MATEMATHUYECKH AHAJIN3. T. 2.

Kynpssues JI. [1.

B Y'-IC6HI/IKC ns3jararoTCsa OCHOBHBIC CBCIACHUA HN3 MAaTCMaTU4YCCKOIo TajJu 3a. PaCCManI/IBaIOTCSI KakK
KJIaCCUYCCKUC BOIIPOCHI, TaK H Ooiee HOBBIC, IMOATrOTABJIMBAIOMINUC YYaIIETOCA K YTCHHUIO COBpeMeHHOP'I

MaTeMaTUYECKOMN JIUTEPATYPHI.

Bo BTOpoM TOME CcOIEpKHUTCS HUHTErpaibHOe W aupdepeHInaIbHOe HCUUCIEeHUEe (YHKIMA MHOTHX
NepeMEHHBIX, Teopus panoB Pypbe u npeodpazoBanust Pypbe, 3IeMEHTH (HYHKIMOHATBLHOTO aHATTN3a H TEOPHs

0000IIeHHBIX (PYHKITHH.

VY4eOHMK MpeaHa3HaueH Ui CTyJCHTOB (PU3UUECKUX U MHKCHEPHO-(PU3UUECKUX CHEIHATbHOCTEH BBICIIMX

y4eOHBIX 3aBEACHUIA.
OI'JTIABJIEHUE

I'maBa naras

Juddepennmansaoe ucuucienne QyHKIit
MHOTHUX IIEPEMEHHBIX (IIPOIOJIKEHHE)

§ 39. ®opmyia Teitnopa u pan Teitnopa ans
(bYHKLIMI MHOTHUX TTEPEMEHHBIX

39.1. ®opmymna Teiinopa s GyHKIUNH MHOTHX
MEPEMEHHBIX

39.2. ®opmyna KOHEUHBIX NPUPALLEHUN IS
(bYHKIMI MHOTHUX TTIEPEMEHHBIX

39.3. 3ameuanus 00 OLIEHKE OCTaTOYHOT'O
yrieHa ¢popmynsl Teitnopa Bo Bceit obmacTu
ornpeneneHus: GyHKIUU

39.4. PaBHOMEpHAas CXOAUMOCTD IO ITapaMeTpy
cemeiicTBa PyHKIHIA

39.5. 3ameuanus o panax Teinopa st
(bYHKIMI MHOTHX TTIEPEMEHHBIX

§ 40. DxcTpemMmyMbl PYHKITUI MHOTHX
HEePEMEHHBIX

40.1. HeobxonumbIe YCIIOBHSI SKCTpEMyMa
40.2. ToctaTOuHBIE YCIOBHSI CTPOTOTO
HKCTpEeMyMa

40.3. 3ameuanus 06 FIKCTpeMyMax Ha
MHOXECTBaX

§ 41. HesiBHBIC QYyHKIIUT

41.1. HesiBHbIe (DyHKIIMH, OTIpeIeIsieMble
OJIHUM YpaBHEHHEM

41.2. IlpousBeaeHUsI MHOKECTB

41.3. HesiBHbIE (DYHKIIMH, OTIpe/IeIsieMble
CUCTEMOH ypaBHEHUMU

41.4. Orobpaxenus. CBoliCcTBa TKOOMAHOB
OTOOpaXKeHUI

41.5. OtobpakeHus: ¢ HEPaBHBIM HYITIO
skobuanoMm. [IpuHun coxpanenus o0acTu
41.6. HesiBHbIC (DYHKIIMH, OTIpe/ieIsieMble
yYpaBHEHHEM, B KOTOPOM HapyYIIAIOTCS YCIOBHS
€IMHCTBEHHOCTH. OCOObIE TOUKH TIIOCKUX
KPHUBBIX

41.7. 3ameHna nepeMeHHbIX

§ 42. 3aBucuMocCTh PYHKIIUH

42.1. IlonsiTHE 3aBUCUMOCTH (PYHKIUH.
Heo6xoaumoe ycinoBue 3aBUCUMOCTH (DYyHKIUH
42.2. JlocTaTOYHBIE YCIOBHS 3aBUCUMOCTHU
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§ 43. YcnoBHBIN SKCTpEMYM

43.1. [loHsiTHE YCIIOBHOTO 3KCTpEMYMA

43.2. Meton MHOkUTeNeH Jlarpanka st
HAXO0XJICHUS TOYEK YCIOBHOTO SKCTPEMyMa
43.3. 3ameuaHust 0 JOCTATOYHBIX YCIOBUSAX AJIS
TOYEK YCIOBHOTO SKCTPEMyMa

I'maBa mecrasn

WuTterpanbHoe ucurciaeHne GyHKIUH MHOTHX
HePEMEHHBIX

§ 44. KpatHble UHTErpasbl

44.1. IlonsiTue 00beMa B N-MEPHOM
pocTpaHcTBE. MHOKECTBAa MEPHI HYJIb
44.2. KBagpupyeMsble U KyOupyemble
MHOXECTBa

44.3. OnpeneneHue KpaTHOTO UHTErpajia
44.4. CymecTBoBaHUE KPaTHOI'O UHTETpaJIa
44.5. CBoiicTBa KpaTHOTO UHTErpaia

§ 45. CBenenue KpaTHOro MHTErpasia K
MOBTOPHOMY

45.1. OcHOBHas TeopeMa Uil IBYMEPHOTO
ciyyas

45.2. O600uIeHNs Ha N-MEPHBIH ciTydait

§ 46. 3ameHa nepeMEeHHBIX B KPaTHOM
UHTETrpaje

46.1. 'eomeTpr4eCcKUi CMBICIT MOJTYJIS
SKOOMaHa B IBYMEPHOM CIydae

46.2. 3ameHa IEpEMEHHBIX B IBYXKPAaTHOM
UHTETrpaje

46.3. KpuBoIMHENHBIE KOOPAUHATHI

46.4. 3ameHa NepeMEHHBIX B N-KPaTHOM
UHTETrpaje

§ 47. KpuBosmHeHbIE MHTETPAJIbI

47.1. KpuBoaIMHEWHbIE HHTETPAJIBI IEPBOTO
pona

47.2. KpuBOJIMHEWHbBIE HHTErPAJIbl BTOPOTO
pona

47.3. Pacmmpenue kiacca JOMyCTUMBIX
npeoOpa3oBaHuil mapamMeTpa KpUBOU

47.4. KpuBOoIMHEWHbBIE MHTErPAJIbI 11O
KYCOYHO-TJIAJKUM KPUBBIM
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47.5. ®opmyna I'puna
47.6. BeruncieHue wiolaaei ¢ mOMOIIBIO
KPUBOJIMHEUHBIX UHTETPAJIOB

47.7. I'eoMeTpuuecKuii CMBICT 3HAKa IKOOMaHa

O0TOOpaXeHUS TIOCKUX 00NacTeit

47.8. KpuBoiaMHEWHbIE UHTETPAJIBI, HE
3aBHUCALINE OT MYyTH UHTETPUPOBAHHUS

§ 48. HecoOcTBeHHBIE KpaTHBIE HHTEIPAJIBI
48.1. OcHOBHBIE ONpEEIICHUS

48.2. HecoOCTBEHHBIC MHTETPAJIBI OT
HEOTPULIATENbHBIX (PYHKITHI

48.3. HecoOcTBEeHHBIE HHTETPAJIBI OT (QYHKIUH,

MEHSIIOIIUX 3HAK
§ 49. Hexotopble reoMeTpu4ECKHe U
bu3nUecKue IpUI0KEHNs KPaTHBIX
MHTETPaJIOB

49.1. Beruncnenue miomaaei 1 00beMoB
49.2. ®uznueckre NpUII0KEHUS KPaTHBIX
MHTETPaJIOB

§ 50. DneMeHTHI TEeOpUN OBEPXHOCTEN
50.1. O6mue moHATHS

50.2. KacaTenbHas IJI0CKOCTh U HOPMaJIb K
MOBEPXHOCTHU

50.3. IlepBas kBagpaTtuuHas ¢popmyna
MOBEPXHOCTHU

50.4. KpuBble Ha IOBEpXHOCTU. Briuncnenne
UX JUIMH U YTJIOB MEXAY HUMHU

50.5. Ilnomane noBeEpXHOCTU

50.6. OpueHTanus NOBEPXHOCTH.
OpueHTHpyeMbIe 1 HEOPUCHTUPYEMBbIE
MOBEPXHOCTHU

§ 51. IloBepXHOCTHBIE UHTETPAJIBI

51.1. Onpenenenue u cBOMCTBA
MOBEPXHOCTHBIX MHTETPAJIOB

51.2. IloBepXHOCTHBIE HHTETPAJIBI KAK
IpeJeNbl UHTETPATbHBIX CYMM

51.3. IloBepXHOCTHBIE UHTETPAIIBI 1O
MOBEPXHOCTSAM C KOHWYECKMMHU TOYKAMH 10
KYCOYHO-TJIAJKUM ITOBEPXHOCTSIM

§ 52. CxanspHble U BEKTOPHBIE MOJIS

52.1. Onpenenenus

52.2. ®opmyna Octporpaackoro — ["aycca.
MHBapuaHTHOE OnpeiesiCHHE AUBEPTCHIUH.
52.3. ®opmyna Crokca. THBapuanTHOE
OTIpeieIeHNe BUXPSI

52.4. ConeHonanbHble BEKTOPHBIE TOJIS
52.5. IloreHunanbHbIe BEKTOPHBIE MO

§ 53. CobOcTBEHHBIE HHTETPANTBI, 3ABUCSIITUE OT

napamerpa

53.1. Onpenenenre UHTETpalioB, 3aBUCALINX OT

napameTpa; UxX HelPEepPhIBHOCTh U
UHTETPUPYEMOCTb I10 apaMeTpy

53.2. luddepeHnmrpoBanre HHTETPaioB,
3aBHCAIIMX OT MapameTpa

§ 54. HecoOCcTBEHHBIE HHTETPATTBI, 3aBUCSIIUE
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OT mapameTpa
54.1. OcHoBHbIe onpeneneHus. PaBHomepHas
CXOJMMOCTb UHTETPAJIOB, 3aBUCSIIUX OT
napameTrpa

54.2. CBolicTBa HECOOCTBEHHBIX HHTETPAJIOB,
3aBHCALINX OT IapameTpa

54.3. IlpuMeHeHne TEOPUHU UHTErPaJIOB,
3aBHUCALINX OT MapamMeTpa, K BEIYUCICHHIO
OTIpEIeTICHHBIX HHTErPAJIOB

54.4. DiinepoBbl HHTETPAJIBI

54.5. 3aMevaHust 0 KpaTHBIX UHTErpaiax,
3aBHUCALINX OT IapameTpa

I'naBa cenpbMasn

Pansr @ypre. UnTerpan Oypse

§ 55. Knaccuueckue psaael Pypne

55.1. Onpenenenue psna Oypwe. Onucanue
OCHOBHBIX 33Ja4

55.2. Crpemnenue kodpduimrentoB Oypobe K
HYITIO

55.3. Unterpan dupuxie. IlpuHnun
JIOKAJTN3aI1H

55.4, CxonumocTs psaaoB Dypwe 1715 KyCOUHO
nuddepeHIpyeMbIX (QyHKITHHA

55.5. CymmupoBanue psaoB Pypse METOAOM
CpeIHMUX apu(PMETUYECKIX

55.6. IlpuGnmkeHne HeNpepbIBHBIX (PYHKITHI
MHOTOYJICHAMH

55.7. IlonHOTa TPUTOHOMETPUYECKON CUCTEMBI
Y CUCTEMbI HEOTPHULIATEIbHBIX LIEJIBIX CTEIEHEN

X
55.8. MuHUMaIbHOE CBOMCTBO

koxpdunuentoB Oypre. HepaBenctro beccens

u paBeHCTBO [lapceBans

55.9. Xapakrep cxogumoctu psagoB Dypee.
[Tounennoe nuddepenurpoBanue u
UHTErpupoBaHue psaaoB Oypse ........

55.10. Psanp1 @ypee B citydae IpoOU3BOIBHOIO
uHTepBasia. KoMIuiekcHas 3anich psijioB
Dypee.

§ 56. Unterpan @ypbe u npeodpazoBaHue
Dypre

56.1. IlpencraBnenue GyHKIMN B BUAC
uHrerpaina Oypee

56.2. Pa3nuunble BUIBI 3aTUCH (OPMYIIBI
Oypee. [Ipeobpazoanue Oypre

56.3. CaoiicTBa npeodpazoBanus Oypre
a0COIIIOTHO MHTETPUPYEMBIX (DYHKIIMH

56.4. IIpeo6pazoBanue Oypre MPOU3BOIHBIX
56.5. CBeprtka u npeobpazoanue Oypre
56.6. IIpousBoanas npeoOpazoBanusi Oypre
byHKITIN

§ 57. dyHKIMOHANIBHBIE IPOCTPAHCTBA
57.1. Metpudeckue npocTpaHCcTBa

57.2. JIuHelinble IPOCTpPaHCTBA
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57.3. HopMupoBaHHbIE IPOCTPAHCTBA

57.4. Tunp6epTOBBI U MPEATMILOSPTOBHI
POCTPaHCTBA

57.5. Ilpoctpancrso L2

§ 58. OproHopMupoBaHHbIE OA3UCH U
pAa3NoKEeHus 10 HUM

58.1. OpTOHOPMUPOBAHHBIE CUCTEMBI

58.2. OproroHanu3aiusi CUCTEM

58.3. Pagsl @ypoe

68.4. CymecTBoBanue 6a3uca B
cernapalenbHbIX THIHOEPTOBBIX
npoctpancTBax. Mizomopdusm cenapadenbHbIX
THUJIEOEPTOBBIX POCTPAHCTB

68.5. Hexotopsie cneacTBust 1ist
KJ1accnueckux psagoB Oypse u panoB Oypee 110
nojauHoMam Jlexxanapa

68.6. [IpeobpazoBanue Oypbe HHTETPUPYEMBIX
B kBajpate pynkuuii. Teopema [Inanmepens

§ 59. O60061eHHbIE PYHKITNH

59.1. Obmue coobpaxeHus

59.2. JIuHeliHbIe IPOCTPAHCTBA CO

AJI®ABUTHBIN YKA3ATEJbD
AGcomoTHO cxosmuiicss uarerpain 155
AJTUTUBHOCTD UHTErpasia 89

— — nosiHas 91

— Mepbl 74

AxcuoMsl pacctosiHus 296

basuc npocrpancrsa 306, 314
banaxoBo npoctpanctso 311
beckoneunomepnoe npocrpanctso 307
beccens nepasencTso 268, 340
bera-ynxmms 235

Bannepmonaa onpenenurens 398
Beiiepmrpacca nmpusHak 223

— TeopeMa 262

Bekrop (Touka) nuHelHoro npoctpanctsa 305
Bekrop-¢pynkuus HenpepsiBHas 164
Bepxusisa mepa (n-mepHas) 75

— cymma JlapOy 84

Beca 405

Buxps (porop) 198, 210

BuyTpeHnHss Touka nosepxHoctu 167, 181
I'amma Qynkius 235

I'uns6epToBo mpocTpancTso 321
I'maBHOE 3HaueHue uHTErpana 284
I'paguent Bextopa 197

— ¢ynkuuu 171, 196

I'pamma onpenenutens 332
I'pannyusbiil KoHTYp 132

— — BHemHu# 132

— — BHyTpeHHu# 133

I'puna popmyna 130

HapOy cymma 84

JIBoiiHas Touka (TOuka camonepeceuenus) 46, 55

307
315

322
331

331
335
337
344

351

355

365
365
368

cxoauMocThio. DyHKIMOHANBI. COnpsKEeHHbIE
POCTPaHCTBA

59.3. Onpenenennie 0000OIICHHBIX (HYHKIUH.
ITpoctpancta D u D'

59.4. luddepenimpoBanre 006001IEHHBIX
byHKIII

59.5. IIpocTpaHCTBO OCHOBHBIX (DYHKIUN S U
IPOCTPAHCTBO 0000IIEHHBIX QyHKIMIA S’
59.6. IIpeo6pazoBanue @ypbe B IPOCTPAHCTBE
S

59.7. IlpeobpazoBanue Oypbe 00001IEHHBIX
byHKIII

Job6aBeHue

§ 60. Hexotopblie BOnmpockl MPHOIMKEHHBIX
BBIYMCIICHU I

60.1. Boruncnenue 3HaueHUH QyHKIHIA

60.2. Pemienue ypaBHEHUI

60.3. UnTeprionsus GpyHKIHHA

60.4. KBanparypusie Gpopmyiibi

60.5. [lorpenHoCTh KBaApaTypHBIX GopMyn
AndaBuUTHBIN yKa3aTeib

JexaprtoB snuct 54

Huametp MHOXecTBa 297

Juseprennus 198, 205

Hupaxa ¢pyHkius 366

Hupuxine narerpan 252

— siapo 253

JlonycTuMeble peodpa3oBanus napameTpos 127,
165

O-pynkuus 336, 373

Xopnana BepxHss mepa 75

3aBucumas cucreMa GpyHkiui 60

3amkHyTas cucrema 344

N3omeTrpuueckoe coorBeTcTBre 297

N3oMeTrpuunsble mpocTpancTsa 296

Nzomopdusm npoctpancts 307, 321

N3omopdubie mpoctpancTa 307, 321

Wnrerpan qupuxie 252

— 3aBUCSIINN OT napameTpos 215, 242

— KpUBOJIMHEWHBIN niepBoro poga 120

— — BTOpOrOo poaa 124, 128

— JleGera 324

— HecoOcTBeHHBIH 149

— — pacxopsmuiics 149

— — cxopmsamuiica 149, 220, 242

— — — abcomoTtHO 155

— — — paBHOMepHO 221, 242

— MOBTOPHBIN 93

— Ilyaccona 152

— Pumana 83, 84, 90, 91

— TuIa noteHuuana 243

— Dypre 279

— Diinepa nepsoro pona (6era-pynkuus) 235

— — BTOporo pona (ramma-¢pyHkuus) 235

370

375

378

380

383

390
390

390
392
398
400
404



WurerpanbHas cymma Pumana 83

Wnterpupyemas ¢pynkuus 83, 149

WHTepnonsuoHHbIi MHOTOWIEH 398

— — Jlarpansa 399

KacarenwHas miockocts 169, 172

KBangparuunas ¢popma HeomnpeneneHHas 19

— — omnpezeneHHas 19

— — — oTpuuaTenbHo 19

— — — nosioxkutenbHo 19 KBanparypnas
dopmyna 401

— — TOYHAs /7151 MHOTOWICHOB JJAHHOT'O TOPSIIKa
405

KBanpupyemoe mHoxkecTBO 80

KBa3unopma (noixyHopma) 308

— MOPOX/IEHHAs KBa3UCKAISAPHBIM IPOU3BEICHUEM
317

KBazunopmupoBanHoe npoctpancTBo 308

KBa3zuckanspaoe npoussenenue 316

Knaccuueckuii psg @ypee 247

Kommnekcnas 3anucse pana @ypoe 277

KommiekcHoe nuneiinoe nmpoctpanctso 305

Konnueckas Touka 182 KonTyp rpanuunsiii 132

— — BHemHu# 132

— — BHyTpeHHu# 132

—, OrpaHMYMBAOINI TOBEPXHOCTH 206

Koopaunartnas nunus 116, 118, 168

Koopaunatsslii napamienorpamMm 117

Koopaunats! kpuBosnnHelnsbIil 116, 117

— MecTHbIe 165

Koopaunats! (mapameTpsl) noBepxHoctu 163

— chepuueckue 119, 153

— munHapuyeckue 119

— anemeHnra 315

Kommu — byHsikoBckoro HepaBeHcTBO 319

Komm kpurepuii 15

Komm — IlIBapua HepaBeHcTBO 316

Koapdunments: @ypre 247, 338, 339

Kpaesas Touka 167,181

Kpaii noBepxnoctu 167, 181, 185

Kpatnas Touka nosepxHoctu 163

Kpatnsiii nnterpan Pumana 83, 84

Kpuas nenpepsiBHO quddepenupyemas 127

— — — 0e3 0co0bIX Touek 127

— Ileano 78

KpuBonuneiinslii uuTerpan nepsoro poaa 120

— — BTOpOro poaa 124, 128

Kpurepnii Komm 15

— CuibBectpa 22

Kybupyemoe muoxectBo 80, 81

KyOs1 panra k 73

Kycouno muddepenmupyemas Gyaxims 255

Jlarpanska UHTEPIOJIALMOHHBIN MHOTOWIEH 399

— ¢opma octarouHoro uieHa popmynsl Teitnopa
4,9

— (opMyna KOHEUHBIX NpuparieHuit 11

— ynxuus 67

JleGera unrerpain 324

Jlesxanapa nonmHoMsl 333

Jleii6Huma mpasuio 218

JIuneiinas o6onouka cucremsl 306
JIuneitnoe npocTtpancTso 304

— — koMIuiekcHoe 305

— — CO CXOIUMOCTBIO 368

JIuneitno 3aBucumas cuctema 306

— He3aBucuMas cucrema 306
JIunelinplid pyHKIHOHAT 368

JlokanbpHO HHTErpuUpyeMas pyHkius 371
JlomaHas, BnucaHHas B KpuByro 143
Macca ¢uryps 161

Marpuna Axo6u 31

M¢éouyca nuct 183

MenkocTb pa3duenus 82

Mepa (n-mepHas) 74

— BepxHsd 75

MecTHble KoOpAUHATHI 165

MerTtox KacaTelbHBIX 396

— xopa 394

Mertpuxka (paccrosiHus) 296

—, IOpO’KJIeHHast Hopmoi 310
MeTtpuueckoe npocTpancTBo 296

— — noJsiHoe 298

MHorousneH UHTEpHOIALUOHHBIN 398
— Teitnopa 8

— TPUTOHOMETPUUECKUN 262
MHuoxecTBO KBasipupyemoe 80

— kyoupyemoe 80, 81

— Mepbl HyJIb 76

— orpanudeHHoe 297, 311

— IJIOTHOE B NpOCTpaHcTBe 299
MowmeHTs! Gurypst 162

Hawunyumee npubnmkenue siementa 339
HesaBucumas cucrema Gynkuunii 60
Heomnpenenennas kBanparuunas ¢popma 19
Heoco06as Touka mosepxHoctu 168
HenpepsiBaas ¢ynaxmus 303
HenpepwiBHOE ipogomkenne GpyHKuu 12
HenpepsiBHo nuddepenunpyemas kpusast 127
— — — 0e3 0co0bIX Touek 127

— — ¢yskus 12

— npoxoinkaemast GpyHkuus 12
HenpepoiBHbli GyHKIIMOHAT 368
HepasenctBo beccens 268, 340

— Koum — Bynsikosckoro 319

— Komm — IlIBapua 316
Hecob6ctBennsiit uarerpan 149
HesBHas Qynxims 26

Hwxnsas cymma lap6Oy 84

Hopwma 307

—, oposkaatoiias MeTpuky 310

—, IOPO’KJIEHHAs CKAJISIPHBIM ITpou3BeacHueM 317



Hopwmans x nosepxnoctu 170, 172

Hopmansnas npsmas 170

Hopmuposannoe npoctpanctso 307

Hocurens nosepxnoctu 163

— TOYKH IMOBEPXHOCTH 163

— ¢ynkuuu 370 Hyneoii anement 305

HprotoHnoBckuit norenuuan 243

O6nacte uHTErpUpOBaHUs 84

— 00BeMHO o1HOCBsI3Has 211

— ozaHOCBsA3Has 141

— MOBEPXHOCTHO OJHOCBsI3HAs 212

— 3JIEMEHTapHasi OTHOCUTEIBHO OcH 92, 98

O6o6mennas ¢pynkuus 371

— — MeJIeHHOro pocta 379

O6pa3 MmHOXecTBa 37

Ob6partnoe npeodpazoBanue Dypne 286

O6parnslii snement 305

OrpannuenHoe MHOXxecTBO 297, 311

Omnpenenennas kBagpaTuuHas Gopma 19

Onpenenurens Banaepmonna 398

— I'pamma 332

— SIxobu (sskobuan) 31

OpueHTanus rpaHulpl oTpunarensHas 133

— — noJsiokuTenpHas 133

— KOHTypa 127

— — oTpuuarensHas 127

— — IOJIOKUTENbHAs 127

— noBepxHoctH 180, 181, 186

— — orpuuarensHas 180, 182, 184

— — monoxurenbHas 180, 182, 184

OptoronanbHas cuctema 244

OptoronanbHOCTh 244

OpTtoronanbHbie 31eMeHThI 331

OprtoHopmupoBaHHas cuctema 331

OcnoBHas merpuyeckas popma 173

OcnoBHoe npocTtpancTBo D 371

Ocobas Touka 46

— — n3onupoBaHHas 46

— — noBepxHocTH 168

Octarousblil uieH uHTepnoasiuuu 399

— — ¢opmynsl Teitnopa 4

— — — — B ¢popme Jlarpanxa 4, 9
Ileano 6, 9

Octporpazackoro — ["aycca ¢popmymna 202, 203

OTk0HEHHE cpeHee KBagpaTuyHoe 265
OTtoOpaxkenue 37

— B3aUMHO 0/iHO3Ha4yHOe 40

— muddepenuupyemoe 37

OTtobOpakeHue HenpepbIBHO TuddepeHpyeMoe

37,40
— HenpepbiBHOE 37
— obpatHoe 40
— paBHOMEPHO HEIpepbIBHOE 39
— ToxJecTBeHHOE 40

OTtpunarenbHO onpeaesieHHas KBalpaTUuaHast
dopma 19

[TapameTps! (KOOpAMHATHI) OBEPXHOCTH 163

ITapceBans paBenctso 270, 343, 354

Ileano kpuBas 78
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riABA NNgrTAA

AUSPEPEHUMAJIBHOE UCUUCJIEHUE ®YHKLUHA
MHOTHX NMEPEMEHHBIX (MTPOROJIKEHIE)

39. ®OPMYJIA TERJIOPA H PA/L TERJIOPA
DI dYHKILHA MHOTHX NEPEMEHHDBIX

39.1. ®opmyna Teiinopa ann Gynkui
MHOMMX BEPEMEHHbIX

Foar pyHKIMS MHOTHX NepeMeHHBIX 1MEeeT HOCTATOYHOe
YHCI0 HEMPepbIBHBIX NPOH3BOLHBIX B OKPECTHOCTH HEKOTOPOMd TOUKH,
TO 9TY PYUKLUHID B YKA3aHHOH OKPECTHICTH OKA3EIBAETCH BO3MOMUBIM
(nono5H0 TOMY Kax 5TO0 ObL10 cAejaHo A GVHKIHEA ofHOTO nepeMeH-
HOro) NPeACTABHTL B BHIE CYMMEl HCKOTODOTO MHKOTOU/IEHA H OCTATKE,

KOTOPBIl ¢MaJ» B TOM HJH HHOM CMBIC/E.
Teopema 1. Hycme dynkyus z= [(x,y) onpedesena u nenpepoisna
BMECHIE CO GCEMU CEOUMU HUCHMBIMIL RPOUIBOONLIMIL J0 nopadka m

eraroMumeatHe 8 0-oxpecmuoctiu moukt (xo,Yo); moeda npu Ax u Ay
makux, amo p =V Axt 4 Ay2 << 8, cnpasedausa opmyra

Az=f (ot Ax, Yot AY)—F (0, Yo} =
=‘2f (xm Yoi Ax L Gf (X9, Yo) A]J—I—

dy
1 [ad o2 , Yo) f /o)
g [Pl w+2“——f;f:z;° ar y o LG ]+

+ﬁ(a@} Ax-i-a%Ay\){s}f(xa, Vo)t e A

9 a et
+ @ - b} (Ec Axtg, Ay){ Y F (x0, yo) + rm— 1 (Ax, Ay),

U, Kopode,
m—1
fe= B {7 At G ar) ™ e ot (A ). 30.0)
=1
20e

(A Ay = (aaxAx—}—%}Ay){m}f(.v0+9Ax,y0+9Ay), (39.2)
0<0<,



4 & 39, dopmysa Tedaopa u prd Tedaopa

dopmyna (39.1) nasuiBaercs gopuyaol Tedropa (ropsinka m — 1)
aaa ynkunn [, dynkuna 1, (Ax, Ay) —ee ocmamoursis 4aeHOM,
a ero sanuck B BHIE (39.2) HA3BIBACTCA OCTATOUMHBIM uneHoM OpMyasl
Teiinopa B ghopme Jazpansca.

HJoxasateavcto. [lyete Ax n Ay 3aduxcupoBanil Tak,
uto p = } Ax* + Ap2 <7 8; torma Touku Bnaa (x, + (Ax, y, 4+ (Ay),
rie 0 < {1, Mexar Ha OTPeSKe, COENHHSIOMEM TOUKU (X, V) H
(%o + Ax, o + Ay), n notoMy Bce npHHaLIeKaT 8-0KPECTHOCTH TOUKH
(%0, ¥o). [lovTOMy HMeer cMbicyl cynepno3uiug QyHKUnd

z=f(x, }’)

x=1xo-+1Ax, y=p+tAy, 0Ll L1,
T. €. CROMHAA DYHKUWS
F()=f(xo-H Ax, yo+tAy), 0L (39.3)

QueBUAHO, YTO
Az=f(xo+ Ax, Yot AV —F (x4, vo) =F(H)—F(0). (39.9)

[NockonbKy QyHKIHA f HMeeT B 8-0XPeCTHOCTH TOUKKH (X, Vo) ™M HE-
NpePHBHHIX YaCTHRIX NPOH3BOAHKIX, TO, COTJACHO Teapeme 0 MPOH3ROA-
HHIX CJA0XKHOH dyHKuuH (cnm. m. 20,3), dyHrunA F nmeer Ha otpeske [0, 1}
11 HEIPepPHBHLIX TPOH3BOAHEIX, M TOTOMY JJ15 Hee clipanelnnea dopmyaa
Teiinopa nopagka m — I ¢ ocTaroudsM ujicHOM B dopme Jlarpana:

Fiy—F({O)=
FUTD0) et PO
oo (m_])l—t +— =, 0oL
(39.1)
BLipasse npon3BonHee F¥(f) yepes npousBojkbie chyakunn f(x, y)
H N0J0KHB B dopmyae (39.5) / = | (cum. (39.4)), nonryuum tpedyemylo

dopmyday Tefnopa aaa dyukuuu [ (x, y). HeficTeureasno, H3 (39.3)
CHGNYET, HTO

— F(0)

T W_ﬁdf dx 6" dy .
Fly=5 sitay ar=

_OF(xg+ tAx, yo+ LAY f (ko -1 Ax, yo+ AW
= e Ax+- 3 J Ay,

Orcrona 1as F'(x), onyckas Jaa Kparkocrn o603Hauenins apryMe-
TOB, NOJYYHM

Fi)y=- (df Aer%Ay):g%A +25 "f AxAy+iLf




39.1 Papnyra Tedsopa ara uuxurf MRO2UX NEPeMPRIBIY 5

Boodue mo HRAYVEIGIH JierKo NOAyUHTL, 4YTO
17 0 4
F® (t):(a—’; Axt g oy Gk rax vkt A, (39.6)

b= 1,‘9, veey 1.
Mosarags B dopMynax (39.6) /=0 opu k=1, 2, w., m—1,
NOJAYYHM

F’(G) o df (f‘)ﬂ; J/ol' Ax—{—af (”3)}: }’u) A},’
” 92 Y 0? ‘ns a? (s
0y = 21 1o A.x2+2%%i Ax Ayt —f%—Qlﬂ’_ Ay?,
poodule
Fi (0) = (a% Ax+- a%i\y){k} fleg o) k=1, 2, ., m—1. (39.7)

IIpn k==rn, samensist £ Ha Of, nnieem
" 7 P )
£ )(Ot)z((;’—xﬂx—g—%dy){ Fi(xg+ 0f Ax, yo-1 61 Ay). (39.8)

[Moacragum Tenepy (39.7) u (39.8) 8 (39.5) u nosoxum £==1;
Torfa B cuay cooTHowenua (39.4) nosayunm
m—1

N PRy Fe
2‘ ) + ® __

k! m!

AZ:F(I)—F(O):
k=
m—1

P {¢o d %
=2 m(a—x Ax%-a—yﬂy){ Ve v +
k=1
1 a a {m}
+m(a;"‘x+a;,ﬁy) [0 Ax, yo--84y), 00T
Teopema AoKazaHa.
Cnepcteue. B npednoiorcenusy meopemol

1t

re= 3 i (72 85+ 35 8)1 Flr yo B A9, 30,9

ade ocmamounniti yaen r., (Ax, Ay) mosicem Gouns 30aucan & KaaooMm

us cAedyouuUx eudos:
m

rom (Ax, Ay) = ?:0 g, (Ax, Ay) Axk Ayn—F, (35.10)

ede
lime, (Ax, Ayy=0, £=0,1, ..., m;
p~U



e § 39. <hopmyaa Teidropa v pad Tedaopa

uAu
r.{Ax, Ayy=¢e(Ax, Ay)p™, (39.11)

20e
lim ¢ (Ax, Ay)=0, m. e. r,(Ax, Ay)=o0(p™) (39.12)

p+0

(maxas sanuce ocmaniounozo waena gopmyant Tedaopa nassieaemen
e20 sanuceto 8 gopme Ieano).

JokasarenbcTBO. [Tonoxkum

. a 0Ax, yo-t0A 3™ (%0,
en(Ax, Ay)=-2 1% ;} P~ Yob AN ax;{;;; 2o (39.13)

B CHAY HENPEPBIBHOCTH BCeX HACTHLIX TPOH3BOLHBLIX nopaaga m

limeg (Ax, Ay)=0.
p~0
IlpeaGpasyem ocratok r, _ {Ax, Ay) (em. (39.2)), uenonesonas
soipaxenue (39.13), caepyoliuM ofpasom:

- " (xo+0Ax, Yo+ 0A
I‘,»;;_;(Ax, Ay)':—_‘n_* s Cﬁl : axk aym—n y) Axk Aym—k:

=0

m
# 0 Flx .
— Lk ch Tt oo Ak Ayt Zcﬁzekmx, Ay) Axk Ayt

1 fa
:,T[g,— Ax-h;yﬁy) f (xo, yo)‘LEP,{(Ax Ay) Axk Aym—k, (39.14)

8, (Ax, Ay) =T e, (Ax, Ay),

M TIOTOMY
lim g, (Ax, Ay)=0. (39.15)

p0

IloncTapansa (39.14) B (39.0), monyunm dopmyny Tefopa (39.9)
¢ ocTaTounlbiM ufzedoM B Buae (39.10).
Iokamxem, 9to ocratounsil wied {(39.10) moxHO 3ankcaTte B BMJE
(39.11), [Ian 3TGro NOAOKHM
m
Ayym—k
£ {Ax, L\y)= > e, (Ax, Ay)( ) (p) .

k 0

(39.16)



29 1 dopmyaa Tedaopa 8ar dhynxyuld MuO2UX nepesennsx 7

Torna
ry(Ax, Ay) = 2 g, (Ax, Ay) Ax* Aym—k:
=1}
Ax\k FAy\m—k
=0 X, (b A (F) (B)' T = appen
k=0 p p
U TaK KéK

Ax

<1l n !%Igl,

To s (39.13) cnepgyer, uto
lime(Ax, Ay)=0.
o-+0

Chiencreue nokasano.

Henoaesya nonsitue auddepenuuanor BECIIRX NMOpsaxos, Gopumyne
Telinopa MoXHO npuAath GoNee KOMIEKTHYIO (JOPMY, BHELIHE COBepuIeH-
Ho naentuunyto dgopmyae Tefijaopa s GyHEUEA OAHOTO NepeMeHHOTro,
sanucannoil Takxe ¢ nomoubk auddepenunanoe. B camom aene, Tag
Kak (cMm. m. 21.2)

8 P
d“f(x, y)= (a-;Ax-h%Ay){ Ve ), B=0,1,2, .., m,
TO, noaaras njasa KpaTKOCTH

Mo = (%0, yo) W M= (x4 Ax, yo+ Ay),
opmyay (39.9) MOXKHO 3anHCaTh B CAGAYIONLeM BHJE:

mn

Az= X - d4 (Mg) 1, (M), (39.17)

k=10

37a ¢opma sanucu gopmynn Telinopa Haubosee npocTa M IOTOMY
yrofia AnA 3amoMHHaHHA,

CnenyeT OTMeTHTb, UYTG MPENIIONOMNKEHHs, NPH KOTOPHIX HAMH JO-
Kasara dopmyna Tellropa, MCTYT ObITE HeCKORBLKG ocnabaern. JLas
CnpaBelIHBOCTH (opmyabl Teinopa (39.1}) MoKHO JHIUB MOTPEBOBATE
ZH(PEepPEHUHPYEMOCTb B §-OKPECTHOCTH TOUKH (X, Vo) BCEX MPOH3BOL-
Huix nopaika m— 1. Torna ony, ouesunyo, GyAyT HelnpephIBEEIMH, a
BCE YacTHBE INPOH3BOAHBIE nopsaxa m — 2 npudibepeHUHPYEMBIMH B
yKasanuoHd okpecTHoctH M T. 4. Takum ofpasoM, QYHKUHS f OpH JaH-
HOM NPEANONCKEHNH OKa3LBaeTcs /m — | paz nenpepnego audxpepen-
uHpvemoil B OKPECTHOCTH TOUKH (X, ¥,). M3 npeanonomenusn andde-
PEHUMPYEMOCTA YECTHRIX NPOH3ROABHX Nopaxxa m — [ (yHKUHH
¢/elyeT Tak:Ke, UTO HX MOXKHO AupdepeRUUpOBaTL N0 NpaBHAY aHgi]e-



8 : § 39 Popmyaa Tedropa u pad Tedaopa

PeHIUPOBAHNT CAQKHOR PYHKLHR, eCad HX apTYMenTsi, Kak # B (39.3},
JuEehno 3asicaT or f. [losToMy UpHBeIeHHOe Bhille JOKA3ATEALCTRO
¢gopuyiet Telnopa NOMHOCTBIO COXPARAETCA W JJ1A TOFO cay4das.

Ddopmyay Teinopa (39.1) MoxxHo nokazats ¥ npi elie Goaee caabbix
OrpaHKuenusy, Oil4KQ 310 NoTpedoano Obl 6oJlee TOHKOTO (OKa3aTedb-
CTBd, H Mbl HE Gyllem Ha 9TOM OCTAHABJUBATECH (B3 CAYUan OAHOI nepe-
meruofl cvm. yrnpaHeHHe 1 B § 13).

Gopmyay (39.1) MOMHO HeCKOJILKO OGOGIMTL H B JAPYIOM CMBICAE:
ue TpefoBarh, UTOGH (GYHKIHA f Obia onpefesena BO BCeX TOUKAX He-
KOTOPOH OKPecTHOCTH TOUKH (X, ¥y}, & paccMarpepars 91y $opMyay
Aumb npH gukcuporanueix Ax u Ay. Mmendo ecan gynxuns f onpege-
Jdena B oumeer JH(xpepeHIHpYeMble YacTHbIe {IPON3BOIHLIE A0 NOPSAKA
m — | BKNIOUHTENBHO B KaXK/JOH TOUKE OTPE3KA ¢ KOHLAMH B TOYKaXx
{(x0, ¥o) H {xy + Ax, ¥y + Ay), T0 popmyaa (39.1) Takxe ocraetes cnpa-
BeRJAHBON BMECTE ¢ AOKA3ATE/bCTBOM.

M3 Bcero CKazaHHOTO CJACAYET, YTO ecu PYyHKIHA f ONMPefeacia B Bhi-
nykJoi ofaacte G (cM. 1. 18.2} u nmeer 8 G mudpepeHUHpyeMble YacT-
HEIE [IPOH3BOAHEE MOpAAKa m — 1, TO 115 JIOGLIX ABYX TOUEK (¥, Yo &G
H (x, 1+ Ax, yo + Ay) &G umeer mecro opmyna Tefinopa (39.1).

Has enpaeepauBocTh e dopmyan Tednopa (39.9), xpome nudgde-
PEHLMPYEMOCTH TIPOM3BOAHBIX NOPAAKA /M — 1 B OKPECTHOCTH TOUKH
(X, ¥o). AOCTATOUHO JIMIIL NOTPEOOBATH, YTOOB NPOH3BOAHEE NOpAIKa M
OLIIH HETPEPHIBHE TOJALKO B TOUKE {Xg, Vel

Mgl He cTaiy BCero 3Toro cpasy OroBapHBaTh JVIN NPCCTOTH hopuMy-
NMPOBOK M AOKA3ATETBCTE TeopeMbl | H ee CIEICTEUA.

[Noguepkuem ewe, uto B dopmyte (39.9) r,, (Ax, Ay) = o(p™) ne
B cMbIC/IE Npededa mo JioGoMY PHKCHPOBAHHOMY HANPABACHUIO, KAK MO-
JKeT HOKA3aTLCH Ha MepBbiH B3T/AA U3 [IPHEENEHHOTO NOKA3aTeNkCTRA,
a B GoJiee CUALHOM CMEICAC, B CMEICJIE IPEREAA B TOYKE (Xp, Vg) (TOUEMY?).

Yupawxuesnne | Ilycte dyuxaus flx, y) onperenena R HenpeprlBHa
BMCCTE €O CBOHMM HaCTHBIMH IIPOH3BOJHBIMH A0 MOPAAKA /M BKAKYUTENLHO B He-

KOTePOR OKPECTHOCTH TOYKHM {Xg, Vo). JloxasaTe, uTo ee muozousen Tedaopa no-
psaxa m, T. e, MHOroYJeH

I2i

< g 2 {4
Ple,yy= 2% (x~—Xo)5;+(y—yo}a—y‘ { (%0, yo)s
£=0
ABASETCA MUOFOUNEHOM Hamayuwero npubidsceHNA GYHKUHH f(x, y) «b Gecko-
HeVHe MAaJoH OKPECTHOCTH TOUKH (¥, ¥o)». D70 03HAUAET CJZYIOLIee: Kakos Om uH

Opr wHorounen Q(x, p) crenenn 1€e Goplle /M (B KAXIOM ero yjeHe CyMMa lloKaza-
Tesefl CTeNeHH ¥ NePeMeHHBX X' M ¥ AC/AKEA He NPEeRBIATL yucaa m) Takol, yro

e, ) =Q e, »+opM, n=m,

rue

p=T (= n) 3 (y — yol,

QH COBNAJAET ¢ YKA3AHILM MHOrowaenom Teinopa P (X, ¥) dyHkunn f(x, ¥).
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Bce ckaszaHHOoe DepeHocHTCS o Ha caydall pypkuufi motoro uuc-
Ja NnepeMeHHuX,

Teopema I'. Ecau yuxyua n nepemennv y = f(x, ..., x,)
ONnpededeHa U HeRPEPLIBHA GMECTE CO BCEMU CROUMU YACIHBIMU K POU3ROO-
HOE G0 NopsdKa m GRAIONUMEALHO & HEKOMOPO OKPeCHHOCMU oYKUY

X = (") mo cnpasedauca opayaa
Ay = f (x(loj'} Axls sy x(0)+ Axn)'_'f(x( 3 nevy xLD)}
m=1
S 10 by ;
" il dnct g He, . @
20e
Frg e 1 (AX) =
1{a {m}
= W(E‘M‘ + ot Axn) FOA" 40 Ay, oo, 27 o+ 8 Ax,),
0<6<1, Ax=(Axy, .., Ax,), (39.19)

a maKkxce popmyaa

(%
AV—Zk:( Axid e g } F(x©) 41, (Ax), (39.20)

b=

ede r, (Ax) moscrHo 3anucams 8 Kamcdom u3 caedywouiux eudos:

aubo
FnAx) = B Em . m (AOAXT L AT, (39.21]
m1+ +mn=m.
ede
! Tn
limen, .. m A0)=0, o=}/ ¥ a:,
p-+0 n 2
aubo
ro(Ax)=¢e(Ax)p™, lim e(Ax)=0, (39.22
p-~G
m. e.

ra(Axy=o0{p™, p—0.
Haroney, wepes dudipepenyuarve Gopmyry (39.20) momcno zo-
nucamo 6 guoe
Ay = X g d* (2 7, (Ax). (39.23)
L

*) 37 OrpEnyueHiEs MOKHO HECKOALKO OCA40KHTh aHANOTHYHC TOMY, KaK 370
OBi0 yKa34HO BLINE B Y43 QYHRIME JABYX NepeHEeHHBIX.
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Packpoem teneps cxaBky B gopmysiax (39.18) u (39.19), Bocnoanso-
BABIINCH agrebpalyeckol GopMyNnoi

" i

V . y _.—ﬂ__ Ry Re kr!
i a; == z AENIEE qy adz ... Oy .
P=1 kb o=k

Hast Toro utefn Kopoue 3aNHCATH Pe3y/bTaT, BBEJIEM HOBHIe 0003Ha-
yeuusn, TTogoxinm

R=(ky, oo, Bz), El=FRy+ oo Fln, RI=FkL Rl
gkl
dxfs dxle . dxﬁ” ’

(x— 2O = [y — A"V L (= 2l ) o,

B sTux oficsnauenusnx dopmyaa Tefinopa (39.18) ¢ ocTaToulbin uJie-
HoM B BHie (39.19) nepennmercs B Buie

f(k) —

_ G oy
f(x)—lkz e G
#) (400 L (y — x))
n {2 ( - (x— x (0%,
1k] = m ’
3aech, KAk Beerfa, X = (Xy, ..., %), 0 = (x‘lm, . x,(rm)

H
2046 (x—x0) = (2”4 0 (x;—x1"), s 20+ 0 (g, — D))

B »1oM Buge ¢opmysa Tefinopa aas dyHKuwui moforo dicia nepemen-
HBIX (POPMaILHO BRITJSIAUT TAK XKe, KAK H 18 Cliydas QyHKLKA OLHOro
[IepeMeHHoro.

39.2. dopmyna koHeyHpix TPUpAMIeHni AN DyHKIMIE
MHEOUHX HepeMeHHBIX

Yacthoii cayvafl dopmyas Tefinopa (39.18) npu m = 1
OORIMHO HasblBaeTcs GOpMyJioH KOHeulLIX npApametnil Jarpamxa aaa
$YHKURE MHOIHX NepeMeHHRIX. B chny cAenaHHbIX B NpEABLYILeM NYHK-
Te 3aMesaruil K Teopeme | 0 IPeInoJOKEeHHAX, OPH KOTOPRIX ClIpaBel-
aueL Gopuyas {39.1} u (39.18), u3 TeopeMibl 1’ nosydaeM cAeayiOLLYO
TeopeMy.

Teopema 2. Ecau gynruyus f(xy, ..., x,) onpedesena u dudgepes-
yupyema 8 vekomopoil eoinyraod cOagemu GS E®, mo 0an kaxedod nopet
MOYER (X, ooy X)) 4 (X + Axy, e, xn - Axy) us G cygecmasyent maroe
8, 061, umo

[+ A%y, ey 5y b ALY =l oy £o) =
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OF (i + B0 Ax;, o, xp+0AX,) Ax

dx, L
=t ¢
uAl, Kopode, noagqeas

x={x;), x4+Ax={x;+Ax)
173
x40 Ax = (x,--0Ax,),
n

flx+ Ax)—F (x) = MA—” Axp (39.24)

i=1

dopmyna (39.24), Kak yKa3WBAJACCH, H HAasLIBACTICH hopmyaoi
Koredrolx npuapaerutl Jlazpansca.

I7a opmyna, Tak e Kak W sooOie ¢opmyna Tefisopa, HaxoauT
MiICTOYHC/IEHHBE B pasnHooCpasHbpe IPUMEHEHHA B Pa3/IHUHLIX BOTIPOCax
MaTemaTHyecKoro ananusa. B xadectBe npuMepa npHMeHeHHS GOPMYy A
(39.24) nokameM caenyiolliee yVTBEpKICHHE,

Teopema 3. Ecau ynxyus | onpedesena u Oudshepernyupyena e
soinyracld ofaacmu G u umeem 8 G 02POHUMEHHbIE HOACHIFBIE HPOU3EO0-
Hbte, MO OHQ PABHOMEPHO HENpPepwsHa & 3mofl obaacmu.,

HJdokasaTeascTe o, Ecan

af;,iX) “<~c’ i= lr 2' ] n‘ xEG

(c—rmocrosHHas), To A aebux  AByX Touek X = (x;) £G n
¥ = (x)€G us (39.24) caenyer, uro
n

H i a ” ’ ’ [l
|F ) —F ()] < %“x;_m{gmp(x,x)

i=1
(snece E—mHekoTopas TOuxka OTpe3Ka C KOHULAMH B TOUKax x o x"),
[Tostomy, ecom sagano & >0, focratouHo B3gtk 6 = ;%, YTOGE
npu p (¥, £ <8, ¥ €G, ¥" € G BHOOJHIIOCH HEPABEHCTBO
T =) <e, (39.25)
4 5T0 1 03HAYAET PABHOMEPHYIO HEMpPepLIBROCTL yHKLUE [ BoOaacTh G.
Teopema rokasana.

39.3. 3ameuanun o6 olleHKe OCTATOUHOTC YNeHA POPMY.ILI
Teiinopa Bo sceit odaacTn onpereneHna PyHKIMM

Ocrarounniii uaen B dopamyde Teliiopa, OueBHAHO, 3aBHCHT
Heé TONLKO UT HPHPBLU.EH}[P"} dApryMeniToB, HO R QT camofi TOUKH, B OKpeCT-
HOCTH KOTOPOH pacCMaTPHBAETCA pas/igxKeHne YHKIHH H KOTOPYIO ML
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g . 39.1 cumtany dukcupoBanuofl. Teneps Hac OyiAyT HUTCPeCOBATH
MOBEACHHE H ONECHKA OCTATOUHOTO WIENa B SABHCHMOCTH OT H3MEHEHUA
yKazanHol toukk. UroBe NMOAYEPKHYTb 5Ty 38BHC:MOCTh, Mbl B 2TOM
NyHKTe 6yAeM 0CTATOYHLII uieH nopAafka m obosnauath (%, Ax), tae
¥ = (¥;) — TOYKa, B OKPECTHOCTH KOTOPON pPACKMALLIBAETCH Jandas
Ppynruna no popmyse Tefiopa. Kak u panbwe, Ax = (Ax;).

B dopmynax (39.21) u (39.22) 6ymem BMmecIo iy o, (Axv) o
€(AX) COOTBETCTBEHHO NHUCAYB By ... mn(x, Ax) o oe(x, Ax).
¥ Ham B pannuelivem noTpefyercs

OLEHKA OCTATOUHOTO uaena GopMyJn
= — Te#iopa e dopme Ieano cpasy ans Beed
’ obsacti  CyNEecTBOBAHNA Pa30KeHnA

no ykasanuoll dopmyae.

BreseMm cHayana [oHATHE Henpe-
PHIBHOCTH UACTHRIX TIPOM3BOAHLIX B
3aMBIKAHUH OTKPHITOTO MHOXKECTRA, 3TO
TpedyeT CHOCUHAALHCTO Onpefenenys,
T4K KAk B FPAHHYHON TOUKe OTKPHITO-
ro mMuHoxectsa (G Laxe B cayyae, Kor-
0 I ja QYHKUUS oOpelenena Ha 3aMbIKAHHH

Puc. 117 G, nouATHe YacTHOH NPON3BOANOH, BO-
oblle TOBOPA, HeompexeseHo  (CM.,
Hanpumep, Touky M rpavuust ofnacth G Ha puc. 117),

Orpedenenne 1. DynKyud f, onpedeseHHan HA OMKPLITIOMN MHONE-

cmee G E nusoeaemes Henpepoicro npodoarcaemolt na G, ecan cijiye-

cmsyem maxas Henpepeieran Ha O gynkyua F, amo F = [ na G.
Dynryug I HAS0IBaEMCT HEAPEPOLIGHBIM Apodoanceruen dyarytu f

(Ma GY u dan npocmonior ByGem maroge 0003HAAMBET CUMBOAONM f.

OueBnIHo, B CHAY €IHHCTBEHHOCTH Npejeaa PyHKUNH, eCcTd Y hyHK-
LMK, onpefenennod Ha G, CYLECTBYeT HelpephiBHOe TIPOLOAKEHHE Ha
(G, TO OHO IHIICTBCHHO.

Onpedenenne 2. Pynxyusn [ Hasesaemca Henpepuiono ouddepen-
qupyemoll  (COOMBEMCMEEHNO M Pas Henpepuino  Cudgppepentyupyemoll)

Ha G, ecaun ghynrkyun | onpeGesena na G u sce ee 4acmiHbe RPOU3600HsIE
nepeoeo NOpAcKa (COOMBEINCIMBERHO HACINHbE NPOU3BOOHLE J0 nopadka m

SKAROMUIMEALHO) Henpepueno hpodoaxaermor ¢ G Ha G.

Ynpamxuenusn 2 Hoxaszare, wro ecnd ¢yaxung f{x} onpeasiera Ha

QTKPHTOM MHOmeCIBe ( H HMEET Ha HeM HENPePLIBHO RpOiommaemyld na G npa-
HIBOARYIO [y, & B Touke x(%) (U cymecTBYeT vacTnas MPONIBOR LA f, T0 ona

CRBIANACT C HenPePLIBHLM NPOLOIKeHHEM B 3TOR TOUKE YacTHOH NPOK3IROLHOMN |,
"

3. Hokasars, wro, gas Toro 4ToOH HempepuisHan QYNKLUSL, ODRCASACIIHAR Ha
CPPaHHUeNONM OTEPLITOM MHOKecTDe G E7, (b1a HenpepwiBIC NpOOJAKaeMa

Ha G, HEOGXOLINO H JOCTATOUHO, UToBLl OHa LAz PaBHOMEDHO Henpepsisna Ha §.
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I"i(,‘kasan,, HTO B CRYHIC HEOIPAHBUCHHOIO OTKDLETOr0 MHOMECTBA . YCJIOBHE PABHO-
MeDHON HENPePHBHOCTH UPOAOMAKAeMOR (PYHKUMEH, HBJANICH AOCTATOMNLIN AAR
HCTIPEPEIBIOrO MPOJOJIKEHNS, He ABAAETCH HeofX0AHMEBIM.

4, ITocTPONTE T PHMEP HONPERHBHOR H OrpanHuerHOH Ha ofnacTh HiynKnHH,
HOTOPYIO HOIL3N HENPEDPLIBLO HPOAGJIKETE 1A 3aMBIKANHC 2Tod ofaacTy,

Bepremcst teneps K qopmyne Tefsopa. [Tyers dynkuua fm pas
lenpepuBHO AuddepeHlpyeMa Ha saMBIKAHHY G OTKPLITOTO OFPaAHK-
yeudoro muoskecrea €. Torpa, cornacHo pesyawratam n. 39.1, B
ka0l Touke G HMmeeT MecTo pasznoxenne (39.20) dyvkuuu f no dop-
myne Te#ilopa, TpHueM cTpeMJIeHHe K HYJIIO Em,...m, (x, Ax) B dopmynae
(39.21) 1 & (x, Ax) B dpopmyae (39.22) npu Ax— 0 paBHOMEPHO Ha MHO-
xecTBe G (cM. onpeaesense B 0. 20.2), 1. e. 144 aoforo & > ¢ cyuzect-
Byer takoe § = 8(g) > 0, uto ecqu

p= l/ 2, Axi <8, (39.26)

IEml...mn(xs Ax)r<8 1 |a(x, A,’C)f<8

Ias Beex Touek x € G,
370 B TAHHOM CyUae HeMnoCPeACTBEHHO CleyeT H3 MeTo/la N yYeHNs
hyuxnu aml._,mn(Ax) n e {Ax). JdeficTeHTebHO, B CERY OTPAHHUEHHOCTH

¥ 3AaMEHYTOCTH 3aMblKaHHA (§ OTKPEITOIO MHOXKeCTBa (7, HElpepuiBHLIE
NpOAOJKeHHn Ha (G 1acTHLIX NPOU3BOAHLIX NOPALKA /1 JaHHOH QYHRUMH

PaBHOMEPHO HelpepuiBUL Ha G, mostomy (cM. dopmyny (39.13) ans
cayuad 7 = 2, B oflweM CIyvae HMeeT MecTd aHAAOIMYHas QopMyJa),
eC/H BHiQIHeHo yoioshe (39.26), To

d —
|8m1 mn(x’ AJC)I £ (1)(6, Tﬁ ' G). (3927)

dxy b Gx,

TO

Snech nmpaBafd  YacTk (MOAYJL HENPEPHIBHOCTH COOTBETCTBYIO-
mell TpoOH3BOZKOI) He 3aBHCHT OT TOYKH MHOmecTBa ( H CTPeMHTCH
k Hyao npu & —» 0. [losromy us (39.27) cnenyer paBroMepHOe CTpenJe-
HEE &, m K HYJIO Ha G. Hanee (cm. (39.16) ans cayvasn n = 2, B cay-
yae UPOH3BOILHOTO 71 AMEeT MeCTQ akaloriuaas dopmyaa),

le(x, Ax)| < > | €m,
ml+...+mn=m
B npagoit uactu HepasenctBa (39.28) crouT HekoTopoe PUKCHPOBAH-
HOe YKC/o CJaraeMblx, ofozHavuM ero uepez N. B culy yvae Jokasau-
HOT'O PABHOMEPHOTO B (F CTPeMJIEHHH K HYJI0 QyHKUHH Em,...m (X, Ax)
Aas moBore sagasHoro & >0 cymecTeyeT Takoe & = 6{e) > 0, uro
€Cld BHITOJHEHO YCHIOBHE (39.26) TO

By ... m, (¥, Ax}l <L -,‘-/w s Myt o A, =m.

(39.28)
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Otcioaa u U3 nepapedcrea (39.28) caenyer, uto
Jefx, Ax)| <@

YTRepKIeHHe JIOKA38HO.
OTMeTHM ellie OJHY OUEHKY B LEIOM OCTATOUHOIO uwieHa GopMyJnl
Teilmopa, noaydaioiylocs u3 sandcy ero 8 gopme Jlarpamwa (39.19).
Ecau ¢yHKLAA f oOpereneHa Ha OTKPBITOM MHMKecTBe § H HMeeT
Ha G orpaliiueHHble YacTHBIe TPOH3BOANLIEC TOPALZKA M, T. &, CYLIeCTBYET
Takas nocronuHag M > 0, uro
10" in)

i

<M, myd o Fm=m, xCG,  (39.20)
ax\t .. axn

T0 MpH BHNOJHeHHH ycaoBus (39.26)

Mnp™ ™

[r, (6 A <

aast eex x € G. Ito cpasy caeayeT w3 ¢opmyant (39.19), ecan adeonor-
Hple BeMHUHHBI KaMOro ClaraeMorc ee NpPapofl 4acTH ONEBETL C NO-
MOIbI0 HepabeHcTBa (39.29) ¥ oueBrANOro HepaBeHCTBa | Ax;| < 6

39.4. PapHoMepHAS CXOAHMOCTD IO NAPAMETPY
ceMeidcTBa PyHKOMA

B npepiaymeM MyHKTe Mbl BCTPETHJIHCE ¢ IOHATHEM PaBHO-
MepHOIH CXOJMMCCTH Ha JaHHOM MHOMKECTBE cemeHCTEa ¢yHKuME, 3a-
BHCALIMX OT HEKOTOPOTO MapaMeTpa, KOTAa 3TOT NapaMeTp CTPeMKTCH
K ONpEAeJNEHHLIM 3HaueHHAM. TakuMi QYHKUHAMH B HaleM Cny4dae gs-
NANHCH PYHKUMK & . m (X, AX) B &(x, AX), rie poJb napameTpa HIPaso
Ax. B npocreifiliem Bune 3TOT cayuafi BcTpeuasncs elle padesime B 1, 20,2,

ChopuynnpyeM onpejenenye PaBHOMEPHOH CXONUMOCTH CeMelCTBa
dyHkuui B ofulem chyyae,

Onpedeaenne 3. Mycms XTE", YCTE", y© — npedesnan mou-
Ko mHoxecmen Y uAu odur u3 cumsoaos oo, oo, —oo (nociedrue Osa
CUMBOAG UMEEIM CMbicA paccmampueame maasko npu m = 1), [Tyeme,
Gaace, Pyuryus @(x) onpedeacna Oaa seex x& X, a gynsyus f(x, y)
ot ecex x+X u ycY.

r osopﬂm HMo QURKLGUA [(X, ) PABHOMEPHO CIPEMIURICH HA MHONCECT-
6¢ X & ynkyun @(x) npu v — 3, ecau das awboeo & > 0 cyecmayem
maras okpecmrceme Oy mowku way cuméoaa y', wmo das ecex x - X
u soex Y CY ~O0'O) aonoanaemen Hepasercmeo

Vix, i—¢(x) <e. (39.30)
Tlepemennan vy HACTIO HASHIBAEMCA 8 JIMOM CAY4AE NQPAMEMPON, d
ynryus f(x, ), y &Y ccemelicmeom yrxyuds om x» (8 mom cueicie, 4mo
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ama yKyua npu passudkeix ukcuposarnbix y C Y saduem hynxyun
NEPEMERHOL X). _

Teopema 4 (kpumepuili Kowu). Hag mozo amobo ynxyus
I(x, ¥) npu vy = ¥ pasuomepro cmpemusace Ha mHowecmee X K He-
Komopold yaxyu, Heobxolumo u Jocmamouno, wmobst das mobozo & >0
rauaacy makas oxpecmuocrio O (¥(9) qucaq uau cumsosa y'©, umobos
Oagapbux Y COWO) N wy" €O N u mobvzo x& X outioans-

A0Cb HEPAGEHCMED
[,y —Tx, ¥t <e. (39.31)

Heficroutennno, neotxoanmocTs yoaorus {39.31), kaxk scerga B no-
JOGHHIX CUTYalUUaX, Jerko ciaegyer Uz yeaosun (39.30). Tng gokasa-
TeqbCTBA e JOCTATOUHOCTH C/lAefyeT MoKasaTh, 4To U3 ychorus (39.31)
BLITCKAET, 4TO AAA J060ro GHKCHPOBaHHOTO Xx & X CyIIecTRyeT
lim fix, ¥} n uTo cTpemJienne HyHKUMH f(X, ¥) K 3ITOMY TpeIeny upw

A
5,;-+ ™ IpPOHCXOAMT paBHOMEPHO.

Bce 370 pekoMEHAYETCS TIPORENATh YUTATEMNO CaMOCTOATENLHO,

Yupawuenne 5. Hoxasare: wrofw dymguma f{x,9), x ¢ X,y €Y
PABHOVEPHD Ha MHOWecThe X cTpeMuaack mpn ¥ — ¥ x ¢ywkumm @ (x), x € X,
HeodX0AMMO B AOCTATCUYHO,. 4TOOH aad JAlobol nocHeloBATENLHOCTH y("’ D &
n=12 .. limy" = y‘9 nocaeposatensuocts f (£, yg), n=1,2 ..., pasHomep-

L s ]

HO Ha MHOMecTse X cxonprack K yHKWHH @ (x),

[epefiaem k n pumepam 1. B caydae, koraa Y sasasercs muo-
HeCTBOM Harypaabublx uucen YV = {1, 2, 3, ...}, a ¥*® = 400, npu-
BeGHHOE OnpejleNeHne DAaBHOMEPHOIl CXOAHMOCTH NO mapamerpy npe-
BPAILIAETCH B ONPEfeAeHHe PABHOMEPHOH CXOMMMOCTH MOCAENOBATEJb-
pocry gynxuud f,(x) = fx, n), n = 1, 2, ..., Ha mromecTBe X.

2. Tlyere $yHROHA f(x, V) HeMDePHIBHA HA NAMOYIOJbHEKE
Q={xy)r —ecla<xL<b< |0, —wlce<y<d< + 0}

U nyeTh Ve & e, dl.
OBosnauuM yepes o (8; f) moayns nenpepoiBHoCTH (yHRUME f
B IpAMOYIOABHHKE Q, TOrfa

e, p—Tx y) ]l <ol(ly—pl £ (6 1)€Q. (3932

lpagas wacTe 5TOrO HEPABEHCTBA He 3aBHCMT OT X W, B CHAY

PABHOMEPHOH HeMPepEIBHOCTH GYHKLMM [ HA MOPAMOYIrOALHHKE @,

limw(8; ) = 0. Tlostomy uz wuepapeucrsa (39.32) creayer, uro npH
50

y— Vo QVHELEA | {X, ¥) PABHOMEDHO Ha OTPEe3Ke la, b] cTpemuTen K (hyHK-
nuu f{x, yo).
Yupamuedune 6 [Jokasars, uro ecan cemefictBo ¢ywkuuit fx, y,

x€ X<E", yE YcE™, raxopo, 9To npu J1060M QHRCHPOBAKIOM yEY dynxuns
f(x, y} uzenpepsBHL 00 X Ha X o GYHKUHM [(x, V) PABHONEPHO CTPEMATCA K (yHK-
nHE ©{x) npa y ~ PO, To QyuKlHa @(x} TaKxKe HenpepmBra H3 X,
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39.5. 3amevanus o pasax Tejfiaopa pas hynxumii
MHOTHX HEPEeMeHHbIX
Ecuu ¢yuxuua f(x) onpeneneda H GecKOHeyHoe WHC/IO Pa3

Ruepepeniuipyema B HeKOTOpOH 8-oKpectrocTH ToukH X0 = (2" € E™
To A1a 310§ pyuruny gopumyia Teftopa (39.20) 6ya QT OUYeBMJIHO, ClIpa-

BeAnuBa, npu moboM Hatypassiom m =1, 2, ... n EA/\, < 82,
f=l
Ecnu npu zrom patuwii pag

x
ik

\ ] 1%}

Z k’( Axyt+ e - e Axn)‘ f{x(h

k=1

GyleT cxofurhesi € Ay = f(x)—f(x9 (cv. no 38.2), 1o uoayuurcs
opuy.a

3
Ay == = 3 (s b oa) M
y=lW—fxoy = 3 L[ LAy )
k=l
rae
te=(x) U x—x" =Ax, i=1, 2, .., "
Orciona, nepenoca f(x(°)) B NPaBYIO YacTh, NOAYINM PA3A0KCHHE (yHK-
LLHH B Kparﬂblﬁ crenenHoi pa, HasbiBaemsill pados Teiaropa byHKHN /1

a 1M
Flx)= Z kl,[( x‘lﬁ)) S + . +( (0))5;‘;] ff(xw)),
k=1

HJll, YTG TO }Ke,

f) = ‘5“ o 4 F OO,
ke 0
¥Ynpaxunernue 7. Pasnoxurs B pag Telimopa QyHKiu®o
f(x,y) =€

§ 49, AKCTPEMYMB! #YHKIKHM MHOTUX NMEPEMEHHRIX

40.1. HeoGxonuMmbie yciOBHSA 9KCTPeMyMa

HMayuaeMble B HACTOAWEM M HEKOTOPHIX CAELYIOUHX mapa-
rpaax BONPOCH HOCAT AHANRTHUECKUH Xapaxrep, H MX AOKa3aTeabCT-
Bd 110 CYUIECTBY HE YCAOKHSAIOTCS NPH YBeJTHUCHHH YHC/IA NePEeMEeNHbIX,
TIO5TOMY MBI JUTA HEKOTOPOTO pasHooBpasus MPOBIENM HX PaccMOTpeHue
cpa3y B oflieM /A-MepHOM CJIyuae, yKasblBas B Cilyuae HEOOXOAHMOCTH
UX cneuHduuecKHe OCOGEHHOCTH AIA Cayuasn = 2 un = 3,
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Onpedenenue 1. [Mycms ynxyua f(x) onpederena na snoxcecnee
ECEr, Toska x'© C E nasssaemen mouxol cmpo202o MaKcumMyma, coom-
BeMCIMBEHHO MOUKOL CIPO2020 MUHUMYMQA, €CAL  CYWECrmayent makxasn
okpecmioome 00} mouru x0, 4mo  6uNOAHAEMCR  HEPABERCMED
f(x) < F (£ (coomeememagenno  [(x) > F(x19) daa ecex mouek
x€0 ('L, x==x(0 (puc. [18).

TakuM o6pa3oM, ToUKa CTPOrOro MakCHMyMa (COOTBETCTBEHHO CTPOro-
ro MHHHMYMa) Xapakrtepuayercs Tem, yto Af = f(x) — f{(x(") < 0 (co-
oreercTBerHo Af > 0) npu Beex x € O(x(ONNE, x == x(0,

)=

|

Puc. 118

Ecau owe 020 mouxy 210 cytpecmeyem makan oxpecmuocme O (x(0),
qmo 0an ecex mouek x C O (xXNNE ewnoansemen yeaosue f(x) < f(x(D)
(coomsememeenno f(x) > f{(x(D)), mo mouka x© naswisaemcs npocmo
IMOYKOL MAKCUMYMA {COOMBEMCMBEHHO MURLMYME).

Onpedenenune 2. Touxu (cmpo2oec) Marcumyma b MUHUMYMNA GyrK-
YUK HA3BIGAIOMCS Moukamy (CMpozozo) aKcmpemyma.

Teopemal. flycme dyncyus f(x), x = (x;), i =1, 2, ..., n, onpede-
AeHa ¢ Hexomopoll oxkpecmuociy mouxt x\0; ecaw ama MOYKA K6AAeMER
moukoll sxempemysa dyuryue J(x) u ecau & amod modKe cyugecmeyan

nPousso0Nast % (=1,2, .., n), mo ona pasra Hyaw:
!
o () _
ST 0
Crnencreune Ecau pynryus f(x) dudpepenyupyenn 8 moure
skempemyma x(0, mo ee oupheperyuan paser HYyao 8 MO MOUKe:
df (%) = 0.
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Hokasateanctro. [lycrs aas oupefenenHoctn j= 1. Ecax

rouka £ = {x{%, ..., £”) awanetes Toukok sxcTpemyma pasm dyHK-

UHK f{x) = [ (X1, ey X,), TO TOUKE x( ) gpasieTcs TOUKOM SKCTPEMYMA
0 {0

¥ Anst pyHKIHK f(xl, %57, s 25

OAHOH nepeMeHHOR x, (puc. 119),

@ NosToMy, eCJH B 3Toll  TOUKe

d
CYLLECTBYET TNPOK3BOARAf -éx—f,
1

‘ =2 To no Teopeme ®PepMa (CM. IL
£
vl ! Oaz) 701) 2 11.1) oHa pasHa Hymo, T. €.
of (%)
‘1} axl -_.
0 0
Puc. 119 _di (x5 2 —0
'ﬁ dxl ¥ -—r(o) e

.~
AHasornuHo ofCTOHMT A0 B cayuae mo0oH ApYrofl mepeMeHHOM
X =2, ., 1),
Ecnu dynkuus f(x) audgdepeduupyeMa B ToUKe sKeTpemyMa x(%), 1o

B 3TOH TOWKE CYLISCTRYIOT BCe TIPOH3BOAHEIE 5}'{:— i=12, .. nmun,
!
COIVIACHO JOKa3aHHOMY, BCE OHH PABHEI HYJIO, IOYTOMY H

dF (50 = E af (x4 (x( )) de, = 0.

i=1

TE‘OPEM& H CJICACTBHEC RCKA3AHBL.

Pue. 120 Puc, 121

Paccnao’rpm{ npuMeps, 1. Halinem Toukn sxcTpemMyMa hyHKuMH
2= x*+4 2

Toukn sKCTpemMyMa B CHIY JOKA43aHHOTO HAXOAATCA CPENH TOYEK,
aas kotopoiX dz = 0. Tak Kak dz = 2xdx + 2ydy, To ycnosre dz = 0
BHHIOMHSAETCH B eAuHcTBeHHOH Touke (0, 0). B sTo#l Touke 2z = 0, Bo
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BceX Xe Apyrux toukax z = x* 4 y* > 0. Ilosromy touxa (0, 0) as-
JAAETCH TOMKOH CTPOroro MAHEMYMa INR GyRKuny z== x>+ y* (puc. 120).

2. Hcenenyem Touku sxerpeMyma QyHKiu 2 = x% — 2,

Tocrynas aHaloTHYHO MpPebIAYLIEMY C€/Y4ai0, HAXOIWUM, UTO yC-
noBle dz = () cuopa Buimoansercs B Touke (0, 0) H B 3704 Touke z = 0,
Oanako snecs mpH p = 0 H Mo6LIX x == O umeem z *> 0, anpu x = 0 n
aiogom y == 0 mmeeM z < 0. Tostomy Touka (0, 0) He ABAAeTCs TOuKOH
sKCTpeMyMa, M, 3HauHT, QYHKLHSA 2 = X° — ¥ poo0ile He HMeeT KCTpe-
MaJbHBIX Touek (pHc. 121).

40.2, JocraTounble YCAOBHA CTPOTOro IKCTPEMYMA

HanoMurM HeCKOJILKO onpeneennil H3 Kypca aareGphl.
Onpedenenue 3. Keadpamuurnaa gopma A(x) = A(xy, .., X,) =
m

= Z: QXX Qy=day i,j=1, 2, ..., n, HO3vEdeMES NOAORCLL

b, =
meabno  (COOMEEMOCMBEHHO  GMPUYAMEAbHO)Y  onpedeseHust], ecau
A(x) >0 (coomaemcmeenno A(xy< ) daa awbod mouku x € E",
x=0

Keadpamuunan (opma, AEAAGAACE NOAOKCUMEALHO UAL OMPUYd-
MEABRO CNPEQeAeHROL, HO3BIBACINCA 1Pocme onpedererHHol K8ad pamuyHo
goprod.

Onpedenenne 4. Keadpamuunas gopua, npurumaiowans kax no-
ACHCUMEALHBIE, AKX U OMPUYAMENbHBIE BHAMEHIUA, HA3BIBALMCA Heonpe-
OeaerHoL.

Jdemma 1. Hycms S—edunuunan cipepa e E™
S={x: xi+ ..+ x =1},
u nycmo A(x)—onpedesennan xsadpamudnas popma, mozda
jgfslfl(x}!=u>0-

NoxasaTteabcTso, Oynruus A(x) sapaserca MUOTOYICHOM
BTOPOf CTeNeHH MO MePeMeHERM Xq, ..., Xn, N0O3TOMY A{x), a 3na4nT, H
| A(x)| HempepHBHH Ha BceM npocTpanere £4, Orciona creldyer, uTo
¢yuxkuus [A(x)] HENpPEepHBHA HA OTPAHHUCHHOM 3aMKHYTOM MHOMKECTBE
S. Cornacro Teopeme Beftepurrpacea, dyuxuns | A(x) { pocruraer va S
CBoel HHxHeH TpaHH, T. €. CYIIeCTBYeT Takaa Touka x(9 £ 8, yro

p=inf | Ax)] = | A(xO)].
XES
Ilo onpepenennio onpesenenHoRt KpaapatHuxoil Gopmer | A(x)| == 0

1715 BCeX TOUEK X - S, 3HAUMT, B YacTHOCTH, U = | A (™)) == 0.
Jlemma nokazaHa.
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Onpedeancune 5. IMycme pyaryus | ougdeperyupyenn 8 moune
X0 E" Ecau di{xt9) = 0, mo mouxa £V wasesaemea cmayuonRapHol
moukoid ghyrryui f.

O wesurgno, uto, Touka x(0, B KoTopo# Qyuxuus f nudxpepenunpyema,
SIBJISIETCH CTALLMOHAPHOH B TOM M TOJBKO B TOM Cayvae, €CJH

(0
6—%}%—’:0, i=1,2, .1 (40.1)

CoraacHo CIeACTBHID TeopeMBl 1, TOUKA PKCTpeMyMa, B KOTOpoil
tysxusa [ npdxbepenuupyema, ABASETCR CrauHoHaphHON; o0pathoe,
KOHeYHO, BOOOILE FOBOPS, HEBEpPHO! He BCSAKasd CTauHOHapHas Toyka,
B KOTopo# QVHKLHA Andpeperuupyema, ABIAETCA TOUKOH IKCTPeMyMa
(cMm. nipumMep 2 B KoHue 1. 40.1).

Teopema Z (0ocmamoOdmbie YcAOBRT CHMPO2020 IKKCcmpe-
syxe). Hyeme ynryua F onpedesena u useem KenpepusHbve npoussod-
Hble 8MOPOo ROPNOKA 8 Hekomopel oxpecmuocny moury x4, [Tycms x(0)
SEAAEMCS CMayUoHOpHOL modkoll yrkyuu f, moeda, ecan keadpaniud-
Has gopra

. (0)
Aldry, o di)= 3 a—;’iig}?ldxtdxj, (40.2)

I, i=1

m. e. emopoitt dupgepenyuan dysryun f 8 mouxe x'0, 9sa%emen nosoxwu-
menbHo onpedesenioll (omputamelvie onpedescHnol) Keéadpamuwrot
thoprotl, mu mowka X'V 2822eMea MOYKOL CMpo2020 Murumyma (Coomsem-
CIMBEHHO MOYKOU CIPUB0Sn MAKCUMYMEA), ecau ne Keadpamuunaa dopma
{40.2) ssagemen HeonprueenHOD, Mo 8 mouke x\0) Hem IKcmpemyma.

Hoxaszateawcrteo. liyets O{x?, §) — okpecTHOCTL cTa-
IHOHAPKCH A GVHKUEE [ TOuxu ¥, B KoTopol ¢yHKurA [ HAMeeT He-
NpepHIBHEIE BTOPbIe npousBoaHble. [lycTh Touka

x0 dy = (£® T dXy, oy P dxn)

OPHHALIEKHT 3T0H OKPECTHOCTH.

Io gopmyse Telsopa {(cM. 39.23), yUNTEIBAA VCJIOBES CTALHOHAPHO-
crr (40.1), moayyum

Oy )
A= Faordi—f e = & X D g e e di ey
i, f=1 ! /

rae dx = (dxy, ..., dx;), r*= dx‘?‘-}- —l—dxi, u
lime(dx) =0, (40.3)

r-+0
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HIH
n

2 a2f (xO) dx, dx
a=f| X el ’+28(dx>]
i, j=1

= 5[/-1 (“‘j‘l - 9‘”)4 28(dx)] (40.4)

dx, dx,, o
TO‘!Ka =y weey —— 1 JIRVWKHWT Ha CAWHNYHOH Cfbepe S npoctTpaH-
3 p

(S (22 .

[lyers ksanpatnunas dopma (40.2) spasercs ompefeleHHON KBal-
paTHypol giopmoi, TOTAa, cornacno Jeume, inf |4/ = p > 0. BuGepem

ctsa E", nbo

8 > 0 Tak, yrobn 2je(p)| < p npr p < 8. Toraa npu p << 8, T. e, npu
20+ dx €& O (9, 8), udx == 0, Bee BUIPAKEHHE B KBAAPATHLIX CKOGKAX
rpasofl yacta dopmysn (40.4) Oyaer HMeTL TOT ke SHAK, YI0 H MepBoe

d
cnaraemoe A(dsl, vony J;—ﬂ) [lostemy, ecan kBaapaTuynas gopuma (40.2)

SABJSARTCA TNOAOKHTENRHO onpeaenednod, to Af > 0, a ecaH oTpuuas
TeNLHO onpefeaeHHol, To Af <0 npu % 4 dx € O (19, 8). 3naynr,
B II€PBOM caydae Touka ') fBnfercs ToYKOH CTPOroro MHHHMYyMa, a
BEO BTOPOM — TOUKOH CTPOIOro MakcHMyMa.

[Mycrs Tenepb KBagpariysas ¢opua (40.2) ABaserca HeonpereneH-
Kot KsafpaTHuno#l ¢opwMoll; 3TO 03RauaeT, YTO CYLICCTRYIOT JRe Ta-
e Toukd (dx;) u (dx;), uto A (dxy, vy dxs) >0, a2 A{dx], ...y dxn)<0.
Mbl He MOMEM Ha OCHOBAHHM 3TOrO CPasy CKa3aTb, YTO NpHpauleHHe
dbyHRI  Af mexser 3uak B Jawoboii crpecTHOCTH ToukH x°), Tax
kaKk Toukn (x{07- dx;} u (%4 dx)) moryT, BooGule rosops, Aaxe H
He DpHHAJUIeXaTs o0JacTH olpedenenns QyHKIMA f,

Pacemotpum Touky (dx;). TlposefeM nosynpamyio, HAUHHAIONIYH-
cn B Touke £ ={(x}"") u npoxonsmyw uepes Touxy (x4 dx;).
Ee ypaBHeHHE iIMeeT BUL

g =24 tdx;, 0<t < + o0, (40.5)

HonoxumM dx,=x;— — % Torza a’xi=tdx}, i=1,2, ..,

I n
2 .2
Ecau r_—gl/z1 dx; , r’=]/21 dx; , 10 r=1r',
== =

n03TOMY
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Vnaue rosopa, Kakywo 06l TOuRy X = (x{°)--dx;) Ha nonynpsMok
(40.5) uu Bsars (puc. 122), Touka
dx d
(o 2, (40.6)
r r
Aexkanlaf, OUeBHAHO, Ha epunuudoil chepe S, Gyfer onHa M Ta Ke,

T. € OHZ HE 3aBHCHT OT pPAcCTOSHHA p TOYKH X OT Touxn x(¥).
TMostoMy ¥ aHauenue KaaAparnunchi gopwmst (40.2) B roure (40.6), T. e

A(E‘—, e s i ) , He zapucHt oTe. Orcioga ans moboli Toykn (40.6)
r ¥

HMeeM
dx, dxy dx; dx, 1 . :
A R PPN =A I ; =7A(dx;, vesy dxn)>0.
4 r r r r
Iycro A(-di‘—, ver s dxn ~=p' >0 Bubepem p, >0 Ttak, utobel npy

p p
r<_r, umeao wmecto 2[s(dx)l<p’, uro BoamoxkHO B cuay (40.3).
Torpa aas moGoli Tours (5% dx,), Aexaielt Ha nosynpsavol (49.5)

H Tako#, UTO r=]/2 dxf<po, B GopMyne (40.4) eripaxeHue
f=1

B KBaJpaTHHIX cKoOKax OyJeT nMeTh
BHAK MepBOro  uieHa, H  TOTOMY
Aj > (. 3rauur, B n060f OXpeCcTHOCTH
ToukH x(0) HMeIoTCH TOYKH, AJAA KOTO-
oux Af >0,

AHaiOfHYHO, WCXOAA M3 OTpHLa-
TeJbHOTO 3HayeHMs KBaapaThynod dop-

Mol (40.2) B Touke (dx;), TNoxasmsaer-
cA, 9TO B JI0GON OKPECTHOCTH TOYKH
Puc, 122 x'0) CyImecTBYIOT TOUKH, AJIS KOTOPLIX
Af <7 0. A3T0oH o03Hayaer, 4To B pac-
cMaTpUBaeMoM CJyuae Touka x'%) He fBJAsieTcH TOUKOH SKCTpeMyMa.
Teopema JoKasaHa.
TTpu npakxTHYeCKOM NMpHMeHeHHH 5TOH TeODEMhl BO3HMKAET BONPOC:
@ KaK JKe YCTaHOBHTh, OYAeT nn KraapaTHuRas dopma (40.2) nmoaoxku-
TeNBbHO HAH OTPHUATENBHO onpefefeHHOR? /1A 3TON LeTH MOXKeT ciy-
*KHTh, HaNpHMep, TaK HasnBaeMBE K puTepu #d CunbwBecTp 2
MONOZKUTENbRO} ONpeJeqeHHOCTH KBaapaTuuHoii GopMel, IoKashBae-
MBIl B Kypcax aarebpri. OH COCTOUT B CJIeMYIOLLEM.
Haa mozo umober keadpamudHan opma

Ax)=A(xy, oo, x,)= > Ay X K g, 40.7)
i, j=1
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y Komopod a;;==ay, I f=1,2, .., n, Esaa noaoscumessto onpe-

denerHoli, He0Dxodumo 1 Gocmamouno, wmobs:
Qpy Qg a4y,

du yy 2, O13 4 o
11 Y12 a1 O rea
ay > 0, 0a >0, [ @y @y, 0y [ >0, ..., a1 ap m [~ 0,
w Q33 gy Qgp )
anl anE LN a,l‘"

3ameuasd, yTo KBaxpatHunas dopma A(x) oTpHLATENBHO ONpeaesena
i
TOT/2 H TOJBLKO TOTA8, KOTAa KBaApaTHuHan popma —A(X)=2Z(—a;;)xx;
{,fe=l

MOJIOKHTEIBHO ONPEIe/IeHa, [HONyuaeM, NONB3YSCh H3BECTHRIMH CRONCT-
BAMH OIpereantens, caeayoluil KpUTepyui OTpHILATeBHOR onpeRenen-
HOCTH.

Han moeo umobet Keadpamuurnas gopaa (40.7) Getaa ompuyamessno
onpedesennoit, Heobxodumo u Oocmamouno, wmobsl

a4 i1 Q43 A3
2
ayy <70, >0, |an amay | <0, ..,
Qyy Ago
(g gz Aya

Oy Qg e My

21 gy oo azn >O

LR T TS .

Qo o oo Qpp

(—1y

Chopmyrnupyem Teneps TeopeMy 2 ATa CJIydast JIBYX NepeMeHHLIX,
BLIPA3WB VC/JOBHA, HAKJA3ARIBaeMble Ha KBagpaTuunyio dopmy (40.2),
B FIBHOM BHJIE Y€pPe3 BTOPHe YAaCTHBIE NPOH3BOMHME,

Teopema 3. Ilycme gyrxyua f(x, y) onpedesena 1 umeem Henpe-
PHIGHBIE HACIHBIE NPOUSBOOHBIE 6MOPOZ0 NOPACKA 68 HeKOmopol oxpecti-
Hocmis modKt (X, Yobs nycme (X, Vo) ACAREMCA CMQGUOHAPHOL MOYKOI,

m. e, 8 Hell
fe=1f,=0. (40.8)
Tozda, ecau 6 smod mouxe
Faf yy—Fiy >0, (40.9)
MO OHA AEAAEMCH MOYKOL SKCMIPEMYME, & UMEHHO MAKCUMYMQ, CAL 8 Hel
fxx < O*)’
8 MURUMYME, €CAU
fxx > 0.

*) Quenmgro, uz yoaorss (40.9) caeayer, uto fr, == 0 B T0uKe (X5, Vo)
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Ecau e 8 mouke (%, ¥o)
fxxfyy_fﬂgt)‘ <0= (40 10)

O IKCMPERYME 8 MOUKe (Xq, Vo) Hem.
Haroney, xoeda

fxxfyy—"ff)’zo (401])

& mouKe (X, Vo), MO MONCOM CAYEUINGOR, YN0 SKCMPEMYM 8 3MOL MouKe
ECb, U MONCENL CAYMUIMBOAN, YMO SKCIMPEMYMA Hem.

HeficTBaTeALIO, eClH [ 5= 0 B TOUKe (g, ¥y}, TO KBAAPATHUHYIO
dopmy (40.2) B namem cayuyae MOMHO 3anmycaTk 8 BRJe

Aldx, dy)=f.da*+2f dxdy -+ [, dy? =
[t Py (T f yy— F2) Y] (40.12)

e

Bce uacTibe NPOH3BOANEIE 376Ch U HHME BIATLL B TOUKE (X4, Va).

Mo BuauM, uTe npn spnoaneduy yoaosus (40.9) Boipaikenne B KBa-
paTHBIX ckoOkax B depmydne (40.12) nonoxurensnc npu dy® + dy* > 0,
T. e. A(dx, dy) spasieTcs onpenenednod kpaaipatuadoll gopmoi, a umed-
HO MOJOMHTEALED onpeledednolt npu f > 0 B orpuuaTensio onpe-
IJIeHHOD NpH fyy <7 0. 370, KOHEURO, CHEAVeT ¥ H3 BHILSHPHBEAEHHOTO
kpurepds CuabBecTpa. B nepeoM ciyuae, COTJIacHOD Teopeme 2, Touka
(¥, Yo} SIBASIETCA TOUKOMN CTPOTOTO MHHEMYME, a BO BTIOPOM — TOYKOH
CTPOroTO MakcuMyma. Eciin e BRInoaHeno ycnovue (40.10), 10 npu
dy = 0 n3 (40.12) nweem sign A(dx, 0) = sign [, a IpH dx = fy,,
dy == —f., nonyunm sign A(fxy, —/fvy) = —sign f,,, OTKyAa .cneayer,
uto KBaapaTHuHas dopma A(dx, dy) npu BHNONHeHHH ycaoBua (40.10)
ABIACTCH Heompese/eHHOH.

Cayuail [ = 0, fyy == 0 pasbupaercs anajoruuto.

Ecauxe foe = [, = 0, no f, == 0, 1. e. econ Aldx, dy) = 2f,,dxdy,
TO @BTOMaTHUeCKH BuioAngercs ychosie (40.10}, 4 cpasy sugHo, uTo
kBagpariunas ¢opma A(dx, dy) B 3TOM caydae aBIseTCH Heolpeaeaet-
woll, n6o sign Aldx, dy) = —sign A{dx, — dv). Tlostomy nocrarouso
B3ATL CHa4aAa dx # dy GAHOTO 3HaKa, a 3aTeM PAas3HBIX, YTO0B NOJYYHTE
3HAYeHHs KBajiparudsol (opMeEl pa3Helx 3HakoB. [To Teopeme 2 Toura
(xp, o) HE SBJASETCA B STOM CAVYAE TOUKOR SKCTpEMyMA. _

Hakonen ecny fg, = fyv == fy, = 0, TO, OYEBHAHO, BEHIDJIHIETCH
yeiaosue (40.11). [Lns saBepmeHHn [HoKa3aTeabeTBa TeOopeMbl HaM JoO-
CTATOUHO NOKA3aT: HA IPHMEpax, uTo, Koraa umeeT mecte (40.11), srer-
peMyM MOXeT ObITh, a MOMET ¥ He ObiTh.

Y dvuruun 2z = x* - 2xp ++ »® Touka (0, 0) sAmxserca crauno-
HAPHOH, H B HEH 2y == 2,, = 2y, = 2, u, 3HAUNT, BLINOJHAETCA YC-
Jaosne (40.11). 3ameuan, yto 2 = (¥ + V), BUANM, YTO BCioAy 2 3= 0
opuueM z = 0 na npamoll x 4+ y == 0, nosromy Touka (0, 0) spasercs
TOUKOH SKCTPEMyMa, Npasaa, He CTPOrero.
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Han pyukuun 2 = xv® Touka (0, 0) TaKkKe AB/IAETCA CTAUHOHAPHOH,
H B Hell 2y = 2,, = 2., = 0, nosromy ycaosue (40.11) raxme pemoa-
rseres. ONHAKO B CHIY TOTrO, 410 B GOPMYJIY, 3aKAMLYIO 5TY DYHKIHIO,
nepeMeHHbe X H ¥ BXQAST B HEURTHLIX CTeneax, HyHKUHS MeHAeT 3HaK
B 000l OKPECTHOCTH HyNs, SHA4WT, B 3TOM cayuae Toukd (0, 0) He
fAiBAsieTCs TOUKOH IKCTpeMyMa.

40.3. 3aMeuaHun 00 IKCTPEMYMAX HA MHOXKECTRAX

[Nycre dyrkuns f anddeperirpyema Ha OTKPLITOM OTpaHu-
yeHHOM MHOXecTBe G A HenpephIBHA HA €70 saMuKanun G, [ycre Tpedy-
ercsl HailTH HaHOonbinee H HAMMCHBIICE 3HAUCHWA QYHKLUM f HA MHO-

skectBe G (OHM CyLLeCTBYIOT Mo TeopeMe 3 iI. 19.4). [las atoro moxkuo,
HanpuMmep, HafiTH BCe CTAUHOHADHER TOYKH QYHKULHH f B (G, BHMHCAUTS
B HUX 3HaueHus (PYHKUHH H BHIOpaTh, €C/M, KOHEUHD, 370 BO3MOMKHO
(2 BO3MOJKiO TO, HANPUMEpP, 34BELOMO B C/Ayuae, KOrja UKCA0 CTAalHo-
HAPHBIX TOYEK KOHEUHO), TOUKH, B KOTOPHIX (YHKUUH MPHHUMAET HaH-
OoJbliiee W HaWMeHblUee 3HAYEHHA W3 BCEX 3HAYEHHH B CTALUMOHAPHBIX
Toukax. [locne 31010 c/enyeT CpaBHHTHL FTH 3HAUEHHHA CO 3HAUCHHSMH,
KOTOpble HNpuHMMaeT ¢yHKUHA HA [padHle OTKPHITOro MHOXeCTBa G,
HalnpHMep, Halfs, ecad 3T0 yLaercs ¢ielaTh, HaROOMblIee i HAHMMEHL-
wee 3HayeHua (yokuwu f na rpankue G. CpaBHHB Hanfogbluee H HaH-
MEHbLILee 3HAYEHMS] B CTAIIMOHAPHLIX TOUKAX MHOXKeCTBa (G ¢ HAaHOOAbLINM
H HAMMEHBIUHM SHAUEHHAMH HAa TPAHHIE (, MBI MOMKEM, OUEBHAHO, HaATd

HCKOMBIR MaKcHMy™ H MHAHMYM [ Ha (.

B cayuae, korma G — muackas ofiacTb W oee TpaHUNA ABJAAeTCA
Kpupoil, 3anaHHOH HEKOTOpHIM OpelcTaBleHueM x = x(f), y = y(l),
o << £ < B, BOIpOC 0 HAXOMACHHU SKCTPEMadbHBIX 3HAUeHUH QPYHKLHH
f(x, v} Ha rpankue (f CBOANTCA K HCCAEIOBAHUIO HA SKCTPEMYM (BYHKUHH
ofHoro mepemerHoro f(x(¢), y(f)), 9T0 ZenNaercs YikKe HU3BECTHLIMH Ham
METONAMH.

§ 41. HEABHBIE ®YHKLIHH

41.1. Hesgnbie hyHKLMH, onpejeaseMbie
GIHHM YDABHEHHEM

BrisicHuM YCJAOBHA, NPH KOTOPBIX ORHO ypaBHeHHe ¢ He-
CKOJREHMH NepeMeHHbIMH ONpeae/fer ORHO3HAUHYID (QYHKUHI, T. €.
onpeieaneT OfHY U3 9THX MEPeMeHHBIX KaK (PyHKLUMO ocTalbHbX. Hau-
HeM Haille PACCMOTPEHHE ¢ HaYUeHHs YPaBHEHHS, COAepKallero 48a He-
H3BECTHBIX!

F(x, y)=0. (41.1)
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JlocTaTOuHBIE YCJIOBHS ONHO3HAYHOH DA3peliuMOCTH  YpapHeHHA
{41.1) B HekoTOpOil OKPeCTHOCTH 33JAHHON TOUKH X, IS KOTOpOH CY-
WECTRYET ¥, TaKoe, 4TO F{Xg, yo} = 0, Aziotea caepyiowed TEOpEMOH.

Teopesma 1. Iycme gynkyus F{x, y) venpepuisna 6 Nexkomopol
OKPECMHOCMU MOUKY (Xg, Vo) U UM 6 BMOL OKPECIHOCHIL HACMAYIO
npousectryro F (X, V), KOmopas HeNpepoisra 8 movKe (x0s o). To20a, ecau

F(xﬂr yﬂ)ﬁos Fy(xﬂi ]’a)#:or

mo saddymea maxue oxpecrnoomi O u 0, CoOMAeMCMeENHO MOYEK
Xo U Vg, umo das kamedozo x & Oy cyuecimneyen, i nPUMOM eSURCIEERR0E,

¥
/’fﬂ hﬁ\\
// N
/ AY
WUTTTTT A
- _.{._[___/% Lo
2 1\_ i §/| [
i
J’ﬂﬁf] —————— \:- -T_I + ’ /I
N Y
?\L { 4/*
~—d - [
Pl T |
| | L1 -
7 G550 5 oA T

pewenue y - 0, ypasnenus F(x, y) = 0¥), xomopoe obosranun y == f(x),
i 3mo pewienue y = f(x) Henpeptisio Ha Oy.

Ecau donoanumeavro npednoaoctme, 4mo gyuxyus F umeem He-
nPepoisHYIO 8 mouKe (Xg, Yo) npousscdnyo Fi(x, ¥), mo ¢yrsygui [(x)
MaKKce UMeem 6 modKe Xp NPOUSSOOHYI0 U

’ L Fy (X, ;,Vn)
x —_— ——— »
i’ (x0) P, o 7

3aMeTHM, YTO MOCKOJbKY Jilfl KaXAoTo x € O, CYIECTBYeT elURCT-
BeHHOe pewenue ¥ = f(x) € 0, ypaBHenusn F(x, y) = 0 M NOCKOJBKY
F(xD! yﬂ) = 01 xOEOxr yUEOy: TO ;Vo = f(x(?)'

QYHKUHS Y = [{X) HASHIBACTCH HeABHOU ynryued, onpereaseMok:
ypasuenuem F(x, ¥} = 0 B OKPECTHOCTH TOYKH (X, ¥o).

*) B #T0M cayyae ropopAT TAKKe, uTO ypaBHeuue F(x, 3} =0 oguognayi:
PA3pPeINUMO B HeXoTopol OXPECTHOCTH TOMKH (X ¥o).
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doxasateascTtso Ilycte a4 onpeieieHHOCTH
F, (g ¥y > 0. Brifiepem NPsIMOYPOALHYIO OKPECTHOCTE
O ={lx, ¥):|x—x|<8, |y—yo|<n} Takum ofpaszoM, urTolhI
pynxuns F(x, y) Oblia HenpephibHa Ha sameikanki O okpecrHocrd O

0 4ToGh J1d BCex Touek (X, y) € O BHNOJHAJNOCH YCIOBHE £ (X, ¥) >0;
NOCHEAHeEe BO3MOMHO CHEEJATE B CUJY HelNpePHIBHOCTH 4acTHOi Npo-
U3BOAHOR F, B TOUKE (x4, o) (cM. m. 19.2). B cuay ycnosus Fy, > 0
byugunsg @(y) = F(xy, ¥) OZHOrO NepeMEeHHOIO ¥ CTPOrG MOHOTOHHO
Bo3pacTaer Ha otpeske [y, —1, yo -+ 1l (pue. 123), u T1ak xak
P (Vo) = Flxg, yo) = 0, 710 Flto, po—m=elpp—m) <0, a
F(xg, Yo -+ m) = ¢(yo + n) > 0.

B cuny nenpeprienocTd $YHKUHH F(x, ¥) B TOU4KaX (¥y Yo — M} H
(g, vo + m) dyBRUMB Flx, 9 — M) H Flx, Yo 1 M), KaKk QyHELHH
NEPeMEHHOTO X, TAKIKE HEeNPEPLIBHE B TOUKE Xy, U NMOTOMY CYIIECTBYET
8-okpectrocTh O = O(x,, 8) = (xg — 8, x, + &) ToukM X, TaKkas, 4TO
Flx, yo — M) << 0 1 F(x, o + n) >0 mast seex x € O,. IlpH 3Tom Bbl~
gepem 8 < 8, (3T0, OuEBHIHO, BO3MONKHO).

[lycre Ttemepe O, = O(yy, M) = (yo — M, Yo + m). 3adukcHpyem
x € O, 1 paceMoTpUM QYHRKUHK F(x, ¥) KaK (yHKUMIO OZHOTO l¢peMeH-
Horo y Ha otpeske [y, — m, ¥, <+ wl. Ha sToM orpeske cyluecTByer nipo-
ussoaHas F (x, y) >0, nosromy pyHKuMA F(X, ¥) Kak DyHKIusa Y He-
npepLiBHA H CTPOTC MOHOTOHHO BO3pacTaeT Ha oTpeske [yo — v, Yo+ nl;
npuien F(x, yo—m) < 0 u F(x, yo + 1) > 0.

CnegoBaTe/bHO, COIIACHO TEOPEMe O NPOMEXYTOUHAIX 3HAEHHAX
HENpepLIBHON (PYHKUHH, A8 KaKIoro gukcuposarnHoro x ¢ 0, Cymect-
Byer Touka y* € (yg— M, yo + w) = 0,, rakas, uro F(x, y¥) = 0.
B cuhy crporoii MOHOTOHHOCTH (yHKUuM F(x, ¥} Ha oTpeske
[¥o — M, ¥o + nl ykasaunoe p* eanncreenuo. Mbl DOJywuJH, TakuM
0fipasoM, HEKOTOPOE OJHO3HAYHOE COOTBETCTBHE (OAHO3HAYHYKY (yHK-
nuo): y* = Hx), € Oy, Takyw, uro y* £ 0, u F(x, y*) =0, npu 510M
MBI OJHOBPEMEHKO NOJIYYHIH eIHHCTREHHOCTh TAKOH (QYHKIHH,

Jlokamem Tenepb HenpepuBHOCTL (yHKund [ Ha murepBane O.
[Nokaxkem cHauana, uto iyHxunus y == f(x) HEeNMpephiBHZ B TOUKE X,.
Ilyere 3apaH0 & => 0. B AaHHOH BbIe KOHCTPYKUHH NOAYHHHM BEHIGOD
1 > 0 JONONHHTENLHOMY YCJAOBHIO 1) < &, TOIAE, IT0 YIKE JOKa3aHHO-
My Oylem wumeTh: ecam xE£0,, T. e eemn |x— x| <8, T0
y=Fx) €0, = (yg — M, Yo + NS (Yo—2, Yo---&), 1 moTOMy |y—Po| <
< €, UTO H O3HAUY4ET HENMPEPHBHOCTh QYHKIME [ B TOUKE Xo.

s HOKasatelhcTBa HENpephiBROCTH (GYHKUMH ¥y = [(x) B MPOH3-
BOJBHO Touke X & O, 3aMeTHM, YTO, COTVIACHO AOKA3AHHOMY BHIUE, BbI-
NOJHAKTCA CAeIYIOUHE YCAOBHH:

1) F(x, f(x)) = 0 u (x, f(x)) C O nna Beex xC Oy

2) Fylx, ) > 0 nua Beex {x, )€ 0.

M3 npuBeseHubIX BHILE PACCYMKACHHIH BHAHO, YTO TH ABa CBOHCTERD
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¥ MO3BGJIMJH OCYUIECTBHTE BCIO HIIOMEHAVIO KOHCTPYKLHIO; I0ITOMY
OHa MOJHOCTHIO MOMKET ObITh MPOBS/IEHA K AJA ToukH {x, f(x)), CTRYI4 H
cleayeT HenpepueRocTs GyHKUHR f B AroGoll Touke x € O.

Jlokaxem Teneps nociejiiee yTBEpKAeH e TeopeMnl. [1ycTe B okpect-
tocTa O cyIeCTBYIOT HENPEPHIBHEIE B TOUKE (Xy, ) YACTHLIE POH3BO/L-

ible Fyy ¥ Fy, TOPRA B TOUKe {Xy, ¥y} PyHRUMA F(x, y) nuddepennnpyema,
T. €.

Fxy+Ax, v+ A0)—Flxy, )=
=F, (X, Yo) Ax+F (ke yy) Ay+eAx-e,Ay, 41.2)
rne

lime, =1lime, =0, ¢ =V AP E AR,
ps0 g0

Bosemem B topmyie (41.2) 7
Kot Ax € O,y Ay == (g Ax)—f (xy),
Torga B cuay veaosus Flx, f(x)=0 nonyuum
Fag+ Ax, yo+ AyY=F (xo+ Ax, [(xp-1- Ax) =0,
1 Tak Kax F(x;, ¥0)=0, 10 ua (41.2) nmeem

Fo(x, yo) Ax+F (%, yo)Ay+edx+-e,4y=0.
O1crona
Ay — _Fr(xo, Vo) -+ &
Ax Fy{xy, yolde, '

MMycte Teneps Ax—0, torja B ciny uenpepelBHOCTH ¢yHKUAN [ o

Ay—0, a snaunr, p=) Ax®-}-Ay*—0 npr Ax—0, orkyla cuie-
nyver, uio 8 qopmyne (41.3)

(41.3)

lime; = lim g,=0.
Ax~0 Ax=0

[MNostomMy npu Ax— O npepen npasoit  gactd pasenciBa (41.3) cy-
MECTBYET H paBeH—M (namoMEHM, 4TO F (%o, yo) == 0), no-
Fylxa, o) Y

sTomy npH Ax —0 cymecTByer H npejleq Jepol 4acTH, T. €. Cylue-
CTBYET NPOH3BOAHAR

fl (Xg)= ﬁi::t' (xﬂv yﬂ) . (41‘4)
y (X0 Ye)
Teopema nekazana.
3amedanue. Ecan dyaxnuu F, 1 F, venpepuisun Ha okpect-
noctd O TOUKM {X,, Yo}, TO NPOK3BOAHAS [ HenpephiBHA Ha HHTEpBaje
0. [eficteuTensno, npumMenan gopmyay (41.4) k npoussoabHOL ToYKe
x €0, noayunm
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’ Folx, F{x)
X)=— — =
Fe) Fy(x, f{x)

OTKY2A 110 TEOPEME O CYNCPNOSKINH HEnPEPLIBHEIX (YHKIHE Mbt 1 nony-
yaem HelnpepuBHOCTE GYHKUMHE ' (x) na O,.

AHanoruukeiv ob6pazoM d}OpM}’J‘!pr‘ETCH H A0KAa3LBaecTCA TeopeMa
Ana HesiBHCH YHKIMH, ONpejeaseMoll ypaBHEeHHEeM

Fxg, oo x,, ¥)=0. (41.5)

Y1068 NONYYHTE COOTRETCTBY-
IOLLYIO TEOPEMY IUIS 9TOTO  ypaB-
HeHHA, Hago B ¢GOpPMYJHPOBKE A¥ty T
TeopeMbl 1 HO £ NOHHMATL TOUKY oA
A-MEPHOTO IPOCTPAaHCTBA X == ‘/ /)
=(Xy, very Xn) & E" Ay . Z

Teopena I'. Hycmo pyui- . g%
yusn Flx, N=F(x, ... x, )

s

|
i

HENpepLisHa 8 HeKomopoll  oxpe- ]
cmuocmy  mouky  (x(9, O » g '
umeem ¢ smoll OKpecmHocmu 4d- / L
cmugo npoussodryo  F, nenpe- 7
poteryio & moure (0, j)“”}.

Eeau F(x©, ¢ =0, a
Fy(x9, 90y £ 0, mo Hauaymc;z
maxue okpecmuocrnu O, w O,
coomsemcmeenro mosex X u yfo’ umo 0an kaxcdozo x O, cyuwe-
cmsyem, u npumom  eOurcmeerinoe,  peuenue y <0, ypaewenua
F(x, yy=0% (amo pewenue 0603nauum wepes y = f(x) = f (%1, .. xu))

Ecau, xpoMe mozo, CYWECMEYIOM 608 HACMIHbIE N ou3E0GHDIE F,
Henpepeigrsie & mouxe (X2, YO, mo cyuwecmayiom u wacmnole npo-
useodbie f, , i=1,2,..,n, n#putes ecau dacmuble NPOUIEOUHLIE
Fepo i=12, ..., n, u F, Henpepsénet 6 oxpecmuocmu o xu
(x(0), y9), mo wacmnsie npoussodHsie f:c,- HENPEPBIEHBL 6 HEKOI( POl
oxpecmuocmu modky 59,

[Tpu 3ToM dopmysl AN YACTHLIX NPON3BOAHEIX HEeSBHOH byHKLKK,
onpeneasemoit ypasHenueMm (41.5), uMmeloT Bhi

Puc. 124

o
K L/ N
9%, o

dy

*) Ha puc. 124 mao6paxen ciydalt, Korfa n = 2 H okpecTHocTs O, npamo-
yrofbHas.
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41. 2. MpousBgepeHNa MHOXKECTS
[pexie ueM paccMOTPETh BOMPOC O pa3periHMOCTH CHCTEM
ypasHeHull, BBefeM HEKOTOPHIE HOBLIE MOHATHA.
[Mycty E} — p-MepHOE eBKJMI0BO MPOCTPAHCTBO, TOYKH KOTOPOTO

Gynem of03HAYATE X = (%, ..., X,), Ei — g-mepHoe eBKAHAOBO NPOCT-
PAHCTBO, TOUKH KOTOPOTo 8ylem 0603HAYaTh ¥ == (¥, .y Yy)y @ Eg;-f-'—

— (p + g)-MepHOE eBKJIHECBO [IPOCTPAHCTBO TOUEK

(X, ¥} = (X1y ooy Xpy Y1y veey Vo)
1z Onpedenenue 1. fTycmy
E’ AcEY u BCE]. Muoacecmeo movex

(x, v} npocmparcmsa E%,  ma-
xux, umo x €A u y B, nasueaem-
c8 npoussederuem muoscecme A u
B u obosnavaemen A X B. Taxkun
obpason,

v AxB={x, y):xCA, yEB}.

T INlpumepn. 1. Ecau A=E%,
B=E}, 10
Pue. 125
“e AXB=Elx ES— ESF.

2, Mlyerb p=2u A—kpyr; g=1 u B—orpesok. Torna A x B—
npamoil xpyroeoil nuauaap (puc. 125).

3. Myers £ = (") €EZ u A=Ple; 8 .y 8) =
={(x) 1, —x <8 i=1, 2, ..., p}—PAMOYTOMBHAS OKPECTHOCTS
rourn  x(0; myere YO =(pO)CE) n B=P(yy My ey M) =
= {(yf): |yf —y§.°)|<nj, =12, .., q] ~—OPAMOYTOJLHAA OKPecT-
HocTh ToukH Y9, Torga

AXB=
=[x, )i |xae—xV< i i=1, 2, o, p3| Y=<y F=1, 2, a0, g) =
= P (80 0 8y, ey 80 My s M) (41.6)

ABAAETCH NPAMOYTOJLHOH OKPECTHOCTBIO TOUKH (x(%), plo),

Ouerrano v o6paTHO: MOCKOJILKY BCsIKas NMPSIMOYTOJbHASI OKpPecT-
HOCTE TOUKM (Xg, o) 3alHChiBaeTca (GopMyaofl, cToslmed B cepelnHe
paseHcTea (41.6), To ona Beerjla MOMET OHTL NPEACTABIEHA KAK NPOH3-
BEJICHHE NPAMOYTOMbLHLIX OKpecTHocTel Touek x(9) g pt0,

Ynpaxnenue l. oxkasate, uTO ecqH mMuoxecrsa AC FEP u B EY

x ¥

ABAAIOTCA OTKPHITHMH MHOMECTBAMH COCTBETCTBEHHO B npoctpaHctsax EP u £9,
x Y

10 AXB ecrh OTKPHTOE MHOMECTBO B NPOCTPAHCTBE Ei;"’.
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41.3. Hensuuie diyHKUKK, onpegeaseMble
CHCTEMOH ypasHeHHi

PaccMoTpuM yC/I0BHs, DpPH KOTOPEIX CHCTEMa ypaBHeHuft
Fix, =0, i=1,2, ..., p, xCE% yCE, (41.7)

uaH, nofpotHee,
Fi(xg, cony %40 Y15 ooy ¥p) =0,
FE(X]_, neey xqr 3’1, reey yp)=O:
(41.8)
Fo (X, vis Xy Yiy oy ) =0,

O/IHO3HAYHO PAa3[elIiMa OTHOCHTRIIBHO Py, ..., ¥, B HEKOTOPOH OKpect-
HOCTH TOUKH (x(%), y(9)), B KoTopoit F,(x(0), y9)=0,i=1, 2, .., p.

Onpedenenne 2. Ilycme  sadona  cucmema  dyaxyudl
ty = tilly, o, )y, £ = 1,2, ..., m, umerotux 8 wHexomopot mouxe
10 gee wacmrole nPoUsBOAHLIE NEPBO2O NOPAOKA; 020G MAMPUYA, COCIAE-
ACHHGA U3 JHAYEHUL YACMABIX NPOU3EOOHLIX amux gyukyuil e mouse H9);

duy  duy duy
al, at, oo,
Oug Ouy Oy
aly at, T at, |l
Y Gty ez
ot, dt, T 8ty
uaL, Kopo4e,
Gl 1,2, my f=1,2,
d¢;

Hoaoieaemen mampuell Srobu*t dannoid cucmemst hynryul.
Ecam m = n, To onpegeauTeab Martpuubl $ko0H Ha3biBaeTcs

onpedeaumenenm Hxobu, Unu AKOOUGHOM, CHCTEMEl BYHKLURE iy, ..., Hy 110
NepeMEHHEIM ¥, ..., {4, H ofo3nauaercs
a(”l, v ey Upy)

U]

Mpl yBRAHM B JavibHelneM, uTe AKOOHAH cHCTeMEr (Y HKILHI ecTecT:
BeuHbIM 00pasoM BOBHHKAGT B Pa3/IHUBLIX BOTPOCAX TeOPHH QYHKUMI
MHOIHX MepemMeHHbIX.

CiopMyaupyem Tenepb OCHOBHYIO TeopeMy STOrO NyHKTa.

"1 K, Hrobn (1804—185]1) == HeMeuxwlt MaTeMarTHK,
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Teopesma 2. Hycme gynciuu F (x, y)=F;(x;, .., X, Vi e Vol
i=1, 2, .., p, HenpepoieHo Oupipeperyupyembt 8 HEKOmMOPOU OKkpechi-
rocmu mouku (10, y'9), ede 2O = (¥, ..., K9}, YO =¥V, .., ¥,

Tozda, ecan F,(x?, ) =0,i=1, 2, .., p, M—,—L——O
d(yln voe oy }}p)

8 mouke (X0, YO, mo natidymes maxue oxpecmuocmu Oy u O, mo-

wex x(0 u YO coomsememeento ¢ npocmpancmeax EY u Ey, umo
dag xamdozo x €O, cywecmeyem eduncmoennve pewenue y & O
cucmemnt ypastenud (41.7), Kormopoe oboznawum

y:f(x>={yk=fk(x1r et xq): k= 1, 2: eety p}u*)

npunem pynsyun f, (%), k=1, 2, ..., p, obpasywwue smo peuierue,
nenpepuisHo dupdepenyupyemu na 0,

OrMeTaM, uTo NOCKOJAbKY JJs Kakporo x C O, cyliecTByeT eup-
creedroe peinenne y=7f(x) CO, cucrempl ypasuenuii (41.7) u noc-
KoIbRY F; (O, =0, {=1,2, .., p, OO0, p0 ¢ Oy, TO
y(OJ = f(x(o)).

HoxrasartedatcTro [lpumennm MmeTol HHAYKUHH.

Jna cayuan ofHOrC ypaBHeHHd, T. e. KOTAa p = 1, Teopema Ohlia
Hamu noayuena B n. 41.1. Tlyetb Tenepe Teopema 2 sepua ans p — |
ypaBHeHuH {p ~> 1). JlokaxeMm ee A1s p ypaBHeHHH.

[Toxkaxkem cHayajla, YTO Kaxjoe W3 ypasuennfi (41.8) manpumep
nocaearee

Fp (x17 wary qu J’p vy }’p)=0:
MOACHO PAa3pPewidTh B OKPeCTHOCTH ToukH (x'®), p(®) mo kpafinefi mepe

OTHOCHTENBHO OHOTO NepeMeHHoro. [eficTBHTENBHO, 0 YCAOBHIO Teo-
peMbl B Touke (x{9, p(0)

oF, dF,
9y ) a9y,
a———w—-—_(Fl'."'Fp)— L A =;=0
= - »
01 v ¥a) | or, dF,
on - Ay
*) CucreMa pyHrunl fa(xy, ., X4), k=1, 2, ..., p, o6o3naucna ojjauM GyEK-

UHOHAJABHEM CHMBGJA0M f(x), TaK KAK 3Ta CHCTeM& 3aJACT ONpLJeNeHHOe COOTBeT T
BHE! TOUKAM HEKOTOPOro MHOMEeCTBA NPOCTPANCTBA Ez Q1 CT&BAT B COOTBETCTBHE

OfpeeICHHBIEC TOUKH NPOCTP AHCTBA Eﬁ, HJH, K4K FOBOPAT, 0T00paKkaeT yKasanlioe
MuoxecTeo mpecrpanctsa EZ b npocrpancree £5,
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HOBTOMY B FJTOfl TOUKEE XOTH Gl CABH 3JEMCHT HOC,’]Q,J_HE.ﬁ CTPO‘II\‘I[
onpejeanrenas HKo6H oranuen oT ByJad; NyCrs 3T0 GyneTr pjas Cnpc-
HeAeHHOCTH TOCJEIHHE 20eMeHT:

oF, (x'0, y(®) -0,
By ' _
Orcrona s cuay TeopeMut 1° n. 4l.1  creayer, ute ypasHenne
F,{x, y)=0 Momer GpITo pa3pelleHO OTHOCUTEILHO MepeMeinoii y,
B HEKOTOPOH OKpecTHOCT# Toukn (X, ¥g). ChopMyaipyem »io Godee
touno. Obosnauum w®pes O oxpecrHocTb Touxd (x%, ), 8 Koto-
poit pyukuwu F;, i=1, 2, .., p, Henpepuisno puddepenipyem.
Torga wHafigyTcs npaMoyraabxas —oxpectroets 0791 ouky
(% o, 0, L, 820 ) wooxpectiocts OF Toukn py” rakme, uto

0PH~1 % 0' & 0, n cyniecTBYeT GHpefeACHHAA H HENPEPHBHO AUC-
depentupyeman wa 07V dymxiuus

yo=q)(x1? vy xq; }’1: raay }’p—»i), (41.9)

YIOBJAETEOPSIIOIAT CASAYIOULIM YCJIOBUAM: eciiu

(xl i)):(.t]_a reey xq, yll . yp_i) 6 Op+g_i‘]'

TO
(P(x’ 5))=(P(X1, AL § xq: }’1, +eay }’p—l) E Ol, (41.10)
Foltns veor %40 Vio oo Vo1, 9 (%, 3)) =0, (41.11)
H
~ {0 {0}
o (x9, ¥ ) =yp (41.12)
rag

('™, }(0)):(xﬁo), ey xio), y(lo), ey yi,o_),). (41.13)
Tloactapum B nepBsle p—1 ypaBeesus cucteMbl (41.8) pripaxe-
Hue (41.9), torpa, mroag ofo3Hauexye
By (51, vy Xgs Yao one Vo1 )=
=Fi (xl: seey xa) }’1: habt ] }’p—l ’ (p(xl, hidt ] xqr pr irey yn—l )),
i=1,2, .. p—1, (41.14)

NOAYUHM CJAQUYICOLYI0 CUCTEMY p“-l ypaBHeHHﬁ c p+ q-—l HCH3-
BCCTELIMHL
(Dl (xl, ney xq, V1 ey yp...m])"'—-—o
« 4 4 B F 3 & ¢ w + ® = = (41.15)

(Dp—l (Xl, vevy xqa Vir ooy y9—1)=0'
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Tloxamem, YTO 3Ta CHCTEMA YAOBJNETBOPSET VCJAOBUSM, KOTOPHIM
YAOBAETBOPAET CHeTeMa (41.8), eclM TOJBKO 3aMeHMTH p Ha p — L.
Hebicreurensho, gyukuun @, k=1, 2, ..., p — 1, Benp2peBHO Aud-
depeHuMpyeMEl B OKpecTHOCTH 0°79—! Kax CynepnosunHy HenpephBHO
nHti)cpepeHquyemux yHKILHI, M3 ycnoBua Fi(x(%, y@) =0, {=
=12, ..., H ycnosﬂu {14 11) u (14.12) ca:nyer, uto (I)k (19, y“) )=
= 0 b= 5, 2, .. p—1L

Joxamen, uto 8 touke (x%, 7)) [em. (41.13)]

a(q)_l’ e p—i) %0.
a(y[’ arry yp_])
Jlas 3TOTO MpelBapHTENbHO  3aMeTHM, uTo M3 (41.9) u (41.14)
caedyer, 4T0

v, 8F; , OF; do .
T T G k=12, ..., p—1, 41.16)
dyy  Oyx  O¥p Oyn g ( )

a uz (41.11), urto

IFp  9Fr 99 g, k=1,2, .., p—L (41.17)
e 0yp Oy
Tenepr B onpegenuTene ag—fl—‘—;ﬁ} K k-My croabuy npuasum
L s ¥

nocaefHui crondel, yMHOMEHHRIH Ha a—;f—, k=1, .., p— 1, oruero,
k

KAK H3BECTHO, BENHUHHA ONpemennTead He uamensiercsi. [losTomy, uc-
noassys (41.16) 1 (41.17) u packaanuBas DoAyYuBIIKHACS ONpeLeJHTEND
10 NOCAeRHell CTPOuKe, NOMYUHM

a(F].! --'in} _
F(y1s s ¥p) 120D, @)

OP L OF %o OR_ | OF o OPy
By Oy, Gy Oy, Ty, Gy, By,
GF, OF, dp  OF, OF, do OF,
dy, 6yp dy, - Fyp_y dyp W, (?yp (97, 100
D, 0D, dF,
dyl ayp_l dy
....... . () ()
—lob | b, OF _F (" )5("’1' ﬁﬁl)I L0, 5@
— ) p—1 n dy d(y ¥ | )
d}l 5}";Jﬁl ayp n 1 e P“I)
as
0 0 ?
dy, (7, 1)
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B TaK KaK Jepas uacTb PaBeHCTBA OTJAMYHA OT Hyas, TO OTJAMYHA OT
HyAd i TUpaBaf, OTKYAa

(@ @, )

=+ (

Iy oo Vo) (O, O T
B cuny seinoaHeHua Aas  QyHkumd @, i=<1, 2, .., p—1, ye-
JoBui, AHAJOTHUHBLIX YCIOBMAM Aas GyHxuumil I, i=1,2, .., p, u

COTJIACHO TPEATNONIOMEHHI0 HRAYKUHA cHcTeMa ypasHeHHH (41.15)
OJHO3HAYHO DAa3pelllHMa OTHOCHTENbHO TIePEMEHHBIX Vi, ..., yﬁ_l B

nexotopoit okpectnoctn rtoukd (¢, ¥). Tounee, nycrn 079!

IPAMOYro/IbHAfA  OKPECTHOCTh TOUKH (x(o’ ¥, NOJIYUEHHAS [IPH
paspeulenur ypasHenuust I, =0 OTHOCHTEJnHO nepemeHHoH Y, Pas-

NOHKHEM ee B IIDOH3BEJCHHE ODAMOYTOMBHBIX okpecTHocrelt O, u O~
mouex £ = (", ..., x‘m) u YO=G0, ., y2y) COOTBeTCTBeHHo
~ q+p—1
B TpOCTpaHctsax Ex H E (snec&, Y= e ¥y )):0 =
=0 %0~ (0
= 0, X 0. Torzna cyuxecmysmwoxpecmoub 0,0, 7touku x° »
‘ ~(0) .
okpectHocte O < Oy ToukH ¥ M cucTeMa (yHKUML
y1= fl (X) =f1 (-x}_r ceny xq):
........... c e (41.18)
Vo1 =fﬁ—i )= fp—1 {13, ..o, xq),

onpefeneHHLX ¥ HENpepniBnO AkddepenuupyeMbix Ha MHoxKecTBe O,
H yJIOBAETBOPRIOUINX CAEAYIOMHUM YCAOBHAM: ecan X & Oy, To

(F (%), oy Fomr (x)) €05, (41.19)
i Ha Oy dyuxnuu (41.18) ynosaersopsaior cucreme ypasuenui (41.15)
(I}i (xl, vaty xq, f]_ (x), YY) fp#] (x))‘—_o, (41.20)

i=1,2, .., p—1.

Tlogcrapasn Bupawenus (41.18) B (41.9), noayuum ¢yukuMo or
X, onpesenennyo Ha Q,; ofosHauuM ee f,:

Vo=0 Xy, vy X0 F1{X)s ory fomi =, (1, s X)) =, (x). (41.2])
TTokaxeM, yto cuctema GyHKUHI
Va=Fpldy, o X)), k=1,2, .., p, (41.22)
(cm. (41.18) v (41.21)) u sBIAETCA HCKOMOR cHCTeMO# GyHKUHI, YIO0B-
JETBOpAILEH TpefoBaHUAM, CPOPMYINPOBAHKLIM B TEOPEME.
B camaM geqe, nycts Oy = 05; X O, Toraa, ecau x & Oy, To B cHay
(41.19) u (#1.10) fx) = (hlx}y ooy R0} €0, M @l.14), (41.20},
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(41.21) u (41.11) cnenyert, uto Fi(x, /(x)) = 0, i == 1, 2, ..., p, Ann Beex
X0y
Hakonen, B CUAY TEOPEMBl O UPOH3BOAHON CAOMHOH QYHKIHH BCe
Gyuxunn fy, i =1, 2, ..., p, nenpepnuno puddepenuupyems Ha O,.
Qcraerca A0KasaTh eAMHCTBEHROCTR YKasaHwo#l cucreMel. [IycTe

* -
dyuknum [y, ..., fp Takke ofpazylor peluexne cucremsl (41.8), onpe-
felteHsl Ha okKpecThocTh Oy K OTOOPANKAKT €€ B OKPecTHOCTL ¢

Tlokaskem, uto Torfa f,=f;, i=1,2, .., p, na O,
Iepenuwenm pasencreo {41.11) B Bu1e

Foo(x; ¥10 e Vo1, @(85 ¥1o ooes Y1) =0,
(X3 Y1y ooy Yo—1) £ 0. X O,
B 4aCTHOCTH, CYHTAs ), = f7 (x), x€0, i=1,2, .., p—1, noayaum

F,(x; L wey fomt (), 905 FLOXD, eony Toa () =0, x € 0.
(41,23

v

Ha 0, Bunonusercs Take paBeHCTRO

Folx, [ix), o, () =0, x € 0, (41.24)
M TaK Kax ypaBHeHHE
Fole, y10 00 1) =0

HMeeT eHHCTBeHHOe pelueHne A8 Kawxjclh $uKcupoRaHHoll TOUKH
(xiyr o ¥,_) € 0. X 0p, o us {41.23) n (41.24) noayvaew

P e, o o ) =["(x), xCO.. (41.25)
Hanee n3 (41.14) u (41.25) umeem
iy F1Es s oy (1)) =
= Fo(n ) wnlo 0, ofs F @) o o)) =

p—1

= [T ) =0, x=(x) €O,

T. e. pynxuuu i, ..., | aBasiorcs peiennem cueremnl (41.15) na
0,, 1o MH yxe ¥meqad Ha O, peilenHe ST0H CHCTEMBl [y, ..., fo—j.
[No npeanonckenudo HHAYKIHE peerue cucteMsl (41.15) eiuncraen-

HO, TIOITOMY
f:‘ (x):f,; (JC), i= 1, 2, reey p““‘l, X E Ox-
Otciofa B cuny (41.25) u (41.21
f:(x) = fP()C; f; (X), wesy fp_] ().T)) = fﬁ (Xf), xEOx.

EnuncTBeHHOCTb peruenus cucremil (41.8) jokasana.
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414, OroGpaxenus. CsolicTpa AKOGHaAHOB 0TOBpaKeHH

Ilyers sanana cucteMa yHkumi
Vo= Fi(Xy e %), i=1, 2, ..., m, (41.26)

onpenejenHpX Ha MEokecTse ECEY. Taxas cuctema $yuruni, oue-
BILAHO, ONpeiensieT HOBYIO GyUKIHMIO, CTABAILYIO B COOTBETCTBHE TOYKe
X = (Xgy vory %) E ETOUKY ¥ = (Jy, o0y Vi) € E3. S18 DyHKLEA, KOTOPYIO
Mbi 0003HAUHM ¥ = f(x), OOBUHO HASLIBAGTCH OMOGPAsKERUEM MEOMKECT-
sa EcE; B npoctpancteo £, Hanomaum {cv. n. 4.1), yto Muoectso

HEy={y:y =), x € E}

HaRLBaeTCA ofipascsm MHoxecmsa E mpu orobpaxenun f(x).
Ecnu DcHE), TO MHOMKeCTBO

[~ D)y={x:1(x} € D, x € E}

HA3KIBACTCA ApooGpason mHoxcecmsa D,

Ecau f(E)CT D, 1O Mbl OyleM TOBOpHTL, 4TO oToGpaxenue [
orobpaxaer mHoxectBo E B muomecmso D. Ecan xe J(E) = D, 1o —
na mroxcecmso D.

Onpedenenne 9. OmoSpasicenue (41.26) naswisaemes Henpepbisrbim
(coomeememsenno Oubhepentipyessin, Henpepuishe Jugeperyu premsim
u m, n.) a mouke X\ & E, ecau Kawdas us gurkyuil (41.26), sadawuiux
smo omolpaxcenue, Henpepssra (coomsemcnisenno Quibeperyupyema,
HenpepoisHo Ougbeperyupyema u m. n.) 8 mouxe x0,

He npuberas K NORSTHIO HeNpepwBHOCTH $yHKIINH, 3a]a10U1X OTO-
GpaxenHe, ycnoBHE HeNMPePHBHOCTH oToOparkeHus B Touke x'0) MomHO
nepe(pasnpoBaTh, HANDHMEP, CAGRVIOUIAM O6PAa3OM.

Onpedeaenune 9. Omobpascenue y = [(x) muoncecmea E < E,
6 NPOCHPAHCHISO E'; Ha3vieaencs Henpepoletoim 6 moyke x0 C E,
ecau Qan aobott oxpecrnnoemu O, = Eyf mouku y@=f (x©) cyuwecm-
eyem oxpecmuocme O, S Ey mouku x°) maxas, wmo

[(O,~E)c 0, (41.27)

HefietButenbio, nyete ovobpaxeude f(x) = {[,(x), i=1, 2, ..., m}
HeMpepHIBHO B Touke 40 B cMbicie onpesenenus 9, mycrb yi=
=f, (), i=1,2, ..., m ¥ nycTh 3ajlaHa KyOHUeCKan OKPECTHOCTD
0, =P (¥ &) Toukn y0 5 E”. B cuay HempepuiBHOCTH KaxioH
us pynxmuit [, i =1, 2, ..., m, B Touke x'® cymectpyer 1akoe 8=
= 8(e) >0, uro ecau O, = O (x'?; §)— §-okpecTnocTh TOUKH X B
E®, 1o |f () —y@<le, i=1,2, .., m, a5 peex x € 0,~E. 2ro
oaHavaer, 4to f(x) = (f,{x), ..., [, (&D % 0, 1 TaK Kak Xx-- IPOHS-
BOJIbHAg Touka MHowecisa O, ~E, 10 f(0, ~E) =0,
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MNyers Teneps oroGpaxesne f(x) HenpepelBHO B CMbiC/e Onpeie-
nenua 9. Haa vaoSersa chopa OyheMm 6paTh B KauecTBe OKDECTHO-
et Oy KyGuueckylo okpectnocts O, = P(p0); ¢). [lo  ycuo-
puio  (41.27) ans  nofofl  okpecrHoeTit (), CYLIECTRYET —TaKas
okpectHocth O, = O(x"; 8), uro ecay x & O, ~E, 10 f(x)=
:(fl (X), ey fm(x)) G Oy! 1. €. lft(-’-’)“]ﬁm' < e, [ = 1: 2: wesy M1, 4 3TO
H O3Hauaer HeupepelBHOCTE Kaxfpofl dyexkuuu f, (=1, 2, ..., m,
B Touke x(0,

Jdemma 1. Omobpasxcenue | mrcwecmea E—Ey 6 Ey nenpe-
puero 8 mouke x ¢ E moeda u moasko mozda, Kozda i awbod
cxodawetica nocaedosamensiocmu moxex x% C E, k=1, 2, ..., ma-
kod, 4mo Hmxi®) = x CE, Gonoanaenca ycaosue

e lim ] (eth0) = f (5. (41.28)

HokagaTeabeTs o, Yenogue (41.28) pABHOCHILHO YCJIOBHIO
lim f, (x%) = f,{(x), i=1, 2, ..., &

(cM. Teopemy 1 n. 18.1), KoTopoe ©3HaYaeT HENPepPBHIBHOCTL GYHKLHA
fe (eM. . 19.2} B Touke x, a caefoBaTensHa, 4 CTOBpAXEHNs [,

Otobpamense f muokectea £E~EY B Ey HasbiBaeTCn HeNpepuisHbiiL,
eC/H OHO HENMPEPHIEHO B KamJI0d TOUKe MHOecTBa E,

Teopema Beflepiuirpacca o6 orpaHuueHHOCTH HeApePLIBHRIY (FYHKIHE
Ha OTpaHHYEHHBIX 3aMKHYTRIX MHOMKECTBAX JErko odobuiaercd d Ha
cayuafft nenpephlBHEIX oToGpameHui.

Jdemma 2. fycme E — ozpannvennoe  SaMKHYMOE  MHOMCEOmE0

ECE}, a [ — nenpepsieroe omobpancenue E @ EY, Tozda [(E) makace
OZPOHUMERHOE SAMKHYITIOE MHCICECHIS0.

HorasatensbcerBo. Ecau orofpaxenye f(x) HenpepnsHo,
TO, COIJ12CHO onpenenenso 9, sanaonise ero dyuknuy (41.26) Takxe ne-
i[pePLIBHLL, B TAK KaK £ — OrpaHHYeHHOe 3aMKHYTOE MHOMKECTBO, TO
OHH OrpaHHueHs! Ha HeM (CM. TeopeMy B 1. 19.4), T. e, cylecTByer Takas
nocrosunas M > 0, uto jaas Beex £ € E BRINOAHAETCE HEPaBEHCT-
so [fi(x} < M, i=1, 2, ..., m. Crenoparenrno, Mmuoxecrso §{E) orpa-
HHYEHO,

Hokaxewm Tenepb, uto fE) samxuyto. [lycte y € f(E), Toraa cyuecr-
ByeT Takas NOCASHOBATeJdbROCTb Touek Y CHE), k=1, 2, ..., uto
lim yt*) = y. Brifepem no Touke x*) u3 npooGpasos Touek ¥*) mpy 0106-

k—00

pazennu f: x®& € FHy®) b=1,2, ... B cuny orpaHd4eHHOCTH MHO-

#ectsa E no teopeme Bosbuano — Befeprpacea (em. n. 18.1) us no-

C/IeJ0BATETBLHOCTH {%¥7} MOMCHO BBUIEVIUTE CXOAAULYIOCH NOANOCIEA0-

patenbrocTh {x'%'},
Hyers lim x*9) = x,

§r®
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3 3aMKHYTOCTH MHO:KECTRE £ cacayeT, uto x & E. B cu1y xe Henpepots-
HOCTH OTOOpaMKeHHs [, COMVIACHO JiemMme |, umeeM

lim p¥s) = Tim [ (x"*s)) = f (x).

Ho lim y“‘S’ = y, nosromy y = f(x), T. €. y € f(E). [TockoNbKy y sB-
k0o
JAfNack NPOH3BOJALHON TOUYKOH NMPHKOCHOBEHHA MHOMecTsa f(E), To 310

¥ o3Hauaer, uto (L) — 3aMKUYTO® MHOMECTBO.

O6o6waercs Ha ciyyall 0TOOpaXKeHUH M NOHATHE PaBHOMEPHOH He-
NPEePhIBHOCTH.

Onpedenenne 10, OmoGpancenue | mroxcecmsa EC Ey 6 npocmpan-
cmigo  Ey' HASbISQEMCH  DABHOMEPHO Henpepewnsii, ecau Oas amoboeo
e > O cywecmsyem marxoe § = 8(e) > 0, umo Oan arwbox mosex x' € E u
x" € E, yoosaemsopsiowiux ycaosuio pix’, x") < 8, sweinoansemen Hepa-

seremso p(flx), Hx")) <.
Jns otoSpaxenuii kMeeT MECTO H YTBEPIKACHHE, aHANOTHYHOE Teope-

me KauTtopa (cm. 1. 19.5) pasi HenpeprBHBIX QYHKUME.
Jdemma 3. Henpepoisnoe omobpasiceriue 02panuueniozo sanknymiozo

mroncecrnsa EEy ¢ npocmpanciso EY ssasemcs passomepHo Henpe-

PoLGHOLM.
HokasatenwcTBo. Eom fx)={fx),j=12 .., m}
ABAAETCH HENPEPHIBHBIM OTOOpAMEHHEM OFPAHHYEHHOro SaMKHYTOrQ

muoxectsa E ¢ Ex B apocrpancteo E5, To kaxgan (yakuus f;, | =
= 1,2, ..., m,06yayyu HenpepuBHCh Ha £, 4BAAETCA H PABHOMEPHO He-
npepoiBuOil Ha 5ToM MHOMecTBe. [Tosromy ass moboro € > O cyuecrsy-
er Takoe & = O(e) > 0, yto ecad ' C E, x" € E u p(x’, x")<8, 10

)= HN< g T= 1 2y s
OTKYAa CJAeAYET, YTO

p(f ('), F(x") = l/f}; [F;(x)—F1 (P <L,

4 9TO H O3HAYAeT paBHOMEPHYK} HENPEPLIBHOCTE OTOGpakeHHsa f.

[ycrs teneps E < Ex, D < By, y = y(x)—orobpaxenne MHOXKe-
crea E B EY, npuueM y(E)< D u z=z(y)-—orobpaxenue D 8 £,

B »ToM cayuae MMeeT cMLICa CYRepHo3MilMd 2 = 2{y (x)), orobpa-
waromas MuoxecTBo E < Ef 8 p-MepHoe UpocTpaHCTBO E&-

OrMeruy, uyTo ecan otobpaxkeHHe y(x)} MHONeCTBA £ HenpepbiBHO
B Touke x(® C E, a oTofpaxerue z(y) onpefeneHo B HEKOTOPoOi OK-
pectHocTd TOUKH PO =y (x®)), To cymecTByer 7Takas OKPECTHOCTh
O, touku x9, uto na MHOxecTse EMO, HMEET CMBICA CYNepnosu-

uua z(y (x).
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MefcTeutentuo, nycts O, —OKpPeCTHOCTL TOUKH ¥, Ha KoTopo# on-
pEALICHO CTOGD aXeHue z(y) cornacHo (41.27), ona Hee cylleCTByeT
Takan orpectiects O,, uto y{O, f‘\E);._O}, QueBnao, uTo a8 BCeX
Touek X & O, E B BMEET CMBICH Cyneprosuus 2(y{x)).

HanoMpum ele, YTo CoriacHO BEeJeHHOH 15 GyYHKUHH TEPMHHO-
aoruy (em. 1. 4.1), oro6pasxenue y(x) muoxectea EC Ey B 1POCTPAHCTBO
E} Ha3BIBAETCH 88QUMHO OOROBHQUHBIM, €CJIH PA3HBIM TOUKAM MHOMECTBA
E npw 3Tom oToOpaKeHIH COOTBETCTBYIOT pasHuie ToukH. B stom ciyuae
FOBOPAT TAKME@, YTO MHOXKECTRO £ B3aHMHO OJHO3HAUAG OToOpaXaercs™
HOCPelCTBOM 3TOTO OTOOPaXeHHA Ha MHOKecTBO ¥(E). py spmonuenny
3TOr0 yCAOBHA Ha MRoMecTBe Y{E) cyliecTBYeT OJHO3HAYHOe 06paTHGe
oToGpaxenue (o6patHan GyHKUHA) X(V) = X, [Je X TAKOBO, 4TO P(X) == ¥
Mostomy x(y(x)) = x, T. €. 3T0 TOX/QCCTBERHOR OTOGpaKeHHe (mondecm-
seHHbIM omobpascertesM MEOKecTsa £ HasniBaeTcsl OTOOpaxeHHe, KO-
Topoe KamaoH Touke x € £ CTABHT B COOTBETCTSHE 3TY XKe TOUYKY).

Ecau see dynkunu y,(x), { = 1, 2, ..., m, 3a1a0l1He OTOGPAAKEHHE
y (x), olpefe/qeHn ¥ HelPepeIBEC AK{PepeHIHPYyeMEl Ha HEKOTOPOM OT-
KPHITOM MHOXECTBE G, To oTOOpdxenne (41.26) HaspBaeTcH HenpepoieHo
Qucppeperyupyesnin omobpaxceriues MHOMecTBa (.

Pacemorpim Teneps LBa CBOHCTBA SKOOHAHOB OTOOPa:eHMH,

Jdemma 4. Hyeme y = y(x)={y,=yixs, ..., %), i = 1, 2, ..., n}
HOASEMER. HENPEPLISHD QUDPePERyupYEMGIM OMOGDRICERIEM OMAPLIND-
2o mHomecmsa G < E, & wexomopoe OMKPOINOE  MHONCECTIGO DcEy
u nyenie z = z2(y} = {z; = z;{(¥1, o Vo), i =1, 2, ..., B} — Henpe-
poisHo  Oudgepentiupyemoe  cmobpancerue  mHoscecmsa D e E3,
moeda cynepnosutius smux omobpasenut z(x) = z2(p{x)), x = (x;)€G
R6AREMCA Henpepvisno duddepenyupyeness omobpascernues G 8 E u

0(z1, .01 2n) Oz, oo 20} Gy, oon, Ya)
= , £=(x)E G. 41.29
6(X1, sy xr:) a(er vty yn} a(xlr ey xn) ( ) E ( )

Heficrentenbno, uwenpepoiBHas AxdGepesunpyeMocTs oTobpaxke-
HuS z(y(x)) creayeT U3 TeopeMbl O YaCTHLIX UPOH3BOAHLIX JIA CAOMHON
dyskimu (0. 20.3) # TeopeMb! 0 HeDPEPHIBHOCTH CYNEPTIO3HLHH HEMpe-
pusabx dyvaxnui (u. 19.3). Jdoxaxem dopmyany (41.29).

n
623 623 ayk

BaMe‘{aH, YTQ0 —— = —_— — H HDHMEHSH HSBeCTHyI‘O U3
6)(; 6yk 6xj
k=1

ameﬁpm TECOPEMY O TOM, HTO ONPEAEJHTENIE TIPOHIBEJeHHHA MaTpHI
paneH OpPOHSBEALHHIO onpe}leﬂmeﬂeﬁ NepeEMHOKACMBEIX MaTpHIL, T. €.

det (ja, kEI Qix by

= detfay [ det | by,
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noYHHM
00y oo 2n) 62_, 2 oy oy | _
Xy, ery Xp) 6yk 0x; |
= det ?_ﬁ_!dew _f_?yi": 871, .oy 20) (0(F1) «ons V)
OYe 1 dx; O (F1s oes ¥a) O{xg, oony Xp)

dopmyna (41.29) noxkazana. [Ipi # = 1 ona NPeRpaLlAETCs B XOPOImO
H3BECTHYIO OPMYJY O MPOHRBORHOH CJIOKHOK (QyHKIHY:
dz dz dy

e 2 1.29°
dx dy dx 4 ¥

Tarum o6pasoM, 1 dyHkunl MEOTHR nepementnx dopvyna(41.29%)
Jonyckaer aABonroe obobuienne: gopmyny (20.26) xns vacrHoil npons-
BoJHOM cynepnosnuuk GyHkuni 4 gopmyay (41.29) nas skobuana cy-
nepno3uuuy oTobpaxkenutl,

Jemna 5. Hycme y = y(x) = {y;=y;(xy, ..,%,), i=1,2, ..., n}
HARALINCA  BIAUMHO oanomatmbm Henpepmeno  Quiibepenyupiemsim
omoBparenuem omxpeimozo mrorxcecmea G < Ey na omkpeunce mHo-

acecrmeo D E" u nyems  obpamuoe omoOpascenue X = x(y) =
={x;=x (Y1, «.» Ya) i=1,2,..., 0}, KOMOpPOE, OUE5UOHD, ABASEMCA CONO-
BHOYHOIM, IMAKICE HEenpepmsHo Oupdbepenyupyesc na cévell ofiacmu
onpeGeacrun D. Toeda

a(yl’ M) }’n) i a(xli seay xn) - 1.
a(x'ls = "‘:r'.'3 a(yi' vesy Vn)

Smy opuyay MOKHO nepenucame 8 sude

Oty «v s Yu) i
Ok wor s %) O (%1, .0, %) (41.30)
O(¥1: - s ¥a)

m. e. aKobuar omodpaMenRus, Gopamuoze K 3a0aHHOMY OMOBPaNcer i,
paser obpamnol seausune axobuana Oarnnozo omobpascerus.
M3 seMMBl, B YaCTHCOCTH CASILYEF, 9T0 NPH CASTAHHBIX NPEAIOJOKe-
HHAX oBa paccMaTpHBaeMbrX fiKoOHaHa He O0pallaloTces B HYJb.
JoxasartenbcrBo. B camom jene, orofpamenue x{(y(x))
AIBJASIETCH TOMAECTBEHHEIM OTOOpAMKEeHHEeM, B KOODAHHATHOM BHIE OHO
BanHCHIBACTCA YCIOBHEM DABEHCTBA KOOPAWDAT obpasa u npoobpasa:

X=x, =1,2,..,m

OTCI0d Caenyer, 4ro
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100..0
010..0

O(Xyy cory Xq)

T =0 0 1. 0= 41.31)
000..1

C npyroii croponnl, no cBOfCTBY fK0CHAHA CYTIEPNOIHUME OTOOpa-
Kenuit (cMm. 41.29) mns otoSpaxenns x(y(x)) Hmeem

(% s Xg) (%0 oy X)) G e s W) 9
O (Xes oo s Xp) O Wis wees ¥r) O(Has vee s Zg) (41.32)

CpasuuBas (41.31) u (41.32), Mu 1 nonygauum (41.30).
$opmyna (41.30) aBnsieTca, oueruAHO, ofoOWEeHUEM GopMYIR ANf
OPCH3BOAHOH 0OpaTHOH yHKIUH

4 _ 1
de " dx*
dy

41.5. Orodpaxenua ¢ He PaBHLIM HYAH AKCOHAROM
[IpruHnun coxpaHeHus odaacTu

ITpexie Bcero paccMOTPHM BOIIPOC O CYLIECTBOBAHKH 0TOGPA-
WeHnd, ofpaTHOTG K janHoMy. Kak Mal 3HaeMm, B cayvae n = 1 A1s He-
npepuiBRO AuQpepeHulpyeMoll Ha HEKOTCPOM OTpe3ke QYHKIMH yCIo-
BHe HeoOpauleHHA B HYJb ee NPOH3BOAHOH {KOTOPOE RJIeYET ee CTPCTYIO
MOHOTOHHOCTB) SIBJISICTCSH AOCTATOYHRIM YCIOBHEM CYLIECTBOBAHUS Y HEE
obpaTtrol ORHO3HA4YHOH HempepelBHO JHpdepeHUHpyeMoli (YHKUMH.
B cayuae e MPOU3ROIBLHOTO # ESJ0 CYLIECTBEHHO OCNOXHSAECTCH: COOT-
BETCTBYIOILHE TOYEUHHE YCJAOBHA Ha AuddepennyalbHble CBOHCTBA
oToOpaKeHUs NO3BOAAIOT JIHWDL YTBEPHKAATb JIOKANBHO, T. €. B OKpecT-
HOCTH TOUKH, CYilecTBoBanue ofiparHoro otobpa:kenusa. Dosee Touno
HMEET MECTO CAeNYWLLas TeopeMa.

Teopema 3. [ycmo G ~— omkpetmoe muoxucecmso 8 E™ u nycmes

yl:‘"fl(xh ey xn)’
y=f@= ... .. ... (41.33)

Ya= fn (x1, e s xn)

— nenpepbiano Bubdeperyupyemoe omobpancerue G 8 E#. Hycms, Ganee,
20 = (xi"") £G u axobuan omobpancerus (41.33) ne obpaujaemea 8 nyab
8 mouke x0;

a(yl’ R yn) +0'

G (X3 cony ) |0
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Toeda cyuecmsyern oxpectnrocme Oy mouku ¥ = §(x(), na komopod
ONPeOENERD, U APUMOM eOUHCMEEHHOE, OOROSHAUNOE HenpepbisHe Oudipe-
peryupyemoe obpamuee onicbpascerte x = f-1(y), maxoe, amo f3(p®) =
= x\9. IIpu smom y obpamnozo omobpagcerun eeo axobuan na O, ue
pasen Hyawo.

loxasarenpbcTBo. Paccmorpum dymenun
Fiix, y=1p;—F1{xy, e, x), i=1, 2,..., n. (41.34)
Dty yHRINA onpeaesentt As Beex y = (¥,) € £}, u Beex x=(x;) £G.

C noMouislo HBX cHcTema paBedcTB (41.33), sajaiomux oroGpamxeHne f,
NepenuieTcss B BHAE

‘Ft(x! J’)=O, I=l! 2:---: n. (41'35)

[1pn stoM dyrkumnr F(¥, ¥} onpenenennt 1 nenpeprisno pudiepen-
nHpyemsl B HEKOTOPOI oK pecTHOCTH ToukH (X0, () (3a Takyr OKpecT-

HOCTb MOMKHO B3#Tb, Hampumep, G X E}),

Fy (2, y®)=0

8 (Fy, ..., Fp) et 120 s Fa) .
(X1, oo v 0] [{400), (D) = (=0 dx1, ..., %p) x(m%o,

TaKHM O0Pa3oM, BHITOJHEHB! BCE YCJNOBHA TEOPEMsl 2 HACTOALIErS (1apa-
rpaa. B cnay sroill teopemn ypasuenus (41.35), wam, uro 10 e, cH-
cremy (41.33), MOxcHO paspewinTh, ¥ IPHTOM eAHHCTBEHHBIM 06PA30M, QT-
HOCHTENIBHO [ePeMeHHEIX Xy, ..., X, B HEKOTOPOI OKPeCcTHOCTH TOUKH 4%,
MIlaue TOBOPS, CYWIECTBYET OKpecTHOCTL () Touky ¥(0) H enupCTBEHHAA
cucTeMa HenpepmBeHO ArdepeHuHpyeMuIX ByHKURA

X1 =%1(V1, cer s Vah oo X =%, (1, ooy Vo)

onpesieneHHBX Ha O, ¥ YAOBJETBOPHIOUWHX ypaBHeHHam (41.35), wnn,
49T0 TO e, ypasHendaM (41.33):

flx(y)) = y.

270 W o3HauaeT, uTo x()) fABAAErca orofpaxKeHueM, oOpaTHLIM HAHHOMY
oToBpasennio f, T. e. x(y) = [7(y).

B cuay dopmynn (41.30) u3 ycrosua HeoOpallenHs B HYJAb B TOYKE
X0 gxobuana oroCpamenns [ cpazy caenyeT neofipamenue B HYJb
B TouKe y{C) arobnana ofpaTHOro otobpaenns f~1, a Tak Kak OHO He-
npepuBRO IHhdepennnpyemo, To AxcOHan He 06pamaeTca B Hy b H B He-
Kotopofi okpecTHoCTH TOukH ¥, Bes orpaHHYeHHf OOGLUIHOCTH MOMHO
CUHTATh, YTO 3TOH OKPECTHOCTLIO siknserca 0, (B cnyyae HeOOXOMMMOCTH
paHee- yRa3anny cKkpecTnocTe O Ha10 YMEHBIIHTD W CHOBE O603HAYHT
uepez 0,).
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Teopema HOKazszaHA.

Canencreue I, fTpu nenpepusno Judhepenyupyerion cmobpa-
wHen Ly omrpamozo muoxcecmsa G @ B0 08pas mouka, 6 kormopod skobuan
omobpaXicHust He OBPaLYaeMmcs 6 HYab, ASAROMCA SHympernell mouxol
obpasa mrucoicecmsa G.

NorasaTeanbcTso, Ecnu B Touke x(9 € G sxobuan otobpa-
MEHHHA He PaBeH HYJIO, a ¥ = f(x(®), To B ey Teopewmnl 3 cylnecTRyeT
okpectHocT O, Touru pi%), Ha KoTOpoli ompefeneno oSpaTnoe OToGpa-
wenne f1 . OTclona, B YaCTHOCTH, CARAYET, UTO B KamAyo Touxy ¥ C 0,
NpU 3ajlaHHOM OTobpaxkeHHH [ oToGpamaercs T0 KpaBnell mepe olma
Touka x £ G, 1. e O,Cf(G).

Taknm ofpasoM, ans Toukd y(@ ¢ f(G) cyliecTByeT ee OKPecTHOCTD
0,C/(G), a 910 n o3HauEET, UTO TouKa ¥¥) BHYTPEHHAA A]A MHOXKECTBEA

Crencersue 1 pokasano.

ChneanctTeue 2 (RPpURYUN COXPAHEHUR OMKPD bl
moezo muoxsecmsa) [Hycms omobpanxense | omobGpascaem ot~

wpounoe muomecnao G E" e npocmpancmso E". Ecau omobpasxcerue |
Henpepbieno Oudihepenyupyeno na G u ecau e2o akobuur He o0pauyaerm-
ca 6 Hyae 8 G, mo obpas mroxcecmsa G MOaKyce SAGAREMCR OMKDLUNGIM
MHOMCECINBUM.

doxasatenscTro. Ectny € f(G), To, cornacho eaeactsuio 1,
TOYka Y ABIAETCS BHYTPeHHel Toukofl MHOMecTBa f(G). Tak xak y —
NPOH3BOAbKAR TOUKA MHO;ecTBa f{(0), TO 970 03HAu4eT, UTG MHOKECTBO
H() cocToMT TONBKO H3 BHYTPEHHHX TOYCK, T. €. OTKpHITO. ChejcTrie
JIOKA3AHO0.

Caencrteue 3. Hyome omobpanenue [ omobpasicaem omKpuimos
suosicecmeo G E" 6 npoempancmeo E°. Ecau omobpancenue | enpepeis-
HO Outhdeperiupyemo Ha G u ecau e2o axobuax He 06pauiGemes 8 Hyab
6 G, mo Qas KaseOo mouxy X' € G cylyecmsyem ee 6K pecmuocme, Konio-
paa npu omoGparceruu | 830UMHO OOHOSHAHRO OmoBpancaemca Ha He-
komopyo  okpectmrocme O, mouku yi.

HdockaszatenserT B 0. Bosbmen okpecrocts O, Toukn 0,
NOCTPOEHHYIO IIPH JIOK A3aTEILCTBE TeOpeMbl 3, na KoTopofl otofpaxenne
{7t B3anwHo onxosHayno. Corjacko caeicTsuo 2, mHoxecTso f30,)
OTKPLITO H, C/Te0BaTeJLHO, fBJAACTCA OKPECTHOCTBIO TOUKH X, KOTOPYIO
mbl H obosHauum yepea O,. Ouesrano, {0} = O,.
CnencrTene JOKa3aHo.

¥Yupamueunne 2. [ocTpourh mpnMep Eenpepusro nwddepennupyemors
orobpaskenusi HegoTOpoll uaccrofl ofaacTi, #KoOHa# KOTOPOCO HArje He ofpa-
maercd B HOJb H KOTOPOE He B3aHMHO OHO3HATHO

Teopenma 5 (npunyun coxpanenus ob6aacmau). O6pas n-mep-
Hotl 06AGCMU 8 N-MEPHOM NPOCAIPAHTMBE NPU HERPEPLISHO Oughdepernyt-



416, ¥pasuerue, 8 KOTOPOM HAPYWQIOTC YCAOBUR eOURCTBEHROCTY 45

PYCMOM OMODPONCERIIL ¢ AKOOUAHOM, HE O0PALGIOMIUMCA 8 HYfAb, 61861
ca obaacmer.

Hokasatensctso, Ilyete G -—ofnzers, Gc EF
Y = [{x) —oroGpamerne G B £, y/IOBIETBOPSIONIEE YCAOBUAM TeOPEMDI.
Corsacho cheacTrIO 2 TeopeMbl 3, MHOKeCTB0 [(G) oTkpLiTo. TTokamen,
4T MOGKIE JIBE €TI0 TOYKH MOMHO COSUHHTE KPHBOM, LETUKOM Nexaied
B f(G).

JeficteutensHo, ecnn y' € f(G) n y" € HG), To no caMoMmy onpenee-
HHI0 MHOMecTBa f(G) cyilectByloT Touki X' CG H x"CG Takue, 4ro
Hx') = ¥ u fix") = y". B cuay e Toro, uro G — o6nacTe, CylecTByeT
KpHBas ¢ npeacTasienneM x(¢), ¢ < ¢ < B, coeppmsronias B G Touku x°
H ox"

¥ =xe), X" =x@) n x(NEG. et <P

OueBHAEHO, UTO KpUBaR ¢ OpeacTaBgenneM f(x(#)), ¢ < ¢ < p coean-
HAeT B /(G Touku ¥' 1 y°, T. e Kx(aj}=y', Kx(B))=y" u [(x(t}) € HG)
npy a <<t < p.

Teopema nokasauna.

41.6. HesiBnwie hyaruUnY, onpeneasieMblie ypaBHeHHEM,

B KOTOPOM HADYMAWTCH YCIOBHA eHACTBEHHOCTH,
Ocobble TOUKH NAOCKHX KPHBRIX

Mbl ye snaeM, YTO ec/IH Hekotopas Touka x©@= (x{”)
YAOBJETBOPACT YPaBHEHHIO

F g, ey £,)=0 (41.36)

H B 370l TOUKe NPOH3BOAHESA g—i He paBEa HYJI0, TO, IPH COOTBETCTBY-
IOIHX VCAOBHSAX HA HENPePHBHOCTH caMoH (QVHKUME f ¥ yKasaHHOK
NpOK3BOHOH, yparHenue (41.36) paspeilnmo B HEKOTOPOH OKPeCcTHOCTH
TOUKH X0 OTHOCHTEALHO TIEPEMEHHON ¥; W PEILEHHE ABIASTCH HEllPePhIB-
Ho nubdepenunapyemoil GyHKuMed OCTATBHEIX KOOPAUHAT.

EcrecTBenno BO3HHKACT BONPOC: a UTO GYIeT B Cyuae, KOIfa B TOUKe
%'} vactTHple IPOU3BOAHEIE 110 BCeM apryMedTam oOpallialoTcd B HYJAb —
onpenenser B 3TOM ¢1ydae ypaeHerHe (41.36) kakue-1u60 QyHKUHH HIH
Her? OcTaHOBUMCA HAa 3TOM BOTIPOCE, OJHAKO BEHJIY €ro C/JOMHOCTH
OrpasHYHMCS JIHIEL PACCMOTPeHHeM JBYMEDHOTO caydas.

Hrax, mpr 6yleM paccMaTpHBATL YPaBHEHHE

Fx, 1)=0, {(41.37}

rae GyHELUNA F onpefciena M HEAPePLIBHO AndepeHUHPYEMA B HEKO-
TOpOH OKPECTHOCTH TOYKH (Xg, o), TAKOH, 4YTO

Fxg y9=0. (41.33)
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Mycers
F (%0, yo)=1F, (%0, ¥o)=0. (41.39)

TlogaxeM, YTO H HPH BEIIOJIHEHHN STHX yCIOBHH ypaBHenue (41.37)
HHOTJIa MOXeT OBITh paspellicHO B OKPeCTHOCTH TOHYKM (X, ¥y} OTHOCH-
TEJBHO ONHOI W3 MePeMEHHBIX, TAK UTO MOAYUHTCH HeNPepuBHO AHdxbe-
peHuHpyemMasn GYHKIHS; OGHAKO 3TO MOXKHO CAeaaTh, BooOLie FroBODPS, He
e¢ANHCTBeHHEIM 06pasoM, Taxum ofpasoM, ycaoBHe

Fi (%o, o)+ Fy (%0, ¥0) 20, (41.40)

KOTOpoe B HauleM cayyae [cv. (41.39)] ne BoinosHsAeTcs u KoTopoe mos-
BOJIAET NPHMEHHUTD TeopeMy 1 0 HEABHBIX GYHKUHAX K OJTHOMY H3 [epe-
MEHHEIX, €CTECTBEHHO HA3BATb YCACSUEM eOUNCMBEHHOCHIN PA3PEIINMO-
cTi ypaeHenusa (41.37).

Onpedenenne 11. Toura (X, Vo), yO0BACMEOPAOWAA  YCAOBUAM
(41.38) u (41.39), nacssaemcs ocoboil moukod ypasnenus (41.37).

Ocobas mouka Ha3eEaemMed UICAUPOBAHNON, eCAll CHUECTsyen ee
OKPECMROCME, 8 KOMOPO oHa Asasemca eduHcmeeRAHOL ocoboil mourodl.

FeomerprueckH, ecnn ypasienne (41.37) aBjdercd HeABHBIM npel-
CTAaBJACHHEM Kakoil-TH60 KPHBQH, TO B OKPECTHOCTH OCOBBIX TOUEK 9TOro
ypaBHEHHA KPHBas, BoofUle TOBOPA, He sBAsiercs rpadHKoM HeKoTopoil
PHaAKol ONHO3HAYHOR QYBKIHN (KAK 9TO HMEET MeCTO IPU BHIIOJIHEHHH
vesosus (41.40)); snech BO3MOMXHB Pasuble 0CODEHHOCTH, KOTOPLIE MBI
Ceifuac ¥ paccMOTPHM.

Beenem a5 KparkocTH SamucH 0603HAaueHns

Fxx (xﬂ’ y0)=F2x’ ny (xo! )’o):FSw Fyy (xO’ y0)=F3}‘
Teopema 5. [Tycme ¢ynxyus F(x, y) onpedesena u Osamovt Henpe-

potsro dupdeperyupyent 8 HeKomopol oxpecmuocm mouku (xXy, Vo),
Komopas A8AAemen ocolGoli uzoauposarrotd mowkoti 6aa ypasnenus (41.37)

U nycme 2
0 { O
FxxFyy“ny# 0.
Toeda, ecau

F, ,,>0 (41.41)

mo modka (xg, Vo) ABASEMCA uao,aupoeaﬂnm petienuen ypasrenus (41.37),
m. e. CYLECBYEM OKPeCtHOCMb MOHKU (X, Yo), HUKAKGR MOYKE KOMOpoL,
8a ucKAoueRUeM camoti modrky (Xg, Yo), He y008AemSOPAEm YpasHERUIO
(41.37); ecau e

FS, FY <0, (41.42)

mo ypaswenue (41.37) paspeutumo 8 HexkoOmOpol OKPeCMHOCTU MOYKY
(o, Vo), HO He 0OHOSHAUHO: umetomica Ose pazautrsie Ougbeperyupyemoe
gynryuu, yoosaemsopaowiue ypasreniso (41.37). [Tosmomy mouka (x,, Vo)
HOSHIB0EMC 8 IMOM cAytae QBOUHCHE ROUKOLL.
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Hanpuwmep, ecau
FS, =0, (41.43)

TO CYIECTBYIOT ABe AupdepeHunpyemse dyrxuun f,(x) # faolx), onpe-
IeJIeHHEIR B HEKOTOPOH OKPECTHOCTH TOUKH X, H TAKHE, UTO B 3TOH OKPecT-
HoeTH Fx, fy, (x)) = 0, F(x, fo(x)) = 0, nprveM f{x)) = fal%e) = Yo,
a IpoH3BOANNeE GYHKUKN f,(x) # fofx) B TOUKE X, ABAAIOTCA PA3THYHEIMU
HODHAMH YpaBHEHHA

Foy2F0 k- FO, B2=0," (41.44)

Hokasarteanscrtrso., Ilycre BomosHeHo yeaceue (41.41),
BMecTe ¢ yesopuaMH (41.39) oHO JaeT ye/ioBHe CTPOTOTO 3KCTPpEMyMa A/
$byHKRUHR Fix, ) B Touke (x,, ¥y) (cM. 1eopemy 3 B m. 40.2). Ilosto-
My CyllecTByeT oxpectHocTs O Touku (%, V,), Takas, uTo 1IpH
(x, ¥) ¢ O 1 (x, ¥)5=(xo, yo) b0 Beerna F(x, ¥) > F(x, ¥,), 160 Beeraa
F(x, yY < F(xq, ¥o), ¥ Tak Kax F(xy, yo) = 0, 10 F(x, y) == 0 a1a Bcex
(X, ¥) ¢ O, (x, y) = (xg, ¥o), T. €. TOUKA (Xy, ¥o) ABIAETCH HIOIHPOBAH-
HLIM KopueM ypaeneuns (11.37)*®,

[Tveres Tenepr BhMoAHeno ycaosue (41.42). Pasnowmum ¢ywsrnuio
F(x, v) no popmuyne Tellmopa B OKPeCTHOCTH TOUKH (X, Vo) A0 BTOPOTO
nopsjKa; Torna, YIuTeBas yeaosus (41.38) u (41.39), nonyunm

1
Flx, y)= [Flr (x— 22+ 2F3% (s—x0) (7 —y0) +
+ Foy (y— 02+ 0 (r3), (41.45)
e r="V({x—xP+(y—yo) .
[Tonoxnu x — Xy = rcos ¢, y — ¥y = 78I Q.
Quepnano, {r, ¢) — NOJAPHHE KOOPAMHATEI TOUKH (X, ¥), NpHYeM

58 Hayado MOJSAPHOH CHCTeMBl KOODAHHAT NDHHATA TOUKA (X), Vo).
B stux KoopauHaTax

Fix, y)= r; (Ficos? @4 2F%, cos @ sin @ -+ Fy, sin @) - o () =

=P (@) +0(r), (41.46)

rhe
P(q)=F cos?p-1-2F, cospsing | Fo,sinfgp,  (41.47)

WA NpH q)#—}(?k—%l), k=0, &1, 42, ..;

*) KopHH 37070 ypaBHeHHS BellleCTBeHHB H Pa3sjHUYHLL B CUJY yCROBHI(41.42)
g (41.43).

**) OTMETHM, YTO B AOK&3aTeJLCTBE ITOTC YTBEPIKHCHHS HCNOALIVETCA HE
70, 4TO TOUKA (X9, ¥y} ABAseTCA H30AHMpoBanHOH ocololl Touxofi, a AHWM TO, 4TO
GHa ABJfAeTCA OPOCTO ocoGoH Toyko#f, B KOToPOH BHIMOAHseTCA ycaosue {(41.41}.
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P(g)=cos? g (Fi,+ Fi, tg ¢+ Fy) ta? @) (41.48)

[MpeanonoxKM TeRepsb, UTO BLIIOAIECHO TaKMe H yoiaosre (41.43).
[lyets &, v Ry — KoprH ypastenns (41.44) u nycre ¢, = arctg &, n
¢, = arclg k,, TOrza

N (41.49)

# n3 (41.48) caenyer, uyro
Ppy=costp({gp—tg @) (tg p—1tgpy). (41.50)

s dopuya (41.47) n (41.48) Buzuo, wo dynxuus P} obpaaerca
B HOMb TOMABRG INA YIVIOD Buia @ = @ + kn u ¢ = ¢, -+ kn,
k=0, +1, &2, ..., npryen npi nepexode apryMesTa Yepes 3Ty sHaye-
HHy ona Menser gnax. [Haw 6yner yuobuo uurepnpernpoBaTh GyHK-
o P(@) Kak QYHKUUI0 TOUKH ORPYXHOCTH C € LesTPOM B TOUKE (X, Vo)
H pazauyca pagnoro | (Takofi paguyc BuGApaeTCH AAA NPOCTOTH, YTOGH!
JUIHHB AYT COBLNAAaMl G yraamu ).

[yers & > 0. O6osuagum epes Uy = U,(e) OTKpuITEIE yroa, onpe-
nendeMnil HepaseHeTBOM @ — &8 < ¢ < @, + &, T. &,

Uy={(r, 9): ¢—s o< |8},
COOTBCTCTBCHHO NOJIOXKHM

Uy={(r, 9):ps—e o<t e}s

npu 3Tom BrGepeM & > 0 cTob ManbM, utobm Uy u U, He mepecekanuch
H HE COfepXaiy B cefe NOJYCCH OPIHHAT, 4 3HAYHT, H BoOOLiE BEPTH-
KaJILHEIX IOYTIPAMEIX [ MOCKe Hee BCEraa MOKHO BHINOJHHTE BCASACTEHE
yeaosuit (41.49)].
* *
INycre Uy u U yraw, nedtpaibio cuMMerpuynse ¢ Uy B Uz otHocH-
TeNLHO TOUKH (Xg, Ve):

Ui=[(r, @) 1o+ n—e< o< @ +048),
Use=1{{r, @):py+—e <9 <G+ nt8).

B cuay Buiopa waena e muomecrsa U,, Us, Uj u U momapHo He
nepecexaoTcs (puc. 126),

Pacemorpum teneps dyHxuu0 P(p) Kak GYHKUHIO TOUKH BHIe-
yrasauHoit ckpyxuoctH C. Toury ckpyskuoctd C, KOTOPOH COOTBETCT-
ByeT NOAAPHLIA YIodl ¢, OyAeM 4as NPOCTOTH TaKke 0003HAYATh epes ¢.
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YaaauM B3 YKa3aHHOH ORPYMHOCTH HHTEPBA/L ¢ LeHTPAMH B TOY-
KaX @, o, @ & 7 0 @ ++ 7 aaune 2e%); B cuny Bwfopa e > 0 910
HHTePBANL He nepecekaiorcn. OcraBuieecss MHOXECTBO, KoTopoe 060

Puc, 126

enauuM B, fIBAAETCA OrPARMYEHHBIM 3aMKHYTBIM MuokecTsoM. Ha B
dyuxuns P(@) HenpepsiBHA H He 06palLaeTCst B HY/b, HOSTOMY

inf| P (p)[=p>0. (41.51)
¢EH
O6oznauum yepes K, 3aMKHYTHH KPYT ¢ UEHTPOM B TOUKE (X, ¥o) ®
paguyca p:
Ko={{r, 9):0<r < p},

a ueped L, 0603HAYUM MHOMXECTBO, KOTOPOE NOJYuaeTCs BBIYHTAHHEM
(B TEOPETHKOMHOMKECTBEHHOM CMhiCAe, oM. 1. 1.3) muoxects U,, U,,

Ul n Us w3 kpyra K,
Ouepirano, yro B cuny (41.51)
inf | P(g)]=p>0.

U-mJeLp

*) MnTeppanoM AAKHE 28 Ha OKPYKHOCTH € HEHTPOM B TOYKe, NOMAPHLI yroa
Kotopoil paBeH (by, HA3LIBAETCS MHOMECTBO €€ TOYEK, NOAAPHHE YIVIH @ KOTOPBIX
¥A0BAETBOP AT HEPABRHCTBY §g— & << @ < @, -+ 2.
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Teneps, sameuasn, yro u3 (41.46) caenyer

£(x, y)ﬁJ;!P(tPHa(r, P, (41.52)

rie I1m alr, ¢) = 0, BuiGepenm p > 0 TaK, 4ToObl NPH r < p BHMO/HSA-

J'IOCb Hep dBEHCTBO

lalr, @< (41.53)

Torna us (41.52) caeayer, 9To Wia BeeX Touek (r,¢) & L, BHIpaxenue,
cTosiee B mpaBoll gactH gopmyasr (41.52), uMeer suak P(g).
Muomectee L, COCTOMT M3 YeThIpeX B3aMKHYTHIX CEKTOPOB (CM,
pHc. 126), Ha KasioM M3 KOTOPHIX 33 BBIMETOM HX IHeHTpa (GyHKums
P (¢} n, 3ua4ynT, B CHAY BriGopa p U QyHKUMS F(x, ¥} UPHEEMAKT 3Hade-
HHS! OLHOTO B TOTO XK€ 3HaKa, a Ha COCeJHUX CeKTOpax — pasHbIX.
Pacemorpum Teneps yroa U = Ug(e). [lycTh nna onpenesnenHocTH

0L g— TMepeceuenne sambiKanus U; yria U, ¢ BepTHRaNbHOI

nupsavoll x = x*, x, < x* < %, + pcos (¢, -} ), npeacrasaser coboi
OTPE30K, Ha BepXHeM W HIKHeM KOHIAX KoToporo QyHknug F(x*, y)
NpUHHMAET gHayeHNs DAa3HOTO 3HAKAa.

©ynkuna F(x*, ¥}, paccmaTpHpaemas Kak (PYHKUHA OJIHOTO nHepe-
MEHHOFQ ¥ npH GUKCHpOBaHHOM- x*, OyAyuH HenmpepriBHOH Ha yKasaH-
HOM OTpe3Ke obpamaercs B HeKoropoll ero Touke y* B HYAB, T, €, A1
Kaworo x*, Tae X< x* < x, + pcos (p; + &), CyluecTByeT o Kpai-
Heil mepe omHa ToYKa y*, Takas, uTO

Flx*, y*)=0, (*, y")EU; (&) K, (41.54)

Onpenenum ¢yskuuw ¥ = §(x} KaK ¢yHKUMIO, CTABHIIYIO B COOT-
BETCTBHE 4MCAY x* uucao y¥:

fi(x*)=9*, x,<x* < x4 pcos(p;+e).

TlokaskeM, 4TO NPH AOCTATOYHO MAJILIX € H P QYHKUHMA f, onpeneneHa
OMHO3HAYHO, T. €. CYIIECTBYIOT Takue & > 0 H p > 0, 94T0 [IpH 2a1aHHOM
x* yeioBus (41.54) opposuayHo onpenessior ¥¥.

Honycrtum npor#sHoe. BosbMmeM [0CIelOBATENBLHOCTH &, — 0 H
o, = 0 npu n — oo, ToTaa CYLIECTRYIOT 1BE HOC/IEIOBATELHOCTH TOURK

¢ OIMHAKOBHIMH aCUuCcCaMu Xn B pasHbiMyd OpAHHATAMHA yn H yn, Taxue,
4yTO

M y;)EUl(en)ﬁK'pn, Flx, ya)=0,
(xn’ yn)eul(en)prn' F(xm Vn ) ={Q.
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Torpa B cuay Tteopemsr Pomia Ha oTpeske [yn, yn] npaMoR
X ==X, HalJeTcs TOuKa Y, TaKas, 4TO

Fy (e ¥a)=0, (41.55)
OpH 5TOM, OUERHJHO,
(xn’ yn) E UI (an)n]<9r;;
no yeqaopnio {cM. 41.39) Mu umeau eute
Fy(xy, ¥o)=0. (41.56)
llo ¢opmyne KoHeyHmx npupatlenufl, NpHMEHEHHOH K QYHKIHH
Fy ()
Fy(xns yn)_'Fy (xﬂ, Yo)=
= F)-x (Eni nn) (xn—)‘:’o) + Fyy (gn’ Tln) (yn_ yo)'
(Em nn) E Ul (En) n K'Pn,

oTkyiaa B cuny (41.55) u (41.56)

ny(gm nn)_l_Fyy (En; nn)i:__—"‘%s =Oo (41,57)
Ilycts (x,, y,)={r,, ¥,). OueBnaHo,
Njn_'(p1|<8n;

ne3ToMy W3 yejioBHH e, ->0 creayer, uto {,—>@ npH n->c0,

M TaKk Kak tgmp,,,:ii"L'—;—"-, T0
a T Ag

lim Hﬂg @y = by (41,58)

R=+00

[Mepexons k npeneny s papenctse (41.57) npu n — oo, B ey (41.58)
HMeeM

Foy +Foy by =0,

NOJCTAB/AA 3TO 3HAUEHHE KOPHA B ypaBHewue (41.44), moayuum
0 0 02
FxxFyy—'ny:O’

4TO NpOTHBOPEUNT yeaosuio (41.42).

Mrak, yurums y == f,(x) 1eHCTBHTEABHO OHO3HAUHO ONIpe/eAeTes
1Py JOCTAaTOYHO Madsx & ¥ p. B nanenefiuem GyaeM Opeanosarars, 4ro
€ H O BHIOpaHK AMEHHO TaKHM 00pazoMm.
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Hoonpenenum GyHKUHIO f; B TOUKE X;, TOJOXKHB ¥y = fy(x). Oue-
ERAHG, 110 CcamuMy onpelencHHo GyHKUHYE fi{x) HMeeM

Fx @) =0, x <x < X+pcosipy+e).

MMoka:kem, uto v pyHxudy fi{x) CyimecTBYeT B TOUKE X, IPOH3BOIHAA
CTIpaBa u 4TO OHA paBua k. [lycTe npousBoaBHO DUKCHpOBAHO & > 0.
M3 nauHOl BhlLE KOHCTPYKIHM BHAHO, UTO CyilecTByer p == p(e} > 0
TAKOE, YTO COOTRETCTBYHUAA 4acTh rpaduka qyHKUMH f;(x) UeTHKOM
aesuT B U (e)~ Kyt

(2, (0] EUL()AK,, Xy < X < Kyt peos(p+6).  (41.59)

BozbmeM § = pcos(p; -+ €) ¥ MYCTh X TaKoBO, 410 0 < x— x, <6,
y=/;(x) u (x, yy=(r, ©). B cuny (41.59) nmeem

[ —1py [< e

210 ozuavaer, uro lim ¢ =¢, u novowy lim tg ¢ =tg@,. [lockoas-
X xo-+0 X x40

Ky fgﬁ°=z_—_fz, TO 3 JIOKA3AHHOTO Cleyer
i Py RO
X ko0 X0 x40 xp

T. €. Y @YHKUHA [i(X) CYLLECTBYET NPOH3BOJHAR CNIPABA B TOUKE Xy, PaB-
Has

tg Q= k]_.
1_[01106111»[1\4 e 06pa30M H3 paccMOTpenHda IOBCICHHA q]yl—fKLlHPl

Fix,y) B yrae U, DokassiBaercs, 4To pk iekotopom 8 > ( Ha oTpeske
x5 — &', xy) cymecrsyer dyuxuns fy{x), Takas, 4to

Fx, f1(0)) =0, x,-—8" < x < %,
(2, ) €UL, x—8 « x < x4
fl(xo) = kl

(rmon MpoOM3BOAHOM, ECTECTBEHHO, B JAHHOM CJy4Yae NOHHMAETCH NPOU3-
BOJHAS CJIeBd).

Ecan uucsno p B3aTh CTOML MAABIM, YTOORL B OKPECTHOCTH TOYKH
(x4 ¥;) pamnyca p He co;lepmanoc:b IPYTHX 0coOLIX ‘TOUeK YpABHeHHH
{(41.37), xpome ToukHu {(x,, V), TO pyuxuua f{x) dyer ,ampcpepeﬂuupye
MOl ¥ BO BCEX TOUKAX X =& X4 JTO CPa3y CJSLYeT U3 JOKA3aHHOH BHIIE
TeopeMbl O HefBHEX GYHKUMAX (cM. Teopemy | B L 41.1).

B pesyanTaTe Mul B n0yURAKR GYHKUIKIO f,(x), ONpeleseHHYI0 B He-
KOTOPOIl OKPECTHOCTH TOUKM X, W ofnajaiomyr Beemu TpelyeMbiMu
¢BOICTBAMH.
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AHANOTHYHO JOKA3RIBAETCA CYHIECTBOBanME (QYHKURE [o(x), Takke
aBnaoUecs pewenreM yparaenus (41.37) u y,ﬂOBﬂETEOpH}OHLEH ye-
JIORHAM TEODEMH rpacpnx KOTOPOH MPOXOHT B yraax Us u Us.

Ecan Fyy =0, a Fl. # 0, To Bce pacCMOTPEHHS MPOBOAXTCS afa-
JOTHYHBIM 00Da3oM; clefyeT TOAbKO MOMEHATE MECTaMH ponb ocefll Ox K
Oy, Tag uTO B Pe3y LTaTe MOAYYHM pelleHne ypabHenusn {41.37) s suge
dyukuuid oT nepemenuodl y: (y) | foy).

Ecan, naxonen, Fa,==Fy, =0 #, snauur Fey==0, 10 npoile Bce-
ro CAejaTh 3aMeHY NepeMeHHBIX:

x=EF+m,
y=E8—n

HOBEPHYTH OCH KOODAURAT Ha yrod

yOeauTLCA HEMOCPeACTBEHHNM AHdepeHIIHPORAHHEM:
Fiyme —Fq,=2F%, 40, F{, =0,

T. €. B HOBOH KOODAHHATHOH CHCTeMe NOJIYUHNM YKe H3YUeHHBIH cayuail,
B uwacrnoctu, ypasnenue (41.44) Anst yraoBux KoadxbHUHEHTOB Kaca-
Te/IbHBIX B 0CO0OM TOUKe B KOOPAHHATHOIN cHcTeMe §, 1 UMEEeT BUL

B—1e=0,

#, 3HauuT, k> = -1-1. Mnaue rosops, OuCCeRTPHCH KOOPAMHATHLIX
YIJAOR, SBAAUEECS KOOPAHEATHEME OCAMM B CTAPOH CUCTeMe KOOpRY-
HaT X, ¥, CyTh KacaTeAbHkle K Trpadukam xsyx ¢ynkuxfi, KoTopbe
onpejensioTes ypasHenneM (41.37) B HeKOTOpOR OXPecTHOCTH paccMar-
puBaeMolt ocololl ToYKH,

Teopema 5 nokasana.

Ecou ypaenenne F(x, y) = (0 fIBAfeTcs HEABHLIM NIPEACTABAEHHEM
KaxoH-mubao KpUROH, To B 0cafiol TauKe (X, V) 3TOr0 YPABHCHUS KPHBAS
MOKeT (X0TA M He offsaHa) HMETb Kaxue-JH(o ocoOeHHOCTH, T. €. B
OKPEeCcTHOCTH 0coGOH TOUKH 9TOTO YpABHEHU A KPHBas, BOOGLUE I'OBOPA, HE
ABAACTCA TPaHKOM HEKOTOPOH ragkol ONHO3HAYHOH (QYHKUHH.

Cnenyer HalOMHUTEL TAK:KeE, YTO FeOMETPUYECKOS MECTO TOUeK, KOoop-
JUHATH KOTOPHIX YAOBJeTBOpSiOT ypasHenuo (41.37), soobiue Tobopd,
He ARJAICTCA BCella KPHUBOH B CMBICJE IaHHOTO paHee OnpererneHHA
kpupch (cM, n, 17.1), sagapaemoli napaMeTpHUYECKH.

PaLCMOTpHM npamMmeps. 1. [Iyetk Jano  ypaBHeHHe
y (x -+ y 4 1) = 0. 3neck F(x, y) = y*(x* 4+ y* -+ 1), nostomy

= 20y, F, = 2y -+ 4% -+ 2y, yCJIOBHH ocoboi ToukH (41.38) u
(41 39) aawot B 5TOM cAyuae
Xy = Or Vo = 0.

Tarxum obpazoM, ocolofi Toukofi Apagerca touga (0, 0), @araxko
B 5TOH TOUKe KpuBad, ofipefelifeMast ypabHeHHeM, HE ¥MeeT 0COGeHHO-

, TOTJA KakK B 3TCM JIETKO
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CTH, TaK Kak JaHHoe ypusHenne (myomnrenb ¥ 4 y* 4 | vurze we
o0pamiaercs B LOAb) PABHOCHABHC ypasHenuid y == 0 M paccMaTpHuBa-
eMan KpHBan Apasercs rpadrrom aBHOA (ynrupM f(x) == 0. OTMerHMm,
uTQ, Kax JeTKO y0eauThea, B 3Tom cayuae B Touxe {0, 0)

Fop Fyy—Fiy=0. (41.60)
2. laa ypaspenus

(24P (2 PP —1) =0 (41.61)
yeaoBus ocoGoil Touky (41,39) paor
2534 2xyt—x =0,
2y3 4 2x%y —y==(.
CknajpiBas ¥ BHUHTAR STH ypaBHedus, noJdy4uMm
(x+) (222 42— 1) =0,
(x—)(2x24 2y2—1)=0.

Orciona aubo x = p = 0, ando 2x% 4+ 2y — 1 = 0, onHako ToYKa
{x, ¥), KCOpAMHATH! KOTOPOH YAOBJICTBOPAIOT NOCAESAHEMY COOTHOLISHHID,

He ABJAAETCA KOpHem ypaBHerus (41.61) (maa mee x? 4§ = 5

SHAUNT, HY OXHH H3 COMHOMHUTENeH JaeBoli yacth (41.61) ne obparmaercs
B HOJIb).

Takum ofpasom, enuHcTBeHHOU ocofoli Toukoli ssagerca (0, Q).
Jlerko mMpoBepHTL, MTO 3AeCh BHNOAHsAeTca ycaosue (41.41) u, sHaunr,
Touka (0, 0) sBafgercs H3CJMPOBaHILIM KopueMm ypasmenusi (41.061).
TeoMeTpHYSCKH, KaK 3TO Cpas3y BuLHO, ypapneuue (41.61) 3aiaeT equnny-
HYI0 OKpY:xHOCTH M ee UeHTp (0, 0) (3TO MBOMECTBO, OUEBMAHO, HE
ABJIAETCH HOCATENeM HHKakofl KpHsofi, sajankofi napamerpduecKu B
ceMmpcae . 17.1).

3. Has ypaspenns

"

’

¥4 y3—3axy =0 (41.62}
ycaosus (41.39) ocoGoft TOUKH N80T ypaBHEHHS
x*—aqy =0,
yr—ax =0,

OTKyAa Mubo x = y = O H 5T2 TOUKA YAOBIETBOPAET YpaBHenHio (41.62),
qubo X = a, ¥y = @, HO %Td TOYKA He ARJIACTCA KODHEM YPABHe¢HHA
(41.62). Cnosa 3zneck (0, 0) — ennncTrennan ocobas Touka. Herpyauo
yGeAUTLCA, YTO MPH FTOM BHIIOJHSOTCA yoiaosada {41.42), u, smauur,
Touka (0, ) ssagerca asofinoil Toukod,

leomerpruecky As KpuBOH, HESBHBIM [PICTABJCHHEM KOTOPOH
apagercs ypaeuende (41.62) (ona HasbiBaeTCs AEK&PTOB JMCT, U MBI
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¢ neil yae Berpeyaancs B 1. 15.3); touka (0, 0) sipanerca mourod camo-
nepeceder s Wi 060lRoE moukod (cM, prc. 49 B mepsoM ToMe).
4. Jlna ypaBHeuus

PV?—xt=0 (41.63)

touka {0, 0) arasetes ocoboll TOUKOH; B 3T0i TOUKe BHLIMOAHAETCA yiKe

ycaosme (41.60), H TeM caMbIM B 3TOM C/TYY4e He BHITIONHAIOTCH YC/I0BHA

Tecpembl 5, [eoMeTpuyeckd KpHBas, Bupaxaemasn ypasaenneM (41.63) u
3

HaspipaemMas MONYKyOuueckod mapaGosofi y = -Lx%, HMEET B TOUKe
{0, 0) kKacaTenbHYIO ¥ PacHOIOKEN & B OKPECTHOCTH 3TOH TOUKH MO OAHY
CTOPOHY 0T HOpMAanH,

Puc. 127 Puc. 128

Touxky Takoro THIA HAa3HIBAWTCA mouxamu eoaspama (puc. 127).
5. llaa ypaBmeHuz
YP—xi=0 (41.64)

touka (0, 0) Tak:ke aBAfAercd ocololl TOUKOH, H CHORA 34eCh BRIIQIHSIET-
cq yeaopue (41.60). YpasHenune (41.64), oveBupHo, pacrajaerca Ha
AB2 YPaBHEHHS: ¥ = x* H Y = —x?, KOTODble 3aIaioT jBe napaGoisl,
umerowe B touxe (0, 0) ofwyio kKacaTedbHYIO.

Ocofble TOYKH, B HEKOTOPGH OKDECTHOCTH KOTOPLIX YyDaBHEHHe
(41.37) sagaer ABe HeTpepHIBHO AuQiepenipyemple KPHBbIE, HMEIOMHE
B TOUKE (Xp, Vo) OOLULYI0 KACATENLHYIO, HA3BIBAIOTC MIGHKAMU COMONpPU-
Kocrogerua (puc. 128) sTHX ABYX KDUBLIX.

Mosker ¢/TyunTHCS, YTO NpH BbINOAHeHWH yoiosna (41.60) ocoBaa
TOMKA OKAKETCH H3OJNHPOBZHHBIM pelleHHeM ypasnenwua (41.37) nau
ere ABoHHOH TOYKOCH.

B zag/ouenne crenaem HeKOTOPHE NOSICHEHHA K YpaBHeHHIo (41.44).
Ecan (x,, yo) — ocoGan Touga ypasrenns (41.37), To nocte mapaniens-
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HOTO TIepPeHOCca HAyana KOOPAMHAT B TOMKY (X, Vo) ypasHenwe (41,37)
ApHMET BRI

Fo a2 4 2F), xy - Fﬂy Y240 (x2-- 9y =0 (41.65)

(3neck wanekcoM O HapepxXy of03HaueHEl SHAYEHHA YACTHHIX MPOH3BOA-
HHX B Touke {0, (), OTKyZa ¢ TOYHOCTEIO 10 GeCKOHEUHO MaapXx GoJee
BRICOKOTO MOPAAKA Hauie YPABHEHHE MOMKHOC 8aNiCaTh CRCAYIONIHM 06~
pasom:

Forx®+2F xy+ T, y2=0. (41.66)

B cayuae pnmonHenus yconobus {41.42) nepas uacts ypaBHeHUR
(41.66) pacnapaercs Ha JAB3 BCLUECTBEHEBIX MHIOMHTENA, KAKALN H3
KOTOPHIX, NPHPaBHEHHLI HYJ/IO, H J3eT KacaTelAbHhie K IBYM BETBAM
kpusofi B Touke (0, 0) (cMm. HOKazaTenLCTRO TeopeMsl D 2TOro MyHKTA).
B cayuae xe ewmosinenus ycicsun (41.41) nepas dacte ypasHeHHs
{41.66) pacnanaercs Ba LBA KOMIVIEKCHBIX MHOKHTENR: «KacaTeabHbie
MHHMBI, 3TO ECTECTBEHHO, TAK KaK 3Aech MOBOPUTH O KacaTennHOH He
HMeeT CMblc/1d, RO0 B 5TOM Cllyuae ocobas TOYKa ABAAETCH W30JUPOBaH-
HOH TOYKOH,

D10 3amenanne ocofeHno yAo0HO UCHONL30BATh VI ONpeIe]enns
xapaxTtepa ocofoil Toukuw B caydae anreGpauyeckod KpHBOH, T. €,
KpHBOH, safaHHON ypasHeHHeM

Px, v =0, (41.67)

rae P(x, y) ~ MHOrOUNEH OT JBYX mepemeHuuXx x B ¥. Ecnn (0, 0) —
ocoBan TouKa STOre ypasHenns, 10 U3 yoaosni (41.38) u (41.39) cnenyer,
YTG 3TOT MHOTOUNEH He COAEPKHUT Hi CBOGOJHOTO WieHa, Hil 4JIEHOB nep-
BOTO nopsanka, 1. e. ypasHende (41.67) umeer BUA

ax*4-2bxy+ey*-Q(x, y)=0,

rae Q{x, y)—MHorouneH, Bee 4lieHb! KOTOPOFC MO Kpafinell Mepe TpeThe-
ro nopsaka. XapaxTep noseJcHHs pelleHUH 3TOTo YpaBHEeHHS olipeness-
€TCS Ero IJ1aBHOH UacThio, T. €, YDaBHEHHEM

ax® 4+ 2bxy + ¢y = 0,

KOTopoe sBAsieTcs ypapuennem (41.66) anst xanuoro cayuas, ubo, Kax
JIETKO BHJAETH, 376Ch

- — =0
a=Fy, b=F4y un c=T,,

Ecnn e toura (0, 0) yuosnersopsaer ypasaenno (41.67), no ne
ABAAETC ocoGoll, To ypasHeHue (41,67) umeeT Buz

Ax+By+R(x, y)=0, A2+ B*>0,
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rae R{x, y) — MHOI'OU/IeH, BCe WICHK KOTOPOTO HMEIOT MODAI0K He HHXKe
BTOparo. Ma teopemul o HedBrEX dyHKUMAX (cM. cBoficTBo VI B Teopenme |
n. 41.1) cnepyer, yto ypaBHeHHe

Ag-+ By =0

fiBASIETC B 3TOM Cayuae ypasHeHueM KkacarenbHoli B Touke (0, 0) &
rpaduKy pelwennsn ypapHeaus (41.67).

41.7. JamMena nepeMeHHLIX

Yacto B pa3iM¥BLiX BONPOCAX MATEMATHUECKOTO aHaslvsa
H ero NpHAOKEHHAX IPH U3YYSHHH TOH H/H HHOH QOpMYJIB, CoaepKalleH
KakHe-IH00 HyHKLHHE H HX NPOH3BOALbE (O6bIKHOBEHHEIE HIH HacTHEE),
OKa3LiBaeTcs UenecoolDasHbiM IepeiTh K ApYIHM HE3ABKCHMbBIM Iepe-
MEHHLIM, A HHOTA H K APYTHM (DYHKUUAM, KOTOPEIE CEA3AHEl ¢ JaHHBIMH
GYHKLHAMH ONpeleqeiHbIMH COOTHOWeHUAMH, Bee 3TH npeobpazoBanud
AeNA0TCA Ha OCHOBAKUH NPasui AupdepennapoBands CAOKHLIX H HeAB-
HulX $yukuull, PaccMorpuM npHMepHL.

[ycre & = ulx, y). llpeoGpasyem BopaxeHns

du\2 du\2
A=(§%) +(5§f‘) , (41.68)
a2 o
B=S4+54 (41.69)

K MoJsPHLIM KOGPARHATaM 1, ¢. M3 dopmya, cBA3BIBAIOLIHX AEKAPTOBEE
KOOPAHHATE € TIOJIS PHEIMH

X=rcosq, (41.70)
y=rsin g,
HaxOlHM
3 dx - dy __ . oy
5 =C0s P, a—’-—-—rsmcp, 3. =sinq, 5p =7 COS®: (41.71)

Ipumenum dopMyanl ZubbepeHEMPOBAHMA CA0KHOA (YHKLHMU:

Ou _Budx | dudy _Ou Ju
§=§5}'+5}75?—ax costp+ay sin ¢,

du du fx Gu dy  Ou N Bu
30 —oxdo T Oy de — av—rsm(p—\-g};—rcoscp,
P .
paspeiluM NOJAYYHBIZHECH DPaBEHCTBRE OTHOCHUTE/bHO a% K g—;:
i ____a!—t % sin @
o et o r 41.72
du _ du Ou cos ¢ (41.74)

ayz-a-ES]n(P-{—% ;
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N MOACTaBHM TOJYMWBWIAecs Bapawkenns B (41.68):
i 2
A= (c’?u COS(p—-—QLism q)) +- (‘i‘i sin g +6u cOs (p) -

oar dg 7
ou 2
(@)

-(3)

Teneps nepeitfeM K BuluncAeHHO Buipakenust (41.69). Tlpopund-
deperunpyem Gopmyan (41.70) cuavana no x, savem mo y:

_ ar . g . r__‘ . dy
l_coscpa—-—rsmcpax, 0-(:05(95; rsmq)g;,

- 7] . a 0
O:SIW%—I—rcoscp%, 1=Sm(P5]rj+rcos€P%.

PaspemiaM noNVUKHBLIHECA CHCTEMB! GOTHOCHTEIBHO -51 QQ ir

aspeti ¥ dx*' dx ' oy
99,

H dy .

or cp sin il cos @
= =cos P, a =sing, 5= r‘?, £=T. (41.73)

Tipoanddepennupyed Teneps gopMyas (41.72) mo x u y; Toraa,
ucnoas3ya {41.73), noayuum

g—i% ;’r(a"" cos g —22 qu’)df}"afp = costp—%%ﬁf"’)%=
~%—§C032 (p_?cosq;smcp ac'iﬂacp_l_slr:(pazz_{_
+sinr3cp g_f+2cosrﬁdsmcp S:: .
Pu (Msingt LN (% gy ome)ln
=§r~asin2cp+ 2c05qism(p afigdcp+coi?¢62u+

cos®pdu  2cosgsing du
roor 2 dp *

Honctasnsas HOJIy‘IHBLﬂHeCH BuipakeHHs B (41.69), Gyaem HmeTs

lau lau
B= c?rz+ &) qu T o

B <Jyyae, Korua B npeo6pasyeM0e BhIpam{CHUE BXOOHT HE ojaHa,
4 HeCKOJIbKO NMPOH3BOIHLIX JAHHOTO NOpajAKa, yA00RO NPHMEHSTE METOA
BBIUHC/IEHHA e NPOH3BOANLIX, & Anddepenuuanos. Hanpuwep, cuntas
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He3aBUCHMBIMH MEPEMEHRBIMI ¥ H ¥, HallleM BRIpaXeHHs 414 Auddepen-
nuanoB dr v do. Y3 gopuya (41.70) umeen

dx=cospdr~rsinQdy, dy=sinqdr- rcospde,
QTC1014a

dr=cosqdxtsingdy, dp=—202gy 1 B39 g (4] 74)

(oTMetHM, uto M3 9THX GOPMYJ TAKKe cPaldy MONYUAIOTCA GOPMYJIILE
(41.73). das dbysaruuM w=u(x, y) umeeM

B du
du:Edf'—l—%d[P:

ou du sin @ du . Ou cos ¢
(E?COSCP""'% p )dx—l“(a—r b”lcp—f— {E —'r——) dy. (41.75)

Kosd¢duunentnt y Auddepenunaia du npu anddepeHumanax dx
H dy ABNAIOTCA NMPOH3IBOJAREIMH % H 5’5’ noaTOMy M3 GopmyJnl (41.75)
cpasy fnodyuaiores obe opmyanr (41.72), Hafizem ranee sropue muc-
depenunans d'r v d*q u3 gopmya (41.74):
dr =singpdpdx--cospdpdy =

_ sin¢ dx® —2cos gsingpdx dy L cos? v dy?
= - s

r re

a2 = — (L de+ 2 dy)do ot (Tt di— R dy ) dr =

_ 2cosysinpdx®—2(cos?¢ —singjdxdy — 2 cos gpsin pdy?
= =

Tenepr xnst d?u u noayunm

%

% , o Ou
draq)drdcp{_apadcp + g &k

du o 2 gz_t_t_?costpsin(p a%u
—f—%dcp-—(cos Por r gr o

au .
d =02 dray 2
sin®q Py

=+ +8 @_E+
¢
+sin9q; a_u_l_QcosEPsiﬂlP Qti) dx2+2(.)de dy - (..) dya

rodr 73 Jp

Orciona H MOKYYAKTCA BBIDAYKEHMR LA BTOPGIX NPOH3BOJHBIX

% 3% u 2

ge v g 2= I \ Koaththu Th 2

G rdg 1 55 KAK COOTEEICTBEANO os(ppunuenter v dx?, 2dy dy
H odyi

AnanoruubLic METoAul HPHMEHUME!, KOHEUHO, H B Cayuae, Koraa
NPOU3BOJUTCA Kawkad-inbo Apyras saMeHa DepeMeHHBIX X = x (¢, v),
¥ =y(&, ©), KOTLa UMEIOTCs IPOH3BUAIILIE BLICINHX NMOPAAKOB, a TaKiKe
KOIla peub HAET 0 QYHKUMAX GOABIIEro YuCaa NepeMEeHHbIX,
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§ 42. 3ABHCHMOCTD ¢YHKUHA

42.1. MonsATHE 3ABUCHMOCTH YHKIHIL.
HeoGxopkMoe yeacBHe 3aBUCHMOCTH DYyHKUUA

Onpedeaenue 1. [lycms na omxpoimom muodxcecmee G E"
safanee Henpepsisho Ouhgepenyupyemone PyrKEUL:

y=906), i=1, 2,..., m x=(xg ., %)EG. (42.1)
Ecau  cywecmsgiom  omypeimoe  mroxcecmse DD 6 npocmpancmee

EJ'?:}_ Lym, 4 HenpepuisHo Ouififepenytipyenan Ha D yrkyun
Gy ees Vmet)y maxue,  amo  (yy{x), ..., Vv, _a(®) €D u

(V%) wees Y (1)) = ym(®)x € G, mo f;byﬂmuﬂ Ym Ha3wi602MCH
sasucumoll R mroxcecmse G om z;bymu;uu B1s eves Yot

Onpedeanenne 2. Ecau cpedu chynxyudi cucmenmsi (42.1) ecms dynx-
YUs, Ba8UCHMAS OM OCHAALHOIX HG MROXEEc8e U, M0 9Mma Cucimemn Hasvi-
saemcean sasucumot ha mroxecnse G.

Ecau nu 00na gynryus cucmens: (42.1) ne sasucum om ocmoivhsix
#Ha muoxcecmee G, mo sma cucmema Hasvisaemca resasucumail na G,

B sonpoce sasucHMoCTH cucteMs: dynxkuuil (42.1) dynaamenTanb-
HyI0 pOJb MTpaeT MaTpuua HKoOu 5108 CHCTeMbI

”%” i=1, 2,0, m j=1, 2, .., 0 (42.2)

Teopesa 1. Hycme m < n u cucmema pynryui (42.1) sasucuma
Ha omkpoimom sEosecnee G, mo2da 6 a000L MOUKE MOS0 MHONCECTIB
pane mampuytt dxobu (42.2)*) smod cucrmemst merotue .

Hoxasateawctro. [lo yoroBmio cuctema ¢ymkuuii (42.1)
3aBHCHMa Ha (G, T. e, 10 KpaiiHe#l Mepe ofiHa H3 5THX GYHKIHE 3aBHCHT
OT OCTaNbHbiX, MYCTb ISl ONPEASACHHOCTH (PYHKUHA ), 3@BUCHT OT

[l)yHKI.lHI':I yli ey ym_]:
ym (X)Z(P(}'l (x)’ ey Y (x ) xEG

rie ¢ — HernpephlEHO Aupdepenunpyemas ¢yukuua ot (m — 1) apry-
mentoB, Orciona
m—1

aafp Wi aas peex j=1, 2,.., 1.
gy Oy

i=1
3ra (opmMyna NoKaselBaeT, 4TO /1i-A CTPOUKa MATPHIKL Akobu (42.2)
B KamJoH Touke x¢€ (G sBaseTca JHECHHON KOMOHHALMEN OCTa/ibHBIX

*) HanoMyEM, 4TO DPAHTOM MARTPHUB Ha3bIBAETCH MAKCHMAMLHOE 4HCAO ee
AHHEHHO NE3ABMCHMEIX CTPOYEK. 5TO YHCAC COBHAAJET ¢ MAaKCHMAMBHEIM NOP 57
KOM MMHOPA 3TOH MAaTpullb, BE PABHOrO HYJIW0.
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CTpoYer TOM MaTpPHULI, U, 3HAYUT, PART MaTpHibl K06y (42.2) MeHbiue
m B KAXI0H Touke x &7,

Teopema aokazawa.

Caepncrrue 1. /Tycms m=n u cucmena pynxyui (42.1) aa-

sucima Ha G, mo0a ee axobuan I, ooy Vo) p
a(xl: LR xﬂ)

UseH HYRK 60 606X MIOHKAX
muoxecmea G,

Canencreue [yeme m << nunyems pane mampuyer STKo6y
(42.2) xomv 6 0GHOU mo4Ke OMKPHIMOeo MHONcecmsa G pasen m, moeda
cucmema (42.1) Hesasucuma wa muomecmse G.

CiteneTBHe | monyyaeTcs cpasy M3 NOKa3aHHOH TEOPEMBI NPH M = .

Chneacrare 2 Aerko ROK43LIBACTCA OT LPOTHBHOIO.

42.2. Noctarounblie yCA0BHS 3aBUCHMOCTH DYHKUMHI

M coxpanum B 370M NyHKTe 0003HAYEHHA H LIPELNOJIOKE-

HUA NPedpiylIero fyHKTA.
Teopexma 2. [Tycme m < 1 u nyems parz mampuusr Skobu (42.2)
8 KaXCOOL MOYKe OMKPsImMo0 MHOXecmea G HE NPEBHIIOEH YUCAa £, O 6 He-
Komopotl mouxe x° € G & MOLHOCTUL pasen T, M. e. cyuiecmsyen AKoGILaK

O (Viyr e Wi,)
d (x,l, vee s x‘,r)

Toada oce r hynryull, exodsuyue 8 yeaosue (42.3), asasmomes Heaasucu-
MOLMYU PYRKYUARY Ha MHOxcecnise G U CYLECBHEm OKPECITHOCMb MOYKY
X0, makas, wmo aelad Uz OCMasUiLXCs (MYHKLLE S6HCUM KQ 3MOTL OKpectn-
HOCML O YKA3AHHOIX 7 PUHKuL.

HoxasatedabceTro. [IycTe A1A OPOCTOTE 3anHCH YCAOBHE
(42.3) umeer Buj

(42.3)

£(0)

2y, )
d{xy, ..o s £p)

o0 (42.4)

(9TOrO0 Beeraa MOKHO JO0HTECS, NepenyMePOBaR B CAYYae HeoOXOEHMOCTH
(QYHKUNYN ¥ apTyMenTh cucTeMul (42.1) B nymuom nopaake). Coraacuo
cleacTBHIO 2 3 TeopeMul 1 1. 42,1, Gyukund yy. ..., ¥, nesasucumul B G.
[lokaxem, uT0 KamJAasd H3 OCTAJbHBIX 3ABHCHT OT HHX B HEKOQ-
TOpoil oxpecTHocTH ToukH x(%. [lyere y?“)zyi(x‘m), i=1, 2,..,m
Paccmorpum cucteMy nepBpiXx 7 $ymKUmd cuctemb (42.1):

Y1=¥1 (X1, ey Xa),
e (42.5)

Ye=Velrrcons X
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B cuny yenosus (42.4) 1 TeopeMH 0 HeABHEIX (PYHKUHAX (CM. I1. 41.3)
cucTeMa (42.5) B HeKOTOpo# oKpecTHOCTH TouKH x(©) MOMKeT ObTh pas-
pellieHa OTHOCHTENLHO [EPEMEHHLIX Xi, .., X,!

=11 eer Vo Xrdly ey Xp),

e e b e e e e e s (42.6)
xr=fr(y1: s Yo Xrdly e Xphs
NPH STOM (BYHKLHH fy, e, f, OUPEACACHH B HEKOTOPOH OKPECTHOCTH
0 4 0 o (C}
toukn 2% = (pP, o, ¥, A0, 2

Paccmotpum ey nepuosunyio GyeKunl (42,.6) 0 QyEKUHH Yrpy, T, €.
nojcTaBHM  Bhipamenus (42.6) B BrIpameHHME AIA PYHKUHM Pry
(cm. (42.1):

Yot = Vo1 o oo Fro Xrgtanees X5). (42.7)

Ora caoxHAN GYHKUUA ONpeeaeHa B HEKOTOPOIl OKPeCTHOCTH ToukH 249),

TToxamxem, uTo Ha camoM jJene iyHELHA (42,7) B HeKoTOpO# oKpecT-
HOCTH TOUKK 2! He 3aBHCHT QT MepeMEHHBIX X-4q, ..., X, A ABJIACTCA
Uk QyHKIHEH NepeMeHhIX ¥y, ..., ¥,. JJIA 3TOTO IOCTATOYHO NOKA3aTh,
uto (eM. . 20,4} B HeKOTOPOH QKPECTHOCTH TOUKH 20

ay i .
ﬂ’; =0, j=r+41,.., n (42.8)
Jaa storo sapHKCHpYeM OJHO H3 YKA3aHHBIX [ H PaccMOTPHM
oTo6paxenue okpecraoctu Toukn (¥, ..., ¥, ¥, sanasaemoe
thopmyIamu
Yi=Yu
Ye=Y¥Yn

Yr—}l:yf'i‘l(fl’ ey f,., PIEE PRI xn)’

xkzx»(‘iO): k=f+lr"'a n, k#)’

270 otobpaikeHue HenpepLiBo Au(depeHnupyeMo, ero Marpuia Jkobu
HMEET BUJA

. : 42.9
0 0 .1 0 29
Wepr Wepr Wppy Wy,
dyi dy U dy,  dxg
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H 8 HeKoTopo#l okpectsocti Touku (M7, ..., Y ) ero momno

PAsJIOKHTh B CYNePNo3uuuio otofpamenns (cm. (42.1))

V=31 (X1 ey xn)’

yr'__—"yr (Xl, e xn)r
yi"+5 =y?'+!l (xlr ARRE | xn))

Xy =2, k=r41,.., 0, b=/
u oTobpaxenua (cm. (42.6))

X, =5 (yp vy P Xty ey X)),

xr=fr(y1"“: yr’ xf-l-l""’ xn)s
. Xj=xj,
xkzxfe k=r—+1,.., n, k==,

[Tepeoe u3 9TnX oTOOpaXKeHHH HempephiBHO Au(depeHlupyemo

. o 0) e
m nexotopoil okpectroetn touku (x17, ..., %, &47), a BTOpOe Hen-

pepLIBHO  AAQQEPEHIUPYEMO B HEKOTOPOll OKPECTHOCTH  TOMKH
(B, ..., 119, %), Tostomy us (42.9) 1 u3 croiicTs AKOGUAHOR OTO-

Gpaxenuii (cM. m. 41.4) umeem

i1 OV onr Vo ¥rga1) _a(y,, voor Yoo Yrg1) O{%107-00s % X))

0x; 0y en Yr %) O& o Xy X)) O (M ey Ve X))

(42.10)

B cuay ycnoBua Teopemul paur Marpuubl fIKo6H Ha MHOMecTBe G
MEHNBIIE HJAH paBCH ¥, CIACIOBATEILHO,

a(}'p e Ve yr+|)20
a(xb vy Xpy xj)

scioly Ba (. Tlostomy us (42.10) cpasy caeayer (42.8), u notomy
dyurnus (42.7) He 3aBHCHT OT NEPEMEHHEIX Xr.1, ..., X, T. €. B HEKOTO-

(0 {0
poii oxpectHocTH O, TOUKH (Y] ' v V) ona umeer BagT

Vet =@ (V1s o5 ¥}y

a 3TO H 03HAU2eT 3aBHCHMOCTL QYHKUHY YV,.1 OT QYHKLHHE };, ..., ¥, B CO-
OTBETCTBYIOIEH OKPECTHOCTH TOuKH X' (3Ta OKPeCcTHOCTb JIerKo ntof-
GupaeTcst 10 oKpecTHOCTH O, B CHNY HenpepblBHOCTH (QYHELUHA CHCTEMb
(42.1), oM. m. 41.4).

AH2N0IHYHO AOKA3LIBAETCA W JABHCHMOCTb KAMAOH M3 (QYHKUHEA
Vyesr voor Yo OT GYHEUMT ¥y, ..., ¥, B HEKOTOPOH OKPECTHOCTH TOUKH X9,
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Il p umep. PaccMmorpum cHeteMy dyHRKLUE

=sin (x
we=sin (x-ty), (42.11)
v=cos(x-}y).
Skofuan 9TOH CHCTeMEl pabed HYJI0 Ra Beell MJIOCKOCTH
cos(r+y)  cos(x-ty) |
—sin({x+y) —sin{x+4y)
H, XaKJerko BHAETh, DAHT MATPHLE SIKOGH STOH CHCTEMbI pABEH CAMHH-
ue BO BCeX TUYKaX MJOCKOCTH,
CornacHo teopeme 2, ¢yrkuud (42.11) 3aBHCHMEI B OKpeCTHOCTH

KaXXA0H TOYKM IVIOCKOCTH. B JaHHOM c/iydae 3aBHCHMOCTE (yHKuu#
JIETKO HaXOJMTICsl B fIBHOM BHJE, OHa MomeT ObiTb, HampHMep, sajada

dopmynamu
v=+ Y 1—ud

H

§ 43. YCJIOBHBLIA 3KCTPEMYM

43.1. MoHATHE YCADRHOIO IKCTPEMYMA

[Mycrs ua oTkpeiroM MHOxecTBE G E® 3anann (yHKumy
Y=o (0), i=1,2, ., m, (43.1)

X = (X, vur, %) €G. O603HaUNM uepes £ MHOMKECTBO TOUEK X &G, B KO-
TOPLIX BCe QYHKUME @;, { = 1, 2, ..., m, 06pallAIOTCA B HYJk:

E={x=x)x€0, ¢;(x}=0,i{=1, ..., m} (43.2)

¥ paBHeHHA
¢, (0)=0,i=1,2, .., m, (43.3)

OyieMm HA3LIBATh YPAGHEHUAMU CBARL,

Onpedesenne 1. Hycme na G sadana Gyakuun y = j(x). Touxa
X0 ¢ E nasmsuemncs mModkoll yeaosHo2o skempesyma @yuxyuu [(x) omrio-
CUMEALHO (LAl npU sunoanendu) ypasrenud consu (43.3), ecau ona Ho-
asemes moukotl 0BeHo20 SKCmpesmyma Mot pyHKyuN, paccaampu-
saemMull MoAeKO Ha mMuoscecmse £ (eM. m. 40.1).

Muaue rovops, ajeck 3Hauenne pyuxuyy f(x) 8 Touke x40 cpapsupa-
€TCA He CO BCEMH ee 3HAMEHHAMH B J0CTATOYHO Ma0f OKPECTHOCTH 1ol
TOUKH, 4 TOJbLKO CO 3HAUCHHAMH B TOUKAX, HPUHANIEKALINK JOCTATOYRO
MaJo# OKpecTHOCTH M MHOMecTsy £. Kak H B cayuae OGBIUHBIX SKCT-
PEMYMOB MUXHO, €CTeCTBEHHO, PACCMATPHBATL TOMKHM NPOCTO YCUOBHOIC
IKCTPEMYMa M TOUKA CTPOTO YCJAOBHOTO SKCTpeMyMd,

PaccvmoTtpum, Hanpumep, QYHKUMIO

ix, ) = + (43.4)
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H ypaeHeHHe CBAZH
x+y—1=0 (43.5)

Hafinem ycnosuniit skerpemym dynkuus (43.4) npu sunossendy ypas-
HeruA cpAsd (43.5). M3 (43.5) umeem y = 1 — x,

Fix, | = x) = 2x®* — 2x - 1,

Takum 0Opasom, MPH BLIIOJHEHHH YCJHOBRA CBASH (yHKuMa (43.4)
ABAACTCH (DYHKOMEH ONNOTO NEPEMERHOIO, € SKCTPEeMYM HaXOMHTCH
8/1¢MEHTAPHO: NPHPABHHBAN HYJAIC ee
NPOH3BOARYIO (HEOOXOLuMOER YCJOBHE
SKCTpeMyMa), ToayduM 2x - 1 =0,
OTKYRa X = -;— B stofi Touke ¢yuk-
s {43.6), OUEBHIHO, UMEET MHHHUMYM
(oHa SABAAETCA MHOTQUIEHOM BTOpCH
CTENeHH € NOJCKHTEILHLIM  KOS(bi-
UMeHTOM [pH CTapiueM ujeHe). 3Have-

1
U0 x = 5 COTJIACHO YPABHEHHIO CBj-

3u (43.5) cootsercIByeT Y = ;—

CrenoBaTesbHO, B TOUKE G, %) YRR Puc. 129

urs (43.4)  nocTHraeT  MHHHMYMa
OTHOCHTENBHO ypaBreHnA ceasu (43.5). TeomerpHyeckH 3To o3Hauaer,

. (1
470 TOYKa Mapaboonna z = x? + ¥°, HAXOAAILAACH Hal TOYKOH (5; é),

ABJSIETCA C2MOM HH3KOH H3 BCeX €ro TOYeK, JeKamux Haj npsiMoiH
(43.5) (puc. 129).

B panprefiinem OyneM npeanoJarath, 4TO

1) dypxnun f(x) B ¢, (x) HMEOT HEMPEPBIBHLIC YACTHLIE IPOUBBOAN bIe
fEPBOr0 NOPSAKE HA CTKPHTOM MHOMeCTBe G;

& . .
2) m < n ¥4 paHr MarpHUb %— i=1,2.,m j=1,2 ..,n,

B KaXIOH TOUKe MHOMKecTBA G PABEH 1, T. €. YHCAY CTPOK.

Cornacno pesyJbTaTaM NPEABIIYUIErc Naparpaga, 3TC 03HavaeT, Y1a
(GyHKUHM  cHeTeMul (43.1) nesaBrcuMbl B A0GOH OKPECTHOCTH KarKiof
ToukH x € G.

[lycts £ € G; coraacno yCnoBHIO 2, B Touke X% X01b 04uN H3 Onl-
pedeauTtenedl BHAA

{01, ..., Om)

T (81,0 v 21,
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OTJAHYEH OT HYJf] NYCTh A7 ONPEReNEHHOCTH B Touke x(O)

30 0m) g 43.6
ORISR R Rk 0

Torga B CHJIY TEOPEMH O HesiBHHIX (yHKUHAX (cM. m. 41.3) cueremy
. . - 0 0
ypasaenwit (43.3) B HeroTopo#i okpectHoeTH ToukH X0 = (£\% ... x3"")

MOMHO Pa3pelliiTe OTHOCHUTEJABHO NEPEMEHHBIX Xp—mi 1, oovy Xyt
Xn—mt1 =1 (X15 eory Xn—m),
(43.7)
xn=‘l]Jm (xl, eey xn-...m)-

IMoncrasaas (43.7) B Qyuxumio y={(x), nojayunm GyHKILHIO

Y= F (gr s K Voo err P) =8 (B vors Hnem)  (43.8)

OT NMEPEMEHHBIX Xy, ..., Xn—m, ONPENCJCHHYIO M HENPEPEHIBHO Augie-
peHizEpyeMylo B HeKoTopoli okpectHocti Toaku £ = (). x50,
Touka x sgasgemcs mouxod (Cmpo2oz0) YCAOBHOD IKCMPEMYMA

dan hynkyuy f(x) ommocumessro ypasHenus ceasu (43.3) e mom u

moAbk0 mom cayuae, ko2fa modxa x'0 sgasemes mouxoi 00bIUHO20
(cmpozoeo) axcmpemyma 0aa dyuxyun (43.8). DT0 HenocpesCTBEHHO
caefiyeT u3 Toro, uro ycaosus (43.3) u (43.7) paBHOCHJIBHEL

Taknum 06pa3oM, 3TOT METOJ, OCHOBAHHEIH Ha PA3PEIIHMOCTH CHCTEMBL
ypaeHeHu# (43.3), mospoiser Bonpoc o6 HCCIEAOBaHAN YC/IOBHOIO HKCT-
peMyMa CBECTH K Y2Ke U3YYEHHOMY BOMPOCY 00 OBBIYHOM IKCTPEMYME.
MmerHO TakuM 06Gpa30M MEl M TIGCTYIHJK B PACCMOTPEHHOM BHILE NIPH-
mepe. Onrako YacTo Ha NPAKTHKE pelteHne CHeTeMsl (43.3) okasnBaeTcs
B SABHOM BHIE HEBO3M(KHLIM HJH BeCbMa 3aTPYAHHTENBHBEIM, [OITOMY
B CJEIYIOLIEM NYHKTE MBI PACCMOTPHM HHOM NyTh HCC/ENOBAHUA TOYEK
YCIOBHOIO SKCTPEMYMa.

43.2. Meton MHOXKHTeJekl JlarpanKa Rad HAX0MAEHHA
TOYEK YCJAOBHOrO 3KCTpeMyMa

B 3TOM NyHKTe MEI NpeAno/aracM BLUIOJIHEHHBIME BCE Lpel-
TIOJIOKEHNSA, CleNanHbe B myHKTe (43.1) orHocuTensno QyHKuil f(x) u
¢ix), =1, 2, ..., m.

Teopema 1. Hycme moura x\Y asagemcs mouxoil Yea06Ho20 sKCmpe-
syma ynrygun f{x) npu esinoanenuu ypasienud censu (43.3). Toeda cytie-
CIBYIOM. THAKUE HUCAQ Dy, ooy Doy, 40 8 MOUKE X°) GOINOAHAIOIMCA YCAOSUA

%M W1y, B0, i=1,2, ., (43.9)

1 3x, ™ x;

Cnepncrrue. [Hoacowum
{D()(‘)zli(x)_'"?\'l (Pl ("C) -{“ —{— ?"m fpm (X), (4310)
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ede Ay, i=1, 2, ..., m — aucsa, yxasannoe 8 meopeme. Dynxyua (43.10)
Hasuisaemca  (yrkyued ﬂaepamaa Ecau mouxa x(0 g3agemen mou-
KOl YEAOBHO2O SKCIMPEMYMA o pyrkyuu f(x), mo ona asasemca
cmayuonaprod mourod Oan gynxyuy Jaepansca, m. e. 8 amodl mouke
=0 =12, (43.11)
[Ipexxne ueM HoKasath TeOpeMY, Pa3bACHHM HECKOJIBKO €€ CMLICA H
MeTOJ ¢ HCROJB30BaHHA 1A HAXOMICHHA TOUEK YCJIOBHOIO KCTpe-
myma, [lpexae Bcero ofpaTuM BHHMaHHE HA TO, YTO y (DYHKUUH BHAA
{43.10) npy NPOUSBOLHAEIX UHCAAX Ay, ...y Ay KANIAS TCUKA €€ YCJIOB-
HOTQ 3KCTpeMyMa SBAAeTcs H TOYKOH YCJIOBHOTO 3KCTpeMyMa s He-
X0oMHOA QyHKUUH f, ¥ HaoGoPOT. MEI BLGupaeM TaKHe 3HAUCHHA Ay, ...,
Ay, 4TOOH BHIOMHAAMCH yeioBHS (43.11), T. e. uTOOH JAHHAA TOYKa
YCI0BHOTO 3KCTpEMyMa OKasaiach H CTAlHOHADHON TOUKOH (yHKLUHH
(43.10}.
Jlns OTLICKZHHA TOYEK YCJIOBHOIO 3KCTPEMYMa C/IefyeT PACCMOTDPETh
cuctemy # + m ypasuensfl {43.3) u (43.9) OTHOCHTENEHO HEH3BECTHBIX

A vy X, Ay eery Ay B DEILHTE €€ {€C/IH 5TC OKAKETCH BOMOXKHEIM),

naiian 1, ..., 'Y # 10 BO3MOKHOCTH HCK/OUHS Ay, ..., A Chopmy.u-

pOBaHHas1 TeopeMa YTBEP2&KIEET, YTC BCE TOHKH YC/JAOBHOIO 3KCTpeMyMa

GYAYT HAXOAHTHCA CPEIH HaACHELIX TaKiM o6pasom Touek (xi”, ..., x5").

BOHPOC O TOM, KAaxKHe e H3 HHX (bElKTH'{ECKH 6YﬂYT TO'-iKElMH yc-
JIOBHOI'Q 3KCTpeMyMa, TpeéyeT JOTIOJAHHTENILHOIO HCCENOBaHHeA, CO06-
paxennsa Ha 5TOT CUCT GyﬂyT BhICKA3aHE! B GICAVHMILEM ITYHKTE.

) 0

MokasateabcTBo Teopems. [yers x(0 =(x{", ...,x( )—
TOYKA YCJAOBHOrO 3KCTpeMyMa XA GYHKUHH [ H OYCcTh B 5TOH TOYKe
AJ15 ofIpefe/IeHHOCTH Bhloansercs yeaosue (43.6). Torpa, xak Mul Bu-

fean, Touka £ = (x(lo’, cees xﬁﬂn,) (eM. 1. 43.1) ssasercs TouKoil 00BIU-
HOTO 3KCTpeMyMa A GyHKuiH g (eM. (43.8), mostomy (cM. m. 40.1)
B Touke (0

Ag (X, coey Xp—m) =0
iy

Af (X1, cony Xnmmr Ppy voes P} =0,

OTKyZa, MOAL3YHChH HHBapHaHTHOCTbIO dopMBl  mepBoTo  AHgdepeH-
upata (cM. @ 37.4), A1 ToukH £ HMeeM

o dx fy+ e i, =0, (43.12)

Moacrapnsaa (43.7) B (43.3) u auddpepeHuupys noayuuslieecs
TOXIECTEO B HEKOTOPOH OKPECTHOCTH TOUKH X', & 3HAYAT, H B Ca-

Mo# Touke x'%, momywum
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a‘Pfdx1+ s a‘“t dr,=0,i=1,2, (43.13)

B dopmyae (43.13), Tak xe kak u B dopmyne (43.12), xndde-
peHIKanl dx;, v, dXn_m CYTb ANipepeHilHalsl HE3aBUCHMBIX Tiepe-
MeHHLIX, a Judeperunanst dX.mii, ..., dX, CyTs AubdepeHuUAND
GYHKLHA By, ..oy Py, [OM. (43.7)].

Kakepel 6Bl HU ObWIH YHCAZ Ay, .., A, YMHOXA: DAaBEHCTBO
(43.13) B TOuxE " qast dyskuun @, Ha A, i=1, 2, .., m, u CKaa-
IbiBasg HX Mexay cofoft ¥ ¢ paBedcTRoM (43.12), nmoayuum

2 (6xj+ Zx d“’f) dx; =0, (43.14)

BuGepem teneps A4, ..., A, Tak, uTofu B Touke x(? BLINOJHA-
JIHCh PABERHCTBA

op .
6x;+ Z?\‘laxl ! f:n—m_i_l: e . (43'15)
310 BCerga BO3MOXKHO, Tak Kak (43.15) smnsercs cucremoli m
NHHEAHEX OTHOCHTEBbHO Ay, ..., A, YDaBHeHHH C ompejenureseM
do; : .
det T e n(® ((=1,2,..,m j=n—m+1, .., n),

He DaBHEIM HyJo (cM. 43.6).
IIpa raxom poibope Ay, ..., A, [u3 (43.14)] umeem

n—m

) (ax,+ Z M a"”) dx;=0. (43.16)

‘l_

3peck yxe Bee audpdepeHunans dx, ..., dx,_,, cyTh auddepenunann
HEe3ABHCHMLIX NePEMeHHLIX M, 3HAYMT, CAMH ABJANTCA HE3ABHCHMBIMH
NEepeMEHHBIME,  KOTOpbhie  MOTYT TIPMHHMATL  JH0bIE  3BaueHHH
(em. m. 37.2). bBepadx, = 1,k = 1,2, ..., n — m, a BCe oCTAALHBIE JMD-
epenunaisl, Bxolsivine B gopmyay (43.16), pasHbIMH HYJIIO, IOAYYRM

1

d .
ax,,+ Lx L0 L0, £=1,2, ., n—m. (43.17)

Mu! foxasaly CYIIECTBOBAHHE TAKHX Ay, ..., Am, UTO BHIOAHAIOTCH
yenosua (43.18) u (43.17), T, e, ycaosua (43.9),
Teopema jokasana.
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YnpamuenHne |, JlJokazars, uTo B NPEINONGIKCHUAX TECPEMH 3TOrO
NyHKTa BLINOJHEeHHe ycaoBHH (43.9) siBasercd JOCTaTOYRBIM %A TOro, YTOOLI
rouka x(¥} sEBAANAch CTAaUHOHAPHOH TOYKOH s QYHKUHE g(Xy, ..., Xpum)
(cat. (43.8)). (B npouecce 0Ka3aTeAbCTEA TECPEMEl HACTORIIErO [1YHKTA Mbl JOKA34-
N4 He00X0AHMOCTE YeaoBRA (43.9) AnA CTALHOEAPHOCTH TOUKH x(9).)

43.3. 3aMeuaHHs O LOCTATOUHLIX YCAOBHAX AN TOYEK
YCAOEBHOI G 9KCTPeMyMa

B sTom nyxkre Takxe OyAeM NPelnoaaraTh BEIIOJHEHHLIMA

BCE [PELNOA0KEH A, HadokeHHble Ha dyHKUMHA f 0 @, { = 1, 2, ..., m,
B m 43.1.
Ilycto

n
O=f+ Ei Ao
i=
cpyHKLmﬂ Jlarpamxa (em. (43.10)) maa dyuknuy f ¥ ypaBHeHH cBA3H
(43.3).

Hyc'rb touka X\°'CG yAOBMETBOPAST YypaBHEHHSAM CBA3H (43.3)
AIBASETCA CTALHOHADHOH Touxko#t ¢yHKUMH Jlarpamsxa, T. €. TOUKOM,
KoTopad Momer ObiTh HaflleHa pelienneM CHCTeMbl ypaBHeHuil (43.9)
a (43.3).

Hauefi neinlo sipfsercs NOIyYeHHE METONa, ¢ NOMOLLBIO KOTOPOTO
MO<HO BYIET YCTaHOBHTL AOCTATOYHEIC YCAOBHS JUTA TOTO, YTOGL! yKa3aH-
Has Touka x'¥) ABARAACH TOYKOH YCANOBHOIO SKCTPEMYMa DacCMATPHBAs
eMoH 3a1aud.

3amerum TpeKe BCero, UTO €C/H TOUKa X &G yJ0BJIETBOPAET YpaB-
BenusiM ¢BAzd (43.3), To

Af=[x)—[(x©) =D (x)— QD) =AD. = (43.18)

Orciofa cpasy BHAHO, 4YTO ecsu Touka x{0) sIBJAETCS TOUKOH OObIu-
Horo skerpemyMa anda yaxnnn @, 1. e. AD He MeHser 3HAKA B HEKOTO-
poit okpecTHOCTH TOYKH %9, To Touka xi) siBasiercst TOUKO ycaosHoro
3KCTpeMyMa it QyHKUuuM f.

Hefictanrensno, u3s (43.18) cieayer B sTOM CAYUAE, YTO HPHPAIIEHHE
Af aa ZONYCTHMEIX 3HAYEHUH X, T. €. YAOBJAETBOPSIOMHX YPaBHEHUSAM
CBH3H, TAKKe He MEHseT 3HaKa. D70 J0CTAaTOUHOE YC/JIOBHE YCJIOBHOIG
SKCTPEMYMa, OJHAKO, He JIOCTaToYHO oflilee, H ero He XBaTaer s He-
CRA0BABHS MHOTHX 3ajay. [ToaToMy IpOJOMKHM H3YU€HHE PAa3HOCTH
Af. Oas sroro paznoxum ¢ynkunio O B OKPeCTHOCTH YKA3aHHON TOUKH
29 no gopmyne Tefiaopa, Gepsa wieHE R0 BTOPOTO NOPAAKA BKAKYH-
Teqpn0. B cudy cramuoHapHocTH Touku xi9 [em. (43.11)] noayumm
{cv. 0. 39.1)

—d2®(x(°))+ S‘ o (Ax) Ax, Ax, =
i 1-q
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. n rn
1 ~ 2 (x(0) N\ .
=5 2 a—xf;@-‘)’ﬁxs Ax; + 2; e (A A A (43.19)

=

rre, Kak oOplyHO,

Ax=(Axy, oy Axy), P= l/ > Axi,

i==1

lime,;(Ax)=0, x:x(o',+Ax:(x(10)+Axl, ey 20 L Ax).
p-—vO

dopmyaa (43.19) cnparejiinea Jjis 1060l TOUKR X HEKOTOPOH OKpecT-

HOCTH TouKH x(©), Hac ke HHTepecyIoT TOALKO Te U3 9THX TOUEK, KOTOPbE

VIOBAETBOPAIOT ypaBHEHHAM CBAsH (43.3) HAM, YTO TO Ke, YCAOBHAM

(43.7). B cuay sroro npupaienus Ax; B dopmyJe (43.19) ve apastiotca

He33BHCHMBIMH, & CBf3aHH Me:KAy colol cooTHoweHusMH (43.13).
Hs Gopmyaw (43.7) umeem

n-—in
Ax,=dx;-1- X ey de)dx, i=n—m+1, .., 0, (43.20)
k=1
Ax, =dx,, k=1,2,.., n—m, (43.21)

rae

n—imn

dx = (dxy, oo vy dXn_m), 0= l/ g‘l dxi w 1Im€ik {dx)=0.
= =0

Jnn yaoGerBa ¥ eqnHoo0pasHsa BHEKNANOK OyldeM cuutars, 4To diop-
myas (43.21) Takike sankcanm B BHAe (43.20) npu en(dx) = 0,
(=12 .., n—m

Jast Touex, YAOBJIETBOPRIOWLUX YpaBHEilHAM CBA3H, IHGdbepeHLAAB
24BHCHMBIX H HE3EBHCHMEIX NepeMeHHLIX CBA34HH B Touke x(Y cooTHO-
wennsnu (43.13), KoTopsie B cuay ycaoBHs (43.6) MoryT GHITE paspeine-
Hbl OTHOCKTENBHO AudipepeHUHAN0B dX,_, .1y -, dX, (KaK CHCTEMA JH-
HelflHLIX ypaBHeHHH, OopefeanTeNl H3 KO3(POULUHEHTOB KOTOPON OTaH-
UeH OT HYJ#A); B pe3yAbTare MOJYYHM BbIDAXKEHHS BHJA

n—m
di;= ¥ aydxy, i=n—m+ 1, .., 5, (43.22)
k=1
TEE 4, ~— HEKoTophie uncaa, Jina ennnootpasus BeMUCTERKH HaM ya00-
HO CUNTaTh, 4To dx;, = 1,2, ...,n — m, TAKXKEe 34MHCABLI B BUIE
(43.22): B 3TOM CJyuze, OYEBUIHO, G; = 1, a;, == O ipu { == 4.

TMoncrasass (43.20), (43.21) u (43.22) B (43.19), B HekoTOpO# OKpeECT-
HOCTH TouKH x© i suofofi TOUKH X, YIOBJETSCPSIOLIEH ypaBHEHHAM
CBA3H, {OYUHM

1~ e (%)
o ad “amox, didet

n—rm R-n

n
20 (%) ~
+ | Tonoy };} Qg d;, [Zl &y d;-
i, = — o
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n n—n
1 ¢ 20 (%)
Ly Z 0x; %) 2 €5y dx, }_, ey dx; -

i, j=1

+ Z a,f(ni a,, di, +”i”mdxh) (”i’”aﬂ dx, - 2 8ﬂa'x1) (43.23)

i, I— fe==x1

Ho mpu p- O umeem Ax,» 0, i=n-—m-1, .., n; s1o, nanpumep,
cpasy BHIHO #H3 Gopmya (43.20), nostomy npi o0 us—=> 0, a no-
ToMy lime,;(Ax)=0, ecry TOMLKO TOUKA YJIOBIETROPHET ypaBHe-
B0
HHAM CBH3H. I'Ioa*romy paseterso (43.23) MOMKHO 2amHCaTE B BuAe
fi—in

degde, + D ehdegds, (43.24)

ot {xf° ))
I* ky =1

AQ)N_H S 0x;0x;

i
rre limen =0, T. e NMONy4YeHo BHIpaKEHHE TOTQ KE THIA, YTO H

p-bﬂ
(43.19), rOJnKO BMECTO 3aBHCHMBIX npupamennil Axg, ..., Ax,,
8Acchk CToAT AH(pepennnalnl dxy, ., dx,, cBsi3aHPLle COOTHOIIE-
Husuy (43.13).
3ameuaa Temeps, yro (cpar. mL 39.1)

H—111

> endr,de,=ep,
=4
N /z-—m
rae lime=0 u, KaXx © BolLe p_l E dxi. W3 (43.24) u (43.18)
g0
NOMYYAeM OKOHYATEBHO

A =f)—f (=5 X Z2E e de o (3, 4a.25)

x; Bx;
i, i=1 9%, 0%

rae magdepenuranm dxy, i==1, 2, ..., %, CBA3EHBI COOTHOMIEHHEM
43, 3).

Ecnn us atex cooTHOuleHHT BRIpasuTh JudrpepeHItHaNE! 3aBHCHMBIX
nepeMeHHuX dxj, | = n—m ~+ 1, ..., 1, uepes nudipepenunans Hesa-
BHCHMBIX NEPEMeHHHX dx,, £ = 1, 2, ..., . — m {cM. 43.22), To noay-

YHM BRIpamKCIHE BHAA
n—m

Af= 521‘4 by dridz+o (), p—o. (43.26)

Orciona (COBCPIIEHHO aHANOTHUBO CAYUalo OOBMHOTO 3KCTPEMYMa, CM.
n. 40.2) cnexyer, uTo ecau keadpamuunas gopma
B (dxl, Trey dx”_m) :£ ;rE l bu dxi dxj (43.27)
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onpedenernan. mo 8 mouxe x(0 Hydem cmpoeni YeAOBHOIL IKCMPEMYM,
A UMERHO. CPO2UE YCAOBHBLL MAKCUMYM, ecal KsadpamuiHas gopna
(43.27) ompuyameasno onpedeseHnas, i CMpPOSUd YoAOSHOITE MUHUMYA,
ecau xsadpamusnas dopra (43.27) noaoswcumearno onpedeseHras.
Ecan sce xsadpamuunas diopua (43.27) neonpedesennan, mo mousa
20 pe agasemca MOoUKold yeaoBHO20 IKCHIpEMYMA.

PeaioMipyeM KpaTko BCe CKas3aHHOe B 5ToM NyHKTe. 1A Toro utobu
HCCACACBATL  CTALMOHAPRYIO TOUKY ¢QyHKuwaa Jlarpamka (43.10),
Ha YCJIOBHBIH 9KCTPEeMyM HEJ0 UCC/AENOBATb HA OMPEJISNeHHOCTh KRaj-
paruuayio ¢gopmy {43.27), 7. e. Bropolt Anddepenunan ynkuuy Jiar
pan:xa B 9TOH TOUKE [IPH BHIIIOJHEeHHd yeaoBail cBasd (43.3) (korna ang-
depeHumain dx;, (= 1,2, ..., 1, CBA3aHB COOTHOWEHHAMH (43.13)).

Ilycre, nanpamep, TpebyeTca HafTH TOUKM SKCTpeMyMa (QyHKLHM
f(x, ) =xy, xoraa Touka (x, ¥) AemHrT Ha mnpsMod x — y=0,
@Oyuguuell Jlarpakma B nadHHOM cayyae sfsJAeTcA GyHKUUA BuAa

dx
onpejgeieHHs crallHoHapHeiX Touek ¢yuknuu D (x, ¥), yI0BAETBO-
PAICLHX YCJAOBUAM CBA3H, HMEEM CJSAYIOILHE YpaBBEHn.

O, vi=xy—Alx—y), B TaKk Kak a—@-:y—?», g%=x+?», TO AAs

x—y=0,
y—?\« =0,
x--h=0,

M3 KOTOpHIX enelyer x = y = & = 0, Hcenenyem B touxe (0, 0) propok
augpepesivian Gyukund O(x, ) npu BRINOIHEHHH YCIOBHH CBA3H, T. €,
Koraa dx - dy = 0. Hmeem

d2D =2dx dy, (43.28)
H, 3HAYHT, [IPH BHINOJHEHHH YC/IOBUH CBA3H
A0 = di® > 0, (43.29)

T. €. BTopoll judupepennuan {43.28), sBIsaACE HeoNpeAeaeHHOH KBakpa-
THUHOH GopMOH, NpU BEHIONHEHHH yC/IOBHH CBA3H MPEBPALLAETCH B (10
AOKNTETBHO ONDEJSNEHHYI) KBaJpaThanylo dopmy (43.29), THosromy
Touxa (0, 0} apnseTCA TOUKOH CTPOTOTO yC/IOBHOFC MHHHMYMA AJA pace
CMOTpesHOH 3afaud. BripoueM B JanuOM Clyuyde ITO JETKO YCMOTPETh
A cpasy: Baoqib npamoil x — ¥ = 0 ¢yukuns f(x, y) = xy HMeeT Buj
f(x, x) = x*, KoTOpas, OUEBHIHO, HMEET B TOYKe X = 0 CTPOrUH MHHUMYM,

Ynpaxnende 2. Halith TOUKA yCaO0BHOro eKCTpeMyMa QyHKUUE TIpH
yKazaHHBIX ycJOBEAX.

=5 LY g,
oz = g, &2 =
2-Z=x2+}’2-—f-+L=l.
a b
Jou=ayr, P4 P4 aE=1 x+y-te=0,



TIABA WECTAA

WHTETPAJILHOE HCHYUCJIEHHE OYHKUHUH
MHOI'HX NEPEMEHHDBIX

§ 44. KPATHMIE VWHTETPAJTBI

44.1. MoxaTue ofiteMa B A-MEPHOM NPOCTPAHCTRE,
MuomecTEa Meph HyAb

HanoMHHM Kp&TKO OCHOBHBE OMpeleteHHs, CBA3AHHBE €
MOHATHEM f1-MEpHOTO o0heMa (TIolland, B cioyude n == 2) MHOMKECTB
B 7-MEPHOM NPOCTPAHCTBE, AOMOQJHHB HX HCKOTODHIMH CBeEHHAMH, He-
O0XOZRMKEIMH 129 TIOCTPOSHUA TEOPHH KPAaTHBIX HHTErpajoB.

Mycre E* — n-MepHoe eBKAKLOBO mpocTpancrso (n =1, 2, ..}

Ero Touks, Kak ofbuHo, GyiaeM 0603HayaTh X = {(X;, ..., X,), TI€ Xy,

i=1,2, .., n — KOODIHHATEH TOUKH ¥ B HEKOTOPOH pa3 W pasceria

(urcHpoBauHOl cHeTeMe Koopaunar. OGosuauum yepes T, k=0, 1, ...,
COBOKYIIHOCTb BCEX 3aMKHYTHIX KyGOB BuHia
n_ mi my -1 .

Q _{x o <5< e i=1,2 .. nl, (44.1)

rie m; — uefme uncna. T, naswiBaeTcs pasbuenues panza k npocrpad-
cta E”, Ky6w @7, npunannexaune paséuesmio T, Raswpaotes syba-
Mu parea k (B cayuae a=1 (" ABASETCH, OYEBUAHO, OTPE3KOM, 4 B CJEY-
yae n = 2 — KBaApaTOM).

B aancwelitieM oRHOMepHBII cAyualdl Hac He HYNeT HHTEPECOBATH,
1103TOMY (UTOOB HE YCJIOKHATb TePMHHONOTHIO) 6ylem TPEAnoIarath,
4TO 1 > 2, XOTS BCe CKAa3aHBOe HHIKE fABJSETCH CUPABeNTHBEIM H /s
n=1.

Hasorem uucio jiﬁ n-MepHeIM  ofbeMoM KyOa (44.1) # ofo3na-

yuM ero mesQ™:
mes Q" =

l -
0% ?

n-Mepunil ofiseM mes E MHOKecTsa E, npefctapnsiomero cood
ofbellHHeHHe KOHEUHOTO, WM CUETHOIO, YHCAA Das/inyHBIX KyGoB

Q! aansoro paura k((=1, 2, ...), onpejenHM paBeHCTBOM
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mes E = 2, mes Qf. (44.2)

[Tycts G— OTKpBITOE MEOKeCTBO B EM, Ofo3raunM uepes S,=35; (G),
k=0, 1, ..., MEOKECTBO TOUeK BCeX A-MEepHLIX Kyf0B pamra &, ue-
Jnkom aexamux B G. Torza

SOCSIC oar CSkCS,H.l ...

H C/leZORATeNLHO,
mes S < mesS; < 1. € mes S, < mes Sppp < oy

NOPTOMY CYILIECTBYET KOHeuUHBIH HAH GecKOHeUHBIH npeaga lim mes S
ko0

(cpaex. ¢ m. 31.1).
Onpedeaenue 1. Koneunniil uau beckoneynsii npedea 1im mes S, (G)
k00

HAZOIBQEMCE N-MEPHOU Mepol, WAL N-MEPHHM OOBEMOM, MHONCECMAN
G u obosnadaemes mes G, m. e.

mes G = lim mes S,. (44.3)

ko0
B cniay storo onpesenenus mes G > 0 115 J06Oro OTKpLHITCIO MHO-
wecersa GEE®, a ecnn, xpome Toro, G orpanuuero, o mes G < 400,

daraua 19. [loka3aTb, uTO MEpa OTKPHITOTO MHOKECTBA He 34BHCHT OT BHbOPA
CHCTEML! KOODIHHAT.

Jdemma 1. Ecau omrpoimoe mnoxecmsa G' u G ne unerom o6uux
moyer, mo

mes (G G") =mes G’ -}- mes G”, (44.4)

Aoxasareabcrpo. llyets G=G'G" u nyem S,=S, (G),
Sk =38, (G') u Sp=38, (G"). Y3 toro, uro MHOKecTBa G u G7 He mepe-
CeKalTCA, CIeIyeT, YI0 H MHOXKecTea S U S, He NMepeceKaroTcs,
Ouepnano, Sy, =Sp\s S, NCITOMY COMIACHO oNpeieicEuio (44.2)

mes S, =mes (S; \ Sg) = mes S, -+ mes S

Tlepexons K npegeny B 5TOM paBEHCTBE, IIpH £ —> —-co, MBI H NOTY-
gum  (44.4),

CaoiicTBo Meph, Boipakaenmoe dopmyinoi (44.4), HaswBaerca addu-
HLUBHOCITIBI0 Mepbl.

JLns mocTpoeruss TeOPUM KPATHBIX HHTErpasjoB OKa3hBaeTcs BechMa
uenecoo0pasHpiM BEEIEHHE MOHATHA BEpXHEH Mephl MHOMKECTBA.

[lyeta EcE", OGosmauum uepes S, = Si(E), =0, 1, 2, ...
MHOXKECTBO TOUEK BCeX 7i-MepHbIXx Ky0ou paira k, Kamiblil B3 KOTODBIX
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nepecekaerca ¢ E. Torza

. .
SoDSID e, DSt D Shi1 D sy
OTKY A
£ £ &
mesSo = mesSy 2> .. 2 mes Sy > mecSZ+I T e .

Econ  mmoxectso E orpanumueso, 10 0 < mes Sy < + oo,

*
k=10, 1,2 ..., aecan E neorpannueno, 1o mes Sp = 400, £ =0, 1,
2, ... (uGo B 3TOM ciydae cylUeCTBYeT GECKOHEUHO MHOTO Ky(0aB Jioforo
dUKCHPOBAHHOTO panra, [epecekaloluxes ¢ MuoxkecTsom £). B ofonx

cayuasx cymectryer lim mes Sy(E), npuuem B NepsoM cayuae KOHeY-
k=oc
Ui, BO BTOPOM — BECKOHOUHBIA.
. ¥,
Onpedenenne 2. [1peden lim mes S, (E) naansaemen sepxuedi n-mep-
koo

rot mepoti mnoscecrnea E (moynee, sepxned n-seprol mepol Kopoana)

u obosnauaemcs mes E,
Taxum obpazo 4,

mes E = lim mes S, (44.5)

k=00

3agana 20. Jlowasars, uTO BePXHAS Mepa HE IABHCHT OT BHOGOPA CHCTEMHM
KOODJHHAT.

Jemyvia 2 (monomonnocins gepxuet mepor). Ecau DCE,
mo
mes D < mes E.

HokazateanbcTno. Ecay D=E, 1o npu awobom £=0,1,2,...
CIIpABEAJHBC BKJIOUCHHE

S (D) < Sk (E)
H, ¢aenopareneho (cm. (44.2)),
mes S (D) < mes S (E).

TMepexons speck X Npeaeay NpH £ — 0o, NOJAYYacM YTBEpKIeune
JieMMbl.

Jdesmsa 3. Bepxuan Mepa cyMmbl KOREUHOZ0 HUCAQ MHOMECITs HE
npesoCXOGUM CYMMbL UX GEPXHUX MED.

Adorasateabcrno. [lyes £, E", i=1,2,..,m, u

E= | E,

=i
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roraa
m
Si(E)= U Si(E), #=0,1,2,
Crnejosatennio, COraacHo (bopMy.ne (44.2), GyneM uMeTh

mes Sz (E) < ZmesSk (E)).

[Tepexons 3pech K npefeny npu k—> oo, TIONYYHM

n
mes E X mesE,.
I=1
Jlemma 3 noxasana.
Ounpedenerne 3. Ecau mes E = 0, mo muomecmen E woaseqem-
C MHOMCECIBOM  MEPbL HOAL (MouHee, HopdaHosotl Mepel HOAB).
s mpocToThl B 9TOM cay4ae nuieTcs mnpocto mes £ =0.
Paciudpormzasg nonATHe rpenena {(44.5) MOKHO c¢xasaTb, u4TO
MHOMecTBO £ MMeeT Mepy HOMb B TOM H TOJLKO TOM CAyuade, ecjaH
Ias moboro & > O cylecTByeT Taxoll nomep ke, uTO

&*
mes S, < &,

£
Oueprnno, 4To B 3TOM caydyae mesS,<7e U A9 3ceX 2 > k.
[Tycroe MHOMECTBO MO ONPEXEAeHHiO CUHTAETCA MHOMECTEOM Meph
HOJ1b.
Ynpawxwuenusn 1. Jorasare, uro ecan ECDCE” u mesD =0,
10 mes £ = 0.
2. Hoxasarh, YTO CyMMa KOHGUHOrO UHC/JIA MHOMKECTE KOPAaHOBON MEDEI HOJb
HMECT Mepy HOMb.
3. TloKa3aTh, UTO CYMMa CU@THOTO MHOMKECTBA MHOMKECTB OPAAHOBON Meph!
HONB He 00a3aTeNsHO HMeeT MEpPy HOJAB.
Teopeana I. I'paur ecaxod wenpepeisroli hynxyu, onpedessiuoli
H 02PAHUHEHHOM SAMKHYIMOM MHONCECMIBE, UMEEH MePY HOAb.
HoxasateaberTso [yers yuruns y = f(x) = f(xy, ..., Xn)
ONpele/eHd H HENpepLiBHAa Ha OrpPaHuMEeHHOM 3aMKHYTOM MHOMECTBE
ACE;. Toraa cymectsyeT Takoe H4TYPA/IbHOE M1, 4YTO #-MepHLIA Ky6
Qn={x:—m<x,<m, i=12,..,n}
COMEPKHUT MHOKECTBO A. Torﬂa TeM GoJjiee
Q”I‘H = {X:—m——l “X <m+1}CA.
[yere £ — rpaduk ¢yHKUMHE f, T. €. MHOXECTBO TOYEK

(X1s ves Xy FL¥ e X0, (X w, X)) CA

(n4-1)-Mepuoro npocrpanctea Efy' T0UeK (X1, v, £, V).
*
Kak u puiwe, ofo3uauum uepes Sp =Sz (E) MHOXeCTao Touex
BeeX KYGOR patra k npocrpanctsa E5', nepecexammuxca ¢ E.

MuoxectBo S, PacnagaeTca HAa KOHEWHOe YHCIO «CToAGHKOBy Sh',
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Kas bl M3 KOTOPHIX COCTOHT M3 VKA3AHHLIX KyGOB paura £, HMero-
mWux OAHYy ¥ Ty e npoekiuio Q) B npocrpancrso Ey {puc. 130).
ObosnaunM uepes o (8) MOAyJL HenpepsiBHOCTH (yHKUHH f. 3ame-
yas, 4910 gHaMmeTrp  {auaro-

HaJap) **  p-mepHoro kyfa ¢ ¥

pebpoM  AJHHDB T{l)— paBHa

&
-:K)—Z, 18 BaicoThl Y Kam-
foro  ctoatuka Si?  umeem
(eMm. pre. 130) caenywumyio

OLIEHKY:

fzg”gm(v;“ﬁ 2,

e

10% 0%

Puc. 130

OTKy A3
* 3 ;
mes S, = Xitnes Sp = DAY mes Q) <
{ i

<< [m ( Vi )—i— 2 ]E mes QW) < [co ( V’T)—I— -2—] mes Qmgq. {44.6)

\ 10% 10% 10* 10%

B cuay paBHOMEpHON HENPePHBHOCTH (GYHKUMH [ Ha MHOXecTBe A

lime [ X2 =0
k-b(x} lqk
H TIOCKOJILKY
lim I
Baoo 10% ’
T0 H3 {44.6) umeeM
limS; =0,
k0o

a 5T0 ¥ o3navaer, uto mes E = 0,

Teopema aoKazaHa.

Tlpencraensner uHTepec 00OOLHTE STY TEOPEMY HA CAyualf mapaMeTpH-
UECKH 33JAHHEIX MHOXECTB, B YACTHOCTH, HA CJydail mapaMerTpHYecKHX
kpuppx. OKazpiBaeTcs, 4TO Jaxe B 9TOM HOCJIEIHEM CyUae OAHOH JIHb
HEMPePHIBHOCTH PAcCMATPHBAEMBIX KPHBBIX HEIOCTAaTOYHO [/ TOTO,

* Eean E E;‘j‘l, TO npoexyuel muoxecmsa E B MPOCTPAHCTBO EL’ HA3R-

BAeTCHA MHOMNECTBO BCEX TAKMX TOYEK X == {Xy, ..., X;) & E", Aas KoTOpMX cy-
HIECTBYET TOYKA {Xy, v, Xp, V) € E,
*#) Onpegenenue auamerpa d{L) mnomectsa £ oM. 8 0. 19.5.
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9TGOR MOKHO GBITO FADaHTRPOBATE, YTO OHH HMEIOT Mepy HoAb, Cyiect-
BYIOT, HAIPHMeEp, KpHBHE

rn=x(0), a<t<h, i=12 .,n,

( x:({) — penpeprIBHLIE DYHKIHH)

Ha3uBaeMbie Kpusuiait [Teano, KOTOPHE NPOXOIAT Yepes KaxmIYIo TOUKY
HEKOTOpOro #-MepHOTO Ky0a H, C/e/I0BATENEHD, HE HMEIT MEPL! HOJb.

Jamaua 21. Ilocrpours npumep Kpuseit Neawo.

Teopema 2. Besxkas capamasicman Kpusas HA nAOCKOCILL useem
MEPY HOAb.

HokasateanbcrTro, [lycTe sagada cnpavasieMan KpHBas y
H

x=x(s)
y=y(s

— @€ NpelCTasnenie, Ie r(s) — HenmpepLBHas GYHKUUS, § — NEpPeMeH-
Has JUIMHAa AYyTH, S — anuna KpUBOH .
Pasobuem oTpesok [0, S] Ha m pasumx uacrell Toukamu

r:r(s}:{ }, 0Ls S, {(44.7)

30=Oa 813 svey Sin—1y Sm‘:S(f?’l: 1, 2» 3: ---)-

Ofo3naynm uepes y; KPHBYW, 3ajapaeMyl BeKTop-byHKIHell (44.7),
paccMarpuBaeMoil  ToABKO Ha  oTpeske [Si—y, S =1,2,..., m).

o & S
Hauna kaxpol Takod AyTH ¥, pPaBHA ——, M TAK KaK e HavajoM
ABASCTCS TOUKa r{8;..j), TO BCA OHAa JICXKHT B SAMKHYTOM KpyTe
S
K, (noueMy?) ¢ meHTPOM B TOUKE 7(S_1) W pajByca -—, TOSTOMY

Y (Ul [\’5.
ChnenosaresbHo, & CHAY JEeMMBE 3
m
mes y < 2 mesK. (44.8)

-,

1

S )2*), nestoMmy Ha (48.8)

Ho mesKieréEKi:-—n(?;

o 3

*y Jeficrantentue, ecii K—eexoropi kpyr, 1o Sp (KNS, (K) cocrout u3

TOU K TeX H TOALKO T€X KBAiPATOB PAHCa £, KOTOPHIE NEPECEKANTCH ¢ GKDYK-
- Ed &

mocteio C, orpannuusawmel kpyr K, 1. e. §, (K)N\S, (K) = S, (G). Tlockoasky
okpy®uocTe C MOKHO TpeiCcTaBHTh Kak ofbelHHeHHe ABYX IpadHKOB Hempe-
puBHBEX ysxunii, T10, coraacuo Tteopeme 1, mes & =10, Crejposarennio,
. . * N —_
litn mes SZ {C} =10, vrikyaa limmes 8y (K)==limm.s S, (K), 1. e. mesK =
k-0 k0 k20

= mes K.
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HMeeM
— A
mes ¥y < e

Jlerast 5acTh HEPABEHCTBA HE 32BYUCHT OT M1, A NIPARas — CTPEMHUTCS
K HYJAR, KOTAA m — oo, N03ToMy mes y = 0,
Teopema nokasana.

YnpamxuaeHde 4. JIoRaagTh, uro 3cAKaAn COPAMALEMAR KPUBad B TPeX"
MEPHOM NPOCTPAHCTEG HMEET MePy HOJb.

Onpedenenne 4. [Mycmv E < Ey u 3adane wucao h>0. Pac-
cmompunm (n -+ 1}-smeproe npocmparcmso Eﬁ;rl mouek (X, « + v X, ¥
Muoasicecmeo

Eh= {(xl’ sess Xy y) : (x1: ey Xp) EEr 0< ¥ < h}

HOavieaemen yuAUKOpos ¢ ocnosanuem E u evicomoid pacnoid h.
Teopesma 3. Ecaw mesE=0 ¢ EI, momes E, =08 Ef', m. e
MEPA YUAUHODA © OCHOBOHUEH MEPHL HOAbL DABHA HYAO.

*
NokaszaTeancTno, [lycts mes E=0 unycrs Sy = Sk (E;,) —MHo-
MHECTBO Touek Bcex (n--1)-MepHRIX KyG0oB paHra &, nepeceKkaomHXcs

&
c unaraApoM E,. Mroxectso S, pacnajaercs Ha KOHEYHO® UHCJIO
» . .
«CTONIGHKOB» Spi, (=1, 2, ..., {,, COCTORIHX H3 YyKasaHHBIX Ky0oB,

HMEIOWINX OXHY M Ty e mpoekumwo @Q; B npocTpancrso Ef. Sra
NPOeKUHA @y ABAAEICA, OUYEBHAHO, A-MEPHEIM Ky0oM paHra & B npo-

crpaHcrse By, nepecexawomumca ¢ E. O6patHo, Beskuit n-MepHoift
ky® paura k B npocrpanctse Ej, mepecexamowufics ¢ MHOMXECTBOM

© *
£, wBAsiercs HPOSKUMeH HeKOTOROre croafuka Sp:; N03ITOMY H3
yeaosua mes E =0 Hveem

lim EmesQi—hm mes U Q,~=mes E=0,
k00— =1

3ameuas, uTO
mes Sy < (h e ) mes Q;,

MOy YHM

mes S = mes U Shi = 2 mes Sy < (h N o ) N mes @,
¢

{=1 =l
CTEVIA4

. *
lim mes §; =0.
koo

Teopema LokasaHa.
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44.2. Kraapupyempie ¥ KyGupyemble MHOKECTBA

IyeTn Tenepb G — OrpaHHYeHHoe CTKPBITOR MHOKECTBO B E"
- it
G—ecro sampikadue. Ofo3HaunM tepes Sy = Si (() MHOMKECTBO TOUEK

KySos paHra k, mepecekaicuipxesa ¢ G, a uepes S,=5,, () — MHOKECT-
BO TOUEK Kyfos, coaepxkauuxes B G, k=0, 1, .... QuesyjHo, urQ

S,= Si ann kamporo k (pue. 131), moaromy

*
¥ mes S, < mes Sk,

OTKYA2 B Mpejene nojyunM

mes G < mes G.

A : Onpedenenne 5. Ozpatitien-

Y s woe onkpuimoe mrossecmss G E”
nososaemea  Kybupyesbin  (k6ad-
g 2 pupyemoin & caynae n = 2), ecau
ez0 mepa coenadaem ¢ 6éepxield

i Mepott G, m.e.
0 T mes G =mes G.  (44.9)

Puc. 131 Jlas ynpollenHa  TepMHHO/O-
rui MBl B faibHeifien Oyjiem omny-
¢KaTh 3aveuanye o TOM, 9To MpR A = 2 paccMaTpHBaeMBie MHOMKCCTBA
HA3LIBAIOTCA HE KYGHPYEMBIMH, a4 KBaJPHPYEMbIMH.
Teopena 4. Ozparuuennoe omKpsimioe MHOXCECMBO KyGupyemo moe-
da u moasro mo2da, Koeda eeo epariya umeent Mepy HOAb.
JlokasaTeabeTso. Obo3nauuM yepes 8, MHOXKECTBO TOUEK

KYGOB pAHIa R, KaiKABIH U3 KOTOPEIX COAEPKUTCA B S, HO He COAEPIKAT-

ca B MuokectBe S,. Tak kak 0G = GG, T0 §, COCTOMT H3 TOUER TeX
H TOJABKO TEX KYGOB, KOTOpHIE TIEPECEKAloTCs ¢ TpaHulell MEOXECTBA
G (cm. gemmy 7 B 1. 18.2), nostomy

NN
&
"
|

lim s, =mes 9G.
-+ 00

QOueBuiHo, B cuay onpeienenns (14.2)

mes s, = mes Sy —mes S,. (44.10)
Orciofia caelyer, 410 ec/ln yCJjoRne {44.9}) BoloJiHEHO, T. €.
limmes S, = lim mes Sk, (14.11)
k00 ko0
TO
limmess, =0, (44.12)

koo
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T. ¢. mes 0G = 0. O6paTHo, ec/IH BRINOJHALTCA YeJosae mesdG =0, 1. ¢
yeaoBee (44.12), 1o ua (44.10) B cuAy CyllecTBOBaHHA IINEAEIOL
. . r
lim mes S, w limmes S; noayuaem (44.11) n, caeposarensro, (44.9).
ko0 - 00
Teopema goxasasa.
Yonpaxuenss. 4. Hokasats, uro
1) cyMMa KOHEUHOro 4HCAZ OTKPHTHX KyOHpyeMmBIX MHOMKECTB TaKke aB-
JIeTCHA OTKPBITHIM KYGI/I[JYEMI:IM MHOKECTBOM;
2} mepeceyeHHe KCHEYHOrO 1HC/A OTKPHITBHIX KYGHPVEMBIX MHOMECTB TAKIKe
SIBAAECTCSA OTKPHITEIM KYGHPYEMEIM MHOMKOCTEOM,
Y kasasune [loxasars npelBapHTEAEHO, 9TO AAA JI00BIX ABYX MHOMKECTE
A u B nppoctpaucrsa E®
d(Aw B)ycaA v 98,
d{A~ B)c 04 dB.

5. Hokazarb, uto ecn G 0 I' — oTKpsiThie KyGRpyeMmue muomectsa I'ccG
D = G\T, to D rakxke oTKpHTOe KySHpYyemOe MHOMKECTBO H

mes D = mes G — mes .

3aMeTHM, YTO B CHJTY Pe3yJbTaToB I. 44.]1 BCAKOE OTKHITOR OMPaHH-
YeHHOE MHOMKECTBO, TPAHULY KOTOPOTO MOMHC pasCGUTh Ha KOHEYHoe
YECIO YacTell, KamJas H3 KOTOPBIX ABAseTca IpaphHKOM HEKOTopoi
HempephiBHOH HA OTpAHHYEHHOM 3AMKHYTOM MHOXKeCTBe (YHKLHH W
UHJIHHAPOM C OCHOBAHHEM MEPHl HOJb, RBJASETCS KYOHpyeMblM MHOMKe-
CTBOM.

Onpedeacnue 6. Samuixanue G omxpoumozo Kybupyesozo MHoce-
cman G maKuee HOS6AeMeT KyOUPYeMuim MHONECIEOM, 1t RO onpedee-
HUW CHUMaenica, 4mo

mes G = mes G. {44.13)
ECTecTBeHHOCT: 3TOTC COpEAE/CHHS CREeLyeT U3 TeopeMut 4.

Ynpamnenue 6. [oxasarh, 4TO MHOKECTBO, COCTOANEE HZ KOHEYHOTO
qucna Ky©oB JaHHOTO paura, KyGHpyeMo H ero Mepa B CMulcae 0GOHX ONpeReacHni
(44.2) u (44.13) onua u T2 XKe.

3apava 22, Tloctpouth nprsep HekBajgpupyemoli oOmacTH,

44.3. OnpepeaeHde KPATHOTO HHTErpaaa

Onpedeaenne 7. [Tycme G — kybupyemoe omxpoimoe muo-
mecmeo g E*. Cucmema t=={G .- Kybupyemolx OMKPOUNGIY MHO-
wecme G; uaseisaemcs pasbuenucy muoxcecmea G, ecau

Y G,=@, i=1,2, .., iy
2) G,——RnONAapHo He Nepecexaiomcs;

fo —_
3 U G =G

i=1
Yucao

.= max d{G)),
i
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ede d(G))—0Ouamemp muoxcecmsa G, HA3bIBAEMCA MEAKOCMOW PA3-
Ouenus .

Jdermma 4. Ecau v={G, Yi=i meanemen pasuenuem G, mo
iy
mes = Y mesG,, {44.14)
=1

Hekazarteanctro. Ilyetb S, H S, —COBOKYNHOCTH TOYEK
KyGoB panra k, LenukoM Jexamux B G, cooreercrmenno B G, a
0j, — COBOKYIIHOCTE TOUYEK Kydoa paﬂra k, mepeceKarculuXcs ¢ KaKoh-
ando u3 rpasuu 0G,, i=\1,2, ..., . Tﬂma

_U] SpC S,V tUt Spis
f== =
OTKYAa B CcHaIy onpeienenua (44.2)
[ 1,
mes U1 Sy < mes S, << mesq, - mes | S (44.15)
i= =]

Muomectea G, i=1, 2, ..., iy, a 3nauur, 0 S,, (k& PUKCHPOBAHHO)
He TIePEeCeKalorcsH, NOITOMY

! io
mes || Sy = mesS,,
f==] i=]
M, CJIeJ0BATENLHO,

lim mes U Spi= 2 lim mes Sy, = Z mes G,. {(44.16)

koo i=1 i=1 kro0

Beex wmuoxecTB (7; KOHEUHGE HHCJIQ, NOSTOMY H3 KyOHDYEMOCTH
KaMhOTO H3 HUX caelyeT (cM. Teopemy 4), uro

limmesa,=0. 44.17)
ka0
Haxone,
}Ieim mes S, = mes G, (44.18)
-+00

llepexons k npenesy nph k —> oo B Hepasernctre (44.15) n uernoaesya
(44.16), (44.17) u (44.18), moayuaem paseHcTBO (44.14). Jlemma po-
KasaHa.

Onpedenenne 8. Hycms 1={G} u v = {G:}*) — pasbuenus

*) Haa npocrotsl 0G03HaycHiil aHorja OyAeM BMECTo {G,}j-:{;’ nHCaTE Opo-
cto {Gy).
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omkpotmoze  KyGupyemoco muoxcectitay G. PasGuenue T Haselsaemcs
pq:aﬁuenum, BHRUCAHKBIM & PA3OUEeNUe T, e0au 048 KQWO020 8AeMEHMa
G, € U cywecmsyem saemerm G, C 1, maxoid, umo G;< G,

B stoM cayuae numyr T >»t, Han 1T

Croiictea pasCuenmil.

LEmut < vt <7, o117 .

2. Jlnst ofuix aByx pasbuenil 1 = {G;} u 17"={G7} kyGupyeMoro
OTEPBITOrO MHOmecTBAa (F cyllecTBveY ero pasfHeHHe T, TakKQe, YTD
T>T HT>T.

Ceoitcteo 1 ouesuino. B xauecTse yKasaHHOTO B CBOficTse 2 pas-
OHenusl T MOXKHO B3ATh MHOMECTBO BCEBOSMOMKHHIX HeNyCThiX nepe-
cevennit Gy ~ G

IMpumepom pasbuedHuns XyBHpYeMOTO OTKPHITOrO MHOMECTBa & AB-
JISIeTCA, HANPHMEpP, COBOKYITHOCTb BCEBO3MOKHEIX HEMYCTHIX Ilepecede-
HHH JAHHOTO CTKPHTOTO MHOXKECTBA (G ¢ OTKPHITHIMH KyGaMH HEKOTOPOIro
(HKCHpOBaHHOTO pakra k. OTCo1a BUIAHO, YTO A5 BCAKORO KyGHpYyeMoro
OTKPHITOTO MHOXecTBa (7 CYILEeCTBYIOT pa3GHeHHs CKOJAL YTONHO MaJof
MEJIKOCTH.

Onpedeaenne 9. ITycme na samviranuy G omxpeunoen KYGUPYEMO-
20 muomecmsa G < E* aadana pynxyus y = f(x) = f(xy, «., %3) @
T = {21 — nekomopoe pasGuenue muoxcecmea G.

Jodas  cymma

0= 0 (f; 5, P, L, Bl = ,2{ [ (E9) mes G,

ede
£ ¢ 2;“!_1 i=12 .., i,

HOQILBAEMEA UHMe2paabHoll cymmol Pumana dynryuy f.

Onpedenennce 1G. Dynuryus | nasvisaemen unmezpupyemott no Pu-
Many Ha Kybupyerom omrpeimon muoxcecmee G, €cAu cyuiecmayem 1o-
Hednsill npedea

lim o, (44.19)

5y 0

Smom npedes HABIBEEMEs KPAMHLIM UHMeepasox Punana om dyur-
yuu | no mroucecmay G (Uau, 4mo mo xe, no mroxcecmay G) u 00osHavaerics

(raes waw (. §itn, w0 x)dn wdx,
G

*) QOGozuayesie apryMeHTa MOMHO ONyCKath: jfd q.
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(@ amux sanucsy smecmo G nwemes unozda G). Mrowecmso G (a maroice
4 G) 4 9NOM CogHae HABLIBAeINCs 00AACMBI0 UHME2PUPOSAHUS.

Ilpemen (44.19) Berpeuaerca BmepBhie (cp. ¢ O. 27.1) u Tpebyer
MO3TOMY TCUHOTO ONpeAgieHHd. D10 onpeleienne GopMyaHpPYeTCa cne-
ayomuy oOpasoM.

Onpedeaenne 11, Yucao A nazmeaemes unmeeparom om Pyni-

yuu f no kybupyemomny omekpoimony maoxcecmsy G, ecau, xaxosa Oul
. i (1)

nu 6o1aa nocaedosamensrocts pasbuenud v, = (Gi™]" ¢ mArosecnmea

! i=

G, makas, 4mo 61 -+O npi m-> 00, U KaKkessl Oot Hu GbiAu MOYKL

W C G, =L 2 i m=1,2 .,

CRPABEAAUBO PABEHCMEO

!
”lh&mm(f E(” Eﬁ), - gf )) A

Yanpamuedde 7. ChopuyaHpozats onpefeleHde KPATHOIO HHTETPasa
Ha fA3LKe & M O

44.4. CymecTBOBAHKE KPATHOTO HHTErpana

Teopema 5. [lycms G — omxpounoe Kybupyemoe HHOKECT

60. Ecau gynxyus [ onpedeaerna na muoxcecmse G u unmezpupyema Ka
Hem, Mo ora oepanutena Ha G,

JloKa3aTeNbCTRO 3TOM TeOpeML! COBEDIIEHHO AHAJOTHMYHG NOKasa-
TEJILCTEY NOAOOHOM TEOpeMLt B OHOMEPHOM cayyae (cM. m. 27.4).

Hanvie B 5TOM NYHETE Npeanoaaraercs, 4to hyHkius { cnpeienena
W OrpaHHucHa Ha 3aMBIKaHHH HEKOTOPOTo OTKPHTOrQ KyGHpyemoro
mHoxkectea G E", [lpn 5THX mpeanonokesusix, Kak ¥ B OXHOMEPHOM
CAYuae, AMEET CMBIC/I PACCMATDHBATh BepPXHHe S, H HUKHHE S
cywmmMer JTap6y, onpeenseMule CAeAVIONIEM 06GPAGM.

Onpedesenne 12, Mycms v={G,),=°—pasbuenue  mrooe-
cmea G,
my = inf f{x)
XGGY

M, =supf(x), i=1,2
XG0
Tozda cymmu

5= 2 m,mesG,;, S.= Z M, mes G,.

i=l i=1
HASHLBAIONICH CODMBEMCIBEHRO HUMHUMIL (L BEXHUMLU CyMM(IMu ﬂapéy.
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Cymmer Japby s 1 8; ceAsagpl ¢ HHTErpasbibMu cymMMamu Pu-
MaHA OUYEBHJHLIM HepaBeHCTBOM

8: & O, ‘~<‘St-

Kax u B ofHOMEDPHOM cayuae, §, <« 8; Aaa mobeix RBYX pasBuennii
T H Te

Teopema 6. [an moeo amobve gyuxyus | Oosa unmeepupyena
no Pumany Ha omxpeumonm kybupyesmom muoxcecmse G, Heodxodumo
Oocmamouro, 4niobs: oHa G6Aq C2PAHUYEHT 1 4moDs:

lim (Sy—s:)=0. (44.20)
ﬁ.z—s 0

Hpu SLLITOAHERUL 3HIUX ymoeuﬁ

lim S: = llm §:= jf(x)dG
Bs

Veaosue (44.20) paeHocuatHo yeaosuso

lim 2 o (f; G,)mes G, =0, (44.21)

6-00‘,’_5

2de o (f; G,)—kKorebarue pynkyuu | Ha samvixanuy muoxcecmea Gy,
npunadaexcauiezo pasbuenuio t={G;} mHoxcecmsa G.

Jloxka3aTeNbCTBC 9TOH TEOPEME TAKXKE BIIOJHE AHAJIOTHUHO OHO-
MepHOMY cayualo (em m. 27.4).

Teopema 7. Ecau Gyrruyuaf onpedesena u HenpepsisHa Ha 3ambika-
au G omepeimozo Kybupyemoceo muoaecmsa G E™, mo ona unmeepupye-
ma no Punary Ha smom muoxcecmse.

HefictBuTeAbHO, 3 KyORPYEMOCTH OTKPLITOTC MHOMeECTBA G caenyer
€ero OrpaHudeHHOCTb; hynKkwis [, OyAyYd HempPephIBHOA Ha OTpaHM-
UEHHOM 3aMKRYTOM MHOXeCTBe (, ABJSETcs OUPanuueHHOd W pasHo-
MepHO BenpepuiBROf Ha G. JanbHefitee 1OKA3aTeNbCTREC H B 5TOM CTYuae
4ARANOTHYHO OJIHOMEDHOMY cayyaw {cMm. n, 27.5): Jerko mnoayuaercs
OlEHKa

S8, < 0 (6 fymes G,

rne o{8; Y — moayar nenpepoBrcetd dyaxunu f. Ha a10fi onenxu
B CHAY TEOpeMbl § Cpasy CREAVeT A0KA3HIRACMOS YTBEPMICHNE.

Hogamem Teneph BCHOMOrATEbHOE YI1BepAJCHHE, NOOAC3HUE A8
Aanbnepiurera,
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Jesna b, Hycms G—omgpumoe rybupyemoe nnoxcecmso, Ec G,
f=1 *
mes £ =0, v={G )}, — pasduenue G. Tozda, ecau G;— me aremcr-
met G; pasbuenus T, 3aMblKaus Komopelx nepecexaiomes ¢ £, mo

lim mes U G; =0. (44.22)

b=+ 0 i

JdokasarenbcTao. 3adurcHpyem Hexotopoe & >0. B cuay
yeaosusd mes E = 0 cyuwectsyer -panr %, TaKoil, 4TO ec]H
* -
St =S4 (E)— COBOKYTHOCTD TOUeK KyGOB pahra k, IepeceKalomimxcs
cE, 10

mes Sp < —gm. (44.23)

3amertum, uTo, KAKOB Oh ni Obia parr &' >k, Mepa MHOMKECTBA
ToueK KyOOR paHra &', TepecexaiolliXcsi ¢ OAHHM H TeM e KyOoM
paHra & ¥ He COACPIKAUMXCA B HEM, He NpeBplllaeT uucna

2n 1 2 yn—1
10*7(10_k+ 10’*’) ’

ILEﬁCTBHTEHbHO, YKa3aHHoe MHOXKCCTBO COCTOHT H3 2n napaJsiiee-

1
HHHGB‘OB*) BBICOThE E)E C OCHOBaHHeM, 00BeM KOTCOpOro pascH

l 2 n—1 -
(F +T55'_) . Oosuaunm uepes Q; Kkydw panra k, nepecekalo-
muecs ¢ £; ux KoHeuHoe wucao, o00sHauuM ero yepes #m1. DBelbepeM
paur k' 1aK, uroGH

2n =1 [
0% (10k+ 107 ) <o (14.24)

O6osmaunm uepes P; MHOMeCTBO ToueK Bcex KyGos panra £, me-
pecekapllHXes C Q, (B TOM yHeme B COMEPXAMMICS B HEM), Oue-
BHAHO, P,—3aMKuyTHI Ky6, ¥ B cuay (44.24)

mes P; < mesQ,—l— —, f=1,2, .., m (44.25)

it

Cornacko onpefeden o, Sy = U Q;. NMoaomum P= U P, Hsa
f=1 i1
(44.23) n (44.25) umeem

m m
mes P < X mesP,<< ¥ mesQ,.—|--S—=_— mesSﬁ-{-—S—(s,
=1 =1

*) 27 — yucao fi—1-MepHHX rpaHell f-MepHOIO KyGa.
p P Y
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3amerum Tenepn, uto Joboe MHOMKecTBO D), KoTopoe umeer aua-

$id
nexut B P, (puc. 132). Bossmem xakoe-nnGo pasfuenne T MHOKe-
uil snement G,= G; C 1,

3aMbIKaHHe G, KOTOpOTO HEPECEKaeTCSI ¢ E, ouesnaHo, nepece-
Kaerca B ¢ Sk (uﬁo E(:Sk) OTKyJa CJeAyer, YTO OH LEAHUKOM
Jexur 8 P.

Taxum oOpasom, )
G <P,
i |
EA LT #T T 18
3ameuasi, 4to G; NONADHO He me- A0 T
PECeKaoTes, MMEeeM
Y mes Gi =mes U G; < mesP <e,
i
470 H JIOKasHBaer paseHcTRo (44.22). Puc. 199

JlemMa nokazaua.

Jra JeMMd MOSBORAET [PH PacCMOTPEHHH HHTEIpana Kak npe-
Lela WATerpaibHuIx cyMm Pumana (44.19), or6packiBate cnaraeMeie,
COOTBETCTIBYIOUIKE SJIeMEHTAM pasfuenusl, NEPecexaloulHMEs ¢ HEKOTO-
DLiM (PHKCHPOBAHBEIM MHOXECTROM MeDH! HOJIb, BalpHMep, ¢ rpaHuned
KyGUPYEMOTO OTKPHITOTO MHOMECTBA, NIC KOTOPOMY HPOH2BORMICH HH-
TerpupoBasue. MMenHo, CupaBelinBa Caelylolias Teopema.

Teopema 8. lycmob G — OMKpwMoe KYOUDYEMOE MHONCECTIB0 6
Er, ECG, mes E = 0, © = {G,;}i2{" — pasbuenue mnomecmaa G. Oo-
BHAYLM YEPe3 G, me aaesermor G, pasbiuentin v, 3aMbIKaHUE KOMOPHX Nepe-
cexaemcn ¢ E. Mycme pyuKyus | ONPeCEACHQ U 02POHUNEHA HA BAMBIKARUU

G muoscecrnea G u & €G,. Hoacxoun

0. (f) = g f(&;)mesG,,
o, (= 2 f(E)mesGy;

6 Hepeoll CYMME CYMMUPOSAHUE RPOUISOOUNMCE HO 8CEM UHOCKCAM
i=1, 2, ..., Iy, @ 80 amopotl srax «'» 03HAYGEM, YMO CYMAUPOLAHUE

. L
npoussodumen moaekoe no mem i, daa komopeix G; 5= G;. Toeda npedea

51221001 (fy= g jdaG
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cywecmsyem moeda u moaske moeda, xoeda cywecmsyem npedes
lim o, (f).
br+ 0

{Ipu smom, ecan nocaedruld npedea cywecmayent, Mo OH MaKice Posen
SfdG.
JorasarteascTnso [lomoxum

o.()= X [E)mesGl,

Ce 3HaK «%» y CYMMbl O3HAU&eT, YTO CYMMHPOBaHHE NPOH3BOAHTCSH
- #
TOJMBKQ 10 TeM HEASKCAM §, uia KotapwuX G; = (;, TOT/Aa, OYEBHJHO,

o« (f) = o2 () + o (). (44.26)

B cnny orpanHucHHOCTH Ha G (QyHKuHM | CylLecTBYeT TaKas
noctoasuas M >0, uto |[(x)| <M mas peex x ¢ G, nosromy

LoL(f] < M2 mes Gy

NOCKOMBKY, COLJIACHO JeMMe,
. *
lim 2 mesG; =0,
gy =+ 0 {
o
. &
lim o =0.
B~ G
B cuay store u3 pasenctea (44.26) cpasy n caenyer, 9to cyMMel o.(f) 1
0:(f) OAHOBPEMEHHO MMEIOT HAH He HMEIOT npeiesa opu §: — 0, npuuem
€CTH 3T NPefens CYLecTBYIOT, TG OHH PABHEL
Teopema aokasana.
Ha reopemnt 8 crepyer, 4To eciH GyHAKUUA f ONPeieNeHa B OTpaHHue-

HA Ha 3aMbiKalHK G OTEPLITOro MuoMkecTea G, To H3MeHEeHHe ee 3HaueH ki
Hz MHOmecTse EC(G Mepl HOMB, B Pe3Y/ILTATe KOTOPOro BHOBL NMOJAYy4a-

erca orpaunuennan Ha G QynKims, He BAHAET HE HA HHTEI'PHPYEMOCTh
GyHKUMA [, HU HA SHAUCHHe ee HHTErpajla, €C/IH OH CywecTsyel. 310

cpasy caenyeT H3 TOTO, YTO NPH YKA3aHHOM H3MEHEHHM CyMMa o) ve
MEeHSeTCH, a B CHJY Tecpemsl 8, ecay e¢ npeden npk 6 — 0 cyiecTsyer,

TO QH paBeH HHTerpaﬂyj‘fdG, T. &

Hm 0"; (,u'r) B J‘ fdG.
Byl
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44.5. COoicTBa KPaTHOIO yHTErpasa

1. Hycme G—omrpumoe kybupyesoe Mrojcecmeo, mozda

5 dG =mes (.

HeficTBHTebHO, B JAHHOM CJayuae MOABHTerpadsbnas ¢yHKLUA
TOKICCTRCHHO PABHA eJHHULE; M03TOMY, eCJai -c=[G,.}‘=:“—HeK0-
Topoe pasbuenne G, To (cM. (44.14)

i=

dG = lim i mes (G, == mes G,

be 0 2

2. Hyceme G u G —pgybupyemsie suozcecmea, GV < G u pyuk-
yus | ounmeepupyena na G, moeda dyHryua | unmeepupyesa u
Ha G,

Myere G== G (B cayvae G =G yTRepaAcHUE TPHEHAJLHO),

Torna MHOkecTBo G2 =G~ G ne YCTO ¥ SABJASETCH OTKPBITHIM
KyGupyemeiM MHOxectsoM. Ilyete t(0) = {G!"} —pasbuense mHoxe-
crBa GO MestkoeTH 8.1y u 2 = [GP] —pasbuenne Muoxmectsa G2
MeaKkoeTH 8x2) & Buny, Torma t={G{", GP| smanerca pasGuenuen
MHoecTBa ¢ medkocTH O; =8y, Ecau

wr= 2o{f,GI") mes G+ Yo (f, GV) mes G}
¢ i

o= 2o, Gi") mesGi",
i

TO, OYEBHAHO, (JJT“)-‘{ o,
Tak Kak

lim o =0, 710 lim e =0,
g 0 b 1y 0

OTCIOAA H CJCAYeT HHTerPHPYEMOCTb (yukiud f na Muoxectse G
(em. (44.21)),
3 (adlumuenocmes ummeepass no muoxcecmsam). Hycmv G,

Gt u_Gm—-romfcpbtmbze Kybupyemsie mroxcecmsa, GV = G, G'P =
=GN G u nyeme Gyuxyus [ unmezpupyema na G, mozda oua
unmezpupyesna wo GV u G, npusem

§rda= § a6 + § paG®™. (44.27)
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JleficTRuTeNbHO, B CHay cpoficTsa 2 wirerpatst § [dGY w [ fdG™
eymecrnyior. yers 77 =[G} u = {G) —pasbuenns coor-
gercTeerno muoxects G u GP, torma = {GIV, GI*'} smanerca
pasfucHiteM MHOxecTBa U M €ro MeJKOCTh

6.;=max{81m, 8 ml.
Mycrs 5L EGY, n € a2,
Opll) = ;f(gi)mes GiY, Oy = fomj) mes G§2,
Or=0_c1j-| 0¢2)- (44.28)
B cuny marerpepyemocTd GVHKUHH [ Ha MHOMKeCTBAX 6", ¥ u g

lim o) = SfdG“’ lim o= dec‘”
0 1)-D (9)»

lim oc= | [dG,
G+ 0

f03TOMY, Nepexoia K mpeleny B pasenctso (44.28) npu §:—0, Mul
H noayuuM (44.27).

4 (aunednocme unmezpaaa). flyeme dynrgquu [ 1 g unmezpupyens
KO OMEPBIMOM KyOupyemom muoxcecmse G, mo20a 048 ato0eix uucea h u p

{ (O frngyda=1 | fac4p | gdc.

B wacmnocmuy,
{¢ra)d6=[1ac+ fgae, [rjac=1 | jdG.

5. Hycme hynxyuu [ u g unmeepupyemst Ha OMKPSIMOM  Kybit
pyesmon mioxcecmse G, moeda u ux npoussedenue fg maxace unme-
epupyeno xa G.

6. [Tycme pyusyue f u g unmespupyessr va omKpomon Kybupyesom
mecacecmee G u f < g Ha G, mozda

[ a6 < | gda.

7. Myemb Quuxyus [ uxmespupyema HAQ OMKPLIMOM Kybupyemom
sroscecmse G, moeda u | fi unmeepupyesa aa G. Ipu smomn

| { rda| < § 17146,

Hoxaszarenscteo coiicts 4, 5, 6 u 7 nPoOBOAUTCH COBEPIUEHHC
AHANOTHYHO OJIHOMEPHOMY CJIyYalo (CM 0. 28.1),
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8 (moncmonrnocme unmecpasa). [Tyems G u T — gySupyemne om-
Kpoumsie macocecmsa, UG, dynkyus [ unmeepupyena Ha G; moada, ecau
[0 Ha G, mo

[ > {par.

JlelicTBHTeNLHO, B CHIY CROFCTBA 3 WHTErpasbl Sfdl" H Sfd (G\T)
CYUecTBYIOT M

{146 = § o + | d (G\T),
B cuny me ceoietsa 6 umeent | fd (GNT) > 0. Tlostomy
§1ac= {far 4 {ra(GN\T) 2 | par.

9 (noaran addumusrocme uninespaia no Muoscecmsam). Iyeme
Pyrryun f umneepupyeﬁm Ha KyOupyemom omrpeimom muooicecmae G u

Gy, k=1, 2, ...,~— nocazdosameasHocms KyGupyeMoLX MHONCECING IMAKAR,
umo G, =G u

lim mes G, = mes G¥), (44.29)
koo
moeda
li dG, = ) fdG. 44,
Jim §7dGy = 1 (44.30)

B enny unTerpnpyemocTn Ha muokecrse G dyHkuua f orpaHndeHa
HA 9TOM MHOXECTEE, T. €. CYLIECTBYET Takas focronasHas M > 0, uto

x| < M s Beex x€G. Hanee, GNG, = Takxe OTKpoIToe KyGHpY-~
h . p YOHDY
EMDe MHOKeCTBO H B CH.H}J‘ AJIKTHBHOCTH Mepbl

mes (G\.G,) = mes G—mes G,.
Hanee, B cHAY aJINTHBHOCTH HHTETPANA NO MHOKECTBAM {CM. cBOH-
cTBO 3)
{raG— | ja6,= | 1d(6~Gy),
OTKYyJa

| taG— [ ra6,| < § 171d(6\Gw) <
< M mes (GG} =M (mes G—mes G,)

* 9to yCAOBHE, B YACTHOCTH, BLIFIONAASTCA, €CHH I]OCJ'JEEOB&TBJIBHOCTIJ

MHCKecTs {(, TAaKOBAa, YTO “kCG"*H‘ k=1,2 ...1 U Gy =0 (cM, TEQ-

k=1
pemy 2 B 0. 31.2),
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W, CACZUBATENBHO, B cHay {44.29)
lim dG—\ FdG, 1 =0,
Jim [f 140§ 14 |

94T0 H J0KA3HBaeT paBencTBo (44.30).

10 (mecpema o cpeduen). Hycme G — omxpomoe kyGupyemve mro-
Hmecmneo, punryan [ u g onpeCeacnor u unmespupyesen Ha G, Ecau
PuHKyua g He meHsem snoxa wa G u

m<L i) <M, x¢G,
MO CHUECIIBYEN MAK0e UCAO A,
m< M,

{ gtdG =y | gda.
Chrencroue Ecauynkyus | senpepsisna Ha SaMoIKAHUL KYOu-
pyesol ofaacmu G, mo cyuwecmsyem maxan modka §E G, umo

{Fd6 =1 (@ mesG.

Teopema o cpenaxeM JOKA3bIBAETCH COBEPLIEHHO AHAIOTHYHO OX-
HomMepRoMy cayyaio (cM. 1. 28.2). [an nosydeHus CAelcTBAS HALO HC-
NC/AL30RATH TEOPEMY O IPOMEMKYTOUHLIX 3HAYeHHSX HenpepulBHCOH ua
saMKHYTOH 06a1acTy dynkuan (e, n. 19.4),

Himao

§ 45. CBEREHHE KPATHOTO HHTETPAJIA K NOBTOPHOMY

45.1. OcHoBHAS TeopemMa Aas JABYMEPHOTO CAYY s

[epefinem Temepr K MeTOAAM BHMHCACHHS KPATHRIX Hi-
terpasioB. DyleM NpOBOZHTL 0OANbEe JCK433TCALCTEE B OCHOBHOM
AJS caydas ABY X MepemMeHHBIX, Tak KaK B OOILCM 7-MEPHOM CAYUAL TORE-
5aT1CABCTBO MOKCT ObITh IDOBEREHO € MOMOULLIG TOH e WIeH, ORN4KC
paccy:IeHus npHMyT Godlee TPoMo3aku# H Oosee Tpyanc ofospn
MBIH BRA.

Onpedenenue I, [Mycme na naockocmu E? huxcuposona npsmo
yzoavHas cucmema Koopdunam x, y. Obiacms GC E* naswsaerncn saemen:
MapHoil omHocwmneabno ocu Oy, ecau ¢e epaniya cocmoum 43 2pagurvs
Osyx wenpepbisrvix hyrryud @{x) u (x), onpedescriny HO HEKOMOPOA:
ompeaxe ta, bl u marux, «mo @(x) < P(x), x&la, b, a maxmce, Gonne
MONCEM U3 QIMPEesKed NpAxsx X = a u x = b (puc. 133).

AnanornuHo onpenensietcd ofNacTh, 3JeMENTADHAR OTHOCHTEBHC
ocu O,

Teopema. [ycme G — sacsmenmapuan omuocumeasto ocu Oy nao-
cxan oaacime, ePaRUKa KOmOpod CoCHIoUM u3 Epaguros HErpepbitHbLY
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hynruuti @(x) u p(x}, 9lx) < P(x), x £ [a, b u, Germes moxrem ompearoe
npameix ¥ = a u x = b. Ecau ¢ynxyus f(x, y) nenpepoisa wa G, mo

b4 (x)
H fx y)ydedy = 5[ ) dy} dx. (45.1)

a Le (e

Huterpan, crosiui B npaBoll 4acty
opmynn (45.1), HazmmaeTcA noamop- wiz)
HoiM  UHmeepaaoi U O0BpIUHO SAMHCLI-
BaeIcA B BHjE

o & (x)

de j f(x, yydy.

a Q) plr)

4

e —

JIAs HOKAa3aTeIbCTBA TEOPeMbl NO- 7
HAAOGATCH  CJIeNyloIas JIEMMA.

Jdesmma I. B apednoaioseruax
meopemsl GYHKLUR

&

Pue. 133

¢ {x)
Fo= | 1 may (45.2)

% {x)

AsAsEmcH Henpepoehoti gyrkyuel om x na ompesxe |a, bl.

HokagsaTeldhecTBEO NdeMMHB. B cuny HenpepeBHOCTH Ha
OrpaHHYeHHOM 3aMKHYTOM MHOXKeCTBE G byHKUMS f orpanudena ua G,
T. € CYyIECTBYyeT Taxad nocroannas M > 0, yro

lFen] <M, (%) €G
[lycts teneps x€ [a, 6] u x-}- AxC [a, b] ¢ukenporansl. Ilycts

Ap=0px+A)—o(x), Ap=+(x+ A)—P(x) 1 Ana onpeienen-
HocTH Y {(x)—@(x) > Ag > 0%, Ay > 0, Toraa

Y0 +AY $ {x)
(Fr+an—F@l=| [ fa+agpdy— | fp)dyl=
¢ (x}+Ag % (1)

*) Ecau ¢ (x) — P (x) > 0, to yeacsre {x) —g(x) > Ay Bcerza EBhinoa-
afeTcH NS Beex jgoctatouHo Manux Ax. Ecau me ¢ {x)=9P(x), Ap =0, Ay =0,
TG UPOLORHMLIE HAaMM DACCYXACHOS TONEKO YOPOWANTCS, U B pE3yJbTaTe
uMecTo mwKecaeayomefl ouenwn (45.4) Aaa yKa3aHHLWX TOYEK X NOJAyyaeicsd
Gonee npocTaa OUCHKA!

| Flx-An—F(0] < 11’IA(? -}-M;ll:).
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4 (x) $lx)+ Ay

= frrAspdy+ | fle+dx, pdy—

o (x)+Ag ()

¢ (x)+Ay 4 (%)
— f flx, y)dy — f f,ydy| <
¢ {x) ¢ (x}4+-Ag
¥ (x) e {x1+Ag
< | Nt danp—r@nlar+ [ e dy+
g (x)-Ag 9 (x)
b (k) +AP
+ [ ledanplay. (45.3)
¢ {x)

Tlpenesti uuTerpupopanus nozoOpaus!
TakuM 00pasoM, YToSbl NOALIATErpPasib-

; l4g HEE PYHKUHA OblJH ONpefeseHdbl Ha 0T-
(z) A2 pesxax, HO KOTOPBIM NPOU3BOAUTCH HH-
L,_: Terpupoganne {puc. 134).
ﬂﬂ/‘/ Ofosnauan uvepes (b; f) MoayJIb
pli—r wenpepusHOcTH dynkuuu f wa G, no-
! | NY4YHM
T T+ z | F(x +Ax)—F(x)| <
Puc. 134 <o (A% ) [P () —(x)—Agp] + MAg--
+MAG< o (Ax; fsup [ (X)— o ()] -+ MAp+ MAg, (45.4)
QX

B cnsty HenpepeBHOCTH QyUKIEHH @ H P pasHOCTs P(X) — @(x) orpanu-
qeHa H

lim A = lim Ay =0.
Ax=0 Ax-0

B cnny e HenpepLIBHOCTH [ Ha OTpaHHUeHHOM 3aMKHYTOM MHOXeCTBC G
OH& W pPABHOMEDHO HENPEPHIBHA HA HEM, CJIEOBATENEHO,

lim w(Ax; f)=0.
Ax-0

Takum obpasom, us (45.4) noayuaeM pageHCTEO
lim | F(x+Ax)—F (x)| =0, (45.5)

Ax=-0
YTO H 03HAY4ET HENpPePHBHOCTE GYHKUHH F B TOuKe X.
B cayuanx, korga Ap > 0, AY << 0w Ap < 0, Ay > 0 wmu
Ap < 0, Ay < 0, f0Ka3aTe bCTBO AHAACIHYHO, TOMBKO MPElebi IfH-~
TErPUPCBAHMA ¥ HHTErPaoB, CTOAINMX B MPaBoil YacTH HepaBeHCTE3
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(45.3), Hafo BLIGHPATR HECKOJBKO HHAUYE, 8 KMEHINO BCeTHA TaK, 4Tofnl
NONBIHTETpaNbHBe (GYHKINH ORJUTH OMpefefeHH Ha OTpes3kax, [0 KOTO-
PLIM OPCH3BONRTCH HHTETPHPOBAHHE,
Bo Bcex 9THX cayuasx mnoay-
4aeTcs HEPABEHCTBO, NOJAYYai0- 7
ueecst H3  HepaseHcTBa  (45,3), ¢2)
eC/IH B HeM 3aMenuTs A@ H Ay
Ha |Ag| u |AY|, orkyaa, oueBuz-
no, n cnenyer {45.5). - [
Jlemmpa Jokasana.
HoxasaTeabcTBO
Teopewnmb, llpexae  Beero

3aMETHM, 9TO HHTErpaJjl, CTOsUIHH @)

B MpaBoii 4acTH pasenctaa (45.1), | i

T. €. HHTErpai 7 z T
[ Pixy

j. Fx)dx= j‘dx j‘ f(x, vy ay, Puc. 185
2 5 (X)

AIBAACTCA HHTETPAJOM OT BenpepeBHOR GYHKLHA (CM. JeMMY) U mio-
TOMY CYILECTRYET.

PasoSwem Tenmeps ofaacts G Ha vactu Gy i, j=1, 2, ..., &, cae-
Ayioiay ofpasom. BosbMeM pasGueHue T, = (x,};=F¢ otpesxa [a, 0]
HA £ PABHBIX OTPE3KOB:

A= xy < Xy oo < K== b, X,—Xi1= b;a, i=1,2 ..,4&

H TIYyCTh
Po (x) = (x),

03 (8) =9 (1) + = [P — ()],
0,0 = 9 () L [ () —p (L.

» .

@8 () = 0 (0~ [P () — ¢ ()] = ().
Honomnm GZ,_ {(x, y) a1l X Xy 95 (X} y<Lg;(x)}, nmyers

t: ={G, i i j=1,2, .., k Ouesupno, 410 Tp ABASETCA pasBHeHHEM

obaacta G (pHc 135)
Tenepy umeenm
X 4 {x)

. ${xy !
jdxj Fle, pdy = j dx Y [ dy=

a ¢ (x) i=1 ¥i—1 3 {x}
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£ ¢; ()

=¥ j de j Hx ) dy=
i=1 %;_y f=1 %
3 I3 X; <P_, (x}
-3 2 j e § jwmna s
-1 j— o
Tlooomum K
my=inlfC,y) m My=sup flx, p), i, j=1,2,.., k
Gy Gy
Toria
% (%) x ?; (x)
Var | papay<my § e | ay=
X ] Fj—1 (%) Xi—1 Pj—1 (%}

X
i

=M, E [; () —@;—1 (x)] dx =M;; mes G

Xi—1

i (45.7)
¥ aHa/JOTHYHO,
g ¥y (x)
j‘ dx jl flx, yydy > m;;mes Gy, (45.8)

-1 Pi—100)

C nomounk HepasencTs (45.7) u (45.8) mas wmHrerpana (45.6)
nosnyiaeM CAEAYRILYI0 OLEHKY 4Yepe3 HHMHHE H BEDXHHE CYMME
Hap6y C]J}HKU.HH f(x y)

b d(x)
Z 2 m; mesGijgj'dx j‘ fx, vdy <
i=1 jf kl a ¢ (x)
E Z My;mesGyy=S . (45.9)
=1 7=1
Jlis menkocTn & » pasbueHus Ty 06aacTH G umeew (nouemy?)
‘R
lim 6 x = 0
koo Tk

MOSTOMY B CHJAY nHTErpHpyeMocTd ¢ybxuun f(x, 1) Ha G (cm.
n. 44.4)

lim s » = th*.
Eaoo &k koo Tk

Tlepexoan teneps K mpedeay e Hepasenctso (45.9} npu g—-oo,
noayuuM gopmyay (45.1),
Teopema Aokasana,
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Ecan 1eneps odsacts (0 aneMeHTapHa OTHOCHTENBHO ocH Ox u
ce Tpanynad COCTOMT H3 rPpadHKOB HenpepulBHBIX  (YHKUHA o (y) u
B, «w@) <P c<Ly<d, u, GHTh MMKET, OrPe3KOB NPAMLIX
y=c n y=d, a dyHKuuA f{x, ¥), KaK U paHbile, ieipepLIBHa HA
3aMKHyTo# ofmacTH G, TO cnpaeejnnsa qopmyna

4 By}

H [x,y) dx dy =5 dy j [(x y)dx. (45.10)
G £ o ly)

Ecan xe obaacth G sJeMeHTapHAa KAaK OTHOCHTENRHO och Ox, Tak
u otuccuteasso ocd Oy, To, npupaBHupas npapbie dacTi (45.1) w
(45.10), ana nenpepulBHOH Ha ( QyHKUHN 0OaY4HM GOpMYay

b 4 () d B ()
jdx 5 flx, ) dy = jdy j f(x, p)dz, (45.11)
a ¢ (x) ¢ o (y)

BHIpAXKAMyo cofofl NpaBHAO LepeMeHbl MOpPAAKA HHTErpHPOBAHHS
B [CBICPHLIX HHTerpajax.

Yy
&
y
y=7
N7
; 3 I
! 1 .
-1 0 7 & 4 T
Puc. 134 Puc. 137

Mpumep. Buiuveants waterpan of GYHKUMH 2=x%y M0 KOHeu-
HOl ofaacTn G, OrpannueHHOH uacTblo Napaboibl y=x? U npaMoi
y=1 (puc. 136).

Pewenue.

1 I 1

565' X%y dy dy = 5 xdx ( ydy = 5 yTz

—1 X% -1

1
x:dx =

x®

1
1 4
P —_— 4 2 = re—=a
= j‘l (1—x?) x* de =
Fenu Tpefiyercst BHUHCAHTE KPATHBIH HHTeTPal Mo ofAacTh, He AB-
JsioLleRcA sieMenTepHOH HH OTHOCHTEJBHO ocH OX, HH OTHOCHTENBHO
ocit Oy, 10, 4nA TOro YTofbl NPHMEHUTL MOMYYEHHEIe GOPMYJIE], Hajo
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NONBITATECA PasOuTh faHHY 00JACTE HA UacTH, KAKLAA H3 KOTOPhIX
yiKe OYIeT 3jaeMeHTapHOH XoTA Opl OTHOCHTEJALHO OfHOW W3 Ocell Koop-
aunar (puc. 137). Ecan 10 ynaercsd cliefaTh, TO B CHJAY alIUTHBHOCTH
HHTErpajia no MHOecTsy (cM. f. 44.5) Bouuc/Iente 1anHoroe puTerpana
CBEHETCA K BLIYMCJHEHNIO HHTETPAJIOB IO YRAZAHHKEIM YacTaMm, a focael-
HHE ¢ NOMOMIBbIO gopmyda (45.1) u (45.10) MoryT O6HTL CBeNEHH K ORHO-
KPATHEIM,

45.2. O6oGueHKa HA A-MepHBIA caydai

[Tyers Teneps E* — a-mepnoe npocrpanerso, £ ! — rumnep -
naockoets x, =0, Ilycte G——c6nacip 8 £ 1 G, — ee npoexlins na
e !
ruepuaockocTs E°7
Gxn={{x1, vors Xpm1,): CYIIECTBYET TAKOE Xy, UTO (Xyy wuvy Xoym1, X,) E G
Onpedeaecrue 2, G6.racme G HAZHIEQEMEA 346 MCHMAPHOU OMHO-
cumeasio ocu x,, ecad ee npoexyua Gi asasemcs Kybupyesod
obaacmero, @ eparuya cocmoum u3  epaduxoe Jdeyx  Henpe-
POIGHBLY  HG G,,n Gynyuli ¢, .., Xy—1) U Pl e )
@ (Xgr veer X 1) Y (Kar ooy X, g)y (Kp, ooy a1) € Gy 1, Gottnn mo-

gcem, qacmu YUAUHOPE, OCHOGQHUEM KORIOPOSO ABAACHICA ePaHULa
BG,,H obaacmu Gxﬂ.

INockoaeky B cityyae n = 1 Besikag o6iacTh SBARETCA HHTEPBAJIOM
(nouemy?), To A/s NIGCKHX OOJAACTEH NAHHCE B ¥1OM NYHKTE ONpejede-
HHe ofyiacTd, 3JeMeHTapHO! OTHOCHTENLHO HEKOTOPOH OCH, COBNAJAET
C COOTBETCTBYIOUIHM ONpEAeJeHHeM NDEALIAYIIEro IYHKTA,

Ecan o6/1acTs (G 351eMeHTapHA OTHOCHTEMBHO 0CH (x,,, TO OBa KYOHPY-
ema. [eficrputensno, ee npoekuns Gy, SsBALACH KyOupyemol 061acThio,

OTPANHYeHa, MO3ToMY panula obnacTd (G, cocTosas U3 rpadHKoB He-
MpepHIBHBIX HA OrpANMUYEHHOM 3aMKHYTOM MHOMecTee G, (yHKIHA ,

CBITH MOKET, 4aCTH IHJHHAPA C OCHOBAHHEM MePH HOMb (mes 0Gy, = 0
B cuay KyGupyemoctu (G,,), TAKie HMEET MEPY HOJb.

[Mycre G -— 9JeMenTapHad GTHOCHTENBLHO OCH ¥, 00J/aCTh € Tpadu-
Uel, COCTOSAIEH ©3 rpapukos HEeNpepHBHHIX  Ha f?xn dy =R U
Q{Xgy e Xae 1) U Py, oy Xae1), ¢ xq, ...,xn_i)\glp(xl, s X, ),
(Xys voey xn_l)EGxn H, Oblib MOXET, YacTH LHJAHHIPA ¢ CCHOBAHHEM
dG, , H TYcThb GYHKLHS [ ONpelleneHa H HempepoiBHa Ha G, Toria
anaJioruuso ¢opmyse (45.1) noxaswiBaercs dopmyna

n pas

H j F (g voer Ko) Ay oo A, =
G
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n—I1 pas 4 (xi‘ e xn—-l)

“‘ a’x1 s P j Fley, oy x,) dx,,

Ll CTTRTRS Ty

KOTOpan CBOAUT HHTErpHPOBaHue yHKIMH
OT # NEpPEeMEHHBHIX K [MOCASIOBATENEHOMY
HHTETPHPOBAHHI DYHKIHH ONHCTO Nepe-
Mernoro v ¢ynkuu# {7 — l)-ro nmepemen-
HOTO.

Ecam B paccmarpuBaeMoM cayyae of-
aacTs Uy, B CBOIO Ouepelb sIBJACTCA e
MEHTAPHOH OTHOCHTEJALHO HEKOTOPOH KO-
OPARHATH, To nodyuusmmlica (n — 1)-
KDaTHb]];'l HHTEPad MOMHO CBECTH K CIHHO-
Kpatuesy u {n -— 2)-KpaTHOMy uHTerpa-
ay. Tlpononskas aToT nponece, ecaH, Ko- Puc. 138
HEYHO, 3TO BO3MOMKHO JIAfAblue, TNRHJIEM
K dopMyne Buna

n pas

mf(xl’ ey X,) dXyq, o, dX, =
é

‘bn_[l(xx) $1(%g, 20s Fgan )

=jbdx1 [ .. § fe e g dx, @512

P {x1) P35 (¥ oo, tn— 1)

Taxkum oBpasoM, B paccMaTpHBaeMoM caydae HHTerpHpoBaHHe by HK-
[IMH OT 1 NepeMEHBLIX CBOJHTCS K [MOCAGA0BATSILHOMY HHTEIDPHPOBAHHIO
n pa3 QyHKUHH OLHOTO MEPEMEHHOrO.

I1p u u e p. BuuncauTs HETErpal oT GyHKLHH f(x, ¥, 2) = xy*® no
Koneuynoft ofjacTh (G, OrPpAHHUEHHOH MOBEPXHOCTAMH Zz = XY, } = X,
= 1uz=20 (puc. 138).

Pemenue. Tlpumensin dopmyny (45.12), noiayunm

X Xy

5” et dxdydz= f xdx j' y? dyj 284z
[ 4] 0 0

fl

xﬁdxfy“dy-—»——j 12y = 364
2

—_
°“-—-—a—
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§ 46. 3AMEHA NEPEMEHHBIX B KPATHOM MHTETPAJIE

46.1. Teomerpuueckuii CMuics MOAYAR AKoOKnana
B IBYMEDHGM cayuae

2
IyeTh G — OTK PRITCE MHOMKECTRO HA MIOCKOCTH Eyp, G*—o0T-
2
KPLiToe MHOMECTRO Ba [NOCKCCTH Ejy, F—orobpawenne G Ha G u
M=, 0) (G, M*=(x,y)  G* F(M)y=m*
Orobpamedue F 3afaerca mapoll ¢yHkuui

x=x(u, v), (46.1)

y=y(u, v).

ByaeM npeamonarars, urc orolpasienye F yIoBAeTROPSET Cledyio-
HM YCAOBKAM:

1) otofipaskende F B3auUMHO OLHO3HAUHO oroGpaxaer (G ra G¥;

2) otofpamenne I Henpeprsuo pudkbepeduupyemo Ha G;

3) axoGuan J(u, v) = g{jﬁ; e ofipaiiaercs B HOMb Ha G.

Samernm, uto otoSpaxkenue F~Y, obpartnoe otobpaxenu F, Takxe
ABJANETCH HENpepRBEC AUGdepeHIHPYEMEIM B3AHMHO OZHO3HATHELIM OTO-
GpaxeHnneM ¢ AKOGHAHOM, He PABHLIM BYJ0 Ba G* (eM. m. 41 .4).

Jesmma 1. Ecau y — rycouno-aradras kpusas, rexcauan 8 G, mo
ee obpas v* = F(y) npu omobpaxcenun F makoce Oydem Kycouro-zaad-
Kot Kpusoi,

JHelcTBATENALHO, eCqH

u=u(f), v=o(l), a<i<b,

— KYCOYHC-HENpePLBHO ANGdepenlnpyemoe NpeAcTapieHHe KpPHBOH
v, TO TpencTasJeHiieM KpuBod p* GyAeT napa (pyHKuui

c=xu@), v@), y=y@i) o), a<t<b,

KOTODBIE B CHITY CROHCTB CYnepnos3uiHi HempepsBHO judepeHn-
pyembix Gynkumi (cm. 1. 19.3 u 1.20.3) Takxke GyAyT KYCOUHO-Henpe-
prBHO JAH(depeHLHpyeMbili.

3ameuasdn e Eoiny — npocroll saMRHYTLIA KOHTY D, Jemamui
B G, TO B CHAY B3aHMHOH GANO3HAYKCCTH OTOGpamenust I ero obpas
v* = F(y) Takxe ABAACTCA NPOCTHIM 3aMKHYTEIM KOHTYPOM.

Jesua 2. [Hycme T — omepsinoe  0epaHuteHios  MHONCECMSO U

TG, Tocia ¥ = F(T) ~— maxaice 0eDAHUHERHOE OMEPOITIOE MHONCECTBO U

oF Ty=F(gr). {46.2)
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Horazatednscrtso. [Ipn oToGpaxkeHnn £ BuyTpeHHHE TOUKH
nepeXoUsT BO BHYTpennne (cM. m. 41.5), MO3TOMY H3 OTKPLITOCTH MHO-
wecTBa I' BHITeKaeT n oTKpLTOCT: MHoMecTBa F(I). lanee, nockonbky
I' — orpaHHYeHHOE MHOMECTBO, TO 3aMKHYTOE MHOMKECTRBO I' TaK e orpa-
nuueno, Cornacuo aemme 3 0., 41.4, mpoxecrso F(T) 1akxe OCPaHKHYEH)
¥ 3amkuyro. M3 orpannuennocty F(T') Berekaer u OFpaHHYCHHOCTD
maoxkectsa (), ubo FMcF(D).

Iokamxem teneps papencTno (46.2), Mmeem I = Mgl {em. n. 18.2),
NOSTOMY FT) = F(I')F@T). Muoxectso F(I') orxpeimo # notomy Re
COILEPHCHT TPaHUYALIX Touek MuoxecTea F(I'). Cnegosarteanno,

[ U

uth &,
Pue, 139
dF (I < F @), (46.3)

C apyroft CTOpOHEI, ec/ Kakas-THOO OKPecTHOCTs O HeKoTopof
TOUKH MHO}eCTBA (G, OC(, COjlepKHT TOUKN Kaxk npunagnexaiue I,
TaK W He npHHajIeKanike ', TO B cuNy B3aHMHOOAHO3HAYHOCTH OTC6pa-
menus F obpas 5TOH OKPECTHOCTH OYIET TAKIKEe COAEPMKATb TOUKH, Kak
npunagnexamue F(), Tak u ve npunagnexamue F(I'), TTostomy rpa-
nuysble Toukk I' nepefiayT B rpanudane toukn F(I'), T. e,

F(OT") SOF(T). (46.4)

M3 yenouil (46.3) u (46.4) n caenyer papesctso (46.2).

Jlemma aoxazana.

Cnenctrue Ecau & npednoaoscenunx semmsr 2 epanuya T' co-
CIOUM 13 KOWEHHOZD HUCAQ KYCOHO-2AQ0KIUX KPUBBIX, M0 OMKPOITbIE MHO-
acecmea U u F(I'} xeadpupyess,

ldokasatenbeTro. B cuny memmum 1 n pasencrea (46.2)
rpasina F(I') Takxe COCTOHT H3 KOHEUHONC YHCAA KYCOUHO-IVIAJKHX
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KPUBHE, KycOuHO-TAALKHE KPUBBIE CHPAMISEME, 4 CIPAMAAEMas KpH-
Bad MMeeT Mepy Hoab (cM. n. 44.1). Takum ofpasom, mes o' =
= mes 3F(") = 0, u, caenopareneho, I' 1 F(I') usanpupyeMol.
CaencTere AOKA3aHO.
I[lycTe, Tenepsb (Hg,ve) & G B MycTh A — HEKOTOPOE yHeao, PaceMoT-
DHM 3aMKHYTHIH KBagpaT S (prc. 139) ¢ pepluHHaMH B ToUKax

(uu UD): (uO‘I_h’ DU)! (uo—l’ h: U0+h)’ (”0, Uo+h)° (46'5)

[yere SCSG (1pH 10CTaTOURO MAJIOM £ 310 BKJIIGUEHHE BCeTHa BLINO-
naercs, nodemy?), [pannna dS kBanpara S, COCTOSILAA U3 YETHIPEX €10
CTOPCH, OUERHIAHO, ABJACTCHA NPOCTLIM BAMKHYTHIM KYCOUHO-IJTJKHM
kontypom. B ciny cnenersus  Jemmst 2 MHOMeCTBO S¥ = F(S)
(cm. pue. 139) mpencrapisier coBoll 8aMKHYTYIO KBAIPHPYeMYIO 08JIaCTh
(to, uto §* -~ 0BaacTh, cielyeT W3 NPHUNUNA GOXpaHeRHUs obaacT,
eM. m. 41.5).

Teopema 1. [lycme omobpamenug F omxpumoeo muoscecmsa

2
G EL, naomxpomoe mromcecrnso G* CEy, 830UMHO 0OHOSHAYRO U He-
npepoiro Ougpeperyupyenc #Ha G u nycme eeo axobuan J(u, v) He o6-
paiyaemca e Hoas Ha G. Toala, ecau S—rsadpam ¢ eepusinamu (46.5), mo

mes F (8)
s = (o v} | -2 (g, vy, 1), (46.6)
ofe hynxyus e(ty, vy, ) cmpesumen k Hywo npu h — O passomepro
OmHOcUmMeasto {ty, Ug) HA A0BCM BAMKHYINOM 0SPARUNCHHOM MHONE-
cmee AcG.
Cnenctewue.
tim

hao MesS

mes PAS) 1 (utay 00)| (46.7)

Qs aoboli mouku (U, vy CG.

Hefictyureanno, (46.7), OYEBHMAHO, ABAAETCH YACTHRIM CIydaeM
(46.6), Hanpumep, KOTA& MHOMKECTBO A COCTOMT U3 ONHOM TOYRH (i), Uy).

HdokasatenbeTso TeopeMb., B cuny auddepenuunpye-
MOCTH OToGpaxeune F B OKPECTHOCTH KaXA0H TOUKH OTJIHYAETCA OT He-
goroporo auaefinoro ortobpaxennd F (e, Hike dopmyan (46.9)) na
(eCKOHEUHO Masele 60Jee BLICOKOrO MOPSJKa, YeM MpUpauleHus apry-
meHTOB. J(nd NHHEHAROrO e oro0paxeHHd IJOWALb o6pasa KBaapara
PaBHA HPOH3BEASHHIO TIOWAAHN STOFO KBaApaTa Ha abCoNITHYIO Beld- Y-
HY €ro ONPEAENHTeNst, KOTCPuIfi 1§ JIMHEHNOro OoToBpaenws F
coBnagaer ¢ sikoSHanoM J=J{u,, ty) oTobpaweuus F,

[Mokamem, ure nnowase ofpasa ueajpata S upH orobpamennn [
OT/IHUAETCs OT MJOLIAAN 0fpa3a 3TOTO KBAaApaTa npy oToGpameHHH [
Ha GecKoHeuHO Maly 6osee BHICOKOTO NOPAJKE, YeM IMIoWalb KBaApaTa
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S, H YFO 3Ta OLEHKa paBnoMepna na JI000oM GrpaHHYednoM 3aMKHYTOM
MHOMecTBE ASEG, T. e., yTo

mes F (S) = mes F (S) 4 e mes S,

r/e &€ PARHOMEPHO HA A CTPeMHTICS K HYJIO, KOLAA CTOPOHa KBajpata S
ctpemurcs K Hynio. [lockonsky F(S) = /] mes S, To orciona u 6yger
cnejoBate popmyna (46,7),

Beesem o6osnauenus;

X Uy, Og) = X, ¥ (45 Uo) = ¥
dx 1y, vg) x (uy, vo)
T T T
dy ‘.“U! Uﬂ} — d'V (MO: Uil) —
g Tl T = gy

U—ttg=Au, v—o,=Av, r = V Al F AR,

3adurcHpyeM HEKOTOpPOE OrPAHUYCHHCE 3aMKHYTOE MHOMKECTBO
ACG, Tyets (ug, vg)=A. B cuay mudpepenuupyemoctd yukuuii
(46.1) umeem dopmyas: x = x (¢, v) =

= K+ a3 (10— Ug)F A1, (D — Vo) 0y (= 1)+ 0y (T — 1),
y=y{u,0)= (46.8)
= Vo gy (U—thg) F Ty (U —Vp) + @ (e~ tig) - 1y (9—1),

rne GYHKUMH O iy, Uy, Du, Av) paBHOMEpHO CTpemsaTcsl K HYJO Ha
MmuoxecTse 4 npu p — 0 (cu. sameuanue K Teopeme 3 1. 20.2, a rakxe
n. 39.4). _
Hapany ¢ otobpaxesueM £ paccMOTpHM JHHeHHOe oTofpaxeHue £
maockoeTE E2 Ha MACCKOCTE Eiy, sajaBaemoe Qopmyamu

; = Xo-}- (u_uo) —+ Qg (U——UO), 46.9
}7= Yo+ Ggr (68— t1g) + Qe (U—1g). (46.9)

Kax u3RecTHO US aHANHTHICCKON repMeTpul, Iis JuHeHAHoro otobpa-
swenus 06pasoM BCAKOTO MapanaeliorpaMma, B 4acTHOCTH KBaipata S,
AIBJAETCA napallilejorpamMMm, NpHYeM OTHOLIESHHE NJAGINANK [IOCJ!E,Z[HEI‘O
K TLIOWANY HCXOIHOTO NapaMieNioTpaMmMa pasHo abCOMOTHON BesHuMie
onpenennTens oTobpakeHns. TakuM o6pazoM, B pacCMaTpHBAEMOM HAMH
cayuae gas orobpamenua (46.9) umeem

mesﬁ@i Quluj_g ] 46.10
mes § |a21 (7598 \ l (u.), UO)I ( )

B nahbnefiieM Mbl OLENHM, HACKOJABKO OTJIHYACTCH IVIOLATL MHO-
wectsa F(S) oF mnoulagy muoxkecTsa F(S),
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2
MuoxkecTBa £,, NG u A He mepeceKkalwics N 3aMKHYTH, KpOMe
Toro, A OrpanuueHo, NO3TOMY

v = p(Ef\G, A >0 (46. 11)
{cM. Teopemy 5 B 1. 18,2).
B nancuefimenm GyjeM mpeanosiarars, HTo |M<V' B stom cayuae

H3 TOTO, 4TO (4, vo) & A caenyer, uto SCG.

OueHuM paccrospue MexAay obOpasamny  OAHOA M TOH Ke TOUKH
mpu otobpaxerur F u F. TMyete M= {(u,0)c G,F(M)={(x,y) n
F{M) = (x, y), toraa

p(F (M), FiM)) = (x—xpP+ (y—yP. (46.12)

Hs dopmya (46.8) u (46.9), npumeras nepasencTro Kou — Ilsap-
ta (cm. 1. 18.1), noayudM HepaBeHCTRa

(x—%)2 = (g, A u+ o, Aoy < (af) 4 ofs) (A2 + Ae?) = (o] +afy) 2,
(J/ )’)2 = (0:,31 Au+ Gy AU ((12] + 0’-2)) (AM2+ AUE) (021 + ()!.gg) r2,
Nosncrapim 18 uepasenctea B (46.12):

p(F(M) .r ’1/1)) r]/a”+0t12+an1—|—a>2

2 2 2 2
[Tonaras e, = /o +ajz--03 4-ads, nepenuinem noJyueHnce
HeDAREHCTBO B BHIAE

o{F (M), F(M) <er, (46.13)

rae £, = &, (U, Uy A, AD) PaBHOMEPHO CTPEMHTCS K HYJ/LIO Ha MHO-
xec1se A npr p—0, ubo srum cBoiicTBoM obaajaor o (i, j=1,2),

3ameuasn, uto npn M S copapeanio pepaserctEo p <K AV 2, ns
{46.13) noayduM HEPaBEHCTBO

p (F(M),F(M) <enlV?2.

Ecax nonoxute

g, (g Uy, Y=V 2 sup ey (11, vy, Au, A, (46.14)
TO

p (F (M), F(M)) << e,n), MCES
OTKYAA

d= i}g@ o (F (M), F(M) < ey lh, (46.15)
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rie &, paBHoMepHo Ha A crpeMuTCA K HYJA0 npi A — 0.

Tocrponm «pamky» wupnusl d (M. 46.15) okono ctopon napasiesio-
rpamma S caenylomuM obpasom. TTposesem Bre napasienorpamMa S
HETLIpE NPAMEIE, KaXas H3 KOTGPbX OTCTOHT Ha paccTonnne d oT ORHO
H3 CTOpOH NapajnesorpaMva S. K3 nocrpoenHoro Takum ofipasoM ma-
pajuienorpaMma BHOPOCHM BCe TOUKH, HAXOAAULAECH Ha paCC’l‘OHHHH
GonbureM, ueMm d oT napaJiesorpaMma S, — NOJAYUHM MHOKECTBO S,
cocTOsiiee M3 mapaineforpavma S,
YeTHIpEX MapainenorpaMmos [i!, j = ],
2, 3, 4, BEICOTH ¢f, OJIHA U3 CTOPOH KaxK-
JIOTO H3 KOTOPHIX COBNAJAET ¢ OFHCH
W3 CTOPOH mapannenorpamma S, U de-
THIpEX CEeKTOpoB o0, j =1, 2, 3, 4,
pazuyca d, ¢ BeplIHHAaMH B BepIIHHAX
HAPAAREAOrpaMMa S ¥ OrpaHHYeHHBIX
pAAMyCaMH, NapaedBHBEIME CTOPOHAM
napaigaenorpamma S (puc. 140).

Tenepe nposeseM uerkipe npamue, 7 z
Kamnas, H3 KOTOPHX OTCTOHT TaKKe
Ha paccTosiHue d OT OfHOH H3 CTOPON Puc. 140
mapanfenorpaMMa S B mepecexaer
ero BHyTpeHHOCTb Aty uersipe npaMble 00pA3YIOT  Mapailiedo-
rpamm S; ', conepxauuiicss B napa.me.norpammeS (8 nanwuefiineM no-
KaXeM, Y0 NPH JOCTATOYHO MaibiX /i MHOMECTBO Sy we mycro). Yacrs
napanienorpavma S, MOJYYAl0nlancs B3 HEIO BLIMETOM MHOMXECTBA S
T. €. MHOXKECTBO S™\.Sj, COCTOHT H3 ueTHIpeX Mapall/e/orpaMMoB 1'[h
j=1, 2, 3, 4, HEKOTOPBIE K3 KOTOPBIX YACTHYHO MEPEKPHIBAITCA. BricoTht
3THX NapajiesorpaMMOB paBHht d, a OAHA M3 CTOPOH KAMIOrO H3 HHX
COBIIAZaET C OAHOH M3 CTOPOH mapaliienorpamMa S.

Mmuoxectso

4 4 4
R= ;yn ngufgl o; UIEIH{ (46.16)
HA30BeM «pamKoi»,
TMokaxem, 4To Mokl MHoMecrsa F(S) oTAHUEeTCS OT MJOIALH
napaJsiejorpamma F(S) ue Goiee uem Ha naoWab paMki R. Jas storo
npeme BCETO YCTAHOBHM, YTO

3, cF($) =S, (46.17)

*) gy = Havnadbliasg OyKBA GpaHUyickoro caopa extérieur (Bremmui).
*%) ¢/» = nauadenas Oyksa (paHuyscKoro caosa intérieur (BnyTpeHnuii).
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HeificTurensro, ectn MES, 10 F(M\Q.S H, cornacHo {46.5),
o(F(M), F{M)) < d. Ho no nocTpoeHHIo MHOKeCTBO Se COREPKUT BCE
TOUKH MIOCKOCTH, HAXOARMIHECS OT NapalIeIorpaMMa S Ha paceTosiHu Y,
He NpeBLIMIADILEM YHeAa d; nostomy F(M) € S,, 1 rKaouerue F(S)ES,
AOKA3ano.

Bropoe Brmouenue B (46.17) pokasmiBaerca ciaoxuee. [Ipenmapn-
TeNLHO CleJaeM HEeKOTOphie OLEHKH.

Ina wux notpefyrorea ABe NOCTOSHHEE ¢ M g Onpeienum HX.

IMo npeamoaoxkennio orofipaxedue F  HempephBro pndpepenu-
pyemo, a A — orpanuyeHHOR 3aMKHYTOe MHOmecTBo. [losToMy cyue-
CTBYET TaKas MOCTOAHHAas ¢, >0, 4To HAa OTrpaHUYeHHOM S3aMKHYTOM
mMHOMectse (M. m. 18.2)

Ay= {M:ip(M, 4 < 2}

(ompesesienne uncaa 1 eM. B popmyae (46.11)) smuonnsiorca Hepaped-
CTBa

_"<11

du
] <,

i <c (46.18)

B jpanpueiiivem GyleM Npejrionaratb, y1o A < B stoMm

Ve

cayuae S A, npu (4, vy) €A
g

Hanee, no npeInoNoxeHnio sikobuan J(u, v) otobpaxenus F, a8-
Jaoudics HenpepwBHOR QyRKubel, He ofpauacica B Honk Ha (. [lo-
YTOMY CYUIeCTBYET MOCTOAHHAA ¢y > (), TAKaA, Y70 HA OTPAHHUEHHOM
3AMKHYTOM MHOMXeCTBe A BBIMOJHSETCH HEpPaBEHCTREO (OueMy?)

Wy, 0| e >0, - (46.19)

[TycTe AMHEB CTOPOH NapanejorpaMMa S ¢yThb @ M b, a €70 BLICOTHI,
ONylleHHHE Ha HIIX, paBHbi COOTBeTCTBenHO H, u H,.

[TpennoyokuM, YTO CTOPOHA NIapanieaerpaMma S LIHHEBL @ CoenuHaA-
eT TOUKH (x,, ¥o) B (% + ayh, yo + ayh). Torma wus (46.9)
(46.18) caenyer, uro
a= I/a“ h*-—]— as ht = | h lVa“—[—ag, <, V2Ih| (46.20)
ANaNOTHYEG _
b=Vagita,nt <o V2 . (46.21)

3amMeuas, uTO INIES S= af, == bH, n wic § = h? 43 HepaBeuCIB
(46.20) u (46.21) nmeem
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aV 2 hiH, 2 aH, = |J(u,ve)| h* 2 c, 2,
oV 20t Hy 2 0Hy = | J (ug, v | 12 2 ¢, B2
Otcroaa nosyuae

H, > -
> 25 1b, 1> S ). (46.22)

l/z
BuiGepem Teneps 62> 0 vak, ytoSw npu || <8 u{y,, v) € ABu-
NOJANIOCE YCJAOBHE

le < —= 4,/2 “1 (46.23)
(onpenenenne e, cM. B Gopmyvae (46.14)). Ito Beera BOIMOKHO CACAATHL
B CHAy PaBHOMEPHOIO HA A cTpemienis e, K Hyqwo npH k4 > 0. B nane-
Heflwlem Gyflem npexuonarars, uro jal < 6.

Tenepb Aokamen BKMtodenne S, F(S),

[Tpexne Boero sameTum, yTo

F@S)yc R. (46.24)

HefictButeanro, ecnn M €4S, To F(M) €38 u, cornacto (46.15),
o(F(M), F(M)) < d. Ho nio OCTPOEHHIO paMKa R COAEPHHT BCE TOYKH
1/10CKOCTH, OTCTOALLAE OF rpas#us OS napamnenorpamMma S Ha pacctosn-
HHe, He MpeRbIIAloWeM unena d, nostomy F(M} £ R u skmouenne (46.24)
JOKAa3aHO,

IMockoAbKY TNpPH CASJEHHLIX NPENNOAOHKEHWAX rpasdHnz oF(S)
obpaza F(S) kpanpara S cosnajiaeT ¢ obpaszom F(JS} rpannus 45 Kpaj-
pata S (eM. aemmy 2 i 46.1), 1o Braodenue (46.24) mMoKHO nmepenucathb
B BHAE

OF (S) = R. (46.25)

[lyets Tenepn My~—ueutp ksajppara S. TIpn orobpakenuu Fou ne-
pexoMuT B IeHIp M, = F(M,) mapannesorpamma S. Moxaxey,
4T0 3aMKHYTHI wap Q paadyca d ¢ NDEHTpOM B TOuKe M,

cogepkutesa B S,. Ilockoasky

TOUKA M) HAXOJHTCA Ha pac-
1

CTOAHHI —2- Hyw — H, or
CTOPOH napaJienorpaMma S, a
CTOPOHKE! NapajiesorpaMma S,
OTCTOAT OT CTCPOH Idpanieno-
rpamma S Ha paccrosnie d,
TG OCTATOYHO 10Ka2aTh Hepa
Puc. 14t peieTea (oM. pite. 141)

S
N
T
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1 1
o > 2, o H, > 2, (46.26)

[Tpumenss nocnefopaTeisHG Hepasekctsa (46,15, (46.23) 1 (46.22),
01y SHM

Ny

Mzal<gm i<y e

IMepsoe wa HepabencTB (46.26) foxkasano, aHANOrHYHO J0KA3H-
BAETCH 1 BTOPOE.

Hrag, map Q< §i; HO ecau Mg = F (M), to, coraacho (46.15),
p (Mg, Mo} < d u, coenonateasno, Mq€Q, a noromy n Mg €8,

Takum 06pasoM, S, CONEPIHT 3aBefOMO OAHY TOUKY F (S), a iMeH-
HO ofpas Mo newrpa M, kBagpata S npu oroGpamenun F,

[lokamen Tenepb, 9T0 # Bee Toukn S, npumapnexar F(S). Jo-
NycTHM DPOTHBHOE: MyCTh CyUlecTByeT Taxkas Touka M’ ¢ S, wuTo
M’ § F{S) (cm. puc. [41). Toraa cornaceu aemme 7 n. [8.2 mapan-
nejorpaMmM S;, SBAAIIIKACA CBA3HHIM MHOKECTBGM, MNepecekasics
6u u ¢ rpadnied OF(S) muoxectea F(S), uTo mpoTHBOpEYHT BRJIO-
yenio (46.25).

Takum ofpasom, He cyulecTyeT Touku M’ €§,- H OJHOBpEMeHHO
M’ ¢ F(S), noyromy S,CF(S). ®opmyna (46.17) Aokazana.

OueBHAHO, YTO TaKHe

S,=8=F(S5)cs,.
Orcroga B na (46.17) numeeM

mes S, < mes F(S) < mes S,
mes.S,- < mes F(S) CmesS,
U, CJeNOBATEABHO,

| mes £ (S)—mes F (S)] < mes 5, —mes S, = mes R. (46.27)

Ouennm muomafe pavkn R. Cymmwa njoulajeil  CcexiopoB o,
i=1,2, 3,4, paena nnowadd kpyra paguyca 4. Orciofa, ucnosp-
sya oueHky (46.15), umeem

94
> ines o, = nd < ne; h2, (46.28)

Pl
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[lmouags Kamzoro s napagaenorpammos IV u [I{,j: 1,2,3,4,
pasia auCo ad, aubo bd, nozromy 13(46.20), (46.21) 1 (46.15) umeem
mes T <V 2 hjd <V Tcye, b2,

mes TV 2y |)d <V 2cy el j=1,2,3,4.  (46.29)

Ha onpexenenna pamku (46.16) 1 onesox (46.28) u (46.29) caenty-
er, 4To

mes R < el A28V 2eye, i = e, + 8 Zey)e, N2 (46.30)
PyHruna g, orpannuea va Ay (310 cIeyeT H3 OTpaHHYeHHO-

2

eth Ha A, pysxusi O f, k=12, 9T0 B cBOW ouepenr caeay-
3
©T W3 HX fABHOTO BHIDAKEHHA uepes IpoHM3pojnsle Gynxknuil u u o
(cm. 0. 20.2)), nostomy
Cg = sup (ntey -+ 8 2¢,) < o0,
A
1

2
¥, crefoBaTesbHO, M3 (46.30) nosnyuim

mes R < ¢y e, A%
Taknm ofipasom (cM. (46.27)),
mes £ (S)—mes F(S)| < ¢y 8, 42
Monomum

mes F {S) ~ mes F {S) (46.31)
12 ’ )

& (uth Ups h) =

TorAa |e| < C3|8,] H NOTOMY & PABHOMEPHO Ha A CTpeMHTCs K HY-
mo npu f1--0.
HMa (46.31) umeem

mes F(S) = mes F{S) - eh?.

BenoManas, gro mes F(S) = | J {u,, v,) | mes S 1 7% = mes S, monayuum
mes F(S) = | J (uo, vy | mes S--e mes S, uTo, OYEBHAHO, DPABHOCHUILHO
paseHcTBy (46.6).

Teopema aoxasana.

46.2, 3ameHa nepeMeHiibiX B ABYKPATHOM HHTETpane

Brauane coxpanum o0o3uavenns o nPEANOSONKEHNs npe-
OBYIGErO MYHKTA, B 4acTHOCTH, OyAeM npeinoaarars, uto £ apagetcs
B3AHMHO OIHOIHAYHBIM HENPEPBIBHO An(rpeperiuipyemMbiy OTOOPaKeHIeM
OTKPBITOTO MILOKeCTBA G EZ, ua oTkpriToe Muoxectso G* S £y € AKo-
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Guanom, He pasHeM Hyato Ha G. Ilycrs T' u I'™ — kBaapupyemsie (1,
C/ielOBATE/NbHO, OFPAHHYEHHEE) OTKPLITLIE MHOXKECTBA, Ycg, <o,
H TyeTs npH oToGpanmenun F muoxectso I arobpamaercs va I'*. Tor-
Ha 1pH 9ToM 0TO0pakenny BHYTpennHe toukk [ mepexounsT Bo BHYTpeH-
nne, a rpannua I' orobpasaerca na rpamnuay I'*.

Teopema 2 ((fopmyaa 3aMeHb: NEPEMEHRbLE 8 OBYKpAM-
HOoM urmezpase). llycme gyuxyus f(x, y} onpedescHa u Henpepolsra
raT*. Tozda

jj fle, Y)dedy = j;ff[x (&, v), y(u,2)]

JoxazarTedbcTBO, 3aMerdM, Yo YKa3saHHble HHTErpasbl
CYMIECTBYIOT, KAK MHTErpasinl OT QYHKUHMI HENPepPRIBHLIX Ha 3aMbIKa-

HHW KBaApHpyeMmbix ofgacreil, /leficTBuTenbHo, dyHKuHA f(x, y) Ha ™

LENY; T
#H sikobuaH 3oy Ha I' uenpeprBHE 0O YCJIOBHIG, 4 (YHELHA

a{u, v)

aAx, 1) i dudo. (16.32)

flx(u, v), y{(u, v)] HenpeprBHA Hal', KaK Cynepno3HIHS HENPEPLIBHBIX
(hyHKIRE.

BosbmeM pasbuenue panra & miockocrs Fo, ua ksajpathl. Panr k
BhIfepeM CToJb GONBLINM, WTO0L BCAKUY KBAJLDAT PauTa, Mepeceralou -

ca ¢ I, uenukom conep}xanc:a B G (noyemy raKodl paur cyuecrsyer?).

OGosuaunm uepes Py, i =1, 2, ..., i,, BCEBO3MOMKHLIE HENYCTLIE
niepeceueHnsl BHYTPEHHOCTEH (MHOXECTBA BHyTpEHHHX TOYEK} KBaJpartoBb
paura k ¢ MEOKecTBOM ['. MuOXKecTBa I'; ABJMAIOTCH KBAajpUPYEMBIME OT-
KPLITEIMA MHOXECTBAMYH, HOO X rpam:ubl HMEIOT Mepy HOJb, TAK Kak
cocTOosT, BOOOLLE TOBOpH, H3 YaCcTH TPAHHUIL COOTBRTCTRYIOUIETO KBaj-
pata paHra % H uactd rpaHuusl mHoecrBa I'.  CoBokymaocTb

= {ri}iii’? ofpasyer pas6uende MHomecTBa I', mpuuem, oueBumHO,
lim 3§, = 0. (46.33)

fe—>» Q0
Iycrs, Ranee, T; = F(T;); npu stom rpanuua I';, orofpaxaercs ua
rpasuuy ©j, mosiomy rpawmia Ty, BooSile rosopsi, COCTOHT H3 Ya-
CTH FpaHANK MEOxecTsa I'™ (3Ta rpanHua, B CHAY NPEANONCHEHHOH
KBaJpUDYEMOCTH MHOxecTBa ['*, HWMeeT Mepy HOML) H uacTH Kycou-
Ho-rapkofi KpHeoil, spadiomlelicas ofpasoM rpadUlbl COOTBETCTBYIO-
[Ier0 KBajpara W HMEeT [OITOMY Tak:ke Mepy Houb. ¥I3 ckasanno-
ro clelyer, 4o T; sipnsiercst KBaJADHPYEMEIM OTKPEITHIM MHOMECT-
soM. M3 BsaumHOl! ofHO3HauHOCTH OTOOpaweBms F clefyer, uTo

copokynwoets T, = § 7} i7% oGpasyer pasSuenne wmoxectsa T*,

"
OLLEHHM MEJKOCTD pasﬁnemm Tk n}’CTb 5h—J.LHaM€Tp KBajapaTa

pasra k {0%311;1&10, 8, = 11/527‘") nMi=(r, y) CT5, Ma=(x,, ¥} €T,
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TOorfa cymecteylor Takue M, €0, u M, £T,, uto F(My) = M},
F(My) = Mz, npuuem p (M, M,)<8§,. Caesosatennuo,

e (M1, Mo) =V Ta— 5,1 (ry~7of < V @i, 1)1 08, ), (46.34)
rae ©(0;x) u w(0;y) CYTH MOAYJIH HENPePLIBHOCTH yHK1UA#
x=x(u,v) ¥ y=y(u, v) HA OrPAHHYEHHOM 3aMKNyTOM MHOXecTBe I

B cuny denpepupuocTH 3THX (GyHKmu# Ha I' onM  paBHOMepHO He-
npepLiBHL, B 1no3toMy (cM. m. 19.5)

lim @@, x) = lim 0(§,;y) =0. {46.35)
koo k- oo
v %
2 R
j}f‘ AN
(1 )
P -
- |
7 i 7 0 7
Puc. 142

Ms (46.34) nas anaverpa 4 (1) nomyuaem
d (P:) = sup p ([M;, M;) < ]/'wa (85 %)+ @45, ),
Mer
1 i
et

oTKyJla B cuny (46.35)
ymd@D=OU=1%"J@
H, CJELOBATE/RHO,

limd +=0. (46.36)

kaoo T

CocTapMM Teneph HHTerpaibHyio cyMMmy Ans dyskuuyf, otobpas
*

U3 3JIeMEHTOB pa3duedns Tp TONbKO Te, 3aMuiKanus KOTOPHIX He me-
pecexawored ¢ rpanuned I'*. 210, oueBunHO, MMEeT MeCTO TOrja H

*

TOABKO TORAA, KOrJa 3JeMeHT pasOHeHHs T, fABJserca o0pasoM
Henoro Keajpara paura k, cogepmauerocst B I' {puc. 142). B kaue-
-, i
ctee Touxku (§;, 1) € I'; BosuMem o6paz opuoft u3 Bepluun (u,, v))

YyKa3aHHOTO KBajpara:

§o=xu, vy, 0=y, vy (46.37)
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[lycin
o'. = f(E,m)mesT; (46.38)
I3 i

(IﬂTpI/lX Y SHaKa CYyMMEB! O3HauaeT, 4TO CyMMHDOBaHHE pacnpoecipa-

HAETCH TOJNBKO HA Te HHAGKCH {, AAS KOTODHIX T/ ue nepecekaworcd C
rpasyueii).

Kak u3sectno (cM. Teopemy 8 B m. 44.4), B culy BLINOJHEHHS
yeaopus (46,36)

lim o", = dxd {46.39)
Jim o7, fff(t y)dxdy.
C xpyrofi croponel, maa I =F(T), saa koropsix I, sipdsercs
KBaJparoM, COracHo Teopeme 1 npeislfyliero nyHkTa,

mes T = |/ (u;, v;) | mes T, 4-¢; mes T, (46.40)

rae e; = &;(i;, v; §_) papuomMepno na I crpemurca K HYTO NpH
~v "k
k— oo, lloacraenaa (46.37) u (46.40) B (46.38), nonyyaem

* “E fx(ui’ z)* z)”‘](uu UI)IIT]GSF +
+2 e, f1x{uy, 0), p (4, o)l mes . (46.41)

CyMMEpOBaHHE B 3THX CYyMMAX DacnpocTPaHEHO MO BCeM HHIEKCaM i,

s Kotophix I'; He nepecekaercs ¢ rpandued I,
JIRa meproi CymMMEl, Croallell B npaBoit YacTu pavencrea (46.41),
B cuay ychoeus (46.33) umeem (cM. Teopemy 8 B n. 44.4)

hm Nl (uy, ), ¥, v (0, o) mes =

—'90[

= “f[x (i, ©), y(, ) (g, v)| due do.

Uto ke xacaercsd BTOPOH CYMMEl, TO OHA CTPEMHTCS K HYJIO
npu & — oco. JleBCTBHTeILHO, B CHJAY HENPePHBHOCTH (YHKUIHHA

flx{u, v), y(u, v}l HA orpaHnYeHHOM 3aMKHYTOM MHOXecTBe I' OHa orpa-
HHYeHa HA HeM, T. . CYULeCTBYeT Takas nocTostHHas C > 0, uro
[Fle, o) v, o)l <C, (4, 0) & L.

Ecuu duxciporano npousponnioe € >0, To B Ciy paBHOMEp-
noro nHa [ cTpeMienin g, K Hy/I0 P R -—> o0 MOMKHD BHORATE A,
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TaK, utolBl npy & > k, BHINMOMHAJCCH HEPABEHCTRO ]af]<5—m%I‘—
Aaa meex (4, v) ¢ Ty, T, =Ty 1oraa

|Z’ e, [lx(u; vy, y(u, v)imesT, l <

<Z’ fe; | |flx(u; vy), y(u, v)llmesD; <

< Z mes1;

mes 1‘

Hrax,
lim O";nc = jff[x(u, v), y(u, v (u,v) | dudo. (46.42)
k=00 R r

M3 (46.39) u (46.42) n craenyer xenocperncTseHHO ¢opmyna (46.32).

Teopema nokasaua.

Horazanunan Teopema Jerko ofo0liaercs H Ha HECKOABKO Gosee of-
ul coryyali, xoria sikoOuan otobpaxenus (46.1) momer ofpamaTbest
B HOML Ha rpaHule ofAaCTH UHTErPHPOBANHHA, & CaMO OTOpaMeHHe
6uiTh HE B3aHMHO OJAHO3HAYHEIM Ha 9Tol rpannue. Tounee, cnpagel/IHBa
caeyolas Teopema

Teopena 2. H;,cmb G u GF—omxpounsie .'Uﬁupjmme MAD-

aecmen: G = Eoy, G*(:Exy,

= x{u, V),

y=y ¥, v)
—Henpepusnoe omobpamerue G e G*, 83aUMHO OOHOSHGUHO 1
KenpepnisHo Gudipepenyupyeno omotpascaiowee G ra G*, nyemos
d(x,
—5% 3moz20 omobpadcerun He 00pAiaemen 8 HOAL
wa G u wuenpepvsno npodomicaem wa G. Tozla ecau Ppynxyus
f(x. y) nenpepwerna na muoxcecmse G*, mo

”f(x y)dxdy—”f[t{u o), ¥ v)}!‘”x ») ,dudv

gxobuan

Hoxasateuascrro. [lyers Ty, k=1, 2...—nocaeiopares-
AOCTL OTDAHHUEHHEIX OTKPHITBIX KBAADWPYEMBIX MHOMKECTB, IPaHHLA
KOTOPHIX COCTOWT H3 KOHEUHOTO UMCJA KYCOUHO-TJIafKUX KPHBBIX, H

20

flaCG, FkCFk_{_“ U FkZG
k=1

3a muowectso T’y MOKHO B3siTb, HAUpuUMEP, MHOMKECTBO BHYT-
pPeHHUX TOUEK MHOMECTBa TOueK KyOoR paHra &, cofdepKaupixcs
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8 G, T. . MHOMECTBO BHYTPEHHHX ToueK MHoxecTBa S,(G) (cMm.

n. 44.1). Tyere T5 = F(T,), torna % Takxke spasercs orpaHHuen-
HLIM OTKPHITHIM KBaIPHPYEMBIM MHOMKECTBOM,

o0
li=F(T) <6, TicTi n kY Ii=G
M3 BHINOJHERHS 3THX YCJOBHE cieayer, 9ro (cM. TeopeMy 2 m. 31.2)

lim mes T, = mesG, lim mes @', = mes G*. (46.43)

k-+20 k-v20

Hns wamaoro us muoxects Iy, k=1, 2, ..., sHinonugiorea Bee
yCNOBHA TeopeMbl 2 3TOTO NMYHKTa, MO3TOMY

jj.f(x yydx dy = fjflx{u ), y{u, U)]'az b Idu do. (46.44)
It

Dynkuns f(x, y), Kak Henpepuletas na G* QyHKINS, WHTETPH-
pyeMa Ha G* a ¢yukuns f[x(u, ), y{4, v)|1 d(x, y)

no TeM Xxe

coobpaikeHnsM uHTerpupyemMa” Ha G. [lostomy B cuny BBHIMOJIHEHHS)
ycioBuit (46.43) nonyuaem (cm. n. 44.5):

hm 5'5' f(x, y)dxdy = SSf(x yYdx dy,

k“m”flxw, v), ¥, v)iI gf: Y) ’dudvﬁ
s 1)

=Hflx(u. o), ¥, v)llg‘(j' {)’; du dv. (46.45)
& .

Ilepexoas K npeneny npu k ~ oo B papencTse (46.44), B cuny dopmya
(465.45) Mbl U MOAYYHM HCKOMYIO (hopMyJy 3aMeHBl NEepeMeHHOTO B K-
Terpale.

Teopema noKasaHa.

3ameHa NepeMEHHLIX B KPaTHLIX HHTETPanaX 4acTo CYuleCTBEHHQ
Y1POLIaeT HCCIEN0BaHHe H BHMHCIEHHe JanHOro HHTerpana. [Ipe stowm,
B OTJIHYHE OT OJHOKDATHOTO MHTErpaja, HepelKo LUEALID 3aMeHHl mepe-
MEHHOrG ABJAsIeTCA He YNPOIIEHHe BUIa NOALHTErpaabHoRl QyHKIUHA, a

*) HanmoMHHM, 4T0 B CRAY YCNOBHA TEOPeMH 5T8 (PYHKUHS HENPEPLBHO Npo-

moamaema ¢ MromecTBa G na MBomectso G, NpHYeM 3HauenHe NPoXOMKEHHOH
dyukuun Ha rpaHvne § He BANAET Ha 3BavenHe HHTerpana (cm, O, 44.4),
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yHpomenne Buga o6JMaCTH HHTETPHPOBaHHA, GRITh MOXKET, NpU OfHO-
B)EMEHHOM OIlpeNeneHHOM YC/IOKHEHHH NOALIHTETPAIbHOA (QyHKUHH,
[TpumMmep, BauHCAHTE HHTErpan

‘” cos n Y X4 yEdx dy.
4yl

Penlense. Bpejem HoBGle me-
peMeHHBle 7, @ N0 GopMyaM

W

f/
X = reos@, } (46.46) a;/.r

:

y=rsing,
Torga

-

cosp —rsing!

Fel o\ =" Puc. 143
S @ rcos @ :

ar, e
Orobpamenne {46.46) oTofpaxaer IpAMOYTONbHHK

G={(r, 9):0<r1, —nlop<n)

B3aMMHO ONHO31!a4YHO, HenpepuiBHO AuddbepeHuHpyeMo H ¢ SKOGHAHOM,
He paBHLIM Hy/0, HAa KPYT K = {(x, ¥) : ¥* 4+ y* < 1}, u3 xotoporo
BhOpOLIEH Pajnyc, JeXallui Ha OTPHUATeNbHOHR YacTH ocu O, T. e.
Ha MHOMeCTBO (prc. 143)

' = K\ {ix, ) : £ <0, y=0},

3aMKHYTHIT Ke [PAMOYTOJALHHUK G npu oroSpaxennn (46.46) oro-

Gpaxaerc Ha 3aMkHyThifl Kpyr G* = K, npuyem na rpasnue G ato
oTOSpaKeHHe yie He B3aHMHO OJHO3HauHO. SRofuaH oToOpaxeHmns
(46.48) menpepuiBen na (4, npHYeM B ONHOH TOUKE TpaHHLbLl, B Hayajae
KOUPAMHAT, OH ofpanlaeTca B Hoib. Bce ycnoBua, HaknagbBaeMue Ha
otobpaxkenue (46.1) B Teopeme 2' 3TOrO NYHKTA BHINONHATCA JJIA
orobpakeHna (46.46), m0ITOMY MOMXHO NPHUMEHHTL GOpPMYJy 3aMedtl
MepeMeHHOro B HHTErpaJe:

cosn Y B+ yidady = ” r cos nr dr dg =
0

<r<l
—R<pan

2r 1 P 1
=§ dq)jrcos:rrrdr = 2n[rsmm- l—% 3 sinnrdr] = —iﬂ_
b

" 0

Byl

®opmyia (46.32) samennl MepeMeHHOro B HHETErpate MoxeT ObiTb
nojiyuyena H Jis Oojee o0LIEro C/Iyuas, B YACTHOCTH, KOIja fIKOGuaH
oTo0paxeHHua ofpallaeTcA B HO/b B 06/1acTH HHTETPHPOBAHHA, 4 HHTer-
pupyeMas dyskuHs HmeeT pa3pbisel. Ecau MHOXKeCTBa YKa3aHHLIX TOUEK
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HMEIOT Mepy HOMb H OTOOPaKaloTCH Takake B MHOMECTBE MEpH HOdb,
TIPHYEM 5TH MHOMECTBZ PasbuBaior ofJIACTH HHTErpHpOBAaHuA G n G*
Ha KOHEYHOE YHCI0 OTKPHITHIX MEOMECTB, HA KAMIAOM H3 KOTOPRIX HH-
Terpupyenast QyHKIHA NPONOIKAEMa 10 HeNPePbiBHOI BIUIOTb 10 TPaHiL-
uk Gy sKiiaH, To Gopayaa (46.32) B 3ToM cllytae HenocpecTBCHHO Cliedy-
eT 43 JIOKa3aHHOrO BLILIE.

46.3. KpuBoahHeliHbe KOOPAHBATH

DopMyarl
¥ = xa, o), (46.47)

}"—“Y(u: 0}

MO}XHO PACCMATPHBATH HE TONBLKO KaK oToGpameHue, HO H Kak Mepexof
OT OHO{ CUCTEMB! KQOPAMHAT K APYTOH, BOOGINE roBOPs, KPHEOJMHEH-
Hoit. TloAcHUM mpeke BCero NMOHATHE KPHBOAMHeNHOH cHCTEMBI KOop-
JMHAT.

[ycTh G — BEKOTOROE OTKPLITOE MHOMKECTBO Ha IJICCKOCTH £, M
kamaoi Touke M == (x, y) £ G, 2 3HAUNT, 0 KAKAOH YNIOPSAOUEHHOI nape
yuceda (x, y), ApIawlleics KoopAHHEaTaMy Touku M B BuiSpannoli npamo-
YyroJbHOH CHCTeMe KOOpAHHAT, MOCTABAEHA B COOTBETCTBHE I1Apa yucen
(&2, ¥) TAKHM 0Gpa3om, uTo pasHeM Toukam M, H My CCOTBETCTBYIOT pas-
HEIE APl (i, U;) 1 (U2, vs). B 5TOM cIyuae rOROPAT, UTC Ha MHOMKECTRE
(i 3ajana cHcTeMa KOOPIKHAT U, U, [IPH 3TCM €C/IM Touke M cooTBeTCTBYET
napa {(«, v}, To nnwyt M = (u, v). Kaxnan napa (x, v) aBasercs QyHK-
uueil touku M € G, M0TOMY B KaXKABIHA €€ 91eMEHT i H U TAKKE ABJIAETCA
dyuxiuelt ToukH M: u = u(M), v = (M), nan ee LeKapPTOBLHIX Koop-
JAHHAT:

= ulx yh (46.48)
v=v(x, yh

O6parno, Kamnoll nape (4, ¢} H3 pAacCMaTPUBAEMOTD MHOMKECTBA
nap cootBercrByeT Touka M EG, 1. e. tourka M ecrs (ynkuns oap
(v, v): M = M(u, v}, a nO5ToMYy €e [EKapTOBE KOODAMHATL X K ¥
TAKXKe ABAAIOTCA GYHKUMAMH yKasaHHRX nap (u, v}. HHaue rosops,
cripaBeidnBbl popMyan (46.47), sagawoimiue cToGpaxkeHne, obpaTHoe
oTobpaxennto (46.48).

[eomerpryeckoe MeCTO TOUeK (%, ) € (, yIOBJETBOPAIOWAX YCIO-
BHIO (X, ¥) = uy U CCOTBETCTBENHO v(X, ¥} = 0y, TAE Uy H U, — HEKO-
Topble (DHKCHPOBAHHME [IOCTOSIHHBE, HASKBARTCH KOOPOUMAMNOIMG
AUHUAMI B CHCTEME KOOpAMHAT 4, 0.

Henoavays opMyin (46.47), KOOpIHHATHHIE JHHEH MOMHO 3d+
MHCATL B BHAE
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£ = x(uy, )y y=yll, 1), (46.49)
COOTBETCTBCHHO B BUAE
x=x{u, vy), y=ylu, oy (46.50)

B caydae 1ekapTOBLIX KOOPAMHAT KOOPAHHATHBIE JIHHKH CYTh TpS-
Mble, B O0illeM e Clyyae — HeKOTOPHIe KPHBLIE, 3a/laBaeMble IPeCTas-
neHnamu (46.49) u (46.50), UM o
ofbICHSETCR Ha3BAHHE ¢KPUBOJIHHEN- y
Hble KOOpAHHaTH (puc. 144). = AU

Bynem npeanosarartk, uTo (pyHKIHA ¢
{46.47) yaosnerBopsloT Ha (G Bcem v=1,
YCJAOBHAM, NPH KOTOPHX OHLAA BHEEHE-
ba dopmyaa (46.32) sameHn nepemeH- a=u+Au
HOUO B MHTErpaJje, B 4aCTHOCTH, YTO CHH
HelpepblBHO AHdgepeHLHPYEMEl, H UTO
9x.y) e g Ha
dla.gy 1€ pased RyJo .0 T
B cuny 3TOoro KOOpAMHATHHIE JHHHH
B OKPeCTHOCTH Kamao#l TOukM K3 (F AB-
JNRIOTCE HENpeprBHO AHMGepeHLHpYe-
MLIMH KPUBLIMH.

TTocMoTpimM, KaKo# CMBICA GYAET ¥METh B 3TOM ClyYae MOAYAB AROGH-
ana. 3ajuKcHpyem Kakne-THGO 3HaueHus uy, Au, vy, Av. llyers M, =
= (g, v,), I' — MHOMXeCTBO BCeX TOUEK, KOOPAHHATLI &, U KOTOPHIX
VIOBJICTBOP RIOT HEPaBeHCTBaM < 1 <ty + Au, vo< v < vy + Av, 1
nyctb I'({ G. Muoxecrso [' nasumBaercsi xoopOutamubit (KpueolHel-
HbM) napasseacepammon. Muoxectso I' oTKpriTo (mouemy?) W ero
rpaHHua NpecTaBafeT cofofl KyCOUHO-TVIAZKuH KOHTYP {(OH COCTOHT
M3 KPHBLIX BUAA X = X(iy, 0), ¥ = Y(Up, V), THE Uy <L U <L 0y + Av M
T. m.), nostomy I' — KBagpupyemas oGnactb. BoyHcaHM ee miomwanb
cm. pHc. 144). Tlpumensas opuyay 3aMmennl NepEMEHHOTO B HHTETpajle
H HHTECpa/bHYIO TeOpeMy O cpefHeM {cM. M. 44.5), nodyyHm

u=u,

AKoOHaH

Puc. 144

9(x,
B
I Ho <t < up - Au
Ty < U< Uy AV
to-+ Au vs 4= AU
_— 0(x|y) . a(x,y)
T 9 (u, vy M 5 du j\ dv—w—_d(u.ﬂ) MALIAU, MCT.

B cuay menpepuisHoii auddepermypyeMocrd GyHRRui (46.47)

x| _léxy) i
lﬁ(u,o) M ] 0w, u) MG—}B,

rae  lim & = 0. Takum ofpazom,
Aut+Avt+0
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a(x, »)

a0y Au Av -2 Au Av. (46.51)

muF:'
Mg

dopmysia (46.51) mokaseiBaeT, YTO MOAY/Ib AKOGHAHA B TOUKE (i, Uy)
npencTas/iseT cofol KoapUUHEHT ¥ IVIABHOH 4YaCTH MJIOWAfH KOOPAH-
HaTHOro Napai/ieforpaMMa ¢ BepPUIHHOH B TOUKE (i, Up) OTHOCHTENLIIO
npoussefenns Au Avnpu A2 + A = 0.
370 3aMeuaHHe 4aCTO HCIOJMR3YeTCA HA MPAKTHKE IPH BHIYHCAEHHH
AKoOHaHa npeofpasoBaHHR KPHBOJHHEHHEIX KOOPAHHAT B JEKApTOBb.
IlokaxkeM 3To Ha (pUMEPe noOJAAp-
HbIX KOODAHMHAT r, ¢. 3apHKCHpyem
Kakue-An6o 3Ha9eHwWd r, r -+ Ar, ¢ n
¢ + Ap u paccMOTPHM KOOpDAHHAT-
auit napanaencrpamm I' (pue. 149),
o6pa3oBaHHbIH KOOPJHHATHLIMHE JIH-
uusAMH 7, 7 + Ar, o v 9 + Ag. Han-
+— Hbl IBYX ero CTOpOH pPaBHHI COOTBET-
creeHHo Ar u rAg. Bruucaas nio-
aJp 3TOro mapajgierorpaMsa Tak,
KaK ec/IH 06l OH Obl1 OOLIKHOBEHHbIM
IPAMOYI'OJIbHHKOM, [O1YYHM

Pue. 145

mes == r Ar Ag.

Takum ofpasom, koadduuMeHT y npoussefeHHs ArAg oxasancs
gg'ﬂ; == r. B peiictBu-
TeABHOCTH {CM. IpHMep B 0. 46.2) Tak H eCcTb. 3TO MPOH3OLLIC NIOTOMY,
YTQ NPH HAWMX HETOUHLIX BRIYHCAEHHAX nuiowany I nomnyuieHa omnbka
6ojiee BREICOKOTO NOPsiIKa MaJOCTH, 4YeM pomsBeiletde ArAg npu
A2 4 Ag? — 0,

HencrBurenbio, BeiuHcaad mes Kak pasHocTe maouwaneft nByx
CEeKTOPOB, NOJYUHM

PABHLIM r, OTKYJa CCTECTBCHHO OXKKAATL, YTO

A A
mes = 2%') n{r 4 Ar)? “2‘;:“ ne = rArAy - :},:-Ar?.fl\q).

46.4. 3aMeHa nepeMeHHBIX B N-KPATHOM MHTerpade

Bce ckasannoe B npenbAyllHX OYHKTaX 9TOTO Naparpaga
BMECTE C IOKA3aTeNbCTBOM IIePEHOCHTCS H Ha n-MepHLIHA cyyail, nosromy
Mbl OTPaHHYHMCA JHUb (OPMYJAHPOBKCH COOTBEICTBYIOIIHX TEOPeM.

Teopema 3. [Tycme G, E; u G, Ef ~— omxpomue muodxce-
emsa, x = F() = {x;=x; (¢, ... 1), i=1, 2, ..., n}—e3aumno odno-
BHauHOoe HenpepoigHo Qupepenyupyemoe omobpasicenue G, na G,
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(X, -oey 4n)

Gl ween Bp)
Oaree S—n-MepHoti Kyb:

S={t): " <t; <4 n, i=12, .,0cG, 9= ().
Toz0a

axobuan J () = Komopoeo He pasen wymo Ha G, Mycme

i1 o
npu smom, ecau
me LD g o)+ e, )

mo 0af m0f020 02PAHUHEHHO20 3AMKHYMO20 MmHONecmea A,
IOCAC G, pynkyua (9, h) pasnomepro cmpemumces K Hymo
#a A npu h—>0

Teopema 4. lHyems G_. u G, — kybupyemvie omLpot-
muie  mwowecmea, G, c Ey, G, < E!. [Hyeme x = F(t) =
={x; = x; ({1, ..., t,), i =1, 2, ..., n}~—nenpepeigroe omobparxenue
G, na G,, e30uMHO 0OHO3HAYHO U Henpepsisro Judibpepenyupyeso

omobpaxcaiouee G, na Gy, u nyeme axobuan J (f) = a(:‘l' ""t"f;)
Ir «aes Iy

smoeo omobpaxcenun He obpaiaemen 6 noab Ha G, 4 Henpepvigro
npodorxcaen ra G, Toeda ecau pynxyun [f(x) nenpepoisna Ha
muoxcecmee G, mo

frwde, = [ (x@)17 0146,

Ynpamnenue l. Hanucate dopMyab 3aMeRHl NMepeMeHHBX B TPOHHLIX
LHTErpanax Aas 0peobpasoBaHMi KOOPAHHAT:
1} x=rcosycosy, y=costysing, z=rsin,

K4 n
0<r<oe, 0g9<n, —5<P<g

(cheprueCKHe KOOPARHATHY);
) x=rcos@, y=rsing, z=2z,

Qs r<+4o0, 0p<dn, —cc<C2<} o

(LA APKYECKHe KOOPAKHATH).

§ 47. KPHBOJIHHEAHBIE HHTEIPAJIbI
47.1. KpusoauHeiilible HHTETPats NEPBOro pona

Iycre B TpexmepHoM npocTpaHcTBe £ 3azana cpsiMisemas
OpPHEHTHPOBaHHas KpuBas ¥, MycThb r{s) = {x(s), y(s), (s); 0 < s < S}
—ee [IpeACTaB/IeHue, T/I¢ 3a IapaMeTp B3ATAa NepeMeHHan AMHHA AyTH s,
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nyetb A = r(0) u B = r(S) — HauaibHas U KOHeYHAsl TOUKH ¥TCH KpPH-
P
Bofi. B sTem cayuae G6yaeM nucats y = AB. IIpOTHBONOIOKHO OPHENTH-

—
POBAaHHYIO KPHBYIO ofosHaunm BA.

I[lycrs, nanee, Ha TouKax r(s) KPHBOH Y 3adana HeKoTOpas GyHKuus,
KoTopyio ofesnauum F{r(s)) = F(x(s), y(s), 2(s)), wucTO yCcaoBHo Oyjper
ofo3HauaTh ee Takmke cumeanoMm: F(x, y, g}, XoTa ona, Boollle roBops,
M He SBAAETCA OJHO3HauHOM GyHKIHeH ToukH (x, ¥, 2). 10 o3Hayaer,
uTo ecaH HeKoTopas Touka A npocrpanctBa E® apsjsercs Toukofl
camomepeceueHNss KpHBOH, T. e, CyWeCTBYWOT NO kpalined mepe jipa
3HAYEHHA NapameTpa s; U Sy, Tarue, 4ro r(s,) == r(s;) = M, 71O 3Ha-
uyeHus1 QyHKURE F B Toukax #(s;) u r(s;) KpuBoH vy, BooOlle roBops,
pasanunnl. Muaue rosops, dyHKUMIO [ HENBSS  pACCMATpPHBATH
IPOCTO KaK OIHO3HAUEYID (YHKUHIO, ONPEAENCHHYI0 Ha HeKOTOpoM
MHOMKECTBE TPeXMepHOTO NPOCTPAHCTRA.

Takas Teyka 3peHus COOTBETCTBYET (PH3HUCCKOH HHTEPTIpeTanHu
KpPHBOH %, HalpHMep, KaK TPaeKTOPHH JIBHXEHHA MAaTePHANbHON TOUKH,
a GyHKUHH F KAK HEKOTOpPOH CHJBI, BO3ACHCTBYIOLLEH HA Hee, KOTODadA
3@BHCHT HE TOJRKO OT NOJIOMEHUA TOUKHM B NPOCTPAHCTEE, HO H OT MO-
MEHT4, B KOTOPOM OHA HaXOAWTCR B JaHHOM MecTe,

Onpedenenue 1. 3uaienue svipaycenus ‘f Fix, y, 2)ds, onpe-
Geanemoe no opmyae AB
s
[ Fopoayds = [Flx(s), ph 29 ds,  @7.D)
iy i

HA3LBAEMCS KPUSOAUMHCLHOIM URRIEZPAIOM nepsoze poda om (IyHK-
o
yuu F no gpusod AB.
2ToT HHTerpas o003HAYAETCA TaKiKe CHMBOJAMH

jF[r(s)] ds u SF[r(s)] ds, umam, Kopoue, des.
a8 Y

Taxum ofpa3om, XOTa ofpejefenue KPHBOANHEHHOTO HHTErpaia
NEPBOTQ POJIA H CBA3AHO C ONpefleleHHBIMH TeoMeTPHYECKHMH o0pasamH,
OHO CBOIMTCA K OGBIUHOMY MUTErDady 1o OTPE3KY, H NMOSTOMY Ha KpPHEBO-
AMHEHHBIT BHTErPad NepeHoCATCs BCe CBOKCTBA OOBLIMHOTO HHTETpasa.

OTmeTdM HeKOTOphie chenuduuecKHe CeofictBa nurerpata (47.1).

L {ds=S8.
in

Imo oveeudHo.

2. Ecau gymiyus F nenpepoisna 6 moukax kpusod y, KaK QynKyus
napamempa s, m. e. ecau wenpepuvisha Pyrxyus Flrisll, 0 <s < S, mo

LRMeEpa SFds Cyiecmsyen.
LY
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B camom aedne, cornacuo onpegesenno (47.1), unterpan S Fds cROART-
3 ¥

CH K HRTerpany SF 1x(s), ¥(s), 2(s)lds or HempepEIBHOH (YHKIHH IO OTPE3-
0

Ky, KOTOpHIH, KaK H3BECTHO, CYIEeCTByer,

3. Kpusoaunetinoli uHmezpin nepsoeo poda He S0BUCKIT G OpUERME-
uu Kprool

5 F{x,vy,2)ds = j F(x,y, 2)ds.
Ak LA
Heficreutenbho, nycts M = r(s) —
—
TOuKa KpHBOH M s = 1.  AM, Ecas
2
=8 —s, To 0=np1. BM (puc. 146).
@yuaguna r = r(§ — o}, 0 0S8, aB-
—

JSIeTCsT NpeAcTaBfieHHeM KpuBod BA, no-
sTOMy, Aenas B HATerpane (47.1) sameny

NEepEMEHHOTO0 § = S — 0, NoAyYHM Pue. 146
5
j Fix,y, 2)ds = §F[x(s), y(s), z2(s)ds =
aB

= bSF{)c(S—cr), y(S—0), 2(8§—0)jdo = 5. Flx, vy, 2)do.
74
Tlpexge yeMm nepediTd K CJAeLyIOLLEMY CBOHCTBY, 3aMETHM, UTO MH-

verpan S Fds, Raxk U BCAKUA MOTErPaJ, ABAAETCH NPENCIOM COOTBETCTBY -

Y
HOLIMX HHTCIDaJIbHBIX CYMM, CHGHHQ)HK& 3TOTO caydasg COCTOHT JIHILB

B TOM, YTQO 5TH CYMMbl MOMKHO ONHCAThL B IeOMETDHYECKHX TepMHHAaX,
CBA3AUHEIX C KPHBOH y, N0 KOTOPO#H Begerca uuterpuaposanue. Chopmy-
AdpyeM 310 Gojee TO‘{HO

4. fTyems ©= {s YiZh - pasfiuerue ompeska (0, 81, &, €051, 5,1,
i=1, 2, .., i, As —0/:%«1 qaAcH KPUEGH P OM MoK r(s;_ul)

do mouxu r{s;) u o,= ZF[r (E:) As;. Tozada, ecau ghynryun F [r (s)]
=1

untmeepupyena no Pusany na ompesxke {0, S}, mo

lim o, = des (47.2)

G0
JleficTBHTEALHO, 0. OYERHIHO, ﬁBJmeTCH uHTerpaJpHol cymmoi Pu-
5

MaHa HHTerpada S Flr(s)lds, u notomy dopmyaa (47.2) HenocpeacTseHHo

Q
caeayer u3 dopMyan (47.1).
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Gopmyna (47.1) ovenr ypobH2a Ang H3yueHHA CBOHCTB unTerpaja
SFds, OIHAKO OHA JANEKO HE BCerha ynobHa AiA ero BBIUHCIEHHS, TaK
b4
KaK HePeJlKO OBBAET OUEHD C/IOKHO HIH JaXKe [IPAKTHYECKH HEBO3MOMWHO
HAlTH mpeicTaBjieRHe AaHHOH KPHBOMH, Ijle 3a napamerp B3ATd nepe-

MeBHAaA AHHA AYrd, YERamem nostomy Qopmydy LI MHTETpaaa SFds

¥
npH JMoGoM NapaMeTpHYeCKOM MPeNCTaRJACHHH KPHBOH ¥.

5. Hycmv vy — nenpepoisho dupepernyupyeman kpusas,
r)y={e @), v, x{) e << b}
—ee HenpepulaHo Sudepenyupyemoe npedemasaende,
PEOFYTO+HATO>0 eI

t nycme ynxyua F nenpepoiena Ha wkpusod y (e MOM CMOICAL, WO
thynxyun F [r(f)] Henpepoisra na ompeske [a, bj ), mozda

&

(Flx yods={Fle @ 9@, 20 O+ " O x O dr. (47.3)
¥ u

B camoMm pene, mpu cAed2HHEIX NPEANCIOKEHRAX KPHBAR Y CIPSM-
NfeMa B NePeMEHHYI0 JUTHHY AYIH § = s{f) MOXHO NpPHHATH 32 nHapa-

METP, H TOTOMY HHTErpaJl SFds umeeT cMuical, Jlenas saMeHy nepemeH-

Y
Horo s = s(f) B npaeoli uacTu pasedctBa (47.1) u Bcnommias, yro
(cm. 1, 16.3)

=V Ty

noayuuM QGopmy.ay (47.3).

Wz popmyant (47.3) chenyer, 4to J/1s N1aHHOH KPHBOH 3HaYeHHE HH-
Terpa/ia, CTOSLIerc B mPaBofl dacrH papedcrsa (47.3), He 3aBUCHT ot
BoiGopa napameTpa Ha KpuBo#t, HGo npu MioSoM BLOpe napamerpa sToT
HHTErpaj paBeH WHTETpany, CTORIIEMY B JIEBOH HaCTH 3TOTO paBeHcTBa,

47.2. KpMBoanHeiinble HHTErpaas BTOPOro poga

Psaz mareMarnuecKHX M [PHKJIAIHBIX 33534 [PHBOAHT K
KPHBOJIMHEeRUBIM HUTerpasiaMm Apyroro tuna. Hanpumep, ecin ¢ = r{f)
ABJSETCA PaNMyC-3eKTOPOM IBHKYIIEHCH MaTePHAALHOH TOYKH, @ BEK-
Top F = F({) Bupawaer coGoit culy, AeHCTBYIOLLYI0 HA NAHHYIO Ma-

*) Takum ofpasoM NpeinoNaraerTcs, YTO HA KPHBOH y HET OCOGHX TOueK,
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TepHaNLHYIO TOUKY, TC €CTeCTBEHHO onpenennTs pabory cuauw F proas
TPAEKTODHK y PaCcCMATpHBaeMOH TOUKH, KaK HHTErpaJ

{Far
J

uwmn, ecan F=(P,Q, R), a dr = (dx, dy, d2), B KOODAHHATHOH 3a.
nrCH, KaK HHTErpana

[ Pax+Qdy-+Raa (47.4)
BenoMunag, uro (e, . 16.3)
dx dy dz _
45 = €058, o= CO0s B, 7; = Cos ¥, (47.5)

rie £ = (cosa, cosf, COSy)—eNHUHYHBA KacaTeNbHBIH PEKTOp, HH-
Terpaa (47.4}) ¢opmMalbHO MOMHO NepeliHcaTh B BHAE

E(Pcosa-i-Qcosﬁ—l-Rcosv)ds.

ChopmysipyeM Tenepb CTpOroe ONpeae/ieHHe HHTETPanoB BHla(47.4),

Tlyete v = AB — HenpeprBHO AH(pepeHLdpyemas OpHeHTHPOBAH-
Has KpHBas Oe3 0cobblX ToueK, Toraa CyllecTBYET TAKOS ee HenpepHBHO
audepepenuHpyemoe MpeicTaBlcHHE

r@)={e@, v, 2 a<i<b}, A=r(a), B=r(b),
yTo
¢ @) +¥ O+ (>0, a<t<o,

flyctb s == s(f)—nepeMendan Aauna ayrd, 0 <s<<S = an. v,
oTCUHTLIBAaEMas OT KoHUa A wau B, (eosa, cosf, cosy)—eiHRAYHbI
KacaTe/bHBl  BeKTOp K KpuBOH, a=0a(s), B=f(s), y=7y(s),
0 s S, unyers qyHKUNA F XaK W B npeAblaylleM TyHKTe, onpe-
JeaeHa Ha MHOXecTBe {r(f), @ <! < b} Touex KpuBo# Y.

Onpedenenne 2. Bupanenue F{x, y, 2ydx onpedeanemca

AB
7o Qopmyae
j F(x, y, 2)dx = j‘ F(x, y, z)cosads. (47.6)
aB an

Anarocudno no onpedeleniso toaa2aemes
f F(x,y, 2)dy = j Fix, y, 2ycospds,

ap Al (47.7)
j. Fx, y, 2g)dz = j. F{x, y, 2)cos pds,

AB Al
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Humezpano: sude (47.6) u (47.7) nasesaromes KPUBOAUNETHOIMY UH-

—_—
mezpaiamu emopozo poda om gyaryua I no kpusold AB.
EcTecTBeHHOCTDL 5THX onpelenenuit BUAHA H3 dopmys (47.5).
OTMeTHM HEKOTOpLle CBOHCTEA 3THX MHTETPANOB, OTPAHHUHBANCH
JUIs KPaTKOCTH TOJILKO ClydaeMm HHTerpada (47.6).
1. Ecau hyuryus F Henpepbigra Ha Kpueol v, m. . Henpepusia dymk-
yua FlrDl, a < { < b, mo unmeepaa (47.6) cyiecmaoyem.
HelicTeuTesko, Ipy  CAGAAHHDLIX
y OTHOCHTRNEHO  KpuBOH y  npel-
NOJICIKEHRAX PyHkuns § = Hs), (f —
M 8 napaMerp Ha Kpueo# ¥, s — nepe-
MEHHAad AJHHA IYrH) HEeNPephBHO
/ ruddepeHLUpyeMa Ha OT%eSE{te [0, S1,
X
NOATOMY By HKIHA cosa=_3" -
~ PEIBHA Ha 3TOM OTpe3ke M, Caeaosa-
TeALHO, B CHAY cBoficTBa 2 KpHBO-
NHHeHHBIX HHTETPasioB IEPBOLG poia
Puc. 147 (cM. m. 47.1) unrerpan (47.6} cyue-
CTBYET.
B naabHefineM B 3TOM NMYHKTE s NPOCTOTH GyiaeM npepnonararsb,
4TO YHKLMA F HEeNpephBHA Ha KpHBOA y.
2. Kpusoaunelreli unme2paa 8mopoan poda MeHAem 3HAK Npu wi
MENEHUN OpueRmayuy Kpusol, m. e.

5 Fix,y, &)dx = — (' F(x,y, 2)dx.
N A
AB 5A
B camom nese, eclH @ —— Yrod, o6pazoBaHHBIA NOMOXKHTEALHEIM Ha-
o
npaBleHliem Kacarerbhol K Kpusof A5 ¢ ocslo Ox, a o' — yroda, ofpa-
30BAHHEIN NOJOMKHUTCIBHBEIM HANpaBAeHHeM KacaTedbHOH K KPHBOR

Hempe-

N
5

—
BA ¢ ocvio Ox, TO 1414 COOTBETCTBYIOLIHX TOYEK OYAeM HMEThb
o' = a -« (puc. 147) u, ciegoBarenrHo, cos o = —cos o,
Hcnonesyst Teneps CBOHCTBO HE3aBHCHMOCTH KPHBOJMHEHHOTO WH-
Terpaja nepEoro poja OT OpPHeHTaudu KpusoH (eM. m. 47.1), nonyuum
S Fix, y, 2Ydx = j F{x,y, 2)cose'ds=— E Fx, y, 2)cosads =
BA BA B4
= — j' Flx, vy, 2)cosads = j. Fx,y, 2)dx.
an AB
3. Aaa unmeepasa (17.6) cnpasedausa gopmyaa

&
JFw oy ade={Flow, vo, x01¢0d  @1.8)
AB a
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HeficreuTensio, coraacHo onpenenenun {47.6),
5

SF{x, ¥, 2)ds = § Flx(s), v(s), z(s)}cosu(s)ds,
AaB

llenan B uHTerpase,.crofuleM B MPaBofl YACTH 3TOTO PABEHCTBA, 3a-
MeHY TIepeMeHHOre § = s(f) u sameuas, uto (cM. 47.5)
dx &
CoOsS = d_S == ;‘,— ’
!
NoJayYHM

s

J Flx(s), y{s), z(s)cosa(s)ds=
" 5

= [Flow, v, xO17 sids =

7
={Flew, vo. 10100 dt,

yTo H AoKaswBaetr Qopmyay (47.8).

OrmeTHM, YTO Mbl ZOKA3a/IH TaKKe, YT0 HHTETpall, CTOAWNI B npasol
yacTH 3Toli GOpMY D], He 8aBHCUT OT BRIOOpa NapaMeTpa Ha KpHROH.

B wactHoM ¢aryuae, KOTId 34 napameTp ¢ MOXKHO B3ATH MEPEMEHHYIO X,
1. ©. ROTJa Kp¥Bas y HMeeT NpeAcTaBleHde

y=Y(x)s =z(x), a<xb,
ttopmyna (47.8) npnHuMaer BHA
B
jF(x, y, 2)dx = j‘F[x, y{(x), z(x)) dx. (47.9)
1 a .

4, Humezpas 5' Fix, y, 2)dx asanemcn npederom coomeemenn-

—

AB
BRIOUUX URMeSPaAtbLHLIX CYMM, ORUCHBACMDIX 6 MEPMURAX, CH3UAH-
i=ig

waX € Kpusot y, moumee: ayeme 1= {{.}.7¢ —pasbuenuc ompessa
lﬂ, b]; Elé[ti—la tiJs i= ]: 2: sery i{]; u

Ly
6. = X FlrE) Ax,,
i ]

2de Ax,= x({;}) — x (tiw1), mo2da

limo, = 5 F(x, y, 2)dx. (47.10
61-0-0 ;1—[‘,"
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B camoM jgene, o Teopeme o cpefHeM Ax = x'(n,) AL, rae
I]ielfl_l,f,-], Ati—-_—-ti'—tj__[, i=1, 2, ..., iy

NO3TOMY

0. = iE] FlrE) 1o () AL,
TTonoxum

0= B FIr@)w @) A

Cymma o, fBIfeTc® uurerpanbHoii cymmod Pumana nas ¢ynxuun
Fir ()] 9'(f), nosromy

&
limo, = { Flr@)1o () an (47.11)
3 +0 a

C npyrofi croponsl,

Iy
| G—o0:| < i;‘ |Flr G} 19" (n)—o' )AL <

<08 ¢ (b--a)a sup J Fr ),

rie o(8; ¢') —monyas HenpepuieHoctH ¢ynkunn @, Tak kKax
W3 HemnpepuiBHOCTH GyHKUMM F[r(f)] va orpeske [a, b] crexyer, w0
sup |Fr(f)]|< o0, a W3 HENPepPHBHOCTH (HYHKUHK ¢’ Ha TOM ke
agigch

oTpeske caelyer, uto lim @(8,; 9 )=0, 7O éh'mo(fn—-c‘):().
5, -0 -

Hostomy B cuay (47.11) monyunm
b
lim 5.= | Firoe'ode.
i, 0 a

Ortciona, cordacHo cpofictey 3, u caeayer ¢opmyana (47.10).

Mbl OCTAHOBHAHCE TOARKC HA TeX CBOHCTBAX KPWBOAHMHEHHLIX HH-
TeFpaNos, KOTOPEIE CBA3AHLI CO CNeUHDUKOH KX ONPENETIEHH S, C KPHBOH,
no KOTOpoH npousBOAMICH HHTerpuporaxne, Ecrectsermo, yto, no-
CKOILKY paccMaTpHBAacMBIE HHTErpajibl CEOAATCH K OGLIYALIM HHTErpas
JaM MO OTpe3KY, Ha HHX NepeHOCATCH H pas/HYHhe HX CBOMCTEA (MM~
HEeHHOCTb OTHOCHTE!IbHO HHTErpipyeMblX (DYHKUHH, HHTErpaibHag Teoe
pema o cpefHem d, 7.1},
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47.3. Pacunpenne kJaacca A0NyCTHMbIX npeolpa3oBaHHi
napamerpa kpusoi

Henpepnisto nudxpepeHunpyeMan opHeHTHPOBAHHAA KPHRASs
fiez 0cOGRIX TOuEK onpefeisnack Hamu {cM. 1. 16.1 u 16.2) kak xpuBasn,
uMelolan HempepblBHO AH(depeHuHpyeMple  npeacrasieHHs  #{l),
u <t < b, Takue, uto ' (f) == O Ha otpeske la, b). B kauectse gonycru-
MolX npeofpasoBaHH# napaMerpa nNpH STOM PacCMATPHBANHCE TaKHEe
yHEuHH

(={1), a<t<P, {uy=a, (P)=0,

KoTOpbie GbliIH HenpepsIBHO AH(XpePERILHPYEME] H HMENH NOOKHTEALHYID
1IPOH3BOIHYIO Ha oTpeake |a, bl. BTo TpeGoBaHue, ONHAKO, YACTO OKasbI-
BAETCA CNHIIKOM ofpemeHHTeNbHEIM. Hanpumep, a1s ayry y eqnHuuHoll
OKPYKHOCTH € LeHTPOM B Hauyane KOOPAHHAT MPeACTaB/CHHA

y=VY1=x 0g<x<],

g

x=cos!l, y-=sint, O{;tgg,

OKAa3bIBATCH HE3KBHBA/MEHTHBIMA B 5TOM cMbicie. [la u camo nipeacran-
aense y =1 1— 122, 0 < x < 1, He onpenesser B naueM CMpICAE He-
npepbiBHO ANdpepeHHPYEMYIO KPUBYIO, TIOCKO/BKY 1IPH X = 1 NPOH3-
poaHan He cywectByeT, [losToMmy ecTecTBEHHO paCILHpPUTE KJaacc Aony-
CTHMHIX Mpeofpa30BaHHit napameTpoB H RONMYCTHMBIX fIpeACTaB/IeHH i
HeApepuIBRO AM(GPEPeHIUPYEMEIX KPUBHIX. 3TO MOMXHO CAeNaTh Clefy-
10ii4M 00pa3oM.

PaccMOTPHM COBOKYIHOCTB IpeicTasienuit r = r{f), a < f < b,
HenpepuBHLIX Ha oTpeske |a, bl u HenpepmBHo AudxpepeHUPYEMBbIX HA
unrepsane (a, b). onycmumnsim npeobpasosanuem naparempa 6yleMm
HazuBaTh BCAKYIO Gpyakuuo § = (1), a <1 < B, i(a) = a, {(f) = b,
HelpepuBHYIO Ha orpeske {a, Bl, HenpepuiBHO AMddepeHLHpyeMyl0 i
HMEIILYIO NONOKHTENLHYIO [POU3BOAHYIO Ha uHTepBate (a, B). Kak
BCeraa, [Ba NpeiCTaBJIeHNA HA3LIBAIOTCH SKUGAACHIMHOIMIL, €CTTH MOXKHO
nepelTH OT OJHOTO K JPYTOMY C NOMOILIO JONMyCTHMOro npeofpasoBa-
HHA HapaMera,

Onpedesenue 3. Kaace sKeusaaehmubix npedcmasienuli yxas3au-
noee muna sedaem  HenpepwsHo Oudbeperyupyemyir Kpueyw, ecau
6 WMOM KAacce cywiecmsyern ho Kpatinell mepe oOno npedcmasicrue
r=1e(t), a<t<b, nenpepoisHo Oupdepenyupyemoe Ha ecem om-
peake a, bl.

Onpedeaerue 4. Henpepoisro Supheperyupyeman gpusan Haspioa-
emca Kpuesodl 6e3 ocolbix MoueK, ecau npu HEKomopom ee npedomasaenun
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rt), a< t< b(aanauum, u npu scex npedcasieHUAX) BuACA=
waemcs yeaosue ¥'(f) 5= 0, o<t < b.

B cubiclie 3TOrO ONPEIe/enHs IBAa BLILEYKA3aHHEE IPEACTABJE.
HAA HYIH OKPY2KHOCTH OK&3BIBAIOTCA SKBHBAJICHTHEL H 384d0T Hes
TipeprBHO AH(pEePEHUHPYEMYIO KpUBYIO,

OcraloTcsl B CHAE U BCe JAHHBIE BLIHIE ONPEALICHHA KPHBOMHHEANHX
MHTErpasoB H HX CBOMCTBA, eCTeCTBEHHO, NPH YYeTe TOTo, YTO NpPH He-
KOTOPHIX IPEICTABMEHHAX KPHBBIX MBI MOMEM [OAY4YHTH HecofcT-
BEHHBIH HHTErpall.

Caenyer NoJAYepKHYTB, YTO pacHIMpeRNne KJjacca NOpenctTaeacHuil
KPKBOI MO3BOJIAET NPOH3BOLKTHL BLIUHCJAEHHE KPHBOAHHEHHOrO HHTEr-
para npu 6oee pasHoofpasHbX npeicTasaenuax kpHsod. Hampumep,

HHTErpan SP(x, ¥)dy, rne y —paccmarpHgaemas BhItle AYTa elUBHIHON

¥
OKPYKHOCTH, 8 P — HellpephBHAA HA ¥ QYHKIHA, MOXKHO BbIYUCAKTL,

o3y #Ch 0G0UMH YKasaHHbIMH [NOpCACTABJACHHIMHEL

N xdx

1
EP(x, yydy = *SP(x, 1A Vi
1 0

amlﬂ

Y P(x, yydy = -— | P{cost, sin{)sintdt.
T ¢
B nepsom coryuae 3lect MOMKeT NOAYUHTBCS HeCOOCTBeHHEIH HHTErpaL.
Bumecre ¢ Tem npH IOKa3aTeJbCTRE TEOPEM MOXKHO BHIGHPATD <XOPOLIHe
LPEACTABNEHHS», T. €. HElpepHBHO RUGQEPeHIHpYEMbe BIIOTh 10 KOH-
LOB OTPe3Ka, TaK YTO NPOBEACHHBIE BHINIE PACCMOTPEHHS OKASHIBAITCH
CNpaBeIHBLIMHM H JJIS PACIIHPENHOrO NOHATHA KPHBOH.

Ynpaxuenne |. loxazars, yTo ApH HOBOM DNPENe/IEHHE HENDEPHBLO
Indpepennupyemoli KpuBOH ¥ 6e3 0co0bIX TOYCK €e LMHHA BoIpax)aeTes GopMyaofi
b

j‘l/x'z—ky’?-wf— z'd¢, TR HAamHCARN:I HHTErpad, BOOGLE FOBOPs, HecoOCTBERNI A,

[

474, KpuBoavHeHLIe MHTET DA BI
10 KyCOYHO-TAAKKEM KPURLIM

Onpedenenue 5. Ecau kpusaa y Kycouno-zaadkas, m. e,
RPEGCMABUM KAK CYMMQ KOHELHOEO WU SAGOKILX KDUBBIX V1; Vas +oer Vs
a gynrkyun F(x, ¥, 2) no-npexcuesmy onpedeseHa Ho MOYKaxX Kpusod ¥y,
mo 1o onpedeieniiie ROAJCUM

k
EF(x, ¥, 2)dx = 2 j.F(x, ¥, 2)dx,
i

=17
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Ecnn y—rkycouno-raajikan kpupan g x=x(f), y=y(), z=z(),
a < < b, —ee KycOuHO-IVIAJIKOE HPEJCTAB/JIEHUE, TO rakxe Oylem
N HCATh

b
(Fay 9de= [ Fle®, y©, 20150 dt
1 a

(anecs x'(t) MomeT ChiTe HE ONPEAC/ICHA B KOHEYHOM YHCIE TOUEK 0T«
peska {a, b)), nonuman HETerpan, CTOALME B NPABOi YaCTH pABEHCTEA,
poobile roBOpS, B HECOGCTBEHHOM CMBICJE.

AHanorgunnie oUpeJlesicHHA HMEIOT MeCTO H JLIA HHTeipalocB BHaa
(47.7). B panpuefilileM HDPHACTCH HMETE AEJIO € CYMMaMH HHTErPaloB
sufa (47.6) u (47.7), T. e. ¢ uRTerpanamu Buja (47.4), rre P, Qu R —
HEKOTOpHIe QYHKILHH, OUpeie/]eHHbe HAa TOukax KpHeoil y. Coraacio
onpeneacHusm (47.6) u (47.7), cupasepansa dopmyaa

j'de+Qdy+RdZ = j'(Pcosa—}—Qcosﬁ*}—Rcosv)ds.
¥ Y

Sameuanue l. Ecan I' ofcanauaer KoHeunyio COBOKYNHOCTD
KyCOUHO-TIaJikHX OPHEHTHPOBAHHBIX KPHBBIX vy = 1, %, ..., &, To o
onpejiesenHIo

ke 4
des:—-Zdes, j‘Fdx= JFdx{dT. I
F F ;

":2] T‘- i=s ] Tf

Sameuarnune 2. Mu JaiH onpefleNeHMe KPHBONKBEHHLIX Hu-
TErpajoB LIS KPHBLIX, JEXALHX B TPEXMepHOM npoctpanctee B3, Co-
BEPIIEHHD aHANCTHYHO OHH OUPEISISIOTCS H ISt KPHBRX, NKALHX
B #i000M #-MepHOM IpocTparcTBe Ef, n = 2, 3, 4, ... . Kpusoaunei-
Hbi€¢ MHTETPAJbI B A-MEPHOM MPOCTPAHCTBE OOMAAa10T eBOHCTBaMH, aHa-
JOTHYHBIMH PAcCMOTPEHHBIM BHILE B TPEXMEPHOM CJydae, NDHUeM KO-
Ka3aTe/bCTBA HX TAKIKE COBCPLIEHHO AHAMOIHYHB! NPHBEIEHHBIM BRILE.
TlosToMy Me! He GyleM OCTaHABAHBATLCA HY Ha GOPMYJUPCBKAX, HH Ha
JCKa3dTeIbCTESX COOTBETCTBYIOIHX YTBEpMACHHH,

47.5. ¢opmyana Mpuna

Onrpedeanenne 6. [lycms npocmodt samxnymotd Kokmyp
saAnemci eparuyed ogpanusennod naockoll obaacmu (. Ecau opuenima-
yuR Koxmypa soildpana maxkum oOpasom, umo npu 0bxode Konmypa v,
COOMBERICIIBYIOLEM  BOBPACMARUI  napavempa, obaacme G ocmaemes
cresa  (maxod o0b6x00 obemue ra3uBaEMCE OOXO00M KOMMYypPH RPOMUS
4OCCS0ll CMPeAKU}, MO 3Ma CPUEHMOYKUN HASLIGUEICH  ROACHCUMERGHOL,
8 NPoMuUsHOM sice caydae (m. e. koefa o6xo0 KoHmypa npoussodumcs
no wacosolt cmpeaxe) — ompuyamesvrod (puc. 148).
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TMonoxRATeAbHO OPHEHTHPOBAHHKIA KOHTYP OyilleM ofosHadaTb y+,
4 OTPHIIATENbHO OPHEHTHPOBAHHEIH — vepes Y. DTH IOHATHA Onpeaee-
1ibl He CTPOTO, He B TOYUHBIX MaTeMaTHYeCcKHX TepMuHax. OIHaKO MH He
OyneM jaBaTh 3[eCh TOUHBIX OOpede]eHuid, ¢ OAHOH CTOpOHKI, NOTOMY,
YTO STO HENL3Sl KOPOTKO CAeNaTs, a ¢ APYrof CTOpOHLL, NOCKOABKY B
JabHEHIIeM BO BCAKOM OTAS/MbHOM CIyuyae pacCMaTpHBaemas OpPHEHTa-
LHs BCerla GYJeT KOHKPETHO YKA3bBATHCS. T€M CaMbiM Hawe «obLiee»
onpejeNeHHe MONOXKHTETbHOR H OTPHIATENIEHOH OPHEHTAUHH TTPOCTOro
3aMKHYTOTO KOHTYPa NMOCAYKHT JHIUL JNf FeOMETPHYECKOA HArRARHO-
CTH pPacCcMATpHBaeMbIX HHIKE BOMPOCOR,

Teopema I (ghopmyaa I'puna). Ilycme G — naockas obaacme u ee
eparUya Y RBAREMCA KYCOUNHo-2aalxum woumypom. [lycme obaacme G
mozcem Gouns pasbuma Ka KOHEUHOE HUCAD SACMERITAPHBIX OMHOCUITIEABHO
ofeux wroopOuramueix oceli (em. n. 45.1) obaacmed G:*', ¢ KycouHo-
2AuOKUML eparugamit v, £ =1, 2, ..., k. flycme, daaee, & samxuy-

moi obaacmu G sadaust pyniyun P(x, y) u Q(x, y), nHenpeporsrsie

—_ k)
Ha G sMecme €O CAOUMU HACHIHOIMU RDOUIBOOHBLMIUL 9Q
Tozda cnpasedausa popmyaa

(Wua'—x' .

Lj(%'%)d“’y =1ipdx+Qdy- (47.12)

Hokazatenscrpo. [TycTe cnayana ofnacte G cama sremenrap-
Ha OTHOCHTENIbHO ocell Ox H Oy, M, C/IeI0BATENbHO, ee TPAHNHLY MOKHO
NpejCcTaBATh Kak oGbenHeHHe TPafuKOB ABYX KyCOUYHO-HEIPEPbIBHO
nugxpepenuupyemblx QyHKUME @(x) # P(x), 9(x) < P(x), a < x < b,
i, OEITB MO2KET, OTPE3KOB [IPAMEIX X = a4 U X = b, a TaK®¥e Kax ofbenuHe-
lde ABYX TPaPuKoB KyCOUHO HenpepsiBHO AndxpeperLnp yeMuX Py HKLHI
(M u Py, a < By, c <y < d, u, 66T MOXKET, OTPE3KOB NIPAMBIX
x=¢nx=d (puc. 149).

B atom cityuae, npumeHsf MPABHJO CBEAEHH: ABOHHOTO MHTErpaja
K MOBTOpHOMY, TeopeMy HuwoTona — JlefiGuuua (n. 29.3) n ¢opmyay

(47.9), Hmeem
b rdln
8P P
oy =§| | 2| os-

a Le(x)

*) Dr0 oiHauaeT, 4TO [G,—}f:f ABAACTCH pasbueHHeM o6nacTu (G (oM. 1. 44.3),

*¥) HenpepblEHOCTE YACTHBIX NPON3BOAHLIX HA G MOHUMAETCA Tak: 5TH npoua-
eoXIBE HeNpepuiBubl B § # HENPEPHIBHO MPOAOKaeMEl Ha rpaHany G {cm. . 39.3),
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o b
= [ {P1x, N —P1x, @y dx = [ Py, w01 dx—

b
— P Lx, o(0)dx =J\‘P(x, y)dxujp(x, V) dx =

[219 AB

=~ [Pz, y)dx— (P, pyar. 47.13)

3ameuan, uro pas oTpeskos BC v

n DA
7

4 v

/ [ i
Aonowumenshar Qmpuyameneran —
apUEHmaA IR oDHeHIIRUA [ T
Puc. 148
j‘P(x, y)dx = SP(x, P)dx =10 (47.14)
BC DA

{370 Cpasy caenyeT, Hanpumep, H3 dQopmyaw (47.8), nbo 3xecs
x=const u noromy dx:==0), H, ckhajnisas paBenctBa (47.13) u
(47.14), nonyaum

j‘j g_dedy= —-j Pdxy — J‘de—- Jde — S.de=— S Pdx.
& i i & o v
(47.15)

[Tpy 3TOM moAyYs/Iach OpHEHTALMA IPAHHYHOIO KOHTYpa ¥, IPH KOTO-
poli C/leAylOT HocneloBaTeIbHO OfHA 32 Apyroi Toukd 4, B, C, D, 3ra
OpPHEHTAIIAA HA3KBAETCs HONOXHUTEeNEROH (CM. onpeneneune 6) u 06osua-
yaereda yt,

CoBepllleHAO aHAJOTHUHO, HCXO/A H3 TOTO, YTO 06A4CTh (F JeMERTAp-
Ha OTHOCHTEALHO ocH Oy, BHBOAMTCA (pOpMY.Ia

Hggdx‘h’=j@dy- (47.16)
G _[+

Craanpieasn (47.15) u (47.16), mul H noayuum ¢opmyay [pana (47.12)
LA pacCMATPHBAEMOTO CJyuas,
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Pacemorpum obuuil cayyail, Ilycrs obnacts G pasGurta Ha ofaacTh
Gy, i = 1,2, ..., k, yKa3aHHOIO B YCROBUSX TeopeMbl BuMA, B cuay no-
Ka3aHHOTO J1A Kaxjoro { = 1, 2, ..., &

3 P !
”(5} —a—y)dxdy _j P dx+Qdy.
G, %
CnoxuM 3TH paeeHCTBa:

k , 2
2 j (5;@-27’)) dx d}'=2 j’ Pdx--Qdy. {(47.17)

{=1 G; =1 7;

B cuAy aIfMTHBHOCTH JBOHHOTO HHTErpala N0 MHOXKECIBaM
(cM. 1. 44.5)

k
30 oP C({feq op
s (H“@“)d"di’—j‘j(zﬂ"‘;—a’)d”y'

i1 Gy

B cymme, croamell B npapoil yacTy paredctsa (47.17), KpHBOAHHEHR-
ALl HHTerpaibl 0epyTcs JIBAKIbI MO BCEM BHYTPEHHHM YACTSM TPaHuLL
v; ofnacteid (J;, T. e. TaKHM 4acTAM KPUBLIX ¥;, KOTOpble ABIAIOICA
NacTbio Tpadul fyx obaacreii G; , i = 1,2, ..., & H, cleloBaTeNbHO, He
BXOAAT B rpandiy obnactu G; IPH 5TOM OPHEHTALINH 3THX 1aCTeH KPUBBIX
v; npoTRBONOACKKHE (puc. 150). B cuiy usMenenus suaxka Kpuponunei-
HOTO WHTerpaja sToporo poja NpH HSMeHeHHN OpUeHTAUHH KPHBOH cyM-
Ma IBYX XPHBOAMHEHHBIX WHTETPASOB MO YKA3AHHLIM YaCTAM KPHBHIX
v: pasua Hymo. IlostoMy B mpaboii cymme gopmyarr (47.17) octanytca
TOABKO HHTEPAJIE! IO NOJIOMHATEIEHO OPHEHTHPOBAHHBIM HacTHM TPaHH-

bl Y 06/12CTH G, JAKONIHE B CyMMe S Pdx+ Qdy. Takum obGpasom,
.“i"

&
> [ Pds+Qdy= | Pdx-+Qay. (47.18)
s 7*

fe==]

Ha gopmyn (47.17) B (47.18) u caenver Qopmyna (47.12) & ofitnem
cayuae.

TeopeMa JoKazana.

Hyctn G — orpaduuednas o6/acTb Ha IVIOCKOCTH E? W HyCTh ee
TpaHHIA COCTOHT K3 KOHEUAOTO YHCA4 NPOCTHX KOHTYPOB, KOTOpHIE
Gylem Ha3bIBATH epanudnemy Kowmypamy. Eci¥ rparwuHbE KOHTYD
ABASETCA OAHOBDEMEHHO M TPaHHLeH HeOrDAHHYCHHOR OGMACTH, JAexka-
med 8 E*\G, 10 GyieM HAshBATH €TQ 8NEUMUM, 2 eCJH OH ABARETCH
ONHOBPEMEHHO M TpaHHuell orpanuyennofl obnacry, Jexamedl B £2\G,
To — eHympentum, Tak, na puc. 151 KOHTYp y. BHewHuH, 8 KOHTYDHI
¥y H Y2 BHYTpPeHHHE,
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Ecau rpanuua o6iacTH G COCTOHT H3 BHEUIHETO KOHTYPa ¥, H BHYT-
PEHHHX KOHTYDOB Yy, Vigy «»vy Vim M €CJAH 00JACTh (4 MOkeT HuiTh pas-
OUTd H3 KOHEYHOE YHCIO ANEMEHTAPHBIX OTHOCHTEJIEHO ofoux KOQOpaH-
HATHBIX Ocell ofnacTelt ¢ KYCOYHO-TVIaAKHME PaHHLIAMH, TO CIIPARE/NIHBA

tdopMyna

5;5(2%—%’)dxdy= ide+Qdy+i Sde-{—Qdy. (47.19)
Te

i=14~
1

Puc. 150 Puc. 151

dyugnng P 3 @, kak ¥ BRI, NpeAnoaaralorcst HenpephiBHLIMH

a9Q

apP " =
BMECTC CO CBOUMHM HPOHM3BGJIHBIMHU H Fx B 3aMKHYTOH obaacru G.

dy

JoxasnBaeTcs »7a dopMyaa TaKk xe, Kak U gopmyaa (47.12), ecan
TOJBKO 34METHTL, YTO B CYMME, CTOflleH B NpapBoif Uacly pABEHCTBA
(47.17), ocTanyTcs KpPUBOJKHERHBIE HHTETPAAbl 0 (OJMONKUTEALHO
OPUCHTHPOBEHHBIM HACTSIM BHELIHErS KOHTYPA W NG OTPHUATENLHO OpH-
EHTHPOBAHHLIM UACTAM BHYTPEHHHX KouTypos {puc. 151).

OTMmeTHM einie, 4To B hopmyae (47,19} sce KORTYpH (KaK BUSIIHHE, TaK
H BHYTPCHHHE) ODHEHTHPOBaHEl TaKHM o6pa3zoM, GTO OpU HX ofxone
DOJaCTE HHTECTPHDOBAHHA OCTAETCHA CJEBA.

Onpedeaenne 7. Hycme zpanuya 0G  oepasudenHold nAa0cKkod
obaacmu G COCMOUM U3 KOKEHHO20 HUCAQ APOCMBIX KYCOUHO-2Aa0KUX
KoRBYp0s. COBOKYNKOCIME MUK KOHMYPOS, OPUCHIMUPOBAHHLIX MAK, Ym0
npu 06x00e no xamdomy ud nux obaacme G octaemes caesa {cnpasa),
HASHIBAEMCA HOACKCUMEABHOU (ompuyamessHol) opuernmayued eparuyn G
u obosrauaemen marae 0C (coomsememsenno — 0G).

Gopuydy I'pHHE MOXKHO paclipocTpaHuTh U Ha elle OoJlee WHPOKRH
Kadce ofstactel. ng sToro 3aMeTuM, 4TO B CHJY ZOKA3aHHOIO (opMyJia
I'puna copaBeninpa A5 TPEYTONLHHKA, 4 3HAYHT, H JJTA M0HOr0 MHOFO-
yIoAbRMKa, [To3TOMY npeen bHEIM NepeXOaoM, ANNPOKCHMEDYA Tpakkily
KOHEUHO3BSHHLIMH JIOMAHEIMH, MOKHO MONYYHTh (opMyny [puHa gnaqa
AOGOH 06aacTH (M Jae MpPOCTO OTKPHTOLO MHOMECTBa), PAHHLA KO-
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TOPOH COCTOHT H3 KOHEUHOI'O UHC/IA KYCOYHO-TVIJKHX KDHBbIX. Mbl,
OLHAKO, He GyJeM OCTAaHABJHBATBCA HA JOKa3aTedbCTBE STOTO dakra,
a OTpaHHYNMCs AR ero GopMyaupoBKo#. [Ipu sToM, Henoae3ys onpe-
Jenenne 7, MM sanHmeMm gopmyay (47.19) B Gofee KOMIAKTHOM BHJe.

Teopenma I'. [lycme epanuya nacckold oepanudennod obaacmu
G cocmoum u3 KONEeWHO20 uucAq Kycoumo-zaadkux xpusgeix. Toeda,

ecau yuxyuu P, Q, gTP u g—Q Henpepuiensl Ha G, mo

” (6x "'ay)dx dy = §P dx+Qdy,

202 0G ~— NOAOMUMENBHO OPULHMUPORAHKAA 2panuya obagcmu G,

47.6. Beiuncaenne naomanei ¢ NoMoLLLIO
KPHBOJHHEHHBLIX HHTErPaNoB
TNonaras B ¢opmyae I'puna Q=x, P =0, noayunm
“l dxdy = 5 xdy
G Tt

H, caejoBaTelibio,

mes G =S xdy, (47.20)
Ananoruudo, noaarag P = —y, Q =0, noayuum
mesG = — | ydx. (47.21)
T+

Craanuisana dopmyan (47.20) u (47.21), 6ynem umern
1
mes G =— j; xdy—ydx. (47.22)

Haltnem ¢ nomotibro 5TOM qy:apmy.nm B KauyecTBe NpHMepa mho-
mais, OFpaHUYeHHYI acTpomgodl (cM. B T. I puc. 61) x=acos*t,
y=asin®f, 0.t < 2n. 3ameuan, uTo 37€Ch BO3pACTAHME MAPAMET-
pa { COOTBETCTBYeT MOJOXKHTEIbHOIM opuex—n‘aum{ KOHTYDa, HMeeM

S==-—- j'xdy ydx—31 j(cos"tsmzt{-sm“tcoszt)dt—
Té»
3(122 2
=T.§ sin? 2¢ dt-—-—§ (1 —cos4¢)dt = .

1]



47.7. Feomerpuuecrt cubica anaxa akobuana 135

47.7. TeomeTpHyeckuit cMbIcT 3HaKa AKoGHAHA
oToOpadeHHn RAOCKHX obaacted

[Mycrs F — B3aUMHO OJHO3HAUHOe welipepwiBrno auddepen-
uHpyemoe orobpaxenne TIOCKoi obaacthn GCE se B IIOCKOCTH E;,
¢ AKOGHAHOM, BCOLY B (G He PaBHEIM HYJI0. Torka B cCHAY NpHHUHNA
coxpaHeHHs olsacTH MHOMXeCTBO G* = F((G) Tak®ke aBaseTcs 0bAACTRIO
{cm. 1. 41.5), a fiKoGHAH B CHAY €ro HeNPePbIBHOCTH COXPaHAeT 3HaK Ha
G (cM. Teopemy 4 B 1. 19.4), T. e. Aubo Bciony ua G nonoxuteneH, Jubo
BCONY OTPHLATEIEH,

B roopaunaruoil sanucy orofpamenne F 3aasercs popmyaamu

x=x(u, v), } (47.23)

y=y(u, v)
npuueM, ecnd M =(u, v), M*=(x, y), o M*=F (M),

2

do du
.

H %—5-5 HENpepLIBHL], 4 CJAeAORaTeNbHD, W PaBHBI APYF JpPYry BO
BeexX Tougax G.

[ycTs Temepb y — NPOCTOH 3aMKHYTHIA KyCOYHO-IaAKHi KOHTYD,
pacrosioxkeHHbll B o61acTd G. Toraa (cM. . 46.2) y* = F(y) Takxe fB-
ASETCA NPOCTHIM 3aMKHYTBIM KYCOYHO-TJIAJKHM KOHTYpoM. I1ycTe KOH-
TYp y fABAfETCA IpaHuiell orpaHuyeHHold obaacta I <G*, a kouryp
v* — orpaunuertoln ofnactu I'* < G*. [lycre ['* = F{') u o6nactu I’
p ['* TAaKOBE|, YTO K HUM npuMenuMma dopmyqa I'puna, nanpumep, ouu
yAOBNETBOPAIOT YCAOBHAM, HajaraemblM Ha obaacte B Teopeme 1.
(Ha caMoM fedne, KakK 3TO YiKe OTMEYaNOCh, AP CASIAHHBIX TPEeANON0MKe-
HHAX 5TO BCElNA HMeeT MECTO, OIHAKO STO He ObIO JOKA33HO.)

[lycre, uakouetr,

BYREM npeanonarars e€Uie, YTO CMEIUAHHBLIE NPONU3BOJHBLIE

w=ull),
v=v{l),
a<t<b,

— mOpeAcTaBaenHe KonTypa y*, H, CI10BATENbHD,
x=xfu(f), v{t)],
y=ylu{l), v{),
a<t<b,

(47.24)

—~ HeKOoTOopOoe NnpecAcCTaB/eHHE KOHIYDPA Y*.
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Coraacke gopmyae (47.20),

mesT* = ¢ { xdy, (47.25)
T*
rie £ = -+1, ecay opHenTanuA KOATYpa v* NoAOMUTe bHa, # & = —|

B NPOTHBOIIONOAHOM cAydae. HMHade roBopsi, & = ~-1 (CoOTBEICTBEHHO
= —1), eCAH NOJOKHTEALHOMY OOXONY NaHHOTO KOHTypa y COOT-
BETCTBYET NPil oToOpameHnil {47.23) NONOKHTENBHMIN ke (COOTBETCT-
BEHHO OTPHILATENbHLIH) 6O6X04 KoHTYypa v* = F(y).
Bomucnaa uaterpan (47.25) no dopuydae (47.8), Hemoabaya npet-
crapjenne {47.24) KOHTypa v, no,nyqum

R N dy du ay@) _
mesI'™* =g Exy,dfﬁ&( (d_u PRV TRET dt =

v
L

— e 4 °y
= &Exaudu+xa
1

q

K noayuisiiemycst nHrerpany upnsendm ¢opmyny [puna (47.12)
(37iech HAMM U WCHOJBSYETCR nOTRe(OBAHHAN BHIUE HENPEPLIBEOCTE
&y Py dy ay

o B m). {loaaras P_xa; H Q= X5

H 3aMedasd, 4UTo B 3TOM CJayuae

g 4P _dx dy  dxdy _ d(x, p)
ou  ov dm du  do ou  dla, o)’

BTOPLIX NPOH3BOAHBIX

Oy 4HM

mes* —e S‘Pdu+de—3jg (“Q -.‘E) du dy =
3 (x, )
JAJ‘Q(J U}dudv

Jlepas wyacTp nNoOJIyYwBIIErOCS DPABEHCTBA GOJbILE HYAfA, 3HAUMT,
npagas YaCTb TAKMKE NOMOKATENBHA, H TAK KaR sikoOnaH oTobpamkeus
(47.22) ne meHseT 3HaKa, TO 5T0 BOSMOXKHO JIMIIb B TOM CIy4Yae, KOLJ4

GHCAO & HMeeT TOT e 3HaK, 4To H Axoduag g%—z—)} , 4 B ITOM Cjy4ae
Ax, yy | 9%, 3) . Tem caMbiM 3HAK € HE 3ABHCHT OT BRIOOpa KOHT
u U] a(H U} p ypa ""I
a onpefensieTcss 3HakoM SKOOMaH , KOTOPLI OOBH H TOT e BO BCeX
Toukax obnactu G.

Taxum obpazom, JoKasaHa ciaelyiolias Teopema,

Ew
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Teopema 2. Ecau sonoanessi cOeAaHRKE BEILUE NpPednoaoHcents,
mo cnpagedausa Gopayaa

* a(X J’
mes I __iﬂ T o)

d
Kpome moeo, ecat akoluas —(ii’) > 0nal, moe = 4-1, unaue 2o80p1,

ecau srobuar omoﬁpme.uus F ROACHCUMEAER, O ROZOMUITEABHOMY
0Bx00y 6eAK020 KoHmypa VY(1, AsAAOWE20C epaHulell Oepanusennotl
obaacmu UG, npu omobpanceruy F COOMBEMCIMBYEIM. HOAOHLMERBHOLLE
ofixod koHmypa yF = F(y), Asasmowiesocs epanuyell 02paniueHnol o6-

agemu T = F(T). Ecau oce axobuan g((z’ z; < Onal, moe=—1,

M. £, HOAOMUEALHOMY 00X00Yy 8CAKOZ0 KOHMYPUL ¥, YKAAARKOZ0 Mund,
coomeericmeyem npu omobpaxcenud F ompuyameasnoui 00x00 Korwmypa
v* = F(y).

Takum o0pasoM, eeoMempuiecKutl cMoiCA SHAKA AKOBUORA COCHMOUM
8 MoM, Mo NPL ROAOHCUMEAbHOM HKOOUAHE OPUSHIMALUA KOHIRYPOs Co-
XPAMACRICH, (4 HPH OMPULGMEAGHOM — MEHACMCH,

C nomompso dopmynw (47.19) dopmyaa (47.25) aerxko ofobuiaercs iia
cayuafl, korna rpanHia oGnacTd B COCTONT W3 KOHEUHOTD qHCha KyCou-
HO-TAATKEX 3aMKHYThIX KOHTYPOR.

OTMeTHM ellle, 9To C NMOMOLLLIO opMyaibl (47.26) moxuo 6e3 Tpyla
NOJYUUTE GoAee TPOCTOE ACKA34TebCTEO TeopeMbl 1 u3s 0. 45.1 o reo-
METPHUYECKOM CMBIC/Ie MOAYAsA sikoGHaHa. elcTBUTeRRHO, 1IYCTh
M, CT, d ()— nuamerp o6nactu I', n ofnacre T kakum-aubo ofpasom
CTHruBaeTcs K rouke M, M, chenosarensuo, d(l'} — 0,

[To Teopeme o cpennem (cum. n. 44.5)

du dv. (47.26)

: 2 (x, y) ' ia(x,y)
mes I’ jgla(u’ y dudv = T 0) qmesT, MCT,
[O3TOMY
mes '™ 1 d{x, y)
mes [’ _[ d{u, v)
B cunty HenpepLishocTH sikoGHaHAa
; e (x, y) alx ¥
d{]Ilw;]jﬂ a(u, v) ~ 3 {u, v)
HNe2T0MY
. mes I 1d(x, p) 479
d&‘?}»o mesl ! du, v) |’ (47.27)

T. €. MH JIoKasand qopmyay {46.6) H B HeKOTOpOM cMEICAE AaKe B Gofee
s0iteM BHAE, Tak, sfiech I — ne ofs3aTennHO KBaApar (mpasia, ua
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orofpaxeHne F MB HaJOXHIH HeCcKoabKo Oonee cH/bHbE YC/JA0BHA,

H 3

noTpeGoBaB HENPEPLIBHOCTH CMEWAHHBIX TPOH3BOIHEIX 51—% H % H
BO3MOKXHOCTH npuMeRenus dopmyan [puna aas obnactn I'*). Herpyano
yOenuTLCA H B TOM, YTO CTpeMJieHHe K mpefesiy B ¢dopmyae (47.27)
NpPOHCAOAUT PABHOMEPHO B CMBleNle, yKa3aHHOM B Teopeme | m. 46.1.

Hecmotpsa na npoctory BuiBoaa ¢opMyis (47.27), cienyer OTMETHTS,
4TO0 AOKa3aTeJNLCTBO TeopeMul 1, mpusedeHHoe B m. 46.1, uiefino npea-
NOUTHTE/NbHEE, TAK K4K OHO Jydlle pacKpHIBAET CYLIHOCTh BOMpPOCd,
CBH3AHHYIO ¢ TeM, UTO Aupepenumpyemoe orofpaxenue a MaaoMm Ao-
CTaTQYHO XOPOWO ANNPOKCHMHPYETCS JHHEHHLIM 0TOOpa:keHHeM.

47.8. KpuBoavnefiHbiec HHTErpadbl, He 3aBHCSLLHE
OT NIYTH HHTETPHPOBAHHA

Bce xpuBrie (KOHTYpHI), pacCMarpHBaeMble B 3TOM NYHKTE,
OYAyT BCEraa NpeanoJaraTbCsl KYCOYHO-FVIAJKHMH; A KPaTKOCTH 979
Re OyleT Kamanifi pa3 cHeluualbHO OTOBAapHBATLCS.

PaccvoTpum Bompoc o ToM, KOTRa KpHBOMWHefHEHA HHTerpan
Sde 4 Qdy 3aBBCHT TONBKO OT ToueX A ¥ B W He 3apACHT OT BLifopa
;1}} —
kpueoii AB, px coeaunsowed,

Teopexa 3. lTycme ynxyuu Pix, y) u Q(x, y) nHenpepoisrst s nio-
croti obaacmu G, moz0n 3KeuEGACHIMKGL CALOYIOULUE MPUL YCAOEUA,

1. Has awobozo samkrymozo Kormypa vy, rexcaueo 6 G,

{Pdx+Qay=o.
.

2. Jan moboix dsyx mowex A CG u B € G snavenue unmezparg

{ Pdx4-Qdy

AB

He 3aeucim om Kpusol A’BCG, coedunsiouied mowku A u B,

3. Bupaxcenue Pdx + Qdy seasemes 8 G noanvim oudgepenyuaion,
m. e. cyweemsyem gynxyus w(M) = u(x, y), M = (x, v), onpedeacn-
nan 8 G u maxaa, wmo

du=Pdx+Qdy. (47.28)
B smon cayuae ecau ACG w BEG, mo
{ Pdx+Qdy=u(B)—u(d) (47.29)

AB

Oaa arwboi kpusod AB, coedunawuieid e G amu mouri.
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Taxum obpasom, ssnoAnerue Kawdoee uz yeaosui 1. 2 u 8 neobxodumo
1 JOCIAmoY RO OAR BLINOAHEHLR KaXED020 U3 08YX OCMAALHLIX.

JlokazaTeabcTso. [lokaxeM, 4To H3 NEPBOTO YC/IOBHA CJle-
IyeT BTOpOe, H3 BTOPOrO — TpeThbe, a H3 TPeTLero — MepBOe, T, €. 1Ipa-
BefeM JOKa3aTeIbeTBO [0 CXeMe

Y
)

3ruM GyneT, oueBHAHO, AOKA3AHO, UTO U3 JioGoro yoaosua 1, 2 u 3 caeny-
eT Jofoe Apyroe H3 HHX.

IMepeurii mar: 1->2, Tlyers ACG,
BEG v namm gpe kpuemie {AB), u (AB),, co- 8
enunsomue B G toukn A u B (puc. 152),

CymnMa (EB)IU(EH)Q KPHBBIX (’:-4\3)1 H (374),

o5pasyer 3aMKHYIHH KOHTYpP, H MNOTOMY B (4B
CUIy BBIIOJBeHus cBolicTBa I
Pdx+Qdy=0. 47.30) 4 (A8)z
(AB); v (BA), Puc. 152
Ho

Pdx+Qdy = ‘S‘del{-Qdy-{« j.de-i-Qdy:

(4B, v (BA), (4B), (Bay,
= | PaxtQdy— | PdxtQay. (47.31)
(AB), (AB),
Mz (47.30) u (47.31) cnepyer, uto

[ PaxyQdy= | Pdrtqay,

(A8, (AB),

T. €, ¢BOACTBO 2 BHIMOJIHAETCH.

Bropoi#t war: 2—3. Tlyete M€ G, M ={x, )WEG u M:/Tfi—-
HeKoTopasi kpHBas, coeguHAwwas B & Toukn My, 0 M. [losoxam

wMy= | Pdx+Qay.
MaM
B cuay ycaosrst 2 npu gukcupoBanHol Touke M, dyukuma u(x, y)
siBJIAeTCs OAHo3Hauuol QynKuHed, Tak KaK 3HaueHHe u(M) = ulx, y) ne
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34BHCUT OT BRIGOPA KpHBOI, coennnatomel 8 G Toukn My u M, INokamen,
YTO

lzy =Plx,y) dufx, y) Q(x, ¥).

P10, GYeBAAHO, PABHOCHABHO PaBeHCTRY (47.28).

3agrkcnpyeM Toury M = (x, y).
Briepem Toury M, = (x4 h, y) G,
=0, Tak, uTobm orpesok MM,
cocAnHAOWHA Toukn M A
(KoTopbIH, OUEBHAHO, NapajiaeneH
ocu Ox u unmeer Anuny |hl), co-
Jepmanca B G (puc. 153). [l Beex
JNOCTATOYHO MalblX 4HCe] A Taxon
BEIGOD BCETAa MOKHO CIesaTh (moye-
b z  my?). Toraa nmeem

Puc. 158

”(x_l"h’ y)_u(x: y)z
— | Paxpoay - | Pac+Qay= | Pax+Qay.
MM

Mo My AL A "

Bpoar orpeska MM, Ekoopiunata Y [ocTOAHHA, [O5TOMY

j‘ Qdy=0 u, caeiosareasHo,
MM

xth
w(c--h, P)—un, y)= | Pax= | Pty

MMk

[puMensas TeopeMy O ¢pejHeM, NOJYUHM

u(ethy, py—u(x, Y)=Px+0h, ) h, 08I,
OTKYJla

ulx -+ h, Jr’f)l*—“ (x, ¥) =P(x+6h ), 0<ZO<L, (47.32)

IIpasas yacTk 3TOro paBeHCTBA B CHJY HENPEPLHIBHOCTH hYHKIMH
P(x, ) npu h — 0 cTpeMmuTcst K npegeday, clef0BaTe/IbHO, H JeBas YaCTh
uneeT npeaed npu 4 — 0. [lepexons g npenety B (47.32), Mu1 4 HOTYIHM

Ou (x,
2D — px, ).
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COBE[J}.UCHIIU AHAJOTHGHO AGKA3LIBACTCA H paBeHCTBO

Su{x,
—-—-Fy) =Q{x, »).

Wrak,  CywecTBOBaHMe  (yHKLUHH
#(x y), Alf KOTOpO# HMeeT mecTe (47.28),
JOKA3aHO,

lycrs Teneps A £G, BCG, AB— ne-
KOTOpasi Kpupasi, coefuusiomas B G Tou-
ku A u B umyete x = x(f), y=yl), Puc. 154
€ < t < b— ee TIpEACTABMAEHUE H, CJe-
" noearesisno, A = (x{a), y(a)}, B = (x(b), y(b)). Torma umeem

b
| Pax+Qay =[(Prxit), y 15 O+QUr @), y 1y (O} de =
B o
b
= Judt=n1x(0), y ) —ulx(@, y @ =uB—u (),

a

1. e. Gdopmyna (47.29) Takwe nokaszasa.

Tperu#i mar 3— 1. D10 yreepxkiaende cpasy cjaeiyer H3
dopmyam (47.29). HefictButenshio, Aas A000T0 3AMKHYTOTO KOHTYpPA ¥
€ro HavanbHas TOYKA COBNANAeT ¢ KoHeuHod#, mostomy B cuay (47.29)

[ Pax+Qdy=u(t)y—u(d)=0.
T

Teopema noxazana.
3aMeTuM, UTo, XOTS 5Ta TEOpeMa M aeT HeabXOARMBIe H A0CTATONH b

YCJOBHA HE3aBHCHMOCTH KPHBOJHHEHHOIO HHTErpasa Sde+ Qdy or
NyTH, OZHAKO 9T YCJAOBMS TPYyAHO (axTHUeCKH npoBepsembl. Ecin
CYSMTh KJ4CC FACCMATPREACMEIX 001a0CTell, TO MOKHO MOJYUHTE CYILECT-
BeHHo Godee nipocToit M adsheKTHBHRE KpuTepHil. Bielem clenyioliles
onpene/eHHe.

Onpedenenune 8. Iiockan obaacme G Rassisaemcs 0GHOCBAIHOL,
ecau, Kakoe 0ol Hu Obia npocmod  Kowmyp vS=G, oeparuMeRHad 00-
aacme T, epanuued xomopoti seanemcs xonmyp vy, codepxcumes € G.

OfpasHo ropops, OHOCBA3HOCTE 06JACTH O3HAYAET, 4to obhacrs
He UMeeT «Iwpr. Kpyr sBAfeTCS NPIMEPOM OJHOCBA3HOH 00AACTH,
KPYTroBOoe KGJIbIO — HCORHOCBA3HOH (pHc. 154).

Teopema 4. Hycmo dyuruyuuy P(x, y) u Q(x, ) nenpepsisiot
EMECINE €O COOLLMU HACIIHBIMU RPOUIBOTHBIMU 5 % ax ¢ odHoCEA3-
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not obaacmu G, Tozda kamxcdoe uz mpex ycaceud I, * u 3 meope-
Mol 3 IKBUGRACHINHG CAEOLIOULEMY YCAOCLIO!

1. £=%s .
Y

IlokasateancTBo, [lpuvenum cxemy

/'\
‘\,/

Vreepwaenun 1-+2 - 3 yxe pgoxasasu, J[dokamem 3—4
n4-1.
Mepeufi war: 3—4. Ecan B G cylectsyer ¢yHKLHSA

0
=u(x, y), Takan, uto du=Pdx-+-Qdy, v. e. TaKas, uro £=P,

Ou
5}_:@’ 10 (cM. m Z21.1)

oP __ 0 fou\ _ 0 (0u) 0Q

oy oy lax] oxlay ) "ox?
C/1e/IOBaTeNbHO, YCAOBHE 4 BHIIONHEHO. 3aMETHM, YTO, KaK 9T0 BHIHO H3
NpUBEIEHHOr0 JOKA3aTeNLCTBA, yTBepXAeHHe 3 — 4 clipaBeriuBo /s

Jlora OTKPLITOrQ MHOMECTBA (B YyacTHOCTH, 0e3 npeanoaoxenHa oaH0-

CBABHOCTH),
Bropo# war:4— 1. 3aMeTHM npejsapHTe/bHO, YTO €CIH BbI-

IIOJIHEHO YCJIOBHE 4, T. €.
g apP =0,
dx oy

€C/Ii y — NpOCTOil 3aMKHYTHIA KOHTYP, Jdexawull 8 G, u I — orpanu-
ueHHaa 06/1acTh, TpaHklell KOTOPO# ABAART s y, TO, IPUMeHAs QOpMyay
I'puna (37eck HCnOJIB3YETCA ONHOCBA3ZHOCTB 06JACTH G), NOJYUHM

‘[de+Qdy=jj(g%—37p) dx dy=0.
f N

Ecau xpusasi g, Jexamaa B (, HMeET KOHEYHOE YHCJIO TOYEK
caMonepeceyeHHs, TO TMOCACJOBATEIbHO AJA KakIOH ee «IeTIH» y,,

k=12, .. ky #snawuleiica YiKe NPOCTHIM 3aMKHYTHIM KOHTYDOM,
B CHY JOKA34HHOTO HMeeM
{PaxtQdy=0,

Y
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OTRYAd CjaepyeT, 4TO M JJas Bcell KpuBoil y
[ Pax+qay=o. (47.33)
¥

[Tepexons K NOKa3aTeqbCTBY yTBepMaeHHa 4 — | B ofineM Cayyae,
SaMETHM Npexjie BCETo, YTO PACCMOTPEHHLIM NPHEMOM paseHCTBo (47.33)
JOKA3RIBAETCA W AJR CJy4an, KOTAa y SBJAAETCH SaMKHYTOH KOHEYHO-
apeHHOl AoManol., C reomMerpHYecKoll TOUKH 3peHHsA OTJIHUHE COCTOHMT
JHILB B TOM, UTO CaMONepeceueHHe KOHEYHO3BEHHOH JOMaHOH MOMKer
COCTOAITb HE TOJbBKO H3 KOHEYHOIO YHC/A TOUEK, HO M KOHEYHOro
YHCA3 OTpeskos™).

Jliofan me saMKHYTan KyCOMHO-TAAKasA KpHBAa vy, Jemauian B G,
MOXeT OBLITb CKOJIb YIOOHO TOYHO aNMPOKCHMHPOBAHA 3AMKHYTHIMH KO-
11€YHO3BEHHEIMH JIOMAHBIMH, [TO3TOMY NIPEAETbLHLIM NePeXoI0M PABEHCTBO
(47.33) mo¥eT GuiTh MOAYYEHO K AAA JI000H 3aMKHYTOH KpHBOR W3 (.
Jlas Toro yTo6H STO NOKA3aTh, IOKAMEM CASAYIOUYIO JeMMY.

Jdemma 1. Hyeme pynxyun P(x, ¥} u Q(x,y) Henpepoisunt
6 obaaemu G, y—2aadkas kpusas, sexawan 6 G, x=x(), y=y{),

i=iy

a<t<b—ee npedemasaenue, t={{;}i=d’ — pasbuerue ompesxa

(@, bl, A« — zomanas ¢ eepuunamu 6 mouxax (x(£), y()h
i=0,1,..q"

Toz0a
lim lfParx + Qdy=[ParyQuay. (47.34)
2] T

b0

HoxkazateantbcTs o Hocurens KpuBo# v ABAsIETCH, OUEBHANO,
OrpaHHYEHHLEIM 3aMKHYTEM MHOMecTBoM, OG03HAuHM ero A MPOCTOTH
Takke uepes y. [ToCKOJBKY MHOXECTBO ¥ Ke TIepPeceKaeTcs ¢ 3aMKHYThLIM

MHOHECTBOM Ef,,\G, TO PpAaccTofiHMe Meway HuMH OoJblie HYJAR
{cm. nemmy 4 n. 18.2), Ilyerh v — xakoe-Au60 uncho, Takoe, 410

p (v, E5NG) > 1 >0.

*) IIna Koneukol ©61acTu, OFPaHWICHROH KoHeWHO3BeHHON JOMaHON, BO3-
MOMHOCTE IPEMEHEHNA X Heli fopMyant [pRHa caeAyer n3 Toro, 970 TaKyw ofnacte
MOMNHO Pa3KTL Ba TPEYTONBHHKH, KOTOPLIE, OMEBHAHO, ABNKIOTCR SJEMEHTADHLi-
MH OTHOCHTENBHO 00eHX KOOPRHHATHBIX ocell obnacTamu. ChegoBaTensbHo, B 3ToM
cAyuae BEIIDAHAIOTCH NPellOCckAKA Teapemul 1 n. 47.3.

**) Taxan A0Manaf A NadiBaeTCa BRUCARNON 8 KPUSYI0 Y ACMano(l, coomsemcin-
syroled pasbuesuro T ompeara fa, 6], Ecan we 1ns wekoTopoit nocaeflosarennhro-
CTH JIOM2HBIX {ltn} BHIONHAETCH YCAORHE 61'] —~ O mpn 2 - oo, To Gylem roBo-

pUTh, 9T0 3BEHLA HTHX JOMAHKX CTPCMATEA K HyJH BPH A — o0,
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O6a3naunmM Yepes yy COBOKYMHOCTB BCEX TOYEK MJIOCKOCTH, HAXOAHIINXCA
OT Yy Ha pAcCTeAHMH, He GoJblueM ueM 1. MHOMKECTEO v, OrpaHHueHo,
3aMKHYTO {cM. TaM xe Jemmy 6) m p, 4.

B cuny paBaoMepHOit HenpepuIBHOCTH GyHKLHA x{f) 'H y(f) Ha oTpes-
Ke la, b] cymecTnyer Takoe yacao 8, > 0, uTo 415 Ao0RIX ABYX TOUeK
t' Cla, bl u ¢"la, bl, ynoeaersopsowix yonosHio | ¢ — 1| < &y,
BLINOJHACTCS HEDABEHCTBO

oM, MYy= YV x (@)= Oy ) — y W <,
e M = (x('), "), M" = (x{t"), ¥(t")). DBce TouKH oTpesKa
¢ KOHILAMH B Toukax M’ u M", oucBHAHO, TaKiKe HAXOAATCR OT TOUKH M’
Ha paccTofnHy, He GOJBLICM 4eM 1), H OTOMY JAeXar B Y, H, Clelona-
tensHo, B G. [ostomy, ecau meakocTh 8. pasbueHus T orpeska la, bl
TAKOBa, 4T0 §: < 8, TO BCe TOUKH JOMaHCH A; Jexar B G, 0 AAS TAKHX

pasOueHHl T HMeeT CMEICA paccMaTpHBaTb HHTerpaj Sde—{- Qady.
' A

T
PaccvorprM unTerpalnt jP dx u Sde. [ToAoxum
}“!

1
Xp=x(t), ye=y (), Py=Plx,y), Axi=x,—x, {=1,2,..,0p

Oy = 2 Pi Axi.
i=1
Kax wapecTHo (cm. m. 47.2, csoficio 4), ‘
limo.= | P dx. (47.35)
67-—&0 1

[Myers, naaee, M, =(x;, y;)—BepuidHsl JoMaHOR A, Toria
Pdx=S P dx. (47.36)
15. i; Mi-:g; M
C apyro#i croponsl, samerTum, uro {ynorpebass obosHauenne . 47.2)
dx == 5 cosads=|M;_1 M;|cosa =Ax,
My My My My

TO3TOMY

o=3PA,=% [ P (47.37)

i LMy M :

O6o3nauasn vepes L. IAKHY JoMaHOH A., uepes $ — AJHHY KDHBOH v,
auepea (0; /) — MOZY/Ib HEllpepHIBHCCTE HYHKIHN P(x, v) HA OrpaHi-
YSHHOM 3AMKHYTOM MHOMECTBE Yy, us (47.36) u (47.37) noayunm

ledx—ctlggn § 1P—pax|<

My_| Mg
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<o P) XAy <od; PYL. < o(b; P)o.

Orcro)a
lim (j‘ Pdx— 0:) =0,

8~ 0 Ao

T

H, 3HAYUT, B cuay (47.39)

lim (Pdx= |Pax (47.38)
7

.0 g
Ananoraguo JAOKAa3sL3aeTcs W paBeHCTBo

lim {Qdy={Qay. (47.39)
5.+ 0 A :\’

Mz (47.38) u {(47.30) nenocpeicTBeHHO H CIGAYET YTBEPHKACHHE
JAeMMbl, T. e qopmyaa (47.34).

Jlemma nokasana.

3amMeuaHne YTBepkKIekHe, aHAJOTHUHOE JEMMe, CITPABEAMKBO
H J18 KPHBOAMHEHIHX MHTerpadoB B NMPOCTPAHCTYRE, NPHUEM JI0Ka3a-
TeJLCTBO IPOCTPAHCTBEHHONG CJIYydas IPOBOMHTCA 10 TOH e cxeMe, UTo
U MJOCKQro.

Bepuemca tenepb k AokasateabcTey TeopeMu. [lycTh v — xycoyHo-
raajkas 3aMKHYTasd KpHBas B ofaacTH G, 3ajaHHAf HEKOTOPHIM Npej-
ctaBaeHneM r(f), a < { < b, U ABJAOMLAACE OGhEAHHEHHEM DIAIKHX
KPHBLIX Yy, ..., ¥, Blnwem B Kaxkayw KpuBywo v;, [ =1, 2, .., &,
nomanyio A, OfnepnHenne Beex JoMaHbix Ay, j = 1, 2, ..., & ofpasyer
32MKHYTYIO JIOMAHYIO A, COOTBETCTBYIOLLYKY HEKOTOPOMY PasBHeHMIO T
orpeska la, 6l. B cuay pokaszaunoro

{Pdx+qay=o.
N
Ho, cornacuo nevme,

lim 5de-|—Qdy=dex+Qdy, fel, .k

[

Y i
H, cJelORATEJLHO,

lim | Pdx - Qdy = | Pdx+-Qay,
¥

be = 0}
NO3TOMY
{PdxtQdy=o.
:

Teopema Jokaszama.
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B saginouerne 31010 YHKTE oTMETHA, 410 B Teopeme 4 rpeloBaHie
OAHOCBA3ROCTH paccMaTpHBaemoil 004aCTH #BASETCH CYLeCTBEHHEBIM,
ero Heabsa oTHpockThb, TloaTeepanm 370 nprMepom.

[Tpumep. Ilyers

P, )= = QU Y) = i -

Jlerko npoBepurh, 910

0Q aPr

a—x —— 'd_y‘ (47.40)
I BceX TOYRK IMIOCKOCTH, HCKJouas Hadano xoopauuar (G, 0).
D10 caeayeT, HANPHMEP, H3 TOTO, YTOQ

(arctg ) e LA N SN (@7.41)
x4 y*

Takum 0Gpa3om, B 3T0M Cayuae 33 o6aacTh G MOXKHO B3ATE BCC G-
CKOCTD € «BRIKO/IOTHIMY nauanom koopagnar: (G = E*™N{(0, 0)}. Ob6nacts
G, OUEBHAHO, He OHOCEA3HA. B KadecTse 3aMKHYTOTO KOHTYPa@ BO3bMEM
eJIHHHYHYIC OKDYKHOCTE

Vo={x=cost, y=sint, 0<¥t<2n},

TOra

5de+Qdy= ""yx‘j"jy"d” Edr —2n.

T

Takum obpasoM, B 5ToM cayuae ycaosus (47.40) BLnogHeHH, HO
MBI HALL/IH SAMKBYTEIR KOHTYD Vo, 10 KOTOpOMY UHTErpPan He paped
nyawl. Herpyauo ybemuthes, uro Boobmie no JuoGoll OKpPYMHOCTH v,
pajHyca r ¢ URHTPOM B HAUAJE KOOPAHHAT

{ Pdx4Qdy=2n, (47.42)

Hauee, kakop 6w HH GBI NPOCTOH KYCOUHO-TVIAAKHI KOHTYp ¥,
ABAsECWIMACH rpanuiel orpaHnueHHol obnactn 17, cojepmxattedl Hayalc
KOCPAUHAT (K STOM C/Iy4Yae FGBOPAT, UTO KOHTYP ¥ COACPIKUT BHYTPH eba
HAaY210 KQOpAHHAY), AA HETO TaKXKe

j‘de—{—Qdy=2ﬁ. (47.43;
7

JIna noKasaTenbeTea STOTO BO3bMEM OKDYKHOCTD Y, TAKOIC paluyca
r, 4T06Hl ,=1, TOTA2 KOHTYPH ¥ H y, He iepecekalorea, Coequhum
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KOHTYPBL ¥ H ¥, OTPE3KaMH Ay M A, KaK n0Ka3aHo HA pic. 185, — noay-
YHM [IB& SAMKHYTBIX KOHTYPA ¥, U Vg, HE CONEPXKALIRX BHYTPH cefs Ha-

4ana KOOD/IHHAT K COCTOALMX 13 YT Y W Y, OKPYZKHOCHH Y, uacred v’
B y" KOHTYDA Y H OTPE3KoB A, H A,.

y ¥
/-——-'—-.._._

I LN
/"
_._;1,*[\ o \

J,‘ggj—*—yz b—j_/ .

" %

Puc. 155 Pue, 156

B cuny ycnopus (47.40) 119 3THX KOHTYPOB CHpaBeJIHER PABEHCTBA
[Pax+qay=o, Sde-{—Qdy 0.
T

CrnanpiBasi 5Tn panencrea M ONyCKan JIA8 TMPOCTOTH MOABHTErPANLHBIE
BLIPANCEHHS, TOAYHHM (CM. puC. 153)

+i jkj—%-_§+j+j §+.:5-+S~=
SR SN

Py ¥
r T

T

Orciona B cuny (47.42) u caenyer (47.43). Bosee Toro, 310 paBseHcTso
BLINOAHKCTCH U B TOM CAyYae, €C/IH KORTYD ¥, 0GXOIA «OHH pas» BOKPYT
HAuana KOOpJHHAT, 06pa3yeT KOHEUHOE YHCIO lIeTeNby, He 0XBATLIBAI0-
UMX tiayade koopaunar (puc. 156), n6o uuTerpa mo sTHM neTisM paBed
HYJTI0.

Ecin My — ¢uKcnpopalias Touka paccMmarphBaemolt ofactu G,

—

M, €G, MCG, MM — kakan-1n00 Kpusad, coeaunsomas B G TOUKH
M, u M, 10 B naudoM ciyyae yuKus

u{Mj— s‘ Pdx--Qdy
—
Mol
yike GyaeT MuCTO3HauHOH QYHKLNCH, SHAYEHNA KOTOPOH ONpeaeaqioTcs
BLIGOPOM DasiAHuHBIX MyTed, coeaunatomnx 1ouxd Mo n M. Ecau v, —
Kakan- 146 QHKCMpCRAHHAR Kpupds, coepunsmomas M, u M, 10 Bee
3HayeHHA QYHKLMH 4 B Touke M 3ajaiorcd Qopmyaok
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w(My=| Pdx-Qdy+t2mn, a=0, 41, L2, .

e

— Kamaui o0xold BOKPYT Hauala ROOPJIMHAT HIMERAET S3HAUeHHe
Ghyurunm 4{M) na Bennunny 4- 20 B 3aBUCHMOCTH OT LanpasieHius ob-
X044,

B zaunoM caydae B 3TOM JIeTKO YOEANTbCA U HEROCPEACTBCHHO. U3
topmyao (47.41) crenyer, 4To

dex+Qdy:j‘——l%—~_—w (Arctg )

Tle (Arctg -]-;—) — HekOTOpOe (huKCHpOBAHHOEe 3HaueHHe Arctg -J)-:—;
\ 0
NOSTOMY
u (M) = Arctg - .

Baymuunoifi untartens 3aMeTu, 4TO MHOTHE PacCysKACHHA, MPOBEAeH-
HBI® B 5TOM NpHMePe, He 3aBHCST OT KOHKPETHOrO BuAa (pyHKUHA P
¥ Q ¥ ABANIOTCH CPABEATHBBIMA BCET, KOMAA Mbl HMEEM N0 ¢ OAHOH
H30/JHPOBaHHOH «0coB0H TOUKOf», T. €. TOUKOH, B KOTOPOH HApyILAeTCH
yc/aoeHe (47.40).

2
o
ox 6

k a a
5}0Audxdy:—f5(-%-§%+gt; a;)dxdy+5.v'——ds
¢ "G -

rie G —naockas ofnacts, A48 KoTopol cnpaBenamea  tdopuyra Fpnna,
Y — OrpaHuy{BaAUHA ee KOHTYP, ¥ — eANHHYEAA BHEIUHAI HOPMaldb K KOH-
TYPY 7 ’

Yonpaxuenue 2. [lyere Au= . Jokasats dopmyay

§ 48. HECOBCTBEHHBIE KPATHBIE HHTETPAJILI

48.1, OcHoBHble onpeaeneHus

Kak u panee, 119 OHOKPATHRIX HHTETPAZIOB BBEIEM NMOHATHE
HecOOCTBEHHOIO KDATHOIO HHTEerpaja, T. €. KDATHOID HHTerpasa oT
dyHKuul, xoTopsie Aubo HeorpawHuéHmi, JAnGO ONpeneseHE HA Heo-
rpasuuenrol ofractu. Onpenenenye KpaTHOrO HeCOGCTBEHHOTQ HHTET-
pata copMyJHpyeM B TaKOM Bllfe, UTO OHO OyIeT OXBaTbiBaTh 00ad
YKa3aHHBEIX caydas (cp. ¢ n. 34.1).

Onpedeaenne 1. Mycme G — omrpsimoe HHOXecmso (02pAHUYEH

HOE LA REOSLARWMErHOE) 6 N-mepros npocmparcmee E°. [Tocaedosa-
MEALHOCIL OmEPbmoX suonceems G,, k=1, 2, ..., Oydes wasbisams
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NOCAETOSAINMEABHOCTIIOI0, MOHOMORKO UCHEPRBIBAIOLIEH OMKDUMAE MHOME-
emso (G, ecau

) GGy, k=1,2, .
o0
fe=1

Onpedenenue 2. Iycme na omxpeunom muoweecmee G sadana
pynkyus [ (0SpaHUMCHHAA AU HEOSPAMUHEHHOR) U NYCMb I DYHK-
yus | unmeepupyema no Pumany wa awbom xybupyemon omxpet-
rigs muoxcecmase DD, marxom, umo DG, Tozda dynkyus | Hasewaemca
UHMESPUPYEMOL 8 HECODCMBEHROM CRBICAC HO OMKpoUTon muoxcecmse G,
ecay Oaa A0006E nocre008aEABROCING OMKPBINBIX KDUDYeMbLL ARONECMES
G, k=1, 2..., moHomonro ucuepnsemoyeld mHoxcecmso G, cytye-

cmsyem npedea lim Sfde, He ageucAtutl om smbopa Yrasaraod nocae-
koo
dosameasrocnit G,, k= 1,2, ...
mom npeder HATLIBEENCA HECODCMBERNBIM URMESPAADM O DUHKLLL |

ne ompsimony mroxcecmsy G u 0003HONGRMCR S fdG, uan b6oaee nodpobno
VU S P, 5 e, 20 diy dity .. dix,
[

Tarum obpaszon,
{7ac— lim {1 dG, (48.1)

Ecau unmezpar S fdG cywecmeyem, mo eosopam makxce, HmMo OH

Cxo0Umes, & 6 RPONUEHOM CAYHGE — PACXOOUmea,

Crenyer 3aMerTdTh, UTO B cJyuae # = 1 JaHHOe olpelelelHe He-
COOCTBEHHOTO MHTErpadla He SKBHBANEHTHO ONPEASIeHHI HecolCTBeH-
HOIO HHTErpaia oT QGyHKUMH OTHOLO nepeMeHHOro, fauHore B § 33 u 34,
310 CBA3AHO ¢ TeM, YTO B YKA3aHHHIX naparpadax MH B KauecTBe MHO-
Acect G, Gpaild MILb HHTEPBAH, T. €. O/IHOMEPHAIE OTKPHITHE KYGHPY-
eMBIe MHOZKeCTBA BeCcbMa criellHaqbHOro Biaa. IlostoMy BBeleHHOE B Ha-
crosinemM Tntaparpade noHATHe HecoGeTBeHHOro MHTerpana (48.1) dymem
NPHMEHATE TOMBKO B CAyYae 71 > 2, COXPaHHUB A1A caydas i = | npex-
Hee NoOHATEE HecoOCTBEHHOTO HHTerpania.

Ecau oTKpeITOe MHOMECTBO G KyCHpYeMO B PyHEUMSA [ HHTErpHpPY-
eMa Ha (7, TO HecOBCTBEHHBI HHTerpad o1 QyHKUHY [ coBnajaer ¢ ofhy-
HuIM HHTerpaioM PuMana,— 3To cieiayeT U3 HOJMHOH aifiMTHBHOCTH HH-
terpajta Pumana (cMm. m. 44.5).

Onpegenenne (48.1) no3go/iseT nepeHecTH Ha HecoOCTBEHEBE WH-
Terpa/nl psifi CBOHCTB COGCTREHHBIX HHTETPAIOB: afJHTHBHOCTE HETETpa-
Ja 1O MHOKECTBAM, JHHEHHOCTb HHTerpaia, HHUTETPHPOBAHHE He-
PABEeHCTB, CBelEHNWe KPATHOTG HHTErpajda K NOBTOpHoMY, GOpMy/y sa-
MeHBl TepeMeHHOTO H AD.
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Hanpumep, ecan x = F{u) — HempepuiRRO AnddepeHuHpyemoe B3a-
MMHO OFHO3HAYHOE OTOOpaXKeHHe OTKpHITOro MHoKecrBa DCE] Ha

OTKPHITOE MHOKeCTBO G £y o Akofual J(u) 3T0r0 0ToGpakeHns HHLIE
He ofipaillaercs B Hojb Ha D, To

§ 16 = [ 1P @il d @D,

Jlorasarh 3TO MOXKHO TOYHO TaK e, KaK J0Kasana Teopema 2 B
n. 46.2; caenyeT TOJABKO BMECTO NOAHOH a/U/IUTHBHOCTR HHTerpaia uc-
0Ab30BaTh onpeaeacHie (48.1).

Henoawsyst anauTHBHOCTE HECOOCTEGIHOTO KpPATHOTO HHTErpafa,
onpeiensenne {48.1) MONKHO fepentcalh B JPYIOM SKBHBATEHTHOM Billig.
3ameuas, uTo Ans Kybupyemoro mHomecTsa ' << G, ciupasepinso pa-
BEHCTBO

{rac—{far={ta(e\D), (48.2)

MOJKHO CKAa3aTh, YTO HHTerpas SfdG CXORHUTCA TOTAA ® TOJMBKO TOrna,

Korja jas Jio0oH NOCHCROBATCAEHOCTH KyOupyenmbiXx MHOMeECTB G,
k=1, 2, .., MOHOTOHHO HCYepTRBAOIER MHOXECTRBG G,

lim {1d(G~Gy) =0 (48.3)

YVnpawuenne 1. Joxasary dopMyay (48.2); B wacTHocTd, NOKA3aTh,

4TO HHTErpasl SfdG H Sfd(G \T‘j OJHOBPEMEEHO CXOAATCA HAN PacXOAsIcH,

48.2, HecoGcTBennbie nHterpasisi
OT HEOTPHUATEALHBIX DyHKURHA

Teopesma 1. Hycme gyuxgua [ weompuyameasna wa

omrpoimon muoncecmee GSE". Toeda aubo gynryua | unmezpupye-
ma {8 HecoGomeenKoM cMeicae), AHGo

lim | f dG,= + oo
Booo

Aan Awboil MOHOMOKKO uctepnusaoel muoxcecmec G nocaedosarme io-
Hocmu Kybupyennix muomcecms G,, k=1, 2, ... .
B rocheqHeM ciaydae IHUIYT

{ 76 =+ oo.

JdoxasarteabcTso. Ouepnano, TeopeMa GvAer J0Kasa:na,
ecJIl NOKasaTh, 4TO AAs Jo00H MOHOTOHHO HCYepnHBawouel obaact: G
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NOCAEIORATENBHOCTH KYOHUpYeMbIX MHOKeCTR Uy, £ = 1, 2, ... cyilieeT-
BYeT KOHEURbIA MR GecKoHeuHLH npepea

lim | f dG,

k=20 "

M 3TOT Tpefien He 3aBHCHT 0T BLIDOPA YKa3aHHOW NocaefnBaTelb-
HOCTH. _

Hyers Gy, k=1, 2, ..., —nocnefonareabHOCTE KYGHPYEMBIX MHO-
JKECTB, MCHOTOHHO MCUEPNBIBAICLIAS OTHpLiToe MHOXecTBo G. Torpa,
COTJIACHO  ONpeieeHHId Takoh 1nocjelopaTeqapnoctd, G, & Geyl,
k=1,2, .. a 1ax kak >0, 10 j fda, ‘ﬁj‘fd{fr%], k=12, ..
i, CHEMOBATENLHO, BCErjAd CYINeCTBYeT KOHeUHmI unu Geckoueunnit
npegea

lim § dG, = 1.
oo ¥

ITycrw, teneps B, k=1, 2, ... — kakas-mbo apyras noc/ieiosa-
TEJIBHOCTE KYGHPYEMbIX MHOMKECTB, MOHOTOHHO HCUepHBIBAOWAR OT-
KpLiToe MHOKeCTBO G. B cuny AoKa3aHHOro BHIUE CYIIECTBYET KOHEUHbIH
UM OecKOHeYHHIH npeaea
lim | fdD, = iy

&~ 00
[Toxkawxewm, uro
[1 = f.z. (48.4)
na nwdoro GUKCHPOBZHHOMO 2/eMeHTa (7, TepBull 10C/IeI0BaTeNb-
HOCTH CYILECTBYeT HOMEP Ry = Ro(&), Taxo#, uTo

G, = Dy (48.5)

310 cIenyeT U3 TOTO, UTO OTKPLITOE MEOXKeECTS0 G, GYAYUn KyGHDYeMbIM,
SIBJAAETCA U OTPAHUUEHHBIM, N03TOMY (7, €CTb OrpasHueHHOe 3AMKHYTOe
MHOMECTBO, H CYLISCTBOBAHHE HOMEDA Ky, Ui KOTOPOTO HMEET MecTo
BrJOucHHe (48.5), caenyer us Jemmel 3 0. 31.2. B cuay xe ycioBus
[ > 0 n3 (48.5) Buwrekaer, ur0
J1dGy < [ rab,
1O, OYEBKAHO,
7D, < I,

mosToMy mpH Jfom k=1, 2, ..

{1dG, < 1.



152 § 48 Hecolcraenrnte wpathste URTEZPAAB

[lepexopa B sTOM HepamencTBe K npejely nph k- 0o, MOJdyYHM
I, < I, _
TMogobtHeM XKe 06pazom AOKA3LIBALTCS H HePaBEHCTBO
I =1,

Ten cameiM paBeHcTBO {48.5), a BMeCTe ¢ HHM M TeopeMd KOoKa3aHbl.
ITpnwmep. PacemoTpum HHTErpan

{= j‘j‘ e~ v dx dy.
X

[Monomum G, = {{x, y): ¥+ y* <R, b =1,2, ... 3r1a nocie-
JOBaTe/IbHOCTL ABJAETCH MOCARAOBATENRHOCTBIO KBAXPUPYEMbIX MHO-
HKecTs (B JaHHOM CJyyae Mpocro KPYroB), MOHOTOHHO KCUeprbiBako-

well BCIO IISCKOCTh E*
[ycrn
R= 55' e~**v* dx dy.
G

HQPEﬁ}leM K TOJAPHBIM KOOpJAHHATAM:
2z

P e s '
Ik=jje—”rd rdp = J dtpje“”rdr: 2r —{;2:— o =gn{l —e*),
Gk 0 Q

Ortcioga, coraacHo onpegenenuio (48.1),
I=liml, =am. (48.6)

k00
Hafirernoe snauente unterpana I 1erko no3poasneT HAUTH BeTHUHRY

EHTerpana
a0

j' e dx,

—0
RasbiBaemoro HETerpaJdoM [lyaccoua* uwuacro seTpeudo-
merocs B npHackennax. JefcTBHTeNbHO,

o] @ o 2
[= | e dx e dy = e dx | .
RN A4
TNostomy u3 (48.6) cpasy monyuaem
= o]
S e~ dx = V?I
-

*) C. [Iyaccon (1781 —1840) — ppaunyacknli uareMarix » QHU3HK.



48.2. Hecolcraennstie uNTe2paAbl OT HEGTPULATEAbHOLY YHKYUT 153

Teopema 2 (npu3nar cpasrHenun). [lycme 6 OMKPHITION MKO-
scecrise G 6BIOAHAOMCR HePABseHcms

0LF) < glx), x €6,

moeda 13 cxodumocmuy UHMeEspalQ j g(X)dG caedyem cxodumocme
URMe2PaA S f(x)dG, a us pacxedumocmit unmezpairn Sf(x) dG

caelyem pacxodumocms uNmeepas jlg(x) 4G,

DTa TeopeMa LOKA3SBIBAGTCH aHANOTHYHO AONOGHOH TeopeMme B Of-
HoMepHOM cay4ae (M. n. 33.3 u n. 34.3).

B KauecrBe NpUMEpPOB H $TAJIOHOB JJs CPABHEHHA C IPYTHMH HH-
TErpanami pacCMOTpHM HHTEI‘paJIbI

L vt )

Biboobx?
H
Sl iy =

[epswit nnrerpan Geperca Mo BHEUHOCTH eJHHHUYHOIO mapa; BTO-

poft — no ero BEYTPEeHHOCTH.
Jlna uccmenosannn STHX HHTErPAJOB YAODHO BBECTH chepudeckue
Koopdunamst o, @y, ..., $,_, B #i-MepHOM npocTpaHcTee. OHY BBOAATCA

no gopmyaam

== COS Prey COS Prrrz us COS Py CTS @y,
Xy == COS (Pr—; COS Pp—2 ... COoS g 8in ¢y,
Xy == P COS Pp1 COS Pr_2 ... COS Py 5Nt @y,
(48.9)
X;=0COS(Pa—1 ... COS P, SINN Py,
X, =P sin @ar,
rae
rL k9 -
<p< 4 o0, 0Ly, < 2a, —5 <P <5 i=23 .., -1
C HOMONILH 5THX FOPMYJ AEKAPTOBEIM KOOPAHUATAM Xy, ..., X,
TOYKH MNPCCTPAHCTBA  COMOCTARJAIOTCA  CepHYecKHe  KOOPAUHATLI
0, ®Ly vy Py, 1 06patito. [1py 3TOM caeayer umeTh B BHLY, 4TO, To-

noGHo NONAPHELIM KOOpANHATaM Ha IJIOCKCCTH, 3aech He C}r’[JlECTByET
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NOJABOIQ R3I2NMN0 OAHO3HAYHOTO COOTBETCTBHA MEXIY MHOMKECTBaMH

nouncea {x,, ..., X)) 8 {p, 9, -, Pa_z).
OtmMeinM, 4To
o 3
p= VX] %‘ e +)Cn.

. DneMenTAPHBEIMU, HO HECKOJIbLKO T[POMO3JIKHMH  BhiMHCJACHHAMH,
KOTOpuie e OYeM 3¢Ch NMPHBOAHTb, MOMHO (10Ka3aTb, 4T0 AKOOH4H
31010 NpeofipasoBanns MMeeT Bl

6(}(1 Xay oo x”) -1 2
2 : = pt=1 Cos (pycos s COST 2,
a(p’ Pg, -oor q’n-—l) P Pa Pa Pr—i

IMonoxuM A8 KPaTKOCTH
D (Pgy ...r Pr—1) =COS Py COS’P;3 ... COS" 2 Ppu .

Jlerko yfeiuTnCs, 4HIO

o T T
c= § j.j D (g, ... 1) d':Pl see dq)n-—l>0*)-
-5

Wecneayem tenepr cxoaumocTs HHTerpana (48.7). B xauectse nocsne-
JORATENbHOCTH KYOHPYOMbBiX MHOMCCTB G, k=1, 2, ..., MOIOTOHEO
ucuepnLIBamell BHeOCTh ARHHYHOIO Wapa (, BO3bMEM NOCIERo-

BAaTeRBHOCTE MUOMNKELTH
, i
Uy Z{x:(ﬁ, Gy erer Pui) 1 4+ <Cp< k}, k=1,2, ...

[Tepeitaem K cdepHuecKHM KOODAMBATaM:

J” j‘ dxy ... dx, _
Gk (V x? + e+ xi)cz

p"“'A“ © (P, vy Pr—r)dpdpy ... dpp_( =

m|=i\—---—;m|:4
ref L—-—'—go,|ﬁ

2z
|+—L

*) 9ro caeayer ns toro Gakra, wio ecad B KyOwpyeMeol oGanactu G diym-

Kuus f HempepuBlla Il HeOTpHUATEABNA H eciH cymectyer Touxka x\ £ G ya.
kag, uro f (x'9) > 0, 1o {dG > 0. [lelicrewtensno, plGepeM  Kakod-nuGo
7> O 1aK, yTOGH Py > 1> 0 Torpa cymecrsyer 8 > 0 rtakad, 4to aas
Beex ¥ C0=C (x'9)) B} BLinoansteTca HepapencTBO f{X) > T H _[,‘ dG = j} do =

> nmesQ > 0,
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”
= 5 pri~—l==dp,
Pl
Taknm o6pasow, BOILOC O CXOAUMOCTH HETerpana (48.7) cmencs

os
K CXOLHMOCTH HUTerpada fp””‘—“a’p, KOTOpPHIN, KaK H3BECTHO (CM.

1,.34.3), cxonurIcs LHpU N — 1 — a<_—1, T.e. npu & > 1, u pacxo-
aares nopu o << n. Mrax, poxazaua caepyionas aemma.
Aemma 1. Hh'fneepaa (48.7) cxodumes, ecau o Gosvue pasmepro-
CIMiL RPOCMPONCIGE, U PACXOOUMICA 8 NPOMUSHOM CAyHOE,
Paccsmorpus Tenepn HHTel‘p&JI (48.8). Ilonaras

Gh~—-{x = {0y F1s corr i) <p<1~——} B34, ..,

noayYnM 5‘ 5 d}m xr:
(l’ x; ‘i’

T %
[ (e @@ v ooy . dges =

= Y pi—1-3 dp,

Takum ofipazoM, BOIpPoC O CXOAUMOCTH uuTerpada (48.8) ceencs
i

K CXORMMOCTH HHTETpaja Spn-l—f‘dp. DTOT MHTErpasl, KaK H3BECTHO,
cxouuTea, ecan it — 1 — o > —1, T. e. ecad o <7 7, H PACXOUHTCA B
npoTHBHOM cayuae. [loayuenrniii peayabrar chopMy/IHDyeM CHOBA B
BHJE JIEMMDI.

Jdemrma 2. Hameapaa (48.8) exodumes, ecau o yedviie pasmepro-
o POCMPAHCMBE, U PACXOGHINCR 6 RPOMUBHOM CAYHAEC.

[Tozo6uo canomepHomy cayuato (e, 1. 33.3 ¥ n. 34.3) ¢ nomouieo
uHTerpanos (48.7) n (48.8) moxuo <hOpPMyMHpPOBaTE KPUTEPHH CXOAH-
MOCTH HeCOOCTBENHHIX KPaTHHK WHTETPaNoOB, ORHAKO MbI He GyeM
Ha 5TOM nOAPOGHO OCTAHABINBATECS.

48.3. HecoOeTreHHBI2 HHTETP AN B! OT DYHKURIA,
MEHAIOWHK 3HAK

Onpedenenne 3. Hecobomsernnoui unmezpos S fdG naze-

saeme QOCOMOMAHO CXOOTUUMCR, eCcatl CXOOUMES UHINEEPAR Sl[ | dG
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[puBesew o0 HEOGXOAMMOE W JOCTATOUHOE YCJOBUE alCO/IOTHOM
CXOIMMOCTH uuTerpada. JLns 3TOTG IHONOXKHM

f(x):{f(x)' ecan [(x)2#0,
¥ 0, e f(x)<Z0,

C{—fx), ecmn f(x)<0,
0= { 0, ecan f(x)>0
Jlerko euierh, 4ro

- !HQ-H R - |f|;f , (48.10)

0<f () <[(0)L 0T ()<, (48.11)
fo=TGy—T (), F=F 0T () (48.12)

Ha dopmyn (48.10) cneayer, uto, ecnn QyuKIus [ UHTErpHpyeMa
no Pumauy na nexoTopolt kyOupyemoli ofaacTi, To # (yukuHd [,
H [ Takme uHTerpupyemel no Pumany Ha 3Tofl ofjacrd; U3 nepsofl
topumyas (48.12) caenyer ofparioe yTeepxaente. [lostomy us (48.10)—

(48.12) caenyer, uTO unRmezpas SfdG abcoatomuo cxolumcs moada u

maoasko mozda, Koeda cx00AmMCs UNMEZPaAb Sf,,dG u S f_da.

Kak # B cayuae HecoOCTBEHEBIX MHTEFPAJOB OT (QYHKUHH ORXHOrO
nepeMeHHore, H3 afcOoMIOTHOH CXOAMMOCTH KpaTHOTO HHTErpasa cie-
AYET €r0 CXOAMMOCTL (IPH 3TOM KOHEYHO PRceMaTpHBAIOTCH TOJLKO 14-
Kie GYHKIHM, KOTOpbe HHTErpHPYeMal HAa Ka#JAOM KyOHDYEMOM MHO-
MECTBe, COIeDKALIEMCH BMECTE CO CBOHM SamMblKaHueM B OTKPLITOM
MLIOeCTBe, N0 KOTOPOMY NIPOM3BOJHUTCA HHTEIPHPORANHKE). DTO cpasy
noJgydaercs Ha ocHopaHud dopmya (48.11), nepsofi dopmyap (48.12)
H W3 Teopemul 2 Kacrodwero naparpada (cm. n. 48.2). Omnako 1aa
KpPATHBIX HeCOOCTBEeHHLIX HHTErpagoB CHODABEAIHBa H o0paTHas Teo-
pema.

Teopema 3. Ecau xpamwusii unimezpan SfdG(n > 2) exoduritcs,
mo oR w adcoammno exooumest.

I7a HeoHUIATHAY HA TePBHI B3TJAL TEOPeMa CBA3AHA C OTAHUHCM
OnpeseneHns HecOGCTBEHHLIX HHTerDaJoOBR OT (DYHKUMH OAHOTO H 7
nepeMennelx (n 1), yKasaHHBIM B Haualde 310To naparpada®.

*) OTMETHM, OJHAKO, YTO MOKHO GbIo OB U B A-MEPHOM CAYHae NMOAYUHTDb
KAUECTBEHHO TY e CBA3b MWy CXONUMOCTBIO ¥ a6COMOTHON CXONHMOCTBIO HH-
rerpadia, 4T0 ¥ B ORHOMEDHOM <AYyYde, echH COOTBRTCTBYIOWNM 06paioMm BBecTH
cpefe/eHHe HecoOGCTBERHOTO r-KPATHOrO uxTerpata. Hanpusep, B cayuae uu-
TErpanoB N0 BCEMY NPOCTPAHCTBY A STOTO CJACAYET B OMpeienelili HHTerpaaa
L KauecTseé JACMEHTOE MOHOTOHHO ]lC‘!e[’)ﬂblBﬂlOHlCﬁ nochacronarelbiocty GpﬂTb
TOJAbBKO fI'MEPH]:le Wapesl ¢ NeRTPOM B Havane KgepaHuar.
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JokasaTtedbcTBO TeopemMu. IlycTh HHTerpad SfdG

afiCOMICTHO PACXOAMTCH, T. €. A5 HeKoTopodl (a sHauHT B 418 BCAKOH,
cM. Teopemy 1 B 1. 48.2) nochenopatenbHOCTH KyOupyeMutx MHOKeCTB
G,, =1, 2,...,, MOHOTOHHO HedepnuBalomlel OTKDHITOE MHOMKECTBO
(G, uMeeM

lim [|f]dGy= - co.
k- 00

Bes orparnuenns ofliHOCTH (nepexoas, €CAn Hajo, ¥ NOAIOcHe-
JIOBATETLHOCTH) MOMKHO [Ipeallofararh, 4To

(1i1dGees >3 171dG, 1 20, k=1,2, ... (48.13)

ITycTh Ak—Gk+|\Gk, TOrAa A,—OTKPEITOe KyOHPYeMoe MHOXe-
C180, H TaK KaK G, < Geqi, 10 (pHC.157) Giyy = A, Gy, H, ciie0-
BaTe/LHO, "

$111dGee = §111d4c+ {17146,
Orciopa B cusly Heparehcra (48.13)
F17tda,>2 {171dG, + 2k,

Hcnonwsya sropyio dopmyiy (48.12), mno-
JIy UM

jhdAk+Jf_d,4h>2j[f|d6h+2k. Puc. 157
Ilyets ana onpepenennoctu

jlf+d‘4h >’j‘fAdAfi'

TOT AAa

2 (f,da, = [ daq+ 1 a4,>2 |} do,+2e,

H, CJel0BaTelbHo,
§1.da,> 17146, + & (8.14)

Hamelt nensio sBAsercs nonydyeHue HepaBeHCTBA NOAOGHOIG THNA
He /18 QYHKUHY [y, a Ans gyuxoan f. JIns 91010, Kasatoch Gk, MOMXKHO
MpOCTO OTOPCCHTL TOUKH, B KOTOPLIX QyHkuHa f. ofpallaercs B HOJL;
TOTJa HA OCTABIIEMCA MHO:KecTBe MMeau Owl f = f.. Ognakoe noay-
YHBUICECH MHOMKECTHO MOHET, BooOLUIE IOBOPS, OKA3aThCA HEKBAADH-
PyeMbIM, DO9TOMY Mbl OyAeM AefcTBOBATE HECKOABKO OOXOIHLIM Ny TeM.

W3 viepapencrea (48.14) cnenyer, uto npu J060oM OCTATOUHO Mes-
Kom pasbuenny © = {£;};/7)° muomecTsa A, fem. m. 44.3) ass Jio-
Golt HuTerpanbnol cymnbl Pamana umeem
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) P . :
S @ImesE > (114G, +h & € By =12, do
i=}

Obosuaunm vepes E; Te nilowecTsa  E; v, AN KOTCpsIX
F,()>>0 po scex roukax & £ E;; vorpa, BuGupas §, € E,s=L; r1ak,
uro f(§;) =0, noayuum

X1 @)mesEr > {1 dG,+ (45.15)

rae {(a raxke 4 B JanbuefiimeM) 3HAK «I0TPWX» Yy CYMMBI O3HAuaeT,
YTO CYMMEPOBGHHE PACUPCCTPAHACTCR TONBKO HA Te UHAGKCH ¢, AAf

t3
koropulx I, =E;. Tlonomnm
#*

{cM. puc. 1567). Ouernano, uro B, — OTKPHTOE KyOHpyeMoe MHO»<e-
CTBO, JIeXKallee B MHOKecTBe A, a t*={E;| ssnsiercs erc paalue-
neem, Ha sambikannn sToro MHoxecrsa f, >0, u caegosarensio, f, = f.
W3 wepaBenctra (48.15) caeayer, uto 1A uuKaHX cyMMm lapGy s
dyakiKH f Ha MHOEKeCTBe Bp clpaBeiJHBO HepPAaBeHCTBO

sp 2 1 G + .

Crcioja, GUERMAHO, CJEJYET, YTO

{7aB, > {17 dGy+ k. (48.16)
3amernM, yto > - |f1 u, caeposarcibuo,

VFaG, = — [ (114G, (48.17
Cxnanmsasi HepasenctBa {48.16) n (48.17), nonyumm

{ia, + [ 146, > . (48.13)

Nyets D, =B\vG,, k=1,2, ... Ovesuaro, D,—otKkprioe Kyfi-
pyeMce MHOMECTBO H

GkCDkCGk+1, k= 1, 2, ven . (48]())

B cuny Ttoro, uto MhomectBa B, B G, He NepeceKawTcsl (rax
Kak He nepecexatorcsl Muoxectsa A, u G,), us (48.18) mmeem

§1aD, > &,
OTKY /3
Jim {§ D, =t co. (48.20)

W3 exmovenns (48.19) cuexyer, uto mHomectsa D, k = 1, 2, ...,
o6pasyT [OCAeIOBATENBHOCTE KYOHPYEMBIX MHOMECTB, MOHOTOHHO
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HCULPILBRAIOWYIO OTKPHITOE MHOMXKecTBO (7, HOO TaKOBOH ABJIAJACL
flaunas nocaepopareavnorte G, k=1, 2, ..., N03TOMy paBcHCTRC
(48.20) o3navaer, 4TO HHTErpaJ SfdG PACXOJHTCH,

Teopema noxazana.

HTag, An8 KpaTHEIX MHTErPANOB CXOAMMOCTB HEcOfCTReHHOTO HH-
Terpana SfdG SKBHBAJIHTIA ero adCCATHOH CXOIHMOCTH.

Yopamuerue 2, 3aMeHHB B onpelesieHHH KPaTHOTO HecoGCTBELHOIO
HHTErpasa BCOZY OTKDHTHE MHOMECTBa o6iacTami (B 4aCTHOCTH, DAcCMATPUEAR
TOABKG MOHOTOHHG HCUEDIBIBAOUINE JAHHYIG 06A4CT> NOCJAENOBATENBHOCTH, CO-
cTosie TOZBKC 63 KyOGHpyemux o0aacrell), moka3arb, 4To ¥ npd Takom «Bosee
Y3KOM» ONpeJecHRA XPaTHOTO HecOOCTBEHHOTD HHTErPaNa COXPaHARTCH TeoDesa 3,

§ 49. HEKOTOPBIE TEOMETPHYECKHE
H ¢PH3HUYECKHE TIPHJIOKEHHA KPATHBIX HHTET PAJIOB

49.1, BoiyncieHde naotasedi 1 05beMoB

[Tyers G — gySupyemoe oTEpLiToe MioKectno B £, Kax
usBecThO (CM. 1. 44.5),

mes G = | dG. 49.1)

Takum 06pa3oM, ¢ MOMOWEIC A2-KPATHOTO HHTErpana MOMNKHO BhIYMC-
JATh MePy KYGHPYeMbiX MHOMECTE B A-MEDHOM NpOCTpaHcree (miio-
mans - B IBYMepHoM, 06LeM — B Tpexmeptom). Ecan n-kparubifl vy-
Terpani (49.1) MOMEO CBeCTH E NOBTOpHOMY {Chv. § 45), TO smuuCieHue
Mepel KyOHpyeMoro mMHOMeCTBa (5 H-MEPHOIO OPOCTPAHCTBA CBEIeTCS
K BHUACTCHHIO (n — 1)-KpaTHOoro HuTerpaJa.

[lyctn, Hampumep, D-— oTkphiToe XyOHPYeMOe MHOXKECTBO B

e |
(n— 1)-MepHOM OPOCTPaHCTRE Eﬁh s 1y, X = [y, ooy Xpet) —He-
OTpHUATEABHAS (YHKLHS, ONpefeleHBas H HENpepuiBhasi Ha 3aMbl-
Kauun [ MHOWecTRa D, a
G={x=(%y, ooy %) (xp ey Xnmt) €D, 0<Zx, < f(Xy, oo s Xa )}
(Takum ofpazoM, U #ARIACTCH A-MEDHLIM @HANOIOM KPHBOJHHe(H:H
mAocKei Tpaneuws, paceMotpenncil vamu B . 32.1). Torrza

f(.rl, ey xn_l}

mesG=jdG’=j‘dD J dxnzj‘}'(xl,..., Ka—y)dD,

T. €.
n—1 paa

T
mes G -_—-j Sf{xl, oy Xn—p)dxg oo dixay.
I
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Mepy NpOH3BONBHEIX (He 0o6Asate]bHO KyOHPYeMHIX), B Y&CTHOCTH
HeoTPAaHHYEHHLX, OTKPHITHIX MHOMXKeCTB npoctpauctsa E°, n 3 2,
MOHO BRIYAC/AKRTE C TIOMOLLBLIY HecofCTBEHHBIX HHTerpatop. Jeficreu-
TeALHO, NYCTh G — NPOM3BOJIBHOE OTKpLIToe MHOKECTBO B E° u Gy,
£ =1, 2, ... — NoCJeI0BATABHOCTE OTKPLITLIX KYOHPYEMbIX  MHO-
FCCTB, MOHOTOHHO HCUEPMbIBAIOIMX MHOKecTBO G (cM. . 48.1). Toraa,
Kak H3BecTHO (eM. m. 31.2),

limmes G, =mesG.
k—oo

Ho B cuay (49.1) mes szjlde, No3TOMY
mes G = lim j.de.

k00

Ilo onpeigeHyn XKe KpaTHOro HecOBCTBEHHOTO HHTErpaJia

lim \ dG, = | dG.
k00 k 5
Taxum obpazoM,

mes G = f da,

[Ae HHTErpaj B NpaBOHA YacT# NORUMaeTcs, BooGLIe FOBODA (2 MMEHHO,
ecan G ue gpasiercst KyGHPyeMoH 08.acTbid), KaK HECOBCTRELHBIR,

Octaercs JUUK: [0OKa3aTh, YTO A5 JIOGOr0 OTKPHITOrO MHOMKECTBA
(G BCerfa CYIECTBYET [OCAENOBATEMBHOCTE KYOHPYEMBIX MHOMECTR
G,, k=1,2, ..., MOHOTOHHO HCYEPNLIBAIOULAA 3aJdHHOE MHOMXKECTBO G.

Jokamenm 3TO.

PacemoTpem mocae/loBaTeNbHOCTe KyOuabsked T, £ =1, 2, ...,
npoctpancrsa E" (cM. 1. 44.1) 0 0603HaUKM yepes Q, n-MepLbLé OTKpPHI-
Tefl Ky0, onpeieiseMelil CAGAYIOUHM 00pa3oM:

Qu={(x):| x| <k, i=1, 2,..., n).

Uncno KyboB aaHHOTO padra k {cm. m. 44.1), comepkamuxcs B
kyGe Q,, a c1enoBaTelbHO, H NOZABHO B nepecedeHun GNQ,, KOHey-
1o, O003HaunM 3TH 3aMKHYThie KYOH Py, ..., Py,

P,eTy PGy, i=1, 2,...,
I—Iepes Gh ofo3HaYuM MHOIKECTRO TOUCK, COCTOANCE H3 BHyTpeHH HX

Touek Beex KyGos Py, ..., Py, a Takike TOu€K MX [Panllbl, He sB/As-

OOMXCT TOUKAMH DPHKOCHOBEHA /1% HONOJHEHHA K MHOHECCTBY TO-
YeK 3TuX KyGOB, T. €. HE SBJAIHXCH TOYKAMH 1IDHKOCHOBCHHSA AJA
MHOXKECTBA

i ‘2
E'\\ P,

j=1
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Hanpumep, B cayuae, u3oGpaxkeHHOM
sa puc., 158, mHomecThO G, cocrout m3
ABYX KBapartoB Py 0 P, 1 AuTepsada, nony-
yalollerocs orépacwLiBaineM BEPIUHH  STHX
KBAApaToR H3 HX ofwerc pebpa.

Mnoxectsa G, £ =1, 2, ..., n seasior-
¢ OTKpb]TbIMH Kyﬁupyemuw MHOMECTBa-
MY, OOPASYIOLLUMH NOCAEIORATENLHOCTh, MO-
HOTOHHO HCUEPNBIEXIOINYIO AAHHOE OTKPLITOE Puc. 158
Muomectso (.

Ynpamkeenn & 1. Nloxasars, 410 NOCTPOCHHAR NOCAEACBATEALEOCTH
Gp, £ =11, 2, ..., nelicteurensHo 06pasyeT NOC/A2A0BATENHROCTD KYGHDYEMBIX
MHOIKECTB, MOHOTOHHO ACTepNLIBAIOIYI0 R2HHOE MHOXKecTBo G.

49.2. Pu3nuecKHe NPUNOKEHHR KPATHLIX HHTErPATOB

C noMombio KpaTHRX HHTETPANTOE MCHKHO BHUHCAATH Pas-
JUYHEBE (HIHUCCKHE BeJHUHHE!: MacCy H 3apsj Tesd, HEHTp TAMECTH,
MOMEHT MHEPUHH, MOTOK KUAKOCTH, NOTeHUMHad Teja H T. 0.
HafinemM B KadecTse npHMepa UEHTP THMECTH MJAOCKOH QHIypHL
[lycts B nexoTopod keaapiupyemoil ofnactk G pacnpeaeacHa Heko-
Topas Macca, BooOLIe TOBOPA, C FRPEMEHHON MJOTHOCTEID p(X, V), T.e.
#a 3aMmeikanuy G obaacTH ( 3ai1aHa HEKOTOpPAR HEOTPHLATE/bHAH H
HempepnBHaa ¢yHxuns ofx, y). O6iacts ¢ ¢ pacnpeaeieHHCH B Hel
maceoll OyleM HazbiBaTh gueypod S, a BelHUHHY

M= | {0 yydxdy (49.2)
(x

— ee maccoli. Ecan p(x, y) He TOxAecTBeHHBIA Honb, To Al > 0.
Onpefeann u uafiiem UeHTP TsxeCTH Gurypsl S. Bosbmen gaxoe-
autio pasbuenne T = {G,}, (=1, 2, ..., &, oBaacty G {cm. n. 44.3).
O6sacte G, ¢ pacrpefesendof B nefl MaCCcod  miOTHOCTH p{x y),
(x, V)€ G, nasosem ¢urypeii S; Buwbepem no nexkoTopofl Touke
(g;, ;) €G,. Beauunny m; = p(E;, 1;)mes G; Ha30BeM MPHOIHKEHHbIM
3HAUENHEM MACCH QUTYPEI Si {ecTeCTBEHHOCTL TAKOTQ HA3BaWus Coeny-
et 83 dopmyapt (49.2)). Benruume me m;E, u mn; HasoBeM npubaH-
JKeHHBIMH 3HAYEHHAMH MOMEHTOR GuIYpR S;, =1, 2, ..., k, coor-
BETCTBEHHO OTHOCHTEARHO KOOpAHHATHEIX ocell Oy n Ox (eCcTeCTBEHHNOCTE
3TOrO HA3BAHMA CJEfyeT H3 TOro, 4YT0 MOMEHTAMM NMaTeDHa/lbLbHOH
TQUKN Macchi M © Koopruuaramu {x, y) oTHocuTensno oceli Ox u Oy
HAZLIBAKTCH BeAHUAHE my W mx, cM. 0. 32.6). Haxounen, sensunubl
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I3 4
S, (1) = Z Ny = 2y p (&, m) mes Gy,
=1 i=1 (49.3)

3 h
S,(1) = ,§ §;my = _§ g, (5, n)mesG,

HasloneM HOHOAHIKCHEBMH T-MOMeHTAMH (HLYPE S OTHOCHTENEBHO
oceit Ox u Oy, a ux npeneas mpu §; — 0

lim 8§, (1) =5, lim S8, (v)=S,
§.+0

e

— Momentnanu ueypul S otnocuTensto ocell Cx » OV, 314 npenean
IPH CAelaHHLIX HPeANoNoKeHHSX cyuecTByor. [leficrBuTennho, 3
Gqopmya (49 3) suano, uro St} u Sy{t) SBAKIOTCA HHTEIPajlbHbIMH
cymMami Pumana aas Gyekunfi y o{x, y) # xp(x, ¥), n03TOMY

S, = 505‘ yolx, yydxdy, Sy= ‘Lj xpx, yydxdy. (49.4)

Onpedenenne I. Touka (x,, Vo) HOSHIGOEMCH UeHMPOM MANECHIL
Gueypor S, eCA MOMEHNIBL ORUHOCIMEALHO KOOPOUNOMKBIX GOSl Mamept-
aankoll revkn aoccee M, pasrod sacce scell gueypot S, Haxodsielica
& mouKe (Xy, Vol PASKO COOMSEMCMBYIOMUM MOMERMaM (Dueypor S,
Hi. e. ecai

Mxy=S§,, My,=38,.
Ha dopmyn (49.2) n (19.4) nonysaem
§§ xp (x, yydxdy §§vo (x, yydxay
¢ ¥

- Soin wdrdy o= ffote yaxdy’
1] I5]

Xo

Ynpawxnedne 2 [lokasaTh, 4TO UESHTD THMKECTH (QHTYPH HE 3aBHCHT
or 5u8opa cHCIEMHl KOODAWHAT.

§ 50. SNEMLHTb! TEOPHH NOBEPXHOCTEM

50.1. O6umne nOHsTUR

Onpedenenne 1. Mauowecmso S movex mpexseprozo npo-
CpaHCmeq, SadaHHOE KK 06pas samirHymol aaocket ofaactiu ¥
HPU KEKOHOPOM HERPELBIGHOM omobpanceruu riu, &), HASLIBALNICA napa-

#) 3acch M B Jaabuetilies 5 3Tom Daparpade acpes D ofoaHavaeres naockan
alaacTs. ’
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mempurecky  sadanHoll nosepxrocmbis, a omobpasernue riu, v) — ee
npedcmasaenue.
[lpu stom muinercs

Se=riw, o)y (@, 0ED). (50.1)

Ilyers Tenepb B paccMaTpPHBAEMOM TPEXMEPHOM [IPOCTpaBCTBe 3a-
(PHKCHPOBANA FPAMOYIONBLLAS CHCTEMA KOODAMHAT.

Ecaw ru, v), (4, v) €D, apagerca sextop-hyHKuMei, cCOOTBETCTBY -
omeil otToGpaskennio r(u, ©)*, SBASICIWEMYCA NREJCTABIEHHEM [10BEPX-
HOCTH S, TO OHE HA3LIBASTCA GEKMOPHLIM HPEOCMUsAeHUEM NARKOH No-
BEPXHOCTH H OHHIeTca

S=ir(u, v} W, 0)£D}. (50.2)

Ecnn r{u, v) = (x(y, v), y{u, o), z{u, v)), TO COBOKYTIHOCTh Tpex
bynkuui x(u, v), y(u, v), 2(u, v), (4, v) € D, HaswBaCTCA KoopOuHAMNLM
nApedcmasacHiiem NaHROH TIOBEPXHOCTH H IIHUIETCS. B BRAE

S={x(u, v), y, v), z(u, v} (@, VYED], {50.3)

Vlepenmeiitile ¢ M v Ha3bIBAIOTCH [ApaMeTPaMi, HJIH KOCPAHEATAM,
MOBEPXHOCTH.

Cnpedenerdune 2. [ipocmpancmaennan  mowka M = r(u v),
(1, V)E D, naioe coomsememsyiouie SHOMEHUR NAPAMCHIPOs U, v HO3bI
aalomes moukol  GaHAHOL  nopamempunecky  3a0aHAOL  HOSEPXHOUMU.
Ima mouka obosuauaemea r(u, v). Cama oge nPOCMPANCmBERKAn Moy-
ka M Hasueoemes Hocumeaem 3moll MOUKU HOSEPXHOCL.

Onpedenenue 3. Cosckynwocms ecex Hocumeaeli mowex Aapa-
MEMPULECKU 3a0aHAOL NOGEPXHOCINY HASHIBACIICA Hocumeaem 3moi ro-
BEPXHOCITIL.

[Ipumep. HocuTenem noBepxHOCTH

X =rCcos\cosq,
y==rsinysineg,

2 == r §if i,
T 8 1]
0<e2n, —5 <Y< 5,

sBaAeTCH cepa ¢ USHTPOM B HAuase KOOPAKKAT W paluyca f.
Onpecenenue 4. Ecau  cyijecinsyiom 08¢ paszaudnsie mouKd

(g, 05D u(uy, vo) D, macue, o rluy, v) = rlu,, v,), MO MOHKE
M = r{uy, v)) = 1 (Us, Us) HA3IBAEMCI KPWINHOL MIOHKOLL ROCUMEAS Ilapa-

*) HamomHuM, 4TO 370 3HAYAT, 4T0 Touka r{@, U} :BASETCH KOHLCM paiuyc-
pextopa u, v).
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memputeckd safaryol nosepxrocmi (wau KpamHod mourold rapament
pusecku sgdaunoti nosepxrocmu). Tlapanempuyecku 300anHas nosepx-
ROCMb, UMEIDUWIAR KPQMHbe MUKW, HASHIGAEMCS NOGEPXHOCMBIO ¢ CaMO-
HepeceteHIaAMY.

Kak u B cayuae xpupodi, nns Aauuofi mopepxnocTH OyAeM Jony-
CKaTb pa3/luHbie IPeACTABJEHHS,

Onpedesenne 5. Henpepusroe omoGpaxcerue r="r{u, V) 3auguymott

navckol obaacmu D 8 E3 u wenpeposnoe omobpascenue p = p(iy, ;)

samkrymol nacckod ofacemu Dy 8 B3 RAwsaiomes SKeUSQACHIHGIMY,
wau npedemagsekuamu 00HOL © moti o napamempudecku 3a0aHHOL
NOSEPXHOCML,  €0AU  CYHECMEYem  8308MHO OCOHOSHGYMOE U B3QUMMO
Henpeposoe™ omobpascenie

iy = (u, v), }
50.4
Y, ="l’(“= v}, ( )
samsrymoii obagemu D wa Dy, maxoe, amo
r{u, v)=plply, ), Pz, V). (50.5)

Oan scex (4, v)ED.

Onpedenernue 6. Ecau dynxyuu (50.8), uau eexmop-gynkyus
(50.2), sadatowyue nosepxuocme, nenpepeisHe Oudipeperyupyere™™:, mo
RAPAMEMPUYECKY 2G00HHNAR HOBEPXHOCME S  HO3bIGALINCA HENPEPHIBHO
dupghepertiupyemod,

B s10M cayyae yciaoBHE SKEHEANEHTHOCTH JBYX DIPEICTABJEHHH
MOBEDXHOCTH onpenensietcs Sosee KecTko: om omodpaxcexnun (50.9),
ocyecmeanoween nepexod ont 00RUY Rapasempoe K Opyeum, Gonoaxu-
MeALHO Mmpebyemen HenpepoisHas Oudpheperyupyesocme KaK e20 camoeo,

max 1 obpamuoeo K Hesy omodpaxenus (coomeememsenno Ha D u D).

3aech, KAk W Beljle, 0oJ BenpepuBHoll augdepeninpyemMOCThiO B
3aMKHYTOl 06nacTu D noHUMAaeTcs HeNpepbLiBHOCTHL YaCTHBIX TPOoN3-
BOAHBIX B OTKPRITOH ofaactd ) u HenpepulBHAA HX UPOAOJIKASMOCTb
HAa Tpanuuy 3toif ofsactu (em. n 39.3). Tlpu 3roM npoROSAeHHAA
Gynxuua cbo3pavaercst TeM JKe CHMBOJOM, 4TO M 1CXOHAs NPOAOJ-
KaeMada QyHKUH,

*) HenpeprisHo Kag npamoe, Tak # obparuoe aTolpaweline.
**) Takue nousTad, Kax, HANpUMEp, ALNPEpPLIBHOCTL, AHP(EDEHIHPYEMOCT
eCTeCTBEHHHM GOPAasOM NepesOCATCH M HA BeKTOP-PYHKUMI HECKOABKHX mepe-

MeHHHX. Tak, diyuknma r =r (i, v), onpefenednas na ofnacTl ¢, HasblBaeT-

€ HENpepLIBHOH B TouKe {1y, U,) G, ecam lim F(u, v) = r (g, g} i.pu-
{t, vl vp)
ar (ug, )
HIBOAHAR — o5 — =" ONpEAeSAeTCcs PABEHCTHOM
ar (ng, 7o) _di‘(rt, )
du = du

0T A

ii=wiig
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[Topo0HBIM OGPE3OM MOXKHO ONPEAe/iTL W APYTHE KAacchl napamer-
DHYECKH 32aHHEIX [OBEPXHOCTEH, HANDHMED, ABAMIAR HEOPEPRIBEO
AudepennnpyeMole KA bBoofile A pas HenpepuBHo Radfepennupye-
MBIE TIADAMETPHUSCKH 3dAaliHbe [MOBEPXHOCTH.

PestoMupys, OKOHUATENLHO MOMKEO CKA3aTh, UTQ AQPOUMEMPUYECKU
SQOQHHOL NOREPXHOCILI) KOKO20-TN0 KAQCCA SBAACHICA HEKOMOepPas coso-
KYNHOCMD  IKEUSQACHIMHbIX  MexeOy cobol npedemasienull YKasaHHO20
avitne euda.

IlonATHe SKBHBANEHTHCCTH OMNPEASAAETCA B 3aBHCHMOCTH OT Bhi-
fopa KJaacca.

Onpeoerenne 7. HpeoOpazoeanus napamempos, ocyuiecigAtouiie
nepexod om 00R02D NPeOCmAaBieHus ROBEPXROCIL K Opycomy, emy 9x-
BUBLACHHINOMY, HASHBRIOMER OORYCHILMOIMIL.

Onpedenerne 8. Ecau 3a napasempus 8 00HOM u3 npedemagaeriiti
NOSEPXHOCIMU MONCHO 83Ame Kakue-aubo dse xoopduramer {(Hanpumep,

ecAL CYLECTByem SAMKHYMan obaacims D wa naockocmu xy u yrKyus

2= f{x, ¥), (X, YYED, ssasowascs npedcmasiciesn nosepruocmu),
Mo maKve npedcmasieHie HO3LIBAENICA ABHbIM,

OueBugno, 9TO eC/IH [OBEPXHOCTL AOMYCKAET SABHOE TpelCTaBie-
HHE, TO OHA HE UMEeT KPATHLX TOUYEK.

Hns npocrot wactoc GyneM na3piBaTh NMapaMeTpPHUECKH 3aaHHOH
[IOBERXHOCTLIO TIPOCTG HEKOTOPOe €@ npeicTaeleHHe r = r(d, uv).

JianHoe Boiwe onpefeaeHne napaveTpuueckn 3afgannoil Hempeprie-
HOH NMOBEpPXHOCTH He OXBATHEAET Bee TO, YTO HHTYHMTHBHO BXOIHT B
970 noHaThe. Tak, MO:KUO NOKA3aTh, Y10 MOBEPXHOCTL [1Apa He AB/S-
€TCH HOCHT2leM KakoH-iu00 HenpeDLIBHOH [apaMeTpHUEcKH 3ajaf-
HOil noBepxHOCTH Ge3 Kparubix Touek. CyniaTh e, 4TO NUBEPXHOCTDL
apa HMeeT KpaTHule TOUKH, MPelcTaBAfeTCs HeONPAaBIAHHEIM YCAOM:-
nerndes. Chopmynupyem odliee onpeieneHne NOBePXHOCTH.

Ginpedenenne 9. Censnoe (cat. cnpedencrue 24 8 n. 18.2) oepanu-
HEHHOE BOMKHYMOe MHONCECIME0 S IMpexsiepHOeo NPOCMPANCMan Ha3bisa-
emcs nosepxioometo, {(taw nodpobuee, nosepxHocmord 6e3 Kpas}, ecau
das moboi ek M € 8 natiGemen sanknymedi wap Q ¢ yenmpon 6 dmot
mouke, Oaf KOMOPO2O CULECMBYEM S30UMHO OOHOSHAYKOE U HENDEpbIS-
Hoe omobpaxcenue ¥(u, vy Hekomopo2y 3amkHymozo kpyea KCE® na
SMQ, npuuen ccau (g, vy) tenmp xpyea K, mo M = r(u,, vy)™®).

flapa wucea {u, V) Hasvigaemes MeCHIHOMI KOOPOUHAMAMY HIOY-
ku r(u, )£ S wna nosepxnocmu  S.

Hesma 1. Kumdas nosepxnocms asanemes oOBeQUHERLEM KOHE-
HO20 HUCAQ HOCUMEAEN NAPAMEMPUNECKN  300aHHbIX  nosepxHocmerd.,

NowxwsateabcTBo [lyete S — nosepxnaocrs, Jas kax-
Aol Toukn A &S sadukcHDYen Kakoil-nub0 M3 yKA3aHHWX B OTpele-

*) TloBepPXHOCTE B CMBICJIR 3TOMO ONpeleleHis Ha3bBaeTcs TakKe IBYMED HbIM
sHorooGpasnem.
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JeHnH Y 3aMKHYTHX IAPOB C HEHTPOM B 3TOH TouKe H 0003HauHM ero
* L1]

ueped Q. Ilyeib 7y — ero paguyc U Oyctb Qg -— OTKPBITBIH Wap TO-

ro e paanyca ry ¢ uenTpoM B Touke M. meem

S UQn,

MeSs

T. e. cucteMa wapoB {Qul, M ¢ S, ofpasyer OTKpLITOE NOKPHITHE
CPFPAHMUCHHOTO 3aMKHyToro MmHoxectsa S. Ilo semme Bopedas
(em. memmy 1 B 1. 3.3) n3 3TOro NOKPLITHA MOXKHO BBIJASINTL HEKO-

* & ®
TOpOE KOHEUHOE NOKPhITHE: {QMl, Urtyy eve s ka}- OueppjHo, 4TO CH-
CTEMA COOTBETCTBVIOULNX 3aMKHYTHIX LUaDPOB

[QM,) QM;; reey QMk}

TAKKe 06})33}’&’1" NOKPLEITHE NMOBELXHOCTH S, T. €.

(4
Sci) U,
i==} ¢
- ‘ 2 2
Ilyets K,—KpPyr ¢ UeHTpOM B Touxke (i, Ul-z € By Ky By
HEMPEPHIBHO U B3AUMHO OAHO3HAMHO OTOGpamacuielcss oTofpaxeHnem
ri(i, v), {4, 0)C K, ua mpomeetso SMQuy, TaK, 4T0

rl'(ui’ Ui)H:Mz'! i=11 2= Y] k-

Toraa mummectso Sy, ABasercs HOCHTejeM NApaMeTPHUECKH 3a-
JlaHBOJ HelpepuiBHOH I0BEpXHOCTH

{riw, o) (v, O)CKY}, i=1, 2,.., &,

R
S=U S0Qu,.
{=1

JleMMa JoKa3ana.

Ynpamuenue 1, Jlokazate, 4TO HOBEPXHOCTH [MADa SHBJANETCH HO-
pepxuiocTeio Ge3 Kpar,

Manum Teneph omnpenenenHe TOBEPXHOCTH € Kpaew.

Onpedenenne 10. flycme S — OzparudeHHOe CBABHOE 3AMKHYMOR
MHOMECHZ0 MpexMeprozo npocmpancmed. yeme dan woGod  mouku
M € 8 cyujecmsyem samknyment wgp Q ¢ yenmpom 6 amodl mouxe u cy»
WICCINBYENT HENPEPLIBHOE 83QUMHO O0HOSHAYKoE omobpancenue r(u,w) He-
KOMOPOSo 3QMKRYMO20 Kpyea uan noaykpyea K we mioxcecmao SO(Q,
niputes, ecatt (Uy, vy) yexmp Kpyaa wau noaykpyea K, mo r(iy, vy)=M.
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Ecau K*) — noayxpye u {1, v,) — eeo yenmp, mo moura (i, vy) =
=MES Hasweaemca Kpaecold moukol MAo¥cecmsa S.

Cogorxynrnocmo scex Kpaesblx MOMEK MHONCecmsn S Hasmsacmes 20
Kpaem © odoswauacmen AS.

Mruoxcecmeo S, yO0BACKIBOPAIOWIES YKASAHNBIM GBILE YCAOSUAM U
maxoe, WMo e20 Kpaii 0S He NYCm, HOSKRAENCH HOSEPXHOCMEI0 © Kpaes™ ),

Beakas Touka ropepxHOCTH ¢ KpaeM, He IpHHANNERKAL AN ee Kpalo,
HA3BIBACTCH GHYMINEHHZE MOYKOL NOBCRXHOCHL.

TpumepoM NOBepXHOCTH € KpaeM sBJIAICTCS OOKOBAR NOBEPXHOCTH
KPYTJIOre LHAMBAPA H OOKOBAA NOBEPXHOCTE KPYTOBOFO KOHYCA, UMEID-
KX KOHEUNBE BRICOTHI.

CoBepinenlio aHalOrHyHO JemMe 1 MOMHO MOKA3aThb, UTO KAKAAs
HOBEPXHOCTE € kpaem fABJAACTCs OObeAHHEHHEM KOHEYHOTO YHe/a
HocHTeNeH TNapaMeTPHYCCKH 3aJIaHHLIX [OBepXxHOCcTell Ge3s KpaTHHIX
TOUEX,

B panuHefimem ©YIYT M3yuaTbCi B OCHOBHOM JIHIIL HEMpepbis-
HElE NOBEPXHOCTH, 22J42HHLIE TMAapaMeTPHYECKH, HO, BOOGILE TOBOpPH,
¢ KPaTHHIMH TOUKaMi. TaM, Iie T0 He CMOKeT NPHBECTH K Heaopasy-
MEHHSM Mbl BMECTO (DapaMeTpHuecKy 3alaHHad IMOBEPXHOCTLY OYAeM
YIOTPEGISTL TTPOCTO TEPMHH «NBEPXHOCTED,

Hakoneu, oTMeThM HeCKOJBKO APYroH NOAXOA K NMOHATHIO NMOBEpX-
wocty. Leaw Fx, ¥, z) — penpepuiBHas B HeKoTopofl Tpexmepuod
obaacTa PYHKIHR, TO COBOKYIIROCTL TodeK {x, ¥, z}, TaKux, 7o

Fix, y, 2)=0, (50.6)

HA3LBASTCA  nogepxHocmeo, 3sadauxod weaswo. He octanamnuzasch
ooapeGio Ha azaqHze Takoro [oiXoAa K [OHATHIO [OBEPXHOCTH, OT-
MeTUM JIHIIE, YTO B CJAyuae, €CAH $yHKUMA F yAOBJAETBOLAET B HEKO-
TOPO TOUKe (Xg, Vo, 2o} YOAOBHAM TEOREMBI O HedBHBIX PYHKLHAX
(M. n. 41.1), 1o gacTh nosepxHocTH (50.6) B REKOTOPOH OKPECTHOCTH
YKa3aHHOl TOUukH (1. e, pepeceuenue 3TOH OKPECTHOCTH ¢ AaHHOH NO-
BEPXHOCTRIO) RONYCKAET $IBHOE DpefcTaBJeHne, H MOXHO CKA3ATh,
YTO B »TOH CHTYaUMH NOBEPXHOCTh, 3a/[aHHAs HEARHO, NOKAMbHO CRO-
AHTCA ¥ UOBEPXHOCTH, 3afaHuofi napaMerpuyeckd. ToAbKe TaKof
ciyuaii popepXHocTefl, 3aAaHHLIX HEABHO, BCTPETHTCH B NaJbHeHILeM,
noyroMy He GYReM CrelHanbHe OCTaHABJAHBATLCA HA PASBACHERHH Tex
HAH MHHBIX MOHATHR JJA [OBCPXHOCTeH, 3aaHHBIX HEABHO.

*) o 3anMKHYTEIM GOJYKPYIrOM Mbl 3ech NOHHMAEM fepeceicHHe 3aMKEyTo-
ro KPyra € 34MKHYTOH NOJYILIOCKOCTRIO, JevRailell B RJIGCKOCTH Kpyra, rpasxua
KOTGPOH COREPIIMT NEeHTP Kpyra,

**) Ecau kpaht 88 nycr, TO Miloxectso S ABEAETCH, GUEBHIN0, TOBEPXHOCTHIO
603 xpada. Muorja BMecto repmHia «noBepXHoCcTe Ges Kpas» ynoTpebGngerca Tep-
MIE ¢3aAMKUyTad DOBEPXHOUCTHY. 3Aech 3aMKBYTOCTL NOHHMAETCH Ile B CMBIC.Ie
3AMISIYTOCTE MHOMN(@CTBA, a HMEHHO B CMBEICAE OTCYTCTBHS Kpas,
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50.2. KacareabHas MAOCKOCTh H HOPMafdb K NOBEPXHOCTH

ITyern _
r=riu, v), (¥, V)ED {50.7)
— nenpepreeo AudkpepenilupyeMoe MpeACTABJICHHE HEKOTOPOH mapa-

METPHUECKH 3a14BAeMOH OBEDXHOCTH.
Bynem asi fpocTOTL CYkTaTh, Y4TO NepeceveHHe KaKAoH mpsaMoi

BUAA U = i, WIM ¥ = ¥, C 3aMKHYTOH ofaacTbio [} mycro, win CoO-
CTOMT H3 OALCFO OTpe3Ka (OBITb MOKET, BEIPOMKAAOIIETCCH B TOUKY).

[Tyers, nanpumep, Hepecedende [ ¢ npamoil v = g, de 0yCTO, TOTAA
r=ru, v), (4, v)ED {v,—purcuporano)

SBIAETCS MPEACTABACHHEM HeKOTopofl HempepolBHO axddepenuupye-
Mol KpHBOH, KoTopas HasHBAeTCst xoopdunamuod aunuel (u-aunueid).

BexTtop

ar
v,= i (xu! Vi za)

SIBJSAETCA €€ KACATe/NbHEIM BEKTOPOM, AHANOTHYHO OMpPENETSNTCA KO-
OpiUHaTHEe JHHHK (V-AUHLL)
r = r{ty, v) (4, v)ED (1, — dukcHpoBaHO).
H KacateJbHEle K HHM BEKTOPGI
ar
r,= aw = (xv’ Voo zzu)'

Onpedenenne 11. Toura napamempuyecku Ba0QHHOL ROBEPXHO-
crmu, 048 KOMOPOIl 8eKMOPut F, U ¥, HE KOAAUREAPHL (M. €. AUHELHO
HE3Q6UCUMBY), Hasosaemes Heccobol, 8 npomusHoM cayuae — 0coboil.

Ecnu Touka nosepxHocTd Heocofasl, TO B Hel, B YaCTHOCTH,

L
r, ‘i 0, ¥, 5= 0,
OueBpine, 4TO TOYKA NApaMeTPHYeCKH 3aAaHHGH MOBEDXHOCTH
ABasteTca neoceOold B TOM M TOABKO B TOM cliydae, KOT/Aa B 3T0H Toyke
r,xXr,=0.

Ynpaxueuue 2. Jlokasars, uTO B OKpecTHOCTH Kaxknofl neccofofi tovu-
K MOBEPXHOCTL ZONyCkaeT sBHOE NpeicTaBiedine OTHOUMTENBHO OAHON H3 ocel
KOOPIMHAT,

PaccMOTpuM KpHBYIO Ha MapaMeTpHUECKH 34JaHHOH NOBepXHOCTH
(60.7), 3apannyw HenpepwiBHO AudxpepeHHUPYEMBIME (YHKUHAMU

u=u(t), v=10({t), a<t b,
T. € TpejcTaBJcHneM
r=rlu (t), U(t)L a<t < b. (508)
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Jupdeperunpys 910 paBEHCTEO, NOIYYHM
dr =r, du+-r,do, (50.9;

apeck du = u'(H)dt, dv = U (Hdf. Bekrop dr saBasiercs KacaTeabHBEM
K Kpueoi {20.8). Parenctro {5(.9) noka3rBaeT, yrc B JaHHOR TOuKe
r(ig, vy) noBepxuocta (50.7) kacatenbias K moboft kpusoh (50.8) ua
3TOH NIOBEPXHOCTH, NpoXojAllell yepes TOUKY 7(iy, Up), JEKUT B [1710CKO-
CTH BEKTOPOR F,{t,, Uy} 0 Follta, Toh

Onpedenenne 12. ITrockocms, npoxodawias uepes mouky rt,, vg)
napamemnmpunecky 3adannoi nosepxrocrmu  (50.7), 8 Komopod aemcam
6oe Kacameaorste K& Kpusesm (50.8), npoxclawum wepez smiy mouky,
HA3bIBAEMCR KATAMEAbHOT NAOCKOCIBIO K HOSePXHOCTU 8 OarHOb mouke
{nazewsaemoil mouxold kacarnus).

Ecau pannasa touka nosepxuoerd (90.7) Heocedas, 10 B Heli Bcerga
CYLIeCTBYeT H IPHTOM eIMHCTBEHEHAS KacaTeNbHasi INIOCKOCTh: MMEHHO
B cuay (50.9) Tako# IJJOCKOCTLIO siBideTcsd IJIOCKOCTL, NPOXOASINAS
uepes TOUKY r(ig, Up) NApaaiebHo BeKTopaM Fy (g, Ug) H r (4y, Ug).
Orciofia JieTKO HanucaTe ee ypaHeHHe B BeKTOpHoM Buie. (6o3nauas
uepes r, pallyc-BeKTOP TOYKH KacaHus, a Uepes r — TeKyIHHA paauyc-
BEKTOP TOUEK Ha KacaTeqabHOH IIOCKOCTH, MoayuuM (puc. 159)

(r—royr,r,=0 (50.10)

Puc. 159

ECJ]H r = (x, y: 2)’ rO = (xo’ }’0’ z())‘ ra = (xu’ yﬁ" 2“),
r,= (X, ¥, %) 10 ypaueuue (50.10) B KoopauHarHOM BHIE mepe-

NHMETCA CJaely M 06})3301\1:

X—Xo Y—YVo 2— 2,
1t Yu 2y = 0.
I xw y-v 2y

X
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B cayuyae ABLOro 3aJlAHHA TOBCPXHOCTH
2= f{x, ¥}, x, WED, (50.11)

X=Xy Y—Va 2—2,
1 0 fo =0, (b0 12)
0 1 f.

oTkyAa (x—x0) fu A (¥ —¥0) f,—(z—2,) = 0, Taic wepes [,  j, AaA
KPAaTKOCTH o0031:auelbl uacTHble Npou3Boaubie f.{x, y) # f,(x, )
B ToYKe (X4, Vo)

s stolt Gopmy sl clenyt, uro Iea Onpejefienis KacaTelbHod mio-
CKOCTH JLS MOBEPXHOCTH C ABRBIM npeactasnerues {(50.11), manuore
B HALTOHIEM NMYHKTE W padee B nynkTe 205, axsususaeHtHe. B camom
Jdene, 0ba CNpegedenHs NPUBOANT K ORHOMY H TOMY e YPasienuw
(50.12).

Onpedeaenne 13. ITpaman, npoxoGsuyasn depes mouxy Kacariig
NOBEPXHOCHIL € KOACAIMEABHOL NAOCKOCMIBI0 U NEpREHDIUKYAAPHAA 3oLl
RAGCKOCU, HOZGIAQENCA HOPMAABHOL NPAMOll K lNapamempuqecku sa-
Oarnoti nosepxHocmu.

Ee ypaBuenue B ofIleM ciyuae HMeeT BHE

B Brje

X—Xy _ y—yo _ 2~2
Yu %! Zy "‘-'n] Xy yu‘
y?f ?U 2!’ xz’l l":U y-"

B ciyuae gpaoro npeacraenenus (50.11) 3Te ypaBHeHHA [HPHHH-

MAIOT BUJ
R YTV (—zy). (50.13)
fe fy

Onpedeaenne I4. Bearuil senyrescii sekmop, nopaiseibruui wop-
ManoHoll npAmotl, npoxedaued yepes OauHYIO MOUKY NOSEPXHOCINY, HA-
SBIBNEMCA HOPHAALIO K RAPANCHPUECKH S0DaHAOL NOSCPXROCINL 8 YKAa-
SaHHOI modKe.

Ilpumepom HopMmadn B HeocoGOoR TOUKe NOBEPXHOCTH ABRAETCH
BEKTOPHOE MPOH3BEJIEHHE

R=r,<r,
BLIUHC/IEHHOE B PACCMATPHBAEMOH TOUYKE,

Ilo onpegeneHuio B Kaxaoll neocofof ToYKe AzaiHOH NOBCPXHOCTH
CYLleCTBYeT U IPHTOM eNHHCTBeHHAA ROpMansHad npsasas. B Tourax
JKE HOCHTEJR MOBEPXHOCTH MOMET OKAa3arbes, YTO 270 H HE TaK. eChu
HEKOTCPAs TOYKa MPOCTPAHCTBA HBJAASTCH HOCUTEAEM ABVX Mayd Gosee
TOUEK NAHHOH NOBEPXHOCTH, TO MOXKET CAYUHTLCH, YTO B TOYKE HOCH-
TeAsl HMEeTCs] HECKOABKO PasiH4YHBIX HOPMANBHBEIX HpaMblx®).

*) Hopuans (HOpManbHaa mpsaman), B HEKOTOPOH TOUKe OBCPXHOCTH Ladbl-
BaeTCR TAKKe HOPManLio (HopManbuoi npamoil) B nocuTene 3TOR TOUKH.
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J18 noBepXHOCTH, 3alaHHOH HEABHO YpaBHEHHEM

Flx, y, x)=0,
rhe F(x, ¥, 2) — HeNpepLIBHC nﬂd)q)epeﬂunpyemaﬂ B OKPECTHOCTH
TOUKH (xt,, Yo, Zy) byukuua, F(xy, Vo, 2} = W B 3TOH TOYKe

Fi + IL o+ F >0, ypapHeHHe KacCaTeJLHOH mloc;{ocm B TOYKe
(%0, Yos zo) HMEET BHJIL

(X x) Fu -y —y) FyH(z —2,) Fo =0,

a ypasueHHe HOPMAJLUCH NPAMOH —

X=Xy Y=V _ EZ—2

Fi F,  F,

rre F,, F,u I, oSosuauaor BHauennst COOTBETCTRYIOHIAX YacTHHIX
NPOH3BOAHLIX, B3ATHIX B TOUKE (Xg Yor Z0h
ITu Qepmydas cpasy caeAyior u3 dopmya (50.12) u (50.13).
JeldcTBuTeNbHO, ecay, nHanupusep, I, ~0 u z=Ff{r, v)—{ynxkuusg,
olnpeieasemasn ypaphenuem [ == 0 g oxpecmocm TOUKH (X4 Yo, Zo),
F. .
TO AOCTATOUHO BAMETHTH, 4f0 f, = —%=, [, == —-7?—} {em. u. 41.1).
Z : Z
Ecan ¢ynruus Flx, ¥, z) 3an2ua u HenpepLiBHo Audpepenumpye-
Ma B obsacTd (G, To Aad JitoBoll TOUKH NOBEPXHOCTH, 3a/aliHOA HeslBHO
ypaBEHEeHHEM

Fix, y, &y=¢

c— BOCTOHHHaSI), NOJyUUM ypaBHEHHEe KacaTeJbHOU [IOCKOCTH H
HOPMAabLHO IlpHMOH TOIO e BHAA, 41O U B tiydae F = 0, ec/IH ToaLKO
B 9700 Touke Fi + Fi 4+ Fi> 0. Muosectso touek (x, ¥, 2) € G, ais
KOTOPEIX FF = ¢, Ha3LIBASTCS ROBEPXHOCHIL0 YpoeH hynryut 1. Bek-
TOp (Fs, Fy, P2} siBhneTcs rpajnentoy ¢ypxuun (e, 1. 20.6) u
Halpap/ed 10 HOpPMaAbHOH npiaMoR K MoBepxHocTH ypoBHA. iluaue
roBops, ewid rpajveut QyHKIUY [ OTAHYeH OT Ny/Is, T0 OH Meplenu-
KyJifpen K NOB2PXHOCTH YPOBHS (T. €. NEpuesKYAAPER KacaTe! nhHOMH
TUIOCKOCTH K {IOBEPXHOCTH YPOBHS B paccmaTpksaemofl Touke).

Mel JQ0oKa3anK CyuleCTBOBAHNE KACATEABHOH TJIOCKOCTH B HEOCO-
G0l ToYKe y MApPAMETPHYECKH 3afdHHOH MOBEPXHOCTH MNpH (QHKCHPO-
BalHOM ee mpencTapigedun, BoaHuxaeT monpoc: uTo GyJeT, echan me-
peliTH K ApyroMy MpeiCcTasACHKIO NOBEDXHOCTH? GCTAHETCS JH Heoco-
fas Touka Heocofoli? OxaspBasTCs, UTO AJA51 TOTO, HUTOOL HEOCOOLIE
TOMKH QCTABAaNHCh HeOCOOBIMH, HEOOXOZHMMO H JOCTATOYHO, YToOLI
JONYCKalnCch TOJNBKO Takue mpeobpasoBanus rapamerpos (50.4),
V¥ KOTOPBIX BCHOLY

] (ub Ul)

du, v)

(P_q {PZ)

0. (50.14)
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yere vy, v) u r{uy, v) — ABa NpeACTaBAcHHA OAHOH 1 TOH XKe
noBepxHocTi, YTo6e He YCA0XKHATE 0003HAUCHHE H MOJUEPKHYTDL, UTO
peub Baer of opuol ¥ Toil e TOBEPXHOCTH, BTOPOE NPEICTABJeHHe
cOo3naueno gepes ruy, vy}, a He uepes p(,;, v;) KaK panbiue {cM. 50.5).
JT0 He NPUBCNET K HEAOPA3YMEHKAM, CC/IH NOMHUTL, 410 r(if,v) U
r(uq, 1) — pasuule ¢yHKOHH. [TyCTE KOOPAHHATL 4, U H ¢, ¥; CBA3AHR]
JONyCTHMEIM peoGpasoBanuen (50.4), Toria COpaBeaiuBO TOKAECTBO

ru, vy=r{ow, v), v, )
Hudepenunpysa ere, noayuum
r,=19, F’u1+"¢uro1,}
r,= (P-uru1+1pyrv,-

CneforaresbHO, NMapa BEKTOPOB Fy,, Fp, Npe0Tpasyercsd B napy Bek-
TOPOR #,, 7, € NOMOWbBK) MaTpHilbl

[Ptt lIJi!
(P'U 'lp’t’)
NIOSTOMY eClM A HAHHOHA TOUKU BEKTODPH #,, U F,, JHHEHHO He3a-
BHCHMBI, TO BEKTODPHL ¥, M F, OyAyT AuHelino He3aBHCHMB TOTJA H
TOJBKO TOTJAa, Koria GyleT BHIMOJHEHO ycaopie (59.14).

Onpedenenue 15. Henpepuosuo dugepenyupyesan napasempude-
CKU 3d00HHAA NOBEPXHOCHIb, Y KGIMOPOL Hem 0co0bx Mouexk, Hasbi-
gaemes eAadwol.

Ipu 3ToM AJA [ValIKUX NOBEPXHOCTeH JOMYCTHMBIMH Npeo6pazoBa-
nusimu napaMerpa (50.4) ABAAIOTCA B3aHMHO OJHO3HAUHBIC, B3AUMHO
HenpepsBHO IHGdepeHLHpYeMble 0ToOpaxeHud, ¢ AKOGHAHOM, He pai-
HBIM HYyJaw Ha D,

Onpedeanenne 16. [Tycme S — nosepxrocms ¢ kpaes wau 63 kpas
(6 cuvicae onpedesenudi 9 w 10y u nyemo daa kamedod mouxu M€ S cy-
(ecmeyern Makoi 3aMERymotll Wap ¢ ¢ yermpom 8 IMeii ModKe, 4o sano-
qecmep SN ABASEMCR HOCUMEAeH HeKOmOpoll 2aadkod napavempuve-
cxu sadarkoli nosepxaocmu Sy ={r(u, v); (4, v) C K} 6e3 kpamupix moues;,
ede K — wpye uan noryspye ¢ uenmpom 8 moure (iy, ve) 4 M == r{u,, v
fTozepxnocme S, 048 KOMOPOU 86IAOAHASMICA MO YCAOBUE, HOSMENEMCS
2A00KoH.

Kacamenvnas naockocme (Hopmass) K napamempuyuecki sadanHou
nogepxnocmi. Sy & motuxe M HA3080EMCA  KACRMEALHON NACCKGLMBKO
(Hopmaasio) K nosepxrocmu S ¢ amotl mouke.

Mer He Gy2em OCTaHABIMBATLCA HE BOMPOCE O HE3ABHCHMOCTH Kaca-
TE/ILHOM INIOCKOCTH H HOPMadu OT BHOOPa MeCTHOH CHCTEMBI KOOPAMHAT.

(50.15)

Ynpawxunetue 3. Jlokazars, uto BOAkas rajKan NOBEPKUOCTE € Kpacy
ABAsneTcA 06peIHHEHHEM KOHeUHOTO YHC/A HOCHTENARH [Mapa:eTpHueck:a 2afaHubX
raagkux nopepxHocrei.
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50.3. Nepsas kBafpaTHunan GOPMa NOBEPXHOCTH

3aduxcupyeM Kakoe-AuGo NpeacTaBiAeHHe JAHHOH TaiKodt
napamMeTpHUECKH 3aJaHHOH MOBEPXHOCTH U PACCMOTPHM HEKOTOPYIO ee
KacaTebHYI0 MJIOCKOCTb, KakK Mul BHjiedH, BEKTOpH ¥, H r, 06pasyior
B Hel ecTecTeeHHLIH 6a3zuc. BekTopH, nemaiiye B KacatTe/bHOH IOCKO-
crH, 6ynem of03HauaTk CHMBOJOM dr', 3 HX KOOPAMHATH OTHOCHTEILHO
Gasuca r, 1 #, uepes du u dv*). Takum oGpazom,

dr =r,du+r,do.

HafineM KBajpar LAMHBE BeKTOpa, JeXKALIETO B KacaTelbnod nJio-
CKOCTH, BBIDAMEHHHI uepe3 KOODAHHATH €CTeCTBeHHOro GasHca r,,
r, (8 quHeliHol anrefpe 3To BupaxeHke OOBIMHO HABKIBAGTCS OCHOSHOL
mempuieckot hopmoll paccMaTpHBAMOIG [IPOCTPAHCTEA, B JAHHOM CNY-
Yyae MJIOCKOCTH):

ldr 2= (r, dutr, dvp = ri dut+ 2¢, r du do+ 1, dot,

Breaem ofoanaueHun
E=r2 Fertr, G=r, (50.16)

ol
Toraa

|dr |*= E du®+ 2F du dv-- G do?. (50.17)

Onpedeacnne 17, Keadpamuanan diopma
Edur 1 2F dudy - G do?

Hazngaemen nepeoll Keadpamuunol Gopmold nosepxrocmu™®.
[TocMOTpHM, KAk OHE MedsieTCA TIPH Mepexoje K APYToMy NpeAcTas-
JeHHIO roBepxHocTy (oM. gopMy.nl (50.4)). Kak mnssectHo (cm. (50.15)),
TIpH 3ToM Ga3HCL B paccMATpHBAEMOH MAOCKOCTH mpeolpasyioTes ¢ mo-
MOIBI0  MATPHIUL
q)u "‘pu
o b,
ChenoBaTe/IbEO, KOOPAWHATH BEKTOPOB Npeofpa3yKTca ¢ TNOMOLIbI0
TPAHCTIGHHOBAHHOR MaTDHOEL, T. €. MaTpHLbl Sxobu

’(PU (P’U
¥y Yo

*) Bre 0003HaYeHNe eCTECTBEHHO, OO ecad BEXTOD B KacaTedasHoll miockocTn
ABJASTCA KACATeNMbHEM K HeKOTOpO#i kpreoil (50.8) na nopepXHocTty, 70 NPH COOT-
DCTCTBYIOWEM BHEOPE NapaMerpa 9ToT BeKTop OyIeT ABaAThCA Auddeperunzaom
BexTopa (50.8) H, caeNoBaTeALHO, AAd Helo SyAeT BLINOAHATECH pasenctso (50.9),

**) To, uto pacemarpuBaeMan ksalpaTHutan Qopua HasupaeTcs nepeod, 00b-
ACHARTCA TeM, YTO CYUIECTBYIOT APYIHE KBajpaTHuHBE (QODME, CBE3AHHHE C NO-
pepXHocrelo. IX u3yueHue He BXOAUT B 8ajauy HACTORLIErO Kypca.

-
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Ecan marpuny neppofl kBagpatuunoit ¢opmer (50.17) npu open-
CTABJeHWH MOBEPXHOCTH # = F(#, ¢) c003HauuTE uepe3 A, a npu npen-
craBjenun p = p(u,, v;) uepes A, 1. e

ER) ,
::|FG vEBrui F'_;':ur'yl G:rw
E, F,

= o B e Fom e Gi=gl,

70, KAK H3BECTHO U3 KYPCa AHHCHHOR anredph, 414 NepBoi KBafpaTHy-
HOH ¢OpMBl MOBEPXHOCTH, Kak W BOoGWle N5l BCHKOH KBaApaTHUYHON
Gopmsl, :

A = J*Al j,

rae uepes J* ofosHaueHa MaTpPHLLA, TPAHCHOHKHPOBAHHAH ¢ MATpHUEH
Sdxobu J.

Orclofa 419 COOTBETCTBYIOUIHX Onpejennrenei
2

£EF _ B, Fl e, 9,
(G (F G, ol
HIH
?{uy, vy} |2

EG—F" = {E, G,—F}) . (50.18)

du. »

SameTHM, UTO 1O CAMOMY CBOCMY OIPELRJEHHIC UeDBAad KBaJpaTHy-
Hasg (opma ABARETCA MOJNOKHTENRHO ONPENETEHHOH KBaIpaTHUROf
dopmoli, nostomy ee AuckKprmuHanT EG — F? notoxurenes. s onpe-
aeqenisn kosdduunesToB £ n G {cM. 50.16) HemocpexcTBeHHO Caeayer
TAKIKE, UTO

E>0uG>0.
3uanne nepeoil KBaApaTHUHONH (QOPMEI MOBCPXHOCTH NO3BOJSACT pe-
WaTh Psj 3aJ1aY HA NapaMeTpHIeCKH 3a1aHH0H M0BEPXHOCTH, HallpHMep,
HAXOJHThL JIJIHHEL KPUBLIX M VIJL MEXIY HHMH, BBIYHCAATL [JIOWaNb
noBepxHOCTH. K paccMoTpeHHIO #THX 3412y Mbl U LiepeiineM.

50.4. Kpusmie Ha nosepxiuocyd. BuiuucieHue HX RauH
M yriaos Mexpy HHMH

PaccvoTpiM  HerpepwBhC  IHBGEDEHLUDYEMYIO  KDHBYIO
(50.8), mealnylo Ha NaHHOH MapanMeTpHuecKH 33a1aHHOH MOBEPXHOCTH
(60.2). Dlpeanonoxng, 4T0 OTCHET EJAHHEL AyT 5 = 8(f) na Heit npous-

ds
BOANTCSH B HANPABACHWH BOSPACTANMI LApdneTpa, T. € 410 5 > 0.
Kak uspectno (em. 1. 16.3),
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ds _ |dr
dt — |dt ]|
HO
dr 12 dv dune du do 2
e | e —_ -_—
e ) "'dt“f Tear *E(_a‘f) '2Fdfdi+6(a‘t)
¥ NO3TOMY

SV EE) e R (B

Takum ofipasom, ﬂ,ﬂﬂ aauHel S kphpoit  (50.8) nonyuaem dopmyay

5 ]/E(‘“‘ orit . L 4G ()

Mepefiaem Tenephb K BRIUHCACHHIO YIVIOB MEXKAY KPHUBBIMI HA mapa-
METDHUECKH 30JIaHHOB MOBEPXHOCTH.

Onpedeacrnue 18. Ecau dse Kkpussie nepecexqromes 8 HEKOMOpPod
moHKe, Mo YeAoM mexclly Kumi 6 smotl mouxe Hasesaemcs yzon, o0paso-
BUHHBIL X KACAMEABNBIMI € YKASGHHON mouKe (€cAl, KONCYHO, i Kaca-
MEALHBIE CYLHECTIBLIONT).

[lycty aBe rnajkme Kpusble, JeKalilie HA paccMaTpHBAcMOil Q-
BepXHOCTH, NepeceraioTca B HekoTopoll Touke. O0o3nadum Rndibeped-
LHaNB! HX NPeICTABJIEHNH B STOH TOUKe COOTBETCTBEHHO depes dr u §r,
4 KOXDHLHENTE Pa3I0KeH Ul NO BeKTOpaM #, H r, COOTBETCTBEHHO ye-
pes du, dv w du, dv, Toraa

dr = r,du+r,do,
br=r.8a+r, 80

IMosToMmy ecan @-~HCKOMBIE YTOJA  MEXAY KDURHIMH, T. € MEXAY
BekTOpaMu dr u dr, TO

COS D = dedr
=T T

_ Edudu A Flduie - doduy + Gdvdo
T VEd® T 2Fdude 4 Gdo® ¥V E o 4 2F s uov - Gbe?

Ynpamuewnsue 4. Hokaszate, uio, Ang Toro utobbl KOOPHHHATHBIE
- B U-TUHAM HA OBEPXHOCTE (uL11 GPTOronalibinnl, peoOXOLHMO W JOCTATOYHO,
yTofHl BCIOLY Ha NOBEPXHOCTH Mnenp Mecro F = 0

§0.5. [loomank NOBEPXHOCTH

[Tycrs npeactrapaenue (50.2) paceMarpuBaemofl Iiamkof

NOBEPXHOCTH oNpedeieHo 1@ 3aMKliyToH Ksagpupyemoli ofnactu D.
PaszobueM MIOCKOCTh uv AMHHAME ¢ = const B © == consl Ha KaKue-

AnGo MPAMOYTONbLHHKY: TOTA8 06aacTh D OKameTcs NOKPLITOl Konex-
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HEIN HX qHCdoM. [lepenymepyeM RAKNm-THG0 00pa3soM IepeceueHHs
BHYTPEHHOCTEl {MHOKECTS X BHYTPCHHUX TOUEK) STHX nPAMOYrodk-
HHKGB ¢ ofiacTteio D W oGo3nawnm HX uepes E,, {i=1,2 .., I.

Toraa t = {E };_1 olpasyer pasbuenue obnactu D {cm. n. 44.3).
PaCCMO’[‘pHM ogno K3 T1ex E, (puc. 160), KoTopoe npencras-
: aser ¢co6oli NOJIHLIE TPAMOYTONLHEK
v {NpM ZOCTATOUHG MANOH  MEeJKOCTH
, pasfueHUA T TakHe MHOMecTBa £
\ BCerjia CYLIECTRYIOT, nouemMy?).
/ \ [lycib AAUHL CTOPOH 3TOFO NPAMO-
ysin YrodbLHUKA CCOOTBETCTBEHHO Au 1
| 1401 / Ay, P; —onrz u3 ero eepiunx. Tor-
L8 Opd Tepexoje ©f BepwMHbl P
K COCEKHM BEDIUMHAM pALHYC-BeK-
TOp NOAYYHT TPUpALLeHdA £ TOod-
7 ] HOCTBIO 0 GeCHOHEUHC MaJkx Cojee
BHICOKHX [OPSIAKOB paBHele no ab-
COMIOTHOH BEeJHYHHE COOTBRTCTBEH-
no uheaam | Aul, lr Avl.

ITpu onpejeneddy nJOWAAH TOBEPXHOCTH MBI OYAEM 06paswl MHG-
xkecTs E; 3aMeHATh [NPAMOJUHEHEIMUH [TApATJIeNOTPaMMaMH, TOCTPO-
eHHLIMI Ha BeKvopax £, Au u £y Av {puc. 161). Hafinem naoutans
Takoro napassenorpaMma. OosHavaa ee yeped Ag,, NOTyyHM

!
+

Puc. 160

AO‘I- = !ru A”XrUAUI :Iruxr'ﬂ F

[Au||Av| = |F,xr mes E,.

ol
OyHKUHM #, H 7, HEIPEPLIBEL BA 3aMKHYTOf KBaipupyeMmoll of-
NacT, NO3TOMY (cM. 1n. 44.D)

pim 2’ Ag, = .U [rax r,ldudv. (50.19)
N s

3Aech ITPUX ¥ CYMMEI Q3HAYAET, UTO CYMMHPOBAHHE PacnpocTpane-
HO TOJIBKO Ha Te MHAEKCH /, AJIS KOTOPbIX E; — NOAHBI [PAMOYTO/IE-
HHK, T. €. £; e nepeceraeTca ¢ rpanulel 0D obnacty D, Kar uasectHo
{cs. n. 44.5), nobapaenue OCTAMBHBIX C1AraeMEIX HHTEIPARLHON CYMME
He BJIMAET Ha BeTHUHHY npeaena (50.19;.

Onpedesenne 19, [lpedea (50.19) nasvsaenmca naowadein wau
Mepod mes § nosepxrocmu S

I
mes S :-SILHS Z

Aa;.

Jas sRuHeIends naomain noeepxuocty 13 (50.19) menocpeacTsen:
HO moJyqaercs dopmyJaa
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mes S = ([ |ruxr,|dudo. (50.20)

L

TMokaskeM, 4TO BEJAHYIHA IJIOUANH MOBEPXHOCTH He 3aBHCHT OT
BhIflOpa ee OpPeACTABACHUA.

Fpexae Beero 3ameriM, YTo A JKOGLIX ABYX BEKTOPOB & H b cripa-
BEAJIMBbL (GOPMYJILI

o

jexb|=|al b]|sinab,
ab =|a|b|cosab, (50.21)
rune &}; —yI‘OJI ME}K,I[}!' BeRTOpaMH @ H b BOSBeﬂeM B KBajpdt H

CIOXKHM 5TH (OpMYIBI:
l@x bt |ab|?= a® b2

Puc. 161

B uacrtHocTy,
[Puxry|? = rhro— (rar,)? = EG—F?, (50.22)
nestoMy dopmyna (50.20) moxer OblTe zanucaHa TakiKe B BHIeC

mies S = E f VEG—F du dv. (50.23)
D

WHorna aas xpatkocrs sanuceu peipaxenne V FG—F? dudv ofos-
HavyaeTcsn cUMBOJAOM dS:

dS =V EG—Fdudv (50.24)
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H HA3BIBACTCH FieMenmon naoaou. Tlpumenss 310 obosHavueHHe, op-
myay (50.23) moxHO nepenucars B BHIE

mes S = ” ds.
D

IlepeiigeM Tenepr K IPYTOMy UPEACTABACHNIO p == p(iy, vy} AGHHON
MOBEPXHOCTH, KOTOPOe 337aHo Ha 3aMmuKaunu [, KBajapupyemoi of-
Jactd Dy n past KoToporo npeofpasosanue (50.4) mapameTpoB u, v B
i, U, B3aUMHO ONHO3HAYHO U HempepriBho AuddepeHuHpyemo Ha »
H HMeeT Ha [ He paBrbifl HYJIO sKOBMaH.

B uoBod cucreMe KOODIHHAT paCCMOTPHM HHTErpal

S, = j J V'E, G,— F} duy duy.
D, 7
Jiaa cpaBHenus erc ¢ gurerpanom (50.23) caenaeM saMeHy mEpeMeHHBIX

{60.4), yTO BO3MOKHO, TAK KaK BCe NPENIOCHUIKH TeopeMu 3 . 46.4
B JaHHOM CAyuac suinoadesnl. Menoavsys (50.18), nmoayuum

mes Sy = | VE, Gy— Fi du, dvy =
Dy

- HVEI G,— Fi

ol

¢ (9, )
a(u, )

du dy = SS]/EG — Fidudu = mesS.

D

TaxuM o6paszoM, ACHCTBHTENLHO, BEJIHUKHA IMJCMAAM [IOBEPXHOCTH
He 3aBHCHT OT BRIGOpA ee NpEACTaB/aeHUs.
HafizeM BoipakeHue AAs IUIOIIAIH TOBEPXHOCTH, HMewlle#t ABHO®

npexncrapienue z = f(x, y), {x, y) Eﬁ. B sToM cayuae 4 = x, v =},

r={(x,y,f(x, )
U, CJeROBaTe/bLHO,
Fy= (1,01 ffc)’ r,=— (0111: fy))

E=ri=14f F=rur,=f.f, G=ri=11f,
EG—Fr= (1) (0 f)—fify = 14+15 +Fi (50.25)

MO3TOMY

S=[{V1+F v de dy.

3ameuanue. Ms dopmya (50.22) u (50.18) noayuaem, arto

d (uli Ul}

[ruxXry | = [ty X, 8 (i, 0)




50.6. Opuentaius nogepxHocTu 179

Orciona eme pas {cM. 0, 50.2) cjenyer, 4To, ec/d AKOGHAH Hepexoja
OT OJIHOH CHCTeMb KOOP/IHHAT Ha NIOBEPXHOCTH K JPYIoH cHCTEME KOOp-
JANHAT He paBeH HYJIO, TO neocofas T0MKa B ORHON CHCTEME KOODAUNAT
GyaeT HeocoGodt v B ApyTrofl (HanoMuuM, UTO yoHIOBHE F, X r, = ( aBag-
eTcs ReoOXOANMBIM H ACCTATOUHBIM YCJAOBHEM A8 TOrO, 4To0R TOYKA HO-
BEPXHOCTH GbL1a Heocofofl).

50.6. OpuenTauna nosepxHocTu. OpHeHTHpYEMbIE
W HEOPHEHTHPYEMbBIE TIOBEPXHOCTH

B stom naparpadge Synem fpeanoararhs, 4ro B 1POCTPAHCTRE
BLIOMpAETCs BCErza NpaBas CUCTeMa KOOPAHBAT. 3TO 03HAYAET CJAERY-
omee, Tlycte 4, j v B — eanpavnble opTH KoOpAMHATHLIX ocedl. Ecnu
CMOTPETE H3 KOHILA BekTopa R Ha riiockoeTk x0y, TO BeKTOp { HALO No-
BepHyTE Ha 90° npoTHB YacoBo# CTpeKH, YTOGH: OH COBNAN ¢ BEKTOPOM J.
B sToM ciryuae roBopar TaKike, 4TO yNOpsAQuenHas Tpofika BekTopos Z,
J 1 B coTacoBaHa IO «NPaBMAY IWTONepar, AHATHTHYECKH 3T0 O3HAYAET,
4TO B NPOCTPAHCTBE TOUYEK (X, ¥, 2} PACCMATPHBAOTCH TOAbKO TakHe
YHOPAAOUCHHBIE OA3HCH €4, €,, €3, KOTOpPHIE OOJYYAIOTCA H3 YNOPSARG-
yegroro Gasmca £ = (1; 0; 0), j =(0; 1; 0), & = (0; 0; 1) ¢ nomoIbIo
MaTpHI, HMEWNIHX MONOKHTeAbHB onpegeuTent (Gojee TOUHO, pae-
HHH 1), Takum obpasom, ecau

€ ="Cp b+ Cpof+Cmgk, m=12,3,
O
fn Cia O3
Ca1 €y Cag|=- 1.
Car Csn Cag

Bee oupesenenys ¥ MoHATHS, CBA34HHEE C KOOPAHHATAMH, BROHMEIE
HHKE B 3TOM naparpade, AAOTCH DPHMEHHTSJILHO K NPABHIM CHCTEMAM
KOOpIUHAT.

IlycTe § — Tyiagkag TOBEpPXHOCTh, 347aHHAA [OapaMeTpPHUECKH,
Torna cyumecTsyeT Takoe HenpepwizHC JutddepeHunpyeMoe MpeAcTas-
aexue 7 = r{u, v), (4, v) €D, 9T0it NOBEPXHOCTH, uTO #, X r,==0 Ha
D u, ciengoBarenbno, B KaXI0H Touke nosepxHocTd S onpenefeH HOp-
MalbHBIH €IMBEHYHBIH BeKTOp

LuXly (50.26)

v=|ru><rﬂ| !

SABJAIOIIMECH HepeprBHol pyHKIHel Ha D. KpaTko 910 06CTOATEIBCT-
BO BLIPAMKAIOT, TOBOPH, YTO HA I0BEPXHOCTH S CYLIECTBYeT HEIPEPLIBRAsS
eluHHyHAA HOpPMalb,
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Onpedenenue 20. Beaxas RetpepoisHas cOUMUMHAS HOPMQAL
v=v(u, v), (4, V) & D, eaaokoll napamempuiecky 300arAol nOSEPXHOCITL
S = {r ==r(u, v); (4, v) € D} nHaswsaemcs opuenmayuet nosepxrocmu S.

OyeBHIHO, UTO €CJAH BEKTOD vV HBAACTCH OpHeNTauned napamerpH-
UeCKH 3a[8HHOM [OBEPXHOCTR S, TO ¥ BeKTOP — ¥ TakKke sBJAfercs
oprenTalgeil Tol e [OBEepXHOCTH, M JIETKO [OKA34aTL, YTG APYFHX
OpHYEHTAUHA HET.

Ynpamnedne 5 Hoxasats, WTo DapaMerpHUeCKH 33JaHHAf HOBCPX-
HOCTE S MOWKET HMETh TOJABKO LBE GPHEHTAllHH.

Oxana M3 ABYX opHeHTauuh v HAW — v (NpOHBOJIBHO BufpavHaRn)
Has3blBACTCH MOAONMUMEALHOU, & APYTAA — OMpUyameabHol.,

Jaa onpeneneynocTd B AansHefem JAfas Iaikolt NOBepXHOCTH,
3aiaHHOH (PUKCHPOBAHHEIM BEKTOPHBIM TNpeAcTaRAeHHeM r == rlu, v},

(2, ) & D, 3a noaomumersryio opuenmayiio 6yaem DpHHUMaTL BCErna
BexTop (50.26).

TakHm ofpazoM, NOHATHE NOJOKHTENBHOCTH H OTPHUATEJBHOCTH
OPHCHTANHMK B 3TOM CMLIC/E He ONpelensieTcs OAHO3HAYHO CaMoH mno-
BEPXHOCTBIO, @ 3aBHCAT OT BHIOApA € MpeiCcTaBleHHs.

YTofn MpH B3aHMHO OIHO3HAYHOM HElpepulBHO AuddepeHLHpyeMoM
npeoGpa3oBatHl NApaMerpos & H U ¢ AKOOHAKOM, HE PABHBIM HYJIO,
y NOBEPXHOCTH COXPAHAMACH OPHEHTALHS, HEOOXOAUMO JONOJIHUTE/LHQ
notpedoBarh, Yrobbl AKOOHAH 2TOMG 1Peobpa’nBanuA Obla NONOKHTEb-
ueM. HefictButensue, s npeobpasceavud NAPAMETPOR

ty = ¢ (4, ),

W= 'lp (u’ U)
uz gopMya (50.15) umeem
a (“11 Ul}

FuAr, = (cpur“)+wurrl)x((p‘arﬂ1+lpvrvl) = W (ru,chJ-

Tagum ofpazom, And noBepxHocTel, y KOTOpHX BeOpaHna opHeH-
TALuS, AOMYCTHMbIMH NpectpasosanuaMu GyNeM CUHTATh TaKHe He-
npephiBHO AddidepesiHpyeMple npeoOpa3obanid, ¥ KOTOPLX RKoGHaH
NONOMKHTEEN,

INopepxHoCTs S ¢ BOMOMKHTEALHOH opueHTanuel Mbl Oyaem ofozHa-
uaTe yepes S, a ¢ orpHuaTenbHOl — uepes ST

Jlannce Bpime ofnpefiesleHHe OPHEHTAllHH, PA3yMeeTcs, He NepeHo-
CHTCS HA HernajikHe ToBEepXHOCTH. IIpHMepoM NOEepXHOCTH, He Iud-
(pepenuupyemoit B ofHOIT TOUKe, HA KOTOPO#H yHe HeNb3s BHIOpaTh He-
[IPePLIBHYI0 HOPMaJb, SB/IAETCS KOHYC:

r=Vx+y, 24y <at (50.27)
B stoM c/yyae BeKTOpDHOe FpeicTapjieHde uMeer BHA F (X, y) =
={x, ¥, V% 1 y2). CaeaopatensHo,
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et {01, =22,
o= (L) =00 )

— * . Y .
roury = ypEm e )
|rexry|= VQ'

IMockonbK Yy OpeAebl
X

lm & ——=—

: 4
oo olHm e
0,0 VA E¥ T ( pvio,0 VEF)?
He cymecTeyoT (IIoYeMY?), TO H elHHHYHAS HOpMAaib
FeAfy (_ X o ¥ 1
If'fo'y'l VQ(x2+yz) ' 1/2{):1_‘_},3) » 'L/§
He uMeeT mpefeaa npu  (x, p)-+(0,0). Tlostomy Ha xouyce (50.27)
Heabasd BHIOPATh HOPMadb, HenpepuiBHyio Ha D= {(x, y):x24 y? < a?}.
Urtobinl 000HTH 3TY HEMPHATHOCTL, Mbl BBeAeM Oosee ciaadoe HOHATHE
opuentaiki. [IpeaBapuTenbHo BBefleM NOHATHE BHYTpenHed M KpaeBod
TOYKH 1 TIOBEPXHOCTH, 3aiaHHOH MapaMeTpHUSCKH.
Onpecenenue 21. Touka napamempusecky 3ad0aHROl HosepXHOCMIY

S={r(uuv), (uv) €D (50.28)

COOMBENCIMBYIOLYANR SHAHERUAM NAPAMEMPOs U, U, maKum, wmo (u, vy ¢ D,
HASOIBACNES.  HYMPERAL MOYKOL NOBEPXROCTIL,

Toura gce, COOMBEMCMBYIOWAS MAKUM SHIEHEHUAM  NADAMEMPOs
u, v, wno (i, v} & 0D, Ha3meaemes Kpaesold mMo4Kol nosepxHocmy.

Mroncecmao 6oex Kpagaolx moder Haseaemen Kpaesm 0S napasempu-
qeoKil Ba0aHHGE nosepxHoomL S.

210 0003HaYeHHE CTECTRRHHO, TaK KaK BCRKas 3aMKHYTAs INIOCKas
ofuiacTe DCE,, ABIAETCA HOCHTENeM MAaPaMETPHUECKH 3a1auiol No-
BCPXHOCTH S € MpeACTaBAeHHeM x = X, ¥ = y, 2 = 0, {x, y)ED, sng-
JIAIOMLMCS], OUEBHAHO, TOMIECTBEHHLIM 0TODpameHHeM D) Ha cefn. Hocn-
Teak Kpast dS 3TOH MOBePXHOCTH coBmaiaer ¢ rpauuneit 8D obaactu D.

Onpedeaenue 22, [lapasnempunecku sadansas novepxrocmes {50.28)
RAIN6AEMER 2AA0K0H 80 SHYMPERKUX IMONKAX, €CAU C8 BeKHI0pHOe 1ped-
crnasaerue ¥, v) Renpeposto Judgeperyupyeno Ha D u kaxcdas mouka
NOGepXNOCITE, COMEentcneyowan {1, v) € D, nganemest HeocoGod.

Onpedeaenne 23. Boarkan nenpepoisnns nwa D eQunuinan HopMaab
v == viu, v), (1, v) € D, napasenpucecsu aadatnod nosepxroctnu (50.28),
2Aa0KOL 80 GRYMPEHHLX MOYKAX, HARLIEBCNCH OpueHmayuer smod no-
BEIXHOCIIY.

CreayeT, KUBEYHO, HMETh B 8KAY, 410 JaJCKO He BCETAd HOPMaTIb v
MOHO HelpepbIBHO NPOAC/KUTE ¢ D Ha D, 210 6buI0 NOKA3AHO BhIlE
Ha opHMepe OOBIKHOBEHHOIO KOHYCA.

Y ==




182 : § 50. Daemenror Teopuu nOsepxHocTefl

Ha puc. 162 usofipakeHa T7ajKan 8o BHYTpPeHHHX TOYKAX HOBEpX-
HOCTB, ¥ KOTOPOH UL OTPe30K COCTOUT U3 TOYeK, B KOTOPHIE HOPMAILb
v Helb3% BeOpephlBHO npojosxuts, Harnagno sta nopepiHocTh MokeT
ObITb TONYYeHa M3 npamoyroanmika ABCD (em, pue. 162) . nyrem
sCcKJeHKY [oh yraoms ers cropou AB u O,

”.;;.-_---L-,_ -._ .

Puc, 162

Kag u B ciyuae NpocTo TJIaAKOH NOBEPXHOCTH, LIS [OBEPXHOCTH,
rAaikofl BO BHYTPEHHHX TOYKAaX, CYUECTBYIOT B OPHEHTAIIHH
—  rpXry
V= e Xra)
HasumB3eMbie fApomueonoaouckemu. IlepBylo H3 HHX OyieM Ha3LlBaTh
HOAOICUMEABHOL, BTODYIO — OMPUYAmIEABHOLL.

JonyeTuMniME  Ipe0o0pa3’oBannaMi  KOOPLAHHAT,  COXPAHAUIMA
OPHEHTALUIO, ABASIOTCH B3AUMUO OLHO3HAYHBIE HENpepuBHEE OTOGpa-
MeHusl 3aMkHyToH oGnacty D, wnenpeprBHO AuddepeHuipyeMble H
HMeIOIIHe ROM0KUTeNbHLIR axofHad BHYTPH ee , T. ¢, Ha D.

B emricne onpenenesns 23 konye (80.27) ameer opuenranuio. Hefier-
BUTEABHO, ecnd B3ATh D* = {(x, ¥): 0 < &* + y* < a%, 10 Ana
KamAoH TOUKA (x, ¥) € D* cylecTByeT HOpMajb, HENpephiBHas Ba D*,

Of6ofiuM MORATHE BePIHEL KOHYCA, BEEAR NOHATHE KOHHYECKoH
TOUKH. _

Onpedenenune 24. lycme S = {r(u, v); (u, VYC DY, (0, 1) €D 4
cywecmeyem maxas oxpecmnocme O mouka (Ug, V), WO HA MRONCECTMBE
O~{{uy, vo)} gynryua riu, vy nenpepvisno Oughepenyupyena, a eex-
moproe npouseedenue r, X ry==0 u ocepannyerdo no abcoaomnod
geAltUNE,

Ecau edunnunipo nopmaaw (50.26) Heavda nenpepvisno npodorwcume
& mouky (g, vy), MO MOUKQ 1(Ug, Vo) NOBEPXHCCMUL HASHISACTNCH KOHU4E=
cKkotl mourol. _

Aycte mosepxHocts 8 = {r(u, v); (4, v) €D} HMeeT KOHeuHOR
YHCIO KOHHYeCKHX Touek r(i;, v), £ = 1, 2, ..., m, u B JMoGoil jipyrofl
Touke (i, v} & D, (a0, 0y == (uy, v3), £ = 1, 2, ..., mi, GyHRiEa (g, v) He~
npepuBHO Andiepenunpyema u v, X r, 5= 0. Toraa Ha nOBEPXHOCTH §
sopmaab (60.26) saBamercs opuerTaurefl. MeficTBuTedpHO, NYyCTH

H —v,
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D*=D\Ul{(u,-, 0y} Jlerko Bunets, uto D* — oGnacts H uto D% = D,
=

[osromy MOMRO Hanucatb, uro § = {r{u, v), (u,0) ED*}. Tarum o6-
pazoM, 3amMcHUB D Ha D*, monyuaeM, yto MOBEPXHOCTB S riiafkasi BO
BHYTPEHHHX TOYKAX.

KpaTko MOKHO CKa3atb, GTO NOPAMEMPUYECKl 3a0QHNAS Nosepx-
HOCIMG, 2AQ0KIS S0 BEYMPENHUY MOWKEX, KpoMe, Bbinb MOAeM, KOHEHOS0
QUCAD WX, UMEEM OPUCHIMAYUID,

Ecnin pepuyThesn K ofWieMy OUPEIsIeHUIc NOBEPXHOCTH (CM. onpene-
aepye @ B 1. 50.1), TO caenyer OTMETHTL, YTO HE BCETAA, KOTAA B Kol
TOUKE NOBEPXHOCTH CYLLLCTBYRT HOpPMaiL {CM. onpenenenne [6), MomHo
HAalTH HOpPMa/L, LHeNPepLBOyio Ba Boeldl nosepxuocty. [Ipumepom 1o-
BerHCIGTP[, KOUk4a 3T0O HeAB3d CAeHaTth, ABASCTCH Tak Ha3bIBAEMBIH
AHCT MEG U ycCa; ero MOXKHO [IOAYUHTEL TAK: B3ATH IPSIMOYTO/Ib-
Hyl0 mojiocKy Oymary ABCD, oany pa3s nepekpyTHTB €€ BOKPYT ocH
cumverpun MAN, napangeneHofi ctopodam BC u AD, <«CKNeHThb»
pebpo AB ¢ DC, kax 310 nokasano na pre. 163.

8
M . . ; —%:'—N
AI;

Puc, 163

Onpedenenne 25. [ radkas nosepxrocme S* HA3LIBACAICA OPUEHITII-
pyemod, ecau Ha S cyecmsyent KenpepuieHan eOURUHHAR HOPMARb.
Ecau maxod Hopmaau He Cywgcmeyenl, mo nosepxHoCcG HA3bIEReMCn He-
OPUEHMULPYEMOLL.

[pumepoM opueHTHPYeMOH NCRePXHOCTH ABAAeTcA cdepa. B kavecr-
Be ee ODHEHTALHH MOMHO B3fTL, HANDPHMER, eAUHHUHLIE HOPMaJaH, Ha-
HpaBJeHHBIE IO PAEHYCY OT TOUKH cbephl K UeHTPY (cM. puc. 164).

Moxo noxasars, 410 BCAK2H rAaikan DOBEPXHOCTh, SIBJAAKUIAACH
rpanuneii Hekoropoli obnactu G TPEXMEPUCTO MPOCTPAHCTRA, SIB/IAETCH
oprentupyemoll. Ilpu 3Tom oana H3 OpHeHTALH] COCTOUT U3 €AHHHYHLIX
HopMajieH, BanpaBJeHilelX OT NOBEPXHOCTH B odaacTh G (Tak Ha3blBa-
eMble SHYMPEHHUE HOPMAAN), & APYyras — H3 efBHYUHBX HopMadied,
HanpapJeHHbX OT HOBEPXHOCTH Hapysky 0644acTH G (Tak HasnBaeMble
BHEUIHIE HOPMAAL).

*} B cmucne onpefeiedus 16,
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Ecaw Bexrop-hyHEUNSt ¥ fiBAseTcst opuenTaunell 1anHOH noBepx-
HOCTH, TO W BEKTOP-QYHKLUASA — v TaKKe ABASETCH e¢ OpHEHTalued.

¥a pPaxXHeHHE 6. ﬂOKﬂSaTb. UTQ eCNH vy SBAACTCA ODHEHTauHGﬁ ne-
KOoTopo# NMOBEPXHOCTH, TO HAKAKHX EPYTHX OpHeHTALKN, KPOME ¥ B —V, ¥ LaHHOH
MOBEPXHOCTH HET.

Ecapn jgannl ABe Kaxne-1#H00 OpHENTAaUHH NOBEPXHOCTH, TO, AJA
TOTO 4TO6H! Y3HATH, COBNANAIOT OHE MK HET, JOCTATOUNO 370 NMPOBEPHTH
JBIb B OAHOH IPOH3RGALHOHA TOYKE: €C/IH OHH B Helf COBNANANT, TO Ol
COBIRARKOT K BCIONLY, €CIH K€ OHH B STOH TOUKe NPOTHBONOJIOMHB!
MO 3HAKY, TO 5TO WMEET MECTO M BCIOAY.

Ounna us AByX opuenTauull v U —v (npo-
M3BOJLHAST) ODUEHTAPYEMOH MOBEPXHOCTH Ha-
SEIBAETCA HOAONCUMeAbHO, IpyTas — ompu-
yameasHod.

Huorga opuenTHpyeMbIe MOBEPXHOCTH Ha-
SRIBAXOT TaKKe OBYCMOPOHKUMUI: OHH HMEIT
IBe «CTOPOHLI?, COOTBETCTBYIOULHE ABYM €&
opueHTauuAM. [leopueRTHpyeMble MOREpX-
HOCTH HAa3bBAIOT COOTBETCTBEHHO <ONHOCTO-

Puc. 164 POHHUMHY» (HanpHMep, JucT MéEOnyca mmeer
OILHY «CTOPOHY»}.

MNonuepknem eule pas, uTo 6cAKAs RAPAMEMPUYECKU 3a0aHHAA NO-
BEPXHOCHTIL, CAUOKAN 60 GHYMPERHUX FOUKAKX 600200 UMEEHT OPUEHMILUO.

Onrpedenenne 26. Hosepxkocme, i KOMOPol uKCUBGEGRA 0ORA 143
8 OPUCHIMQUUL, HASHIBAEMCA OPUEHTIUPOSURHOU.

316Ch HOA NOBEPXHOCTHIO NOHHEMAETCA JiHOO TapaMeTpHYECKH 3a-
JlaHHAs TIOBEPXHOCTh, THAAKa# BO BAYTPEHHMX Touxax (CM. onpepefe-
Hue 22), au6o opHeHTHPYeMas TVI3JKas NOBEPXHOCTE C KpaeM WIH He3
Hero (cM. ofpenedenue 16).

CyuiecTByeT M IPYro#l nmojaxol K OpPHEHTAUHH NOBepXHOCTeH, OCHO-
BaHHLIA Ha Apyroil uuee.

Onpedenenne 27. [lyome nosepxrocme S maKosa, 4mo ee MONCHO
paabume Ha sacniu S; KOHEMHBIM SLCACM upoc:;szx KOHMYPOos8 vy,

i=1,2, ..., k (m. e npedcrmasume S & sude S=1U8;} maxunm o6pa-
aoMm, 4o =1

1) kamcdoe S; A8ARCHICA HOCUMEACM RQPAMEMPUYEECKO  notepx-
nocmu ¢ npedemasaenues ri (i, V), 300QHHNM HQ BAMKHYMOM Kpy-
ee K, oepanuvennom oxpyxcrHocmeo y, omolpasxcanmelica Ha v,

2) kaxcdoe npedcmasaenue r, (i, V) 83aUMHO OOHO3HAUHO OMOBpa-
scaem kpye K ¢ S,

3) dsa muoocecmea S; u S; mozym umems 06uue MOUKU MOAb-
KO NpUHACACNHQIUe KORMypam v, & Vj

4) MowcHo maK O0HOBPEMERHO OPUEHILPOSAME 68 KOHMYPLL Vi, YD
BCAKAA Kpusas, ABASOUUACT OOHOSPDEMEHHO HACMLIO 08YX SMUX KOHALY-
PO8, NOAYHUITT G HUX NPOMUBONOACHCHYD OPUCHMALUI0,
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B smom caytae NoGEPXHOCTL HA3BIEAEMC ODUEHMUDOBANHAOL,

370 onpeResieHHe HMEET TO NPEHMYIWSCTRO, YTO MOMET OuiTh HCNoAb-
30BAHO JVIA 000 HENPePLIBHON NOBEPXHOCTE — QHO HE APERNOaaraeT
[JAIKOCTH NOBePXHOCTH. MOXKHO NOKa3aTk, YT0 rJanKas NOBepXHOCTH
OpPHEHTHPYEMa B CMBIC/E onpejlenen#s 25 Torla B TOABKO TOTAR, Koraa
OHa OpHeHTUPYEMa B cumuicsle onpenetenns 27. [1pn atoM nBYM opueHTa-
LLH3IM NOBEPXHOCTH B CMBICAE DIPEleneHnn 2D COUTBETCTBYIOT JBE DPHEH-
TAUNH KOHTYPOB y; B onpeeenud 27, coryiacosankpe Mexay coboit «no
[paBHjy WITOROPa» (GCTPHE WTOMOpPA HAMPAB/EHO MO HOPMAJgH, 4 Bpa-
HIEHHE Br0 PYYKH YKa3hiBAET HA OPHEHTAIHI0 KOHTypa).

Ma crasaHHOro chnefyeT, uUTC M C TOYKH SpeHHs ompefenenus 27
et Méfuyca HeOpHEHTHpPYeEM.

Mrl ne OyneM RoKa3biRaTh Bee aTH (QAKTHE, TaK KAK OHH He OYAVT
HCHO/NB3CBATLCA B ZafbHeluem, KpoMe TOTo, 9T0 HoTpefoRano Gl mpH-
BJIEUEHHA HOBBIX METOJAOB, OTHOCAUHMXCH HE K MaTeMaTHueCKOMY aHa-
JH3Y, a K UYacTH MaTeMaTukd, HasbiBaemoll tonosorueit. OnHako uc-
NOJILAYEM H3JIOXEHHYIO HJIC0 AR CrpeleseHus OPHEHTALNH TaK Hasbl-
BAEMBIX KYCOUHO-TJIAZKHX MOBEpPXHOCTEl.

Beenem nexorcpwie ofospauenus. Ilycrs

Si={r,w, o), (w,0) €D}, i=1,2,.. 4

— TrJafkHe BO BHYTPEHHHX TOYKAX MOBEPXHOCTH M NYCTh IPAHHLL
0D; o6nacreit D; sBnAOTCE 3aMKHYTHIMH KOHTYpPAaMH

Vi ={u, (), o () a; < I<h )
Oyere 0y = {ri(e, (0,0, 0, <0}, i= 1,2, 00k

Hgee noBepxHocTH S; ¥ Sy HASOBEM COCEAHHMH, €CJIH IS KOHTYPOR
I'; u I'; cyuectByeT no kpatidefl mepe OZHA KpPHBAs, ABJSIOUIAACH HX
ofimelt 4acThio {CM. onpenenssve 5 B 0. 16.1).

Mel Gynem npeponarats, YTo MepeceucHie KaXAbiX ABYX KOHTYPOB
I'; u T'; cOCTONT H3 KOHEYHOTO WHCJA KPHBBIX.

Onpedeaenue 28. Cosoxynnocmb 2AQ0KUX 80 GHYMPEHKUX mMO4-
kax nosepxnocmed S, {=1,2,..., %k, wassieaemca Kycouno-2aa0Kkol
nogepxrocmvto S = {Si}ﬁ.’i"f, ecay Oan a0bulx 0syx nosepxrocmed
S, u S; cywiecmeyrom MmaxKue nOGEPXHOCTU Sz,,,, me=1,2 .., M,
4MO NOGEPXNOCME Sy—coceOHAn € Sy nosepxrocms S, —cocednasn
c Sim-f—h m=1,2,..,m;—1, a nosepxrnocmo Sy, ;—cocednasc S,

Cosoxynrocme ecex wacmeti konmypos U, raxdas uz xomopsix
npunalaexcum moasko odromy Kowmypy U;, wasewaemca kpaem 38 Ky-

couNO-2A00K01 nosepxHocmu S.

Onpedesenne 29. Kycouno-zaadkas nosepxnocme S = (S,)i=%

HOSHIGQEMEH  ORUCHIMUPYEMOE, €CAL CYWECINBYEm mMaKas OPUERMal i
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xoumypos Ty, i = 1, 2, ..., k (Haspisaenas c024ac08anKod), 4mo wacmy
amux KoHmypos, nputadaexayue dsym pasauuron konmyparn T'yu 1y
cocedrux nosepxnocmed, noayarom om wormypos Uy u 1'; npomueo-
noaosHyto opuedmayuo (puc. 169).

Ecnu opnentauus nopepxuocredt §; (1. e.
COOTBETCTBYICLUHE HElpePLEAbE eNHHHUHbIE
HopMaai} BmGpaub TaknM o0pasoM, 4TO OHH
COTJIACYIOTCH C YK@3aHHBIMH OpPHCHTALMAMH
Koutypos ['; «mo npasuay mromopas (cM.
puc. 165), 10 Mm Gyaem TOBOpPHTE, HTO I0O-
BePXHOCTH §; OPHEeHTHPOBAHB COTAACOBaHHO,
B 3TOM Cnyuae cOBOKYNHOCTH OPHEHTHPO-

Puc. 165 BAHHBIX KOHTYpoB I'; M opuenTaunit mopepx-
’ Hocredt S, = 1,2, ..., &y, Ha3bBaercs
opuenmanuel nosepxrocHi 8.

Kak u B cayuae rIafkux noBepXHOCTedl, MOXKHO 1I0Ka3aTh, YTO €CIH
KYCOUHO-TMIAJKAA [OBEPXHOCTL OPUEHTHPYEMA, TO OHA HMEeT B TOU-
HOCTH ABe opHedTauHu. B sToM ciyudae, 01HAKO, YKe Heqb35 BBECTH TO-
HATHE NOJOKUTENLHOH OpHEeHTANEH, HCIONB3YS 3afaHHbe NpelcTaBe-
HHff MNMAJKEX KYCKOB NOBEPXHOCTH H 0epA Ha HBX efHHHYHbBIE HOPMAAH

ruXr
D—";(T”-I, TaK KaK 9TH OPHEHTAL U MOTYT OK83aThCs HECOTTIACOBAHHBIMH.
i o

ITostoMy B ciAyuae KycOuHO-TAafikiX TNOBEPXHOCTEH CJGAYyeT BCeraa
KOHKPETHO OTOBaPHBATE, UTO NOEPA3YMERAETCS NOJ OPUEHTHPOBAHHEIMH
MOBEPXHOCTAME S* U S™ opHeHTHpYeMOH NMOBepXHOCTH S.

i=k
[lyers S =={S§;}:Z7—opheHTupyeMass KyCOUHO-I/JajJKasi IOBEpX-
HOCTh. BulfepeM Kakue-aa60 COrVIACOBAHHHE OPHEHTALMH MOBEDXHOC-
TeH S; M OPUEHTHPOBAHHBIE TAKHMM 00paszoM MOBepXHOCTH S, 0fosHa-

uuM yepes S7, a OpHEHTHDOBAHHBIE MPOTHROMOMOKHO—depea S

Opuentanuy noeepxuccrefl S; Taxme ABIATCA COMIACOBAHHBIMH,

IMosepxuocts S, Ha koropol dukCupoBaHa opHeHTauus (Takue
[OBEPXHOCTH  HA3BIBAIOTCA  OPHEHTHPOBAHHEIMH), COOTBETCTBYMIOLILAS
OPHERTHPOBAKULIM TOBepXHOcTaM ST, ofossauaercs S* = { §F |k

i=1"
=k

Ananoruyno S = {87 }iZ].
Ecan e mns fawnofi KycouHo-riafkoft nomepxHoctn S He cy-

mec1yer pasbuenus S = {S, }}Z’i’ Ha rJajxue COrJiacoBaHHO OpHeH-
THpYEMble MOBEPXHOCTH S, TO OHA HAa3LIBARTCH HEOLUSHMUPYEMOLL.

Caenyer 3aMeTHTB, YTO €CJH DalKasi NIOBEPXHOCTH OPHEHTHpyema
UJH HEOPHEHTUPYEMA B CMulCae onpefetenus 29, 1o ona 0yaeT OpHEeHTH-
pyema (COOTBETCTBEHHO HEOPHEHTHPYEMA) H B CMBIC/IE [ePBOHAYANBHOTO
onpexeaensn opuenTauny. Kak n panbine B HOZOGHHIX Clyuasnx, Mk He
OyRem OCTAHABAHNBATLCA Na JOKA3ATENBCTBE 3TOTO VIREKACHHA, a
TEKXE H Ha MaTeMaTH3alHH NOHATHA «IpaBHJa ITONOpa», TaK KAK 5T




51.1. Onpedenerinte 1 caoficTéa NOBEPIHOCTHOLY UHTE2PLAOG 187

noTpeboBano Bbl H3JOMKEHHA HEKOTOPHX TONONOPHUYECKHX  METONOB
HCCREROBAanuUsl, YTO He BXOANT B 32/1auy HACTOSUIEro y4eSHHKA, 3TH No-
HATKA ¥ CBOHCTBA, 10 CYILECTRY, HE HCTIONL3YIOTCH B HIMKECARLYIOULIX
TeapeMax, TaK Kak B KamAOM CyRae, 0 KOTOpoM OYAST HATH PeUb, MOXKHO
GyleT KOHKPETHD YKA43aTh, O KaKOM UMEHHO BRIOOpe OpHEHTALHH HIET
peyp,

§ 51, NOBEPXHOCTHLIE HHTEIPAJIbI

B stom u B cnefywomen naparpadax 6yayT paceMaTpHBaTh-
€A TOAbKO MApaMeTpHIeCKH 3afaHHbe TOBEPXHOCTH (cM, oilpeaenente 1
B 50.1) m KYyCOYHO-T/IaiKHe TOBEPXHCCTH, COCTOALLHE H3 KOHEUHOIo
yucsAa MapaMeTpruecKH 3ajaHAbBX NMOBEPXHOCTRH (CM. ompeneienve 28
E 0. 50.6). [MosTomMy B 5THX naparpajpax 4ns NPocTOTH MApAMETPHYECKH
33J4HEHE TOBEPXHOCTH HA3RIBAIOTCH APOCTO MOBEDP XHOCT A M H,

51.1. Onpezenenne ¥ CBOHCTBA NOBEPXHOCTHLIX
HHTErpaavB

Hycrs 3anana rnagkas NMOBepPXHOCTH S,
r=ruo)={x=x@v),y=yU,0),z=2(uv) 0 <D Bl

— ee HenpepHBEO AndxpepeHUHpYyeMOe NIpeAcTaBlenHe 6e3 0cobLIX TO-
yek, ) — KBajpupyeMad niaockas obnacre M, Kak obwwAo, E,Gu F —
KO3(ipusuenTr meproll KBaapaThHunoll opMel noBepxroctH S. [ycrs,
Jafee, HA MHOIKECTRe TOUEK (i, U) NOBEPXHOCTH S aafana qyHRUMA B,
T. € yurnun O{r(u, v)) = O{x(u, v}, y(u, v}, 2(u, v}). Unoraa dyuk-
uuio D Gynem ycnosHo ofosHauats Takxue D(x, v, 2) {cp. n. 47.1).
Onpedenenne . Humespas “(D(x,y,z) dS onpedeaunm pases-
S
crmeon (cm. 50.24)

” M (x, y,2) dS= M D(x(u, ), Wu, v), 2(1, v) V EG—~F2du dv. (51.2)

& £)

DTOT HHTETPAJ HA3LIBACTCS MOBEHXHOCHTHLIM URMESPAI0M NEPEO20 poda.
Ilycre p = g (#y, v)) — OPYTOE mnpeAcTaBJeHHe PaCCMaTPHBAEMOf

HOREPXHOCTH, KOTOPOR 3aRaHO HA 3aMBIKanud [, KBajpupyeMmod ofnacth
D, n ana koroporo mnpeoSpasopanue (5(0.4) napameTpoB u, v B 4y, Uy

B321IMHO OAHO3HAYHO H HellpephiBHC AndrpepeHurpyemo na D ¥ Hmeer
#a D wne pasuwii Hymo saxofuan. Ecim E, F; n G cyme



|88 § 5. Morepxnocrasie uNTeapaas

kosdduunents nepsoll KEanpaTHUHOH GOPMBI, COOTBETCTRYIOLLHE FTOMY
npencTapjentio, To

“'LD (x (&, ), y (e, v), 2(w, 0)) VEG—F?dudo =

L

== ‘” M(x (1eq, v1), ¥ {6y, 04), 2 (84, Ty)) VEI G,— Fi du,do,.  (51.3

fou

Utofe B 3TOM yGeIHTECA, AOCTATOYHO B HATerpaJjie, CTOSIIEM B Npaboli
YaCTH 3TOTO PABEHCTBA, CAENATL 3aMeny nepeMensblX (50.4) U BOCIONb-
sopartbes Gopmyaoit {50.18). TaxuM o6pasoM, NOBEPXHOCTHLIA HHTEr pas
nepBOro poia He 3&BHCHT OT BHIGOpA NpeacTasieHHH [OBePXHOCTH.

[lycrw, Tenepn #, § H B — KaK 00BIYHO, €RHMIHYHBIE KOOPLHHATHLIE
BEKTOPHI,

i Jj k
a{y, Az, %) . | Hx, 1)
perire (e | = SR 0 KR e G
fo y‘f) ZU
U
n
v=rt, (51.5)

NpHYEN, COTAACHO HAlMM NPEANOJNOKEHHSM, HOPMAAL ¥ HENPEePLIBHO
npofoixkaema pa rpanuuy obaacrd D.

TosepxuocTs S, Ha KOTOpoH BHIOpaHa efWHMYHAN HOPMadb v, 000-
3HaYHM S*, a noBepXHoOCTh S, RA Koropol BeBpada HopMa b —v, 06o-
3HAUHM Yepe3 S (OYEBHJHD, v H —V CYTh JIke OPHEHTALHH ROBEPXHOCTH
S}, HoauepkHeM, YTO NMOBEPXHOCTH € HOPMANNMH ONPEAEARIOTCH Camoil
NOBEPXHOCTLIO «C TOYHOCTBIO A0 HaoBOpROT* U 3aBHCAT OT BRIGOp4 (pen-
CTABAEHUA [IOBEPXHOCTH.

Onpedenenne 2. [TosepxHocmKbIe UHMEZPOALE

@ (x,y,z2) dxd ‘M (x, y,2)dx dy, (51.6)
:LE X, ), Z xyug_j X, y,2)dx

HOIHIENEMDIE OSEPXHOCTIHGIME URMESpAraMy emopoeo poda (npu sadaw-
HOM NpeOcmOsisrIN TTOGEPXROCIRL), ONpEOeAOMEs COZABLHO (OpMYAaM

S‘S @D ix,y, 2) dxdy = “' d(x, v, 2) cos (v,/}z) ds,

5+ 5

jjcp(x, y.2) dxdy = {{ i, y, 2)cos (—v, k) dS,

& ;)

(51.7)
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T Fai

rae (v, k) u (—v, k)—yranl MemAy BeKTOpaMu v, B H, COOTEerCT-
BeHHO, MEKLY —V, K.

34 OCHOBY 3TOrO ONPEJCAEHHA B3ATO HHTYHTHBROE COOGpaKeHHe
O TOM, 4TO 3JEMERT MROWAAH dS Raunoil nosepxuoctd (cM. (50.24)),
NOMHOMEHHBIH HA KOCHHYC YIAa, KOTOPLIH OH 4COCTABASET? ¢ MAOCKO-
crhio xOy, pasen sneMeHTy nJowmann dxdy stoit naockocr (puc. 166),
Kak 0110 Gbl, €c/1d Gbl Pedb M2 O ILIOWARH TJIOCKOH (DUIY LI U €€ Ipo-
SKUHH.

Hurerpannt (51.6) Oyaem ofiosHauars oOWHUM CHMBOJIOM

(i@ y, 9 dedy. (51.8)

Tax kax (vf‘k)ﬁ—(—v,/ﬁ) = JU ¥, CAeloBaTeLHo, cos(v, k) =

f-—cos(H\::k), o 13 (51.7) monyuum

jjcr)(x,y,z)dxdy:—fj@(x,y,z)dxdy. (51.9)
s+ §—
[TosepXHOCTHRE HWHTErpanibl rep- \z
BOI'O POIa He SaBHCAT OT Bubopa NAx

npeacTagaAeRid NOBePXHOCTH, HOITO-
My [IOBEPXHOCTHBIE HHTETpaNbl BTO-
poro pona (51.6) He 3aBHCAT OT BHI-
6opa mpefcTaRNeHHA OPHEHTHPOBAH-
HOR TNOREPXHOCTH, HO, KOHEUHO,

=)
e —————

(1.8} npu paHHOR MOBepXHOCTH & gr
W naHHoR ¢YHKLEY D 3aBHCAT, BOOO-
e TOBOPA, OT BHOOpPA HENpephIBHOH  Z < Ay
HOPMa/u v Ha [OBEPXHCCTH, T, €. OT -
BLIfOpa OpHEHTALUHH [OBEPXHOCTH.

P P P Puc. 166

BeiBezeM  qopMydn,  vAcOHeR
I BLIYHC/IEHUS [IOBEPXHOCTHRIX HH-
TerpajioB BTOporo poua. [lpeiBapHTeNbHO 3aMETHM, 4TO B3 GopMyn
(51.4), (51.5) B (50.22) cnenyer, uro

alx,y)
~ nk _ (roXry}k . 3 {4, ©) —
cos (v, k) = VE= [4] = [raxral ~Iraxrel
di{x,
- a(u,v)
JEG—Fz

MO53TOMY

D(x,y,2) dedy = {{ QL y, (vE)dS =
.ié' (%, ¥, 2) dx dy j;j" (%, y, 2ycos (v k)



190 § 51 MosepxHocTHEle UXTE2RAAH

= “'CD[x(u, o), ¥ (i, v), 2 (u,v)] cos ~VE)VEG—Fidudo =
4
(x,%)
= de)[x u, v), p{u, v), 2 (4, ﬂ)}a( 5 du dv.
o
TaknM ofipasoM, onyckasd y ¢yHKumui o603HAUCHHA aPI'yMEHTOB,

uMeeMm
“@dxdy = ”(D‘”"*” du do (51.10)

H, corjacHo (51.8),

ﬂ(lldxdy: ——jﬁycp‘g((; z;dudv 5‘{5@2?::&; du do. (51.11)

Huorpa wuxTerpan jj @ dxdy obo3navaerca ‘”fDdx dy, a wHTer-

pada ‘U O dx dy =zanuceiBaercs B 3TOM Cayyae B Bule 5f Ddydx.
vy
Taxum ofipazom,

jthdxd}-__)j(D

N

dudv jj(Da‘ydx = .H'(Da(y‘ ) du do.

1(”
Ecan norepxnocrs S 3aflada siBHO HenpepuiBHO AHdxbepeHiHpye-

MOH dyukunefi z=f{(x, ), (x,y) € D, ro dopmyaa (51.3) npuun-
maer Bug [em. (50.25)]

55 Oix,y,2)dS = jj Dx,y, f e V1 —i—fi—}—fﬁ dx dy,
8 (5

a gopmyart (51.10) u (51.11}-—rakoit BuA:

55" ®(x,y,2) dedy = Sj(b(x, v, fx, y)) dx dy,

SF G

”’ D(x,y,2) dedy = — ” O (x, y. f (x, ) dx dy.
5 ]

3aech St HasmBaercs «Bepmeﬁ CTOPOHOIT MOBepXHOCTH Sy (OHa COOT-
BETCTBYET MOJOKUTENLHON QPUEHTALKY v TOBEpXHOCTH S APH 3a1aHHOM
€e MpPeACTABIEHHE 2 == f(X, ¥)), 8 8~ HashiBAeTCR <HIIKHEH CTOPOHO
TIOBEPXHOCTH S» (OHA COOTBETCTEYET OTPHUATENLHOH opuentaudd —wv).
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TR HA3RAHHS OOBACHIHOTCSE TEM OﬁCTOﬂTeJ]bCTB(lM, 4TQ B CAy4Yae ABHOTO
3a0aHus TOBEPXHOCTH

ijk
1O fo| =—Ffci—f,J+ &
01§,

H, CJCI0BatcJLHO,

fj.' f_v l )
v=|— =Ty T 7 = i z ]
( Vit r Vit 2+ Vit i+ g
MOITOMY

- I

o b =y
x ¥

Orci0aa BEAKO, 4TO YTOJI MEXKy BEKTOpaMH ¥ H & ocTpwifi, T. e.
BEKTOp V HaNpaB/eH <BBEPX» OT paccCMaTpHBAGMOH TOBEPXHOCTH
{cm. pue. 166).

Moxo6uo onpenenenro (51.7) onpefensioTes | APYTHE [NOBEPXHOCT-
Hble HHTErpajLl BTOPOIC poia:

jj O(x, y, zydyde = ‘” O{x, y, g)cos [v, i)ds,

j‘ijx ¥, 2 )dydz—jﬁfb (x, 9, 2 )cos(--v i)ds,

A
“ O(x, y, 2)dzdx= H(‘D(x, ¥y, 2} cos (v,j) as, G112

55 O(x, y, 2)dedx = “.CD (x, ¥, 2)cos (—"\’:J)

5

Has aTHx HHTer pafiob aHaJMOru4yHO MpOAEJIanHOMY BBILC fnoayuaeMm

”’ Ddydz = — E‘f D dy dz,

jj mdzdx=—jj" Fdedx,

H d)dydz._ﬂa 00: 3 4 gy (51.13)

¢ {u, v)

. a{z, x)
55 Ddzdx = 55@ Sl ) du do.
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51.2, MoBePXHOCTHLIE WHTETPAAL] KAK Npefesnl

HHTErpadsHbiX CYyMM

[NosepXHOCTHBIE HHTErpasjhbl MOTYT ObITh MOJYYSHH TAKWKE
H KaK Tpefesibl COOTBETCTBYIOWIHX KHTErpaanbHeiX cyMMm. Hus sroro
BO3BMEM KaKoe-NHGo pasGuenue T = {D,}iZ\" ofmactn D, Ha sampika
Huu D xoTopoil 3amamo npeactaeaenue r=r(u, v), (4, v) € D, pac-
cMaTpHRaeMol Taajkod nosepxtoctd S. QGo3nauuM vepes S; mosepx-
HOCTb, 331aBaeMYI0 IpejcTasierten r= r{u, v), (i1, v) £ 5::- QuesnaHo,
uyto §;—Takxe raaikue noeepxHoctn i = 1, 2, ..., i, (Cucrema
Tg = {S,}iZ%, nasuipaercsn pasGuenuem nosepxnoctu S.) Ilyets ¢iynk-
Lusa (I)(r(u, v)) = (,’D{x (u, v), yiu,v), z(u, v)) HernpepuisHa Ha D
w (2, v) €D, @ =®{r(u,v)). Obossaunm uepes cos, (v, k)
KOCHHYC YIJNia MeXAY HOPManbio v H oproM R B 104Ke r(u,;, 0;)
N4HHOH NMOBEPXHOCTH M IOJOMKHM

fo
o= @, mes S,, o — Z @, cos, (v, )mesSi;

i=1 i=1

TOF 8
%11'.1:100'“) jj @ (x, y, 7)dS, (51.14)
s!1m ol = jj(D(x, v, 2ydx dy. (51.15)

HeiicTBHTeBHD, B ’

” O(x, y, 2)dS = ”C}D[r(u, ) VEG—F dudv =
S

21 S,S‘(I)f(u U))VEG F? du do,

f==t ,'
NOCKONBKY mes S; = SSVEG—P du du, TO0

l

e B o, jf VEG—F® dudo —

z-—-]

i HCD Lo}l VEG=F% dudo.

i=1 ,'
OBosnauan Teneps uepes @(§; M) MOAYNL HENpepLIBHOCTH (BYHK-
nun @ Ha samknyTol obnacty [, moayuum

ljj @ (x, y, z)dS—oi”‘ < i SS|®(r(u, v)) —

ie=] ‘Di



51.3. Hureepaast 1o KycouHO-22a0KUM HOBEPXHOCTAM 193

—@ (r{u;, v)) | VEG—F! dudv < o (b ®)mes S.
IMepexoas B 3sTOM HepapenrcTBe K mpeaeny npu 6.— 0 » sameuas,
uTO Blim ® (8:; @) = 0, noayuum topmyay (51.14).

-+ 0
AnasornyHo  jokazwipaercs  qopMyaa  (51.15) (npousmenenue

Fay —
(Dcos(v k) HENPEPHIBHG, 8 SHAYMT, U PABHOMEPHO HenpephisHo Ha D).
[TopoGupie yreepxeHnst cnpaBefJHBH M AJA HHTElPAJOB BTOPOLQ
poda apyrux tunor (51.12).

¥Yupamnuenne 1. Horasars dopmyay (51.15),

51.3. MoeepXHACTHLIE MHTETPATL 10 NOBEPXHOCTAM
€ KOHHYECKMMH TOUKAMM M MO KYCOYHO-TNALKHM
NOBEPXHOCTAM

Jlerko oGoCLIaICTCA ONpeeNIeHHs IOBEPXBOCTHRIX HHTETpa-
JOB H Ha IJIaJKHe MNOBePXHOCTH, UMEGHIHe KOHEYHOE YHCJA0 KOHWYe-
CKHX TOUEK.

[TycTe Aag MpocToTHl NOEEPXHOCTE S TMAJKas, Kpome oAHol Ko-
Huueckofl  Toukn My =r(ug, vy), (4o, Vo) ED. D10 o3Hauaer, wuTO
CYLWeCTBYeT EeKTOpHOe npeicTasaenue r (¢, v), (¢, v) & D, norepx-
woctu S, Takoe, uto jAas Beex (i, v) € D, {u, 0) 5= (1, v,), GyHKLHA
¥ (¢, v) venpepblBHO AudepeHLupyeMa; #,X F, =0 H OorpaHuueHo
no abcomorTHOH BeJaHYHHE.

Mycrs € 2> 0, Ko ={(u, v): (1 — o) — (v — v,) < &2} —Kpyr
paguyca &, M S.—MOREPXHOCTL, 3aJaBaeMas TPEICTABNEHHEM ¢ =
= r(u,v) npu (u, v) & D~ K.\ Tlopepxuocts S., OueBHAHG, sB-
Jasercs raaikofi AndbepeHUHPYEMOR NOBEPXHOCTLIO.

Onpedeaenne 3. Ecau cywecmeyem npedea

lim jsj F{x,y, 2)dS,

MO 0K HA3LIEQEIMCA  ROBEPXHOCIIHOIM UHMESPAIOM _” Dix, y, 2)dS.
3

Ananornyso onpencJarTcA B 3TOM Ciayudyae H IOBEPXHOCTHLIE HH-
TerpaJjnl PTOPOTO poia.
Yopaxaenne 2. Ilyete § - rnagkas NMoBepXHOCTE C KOHEYHLIM UM-

CJIOM KOHHYECKHX TOUCK. JIoKa3aTh, 4TO LA HeRpepLHIBHOH by HKUKN @, onpelenen-
HOH HA HOCHTEJe NOBeRXHOCTH S, CYLECTBYIOT HHTerpajint

[foas, [[odxay, [[oayds, [[Odzax
& S S >

*» Tlpn mocratouno manwx &> 0 MuomectBo D™\ K sBASeTCa 3aMKEyTOH
odhacTelo,
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Onpejeaun MORCPXHOCTHHE HMHTErpanbl 00 KYCOUHO-TVIAAKHM 0=
BEPXHOCTH M.

Onpedenenne 4. llyeme S={S;}, i = 1,2, ..., k — Kycourno-zaad-
Kas nosepxiocme (ca. onpedeaeriue 28 8 n. 50. 5) wDx, ¥, 2) — pyrKkyUA,
ONPEDLACHHAA HA MHONCECTNGE MOHER nodepxrocmu 8, moedu no onpedeae-
Hilo

jj’mdsﬁ 2 jj’q}ds (51.16)

fa=1

Onpedenenne 5. Ecau fcycoww-exmaf{a,q nogepxrocmey S={S,},
i=1,2, .., k opuenmupyema u S= (ST} —odna us coomaemcmeyto-
wux el OPUEHIMUPOSCHIbIY NOSePXHOCHel (0503HaweRus cM. sn. 50.6),
Mo 1o ONpPedeAeHILo

5§®dxdy= r21 “ D dxdy, jj‘Ddydz—— 2 H O dy dz,

- Si = ‘5;

jj Ddzdx = 2, §§ vazax. (51.17)

+
I

AHanorHuHO B PAcCMATPHUBAEMOM CJYYae ONMPEASAIOTCS M HHTe-
rpajel no nopepxmoetn ST = [S7.

Mp! OCTAHOBHJIMCE TOJIBKO HA TEX CBOHCTBAX MOBEPXHOCTHRIX HH-
TErpasoB, KOTOPHIE CBA3aHbl €O CIHEUHPUKOH HX onpeleieHusd, ¢ no-
BEPXHOCTHIO, 10 KOTOPOH, KaK TOBOPAT, NPOU3BOAUTCH HHTEIDHPOEaHUE,
Ecrecrsenno, 4To, HOCKOJABKY OHH CBOAATCS K OGBIUHBIM KPaTHbIM HH-
TerpajsaM, Ha HHX TepPeHOCATCA M PA3JIMUHbIE HX CROHCTBA (auHel-
HOCTb, HHTErpadbHaA TeOPeMa O CpelHeM H T. 1L.).

3aMeyanHe YclIoBHA Ha oTOOpPaMeHMs, OCYHIECTB/SIOLIHE
JONMyCTHMBIE nNpeofpasoBaHHs NapaMeTpoB JAaf TJA3JKHX [OBEpX-
HOCTeH, CHOPMYJAKpOBaHHbe HaMM Brmue {cM. m. 50.1), gvacto oxasn:-
BalOTCA CJHLIKOM KCCTKHMH (Cp. € MONOOHBIM OGCTOATEABCTBOM A
KpuBEIX B 47.2). Hanpumep, npu Takom noAxoie mpeacTaB/IeHH: YacTH
apa eAHHHYHOrO PAINyCca ¢ LEHTPOM B Hauale KOOPAHMHAT, JIekKalleil
B II€PBOM OKTaHTE:

z=V1I—=x112 e 2Ly2<l, x20, y>»0

x=rcospcosq, y=rcosPsing, z=rsing,

T T

meld<e<y, 0<yp<y,
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He sKBHBaJIeHTHR. Dosee Toro, nepeoe mpeAcTaBAeHMe He onpeneqser
B YKa3aHHOM CMLICJE HENpPepLIBHO NHQGBEDCHUHPYEMYIO NOBEPXHOCTD.
IMostomy eCTeCTBEHHO paCIHPHTL ONpele/eHHe HENpPepLIBHO  AHt-
tepenuupyemoll nosepxroctn. ClenaeM 370 CAEAVIOIHM 06pa3oM,
PaceMOTDHM cOBOKYIHOCTL mpeAcTanaeHndl £ = r(u, v), (1, v)C D,
HeMpepHBUEX Ha [ M NenpephiBHO audgepeHuupyeMex  wa .
JomyecTHMBIME — IpeofpasoBaHusMM  [APAMETPOB # = @ {1y, ),
v = Pluy, vy), (g, ) Eﬁl Gylem Ha3plBath BCAKOE B3AHMHO ORHO-
3HayHOE HEMpephIBHCE OTOGpaXeHue 3aMulkaHust L), IUIOCKOH 06

Jactd D, Ha D, HenpephiBHO aAudipepednupyeMoe H HMEKLIee He paBHbIl
HyMo fkoOuad B [). Kak Bcerna, fABa OpejCTABJEHHsT HA3EIBAOTCH
SKBUBAJCHTHBIMH, €C/IH MOXKHO IepeHTH OT OAHOrO K APYIroMy ¢ IIO-
MOLIBI JACMYCTHMOrG Mpco6pa3oBaHMA MMapaMeTpa.

M#ur ckaeM, 4To KJ1ace 3KBHBATEHTHHIX NPECTAR/ICHHE YKA3aHHOTO
THIA 3a7aeT HeMnpepHBHO AH(pbepeHIUPYEMYHD NOBEPXHOCTh, €C/H
B 9TOM KJacCe CYLIeCTBYET no KpafiHeH Mepe OHO NMpeACTaBIeHHE P =
= r(u, v), (1, v) € D, nenpepuiBHO AndxpepeHUHpYeMOe BILIOTE 0 TPAHH-
uel obnacru D.

Henpepoisno ouddepenlupyeMas NOBEPXHOCTL HA3LIBAETCH TJafd-

KO#f NOBEPXHOCTBIO, el #, X r, == 0 B D mnpH HeKeTopoM ee npel-
ctapnenvy r=r(u, v), (4, v)CD.

[iomane wenpepblBHO AHQQepeHIUpPYeMoil NOBEPXHOCTH ¢ npel-
crasnennem r = r(u, v), (1, v) CD) onpelesseTcs KaK 3HayeHAE HH-
Terpana

ijlruer[dudv,

KoTophlll, 6BITH MOMXKeT, 98/1eTca ¥ HecoOcTBeHHEM. YToBH yleaurbes
B CT0 CYUWLECTBOBAHHH, JOCTATCUHO CAENATh 3aMeHy [CPeMEHHOro ¢ IIo-
MOIIbI0 ZONYCTHMOrC RpeoGpasoBaHusi, NepeBofslllelo TaHHOe nped-
CT4BJIEHHE B MPELCTaB/eHUe, HenpepulBHO AudxpepeHuUHpyeMOe BILIOTL
A0 TpakHUbl OBJIACTH.

AnanoruuueiM o6pasoM oclabasoTca TpeGoBaHUsl Ha AOMYCTHMEIE
npeoGpazoBaHus napamerpa H B cAYYae OPHEHTHPOBAHHLIX MOBEPX-
HocTel,

[Ipy TakuX ONpele/eHARX OCTAIOTCA B CHJE BCE BLINE JAHHHE Onpe-
[eNleHnst OBEPXHOCTHLIX WHTETDATOB U HX CBOHCTBA, €CTECTBEHHO INPH
yuere TOTQ, UTG B 3TOM cnyqae NPpH HEKOTODLIX npe,ucrameﬁuﬂx f0-
BEPXHOCTEH MBI MOMeM TOJNYUHTE HECOGCTBEHHbie MHTErpansl. OcTawT-
€S CnpABEIHELIME U TEOPEMB, 0Ka3bIBAeMEe B CAeAYIOULeM naparpade
0 NMOBEPXHOCTHHIX HHTErpajax, HO Mbl He OyIeM Ha 3TOM CNelHalbHO
OCTAHABIHBATDLCA.
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YVopaxwerue 3. [lyete S — raafikas MmOBEPXHOCTH (B HOBOM pac-
[HpedroM cMbicae) B — GyHKLHA, HenpepoBras Ha S. [loxasars, uro cyne-
CTBYWT HHTErpalbl

' S(D(x, y, 2)dx dy, 5 ©(x, y, 2)dz dx, 5 D(x, y, 2)dy dz.
S Ry )

]

§ 52. CKAJSIPHBIE H BEKTOPHBIE NOJIS

52.1. Onpenenennn

Bumecto TepMunOB «upcioBan (QYHKUHS TOUKH», ¢BEKTOp-
GYHKURS TOUKUY YNOTPeOAsIOrcs PABHOSHAUHEIE: CKAASPHOE NOAE, BEK-
MOPROE NoAe, 2Ta TEPMHUHOAOTHS NTOAYEPKHBALT, YTO SHAUYSHHS paccMat-
pEBAEMbLIX (PYHKUUE 33BHCST MMEHHO OT TOUEK IPOCTPaHCTBA (B KOTOPLIX
9TH (DYHKLLMH OIOpPENe/IeHb), a He OT UX KOOPAHHAT, NpU Bebope Tl U/id
HHOW CHCTEMBI KOOPXHHAT,

Yuotrpebasisi aTy TepMHHOJOTHIO, MOMHO €KasaTb, HANPHMEp, 4TO
BCHKOE CKATsIpHOE nodae ¢ == u(M), onpenenednoe W TudpeperuHpyemoe
B HeKOTOpOH ofnact# (G, MOpOXAaeT BEKTOPHOE MHOJE €r0 IpaJHenTCR
{em. m, 20,6 u o 50.2):

a(M)=gradu.

Onpedenenne 1. Ilycme 8 cbaacmu G} 3adano sexmoproe noae
a ~ a(M) u cywecmsyem onpedesennas 6 G ynxyua 4= u (M)
maKaa, 4mo

a (M) == grad u (M).

Toedn yaryua ulM) naswsaemen nomenyuassrold gyrxuued, uay no-
MEHLUANOM OAHHO20 BEKINOPHO20 NOART*},

[Tyers, nanpumep E(M) — nanpsKeHHOCTb AEKTPHUECKOTO TIOJA,
CO3AAHHOrO EAMHHUHBIM OTPHUATENBHEIM 3aPHIOM, MOMCUICHHEIM B Ha-
vajie koopausar. Torna B Touke M(x, y) sekrep E(M) umeer, Kak s10

1 I E—
HSBECTHO H3 (PH3HKH, AIUHY =, THe r = V3 4-y® + 2%, u nanpaeaen
ot Touk M K Havany koopaurar. Orciona nosiyuaercs, yro

B~ (~F. —4. —3)

*) B sToM maparpade nAS NPOCTOTH paCCMATPUBAIOTCA TONBKO TIOCKHE WHH
TpexmepHbie oOnacth (.
**) MHorma B NPHAOHMEHHAX NOTEHUKAN 4 onpejeasercs (OpMyJoN
= — grad 4.
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INEKTPUULCKHT NOTERUMAN PACCMATPUBAEMOTD N0, T. €. (yHK-

H «
ups w (M) = — ABISEICHS ¥ noreHlanom, udo

grad u (M) = E (M),

PaccmoTpuM cHOBA BeKTOpHOe nene 4 = q{M), ciperenennoe B Re-
KoTopoit 06acTh (. 3auicupyem cHeTeMy Koopauuar. Bexrop-dyHk-
uno @(M) MOXKHO paceMarpHRaTh Kak YHKOHK TpeX MePeMCHHBIX —
KOOPAHHAT X, ¥, 2 Toukd M: a = alx, y, 2).

[ycre M, = (xy, Yoo 2¢) € G, H 33789  elMHHYHBIH  BEKTOD
e = (cos a, cos f3, cos ). [IposeneM wepes Touky M, npsiMyio B Hanpas-
NMCHHU €:

X = Xgt-{cos0, Y=y-+icosh, z=z,+7cosvy.

Onpedesnenue 2. [ipouzsoduas  cexmop-thurkuyuu
a(xy+tcosa, y,fcosP, zo---fcosy) no £ npu t=0 (ecau ona
CHECTNBYEM)  HO3bIEACAICA RPOUSFOCHOI RT RANDIBACHIIO & 8 Mot-

da
we M, sexmop-hyaryur a(M) u obosrawaemcs BF(M“):

da(My) _ 4

s dta(x0+tcosa, Yo-+tcosf, zo-+ feosyl, .

[lo mpasnny nudbdepenuuporanus ChouO GydRitHi, onycKas 1an
HpocTOTH 0003pa4el A apTYMeHTa, noaydaem
da  oa . da oa
a—eﬁ—azcma—r@cosﬁ—i-a?cosy. (52.1)
d
ox

Beonasi chvBosft 7 = — -+ JO% -+ k;’; (cM. m. 20.6) ¥ noaaras

a a 7}
ey = cos e -i—(‘.QSﬁEJ; +Cos Y
NMepenuiuen topMyay (92.1) B suje

da
55=(e\7)a.

Onpedenerue 3. Ecau b = (b,, b, b,)—npouseoabneiti (ne 061
BAMEABHO EOUHUHRBIEL) DUKCLPOSIHHOIL 6EKMOp, MO GEKMOp

J i a3
(bV)a=bx£ +by%+bw_f

Haavieaemces epaduenmom sekmopa @& no eexmopy b.
Ecau B =bb,, rae |by|=1, 10 «fopMansibIMH nNpecbpasosa-
HUstMM» (10TYUUM
da

(OV)a=(bby V)@ = b(byV)a = b 5"
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Tepexoas K KOOPIHHATHOI 3anUCH, JeTKO HeMoCpeJcTBEHHO yBenuTses
B CNPaBeAAMBOCTH HOJyuerRHOH GOPMYNE], MOKA3aTh, YTO C CHMBOMOM V7
MOKHO ofpalLarThes fIpH BHUHCACHHAX, KaK C HACTOALIMM BEKTODOM,
He 3alplBad, KOHEUHO, TIPH 3TOM, YTO, KpOMe ST0r0, CHMBOJ 7 O3HAYZeT
TaKXe ¥ ONpeneaeHnyro onepamnulo audgdeperuspopayus. Mp He 6ylem
ajleck CCTAHABJUBATLCH HA OOOCHOBAHHMH NpaBOMOUHCGCTH TakHX «pop-
MadbHLIX npeobpasosaHiil ¢ cimpoaom Vs, JlioGas dopMyna, nonyuen-
nas nogobikM 06pasoM, MOXeT GHTh, KOHEeuHO, NonydeHa u 6e3 npH-
MEHEHHSl CAMBONa ¥ OORMMEIMH OOOCHOBAHHLIMH DacCyXMACHUAMH B
koopanHarax. CnenyeT wWMeTk B BHAY, OAHako, YTO NPHMeHEHHe CHM-
BONA &/ UacTO BEChBMA CYIIECTBEHHO COKPAILAeT BHIKAJAKH,

Bephemca cHOBa K HCXOJHOMY BEKTODHOMY noJio 4 = (d,, a,,a,)
B ofnactn G. ’

Onpederenue 4. 11 ycmba noxceaa = (ay, a,, a,) Quipdepedyupyeno
¢ uexomopod mo4xe. Yucao -;f —{-%’-’-{—jf Haaveaemca Queepaenyuer

noas & danxold moyxe u oboswayaemcea diva, m., e,

da;

. 8a, day
diva =E‘+a—y'+-a?. (52.2)
Cumpositeckd div & moxeT OLIThL 3anHCAHA KaK CKajgpHoe npo-

H3BEACHHE CHMBOJA %/ H BEKTODA &:

diva = va.
Onpedenenne 5. Bexmop ¢ Koopdunamamu
da dg da, Oa da da
. Atet AU i S A Stoi 4 (52.3)
oy oz oz dx ox dy

HA36L8QEMCA BUXPEM, UAU POMOPOM, seKmoprozo nois a = a (M) u
obosnayaemca rot q.

CHMBOJHYECKH
i j k
d ad d
tea=Y xXae=\{75:m 5 | {52.4)
a, a a

B

y z

Ieomerpruecknil u pusuveckuii cmuica div @ u rot @ 6yaer BusicHed
B JlanbHeHueM.

[Tpuseaem npumep GOPMATBHEIX NpeoOpa3cBAHHE ¢ CHMBOJOM %7,
Ecnn 3a cuMBOJIOM V7 CIElYET HECKOBKO WIEHOB, HA OAHH H3 KOTOPHIX
OH JEHCTBYET Kak omeparop JudxpepeniypoBaHds, a Ha APYrue Her,
T0 A5 AcHOCTH OyaeM 0603H&YaTh STOT Y/leH BepTHKAILHOH CTPeaKOf.
[NoscuuM 3T0 HA NpHMepe.
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[ycrs f-— cranspHoe, @ — BeKTOpHOE TNONE, TOTAA

rotfa=v><fa=v><f¢li+v><}a=
=f{V x a)+(Jf X a)=frota-tgradixa.

Bpeaem eile HekoTopHe oNpeiedenus, CHs3aHAbIE ¢ BEKTOPHLIM
noseM & = {a,, a,, a,) B obaacrn G.

Onpedeanenue 6. ITycmoy v — samxnyman Kycouno-zaa0Kan Kpu-
saa 8 obaacmu G. Humezpan

j.axdx+a},dy+azdz
¥

HOSLLEAEMCR LUPKYAALUEL SeKMOPRO20 1o @& = (ay, a,, a,) "o Kpu-

eod v u obosnaunemcs | adr, ede dr = (dx, dy, dz2).

Ecau y — raagkas xpuean, { = (cosa, cosfl, cos ¥)— eZHHUYHBIA
KacaTe/lbHBI BEKTOp, S—MepeMeHHas AJuHA Ayrd, a npita— Beau-
yyHa MPOEKLHHM BEKTOPA @ HA KaCATeJBHYIO, TO

jladr= jnptads.
¥ i

LefictpuTeano,

jladr= jaxdx+aydy+azdz=
T 1

- 5 (@ coso+aycosf+a,cosy)ds = jl (atyds = 5 npta ds.
y 7 L

Onpedeaenue 7. Ioae, yupkyangus komopozo no a0botl samxHymod
KYCOURO-2400K01 Kpueol, Aedcawel 8 cbaacmu G, pasHa HYyMo, Ha3siea-
emes HOMEHI U ABHBIM.

PaccMoTpuM B KauecTBe ITpHMepa IJIOCKOE BEKTOPHOE novyie, T. €,
node a = (P, Q), 2ajanHoe Ha nJockoll of6nactu G: P = P(x, y),
Q = Q(x, y). Buxps 2Toro noaa uMeer BHJ

i jJ kR
t g 8 g 0Q_ap
reta=|ox ay : |7 (5_5)-
P Q 0

Teopema 4 n. 47.8 Bo BHOBL BBEJCHHEIX TepMHLAX MOXeT OulTh nepe-
(ppasuposana caeaywmum obpasoM. HJas odwnocesswoti obracmu G no-
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INERUUQABHOCING ROAR, CYUIECIIBOIORUE ROMERLRAAGHOL dyriyuy u yo-
AOBUE, HIMD BUXPE NOAR 80 6LEX MGHKAX DUREH MYAIO, IKBUGIACHITIHL.

Onpeceaenne 8. [ycme S — uexomopas OpUeHMupOSAHHAR
nosepxnocms, Aedcawas 8 obaacmu G, Vv —- eQURUHHAR HOPMOAb RA
nosepxrocmile, sadwowian ee opueHmayuo, u St -— nogepxrocme S ©
yrasaHAol opuenmayueld. Huamezpaa

“4 avds
s+

HO3BIBALINCA  HOMOKOM BEKHIOPHOZ0 NOAs Hepe3 nosepxHocms S u
0603Ha4aemen jj ads, ede dS=vdS (u,m jj ads:, d8t—= vdS).

OueBrAHnO, UTO @V == [Py &, N0ITOMY
55 ads = jj‘ npya dsS.
S A

QO6LiyHO B TIOTOKE “ avdS OnycKaior UHACKC OPHeHTAUWH H
\w)+

IUUIYT OpocTo jj‘ avds, CunTad, YT0 B KA4yeCTRe OPHUEHTAHHH B3ATAa
S

HOpMalE ¥, CTORIAsA B NOABIHTErDANbHOM BBIDAMKEHUH.

Onpedeaerue 9. Bexmoproe noae, NOMOK KOMOpoeo depes aobyo
KYCOHRO-CAQ0K Y0 NOB2DXHOCMS, Aexatyyo 8 obaacmu G u S8as0uocs
EPARUUETL HEKOMOPOL CepaHudeHHOl 0DAOCMU, HASEH HYAKD, HABHGAEeMs
conreroudarsiom & G.

B panbrefitiuX NYHKTAX 3TOre naparpada ™Mbl H3yYHM HEKOTOphe
CBONCTBA BEKTOPHHIX NoJefl, B YaCTHOCTH, YCTAHOBHM B TPEXMEPHOM
c/iyyae HeoBXOAAMBIE B 0CTATOYHEIE YCAOBHA TTOTEHIHAKBHOCTH | Cone-
HOpJlanbHOCTH Tionst. [lpeaBaputensHO MBl IOKAXKEM TeOPeMbl O6 WB-
Terpanax, TeCHO CBAZAHHBIE C NOHATHAMH, BBEICHHBIMH B 3TOM HYHKTe.

Yopamuenue l. [lokasars cnerylomue dopMyJsli
rot grad u = 0;
div rot @ = O;
div grad u= Au, tie Au=§i—[:- +§-;~'§ 2—:;”;
rot rot @ = grad diva— Aa, c1e Aa=(Aq,, Aay, Aay),
a = (ay, ay, 2,%
div{fay= fdiva + grad fa:

divaxb=Dprota —aroctb.
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52.2. ®opmyaa Ocrporpanckoro—rTayeca.
Husapuantuoe onpeneneske THBepreduua

[lycre G — ofnacTb B TPeXMepHOM [OPOCTPaHCTBE Eiyz,
DNEMEHTApHan OTHOCKTEAEHO ocH Oz (cM. 1. 45.2). Cﬂenosa're.nbﬂo, cy-
UiecTBYET KBajpHpyemasi ofiacts ' Ha miockoetd Eiy, Takas, 470
rparuna ofyiacTy G COCTONT H3 JIny X nosepXxHocTedl §; U S,, sagasaemMslx
COOTBETCTBEHHO NPEACTaBACHHIMI 2, == @,(%, V) B 2z = @u(x, ¥),

@ H @y — HENPepHIBHEIC HA 34MKHYTOM MuomectBe I' ¢yHkuuH,
P, y) Joulx, VY, (x, M ET, n, 6urh Moxer, noBepxuoctH S, fB-
Jgiomiefics YacTbio  LILIHHAPHYECKOH
NoBepXHOCTH ¢ ofpazywuiedi, napan-
NeJdBHOR OcH (7 H HMEKOLIEH B KAYECTRe
Hanpapasowed rpauuuy obaacth L,
Bynem npennonarate, KpoMe TOTO,

YTO MOBEPXHOCTH S; M S; HEnPEPHBHO
nugkpepeHrupyemsl (T. €. UTO HEIPePhiB-

HO AuddepeHuHpyeMnsl PyHKIHH @y U @y

Ha I'yu 910 rpannuna y ofaactu 1 aB-
JHETCH KYCOUHO-IVI2OKOR KpPHBOH, TOr-

I3 W MOBEPXHOCTL S, Takmke Oyder
KyCOUHO-rJagkol, 210 cpaszy cie-

LyeT H3 TOro, HI0 ecln g = p(u),

a < U< b, — npeicTapienne KoHTy- z
pa v, TG npelCTaBAenne IOBEPXHOCTH S,
MOXHO 3a1aTh B BRAE 7 = r(u, v) = Puc. 167

=g(u) + vk, a < u<<h 0, <vh,

(npenentt USMEHEHMA TapameTpa U 34BHCAT OT TOYKH KPHUBOH
V), Tae kB —— equnkubsi opr ocn Oz (puc. 167). Mol 6ynem npeanonarats,
Iajee, 4TO 06aacTs G YIOBMETBOPAET AHANOTHIHLIM YCJAOBUAM H QTHO-
CUTEJILHO JPYTuX ocell KOOPAMWHAT.

Ofosnaunm yepes S rpadully obacTd (7; OYEBHAHO, S ABJAALTCH KY-
couno-riankoi nopepXHocteio*!. Ofo3HauuM Yepe3 v BHRUIHIOW HOPMalb
K DOBEPXHOCTH S (B TOUKaX, Fle OHA CYWecTBYeT) H IYCTh CO$ ¢, Cos P
H COS y — €2 HanpaBAAKllEe KOCHHYCb:: v = {cos @, cos f§, cos y}h
OpHeHTHPOBAHHYIO NOBEPXHOCTE S (COOTBETCTBEHHO NOBEPXHOCTH Sy,
S, 1 S;) ¢ opuenTanyell, NOpoXIEHHGH BEIGOPOM HOPMANH v, OG03HAYHM
yepea S+ (cooTBeTcTBenno yepes S¢, Si, S2).

Takem ofpasoM, B AGHHOM CJyvde sl DOBEPXHOCTH S MOM0XKH-
TebHOH OpHeHTAleH ABJIAEICH ee ¢HUKHAA CTOPOHA», a AJs NOBEpX-
HOCTH Sj — €€ «BepxHss cropona» (cM. . 01.2).

z
W

*) 3z4eck, KaK M HHOCAA BRIME, yHOTpeOaserca TepMUuH «NOBEPXHOCTEY B CMEIC/E
HOCHTENS BOBEPXHOCTH, STO HE MOKET NPHBECTH K HEJLOPAIYMEHHSIM,
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Teopema 1 (Ocmpozpadckuii — Faycec ®). lycmb 6 sampt-
kanuu G obaacmu G yxasonnoec eoiile  auda B000HbE hyrryuL
P=P(x,y,2), Q=Qx,v,2) u R=R(x, y, 2}, nenpepuisroie na G,

EMECINE €O CAOUMU HACTIHBIMIL HPOUIEOOHDIMIL i ),
x?! dy T dz
moeda
P . dQ . AR
50y
o
= ﬁ (Peosa - QcosP 4 Rcosy)dS, (52.5)
st

Smy dopmyay, norazas a = (P, Q, R), momHo nepenucame & &ude
jgj divadedydz ~ || aasr, (52.6)
st i

m. e. usmezpas no obaacmu om OusepeeHyul BEKMOPHO0 NOAS PaGEH
fOMOKY AIMO20 NOAA YEPES MOSEPXHOCIL, OZPUHUMUBRICILYIO CaHAYD 06-
AQCMb,

HdokasateascTso, PaccMoTpuM, HanpHMep, RHTErpan

jij g‘; dx dy da.

Henoapays ofo3Hauennsi, BeleHHbIE B HaYa/le STOFG NYHKTA, NOIy-

YHM
OR 72 {1, ¥} oR
“"ja—zdxdydz =jj[ 5 -é;dz] dxdy =
% :

I ¥ (£, ¥)

= [{{Rtr 10 @, MI=R [, y, 0y (5, YD dxdy =
’

= HR(x, y, 2ydxdy + “ R(x,y, 2ydx dy. (52.7)
st sy

2 1

3ameuas, Jajee, 4YTO Ha MDOBEPXHOCTH S, cosy=0, moayuum
(cm. (B1.7))

U R{x, y, gydx dy = S_Y R(x, y, 2)cosydS=0.
st s*
0 0
*) M, B, Ocrporpagexufl {(1801—1881) — pycexuft maremarug; . @. Tayco
(1777—1855) — HeMeUKHE MareMaTHK.

**) HenpepwBHoCTe YaCTEBIX MPOH3BOJHLIX HA rpasiule NOHAMASTCA Kak
HempepuIBAAaA NPOJO/xaeMoCTs HX HA rparHuy obrnacrti.
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lostomy dopyyay (b2.7) MOKHO nepenucars 3 BHAE
oR
jj‘jv ‘-a‘; dx ti}' g2 =
g

_j‘jgdxdy_} ﬁ'Rd,Ldy-i- Sj}?a‘xdy = ija’xdy. (52.8)

0
3

CopepliieHHO aHAJOMHYHC JOKA3KIBAIOTCA (OPMYJIBL

ﬁnj dxdydz-ﬁjl Pdyde,
ﬁ’j 0dedydz—5 Qdx dz.

Craageisas (52.8) u (52.9), B cuny onpefedenuit (51.7) u (51.12)
MBI M DOayueM Qopmynay (52.5), Haswgaemyw gopuyaoi Gempoepad-
ckozo — layeca.

Tecpema aokaszana.

OtmeTHM, UTo CylLecTBeHHEIH A5 3TOH GopMyasl BLIGOD OpHeHTANNH
MOBEPXHOCTH S ONMCHIBAETCS B 5TOM C/Y4de TOYHEIM MaTeMaTHYECKHM
S3LIKOM: Ha TOBEPXHOCTH Sy HOPMAIH 00pasyroT ¢ Ochblo Uz TyTble YTk,
Ha NOBEPXHOCTH 8, HOpMadH 00pasyloT ¢ oceld Oz OCTpEIE YIJLI, a4 LA
MOBEPXHOCTH S, HX BREICOD BE UMEeT 3HayeHHs, Tak KaK B JICOOM cliyyae
cosy =0,

Orpanyyenns, HAJICXKEHHBE HA LOBEPXHOCTH §; B S, MOMEG He-
CKOBKO 0CAa0UTh, TPeOyA BMECTO MX HenpepuBHOH Auddepennnpyemo-
CTH JIHILE KYCOUHYIO DMaaxocTh (eM. m. 51.1),

®opmyna Octporpagckoro — [aycea (52.5) moxer OuThb ZoKa3aHa
H a8 obnacreli G Gonee 06iero BRAA, 4 HMEHHO TaKHX, JJIf KOTOPHIX
CYLLeCTBYeT KOHeyHoe pazbueHue UX Ha obaactu Gy, (= 1, 2, ..., i,
BLIILE PacCMOTpeHHOro Bija. JIa 3TOro JOCTaTo4yHC Hanucars Gopmysy
Ocrporpaackore ais Kawuio#d obmacTh (y M OOAyUeHHBIE Pe3V/bLTaThl
CJOXKHTh; B Pe3y/LTaTe [oAyYaeTcd HcKoMmas dopmyJaa ais o6iacTy
G. HefictBuTenblo, B JeBoll 4acTH PaBeHCTBa B CHUJAY aANHTHBHOCTH
uHTerpajga NOJYUHTCHA COOTBETCTBYIOWE HHTErpan mo obAacTu ¢, a B
npaBol YacTH B CHAY TOFO, UTO BHEIUHI{E HOPMAJNH B TOUKAX TPAaHHU
obnacrell (7;, IPHHAANEKAMIIIX rpaulgaM JBYX Takux ofiacreil, na-
IpaB/eHbl B pa3Hble CTOPCHLI, NOBEPXHOCTHBIE HATETPAAH N0 COOTHET-
CTBYIOIINM YacTAM TpaHul objactedl Gy, B CyMMe JIaiyT HOMb, U OCTa-
HY'TCH TOJIbKO MHTETPAJILE [0 uacTsam rpasuiy Uy, COCTABAAKIINM B COBO-
KynHOCTH rpanuuy obaactd G (cp. m. 47.3). YkazanHnsle pasbuenun oG-
Jacty G Yacto GeiBaer yZOGHO NPOUIBOLKTE ILVIOCKOCTSIMHE, [Napaniedib-
HBHIMH KOODIHHATHBEIM ILIOCKOCTAM,

(52.9)
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3aMeTiM, YTo cpely o6MacTail TAKOIO TN eCTh ¥ 06aacTy, INVER T
KOTOPBIX COCTOHT W3 HECKOMbKUX CKYCKOB», T, €. MOMNeET 6oiTh npet
CTABJiEHA K4K CYMMa KOHEUHOrD YiC/Aa KYCOUHO-TVIAAKHX Herepecexa-
JOULMXCH TIoBepXiocTal (CP. ¢ COOTBETCTBYIOMAMY 060Sident M popmy-
Aol Tpusia B 1. 47.3).

Momgo nokasars, uro dopmyia OC’IpOFpHﬂQhOI‘O — laycea cipa
pelAREa LAs stoboH orparuuesHol oGA4cTH, TPAHKIA KOTOPOH COCTOM
¥3 KONEBYHOIG UKCHA KYCOUHO-TIAAKHX nonepxaomeﬁ. Opsako 910 A0
BOALRO FPOMO3IKO, ¥ Mb! He OyleM HA 9TOM OCTAHABRHBATECSH, 4 OTPaHH-
4MMCs AW GopMYJIMPOBKOM TeopeMsl.

Tecpema 1’ {Ocmpozpadckuii — Fayee). {Tycme 2paruya 9G
ozpanudennod obaacaue G COCMOUM U3 KOHEUHMOSG HYUCAQ KYCOUHO-
enradsux nosepxunocmed, sermop a==(P, Q, R} u zacmuoe npouseod-

HteE‘E gguakﬁn weno: wa G, moed
b Rl 55 enpepules K , moeda
jﬂ divadedydz ={{ ads.

ad

B xauecTBe HOpMaJH Ha rpaHHue 3S 3leck BHIGpAHA BHeMIHAN HOD-
Malb.

Hanpumep, ecmu G={(x, 7, )1 0<<a < V& + 2 + 22 < b} —
WAPOBOE KOMBLO H, C/IeIOBATE/NLHO, €T0 [PaHHIA COCTOHT U3 ABYX chep

S;=1{x, y, 1%+ y* + & =}

Sz={(x, 9,2 : % + ¥ + 2 =8},
TO Ha BUyTpenHell cepe S HANO B3sIfL HOPMa/b, HAOPaBJIeHHYIO K
uentpy wapa (G, a Ha BHeurneli chepe Sy — OT UeHTpa wapa.
Qopmyna Ocrporpanckoro — laycca nossoaster HaliTH BhIpameHhe
AT o6'beMa 061aCTH Yepe3 COOTBETCTBYIOUU OBep XHOCTHBIH HHTel‘paJI.
B camom jene, noaaras B (82.5} P(x, y, 2) = x, Q(x ¥,2) =Y,
R{x, y, z) = z U 3ameuan, 4TO

j.‘ij dxdydz =mes G,

H

IONYYHM
mesG = —1— ” (xcosa-FycosfP 4 zcosy)ds,

5
WUJIH

mesG:—;-jjxdydz+)rdzdx+zdxdy.
o+

Popmyaa Octporpaickoro — laycea fzeT TaKKe BO3MOKHOCTE {10-
JAYUyTh MHBAPHAUTHOS OIPEAGREHHE JMBEPTeHIHH, HE 34BHCAUCE OT
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BLIOOPA CHCTEMbl KOOPRHHAT, T, €. J0KA38Th, YTO AMBEPTEHUHA BEKTOp-
HOIO NOJI5 OMHO3HAYHC B KAKAOH TOUKE ONPefe AeTCA CAMAM BEKTOPHLIM
HOJeM H He S8aBHCHT OT BIGOPE CHCTeMbl KOOPAHHAT, KAK STO MODAG 6bl
NMOKA3aThCA cHadana us gopmynn (52.4).

Teopema 2. [1yone e mpexmeprod chaacmu %) onpeleseno nenpe-
poieno  Ougbeperyupyemoe seknioproe noge @ = a(M). flycme M CG
u D — obaacme ¢ kycouno-eaadxold epanuyelt S maxas, wno MyCD,
DG u dan cbaacnin DD cnpasedausa dopuyaa Oempoepadexoco —
Faycea™*™®:,

Oboanauum wepes ST nogepxnocms S, OPUENMIUDOBIHHYIO € NOMOUBIO
abibopa sHewinel ropalaaw, a yepes diD) — Juamemp obancmu D. Tozda

ﬂi adSst

d‘”’(MU)T(*g‘fjoTeﬁ“ . (52.10)
Hoxasartenbctro. Tlo ¢opmyae (52.6) umeem
j.“‘ diva dxdya’z:jj.ads*. (52.11)

I
Ho no muterpaivuof TeopeMe o cpefneM (n. 44.5)

{{{divadedyde=diva@ymesD, MED. (52.12)
D

[Toacrtasaas (52.12) 5 (52.11), noayuum

H ads*
mes )

diva(M) = . (62.13)

[lepexons k mpeneny B dopmyae (52.13) npu d(D) — 0, B cuay Heipe-
puiBocTH B Touke My ¢yurnnn div a{M), noayynm dopmyay (52.10).

OTMeTHM, 4TO BEAHUYMHE], BXOIAILHE B [PAaBYI0 YACTL DABEHCTBRA
(62.10), nHe 3aBMCAT OT BRIGOpA CHCTEMbI KOOPAHNAT, [O3TOMY W AUBEp-
reHi A He 33BHCHT OT BLIGGDA CHCTEMb! KOODAHMHAT,

ToUKH BEKTOPHOIO HOAA &, B Kotepux div @ == (), HazpBawTcs
«HCTOYHMKAMHY BEKTOPHOrO noad. MHTYyHTHUBHO €CTECTBEHHOCTL 3TOrO
TePMHHA OOBACHAECTCH TeM OOCTOATEIBCTBOM, YTO eCid TOUKE ABJ/IHETCH
«UCTOUHHKOM?®, TG, KAK 9TO Buauo H3 topmyas (52.10), B sTom cayuae
A BCeX JOCTATOUHO MaJHIX MO Auamerpy obmacTed D, copepmxaluwx

Touky Mg, Byaem uMeTs SS ad$ == 0, T. e. NOTOK 4Yepe3 MoOy0 10CTATOY-
HO MaJyl0 IOBEPXHOCTh, OKPYIMKAMINYID HCTOGHHK, HEe paBeH HYJHO.

*) 31eck Ha cTPYKTYpY obacTil G He HaKAANBIDAETCS HHKAKHAX OTPanHyeHni.
*#*) Takie obaacty D Beerfa CYILECTBYIOT, HallpiMep, K HHAl OTHOCHTCH BCe
WapL JOCTATOUHO MaJors pagHyca ¢ UeHTpoM B Touke M.
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52.3. ®dopmyna Croxca. HusapuaHtHoe
onpengnedyre BHXDA

Ilycte S8 — mBaknpt HenpeposHo AHdGepeHUUpYyemasd I10-
BepxHecTh Ge3 oco0wx  ToueK B npocTpaHerBe £y, h r = r(u, v),
(u, v) =D, ee npejcTapaenne, ) — naockan orpanuuennan obnacts,
ENd Koropoit cnpasennnBa Gopmyaa Upuna. [lycTs v, — noacxd-
TeABHO OPKEHTHPOBAHHHWIHA KONTYpP, OTpaHHUHBalCiMi obaacte [J, H
u = ult), v=ult), a<{< b, — ero npexcrasienne. [lycts

v roXry

[ Xy
— OpHeHTAllHsi HA noBepxHoctd S (cM. onpeneaenyne 23 B m. 50.6),
v == {cos &, cos [}, COS y) H TYCTh HOPMAZiL v HENPEPEIRHO NPOAOTKaeMa
Ha D.

OGosHaukM yepe3 ST noBepxHOCTL S ¢ BHGpaHiol na Heit HOpMaJblo
v. Ilycts, jnanee, ¢ -— KOHTYD .C HpeacrabBienuem r == p(u(l}, v(f)),
a < t < b. ByzeM roBOPHTD, UTO KOHIRYD Y 02PARULLEAEM NOGEPXHOCHE
S, @ maxste H4mo nosePXHOCG S HAMANYMA HA KONMYP Y.

[Tycrs, naxouel, G — ofsacTh B N{OCTPAHCTEe Ef.yz u Sca.
[Ips BHINONHEHHH ITHX NPEANOJOMEHHH HMeeT MeCTO CJAeAYIWas Teo-
pema.

Teopema 3 (Cmorc®). Hycms pyukyuu P, Q u R Henpepwig-
o emecme co ceoumu npoussodusimy oL, G892 00 - OR OR
H P 7 3y’ 97 Gx’ B2 x’ By
g obaacmu G u nycme a—={P, Q, k), moeda

{adr={{rotaas, (52.14)
1 N
M. e. QUPKYAAUUR BEKMOPHO20 ROAS N0 KOHMYPY ¥ PAGHO MOMOKY

GUXPA BMO2O NOAR HEPE3 NDSEPXHOCMb S, 0ZPUHUMEHHYIO KOHMYPOM
v. B xoopdunamuoti gopme sma opayisa umeem eud

[Pax+Qdy+Rdz=
Yy lcosa cosP cosy
d d a
p Q R

*) . Crokc (1819—1903}) — aurauiicknil MareMaTik H MeXanHK.
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uAl

{Pav+Qdy+Rdz=
:
([ Bt (E o+ )]
(52.15)

HorgasaresbcTBOo. PaceMoTpum, HanpuMmep, HHTErpas fP dx.

Y
Jameuasi, uTo BJOJbL KEPHBHIX Yy H Yy NEpPEMeHHHE & U U SABJASIOTCH
Gynkugamyu oT £, ¥ ynorpeliaa o003HAueHUs!, BEEJAECHHEIC B HadaJe
9TOTO NYHKTA, NOAYUHM

§Pvy 2 ar=
;

b
= [ PLeq(), v, y (), v), 2 (0), o) xilut), Wbt =

_ dx (u, v) dax {u, v)
= SP [x (u, v}, y (i, ©), 2(u, u)][ a‘“ du-}—T dv}.

To
[pumerum c}:opuyﬂy IpuHa X noayyuBileMYCR HHTerpany
j’P—- dut P 2% o

a
f""‘“ﬁ”[au( 00) = (P )Jdudc—-
- dP adx AP dy , AP 9z dx Ay
“M('@TW o out e W)W'*P——auar
D
0P dx , 0P dy , 9P ¥ 3
_.(_a; R )au —p T Jdua‘v_

_ gF 84z, x) 6P d(x,y) .
Sﬂaz diu, vy oy dw, U)]dudvﬁ

:j _dzdxhjj—dxd _JS(JP cos P %;Ecosy)ds. (52.16)

Mzl socnojsib3opasnch 3jeck dopmyaamu (51.10) n (51.13). Anasno-
THYHO AOKd3bIBAETCA, UTO




208 § 52. Craasproie u sexToprbie ROAR

andy =jj (-g% cosy— —gg cosa) ds. (52.17)
i st
5Rdz=”(§y’3cosa_%cos ﬁ) ds. (52.18)
: )J

Craaapisas gopmyas (02.16), (52.17) n (52.18), Mbl u moAYYHM Hop-
myny (52.15), xotopas nasusaerca gropmyacd Cmoxcn.

TeopeMa noka3zana.

Utobrl Hargaanefi npeicraBuTb cefe CBA3L BBIOpAa HOPMAIH v
Ha NOoBepXHOCTH S ¢ OpHeHTAuUeHd OrpaHHuMBIIOULETO ee KOHTypa ¥,
paccMOTpUM  MIOBEPXHOCTE S, HMEIOWIYI0 fBHOe  MpelcTaB/IeHHe
z=flx,y), (x, T,

IlyeTs y, — NOAOKUTENLHO OpUeHTHpOBaHHBIA HA Biaockoctd xOy
KOHTYD, asasaomuics rpaunueil I'), u x = x(f), y = y(#), a < ¢ < b,—
ero npencraeaenne. Kak y Bhile OpHEHTALMKY KOHTY A Y 8alajuM Ipes-
CTaBJICHHEM

x=x(f), y=y(), e=Flx(f), y(O)], a <t < b. (62.19)

B paccmaTpHBaeMOM CAYUae KOHTYP ¥, SBAAETCH NPOeKUMell KORTypa .
Hopmaab ke v, Kak 5To 6BJIO NoOKazaue, NMpH SIBHOM NMPEICTABASHHH
NOBEepXHOCTH 06pasyeT OcTPhLIH yroa ¢ ockio Oz(em. 1. S1.1), moaToMy eciau
CMOTDETL Ha TIOBEPXHOCTL S ¢ MOJNOMKHTENLHOTO Hanpaslenus ocu Oz,
TO KOHTYP ¥ OyJeT OpHEHTHPOBAH NMPOTHE YacOBOH CTPEJKH, T. €. OPHEH-
Tauds KOHTYPa ¥ CONAcoBaHa ¢ HOPMAJBIO V «II0 MPABHAY IITONOpa»
(puc. 168).
3TC pPABHOCHJABHO TOMY, UTO
HaGaoxate b, OOXOLAUMHA [O0-
BEPXHOCTb S [0 OpPHEHTHPOBaH-
HOMY KOHTYPY ¥ ¥ CMOTPSIIHI Ha
NOBEPXHOCTL S A3 KOHA HopMa-
JIH ¥, BRIUT [TOBEPXHOCTL S CleRa.
Takas HarANHAA HHTEpOpeTAlHS
J  COryacoBaHHOCTH OpHEHTALHH
HOPMaNK v H KOHTYPa ¢ HMeeT TO
pedMyILecTso, YTO OHA He CBA3a-
Ha ¢ BHOOPOM CHCTEMBI KOOPEHHAT
W oCTaevcst CINpaBel/inBOH  AaA
Puc. 168 mofoll morepXHoCTH S, paccmar-
puBaeMol B Teopeme CToxca, a He
TOALKO AR #BHO 3agannof nosepxnoctH. Koneuno, Bce nopolube
pacCyXAeHHS HE SBJANTCH MaTeMaTHiecKiMM AOKA3ZATEABLCTBAMH, 2
CAYKAT JUUb 18 HATAAHOIO MOACHeHHs ¢opMyasl CTokca.
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Ciaenyer sameruth, uro opmyna CTOKCA OCTAeTCA CIpaBeniuBol,
€CJIH B Bell B3ATh llpOTHEOIIOﬂO}K}EyIO OpHEHTAUHIC Komypa ? n HpOTHBO'
TIC/IO:HEE HOPMAJIH —V: B 3TOM Cayyae ofe yacTh papencrsa (52.15) na-
MeHsIT 3HAK Ha POTHBOMOJOXKHBI (IIPH 3TOM OPHEHTALHH KOHTYpa H
NOBEPXHOCTH  OCTAIOTCH  COTMACOBAHHEIMA [0 IPABHJY  IUTOIOPAR),

Popmyna Crokca moxeT ObTh ZOKA3aHA M IASl OpHEHTHPYEMLIX
KYCOYHO-THAAKHX mopepxHocTefl § = {S;}fﬂ", a HMeHHO TaKnX, IJisi
KOTOPHX NOBepXHOCTH S;, § == 1, 2, ..., fy, YIOBAETBOPAOT YCJAOBUIM
JoKasaHnHoll Teopemel 3. 3aMeTHM, 49TO B 3TOM cJayuae kpafl 48 nopepx-
noct# 8 (cM. m. 50.6) MOXKET COCTOATE M3 KOHEYHOrO YKC/IA KOHTYpPOB
Vis ] = l 2 'y fo

C(]JOpMmepyeM TeopeMy IS STQTO Ciyuas {HeckOAbKO SaBLICHB
AJ15 TIPOCTOTH POPMYJIHPOBKY YCAOBHSA HA BEKTOPHOS noae).

Teopema 3 (Cmorc). [ycmv sexmop-¢pynkyus a dsaxncout
nenpepoisne Oudepenqupyema 8 obaracmu G u nyeme S={S, }"‘"
OPUCHIMUPOSAHHAS KYCCHHO-2AA0KAR Nosepxuocmy 1 08 —ee xpad,
CO2AACOBARKO OPUEHMUPOBAKALIL ¢ nosepxHocmbto S, moada

Jadr:”rotads. (52.20)
S S

Harnsano cornacoBanne opHeHTAlUHH KOHTYPOB ¥;, M3 KOTOPHX CO-
crouT Kpaft 05 MOREPXHOCTH S, ¢ opHeHTanMeH SToH NMOBEPXHOCTH H,
cleJ0BaTe/lbHO, C OPHEHTALHSAMH v NOBepXHOCTell S; 03HAUAeT, UTO HA-
Gnrogatens, ABHTAIKica no KORTYpY v; (j = 1, 2, ..., jo) H cmoTps-
MMl Ha MOBEPXHOCTE S H3 KOHIA HOPMAdH v, BHIHUT NMOBEPXHOCTL S
c/leRa.

Yro6u foka3ath TeopeMy 3’, IOCTATOYHO
nanpcars gopmyay Croxca Aaa kawaoil no-
BepXHOCTH Sy, { = 1, 2, ..., {;, H CJOKUTb HX
{cp. ¢ ofobinenuavu dGopmyar ['puHa B
n. 47.3 u teopemur Ocrporpanckoro — ['aye-
ca B 1. 52.2),

Moxno 1nokazare Takme, ute dopmyna
Croxca ocraercss cnpaBelqHBOfl H 149 Ky-
COYHO-TVIAAKOH (IOBEPXHOCTH YKA3AHHOIO BH- Puc. 169
La, eclii oHa, KpOMe TOI'0, HMeeT KOHEelIHOoe
YHCJAO KOHHUeCKUX TOHEK.

Teopema Crorca I2eT BO3MOMHCCTE NOJIVUMTH HHBAPHMAHTHOR
4C TOUHOCTEIO 10 3HAKA» ONpeie/eHHe BHXPH BEKTOPHOTO MOJIs, He 3a-
BHCAIIee OT BhiCOpa CHCTEMBI KCODLMHAT.

Teopema 4. [Hycme 5 mpexmeproi obracmu G onpedeaeto  wenpe-
posro  Ougdeperyupyesoe sexmoproe nose @ = a(M). flycme M, € G,
v — npoussobibl  ukcuposantenl  eOunuansii  eexmop, Il — nao-
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CKOCHID, REPREHDUKYASIPHAN seKmapy v u npoxo0awan vepes mouky M,
S — oepanuunendasn obaacmp ¢ naovckocmu Il ¢ kyeouno-zaadrod epanuyel ¢,
di8) duamemp obracmu S; Rycmb KOHMYpP COZANCOGAHMG OUUEHMIL-
posar ¢ wopaaasio v¥), My €8S u ScG**® (puc. 169). Tozda ***)

f ad$
. T
fﬂtv a (‘JHO) ?(?}TO m‘— . (52.21)
HNoxaszatenvcrBo. [ls dopuyne Crokeca
j adr = “ rot, @ dS,
1 S
HO 1) WHTErpPanbHON TeopeMe o CpefleM
H rot, adS=rot, a (MymesS, MC S,
CaejoBaTeqnLio,
[[rotyads
rot, @ (M) = b—m— . (52.22)

3amerun, uto npu 48} — 0 u M - M,. B cuny HenpepuBHOCTH
B Touike M, ¢ynruwn rot, @ (M), nepexcns Kk npegeny B ¢opmy-
Je (52.22) npu d(S) — 0, nonyuum Gopmyny (52.21).

Teopema JOKa3zana.

OTmeTHM, YTO BEAWUMHLI, BXOAAUIHE B NPaABYID UYaCTh PABEHCTRA
{52.21), He 3aBHCAT OT BmOODA CHCTEME! KOODAHHAT (HAMOMHEHM, UTO MEI
BCerja paccMaTpHBaeM ToJIBKO NPABYIO CHCTEMY KOODJHHAT), hOITOMY
NPOEKUHA BUXPA BEKTOPHOIQ [0S HA BEKTOP Vv HE 3aBMCHT OT EBnifoha
cucTeMbl Koopanlat. [lockonbKy BeKTOp ¥ BRI NPCHIBONLHEH, TO W caM
BUXPh Re 3dBHCHT OT BHISOpa cHcTeMbl KoopauHat. IleficTBUTeNbHO,
JOCTATOMHO, HAOpHBMEep, B45iTh TPH [POHSBOABHBIX OpPTOrOHAALHLIX
€RHHHYHBIX BEKTORA ¥y, Va, V3, IPOCKLEUAMH HA KOTOPLIZ, KaK 3TO X0pPO-
IO H3BECTHO, OAHO3HAYHO ONPERENALTCH BCAKHIT BeKTOD.

* T, e. Tak, Kak B TeopeMe 3 (no enpaBusy wWTONOpay),

**) Ykazauuele o6aacti S, GUEBRAKC, BCETAA CYNICCTBYOT (NoyeMy?),
***) Uepea roty @ o6osHavena npoekuus extopa rot @ Ha BexTop v, T, €
rot , a =~ npy, rot a. '
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3aMeTiiM, OANIAKO, YTO €CM B3ATL JICBYIC CHCTEMY KOOpPAHHAT, TO
814K BHX[H DBEKTOPHOIO NOJIA H3MEHHTCH HA NPOTHBONOAMKHEI; dop-
MaNLHO BTO MOMKHO YCMOTPEThL 13 GOpMYAB ATS ONPCReNeHHA BHXpSsI
{62.4): ecan B neft nepectaruTL MeCcTaMH JBa KakHX-1nGo ¢roabila, To
ONpeAeiuTelh H3MEHUT 3RaK. 310 OGCTONTENBCTRO CEBA3AHO B € TEeM, 4TO
ECNH KA HEKOTOPOH TNI8AKOI OPHEHTHPORAHEOL MOBEPXIOCTH HOPMAL v
COTAACOBANA C OPREHTALNEH KOHTYPa ¢, OFPaHUYHBAIOILETC STY NGBEPX-
HOCTh B JesOfi cHCTeMe KOOPAWHAT, T0 B NPABOH CHCTEMe KOODAHHAT
¢ yKasaHHO opueRTaunefl KOHTypa ¥ GVAET COTJIACOBAHA YiKe HOpMaib
—V, 310 eCTeCTBEHHO, TAK KAK BEKTOPHOE NPOH3Be/leHHe ABY X BEKTOPOR
B JeBGH H mparof CHOTEM® KOOPIHNAT HMEeeT NPOTHRONOIOKHLIN 313K,
a v BLIpAKAETCd QOpPMYNoH

NLE 2.8 4 2
[ Xyl

52,4, ConeHonaanbHbie BEKTOPHBIS T04A

B stoM nyHiTe orpaninuennyio oS4, 4451 KOTOpol copa-
seasuBa Teopema Ocrporpasckoro -— ayeca (oM. . 52.2) # rpaunua
KOTOPOIT COCTOUT B3 08O KYCOUNO-TNAAKol nocepxnocTy, Oy Aen Hashl-
path dongemustold. Topepxnocts S GylneM nasusath RORYCTEMON, ecian
OHa sBJsiercs TpaBulell KoUycTUMOH OGJIACTI.

CoJIeHORIaNBHOCTL BEKTOPHOTO NoA 6yaeM NOHHMATH 31eck (UToGh
He YCIOKHATE H3JA0MeHHe) GOpMalbHO B HECKOABKC §oJee y3KOM
CMEICTE, UeM 5TO GulI0 ONpeReReHo B 11, 62.1, Huenno, nenpepoiano Judg-
Pepenyupyemoe 6 obaacrur G sexmophoe noae & = aiM) Gydesm nasswams
COACHOUOAABHOIM, €CAUL €20 HOMOK HEPE3 2000 CORYCINUMYIO HOBEPXHOCHTL
DPager  HYyao,

B10 coraziuelie BREALHD AUWb LNs Toro, uToln NPH jakbhelimen Haloke Uy
e WCIIONB30BATE PaHec He Aokasaenex haxTob. Ha camom me fene, Xax sto or-
megasiocs B 11, 52.2, tecpenmaz Ocrporpajcikoro — laycea cipaseiaupa 444 alool
orpadHYeHHOA 06aaCTH, rpanina KOTopoli COCTOHT H3 KOHEUHOIC YHCAZ KYCOHHO-
rnaakux noeepxHocrefi. Tlosromy n08as orpannuerHan obaacThb, FPaHHNA Ko-
Topoli coctout H3 oAHOHN Kycouno-raaAxcl noBepxHocTH, monycThMa, Ciefosa-
TeJdBHO, ONPEREAEHHA CONCHOUAAABHOCTH BeKTGPHOLG 0O0MA, N4HILE 3Jech R
B 0. 52,1, cormanaior.

Onpedenenne I0. Tpexmepnas oOsacmy G HAswsaemca 00BEMNO
00HOCENIHOIE, ecat, Karosa Ou Hu Buiaa Oonycmunas obaacme D, epanuya
rontopod aexcum & G, cama odaacme D makaee codepocumen 6 G.

Bece npocTpaHCTRO, Wap, napaljlefsnunel seASOTCA NpHMepaMi
00beMHO OfHOCBASHLIX olnacteft. OOnacTs ke, 3aKTIOUEHHAR MEXKAY
ABYMA KOHUEHTpUYCCK MM OfePamu, He SBANETCHA GELEMHO OLHOCBH3HOIL
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OkasriEaeTcd, 4TC B OOBEMHO OAHOCEA3HON OGJACTH HEOOXOAHMEIM
H JICCTATOMHBIM YCNOBHEM CONEHOHNAABHOCTH NIOAS ABIASTCA OTCYTCTRHE
B HeM HCTOMHHKOB.

Teopema 5. s moeo umobu Henpepoiano Oupdeperyupyemos eex-
MOPHOE 1OAE & ObLAD COAEHOUOAABHIM 8 06DEMHO 00HOCBAHOI obaacmit,
weobxodumo t Qocmamouno, wmober div @ = 0 go scex moukax obaacmu G.

HoxrxasarteansctBo. Ecd @ — colenouga/ibHoe NOJe, TO
I17 MoSol ZONYCTHMOW TOBEPXHOCTH S HMeeM

HadS:O.

Tlostomy, Gepsi, Hanpumep, ass moboli toukn M EG B Kauecrse S
cdeprl € UeHTPOM B M Takux paniycos, YTQ OrpaHHYeHHLIE HMH [0aphl
Jexar B 00/acTd G (3TO uMeeT MeCTO AAf BCeX AOCTATOUHO MAJBIX pa-
JHYCOB B CHAY OTKPHITOCTH MHOMECTBA (), Mbl BUAMM, UTO B dopmyse
(52.10) paa onpeneneHyst IMBEPTeHUMH YHCAUTE b APOOH, CTOALIMH TOX
3HAKOM TIpefiesia, paBeH HyJw0, OTKYAA W caexyer, uro div a(M) = 0.
Heo6x0AHMOCTE 3TOTO yOJI0BHS AAA COMEHOHAAARHOCTH NOJIA JOKa3aHa
H flawe Ge3 HCIOAb30BAHHA OOBEMHOH OMHOCBA3HOCTH obaacTh (.
[Tyers Tenepe diva = 0 8 G 1 S — Kakaa-1uéo AOMyCTHMAsA Mmo-
BepxHOCTh, S (. Ofosnaunm uepes D gomyctamyto obanacTs, rpaHuneit
KCTOpol sBasercs nosepxHocte S. Toraa B cuay ofbeMHCH OJHOCEA3-

HocTH ofviacTi G umeem Dcz(G B notoMy B 3aMkayTol obaactu ) onpe-
Je/eHO 0 HenpepsiBHo Andepentupyemo BekTopHoe nose @, [Ipumenss
topmyay Oerporpanckoro — laycca B ofnacty D, B CHAY YCJIOBHR
diva = (0 noayuum

Ua,ds ={{{divadrdaydz=o,
y D

YTO BCJAEACTBUE MPOM3BOJILHOCTH JONYCTHMOE MOBepXHOCTH S H
03H4UaeT COACHOMAANEHOCTD JAHHOTC BEKTOPHOIO MOJA.
Teopema nokasana.

Kak ormeuanocs seie, teopesa Ocrporpajckoro — Fayeca moxer GeiTh fo-
Kazana jAas TPOHSBOABHOW orpannveHiofl obaactn, rpaHina KOTOpoH Kycouio-
raaaKas, nosToMy A TEOpeMa H SBANETCH CHDABENTHBOH, eCAH COMEHOHTANBROCTE
BEKTOPHOIO TI0AH NOHHMATH B DEPBOHAYANHLHOM CMEICIE 3TOrO CJIOBA,

52.5. [MoTeHUHANLHDIE BEKTOPHEIR NONA

B 370M MyHKTE ROBEPXHOCTb S, 447 KOTOpPOH CNpaBei/iuBa

teopeMa Crokca, §yleM Ha3hBaTh AONYCTIHAMOH.
Onpedenenne 11. Tpexneprasn cbaacme G HA3BIBACHICS NOBZDIHO-
cmuo 00HOC8A3MOM, ecan, KaKosa Obt il 0b1AG KYCOUHO DBadOb. HenPepLBHO
Quipghepenyipyemas 3aMKHYMAR Kpueaa <, iexcauwjas 8 obracmu G, cy-
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wecmayern donycmumas nosepxHocme S, marace aexcawioq 6 obaacmu G
o Hamanymas Ha xKowmyp v (cM. 1. 52.3).

Ecau pacemarpnsaemasn ofviacTh G BullyKJas, TO CyLIeCTBYET OUCHb
NPOCTOf Cnocod HaTArMBaHMs NOBEPXHOCTe! Ha KOHTYp. HMckomyio mo-
BEPXHOCTE BCEFNa MOXKHO B35iTh B 3TOM CJyuae B BH/IC KOHYCA C BepILH-
HOll B HEKOTOPOH Npou3eo/IbHO GUKCHpoBanHoll Touke M,y € G, nanpap-
An0lled  KOTOPOro CAYXHT 3ajdaHHaa KpHBas;, ecad p = p(u),
0< u « 2n, — npexacrasneyne Kpuofi u ry — panuyc-pekToOp TOU-
KU My, TO HCKOMBII KOHYC, HATSHYTEI HA AAHHLI KOHTYD, 3a14€TCs
[peacTaBjJeHHeM

re=ry-ufpl@)—rd, 0<u<g2r, 0oLl

PaccMarpurai ©« # v Kax TIOJADHEE
KOODAHKEATH, NOAYYMM, UTO NpelcTaBleHHe
KOHYCa 3aJaH0 HA eMHHYHOM Kpyre*), mpu-
ueM ¢HHHYHAS OKPYKHOCTL Y, NEPexOfHT B
sajasHuil Koutyp. Ilpw sTOM, ecam HCXOR-
Had KPHBafA JBaXHl KYCOUHO HENPEPHIBHO
IuddepeHudpyeMa, To H NOAYUEHHEIH KOHYC
ABJAACTCA JBaXKAH KYCOUHO HENIPEDHIBHO
IHdxbepennupyeMbM, OBHITE MOKET, € OXHOI
KOHHYECKOH TOUKOH M A/ HelO CIIpaBeasHBa
teopema Crokca., Takum ofpa3soM, M JoKa-

84J1H, 4TO0 BCAKasA BLUIYKJan obaacTb (B qyacr- Puc, 170
HOCTH, BCe I]pOCTpaHCTBO) IIOBEPXHOCTHO
OJHOCBA3HA,

INMpuMepom He TOBEPXHOCTHO ONHOCBSIZHOH 06JacTH ABASETCA TOD,
T. e. 06acTs, ofipasyeMan BpallleHHeM KPyra BOKPYT He rmepeceKaroieit
ero ocu (pue, 170).

OkasrBaeTcsl, YTO B MOBEPXHOCTHO ONHOCBSASHON 0G/NACTH BEKTOp-
HOe [oJie MOTEeHIHANBHO **) TOT/a H TOJILKO TOTHA, KOTAa OHO Ge3BHXpe-
BOE.

Teopema 6. [1ycme 6 nosepxrocmne odnocessrod obaacmu G 3adano
Henpepotero Ougbdeperyupyemoe sexmoproe noze @ = (P, Q, R). Tozdua
SKBURIACHIMINGL CACOYiOLte MPu Co0licmea:

1. Bexmoproe nose @ =a (M) aasgenca 8 G nomeryuaIbRoLm.
2. B G cywecmeyem nomenyuaavHaa dyaryua u=u (M), m. e,
maxas pyrxyua u (M), emo @ =grad u, uau, wno mo e,

du=Pdx+QdyLR dz

*) Mo paccMatpuBaid TONLKD TaKuHe NPeICTABJICHHS HOBEPXHOCTH F =
=r{t, v}, B KOTODHIX MapaMeTpbl & H ¥ SADASNHCL JEKaPTOBBIMH KOOPAHHATAMH
TOUKM Ha MA0cKoeTH, OUeBHARD, He IPEACTABASET TPYAA NOAYIATE B HAINEM Cyuae
rojJo0HOe TpPeICTABAEHHE PAacCMATPHBAEMOTO Konyca,

#*#) Onpegesenne NOTEHUHATBHEOCTH noas cM. B 0. 51.1.
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B smom cayzae Oan as6hnrx Osyx riwwex A€ G u B € G u awboll
Ki/COURO-2AQOKOH KPUBO: AB, coedunatougerd e G amu mouru,

5 adr=u(By—u(A).
an
3. Bexmoproe nose @ =@ (M) nearenica Cessuxpesam: rol @ =10
a G, uau

®_ R QR IR ob
dy ~ ox' Bz @y Pzt

HdoxazatenberBo. Hpnmennm cxemy:

)

3 z2

Mepswil mar: 1—2. 210 yTeepxienne, T. €. CYIECTBOBARNE
NOTeHWH2ALHOH QYHKUKH, JOKA3bIBAE€TCS COBEPILCHHD AHANOTHYHO pac-
CMOTpEHHOMY DPaHblle CAyvald OACCKOR 06AacTH (cM. Teopemy 3
n. 47.8), ¥ nosToMy Mbl He 6yJieM NPHBOANTL €ro JOKA3aTeilbCTBa.

Bropoi#i mar: 2 - 3. ¥TeepwjcHue 2 — 3 Taike ZoKasuna-
eTcsl aHaNOTHYHO MJOCKCMY CJAYyYai0! OHO O3HAYaeT NPOCTO-HATPOCTO
PaBEeHCTBO COOTBRTCTBYIOUWHX CMELIaHHBIX NPOHIBOSHMX NOTEHLHANb-
pol $yHRLKA,

Yreepwneunsn 1 — 2 n 2 > 3 cnpasenyines # Ges IpeAnoQKeHHs
NOBEPXHOCTRON OAWOCEASHOCTH ofiacTH (.

Tpernid war 3— 1. [ycre rot @ = 08 G # nycts cuaiana
¥ — KYCOUHD JBaML HenpepnibHo auddepeduudpyeMzan  saMKHytad
Kpnean, Jexauias B G.

B cuay noBepXHOCTHON OJBOCBA3HOCTH 004aCTH ( CYIUECTBYET AD-
OycTHMAS NOBEPXHOCTE §, conepxkamanca BG HOrpanuuYeHHAs KOH-
Typom ¥ K3 Teopembl Crokca cpasy noaydaem

j'a dr = ”rotadS:O.
1 5

o BepHO, B YACTHGCTH, AAs JONOH KOHEUHOIBEHHOH JOMAKOM.
Mostomy, ecnn v -~ A06as KyCOUHN-MItaKAA SAMEHYTAs KPUBAH, JeH -
mas B G, 710, BuIGHpAA MOCASAOBATEALHOCTE JOMARKIY A, BOWCAHHBIX
B ¥ CO 2BEHLEMH, CTPEMAILHMHCA K HYJIC, Abl, COLMACHO AemMe 1. 47 .8,
Oy YHM

jadr=lim . adr =0.
1 n-+oc ‘;\n
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Tevpema aokasana.

Yupampsenue 2, Joxazats, 9T0

ﬁ'{a x grad ¢) dS = r“ (grad @ x rot a) dx dy dz.
8 i

3aeck npepnosaraetcd, 910 AAA ofaactu G, orpaHuuennofdl MOBEPXHOCTBIC S,
cnpaseaansa teopena Ocrporpagckoro — [aycea.

§ 53. COGCTBEHHBIE HHTETPAJID,
3ABHCALUHE OT HAPAMETPA

53.1. Onpenesienie HUTETPANGB,
32BHCAULHX OT napamerpa;
MX HeNPEPLIBHOCTL ¥ MIFTErPUPYEMOCTD N0 NapaMerpy

TlyeTs ¥ - HEKOTOpoE MHOMECTBO BEIECTBEHHEIX 4HCEN,
@(y) 4w Pp(y)— aBe Gynkums, onpeleieHHLI HA MHOXKeCTBe Y,
@(y) < Pp(y) a4 dynxuusa f(x, y) onpefeneHa Ha MHOXECTBe

e, iy €Y, x e, vk (63.1)

Hurerpans nHja
P (¥)
D(y)= | flx, ypdx (33.2)
? W)

HA3LIBAIOTCH UHRICSPAAANU, BABUCTILUMI O NAPAMEMPU, 4 TePEeMeHtasn
¥ OOBIMHO LA3KIBAETCH AAPAMEHIPOM,

UacTo BeTpeyaeTesd 4acTHLIR C/yyali TAKOre THIA HHTEFPANOB, KOrka
dynKUHY @ P [OCTOAHHLL, T. €. HATErpalL BHAZ

5
G(y= j‘ f(x, y)dx. (53.3)

Ecnyn mHONecTBO Y ABAAETCH MHOMECTBOM HaTyPaJbHBIX 4YHces
={1,2, .., n, ...}, To, nonaras f{x, n) = [,(x), n =1, 2, ..., HH-
Terpas (53.3) MOKHO mepenucatk B Buje
i

gfn(x)dxs ﬂ-‘=1,2, vesy

o
a

T. . MOAYYTa0TCs BHTerpannt o ¢pynKkudil Hegotopoh 3aganuoi nocaeso-
BATEARHOCTH.

Mpl paccMOTpHM cayHall, KOTAa MHOMECTBO Y npeacTapaser coboll
orpesck [u, Bl, dyrkuun @y} v §(y) HCTPCepHBHLI HAa 3TOM OTPE3KE i
@) < (), ¥ € la, Bl. ITyers rpaduky ¢yuxuuil ¢(y) u $(y) 4, ObiTL
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MOJKET, OTPE3KH NPAMEIX ¥ = ¢ U Y = 3 o6pasyioT rpanfly orpaHuyes-
nofl o6nacta G (puc. 171). Ouesnzno, G — kBajapupyemas ol/1acThb
(cM. n. 44.2), saeMenTapHas oTHOCHTENLHO och Ox {cM. 1. 45.1). B s1oM
cryyae mHOMecTBo (53.1), Ha KoTOpOM ompeledera ¢yrkuua f(x, y),

ABNAETCH 3aMbiKaHueM (§ yxazansofi obaactu G:

G={(x, 1) a<y<B 9)<x<PH) (53.4)

¥ B mannHeimeM MuI H3YuHM CBOH-
crBa ¢yHKUEH D {y) (ee Hempepuis-
HOCTB, DIpaBiaa ee JHdGepeHUHPO-
BaHHA H UHICFPUPOBAHNSA) B 3ABHCH-
MocTH or cooileTB dyrkiuyu f(x, .y)
u dynxuuid ¢y}, P(y). Hexroropeie
U3 HTHX CBOHCTB OB TOJAYYEHbI
panklie fpH U3YUYeHHH COOTBETCT-
BYIMMX CBOHCTBE KpPATHOIO HHTer-
pana. Tak, Hanpumep, nemma, Jo-
Puc. 171 KasaHHas B I. 45.1, paer ycnosus,
IpH KOTOPHIX HHTErpaf, sapacsiinh
oT TlapameTpa, HBJISETCS  HellpepuiBHON diyHKuMed 3ToTO napa-
metpa. llepedpasupyesm 3nech 3Ty JeMmy B o0O3HAYEHMAX HACTOsle-
ro maparpaga B BHIE TeOpPeMsl,

Teopema 1. Ecau yuxyus [(x, y) nenpepoisna na samoicanuu G

ofaacmy G (cm. (53.4)), mo dyaryus O () nenpepowora na ompeske Lo, l.
Y TBepiKASHHIO 9TOMH TEOPEMbl MOKHO IPHAATE CICYIOLHT BHA:

b1y yiyg ¥
lim Sf(x,y)dx: 5 lim f (x, y) dx. (53.5)
¥V ey} yj_i_n;‘P () Y+

JeficTBHTENBHO, M3 TeopeMbl 1 ciaeayer, YTo Npeaes, CTOsumf s
nepoll yactu paseHcTBa (53.5), paeen D (y,), a8 B CHIY HENPEPHBHOCTH
¢$byHRUHE ¢, § # f, NpaBas 4acTh PaBeHCTBA TAKMKe pabHa

Piyo)
S flx, yo) dx =D (y,).

¢ {Va)

B uacrnocty, aas uaTerpasna (53.3) umeeM

11m5f(x y)dx _.5 limf (x, y)dx,

Y+Ya ¥—+¥o

T. €. B 3TOM CIVYae BO3MOZeH DpefesbHbll MEPEXOL N0 3HAKOM HH-
Terpasa,
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B TeopeMe ¢ npeiesbHOM IepeXOle NOX 3HAKOM HHTErpaqa MOMHO
ocnaburs TpeGoBanns, HakNaAuBaembie Ha PyHKUNIO f(x, ), noTpefoBas
BMECTO €€ HeNPEPLIBHOCTH NO COBOKYMHOCTH NIepeMeHHbIX, JIMLIb He-
[IPEPLIBHOCTE 110 OAHOH nepeMeHHo! H PABHOMEPHOE CTpeMJIeHHE K npe-
JdeJy no Apyrof,

Teopema 2. [ycme dyuxyus f(x, v) onpedesena 823 xCla, bl u
y €Y, Henpepsne no x Ha [a, b1 apu aobon gurcuposanton yEY.

0:1 ecau npu y —> y,* qbyumuﬂ f(x, y) pasHomepro na ompeskela, b]
cmpemmnm K ¢ynryuu @(x) (cM. m. 39.4), mo

lim f f{x, y)yde =fcp(x) dx.

y"yoa
JorkasaTeabcTso, Bosbmem Kagyo-iH0O IOCIEN0BATEN b
nocte y, €Y, n=1, 2, ..., TakyIo, uTo 111‘1’1 Vn = Yo, TOTHA (CM, yNpaw-
=30

menue 5 & . 39.4) nocsea0BaTeIBEHOCTD cpn(x) =f(x, y,) Gymzer paBHOMEp-
HOo Ha otpeske [a, 4] crpemutbes K YHKUHH ¢(x), OTCIO0A CaeLyeT
(cM., 11, 36.3), Ro-nepoaX, YTO @(X} HeNpepHBHA H, CASNOBATENBHO, HH-
TerpupyeMa Ha orpeske [g, b], a BO-BTOPLIX, 4YTO

b b b
lim Sf(x, y,) dx = lim j‘ @, (x) dx = 5 ¢ (x)dx
fi— o0 100
a a a
¥ Tk KaK 5TO BepHo A/f JoGOH yKasanHo# nocaenoBatensHoctd {y,},
TG TeopeMa NDKAa3aHa.
PaceMorpuy Tenepsb 8ORpoc 06 HATETPUPOBAHUH MHTErpadios (53.2),

3aBHCAULHX OT napameTpa.
Teopema 3. [1ycme o6aacme G sAeMERMAPHA OMHOCUMEADHO 0DeUX

oceli KkoopQuwani, T. e

G={(x, yyra<y<h oMY=
={{x, ra<<x<Tb, g (x)<y <t (0},

ede hynryuu © up Henpepoatine Ha ompesse [, Bl, a ynryuu @, up, Ha
ompeske la, bl. Tozda, ecau pynxyua f(x, v} nenpepbisra na sanvikanuy (G
obaacmu G, mo

B8 Bl & b [y (%)
j(D(y)dyﬂ[ j [ (x, y)dx] dy=j[ j f(x,y)dy]dx:
o ow e () ¢ Los (%)
- jj f(x, y) dx dy. (53.6)
€]

Ouesnpsio, TeopeMa 3 spaferca nepedpasHpoBKON COOTBETCTBYIOMIEH
TeOpeMELl O CBEASHHA KDaTHOrO HATErpala ¥ NOBTOPHoMY {cM. m. 45.1).

*) 34eCb yp — YHCAO HAH GIHH HA CHMBOJOB: o0, + 00, = HIH — o0,
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53.2. 1ndvpepeHunpoBaHre HHTETPAAOR, 3ABHCAULIUX
OT napamerpa
Ipr nsydenun andxpepenikalbHeIX CBOACTE HATErpaicn,
SABHCHILY 01 [APAME pa, PaceyMOTPHM CHAUANS HATEIpaie shia (5334
Teoperna 4 {npasuaoc Jeibruya). Ecau pyniyun [(x, v) v e
of (x
HOCIMHAS APOUIGO0HIL! —i%’—}’l HERPEPbIGHBL 6 BAMIHYINOM NPRA-

yeoavrure A={{x, y)ia << x <0, a <y <B}, mo dyncyus
o
G = jf(x, ¥)dx

dudsghepernyupyema ra oripcake [a, Pl u

ad 7 r
) j (AL P
dy dy
u

Takum ofpason, uTofbl NPH CAENAHHBIX IPEANONOKEHHAX NPOnHD-
(hepeHuKpOBATEL HIFTETPAJ, 3aBHCAIUNE OT napamerpa, Hazo npoaHgde-
DEHNHPOBATE l’IOJIbIHl'eIde'IbHOG BHIPAKEHHE.

Hokasartensberro. [lyets yEla, fl u y AyCla, Bl
TOT 14

B
Ty 4 Ay)—D(y |
- Ayy - HI {{x, y-FAY—fx, plde=

b
_ | 8k y4-0Ay)
hj—t?y—— dx, 001,

3ieck npumeneda Teopeda Jlarpamka o cpeineM.

L9
OCostauan Temepb uepes m(d, a—)—)) MOAYJle HEeNpephlBHOCTH (PyHK-

of
Iy _d?’ NoAyuHM
b 2]
2 (y+ Ag)—fbm _5’ () gl o j LAt mm
¥y

5

- mn ld jw(ﬂ}'; %)d \;u,([xy, )(b—-—a) (53.7)
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“ 7
B cuny pasHoMepHOH HEeNpephBHOCTH (YHKIHH 55{- HA MPAMO-

yrodsHuke A uMeem lim o (Ay, y) ={; nostomy H3 (93.7} nojyuaeM
Ay=0
b

LDy 4 A — T (p) j‘ afx, )
lim = dx,
Ayt Ay dy

H
Takum ofipazom, Teopema jJorazana. Ouna serko ojofniaercs # na
cayuat uiTerpana, 34BHCAINEO OT MapaMeTpa ofwtero euga (D3.2).
Teopema 4. liyeme ynkius [(x, y) 1 ee ¢acmuag npouscoInan.
df {x, ¥
—i%y—i HEMPEPLIEHHL  HA npﬂmayeo.fzbﬁmce

A={x,y)r a<<x<b, <)
nyems G A {em. (53. 1)) u njcmb {fum{quu tp(y) 1P (y) umeom
Heapepoisntie #a ompeske [or, Bl npouseodusie, moeda u uxmezpun
(53.2), sasucsunuid om napa‘.tef,zpa MAKNCE Uagelil NPOUIE0CHYI0 RQ
ompeske [a, B, npudey
v

I5) {
v _ j" ﬂ—}—dx-ﬂrp(y}, y}d"’ L O

£4y)
,H,O KAal3aTeabCcTBO, PHCCMOT[)HM (by}{KLll{EO

dlp ry)

(33.8)

4]
Fiy, u, v):jf(x,y)dx, agu<h ago<h o<y <.
iU

dFaF
d.)yHKIJ.HH F umeer HENpepLIBEbIE YACTHRIC MPOHIBCAHBIE 5‘}'}", i)

g-g- H cBA3L Memay ¢yhkumamy D u F ycranasausaerca ¢opmynofi
Ty =F(y, @) v

ad ¢F | 9F da | OF do

dy — ay +du dy +Fr‘) dv (53.9)

Cornacro npabuay AHGODEpeHilIpOBARKUA WHTErpa/a OO OpelenaM -
TerpupoBabns {co. 0. 29.2), uveem

TNO3TOMY

oF
—-"-f( i, V). g;—f(v h (53.10)
8 U3 AOKA3JHHOR BEBULE TerpeMbl 4 CAeAYeT, HTO
v
of | 8 {x. v
E;”E“W dx. (53.11)

i
Noncraeans (63.10) 1 (63.11) 8 (53.9) b noaaran 4 = @(y), v = Py},
noayunm dopmyay (63.8).
Teopema nokasana.
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§ 54, HECOLCTBEHHBIE HHTETPAJIbI,
3ABHCAUUE OT NAPAMETPA

54.1, Ocuosunte onpeaencans, Pasnomepnasn
CXORMMOCTL MHTErPaoR, 3aBUCAUIMX OT HapaMerpa

Mp Oynem pacemaTpuBaTh HHTErpaJfsl BHAA

®(y):jf(x, ¥) dx, (54.1)

rae —oo L a< b < - oo, nepemennas y npuHAJNERHT HEKOTOPOMY
MHOXKECTBY Y u nuTerpan (54.1) npu HeXOTOPLIX (B YACTHOCTH, MPH BCEX)
3HAYEHUAX ) ABJIACTCA HECOGCTBEHHLIM,

Onpedeaenne 1. Ecau dan xamdozo yo €Y unmeepaa

2]
@ (v = | F(x, yoydx

cxodumes, mo urmezpas(54.1) naswsaemes exodauumncs Ha mroxcecmse Y,
B jaibrefimen, ecid He OTCBOPEHO 4I0-1uGo Apyroe, Gyfem pac-
CMaTpHBaTb TOJAbKO Caydail, Koraa:
1) —o0 L a<b<< + oo
2) npuobom y € Y dynkaus f(x, y) 10 llepeMeHHOR X HHTerpupyeMa
no Pumany na kaxnom otpesse la, ], rie n takoso, yro @ << 1 < b.
B 3Tom cayyae cxoauMocTh uHTerpada (54.1) Ha MHOKeCTBe Y o3Ha-
yaeT, uTo npu JboM ¥ &Y CcywecTByeT npegen

7 &
ﬂjgyogf(x,y)dX==§f(x,y)dx

{ecan b= 400, 10 6 —0= 4 c0).
DTO 9KBHBAJEHTHO YCNOBHIO, UTO Npit JioGoM dukcnposaHHoM ¥ € Y

b
lim ff(x, y) dx =0.
-q-b—O,l

Taxum ofpasom, unmeepar (54.1) cxodumes ua muodcecmee Y
rmozda 1 moavko moeda, Koeda npu Kaxcoom Gukcuposanom y Y
Gan awboeo 4ucaa e >0 cywecmeyem maxoe W ="1e (¥)< b, umeo
ecau Mg <M< b, mo

b
|7y dx|<e. (64.2)
7
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Ytobel chopMyAnpoBaTh YCAOBHA, NPH KOTOPHEIX NJAA HecoOCTBEH-
HEIX HHTErpajoB, 3aBHCALIMX OT NAapaMmeTpa, CIpaBelIHBhL TEOPEMS,
aHAJOrH4YHbIE OKA32HHEIM B HpelplAyIleM faparpage A8 cOOCTBeHHEIX
HHTErpajoB, 3aBHCSLEHX OT NAPAMETPA, N0JIE3HO MOHATHE TAK Ha3hBa-
eMOi paBHOMEPHOH CXOAHMOCTH HHTErpand,

Byzem npeanojarark, Kak Opio oTMeueHo, yro uuterpan (54.1)
YJI0BACTBOPSeT BLIIEYKA3aHULIM yoaosusM | o 2,

Onpedenenne 2. Cxodaujuidca wa MmHoxcecmee Y uwnmezpanr

j.f{x, Y)dx  HASLIBAEMICA  PABHOMEPHO  CXOOMUUMECR  HQ  5MOM
a

MHONCECmEe, €call 048 Afoboeo e >0 cyuwjectisyem maroe M < b, umo
dan scex YEY u ecex v, makux, 4mo e < < b, Gonoixaemcs
b

HEPABEHCHB0 Hf(x, y)dx| < &,

i
[IpuBenesnte onpefesenna HADOMHHAKNT COOTBETCTBYICMHE ONpeA/enns
Ans papos (em. m. 36.1 n 36.2).
Mexay HuMH AefCTBHTEABHO €CTh GOMBINAs CBHBB Myets (v,} — HekcTopan
MOCAEAOBATEALKCCTE Takas, YTo =4, Y, € [a, b, n=1, 2, ..., v limy, =6
1=+ C0

Hapagy c unterpaaom (54.1) pacemorpum pan

o k+1
> %, y)dx. (54.3)
k=1 T
Nycte
n—1 "]k+1
S.n= 2 | f y)dxﬂjf(x y)dx

k==l i

— uagruqHag cyMua paga (54.3). Torzma, ecam uuTerpan (54.1) cxoanteq (coor-
BETCTBEHHG PABHOMEPHO CXOAKTCA) HA MHOMKECTBe Y, TO CXOAMTCS (COOTBETCT-
BeHHO PaBHOMEpPHO CXOAMTCA) Ha MBoxecTse Y u paa (B4. 3), npu sToM

b Ty
If{x9 ¥)dx= lim If(xr vydx=lim S, (y).
a n-a00 g n-ao .

OnpenencHHe paBHOMEPHOH CXORUMOCTH HHTETPA]SA MOMKHO nepe-
(¢pasupoBaTh elle CAeAYMNM ofpa3om.

Onpedenenue 2'. Cxodauwudcn na muowecrise Y uamespaa {54.1)
HUASOIBACIICA PAGHOMEPRO cxoi?ﬂmumm Ha 3MMOM MHOMCeCHée, ecal

lim sup Hf(x y)dx l =0, (54.4)

1+b—0y
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IHehcrenTenuHo, ecan HETerpas (54.1) paBROMEPHG CXoAMTCR HA
MHOXKECTEE V¥ B CMbIC/IE onpeleqaenud 2, 1o aa mofora e > () cyluecrsy-
eT Takoe TWe < b, UTO BENoAHAeTcH HepaeenctBo (54.2) mpu yEY n
Ne < M <b n, caenosatesnsiio,

b
spp”f(x,y)dXIa:s, N < < b,
yeY mn

oTRyna u chenyer (54.4), OfpaTHo, eciu paccMaTpHUBaeMulil WHTErpan
PABHOMEPHO CXOAHTCA Ha MHOMECTBE Y B cMBICAe onpedeacHun 27,
TO U3 yeaoBHS {54.4) Ana moboro e > 0 cAeLyeT CYILECTROBAHNE TAKOTO
YHCAA T, YTOTIPH Y £ ¥V B e < N < b BHINOJHAETCA HEpaBeRCTEO (54.2).

Haxosen, 3aMeTuM, 9T0 PaBHOMEPHAS CXOIHMOCTL HA MuOXKeCTBe Y
HHTerpana (04.1) osnauger OpocTo PaBHOMEpHOE CTPEMJIEHHE Ha MHO-
#ecTee Y (pYHKUHH

W

@ (y, m)=J flx, p)dx

npa 11— b — 0 & dyuxunu (54.1).

JeficrsHTensHEe, NocAeqHee ozHauaeT (cM. 1. 39.3), yro s moboro
¢ > 0 cyImecTByer Takoe 1 < b, 910 I8 KAXKAOTO V), §AIBACTBOPSIO-
GEro YCMOBHIO Mg <L N<C b ¥ BeeX Y€V BHLINOAHAETCA NEDABERCTBO

1P () —D(y, 9] <e. (54.9)
Ho

b n b
Q) —D(y, = 7 (x, pyde—{ [ e, yyde= [ F(x, yyds,
a a b

NOITOMY BhiTioJIHERHE HepasencTsa (04.0} SKBUBANCHTHO $4aBHOMEDHOH
CXOAHMOCTH HuTerpada (54.1).

Npumep. PaccmoTpum HHTETpan

+o0
B (y) = J ye— dx. (54.6)

3a Muomectee Y possMeM noayock p 2= O (opu moGom y < O wa-
Terpan (24.6) pacxomuren). Jlerko yGeauThen, uto uHTerpai (54.6)
exoaures Ha Y. Has moGoro ¢ 2> 0 ueterpan (54.6) ua npomexyTke
le, -00) cxomntes paBponepHo. NeficTBHTENARHO, B 3TOM Caydde Jerko
DPOBEPRETCH, Hanpuhep, pLinoddenue yenosus (H4.4):

lim sup

<40
i j ye dxl = lim supe—W= lime~*1 =0,
’f‘-v o w} y;u TJ

Y400 Yo N300
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Ha Beeit e noayocu Y unrerpan (54.6) He cxonutea paBnoMepHo.
B camom nene,

lim sup ! f ye—xyd,xl == lim sup e—w=1,
n++oo y =0 1-too ye o

T. €. Ha MHOMKeCTBe Y ycaosue (64.4) ne Bunohunercs.

Teopena I (npusunax Bellepmmpacca). Ecau cywecmsyem
pynryus ©(x), onpedenennan Ha npomexcymxe \a, ) u urmezptipyesas no
Pu,amh'y Ha kaolosm ompeske la, nl, ede a <1 < b, maraa, amo;

b [F(x 9} <fP(X), rie a <x< b, y£Y;

2) unmeepan qu(x) dx cxocumes,
4]

mo unmezpaa {54.1) pasnosepro cxodumes na muowcecmse Y,
HoxasaTtednsctso. [lpesne Beero, B CHAY NpU3HAKa cpan-
uenua (cm. n. 33.3 v 34.3) wnterpan (54.1) abcoawoTho, a 3Hauur,
IPOCTO CXOAKTCH npH odom ¥ & ¥, Jlasee, B CHAY €XONMMOCTH HHTerpa-
&
a S(p(x]dx Ans moforo yneaa & > 0 cymectsyer Takoe v < b, uTO

a
b

ecan My <N < b, TO S(p (x)dx<e. Torpa, B cuay ycaosns 1 teopenint
k|

b ] b
lff(x, pdr|< Vit plde < [ oy de<e, me<n<o, yey,
n 5
h
a 3TO M 03HAYaeT pParHOMEPHYIO CXOLUMOCTE MHTErpala j [(x,y)dxua

MHOecTRe Y,
Tecpema jokazana,
C nomomslo Tpu3Haka BeliepwTpacca, Hanpumep, CPa3y YCTAHAEAM-

BaeTcs, YTO HHTCrpan
-0
dx
TF 22

PABHOMEPHO CXOIMTCH Ha BCEA BeUIECTBEHHON ocH — oo <7 ¥ <74~ oco.
+ 00

" dx
Ieficreurensrio, Harerpan f == CXOAKTCH, H OpY JWOBX X [

} BLINOJHACTCH HEPABEHCTBO
1 !
[ \<1+x3'
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Yaopaxuaenue 1. Tyers dynxmau f{x) u g(x, y) HenpepuuHh mo x
nyers dyukuug g (X, y) MCHOTOHHO H PEBHOMEPHO OTHOCHTENBNO y € Y crpemur-

C K HyJiO MPH % - o0, EMECT HeNPepHBHYIO NpPOH3BOARYIO .ai%,_ﬂ, x> a,
X

+oo +00

y£Y, n nycte AuTerpan f F{x} dx cxoanTcsd, TOTAa UHTErpaan j' Flxygix,»dx
a a
PaBHOMepHO CXOAHTCS HA MHOmecTBe Y.

54.2. CeoAcTBA HEeCOGCTBEHHBIX HHTErPANOE, 3ABACIIAX
OT napameTpa

IpH wB3yueHHH CBOHCTB HEeCOGCTBEHHBIX HHTETPAJOB, 8a-
BHCALLMX OT NapaMeTpd, OYeHb YacTO MPHAETCH HMETh JAEJIC ¢ Mepecta-
HOBKOH NpeleNLHBIX NePexofoR MO pPasnHYHBEM NepeMeHHEIM. [loatomy
npexie BCEro JOKaMeM JeMMy, OTHOCSIIYIOCH K $TOMY BGIPOCY.
Jdemma, Hyeme X u'Y — Qe ducavowix mnomecmen, Qynxyua
f(x, y)yonpedescna na ux npoussedentiu X X Y (cm. n. 41.2). flycmes, daace,
Xo U Yo — HUCAQ UAL CUMBOAN 00, 00, —00 U NYCHb CHUECTBLIOM Npo-
cmbe npedeat

cp(x)m}{gl [,y xcX, u w(y)=jijlf(x, ¥, YEY.

Ecau compenaenue yuryuu [ xoms K 00HOMY U3 yKASAHHLX Npederoa
RPOUCKOOUM  PABHOMEDRD, MO CYWECIMBLIOM W PasHol 06a NOSMOPHbIX
npedeaa:

im lim f(x, y)==lim lim f(x, ¥).

X=2Xg ¥V Y-rVe X-rXy

HokasareasceTpo. [lycte, nanpumep, dynkuua [(x, y)
paBHOMEpHO HA X CTpeMMTCs K @(x) npH ¥ — ¥,. Toraa aias Jio6oro
¢urcupopansoro e > 0 cymecTsyer oxpecTBocTe O(yy), Takas, uro,
KakoBrl Ol BH O ¥ € O (yo) Y Bx € X, BHIOJHAETCH HePABeHCTBO

1 ) —o (0] <. (54.7)
Ecnn y, £0 (v Y u p, €0 (y)Y, 10
|G p)—T 0 vl | < W (2 y)—0 () |+ | ()= (x, y)f e
IlepexoAa 3jeck K Npeleny RPH X —- Xy, NOJAYLUM
[p (y)—p (p) [ <. (54.8)

Coriacnc KpHTepu1o Koim ans cymiecTBOBaHHA Opefena (yHKUHH
(cm. 1. 4.9), us (54.8) creayer cyuleCTBOBRHHE KOHEUHOTO TPEASNa

Y+¥o
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MTHK, ACK43aHO CYLIECTBOBAHHEC INOBTOPHOIC fpefena

lim lim f{x, y)= A.

VYo XXy

Sapukcupyem teneps ¥, & O(ye) ™Y, Toraa ns (54.7) npu y =y,
u u3 (54.8) npu y, =y, COOTBETCTBEHHO MOJYUHM

[F (% y) =90 < 5, [0 )—Al <. (54.9)

Mprduxcupyem 3, €0 (yo) NY, ana sapaunoro £ >0 naiigercs
okpectHocTe O (xg), Takas, ato Jas Beex x € 0 (xg)MX OyjueM umerp

[T y) =9 ()| <e. (54.10)
Uz nepamerctB (54.9) u (54.10) pam Beex x €0 (x)) ™ X umeem
[ () —AL @) =T (x, y) I G yd—0 ()[4 b () — A <3,
YTO H 03HAUaeT CYUleCTBOBAaHHE NOBTOPHOIO Mpejena
A=lim@(x)==lim lim f(x, y).

A+ Xy XXy Yy
Teopema AOKAa3aHd4a.

Teopema 2. lNycmo —~ oo <{a<b< + oo u dyrkyusn f(x, y)
onpedesena npu x([a, b), y&Y u nenpepuiona no x wa [a, &).
Tez0a ecau npu awbom m&ia, b) gynxyus f(x,y) pasnomepro na
ompesie [a, W] cmpenumen & pynxyuu ¢ (x) npu ¥y~ yo ¥ u unmeepan

f fe y)dx (54.11)

DAGHOMEPHO Cxo0umea wa muoxcecmee Y, mo

B b b
lim { (e, pax={lim f(x, pyde=[e(x)ax. (G412
Y+Yo g a ¥+Ye a

Horkasatrenwcrso. Ecan a<n<{b, TO B cHAY TeopeMm 2
n. 53.1 umeem

n ] q
lim Sf(x, y)a'x—_:jl im f(x, y)dx=jrp(x)dx, (54.13)
¥=+¥y a a YoYe a

09TOMY, COTIACHO OTNpeieseHHto HecOCCTREHNHOro HHTerpaJja, paEeH-
creo (54,12} MoxHO nepenncaTh B BHAE

7 1
li lim , Pdx=lim lim x, ¥)dx. 54,14
y*gw_agﬂx y) Tﬁb_ﬁywjf( ) (34.14)

*} 31eck yp— HMCAO HAH OLHH 112 CHMBOJIOB! oo, 4 o0, ==,
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Tarum ofipasoM, OCTAETCH LOKA3aTh BOSMOMKHOCTL [1&€DEeCTANOBKH NO=
pHAKAa OpelefbHblX TEPexXofcs Last yHKIHH

1
Oy, = 7 (x y)d.

2o caelveT K3 QOKAAHHOH BhLE JeMMBEL. B camom gede,
corjacHo (54.13), cyuwectsyer mpegea Lim®(y, 1), ¢ Apyro# cropo-
Yy

BB, CYUIECTBYET H Dpeien

1 24
fiem Dy, wy= lir j'f(x, y)dx:jlf(x, V) dx,
T b=-0 Tb—=0 7 a
lipHUYeN 3]€Ch, COIVIACHO YCJACBHIO TEOPEMbI, CTPDEMICHHE K Tpeaeay npo-
HCXOMHT PABHOMEPHO Ha MEOXecTBe Y. CNeNoBaTeNbHO, CHPaBeAIHEOCTh
pasedcTBa (54.14) HenmocpeJCTRCHEO BLITEKAET K3 YTBEDMHACHHS JeMMbl.
Teopema pokasana.

Teopema 3. [lycme dynxyun [(x, y) onpefeicna u nenpeporsa
(kaK PyHKYUA DBYX NEPEMEHHBIX) HQ NOAYOMKPHUNOM SMPAMOYECALHUKED

e, M)ia<e]h e<y<dy),
—oo<la<lbg oo, —oo<{e<ld<+ oo,

Toeda, ecau unmezpaa
b
O ()= | flx, y)dx
a

exodumen pasHomepro Ha ompedke e, dl, mo on ssasemcs Henpepwis-
HOU iynkyLell Ka 5M0M Ompeske.

JdokasaredsbcTso. Kakoso OblHu a0y, € [, d], pyukius
f(x, y) npun y—-y, paBuoMepro Ha JuoboM orpeske [a, n, a<n<’b,
CTPEMHTCH K (yHKIUH (X, ¥y} (cM. 1. 39.4), NO3TOMY, COTAACHO IpeabIy-
wei teopese (cM. (54.12)),

b b
lim @ ()= | lim (v, y)de= ) 7Gx, o) de =iy,
v y

Y=VYo a
Teopema norasana.
Feopema 4. B npednoacscenuax meopemst 5

d d b b d
fogydy={ay i, pae={acffix pay. (6415
-4 ¢ @ a 14
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JdokasatenwsctBo. Ecam a<n< b, vo mo Teopeme 3
1. 53.1 umeem

4 1 7 d
Edy f flx, V)dx= j‘ dx jf(x, y)dy. (54.167

PynxuHA
3
Dy, =\ (5, y)dx

HenpephiBia 1o y U npH i) —> b — 0 paBHOMEpHO Ha oTpeske [c, d] cTpe-
MUTSH K cBoeMy npegeay dy), nostomy, cordacHo teopeme 2 m. 53.1,
i Aepofl yacTi papenctRa (51.16) MOKHO mepelTH K Npeneny noj 3HakoM
utrrerpana npa - H — O
4
ln j@u, W) dy = j Iim @y, g)dy=

b0 ¢
d b
S D (y) ity = 5, jf(x yd

npy 9TOM NoAy4eHunl npesen Koneuen, Crejosatensuo, npun — b — 0
CYULECTBYET TOT 3Ke NPeAed B Y Npasy xii yacTH papencrsa (064.18), koTo-
Pbif B CHAY ONDPEAEICHHA HCCOGCTBEHHOIO HETErpajsa paseH

£ d
j dxj‘f{x, yydy.

<
Teopema nokasana.
IoKayKkeM OHY TEOPeMy O NMEPecTAHOBKE HNOPHiKa HHTEI PHPOBRHUA
JUs cay4an, Koraa ofa HHTErpaia HecofCTBEHHEIS,
Teopema 5. Mycmo Gyusyus [(x, y) onpedesena u Henpepoista
8 NOAYOMKPLIRON. NPAMOYEOAbHUKE

{(x, Pra<x<b, e<y<d),
—x <A<l b oo, —oo<leld s - 0.
Ecau unnmezpaa

ir
jf(x, y)dx (54.17)

pasromepro cxodumea wa awdom ompesxe (¢, n), c<< n<d, a un-
meepaa

jﬂ [(x y)dy (64.18)
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PAGHOMEPHO Cx0dumca Ha awbom ompesxe [a, §], a<l5< b, u cyuwe-
4 b

cmeyent 00uUN U3 084X NOSMOPHHIX UHMEZPAN0s j‘dyf [f(x, y)|dx,
4 a

def]f(x, Widy, mo cyuecmoyom u pasist mexcdy cobod oba
7] 4

d b b d

NOBMOPHLIX  UHMEZPAAN deSf(x, vydx u deSf(x, vy dy, m. e

c
b

d
MSW y)de={ ax§ i, y)ay. (54.19)

=1

Hoxgasateancrso. Ilycts, Hanpumep, CYUECTBYeT HHTErpaJj

b
Vax [1F(x, y)|ay (54.20)

u nycte ¢< < d. B cuxy paBHOMEPHOH CXOJUMOCTH HAa OTpE3Ke
{¢, n} uurerpasa (54.17), cornacso Teopeme 4, umeeM

% b n
far{ rim pavaf asf i pay (54.21)
¢ a a 4
[Tpenen nesoii yacTs $T0T0 papencTsa npu N~ d — 0, oueBHIHO, pasen
d b
Cay {1, yydx.
[okasxkemM, 9r0 npened npapoil yacTd paseHctea (54.21) pasen
b d
{ax {76 myay,
a 4

T. €. 4TO B 3TOM Cliydae BO3MOMXEH TPeeIbHEIl nepexon upn 1 ~> d — 0
nmox snakoMm wHTerpada. IlpomepHm BbIHOJ]HEHHe MPEANOCHLIIOK Teope-

Mel 2 sTOro mynkta. Qymruna @©(x, 1) =5f(x y) dy uenpepeiBia

no x{cm. teopemy 1 nm. 53.1) u, COFJIaCHO VCJIOBHID TeOpeMsl, Ha
aoGom orpeske lea, ), a<§<b npa 1 —d — 0 pasnoMepno

d
¢TpeMuTCs K uHTerpany (64,18), r. e. k dyHxuun F (x)-_—j. f G, yydy.
¢
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Haxosel, nuterpan
b b bl
fow wdr= [ar | fenpay

CXOJHTCH DPABHOMEPHC OTHOCHTRNBHO 1), €< 1< d, ubo

d
|Dx, < | 1w idy,

a yurerpan (54.20) no npepnoNONKEHHIO CXOJUTCH.

CnenoBaTeslbHO, YC/ACBHS Teopembl 2 Ajs NMPasod YyacTH paBeHCTBa
(54.21) BHIMOAHEHE, NOITOMY

I & d

lim X D (x, n)dx = j lim ®©x, Ndx= jdxf f(x, y)dy.

n-d—0 4 a m+d—0 a b4
HWrak, uckomoe pasencrso (54.19) moayuaercs H3 paBeHcTra (54.21)
npefiefbHEM NepexoioM npd m - d — 0.

Teopema poxasaua.

ITepefineM Temeps K paccMoTpeHHIO AuddepeHUHPYEMOCTH HecoGCT-
BCHHBIX MHTEIPaloB, 8aBUCALIMX OT HapaMeTpa.

Teopema 6. [1ycmoe pyncyuu fx, y) u c‘ifc(;;, ¥)
HEAPEPUSHEL 6 NOAYOMKPLINION NPAMOYEOALHUKE
A-——~{a <x<b e < y<dj,

onpedesensi u

Ecau unmeepan S f(x, y)dx cxodumes, a unmeepaa fﬂ%—ﬂ dx

,DCISHOMEPHO cxo@umm He ompeske ¢, dl, mo yrkyua

D{y) = S' f{x, yydx wuenpepuisrio Outhpepenyupyema na smomn ompes-

Ke U
B b
d 3f (x,
& jf(x, y) dx = jla’;i) dx.
a a

b
Hoxasateawctso. [Ipeacrasnm pynxuuwo D (p) =f f(x, 1) dx
a

B BUjJE CXOJdALIerocs Ha orpeske ¢, d] psja
00 Tpl.ag

op={iwpa=3 | 1@ pd, (34.22)
4

n=l U
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iae n, n=1,2, .., — GUKcHpOBaNHAA POC/ICA0BATEHIOCTh, TdKAA,

a10 1, € (a, O], n,=a u lim n, =0, a pynkumo ‘f ”J; Y dx — b nu-
"= oo

LC PABHOMEPHO CXoasierocs 1a orpesxe 1o, d] pﬂ}la

b oo 4l
9 (x, ¥) y) \ af (x, ¥} ,
j" 0 ‘ j Ty dte (54.23)

a = l Tig

Cornacuo teopeme 4 n. 53.1, Kamauil uned paga (54.23) asasercs
NPOHZBOSHON MO NepeMcHHOR ¥ OT COOTETCTRYIOUIEIC W/ieHa Peaa
(54.22), nceToMy B CHAY TeopeMbl O AuH(kpeDEHIHPORAHUH PRIOB
(CM 1. 36.3) cymma pana (54.23) aBaserca NpoU3BOAHON CyMMBI pala
(84.29).

Teopema nokazaHa.

Kak yme oTvMeuansoch, Bee npensyayulie GOpMYyJNHDOBKH H IOKA3A-
TENLCTE OTHGCATCA K 0ecOOCTBEHELIM HHTErpadaM, IABHCANHM oT
1apAMETPA, KO10PHe YAOBAETBCPAIOT yeaornaM 1} u 2) chopmy nuporad-
ubiM B Hasane n. B4.1. CoBeplueHHO AHARCTHYHO PACCMATPHBAIOTCH M
fosee ofllHe cayyay, HallpUMep, Koria:

1Y =0 La<lbg + o0

2°) upn soboMm y €Y dynrana f(x, Y} N0 nepemeimnoit x HHTLrpH-
pyema 10 Pumany na rampgoMm orpeske (& nf, rie a<{ 5< n < b

[NocTpoernan TeopHA HHTErpa/ioB, 3aBHCSHX OT H2paMurpa,
eCTECTBEHEDIM O0PA20M NEPERCCUTCS d HA cAayyal, KOrka uuTerpaa
3aBUCHT OT ABYX W/H BOCOWE OT HEKOTOPOIO KOHEYHOrO 4HC/Ia napa-
METPOB Vq, «v.y Vno IPH 3TOM Muorue GOpMyJHPOBKY ONpefeaeHiil o
TEOpEM, 4 TAKME JOKA3aTenscTBa GOpMatbHO OCTAIOTCA OpemHhMH,
€CAH TONLRO BKAHJBIBATE HOBEIA CMBICR B IPUMEHSEMbIE 0005HAYEH A
210 OTHOCHTCH, HANPUMEp, K OOPEAeSeHHIQ PABROMEPHOH CXOANMOCTH
H Teopeme O DPEASTBHOM NeDeXofie Nojd 3HAKOM HHTerpala, ClAeayeT

0) 0

TO/BKO CUUTATb, 4TO ¥ == (¥y, ..., ¥u) 8 Yo = (117, ..o, V&) — TOUKH
1-MEDPHOTO eBKJHAOBA MPOCTPAHCTBE, @ Y —> Yo MOHUMATH B CMBICAE
peneaa B 3TOM [IPGCTPaHCTBE,

54.3. Npsmenenine reopin uHYErPAROB, 32BHCHILNX
0T NapamMciIPa, K BLIYUCACHUID GHDELENCHHOIX
HHTerpaaos

Cpenn pazjuuibx SPAMEHCHHH TEOPHHA UHTErPAACB, 3and+
CALKX OT TapaMeTPs, PACCMOTPHN Ha [PUMEPaX e TIPUMCHEHHE K Ui
YHCAEHAK ONPEACIvHHBIX UHTETPASICE.



54.3, DMpumenchue Tecpuy UNIeepaAns, QBUCAWUX 0T AApanerpa 231

Ilpumep L. IlycTe TpefyeTcn BLUHCAHTL MHTErPA
I

arctg x
0

MosKiHO BLIMHC/AHTE CHAYAAA HEONDEAEJEHHBI HMHTErpan, a saTem
1o dopmyie Hewotouna — Jlefifnaua u unterpan (54.24). Onnaxo sTo
Tpefiyer AOBOJIBHG FIHHHBIX BbriJIafok, Mpl npupeteM APYTHE Crocond
HhHYHCACHES STOTO HHTEIPANa, OCHOBAHHBE HA 3aMeHe JaHHOTO HHTETPa-
J1a HEKOTOPHIM HHTErpajoM, 3aBHCSLUIMM OT napamMeTpa, IR KOLOPOro
uHTerpad (H4.24) saBaseTcd YacTHRIM 3HAYEHHEM,

Paccmorpum dysxmno f(x, y)z;iﬁig:%— H HHTErpan
1 1
J{y) =jf(x, Y dx = ;%—g;—%—; dx. (54.25)
0 0
Quesuane, uto murerpan (54.24) nonyuvaercs orciofa npu y = L.
Tax mK%:O(I) apa x—~0 u ﬁ/r—cl%%;— mO( T-I-—J

npu ¥~ 1 u awbom QukcupesausoM y, 10 wHrerpan (54.25) cxo-

Jdurest upu asodom y.
Ha usepameucTna

of (a 9)| 1 < |

. 3y | "‘\(1+x2y2n/=—~x2 Ty

B CXOIHMOCTH HHTEerpana
1
dx
Ve
0

1

af{x, 1}
j" Aav) gy (54.26)

cjaenyer, 4TO HETCrpall

1]
pABHOMEPHO CXOAMTCS HA Beell BeuleCTBEHHOH OCH M, COrJIaCHO Teope-
me 6 n. 54.2, pasen J'(y).
Jenada nocneioBaTeNbHO 3aMEHY TMEPEMEHHGIO X=cos@ i =
= tg ¢, noayuum

do -
I-J-yecoste

1
’ . dx -
Sy) = B[([Jrﬂy‘z)'}/ T a2

Qf_—ﬁwlﬂ
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-+ o0
_ 5 di 1 arctg 4 a =
T TR TV T VIR b VTS
Teneps, o onpefefeHHI0 HeONMpPeleJCHHOrQ HHTErpasa,

J(y):ff'(y)dy=%jﬁ%=§ln(y+l/f+y2)+c-

Ho u3s (54.25) creayer, 410 J(0)=0, nosromy ¢=0 u
J)=Z In(y-+V1+4y2)
Orciofa nosyuaem 3HaueHHe UCKOMOro uHTerpasa (54.24):
J=I()= —In(14+y2).

Urrerpan (54.24) MOXKHO BBLIUHCJIUTRL H HCHOJIB3YS HHTEpHPOBA-
HHE MO MmapaMeTpy. 3aMeuad, uToO

1
arctg x __j‘ dy
x J Lpay?’
o

NOJYYHM A% HHTerpana J BepaxeHue

5 Vl-— X jlfﬁz (54.27)

Hurterpan xe

j‘ dx
(142 )V T= 22
0

CXOMUTCST PAaBHOMEPHO No ¥, HGO
1 ]
(14222 T—02 <V1—x2 ’

dx
H Hyrerpan /‘l 5 CXOAHTCH, HOSTOMY B HHTerpanle (54.27) moxHo
U

NepeMEHHTL NOPANOK MHTEerpHpoBaHHA (cM. TeopeMy 4 n. 54.2), Toraa
(ncmosib3ya HaBAeHHOE B 3HAUEHHE IIOMYYAIOUIETOCsH HHTerpaja)
HAXOLHM
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i 1
2’"5 §{1+xﬁy}1/1—x*=_.(v1+y T (42

Mpumep 2. Buly¥caNM 3HAYeHHE HHTECpasa

+ )
I(a):Jn S dx, {54.28)

¢

- Moo noxasats, 4To COOTBETCTRYIOWNE HeonpeneeH il HuTerpai
npu o == 0 He BhIpamaeTcs uepes ajemeHTapHbe PYHKLUH, H TEM CaMbIM
JaHHBR HOTerpad Heqb3s BRYHCJAHTE OGBIYHBIM RNPHEMOM ¢ MOMOIIbLIQ
dopmyns Heotona — JlefiGuumna.

Hnrerpan (54.28) cxonuren mpH Beex 3HAYeHWAX o. JleficTBHTENs-
HO, eciH ¢ = (), To, oueBHjHO, /(0) = 0. Ecau e a 3= 0, To, npou3Bofs
3aMeny TIepEMEHHOTO ! = (X, NOJYUHUM

4 co

j. Smt e di =1(1), ecnn o >0.
__ 0
I(a) = too
— | rar——1q), ecmn a<o0.

Q

Hurerpan ke I(1) cxommtes (cM. n. 34.4), nostomy u uurterpan [{a)
CXOJHTCA,
IList Toro uTOGH! BHMHUCANTS HETErpas (54.28), paccMoTpHM HHTETpan
OoJsiee ofulero BHJA
+ oo .
X
Ho, B) = S e—bBx 51—2-3" dx.
0
Juddepennupys GopMANLEO 3TOT HETETpai MO o 704 SHAKOM UB-
Terpaja, HOAYYHM HHTErpai
+ 60
f e—Prcosax dx,
[}

KoTOpHfl OpH Jobom ¢uKcupoBanHoM B > 0 pasHOMEpHO CXoauTcs
OTHOCHTEbHO Napamerpa d, —oo < @ < +oo. Cnenosare/bio, IpH
B >0 (em. 7. I, m. 26.4)

+

al(a (=, By _ 5 e Picosox dy= WBBQ_'
g
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gicioaa

;3

I(a, B) = a‘aﬁj%‘ +o(B) = arclg -+ c (B).
0

Ho /{0, B)=0, caepomarensro, ¢(B)=0.
Hraxk,

I(a, B) = arctg -9[;. B >0.

Hac, onmako, uHTépecyer sHavenne wupTerpana [fla, §) mpu § = 0,
Ulpoine Bcerc monnLiTaTees 00OCHGBATE BOMOKHOCTE MPefsnbHORO Nepe-
X012 1164 3HAKOM HHTerpasa B yuterpane f{a, B) npu § — -0,

3aduxcupyem uncao b 2> 0 ¥ nokamem, 4ro urterpan [(u, P) npu
J0060M GHKCHPOBAHHOM ¢ == 0 paBHOMEPHO CXORHTCH NO mapaMerpy f
na orpeske [0, &), delicTBrUTeNbEO, HHTETPUPYA O HaCTAM (CM. TAM XKE,
1. 26.4), nonyumm

+ec
sin ox 1 ocosoxd-fsinax|T®
e—Br_—— fy= — g—1B
. X X az_l_r,'l %
4o
o s d
'+j e_gxa osoqu+ﬁ<max_;-
a? - B *

T

BriGepem m, Tax, YToOH DPH M 3> e BHIDOJUAJNCE HEPABCHCTBA

_le_1lﬁ<xcosa"f]2+ Bsinot,_'ql_é;m-l-b _~1_<_§__'
K o’ B2 I af 2
e inx d A
J‘ o—Bs ceosax 4+ Psinx dx ga%—‘ j“ _’i<i,
a2+ﬁﬂ x% az x‘S 2
K 7

Torga npu 12> e NOIYYHM

+ee )
l j o—b Smaxdxl{e,
‘7]

X

YTO U [OKA3HIBAET PABHOMEPHYIO CXOIHMOCTL muTerpana /(u, B} no
napametpy  Ha MoboM otpeske {0, &]. Teneps B cuay Teopenin 2 . 54.2

I{a@)=1{a,0)= lim Ka, B) = li tg* =T g \
(@)=1{a,V) B»-TO (@) B) aj'_?uafcg p 7 Siena
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brak,

=, ecan a>0,
+ o 2
sinax

o) = j o dx = 0, ecan a=0,
0

--%, ecan a< 0

3uanve 5TOTO BHTETpana NOSBONAET JeIrKO HAaXOAHTB H 3HaYeHHe
MHOFHX DOReGBLIX HETerpance. llanpumep, Jerkc MOKHC NOKaEsalb
(4 3TC MBI HCOOAR3YEM B ManLhefiuem), 410

+ o |

- 03 X
j —;;—i dx = |0 (54.29)
— a0

[eftcTeHuTenbHO, HETErpHpYs Mo YacTaM, Hafiem

+o e + o

— C0s aX i i

j ——mn-?;——dx=o¢f 2 dx = 20 jl T2 dx=]o]m
X~ X X

-— 0 -0 1}

54.4. Bineposnt MHTEIPAAL

Paccuotpun nHTErpals

1

B(p, g) = | x*=! (1 —x)—"dx, (54.30)

0

[{s)==} x*—1e-*dx, (64.31)

Tt

HA3LIBAEMBIE $ACPOBBIMU UHIMESPAAOMU COOTBETCTBEHHO ALPA020 M 8O-
poec poda. HMnrterpaa (34.30) HaswiBaeTes Takxe Gema-hynxyucl, a nu-
terpan (04.31) — eamma-gynxyued.

BLisicHUM npexie 8eero, AJIA KakilX 3HaueHHH napameTpor p, ¢ H $
umelor cvbiea gopmyant (54.30) n (64.31).

Paccemorpum crauana uuterpan (54.30). Hoavinterpanvlias ¢yHxuns
B 5TOM HHTerpadie HMeeT, eochily ropops, Aee ocofennocr: np x = O
#npu x = 1, MOSTOMY [pelcTaBiM €IC B By

Bip, )=

ey oo

|
xp=(l —xy =V dx - Exﬁ-l (I — x)y—ldx,
{

2
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P

5
Cpaennpas uepBuili GuTErpa npasodl yactu ¢ HHTEI‘[JHJ]OMS x0T,
1] 0

a BTOpOH — ¢ HHTErPaIoM S(l — x)7~ldx, KOTOpHIE CXOAATCA COOTBETCT-
1

2
BeHHO pH p > O mg > 04 pacxoaatcs npu p L0u g < 0 (cm. nm. 33.3),
noJyyaeM, YTO o8aacThlo onpeneiekus Gera-GyHruuu (54.30) B mio-
CKOCTH p, ¢ FABJAAETCH KOOPAHHATHLIN mpsmol yroa p >0, g > 0.

Hagnee, uurerpan B(p, g) paBHOMEPED CXORHTCA HA KAXKEOM NPSMOM
VIie P 2 Py, § 3 Gy, KAKOBLI OBl HH Gutnd p, > 0 u gy > 0. JeficTsu-
TeJLHO, 8TO CJIENYeT, ColyacHo nprsnaky Beiltepmrpacca {eM. m. 54.1),
H3 HEeDABEHCTRA

=1l ==t Lepo= 1 {1—x)n=1, 0gLx <1,

H MoKasaHHOH BHILE CXOZHMOCTH HHTerpana
1
B (po, qo)= | #2=1(1 — xyo—ldx, p,>0, go>>0.
0
Tlockonwky Beskas Touxa (p, g}, p > 0, ¢ > 0, NpHHANIEKHT He-
KOTOPOMY YIVY: p > o, J >y, IIPH COOTBETCTRYIOIIEM BEIGODE 4YHCE
po > 0w g >0, To orctofa B cHy Teopemnl 3 1. 54.2 ciaegyer, w10
thyarnasn B(p, §) venpepuiBHa BoO BCell 061acTH CBOETO ompeleeHid.
Jlna orthickanus ofnactH onpeledenus ramma-pynguun (54.31)
NPeJCTaBUM €8 B REJE
1 + oo
F)={o—te=rdeq | w=1e-rde (54.32)
0 1

1
CpaBRuBas MepBblll HATErpPan NpPaBoli uyacTh ¢ naterpanom {x—!dx,
0

KOTOPBIU cXoAnTes npu s > 0 u pacxoantes npu s < 0, noayuaeM, uro
OH TAKKe CXOLHTCS H PACXONUTCS [PH TEX e 3HAYCHHAX [apaMerpa s.
Uro ke KacaeTcn BTOPOIO HHTErpana NpaBoil uacTH paBenctsa (54.32),
TO OH CXOAUTCS PH BCEX 3HAYEHHSX §. ITO, HAMPHMED, CAELyeT B3 TOro,

X
4To Npu TIGoM s x5—lg—*= ofe Z)npu x— + oo, U H3 CXONUMOCTH HH-
+oo x

Terpana S ¢ 2dx. Takum cOpasoM, HHTerpan (54.31) cxonrTea a1s Beex

{
s > 0 u pacxogurca npu s < 0.

[lokasxem Tenepw, uro unterpan (54.31) paenomepHo cxonuTes #a
BCAKOM oTpeske [s;, sql, rae 0<7 s <7 8 < -boo. [elicTButeanHo,
NyCTh § < 8= 8y, TOorAa, ecan 0 < x < 1, T0

xi—1 e—* <x51—1 e——x'



644, Jilaepoant unrespast 237

aeccal x=1, o0
xs-—l e—* L xc.g—] e—x
H T3K KaK MHTErpaJbl
1 +om
Exsx"‘e"‘xdx " j xsi=le=xdy
0 ]
cxonaTtesn, To M3 gopmyasr (54.32) mo npusHaky BefiepiTpacca papno-
MePHOA CXORMMOCTH WHTEerpanoB (¢m. 0. 54.1) nosyyaem DaBHOMEPHYIO
cxonuMocTh nuTerpana I'(s) na otpeske [sy, sp]. OTciona B CHAY Teopemel 3
n. 54.2 cnenyer, uto dynkuus I'(s) HenpepriBHA BO Beeit 061aCTH CBOETO
omnpe/le/IeHH A,
Ynpamxnenne 2, Joxasars, yTo ¢pyukuun B(p, g} n T(s) Geckoneuto
Jubdepe RUHP YEMBL,
3apaua 23. Hoxraszarte, uto ¢yHruun B{p, ¢) u T (s) ananntuueckue.
OrmeTnm Hexoropre csoiicrsa purerpanos I'(s) u B (p, ¢). Tpexne
Bcero, H3 ¢opmyasl (54.31) HemocpencTBeHHO NOAYYaEM

T(H>0 (s>0), (54.33)

B HaCTHOCTH, TaMma-QyHKIHS He umeer uynefl. [anee, uuTerpupys
NG YacTAM, MOJYUHM

o oo E®
s+ 1)=§ e~ ¥dx=—xe=* ‘0 - s(‘} w—le—xdy=sl(s)
(54.34)
Taxum ofpazom, ecnn s >nin=1,2,..), 10
F{8)=(s—1)(s—2) ... (s—n)T (s—ni, {(54.35)

H nopr mobom s >0 Bcerma MOHO BHOPaATB 4YHCAO /1 Tak, 4To0HI
0<s—n<<l (n=0,1, 2, ...}, n Torna savesne I'{s) c noMoiIbLO
dopmyaer (54.35) GyleT BRpaXkaThCs uepe3 3HaueHHe TamMma-QyHKIHH
B HekoTopoil Touxe npomexyTtka (0, 1]. Mraue roeopa, 3nan 3nauenne
ravMa-pyHKUHH Ha mpoMmexyTke (0, 1], MOKHO HafiTH ee 3HayeHHe
B J060H Touke.

Jamerum ewe, yre [(1) = 1 u, caepopaTentHo, B CHIY QOPMYJH

(54.35)

I'n + 1) = nl,
Tem caMmbiM ramma-gyrxmaa I'{s 4- 1) asaseTca npopoakenuneM hyHK-
muu s!, onpeneneHHof ToAbKe AAs8 uensx s =0, 1, 2, ..., H& BCIO

noayocs § > ——1 BeUecTBCHHBIX YHCe.
M3 ceoiicte Geta-ynkuuu B (p, q) oTmerHm caenywoure.
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I, dan qcbeix p >0 8 g >0

B{p, 9)=B(q, p). (54.36)
Urofinl B 3TOM YOelnThCA, KOCTATOUHO B HRTerpane (54.30) cuenatk

3aMEHy [SPEMERNCro f = | — x,
2. Ong mobuix p >0 n g>1

Bip, )= B(p, g—1). (54.37)

q-—-—
prlg—1

Ananoruuito, B cuny cummerpus (M. (654.36)), ann modex ¢ >0 w

p>l

B{p, q)——p+q B{p—1, g} (64.38)
He#crpatensno, uHterpupya no wactad (54.30) u 3ameuas, urto
WP{l—xp—?2 =xr—1 (1 —xy—2—xr— (1 —x)'~71, noayunm
i
-1
Bip, ¢) = f{lﬁ_x)q—l g2 E U L+

0
1 1

4 4 p_l j P {1 —x)?=2 dy = q'p_] j’x”‘"l(l—"x)q—gdﬁf—
0

0

t
] le’—‘ (1—xp=tdx=2"LB(p, g—1)—L=2 By, q),
0 g ' P

omy,zla caenyer (54.37), a B cuuy cummeTpuu | (54. 38
3. Jlaa qmobrix p > 0

2.3, (A —
B(p, n)=B (1, p)= — oozt D

, n=1,2 ...
plp-+1)...ip4-n—1)

Dta QopmyIa MONYYaeTcs NOCACBATEALHHM NPHMEHEHHEM (opMYJIs
(54.37), eCaM TOABLKO 3aMETHTh, YTO

1
B(p, h= | xr—ldx= 1,
: I
Ecnn e u p==m—~ BarypaJbHOe 4uciIo, TO
{n— 1) {m— 1)

Blm, n)~ Y
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Mewxay dynknnamu B{p, q) u [ (s) cymectryer cBash, Kotopasn
yCTaHaBAUBAETCHA (GOpMyJI0H

I r
B{p, g)= f(f}Jr(q? p>0, ¢>0. (54.39)

HoxameM 3ty ¢opMyany, ciaelya Metody Diepa. CuenaeM B Gop-
vyne (54.31) sameny nepemennoro x=(l-+{)y, 1 >0:

reo T
L5 —1 gil 10
{14 8)* S yoe vdy
U TOJOXEM S=p-}¢q, p>0, ¢ >0, Torsa

+ 00

F'ip+q) 2

—_—Ee) Ha=lo=(L+0 ¥ oy,
(14 1y Fe 05 Y !

[TomuEoKKEM 0e YyacTi 3TOFO paBeHcTBa Ha f° o NPOMHTErPHPYEM

ne ¢ or U Ao + oo

r f 7
(p+Q) ?)J (L+ t).0+‘? -
-} 00 oo

5 t”“]df§ prta=1g= (140 ¥ fy, (54.40)
[

B unTerpade, CcrodlleM B Jeroll 4acTH 3TOro aBCHCTRBA, CAenaeM

X
3AMCHY MEPEMEHHOTO § = 5

i
oo 1
j _-flwdt—-jxn—l(l_ux)a-ldx—B( )y (54.41)
(L pte = - '
s BoluMClieHNS] NPABOIl 4acTH pABEHCTRA 3aMETHM, UTO
<+ co < oo
5 Py ‘1 yrra—1 g—U+0y dy=
0 0
+oo +co
—tim {7l [ oyedemte=UH0Y dy (54.42)
E=+0 g E

Jeficranreasno, obosHnauas
+oo
O, B = 5 yota=1 o= (140 > dy,

3
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H3 OUEHKH

0 D, 0)— D, §) < f yrta=1g=v gy,

2,0}

0
[o:0]

(1o, at < (o0, ot
Q

0
gaknvaeM, uro npH E—=-+0 dyeruus O (¢, ) crpemurca x D (7, 0)
o0

paBHOMepHO OTHOCHTEABHO I € (0, -}- 0c) H uTO HHTerpa StP—HD ({,E)di
1]

paBHOMEDIO CXOMTCH OTHOCHTeAnHO &, 100 CXONWTCR HHTerpal

(54.40). Cheponatenuno, B Jepsof wactn (54.42) wmomuo mnepeiitn
K Tpefeny Q[ 3H2KOM HHTerpaJa.

Hanee,
+4-00 +oo
j (=14t 3 pota=t g=(140 ¥ dy =
400 ’ 0o
= j' prta=—te=y dy S tr—le=tvdy, £>0, p21, g»1. (564.43)
i 1]

TlepecTanoBKa NOPAAKA MHTErPHPOBAHHS 37eChb BO3MOKHA B CHJY
+oo
TOTO, UTO, BO-NEPBHIX, HHTErpan (F—! j yra—lte—t+nydy
E

PasHOMEpHO CXOZHTcA mo ¢ Ha .ucboM orpeske [0, al, uTO ciepyer
H3 DABHOMEpPHOM OLEHKHE MOELIHTETPANbHON DYHKUHA

tp—1 yp+q-l e—U4+Hy g gp—~] yM—@-l ey, 0<tLa,
K%
¥ CXOAXMOCTH HHTCrpansa 5 yeta—le=y dy: BO-BTOPHIX, HHTErpan
400
ypia—1lg=s 5 (=1 o=ty dt
0

PABHOMEPHO CXoIuTeA no y ua mobom orpeske 1§, 0], £2> 0, ato cae-
JlyeT M3 PaBuOMEPHON OLEHKW NOALINTErpanbnoli hynaknvu

ple+ =1 g=y gp=1 g—1y boto=1fp—1 -8

H CXOZHMOCTH KHTeTpana
- co
tp=1e—H df,

Sy
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B-TpeTbux, HuTerpas, crosmpli B npasoil wacTh pasenctsa (54.43),
CYUIECTBYET: NeJlan SunMedy HepeMenHOre (Y == 4, UOAyUHM

+go +%0

}oypra-le-vady j. tr—le—t dt =

3

Q

+oo
=T (p) 5 yr—t e=v dy. (54.44)

Tagum 0fpason, nepecTaHOBKa TOpAAKA HHTETpHPOBadus B (54.43)
caeryeT n3 TeopeMb 5 1. 54.2 {oTMeTiM, YTO 3/leCh’ NOALIHTETpaibHAsA
HYHKUHS He OTpHUZTENBHA).

Hakonen,

oo
lim | y=1e=vdy=T (g). (54.45)
Ea +D £

Mz gopmya (54.40) — (54.45) noayuaem dopmyay (54.39) nas p = 1,

q > 1.
Ecan tenepr p > 0 n g > 0, To no gokasannoMmy

r I [
Bip+1, g =B O,

[Tpumensan dopuysie: (54.34), (54.37) » (54.38), mur noayunm dopmy-
ay (84.39) B npeanoamkernn p >0, g > .

54.5. 3ameuanus o KpatTHLIX BHTETpaaaX,
3aBHCRINHX OT mapameTpa

Mpl paccMOTpesin BLILIC «OJHOMCPHEIE® HHTCTDAMb!, 3aBHCH-
LIKe OT napamMerpa, T. €. C.Hy‘-]ﬂﬁ, KOrjaa i mepeMeHHaa HHTCIPHPOBaHHA
H napaMeTp ABJAAHCE YHCAOBLIMA NePEeMEHHBIMH. Jra TeopHus fe3 ocobo-
ro pyla ofofmaerca # Ha KpaTHLIEe HHTETPAAR, 3aRHCALLHE OT «MHOI'O-
MEPHOrO» lapaMeTpa, T. €. Ha HHTerpaJsel BHAa

F(y)= f fx, ¥)dG. (54.46)

3zecs ¢pyHruEs f(x, ¥) onpenenesa Ha OTKPHITOM MBOMecTBe G E”
H ugrerpupyema 1o Pemany Ha MoGom kyOupyesom suomecrse T,
TakoM, uto ['CG, a napamerp ¥ mpoferaeT HEKOTOPOE MHOMECTBO Y,
KOTGPOE MOMET GHIThL, BANPHMEP, NOAMHOMNKECTEOM Mi-MEPHOTO OpQcT-
pancrea E”, a nuterpan (54.46) nonumaetcs, Boodnie [OBOPH, B He-
COOCTBEHHOM CMBIC/IE,
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Murerpan (54.46) nasbiBaeTcst ox o0Auumen, €CIN NPH KAXKAOM (UK~
CHPOBAHHOM Y¢& Y HHTerpan

{1, yoyda

cxoauTea. B cayuae n = 2, 310, KaK H3ecTHO (cM. 1. 48.3), sKBuBa-
JIEHTHO YCAOBHIG, YTO CXOAHTCA HHTErpan

{ 1x, yo) do.

Cxonaumemyca nuterpanty (84.46) (i soGol MocaenoBATENEHOCTH KyGH-
pyemplx muowecers (,, £ =1, 2, ..., MOHOTOHHO HCUCPNLBAOULCH
MHOXKeCTBO {5} eCTeCTBeHHEIM 0Opa3oM COMOCTABAAETCA pHA, CYMMOH
KOTOPOrg OH SBJSIETCs:

{ . y)de =
= j fe y) d01+k§ j'f(x, ¥) 4 (Grr1\Gy) (54.47)

TlonoGHO OHOMEPHOMY CJYYAI0 ONPEASIACTCA H DABHOMEDPHO CXOAH-
nuaficss MpTerpai: cxoinmiHics uHTerpan (54.46) HAZHBAETC pasHo-
MepRO CXO0AWUACA, eI, Kakoaa 6 BH OblIa MOHOTGHHO HCUYEPIbRAE-
01AA OTKPRITOE MHOMKECTBO (§ NOC/EA0BATAILHOCTE KyGHPYEMLIX MHO-
weers Gy, k= 1, 2, ..., 1 KaKOBO Obl Hi OBUIO YHECAO & > 0, CYLIECTBYET
HOME] ke, 3ABUCALMUNA 0T BANHOM MOCJASLOBATEILHOCTH B YHCA2 &, TakoH,
UTO A8 KA#A0I0 HOMepd B 2> ke ¥ BeeX ¥ €V cnpaBeiuBe HEpaBescT-
BO

&

1 palony| <

Ecau unterpan (04.46) paBHOMEPHO CXONMTCA Ha MHOMecTBe G
oTHOCHTENLHO Tapametpa Y&V, To pan (54.47) Takxe PAaEHOMEpIO
cxoanTcs Ha G.

Jlas KpaTHWX HMHTErpatoB, 3aBHCAUIHX OT [apaMerpa, QCTawTcA
B cuje TeopeMbl of HX HelpepplBHOCTH, AHdxbepeHUHPYEMOCTH W HH-
TErPHPYEMOCTH, 4HANOTHUHLIC [JOKa3aHNBIM Bblue. B aToMm Jerko yGe-
JBMTLCH, B MBI He OyZeM Ha 3TOM NoApo0HO OCTaHABJAHBATLCA.

Berpewalorca HHTerpadni, saBecsLlue OTF napameTpa H GoJiee cao:H-
HOMO BHAA, Y KOTOPHIX HE€ TOJIBKO MOIBIHTErpaibHasd QYHKUAA [, HO
H MHOWECTBO (J, 1O KOTOPOMY IMPOHCXOAHT HHTETPHPOBAHUE, 3aBHCHT
oT napamerpa (G = G{y):

F ()= | F(x, 1)dG (p). (54.48)
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anMﬁpOM TAKOI'G Hiterpalla B QABOMEPEOM CAYyH4AE HBJAACTCH HH-
Terpai
b

Fiyy= | &, a<y<o.

L
g lx—ypl*

3neck G(y) cocTOUT B3 IBYX (KpoMe ¢chyyast ¥y = a B y == b) HHTeP-
BaJ0B (@, V) 1 (¥, b), MEHAIOLIKMXCA ¢ H3MEHEHHEM NapaMeTpa y.

Paccmorpum anaioruqunii npiumep B n-mMeprosm npocrpaucrse. [lyers
G - OTKpBITOe MHOXKecTBO B E7, ¢yukuns p = p(x) nenpepoisua s G,
e =pX, ), x€G, yCE" n a— HexoTopoe uncno, Murerpan

u(yy= f ”—(’%ﬁ (54.49)

[A3LBAETCH UHINEZPAAOM MuNQ NOMEHHUAAQ H ABIASTCA HATETPaNOM
tina (54,48}, TaK KaK B HEM MHOMECTBOM, MO KOTOPOMY NPOH3BOAHICA
HHTeTPHPORAHKE, ABASEICH MuOKecTBO GN\{y}. saBucsuee ot y (8 dop-
mye (54.49) Mbl cGo3HauaN, KAK 9TG OOBIMHO NHIIETCA, MBOMKECTBO, NO
KOTCPOMY NPON3BORHTCH HHTEPUPOBAHHE, HpocTe yepes G). Ecana = |
un =3, To pyuruua (54.49) HA3BIBAETCA HOIOMOAOSOIM ROMEHYUQAOM.

3apaua 24. Hokasare, 10 eciig G — KyGHPyeMOe MEOKECTEO H €CIH QYAKLHS

po== pi{x) weopepuibna na G, 1o wuterpaa (54.49) upu @ < 4 nHempepsBeH na
BCeM NPOCTPaucTse.
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§ 55, KJIACCHYECKHE PALbl $YPbE

55.1. Onpeneacune paana Pypse.
Onncanne 0CHOBHBIX 3a4ad

Onpedenenune 1. Pad suda

e o]
trp .
7+ X a,cosnx+b, sinnx (55.1)
= |
HA3BIBACTICA MPULOHOMEMPUHECKUM PROOM.

YacTHulibie CYMMBl TPHUI'OHOMETPHUYECKOIO PAla ABIAITCA JuHed-
HBEIMH KOMOKHALHAMH (YHKUMI HI CHCTEMD

1, cosx, sinx, cos2x, sin2x, ..., cosnx, sinnx, .. (55.2)

Onpedeaenue 2. Cuctnema ynsyuii (55.2) Haswsaemes mpucono-
MempunecKoil cucmenorl.

Jemma. Tpueonomempuneckan cucmenma (55.2) umeem caedyrouiue
ceoiicmaa:

1) unmeepaa no ompesky 1—a, n) om npoussederus dayx pasatinsix
rary il 2ot cucmemnt paseH Hyao (Mo Coolcmso Rasaeaemea ceoticm-
goat opimoeoHaavrocnie *) cucmesor (55.2)), m. e.

jcosnxcos medy =0, ns=m,

—_Tt
k3

5 sinnxsinmx dx =0, nsFm, ! (55.3)

b3
j‘ cosnx sinmxdyx =0,
—

m, n=0, 1, 2, ..;

*) ITporcxoaienue TepMUHa «OPTOTOHATLHOCTEY OYAET PasbsACHEHO B I, 58.3.
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T T
v

2) j’cosz nxdx = J sinfaxde=m, n=1 2, ... (55.4)

—T -0

HokasaTeancrro. Hanpiuvep, nveem

fsin nxsinmx dx = —;— j‘[cos(n-—rn) x—cos{n-+m)xjdx =

2n—m) |,  2in+m

AHanoruyHo JOKAsLIBAIOTCA M JBa ApYrux paneucrtsa (55.3),
Hokaxem 1enepe (55.4)

T

j‘cos2 nxdx =

sin{n—m) x| sin(ﬂ-f-m)x(" -0

(I fcosnx)dx = m,

m]-—-
Fl“-_._--l;‘

p— —_

j.sinﬂ nyg dx = —;— y(l—cos 2nx)dx = 1.

—T ~—T

JlemMma moKaaaua,
Teopema 1. Ilycmo

™

Q0
flx) = %-Jr- E a,cosnx - b sinnx (55.5)
n=1
g pad, cmosund € npasod qacmi MO0 PAGEHCINGR, CXOOUMCH
PAGHOMEPHO HQ ompesxe [— n, T, mozda

=1 j"f x)dx,
an_ﬁ_—lt- f(\f)cosnxdx b= — j‘f(x)smnxdx n=1,2,... {55.6)

o

-—n

JdorkazarteascTso. HOCKOJIbe paj, cTosuAd B npapoit

YacTH papeHCTBa (B5.B), cXoauwTcs parHOMEpHO Ha OTpezKe [—m, &,

8 ero WieEh ABASIOTCH HENPEPLHIBHBIMU (YHKUHAMH Ha 5TOM OTPE3Ke,

TO U CyMMa psiiia f(x) HenpepLiBHa Ha oTpeake [—mn, 1], 2 cam psal MOXK-
HO OOU/JEeHRO HHTerpHpoBaTh {cM. . 36.3) 6T —n no m:

ff(x)dx— f(%il% iancosnx-l- b, sinnx )dx =

=i
It

o S0
__25

-

Jja

m
a, fcos nxdx+b, j‘ sin ny dx = na.

2
il

—
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Orciopa cnenyer nepsas us dopmya (55.6),

Ecam psa  (55.5) nowleHHO NOMHOXHTb Ha C€OS AX M Sin Ax
{(n==1,2, ..), Tc nonyueuun¢ pAiu 6YAyT CHOBA PABHOMEPHO CXO-
JIUTRCS HA OTpe3ke [—m, ] (310 Jlerko npoBepuTh, HAlpHMEp, ¢ Mo-
motipio kputepun Komu pasHoMepHOH CXOLUMOCTH PAKOB, oM. n, 36.2,
3uMETHRB, UTO [sin 71x] < 1 1 |cos nx| < 1) Hurerpupya nodjemio no-
Ayuenube TaK PAAB M HCTIONB3Yf CBOHACTBO OPTOroHaNBHOCTH (5D.3)
TpRTOHCMETDHYECKOH cHCTeMBl H paBercTBa (53.4), Gynem HMETb

T m
Sf(x) COS X AX == j a,cos? nx dx = qa,,

-—T T

jf(x) sinnxdx = E b, sin® nx dx = nb,,.

Dopmyasl (55.6), a CrenoBATEABHO, H TEOPeMa JOKa3auml.,

Tenepb 3ameTHM, YTO BHTErpann (55.6) KMCIOT CMBICA HE TOABKG AAR
dvUKURA EenpephBHBIX Ha oTpeske [—m, m), a TakxKe, Hanpumep, H
A28 (yHKUMI, aGCOMIOTHO MHTErPHPYeMBIX Ha 3ToM oTpeske. Hamom-
IilM, YTO MOHMATRE afCOAITHO CXOAALLECIOCA BHTErpasa (Kak H mpocTo
CXORAUIETOCA HHTErpania) Obii0 BBEACHO TOJBKO AJA TAKHX (GYHKUHI,
ONpeneeHHBIX Ha HEKOTOpPOM uHTeppate (g, b), —oo L a < b < -} oo,
JJI KOTOPLIX CYILECTBYET KOHeYHOe YHCIO ToueK x4, [ =0, 1, 2, k.
ay = xy < Xy < ... < x; < ... < ¥, =05, TaKHX, uUTO beHK-

nua f nziTerppreMa no Pmrauy Ha Jnoﬁowr orpeske [§;, nf] e

X<l B <INe<Tx;. TIpH 3THX OpesnoNoXeHHAR, eCln Hmerpaﬂgff(x;ldx

"
b

CXOJAWTCA, TO BCELA2 HMEET CMBICA H CXOOMTCS  HHTErpan Sf(x}dx

Q

(cm. . 33.4 u 34.4). Touku x;,§ == 0, 1, ..., &, OyZLeM HA3LIBATL OCOGLIMH.

Ecau uuterpan or ¢yHkuMH [ a06COMOTHO CXCIMTICA HA OTpeske
[—=n, @], TO aas nee Bee uuTerpadnl (b5.6) Takxe CxoaaTCs.

JleficTBUTEILHO, OYCTE /19 ONpejeNeHHoCTH (DYHKLNSA f HMeeT enuH-
CTBEHHYI0 OCOGYIO TOUKY X == fi W, CJeJOBATeNLHO, HHTErpHpyeMa 1a
notoM oTpeske [—m, n — 6], & > 0, Toraa n dyuxunn f(x)cos nx nu
f{x)sin nx, Kax npouaeejenue upTerpupyemiax gyHRuud (cm. m. 28.1),
TaKyKe HHTeTpUpYeMbl Ha orpeske |—n, m — §]. Hdanee, n3 oyeBHAHMX
Hepalz.eﬂcTB+ [f(x)cos nx] < |f(x)] n [i{x)sinnx | < [f(x)] w cxXominocT

T

unterpaia S[f{x)] dx cnepyer a0CoMOTHEY CXOAUMOCTL BCEX MLiTerpaJiol
®

(55.6).

Onpedeacnue 3. [Tycmo ynryun [ abcoaromno unmeepupyena Ha
ompesne |—n, n]. Tpueononempuseckuit pad (55.1), roshuyuermol
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Komopozo sadawomes gopuyaamu (55.6), Hadwsaemea padon Pypee®),
nau Kagccuueckum padom Dypse, a wucaa a, o b, — Kosuyuernma-
Mu Dypee yarcyuu f.

B srom cayuae nayr

a0
Flx)~ —%"qu Zancosnx—l— b, sinnx.

=}
YacTHyHBE CYMME! TOpSAKa » 5TOTO palia 6)’)18!\‘[ 0003HauaTh S,l (.?C, f)

Yaopamuenunel, l'lycn, yukUEa f a6CONOTHO HHTErpUPYEMa HA OTPE3KeE

[—® o] vfix)~ S‘ a, cos nx + b, sinax. Torpa, ccaw yuxuua f yer-
Hﬂﬁ,l 'n% bp=0, n= 1, 21, ceer €CAH e f—monern: a Q)ylmmlﬂ, T0 @, =10,
=1, & ...,

B § 58 mpt ofoGiuriM IoHsTHE KAaccayeckora psyiz Pyphe, a HMEHHO
onpejaesiiM 1 H3yuuM psfel Pypbe N0 NPoU3BoAbHOH OpTOroHANLHON
cicrene dynkuui. B nacrosiiem ke maparpage Oyiem v3yuate JHilb
knaccHueckie paaul @ypee afCoNIOTHO HHTETPRPYEMEX PYHRUME {cM.
Takxke 11, H8.5).

[Ipexne peero GyneT pacCMaTPHBATLCA BONPQC OO YCJIOBHAX, KOTO-
pHIe TaPaHTHPYIOT cXoduMocTk paja @ypre. B cayuae e cXORHMOCTH
pAna ®ypbe OYIET BHACHATECH, UEMY PaBHA TO CYMMA, B YacTHOCTH,
NpH KaRHX YCIOBHAX OHA COBRajaeT ¢ (pyHkuued, pas Oypre Kotopoil
paccMaTpuBaercs. ByleT u3yyaThcAa «CKOPOCTB® CXOLHMOCTH PAAOB
®ypee 1 YCJAOBHH, OT KOTOPHX OHa 3aBuCHT. Dyler nokasado, uTo H
B TOM CJIyuae, Korjaa psi @ypbe HempepHBHOH QYHKUHK PACXOZUTCS,
B HEKOTOPHIX TOUKAX (IpHMEpH TAKUX PALOB CYHIECTBYIOT) [0 HeMy
MOMHO BOCCTAHOBWTH camy dyrxkumo. Hakonmen, Gyaer BuAano, uTo
¢ onpeAeachnofl TOYKH 3pelnn ITORATHE CXOAHMOCTH Psigor Dypue ecTe-
CTBEHHO PACCMATPHBATE HE TOMBKO B OOLIYHOM CMBICAZ (B CMBIC/IE CXOAH-
MOCTH ITOCNEJ0BATENLHOCTH YACTHUHLX CYMM B TOUKE H PaBHOMEPHOH
CXOIUMOCTH), [0 H B COBEPLUEHHO JIPYTOM CMBICIE, B CMEICIE CDEJHErO
Keaapatuunoro (cm. n. 55.7, 55.8 u 58.5).

55.2. Crpemuente koafigunientos $Pypbe K HYN0O

Hoxkaxkem samedarenbuuil GakT CTpemIsHHs K HYJO KO3g-
dugpentos Pypre s a0COMOTHO HETETPHPYEMBIX GYHKUHA; JOKameM
Jaxe HeCKOIbKO Oodiee afliee yreepacieniie, nojesHoe HaM LIS aalb-
HEeRLUero.

Teopena 2, Ecau ynxyus [ afroatomno unmezpupyena Ha rpo-
Hepcymue (a, b), KOHEHHOM iLaY 5€CK()H€!£H(JM, mo

lim Sf(x)cosvxdxﬁ lim Ef sinvy dx =0.

V- OO 4 M- 00 4

*) K. Dypoe (1768--1830) — ¢ppatnyscxuli (H3HK b MATCMATHK,
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Cnepncrsue, Kosdhuyuenme $ypoe (55.6) abooaonine unmespu-
PYEMOTE DURKLLUL CINPEMANICA K HY ik RPu A ~> o0,

Cravana NMOKaXKeM, UTO YTBEPAKJEHHE TeOopeMbl BLIOJHAETCA AJR
GoNleg POCTOTO KAAcca iyHKLUKEHA, 4 UMENHO LIS T4K HA3BIBACMBLIX CTY-
neguatrsix Qynkupil; OTOM Dpede)bHbBIM IEPEX0I0M HOKAXKeM Clpapei-
JIUBOCTE TeopeMul B8 ollem ciyuyae.

Onpedeaenne 4. Pynkyun f, onpedesennan Ha aced ocu, HA3bI-
gaemes cmynendamod, ecau cyecmsyem omipesok [a, bl u ezo

pasbuenue © = (x;} l_’f MaKoe, 4me ryaxyun [ NOCinOARAG  HO KAX-
i mxos [xi—1, %), = ce s Ry

JoM u3 NPOMEN 0 ,ox), i=12 ..,k u pasna nymo

ene npomexcymxa |a, by

fy=¢; xi1 < x<lx, i=1, 2,..., k, (c;—nocmonunas),
fx)=0ripu x<Ta u x> 0.

Ecnu k = 1, 1. e. pasCrenne T COCTOHT H3 OANOTO OTPe3Ka, TO CTY-
meHuatad HYHKIHA HasmBaeTcAd OfHocTynenvarol. Kamaan crynen-
gyatad GYHKLHA ABJAACTCA JHEEHHOH KomGHpauMeld OAHOCTYISHYATRIX
dhyuKuMi, l‘lp}h‘-IHMaIOLﬂHX s3HaueHHA ToALKO O 1 1. JefcTBuTe 16RO, €CIH
[10JI0KHTH

f;(x)=[

1, ecnn xiy < x<x;,

i=1,2,.., &
(0 aas QCTasNBHHIX X, PErTr

flo)y=c¢ [i(x)Fafoa() oo cpf, (X)-

Crynenuatas ¢yHKUMA [ HHTErpnpyeMa ua pcell OCH H

] b [t #
frwde={fwdr=3 | rmdc=3 cax,
~=C0 i i=| X i=]
Ax, = x,—x,_ ., i=1 2., &

fe1’

Jdemra. g vobod ynkyun [, aGCosOMmAG LHMESPUPYEMON HA tH-
mepsase (@, £), KOHEeUHOM uAl OECKOHEHMOM, CYULECTByem nocaedosa-
IMEABHOCITIL IRAKUX CItyreriampix PyHKyutl ¢,, 4mo

b
lim { IF()—, (1)]dx =0, (55.7)

Hokasartenectro. [lyeth dynaruus f aSconoTHo HETErpH-
PyeMa Ha TPOMEXKYTKE ¢ KOHUAMK 0 W O 4 TyCThb JIMA ONPeIsieRHOCTH OHA
HETErpupyeMa Ha J000M OTpesxe

[E, nls —00-.{:(’1<§<'r]<b,_€ + o0
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Torna, cornacuo onpeaenennio sieco6eTBEHHOTO HATErpana, &is AOGONO
¢MKCHpOBAHHOTO yucad & > 0 cywWlecTBYIOT Takie 4ucaa £ W n, uro

3 b
Jireatdae fifa< . (55.8)
ks

a

dyukiung § puterpupyema no Pumany na orpeske [§, 1), 4, caeno-
BaTe/bLHO, ecyH 00031IAYHTE Uepes s, HUMKHIO cymMmy [Japly dyrkuuy f,
COOTBEICTBYIONLYIO pasfuenno T olpeska L&, 1|, To

lim s, = jf(x) dx.

b0
[TosToMy cyulecTByeT pasficHiie T, = {X, }"‘f oTpesxa (&, m), Taxoe,
4TO
1
0< fFegax—s, < L,

rie

%
Sxp == E’"1Ax31 m, = inl [(x), Ax;=x,—xi—1, =1, 2 e, k.

= X | G H

oo um

my, ek X <8< X, i=1, 2, &,
?{x)= 0, ecan x<ZE wan x> 1,

¢ (x)-—crynenyaran GyHKUEA U

é'cp{x)dx_ 2 m; Ax, = 8s,

i=l

CitejoBatebHo,

] 7
0<§f(x) dr—{oyde <2, (55.9)
£

npn sToM HOCKOMBKY @(x) < f(x), E < x<(n, TO

[ ()= ()] =] (&)= {x)
Uz mepanescts (55.8) n (55.9) umeem:

b & 9 b
[l —vwlde= {1 et [ U - det [1F ()] dre.
a e 3 !
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1
Mosaaras, Hamnpusep, & == y n ofo3Hauan COOTBETCTBYIOLLHE

cvynenyathie GyHKUHH @ 4Yepe3 ¢, n =1, 2, ..., noayuum nocie-
ACRATENLHOCTL CTYNECHUATHX (DYHKUMH @p, ANA KOTOPOH BHMONNSETCS
ycnoBue (85.7).

Jlemma nokasawa.
AokKasaaTelsCcTBO TeopeM b 113 BesKOR oanocTyned-

uaTolt yuxunk @(x), pasuoit 1 va noaywarepeane [§, v) U HyJic BHe
ero, OUYEBLAHC, HMEEM

f

Hin J (X} sinvrdy =Iim K‘sin vy dy =
Ve 00y v-.oog’
= |im s vE—Cos v __ 0

Vv~ 00

Tax kax no6as cryneHuaTas QyHKINA ABIALTCS JuueliHol KoMOuHa-
uHell oARCCTYNCHUATHIX (YHKUME YKASAHHOIC BHIE, TO yTBEpMKIeHHe
TeopeMel BEpHO H AAA Juofofl cTynenuatoit dyHKuMu,

Ecnu tenepe dyHkuua f asaserca afcalioTHO RUTeTPUDYEMOR ha
NPOMEMKYTKE C KOHUAMU @ H b, — coC a < b < -}-o0, TO An0 d0doro
yheaa & > ), COMVIAcHo JIeMMe, CYULeCTBYCT CTYIeHYaTds QiyRKUMs ¢,

TaKasda, 4TO
b

JiFo~ear< g

t

C npyrofl CTOPOHLI, CYWECTRYET TaKOR Ve, MTO NDH ¥ 3> Ve
4 |
. &
jrp(x)smvxdx'<§—;
a2

TOrAa UPH v 2 v, UMeeM TaKxKe

& [
.S [ {x)sin vx dg éjlf(x)_¢(x)fdx+

1

b
jqn(x)sin vidx|<e,

YTO M O3HAYAET, YTO

b
lim jl fx)sinvxdx=0.
V00 g

Ananornuno AORA3pIBACTCS, UTO

b
lirmt S [(x)cosvx dx=0.

Vo 00

Teopema Rorasaua.



55.2. Crpemaenue koxpfrinuenros Pypse & HyA0 251

3ameuaunue. daa woboid nenpeposrold na ompeske 1a, b pynx-
utit Fopecmeyem nocac0psumensHocme MAarky eiynendainoty pyrciui
(i, WO

lim f!f ()9, ()P de=0
ooy
3T0 nerxo JOKA3bIBACTCA MeTOAOM, I[MOXO0XKHM Ha TOT, KOTOPLIM
==k
Grna aokazaHa semMa. JleficTeyrensHo, BycTs T == (X, }‘ {-— HEKOTO-

=i
poe pasfuende otpeska {q, b], m;= il f(x),
K| RPN,

1y, €CAH Xi {.x’<xi, i=1 2,.., &
0, ecan x<"a win x = b,

@r (%) = {

u @(8; f)-—-monyae nenpepniBHOCTH GyHKuuu f. OuennjHo,

0 <) —o,(x) <o(dg ),

NGSTOMY

[d

S IHO =0 (0 pdx < 0 (8 P(6—0a)
H, CJIel0DBaTRILHO,

Jim j|f(x)—-q>1 ()P dx =0

1.'”

310 yTeepskieHKe ferko ofofiliaeTes Ha cayuail, xorga pyakuns f
HENPEPHBHA Ha KOHEUHOM Wi GeckoHeynoM nrTepeae (a, b) v HUTerpu-
pyeMa Ha RCM B KBajpaTe B HeCOGCTBEHHOM CMbICIIE.

Onpedenenue 5. Hycme dynkyuu f u f, onpedesenor na Hexo-
MODOM RPOMEHCYMEKS, KOHEHHOM LAl OecKOHeHOM, ¢ KoHyanu a u b, Ecau

Imjwm~fumm 0,

“’CDa

mo  eosopumcs, 4mo nocaedosameasrocme gynkyul {f.} cxodumea
CMBICAE CPEORE20 KBAOPUMUYHOZ0 HO YKA3AHHOM ILDOMENCYMIKE K (DYHK-
yuu f.

Teneps yreepxiaenne, chOpPMyNHPOBAHHOE B 3AMEYAHUH, MOMHO
nepedpaskposaTh CAELYIOLIHM 06pasoM.

Bearan uenpepbisRad Ha ompeske ynkyus Acasemes npedeaom o
cMolene  cpedneso  KBaOPaAMU4NO20 NOCACO0BAIMEALHOCIILL  CIYNERHANIBLY

dynxyud.
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¥Ynpaxnenne 2 [lokazarh, 9T0 eI NOCIENOBATENEHOCTE HHTErpPH-
pPyeMblX Ha oTpedke GyHKUHA PABHOMEP HO CXOLHTCH K HEKOTOPOH (YHKUHH, TO 3Ta
NIOCNEAOBATECARHOCTE CXOAHMTCA K TOH xe (QYUKIHN Ha YKA3ZHAOM OTpe3Ke H
B CMBLICJE CpeIHero KBajpaTHYHOT),

55.3. Hurerpaa Aupuxne. TIpHHUKO MOKANNIALMH

Haiinem ynoGHoe Ana HCCAEOBaHHI BRIpA:KEHHE UaCTHUNGH
cymmbl Sp,{x; f) pana ©ypoe, DyHRNHHA f, HAZBBAEMOH TaKzAe NPOCTO cyM-
Mol Dypee n-20 nopadka, n = 0, 1, 2, ..., amoi ynxyun. Toactapiana
B S.(x; [) Bripaxkenus aas wosdpduuuenToB Pypee (55.6), noayuaem

S, (x; )= %’+ 2 a, €os kx |- by sin ky =

fg==1
T

———-L]—_ Sf(t)dt+2—1]t— Jf(t)(cosk!coskx+sinfe!sinkx)di:

k=1 —
=_flT j’f(f) [~é—+zcosk(t—nx)] dt, (55.10)
-— =1

3ameyas, uTO

"
i 3
T+ZCOSkﬁ =

k=1

sin (22 4-1)

o
23:1’]?

iMeeM ua (55,10)

sm (2n+1)

i—x

dt. (5.11)

Sutr = {f f

sin

Hac nnTepecyer, B uacTHOCTH, npeeN YacTHYHBIK cymum S, (x; [} pana
@ypre. 3amMeTuM, 4TO HENOCPEACTBEHHO NePeATH K NPeAeNy IIPH 1 —> 00
B pasencrBe (55.11), T. e, nepeliTH K nIpefeny NOA SHAKOM HHTErpaJa
B YKa3aHHOM DaBeHCTBE, Heb3fA.

HuTterpan, crosuuuii B npaBeil €acTy 9TOrO PaBelCIBA, HA3hIBALTCA
unmepason Lupuxae, a GyHruug
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n it
sin (2n-} 1y 5-
D (y=1-12 2 cos ki = ‘—““—“IF“"’?' (55.12)
=1 sin g~

— adporm Hupuxae, (Tlocnefnee paBeHCTBO CHPaBERNMBO IpH & 5=0).
M3 cpenneli gacru dopmyn (55 12) mmeem D,(0) = 2r 4 1. Sapo
Jlupuxae uenpepriBio Ha Bcell BellecTBeHHOl ocu.

Mpogonxum Gyurusio { ¢ noayHATepBana [—n, n) nepuoaxuecky
Ha BCIO BEIEeCTBEEHYIO OChb. S¥TO, NPap]a, MOMET MPUBECTd (B Ciyuze,
KO[RA onpejeneHa B Toyke n H f(—a) == f{n)) K usmenenuio syaye-
HHsl YHKHHH B OAHOH TOURe X == J, OAHAKO, MOCKOJbKY KO3(puuU-
enThl Pyphe QyHKIHH OMPENSTAIOTCA ¢ NOMOLIBIC HHTerpatos (55.6),
TO 5TO He NPHBENET K HX H3MEHEHHIO, H, CNEAOBATENBHO, pAlnl Pypre
ZAHHGH H TPOROMKeHHOH BYHKUIMH coBnafaoT. OTMeruM, Y10 npH Ta-
KOM [epHOUYeCKOM NPOJO/MEHUH HEeNPEepHBHOCTL (GVHKUEH [, eCaH
oHa GRNa HelpephiBHA, BooOlle TOBOpA, Hapymaetcs. [Ipoaomkennan
(dyHEIHA ByIeT HellpepLBHOH, €ciaH JanHaa GYHKUHS [ HenpephiBHa
Ha orpe3ke {—m, ai] H f{(—n) = f(xn). Hapo Oupuxne D, (1) sasnsercs
nepuofnueckolt pyexuueli or f ¢ nepuoiom 2m, uyro Buauc H3 dop-
MyJast (55.12).

Cnesaem 8 unrerpasie Hupuxae (55.11) sameny nepemennoro
U [ — X

8,06 =g j W —x)[ () dt =

M—x

-_~2i J' Dn(zz)f(x-i—u}du::rz-]; an(u)f(’f"l"”)dw (55.13)

i
—Tl—X

Hs dopumyan (55.12) nemocpencTeenHo BUAHO, UTO
D, (—u)=D,(u), {65.14)

T. e, aapo Jupuxie — ueTHad QyHRIHA.

Pasofbem uurerpaa (55.13) Ha ABa HHTerpana, Kax 370 MOKA32HO
Hil}Ke, clefaeM B NEePBOM HHTErpaje 3aMeHy IMePeMeHHOTO # = —f W
BOCIO/IBAYEMC YETHOCTRIO ARpa [lupuxae, torpa OyleM HMETb

Salts ) == an(u>f<x+u)du=

2L SU (W) (x+u)du+ 5 fﬂ,l(u ) etuwyd
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“Q_‘T[jD,,(t)f(x+t) dt+ﬁ50n(u) F et t) i =
v 8

™

e YD,, (o LoDt le—h gy (55.15)

G

Mp momywnan ynoOHOe BHIpaKeHMe AR UACTHIHBIX CYMM psja
Oypre. M3 dopmyasl (55.12) nonyuaew eme

—lﬂ—S‘Dn(t} df = 1. (55.16)
0

Sagukcupyem veneps avcno §, 0<6 < n, u pasoloem uurerpan
(55.15) na apa:

1] T
S, (53 f)=—';—j %J (55.17)
4]

Bropol uuterpaa

-—l—jf x+t)+”x sin(2n+l)—f—~dt
n 2
3

?:sln

B ciyuae, KOrjd [ — alconiOTHO HhTerpupyemasn Ha otpezke [—s, m)
dYEKUAA, CORJTACHO Teopeme 2 M. D5.2, CTPeMHTICH K HYJIO MPH A—> oo

o 1
(}IeHCTBHTeﬂ =00, (‘byHK[lHﬂ ‘“—'t OorpadiycHa H HENpepPbIBHA Ha OTpe3Ke
sin 3
2

[8, ], nosTOMY (PyHKUNHA
Flkh-+T(x—18

9 i 4
sm—2~

afCOMOTHO HHTETPHpYEMa Ha oTpeske 16, n)).

Takum oOpa3zoM, NOKaszdHa CaASAyHONiAn Teopema,

Teopema 3 (npunuyun soxaruizauuu). Cywecmeosanue u ge-
auduna npedean cymm Dypee S, (%1 f) npu n —> oo sasUCLm MOAGKO OM
CYLLECMBOBANLUA 1L BEAURUHBL NPECeAl Nepened UHMEZPaia & Gopmyie
(55.17), m. e. uumezpaaa

%
1 Fk i (x—1)
n jDﬂ(” 2 a,
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8 NOCBIHMEZ PAALHOE HLIPANCERUE KOMOPO2D BXO0AM AUIUGL SHAMCHUS (DYHK -
yuu f na ompesse {x — 6, x 4 8.

M3 npunumuna noxannsalyn caeayeT, u4To ecid IS QYHKUHN B he-
KOTOPOH OXPecTHOCTH (KAKOH bl «Manoily oiia HH Obula) TOUKH ¥, COB-
AafaloT, Ta ZAA HHX ORHOBPEMEHHO B TOUKE X, CYLIECTBYIOT HAM HET Npe-
JeJibl 4aCTHYEBIX cyMM piga ©ypee npu 1 —> oo, DpHYEM eciH TH npe-
A€/t CYILeCTBYIOT, TO OHH PaBHBL. DTQ TeM (oJiee HHTEPecHO, UTO Psilot
Dypre Takux ¢yHxuui, Booliie FoBops, pa3nynbl, #6o B GOpMYIL
s kosdunuentcs Pypre BX0oanT 3HayeHns PyHKUHMU O BCEMY OT-
pesky [—m, ).

55.4. CxoaumocTh panes ®ypee LA KYCOUHD
AndiepennpyeMuix GyHKILHI

Tlyern yHgnus f KycounHo HenpepoiBHA Ha oTpeake [a, b
=i

(em. onpenenenwe ! B n. 28.3) n nyere pasbuenne v={x}.Z
orpeaka [a, O] TakoBo, uTo GYNKUHS [ HenpepusHa Ha KamaAoM
gureppane (x,—i, x;), i=1, 2,..., &, u cyllecrByKT KOHeUHBlE Tpe-
nennl fix;—~0), f{x;--0), i=1, 2,.., k=1, Flxo--0) u f(x,—O),
(xg=a, x,=20). ’

Yepes Fe {x) (COOTBeTCTBeHHo yepea f_(x)), KaK ¥ paHblue
(em. m. 9.1}, ofosHauuM TNPOUSBOAHYIO CNpaBa (COOTBETCTBEHHO Cie-
Ba) ynKnHK [f(x) B TOuKe x.

Onpedeaenue 6. Ecau kycourno nenpepoienas pyuryus | oud-
grepenyupyena Ho KQ¥OOM BHIUEYKAZOHKOM UAINepsare (xi._1, X,;),
i=1, 2,..., R, ucywecmeymom Koreunsie npoudsodueie i (x), | (x;),

i=1, 2, .., k—1, feix) o f (xz), mo ynkyua [ Haswieaemes
kycouno Buidpepennupyemoli Ha ompeske [a, b]. TIpu stoM B TOU-

. T Flag -+ Axy) — fix; + 0 ‘ _
Kax x; nonaraercs f,(x;) “AE:T-{—O A, ; f(xy=
= lim Flxg+Ax)—F{x;—0)
Ax;>—0 Ax '

Mul nayuuM cxopumMocTs pagon Oypee KycouHo AuddepeHunpyemux
¢ynkuuil B paxe dynuuni seckoabro GoJee obUEro suaa.

Teopema 4. [Tycmo ynkyus [ 9849eMcA KYOOUHO HENPEPUBHO Ha
ompesie [—m, ) 1 8 Kaxdod mouke X umeem KOHEUHbe 00HOCMOPOHKue
npoussodnse fi (x) & f_(x)*), mozda pad Pypoe pyninyui | 8 kandol mou-

Flx-+-0 £—0)**)
Ke X CXO0umes w e2o CyMMa pasHa Lrﬂ%———)— , 6 HOCMHOCHL, 8

¥) 3ametnm, UYTO, OueBEAHO, Kycouno JAHJQEPeHUHpPYeMHC HA oOTpesKe
[—=, @] GYHKUEL YICBAETBOPAIOT YCAOBHIM TEOPEMEL,
*) B To9KaX X==% H ¥=—T CyMma pAlla Pyphe pasHa
H—rt04-f (-0
2 *
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mouKax HenpepeisHoemu Guukyuy | ee pad Pypee exciumes K sHauentio
GiyHRYLLE 4 ANOL Moske,

Nokaszatleabcerso. [Tporomkuv ¢yHKUUO [ © noJyiHTep-
BaNal—-m, N) DEPHOAHYECKH € NEPUOAOM 201 Ha BCHW BRUIECTBCHHYIC OCh,
saTeM, HDHMEHSY OPEACTABJCHHE YACTHUNLIX CYMM Pajda Pypre B Buje
{55.18) u ucnoawsys csolictso (55.16) aapa Hupuxae, noayuss

Sy L)

fy4

LT n+f(x=0 b0+ fe—0) 1 7
=T§ ; D, (t)di— . TjDM!)dt:
o - 4
o 0
w% L H)-NH_ )sm(QHJrl)—dt+
5 2sin+ 7
n y y
+RLJ“X_ V=18 = O gin 20 1) 4 . (55.18)
Y 251n
3ameuan, yto
f
limn Fix -6 —T{x-0) = lim f x+i)-—f(x+0) lim 2 ; :f; (x)’
t~+0 2sin —= el f=+0 g o
2 2
8aK./ouaeM: (yHKLHa f(x—i—‘t)—ft(x-l-()) ABJACTCA KYCOMHO Herpes
2sin 5~
2

peisHoil Ha oTpeske |0, m] H, cheioBaTessHO, WHTErpHpyeMol, mno-
STOMY B CHJY TeopeMbl 2 (CM. . 55.2) umeem

!tm jf(H_ ”H msm(?nﬁ-l)%d[:&

25m
Awanornuno,
lim — Hx_t)_f(x sm(2n+1)—§—dt:
n-oo 2sin —2-

[Mostomy u3 (85.18) n mosyuaem, uto
lim Sn(x; ’:)zf(x‘l'o)‘;‘ Fx—1) .

Teopema jokaszand.
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Teopema 4 o3nauaeT, 4TO B YKA3aHHOM CMLICJE «wlofolls nepuonu-
4eckhil Tpousce moueT 6mTh ¢ JIO0OH CTENEHLIO TOUHOCTH NPEAcTag-
AEH KaK AHHciiHan KOMOHHANHNA CHHYCOMA M KOCHHYCOILL KPATHLIX AYP
WJIH, Kak TOBODHAT, «POCTRIX TapPMOHHK».

Ynpamsmnunenue 3. [Hokaaare Teopemy 4 Iag QyHKOEN [, a6COGTHO
HITerpHpyemod Ha oTpeake [, 1] H HMewmel B K2:XA0H TOYKE KCHRUHEE Npe-

zeasl flx — 0), f(x + 0) # KoLedHLIE OAHOCTOPOMHHE NPOHSROZHLIC f;(x) 'l f; (x).

[Tpuwmepr. 1, Hafinem pan ®ypee ¢ynxuus ch x,
Haa xosfdunuedtoB @ypee 3108 QyHKUHA HMeem

b
l n 2
Gy=— jﬂ chxdxzsi—x = Zshz
-

¥
—JT ®

k1
an-———;l;_- Schxcosnx de =(— 1)

-_It

2shr
rrrm = B

Puc, 172

M3 wverHocrn ¢yuxumn chx cienyer, utc mag RHee §, =0,
n= 1, 2,.... Oyuruus chx yjIoBIeTEOpAET YCAOBHAM TeopeMb! 4 u
ch (—mn) = chm, nostomy ee paz dypee BO BCEX TOMKAX OTPe3Ka
l—a, ] cxoaurcs k camofi dynkunn chx

shn

@ 1
Chx:?(l+2n§ (—1 ]——_i_—nacosnx) .

npn 3TOM PAA CXOANTCA DRABHOMEPHO, YTO €pa3y noJdydacicn, eCiu ero
o

-y
CPUBHITE CO CXOANLLEMCH HHCACBLIM PRAOM 2 l—_-i_—n,.
u
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Tpaduxs Gyuxitm ch x 1 cymmer S(x) ero pana Pypube 415 cpashe-
npA M3ohparkeHs na puc, 172,

2. Hatitn pon Dypue dynxuun shx,

B cigy ee HEYETHOCTH HMeeM

a,=0, n=0, 1, 2,...3

naqee,
- I
L atie i ne de it _ctSHT
b“z-? Eshxsmnxdx =({-—1) FIETER n=1, 2,....
a3
J
{ I y=5hr }
|
_______ }lf S A 5%1____
|
1 i \
7 /
/] ! /|
/’ ! i o
. i AN
N ARE4G :r: Pz
/ /
L/ ! N
kl | :I
! ]
S G B R
| |
i i
Puc. 178

Qynxnus  shx  yiaosneTBOpseT  YCMOBHAM  TeopeMH 2, O
sh (—m) == shm, nosTomy BO BCEX TOUKaX HHTepRana (—i, m)
pax @ypse QpyHKUNR shx cXOAHTCA K caMoil dyHKUKH:

th‘—‘Shn V (._._l)nwl

|1=l

Slﬂ 1nx,

sh (— m)--shr
a4 B TOYKAX X = —J #H X=N —K 3JHAUeHUIO ——(~§&a—=0.

Pap ®@ypve GyHKIHH sh x yKe He CXORUTCA PABHOMEPHO K QYHKIUHH
sh x na Bcem oTpeske [—un, nj (AefiCTBHTENBLHO, B NPOTHBHOM Cayyae
ere cymma AorkH2Z Oblia Onbl 6br'rb HenpepHBHOH Ha orpeske [-—m, mi,
A 0HAa HMEET PA3PHBE! HA Koluax). I'padukyn dyuxunti sh x u cymmu S(x)
ev psaaa Pypee Aas cpasnednn n300pakenbl Ha pue. 173,
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§5.5. Cymmupoeanne pnaos Gyphe MeTonoM
CpenHuX apHPMEeTHUCCKHX

[Myere  ¢yrxuun [ aBCOMOTHO HHTECPHPYEMA HA OTPE3KE
f—m, @], f(—m) = "(n) B, caenoBatensHo, QyHKUHS [ NEPHOAHUECKN
C nepuoaoM 2n NPOAD/IKaEMa Ha BCO BemecTeny!o ock. [Tycers S,(x) -—
ee cymmul Dypre, a D, (x)—saapa Iupuxie, n =0, 1,2, ... {cm. (95.11)
H (55, 12).
PacemotprM nx cpepnue apudmeTHuecKHe:

Gn(x):Su{x)A}-Si(nxzi_—};...-i-S,,(x)’
0, (r)= LD F Bl o, 1, 2, (55.19)

-1

Cymma 0, (x) Hazwveaetes cymumold @edzpa® n-ro nopaikd QyHRUMY [,
a W, (x) — adpom Peliepa n-ro NOPAAKA.
Mz dopmyam (65.13) noayuaem

0, (X) :% 5‘(1),1 {wf {x 4 w)du. (55.20)

Hayuum npex e peero epoiictsa siapa Pefiepa.
Jdemma. Siopo Tedepa D, (x) ydosacmsopaem CAeOGOUIM YOAOGUAM:
li hyaryun D,{x) nepuodusecikas ¢ nepuodom 21, wemnas u Henpe-
POIsHUSE,
2) @, {x) > 0 daa scex x;

3) o f*n (x)dx=1;

—T
4y npu aobom Gukcuposanton 8,0 <8< n, sanoansemes pasen-
c:luy
im max @, (x)=0
n=-oo bg | x|gn
HdoxasaTeaswcTso. Cywlecreosande mepuona, pasvoro 2,
y sapa Defiepa, €ro 4eTHOCTb M HEMpPEPBIBHOCTh CJAEAYIOT H3 Cylle-
CTEORANHS TAKOIO [EPHOAA, YETHOCTH K HenpepwBHOCTH siapa Jx-
puxhe (cv. 1L 55.14), cornacno camomy onpeneaennwo anpa Peitepa
(cM. 55.19). Haiizem siBnoe BmpaxieHne 118 sapa Pefiepa. Ma (55.19)
¥ (55.12) moayuaem

X
nosin (20 4+ 1) s
(n+ D, ()= ZD K= ———t =
k=0 sin?

=) JL. (t;eﬁep (18801959} — senrepckuit mMaTeMarHk.
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x x
n PR =
_y QSII'Q*’“(2k+])2_ S cosky —cos{k + Iy
k=0 2:inty k=0 2sin® 5
"in’n+ lx
a]—cos(n%};i)x _ 2): . (55.21)
2sin? 5 sin® 5

Ito cnpasegauee npu x == 0. Ilpn x— 0 npaean wacTe pases-
ctBa (55.21) crpemutca K (n 4 1), nesasa B Touke x == () HempepwB-
Ha, cnegosatenbio, O, (0)=n 4+ 1. 3nauenue O, (0) MorKHO HafiTH H
cpasy no dopmyne (55.19), ubo DN =241, k=0, I, 2....
H3 dopmyaw (55.21) Brano, uro agpo Pefiepa He OTPHIATEABHO,
Hrak, ceolictea 1 u 2 norasanei.

Hanee, npumensn dopmyna (55.19) a (55.18), umeenm

T 1 kg
1 1 1
L fomars o 3 L oot
¢ k=0 0
OTKYIA B cHay uetnocTa aapa Pefiepa u caenyer csoficTeo 3.

Hakonen, ecan 0< 86 < x, 10 n3 popmyan (55.21) noayuaem
M{@)y= max O, (x)=

[EAFIEaC
e 1
I sin? —5— « i
=gy max PRI 3
deagm sin“7 (n -+ 1}sin? 5

#l MOCKOJBLKY BLID@XKeHHe B TPABOH YACTH HepPABEHCTBA CTPEMHTCA K
HYJIO IpH 1 — oo, TO ¢BOHCTEO 4 TaKxe JOKA3aHO,

Jlemma Horasana,

Teopema 5 (Pellep). Ecau dynryus f(x) nenpepoista Ha ompesxe
[—m, ) 6 f(71) == f(—m), mo npu n— oo cymmor Deliepa 0,(x) pasHo-
MepHO Ha ompeske |—n, m] cxodamen K ¢pynrgua f(x).

HNoxasaTteawcTro. [Ipopomkum ¢yurmmo f(x) neprogu-
UeCKH ¢ TEepHOJOM 271 Ha BCIO BELIECTBEHHYIO OCh UM OLEHHM pPa3HOCTh
f(x) — 0,(x), HcnoaL3ya npencrapdenue cymm Peidiepa B Buge (55.20)
1 ceolcTRa AApa Pelepa, AoKa3aHHULIE B JeMMe:

() —0, (0=

o [Pt du—gy [0, (et u)du

<

-l
T im

j @, (1) [ (6) — [ (x - )] dlu
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<z [ —F(etw)du (55.22)

Obosnaunm Tenepe yepes w(d; f) moxynb nenpepuisnocTn dyHKmn f
Ha Beed uncaoseol ccd. Ilyerh ¢urcnposako & 2> 0, B cuny ycaosus
f(m) = [{=-n) GynKunsa f papHOMEPHO HenpepmBHA HA Beed och (no-

geMy?), o3TOMY CyuwecTByer Takoe 8 ~> 0, 4to w(§; /) <§

Pasofbem Teneps HuTErpad, CTOAUHE B NpaBof YaCTH HepaBeHCTBA
(65.22), ma Tpu nuterpana:

() =0, ()] < o f+r2]1— j§+§]&—f (55.23)

,U,J'IH cpeanero HHTE]‘paJIEl HMEEM

) 8 , 6 5
T | Ol —f et de <o fy J®u e dus
-t

—

<o ) g [Pal)du=o® <5 G2

OcraBuHecs 1Ba HHTErpana OueHuBaloTes opHHaKcso, Pyuxuua f
B CMay HemnpepbiBHOCTH orpamndena: [f{(x)| < M, —a < x < 5. [o-
3TOMY, HANPHMED, L7194 NOCJASARETO UATErPaJa NPasoll YacTH HepaBeHCT-
Ba (55.23) umeem

%igtbn(u}[f(x)—-f(x—{—uj[du < %@i’i ®_(u)(n—3).

CornacHo Jaemme (cM. cBofictBo 4 sapa Peitepa), npasas wacte ne-
PABEHCTRBA CTPEMHTCH K HYJNO IIPH 7 — 00, NOSTOMY CYUICCTBYET TaKOi
HOMEpP g, UYTO OPH N 2> A

—‘nf<-‘;— i %_§<%_ (55.25)

Tenepy ns nepasencts (56.23), (55.24) n (55.25) npy n > #; noayuaem

|7 () — o, (x)] <.

Teopema jorasada.
Beuire 0Tmedalioch, 4T0 A8 HenpepulBHOH GyHKIUH pafg Dyphe He
00513aH CXOAMTLCA B KamA0H TCUKe, TeM He MeHee OKA3HIBACTCHA, YTO OH
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HO3BOJAET MOJAHOCTEIO BOCCTAHOBHTL BCIO YHKIMIO! AOCTaTONHO 0fpa-
30BATH H3 €TO YACTHUHBIX CyMM cyMmnt Defiepa — €Ul yie CXORATCH U
IPUTOM PABHOMEPHO K camoft gynkuun f. TakuM ofpaszom, lame usyye-
ilHe PACXOANUIETocH PANA MOMKET OKA3aTLCH MOJE3HLIM,

MoxkHo ¥ B ciyuae MPOM3BOABHOTO pAaa (He ofasatesbHo pada
Gypue) 00pasoBHBATE CPEAHHE aPHPMETUHECKHE H3 €ro YacTHMHLIX
CYMM ¥ HCCNEJORATH HX CXOAUMOCTb. DTOT METON H3YyueHHsd PRAoB ua-
SLIBAETCH CYMMUPOSGHLUEM pAROG MemOOOM CPEOMUX aPUPMEMUTECKILX.

55.6. Nputadwenne nenpepusrux Gynkunii
MHOTOYICHEMH

Onpedeaenune 7. Pynxyuu suda
—g—“—}—};Ahcos hx Bysinky, A2+ B2 >0

k=

HASBIGRIONTICR  ITLPUEOHOMEM PUHECKUMEIL SHNICOUACHAMU (NOALHIMAML) 1O-
padka n, n=20,1,2, ...

Teopema 6 (Bedepumpacc). Ecru gyuryus | nenpepoisna o
empeske [—m, n) u f(—an) = [(n), mo daa kamdozo uucsa & > 0 cy-
tuecmsyem akoli mpuzonomempuyeekuil noauncs T(x), umo

if oy —Tx)<le, —m<Lx<o

JeHcTBITERBRO, B CWIY Teopemsl B (eM. m. 55.5) B RauecTse Takoro
TPHTOHOMETPHYECKOTO NOJHHOMA MOXKHO B3fiTb, HANPHMEP, COOTBETCT-
pylomylo cymmy Qefiepa a,(x), ABAAOULYIOCA, OYEBHAHO, TPHIOHO-
METPHYECKHM TIOAHHOMOM MOPARKAa HE BHILE 71,

Teopema 7 (Beitepwmpacc). Ecau ¢ynkyua | nenpepoisna na
ompeske la, b, mo 048 kaowdoeo wucaa € > U cywecmsyem arzebpansie-
cxuil noaunom P(x), maxod, wmo

[F ()P x| <e, a<<x< b

Howxazartedakctso. Orobpasam orpesok |0, n] auneline wa
orpesok la, bl:

b—a

X=a- t, Ogt<gm, agxLh,

T

u nyeth ¥ () =[{a-+ b—a

{). ®ynxuua f* onpesenena srodt gop-

Mynoli Ha orpeske |0, m}. Tlpofiomxum ee UeTHEIM 06pazoM ua o1-
pesox [—umx, 0], T. e nonoMuM

FF)y=7*(—1), ecan t € [—a, 0]
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Tonyuennan Takum ofpasoM QyRKNHS [* HellpeprLiBHA HA OTpe3Ke
[—a, al (mouemy?) u [*(~—n) = [*(n}. [Tosromy, cornacuo teopeme 6,
A5 A1060TO 4HCAa € > () CyHleCTBYET TPUTOHOMETPHUECKHE MOJHHOM
T(t}, Takodt, uro

FO=TEe| <+ -

Kax mp1 3Haem, cos &/ usin kf, £ =0, 1, 2, ..., a 3HAUHT # TPHTOHO-
meTpuueckhii noaunom T(f) ABASIOTCA aBanHTHIECKHMH DYHKUHWAMA ¥
PAAACAIOTCH B CTeneRdbie Psibl, CXOLALLHECH 114 Bcell BeleCTBeHHOH
HpAMO#H, o, CASIDBATENBHO, PABHOMEPHO CXOAHULMECH HA K aAXA0M KOHEeY-
HoM oTpeake {cm. § 37);

o0
T{{) = E ot
&==0

Ecnp P, (f) cyTh YacTHuHaE CYMME! 3TGIO PAJia, TO B CUJIY €r0 PaBHO-
MepHOI CXOAMMOCTH Ha oTpeske |—um, nt} cyliecTsyeT Takoff HOMep r.,
uTO [OpH 7 2 Mg

[T =P 0<~ .
Bepa ans onpeaeneHnocTd n=n, u noaaras P({f)= P,,‘8 (), umeem

P (=P OI<IF O—=T O+ T O—POI< S+ = <.

w X—a
BOSEPBU.L&HCB K [OepeMedHol x, T. & II0J4ras t=m ’ ’
—a

HOMVYIM

[F0—P(n 228} <o, a <o,

—

xX—a
roe P (ﬂi )—'OIIEB}‘],E[HO, MHEOT'QUJIEH.

Teopema aorazana.
3 ameuadue llyers pyukuus { nenpeprBHa Ha oTpeske [q, bl.
BoseMem Kakylo-1ufo nocAeloBaresbHOCTE Hucen &, > 0, n = 1, 2, ..,

1
CTPEMALLYIOCS K BYRIO (Hanp HMED, &, = }E); Toraa, CoraacHo Teopeme 7,

AAn gamgore n =1, 2, ... cyulecTeyeT Miorowien £,(x) (3geck n no-
PALKOBLIN HOMEp, 4 He CTelleHb MHOroW/IeHa), Takoi, 4To

H)—P ()| <e, a<x <D (55.26)

OuesnaHo, mpH n—> oo P, (x) = f{x) Ha oTpeske [a, O]
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Hrar, BcAkas HenpeprBuas Ha OTpe3ke QYHKUHA sBAAETCA pe-
JeNOM pPEBIOMEDHO CXOAAMISHCH Ha 9TOM OTPE3KE MOCAENOBATEALHOCTH
muorounenos. Q6parHoe, T. €. YTO BCAkAs GyHKUNH, ¥BAHIOILAACH Ipe-
JIeJIOM PEBHOMEPHO CXORAILEHCH HA HEKOTOPOM OTPE3KE JI0C/IEN0BATE br
HOCTH MHOTOUIeHOB (1, Oojee TOro, NOC/HelOBATEABHOCTH MO0RX He-
NpepHBHLIX GYHKOHHA) HENPEepLIBHA HA 3TOM OTPE3Ke, yMe J0K43aHo
{cm. Teopemy 17 B m. 36.3).

Taxum ofpasom, Tecpema BeilepwiTpacea yeranaBHBaeT XapakTepi-
CTHYECKOE CBOHCTBO HeNPepHBHHEIX H TOALKO HENPePLIBHLIX (PyHKURI

Becrma MoGONBITHO OTMETHTB, YTC MePROHAUANLHO TIOHATHE HEnpe-
PHIBROCTH (yuKLMKM ObITO BBEIEHO HAMH JIOBOJABHO a0CTPAKTHO M JaCTa-
Touno obuo, onC HUKAK He OhMO CBA34HO C KOHKDETHBIMH KJaccamH
3AeMedTapHEX  QyHKIAHA, B YaCTHOCTH ¢ MHOTOUJAEHZMH, H TEM CambM
HY @ KAKMMH ZHAAMTHUECKHMH MPEACTABASHHAMH Yepe3 MHOIOUJElE,

Teopema BellepiTpacca nMOKaswmBaeT, UTG Tax BBeAeHHBIH Knraco
HEMpepHEHLIX (QYHKUKHA B H3BECTHOM CMLICJE He OUeHB NaAeK OT K.jacca
wmuorouneHos! MiMeHno, KakoBa 6b #4 $b13a HelpepuiBHAS DYHKUYA Ha
OTpe3Ke U KakoBa 0ol HU §BIIA 3a13HHAS cTeleHb TOUHOCTH, Beeraa cy-
UIECTBYET MHOTOWIEH, OTAHYAIOWHACH HA JAHHOM OTpe3xe OT ZaHHOk
(byHRUHH He GoJee YeM Ha 3ajanuywlo creneds tounocTd! Herpyano
NOJYYHTE H AHANUTHYECKCE NIPEACTaBNen|e B BHAE PAAA AAS HeNPepbiB-
noil na orpeske dynkuud. Ma (55.20) umeem

flo)y=1limP, (x), aLx b, (65.27)

HIH e
flx) = Pylx)-+ ¥ [Pry1 ()—P, ()] (55.28)

=}

(P.{x) — MHOroujeHol), NpUHYeM CTpewsieHRe K apeseny B (85.27) u
CXOAUMOCT: psifla (55.28) mpoMCXONNT paBHOMEPHO Ha orpeske la, D).
310 onpaBAkiBaET HAKBHO HHTYHTHBHCE NPeACTaBiedue O GYHKINK KaK
O 9eM-TO TaKOM, YTO (PLACT2BHMO B BHAS QOPMY.

AnanoryyHee 3aMeYands MOKHO CIeaTh U [0 NOBOAY NepROH Teope-
mpl Beflepmrpacca (Teopema 6).

55.7. loanoTa TPHTFOHOMETPHUCCKOR CHCTEMBI
W CHCTeMbl HEOTPHUATEAbKBIX UEJIbIX CTenedel x

B srom nysxTe mbl nepedpasHpyeM NOKasaHKbE B NpeaH-
AyuieM NYLKTE TCOPEMbl N BLIBEAEM I3 HHX HEKOTODHIE NPOCTHIE CJie-
JICTBHA.
Onpedenenune 8. lycmp R -— nexomopoe muoacecmso pynxyud,
onpedesennvix Ha ompeske [a, b). Cucmesia ynsyud

Ps, ('paa “try {Pm " (55.29)
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HQ3LIEACHCA NOAHOL Gaa MHoNcectmsa R, ecaun, kainea Got Hu Goiaa
thynryun [ € R, 0as wamdveo & >0 cywecmsyent moxoe KOHewHOe
QHCAD PYHRYUL Gy Qryr oonr G, U3 CUCHIEMSL (56.29) u makue wuc-
A0 Ay Rgy wany Ay, wmo

lf (x}'"’[?"iq)ni (X) + ;chp% (X)+ L2 + kaPuk (X)l < e

das scex x € [a, b).

Huaue rosops, ciuctema dynxuuit (55.29) ofpasyer nonnywo cictemy
Als MHOMeCTBA R, ecau J06yio GYHKURIO H3 K MOKHO CKOAL YrORHQ
TOUHO NPHOJAHIUTL KOHEYHBIMM JIHHeHHEIMH KOMOHHAUMAMH QyHKIIHA
cucremp (55.29),

Henonbsya nonsiTAe MONHOTLL CHCTEMU, Teopemil 6 U 7 Hpefbiay ero
naparpaga MoxHO NepedpasHpoBaTh COOTBETCTBEHHO C/BNYIOWHM O6-
pasom,

Teopema 6. Cucmema mpueonomempuncckus dyrxyud (55.2) noana
048 MHOMeCmBa HEApepusHbX Ha ompeske |—x, n) dyukyud, npunu-
MUK HQ KOHYGX M020 OMPE3KA PAGHBIE BHAUCHUS.

Teopema 7', Cucmema neompuyamervsolx yeaux crenexeil x, m. e.
clcmena

1, %, %%, .., 2" .., (565.30)

NOAHE 0AR MHONCECINEA BLEX HENPEPLIBHBIX HO A0B0x 3a0aHHOM cmpeske

hyrEyu,
Onpedenenue 9. [lycms pynxyuu [ u g onpedesenvt Ha ompesie

la, &]. Beauwuna
b
]/ fUm—goords

Ha36I6aeMCA cpednum Keadpamusunmm omxioHerues Ha ompesxe la, bl
Qyrkyuy g om pyrryuu [,

Onpeoeaenne 10. Cucmema pynxyuil (55.29) nasmsaenca noanodl
6 CABICAE CpelHeeo KeaopanuyuHoes 048 HEKOMopo2o muoxcecmsn R gynk-
yuti, onpedeaennbtx ko ompeske la, b, ecau, kaxosa 6ot Hu Boiaa ynKyua
fCR, dan kamedozo & > 0 cywecmayem maKan KOMEUHAS AUHEIRAR KOM-
Guncyusn pyaxyull cucmemst (55.29), umo ee cpednee Keadpamuuroe om-
kaonenue na ompeske la, bl om gynryuu | menoue e,

Teopema 8. Cucnema mpueoromempuneckux gynrxyui (55.2) noana
¢ cMelcae CpedRezo KeadpamuyHo20 8 MHONEOMSGE HENLPEDUISHBIY RO ORPEIRE
[, n} gynryuil, RPURLMQOULX 8 INOYKAX T 4 —T1 OOHO 1 1IN0 e SHa-
ueHue,

*) MoXKHO CKa2aTh «LYHKUAR [ OT QYHKUMH g», O0CKOJABLKY paccMaTpupaeman
BEAHUMAE HE MEHfeT CBOEro SHAUeHWsd, ecqH GyHKUHE [ H g NOMEHATL MeCTamA.
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NewasartenneTBo JlyeTe [ - HenpepbligHas Ha OTpeske
l—mn, nj dyskuas u nycts f{m) = f{—n). Cornacno reopeme 6, s
awdero & > 0 cyuiecTsyer Takofl TPRroROMeTpHuecKuH rmonnuon 7(x),
410

)T (%) < ——, —a<xgn

lf on

Otciona A5 CPeANEro KBAAPATHUIIGTO OTKJIOHENI 3TOTO NOJHHOMA OT
dyHKuny [ HseeM

l/‘w(‘} Vz V) Y=

n —n

Teopema J0Kazana.

B aanvuefineM Mul yeuanu (cu. m. 58.5), uto orpanuuenue f(nm) =
= f(—u), HCOOAL3OBAINUE HaMIl TPH JIOKazaTenbCTBe Teopemu &
{TOJILKO B 9TOM ¢Jiydae MOXKHO ObLIO COCRATLCH Ha TeopeMy 6), e sB-
JseTcsd CyilecTseHHBIM, MMenHo, TpuroHoMmerpiueckas cucTeMa {55.2)
[I0JIHE B CMBIC/IE CPEAHETO KBAAPAaTUUHOI0 BO BCEM MHOMKECTBE HellPepLIB-
HBIX 1a oTpeare {—mn, nj dynkuui, 1, 60/1ee TOro, MOKHO TIOKA3aTb, UTO
OiHa NOJIHA B CMbICJe CPELHErC KBR/LPATHYHOIC H B MHOMECTBE BCEX
(ydxnuf ¢ UHTErpHpYeMbIM Ha OTpe3ke [—m, A] KBaAPATOM.

3ameTHM, 4TO TPHIOHOMEeTprueckan cdcrema (55.2) saBeaomMo e
HOHE B MHOMKCCTBE BCEX HenpepuiBHHX Ha orpeske [—n, n) bynxuni
B CMEICAe onpefenenus 8. JIeACTBHTeNLHO, ecin (iyHKLWA [ Takosna,
4TO AA8 MoGoro € > ( CYUIeCTBYET TAKOH TPHTOHOMETPHYECKUA TNOJH-
oM Tg, uTO

) —=Te(0)]<e, —n<x<a,

To uz yeaopust Te () = Te{—mn)upne =0 caesyer, uro f (n) = f(— ).

Ilpa opndamxennn QyHxuHidl B CMpIcje CpelHEro KBAXPaTHYHOTO
TRUTOHOMETPHYECKHMI [IOJRUOMAMH OCO0YI0 POJE HUIPAT 4aCTUMHDIE
cymmul pafa ©ypbe npubaumaemoidl Gynknnn. B cienyiouleM DyHKTe
OyieT MOKA3aHO, UTO GaCTHUHAR CYMMA n-[0 NOPSAKA HMEeeT HAaHMeHb-
ulee CpefHes KBaAPATHUHOE OTKAOHEHHE OT JakHOH (PYHKINY 0 cpas-
HEHHI0 ¢ JKO0bIM TPHTOHOMETPHUECKHM NOMHHOMOM CTemeHd ., Bee atu
00CTOATENBCTEA NOBOPAT B ROJB3Y H3VYCHHA NIPHOMMKEHHA (PYHKOHI
B CMBIC/E CPe/HEro KBajpAaTHUHOIO OTKJOHEHHS.

Hakonel, MCXHO NoKasatb, wro ecqd (GyHKLHSA [ HMEeT HHTerpH-
pyeMbiii Ha oTpeske [—s, %] KBagpaT, TO OTK/IOHEHHE OT Hee B CMbLIC/E
CpelHero KBaApaTHUHOTO ee yacTHullbiXx cyMM Oypne 8,(x) crpemutca
K HYJO, KOTAA 71— o0, HAH, UTO TO e camoe, QyHKLUA [ ¢ HaTerpH-
pyeMbuIM KBAAPATOM SBJSIETCS NpPEIeNOM B CMBICJE CPelHero KBaapaTuu-
noro (cM. onpeflesiedie &5 B 1. 55.2) cmoux uwacTHuswbXx cymmM Dypoe
(car. 06 »tom B 1. B8.5).
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Ananernune Teopene 8 JOKaibiBaeTesa CAeAVIONIan Teopema,

Teopema 9. Cucriema HeOMPUUQMEABNEIX YEAbLE (IHENEHED X, M, e.
cucinesa (55.30), noara 8 casicae cpedHeco Ksadpanuitoeo 8 MHONCEEE
HEHDEPBISHBIX HA MO00OM Sa0aHNOM ompesxe gyukyul.

HorkasaredbeTBo. [lycts dynkuns f HenpepolBRa Ha Heko-
1opom orpeske {@, b). Torna aan xaxiaoro € >0, cornacuo Teopeme 77,
CyulecTBYET Takol noJuucm P, uro

arcroja

%
}/ j[_f(x)—P(x)szx < .
Teopema noxasaua.

55.8. Munrnmaantioe ceoficteo Kosddnunenros Oypoe,
Hepagencrso Beccens u pasescreo [apcesans

B 31OM nyHKTe pacCMOTDHM paism Pyphe LA WHTErpH-
pyeMHx (wHKIMHA, KBaApaT KOTOPLIX TAKKC HHTErpHpYeM (slech HH-
TerpUpPYEeMOCTh TIOHHMaeTcsl, BOOOILE TOBOPS, B HECOCTBEHHOM CMLIC-
Je) Ha oTpesre [—u, ). 3TO MmeeT CMBICA, TaK Kak ecad (yHRuus f
TAKOB&, UTO €€ KBaapar f* HHTETpupyeM Ha orpeske |—n, ai), To B3 ne-
paBedcTha

» P
|f|<i2lil_

caefyet, uTo (ynkuud || upTerpnpyema na stom orpeske. ObpatHoe,
BoOGIIE FOBOPH, HeBepHo CywiecTByioT HOMOXKUTEABHBIE QyHEKUMH (Ha-

npuMep, QYHKUHA 57— V , HHTETpUPYEMEIE HA OTpeske |~—m, ], KBajpar

KOTOPBIX, OHNUAKO, YiKe He MHTETPHPYEM HA 3TOM OTpEsKe.
Takum 06pasom, YKa3aHHOE MHOMKECTBO Gy HKIMH ¢ HHTeTpHPYeMEIM
Ha orpeske [—m, r| KRaApaTOM COCTABANET CTPOTYIO HACTL MHOMKECTBA
Beex abCOMIOTHO MHTETPHPYEMBIX HA oTpeske |—m, n] yHKEMIL.
Teopema 10. Hycmo [ — dynryus ¢ unmespupyesmsisn Ko Ompesse
[, =] keadpamom. Tocda, ecau S, (x) — ee cysma Pypve nopadka n,
mo

f ()~ S, (9 dx = min 5‘ F)—T, (0)Pde,  (55.31)
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20e MUHUMYM BNPAGOL HACIMN PAGEHCMBA GEPEMEa 1O 60eM NIPUEOHO-
Mempudeckum mucevacHam T, cmeneHu He Goitue n.

Ecau ay, ay, bay 1t = 1, 2, ..., cyme kosgpuyuenmoe Pypoe ynryut
[, mo cnpasedauso Hepasercmso

T
an

2
a5 2, .2 1
——'2 “E‘ 2 an+ bn ‘< T fg (x) dx! (55'32)
f= 1! -n
Hazbisaesoe Hepasexcmeom becceas™,
Hoxasateasctpo. [lyeis
‘40

o

Tn (X) =

"
-4~ Z A, cos kx-+ B, sin kx,
k=1
TOTZA, OTKPWBAA KBAAPATHBE CKOOKH B BLIPaKEHHH
[ ()= Tr 0P de (55.33)

-—%

¥ HCTIONB3y s Jemmy 63 1. 55.1 (B 4aCTHOCTH, OPTOTOHAJIBHOCTE TPHIO-
HOMETPHYECKOH CHCTEMEI), HOAYUlM

—_ k=1

w k] 2 n
JUG=Tu(pde= [ F@dcta (-’1—°+ » A +B§)—

_.,2|VJ§1’ ff(x)dx—l— éflk ff(x)coskxdx—l—
—T k=1 —n

23 ™ 2 n
+B, 5f(x>sinkxdx}= fiﬂix)dxm(i}ntz A§£+BE)—
—2n [%&"‘E%Ah‘i‘ b8, ] == _5 fixydx+

k=1

+n[_<_4_;_L + ¥ (A a4 (B— bh)z] -
fo==]
05 "!1 2 bQ
—. _2_-4‘2 ak+ ra (55.34)
=1

*) &, Beccenb {1784—1846) — Hemenxufi acTpouoM H MaTeMaTuk.
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M3 nonyuenuoro BeIpamenust BHJHO, uTO Beanunna (55.33) npu-
HHM@eT LalMeHbiice 3Hauehue, korja Ay =ay, 4, =a,, B, = b,
k=1,2 ., 1 e Toraa, xorga T,(x) sieagercs cymmoli ®ypre
S, (x) ¢ynxunn f. Tlepeoe yTEepMACHIE TeOpeMbl A0KasaHOQ.

Ecau T, (x) = §,(x), 1o u3 (55.34) caenyer, urto

i 3 ag ”1 2 2
EUM*&WWM:JPUM%4~?+%ﬁHWk,(%%)

-

2 o e

h=1

S9To HepaBCHCTBO CNPaBEJNHRO TNpH JMoGoM HaTypadsHoM 7. [lepexo-
A B HEM K Opeleny MpH f-—»oo, TOMYYHM HEPABEHCTBO

[Pde—n| 2+ i+ >0,

k=1

OUEBHLHO, PaBBOCHJbHOE HepapencTsy (55.32).

Tecpema Aoxasava.

M3 uepamenctpa Becceas caepyer, yTo A (PYHKUHH C HHTErpH-
pyeMblM KBajpaToM psx

g 2 2
a —~

I + Z { +

o n bn

n=|

CXOAUTCS.
Ofulufl uIeH cXoAfllerocsd pAAd CTPEMHICH K HYJID, [05TOMY B
paccMaTpHBAEMOM CJyuae

lima, = limb,=0.

20 n-—=oc

Takum o6pazom, Mbl elle pas DOJYYHIH CTPeMIerke E HYI0 K03thdH-
unenToB @yphe (cm. 0. 55.2), oanakc Ha 9TOT pas A Goace YSKOTro
(KaK 3TO OTMEMAJOCH B HA¥a/le 9TOTO MyHKTa) KAacca DYHKUME, ueM
panbine, a HMEHHO 19 KJacca GyHKUHf ¢ MATerpHPYEMEM KBAJpaTOM.

B n. 58.5 Gyzser nokazano, uto na camoM nese gopmyaa (55.32) cnpa-
Be,JUTHBA €O 3HAKOM PABEHCTBA. 3/eCk MBI JOKAMKEM 3TOT (AKT JIHIUE JJT5
cayuas, Koraa ¢yukuus [ HenpepsaiBHa H HMeeT NepHOM, paBibid 2.
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Teopema Il Dycme dyuxyun | Henpepoiéna Ho  OmMpesKe
|—n, o], [(—m)=f(m) v a, a,, b, n=1, 2, ...,—ee roadpuyu-
enmnt Pypoe. Toeda cnpaeed/meo paaencmeo

- EP(x)dx‘“_” }“z an"!" bu’

n=1

Hazelgaemoe pasercmeonm Ilapcesara™.

JoxkasatentcTrBo. Ana kawmaoro ¢ > 0 B cUAY TOAHOTH
B CMBIC/IE CPEJHEr0 KBAJPATHUHOTG CHCIEMbl TPHLOHOMETPHYECKH X
dynxunit (65.2) B Knacce HEnpepuIBHBIX GYHKIHA, NPAHHMAIGMIKX
OJII 3KOBLIE 3HAUEHHA Ha KOHLAX OTpe3ka [— m, ], 1A Pyuxeun |
CYUleCTRYQT TPUIOHOMETpUYeckU rnoanuom T'(x) HEKOTOPOTro nopHi-
Ka &, Taxoi, 4io

j:[f(x)-—T(x}]"‘ dx <&, (55.36)

Coraacno ke Teopeme 10 [em. (65.31)f, nas cyumn Dypoe Sp(x)
TOTO 2Ke MOPSAKA £ BLHOAHAETCH HEPABEHCTBO

f[i (0)—S8, (0)Pdx< j [f (x0)—T (x))2 dx.

-1

Orciona u 13 gopmya (55.35) u (55.36) noayuum

fa 2
g'fe(x)dx—la"-%—z al -+ b} Sf'z(x)dx—[a +2a2+b ]

— n==} -0 =1

T 2 ful
- {[r0=sic0] ae {[rer 10| <e.

-~ haat 4

TlockonbKY 910 HEPABEHCTEC CITPABEVIHEO npy noGoM € > 0, 10 siepas
€ro uacTh pPaBHE HYJ.

Teopema nokasana.

Crnegctene. B npeanoxeomeHu}:x Hieope Mol

lim j[f{x)—- SN dx =0,

= o0

55.9. XapakTep cXodHmoCcTH pAnos Pypee.
NMouaennoe puddepenuuposanne n UHTErpHPOBaAHKE
pajsos Pypoe

Hayuum cBase pagoB ®ypre QyHKUAN A ee IPOUSBOAHOIL.
Teopema 12. [lycme ynxyun | Henpepuisna ua ompeske [—a, i),
fl—n) = [in) u nycme

*) M. ITapceBans (yMm. B 1836 r.) — $pasuyackuil MateMaTHK,
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<
f(x)~ % + E a, cos nx-+ b, sinnx,
n=1
Ecau ynxyus | umeem kycousto Henpepusryio {cm. onpedeaenue 1 &
rn. 30.2) wa ompesxe |—mn, n] npouseodryo ', mo
>
f(x) ~ 2 —na, sin nx -+ nb, cos nx,
=1
m. e. pad Qypee npoussodnol noayuoemes ud pada Lypee cornott dyrx-
Uy opMarbHeI  nowaeHHbIM Oudiheperyuposarniem™’,
HokxaszateanrwncTro Ilyems

, Ca N .
Fx)~ -2i -+ Elan cos nx -+ P, sin nx.
n—=

Torna, 3ameuas, ut0 f(n)=f(— %), B HHTEPHPYA M0 YACTAM, TG
JyuuM

Ty =— j f 0 dt = =[] (m)—f (—) =0

-_T
®

=1—S () cos ntdi = f(f)cos.ru‘r +— Sf (£)sin nédt = nbd,,
n

—_T
™ T

= L j‘ {)sin ntdt = f (f)sin nt j‘f (t)cos nidt = —na,,.
T

—_%
n=1,2, ...,
TEO[.)EME! JOKasaHa.

[TepeiigeM K H3YUEHHIO CKOPOCTH CXOAUMOCTH paia @yphe B 3aBUCH-
MOCTH OT UAasxoeTH (yHkuufi. IlpeapaputesbHO JOKaxeM JeMmy,

Jdemma. Hocme dynxyn [ umeernn wa ompesse |—mn, n] npoussod-
Hbte Q0 nopadka k exaonumeasro (B> 1),

IU) f(f’(ﬁ i=0, I, o, b1,

[® (x)—rkycouno nenpepoionan pynkyus w nycmo

(x)~—+2 a, cos nx -} b, sin nx,

n=1

*) Mipu stoM Oex kKakuX-AHGO NpeAnofsmenHit o cxojumoctn paga @ypre
PyskUHN Wil ee Tpak3soancl!
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mozda
|a |< b < , =1, 2, ...,

2de &, >0 u pad 2 sﬁ cxodumes,
n=1
Hoxazatenbcrso, [puMenas mnocseioBatenpHo Teopemy 12
k pas, mosyuum

oD
F& () ~ E a, cos nx- B, sin nx,

n=1

rae auGo

G, = + n*a,, B,= £ n® (55.37)
JMHGO

o,= & n*b,, B,= d-n*a,. (65.38)
Honoxum e.,,=]/a;f - B B cuay nepasenctsa Decceas (55.32)
ana dyacunn [ (1) pan 2 £n CXOXHTCH,

n=i
Eeau cnoparennuso {55.37), 10

2 2
loal VaZap? e,

i n|= rzk = “n‘: ‘g nk'

Ananoruuno
g
|bnl~<—n’ﬁr. k=12 ...

[Monofnsim ke o6pasoM 8Ta OHEHKAa [OAyuaeTcs W B cJayuae
(55.38).

JlemMa Jnoxasana.

Teopema 13. Mycms ¢pynkyus [ uneem Ha ompeske |—mn, 7
npoussoduoie  do nopadka k exmouumeasno (k> 1), npuuem ce
k-a npouseodunaa  kycouno wmenpepuowan u [ {—my=j" (x),
f=0,1,.., k=1, moeda psd DPypve Pyuxyuu [ pasHomepHo Ha
acem aepuode cmaumcn K comorl dn;m{u;uu fu

|F ) =S, 6 Y} < —Y (55.39)
n =y
ede lim m, =0 ({n,} —4ucrosas nocredosamenvrocmo), a S, (x;f)—

n-a cymma Pypve yuxyuu f.
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Tagum OGpﬁBOM, MOXKHO CKasaTtb, 4YTO Ha NCPHOAS DABHOMCDHG
BhINIOJHAETCA OLEHKA

F (=S, (% Pl=0 (F—t—) .

7

MNpeasapurensuo samerumM, uTo ecan {u,} u {v,}—nocaesoBaTe/ b
HOCTH HEOTPHIATEJLHEIX YHCE/, TAKHX, UTO

an tn<- oo n i 05 < - 00,

n=I\ =1

gj w0, < |/ f us ]/f vh . (55.40)

fi=a ] n=1

TO

JeficTeUTCALHO, 3TO HEPABEHCTBO CPA3y NOAYYAETCH NPEAE/IbHLIM
nepexofoM u3 HepapeHcTBa Komn—IHpapa:

N . {V N o
2 ©,v, < ]/2 us l/z vn {eM. m 18.1),
n=1 n=1

n=1

HoxazareanbcTBo TeopeMu 13, Iycrs

o0
f(x) ~%+ E a,, Cos mx -~ b, sin mx, (55.41)

m=1

fH
S, (5 H= %‘"‘—I— 2 a, cos mx-1- b, sinmx.

m=1
o jemme
|2 <5y [ bal <25, (55.42)
rie e, TakoBO, YTO paj
> el (55.43)

CXOZLATCS.
Ilpumenns nepaseHcTra (55.40) u (55.42), onerum octarok r, (x) ps-
za {55.41):
oo [e.n]
[7, ()] = 2 a,cosmx-i- b, sinmx| < Z [ |+] b, |<

m=ni1 m=n-41
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QQ,HL;H% 21/ > En ]/ . (55.44)

m=r+1 mknJrl
tToso:KHuM
o0
NI SR
m=n-1
B cuay cxopumocTn paja (55.43) nmeem
limx, =0. (55.49)
-G
Hanee,
1
k < 5 2% Qh— k-l (55.46)
m= n+| "
2
[Monoxam, HaxoHel, W, = V=1 V=, ; ouerHARO, limnn a.

Tenepy B cury (55.45) u (55.46) us nepasencrra (55.44) noayqae'u

2 1
|rn(x)|<~§_l—:o(—--l—), n=1, 2,

- PR
n ? \ ) 2

npy 3ToM OCCKOHEYHO Majasl ¥, He 3aBHCHT OT TOUKH X,

Cornacro Teopeme 4 1. 55.4, psax (55.41) cxoputes K Qpyrkumn j(x),
MOSTOMY 1y, (x) = f(x) — Sp(x, ) B, Taxum oBpasom, ouenka ({(55.39)
TaKKe JOKa3aHa.

Teopema nckasana.

Teopema 13 nokaselBaeT, UT0 YeM raKe QyHKLHA f, T. €, ueM Goabiie
OHa HMeeT NIPOH3BOJHBIX, TeM OhicTpee cxoAHTcA K Hel ee paa dypse.
Tpu 5T0M HepaBeHcTBo (55.39) AaeT BO3MOKHOCTL OLEHHBATH MOIPELl-
HOCTb, TIOAYUAIOILYIocA MpH 2aMeHe paga Oypre erg n-i 4acTHyHOH
CyMMOH,

M3 srofl TeopeME! cleLyeT B YacTHOCTH, 4TO Pt Pypee BCAKOH He-
MPepPHBHON M KYCOYHO HellpepuiBHO Iudipepenuupyemol ¢yHKUME (CM.
i1, 30.2) paBHOMEPHC HA BCEM INEPHOAE CXOLUTCH K camofl (yHxuuu.

Teopesma I14. Iycmo [--wnenpepoisuas ra ompeske [ — n, %)
PyHRKUA U

ap ~ ,
-+ ,;1 a, cos nx -+ b, sin nx (55.47)

-—ee pad dypve, moada
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I

i o !
yf(x)dxz j-a“?ﬂ—kz Jn(ancos nx - b, sinnx) de =
1] ¢l 0

a“f L 2 sin nt+ 2! (1—cos nt) (55.48)

ne=l

i pad, cmoswul onpasa, cxodumcs paeHCMEDHO.

OrmeTHM, YTO YTBEPIKEEHHE O CXORHMOCTH (M Aaxe DPaBHOMEpHOH)
psna (55.48) umeer mecTo Oe3 KAKUX-JHGO NPEINOJIOKEHHI O CXOAHMO~
CTH HCXOAHUro psga (5517},

HorasaredabceTso. Pacemorpum dynrkuuo

F{fy= j [f (x) —%ﬂ_] dx. (55.49)

(OHa HenpepoiBHa Ha OTpeske |-, 7], HMEeT HA 3TOM OTpe3Ke He-
O

NpPephIBHYK? TIPOH3BOAHYIO F’(t):f(t)—7 u

Flmy—F(—mn)= j:f(x) dx—ma,=0.

—T

[osromy B cuaty Teopemnt 13 ee pan Pypee cxoaurest K BeH B NPUTOM
PABHOMEPHO;

[e.0]
F(x)= «5;—94- Z A, cos nx+- B, sinnx. (65.50)

n=1

Hatinem kosdduunnent @ypbe 57010 paja. MuTerpupya no 4acram,
Oy 49UM

=_1_ E (¢)cos ntdt =
1

_ v f(r) sin ntdt — — 2.,
nm J n

—F

sin nt

=—F ()=

Awanornuno
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Urtobw naiite A,, nonoxnuM B (55.50) x =0, toraa, zaMeuas, uTo
F{0)=0, nomyuum

oo o
A, A ‘ A b
=, OTKYAa —=— == .
T XM yia S-= 3 -,
n=1 n=1

(psm crpaBa cXoAuTes, HGO —bi’-<_1_<b§+ L)) )
n 2 nt
Hraxk,
oo

F(iH= E fnisin nt—}--i—”(l—cosnt).

n=1

Orcroga u u3 (55.49) u caegyer dopmyna (55.48).
Teopema nokasaHa.

o
3anaua 25. [loxasatb, 470 CXOAHIMHACH TPHIOHOMET pHEECKH pAl E
n=2

sinn x
Inn
He sBaserca paioM Pypee.

55.10. Paaw dypoe B ciyyas NPOU3BOJNLHOTO MHTEPBANA.

Komnaexkcnas sanuch pagos ®ypoe

Teopus knaccudeckux pagos dypoe nerko nepeHocuHTcs H
Ha cayyal nepuoandeckux GyHkuud ¢ MmoSeiM nepuofom 2{. 1aa sToro
J0CTATOUHO oTpe3oK [—/, {] oToGpasute Ha orpesok [—m, a1] ¢ nomonisio
JIHHEHHOTO 0TOOpAaXKeHHUs:

pmr —loxgl —n<y<n

TOrEA BONIPOC CBEAETCS K yike paceMoTpeHHoMmy cayuaiw. Pag ®ypoe
¢yarnug f ¢ neprofom 2/ B HCXOAHOH nepeMeHHON X HMEET BHJ

a“’-{—Ea cos—-l—b in m:‘ .
rie

i
i 1
aD_T f(x)dx, = ;Yf x)cos—dx.

R

{
5 (x) sin "’:x dx, n=1, 2, ....
—
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B sax/ncueHHe OTMeTHM eflle TAK HA3HBAEMYIO KOMIIEKCHYIO 3aNKCE
panos Dypbe, YACTO MCMOJB3YEMYK) B MATEMAaTHKe H €¢ NPHJIOMe-
nasx. Ilycre

f(x) ~%+ E a, cos nx -+ b, sin nx. (55.51)

el

Kag wusBectHO (cM. 1. 37.3),
COS 11X = —21— (™ - e™ ™), (55.52)

Sif g = '5]_ (enxi e nxi) — _; (e—nxi_enxi). (5553)
! .

[Toacranas (55.52) u (55.53) B (55.51), moayuum

[(x)~ % + ¥ % (8, — b,0) €™ -1- -2‘— (o, bi) e,

=1

[Tonaras

a i . i ,

coﬁ-,_o" cn='_(an_bnt)a Cep =——(an+ bnz}’

2 2 2

HMeeM
m N
f(x) ~ 2 e, (55.54)
n= — oo

rie, OYEBMAHO, ¢, = C-p, N =1, 2, ..} BCROMHHAd,  9T0

cos + i sina =e** (cM. m. 37.5), noayuaem
Cp= —;— (@, ~ b,iy== —-QL j‘ f(x){cos nx—isinnx)dx =
n

—m

.._Wz% j f o) e™™ dx, (55.55)

tcn= g (@ + bni) = 5= {1 (e d.
gl

Tloncrasnas (55.55) B (55.54), nonyunm
00 =
~_L inx —int =
Fx) ” 2 e f(e)e™dt. (55.56)

o= =00 —T
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Taknw ofpazom, nosyyaeM sannch psina Pypee B KOMIVIeKCHOH dop-
ME H COOTBETCTBYIOiUHE BEIDAMEHHA JIS KOSDOUIMEHTOB.

Tpe6ylor pasbacHeH HA ML NOHATHE CXOIHMOCTH paja enia (55.56)
H CMBICH HHTErPANa OT KOMIJIEKCHOSHAYHOH (hyH KLHH.

Yacriuno#d cymMol flopsafiKa n pALa

-+ oc
Y 2, (55.57)

f o e OO

r
HasbiBaeTest cymma S, = E Z,. Pax (55.57) HaswiBaerca cxojs-
h=—n
ILAMCA, ecad cymlecTsyer S=lim S,, npu sToM S HasBHIBAETCHA CYM-
=+ 00
MOH pAjia ¥ MHIIeTCA
+ o

S= Z 2,

n=—=0C

Ecan qyHkn®a w(x) PeleCTBEHHOIO IIEPeMEHHOTO X MpHHHMAET
KOMIICKCHRBIE SHAUSHHUS wiXx) == w(x) + fv(x), TO MRl DOJCKHM IO Ompe-
IEeReHHI0

j‘? w(x)dx:—:fu(x)dx—}—ifv(x)dx.

a 2

§ 56. WHTEIPAJI $¥PbLE K NMPEOGPA3OBAHHME $YPLE

56.1. Mpeacrannense dynxunii s aune
HHTerpana dypee

[TycTe ¢ynKuns | a6COMOTHO HHTETPHPYEMA Ha BCeH BeluecT-
BeyHofl ocH, Hamumem Jst Hee HHTErpai, COOTBETCTRYIILKA B Cope-
ASNEBHOM cMbicae paay Dypee, B KGTOPOM CYMMHDOBAHHE TIO HHAEKCY 1
3aMeHeHO HMHTETPHPOBARHEM NG HEKOTOPOMY MapaMerpy:
+oc

S [@{y)cos xy-+ b (y) sin xy) dy, (66.1)

Cc
rae

+cc
a(y)= -a’—I: 'Y f (fycos ytdt, (56.2)

+0
b(y):—i f f (t) sin ptdt. (56.3)
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Dopmynb {66.2) 1 (56.3) HartoMHEAIOT GOPMYJTH ANS KOIAXPUIHENTOB
dypre.

Onpedenenne 1. Humeepas (56.1) nasmeaemes unmeeparon Pypee
Pynryuu f.

Iloacrapnaa (56.2) u (66.3) B mnterpan (56.1), mpeobpasyem ero
CJEAVIoUiHM OBpasoM:

toc da  4oo
j [a{y)cosxy+ b {y)sinxy]d =—i— j S f () (cos tycos xy+
o - +o
-+ sinfy sin xy) d =-%S j fycosy(x—iydt.  (56.4)
4] —

Topo6uo ToMy, Kak cymma psaia Pypbe ¢YHKUHH NPH ONpemencH-
HBI: YC/AOBHSX AaeT sHaveune camoll PyHKLNM, BHTerpal @ypoe takxe
daeT NPeCTaBAeHHe HCXOUHOH (YyHKIHH.

Teopema 1. Mycme pyuiyunf Kycouro senpepoisna Ha xaucdom Ko-
HEUHOM OmpesKe U aDCONOIMKHO WHMESPUPYeMA HO 6Cell SCUieCmBeRNOL
npamod, nycme 8 KaWAOU MOuKe X CYLECmayiom NpoussodHan Cnpasa

[+(%) u npoussodnasn caesa f_(x), moeda cnpasedausa dopmyaa

) 0 +oo 4o
e+ O1G=0 1 j dy J“ Flfycosy(x—t)dt.  (56.5)
‘I:
0 —

HNokaszateabcTso. PaccMOTpHM HHTErpad

b oo
Sy =_;—j" j'f(t)cosy(x—t) dt, (56.6)
0 -—0

rae 1 >0, a x—NpoussonbHoe HHKCHPOBAHIOE YHCJO.
OuepnjiHO, 4YTO HHTEI‘paJ’I CDypbe

+
— S dy f (fcosy{x-—1)dt (56.7)

ABJSETCA NPEISIOM cpyHKuHH {56.6) mpH n— -}-o0, T. €. S(v) aABAseTCH
B STOM CMBICJIE AHANOIOM YACTHYHHIX CYMM pajioB $ypoe.

Das kaxaoro uicaa § > (), cornacHo Teopeme off HHTErPHPOBAHHH
HHTEIPAJIOB, 38BHCAUMX OT napamerpa (cM. m. 53.1), HMeem

E g n
S‘qdy Sf(i}cosy(tﬂx)dt—_—. j'f(t)drj'cosy(x—t)dy=
0 - -t 0
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- Sf ysanle=—9 g (56.8)

x—t

HeficTBUTENEHD, B CHAY Kycoqﬂou HeNpepLIBHOCTH yHKUHKE f(F)
OpAMOYTOJNBHHK —ECt<E 0L ¥ < 1}, MOXHO pas6HTb MpAMEIMH,
napanjenbHEIMH OCH Oy, Ha KOHEYHOE YWCAO NPAMOYTOJBLHHKOB, Ha
KaXJI0M H3 KOTOPLIX QyHKHHA f(f)cos y(x — ¢) OydeT yxe HelmpepHBHa,
KaKk (YHKUHA ABYX NepeMeHHLIX, BIJIOTb I0 TPAHHUB! (€CAH Ha IpaHuue
VKA3aHHBIX [PAMOYTOJILHHKOB B HYXKHOM cilydae 6paTbh npene/bHBie
sHauenus GyHEUR f, T. €. f(# 4 0) uau f(¢ — 0)). Ipumenns Teopemy 3
#3 n. 53.1 K KaxJIOMY NPAMOYTONBHHKY H CYMMHDPYS MOJYUYeHHbE pe-
3yALTATHL, MBEl B nOJIy4uM Gopmyay (56.8).

Ha oueBunHOTO HepaBeHCTBA

|f(tycosy (x—0)] <[F(B)]

400
H CXOIHMMOCTH HHTerpasia S{f(t)ldt clelyeT paBHOMEDPHASN CXOAUMOCTh

-—00
ua orpeske [0, W] OTHOCHTENbHO lIApaMeTpa ¥ HHTErpana

F (y)=+jn F(tycosy (x—1) dt, (56.9)

T. €. (hyHKIHA .
F{y,B)= j‘f(t) cosy (x—1) df
-
paBHOMepHO Ha oTpeake [0, m] crpemurca kK mnpeaeay (56.9) npu
g~ oo,
Hanee, dyukuua F(y, &) wnenpepoiBHa mo y. JleficTteuTesbHO,
Gbyuxuna f orpanuuena Ha orpeske [—§, E]:[f{f)| <M, —EIE,

OGozHauuM gepead o (8} MOAY/b HeNpPepLIBHOCTH (YHKIHY COS Y(xX —f),
0Ly —ECt<E Torma lime(8)=0, nostomy
-0

: | F{y4Ay, §)—F (¥, 8| <
< {17 @)l cos (y +Ay) (s —0)— cosy (x—1)| df < 2MEa (Ay) 0
—

npun Ay->0.

Tlostomy B cuity Teopembl 2 m. 53.1 B jieBoM HHTErpase pasencTsa (56.8)
MOXKHO JIepefiTd K IIpefle]y NMOJ 3HAKOM wuTerpaia npu § — -+ oo.
B pesyiabraTe noayuynM

+oo o
St=— [ Fo =0 g
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ITOT HRTErpa/l KOHedeR (oueMy?); OH ARJASETCS aHAIOTOM HHTErpana
Hupuxae ana pagos @ypoe, [Tonarag u = ¢ — x (cp. (55.13)), noayuum

U

+oe :
S=—+ | Flut+ 022 du,

Hpe;l,CTaB.J'[HH nonyquamm“lca HHTErpaJl B BHIe CYMMEI IBYX:
+ oo 0 0o
f=1+]
-00 —0o0 0
n Jenass B ODePBOM H3 HUX 3aMCHY u=—Ii, ToJAy1IHUM

1 T sin v
Sm=— | Pt fle—t] =+ dt
0
Benomunas (cM. B, 54.3), uto mpu n >0
+ sin w! dt ="
f t et
b

HOJYUUM

+o .
St ORTED T (e )+ Fe—t)) S5 d—
0

+oo .,
40+ a—0) - | EEdr=
0

sin nf dt.

__l
Tom

+eoo . 400
| f(x+i)-;f(x+0)sinnfdt+_:?j‘f(x-—-f)—tf(X—U)
¢ ]

(56.10)

PaccMotpiM, Hanpumep, nepsuii HHTErpan, CIOALIHA B NpaBoM
YACTH STOrO paBeHCTBA. PasofbeM ero Ha JiBa HHTErpata:

TTockosbRY

lim L& —i+0 =F. ()
t~40 t +
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- —F{x--0 .
TO ClJYHKU,Hﬂ Flx- ) 7 it ) ABJAACICA KYCOYHO HenpepbpiBHOH

¢dyHknnei nepeMeunol ¢ Ha OTpeske [0,1], u nosroMy B CHJAY Teo-
pemp! 2 u3 m. 55.2

f fxFH—F(x+0)

lim sin ndf ==0. (56.11)
-+ 00 h !
@ f(x-4 1)
YHKIHS ————=> TaloKe KYCOUHO Henpeprisha Ha Mo0OM OTpesKe

noayocn { > 1 u nockonbxy
4
(LD < o)

T0 OHa alCOJIIOTHO WHTerpupyeMa Ha 3TO#f TNOJAYoCH H, CJaelosa-
TeJbHO, B CHJIY TOH Ke Teopembl

0
lim L"‘t—“)— sin ntdt = 0. (56.12)
orebon 1

sinx

-+ oo
HaxoHel, U3 CXOAMMOCTH HHTerpafna f df (cwm. n. 34.4),

0
jesan 3aMeHy nepeMeHHOTr o u=nt, NnoJaydacMm
+oo .
litm j ”"""O) sin nfdt = f (x4 0) lim j—slugf—du=0. (56.13)

=-{-00 '*m
e o n H

Hs (66.11), (56.12) n (56.13) crenyer, uto

-+oo
Him -;—é[ P H—Tx+0 Gy =0,

700 ¢
AHAJOTHYHO AOKA3LIBAETCH, YTO

lim - Cfx—H—f(x—0)
f+too T t

sinntdt =40,

Ortciofa B CHaY (56.10 } monyuaem

lim S (n) = [t O +Flx—0
n++oo 2

Tipenen neBol wacTu Takxe pasen unTerpaty Pypue (56.7).
Teopema JoKasaHa.
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Yupamxuaenue 1. Jlokasars, 9T0 eciiit QyHKUHR [ B AOMOAHGHHE K HA-
AOMKEHHLIM HA HeS B TEOREME | OPpaHHYEHHSM #BAAETCH Yerrofi, COOTBETCTBEH-
HO HEYeTHOH, TO crpaseasusn: fopMyas

Fix+®+fix—O
=
2

9 =+o0 “+o0
'y 5‘ cos yx dy j. f{0) cos yidt,
0 o

COOTBETCTBEHHO

) Lo +o0
- — 2 r
,f(x+0)2l-f(x 0):}? j sin yx dy ﬁ\ F () sin yrdt.
0

56.2. Pazauunnie suam 3anucad dopmyan Pypoe.
INpeoGpasosanse Pypoe

B nanbuelimeM 115 MPOCTOTH 3anmucH OyJIeM CUHTATB, 4TO
GYHKDEA f B ZONOJIHEHHE K YCNOBHAM, CHOPMYIHPOBAHHEIM B Teopeme |
. 56.1, nenpepnBHA BO BeeX TOUKAX, B sroM ciyvae cnpaseanusa dop-
uyna Pypre
i “+-00 +00
H@=7;§dyffanwya—ﬂﬂ,
-0

H Tax KaK HOABIHTETPAAbHAA (PYHKLHA H4ETHAA OTHOCHTEALHO IepemeH-
HOH ), TO
G
Fy=o |
2n

—o0

dy+§0f (fycosy(x—£)dt. (56.14)

B cHIy OUEBMAHOrO HepaBeHCTHa
[)siny(x—H < [FOY]

NpH CAJAHHEBIX OrPaHHYEHMAX HA (YHRUMIO f CcymiecTByeT TaKwkKe
HATErpada

<400
jf@gnﬂ»_om,

npuueM B CHAY IpH3HaKa Befiepmrpacca {cm. 1. 84.1) OH paBHOMEPHO
CXOXHTCS Ha BCeH BelLeCTBEHROM OCH [IepeMeHHOr0 ¥ 1, CISJ0BATeNsHO,
ABIneTCs HenpepbieHoH dyHkuMer or y. [losTomy sns t060rC uucad
1) CYUIECTBYET HHTETpal

f dy+fof (#)siny (x—¢) dt, (56.15)
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[IPHYEM B cnny HeYeTHOCTH HDﬂ,bIHTEI‘paJIbHOH q)YHKL[HH OTHOCHTEJIBHO
HEpEMEHHOH ¥ STOT WHTErpan papeH BYJIO. OJ],H&KO [p4d CAenaHHpiX
NPEANONOKEHHAX OTHOCHTENLHO (YHKLUHH [ HeAb3s TapasTHPOBATH
CYIECTROBAHHE HECOOCTBEHHOIO HHTErpajia
~Loo 400
de jf(f) siny (x—£) dt. (56.16)
-0

-0

BeeneM caepyioulee onpegenedue.
Onpedeaernne 2. Hycmo Qyuxyus @ unmezpupyema Ha A000M
KOHERHOM OMPESKe, ECAL Cyecmayent KoHeuHouli npeden

llm ‘f(p(x)dx 1>>0

(@ He npedea llm ch(x) dx, 20e £ u v compemamca K Seckoneurocmu

L—-ooE

HesaeucuMo dpye om dpyea, Kak npu onpedereHul HecoOCmeEeH B2
urmezpaaig, cm. n. 34.1), mo O0H HQ3LIEAENICA EAQABHHIM SHAYEHUEM
o0

unmezpain S ¢ (x)dx u obosnaunaemca Gyrsamu 0.p.*%

—o0

-+ 00
v.p. S (x)dxmhm jrp(x}dx

—Q0

[Tono6urM xe o6pasoMm onpesendeTcs W IVIABHOE 3HAYEHHEe Hecoder-
BEHHOIO HHTerpaja B TOUKe: MycTh @ < ¢ <_ & H HYHKIHA ¢ HHTErpU-
pyema 1o Pumany Ha orpeskax [a, ¢ — &) #t[¢ 4+ &, b) npu aroom e > 0
{(ecTecTBEHHO, TpeRNoJAaraeTCes TaKwmKe, UT0 @< ¢ — & H ¢+ g < b);

b

TOr/A TIaBHOE 3HAYEHHEe HHTErpasnd j.cp(x}dx B TOUKE ¢ ONpeaensnercs
o

dopmyno#t

b c—8 b
p.s ¢ (x)dx=lim j ¢ (x) dx + j ¢ (x) dx
4 8~0 a [

1
dx
Samemm HANIPDHMEp, YTO HHOTETPaJbl Sxdx H f? HE CyU.leCTBYIOT
-

—0C

KaK HecoOCTBEHHbIE, OAHAKO CYIIECTBYIOT B CMEIC/IE IVIABHOTO 3HAYeHHH,
KoTopoe B 000uX cilyuanx paBrO HyM0. Ecix ke cywectayer Hecober-
BEHHBIN HUTETPAJ, TO CYLECTBYET H ero [MIaBHOE 3HAYEHHE, IPHUEM Ok#,
QYeBHJAHO, COBHANAMT.

*} [napnoc snavende 1o-gpannyscku — valeur principale,
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Mu1 6yeM CHCTeMaTHYECKH PacCMATPHBATE CYINIECTBEHHO KOMILTeKC-
RosHaukke ¢yHKuMH w(f} == u(f) |- iv({) BelleCTBEHHOro apryMeHTa f.
Mut yiKe BCTpevasuch ¢ IOHATHEM MPEfiesa H HeNPEPLIBHOCTH HOJ0OHBIX
dyukuuit. [Iponssognan ¢yHKUMRE w(f) onpenensercs no dopmyJe

w ) =u' {)+iv ().

[Tokaxem, nanpumep, uTO, COTJACHO 3TOMY MNpaBHay, (&%) =
=jaet, JlefictBurensHo,

(e*) = (cosaf +i sinuf) = —asinot +iacosaf =
= o (cos af i sin af) = jue’™?,

ARanoruyHo ompenensercsd M MHTerpa’i (co6CTBeHMLI, HecofeTBeH-
HHIH UM B CMBICJE TJIZBHOTO 3HaYCHHSA) OT QYHKUHH @ == ¢ - v:

b b b
5w(¢)dt=§u(r)dt+fju(t) dt, —oo < a< b1 0.

{C necofcTBEHHBIMM RHTeTpalaMH TAKOIO BHJAA 10 KOHEYHOMY OTPE3Ky
Mul yike Berpedamnes B 1. 55.10.) Ilpu stoM GyHKUMSA @ HA3nBaeTcs
aBCoJTIOTHO MHTETPHpYeMOoit, ec/H afCOMIOTHO HHTErpHpyeMsl GYHKILUK
uH U :
OueBHJIHO, YTQ PAjl CBOHCTB HHTETPAIOB OT BEIIECTBEHHBIX (PYHKIHI
(MMHEHHOCTb HHTerpasia, alAHTHBHOCTL €IC [0 MHOXKecTBaM M T. 11.)
4BTOMATHYECKH NMepeHOCATCH H HA KOMIWIEKCHO3HadHwie Qyurnuwn. Or-
METHM, HaNpHMEp, YTo ecIH ¢yHKUEHSA @w(x) = u(x) + f(x), tae u(x) u
v(x) — HHTErpHpyeMBIe rtl)o Pumany Ha oTpeske [@, b] BelulecTBeHHHIS

GOYHKLLHN, TO HHTErpas j'w(x)dx TaKe ABAACTCA MPefeNoM HHTEr-
a

4
b
pPaANbHBEIX CYMM COp = Ew(gf)Axi (t = {x;}i=7 — pasbuenue OTpeska
fme]
la, 6], i1 < & < x5 Ay =x; — xi—, £ =1, 2, ..., k). Orciona,
KaK U JJ5 BELECTBEHHEIX QYHKUUH, cle1yeT, 4TO B 3TOM Cayyae dyHK-
uun lw(x) Takxke nHTErpHpyeMa 1o PHMaHY M YTO BLINCJHACTCH He-

PaBeHCTBO )

fw(x)dx <5|w(x)|dx.

[+

[NpeneabHBIM NEPexoI0OM CNPaBe/litBOCTL ITOTC HEpaBeHCTBAa ycTa-
HaBAHBacTCA H JIAA alCOMIOTHO HHTETPHPYEMBIX KOMMJIeKCHOIHAYHBIX
tbyHRUH.

Bepuemcs K dopmyne $ypbe. B CHNY HEHETHOCTH 110 Y MOABIH-
Terpa/ibHOH (PYHKUEH B HHTETpaje (56.16) uMeen, coraacio caenauHoMy
OTNpeAeNERHNIO,
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+c0 00
0.p. j dy g f)ysiny(x—0)dt =0, (56.17)
- -0

i
[lomHBOXKag 327T0T HHTErpaJ Ha B H CKJaJnBass ¢ HHTCrpaJoM

(56.14), noayuum
)
f=5 |

-0

+oo
dy f Fiy ey “ =y, (56.18)
—ro

rie BHe(IHHH HHTerpaJ MOHHMAETCHs B CMBICJIE TJ4BHOTG 3HAYCHHA.
Ecau nojoxuTb

— 1 7 —ivi
D= —Lf(f)e dt, (56.19)
70 dopmyaa (56.18) npumer BuA
17 .
Flxy=w0.p. ?;—;_qu) (y) etvdy, (56.20)

Onpedeanenne 3. Dyuxyus D, rkomopas cmasumes e coom-
eememene Qynuryuy f dopmyarod

®(y)=0v.p. —}—/12_; [t e, (56.21)

razeieaemes npeobpasosanuenm Pypve dynryuu [ u obosrauaemes FIf)

uan f.

B stom ontpenenenny f(f), BooOLue roBOPS, KOMILIEKCHO3HAUHAS (BYHK-
UHS BemecTBeHHOro aprymenta. OrtveTnm, uro dynkuus @D = F[f]
MOeT NIPHHHNMATDL CYLIECTBEHHO KOMIIEKCHLIE 3HAYCHAS | B TOM c/lyuae,
Korja ¢yHKUUSA [ IPHHHMAET TOABKO BellleCTBEHHbLIE 3HAYEHHS.

IlpeoGpazoBanie Pypre onpejeseHo, B YaCcTHOCTH, LA BeeX abeo-
JIIOTHO HHTETPHPYEMBIX GYHKIHH.

Onpedenenne 4. Pynxyus @, Komopas crmasumen & coomsen-
smeue uHKyul | gopmy ot

O ()= U.p.—]fl‘i Cff(t) etvids, (56.22)

rasosaenica oopamusim npeobpasosaruenm Pypee pynxyun | u obosraua-
emen FU[f).

OrrocHTeAbHO 06paTHoTo npeofipasopannst Oypbe COpaBefIHBbl 34~
HEYAHMA, aHa/JOTHYHBIE TeM, KOTOPEE GHLIY Cle/lalbl 0] Onpeleie-
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nus npeobpasopansst Oypee. Cam TepMun «obparsoe npeofpasoBanye
Oypoey onparanisaeTca Tem, 4To npeobpasopanue F—! ofpainaer mpe-
obpasoeanne ®ypee . BoJee Touno, cripaBeiuBa CAEAVIOULAS JeMMa,

JAemma l. [Tycmeo nenpepoisran abeoOMKO URMEZPUPYEMAS H Bcell
ocu  Pyrxkyua [ oumeem 6 kamcdol mModKe KOHEUHbIE OOHOCOPOHHLE

npou3sodHse, mozia
FOUFI =FF ) =1

Jdokasatenscrieo. Ilepras cpopmyﬂa ofpauieHus, T. e.
dopuyna F-![FIf]] = f, sBasietcs npocto APy el SanMCHIo yiKe I0Ka3aH-
Hoft dopmyas (D6.18).

TMoxkaxkem cnpagejIHBCCTE RTCpoR Qopmynant  ofpawesus. [lo-
CKOJIBKY KOCHHYC — veTHas ¢yukiHa, 10 B (56.14) MoKHO nepecTaBHTs
MECTaMH [ H xi

1 H-00 +o0
fw=—— | dy [ [(e)cosyt—~x)dt,

B CHJY JKe HeUeTHOCTH CHHyca (cpas. (56.17))

400 oo

.. j dy jf(’t) siny (f—x) dt =

[Toaromy wapsifly ¢ qopmyaoi (56.18) umeem Tawke
+oc

fo=o |

-+00 —x
dy [ Fo) T at,

HJIH
+ oo

Flx)= V? 5" [ ! jf(r)e”?dt] e dy,

rae BHeIIHHI WHTETPAT NMOBUMAETCH B CMLICHE IVIABHOIO 3HAYEHHHA. D74
dopMyna MokeT OblTh [epernucana B BHAE

FIF ' ify=F.

JlemMma JIOKasana.

Jexmma 2. Hycmo 0an pyrryuil fy u fa cytjecmsyem npeobpasocéanue
Pypee (coomsemcmeenHo, obpamuoe npeobpadosanue Pypse), mozda,
Karoast Ot Hu Obiay wucaa by t Ag, cytijecmeoyem npecOpasosanue Pypoe
(coomeemcmeerno, obpamuoe npeotpasosanue Pypee) u Gaa pynkyun
Mf + Aofz, npuden

Flafi-+ Agfal = MF (il M F [y
{coomeemcmeeHno F! A A A S = ?LiF*l NE= JL_,F‘l I8)8
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D10 CcBONCTBO HA3LIBAETCA AUHelHocmolo npeobpasveanis Pypoe,
{cooTBeTCTRERHO COpaTHOTO npeobpasoBanusn Pypse). Ono nemocpeact-
BeHHO caexyeT n3 dopmya (56.21) u (56.22).

Caexcrere. F[0]= F-1[0]=0.

Hanpumep, F[0] = F[0-0]=0.-F{0] =0.

HJemma 3. Ipeobpasosanue Pypee, max sce kax 1 obpamuoe npeob-
pasosanue Dypee, HBARCMCN GSQUMHO OOHOIHQUHOIM NPEOBPASOBAHUEM
HO MHONCECMEE HENPEPLIGHBIX ADCOMOMHO URMEZPUPYEMBIX HA SCell Ocl
(hyrryul, umerouux 8 Kawedoli mouKe OOROCIMOPOHHUE NPOUISOOHBIE.

D10 O3Ha4AELT, YTO €CIH f; K f; — ABe dyHKuMM YKE3AHHOTO THNIA
n ecad Flf] = Flf,] (cootsercrsenno, ecnn F![f) = F-fy)), 1o
f1 = [. Ha Beell ocu.

HokasaredbcTso. [lyers FIf,] = Flfy). Torna B cuny n-
nefinoctH npeofpasosanua Pypee FIf, — fo] = 0. IlostomMy no anu-
wefisoetn  F~! o F [F[h —»le] = (. Ho, coraacko memme 1,
F-1[Flfy — f2]l = f2 — f». CnenoBatensuo, f, = f,. AHAIOFHUHO AOKa-
8LIBACTCA B3AMMHAA OJHO3HAYHOCTL 06paTHOTO MpeoGpa3oBanus Pypre.

56.3. CpoiicTea npeodpasosanua Pypee aGeonioTHo
HHTErPHPYeMbIX PYHKIHI

B z10oM ¥ caenyiomnx NyHKTax GYIYT PACCMOTPEHEl HEKOTO-
puie cBodcrea npeobpazosanns Oypre DYHKIME f, KOTOPOe, KaK W BhLIILE,

PN
Gyaer oGoznauatees f wan FIf]. Ilpu stom Gyxer npennonaratscs, 410
dyukunst f npynumaer, Boo0Ule TOGBOPA, KOMIIEKCHEIE 3HAYCHHS.
Jdemma 4. Ecau pynryus | aOcoaomue unmepupyena 1a eeedl e-
N

wiecnseHHol oci, mo ee npecbpasosarue Pypee [(y) vepanuueno Ha eced
oct, npudes

-~ +oo
Fl< g §1remlax. (56.23)

Cnepncreune. Ecau nocaedosameasrocme abcoromno unmeepupye-
moix unkgud f(x), n=1, 2, ..., u abcosomuo unmezpupyesas dyrx-
yua f(x) maxoser, unio

Bim {ff, (0 —F )] dx =0,

P
mo nocaedosamenvrocme {f,(¥)} pasnomepro Ha eceli ocu cxodumcs

K (pyuryuu ?(y).
Horasareancrso. Hepapercreo (56.23) ciepyer us dopmy.st

—~ +o
f) =V_l§?€ f fxye ay, (56.24)
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eC/H TOJBKO BCHOMHUTB, 470 |e~4|=1,
Jlemma jJokasana.
Cuencrsye cpasy BLITekaeT u3 HepabencTsa (56.23).
Jdemna 5. Ecau Qyuryun [ abcosomuo unmezpupyema na aceit ge-
~~

wecmeennot oo, mo ee npeobpasosanue Pypee F(y) HenpepoisHo u
tim Fy)=0. (56.25)

y+too

HorkasateawerTso [lyers f(x) = u(x) + fe(x), rre u(x) n
v(x) - BelllecTBeHHEe abCOMIOTHO HHTErpHpYeMble GyHKUUH, [TOCKOABKY

. o~ Fain R
f(x) = u(x) + iv(x), TO AnA NOKa3aTe/NLCTBA HENPEPLIBHOCTH PyHKUHY
" P ]

f(y) nOCTATOYRO NOKA3aTh HENPEePLIBHOCTH GYHKUHHE £(x) H v{x).
Coraacno aemme H3 1. B5.2, nas moboill pelecTBedHOR affCcofiiOTHO

HHTErpUpyeMoli Ha BeeH ocy dyHKUUH §(x) CYLIECTBYET nNOCAE0Ba-

TEJNLHOCTD CTYHEHYATEX (hYHRUHE ¢, (x), n = 1, 2, ..., TAKHX, 410

+0o0
fim [ @ (1)~ (1) ] dx =0.
n-voo_oo

N
B cuny ciencrusa nemmal 4 mocaenerareqsHocTh (¢, (¥)) paBHOMEpHO
”~
CXOAMTCH K qnynxuma @(y). Lna Toro ytofinl y6EAHTLCA £ HENPEPLIBHOCTH
N

(yarnan q:{y) JIOCTATOYHO HOKA3aTh, 4TO QYHKLRY (Y} HEnpepulBHE
(cm. teopemy 6" B m. 36.3). Tloxawenm s1o. Kaxiaas crynenuaras dynk-
Ius ABNAETCH JEHeHnON KoMOHHalUMel oqHOCTYIeHYaThX (oM, I, HD.2).
[TosToMy B cuiy JHHeHROCTH npeobpasoBaHns Pypbe HENPepHBHOCTH

~~
@n{y) GyIeT N0Ka3aHa, eChH Mal IOKAKeM, 9T 1Ast J000l ONHOCTY neHya-
TOH QYHKUHH ee mpeobpazobanne Pypee HENPePEHIBHO.

flyete o{x)=1, eciu a<x<b, » @{X)=0, ecniv x<a win
x> b, 1. e. 0 (x)—ojHeeTynenuatas ¢ynruna, Torga B cuny (56.24)
HMeeM

-~ I é —i 1 4 .
03(}’)——-—-5-?58 ”ydx-———-ﬁj'(cosxy—ismxy)dx=
(sin by —sinay) + ¢ {cos by —cos ay)

%0

[Tpasas yacTb 5TOFO PABEHCTBA ABJAACTCA HEMPephIBHON QyuriLuedl
w be—a
(ecm cuntatk ee npn y=0 pasncil V& ) CregoBatefibHo,
T
by HRILHA qn(y) HelpepLIBHA.

Ha ILOKESHHHOI"O c.ne,nye'r 4TO (hYyHKUHH u(x) 7 U():), a4 3HAYMT,
n bVHKUHSA f(}’)=u(y)+w(y) HEnpepLlBHbE,
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Pagenctso (56.25) cneayer ua teopembl 2 m. 55.2. [eficrauresbHo,
f()’)— [ S f(x) cos xydy —i j () smxydx]

TA¢ B CHNY YKa3aHI-IOﬁ TeOopeMHl BeleCTBeHIIaA B MHHMAaA JacTd, a ¢JIeno-

AN
BaTe/bHO, H caMa QyHKIMA f(y) CTPEMATCA K HyJI0 IpH ¥ —> -f- oo,
JleMma noKazaxa.

56.4. lipeoGpasonanne Pypbe NPOH3BOAHBIX

Teopema 2. [Hycms adcoromno unmespupyemas yuuxyun f
Lmeerm n aOCOAOMHO UNMESPUPYEMOIX U HENPEPBIBHBIX KA 6CEil 0CU NPOUS-
00K, mo2da

FIf =Gy Fifls £=0, 1., (56.26)

u cyecmsyem nocmosnnas M >0, maxaa, amo

[Fif]] < (56.27)

lyl

JdorxaszaTenbctso. [lycTh cnayana ¢yHKUHA [ BELECTBEH-
na, Ecnu § aGconoTHO HHTETpHpYEMa Ha BCell OCH BMeCTe CO CBOSH Ipo-
H3BOJHOH f W 5T4 MPOM3BOAHAA HENPEPHIBHEA, TO H3 GOPMYJIEI

[0 = O+ [ F

b CHIY HHTErpUpYeMCCTH [ ¢JedyeT, YTO CYUIECTBYIOT mpeie-
ael lim f(x), mpuYeM H3 HUTEIPHPYeMOCTH camoll ¢dyHKuuu J, oue-

X -+ 00
BUJIHO, CAEAYeT, YTO 3TH Tpelesint PaBHE HYJIO.
Hurerpupys no 9actaM ¢opmyday npeoGpasoBanus Pypoe, noayuum

) oo
—ixy 4+

e~

(x)e

F[f’]——— jf x)e*t"ydx—]/_

=Y dx = iy F{f].

Tagun ofpasom, audepeHnHpOBAHRe DYHKLHH IPHBOMNT K YMHO~
WKeHHI ee npec6GpasoBanus Pypbe Ha MHOMKHTEAb LY.



56.5. Ceeprra u npecbpazsosanue Pypoe m

Ecau Teneps [ == u 4 jv, rae u u v — BemecTsenHue QyHKIKH, U
CHOBa [ abCOMIOTHO HHTECPHUPYEeMa BMECTE €O CBO:H MPOM3BOAHOH
f' = u' -4 &’ w 37Ta npousscaHan Beupeprsiua, TO

Fif'l = Flu' +4 v’} = Flv'| + iFlv') = iyFlu) —~yF(v] =
= (yFju + iv] = iyF[f].

thopmyna (56.26) npr n = 1 AoKaszaHa.

15 NPOM3BOJIBLHOTC # OHA IIOJYYACTCS OTCIONA N0 HHAYKUUH,

dyuxwia Flj] asanercs orpanuueHHOH GyHKLUHEN {cM, JeMmy 4),
NOTOMY BEpXHAA Ipanb M = sup | FIf™]} koHeuwa u, caeno-

— o0 < Yoo
paTelLbHo, ouenka (06.27) caenyer na dopmyan (56.26) npyn k = 2.
Teopema nokaszaua.
Hrai, yeM Goanlte uMeeT a6COMIOTHO UHTEIPHPYEMbBIX NPOH3BOTHRIX
Gynruns [, Tem GuiCTpee CTPEMUTCS! K HYJIO HA GCKOHEUHOCTH €€ fIpe-
ofpasopante Pypwe,

56.5. Ceepria u npeoSpaszosanue Pypore

[lycTe yHKIHKN ¢ ¥ ONpeldeseHn Ha Beell NelCTBHTRNbHOR
ocr. B pasauugmnx Bompocax mMaTeMATHRH HaCTO HCMOAB3YVEICH TAK Ha-
3KIBAEMAN cegpmKa @ = (yhxyud, KOTOpaa OnpelelneT s PaBeHCTROM

-+ 00
(@90 = { eOB(x—nd™. (56.28)

—C0

Jlna mpocToThl B 3TOM DYHKTE OyAeM NPeanosarars, 410 paccMarpHi-
saembie QyHKUEH /), P(f), L{{) — BewecTBEUHEI.

Wurerpan (56.28) 3apeoMo cyllecTByeT, ec1n ofe (yHKUHUH OTPaHu-
yeHel M abCoMTHG HHTETPHPYeME* ). '

[Ipn stom uuterpan (56.28) u GoJlee TOTO HHTErPaEd

+ o

[ to @) px—p) e

—C0
paBHOMEPHO CXOJIMTCA HA Beell NeHCTBHTENBHON OcH. B camom Jene,
B CuJay OrpaHHueHHOCTH yHKUHH P HMeeM Wbl < M, rae M — nocTosn-
Hag, NosToMy LA BCeX x W {

leOvx—0 < M|

*) Yepes (p+ {)(x} ofo3HanaeTcs sHaueHHe QYHKINA @ « U B TOUKE X,

**) CymiecTeoBalie WHTerpana (56.28) MOXHO rapauTHpOBaTh W UpH Gonee
oBUINK yCOOBMsX, ORHAKO MLI HA 3TOM He OyleM OCTAHABJIKBATBCH.
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U JIAHHGE YTBEePIKIEHHE, B CHJIY a6COMIOTHOH MHTETPHPYEMOCTH (pyHK-
uny ¢, BeITeKaeT B3 npH3HaKka Befieprutrpacca paBHOMepPHOH CX0OAUMOCTH
{em. m, 36.2), M3 npHBeNeHHEIX PACCYKICHHH ClefyeT TaKKe, Yro ecad
(PYHKITHY @ P OTpaHHYCHBI, A6COMIOTHO HHTEIPUPYEMBI # HENPEPLIBHLI,
TO H UX CBepTKa [ TakKe HENpephIBHA, OrpaHHuYeHa H abCo/OTHO HHTET-
papyema, [lefiCTBHTEILHO, HENPEPBIBHOCTD QYHKUKH f CIeAyeT H3 paBHO-
mepnofi cXomuMocTH uHTerpaia (56.28), orpasyieHHOCTh — U3 OLEHKH

~+Q0 400
(p=W)l < [ le@bG—nld<M | |o)]d.
—00 — o
Jloraxem aBcoMOTHYIO HHTETPHPYEMOCThb crepTk#. [Iyete f= ¢ # )
oo +co +o00 +oo 400
{Irwlde= {dax] [e@be—nd|< [ dr | o) pi—n]di=
— 00 —0 —~0 —0 -— 00
400 . “+ oo -0 +00
= {le@a [ lvG—nlde= [1o@ld [1¥()]ds. (56.29)
—00 -0 — —oo
IlepecranoBxa mopsika WHTSTPHPOBAHAS 3JeCh BO3MOKHA B CHIY
+00
1010 (cM. Teopemy 5 m. 54.2), uyro mHTerpan j Jo @ (x—o)|de
+oo

PaBHOMEPHO CXOJWTCA Ha BCefl ocH, HHTerpal S | o) v {x—~H)dx=

—00

+00
=|¢()] ‘5' [P {x—¢)|dx paBHOMepHO CXOIMTCA HA JIOGOM KOHEUHOM

— 00

+oo 400
oTpeske (movyemy?), a MOBTOPHLI WHTErpat j' dx j' je P (x—08))dt,

-0k 00
KaK 970 CJeAyeT H3 HepaBeHcTBa (56.29), cymlecTByer.

Takum ofpasom, npu CleNaHHMX OPSATIONOKEHUAX K GYHKAUH
f=@* p MOXHO B CBOKO QUEPElbh HPHMEHATE ONEPALHIO CBePTKH C HEKO-
TOPOH HENpPEPLIBHON OrPaHHYEHHOH H aBCOMIOTHO HHTEIPUPYeMOH (yHK-
wiel (npuYeM CHOBA MOJYUHTCA (DYHKIIHS TOTO 2Ke KJ4cca) uau mpeod-
pasosanye Pypee.

Onepauna cBepTKH YHKUHE KOMMYMQMUBHA 4  QCCOYUAMUANR
B paccmarpusaeMoM KJjacce ¢yHKiHA. lefCTBHTeNbHO, fedasi B HHTEr-
paje (56.28) sameny nepeMeHHOro X — f = §, HOJAyHHM

4+ +os
PrPp= j“cp(t)lp(x—-f)dt: j'(P(x—S)lP(S)dS=‘P*CP-

—Q0
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Hanee, mpoussois B Huke HANHCAHHOM WHTErpase 3aMeHy mepe-
MEHHOrO { =¥ —&, Mensisl NOPAAOK HHTELPHPOBAHUA W Jiedas 3aMeHy
x—y+E=1, noayyum

+ 00 + oo
@eW)ex= [ xO—xdr [ 0l)px—t)dt=

+ 00 o0

= [u—ndr [ or—Hor—y+odi=
oo T

= [ety—Bdt { e~y +Hro—nde=

4o

400
= [ o0—8de { P rE—Wdn= (=1 *e=0x(pxY).

Bo3MOXHOCTE NEPECTAHOBKY MIOPSIKA YHTErPUPOBAHUA H B 9TOM CIy-
qae chefyer 13 Teopemul S 0. 54.2, ITelicTBHTENBHO, UCCAELYEM Ha PaBHO-
MEPHYIO CXOAHMOCT: HHTErpaibl

+00

1G—0 [ o=y x—y+Hd, (56.30)
Too

¢ [ $e—y+Hxy—xndx. (56.31)

B cuny orpannuennoctd GyHKNEH  u X umeed || <M, x| < M,
rie M —nocrosnpan, M 0O3TOMYy

[y (y—De(y—8vx—y+8) | <M o (y—8)|
lo(y—Ey P (x—y+ &) L (v — )| < M2 x (y—x)s

M3 3THX HEpaBeHCTB M aGCo/IOTHOH MHTETPHpyeMOocTH OYHKIHR ¢ u
caenyer, yto unrerpanu (56.30) u (56.31) paBHOMEpHO cXopsTcA Ha
J1060M KoHeuHoM oTpeaKe (nodemy?). HakoHell, CylIeCcTBYeT NOBTOPHEH
UHTETpan

+o0

400
[ de [ la—000—va—y+BldE=00]+|Y)|x)

—00 —-_—

Takum 06pasomM, BCe YCAOBHSA YKa3aHHOM Teopembt O us 0. 54.2 Bur-
TIOJIHEHEI.

CnenyeT 3aMETHTb, 9T0 [IPH PACCMOTPEHUH CBepTOK GYHKUHH MOXHO
CYUIeCTBEHHO 0C/1a6HTh OTPAHHUEHHUSA, HAKIANMBACMEIE Ha CBEPTHBACMBIE
{(pyHKUHH: OTOPOCUTE TPEOOBAHUA HX OTPAHHUEHHOCTH B HEPEPBIBHOCTY,
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4 OCTaBHThL TONLKC Tpefopanue afcomoTHodl nuTerpHpyeMocTH, Oanaxo
J0KA2aTeNbCTBO CEOHCTB CEEPTOK TOIBKO NPH OZHOM STOM HPEAfIOOMKe-
HHH noTpeboBano Opi npexie Beero HoJiee TOHKHX TEOPEM O nepemene
NOPAIKA HHTerpapoBaBua. s NPOCTOTE H3M0MENHS Mb! HE CTAIH 3TOTO
IelaTb.,

3afimemcs  Telepb HM3yueHuem mpeoGpasosanus (Pypre CBEPTOK
neyx ¢ysrunit. Ins ynocrea BHAOK3MEHHM ONpEeIeHHE CBEPTKH @ * P,

o 1
N002BHB JONONHHTEARHBH MHOMHTENb —=:

Vo
1 T
T {e@vx—nat.

Pwpe=

Teopema 3. [Tycrne Guuryun ¢ 4 02PaHUMEHD, HENPEPLIGHs U
aABCOMOMHO URMIEZPUPYEMbL HO BRUIECIMBEHHON OCU, moeda

Flp#p)=F (@] F ).

JdoxasartedbcTn o, DyHKIUE ¢ U\ OTPAHHYLHB], HEIPEPHIB-
HBl H a6COMOTHO HHTErPHPYEME], OITOMY (GYHELHS ¢ *1 06NanaeT TeMu
e CBofACTBAMM, B YaCTHOCTH, aliCORIOTHO HHISTPHPYEMA U I8 Hee MOMK-
HO paccMmarpuBaTh lipeobpasoBaHune Pypee

+o0 v -+oo .
F[(p*l}ﬂ]z-% j ey .Y Py p{x—1)dt.

Mensna 37ech NOPANOK HHTETPUPOBAHHA (YTO BOSMOKHO 3/16Ch B CHAY
Teopemal D n. 54.2) H NPOH3BOAA 3aMeHY NEPEMEHHOrO X = ¢ - s,
TOAY9AM

i +co +0o i
Flpstl=-- Stp(t)dt E v(x—i) e dx =

+o00

. +oo
=7‘§ (o@e ™ d -,%z; [ woye™ds=Fol F a1,

1. e. mpeofipasopavue Pypre CBePTKH ABYX (QYHKUHA PAaBHO NpoU3Bese-
HMIO TpeopasoBantit Pypbe 5THX PyHKIMHA.

Teopema aokaszana.

Teopema 3 Takxke MOxet OBbITh JIOKa3aHa NpH Goiee CaabHIX OTpaHu-
UCHHAX Ha paccMaTpHBACMBbE (DYHKUMH, HAIPHMED, NPY €IHHCTBEHHOM
HpeanoiiokenHd X aldCoMOTHOH HRTECDHUPYEMOCTH,
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56.6. Ipouseoanaa apeoGpaszopanus dypue hynxkuuu

Teopema 4. Ecau pynxyun [(x), xf(x), ..., x"J{x) abeosron-
HO LRMESpUPYENE HA 6CEN Getyeomsen kol ooy, mo apeobpasosarte Pypoe
pyrryuu | fsagemen n pas dudpepenyupyenot pynryueld u

FFON=FI*), k=0, 1, . n.

Hokasatearpcteo. [lycTs cunauana f BemecraenHaa QYHK-
iy, PopMainHo ,ump(bepeﬂunpyﬂ no mapameTpy HHTerpalt

Fm—V;jﬂweWw

u 3ameuast, 110 |xf (x) e~ |=|xf (x)|, nonyuum abcoatoTHO u pas-
HOMEPHO CXOJRIIHHCH HHTerpad

+-o0
—i }’ xf(x) e dx, —co<ly< + oo,

Crnegopatrencho (em. n. 54.2, Teopema G), B sToM cliydae npeobpaso-
sanue ©ypee Flf] dyuxnun f ssiaserca nmpdepennupyemoli hyukuned u

iF’ [f) = F [f].
Ecau teneps [ = « 4+ iv, The u ¥ v — BerecTBeHHEIC QYHKINH, TO
F [f1l=F lu-iol={F ul4-iF o]} = F {u] -iF [v]=
== —iF [xu} 4 F [x0] = —IiF [xu +ixv] = —iF [xf].

Jlanee no WHAYKOUH noJyuaeM, uTo npeoGpasosanne ®ypwe FIf]
GyHKURE [ MMeeT NPOHSBOAHEE J0 MOPAIKA 7 BKJIOUHTENIBHO H

FER R =F 5, £=0, 1, .., 0.

Teopema jckasana.

Craepactsue. BapeGnososcerusx meopeme: sce apoussoduse FEIf],
=0, 1, ..., N HENPEPOIGHO! L CHIPEMAMCA K HYAIO AP CPEMACHUU UX
apeyMenma & GecKOMedHOCMU.

B cuay JieMMEE 4 CUIelICTBHE HENOCPENCTBEHHO BEITEKAST U3 TOLO, YT
npopsBojHble F¥If] asasores npeofpasopannem Pypre afCONOTHO
HHTErpHPYeMbIX (QyRKUUA.

MoXHO NMOKa3arh, YTo ecyii a0CONITHO HHTErpHpyeMLIMH OKa3blBa-
10TCA TpoU3BeieHns Buaa e**°f(x), NPy Tex WAH HHEIX OTPaHHUCHUAX HA
a >0 n o>, To 2T0 NPHBOANT K ewie Boabirelf TajkocTy npeofipa-
soBarkd DOypbe, a UMEHHO OKA3LIBAETCH, UTO OHO NPHHAAJIEKHT K TeM
HIH HHBIM K/J4CCaM AHATHTHUYCCKHX (yHKUMI,
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§ 57. PYHKUMOHAJLHBIE NPOCTPAHCTBA

57.1. MeTpHuecKkue npocTpaHcTBa

Onpedeaenne 1. Muoncecmeo saemenmos {x, y, 2, ...} Ha-

BBAEMC MERIPIUMECKUM NPOCINPANCIGOM R, ecal HQ MHONCECMSe YROPS-
Dosentblx nap (X, V) SAeMERMO8 IM020 MHONCECBa onpedescHo Heompu-
HOMeAHAA BELECBERNAR (DYRKYUA ((X, V), HASHBAEMAS POCCMOSHLUEM
(uau mempurotl), maxaa, 4mo:

1) p(x, ¥)==0 mozda u moavko moeda, Kvada x=y;

2) plx, ¥)=0(,x) ¥CR, YER;

3) p(x, V)< plx 2)+p@Y), XCR, ¥R, 2€R.

Venoeua 1, 2 M 3 naspIBAOTCH AKCUOMAMU PACCIMIOANUL,

SneMeHTHl METPHUECKOIO INPOCTPAHCTBA HA3LIBAIOTCH  HOUKAMIL,

[Tpumep ol |. COBOKYNHOCTD BELUECTBEHHLIX UMCEJ, @ TakKe
COBOKYMHOCTb KOMILIGKCHBIX 4HCe] 06pasyloT METPHUECKOE NPOCTPAH-
CTEO, €C/IH B HUX ONPENLIUTD paccTonnue no gopmyae p(x, y) =|x—yi.

2. Ilycre £ — nexortopoe MHOMecTBO. PaccMoTpHM MHOMKECTEO
orpaHuuenssX Ha E QyHKUU, DPHHUMAOMUEX AefiCTBUTENBHEE (WAK
KOMIIJICKCHEIE) 3Hauenud. s asyX TakHx GYHKLUE ¢ W 1) DOJONKHM

o (g, 1P)*——§161g @ (O—p )] (67.1)

Jlerko mnpopepsieTcs, 4To ¢yHKUMA p(@, P} ABJAAETCA METPHKOM.
CnpapenauBocTe CBOHACTB pacctosiaMs 1 w 2 sicHa HenocpeicTBeHHO.
ITpoBepum cnpageanueocTb cBoficrsa 3. Ilyers @, § 1 ¥ — orpannued-
Hele GyHKUHH, OnpejelenHule Ha MEOXecTBe E, Jl1a moforo siemenra
tCE umeeM

i O—xOI=eO—V O+ O—x O <
<le@O)—pOi+vO—r1 O

HOITOMY
e O—x O <stpie@—pO)[+sup[§O—X O],
OTKYyZa

sgplm(f)—x(t)l < sgp!¢(f)—¢(t)l+sgp|(f)—x(t) l

p @, 1) =1 (@, ¥)—p (P, %).

BeAkoe TORMHOXECTBO METPHYECKOTO TIPOCTpAHCTBa R B CBGIO OYe-
pelb ABJAseTCsl METPHYECKMM IPOCTPAHCTBOM H HashiBaercs nodnpocms
paxcmson npocriparcmsa R.

Onpedenenne 2. [Hsa mempuneckux npocmpancmsa R u
R’ Hasbieqlomea  UBUMEMPUYHBIML, ecal Medcdy Ux MmouKkamu Cyule-
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CHBYEM B3AUMHO OOHOSHAUHOE coomaeemcmaue f, coxpansouiee pac-
Cmoanue Mexcdy mouKamu, m. €. maKoe umo, ecau

x'=f(x), ¥ =f() xCR, YER, ¥ CR', y'CR’,

mo p(x, yy=p (', ) (makue coomsemcmsus MAaKme HASHSAOMCS
UBOMEMPUHECKIMLL).

Onpedeaenne 3. Hycmp R—mempuueckoe Rpocmpancinss,;
nocaedosamensrocHt €20 modex {X,} Hasmeaemca cxodaujetics
K mouxe XCR, ecau llmp (x, x,)=0, m. e. ecau das awbo2o qucia

& >0 cyujecmeyem maxod HOMED flg, MO OAR 6CEX HOMEPO8 n > N
suinoansenica Hepagencmso p(x, x,)<e. B smom cayuae nuiemes
x==limx, u 2060pumca, 4mMo MOHKA X AGARCMCA npedesom OanHOL
n-+ 00
NOCAE008AIMEAbROCHILL,
Hanpumep, B METPUYECKOM NPOCTPaHCTBE (BYHKiMI, OonpeaeneHHBIX
H OFPAHMYEHHBIX HA HEKOTOPOM MHOMKECTBE, PacCTOSHHE MEMIy KOTO-
pevH onpefenserca Qopmydaoii (57.1), nocneroBareabHOCTh (yHKIU
{¢z} cxomuTca K QYHKUHH @, €CaH

lim sup | ¢(f) — ¢ (/)| =0
n—so0 I6E

T. €, €CNH 10CISN0BATENLHOCTE {(,}) DAaBHOMEPHO HA MHOMXecTBe F
cxonntces K bynrupx @ (M. 1. I o, 36.2

¥Ynpamuenue 1. MromectBo E MeTpHIeCKOro npocTpakcTsa K Hasw-
BACTCT O2pOHUMERROM, ECiIH

d=supp(x, ) <+ oo
YEE

¥CH,

(sasuupna d uagblBaeTca Ouasempon wmHomecTBa E). JloKasaTe, 4TO BesKas
cXogamanacd nNcCAenoBaTeslbHOCTE OrpaHHyYeHa.

Onpedenenne 4. [ocaedosamersHocms {x,) MoUex Mempuseckozo
npocmpancmsa R nassisaemcs ¢yHOaMERmMArbHod, ecau 0aq a0boeo di-
caa e > O cyuiecmeyem maKcil HOMED fle, MO OAS 8CEX HOMEPOS R 2> Hg
8 M He BLINOAHSEINCH HEPULLHCMAD

0 (X, X,) <&

Jdemma 1. Ecau nocredosamensrocms {x,} cxoaumm Mo oxa yu-
OameHmareraa.
Hoxkxasatenscrtro. Ilyete limx,=x, Torza paas moGoro
n—o0

yaceaa & >0 cymecTByeT Taxoif HOMEp fig, YTO A ECEX HOMEPOB
R > Ny CIPABEIJIHEO HEDABEHCTEO

o x, %)< -
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ClenoBaTe/ibi0, eCd N3 My U M > Mg, TO
£ €
g ()Cn, xm) < P{xm }C)+ P(xa xm)<—é" +'§" <3'

JleMma BoKasaua.

Onpedenenne 5. Mempuuecroe npecmparcmsos R nasvwsaemcea noa-
HbIM, €CAL BCAKQA €20 (ByHOAMERMANBHASL NOCACO0EQMEALHOCTRG SEATEMCR
cxodsyetics.

[Ipumepn. 1. Merpuyeckue NOpoOCTPAHCTEA BEUIECTBEHHBIX H
KOMIWIEKCHBIX YHCeJ SIB/ASIOTCA NpHMEepaMH NOMHEIX METPHURCKHX IpO-
crpancte. [loMHpv SIBARETCS H A-MEDHOE €BKJHJIOBO IpOCTpancTBo E°
(cu. nm. 18.1). Pannona/ibHme uHCAa AAOT IPHMEP HEMOJHOTO MeTpH-
eCKOTO TNPOCTPAHCTBA.

2. PaccmoTpuM MeTPHUYCCKOE TIPOCTPAHCTBO (PYHKUMHE, onpeiened-
HLIX W OTPAHHYEHHRIX Ha MHOMXECTBe E, PACCTOARHE MEXKIY KOTOPS&IMH
onpeneneno gopmyaoit (57.1). B sToM npocTpaHCTBE NOCHSROBATENb-
HOCTB GYHKUHE ¢, n = 1, 2, ..., ABAseTcA dyHAAMEHTaJbHOHR, ec/n
Ijist rofor uHena & > () CyLIecTBYET TAKOH HOMEP fig, UTO A5 BCEX HO-
MEPOB N 3> Hg H M > M, BHINC/JHAETCA HEPaBEHCTBO

P ((Pm q)m) = Sl‘ép J(Pn (x)_(Pm (JC) l < g,

T. €. eCiH nocaeloBarekHocTh {@,.} yiaorlersopaer kpurepuw Kown
PABHOMEPHOH CXOJHMOCTH  JIOCJENOBATebHOCTH Ha MHOXecTBe £
{cM. 1. 36.2). B cnny 3T0T0 KpATEpHUsl NOCAEECBATENLHOCTD {¢,} paBHO-
MepHO Ha MHOXKeCTse E CXOMuTCA K HeKOTOPOoH QyHKIME @, T. €.

lim sup |¢ (x)—, (x}|=0. (57.2)
n+co B

Tlokaxem, 4To 972 GYHKILHA @ TaKKe OrPAHHUYCHA H, CEI0BATeNbHO,
HPHEALACKUT PAcCMATPHBAEMOMY TNpocTpadctey. JleHeTBHTeNrHO, B
cuny (67.2) aas mwoboro uncta e > (, B 4aCTHOCTE A44 & = I, cyulecT-
BYeT TaKOH HOMEp Ry, uTo

iq:(x)_(Pn(xH< 1: -’CEE,

A BCEX A > 1y, MO3TOMY
|9 ()] < | ()P, ()14 ] By ()| < 145D [ @0, ().

Tak xaxk dyHELHA @,, OrpaHHdYena, To orpaHHuera i QYHKUHA ¢,

MBI 10Ka3aJ14 TeM CaMbiM, YTO PACCMATPHBACMOE NPOCTPAHCTBO (BYHK-
uH ABAAETCA NOMHEIM.

JlJ1st BCAKOTO MeTPHYECKOro IMPOCTPAHCTBR K eCTeCTBEHHBIM 06pasoM
BBOJUTCH NOHATHE g-oKpecTHOCTH O (X, &) Touku X £ R, & > (:

O, e)={y:yCR, p(y, )<s},
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a 3aTeM JIOCTOBHO, TaK e KaKk I H-MepHOTO TpOCTpaHcTBa L7
{cm. T. I, . 18,2), RROASITCS NOHATUS TOYKH MPHKOCHOBEHM S MHOMKECTBA,
TnpeAeIbHON U HSONHPOBAHHOM TOUKH MBOXECTER, I'PAHHYHON TOUKH MHO-
JKecTBd, 3aMbIKaHuA A MHOMXKeCTEA A, NOHATHE SAMKHYTOTO H OTKPLITOrO
MHOKECTRA,

CopaBeanuBe! 15 NPOU3BONBHBIX METPUUECKHX TIPOCTPAHCTE H Jiem-
M 1, 21 3, nokaganubie B 10, 18.2 1151 OTKPHITHIX H 3aMKHYTEIX MHOXKECTH
fI-MEDHEIX €BKAWIOBBIX MPOCTPAHCTR, MpPHUEM JOKARATeIbCTBA, NpH-
BeleHbie B N. 18,2, COXPAHNIOT CBOIO CHAY H B OOIEM Caydae.

Onpedenenue 6. Muowecmso A mempuneckozo npecmpancmen R
HAIBIBAEMCA NAOMKHOLM 8 MHONECMne B amozo npocmpansmsa, ecat A B
u A=B.

Hanpumep, MHOXKeCTBO PAllHOHANBHEIX UHCEN MJIOTHO B MHOMKECTBE
BEWECTREHHKX YHCed.

Onpedenenne 7. lloanoe mempuneckos npocmparcmse R* wnase
SUENICH  NOMOAHEHIEN MEMPUYecKos0 npocnpadcrisa R, ecau 6 npo-
cmparcmee R* cyuecmsyem naomuce 8 Hem nodmromxcecmso R', usomem-
puunoe npecpancmey R.

Huorna GuiBaer ynoOHO OTONIECTBHTL SJEMEHTH HPOCTPAHCTE R
# R’, COOTBETCIBYICULHE APYY APYTY IPH H3OMETPHYECKOM COOTBRTCTBHH
npocTpapcTs R M R, H TéM CaMhM paccMaTpHBaTh MHOMECTBO K Kak
NOAMHQMKECTREO €T0 NOnohnenHs R*.

{Tpuwmep. MHOKECTBO BellleCTBEHHLIX UKCE/ SIBAAETCS TONOMHE-
HHEM MHOMECTBA PALMOHANbLHBLX 4HCell,

Teopesa 1. [Jdan 6eRKo20 MeEmpuuecKoso npocmpaf:cmaa cyuecmsy-
€M €20 NONOAHEHUE.

JokasaTedbGTBO.

I. KoHerpykuns nonoduedns R* salaqHOTO METPHHECKOTO
nmpocTpancTea R

JlBe ROCTENOBATENBHOCTH {X,} U {y,} 3JCMEHTOB IpoCTpaHcTRa R
HASOBEM SKGUBOACHINMHBIML, €CIH

llmp( s Vpd = (67.3)

MuomecTso BeeBO3MOXKHEIX DYHNAMEHTATEHRIX IOCASA0BATEIbHOCTEHR
npocrpaHcTsa R pacnajsercs Ha HenepeceKarollHecs KnacChl SKEHBA-
TEUTHLIY MEHKIY cabolt nocnenoeartenbroctell. OGO3HAYAM STH KJAACCH!
uepes x*, ¥, 2%, ..., 4 HX COBOKYNHOCTE — uepes R*. Ecan dynaaven-
TaJlbHAA TIOC/EN0BATENLHOCTE {X, } COMEPKNTCH B Kiacce x*, 1o Oyzem,
KaK OOLIMHO, 8TO BANMCHIBATH CENYROilHM ofpasoM: {x,) Ex*

[I. Onpepenenne paccrosuua p{x*, y*) 8 R*

Tyets {x,} B {y.} — Are (yHIZMEHTAIbHBE NOCNEIOBATENBLHOCTH
MEeTPHUECKOYO HPOCTpapcTBa R, TOrAa HHC0BAs N[OCALAOBATENLHOCTh
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0{Xn, Ya) Taxme (QyHIAMEHTaNbHAA, T. €. YAOBJETBOPALT YCAOBHIO
Kouwn (cm. n. 3.2), HeficteuTensao, Aas A0CHX HOMEPOB 1 H M

0 (X, Vo) K0y X, 0 (X Vo) 0 Vs Vi)
H, CACLOBATCNLHO, B CHJY CHMMET[)HH HHACKCOB 11 U Hi

10 (s ¥a)— 0 (s Vo) | <0 (s Xpp)+0 Oy Vi) (574)

M3 ¢ynzamenranoBocTn MocnefosaTenwHocTed {x,} u {y,} cJe-
AyeT, 410 Aad Jo0oro ukcaa e >0 CyImecTBYeT Takod HOMEp f,
YTO JJIA BCEX HOMEDOB 7> fle H MM > M BHIIOJHAIOTCA HEPaBEHCTBA

0 (i %) <y 0 s Y < - (57.5)

Hs (57.4) u (B7.5) Aana nzn. u mz N 00JIydaeMm

lp (Xps Yr)—p (g ¥ N <&

CneporaTenbHO, YHCAOBAA TOCACKOBATENLHOCTs {P (X, ¥.)} 4B-
JsteTcsl PyHIAMEHTAAbHON, T. €. YAOBJETBODAeT yeaoBuio Kown u,
CAe0BATENBHO, CXOAUTCH.

Iyets {x,} € x*, {v,.} € v*. Tlonoxum no onpefeaennio p (x*, y*)=
=limp(x,, 1,). B culy 10Ka3aHHOFO YyKa3aWHbIi Ipejes CyUIeCT-

n—>o0
gyer. [lokamem, uto Tak onpeleneHHast ¢pyuxnud p(x*, y*) He 3aBH-
cuT OT BuGOpa $yHIAMEHTAJLHEIX [Oc/eloRaTeILHOCTeR {X,} € x*
M {V,} C¥* n yaoBIerBOPAET akCHOMaM PacCTOSHIUS,

Myete {x,} Cx*, {x }Cx*, (¥} C V%, {y,} €¥%, Tora
0 (g Yn) < 9o x )00, YI+0 V0 7))

’

o (X ¥)—p(x,, Yol <plx, x )+, V)

B criy 3kBHBaJEHTHOCTH nocrejoBateabhocteli {x.}, {x/} u coor-
BETCIBEHHO ~—{¥,}, {¥,} moayuum

limp (x,, x)=limp(y,, y)=0
# 00 =00
H, CJIEAOBATENBLHO,
lim p (x,,, y)=limp (x, ¥,).
Her QO n-+0o0

II1. flposepka akcrom paccronnus Jus p(x*, y*)

[lyers {x,}Ex*, {¥,}E¥* {z,} 2% Ecmm p(x*, y*) =0, 10

limp (x,, ¥,)=0, 7. e. nocaeaosaressHocty {x,} 4 {y,} 3KBUBaJeHT-
7-+00
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HE, YTO O3HAUaeT COBNAJIEHUe 3jeMeHyoR x™ W ¥ :x* =y* Ua pa-
BeHC1BA P (X, ¥, =0V, %, B [pelene nonyuaeM p{x*, 1*)=
== p(y*, %), a H3 HepaBeHCTBA P (X,, ¥} < p (X, 2} +0(n V)
nosyuaeM HepaBeHCTRO

p(x*, ¥y < p(x*, 2%) Lo (2%, v™).
Hrak, R* sBafercA METPHUYECKHM IIPOCTPAHCTBOM.

IV. [locTpoenre noanpocTpaBcTBa NPOCTPAHCTBa R*  HIOMETPHUYHOTO
NpOCTPAaHCTRY R

Iycts x & R. [ocaenoBatenbHocTs X, = X, # = 1, 2, ..,, OUeBHJHO,
¢yHaaMenTanbHan. IlocTaBuM B COOTBETCTBHE TOUKe XER  TOUKY
x* € R*, Takylo, uto {x} € x*. Ec/in npx yKasanHOM COOTBETCTEBHH TOUKE
X COOTBETCTBYET TOYKA X*, & TOUKe y — TOUKA y*, TO, OUCBHAHO, NPH
X5y B X =k proapuuer p(x*, 3% = lim plx, y) = p(x, ). T. €.
YKa3aHHOE COOTBETCTRHE OCYILECTBJIRET B3aHMHO OJHGIHAUHOE HAOMET-
PHUECKOE COOTBETCTBUHE MeXIy [POCTPAHCTBOM R U HEKOTOPHIM MOJ-
MuoMecTBOM R’ npocrpaHcTsa R¥,

Touky x* npocTpaucrea R¥, COUTReTCTBYIOILYIO NIPH paccMaTpHBa-
€MOM COOTBETCTBHH TOUKe x € R, Mbl GyAeM [UIsi IPOCTOTH 0003HAYATE
TAKKE yepes X, a npocTpancrse R’ depes R. MoykHO CuuTaTth, 9TO MEL
IPOCTO OTOKIECTEHIH COOTBETCTRYIONME TOYKH LpocTpancTBa R 0 R’
(cM. samevaHWe pnocse onpejenenus 7). B 5THX ofosHayeHHAX HMeeM

R R*.
V. HokasareincTBo mRoTHOCTH R B R*

TlokamxeM, YTo Kaxknasa Touka x* npocTpancTBa R* aBnisercd TouKoi
NPUKOCHOBEHHA MHOXecTBa R. A sToro nocrarouHo mokasarh, 4TO
Ans modolt Toukn x* € R* cyllecTByeT NOCIENOBATENbHOCTL X, € R,
n=1, 2, ..., cxoismiaaca K x*.

lycte x* € R* u {x,} € x*, x, &£ R. Touxky npocrpancrsa R*, conep-
®Kalyw GyHIAMEHTAIBHYIO NMOC/IEI0BATELHOCTE, BCE WIEHBE KOTOpOH
PaBHH OTHOH U TOH e TOuKe X,,, Gynem o603HAyaTh, COIVIACHO CHEJaH-
HOMY BHIE COTJAUWICHKIO, TAKIKE Yepes Xx,. Joxaxem, YTo HOCAes0Ba-
TEABHOCTb {X,}, ¥, & R*, cxomutes K Touke x* & R*.

[Tycre ¢ukcuposano umcsao & > 0. I3 dyHIaMeHTAIRHOCTH BOCE-
JOBATEARHOCTH {X,} CJERYET, YTO CYUIECTBYET TAaKOH HOMEDP fg, UTO
L5l BCEX HOMEDPOR H > Mg M AL > flp BHIIOJHAETCH HEPABCHCTRO

o (x,, x,)< &, (57.6)

3aMeuan, uto MO ONpefeNeHHc pacctosHus B R* p (x% x,) =
= lim p(x,, x,), u3 HepaeeHcTBa (B57.6) A n > n. nodyuaeMm
"= x
HepaBseHCTEO
p(x" x,) <,
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T. e. limp(x*, x,) = 0, 4T0 w o3Havaer, uyro Touka x* ABJAsETCA
=20

TOYKOA NPHKOCHOREHHS MHOmecTRa R. Mrak, R = R"
VI, HokasateasCTBO NOJHOTHL npoctparicTza R*
*
Tycth | X,} —@yHaaMenTaibHas 0OCHEAOBATENBHOCTL TOUEK IPO-

ctpaHcrBa R*, nycts x,CR w p(x:, xn)<%, n=1, 2, .... Takue

TOYKH X, CYILeCTBYIOT B CHJY WJIOTHOCTH R B R™.
TlocnenoBatensHoere  {X,} ¢yHpamentanbHast, JefCTBUTENBHO,
3ameuasd, 4TO

P (X xm} <P (xm x:) +p (x:: x:n) -+~
+p (s, ] 0 (k) +

1

1
erifepeM HOMep r TAK, UTOOLI p(x:, x*m]< %' F<Tf" E<'_j
A5 BCEX n =My H 13> He. lorna

E , & 8 .
p(xn, xm)<§—1-§ +? =€ (5?.?!

IJS BCEX 132 Mg U M 3 Mg, T. €. MOCNEJIOBATENBLHOCTE {X,} —(yHaa-
MeHTaJbHas,

OGo3HayuM yepes x° KJace SKBHBAJEHTHBIX [MOCAeA0BaTeAbHOCTEH,
KOTOPOMY NPUHAICKHT nocaefoBatenbuocts {x,}. Oueruiso,

* * « 1
P(x ' xrl) ‘ép{x*r xn)—i'p(xfn x;)zp(x ’ xn)+ e

Ho us (57.7) npu m—-c0 H 12 A, TOJYHAEM

o(x*, x)= lim p(x,, x,;) < &.
m-—+20

CregopatenbHo,
limp(x*, x,)=0,
=00

a MoTOMy H
- *
tim p {x*, %n) = 0.
i+
Takum o6pasom, MBI JOKa3aay, 4TO AaHHasd (GyHAaMEHTATLHAR M0O-
*
CNIE/IOBATENBEOCTD {X,} cXonutes B R*, Ilondora R* fokazana.
Teopema moxasaua.

YuopamHerue 2, JlokasaTe, YTO ¢ TOYHOCTBX [0 HIOMETPHUSCKHX TIpO-
CTPAHCTB TIONOJHEHAE METPHYECKOro NPOCTPAHCTBA eLHHCTBENHO,
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Onpedenernue 8. Yucaosan pynrxyus f (sewecmsento- uau comnnaexe-
HOSHOUHAAY, ORPEOCACHHAN RO MHONECTSE A MEMPUMECKO20 npoCmpan-
emsa R, Hasvisaemcs wenpepbisnod 6 moake x, € A {tau, 6oaee nodpobino,
HenpepoisHold  no  sroogecmey A e mouwxe x, € A), ecau dan awbozo
wucaa € > O cywecmsyem wucao § = 8(e) > 0, maxoe, wimo dis ecex mouex
X COxy, 8)NA  sunoansemes HepaseHcmeo

) —F () [ e

Onpedencune 9. Eynxyua f, onpedesennan na muoncecnse A mem-
PUYECKO20 HDOCMPAaRCmea R, HOSHIBACINCS Heflpepb:!BHO!i HU MHRONCECISE
B A, ecau ona nenpepeisna nio muoscecmsy A 8 xamdoid mouwe x, & B.

Yupamaernne 3, ChopMyupoBaTh  ONPEACASHHE  HENPEPLHIBHOCTH
{yHKuMH f, 3ajlaHkol HA MAoXecTBe AR, B TOYKe x, ¢ MOMOILLES NOHATHA NO-
CNeAOBATEIEHOCTH M JIOKA38Th IKBHBANEHTHOCTh 3TOr0 ONPENeEHHA ¢ ONpeaede-
HueMm 8.

HocnosHo, Tak e, Kak d B m. 36.3 (cm. 1. 1), nokasnieaerca, u4To
npelen PABHOMEPHO CXOAfLelcsi Ha METPHYECKOM [IPOCTPAHCTBE R mo-
C/IENOBATEJNBHOCTH  HEMpPePRIBHBIX (YHKIHH SABJSETCA HENpPepLIBHOM}
pyugumed.

ITpuMep. PaccmoTpuM MeTpHUECKOe MPOCTPAHCTBO OrpAHHYEH-
HHX H HeTMpepHEBHHIX Ha HEKOTOPOM METPHUYECKOM HpOCTpaHCTBe R
QryAKnUi f, paccTosHRe MY KOTOPLIMH onpefenserca na QgopMyne
(67.1). Tlockoabky yEIAMEHTANLHOCTE NOCAefOBaTeNbHOCTH {f.} B
cMHICTIE MeTpHKH (57.1) o3Hauaer, uTo nocaefoBaTebHOCTE {f,} yaoBaeT-
BOpsieT ycaoBHio Kown paBHOMepHOH CXOZMMOCTH Ha MHOXecTse R,
TG BesiKad (QYHAaMEeHTAIbHAA MOCIEA0BATEILHOCTE HellpepEIBHRAX by HK-
Uit {f,} paBHOMEPHO CXOAMTCA K HEKOTopoH GyHKUMH f. DTa pyHKuuA f,
KaK OTMeuaJIOCh BHILE, HEeIPEPLIEHA H, KaK OhIIO A0KA34HO HECKOJABKO
padblie B 9TOM MTYHKTE, OrpaHHyeHa Ha R, T. e. MPHHALJIeHUT paccMar-
PHBAEMOMY [POCTPAHCTBY (PYHKUH,

Takum 0Gpa3oM, APOCIRPAHCIME: OSPUHUHSHRUIX U HEAPEPLISHBLY H
Mempuseckom npocmpancmee R chynryud Asanemon noaxstm Mempu-
weckum npocmpancmeom. OHO, OUEBHAHO, ABJSETCH HOANPOCTPAHCTBOM
BCeX OrpaHHveHHEX Ha R QyHKNui ¢ paccToguyeM, onpefeneHHEIM TOH
we dopmyaon (57.1).

B 4actTHOCTH, TIOCKOJBKY BcsiKas GYHKIHRA, HENpephiBHasg Ha HEKO-
TOPOM OrpaHMYeHHOM 3AMKHYTOM MHOXeCTBe E, aexaimleM B f-MeDHOM
eBKJIH/10BOM MpocTpakrcTse £, orpannuena (cM. . 19.4), To npocrpatcr-
5o (hYHKUHE, HeNpepHIBHBIX Ha yKazaHdoM mHomecte ECE”, ¢ pac-
CTOAHHEM, onpede/eRHpM o dopmyde (57,1}, apasercs HOTHEIM.

Onpedeaenue 10. Hycms R — mempuueckoe npocmpancmeo. Pyai-
yus f, onpedeseHHan HQ MHOICECHIBE YROPADOUEKHbX nap (X, V), edex € A,
yC B, ACR, BSR, Haswsaemcs HenpepoiBHOL 8 snemenme (Xy, ¥,
%EA, voCB, ecau Gan moboeo uucaa &> cyugecmsyem 4ucao
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6= 6(3)>0 maxoe, 4mo 9a scex nap (%, ¥), maxux, amo x € O(x,, §) 4,
yEO(y,, 8)MB cnpase@;zueo Hepoasercmso |f(x, v) — f{x,, Yol < e.
DYHKGUA, HENPEePsIBHAR 8 KaXOoM aaemerme (X, V) HEKONIOPO2D MHO-
HECMEn NAP, HO3GIBACMCH HENPEePBIBHOL HQ SIMOM MHONMECTIEE.
IIpuBeseM NpHMep elle ONHOIC METPUYECKOTO NPOCTPAHCTBA, 3Je-
MEHTaMH KOTOpOro SIBAAIOTCA (PYHKUHM. JIiig ABRYX HENpEphIBHEIX Ha
orpeske [a,b] dyHENRE ¢ = @{x) v P = P(x) NOICKHM

b
0@ W) = J o) —pw]dx. (57.8)

Bce akcHOMBl METPHYECKOTO NPOCTPAHCTBA B TOM CAy4Yae JIerko Ipo-
pepsilores (pogeaaiire 91o). IloAydyennoe MeTpHUYecKOe MNPOCTPAHCTHO
HeilpepulBHEX Ha oTpeske [a, b] dyHRuMiT ¢ merpukoil (57.8) ne sBaser-
¢, KAK 5TO MOMKHO TIOKa3aThk, moJHEM. CornacHo Teopeme I, €ro MOXKHO
JONOJAHHTE 0 NOJHOTO NPOCTPaHCTBA.

EcrecTReHHBIM 06p230M AHAJOTHYHOE IPOCTPAHCTRO BBOAHTCH M JJS
dyHRUHH, ompefeleHHHIX Ha GecKOHeYHOM npoMexyTKe, Hanpumep,
B Qyyae @ == —oo, b = --oo IR JABYX HelpepHBHHX a6COMIOTHO
HHTETPHPYEMEIX HA Beell 4uc/oBOf ocH GyHKUMA ¢ M1 paccrodHue
onpefendgerca no topMyJne

o (¢, ) = 5 [ () — (x)] dx. (57.9)

Yunpamxsuenna 4. [IposepUTh aKCHOMBL PacCTONHHA, ONPEISNEHHOrO
no opmyre {57.9) Ans npocTpancTBa alCONIOTHO HHTErPHUPYEMEX HeNpepLIBHLIX
Ha Becell YyHOIOBOH OCH GyHKIMI,

5. TlpHBecTH OPHMED NOC/AENOBATEABHOCTH HENPEpEBHHIX (yHKHHH CXOIsi-
mefic] Ha HEKOTOPOM OTPe3Ke B cMmulcae pacctosHug (57.8), Ho me ¢xoxamelica Ha
TOM OTpe3Ke B3 CMEICAe TOYeuHOH CXOLHMOCTH,

6. [IpuBecTy NpHMep NOCAENOBATEALHOCTH cXofameficd Ha HEKOTOPOM OT-
peske B CMBICAIE TOYeqHOH CXOAMMOCTH, HO HE cXoAawmeficA Ha 3TOM OTpesKe
B cMHICNTEe paccToAHHA (57.8).

7. JoKa3aTk, 9T0 MPOCTPAHCTBO HENPEPHIBHLIX HAa oTpeske {a, b] dyukuni,
PaccTOSHHE MeXKIY KOTODLIMH onpelenserca no ¢opmyne (57.8), He Apaserca noa-
HBIM.

57.2, JluHeiinple HPOCTPAHCTRA

Onpedeaenne 11. Muoswecmso ssemenmos{x, v, 2, ...} Ha-
BHIBACNCA BEUECBERHOIM AURETRBIM npocmparcmeon R, ecau:
kaoedoti ynopadowennod nape (x, ¥) saemenmos x € R u y € R nocmas-
AEH 8 COOMBEMCIMBUE HEKOMOPLILl IAEMERIM NPOCMPAHcmea R, Hasesaemetil
cymmoii x u y u obcanadaemoul X -+ ¥;
KancOomy oaemermy X R 1 Ka#OOMy 6ELIECHIBERROMY 4ucay b no-
CHIGBAEH 8 COOMBEMCMBLe daemenm npocmpanemsa R, Raavsaembil npo-
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ussedenuei h o x w obosnauaessili hx. [lpu smon semoanstomes caedy-
ouue epynns mccumz

lbayx-Fy =y -+ x dan mobox xER u YER,

6) x -+ (y-}—z) = (x-y)+z 0an mo6bzxxER VERuUZER;

BY8 R cywiecnsyem siemennt, HAs6i6aeMolll HYAesoiM U 0003HAHAE-
moid O, marod, wmo x + 0 = x am 06020 x & R

r} 048 kaoicdoco x € R cywiecmsyem daemenm, Hasvsaemuil ob-
pamnpis 1 GO03HaMaemMblll —x, maKoti, wmo x -+ (—x) =

2. a) 1.x = x 0ag aobozo xC R;

6) h(ux) = (Aplx 941 w0600 XC R 1 4006X BCLIECIISEHHOIX
wucen A o n;

3. a) W+ p)x=Arx 4 px das wofioeo x C R u sobblx eeuecmses ol
qucea h U W,

6) Mx - y)==RAx |- Ay 0aa aoboix xER, YER u mobozo ge-
WECMBERHOZ0 HUCAT A.

IOns rawknaofi mapel smeMeHTOR Xx&R U YE R aaeMeHT X + (—))
HA3BIBACTCS PASHOCINGIO 3ACMEHA08 X U Y W 0f03Hauaercs x — y.

IlpuMepaMy BeleCTBeHHHIX AHHEHHEIX TPOCTPAHCTE HB/AETCH MHO-
3KECTBO BCeX BelIEeCTBEHHbBIX UHCEN, 2 TAKKE MHOMXKECTEO BCeX BELLECTBeH:
HBIX $yHKUHH, ONpele]eHHEX HAa HEKOTODOM MHOKecTBe £, NIDU ecTect-
BEHHOM OTIPENE/ICHHH CAOKEHHA U YMHOMEHUS HX Ha YU,

Ecnn B onpenesnensy 11 BelllecTBeHHOro JHHEHHOFO NPOCTPAHCTBA
BCIONY BellecTBeHHHIE YHMCJA 3aMEHUThL KOMILIEKCHHMH, TO MONYYHTCS
onpelefleHHe KOMNACKCHOZO AuHelinoe0 npocmpancmsa. TIpumepaMy xoMn-
JEeKCHRIX JHHEHHRX MPOCTPAHCTB ABASIOTC MHOXECTBA BCeX KOMILICKC-
HHIX UHCEJ, 8 TAKXe H MHOXKECTBO BCeX KOMITEKCHOBHAUHBIX (GYHKLHH,
ONpejeIeHHRIX Ha HEKOTOPOM MROMKECTBe, TPH eCTeCTBEHHOM Olpelese:
HHH CJOXKEHHA HX 3/]EMEHTOB H YMHOMeHHA HX Ha KOMIJIEKCHOE YHCJID,

Onpedeaenne 12. Muoxcecneo R', codepacateecs 8 aunednom npo-
cmparicmee R (Beu{ecmeernom AL KOMAAEKCHOM)Y, HA3bIGAEMCa NOONDOCTL-
parcmeom npocmpancmen R, ecau:

) x + yER Oaa mobox xCR u yCR';

2} hx ¢ R Oan mofioeo x C R u awboeo  wucaa b (COOMBEMCMBEHHE
BELUCCINBERHO20 UALL KOMAABKCHOEZ0),

QuepHjHE, 4TO NOANpOCTpaHCTBO R’ NMHellHoro npocTpaHceTBa R
B CROIO OUepenb ABJACTCS AHuelinrn NpocTpancTeoM. Ecan R — nnned-
HOE TTPOCTPAHCTBO H X € R, TO COBOKYIHOCTb BCEX 3JEMEHTOB IPOCTPaH-
cTBa R BHAA Ax, rle A — BCEBO3MOMKHBIE YHCJA, 0OpasyeT NpHMED f0A-
NPOCTPAHCTBA HpOCTpaHcTB2 K.

Muoxecreo ¢dyHKUHE, BellleCTBEHHOSHAUHLIX H HEMPEPLIBHBIX HA

HeKOTOpoM MHokecTBe ECE", apagercs NOANPOCTPARCTBOM TIPOCTPAH-
CTBA BCEX BCILECTBEHHO3HAUHBIX (DYHKUHNA, ONpeAe/IeHHEIX Ha 3TOM MHO-
wecTee E.

DTeMeHThl JHHe[HBIX NPOCTPAHCTE OO0BIMHO HA3LIBAIOTCH MOHKAMU,
R SeKIMOPAMU,
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Onpedencrue 13. Koreunas cucnieMa 6eKmopos Xy, v, Xy AUHEHHO-
2o npocmparcmeq R (8etieciaeHHo20 Al KOMAACKCHO20) HAS0EOEHICA
AUHEHRO S3QBUCHMOL, eCAl CYLMECIBYIONT MAKUE QUCAA Ay, ..., Ay, (cOOM-
BENICIGERHO BEULECTNBEHHLIE WAL KOMn..'ZEICCHth), He 8C¢ pasHuie RyAio,

4mo
M xpF e A, Xy =0,

B npomusonoaosucHoM cayuae CUCMEM BEKITIOPO8 Xyy veuvy Xn HOASGISAEHT-
€A AUHELIHO HES8UCUMOLL.

Onpedenenue 14. Cucmema sekmopos xq, o €A, (A — nexonopoe
MHOJICECGO HHOEKCOG) AUHeNoe0 npocmpancmea R Hasbisaemes auHelHo
Hesasucumoil, ecal M00aAd e KOHEUHAA NOGCUCIIENME Xa,s Xa,y seey Xa, Al

HEUHO HE3QSUCUMA.

Ynpaxuenus 8 [JHorasars, yre ecam cucrema x,, <€, muneino
He3ABHCHMAR, TO X520 Ins Beex o €.

9. JlokasaTh, uT0, AZAS TOro uTOOBl KOHEYH&A CHCTEMA BEKTOROB OLAg Al-
HelHO 32BHCHMA, NCOOX0AAMO H JOCTATOYRG, uTOOE OAUN L3 HUX #BJAfAJACH JUHEl-
Hoft KomMGHRNAUHeT OCTAALHLIX.

Onpedenenue 15. Cosorynnocmb 6Ces03 MOXCHDIX KOHEHHOLX All-
Hellnvx KomOuMayuil eexmopos cucmemnt {xq, ¢ &}, m. e. cogokyn-
HOCML  8CEB0IMONCHMX GEKMOPO8 Budn

?\41 xaj "{L‘ ?\.2an+ LYY + kaqk,

208 xﬁje{xa, atcMU}, a ?»f-—qacm, J=1, 2, ..., k, wazwsscaemca iu-
Heiirot 060a04K00 cucmemot {xq, o A},

Onpeoeaenue 16. Ecau 6 npocmpancmse R (eewjecmeennon uau
KOMRACKCHOM) UMEOMCA CUCMEMA R AUHEIHO HESOBUCUMBIX GEKMOpOS,
AtHeAHO 060A0HKOI KOMOPBLX RBASEMCH NPOCINPARCMEO R, mo OHO Ho-

3b18EMCA N-MePHLIM 1 0Go3Hauaemes R, a 6caxas cucmema n AUKelino
HE3QBUCUMbIX BEKMOp08, AuNElNol 060AMKOL KOMOPLIX ASASCMOR npo-

emparcmeo R®, naseisaemes 6asucon npocmpancmeq.

Wuaue ropopsi, BEKTOPEL €y, €, ..., €, SBIAIOTCS Ga3HCOM MPOCTPAHCT-
Ba R", ecan: 7

1) Bextopu &y, €, .., €, JHHCHHO HE3ABKCHMEI,

2) paa kamgoro x CR" cyliecTBYIOT TakHe YHCAA Ay, Ag yue A
uTe X=1h e R4 .. +A, e,

Ynpawuenne 10, Noxkazark, 910 B #1-MepHOM npocTpancree R¥ wax-
Has cHCTeMa JRHSHHO HE3aBHCMMBIX BEKTOPOB, JHHEHHOA 000704YKOH KOTOPHX fAB-
JACTCH R-’i, COCTQET H3 1 BEKTOPOB H oﬁpa’rHo: Kasjpasd cHCTeMa H3 1 JHHEHHO He-
3aBHCHMBIX BCKTOPOE B 7i-MCHOM HDOCTRAHCTBE ABASACTCH €I0 Ga3HCOM,

TIpumepoM n-MepHOTO BellleCTESH HOTC NPOCTPANCTBA SBASETCH HPO-
CTPAHCTBO, TOUKAMH KOTOPOPQ HBJAAKTCH TOYKH A-MEPHOTO €BKJHI0BA
npoctpancTRa (cM. 1. I, . 18.1), T. €. yHOpAAOUEHHBIE KOMILIEKTHI M
BElleCTBeHHLIX YHCe . [1py aTOM CNOMEHUe JBYX TOUEK X = (X ,.eu X,)

n
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H ¥ = (Y., V. onpeferseres M0 npaBuaAy x4 y =
=X+ V1 - Xy + ¥o)» @ YMHEKEHHE TOUKH X HAa YHCAG A — Mo
npaBray ?\x—(hxl, ey REL) Basr«]com B 3TOM NIPOCTPAHCTBE SABJIAKTCH
BEKTODEL ¢; = {6 1y ves Ok}, re 8t —rak nassiBaemsil cuMBoa Kponekepa
5. {l, ecaH f=J,
0, ecnn =] .
QueBngHO, 4TO

3
X=(%, ..., x,) = ‘_21 X; e

Onpedeaenue 17, loa aunednsox npocmparicmsa R, u R, Hassisaiom-
CR USOMOPGHBIMIL, ECAL MEHCOY LX DACHEHMAMU CYILeCMBYen MaKoe 43aLM-
HO OCOHO3HauHoe coomeemcmeue y=/(x), XE R,, Y ER,, umo f(x 4 y)=
=[{x) + f(¥), FRx)=Af(x) Oan awboix xC Ry, ¥y € Ry u aw0boeo wucaa A.

Coomeemcmsue [ Kaseisacmcs 8 smom CAydae UOMOPPHUIMOM NPOCH-
parcma R, 1 Rs.

J1Ba U30MOpPOHBIX NPOCTPAHCTBA MOTYT OTIHYATLCS JIHIUL NPHPOAOH
CBOMX 3/IeMeHTOB, a He CBOHCTBAMH NMHHERHOPO HPOCTPAHLTBA KaK TAKO-
BOTO, NIO3TOMY B JlafbHelem yacTo Mbl He Oy AeM pasinyars n3oMopdHbe
JHHelHye [IPOCTPAHCTRA,

Yopaxueure . Jlokazath, yrg BCe r-MepHHE JHHeHEe npocTpan-
CTBAa H3O0MOD(HE MexZY coboi.

Onpedeaenne 18. Ecau aunelinoe npocmpancmeo R He asasemca
R-MEPHBIM MiL 1P KOKOM HQMYPRAGHOM 1, 10 ORO HABMEAPINCR DECKOHed-
HOMEDHBIAM.

Eenn nunefinoe npocTpatcTBo R GeCKOHEYHOMEPHO, TO OHO He HMeeT
6asuca, COCTOAIEI® M3 KOHEUHOTO uHC/jIa »JeMeHTOB. llombitka 0606-
HIMTL NOHATHE 0asHca NMPHBOJHT K GeCKOHEUHEM CyMMaM, T. €. K pajgaM

o0

BH}IaZ A, e,. JLA TOro 4TOSE! UMD CMBICA TOBOPHTE 06 HX CyMME B IIPO-
n=1

cTpaHcTBe R, noJiKHa uiTh 3aRana Kakssa-To MeTPHE4. PaccmMoTpeHHio

TAKOTO BHAA NMPOCTPAHCTE NOCBSEH CAGAYIOHHA NYHKT.

57.3. HopMupoBaHkbie NPOCTPAHCTRA

Onpeodenenne 19. Juneinoe apocmparicmso R (seijecmsen-
HOe uAl ]COM!MEKCHOE) HOA36LAEMCA HOPMUPOBAKRUIM, €LAU HA MHOIHCECTIGE
€20 Mmouex onpeaeﬂena BEIECMBERAAR (hyRKYUA, HaswsaeMan Hopmoﬁ
o0oanauaeman | x|, X R, u y0osiemeopaouas caedyiouum ceolicmeni:
D lx|>0, xR,
2) |hx|=|%| %, *xCR, A—uucao,

3) [x+yl<ish+lylh *€ER, YyER,
4) ecau |x|=0, mo x=0.
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3ameTuM, uT0 13 c3oficTBa 2 caeayer, uro ecan x = O, To | x| = 0.
JelicTBUTeNbHO, GHKCHPYS (POU3BOJBHLIA JeMeHT X & R, Nnoayuuwm

[0]=[0-x]=0]x]=0.

Onpedecaenite 20. Eciu Ha MHoXCecmee mModeK ALHEEHG20 RPOCpaH-
cmea R onpedeaena sewjecmsennan dyrryun | x), x € R, ydossemsopsio-
waa moavko ceoficmeam I, 2, 3, mo npocmpancmed R Ha3pieaemcs Keasu-
HOPMUPOBAHHOIM, O PUHIULS | x| — K6a3UROPMOU, UL ROAYROPMOLL.

OtMmeTHM elle, UTO, OUEBHAHO, BCAKOE NOANPOCTPAHCTEO JHHEHHOIO
KBa3lHHOPMHPOBAHHOTO (B HACTHOCTH, HOPMHPOBAHHCTO) MPOCTPancTBa
B CBOW O4epelb SBAAETCH JHHEHHBIM KBa3HHOPMIDPOBAHHLIM (COOT-
BETCTBEHHO, HOPMHPOBAHHLIM) [IPOCTPAHCTBOM.

[Mpumepnl JubelinLx HOPMUPOBAHHBIX H KBA3HHOPMHPOBAHHBIX
NPOCTPanCTR

1. MRAOXECTRO BEILECTBEHHEIX H MHOMECTBO KOMIJEKCHEIX YHCE,
eCJIH 32 HOPMY B HHX B3ATh aGCOMOTHY) BAUYHHY UHCEN, & TaKiKe JIH-
HefHOe APOCTPAHCTRO M-MEPHLIX BEKTOPOR X = (X, ..., X,} ¢ HOpMOH

Ix|=V x+ .+,

2. JlpHedHoe NpPOCTPAHCTBO BleX OrPAHMYEHHLIX BEUECTBEHHLIX
GyHKUUME, OnpeneaentbX Ha aTpeske la, &] (cm. n. 57.2), npeBpaumaerca
B HOPMHPOBAHHOE, €C/H B HEM BEECTH HOPMY 110 (hopMyJe

[ @l= sup [¢{)]. (57.10)
u<si<h

Ero HopMHpOBaHHOE NOANPOCTPAHCTBC HENPEPBIBHEIX HA  OTPE3Ke
la, b] dyuxunil ofosnauaerca Cla, b]. ]

3. Jlunelinoe npoctpancTso $yurinfl, abCoMIOTHO HHTETPHPYEMbIX
(cm. 1. 34.4 u33.4) na nexkoropom orpeske la, b]*). Onpegennm Kpasu-
HOPMY AJSI 3TOTO IPOCTPAHCTBA PABEHCTBOM

b

b= [If(n)idx. (57.11)

a

310 nedcTBHTEALHO KBA3RHOPMa {cBoficTea 1, 2, 3 nerkRo npoeepstorca),
NpHYeM OHa He ABAACTCA HOpMOA. B caMom dene, paceMOTpHM, HaIpH-
Mep, (QYHKUHIO

1 npn x=a,

fx)== [0 upu x & (a, bl

*) Moo B3ATE 0 OecKoHeUULIH MPOMEMYTOK, B YaCTHOCTH BCK OCh.



57.8. Hopmuposanneie npocrpancraa 309

QOuesuano, [ = 0, # Tak kak f ye paBBRETCA TOWIECTBEHHO HYJIO HA
oTpeske la, b, To OHa He ABAATCH HyJ/eM PACCMATPUBAEMOro NHHe{IHO-
r0 NPOCTRaHCTBE.

4. INpocTpancTso HenpepbiBHBIX Ha oTpeske lg, b] ¢pyHKRuui apasger-
¢ NOANPOCTPAHCTBOM NPeABAYlerc npoctpanctea, Jlas nero xpas-
HopMa (57.11) sBnsieTcs y:ke HOpMOIl. DTO HEnOCPEJCTBEHUO BhTEKAET
H3 caellyloniedi AemMbl,

Jlemama 2. Ecau nenpepoisrasn, Heompuyamersraa #a ompeake [a, b)
PyrruuA f(X) HE ABAREMCA HO HEM MONCOLCIMBEHHOIM HYACM, MO

b
[fnde>o0. (67.12)

HoxasaTtTenbscTro, Bouny yoioBuil emMbl CYRISCTRYET Ta-
Kas Touka x, € la, 6], ut0 f(x,) > 0. [Nockoawky QyuKkuua f HempepriBHa
B TOUKE Xy, TO Hafiercs Takoe § > 0, uto npn jx — x| < S u xEla, b
BEIIQJIHAETCA HEPABEHCTBO

| () —F (o) | << 252

H, CJeJ0BaTebHo,

>

[yetb [xo—8, xp-+ 6] ™ Ta, b]=1a, ], Torna s cuny HeoTpHua-
TEJLHOCTH (PYHKLUMH [ Ha oTpeske [a, b] moaydum

j"f(x dx>-§f(x)dx > 5 [ () (B—c) > 0.

Jlemma JoKasada.
Bosepawasce K kBasanopme (b7.11), BHuauM, 410 ecltil f HeNpepLiBHas
b

pyuruns u [f| = j | [(x)| dx = 0, To, cornacuo nemme 2, GygeM HMeTb

a
f== 0na lq, b], T. e. B 51T0M cayyae (57.11) apasercsa nopmoi.
[ToaoOHBM e 0Opa30M JIETKO CTPOATCH aHaJorHYHbe NPOCTPANCTRA
K I8 QYHKIHHE MHOTHX MepeMeHHBIX.

Yunpamxuenne 12, Iyers R — aunednoe KBasHAOPMEPOBAHHOE [Mpo-
CTpaHCcTBO. SseMenTR X € R My € R HI3BBAIOICA BSKEUSAACHMHMMI, €CIH

Jx—y| = 0. OGosnauum uepes B mu0xecTso, saeMeHTamH KOTOPOFo ABARIOTCH
K/JACCH 9KBHBAJEHTHELIX 3]EMEUTOB [IPOCTPAUCTEA R. fyem x€R, yER»
x€ % yCyp, A—uucao. Onpegenny F+y Kax amevedT MpomecTsa R,
cogepmauuit x4y, a A¥ — KaKk saemesT K3 R, cogepmambii Ax. MMoaoxuu
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le":ﬂ x[l. HoxazaTe, uTo Jauwble ONPEAeNCHUS KOPPEKTHE, T. €. He JABHCAT
OT BulfoOpa 3aenMeHTOR X € X H p £y, U uT0 R gajsercs JHHeHHHM IPOCTPAH-

croM, a [ x| — nopuoil.

Onpedeanenue 21. Ecau nocaedosameatrocme {x,} asemenmos
K8ASUHOPMUDOSAHHC20 (8 HACIMHOCHIL, HOPMUPOSAHH020) AUHEIHOE0
npocmpancmsa R makoea, umo cyyecmayem saemenm x © R, maxod,
umo lim|x,—x]|=0, mo nocredosamervroctme {x,} Hasveaemcs

n->>

cxodawellcs no K8asunopme ( COONBEMCIMBEHHO N0 HOPME )} K 3AEMEANY X
U nudiemes x = lim x,,.
B0

Baoas B KakoM-nu60 THHEHHOM TIPOCTPAHCTBE PVHKIME pasIHYRbBIE
KBAa3HHOPMLI {B YaCTHOCTH, HOPMH), OyleM NOJYYATh pasHyHbe TO-
HATHA CXCIHMOCTH nociejoBatenavHocTell Gyuknui. Hanpumep, cxo-
JTHMOCTB B CMBIC/IE HOPMEI (57.10) o3HAuaeT PABHOMEPHYH) CXOAHMOCTD,
CXOIHMOCTE B CMBICJIE KBasHHOPMEI (57,11} ABRASETCS CXOAMMOCTRIO APY-
roro poAa, OHa HA3LIBAECTCH CX00UMOCMbIO 8 cpedHem (MBI YaKe BCTpeud-
JIMCL C TAKOTO PORA CXOAHMOCTBLIO! CM. Hampumep, jJemmy 2 B m. 55.2).

B JsiinefiHOM HOPMHPOBAHHOM NIPOCTPAHCTEE R MOMKHO €CTECTEEHHBIM
00pazoM BHECTH PAcCTOAHHE MeXAy JeMelTaMd 5TOro MpPCCTpPaHcIBa.
HMennO CcOpasef/iuBo clelyllee YIBepKIeHHE,

Aemma 3. Juneinoe Hopuuposarnoe npocmpancmeo R asasenics
MempudecKum RPOCINPANCIIBOM € MEMBUKOL

plx, p)=]x—yl, (57.13)

npu smom cxodumocms nocaedosamensHocmeli 8 npocmparcmse R o
smotl smermpuke cosnadaen €0 cXOIUMOCIBI0 N0 HOPME,

HoxkasareuabcrtBso. Oynkuud p(x, y), onpeneneHuas Gopmy-
Aoit (67.13), geficTBUTENLHO ABJISETCS PAcCTOSHH:EM: CBOHCTBA PACCTOS-
nug (em. 0. 57.1) Bertekaior U3 ceolicte HopMal 1—4 (poEepbTe 3TO).
Bropoe yrsep:xienue JieMMBLl QUEBHAHO.

Byaem rosopurs, uto sempura (57.13) nopomcdaemen sadantol Hop-
Mol npocmpancmsa R.

Jemma 4. Han aobelx 08yx 9AeHEHMOe X I if AUHEHO20 KOQBUHOD-
MUPOBAHKO20 HPOCMPaHcmesa R cnpasedauso HepaseHcmeo

12—yt <
Jorkasareancreo. Tak Kak
lxl=(x—n-+rl<lx—yli+iri

(57.14)

TO
lxl—=lyl<lx—yl
H aHaJOrHYKO

Iyi—=lxi <z — yl
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s nocrepnnx ABYX HepaBeHCTB H ClelyeT HepaBeHcTBo (57.14),

Jlemma nokasaHa.

Jdemma 5. Hopma asasemcs nenpepsiorold Quukyuei na Aunednon
HOPMUPCRARHOM NPOCIPAHCMee 8 cmvicae mempury (57.13).

HorkasarTeabctno. [ycrs 3anansl sqeMent X, & R W yucao
e > 0. Bospmem 8 = & {cu. B 1. 57.1 onpenenenne 9 HenpepulBHOi QyHK-
unM B METPUYECKOM mpoctpaictse). M3 yeaosus |x — x| < & B cuay
nepasenctsa (57.14) noayvaem || x| — x| < e.

JlemMMa joKa3saHa.

Vupamuaende 13, Hoxasars, uro dysuxuen x - y n Ax apaawores ue-

npepbsi HeiMHA tilyHKL[HHMH BQ BCAKOM HOPMHPOBAaHHOM JTHHCHHOM [poCTpaHcTBe,
BHAYC TOBOQRS, 4YTO OnepapHH CAOMCHNA H YMHOKEREHT Ha MHCAO0 HENpephiBHEL B

YKaA3aHNOM TPOCTP aHCTRe,

Onpedenenue 22, ITycme R — auneilnoe K6Q3UHOPMUDOBARHOR
(8 wacmuocie, HOpRUPOBIRKOE) npocmparcmso. Muoxecmso EC R nasst-
BUEMCH CEPUNUHEHHLIM, UAL, NOOPOGHEE, OSPAHUHEHHbIM MO K8Q3UHOpME
(coomeemctieeRkO N0 HOPME), €CAU CYULeCmsyem Markas nOCMOAHHAA
M >0, amo | x| < M 0Oan ecex xEE.

Jdemma 6. Ecau nocaedosamervnocme {x,} cxofumes no xeasu-
HopMe 8 R, mo OHA o2paniuteHd.

HorazateascTro. [lyere x=1limx,, B cHly CXORAWMOCTH
n-+00

TOC/AENOBATEILHOCTH  CYILECTRYET TAKOE fly, UTO €CJAH M > Mg, TO
x,—x| <1 u, cregoBarennHo,

Pl <V — )+ 2 < o — x|+ [ 2] < T2+ 1.

TMonoxwum M =max {|xy], [*al, oy 1*ne=1p Jxl-+1}, Torsa,
ogeBHHO, |1, | <M nna seex n==1, 2, ...

JlemMma hokasaha.

¥Ynpawxuenue 14, Noxasars, yro mnoxecrso E suuelfHoro sopMupo-
BanKGrO OPOCTPAACTEA OFpAHHRYeHO NO HOPME TOrja H TOABKQ TOra, Korja oHo
OrpatHHYene Kak MHOMELTBO METPHYECKOro npoCTparcrBa B CMBIC/IE METPHKH
(57.13) {cM. ynpamzenae | B n, 57.1).

Onpedenernne 23. Jluneinoe HOPHUPOSAHHOE RPOCIPAHCMBO HASHI-
BALMICA ROAHBIM, ECAL OHO ABAACMCA NOAHBIM MEMPUHECKUM NPOCIPAHCHL-
BOM B8 CMOICAE MENIPUKIL, NOPONOaeMOLl HOPMOLL QQHHO20 NPOCIMPARCMEA.

IToanoe AuHeliHOE HOPMUPOBAHHOE NPOCIMPAHCIMEO HAZbIGAEMCA DaHa-
X08biM  RPOCIMPAHCMBOR™!,

Jlunefinoe Hopvupoeannoe npocrpascteo C [a, b] HenpepbIBHLIX Ha
orpeake [a, b] pyuxunii ¢ Hopyoii (57.10) apaserca GanaxoBuIM IPoOCT-
pancTeoM. Mbl B 5TOM y6eAnauCh B 11, 57.1, Koraa paccMarpHBajH METPH-
ueCcKoe MPOCTPaHCTBO HENpepHIBHBIX Ha OTpeske |a, b] dyukuuid c pac-

*} C. Eanax (1892—1945) — nosncKHE MaTemaTHK,
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crosinuem (b7.1), KoTopoe Kak pas nopoxidercs nopmoi (57.10). Mol
BHJEIM, YTO NOAHOTS npocrpancrea C la, b] caenyer ug TOFG, 470 CXO-
JIHMMOCTb TIOC/AEAOBATEIBLHOCTH B 5TOM [TPOCTPAKCTBE 03HAYAET 88 PABHG-
MEpHYIO CXOZMMOCTL Ha oTpeske [a, b].

Teopena 2. Beakoe aunelinog HOPMUPOSAHHGE NPOCIPAHCMED CO-
Depacumes 4 NACMHO ¢ HEKOMOPOm BArAX080M NPOCINPAHCITLE.

HokasaTtenbcTso. CordacHo teopeme 1 m. B7.1, nocra-
TOYHO IIOKa3aTh, UTO HA NOOOJHeHHe R* NHHeHHOTO HOpMHPOBAHHOTO
IpoCTpaHeTBa R MOMXHO MPOJO/MIKHTL ¢ R anrefpanyeckHe onepatHy
HOpPMY. DTC MOXHO ¢JlelaTb C NOMOMWLI0 TNIPele]bHOro  hepexoaa.
Kak M TpH JoKalaTelbCTBe TeopeMbl 1, OydeMm cuuTath, 4T0 RCR*,
MHa4Ye TOBODS, OTOXIECTBHM IIPOCTPAHCTBO R ¢ H3OMETPHUYECKHM &My
[OANPOCTPAHCTBOM TIONOJAHEHHS R*.

Tlycre, Hampumep, XER* u y & R*. B cuny naotnoctn R 8 R*
CYILECTBYIOT MOCJSIOBATEABHOCTH X & R 0 Y € R, n=1, 2, ..., Takue,
gyro Iim x, = %, limy, = y.

Tl

T==s00
[Nokazxem, uTO NOCAEIOBATENBHOCTh {X, + ¥, cxopurca. [eil-
CTBHTENLEQ,

P (xn+ Yoo Xm + ym) = " (xn+ yn)—(xm -+ ym)H <
< len“xm[‘+ Hyrz""_ym “= P (xﬂ’ X’m)+ Y (yn' ym)

M3 cxomumoctTi nochenoBatenbHocTel {x,} H {).} cienyer, uto om

(GyHIAMEHTAABHEIC, [TOSTOMY NOCAERKOBATEALHOCT {X,-1-1,} Takxe ¢yH-

JaMeHTalbHaa M, CAEEOBATEe]BLHO, B CHAY NOJHOTH R* CX0asUEACA.
Ilonoxum no onpegeeHuUo

oty = 1im (x,+ ).

AHAJIOTHYHO ¢ MOMOIIBIO NMPELeNLHOT0 Nepexola oupefedasercs H Ax,
X € R

Jlerko npoBepHTb, YTO ONpefeseHHble TaK aareGpanyeckHe orle-
pauMu x--y, Ax JUIA J€MEHTOB NOMOJHeHHA R* He 3aBHCAT or
puiGopa mocseopateabHoctell {x,} u {y,}, TaKux, utO X, —~>X, Yy,~>V,
xR, vy, €ER, n=1, 2, ..., Taxxe nerko ybeaurscd, 4to B cayuae,
KOT )@ 3JCMEHTsl MPHHALJEKAT MCXOZHOMY NpocrpaHcTBy R, onpe-
IeJleHHBIe HaMH ajrefpauuecKHe ONepaliHd COBMNAJAIT ¢ 3adaHHBIMU.

Onpegenum Teneps RopMy ana x & R™ [lyets x, R, n=1, 2, ...,
u lim x, =x. Tloka:xem, uTo TOC/eAOBATEALHOCTD { | X.]} dynzamen-

n-aoc
TanbHasd. B camoM pene, u3 uepasencrsa (97.14) ans scex Hary-
palbHEIX 71 H 11 HMEeM

Wt = i ] < | g Xl = 0 (K, 5,)- (57.15)
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[ocnenosateasnoets {x,}, Gyayun cxouguefics, ABAgeTCH H (yuna-

MEHTaN IO, TOSTOMY H3 nepaBeHCTBa (57.10) caenyer, 4To U YHCAOBAS

nocsienosarensnocts { X, |} dyHAaMenTanbnas, 4 3HAYHT, CXOAMTCSA.
[Monoxum 1o onpenenennto

2l = lm [[x, .
ey 00

Tak onpegeneHHas nopma || x|, x & R*, He 3aBucur or BhGopa nocaeno-
BaTenbHOCTH X, & R, n = 1, 2, ..., TakoH, 4t0 X, — x. Jlerko nposepute
TaKXe, HCMOAB3YS NpellenbHei Nepexol, 4to 418 dyukumd ||x|, x & R*,
BHINMOMHAIOTCA cBOficTBA HOpMBI }—4 H 9To B caIyuae x € R Mbl noaydaem
MPEAIO0 HOPMY.

Tecpema nokasana.

B kauectBe npuMepa pacCMOTPHM JHHEHHOE HOPMHPOBAHHOE NPOCT-
PaHCTBO HeMpepoiBHBIX HA crpeske la, b) ¢yuxuudl ¢ Hopmoit (B7.11).
Dra Hopma nopoxaaeT meTpuky (57.8). Kak oTmeuvanoct Bonue, MeTpuye-
CKOE TIPOCTFEHCTRO HelTPePEIBHEIX hyHKUNA ¢ meTpuroli (57.8) ue asis-
eTcn nosHsm. COTMacHO JOKa3aHHOH Teopeme, pacCMaTpPHBAEMoe JIH-
Helizloe HOpMHPOBAHHOE IIPOCTPAHCTBO HEMPEPhIBHAX HE OTpeske [a, b]
PYHKUBH MOMHO AOMOJHHKTL IC NOJAHOTO MPOCTPAHCTBA. 310 HaHaxXoBo
apocTpancreo ofosnauaerca Lila, b].

Onpedenerne 24, Cucmema sremeHmos xq, o & A (A — nexomopoe
MHONCECMBO  HMHOPKL08) AUNEIHOZ0 HOPMUPOBUHHO0 NPOCMPAHCmsa R
HOIBIBIEMCs ROAROL, E0AN Bumpikarue ee Auneinol oboaouku (cm. n. 57.2)
cosnadaerm co Gcem APOCINpancmeom R.

D10 03HAUEST, UTO JJA KAKAOrO 3MeMeHTa XE€R u Kakzporo

qdena & >0 CYUIECTBYIOT TaKHe S/EMEHTBl Xg,,..., Xq AQHHOH CH-
cTeMpl M TaKHe Yueaa Ay, ..., A,, UYTO BLITQJHSETCH HepaBeHCTRO
wa().l Xag, =+ e +?\.nxun) |<e. (57.16)

C gacTHpM ¢ityuaeM NOHATHA NOJHOTHI AJ05 CHCTEMBI d]yHKLIHﬁ MEl

yxe BCrpedanucs B 1. 55.7.

Onpedenerne 25, Ecau 8 AUHEIHOM HOPMUPOBAHHCM NPOCHPIN-
cmee R cyuiecmsyem nocaedosameavrocme saemenmos x,, k=1, 2, ...,
OBPABYIOAR NOARYID cucmemy npocmpancmsa R, mo npocmpadcmso R
HA3BIBACINCA  CenapaldensroLm.

B sakmouense »10TO NYHKTa BBeAeM NOHATHe Gasuca; npexpapH-
TeJABHO BBENEM [IOHHATHE Dsila B MPOCTpaHCTBO R.

Onpedeacnue 26, Padom 8 surelnom HOPMUDOBGHHOM HpOCTI-
paucmse R Oydem HO36150rmb Gopadicente auia

20

Xk, ede x,ER, n=1,2, ... (57.17)

LA
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Cymma euda
n

5, = E x, n=1,2, ..,
=21

Hasbisaemest n-il acmusroli cymmol pada (57.17). Pad (57.17) nasvsaemen

CXOOSUUUMER, €CAl NOCACO0BAMEALHOCHIL €20 HACIUUHBIX CYMM 0Bpasyem

¢ npocmpancmee R cxodawyroca  nocaedocameasrocms. Ee npedea

s = lim s, Haswsaenica cysmnod pada (97.17) u nuuemen

n—>o0
o
S= :S X
=l
HpH 5TOM, KAK H JAA YHCJOBRIX DAJOB, CHpaBel/IHBH CJICAYIOIIHE
YTBEDKIEHHUA:

ecay pad (B7.17) cxcdumen, mo cxodumen u pad Elhxn, npuYes,
00 [+.=] =

CCML Dy Kn== S, MO XM K= AS;
fla= | fi=1

ecau 8 npocmpancmee R cxodamen dsa pada, mo cxodunica u pad, co-
CINORUILIL 143 CYMMbL UX IAEMEHNIOS ¢ OOURAKOBHMIL HOMEPAMUL L €20 CYMMA
pasra cymme cymm danisix padoes.

Onpedesenne 27, [1ocie0osamerbHocip 3AEMERMGE €,, =1, 2, ...,
AUHRLHO20 HOPMUPOBAHHGE2O npocmpancmss R wassisaemen 6a3ucon,
ecal:

1} ssemenmote,, n =1, 2, ..., oOpasgyom Auncline resaeucumyo cu-
cmesy fem. n. BH.2);

2) karoso Oot wu 06120 X C R, cytjecmayrom makue qucaa by, n =
=1, 2, ..., wno
A

X = X

1

Wk

=

W3 s10TO CAGHyeT, UTO €CJH NOCHCACBATRALHOCTE {e,) aBnseTcs Ga-
3MCOM TNIPOCTPAHCIBA R, TO A8 KaXAOro »JeMeHTa X € R cyllecTByer
TNIOC/IeACBaTEALHOCTE YHCea {A,}, Takas, YTO A8 KayiOro uHeaa e >0
CYWIeCTBYeT HOMEP Mg, TAKOH, YTO NIPH BCeX N 2 N BbINGJHSETCS

HepaBeHCcTBO
fr— (et o el <e. (57.18)

3ameuaHnue [lofuepkHeM oT/IHUHE MeMIY NDCIENOBATE/LHO-
CThEY JIEMEHTOB, OOpasYIILHX MOJHYIO CHCTeMY, H TOCJAe0BaTeNh-
HOCTBIO 3/ICMEHTOBR, o6pasyowux 6asuc. B nepeom iy wae kosddunnen-
Thl Ay, =1, 2, ..., fi, BHepaBencTBe (57.16) saBucsT, Boobie TOBOP, He
ToﬂbKo oT Bblﬁopa mileMenTa x € R, HO B OT Bblﬁopa yucna e, Bo sropom
e caydae KosdduuHenTn! Ay, £ = 1, 2, ..., n, B HepasencTee (57.18)
CTPEIeNSAIOTCA TOMbKO CAMUM 3JeMeHTOM (OHH HasBIBAIOTCH KoIpduiyu-
EHIAMIL PASACHCEHUN SACMERMA X 1O OanHoMy Basucy 1K Koopduramani



57.4. Fuasbeproset u npedznis6eproast RPOCTPAHCTER 3t

aaeMeHma x npu Sarnosm Hazuce) 0 JHIIb HX KONHUECTBO, T. € UHCIO Ay,
38BHCHT OT BrIfOpA &.

Tlpo6amema cyulecTBoBaHus Gasuca B JAMHEHHLIX HOPMUPOBAHHEBIX
DPOCTPAHCTBAX JIO CHX IO He pelreHa. B cefyromeM MyHKTe MBI pac-
CMOTPHM ellle GoJee CIeIHaNbHEIT KJAaCC NPpOCTPAHCTE, B KOTOPOM NPas-
nema 6asnca H CBR3aHHBE ¢ Heli BONPOCH nojpawrces Godee MONHOMY
HCCJICMOBAHUIO.

3anauya 26, Hoxkazate, uTo ecam p-e creneHs, ! < p < - oo, abcodTHEX
BeJMUHH (YHKUUT @ W P EHTerpupyeMws no PuMany Ha otpeske [a, 6], To BH-

DOAHACTCH HEDEBEHCTBO
1

-;, 1
[f |<p(f)+4f(t)|ﬁdt]" <
f 1

b - b L
<[I |q>(f>1pdr]"+ [j’lw) |ﬂdf]".

KOTOpOe Rasbipaercs repasercmeom Munkosckoo *).

Horazare, 470 MHOKECTBO (yHKLHH, p-e CTCHEHH KOTOPHX HHTEIPHPYEMD)
no Pumany ra orpeixe [a, &], o6pasyioT nuneilHOe KBA3MHOPMEPOBAHHOE [pPO-
CTPAHCTED, €CAH B HEM B3BECTH KBa3HHOPMy Ro dopyne

; 1
o) = [f m(t)lf’df]".
a

[Tonomuenne sroro npocrpanctea ofosuauaercs Ly, [a, b).

57.4. T'uapOeproBe # NpeArHiLGepTOLL! NPOCTPAHCTEA

Onpedeaenue 28. Beugpcmoennas ynxyus, onpedetcnnas

HA MHOJCECGE YROPAGOYEHHbIX NAP IAEMEHINOE BELUECITIBERN020 ARNELiH020
npocmpancmea B u oboswanaemas (x,¥), x € R, yC R, Hasweaemes
CRAAAPHBIM NPOUSSECHUEM, ECAl CHA YO0BAEMEOPAEHT CACOYIOULLM YCAG-
BUAM:

1) (x: ',V):(}’, x): xGR: yER’

2) dx+py, ) =7(x, 2 - n(y,2, xER, xER, 2CR, M u
W — BEULECHIGERHOIE HUCAT,;

3) (x, )0, xER;

4y ecau (x, x)=0, mo x=0.

3ameTumM, uto 13 CBOHCTBA 2 coeayer, YTo AAst Alodoro x € R cnpagen-
JIHBO DPABEHCTBO

(x, 0y = 0.
Heficreutensno, (x, 0) = (x, 0-0) = 0{x, 0) == 0.

* T, MuKoscsuii (1864—1909) — nmosbCKHT MATEMATHE,
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Onpedenenne 29. Bewecmsennan hyrxyua (x, V), onpedeagHnas Ha
MHONCECHGE YROPAOCHEHHHIX NGP IACMCHIMOB BEUECHIBEHHOZD ALHEIH020
npocmpancmea R, xC R, YER, u ydosiemsopsowjas auus Yeaosuim
I, 2, 8, Ha30i80€tMCR KBUBLCKAAAPHOIM NPGU3BE0EHUEM.

AnanoruuumM ofipazoM BBOJAHMTCA NOHATHe W KBA3HCKAAAPHOTO (B
4ACTHOCTH, CKANRPHOTO) NPOU3BENEHHS B KOMIIEKCHOM JHHEHHOM [po-
cTpancTBe R. B 3TOM cayuae KoMIaeKkcHo3HawHaa QyHKuMA (X, ¥) Ha-
SHBASTCA KBA3HCKANADHBIM (COOTBETCTBEHHC CKaVADHBIM) [pOH3Bene-
HHEM, eCltil OHa YJOBAETROpHAeT CBOHCTBY 2 WA JIO6GLIX KOMILIEKCHLIX
unces A U, CECHCTBY 3 U CBOHCTBY

) (x, y)=(y, x), xCR, yER.

B nansnefiimem noa JAMHEHHEM MPOCTPAHCTBOM ByIeM MOHHMATh Be-
IECTBCHHEIE THHEHHbIe TPOCTPAHCTRA, €C/H He OroBOpeHo HTo-aubo Jpy-
roe

Jdexmma 7. Jdaa vo00d napsl seKmopos X 4 Y AUHBEHO20 RpOCMpan-
cmaa R ¢ Keaauckaaapuolm Rpoussederues cnpasediuso HEpaseHcmeo

G YR, X)) (0, ), (57.19)

Komopoe Hasewaemes nepasercmsorn Kowu—IHlsapya.

JokaszaTeascTBo, Janr mo6oro selleCcTBEHHOTO 4YHCaAa A
B CHJY CBOHCTBA 3 KBasHCKaAADHOTO MPOU3BEAEHHS HMEEeM

x4y, hx+yy 0.

Orcicaa, npumensas cBoiictsa 1 H 2 KBasHCKaJASIPHOTO NPOH3BeNEHHA,
noJyuaeM

Mx, x) + 20x, ) + (v, ¥) = 0.

CrefpoBaTe I bHO, AUCKPDUMHHEHT NMOJYYHBINETOCH KBAAPaTHYHOIQO OTHOCH-
TEJNBHO A TpeXU/ICHZ HEOOJJOXKHTEACH!:

(x, y)2 - (x1 x)(yr ]’) "é 0?

uto pasHockiacio (55,19).
Jlemma nokasama.

Caepcreue, dan mofol nape 8eKmMOpo8 AUHEEHOD NPOCMPAN-
CIMBA ¢ KEA3UCKOAPHLIN NPOUSBEOEHIEM CDOBEOAUSD HEDASEHCMB)

V+y. x+y) <V 9+V 0, 9, xCR yER. (57.20)
HeiictBurensno, npuMensnss HepapeucTeo Kown —Isapua, nonyumm
(xFy, x+¥)=(x, )+2(x, )+ ¥ <
< 0+F2 VGO0 Y+ =V + V0l
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Yuapaxueune 15, JlokazaTe, 4T0 B KOMIJEKCHOM JHHEAHNOM GpPOCTpaH-
€TBE CO CKANAPHBIM NPOWIBENEHHEM BHINOMHAETCA HePaBeHCTBO

[, ) P<(x, (¥, ), x€R, y&R

Ecnn B npocrpascree B NONOMUTE

lx]=V(x, x) xER, (57.21)

To dyHKUHA | | yAORAETBOPsIeT cBoficTBam 1—3 kBasnnopmel. CBoilcTRo
| KBa3MHOPMEL CRENYET N3 CBOHCTBA 3 KBA3HCK aAAPHOTO [IPOU3BEISHHU,
cBOfCTBO 2 — M3 cBoficTBa 2, CBOACTBO 3 KBA3HHOPMBL -— U3 HEPABEHCT-
Ba (7.20).

Ecu ke KBA3HCRAJIAPHOE MPOH3BEEHHE ABJIAETCA CKAASDHBIM, TO
kBasuHopma (57.21) apaserca nopmol. JelcTRUTEREHO, CBOACTBO HOPMEI
4 caenyer U3 cBOHCTBA 4 ckasApnoOro npouseefedus. Takum ofpasom,
Mil JIOKA3aAH CJCAVIOULEE YTBEPIKICHHE,

Jdemma 8. Kanloe aunelinoe npocmpancmec co cRaasprsir {coom-
GEMCIMEERNO KOBUCKAAAPHOIM) NPOUBELOCHUEM ABAACINCS HOPMIUPOBUHHHM
{COOMBEMCIMBEHHO  KBQBUHOPMUPOGAHHbIMY  RNPOCMPAHCMEON £ HOPMOL
(coomsememeenno Keasunopmoti), oapeleasemod gopmyaold (57.215, a
CAEGOBAMEALHO, U MEmPutecKum npocmpaucmaom ¢ mempuxod (57.13).

Kpazunopmy (67.21) 6yneM Ha3BBaTEh KeasuHopMoLl {coomeemcneen-
HO HOPpMOUY, NOPONOEHHOT 3000HHON KEASUCKAAAPHHIM (CKAAAPHEIM) APO-
wasederuem. Paccroanre {57.13), nopoxnennoe nopmoit (67.21) nuned-
HOTO [IPOCTPAHCTBA €O CKANSADHBIM [IPOH3BEACHHEM, OyIeM TakKe Hashl-
BATh POACCIOSHUEM, NOPONCOEHHOM 3Q0AHHBM CKQARPHBIM NPOU3GE-
deriien.

[Mpumensas ofospauenne KBasHHOPMB, HepaBencTso (H7.19) mMomuo
nepenUcark B BHAE

(x, <2l [yl (57.22)

[TpuMepst IHHEHHEIX TEPOCTPAHCTB €O CKANSPHBIM [IPOH3BEIEHHEM,
1. Paccmotpum n-MepHOoe JIHHERHOE MPOCTPAHCTBO CO CKAJSiPHBIM
NPOH3BEEHHEM

Xy = iz:,l X, Vi (57.23)

THe X = (X4, very %), ¥V = (P4, .--, ¥n). B 97TOM ciyuae HOpMa SJ1CMEHTA X
(ee OOBIUKO HA3LIBAIOT LJIHHON BEKTOpA X) onpefenasnercs (opMyJIoi

lxl=) *+ o + £,

a MeTpHKa — (hopMyJIof PacCTOSHHA B A-MEPHOM €BK/HJOBOM IpoOCT-
paHCTBE:

plx Yy =[x—yl= Vi —yP+ < FOn—r .
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Ilna store npocrpanctsa weparenctso Kown — Ileapua 6riio ao-
Ka3aHo HaMi panewe (em. gemmy 1 B o 18.1).

2. Bosemem Oosiee CIOXKHEE pHMep, DyneM roBOpHTE, uto GyHKLAA
[ apnsercs gynryued ¢ unmespipyessin keadpamon Ha ompeske la, bl,
€CJTH CyLIECTBYET ero pasbuenne T = {x;}i=%, Takoe, 4I0 Ha KamJIOM

i=11
oTpesre [&;, 1], TaKOM, uTO
xi—l<§i<“i<xil "21! 27 tasy kl

(yuKuus | uRTerpHpyeMa no Pumany H CywecTsyioT, BooGUIE roBops,
HeCOBCTBEHHLIE HHTETPAJIE

S f2 (X)dx, 121: 2) toey k:

*i—1

a ¢JeJlopaTe/lnHO, H HHTErpan

b
{ o) ax.

CoBOKYNHOCTE (YHKLUHH € HHTEIPHPYEMBIM KBAApAaToM Ha OTpesKe
la, b] obpasyer auneiinoce npocrpanctso. [yeTs f u g — n8e dyHKUHH
3TOTO NMPUCTpaHcTBa. [loCKOMEKY NpoH3BeacHHe (yHKUMH, HHTErpHpY-
emblx 1o PuMany, apiaercs cnoBd GyHKIMeH, nuTerprupyenmolt no Puma-
Hy (oM. m. 28.1), u

Ptgd
|f§|~§——2"— ]
TO HHTErpan
b
f o geode

CXOZHTCA H Hdwe abCeoMioTHO.
KpasuckanasapHoe NpoHsBefeHHE B 9TOM IIPOCTPAHCTBE OnpeenaeTces
dopmynoi

&
¢ @)= | Fwe @ ax (57.24)

CpoiicTBa |, 2, 3 KBa3HCKaNAPHOTO NPOU3BEAEHHA JETKO TPOBEPAKITCA.
3aMeTHM, UTC HePABEHCTBO (97.1%) MoxeT ObITh 3aMHCAHO B 3TOM Caydae
TaK:

*) 910 HepaBeHCTBO Cpasy noJlyyaetcsd I3 HepaBeHCTBa

(Lfl—iglP»o.



57.4. Muasbeproast u npedauaebeproest RPOCTPUHCTEA 319

b 2 & b
(Twewdr] < {peyde g0 ax

a [ o

H HasHBaeTcs Hepasencmeon Kowu — Bynarosexoeo®!, Jlns kBasHuop-
MBI GyHKOHE [ uMeeM Gopmyay

_ |
HE ]/ § P (o) d. (57.25)

Jlerko ycraHaB/uBaeTcs1, YTO KBasHCKa/sapHoe nponapenetde (57.24)
HE ABAAETCH CKanspubiM (NpoBepeTe 2T0).

3. Paccmorpnm nHHefinoe NPOCTPAHCTBO HENPEPEIBHHIX HA OTPE3Ke
[a, b] dyuxons. Jas ¢yuxnafi sToro npoerpanctea wurerpan (57.24)
GYAeT yxe CKalsnpHBIM NpoussefenieM. JdedcTBrTeNbHO, eClH (PYHKITS
f uenpepbiBua na orpeske la, b] u

b
(. = P de=0,

to, cornacuo Jemme 2 u3 nm. 57.3, umeem f = 0 na lq, 8].
Ilns paccTOAHUA MemAy ABYMA HENDepPHIBHEIMM (BVHKUHsiMH f U g
B 3TOM nNpoCTpaHcrse moJydaeM dopMmyay

b 1

plf, )=If—g|= jif ()—g(Pdx | . (52.26)

a

Mgl yxe BCTpEUANHCE €O CXORUMOCTHIO (ZYHKUHI B CMbICIE STOH MeT-
PHKH: CM. ONpeReNeHHe CXOIHMOCTH IOCHEA0BATeIbHOCTH (QYyHKINLT
B CMBIC/IE CpPelHero KBajpaTHuHOro B 0. 55.2.

Bce ckasaHHOe ecTecTBeHHBIM OOpasoM paclpOCTPaHAEICH H ha
(OYHKLUH, onpefiesleHHLe Ha JI060M GEeCKOHEYHOM NPOMEXYTKE, B
YaCTHOCTH, Ha BCEH OCH.

¥Yonpaxuenne 16. [lycte R — axueiince npocTpaHcTBO € KBAZWCKANAp-
BuiM nponsseienneM. Dnementhh ¥ € R 0y € R HA3LIBAKTCS SKBWBAMCHTHBIM,

ecay |[x—yPE={(x—y, x—yp)=0, OBosnagum uepes K MHOKECTEO, sJeMed-
TAMH KOTOPOro SBNAIOTCH KJaCCH 3KRMBAAGHTHEIX 3JIEMEHTOB IPOCTPAHCTBA R.
ltyete x €R, yE€R, x€ % y €y, Awup—nuucna, Onpereanm x4 ny Kax
saemeHT MHOkectsa R, cofepmamuil Ax 4 py, u moaomum (X, ¥) = (x, )
Hokasarb, yio STH QOpeleNeHHA KOPPEKTHH, T. € HE 3aBHCHT OT Bhbopa sne-

MeHTOB X € % Uy € Y, K 9T0 R SBJASETCH RHuCHHMM BPOCTPARCTBOM, a (¥, J )—
CKaNIAPHEIM TIPOHSREACHHEM.

Jdemnma 9. Crarnpnoe npoussedersie A8ASEMCH HENPEPBIBHOL ytirc-
yued (em. n. 87.1) Ha npocmparcmese R, Ha Komopom OHO 3a0aHD.

*)B. §. Dyusxoeckuit (1804—1889) — pycckHil MaremaTHK.
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HorkasatenncTro. B camom gene, ans mobuix x, &R, Y, ER,
XER B ¥YE R BHNoAHseTCA NePaBEHCTRO

| (%0, Yo)—(x, == {(xo—x, yo)+ (%, yo—p)| <
S xo—2[ Yo l-H] %} iy —1sl, (57.27)

H3 KOTOPOrO CPasy CJEAyeT HEMpephlBHOCTE CKaJSAPHOrO TPOH3BeAe-
uua. Meficteutensro, ecan x &0 (xq, 8), y£0 (¥,, 8), 10, 3ameuas,
uto | x| << | x— 2|4 %ol <l %o [+ 8, w3 (57.27) nosyuum

| (%0, Yo) == (%, )| <81y + ([ x|+ 8) 8.

Orciona cnenyer, uro npH noboM QHXCHpOBAHHOM uncae & > 0 scerza
MoxHO B516paTh § =15 (2) >>0 T1aK, uro npH x €0 (xg, 8), yCO (3, &
BLIOJHACTCS HEpPaBeHCTBO {{Xq, Vo) —(x, ¥)|<&; nas storo jocrta-
Toyno BeBpate & >0 rax, utobe 8| yel+ (] xe]3-6)8<e, uTo,
OUEsMIHO, BCEra BOSMOMKHO.

JleMMa IoKasana.

M3 HenpepLIBHOCTH CKaAfPHOTO NMPOH3BEIEHHS B NPOCTPAHCTBE R
CJAEAYET, HAIPHMEP, YTO PAABl B 3TOM POCTPAHCTBE MOXKHO YMHOXATh
DOUYJEHHO He TOJIBKO Ha UHCAOBBIE MHOKHTEAH, HO H Ha 3JeMeHTHl npo-
crpaHersa R.

Jemma 10. Hycme 8 npocmpancmee R 3adan cxodawuitica psd

D x,=s, x,CR, n=1,2 ...

n=1

Toeda Oaa ecsikoeo dtemenma a€ R uucaosod pad, noaydarowguiica us
OGHHOED ROYACHHbIN YMHOMCEHUEM €20 HA Q, MAKME CXOOUMCA U

>0

2 (xq, @)= (s, ).

n=1
HokazatenncrBo. Ilockoauky

n
s=lim E X5,
n-+20 k=1

(s, a)= (lim i X5, a) =lim (kg Xg a):

n-+o0 k=1 n-mx
n ok
= lim (X, @)= 2 (x,,a).
nooo k=lI n=1

Ynpaxnenne I7. [lokasate, 4TOo BCAKOE n-MepHoe JHuefiHoe npocr-
PANCTBO CO CKANAPHBIM NPOH3BEAEHHEM [OMHO.
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Onpedenenue 30. Jlunetinoe npocmpancmso co cKOASPHBLYL NPOLI-
GedenLier, NOAHOE 8 CMbICAE MEMPUKIL, NOPOKCOSHRON SAOQHNBIM CKAASD-
HOLM RDOUBBEOEHUSM, HABBIBAEINCA 2UABGEPIMOsHIM NPOCIPANCTEOM.

[TpocTo ke NuBeliHoe TPOCTPAHCTBO CO CKaNAPHLIM NIPOH3BEICHHEM
HasEIBAT Taxxke npedeuisCepmosbir NPOCMPANCMBom. DTO HasBaHHEe
ONnpaBABBaeTca caexaylowed Teopemost.

Teopema 3. Besikoe npedaursbepmoso npocmparcmeo R codepactim-
CAl 1 NAGIMHO 8 Hekomopom euasbepmosom npocmparcmee R*,

Hoxasateawcrtso. Cornacuo Tecpeme | i1, 57.1 1 Teopeme 2
n. §7.2, 10cTaTOYHO NOKa3aTb, YTO Ha MOLOJHeHHe R* nuHelHOro Hop-
MHDOBAHHOFO NPOCTPAHCTBA R MOXKHO NPOAOMMUTL ¢ R CKaAspHOR NPo-
H3Belenke ¢ coXpanenreM cBoleTs 1-—4, DTo MOKHEO CAe1aTh C NOMOLEEID
npefeasnoro  mepexofga. [JleffcTBHTEABHO, MOCKOILKY R = R¥, 10
Ans awoGok mape! Touek x£R* uw y € R* cyumecrsyior nocieiosa-
TENBHOCTH TOUEK X, ER, v, ER, n=1, 2, ..., Takue, uro

limx,=x, limy,=y
H=0oC H=+X

Tloraskem, uro cymectayer lim (x,, y,). B caMom nene, us He-
n = o

paBencTBa {57.27) cnemyer, uTO JAs BCEX HATYPANBHLIX M W A

[ V) — s )| < g2 112 D 10l 19— ¥

Tax Kak B CraAy CXONMMOCTH TIOCNeI0BATENLHOCTH {X,} B {¥,} OTpaHKue-
Hbl 10 HOpME H SiBAfIOTCA (QyHAAMEHTaAbHEIMH, TO H3 STOTO HEpPaBeH-
CTBA CJAESNYET, UTO YMCJOBAs MOC/AENOBATEIBHOCTS {(X,, ¥n)} — TaKxke
C]JYHII,EMEHTBJIBHEH H, CleIoBaTeNbHO, CXCANTCAH.
[Tono:um Mo onpenenelyo (x, ¥) = ]iT (X, ¥n). JlerKo npoBepuTs,
n-+-10C

HCTIONB3Y A TIPELeNIBHBIA Mepexol, Y10 ANA Takum opasoM OfipeReneH-
HOMl QYHKUMH BBIIONEAIRTCA cB0HCTBA 1—4 CKaAAPHOTO NPOUSBEICHAS,

Tecpema poxasana,

TloayueruHoe noyiHoe rH/edepTOBO NPOCTPAHCTBO HAZLIBAETCA HOMOA-
Heriiem BCXOIHOTO npedeuasfepmosn 1pocmpancmen.

[Mpumepom runLOepToBa NPOCTPAHCTBA FBJAAETCH N-MEPHOE EBRU-
NoBO mpocTpancTro (em. 55.23). Ilpyrue npumepnt GyAyT paccMOTpetsl
Iajee.

Onpedeaente 31, [Hsa npedeussticpmosa npocmpancmea Ry u Ry
HOSHIBAIOMEA UB0MOPPHBIMI, £CAU OHU USOMOP(MHE! KaK AURE(iHbE Hpo-
CIMPARCMBA W eCAl OMOBPAdCere f, OCYUECMBARIOWEE X UBOMOPPUINM, CO
XPAHAEM KEQBUCKAAADHOE (8 YACMHOCIMUY CKAAAPHOE) Npoussedexue,
m. e. amo ({x), [(y)) =(x, ¥) Oan 21066ix deyx snemermos x & Ry 1 y € Ry,

JIBa n3oMopdubx JUHEHRMX TPOCTPAKCTBA MOTYT OTHUATECA JHIIG
MPUPOLOH CBOHX 3/IEMEHTOB, 4 HE «IPOCTPAHCTBEHHBIMH CBOHCTBaMHY,
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iID3TOMY B JaibHeiiineM H30MOP)HLIE JuHeHHbe NPOCTPAHCTBA CO CKa-
JIiPHBIM TIPOH3BEJEHHEM HacTO He GyJyT Pa3nyarscs.

¥Yopaxueunuune 18, JlokasaTe, 470 BCe n-MepHEE AnueliHBIE TPOCTpaH-
CTBA CO CKaNSPHEIN NPOH3Be[eHHeM H30MOPOHE MexAy cofoil,

87.5. Mlpoctpancrae L,

Onpedeaenne 32. Jlunelinoe npocmpancmeo Henpepsie-
Hoix na ompeake [a, b] dynrguii o crassprem npoussederuen, onpede-

AeHHEIM 10 hopuyae (5T7.24), Hasueaemes RPOCHIPARCMEOM Lg[a hl.

Jdemma 1. [lpocmpancmeo LS [a,6] He ssanemcs eurebepmossin.

Jok a 3aTenbecTBO. Urobel yGemuThes, YTo BCAKOE MpPOCT-
PAHCTBO L2 [a, 0] ne ABJSIETCH NOJHBIM, JOCTATOYHO ACCMOTPETh TNPO-
CTPaHCTBO £$1a, 5] ans HEKOTOpOro pHKCHPOBAHHOrO OTPesKa (IoueMy?).
BosbMeM if ONPEAENeHHOCTH oTpesok [—I1; 1] u npusesem opuMep
dyHRaMenTajisholl B NpoCTpaHcrBe L\g[wl; 1] mocaenoBatTenbroCTd
(PYHKLHI, He CXolsleHca B 3TOM INPOCTPaHCTBeE,

[NonoxnM
— Leeqn —1 gx< —31—,
Falx)={ A% eccam — L << _’1?’ (57.28)
I, ecnu Lngx\{ I,
=1,2,..,
(puc. 174). Ouesnano, uto GyHKUHH fo(X), n=1, 2, ..., HenpepsipHLI

Ha otpesse [—1;1]. 3amevaa panee, uto |f, (X)i<{1, nmeem it

m>n
1
an"‘"fm “2= j‘] ”:n (x)“fm(x)izdx=

8
¥ =

|
:1“‘—-—1=|"
‘—-—a‘“l"‘

OTKY &, OUCBIJAHO, CJelyerT, ‘—]TO nocaeAoBaTeNLHOCTS (57.28) ¢yuna-
MeHTa/LHasA B IIpacTpancTne Lg la, b.
Ilycis Tenepe

| — 1, ecmn— 1 <x<0,
[ @)= |1, ecan 0l
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Herpyano yGeanroesi, uro nocnenosatennnocts (57.28) cxoxprcs
na orpeske [—1; 1] B cmbicae kasunopmu (57.25) k dyuxuun f. Heiicr-
BHTE&JBHO,

I
I fo 25 = 5 [F (%)) — ()| 2dx =

1

FO—fa)*de <4 | dem S0 mpic nveo, G729
1

]

n

2 mt—

n

IMokaxeM Tenmeph, uTO MOCENOBA- Y

3
tenvHocTe  (57.28)  we cXopHrca B
npoctpancte L5 [a, b], T. e, e CXONHT- 7L
¢st B CMbICAe KBasuuOpMEl (D5.25) HH K '
KaKoH uenpepwBHO#l ¢yHKumH. Jlomy- !
CTHM 1npoTuBHoe. [IycTb cyilecTByeT [

vempepuieHag Ha orpeske [—1; 1} N7 R z
pyukuasa g(x), takas, 4To | ’1; / n

[

I I

i fe—fll =0, (7.30)

Torna Puc. 174

=gl = 1F—Fd+F— N < —Fa i+ gl

rre ofa caaraeMmuX npasoil yacti B cHay (67.29) u (57.30) crpemarca
K HyJlO NpH 7 —> oo, 4 JeBas YacTb HE 3aBHCHT OT A, CJIEHOBATE/IBHO,

1
{ lfw—gwitde=|I[~gl*=0;
=1

TeM 6oJee,

Y 1
[ 1rm—gwlza=0, (1f—gwide=0.  (7.31)
—1 h

Ho na npoMexytkax { —I; 0} n [0; 1] yHKUKY [ K g RenpepbiBHE,
nostomy u3 (67.31) caenyer, uto j(x) = g(x) ua [~1; 0) u [(x) = g(x)

*) MockoNbky | — f; ¥/Ke He BAZETCA HENpepHsHOA QyHKLHeH, TO 34ecCh
cumBon || ¢ | oforiiadaeT yKe KBasHHOpMY QYHKUHE ¢. DTO caeayeT EMeTE B BHAY
W B JAaJBHEHIIHX PacCMOTPeHUAX.
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Ha [0; 11*}, wo torpa lim g(x) &= lim g(x), r. e. g-- paspuiBHasn
X x=+0

-0
¢yuknng. [loayyeaHoe npoTHBOpedne U J0Ka3LIBAET YTBEPKACHHE,

Jlemma joxazara.

HTak, nudefinoe NpocTpancTBO Lg {a, b] ve nonno. OAHAKO MBI SHAeM,
YTO BCAKOE NPEATHIbGEPTOBC NPOCTPAHCTBO MOMXKEO AONONHHTb O MGJ-
HOTG, B YaCTHOCTH, 3TO MOMKHO CASMaTh H ¢ pACCMATPHBAEMBIM IIPOCTpaH-
CTBOM.

Onpedeaenne 33. lonoaxerue npedeuasbepmosa Apocmpanci-
sa L5 =15 1a, b] nasweaemen npocmparcmson Lo=Lyfa, bl.

Takum ofpasom, npocTpaHcTBo L,la, §] cOCTONT H3 HeNnpepbIBHBIX
na orpeske [a, b] GYHKUMA H HEKOTOPHIX HOBHIX «20CTPAKTHLIX 3Je-
MEHTOR» {KJACCOB (JYHAAMEHTANBHEX TOCASACBATRILEOCTEH, M. II. H7.1),
KOTOPBIMH MBI JOTOJHHIN HCXOLHOE MPOCTPAHCTBO LS la, bl.

(OKazbisacTed, OAHAKO, ¥ 3TO OYEHb MHTEPECHO H BAXKHO, YTO 3TH
a0CTPaKTHBIC JieMEHThl MOXHO DAcCMATPHBATL He K4aK Kaaccht (yHIa-
MEHTAMLHBIX NOCASLOBATENLHOCTEN (CM. AOKA3aTe/IbCTBO Teopembl | B
n. 57.1), a TaK e, KaK BEKOTCphie YHKLUHH, TOUHee, KAK KNacchl 5KBH-
BaJEHTHLIX (B OlpejeteHHoM cMmblcae) QYHKUHH, NpHYEeM CKa/JfpHOe
npou3Belenue I8 HUX Takxe onpepensercs gopmynoch (55.24), Toavko
HuTerpad B 3TN QopMy/ie MOHHMAETCsl He B CMEIC/E COOCTBEHHOrDO HJH
HecolCTBEHHOIO HHTETpaa, U3YUeHHOTO KaMi, a B GoJee OfIIEM CMBICIE,
B CMBICJIE Tax Has3bIBAEMOIO uHmezpare Jebeza™ ¥,

IMonnoe H3J0KEHHE 3TOrC BOMPOCA BRIXORUT 38 PAMKH PACCMATPH-
BAEMBIX HAMH METOJ0B, NOTOMY OTPAHHUMMCH JHILL HEXKOTOPLIMH TIpH-
MepaMH.

Onpedeacrune 34. Qyuxyus [, onpedesennan na ompesxe la, b),
Haaseaemca yrkyueldl uz npocmpanemea Lyla, b], ecau swnornsiomen
CAEDYIOUIUE  YCACBUA:

b
D |2 de<C oo (57.32)

(unmeepaa norumaemes, Goobule 2080pR, 8 HECODCIMBEHHOM CMbICAE);
Q) cijugecmayem ROCAed0BAMENbHOCIL HENpepbisrolX Ha ompeske [a, b)

Pyrryul
f0), n=1,2,..., (57.33)

MaxKux, 4mo

[ (0)—f ()2 de == 0.

*) Jro caefiyeT u3 jgemmir 2 1, 57.3.
#*) A, JleGer (1875-—-1941) — dpasuysckuil MaTeMaTHK.
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B smon cayuae 6ydem nucames fC L, |a, b].

[Ipuberas x of03HAYEHHIO KBA3UHOPMBI (57.2D), Moc/e/Hee YCAOBHE
MOKHO 3amicaTb B BHJE

lim [ f—F, | = 0%. (57.39)

Hannoe onpegefeH#de ONpaBRLIBAETCA CASNYIOMIMMH OGCTOATENBCT-
BAMH,
1. Hocaedosamensnocms  (57.33),  ydogremsoparowias  yeaocuam

(67.34), sAgasemcn yHdanmermaabHold 8 LS la, &].
Heficteutensno, B cuay (57.34)

H fn'_fm ” = ”(fn‘i)“l“(f”fm) ” < “fn_‘f“‘(L H f_‘fm ”%0

OpH # —> oo 1§ M — 0o, MIOITOMY TOCHAefoBaTeabHOCTh (57.33) npuuan-

JEXUT HEKOTOPOMY KJaccy f* SKBHBAJNEHTHHIX ¢(yHAAMEHTaIBHBIX IO-

caegoBatesibHocTel (cM. m. 55.1). ®ynxuusa f u pacemarpuBaeTcs Kak

npedcmasumens YKasaHHOTO sqemenma [* € Lyla, b, npuyeM nuurercs
*

2. Hopma || [* || 8 npocmparcmee L, [a, 8] uxeasuropmna (57.25) |||
cosnadaiwm.

B camom Jesie, B CRIy ONpeRefeHHs HOPMEI TTPH MOMOJNHEHHH NpO-
cTpaHcTRa (oM. 11, 55.3)

W7 = lim | falf; (57.35)
s vy
¢ Jpyroit cTOpOHHl, B CHJAY HepapenctBa (57.14) ama KeasnHOpM
I F =1l < T = Fa =0 npu n—>oo;
cJleloBaTe/bHO,
[Tl = Tim |l (57.36)
n—-Cco
CpasHupaa pabeHcrtea {57.35) w (57.36), nmoayuaem
= 11F - (57.37)
3. Feau
fEFEC Lylabl,gcg” € Lyla, 8], h u p—uucaq,
mo
M+ug € M* +pg* (57.38)
*) CyIecTBEHHO OTMETHTD, YTO 3leCh CHMBOJ || || ¢003HAYAET HMEHHO KBasK-

nopmy (55.25), a He HopmMy B npocrpancTse Ly [a, 8], nbo byuxuusa f — f, B cayvae
eCJIH OHZ Pe RBASETCH HenpepuiBHON Ha oTpeske [a, b], Be mBameTCA NOKa 3ne-
MeHTOM mpoctpancTba Ly |, &), onpele/eHnoro HaMn Kak MONQJNEeHHE NPOCTPaH-

crea LS [a, 8]
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i
(. g)=(f*,&" (57.3%)

(3/ech cniena CTOMT KBasHCKaJApHoe npoususejenve (57.24), a cnpa-
Ba CKaJspHOE NpousBeicHue B L, [a, &)
B camom Jerne,

b 1
{j'm(x>wg(x)12dx T gl < RS i<+ oo,

[1]

necar f, € LS[a, b], g, € LSla, b
i Jf o fo |l = 0,

] 57.40
lim || g — g, =0, (57.40)
H— OO

10 M, +ng,€L510,b), n=12,..., u
(A fHpg) — O rrgadl < [ R f—Fll - [r [l g—g, |-+ 0 npu n—co.

Kak spaum, nas ¢yeenun AMf 4 pg Bemouiusiores yciaosns (57.32)
u (567.34), tem campv (H7.38) noxasano.

s poxasareabcTsa (57.39) sameTnM, 49To B CHIY OnNpeleseHHd
CKANAPHOFO NPOU3BEACHHA IPH NONOXHCHUH IPOCTPAKCTBa (CM. 1. 57.4)

(7%, g% = lim {,, g,) (57.41)

C apyroil cTopou, npuMmensas HepasencrBo Kown — Byusxos-
CKOre JJ5l KBasHCK4/1APHOTO mpoussenennd (57.24), moayunm

,(f: g)%(/gm gn)l < I(f’g‘"gn)l+!(f_f1v gn)l <
<7 Hlg—gnli+lif—Faltllgll—>0 mpy n-— oo,

. 8)= nl_@ (Frr &n)- (57.42)

Cpasuusag papenctsa (57.41) u (57.42), MBI M HOJYYUHM VCIOBHE
(57.39). OueBuano, yroe u3 (57.39) noayuaerca B cayuae f = gemne pas
pasenctBo (67.37).

Ha csofiets 2 #1 3 caeayer, 4To BMecCTo TOro, 4rofk OnepHpOBaTh
B PaccMATPHBACMOM Caydae ¢ «afCTPaKTHLIMH JIEMEHTAMH» HpPOCTpaH-
ctBa Ly la, 6], MOXKHO omepHpoBaTh € HX TNPEICTABRTEAAMH, YTO, KO-
HeUHO, 3HAUNT]BHO YAoOHee H NpOIle, TaK KaK BCEe ONepaudH NPHBO-
JATCA K OOBMHEIM onepandsaM Hajl GyHKUHAMH,

Chienyer UMETb B BHLY, UTO pasHeie pyrikyuu | i g, ydoesemsopsowiie
yeaosusam (B7.32) u (57.34), moeym seagmecs npedemasiumernmut 00H020
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U mogo e sresmenma npoomparcmsa Lala, b). Smo eoamoxcno mozda u
moasKo mo2da, Koeda
ff—gil==0. (57.43)

Deficreurensno, nyctb G [* € Lyla, 8, g € g* € L, [u, b].
Ecau
[*=g% (57.44)
o B cuay (07.37) u (57.38)

W—gll=Ilf—a" = F*—g*lI=0.

Ecyii xxe Beinonnsercs (57.43), 1o, ynorpebans o6osnavenusn (57.40),
Oy 4HM

lfa—gall <N fa—Fli-+lf—gll +1lg—ga =0 npn 2->o00.

D10 03HaYaer, YTO MOCAENOBATEIBRHOCTH {f,} M {g,} KBUBAJIEHTHLI,
a 3HAUNT, BHINOJAHAETCH papeHcrso (57.44),

HHTepecHo HOMYUHTE YCAORKA, BRpEKAKLINCCH B TCPMHHAX CBOHCTR
TOABKO camoli GyHKUuY [ (6e3 npHBAevenus NOCJIeAOBATeALHOCTEN He-
npepuBHLIX GyHKUHA (57.33)), BAGKYIHEe 32 COGOH HPHHANICIKHOCTD
dyukuuu f npocrparctBy Ly la, 6] B BHINeYKa3aHHOM CMbicae. MoxHO
JOKa3aTh, UTO e/l GYHKUNS [ YAOBASTBOPAET TOMLKO YCIOBHIO (57.32),
TO OHA YIKe NMpPHHAAIeXKHT npocTpaHctsy Lsla, 6], Mel, omxako, aas
IIPOCTOTE CI'PAHHMHMCH A0KA3aTEIBCTBOM Goviee ¢Aaboro yTBepKASHHA.

Teopema 4. llycmo ¢yuiyus [ onpedeaena Ha ompeske la, b]
u Rnycmeo:

1) na awGon ompeske [, n], a<lt<{nN<b, pynxqua [ xycouno
HERPEPBIBHA,

2) urmezpar jfﬁ (x)dx cxodumca,

a
mozda f € L, [a, b].

JdokasarteawcTro. Pyurius f KYcouHO HempepuBHA Ha
orpeske lE, nf (cm. m. 28.1), mosromy cymecrsyeT ero pasGuenue
T = {gi},‘;ﬁ (& =&, £, = n), Takce, uTO (PYHKUMS [ HenpepriBHA 1l
KasgoM uutepsane (Ei—i, &;), H CYIIECTBYIOT KOHCUHBIE NpeAe/Ll
B cuay srero dyuKums f orpaHuucHa Ha oTpeske [§, n). [lycTe uncao
M > 0 TakoBo, uTO

o< M, g<xr<n.

Bosemem gakoe-nmu6o § > 0, Takoe, uto 8-okpecrHocTH ToueK §;,
i=0,1, .., k, 06 nepeceKaTCa H COIepxaTCa B uuTepsane (g, b).

Onpenenum Teneps BCMOMOIATENbHYIO OYHKOHID ¢ CASAYIOmMHM
obpasom:
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¢ (x) =

§ 57. DyuxytionaieHble npOCTAOHETEA

—1
f(x)y ecan x € [&, T]I\i}_{&i—ﬁ, E;+8),
MEE O TED) (et 4 8 £ (5, — ),
ecan x € (§,— 96, £, 9), i=12, .., k—1,

f1& j O (x—248), ecnn x € [E—96, E],

ﬂﬂalo-)(n—x-% 5}, ecan x € |n,n+9j,
0, ecan x € (a, §—0) uan x € (n4-8,6).

Takum obpazoM, DyEKUHA ¢ coBnagaer c QyHKUEeH [ BO Bcex TOUKax
oTpezka [E, v], He MPHHAMIEKAIMX HM K Kaxkoi W3 d-okpecrHocreii
Touek &y, i == 1, 2, ..., o — 1, a b 9THX OKPECTHOCTAX DYHKIHA ¢ JH-
HeHHO MHTEpPRONUPYeT 3HaucHus (YHKUKME [ B KOHUEBHX TOUKAX
STHX OKpecTHoCTel; BHe e orpe3Ka [&, 1) dynkuus ¢ B §-okpectrocTH
TOUEK £ W v) AuneifHO nepexoanT B 0ok (puc. 170). OueBUAHO, YTO Dy HK-
LUHA ¢ HENpepbLiBHAa H

Hanee,

le()| <M, aLx b,

Puc. 175

ki Ei0
j(f cp)?dxﬂj(f cp)ﬂdx+2 § (—apdet

i=1 £;—8

A—1 43

+j(f w)zdx<2jf2dx+2jcp2dx+24w5 dx--

fml] §;—b



§7.5. Mpoctpancrao Ly 3¢

e b 13
+2 j rp‘*dx—f—?jf%!x*’g 2§f2 dx 4 2M2 8 - 8EM2S 4
] % a

b I3 b
202 6+2§f2dx=2(jf= dx + f j* dx )+4(2k+1)wé. (57.45)
7 2 1

[ycre reneps sanano e > 0. Bubepem orpesox [E, w] rak, urodel
£ 7] 2
j'f'zdx -+ jfz dx < %—.
a 7

4]
JT0 BOZMOXKHO B CHAY CXOIHMOCTH HHT€rpasna j fr{x)dx.
73

3artem eutfepem 8 >0 Tar, urobH
X
42k 1) M2~ |
TorA2 U3 #epapeucTsg (57.45) nomyuyum

gl <e.

Otciona, OUEBHAHO, CAEAYeT CYIIECTBOBAHHE MOCIeROBATENBHOCTH He-
NpepLIBHBIX HAa oTpeske [a, #] dynkudd, cxoaawefics B MeTpure by
K GyHKUHM [, T. €. 14 hyHKOMY f BeinoaHAeTes yeaosHe (57.34), Uro xe
Kacaetcs yoiosus (57.32), 1o ero BeINOJIHEHHE IPEIIIOAr al10Ch ¢ CaMOTo
nauata, Hrax, ;€ Lia, b).

Teopema poxasaua.

1
3apasa 27. llokasaTe, aro dryHKuHs f(x)=V-; He MOPHHAAJERHT MTPOCT-

paterBy Lg[--m, m], T. e. He fABAAeTCcA HpelesoM E cpefHeM B CMmbicae Lg
NIOC/IEZOBATENBROCTH HeMPe PLIBHEIX DyHKEHA.

3anaka 28, ITycTs L‘g {a, 6] — npearraeGepToBO NPOCTRaNCTBO, NOPOKALHIEAE

JHHGHHLIM DpocTpaHeTBOM (PYHRIUMA, HHTerpwpyemblx no Pumany Ha oTpeake
[a, b] ¢ kBazuckanapamy nponssedcsuem {67.24), Ilokazarte, 4YTG NPOCTPAHCTEA

L‘;[a, 6] wemoauo u uTG ero nonodHeHwe H3oMopthHG upoctpaxHcTBY Ly [a, £l

Onpenenenre npocrpanctea Lgla, 6] ectecTentmm ofpasom 06o6-
waeTcs M Ha ciydyal GeckOHeudgoro npomexyTka., Paccmotpum jad
ONpeneNeHROCTH BCHO YHCIOBYIO OCh, JIAA ABYX HenpepsBHEIX HHTETPH-

*) Mbl BOCNO/L30OBAMHCL OUEBHAHLIM UHC/ADBEIM HEPABEHCTEBOM

F—oP <2+ ¢?).
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PyeMHEX B KBajipaTte Ha Beeft BelnecTBeHHOR ocn PyHKUMHA ¢ HYP cKatnp-
HOe TpoH3Be/ele ONMpelelHM 1o gopMyJe
-}-CD
@ = | o0 vwdx (57.46)
— a0
210 onpenenenue KOPPEKTHO, HGO HHTErpas, CTOMILMI cnpara, TpH
COENAHNBIX OTHOCHTeq N0 GYyPKUHA @ H 1Y [IPefroNgKeduax CXOAHTCH
H jaxe abcosioTHO, 2T0 Cpa3y ClelYeT M3 HepaBeHCTRa

0 () ()] < LWL

CroitcTBa CKANAPUIOre NPOU3BeAeHHS AnA (57.46) nerko mpoBepsioT-
cf. MokHOo TOKa3aTh, aHANOTHUHO KOHEUHOMY IPOMEKYTKY, YTO MOJy-
YHBLIEECH MPH 3TOM METPHUCCKOE NPOCTPAHCTBO HelpPepHBHAIX HHTErpH-
pvembix B KBajpare (yHKUHH He aABAACTCA MOJAHLM B METPHKe, NOpPOXK-
JEHHOH CKANfPHBIM NPOU3BEIEHHCM, €0 [ONOJHeHHe ofio3HavaeTcs
[*2(_001 +O°}-

3ameuanne Mp BHARAH, YTO B OAHUX W TeX e JHHEHHBIX
NPOCTPAHCTBAX MOXKHG PaZHBM c6pasoM  BROANThL KRBazHHOPMEI, B
YacTHOCTH HOpMGI, Ilozromy wacTo 80 m30exaHue HeRopasyMeHui:
KBasuHOpMa (HOpMa) sfeMeHTa X npocTpancTia K of03nauaeTca He
npocTo cuMBoJoM |l x|, a cumBoaoM || x [|,. Hanpuwep, nopma (57.10)

dyurmun  f—cumeonoM™ ||fllc e, 57 BAM, Xopoue, || f{lc, KBasnHopMma
(67.11) —cumponom |[f[|; 5,y WM, Kopoue, |if|l, , KeasiHOpMa

(7.25)—CcuMBOAOM [{f {|, &, 5; WM, KOpoUe, ||F]l, .

.CXoAMMOCTL  TOCJEAOBATENLHOCTH GYHKLUHME no KBasuropMe [[fllL,
HA3BIBACTCA TAKMKE CXOANMOCTLIO B CMBICJE CPEIHEIO KBaJAPaTHUHOTO
{cm. onpegenenne 5 B 1. 55.2) uny CX0AMMOCTLIO B cpeHeM B cMbiche Ly,
a CXOAUMOCTb 110 KBasKHOpMe [[fll, — DPOCTO CXOAMMOCTBIO B CpeiHeM

WaH, NOApodHEe, CXOAHMOCTLIO B CPefHeM B CMBICAE L,.

Yopamnaenus ]9 JlokasaTk He3KBHPAJEHTHOCTP NOHATHH CXONHMO-
CTH D cpejnen B cmbicne Ly M L, Ana nocnefoBatesHoCcTH GYHKIHHE,

20. HoxasaTb, uT0 eclH TOCAeLOBATEIBHOCTL HHTETPHPYEMBIX (YHRKIHA
Qulx), n =1, 2, ..., paBHCMCPHO CXOAHTCSA Ha oTpeske [a, #] x unTerpupyemoit
(bYHKLHH P{x), TO OHA CXOAHTCSA H B CPeAHeM B cMulcie £ H L, K 3Tof (hyHKuMH,

21. IlocTpoHTL MpHMED NOCAENOBaTEABHOCTH HeNPepPHBHEX QYHKIHA, cXond-
mefca K BeKoTopoil HempepblBHOH GYHKIUKHE B cpefHEM Ha OTPe3Ke B cMeicne Ly, Ho
He cXolsluieiicd PaBHOMEGPIO HA 3TOM OTPe3Ke.

22, Ilyete uy(x), n =1, 2, ..., — uHTerpupyeuele ¢byekuuu. Joxasars, uto

o0

ecan pra Y, tn(x) cxouures B cpexneM B cumicne Ly Ha otpeake la, 6] k unTerpy-

n=1
pyemoil dyRKUHH LX), Torja 3TOT PAN MOXKHO MOWICHHO HHTCrPHPOBATE Ha OT-

peaxe [a, b]: . - b
ju (x) dx =2 j'un(x) dx,

a n=1a
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Mpl ana npoctoTh paccMaTpHBany B npuMepax (YHKUHH OAHGTO
nepemennoro, [Hoaobubiv e 0bpasom, ecid B3ATh JHHEHHGE NPOCTPaH-
CTBO yHKilMH, HENpePhIBHBIX Ha 3aMEIKAHHH HEKOTOPOrQ KyOUPYeMoro

MHOXecTBa G <= E”, BBeCTH CKaNsipHoe TNPOM3BeAeHHE MO (opmyJe

(P, ¥) =jcpw dG ¥ ROTOJIHUTE NIOJYUHBIIEECH NPOCTPAHCTBO, TO THOAY-

M ruILGepTOBO NPOCTPAHCTBO, KoTopoe ofo3nauaerca L, ().

MeI onucasy pasiMuible THOB TPOCTPAHCTE. B anajuse B OCHOBUOM
H3Y4AIOTCA TIPOCTPAHCTBA, JEMEHTAMH KOTOPBIX HBASIOTCS (hYHKILHH.
Takue NPOCTPEHCTBA HA3BIBAOTCH YHKLUOHAABHLIMLL.

Beeseniple B 3T0M naparpate MHOrOUHC/IeRHEE Onpelesenus GyayT
NPHMEHATRCH B JAaldbHefiueM AJf ONHCAHHS OTPeleNeHHRX CROHCTR
pasJHYHEX KaaccoB GyHKUMI B NPHBMUHMWX H HALMSIHBIX TEOMETDH-
YeCKUX TepMMuax (NpocTpPancTso, TOUKM, paccTOsHMe, BeKTop, SasHc
HT. .} H MOMOTYT YCTAHOBHTB HANOTHH, KMEIOMIHECA MeXTY OOBIIHBIME
n-MEPHBIMH REKTOPHBIMH MPCCTPAHCTBAMH H NPOCTPAaHCTBAMH (GyHKLUE,
H BHIACHHTB cleiuuduueckue cBoficTBa OecKOHEYHOMEPHLIX (YHK-
UHOHAJLHLIX HTpOCTPaHCTB.

§ 58. OPTOHOPMWPOBAHHBLIE BA3HCHI
H PAZJIOKEHHA MO HUM

58.1. OpTOoHOPMHPOBAHHLIE CHCTEMBI

Onpedeaenue I. Hyems R — npedauswbepmoso  npocm-
pancmso. Faemenmnt X C R u y € R HA36I8QI0MCR OPMOSORAABHOIMU, ECAU
{x, y) = 0; 8 smom cayuqe nutuemcs maxice x_ Y.

Onpedeaenne 2. Cucmena sremenmos xq, ¢ &N (I — nexomopoe
MHONCECMEQ wMOeKcor), npocmpancmsa R Hasweaemes opmosoHaibHo,
ecai Awoboie ee Osa saemerma cpmozonarersl. Ecal, kpome mozo, Hopra ee
4106020 saeMeRMA pasHa edunuye, m. e. | Xq|==1, a €8, mo ona Haso-
6aEMcA  OPMOHOPMUPOBAHHOU.

OueBnjiio, ecan cuctema {xq,00 & A} oproronancHan u x,+0 aas
scex a{ A, 1O ee MOMHO HOpMUPOBATh. [eHCIBUTE]BHO, MOIENHB
KaxJLlfi JeMEHT Ha ero HOPMY, MOAYYHM OPTOHOPMHPOBAHHYIO CH-

cTeMy
[Hz’-—(;]—l , e } .

Jdemma 1. Ecau cucmema {xq, a €U} s1emenmos npocmparcmens
R seasemca opmozonaavtol u ece xg70,0C A, mo sma cucmema
SEAREMCH AUHELHO HE3Q8UCUMOL clCcmeMmOil,

HoxasartenbeTBo. [lycTh A48 HEeKOTOPHIX 3JIEMEHTOB

X, U',tie A k=1,2,...,n,



332 § 88. Opronopuupocannste basucst u PAIAOKEHUA NO HUM

HMeeM
Ay Xa, + Ag Xg, 4 oAy X, = 0.

YMHOKHM cKaJApHO o0e uacTH 3TOro paBeHCTBA HA Xa,, k—dHKCH-
poBato (B=1,2,...,n), noayyum

;“k (xah; xEk) = 0,

HOO B CHJY OPTOTGHANLHOCTH CHCTEMbE (x.jt xuh) 0, jo=k. 3ameyan
janee, 4TO 10 npennonomeamo Xa, #0u, CJIB)J.OBaTE‘thHO (x%' xak):;&O
noRYUHM Ay =0, k=1,2,.

Jlnitedinas HesaBHCMMOCTE CHCTEMI:,I Xq, w2 gokazana.

JIOKaxKeM eILe Of(HY JeMMY, JAKUY0 KPUTepHil JuHeAnol HesaBHcH-
MOCTH yHxIUi Yepe3 CKaispHbe NPOU3BEAEHHM.

Jdemma 2. Ecau 0 cuceMol IIEMEHNIOB Xy, ..., X, NPOCIPANCITGN
R onpedeaumenn

(xp, x1) (o, x5} .0 (o, )
(g X)) (g 20) e (2, X,)

(xn,:l xi) (xn! x2) see (xnl xn)

G(x), ey X)) =

POBEH HYMO, MO CHCMEMQ AUHEHHO 3astcumd.

Onpegeawrens G(xy, ..., X,} HasuBaelca onpgedeaumesem Ipamma
JaHHO# cucTeMbl.

JlokaszatedAbeTRO. Paccmorpﬂm nHHetulo CHCTEMY £ YpaB-
HeHHil ¢ 1 HeH3BeCTHRIMM Ay, [ == 1, 2, n:

(hy x4 oo F A, X, x) =0, i=1,2,...,n, ' (68.1)
HJH
(X, )+ R A (i, ) =0,
i=1,2,..,n
Omnpeneantenem 3TOH CHCTeMBl fBJisleTcA TPAHCIOHWPOBAHHLIR Ompe-
JeauTtenb I'pamma, KOTOpPHIf MO YCJIOBHIO JeMMEl paBed Hy.o. Carenosa-
TekHO, cHeTeMma (58.1) HmeeT HeTPUBHANBHOE PEleHHE Ay, ..., A, (T. e.

Takoe, YTo He Bee A, £ = 1, 2, ..., n, paBHAE HYJH). YMHOXHM PaBEHCTBO
(58.1) Ha A; n npocymmHpyeM 1o { ot 1| go n:

(k1x1+ ...+A«n X ?\11 xl_JL. --'+A‘n 'xn)=0

Orciopa Ay x4 ...+ X, x, =0, uro 03Hauaer JiHHeHHYI 3aBucH-
MOCTD CHCTEME! X, ..., X
Jlemma joxasaHa.

n



58.1. Opronopmuposannbie cucTemst 333

Yupamaenune 1. JlOKazaTk, 4T0 eCJAH CHCTEMA SIEMEHTOB Xi, ..., X,
JMHeliHo 3aBucHMa, TO eg ONpef=JiMTe.b | paMia pased HYJW.

ITpuwmepw 1. Tpurckomerpuyeckan cucreMa (yHKUH#A
I, cos x, sin x, cos 2x, sin 2x, ..., cos nx, sinnx, ... (58.2)

ABNRETCH OpPTOrOHARLHOM cHcTeMOH B npocTpanctse [y[—-m, x|
(cM. 1. 55.4).
310 GBI10 f0Ka3aHo B JemMe 1. 55.1. M3 dopmya (55.4) caenyer, 4to

|sinnx|=Va, |cosne|=Vm, n=12, ..,

NOSTOMY  OPTOHOPMHDOBAHHAS CHCTeMa, COOTBETCTBYWOLLAn CHCTeme
{568.2), umeer BHA

1 1
—, —5=C08X,

— SINX, . _cos HX, sinnx .
= V= V'n: V= ,/’n
2. MporouaeHsl
d (x2 — Iy
Pe(x)=1, P (JC)—- 2nnf dxt » o n=1,2,., (38.3)

HasbBaKTeH NoJHHOoMamMBu JlexaHapa.
Ha dopmyae (58.3) Buano, uto P,(x) fABJIAETCH MHOTOWIEHOM CTe-

[IeHH 71l .
P (x) = ——)—

Mokaxewm, yto cucTema (58.3) ApiseTcs OPTOrOHANEHOH CHCTEMOH
B mpocTpanctBe Loi—1; 1), HMeHHO, ToKaxeM, UTo no/ikHOM Jlexanipa
P,(x) oprorosanen Kk moGoMy mMHOTOWneHy Q,(x) crerenn m < a.
3ameTHB NPeABAPUTEILHO, YTO BeIpAMeHHe

_Etk (x'.! . ])n
dxk

X

apu k=0, 1,2, ..., n—1, ofpamaercs B HOMb B Toukax x=—1 n
x=1, uMeeM, URTerpUpYyd MO 4aCTAM:

2#1)'1

jQ () L dr = Q00 T

-1

—j‘Qm(x) a’ —1 (I __1) . ( l)m (m)(x)j\ m(::i:n— U ax =

1

=0.

gn—m—1 {x? — ”n

dxn—m—l

=(—1" Q" (x)
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Taxum ofipasom,

WX P(X)dx =0, m<n,
B YacTHOCTH,

jl‘ P, ()P, (x)de=0, m==n.
R

IMoacuutaem TENE¢PL HOpMY MNOJHINOMOB JkﬁKaHﬂpa. BBMEQEH,QTO

P =D Qs (),

rae Q.—i{x)—MHOTGU/EH CTeleHH He Bple f—1, H HCNOJL3YS

oproroHadsHeeTs P, (X) KO BCeM MHOrOQWIeHAM MeHbulelt cTeneHi,
Doy IuIM

+1 I
jPﬁ (x) dic = E P, () [_(QL‘,%EL Oy (x)] e

1
2n — 1! . 20— 1! dt{x2 — 1)
< g o B L

-1
Hnrerpupys mocnefoBaTensHO MO YacTAM, OyAeM HMETh
1

-1
5 P x)dx = ... =E’;—§;T‘l)“— (_l)nj (x— 1y dx =
=1

—1

1 1
—(— 1)“‘%5:—)]1[)&2:3 jl (1—xy—tx?de=..= j xzﬂdxxz—w—wni_l
-1 —
Taxum o6pasom,
2
1P =) 5

Ynpamnaenne 2. [Mokazars, uro TNOCAeZOBATEARHOCTh  MyHKNHH
sin (2n 4 1) ;;“ y n=1,2, [, c6pasyeT OPTCTOHAALUYI> CHCTeMy HA OTpes-
ke [0, =].

3aMeTHM, YT0 H3 JCKA3aHHOH OPTOFOHATBHOCTH TPULOHOMETpHYE-
cKo# cHcreMb (58.2) ¥ cucTembl noanHomos Jlexanapa (58.3) caenyer,
goTJacHO AemMe 1, JuHefinan He3aBHCHMOCTL 3THX CHCTEM.
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58.2. Oproroiaauzanus cucTem

[lycte cHoBa R — npearnnibGepTaRo npocTpancrso. Pac-
CMOTPHM caenyioumyto s3agaqy, Ilyers aHa JHHelHO He3asucuMast cuer-
HaA CHCTeMa 3JEMEeHTOB X, # = 1, Z, ..., npoctpanctea R. Tpebyerca
€ NOMOLILIC KOHEUHHIX JIHHeHHBIX KOMOHHAUHI DONYYHTE M3 A4HHOMH
CHCTEMH OPTCTOHAMBbHYHO cHeTemy. Oxa3miBaeTcd, 3Ta 3ajauya BCET/a
¥MEeT pelneHHe,
Teopema I. {Tyemes

Xpn=1,2, .., (58.4)

— AUHEUNO HeSasucumasn cucnmesa sremenmos npocmparcmea R, Tozda
CYUIECIMBLC. OPIMOEOHAAbHAR CUCIMEMA SAEMERMOS ¥, VY, == 0, n=1, 2, ...,
SIM020 APOCIMPOACINGE, MAKAR, 4N0 Kacdoul saemenm v, n= 1,2, ...,
R_48emes AUHedROl KoMbuHayuell nepsetx 1 ssemermod cucmems: {58.4):

Vo= Gy 1 X+ G, 2 Xyt oon Oy X (58.5)

IMoctpoenne oprorosanepofl cucrembr {V,} Braa (58.5} u3 sunefino
HE3ABHCHMOI CHCTEMBL {X,} Ha3pBaeTcst OCGBIUHO APOUECCOM OPMOZOHa-
auzagay CHCTeMul {x,}.

HoxasarteawcTero. [lonoxum y, = x,. ITockoabKy cHCTeMa
(58.4) nmuHefno HesapncnMa, T ¥, == (0 {mouemy?).

[lycTe cyulecTBYIOT MOMAPHO OPTOTOHAABHBIE SJEMEHTH  Y,+0,
n=1,2, ..,k k=1, yposaersopawiine ycaosnio (08.5). Hafigem

SJIEMEHT Vpt.1, OPTOTOHAMBHBIA K 3JEMEHTAM Yy, ..., Y& B BHIE
Verr =PBeort Vit oo Bt 0 Vo et 1o (58.6)
Us ycaosafi oproroHaibHocTs
(V1: Yeg1) = o= Ve, Ya11)=0 (568.7)
noayyaem

Vo Yo Pest,t =01 Xig1)s ener (Voo V2 Bet1, 2 = g Xe41). (58.8)

Orciofla ofHO3HAYHEIM 00pazoM HaxoZATcAd Ko¥PprIuenTer By, 4,
i==1,2, .., k DneMeHT y,4(, 3ajaBaeMulit Dpencrasiexnem (58.6)
¢ dafledHLME KOY(DOHIHEeHTaM ey, sy §=1,2,..., K, YNOBICTBOPSI-

er ycaoruaM (58.7).
[Tozcrasum B (58.6) y,, n=1, 2, ..., k, 3anucandwe s aufe (58.5);

noci1e OPUBEACHHS NOAOGHLIX WICHOB TNOJYUHM
Vg1 7= Lpg 1,1 Xy oo Qg1 e X — Xig1, (58.9)

Otciofa caelyer, 9T0 Prq1==0, 060 B NPOTHBHOM CJyUae 3JeMeHTHl
Xyy wee, Xpyq1 OKA3a4HCH Obl JIHHENHO 32BHCHMEIMH,

Teopema Aokasana.
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Sameuanne OTMeTHM, UTO ecAd Kakast-1H00 OpPTOrOHAJNBHAS
CHCTEMA INEMeHTOB 2,, 2,50, n==1, 2, .., npoctpancrea R Tako-
Ba, YTO KXABIP 3JEMeHT z, ABJAETCA JHHeAHON KoMOGHHalkelt nep-
BLIX f1 3JeMEeHTOB cucteMmul (58.4)

zn:‘yn,l X+ --°+7n,r:xm n=1 2, .., (58.10)

TO 3JEMEAT 2, OTJHYAETCH QT 3JeMeHTa ¥, JHh HEKOTOPBLIM H4HCJIO-
BEIM MHOXHTEGREM At

Zy=h,Vp n=12, ...

Hoxkaxem sto. OBGoznavum uepes L (uy, ..., u,) JAuHefinyio o60-
JOUKY CHCTEMBl S/EMEHTOB U4, ..., 4, (cM. m. B7.2); L{x,, ..., ¥;)
ABJACTCA 7i-MEPHBIM NPOCTPAHCTEOM, B KOTOPOM 3JI@MEHTHL X, ..vy X,
ofipasyior Gasuc (cMm. m. 57.2). DaemeHTn V;, {=2, ..., n (coorper-
CTHEHHO, 3JeMeHTH 2, i=1,2, .., n), JuHeliHO HEe3aBHCHMEBI W CO-
zepxatca B L (X, ..., X,); CIELIOBATEIRHO, BJMeMEHTH ¥, i=1,2,..,n
M 37MeMeHTH 2, =1, 2, ..., n, Take ofpasywr 0a3uc B MpOCT-
panctBe L (%, ..., x;). Taxum obpasoM, L (X3, ..., ) =Ly, .., ¥p) ==
=L{z, ..., 2), n=1,2, ...

Dnement  y, € L (X, ..., X,) OPTOrOHaJeH  NOANPOCTPAHCTBY
LBy vonr Vam1)==L (X, ..\, Xnen1), T. € QPTOTOHAJEH KaMIOMY 3ie-
MEHTY 3TOTO MOANpPOCTpPaHCTBA., IieMeHT xe 2, C L (x, ..., x,) opTO-
rovajieH noanpocTpavcTry L (2y, ...,2e—1) = L{xy, ..., xa—y). Hrax,
SMeMEHTH ¥, M 2, f-MepHoro npoctpauctea L{x;, ..., Xs—i) oprore-
HaJbHbl OJHOMY H TOMY e (n—l)-MepHOMY MOANPCCTPAHCTBY
L(xyy oy Xn—1) H, CJENOBATENLHO, HPONOPUHOHANBHEL 2, = A, ¥,
n=1, 2, ... (mouemy?),

OTMeTHM ellle, YTO H3

L (xp 1eny xn)=L (J’l: reey yn)! h= l, 21 sery

BHITEK2eT, YTO JHdHelHwie ofosouks cHeTemul (08.4) u (58.5) cos-
najaor.
PaccMoTpuM Temeps CHCTEMY CremeHeR Xt

L, x, £2, ..., X%, ... (38.11)

3ra cucreMa NMHEHHO He3aBHCHMA Ha MOOOM TPOMERKYTKe (KOHEUHOM
uan Geckoreunom). JelcTBurenbLno, ecan

Dot Ay X oo Ay 0= 0, (58.12)

10, AuddepeHnUpya 3TO TOXK/ECTBO A Pas, NOAYYHM

nl Ay = N
T. e. A, =0,
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Ecan yxe pckasado, uto App;= ... =h, =0, To TOXKJeCTBO
(58.12) npumer BuA

ho-hy X F o+ Ry xE =0,
Auddepennupys ero & pas, noayunm A, =0. Hrak, A, =...=1, =0,

YTo W o3nauaer Jaxuelluyio nesasdcnmocth QyRkmui 1, x, .., x"
Ecau cucremy (58.11) Basith Ha orpeske [-—1; 1] B xavectse ucxoa-
HOl cucrembl (58.4) W nmpumeHHTb K Hed mpoliecc OpPTOrOBAIH3aLUH
(cM. B8.3), TO MBI NONYYEM MOCNELOBATENBHOCTL MHOTOU/IEHOB COOT-
BeTCTReRHO cTenened 0, 1, 2, ... M3 ¢lenaHHoro Bhille 3aMeuanis caeny-
€T, YTO 3TH MHOIOWIEHBl MOTYT OTJIHYETLCS O1 MHOMOUIekos Jlexkanapa

(568.3} muwb NOCTOSHHELIM MHOMHTEJEM.

38.3. Paast ®ypre

TiyeTh, Kak ¥ panbine, R — npenruntcbepToBo NpoCTpaHcT-
po. PaccmoTpnm caenyiomyio 3ajgaqy. llyeTe sagana cucrteMa i1 AuHelHO
HE3aBHCHMBX BEKTOPOB &, €s, ..., €, NPOCTPaHCTEa R H (PMKCHPOBAH He-
KoTopeli Bektop ¥y & R. TpeGyerca HaliT MHHeRHYIO KOMOHEAUMIO BHAA

a et .. a, e, (58.13)

KOTOpas NaeT HanAydwee npulaixenne B IpocTpancTee R 3AeMEHTa ¥,
T. €. OCYULeCTBJSET MHHUMYM BHIDAKeHHA

”y_(al el+ "'+an en)“’ (58‘14)

WIH, YTO TO XK€, MUBHMYM (YHKILUH

n 2 / n n
y— 3 g, = kyhg @&y — 3 a, eh) (58.15)
k=1 k=1 )

k=1

OT [epeMetHLIX ay, ..., (p.
Ecau mpocrpaHeTBo K n-MepHOoe H, CJAIOBATeNLHO, BEKTOPLI

e, ..., 2, obpasytor {asuc, TO BCerjla MOMKHO NMogofpaTk Takue Koagp-

(ruMenTsl a,, £ = 1, 2, ..., 1, UTO GyneT BRUIOAHATLCA PABEHCTRO

y=a,&+..+-a,e, (58.16)

1, ClefoBaTeNbHO, Bhipaxenue (H8,14) ofparutes B HOMb. ECIH ke R
HEé KOHEYHOMEPHO, MJIH KOHEUHOMEDPHO, HO HMeeT pasMepHOCTb, H0Mb-
myo, yeM £, T0 pasedcTso (58.16), BooGile TOBOPA, OCYLISCTBHTL He-
RO3MOXKHO H 33[aua COCTOMT B OTHICKAHHH JIHHeHHOH KomOHHAUHMH
(88.13), nampmell MEHHMATbHOE 3HaveHHe Bolpamenuio (58.14).
Tlpumensisi, ecau Hano, Opouece oproroHaxusauus (cM. n. 58.2),
CHCTEMY €y, ..., €, BCEFJA MOMHO 3AME@HHTh OPTOFOHATEHOH CHCTEMOH He
paBHBIX Hya&lo Bektopos. [lostomy Gymem mpepmosarars, uto €, == 0,
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e =0, k], j, k=12 .. n [lons3yack ycioBues OpTOro-
HAlLHOCTH, Hpeodpasyem ¢yHKLHIO (58.15):

2 n i n
=+ 3 D ae,le, e)—2 2 @y (Y &) =

Re=l =1}

=[yi+ 2 ai e, P —2 L oy, &)=

k=]

n
y— X a6
oy

2 b e ¥ k) 2_ {y, ep)?
—{!yl[ +k§(ahiieh!l Neg l ) - leaf? ™ * (5817)

Orciofa chenyer *}, uyTo mpHuMyM Beipamenus (58.14) nocru-
raercsi, Korjagd

aiei—L 0, k=12, ..,

T, &, KOrja )
g, = L) (58.18)

e I
Onpedeaesnue 3. Yucaa a,, onpedescnunie no gopuyse (58.18),
HO3BIBAIGICA Keapuyuermamu Pypoe SACMEHINA Y 1O CUCIHEME &y, ..., £,.
Ecau cucrema ey, ..., &, opToHopMEpOBanHan, To QopMyast (58.18)
nprobpeTawoT BoJee MpoOCTOH BHA:

@, = (y, &) (58.19)

B cayuae s-mepHOro nmpocTpancTia, KOTAA B KAUeCTRE BEKTOPOB
€15 +eey € BEGPEN Ga3ue NPOCTPancTBa, KO3$PUuLIeHTE Pypbe BekTopa ¥
ABAAIOTCA er0 KO3GUIHSHTAMY DAIN0OKEHHA [0 YKa3auHOMY Gazucy
{ABAAIOTCA KOOpANHATAMH »JEMeHTa ) OTHOCHTEAbHO 3TOro fHazuca).
B srom .nerKo yﬁe,IIHTbCSi, YMHMKHB  CKANADPIQ paBencTBO (58.16)
na e, k=1, .

Bepnemesa reneph K Bepaxentio (58.17). Ecan B HeM B xauecTse
ay, «v., Oy B3ATb KO3hdunnentel Oypoe (58.18), To nosyunm

=N aifedt= v~ a,e,] =0, (58.20)
k=1 k=1
OTKYJa
3 atie, P <lylp. (58.21)

k=1

I/ITEK, AoKasada cneayiouas teopema,

*} CueBMAHO, UTO 3TO PACCYIKACHHE ABJAETCHA HENMOCPELCTREHHHM 0606nleH)-
eM JoKa3dateabcrBa Teopembl 10 #3 n. 55.8.
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Teopema 2. llycmo e,, e, =0, k=1,2,..., n,— opmozonassras
cucnieMa  sexmopos npedeuasdepmosn  npocmparemsn K. Houayuuee
npubauscerue ¢ npocmpatcmee R eexmopa y & R aunellnoimu komGuna-

n

yusimu suda Do W8y OCLUWIECTIBAREMCA, Ko20Q Uy, k=1, 2, ..., n, cyms
ki
kosghpuyuenmor Pypoe: ap = ap. pu smon

2 1
=yt~ 3 ai e, = 0.

k=1

y— 2 % &

k=1

inf
LTS

2 n
21}"2%%

k=l

ITyeTh Teneph 3agaHa NOC/EAOBATENBHOCTE (4 18 KOHEWHAA CHCTEMa,
KaK BRILIE) 3JeMeHTOB

e (e, == 0), k=12, .., (58.22)

oGpasylouinX OpTOrOHAALHYIO cHCTeMY B npoctpanctse R. Hicna ay,
k=1,2,..., onpenensenue no ¢opmye (58.18}, u u sTOM cayuae SyreM
HazbBath Koswhguuuenmanu Pypee 3neMeRTa ¥ 1o cucTeMe (56.22).

Onpeoencnue 4. Pad
% T, By (58.23)
k=1

20e ap, k=1, 2, ..., —Kosphuyuenme Dypee sremenma y no cis
cmenme (58.22), wasnsaemes padom Dypve siemerina y n0 cuctie-
e (58.22). B smom caywae Gyden nucams

[+ 0]
Yy~ 2 adp e

=]

Onpedesenne 5. Hycme 30dana cpmozonaasnasg cucmena (58.22)
u saemenm Y € R, Hauayauiun npubiuncenues saemenma v £ noMowsio
n

Aurednpry KomBunayul suda kzla WCn (1 — QuKcuposanc) sazesaemes

wucao £q{y). onpedeasenoe pasrcmeom

|y—-— iakek , n=1,2

’ k=1 i

3 y sasy

En ) =a in

[ORE] (In

20 HudMHAR epans (Gepemca no  SCEGOBMONCHOIAM  KOIPPUyuerman
Ly ey Oy HAL, IO MO i€, NO BCEEOIMONCHBIM AUMELHbIM KOMOU-

n
Haiusm euda 3 oy ey
k=1



340 § £8. Opronopmuposannste Gas3ucer & PA3IONEHUR RO HUK

Tlockoabky Beakast JMHeliHag KOMOMHALUA SJEMEHTOR ¢, ..., €,
MOXKET TAKMKE DACCMATDHBATHCH K Kak JuHeHHAan KoMmOuHauus sie-
MEHTOB €}, ..., €, a1, TO, OUEBHJHO,

Enpr (1) < ER(p). (58.24)

M3 teopemur 2 ¢liefyer, 4TO paccMarpuBaeMan HHMKHAS CpaHlb d0-
CTUFAETCs, €CAM B KadecTBe KOIPHUKENTOB o, B3ATh KODhUUMEHTH
dypre, u 410

E)= ini 17— 3 ayaf=ly— 3 ael-

:1/ lylP— S ai|epl, a=—2 k1,2, ... (5825)
k=1

(2r, ep)

TMoayuenuwil peayanrar ¢dopMyJHpYeM B BHIE CACICTBHA H3 Teo-
pemsl 2.
Cheacreue Y. Yacrmuunee cymmet

n
Sp = 2 a4y Cy
k=1

padaDypoe snemenma y € R ocywiecmeasiiom Hauaywiee 8 NPOCMpPArRCmee
R npubaunceriue saemenma ¥ E R ¢ nomowpro aunednsix Kombunayuil
s8udn e, 4 ... a8,

OTMeTHM elle HeCKOJILKO CJIeJCTBHA TeopeMul 2.

Caexcreune 2.

ly—snpi | <ly—s,l, n=1,2, ... (58.26)

DTo cpasy BuTeKaeT u3 dopmya (D8.24) u (58.25).
Cnencreue 3. Haa xoappuyuenmos Dypee a,, n=1,2, ..,
Kancdozo saesenma ¥ € R cnpasetaiiso HepaseHcmse

«© 2 . .
Y ale i <lyl, (58.27)

n=1

radvisaemoe HepaseHcmson Becceas.
Hepasencrso (58.27) nenocpeicTBEHHO CIeAYeT M3 HEPABEHCTBA
(68.21} mpu n — oo {cp. ¢ HepaseHcTBOM (55.32) B n1. 55.8).
Cnencreue 4. Ecau cywecmsyem nocmosnnan ¢>>0, maxkas, 4mo
leell 7= ¢ npu ecex k=1, 2, ..., 8 4acrucemu, ecau cucmena (58.22)
OPIMOHOPMUPOSAHHAR (8 3MOM CayHae MOYCHO 83ams ¢ = 1), mo Koagpu-
yueHmo: Pypee compenamcen € Hyao npu k —> oo:

fima, =0. (58.28)
R0
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3ro CIeaAyeT H3 CXORHMMOCTH paia

A PR Iy
Y N
Y oar < ¥ aile < 4

==l k=1

nGo oflinil 4ien ¢xoasamerocsa paaa CTPeMHTCA K HYJIO,

EcTecTenHo BO3HEKaET BOTPOC: NMPH KaKHX YCROBHAX PSR Pypbe
3JIeMEHTa J CXORHTCH?

Teopexa 3. Ecau npocmpancmen R euasOepmoso (m. e. noano),
mo pad Pypoe aaemenma ¥ & R no a0boi opmozonarsnoil cucmeme (58.22)
cxodumcea 8 napocmpaxcmse R, u ecau

20
yU:_—_ Z ah Ek, (58.29)
k=1

MO JACMERNL Y — Y, OPMOZORAAEH KO 6ceM daemerman cucmens: (58,22).
n

Hoxaszareavcrso. [lycrs S,I—-Zake’h, n=1,2,...,—ua-
fe=

cTuuHble cymmpl psiaa Pypoe (58.23) S.TIEMEHTa y no cucreme (58.22),
TOTAd

ntp nt-p
I $nyp—s,lF = 2 akekl -*( D gt akek):
k=nt1 k=n+1 k=n+1
nie 4
= N afegl, n=12,.., p=12 ... (58.30)
k=n+1

B cuay HepapeHctRa Becceqs (58.27) pan

]

Z tlexP

CXOMMTCH, M, CAERORATENbHO, B CHIY Kputepus KoM A48 CXOXH-
MOCTH YHCJOBOTO PAJA, AIA Kaxloro gucesaa e >»( cyllecTBYeT Ta-
KOR HOMEp 7, UTO TIPH £ > flig U p >0 BaIMOJTHACTCA HEPaBEHCTBO

ndp !
> arle,r<le?
k=n-+{1
MOSTOMY, COTJacHO HepapercTBy (58.30) npu n 2 ne u p > 0, umeem

I 8ntp— 8, 1< 8,

T, €. NOCIEROBATEIBHOCT {$,} ABIAeTCA hyHIaMeHTalbHO B IpocTpan-
cTBe R M BCjAeACTBHE MMOJHOTH [NOCAeIHEers CXOAHTCA.

B ycnoBHax TeopeMbl NMOCJACNOBATRIBHOCTL S, CXOAUTCS, Boohe
rosopsi, He K siemeHty y. IlycTb ee mIpelesoM sBASETCH SNEMEHT
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Yo, TOTAA, HCIOAB3YH HENPEPHIBHOCTL CKAJNPHOTO IIPOU3BEACHUS
(cm. . 57.4), a rarxe ¢opmyasr (58.29) u (58.18), HOJ]y’-IHM

Y—Vo &)=V, e)—Vo e)=(y, eh)—-Z a, (e, en) =

n=1

=(J’| eh)_ah“ejgu 201 k21121 tem .

TeopeMa joxaszakxa,
HanomHuM Teneps noHATHE NOMHOH cucrTeMbl (CM. 1. 55.3) npHMeHH-
TeL1O TOIBKO K ClYyHalo cueTHhlX cucTem. CHeTeMa /1eMeHTOB ¢, € R,
= 1, 2, ..., H23RIBAETCS NOJHOM, €C/M MHOMECTBO KOHEUHBIX JHHeH-
HBIX KOMOHHaUM 3/MeMEHTOR 3TOH CHCTEMBbl IJIOTHO B [POCTPAaHCTBE R.
10 03HAYELT (MOYEMY?), YTO A/ KaMIOro 3ieMeHta x & R W Kamioro
yHeaAa & 2> 0 CymiecTByeT Takide HoMep a4 == n(g, X} M 9ueia M, ooy Ap,
YTO BBITOJHSAETCH HEpPABEHCTS :

[x— (g €y oo Dy ) < (58.31)

Teopesa 4. Opmozorarenas cuctmema (58.22) npedeursbepmosa
npocmpancmaa R asanemca noanoil moeda u moacko moeba, Kosda 0as
awGozo saemernma y & R eeo pad Dypve cxodumes 6 R K camomy stesenmyy
¥, M. e. Koada

o
y= Ya,e, e ak=—%’;k—j|{;)m, k=12, .. (5832
uHaue 2080p8, Koeda
i " ¥
H — V. € 5
E;[—]:Eo y g; % 0 | =0, ay=3E-. (58.33)

HelicTBuTeanHo, ecny Buminoageno {88.33), to Ang KaKAore uucaa
i

e > 0 cywectsyeT Takas YacTHUHAHN CYMMa s, = >.a L2, pana @ypoe
k=1

(68.32), uro
Iy —s.]<e, (58.34)

T. €. BLINOJHSeTCA ycaosHe (58.31).

O6patHo, ecau ycaophe (58.31) BhIMOMHAETCA NMPH KAKHX-TO KO3d-
GHLKENTaX Ay, ..., A, TO OHO 32BEJIOMO BLIIOJHACTCA COTJIACHO Teopeme 2
H B CIY4ae, ecJH B3HTb A = Gy, ..., A, == dy, T. €. B 3TOM CJAyvae Aa#
3ajansoro & > {0 BolnonHferca ycjaopue (58.34) mpH HeKoTopoM 1,
a 3HAYET, ¥ NIpH BeeX m > 1 (cM. (58.26)), a 3TC paBHOCHABHO BHIIOJ-
HeHWio ycaosus {58.33).

OTMeTHM ellle CAeNYIOUHH KpuTepuil NOMHOTHL CHCTEMEL.

Teopesma &. [(aa mozo umober opmozonaivHas cucmema (b8.22)
npedeuasbepimosa npocmpancmea R Guaa noanoil 8 npocmpancmee R,
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HEODXGOUMO 1 Bocmamouro, umodst 043 A06020 aaemermay & R utnoins-
A0CH  YoA0sUE

2 2
[yP= 3 aile, (58.35)
few=|
ele a, — Kosppuruenmor Pypoe saemenma y no cucmene (58.22).
Papencrso (58.35) naswaetcs pasencmson [apcesars.
B cayuae, xorna noanas cucrema (58.21) opronopmuponana, pa-
peHcTeo [lapcepads npuHaMaer Gonee nPoCToi B

oo
“y”2= Z a:’ ak=(y, eﬁf)l kz]» 2yens

Jfews ]

H npeacrasaner coGoii ofoGmenue teopemut Iudiaropa na GecrouneyHo-

MepHEIE [POCTPaHCTBA.,
JdoxgasaTendscTBO Teopesul 5. Mo uvenn {cM. (58.20))

2 n 3
= |y ”2—,21 ke, P

Yy— ) 0,8

k=]

HEPEXOI[H 3Jech K [pereny npH n— oo, Mbl H [MOJYYaEM 3KBHBA-
JIEHTHOCTE  YCNIOBHA

Hm
n- 00

=0 (58.36)

n
’}/‘—* Dl 2pey
#=1

H yCJOBHA
n

tim (1= 3 dbles ) =0,

k=]

T. €. YCAORHA

lyp=lim 3 af e, . (58.37)
k1

-+00

Ho yenopue (58.36) osnavaer swnoHenne pasencrsa (58,32), a yc-
nosue (68.37) — pagenctac Ilapcesans (58.35).

Teopema jgokasana,

BrigcHuM Teneps BONPOC O eRHHCTBEHHOCTH psia Pypbe 404 AaHNoTC
SJACMCHTA.

Teopensa 6. Ecau opmoconassras cucmesa (58.22) npedeusobepimio-
8a NPOCMPANCIIBA R HOARAA, MO JaexeHm ¥ € R, y Komopoeo ece koddh
Prnuenmo Pypoe no cucmene (98.22) pasHit HyAw, cam paseH HYAO.

CrneactTsnue Hspasencmsa ecex Kospguutenmos Oypoe i 0s
BAEMEHIMOE Npocmpancmsa R no noauod opmozonansrod cucmese (58,22
BOUMEKQEM  PRECHCINED CAMIX INCMEHINOS,
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YTBepaaeHHe TeopeMbl cpasy caeryer us paseiictsa Ilapcepans.
HeitctpitTensto, coraacno (58.35), us yenosus a, = 0 caenyer|yj = 0
, cjegobartesbdo, ¥ = 0.

Ecny, teneps y, € R u ¥, € R, npnuem Bee ux xoxpdunyents Pypee
PaBHEl Memkny CcoQ0H:

{Yis €6) __ {y2, €x) .
lee @~ ferlP k=1,2

3 sesy

TO S SJMEMEHTa ¥ == ¥ — ¥, Bee KoauuuenTe Oypre paBHE: HY.IIO!

oer) _i—yeen) o) Om %) he1 9
legl? leg I fi g i* lew ! T

H, CJIEAOBATENBHO, COMVIACHO Teopeme, ¥ = 0, T. e, ¥, = Vs

Tenepb fafuM €lle OB NOAXO0/ K NOHSTHIO [IQJIHOTE OPTOrOHAABHOH
CHCTEMEI B MOJHOM NPOCTPaHncTbe K.

Onpedenenue 6. OpmocoraapHast cucmema (58,22) Haseisaemcs
BAMKHYMO, ecan & npocmpaHemee R He cylyecmsyem 3ieMenma, om-
AUHNO20 O HYAR 1 OPMOOHAABROZD K KaXCOOMY U3 AEMERMOo8 CLUCMEMbL
(58.22).

Teopema 7. Ecau npocrmparcmeo R noaroe, mo opmozoRaibHAS
cucrmena {(D8.22) noanaa moa0a u moauko moeda, Ko20a OHQ BaMKHYMASR,

HMoxazarteabcTso. Ectu cucrema (58.22) nonmuasn, yCR u
¥ OPTOroHaJeH KO BCeM 3JeMEHTaM CHETeMbl (58.22), To Bee ero Koagpu-
twgenTH Pypre mo cucreme (68.22) paBun Hymo (cum. (58.18)), cieqora-
TeibHe (Teopema 6), ¥y = O.

O6patie, nycerh  chetema (58.22)  samkaytar, y C R wu

oC

¥y~ Y 6. Cornacro teopeme 3, pag Pypne saeMeHTa y CXOAHTCH,
k=1

[s.0]
HOeCIH Vo= ¥ @8, TO Y—Jole, k=12, ... Tlostomy Bcuy
E=

o
3aMKHYTOCTH cHCTeMbl (58.22) y—y, =0, 1. e. y=y, u y= ¥ a.e.
k=1

Teopema pokasaHa.

58.4. Cymecrpopative 0azuca g cenapadesbHbix
ruabéeprosnix npocrpaHcreax. Haosopduam
cenapalenbHalX ruibGEPTORBIX MPOCTPARCTR

Teopema 8. Bo ecaron cenapadeasros npedzurpbepmaogon
APOCIPARCIMEE R £O CKAAAPHBIMN NPOUIGE0CHIEM CYUECMBYEN OPIMOHOP Mit-
posannonl basuc e,, k=1, 2, ...

HoxasartenscTso B aryuae, ecay npocTpanctso R n-mep-
Hoe, TeopeMa oueskfHa (oM. M. 57.2 u . 57.3), nosromy Gynem paccmar-
pHBAaTE TONLKO Cay4all, KOTAA TPOCTPARCTRO R GeCKOHEUHOMEPHO,
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Hockonbky npoctpaHcTBo R cenapafebHo, TO B HeM CYUIECTRYeT
NOCIEEOBATE/ILHOCTE 3/EMEHTOB

¢k; k: 1; 2; “ray (58.38)

0bpa3yIioimuX noanyto cucTeMy, OT6pacwiBas NOCAELOBATEIRHO T€ H3
3JIEMEHTOB, KOTOpBIE ABJAAIOTCH JHNEHHOH KoMOHHALMEH NPEABITYIIHUE,
NONYYHM TIOCTeCBATENRHOCTE SJEMEHTOR

llpk, k= 1, 2, vacy (58.39}

HMEIOIIHX TY e JHHeHnyio of0/10UKY, UTo M HeXoAHas cucreMa (58.38),
¥ JHHEHHO He3aBHCHMBIX {nodemy?). [IpHMeHNE K MOAYYEHHOH CHCTeMe
Npouece OPTOTOHANHN3AUMH (cM. 1. 58.2) H HopmMpoBadHus (cM. 1. 58.1),
NOJYUHM OPTOHOPMHDOBAHH VIO CHCTEMY

en led=1, k=12 ., (58.40)

UMEIOUTYIO TY e JHHeldHyo 060J0uKy, uTo H cHcTeMa (58.39), a sHauur,
Ty e, uto U cuctema (H8.38). TMockoabKY B CHaY TOJNHOTLI CHCTEMEI
(08.38) s1a sunefinan ofonouka waoTHa B R, TO cictema (58.49) moanas.
B stoMm caydae, xax u3secTao (cM. n. 58.3), psan @ypbe Kamioro aje-
MenTa ¥ € R cxoputes K y:

[s.8)
y== 2 apen, aG=(,e) k=12 ..,
k=1
¥ TdK Kak cHcTema (58.40) — aMnefino He3aBHCHMas CHCTeMa (CM. JIEMMY
1 8 0. 58.1), To OHa H ABJIAETCA OPTOHOPMHPOBAHHEIM 6a3HCOM MPOCT-
pancTBa R (onpeaenenne 6asuca cM. B . 57.3).
Teopema poxasana,
Jameuanue OTMETHM, YTO PA3NOMEHHE KAAJIOTO 3IJEMEHTa
x € R mo oproHopMUpoBaHHoMy Gazucy e,, k = 1, 2, ..., T. e, npencrae-
JEHHE 3JEeMEHTa X B BHJE

x=3 by (58.41)
k=1

€IUHCTREHHO,
Jeficreurennuo, nz (58.41) caeayer, uro

o0
(x, €)= 2 bh (ek! €,) = bn’ n=1,2 ..,
k=1

T. e, uncna b,, n = 1,2, ..., asnawTcs Koapdunuenramu $ypre H,
CAEI0BATENLHO, ONpele/]eHsl OJHO3HAUHO.
Teopema 9. Bee cenapadeavuste GECKOHEHHOMEDHbE 2UA60EDMOBH

RPOCPOHCITB UBOMOPgBHE Mmexcdy coboli™).

*) Onpenenenne GecKOHEYHOMEPHOCTH NPOCTpaHcTBa M. B 1. 57.2, a wuao-
MopdH3aMa OPOCTPAHCTE — B . 57.4
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Ilpenpaputennho goxaxem jase JemMsl. [lepsas u3 nux obofuiaer
paeedctBo [lapceBansi (58.32).

Jesmma 1. Hycmv R — npedeunvbepmoso npocmpancmeo,
e, e, 7+ 0), k=1, 2, ...,—noanas opmozoxaabras cucmema 6 R, xR,
¥y € R u nycmo

=] o0
K~ ¥ ey Y~ N b6,
ey =

oo
oo
(6 =3 a;, b,lel, (58.42)
=1

6 HQCMHOCINUL, eCAl CONOARUMEALHO NPEOROA0XCUMb, #NnO hek I=1,
k=1,2, .., mo

(x, )= 2, b, (58.43)

k=1

Dopmyaa (58.42) oboblaer, oueBHAHO, GOPMYJIY AJS CKAASPHOrO
MPOU3BEJEHHs B /-MEPHOM NpoctTpaHcTee (oM. m. 57.4).
HdoxaszatenvctBOo. [lo onpenenennto koadduuuentor Pypoe

(X, eg) _ (P,-?k)

a0, = ‘ == -
(] I epl R k I ‘-?kHa

NO3TOMY HMeeM

(x——- Z ay €, y——E by, ek)z (x, I— 2 b, (x, g,) —
=1

=1 k=1

)E. (Vs e+ 2 @, by {ey, €)= (%, ¥)— 2 a byle, 2. (58.44)

28 |
W3 nosanortsl crereMsl e, k=1, 2, ..., uMeem
n l n
im[x— N aee,|=0, lim|[y— S b,e |=0
n—-oo .’Ei ’ n-+ cO y ;:1 R TR '

HOSTOMY B CHJAY HKENDPEepPhIBHOCTH CKAaJAPHOTO TPOHSBEIEHHs mpH
n—oo Jepast 4aCTk paseHcTBa (B8.44) crpeMuTCcs K HyAw, caeio-
BATENRHO, 3TC HUMEET MeCTC ¥ /A NPABOA 4YacTH, T. &

litn Z a, byl enlt = (x, ¥).
N Q0 ponf
JlemMa joxasasa.
Jdenwma 2. fTycme R — euavbepmoet  npocmpancmen,
e,, k=1, 2, ..., —opmonopmupocannoti Gasuc 8 Ruay, k=1,
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o0
— nOCAeJ0BAMEALHOCTID  HiiceA, MAKUX, «mo pad 3 ay cxodumes.
k=1

o0
Tozda psd ) ae, cxodwmcn e npocmpancmee R, w ecau
k=]

a2
Y = Y e, moay k=1,2, .., —rxos)uyuesmor Pypobe saemenma y.
=

n
Aokazateasctso. Ecan s,=3 a ¢, 10
k=1

' atp n—4-p
H S’H’D --S“lgg = Z alr Ens E ay €y | =
[T k=n+1 ]
KR 2
== 2 iy n=1’ 2; very ]J‘:O: l: LLLY)
k=n+}1

&
2
i B CHJIY CXOAHMOCTH PSA D.ai OH YROBNETBOpsieT KpuTeputo Kowu s

k=1
cxomsawuxcs psigos. O1Cioaa CreayeT, 4T0 HOCIeA0BATENbHOCT, {8y} AB-
Asercs pyHiaMenTalbHofl B MPOCTPAHCTRe R H, CEROBATENBHO, CXO-
AHTCSA.
[Tyers

0

y=HUms, T. e V=% e,
100 =1

TOTAA B CHIY eIHHCTBEHHOCTH Pa3JOMKEHHA 3/eMEeHTa TPOCTPaHCTRa NG

fasucy (cM. zaMeyanue K TeopeMe 7)

(y' ek)___:ah’ k=1v2» e e

JleMMa foKazaHa

Hoxazateanctso teopeMu 9, IMyete R u R’ — 18a cena-
pafeabHbIX HecKOHeYHOMEpPHBIX IHJLGepTORLIX npocTpancTra. Cornac-
HO TeopeMe 8, B HHX CYILECTBYIOT OPTOHOPMUpOBaHHbIe GAa3HCHI, CO-

’
OTBETCTREHHO &, k=1, 2, ..., we,, k=12, ...

o0

Mycrs xCR w nycTh x= 3 a8, Toria ay —KOodhdHLHEHTH
=1

Pypre sjeMeHTa X M, CJAeAOBATENLHO, Mo paBeHcTBY [lapceBaas psg

oo oo
2 a; cxopnTes. [lonoxnM x°' = 3 ake,;'. CoraacHo JeMMe 2, sTo
=1 . ==
HMeCT CMBICL.

Orofpaxenne npoctpadcTea K 8 npocrpaetro R, crapsiimes B
COOTBETCTBHE KAWJOMY 3ieMeHTY x € R yxasansbiil sneMenT x' £ R,
H OCYLISCTBJseT H3OMOPdH3M 3THX npocTpancts, HeftcTRuTennHo, npu
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3TOM COOTBETCTBHH B CHAY €IHHCTBEHHOCTH pAa3iOiKeHHs 3/eMeHTa
10 Gasucy pasHbIM 3JeMeHTaM MPOCTPAHCTBA K COOTBETCTBYIOT pas-
HBle 3JeMenTH rpocTpanctea R'. Ilanee, BCAKHA 3jieMeHT mpoctpan-
c1Ba R’ nocTaejed B COOTBETCTBHE HEKOTOPOMY 3AEMEHTY NpOCT-
pancrea R (1. e. yxasanHoe oTofpaxeHHe sBJSeICA OTOOpaMKeHneM
Ha mpocrpancTBo R'); B caMoM Jlene, ecan x'C R, T0, pasaoxus era
B R’ mo §asucy, nodayduM

o0 ’ ’
x' = 2 ag €p.
k=1
IIyers

00 ,
x=3 g,

gy
(tagoif anement cymecrsyer, oM. jgemMmy 2)., OyepHAHO, 4TO 3JEMEH-
TY X 4 COOTBEICTBYET NpH YCTAHOBJEHHOM COOTBETCTBHH 3JIeMeHT x',

{lokaxkem, HaxoOHEll, 9TO fIpH 3TOM COCTRETCTBHH COXpAHsieTCs CKa-
JSAPHOE NpoH3BeAeH e, JTO cpasy cieayeT us gemmsl 1, JeficTBuTennHO,
€CJIH
oo

oo
=3 aye, y=Y be,

k=1 k=1
1 X ’ [ 3 !
= Nagen, Y= bye,
k=1 k=1
TO B CHAY YKHBHHHOﬁ JAEMMEL

(x, y) = § 0 b, =(x', V).

Teopema nokasana.

B KauectBe mMOIenH cenapadesbHoro GeCKOHEUHOMEPHOTO THJILOED-
TOBA [IPOCTPAHCTBA MOMKHO B3ATh IPOCTPAHCTEO, 3/J€MEHTAMH KOTODOTO
SIBASIOTCS [I0C/IEA0BATEILHOCTH BElUECTBEHHBIX YHCRJI

X=(Xy, Koy sery Xpy oouhs
X2
A7sL KOTODBIX P Y Xk cxoiuTes. Omepauun B 3T0M MPOCTParcTse

k=1
BBOJISITCH €CTecIBeHHBIM ofpazoM. Ecuam

X=Xy, Xgs wory Xpp -on) H P ==(V1, Yoy veer Var ook

TO nmoJaaraem

x+y:{xl.+ ylv x2+y2’ ERLR} xk+yh5 -“):
M =(hx;, hXs, ..., Axy, ) (A—uncio),
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<0
=3 % ¥
h=—1

H, ¢JejoBate/IbHO,
/oo 5
=) 2 .

Bce 9TH onpepeenus HMEIOT CMBICA, HGO H3 CXOAWMOCTH PALOB

ip8

o]
2 v .2
Xeg © Z, Y& BbLiTEKAET H CXCAHMMOCTL DALOB
& fo==]
o

o0 2 o0
5| 2
Y Gty D M 3 X Ve
k=1 k=1 k=1

JelcTBUTeNbHO, 1A BTGPOrO- PAJA 3TO QUEBHJHO, CXO/JHMOCTL XKe
TPETLErO W MePBOTO PAJAA BHITEKAET COOTBEICTBEHHO W3 HEPaBEHCTB

2 2
5ty
xk)’h\'i'Tk:

(Yt = Xt 2%, 5+ ¥h < 2 (xi +72).

[loayuennoe npocrpadcTBo oG03Hayvaercs /.

Teopema 10. I1pocmpancmeo [y seanemen cenapabesshoim euisbep-
MOBbIM  TPOCHLPARCINGOM.

HdoxrkaszaTedabcTso. [Ipocrpanereo [, cenapabentno, 6o no-
CJAEAOBATRARHOCTH €,, £ == 1, 2, ..., ¥ KOTOPBIX Ha BCEX MeCTAaX CTOSAT
HYJI KpoMme k-To, [Jie CTOUT eAHHEILA, 00pasyioT OPTOHOPMHPOBAEHLIH
Gasuc M, CJeA0BaTeNbHO, UX JHHeHHbe KOMOHHAUHK NAOTHE B /.

INoaHoTa npocTpaHcTRa {5 0KA3LIBACTCR HECKOALKO caoxkree. [Tycrs
MOCIEN0BATEIbHOCTE

2t = (¥, 8, xR, B=1,2, ., (08.45)

¥

ABAseTcA (PYHAAMEHTANBHOH NOCIe0BaTeNbHOCTLIO NPOCTPAHCTBA [j.
Torza us uepasencTsa

(e o]
I yletpr (& | = 2] (xslk-!-p)_xl(;k))z > I xglk-{-p)_xglfe)l ,
=

E=1,2,..., p=0,1,2,.., n=12, ..,

u dyplaMeHTaALHOCTH Noc/erosate/bHocTh (08.45) cienyer, uto npu
k

JHO60M (HKCHPOBAHHOM 71 UMCAOBAs NOCE/I0BATENLHOCTb X L k=1,2,..,

yiosiersopsier kpureputo Komm (em. m. 3.2) u, criefoBaTelbho,

exonntest. Iyers lim x5y = x,. B cuay ¢yHIaMeHTATEHOCTH [OCIEAO-
&~ oc



350 § 58 OpronopMmuposannbie Basucel o PO3IOMEHUR NO HUM

patebHOCTH (58.45) 1as mmoGore e > () CyUIeCTBYET Takoi HOmep Ke,
uTe npu MO0OM HOMepe £ > k. W JIOOOM HATYPaTbHOM P BLINOALEsN-
€TCS HepaBeHCTBO

H xihter — iR H < &,

[o.8]
V S G —or<e,
n=]

Orciofa aag moGoro (QUKCHPOBAHHONO HalypadbHOrO 4YHCJAa M H
MoJABHO

T. €.

m
& k32 2
E(xiz+p)_ﬁx‘u)) <8.

n=1

[lepexoia 3heck K AReAeay TPH p—= oo, TMOSYHUM

Z (xn x}f’ < 32’

n=1

W TdK KAK 5TO BepHO mpH JuwlaM m=1, 2, ..., 10

o0
\ 2
N (= xP et ke ke (58.16)
=1
- i3 &
Taxum oSpasom, touka ¥ = (0, — 9, o 2o —xP, L), B>
MPHHALIERHT TPOCTPAHCTRY lp, HO TOTAA H TOUKA X = (Xy, ..., ¥,, ...) =

== x®) L p¥ TagKe MPHHAAACKHT NPOCTPAHCTRY [y, & yonosue (D8.46)
03HayaeT, 4Io

litn x(® =
k- oo

Hrak, Mbl Aoxasann, ITo NocaeJoBaTebHOCTs {58.45) exoauren. Caeno-
BATENIbHO, [, — TOJHOE HDOCTPAHCTHO.

Teopema Jioxasana,

B cuiy teopembt 9 mpocTpaHcTBO /» H3OMOPRHO KamaAOMY cenapa-
OenbHOMY THJALGEPTOBY NpocTpaiucTBy. B naavHefiiem Mel yBujum
(cm. m. 58.5), uTo npocTpaucTBo Ly (e, ] Takke cenapalenbno U, eaeno-
BATQILHO, H3OMOPHHO npoCTPAncTBY /3. MOXKHO fiOKa3aTh, YTO @ Npo-
CTpadcTBo L, ((G), rae G — xyGupyeMoe MHOMECTBO /1-MEPHOTO GPOCT-
paHcTBa, Takke cenapabeAsHO H, CIEICBATENLHO, H30MOP(HO /o Ta-
KM 08pa3oM, Bee IiabGepToBEL NPOCTPAHCTBA HHTECPHPYEMEIX B KBAJ-
parte GyHKiK BE3ABHCHMO OT UNCAa MEPEMEHHLIX, OT KOTOPBIX 3aBUCAT
TN GYyHKHHE, H30MODMHEL MKy cobol,
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58.5. HekoTopuie CTeACTBHUS QAR KAACCHYECKHX
pagon Pypue ¥ papos Pypue no noarnomam Jexadapa

B § 55 Mt usyuaau gnaccudeckue psaul Oypoe gas abeo-
JIOTHO HHTerpupyemblX GyHELKA. B 3TOM MyHKTE MBI pPaccMOTPHM He-
KOTOpLIE BONPOCH AAf KJAAcCHUeCKHX pajoB Pypre Oosee Y3KOTo Kaacca
dyaruri, a umenuo zas Gysxuxit f & Lf—mn, @] (cp. ¢ n. 55.8).
Jdesmma 1. [Hjocme @ — Heromopoe MHOMECHE0 HERPEPLIBHDLX HA
ompeske [a, ] dyuryuid u nyemie © naomwo 8 npocmpancmse Cla, b)®,
mozda oHO RAOMAHO u 6 npocmparcmee Ly la, b].
Hoxasateasctro. Obosnauum uepes |f[. Hopmy ¢yHKIAH

{ 5 npoctparctee Cla, b], a uepes ||f[., —ee HOpMy B NpocTpaHCTEE
Loja, b), 7. ¢

—
f&=£§iH@H,W£;?V/fF&ML

Toraa, ouesuano,

) b /
Hf"Lx—_-I/jF(x)dx < max |f |]/ fcix_f\ff\cV(J—a (58.47)

[
O0o3Hayds, Kak A Beime, uepes Li = Lg fa, b] NOANPOCTPAHCTBO He-
npepuisknix hyukunii npectpanctea Ly = Lola, 0. B cuay onpenene-

uas npocTpanctea Lpla, b) (em. n. 57.4) nmeen LS = Ls. Tlostony,
KaKOB Obl HH Gull 3JeMEHT g € Lo ¥ KaKOoBO Obl HM 6bio uucao & > 0,

CYIIECTBYET HenpepLisHan MyHKOHA fEL% la, b] rTakasa, urTO
e
lg=il, <%+

Hadee, n3 maorHoetu naoxectsa O s npocrparnctee Cla, 6] caenyer,
uto AAs QYHKIUM f cywecTsyer Gyrkuus ¢ ¢ @, Takas, uto

S

24'F
HC TOTAa B cHaY HepaseHctsa (58.47)
=i, <%
H ROTOMY
lg—ol, <lg—fl, +If—ol, < g+ 5=

*) Qupejenenue npoctpancrsa Cla, 8] em. B m. 57.3 (dopuyna (57.

0).
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Taxum o6pasom, O miaotHo B Lyla, b).

Jlemma Jloxazaua.

BosbMmeM B kauecTse (D MHOMXECTBO MHOI'OUJIEHOB; COTVIACHO TEOpEME
BefiepmTpacca {cM. TeopeMy 7 1. 55.6) OHO NIOTHO B MPOCTPARCTRE
Cla, b]; U3 JeMMH clelyeT, Y4TO 3TO MHOMKECTBOQ NJOTHO H B l,la, 6],
CCAOBATENBHO, NOCASJIOBATEBHOCTE HEOTPUUATENBHAIX LURABIX CTeme-
neit x noana s Lyla, 6.

Hrak, aokasana crelylollasd TeopeMa.

Teopema 11. [locaedosamenroHocms HEOMPUUAMEABHUX HEALLE
cmeneneil x  nosna ¢ napoempancmeax C la, ] w  Lyla, b,
—oo <L a< b< -}-oo.

Caegcrteue. [Hpocmpancmen Cla, b) u Lyla, &) ssrsiomes cena-
PaBeABHbIMIL  RPOCHLPARCIMBAMI.

JIefCTBUTENBHO, CYLLECTBOBAHHE [IOC/NEA0BATSILHOCTH 3JEMEHTOR,
ofipasyiouLHX NOJAHYIO CHCTEMY, H 03HRUAET 110 OIIpefeNeHHio {CM. 1. 57.3)
cenapabesbHOCTh HPOCTPAHCTBRA.

Jlugeiiyble 060JOUKH CHCTEMB! HEOTPHLUATENLHBIX 1e/ILIX CTENeHed x
(58.11) wu cucteMbl noanHoMoB Jlexanapa (98.3) B mpoctpancTse
Ly [—1; 1] coenanator (NOMHHOMEI JIeIKAHAPA MOTYT ObITL OOJYYEHH
NPOIECCOM OPTOTOHAMH3aUHK cucTemsl (58.11)), mosTomy cnpasesauBa
CAeAYIONAA Teopema.

Teopesma 12. [Hoaunome Jdexcardpa (58.3) o6pasyom noaryio opmo-
2OHOABHYIO cucmeny (opmoonaashotil Gasuc) 6 npocmpancmee Lyi—1; 1],

O6oanaunam uepes C*—m, =n] nogmpocTpaucrso npoctpancrsa
C[—mn, n], cocrosiiee U3 BceX TAKHX HENPePRIBHLIX YHKUHE f, uio
fln) = f(—).

13 noanoter TpHroHoMeTpuueckoil cucTemsl (58.2) B mpocTpancrse
C*|—mn, m] (cM. Teopemy 6 u3 n. 55.7) cpasy cienyeT B cuay HepaBeHCT-
Ba (58.47) ee MOHOTA B NOAMPOCTPAHCTEE NpocTpamcTBa Lo l—m, mn),
COCTOSINIEM H3 HEMpephIBHLIX GYHKUHE Ha oTpeske |—m, 1], yaoBaerso-
PAOIHX YCAOBHIO f(—n) = f(n). D10, BIpoueM, GbIO TOKA3AHO H PaHb-
we: cM. Teopemy 8 u3 1. HH.7.

Hoxaxem Gosee CHABHOER YTBEPAIEHME,

Teopema 13. Tpueowomempuueckan cucmema (58.2) oSpasyem
NOARYIO  OPMosGHaAsHYy0  cucmesny (opmosonarsHuoti basuc) 8 npoc-
mpanemee Lyl—mn, n). ~

HoxasaTeasbcTBo. [lyete g€ Lyl—n, 7] #nyers pukcrpo-
BaHo yucao & > (0, ToTAa cyllecTByeT HeIPephIBHAA Ha 0Tpeske [—m, ]
thyukuua f, Takas, uTO

lg—Fl, <5 (68.48)

®yuruns [ B Culy HenpepuiBHOCTH orpamnuena: |f(x)| < M,
—n < X < . Bubepem uncao 8 >0 r1ak, wrobe
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<)

n noaownM (prc. 176) '
J0) i —n < x < n—34,

PO =15 (q—) L IEN (p_ar 8y am a—d<r<nm

Puc, 176

@yuxuns § TaK:Ke HenpephiBHa RHa oTpeske {—ut, Af B |@(x)| < M,
—n < X < n, KpoMe Toro, @(—my=¢ () H

1 i

Uf—-q)1L,={j [f(x)—-tp(X)lnglz = { j“[f(x)—(p(x)lﬂdx} <

TG

1

™ -‘E. i
<2M (j dx) —2MET< L, (58.49)

b
Haroneu, 8 cHAY NOJHOTL TPHTOHOMETPHUECKON cucTembr (B8.2)

B npocrpancte C*|—mn, 1) caenyer CyleCTBOBAHUE TPHICHOMETPHYE-
ckoro noauHoma T = T(x), Takoro, 4To

lo—T o< 5775

Toraa us HepasercTBa (58.47) cilenyer Takxke, uTO

fo—T1, < 5- (58.50,
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Temepr nz Hepasencrn (58.48), (58.489) u (58.50) mosyuaem
lg—Tl, <ig—F, 1 —ol o+ T, <5+5+5 ==

YTO W O3HAYAET TMOMAHOTY TPUTOHOMETpHuecKoll cucteMnl (98.2)
& npocTpaHcTRe [L,[—um, n.

Teopema foxazaua.

M3 noxazaHnc@ TeopeMul O NOJIHOTE TPUTOHOMETPHUESKGH CHCTEML!
H ofuiell TEOpHH PASAOKEHHI 5AEMEHTOB MO OPTGroHa LHOMY fazucy
B TUALOCPTORRX TPOCTPAHCTBAX MOMHO TOJYUHThL PRA CASACTBHE AN
Kaaccuueckux psnoB Gypre. Flanpumep, CHpaBefyivBel c/eiyioliye
JBE TEeOPEMBbL

Teopema 14, Ecau gyuxyua [& Lyl—n, nl, mo:

1) ona ssasemcs  npedeacm 8 CHMeCA2 CPedHe0  KeadpamutHoOzo
{em. . BB.7 u 57.5) ceoux wacmutnelx cymm bypee S, (x) npu n — oe,
m. e

a

fim |1 (9)—S, (0 dx =0

=00y

2y enpasedauso pasencmeo Iapceearn

Wi=%5 MM=%+v%+m (58.51)

n=1

Cnencrene. Ecau gunryus € Ly[—n, 1] u éce ee kovpghuyuen-
met Pypoe no mpueonomempuieckotl cucmene (98.2) pasties Hy 0, Mo oHa
asAgemca HyaeMm npocmpancmea Ly [—mn, nu).

Sra Teopema, coraacHo TeopeMam 4 M O macTosuiero uaparpada
{cM. 1. 58.3), HeNOCpEenCTBEHHG CJeNyeT U3 JOKA3aHHOH BEIUE [OJIHO-
TEl TPHTOHOMETPHYECKON CHCTemEl B THABDEPTOBOM  NPOCTPAHCTBE
Lyl—n, n]. CrencTane e BHITEKAET OUeBHAHBIM OOPA30OM H3 PABEHCTBA
{(b8.51).

M3 papenctra [lapcerans (58.51) eille pas (He3aBHCHMO OT Teopembl 2
n. 55.2) caenyer, uto kospduuHeHTH ©®ypre GYHKUEH | cTpemstes K
HY/I0, OJHAKO AHMb 1ag QyHKUHE B3 L.la, Ol

Teopexia 15. Ecan sce roshunuermor Pypoe wenpepsisroll Ha
ompesre | — 1, i) PyHRYUL PAsHEL RYAIC, MO CaMO 3MA PYRKLUR MoK e
CHIGEHHO  PAGHA HYAMO.

310 HeMOCPEACTLEHHO BLITEKAET U3 CISACTBHA NPeALIyilell TeopeMbl
H H3 TOTO, YTO K3 PABEHCTBA HYJAMY HOPML! B Ly RENpePHIBHOH QYHKLHY
CACAYeT €€ TOXIECTREHNDe PaBeHCTBO HyJIo (eM. 1. H7.3).

Chnenctunue Fcan dse nenpepuenbie hynrxyui nmeom 00unaKG-
avie Koapuyuennive Pypoe, Mo OHU MOYNCOCCHIBEHHO DOBRUL.

ITC HENOCPEJICTREHHO BRITEKAET U3 TEOPEMBL.
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B sarsoueHHe, HCTIOAB3YS NOJYYEHHEIE PE3YNbLTATH, TOKaMKeM eile
OLHY TEOPEMY.

Teopesna 6. [lycne dynryua ! Henpepesua Ha ompeske | —n, xt).
Ecau ee pad Pypee cxodumen pasHomepro Ha ompeske |—wn, i), mo
€20 CymMe pasHa pyrruuu f.

Jorasarteawscrso. [lyets

oo

Nyl
J )~ :‘; a,cosnx—+ b, sinnx

n=1

B 0ycTh

o
u Y s
S(x) = Z a,cosnx -+ b, sinn.

nel

TMpemze Beero, hyHxnus S(x), Kax CyMMa paBHOMEPHO CXOASIIETOCH
paila HenpepwBULIX (QyHKUHA, Takxke Henpeposia. [Majce, B cuay
teopemet 1 n. 53.1 Kosddrukenramn Pypue Gynxuun S(x} asnawTC
MCAA dg, Gy, bny =1, 2, ..

TakuM ofipazoM, ABe HenpephiBibie Ha oTpeske [—ux, n) dyuxuuu |
B S HMEIOT 0 10HaKoBhe KosduiedTs Pypre, H AOFTOMY B CUNY CKa-
38HHOCO BblIlle OHH COBNAJIAIOT BO BC2X TOUKAX OTpe3ka [—m, n[:

f)=S8S(x), —an<xgmn

TQOPEMB JOoKa3aHa.

58.6. MpeoGpazosanie Pypne HHTErpPHPYeMBIX
B Kpajgpare pynukunii. Teopema lnanuepenn

Ecau ksajpaT GyHKIKE f HHTErpHPYeM Ha Bceil BellleCTReH-
Hoft ocu, To cama $yEKiHA f, Booflile ToBopsA, He adCOJIOTHO HHTETpH-
pyema Ha scefl OCH, KaK 3TO BHAHO Ha NpuMepe QyHKUUH

f (%)

1
= }?ﬁﬁ* ?.

[TosToMy H2 OCHOB&HHH TeOpHHM Npeobpazobanus Pypbe, H3N0KEH-
BOH B§ 56, nelb3a YTREPIKAATH CyLIeCcTBOBanHe npeodpasosanns Pypne
Ans Gyuxuuil 43 mpocrpaHcTBa Ly (-—oo, o). TloKameM, 4T0 B 3TOM
cayvae MOMKHO onpelleuTh npeofpasoBanne Pypne B HeKOTOPOM 060G-
eHHoM eMbieae. [IpenpapuTelsio 0CTaHOBHMCS HA ONpejel]en iy IPoCT-
panctsa Ly (—ee, +00) A5 KOMIIEKCHO3HAIHBIX QYHKIUMH,
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TiyeTs | M g — aBe HenpepbiBHEE $YHKUHH C HHTRTPHPYEMblM
KBaApaToM MOAYJH HA EBCefl oCH U IPHHHMAKIHE, Booflle roBops,
KOMOJIEKCHLIe 3HaueHHs. MX cxansproe npouspefieHHE onpelendercs
B 3TOM cJyuae no gopmyde

400

ey = | Finz(dr.

— Qo

Jlerko npoepseTcs, UTO0 BCe CBOHCTBA, KOTOPBIMH A0TARIQ 061anaTh
CKANAPHOE [POH3BEACHHE B KOMILIGKCHOM JHHEHHOM DPOCTpaHCTBE
(cM. 1. 55.4), B 5TOM cayyae BRIMOJHANTCH.

[pocTpancTBo Ly (—o0, o0), KoTopoe Mbl OyaeM pacCMaTpHBAaTb
B 3TOM OYHKTE, ONPeIeAeTcs KaK NONOJABeHHe NPeArd/a1eiepTona npo-
CTPAHCTB2 HENpepEBHLIX M C MHTerDHpYEMBIM Ha BCeH OCH KBajapaToM
MOLYJA KOMIIEKCHO3HAUHBIX (YHKUHE ¢ YK33zHHBIM  CKAJAPHBIM
TIPOH3BEACHHEM,

Uepes |f| B HacTosamem naparpade o0osHauaeTCA HOpMA SJCMEH-

1a fELy(—o0, L0}, T. &
[H=VF D

4 TAKXe M KepasuHepma

+o0 .
ufn=|/j f )7 () dx

st GYHKIHE [ ¢ HHTerpupyeMbM Ha Beed OCH KBaApaToM Moay.aa, Brime
JUIA CAyUYas BEIUECTEEHHBIX (YHKLUUA OTMEUa10Ch Ge3 JIOKA3aTeNnhCTRa
{cM. 1. 57.5), uTo KamIrik 3eMeHT TpOCTPancTsa L, MOXKHO paccMat-
puBath Kak kJiace ¢ysxkuuil. Aganorndnwii ¢axkT crnpaBegaHB u Jyis
HOpOCTPAHCTBA Lo KOMIVIEKCHO3HAYHBIX (YHKIUHHA, OPHYEM KBa3HHOpPMA
If dyukumil f coBnagaer ¢ HOpMOH SneMEHTa NPOCTPAHCTBA L,, KOTO-
pOMY TPHHALICHKHT {B CMBICJC, aHAJIOTMUHOM YKa3anHOMY B 1. 57.5)
dyurunsa f. Mber He 6yleM OCTaHABJAHBATLCST HA JAOKA34TENLCTBE STHX
hakToB U He OYJeM HX HCIOJAb30BaTh B JajbHefmeM.

KommnekcHosHaunyo  QyHKWMIO  f(x) == @(x) - iPp(x), rae @{x)
¥ P(x) — BeulecTBeRHbe PYHKIMH, — 0o < X < -[-¢0, HA30BEM cmy-
flennamoll, eClld CTYNEHUATLIME ABAAITCA GYHKUHH ¢(X) Hp(x) (CcM. cnipe-
neaenne 4 B 1. 55.2), JlhoGpie ape cryneHuathie GYHKUHH @(x) u p(x)
MOXKHO NPEACTaBHTb B BUIAE KOHEUHOH JHHelHON KOMGHHALIHH OAHUX H
TEX e OfHOoCTyneHuaTeX ¢yHKuKl (cM. 1. 55.2), npUHMMAICIKRX 3HA-
yeryst 1 v 0. Jlas 5Toro J0CTATOUHO B3ATh BCEBO3MOMKHBIE HEMYCTLIE
nepeceveHs MOJYHHTEPBAMOB [OCTOAHCTBA (YHKUHHE ¢(x} B Pix).
DTH TepeccUeHNd TaKKe SBIAIOTCH NOJyHHTepBadaMM lxe;, x,),
k= 1,2, .., 1, Ha KOTOPBIX NOCTOSIHHBE OJHOBpeMeHHO DYHKUHH @(X)
H P(x). IlosToMy, eciau
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1, ecom 2. <x<x,
0, ecau x <"xp—; WIH X 2 Xp,
= 1, 2, ey 1

—COOTBETCTRYIOUIHE OLHOCTYIICHYATHIC CI)YHKLIHH, TC

@k(x)z{

¢ {x)= k§| Aoy, (x),  Pplx)= k§1 Uy, @ (X).

Orcioaa caepyer, 410 Mobas KOMIVIEKCHOSHAYHAA CTyNleHyarasa ¢y HK-
nua f(x)=¢(x)4 i} (¥} npeactasuMa B BHAC

i = 2 &0, (0), (58.52)

rie L=t i, k=1, 2, ...,n,— KOMIIIEKCERIC YHCAA.
Jdemma 1. [Tycme [ — coMRACKCHOSHAUHAA cMyteniamaa QyHK-
yus u F[fl—ee npeobpasosanue Pypve, mozda

i FIF =111

Hoxasarteasctso. Ecin pynkuns f aanasa dopmynoii (58.52),
TO

ng F(x) F ) dx —
n +oo - n
= kzi Efz?_io w;{x) o, (1) d Z:J |2(x,—x,_ ).  (58.53)
Hyc;‘b refmeps 0< 1< + oo, TOTAA
i oo
j"ﬂfmndy + dyff We=twax | et d=
oo +2°—*1 — \ )
~3 | VroT@arde | e c-nay=
gy B
= f 5 Fof @ TpE 2 dut. (58.54)

Bee npeoGpaseBaHust 34ech 3aKOHHB], TaK KaK HA CaMOM JleJie BCe
HHTerpaibl OepyTcs B KOHEUHEIX Npefenax.

[TockonbKY BelecTBeHHan H MHEMas 4acTH ¢yHKUHH [(X) yaoBjeT-
BOPHIOT YCACBHAM TEOPEMEI O IIPEACTAB/ACHHM dyHKLMI ¢ TNOMOLLbLIO
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unTerpana ®ypoe (cM. Teopemy ! s m. 56.1), T0 aa9 BCEX X, KpOME

¥ = x,, k=12, .., 1, #MeeM (CM. JIOKA3aTe/LCTEO YKA3aHHOH Teo-
PEMEI)

lim L j f—é—san——x) dE=}Tx)-

1+oo *

Oxa3wBaeTcs, YTO B CHJY 3TOrQ NPH HAIMHX MPEAHOJOKEHHAX B 1O-
cregdem vuterpadie (68.54) moKkHO Tepefith K npefely NOR 3AHAKOM 1y~
Terpaia npu 1 — oo, OaHAKO COOTBETCTBYIOMIAS Teopema He OpLia
JNOKA3aHa B HACTOSIUEM KYpCe, H NOTOMY HaM MDHAETCH CAedaTh He-
CKOJIbEO JOHOMHHTEbHBIX BHYHCJIEHHT.

Tloacrasassa (598.52) s (58.54), noayuum

T

{ FifIFT)dy =

L Fj—| K]
; xj -r,(tk—x)
1 A — .
= oLk de f S0 gy, (58.55)

{
Foole=i riq T (Xp—m1—¥)

paCCMOTpHM IOBgJCHHE KamKaoro caa-
TAEMOTO  TOAYUMBINEHCA CYMMbl  [pH
n —> Foc.

=
&
N
Ead
)
=
:
'
4,
=4
/
N

Pue. 177 Puc. 178

Ecnu j = k, TO, MEHARA NOPSIOK HHTerpuposapus {pac. 177) u npo-
H3BOAA MHTETPHPOBAHUE N0 NePeMeRHON X, HOAYYHM
: e ()
sin ¢
= dx 7
'
T 1)

dt =
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n{xp—*p—1)
1 fysint sint

0
= — (xk—xk_l—T) — dfj— {(}L’k-—-xk_1 -} %) 7 dt | =
g (X p—rr—1)

Ti{ xkﬂfk_l)

=%(xh—-xk_u) j Slut df-l—*——”*“‘”“k“““”
1]

Tlockonsry
o
11 T
j it =5
Q
{cM. n. 54.3), TO
HW{xp=tr—1)
int
lim Sy, —x jﬂ S dt ==y — K1
Bl et
Hanee, oueBHAHO,
Hm -——[l—h—cosn(xr—xk_l)J-ﬁ
oo *
[ozromy
h T{x %)
lim 1 sinf iy — =
A J dx j : dl = x,—Xe—y, k=12,.,n
fr—l M{xp—1—X)
[Mokaxem Tenepe, 4TO 0DH [== &
T ()
lim j.dx j =0,
-q-»«l»cx, )

Ilycts Jim  onpeaeneHHoCTH x,_1<x < Xp—y < xp. Ilpu ppyrux
PACTIOVIOHKEHHIX [ONYHHTEPBAJIOS NOCTOAHCTRA [Xjmy, X;) B {Xe—1, Xp)
JA0KA3aTeLCTRO AHAJOTHYHG, MeHAA CHOBA ROPAJOK HHTErpHPOBAHUA
W NMPOHIBOAS HHTEFpHPOBaHHE Mo x (puc. 178), ¢ TOMOMBIC aHano-
TUYHLIX PACCYMOEHHUH MOgYUHM

x i(*e—1—%) *pxi—1)
j/ dx j Snzt df = ( (xk-—-x,-_l-——q—)
il N(*g—1—%}) ng,—xp

Hxp—*)) t
o+ J"(”Cj“xf— ) sin

—X

(AN RN),
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WX ¥t}
f V\sini
- (x,-—ﬁxk,_1+~;) ; di —0 npH v — oo,
i
Wr_17F)
Tenepn usz (58.50) u (58.54) umeem
420

(U= | FINFAdx=lim | FIfIFiTidy=

—Qo0

"
= 214 Py ) =11
=
Jlemma fcxazaHa.
Jemma 2. lycmo | — KOMAACKCHOIMAURAA QYHKLIS, KRENPEPOIBHAA
na ompeske la, b] u pasHa kyao sHe €20, Moeda cylecayem nociedosar
IMEABHOCG HIAKUX Crynerdambptx hyrcyuti ¢, n =1, 2, ..., 4mo

limjo—q,| = 0.
n~+oo

JoxkxasaTedabcTBso. IiA BEIEeCTBEHHBIX (YHKUMHA 3T0 GLLIO
IOKa3aHO  paHblue: M. 3amedanne B 1. 55.2. Tlycte Tenmeph
@ == 4 | v — KOMILICKCHO3HAYHAS (PYHKLMS, HENPEPLIBHAA Ha OTPEsKe
la, b], Toraa BeulecTBeHRLIE (PYHKLRY & H ¥ TAKAKE HEIIPEPRIBHE HA OTPes-
ke la, b]. [Mosromy cyniecTBy T TaKHe NOCISA0BATENBHOCTH CTY IEHYATHIX
dysruni {u,} 1 {v,}, uto it — || = O nllp — o,| = 0 npr n — co.
Ecan @, = ty -+ ivn, 10 )| ¢ — @ | < 1t — w, | + llo — wv,l], oTciona
f® — @l = 0 mprt n—oo,

Jlemma nokasana.

Jdemaa 3. [ycme KOMNACKCHOHAMAAA DYHKYLA @ HENDEPBIGHR HA
ompeske la, b] u pasHa uyso ene ezo, mozda

iFlell=]el

Hoxasatenwctio. [lyers ¢, — NOCIIOBATENBHOCTE CTY-
NEHYATHIX (YHELMH, TAKHX, 4TO

limfg-—q,|=0.
n~+~oo
(cM. memMy 2), TOrjga B CHJY HENDEPHIBHOCTH HOPMEI

lim} = o1 (58.56)

Ha nepapencrpa e Komn — ByHsSKoRCKOro moay4um

b b NL /b 1
[ 1oat9—e 0 tae < (W) : (ﬁcp-n(x)fcp (x)lzdx)2 -

q a
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L7 1
- (b_a)ﬁ(jwﬂ(x)_q)(x),zdx)z,

H, CJIeLOBATEJILHO,

b
lim {19, (x)—0()]dx=0,
fl-vOOa

T. €. TOCTEI0BATeNBHOCT {§,} CXOMUTCA B CpeiueM K QVHKIEMM @ U
B cMmeicie [,;. Ilostomy, ecau

P=F¢) Y, =Flo,l, n=1,2, ..,

TO MOC/IeJ0BATENBHOCTL HENPEPLBHEIX (CM. Jemmy 4 B 11, 56.3) dyuknufi
{0n} PABHOMEPHO CXOIHTCH K (YHKWHH Y, KOTOPas B CHAY 5TOrQ He-
IpepsIBHA HA Beel uucnosoi ocH. Kpose Toro, B chuy JemMMb |

§n == Pl (58.57)

Orciofa cieayeT, B YaCTHOCTH, Y10 HellpepbiBHLIE QYHKLHU 1§, ABJAAOTCS
YHKUKHAMH ¢ HETEPHUPYEMBIM KBaAPATOM MOAYJS, T. €. OPHHALAEHAT
IpOCTPAHCTBY Lo (—o0, +-00). anee, pyukuun ¢, n =1, 2, ..., 06-
pasyloT (dYHAIMEHTAARHYIO MOCJEA0BATE/BHOCTE B NIPGCTPAHCTBE
Ly {—00, T-o0}. D10 caeayeT U3 CXOAHMOCTH B CDEIHEM B CMEICHE L,
noc/1eA0BaTe 1bHOCTH {(¢,}) H H3 paBeHCTBA

+ o +
V1) = Pdy = | 10 ()—2m () Py,

KOTOpOE TaksKe BhiTeKaeT U3 JeMMbl |, 100 pasHOCTb CTYyHeHYaThlX (yHK-
HHi TaKKe ABIACTCA CTYNeHYaToH (yHkLKed,

ilokaxeM, uTo mocaegoBaTensHOCTh {§,} cxomures K QyHKUME P
u B npocTpancrse L,. JlelcTBuresibHo, nyerk (uxkeuposano & > 0,
TOrga B CHIY QY HAAMEHTAIbHOCTH MOCS0BATENLHOCTH {1, } cyillecTBYeT
T4KOH HOMeD e, UTO A1 BCEX A 2 flg H /M 3> g BLUIOJHAETCS Hepa-
BEHCTBO

- oo
H’lpn%"lljm!rz‘: j‘ i'lpn(y)¥lpm (J’)lzdv<5-

-0

Tem Gomee, nas moGoro uncaa ¢ >0 GyfeM HMETE
j [n (1) — b (V)P dy <o (58.58)

Ipy (MKCHPOBAHHBIX 72 W ¢ MIPH /11 -> 00 NMOALIHTEPAMLHOE BLIPAMKeHHe
B (58.58) pasrnoMepro cTpemutes K gynkund P, (v} — p(p)®. Ilozromy
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B HepaBeHcTBe (58.58) MOMHO NMepeilTH K Hpefeny MOJ 3HaKOM HHTErpada
npu m — oo, B peayavrare 6yleM HMeTb

{1 )= v O dy <.

yCTpEM.TJHE Tenepk ¢ K +00, NOIYYHM, YTO [IpH n,>, e BLITIOJIHATCA
HEPAaBCHCTBO
-+ oc

{ e —bOdy <, (58.59)
—ao
UTO H 03HAYAeT CXOIHMOCTE B CDEAHEM B CMBICIC [';2 AOCAeI0BATENBHOCTH

{ipa} K pyuxusn $.

M3 pokazanuoro caeayer Takike, yto P £ by (—oo, 4 o0), HeficTBu-
TeAsHo, B cuny (58.57) n (58.59)

W] <l ~Yall-+lpa | < - o0,

Hakonen, u3 nHepaseHctBa (57.14) u Toro wro lim |y, —¢f=0,
- 00

HOJYUHM
lim [, 1= (58.60)
Hs (58.56), (58.57) u (58.60) caenyer, uro
[ l=] ]

JleMma JBOKaszaHa.

Teopema 17 ([laanwepens™ ). Hycme dyrkuyun ¢ venpepoisna
U C UHINEZPUPYEMUIM  Keadpamom MoOyAs HQ écetl wlCA0a0H ocu U

nycmo
4 M

=5 [e@e ™ ar, >0,
—M
Tozda
1) pynrxyua §, (¥) max e nenpepbléna u € uxmezspupye-
MbLM Keadpamon,
2) npu M- 4 oo Qynkyun  §, ecxodames & npocmpancee
Ly(—o0, |- o0) & wnexomopomy aremeriny §E Ly(— o0, + o0} U

3) lef=Ivl

Dokasateancrtro. Ecau

@M(x)={¢’(x), ecan x§ —M, M),
0, ecam x& [—AM, M),
Y0, OUEBHAHO,

“‘FM‘—"FFPM]:

*1 M. [lnanciepean (poj. 1885 r.) — wpelinapckufi MaTeMaTeK.
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lim ¢y =¢ B L,(— o0, + c0), (58.61)
M+ 4 00
1- = R 5 . 2
o i e l=le] (58.62)
CorJyacHo Jemme 3,
Iy l=lwyls M>0, (58.63)

I %;l "'-‘i?m ”iH (PM, """EPME I Ml >0, ’M-z >0. (58'64)

M3 (568.61) u (58.64) caeayer s Cuay TNOJHOTHL [POCTPAHCTBA
Ly(—o0, o), uTO cylECTBYET mpeien (HoueMy?)

lim ¢, =14 B L,(—o0c, --oo).
Mo + M B 2( )
B cuny HenpepLlBHOCTH HOPMEL
lim =] 58.65
o Iyl =[] ( )

u3s (58.62), (58.63) n (58.65) umeem
lwi=]w

Teopema Aoka3aua.

Tonyuenyplit » npolecce 10KasatebeTsa ieMeHT P C Ly(—oo, f-00)
Mbi OyleM Takke HasbiBalh ripeobpasveanuesm Pypoe 3alaHHOR Hempe-
puBHof Gyakusn @£ Ly (—oo, +00) ¥ nucaTe

¢ =F[g]. {58.66)

ST 3anuch CCTECTBCHRA, TaK KdK ¢CJ/IH q.)yHK[I.Hﬂ ¢, KpoMe TOro, H a6-
COJKTHO HHTQFPHPY@M&, TO 11]1'] 'liJM COBIIAAALT € COBIMH BIM ﬂpEOGPa'
M->+to0

sopannem Pypue. JeHcTeureabno, B 9ToM Clydae
o0
lim 5 1@ {0)—@{x)de=0,

M-+ 4+ o0 —%

Caeposatenbto, GbyHkuMK P, = Flg,] npy M -> oo paBHOMEPHO
cxoanted K npeofpasoBannio ®ypre Flo] dyuruun ¢, Kak bl Buge-
JH, P, CXOAHTCA B cpelHeM B cmbicae L, K dyHKUHH §; OTCioaa
HelpyaHO yGenuTbes, 410 P = Fl¢| {cpaBuuth aHaAOHuHOE PacCyiK-
AeHue B JIOKA3aTeNLCTBE JEMMEL 3).

[TpeofipazoBanue @ypoe (D8.66) onpepeseno noka Aume A48 Tex
SNEMEHTOB & Ly {—o0, -}-00), KOTODHE SABJASIOTCH HENpPepLBHEIMH
(YHKUMAME C WHTErpHPYeMBIM KBaApaTom, OAHAKO N0 HeNlpepuiBHOCTH
OHD MOMKeT OBITL PACNPOCTPaHEHO HA BCe MPOCTPAHCTBO L, (—oc, 4-00).
lefcTBUTENLHO, MYCTE ¢ — NPOH3BOABHEIA 3JIeMEHT H3 MPOCTPaHCTaa
Lo {—co, 4o}, Cornacno  onpefefeHHI0O  [POCTPAHCTBA Ly
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MHOKECTBO HenpephBubiX (Pyukuuit mioreo B Hem. Crefosaredbho,
CYIIECTBYET II0C/Ie/IOBATE/NBHOCTE HeMPEeprBHEIX GyHRIUUHA

(0 6 Lz(moo: +°°)r = 1! 2: sery
Takad, uto lim ¢, = .
n =+ X

Oyers Fle,) =%, n=1, 2, ... B cuay reopemut [laaumepess

H\pn_"lpm H:“ (Pn._q-)m "1 n, m== 1! 2: sery

NO3TOMY NOCTEdOBATEARHOCTE {\,} dyrjameHTansna B L, u, ciaepo-
parteanHo, cxopurcs. Ilyere Q= lim ¢,. [lo onpeneaenmo nonaraem
n—-x

P==F [q]. (58.67)

Eciu @) € L,{—o0, F o0}, n=1, 2, ..., —xaxas-n1ubo Apyras
NOCAeIOBATCARHOCTE  HENPepLIBHLIX  (YHKHAB,  cxopsimadcs B
Ly(—o00, +00) K 3aeMeHTY @, ¥ ecau - = F[¢}], T0 u3 papeHCcTHA

HMeeM Limmwz = 1. Taxum ofpasoM, onpeneiense (58.67) He 3aBHCHT

OT BHI6OpA NOCASTOBATENBHOCTH HENpEepHIBHEIX (DYHKUMH, CXOZALLEHCH
K 3JeMeHTY ¢.
st moGoro ¢ € Ly{(—o0, 400} CIpaBefjMBO PaBeHCTBO

iFell=lel

4TO Cpasy ciepyeT M3 TOTO, UTO 9TO PABEHCTBO HMEET MeCTO AJis Hempe-
PHBHEIX (yHRUHE @ C Ly (—o00, +00) H HENPEPHBHOCTH HOPMEL

Ilanee, Jlerko NpoBepuTs, yTo Npeobpasopande Pypoe guHefiHo Ha
Ls (-OO, +OO), T. €.

F M@ Ra®,) = A F (@] M, F [@,]

IS JTOOBIX @ ¥ ¢y U3 Ly (—o0, +00) H MoOBIX YHceT Ay B Ay. ITO BepHO
A5 cTyneHyatX QyHKUMH. OrM 06pazyloT mIoTHoe B Ly (—oo, + =)
MHoecTBO. OTclola nNpeAejbHBIM [EpeX0oJoM YKa3aHHOe PaBEHCTBO
nonydaercst 4 JIOGHIX SJIEMEHTOB NPOCTpaHcTea L, (—oo, - oo).

Hakonen, mnpeobpasosanue Dyphe oTOGpaxmaeT NPOCTPAKCTBO
Ly(—o0, +o0) Ha ce6d, T. e, KakoB OB HH OHJ 3JEMEHT
P £ Ly (—o00, 4-00), CyillecTBYeT TAKOH s/1eMeHT ¢ & Ly (—oo, --o0), uT0
Flg] = 9. das Toro urofbl 3T0 N0KA3aTh, CJASAYET TEM XKE METO/0M,
Kak 310 GBYI0 ¢llenaHo ans npeobpazoBanus Mypre, ONpeReiTh Ha
npocrpaHcTse Ly (—oo, --00) ofpatHoe npeoGpasopanue Oypoe F—i i
[I0Ka3aTh, YTo AJIS AM1000To ajeMedTa § & L, (—o0, 4-00) cropaBeniuBo
pasenctso |F-0plll = |¢[. 3atem moxkuo nokasars, ure FF-p]] =1
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Aas BeeX P € Ly (o0, -}-00), HCXOAS U3 TOTO, UTO 3TO BEPHO HA MHOKE-
CTBE CTyMeHYaTnlx GyHKIMEH, o0pasymollux IJ0THOE B Lo (—oo, -+o00)
MHOZKeCTBO. Ecu Temepb s saementa | C Ly (o0, --00) B38Th 37e-
MeHT ¢ = F~I[], To noayunm Flg] =1, 4t0 U 03nauaer, uTo Npeobpa-
3osanye F oro0pamaer Bce MpocTpaHcTBo Ly (—oe, +oo) Ha cebs.

CymMMHupYysl BCe CKa3aHHOe, MOJAYUHM CAENYIOIYIO TeopeMmy.

Teopema 18 (Haanwepean). [1peobpasosarnue @ypoe F auneino
omobpaxcaem npocmpancmao Ly(—oc, +oo) Ha ceba, npu ymom Oan
aoBo2o aaemeama ¢ Ly (—oo, +o0) cnpaeeaﬂuso PaseHcnge

I F %l =
§ 59. OGOBIHEHHLIE #¥HKILKHU
59.1. Od1ue cooGpakenns

B stom maparpade mbl paccMoTpHM ORHO 0606UIeHTe KIACCH-
YecKOre MousTHA (PYHKIHH, a HMERHO NOHATHE 000OIMEeHHOR DYHKIHH,
2T0 NOHATHE BO3HHUKJO IIpU PElICHHH HEKOTOPHIX (PH3HUecKHX 3a1ad H
B [MOCJAEAHHE TOABI NPOYHO U OBICTPO BOLUIO B MaTeMaTHKy. C MOMOIIBD
STOTO NOHATHS MOMKHO PacOopocTpaHHThb fnpeobpasopante dypoe Ha cy-
mwecTseHHo Gosee MMPoKHHE Kiace yHRUUMH, ueM afCcOMIOTHO HHTErPH-
PyeMuIE WJAH HuTerpHpyemule B KkBaugpare ¢ynkuus. OHO nossosader
chopMyTHPOBATL HA MATEMATHUYECKOM S3BIKe TAKHe HAeaj]H3HPOBAHHLIE
NOHSITHA, KAK, HATIPUMEP, MIOTHOCTD TOUEUHOID 3apsijia, IOTEOCTE Ma-
TepHalbHOH TOYKM, MCHOBCHHMH HMOYJARC U T. T
XapaxkTepHRIM /1A MHOTHX 3a7aY DHIHKH ABJAETCH TO 00CTOATE/b-
CTBO, YTO BBOAUMLIC IJIA OINHCaHHA TOO WJIH HHOTO 00BEKTA (PYHKIHH
TOYUKH HMEIOT CMBICA JIHWIL NOCTONBLKY, MOCKOJABKY HEIoCpeAcTBEHHBIH
dH3HTECKH I CMBIC/ HMEIOT HEKOTOPHIE HHTETpaIbl oT HuX. (OfofiueHHbe
(YHKUHK 1 BOSHHKSIOT KAK HEKOTOpoe ooblenne CEMERCTB HHTEPAJd0B
OT DpOM3BeleHHs ABYX ¢hyHKUHH, ofHA H3 KOTOpPHX (HKCHPCBAHA, a
IpyTasi MOMKeT BHIOHPATLCS NPOHIBOJILHO H3 HEKOTOPOH COBOKYITHOCTH.
PacemoTpHM npHMep IIOTHOCTH MaTtepuanwHoil Touku. [1yeTs B Tou-
KY X = 0 uncaoBoit OCH noMeleHa Macca, PABHAN eIHHHIe, 8 B IDYTHX
TOYKAX ITOH OCH HeT HUKAKHX MacC,
OfoanaunM depes m{x, €) Maccy, OTpe3ka MJHHBL & C LEHTPOM

£
B TOUKE X, T. e, 0ipesKa [x— —, k= ];oqup{,uHO, UTO 3Ta Mac-

ca pasHa eHHMIe, €CAH OTPe3oK [x_ SN .2 1 COIEPKUT
Touky 0, W HyMo B NPOTHBHOM cayuvae:
&
1, ecan | x| < -5

mix, &)= .
0, ecan |x|>7 .
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HOSTOMy, ornpepenan JIHHEI:’IHYH) IJIOTHOCTR 6()6) pacnpeaeiciina JanlblX
MACC KJdCCHYeCKHM OﬁpEIBOM, T, €. K&K Npejeda OTHOWEHHA Mace, pac-

NOJIOMEHHRX Ha OTPe3Ke [x—— %, X+ ;E,J, K JUiHHE & 3TOTO OTPE3Ka, KOr-
Jla OH CTATMBAETCH K TOUKE X, TOJYUHM
. mix, e 400, gean x=0
b= lim S8 [T ’ (59.1y
PR e 0, ecay x==0.

C Rpyrofl CTOpOHBI, €CTECTBEHHO NoTpefoBaTh, 4Telul Macca Jioforo
oTpeska la, b] paBHasace uHTerpasy oT mwieTHocTH 8(x) 10 3TOMY OTpes-
Ky, T. e. uToCh

b
ja(x}dx:{l, ecau O é Iﬂ, b}, (592)
g 0, ecan 0& {a, &)

(MBI HanWCaan HHTerpad ¢dopManbhe). OUeBHAHO, YTO € KJacchueckodh
TouKy apennd paseacTBa (BO.1) n (99.2) HecosmecTHbl QynKie 8(x)
Hafo CYATaTh nHGO HEMHTerpHpyeMoil, JHOO ¢ WHTErpasoM, PaBHBIM
HYJIO Ha J06OM OTpeske (B CMbIC/Ie HeCOOCTBEHHOTO HHTErpasa).

BmecTe ¢ TeM B (H3HKe YaCTO OKa3biBaeTcsl HEOOXOAHMO paccMaTpH-
BaThb «pyHKUHN BHLA 8(x}. Cama epyuxuns &(x)» BeTpeyaercs B QuskKe
H HOCHT HaszBanue S-gynryuu, win ¢ynxyuu Jupaka. [logofigeM Kk ee
cpoiictBam (59.1) 1 (9.2} ¢ apyroif cronoHbl, 2TOT NOAX0H OCHOBLIBAETCA
112 TOM, YTO (PH3HUECKH BCHKAA MATEPHANLHAS UGCTHLLA HMEET ONpeNedien-
HBl pasMep H NOTOMY He ABAAETCH ¢ TeOMETPUYECKOH TOUKH 3PeHuHs
touxoi. [TosTomy ecTecTBenno pacnpeieanTsb Macey Touki ) paBHOMEpHO
[0 OTPE3KY AJAHHK € C HEATPOM B Touke U; B pe3ynasTare Mosy4uM Cpel-
HIOK MIOTHOCTD

!—., eCan | x s;—s— ,
G (X)) == . (59.3)
0, ecam {x|>—2— .
Ilpy e—0 GyneM umeThb
) _ (oo, ecny x=:0,
B},Toﬁ'a(x) 1 0, ecan x40,
T. e,
§(x) = lim b () (59.4)
-0

B CMBIC/IE OORYHOTG Clpejefielus npeiea QyHKIMH, 3aBHCALICH oT
napamerpa.
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Has toro yrobsl nogoliTH K apyrouy onpeneiteduio 8-dvHKIHH,
HAYYHM OIHO ¢BORACTBO cemelicTBa (pyHruul 0q(x). Oxasnipaerca, 4To
ian 1olok Henpepmmioﬁ na Bcell ocd pyuring @(x)

‘um 5 8 () ¢ (x) dx = ¢ (). (59.5)

HelicTeuTennio,

[T b0 de—0 @] =

—_—0

1
£

| ot di—q0)] <
r

] 5
<+ [1em—e@dn
e .
—7
U tax kax
lim — J i (x)— @ (0) Hx =0
g—+ (¢ £

=2
2
(mouemy?), To dopuyaa (59.5) noxasana.
B cuay dopmyaw (59.5) ectecrsennc QopyasbRO HalucaTs

=+
[ 3w de=q(0)

((hopMadIbHO B TOM CMBICJIE, UTC 374 OPMYJIA H ABARETCH ONpelefeHyem
CHMBOJIA, CTOFHIETO CJIeBA, TAK K2K B OOLIMHOM CMBICAE MEI He MOMeM
FOBOPHTE 3A¢Cb 00 HHTETpase).

Tpy Takom noAXoAe MH He onpefeaunu §-gyrkumo §(x) xax dyHk-
LHIO TOUKH, 4 ONpeLequny cBoilcTRO cuMBo.aa §(x), HasbIBaAeMOro §-pyHK-
el KOTOPOE COCTCHT B caedytonieM: O-(hyHKIKA CTABUT B COOTBETCTBHE
KaJ0H QyHRUHY @, HenpepuBUcH Ha Beell ocl, 9acao ¢(0). Taxum o6-
pazoM, O-pyHKUHI €CTh QYHKuHRN, ONPEIEieHHAR HA MHOMECTBE He-
npeprBHLIX GyHKUME Q. Dyukiud, onpelesesHsle HAa MHOMECTBAX,
aneMeHTaMH KOTOPRIX B CBOIO OYepeL SIBASKTCS QYHKUHY, Ha3bRaIOTCH
dynkuronagamu. Mtax, §-hynxuns ects GpyHKriHOHAML

B cieayromux NYHKTax 9Taro nmaparpada Mel H3A0MHM HEKOTOPhIE
Bonpockl oblileli TeopuH obobiensnx gpynkuni, mocrpoennci C. JI. Co-
gonenpM 1 JI. HIpapuem™),

*) ¢, JI. CoGoner (poz. B 1908 r,) — coperckn#t mareMmatdik. JI. [lsapu
{poa- B 1915 r.) — {panuy3scknii mareMmaTdk,
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59.2. JIuHefiHbIe NPOCTPAHCTEA CO CXOAMMOCTLIO.
PyHkuKoHaAR. CONpRMeHHbIe NPOCTPANCTES

Onpedeaenne 1. Jureiinoe npocmpancmes B Hasusaemcs
RUHELHBIM  TDOCAIPARCINGOM €O CXOOUMOCHIBIO, ECAU 8 HeM onpedzaeHo
noHSMUe cxo0uMOCmU NOCAE0DBAMEABROCHIL 820 SACMEANNOS K INEMEH-
my APOCHPAHCMSE, MAKoe, YMO GREPaUly CACHEHUS SAEMENMOE NpO-
CIIPGHCIIGA (1 YMHONCERUA UX HT HHCAO ASARIONICH HEMPEPBIGHBIMIL.

310 03HAUART, YTO B MHOMKECTBE BCEX NOCAEI0BATE/BHOCTEH 2IeMeH-
TOB MPOCTPaHCcTBa K BLUISAEH KJacC NMOC/Ael0BaTelbHOCTeH, Ha3BaHHbIX
cronsmwumuest, Kamaoll exoanigedics noc/eloBaTe bHOCTH [10CTABJEH
E COOTBETCTBHE eANHCTEHHEI 3JIeMeHT [IPOCTpancTBa R, HaspauHbl ee
npenenoM. pu stom pas mo€eix nociaenosareastoctedt {x,} v {¥,} us
R, CXONRWHXCS COOTBETCTREHHO K npegenam x¢ R u yER, 1 nolhx
uncesa A H Q, noCAER0BatensHOCTh {Ax, 4 py,} TaKkke CXOAWICA H

Lm (A x, - poy,) = Ax - py.
- 0o
Kpome Toro, ecam {A,}—uncioBas  moc/eloBarebHOCT: |
lima,=2, 1o lim A x=2Ax pas qwoboro x & R.
[ e v oo

TpuMepoM JuHEAHBIX NPOCTPAHCTE €O CXOAHMOCTBI) ABNRIOTCH
HODMHPOBaHHLIE JIMHeHHLIE IPOCTPAHCTRA; OAHAKO CYLIECTBYIOT JnHel-
HBIE TNPOCTPRHCTBA CO CXOAKMOCTHED, B KOTOPLIX HefMbas BBECTH HOD-
My, TIOPOKAZIOUIYI0 33AdUHYI0 CXOAUMOCTL Noc/encBarelbhocTell.

Onpedenenne 2. Lyuxijiii, onpedeichube Ha AUHEIHOM NPOCIPAH-
cmae R u npUHUMOIOUUE YUCAOBbIE SHAUEHIA, HOBbIEAIONICA YHRYUOKHA-
AAMU FMOZ0 APOCHIPAHCMGN HAL (PYHKULOHAMMI HOD SIMUM NPOCHIPOH-
cnigoM. SHaterue DYHKYUOHAAG | HQ 3aemenme X AUHEHHO20 npocmpan-
eméa R oboswadaenca (f, x}, m. e. max se, Kak cKaAfPHOE Npoussederiue
saemermog | u x 8 auneldnoM apocmpancmse R €0 crasapHotmM npoLase-
deriuem.

310 0603HaYEHHE ONPABALIBAETCA, B YACTHOCTH, TEM, UTO CKANAPHOE
npoussejeHne (¥, x) IpH HHKCHPOBAHHOM 3JIEMEHTE ¥ SIBASETCH $HYHK-
[[UOHANIOM, OMpele/NeKHbIM Ha YKa3aHHOM IIPOCTPAHCTRE A,

Onpedeaenne 3. Hycme R — aunelinoe npocmparcmeo. Pynkyuo-
HAA | 9020 NPOCIPAHLMAR HAGBIBALINCA MHELHBLN, 0l 049 21006LX 8-
nedmos xC R, ¥ C R u aoloix qucea b, L 6nOAHALMCH YCAOBUE

(f, x+un=r{f, )+, ».

Onpedeaenue 4. Dynxyuonan f, onpederennpiti Ha AuHeEHOM APO-
Cmpancmee R o cXeOuMocivio, HA36I6aeMCA Henpepolshbii, ecau 0aa
awboi cxodauelica nocaedosamensnocmu X, € R, limx, = x, guinoa-
HAEMCA YCAOBUE

lim {f, x,)=(f, x).

PO o]
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DyHKUHOHANE], KaK H BCAKHE YHCIOBHIE QYHKLHH, MOMKHO CK/IaJb[-
BaTh, YMHOXKAaThb APYr Ha APYTa, B "acTHOCTH Ha uucao. Hanpumep,
ecan f M g — QYyHKUHOHAAH, TO 3HaueHHe (yHKUMOHAKA af + Pg
{o 0 P — uncaa) B Touke x € R onpegeasercsa no opmyne

(a’f'l'ﬁg! .’C)=Cl'-(f, x)‘J('ﬁ(g, X).

Hdemma 1. Juneinvie nenpepoisrivie Qyakyuonaree oopasyom -
HellHoe npocmpaHcmas.

HoxasaTteascTso. [Tyeth f u g — aunefinee QyHKUHOHANBI,
o 4 — uncaa. Tokaxem, uto of + PBg — TaKxKe JUHeHHEIR QyHKUHO-
HaJ:

(af +Bg, Ax+py)=a(f, Ax4-py)-plg, Ax+uy)=
=a[M{f, )+pn{, W-+-PlA(g, »)+urlg =

= h[a(f, )+Pg, )+ulx(f, N+Plg M=
= {(af+Bg, x)-+p(af+Pg, ¥).

Iycre, Teneps f u g — HenpephiBHEE PyHKUHOHAMLL [IokaxeM, uro
Torka u of - fig — Takxke HempeprBHBE ¢yHKunoHaA. IlycTe
lim x, = x. Torna

h—+0

im (af +- B, x,)=lim [a (], x)+Plg, %)=
=0 lim (f,xn)+[3nl£mm(g, x)=al(f, x)+p (g, x)=(f+Bg, x).

n -+ oo

JlemMa moxazana.

B nuHefHOM NpOCTpaHCTBe JIMHEHHBIX HETPepHIBHBIX (GYHKLHOHAIOB
NPpOCTpaHcTBa K onpelensercs NOHATHE CXOAHMOCTH NOCJEI0BATE/BHO-
crefl eIenyownM obpasoM.

Onpedenenune 5. Iocaedosameavnocmy  pynxyuonaros  f,,
n=1, 2, ..., rasveaemca cxoduedica K yuryuorary |, ecau nocredosa-
MeAbHOCMe SHaUeHUll (hyHKLLuona0s [, cxodumea 6 Kaxcdott mouke xC R
K SHQuerur 8 Hell dhynkyuonada [, unave 20eopa, ecat 048 an0o20 3aeMmeH-
ma x € R aucaoeas nocaedosamenvrocms {(fn, X)) cxcdumesn k wucay (f, x).

Takum ofpasoM, yTsepxienne lim f,=f pasHOCWIBHO YTBep-
n -+ Qo

K ACHUIO .
lim (f,, x)={(f, x) nra Bcex x C R,
n - o

Ilpy TakoM onNpenefeHHH CXOAMMOCTH (QYHXIHOHANOB ONEparuu
HX CJAOKEHHA H YMHOMEHHS HA UHCMIO HENTPEepLIBHBI (3TO HEMOCPEACTBeH-
KO ClefyeT W3 JHHeHHOCTH QYHKLHOHAMOB H H3 CBOMCTE NPENeaoB YH-
CACBHIX NOCTEAOBATENLHOCTEH), H, CI€0OBATENBHO, CUPAREI/IHBO CACLY-
olee yTBEPKACHHS,
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Jdemma 2. Junelinoe senpepoisnsle (DyHKUUOHAAL 00pasyrom aus
Helinoe RPpOCMPaHCIBO €O CXOGUMOCITIBIO.

Onpedeaenne 6. Juneiinoe npocmpancmss co CXOTUMOCHBIO (hyri-
LUOHAAOS NPOCMPAHCMB R HAFHIBAEMCS CONPANEHHIM NPOCIMPAHCMBOM
K OQHKOMY AUHEHHOMY RPOCMPAHCMEYy R €0 cX00UMOCTbI0.

[Tycte R u R* — nuHeHHEe NPOCTPAHCTBA CO CXOOHMOCTRI®, IYCTh
Kas bl 5AEMEHT IPOCTpaHCTBa R ABJETCH M 9/JAeMEHTOM [POCTPaHeTBa
R* M nycTb BcsiKas Noc/Ie1oBaTensHocts X, C R, n= 1,2, ..., cXops-
mwascad B R K 3JeMEHTY X, CXOIHTCH K 3TOMY 3/1eMeHTY H B R*, B 3ToM
cayiae OyleM MHCATh

R = R*.

Onpedeaernue 7. osopam, umo auneilnoil Renpepsisroil GyrryLo-
Haa npocmparcmsa R CR* npodosscaem 8 Aunsiineitl Henpepotanbil yrk-
yuonar npocmparcmea R*, ecau ¢ npocmparcmee R*® cywecmeyem au-
Hetineul nenpepoieneltl yniyuonar F, maxoti, ame  (F, x) = (f, x) dan
ecex xC R (m.e. F = [ na R). B amon cayuae pynxyuonaa F Haseibaemen
npodoanceries yriyuonaia f.

Ynpawxuenne |, NokasaTs, uTo ecan RCR* n R maote B R* (1. e.
BCAKHKI a/emMenT W3 R* sBanercs npelenoM B R* nocienoBaTesbHOCTH JEMEHTOB
H3 R), To Beaxuil nunefinniii HempepwBHEA $YHKUHOHAJM NpOCTpaHCTBA R, mpo-

adoaKaeME B NuHedHLIH HempepHIBHEI ¢YEKIHOEAJA NpocTpaHcTsa R¥, nponoda-
KaeM eJHHCTEeHHEIM 06pa3oM.

59.3. Onpegenenne 06006 WeHHbIX PyHKLMI.
Npocrpancrea O u D’

OnpenenuM mpe:kie BCero OCHOBHOE LA Hac JIMHEHHOe npo-
cTpaHcTBO ¢yHKnui D. Bygem paccMarTpiBarh QYHKIHH, aPTyMEHTaMH
KOTOPEIX #BJISIOTCA BELIECTBEHHBbE YHC/Z, 8 3HAYEHUSIMH — BOOOLE ro-
BOpA, KOMILIEKCHBIE.

Onpedeaerue 8. Pynxyus f, onpedescHnan Ha scell ocu, HaswGa-
emest (QUHIUMHOLE, ecAl CYHECMEYEnt KOREUHDLE OMpPe3oK, BHE KOMOPO2o OHA
PASHE HYAIO 60 80EX MOYKAX,

Onpedenenue 9. Jaa ecaroil Gyuryuu [ sameicanie mroxecmea
mouex x, 02 komopetx [(x)== 0, Haavsaemcs ee Hocumesem i 0603Haua-
emes suppf.

Ecau $yHruHa puHHTHA, TO €€ HOCHTEAb ABASETC OrPAHHYEHHAIM
MHO:XecTBoM, OueBHIHO, 4TO Bee PHHUTHLIE QYHKIME NIPH €CTECTBEHHHLX
OMepaLusiX UX CAOHEHHA H YMHOMKEHHM# Ha THCAC 00pasyloT JuHeiHoe
NpPOCTPAHCTBO, a OeckoHeuKo AudrpepeHudpyemble (GUHHTHLE (QyHK=
LHH — eTd oANPOCTPAHCTBO. BBENeM B 3TOM IOIPOCTPAHCTRE NOHATHE
CXONHMOCTH IIOC/IeN0BaTeNbHOCTEH.

Onpedenenue 10. Tocaedosamenvrocms Geckonedno Ougheperytyy-
emutx purumuslx Pyakygud ¢, n =1, 2, ..., Hasveoemes cxodauerlica
K Beckonenrio Jubeperyupyemoll gurnumnaoll dyrkyun @, ecau:



593 Onpedercnrie 0bobuernbix Hynkyul 371

1) cywecmsyem ompesox la, bl, exe xomopoeo ece gyukyuu @,,

=1, 2, ..., & @ obpawaromes 8 Hoae™®);
2) wa osmom ompesxe [a, b] nocaedosameasrocms Qursyul @y
n=1, 2, .., u nocaedosamesvHocmu 6cex ux npoussodnux oY,

n=1, 2, .., PABROMEPHO CXO0LMCH COOMBEMCIMBERHO K (DYHKUYLU O I
K €8 cOOmBemecmeyiouuy npousgodrss ¢, k=1, 2,

CoBokynHoCTh OeckoHewHo andgepeHudpyeMelx QUHHTHBIX QyHK-
LUt ¢ BBCACHHOH oNepal el mpeleibuoTo NepexoLd ABJISeTCs JHHEHHBIM
OPOCTPaHCTBOM €O CXOOHMMOCTBIO. DTO HENOCPEACTBEHHO CHeNYeT H3
CBOHCTB LIpele/oB $yHKUHH H CBOHCTE PaBHOMEPHO CXOASIIHXCH II0-
c/1e0BaTeNLHOCTeI,

Onpedeanenne 11. Ipocmpancmeo Geckonenno duddeperyupyemnix
gunumrex uakygull ¢ ssedeHnol cXOOUMOCIMbIO HA36IBALMCA OCHOBHbIM
npocmparcmson D.

OuernnHo, uto ecal ¢ £ [, To # mo6an ee NPOUIBOAHAS IPHHALICKHT
npocTpancTey L.

3ameTtuM ewe, uro ecnd {¢,) cxommrca X 9 B D, TO u mocne-
JOBATENLHOCTL {cpﬁf)} DPOK3BOAHLEIX JioSoro nopajka k=1, 2,
cxoaures K @¥ B D, D10 HeNOCPEACTREEHHO CJIGAYeT H3 OIpelele-
HHA CXOAHMOCTH B TNpocTpaHcTee [

TpuenRanbHLIM NpHMepoM QYHKIHE DpocTpaHeTBa D aBaserca QyHK-
1i}f, paBHas HyJIO Ha BCell OCH, MeHee TPHBHAAbHEIM — QYHKLHSA

a2
af — Xt

P(x)=] e , ecan | x| <a, (59.6)
0 ,ecam jx|za

Yupaxnueunue 2, Jorasars, 410 yHKuHa (59.6) GeckoHeuno nud-
thepeHHpyema Ha Bced ocH (cp. ¢ (37.25)).

Onpedeanenune 12, Boaxuil aurednsil Henpepoisrotl hyHKyUoHAA f
onpedesennsil Ha D, nasowaemca 0000uennol dyrryuerl.

Onpedenenue 13. Synryus f, onpedesennaa Ha cet seLiecBenHol
OCl, HOSBIGAENCS AOKAABHO UHMESPUPYEMOL, €Al O0HO abCOAOMHO UH-
MESPUPHEME HQ A0O0M KOHEHHOM OMpesKe.

Ecau f — J0KaAbHO HHTETPHpYeMas QyHKLWHS, a p& D, 10 mpo-
H3BejlenHe f¢ alCOMIOTHO HHTETPHPYEMO HA BeeH ocH, ﬂeHCTBHTeJm-
HO, nycTh supp ¢ < la, H]; GyHKOHA @, OYEBMIHO, OrpaHHYeHa:
[¢(x) | < €, —oo < x < o0, moaromy

+ b b
{1F@emde=[1fx)e0)|dx <Cf|f()dx.

*) Orpesok [e, 6] comepmMT HOCHTeNW BeeX G yHRUKE @, §p A=1, 2, ..,
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OnpegenuM dyukuuonan {f, ¢} na D paseHcrBoM
<400
F, o= | e dx (59.7)
—c0

SroT QYHKIMOHA JHHEEH M Helpepbised Ha 1 (novemy?).

Takum o6pa3zoM, BCAKOH JIOKATBHO HHTerpupyemoil dyHrnumu f(x)
cooTBeTcTBYeT ofobulennan dyuxuusa (f, @)*), B 3ToM CMbICIe BCAKYIO
JOKAIbHO HHTETPHPYEMYIO QYHKIUHIO MOXHO pPaccMaTpHparh Kak 0006-
LICHAYIO (YHKUHIO,

YVupamxsaenue 3. Jipe nenpepulslzle Ha BeuwEecTBEHHON OCH (yHKUWHA
pasauuHbl TOrAa H TOJBLKO TOrA, KOrAa Pasauydel mopo:ieHHble HMH 0600meHAbe
DYHKLIHH.

Huorpa ob6obuendsle (QyHKIHH 0003HA4YAlOTCA CHMBOJIOM  f{x).
Do of03HAUCHHE YHCTO CHMBOJHYECKOE; OHO OTHIOAL He OGO3HAuaeT
2HaueHUn 0600LHIeHHOR PYHKLNH B TOUKE X, @ OTpaXKaeT JHUIb ToT (akT,
uyro 0606UIeHHbIe QYHKUHH ABIAIOTCA B BbIHICYKA3aHHOM CMEBIC/Ie 0606-
ileHHeM OOBMMHBIX (VIOKANBHO HHTETPHPYEMBIX) VHEIMI, HHKdKoe
3HaucHHe oGOOILEeHHON (DYHKLIHHE B TOUKE X 3JeCh He NOApa3yMesaercs.

[las oBosHayeHds SHaveHust 0GOOMEHHOH GYHKUHH [ HA QyBK-
unn @ = @(x) CD napany c sanuceio (f, ¢) ynorpeGasieTcs Takmxe
3aIUCh

+ oo

5 F(x) % (x) dx. (59.8)

—o0

Tarus o6npazoM, MO ONPEACIEHHIO
+ o
F. @)= {1099 xdx.

3To paBeHCTBC HABJSETCS onpefeneyneM cumsoaa (59.8), kotopul dop-
MAaNRHO YHTAEICA KaK «HHTETpad OT NPOH3ECI HHAf HA ¢, DTa 34lHCb
oTpakaer coGoit ToT akr, 4T0 060OMIEHHBIE QYIKLHA ABARIOTCH 0606~
wenneM ¢yHKuMoHa10B (D9.7), rae f — noKaAbHO MHTErpupyemas
¢ynknni.

oo
9 (x)

X

Yopasnenune 4. Hoxasare, uto dysuiuyoHan v, p. j dx, 9& D

_0

1
apnserca obobmenuoft Qynripedn (MH GvaeMm ce ofo3HauaTH 5"—) .
x

*) Mu 6yaeM FOBOPHTL Take B 3TCM caydae, 4To obofwleHHan ¢gynxunsg
(f, ¢) nopoxnsercs ¢yukuneir f.
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B xauectBe Apyroro npuMepa o6oGumeHHON (GYHKUHH PaccMOTpHM
¢ynxnuonan, ofosravaeMsiit § = 8(x), koropsiil onpenedsercs gopmy-
JNCH

6, )=9(0), o £ D.

dror dyuKUMONAN, KaK ME yxe 3HaeMm (oM. nm. 59.1), nasuiBaercs
O-byuknueli. Ero nuHefiHOCTL H HENPepLHIBHOCTL JICTKO IpOBEpSFOT-
cf. OH ne momxerT OHTE TpejcTasfieH B BHAe (D9.7) HU fpH Kakoi
JokanwHo HETerpHpyemoil dymkuuu f. IeficTBHTeNLHO, ecu 6H Haw-
Jach TaKas JOKAJALHO HHTeTpHpYeMas GyHKLHs [, 410
+ 20
(6! CP)= S f(x)(P(X)dx, (P€ D:

—0

TO A5l 3TOH GyHKUMH [ u A5 YHKUMK @ 3afaunod dopmyaoi (59.6)
MBI HMeNH 6B

+ oc
fTemdr=00)= = (59.9)

Ho B cuny a6comoTHOH #HTeIpHpyeMocTH ByHKUHK [ Ha J0GOM KO-
HEYHOM, OTpesKe

lim _j’azf (x) ldx = 0

(mouemyP).
a® 1
Hanee, saMeyan, uto ¢ **— @< —, —a{Xx<a, HOIYUHM
e

1§ twewar|=| [ i T mas|< L iieas

NOSTOMY JeBas yactek pasencTsa (59.9) npu @ — 0 cTpemutcs K nyJio, a
npapag Her. FlonyueHHO® NPOTHROPEUHe H JOKASLIBAET HAIUE YTBEpKIe-
nue. Takum o6pasom, sanac 06o0IEeHHEIX (YKL B YEA3aHHOM CMbIC/IE
GoJibIIe, YeM ODLIYHBIX. .

Onpedenenue 14. Pynxyuoraa, cmasauuil 8 COOMBEMCMene Kaxc-
doi  yurkyuu 9ED qucao @(x,), 20e X, UKCUPOBARD, HASLIBOENCS
S-gpyrryuell u obosraiaemes 8(x — xy). flpumenan sanuce (59.8), momxc-
HO Hanucams

+

§ 8lx~xo)9 () dx=0(x), @€ D-

-0
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Onpedenernue 15. OboGuwennsie dynryuu, npedcmasumue 8 eude
(89.7), e0e | — aokaAbHO UHMEZPUPYEMAS DYHKYUS, HABLIGAIOMCH pe-
SYAAPHBIMU OOOOLICHHBIMU DYHKYUAMY, O 808 OCMQAbHbIE — CUHSYARD-
HBIMIL

[ocrosvuas ofofuleHHas  dyHxkuHs [, T. €. Takas, 9710

+00
(f, 9)= cjlq)(x)dx, ¢ — HOCTOSIHHAR, @& D (B 4acTHOCTH, HyJeBas
—00
(hYHKIHSA), ABAACTCSH, OUEBHAHO, PeryaspHoil ofoliienBol QyHKLuel, a
§-pyHKUHA apasgeTcs NPHMEPOM CHHTYJAAPHOH 0Go0mIeHHON (yHKUHH.

Onpedeaenne 16. Cosoxyndocme o0cGueHHux (yHRYWE, Kax
BCAKASN  COBOKYTHOCME  (DYHKYLUOHAAOE AUHE[IHOZ0 NPOCHIPAHCMSA (0
cxodumccmeto (cM. 1. 89.2), obpasyem AuHeiiHOe NPOCIMPANCTIE; CO cXO-
GUMOCTHBI, CORPANCEHHGE K NPOCMPGHCMEY 1), HO3elenemoe npocmpan-
Ceom 0B0GLLeHHbY GurKyul 1 cbosrauaence D'

Takum ofpasoM, CXOIMMOCTL MOCJACACBATEILHOCTH OGOBUIEHHKIX
dyuguui f,, n = 1, 2, ..., kK ofobuennol GyHKUUH [ 03HAYAET, UTO

nliror; (e ©)=(f, ¥

nas moboll dyuruuy ¢ £ D.

3apaua 29. Tlyers fy € DY w nyets  ans aofoit dyuknuu ¢ € D cymecr-
Byer mpexen lim {f,, 0) = F (9). Torpa F (@)—oboGmennasg byHxuag.
n—oo

B n. 59.1 mpl paccmatpnBanu QynKuup §e(x), KOTOpEIE, QUEBHIHO,
JIOKAJIBHO HHTerpupyeMul. MBI BHISMH, 9TO 9TH GYHKIHH 00AANAI0T TeMm
CBOHCTBOM, uTo AJM4 JobGol HenpepuBHCH Ha Beell ocn GyHKUME @ H,
clieqoBaTesbHO, A1a moboll GyHKUHE ¢ & D:

+oc
lim (6, @)=lm | 8 (1)@ (x}dr=¢(0)=(3, o).
e+ 40 g= 0 v

C ToukH spenus ofoflleHHEX QYHKUHA 35TO O3HavaeT, 410 B D’
lim 8¢ = 6%
g+ 40
Taxum o6pasoM, 6-byHKIUHA B mpocTpaHcTBe D' ABAAETCH npefetoM
perynapHLIX 0GOOUIEHHBIX (YHKUHA.
x3
1 7
Ynpamuaeunsda., 5 Ilyere fi(x)= Vﬁe , torpa B D' nmeem

i =% (x).
tf.'"ioff{") (%}

*) Kak ¥ 1na oSL9nex GyHnRGHE, cHMBOA & — -0 03HAYACT, UTO YKasaHHLI
Tpefen HmeeT MecTo AaA Me00H mocielloBaTeabHocTd &y > O, n =1, &, ..., cipe-
mamefica k nymo.
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6. Hoxraszats, uro B DF
I

— = lim -

x4+ 60 yago x4y

(aTi dopMyasl HasbsaioTeH @opauysasu Coxoqrezo®)).

=:Fi1t7)(X]+cgaLx

3agaya 30. HokasaTe, 9TO BCAKAsA CHHPY/AApHas ofoblWleHHas (yHKIHS AE-
ARETCA MPEReJOM PEeryAApHLX. B 9TOM cMelc/e NPOCTPAHCTBO ¢GOGMEHELIX PyHK-
nuil ABAsETCA «NCNOJHeHHeM» NPOCTPAHCTBA UOLIYHHIX QyHRUNEL.

Kak mnl BRgend, nonaThe ofofmennol ¢yHKUHHA HE CBOAUTCA K 1O~
HATHIO QYHKUHR TOUK# H [O3TOMY TOBOPHUTL O 3HAYEHHH OGOGineHHOH
¢YHKIHY B TaHHOH TOUKe, B 4aCTHOCTH 00 o0OpalleHHy ee B HOAL B 3TOMH
TouKe, BOOGHIE TOBOPS, He HMeeT cMbicia. OLHAKC MOKHO BBECTH €CTecT-
BeHHOe IIOHATHE 06panienus B Houb 0006ileHnHOH (Y HKIIUN HA HHTEPBaJIE.

Onpedenenne 17. Lydem eosopums, 4mo o0o0uennan gynkyus f
obpawaenca 6 HoAb Ha unmepéare (a, b), ecau {f, @) = 0 dasecex ¢ C D,
KOMOpsie UMEIOm HOCUMeAb, colepacauiulica 8 unmepsaie (a, b).

Ynpaxnenue 7. Jas voro yrolu HenpepuBEas GyHKLHA ofpalarace

B HOAGL B KawJol Touke uHtepBasa (4, b), ueo0X0QHMO M ZOCTATO4HO, YTOGH OHA
ofipaliznack B HOAL Ea HHTepBade {a, &) Kak ofo6uwenHas GyRxuys.

Onpedenenue 18. 0600wennse ynsyuu f u g Hasseawomes pas-
Homy Ha uxmepsaie (a, b)Y, ecau [ — g == 0 na (a, b).

59.4. lutpdepennrposansie odoGmeHHBIX HYHKUMH

Oupenenuy Tenepb NPOH3BOAHYW o0o0wenHoll GyHKIHY.
IMocMoTpHM TpEXIe BCETO, UTO NpeiCTaBafeT coboil npon3sogHas ofb-
BOY HenpepblBHO NuddepennupyemMoil GyHKLMYK [, paccmaTpuBaeMoll KaK
¢dyuakunonan (f, ¢) na D. Hurerpupys no 4acTaM, B CHIY (GHHUTHOCTH
¢yuxunn 9 C D nonyunm

+0o0 +oo
' B= | I'(ewde =— [H0e Wds=—(¢), (9.10)

npuueM, Kak u3sectHo, @' € D. Takum ofpasoM, npoussofHas [ aB-
aseTcs PYHKLUHOHAMIOM Ha L), 3HAUCHHS KOTOPOTO BHIDAKAIOTCA uepes
spaueHus QyHKunH f, paccmaTpuBaeMoll Kak (pyHKUHOHAJ, ¢ MOMOILLIO
dopmyan (59.10). 310 HenaeT eCTECTBEHHLIM CAGAYIOULEE ONpene/eHHe,

Onpedeaenne 19. Mpoussoduoil cGobuwennold pynkyuu | nassiea-
emea (yHkyuonaas Ha D, oboanavaemotd ', maxoid, ¥mo

', 9y=—F @) e c D (59.11)

Mz dopmyanr (59.10) caepyer, uTo NpoHsBoAHAS B OGLIMHOM CMBIC/IE
HENpepLIBHO AH(rbepeHnnpyemod (yHKIHH, paccMaTpHBaeMasd Kdk

*) 10. B. Coxouxufi (1842—1929) — pyccKHA MarTeMarHg.
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tdyHguHORAT Ha [, coBnManaeT ¢ eg NPOH3BOTHON B CMBICE OGOGIUIEHHBIX
(OYHELHH,
demma 3. Dynxyuonar [' asasemcs  AuUHeHbIM  HenpepolBHoIM
Gyuryuoraion u, credosamensro, ofobulenHol dynkyueld,
JdoxaszatenscTero. [lpoRepuM JHHEHHOCTD:

iy hpd-pp) = —(f, e+ ud))y=—{f, Ao’ +py’) =
=—A(f, o)—u(f, V=2, @+uf. ¥ ¢ £D, p £ D.

Has toro utofBl NPOBEDHTH HEMPEPHIBHOCTE (YHKIHOHANA [,
BCTIOMHEM, YTO eCH @ € D, @ €D, k=1, 2, ..., ulimg,=¢ 8 D, 10
k00

E CHJY CHPELe/JCHNR CXOAHMOCTH B IPOCTPAHCTES Dulim q); = q>' B [);
k- co

noYTOMY, e Qe — ¢ BD, 10 im (f', @)= —lim(f, 9,)=—(f, ¢')=
H(f’ (p) o=+ 0O k0O

Taxum o6pasoM, ecau fE€ D', 10 |’ Beerpa cymecteyer u f' €D,

JlcMMa nokasana.

TIponseoaHkle BLICIUKX TIOPAAKOB JNA o0oOMeHHEIX ¢YHKUHH onpe-
JeqsIoTCa [OCAef0BATEILHO, KaK H JAA OOBIUHBIX QYHKLUHI:

=0, 7 ={y,
ROGOILE
=), k=12, F =1

I'lo HHAYKIIHH JICTKO NPOBCPHACTCHA, UTO
(f(k}: ‘P):(—l)k(fl q))i ¢ 6 D! k=0; lr ser

CorslacHo caeMaHHOMY Cnpeienenunio, o0o0meHHbe HYHKIHE HMEIOT
NPOKSBOAHEE JMOOBIX NOPALKOR,
IMfpurwmep sl
1. Tivers
l, ecnu x>0,

6 (x) =
(x) 0, ecnn x <70,
Gyuxuua 0(x) naswmaercs dyHryuerd Xesucaiddn*?. Ouna apianercs
JIOKaNbHO HHTETPHPYEMOH GyHKIHEH U NIOTOMY MOXKeT PacCMaTpHBAThCS

KaK ofofwennasn ¢pynkuusi. Hafinem ee npoussonuwie. Corsactuo omnpe-
nesennto (59.11),

*) 0. Xepacaitg (1850—1925) — anrsuficknft duauk,



594. Huihdpeperyupasantie 6Gubugenisix dynkiud 377

oo 400
(0, g)==— (0, @)= - Sﬁw’dx =— jcp’dx: ©{0) =(8,9), PED,
—00 (i}

T. ¢ 0 =

2, B kauecTBe APYIOro NPHMepd BEIUIC/AHM NPOU3BOAHbIE 8-yHIK-
ILHH

(5(!3), (P) = (ﬂ__ 1)(k) (6, q)(k)) - (_ 1)"1 (P(k) (0)

Yaopaxuenusn, 8. [lycrs
fi(x)’ X < Xg,

A :{ fa (%), x> xy,

rie dyvuxuun fy (x) | fg(x) uenpeprBHo nudpepeHUMpYEMEl H CYLLECTRYIOT npe-
nenw f{x, & 0y, Hasita J' ' D°.

9. Tlycere f(x) menpepsieno audpepenHnupyemas Ha peeit ocn. Hafiru (0f)
8 D,

1
10. Joxkazats, yro 8 D7 & —={(In| x|}’ (cM. ynpamnenue 4).
X

JAemma 4. Hyeme [, C D', fCD" ¢

limf,=f, (59.12)
moeaoda u "
limf,=f, (59.13)
00

nt. e. daa obobuiennslx Quakyul  ece2da npon3godras om npedeaa
pasHa npedery NPoU3E00HSIX.
Hoxasatenncreo. daa moboit dysxumn ¢ ¢ D:

Iy @ —(fr, @)= —I(, 9V — (o 9)]->0 mpu n-> 0.

Jlemua ROKazaua.
MosHo pacesaTpurare p pain ofo6Wwennex ¢ynxuul. Berpaxenue

o
3w, (59.14)
n==1
rae u, C D', n=1, 2, ..., HazuBaeTcd pados oBoGUeRHbBX (yHK
yutt, a
n
Sn == E uk
=)

—ero uacmuvrcd cymnod n-e0 nopadka (n=1, 2, ). Psag (59.14)
naswipaerca cxodaujumes, eCAu B D CYLIECTBYeT Tipeaet

lim s, =s.

n-r o
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AneMenT s HasmiBaercd cymmod pada (59.14), npu sTOM mHWeTCH
cO
s= ¥ Up.
=1

JAemuma 5. Cxodawutics pad o00obwennslx pynxyuli MOXHO noy-
senne Juipdreperyuposame awboe wucao pas

& T
S()iEH}I), k:l, 2, T

el

I10 caepyer u3 nemmel 4.

59.5. TlpocTpadcTrO OCHOBHLIX HVHKIKA S
1 NpocTpancTBO 00o0WeHALX Gynknui S’

O6o3naunm uyepes S MHOMKECTBO BeeX OGCKOHEUHO nugxpe-
peHLMPYeMbIX KOMILJIEKCHOSHAUHBIX (YHKUHIL, KOTOpBIE BMecTe o
BCCMH CBOHMH NOU3BOIHBIMH CTPEMATCA K HYJIO NDH X —+ oo GBICTpee

moboll  cTenent Huaye rosops, MHOMECTBO S COCTOHT H3 TeX H

i
1)’ .
TOLKO TeX GeckoHeyuo audgepernupyemblx GyHKLUHEA @, I8 KOTOPHIX
npu HO0BIX LeblX HEOTPUNATEALHKX A U 71 BHIOJHACTCH YC/AOBHE

lim x"¢'™ (x)= 0. (59.15)

X -+ o

Ouesunno, uto ecan GyHRIHA ¢ S, To ¥ Mmobas ee NPON3BOAHAN
NPHHALIEKHT MHOXKECTBY S. YcaoBHe NPHRAAICKHOCTH (BYHKLEH ¢
K MHOXECTBY S MOXNO cOPMYJHPOBATL M HECKOALKO HHaue: Gecko-
Heuno Audepeniupyeman GyHKUHA ¢ TPHRALIEKHT S TOTAA H TONBKO
TOTAA, KOTAA AMH A100LIX ILEeIbIX HeOTPHUATENBHLIX # H i HMEEeM

sup K9 ()= 0n < 00, {59.16)
—oc <A<+ 00
IleHcTBHTEMbIO, €CTH 3T TaK, T0, 3amendAs B (B9.16) n na n 4 1,
HIOJAYUHM

CrH»l . m
Lxi
orkyaa w crenyer (59.15}. Ofparno, u3 (59.15) U 3 orpaHHYeHHOCTH
xi(x) na moboa oTpeske caegyeT (59.16). HcHo, uto MHOMecTBO S

oOpasyer JMHelHOe OPOCTPAHCTBO.
Onpedenenue 20. Iocacdosameavrocme Guynkyui ¢y (x) € S,
k=1, 2, ..., nasueacmes cxodawedcs 8 Sk ynxyuu ¢ (x)C S, ecau

| 6™ (x)] <
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048 6CEX HAPLYPAALHBX N 4 M KaMOas ROCA008aMEALROCID
"Gy, k=1, 2, ..., paswosepro Ha el OCU CXOOUMCA K (yHK-
yuu x”tp”") ()L)

Quesupno, yro lim¢,==¢ B S TOorla W TOALKO TOTJ4, KOTAa TPH

koo
JOOBIX HATYDANbHLIX 11 U m
lim  sup 2" [of™ (x) — "™ (%) || = 0. (59.17)

k00 —oo<x<4-00

OrmeTuM, uTO €cld §,— ¢ B S, T0O H AAA TPOUIBOAHEX MOGAro
NOpAJKa ¢ ® 5 8 =12 ...

Jlutefinoe npocTpalcTee S ¢ BneAeHHO onepauueli MpeleJsHOro
nepexoia ARNSETCA JMHEHHBIM TPCCTPAHCTBOM CO CXOAHMOCIBIO.

Quesnano, yro D < S, B 4aCTHOCTH, NOCAEA0BATENLHOCTE (DYHKIHA

¢, © D, k=1,2, ..., cxofswasicas B D K QYHKUMH @, CXOAUTCA K
—yE 1

Gyuxinn ¢ B 8 S, Bumecte ¢ tem D=8, ubo e7" £ S, n0 eV ED.

3apaua 3. Hokazats, aro D naorao s 8, 1, e, uro qmwobas gyHRuia @£ S as-
AseTCH NPeAedaoM B S HCKOTOPON NOCAENOBATENBHOCTH Qe D, 2= 1,2, ... .

Onpedeaenne 21. Jluneilnol Henpepuisrolli pyskyuonar Had
RPOCMPARCIIAOM S HASLISAeMCA 00001LeHHOt (iyrryuel sedaennozo poc-
ma. flpocmpancmes scex Mmarux YHKQUOKAA08 HAIBIBREMCE NPGCM-
parcmisos 0600ueHRbL hyrKy il Medaernoes pocma o odosrauaemcs S'.

Kaxnwil pynkuuonan f € §', paccMmarpreaeMslil TONLKO Ha MHOMECT-
Be [, apaserca ofobwennoi dynxuHeli, caelopatesbio, 2/AeMERT MHO-
wecrsa 8 MOMHO MHTEPNPETHPOBATL KAK NPOAO/KEHHe HEKOTOPOro
JHHENHOrO HelPephBHOTO (YHKIHMOHAJA ¢ MHoxectsa D na §
{em. n. 59.2).

MoxHo nokasate, uTo He Beakas ofiobuieHnas ¢yHKuua w3 D’
NPOAC/HKACMA HA S, B 3TOM CMBIC/IE MOKHO CKas3ath, 4To S’ cocTaBaser
crporylo "acte D',

Ynpaxunenune 1l. Hokasars, uto obobmennan HYHKUHA, DOPOMIALH-

Had JOKalbHO HUTerpupyeMol Qyukuuel ¥ He NpoAoaKAaeMa B 3JeMEUT Tpo-
crpauctea S,

Besikas nokaasno purerpupyemas dynxous f(x), 48 kotopoll B He-
KOTOPOH OKPeCTHOCTH 00 COpaBellHBa OLEeHKa

il < Afxlr (59.18)

(A u k- HeoTpuuaTeIbRLIE NOCTORHHEE)Y!, B Y2CTHOCTH, JI0GOH MHOTO-
usieH NOPOMAaeT QyHKUKROKAA NPOCTPAHCTBA [), npofosimaeMbifi B JH-

*) Taxkue PyHKUAN HA3BBAIOTCH (GPYHKLAAMM MCAJIEHHOLO pOCTA, OTKYAZ H
TepMiH «wbobuesnne QyYRKUHY MRAAGHHOIO pOCTa»,
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nelinbili HenpepulBHEIN GyHKRUKOHAN Bal S. JTOT GyHKUHOHAA olIpeie-
Agercs Fopmydaoh

+ o
Go= | J@exdy, 9¢S. (59.19)

Hefictoutennvio, ua yesosuii  (89.15) u (B9.18) caeayer, wro
|
F(X)p{xy — 0 npu x — oo GricTpee modolt cTenenk
udrerpan (99.19) cywecrtsyer.

m, H, GheA0BaTeNBRO,

Ynpawmaenus 12, Hokaiats, uro pyakunouan {59.19) nuueen # me-
npepniBer Bz S,
1

x -~ ¢

13. Hexrasats, wre ofobmennan oynkung €D’ {em. yupamnetne 6)

IpojoMMaeMa B saemenr S,

MHoxecTBo 8’ ofpasyeT JAHHEHHOE NPOCTPAHCTBC CO CXOIHMOCTSIO,
conpsRenkoe ¢ S (cv. 1. HY.2).

Hockoseky y mofolt dynxunu ¢ £ 8 # ¢ £8, 10 Aisn  obodiuennnix
Gyukunil B3 8, Kak U 1ng o6oluensE ¢yaxuuil us D', MoMmHO olipe-
deaurs nponzsonayio /' no diopMyae

7, o)=—(, ¢) 9ES.

Taknm ofpazoM, ais 6ol 06obmiennofi dyuxunn [ - S npoussos-
Han [’ scerna cymecteyer uf € S, I'lpu arom na anemente ¢ & L npous-
BOJIHEIC 0000MEeHHO QYHELHH f, paccMaTpuBaeMLle COCTBETCTBEHHO KaK
NpON3BOJAHEE B mpocTpancteax D’ u §’, coenanaor. Kak n B cryuae
npocTpancTea D°, Ans mpocTpancTBa S’ NPOM3BOAHEN OT NpPeAeNa paBua
npeaesy NPOH3BORHLIX,

59.6. [ipeofpaszosanue ®dypre B apocTpancrre $

Qyukinn @ €S abeomorne uETE: pupyess.  Ma (59.16)

N R ' _ )

cefiyeT, Hanpemep, uto | ¢ (x) | L=y [0TOMY ANs HHX cy-
3

LlecTBYET KJaccnueckoe npeofpazcranne Dypre:

@ =F[g] = = T (ye=vdy, ¢€S,  (59.20
e ¢} = ']/E‘l J @ ) X, @ ’ 9.2y
a Taxke ofpatnoe npeobpazomatne Pyphe:

-+ 0

| .
o F~=775z ) emewdy, p€S. (59.21)
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[Tpu stoM Ha S nmetoT MecTo GOPMYJIE B3AHMHOCTH /I8 NPAMOTG H 0f-
patHoro npeobpasoranus ®ypee (cM. 1. 56.2):

F[F~tig)l =0, F-1[Fl9ll=w, ¢CS. (59.22)

Hanpuvep, BTopas #3 3THX GOpMy/T B HHTErpadbiol Gopme npu-
HUMEET BHJ
o

- 5l=55 | devay=em.

Teopesa 1. 1lpectpasosanue Dypee u obpamioe npeobpasosarte
Dypee omoGparcaen e3aUMHO COHOBHAUHO i Henpepowto S Ha S,

N
HoxasareanbcTero. Ilokaxem, yTo ecnid @£ S, Ton ¢C 8.

Hs3 onpegenenus mMac:xectsa S v pesyastaros i 53.6 caenyer, 940 dyik-
N
UHA @ MEST [IPUH3BOAHAIE BCeX TNOPAAKOB. lIpuMenss pe3y/bTarhl

n. 56.4 u 56.6, npa MoGeIX HEOTPHUATENBHBIX LTbIX R H M1 IIOJYUHM

[y (m) ) |__| ]’ Flm [‘1’]1:' y"?F [)C"‘ (P} i:

-! [e5]
= | £ [(x™ @) = { Vs (x @ (0)" ey dy
+ oo

<v= § I(mp(x))‘”’ldx-

Jeas M yMHOM29 HOAMHTETPAJBHOE BEIpaXeHie Ha 1 --x2, noayuis
¥ ! p y
o
NI )
v o™ (y)] < 1/2 sup (L £2) | (x™ @ (x)) | l To=

=V 5 sup (48] o)l (69.23)

KoreunocTs BuipaixeHust, CTGALIErD B NPaBoil Jyacty, cleayer Hs
polnonHeHua yeaosudt (59.16) ana ¢yaxaun ¢. Tostomy

smly T <+ oo,

-
T.e. PES.
Hrak, npeoGpazopanie Cypre omﬁpa}{saer S B S, OpH 2TOM 3TO
oTOODAKEHHE B2aHMHO OAHO3HAYHO (CH, 56.2).

Auanoriyro J0Ka3nBaeTCa U TO, UTO 06paTHOe ovofpamenue Oypre
F—! otofpaxast S B.S W NIPHTOM B3AUMBO OfHO3H2YNO. Jlerko yGeiuts-
€A, STO HA CAMOM JigJie TH OTOGPAr<eHHA NPOHCXOUAT HA NPOCTPAHCT-
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Bo S. 3710 cpasy caeayer u3 dopmya s3aumuocth (569.22) ans npamoro
H obpatsoro npectpazcpainii Gypre®!,

JeficTBHTENbHO, MoKaxeM, yTo F{S) coBnanaeT co BCeM [pOCTpancT-
Bom S. [yers b £ S, nonoxum ¢ = FHp]. Toraa

Flol=F [F~ [yl =+
[Topobupiv ke ofpazoM A0KasLIE2ETCA W TO, 4TO
F-1(§)=S§.

Jloxkawewm, Tenepk HempepbiBHOCTL oTobpaxenus F.
Cuauana pokamew eTo HempepelBHOCTS B uyJe. Ilyers lim ¢, =0
fo s o

B §, Torga M3 {H9.23) caenyer, 4TO
(Y 9™ (v < V—; stip(l )| (e, (1)), k=1, 2,0
Ho ua (69.17 (upu @ (x)==0) umeem
lim sup (1 -+ £2) [ (4™ @, (£) )] =0.
k-00 x

Tlostomy
: n )
lim sup|y” @ (@)|=0,
koo y
T. €
PN
limep,=0 8 S.
k- 00

Ecan teneps Jim @,=0 B 8, 10 lim (@, — @)= 0. caeiosareip-
e - 00

HO, B cuay pAokasanHoro lim (@ ,— @ )=1lim (p,—¢) = 0, orkyna
k- 00 ko0

. Ea Y Y
i =

Taxnw o6pason, npeoBpasosankie Pypbe F HempeprIBHO 0TOGpakaeT
S na S.

CoLepiuelno aHaiorHYHO A0KA3bIBACTCH HENPEPHIBHOCTL OGPATHOTD
npevdpazoBadus @ypre F1,

Teopema noKazana.

*) 3ameTrM, wTO B3 TOTO, ut0 F{S) = F-(8) = &, cnenyer, yro o dopmynax
{59.22) Bce wumuTErpasw CYWECTBYIOT B OOBIYHOM CMBICAE, 4 HE TOALKG B CMEICAE
FAABHOTG 3davenus (cp. ¢ #. 56.2%,
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59.7. TipeoGpasoranne ®ypoe 00odUECHHBIX PYHKUHI

[MpeapapuTeqbHO FOKaMeM CleIyloliee HHTErDalbHOE pa-

BEHCTRO.

[TycTh ¢yHKiNS [ HenpepbiBHA H a6COMIOTHO HHTErPHPYEMA HA Beel
ocd H nycTh ¢ £ S, Toraa
~+ o0 —+ 20 +::c ‘!"WCC
owde | frewdy = jordy | elmye=i»dy. (59.24)
— o0 - 00 — 00 — O

3ro caepyer 13 teopemnl 5 0. 54.2. HeficTBuTeaAsHO, NesTOPHLIN HH-
Terpas, CrosLui c.neaa, cyLueCTByeT HOO CyLecTBYET MITErpal

Tlew T roremay|as<
Lo
< j lpeotde § 1700 !dy.

— o0

Ecan la, b] — npou3BoibEbIH OTpesoK, TO GyHKUIHUA [ B cuay He-
npepLIBHOCTH OTpannyeHa Ha la, b: If(x)] < M, nosromy

Hnewe | <Mip(x), e<x<b

oo
Orcrofa B cHAY CXOOHMOCTH HHTErpanta | |9 (x)|dx caefyer pas-
[e.0]

HOMEpHAA CXOJHMMOCTL HHTErpana
+'m
Fo) § emetvd
Ha orpeske [a, D).
Hanee, |9 (x)| ¢y o — 00 < x< -f-co (om. (59.155-)), HOITOMY
[s.0]
[ f (e~ <y (1f ()], u Tak xak unrerpas lef(y)]dl'

CXO,DJATCH, TO HHTG.I‘paJ] -
+ o0
o) | Finye—ioray

paBHOMEDHO CXOANTCHA Ha BCell OCH.
HEI{OHELL, HHTErpali

+ 0o “+ a0
J_ax § ewmimetridy=

—oo



3384 § 59 Obobuensoie pyrxyin

+ 00 doe
= | retatar § 150y dy

KOHeueH, NM03TOMY B PACCMATPUBACMOM CJlyuae BBIOMHEHH! BCe yC/0BHA
TeopenMbi O 1. 54.2 1, CAGIOBATEILHO, MOKHO [ICPECTAEHTL NOPAACK HH-
terpupopanna. Pasencrso (59.24) nokasauo.

Ecan pyuxuns f yrosaersopsieT yeaosio (59.18) u, caencsaresinno,
MOPUHAACT HEKOTOPHI dynKuuonan f Ha 8, 10, YMHOKHB PAREHCTBO

(59.24) mna }715_—_, MOy YiM
i

L e)=¢ Fiel), ¢ € S. (59.25)

3ty dopuyny H NPHMEM 3a ONpeicacHHe npecipasobanna Pypbe,
offobmedHnX ¢yHKNHeHd H3 rpocTpaHcTea S'.

Onpedenenne 22. [1peodpazosaruen Pypoe 0600ueHHOT DunKyuLL
€S nasowaemen ynxyuonaa FIf), onpedessemo cpopmyﬂou (59.25).

Wrak, aas motoit obobuwennoll dynkunu [ uz S’ onpegeneno ee
npeotpasosaune ®Oypoe FIf|.

Otmetnm, wro ans dynxuun ¢ C D ee npeoGpasosanne Oypoe Fly),
Boo(llie TOBOpPA, He NpUHALJIEKHT NPoCcTpaicTBy [, lOcKOoabKY F|]
He Beerja spfsieTcs QUHATHOR dyuxumei. HoaTomy copayaa (59.25)
uMeeT CMBICT He JAs Bcex @&D. HMa-sa stora ofCToATenscTha
NpH paccMoTpedn npeotpasoeanus Oypre oGoGluer ELIX GYHRLNE HaM
H OpRLIJOCH CY3UTh Kact OGCOIEHHEE Oy HKIIHE, BBeACHHBIX PaHbIIE,
OrPAHHYKEBIIACE TOALKO OGOGLIEHHEIME (DYHKIHAMY MELJICHHONO [OCTa.

TIpeodpasobanne (Dypbe FIF1 obo6mennol ynkuny f Mbl Gyaem ofo-

3HauaTh TaKkxe CHMBOJIOM f HJH

y t® .
:ﬁ: J f(x)e-”ydx.
Takum ofpa3oM, paBeHCIBO
+ oo
i d .
Fifl=355 ) Tweiod (59.26)

B cayyae, Korja f asasercs otobimennoli dyukunel, aBasercs onpeaeae-
HUEM CHMBOJZ, CYOAINETO B NPARoli 4acTH paBeHCTRA,

Onpeﬂenma npeofipazopanite Pypne 1na Beex o60SILeHHHIX Gy HKIHE
u3 8, MBI, B 9acTHOCTH, onpeicanin u npeofpasoBaiue ®yphe ans
OBHUHEIX dyuxuuii f, yaoreTBopsicmHX yeaosuio (B2.18), T. e. naa
GQYHKUHI CyILeCTBEHHO ‘osree LH POKOI'0 K/lacea, YeM 370 GhI0 CASM 410
panbme {cM. 1. 56.2 1 58.6). 370 ABARETCH OAHUM U3 BECHME CYIIECTBeH-
HLIX OGCTORTEILCTB, OIPABALIBAMLINX LEHeCO06PAa3HOCTh BBEACHHA TIO-
HATHA 0BOOMEHHEBIX QyHELHM,
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[Tokaxem, yto npeolpasosanne Pypue o80GIICHHBX (yHKUNE OG-
JANAET PALOM CBOHCTB, aHAJOTHYHLIX CBOHCTBAM KAACCHULCKOGTO Npesh-
pasoBannst Qypre, 1. €. npeobpazcsanns Pypre aGCOMOTHO RIITErpH-
pyemurx diyHKumii,

Jdessnma 6. [Ipeobpasosanue Pypve Fifl, 1C S, maxace asasemcn
ofobuiennoll gynryued Kaacca S, m, e. FIf] — aunednoi u wenpepos-
Kbilh pyHKEOHAA Had npocmpatemeos S.

Hokrkasareasctso. [IposepnM JnHelHOCTL (1Pe0SpasOBaHNA
$ypre. Nyete €8, ¢ £ 8, A 1 p — uncaa, Toraa Aas awdoro ¢ & S

HMEeM i
(F[r+pgl, @)=Rf+ng, Flol) =
=i, Flo)+unlg Fle)=1{FI[fl, -+ n(Flgl, 9=
={Mf1+nFgl, 9)
Takum obpasowm,

F[Af +pg)=AF [[14pF [g].
[1poepim nempephisHocTL npeobpasosanns Dypre. Tlyers [ €87
9ES, ¢, €8 n=12,., lim @, ==
=0

H, caejosateqabno (cM. Teopemy 1 m 58.6),
lim F [p,] = F [9}.
- 00

Torga B cuay HenpepbelBHOCTH [ Ha S noayyuM
lim (F[ﬂ: Pp)= nlir(];]o(f' cmpn]):‘(fn F[(P])::(F [f}’ (P)-

Mrax, Mel mokasadau, ute ecar f€S°, o n FIA &S,

Jlemma jgokasana.

EcrectBenno onpefensiercss u cofpaThHoe npeoGpasoBanue @Oyphe
F7Uf] asementa [ € 8’ kax ¢pyHKuHOHAN npocTpancTea S', 3a1apacMblll

dopmy ok
(F=UfL @)y=(f, F=' o)), ¢E€S.

Ecan f abcomoTro nuTerpupyeMas genpepeiseas Gyuxnus, sro pa-
BEHCTBO BRIOJHAETCH ISl HEe B OGBIUHOM CMhicae. STO NPOBEpsercH
TaKk e, Kak H B cay4uae dopmy.ant (59.24),

lio onpenenennic nomaraercsi Takxke {cp. (59.26))

+oo

F=Ull=975 ) [ oewvdr (59.27)

Kaxk M B cydae npsimoro npeobpasosanys Oypee F nokaswisaercs,
yto ecan €S, To u FHfIES,
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Teopema 2. MMpectpazosanue Cypee F 1 cOpamroe npeobpasoearue
Pypse FY omolpancatom 63aumMno 00ROIHAUHO 1 Henpepbisno S Ha S,
npu amos 0an aoboeo saemerma [ S’ umeem mecmo paseHcmgo

F=1[FIf] =F[F=1[f]] =F. (59.28)

HoxasartenscTso. Hokamem cHadana gopmyasl (59.28).
Han moBoro aieserta ¢ £ S umeem

(F='IFin), @) =FI1f), Frie) =G, FIF Tt = (F, o).

Ananoruvuno

(FLIE'AL @) =" 7L Fle)=(f F~" [Flel)) =, v)

Qopuyan (59.28) nokasanel.

Tokaxem Tenepw, ure npeobpasosanne Oypre F orofpamaet jipao-
crpadcteo S8’ Ha Bee npoetpanetBo St F(S7) = 8. [yers g€ S,
Toraa ecau f=F'lgl, 1o FIf] = FIF g]| = g, T. &, B J060H 3aeMeHT

u3 8" npu npecbpascBaunn Pypoe F oTobpaxaercs HeKOTOpHl sae-
MenT r3 S

TMokaxem, uTo F BaawMHO OfHMO3Hauro. Ecan € 8', /€8 u
FIfy = Flfa), 1o u £ 7FY = F 7 L FIfS), otkyna s coay (59.28) nveen
P

Hakownen, F apadercs HempepsnHeM oToCpamendeM. Jeflcreu-
tempuo, nyers f €S, G S, n=1, 2, .., limf,=f u, creposa-

n—+o0
TeabHO, Aas JoGoro ¢ € S, lim (f,, ¢)==(}, ¢). Toraa
- OO

nljg(F [Fls @)=Jiﬂ;(fn, Floh=(f, FleD=(F{f), 9.

AnaJlorHuHO JOKasbIBaeTcsH, UTO H F—! HenpephlBHG B3aHMHO OZHO-
sHauHo orofpamaer 8" Ha S,
Teopema poka3sana.

[IpumMep . Haiixem F{{S]ﬁla\. HMmeem

Fa) N PN +o
(6.9)= (6. 9)=00) =37 | eWdr=(3/=. ). ecs.

1 —
MO3TOMY F[6}=—~ﬁ; it, creposateneho, F=1{1]= 121 & (3ame-

THM, 4TO 00bl4HOE KJaccHuyeckoe npeobpasoBaHue Dypne Fy, rax-
we kak u npamoe F [1], we cymectsywT). C nomolrkio HHTEr paJloBs
(69.26) u (69.27) i GOPMYJABI MOXKHO [epelncaTs B BIAE
+ao - oo
! _ , e
- —ixy = . XY e ;
Jmﬁ(,x)e_ de=1, 5 j e dy =6 (x),

—x
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[TozobubM Ke o6pasoM HAXOARTC M oOpaTHOe NpeofpasoBaHlie
Dypre § byugunu:

1

F=116] = Yz

= F [8].

Orciona
Fll]=F '"[1}= ¢V 2=8.

Henoneaya cnocof samucn (59.26) u (89.27), sta dopmyanl MOMK-
HO TNepelHCcaTb B BHJe

+oc + oo
-21— j e~y dx =38 (x), 5 S§{x eivdx=1.
" —_0 — 0

Brukcanm, nanee, npeofpasosanie ©ypbe OT MPOU3BOJHONR H Mpo-
H3BOIHYIO OT mpecOpazoranua Pypwe. [IpeaBapuTesblo HaM TPHIETCH
BBECTH NOHATHE NPoH3BENeHHA ofofineH ol QyHKLUME f & S Ha ofhiuHYi0
OeckoHeuHywo Anddepenuupyemyio dyHKUH alx), TAKYIO, 410 AId
mobolt ee mpousBoaHON «'“}(x) cyliecTBYRT mocTosnHbe B, >0 n
> 0,n=0,1, .., TakHe, UTO [/ BCEX X CHPABEATHBO HEPABEHCTRO

!
& ()| < B (12D n=0, 1,27 (59.29)

3aMmeTHm, UTO BCE MHOTQUJCHBI YAOBNETBOPAIOT 3TOMY YCJAOBHIO.

Ecau ¢ynxuus o tana (59.29) u @ € S, o agp ¢ S. Ecan dyHkums 7
JIOK A7TbHO CYMMUPYeMa ¥ YA0BACTBOpSseET yeaosuw (59.18) u a yrowaer-
BOPseT ycaoBHio (09.29), TO dyHKUNS @ TaK®Ke yIOBASTBOPSIET YCJAOBHID
(69.18) u

+tx
¢ ap= | [newewde=(f, ¢

Onpegeasy Tenepn NpoU3BeIeHHE ¢f, TNE ¢ yIOBJIETBOPAET YCAOBHIO
(69.29), a £ S, Gopmyaot

(“fcs (P)‘:(fa OKP)’ P € S.

Jlerko npoeeputs, uto afé S'**) T, e, uTo Gf ABAAETCH JHHEHHBIM
(¢ynkLuoHascM HAQ npoCTpaHcTsoM S.

¥npawxuenue 4. [poseputs, uto af ¢ S,

*) B cuny storo ycaosus (npa n = () rpyu}cmsm ¢(x) MOXHO paccMaTpUBATh
Kak ofobmenny Gyakuun upocrpanctea S fom. (58.18}].

##%) JarTpyAHEHHS TIPH ONDELACJIGHHH NPON3BeIeHHs OOOOLICHABX QYHEOUM
CBAZANEL C TeM, Y70 NpOH3BeleHHe AuveliabiX PYNKUHOHAN0B B OGBIYHOM CMBICHE
Kak npouaBeferine Gynkuni (1. e Npor3Belenne 3HaueNHi B KAKAOA TOYKe) Be
ABAAETCA AMHENHWM GyHKIHOHANCM.
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loxaxen B 3aKmouenue GopMynn
Fif)=(ix " FIf), {59.30)
inFufl=Flx"]], [€S. (59.31)
meem (cM. nm. 58.6)
(Fifn, @y =(f, Floh=(—1)"(f, Fo o) =
(=1 (f.  F L)) =i (F 1), 1) =

=(@xy" F i}, «), 9 €S
Gopuyaa (59.30) nokasaxa,
Hoxamen (59.31) (em. m. 58.4):

(F L @) =(—1)" (Fm, == 1 Fle™ ) =
= (= 17 00 Flol = 67 F o) = {5 FLed), o).

Yopamuenane |5, Ha#ttn npevGpasonanue Dyphe MHOroumesa.

IMpu BEMuCAeHuH npecOpascpauna @ypoe o6OOGICHHBIX (BYHKUHH
HHOrJa OBBART YAOOHO BHIGPATh NMOCTEIOBATEBHOCTD OGHUHLIX (Y HK-
Ui, CTPEMSUIHXCSH B NpocTpaHcTEe S' K 3alauHol (JyHKHMU, HaiTH
npeofipazopaike Pyphe WIEHOB 5TOH NOCAEAOBATEILHOCTH, 4 34TeM
BLIUBCJAHTL HCKOMOE TIpeofpasoBanre Pypre 3agaHnofl yHKUMR C nio-
MOLIBI) TIPEAesbHOTO Nepexosia, HCMOAb3yA HenpephBHOCTb [pecdpazo-
pannsi @ypre. Tak, HanNpuMep, AR TOTO YTOOK BEUMCAHTL NPE0G)Hasc-
panue Oypee F|U] pyaxunn Xepucafina 0(x), nafnem cHasana npe-
obpazosatisie ®ypbe dyHrUnR B{x)e~'* ({ > O):

9 / T U+in g erirt | F
— ¥ = - -—x Ly =
PO e ¥ ix )‘ ¢ g V2= (4 o) .
- 1 i (59.32)

ViRt Y Ity
[Tokaxem Temepn, uio B S

lim 0 {x)e—t* =06 (x). {59.33)
i~ 40

Heficrputeasto, Aas xakfoll dydakuun ¢ € S u moforo vkcaa
A vreeu

+ o0 |

[ (0(x), 9 (x))—(B(x)e="™, ¢(x))]= j (1 —e—f) rp())arl <
0

A
< j (1—e=)p (x) dx

@

oo 1

H d—emmypdel.  (59.34)
A
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3auKcHpyed GYHKIMK ¢ €S u Karoe-smbo wicae &> 0. B cuay
aGcomoTiofl unierpupyemcery QYHKLEH @ cywiecTsver yucao A0,
TAKGE, UTO
“+00

[lemlde< L,
A

TOr A2
4o +o00
J t—emmomax|< [ jomldr< 5. (9.5
A A

Brifepes tenepe £, >0 tak, uyrobu npu 0<f<{, Ouao crnpa-
BeJIMEQ HE[paBeHCTRO
A

<1—e~m)bf|cp<x>|dx<—§—

H, CJel0oBaTe/LHO,
A
{1 —e~m g (x) de

4]

Tocaa upn 0<¢<{, uz (59.34), (59.35) u (59.36) monyumm
|00, wON—@ W™, () |<F+—o ==

dopmyna {99.33) noxazana.
B cuay HenpepulBHOCTH mpecOpasoBanist Pypre

lim F b (x)e~/*]=F {9 {x)], (59.37)
{40

A
L(—e=4) | lpn]de<< 5. (59.36)
o]

orciofa ¥ n3 (59.33) umeem

FIO(0)] = —ne lim —

o teroyp— il

npudeM u3 (59.37) caedyer, uto TpeAes, crodilHil B MpaBOH uaCTH,

cyulecTByeT (B npocTpadcIBe S'), on oObitHO 0B03HAYAETCH y_—;ﬁif)

{cym. ynpasuenue 6),
Takus cobpasom,
1 i
Fb{))=—= —
[0 ()l Vin y—i0
¥Y¥upaxueune 17, Halith npeoSpasosanne ©@ypee dynruui
oy, k=1,2,...,
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JOBABJEHHE

§ 60. HEKOTOPBIE BOTIPGCHI
NPUBJAHMEHHUBIX BBIYHCAEHHRA

60.1. Boluncaene 3navenuii drynknuit

s Boucaesus 3nadeddil ¢yHKUHH oveHe YAOOHO MOAB-

soBatbes Gopmyaol uian psaom Tehinopa, [Tosicuum 310 Ha npuMepax.

. Bruncnenne snauenns cuuyca. Popmyna Tefiaopa ang dysk-
LHH sin X UMeeT BHI

_ :{,_lk_l p2k—1
sinx= B 141 e 1, (0

rjae

xQn

+1
r,(x)={(— I)"T_)F_ I sint®r+1 gy

{MbI B3fJId OCTaTOYHEI uneH B opMe Jlarpanxa). [lostomy

|).’L2”+“

Irn(x)|< (2)‘2—'—])]. (601)
Mycts Tpebyercs nadita sin 20° ¢ Tounoctsio 70 1073, B panuanuzoi
mepe 207 cooTReTCTBYET g, HOSTOMY BbifepeM HOMEp /1 TaK, UToOhi

(T < (602)

™
g
HaM HcEOMoe npubammenue sin 20°. B cuny uepasencrtsa (60.1) gas
BBINOJHERHA ycaoBus (60.2) mocTatoulio, uToOLl BHIIOJHAIGCE Hepa-

BEICTBO
1 N2 1
(@n 11y (73”) < (60.5;

TOTA4 3HaAUYEHHE MHOTOY/ICHA Teﬁ.ﬂopa nopajnka 1 B TOUKe ¥ — H Jqac1

Tipy n=1 510 HepaBeHCTBO He BBIIOJIHAETCH:
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L(Eysd oLl

HO YX€ NpH #==2 OHO BHIIOJHAETCH:

1 1 1

L
5l ( ) <120 25 3340 T 108

Mostomy sin20° ¢ TouneeTtnio a0 10—¢ naxoantes o dop-

MyJe
1 7 ;3

sin20° = ———(—}. 60.4;

9 6 (9} (60.4}

Beps 3Havenne m 13 Tabaui ¢ TounocTbio 10 1074, nogeTasasa B dop-

Myay (60.4), npouseens ykazaunble TaM JCHCTEUS K OKDPYIMAA Pe3yiib-
raT ¢ TouHocThid o 1073, moayunm HckoMoe IpUOIMMkeHHe sin 207

sin 20° =~ 0,343,

Ilpn BRUUCIEHHA 3HAYEHUH CHHYCA MOMKHO BOCHOJB3OBATHCH HE
dopmyaoil, a pagom Teflmopa, KOTOPRT A5 NONOKUTEJLHOTO APTYMEH-
Ta SIRNNSTCA 3HAKOUEPEAYIOMHMCA H NMOTOMY JIOTYCKAET NPOCTYIO OLEH-
Ky OCTATK4: OH HE MpeBHinaeT MO afCoMiTHOH BeJMHGHHE -a0COMOTHORH
BENHUHHEL CBCETO NepBoro uieHa (cM. 1. 35.5). Ito aaet, ecTectBeHuo,
TOT K€ pe3yJbTaT, UTo M BhILE, TdK Kak MPHBOAMT K oleHKe (60.3),
KOTOPYIO MBI NOJYYHIM H3 APVIHX COOOpa)KeHHH.

2. BpluncieHHe 3HaUeHHH HATypa/dbHBIX Jorapu@moB.

Pan Tefsiopa aas Jgorapugma

oo
1 x"
n(l+x= XD I —l<es], (60.5)

n=1

MOZKeT OLITh HENOCPEACTBEHHO HCMOJb30BAH JIUUEL JNA BRIUHCAEHH:
JorapudmoB upcea, He npeBbnuaicliux AByX. Oanako ua paga (60.5)
MOMKRO IONYUHTL JPYTHE pasIOKelHs, NO3BOASIOIHE BLIYHCAHTL J10-
rapudmel N06HIX uHcen. 3aMeHan B (60.5) x na —x U BBIUHTAst NOJTY4SUB-
wuica psag us (60.5), noayuum

i N
X
In ]_x: Zo

#) 3ameTHM, UTO B Hallles Caynae JerkQ yCraHapinBaeTesd | Gonee CHILHOE He-

<L, (60.6)

mh |
paBeHCTBO r2(§)< 310 * a npu vKasanucm pptope UHcTa 3HAKOB T oUIEOKa NpH
BoIYHC/IeHNN Npasoli vacTu gopmyas {60.4) Bo Becakom cayyae ne GylleT [pESEINATh

_2_-10'3, [O3TOMY CYMMapHas owdGKa u Oyjger ue Goanwe 1079,
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14 x

Korga x usmensercs or —1 gm0 1, 1o T—; TMPHHIMAET BCE NOJO-
wuTe/babe 3HaYeHdA. [losromy dopmyJia (60.6) MOMeT OuITh HCNOAB3O-
BAHA A5 BBEIMMCJIEHRA JOTapuua MoGhIX uncen. EcTecTBeHic BosuH-
KaeT BOlIpOC O TOM, CKOJBKO HAJM0 B3iTh YIeHOB B paje (60.6), utobn
noJyunTh JOrapudm ydesa € safaniioll TOYHOCTEW. Jiast 3T0ro Halo

ouenutb octarox psaga (60.6). Mmeem

Dy g2k 91512kl o
i\l 9 %l
ool =2fx) & 22l S g2k

2k 1 2nt1 ,f'g
2T et (60.7
BRCIEE N i< L 7

[pumennm 5Ty oueHKY AAfl BHuicenus In2 ¢ toynocreio 103,
Pewaa ypasseuue

l4x 9
1—x
HAXOJIHM x=—;—. IMonarag B (60.6) x:-:l; , HaxoIHM
o0
2 1

n2= (60.8)

3 & g™

Ouetika ke (60.7) » 2TOM cayuac AaeT

1 9 1 1
/ =
|r”( 3 )‘ TN I N
9
OTCIOﬂa HPH =23 AMeEM

ra(ulu)< ! Lol

3 4.7.3%  9R.243 109

[Tosromy pist Beuncaenns In 2 ¢ roynocteio no 107% jpocrarouno
B3ATL Neprme 1pK wiena paja (60.8):

2

—~ ) 1Y o
]n2,..,—§-(1-1-3—3+ﬁ)~0,693,

60.2. PemleHHe ypaBHeHHi

Pacemotpum 3afavy peiueHHs ypaBHCHHS

f{x)==0. (60.9)
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Ecnn dyuruysn f nenpepwBia Ha oTpeake [a, b H OpHHHMaeT Ha
KOHIlAX OTpe3ka 3HaUeHHA PasHOTO 3HAKa, TO METOH, KOTOPmM B 1. 6.2
6puIa JOKa3aHA TEOPEMa O CYLIECTROBAHHH B 3TOM CJyyae TOUKH X,
B KOTOpOil (yHKUMA 06pallaercs B HOMb, 12T H NPUGIHKEHHBIH METOR
BBIMHC/ACHUA 3TOTO 3HAUEHHA X, T. €, KOpHA ypapueuusa (60.9). as
5TOTO JOCTATOYHO NOCJAEI0BATE]BHO AEAHTh OTPe3oK la, b] mnonosaawm,
BLIOHpAn KaxABll Pa3 TOT OTPe3OK, HA KOHLAX KOTOpOroe ¢ynkuus f
NPHAHMAET 3HAYEHHS PA3HOTO 3HAKA (€CJaH, KOHEYHO, He CAyYUTes, YT
B OJHOM H3 MOJYYHBLIHXCA KOHUOB QYHKUHA [ OOGPATHTCA B HOMNb —
B 3TOM CJlyuae MCKOMBIN KOopeHb Gygler yake Haiinen). Ecmu tpeGyerca
HaliTd kopeub ypaeuenns (60.9) ¢ TouHoCTBIO RO 38i1aHHOTO € > 0, To
MOC/Te 11 UATrOB, TAKKX, UTO

b—a
gn

KOHLULI MOJYUHBLIErOCH OTPe3Ka H OyAyT AaBaTh HCKOMOE TipHOMMKeHHE
HEKOTOPOro KopHs ypaBrenus (60.9) (neBbll — ¢ HeJOCTATKOM, Npa-
Bolff — ¢ H30nTHOM). Tako# cnocof NpHGAHXKEHHOTO PeleHHs ypas-
Henua (60.9} oyenb npoct M OOGLYHO TIPHMEHAETCA INPH BHYHC/AEHHAX
Ha ORICTPOAeHCTRYIOUINX BRHIYRCARTENBHEIX MalnHHaX. Ilpu npoBefeHuu
e BHIYHC/AEHHH «BPYUHYIO» STOT CMOCOO OKA3BIBAETCA OUeHB TPYA0EM-
KHM, MOSTOMY B 3TOM C/Ay4ae OOLUHO [PHMEHAIOTCA JpyrHe, <Bogee
GHICTPOY CXONALLKECH METO/IBI BEYHCIEHHA KOpHel ypaBHeHHil. 3ameTnu
elte, Y7o ONHCAHHBIA BHILE CHOCOG UMEeT H TOT HeAOCTATOK, 4TO OH He-
NocpeIcTReHHo He ofobuiaercs Ha Cay4al Pelendid cHCTeM ypaBHeHHH
CO MHOTUMH HEH3BECTHEBIMH,

Mui paceMoTpum meTopw pelreHHs YpaBHeHHS, HOCsUIHEe HA3BaHUs
MeToaa XOPR H MeToJa KacaTedbHun X. [locregnnit
H3 HUX ofofllaeTcs ¥ Ha cAyyall CHCTeM ypaBHEeHHH.

B nanvuefiinem SyaeMm Bceria npeanoaararb, ute QyHxuHR [ Henpe-
PLIBHA Ha oTpeske [a, H] W HUMECT HA ITOM OTpe3Ke HepBYI0 ¥ BTOPYIC
npou3poayble™) mpuueM ofe OHH 3Ha-
KOTIOCTOSIHHE! (B YAaCTHOCTH, OTJINYHEL
OT HyJst).

Mm 6ynem mpeanonaraTs TaKkxe,
uTo (PYHKUMA [ NDHHMMAET Ha KOH-
1ax OTpesKa 3HaueHHs pasHOTO 3Ha-
Ka. B cusy 3HaKONOCTOSHCTBA IIep-
BO#f IpON3BOARDH (YHKLUA [ cTpOro
MOHOTOHHA, TO3TOMY NpH cAeaaH-
HhiX  TIPeAlONOMeHHAX  ypaBHeHue Puc. 179
{60.9) umeeT B TOUHOCTH QIHH KOPERb
Ha uHTepBane (a, b).

*) Jlns merola XOPE ZOCTaTOYHO TPefOBAaTh CYIUECTBOBaHHA NepBoil u BTopoit

GPOMIBOAHLIX JHIIk HA WHTepBane (@, b). CyiulecTBOBAHHR NMPOH3BONHON B KOHLAX
otpeska [a, ] 6yrer Repasb3oBaThen TOALKO B METONS KatdTelbALIX,

1

v e ——
I3 y
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MeTtoxn xopua

ITOT METOI COCTOHMT B caeaytomeM. [pagux dyHkudH | 3amensetcs
€TO XOPJOR, T. €. OTPE3KOM, COSHHSIOIMHEM KOHUEBbE TOUKH rpadHka
pyHruHE f1 TOuRH (@, f{a)) 1 (b, f(b)). AGcuncca X, TOUKH TiepecedeHns
9TOH Xopab! ¢ ocbld Ox H paccMaTpHBaeTCs K&K [epBoe NMPHONHMEEHHE
BeKoMOro KopHa {puc. 179). Jasee Gepetcs TOT M3 OTPe3KOR a4, %] u
[x;, 6], HA KOHUAX KOTOPOrO QYHKIUAS [ NPHHUMAET 31AUeHNUS PAa3HOrO
3naxa (gajee OyIeT MoKa3ano, 4TO NPH CACTAHHBIX [IpesNONOKEHHX
f(xy) s~ 0 u, crefoBartenbHo, TAKCH OTPE3OK BCerja CyllecTByer), H
K HEMY NPUMENeTcsl TOT e NPUEM; MOAYyYaeTcs BTopoe NpHOANMKenue
KOpHA Xs u 7. A. B pesyarrtare o0pasyercsi nocaejoBaTelbLHOCT
xa, 1= 1,2, .., KoTopasn, Kaxk »To Oyjet oKa3auo, NHW Clelantnix
arpavuenuax 1a QyHKLH0 [ CXORHTCA K KOPHIO ypasseHna (60.9).

Jlerko nonyunTe pekyppeHTHEe GOopMyJanl JA8 YKARAHHLIX YHCE
X, n =1, 2, .... ¥YpaBueHue npaMoll, npoxoasweit gepes kpaiiune
TOUKH rpaduKka QYHKLHH [, HMeeT BHA

yii@g:_%@ (x—a)+f (). (60.10)

Ofo3saynm ero nNpabylr YyacTk 4epes /(x), T. €. 3amHIneM ypapHeRHe
t60.10}) B Buge

y={{x).

Hafimem aGcunecy x, Toukn nepeceuenus npamoil (60.10) ¢ ocwio Ox,
T. €. peiliuM ypasHeHue {(x) = U; nmoayuum

_ (b—a)f (@)
xl““‘"M' (6011)
Jlerko y6eantncd, uTo
a<x < b {€0.12)

(270, Hanpumep, C/AeAYeT H3 CTPOrON MOHOTCHHOCTH H HENpepuIBIIOCTI
¢yHKiMI /(X) H TOPO, YTO HA KOHLAX OTPe3Ka la, b) ona npulumMaeT sua-
yeHns pasHoro suaxa: {(a) = J(a) u [{(b) = HE)).

AHanoriuio HaxomHM

_(b — xp) f (xp)

* P — f i)

X

1 cn==1, 2, .., {(60.13)
Mbr nOKaXeM, 94TO MOCJAENOBATENLHOCTE {x,} CTPEMHTCS K Kophio
ypabueiun (60.9) wosoronuo.
[peanonomxnm  ans  onpejdedenHocTH, uro §f{x) >0, f(x) >0,
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@ <7 x < b{cm. puc. 179). B atonm cayuae pynkung f CTporo MOHOTGHHU
BOIPACTAET M CTPOrO BLUTYKJA Bxus. CuaelopatesnbHo, JA06as BEYTPeH-
Hsis TOUKZ XODLbi, COENIUHAIMIEH KpaliHHe TOuKy Ipapuka Gyukunu f,
JeKUT Hal CoOTBeTCTBYIOMEN TOUKOR rpaduka gyHKuMK f, T, €,

Ly > Flx), a<lx <0

B uacTHocTH, eciu x, — kopens vpasneuus (60.9): flx) =0,
TO OTCIONA Clelyer, YTo

1{xg) > 0.
A nmeem {em. (60.11) w (60.12)):
[{x)=0, a<x, <b

[(x1)< l(xo), (6014)

Ho Juneiinas ¢yukLna {(x) cTporo MOHOTOHHO BO3PACTAET, HOO

Ho)y=F(b) > [ (a)=1(a),

nostoMy 3 (60.14) crenayer

Takum obpazoM,

X, < Xy

3avenss Teneps oTpe3ok la, b] otpeskom lx,, b] 1 sameuas, uro f(x;) <70,
AHAJIOMHYHO JOKaxeM, 4T0
Xy < X< o

Hanee no HHAYKUHH 00JY49HM
X <y <l x, < < 1

Takum ofpasom, NMOC/AE0BATENLROCTE {1, )}, OVAYUH MOHOTOHROH H
orpaHuuetnoi, cxonures. lyers lim x, = ¢. [lepexona K npenety npu

n-=+oc
n -> oo 8 pasedcrBe (60.13), noayuum f(c) = 0, T. e. nocaenoparesnn-
nocth {x,} CxonuTes K KopHi» ypasHeuua {60.9).
Echu {f/(x)[2>m >0, a < x < b, TC HETPYAHO TOAYUHTE OUCHKY
CKOPOCTH CXOAMMOCTH TMOC/IEN0BATESLHOCTH {X,} Uepe3 3HaueHUs Camol
¢yixune f B Toukax x,. HeficrBuTeabtio,

f(xn) f(xn (x[}) - I’ {Eu){xn )’
xn<£n< KXoy = 1’

OTtcicnoa

1, __x()! ”(xn”’n:___l’g

pree .

OcraabHble Cayudal, T. e cayuau

x>0, (<0,
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' {xy<C0, J"{x) >0,
' (x) <0, I {x) <0,

paccMaTpHBAMOTCH arazorugyo pasobpanHomy (puc. 180).

h ]
i i :
1 '
1
| i ! i Ty

3]

:
I
! Z,
boaNSETH U 18
V5% AN A\
7 fr0 0 fR0F0 L R0, 0 N
Puc. 180

Meroax kacatenabHH X

BGyaem npennonararb, 4To byHKUMS [ YACBJACTBOPSET TEM JKE yC-
JIOBAAM, YTO W OPH PACCMOTPEHHH MeToAa Xopd. [lpoBexnem Kacartenb-
HYI0 K I'paduKy QyHKIMHA [ B OJIHOH H3 €TI0 KOHUEBEIX TOUEK, HalpHMED,
B Touke (b, f(h)). AGcnmcca x, TOUKH ee mepeceyeind ¢ ockio Ox M cyuTa-
ercst nepsoiM npubAMKeHHeM KopHA ypaenenusn (60.9). Hasnee, ecan
x, € {a, b) (a 3T0 BCeT/la HMEET MECTO A/AA OJAHOH M3 KacaTeJbHBIX B KOH-
HEBBIX TOYKaX rpabyika cM. HMKe), To u3 AByX oTpesxos la, x;] u [x;, 6]
BRIGHPAETCS! TOT, HA KOHUAX KOTOPOTO (PYyHKUHS [ IPHHHMAET 3HAYEHHS
pasHoro 3Haka (nanee 6yjer MokasaHo, uto f(x,) 5~ ). 3arem npoBoaHT-
¢A kacateabHas K rpadury QyHkUMHE f B Touke (xy, j(x;)}; TouKka ee
nepeceyerns ¢ ockid Ox ofosnauaercs x» H T. A. {puc. 181).

Jlerko modyuaiotes pexyppenTHEe GOPMYJIbl A5l YKA3aHHEBIX ukcen
X,, =1, 2, ... . YpaBHeHue KacareJLHOH, MPOXOAsLIeH 4epe3 TOUKY
(b 1(B)). umeer BuE

y = Fo)x — &) + j(b).
OGo3HauHM ero NPaByIo YacThb yepes L{x),
T. €. 3alHIIEM 5TC YPaBHEHHE B BHIE
y = L{x).
Halizem aGcnmecy xy TOUKW nepeceuenus

1]

z o7 14 orol kacateawuoll ¢ ocwio Ox, T. e. pe
e , T. €. peunM
— K ypasuenne L(x) = (. Tloayuum

Puc. 181 Xy — b—% .

Toura x; MOXKET Jie:KaTh, BooGLIe roBopsi, BHe oTpeska [a, ], T. e. Bue
ofnacty onpenenesun byuxuny f. OnHako ecau f(b) oaxoro suaka ¢ f”,
TO X3 € {1, b). PaccmorpuM noapofHe, Kak H IS MeTola XOpi, ciyuad,
koraa f* > 0, [” => Ona [q, 6]. B stom cayuae dysruns f crporo mo-
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HOTOHHO BO3PACTaET, CaeloBaTeanvHo, /(6 > O; Kpome Toro, GyHKLHA [
BhiTYRJIA BHH3 Ha (@, &), CI€IOBATENbHO,

L{x)<f(x)

(em. n. 14.3, a takxe n. 37.4).
Ecau flxg)=0, a<x,< b, 10

L (xq} <0,
Ho L (b)=f{b) >0, cregopaTentHo,

Xy < 2y < D

Tlpn_stom f (,) > L (x;)=0.
Tpemeusin Te Xe paccyxIeHUs] K OTpe3ry l[a, x;], noayunm Touxy
X3, TAKY0, 1TO

Xg= X3 — f): Ei?} v X< X< ¥y,
H, Haiee,
fngr =ty Ty gy <t (60.15)

ChenoBatensHO, MOCAEN0BATEILHOCTE {X,} MOHOTONHA H OTPAHHYEHA,
a noToMy cxoiuTcs. Ilyets lim x, = ¢. [lepexona k npeneay B (60.15),

n—+0
nonyynm f{¢) = 0, T. e. nocaenosarensrocTsb (60.15) cxonutcs X KopHio
ypaenenns (60.9).
Korna {f' (x)|>m >0, a<x<b, T0o TeM xe crnocoboM, 410 H
B CJlyyae MeToja XOpA, NOJyuaeM OLEHKY

X
Ixnﬁx(lig U%J's n== 1: 2;-" .
!
1
z & gﬁ.‘: at I L&
’\L_ ) &y zz\\i
WL £40, 20
)
i
Puc. 182

TlonoGruM ke obpasomM pa3GHPAOTCH ¥ OCTABIIHECH CAYUan passivy-
HLX KOMOHMHALK] 3HAKOB NMEpPROH M BTOPOH NpOH3BOAHLIX (puc. 182),
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60.3. Untepnoasiumns dyrunnii

Tvere nz orpeske la, 6] 3anana hyukiIHa f 0 OYCTb PUKCH-
poBaHHl # -+ 1 3HaveHue aprymenra x;, i = 1,2, ..., n 4+ 1

@< xy < xg <o < Xngr < b (60.16)

Onua A3 TpeCcTefmX dHTEPNOASIMOHHEIX 38/(dY COCTOAT B OTHICKA-
HHI MHOTOWIEHs P(X) 1e BRILE HEKOTOPOH AAHHOH CTENeHH ™M, KOTOphIH
pY 3HAYEHHAR aprymeHta x = x;, { =1, 2, ..., n -+ 1, HasnBaeMeX
Y32aMU uRmepnoAayuy, TIPHHAMAET Te e 3HAUeHHs, UTO ¥ )aHHas
(pyHKUHA, T. €. HMEOT MeCTO paBeHCTBa

flxy=Px) (=1, 2....,'n+1. (60.17)

Takofi MHorowIen P(X) HA3LIBACTCS UHMEPACASUOHNEIMN MHO20-
UACHOM, WHTEPNOAKDYIOUIEM QYHKLKIO f B A2HHBIX Y3A2X HHTEPIOAALHH.
Jasg Tore 4tofnl HCCICIOBATE BOIPOC G CYULECTBOBAHHH HHTEDIOA-
UHOHHOTO MHorowileHa P(x), yrosaeTBopsiouwiero ycaosusaMm (60.17),
3aMuUIeM ero ¢ HeonpeaedenHuMy Koddduienramn a;, j = 0, 1, .., m:

Plx)y=ay-t oy x+a, £+ ...4-a, x™

i MoacTarHM ero B cucTemy (60.17), Tonyanrm cuctemy us (2 -+ F)-ro
JUHCHHOTO yPaRHEHHd € #1 - 1 HEH3BECTHRIMH Qy, 1, weey Ol

Qy+ay X 4o 0, X =f (1)

(60.18)
Q-+ a, xpay -t .-l a, xT,H = {Xat1).

Omnpepesutens, COCTABNHHBIH M3 KoddpuuHedToB »TOH CHCTe-
Mul, CTORWHX B [EPBBIX £ CTpOMKAX M NepBRIX &k cT0a0LAaX,
k<<min{m + [, n+ 1} (uncao erpouek pasno a 4 1, uncno croas-
1oe m -+ 1), ABASETCS TaX HA3bIBAEMEIM OMNMpeJeJHTeJJeM
BanxepMonaa, usBecTHoIM M3 Kypca anrebpsi

k
].xl...x1
1 xg... b
Wix, .., x,)= 2t T {x—x).
e e . Vi< e
~
1 Xg oo Xp

B jarnOoM cnydae 3TOT ONPEIeNHTeIDL He PaBeH HYJI0, HOO Bee yanal
AHTEPNOARUMY  pazinsiibl, [losTOMY paur MaTpHlsh Kos((uuHenToB
cucremut (60.18) pareH HanMeHblueMy U3 ABYX umcen m -}~ 1w n -+ 1.
Ecan n > m, 10 cucTema {60.18), Boobule rosops, He HMEET pewleHus.
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Ecmi n < m, to pewenne cucremn (60.18) Beeraa cyimecTeyer, npuuem
B CJy4ae A = /i pelieHHe eAHHCTBeEHO, a8 npiu n < mi pemeHud Hec-
KoHeuno muoro. Takum ofpasom, kaxde 0ot Hu 3a00Mmb 3HAYEHUS
6 {n+ 1)-n yaae (60.16), eceada cytjecmayem wu npumor eGuHcmeen-
HBUE MHO20MAEH CHICNEHIL He Gblide fneM 1, NPUHUMICIUE 8 amux
y3a0x 300QHHBLE 3HAYEHUS.

Jns OTEICKZHES UHTEPNIOJANHOHHOTO MHOTOWJIEeHa P{x) MOXKHO pe-
muTe cHeTeMy (60.18), Onuako moxHo nHafiTH ero u JApyrum, Goaee
KOPOTKHM MyTeM.

PaccmotpuMm MHorousen

(X =y} o (X X ) (X X)) e (X X )
= xg) o {x,— X)) (X, X ) ...(xz— Xni1) ’

i=1, 2,..., n+ 1,

Pi(x)==(

Oq‘EBHI{HO, HTO Pi(x) — MHOTOWJICH CTeHeHH # 1 4To
Pi(xl}z 1! Pi(xj)zol
=1, 20y nc L, jm=1, 2, i1, i b, e (60.19)

TlosroMy HCKOMBI HHTEPHOASUHOHHBIN MHOFCWAEH MOMET OIThb 3a-

NyMCan B BHIE
n41

Pix)= 2] () Py (x). (60.20)

JelCTBUTENEHO, HANHCAHHOE BRIDAMEHME ABJIACTCA MHOrOYIEHOM
cTeneHy e phime 7 ¥ B cuay (60.19) yrosaersopaer yeaosusas (60.17).
HMurepnonsudonsely MHOTOUIER, 3anucankbii B Buje (60.20), naspisa-
QICH HHMEePNOAAMUORRBIN MHOZOHACHCH Jlaepanica.

Uecnenyem Tenepb pasHoctTs MexAy (yHKUMeA H HHTEPUOJSIHOH-
HbIN MHOTI'OUWJIEHOM:

R{x)=](x)—F(x),

HA3LIBAEMYIO OCHIAITONHBIM HACHOM UHMEPROAAYUU.
[peanoacxum, ute Gyuruns f a2 + 1 pas anpdepesunpyemMa Ha
orpesxe la, b]. Toraa 5Tum ke cBoicTBoM ofNafaeT H ocTaTok R{x),

npudem
R+ (x) = fit D (x), a < x < b, (60.21)

u6o Pt {x)=0. MMonoknv
0 (x) == (X — 2 (¥ X) . (X — 201},
sapukcupyem xGia, bl u paccMOTpHM BCIIOMOraTelbHYO (yHKLRIO

9()=RO)—; o), at<b.
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Oyuknua q(f), oueBnaHo, Takxke n -+ | pas puddepenunpyema Ha
orpeske la, &), npruenm u3 (60.21) u Toro, yto wt({)= (a4 1)|, umeeM

@l (f) s frE 1 () —(n - 1) R((x’? (60.22)

Hanee, pyuruus @{/) obpamaercs 8 soab B n - 2 Toukax x, X,
X3y ey Xppa; HOITOMY B CHAY TeopeMbl Ponast ee npouseofnas oGpariaer-
CH B HOJBL 110 Kpalinei mepe s n + 1 Touke otpeska lg, b}, ¥ BTOpas
IPOH3BOAHAA — B 1 To4KaX # T. X. [To nugyknuan noayanm, uto n + 1
nponseoaHasn GyHKiLMs ¢ obpanmaercs no kpaitueil Mepe oK pa3s B HOJb
BHYTpH oTpezka la, b].

Tlyers rp<”+”(§) 0, a< < b, Torga us (60.22) nonyuum

R ()= =8 fnin gy,

WAu, Toapofree,
— (x==x0) (x—%g) o0n (X —
R(x) (n + 11!
a<x<<b, a<lt<h

OTCIOII& CJI@I[yET OlleHKa CCTE@TOYHOrO UJeHa

) it (),

|R (0} < max | (x-—xy) (x—x5) o0 (x—x,)| sup |t (x) ).
(n + l}l agrb

3amerHM, 4TO, EOOQLIE TOBOpPH, Jawe A8 AHAJHTHYECKHX Ha OT-
pe3kre la, b] GynKUHA OCTATOUHLIA YIeH WHTepNOASILLHM HE CTPEMHTCS
K HyJIo 1a otpeske la, &] npr # —> co, T, €. HHTEPNOAALHOHHBIE OJH-
HOMEl He CXO0AATCA K camoii dyHrnuu. ITocTpoeHHe COOTBETCTRYHOIIHX
NPHMEPOB JOCTATOUHO TPOMOSAKO, NO3TOMY MA! He OyJIeM Ha 3TOM OCTa-
HABJHBATLCH,

LXK

60.4. KaapaTtypHsle GOpMyabl

PaccMoTpHM Telepk HEKOTOpHIE CHOCOGE MPHOMHIKEHHOTO
MHTerpupoBanns ¢yHxumil. OopMynul Iis NPHOAHXEHHBX 3HauyeHul
HHTETPAJIOR HA3BIBAIOTCA Keadpamypreimu Gopmyaamis.

ITycrs na oTpeske [a, &] 3azana pyukuun f. PasofbeMm orpesok la, 6]

Ha n paBHBIX uacTell Toukamu x,, k=1, 2, ..., n — 1:
b—a
0=x3< X3 < .. < An—1 < x,=b; Xp—%p—1 = —
k—“il, 2,..-, il

Keaapatyprule GopMy/ibl, KOTOPBIE MBI PacCMOTpHM, Gyayt nogy-
yaThes NOCPEJCTBOM 3aMEHBl MPH HHTETPHPOBAHHH PYHKLHH [ Ha Kax-



60.4 Kaadpamyprine dopmyis 401

Iom oTpeske [x,_,, X,| HHTEPNONFUMOHHEIM MHOTOUICHOM CTENeHH 7.
Mpr payusm cayuan f = 0, 1, 2. CooTBeTCTBYIOMHE OPHGIHACEHHRR
sHauehs uHTerpana or pysxunn f 6yaeM ofosHauate CHMBOJXOM [, (f),
n=20,1, 2, B nepeom cnyyae (npu n = (} coOTBeTCTRYKOLIAA KBajpa-
TypHasi dopMyJia HA3HBaeTCA OPMYACE NPAMOYSOAbHIUKOS, BO BTOPOM
(upH n=1) — ghopuyacti mpaneyuti, B TpeTbeM (Npi ~ = 2) — napabo-
Auneckoidl gopmyaoll wad, uame, gopuyaot Cumncona.

PopMyna MPAMOYTFOJABHHKOB

HOas  wHTepnodsuun  (QyHKOHY [ H3 OTpeske [xk_i, xk],
k=1, 2,..., n, MHOrOUJIEHOM HY/€BOH CTENEHH [OCTATOYHO 3aRaTh
JUIIL OZHH yaea. BosbMeM B KauyecTBe y3ja cepefuHy OTpes3ka
[xk—-l' xk]:

Xp—y X
b= ——
HurepnonsuqOHHAM MHOTOUIEHOM ABIAETCH MOCTOAHRAdA
P loy=f(E,) k=1, 2,..., n.

[lpn Tako#l HHTePNONALHH MLl 3aMeHsieM NAHHYIO QyBKunio f «cTy-
nexyarcii (QyHKiHel», Tounee Ha0OpoM (DVHKUMI, NOCTOAHHBIX Ha
KamA0M OTpesKe [xk_,, xk] ¥ paBHEolX 3HAYEHUIO (YHKLHN B LEHT-

|
!
|
|
|
|
1

|
J
|
]
[
by T &4

Puc. 183

sz

ol
pe storo orpeska (puc. 183). Bmecto muTerpana 5 f (x) dx BoapMeM

Tl

X
k
HHTErpaJa 5 P, (x)dx, T. e 3aMeHHM [JIOAAL KPHBOJMHeRHON Tpa-
Tpt
HellHH TJOULANLBI0 COOTBETCTBYIOUETO MPAMOYrOJbNHKA,
Hanumem tenepn kBazparypHyo (QOpMyny NpsMOYTONLHHKOB:
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" *

‘i n B
Ln[f}—_“E 5 Pk(x)dx-"—”E j‘f(gk)dx=

kelxy ke=1%p

= =2 (g, (60.23)

Re=i

Hrax,
Lot = 2 [ () (B 1 (=20

Popmyna rpaneunh

Ha gamfom orpeske [xk_], xg], k=1, 2,..., n, poauMeM nnTep-
OJAANHOHNEIN  AMHOrOwAeH P, (x) nepRoit  cremeHd, onpeaesseninil
y3naMy WHTEPHONAUKK X, | U X,. [losaras y,=f(x), i=0, 1,.., 5,
moayuuM {cM. (60.20))

= Xp_y
Lp == Kp_

x—xk
Pk()()zi—-— /k__l_i_

gy — Ap

1 e =1, 2,.., &,

Takum ofpasom, Mbl 3aMeHAeM JAaHEYK GYHKIMIO [ KycOuyHo-

X
R
apneinoll ¢yHkurefl. Bmecto uurerpana j f(x)dx Bo3bMemM HMHTE-
*e—1
*&
rpan ij(x) dx, T. €. 3aMEHMM IUIOUIa]b KPHBOJHHEHHOT Tpane-
X
k=1

UHH COOTBETCTBYROLLEH NJouLa b0 OOBIKHCBeHHOH TpaneuuH (puc. 184),

P o——
Iy S ¥ VA A
a z r, I; 4T
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3ameuan, yro
e
Pylx)dx= y—————k_'_,_yk J)-—a k=1, 2,
Kool
HOJYUHM KBalADATYPHYIO QopMyay Tpaneudi

2 B ”
Ll[f1=}:j Pyxydx =220 Bt 504
J'E=lx',£__l k=1
Hny
Lif=" [”“’*”"’) PO () +f(xn>]

Gopmyna CuvMncona

Ha xakpom otpeske [x,_;, %], =1, 2,..., n, BosbMem uurep-

OJAANHOHERI MHOTOuAeH P, (x) BTOpO# cTeneHH, oOnpeleaseMbli
Kot 2,
y3JaMi MHTepRosiLud X, & =—-— v x,. Toraa

_ (x — Ep) {x — xz)
P = TR —x)f(’“"‘"”

g E T R )T ey T K] (0 )

(B — 1) (5r — Xu) ("f—xfe 1) (e — &z)

HEHOCpeﬂ.CTBEHHbIM BLIUHCJIEHHEM yﬁem;laemca, uro

f ()

‘R

(t (x —~ Ep){x — xp) d 1 I b—~a
7 X=-— (X, —X [

V\ Xy — Be) (%pey — Xg) 6 (% 1) 6 ’

fp1

‘k

{(x— % y)(x—x) 2. _ 2 b—a
5 {gk‘_xkﬂi}(gk_xk) dx= 3 (x"’ x"—l)- 3 no
xlz-—l
i
{X"kal)(x“‘ék) __L . __l_b—a
j (%% = *p—y) (xg— Eg) dy= 5 (% xk—l)_ 6 n ¢+
1
OYTOMY

1

T
| Puyde="20[5 (2 i)+ 5 &)+ 5T ()]

Fp1
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Tenepb HeTpyAHC Hanucarh KBaipaTypuylo dopMyny CuMrcoHa:

Lil=3 | Pinae="32 Y [§1 () 451 @)+ 5/ @)
k=1 x k=1
! (60.25)
AN
' Lz ff] =

=2 (@4 (0)+ 21F () oo F (e ) 417 (G A oo B

60.5. MorpewHoCTs KBAAPATYPHBIX hopMydd

Mpl BuJesM, 4TO BO BCEX TPEX PAaCCMOTPEHHBIX HAMH CJay-
yasnx KBajparypHeie Gopmyas (M. (60.23), (€0.24), (60.25)) nmetoT BUA

L= 2 LD, (60.26)
rae B
b(f)=" P f G (60.27)

i=0
Ko < Em‘ = Xy, b= 1, 2, vey H.

B cnyuyae cdopMyasl TPAMOYTOALHUKOB, MBI HMEIH

m:(}’ p0=1, §k0=xk;l;__ik_;

B cayyae ¢opMyJrl Tparenni

1
m:l, pO:pI:?, EP.D“_"xk_[P gkl—_:xk"

B cayuae ¢opmyasl CuMncoHna

1 2 Xpo 1+ %
m:2r P0=P2:§r P1="§» gku—_“xk__lv §k1=__2'—— 3 §k2=xk’

k=1, 2,..., n. '

Ilycth Temepe 3afaHbl Kakue-aubo YHCAA p,, HAIBIBAEMLIE GECAMU,
M nyern Ha orpeske [(; 1| sajama xakas-1u6o cHereMa Touek &,
i=0, 1,..., m, HasbiBaeMbiX y3aamu. IlycTb, Kak M paHblue, o1pe-
30K [a, b] paspenen Toukamu x,, k==0, 1,.., 2, HA n paBHBIX
OTPE3KOB | X, |, xh}, k=1, 2,..., n, u nycTs Toukn §,; nosyua-
I0TCS1 W3 y3a08 &, Opu JiMHeliHoM oTo0pamenud orpeska [0; 1| na
OTPE3OK [kal, Xg|, TpH KOTOPOM TOYKA HOJAL MEPEXOMHT B TOUKY

X,_)» T. ¢ MpH OTOOpaKeHHH x:(xkﬁxkq) thx,_, 0ICL
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Dopmyna (60.26) B 310M cayuae Ha3LIBAETCH KBaADATYPHOH (op-
MyJoil, coorBetcieylollefi ysiam &, B pecaMm p,, i=0, 1,..., m.

Beskas  xpamparypHas gopmyna (60.26) o6namaer ceofcTBoM
JIHHeHOCTH: AAs MoOLX ABYX QYHKIMWA [ M g, oNpeeneHHBIX Ha OTe3-
Ke [a, 6], 1 an4 J06LIX IBYX 4uces] A U |, OYEBH[IHO, CIpaBe/iIuBo pPa-

B eHCTBO
L (M +4-ug)=rL (/) +ul(g).
Onpedenenune. Popuyra L(f)= ;l L () wasvisaemes mounod

das MHO020448H08 cmenexu r, ecau 0aa awoboeo muozodaena P (x)
creneny He eoitite uem r, daa awboeo ompeska [a, b u das wobozo
wucaa n {(m. e. daa aoboz0 pasbuerusn ompeska |a, b Ha pasHbie
OMPesKiL) CRPAGECAUBD PABEHCITIEO

b
L(P)={Pixar

¥npaxuenne, [lokasaTh, 4ro, A TOI'C 4TOSH KBAAPATYpPHAT HOPMY-
aa L[f], cootBetctByoman yanam & u Becam py, £ = 0, 1, ..., m, Gelna Toyna pas
MHOTOYJICHOB CTeNeHH r, HeOOXOAUMO B ROCTATOYHO, 47006 Rif JAKG0C0 MHOIG-
yneHa P(x) cTeneHd He BhILE £ 6BLIO COPaBEAAMBO [ABEHCTBO

1 m
JP(nde= XpiP G
0 i=0

[locKOABKY HMHTEPNOJALUOHHLIE MHOTOWICH MOPANKA r COBNAJAET
JJisl MHOTOWJICHA CTeTieHH 7 € CaMHM MHOTOW/ACHOM, TO KBajpaTypPHEE
(PopMyJIbl IPAMOYTOALHHKOB, Tpaneluii u CHMICOHA TOYHBl COOTBETCT-
BEHHO J/ifl MHOTOWIEHOB HYJIEBOH, nepBoi W BTOpPOH crerned,.

Opnaxo, Godee TOro, KBagpaTypuas (opmyJ/a NTPsSMOYIOAbHUKOB
TOUHA JUIsT MHOTOYJIEHOB neppoil creneny, a dopmyaa Cumncoxa —
AJ1 MHOTOUIeHOB TpeTsefl cTenend, JlokameM 5T0.

JleficTBUTENLHO, B CyYae dopMyJInl TPAMOYTONLHUKOB {cu. (60.23)
H {60.27))

Xp_q+x
1k Af) :f(—k“l'fq__k) (xk—xk—l)-

IlpocToit noacuer aaer, uro ansa Jotof

JUHeHHOH (YHKUNH CNPaBeinnBO paBeHCTBO

*g
LAx-1B)=| (AvtByde (6028)
Fh—1
JTo HaraAgHo BHAHO ¥ Ha puc. 185, Cywm-
MUpy$si paeerHersa (60.28) mo &k or 1 mp #,
HOJTYyHYHM b Limp Lyt Ty X
Ly (Ax-+ B)= 5(Ax+3)dx, 7
a Puc. 185
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YTO M 03HaYaeT TOUHOCThL KBaapaTypHoil GOpMyJsibl OPSIMOYFOALHAKOL
AAS MHOTOWICHOR mepsoil cTeneni,
B cayuae dopmyae Cunmncona {em. (60.25) n (60.27))

lk(f)=b:a[éf( )t Bf("ﬂj—xi)qtéf(xh)]. (60.29:

JoCTaTOUYHO NCKAa3aTh, YTO 415 JIGO0ro MHOTOW/1EHA TPEThel CTeneHn
P{x) B 3TOoM cayiae
e
WP = | PLody k=12, n (60.30)

¥p—1

B canom aefie, eCld 3TO PABeHCTBO 6}’1'LE‘T J0Ka3aHo, To, CYMMHDYH IIO
kEorl jgo n stk paBeHCTBA, NOJYUHM

b .
Ly (P (x) = [ Pnx,

T. €. A0AY4HM, uTo opuya CHMICOHA TOYHA J15 MHOTOU/IEHOB TpaTseil
CTEICHH,

[lycte  P(x) = Ax* -+ Bx* + Cx - D. [Monoxum  Qx) =
= Bx* + Cx -+ D, torma P(x) = Ax* -+ Q(x). [Toatomy

L (P (%)) = Al (1) + 1, (Q (%)),

X5 tp *n
[ Pyde= j x3dx+ [ Quydr, k=1, 2,.., n.  (60.31)
*p 1 Tp— Fhm1

B cuay Toro, uro ¢opmyaa CuMNCOHA TOUHA AJR MHOrOUJEHOB
BTOPOH CTENEHH, HMEeM

L (Qx) = j QUde, k=1, 2,.

k—l

C npyrofi cTOPOHEI, HENOCPEeCTBEHHLIM BLIYHCAeHHEM VOeK Laened,
yTo

] 4
Xp — X
T X
f x¥dx =
%

SRR SN S N L Y- Ny U
lh(xs):(xkgxkvl)[kﬁ +§t & 12 k) +'§J:“k__f‘_l‘-
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1o u jpokaswiBaeT pasencrso (60.30).

Topsajok norpeiwHocTy KBaapartyPHex (HOPMYJT ORA36IBALTCA CBA3aH
CO CTEREHBH) MHOTOWIEHOR, OTHOCHTEALHO KOTOPBIX TONHE PACCMATPHBA-
eMas KBajpaTypHads ¢opmyJa.

Teopema 1. [ycme gynxuun | r pas nenpepoisno duggseperyupye-
Ma wa ompeake la, B u nyems wucao M 7> 0 imaxoeo, wiho

[l <M, a<x 0.

Ecau rcaaé?pamt/,oﬁaﬂ, giopayaa (60.26) mouna 045 MHOSOMAEHOS CIENEN U
r—1i{r=1,2, ..}, mocyweemeyem nccmoarnan ¢, > 0, ne 3usuciuwion
Ot GIYHKLH f mamﬂ, $mo

caMb—a™ (60.32)

’ *

xdx—L (| <

HokasatenscTso. [lpeactaBum dyHkumio f Ha Kawmiaom or-
peske [xk__l, ka, coraacuo ¢opmyse Teitnopa, B Buje

f(X)=Pk(JC)+f’h(X), k:-l, 2)"-) i,

rie
= D (5 y)
Pyx)= = (e, )
=0

—wmuorounel Teitgopa crenenn r— 1, u, ciefoBarteneHo, r, (X)—ocra-
TOunLL wiaex Gopmyao Tefmopa, KoTopsil Mbl samuiueM B Qopme
Jlarpamxa:

{1} - \
ry () == ALt 2 O R (x—xk_])’, (60.33)

00, <L, k=1, 2, ..., o

Torna
b n *y,
fimdi—L(=X jﬂm&—?zm=
a 1 Xy
I Xp
=k2l [ j‘ P (%) dx—1, (Ph(x))}+
= e
z o
+ X [ J ntnde—1, (f'k(X))]. (60.34)
k=] |

k=1



408 § 60. Hexoropeie sonpocs: npuBauscennory eoruucienutl

B cuay toro, u4To jJaHHasd KBajparypHas dopmyJa TouHa s
MHOTOQYJIEHOB CTEIeHH 1, CIIPABEAJNHBO PaBeHCTBO

3
{ Pyloyde—1, (P () =0, k=1, 2,,
Th—1
Mostomy u3 (60.34) caenyer, uto

b
J"f () dx—L (f)!<

<X j |r,,(x)|dx+2,|z (r, (0] (60.35)

fe=1 e
Hanee, uz (60.33) umeem

7, ()] g—f‘!-(*’—;") E=1,2 ... n

Ipumensiss 5TO HEPABEHCTBO, NOJYUHM

*r *g i

Mb—ay _ Mp—-a)
j"'h(")|d”‘<_ﬁn'_ S di=——1r—.
Fhot Fp—1

[Tonaras p= max ]pI [eM. (60.27)), umeem
i=0, 1, ...

(b—ayt! pM(m + 1y

b
Ihz("h(ﬂ)ig |1 Grid | << =S
Tloacrasnaa ot ounenkd B (60.35) u BRENA 0b03HaueHuE
e _ltpim+ D
r rl '

ME H TOAyuHM HepaseHnctso (60.32).

Teopema noxkasaua.

Hs popmyasr (60.32) crepyer, B YaCTHOCTH, YTO IIPH BLIYHCAEHHH Hil-
TErpaics ¢ MOMOUBIO KBaAPaTYPHEIX (DOPMYJ NPAMOYIOJILHHKOE H
rpanenui (OHH, KaK Msl 3HaeM, TOHHBI JJTs] MHOTOU/IEHOB IIePBOr0 NOPAA-

K4, H IOTOMY AJIA HUX MOXCHO B3ATh r=2) omnbKa #MeeT nop oK ()(ls),
n

a MpH BBMHC/JICHHH HHTETPANOB C MOMOWBI GOpMyJan CuMIcoHa (oHa
TOYHA Ye AJ51 MHOIOYIEHOB TPETLEro NOPSAIKA H MOXKHO B3ATh r = 4)

owHbKa COCTaBAACT YIKE BCEro JIHLIL BeIHYHHY O( )

* JeficTeuTenbHO, 3TO C/efyeT H3 OMpPeleleHHs TOMHOCTH KBaApaTypnof
GOPMY/IE OTHOCHTENBHO MHOTOWIGHOB AaHHOMN cTeneHH Ha crp. 405, ecan B srom
omnpejlenex il 8 Kauecrse oTpeska (a, b] BaATh 0TPesok [x,_y, xp| u noACHUTE n=1.
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OTMETHM, 4YTO IIpH NPHBEACHHOM I[IOJACHETE IIOCTOAHHBIX €, MEl HE
NOAYUUAH AJIA HHX MHHHM&JLHLIX sHaueHHi. 3T0 0 MOXKHO JHOCTHYB,

YCOBCPIICHCTBOBAR METOALL HX IIOACHETA.

3amaya 32. loxasate, aTo nns QOPMYNAH NPAMOYTOJBHHKOB MOXHO B3ATE

—
[

1 )
¢z = g4, AIA (opmyAu Tpanewsli c;=75 , a Aan  dopmyss Cumncosa

1
¢ = TEag -
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