna aomanod, enucannoii 6 kpusyro L
u orseuaroujell pasgbuenuro Ty ceementa [a, B], a |li] — Oauna soma-
Hod, snucaunoll 6 kpusyo L u orsenarowjeil pasbuenuro Ty, nosyuen-
Homy u3 pasbuenus Ty nocpedcrsom dobasrenus oOHOU AU HecKOAb-
kux Hosoix Touek. Toz0a |lo] < |li].

HokasarenbctBo. JlOCTaTOYHO paccMOTpeTh cJayuail, KOTAa
K pasbuenuro Ty nobaBisieTcs ofHa TOuKa y. B 3TOM ciysae JoMa-
Hag, oTBeuaiomlas pasbueHuio T, OTIHYAETCSI OT JIOMAHOH, OTBEYalo-
uiell pasbuenuio Ty, TOJABKO TeM, UTO OAHO 3BeHO MpMpi, NOMaHOM,
oTBeyaoled pasbuenuio To,"3aMeHsieTcss JIBYMst 3BeHbAMH MipN u
NMp44* nomanoit, oTBeyaioweil paséuenuio T, (Bce 0CTasbHble 3BEHbS
y JIOMaHBIX, OTBeyaroux pasbuenuam To u Ty, ABAsIOTCS  OGLUHMH).
Tax kak pnuBa onHOH CTOPOHBI TpeyroavHnka MyMpyN He mpeBoc-
XONMT CYMMH JJIHH JBYX JAPYTHX €ro CTOPOH, TO |MpMyy|<
<|MpN|-+|NMpys|, a 310 u osnauaer, uto |l|<|li|. Jlemma noxa-
3aHa.

ITpuBeneM HEKOTOpbIe CBOHCTB A CHPAMJAAEMBIX KPHUBEIX:

1° Ecau xpusas L cnpamasema, o dauna |L| ee dyeu ne 3sa-
8UCUT OT napamerpusdayuu 310l KpUsow.

HeficTBHTENbHO, NMyCThb UMEIOTCS [BE MapaMEeTPH3ALUH KpPH-
BOA L, a t M s — mapaMeTphl 3THX NlapaMeTPH3alHH, ONpeje/eHHbe
COOTBeTCTBEHHO Ha cermeHTax [a, B] u [a, b]. Tak kak ¢ npeacras-
€T co60fi CTPOr0 MOHOTOHHYIO M HENPEPHIBHYIO (GYHKIHIO OT S, a

* Mul o6osnaunnu wepes N TOUKy, OTBEHalOUylO 3HAUEHHIO NMapameTpa f=y.
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§ — CTPOro MOHOTOHHYIO H HENPEpHBHYIO QYHKIHIO OT f, TO KaXIOMY
pasbuenuio T cermenTta [a, B] COOTBETCTByeT ONpejeleHHOe pa3bHe-
Hue P cermeHTta [a, b] ¥ HaoGopor. OueBHIHO, YTO BIIHCAHHBIE B L
JOMaHble, OTBEYalOllHe COOTBETCTBYIOUIMM pa3OHeHHAM CEerMeHTOB
[a, B] u [a, b], TOXAeCTBEHHE!, H NMOITOMY HX AJHHB papubl. Ho
TOTZa ¥ TOYHbLIE BEPXHHE T'PAHH [IBYX TOXKAECTBEHHBIX UHMCJOBHIX MHO-
JKECTB DAaBHBI, T. €. paBHBl AJHHBL KpDHBOA L npH JABYX pasJHYHBIX
napaMeTpHu3alHUsX.

2°. Ecau cnpamasemas kpusas L pasbura npu nomouju KOHe4HO20
qucra touex My, My, ..., My, na xomeunoe uucao xpusvx L;, npuvem
rouky Mo, My, ..., M, cooTsercreyror snauenuam ty, b, ..., t, napamnerpa
tua=th<t<..<th=B, T0 kamdas uz xkpusvix L; cnpamasema u
cymma Oaun |L;| ecex kpusewx L; pasna Oaune |L| xpusod L.

OueBHAHO, 3TO CBOWCTBO NOCTATOYHO AOKas3aThb AJad cay-
yasi, korja Kpusasi L pas6ura Toukoil C Ha pBe KpuBHe Ly u Lo
O6o3Hauum uepe3 y 3Ha4eHHe NapameTpa f, KOTOPOMY OTBEYaeT TOY-
ka C. Torna Toukd KpHBOH L; COOTBETCTBYIOT 3HaueHHsM napameTtpa ¢
u3 cerMeHTa [, ], @ TOUKH KpHBOH Ly COOTBETCTBYIOT 3HAUEHHsIM Ia-
pamerpa ¢ us cermenrta [y, B]. Ilyets Ty u T, — npOHU3BOJIbHEIE pas-
OueHHs] yKa3aHHbIX CerMeHTOB, a T — pasbuenue cerMmenra [a, B],
noayuenHoe o6beaunenuem pasbuenuit Ty u To. Ecmu |Ui], |b], |I| —
JJIMHBI JIOMAaHBIX, BIMCAHHBIX B KpHBBIe Ly, Ly 1 L M OTBEYaIOIIUX pa3-
ouesusam Ty, Ty nu T yka3aHHBIX BBIIe CETMEHTOB, TO, OYEBHIHO,

| L]+l =11]. (104)

Mockoabky uucaa |li|, || u |I| nonoxuTeNpHE, TO H3 PaBEHCTBA
(10.4) u cupsiMJIsieMOCTH KPHUBOH L cieflyeT, 4TO MHOXKeCTBA [JIHH
BIIHCAHHBIX B KpHBHE Ly H L, JTOMaHbIX, OTBEUAIOIHX BCEBO3MOKHBIM
pasGueHusiM cerMeHTOB [a, y] U [y, B], orpanuueHsl, T. €. KpuBhie L
u L, cnpamasiemsl. Ot™MetuM, yto M3 paBeHcTBa (10.4) u u3 ompene-
JIeHHs JAJIMHBl AYTH KPHBOH caenyet, yro ayubl |Li|, |Le| u |L| myr
KpuBbIX Ly, Ly 0 L yIOBAETBOPAIOT HEPABEHCTBY

|Ly|+]La| <|L]. (10.5)

JeiictBuTenbHo, u3 paBercrsa (10.4) BbITeKaeT, 4To AJsl JIOOBX pas-
6uennit T, u T, cermenToB [a, y] # [y, B] cnpaBensuBo HepaBeHCTBO
Jl] 4] <|!|. Y3 atoro HepaBeHCTBa H ONpEJeJIEHHST TOYHOH BepX-
Hell rpaHu noJyuuM HepaBeHcTBO (10.5).

ITokaxeM, uto B HepaBeHcTBe (10.5) Ha camoM Jese 3HaK Hepa-
BEHCTBAa MOJKHO 3aMeHHTb Ha 3HaK paBeHCTBa. [IpeamosoxuM npoTHB-
HOe, T. €. npenanosoxuMm, uro |L,|+|L:|<|L|. Torna wuucio

[L]—(ILi]+[L2]) =& (10.6)

noJioXuTenpHo. M3 ompenesnenus anuubl |L| ayru  KpHBo# L BbITE-
KaeT, uTo 1Js IOJIOXKHUTEJbHOrO UYHCJIA & MOXHO YKa3aThb Takoe pas-
6uenne T, cermenta [a, B], uto amuna |lo| nomaHnol [y, BuucaHHOH B
KpuBYI0 L M oTBeyaiouwledl 3TOMy pa3GHeHHIO, YIOBJETBOPsieT Hepa-
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perctBy |L|—|l| <e. lo6aBum k pasbuenuio Ty TOuKy y H 00O3Ha-
guM TOJy4eHHOe NMpH 3ToM pasbueHue yepes T. Torga, B cuay AOKa-
3aHHOIl BhIIIE JE€MMBbl, AJauHa |/| JoMaHoll, oTBeyaromell pasbuenuio T,
Tem GoJsiee yaosaetBopsier HepaBeHcetBy |L|—|I|<e. Tak xak pas-
6uenue T cerMeHTa [o, ] oOpazoBaHo OOGDBeAMHEHHEM HEKOTOPHIX
pasonennit Tt u Ty cermentoB  [o, y] u [y, B], To mamunt |4 n |f]
JIOMaHbIX, OTBEYAIOIIHX 3THM pa30MEeHHsIM, YIOBJETBOPSAIOT COOTHOLIE-
ano (10.4). [ostomy cnpaBeniuBo HepaBeHcTBO |L|— (U] +|l2]) <e.
Tak kak ||+ |lL|<|Li|4+|L:|, To TeM Gosee cnpaBeinHBO Hepa-
peHcTBO |L|—(|Li|+4|Lz|) <e. Ho 3T0 HepaBeHCTBO MNpPOTHBOPEUHT
paserctBy (10.6). IlosyuenHoe mpoTHBOpeuHe NOKa3bIBAET, YTO MpEA-
nojioxeHHe o ToM, 4To |Ly|4-|La| <|L| siBasieTcss HeBepHLIM, H, CJe-
JoBatenbHo, |Li|+|Lz]=|L|. CBoficTBO 2° HOJHOCTBIO YCTaHOBJIEHO.

3ameuyanne 2. [loHATHe AJAHMHB AYrH TNDPOCTPAHCT-
BEHHOH KPHBOH, 3alaHHOH MapaMeTPHYECKHMH YyPaBHEHHSIMH
(10.3), BBOAUTCST TOYHO TAaK Ke, KaK H NOHfTHE AJHMHBl AYTH INIOCKO#
kpuBoH. TouHO Tak ke, KaKk H B IJIOCKOM CJyuae, pacCMaTPHBAIOTCH
JUIMHBL |[| JloMaHBIX, BIHCAHHLIX B KPHBYIO L, npuueMm

n
1] =2 VIet)—o (=) + [ () — ¥ (Cin) P H X E) — A )P
imu]

IlpocTpancreennan kpusasa L, onpederseman ypasHenuamu
(10.3), nasvisaercs cnpamasemod, ecau muoxwecrso {|l|} Orun
AOMARBLX [, BRUCAHHbIX 8 3TY Kpusyrw, oepanudero. Tounas 8epxHAs
2pans |L| aroeo muosrwecrea nasvieaerca Oaunod dyeu L.

ITpocTpaHcTBeHHBe CclpsMJseMble KpHBbie 00.1a]al0T CBOHCTBAMH
1° u 2°, npuBeleHHBIMH BbllIe AJs NJOCKHX KpHBBIX. JlokasaTenbCTBO
3THX CBOWCTB aHAJOPMYHO J0Ka3aTesibCTBAM VISl NJOCKHX KPHBBIX.

4, Kpurepuii cnpsAMJsieMOCTH KpuBOi. BpiuMcieHue BJHHBL AYTH
kpuBoi. [IpuBeeM nocTaTOYHOE yCJ/IOBHE CHPSAMJISIEMOCTH KPHBOH U (op-
MyJy sl BRIYHCJEHHS AJIMHBI ee JyTrH.

IlorosopuMcst 06 ynotpeGJeHuH caeayoomell TepMHHOJOIUH.

1°. Bydem 20e0opute, uto pynkyua f(f) umeer Ha ceemen-
Te [a, B] Henpepoiernyw nepsyrw npous3sodrnyr, ecau
apoussoouas f'(t) cyuwecTeyer u nenpepoviBHA 8 At060U BHYTperHell
TOUKEe 3T020 CESMEHTQ U eCAU, Kpome TO20, CYWeCT8YIOT KOHeHHble
npedesoe lim f'(f) u lim f' (¢).

t>a 40 t—>B—0

IIpu Takom onpeneseHHH GYHKUMS f (f) OKaxeTcss HenpepbHIBHOH

Ha cermeHTe [a, ], ecau 3HaueHHs 3TOH QYHKIHH HA KOHHAX YKa-

3aHHOTO CerMeHTa MOJOXKHUTh PaBHBIMH mpeaeaam lim f (£) u lim /' (f)
F>040 t>B—0
COOTBETCTBEHHO *.

* Ecau B ycJOBHSAX OmpefeseHHst 1° JONOJHHTENbHO NMOTPeGOBAThL CYIIECTBOBA-
HHS OIHOCTOPOHHHX MPOU3IBOLHKIX f(a+0) u f/(f—0), To B cuay n. 3 § 4 ra. 6
lim ' (x) = f' (¢ +0)y lim § (x) =F (B —0).
X040 X—>b—0
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2°. Bydem 2080pute, uto pynkyus f(f) umeer Ha ceamen-
re [&, B] oepanuuennyro nepsyo npoussodnyro, ecis
F/(t) cywecrsyer u ydosaersopser cootrowenuro |f'(t) | <M, 20e M —
HEKOTOPAs NOCTOAHHAR, OAf 6CEX BHYTPEHHUX TOYEK CESMEHTR
a<t<p. '

3°. Bydem cosopurs, uto npou3soldnas ¢pyunkyuu f(f) un-
Tezpupyema Ha cezmente [a, B], ecau {'(t) cywecrsyer Orn
BCeX BHYTDEHHUX TOYEK 3IT020 CeeMeHTa u nocae doonpedeserus
NPOUSBOAbHOIMU KOHEHHOIMU BHQUEHUAMU HO KOHYQX 3T020 CEZMEHTG
npedcrasaner cobol UHTe2pUPYeMYIO HA 3TOM CE2MEeHTe (QYHKUUI.

Teopema 10.1. IIycro ¢pynrkyuu x=¢(t) u y=1(t) uenpepois-
HbL U UMEIOT HenpepoléHbie nepevie npoussoorsie Ha ceemenre [a, B].
Tozda kpusas L, onpedessiemas napameTpusecKkumi YpasHeHUsIMik
x=q@(t), y="y9(t) npu't us [a, B], cnpamasema u Oauna |L| ee dyeu
mosceT 661Ty 86l4UCACHA NO opmyre .

B ———— : '
L=V o0+ v d. (10.7)

HoxasartenbcTBo. CHauajla JOKaxkeM, 4To KpuBas L cnpsam-
asema. PaccmorpuM dopmyay aas aaudsl |[| snomaHo#i [, BmHCaHHOH
B KpHBYI0 L ¥ oTBeyalolleil NpPOH3BOJbLHOMY pa3bueHH0 I cerMeHTa

[, B]:

=Y VRO G F T PG =% T -

i=l

JOna kaxaod u3 byHkuuit p(f) u P(f) BHIOJHEHBH Ha KaxIoM
YaCTHYHOM cermeste [fi, f;] (npu i=1, 2,..,n) Bce ycaoBust Teope-
Mbl 6.4 Jlarpanxka *. B cuiy stoit TeopeMbl MeXAy f;—y U f; HaBayTCs
TOUKH &; U 7);, TAKHe, 4TO OYAYT CHpaBeJIHBbl paBEHCTBA

¢ (L) —o(ti-1) =¢"(€)ALi, P (8:) —P (fim1) =" (i) AL,
rae Ati= ti—tiq.
CJure1oBaTeJFbHO,
=% Vo€ + v &t (108)

i=l

ITo ycnosuio Teopembl QyHKUHH @(f) ¥ P(f) HMEIOT Ha CermeHre
[o; B] HenpephiBHEIE, @ TIOTOMY M OrpaHMYEHHBHIE ' II€PBHIE IPOA3BOJI-
Hble, T. €. JJs BCeX !, JieXallux BHYTpH cerMenTa [a, B], cupasenJu-
Bbl HepaBeHcTBa | (f) <M, |V (f)| <M. Tlostomy us dopmymank
(10.8) cmenyer, utO

* T. e. xaxpas u3 pyHroui @(¢) u P(f) HenpeprBHAa Ha JIOGOM YACTHYHOM Cer-
MeHTe {f;_;, 4] n AuddepeHnupyeMa BO BHYTPEHHHX TOYKAX 3TOTO CErMeHTa,
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O<]ll\<iVM2+M2At,-=MV§_§n: At;= MV3 B—0).

i=1 i=l1

Takum o6pasom, MHOkecTBO {|!/|} AnuH BIHCaHHBIX B KpHBYIO L Jo-
MaHBIX, OTBEYAIOIIHX BCEBO3MOXKHBIM pa3bHeHHsM T cermeHnTa
[, B], orpanHueHO, ¥ IO ONpPeJeNeHHI0 KPHBAs L cnpsmasema.

,H,oxameM Tenepy, 4To AMMHa |L| KpuBoki L MoxeT OHITbH BhIYHCIG
aa no gopmyae (10.7).

BeezieM B paccMOTPeHHE CJENYIONYI0 KOHKDETHYIO HHTErpalibHyio
CYMMY HHTerpHpyemoil QpyHKUHH Vq) HERE()

ot &) =Y V @)+ ¥ &) A,

{o=1

OTBEUAIOULYIO paSGHeHmo T cerMenTa [a, B] B BHIOGOPY nmpOMeExXyTOY-

HBIX TOYek §;, ompenenenHomy B dopmyne (10.8). Ilyete d — nua-

meTp pasbuenus T, 1. e. d=maxAf;. Iloxax«:eM yro Aas Jawboro
I<i<n

fIOJIOKHTEJILHOTO YHCJIA &€ MOXKHO yKasaTb Takoe §>0, uro npu d<6

BEINOJHSETCS HEPaBEHCTBO

Ha=n<— (10.9)

meﬁ] — mnpejgen npu d—>0 HHTerpaJIbeIX cymm o(t, &), T e
= Squ’z(t)-l—«p () df. Jlpyrumu cJoBaMH, MBI TIOKAXKEM, YTO MOXK-

HO Bbl6paTb CTOJIb MaJbIM JuaMeTp pasbuenust T, 4To IJHHA |Z| JIO-
MaHO# [, BIMCAHHOH B KpPHUBYI0O L u oTBeyaiomell 3TOMYy pa30HEHHIO

T, orauuaercss OT MHTerpasa I Ha BeJMYHHY, MEHBIIYIO, YeM Hanepezl
3ajanHoe 4ucao &/2. 3ameTum, yro **

* VuTerpupyeMocTb 3TOH (QYHKIHH BHITEKaeT H3 €€ HENpPEePHIBHOCTH Ha CerMeHTe
{o, B].

#* [lepBOe M3 TUX HEPABEHCTB BHITEKAET H3 CACAYIOMHX ONEHOK, CIPAaBEJIHBHX
Ansa Jao6uxX ukcea a, b, by

| 67 — b?|
Vaxe —Vete|=— <
Vet 4 Vet
by—b|-| by b]
—bl.
bl t1s] < lBb]

Bropoe us 3THX HepaBeHCTB OYEBHIHO, TAK KaK Pa3HOCTh JOGHX 3HAYeHHH byHKIuH
#ie Gojblle PA3HOCTH ee TOYHHX IpaHeH.
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Vet @ +vm) —Vo'E)+ v'e) | <
<Y (M) —Y E) < M;—my,

rae M; u m; — TouHble rpaHy QyHKIHH P (f) Ha JaCTHUHOM CErMeHTe
[fis, L]
" [oatomy

el =y (V@ + v'm =V '@ +v'E anl<

=1

<y Yo'+ vimy =V e'e)+ e | at, <
i=1

<Y (Mi—m) At =S—s, (10.10)

i=1

rie S H § — COOTBETCTBEHHO BEPXHsIs M HYIKHAS CYMMBl (QYHKIHK
V' (f) nas pasbuenus T cermenra [o, B].

Oyuruug l/(p'2 () +9'°(f) u ¢ (f) HempepuIBHE, a 3HAUHT, H
MHTErpUpPYeMbl Ha cerMesTe [o, B], MOCKOJBKY IO ycJoBHIO Ha [e, B],
HenpeprelBHH @’ ({) u ¢’ (¢).

W3 onpenesieHHst VUHTEIPHPYEMOCTH H H3 OCHOBHOH TeopeMul § 3
ra. 9 BHITEKaeT, uTo ijs Jwoboro >0 MOXHO VykKasaThb Takoe §>0,
YTO NpH AuaMmeTpe pa3bueHus d<O BHIMOJHAIOTCA HEPAaBEHCTBA

ot B)—11< 1 S—s<— ©(10.11)

HNosromy npu d<8§ B cuny (10.10) u (10.11) cmpaseanuBn Hepa-
BEHCTBA :

=11 = 1 =0+ o—TI<||l| —0] + lo—]|< o+ =,

U cnpaBeinuBocTh HepaBeHcTBa (10.9) noxasana.

Jlokaxem Temepb, 4TO CPEAH -BCEBO3MOKHBIX JIOMAaHHIX [, IJIHHBL
| /| xoTopeIx yioBjerBopsioT HepaBeHCTBY (10.9), mMmeroTcs JomaHble,
JJIMHBl KOTOPBIX OTJHYAIOTCsl OT AJHUHB |L| ayrn kpusoit L wMeHblie
yeM Ha &/2.

Ie#icrButensto, |L| — TouHas BepxHss rpaHb MHoxectBa {|/|}
JJIHH JIOMaHBIX [, BIUCAHHBIX B KPHBYIO L W OTBEUAIOIIHX BCEBO3MOXK-
HeM pasGuenuam cermenta [a, B]. Ilostomy Hafinercs Takoe pasGue-
e T *, uro anusHa |[*| cooTBeTcTByIOWIEH 3TOMY pa3bHeHHIO JoMa-
HO# [* ynoBJIeTBOpsIET HEPABEHCTBY

0 ILI=1F < - (10.12)



4§ 1. Jlanna pyru xpHBOMH 401

IToaBsepraem teneph pazbueHue T* uaMeJsibueHHIO, N00aBsAsA K HEMY
HOBBIE TOYKH pas3OueHHs Tak, 4TOOB B pe3yJbraTe J00aBJEHHS 3THX
TOueK IoJaydmjoch pasbuenue T ¢ puamerpoMm d, MeubminM 8. Ilpn
5TOM, KaK MBI IIOKas3aJH, AJuHa |!/| jomaHO# [, oTBeuawImeli 3TOMY
pasbuennio T, yaosJjerBopsier HepapeHctBY (10.9). Tak kak Bce mep-
IIHHBEL JIOMaHOH, OTBevalollel pa3bueHHw T*, ABJAIOTCH TaKkKe Bep-
IIHHAMH JOMaHOH, oTBevalomell pazbuenuo T, TO, COTMIACHO JOKa3aH-
Hofi B m. 3 Jemme, 0<|/*| < |!|<|L|. Ilosromy HepaseHctBa (10.12)
J1al0T NIPaBoO yTBEPXKAaTh, UTO ‘

0\<|L|—|11<-§—- (10.13y

Hrak, Mb A0Ka3aJH, 4TO CPeJH MHOXKeCTBa JoMaHHhX {/}, AJHHbBL
KOTODHIX YAOBJETBOPSIOT HepaBeHcTBY (10.9), uMelorces JomMaHble, AJH-
Hbl KOTOPLIX YJOBJeTBOPAIOT ¥ HepaBeHcTBY (10.13). M3 HepaBeHcTB:
(10.9) u (10.13) nonyuyaem, uto

L1—I|<e.

TTockoJIbKY & — NPOH3BOJIbHOE NOJOXKHUTENbHOE uncao, 10 |Li=I u
TeopeMa IOJIHOCTBIO J0Ka3aHa.

SGameuanune 1. Ecau ¢yuxyuu @(t) u P(t) HenpepouigHol w
umeror Ha ceemenre [a, B], oepanuuennvie nepsvie npoussoOHsie, TC:
kpusas L, onpedeassieman ypasunenuamu x=q(t), y=v¢ (¢}, cnpam-
aaena.

JeficTBUTeJNbHO, B X0Je JNOKa3aTeJbcTBa TeopeMbl 10.1 MH ycTaHo-
BUJIH, 4TO ecau QyHKUHH ¢ (f) u ¢ (f) HempepwBHH Ha [a, B], To npu
YCJIOBHH OI'DAHHYEHHOCTH Ha cerMeHTte [, B] NepBHIX HPOU3BOAHBIX
dyuruuit @(f) u (¢) aauebl |I| JOMaHBIX, BIHCAHHBIX B KpPHUBYIO L
¥ OTBEYalolMX BCEBO3MOXKHLIM pasbuenusM T cermenrta [a, B], orpa-
HHYEHHI.

3ameuyanue 2. Popuysra (10.7) das seiucsenus drunor y-
eu cnpasedausa, ecau pyuxkyuu ¢(t) u p(t) Henpepolsrol, a npous-
soduote @' () u ' (f) ToavKko unrezpupyemot Ha ceemente [a, BJ.

B caMoMm gmeJsie, H3 HHTETPHPYEMOCTH STHX IIPOU3BOAHBIX CJAELyeT
UX OrpPaHHYEHHOCTb, a MO9TOMY, B CHJY 3aMeyaHHs 1, U cpsMJse-
mocTs KpuBoil L. Ilas BeiBoja HepaseHcTB (10.10), (10.11), a ciue-
JoBarenibHO, B HepaBeHcTBa (10.9) nocraTowHO JHINB HENpPEPBIBHOC-
@ @(f) m P(f) u uHTerpupyemoctd ¢’ (f) u P’ (f) Ha cermenre
[«, B], Tak KaK oTciofa, corsacHo TeopeMe 9.4 (cM. ra. 9), BBITEKaeT

MHTErpHPyeMOCTh Ha cerMenTe [o, B] dyHKnHH ch’z(t)+'4>’2(t).
Bce ocTanbHble pacCyAeHMs TaKHE XKe, KaK M NPH JKOKAa3aTeabCTBe
teopembl (10.1).

SBameuanue 3. Ecau kpusasa L asanercs epapuxom (pyuxkyui
Y=[(x), nenpepoisroil u umerowed na ceemente [a, b] Henpepoleryto
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.npoussodnyro ' (x), To kpusas L cnpamasema u ee dauna |L| moxcer
«061To Hali0ena no gopmyare

b ——
\L| =5V1 F () dx. (10.14)

elicTBuTeIbHO, TpaHK paccMaTpuBaeMoil (QYHKUHM NpeACTaBJAdgET
«c000li KPHBYIO, ONpe/lesisieMyIO NTapaMeTPUUECKHMH yPaBHEHHUSIMH X =1,
Y=[(t), a<t<b. Ilpu stom Bce ycJoBist TeopeMbl 10.]1 BHIMOJHEHHI.
Tlonaras B dopmyne (10.7) ¢(t)=¢, $(f) =f(f) u 3aMmeHsis nepemeH-
* HyIO HHTerpHpOBaHHA ! Ha x, noayuuM cdopmyay (10.14).

3ameuanune 4. Ecau xpusas L onpedensercsa rax Ha3bisae-
Mol noasproim ypasueruem r=r(0), 01<0<0, u ¢pynxyus r(0) wue-
npepoisra u umeer Ha ceemente [0y, 0:] Henpepoisnyro npoussodnyro,
T0 Kpusas L cnpamasema u ee 0auna onpedesserca pPageHCTs8oM

IL| =9§Vr2 (6) + r* (6) db. (10.15)
0

Jnas nokasaTenbcTBa HalO BOCHNOJB30BaThes (GOpMYJaMH Iepexo-
J4a OT MOJSPHBIX KOODAHHAT K JIeKapToBHIM x=r (0)cos®, y=r(6)sin6.
‘Takum obpasom, KpuBasi L ompenesnsieTcss NapaMeTPHUYECKHMU YypaBHe-
HHsAMH =7 (0)cos B, Pp=r(0)sin 0, 6<[0;, 02], NpHUEM BHIIOJHEHH BCe
ycaoBus Teopembl 10.1. IlpocTele BHIUHC/IEHHS TPUBOAAT K GopMYy-
Je (10.15).

3ameuaHnue 5. Ecau paccmatpusaercs  NPOCTPAHCTBEHHAS
napamerpusyeman Kpusas L, 3adannas ypasueruamu x=q(t),
y=v (1), 2=y(t), u pynxyuu ¢(t), $(t), x(f) Henpepoienot u umeror
HenpepuisHoie nepsble npoussoonvie Ha [a, Bl, T0 kKpusas chpsmase-
.ma u Oauna |L| ee dyeu moncer 6uiTo Hatidena no gopmyre

B
1Ll = [V O+ 0+ 1" @) d. (10.16)

IlokaszaTenbCcTBO aHAJOrHYHO  [0KA3aTEJbCTBY TEODEMBI
10.1.

Sameuanue 6. Ecau gynkyuu o(t), (t), x(t) Henpe-
POLBHBL 1L UMEIOT O2paru4entole Ha ceemente [a, B]| nepsole npous-
800nbie, To Kpusas L, onpedersemasn ypaswenusnu (10.3), cnpam-
asema. Ecau npu arom npoussoOHvle ykaszauuolx Qyuxyudl. unree-
pupyemo. Ha ceemente [a, B], 170 dauna |L| Oyeu xpusoii L mo-
acer GoiTo Taxdce goluucarena no gopmyase (10.16) (cm. 3ameua-
"Hus 1 u 2).

5. Auddepennuan ayru. Ilycre ¢ynkuun x=q(t), y=y(f) He-
NPepPHIBHEL H HMEIOT Ha cerMeHTe [a, B] HempepHIBHBIE IepBHIE IPO-
u3BofHbe. B aToM cayuae mepemenHas mauHa ayru L(f), orBeua-
oumas 3HaueHHAM IapaMerpa H3 cerMeHta [a, t], Kak 3To caeayer
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u3 teopemsul 10.1, npexcrasasieTcs B BHIE

! 2 2
L(t):jl/qy @+ ¢ (@ dr. (10.17y

TMoxeiaTerpanbHas GyHKUHMs B npaBo#i gactu ¢opmyas  (10.17)
HenmpepeIBHA, mo3stoMy ¢yHkuus L(f) auddepennupyema u cmpa-
B€J/INBO DPaBEHCTBO

L' )= ch'z &) + 9" ().

Bo3Boas noJiyueHHOe paBEHCTBO B KBajpaT H yMHOxas Ha (df)?,.
OyleM HMeTb

[L7(t)dt]?= [’ (¢)dt]?+ [y’ (¢)dt]>. (10.18)
Hockoareky L’(t)dt=dL, ¢'(t)dt=dx, ¢'(f)dt=dy, un3 dopmyas:.

(10.18) mosayuaem
(dL)?=(dx)2+ (dy)2. (10.19)

Ecnu paccmarpuBaercss IpPOCTpPaHCTBEHHAs KpUBas, ONpejessieMasy
ypaBHeuuamu (10.3), TO NIpH YCNOBHH HENPEPHIBHOCTH (PYHKLUHUH
o (), () 1 %(f) u HX TPOU3BOJAHBIX NEPBOro MOPAAKA Ha cer-
Mente [a, t] aas auddepenunasa dL myTH INPOCTPAHCTBEHHOH
KPUBOH cnpas