A.X Hatighs
METO/IbI BO3SMYIIEHUI

B kHure sneMeHTapHO M Ha COBPEMEHHOM YPOBHE ONMUCBHIBAIOTCS METOABI MAJIOIrO
napaMerpa B NIPUMEHEHMH K IIMPOKOMY KpyTy 3aJad MEXaHMKHM U MaTeMaTHYeCKON
¢usuku. Hapsay c¢ kinaccuyeckMMHM MeTOJaMHM B HEW  paccMaTpuBalOTCi U
OpUTMHAJIbHBIE, pa3pa0OTaHHbIE AaBTOPOM. MHOTOYHMCIEHHBIE MPUMEPHl U 33JayH,
UMEIOIIME TAKXE M CaMOCTOATEIBHBIM HWHTEPEC, NENAI0T H3JI0KEHUE SICHBIM U
HNOHATHBIM. BoJpIIo€ KOIMYECTBO NMPUMEPOB JAETCS B 3aKIIOUCHHUE IJ1aB B KayeCTBE
yIpaKHEHUM.

KHura mpenacraBiseT HMHTEpec A CIEUUAINCTOB, pPaboTalolMX B 00JacTu
NPUKIAJHOM MAaTeMAaTHMKM W MEXAaHMKH, a TaKXKe Ui CTYJEHTOB M AaCIIMPAHTOB,
CHELHMATU3UPYIOIUXCS B YKa3aHHBIX 00JIaCTSIX.
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— — — orpanuyenus 92, 113—118,
122—124, 324, 325

— — napameTpoB 67, 69—91, 111,
113,114, 118, 120

— Putna — lanepkuna 70

— PrrtoBa 387, 399—400

— Panes — Illpenunrepa 67, 81, 84

— crnaxkuBauus 330, 387, 407—409

— COCTaBHBIX paznoxkeHuil 159—170,
340

— — — orpanuuenus 168—170

—  CpallMBaHUS  ACUMITOTHYECKHUX
paznoxxkenuit 48, 58, 63, 92,
124—159, 163, 168, 170, 253,
339, 370, 405, 411

— — — — orpanuyenus 171, 324, 362

— — — — MPWIOXKEHHUE K 3a7a4aM O
TOYKax Bo3BpaTa 359—362

— Crpabna 187—189, 192, 199, 210,
240

— — orpanuueHus 189

— Crroapra — Barcona — Dxxayca
177—179

— Temrma 68, 108—109

— Yuzema 234—240

— VYurrekepa 74—76, 79—81, 119,
201, 216

— ycpennenus 174—244

— — 00006menasii 183—186, 207,
228, 240—242

— ®pobennyca 13, 332

— xapakrepuctuk 400

Mexanuka nozera 250

Moaenb HeMMHEHON HEYCTONYUBOCTH
35—36, 61, 66, 110, 111, 114,
115, 284—286

— Tomaca — depmu 253

Monayns FOnra 47

Hanoxxenune 127, 134

Havanshslii cnoit 33

HebGecnast mexanuka 250

HepaBHoMepHOCTh pa3znoxkeHud 25—
27,34—41, 43, 45, 48, 49, 53, 55,
57—66, 114, 140, 151, 246, 305,
306, 337, 358, 393, 403—404

HecummeTrpuunbiit  u3ru0®  TUTACTUHBI
46— 48, 142—148, 171

HeycroitunBocte 91, 288, cMm. Takxke
Mogens HEJIMHENHOMN
HEYCTOWYHUBOCTH

— Panes — Toiinopa 90, 252

HopMmanbenoe pemenne 69, 71, 79, 332,
348, 354

Ob6nactb Oeckoneunast 34—41

— BHemHsAa 127, 136

— BHyTpeHHssa 127, 137, 162, 168

— KkpaeBoro 3¢ dekra 125

— HepaBHOMEPHOCTH 26, 27, 29, 33,
131, 148, 152, 155, 305, 359,
403—407



O06006menHsbIit BekTop 195

Ob6omnouka 251

Oo6tekanue cepor 39—41, 154—159,
173

— tena 43—44, 127

Oneparop naTeHCUBHOCTH 398

— Macchel 398, 408

— camocornpsikeHHbIi 178, 179

— conpsKeHHbIN 179

— @aa ne bpyno 208

OnTumainbsHoOe yrpaBieHue 92

OpOutsl 76

Oco0as Touka, onpeaenenue 330—331

— — pasioXeHNe BOIM3H
HeperyssspHod 330—333, 348—
349

— — perysipHas 13, 331

OcoOennocts 16, 33, 43, 48, 54, 55, 94,
95,97, 99, 100, 117, 151, 383—
385

Ocuunarop Ban-nep-Ilonsa 11—12,
45—46, 64, 65, 118, 183, 185—
186, 192— 193, 226—229, 240,
241, 264—266 276—279, 292—
295, 325, 326

— JIMHEeWHBIN AemMndupyembiii 244—
262

[Tapanokc Yaiitxena 41

[Tapametp 60mbmioit 337, cM. Takxke
Touka Bo3Bpara

— Bo3myuieHust 10—12, 25, 329, cm.
TaKxe Manblii mapaMeTp npu
crapuier npou3BoAHoM, Meroxn
PaCTSIHYTBhIX TapaMETPOB

— xapakrepuctuk 103, 108

[Tapamerpuzanus 101, 105

[Tepemennas Buemnsis 134, 135, 159,
160

— BHyTpeHHss 134, 135, 159, 165, 169

— — BbBIOOp, 129—131, 137—138,
141, 148—149, 152—153

— — 000061menHas 161

— O3eena 158

— Crokca 159

[lepenopmuposka bopua 393—399

[lepexonHas kpuBas Ui TOUYEK
mubparum 76—81, 279—281, 295

— — g ypaBHeHusi Marbe 71—76,
199—201, 210—216, 272—276

[lepuon 184, 207

[Tma3ma 69, 91, 233, 234, 251, 252, 393

[Imactuunocts 104

[ToBepxHOCTHBIH ciioi 125

[Torpanuuneiii cnoit 27, 33, 44, 92, 125,
126, 162, 250, 378

— — pacnonoxenue 129—131, 137,
142—147

Ilorennman 36, 97, 103

IToTok B xanaie 66, 234

— TUINEep3ByKOBOM 91

— 110 HAaKJIOHHOM ITIocKOCTH 48—153,
113

[Ipenen Buemnnit 126, 131, 134, 143,
153, 160

— BHyTpeHHui 126, 132, 134, 144,
145, 153

— Ogeena 155

— npuemiieMsiii 359

— npoMeXyTouHbIi 134

— Crokca 155

[IpenenbHbIN KK, TOUKA, peuieHue 46,
114,123

[TpeobpaszoBanue Jenpu 218

— xanoHudeckoe 196, 206, 207, 215

— Jlanrepa 329, 370, 374, 411

— — 00001menue 365

— JIn 217

— JInyBuina — I'puna 59, 337, 363

— OunBepa 365, 411, 412

— MOYTH TOXXIECTBEHHOE 62, 68, 184,
206, 217

[IpeobpazoBanue pactspkerus 125, 128,
129, 131, 132, 137—138, 148,
152— 153, 166, 305, 359, 403—
404

— cxkarus 155

— ¢on Haitnens 186, 207, 214, 218

— Xopu 218



[Ipubnmxenne bopua 388

— I'puna — JInyBumnsa 59, 337—339,
342, 346—347, 358

[IpousBoasumii Bektop 217

Paznosxxenue bopna 329, 387—393, 399

— BHemHee 55, 58, 124, 126, 129, 131,
139, 141, 143—144, 153, 161

— BHyTpeHHee 124, 126, 128, 132, 139,
142, 144—151, 154, 160, 162,
164

— — B 3aJlayax O TOuKax Bo3Bpara 359

—  Heiimana 387, cM. Takxke
Pasnoxenue bopna

— o0OoOmieHHoe, c¢M. PasmoxeHue
COCTaBHOE

— Og3eena 155—159

— 1o xapakrepuctukam 68, 100—108,
324

— cocrtaBHoe 129, 136, 139, 142, 147,
151, 154,372—374, 411, 412

— — noctpoenue 136

Paccesane 68, 110, 253, 387, 390, 393,
394

Paccnoenne 234

Pactspkenne 3aBUCUMBIX TIEPEMEHHBIX
113,123

— xapakrepuctuk 101, 103

Pe3xoe m3menenne 118, 124, 324

Pesonanc 201, 205, 213, 243, 250, 267,
343—346

— napameTpu4ecKkuii 252

Pemenne Bremmsee 127, 129

— BHyTpeHHee 126, 127

— nepuoauyeckoe 45, 90, 114, cm.
TaKke YpaBHeHHEe Marbe,
Y CTONYNBOCTD SITUITHYECKUX
TPEYTOIBHBIX TOUEK

— cocraBHoe 127

— Crokca 40

Psapl, cM. ACUMITOTUYECKUE PSJIBI

— u npeobOpazoBanus Jlu 186, 215—
233,242,325

— Hetimana 389

Cnsur 90

— ocobennoctu 53—54, 63, 64, 92—
96, 108—109, 112—113, 118,
120, 121

CemnoBas Touka 271

CumBosnbl opsiaka 16, 17

Cunrynspsaoe BozMyiuenue 27, 114, cm.
TaKxe HepaBroMepHOCTB
pas3noKeHun

Ckomnp3asimast onopa 65, 140—142

CkopocTu XapakTepuCTUYECKUe
BoJiHOBBIE 104

CkopocTts 67, 69, 89, 90, 104, 105

— BOJIH Panes 57, 148

— rpynnoBas 194, 236, 238, 287, 321

— (azonas 89, 90

Crnyuaitnas ¢yskus 386—388, 391,
392, 396, 407, 408, 409

CoOcTBenHOE 3HaueHHE 67, CM. TaKKe
3amaua Ha COOCTBEHHBIC
3HAYEHUs

CootHouenue Pankuna — ['toronuo 97

Cnytauk 250, 296

CpamuBanue BHEUTHETO U BHYTPEHHETO
paznoxenun 62, 124, 129, 131,
134— 136, 139, 142, 144—147,
150—151, 154, 405

————— B 3a/layax O TOYKaxX
Bo3Bpara 360—362, 367

— npoMexyTodyHoe 134

— npouenypa [Ipanarns 126, 133

— — ycoBepiIeHcTBOBaHHas 133—134

— ycnosue Ban Jlaiika 128, 134—136

— — Kannyna 134

Craructuueckas MmexaHuka 253

Cyb6nopmanbsHoe perienne 333, 353—
354

Cdepuueckas xaBepHa 91

Cdepuueckuii MasTHUK 242

CmmBka ACUMIITOTUYECKUX
paznoxenui, cm. CpalrBaHue
BHEILIHETO u BHYTPEHHETO
pa3noxKeHun

Teopus kpbuta 113, 253, 325



— — cBepx3BykoBas 36—38, 61, 91,
100—103, 107, 111, 112

— HBIOTOHOBCKas 92

— @noke 71, 74, 76, 79

TennonpoBoanocts 56, 92, 97, 171,

366,411

Tepmoynpyrue BosiHbl 56—58, 148—
151

Teuenue KennBuna — I'ensMronbia
90, 253

Touxka BeTBIeHUA 95
— Bo3Bpara 59—60, 128, 137, 305—
307, 329, 330, 358—386, 403—

407

Toukn nubpanmu, cM. YCTOHYMBOCTBH
AIUIUNTHYECKUX TPEYTOJIbHBIX
TOYEK

— TpeyrojbHble 250, CcM. Takxe
YCTOMUMBOCTh  BJUIMITUYECKUX

TPEYTOIBHBIX TOUEK

Tpeyronbuuk Jin 221, 222

— Ilackansa 221

V3en 271

Yupyrocts 56, 70, 103, 378

VpaBuenue bennmana 32

— Bepnyinu 97

— bere — Cannerepa 398

— bonbnmana 253

— bpeseprona 237—238, 244, 286-288

— Bmacosa 91, 233

— postHOBOE 386—409

— Tl'amunsrona — Skoou 197, 198,
202, 206, 215

— I'enpmromnsia 251

— runep6onudeckoe 48, 53, 68, U3,
406

— Jlaticona 398, 408

— muddy3un 48

— Hroddunra 34—35, 60, 61, 65, 69—
71, 110—111, 118, 119, 182,
187—189, 190—192, 198—199,
208—210, 240— 245, 290—292,
308—312

— Kuneithna — Topmona 89—90, 120,
190, 193—195, 239—240, 243,
251, 322—324

— Jlannay 409

— JInyBunns 253, 407, 409

— Marteé 64, 70—73, 76, 118, 199-
201, 210—216, 240, 272, 276,
325

— Og3ecHa 156

— Oppa — 3ommepdenpaa 233, 385

— mapabonuueckoe 48, 13, 406

— niepenoca 400, 405

— npucoeauHeHHoe 364

— Peitnonbaca, cm. Ckonb3siias onopa

— TEIUIOMPOBOHOCTH, KpaeBasi 3aada
C HAYaJIbHBIMHM yCJIOBUSAMH 66—

168

— ®oxkkepa — [lnanka 253

— Xwunna 71

— Hpeaunrepa 67, 84, 175, 362, 366,
368, 370

— sikonana 400, 404, 405

— Diipu 333

— smmnTrdeckoe 48—53, 113, 252,
324, 386

VpaBnenus B Bapuanusx 187, 198, 200,
206

— Jlarpanxa 195

— HaBwe — Crokca 39, 43, 49

— Ditnepa — Jlarpanxa 233, 236, 238,
240

VYcnosue npuinnanus 44

— pa3pewmumoctu 167, 323

— coBMecTHOCTH 235, 240

Ycepeanenue 195—240

Vcroiuusocts 71, 90, 91, 114, 115,
177—179, 252, 271, 378, 385

— BJUIMNITUYECKUX TPEYTOJIbHBIX TOUEK
76-81, 279-281, 295

daza 194, 217, 406

— ObIcTpo Bpamatomasics 183, 217,
251

deiiHMaHOBCKHE quarpammsl 329,
387—399



®okyc 271

®on Laitnens npouenypa 205—216,
218, 248

— — orpanuieHus 214

Oynkuuu beccens 9, 14, 25, 31, 334—
337,351—353, 411

— Bebepa 369, 405, 407

— Jlommens 378

— napabonuyeckoro nuuHapa 368,
405

— pactaruBatomue 68, 91, 101, 114,
116,117,122

— Yurrekepa 370

— uunuHapuyeckue 384, 405, 407

— Diipu 60, 359, 360, 405

— smuntudeckue SAxkodu 204

®yuknus ['puna 388, 390, 407

— Marse 362

— npousBoasmas 197, 200, 205, 208,
211,212,215, 218, 232

— 1oka 39, 44, 50, 68, 127, 155

XapaKTepucTUYECKH moka3arens 69,
74,79

[unuaap TBEpABIA paCIIUPAIOLIUNCS
97— 100

— syuuntuyeckuit 370

Yacrora 67, 69, 111, 180, 270,

Ywucao Maxa 37, 97, 98

— Peiinonpaca 50, 385

— — Oonwioe 43, 145

— — Maitoe 39, 40, 154

OxkcueHTpucutet 76, 250, 370

DHepreTuueckuil ypoenb 67, 69

DHTPONUNHBIN ciioit 92

SAnpo 396



[MpenucioBre pelakTopa nepeBosa

IlpennaraeMas KHHra nOCBsIEHA MeTOAAM BO3MYLIEHHH, HJIH
aCHUMIITOTHYECKHM METOA4M MaJsoro mapameTpa Mis pellleHHs Aud-
¢depeHuyaJbHEIX ypaBHeHHHA. Meronbl MaJsioro napamerpa pencTaB-
JSIIOT co60l OHO M3 HauboJsee MOIIHBIX CPEACTB COBPEMEHHOH IpH-
KJaaaHo#i MarteMaTHKH. OHH TNO3BOJISIOT NOJYyYaTb NPHOJHKEHHbe
aHaJUTHYECKHe IIPeJICTAB/IEHHS pelleHUil BeCbMa CJOXKHBIX JHHEHHBIX
H HeJHHENHBIX KpaeBHIX 3ajay Kak AJas OOHIKHOBEHHHIX IH(depeH-
IMaJbHBIX ypaBHEHHH, TaK H JJf ypaBHEHHH B YacCTHBIX NIPOM3BOJ-
HBIX.

Meroapl MaJjoro nmapaMeTpa IIMPOKO NPHMEHSAIOTCA B MeXaHHKe,
¢u3nKe M APYTHX HayKax, onepHpywoumunx inddepennnaibHEMH ypas-
HeHHsAMH. BosbuinHCTBO 3THX MeTopoB (Hanpumep, Meton Ilyankape,
MeTOJ ycpeIHeHHsl, MeTOJ NOrPaHHYHOIO CJIOSl) NEPBOHAUYAJBHO BO3-
HUKJIH HMEHHO IIDU PelleHHH KOHKPeTHBbIX 3a1ay MeXaHUKH H QU3HKHY,
a 3areM yxe OblIM pa3BHTHl M 060oGIueHHl. Briocaeactsun MHorue
METOZbl MOJIyUHJH CTpPoroe MateMaTHyeckoe obocHoBaHHe. OfHAKO 10
CHX NOp uenAblH pAJ METOJAOB Majoro mnapamMerpa, oco0€HHO NpHMe-
HUTEIbHO K HeJHHeHAHbIM YypaBHEHHSIM B YacTHHIX NPOM3BOJHBIX,
HeJlb3sl CUYHMTATh CTPOro OGOCHOBAHHBIMH, H YCIEX HX NPHMEHEHHA
yacTo ObiBaeT CBA3aH C IMIYGOKHM H HedopMaJbHBIM [POHHKHOBE-
HHEM B CyTb 3ajauH, ¢ MOHHMaHHEM MpOIECCOB, ONHCHIBAEMBIX AAH-
HbBIMH ypaBHeHHsIMH. B Hactosimee Bpemsi, B snoxy ObicTpPOro passu-
THS! BBIYHCJIMTEJNbHOH TEeXHHKH, METOJAbl MaJioro napaMerpa OTHIOLb
He yTpauMBalOT cBoero 3HaueHHsA. OHHM cJayXar AJsA BbIACHEHHS
KayecTBeHHbIX OcOGeHHOCTeHl 3ajad, AJs NOJYyYeHHS aCHMNTOTHK H
aHaju3a ocoObiX TOYEK, HJisi NIOCTPOEHHS ONMOPHBIX ,TECTOBHIX“ pelle-
HHH, a B psAje CJayyaeB ABJSAIOTCA TaKiKe OCHOBOH ANsl pa3paboTku
BBIYUCTHTENLHBIX METOMOB.

Kuura Anun Xacana Halids npeacrapnsier cofofi HHTepecHYIO H,
Ha Ham B3rifj, YCMEIHYI NONBITKY RaTbh CHCTEMaTHdeckoe H IOJ-
HOE H3JI0)KeHHe MHOTOYHC/IEHHBIX METOJOB MaJoro napamerpa. ABTop
NOAPOGHO OMMCHIBAET pa3/HuHble BAPHAHTH METOJOB, JaeT HX Cpas-
HUTEJIbHYIO OLleHKY. 3HauHTeJbHOE MEeCTO B KHHI€ 3aHHMaioT col6CT-
BeHHble pe3yJibTaThl aBTOpa — H3BECTHOFO CIELHalHcTa B o6JacTh
aCHMNTOTHYECKHX METOJOB H HX npujoxenuit. Manoxkenue winocTpu-
pyercst 6OJIbIIMM YHMCJIOM 3ajady H3 MHOrHX objactefi HayKH: Hebec-
HOl MexXaHWKH, THAPOJHHAMHKH, rasoBOH JHHAMHKH, TEOPHH YIpPY-
roctd, Tteopuu KonaeGaHuit M BOJH H Ap. K HEKOTOpHIM 3ajayam
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aBTOp ofpamaeTcd MHOTOKPATHO HAa NMpPOTSXKEHMH BCeH KHHUTH, NpH-
MeHsAs K HMM pasjnuHble MeTojAbl. KHHra cojlepKHT TakxKe GoJiblioe
YHC/JIO UHTEPECHBIX H TOYUHTEJBHBIX 3aj]ay, NpeajaraeMblX YHTATENIO
B KauecTBe yNpaxHeHHH.

CTu/Ib M3/102KeHHs aBTOPA MOXKHO Ha3PaTh MPOMEKYTOUHBIM MeK LY
mMaTeMaTHUecKHM U dusnueckuM. C OJHOH CTOPOHBI, B KHHIE HE AAeTCs
CTpPOroro o6OCHOBAHHSI pacCMaTPUBAEMBIX METOAOB (XOTH BO MHOTHX
cayyasix Takue O6OCHOBAHHSI HMEIOTCR), a C APYTrofl CTOPOHBI, aBTOP
He ofpamiaercs K (U3HUECKOH HUHTYHUIUM 4YUTAaTeAs] W He BHHKaeT
B aHasnM3 (PU3NYeCKOH CYIMHOCTH 3a1ay, pacCMAaTPHBAeMBIX IJIsT WJI-
JIIOCTPALMY ACHMITOTHYECKUX MeTOJOB. Takoll MOAXOX NpUaeT KHHIe
LIeJIbHOCTh, OTPaHHYMBAsl MMEIOMIHACS OrpoMHBLIH MaTtepuaJ, W MO3-
BOJISIET COCPEeJOTOYHTHCSl HA M3YUYEHUH CAMHX aCHMIITOTHUECKHX METO-
J0B, He TpeOys OT uYHTaTeNs 3HAKOMCTBA C OTIAEABHBIMH 06/1aCTIMH
U3UKH U MeXaHHKH.

Knura cua6xeHa oOwnpHOH 6ubanorpadueil, KOTOPYIO Mbl 10MOJ-
HUJIM HEKOTOpbIMH paboTaMH COBETCKHX AaBTOPOB 33 MOCHAEAHHe
10—15 Jser. B aBTOpCKHX CCBIIKaX Ha KHHUIH COBETCKHX aBTOPOB
HaMH YKasaHbl NOCJAeJHHE HU3JaHHA.

[lpu mepeBone KHHTH BCTPETHJIHCh HEKOTOPble HOBble TEPMHHBI,
BBeJ€HHble aBTOPOM, a TaKXXe TaKHe TEPMHHBI, JJS KOTOPHIX B pyc-
CKOH JiMTepaType MO NPHUKJ/AJHOH MaTeMaTHKe HCMOJAb3yeTcsl He-
CKOJIbKO pa3auyHblX BapHAHTOB MmepeBoja. B sTHx ciayuaax mnepe-
BOJUMKH U DPEJAKTOP CTPEMHJIHCb He K IOCAOBHOH 6JM30CTH, a K
nepejaye cMpicja OpUTHHasa.

Fnasw 1, 2, 5—7 nepeBea A. A. Menuksu, raasn 3, 4—A. A. Mu.
pOHOB.

@. JI. Yeproycoro



[1IpenucioBue

Muorue 3anaum, ¢ KOTOPHLIMH CTaJKHBAaIOTCA CErojaHs (PU3HKH,
MHKeHepbl U ClelHaluCcThl IO NPHKAaJHOH MaTeMaTHKe, He Mo LAl0TCs
TouHoMy peitieHnio. Cpefsl NPHYHH, 3aTPYAHSIOWUX TOUHOE PELIeHHe,
MOXKHO YyKasaTb, HalpuMep, HeJMHeHHble ypaBHEHHsS! JBHKEHHSA,
nepeMenHble KO3(DOHUHEHTH H HeJHHEHHble I'DAaHHYHbIE YCJIOBHS Ha
N3BECTHBIX HJIM HEM3BEeCTHLIX IpaHHLlax CJAOXKHOH ¢opMsel. lias peme-
Husl nOJOOHEIX 3aJaY Mbl BBHIHYJKJAEHB MOJb30BaThCH PAa3JIHYHOrO
poaa npHOJAMKEeHHAMH, WM YHCI€HHBIMH MeTOjaMH, MM KOMOHHa-
uuefi tex u aApyrux. Cpeam npubNHIKEHHBIX MeTON0B OCHOBHBIMH
SBJSIOTCS METOIH BO3MYIIEHHH (aCHMITOTHYECKHX PasJIoXeHHE) mo
60J1bIIAM WJH MajiblM 3HAYeHHSIM rapamerpa WM KOoopauHaTel. Ha-
cTOfAIAasA KHUra MOCBSLIEHA ONHUCAHHIO 3THX METO/IOB.

B cooTtBercTBHM ¢ MeTOJaMH BO3MYLIEHHMH pelleHue 3ajauM npeg-
CTaBJisieTcsl HECKOJbKHMHU (OOBIYHO JBYMs) IMEpPBBHIMH YIeHAMH BO3-
MYIIEHHOTO pasjoxeHHA. [l1d KadyeCTBEHHOTO U KOJMYECTBEHHOrO
npejcTaB/ieHusl pelleHHs BO3MYyLIEHHbIE pas3J/ioXKeHHs, 1axke eclH OHU
pacxojsiTcsi, MOTYT OKasaTbCf 0oJiee HOJE3HBLIMH, YeM PAaBHOMEPHO U
aGCoIOTHO CXOJSILMECH Pa3JoKeHHs.

[TpsimMble, HemocpeACTBEHHbE PA3JIOKEHUS MO CTENeHAM IapaMeTpa
UMEIOT, KakK NpaBu/o, OTpaHUYEeHHbIe OGJaCTH NMPUTOJHOCTH M Hapy-
1IAI0TCA B HEKOTOPBIX 00/acTSAX, HA3blBaeMHIX OOGJIaCTAAMH HEPAaBHO-
MepHOCTH. [ns mpuBeneHMA 3THX pPasJOXKeHHA K paBHOMEDHO NpH-
TOJHOMY BHAYy HcC/lefoBaTe]H, paGoTalouide B pasjiHYHbIX 06JacTaX
dH3HUKHM, TEXHUKH ¥ TPUKAAJHON MaTeMaTHKH, paspabotalu psij
MeTojoB. Hexoropble U3 3THX MeTOJOB Mexjay co00H COBEpLIEHHO
HeCXOXH, ApPYyTrHe SIBJSAIOTCS PasjHYHBIMH HHTEPNPETAHSIMA OJHOMH H
TOH e OCHOBHOH HJeH.

Henp Hacrosimied KHHTH— PAcCMOTPeTb HEKOTOpHle H3 YHOMSIHY-
THIX METOJOB, BLISIBUTH HX CXOJACTBAa M pas3/Huus, NpPEUMYILECTBA H
orpaHdyenusi. JIas ONHCAHHS pA3JHYHBIX METOJIOB CHAuajia HCIOJb-
3YIOTCA TIPUMephl C MOJEALHBIMH TIPOCTHIMH OOLIKHOBEHHBIMH ypaB-
HEHHSIMH, KOTOpble MOTYT ObITb TOYHO pelleHbl, 3aTeM, IO Mepe
YCIOXKHEHNS, PACCMATPUBAIOTCSH IPUMEPHI ¢ AH(depeHLHaNbLHEIME YpaB-
HEHHSIMH B YaCTHHIX NPOM3BOAHBIX. IIpHMepHl B3siTHI W3 pasHbIX 06-
Jacteit (pU3MKYM M TeXHUKH. KaxJIOoMy HpHMepy NpeanociaHo KPaTkoe
(pu3nyeckoe ONUCaHHE 3a1auH.

Pasnnunsle Meronnl onMcanbl Kak (opmaipHble npoueaypsl, 6es
MONBITKH CTPOroro HX oGoCHOBaHHMSA. Pasjoxenus, no/yueHHble HJs
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HEeKOTOPHIX CJIOKHBIX NPHUMEPOB, PAacCMOTPEHHbIX B JAaHHOH KHHre,
elle He HMEIT Ha CaMOM [iejie CTPOroro MaTteMaTH4yecKoro o60CHOBA-
HUA.

B koHlle KaXJo# ryaBbl Jal0TCs yHpaXKHeHHUs, KOTOpble pacro-
JIOXKEHB! B MOPSIIKEe BO3pacTalollefl CJAOXKHOCTH H CHalXKeHbl AONOJ-
HHUTENBbHBIMH CCBUIKaMH.

Ot uutartens He Tpebyercsl MOHMUMaHUA (PH3HYECKOHA CYTH NpHMe-
poB, HCIONb3yeMbIX AJisl ONHCaHus1 MeToloB. [1peanonaraercs, oguako,
YTO OH SHAKOM C OCHOBAMH aHa/Hh3a, a Takke C 3/eMeHTapHbIMH
cpofictBaMd  uddepeHINANbHBIX YpPaBHEHHH —OObIKHOBEHHBIX H B
YACTHBIX NPOH3BOJHBIX.

CnaBa 1 comepxkutr 00O3HAUEHHA, ONpEAE/EHHs M AEHCTBHA Haj
ACMMIOTOTHYECKHMH DAa3/oKeHUsAMH. FCTOUHMKM HepaBHOMEpPHOCTH
B pas3/oXMeHHS X BO3MYIUICHHS KJ/ACCHQULIHPOBAHbBI M DPAacCMOTpPEHb
B raase 2. I'maBa 3 mocBsilmeHa MeTOAy KOOpAHHATHBIX Npeobpaso-
BaHH#l, B KOTOPOM DaBHOMEPHOCTb AOCTHUTAETCS TyTeM pasOKeHWH
KaK 3aBHCHMOI, TaK M He3aBHCHUMOH NepeMEHHBIX B DPsJbl 10 HOBBLIM
He3aBHCUMBIM napamerpaM. B rJiaBe 4 ONHCBIBAIOTCS METOJ CpalliH-
BAHHA ACHMITOTHUYECKUX pAa3JIOKEHUH M MeTOl COCTABHBIX aCHMIITO-
THYECKHX pasnioxeHuit. [lepBblil MeTox N03BOJISIeT BHIPA3UTh pELICHHE
C JIOMOLIBIO HECKOJIbKMX pas/OXKeHHH, MNPUTOAHBIX B DAas/JUYHBIX
06J1aCTAX ¥ COTJIaCOBAHHBIX MEXAYy COGO0H C NMOMOLIBIO MPOLENYPbl
Cpall¥BaHHsA; BTOPOH METOJ MNpPEACTABJsIeT peilleHHe B BHJE €JHHCT-
BEHHOI'O BCIOAY MNPHUIOJHOTO pasJiokeHHs. B rjase 5 ajsa Hccieno-
BaHHs MeJJIeHHbIX H3MeHeHHH# aMnauTys U das cnabo HeJHHEHHBIX
BOJIH U KOJIEGAHHH HCIOJMb3YIOTCH IMOHATHS OBICTPHIX M MeIJeHHBIX
nepeMeHHbIX B COYETAHHH C METOIOM BapHalUH [POH3BOJLHLIX MOC-
TOSHHBIX. Metognl raaB 3, 4 u 5 o6o6uieHs! B ri1aBe 6 H 06beHHEeHb!
B OZHY M3 TpPeX pasHOBHAHOCTEH MeToja MHOTHX MaclutaboB. B riase 7
PACCMOTPEHBI CYIECTBYIOHIME METOAB NOCTPOEHHS ACHMOTOTHYECKHXK
peLIeHHH JIHHEAHBIX OOBIKHOBEHHBIX JAU(pepeHunanbHbIX ypaBHEHH
H ypaBHEHHH B 4YaCTHBIX NPOM3BOJHBIX.

TlepBrie ciioBa GaaropapHocTr 11 06s3aH ckasath goktopy B.C. Ca-
guxy H MOMM 6paTbsiM—A-py Apnany Haligs u Mynupy Haiids —

a oOCcyXJeHHH H MOANEPHKKY B IIPOLIECCE HANHCAHHUS 3TOH KHHIH.
3a MJIOJOTBODHBE OGCYKAEHUS H KPUTHKY f 00S5I3aH TaKxkKe HEKOTO-
pBIM CcBOMM KoJjeraM, B uacTHOcTH A-pam . T. Myky, I. I1. Tenano-
mucy, A. A. Kemeny u B. X. Credany, a takxke O. P. Acpapy
u M. C. lew. dra kuura He Oblia Obl Hanucana, ecid Gbl He Tep-
NeHHe M IMOJifepIKKa MOeH »K€Hbl W HacTOHYHBOCTb MOUX pOAHUTEjed
Xacana u Xagpbl, KoTopble, GyAyuH HErpamMOTHLIMH, HACTOSIJIH Ha
TOM, 4TOOGB! si MOJIyYH/l Bhicliiee obpasoBaHHue. ITosToMy 51 MOCBAW A0
3Ty KHHTY MOHM DOJHTENSIM H MKeEHe.

Anu Xacan Hatigs

BaskcGypr, Buprauua
mah 1972 r. -



rJABA 1

BBeneHue

BosbIIHHCTBO (GH3HUECKHX 3aJa4, C KOTOPLIMH CTaJKHBAIOTCH
cerofHs HHKeHepbl, (GM3HKH H Creuuasuctsl B 00/1aCTH NPHKJIAAHOM
MaTeMaTHKH, oOHapy:KHBaeT pAJ CyLleCTBEHHBIX ocoOeHHocTel, KOTo-
pble He MO3BOJIAIT MOJydyaTb TOYHbIE aHANMTHUYeCKHE perueHHA. Ta-
KMMH OCOOEHHOCTAIMH SIBASIIOTCSI, HalnpuMep, HeJMHEHHOCTH, mepe-
MeHHBle KO3h(HILUeHTbl, TpaHUUBl CJAOXHOH (OPMBI H HeNUHEHHbIe
rpaHUYHBE YCJOBHS Ha H3BECTHBLIX MJ/IH, B HEKOTODHIX cJyuasx,
HEeH3BECTHBIX rpaHuuax. Ecam jaxe ToyHoe pemieHHe HEKOTOPOH
3ajaud SIBHO HalJeHO, OHO MOXKeT OKa3aTbCfl 0eCnoJe3HbIM sl
MaTeMaTH4eCKOH K (H3UYeCKOH HHTeplpeTauMi HJIM YHC/AEHHBIX pac-
yetoB. [Ipuvepamu Takux 3ajzau AsasioTcs GyHKUMH Beccens Gonb-
moro nopsiika npu O0JbIIMX 3HaUeHUAX apryMeHTa H JBOSIKONepHO-
auueckne ¢yHkuud. Takum o6pasoM, Ajis NoJayueHHs HHDOPMaLHH
0 pelleHUs1X YpaBHEHHH Mb! BHIHYAEHbl NPHOErHYTb K alIpoKCHMA-
UMAM, YHCJEHHBIM DEIIeHUSIM HJIM K COYETaHHIO 3THX ABYX METOJOB,
Cpenu npuGJHKeHHBIX METOJOB MpexKJAe BCEro cJAejyeT Ha3BaTh
acHMITOTHUYECKHE MeTOJbl BO3MYILIEHHH, KOTOpble M fIBJSIOTCS Npen-
MeToM 3TOoH KHUCH. COrNacHO 3THM METOJMKaM, pellleHHe MpecTaB-
JAETC HEeCKOJbKHUMH NepPBbLIMH YJI€HAMH acHMIITOTHYECKOro pasJjoxe-
HHUsl, YHCJAO KOTOpPblX OOBIYHO He npeBblLAeT ABYX. Pasnoxenus
MOTYT NPOBOJMTBLCS N0 GOJIBLIOMY HJH MajiOMy IapaMeTpDy, KOTOPhi
€CTeCTBEHHO BO3HHKaeT B ypaBHEHHSIX MJH BBOAHTCA HCKYCCTBEHHO
ans ynoberBa. Takue pas/ioKeHHs Ha3bIBAIOTCA B03MYWEHUAMU HO
napamempy. C Apyroi CTOPOHBI, PA3JOXKEHHA MOTYT ObITh NPOBEAEHb
N0 KOOpAMHATaM s GONBIIKMX MM MajbiX 3HAuYeHHH; B 3TOM Cay-
yae OHY HAa3blBAIOTCA B03MYyUeHUAMU no kooplunamam. [lpuMepnl
pasyioxeHHH NO napaMeTpy ¥ KOODJHHATE H HX CYlLleCTBeHHLIE Xapak-
TepHcTHKHE ganbl B § 1.1 u 1.2. [lns dopManusauud noHATHH mnpe-
JenioB, oleHoK norpewHoctd B § 1.3 BBeseHH onpejfedeHHst CHMBOJIOB
nmopaaka v apyrue obosnauenus. Ilaparpad 1.4 copep:kur onpeje-
JIEHHS] aCHMNTOTHYECKOTO pasjoXkKeHHs, aCHMITOTHYECKO# [ocnaeno-
BaTeJIBHOCTH H CTemeHHOro pana; B § 1.5 paercs cpaBHeHHe cxojus-
Ilerocs W acCHMITOTHYECKOro psAjgoB. 3arteM, B § 1.6 onpenenensb
PaBHOMepHbie H HePaBHOMEDHbIE aCHMIITOTHUECKHE Pa3JiONeHHs. Kpar-
Kag lcaonxa onepauym HaJ aCHMIITOTHYECKMMH panlO)KeHHHMH Jana
B 7
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1.1. Boamyuwiedss fo napamerpy

Maremarudeckan GOPMyJNHPOBKA MHOTHX QU3HYECKHX 3ajhay, B KO-
TOPBIX BcTpevaeTcss PyHKUHUSA BHAA U (x, €), MOXKeT ObITb JaHa ¢ Mo-
Mouibio auddepennuansHoro ypasuenus L (u, x, €)=0 ¢ rpaHHUYHBIM
ycaoBueM B (4, €) =0, rie X—cCKansipHas HJIH BEKTOPHAs He3aBHCH-
Masl nepeMeHHas, a e—rnapameTp. Takas sajaua, BooOlle TOBOpS,
He MoxXeT ObTb pemeHa ToyHO. OJHAKO eC/AH CYIIECTBYeT & =g,
(BbiGOpOM OTCueTa € MOXKHO A0OUTbcA €,=0), A1 KOTOPOTO BHILLe-
yIOMSHYTas 3ajjaya pemaercd TOYHO HJIH CPABHUTEABHO JETKO, TO
IJIsl MalblX € MOXKHO HCKaTh pelleHHe, CKaxKeM, B BUJe PasyoxeHUs
IO CTel€HSAM €, T. €. B BHJE

u(x; €)= thy (¥) +euty (1) ey (1) + ... (1.1.1)

rue u, He 3aBUCHUT OT &, a U, (X)— pelleHde 3ajaud npu & =0. 310
pasJioXeHHe MOXKHO MOACTaBHTb 3aTeM B paBeHcTBa L (u, x,¢e)=0 u
B (u, €) =0, pasjoxuTh HX I MalblX &€ H CTPYNNHPOBAaTh KO3d-
(UUMEHTRI TIpH Kaxgof crernedd e. [lockoJbKy 3TH ypaBHEHUs
JOJIXKHBEl YAOBJETBOPATHCA JJiA BceX 3HAUEHHI € W MOC/IeI0BaTelb-
HOCTb CTeleHel & JHHEHHO Hes3aBHcHMa, KO3(PHUUUEHT NpU KaxkJoH
cTerneHy e ofpawmaercss B HyJb HeszaBHCUMO. [IpH 3ToM o6BIYHO MOMy-
YalTCA NPOCTHIe ypPaBHEHHS OTHOCHTE/IbHO u,, KOTOPbIE IIOC/E10Ba-
TesqibHO pemarorcs. CiéayroliHe ABa MPHUMepPa WIJIOCTPHPYIOT CKas3aH-
HOE. :

t.1.1. AareGpaudeckoe ypasBHenue
PaccmorpuM cHayana pelleHue ajire6panyeckoro ypaBHEHHS
u=14¢eud (1.1.2)

npu ManoM e. Ons € =0 umeeM u=1. [lyctb & Majo H OTAHYHO
or Hyas. Ilojoxum

u=1+4eu, +eu,+eu;+..., (1.1.3)
Torga (1.1.2) npunumaer BHA
e, +e2u,+edu,+ ... =e(l +-eu, +e2u, +-e3u,+...)% (1.1.4)
Mposeas B (1.1.4) pasnokenne NpH MajiOM &, NONYYHM
euy +eu, +edu, ... =e[l43eu, +3e2 (4, +ud)+...]. (1.1.5)
CrpynnupoBaB Ko3HUHUEHTH NPH OJIHHAKOBBIX CTeNneHAX &, GyjeM
HMeTh
g(u,—1) +e2 (vy—3u,) +8% (4, —3u,—3ui) + ... =0. (1.1.6)

[Tockoarky ato yPaBHEHHE BBIIOJIHACTCA TOXJECTBEHHO MO &, KO-
buuKeHT NPH KaxJol crTeneHHu e obpailaeTcsi B HyJAb HE3aBHCHMO.
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Takum o06pasoM, .
u,—1=0, (1.1.7).

u,—3u, =0, (1.1.8)
ty—3u,—3ui=0. - (1.1.9)
PemenneM ypasnenus (1.1.7) sasasercs
u, =1. (1.1.10)
Torpa pemwenneM (1.1.8) Gyner
U, =3u, =3, (1.1.11)
a pentenueM (1.1.9) ‘
Uy =3u, - 3ui=12. (1.1.12)
Cnenoparensro, (1.1.3) npunumaer Bun
u=1-4¢e--3834-12e3+ .., , (1.1.13)

rJle MHOTOTOUHEM 3aMeHeHbl BCe uJjleHbl, CofepXauye &” npu n =4,
Takum o6pasom, (1.1.13) aBnserca annpokcuManuedl peieHus ypas-
nenus (1.1.2), koropoe paBHo 1 mpu e==0,

1.1.2. Ocuuaastop Bau-nep-Ilonn

B KauecTBe BTOPOTO IpHMepa DPacCMOTPHM ypaBHeHHe Baw-zep-
Mons [1922]

2
e u=e(l—u?) S (1.1.14)
ans magoro €. Ilpu e=0 oHO cBOAHUTCA K YyPaBHEHHIO

P4 fu=o0, (1.1.15)

ofulee perieHHe KOTOPOTO HMEET BU[
u=acos(f+ o), (1.1.186)
rie q ¥ (—TOCTOSiHHble. [l onpeneneHus Jyyuero NpubAMKeHHs
K pemenuto ypaBHeHus (1.1.14) O6ymem uckarh BO3MYLIEHHOE DPasJio-
KeHUe BHJA
u(t; &) = uy (1) Few, () +e2u, () + ..., (1.1.17)

TJle MHOTOTOYHE 3aMeHsIeT cjlaraeMble, IPONOPIHOHAIbHEIE CTRIEHSM &,
GoabwnM aByX. [Toacrasisisi ato pasnoxenue B (1.1.14), 6yneM uMeThb

d2u dzu d?u
Gt uote (GEtw ) ter (Gt w)+o =

du, du, du,

=¢e[l —(uy+eu, +e2u,+...)? [717 +e— e+ ] (1.1.18)
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IMposeasi pasnoxenue AJisi MaAblX &, MOJY4YHM

d2 d2 3 , [d?
T tugte (Gt ) e (Rt )=
d d
=s(1-ug)%+ez[(1—u3)"di;_2uou1%9]+.... (1.1.19)

TMockoasky u, He 3aBucHT oT e H (1.1.19) cnpaBeanuso aas Beex
AOCTATOYHO MaJbIX 3HA4YeHHH €, KO3hDOUUMEHTH NPH OJUHAKOBBIX
cTeneHAX € B O0EHX 4YacTsX 3TOrO yPaBHEHHS [OJXKHBI ObITh paBHbI.
IMpupaBuuBas kKO3(QGbHIHEHTH! NPH ONMHAKOBHIX CTENEHAX & B 00eHX
yactax (1.1.19), noayuum:
ans ko3pdunHeHToB NpH &°

Lot uy =0, (1.1.20)

IA5 Ko3hPUIHEeHTOB NPH €
Tty = (1—u) o (1.1.21)

anst kosbduuueHTOB NMpH €2
Lot gy = (1—u2) B 9y, %o, (1.1.22)

3amertnm, yto ypaBHeHue (1.1.20) cosnagaer ¢ (1.1.15) u ero o6uee
pewenne umeer Bua (1.1.16), T. e.

Uy = acos ({ + ). (1.1.23)
[Mopcrasnsia B (1.1.21) BeipakeHue Anfl u,, NOJy4YaeM

Tl u, = —[1—arcos (t +¢)] asin (t +¢).

HCHOJIbSy 1 TPUTOHOMETPUUYECKOE TOXKAECTBO

cos? ( +@) sin ({ + @) = 22 (l+q>)-isin 3¢+q)

niepenyiieM 5T0 ypaBHEHHE B BHJE

d?u, a® —4a

Sl tu, =2 sin (4 g) 4 adsin3(f+g). (1.1.24)

YacTHbIM pelueHueM ero sBJsIEeTCS QYyHKLHSA
s

U, = — 84atcos(t+cp)—§1§a3sin3(t+cp). (1.1.25)

Konb ckopo usBecTHB! u, W 4;, M3BECTHAa M ApaBas 4acTb ypaBHe-
aus (1.1.22), u ero aHa/jiornunbiM 06pa3oM MOXKHO Pa3pelIUTh OTHO-
CHTENIbHO 4,. Bompoc o TOM, HacKOJbKO MOJIE3HO MOJYYEHHOE TAKHUM
00pa3oM pas/ioKeHHe, fABJSAETCH NPEAMETOM H3YUEHHs 3TOH KHHTH.
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1.2. Bo3myuieHHsi N0 KOOpAMHaTe

[Tyctes Hexkotopasi u3HuyecKas 3ajaya MaTeMaTHYeCKH OMHCHI-
paetcsi aHvbdepeHuranbHEIM  ypaBHeHHeM L (u, x) =0 ¢ rpaHHYHBIM
ycnoBHeM B (u) =0, rae x—ckansap, U NycTb HU3BECTeH BHA U, pe-
WEHHS U NPH X — X, (xo MOXKHO cheaTh paBHbiM O uaM oo). Toraa
MOXKHO TOMBITATLCH HAHTH OTKJAOHeHHe (YHKUMH 4 OT 4, A1f X,
6JM3KHX K X,, Pack/jajbiBasd 3TO OTKJOHEHHE 0 cTemensM x npu
x,=0 nau no crenenssm x~' npu x,=oco. DTa TEXHHKA AEMOHCTPH-
pyercsl Ha cleNyOIHMX ABYX NpHMepax.

1.2.1. Ypasnenue becceas Hyiaemoro mopsaxa

Mbl Gyaem paCCManHBaTb pemem{e ypaBHEHHS
dx%+ +xy 0. (1.2.1)

310 ypaBHeHHe HMeeT peryjsipHylo ocobyio Touky x =0, 4To HaBo-
IHT Ha MbICJb MCKaTh pellieHHe y B BHJE CTENIeHHOro psijia, HCIOJAb3ys

meros Ppobennyca (Hanpumep, AfHc [1926, pasmen 16.1]). [Toaa-
raem, Takum oOpasom,

y= Zoamx““", (1.2.2)

rie 4YHCA0 W H Ko3(hpHUHEHTHl a, [OJXKHBI ObITb ONpelefeHbl TaK,
qToOs (1.2.2) 6bl10 peiieHueM ypasuenus (1.2.1).
[ToncranoBka (1.2.2) B (1.2.1) paer

2 (wtm) (- m—1)@eutm=t 4
+ 3 (ptmagpetnei g 3 g et <0,
m=0 m=0

i

Z (w4 m)2axp+rm=1.1 Z Quattml =, (1.2.3)

4YTO MOKHO 3anucaTh B BHJE

Wiaoxh =t (1)@t - 3 (- m)? auentmetg 3 g putmin=),
m=2 m=0
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3aMeHHB B MepBOH CyMMe MHAEKC m Ha m-2, MOXeM [epenucaThb
3TO ypaBHEHHE B BHJIe

wapt =tk (et D)2 at 3 [ m+2)? ap g ag] x4 =0,
g | =t

! (1.2.4)

i

ITockosbky (1.2.4) aBASETCA TOXKIECTBOM 0O X, KO3(PHLHEHT
OpH KaXJIOH CTeNeHH X JOJIKEeH O0paTHThbC B HYJb HE3aBHCHMO,
T. €.

uia, =0, (1.2.5)
(n+1*a, =0, (1.2.6)
p+m+22a,.,+a,=0, m=0,1,2, .... (1.2.7)

Ecnu nojoxuts a,=0, To U3 mnepsBoro ypabHeHusa caeayer u =0;
torna (1.2.6) naer a, =0, a us (1.2.7) caexnyer

a,‘,,H_—._@-Jr—f?;"J-JF, m=0, 1, 2, .... (1.2.8)
ClieoBaTenbHo,
Qymyr =0, m=1, 2, 3, ...,
Q=% &g, G g
@ = (1) g (1:2.9)

Ilpu a,==1 nosyueHHOe pelleHHe npeicTaBaseT cobofi (QyHKUHIO
Beccenss HyseBoro nopsijaka M uacto obosHavaercst yepes J,(x). Ta-
KUM 06pasoM,

xﬂ

x2 x4 X8 n
JO(x)=1—§+W_———22-42-6—2+"'+(—l) 92.42.62 .. (2n)‘+
(1.2.10)

IMockonbKy oOTHoileHMe n-ro ujeHa K (n—1)-My paBHO —x2/(2n)?
U CTPEMHTCS K HyJI0 NpPH n-— oo 4751 BCeX 3HAUeHUit x, pajg
(1.2.10) ana dyuknum J,(x¥) CXOLUTCA paBHOMEPHO U aGCOJIOTHO
IpHY BCeX 3HAYEHUAX X.

B n. 7.1.2 nonyueHo pasJjoxerue J,(x), crnpaBeiJHBoe RJs
Gonbiinx 3Hauvenuét x; B § 1.5 oHO cpaBHHBaercs C.pas/oKeHHEM,
NoJiy4eHHbIM Bhbillle.
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1.2.2. flpocroit mpumep

B Kau€CTBE BTOPOTO NMPHUMEpaA Mbl paCCMOTPHM pelLIeHHE ypaBHEHHA
dy 1

npd 60JplIHX X¥. ByneM uckaTb 3TO peileHHe Npu 6O/bIIKX X B BHIE

Y= i" a,x" " (1.2.12)

m=1

[ToacranoBka storo pasnoxenusa B (1.2.11) paer

D —ma gt D" (o, — 1) x"1=0. (1.2.13)
m=1 m=2

3aMeHUR BO BTODOH CyMMe HHAEKC m Ha m - 1, MOXKeM Nepenucarh
9T0 ypaBHeHHe B BHJE

(a,— 1) x 1+ D) (ap., —ma,) x~ ™1 =0. (1.2.14)
m=1 .

[TonyueHHoe ypaBHeHHe SBJISIETCS TOXKAECTBOM IO X, NO3TOMY KO3M-
GUUHMEHT NpH KaXJIoM X~ ™ [goJKeH oOpaTHTbCS B HYJb HE3aBHCHUMO,
T. €.

a, =1, a,,.,=ma, ansa m>=1. (1.2.15)
CaeoBaTeNbHO,
a,=1, a,=2!, a,=3l, a,=(n—1),

1 (1.2.12) npunumaeT BUA
] 11 2! 3! — )
y=rtatatat.. AR 00 (.21

[lockonbKy oTHOWEHHE 7n-TO K (1n—1)-My d4jeny paBHO (n—1) x~?
H CTpeMHTCA K OECKOHEUYHOCTH IIPH 7 — 0o HEe3aBHCHMO OT 3Haue-
Husi x, 1o psag (1.2.16) pacxonutcs npu Beex 3Hauenusax x. B §1.4
NOK4a3aHO, YTO, HECMOTPA HAa PAaCXOAMMOCTb, 3TOT Psij OKa3hiBAeTCH
NO/Ie3HbIM V1 YUCJEHHBIX DacyeToB; OH HOCHUT HA3BaHHE acuMnmo-
muueckoeo psoa.

1.3. CumBousibl mopsiika W KaauGposouHbie (GyHKIUH

[IpennonoxuM, 4To Mbl HHTepecyeMcs (yHKUHEH €IMHCTBEHHOIO
BeLIECTBEHHOTO MapaMeTpa €, Kotopylo 6ylem obosnauats [ (g). Ilpu
BbIBOJe aNNpOKCHMauHUi Hac OyleT HHTepecoBaTh npexes f(e) npu &,
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CTpeMsilleMcsi K HyJwo, uto 6GyleM o6o3HauaTe Kak € -— 0. IT1OT
Hpene] MOXKET 3aBHCETb OT TOrO, CTPEMUTCA JIH € K HYJIO CHH3Y,
yto o6o3nauaeM Kak €10, uau ceepxy, ¢ | 0. Ecan npegesa dyHKnuu
f(e) cywectByer (T. e. y Hee HeT CYUEeCTBEHHBIX OCOGEHHOCTEM
npn & =0, Takux, Kak Yy GYHKUHH sine~?!), TO UMeeT MeCTO OAHa
H3 TpeX BO3MOXKHOCTEH:

f(e)—0

fe)y— A4 mpu € —0, 0< A< oo, (1.3.1)

[ (g) — oo

B nepsoMu mnociepHeM c/yyasX CKOpOcTH cxoiuMoctd f(e)— 0 u
f () — oo oleHUBAIOTCS cpaBHeHUeM [ (g) ¢ 3BeCTHBIMU DYHKIHSIMH,
KOTOpble Ha3blBaloTCs Kaaubposounvimu Gynkyuamu. Tlpocreiimnmy
1 Haubojee ynoTpeOUTENbHBIMH U3 HHX SBJASIOTCH CJEJyIOHIHE:

x—1

e=n .., e"2 €"1 1 ¢, €2, ..., &% ..

o
B HexkoTOphIX c/lyyasix K HHUM JOJJKHBI ObiTb 100aB/eHbl (yHKHHH
loge=1, log(loge™1), e, e-¢7" u T. A
JlpyruMu npumepamu Ka/jquGpoOBOYHBIX PyHKUHMHA ABAAIOTCA QyHKIUH
sine, cose, tge, she, che, the wu T I
Ilpn cpaBHeHud noseseHus GYHKUUM f () ¢ KanuOpPoBOYHOH GyH-

Kude#i g(e) npy &-—0 ucnonbsyercsi OIAHH U3 [ABYX CHMBOJIOB
Jlanpay: O wuan o.

Cumeoa O
Mnl nuiem

f(e)=0][g(e)] npue—0, (1.3.2)

€C/IM CYyLIEeCTBYIOT MOJIOXKHTeAbHOE uHcao A, He 3aBucsillee OT &, H
3Hauenue g, > 0, Takue, 4uTO

[f(e)|<<Ajg(e)| ans Bcex {e[<eo. (1.3.3)
J10 ycnoBHe MOXKeT GHITh 3aMEHEHO CJiefyIOlLHM:
im | £&)
Jl_{x]o T < oo. (1.3.4)
Hanpumep, npu ¢ — 0 umeem
sine =0 (¢), sine® =0 (e?),
sin7e =0 (&), sin 2e — 2e =0 (&%),
cose =0 (1), I —cose =0 (e?),
Jo(e) =0(1), Jo(e) —1=0{(e?),
she =0 (&), che=0(1),
the =0 (¢), tge=0/(e),

cthe=0(""), clge=0 (")
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Ecau, kpome &, Gyukuusa [ 3aBHCHT H OT Apyro#l’ nepeMeHHOH X,
a g(x, €)—xanu6poBoyHasa (PyHKUHA, TO MO-NPEKHEMY IHIIEM

fx, ) =0[g(x, )] npn e—0, (1.3.5)

€CNH CYLIECTBYIOT [I0JIOXKHTE/NbHOEe uuca0 A, He 3aBHUCsLLEE OT &, W
g, > 0, Takue, uTo

[f(x, )| <<Algx, &) nas scex |e|<e,. (1.3.6)

Ecau A ¥ g, He 3aBUCAT OT X, TO TOBOPAT, YTO cooTHoWweHHe (1.3.5)
BBHINOJHSIETCA pasnomepro. Hanpumep,

sin(x--€)=0 (1) =0 [sin (x)] paBHoMepHO') npu & — 0,
B TO BpeMs Kak
e~& —] =0 (e) HepaBHOMepHO npu & — 0,
V' x+e—V x=0(e) uepaBaomepHo npu &— 0,
Cumsoa o
Mbl nuiem
fe)=o0[g(e)] npu e—0, (1.3.7)

eCqR A1 KaXIOro MOJIOXKHTEJNbHOrO Yucaa O, He 3aBHCALILEro oT &,
cyulectByet &, > 0, Takoe, uTO

[f(e)|<Olg(e)] mna |e|<e,. (1.3.8)
310 yc/a0BHE MOXKET ObITb 3aMEHEHO CJejYIOULHM:
: )| _
lim | 25| =o. (1.3.9)

Takum o6pasoM, umeeM npu e — 0
sine =o (1), sine? =o (g),
cose=0(e-v2), " J, (e)=o0(e"),
cthe =o0(e-3?), clge__o[e (7+0/"] 115 NOJOXKHTENbHBIX 11,
1 —cos 3e =o0 (&), exp (—e~1) =o0(e”?) 115 Bcex n.
Ecau f=f(x, &) u g=g(x, &), T0 rogopar, yro (1.3.7) seinon-
HfleTC paBHOMEPHO, ecan & u e, He 3aBucart ot x. Hanpumep,
sin(x+€)=o0(e~v3) paBHOMepHO npu & — 0,
B TO BpeMs Kak
e~® —1 =o0(el/?) nHepaBHOMepHO mpH t—s 0,
Vx+e—Vx=0(**) uepaBHomepuo npu &— 0.

1) Bropoe K3 uUpHBEJEHHLIX COOTHOWIGHK BBINOJHAETCA PAaBHOMEPHO 0 X AAR
HHTCPBAJIOB H3MEHEHHS X, B KOTophiX sin x # O.— [lpum. ped.
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1.4. AcMMNTOTHUYECKHE DPa3JoXKeHHS H MMOCJel0BATENbHOCTH

1.4.1. AcumMnToTHUYECKHE PSIAB
Mb1 ycraHoBuau B 0. 1.2.2, 4To yacTHBIM peuleHHEM ypaBHEHHs

dy |

ABAACTCS pPAN
1 1! 2! 3! —
y:7_|_;é_+?_]_?+___+(n_xnﬂl.+.”’, (1-4-2)

KOTOPHI1 pacxoantcs 1ds BceX 3HaueHHH x. YUrtoObl BHISICHUTH, Ha-
CKOJIBKO STOT psiI MOXKET OKAa3aThCA TOJIE3HHIM TNPH BBLIYHCJEHHH
YACTHOTO pELIeHHA Hallero ypaBHeHUs, OMNpefeHM OCTaTOK Mpu
yceueHUH psAjga Ha n-M ujgeHe. [{JIs 3TOro 3aMeTHM, 4YTO YacTHOe
pewenye AHpPEePEHLHANBHOTO YPABHEHHA 3alaeTCA HHTErpassoM
X
y=e ¥ g x~te* dx, (1.4.3)

-

CXOASAIIMMCS TIpH OTpHuateabHblXx x. MHterpupys (1.4.3) mo uactsm,
TIOJy 4 HM
X l ] X
1
—_ —-% ~ 25X —_ —_ - —3,5x% —_

y=—"+te Sx e*dx x—;—x2+2e Sx e* dx

-® -
1 X
~+= + —|—3'e"‘ S x~te* dx =

-0

ll

LIRTS RN S R +nve-x&x-n—lexdx. (1.4.4)

CriefjoBaTesbHO, €CJH Mbl yCeueM psll Ha 7-M 4JjeHe, TO OCTATOK Kak
pyHKuMA n W x OyIeT MMeTb BHI
X

R, =nle=* § x~n=tev dx. (1.4.5)

-0

Hna cxomiuMoctd psna npefen lim R, Io/xeH paBHATLCS HYJIO.

n-—> o
B nameM npumepe 310 He BbiNOJIHEHO. [lefCTBUTENBHO, HPH 7 — 0o
HMeeM R, —s co, TaK 4YTO DsAA pacXoiMTca MJIs BceX X, B COTJIACHH
C TeM, YTO Mbl YCTAaHOBHJH B NI. 1.2.2, ucmonpdya Apyro#i NpH3HaK
cxopumocTu. Ilostomy paj (1.4:2) MoxKeT OKa3aThbCst OJIE3HBIM TOJIBKO
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npu ¢$UKCHpoBaHHOM #. [/ OTpHUATENbHBIX X HMeeM

X
n!

|Ra|<nl[xmrrlem= [ oxde= e (1.4.6)

-

TakuM oOpa3oM, omuOKa, CBA3aHHAs C YCeUEHHeM psAjga Ha n-M
yjieHe, YUCJEHHO He IPEBOCXOIMT MepBOro OTOPOIIEHHOrO 4YJeHa, a
uMeHHO (n--1)-ro. Bosee toro, npu UKCUPOBAHHOM # H [X{— oo
umeeM R, — 0. llostomy, xora psx (1.4.2) u pacxomutcsi, aas puk-
CHDOBAHHOTO /1 TepBble A YJEHOB psia MOTYT MNpPEACTaBAATb Y C
oumuGKol, KoTOpas MOXKeT ObITb cjlesaHa TNPOH3BOJIBHO Majoil npH
BbiGOpe jocTaTouHO OGoablloro 3Hauenua |x|. IlonoGublé psaa Hasbl-
BaeTcs acumnmomuueckum padom muna [1yankape (I1yankape [1892])
U 0603HauyaeTcst

0

y~v£’1:—1—)!— npu |x|— oo. (1.4.7)

xn

\

=

@

) !
Boobuie, A1 3anaHHoOro psija Z, (a,/x™), roe a, He 3aBHCHUT

m=0

OT X, Mbl TI'OBODHM, 4YTO OH SBJISETCH acuMnmomuqecxuM.pﬂaom, u
MUIleM

y~ Z 5 OpH  [x[-— 00 (1.4.8)
TOrJ1a U TOJbKO TOorjaa, Korjaa
n
y=252 to(x"") npu |x|— co. (1.4.9)
m=10

Yenosue (1.4.9) MOXHO nmepenucaTb B BHIe
n—1

y= Zz—,'ZvLO(IXI‘") npu | x|-— oo. (1.4.10)

m=0

B KkayecTBe Apyroro npHMepa pacCMOTPHM, Kak 3TO OBLIO cle-
AaHo Diinepom [17564], Bompoc 06 oueHke HHTerpaJa

f (@) =mg’ °F dx (1.4.11)

w-+x

A5l GOJBIUHX MOJOKHUTeqbHBIX ®. llockonbky

w—}—x 2. (_l)mxm, ecan x < @, (1.4.12)
=0 : o
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xPe~*dx =ml, (1.4.13)

o(_/js

uMeeM

flo) =Y, &mt, (1.4.14)
m=0

IMockonbKy OTHOWIEHHe m-ro 4jaeHa K (m—1)-My, paBHOe — mw™1,
cTpeMuTcsl K OeCKOHeYHOCTH NMpH m— oo, psax (1.4.14) pacxoantcs

75 BCeX 3HaueHHH .
Uto6bl BLISICHUTb, fABJAserca JH pax (1.4.14) acHMNTOTHYECKHM,

BBIYMC/IHM OCTATOK, MOJIYYalOWHACA NPH ycedeHHH psfa Ha n-M
yjeHe. 3aMeTHM AJs 3TOrO, 4TO

n—1

~ —])'”X”‘ (*1)"):"
(,_)_{_x mZ:‘O m”‘l(m—{-x)' (1.4.15)
CiejoBatenibHoO,
n—1
f(o) =D (_” CUom LR, (1.4.16)
m=10
rie
— 1y o No~—X '
Rn:(mn—)l Sfo:_x VIR < o Sv"e dx = n, . (L.4.17)
0

Hrak, ommbka, oOycjaoB/eHHAas yceueHHeM psila Ha n-M  4JjeHe,
YUC/JIEeHHO He IPEeBOCXOAUT TNepBOro 0T6pou1em{oro yjleHa, H Mbl

nMeeM 1)

n=1
—ym m!
f(m):z(—ﬂim—m—{—O(m“”). (1.4.18)
m=1{
[Nostomy psaa (1.4.14) aBnseTcss acHMITOTHYECKUM:
flo)~ 3 =mm, (1.4.19)
m=0

1) B dopmyaax (1.4.17), (1.4.18) oburm{ana' HUMEIOTCA _ HETOYHOCTH, KOTOpbIe
HCnpabJeHel NpH nepesofe.— [Ipum. ped. -
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1.4.2. ACHMNTOTHYECKHKE DA3JNOKEHHSR

Hdnas npeactasieHds (YHKUMH BOBCe He 06f3aTe/NbHO HCIOJb30-
BaTb CTENEHHOH psAA. BMecTo Hero MOXKHO HCMOJb30BAaThb MOCJENO-
BaTEeNLHOCTL (PyHKUMH obwero Buga O, (e), ecaH TOJNBKO

8,(e)=0[8,~ (¢)] npu e—0. (1.4.20)
Takas MOCHe0BaTe/bHOCTb HAa3blBAETCH QCUMAMOMULECKOd nocaedo-

sameavrocmoto. IlpuMepaMH TakMX aCHMNITOTHUECKHX [OC/eJOBa-
TeJbHOCTEH fABASIOTCA

er, e*3,  (loge)~?, (sine)*, (ctge)~". (1.4.21)

B TEePMHHAX ACHMOTOTHYECKHX MOC/IeIOBATE/bHOCTEHR MBI MOXKEM
OMNpefeJiiTh aCHMITOTHUECKHE Pa3sioKeHHA. I/ITaK, Nnpo 3aJaHHYIO
w0

CyMMy Z a,,,6,,, (E), rpe a, He 3aBUCHT OT &, a 6,,‘ (3) €CThb acCHMII-
m=0

TOTHYECKasa MnoC/IeJ0BaTEbHOCTb, MBI [OBODHM, 4TO OHA ABJSETCA

QCUMNMoOMUYeCcKuUM pasnoxeruem, 1 MHIIEM

-
Y~ 2 a,6,(¢) npu e —0 (1.4.22)
m=0
TOTla W TOJILKO TOTAQ, KOria
-1

Y= 2 4,0, (€)+0[8, (e)] npu e — 0. (1.4.23)
m=20

‘OueBHHO, Y4TO ACHMITOTHYECKHH DsiJl €CTh YacTHBIH cayyail acumi-
TOTHUYECKOTO Pas3JiokKeHHs.

B kauecTBe mpuHMepa aCUMIITOTHUECKOTO PasJOXKEHHA, HE SABASIO-
1erocsl acHMIITOTHUECKHM CTeIEHHbIM DAJOM, MBI CHOBd PACCMOTPUM
uurerpan (1.4.11). Caezya Ban-aep-Kopnyty [1962], Mbl npegcTarum
f(®) B TepMuHax (HaKTOPHANBLHOH ACUMIITOTHYECKOH MOC/E10BATENb-
Hoctd [(w-F1)(w+2)... (0+n))"! 1pu w— oo. Jasa storo 3ame-
THM, YTO

1 X

1
-4 X —a_m(m-%x):
_ 1 x T x(x—1) .
o o+l e@+)(etr)
1 x =1 xx—1)(E—2
o m(w+1)+m(m—|—l)(w—|—2) o@+)@rd Ot (1.4.24)
Y BooOe,
O N (=DPxE—1) ... (o l—m)
“’+x——mz=:0 @+Do+2) ... (04 m +
(=D x(x—1) ... (x—n) .-
TerneTd einein 1425
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D10 PABEHCTBO AOKA3bIBAeTCs MO MHAYKUHMH ClefylomuM oGpasom.
Fcean (1.4.25) BepHo miAs 1, TO Mbl MOKaXeM, YTO 5TO PaBEHCTBO
BepHO ¥ aaa n 1. Jlns 3Toro saMetuM, yTo

© f‘ (—D7x(x—D. . (x+1—m)

m+x‘“m=0 O+Do+2) ... (0lm)
(=D +lx(x—1)... (x—n)

TeINe+Y . @trfh
(—h)rtlx(x—1) ... (x—n)

BN O ES P e
(=) +ix(x—1) ... (x—n)

T eIy L erners

O6beaAnHAA 1Ba MOCJAEJHHX CJaraeMblX H paclpocTpaHss cyMMHpo-
BaHHe 1O n--1, M MOXKEM [epenHcaTb 3TO BbIpAXKE€HHE B BHIE
41
© Y (=DPxpx—=1) ... (x+1—m)
0-+-x L O+ (®+2) ... (@++m) T

-+

m=0
(—Dr+2y(x—1) ... (x—n—1) ‘o
+(m+1)(m+2) T Yl (1.4.26)

Taxum obpasom, eciu papeHcTeo (1.4.25) sepno ans n, 10 (1.4.26)
yCTaHaBJMBaeT ero cnpabseliuBocTh 1aa n + 1. Tlockoabky, cornacho
(1.4.24), pasencrso {1.4.25) BepHo maa n=0, 1 uU 2, OHO BepHO U
aia n=3, 4, 5, ... . IlosToMy OHO BepHO A1f BCEX N.

Ywmroxada (1.4.25) Ha exp (— x) ¥ uHTErpupys OT X =0 10 X =00,
01y 4HM

f) = X apd,(0)+ R, (@), (1.4.27)
rjge
ap={xx—1) ... (x—m+1)erdx, (1.4.98)
0
8, (0) =(—1)" [(0+ 1) (@+2). . .(0+m)]2,  (1.4.29)

@

—1) ... (x— -
an_a,,(w)gx(”w+}1+x(jn N oe-xdy.  (1.4.30)

Tockonbky ®—060abll0e NOJOKUTENbHOE UHACHO,

Sx(x— ...(x—n-+1)e*dx
=|a,[-]8,(@)]. (1.4.31)

TakuM ob6paszoM, omHOKa, CBSi3aHHAs € TEM, HUTO Mbl COXpaHsieM
TOMbLKO 7 NEPBbIX 4/1€HOB, YMC/AEHHO He NPeBOCXOAUT n-T0 4jJeHa, H,

IR”'<|6"((O)'
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cJieloBaTeNbHO,
n-1
f () =m§0 b, (0) +0[8, (). (1.4.32)

[Mockonbky 8, (w)—acuMnToTHYECKasi MOCAENOBATENLHOCTh TIPH
® — 00, HMeeM

[ () ~ 0a,,,(‘i,,,(oo) npH © — oo. | (1.4.33)

1.4.3. EAMHCTBEHHOCTb ACHMNTOTHYECKHX Pa3NOKEHH i

B npeaprgymux ABYX NMyHKTaxX Mbl MOKa3alH, YTO HMEIOT MeCTO
COOTHOILIEHU S|

@) ~ Zo(:i,)—:—@ IpH & —00 (1.4.34)
m=
H
o (D x—n L b1 —myemrax
. b
flo)~ 2. ©rD@F2) ... ©@+m npu © — co. (1.4.35)

m=0

Takum o6pasom, acHMOTOTHYECKOE MpejcTaBleHHe GYHKLHH [ (o)
MpH @ -— oo He efHHCTBeHHO. B camoMm pene, dyHkuus f(w) Moxer
ObITb nNpejicTaB/leHa GECKOHEUHBIM YHCJIOM aCHMITOTHYECKHX pPas3/io-
JKeHUil, MOCKOJbKY CyLIeCTBYeT OeCKOHEUHOe YUCAO aCHMITOTHUECKHX
[OC/IeI0BaTENbHOCTEN, KOTOPble MOTYT OBITh HCHOJMbL30BaHLl ANfl Ta-
Koro npejcraBieHus. OgHAako AJAA 3aNaHHOH ACHMOTOTHYECKOM
nocsenoBarenbHocTH O, (w) npeacraBnenne GyHkuuu f(0) c ee no-
MOLbIO €JIUHCTBEHHO. B 2TOM cayuae umeeM

f{0) ~ 20 0, (0) TPH ® — o0, (1.4.36)

rie a, eAMHCTBEHHLIM OOpPa30M ONpPEeAENSIOTCS COOTHOLIEHH SIMH

[ (@) [ (@) — a¢8 ()

W= G AT T
n=1
FO)— D anbdy (@) (1.4.37)
— i m=0
@ = fim 5, @ :



24 I'a. 1. Beedenue

1.5. CpaBHeHHe CXOAALLEroCs W ACHMNTOTHYECKOrO PAROB

Mpl ycrasoBuan B 1. 1.2.1, uTo OJHO W3 peuleHHH YypaBHEHUN
Becceas

dx2+ Y4 xy =0 (1.5.1)
3ajaerca pAalIoM
2 3 ___l n 4 2n
L) =l—g+mp—sarmt -t (1.5.2)

paBHOMepHO M abCOMIOTHO CXOASMMCA JAJIA BCEX 3HAYEHHH X.
Hpyroe npencraBieHde pas J, MOXKHO NOJYYUTH, 3aMETHB, YTO
3aMeHa MepeMeHHBIX

y=x"Yiy, (1.5.3)
npeobpasyer ypaBhenue (1.5.1) B
dz 1
Eﬁé—‘—}—(l +m)y1:0. (1.5.4)
[lpu x — oo 3TO ypaBHeHHe CTPEMHUTCS K BHAY
d2
4y, =0 (1.5.5)
C pelieHHAMH
Yy =etix, (1.5.6)
210 HaBOJAHUT Ha MbICJAb O npeoépasosaﬂnu BH A
N :eixy” (157)
KOTOpOE MNPUBOAUT K ypaBHEHHiO
d? d
H2 42 TS w Yy =0, (1.5.8)
210 ypaBHenue HOPMaAJbHO YIOBJETBOPAETCH pPSiAOM
» 132 1.32.52 1.32.52.72
=l gli—gogptess! twga t - (159

3aMenuB B 3TOM pAAy { Ha —i M KOMOMHHDYS M[OJYYeHHBIHR
PAL ¢ HCXOAHBIM, NOJYYHM CJeRylOllHe [Ba HE3aBHCHMBLIX peElleHHs:

yM ~ x~ V2 (ucos x 4-vsinx),

Y® ~ %~V (usin x—uv cos x), (1.5.10)
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rae
.38 1.32.5%.72
w=l—goratggra T
L e (1.5.11)
TETEa AT

Hcnonb3ysl HHTEerpajibHOe NpejcTaBieHHe

a

ntd o (x) = { cos (x cos 0) db, (1.5.12)
0

Mbl MoJiyyaeM cBsI3b Mexay J,(X) U 3THMH 1BYMf He3aBHCHMBLIMH
pelieHuaMH (cM. m. 7.1.2):

Jo(x) ~ ]/% [ucos(x——%n)—}—v sin (x~%nﬂ. (1.5.13)

IlpoBepka CXOAMMOCTH PSJOB € MOMOILbLIO OTHOLIEHHS ABYX COCEIHUX
4/IeHOB TNOKa3blBaeT, 4To y,, 4 W U, a CJ1eJOBaTeNbHO, M [paBas
yacte (1.5.13), pacxoasites ans Beex 3Hauenu#t x. Opuako ans
6OJBIINX X cjaraeMble B ¢ H v yObIBalOT GBICTPO C POCTOM HOMepa,
tak yto (1.5.13) 3amaeT acuMnTOTHYECKOE pa3J/oXKeHUe i 60/bInX X.

Hast Manbix x nepBble HECKoJibKO usieHoB B (1.5.2) nator Bnosine
XOpOIIYIO TOUHOCTb. B caMom nene, nepBble 9 ujeHOB AalOT 3HAuUeHUE
J,(2) ¢ Tounocteio no 11 3Havammx wudp. OAHAKO C POCTOM X
4HCJO UJIEeHOB, HEOOXOOMMbIX 1751 ofeclleyeHUs] TaKOH TOYHOCTH,
6bIcTpO pacTeT. [lpH x =4 BoceMb uJ/leHOB JAIOT TOYHOCTH N0 TPeThed
3Hayauled Hudpe, B TO BpeMs KAaK TaKyl TOUHOCTb ofecrneunBaer
nepBriil wieH acumnToTHueckoro pasnoxenus (1.5.13). Ilpu gann-
HefmeM pOCTe X ¢ ropasfo MeHbIleH 3aTpPaTod TPyJda MOXKHO MOJYy-
4YaTh XOPOLUYHO TOUHOCTb, HCHOMb3Y S aCUMIITOTHYECKHH pacxoAsiiuiics
psax (1.5.13).

1.6. HepaBHOMepHble pa3joxeHHs

B 3apauax ¢ BosMylleHHAMM MO mapaMeTpy (YHKIHH, MOAJIEXKaA-
lHe Pas/oXKEHHI0, MOTYT 3aBHCETE OT OJHOH UM OoJbLIEro uucaa
nepeMeHHbIX, He cuMTas napaMerpa BO3MyiieHHs. Ecau noctpouts
aCHMNTOTHUECKOe pasJiokeHHe (pyHKUMH [ (X; €), Te X —cKaasipHas
M4 BEKTOpPHAs NepeMeHHas, He 3aBUCALlAsA OT €, MO acHMITOTHYe-
CKOH nocsenoBareabHOCTH §,, (€), TO HNOTYYHM

@®

f(x; &)~ X a,(x)8,(¢) npu e —0. (1.6.1)

m=0

3neck Ko3hdUUKEHTH @, ABAAIOTCA (PYHKIUAMH TOMBKO MepeMeH-
HOA x. loBopsar, uto pasnoxenue (1.6.1) paswomepno npueodno,
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ec/u
N—1
[ &)= X a,(x)8,(e)+Ry(x; e), (1.6.2a)
Ry (x; €) =0 [by ()] paBHOMepHO 1J7 Bcex

paccMaTpuBaeMbIX X. (1.6.26)

B nmpoTHBHOM ciyuae TOBOPHAT, YTO PA3JOXKeEHHE SIBISETCA HePAGHO-
MEPHO npu200HbiM (TAKOe passioKeHHe 4acTo HasblBAIOT CHHIYJsAP-
HbIM pasJioKeHHeM BO3MyIleHHs ). [las Toro 4tobbl yc/OBHSI PABHO-
meproctH (1.6.2) BhINONHAMNHCH, HeoOXOAUMO, YTOOBl AJisl KaXKJAOTO
m cnaraeMoe a,(x)6,(e) 60 Mano0 N0 CPaBHEHHIO C Mpeawl-
AYIHM @, (%) 8,_; (). Tlockonbky npm &—0 umeem 6, (e) =
=0[6,,- (a)], IJ1S PaBHOMEDHOCTH Ppa3JiOXEHHS Mbl JOJMKHBl Tpe-
GoBaTb, 4YTOOBI [JS1 BCeX paccMaTPUBaeMblX X a,(x) Obuic  He
604ee CUHRYAAPHBIM, Y4eM O, _, (X). [IpyrUMH CJIOBAMH, KaxKibifl ujeH
nonken OBITH Majlofl TONPABKOH K NPEABIAYIIEMY YIEHY HE3aBHCHMO
OT 3HayeHHss X. PaBHOMEPHO NPHTOIHBIM pasjiOKeHHeM SBJIsieTCs
caegylolee:

sin(x-4¢) =

=sinxcose-+}cosxsing =
6 83 85 87
——smx< )—l—‘“ 6,—{—...)+cosx(s———]—+§]———7,—+...>:

=sir1x+scosx—~2 sin x— 3!cosx-{— smx+ T Cosx—

(]
-—-ﬁsinx——ﬂ—cosx—f-... npu e —0. (1.6.3)
3ameTnM, 4TO KO3h(HLHEHTH NMpH BCEX CTENEHSIX & OrpaHuyeHbl A5
BCeX 3HAYeHUH X, MO3TOMY @, (x) He GoJiee CHHIYJAAPHO, 4eM a,, _, (x),
H Kak CJAeACTBHE 3TOr0 pasJ/oxeHHe sIBJsieTcs DaBHOMEDHO [pH-

FOJIHBIM.
Il moJiyyeHHsi HEPaBHOMEPHO IMIPHTOAHOTO pPa3JOKEeHHs pas-

JOXHM N5 MaJblXx & QyHKnuo f(x; e)=VxFe. Tlosnydum
Fis oy =VFe=Vx (1+2)" =
V¥ (l4g—gatigmt ) (164

Kaxapifi ujien 3T0TO pasfioKeHHs, WCKJAOUAA NEepBHIH, MMEET 0cCo-
Gexnocth npu x=0 u sBasiercd GoJjiee CHHTYIADHBIM, YeM Mpenbl-
aywuii. CrenoBaTeNpHO, pasioKeHUe He SBAACTCS DABHOMEPHO ITpU-
roaHbIM. CHpaBef/IMBOCTL €0 HApyIUaeTcsl B OKpecTHOCTH X =0,
PasMepbl 06nacTH HepaBHOMEPHOCTH MOTYT GLITh OUEHEHbl B HEKO-
TOPBIX CydasX ¢ TOMOILbIO NMpPEXNOJOXKEHHS O TOM, UTO JBa IOCJe-
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JOBaTe/IbHbIX WJIeHA HMeIT OJMH H TOT XKe nopaaok. as (1.6.4)
3T0 Jaer

~=0(l), x=0(e). (1.6.5)

2

DT0 MOXKHO GbLJIO yCMOTpeTh, BCMOMHHUB, uTo psit Tehsiopa PyHKuuH
[1+(e/x)]*/* cxoautcst TONBKO NPH |€/x|, MEHDbIIEM €JUHMLEI.

B KkauecTse BTOPOTO npHMepa HEPaBHOMEPHO MPHTOJHOIO Pasfo-
AMEeHUsl PaCCMOTPHM pasJioxeHHe exp (— &f) 1js MalbplX e. 91a PyHK-
UM VMMeeT CAeYIOLHHA paBHOMEDHO CcXOAsAwuHAcs s BceX ! pax
Teinopa:

eme = ¥ (—1y B (1.6.6)
n=0

fAcno, uto dyHkuus exp (—ef) Moxer ObiThb NPHOIUKEHHO Hpex-
CTaBJeHAa KOHEYHBIM YHCJIOM 4JeHOB TOJLKO B TOM Ccjydae, KOrja
npousBesenre ef Mano. [TockonbKy €—Masas BeJlHYHHA, CKa3aHHoOe
osnayaetr, uto f{=0(1). Ecniu ¢ umeer nopsgox O(¢~!'), To Beau-
YydHH4 e&! He MaJjla, M yCeUeHHbIH psAA MepecTaer ObITh CIPaBEAIHBLIM.
Hanpumep, ans {==2e~! nepsele jABa wieHa JawoT aag exp(—2)
3HauyeHue, paBHoe -—1. HerpyaHo ycTaHOBHTb, 4TO €cliH B HpHBe-
JIEHHOM BbIUle pfifie COXPAaHUTh KOHEYHOE YHCJIO UYJIeHOB, TO yCeueH-
HBIH psij MOXKeT [aBaTh YJOBJETBOPHTE/NBHOE NPHONHKEHHE TOJIBKO
JO HEKOTOpPOro 3HadeHus f, mocje KOToporo dyHkuus exp(— &f)
H yCeueHHHIH pAJ OTJAMuatoTcss APYT OT Jpyra Ha BelHUHHy, Mpe-
BOCXOJSAULYIO 3alaHHBINl npejen TOUHOCTH. J{oGaBJjeHHe NONOJHHUTENb-
HbIX YJIEHOB K yCEUeHHOMY pHAY yBEJHUHT 3HaueHHe f, BNJIOTb JIO
KOTOpPOTO YCedyeHHBIl psAj AaeT yLOBJAETBOPHTeJNbHOe NpUO/INKEHHe,
A0 HOBOTO 3HaueHHus ¢'. OnHako npH { > ¢’ pasHocTb MeX Ay exp (— &f)
¥ HOBBIM YCE€YeHHBIM DPSJOM BHOBb NPEB30HJeT 3aJaHHYI TOYHOCTb.
Takum o6pasom, n/1si NMOJydyeHHs Pas3yOKEHHs, yAOBAETBOPHTENBLHOIO
BJst BceX {, HEOOXOXMMBI BCE UJIEHBl psija.

"~ To 06cTOATENBLCTBO, UTO ACHMITOTHYECKHE pAa3JIoXKeHHs M0 na-
paMeTpy He SIBJSIIOTCS DAaBHOMEPHO MPHIOJHBIMH H IepecTarT OblTh
ClipaBejlJIMBLIMK B HEKOTODBIX 00JIACTAX, BJASIETCS CKODée IPaBHIIOM,
4eM HCKJYeHHeM. DTH 06JacTH, KOTOpble YITOMHHAIOTCA HHOTAA Kak
noepanudHsie CAOW, HOCAT HasBaHHe ofaacmel HepasHOMEPHOCML.
Dpuapuxc [1955] obcyxpan mnosiBAEHHE 3THX HePaBHOMEPHOCTeEH
B pasnuuHbiX 00JacTAX MaTeMaTH4yecKOH GU3HKH B 0030DHOH CTaThbe.
Bo/biyHcTBO MeTOI0B TeOpHH BO3MYILEHME ObIJIO PA3BHTO C UEJbBIO
NPEeBpaTHTh HePaBHOMEDHBIE DA3J0KEHHA B DAaBHOMEPHO MPUrOJHbiE,
B ri. 2 ofcyXaaioTcst UCTOYHHKH HEPABHOMEPHOCTH; B OCTAJIbHbLIX
[MlaBax pa3BHBaeTcs TeXHHKa CBeJ€HHUS] HePaBHOMEPHBIX Pa3JOXKeHHUH
K paBHOMEDHLIM.
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1.7. MNMpocreiine felicTBHA Haj aCAMINTOTHYECKHMH Pa3fiOXeHHSMH

Jdnsn onpeaenenus npuGAMIKeHHBIX pelllepnii nudepeHiHaNbHBIX
W uaTerpo-nuddepeHIHANbHBIX YPaBHEHHH Mbl IpeanojaraeM, uTo
pa3/0’KeHHs MOXKHO TOACTaB/IsITh B YDaBHEHHA H BLINOJHSATb Hal
HHMH NOpocTeiilide JAeHCTBUSA, TakHe, KaK CJ0XKeHue, BbIYMTaHHE, BO3-
BeJeHHe B CreneHb, HHTerpHpOBaHWe, auddepeHHUPOBAHHE M YMHO-
kenue. Ilpaeuna peficTBuit 6yayT BEIBejeHbl 63 OOOCHOBaHHSA, XOTH
HEKOTOpHIE U3 pa3okeHUfl pacXoasiiecsi. YCIOBHS, NPH KOTOPHIX
yKa3aHHBlE JeHCTBHA MOT'YT OLITh O6OCHOBaHHI, H3yuanHch Bau-jep-
Kopnyrom [1956], Dpaeitn [1956] u ne Bpesinom [1958].

[lpaBuaa cnoxeHuss ¥4 BBHIUATAHHA MOTYT OBITb OGOCHOBaHBI B 00-
meM cayyae. Ecau, Hanpumep,

f(X; E) ~ Zan (X) Pr (8) npH 8——»0,

gx; &)~ b, (x) @, (e) mpn &—0,

rae @, (e)—acuMnToTHUECKas [OC/AeJ0BaTeNbHOCTE, TO UMeeM (Ip-
nein [1956])

af (x; &) +Bg (s &) ~ 3 [0, (1) +8b, ()] @n(e).  (1.7.2)

Ecan, kpome Toro, f(x; &) B a, (X)—uHTEerpupyeMoie GyHKUHNH X, TO

(1.7.1)

flr; eyde~ o) {a,(xydx npu e—0. (1.7.3)

o

Ecnn ke f(x; &) 1 ¢, (e)—vHTerpupyeMbie GyHKLHUH €, TO

Ry

€

f(x; s)de~2a,,(x)gcp,,(e)de npu e—0. (1.7.4)

0 0

L

IlpaBuno yMHOXKeHHs I/l OOlero cJjyuas He olpeje’sercs,
NOCKOJbKY B (OpMallbHOM MpPOU3BEJEHHH pSJI0B Za,, (X)p,(e) u
Db, (x) ,(e) BcTpeualoTcsi Bce NPOM3BENCHHS BHAA @, (&) @, (E),
KOTOpEle B 00WeM clyuae HEBO3MOXKHO pAacloJOXKUTh TaK, 4YToObl
NOJIYYHTbL aCHMIITOTHYECKYIO MOc/el0oBaTeJpHOCTb. MIHBIMH ciOBaMH,
YMHOXKEHHe OllpejeleH0 B TeX cJayuasx, KOrja B pe3yJ/bTare Mojy-
yaeTcsl acHMITOTHYECKOE pasjoxeHHe. DT0 HMeeT MeCTO AJs BCeX
acCHMITOTHYECKHX MOCJefoBaTebHOCTEH ¢,, 1JAs1 KOTOPBHIX [pOH3Be-
JEeHHA @,¢, Au6o 06pa3yioT ACHMITOTHIECKYIO NOC/IEROBATENBHOCTD,
160 HMEIOT aCHMIITOTHYECKOEe pasJjioKeHue. BaXKHBIM K/1accoM TakHX
nocjeaoBareJbHOCTeR  siBasercss Habop creneHeli e. Tak, ecau npu
e — 0 nMeem

fx; &)~ Xa,(x)en,

g(x; &) ~ Db, (x)er, (1.7.5)
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TO NpH e—0 CipaBeiiBO COOTHOLLEHHE

[(x; €)g ~ D, (x)e (1.7.6)

rae

Cn(x)—_ 2 a, (x)bn —m ) (177)

m=0

Bo3Bejenytie B creneHb He MOxKeT ObITh OGOCHOBAHO AJsl 0OLLETO
cnyuas. PopManbHOe NpOBeleHHe 3TOH onepauud B Tom cjyudae,
Korna oxHa He oOGOCHOBaHa, NMPHUBOAMT K HepaBHoMepHocTaMm. Hanpu-
Mep, PaBeHCTBO

— - I e 1 g
l/x—}—a:l/x(l +7~?—§-};+. > npu &—0(1.7.8)
He obocHoBaHO MpH &/x =0 (1), notoMy uTo ero npasasi 4YacTk sIB-
JsIeTCSl HepaBHOMEDHBIM pasjoxKeHHeM B obaactd x =0 (g). Anaso-
rHYHO, PaBeHCTBO

1

m}:l—sxﬂ-s2x2——e3x3+... npy &-—-0 (1.7.9)

He ofocHOBaHO 1npH ex =0 (l), MOTOMy 4TO mpaBasi 4acTb €ro He-
paBHOMepHa i OOJbUIMX X.

B ofuiem ciyuyae He 06OCHOBaHO TakXKe [udkbepeHUHpOBalHe
aCHUMNTOTHUECKUX pa3joXKeHHH [0 TaKOH mNepeMeHHO#, KaK X, W/IH
no napaMeTpy BO3MylleHHs €. Tak ke Kak 1pd BO3BEAEHHH B CTe-
neub, auddepeHuupoBanue, He 6yayud OOOCHOBAHHLIM, BeJeT K He-
PaBHOMEDHOCTAM.

Ynpascnenun
1. Onpenenuts npu & ~ 0 NOPAAOK CJAEAYIOUIHX BbIPaXKEHHE:

]—cose g3/2

(1 —2) 2 /2
Ve(l—e), 4a%, 10002, In(l-+e), TToose’  TTvms

81/2
———, sech-lg,
l—cose
. In (1 +2e) In lt% §
ge —ch (1/g) —s?
e®® In [l—f—-———-—e(l_zs)], In}f 14 1o , € s 0e ds.

1.2, Pacnonoxuts crepyioliye Beipaxewus B paAA no yGuiBawolleMmy [OPAAKY
npy MaJblx €

e, &Y%, In(lne-1), I, Y% Ine-1, elne-1, ™8 Ing-1,

e, g, e?lneg-1.
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1.3. Pa3JokHTb KaxJOe H3 CJEAYIOUIHX BbIPaKeHHH NMpPH MaJOM €, COXPaHUB
TpH UJeHa:

1, I,
{a) ‘/‘1_‘_2—8 t-—'gb t,

6) (1-+ecos f)~L,
(8) (I+ew, +¢%0,)=73
{r)  sin (s 4+ eos+ £20,5),

(1) aresin [ ——e),
142
— w2
© In 1+28 e
/ 120
1.4. Ilycte p=pyt-ep, +e2py, A=1(3/2) [l— V1=3u(l—w)]. Pasnoxurs
BeJHYHHY A NpH MaJoM e, COXPaHHB TPH UJeHa.
1.5. HafiTh ¢ TOYHOCTBIO 0 BTOPOro MOPAJKA PelleHHe YDaBHEHHH
x=1+4¢ex2, &Ll
¥ CPaBHUTH €ro ¢ TOUHBIM peweruem npH e=0,1 u ¢=0,001.

1.6. Ilokasatb, 4TO acCHMNTOTHYECKOE pasJ/oxeHHe (QYHKLHH

we
F(x)=S°°j'dt

X

2 GOJbIIMX X HMEeT BHA
. 1 2! 4!
Fay= ——;—}—F—F—{— sin x - x4+ .. ) cos x.

Cxopuress i 3707 pag? OUeHHTL OCTATOUHBIA YJEH CBEPXY M (10Ka3aTh, 4TO NpPH
X — 0o OH CTPEMHTCS] K HYJIO GbICTPee, HeM TOC/JeAHHH 4JeH pas3J/oReHHS.

1.7. Haiity npr x=0 nBa u/leHa Da3/OKEeHHA JJs S, ecaH x=S~—(8/3s2) —
— (3e2/10s9).

1.8. Tlyetb x=s4-g (2—(2/3) s1/2) 4 (42/5) £251/2 . TlokasaTh, 4TO pelueHue
ypasuenun dx/ds=0 umeer BHR

:%bz—ﬁsﬁ‘—{%) (e4).

Hafitk 3arem 3nauedue X, COOTBETCTBYIOLLEE 3TOH BeJHUYHHE.

L.9. Ilycems
Yo (5)F-€yq () €2y () + ... =

I =s-4-2x, (s)+exxp (s) ... .
[Tokasarn, 4TO
s=1—ex; ()—e2 [xo (1)—x1 (1) x; D]+ ...
H HaiiTe 3ateM yo (1), y1 (1) ¥ ya (1)
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1.10. PaccMoTperb ypapHeHHe
y+y=ey: y0)=1.

(a) OnpenenuTb TPH YJeHa Pa3jIOMEHHS pELIEHHs LJI MaJjoro €.
(6) Tlokasarb, 4TO TOYHOE pellleHHe HMeeT BHA

y=e~*[l+e(e~-*—1)]-%

(8) Pa3 103 uTh 3TO TOUHOE PEIlIeHHe AJIs MaJIoro & ¥ CPAaBHHTb C PE3Y/IbTaToOM 0. (a).
(r) CripaBeflyIHBO M 3TO pasjoXeHHe JIJs1 BeeX X?P

1.11. Ilns peweHus ypaBHeHHs
. {2 1
Yy _(_xg +—x3 > y=0

onpeiecaHTb PAas3JioKeHHe Nno KoOpAHHATe BHUIA

oD
5

Y= 2) anx—r’H-O' .
n=9

1.12. Onpefennts € TOUHOCTBIO N0 BTOPOrO Nopsiika (T. . HAaHTH TPH ujena)
pasJoMeHHs N5 pelleHHH

(a) d4u=c¢eu? e<Ll,
6) d4u=—eu

npu yeaosusax u (0)=a, u(0)=0. fsasiotcss JM 3ITH pa3IOKEHHA PaBHOMEPHO
MPHUTOXHBIMU?

1.13. Hafith npu MajnoM & pasjoxeHHe NepBOro NOpsiKa (AByuJ/eHHOe) A4
PEILeHHST CHCTEMBI

dx

sE=x—{—ey,
dy
soo=—C2+0y, y=et x()=L

1.14, Hcnosab3ys acHMITOTHYecKoe pasnoxenue (1.5.13), mokasarts, 410 G0b-
ine Hysu & GYHKIEM J, (%) ABIAIOTCA DEIUCHHSIMH YPaBHEHHS

Ctg<g-T ﬂ>=—8—§+5—12?+“.
H yro
g__'—tll_n(4n+3)+2n_(4rlt_—l—3)+”' NpH n LeJoM.

1.15. TlokasaTb, 4TO ypaBHeHHe
uli+u-ttu=1t2
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yLOBJIETBOpAETCA NpH [ — oo passoxeHHaAMH (JlesuHcon [1969])

3
u=— %—+clt+c2—921n t-+0 (Elt—t) ,

u=t--(by sint-bycos 1)t~ V2 L0 (1=,
The ¢; ¥ b;— MOCTOSIHHEIE.
1.16. Iloxasars, uTo ypaBHeHHe DBejaMana [1955]
(@P=u-tu
npa ¢ — co yAOBJETBOpsAeTCA pasjoxeHuaMmu (Jlesuucon [1969])
u=ge—t—a%e— -0 (e-3¢),

lﬂ+$ﬁmpum+%ruﬂuﬂmm

U=1g4

TAC a4 H C;~~—TOCTOSHHbBIE.
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[IpsiMble pa3/OXEHHUS] U UCTOYHHKH
HEPaBHOMEPHOCTH

B § 1.6 Obino ykasano, uto passoxkenus tuna [lyankape (mps-
Mble pa3J/IOKEHHs), TakHe, Kak

Fosi e~ 3 8, (e) fu (1),

rae §,(e)—acHMnTOTHYECKAsl NOC/eJ0BaTeNbHOCT MO MapaMeTpy e,
ABJAIOTCA, KaK NpaBHJIO, HEPABHOMEDHO NMPUTOAHBIMH M HApYIAIOTCA
B 00/1acTsX, Ha3bIBaeMbIX 00J1acTsIMH HepaBHOMepHOCTH. HeKoTopuiME
U3 HCTOUHHKOB HePaBHOMEDHOCTeH SIBJIAIOTCA cilefyloiie: GecKOHey-
Haa obJjacTh, MaJiblf napaMeTp NpH cTapiueii MpoU3BOJHOH, M3MeHe-
Hue THna auddepeHINaNbHOrO YpaBHEHHMS B YACTHBIX I[IPOU3BOIHBIX
¥ HajHuue OocoGeHHOCTell.

B cnyuae GeckoHeuHoii o0/jacTH HEPaBHOMEPHOCTh 3asiBisieT O
cebe HanMyueM TaK HasbiBaeMbIX BEKOBBIX UJIEHOB BHJa X"COSX H
x"sinx, U3-3a KOTOPHIX OTHoOWeHHe [, (x)/f,_-.(x¥) He orpaHuueHo,
KOrfa X crpeMutcs K OecKOHeduHocTH. B ciyuae Masnoro napamerpa
TMpH cTapuieli NPOHU3BOAHON pasjoXKeHHe BO3MYLIEHHSI HE MOXKeT
YIOBJETBOPDHTb BCEM TPAaHMYHBIM M HAYaJbHEIM YCJIOBHSAM H, TaKHUM
0o06pa3oM, $BJfIeTCS HENPUTOJHBIM B MOTPAHHUHBIX H HAYaJbHBIX
c1oaX. TlockonbKy rpaHHYHble H Hava/bHble YCJAOBHSA, HEOOXOAUMEIE
/17 KOPPEeKTHOH MOCTAaHOBKH 3aJadH, 3aBHCAT OT THIA paccMaTpH-
Baemoro jaudgdepeHNHaNbHOrO YpPaBHEHHS B YACTHBIX HPOH3BOJHBIX,
TO HEPaBHOMEPHOCTH MOT'YT BO3HHKHYThb M B TOM CJydae, KOTAa THII
BO3MYIIEHHBIX ypaBHEHHUHA OTJIAYAeTCs OT THIIA HCXOLHOTO YpaBHEHHS.
B derBeproM c/ayuae B pas/oXeHHH B HEKOTOPOH TOYKe MOI'YT
NOSIBUTLCH OCOOEHHOCTH, KOTOpble He MMEIOT MecTa B TOYHOM pelle-
HUH W CTAHOBATCS Oojiee BBIPA’KEHHBIMM B MOCJELVIONHX Y/IeHAX.

1 Kax0ro U3 UCTOUHHKOB HEPABHOMEPHOCTH JaeTcs HeCKOJAbKO
NpUMEPOB, HJJIOCTPHPYIOIMX BO3HHKHOBEHHE HEPABHOMEPHBIX pas-
JOXKEHHHA U crnocoGbl UX pacrHo3HaBaHHs. DTH INPHUMEpPHl MOSICHAIOT
TaKXke TeXHHKY TMNOJyueHHsl BO3MyUleHHH Mo napamerpy. Kpome
TOro, GOJIBIIHHCTBO H3 3THX NPUMEPOB BHOBb IMOSIBJIsETCS B IoC/e-
AYIOIIUX TJaBax, [/le OHH IIPHBOJAATCH K PAaBHOMEDHO IIPHIOJHOMY
Bu1y. B 3ak/ioueHne risiaBel OGCyIKJaeTcsi PoJib KOOpAHHAT (Kak
3aBHCHMbBIX, TAK H HE3aBHCHMBHIX) B IOJIyUeHHH PABHOMEPHBIX HJIH
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HepaBHOMEDHBLIX Da3JIOXKeHHH, a TaKkXe POJIb MEeTOAOB BO3MYLILEHHH
B Bbi6Ope KOODAMHATHBIX CHCTEM, B KOTOPHIX pda3JIOXKEHHSA CTaHo-
BAITCS] PaBHOMEPHO IPHIOAHLIMH.

2.1. BeckoHeyHble 06JacTH

2.1.1. Ypaenenne [oddunra

PaccmorpuM xos1e6annsa Macchl, COeJJUHEHHOH C HeJHHeHHO! Npy-
KHHOH, KOTOpHle onuchBalorcsl ypabHeHHeM [liobduHra

Ut+uteus=0, u(0)=a, u(0)=0, (2.1.1)

TJe € — MaJjoe IOJIOXKHUTEJBbHOE UHCJO0. Sra 3aaay4a RonyCKaeTr HHrerpaJ
. 4 2

u2+ua+e—‘§-=(1+ig—)a2. (2.1.2)

Uz ypaBuenus (2.1.2) caexpyer, 4T0 Mpu TIOJONKHUTENBHOM € 3Haue-
HHMSl 4 OTPaHHYEHHl AJIsi BCEX MOMEHTOB BpeMeHH.
ByneM uckarh npubisuKeHHOE pelleHHE B BUE aCUMITOTHYECKOro
pasJjoxenusa tuna [lyaukape
@

u= 3 emu, (1). (2.1.3)

m=0

IMoncraBus ero B (2.1.1), pasnoxuB NO CTENEHSM & W TPUPABHAB

Ko3(QhuLueHTbl NPH OJHHAKOBLIX CTENeHAX, MOJYYHM CJejVIoUiHe
3aJlaud 1A ONpeJesIeHHS Uq U Uy:

Ugt+ue=0, u,(0)=a, u,(0)=0, (2.1.4)

u 4w, =—ud, u,(0)=0, u,(0)=0. (2.1.5)

Pemenne, ynosnerpopsiollee HauyaJbHbIM YCJAOBHAM, HMEET /A U,

CJIeLyIONHUY BHI:
Up=acost. (2.1.6)

ToacraBnsina 310 3navenue u, B (2.1.5) # HCnNONb3ysi TPHTOHOMET-
PHYECKOE TOXKAECTBO €08 3f=4cos®{—3 cost, moJyunuM

iy iy = —ae SRS @2.1.7)

Pewenuem ypasuenus (2.1.7) ¢ HavaibHbiMH ycioBusaMd (2.1.5) sB-
Jaserca (pyHKUHSA

uy=—32 t5sin t 4 55 (cos 3t —cos t). (2.1.8)
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TaxkuM o6pasom,

u=acost-+ea’ [——g—tsin t—}—3l2(cos 3t—cos t)] -0 (g2). (2.1.9)

M3-3a HaJAHuUMA cjlaraemoro fsint umeeM u,/u,— o0 MNpH [ — 00,
MI09TOMy TpPHBEJleHHOe Bblllie ABYUY/JEHHOE pa3joXKeHHe He sBjsfeTcs
npubIHXKeHHeM K pelleHHIo mpu f—»oco. Coraraemoe fsin{ Hashl-
BAETCS 6€K0BbIM UJIEHOM; OHO CTPEMHUTCS K GeCKOHEUHOCTH NpH { — oo,
B TO BpPeMsl KakK BbIlle Mbl BBISICHHJH, UTO # JOJXKHO ObITh Orpa-
puueHo A5 Bcex f. Pasnoxenue (2.1.9) Hapymaetcs He TOJBKO
npu GeCKOHEeYHOM 3HAYEHHH mepeMeHHOH f; ecau £ =0 (¢~'), To BTO-
po#l 4JieH CPaBHHBAeTCA NO MOPAAKY C INepBBIM B IPOTHBOpeuHe C
HAIIUM NpeJnosioxKenreM npu BeiBoge (2.1.9) o ToM, UTO €U, ABJAsIETCA
MaJIof IONpaBKOH K u,. Ilpu panbHefilieM BBHIYHC/IEHUH UJIEHOB
pana 6yayT MOABJAATLCA BEKOBBIE ujieHbl BHia t*(cosf, sint). Xors
pe3yJbTHPYIOIUEA psAJ W ABJASETCS CXONSIIHMCS, HO CXOJHMOCTB
3Ta MejJIeHHasl, H IMpEACTAaBHTb pelleHHe /s BceX ! KOHEUHBIM
YUCJIOM CJlaraeMblX He yJaaercs.

[NosiBjiense BEeKOBBIX YJIEHOB XapaKTePHO JJst 3a7aY O HeJH-
HelHBIX KoJeGaHHMX; CJeJOoBaTe/bHO, B 3THX CIy4asiX Heab3s OXKH-
JaTh, YTO NPAMOE pas/oXeHHe OKaxeTCss paBHOMEPHO IMPHTOAHELIM.

2.1.2. Mopenp cnaboii HenHHelHOH HeyCTOHYHBOCTH

B kauectBe MozesH c1aboil HeJHHEHHONH HEYCTOMUHBOCTH CTOsYEH
BOJIHBl PacCMOTPHM cCJeLYyOUYI0 3ajauy:

utt"'uxx_u:u3: (2110)
u(x, 0y=ecoskx, us(x, 0)=0. (2.1.11

Hayanbuble yc/loBHSI HaBOAAT HA MBICb O Pa3JIOKEHHH BHJA
u=¢eu, +eu, eu, ... . (2.1.12)

[logcrasaaa sto pasgoxenue 8 (2.1.10) u (2.1.11), nomyuum, upu-
paBHUBass KO3(DHLUEHTEI:

npu &
Uppp—Uyge—U; =0,
Uy (x, 0y =coskx, uy(x, 0)=0; (2.1.13)
opu e?
uztt*uux—uzzo,
Uy (%, 0) =y (x, 0) =0; (2.1.14)
npy g?
u —Uu —U :_—u3’
3tt 3xx% 3 1 (2'1.15)

ug (x, 0) =uy(x, 0)=0,
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Pewenne 3agayu (2.1.13) a1 nepBoro nopsiaika HMeeT BHJ
U, =coso,tcoskx, ol=~k3?—1, (2.1.16)

Takum obpasom, BolHA ycToiuuBa npu k& > | K HeycrofiuuBa mnpu
k < 1. Ocobbiit cayuali k=1 pasnensierT ycTOHUHBbIE H HEYCTOHYHBBIE
BOJIHHI.

Pewennem sapaun (2.1.14) aas sroporo nopsiaka sisasiercs GyHK-
uus u,=0. [logcrasaas B (2.1.15) Beipaxenue (2.1.16) pas u, u

pemast 3ajady, MoJyyHM
Uy = ]%T [120,¢sin 0, 4 cos 6, —cos 30,1] cos kx -
Oy

+ 12;]?2 [3 (cos 6,¢ —cos pt) 4 k* (cos 30, —cos Ht)] cos 3kx, (2.1.17)

rae p®=9k*—1. CrenoBartenbHO,

9
320,

U ==gecoso,lcoskx{e? [ ¢t sin g,f cos kx -

-F wjeHBl, OrpaHHYeHHbIE [PH t—»oo]. (2.1.18)

31eck BHOBb TNPSMOE pasJjioxKeHHe Hapyuaercss npu f==0 (e”2) WIH
npd GOMBIIMX 3HAYeHUAX ¢ BCJAEACTBHE HAJHYHA BEKOBOIO 4YJ/eHa
t sin o,t.

2.1.3. CBepx3ByKoBoe OOTEKaHHE TOHKOro Kpsiia

B KauecTBe TpPETbEro INpHUMepa, MOSICHSIOUIENO OTBETCTBEHHOCTD
GeckOHeuHOH 00J1acTH 32 HepaBHOMEDHOCTh B DAa3JIOKEHHH THIA
[Nyankape, pacCMOTPHM paBHOMepHOE HEBSI3KOe CBEPX3BYKOBOE 00Te-

Y
y= te7(x)
/4
é
Cammempayroe
npsIno
Puc. 2.1.

KaHHe TOHKOTO CHUMMETPHYHOTO Kpblia, H306paxeHHOro Ha puc.2.1.
IlpexcraBum BekTOp cKopocTH B Buie q==U grad (x-+ ¢); noreHuuan
¢ LJs CTALHOHAPHOTO JBYMEPHOTO 6e3BHXDPEBOTO H33HTPONHUYECKOro
TEUEHHS YROBJETBOPSET YPaBHEHHIO

§yy— B @ = M? [l—-g—l— (24 + 9 + 9F) (Pux + @) -+
+ (2(93; + (P;‘}) Pix + 2 (l + (Px) CyPxy + (P;(Pyy] ! (2. 119)
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rae B2=M?*—1, M —uucio Maxa cBoGoanoro notoka?). Hopmaas-
Hasl COCTaBJAKOLIAs CKOPOCTH oOpalaeTcss B HYJb Ha NOBEPXHOCTH
KpblJa, T.€. TeYeHHe Ha IOBEPXHOCTH NMPOMCXOAHT MO KacaTeJbHOH.
CaenoBaTeJbHO, UMeeM

Py
L4y

rae !-—JaJMHA XOpABl Kpblla. ['paHuuHBle YCI0BUSA HA 6ECKOHEUHOCTH
BBEPX M0 TEUEHUIO HMEIT BUX

¢ (x, y)=0. (2.1.21)

Hcnonb3ysa MeTOJ NOCAeJ0BaTeNbHBIX npubaumxKenuil, Bam [laik
[1952] momyuna mnsa ypasHenus (2.1.19) ¢ rpanuunelM ycaoBHeM
(2.1.21) pewenne BTOPOTO TOPsAJAKA NDPH MAajoM, HO KOHEUHOM &.
Bynem uckarb pasjoxenue Tuna I[lyankape, NpHHAB B KauyecTse
napaMerpa BoaMmymenus e. [lycts

O=20, &P+ ... . (2.1.22)

B cuny ManocTH € Mbl CMOXKEM CYLIECTBEHHO YIIDOCTHTb 3ajauvy,
nepenecsi rpanuuHoe ycaosue (2.1.20) ¢ kpuBo# y=¢eT (x) Ha orpe-
30k y=10 c noMowpo cJefyolWlero pasjoxenns B psa TeHljopai

¢(x, eT)=0q(x, 0)+eTo,(x, 0)—|——;s2T2(pyy x, O)+....

=¢T'(x) npu y=¢T (x), 0Cx<|, (2.1.20)

Hepenumem (2.1.20) B BUOE

Qylx, O)+elToyy(x, O)-... 1y
o, 0k =eT'(x), O0<{x<l. (2.1.23)
Moacrasass (2.1.22) B (2.1.19), (2.1.21) u (2.1.23), pasaaras aas
MaJjoro & W NpUpPaBHUBAs KOPDUIHEHTH [PH OAUHAKOBHIX CTelle-
HAX g, OyleM uMmeTb Aas Ko3puUIHeHTOB:

npy &
cplyy_qu)lxx = O’ (2 1 24)
Py, (%, 0)=T'(x), 0<<x<, (2.1.25)
¢, (¥, y) =0 (Ha GeckOHeYHOCTH BBepX Mo TeueHuio); (2.1.26)
npu &2 ‘
Poyy— B Poue = M2 [(V + 1) Prx@rax + (v —1) 914Dy + 201, 91,],

(2.1.27)
Pay = Q15T — @y, T 1p y=0 n 0TI, (2.1.28)
@, (x, y)=0 (Ha GecKOHeYHOCTH BBepPX mo TeueHHro). (2.1.29)

1) y—noxasateas u3sHTponsl. — [Ipum. ped.
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O6iuee peuwieHne ypaBHeHHs (2.1.24) umeer Bug
oy =f(E)+gm), (2.1.30)
rae
E=x—By, n=x+By.

M3 ycaosus na Geckonewnoctn (2.1.26) caexyer, uto g=0, a ycao-
Bue (2.1.25) naer f=—T (§)/B*). Tlostomy

@ = —T (8)/B. (2.1.31)
Toacranoeka ¢4 B (2.1.27) maer
(P2yy-‘Bz(P2xx=M4(Y+l)f’f”- (2.1.32)
3anucap JeByo uactb (2.1.32) B mepemenunix § u m, GyaeM HMeTb
0%q2 M4 i 1 on
ag(gn = i};;* Vg, (2.1.33)

Pemienue storo YPAaBHEHHA HMeET BHJ

M+ D¢,
¢y = — ot Dy L a ). (2.1.34)
M3 (2.1.28) MoxHO noayuuTh, uTOo GyHKUHA A’ (E) T0/IKHA HMETh BHJ
’ Y+ l) ” M4 (Y_I-]) ry ”
(=0 N ey o [1_—-@_“ —TT". (2.1.35)

Ilockonbky oceBasi cocraBJstomas ckopoctd u paBua U (14 g,),

. = T e | M (4D
g=l—eg+e [ﬁ(l_T)Tz..
—Y;’l .igain,T”—"TT”] +O(83). (2-136)

HOns y= O (1) tperuii unen B (2.1.36) orpanunyen H siBAsieTcs NOITOMY
MaJIOH MONpPaBKOA KO BTOPOMY ujieHY, KOTOPHH B CBOIO OuYepelb IpU
¢ — 0 sBaseTcs MaJOH mnonpaBKkoH K nepBoMy ujeny. OnHako c
pocToM y 10 3HayeHHH nopsiaxa O (e™1!) Ui GONBIIMX TPETHH UseH
CpaBHMBaeTCs ‘110 NOPSAJAKY CO BTOPHIM M, jajiee, ¢ MEPBLIM UJEHOM.
D10 obbsicHseTcs HaguuueMm caaraemoro (1/2)(y+ 1) M*B-%yT'T”,
M3-32 KOTOLOrO OTHOIIEHHE i,/l, HE OPaHHUYEHO TPH y— oo, XOTs
B paccMaTpPHBaeMO/i 3ajaue M He NPUCYTCTBYIOT TPHIOHOMETPHUECKHE
(DYHKIHH, claraeMoe 3TO MOKET TPAaKTOBaTbCsl KaK BEKOBOH u4J/IeH.

1) 3necb crpoutcs pewende B BepxHedl noaynaockoctd y =>0. [Totok s Hux-
Hel TOJYNJIOCKOCTH OyjleT CHMMETPHUeH eMy OTHOCHTeNbHO npsaMoli y=0.—
Hpum peo.
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—_—

2.1.4. O6rexanue cepni NpH Maanx uucaax Pefinoasica

UerBepToIM NMPUMEPOM, TOKA3LIBAIOUIMM TPYAHOCTb, BO3HHKAIOILYIO
npu OeckoHeunod o00JacTH, sBAseTcs HECKHMaeMoe paBHOMEPHOE
obrekaHue cdhepsl npu MajgoM uyucie PeiliHonpiaca. JInsi ocecHMMer-
pHYHOIO TEYEHHsi NojHasi cucreMa ypaBHeHu#H Haspe—Crokca B

Puc. 2.2.

cepruecKOll cHCTeMe KOOpAMHAT, H300paKeHHOH Ha puc. 2.2, 3ajaer
cnenywoliee 6e3pasMepHOe ypaBHEHHe OTHOCHTENbHO qayﬂxmm TOKa

Y(r, 0) (u,=1e/r2sinb, ug=—1,/rsin0):
D = i (o g by g5+ 20tg O, —2 1 ) D, (2.1.37)

r¢sin @

rie R =Ua/v—uuciao Peitnonpnca (v—KHHEMaTHuecKas BsA3KOCTb)
H HCNOJB30BaHO O6GO3HaueHHe

9? sin0 d 1 4
@2=F+Tﬁ"a—9<m%>' (2.1.38)

[pannunbie yc/OBHS HAa NOBepXHOCTH cdepbl TpeGyloT ofpalieHus B
HyJb CKOpPOCTH; B Ge3pasMepHOM BHIe OyjleM HMeTb

P(1, 8) =1, (1, 0)=0. (2.1.39)
M3 ycioBus paBHOMEDHOCTH NOTOKA Ha GECKOHEUHOCTH HMeeM
P(r, 0) — %ﬂ sin?@ npu r — oo. (2.1.40)
Coorrnomenns (2.1.37)—(2.1.40) onpeaensioT KOpPEKTHO MOCTaBJjieH-
HYI0 3ajauyy OTHOCHTE/bHO (PYHKIMH TOKa 1.

Byaem uckarb ¢opmaibroe pasjoxende tuna Ilyankape, cnpa-
BeJJiMBOEe NpPH MajblXx R:

Y(r, 6; R)= Z R™p,, (r, 0). (2.1.41)

m=0
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Toacraensas (2.1.41) ¢ yuetom ycnosus (2.1.40) B ypasuenne (2.1.37),
pasjaras npH ManoM R M npHpaBHUBas Ko3hdHUUHEHTH NMPH OXHHA-
KOBBIX CTeleHAX R, NOAyuHM AAsi Ko3(pPHUHEHTOB:

npu R°
Dip, =0, (2.1.42)
o (1, 8)=1po, (1, 6) =0, (2.1.43)
o (7, 6) — 5 r2sin* 0 npi 7 —s oo; (2.1.44)

opu R
Dy, = 72 slme (q’oﬂ o — Wor 66+ 2 ctg Oy, —2 ‘%6) Drp,, (2.1.45)
Py (1, 8) =y, (1, 6)=0, (2.1.46)
P, (r, 0)=0/(r?) npu r — oo. (2.1.47)

Ycnosue (2.1.44) noackaseiBaer, 4TO {, Hago HCKAaTb B BUILE

Po= [ (r)sin2 0. (2.1.48)

INopctaBuB ¢yHKuUHIO 3TOro mpeanosaraemoro Bujaa B (2.1.42), moay-
YUM ypaBHeHHe

v 3y, (2.1.49)
ofliee pelleHle KOTOPOTO HMeeT BH]
f=cat4cyr2tcir+c_r3. (2.1.50)
W3 rpannunoro ycsiosusa (2.1.44) umeem ¢,=0, ¢, =1/2, a rpanuu-
Hble ycnoBHs (2.1.43) mator ¢, = —3/4, c_, =1/4. OrgoHuate/sbHO
HMeeM
1
¢°=T(2r2 3r -+ )smze (2.1.51)

O10 pewrenne 6b10 mosyvyeno Ctokcom [1851]).
Ioncrasus ¢, Buga (2.1.51) B ypaBHenue (2.1.45), noayuyum
D, = —%(%——%—I——;‘E—)sinﬂecosﬂ. (2.1.52)

¥Ypaprenve (2.1.52) u rpanuunsie ycnosusa (2.1.46), (2.1.47) nox-
CKa3blBAIOT, YTO 4acTHOE pellenHe GyneT HMeETh BHI

P, =g (r)sin2 0 cosb. (2.1.53)

QDyHKIHA g [NOJKHA YAOBAETBOPATH CJAEAYIOIHM YPAaBHEHHIO H rpa-
HHYHBIM YC/IOBHSAM:

12 " 24 ' 9 2 3 1
ng___rg_+ ,ég =_T(ﬁ'—",_s+,—§'), (2.1.54)
g(l)y=g'(1)=0, (2.1.55)

g(r)=o0(r?) npu r — oo, (2.1.56)
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O6iee pemleHre ypaBheHHsi (2.1.54) uMeeT Buj
3 9
g=b gt by by b —m b2 L (2.1.5)

M3 rpanuusoro ycjosus (2.1.56) caenyer, uto by =b,= 0. Oxnaxo
naxe Takofi BeIGop b; u b, He ofecneunBaeT TpeGyeMOro MOBEREHHS
GyHKUMH g NpH r — 0o H3-32 Hanuuua ugeHa —(3/16)r2. flcuo,
YyTO HUKAKHM BBLIGOPOM by u b_, 3TOT HEJOCTATOK HE/b3s YCTPAHUTD.
Bosiee TOro, HEBO3MOXKHO OTHICKAThb [PYroe YacTHOe pellieHue ypas-
nenus (2.1.52), kotopoe obecrneunso Obl COOTBETCTBYIOLIEE NOBeJeHHe
GyHKIMH ¢, npu r— oo. I'pannunsie ycnosus (2.1.55) Ttpebyior,
yToOhl by=>b_, = —3/32. CrenosarteabHo,

b, = -—%<2r2——-3r + 1—é+g)sineecose. (2.1.58)

TpyapHocTh, cBsi3aHHAf C NPAMBIM pa3/oXKeHHEM, 3/eChb BHOBb
BO3HMKAET H3-3a HaaHuMs OecKoHeuHOU o6JacTd. [lByuneHHoe pas-
JIO3KEeHHe
1p=i <2r2—3r —}—i> sinze—i R <2r‘-‘——3r +1 —i—i—-l—-) X

4 r 32 r rt
xsin?8cos0+4 O (R?) npu R—0 (2.1.59)

VAOBNETBOPSAET IPAHUYHLIM YCJIOBHSIM Ha NOBEPXHOCTH M He YHAOBJeT-
BOpsieT TPAHHYHBIM YCJOBHAM Ha OecKoHeuHOcTH. TakuM oGpasom,
3TO pasJjioKeHHe MepecTaeT ObITh COPABENJIHBHIM NpPU OGOJBIUHX 7.
D10 06CTONITENbCTBO HOCHT HAa3BaHMe napajokca Yafitxena {[1889],
BHepBHle ToJiyuuBiiero 310 pemenue [1889] metozoM nocnenosatens-
HBIX NpHOJMMKEHHR ¥ yKa3aBlIero IepBHIM HA ero HepaBHOMEDHOCTb.

2.2. Maaniit napaMerp npu crapiuedi npoH3BOILHOM

2.2.1. Ipumep BTOpOrOo MOpsifKa

Yr1o6bl 1POMJLIIOCTPHPOBATE TPYAHOCTb, CBSI3aHHYIO C HaJHYHEM
MaJIoro napaMerpa MNpH cTapiuedi NMPOH3BOJHOMH, PACCMOTPHM CleAyIo-
wui npumep (Jlarra [1964]):

ef i +y=0, 0<x<], (2.2.1)
yO)=a, y()=b. (2.2.9)

311er €-—MaJioe MOoJIOKHUTENbHOE YHCJO. B}’lleM UCKAaTh CHayaja npf-
MOe pasJioXKeHHE BHAA

y=2 ey (), <l (2.2.3)
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[Noxcranoska B (2.2.1) u npHpaBHHBaHHe KO3b(HLUEHTOB MNpH paB-
HHIX CTENEHSX € NPHBOAUT K ypaBHEHHAM

Yo+40=0, (2.2.4)
YntYn=—Ynr (2.2.5)

Herpynno BHAeTh, uTOo pisi TNpHOGIMKEHUS TOPAAKA A BeJHYHHY
Yp,—1 MOXNHO CUHTAThb KH3BecTHOM, H, CNEOBATENbHO, Yy, AAS M0GOro

n 3agaerca JAH(depeHIHANbHBIM YpAaBHEHHEM [E€PBOrO MNOPAIKA.
Orciona cnenyer, 4To peineHHs ypaBHenuit (2.2.4) u (2.2.5) He MoryT
YJOBJETBOPUTb OGOHM TPaHHYHBIM yCHOBHAM (2.2.2), U OgHO H3 HHUX
JNOMKHO ObITh omymeHo. B m. 4.1.2 nokasauo, 4T0 A0AXKHO OBHITH
ONYIIEeHO TpaHuuHOe ycJioBHe B Hyjie. PeluiuB ypaBHenuss gng mep-
BbIX JIBYX C/laraeMbiXx H HQJIOXKHB TpaHuyHoe ycaosHe y(l)=0b, mno-
Ty YUM

y=="bel~* 4 gbet=* (1 —x) 4 O (e2). (2.2.6)

3uaueHue B Hyne y=be(l-+¢), BooGe ropops, OTAMUYAETCA OT A
u3 (2.2.2). CnepoBatenpHo, mnorpemsocTs B (2.2.3) He sBjsgercs
paBHoMepHOo#i Ha [0, 1] u pasnoxkenHe BONM3H HYJAs Hapyuiaercs.

Jlns MOHMMaHUS NMPHPOABI HEpPaBHOMepHOCTH ofpaTHMCs, Aafee,
K TOYHOMY pelleHHI0 ypaBHeHHd (2.2.1) ¢ ycnoBusiMu (2.2.2):

__ (aesa—b) e31% - (b —aes1) e52%

. : (2.2.7)
rae
sz-_l%gg (2.2.8)
MoxHO ToKasath, 4TO Tpefes npH PHKCUPOBAHHOM X
sli_r)noy(x, g) =bel~* (2.2.9)

COOTBETCTBYeT MepBOMy uJeHy B (2.2.6) u ynoBneTsBopsieT rpaHHY-
HoMy vycnoBHIO y(1)=56. Urto6p NOHATb, YTO K€ NMPOHCXOJAHUT B rpa-
HUYHOH Touke X =0, BBIYMCAUM y, Hcnonb3ys (2.2.7), ¢ TOYHOCTBIO

nopsaaka ¢, 06o3HauMB 5Ty BeauuuHy uepe3 y. Ilpm ¢ —O0 nMeem
si=—1+0(@), s,=—3+1+0(). (2.2.10)

CnenoBarefsHo,
y="bel=*4- (a—be) e~ ¥/&+x L O (e). (2.2.11)

B npoBeseHHBIX Bbillle BHIUMCJEHHSX YeH, I[PONOPHHOHAMbHBIA
exp[—(x/e)+x], Ob1 yuTeH, MNOCKO/JBKY OLEHKA MPOBOJHUTCA
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He TObKO Anas cayyas &—0, HO TakxXe W ans caydas x — 0.
Ilo cnocoby nocrpoeHus (2.2.11) MoxHO caenath BBIBOA, YTO MOpS-
0K mnorpemHocTH paBHoMepeH Ha [0, 1]. Ha puc. 2.3 cxemarnyeckn
NOKAa3aHO MOBeAeHUe _z} H mepBoro cjaraemoro us (2.2.6), xoropoe
6yneM 0603HauaTh y. Bugmo, uro y cornacyerca cj' BCclofy, 3a

MCKJIIOUEHHEM MaJslofi OKPEeCTHOCTH HyJist, B KOTOPoH y OnCTpo Me-
HAETCS, 4TOOBl YAOBJETBOPUTb FpaHHyHOMy ycJaoBuwo. Takum o6pa-

14
3—
e=0,0

77
(1]
n
oD
o
2

S ey —
~

1
1,0 2

000 0,5
Puc. 2.3.

30M, Gyuknus y(x; €) ABIAETCS HempepuIBHOH npu e >0 u npu
¢=0 Tepnur paspeiB. B camou gese, cnpaBeAsHBEl COOTHOLUEHHS
lim lim gy (x; &) =a, (2.2.12)

e>0x—->0
lim lim y(x; e) =be, (2.2.13)
x—>0e—>0

KOTOpHIE TIOKAa3BIBAIOT, YTO TOUHOE pelieHne y(x; &) CXOAUTCH K Y
(nepBoe caaraemoe B (2.2.6)) HepaBHOMEDHO.

2.2.2, OGrekanue Teaa npu Gogbmux yucaax Peiimoabica

PaccMotpuM JaByMepHOe Bsi3KOoe HecxKHMaeMoe oOTeKaHue TeJa
nocTynarelbHbBIM THOTOKOM, HoKasanxoro Ha puc. 2.1. Tlosnnasa cuc-
Tema ypaBHeHufi Happe—Crokca g yCTaHOBHBLIETOCS TeUeHHSA
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onpeiesifieT cileiyloliee YypaBHeHHE A QYHKUHH ToKa Y (u=1p,
U=—1,; 4 H U—KOMIOHEHTE CKOPOCTH NO OCAM X H Yy):

(\py%_q,x%__%vﬁvw:o. (2.2.14)

3neck R =UL/v—uucao Pefinoapaca, v— KuHeMaTHUecKas BA3KOCTh
WULKOCTH. Y paBuenHe (2.2.14) HYKHO NONONHHTb 'PAHUYHBLIMH YCJIO-
BusamMH. Ha nomepxnoctu Tena, y == F(x), o6pamaiorcss B Hy/ab 00e
KOMIIOHEHTE! CKOPOCTH; TaKHM 00pasoM,

F'p, [x, F(X)l+ v, [x, F(x)]=0, (2.2.15)
Y[x, F(x)]=0. (2.2.16)

Bropoe ycioBHe o3Hauaer obpallleHHe B HYJb KacaTeNbHOH K Tely
COCTaBASIIOLIEH CKODPOCTH (TaK Has3biBAaeMOE YCJOBHE NPHJIMINIANHS),
B TO BpeMs Kak MepBOe YCJIOBHe O3HAayaeT o0paileHHe B HYMb
HODMaJIbHOH CcOCTaBJsIOWEH cKOpocTH. TpeTbe ycCJOBHE HMEEeT BHJ

Y(x, y) —y (Ha GeCKOHEUHOCTH BBEPX MO TeueHHwo). (2.2.17)

anTaHCb NOCTPOUTH IIPpAMOE panxo;Kelme BHJA
$(x, s R)=m§_30 8, (R)¥n (¥, y) npu R — o0, (2.2.18)

rjae
SO(R)zl, 6,,,(R)=0[6,,,_1(R)] npy R -— oo,

MBI MOJYYHM clefilyloliee ypaBHEHHe AJs [IepBOro c¢/JaraeMoro (He-
BAI3KOE TeyeHHe):

(‘poy%""po:c‘%/) Vz'q’ozo- (2-2'19)

dro ypaBHeHHe fABJseTcs JIU(pbepeHIHaNbHEIM ypaBHEHHEM He 4Yer-
BepTOro, a TpeThbero mnopsajaka. [losTomy 1, He MOXKeT YAOBJETBO-
pUTH BCEM IpaHHYHBIM ycaoBHsM (2.2.15) u ycaosuio (2.2.17); oano
H3 HHX cJenyeT ONyCTHTb. I1OCKOJbKY NPH HeBSI3KOM TE€UYEHUH BO3-
MOXHO CKOJIbXKeHHe HO TeJy, ONYCTHTb CjAelyeT IrpaHH4YHOe yCJOBHE
(2.2.16). Tlostomy moJyueHHOe pelleHHe [Js P, ABJIAETCH NpH
R — o0 oueHb XOpoOuwIMM npHOJMKEHHEM TOYHOTO pelIleHHS BiaJju
OT TeJa H CTAHOBHTCS HecOCTOATE/bHbIM BOMH3H Tesa. KacaresanHas
COCTABJAKONIAA CKOPOCTH JAOJXKHa 0OpaTHTbCA B HYJIb Ha IIOBEpX-
HOCTH HE3aBHCHMO OT TOrO, CKOJIb MaJja BA3KOCTh (CKOJIb BEJHKO
yucao R). Tlo srofi npuuude npu Oodpminx R TOYHOE pemienue
61M3KO K 1P, BCIOLY, 32 HCKJUEHHEM TOHKOTO CJIOS OKOJIO TeJja,
B KOTOPOM OHO HpereprieBaeT GbICTpOE HM3MEHEHHE, YTOObI BOCCTAHO-
BUTb YCJ/IOBHe NpHJIHMNAHHA. DTOT TOHKHH CJOH H eCTb nozparuuHoLl
caoll ITpandmas.
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2.2.3. PeaakcauuoHHble KojeGahus

Chepyloieit 3ajnayesi, KOTOpPYIO MBI paccMOTpHM, OyleT 3amaua
06 OTHICKAaHHH NEePHONHYECKHX pelleHHH NJs ypaBHeHHUH BHJa

eu" =f(u, u) (2.2.20)

npi MajoM € H NpH YCJIOBHHM, YTO ypaBHeHue [ (u', u)=0 nepuogu-

yeCcKHX pellleHHH He MMeeT. BrepBele K 3ajayaM Takoro poga o6pa-
tuiaca Ban-gep-Tloab [1927], neitasice 06bsCHUTL KoJeGaHHA €O

174

&

SN

I{z=0-2) \ ]

v
) \
N
/05\
A
Puc. 2.4.

CphIBaMH (pefaKCalHOHHBIE KOJIeGaHHS) B 3JEKTPUUECKON UeIH. DTH
KOJIeGaHUS OMHUCHIBAKOTCS CJAEAYIOHIHUM YpaBHEHHeM, KOTOpOoe Has3bl-
BAIOT Tenepb ypaBHenuem Bawu-nep-Tlons:

u”+u=a<u'—-;-u'3). (2.2.21)
[Monoxus v =u', x=u/o U e =02, npusegem (2.2.21) K Buay
US
dv v——3——x
€= (2.2.22)

[lpy £€=0 wumeeM ypaBHeHHe X =v—(v*/3), KOTOpoOe oimpeneJser
KpHBYIO, NOKasauHylo Ha puc. 2.4. Ilpeamosoxum, uTO & OYeHb
MaJio, HO OTJHYHO OT HYJS, H PACCMOTDHM HHTErpajbHYIO KPHUBYIO,
HauyHalomylocs B Touke P. IlockoJbky Touka P HaXoAHTCs BiaJH
OT KpHBOH I', TO BNJIOTb 10 TOYKH P,, B KOTOPOfl HHTerpaJibHas Kpu-
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Bas gocTuraer kKpusok I', BeavuuHa dv/dx paBHA NpUOJIHKEHHO —o0.
B touke P, umeeM dv/dx =0.

[Tockoabky Braau or KpuBoil I' Beswuuna du/dx paBHa npub.au-
JKEHHO - 00, TO MHTerpajbHasf KpHBas CTPEMHTCH OTCAEKHBATH
KpuBylo I', He OTX04s OT Hee, 10 TeX NOP NOKA HE JOCTHTHET OKPECT-
HOCTH TOUKH P,. B 3T0ii Touke uHTerpasbHas KpuBasi CBOpayuBaeT
IOUTH BepTHKAJbHO BBEPX JO NepecedeHHs ¢ KpuBoit I' B Touke P,.
[lockonbky Branu or kpusod I' umeem dv/dx & 4 oo, TO HHTETPafb-
Hasl KPUBAs OTCJEKUBaeT 10 4acoBoH cTpeske Kpusywo I', ocraBasich
HaJ Hel 10 HEKOTOPOH OKPEeCTHOCTH TOYKH P,, rje oHa MOYTH Bep-
THK4J/bHO NOBOpPaYUBaeT BHU3 10 nepeceyeHHs ¢ Kpusol I' B Touke P,.
3aTeM OHa OTC/lIexHBaeT NyTb or P, mo P,. Ilosromy mnpejen ne-
puonuueckoro peuleHus npu &— 0 cocrour u3 ayr P,P, u P,P,
KpuBoii I' M JABYyX BepTHKaJbHbIX OTpeskoB P, P, u P,P,. Tarum
ob6pasoM, npenesibHOE pelleHHEe MPH
¢ — 0 ynoBJETBOPAET YypaBHEHHIO

n

r f(u', u)=0 Bclopy, 3a HCKJIIOUEHH-

€M HeKOTOPHIX TOUYEK, B KOTOPHIX

21 LRosy 2 Q)yijxunﬁ v =u" UMeeT cKaukoobpas-
NV, HbI# pasphIB.

2.2.4. HecumMeTpHuHbiii H3rué npeasapu-
TeNbHO HANPSKeHHBIX KOJAbLEBBLIX MJIACTHH

[NocsieguuM nmpumepoM paccmar-
Y pHBaeMOro KJacca SIBJseTCs He-
CHMMETPHUHBIH M3rM6 mpeaBapH-
TEeNbHO HANPSKEHHOH KOJbUeBOH
NJIACTHHBI, HCCAEAOBaHHbIL AJblL-
xaiimepom 1 [Issucom [1968). Ha-
pyKHasg KPOMKa IIaCTHHBI 2KECTKO
3ajieslaHa, OTBEPCTHE KOJbLA CoAep-
Puc. 2.5. Ha Bepxuem puCyHKe—  JKUT TBEpJOe BKJIIOUeHHE (IIOKA3aHO
BHJL H(:tﬂe(bOpMHpOBaHHOH MIACTHEEL  ya ppe. 2.5). K TBepaoMy BKJIo-
O bopMipoBaHOe. e, " UEHHIO NIPHOMKEH MOMEHT, KOTODHIi

CTPEMHTCS1 NOBEPHYTb €ro BOKpPYT
JIHaMeTpa M BbIBECTH H3 IIJIOCKOCTH IIAaCTHHBL [lJI1 TOHKOH KO/b-
UeBOH MJIACTHHBI (€3 MOBEPXHOCTHOrO HArPyKeHUA, Ha KOTOPYIo
JeACTBYIOT CHJIbI, HanpaB/eHHbIE NO IJIOCKOCTH NAACTHHBL, Tumo-
menko H BoitnoBckuit-Kpurep [1959] BuiBesinm cnenylomee ypasHe-
HHE OTHOCHTEJBHO [ONePEUYHOro CMEIleHHs ®:

r2 9w 1 do 1 9 /1 do
Vo= [m Gt (75t ) Foang (757) ] @229

31ech n,, ng ¥ f,g— CHJBL B IIJIOCKOCTH Ha exuHuily anunbt. B (2.2.23)
NoJApHBIH pajg¥yc M MONepeyHoe CMelleHHe NpHBejeHbl K 0espas-
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MEPHOMY BHJIY H H3MepsSIOTCs B €IMHHMIAX BHEWHero pajauyca r,
H TOJIIHHBI TIACTHHBI A cooTBeTCTBeHHO. )KecTkocTb Ha M3rH6 3a-
naercs dopmyqoit D= Eh®*/12(1—w?), rne E—wmonyap IOnra, v —
ko3bdunuent Ilyaccona.

(OTHOCHTEJBHO CHJI B IJIOCKOCTH MAACTHHBI IPERNOJOXKUM, 4YTO
OHH CO3JAI0T HauajJbHOE paBHOMEDHOE pajHajibHOe MpenBapHTelbHOE
HanpsiXKeHde U JOCTATOYHO BEJHKH, YTOOBI KX MOXKHO OBUIO CUHTATh
MOCTOSITHHBIMY BeJIHYHHAMM NPH HOCJE[VIOWEM ONePEeYHOM ABHKEHUH
(r.e. n,=ng—nocrosHusl, n,9=0). TaxuMm o06pasoMm, ypaBHeHHe
(2.2.23) cBoaMTtCcs K BHAY

270 — V2o =0, (2.2.24)
rae
D
2
R

[Tonp3ysice puc. 2.5, MOXKHO BBHIIHCATH CJEAYIOIHE [PAHMYHBE
yCJIOBHUA:

® =ba cos b, %——acos@ npi r=b, (2.2.25)
O
0=3=0 npr r=l. (2.2.26)
3pech o IMpennosaraercd HacToJNbKO ManbiM, uTobH Sina x o,
u b=r,/r,, TAe r,—pajuyc TBEPJOro BK/JIIOUEHHS.
['panuunble ycnosHs (2.2.25) u (2.2.26) moackasblBalOT pelieHHe
BHJA
® =u(r) cosO. (2.2.27)

Torga 6y11eM HMeThb

d2u I du u
(dr2 +r i~ ) (mﬂLT‘d?—“?z‘)*

— (Gt 5 %) =0, (2228
u (b) =ba, a-‘;‘ ) =a, (2.2.29)
u(l)=0, %o, (2.2.30)
Ilpu e — 0 ypaBHenue (2.2.28) ceogutca K BUAY
LA L ) (2.2.31)

KOTOpBIA npesacTaBiaser cofoli ypasHeHHe BToporo nopsiaka. [lostomy
€r0 pemeHHst He MOTYT YJAOBNETBOPHTH YETHIPEM [DAHHYHBIM yCJIO-
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puam (2.2.29) u (2.2.30), u, creioBatesbHO, JABa H3 HHUX HOJIXKHbI
6biTh onyiuieHnl. IlbITasich MOCTPOMTH MpsAMOe pasJoXKeHHe BHIA

U= go e*u,(r), (2.2.32)

MBI O0HapyXHM, UTO KaxJoe U, yAOBJeTBOpsAeT ypaBHeHHuwo (2.2.31).
CnepoBarenbHo, passoxende (2.2.32) He ABJseTcss NPUTOAHBIM - 1751
Bcex r u3 orpe3ka [b, 1]. B n. 4.1.5 c noMomwsio MeTtOAa cpauiu-
BaHHS ACHMITOTHUYECKHUX paszjloXeHUH MNOJYyUYeHO PABHOMEPHO TMpH-
FOJHO® DPa3fioXKeHMe.

2.3. HameHenne THna aupdepeHuHaIbHOrO ypaBHeHHS
B YaCTHbIX NPOH3BOAHBIX

B saBucuMocTu or THna auddepeHUHATbHOrO ypaBHEHHS B 4acT-
HBIX [IPOM3BOJAHBIX JAJsI KOPPEKTHOH IOCTaHOBKH 3ajiaud Tpebylorcs
Te WU HHble FPAaHAYHble U HayasbHbE yeaoBHA. Ecau nexopnoe ypas-
HeHHe NpPH HyJEeBOM 3HAUCHHW MaNOro Mapamerpa MEHsSeT CBO# Tur,
CTAHOBSICh, CKaXKeM, M3 3JMIITUYECKOro napabosnyecKuMm WU runep-
SoMnyecKkM, TO MOTYT BO3HHKHYTb TPYIHOCTH. IDTOT KJacC 3ajgad
MOXHO paccMaTpHBaTh KaK MNOjKJacc 3ajad, KOTOphie O6CYKIanuch
B 1. 2.2.1—2.2.4. Huxe Mbl onuuleM jBa npuMepa, a TaKXKe Tpyl-
HOCTH, KOTOpBEIE BO3HHMKAIOT MPU Pa3jiOXEeHHH B OJHOM U3 HHX.

2.3.1. Npocroii npumep

Pacemorpum caenyioulyio 3anauy Jiupuxie OTHOCHTENBHO Q)ymmma
@, y, &)

Pex +29,,—9,=0, 0<x, y<|I, (2.3.1)
¢ (0, y)=al(y), (2.3.2)
o (x, 0)=0b(x), (2.3.3)
(1, y)=c(v), (2.3.9)
@ (x, 1)=d (x). (2.3.5)

Ilpn e > 0 31a 3agaua fABAsETCS KODPPEKTHO MOCTaBJEHHOHN H fonmyc-
Kaer enuHCTBeHHOe perteHe. Onrako npu =0 (2.3.1) cBegercs
K ypaBHeHUIO

@xx— @, =0, (2.3.6)

KOTOpoe sB/Asercd napabonudeckum (ypaBHeHueM nuddysuu). Peute-
HHe ypaBHeHHs (2.3.6), BooGule roBops, HE MOXET YIOBJETBOPHUTH
BCEM TPAHUUHBIM YCAOBHAM (2.3.2)—(2.3.5), ¥ 0IHO H3 HUX NOJIIKHO
6uith omyieso. M3 pacemorpenuit n. 4.1.2 criexyer, 4To HYXHO
ONYCTHTL ycioBHe (2.3.5), M TOTAa MOJyuYeHHOE pelIEHHE OKaXKercs
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HENMPUTOAHBIM BOJIU3H ¥ = |. MOXKHO NPeANONOKHUTh, YTO NPH MAJOM €
pelieHHe PeRyLHPOBaHHOTO YPABHEHHs OJNHM3KO K TOUHOMY DEIEHHIO
BCIOAY, 33 HCKIIOYeHHeM y3KoH ofjactd Bo3djle y =1, B KOTOpOil
nociiefHee ObICTPO MeHAeTcss H yClleBaeT yAOBJIETBOPUTb OMyLIEHHOMY
rpaHUYHOMY YCJIOBHIO.

Cnepyer OTMETHTb, YTO CHHTYJAPHAsA MPHPOJA 3aJaud 3aBHCUT
He TOJbKO OT M3MEeHeHUS THIa ypaBHEHHA, HO TaKKe M OT 3aJaHHOH
06/1aCTH, B KOTOPOH MOJNy4YeHO perdeHHe. XOTHA pellieHHe YpaBHEHUS
(2.3.1) B obnacty 0<Cx, y<1 u He cTpemuTCH PaBHOMEDHO K pe-
lweHHo ypaBHeHus (2.3.6), B BEepXHeH TOJYIJOCKOCTH pellenue
(2.3.1) paBHOMepHO cTpeMHTCs K pelueHHo (2.3.6).

Jlanee paccmoTpen mpuamep, B KOTOPOM M3MEHEHHe THIA ypaBHe-
HM$ He NPHBOAHT K HEPABHOMEDHOCTAM.

2.3.2. /lauHHbie BONAHBI HA MOBEPXHOCTU MHUAKOCTH, CTeKatouled
N0 HaKNOHHOH NJAOCKOCTH

B 3TOM myHKTE MBI PACCMOTPHM pasjiduHble XapPaKTEPHCTHKH BOJH
Ha MOBEPXHOCTH KHUJIKOH IJIEHKH, CTEKAmMlleHd EHU3 MO HAKJOHHOH
nJjockocty (puc. 2.6). IJTOT JOBOJNBHO CJIOMKHBIH NPHMEp paccmar-

y

z g

Puc. 2.6.

puBaercsi 31echb INOTOMY, 4YTO OH WJJIIOCTPHpyeT OBLLYI0 METOAHUKY
IS LJIMHHBIX HeJHHEeHHBIX IMCIeprupylolux BoOJH. TeueHHe omu-
coiBaeTcsi ypaBHeHusimu Habbe —Crokca

)

Z4+Z 0, 2.3.7

0x+0y ( )
ou , ~0u , ~ou 1 dp . A
— — —_—=— = 0 2y, 2.3.
o7 T4 +vay o op Tgsind4vyiu (2.3.8)
8 , ~ 80 , ~ v 1 9p ~
L A A N 0 229, 2.3.9
Pl +vay o ;8Os + vy ( )

3116Cb U U U—KOMNOHEHTbl CKOPOCTH IO HampaBJeHUsM X H Y, p —

JaBJeHUe XKHIKOCTH, t—BpeMH, 0 H V— NJIOTHOCTb XKHJAKOCTH H KHHE-
MaThHueckash B#3KOCTb coorBercTBenHo. Ha NOBEDXHOCTH paszeJsa



50 Ta. 2. [Ipamoie pasacoenus w UCMOYHUKIL HEPABHOMEPHOCTU

XKHJKOCTb—TBepJ0oe Teq0 06€ KOMIOHEHTH CKODOCTH HCYe3aloT, T. e.
u=v=0 npu y=0. (2.3.10)

Ec/ld MOBepXHOCTb XKHUAKOCTH IJ1afKas (T. €. BOJHBI OTCYTCTBYIOT),
TO CYUleCTBYeT cjlelyiolllee JaMUHapHOE YCTaHOBHBIUEECS pelIeHHe:

0 =852 (9hgy—p), V=0,

(2.3.11)
P =ﬁo_pgcose(g‘_ho)-

B s10M peweHHH HCIOJAb30BAHO IPAaHHYHOE YC/IOBHE 0u)dy =0 npu
y=h, (T. e. cIBHI OTCYTCTBYET).

[ajee Mbl paccMOTPHUM BO3MYIIEHHS B 3TOH KapTHHE YCTaHOBHB-
werocs TeueHus. BBeneM 6Ge3pasMmepHble BeJHYHHBI CJeyIOLLHMH
COOTHOUWIEHU MU

a=hyl, h=hih,, y=ylh, x=x/I,
U=0/U,, u+U=ua/U;, v=vjal,, (2.3.12)
t =tU./l, P=Plpgh,sin®, p+ P=plpgh,sin.

3necy U, =ghsin08/2v, |—xapakrepHass AJuHA BOJH, o— Ge3pas-
MepHasl BeJHYMHA, KOJHYECTBEHHO ONHUChIBAIOWAA IMyOHHY XKUAKOCTH.
MNoncrasu (2.3.12) B ypashenns (2.3.7)—(2.3.9) u Hcnoassys
(2.3.11), noanyuum cjeaywomue ypaBHeHHs I1s 0e3pasMepHbIX BO3-

MYLIEHHH:
Uye+v,=0, (2.3.13)
u,+(u+U>ux+v(uy+U')=—2”x+aR (g +aty),  (2.3.14)
vt—{—(u—}-U)vx—}-vvy:—Wpy—{- ﬁ(vyu—i—a?vm}, (2.3.15)

rae R =U hy/v—uncio Peiinonbaca xupkoit mienkd, U =2y—y?,
a WTPHX o3HavaeT AHdepeHUHPOBAHHE IO Y.

Ypashenue (2.3.13) Moxer ObiTb pelIEHO BBeleHHeM (YHKUHH
ToKa P (x, y, ¢), TakoH, 4TO

(u, U)Z('lIJy, —Py).
Torna ypasnenus (2.3.14) u (2.3.15) MoxHO 6yaeT 06LeIUHNThL COOT-
HOLIEHHEM
‘pyyyy = OCR ['lpyyt + (U + wy) wxyy (U” + wyyy) \px] 2a21pxxyy +
_l_ a‘aR [‘pxxt + (U JI' \Py) \pxxx \px\’)xxu] o \pxxxx (2 3. 16)

YpaBHeHHe (2.3.16) noaxKHO ObITH [ONOJHEHO T'PAHHYHBIMH YCJO-
BuAMH. M3 (2.3.10) umeeM yc/oBHE Ha MOBEDXHOCTH pasjiesia TBep-
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poe TEJO — KHAKOCTh
b, (%, 0, ) =¥ (x, 0, 1) =0. (2.3.17)

Ha cBO6OAHOH NOBEPXHOCTH HOpMA/bHAs COCTABJSAIOIAA CKODOCTH
XKHUJKOCTH paBHa CKOPOCTH CaMOl IMOBEPXHOCTH pasjesa, T. €.

he (U +$) he+b, =0 npu  y=h(x). (2.3.18)

Kpome TOro, ycJoBHe OTCYTCTBHS KAacaTeNbHOTO HANPSIKEHUs Ha CBO-
60JHOH HOBEPXHOCTH JaerT
U’ -+, —a*b,,) (1 —ahl) —4a*, h, =0 npu y=h. (2.3.19)

HakoHell, H3 HeNpepbLIBHOCTH HOPMAJ/bLHOrO HampsiXKeHHs Ha 5TOH
cBOGOIHOH TOBEPXHOCTH CJeLyeT

Th,, cosec & (Pyy—02P,. ) fy
. —1 g—2lxx — vy X —
p+(h—l)ctg (1-a2nl)’? 1oy
—oap, =G npu y—h. (2.3.20)
Y| J-a2hd

3necy p,, cordacHo (2.3.14), umeer BuA

Pe= 5 % 0y —5 R [y U+, ¥y — (U +0,,) 9]+ 5 e,

(2.3.21)

¥ NpHHATO of03HayeHue

[le 0 —OBEPXHOCTHOE HATfXKEeHHEe XXHAKOCTH.

IIpu BoiBoZe ypaBHeHHS, ONHUCHIBaioLlero Ge3pasMepHoe U3MEHeHHe
BO3MYIIEHHOH TOBEPXHOCTH, MBI GyneM cijenoBaTb Denuu [1965a]?):
CHayaJa HafJeM pasJoXKeHHe MO0 CTelleHsAM o [/ BO3MYILEHHOTO
pemenus 3agaun (2.3.16), (2.3.17), (2.3.19)—(2.3.21) u 3arem pox-
CTaBHM 3TO pasyoxeHHe aaa P B (2.3.18). Mrak, momoxumM B npe-
ABIIYWHMX yPABHEHHAX

1]):117(1-+a1p1—f—..., (2322)
p=a7'p_y+p,+oap +.

¥ npupasHsieM KO>(QUIMEHTH NpPH OAMHAKOBHIX cTenensx o. [loay-
UMM, NPHPABHUBASl UJIEHHI:

———

1) BosHBI B TOHKOM cJ10¢ BSISKOH HEC)KHMAaeMOR MKHAKOCTH, CTeKawomlefl no sep-
THKanbHOM CTeHKe, Ouliu Bheprue mcchefoBann 1. JI. Kanunuelt B 1948—1949 rr.
CHMIITOTHYECKMH aHAJIH3 BOJH B CJI0€ BA3KOM JKHIKOCTH HAa HaKJOHHOM MJOCKOCTH
6biat nporesien 0. I1. Wpanusoseim [1961]. Cum. o63opuyio cTateio H. H. Monceesa
N967].— HTpum. ped.
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nopsaaka o’
Yo yyyy = 05 (2.3.23)
Py =1,, =0 npu y =0, (2.3.24)
Yoy =2(y—1) npu y=~n, (2.3.25)
Yoyyy =0 npu y=h,; (2.3.26)

nopsizka o
1Plyyyy =R [‘pOyyt +(U + \bOy) \poxyy _(U” + \powy) lpox]’ (2.3.27)
Y, =, =0, npu y=0, (2.3.28)
Pryy =0 npH y=*h, (2.3.29)
po=(h—1)ctg8—T cosec 0h,, npu y=*h, (2.3.30)

npuueM

1 1 ’
Pox = ?wlyyy—_z_ R [’q}Oyt + (U + ’lpOy) lpon," (U + ll)Ogy) \Pox]- (2331)
Pemenune zanaun (2.3.23)—(2.3.26) umeer Bup
o =(h—1) y2. (2.3.32)
Torga ypapHeuue (2.3.27) npumer BHj
Vryyyy = 2R (hy + 2hh,y)
M npu ycjaoBuH (2.3.28) 6yzer MMeTb CBOMM pelleHHEM (YHKIHIO
B=Al 0P+ B DY+ Ty (he + 5 bhey®) . (23.33)
Toncrasus P, B (2.3.29)—(2.3.31) u pemwnB noJyueHHble ypaBHEHHS

oTHocHTenbHO A U B, 6ymeM HMeThb

B= % (h,ctg ©—T cosec 0h,,.),
| , (2.3.34)
A=—h(h, ctg0—T cosecOh,,,) —+ Rh* (h, -{—3h2hx) .

[Tockonbky

562[11) (xv Y, t) l y=ll] = (‘pyh’x_{—lpx) |y=h7

To (2.3.18) MOXHO mepenucatb B BHJE
5} -
ht+(2h_h2) hx+a;[\p (X, Y, t) Iy:h]=0 (2333)

IoacraBus P =1, -+ 0 (a) B 310 ypaBHeHue, GyleM HUMETb
h, 4 2h%h, =0, (2.3.36)
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Toraa
P, (x, h, ) = — 2 1 (b, ctg 8—T cosec Oh,,) +5 RAvh,.

[Toaoxue B (2.3.35) ¢ =1, +ay, + 0 (a?), noayuum
hy+2h%h, +a [— %fﬁ <ctg 6———45— Rh3> Hox +%cosec 0h3h, e —
—2h? <Ctg 8——2— Rh3> h%:+42T cosec Bh‘lhxhxxx] + 0 (a?)=0. (2.3.37)

Pesiomupyem nposnenansHoe B 3ToM nyHkTe, Hauas ¢ saauntHuec-
Koro ypaBHeHusa (2.3.16), Mbl 3aMeHHad ero ypasHeHuamu (2.3.23)
u (2.3.27), Kortopble, OUEBHIHO, HE SIBJARIOTCS 3JAHNTHYUeCKHUMH. OT
3THX < YPaBHEHHI BO3MYILEHHS] Mbl NPHULIM K ypaBHeHHio (2.3.37),
KoTOpoe fBHO runep6osguueckoe. TakuMm o6pazoMm, H3MeHEHHE THIIA
ypaBHEHUS HE NpPUBEJO K BO3HHKHOBEHHIO HepaBHOMepHOCTel, mno-
CKOJbKY paccMaTpuBaeMasi 06.1acTb Obija HeorpaHHueHHOH.

2.4. HaJunumne ocodeHHoCTeH

B nannoM Knacce 3agay passioKeHHUsl B paccMaTpuBaemoil 06aacTH
HMe0T OCOOEHHOCTH, KOTOPHIE HE CONAEPKATCA B TOUHOM pemedyH. Bosee
TOro, B UJEeHAaX BBICUIMX MOPSAKOB OCOGEHHOCTH HE TOJBKO CoXpa-
HAIOTCS, HO W CTAaHOBATCA §oJsiee BbiPa’KEHHbIMH,

2.4.1. CaBHI 0COGEHHOCTH
B kauecTBe nepBoro npuMepa yKa3aHHOIO KJjacca pacCMOTPUM 3ajauy,
usyuaswyrocs Jlafirxuanom [1949a):

e P @+xy=0, y(l)=er. (2.4.1)

310 ypaBHeHHe HMeeT 0COGEHHOCTh Ha NPAMOH X = — gy. [ paHuuHOe
ycjoBHe, OJHAKO, 00eCHeuYUuBaeT NOJIOXKHTENbHOCTh TOYHOIO pelleHHsA
y(x) ana x>=0; ciaenoBaTejsbHO, y (X) He UMeeT OCOGEHHOCTEH IpH
0<{x < 00,
Jlna OTBICKAHHS MPSAMOrO pa3JjoXKeHHs NOJOXKUM
Y=ys(x)+ey; (x)+.... (2.4.2)

IopcranoBka (2.4.2) B (2.4.1), pasjoxeHue NO CTENEHAM & H NpHU-
paBHHBaHHe KO3(GhHUIIHEHTOB mpH &° U & JacT HaM

2204 (24 x) g =0, yo(D)=e", (2.4.3)
d
x B @y =—y 2, 4 (D=0 (2.4.4)

Pemienne sagaun mHysieBoro nopsigka Hmeer BHA
Yo =X 2€"%. (2.4.5)
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Tloacrasus y, B (2.4.4) ¥ peliMB NOJY4EHHOE ypaBHeHue, 6ynem umeTb
X
yy=x-e=* [ e=tt=3 (1 20-1) a1, (2.4.6)
1
Ilpu x— 0 umeem y,=0 (x~2), B 10 Bpema Kak y, =0 (x~3). Takum
06pa3oM, XOT H TOYHOE pellieHHe He HUMeeT oco0eHHOCTH npH x =0,
pelleHre HYJEBOTO NMOPAAKa HMeeT OcOGeHHOCTb B TOuKe X =0, M 3Ta
OCOGEHHOCTh J1asle€ CTAHOBHTCS CHJbHeH.

2.4.2. 3ana4a o KocMu4veckoM KopabGae 3emis — Jlyna

Jlanee Mel paccCMOTPHM ABHXK€HHE KOCMHYECKOTO KOpab./isi Macch m
B TPABHTAIlHOHHOM TMOJ€ JBYX (HKCHPOBAHHBLIX IIPHTSTHBAIOMIHX
penTpoB. Macca M, 3emsu mHoro Gosbie Macckl M, Jlyusl. B ne-

7

Kocmuwecnweed
rOpAOTS

(Z,7)

Semnn Ayra z
Puc. 2.7.

KapToBOoH NpPAMOYrOJIbHON CHCTEME KOOpAMHAT, TOKas3aHHO# Ha
pHc. 2.7, Ge3pasmepHble yDaBHEHUs ABUIKEHHH HMEIOT BHAY)

d2x x x—1

Wz__u_p)g*p = (2.4.7)

d2

aﬁy_z__(l_p)_rye?_”.r%, (2.4.8)
re=x*4y?, rh=(x—1)24y2, (2.4.9)

rape
w :Mtn/(Mm+Me)'

1) Ypasuenns (2.4.7) u (2.4.8) cupaBeanuBsl IPH YCJIOBHY, YTO NPUTATHBAIOLIME
LEeHTPB! HeNnojgBHKHLI. [IpH paccMOTpeHHH IBHKEHHMA TOUKH B [10J€ NPHUTSKEHHs
3emain u JIyHEl Hee6XOJHMO YuUHTHIBAaTh, 4YTO CHCTEMa KOODAMHAT Xy Bpalaercs
pmecte ¢ 3emaeit u JIyHo#i. DT0 UPHUBOAMT K NOSIBJEHHIO B ypapHeHusix (2.4.7),
(2.4.8) RONONHUTENBHBIX YIeHOB, OGYCJIOBJEHHBIX NEPEHOCHHIMH M KOPHOJHCOBEIMH
cuiaMu Huepund.— [Ipum. ped.
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Jlaisi BBeJeHMs 6e3Pa3sMepHBIX PACCTOSIHHS 1 BPEMEHHM HCHOJb30BaHbi
COOTBETCTBEHHO pACCTOsiHHe d MeX1y NPUTATHBAIOLIUMH LEHTPAMU
H BeJHYHHa

a3 1/2
[G (Mp -+ Me)] ’

rie G-——TOCTOsiHHAsl BCceMHpHOTO TAroreHusi. Jlarepcrpom u Kesop-
kau [19666] uayuaau 3Ty 3ajauyy NpH HAYAAbHLIX YCJIOBHSAX

x=0, y=0, Z—iz——uc npu ¢t =0, (2.4.10)
:"pgy p# 19 (2'4'11)

rae h-—nonHas sHeprus KopabJs.
[TomeHaB poJAsiMM X U f, PACCMOTPMM CleAyiOliMe NpsiMble pas-
JIOXKEHHUsl LA Majioro y:
t=ty () 4+t () +..., (2.4.12)
Y=ny,+.... (2.4.13)

[Moncranoska (2.4.12) u (2.4.13) B (2.4.7)—(2.4.9) u npupaBuuBa-
HHe KO3Q(hUIUEHTOB NPH OJUHAKOBEIX CTENEHSIX | HAIOT

"
to

1
t;,3=25’ (2.4.14)
g Lol ’1 2.4.15
- t;3+ +(]_x)2v ( . )
b yi+ % =o0. (2.4.16)

3T
tO

Pewienust 3THX ypaBHeHUH NpU HavadbHbIX ycaoBusix (2.4.10) wu
(2.4.11) umeror BHA

V2to— arcsmpVx--— V x(1=p%), (2.4.17)
2
Vot = — oz arcsin pVx+p T 2)]/1_p2x 2(1 2)3/2
xIn l+(1‘2p2)x+21[(_l_:02)(1- P ' ,  (2.4.18)
Y, = —CX. (24.19)

Takum o6pasom, npuBefeHHOe Bbillle pasJjoXKeHue npu x — 1 Hapy-
1aeTcst, MOCKOJIBKY £, HMeeT JorapupMHyeckyio oco6eHHOCTb. MOXHO
NoKa3arb, YTO B BBICUIMX NPUO/HAKEHHAX OCOOEHHOCTH B OKPECTHOCTH
X =1 ycunusaioTcs. B camoM nese,

t,=0[(1—x)"1) npu x — L. (2.4.20)
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2.4.3. TepMoynpyrne noBePXHOCTHbIE . BOJIHBK

PaccMoTpuM BJIHSAHHE TeNJONPOBOAHOCTH HAa PacHpoOCTPaHeHHEe BOJH
N0 MOBEPXHOCTH H30TPONHOIO YNPYroro MOJyNpoCTpaHcTBa. Bmecto
3aKOHa TemJonpoBogHocT Pypre OyAeM HCNONb30BATh MOAH(PHILH-
poBaHHBIH 3aKOH MakcBessia, 4ToOB yuecTh TO MaJjioe BPeMsi, KOTOpoe
HeOOXOAUMO [J1f1 YCTAHOBJEHHMA CTallHOHAPHOH TEMJOIPOBOAHOCTH
nocJjie BHE3ANHOTO BO3HHKHOBEHHSA I'DaJHeHTa TEMIEPaTyphl B TBEPAOM
tese. Bygem npeanmonararb, TakuM ofpasoM, uTO MOTOK Temaa h
onpejiessieTcss COOTHOLIEHHEM

T, fh=—kgradf. (2.4.21)

3necy O o3Hauaer H3MeHeHHe HCXOXHOH abCOIOTHOH TeMiepaTtypl 0,
k—K03pPUIHEHT TEIIONPOBONHOCTH, T, —BpeMst TEPMHYECKOil pesa-
Kcauud. B ypaBHeHuu (2.4.21) npeanoJaraercs, uto TeNJOBble CH-
FHAJIBI PACNPOCTPAHSIOTCS] HE MI'HOBEHHO, @ HMEIOT KOHEUHYIO CKOPOCTb
pacnpocrpaHenys. B HallMX paccMOTpeHHsiX 374ech Mbl OGyjeM cie-
noBats Ha#ids u Hemmar-Haccepy [1971].

ITockoabKy MaTepuan IpenoJaraeTcss H30TPONHBIM, Mbl 6yaeM
paccMaTpHBaTh ABYMeEpHOe JIBHXKeHHe B IIOCKOCTH (X, y), 0003Hauas
CMellleHHsi CooTBeTcTBeHHO uepe3 u M v. Ockb X JeKUT Ha CBOOOAHOM
TIOBEPXHOCTH, @ OCb y NepINeHAHKYJsSpHA K Hell H HampasjeHa BHYTPb
tena. Ilycts P2 =(h +2p)/p, Toe A ¥ p-—Ko3bOHUUHEHTE YOPYTOCTH
Jlame, nyets b =[2 -4+ (3A/pn)] 08, Tae o—koadpdUnHEeHT NuneliHoro
TEJIOBOI'O pAaCIIHPeHusi, U nycTb g=a (3A + 2u)/pc,, TAe O —JIOT-
HOCTb MaTepHana, C,— yJeJbHas TeMJIOeMKOCTb HPH HNHOCTOSIHHOM
o6beMe. Torga coBMECTHbIE ypaBHEHHSI TEOPHH YNPYLOCTH H TeNJIO-
TIPOBOZHOCTH 3allUIIYTCA B BHIE

92 o2 /2 02 00

B o =B g+ (0" — D) gy s — 0 5 (2422
0% 02 92 9 90

B o =BGt B =D g T5a—b gy (2:4.29)

020 , 920 40 d20 d%u 0% du v

wWTap—w Yo T (axat +0y0t)+g1<0x6t2+ay0tz>' (2.4.24)
B npuBejeHHbIX ypaBHEHMAX A/ BBejeHUS O0e3pa3MepHBLIX BPEMeHH
H AJHMHBL HCHOOJNb30BAHbLI COOTBETCTBEHHO BEJHUUHBI |/0* H Up/0*, The

ol A+ 2
ot = £ v;=——p—”. (2.4.25)

Ha cBoGopno#f moBepxHOCTH 06paianTcs B HYJAb HODMaJjbHbE
M KacaTeJbHble HalpsXKEHHsS M FPALHEHT TeMIIepaTypsl, T. €. HMeeM
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npu y =0
§$+3—’;=0, (2.4.26)
(ﬁﬂ—2)%+52%—b9=0, (2.4.27)
ggzo, (2.4.28)

Peenne 3amaun (2.4.22)—(2.4.28) 6yneMm uckatb B BHIE
(1, v, 0) = (a,, Gy, a;) exp (—ay +iot +igr), (2.4.29)

rje o MMEeET MOJOXKHUTEIbHYIO BelllecTBEeHHYIO uacTh. Torjga BOJIHO-
Basi cKopoctb OyJner 3ajaBaThCfl PaBeHCTBOM ¢ ==®/Regq, a koaddu-
UHEHT 3aTyXaHus — paeeHcTBoM § =Im g. [loxcranoBka (2.4.9) B
(2.4.22) —(2.4.25) u npupaBHHBaHHE HYJIO ONpPeNeJUTeNs JHHEHHOH
CHCTEMBI YPaBHEHHH OTHOCHTENILHO @, AAIOT CJAelyIOIHE TPU PelleHHs
A @, BbIpaXKEHHBIE Yepe3 ¢ H !

al=q*—pw’, (2.4.30)
ol +oi=2g2—10?—0? (1 +18) f-io (1 +e), (2.4.31)
o0l = it —e2g:—ie® +iog? (1 +&)+¢*—qet (1l +e). (2.4.32)

3nech npuHATo obo3HayeHHe & =>bg/B?. [1ng KaXIOro o CymecTBYET
co0CTBeHHBIH BeKTOp BHAA

2
[1, i 2, iw2—b—;ﬂ_m}alk s k=2,3  (2.4.33)

H BHIa

(1,i %9 O>a11 s k=1, (2.4.34)

¢ —prot

IlogcraBum coO6cTBeHHBlE PYyHKLMH, COOTBETCTBYIOLLHE COOCTBEHHBIM
BekTopaMm (2.4.33) n (2.4.34), B ypaBHeHus (2.4.26)—(2.4.28) u
NpUpaBHAEM HYJIO OIpefesHuTe/]Ib CHCTEMbl YPaBHEHMH OTHOCHTENb-
HO a,,. YcTpemasss ® — oo, NOJyuaeM

g A%[2—ct—c?1 (1 4-e) 4 24]
G ==ty

(2.4.35)

rape
42_ l 2 1 2 2 G 2 _(1 2 ) 2 36
y ( C)( CT) CTE, (C)__l————' ( .4_ )

Tonoxus B (2.4.35) u (2.4.36) € =0, MOXKHO MNOJYUYHTL KJac-
CHYecKylo ckopocTb BoaH Panes. Ilpu B%=3 (coorsercTByer KO3()-
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dunuenty [Nyaccona 1/4) umeem c?=0,2817. [Ins Majoro e MOXHO
NONLITAaTbCS MNOCTPOHTH TAKOE pasJioKeHHe Nisl 2, NepBbi uJjeH
KOTOpOro coBnajaeT ¢ peiteHueM Pajesi, Mrax, nomomxum

2 =ch(1+ec, +e%,+...). (2.4.37)

Moncrasus (2.4.37) B (2.4.35) u (2.4.36), pasnoxuB MO CTElEHSM &
U NDHPABHAB KO3pMHUHEHTH NPH OJMHAKOBBIX CTeneHfAX B 06eHX

yacrax, IoJydyuM
2
2 1 —CR
TCR[I Vi :I

= — : , (2.4.38)
(1 —7ck) [ 14z (ck) |

rae

F=2—ck (1 +1)+2V (1 —c%) (1 —1ck). (2.4.39)

W3 pasenctsa (2.4.38) BupHo, 4TO NPH 3HAYEHUSX T, GJIU3KHX K ¢F,
KO3(DPUIHENT ¢, CTAHOBHTCH HEOIDAHHYEHHBIM, H pasnoxeHue (2.4.37)
HapymaeTca. MoOXHO NOKasaTb, 4TO MIpH T==CR*® BbICWIHE NPHOJIH-
JKeHHs Oojiee CHHTYJISIDHBI, YeM BTOPOH UJieH.

Ilpn © > cg* pasnoxenue (2.4.37) crepyer MoaudHUHpOBaTh; B
IIPOTHBHOM c/yuae BeJHUHHA A? OKaxKercs OTPHUATENLHOH, a B CHAY
(2.4.32) craHer orpuUAaTeNbHOH AeHCTBHTEJIbHAS YacTb OJHOTO H3
c/laraeMblx, COCTaBJAAIOMIMX . MOIHPHIHPOBAHHOE pas3JOKeHHe uMe-
eT BHJ

02=%(1+ecl+s2cz+...). (2.4.40)

QYHKUHH €, H C, MOXKHO ONpeReauTb, noxcraBus (2.4.40) B (2.4.35)
H TpupaBHAB Ko3pPunreHTs NpH € U &% B 06eux uacrax. Ilponenas
3T0, TNONYUHM
3
€= — e, Cy=— — Me, (2.4.41)

T I=r =1

rie M siBasieTcs KODHEM YpaBHEHHS

[G'l(r‘l)—{— i ]M2~(12_Ti)2M+] T 0. (2.4.42)

l—= —1)2

Pasnoxenue (2.4.40) siBasieTcs OCOCGEHHBIM NPH T =CR?, MOCKOJbKY
B 3TOH TOouKe Ko3(duuueHT npu M? obpaumaerca B HYJab. MoxHo
NOKa3aTh, YTO B BHICIUEM NPHGJHKEHUH 3Ta OCOGEHHOCTB  YCJIOXK-
Hsercsi. TakuMm o0pasoM, MePBoe U3 BHILENDPHBEACHHEIX Pa3J/IOXeHHUH
CnpaBefauBo NpU T < CR', BTOpoe—IIPH T > Cg’; 006a Pa3JoXKeHHs
HapymaloTcsl BOJIH3H T =Cg®. PasioxeHHe, IPHIOJHOE B OKDPECTHOCTH
97O OCOOEHHOCTH, NMOCTPOEHO B M. 4.1.6 ¢ IMOMOLLBLIO MeTola CpaLlH-
BaHHs aCHMITOTHYECKHX Da3NoXkKeHUH.
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2.4.4. 3apava ¢ ToukoH BO3Bpara

B kauecTBe mnoc/efHero npuMepa PacCMOTPHM acHMIITOTHYECKHE
pasOXKeHUS PelleHHH ypaBHeHHS

Yy +r(l—x?)y=0 (2.4.43)
npu Gonbmux h. B obmactw x| <1 pemenns sroro ypaBHeHuS

HMEIOT KoJsiebaTe/IbHBIA XapakTep, a NpH |x| > | — 3KCIOHEHIHAb-
Hblfl. DTO OGCTOSITEJNBCTBO HABOAHT Ha MbIC/Ib O PA3jOXKEeHHH BHAA

y=elowx h, (2.4.44)
rje
Q=00 (%) A2, (x) 4 ... . (2.4.45)

[loncraBus 310 passioxeHue B (2.4.43) u npupaBHAB Koabhduuu-
€HTbl NMPH OLMHAKOBLIX CTEMEHSX A, IOJYUHUM

o’ =—(1—x2), (2.4.46)
29,91+ @, =0. (2.4.47)

PeuwleHHsIME 3THX YpaBHEHHH sBJASIOTCS (BYHKIMH

X

i[SVl —t2dt npu | x| <1,
Qo= (2.4.48)

iSVﬁ—ldr npu |x|> 1,
Q, = —%ln @, const, (2.4.49)

CJieloBaTeIbHO,

y= -‘—[alcos<x§mdr>+blsm (Lfl/i——rzdrﬂ

(1—x2)t/4
npu | x| <1 (2.4.50)

x . x \]

1 2 2
y:m[azexp<?\,j]/t —ldt>+bsexp<—h§VT —ldr/)
npn |x|>1, (2.4.51)

roe a; u b;—IocTosiHHbBIE.

Pasnoxenus (2.4.50) u (2.4.51) HasbiBaoTca NpUOJIHIKEHUSMH
JluyBunas —puna unu BKB-npuGauxkenusmu (n. 7.1.3). dtu pas-
JIOXXeHHS] MMEIOT OCOOEHHOCTb IPH X =1 W M03TOMYy He ABJASIOTCH
pasHoMepHO npurogabiMi. Toukn x =1 HasbBalOTC MouKamu 603-
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épama. HepaBHOMepHOCT, B 3TOM IpHMepe BO3HMKJ/A BCJAEICTBHE
TOro, 4TO pelleHHs MpeACTaB/IeHbl B 3JeMEHTapHHX (YHKUHAX, a
HMEHHO B 3KCINIOHEeHUHAJbHBIX H TPHTOHOMETPHUYECKHX (YHKIHAX.
W3 pasnoxkeHHil BHAHO, YTO NPH Nepexofe uepe3 3HaueHHs |x|=1
XapakTep pelleHHsl MeHAeTCA C Ko/ebaTe/bHOr0 Ha 3KCIOHEHIHa/b-
Huifi. CaenoBaTesbHO, AJSi [peJCTaBJeHHs pelieHHHA HY:KHbl QyHK-
LIHY, HMEIoLIHe aHAJOTHYHOe KauecTBeHHOoe NoBeleHHe. [TonxoasuinMu
119 3TOH nenu siBasiorcs GyHkoMUM ipu (o. 7.3.1).

2.5. PoJb KOOpAMHATHLIX CHCTeM

Ilpu noaydeHun BO3MYILeHHUs O [ApaMeTpy AJIsi HEKOTOPOil Be-
JHMUHHB ©(X; €) MBI CHaua/ja BbiOMpaeM He3aBHCHMYIO [epeMeHHYIO,
KoTopasl He o0fA3aTeJbHO COBHNajgaeT ¢ (PU3HUECKOA HEe3aBHCHMOH ne-
peMeHHOH X, a sBJsAeTcs HeKoTopod QyHKIMeHd { or x M MaJjoro
napamerpa &, 3aTeM Mhbl [10JlaraeMm

u= 20 8, (8)u, [ (x; €)] npu e —0, (2.5.1)

rae 8, (e)—acuMnToTHUecKasA MOCJeL0BATEIbHOCTh. MBI MOJACTaBAAEM
5TO pas/oXKeHHe B paccMaTpHBaeMble YpaBHEHHSA, moJiarasi [ (QUKCH-
pPOBAaHHLIM, MPOBOAHM pasJjoXKeHde INpPH MaJOM & M 3aTeM INpHpPaB-
HUBaeM HyJ/10 KoadduuueHT npu kaxioMm §,. TakuMm obGpasom,

Uy = lim [—”— ] ,
e—0 8 ()
T duxkcupoBaHo

n-1
u— Z 8 (&) um (B) (2:5.2)
m=90

0n (&) ’

u, = fim
e—>0
¢ dukcuposaHo

QueBHaHO, 4TO IPH 3aJaHHOH IOCJAENOBATENbHOCTH §, BeJIHUHHH U,
3aBUCAT OT Beibopa §(x; e).

ITpu onHom BhIGOpe { nOJywarOTCsl HEPaBHOMEDHBbIE Da3JIOXKeHHus,
npHu JApyroM —paBHOMepHble pasJjoxeHHsa. Hanpumep, mosnoxus B
(2.1.1) { ={, Mbl NoNy4YH/IM HepaBHOMEpHOe pasJ/oKeHHUE

u(t; ) =acost —}—eaa[——% £ sin £ 4-5; (cos 3t—cos t)] +0 (e?) (2.5.3)

a5 ypashenus [iobdunra (n. 2.1.1). Ecau 661 Mbl BeiGpann {=
=[1 4-(3/8) £a?] ¢, To mosyunTu 6Bl pazjOKeHHE

u(t; e)=a cosC—]—%s[cosBQ——cosC]—l—O(ﬁ), (2.5.4)
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KOTOpOe sABJAETCS PABHOMePHO MpHroiHeiM. KoopauHaTtsl THma [ =
=[1-+(3/8) ea?] {, KoTOpble NIPUBOAAT K PABHOMEPHBIM PAa3JIOXKEeHHAM,
Ha3BIBAIOTCH onmumaibhsimu Koopdunamamu (Kanays [1954]).

B kauecTBe BTOPOro IpHUMepa PacCMOTPHM MOAENBHYIO 33134y O
caaboil HequHelHOR HeycroiiumBocTH u3 M. 2.1.2. Pasenctso (2.1.18)
3ajlaeT CJefyollee PasJoKeHue:

1 =g Ccoso,tcoskx -+

—}—83[ ¢ sin g, cos kx—-useHnl, orpaHuueHHbIe MpH { —»oo] (2.5.5)

D10 HepaBHOMEPHOe pasJIoXKeHHe COOTBeTCTBYeT BbiGopy { =1{. Ecau
661 Mbl BhIOpanu { =0, [1—(9/320%)] ¢, To moyunan Gbl pas/oxkKeH:He

u=¢gcosfcoskx-+0 (e, (2.5.6)

paBHOMepHO mnpurogHoe mnpu Bcex f. CilefoBaTenbHO, B IMOC/AEIHEM
cayyae {—oOnTHMaJbHasi KOOPAMHATA.

B kauecTBe TpeTbero MpHUMepa PacCMOTPHM CBEPX3BYKOBOE 06Te-
Kanve TOHKOro Kpewia (n. 2.1.3). PaeeHctBo (2.1.36) sagaer cie-
Aylolllee PasOkKeHHe AT OCeBOH COCTaBJSIIOUIEH CKOPOCTH:

u T o ! M2y -+ 1D\ oy
U=1~8F+b2[§2(1-w—>7‘ 2

—hl M yT'T”——TT”] +0(Y, (2.5.7)

rne T =T (x—By), y=¢T (x) (bopMa KphnL1a).
D10 passoxeHHe TNOJYy4eHO NMPH (PUKCHPOBaHHBIX X U y. Cuuras
(HKCUPOBaHHBLIMH MEPeMEeHHble

E=y n x—By={ -« L Xer ), (2.5.8)

Mbl OBl nonqum pasJoXkeHue

4
g=l—elfer [ (12 2ED) T —TT" | +0(%), (25.9)
KOTOpoe siBJsieTcst paBHOMepHO npHroaueiM. CorefoBarenbHo, (2.5.8) —
ONTHMAaJbHBEIE KOOPAWHATHI,

Caoienyer OTMETHTb, 4TO KOOpAMHATAa MOJKeT OKas3aThCAi ONTHMAaJb-
HOR g/1s TO4YHOCTH mopsaaka O (e), HO He oONTUMaJbHOH Ans O (e?).
Hanpuwmep,

L= (1 -I-%eaz) t (2.5.10)

AIBJSEeTCS ONTHMA/JIbHOR KOOpAHHATOH AJst ypaBHeHHs JliopduHra npu
Toysocty O(e), B TO BpeMs Kak JJs BHCIIHX NOPAAKOB OHA
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He ABJseTcs onTuMaabHOH. OaHako

§=(1—{—%ea2—§1%82a4)t 2.5.11)

ABJsercs onTuMabHOA Aas (2.1.1) npu Tounoctu O (e2).

[TockosibKy GONBLIMHCTBO NPSMBIX PAa3JOXKEHHH TEOPHUHM BO3MYyILIE-
HHH (TOJTYYEHHBIX OPH (PUKCUPOBAHHBIX (DH3UYECKHX KOOPIHHATAX)
AABJISIETCS HEPABHOMEPHBIM, ObLJIH Da3BHTH METOAbI IPEBPAIIEHHS 3THX
pas/ioKeHHH B paBHOMEDHO NpPHIOAHbIE, B MeroJe KOOpAMHATHBLIX
npeo6pa3oBaHuil (rJ1. 3) HEKOTOpHIE H3 3TUX PAa3/IOKEHUA MPUBO-
IATCS K DABHOMEDHO INPHTOAZHOMY BHAY C [OMOIIBIO OMNpeJe/eHHs
ONTHMA/IbHBIX KOODAHHAT KaK MOYTH TOXKAECTBEHHLIX 1peo6pasoBaHHuil,

B HexkoTopelX M3 pPAcCMOTPEHHBIX 3ajay, HampuMep B 3ajgaue
(2.2.1) u (2.2.2), paBHOMEpPHO NpHTOJHOE pasJOXKeEHHE (3ajaHHoe
cootHowenueM (2.2.11)) umeer Bupn

y=bexp(l—x)4(a—be)exp (x—-;i)-[-O(a). (2.5.12)

D710 pas/ioKeHHe HeNb3sl NMOJYUUTh, cuuTas (UKCHPOBAHHBIM X MU
x/e. Tlpu OUKCHPOBAHHOM X Mbt OBl MOJYYHJIH pa3/OKeHHe

y=bexp(1—x)-+0(e), (2.5.13)

KOTOpoe HapyluaeTcs B OKpecTHOoctd x =10, u6o, BooOlue roBops,
y (0) = a==be. 3adurcuposas, oHAKO, X/e, Mbl Obl MPHIIAH K pas-
JIOXKEHUIO

y=be+(a—beyexp(—%), (2.5.14)

HepaBHOMepHAsi IIPUTCOJHOCTb KOTOPOro CJeAYyeT M3 COOTHOLICHHH
y{1)=b>£be. Takum o6pasoM, peiueHue NPEACTABJEHO ABYMSi pas-
JUYHBIMH PA3JIOXKEeHUsAMH, HCHOJb3YIOLMMH KOODAMHATHL (MacuITabbi)
x u x/e. TlocKoIBKY 3TH pa3J/oKeHHUs ABJSIOTCS DPA3JUYHBIMH aCHMII-
TOTHUECKKWMH IIPEJCTaBJICHUAMH OJHOA W TOH e QYHKIHH, OHH MOLYT
OLITb COOTHECEHB! IPYT APYLY C MOMOUBI TaK Ha3biBa€MOrO MPHH-
uuna cpawusanusa (ra. 4). M3 ckasaHHOTO ciaefyeT, 4To A/4 I[OJY-
YeHHsl PABHOMEPHO NPHIOLHBIX Pa3/I02KEHUHA MOXKHO CHa4a.1a C MIOMOILLIO
pPasHBIX MacwTafoB MOCTPOUThH PA3HBIE PA3J0KEHHA, COOTHECTH 3TH
pa3/IoKEHUs ¢ NOMOULbIO NPHHIMIA CPALLMBAHUS H 3aTeM OOLEeIUHHUTD
MX. D70 eCTh METOJL CPAUlMBAHUA ACUMIITOTHYECKHX DasJ/IOKeHHH, ONu-
CaHHBIX B ra. 4.

[Ipexxpe yeM MOAYy4YHTb, CKaXeM, ABA PAa3/0KEHUS C IIOMOLLbIO
ABYX pasHblX MacuitaGoB /sl NIPEJCTARJIEHHS pelleHUs 3anaud (2.2.1),
Mbl QHKCHpYeM 3HaueHHs X H x/e AHOO 3HAYCHUSA HEKOTOPHIX QYyHK-
IMA OT HHX M 3aTeM BBLIBOIHM pas3JioXeHHd. DTO O3HAYEET, YTO Mbl
yBe/IMUMBAEM UYHC/JO HEe3aBHCHMbIX MepeMeHHBIX 1O JBYX M Ipeolpa-
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30BLIBAEM HCXOJHOE OObIKHOBeHHOe JAH(depeHIHaNbHOe YpaBHEHHe

p muddepeHunaspHOe ypaBHEHHE B YaCTHHIX HPOM3BOIHLIX. JlaHHBIA

METOJL NPEACTABIAET COO0H METOL MHOTHX MaclTaboB, ONUCAHHBIH B 1. 6.
B 3ajauax TeopHH KoJeGaHUM, ONUCHIBAEMBIX ypPaBHEHHEM

u+u=ef (4, u,
HeBO3MYVIeHHOe peiueHHe (peweHue npH &= 0) uUMeer BUX
u=qcosep, ¢=t-40, (2.5.15)

rae @ 1 8—nocrodunsie. [Ipn € 5=0 pelieHde Bce-TAKH MOXKET ObITh
BHIPAXKEHO B NpUBeJeHHO Beile QopMe, ecqau CUHTaTh @ U O u3Me-
HAIIYMACS BO BpeMeHH. C NOMOIIBIO MeToja BapHAlMH TPOM3BOJIb-
HBIX TocTosiHHbIX (m. 5.1.1) MOXHO moayuyuth ciaenyiomue ypabBHe-
HUA WIS a B . '

%?=—85iﬂ ¢f{acos @, —asin g, (2.5.16)
%L—I_%Cosmf[acos ¢, —asing]. (2.5.17)

Jdns onpenenennss paBHOMEPHO I[PHIOTHOTO pAas/ioXKeHHS pelieHHs
3TMX YpaBHeHWH BMECTO IOYTH TOXKJECTBEHHOTO I1peo6pa3oBaHus
He3aBHCHMOH IIepPEMeHHO# (KaK B METOJe KOOPIHHATHBIX MNMpeobpaso-
BaHMH) MBI MOXEM BBECTH IIOYTH TOXKIECTBeHHOe NpeobpasoBaHHe
o0eilX 3aBHCHMbIX NEPeMEeHHBIX @ M . DTO eCTb METOJ YCPeTHEHMUH,
OIIHCAHHBIA B IJI. O.

Ynpaxcnenun

2.1. Oaa ypasueHus
x—N(x—1)+e=0, L1,

ONpEJeJIHTh TPEXUJeHHOEe Pa3/iOXKeHHe pelleHHs, G6/M3Koro K enunHue. ByaeT s oHo
NPUTOAHHKM JJI1 BCeX 3HAUEHHH T?

2.2. BBIYHC/IHTL TPH 4JieHAa B aCHMNTOTHYECKOM pas/OXKEHHH pelleHHs 3afaud
ey’ +xy=—1, y(O)=L
KakoBa sgech o6nacTb HepaBHOMEPHOCTH?

2.3. 3agaua 0 H309HEPreTHYECKHX IHJIMHADHYECKMX YAapHBIX BOJIHAX MOXeET
OuTe npuBenena kx Buay (Jlesn [1959])
dg
25,58 5 (] —w?)— — Bt
oy £ =g (1—w) —w (1 —puy),

e o u f—mnocrosuusie. Jas a<€ 1 onpefenuTs DPas/joxeHHe g JO BTOPOro no-
PAAka N0 o W PaccMOTPeTh BONPOC O €r0 PABHOMEPHOCTH.
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2.4, Jl1s Majoro & onpefie/uTh pa3/oXKeHHe MEepBOro MOPAAKA (4BYYJEHHOE)
B 3ajaue

. .01 . .
x+x=s<x———3—x3), x (0)=a, x (0)=0.
SIBsisieTcst JIH 3TO Pa3JioKeHHe DaBHOMEPHO NPHTOJHBIMP

2.5. PaccmorpeTs 3anauy
(x+en) ¥y +y=0, p(h=1L

(a) Onpenennth B 370 3ajaue pa3/oKeHHe BTOPOrO MOPAAKA (TPeXuseHHOe),
npexnosarad, uro <€ 1.

(6) KakoBa o6JsacTb ero HepaBHOMEDHOCTH?

() [TokasaTb, 4TO TOYHOE pellleHHe 33JaU¥ HMEET BHJ

x ¥ 2
=5tV Eteth

(r) PasnoxuTe TOYUHOE DEIIEHHE JJA MaJoro € U CPaBHHTb ¢ Pe3y/LTATOM
n. (a). Moxere s BBl clles1aTb KaKo#-JHGO BBIBOZ 06 HCTOYHHMKE HEPABHOMEDHOCTH?

2.6. Halitu npun majoMm & pasnoxenne NepBoro nopsAka (ABYUYJEHHOE) R/
3agauH

1
tep)y —5y=1+22 y()=L
KaxroBa o6nacTb ero HepaBHOMEPHOCTH?
2.7, OnpenesiuTh pasJIOXKEHHE MEPBOTO NMOPSAAKA AJS Majoro &:

xtey)y' dxy=te=*  y(l)=e-1

Kakosa o6s1acth ero HepaBHOMEpPHOCTH?

2.8. OnpegesHTb ABYUJIEHHOE DPA3JIOKEHHE UACTHONO PelleHHs yDaBHEHHS
e’ (1 —x2)u="{(x).

Kakue yc/oBHA HYXHO HaJIOKHTb Ha f, YTOObl ITO Pa3JoKeHHE OKAa3aJoCh paBHO-
MepHBIM?

2.9. Onpenenute npu GoJIbIUOM A pAa3/IoKeHHE BUAA
y==exp [Ap; () +py () +...]

JJs1 pelleHus ypaBHEHHA
xy" 4y + A (Ll —x2) y=0.

Tne 310 pas/iokeHHe Hapyiaetcs?

2.10, Onpefe/uTs ABYYJEHHOE PA3/OKEHHe A PElIeHHs YPaBHEHHA
U4 @2+ k cos @f =eu.

CnpaBezumBo JIH 3TO pasJoKeHHe NPH BCeX 3HAUYCHUAX P
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2.11. Onpefie/IBTh NPH MaJOM & Pa3JoKeHHe BTOPOrO NOPsAKA (TPeXu/eHHOe)
AN PelleHHs 3ajaqyn

g+ (8+& cos 26)u =0,
u@=a, u(0)=0.

Jns xakux sHauenuft § 310 pasnoxeuue GymeT HepaBHOMEPHBHIMP

2.12. [Toxasatp, uTO pasnomeune NepBOro NOPALKa TPH MAJOM W B 3ajaue

N E

HMEET BHI

ﬁt=%ﬂ"+u(-§jx3”+ V‘x—lgl l+:;_">+0[u*(l—x) .

KakoBa o6JacTb ero HepaBHOMEDHOCTH?
2.13. Ilas xakux suaveHui a > 0 pas.nomeﬂue

u—acost-———— l(a3—4a) £ cos t+— a3 cos 3t] +..

ABJsieTc paBHOMepHO NpHrogubiM? CyllectByer Ju 3uaueHHe a > 0, Ipd KOTOpOM
pasioxenue

ea® (1 .
u=acos t—{-—g I °os 3t —3¢sint )—{-

paBHOMEPHO TIPUTOAHO?

2.14. Tlonoxuth BO BTOpOM passoxenun ynp. 2.13 f{=(1-}-£0) s B pasnoxuTh
nosyyeHHoe BbIpaXKeHHe ¢ TOYHOCTBIO A0 O (¢) npu ¢HKCHpoBaHHOM s. MoxHO JH
NOO6paTh TakKoe @, uTolBl 3TO Pa3/oKeHHe OKasajoch PABHOMEPHO NpPHrOZHHM?

2.15. Oaa ypaBHeHus
G4u-+teut=0

BBECTH HOBYIO NEPEMEHHYIO
c=(l—f—% sa“) t.

B noayuenHoil sagave onpeje/HTh pasJoKeHHe MePBOro NopsAxa. SIBaserca Jn
OHO pPaBHOMEPHO NPHIOXHHEIM? MOXKHO JIH BBHICKa3aTb KaKoe-JJHGO CYxkIEHHE O POJiH
HE3aBHCHMBIX NEPEMEHHBIX B NPUBENEHHH Das3/IoXKeHHH K paBHOMEPHO HPHIOZHOMY
BHLY?

2.16. PaccMotperb 3ajauy

dp d
dx(h3 dx) Az (PR),
pO)=p(l)=1,
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rae h==h (x)—3afaHHas ¢yHKIHs. Onpenesutb pasjoKeHue AJas GOAbWHX A,
O6cyAHTb HEPABHOMEDHOCTH 5TOTO pasyoxenus. Onycruts ycaosne p (1) =1 u Bh-
YHC/IMTh ABa YJieHa.

2.17. Paccmotperh 3ajavy

%mﬂ‘f sin (¢--B),

%=cos E+B)

Tt

ro=so=i(5)=8(%)=0

BO3HHKQIOIIYIO MPH H3YYeHHH H3ruba auiaunppuyeckux tpy6 (PeficcHep u Bafinnu-
ke [1963]). Onpenesuth pasJoxenHe ¢ TOYHOCTHIO O (?) NpH MajoMm O W OGCYAUTDH
BONPOC O ero PaBHOMEPHOCTH.

2.18. 3apaua o JIaMHHAPHOM TEYEHHH B KaHaje C PaBHOMEPHO NOPHCTBIMH CTeH-
KaMy pa3JMYHOH IPOHHIAeMOCTH MOXKeT ObiIThb mpuepeHa kK Bupy {[Ipayamaw [1960];
Teppua u Ulpecta [1965])

f)II+R (ffll_f/2)=c’
FO=1, [ (=0,
f)=1—a, [ (1)=0.
ITokasath, YTO npH MaJjoOM @ CHpPaBelIHBbLl COOTHOLICHHS
f=14aA [2(e~R% 4 Rx—1)—R (1—e=R) x2]+ O (a?),
c=2aR3A (e-R—1)40 (@3,
U olnpeienuth A.

2.19. Onpene/utb pas/oXeHHe NepBOro Nopsaka B safgaye
Upp—Uep-+u=cud, e<LI1,
u(x, 0)=acos kx, us(x, 0)=0,
¥ OGCYIHTb BOMPOC O €r0 PaBHOMEPHOCTH.

2.20. OnpeneyuTh NpsiMoe DasJioXXeHHE NMepBOTO NOPSAKA NPH MaJioM £ B 3ajaue
Upt—C2Uy y = EUU,
u(x O)=Fx)+gx) uilx, O)=clg’ (W—F ().

3peck [ (x), g(x)—orpannyednsle GyHkunn x. OGCyAHTL BOmpoc O €ro pasHOMEp-
HOCTH.
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MeTton pacTAHYTbBIX KOOpAWHAT

Ara rsaaBa NOCBSIILEHA METOAUKE CBelleHHs] NPHOIHKEHHBIX pelle-
HH# HeKOoTOphIX AudepeHUHalbHBIX YPaBHEHUH, OIHUCAHHBIX B Npe-
AGUIYIIHX IJ1aBaX, K PaBHOMEDHO NPHTOAHBIM. DTa METOAMKA OCHO-
BAHA Ha BBeJEHUH IIOYTH TOXKAECTBEHHBIX Ipeo6pa3’oBaHHH He3aBH-
CHMBIX IlepeMeHHBIX H BOCXOAHUT K [EBATHAAUATOMY CTOJIETHIO, KOria
acTpoOHOMBI, Takue, Kak Jlunmwrenr [1882), Boxann [1889) u I'onb-
ned [1893], paspaboranu crnocol, MO3BONABMME H36€XKaTh NOABJEHNA
BEKOBHIX YJIEHOB B BO3MVUIGHHBIX pelleHHAX yDaBHEHHH BHIA

il—}—cogu_—..ef(u, it), el

B ocuoee wMeroja JIMHAWTEATA JICKUT HAed, [OYEPIIHYTAHA U3
CJefyIOmero HabMoleH s : HeJAHHeHHOCTh H3MEHSIeT YacTOTYy CHCTEMEI
OT 3Ha4YeHHs ,, OTBEyawllero JHHeHHOH# cHcTeme, A0 ® (&). UToOHl
y4ecTb 3TO H3MEHEHHe 4YacToTh!, JIMHAITEAT BBEJ HOBYIO IIePEMEHHYIO
T=wof U pPaszJOXHJI ® H 4 MO CTEIEeHsM &:

u=u,(v)+eu, (1) -+ e, (V4 ...,

0 =0,+e0, +eo,4 ... .

3ateM oH BbIOpaJs mapamerpsl ®;, {>>1, Tak, 4To0bl IpPeLOTBPATHTH
nosiBJeHHe BeKOBbIX useHoB. Ilyankape [1892) nmokasan, uyto pasiio-
MeHHe, NMOJYUeHHOe JIMHAWTEATOM, SIBJASETCS aCHMIITOTHYECKHM.
Pasnnunbie GopMbl 3TOr0 MeTOAa HCMOJb3YIOTCH A8 NOJydYeHHs]
NpUGIKIKEHHBIX pelueHu# 3aja4 QHSHKU U TeXHHKH. Hpes 3axumo-
Yaercs B TOM, YTOObl HAfTH HapaMeTp 3ajaud, H3MEHAIOWHHCA NpU
BO3MYWIEHAH (HAIPHMEpP, 4acTOT&, BOJHOBOE YHCJO, BOJHOBAs CKO-
pocTb, coGCcTBeHHOE 3Hau€HHE WM JHepPreTHYecKHe YpDOBHH), H pas-
JMOXUTL 3aBHCHMblE MTepeMeHHbIe BMECTe C STHM I1apaMeTPOM, CKaKeM,
0 cTeneHsM HHTEHCHBHOCTH BO3MylleHHH. BoaMmymeHus napamerpa
BBIGHPAIOT TaK, 4TOGHI MOJNYYHTh PABHOMEPHO HPHIONHOE PA3J/IOXKEHHE.
TOT MeTOZ Mbl Ha3blBaeM Memo0oM PACMAHYMbLIX NAPAMEMPOs.
Dra uxes JeXHT B ocHoBe MeTona Pases — Hlpegunrepa — merona
Nonyuenus; npuGAMIKEHHOTO CTAUUOHAPHOTO peIleHUs - YpaBHEHHUA
peauurepa, npy KOTOPOM pAacK/Ia[biBaeTcs HE TOJBKO BOJHOBas
YHRIMS, HO TaKKe u 3HepretHueckuii yposedb ([Lpexunrep [1926]).
Ty ke uneto npumeHH Crokep [ 1957] mpu ucc/e0BaHHH BOJIH KOHEY-

-
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HOH aMIJIMTYJbl Ha BOJe, Da3NOXKHB (DYHKIMIO TOKA M BOJHOBYIO
CKOPOCTb 110 CTeneHsIM Ko3(duiyeHTa KpyTH3Hbl BOJH.

EcJH pa3yioxkenue napaMeTrpa UHTepH PeTHPOBATh KaK [MOUTH TOXK/€-
cTBeHHOe Tpeo0pas3oBaHue, To MeTtoa JlalTxuasaa ceemenust INpubJin-
JKEHHbIX pelleHHH K paBHOMEPHO IpHrojHbIM O6yaeT o06o6iieHHeM
MeToJa pacTAHYTeIX napamerpoB. Muesa meroma Jladrxuana [1949a],
[1961] sakmouaercss B caenyiomeM. [lycTs passoxenne yHKUHM
u(xy, X5y ...,%,; &) 1O CTENEHSM €& HEPABHOMEPHO MO OJHOH U3 He-
3aBHCHMBIX MNepeMeHHbIX, CKaeM, N0 X,. B 3toM cayuae Mbl 6yaem
pacKJagbiBaTh MO CTENMEHSIM & He TOAbKO (YHKUMIO U, HO TaKXKe H
He3aBHCHMYIO NepeMeHHYI0 X,, HCIOJb3Ysi HOBYIO HE3aBHCHMYIO Iepe-
MEHHYIO, T. e.

N-1
U= 8", (s, X, Xy, .., X,) + O (e¥),

m=0

X, =s-+ % e”E,, (S, Xgy Xgy o vy X))+ O (eV+1).
m=1

Iocsiennee passokeHHe MOXKHO PAacCMATPUBATb KAK TOUTH TOXKIECT-
BeHHOe Npeofpa3oBaHUe NepeMeHHOH ¥, K nepemeHHOH s. DPyukuuu
§,, Ha3blBAIOTCH pPACMASUBAIOUUMY (DYHKYUAMU ¥ BBHIGHPAIOTCH Tak,
uyTO6Bl PasNoKeHHe JJIs1 1 OblJIO PaBHOMEPHO NPHTONHbIM. JIpyrumu
CJI0BAMH, JIOJIXKHO BBIIOJIHSTECA YCJIOBUE U, /U, _, < 0o I/ BCeX pac-
CMaTpHBaeMblX 3HAYeHHH X;, WJH, UTO TO K€ CaMoe, BBICUIHE MPUOJIH-
KEHUA NOJXKHB ObITb He 60/ee CHHTYJASPHBIMH, 4Y€M IIpeAblAyIIHe.
3ameTdM, uyt0 ecad &,=,S C NOCTOSHHBEIMH ®,, TO MeTOoh JlailT-
XHJJ1a nepexofdT B MeTop Jlunguitenta—Ilyankape. Tak xak B me-
Toge JlaliTxunna npeoGpasyercss KOODAHHATA, a HE mapaMerp, TO
3TOT METOJ Ha3BaH METOJOM DPACHMAHYMBIX KOOPOUHAm.

s runepbosMyecKHX ypaBHeHHH Merox JIaHTXm/na 3KBHBaJjeH-
TEH Pa3JIOXKEHHIO 3aBHCHMBIX M HE3aBHCHMBIX HeDEeMEHHBIX [0 HEKO-
TOPBIM HJIM BCEM TOYHBIM XapaKTePHCTHKaM ypaBHeHus (¥YwussM [1952],
[1953]; Jluup [1954]; Pokc [1955]).

BMecto TOro utoGel BBOAUTL npeobpaszoBaHHe B jpuddepeHinuHanb-
HOe ypaBHeHHe, a 3aTeéM BLINHCHIBATb PA3J/IOXEHHE IO HOBBIM Iepe-
MenHbiM, [Ilpuryno [1962] npennousa1 BBOAHTb mpeoGpasoBanie
B HEOJHOPOJHOE mpsiMoe pa3soxeHue. [IpeobpasoBaHHe 3aTeM MoKeT
ObiTb HaHJEHO HEIOCPENCTBEHHO pellleHHeM aiare6paHyecKHX, a He
AuddepennuagbHbX YpaBHeHHHA. D10 ABJAsieTca Apyrof dopmoit MeToxa
[1epeHOPMUPOBKH (1. 7.4.2), BBejenHoro Paseem npu aHamuse pac-
cessHUA. Pajefi noayuus pas/oxeHHe u=u,+eu, HIIA paccesHus
B TOHKOM CJIOE H 3aTeM INPEACTAaBUJ pasjloxXeHHe B c¢opme u=
=u.exp (eu;/U,), 4TOGBI CHeJaTb €ro BEpPHBIM JJIsi MHOTHX CJIOEB.

clefyolleM mnaparpade JaHO ONHCAaHHME METOJa PAaCTAHYTHIX
NapaMeTpoB Ha NpHMEpe HECKOJbKHX (u3uueckux 3ajgau. B § 3.2
meron JIaHTXHAJa npuMeHeH cHayalda K OOGBIKHOBEHHBIM AH(XpepeH-
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HAJbHBIM YDABHEHHSAM, a 3aTeM K ypaBHEHUAM B YaCTHHLIX MNpous-
BonHbiX. [lasnee crenyer onicanue MeToja JiMHeapu3auuH TewmmJia.
MeTo nepeHOopMHPOBKH paccMoTpeH B § 3.4, B To BpeMs Kak orpa-
HAYEHHs] MeToJa PacTAHYTHIX KOOpAHHAT oOcyxneHb! B § 3.5.

3.1. Meton pacTSiHYTHIX MapaMeTpoB

Kak chaemyeT M3 MOpHBeleHHOI'O BHIIIE OGCYXKIEHHS, STOT METOJ,
OCHOBAH HA HAJMUMU NapaMeTpa 3ajJauH, 3aBUCAIIEIO OT BeJHYHHBI
Bo3MyieHHH. B cienyiomux naparpadax MokasaHo, YTO 3THM napa-
METPOM MOXKeT ObiTh 4acToTa B ¢/1a00 HeJuHeHHON CHCTeMe, sHepre-
THYeCKHe YPOBHM B 3ajayaX KBAHTOBOM MEXaHHKH, XapaKTepPHCTH-
yeCKUH [0KasaTeJb B HOPMAJbHOM peIleHHH JHHEeHHOH 3amauu
¢ TepHORHYECKHMH KO3p(hHIHEeHTaMH, BOJIHOBOE YMCJIO HJIH YacToTa
B KojebGaHMAX IJa3MbBl K BOJHOBas CKOPOCTh WJIH YacToTa NOBepX-
HOCTHBIX BOJIH KOHEUHOH aMIIMTYHBL.

3.1.1. Meton Jlunamreara — IMyankape

[Ipoctete npuMepsl W3 m. 1.1.2 u 2.1.1 nokaswiBaioT, uTO yceueu-
Hble TIpsIMble pa3JIOXKeHHS MO CTeNeHAM € YypaBHeHWs BHAA

U+ oiu=cef (u, 1) 3.1.1)

[PUrOAHBI JHILIb JJIl KOPOTKOTO HHTEPBAJIA BPEMeHH H3-33 HaJIHUHA
BekoBhIX useHoB. CyuHocts Meropa Jlunamrenra —[1yankape sakato-
yaetcssi B TOM, 4TOGHI MpeJNOTBPATHTh NOSIBJIEHHE BEKOBHIX UJIEHOB
BBeJIEHHEM HOBOH epeMeHHOi

t=s(l4+eow, +e2w,4...). (3.1.2)
Torpa (3.1.1) npuMer BuR
(1 +e0, + 80, + . ..) 7 T% | o =
ef [u, (l+aw1+8’m,+...)“%-:£]. (3.1.3)
Mosoxum B (3.1.3)
U= :go e, (3.1.9)

[TpupaBusiB kKosdhdHUMEHTH TPH PaBHHIX CTENeHAX &, MOJYYHM ypas-
HeHHsl /9 NOCJAeAOBATENbHOTO ONpejeseHus «,. Pemennsa aas u,
He CofepaT BEeKOBbIX UJIEHOB TOJNBKO MpH ONpPEJIe/eHHBIX 3Haue-
HUSIX ©,,.

DTOT METOA MpHMeHsJICS JJs MIHPOKOTO Kpyra GU3NUECKHX M MaTe-
Matuueckux 3ajau. Hanpumep, Keasep [1968] MonuduunupoBan 31ot
METOA 11 CHCTeMbl OOBIKHOBEHHBIX AMGGdepeHUHa bHBX YPaBHEHHH.
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CoueranHe 5TOro Metofa ¢ MerooM Purtua—I asepkuHa 4acTo HenoJb-
3yercsl [pH HCC/IEJOBAHMM [JHHAMHUYECKOH pPeakIHH YNPYroro Tesa
(sanpumep, Xau [1965]; Baysp [1968]; Ceur [1971]). Paccmorpum
B KauecTBe mpumepa ypasrenue lrodpuura:

e =0, (3.1.5)

ITpumenus npeo6pasosanue (3.1.2), moayunm
2
%S—‘é+(l+sw,+e”w2+.-.)2(u+eu3) —0. (3.1.6)

[Moacrasus (3.1.4) B (3.1.6) u npupaBusAB Ko3bbOUUHEHTH HPH paB-
HBIX CTeNeHAX €, NMOJYUHM

d®u,

Ze t=0, (3.1.7)
d%u, s

Ty =—ud—20,u, (3.1.8)
%ﬁ‘+u2=—3uﬁul——2m] (uy + ud) — (0} 4 20,) u,. (3.1.9)

Of6iuee pemwenne ypasHenus (3.1.7) umeer BHI
Uy=acos (s + o), (3.1.10)

rie a ¥ @-—I0CTossHHbIe uHTerpupoBanus. Torpa (3.1.8) ¢ yue-
toM (3.1.10) npeoGpasyercsi K BHAY: '
d2u1

—d;z——{—ul = —a%a%os 3(s + (p)—(%d’—{- 2w1> acos(s+g). (3.1.11)

Ecay Hcnosnb3oBaTh TNpsiMOe BO3MYHICHHOE pasJioXeHue, To o, =0
H ypaBHenue (3.1.11) mepeiiner B (2.1.7), yacTHoe pereHHe KOTOPOro
CONEPKUT BEeKOBble uJieHbl. UToOn H36eXkKaTb MOSBJAEHHS 3THX BEKO-
BbIX 4J/I€HOB, ®; BbIOMpPaeTCcs Tak, YTOOH KO(DMHUHEHT NPU cOS (s -+ @)
B npapo#i yactH ypaBHenusa (3.1.11) ucues. M3 31oro ycsaoBHs omnpe-
eJfeM ,:

0y =— 2 a. (3.1.12a)
Torxa pemenveM ypashenus (3.1.11) Gyzer
u1=§l§a3 cos 3 (s+ @). (3.1.126)
[ToagcraBass sbipaxenus ana u,, u; 1 o, B (3.1.9), nonyuaem

G+ = (et — 20, ) acos (s+¢) + NST,  (3.1.13)
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rae depes NST oO6o3HaueHbl C/araeMble, He MNOPOXKJAIOUIHE BEKO-
BbIX 4JeHOB. BekoBble UsieHbl YHHUTOMKATCH, €CJAH

2L s, (3.1.14)

©2 = 355

[TosTomy

u=acos(0)t+6)+§e§a30053(wt+9)+0(82), (3.1.15)

rie a U O-—OoCTOAHHBIE MHTErPUPOBAHUA, K
—_ 3 2 51 402 ~1 p—
~(1—§as—}—276a8+...> =

=1 5 ate— g0 ate? + 0 (e2). (3.1.16)

8.1.2. Mepexonnnie KpuBbie AAA ypaBHeHus Marbé

B KauecTBe BTOPOro npuMepa HaileM INePeXOIHVIO KPHBYIO, pas-
JeJMSI0YI0 YCTOHYMBBIE M HeyCTOHUHBBIE pellleHNsl ypaBHeHHs Marbé:

u+(8+ecos2t)u=0. (3.1.17)

310 ypaBHEHHE H3yya/aoch AOBOJBHO HHTeHCHBHO. OHO sBAsETCSH
YacTHBIM CJAyYaeM YypaBHeHHsi XHJJa, KOTOpDOe B CBOHO Ouepelb
ABJseTc JUHEHHBIM Ju(depeHUHaNbHbBIM YPaBHEHUEM C NEpHOJHYeC-
KHMH KO3(h(HIMEeHTaAMH. AHAJ/JOTHUHblE YPaBHEHHs MOSBJSAIOTCS BO
MHOTHX 3aJayax [pHKJaZHOH MarTeMaTHKH, B UYaCTHOCTH B 3ajauax
00 yCTOHYHBOCTH [OIEpPEYHOH KOJIOHHBI, IIOJBEPIKEeHHOH mnepHojHuyec-
KOH MpoJOJIbHOH HATPY3Ke; 060 YCTOHUNBOCTH IIEPHUOAHUECKUX pelleHHuH
HeJMHEHAHBIX KOHCEPBATHBHEIX CHCTEM; O PaClNpOCTPAHEHHH 3JIEKTPO-
MarHUTHBIX BOJIH B Cpelie C NePHOAMYECKOHA CTPYKTYPOH; O JBHXKEHHH
JlyHel, a TakxKe B 3ajauax 0 BO30YXKAEHUHM HEKOTOPHIX 3JEKTpHUEC-
KUX CHCTEM.

KauectBennyio mnpupopy ypabHeHus (3.1.17) moxHO onucars,
Henoab3ys teoputo Paoxe (cM., HanpuMep, Konnuarros u JleBuHcoH
(1955, ra. 3]). Dro ypaBHeHHe MMeeT HOpMa/IbHOE pelleHHe BHJA

u=evg(t), (3.1.18)

rae ¢ —nepHoixueckas ¢GyHKuus { ¢ mepuojoM & HJAH 2m, y— Hel-
CTBUTE/IbHOE HJH KOMILJIEKCHOE 4YHcJOo, 3aBHcsulee oT § u e. B Teopun
®ioke nokasano, 4To mepexojHas KpHBas B IJIOCKOCTH 8-—e, pas-
LeJswolas YCTOHYHBBIE M HEYCTOHUHBHIE PEIIeHHS, COOTBETCTBYET
NepHONHUECKHM pelieHdsiM ypaBHeHHs (3.1.17). Hexoropnie u3 atHx
KpPUBbix GyIyT HaigeHbl HHXe C IOMOILbIO pa3/ioxeHHd O W u Kax
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¢yuknuit ot e. [losoxum
§=n*4¢b 25, +..., (3.1.19)
u(t)y=u,+eu, +eu,+4..., (3.1.20)

rje n—uesjoe YHC/JO HJAH HYJb, a OTHOLIEHHE U,,/U, OTPAHHYEHO A/
Bcex m. llocsennee Tpe6oBaHne HeoOXOAHMO s Toro, uTobsl (3.1.20)
GBIJIO PABHOMEPHO IPUTOXHBLIM ACHMIOTOTHUYECKHM DA3JIOKEHHEM.

HoncraBasa (3.1.19) u (3.1.20) 8 (3.1.17), packaagsBas (3.1.17)
B DAJ MO & W NPUPABHUBAA KO3(PGDHLHMEHTH NMpHU PABHLIX CTENEHAX €,
HOJYYHM

Uy +ntu, =0, (3.1.21)
U, ++ ntu, =— (8, + cos 2t) u,, (3.1.22)
Uy -+ nPu, = — (8, + cos 2¢) u, — 8,u,. (3.1.23)
Peulenue ypaBHEHHSI HYJIEBOTO NOPSAJAKA HMEET BH]
cos nt,
u":{sinnt. n=0,1 2 .... (3.1.24)

Hafizem Briciume npubauxkenus B cayuasx n=0, 1 u 2
Cayuait n=0
B stoM cayuae u,=1 u (3.1.22) npumMer BHZ
U, =—8,—cos 2t, (3.1.25)

Has toro uro6el (3.1.20) OblI0 paBHOMEDHO TPHIOAHLIM ACHMIITOTH-
YeCKHM pasJjioXeHHeM, O, AOJKHO O6PaTHTBCS B HYyJb, IOITOMY

u, =%cos 2t +c, (3.1.26)

rae c¢—rmnocrosHHana. [Ipu H3BecTHBIX 4, H u, ypaBHenue (3.1.23)
[IPUMET BHA

fhy = — 8, —5-—CC0S 2 — 1 COS 4L, (3.1.27)

Has toro utoGbl OTHOWIEHHE U,/ GbLIO OTPaHHYEHHBIM, HEOGX OUMO,
ytobbl §, = — /4, CJeJ0BaTeNbHO,

8= — et 0(e). (3.1.28)

Cayuait n=1
B stom ciyuae u,=cosf umu sint. Ilonoxum u,=cost, torja
(3.1.22) npumer Bupg

ill—{—ul:—(ﬁl—i--;—) cost—%cosSt. (3.1.29)
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Jlns orpaHHYEHHOCTH OTHOIIEHHN W,/4, BeJHYHHA 8, NOMKHA ObiTh
paBHa 8, =—1/,, H 10O3TOMY

1y =5 €08 31, (3.1.30)

YpaBuenne (3.1.23) torma npumer BHI

- | 1 1
g+l = — <§§+62> cOS ¢ - 55 08 3t — 5 cos 5. (3.1.31)

YcnoBue OrpaHHYEHHOCTH OTHOILEHHS U,/U, IPUBORUT K PABEHCTBY
8, = —1/,,, OTKYJA NOJYYHM

§d=1— e~——-—a’—}-0(89) (3.1.32)

Ecin 6l MBI HCIOJB30BAIH B KauyecTBE HYJEBOro NPHOIHKeHHSA
U, =sint, MBI NMOJyYH/IU OBl NMEPEXOAHYIO KPHBYIO

=1+ e—ged+0(ed). (3.1.33)

Cnyuaii n=2
B stoMm cayuyae u,-==cos2{ uiu sin2f. B nepBoM ciyuae ypas-
HeHue (3.1.22) npencraner B BuIe

lhy 4ty = — -5 — 8, cos 2 — - cos 4t. (3.1.34)

ITockoJIbKY OTHOLIEHHE U, /U, JOJKHO ObITb OTPAHHUEHHBIM, §; AOJNKHO
o6paTuThCcs B HyJb. Iloatomy

Uy = — o+ COS 4. (3.1.35)
HNoacrapnss BoipakeHus 419 4, H 4y B (3.1.23), nogyuaem

ii2+4u?=—(62—-4—58)c052t—£§ cos 61. (3.1.36)
M3 ycnoBus OrpaHduYeHHOCTH u,/u, CAeAYeT, YTO 8, =21 ,,, MO3TOMY
=4+ et +0(e). (3.1.37)

[Nonoxus u,=sin2f, npugeM K PaBeHCTBY

8=4—z5e' +0 (). (3.1.38)



74 Ta. 8. Memo0 pacmsanymeix Koopdusnam

3.1.3. XapaktepHCTHYeCKHE MOKA3aTedH NI ypaBHeHHSN
Marbé (merton Yurrekepa)

B reopuu ®noke (cM., Hanpumep, Kopanrrron u Jlesuucon [1955],
ra. 3) nokasano, 4ro ypasHennue (3.1.17) umeer peiuenune pupa (3.1.18),
rae @ —nepHoauveckas (QYHKIHS C [EPHOIOM 7 UM 27, a y— jAel-
CTBUTe/IbHAA MJM KOMILJIEKCHAs TocTosiHHas. [lociie moactaHoOBKU
(3.1.18) B (3.1.17) ¥ cOOTBETCTBYIOLIMX NpeoGpa30BaHMA HOJYIHM

@ + 299 + (8 -2 & cos 2t) ¢ =0. (3.1.39)

IlockonbKy mepexofHas KpuBaf cooTBeTcTBYeT y=1{0, TO BG/IH3HU Hee
MOXHO MOJYUHTh NpHOaHKeHHe Ana ¢ (Yurrekep [1914]), BBeas
cejylolmiHe pasjioKeHust 4 ¢, § u y:

@ =@, t+ep, +ep,+..., (3.1.40)
8=20, + ed, +-e28,+ ..., (3.1.41)
V=P et ... . (3.1.42)

Huxe 6yzner noaydyeHo pemenue B cayyae §p =1,
[TorcraBus (3.1.40)—(3.1.42) B (3.1.39) W npupaBHAAB KO3(D-
GHLHEHTHl NPH PaBHBIX CTENEHSX €, HOJYYHM

®o+ 9o =0, (3.1.43)

@+ Py =— 29,9, (8, + cos 2¢) @, (3.1.44)

PPz = — 29,01 — 27,90 — (¥ + 8,) 9o— (8, + 05 28) @, (3.1.45)
O6uiee pemenne ypapHeHus (3.1.43) Hmeer BHA

¢,=acost+bsint, (3.1.46)

rae a u b—mnocrosinupie. TakuM obGpasoM, ypaBHeHue (3.1.44) npe-
o6pasyeTcss K BUAY

0k @ = [2%& + (%—61> b] sint — [2ylb + (% +61) a] cos f—
—gacos3—bsindt.  (3.1.47)

Tak Kak ¢ —nepuogHueckasi QyHKUHS, TO cjaraeMble, KOTOpble IO-
POKJAIOT BEKOBble UJIEHBI, NOJIXKHLI UCYE3HYTb, T. €.

27,@-{—(%—6,)[) =0, (3.1.48)
(-%——{—Gl)a—}—leb —0. (3.1.49)

Has cymecTBoBaHHs HETPHBHAJBHOTO pellleHHA 3TOH CHCTeMbl ypas-
HEHHHA OTHOCHTeNBHO @ M b Heo6xoauMo, 4TOGHl ee ompeleHTe/]b
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Obl1 paBeH HYyJIlO, T. €.
7" - 1(e_1 3.1.50
1 T\ 1 )" (3.1.50)

Haaee

b= _gq. (3.1.51)

Peinenne ypaBuenus (3.1.47), mnopunHennoe ycaoBusM (3.1.48),
(3.1.49), umeer Bug

(P1=11—Ga°053t+1‘16b sin 3¢. (3.1.52).

Hcnosab3oBas noJyuyeHHbIe Bhillle pe3y bTaThl, nepenumem (3.1.45)
B BHUIE

Py + P = [2v2a—(62+vf+§'§>b] sint —
— [((‘Sz—l—yi—{—é}é)a—{—Z%b] cost+NST. (3.1.53)
BexkoBble 4J€HEI HCYE3HYT, €CJH “
2via—(8,+1i+35)0=0, (3.1.54)

(6,+y¥+§%)a+2\32b;—0. (3.1.55)

IMockonbky & u a cBasaHel coortHowexnuem (3.1.51), 1o (3.1.54)
u (3.1.55) MoryT ObiTb OJHOBDPEMEHHO YAOBJIETBOPEHBI TOT'AA M TOJILKO
TOTAa, KOraa

i
2 =008=—V—g5. (3.1.56)
[TosToMy A/s NepBOrO NPUGJIHIKEHHS HMeeM
U = gex ) (4 =o} [(cost +Il—68 cos 3t ) +

+-20r (sint+gesindt)] +0(), (3157

1=

6=1—}—861+%82(6f—%)+0(83). (3.1.58)
OGoznauum

6, =5coslo, (3.1.59)

| —
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TorAa

v, = -‘11— sin 20, &, ==é (cos 40 —2),

sin 20

b
a . cos 26—1

= cigo. (3.1.60)

Caenosartensuo, (3.1.57) u (3.1.58) mpumyt Bug
1 = Get1/4) (s 20 et [sin (t—a)+ e sin (3tfo)j| 10 (e2), (3.1.61)
8 =1 &cos20 53¢ (cosdo—2)+0(e7),  (3.1.62)

rAe aq—UOCTOfAHHAA.

3.1.4. YcrofiunBocTh TPEYroJbHBIX TOYEK B SIAMITHYECKON oOrpaHHYeHHOH 3ajade
Tpex Tea

PaccMOTpHM cHCTeMY YeTBEPTOro IopsAjKa ¢ HePHOAHYECKHMH
Ko3(hHUUHEHTaMH, CBASAHHYIO C YCTOHYHBOCTBIO TPEYTOJLHBIX TOYEK
B 3JVIMITHYECKOH OTpaHMYeHHOH 3ajave Tpex TeJ. MaTeMaTHUeCcKH
3ajlaua ONpeNeaseTcss CHCTeMOH ypaBHeHHH

x'— 2y'_-1—+_’;%f —0, (3.1.63)
v+ zx'#l_Jr’:}cyo_”=0, (3.1.64)

rae WrpuxoM o6o3HaueHo AuddepeHuupoBaHue 1o f u
b,y =21V T—3u (1—p)). (3.1.65)

YpasHenus (3.1.63)— (3.1.65) onuckiBaloT ABHMEHHE YACTHLbI, JHHEA-
PH30BaHHOE OKOJIO TPEYTOJIbHEIX TOYEK B OFpaHHUYEHHOH 3ajaye Tpex
Tesl. 3Jech e—3IKCLUEHTPHCHTET OpPGHTH IBYX Mace, | — OTHOILEeHHE
MeHbllIel Macchl K cyMMe aByX Macc. B ciayuae e =0 usBecrHo, yTo

ABMKEHHE YCTOHYMBO NpH O0<Cp < p =~ 0,03852 u HeyCTOHYHBO NpH

p=pt). MHade ropops, U onpezensieT TOYKY HepecedeHUs Iiepe-
XOJHOH KPHBOH, pasjendlollell yCTOHUUBBIE H HEYCTOHUHBLIE IBHXKE-

1) 3TOT pesyabTaT cnpaBej/iiB JMIIb B JUHEHHOM NPHGINKEHKH. AHaJM3 ycTOH-
YMBOCTH TPEYroJbHEIX TOYeK JHODallHH B KpYroBOH OrpaHHYeHHON 3ajauye Tpex
TeJl, OCHOBAHHHIE Ha TOYHBIX HEJHHEHHBIX YDaBHEHHSX H HCIOJIb3YIOUHH pe3yJlb-
tatht B. W. Aprmonbpa [1963], 6bi1 mpoBeser B paborax A. M. JleonTosnua [1963],
Henpun [1962] u [Jenpu—Baprosiome [1967] u A. Il. Mapxeesa [1968], [1969].
OKoHYaTe/bHbIH pe3yJ/IbTaT COCTOHT B TOM, YTO TOYKH JIMOpaLUW YCTOHUHBEI A5

Beex 0 < p<p, KpoMe IBYX KDHTHYECKHX 3HaueHHH f3=0,0135160 u ;=
== 0,0242938, nam KOTOPBIX OHM HeycToMuuBHL.— ITpum. ped.
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HHS, C OChI0O W B NJOCKOCTH (L—e. Kpome Toro, Kak H3BeCTHO U3
teopuu ®DJjoKe, NepexoiHBIM KPUBBIM COOTBETCTBYIOT NEPHOAHYECKHUE
pewienus ¢ nepuojaMu 2n u 4n. B unrteprase 0<p <;I nepuog 2m
coorBerctByer p =0, a nepHox 47 COOTBETCTBYET p, = (1 —21'213)/2.
Uepes Ttouky p =0 mpoxoauT mnepexojHas KpHBas, COBIajarollas
¢ ocbio e. Huxe Mmpl npusegeMm aHagaus, fanuuiii Haligs n Keme-
jaom [1970a], v onpemesuM MepexXOAHYIO KDHUBYIO, I€pPeCeKalolLyio
OCb U B TOYKE [i,.

[lpeanonoxum

=§ e"xy (f), (3.1.66)
y=3 e, () (3.1.67)
W= rgoe”u,,. (3.1.68)
[ToacraBue (3.1.68) B (3.1.65) u pa3noKUB NpH MadbX e, MOJYUHM
h, =n§]an (loy Piy o evy Ho) €™, (3.1.69)
h,:n‘ibn (Mos M1y «voy Bn)e™, (3.1.70)

rie
or 0_[ (1+k), g(l—~k)] k= g (3.1.71)
b——a,=3) Zu. (3.1.72)

[ToncraBuB 3arem (3.1.66)—(3.1.70) B (3.1.63) u (3.1.64) u nupu-
paBHAB KO3(HLHEHTb NPH PABHBIX CTENEHAX e, MOJYYHM

*x

x—2h= X  (—1)txb,costf, (3.1.73)
t=0, s=0, r=0
nwm=s+r+t
y;x + 2%y = 2 (——l)t Y485 cos f (3 1-74)
t=0, s =0, r=0
n=t4s+r

YpaBHEHHSI HYJIEBOrO MOPsAJKA JIONMYCKAIOT CJeRylollHe NePHOMIM-
YeCKHe pelleHHs ¢ nepuoiom 4n:

X,=COST, Y,=—asint, + (3.1.7H)
Xg=s8int, Y,=0acosT, (3.1.76)
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rae

L, a=bo+%=<ao+—;—)_l=%(7—l/§§). (3.1.77)

I

T

CymecTByloT jBe NepexofHble KPHBblE, IepeceKaloliHe OCb W NpH
[t =H,, COOTBETCTBYIOILHE YKa3aHHLIM [BYM HE3aBHCHMbIM DeIleHH sIM.
B3as pewenne (3.1.75), Mbl moayuuM cjeAyiOWYIO 3a4ayy AAs Hep-
BOTO N pPHOANKEHHUS :

x’l'——2y;—b,,x,=(b,——-—é—b0>cosr——%boc053r, (3.1.78)
y'{—}—?x;——aoyl=——oc<a1—]—-;—ao>sinr—}—%aaosinBr. (3.1.79)

UneHbl, NPOMOPUHOHANBHEIE COST H SiN T, NPHUBOASAT K MOSBJICHHIO
BEKOBBIX HJIEHOB B 4YacTHOM pelleHUH AIA x, u y,. YUTo6hl onpese-
JIUTb HEOOXOJHUMbIE YC/JIOBHA YHHUTOXKEHHsS BEKOBBIX UJIEHOB, pac-
CMOTPHM UacTHOE pelleHHe BHJA

x,=0, y,=csinr. (3.1.80)

Noncrasus (3.1.80) B (3.1.78) u (3.1.79) u npupaBHAB Kba(pcpn-
LHEeHTH NpPH COST H Sin 7T, MOAYydHM

c=—<b1——%°->, c(ao—}—%):a(a]—]—‘g—"). (3.1.81)

Ycaobue oﬁpamemm ¢ B HYJIb IIPDUBOAHT K pPaBEHCTBY

1 |
b, —5 by=— o <a1+7a0>. (3.1.82)
Tak xak b, =-—a,, TO
by — ag?
b, 22_0(.1__‘1% ~ —0,1250. (3.1.83)

[lostomy u3 (3.1.72) nonyuaem
p, = —0,05641. (3.1.84)

Takum obpasoM, mnepexoxHas KpuUBasi C TOUYHOCTBIO [O MOEPBOrO
Nopsiika HUMeeT BHI

p =0,02859 —0,05641e 4- O (e2). (3.1.85)
Ecsn 6Bl MBl HCIOJB30BadH pemueHue (3.1.76) ans 3amauu HyJseBOro
nopszaka, Mel Gbl MOJYUYHJIH BTOPYIO BETBb

p =0,02859 4 0,05641e 4 O (e2). (3.1.86)
[TpuBenenHoe Bbilie HCC/EIOBaHHE MOKHO HEINOCPEICTBEHHO IPOROJ-

JKHTb 10 BRICIUMX nopsjkoB. OHo 6blo BeinoJHeHo Hailgs u Keme-
JoM [1970a] BnJoTh JO 4eTBEPTOro NOPsiAKa.
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3.1.5. XapakrepucTHYeCKHE NOKa3aTedH Al TPEYroNbHbIX TOMEK
B 3MJMNTH4ECKO/ OTrpaHMYeHHON 3ajayve Tpex Ted

U3 teopun Proke u3BectHo, uto ypaBHenus (3.1.63) m (3.1.64)
HMEIOT HOPMaJibHBIE pelleHHs BUAA

%, y=¢"[o (), v (3.1.87)

rjie ¢ M Pp—rnepuopnueckue (QYHKUHKH C HepPHOIOM 21t W 4m;, y—
JefiCTBUTENIbHOE WJH KOMIIJIeKcHoe uncnao. Ilopcranopka (3.1.87)
B (3.1.63) u (3.1.64) nmpusBomuT K

" ’ ’ h

Q"+ 279 — 20 + 7' —2p— 2 =0,  (3.1.88)
" ' ' h

V4 2vY 4 29 +72¢+2Y(P_ﬂ_—£%§—f=0. (3.1.89)

[lepexoanas kpuBas coorBeTcTBYET y = 0, clenoBarenbHo, BOJH3H 3TOH
nepexonHoll KpuBo# Y Majo. Ilostomy anas Toro, uroGB NOJYYHTDb
pasnoXKeHUd JAnf @ W P, NpUrogHbie BOJH3U MEPeXOAHOH KPHUBOH,
nepecekamwlllell ocb L B TOYKE W,, NOJOXKHM

=0, +ep;+ ..., (3.1.90)
=P, e, - ..., (3.1.91)
vy=eyi+..., (3.1.92)
Ro=potepy 4 ... . (3.1.93)

[Moacrasass (3.1.90)—(3.1.93) B (3.1.88), (3.1.89) u (3.1.65) u npu-
PABHHBAS UYJEHB C PABHBIMH CTENEHSMH &, TIOJYUHM
Hynegoii mopsinok (e°)
05— 23—y, =0, (3.1.94)
¥, 4 205 —agp, = 0. (3.1.95)
HNepeoiit nopsapok (¢)
@12 —bo Py = —27:90 + 29,Pg + b, 9o —boP, cos f, (3.1.96)
Y+ 201 — a0 @ = —2y,Wo— 29, Qo + a;po—aep, cos f. (3.1.97)
O6uwee peuienve ypasBuenu#t (3.1.94) u (3.1.95) umeer Bup
po=Acost+ Bsinrt, (3.1.98)
P, =aBcost—aA sinT. (3-1.99)
D10 pelenye ompeipesasieT npaseble dacTd ypaeHenudl (3.1.96) u
(3.1.97), nostomy
@1—2¢] —byp, =P cos T+ Qyy SinT—

— 4 byA cos31— b,Bsin3v, (3.1.100)
P14 2¢;—ag, = Py, c0s T+ @, SiNT—

— 5 aaBcos3t++ aadsindr,  (3.1.101)
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rae
Pu=1 (2a—1)B+(b,—3) 4,

P =7 (oc——2)A—i—oc<a,——a—2° B,
Qu=—mn@a—1A+(b,+%)B,
Qs =71 (@—2) B—a(a1+%g> A

Tak kKak OGYHKUHH @ H YP—IepUOAHYECKHE, TO BEKOBbIE UJEHbI
B pelleHUSIX L1 @, U P, HOJNMKHB HCUE3HYTh. UTOGBl YHHUTOXKHUTDH
3TH BEKOBBIE YJICHBI, MOJIOXKHM

¢, =0, 1P, =c cost}¢,sinT. (3.1.102)

INoacrasus (3.1.102) B (3.1.100) u (3.1.101) u nmpupaBHAB KO3(pdu-
UHEHTH NMPHU SiNT M cOST B OOEHX 4YaCTX YPaBHEHHH, MOJYUHM

Cl == Q ’ —Cy = P »
i n N 1n 3.1.103)
_<a0+T)CI=P12, _<ao+T>ca=Qla'
Hexkmouenue ¢; u ¢, 13 (3.1.103) naer
P,=0Q,, Q,=—0aP,. (3.1.104)

[Nocse noncranoBku Belpaxenuit gis P u Q B (3.1.104) u neperpyn-
TUPOBKH YJEHOB MOJYYHM

[br—%-l-az (ax +%)]A——-v1 (1 ——4ar—}—oc2) B=0, (3.1.105)
v (1—dota?) A+ [b,+F+a (a,—%)]|B=0. (3.1.106)

a5 cyllecTBOBaHHS HETPHBHAJIBHOTO pELIEHHS CHCTeMbl ypaBHEHHUI
(3.1.105), (3.1.106) otHocuTesnpHO A U B ee onpenenuTtenb HOJKeH
o6paTuThcs B HYJb. JTO YCJOBHE NPHBOIUT K DAaBEHCTBY

[i—gbota (atga)|[nrgotor(a—ga)l

2

= 1—da+ad? :
(3.1.107)
Hanee
g w—gptar(atga)
a~ v (1 —da+ad) =lgo. (3.1.108)

INosToMy n1s nepBoro NPHOJHIKEHHA MOJYUYUM

X, y =ev [cos (%f—o), —asin (%f—o)] +0(e). (3.1.109)
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Ilepexonnas kpusas (3.1.85), (3.1.86) coorBetcTByeT 7, =0, a (3.1.75)
u (3.1.76) mMoxuo moayuuts u3 (3.1.109), nonoxue 9, =0 u o =0
ua m/2.

Hacrosimuii aHaiu3 MOMXKHO HENOCPEICTBEHHO HPOJOKHTL 10
6oJiee BLICOKMX [MOPSIAKOB, HECMOTPSl HA CJIOXKHOCTb anreGpanuecKHx
Boiksanok. Hafids [1970a] nosyunn pasnoxkeHue 10 BTOPOro Mopsaka.

3.1.6. Mpocras auHeiiHaa 3ajada Ha COOCTBEHHbIE 3HaueHH$

PaccMoTpuM Tenepb 3ajauy ompefesneHHA cOGCTBEHHOrO 3HAYEHWA
A W coOCTBeHHOH (YHKUHMH U, The

Wbhref()]u=0, fE=f(—x,  (3.1.110)

u(0)y=u(l)=0 (3.1L.111)

H e&¢—MaJjbiii napamerp. Ecau e=0, 1O co6cTBeHHBIe (DYHKUHY H
cOOCTBeHHBIE 3HAUEeHUS COOTBETCTBEHHO OYIYT DaBHHI

u,=V29sinnnx, n=1,23, ..., (3.1.112)

A, =nimz, (3.1.113)

BriwenpusejieHHbie cOGCTBeHHbIE (DYHKIUMH OPTOHOPMHPOBAHBI, T. e,
1
§un () (6) dx =8, (3.1.114)
0

rae &,,—cHMBOS KpoHekepa, onpegensieMblfi CJeLyOLUHM 06pasoMm:
0, m=£n,
6mn=

1, m=n.
ns majplx HEHyJMEeBbIX & MOJYYUM MPUOJIHIKeHHOe 3HAYeHHe 1.5
U, ¥ A,, NOJOXKHB
u, =V 2sinnnx+eu, +e2uy+ ..., (3.1.115)
A, =n2m?+eh,, -+e,, ... . (3.1.116)

lMoxcraBass (3.1.115) m (3.1.116) 8 (3.1.110) u (3.1.111) u upn-
paBHMBast KOIQHUIMUEHTH NPH PABHLIX CTENEHAX €, HOJY4YHM

Um 2020, = — [ (X) tyg— Ayl
3.1.117
b (0) = 1,y (1) =0, 611D
ufn +n2n2un2 = f (X) Upy — 7\‘nlunl - )"nzuno’
Uy (0) = u,, (1) ==0. (3.1.118)

3nech 3anaua HyJNeBOro NOpsAKa TOMKAECTBEHHO yIOBJAETBOPSETCS U
Uy, = V 2 sin nnx,
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ByjgeM npezmosiaraTb, HTO #,, MOXeT OBITb BBIPA’KEHO B BHJE
JHHeIHOH KOMOMHAUMH CcOGCTBEHHbIX (YHKUMH HyJeBOro IopsjKa
Upoy T. €.

/.8

Uy = X a,,V 2sinmnx. (3.1.119)

m=1

!

DTO pelieHHe YIOBJIETBOPAET T'DPAHUYHLIM YCMOBHAM JJA U,,. [loj-
crasass (3.1.119) B (3.1.117), nosnyuaem

@

> V2n(nt—m?)a,, sin max =—} 2 f (x) sin nx—

m=1

—V 2\, sinnnx.  (3.1.120)

Ymuoxas (3.1.120) na 2 sin knx, unterpupys ot 0 10 1 M Henosb-
3ysi cBoHcTBO opToHOpMHpoBaHHOCTH (3.1.114) cobcTBeHHBIX GyHK-
uuit (3.1.112), nonyuaem

ﬂ}2 (flz—-—k2) ankz-—Fnk——xm(S"k, (3-1.121)

rjpe
1

For=2 S f (%) sin nmx sin knx dx. (3.1.122)
0

Ecau k=n, 10 jeBasa uacts (3.1.121) ofparurcs B Hyas. Cnejo-
BaTelbHO,
1
Ay = — Fpp = — 2 { f () sin® naux d. (3.1.123)

0

Onnako npa ks&n
Fn
ank:—m. (3.1.124)
Yecaopue (3.1.123) 5KBUBaJIGHTHO YHMUTOXKEHHIO BEKOBBIX UJIEHOB.
B sroM cryvae GyHKUMH u,, OyayT

~ Fn D o 9 i
m=—3 le(TikT)V2 sinknx + a,, V 2sin nax.  (3.1.125)

kskn

u

3aMeTuM, 4TO a,, €llle He ONpele/seHb, HO B OKOHYAaTeJbHOM pelle-
HHUH OHH ONPEIeNSIIOTES] HODMHDOBKOH U,.
Ilepexonsd ko BTOPOMY MHOPSIKY, NPERNOJOXKHM, YTO

Upy = ,21 b,V 2 sinrmnx. (3.1.126)
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[ToacTaBAfs BBIPAXKEHUR AIS U,,, U, H U, B (3.1.118), noayuaem

®»

n? Z (n2—r2) ) 2b,, sin rax = — Z @, V 2 (x)sin by —

r=1

— 2 Qi V 2sinkax —A,, V 2sinnax.  (3.1.127)
k=1

ymuoxkas (3.1.127) ma }/ 2sin smx, unterpupys or 0 1o 1 ¥ Henosib-
3yA CBOHCTBO OpTOHOpMHpOBaHHOCTH (3.1.114), monyuaem

n? (nz'—'sz) bns = kzl ankas'—ans}"nl - }"nzéns" (3 1 128)

Ecau s==n, 1o JeBas yactp (3.1.128) o6pamwaercs B Hyab, B TO
BpPeMs1 KaK [paBasi 4acTb Jaer

Fi .
= 2. AppF pn = Z W‘i—ﬁ), (3.1.129)

k=n

Ecnu ss=n, 1o (3.1.128) naer
b FrpFrs ApnF s FpnFps

ns — Z por (n2——k2)(ﬂ2~—52)_n2 (n?—s?) ) (nP—s?%)? "
k£&n

(3.1.130)

3xech b,, TaKKe eiie HE ONPeAeCHbl, HO ONPEALNATCA NPU HOPMH-
POBKE U,,.
Jlnst HOPMHPOBKH u, notpebyem, uTOOH

1

S(un0+8un1+82unz)2 dx:l- (31131)
0

ITockosibky u,, HOpMHPOBaHA, TO

1
§ hnotty dx =0, (3.1.132)

0

1
S (20 p9lny +usy) dx =0. (3.1.133)
0

Ycnopue (3.1.132) paer aq,,=0, a ycnopue (3.1.133) naer

1
bin=—75 3 ak (3.1.134)
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HOE)TOMy ¢ TOUYHOCTBLIC 10 BTOpOI‘O opaxKa HMeeMm

u, ==V 2sinnax—e 2 P (n2 l/ 2 sin kaux 4

k=s=n
FpsF FunF =
2 nsi' ks — nnl nk .
Te 2 [Z it (n?—s2) (n2—k%) od (ng_kg)g] V2 sin kmx
k#‘” ssn

1 Fhur 5P 3
_?ml/2smnnx}+0(e ), (3.1.135)

A=nnt—eF,, +e? Z W k,)+0(aa) (3.1.136)

MeTo passioKeHHs, ONHCAHHBIA B 3TOM INYHKTe, HA3LIBAETCH METO-
zom Panes —1llpenunrepa. On 6w passuT Hlpexunrepom [1926] ans
HCCJeOBAHUs! CTallHOHApHBIX peutreHuil ypaBHeHust [lpenuurepa. 3a
Goavluelt 6ubauorpadue’k U 6osee NOMHBIM U3NOKEHHEM MBI OTChITaeM
yuTaTeNs K KHHre noj peaakuveil Yuikokca [1966] u x crarbe
Xupiudensnepa [1969].

3.1.7. KpasuauHeiliHan 3ajaya Ha cOOCTBEHHBIE 3HAuEHWH

PaccMoTpum Tenepb 3ajayy Ha COGCTBEHHBlE 3HAUEHHS
Ho -+ Lo =¢eF(¢) (3.1.137)

npu OXHOPOJHOM TpPAHHYHOM YCJIOBHH
B(¢)=0, (3.1.138)

rne H —nuHefiHbld, a F —HeJHHeHHbIH onepaTopel, AeficTByloliue HA

. Mb vmeM npuOsHKeHHOe pelleHHe 1S MajblX & B BHJE
o=, +ep,+..., (3.1.139)
A=A, ek, +.... (3.1.140)

Toncrapnsasa (3.1.139) u (3.1.140) B (3.1.137) u (3.1.138) u npn-
paBHuBasi KO3pOHIHEHTHl NPH PaBHBIX CTENEHAX &, TOJyuaeM

Hepy+ hopo=0, B(9,) =0, (3.1.141)
Hoy+ Ao, =—2¢,+ F(g,), B(p,)=0. (3.1.142)

Heo6xozuMo paaiuyaTe jBa caydas B 3aBHCHMOCTH OT TOrO,
SIBASIOTCS COOCTBEHHble 3Hauends 3afaud (3.1.141) pasnuuupiMu uad
net. IlepBblfi ciyyall Ha3bpBAETCS HEBbLPOXNCOEHHbIM, B TO BPEMs Kak
BTODOH Ha3BIBAETCH BbLPOIOEHHbIM, TIOCKOTIBKY KDPAaTHOMY COGCTBEH-
HOMY 3HAQUeHHIO COOTBeTCTBYyeT GoJiee OQHOH COOCTBEHHOH (yHKLMH.
O6a cnyuyas usnaraioTCs HHXKE.
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HeeviponcOennbui cayuai. JlonycTuM, yto 3anaua (3.1.141) pewena
# ee pelleHHe naer coGCTBeHHble (YHKUHH u,, COOTBETCTBYIOLIHE
cOGCTBEHHBIM 3HauyeHHsIM W, n=1, 2, ... . [lpennojoxuM naiee,
YTO W, 5= W,, €CIAH M 5= N, U 4yTo cOGCTBEHHblE QYHKUMH {u,} oOpa-
3yI0T OPTOHODMHDOBAHHOE CEeMeHCTBO, T. €.

§ ity dx =8, (3.1.143)

D

TAE X—BEKTOp, H300paKalouii KOODIAMHATHI, &-— KOMILIEKCHO CO-
npsiKeHHass K ¢ (GyHKUHs, a8 HHTeTPHPOBaHHe BeJEeTCH 10 Beel pac-
cMarpuBaeModl obnacti D. Hro6sel pewnts (3.1.142), Mbl, Tak ke
KaK ¥ B JABYX MpeIbAYIIHX NYHKTax, pasjoxKHM (QYHKUHUIO ¢, M0
OpPTOHOPMHPOBaHHOMY 6asucy {u,}, T. e.

= X Al (3.1.144)
m=1
Takum obpasoM, ¢, yAOBJETBOPsET KpaeBoMy YycnaosHio B (¢,)=0,

Tak Kaxk B(u,)=0 ana Bcex m. [lonarasa ¢, =u, u Ay=p, 4 nog-
crapasa (3.1.144) s (3.1.142), nonyuaem

2 (M) @ty = — Mty + F (11,). (3.1.145)

Ymuoxas (3.1.145) Ha u,, HHTErpHpysa no obsactd D M HCOAbL3Ys
yc/li0BHe OPTOHOPMHPOBAaHHOCTH, MDHAEM K DPaBEHCTBY

(l’l’n_p’s) asm—xl(sns +Fns’ (31146)
rae
Fos= F (1), dx. (3.1.147)
D

Ecnu n=s, (3.1.146) naer

Ay=F,,.. (3.1.148)
Ecau n=£ts, 10
Fus
as—m. (31149)

Takum o6pasom,

Fum
Py = 2;‘ g U+ Qyulh . (3.1.150)
m n
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Koadpduuyents a,, MOXKHO NOJOXKHTb PABHBIMH HYJIO, €C/IH, TaK XKe
Kak ¥ B NpejbiiylieM NyHKTe, NPejNojiOXHTb, YTO (PYHKHUA ¢ =
= Qo+ e9,+ O (e?) HopmupoBaHa. [losToMy JJif NepBOro mopsjka
HMeeM

! N an
Q=u,-+¢ E:n“n_umu,,,-{—O(e’), (3.1.151)
A=p, +eF,,+0(e?). (3.1.152)
PaccmoTpuM B KauecTBe npHMepa 3ajauy
d‘Z
37(2+7»cp=—e(p3, (3.1.153)
¢ (0) =g (1) =0. (3.1.154)
3necs D—unrepran [0, 1] u
u, =V 2sinnnx, p,=n2n?, (3.1.155)
[ockoabky F(@)=—¢® U u,=u,, IMeeM
1
Fom=—4 Ssin3 nnx sin mnx dx =

0

(sin 3nmx— 3 sin nnx) sin max dx =

l
—_— ey

3
= 8, 30— 5 O (3.1.156)

[Tostomy (3.1.151) u (3.1.152) npuHHMalOT BUA
¢=1)2sin nnx-—-f—ﬁ;l——‘gz sin3nnx+40(e?),  (3.1.157)

A=nimt —3 6 40 (e%). (3.1.158)

BoiposicOennoil caywati. B 3TOM ciydae OYCTh Ppip =MW, 2RI
k=0,1, 2, ..., M. Torza

X

= b . .1.159
Do = wlntr (3 1 )

TlogcraBue Bhipaxenwuss ansl ¢, B @, H3 (3.1.144) u (3.1.159)
B (3.1.142) u nonoxkuB A, =np,, MNOJYYHM

® M M
mgl (“’n"”m) Aplly = — }“1 kZ() bkun+k +F l:kZO bkun +k] . (31160)
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YMmuoxuM (3.1.160) Ha w4, u npouHTerpupyem no otiactu D. Mmeem

M
(Ra—Bs) @ =Ry 2 by, pantF by, b1y -, by), (3.1.161)

rue
M —
é‘Ts:SF[Z bku,,+k] 7, dx, (3.1.162)
D k=0
ectu s=n-+k, qans k=0,1,2, ..., M, o (3.1.161) pacr
Fpan(bg, b1y oo, b)) —M0b, =0, £k=0,1,2,..., M. (3.1.163)

Cootrowenus (3.1.163) obpasyior cucremy uz M -+ 1 OJHOPOJAHBIX
ajqre0pavMyeckUX ypaBHEHHH OTHOCHTenbHO M +-1, HeusBecTHBIX b,

u cobcTBeHHOro 3Hauenus A,. Ecam ss=n-+-k, k=0,1, ..., M, 10
a,=Lslo b0 b (3.1.164)
Mp— Us

B kauecTBe mpuMepa paccMOTpHM 3ajauy

A S (3.1.165)
9 (0)=¢"(0)=¢ (1) =9" (1)=0. (3.1.166)

B stoM ciyuyae pelleHHe JIHHEaDH30BAHHOH 3ajauu MMeeT BUJ
u,=V 2sinnnx, p,=n?(5—n2)ns (3.1.167)

Taxkum o6pasoM, U, =W, =4m* U Mbl HMEEM JeJ0 C BBIPOKJIECHHEM,
[IpennonoxuM, uto PyHKIHHA, COOTBETCTBYIOWIAS COOCTBEHHOMY 3HA-
UEHHIO [L;, HMeeT BH]

@, =b, V 2sinsix +b, )/ 2 sin 2. (3.1.168)

Torpa

=5 [—beb, sin nx+bj sin 2nx+-3b4b, sin 3nx + 263 sin 4nx]. (3.1.169)

CaenoBaresibHO,
1

F.=V2 S F (¢,) sin snx dx =
0

=V 20 [— byb, 8, + 30y, + 355,85, + 2026,,].  (3.1.170)
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[lpu usBectHoM &, coorHowernus (3.1.163) npumyT BHa

— 5V 2nbgb, —hyby =0, (3.1.171)
5V 3nbi— b, =0, (3.1.172)
a Bolpaxenue (3.1.164) mact
_ 3bohy N .
Ty “Ta e (3.1.173)

[Mockonbky b, 0, us (3.1.171) nosmyuum
b=—L2,. (3.1.174)

INoacraBnsas Belpaxenue ana b; B (3.1.172) u paspemas oTHOCH-
TeNbHO A,, TOJyyaeM

1 .
7\/1=:F—Vf2lﬂbo. (3.1175)
CaefoBare/ibHO,
by == = ib,. (3.1.176)
[Noaromy

@ =b, V 2sinnx =4 ib, V 2sin 2nx +e [al V2 sin nx +

+a, V 2sin 2nx 4+ ib?sin 3nx—-— bisin 4nx} +0 (&%), (3.1.177)

- 40 3
A= 4—|——_Slb +O(82) (3.1178)
V2
[Tocrosnubie @, u a, MOTyT OBITb CBA3aHBI C b, IPU HOPMHPOBKE .
Pewennsi, coorBercrBylomue p,, 7> 1, AMelor BuI

¢ =V Zsin nnx +¢ s sin 2+ 0 (%), (3.1.179)
A =n2(5—n2)nt 4 O (e2). (3.1.180)

CrenyeT OTMETHTb, YTO /ISl peasu3allMi BbILIEH3JIOKEHHOH Ipo-
IHeAyPbl MOJKHO CYILeCcTBOBaThb passoxkenue Pynkuun F(@,) no cob-
CTBEeHHHIM (DYHKUMSIM 3ajayd HyJeBOro mnopsika. Hampumep, ecan
B (3.1.165) nonoxuts F (@)= @2, TO NONBITKA NPUMEHUTb ONHCAH-
HYI0 OpOIEAypPY MoTepmuT Heynauy. IleficTBuTesbHO, B 3TOM C/yuae

F (@o) = b2 -+ b? + 2b b, cos nx — b2 cos 2nx —
—2b,b, cos 3nx—bi cos 4nx. (3.1.181)

Otkyna &F,=0 an1a Bcex s, u Bblpa)KeHPle (3.1.150) ans ¢, Oyaer
HENPUTOAHLIM,
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3.1.8. KBasuauneiinoe ypasnenue Kneitna— Foprona

B sToM myHKTe MBl PacCMOTPHM 3ajady OINpejesieHHs NepHOAH-
YeCKHX PpaclpoOCTPaHAIOIWIKXCA BOJH KOHEYHOH aMILJIHTYABI A8 ypaB-
HEHHsI

Uy —o2u,, +yiu =pu®, (3.1.182)

Ecnu npene6peus HeqMHEHHbIM usieHOM Pu®, TO Mbl MOJYYUM peilie-
HHe B BHJe JHHEHHBLIX PacnpoCTPaHAIOUIUXCA NEPHOAHYECKHX BOJH

u=acos(kx—owt), 2=oak>-4y2 (3.1.183)

dazoBafi CKOPOCTH ITHX BOJH paBHA ©/kR H He 3aBHCHT OT aMIJIH-
Tyzel. B HesunefiHo# 3apaue asoBas ckopocTb Oyzer, BooGule ro-
BODA, (YHKIMEH aMIJIHTYIbI.

Has onpenenenvsi 3aBUCUMOCTH (a30BOH CKOPOCTL ¢ OT aMILJIH-
TYAbl Mbl NPEANONONKHM, YTO

u=u(0), O0=x—ct,

toraa (3.1.182) npumMer Buz
(c*—a?) u" 4 y2u =Pu?, (3.1.184)

rge wTpux osHavyaer guddepenuuposanue mo 0. Ilpexnosaras, uro
aMIJIMTyJa 4 Mana, PasjoxXHM 4 U ¢

u=aqu,+auz;+...,
c=cCy+a%,+ ...

Ecan Gbl Mbl BKJIOYHAM B 3TH pasJiOXKEHHS 4JeHbi ac; ¥ aiu,, TO
nosy4yusu Oul, uto ¢, =0, a 4, yINOBJETBOPSIET TOMY K€ YyPaBHEHHIO,
410 H u,. [loaToMy u, He BKJ/IOUEHO B pasJioXKeHHe,

INopcrasus (3.1.185) B (3.1.184) n npupaBHAB Ko3puLHEHTH
OPH PaBHBIX CTENeHAX a, MOJy4uM

(c3—a?) u; +-y?u, =0, (3.1.186)
(2 —a?) ug +y2uy = — 2c,0,u; + ul. (3.1.187)

(3.1.185)

Hns ypaBuenus (3.1.186) BosbmeM peuieHue BHAa
u,=cosk, ci=a®t+yk"? (3.1.188)

TakK, 4robui (3.1.185) coBnagamo ¢ (3.1.183) ¢ Tounocteio mo O (a).
Torna (3.1.187) npuMer BHI

(2 —a®) 4+ yu, = (2c°c2k2 2 ﬁ) coskO+ B cos 3k0. (3.1.189)

BekoBbie uneHbl GyAyT ycTpaHeHBl, ecau ¢, = — 3B/8c,k?. Toraa

Uy = — 3%?2 cos 3k0.
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[losTomy

U =@ .cos ke————ﬁ— cos 3RO 4 ..

sy 3.1.19
c=V a2yt ————3‘1% (3.1.150)
- Y [ _8(a2k2+y2)]+"' .

Mertoanka, ncnonb3oBanHasi B 3TOM NyHKTe, Obla dopMann3oBana
Crokepom [1957] nns onucaHusi MOBEPXHOCTHBIX BOJH B MHIKOCTH.
dra MerojuKa Obljla HCHOAb30BAaHA NPH PAacCMOTPEeHMM B3auMOAeHcCT-
BHS KaNWJIAPHBIX H TpPABHUTALMOHHBIX BOJIH Ha BojJe GeCKOHEuHOii
1 KouewHofl ray6unsl [Tupconom u Paiidom [1961] u BapakatoMm u
Xaycronowm [1968] coorercTBeHHO. OHa HCMOJBb30BaTach TaKk ke Maciioy
n Keaan [1970] npu paccmoTpeHHu BOJH B TeueHHH KesbBHHA —
FeabMroJisna.

Bumecto Ttoro uytofn! packjagbiBaTbh (as’oBY0 CKOPOCTh, MOMKHO
OblI0 OBl Pa3/iOMHUTb BOJHOBOE YHCJIO U ONPeNEeHTh CABHT BOJHO-
BOTO YHCJa, WJIU PA3JOXKHUTb YACTOTY H ONMpPELEIMTh CIBHT YACTOTHI,
Pa3HOBHJIHOCTH 3TOr0 MeTOJa NDHMEHSJHCh K LeJOMy psily 3axad.
Tak, nanpumep, Masnkyc u Bepouuc [1958] paccmarpuBanu 3amauy
kousekuun Denapa. Ilenmosckuit [1967] onpemenus peakuuio orpa-
HHYEHHOTO OKeaHa Ha MOBePXHOCTHBIH BeTep, OCLUJIHPYIOWHH BOIH3H
ojHOH# u3 BoaHOBHIX 4actoT Poccbu. Keasnep u Tun [1966] w1 Mua-
aMan 1 Kenanep [1969] nousyuusan nepuoinueckoe petieHue AAs pas-
JMYHBIX CHCTEM, OMHCHLIBAEMBIX HEe/HHEHHBIMH YDaBHEHUSIMH B 4acT-
HplX npou3BopHblX; Keatep u Muaaman [1969] paccmarpuBaau
pacupocTpaHeHHe HeJHHeHHBIX 3JEKTPOMATHUTHBIX H aKYCTHUECKHX
posH. Pamssinma [1970] HccseloBas HeaHHEHHYIO HeYCTOHUHBOCTD
Psnes — Taitiopa.

3.2. Meroa Jlaiitxuana

Cymnocte Mertona JlafiTxuasa 3ak/wyaercs B Pas3/IOMeHHH He
TOJIBKO 3aBHCHMOH nepeMeHHOH u (X;, X5, ..., X, €) MO CTEIEHSM
MaJoro napaMerpa &, HO TaK’ke K B PasjOXEHHHM OfHOH U3 Hesa-
BUCHMBIX TNEPEMEHHBIX, CKaXeM X,, N0 crenedsM €. Jladrxuman [1949a),
{1961] BBesn HOBYyIO He3aBHCHMYIO I€PEMEHHYIO M 3aTeM pPasJioxHJl
U ¥ X, TO CTeneHsM & C KospHIUeHTaMH, 3aBUCAILUMH OT §. s
nepBOro MpHOMUKEeHUS OH MNPelno/]OXKUJA, 4TO X, U § COBIAAaIoT.
Taxum ofpasom, JIafiTXUAN NPEANOAOKUI CACAYIOIHE PasjokKeHus
LIS U | X

®

L= 2 €™, (S, Xy Xgy +ery Xu), (3.2.1)
m=0
X =8+ 2 e” bm (S Xay Xgy ooy x,,) (322)

m=1
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§IcHo, uto npsiMoe pasgoxenue (tuna IlyaHxkape) COCTOMT TOJIBKO
u3 (3.2.1), B KotopoM 5 3aMeHeno Ha x;. Ilockosbky 3TO mpsamoe
pas/ioXeHHe He fIBJSIeTCS PaBHOMEDHO NPHIOAHBIM, JIaATXHJJI BBes
(3.2.2) n Bmbpan E, (qasbiBaeMble PACTATHBAICIIHMH QyHKIHSIMH)
Tak, uto6bl 003 3TH pas3jOMKeHUS CTajH PaBHOMEDHO MPHUTOLHBIMY;
T. €. OH BbIOpan §, Tak, yToOBl pe3y bTHPYIollee NPUGIHKeHHe OblI0
paBHOMEPHO HDHUTrOIHbIM. B HeKOTOpHIX ciayyasx 3TO JAOCTHraeTcs,
ecad notrpeboBaTh, 4TOObI

Um Em

H
Up—-1 gm—l

OBl OrpaHHUYeHHbIMH. (3.2.3)

JpyruMu cjaoBaMy, ebicwiue npubauscerus He doaxcubt Ouime boaee
CUHZYASLPHBIMUL, YeM Repeoe.

CpasuuBan (3.2.1) u (3.2.2) ¢ (3.1.2) u (3.1.4), Mbl BHAHM, UTO
Metod Jlafitxuana smasieTcss oboOLeHleM MeTOAa PacTAHYTHLIX napa-
MeTpOB.

To [1953], [1956] MonnduuMpOBas 3TOT METOA, UTOOBI NMPUMEHHTH
ero K MOTOKY Bsfi3Ko#t xuakocTH. [loatomy Lsup Cios-csub [1956]
HasBaa ero MerogoM IIJII', uro swaunt meron [lyaukape-— Jlaiir-
xusaa — lo.

AToT MeTo NPHMEHSJCH K PNy 3a1ay, NPeUMYINECTBEHHO K 3a-
JauyaM O paclIpocTpaHeHMH BOJH B cpepax 6e3 mucnepcu. Jladtxuan
[19496] paccmoTpen KOHMUYeCKHe YAAPHBIE BOJHBEI B CTalHOHAPHOM
CBEPX3BYKOBOM NOTOKe. ¥Y133M [1952] ompenenns KapTuHy yAapHBIX
BOJIH Ha OCECHMMMETDUUHOM CHapsille B CTALHOHADHOM CBEPX3BYKOBOM
OTOKe, OH JKe MCC/IeoBaJ paclpocTpaHeHue chepHUYeCKHX yAapHBIX
Bosin B 3Be3gax [1953]. Jlerpa {1951}, [1953] u Jlu u llennapx
[1966] npuMeHHIH 3TOT METOJ K HCCJeA0BAHHIO CTALMOHAPHOIO CBEPX-
3BYKOBOro 00TeKaHHsl TOHKOro Kpel1a; Pao [1956] npumenun ero
K 3ByKoBbIM xJonkam?'). Xoabt u IBapy [1963], Cakypau [1965],
Xoapr ([1967] u Aguucer u Jlu [1969] uccnenosaau sddpexTsl npu
cxJonpiBanuu cheprueckoil Kamepuw!; [:kacmen [1968] paccmorpen
CXJONbIBaHHE chepHUeCKOH KaBepHb!, HanoJHeHHOH ra3oM. CHPHHBSIHO
1 Kpokko [1964] npoaHanusupoBany HeyCTOHUHBOCTb ropeHus, o6y-
C/IOBAEHHYIO XHMHMuecKoli KuHeTHkoH. CsBesxx u Xacerasa [1967]
H3yUH/IH 3aTyXaHHe HMIyJbcoB B Mertannaax; Cakypau {1968] pac-
cMorpes 3hQpeKT HMHeAaHca nJaasMbl B 3ajaye OOpaTHOTO NHHY-3)-
dekra. Diinaypu [1969, 1970] npumeHna Tor ke Meron AJsl OmMca-
HHA pacrpocTpaHeHUs AKYCTHYECKNX T'paBMTAIMOHHBIX BOJH. JleBax
[1969] n 3aBapckuit ¥ Jleak [1971] pewnnu ypaBHeHue Baacoea.
Scnegan [1971] ucnosab3oBaJ coueTaHHe 3TOTO MeToAa C METOHOM

1) B paGore ®. JI. Ueproycbko [1961) npu nomowu meropa [lyankape— Jlafir-
XxHAA8—10 GbIO HCCNEAOBAHO OTPAXKEHHE OT L@HTPa, OCH HJIH NJIOCKOCTH CHMMET-
pHH OXOAAIIMXCH YJADHBIX BOJIH, DacCIPOCTDAHAIOIMHXCA B rase [epeMeHHOH IVIoT-
Hoctd. — [lpum. peo.
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CpamMBaEKusA aACHMIITOTHYECKHMX pas3/OXKeHH# JIsi omnpeieseHus -
(beKTa HOH-HOHHBIX CTOJKHOBEHHH B HOHHO-aKYCTHYECKHX HMIyJbCax
B IJasMe.

Acano u Tanuytu [1969, 1970]) u Acano [1970] nmepenecau stor
METOJ Ha DachpocTpaHeHHe BOJH B ¢Ja00 HeOAHOPOXHOH cpesae Ges
auctiepcud. MesabnMK ([1965] NpuUMEHHJ €ro K 3HTPOMHHHOMY CJOI0
B OKDECTHOCTH KOHHYECKH CHMMETPHYHOTO Kphiia. Mak-MHTaiip [1966]
HCCJIe/ICBaJ 3aJauy ONTHMAJbHOrO YIPaBJEHHS C PA3PLIBHBIMH yII-
paBasomumn dyrkuusmMu. Poce [1970] npuMenun ero x KunerTike
6HOXUMHUYECKHX DpeakUHH nmpH Auddysuu.

Bapya [1954] npoana/M3HpOBa/J BTOPHYHBIE [IOTOKH, BbI3BAHHHIE
BpallleHHeM B HeHarpepaeMol TpyOGe; Moptou [1959] msyuusa namu-
HapHYIO KOHBEKIMIO B HarpeBaemoll TpyGe; Moppuc [1965] nccneno-
BaJa c/JyyaH JaMHHapHOH KOHBEKLHH B BePTHKaJbHOH Tpybe. Uam,
Axunc u Bankodd [1966] npoanaHanpoBan CBOGOAHYIO KOHBEKIIHIO
KH/JIKOTO MeTaJ1a OT OJHOPOJHO HarpeBaeMOH MTACTHHHL.

Kpeiin {1959) choenan acMMNTOTHYECKOE pasJoKeHHe s MOTpa-
HUUHBIX CJI0eB PaBHOMepHO mnpHrogubiM. loaea6ypr u Ueu ([1961]
06Cy2KJ1a/1M aHOMAJIHH, BO3HHKAIOIHE NPH MPHMEHEHHH 3TOr0 METOAa
1 napaboJHYecKHX KOOPAMHAT K MCC/IeJOBAHHIO ITOTPAaHHYHOrO CJos
Ha 3aamell kpomre. Oxengon [1966] wHccienoBas TOukH OTpbiBaA
B HBIOTOHOBCKOH TEOPUH TUIEP3BYKOBOIO MOTOKA.

Iockosabky Meron Jla#itTxuiana siBasiercs o6oOOIIEHHEM MeTOAa
pacTAHYTEIX [apaMeTpoB, TO NePBbIH METOA JaeT pe3y./bTaTbl, COB-
najaiilye ¢ pe3yJbTaTaMd, NOJYYEHHBIMH IIDH HCMOJb30BAaHHH
BTOPOrO METONd, BCerja, KOrAa NOCJeNHHH MOXeT OblTh MPHMEHEH.
[lostoMy HHXKe paccMaTpHBAIOTCSl 3aJayH, KOTOpble He MOTYT ObITh
HCCAENOBAHBl METOJOM PpAaCTAHYTHIX I1apaMeTpoB.

3.2.1. Aunddepenunaabioe ypaBrenne NepBoro nopsaka

[lepBeiM npumepoM, KOTOPHIE HccaenoBas JlaliTxuai, 6s1to nud-
¢depeHLMabHOE YpaBHEHHE NEpPBOro NOpsika

Gte) L rgmy=r®, yO)=b>0,  (3.24)

rae g(x) ¥ r(x)—peryaspHubie QyHKIUMA [PU BCEX paccMarpusae-
MbIX sHAYeHHsX X. Baszos [1955] Hamwes Heo6XOZHMBIE YCIOBHA CXO-
IMMOCTH pasjoxkeHu# JlaiiTxusaa pias 3Tof 3amaun. Amep [1971]
HCCeoBa] HeoOXOAUMble YCJIOBHSA IIDHMEHHMOCTH S3TOTO MET0JAa
K ypaBHeHHAM BHAA

Yy =f(x y)+eglx, y)+... .
Kamctok [1968) nokasan, uro merton JlaiTXu//ia MOXKeT NPHBECTH
K OIMOOYHLIM pasfoxenuaM (cM. ynp. 3.28) n1a ypaBHeHHS

(x"-ey)y +nxrly =mamm?, y(l)=a> 1L
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BepHcaiin [1970] uccienoBan paBHOMEDHOCTb DPa3JjioOXKeHHS, NOJAYYEH-
HOTO PacTaKeHHeM MepeMeHHOH 2z == X" BMEeCTO X.

$SIcHo, uto o6JacTblo HePAaBHOMEDHOCTH SIBJsSETCS OKPECTHOCTb
touku x=0. Jas ¢=0 ypaBHenue (3.2.4) uUMeer pellleHHe BUAA

X X / t
y= [exp S_Q_E_Q dt] [S’_(t‘l Kexp SL_(:—)dT> dt +c}. (3.2.5)

[osoxum g (0) =g,, Toraa
expgigﬁdt — x%R (%), (3.2.6)

raze uepe3 R (x) o6o3HaveHa $YHKUHMA, perynasipHas npH x ==0. [lo-
CKONMbKY r (x) peryasipHa npu x=0, 10

Yy=R(x)+0(x~%) npu x—0, (3.2.7)

KpOMe Tex CJy4aeB, KOIla ¢,—liesoe OTpHuaTesbHOe uucao. B stom
ciyuae

Yy=R(x)+0(x%Ilnx) npu x-—0. (3.2.8)

Hz pasencrs (3.2.7) u (3.2.8) Ml BHAMM, YTO AJSi HYJAeBOIO MpH-
Ganxkenus peuleHne ypaBHeHHs (3.2.4) orpaHuyeHO HJH HEOrpaHu-
YeHO B 3aBHUCHMOCTH OT TOTO, HMeeT JIH MecTo ¢, < 0 uam g, =0.
UTo6bl MPOAEMOHCTPHPOBATh JETaJH OIHCHIBAEMOTO METOja, Mbl TP«
MEHHM ero JJIfi YacTHOTo caydas ¢,=2.

[Jis 3TOro pacCMOTPHM CJENYIOUYI0 3aJauy, HCCIeJOBAHHYIO
Jlafitxumiom [1949a) v Usans Cios-canem [1956]:

(t+e) F+@+0y=0, y()=4e,  (3.2.9)

rge A—nocrosinian., Crnegys JladTxuiany, Mbl NpPeNNOJONKUM, UTO

L

y= 2 "y (s), (3.2.10)
x=8+ 21 e™x,, (s). 3.2.11)
Toraa
“ & 2 ey (s)
S m=0
== = ) . (3.2.12)
qs 1-{—m§1 emxm (8)

Yr1o6sl yuecTb TPAaHUUHOE YCJOBHE, HEOGXOLMMO OINPENeNUTh 3Haue-
HHe s, coorBercrBylomee x=1. O6o3Hayum ero uepes s. Takum
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ofpa3oM, Mbl NPHUIH K yDaBHEHHIO
s=1— 3 e, (s). (3.2.13)
m=1
Pa3ioXHM § 10 CTENEHAM €
§=1-es, +e25, ... . (3.2.14)

IlopcraBus (3.2.14) B (3.2.13), Pas3ioXKuB ¥ NPUPABHAB KOIDGHIY-
€HTBl IPH PaBHBIX CTENeHAX €, NPHAEM K DAaBEHCTBY

s=1—ex, ()—e2[x, (D)—x, (Dx, (D] +... . (3.2.15)
['pannunoe ycaoBue Tenepe MoKeT OHITh 3allHCAHO B BHIE
Aet=y, (1) +ely, )=y ()£ D]+ ... (3.2.16)
HJTH
Y, (1) = Ae™1, (3.2.17)
v (1) =y (1) x, (1). (3.2.18)

IMoacrasus (3.2.10)—(3.2.12) B (3.2.9), pas3joXuB ¥ NPHPABHSAB
KO3QduuyeHTH NpH €® U & K HYJI0, HOJYyYUM

$Ys+(2+45)y,=0, (3.2.19)
$Y1+ (24 8) yy = — (24 8) YoX1— (Yo + Yo) X1 —YoYo. (3.2.20)

Peunenue anga y, umeer BHJI
Yo=Ae Ss"z. (3.2.2])

ITostomy (3.2.20) npeobpasyerca K BHLY

%(%F% [— 2+ 8)xi+ 2 x, + Ae-sw(§+ 1)] (3.2.22)
Ecan x, =0, 10 ypaBHenne (3.2.22) npHBeferci K YypaBHEHHIO A1
4JIEHOB NEPBOTO NOPAJKA B NPsAMOM pasJOXKeHHH, Tie y, Ooaee CHH-
ryaspro npu x =0, uem y,. HefictBurensyo, y, =0 (x~2), B TO Bpems
Kak y, =0 (x"% npu x— 0. Yro0m cienats 310 pasioxeHue pas-
HOMEPHO TNPHIOAHBIM, X; MOXHO BRIOpaTh TaK, YTOOHl Yy, OLIIO He
fosiee CHHTYJSIDHO, YeM y,, oOpaTHB IJs 3TOrO B HYJ/Ib NPaBYiO 4acTb
ypaBuenus (3.2.22). Ogpuako JladTXuaj HaweJ, 4YTO paBHOMEPHO
IPUTrOJHOE pa3/OXKeHHe MOXKHO TOJY4YHThb, BRIOpaB X, Tak, yrobnl
YCTPAHUTk IVIaBHYI OcOOeHHOCTh. [ToaTOMy MBI IOJIOXKHM

n—a=4 (3.2.23)
AJHu
Xy = 2. (3.2.24)
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Torpa (3.2.22) npumer Buz

%[gi] = — g+ A (S%Jrs—?;) (3.2.25)

¢JIEOBATEbHO,

1
2 1 .
4, =Aze‘ss"2|:§§:;+3—ls§—ge'§<g—;+§—3> dg]. (3.2.26)

S

Pacrarupatwolnas GyHKIHA X, MOXKeT ObITh HalizeHa u3 yCaoBHA ycTpa-

HEHHUS IJ1aBHOH OCODEHHOCTH B Yy, M OyIer B 3TOM Ciaydae HMeTb BHJ
342 i

= (3.2.27)

x2-—-—m.

[TosTomy
I ( 2 1 l 2 1 l /g2
y=Ae=s 24{1+A8[3?+§5*S€_§<gz+?>d§jj+0’\gﬁ—>,

s

(3.2.28)

rae
PR 382A2+0(83>. (3.2.29)

T 32 10s? s6

Camoe rpy6oe mpuO/u:KeHUe, PABHOMEPHO IMPUTOAHOe BOJIM3H HYAd,
MMeeT BHJ

y=~Ae 572, (3.2.30)
rie s—KOpeHb ypaBHEHHUS

x=s—i%, (3.2.31)

KOTOpbIH [pHGAMKEHHO paBeH x, Korjga x =0 n e £ 1. Ilpeanoaa-
raercs, YTO 3TO pa3JjoKeHHe HAYMHAECTCA IPU MOJOKHTE/IbHOM 3HA-
UeHUH X, U TpeOyeTcs €ero NPOAOJKHTb B CTOPOHY YMeHBbIICHHA X
yepe3 Touky x=0. [1Ja QU3HYECKHX 3aJay 3TO NPOIOJIKEHHE npe-
KpPaTHTCsl, eCAH A0 HYJS HafigeTca [efiCTBUTENbHASN TOUKA BETB.e-
HHA S KakK ¢yHKudsa ot x. Touka BeTBJEHHs [aeTcsi YCJAOBUEM
dx/ds =0, uto 3KBHBa/jeHTHO X--ey =0, a 3T0 sABAsieTCH OCOOEH-
HOCTBIO HCXOJHOrO ypaBHeHHd (3.2.9). B sToM cayuae Touka BeTBJ/ICHUS
Aaetcsi BhipakeHHeM s~ (—2Ae/3)1/3, KOTOpoe MOJOXKUTENBHO TOrAa
H TONBKO TOrAa, Korga A < 0. lloatomy BhlulenpHuseneHHoe pasJo-
XeHue OYJeT NPHrOAHLIM BILJIOThH 10 HyJs, ecan A >0, U npurogHo
JHIUb A0 TOUKH x~(3/2)(—2A4¢/3)''3, ecan A <0.
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Ecim A =1, 10 x =0 coOTBeTCTByeT 3HAYEHHIO

s=(—)‘”+10( )””+0(e). (3.2.32)

CnenoateabHo, npu x =0

y=(-§—)2/8——%<%>1/8 +0(1). (3.2.33)

3.2.2. OapoMepHas 3ajada 0 KocMHueckoM Kopabae 3emas — Jlyna

OnnoMepHasi 3ajjaya o KocMHuecKoM Kopabie 3emas —JlyHa (cM.
n.2.4.2)' usyuena Haiidps [1965a] 1 npHBeneHa K ypaBHEHHIO:

%(%)2=‘_:—“+1_“x ., £(0)=0. (3.2.34)

[lpeanonoxum, 41O
t =1, (s)+pt (s)+0 (R, (3.2.35)
X =8+ px, (s)+ 0 (u3). (3.2.36)

[Moacrasne (3.2.35) u (3.2.36) B (3.2.34) u npupaBHAB Ko3bdHIHU-
€HTHl NPH PaBHBIX CTEMEeHAX W, MONYyYHM
2t’2——s t, (0)=0, (3.2.37
, : )
L=Sifti—r, LO=£0x0. 623
0 0

Pewenue ypasuenus (3.2.37) nMeeT BHA

Vot, =3 s, (3.3.39)

Ecan x,=0, 710 t;, =0 [In (1 —x)] npu x — 1. Oco6eHHOCTb B {, MOKeET
6biTb yCTpaHeHa, eC/H MpaBasd 4acTb ypaBHeHHa (3.2.38) obpatutca
B HYJb, T. €.

1

t;’+ +——— —=0. (3.2.40)

Peluenne 3TOro ypaBHeHHsi HMeeT BHJ
=—l s lnitn 2 (3.2.41)

ITostoMy 1/is nepBOro NpHOJHKEHHS
V3t =% 5%+ 0 (), (3.2.42)

) Cm, npumeuanue Ha crp. 54.— [lpun. ped.
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rie S—KODeHb ypaBHEHHS

X=s5—p [1——3"/2 In ’“W +§s] +0(u). (3.2.43)

3.2.3. Teepablli UNAHHAP, PABHOMEPHO PACIUHPSNIOLHICS
B HEMOABHXHOM BO3JYyXe

PaccmoTpuM fasiee DellleHMe 3ajaud O LHJIMHAPHUYECKOH YAapHOH
BOJIHE, BBI3BaHHOH IMJIHHAPHYECKUM TBEPABIM TEJIOM, PACIIHPSFONLHMCS
PABHOMEDHO M3 HYJs B HEBS3KOM, HETEIJIONPOBOJHOM H HEMNUIBHIK-
HoM Bosigyxe. Dra 3ajauya Takxke Oblsia paccMorpena JlaiTxuiaom.
ITpeanosoXHuM, 4To pajdajbHas CKOPOCTb pAacUIMPEHHs paBHa &d,,
rie a,—CKOPOCTh 3BYKAa B HENOJBUXKHOM BO3JyXe M &-—MaJbli Na-
pamerp. CKauoK pacnpocTpaHsieTcs ¢ NOCTOSIHHOH cKopocTthio Ma,,
rne M —uncio Maxa gias ckauka. [loToxk Mexny muiauHapoM u yaap-
HOH BOJIHOH — aguabaTHueCKUil U H33HTPONUYECKHH, CJel0BaTeNbHO,
OH MOXeT ObITb ONMHCAH C IOMOIIBI noteHuuasta ¢ (r, {) (pagHajb-
Hasi CKOPOCTb ¢ == ¢,), YIOBJETBOPSIOUETO YPaBHEHHIO

- op ¢ a9 \2 0%
a2V2(P a[2+2 or or 0f —I_ < ) rz ’ (3.244)

rjie a—MeCcTHash CKOPOCTb 3BYKa, CBsi3aHHAf ¢ @, ypaBHeHueM Bep-
HYAIH, T. €.

cro-n[Feb(@)]-a oo

rie y— OTHOIIEHHE VY/eJbHOA TENJOeMKOCTH Ta3a NpH IOCTOSIHHOM
OABJEHUM K YIEJbHOH TENJOEMKOCTH MNPH mnocrosiHHOM ofweme. [a3
NpeAnonaraercss COBEPLUEHHbIM C TOCTOSHHBIMH VAEJbHBIMH TeIJO-
eMxocTsMH. [loreHnuan ¢ JoXKeH VIOBJETBOPSTh TPEM IPAaHUUYHBIM
yenosusiM. [lepBoe rpanduHoe YCJOBHE: CKODOCTb BO3JAyXa Ha IIO-
BEDXHOCTH LMJKHAPA PaBHA CKOPOCTH €ro pacliMpeHHust, T. e.

% (eayt) +ea,. (3.2.46)

BTophIM rpaHHuHBIM yCJIOBHEM GYJAET yCJIOBHE HENPePLIBHOCTH MOTEH-
nuana ¢ Nnpu nepexoie uepes yaapHyoo BoJHY. [lockosabky B 1okosi-
memcs Bosgyxe ¢ =0, TO

@ = (Ma,t) =0. (3.2.47)

TperbuM ycsoBueMm Gyaer cooTHouwleHHe P3ankHHAa—[IOTOHHO MEXILY
CKOPOCTBIO yAAPHOH BOJIHEI M CKOPOCTbIO BO3/lyXa 3a He#:

o _ 2a,(M2—1) 3.2.48
3 (Maot) = =pre—5° ( )
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[lockonbKy 3a7aya He HMeET XapaKTEPHOTo JIMHEHHOro pasMepa,
BCE XAapaKTEePUCTHKH IIOTOKa SBASIOTCHS (QYHKUMSIMH JHIIb OT 7/a,tf.
TTonoxum

¢ = aitf (x), x=52—. (3.2.49)

Torpa sazaua npuMeT BHI

[+ Db+ (2]
iji{lﬂ U[XZ—Q—;‘——;(—)C }:0. (3.2.50)

\

['panuusble yCAOBHS NMPUMYT BUA

%(8):8, (3.2.51)
f(M)=0, (3.2.52)
df o M2—1
EEc(M)"Q——M(wl)' (3.2.53)

TTockoabKY HMEIOTCS TPM TPAHHYHBIX YCJIOBUSI, HaJOXKeHHBle HAa IU(-
(hepeHuMANLHOE YpaBHEHHE BTOPOIO MOPSJAKA, TO JOJXKHO CYLIECTBO-
BaThb COOTHOIIEHHE Mexay M 1 &.

Tax xak e masno, T0 [ Maso, C/1eLOBaTeNbHO, YJ/JICHB HYJEBOTO
nopsjgka B NPSAMOM Da3JIOXKEHWH SABJSIOTCS pelieHHeM JIHHefiHo#
yacth ypasHeHust (3.2.50). Oma umeer Buz

1d
(1—x) ol 10 (3.2.54)

I/ICHOJII)?;YH IpUBEJCHHbIE TpaHU4YHbLIC YCJOBUA, HaﬁﬂeM, 4TO

1
:825 YV L—1ar, m=1. (3.2.55)

310 npubamKeHHOe pelleHUe HE HMeeT (PU3HYECKOro CMblcja 14
x> 1, a umucao Maxa pacrnpocrpaHsiomefics yIapHOH BOJHBI JOJKHO
6bITh GOJIbIIE €IUHMILbLL.

Yro6Bl MONYuUTb NPUTORHOE pAa3JjoXKeHHe NPH X > 1 u onpene-
JIMTh, HACKOABKO M mpeBsililaeT ejuHuIly, NpeAcTaBasiercs yLo0HbIM
npeoGpasoBarh ypaBHeHue Broporo mnopsiaka (3.2.50) B aBa ypas-
HeHus mepBoro nopsjgka. [lonoxunm

af _ : (3.2.56)
g~ S
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I"Ipe;monomuM, 4TO HUMEKT MECTO CJACAYIOULHE Da3JIOKCHHA:

F=e2f,tetf 4., (3.2.57)
g=eg,+eg, +..., (3.2.58)
x=s-+ex, (s)+ex,(s)+..., (3.2.59)
M=1+eM,+eM,+.... (3.2.60)

Usensl Hy/JeBOro MOpAAKa onpeienasiiorcsi H3 ypaBHenus (3.2.54)
3aMEHOH X Ha s, T. €.
1

&o= V'Ez_—l,

; (3.2.61)
fo=1§ g, (8) dt.

1

3anaya MepBOro MOPsiAKa HMeeT BHJ

(1—s*) gl + & —(1 —5?) goxi +[{—2sx, + (v + 1) sg,—(v—1) fol g+
+E(y—1) (sgy— o) —E52 =0, (3.2.62)
[1 =g+ g1 (3.2.63)

Mpu s — 1 umeem g, — V21 —s), fo -~—3 l/—(l——s)a/2 cJenoBa-

TeqbHO, (3.2.62) npnmeT BHI

7+ 140(VT—s) mpu s > 1. (3.2.64)

Vz(l—)

Takum obpasoMm, g, He 6GyjfeT HMeTb OCOOEHHOCTH NpU § =1, TOJIBKO
ecan x, =0, u, caeposarenbHo, g, (1)=vy-+1.
Uro6el onpefeauts M,;, UCNOJb3yeM KpaeBoe yCJOBUE HA yaap-

ot BosHe, ECJIM § COOTBETCTBYET NMONOKEHHIO yAAPHOH BOJHBI X=M,
TO 0 nopsigka &2 OyleM HMeTb

s=1+4eM,+.... (3.2.65)
['panuunoe ycaosue (3.2.53) naer
elgo (1 +eM+ .. )+ ==

Tonctapus Boipaxenue gas g, u3 (3.2.61) u npupaBHAB KO3PPUILH-
enTot npu &2, noayunM M, =0. CnegoBatenbho,

s=1+4e [M,—x, (1)) +.... (3.2.67)

Hanee (3.2.52) n (3.2.57) naior
(1) =0. (3.2.68)

&M, ... . (3.2.66)
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Ypapdenue BTOpOro nopsaxka and g, AaeT

2y — (Y 1)? N
ga=— g +0(1) mpr s~ 1. (3.2.69)

,U,J'Iﬂ yCTpaHeHHud 0COOEHHOCTH B g, NOJ02KUM

Xo = (v 1) (3.2.70)

Cilef0BaTeNbuo, § = 1 -+ ¢ (M,—(y-1)2/2], u ¢ TouHOCTBIO RO YerT-
BepTOro Nopsiika rpanuuHoe ycnaorsue (3.2.53) naer

V(y—{—1)2——2M2—f—(y—{—1)=:iwr21. (3.2.71)

Pemenne 3storo ypaBHewuss wumeer Bug M,=3(y-+ 1)2/8. Crenora-
TeNbHO,

M=1+2(p+1)2e0 40 (e (3.2.72)

ITsuau [1968] uccnenosan cayyalh HMJIHHIpPA, PAaBHOMEPHO pac-
LINPSAIOIEroCs. B HEIOABUIKHOH BOJE.

3.2.4. Cepx3BykoBoe O0TeKaHHE TOHKOIO Kpblia

B xauecTBe ueTBepTOro NpuMepa NpHMeHeHHs! Meroja JlaHTxuina
pPacCMOTPHM TIOCTPOEHHE DABHOMEDHO MPULOJHOIO pAa3JoXKeHHs B
3ajade O CBePX3BYKOBOM OOTeKaHHH TOHKOTO Kpblia, KoTopasi 06-
cyxpanack B 1. 2.1.3. Ilpex e uem BLIIMCHIBATL pasjioXkeHHe, yiA00HO
npeoGpa3oBaTh HCXOAHOe YypaBHEHHE BTOPOro NOPSAKA B CHCTEMY
IByX ypaeHeHu# nepsoro nopsaka. [losoxum

U=Q, V=0,
Torpa ypasuenus (2.1.19)—(2.1.21) npumyr BuJ
v,— Bu, = M>[(y + 1) uu, + (y—1) uv, -+ 2vv, + KyOuueckue ujensi],

(3.2.73)
=0y, (3.2.74)

v+4eTu,+ ... ,
l+u+e;uy—l-... =¢7" (x) npn y =0, (3.2.75)
u(x, y)=v(x, y)=0 BBepX o NOTOKY. (3.2.76)

Tlpsamoe pasmoxenue nas 3To#l 3ajgaud 6ulio Halgeso B m. 2.1.3,
HO OHO CTaHOBHTCSI HENPHTOAHBIM IpH Y — oo. Ilockoabky u H ¥
ofpamarnoTcs B HYJb BBepX MO INOTOKY, PABHOMEPHO IIPUTOLHOE pas-
JIOXKE€HHe MOXKeT OHIThb OJYYeHO PaCTATHBAaHHEM HCXOASIUX Xapak-
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TepUCTUK (T. €. Xx— By =const). ITonoxuM nostomy

u=ceu, (E, n)+e2u,E n)+..., (3.2.77)
v=ev, (§ n)+e0,(§, M)+..., (3.2.78)
rue
x—By=E+¢G, (§, n)+e2G,(§, n)+..., (3.2.79)
y=n. (3.2.80)

PacrarnBaomue GyHKUHH G; MOXKHO ONpeAe]HTb, HAaJOXKHB yC-
nosue, 4ro pasjgoxenus (3.2.77) u (3.2.78) momxKHB GbITh paBHO-
MEpHO IIPHTOAHBIMH JJis OOJIBIIMX PAacCTOSIHHH, T. €. u,/u; u v,/v,
JOJKHBL OBITh OorpaHuueHHHIMH. [lokasaHo, 4To 5TO YCJAOBHE ZKBH-
BaJleHTHO TpeboBaHulo, 4TOObl § GBLIO HCeXOAAllell XapakTepHCTHKOI
HesNMHeAHBIX ypaBuenu# (Jlafirxuma [1949a]; Yusam [1952], [1953];
Jlunp [1954]; ®oke [1955]).

IlockonbKy XxapakTepHCTHKH ypaBHenus (2.1.19) onpenensiorcs
ypaBHEHHEM

[I—M2(v—1) @+ ...]1(dx)* +[2M?, + .. .]dx dy—
—[B*+M(y+ D g,+...](dy)*=0, (3.2.81)

ypaBHeHue JJAs HCXOoAAIUX XapaKTepI/ICTHK HMEET BUJ
dx

T lecconst = © (3.2.82)
rae
c= B4+ Y {[B (v— 1)+ (y+ D] u—2Bo} +... . (3.2.83)
Ypasuenve (3.2.82) moxker ObLITh NepeNUcaHo B BHIE
%=c%—. (3.2.84)

3ajaua, TakUM 06pa3oM, CBeJiaCh K PAas3jIOXKEHHIO 3aBHCHMBIX Iepe-
MEHHBEIX 4 W U, @ TakKe He3aBUCUMOH MepeMeHHON X Kaxk (yHKUMI
nepeMeHHOH 1) =y M HCXOASINEeH XaPAaKTePUCTHKH § MO CTENEHAM e.
Takum o6pasom, (3.2.79) 3KBHBaNE€HTHO PA3JOKEHHIO

x=x,(, m)+ex (§ M)+, (E, W)+..., (3.2.85)

rie
Xo=E-+Bnu x,=G; s i = 1. (3.2.86)

Ins ycrpanenus mpousBoia B NapaMeTPH3anuu HeOOXOJMMO 3a1aTh
HayaJibHOe YCJIOBHE sl X. DTO yCJIOBHE IPHHUMAETCsl B BUAE

x(E, 0)=E. (3.2.87)
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D10 3KBUBaseHTHO TakoMy BeIOOpPY (;, IPH KOTOPOM OHH obpaluia-
I01Cs1 B Hyab npu y =0.

UTo6pl MepefiTd OT HE3aBUCHMBIX MEpPeMEHHbBIX X H y K § U 1),
3aMeTHM, 9YTO

s

3 g
? 3 o 9, d
o = gt g =C5% Ty

3necs Ooian yuteHsl paseHcTBa (3.2.80) u (3.2.84). Cnenomarensho,

d 10 a d ¢ 0 )
5}___%%, 5&—_-%—%;&, (3.2.88)
Honcrasass (3.2.77), (3.2.78) n (3.2.85) B (3.2.73)—(3.2.76),
(3.2.83), (3.2.84) u (3.2.87), ucnoansys (3.2.88) ¥ npupasHuBas
KO3((UIHeHTE NPH PaBHBIX CTENeHAX €, IoJyuyaeM
NOPSIiOK &

X0:Uin— (BUys + B g) =0, (3.2.89)
X0§u11|—(Bu1§+U1§)= , (3.2.90)

0, (, 0)=T"(8), (3.2.91)

Y= B (y— D+ (y+ D], —2Bo,),  (3.2.92)
x, (&, 0)=0. (3.2.93)

Peinenne ypasuenuit (3.2.89)—(3.2.91), kotopoe ofpaiaercst B HyJlb
BBEpX MO NOTOKY, HMEET BHJ

v =T"'¢), u,=—B"T"(§), (3.2.94)

YTO COBMAJAET C JIMHEAPHU30BAHHBIM peileHueM. TakuMm o6pasom, (3.2.92)
NPUMET BUA

Yin=— 5 Mt (p+1) B=T" (&), (3.2.95)
Pemenne sToro ypasHeHus, nogundHensoe ycjaosuio (3.2.93), umeer Buj
Xy =— 5 M (y + 1) BT (2), (3.2.96)

[ostoMy mepBblfi TMOPAJOK pPaBHOMEPHO MNPHTOMHOIO pPa3JOXKeHHS
naercs nepsBoiMH udieHamu B (3.2.77) u (3.2.78), rae
x—By=E— eMs (y+ 1) B~T" () +0(e?)  (3.2.97)

B cooTBercTBHH ¢ (3.2.85), (3.2.86) m (3.2.96). D10 peineHue moOKa-
3LIBAET, 4TO PAaBHOMEPHO NPHIOJHOE pa3jIoXKeHUe IepBOro NOpsAKa
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L1A runepfoJIHYECKHX CHCTEM YpaBHEHHH eCTb NPOCTO JHHEapH3o-
BaHHOE pelleHHe, B KOTOPOM JIMHEapH30BaHHLIE XaPAKTEPHCTHKH 3a-
McHeHbl Ha XaPaKTePHCTUKH, BLIYHCJACHHBIE NPH BKJIOUEHHH HEJH-
HefHbIX Y/JeHOB MepBOro Nopsjxa.

TeMm XKe myTeM MOXKHO NOCTPOMTb ByCIlUHe NMpuOIHKeHus. JIu u
lennapa [1966] noayuunu BTOpoe NpubiHKeEHHE.

B ofumell sazaue noteHuMaJ CKOpocTell ¢ He ofpallaercs B HYJb
BBEpX IO NOTOKY. B 3TOM c/yuae paBHOMEPHO MPUTOJHOE PasJoxKe-
HIe MOKHO IIOJIYUHTb DAa3OKEeHHeM 3aBHCHMOH H 00eHX He3aBHCH-
MBIX IepeMeHHLIX X H § KaK (yHKUHH & H O0eHX XapakKTePHCTHK
HeTWHeHHOTO ypaBHeHHs & u 1. Takum o0pasoM Mel yBeJIHUUM
cuctemy ypaBHeHuil (3.2.83), (3.2.84) noGaBieHueM ypaBHeHUH, ONU-
CBIBAIOIIHX TIPHXOASUINE XapaKTePUCTHKH 1, H BKJIOYEHHEM pasJo-
KeHust Aas Yy, anagorvunoro (3.2.85). Huke Ttakas mnpoueanypa
Ovaer nokKasaHa Ha lpuMepe 6oJsee obiell CHCTeMbl THIIePBOIHYeCKUX
ypaBHEHUH.

3.2.5. PaznoxeHHs ¢ HCMNONb3OBAHWUEM TOUYHBIX XapaKTePHCTHK:
HeJuHeHHble ynpyrue BOJHbI

JIas paccMOTpeHHBIX Bolule runepbosundeckux auddepeHIHa bHBIX
yPaBHEHHH paBHOMEPHO I1PUTOLHOe pa3JoKeHHe OBII0 TOJMYyUeHO pacTsi-
JKeHMeM OJHOH H3 XapaKTepUCTHK JIMHeapHM30BAaHHOTO YpaBHeHWUsI.
PesynpTupylowas pacTsHyTas KOOpAMHATa OblLia JIYUHAM IpUG/IH-
)KeuneM K TOYHOH xapakTepuctuke. JImHb [1954] n Dokc [1955]
obobmuan Meron Jlafitxunga mast 3agau ¢ runepOONTHYeCKUMH aud-
thepeHIMAIbHBIME YPAaBHEHUSMH C JABYMSI HE3aBUCHMBIMH I[EpeMeH-
HBIMH, BBIOpAaB XapakKTepUCTHUECKHE MapaMeTpsl B KauecTBE He3aBu-
CHMbIX TIepeMeHHBIX. 3Ta NpoHeaypa CROAMTCH K DACTSXKEHHIO JBYX
ceMeHCTB XapaKTepUCTHK. TakuM o6pa3oM OHH CMOTJIH PacCMOTpPeTh
ofuIMe BOJHBI B IOTOKE KHIKOCTH, B KOTOPOM MCXOJsilye U IIPHXO-
JsMe BOJIHBI B3aUMOJEHCTBYIOT.

Bepxaren n Ban Befturapuen {1965] npuMeHusn 3TOT METOJ K 3a-
Jaue O rujpasanueckoM Inpbikke. ['mpo [1965], Oceatuu [1965] u
Hupen u ledinarti [1965] npHUMeHHJH €ro K rasofdHAMHUECKHM BOJI-
HaM KOHeuHoH aMnautyiast. ['pernep [1968] paspaGortan KoCBeHHBII
MeToJ| pacyera TeUeHHUsI NPH IJOCKOM OOTeKaHHH Kpobljia, a BaH Befin-
rapgen [1968] npoananusupoBas KoJeGaHUsi B OTKPBITOH TpyGe,
6anskue Kk pesoHancy. Uy u Hun [1963], Pem [1968] u Tenxepcen
[1967] paccMoTpesnn TepMHUYeCKH BO36yXaeMble HeJHHEHHbIE OLHO-
MepHble Kojebanus npoBoasmleil xuakoctd. Uy [1963] u Moprenn
[1971] n3yunau aBrokoseGarus B tpybe. Jlux [1969] npoamanusu-
poBsaJ pacnpocTpaHeHHe BOJH B M35HTPONHYECKMX, XHMHUECKH pea-
THPYIOLIMX CXHMaeMbIX Xujakoctsax, a Jleccep [1970] usyuun pac-
npocTpaHeHHe BOJMH B HeonHOpPoAHOH cpefne. Ilapkep u BapJedt [1968]
paccMaTpuBa/Id HeJMHEHHOe B3AHMOJEHCTBHE BOJIH PpaCcTsiKEHHUS o
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u3ru6a B ynpyrux mMem6pasnax u ctpyHax. Moprens u Bapieit [1971]
HCCE0BaH HenMHelinple cBOOOAHblE KoJeGaHusl yNpyrofl NaHesH.
Puumonn u Moppucon [1968] npuMeHuaH 3TOT METOL K OCECUMMET-
puuHofl 3anave nuacTHuHocTH. JleBucoHd [1968] monyuna pasjoxenue
JIO BTOPOro MOPSAKA S HeJAUHeHHbIX YHOPYIHX BOJH B H30TPOITHOH
cpele ¢ HCMOJNb30BAHMEM XapAKTEPHCTHK B KauecTBe He3aBHCHMBIX
nepemenublx, Cefiuac Mbl I1POJEMOHCTPHPYEM 3TOT METOJ Ha MpumMepe
OnpefeseHNsi MEPBOrO NPHOJINKEHU S N5l HeMHHEHHBIX YIPYTUX BOJH
B aHH3O0TPOHHOH cpefe.

Ilycte u M v—nepemellleHUs BRoJb HalpabaeHu#l x ¥ y. Torza

PUy =0y, (3.2.98)
004 =Ty, (3.2.99)

rae p—nJaotHocts Matepuadaa. Ilosoxkum P=u,., Q =v, u npeano-
JIOXKHUM, YTO HANpPSIYKEHUS ¢ H T SBJIAIOTCA NOJHHOMaMH oT P u @,
TaKUMH, 4YTO

op— A-42u, 0pg—0,

a0, T (3.2.100)

npu P u @ —0. 3nece 4 u p—xoahduurents Jlamd B smuneiHofl
TEOPUH YIPYTOCTH. TaKHM o6pasoM,

F._c,,PJr 0P 4 0,PQ+5a,Q* +..., (3.2.101)
Z—aQ g0, Pr0,PQF5b,Q ..., (3.2.102)
rlie
s At-2p 2 M
c,,_————p , = (3.2.103)

3neck €, U C;—CKOPOCTH PAcCnpOCTPaHEHHs! POJOMBbHBIX M MOnepey-
HLIX BOJIH Honaraﬂ

R=u, u s=uy (3.2.104)
1 noacraBaas (3.2.101) u (3.2.102) B (7.2.98) u (3.2.99), nosyuaem
Ry—ctP,=aP +BQ +..., (3.2.105)
S;—Q =yP, +8Q .+ ..., (3.2.106)

rie
a=a,P+4 a,Q, PB=aP-+a,Q, (3.2.107)
v=bP+b0,Q, 8=b,P+b,Q. (3.2.108)

lockonbky P=u, u Q = v,, 10 (3.2.104) naer
Pi=R,, Qi=S. (3.2.109)
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3aMeTHM, 4TO MBI TNPEJACTABHIM CHCTEMY JABYX IU(depeHnHaIbHBIX
ypaBHeHH#i BToporo nopsigka (3.2.98), (3.2.99) xaxk cucreMy ueTol-
pex aunddepeHUHANBHLHIX YpPaBHEHHH INepBoro NOpsiKa, KoTopas
ABJsieTcsl Gosee ynoOHOH [Jsi TNpPUMeHEHHs] MeToia pacTAHYTHIX
KOOpJHUHAT.

st okoH4aTeabHOH (GOPMYJHPOBKH 3a/au HEOGXOAUMO YCTaHO-
BUTb HauasJbHEe ycJaoBHA. MBI paccMOTpuM cayyai, ucC/eN0BaHHBIHA
Hesuconom [1968]. B atoM c/ayuae B HauyaJbHBIHE MOMEHT BpDEMEHH
MaTepuaJj, 3aHUMAKWMUHA NOJAYyNnpocTpaHcTBo X >0, NMOKOUTCA H Ha-
XOAUTCSI B HEHANpsIKEHHOM COCTOSIHHHM, a BO3MYIUEHHE BO3HUKaeT
B Touke x=0; T. e.

PO, H=ep(t), Q(0,7)=eP(¢) upu ¢t =0, (3.2.110)
Px,0=Q(x,0)=R(x,0)=S5(x,0)=0 npu x>0, -
@)=y ()=0 npu <0, (3.2.111)

rie ¢ H {p—u3BecTHHIC (YHKLUMH, a €-—Majaas, HO KOHeyHas Ges-
pasmepHasi BeauuuHa. Yciosue (3.2.111) o3nauvaer, 4To Bo/ib MpH-
XOAAIIMX XapakrtepucTuk P u Q obpawatorcss B Hyab. HUtobbl mo-
JYYUTb PABHOMEPHO IPUTrOJHOE pasjoXKeHHe A 3TOH 3ajaud, Mbl
Pas3JoKMM 34BHCHMBIE W He3aBHCHMble NepeMeHHble KakK (QyHKIIHUH
OT & M [apaMeTPoB HCXOASIIMX XapaKTepucTHK § U 7, T. e.

P=eP (& n)+e*P,E n)+..., (3.2.112)
Q=eQ,(E M) +e*Q,(E m)+..., (3.2.113)
R=eR,(§ m)+e*R, (E,m)+..., (3.2.114)
S=85,E )+ S, E N F..., (3.2.115)
x=x,(8 n)+ex, (E, m)+ex, (E, m)+..., (3.2.116)
t=1t,(& n)+et, (5, n)+e, (E, m)+.... (3.2.117)

Jlas wigeHoB TepPBOro Mopsijka B passoxKeHHAX P M @ Xapak-
TEPHCTHYECKHE BOJIHOBHIE CKOPOCTH MOLYT GbITh OINpEeJesaeHLl U3 COOT-
nowenui (3.2.105), (3.2.106) u (3.2.109) u onpenensoTcs paBeHCTBOM

cmxoti), w(otd) G20

Taxum o6pasom, ¢ tounocTelo Jo O (P, Q) ucxopsmue XapakTepH-
CTHKH ONpeJeAloTCa M3
Xq=Cyly, (3.2.119)
Xg =C,lt, (3.2.120)
rne ¢, U ¢,—TIOJIOXKHTEbHEIE CKODOCTH, OMpeJe/sieMble COOTHOLle-

HusimMu (3.2.118). Urobsl 3aduxcHpoBaTh NapaMeTpu3auHio, HeolGxo-
IMMO TOCTaBHTb HauyaibHble YCAOBHS Aas X u f. BeilepeM 3TH ycao-
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BHS B BHIE

x(E E)=0mu (g § =t (3.2.121)

Hauanbusie ycnosus (3.2.110), BbIpaKeHHble uepe3 HOBBIC He3aBHU-
CHMble NEepPeMeHHble, TPUMYT BHI

P& &)=20(8), Q& B=ep(}),
PO, M=Q( 0)=R(0,M)=S( 0)= (3.2.122)

[Ipy mepexonme oT He3aBHCHUMBIX NEPEeMEHHBIX X U £ K § U 1 3a-
METHM, 4TO

0 Ox at d ot 7] 0
E= R o —g(o—ﬁ%a)’ 0
=% s (3.2.123)
%=‘a—(at +6 0x>
ClienoBaTeibHo,
ool (ti1s
dx  cp—ey \ lx GE 01|> ’
N (3.2.124)
ar Ca 0 (tg g Ly oM ) )

[Moncrasasia (3.2.112)—(3.2.117) B (3.2.105), (3.2.106), (3.2.109)
v (3.2.118)—(3.2.122), ucnoar3dys (3.2.124) u npupaBuusas Kosd-
(bMUHeHTHl IIDH PABHBIX CTENEHSIX €, IOJyYuM

aopanoK el
Xon —Cplon =0, (3.2.125)
Xz —Cst o =0, (3.2.126)
% (8, &) =0, £, (, &)=, (3.2.127)
NOpPAROK €
— Lon (C,P1+ R):+1te(csPy+Ry)y=0, (3.2.128)
'—ton (Cle +81)E+t0§(ch1 +Sl)n=09 (32-129)
— ton (CpRy 4 C3Py)e + o (¢ Ry 43P )y =0, (3.2.130)
— ton (c,S; +¢3Q,4 ) +toz(Co, S;4¢:Q4)y =0, (3.2.13)
(X;—¢p l)n— ¢ (@, Py +a,Q1) tom, (3.2.132)
(X, —cCty)e =7 V(b PL-05Q4) Loy, (3.2.133)
x (8, &) =1, (§ &) =0, (3.2.134)
Py (5, D=0 ), Q8 =¥, (3.2.135)

P10, M) =0, 0) =R, (0, m) =S5, (§, 0)=0.
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Pemenne sagauu (3.2.125)—(3.2.127) umeetr Bux
s E—m) ; _cpt—esn

[ 0

— — (3.2.136)

H ABJAAeTCA NPOCTO JHHCAPHU30BAHHBIMH XapaKTEePpUCTHKaMH

o— - =E§, t——c—"—zn.

IToncrasuB Beipaxkenue a4 £, us (3.2.136) B ypaBrenns (3.2.128) —
(3.2.131) n pewmnB nosyuyeHHLIe ypaBHeHHs npu ycaosusax (3.2.135),
HOJIY4UM

P&, M=9(), Q.E n=1pm),
RoE M) =— 0,9 (8), Sy (& M) =—cp(m), 2137

uTO SIBJSETCS MPOCTO PelleHHeM JHHeapu30BaHHOH 3ajgaun 6e3 MHO-
wurens &. IlopcraBuB 310 peiuenue B (3.2.132) u (3.2.133), moayuum

(% —Cply)n =Ta,9 (8) + a9 (M),
(xl_cstl)E:szz(P(g)—I-sz:;’lp (n)’ (32138)

rie (I‘l, Iy) = — (1/2) (¢, —c¢5) "t (¢s/C,y —Cpleg). Pewenne ypabse-
Hui (3.2 138) NOAUKHEHHOe ycnosmo (3.2. 134) HMeeT BHJ

N
x5 —Cpty =Ty, (1—E) @ (8) + 1, § v (E) L,
. : (3.2.139)
5oty =Ty § @ (€) dE + Dby (E—m) % (n).
M

HOSTOMy paBHOMEpHO NPUIOAHOE pAa3J/J0XKEHUE NEePBOro IopsiaKa
HMEeT BHA

P=gp(§)+0(*), R=-—ec,(E)-+0(),
Q=ep(n)+0(e2), S=—ecop(n)+0(e), =140

rue E U 1) ONpenesdrTCad U3 PABCHCTB

n
x—cyt—=—c el [al M—8) ¢ &) +afvE dc]+0<e2>,
: J (3.2.141)

’ 3
x—ct=—cm-tel, [bzgcp@) d§+b3(§—ﬂ)ll>(7])]+0(82)
n .
Kak u B onucanHoi B mpebLAYIeM pasjefe 3ajaue O CBEPX3BYKO-

BOM 0OTEKaHUH TOHKOTO Kpbljla, paBHOMEPHO HNPHIOJHOE pa3J/oxKeHue
A0 [ePBOro nopsjakKka eCTb IPOCTO JIMHEeAPH30BAHHOE pelieHHe, B KO-
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TOPOM JIHHEAPH30BAHHBIE XaPaKTEPHCTHKH 3aMeHEHBl XapaKTepHUCTH-
KaM#l, BHIUMCIEHHBIMH C HCIOJb30BAHHEM HEJNMHEHHBIX 4YJEHOB Iep-
BOTO NOPSKA.

Pemiensie MoKeT GbIThb HENOCPEACTBEHHO IPOJNOJIKEHO IO BBICIIHX
nopsakos. B H3oTponHOM ciyyae pelleHHe [0 BTOPOr'o INOpPsjKa
noayuuau Jlesucon [1968] u Haup u Hemmar-Haccep [1971] nas
OJHOPOAHBIX M HEOJAHOPOJHBIX MAaTepUa/JOB COOTBETCTBEHHO.

3.3. Meron Temmnaa

YToGbl onpeAeuTh paBHOMEPHO I1PHIOJHOE PA3/I0KeHHe 1151 3334l

d
==F (%, u,€), t(x)="0, (3.3.1)

Temna [1958], nopo6HO TOMYy, Kak 3To Aeqan JIafTxu/Jj, BBeJ HOBYIO
HEe3aBHCHMYIO TEPEMEHHYIO § ¥ NPEANOJIOKUA, UTO

u=u(s,e), x=x(s,e). (3.3.2)

JlaiiTxuan npeanosaraj, 4to
u=u,(s)+eu, (sy+e2u,(s)4+... , (3.3.3)
x=s-+¢ex; (s)+ex,(s)+ ... , (3.3.4)

M BhHIOUpasd x; Tak, uTo6bl o6a 5TH pasjoKeHUs ObIIM paBHOMEPHO
NpUrofneiMu. TeMns Ke 3aMeHUJI UCXOJHOe YypaBHEeHHe ABYMS 3KBHU-
BaJIEeHTHLIMH YDaBHEHHAMH

dx

d
-d—LsL-z Ul(x, u,s, &), %——-X (x, u, s, &), (3.3.5)

TakuMu, 9T06pl U u X ObBIIM pery/sipHBIME NO €. 3aTeM OH Haulen
npsiMoe BO3MYIIEHHOE paszfjoxeHue aasd u U x. Takum ob6pasoMm, Me-
Toi TeMnna cucremaTnueckuM o6pasoM onpenensieT X;. AHaJOTHYHbLH
NOAXOJ, HCNOAb30Banu YusaMm, Jladrxuma, ®Poke, Jluas u JleBucon.
On oficyxnanacs paHee B ciayuyae runepOoHuecKUX ypaBHeHUH, rie
NOCTPOEHHEe PABHOMEPHO IIPHTOAHBLIX PAa3JOXeHUH JOCTHraJfJoch pas-
JIO2KEHHEM II0 OJHOMY HJIM HeCKOJBKHM MapaMeTpaM XapaKTEePUCTHK.
B kauecTBe npuMepa paccMOTPUM 3ajavy

(te) 2 @ 4x)y=0, y(l)=et. (3.3.6)

Bror npumep obcyxpancs Temnsiom. OH ABASETCA YACTHBIM CaydaeM
sgaaud (3.2.9). Temna sameHus1 BollIeNpHBeJEHHOE YypaBHeHHe Ha

d
s%:x.*—gy' s%%:——(2—[—x)y. (3.3.7)
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OTu ypaBHeHHS] aHAJIUTHYHBEI 110 € U 00JajaloT CJEAyIOWUMH PasJo-
KEHUAMU:

y=s"%"° l—sgscp(t) dt]—{—O(ag), (3.3.8)
1
x=5[1+e¢ ()] +0 (), (3.3.9)
rie
@ (s) = | s~%e ds. (3.3.10)

1

[Tpu s — 0 umeem

x:s——%ss"z—l—O(s?sﬂ), (3.3.11)
y:s‘2—~%as‘4+0(s2s‘6). (3.3.12)

CaenoBartesbHo, Npu x =0

y=<§>2’3+0(e—1/3), (3.3.13)

yTo corJacyercsl ¢ BhipaxenneMm (3.2.33), NOJYYEHHBIM METOJOM
JlaiiTxnana.

3.4. MeTon nepeHOPMHPOBKH

Ilpuryno [1962) noxasasn, 4TO A9 ONpEJENEHHs] PAaBHOMEPHO
HPHTOJAHOTO BO3MVIIECHHOIO DpAa3JOXeHHS [/ [aHHOH 3ajaud HeT
Heo6XOIMMOCTH BBOJUTh B AuddepeHuua bHble ypPaBHEHUA npeodpa-
soBanue (3.2.2) u 3atem onpenensitb §,. BMmecto 3TOro MOXHO BEHI-
nucaTh IpsAMOe pasfoxkeHHe, BblpayKeHHOe Yepe3 HCXOJHbIE nepe-
MeHHble, U JHIIb 3aTeM BBeCTH IpeobpasoBaHie (3.2.2) B moaydeHHOE
npsiMoe pasjoxkeHne. UToObl CHesaTh 3TO pasJ/oKeHUe PaBHOMEPHO
NPUTCAHBIM, MBI HaJOXKHM YycJjosue Jlaltxuiana, Tpefymowee, 4To0bI
0COGEHHOCTb HE yBe/JIMuYMBAa/Jach C POCTOM IMOPsAKA MPUOIHKEHHS.
Taxum obpazoM, aasi onpejeneHus &, Mbl NOJYyYUM He auddeper-
IHa/JpHble, a aare6pavyecKue ypaBHEHHS, 4TO yIpOLiaeT BCIO IIPO-
ueaypy. Onuako Ilpurysno npennonarasn, uto Koab(UUHEHTH psiia
(3.2.1), 3a uckJ/oueHHeM, OBITb MOXKET, JHIL ,, YIOBJETBOPSIOT
JUHEHAHBIM yDaBHEHHSAM, H yTBePIKJaJ, UTO IIPU 3TOM yCJOBHH METO[,
CTaHOBHTCSt 3(Q(PEKTHBHBIM., DTOT MeTOA Obl1 BHOBL OTKPHIT Arie-
pom [1968].

Meron, npegnoxenusiit Ilputyno, npuMeikaer K MeTORy, OIHCAH-
HOMy B 1. 7.4.2, KOTOpHIfi BnepBble Obll npuMeHeH B paGote Pases
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no paccesHuio. Onpenenus paccesHHue B TOHKOM CJ10e, OH IpHial
€My BHJ 5KCIOHEHTHI, UTOOHl CHeJaTh €ro IIPUrOAHBIM /I MHOTHX
CJIOEB.

Mpl npHMEHMM 3TOT MeTOJ K HEKOTOPHIM MpHMepaM, paccMoT-
pPEHHBIM paHee B 5TOH KHHre, U C/les]aeM MOJYyUeHHble BBIIE Pa3JI0-
JKeHHs] PaBHOMEPHO IMPHUTOAHBIMH.

3.4.1. ¥YpaBuenne Mwoduura

3anava, xotopasa Oyger cefiuac paccmorpeHa, 6bl1a cdopmyu-
posana B n. 2.1.1, TaM e GBLIO NOCTPOEHO NPSIMOE PA3JOKEHHE,
UMelollee BHI

=acost--ea® [——g’—tsin t +3—12(cos 3t —cos t)+0(82)] . (3.4.])

PaBHoMepHO npurojHoe pasjoikeHue OblMO Noayueno B m. 3.1.1
¢ nomoueio Metoxa Jlumpmreara—Ilyankape.

Utobel crenate pasaoxenue (3.4.1) paBHOMEPHO UPHTOIHEIM,
BBeJeM npeobpasosanue (3.1.2) B ator pax. Pasjoxus u cobGpas
KO3(UIHEHTH NIPH PaABHBIX CTEHEHAX &, MOJYYHM

U=acoss—e [a(ml —{-%aZ)ssins—%ﬁ(cosSs—coss)J -0 (&2).

(3.4.2)
BekoBble yJ/ieHbl HCYE3HYT, €CJH
0, =— 2 a. (3.4.3)
INosTOMy paBHOMEPHO TNPHUIOJHOE PasjioKeHHe HMeeT BHI
u:acoss%—%scﬁ (cos 3s—coss) 40 (g?), (3.4.4)
rie
3
t:s(l———gecﬂ)—{—O(S?), (3.4.5)

uTO CcooTBEeTCTBYeT cooTHOleHusM (3.1.15) u (3.1.16), momyueHHbIM
npu ¥Cmosb30BaHnK Metopa Jlunawrenra—[lyaukape.

3.4.2. Mogen» crabo HenHHelHO# HeyCTOHYHBOCTH

B xauectBe BTOPOrO NpHUMEPA CHEJAE€M PABHOMEPHO IPHUIOJHBIM
caeaylolllee NpsMoe pasJoXKEHHE:
9 .
U =¢€Cc0S0,Ccoskx+&d (% ¢ sin ¢,f cos kx - 4jaeHb, OrpaHHYEHHbIE
1

npH ¢ —s oo>, (3.4.6)

nojgyueHsoe B m. 2.1.2 n1a mojenvHo# sagaum (2.1.10), (2.1.11).
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[Tooxum
t=s(l+e2w,+...). (3.4.7)

[logcraBHB 3T0 BhlpaxKende B (3.4.6) M pasJjOXKHMB NpPH MajhX €,
O YUUM

U =g CO0S0,SCoSkx+ &3 [( —olm,> s sin 0,5 cos kx - unenst,

9
320y
OFpaHHYEHHbBIE TIpU t——»ooj .

BekoBrle usieHbl yHHYTOXKATCH, €ClH ©, = 9/320¢7. Iloatomy paBHO-
MEDHO IPUTOJHOE PasOKeHHe HMeeT BHI

u =g cos o cos kx + O (e3), (3.4.8)

rae
N Qe2
o=VE—1 [1 'Emz‘—_n] 10(e). (3.4.9)

Ecm k> 1, 10 0—jeficTBUTEIBHOE YHCT0, U pasioxenue (3.4.8)
NpPUTrOAHO A0 BpeMeH mnopsaika O(e~2). B sToM ciyuae oHO umeeT
BUJ CTOSIYMX BOJH C 4acToToif, 3aBHcamied or aMmautyiasl. OxHaxo
ecan k <1, To 0 —mHuUMOe uucao, U (3.4.8) MMeeT BUA DPaCTyIIUX
BOJIH. Hocxonbxy yepes KOPOTKHIl NMPOMEXYTOK BpeMeHH (pyHKUHUA

ch 30, rie o — peficTBUTE/LHOE YHCAO, GyeT npeobaanaTh Haj ch of,
T0 pasjoxenue (3.4.8) 6yneT NPUTOAHBIM JHIIb AdsI KODOTKHX NPO-
MexKyTKOB BpemeHH. 3 paseHcTBa (3.4.9) cienyer, uTo ¢ — oo NpPH
k—1, u ectu k—1=0(e?), To BTOpO# uJseH B npagoi 4yactH (3.4.9)
UMeeT TOT e HOpsiAoK, 4ro u nepsoii. [lostomy, xortsa 310 pasno-
JKeHHe NMPUTOAHO AAf IHPOKOTO [HAaNna3oHa 3HaweHHH k, NDPUTOL-
HOCTb Hapyiuaercsi, kKak Toapko k—1=0(e?). B n. 3.5.1 nokasano,
UYTO [pPUMeHeHHe MeToJa pacTAHYTHX MNapaMeTpOB K IOCTPOEHHUIO
pasjoxKenns BOAU3M k=1 NpUBOAUT K OWIMOOUHEIM De3y/bTaTaMm.
Pasjoxenue, npurogsoe B6AM3K k=1, MOJYyUeHO ¢ HCIOJAb30BaHUEM
MeToAa KpaTHhIX MacitaboB B m. 6.2.8.

3.4.3. CBepx3BykoBoe 00TeKaHHE TOHKOro Kpbisa

B xauectBe TpeTbero npuMepa MpPHMEHEHHS METO/A IepPeHOpMH-
POBKH ciejlaeM DaBHOMEPHO NPUTrOAHBIM INPsiMOe pasjoxKeHHe s
NPOAONBLHON KOMIIOHEHTH CKOPOCTH, noJydeHHoe B 1. 2.1.3 B cayuae
CBEPX3BYKOBOTrO IMOTOKa, ofTekawllero ToHKoe Kpblio. CordaacHo
(2.1.36), npamoe pasnomeﬂne VMeeT BUJ

"* Rk yT' © T (E—TE T (a)] +0(@). (3.4.10)
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Uro6bl clelaThb €ro PaBHOMEPHO IPHUTOJHEIM, MOJIOXKHM

E=s1¢L (s, y)+0(e?). | (3.4.11

TlogcraBuB 310 Bbipaxenye B (3.4.10), pasnoxus u cobpaB Ko3d-
¢uIKeHTEl DU PABHBIX CTENEHSX €, TMOJYYHM

1= e [ (1M OED 7

—T O T ()—(& (5, )+ o MYT" (5) )52

] 10 ("), (3.4.12)

Pasnoxenne MoxKeT OBITH CHEeIaHO DPaBHOMEPHO IPHIOAHEL' AR
BCEX Y, €cJli BbIOpATh

& (5, y) = — LE MayT" (s). (3.4.13)
[TosToMy paBHOMEPHO NMPUTOAHOE Pa3joKeHHe HMeeT BHJ
TI
s=1—e 010, (3.4.14)
rape
t=s—e DLl MYyT (5) -0 (e2), (3.4.15)

4TO MOMHOCTBIO coBmazaaer ¢ dopmynamu (3.2.94) u (3.2.97), noay-
ueHHLIMH MyTeM MCIOJb30BaHHS Meroja Jladtxuana.

3.4.4. Casur ocoGeHHOCTH

B xauecTBe 4eTBepTOTO MpUMepa pacCMOTPHM 3ajgauy u3 m. 2.4.1.
IlpsiMoe pasioxeHHe, NMOJIYYEHHOE B 3TOM IYHKTE, HUMEET BHJ

y:x-2e~x[1+sSe-ft-3(1+2t—1)dt]+0(ez). (3.4.16)
1

Urofpl cuelaTb €er0 PABHOMEPHO NPUTOAHEIM, TOJ0XKHM B (3.4.16)
x=s+¢ex, (s)+.... (3.4.17)

CofpaB Ko3QduIMeHTH NIDH PaBHBIX CTENeHAX €, INOJYUHM

y—s-3 |1——<x1+-§5-2)]+0(82) apH s—0.  (3.4.18)

310 pasnoxeHue OyleT paBHOMEPHO NPHUTOJHBIM, €C/IM BHIOPAThb

Ky=— g s (3.4.19)
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M ylaluTb TakHM o0pasoM raapHylo ocoGeHHocTb. [lostomy paBho-
MEPHO NPUTOZHOE pa3joXeHHe HUMEET BH[

y=s"2"+0 (e), (3.4.20)
rjge

x=5— es7 40 (e?), (3.4.21)

4TO MOJHOCTBIO coBnagaer ¢ (3.2.30) u (3.2.31), nmonyuyeHHbIMU Me-
tonoMm Jlafitxunna.

3.5. OrpaHHueHHS] MeToJa PACTAHYTHIX KOOPIMHAT

B npeapiaymux naparpagax ObLIO HOKA3aHO, YTO MeTOj pacTd-
HYTHIX KOOPJAMHAT $BASETCH MOUIHBIM CPEACTBOM [IJsi IOCTPOEHHS
paBHOMEpPHO TIPHTOJHBIX pa3d0XKEHHH B PA3JUUHBIX (PUIMUECKHX
3agavax. OjHAKO, HECMOTPsl Ha yclleX NPU HCCIEJOBAHHU THIIEPGO-
JnyeckuX auddepeHnHaNbHLIX YpaBHEHHH A BOJIH, paclpocTpaHs-
IOMKUXCS] B OJHOM WIH B JIBYX HalpPaBJeHUSX, 3TOT METOJ HE MOWKeT
GbiTh pPUMEHEH JJisl [IOCTPOEHHS] PABHOMEPHO MPHTOAHBIX PasjiciKe-
HUH 3JIMNTHUeCKUX AdQdepeHnUanbHelX ypasHeHud. Xorta Jlafit-
xuan [1951] u modydyua paBHOMEDPHO IPUTOJHOE pAa3J0KeHUe 10
BTOPOro NOPSAAKA A OOTEKAHUsI HECXKUMAEMOH XKHAKOCTBI) TOHKOTO
KpyroBoro kpouia, Qoxc [1953] Hauwia BelciMe TPUGIMKEHHS, KO-
TODBlE HE SBIAIOTCA paBHOMepHO NMpurogHeiMu. OHA fokasana Takxe,
4YTO /151 OGTEKAHHs] TOHKOTO KpblJIA CXHMaeMbIM Ta30M HE MOXKeT
ObITb MOJIyUEHO PABHOMEPHO IIPUIOJHOIrO PA3JOMKEHHs JAXKe BTOPOro
nopsiaka. B ceasu ¢ stum Jlafirxuan [1961] B 6osiee mosgueit crathe
PEKOMEHI0BaJI MPUMEHATb €r0 METOJ TOJBKO JJisi THIepOOJHUeCKHX
auddepeHunadbHblx  ypaBHeHud. Hecmorpsa Ha 3T1o, Banwo-Jlopen
[1962] ycmemHo nmpuMeHu] 5TOT METON B COYETAHHH C METOJAOM HH-
TerpanbHBIX COOTHOWIEHHH B 3ajade O TYIOM Tese (CMelUaHHas Kpae-
Basi 3ajgaua). BoJee Toro, 3manysan [1966] u Kyfiken [1970] ycneumo
IPUMEHUJY 3TOT METOJA K MNapaboJHu4ecKUM 3a/auaM, CBSI3aHHBIM
¢ HMCC/eIOBaHVEM HeCTalMOHAaPHOro TypOyJeHTHOIrO IOTOKA NpPH Aud-
dy3ud U XUMHUYECKHX PeakiuusfiX, a TAKxkKe II0TOKd BJI0/b HAKIOHHO!
ITOBEPXHOCTH, BLI3BAHHOIO CHJBHBIM BIPLICKHBAHHEM XHIKOCTH.

Cnepyer ynoMsHyTb, yro XyrcrpateH [1967] moaudunuposa:
9TOT MeTOJ [PUMEHHMTENBHO K 3ajd4aM O [JO3BYKOBOM OOTEKaHHH
TOHKOT'O Kpblia. OH BBeld (DYHKIMIO, PABHOMEPHO MpPHOJIHKAIOILYIO
orofpakeHnHe (QU3MUECKOH INJOCKOCTM HAa MJOCKOCTb, B KOTOPOH
KpBLIO MpeACTABIeHO CBOEH XOpIOH.

Lsaups Cioa-caup [1956] BeIckasajd NpeanoJioXkKeHHe, 4TO OrpaHu-
YeHHOCTb NPHMEHeHHs MeToJa pacTAHYTHIX KOOPAHHAT K HCC/IeloBa-
HUI0 331344 O TOHKOM Kpblie OOBACHAETCA TeM, YTO pPasJOKeHHs
4719 QyHKIHA BBINKCHIBAIOTCA BOJIH3H HeperyAsapHo# ToukH. K cuacTelo,
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MOJKHO 33aMeTHTb, YTO OCOOEHHOCTH HEPEHOCSTCS C 3aBUCHMBIX Mepe-
MEHHBIX Ha pacTAruBamliue (QYHKUHH, U TaKHM OGPa30M MOIKHO
06HaPYXUTb HEOJHOPOJHOCTE B Pe3YJILTHPYIOIEM Pa3JIOKEHUH.
IO [1968] pasmoxun ¢yHKnMIO BOJM3HM HeperyJsipHod 0coGoi
TOYKH, YTOOBl MOJYYUTb pPasjoXKeHHe, MPUTOJHOE BOJM3H KPUTHYE-
CKOr0 BOJIHOBOIO UHCJA2, COOTBETCTBYIOILETO pPasphiBY CTPYH, AJd
HeJIMHEHHOH YCTOMYHMBOCTH KHAKOH HMIHHApHHecKOH cTtpyH. OaHako
pesyabTHPYIOIEe pAa3oXKeHHe He HMeNo OCO0EHHOCTH, XOTs, Kak
nokasaa Hafids [1970c], ono mHapymanoch Opu KPUTHUYECKOM BOJ-
HOBOM uHucje. Mbl MmoxkaxKeM TPYIHOCTH, C KOTODBEIMH CTOJIKHYJCS
IOup, Ha nmpuMepe MojesbHOH 3anauu o cjabo HeJWHeHHOH HeycToi-
YUBOCTH cTOAYMX BOJH (m. 3.5.1).

Kak noxasan JleBu [1959], MeTon pacTsiHyThIX KOOpAMHAT He-
NpUrofeH I KJjacca 3ajau ¢ CHHTYJADHBIME BO3MYIIEHHSIMH, B KO-
TOPBIX MaJblil IMapaMeTp CTOHT NPH BBICINHX NPOU3BoAHLIX (1. 3.5.2).
On 1noxasasd, 4To 3TOT METOJ INPHUBOAUT K OMMOOUYHBIM Pe3y/bTaTaM
B 3ajauye O NMJMHIDUUECKHX VA4PHBIX BOJHAX. TeM He MeHee MOXKHO
10Ka3aTh, YTO PACTAXKEeHHe 3aBHCHMBIX BMECTO HE3aBUCHMBIX Iepe-
MEHHBIX [PHUBOANT K PABHOMEPHO HPHUIOJHOMY pasJjlokKeHHIO (ympa-
xKuenue 3.33).

HecmoTpst Ha TO 4TO 3TOT METOA J2€T PABHOMEPHO MPHTOJIHBIE
pasnoKeHUs i [EepUOLMUECKHX pelueHUH B cnabo HeJHHEHHbIX
KoneGatenbHelx CHCTemax, Haiicda [1966] moxasan, yro 3t pasJfo-
JKEHUS He CcOojep:saT HUKAaKOH uHQOPMANMH, KPOME MpelesbHBIX
LUHMKJOB M NpeiebHbIX TOuek. Booblne, ecin aMn/aUTyna H3MeHseT-
Cs1, TO MEeTOJ PACTSIHYTbIX KOOPAHHAT HelpPHMEHHM.

Mbl TOKaXkeM TPYIHOCTH METoJa PACTAHYTHIX KOOpPAMHAT Ha cie-
IVIOIHUX T pHMEpax.

3.5.1. Npumep caabo HelUHEHHOH HEYCTONHYHBOCTH

Kaxg Gblio nmokasano B mn. 3.4.2, pasnoxenue (3.4.9) maa o cra-
HOBUTCSA HENPUroAHBIM, ecid £—1 =0 (e?). Uro6bl NpUMeHUTb MeTOJ
pacTsHyTBIX NAPaMeTPoB K 3TOMY pasfoxKeHulo, nosoxum B (3.4.9)

k=o ek, (3.5.1)

Torpa, packiaageiBast (3.4.9) 1aa Manblx € u cobupas Ko3hHIHEHThI
TIpU PaBHHEIX CTeNeHsX €, MOJNYYHM

9
— Lk,

—_ 32
0'=V052—1 1—823-(—12-_-:—-

1 + 0 (e3). (3.5.2)

Uro6sl KoahdunneHT npu £2 Obll He GoJiee CHHTYASDHBIM, 4eM [Mep-
Bbifi e npu a— 1, nonoxum k, =9/32. Toraa (3.5.2) npumeT BHI

— 9g?
Gzl/az—l[l—l—m]-i-.-., (3.5.3)
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uyTO orpaduyeno mnpu o— 1. HeiiTrpanbHas ycroiuMBOCTH COOTBET-
creveT 0 =0, T. e. a=1, nau, cornacuo (3.5.1),

h=lqmert. .. (3.5.4)

Urobsl moxasarh HENPHTOAHOCTL pasioxeHus (3.5.3), xocratouno
N0Ka3aThb HENPUTONHOCTb YCAOBHSA HEATPANbHON YCTOHUUBOCTH (3.5.4).
Koudurypauus cucTeMbl NpH HeHTpaAbHOH YCTOHYMBOCTH IO Ompe-
JeJIeHUIO He 3aBHCHT OT BPEMEHH, CJeA0BATeJIbHO, OHA ONpelensiercs
ypaBHeHHeM

Uype+U=—usd, (3.5.5)
[lonoxum

=ecoskx 4+ X A,cosnkx, A,=0/(e?).
n=2

TloacraBuB 31O BHIpaKenue B (3.5.0) M nDpupaBHSB KOIPPUIHEHT
npd coskx K HYJIO, HOJAYYUM

R=1t3e 4. .
CrenoBare/ibHO,
h=142etd ..., (3.5.6)

yro orauyaercss ot (3.5.4). [lostomy pasnoxenus (3.5.3) u (3.5.4)
HeBepHbI. BepHoe pasjozkeHue, mpurojHoe B6ausu k=1, nosyuero
B 1. 6.2.8 ¢ momomb0 MeToga KPAaTHHIX MacILTaGoB.

3.5.2. Maaniii mapameTp npu Bhiclwied NPOU3BORHOI

Jleen {1959] noxasan, 4To TnpuMeHeHHe MeTOJa PacTAHYTHIX
KOOpJAHHAT K 3ajavye O IMJAMHAPHUECKOH VIapHOH BOJHE (IpHBeIeH-
HOfl B ynpaxKHenuu 2.3) NPUBOAMT K HEKOPPEKTHHIM De3yJbTaTau.
TonmuHa yxapuoii BoJHEI, KOTOopylo Hauen By [1956], He 3aBuceia
OT BEJHUHHBI CKAYKa, YTO NPOTHBOPEUYHJIO Pe3y/bTaTy, NOJdYyUeHHOMY
JleBH ¢ MOMOILBIO TONOJOTMUECKOro aHa/j u3a. BMecTo TOro utoObl
0OKA3LIBATh HENPUTOAHOCTb PAa3JO0XKEeHUS Ha NPHMepe HUINHAPHYECKOH
yAapHOH BOJHEI, Mbl, cledya JleBd, o6cyauMm Gojlee mpocTyio 3ajady,
006J1aJIAI0MLYIO TEMHU Ke OCOGEHHOCTSIMH, HO MUMEION[YIO TOYHOE pelleHHe
AJs CpaBHeHHA. ¥YpaBHEHHE HMeeT BHJ

eZ—Z:—xy—l, (3.5.7)
IZe &—MaJjoe MNOJOXKHUTEJIbHOE YUCI0. TOUHOe pellleHHe 3TOrC ypas-
HEHHs, [POXOJsiilee depe3 TOUKY (X,, Y,), UMEeT BUM

y= o072 pmstize {errear, (3.5.8)

Xo
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Ilpsamoe pasnokeHdHe MeToza BO3MYIIEHHH MOXHO HOJYHUHTD,
010K HB

y=n§0 ey, (x). (3.5.9)

Tloacrasus (3.5.9) B (3.5.7), nprpaBusAs KO3(PUIUEHTH IPU PABHBIX
CTeNeHsX € W pellMB [OJYyYeHHBlE YPaBHEHHS, NPUJEM K pelleHH:o

y=—x"1—ex 3—...—1:3-5...2n—1)ex 21— ... (3.5.10)

MoxHo nposeputs, uTo (3.5.10) siBAsteTcs acUMITOTHUYECKUM pasfio-
XKeHHeM TOYHOTO pelteHusi (3.5.8) npu Gonbwux x. 3aMeTHM, uTO
3TO pasJoXKeHHe CTAHOBUTCS HENPHUTOAHBIM BOAH3U X =0, IOTOMY
YTO NEPBBIH YJEH CHHTYJSIPEH, 2 WIeHbl BHICIIHX [ODSIAKOB BCe
Gonee u Oojee cuuHryaspuel. Ecau x =0 (e1/?), T0 BCe UJeHBL! 3TOrO
pasJioxeHNs uMenoT Nnopsiaok O (e~1/2). Takum ofpaszom, 3TO pasio-
JKeHHe HUKOTAa He OyJeT aJeKBaTHbIM pasJjoKeHHeM B o0Jjactu
x =0 (eV?).

UroOp NpHMEHHTb METOJ PAcTSHYTHIX KOODAMHAT K 3TOH 3ajaue,
B pasnoxenuu (3.5.10) nosnoxum

x=s5-F¢&x (s)Fe¥x,(s)+..., (3.5.11)

pasJIoKUM MOJyueHHOe DABeHCTBO IO & NPH MalblX & U cofepeM
koadbulenTsl P PaBHLIX CTENEHAX €. PacTAruBawiine QyHKUIHH
3aTeM Bbi0WpaeM Tak, uYTOObl UJ€HBl BBICHIHX MOPSAKOB OblIM He
fGosiee CUHTYJSIPHBI, ueM IepBuill, B nanHoll 3ajaue 3TO NPUBOAUT
K YHHUTOXKEHHIO BCeX 4YJICHOB, 32 UCKJIOUEHHeM NepBOTo. B pesyus-
TaTe HMeeM

1
rne
2 n
x=sto+S LS, (3.5.13)
m-=2
. 1
Ay = (4 —2) r—%(;a2m—l-—rar+l+'2_ag1 , mz=2, (3.5.14)
m=-1
L 20 Qpnplpyyy M2 1.

Vs nocnefHux COOTHOWIEHHH C/IEXYyeT, YTO
a,>2"*(n—1N, n>2. (3.5.15)
INostomy pasaomxenne (3.5.13) pacxomurtcd; ¢akTHYECKH OHO SB-

nserca Oonee* pacxoasmuMcsi, ueM (3.5.10), u Tepsier cmbica, KOT-
Ja x noxxoaut k O (e'/?). Bce, uTO JOCTHTHYTO,— 3TO 3aMeHa He-
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NPUTOJIHOTO PA3JIoKEHHS 110 OJHOH NepeMeHHOH HA HeNpUroJHOe
pasJioxeHde Mo japyroft nmepemenHod. IlpuuHMHA HENpPUTOIHOCTH I0-
JIyUeHHOTO Das3JIoXKeHHs 3akKjioyaeTcsi B OTOpachiBaHHH BLICIIEH
IPOM3BOJHON, YTO MaJjO CKasbiBaeTcss NOpH OONbUIMX X, HO CTAHO-
BUTCA CYINECTBEHHBIM, KOrja x mnpubauxkaercs K objacth O (g1/?).

3.5.3. 3amaua o KocMHuecKkom Kopabae 3emas — JlyHa

Huxke Mbl TOKa)keM, 4TO NPHMEHEHHE METOJA PACTAHYTHIX KOOD-
IMHAT K JBYMEpPHOH 3ajaue O KOCMHYeCKOM Kopabue 3eMist—JIlyHa
{BBejennofl B N. 2.4.2) INPHUBOANT K HENPHUTOJAHLIM pPa3JOKEHHSIM.
Urobsl cuenatb pasnoxenue (2.4.17) um (2.4.18) paBHOMEpHO mpu-
TOJHBIM, NPUMEHHM MeTOJ PacTAHYTHIX KoopiauHaT. IloacraBuB

x=s-+px (s)+ ... (3.5.16)
B 3TO pasJ/iokKeHue, MnoJaydyuM

V2t :é sin1p V'E—-l—zl/s (1—p2s) +-

s 2 p? s
-i_ut:‘l/l__pzsxl —Sln pVS+p (1 )Vl_pgs—

! 1+(1—2p2)s+2 Va_p(_—Tp'iE)_s )
S 2(1—py*” In I—s }—%O(u ). (3.5.17)

Pacrarusaomast ¢yHKOUsA X, BLIOHpaeTcst Tak, uToObl Bhipaxkehue,
cTOsllllee B KBaAPaTHRIX CKOOKax, Obwo He Oojee CHUHIYISDHO, yeM
nepBbifi useH, ecan s — 1. Takum o6paszom,

1
3nech pacTsATHBaOMY0 (QYHKIHIO MOXKHO ObLI0 Onl BHOpaTh Tak,

4yTOOLI BhIpaXKeHue, CTosilliee B CKOOKaX, o0paTuioch B Hyldb. B pe-
3yJbTaTe MOJYYHM Da3jlOXKeHHe NepBOro NopsijaKa

Vot =;13- sin~1p Vs“—-p‘—zv’s(l Zp%) + 0 (), (3.5.19)
y=—ucs+0(u?), (3.5.20)

rIe

1

x:s——fﬁéln(l——s)—&—O(pﬂ). (3.5.21)
CpaBnuBasi 910 pas/oxKeHHe c TouHbIM pemenneM, Haiids (1965a)
TIO0Ka3aJ, 4TO OHO JlaeT OTKJIOHSIIOULYIOCA TPAaeKTOpPHIO BOAU3H JIyHHI,
XOTs pasjoXKeHHe, MOJYYEHHOE B OJHOMEDHOM CJjlyyae, AOCTaTOYHO

XOpouio corjacyercss € TOYHbIM pelmeHHeM. B oxHOMepHOM ciyuae
fiMeeT MecTO OCOOEHHOCTb NpH X ==1--p/(1—p2) -+ 0 (u?), KoTOpas
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HaxonuTcss BHe wuHTepecymowiedl Hac obnactu 0<Cx<C 1. B npsmom
pas/ioxeHHH OCOGEHHOCTb CABUTAeTCs B TOUKY X == 1, M pacTskeHUe x
nepeMeinaer ocOGEHHOCTh M3 TOUKH X== | B IPABHUJIbHOE MOJOMKEHHE.
Onnako B ABYMEDHOM Cjydae MMEeT MecTO pe3Koe H3MEHeHHe B Ha-
[IpAaBJE€HHH [BHKEHUS KOCMHYECKOTO KOopabssi B OKPECTHOCTH JIyHbI,
U pactsixkenue nopsaika O (U) He MOXKET KOMIEHCHPOBATb Takoe pes-
KOe H3MEeHeHHe.

Ynpascuenun
3.1. Paccmorpers 3anauy
u-tu=eu? u=a, u (0)=0.
(a) OnpenesnTh NpsiMOe PasJIoKEHHe BTOPOTO NOPAAKA (TPH UJeHA) U UCCACRO-
BATb €0 PABHOMEPHOCTb.
(6) Caesatb 3TO pasjoKeHKHe PAaBHOMEPHO NIPUIOAHLIM, HCIOJb3YsS METOA nepe-
HODMHPOBKH.

() [locTponTh paBHOMEPHO NPHIOJHOE pasjOKeHHe [ePBOTO HOPsiAKa (ABa
4jeHa), UCNOJ/b3ys METOJ PACTSHYTHIX NapamepoB, H CPaBHUTL pe3yJbTar ¢ M. (6).

3.2, (a) Ilokasartb, uTO CBOGOAHOE JBHXKEHHE TOYEYHOH MaccChl BHOJb MapaoJb
x%=2pz, Bpauaoleiicss BOKPYT CBOEH OCH C YIJOBOH CKODOCTBI) @, ONHCBHIBAETCSI

YpaBHeHHEM
x2\ - xx? g
(145 )it St (§—or) a0

(6) OnpenesuTh JBYUJEHHOE NPSMOE Pa3JjOXKEHHe [Jis1 MaJblX aMmJATYA H HC-
CJIel0BATh €r0 PaBHOMEPHOCTD.

(8) Chenath 3T0 pas/o:KeHHE PAaBHOMEPHO NpPHIOJHBIM, HUCHOJbL3Ys METOJ, nepe-
HOPMHPOBKH.

r) [TocTpOHTb OJHOYJIEHHOE DPABHOMEDHO TNPHIOJHOE PasJ/OkKeHHE MNOMOLIBIO
METOJA pacTAHYTHIX 11apaMETPOB W CPaBHHUTL pe3yJ/bTaT ¢ 1. (B).

3.3. Omnpefeuth ABYYJeHHOE DABHOMEDHO NDHIOJIHOE Pa3J/IOKEHHE NPH MaJiblX
aMIVIMTYZaX /I pellleHUsl ypaBHEHHs

6 4+ _lg_ sin 6 =0,
OIIMCHIBAIOWIETO KOJE6AHHA MasATHUKA.

3.4. IToctpouTs paBHOMEPHO HPHIOAHOE pasJioXKeHHe BTOPOro MOpsAKa Aas
NIePHOJHYECKOTO DEIIEHUS ypPaBHEHUS

U-u=g {(1—u?) u,

3aMeTUB, YTO aMIVIUTYJa He IPOHU3BOJIbHA.

3.5. [TocTponTh paBHOMEPHO NHPHULOAHOE pAa3JIOKEHHE NEPBOrO MOpsAKa LIS
NIepHOHYECKOTO PelIeHHA CHCTEMbl YpaBHEHHI

ii—|—u=8(l—z) u,
T2 F2=u?

TAS T—=I0CTOAHHASA,
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3.6. PaccmoTperp ypaBHeHHe
U+ wju=-¢cu -k cos wt.
OrnpeflesTUTh P aBHOMEPHO NPUrOJHBIE Pa3JIOXKEHHST I[epBOrO MOPsAKa I8 NepHOAH-
YeCKHX peIUeHUi, ecnau
(a) 0y ~ 20 (yKasaHue: TOJOKHTb Wy=20-}&60 H U=uyt€cuy. .., Tle uy=
= g cos (20f 4 B) -+ (1/3) ko —2 cos w!, 3aTeM ONpeACIHTS a U [} U3 YPABHEHAA IJA i1);
(6) Wy = ©/2 (@ B 3TOM Cjydyae NPOU3BOJBLHO).
3.7. PaccmoTpeTh ypaBHeHHe
U -+ 0gu ==u® -+ k cos @t

OnpenenuTb PaBHOMEPHO NPHTOAHbIE Pa3JOKEHHsT MEPBOrO Hopsiaka A MepHonH-
HeCKHX pelleHHH, ecyH (a) 0y = 30 u (6) 0y ~ /3.

3.8. Onpenenuth pas/orKeHUs BTOPOTO NOPsiiKa [/ HEUCTHbIX pEILeHHH, cooT-
BETCTBYIOIIUX N€PEXOAHBIM KDUBLIM ypaBHEHHS

4+ (8-+¢ecos 2t u=0
rae § 6ausko x | wim x 4.
3.9. Paccmotpers ypaBHeHUe

P Su

l+-e cos 20

(a) IToCTPOHTE PE3JIOKEHHST BTOPOrO [1OPSAKA [J/sT NEPEXOAHBIX KPHBBIX BO.IH3H

§=0, 1, 4 (Uenp [1959]).
(6) I/ICHO.Hb3yH MeTol YuTTeKepa, HOCTPOUTb PasJOkKeHHe BTOPOro NOpsijKa
A8 u BOJIM3H THX KPHBBIX.

3.10. Paccmorpers ypaBHeHHE
§—ecos?t

+l—s Losatu—o'

(a) Onpefe/uTh pa3/OMEHHS BTOPOro MOPAAKA I/l NEPBBIX TPEX MEPeXOAHBIX
gpusbix (Paux u [sen, [1969]) (1. e. B6ausun §=0, 1 u 4).
(6) Vcnosbays meron Yurrekepa, HafiTH u BOJIN3HM 5THX KPHBBIX.

3.11. Paccmorperb ypaBHeHHe
U+ (8- cos® {) u=0.

OnpeleauTs Pa3/oXKeHHs BTOPOro NODAAKA A8 NEPBBIX TPEX NEPEXOJHHX KPHBHIX,
HCII0/ib3ysl METOA PACTSIHYTHIX [4paMETPOB H METOA ¥ UTTeKepa.

3.12. Onpenennts ¢ TOYHOCTbIO O O (8) NMEPHOIMYECKOE pellleHHe YDaBHEHUS
{Manxonaaug [1971])

Ut g (1 —u?—u? — 52 (UL ).
3.13. Iloctpouts passoxKenne nepBoro NOpsAAKa AN ypaBHEHHS
4+ hu=gu3,

flofukneHHoe ycdaosuam: (@) u (0)=u (M)=0 v (6) u ({)=u (¢} 2n).
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3.14. Onpegseauth pasjoKeHHe NEPBOrO NOPAAKa AJIS CHCTEMbl yPaBHEHHH
i+ hu=c¢(sin 2t - u?) u,
u (t)=u(t4 2m).

3.15. IMocrponTs pasyoxeHHst NepPBOrc NOpsAAKa s 3ajad

(a) u-+hu=ety,
ut =u (t4-2n).
(6) i+ A =ce(« cos 2t -+ B sin 2£) u,

u(ty=u (t-+2n).

3.16. OmpegennTb pasJioxeHHe NEPBOTO NOPSIAKA NEPHOAHYECKOTrO DELICHHS MpH
MaJiblX aMIVIMTYAax AJsT CUCTEeMEl ypaBHeHHH

35+% x-+g (1—cos 0) — (I +x) 62 =0,
o g X 2 .. _
6+—l+xsme—{———l+xx9_0,

KOTOpasi ONHCLIBaeT KoJeGaHMA Kaualollefcs NpykKHHB AMHHOR [. k-—mocTosnnas,
ol =k/m = 40;=14g/!.
3.17. CroGofuble KOJeGaHMsi IUADHUPHO 3aKpenJeHHONl 6GaJnku Ha YNpyrom
OCHOBAHHH OITHCBIBAIOTCS KpaeBOH 3ajlaved
Ugxxx+ VU EVUE 4 upp =0,
w0, H=u(@, )y=uy (0, t)=uy, (", {)=0,
w(x, O)=asinx, u;(x, 0)=0,

rRe ¥, @ 4 &€—nocTosiHAbe, I1OCTPOHTL pasioxenus 20 O (8) nam uacTOTH KoJje-
G6anuii (Xan [1965]).

3.18. Ilpomoxkuts pasnoxenus u3 . 3.1.4 n 3.1.5 f0 BTOpOrO nopsixa.

3.19. Paccmorperb pelllesde cJelyIOIIEro ypaBHeHHS B BHAE OJHOPOJHBIX pac-
[IPOCTPAHAOILHXCA BOJIH

Upt— Uy, 1 U =reud.

Pelienust HcKaTb B BHAE u—=aexp i (kx —f)-} Bhiciune rapMoHukd. OnpejenuTs
CABUT YaCTOTHl ¥ BOJIHOBOTO YHC.JA.

3.20. Paccmotpets 3agauy
Uttt Uy g Uy g =EUS,
u(x, 0)=a cos kx, u;(x, 0)=0.

(a) TlocTpouts nmpsMoe pasJioXkeHHe NMEPBOro NOpsjKa.

(6) Cnenatb 310 pas3/ioXKEHHE DAaBHOMEPHO NPUTOJHbLIM, NPHMEHHB MeTOl Iepe-
HOPMHDOBKH,

(8) Onpenenuth pasfoxenne, npurognoe aas (=0 (8~1), HCnoJAb3ys MeTOA
pPacTAHYTBhIX NApaMeTpoB.

(r) Ilokasatb, YTO 4acTOTa CTAHOBUTCH RENpPUronHO# BOAM3H k= l.

(1) ¥Ynaaute ocOGEHHOCTb, NPHMEHHB METO] NEPEeHOPMUPOBKH K 3TOH 4acToTe.

(¢) [Mokasath, uTo B pe3yJibTaTe NOJYYHTCS OLIMGOYHOE PA3JIOKEHHE,
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3.21. PaccmorpeTs 3ajauy Ha COGCTBEHHbBIC 3HAYEHHS
Pxxt Pyt Ap=ex’e,
% 0)=¢x M=0(0, ) =¢(m y)=0.

IMocTpoutsh pasnoxeHue NepBOro NOPsSAKa, ecd A GJIH3KO K 2 WIH K 5.

3.22, Paccmorpers 3anauy
vo+rp=ef(x v, 2) ¢,

rie ¢ ofpawaercss B Hysib Ha IMOBEPXHOCTH KyGa co croponoi m. IToctpouts pas-
JIOXKEHHs TMepBOro nopsiaxa, ecad A =~ 3 wiu 6, ecan (a) f=x2 u (6) f=x2y.

3.23. Tlonepeunnle cBoGojuble KOJeGaHUA LIAPHHPHO 3aKpPelJieHHOH GaJjKH NpH-
BOJAT K KPaeBOH 3ajaue

Elwy iy —Twyy - pwp =0,
[
ES
T = —27' S (wx)2 dx,
0

@ (0, )=w(l, §) =gy (0, 1) =wyy (I, =0,

. ax
w(x, 0) =a sin T Wt (x, 0)=0,
rae £, 1, p, S, a u I—nocrosnusie. [TocTpouTh passoxerne nepsoro MopsaxKa Aas
Maabix amnuutya (Msencen [1968]).

3.24. PaccMorpers 3amauy
(x+ep)y'+y=0, y()=1L

(a) IToctpouts npsMoe pas/oXKeHHe BTOPOro nopsagka. Kakosa o6JacTb HeoxHO-
POLHOCTH?

(6) Crentath 5TO pasJioKeHHE DAaBHOMEDHO MPHIOAHBIM, HCMOJb3YS METOA nepe-
HODMHDOBKH.

(8) [TocTpouts passnoKeHHe NEepBOrO MOPSAKA (ABA uJe€HA 1O y U TPH uJeHa
10 x), HCHOJb3ysT Meron JIaiTXHJa, H CPaBHHTb €0 C PasJokKeHHeM, HalJeHHHIM
B n. (6).

(r) HaiiTu TouHOe peluienvie, NOMEHSIB POJSMHU 3aBHCHMYIO M He3aBHCHMYIO ne-
pemeHHble, H CPaBHHTb C peUIEHHAMH, HaHAeHHBIMH B . (6) H (B).

3.25. [lokasartb, 4TO PaBHOMEPHO MNPHIOIHOE Pa3fOKEHHe IS 3ajauu
(ctepy +xy=be=*, y(l)=e-1
UMeeT BHJ
y=e8(0InE+1)--0 ),
cae x=f—=e (bInE+b-+1)4-0 (e?).
3.26. PaccMotpers 3afauy
, 1
Frepy' —zy=1+2 y()=1
(a) ITocTpouTh mpsiMoe pasJiokeHHe BTOPOrO MOPAIKA M HCCJEAOBATH €ro PaBHO-
MEepHOCTD.

(6) CnenaTb 3TO pasjiolKeHHe PaBHOMEPHO NPUIOJAHLIM, HCIOJbL3Ys METOA [epe-
HOPMHPOBKH.
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() TToayuurh pasioxende nepBoro nopsika, Mcnonbays Merox Jlaftxuaia, u
CpaBHHUTL pe3yJabTaTr ¢ 1. (6).

3.27. Hcnonb3ys MeToJ, NEPEHOPMHUPOBKH, CJAeJaTh pPasJoXkeHHe H3 yNpaykHe-
HHS 2.12 paBHOMCDHO NPHTOAHBIM.
3.28. Paccmotperb 3anauy
(e +-ey) ¢’ 4 nxt = ly—mx™-1=0,
y(M)=a>1.

(a) IToxasatb, u4TO0 TOUHOE PeIUEHHE HMeeT BHI
1 1
x"y—i—§ ey? =x" - <a—(——§— ea?—1 > .

(6) TlokasaTe, uro npumeHeHue Mmeroxa Jlafitxusaaa naer
Yy~ yo="+a—NHE-",

e 1 eBp—ay)
x_§—7(n—m)§”?+n(a-——l)+0 (&%),

(B) IlokaszaTb, uTo NPUGIHIKEHHOE PellleHHe HempuroaHo B6aKH3H x =0, 3a UCKJIO-
yeHHeM HeKOTOphx 3Hauenuit m u n (Kamctok [1968]).

(r) BBecTH HOBYIO TepeMeHHYIO 2= x" B HCXORHYIO 3a3faduy H 3aTeM, DacTHHYB z,
NOCTPOUTh NpHOGIMKeHHOE peileHue A5 y. ONpeleHTh YCJIOBHSA, MPH KOTOPHIX
HOBOe pasJsiokeHne GyJeT NMPHUTOAHBIM BOJIH3K HauaJsa KoopauHat (Beprcaiin [19707).
Hexons ms 3TOro, onpelesivTh pOJb 3aMeHbl HE3aBHCHMOH NepeMeHHOH B INpeBpa-
WeHUH TPUGIHKEHHOTO PelleHHS B PAaBHOMEPHO HPHTOLHOE.

3.29. Paccmorperh sajauy
Ou |, du
(l+8u)5)—c+a_y_0v LL()C, O)ZSCP(X)

(a) OnpeneanTs IpAMOe Pa3JolKeHHe MepBoro mopsaxa mpu & <€ 1 u wuccaeno-
BaTb €r0 PaBHOMEPHOCTb.
(6) Cpenatb 310 pasJjioKeHHe PaBHOMEPHO MPUTOAHBIM, UCIIOJB3YS MeTOl, mepe-

HOPMUPOBKH.
(8) ITocTponTs pas/oxkeHHe NEPBOrO MOPSAKA, HCMOb3YS MerTof JIadTxu.aa, U

CPABHUTb pe3yJbTar ¢ 1. (6).

3.30. Paccmorpers 3afauy
Upt —CPUy = Uyl
u(0, H)=ep(t), ¢ (1)=0 npn <0,
ux, 0)=0 npu x=0.

(a) Toctpouts npsiMoe pasiokeHHe NEPBOTO HOPSAKA W CAEJATH €ro ,,PaBHO=
MepHO NPHTOAHBIM®, HCIIOJIB3YSE MeToJ| TepeHOPMHPOBKH.

(6) Onpenesnts pasnoxenude nepBOro NOPAAKA, HCMOab3YsA Merof Jlafitxu.iaa,
W cpaBHHUTh C n. (a). IlokaszaTk, 4TO NMepeHOPMHPOBKA 4 BMECTO 4, IPHBOAMT K He-
BepHBIM pe3yJbTaTaM.

3.31. Paccmorpers 3agauy (Jlafitxuun [1949a]):
ou n 0% | du
O Trrg T <a7+a—_,,> u=ty
u (x7 0):U (xv 0):();
u(0, y)=e@)y=", 0<n<l,



Y npascrHerus 123

cae ¢ (0)=0. ITokasars, 4To paBHOMEPHO IIPHTOJHOE PAa3JOKEHHe NEPBOro NOPSiKa
AMeeT BUJ

u=2gp () (x+n)~"+0 (%),
1-n
y=ﬂ—8(P m) gx—‘t;]) 40 (e2).
3.32. Paccmorperts 3anauy

Ut =y =Bl yll sy,
ulx, 0)=F @) -+gx), usx 0)=c(g ®)—F (x)),
rae [(x) n g(x)—orpandHuenHple GYHKLIHH X.
(a) Onpegeautb npsiMoe pasfoxKeHHe Mepsoro nopsaaxa. Moxuo sn cpenats ero
PaBHOMEPHO NPUTOAHBIM, HCNOJL3YS! METOJ MNEePEeHOPMHDPOBKHU?
(6) IToayunTs pasaoxeHHe NepBOrO IOPsAKA, HCIOJb3YS METOA PaCTAHYTBIX
KOODJAHHAT.

3.33. Paccmotpers 3anavy
ey’ +y=1, y()=1

(a) Tlokasatp, uyto MerTox JlafiTxuisa He JaeT PaBHOMEPHO NMPHUIOAHOTO PasJio-

KeHUS.
(6) [Toxasarb, uTo pacTsKeHHe y BMeCTO X JaeT DaBHOMEDPHO MPHUTOAHOE pas3-

JIOXKEHUe
(8) Mccoenobatb, MOXKeT JH pacTsSiKeHHe y' NaTb PABHOMEPHO NPHIOZHOE pas-

JloKeHue s
ey’ +y +y=0,
yO)=o, y()=p.

3.34. PaccMotperb 3anauy
L+ u=¢f (u, u).
(a) [loxkasarb, 4TO MeTOA PacTAHYTHIX KoopamHar (MPK) mpusoaur K
u=asinge+0(E), ¢=s+c
t=stet (s)+...,

rje

2n
1 .
af}=a=— —H—S flasin g, acos ¢} cos ¢ dey,
0

2n

1 , .
2at;=f="" S fla sin @, a cos ¢]sin ¢ de.
t

(6) TMokasars, uto oo =0 u [} — nocTosnHasn, Takas, 4to f;=(1/2) fa=1!s-} const.
(8) HMcxoas u3 storo nokasatb, uto MPK JaeT To/1bKo npejespHble LHKJb WHJH
apejeabHble TOYKM AJs 3Tol 3apaun (Halids [1966]).



TJIABA 4

MeTon cpamuBaHusg aCUMITOTHYECKHUX
Pa3J0XEHHA U COCTABHbIE PA3JIOKEHHS

Pesyabratsl § 3.5 NOKasbIBAIOT, YTO C NOMOILBIO METOAA PaCTs-
HYTBIX KOODAHMHAT HE/b3f MOJYYHTb PABHOMEDHO NPHIONHBIE DPa3Jo-
JKeHHs B CJAydYasiX, KOrja B HEKOTOPhIX 06/acTiX H3MeHeHUs Hesa-
BHUCHMBIX ITepEMeHHBIX 3aBHCHMBlE MepeMeHHBIe HCILITHIBAIOT pPe3KHe
usMeHeHHs. B Takux ciayuasix, Kak MPaBUJIO, HPSIMbIE Pas3/IOXKEHHS
CTAHOBSITCSl HE[IPUTOJHBIMU B YKA3aHHBIX 06J1aCTsX, W HOUYTH TOMXKJECT-
BeHHBEe MpeoBpa3oBaHHs HE3aBHCHMBIX TEPEMEHHBIX (pacTsiHyThbie
KOOPAMHATHI) HE MOTYT KOMIEHCHPOBATb 3THX pe3KHX H3MeHeHHH.
YTo6B MOJAYYHTb PABHOMEPHO IIPUTOAHBIE PA3J/IOKEHHS, Mbl JOJIKHbBI
BLISICHUTb M MCIOJAB30BaTh TOT (DAKT, UYTO 5TH Pe3KHE H3MeHEeHHs
XapaKTepH3yIoTcsl yBeJTHYEHHBIMH MacliTabaMu, OTJIMYHBIMU OT Xapak-
TepHBIX MaclTaboB H3MEHEHMS 3aBHCHMBIX l1epeMeHHBIX BHe objacteil
PE3KHUX H3MEHEHMH.

OnuH U3 MeTOl0B, CBA3aHHBIX C 3TOH NpOGJeMOH, 3aK/louaeTcs
B NOCTPOEHHH NPSIMBIX Pas/oKeHHH (Ha3plBaeMbIX BHEMIHHMH pasJio-
’KEHHSIMH) C HCIOJb30BaHHEM HCXO/[HBIX IIEPEeMEHHBIX H B IIOCTPOEHHH
pasJjoxeHnfl (Ha3biBaeMblX BHYTPEHHHMH Da3J/IOXKeHUsIMH), OIHChIBAO-
[LMX 3TH pe3KHe H3MeHEHHs] M HCMOJb3YIOUIHX YBEeJHUEHHBIE Mac-
mwrabol. BHellnue passoXeHHUs CTAHOBATCS HENPUTOAHBIMU B 06./1aCTSX
Pe3sKHX M3MeHeHHH, B TO BPeMs KakK NPHIOAHOCTb BHYTPEHHUX pas-
JIOJKEHHH HapylaeTcs NMPH BbIXoje u3 3Tux obsactell. UTo6k! cBsi3aTh
5TH Pa3JIOXKeHHsl, HUCMOJAb3YIOT TaK Ha3blBaeMylo NPOHEAYPY Cpallu-
BaHHA. ITOT METOA HA3blBAeTCS MeTOAOM BHEIIHUX H BHYTPEHHHUX
passoxkenuit, ujad, no DBpeseprony [1962], meTojoM cpalinBanus
(CLIMBKH) aCUMIITOTHYECKUX Pa3JI0XKEHHH.

Jpyro# MeTOL MOCTPOEHMS! PaBHOMEDHO NPHUTOJHBIX pa3/okeHUH
OCHOBAaH Ha TNPEANONOXNEHHH, YTO Ka)KjJas 3aBHCUMAasl IepeMeHHas
gBaseTcs CYMMoH, cocTosulefi u3: 1) wacru, XapakTepusywolleHcs
MCXOJHBIMHM HE3aBUCHMBIMH [TI€PEMEHHBIMH, H 2) yacTef, XapaKTepH3ylo-
HIHXCS YBeNMYEHHEIMU He3aBHCHMBIMH NePeMEHHBIMH, NPHYEM KaKIod
o6/J1aCcTH Pe3KHX H3MEeHEHWH OTBeyaeT CBOS 4acThb B 3TOH cyMme. ITO
siBJsiercs MmpocTefiiiel (opMOH MeTOAa COCTABHBIX PA3JIOKEHHUH.

B mnocaepyiomeM maparpade Mbl ONHIIEM MeTOJA CpalluBaHHUA
ACHMIITOTHYECKUX pas3jioxenud. 3a GoJee moppoGHoil Gubauorpadueit
¥ TIPUJOXKEHHSIME 3TOrO MeToJa MBI OTChlJaeM 4YUTaTesdsl K cJepylo-
muM paGoram: Bau [aiik [1964], Basom [1965], Koya [1968] u
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O’Mannu [19686]. Kappuep [1970] caenan 0630p npuUMEHEHUH 3TOTO
Metona B reodusmke, a )Kepmeny [1967] npunaamekut o630p ero
NpHMEHEHHH B a’pojuHaMHKe.

4.1. Meroa cpam¥BaHuA aCHMOTOTHYECKHX pa3soXeHMi
4.1.1. Beenenue: meron Ipangras

UToObl onucaTh MeTOJ CPAUlUBaHHs ACHMITOTHUECKHX pasJoxKe-
HHH, PacCMOTPHUM INPOCTYIO KPaeBylo 3ajauy

ey’ +y +y=0, (.11
y(0)y=a, y(1)=h, (4.1.2)

BBefleHHyo B m. 2.2.1. Ilpu e— 0 ypasaenue (4.1.1) npusogurcs
K BHAY

y +y=0. (4.1.3)
IT0 ypaBHEHHE fBJsAETCS YPaBHEHHEM [ePBOTO NOpPsiAKa U HE MOIKET,
BooGuLe roBOpA, YIOBJETBOPHTH OGIIHM T'DaHHYHBIM YCJIOBHAM (4.1.2).
CnepoBaresibHO, OZHO M3 3THX TPAHUUHBIX VCJOBHIH JOJXKHO OLITH
onymerno. B n. 4.1.2 6yzer mokasaHo, 4To AOJIXKHO GBITb ONYILEHO
ycaioBre y(0)=c. D170 MOXKHO BHJAETH TaK¥Ke U H3 TOYHOTO pelle-
nust (2.2.7).

Ecin e— 0, To npu pukcupoBaHHOM Xx =0

y—Pet~x, (4.1.49)

YTO ABJSAETCH DELIEHHEM mpeleJbHOro ypasHeHHusd (4.1.3), noauuHen-
HeIM ycioBH0 Yy (1) =f. Pewenne npenenbHoro ypaseHeHus ofo3Ha-
yuM uepe3 y° U OyleM HasblBaTb 8HeuwlHum peuleruem. TIpu Majblx e
pellleHre MPeJeIbHOrO ypaBHeHHs OJH3K0 K TOUHOMY pemeHnto (2.2.7)
BCIONy, 34 HCKJIOUEHHEM MaJoro MHTepBaJja BO3Je KOHEYHOH TOYKH
x=0, rae TouHoe peiieHHe OLICTPO H3MeHsETCH TaK, YTOGbl YIOBJe-
TBOPUTb KPAEBOMY YCJI0BHIO Y (0) =0, KOTOpoe GbLIO MOUTH HOTEPSHO.
Jror Magblii HHTEpPBAaJ, B KOTOPOM y O4eHbL CH/ABHO H3MEHSeTCs,
Ha3bIBAETCH NO2PAHUMHLIM CA0EM B MEXAHUKE XKHUAKOCTH, 00/acThio
Kpaegoeo dpexma B MeXaHHKE TBEPIOTO Teldd U n06ePXHOCIHbIM
cA0em B 3JEKTPONNHaAMHKE.

Yro6el onpeneauTb PassoXKeHHe, IPUTOAHOE B MOTPAHHYHOM CJIOE,
Mbl YBEJHUMM STOT C/IOH, BBeAs NpPeofpasoBaHUE PaCTAXKEHUS

t==. (4.1.5)

Onpenenenve NoAXOAsIlero npeoGpa3oBaHusl PacTsiKeHUs O6yneT 06-
CyXJeHO HMKe B 3Toi rzase. [locae 3Toro npeoGpasoBaHHs ypas-
HeHue (4.1.1) npumer Buj

d? d
o T ey =0, (4.1.6)
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U npu (UKCUPOBAHHOM { NPUBOAUTCH K
d? d
ﬁ%+%:a (4.1.7)

rne & — 0. O6iiee pelreHHe 5TOr0 ypaBHEHHS] HMeeT BHJ
y=A-+Be-%, (4.1.8)

rie A u B—rmnoctosiHble. Tak Kak 3TO pellleHHe MPUTOAHO B IOTPa-
HUUTHOM CJioe, TO OHO I[PHTOJHO B Hauaje KOODAMHAT H, CJeloBa-
TeJBbHO, JOJIKHO YIOBJAETBOPSATb KPAeBOMY YCA0BHIO y(x =0)=oa,
Mockoabky § =0 coorserctByer x=0, 10 y({=0)=q; caegoBa-
TebHO, B=a—A, u Beipaxende (4.1.8) mpumer Buj

y=A+(@—A)e-t. (4.1.9)

D10 BbIpaKeHHe COJEPIKHT OAHY IIPOU3BOJBHYIO MOCTOSHHYIO A.
O6o3HauuM 3TO pellieHre 4epe3 y° U Ha30BeM ero HYMpeHHUM petile-
HUeM WIH BHYMPEHHUM DPA3AONCEHUEM.
Yro6bl onpegenuts A, 3aMeTHM, UTO
lim y° = pe. (4.1.10)
x—=>0
Kpowme Ttoro, u3 (4.1.5) caexyer, 4ro mioGoe Manoe GHKCHPOBAHHOE
3HaueHue X, COOTBETCTBYeT {-— oo Ipu &—0, u
lim y' = A. (4.1.11)
{>
Takum 06pazoMm, 3TH Opefiesisl NPEACTABAAIOT CO00H OfHO H TO Ke
3HAUYeHHe y NIPH O4YeHb MaJoOM 3HAUeHHH X=X, 7= 0. CiepoBaTtenbHO,

A =pe. (4.1.12)

ITostomy
Yy =Pe+(a—Pe)e-t. (4.1.13)

[Tpu omnpenesnennw BHeUIHErO H BHYTPEHHErO pAa3JOKEHUH Mbl
HCIIOJb30BaNH JBa PA3JHYHBIX TpelnelbHBIX Mpoilecca: gHeulHull npe-
dea, onpenensieMuil

Y= lim  y(x; e), (4.1.14)
g—>0
X PHKCHDPOBaHO

n sHympeHnut npedea
Y = {im y(es; €). (4.1.15)

e—»0
{ dukcupoBano
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Ilpouecc ompenenenus A HaseBaeTcs CpalluBaHHeM. Mbl HCNOJAb30-
BaJIH CJefYIOllee YCJIOBUE CPALIMBAHUA:

lim y°(x; ¢) = lim ¢ (C; e), (4.1.16)
x—>0 > >

YTO 3KBHBAJEHTHO DPaBEHCTBY
BHYTPEHHETo IIpejesa BHEUIHETO pelleHHs, 0603HAYeHHOTO ue-
pe3 (y°)!, BHEMIHEMY Npeleay BHYTPEHHErO PelleHNs], 0603HaAUeH-
HOMY uepes (y')°. (4.1.17)

[Ipu6anuzkeHHoe pelleHHe MCXOAHOH 3anaun paercsa (4.1.4) ans x
BHe OKpecTHocTH Hyas ¥ (4.1.13) ana x, 6auskux K x==0. Urobul
BBIUMCJAUTD y KAk (DYHKLUHUIO OT X, HEOOXONMMO IIpH BO3PACTAHMH X
IEePeKJIIOUNTBECA C OJHOTO pEIleHHs Ha JAPYroe NPH HeKOTOPOM MaJoM
3HAUEHHH X, HANpHUMep MpPH TaKOM X, Korjga o6a pelieHdusi MOTyT
nepeceubcsi. ITO NepekJIOUeHHe HeYA0OHO, U MOITOMY M3 3THX ABVX
peitieHiil MBI IIOCTPOMM OJHO PABHOMEDHO IIPHUTOJHOE pelleHHe, HA3hI-
BaeMOe CoCmasHoLM peuieruem u oboszHauaemoe uepes y°. OHO umeer
By (Dpneitn [1961])

Y =94y =)=y +y—) (4.1.18)
TTockoabky
(7)) =) = (") = (B°)),
TO
W) =y°+ () — ) =y°
@) =@y +y'—(y) =y" (4.1.19)
Taxum 06pazoM, cOCTAaBHOE pelUEHHE ABAAETCH XODPOIUUM I1pHOIzKe-
HHEeM BO BHellHel o6JjacTW KakK BHeEIHee DeUIeHHe UM BO BHYTPEHHEI
o6MacTi Kak BHYTpeHHee pellleHde. IDTO HaBOIUT HA MBICAb, UTO CO-
CcTaBHOE pellleHHe sBJAseTcss pPaBHOMEPHBIM IIPUOTHXKeHHeM Ha BCeM
HHTEpBAade H3MEHEHWs X, BKJIOUad I[IPOMEKYTOK MEXKIYy BHEUIHeHd u
BHYTpeHHe#l 06sacTsiMU. YCIeX cpalluBanus oOYCJOB/eH HajdHUyHeM
obuleil 061acTH, B KOTOPOH KAk BHElUIHee, TaK M BHYTPEHHEE pellie-
Hye TMPUTOJHO, M, CJe0BaTe]bHO, MEXJAY 3THMH 00J]acTsIMH Het
npobesa. _ '
Cnoxus (4.1.4) u (4.1.13) n Beura fe, paBHoe (y°) =(y’)°,
B cuny (4.1.17), moayuum

y© = Pper=% 4- (o —Pe) e~ 40 (e). (4.1.20)

Meton, paccMaTpuBaemblili B 9TOM IyHKTe, Obl pasBuT Ilpanar-
JgeM [1905] mis pewieHns 3amauyd OOTEKAaHHS Teja MOTOKOM BA3KOH
RKUJKOCTH NPH OOJBIIHX cKopocTAX. PYHKIMA TOKa, ONUCHIBANLIAS
IBYMepHOe oOTeKaHHe Tena, AOJKHA YAOBIAETBOPATL YPABHEHHIO
B YaCTHLIX NMPOM3BOAHBIX YETBEPTOr0o mopsaka. s BA3KOH XKua-
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KOCTH KaK HOpMajibHasi, TAK M TaHTEHIHAJ/IbHAS KOMIIOHEHThl CKO-
POCTH Ha TIOBEPXHOCTH Teja J0JKHBE o0paTuThes B Hyab. [locennee
yCJOBHE HA3bIBAETCSl YCJAOBHEM MpHJHIAHHsi, MOTOMY 4TO Jtobast
He3HAUNTEbHAS Bs3KOCTb 3aCTaB/feT XKHIAKOCTb NPHJHIATH K TeJy.
Ecau Bsskocth ofpawiaercsi B HYJb, TO ypaBHenuwe ang QyHKIUU
TOKa NPUBOJHTCSA K YDAaBHEHHIO TpeThero mopsiaka (nm. 2.2.2) u, cae-
JIOBaTe/bHO, HE MOXET YAOBJIeTBOPHTb BCEM TDAaHUYHBIM YCJIOBHSM.
[lockoabKy HeB3Kas XKHAKOCTb MOXKET NPOCKaib3biBaTh, TO YCJOBHE
NPHJMIAHKUs ONtycKaeTcs, U B pe3ysibTaTe peleHue GyAeT NpeacTas-
JSTh JBHXKEHHE MXHUAKOCTH BCIOAY, KpoMe Majioi o6JacTi BOJIH3H
Tesa, Ha3bIBAeMON noepanuunsim cicem Il panomas. B stoit obaactu
TaHTEHIIMAJbHbIE KOMIIOHEHTbl CKOPOCTH H3MEHSIOTCSl OuUeHb CHJBHO
OT 3HAYeHHsl, MOJYYEHHOTO U3 IIpeleSbHOro ypaBHeHUs (¢ BA3KOCTDIO,
paBHOH HYJ0), A0 HYJS, 4TOObl YIOBJETBOPUTb KPaeBOMY YCJOBHIO
NpUJIUNaHus, KOTOpoe paHee ObLIO OnyilleHo. [ljs onucaHus TeYeHHs
B 3To#t obsactu IlpaHATab yBeqHuus ee, BBeisl MpeoOpasoBaHUe pac-
TSKEHU S, OLEHMJ MOPSAOK BEJMUHHBI PAa3JMUHBIX UJIEHOB HCXOAHOTO
nuddepeHHaJbHOTO YpaBHeHHsT M oTOpOCH MaJbie usleHbl. Tlomyuen-
Hble TakuM 00pasoM ypaBHeHUs OBLTH PEHIeHBl, W UX PEIIeHUS OBLIN
cpailleHbl ¢ pelleHMeM 3ajaud IJis1 HeBA3KOH KHAKOCTH C HCHOJb30-
BaHMeM YCJOBHS cpamuBannsa (4.1.16).

AHaNOTHUHYIO TpPOUERYPY CPAUBAHUA WCNOJb3OBanUd Pased
[1912], Tanc [1915], Hxeddpu [1924], Benruear [1926], Kpamepc
[1926] u Bpuamosn [1926] ans coenuueHuss nmpuUOJMKEHHBIX DPasJio-
JKEeHHWU C PasjiNuHBIX CTOPOH OT TOUKU BeTBjaeHHs (cp. 0. 7.3.1).

AHaJIOTHYHBIE METOJMKH MPHMEHAMNCH B [EBATHAAIATOM CTOJe-
tuy: 1) Jlannacom [1805) mas peenus 3azay o 60J1blIOH HEBECOMOH
KarJe Ha IJIOCKOCTH W O IIHPOKOM MeHHcKe; 2) Makcgessioum [1866]
IJIsi pelleHUs] 3a1aud O KPYTHJBLHBIX KOJeOaHUAX KPYIJIBIX JHCKOB,
Bpalaonxcs Mexay 6aH3KUMH QHKCHPOBAaHHBIME JUCKamu; 3) Kupx-
rogom [1877] anst pellleHus 3aayd O KOHAEHCATOPE, COCTOSIIIEM H3
IBYX DPAa3JHYHO 3apAKEHHBIX KOHEUHBIX KDPYTJIBIX JHUCKOB.

4.1.2, Buicuive npuOGIHXKEHHS] ¥ YCOBEPIIEHCTBOBAHHBIE TMPOLEAYPHl CPallHBAHUSA

Cnycrq rofbl MHOTHE HCCJELOBATENH pPAacIUMpUAU H 0COOWHAN
meron [lpanaris. B uMX uyncjge MOXKHO Ha3BaTh TaKUX YYEHHIX, KaK
Be#np [1942], @punpuxc [1942], Hopoauuunin [1947], Jlarra [1951],
Kanayn [1954}, {1957}, {1967], Kanays u Jlarepctpom [1957], [lpa-
yiaMman u [lupcon [1957], Bummuk n Jlioctepuuxk [1957], Bacmabesa
[1959], [1963] u Ban la#ik [1964]'). Ilpouenypy cpamuBauus ¢op-

1) O63op paGor u Gubiumorpaduio no Meroay Bummka— JllocTepHuka u ero
NpUJIOKEHHSM cM. B of3oproit craTee B. A. Tpenoruna [1970], a mo acumnrToTH-
YeCKHM MeTOZAM B TeopHH OGEIKHOBEHHBIX IHMbQepeHunabHEIX ypaBHeHuit —B 00-
sopHoil cratee B. ®. Byrysoea, A. B. Bacumabesoit u M. B. ®exopioka [1969].—
Hpun. peo.
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masnusoBanu Bacuibesa [1959], [1963], Ban [afik [1964] u Kanayu
u Jlarepcrpom [1957]. Ksppuep [1953], [1954] Ha uacTHBIX IpuMe-
pax CPaBHHJA MeTOj pACTAHYTHIX KOOPAMHAT M METOX CpallliBaHHS
aCHMOTOTHUYECKHX Pas3/oKeHHH.

B 3TOM nyHKTe MBI ONpeJieJIHM BEICIIME NPUOAMAKEHNs A1 3a7aUH
(4.1.1) u (4.1.2). Haumem c BulsicHeHusi BOmpoca, Kakoe KpaeBoe
yC/JAOBHE MOXKHO ONYCTHTDL, M IONYTHO HaHIEeM COOTBETCTBYIOLLEe Mpe-
o6pa3oBaHHe pacTsaXeHHs. 3aTeM HaiieM BHeEIIHEe H BHYTPEHHee
pas3JoKeHHMsl U CPACTHM HX, HCNOaAb3ysl yeioBHe Bau /lafika. B koHue
Mbl IIOCTPOHM PABHOMEPHO [PHTOAHOE COCTABHOE PasJoXKeHHUe.

Kaxoe kpaesoe ycaogue doasicno 6oime onywero? Kak oTMeuasoch
B IpeiblAylleM NYHKTE, ecad & ofpawaercs B HyJb, To (4.1.1) npu-
BOJHTCA K ypaBHEHHIO NepBoro nopsaka (4.1.3), pemenne KOTOporo
HEe MOXKEeT OJIHOBPEMEHHO YAOBJIETBOPHTHL IBYM KPAE€BBEIM YCJIOBHSAM
y(0)=a u y(l)=p, 1, ciaeroBaTejbHO, OZHO H3 HUX AOJKHO GLITH
olnyuieHo. B OKpPecTHOCTH TOTO KOHLA, IJie KPaeBoe yCJOBHE Omyc-
Kaercs, y W3MeHsieTcss OueHb OBICTPO M BBIXOJHUT Ha 3ajaHHOE rpa-
HUYHOEe 3HaueHHe. Taxoe MOBeieHHe y CHJIBHO OTJIHYaercs OT IOBe-
JeHUs pelleHHs IpejesibHOr0  ypaBHeHus. rta Majgasi o6aacTb
HA3bIBAETCS MOSPAHUMHBIM CA0EM, UAL 00AQACHI6H0 HEOOHOPOOHOCIIL.

UTo6bl BBIACHHTH, AOJKHO JH ObITL OIYIIEHO KPaeBOe yCJIOBHE
y(1)={, BBesieM cienyiomee NpeoGpa3oBaie pacTAMKEHUS:

{=(1—x)e"* A>0. (4.1.21)
Toraa ypasnenne (4.1.1) npeoGpasyercsa Kk BHRY
d? d
gl=2h dcg —e-x—d—g——f—y:O. (4.1.22)

ITpu &€ — 0 ypaBHenue (4.1.22) 6yzer npuHHHUMATb DasJUYHbIE Ipe-
JenbHble GOpMbl B 3aBUCHMOCTH OT A.
Cayuait A >1

—= =0 wm y =A-+BCL. (4.1.23)
[MTockonbKy Mpeanosaraioch, 4TO pelieHHe Npele/bHOrO yPaBHEHHSA
(4.1.3) mpuroguo npu x =0, TO
y° =0~ * (BHELUHee pelleHHE). (4.1.24)
Ycaode cpauigBanus (4.1.16) TpeGyer, uToGH!
z;lim (A+ BE)= lim ae=*

x— 1

HJIH
B=0 n A=ae ™ (4.1.25)
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Crej0BaTeIbHO,
Yy =ae"1, (4.1.26)

[lockoapKy 3TO pelieHne NPUTOAHO NPH X ==1, TO OHO AOJKHO V[O-
BJIETBOPATb KPAaeBOMY YCJOBuIO ¥ (x=1)=f, clegoBarejgbHo,

p=oae1, (4.1.27)

yT0, BoOOIIE rOBOPS, He BepHO. Mbl OTE POCHM 3TOT C/Iyuaif, OCKOAbKY
OH HE TIPUBOAUT K YJOBJETBOPEHHIO 00OUX TPAHUUHBIX YCJIOBHI.
Cayuaii A <1

d .

=0 nm y=A=8 (4.1.28)
Dror cayyall goyiKeH ObITb OTOPOLIEH, TaK KK OH HE MOXKET YJIOB-
JIETBOPHTb YCJIOBHIO CDAIKBAHUA.
Cayuait ) ==

d’y  dy

W.—_‘f—_—o Hiam Yy’ = A-- Bet, (4.1.29)

M3 ycJI0BHS CpalluBaHUs cJeayer
lim (A + Be®) = lim ae~*,

{->w x—>1

B=0 u A=ae (4.1.30)

TakuM o6pasoM, 3TOT cJayuyall Tak¥Ke HoJXKeH OBITL OTOpOIIEH, M0-
CKOJIbKY KpaeBoe ycaobue y(x=1)=f npusonur x (4.1.27).
TakuMm o00pa3oM, NOTPAHUYHLIA CJOH He MOXKET CYIIECTBOBATb
B OKPECTHOCTH X =1, U, CJ/eROBATEJIbHO, KpaeBoe YCJOBHE B 3TOM
TOUKe HeJb35l ONYCTHUTD.
YTo6El HCCENOBATL BOMPOC, MOXKHO JIH ONYCTUTb KpaeBoe ycJo-
Bie y(0)=0, BBeieM npeobpa30BaHHe PaCTAKEHH:A

E=xe%, A>0, (4.1.31)
Torja ypaBHeHue (4.1.1) mpumer BuJ
d? d

gl=zh d;% +e"~zg—+y:0. (4.1.32)

B 3TOM cjyuae TakiKe CYIIECTBYIOT TpPH InpefenbHble HOPMBEI 3TOTO
ypaBHeHusi npu € — 0 B 3aBUCHMOCTH OT A.
Cayuaii A > 1

d2 .
dgg =0 wm y =A+BE. (4.1.33)

Cayuwait A <1
0 um gy —A. (4.1.34)
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Cayuain A =1

42 d . -
_dc_g__f__d%:o, y'= A+ Be-t. (4.1.35)

[lepBple aBa cayyas J0JXHbl OBITH OTOpOILEHB! MO NPHYMHAM, KOTO-
pple ObJIM paccMOTpeHbl Bhle. Tperu#l ke caydall mpH UCIONB30-
BaHHH KpaeBoro ycJsaosus y(0)=o [aeT BHYTPeHHee pelieHHe

y=A+(@a—A)e-t. (4.1.36)
YcJoBUe cpamuBaHus Tpedyer
Z;lim [A+(a—A)e=8] = lim (Ber~*), unu A==fe, (4.1.37)
> ® x—>0

OTKY.a
Yy =Pe+ (o —Pe)e-t. (4.1.38)

TaknuM 00pasoM, TOTPaHUYHBEI €O CYHIECTBYET B OKPECTHOCTH
ToukH x=0, u KpaeBoe ycJoBue y(0)=ca He MOXKET OBITh HAJOKEHO
Ha npejpenbHoe ypaBHeHHue (4.1.3). IlomyTHo MBI Hamau npeoGpaso-
BaHHE DPaCTsKeHHs

{=xe"1, (4.1.39)

KOTOpOe HCnoJb3oBajtoch B (4.1.5). CienoBarensHo, 06/MacTh HEOAHO-
DOJAHOCTH HMEET BHU/I

x=0 (e). (4.1.40)
Buewree pasaoscerue. ByneM uckaTh BHelllHee pa3J/IoXKeHUE B BUJIE
N-1
5 (v &) = 2"y, (x)+0 (V). (4.1.41)
Hcrnonbsys BHeWHMI mpefelbpHBIH Iepexon
e — 0, ¥ durcupoBano, (4.1.42)
nMeeM
Yo)= " limy(x; e)
g—~>0
x bURcHpOBaHO
H
m~1
Yy— 2 Snyn (x)
Yn(9)=  lim—2= (4.1.43)
]

X GHKCHpOBaHO
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UroOpl onpexesuTh 3TO passoskeHue, moicraBuM (4.1.41) B (4.1.1)
¥ npupaBHseM Ko3(QQHUMEHTH NIPY DaBHBIX cTeneHsx &. [losyuum

Yo+4,=0, (4.1.44)
Un +Yp=—1Yny, n=1. (4.1.45)

Kag 6b10 OTMEUEHO B NpeibiyLleM MYHKTe, 3TO BHeEIHee peuleHHe
NIPUTOJHO BCIOLY, 3@ HCKJUeHHeM obaactu x = 0 (e). CienoBaTte/bHO,
OHO ROJIKHO YAOBJETBOPATb KPAEBOMY yCJI0BHIO y°(1)=[, Koropoe
Bmecte ¢ (4.1.41) npuBoauT K

YD =P, y, (=0 npu n=>l. (4.1.46)

Pewenue ypaBHenus (4.1.44), nojpumHeHHOe ycnioBHIO Y, (1) =(,
HMeeT BHJ '
Yo =[Per™*. (4.1.47)

Pemenve ypabueHust (4.1.45) npu n=1, NojuYMHEHHOE YCJOBHIO

Y, (1)=0, umeer BUJ
Y=p(1—x)el"%. (4.1.48)

[Tostomy
yo=B[l +e(l—x)]er=*+0 (e?). (4.1.49)

Buympennee pasaoscerue. UToOb NOCTPOUTH pasjoXeHue, MpH-
rogHoe BOJH3M HauasJa KOOPAMHAT, IIPUMeHNM NpeoOpas3oBaHHe pac-
raxenns (4.1.39) u npeoépasyeM (4.1.1) ¥ Bugy

dzy"

Bynem HCKaTh BHYTPEHHEE PasjiOKeHHE B BHJE
N-1
yi(x; &) = 2 erY,(5) 40 (), (4.1.51)
n=1

UCTIONbL3YSA BHYymMpenHuil npedessroii npoyecc
e—0, {=xe~! QUKCUPOBaHO. (4.1.52)

Taxum obpasom,
Vo) = lslrf(l) y (e; &),

§ durcuposaHo
m-=1

Y (g &)— D &Y, (0)
Y,o@)=  lim e . (4.1.53)

e—>0
{ ¢ukcuposano
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YToGHI O peleuTh 3T0 pasJoKeHue, nogcrasum (4.1.51) B (4.1.50),
npupaBHsieM KO3PDHLUUEHTH NPU PaBHLIX CTENEHAX & M, YUHTHIBad,
4TO [ — He3aBUCHMas NepeMeHHasl, NOJMYyYUM

Y!4+Y,=0, (4.1.54)
YidYi=—Y,,, n>Ll (4.1.55)

Xora 3T0 BHYTPEHHEE PasjioXKeHHe U yJIOBJEeTBOPsIeT KPAeBOMY YCJIO-
BUlo npu x=0, HO, BoOOLle roBops, He NpeaNoJaraercs, 4To OHO
yIOBJIETBODHT KpaeBoMy ycaoBuio npu x=1. Ilockoapky x =0
cootBeTcTBYeT { =0, KpaeBoe ycioBue y(x =0)=o BMecre ¢ (4.1.51)
naer

Y,(0)=a, ¥,(0)=0 npu n>1. (4.1.56)

Peinenne ypaBHenuna (4.1.54), noaunnenHoe yciaosuio Y, (0)=a,
HMeeT BHUJ

Yo=a—A,(1—e¥). (4.1.57)
Pemenne sagaum (4.1.55), (4.1.56) npu n=1 umeer BUx
V=4, (1 —e %) —[a—A,(l +e9]¢. (4.1.58)

ITostomy

y¥o=a—A,(1—e ) +e{d, (1 —e ¥ —[a—A,(1+e8)] L} +0(e?).
(4.1.59)

D10 BHyTpPEHHee pas3JIOKEHHEe COAEpKHT ITPOU3BOJbHBIE MOCTOSHHbIE
A, u A,, KOTOpBIE NOJIKHbI ONPEeeJUThCA IPH CPALMBAHHHU C BHEI-
HuM pewenHeM (4.1.49).

¥ cosepruerncmesosarnan npoyedy pa cpaujusarus. Tlpocreitinas dpopma
CpallMBaHHUA BHYTPEHHETO M BHEIIHEr0 peLIeHHH-—3TO YCJIOoBlie
Ilpanaras:

lim y°= lim y. (4.1.60)
x>0 >
dto ycnoBHE NPUBOJUT K CPALIMBAHHIO IEPBHIX UJEHOB BHEIIHEro
U BHYTpDEHHero pas/ioxeHHH H Jaer
A, =oa—Pe. (4.1.61)
Jlerko BUzeTb, YTO 3TO YCJOBHE CPaliHBaHHUs He MOXET GbITh HCIIOJbe
30BaHO IIPH CPAlUBAaHUH ADYTHX 4JIeHOB. JleHCTBUTENBHO,

lim y°=pe (1 +¢)+ 0 (e?), (4.1.62a)
x =0

B TO BpeMs Kak
lim y=a—A,+e[A, —(a—A,) L] + O (). (4.1.626)

> >
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[lockoabky B cuay ycaoBusi cpamubanus (4.1.60) oba st pasio-
JKEHHA [OJIKHBI COBNAjaTh AJs BCeX 3HayeHUH {, TO

A,=a, A1:5e<%+1). (4.1.63)

Dro Hapymaer npeanosoxkenue, uto A, = 0 (1), koropoe GrI10 HCNOJIb-
30BAHO MPH BLIMHCBIBAHHH pasJjoxenus (4.1.59).
Bosee obmas ¢GopMyJHpPOBKAa YCJOBHA CPAIIMBAHHS HMEET BUJ

BHYTpPeHHHHA npejies1 (BHEIIHero Ipejesa) paBeH
BHEIIIHEMY IIpefiesly (BHYTPEeHHero npejena). (4.1.64)

Eme Gosee ofmwas ¢opma yc/aoBHS CpPALIUBAHUS HMEET BUA

BHYTPEHHee DasjioxeHHe (BHELIHero pas/oxKeHHsl) paBHO
BHEIIHEMY pAasJOXKEHUK (BHYTPECHHETO DAasjiOXKeHHS). (4.1.65)

CooTBeTCTBYIOIINE PAa3J/IOXKeHHS CTPOATCS C HCHOJb30BAHHEM BHeII-
Hero ¥ BHYTPEHHEro Ipejle/IbHBIX 1POIEeCCOoB, onpeneseMslx (4.1.41)—
(4.1.43) u (4.1.51)—(4.1.53) coorBercrBenHo. Ban [aiik [1964] npexn-
JIOXKHUJ CJeLylollee YCJIOBHE CPALIHBAHHS:

Mm-4JleHHOe BHYTPEHHEE PasJioXkKeHHe (A-UNeHHOTO BHEIIHero pas-
JIOXKCHHS) PaBHO

n-471€HHOMY BHEIIHEMY DAa3JIOXKeHHIO (m-4JIeHHOrO BHYTDEHHEro
pas/oxkenns), (4.1.66)

rjie m ¥ n—/Ba NPOU3BOJBHBIX WEJBIX YHCJIA, KOTODbIE MOTYT OBITh
paBHBl UJH He paBHbl. UToObl onpenesuTbh m-H 4Je€H BHYTPEHHEro
pas/ioKeHusi (n-ro wieHa BHEUIHEro pasJjoXKeHusi), NMepenuiueM mep-
Eble 71 UJEHOB BHEIUHEro Pas/ioXKeHHsl W BbIPa3HM HX Yepe3 BHYTDEH-
HIOIO IIEPEMEHHYIO, 3aTe€M DasJioXKUM HX ISt MaJblX & NpH QPUKCUPO-
BaHHOM 3HAYCHHH BHYTPEHHE MepeMeHHONH 10 m 4JeHOB. AHAJOTHYHO
noJjyuaeM npaeyio uactb (4.1.66). Ycaosne cpamusanusa Ban [laiika
IIHPOKO HMcnosas3yercs Ogarogapsi cBoedl mnpoctore. Bosee obiiee
U crporoe ycaoBMe npentoxua Kanays [1967], xoropeiit ucnossso-
BaJ mpoMexyTounble npenennl. Ppenkens [1969] cpaBHua st ycno-
BHS CpAaHIMBaHMS Y IpHILEJ K BBIBOAY, YTO XOTs YC/JAOBHE CpalllHBaHH#
Ban Jlafixa u MoXeT ObITb HEKOPPEKTHO, HO OHO IpOLIe B ymnoTpes-
JIeHU¥, ueM NMPHHOUO Hagoxenus Kamsayna.

Ycrosue cpawueanus Ban [aidka. YtoOb nmokasaTb JAeHCTBHE
ycaoBHs cpamuBanus Ban Jlafika, Mul IpPUMEHUM €ro K CpatlyBaHHIO
BHenIHero pasioxeHnsd (4.1.49) c BHyTpeHHHM pazjoxenuem (4.1.59),
B3iB m=n=1;, m=1, n=2; m=n=2.

Ilns cpaumuBaHus OJHOYJEHHOTO BHEHIHETO PA3JIOXKEHHS C OfHO-
YICHHEIM BHYTPEHHHM pasjiokeHueM OyleM JedCTBOBATb CJEAYIOLIUM
obpaszom,

OnHounenHoe BHelIHee pasjiokeHue: y ~ Pel=%. (4.1.67a)
Bripasum uepes BHYTpeHHIOW NepeMennyo: =fe'~%t. (4.1.676)
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PasznoxuM npu Manwix & =Be(l—el+...). (4.1.678)
OnHousleHHOE BHYTpeHHee passoxeHue: = _fe. (4.1.67r)

OntousienHoe BHYTpeHHee pasjoxenue: y ~ a—A, (1—e*). (4.1.68a)
BripasuM uepe3 BHEINHIOW NepeMeHHYIo

=a—A, (1—e-*%). (4.1.686)
PassioxuM NpH Madbix & =a—A,. (4.1.68g)
OpHousleHHOE BHELIHee pasjoxeHue: =a—A,. (4.1.68r)

IMpupaBuss (4.1.67r) u (4.1.68r) B COOTBETCTBHH C YCJIOBHEM CpallH-
panusi (4.1.66), nomyuum
fe=a—A, nmm 4,=oa—7pfe. (4.1.69)

Tenepp cpacTHM OJHOU/IEHHOe BHEIUHEe Pa3JOXKeHHe C IBYYJeH-
HBIM BHYTPEeHHUM passoxenueM. Ilomoxum m=1 u n=2. Hmeem

OnHOY/IeHHOe BHelllHee pasJioxeHue: y ~ fel~™*. (4.1.70a)
BeipasuM uepes BHYTPEHHIOW nepemennyo: = fBe'~%. (4.1.706)
PasnoxuM npu MaJeix &: =fe <1—— el —|——1- e 2} . (4.1.708)
J{BydsieHHOE BHYTpPEHHEE Pa3JoKEeHHeE: ﬁﬁe (1 ——e@) (4.1.70r)

JlByusienHoe BHyTpeHHee pas/oxenue: y~ a—A,(1—e” BES
+e{Ad (I —e % —[a—A, (1 +e 5]} (4.1.71a)
Bripasum uepes BHelIHIOW NepeMeHHy0: =o—A,(l—e=*/2) 4

- a{Al (1 —e=%/8) —[a— A, (1 +e—x/e)]§}. (4.1.716)

Pasnoxum npu maneix &:  ={(a-—A4y)(1—x)+ed,. (4.1.71s)

OnuousenHOe BHelllHee pasnoxenue: =(a—A,) (1—x). (4.1.71r)
IlpupaBusi (4.1.70r) u (4.1.71r) B COOTBETCTBHH C YCJIOBHEM CpailU-
paHus (4.1.66), noayuum,

Pe(1—el) =(a—A4,) (1 —x). (4.1.72a)
[Nockoneky x =¢€f, TO

ao—A,=Ppe nmu A,=o—pPe. (4.1.726)
Takum o6pa3oM, MBI He IOJIYYH/IM HHKAKOH HHPOpPMANUH OTHOCH-

TEJbHO Aj;.
[Monoxus m=n=2 B (4.1.66), noayuum
JByunennoe BHelHee pasjoxenue: y ~ P [14¢ (1 —x)jer~*. (4.1.73a)
BripasuM uepes BHYTPeHHIOW0 NepeMennyio: =f [1--¢ (1—el)]e! .
4.1.736)
Pasznoxum npu Majmx &1 =fe(l+e—ef...). (4.1.738)
[ByunenHoe BHyTPeHHee pasJsoxeHue: =fe (l+a—a§) (4.1.73r)
JByuneHHoe  BHyTpeHHee  pasjoxeHue: Yy~ a—A,(1—eF) +
+e{A; (1 —et)—[a—A, (1 +e )] ). (4.1.74a)
BripasuM uepes BHelIHIOIO NepeMeHHYI0: =a— A, (1 —e~*/¢) |

te {A (1—e=#/2) —[o— Ay (1 +e-5/2)] g} (4.1.746)
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PasnioxuM npu Maseix &1 =(a—A,) (1—x)-+ed,. (4.1.74B)
[Byunennoe BHelnmnee pasaoxkenune: ={a—A,)(l—x)+eA,.
(4.1.74r)

IMpupaBHas (4.1.73r) u (4.1.74r) B COOTBETCTBHH C yCJOBHEM CpallH-
Bauusa (4.1.66), moryunm

A, =a—1Be, A,=pe. (4.1.75)
[Toatomy

{ = Pe- (a0 — Be)e S+ e {Be (1 — e~t) — [Be— (2 —Be) e~F) L} -+ O (e2).
(4.1.76)

Cocmasroe pasaoscerue. Kak ofcyaanocsk Bulille, BHEINIHee pas-
JIOJKEHHE HENPUrOoJHO B OKPECTHOCTH HayaJja KOOPAMHAT, B TO BPeMs
KaK BHYTpeHHee pasjoxeHHe, BOoOLle T[OBODS, HEMPUTONHO HUTIE,
kpome obaactd x =0 (g). Uro6s HalTH pa3/okKeHUE, NMPUTOIHOE Ha
BCeM HHTepBaJje, [OCTPOHM COCTaBHOE pasiaoxkenne y¢ (Bacunbe-
Ba [1959]; Dpaeiin [1961])

Y=y 4 — ) =y°+y —(y). (4.1.77)

DTy 7Ba BbIpaXKeHHS BSKBHBAJEHTHH B CHJY YCJOBHS CpalluBa-
uus (4.1.66), tpeGyrowero, 4ToOH

(¥°) = (). (4.1.78)
A mocKoaBKY
WY =y, @Y=y (4.1.79)
10 (4.1.77) npuBOAUT K
()Y =y° u (y¥ =y (4.1.80)

IlostoMy y° Gyner TakuM e XOPOWHMM NPHOIHKEHHEM LIS Y, KaK y°
BO BHelllHe# o6JacTH U Kak y' BO BHyTpeHHeH 06.1acTu.

INockonbky kak (4.1.73r), tak u (4.1.74r) onpezmensiet (y°)!, TO
COCTaBHOE pa3/IOXEHHEe MOXKHO IOJyYUTb, NPHOABUB K BHEILHEMY
pasznoxenno (4.1.49) BuyTpenHHee pasaoxeHnne (4.1.76) u BouTH
BHYTPEHHEE pa3/ioKeHHe BHeUIHero pasjyioxkenus (4.1.74r). Taxkum
06pa3oM, MOJYyUHM

y =B [1+e(l—x)e =%+ [(a—Pe) (I +x)—ePe] e~ - O (e*).
(4.1.81)

4.1.3. YpasHeHue BTOpPOro nopsiaka ¢ NepeMeHHbIMH KO3pHUHEHTaMH

B 3ToM nyHKTe MB!I ITOCTPOHM pPaBHOMEPHO IPHUIOJHOE pasJioxKe-
HHE IepBOro [IopsaaKa A4 peuieHus saladu

ey’ +a(x)y +b(x)y=0, (4.1.82)

y(0)=a, y(1)=8p, (4.1.83)
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rie e¢<X1, a(x) u b(x)—ananuruyeckue B uutepsane [0, 1] dynk-
uuH ot x. YpabHeHue (4.1.1), koTopoe o0CyXKla/aock B ABYX IIpe-
IbIIYUIMX TYHKTax, MOXHO 3anucate B Buje (4.1.82), nonoxus
a(x)=>b(x)==1. Ecan e obpamaercs B HyJab, TO ypaBHeHHe {4.1.82)
IPUBOJUTCS K YDABHEHHIO MEpPBOro MoOpsiaxa

a(x)y +b(x)y=0, (4.1.84)

pellleHre KOTODOTO He MOXKET YAOBJETBOPHTb OGOUM KpaeBbIM YCJIO-
BHAM, ¥, CJeI0BaTeJbHO, OJHO H3 HHUX AOJXKHO GBITh onyuleHo. Kak
OyJleT IMOKa3aHO HHXKe, OTBET HAa BONPOC, KaKOE YCJAOBHE JOJIKHO
ObITb ONYLIEHO, 3aBHCHT OT TOrO, KaKOH 3HAK NpPHHHMaeT a(x) Ha
untepsasne [0, 1]. Ecan a(x) > 0, T0 Heo6XOAUMO ONYCTUThL YCJIOBHE
y(0)=a ¥ BHyTpeHHee Da3JjiOKeHHe CTPOHTb B OKPECTHOCTH TOUKU
x =0, cpamuBas ero ¢ BHelIHuM pasJsoxenueM. Ecau a < 0, To Hajgo
onycTuTh ycsoBHe y (1) =f ucTpouTh BHyTpeHHee pas/ioKeHnue BOIH3H
TOUKH X =1, cpaluBas ero c BHEWIHHUM pasJjoxkeHueM. OfHaKO ecan
a(x) meuser 3HaK B [0, 1], TO y MOXKeT U3MEHHTH XapaKTep C OCIHUJI-
JINPYIOLETO Ha SKCIOHEHIHAJBHO DACTYUIHA WM BLIPOJUTHCS B OK-
pectHocTH HYJs a(x). Takue HYJH Ha3bIBaIOTCH MOYKAMU NOGOPOMA
WIH Moukamu eemsieHus. 3ajada O TOUKAaxX BETBJIEHHS HCCJAENyercs
B § 7.3

Kaxoe xkpaesoe ycarosue doaxcro Goims onyuyero? HU1obbl uccaeno-
BAThb BONPOC, MOXKeT Ju ObITh omylieHo ycjosHe y (0) =a (T. e. o6pa-
3yercs JH I[OIDAaHHYHBIE CJ10H B OKPECTHOCTH HyJAs), BBeIeM Ipe-
obpasoBanue pacTsXKeHUs

[=xe, A>0. (4.1.85)
Torpa (4.1.82) mpumer Bug
o1 =95+ 67 (¢10) b (10 y =0, (4.1.86)

Ipu e — 0 (4.1.86) npumer Bug

dC2_O npu A > 1,

d;“o npu A <1, (4.1.87)

dC2 LY ta (O)dc-—O opu A =1.

UTo6b1 MOXKHO GBIIO CPACTHTDL pelllenye ypaBueHHs (4.1.87) ¢ BHemHAM
peilleHyeM, ONpeJessieMbIM IpeleIbHBIM ypaBHeHueM (4.1.84), Heobxo-
IMMO, yToGbl CYLIECTBOBAJIM pelleHust ypapsenus (4.1.87), orpanu-
YeHHble NPH [ — oo, OrpaHuyeHHBIMH pELIEHUSAMH B I€PBBIX IBYX
Cayyasix 6yAyT MOCTOSIHHBIE, CJIEAOBATEJbLHO, OHHM NOJIKHBL OBITH OT-
Opoutenbl KaK NPHBOAsiLLEE K ONPEAEJEHHBIM M POTHBOPEUHSIM, aHAJIO-
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CHYHBIM T€M, ¢ KOTOPBIMH Mbl CTOJMKHYJAHCHL B 1. 4.1.2. Anajoruyso,
ecan a(0) <0, ToO OrpaHHYeHHLIM DellieHHeM B MOCJAEAHEM ciayuae
(r. e. mpu A=1) Oyzer TakkKe JUIb NOCTOAHHAS, U 3TOT CJaAydaH
nago Oyner TakiKe orGpocuth. CiepoBarenbHo, B Touke x =0 He
Gyuger norpannuHoro cjosi. Ecau a(0) > 0, To ofuee peulenue NpH
A =1 umeer BHI

yi=A 4 Be-e O, (4.1.88)

DTO pelleHHe OTPaHUYEHO NPU {— 00 M CONEPHKHUT ABE IPOH3BOJB-
Hble TOCTOSIHHBIE, CJEJ0BaTeNbHO, OHO MOXKeT ObITb IPUHATO 32 BHYT-
peHHee pasJoKeHHe, TaK Kak BMECTe C peUIeHHEM MpeNejbHOrO ypas-
HEHUS] MOMKeT YIOBJETBOPUTb OGOHM KpaeBbIM YCJIOBHSIM.

UTo6bl HCCEN0BATh, NOJIXKHO JIH GLITH onyuleHo yeaoske g (1) =P,
BBeleM NpeoGpasoBaHHe paCTAXKEHHS

n=(1—-x)e* A>0, (4.1.89)
u npeobpasyem (4.1.82) k Buay

5 d? - d
gl Té—'g Aa(l__shn)_t%_l_b(l_gkn)zo. (4.1.90)

[lpu e — 0 310 ypaBHEHHE IIPHMET BHI
d2y

d_n—z-:o opu A > 1,
dy
%—_O npu A <1, (4.1.91)

d%y dy _ H

d—n2-a(1)—aﬁﬂo npu A=1.

Pewennem ypasuenus (4.1.91), orpannueHHBIM IpH 1 — 0o, GyIET MO~
CTOsIHRAs, ecad A== 1 uan ecau a (1) > 0u A =1, u, cnegosarensHo,
3TH cJydan Hano otopocutb. Onmako, ecanm a(l) <0 nmpu A=1,
obuiee pemenue (4.1.91) umeer Bupg

y' = A+ Beathn, (4.1.92)

DTo peilieHye OTPAHUYEHO NPH 1) -— 0O, CJAENOBATENLHO, OHO MOXKET
ObLITh NPUHATO B KaueCTBE BHYTPEHHEIO pa3/iokKeHHs, TaK KakK OHO
CONEPXHUT [Be IPOH3IBOJBHBIE NOCTOAHHBIE, KOTOPBIE MO3BOJISIIOT COUe-
TaTh €ro C BHEIIHMM peIlleHHEM U YJOBJETBOPHTH OGOHM KpPaeBbIM
YCJIOBHSIM,

Taxum ob6pasom, norpaHvusbslii ciofi Gyner npu

x=0, ecau a(x)>0,

H TpH
x=1, ecnu a(x)<O. (4.1.93)
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Jlajee Mbl OIpefiesldM DABHOMEPHO NPUIOJHOE pas/oKeHHe MepPBOro
nopsiAKa AJs NepBoro ciayuas.

Caywatd a(x)>0. B stom cnyuae nmepBeld 4/eH BHEIIHEro pas-
noxeuus (4.1.41) onpenensiercss U3 ypaBHEHHS

a(x)y +b(x)y=0, y(1)=p (4.1.94)

¥ =ﬁexp[—5%dt}. (4.1.95)

1

4TO MPUBOJUT K

O61uee peuleHue 174 1epBOTo YjleHa BHYTPEHHEro pasJaoxenus (4.1.51)
naercsi (4.1.88). Tlocne npeoGpasoBaums (4.1.85) kpaeBoe ycnosue
y(x=0)=a mnpeobpasdyercs K Bupy y({=0)=oc, c/eroBaTenbHO,

y' =o—B- Be? %, (4.1.96)

Yro6el cpacTuTh y° H y', Mbl nojoxuMm m=n=1 B (4.1.66).
Umeem

OJIHOUJIEHHOE BHYTpeHHee pasnomeuue (onHOU/IEHHOTO
BHEILIHETO pas3/IoKeHHs) =ﬁexp[ Sag; dt ] 4.1.97)

OJHOU/JIEHHOE BHEIIHee pasJoxkKeHHe (OJHOYJIEHHOTO
BHYTPEHHEr0 Das3ioxeHHs)=a— B. (4.1.98)

[pupaBusB (4.1.97) u (4.1.98) B CoOTBETCTBHM C YCJOBHEM CpallH-
Banus (4.1.66), momyuum

0
B_a—ﬁexp{ S-(—) ] (4.1.99)

Cchopmupyem coctaBHOoe pasfoxenue. [dasa storo k (4.1.95) npu-
6aBum (4.1.96) u Bpiutem (4.1.98); momyyum

yczﬁexp[_g‘gg;_;dz]+{a_sexp[_ggg;; dt]}

Xexp[—a(g)x]—\-O(a). (4.1.100)

HMonoxus a(x)=0b(x)=1, npugem x
y°=Pper %4 (a—Pe) e%+0 (e), (4.1.101)

uro coorsercrByer (4.1.20). Ilomoxus a(x)=2x+1 u b(x)=
noJayuuM

y = 1f2x+(°° 3p) e+ 0 (e). (4.1.102)
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4.1.4. Ypasuenue PeiiHoablca Aas CKoJb3silieli Oonopbl

Pacnpejesenne JaBJeHHH B H30TEPMHYECKOM CXKHMaeMOM CJ/oe
B GecKOHEUHO JJHHHOH CcKoOJb3sllel onope (cM. puc. 4.1) omperne-
Jsiercs M3 ypaBHeHus PefiHosbpica, Koropoe B 6e3pasMepHBIX MNepe-
MEHHBIX HMEeT BHJ

d dp d
ﬂ<h3pgz>=A(E(ph). (4.1.103)

3nech paccrosHHe X, TOJIMWHA CJI0s h W JgaBjeHHe p NPHUBEAEHBI
K 6e3pasMepHOMY BHAY C NOMOLIBIO CAEAYIONHX XapaKTEPHBIX nmapa-

Puc. 4.1.

MeTPOB 3aJaud: AJMHHLI OMOPbl BJOJb HANpaBJEHUS IBHMKEHHA L,
TOMIMHBLl €109 CMaskd 7 Ha 3aJHEM KOHIE ONOPhl M BHEIIHETO
nasjienus p,. Uncao A onpepensierca Boipaxenuem A =6ulU/p,T?,
Tae W—BA3KOCTb KHIKOCTH, a U —CKOpocTh BepXHell NOBEpXHOCTH.
['pannunbie yca0oBHS HUMEIOT BUJ

p=1nmnpu x=0 g x=1. (4.1.104)

Caenyst Hu Ilpuma [1969], Gynem MCKaTth acHMITOTHYECKOE pelleHHEe
3TOH 3afaud npu GoAbIIHX A, HCHO/b3Ys METOX CPAllMBaHUSA aCHMIITO-
THYECKHX PasJ/oXkKeHuH.

BrelHee passoxeHHe HILEM B BHJE

PO = po (X) +A~1p, ()£ ... . (4.1.105)

[loxcraBus 310 pasnoxenue B (4.1.103) u npupaBHAB KoapPUIMEHTHE
NpHU paBHBIX CTeleHsaXx A~1, NOJy4YUM

d
d d d,
E)—C(hpl)::d—x(h%o ﬁ) (4.1.107)

[lockonbKY 3TH ypaBHEHUS $BJSIOTCS YpaBHEHHSIMM TIEPBOrO IO-
psAAKa, TO OJHO M3 TPAaHHUYHBIX YCJOBHH JOJIKHO OBITH OIYIIEHO,
U BHelUIHee pasJ/oKeHue GyJeT HeNPHUTrOogHLIM BOJIH3H 3TOH TpAaHHIIHL.
Tak xak h u A NOJOXKUTEJbHB, TO MO COOGPAKEHHAM, aHAJO-
THYHBIM Te€M, KOTODHle HCHOJb30Bajuch B N. 4.1.2 u 4.1.3, npugem
K BBIBOAY, YTO JOJKHO OLITH ONYyLIEHO KpPaeBoe yCJOBHE NPH X = 1.
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CnenosareasHo, yciosue p°(0)=1 Bmecte c (4.1.105) naer

P (0)=1, p,(0)=0. (4.1.108)
anTOMy peienHe s p, UMEET BH],
h

Po=11s (4.1.109)

a pelleHHe AJAA p, UMeeT BUJ

hE R (0)—n'
1=L[—‘h’(x)J. (4.1.110)

OTo BHelHee pa3joXeHHe HEOOXOAMMO IONOJHHTb BHYTDEHHHM
pasJ/oKeHHeM (peLeHHeM B NOTpaHUYHOM cJjoe) BO/u3u x = 1. Beens
npeoOpasoBaHue PACTAXKEHUS

C=(1—x)A° o>0, (4.1.111)
npeo6pasyem (4.1.103) ¥ Buay

G—ld 3 -0 d d -0
A a-;[h (1—ZA )pd—’c’]=—a—c[h(1—m ypl. (4.1.112)

Ilpu A — oo 3TO ypaBHeHHe NMPHUBOJMTCA K OJHOMY H3 TpPeX BHJIOB
d dp
EE(pE)_O npu o > 1,
d
%:0 npu o < 1, (4.1.113)
d dp\__  dp _
z(pit)=— mow o=1.
IlepBrle nBa cnyuan [AOMXKHB OLITb oTGpoleHbl, JleficTBHTENBHO,
pelileHMeM BTOPOrO YPaBHEHHS! SHBJSETCS IOCTOSIHHAS, a pellleHHe
NepBOro ypaBHEHHA BbIXOJUT Ha INOCTOSIHHYIO NpH ([ — ool), W,
TakuM o0pasoM, o0a 3TH c/aydyas He MOTYT YIOBJIETBOPHUTH I'DaHHy-

HBIM YCJOBHSIM. B TperbeM cilyyae ypaBHEHHEe MMEET I€PBbIH HH-
Terpaj BHJA

d
p%—{—p:A, (4.1.114)

rne A —nocrosiHHas. Pemlenne ypasHenus (4.1.114) umeer Bua
—f=p+Aln(p—A)+B, (4.1.115)

raie B—jipyras moCTOSIHHasA. DTO pelleHUe, TAKHM 06pasoM, siBJis-
ercsi MepBBIM YJIEHOM P, BHYTPEHHETO PasJOKEeHHS

pPr=P,(§)+ AP Q) +... (4.1.116)

1) Tounee, orpaHuuYeHHble npH { —» 00 pellieHHs [epBOro ypasHeHua (4.1.113)
CyTh nocTosiHHble.— [Ipus. ped.
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M, C/1eJoBaTeNbHO, OHO JIOJIKHO YJIOBJETBOPATh KPAaeBOMY YyCJOBHIO
plx=1)=1 wm p'({=0)=1, uto Bmecte ¢ (4.1.116) npusoautr K

Py(0)=1. (4.1.117)
IMopcraBue (4.1.117) B (4.1.115), nomyuum
B=—1—AIn(l—A). (4.1.118)
CrenoBartenbHo, P, HESIBHO ONpejessieTcsl ypaBHEHHEM
—t=P,—1+ A4t (4.1.119)

Uro6el ompeseduts A, NOJOXKUM m=n=1 B YyCJOBHU cpauiuba-
nus (4.1.66). Hmeem

OJHOYJICHHO€ BHYTpEHHEE pPasJ/joxKeHHe (OL[HO‘{JICHHOI‘O

BHEIIHETO Pas3fIoXKeHHs) = A, (4.1.120)
OJIHOUJIEHHOE BHEIUHee pa3JoKeHHe (OAHOYJEHHOro
BHYTPEHHEro pasJoxeHHs) = A. (4.1.121)

Papenctso (4.1.121) noaydeHo B pesysabTaTe pasjoOKeHHs ypabHe-
Hus (4.1.119) npu Goapmmx { c yueroM HesBHOH 3aBHCHMOCTH P,
or . IlpupasusB (4.1.120) u (4.1.121) B cooTBeTCTBUU C ycJOBHEM
cpallMBaHus, [0JYYHM

A =h,, (4.1.122a)

CJIeJOBaTeJIbHO,
ho— P
—1

—¢{=P,—1+h,lIn (4.1.1226)
COCTaBHoe PaBHOMEPHO OIPpUrogHoe pPasjoxKeHHne rnepBoro nop;mxa
B COOTBEeTCTBHHU C
Yy =y’+y' —(y°
HMeeT BUJ
h(x)+P (8)—h,+0(A™Y), (4.1.123)

rae P, onpenensiercs us (4.1.1226).

4.1.5. HecummeTpuuHbiii M3ru0 NpeaBApATENbHO HANPSKEHHBIX
KOJIBICBBIX TJIACTHH

PaccmotpuM Tenepb 3ajauy O HeCUMMeTPUWHOM M3rube mpegsa-
PHUTENLHO HANPAMKEHHBIX KOJIBIEBbIX NJACTHH, KOTOPYIO I10CTABUJIH
Anbnxaiivep u JIsBuc [1968] u kortopast ofcyxknanack B m. 2.2.4.
Odra 3ajzaya NpPUBOAUT K KpaeBofl 3ajade /s OGBLIKHOBEHHOrO AU(-
(e peHuMANBLHOTO ypaBHEHHA ueTBepTOro nopsaxa (2.2.28) ¢ kpaepbiMu
yeaosusamu (2.2.29), (2.2.30). [lpy e — 0 ypaBuenue (2.2.28) npu-
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BOIMTCA K YypaBHeHHIO BToporo mnopsaika (2.2.31), pewenue Koro-
poro, BOOGIle rOBOPs, MOXKeT YJOBJETBOPHTb TOJBKO ABYM H3 YeThl-
pex KpaeBblx ycsaoBuil. CaenoBaTesibHO, €ro peileHHe He GYAeT NpH-
rOAHBIM B OKPECTHOCTH OZHOH MJM 0o0eux rpaHull, rae HeoOXOXHMO
BBOJUTbL IOTPAHWUYHBIE CJOH.

C nomowbio paccyxXAeHni, aHaJOIHMUYHLIX HCNONb30BAaHHBIM
B n. 4.1.2, 4.1.3, MOXHO NpHATH K BBIBOLY, YTO MNOrpaHHYHBLIHA
cqoft 6yaer o6pasoBLIBATBCH B OKPECTHOCTSX OOOHX KOHIOB, T. €.
npu r=>0 u r=1. Tlorpaauunelli cjoll npu r =b xapakrtepusyercs
npeo0pa3oBaHUEM PACTIKEHHS

E=(r —b)e~t, (4.1.124)

Torza B OKPeCTHOCTH TOUKH r==b ypaBHeHHE IJIsl 4 TPUMET BUJ

d? e d g? 2 d*u e du ue
[@+b+e;d_;‘(b+a®2} “_[d“c‘zﬂﬂcﬁ_(bw@z} =0
(4.1.125)
Ilpu r =1 norpanuyubfi cJ0H XapakTepH3yeTcs INpeoGpasoBaHHEM

pacTsKeHHs
n=(l—r)e?, (4.1.126)

U I109TOMY B OKPECTHOCTH TOUKH r =1 u(g) JOJKHO YIOBAETBOPATH
YPaBHEHHIO
d? € d g2 2 “d?u & du ue?
[dn_z_ [—en Eﬁ‘(l—emz] u—[de_l—en Eﬁ‘(l—smz] =0-
(4.1.127)

Buewnee pasaoxcenue. ByneM HCKaTbhb DasjoxKeHHe BHIaA
N-1
o= 2 e, (r)+0 (V) (4.1.128)
n=0

¢ NOMOIIBIO BHENIHETo IpefeJbHOro nepexopa: e—0 npu dukcu-
posanHoM r. [lns 3TOro, IMOACTaBUB 3TO pasjoxeHnue B (2.2.28) u
IpupaBHsiB KO3p(GHIHEHTH TPH PABHBIX CTENEHAX &, MOJY4HM

d?u, | 1 du, n
EruT_I'T;—r—_%:O IpH Bcex n, (4.1.129)
OTKYna
t, =224 B,r, (4.1.130)

rie A, u B,—nocrosiunbe. [TockKoabKy norpaHuyHbI# CJAOH OpH-
CYTCTBYeT B 06OMX KOHLAX, TO Mbl HE MOXeM HCINOJ/b30BaTh Ipa-
HHUHBIE YCJIOBHsl JJisi ONpeleJeHdsds 3THX IocTOsHHBIX. OHM ompe-
AeNaTC NpU CPAIIUBAHUK BHEIIHErQ PEIIEHUs ¢ PELICHHSIMH B IO~
CPAHMYHBIX CJIOSIX.
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Brympennee pasaosenue 6 oxpecmmocmu r=b. B 3ToM cayuae
BHYTpeHHee pasJoXeHHe Mbl OyleM HCKaTb C MOMOIIbIO BHYTpeH-
Hero npefenabHoro nepexona e-—0 npn ¢UKCHpoBaHHOM { =
= (r—>b)e~1. Ilyctb

w=U, Q) +elU,(D+... . (4.1.131)

TloncraBuB 3710 pasioxenue B (4.1.125) u npupaBHAB KoahdOUIHEHTDI
Mpy paBHbIX CTEMEHAX &, MOJYyYdM

d2 d2U

(az—z—l>7z:2£:0' (4.1.132)
d2 d=U 1 dz2 \ dU
<d‘;2 '1)—_d§21:'_b <1_2_d;2>__d§°. (4.1.133)

D10 passoxeHue NOMKHO YIOBIETBOPATb IPAHHYHBIM  YCJIOBUSIM
(2.2.29), 1. e.

ui (¢ =0) = ba, %(CzO)zsa. (4.1.134)
Ilocneanue ycnosus Bmecte ¢ (4.1.131) nmpuBonsaT K
U,(0)=ba, U;(0)=0, (4.1.135a)
U,0)=0, Uj(0)=a. (4.1.1356)
O6uee pewenne (4.1.132) umeer BHJ
Uy, =a, + b5+ coe ™+ d,et. (4.1.136)

Iloctosinnasn d, ponxkHa OblThb paBHa HyJo, uHaue U, 6yner skcmo-
HEHIHaJbHO DPACTH H €ro He/b3s Oyler CPacTHTb C BHEIUHHUM pas-
JIOKEeHHEeM,

KpaeBoe ycaosue (4.1.135a) tpebyer, uto6nl

by=c,, a,+c,=ba.

Takum o6pasom, U, MoxKeT OBITb 3aNUCaHO B BUIE
Ug==bo+c, (et 4-T—1), (4.1.137)

rae C,—IMOCTOSIHHAS, KOTopast J0JKHA OyNeT ONpeAeNUThCA NpPH
cpamupanud. YrToObl NPOU3BECTH CPAllMBAHHE, NMOJOXKHUM m=n=1
B ycJoBiH cpauiuBanus (4.1.66). Hmeem
( co (r—2>)
flg"Jr By =1 €
ba, ecau ¢, =0.

, ecan 60, (4.1.138)

CueioBaTeNbHO,
=0, 54 B =ba. (4.1.139)
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Jns toro uto6sl onpemenuts A, u B,, TpeGyercsi elle OJHO COOT-
HOUIEHHE MeXAy HHUMH, KOTopoe MOXKeT OBITh MOJIyUEHO TOJbKO IPH
cpalMBAHUH BHEIIHEr0 pasJoXKeHHS C BHYTPEHHHM mpu r =1.

B 31OV npuMepe MOKHO GbLIO OBl CPA3y BHITHCATh Pa3/OKEHHE
N0 BLICHIIMX MOPSAKOB M 3areM NPHUMEHHTB cpaiuiuBanue. [Ipn atom
BO3HHKJK OBl TpPOMO3JKue aJjre6padHyecKHe BbIpAKeHHsl, NpOIop-
nHoHaNbHBIE ¢,. Boofuie roBops, He yoaercs OMNpele/UTh BHeLIHee
1 BHyTpPEHHee DA3JIOXKEeHHH J0 JGOro MOpSAAKa W 3aTeM HPHMEHHTH
cpaulgBaHue A/ OlpeleneHUs MPOH3BOJbHBIX MTOCTOSAHHBIX. Hampu-
Mep, B 3ajaue of obTekaHWH Tesa npu OOAbIIKMX uucaax PefiHonbaca
HPUXOMUTCA CTPOUTH pasJyioKeHHe IMOCJAe0BaTebHO IIar 3a LIATOM
(cM., Hanpumep, Ban Maiix [1964]).

Ecmu U, =ba, 10 pemenne ypasHenus (4.1.133), ynosaerso-
psiollee KpaeBoMy ycsaoBuio (4.1.1356) u He pactyulee 3sKcHo-
HEHIMAJBHO, HMEeT BH[

U,=c¢c, (et +{—1)Fal. (4.1.140)
Urtobn! onpenenuts ¢;, Mbl CPacTHM [BYWJIEHHOe BHYTPeHHee pasJo-
KE€HHE C ABYUWICHHBIM BHEIIHHM pasJjOoXKeHHEeM. Hmeem

IBYYJECHHOE BHYTPEHHEE DasJjioKeHue (1BYyYJeH-
HOTO BHEIUHEro pasJsloKeHud) =

—2 +Bp+e[PBo+(B—5 )], @14

JIBYUY/JEHHOE BHeElIHee pa3JoxeHue (ABYUJeHHO-
ro BHYTDEHHEro pasjoxkeHuns) = ba - {¢; 4+ a) X
X (r — b) — ec,. (4.1.142)

ITpupasuse (4.1.141) u (4.1.142) B cOOTBETCTBHHU C YCJOBHEM CpallH-
BaHHsl, NO1YYHUM
A A A
B+ Bob+e |5+ Bb +(Bo—%58 )8 =

=bo - (¢; +a)(r—b)—ec,. (4.1.143)
IMockonbky {=(r-—>b)e~!, umeem

A iBb=—c, B—R=c +a (4.1.144)

Takum o6pasom, Mp! uMeeM [Ba ypaBHenusa aasa Ay, B, u cy;
TPeTbe COOTHOMIEHHME MeXJAy HUMH [OJydYaeTcsi NPH CPallUuBaHHU
BHEIIHETO Pa3/I0XKeHHsA C BHYTPEHHHM B TOuke r =1,

Brympennee pasioscenue 8 oxkpecmuocmu mouky r=1. BryTpeH-
Hee pasJjioxkeHHe BUJA

u =U,(m)+el,(m)+... (4.1.145)
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B6ausu TOYKH r =1 OyjgeM HCKaThb C NIOMOIIbIO BHYTDEHHEro Ipe-
JleabHoro mnepexojga €-—0 npud QuKCUPOBAHHOM 1 =(l—r)e~L
ToacraBuB 370 pasnoxenne B (4.1.127) u npupaBHAB KO3(bUIIHEHTE!
TpH PAaBHBIX CTENEHAX &, MOJYYHM

dz Q20
<W'1>‘dn_2°:0' (4.1.146)
42 420 a2 dl
(EF” 1)_—dn; =(2W_- 1)-—dn° . (4.1.147)

IMockonbky r =1 coorBercTByer =0, To 4!/ 1O/MKHO yHOBIETBOPATH
TpaHUuHBIM ycaoBuaM (2.2.30), T. e.

dul
u’=3‘%=0 npu n=0. (4.1.148)
Dtu ycnoBus B couetanuu c (4.1.145) paror
U,(0)=0, U;0)=0, (4.1.149)
U,(0)=0, U;(0)=0. (4.1.150)

Pemenue 3agaun (4.1.146), (4.1.149), He pacryiiee 3KCIIOHEH-
UHaJbHO, HMeeT BUJL

U, =c, (e +n—1). (4.1.151)

Uto6ul ONpeleluTb ¢,, CPaCTUM OJHOUNEHHOE BHEIIHEee DasJoKeHHe
€ OJHOYIEeHHBIM BHYTpPeHHHM pasjoxeHueM. [losyyum

Ay+ By =6, =2, (4.1.152)
OTKya )
=0 u A,+B,=0 (4.1.153)
H ~
U,=0. (4.1.154)
Pemus (4.1.139) u (4.1.153) orHocurtensio A, u B,, monayuum
Ay=— B, =125, (4.1.155)
‘CaefoBaTe/1bHO,
u(,:%(—:———r>. (4.1.156)

[ockonbky U,=0, 1o pemenne sajaunm (4.1.147), (4.1.150), ue
pacTyuiee 9KCHO.:€HIHAIbHO, HMeeT BH]

U,=c,(e"+4 n—1). 4.1.157)
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UTo6bl ONpEe/NHTh £,, CPAcTUM JBYUJIeHHOE BHEIHee pasJ/oKeHue
¢ JABYUJIEHHBIM BHYTPEHHHUM pa3sJjoxeHnueM. lMeem

IBVUJIeHHOe BHyTpeHHee pasJoXxeHue (ABYUJIEHHOTrO

BHewHero pasnoxeHus)=0-4¢e(24,m+ 4, + B,), (4.1.158)
ABYWIEHHOE BHeIlHee DasjoKeHue  (ABYUJIEHHOTO
BHYTPEHHEro pasjoxeHus) =¢,(1—r)—ec,. (4.1.159)

IpupaBusaB (4.1.158) u (4.1.159) B cOOTBETCTBUH C yCJIOBHEM cpa-
[IMBAHUSA, MOJYUUM
2b%a 2b%a

6 =24, =77, A -FBi=—0,= —T—5. (41.160)

IMockonbky A, u B, onpegensitorcsi u3 (4.1.155), 10 (4.1.144)

naer
2a (4.1.161)

Go=—Tp7 >

ausz (4.1.144) u (4.1.160) cuaenyer

20 (14 b3)

2ab (140
A =25 B, = —20+0) (4.1.162)

(T—b2)
10 3aBepuiaeT onpejpeseHue BCeX IOCTOAHHBIX HHTCTPHPOBAHUS A4
pasJ/ioKeHHd BTOPOro IOpsaKa.

Cocmasroe pasaoocerue. CHauasa cobepeM Bce pe3yJbTarhl [pe-
IBIAYIIHX TpeX IYHKTOB

wr =2 (L e s [ — (14 0) | 40 (69, (4.1.163)

r 4

wi = bo—¢ o, <e—€+ S g—1>+0(32), (4.1.164)
Wl =& (e - n—1) -0 (e2), (4.1.165)
(u”)f:ba—l—ii—zs<~li;2—§——l>+0(sz), (4.1.166)
(o) = 2% ¢ (n—1)+ 0 (¢?). (4.1.167)

Takum oGpasom, cocTaBHOEe pas/ioxkKeHHE, PABHOMEDHO [IPHIOAHOE B
uhteppane [b, 1], umeer Buz

Ut — uo_i_ui_{_u]___(uo)i__(uo)l___
b2 1 2zab? 1+ 6%
~ 15 (1 gl [ 4]

r
Jeal 2eb2a

=ity r e+ 0 (). (4.1.168)
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4.1.6. Tepmoynpyrue NOBepXHOCTHbLIE BOJIHbBI

B n. 2.4.3 3ajaua o TepMOYNPYTHX MOBEPXHOCTHHIX BOJHAX Gbljia
CcBejleHa K pelleHHlo anrebGpanueckKux ypaBHeHu# (2.4.35) pna kBaj-
pata BOJHOBOH ckopocTd x =c2. IlpsiMoe pasioxeHue Aisl pellieHHs
3TOr0 ypaBHEeHHs NpH MaJablx & (cM. n. 2.4.3) uMeer BuA

( ‘er<l—1_FxR> )}

{
F=2 1=t Tomg ey T O

(4.1.169)

npyU Majgbix T 4

x=%{1— A [(T:Tf)2+M2]}+0(e3) (4.1.170)

T—1 1—1

npu Goawswmx T, rae F(ck) u M (ck) onpenensiiorca u3 (2.4.39) u
(2.4.42) cooTBETCTBEHHO, H

xp=ck ~ 0,2817 (xBagpar ckopoctu BOAH Pajes).

Ckopoctb BonH Pasesi siBasiercst pellieHHEM ypaBHEHHSA

G (ck) =1~—ck. (4.1.171)

Scno, uro pasnomxenue (4.1.169) craHOBUTCH HENPUTOJHBIM, €CJIH
11 1/xp. JeficTBUTeNbHO, X-— 00, ecan T— l/xp. Bropo# wien
pasjoxenus (4.1.170) noxasesiBaeT, 4TO OHO CTAHOBHUTCSH HENPHUIOL-
HpM 0pu T}, a U3 paccMOTpPeHHsi TpeTbero ujieHa CcJllefyeT, UTO
[NPUTOAHOCTh 3TOr0 pasjioKeHWs Hapyiaercd 3ajoaro a0 t=1.
MMockonmeky u3 (4.1.171) G (xg)=1—xp, To KO3pdunHeHT npu M?
B (2.4.42) ofpaulaercss B Hyab, ecau t= l/xp~ 3,650. Cnenona-
TeNbHO, Kak M, Tak W X CTpeMsITCs K GecKOHeYHOCTH HpH T 1/xp.
Takum ofpasom, o6a 3TH pasNOXKeHHs CTAHOBATCH HENPUTOXHBIMH
npu tp=1/xz.

YUro6H onpenesnTh pasjioxkeHHe, paBHOMepPHO MPUTORHOE .14
BceX T, Mbl GygeM paccMaTpUBaTh BHIIENPHBEIEHHBIE DPa3/iOXKeHHA
B KauecTBe BHEIIHMX pa3J0XKeHUH u JONONHHM HX BHYTpPEHHUMHU
pasjaoKeHUsAMY BOJN3H T ==Tp. BO Bcex mpumepax, pacCMOTPeHHBIX
A0 CHX TIOp, HaAM MPHXOAWJIOCH NPUMEHSThL mpeobpasoBaHue pacTs-
MKeHHsl TONBKO K He3aBUCHMBIM MepeMeHHbIM. OJHAKO B 3TOM c/ayuae
Mbl HaULI¥, 4TO [peoOpa3oBaHHe pacTAXKEHHs HEOOXOAMMO MpuMe-
HUTb KaK K He3aBHCHMOH NepeMeHHOH T, Tak H K 3aBHCUMOH Iepe-
MeHHOH x. BBegem cJjiepylomee npeobpasopasue:

TR -

T=—Re, X=X n 0<mn<l. (41172
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[Ipexkae uem nenats 3aMeHy NMepeMeHHBIX B (2.4.35), 3aMeTHM, 4TO
[1—xt(l+4e)+ A2 =
=(l—xt+ A)2—2x1e (1 —x14+ A) -+ 0 (e?) =
=(1—x1)24+24A (1 —xv)+ A2 —2ex1(l —xt1+ A)+ 0 (e?) =
=(1—x7) [Q—xr-—x—{— 24 —ext W} -+ O(e2).

CaenoBaresibHo, cooTHomenue (2.4.35) Moxer ObITh MepeNnuCaHO
B Buje

2 24
G () =1—x—g s (14 2 ) +0(e). (4.1.173)
ITocne npeoGpasoBanus (4.1.172) momyunm

X 1—{-G'( ] 2 gl—3m/2
X =

[ ®) Vi—xp VX—en-mT

Uto0bl NMOJAYYHTh HeTPUBHAJABHLIA pe3yjabrarT MpH &— 0, MOJOKHM

2
3 *

+0(e). (4.1.174)

m—=n—=

Torina npud e — 0 paBeHctBo (4.1.174) npumer Bujg

X [1+G (xg)] = ‘

Vi—xp VX=T'
Tlonaras
E2=X—T, (4.1.175)
MOXKHO INepenucaTh 3TO0 yDaBHeHHEe B BHJE
BLTE=K, (4.1.176)
rae
2

K:

VIi—=xg[14+G (xp)]

CrejnoBartenbHo, peilieHHe 3TOTO KYGHYECKOrO ypaBHEHHs NaeT mHep-
BbIi u/leH BHYTPEHHEro pasJoxkeHus. D10 KyOuueckoe YypaBHeHHe
HM€ET OJHH HJIH TPH KODHS B 3aBHCHMOCTH OT TOTO, HOJIOXKHTEJIBHO
BbIpaxeHue

KZ T3
D==+w

Hiu HeT. [lpH NOJIOKUTENBHBIX MJIH MajblX OTpULATebHHX T BeJH-
4uHa D MOJIOXKHTe/bHA, H ypaBHeHHE UMeeT TOJBKO OJMH JeHCTBH-
TEJILHBIH KOpEeHb:

E=i/——é—K+V5— i/%lﬁ—lfﬁ (4.1.177)
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Mpn T <—3}/K?/4 cyllecTByIOT Tpu NeHCTBUTEbHBIX KOPHS 415 E.
B 3tom cayuae mbl BoifepeM TOT, KOTODBIA ONpeAessieTcsl BhlpaXxe-
HiueM (4.1.177), eciu B HeM HM3MeHHTb 3HaK npu D. Cpactum 3TO
BHYTpeHHee pasjioXKeHHe C BHELIHHMU pasjoxeHusiMu (4.1.169) u
(4.1.170) u 3aTeM NOCTPOMM paBHOMEDPHO MPUTOJAHBIE COCTABHBIE
passoKeHus.

Paszaooerue 011 0 <1< tp CpacTHM BHYTPEHHee pasJsioKeHue
C BHEUHHM pasjoxeHueMm (4.1.169), momoxus B (4.1.66) m=n=2.
Hmeem

JBYUJIeHHOe BHYTpeHHee pa3J/oxKeHHe (IABYUIEHHOr'O BHELIHEro

PasJioKeHUus ) =
=xR[1—-82/3 K_] (4.1.178)
—T
JIBYUJIeHHOe BHeIIHee pasJjiolKeHHe (ABYUYJIEHHOTO BHYTPEHHEro
pas/oxeHud) =

= xp [1—82/3 VK—T] (4.1.179)

Hanucap (4.1.179), Mbl Hamum peiieHue ypasHeHus (4.1.176) npu
6ONBIIMX OTPULATENbHBIX 3HaueHUsAX T U BolOpanu KOpeHb

E=V —T—gd... mpn T——co,  (4.1.180)

TaKk Kak Belpaxenue (4.1.177) HenpuroaHo pajas OOJbILIKX OTPULE-
teapiblx T. Ilockoaeky (4.1.178) u (4.1.179) pasHbl, TO BHeliHee
passoxenue (4.1.169) dakriuuecku ykKe cpameHo ¢ BHYTPEHHHM
passioxeHueM, npeactan/iedsbM (4.1.176). Ilostomy cocraBHoe pas-
Joxenue, TpuroaHoe aas Bcex 0<{1<CTg, MAaeTcsl BLIPAKEHHEM

x¢ :xa+xi_(xo)i —_

( ch<1—1_FxR>

4
=% 1= T T o G

+

+82/3[VK_T ——T——-Ez]}—]—O(SZ). (4.1.181)
3aMeruM, 4TO 3TO DA3JIOKEHHE pery/aspHo NPH T=Tg, TAK Kak
BKJa/Jl B CHHTYJSIPHOCTb Y/ieHa MOPSAJAKAa € B TOYHOCTH YHHUTOXKAETCH
ynenoM e¥3K/[) —T.

Pasaoocenue npu T=7t, B ostom cayuae T 10A0XKHTEIbHO.
Cpactum BHeunee pasnosxenne (4.1.170) ¢ BHYTPeHHHM, NOJIOXKHB,
TaK Ke KaK H B mpejplayumieM cayuae, m=n=2. Hueem
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JBYUJIEHHOe BHYTpEeHHee pasjioxeHHe (ABYU/IEHHOIO BHELIHEro

Pa3JIOKeHHUA) =
=Xxp(l—e2sT), (4.1.182)

JABYUJ/JCHHOE BHECIIHEE pAas3JOKEeHHE (J_IBy[IJIeHHOFO BHYTpEHHETrO

pas3ioxeHus) =
T—

R
=Xp [I— - —J—O-s]. (4.1.183)
Tax kax Beipawenus (4.1.182) u (4.1.183) paBHH, TO 3TH pas’o-
sKeHUsi QAaKTHUeCKH YiKe cpaileHul. COCTaBHOe pasJjoxkKeHHe, paBHO-
MEPHO MPHUTrOAHOEe NPU T == Tp, UMEET BUI

X€ == x° +xi_(x0)f —
=L__i_l__gz/3ngz+o(82), (4.1.184)

Haiids u Hewmwmar-Haccep [1971] nepseiMu wuccnepoBanu 3ty
3ajayy C IIOMOILLbIO METOAa CpalluBaHHsl ACHMIITOTHYECKUX pasJoiKe-
Hufl. PeayabTarbl 3TOr0 MyHKTa NOKA3bIBAIOT, YTO BHEINHee U BHYT-
peHHee pas/oxkeHHs, BooOLle rOBOpPs, He MOI'YT OBITh INPEACTaBJIEHb!
B BHUJIE OJ[MHAKOBEIX aCHMIITOTHYECKHUX IOC/e]0BaTEAbHOCTEH, CKaKeM,
1O cTeleHsM €. B 3ToM nmpiMepe BHeLIHHe pAa3J/IOKeHUs] CTPOMJIHCH
IO UeJBIM CTEMeHsIM €, B TO BPeMs KaK BHYTPEHHee DasJsioKeHHe
1o ApoGHBIM CTeNeHsM &. Kpome TOro, TOT npuMep CAYKHT AEMOH-
cTpalueil Toro, YTo HEOJHOPOAHOCTb MOXET BO3HHKATb BHYTPH 0O-
JIacTH, @ He TOJBKO Ha FpaHHIe, KaK 3T0 OBIIO B paHee paccMoT-
PEHHBIX MpHMEpax.

4.1.7. 3anaua o KocMHueckoM Kopabae 3emus — Jlynal)

B npumepax, ofcy:KjaaBuidxcsi A0 CUX [Op, ACHMIITOTHYECKHE
10C/IeIOBATE/IBHOCTH CONEPKaMN b0 Liesible cTeleHu e, aubo qpob-
Hble CTermeHd &™" majoro napaMerpa. B HeroTopelX caydasx 3Ta
ACUMITOTHUYECKHE ITOC/JEeOBATE/IBHOCTH MOTYT OKAa3aTbCsl HECnocos-
HBIMM [IPEACTABHTL pertieHde. Torjga UX NOPUXOAUTCS AOMOJNHSTH yJe-
Hamu, cojepxamumn log(l/e), Koropbie, OYIyuH YMHOMKEHHBIMU Ha
mo0y10 npoOHYIO CcTelleHb &, CTpeMATCs K HyJa0. M3 nacrosniero
npuMepa BUAHO, YTO CJEAYyeT HMeTb B BHUAY TOT (AKT, YTO MOKET
0Ka3aThCsl HEOGXOAMMBIM JOMOJHUTL 3ITH NMOCAEAOBATENBHOCTH 4YJe-
HaMH, COjJep:KamyiMH Takue Jorapudmbl, Kak log (1/e), log[log(1/e)],
log {log [log (1/¢)]}, wau uM 3KBHBa/IEHTHbIE.

PaccmatpuBaemas 3ajauya MaTeMaTHUECKH IpeNCTABJEHA YypaBHe-
uuamn (2.4.7)—(2.4.9) B n. 2.4.2, OpnoMepHasi 3ajaua HCCJEOBa-
Jacb B 1. 3.2.2 ¢ 1nOMOmBI0O METOAA PACTAHYTHIX KOOpAMHAT.
B n. 3.5.3 nokasano, 4To B JBYMepHOM cJiyuae MeTOL pPacTaHyTHIX
KOOpJAHHAT NPHUBOAUT K OUIMGOUYHBIM DPE3YJIbTaTaM.

1) Cm. npumeuanue K n. 2.4.2.— [lpum. ped.
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Ecsau BMecTo { B KauecTBe HE3aBHUCHMOH MepeMeHHO# BHIGpaTh X,
TO npsAMOe pas3joxeHHe (NOJyUeHHOe C HCIOJb30BAHHEM BHELIHEIo
npenenbHOro nepexofa w— 0 npu (GUKCHPOBAHHOM X) Adaercst Bhipa-
Kernuamu (2.4.17)—(2.4.19). Bbeio orMeueHo, uto BOJIH3H TOYKH
x==1 3TO pa3jioKeHHe CTaHOBUTCS HENPHTOJHBIM, TAK KAaK RTOPON
ujeH B pasnoxeHu” (2.4.18) umeer sorapudMHUYeCcKyr, a TPeTHIl—
anrebpanueckyro oco0eHHOCTb BOJAM3H x=1. Besuunny HepaBHO-
MEPHOCTH, 4 3HAYUT, H COOTBETCTBYIOLiee NpeofpasoBaHUE pacTsiKe-
HHSI, MOXKHO OLEHWTb, PacCMaTpHUBas OTHOLIeHWe HauboJee CHHIY-
aspHofl uvactd usena O (u?) X HaumboJiee CUHTYJSIDHOH 4acTd uyjeHa
O (n). dra oneHKa HABOAUT HA MBICJAb, UYTO OGJACTBIO HEOJHOPOX-
HocTH fABaAsercd 1—x =0 (u). Eciu Gbl MBI B35/1H OTHOLIEHHME CHH-
ryadapHofl yacth ugeHa O (W) K mepBoMy YJeHy, TO HNPHULTH OBl K
BLIBOAY, YTO 06/1aCThI0 HEPABHOMEDHOCTH ABJAeTcA | —x=0 (e~/%),
YTO HEBEpHO.

JlygmiuM cmoco6oM OLEHKH BeqWUHHBI HEOJHOPONHOCTH U Onpeje-
JieHUd 1npeoGpa3oBaHUS PACTAMKEHHS SBJSETCH HCCeI0BaHHE TMOo-
psAAKa BeJUYUHBI pa3HbIX UJIEHOB B yPAaBHEHHAX, KAK Mbl 3TO jheJsajn
B Goslee paHHMX NpuMepax. BBeneM npeoGpazoBaHue

E=F, =%, 1=55 aup>0, (4.1.185)
W n W

rae T—BpeMs, HeoOxonumoe AJas AocTHxeHHs X =1. [IpeoGpasyem
(2.4.7) X BuLy

(= MZB—a (d— Mag)— 1-sa42p ___5
A [ — Rt g (1189

JleBaga uacTb 3TOTO ypaBHEHHUS MpejcTaBiasieT co60H yCKOpeHHe Koc-
MHUECKOTO KOpab.si; MepBbH 4JEH IpaBod YacTH paBeH BKJAaLy
NpPUTSKEHHs] 3eMJIH B yCKOPeHHe KOCMHYECKoro KopabJs, nocsepHH#
yjeH mpejacTasisieT coboil BKAaJ NPHUTsKeHHs! JIYHBL B 3TO YCKOpPeHHe.
Ecnu Mmbl mpeHeOpeskeM CHJIOH TNpUTAXKeHHA JIyHBI B CPaBHEHHH C
CHJIOB NpUTSKEeHUs 3eMJid, TO MBI ITIOJYUHM BHeIIHee pPasJioKeHHe
(2.4.12), KoTopoe HENpPHIOJHO B OKDEeCTHOCTH TOYKH X =1. Takum
06pasoM, utolbl [OJNYYUTh PasjiokKeHue, HpUroHoe BOJIU3H JIyHH,
(r.e. x=1), Hago cuMTaTh, YTO BKJaJ B YCKOpPeHHE KOCMHUECKOro
Kopabsisi oT NpuTsaKenus JIyHBI UMeeT TOT xe MOPAJOK, 9TO U CaMO
yCKOpeHue, T.e.

30—2B =1. (4.1.187)

DTOMY YCJOBHMIO MOTYT YIOBJETBOPHTb GECKOHEUHO MHOIO 3HauYeHHH
o 1 P. Ilocko/MbKy BHYTpeHHee DasjioXeHHe AOJKHO OblTb CPALIEHO
C BHEIIHHM, TO CKOpocThb df/dm B oKpecTHOCTH JIYHBI JOJKHA HUMETb
TOT 2Ke NOpANOK, 4T0 H ckKopoctb dx/df =0 (1) Bmamu ot JlyHsr
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cJ/IeI0BaTeIbHO,

a=f. (4.1.188)
MMostomy

a=p=1 (4.1.189)

¥ HMCXOJHOE YPaBHEHHe MOXeT GBITb HEpElNCaHO C HCNONb30BaHHEM
BHYTpPeHHeH nepeMeHHOH §=(1-—x)u~! B Buje

d2E I—HE 2 g
=(1— ——ur = (4.1.190
=W g e )

1
d?

4= —(1—p) (4.1.191)

y —n y
[(—pge 2% 7 (gt 2™

Hiuxe Mpl paccMOTpuM OZHOMepHBIH cayuaf. Jlarepctpom u Ke-
BopKsiH [1963b] paccMorpenn aBymepHBI cayuait, a JlarepcTpoM H
Kepopksin [1963a) u Bpexkyann u Ilepko [1966] nccnenopann cayuai
BpaIllaloMUXCs LEHTPOB Macc.

[Tonoxum y =0 u npouHrerpupyeM ypasHenue (2.4.7) ¢ Havalb-
HBIMH YCJOBHAMHU (2.4.10) npu h=p=0. Hmeem

1 / dx
2dz"

BHemHee pasioxeHue (IOJAYYEHHOE C HCIIOJb30BAHHEM BHEIIHETO
npenesa p — 0 npu x GUKCHPOBAHHOM) HUMeeT BUJ (yIpaxcHeHue 2.12):

b, £(0)=0. (4.1.192)

Vot =2 x3/2-{—u( Py Vx——lnl+]l;x>+0(p2) (4.1.193)

Ilpn x— 1 oHO craHOBHMTCS HenmpuroAHeM. UToOH omucaTh peiienie
B6ausn x =1, nonoxuM E=(l—x)u~*'. Toraa ypaBuenne (4.1.192)
HNpUMET BHJ

1 d I—
T <§> = E+§ (4.1.194)

Hcnonn3ya BHyTpeHHME mnpenenbHbIH nepexol u— 0 npu § duxcH-
poBannoM, GyAeM HCKaTh BHYTPEHHee DassioxeHdHe B BHJE

ti =1, T, (8) + O (). (4.1.195)
[MpupaBuuBas KosQHUUMEHTH NPH pPAaBHBIX CTENEHSAX W, HOJYUYHM
1 d 2 1

ﬂ%) =1+ (4.1.196)

OObiee perieHne 3TOr0 ypaBHEHHS HUMEET BHJ

Vor,=—VEE+ D+ ArshV E+1,, (4.1.197)



154 . 4. Memod cpawjusarus acumMnmomu4ecKux pastoncenul

rie T, H T,~—IOCTOSIHHBIE, KOTOpble JOJXKHBI ONpEeNeJIUTHCA MpH
CpalMBaHHU, TaK K4K 3TO PAa3JOXKeHHe HENPHrOAHO BOJIH3H x =0
U Mbl HE MOXeM HCIOJb30BaTh Haua/lbHOe ycaoBHe f{x =0)=

Yro6Ll NPOoH3BECTH CpALlHBAHHE, NMOJIOXKHUM m=n=2 B (4.1.66)
H MOJYUHM

IBYUJEHHOE BHYTpPeHHee pas3/OkeHHe (JBYUYJIEHHOIO BHEUIHero
pasoXKeHHST) =

=2 +u|—E+5—In24 ity Ing|, (@.1.19)

JBYU/JEHHOe BHEIIHEE pa3/0kKeHHe (ABYUJEHHOTO BHYTPEHHEro
pasJoxeHus) =

—V2t,—1 Lx—n [%—m 2—1,——1n ‘;x]. (4.1.199)

MpupaBuas (4.1.198) u (4.1.199) B cooTBeTCTBHH C yCJIOBHEM cCpa-
L[MBaHUS, NOJYUHM

Vo, =2, u=p—2In244lnp. (4.1.200)

Otkyna
Vot =5+u|g—2n2+5np—VEEFD+ArshVE| +0(u2).
(4.1.201)

D10 pasnoxenue Kpome ujeHoB O (W) cOOEPKHUT usaeH plnu.
CocraBHoe pa3joxeHHe, DABHOMEDHO HIPHIOJHOE Ha UHTepBaJe
[0, 1], moxeT ObITh MOJYYEHO B COOTBETCTBHH C

fe=to + ti_(to)i,
OTKYJa

Vot =% x3/2—}—u[———1n2+ lnu—f——xd/z—}—]/r——
— (VO +Ee—VEEFD +1)+Arsh]f§]—)—0 3. (4.1.202)

4.1.8. OGrekanune ctepbl npu manabix yucaax Peiinonabaca

B kauecTBe nocJeiHero npuMepa paccMOTpPHM 3ajauy obTekaHus
cepsl npu MadblX 4YMcaax PefiHoabaca, kotopasi o6cyxpaJach
B 1. 2.1.4. 10T UpHMEP OTIMYAETCS OT MPEJBIAVIIHX TEM, YTO OH
onHcpiBaercss JAuddepeHnHaNpHBIM YDaBHEHHEM B YacTHBIX MpPOH3-
BoJHbIX. Kpome Toro, OoH mokasbiBaer, YTO HHOTJ2 HeoOXOAMUMO mpe-
o0pasoBanue cxKaTusl, a He pacTaxeHusd. PyHKUHA TOKa yLOBJET-
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BOpsleT YPaBHEHHIO B YAaCTHBIX NPOM3BOAHLIX UETBEPTOrO MOPAAKaA
(2.1.37) u rpauuyHbIM ycaoBHAM (2.1.39) u (2.1.40).

Paznooernue Cmoxca. B n. 2.1.4 6pl10 mosyuyeHo NpsiMoe pas-
soxenne (2.1.59), koropoe Jlarepctpom u Koysx [1955] HasBanu
pasnoxenneMm Crokca. OHO OBIJIO NMOJYYEHO C NOMOUIBLIO TaK HA3bl-
BaeMOro mnpefesbHoro nepexoga Crokca: R — 0 npu ¢ukcuposay-
oM 7. Kak Obi1o ot™meueno B n. 2.1.4, pasnoxenne Crokca y/I0B-
aeTBopsieT ycdaosuio (2.1.39) Ha moBepxHOCTH cdepH!, HO He YIOBJET-
BopsieT ycJaosuio Ha Oeckoneunoct (2.1.40). Takum oGpasoM, pas-
Jgoxenne CToKca CTAHOBHTCS HEIIPHIOAHBIM NIPH 7 — oo (MapagoKc
Yanhirxena).

Paznoocerue Oszeera. UToObl BEIICHHTb NPHYHHY 3TOH HEpaBHO-
mepHoctd, Oseen [1910} wccriefoBal OTHOCHTEJBHYIO BEJIHYHHY
,KOHBEKTUBHBIX“ WIeHOB, KoTopbiMH CTOKC npenebper, H ,BA3KHX“
4/ eHOB, KoTopele Oblin CToKcOM ocTaBjeHkl. [lpaBas uacth ypas-
unedus (2.1.45) nokasbiBaer, 4TO

npeHe6peraemsle qneHu———O<%>, (4.1.203a)
B TO BpeMs Kak IIePEeKPECTHBIe UjeHbl, OcTaBisieMple B (2.1.42),
paBHbl

%[ﬂf—e%(s[—iga—%)] w0=0(r—L). (4.1.2036)
CaenoBaTe/bHO,

B (RN g 1, (41205

u pasnoxenue CToKca CTaHOBHTCS HENPHTOQHBIM MPH 7, BO3PACTaio-
meM 10 O(R™Y).

K sToMy BLIBOLY MOXKHO MPHHATH TakkKe, 3aMETHB, UTO [ PUUHHON
HepaBHOMepHOCTH siBaAsiercsd ujed — (3/16) Rr2sin20cos® B yacTHOM
pelreHuH, KOTOPHIH He BejieT ce0s HajsiexkaluM o6pasoM npu r — oo,
CaenoBatesibHo, pasgoxenne CTOKca NPUIOAHO, NTOKA 3TOT WieH MaJ
B cpaBHeHUH ¢ WieHOM — (3/4)rsin?0 B ,, u pasioxkenue Crokca
CTAHOBUTCS HEIPUTOIHBIM, €CJH 3TH UYJeHBl HMMEIOT OJMHAKOBHIH I10-
PAAoK, T. e. ecaun rR=0(1).

Atu coobpaxesus no3poiuin Oszeeny [1910] nmoayunts npubiu-
XeHHe K NOTOKY, NPHUTORHOe Besje. JTO ABa MepBBLIX ujaeHa TOro,
uyro Jlarepcrpom u Koyn [1955] Haseaau pasnoxenueM O3seena.
Pasnoxenne OseeHa Hosyuaercs ¢ MOMOLLBIO NpeieJbHOTO epexoia
Oseena: R— 0 npu dukcupoBanHoM p = Rr. OTMETUM, 4TO Nepexosx
K p sABnseTcs npeo0pa3oBaHHeM CXKaTHs, a4 He pacTAXeHHdA. B Ho-
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BbIX MepeMeHHbIX ypaBHeHHe (2.1.37) mpumer Bun

Doy (Vo e — o gy 2t O, — 285 ) Doy, (4.1.208)

rue

02 sin@ @ 1 0

Dt =2 ‘F%(ma@) (4.1.205)

[lockosbky ofliee pewenre aubdepeHIUATbHBIX YpaBHeHH#H

B YAaCTHBIX TNPOM3BOAHBIX, BOOOILe TOBOPSA, He M3BECTHO, TO, NHO-BH-

nuMoMy, 6Gosee ymo6HO H lLesnecoo0pasHC CTPOUTb BHYTpPEHHee H

BHELIHEE pas3/oXeHUs MOCJAeJ0BaTeNLHO, WIeH 3a YJeHOM, IpuMe-

Hesl YCJOBHE CpAallMBAaHMS B KauecTBe BeAyLIero MNPHHIUIA [PU

cdopMupoBanun 3THx pasaoxenufi. Tak kak pemenne Crokca (2.1.51)

PaBHOMEPHO TNPUCOAHO, TO MBI MOXKEM HaHTH NepBHf WIEH B pas-

Joxennn OszeeHa, NpuUMeHHUB NpejelbHbll nepexox Oseena B (2.1.51).

Uro6pl ompejesuTh BHJ BTOPOrO 4jeHa, HCHOJb3yeM YCJIOBHE cpa-
I[UBaHUSA

oJHOUW/eHHOe pasJjoxkeHHe CToKca (OBYWIEHHOTO pasONKeHHS
Oseena) = pyusieHHOMY pasjoxeHuio OseeHa (OZHOWIEHHOTO
pasnoxenuss Crokca) =

=—;—R12p 51n26——§-——p51n26 (4.1.206)

Takum o6pasoM, pasjoxenne OseeHa (o603HauaeMoe uepe3 °)
JOJIKHO UMeTb BHJ

o= 2 02 sin? 0+ 1 ¥, (0, 6)+ ¥, (p, 6).  (4.1.207)

INepeoiit unen coorBercTByeT penlennto Croxca. [logcraBus sto pas-
joxenue B (4.1.204) u npupaBHaB KosbdHIHEHTH NpH R, MOMyyuM

smﬁ@)

(D2—cos G%Jr DY, = 0. (4.1.208)

dro ypaBHeHHe HasblBaeTcsi ypaBHeHueM Oseena. OHO 6bl1O nody-
yeHo O3eeHoM U3 QHM3HUECKUX COOOpaKeHHH.

Uro6el pemnTs ypaBHeHHe Oseena, Mbl, ciaeaya [loagcrefiny
[1929], monoxum

DY, = qe(1/2) pcos b, (4.1.209)
H uMeeM

(Dg_%)q}:o, '(4.1.210)
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BMecto TOro 4ro0bl HCKaTh ofllee pelieHue ypaBHeHus (4.1.208),
pemas (4.1.209), (4.1.210), n 3aTeMm HCHO/B30BaTh YCJIOBHE CpAllH-
panua (4.1.206) a1 BblOeJeHHS YJ€HOB, COOTBETCTBYIOLIUX PEIIeHHIO
Crokca, Ilpayamen u ITupcon [1957] cpactuau cHauana DS u Dp°.
[TockogabKy

@zlpszgrisingﬂ—}—O(R),
@ = R2D° = RD, (p, 6)+0 (R?),

U yCJOBHE CpaliuBaHHs O3HA4YaeT, 4To

(4.1.211)

ofHOuNeHHOe pasJjoxenue Crokca (oxHOrO uneHa D°) =
= OJIHOYJIeHHOMY pasJjoxeruo OseeHa (onHoro uneHa D),
(4.1.212)

TO NMOJYyUUM

ojHouseHHoe pasznoxenue Croxca (D2V,)= sin?0. (4.1.213)

Y1068l yAOBIETBOPUTL 3TOMY YCJIOBHIO, OyeM HCKATb pellleHue B Bijle

o = sin2 6f (p). (4.1.214)
Hmeem
" 2 1
—(5-2+T)f=0. (4.1.215)
Peienne aas f, He pacTyiiee 3KCIOHEHIHANBHO, MMEET BHJ
2
= p— —(1/2)p
i A(l 42 )e ) (4.1.216)
Toraa
DY, =4 (1 +%) sint@e~(/2 0 G-cos®)  (4.1.217)
CregoBartesibHO,

opHouwnenHoe pasnoxenue Crokca (DY) =2R£%sin2 0. (4.1.218)

B arom cayuae (4.1.213) gaer A=3/4 u D*¥, npuHumMaer BUI

DY, =2 (1 +%) sin Be~(/mpa—cos®)  (4.1.219)

YacrtHoe pemlenue ypapHenus (4.1.219) umeer BUIR

Wlp:%(l 4 cos 0) e=(1/2) 0 (1-cos ), (4.1.220)
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Iloatomy

¥, =Y, ++ (1+c056)e (1/2) 0 (1-cos B), (4.1.221)
Torpa uz (4.1.206) noayuum
pJHOUIeHHOe paszjoxenue CTokca: (‘I’lc)—_———g’—(l +-cos0). (4.1.222)
Cneposatenpio, ¥, ,=-—3(1+4cos0)/2 u pasitoxenue OseeHa Mpu-
MeT BHA

Yo :7192511126———(1—}—(:039)[1———3 (1/2)p (1=cos 0] 4 O (1),
(4.1.223)

Bmopoii uaen 8 paszaoocenun Cmoxca. W3 ypasuenul (2.1.51),
(2.1.52) u (2.1.58) caexnyer, uto pasjoxenue CToKca BTOPOro mo-
pSaKa MMeeT BHJ

Ps =% <2r2——3r—}—%) sin? 0+

+R [ (2re—3r 1= 1 L) sin6cos 04, | + 0 (RY),
(4.1.224)

roe p,,—IONOMHHUTENbHOEe peliecHHe ypaBHenus (2.1.52). UtoGel
HaliTH V,,, cpacTuM JBa ujeHa Y* c aByMA uileHamu P°. Mmeem

AByunendoe pasnoxenue Crokca: Y ~ P+ R (P;,+ P,.). (4.1.225a)

3anumeM uepes nepemeHHsle OseeHa:
1 2 3 R .
_71-<2 —%2-—%4——6') stB-{—
3 2 3
+R[—g(2H—F+1-2+5)x
><sm26cose+1plc< : e). (4.1.2256)
JIByusnenHoe pasnoxeHne O3eeHa: *W p2%sin2 0+
+% [—g—(p sin26—}—Zp2 sin?0 cos 6)—]—
-+ unens nopsagaxa O (1) no RZIPM(% ) 6>] (4.1.2258)

1 .
JIByusenHoe pasnoxeHue Oseena: P ~ SR p?sin? 86—

— 2 (14 cos 6) [l —e=t/m e u=st0]  (4.1.926a)
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1 .
3anuwemM uepe3 nepemeHHule CToKca: =?r2 sin? 6 —

——-2%(1 +-c0s 0) [l —e-(/D rRu-cos 0] (4.1.2266)

1 3 .
JIByuneHHoe pasJoxenue Crokca: = <—2— rz—z r> sin? 0 4+

2 r*R sin® 6 (1—cos 0). (4.1.2268)

TlpupaBauBas (4.1.2258) u (4.1.226B) B COOTBEICTBHH C YCJIOBUEM
CpallluBaHHs, TOJYYHM

oJHOUMeHHOe pa3oxenne OseeHa: (P,,) = 13—6 rzsin20. (4.1.227)

DTO0 HABOAUT Ha MBICJIb, YTO pelI€HHe Haao HCKaTbk B BHJAE

¥ =1 (r)sin26. (4.1.228)
Toraa u3 (2.1.50) noayuum
fry=ct4cor2-+cir+c_yr . (4.1.229)

Ycnosue cpamuBanua (4.1.227) tpebyer, utobul ¢, =0 u ¢, =?%/,,,
B TO BpeMf Kak rpasuunsie ycjaosus ¢, (1, 8) =1v,, (1, ) =0 osna-

YaloT, YTO ) = — [Tosromy

I
—3—27 c—l—"3_2'
1 . 3 ;
<2r2—3r —i—7> sin®0 +5R [<2r2—3r +%> sin? 6 —
_<2r2—3r+1_}+r—‘2>smzecose]+0(m). (4.1.230)

Y=

| —

Bowcuiue npubauscenus. Tlpayamer u IMupcon [1957] Hawnu, urto
YacTHOE peilleHHe st P, COAepKUT ln 7, YTO NPUBOJAHT K MOSABICHHIO
In R mpu cpamuBanuu. ITO ABJIAETCA elle OAHUM IIPUMEPOM, B KO-
TOPOM BO3HHKAIOT JorapudMel mapamerpa BO3MYLIeHUS B pe3y.JbTare
CpallMBaHUs pa3JOKeHUH, ONHO H3 KOTODHIX COLEPXKHT J0TapubMbl
He3aBHCHMOH IepeMeHHOH.

4.2. MeTol cOCTaBHbBIX pasnoxeHHii

CocTaBHble pasJ/oxKeHUs, NoaydexHole B 1. 4.1.1—4.1.7, asasa-
IOTCSi YACTHBIM CJy4YaeM pas/oKeHHH BHIA

y(x; e)=y°(x; &)+ 4 (& &)— (W)Y =y’ +y'—(¥")°, (4.2.1a)
rae y—SaBI/ICI/IMaﬂ nepemeHHaﬂ, € —MaJbli napaMeTp, X — BHEIUHSIA

nepeMeHHast, {—BHyTpeHHsAs NepemeHHas. (CocTaBHOE pa3jloxkKeHHE
MOXeT paccMaTpUBATbCsl KakK CyMMa JBYX UWJeHOB F(x; &)=y’ u

GE; e)=y'—(y°), 1. e
y(x; e)=F(x; &)+ G (C; ¢). (4.2.16)
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BMecTo Toro uroObl OmpenensiTh BHeELIHee H BHyTpPEHHee pasJo-
JK€HHMs, CpalluBaTh HX M 3aTeM CTPOHTh COCTABHOE pasJOKeHHe,
Bpom6epr [1956] n Bummk u Jlhocrepuux [1957] mpeanosoxua,
yTo peleHHe uMeeT BuX (4.2.16) u npuronHo Bcioay. CienoBaTesbHO,
OHO YJIOBJIETBOpSIET BCEM I'DAHHYHBIM YCJIOBHsAM. B3siB BHemHH# mpe-
Ies or (4.2.16) moayunm

Y°(x; ey=F+G° (4.2.1B)

Ora QyHKUHA JOJXKHA YIOBJETBOPSTL HCXOAHOMY mIH(depeHIHANb-
HOMY YypAaBHEHHO, BbLIDAKEHHOMY UYepe3 BHEINHIOI0 MNEPEMEHHYIO.
Ananoruuno, QyHKuUMS

y'=F LG (4.2.1r)

LOJIXKHA YLOBJETBOPATL MCXOZHOMY auddepeHINaJbHOMY YpaBHEHHIO,
3allUCAHHOMY 4Yepe3 BHYTDPEHHIOI NepeMeHHYIO. UToGb HAHUTH TPHG-
JHKeHHOoe pemende, F W (G packJaAblBalOT [0 ¢ H AJs KaxKJIOro
VPOBHSI TNPUOJNMKEHHS IOJYyYaloT ypaBHEHHS H KpaeBble YCJOBHSI.
Aror Metof npumenua Uynos [1966] nas Bsizkoro obGrTekaHus IJIO-
ckoit naacrunel. BapuanT Merona BpomGepra sanoBo orkpe1 O’Mau-
m [1971].

JlpyTo#i MeTo/ COCTABHBIX pa3J/iokKeHHH paHee ObLT NpeaioKeH JlaTra
[1951]. B cOOTBETCTBHH € 3THM METOZOM NPEANOJaraJoch, UTO pelleHue
takxke umeer BuZ (4.2.16), HO G siBisieTcs QYHKIMEH BHEIIHEH Iepe-
MEHHOH W BHYTpeHHeH mnepeMenHOH {, KoTopas uMena Gosee oOIIUi
Bu1 g(x)/6(e), a He x/6(e), mpuueM OYHKUHA g ONpEAeaAIach
B pesysabTare aHaJjusa. Kpome toro, Jlarra HecsenoBan BHYTpeHHee
pasJoXeHHe U HCKaJ cleluajbHble QYHKIHH, KOTOphIE MOL'YT OHITh
UCIIOJIb30BaHbl A1 npencraBaenust G (x, §; ).

Huxe Mbl npousitocTpupyeM oba MeTofa, NIPUMEHMB HX K 4acr-
HBIM TIPHMepamM.

4.2.1. YpaBHeHHe BTOPOro MOPsSAKa C MOCTOSHHBIMH Ko3dduuuenTamu

Paccmotpum 3apauy
ey +y +y=0, 0<x<l1, (4.2.2a)
y(0)=a, y(l)=p. (4.2.26)

Kak noxkaszano B m. 4.1.1, npsiMoe pasjoxkeHHe CTAHOBUTCA HeNpHU-
rof#biM BOJIM3M TOUKM X =0, a 4robbl ONMHcaTb MOBEICHHE y B 06-
JIACTU HEPABHOMEPHOCTH, BBOJMJIOCH BHYTPEHHEE Pa3J/IOKeHHe, HCIOJb-
sywoliee mpeobpasoBaHue pacTsaxkeHua (=xe”!. B0 MN0Ka3aHo,
YTO BHYTPEHHee pasJoKeHHe cojepxkHUT byHKuHIO e~ é=¢~ %2 [lo-
CKOJBKY npu auddepeHnupoBaHny QyHKUUA e~*/% BplpaKaeTcs yepes
camy ce0si, TO HET APYTHX CHeLHaJbHbX (YHKHHHA, HeoOXOAWMBIX
I7si TIpejCTaBJeHHs COCTaBHOrO pasjoxenus. [lostomy Jlatra npen-



4.2. Memo0Q cocmasHblx pasaoxcerul 161

[M0J0KHUJ, UYTO Y HMEET DPAaBHOMEDPHO IMPUTQJHOE DpAa3J/JIOXKE€HHe BUla

Y= 20 enf, (x)fe-*e go e, (x). (4.2.3)

n=

[MoncraBnsa (4.2.3) B (4.2.2a) u (4.2.26) u npupaBHHBasA K HYJIO
K03pdUIUEHTEl TIPU €” U €"e~*/¢ 1asd BceX rn, MOJYYHM ypaBHEHHSA
aaa [, u h,. YpapHenus ang n=0, | u 2 uMeroT BHJI

fotfo=0, hi—hy=0, (4.2.4)
ithh=—Fn hi—h =h, (4.2.5)
fotfo=—1F, ha—h,=hi. (4.2.6)
KpaeBble yCJ/OBHf HMEIOT BHUJ
fo()=0, [0(0)+h,(0) =0, (4.2.7)
fa(1)=0, [,(0)+h,(0)=0npu n=>1. (4.2.8)

37ech Mbl IpeHed Per/U 3KCNOHeHIMa bHO MANBIMH uieHaMu e~ ¢k, (1),
Pewenus ypasuenuii (4.2.4) ¢ KpaeBbimMu ycaoeusmu (4.2.7)
HMEIOT BHI

Fo=Pet%,  h, = (a—Pe) e~. (4.2.9)

IMoacraBuB (4.2.9) B (4.2.5) ¥ pelyB NOJY4YEHHbE YPaBHEHHS NpH
Kpaesbix ycaoBusax (4.2.8), moayunm

fi=p(l—x)et~* h, =[—Be+(a—Pe)x]e*. (4.2.10)

[oacraBassl peliedue nepporo nopsjaka B (4.2.6) u pemast noayueH-
Hble YpaBHEHHS NPH KpaeBblx ycaoBUax (4.2.8), moaydum

fa=58(1—1) (5—x) &%,
hy= | —5 B+ (2u—3Be) x5 (a—Be) x| e (4211)

Hcnonb3yss nosyueHHble pellieHus, HafigeM pasJjoxeHue (4.2.3).
Hmeem

y=B[1+e(l—n+501—n0G—x]er+

+{a~[3e+e[— Be—}—(on—ﬁe)x] +
L [~%ﬁe+(2a—3ﬁe)x+-;—(a_ﬁe) xz] }ex—x/e+0(a3). (4.2.12)
Jlerko npoBepuTh, UTO BHEIIHEE pasJOXKeHWe (mpeaes npua &-— 0
H (HKCHPOBAHHOM X) MePBBIX [BYX W/JICHOB 3TOr0 pa3/IOKeHHst

laetcs BhipakenueMm (4.1.49), a BHyTpeHHee pasnoxeHnue (e — O npu
bukcupoBannoM { =x/e) naercs Bbipaxkenuem (4.1.76). Takum obpa-
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30M, METOJ COCTaBHHIX pAa3JOXKEHHH [aeT PaBHOMEPHO TMPUTOLHOE
pa3/ioXeHHe HenocpeACTBeHHO 6e3 ONpele/ieHHs BHEIIHero H BHYT-
PEeHHEro pasNoXKeHHH, cPallMBaHUS HX H NMOCTPOEHHS 3aTeM COCTaB-
HOTO Pa3/IoKeHHS.

HafizeM Tenepb pasjioxeHue JIJs1 Y C HCMNOJb30BAHHEM METOAA
Bpom6epra u Bummka u Jliocrepuuka. Ilpeanonoxxum, uto

y(x; e)=F(x; &)+G (L €)=
=F, (x)+G, Q) +e[Fy (x)+G, @)+ [F, (0)+G, ©)]+..., (4.2.13)
npuuem byuxuuel G (L; ¢) BHe BHyTpeHHEH 00/1aCTH MOXKHO IpeHeOpeub
(BpomGepr [1956]), T. e. G(§; &)— 0 npu {— oo, nosromy

Yo(x;, e)=F(x; e)y=F,(x)+eF, (x)+e?F,(x)+.... (42.14)
Hocxom:xy x=e{, TO
Y (5 €)= Fy(0) 4Gy (§) -+ [FL(0)E+F, (0)+ Gy Q)] +

et [ Fo(0 )§2+F1(0)C+F2(0)+G2(C)]+.... (4.2.15)

Tak kak mpeanoJaraercs, uro GyHKuHe# G (C; €) BHe morpaHuu-
HOTO CJI0f MOXKHO rnpenebpeub, T0 F (x; €) YIOBJETBOpPSET I'paHHY-
noMmy ycgosuio y (1) =p. CrezosaresbHo,

Fo()=8, F,(1)=0npu n=1. (4.2.16)

I'pannynoMy ycnoBHIo y (0)=o 10/12KHa y10BAETBOPAThL QyHKIUA F G,
T. €.

Fo(O)+Gy(0)=c, F,(0)4+G,(0)=0 npu n>=1. (4.2.17)

Uro6bl HaliTH ypaBHeHnus aas F,, noicrasum (4.2.14) B (4.2.2a)

¥ npupaBHseM Ko3hdHUUUEHTH NMPH PaBHHIX CTENeHAX €, NpearoJa-
ras x (ukciHpoBaHHbIM. [lonyuum

Fy+F,=0, (4.2.18)

Fot+-F,=—F,_, upu nz>=1. (4.2.19)

UToSbl OnpefenuTh ypaBHenHe ans G,, BeIpasuM cHauaja (4.2.2a)
yepe3 BHYTPEHHION HepemeHHy}o {. Umeem

§2+ Y 4 ey —0. (4.2.20)

TlopcraBnsas (4.2.15) B (4.2.20), npupaBHuBasi KoahUIHEHTH NpH
PaBHbLIX CTElEHsiX & H cuuTass { PUKCHPOBAHHBIM, NOJNYYHM

G+ G, =0, 4221
Gl Gy =—G,—F;(0)—F,(0), (4.2.22)
G+ Gy =— G, —[Fo(0)+ F3 (0)} §— F3 (0)—F, (0) — F1(0). (4.2.23)



4.2, Memo0 cocmasHbix pA3A0NCEHUL 163

Pemenne ypaBuenns (4.2.18) npu ycnosun (4.2.16) umeer BuL
F,=pet~=*. (4.2.24)

CnenoBatenbHo, u3 (4.2.17) G,(0)=a—Pe, u, TakuM o0oGpasom,
petileHHe ypaBHeHHd (4.2.21), cTpemsileecs K HYJaI0 NpH §{— oo,
HMeeT BH[

G, =(c—Pe)e-t. (4.2.25)

Pemenyie ypaBHenns (4.2.19) npu kpaesoM ycJsoBun (4.2.16)
B cjayvae n =1 HMeeT BUI

Fy=p(1—x) et~ (4.2.26)

yTo BMecTe c¢ ycJaosueM (4.2.17) naer G, (0)=-—fe. IoacraBass
Boipakenusa masa F, u G, B (4.2.22), noayuum

G;+G;=—(a—Be) e~

Pewenye 3TOro ypasHeHHs, NojauuHeHHoe ycaoBHio G, (0)=—fe
M CTpeMslieecss K HYJIO IPH § —s 00, HMEET BHJ
G, =[(a—Pe) {—Pe] e~ . (4.2.27)

[lepexons KO BTOPOMY MOPSAAKY, NOJYYHM, YTO pelleHHe YypaBHe-
aus (4.2.19) npu ycaosun (4.2.16) umeer BUA

Fo=5B(1—x)(5—x)er~=. (4.2.28)

[Mostomy u3 (4.2.17) nonyuum G, (0) = —5Pe/2, u ypaBuenue (4.2.23)
HpUMeT BUA

G,/ 4Gy =—[(a—Pe) i —Pe] e~ &.

Peienue sroro ypasHeHHs mpu ycaosuu G, (0) =—5Pe/2, cTpems-
meecst K HYJO NP {—> 0o, UMeeT BHJ

G, = |3 @—pe)* + (@—Be) L —Be] e¥.  (4.2.29)

Takum oOpasom, nepBble ABa 4Y/€Ha Pe3YyJbTHPYIOULEr0 paBHO-
MepHO NPUMOAHOrO pPasfoKeHHS B TOYHOCTH COBNAJAIOT C PelIeHHEM
(4.1.81), nonyueHHbIM paHee ¢ NOMOLLBI0 METOJA CPALIHBAHHA ACHMII-
TOTHUECKHX Da3/ioxkKeHUH.

4.2.2. YpapneHue BTOPOro MOPSAXKa C MePeMEHHBIMH KO3(gHuueHTaMA

B xauecTBe BTOpOro InpHMEpa paccMOTPHM CJEAYIOUYIO 3ajgauy,
KOTOpasi SIBASIETCH YaCTHBIM CJydYaeM 3ajaud, pacCMOTPEHHOH B
n. 4.1.3:

ey’ +2x+ Dy +2y=0, 0<<x<], (4.2.30)
y0)=a, y(1)=p. (4.2.31)

L%
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ITockoabKY KO3(PHIHEHT NDH Y’ TMOJOMKHTEJEeH, HePaBHOMEPHOCTD
6yseT UMeTb MecTO B OKpecTHOCTH X =(. Urobpl onucaTth nosenexnne
y B ofjacTu H(;‘O,[LHOpO,[[HOCTH, HEoO6XOAUMO BBeCTH IpeoOpasoBaHHe
pacTsaxeHus {=xe~! ¥ BHyTpeHHee pAa3JOKeHHE OMHUCLIBATL C {10-
MOHIBIO (DYHKILHH et = wE, [lockoabKy 3ajaua CONEpPKUT Hepe-
MeHHbIe KO3(PPUIHEHTR, TO Y HMEeT PABHOMEPHO MPUTOJHOE passio-
JKeHue BHAA
<] @*

y= 2 &"f,(x)+e gt 2 e"h, (x), (4.2.32)

n=0

rae GyHKLHE g (x), KoTopaa ONpeleNHTeAs DM avaause, 3KBHUBA-
neutna & npu x— 0. IlopcraBass (4.2.32) B (4.2.30) u (4.2.31) u
IpHpABHUBAS HYJI0 KO3DPHIUEHTH Tpu €* U e’e~¢ /¢ npu Beex n,
MOJYYHM YpaBHeHHsl JJIsi onpeienenuss g, f, u h,. Ilepsele tpu
ypaBHeHHS U KpaeBble VCJOBUA HMEIOT BHJ

hog' [g"—(2x-+1)] =0, (4.2.33)
(2x+1) i+ 2f, =0, {4.2.34)

(—2g" +-2x+ 1) hi+(2—g") hy =0, (4.2.35)
fo (1) =B, [, (0)4h,(0)=c. (4.2.36)

UrofKl CYiUlecTBOBaIO HETPUBHAIbHOE pelleHue aaa h,, B CHJIY
(4.2.33) tpeGyercst, uTOOBI

g =0 nm g'=2x+1. (4.2.37)

[lepBuifi cayua#t (4.2.37) npuBomuT K g=const W Jnoaxken OblTh
oTOpoIlied, Tak Kak g(x)/x — 1 npu x-—— 0. CnenosatensHo,

g=x+x. (4.2.38)

Pemenune ypaBHenus (4.2.34), nonumneHHoe YycsaoBuBO fi (1) =0,
HMEeT BHA

3
fo zgxf_l : (4.2.39)
[Mopcrasue (4.2.38) B (4.2.35) 1 pelB NOAYyueHHOE ypaBHEHHE IIpU
yciaoBuu (4.2.36), mMoayunM

hy=0a—23p. (4.2.40)
[Nosromy

y= 2x+1+(m 3B) e~ 0/ O (e). (4.2.41)
PaccmoTpum nanee npuMeHeHHe BTOPOT'O BapHaHTa MeTOa COCTaB-

HBIX passoxeHu# B 310l 3ajauve. B 3TOM ciyyae MOXKHO IIpuMe-
unth (4.2.13)—(4.2.17). lloacraesaa (4.2.14) B (4.2.30), npupas-
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nuBasi Ko3PPUIMEHTH NpPH pPABHBIX CTENEHAX € K HYJIO H roJjaras x
(PMKCHPOBAHHEBIM, [10J1YUHM

(2x+1)F+2F, =0, (4.2.42)

Cx+1)F{+2F, =—F;. (4.2.43)

Utobsl monyunTh YypasHerue miasi G,, Buipasum (4.2.30) uepes
BHYTPEHHIOW NepeMeHHy { =x/e. MMeem

d§2+(1+28§) W 4 9y —0. (4.2.44)

INoacraBasaa (4.2.15) B 310 ypaBHeHME, NpUpaBHUBAA KO3(D(QUIHCHTE
MpH pPaBHBIX CTeNeHsAX €& M cuuTas { (UKCHPOBAHHBIM, MOJYUYAM

G+ G, =0, (4.2.45)
G+ G, = —2t G, — 2G,— 2F, (0)— F} (0). (4.2.46)

Peutenne ypaBHeHus (4.2.42), nopuumHesHoe ycJaosuio (4.2.16),
HMeeT BHJ

J (4.2.47a)

2x--1

I1o Bhipaxenue BMmecte ¢ (4.2.17) naer G,(0) =a——3p. Caerosa-
TEJBHO, pelleHue ypaBueHHs (4.2.45), crpemdlueecss K HYJAIO [1pH
{ — oo, uMeeT BHJI

G, = (a—3B) e". (4.2.476)

[ToacraBasis Belparkenwe nas F, B (4.2.43) u pewas noJdayueH-
HOe ypaBHeHUe Npu ycjoBuH (4.2.16), npumgeMm k

_8p(1—x @2+
Fy =t s, (4.2.48)

Torpa (4.2.17) paer G,(0)=—16p/3, a (4.2.46) npunumaer Bun
G+ Gy =2(a—3p) (—1)e*

Peuesye 3TOro ypaBHeHMS, CTpeMmslieecsi K HyJai0 1OpH [ — oo,
¥MeeT BHJ

G, —— [%ﬁﬁ—}—(a—i’)ﬁ)gz] et (4.2.49)

[Tostomy

__3p 8B (1—x) (2-+%) _
Y=grite sarom +(a—3p)et—

—e [1395+(a—3ﬁ);2] et 0(e2). (4.2.50)
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4.2.3. Kpaesas 3ajava ¢ HA4YaJbHBIMH YCJAOBHSMH AJst
ypaBHeHHS TEMJONPOBOAHOCTH

B kawecTBe TpeThero mnpumepa IpHMeHeHHs METOJa COCTaBHBIX
pas/oKeHHi PacCMOTPHM KPAEBYIO 33434y ¢ HAYaJbHBIMU YCJIOBHSIMY
IJ1s1 ypaBHEHHA TelJOI POBOAHOCTH, NocTapaeHnyo Keanepom [1968].
[Ipeanonoxum, 4to Temmnepatypa « (X, f; €) 3aBHCUT OT OAHOH IIpoO-
CTPAHCTBEHHOH mNepeMeHHOR x, Kotopas usMeHsiercs ot 0 go b (ef),
rae b—usBecTHass (YHKIHA, a &-—MaJjblil napamerp. Takum ob6pa-
3oM, b—caabo MeHstomasics ¢yHkuua f{. MaremaTHueckH 3ajpaua
3amnuchlBaeTcs B BHJE

Uy =Uy,, 0<x<Ch(et), (4.2.51)
u(0, H)=¢ (et), ulb(et), t]=0, (4.2.52)
u(x, 0)=¢(x), 0=<Lx<b(0). (4.2.53)

3aMennB nepemMeHHYO { Ha T =c¢f, ypaBHenue (4.2.51) u Kpaesble
ycaosus (4.2.52) nepenuiuem B BHJE

BU, = Uy, 0L x<LD(T), (4.2.54)
u(, )=0q(), ulb(r), 11=0. (4.2.55)

TTocKOJIbKY &€ YMHOXAETCS Ha U, TO NPAMOE Da3JIOXKeHHe MeTOHa
BO3MYILeHUH NMPH MaJoOM & W (DUKCHPOBAaHHOM T He MOXeT, BOOOILe
roBOpsi, YIOBJETBOPHTb HauaJbHOMYy ycJao0BuUIO (4.2.53) M HepaBHO-
mepHo BOsu3u T=0 BClOZY, 3a HCKJ/IOUEHHEM OKDEeCTHOCTH KOHLOB.
Yro6bl onucath NoBeleHne QYHKUHM ¢ B OKpecTHOCTH {==0, HeoO-
XOAUMO MPHMeHUTh NpeoOpa3oBaHue pacTsKeHus [ =rt/e. Kak noa-
TBEPAUTCS HIKe, GYHKIHSA, ONUCHIBAONAS T0OBeAeHHe B 3TOH obsacTy,
umeer BUL exp[—g(1)/e], rae g(1)/t— 1 npu v— 0. [Tloatomy
NPeANnooXKHUM, YTO PABHOMEPHO NPHUTOJAHOE ACHMIITOTHUECKOE pPasJo-
KeHue I/ 4 HUMeeT BHJ

-]

U= ZO e f,(x, T)Fe-gve ngo e*h, (x, 1). (4.2.56)

n=

[MoncraBasis ato pasnoxenve B (4.2.53)—(4.2.55) u npupaBHUBas
K HYJI0 KOsbdHUHeHTHl OpH €" H e"e~8'V/e pua Bcex #, NOJYUHM

fo.xsz’ fo(O T) = T)’ fo[b(T T]— (4257)
ho, xx 8o =0, Hhe(0, T) =O hy (b (1), T} = (4.2.58)
folx, 0)Fh,(x, 0)=1(x), O<x<b(0) (4.2.59)
Hnpu n>=1
. fn.xxzfn—l, w20, D=F,[b(7), 7)== (4.2.60)
B sx +8Mn=huy v ha(0, T)—h [b(r) r] (4.2.60)
Py sx 8 =huy, 1 ,,(0 ) =h,[b 1), 1]= (4.2.61)
fn(x, 0)+h, (x, 0)=0, (4.2.62)

rge uepes g’ oGo3HayeHo dg/dv.
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Pewenne sanaud (4.2.57) uMmeer Bujg
‘ x
fo =1 (1) [1——5'(,5—)} (4.2.63)

INlocko/bKY KpaeBble yC/a0BUA AAA A, ORHOPOIHHI, TO ypaBHEHHe /s
h, v¥MeeT HeTPHBHAJbHOE pelIeHHe, TOJbKO €Cjad g’ PaBHO OJHOMY
13 COOCTBEHHBIX 3HAauYeHUH

2= [5’%] k=1,2, .. . (4.2.64)
CooTBeTCTBYIOIIHE HOPMHPOBaHHbIE cOOCTBeHHBIE (DYHKIMH UMEIOT BUJ
e = [%] e sin%. (4.2.65)

CaenoBarenbHo,
hy = a, (T) x (%, T), (4.2.66)

rie a,—HeH3BecTHas TMokKa GYHKIHS, KOTOPasi ONPENeNUTCH IIPU
HCCJEOBAaHHN YypaBHeHHs 111 h.
[lpu uspectHoM h, ypaBuenue (4.2.61) B cayuae n=1 mnpumer
BHI
Ay, xx+ Gk = a0Ye ~+ Qo o
hy (0, ty="h,[b(1), 1] =0. (4.2.67)

[Tpeanonoxum, uto A, MOMKeT ObITb pA3JOKEHO MO COOCTBEHHBIM
QYHKLUHAM Y, T. €.

@©

hy= X ¢ (T) x5 (%, T). (4.2.68)

s=1

INoacraBaas (4.2.68) B (4.2.67) ¥ Hcnonb3ys TOT BAKT, YTO ¥, vy =
=— gXs» NOTYUUM

521 (g —&s) Cfs = g+ QoXk, (4'2~69)

Ecau Msl Terepp YMHOMXHM 3TO ypPaBHEHHEe Ha Y, H IDOHHTErpHpPYeM
oT x=0 1o b(t), 10 npaBas 4acTb OGpaTUTCA B HYJb, TAK KaK
OPTOroHaJ/JbHA Y, LPH R==S, a gs=g, npu k=s. llosTomy

b(t)

S (a0 -+ o), ¥xe) dx =0. (4.2.70)
0

D10 ABJAAETCH YCJAOBHEM paspelluMocTH 3agaud (4.2.67). IMockosabky
b(1)
S ykdx =1, 4.2.71)

0
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TO
b(x) [2%9)

d , .
4 sz dx=0=b" (1) 33 [b (1), 7] -2 gm,mdxzo. (4.2.72)
1 0

Tax Kak y,[b (1), 1]=0, 1O
b(x)
S Xka, tdx :O (4273)
0

Cnenosatenbho, (4.2.70) u (4.2.71) npusogsT K
a, = const. (4.2.74)

[TosToMy pelleHHe HyJ€BOro NOpPsAKa HMEET BHJ

u(x,  ;e)=g (1) [1-—_171(‘%7] +

s Yy . kax k2
2_1%[ T)] sin b(r)eXp[ —ﬂ§ 2(§)d§]+0() (4.2.75)
rae a,—TOCTOsTHHasdg, onpejaesaseMasi paBeHCTBOM

b(0)

ak=[?(2T)}‘/z§ {q,(x)-——(p(O) [l—ﬁ))—]}smi?g)dx. (4.2.76)

4.2.4. OrpaHnyeHHs MeTOJA COCTABHBIX Pa3JOXKeHHil

[lpn noneiTKe NPUMEHUTH METOA J1aTThl K HeJWHEHHBIM 3anadam
MOFYT BO3HHKHYTb OC/JIOKHeHHsl. Kpome TOro, MOI'YyT BO3HHUKHYTb
TPYAHOCTH, €CJIH /15 ONHUCAHUS NOBEIEHUS pacCMaTpuBaeMoll (byHKIUK
BO BHYTpeHHeH 00JacTH Heo0XOJUMO HCIOJb30BATh GOJBLIOE YHCJIO
cneunanbHex Gyakuuil. HecmoTps na 5TH Orpanuuenusi, 3TOT METOL
SABJISAETCH OTIPABHOA TOUKOH AJisi Pa3sBUTHS MeToJa MHOTHX Macilita-
60B, OMHUCAHHOTO B rJ. 6.

MonudunupoBaHHEIA MeTOJ COCTABHBIX pasaoxeHull bBpowmbepra,
Bumuka u Jlioctepruka npeofoneBaeT 3TH OCJIOXKHEHHA, Kak Oyaer
NOKA3aHO HAa NpHMepe HPUMEHEHHS 3TOTO MEeTOAAa K HeJHHEHHOMY
yPaBHEHHIO

dx —
P (a) = x”+1_”x, t1(0)=0, (4.2.77)

ONHCBHIBAIOLIEMY OJHOMEPHYVIO 3aJ]a4y O KOCMHYECKOM KopabJe 3emias—
Jlyna, xoropas wusywanace B 1. 4.1.7 ¢ momoLplo MeTOnA Cpaillk-
BaHHs ACHMNTOTHYECKHX DPAa3JOXKEeHHH.
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INpennooxiM, 4TO COCTaBHOE PA3JIOKEHHE HMEeT BUJ
t ) =Fo(0) +Go (&) +n [F () +G, ()} + ..., (4.2.78)

rae &= (1 —x)/u-—BHYTpPeHHAS NepeMeHHasi, HalileHHas B 1.4.1.7,
u G,—0 npu §—>oo. Hauanbuoe yciaosue ¢ (0) =0 naer

Fo(0)=F,(0)=0. (4.2.79)
W3 (4.2.78) nmeem
=Fyx)-uF, (x)+... . (4.2.80)
D10 pasgoxenue, Oyaydd LOACTaBJeHHLIM B (4.2.77), naer
2FP=x, (4.2.81)
Fy :.1_+ 1 ’

F_ﬁ x ' x—1"

Pemenust 3TUX ypaBHeHWH, NoAYMHeHHBlE ycnoBuaMm (4.2.79), umeior
BH]

2
1

P Ve 1 lli ];:\_c . (4.2.82)

V 2F,=

oo][\-) oo[w

VoF, =

W3 (4.2.78) un (4.2.82) caenyer

Vo =5+ V26, - [~ e+ 5+ I +V 6,0 |+
(4.2.83)

Yrobel onpenenuts G, u G, nepeiinem B ypaBHeduu (4.2.77) K BHYT-
penHell mepeMeHHOH §. Mmeem

Lo, (de\e  1—

5 b (W ==k +1 (4.2.84)
Toxpcraensia (4.2.83) B 3710 ypaBHeHHe M TMpHpaBHUBas Ko3pduLU-
€HTBl MPH PaBHBIX CTEMeHAX W, MOJYYHM

G —0, (4.2.85)
V20 bgine =t == (1) w28

Pemenue ypabHeHus (4.2.85), cTpemsiuieecsi K HyJO INpu § —-oo,
ectb G,=0, B TO BpeMsl Kak pelleHue ypasHeHHus (4.2.86), crpems-
leecss K HYJIO NPH §—>0o, HMEET BHJ

V3G, =t—VEE 1)+ Arsh ) E— InE+4 —In2. (4.2.87)
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[ToacraBisisa B (4.2.78) Buipaxenus aaa F, u F, n3 (4.2.82) u
Hcrosib3ys HaiifleHHble 3HaueHus G, ¥ G, NOJy4HM pasJloXKeHue,
B TOYHOCTH coBmajatoiiee ¢ (4.1.202), kotopoe ObLIO MOJYUEHO C MO-
MOILIO MeTOJa CPAallMBaHHUs ACHMIITOTHUECKHX Pa3J/OKeHHi.

Ynpancnenus
4.1. Paccmorpers 3ajauy

ey” -y’ =2x,
yO)y=a, y()=p.
(a) OnpenesnTs TpexuJeHHOE BHEIHee Da3JIOXKEHMe.
(6) OnpenesuTs TPeXUJEHHOE BHYTPEHHEE pasJIoxkKeHHe.
(8) CpacTuTh 06a 5TH DPas3JIOKEHHS H MOCTPOHTb COCTABHOE PAa3NIONKEHHE.
(r} OnpefeauTts TPexXy/JEHHOE PaBHOMEPHO TpPHIOAHOE PAa3JOXKeHHe, HCMOJb3YdA
MeToL cocTaBHpXx pasjomenusi (MCP) M cpaBuuTb pesyJsbTaTr ¢ pesyJbTaToM (B).

4.2, OnpeaequTs pa3soXKeHHs BTOPOro MOPSAKA (TPEeXUJCHHHE DAa3/0XKEHHA)
AJst 3aauH

Sy” _y/ — 2x’
y(0)=av y(])=ﬁx
HCIOJIB3YS a) METO[ CPalllHBAHHS aCHMITOTHYecKHX pasvoxendit (MCAP) u 6) MCP.

4.3. OnpesejuTs paBHOMEDHO NPHIOAHble PasJOXKeHHs BTOPOro NopsAka Aas
3ajay

ey & Qx4+ 1)y 4 2y=0,
y(O)=a, y(l)=4,

ucnosbays a) MCAP, 6) meron Jlattet ¥ B) Merop BpomGepra— Bumunka —Jhioc-
TepHUKA.

4.4. OnpefieiTb PaBHOMEPHO MPUTOAHBIE DAa3JIOXKEHHSA MePBOro MOpAAKA AJs
3ajpauu
ey —a()y +ox)y=0, a(x)>0,
yO=a y()=5h

ucnosb3ys a) MCAP u 6) MCP.

4.5. PaccMotpeTh 3ajauy
ey’ —y 4 y=0,
yO=n, yh=p y )=y
a) IlokasaTb, 4To MOrpaMUYHbLi CJOA CyUlECTBYeT y 06OHX KOHILOB H XapaxTre-
pHusyeTcsi npeoOpa3cBaHUAMH PACTsKEHUs
n=x/e 1 [=(1—x)/e

6) OnpenesnTb PaBHOMEPHO NPHUTOJHOE Pa3J/iOXKEHHE BTOPOTrO MOPsAAKA, HCNOJIh-
3ys MCAP.
8) OnpeneauTh pasJioXeHHe BTOPOro mopsaxa, ucnoassyas MCP u nosaras
y=F (x; )+ G ; &)+ H (; &),
rae G—0 npy v w0 u H —0 ups £~ oo.
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4.6. OnpenesuTb PaBHOMEDHO NPUTOJHbIE PA3JIOKEHHS NEPBOTO MOpAAKa (ABY-
yjeHHble DPABHOMEDHO NDHIOAHBIE pasJoXeHus) Juasg sagaun  (2.2.28)—(2.2.30),
HCroab3ys ob6a Bapuanta MCP.

4.7. Tloxasarb, uro MCAP He Mmoxer GbITb MCNOJb30BAH /s MOJYYEHHs pas-
HOMEPHO IPHUTOJHOTO PAasJIOKEHHS AJs
ey’ +y=Ff (x),
YO =a, y(I)=p.

MoxHO JM H3 3TOro npHMepa 3akJaouutb, 4ro MCAP HenpuMenuM K 3afauam
Konebanui?

4.8. Paccmorpers 3agauy, onpege/nseMyio (2.2.28) npu a<Cr << b ¢ IpaHHYHBIMH
YCJIOBH IMH

u (b) =ba, %Lr-‘ by=o.

Onpelie T ABYUYJIEHHEIE PABHOMEPHO NIPHIOJHEIE PA3JIOKEHHs, HCMOJb3ysa a) MCAP
u 6) MCP.

4.9. KoseGanus 6aJKkHu ¢ KECTKO 3aKpeNJIeHHBIMH KOHHAMH ONHCBIBAIOTCH
ypaBHeHHeM

,dtu  d%u

R e

dx*  dx?

u(@=u()y=u" (0)=u’'(1)=0.

=A%y,

OnpeneauTh passoXkeHHe UEPBOTO MOpsAAKa OPH MajblX & At & H A
4.10. Tenjonepefaua B OJHOMEDHOM CTallHOHAPHOM IOTOKe 03 JAHCCHNALHH
onxchiBaeTcs Xpaesoit 3apaueir (Xaumge [1971))
LT
dx?
TO)=T,, T({=T,

OnpegesnTb pa3foxeHHUst MepBOro nopsiika, ucmoassys a) MCAP u 6) asa sapu-
aira MCP.

daT
—'—x‘—i; —xT =0.

4.11. Omnpefie/uTh PaBHOMEDHO IPHTOIHOE DasJoKeHHe NepBOro MOpSAKa AJIST
ypaBHEeHUSN

(x+en)y +2+x)y=0, y(l)=Ae"2,

ncnoab3ys MCAP. MoxHo JiM clle1aTh BBIBOA, 4YTO MeTOJ pAacTAHYTHIX KOOpPAHHAT
(MPK) saBasiercss GoJee IPHFOAHBIM K TaKUM 3ajayam?

4.12. OmnpezZe/uTb OAHOUJEHHBIE Da3/IOKEeHUs AJs pelleHHs 3ajay
ey’ £(@x+ 1)y’ -+ y* =0,
yO)=a, y(1)=5p,
ucnoabays MCAP n MCP.
4.13. OnpepeqnTb OJHOUJIEHHbIE PA3JNOXEHHA A
yraxy +y*=0,
yO)y=a, y()=4,
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dcnoab3ys MCAP u MCP, eco a(x) a) oTpumarte]bHo # 6) NCJIOKHTeIbHO Ha
uHTepBade O0=<Cx <1,

4.14. Onpegeqauth pasJoxKeHHe NEPBOTO Mopsjka AJs 3ajaud H3 NpedblayLiero
yIOpaKHeHHs, ecaH a (x) HMeeT NpPOCTOl HV.Ib W, NMe O=<Cu=<C L.

4.15. OnpefeauTh PAaBHOMEPHO MPHFOAHbIE PAa3J0KeHMsl NEPBOrO NOPAAKE AJd
ey” £ yy'—y=0,
y(O)=a, y(H=p,
ucroas3ys MCAP u MCP.

4.16. JlaMunapHblil 1IOTOK B KaHaJe C MOPHCTHIMH CTEHKAMH B cJydae BCACHI-
Banus npusomur K 3apave (Tlpaynmen [1960}; Teppus u Ilpecra [1965])

Sf,/l_ffll+f/2:C (8)’
f(O)=1—a=a, [ (0)=0,
=1 7 =0
[pu noJ0KUTeNLHBIX @ a) [0Ka3aTbh, YTO BHEWIHEe H BHYTPEHHEE PaITOMeHHs
NePBCro MOPsAKA MMEIOT BHA
fo=achxb+ef, (x)--..,
fi=14eB(l—m—e"M)+..., n=(l—x)f,
P=abtep+..., x=— 3

i onpeneautb b, B, B, u f;; 6) chopmupoBaTh COCTABHOE PAa3JoKeHUe; B) Onpeje-
JIWTH PasJIolKeHWe [epBOro Nopsjka, ucnogablys MCP.

4.17, Paccmotperb 2ajlauy W3 MNpelblAYILero ynpaxKHeHHs B cJaydae a < 0.
a) Ilokasatb, 4TO paBHOMEPHO NDUTOAHGE pAa3JoMKeNHe JaeTCsl BhIPAKEHHAMH

[o=l—a+tax+efy ().,
flelta(l—n—eN-.., n=(1—x/,

Peai =g (I—t—e ), L=la—1)s/e,
p=c-tep ..., c=PB2

g onpefeautb f; H fi.
6) I[locTpouTh cocTaBHOE pasJioKeHue,
B) OnpefleanTs pas/oKeHHe [EPBOToO nopsiika, ucnosabsys MCP,

4.18. Paccmorperb 3apauy

Bl x - Uyy-ta (x) ue=0,
u(o’ y):Fl(y)v u(L y)=F2(y),
w(x, 0y=G; (x), u(x, 1)=G0G,(x).

a) Ilokasath, 4TO MOTpanMYHBIA CI0OH mpucyTcTByeT npu x=0, ecau a(x) > 0,
0 onpu x=1[, ecan a(x) < 0. B nepsoM c/ayuae OH XapakKTeDH3YeTCd MepeMeHILol
E=x/e, a Bo BropoM— = (1 —x)/e.

6) Halitn ypaBueHHs, onpefe/SiOlHe NepBble YJIEHH BHEIUHEIO H BHYTPEHHErO
pazJoKeHu#l, W CPaCTHTb 3TH DPasJoXKeHHH.

B) Mcnoansys merod JlaTra, mokasatk, 4To

w=A (% y)+ B (% y)e W0 ),
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rac

Q(x):S a(x)dx npu a(x) >0
0

1
Q(x)zga(x)dx npu  a(x) <O0.

X

OnpelelnTs ypasHeHus 1is A u B.

4.19. Paccmorpers 2agady
e(ugy *1““yy)+a (x, y) -0 (x, y)u=0,
wlx, O)=F,(x), u(x )=F,(x),
w0 =01y, u(l, y)=G:).
a) Halitu ypaBHeHus 1/ NEPBHIX YJICHOB BHELIHETO H BHYTPEHHEIO pasJoxke-
HUA M CPAacTUTb 3TH PasJIoKeHHs.

6) Ucnonvzosats MCP pjs moJydeHHs] PaBHOMEPHO NPUrOHOIO DAa3di0KeHUs
HepBOro NOpSJAKa.

4.20. PaccMorperb 3agauy
82V4u—f‘a (x, y) uxx+b (xr y) ux“{“c (Xf, y) uy:O:
w(x, 0y=Fy(x), ufx, 1)=F,(x),
w0 =G (), ull,yp)=0G;().

OHpeﬂeJIVlTb ypasHenua JLJd [NepPBHIX YJIeHOB BHEIIHETO W BHYTPEHHETO pazioykennii
U CpacTHTL HX.

4.21. Hcnoapays MCP, nonyuyuts paBHOMEpHOe pasdjoxeHue fOpu Ooipllux R
ang sagauu (2.1.37)—(2.1.40), onucuiBaromed obrekanne cgepsl.



FJIABA 5

Bapuaunsi npou3BOJIBHBIX MOCTOSHHBIX
W METO[ YCpeaHeHus

5.1. BapHauus npoH3BOJLHBIX NMOCTOSHHBIX

Jta MeTopuKa NMepBOHAYaNbHO Opl1a Pa3BUTAa AAA DEIIEHHA He-
OIHODOJHBIX JIMHEHHBEIX yDaBHeHHIl INPH YCJAOBHU, UTO W3BECTHH
ofliHe pelleHNsl COOTBETCTBYIOWIUX OJHODOXHBIX ypaBHeHHH. B kaue-
CTBE NpHMepa PacCMOTPUM ofllee JHHEHHOe HEOZHOPOJHOE YypaBHe-
HHe BTOPOrO NOpPsiAKa

Y +p*)y +qx)y=R(x). (5.1.1)

Ilyets y, () u y,(x)—nBa JAHHEAHO HE3aBUCHUMBIX pELIEHHS COOT-
BETCTBYIOIETO OJHOPOAHOTO YpaBHeHHs. DyxeMm HCKarth petlienne
ypasuerus (5.1.1) B Buge

y=A, %)y, (x) + A, () y, (x), (5.1.2)

rae byuxuun A, u A, nomjexar onpejenenuto. OTMETHM, UYTO B Bbl-
pax<eHun A5 oOLero pellieHHs OJHOPOAHOH 3ajauu BeNUuuHpl A,
u A, gBASIOTCS TOCTOAHHBLIMHM, B HEOAHOPOIHOM K€ cJaydae OHH
MoryT u3MeHsTbcs. OTClofa M Has3BaHHe METONA —,BapHallHs [POH3-
BOJIBHBIX TTOCTOSTHHBIX,

Huddepennuporanue (5.1.2) no x naer

Y =Ay+ A+ Ay + Ay, (5.1.3)
TlockosbKy A4 TpeX Heu3BeCTHhIX MyHKOui (A, 4,, y) uMeeM Bcero

na ypaBHenusi—(5.1.1) u (5.1.2),—To Mbl BOJIBHE HAJOXKHTh Ha
A,, A,, y eme oxxo ycjosue. [lorpeGyem, uToObI

Ay, + Asy, =0. (5.1.4)
Torpa (5.1.3) npumer BuJ
y' = Ay1+ Al (5.1.5)
Hudpdepenuuposanue (5.1.5) mo x maer
Y = A+ Aya+ Ay + Ay (5.1.6)

[Noncrasnsis B (5.1.1) Bblpaxkenua Aas y, y', Yy W HCHOJAB3YS
TOT (DaKT, 4To Y, H Yy, SBISIOTCH PEIIEHHSIMH COOTBETCTBYIOLIETO
OJIHODOIHOr0 ypaBHEHHs1, IOJYUYHM

Ay + A =R. (6-1.7)
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PewnB cucremy (5.1.4), (5.1.7) ortHocuTeabHo A; u A;, nomyumm

, R (%) y5 (%)
A= ——W ; (5.1.8)
R(x) ¥ (%)

A= Vi) (5.1.9)
BenuunHa W (x) HasbiBaeTcss BPOHCKHAHOM M 3aJ4€TCSl DPABEHCTBOM
W (%) =y, (%) y2 () — y1 (%) 4, (%). (5.1.10)

O6uiee pewenue ypasHeHus (5.1.1) mpumer Bujx
y=clfy (X) + ¢l (%) + y, (%), (5.1.11)
A€ ¢, H ¢, —TOCTOSIHHbIE, & YaCTHOE PeleHue y, 3a1aercsa (opmyioi
yp () = | 2B b 008 (g r, (5.1.12)

Msnoxennasa Meroiuka o0oblieHa M MOXKET IIPHMEHAThCS A
H2XOXIeHHA DelleHHH B 3ajavax, 1€ HEOLHODOAHOCTb IpejcTaBlIeHa
(GyHKUMeH Kak 3aBUCHMOJM, TdK M He3aBHCHUMOH nepemeHHOH. [1puueM
3aBHCHMas IepeMeHHasi MOXKET BXOAUTb B NPABYIO YacTb H HeJHHel-
HbIM of6pasoM. Huske GyayT paccMOTpeHbl ABa NpHMepa; HEPBHIE U3
HUX — JIUHEHHBIH, BTOPOH-— HEeJHHEHHBIH.

5.1.1. Pewenns ypaBHenus Wlpennurepa, saBucsiliue oT BpeMeHH

Paccmorpum ypaBuenue Ulpexunrepa

h d
Hyp+ 5 o= — Hyp (5.1.13)

NPH OJHOPOAHBIX IPaHMUHBIX ycJoBHSX. 3aeck M, u H; —1uHelinbie
OnepaTopbl, COOTBETCTBEHHO HE3aBUCAIIHA M 3aBHCHALLMH OT BpEMEHH.
[peanonoxuM, 4to ypaBHeHHE

h 0
Hop + 5 S0 =0 (5.1.14)

IpH TeX XK€ OAHOPOIHLIX TPaHUYHBIX YCJOBHSAX HMEET pelieHHe

=2, (1) e, 0, =22 E,, (5.1.15)
n=1}

3xech a, —I0CTOsIHHbIE, U, K E, —COOTBETCTBEHHO COGCTBEHHAS dyHK-
U¥sa M npUHajexaulee el coOcTBeHHOe 3HaueHHe 3ajaud

Hyu=Eu (5.1.16)
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IPH TeX ¥Ke OJHOPOAHBIX Yca0BHsIX. CoOcTBeHHbIe QPYHKLUHUH 4, Ipel-
noJjaraiorcss OPTOHOPMMDPOBAHHLIMU B BexkoTopoll obaacta D.
Cnenya Hupaxy [1926], mMbl Oyaem npepnonarartb, UTO pPeLUCHHS
BO3MYIIEHHOH 3ajaun uMeloT ToT Xe Buj (5.1.15), HO BesmuHHBL @,
menstorcss Bo Bpemenu. [logcranoska (5.1.15) B (5.1.13) naer

8

Z a, [Hou,, (V)= Eytty (¥)] e "n! + 50 2mi }-l dT Ly (%) et =

n=1 n=1
®

— 3 Hiau, (e '] (5.117)

B coorBerctBuu ¢ (5.1.16) mepsoe cnaraeMoe B JieBOH uacTH 3TGro
ypaBHenHs o6painaercss B HyJb, 4 Torga (5.1.17) npuaumaer Buj

frel

> Ly (xye ot = 2“}. H, (a0, (x)e ™" |. (5.1.18)

n=1 n=1

Yuuoxas (5.1.18) na u,, (x), uaTerpupys no odaactu D U HCHOIb-
3ysi OPTOHOPMUPOBaHHOCTL MYHKUHA u,, MOJYUHM

dn . Z eon' g (5.1.19)

wl

rjge
lerm :Szm (X) Hl [anun (x)e*i(ﬂnt]dx' (5120)
D

Ecan H, ne coaepxkur npouspomnoii no £, 1o (5.1.19) sanu-
uleTcs B BHJE

d 23’[1 La e 00t lmm (5121)

rue
0, = 2E, _E.), Hyp S (x) H, [u, )] dx. (5.1.29)
D

mn h

Ypasuenre (5.1.21) skBUBaJEeHTHO INOJHOH 3ajzaue, oONperensieMoil
ypaBueHueMm (5.1.13). Ecau H, saBasercsa MajblM BO3MYLIEHHEM, TO
Mbl MOKEM PasNOXHUThb d, B PAX

Ay = Qo+~ Oy + s+ - -+, (5.1.23)

Th€ a,,-—TN0CTOsIHHAsA, KOTopas paBHA a, npd { =0, U BbIIOJHEHO
Onn <L Q. TOrna nepboe npubjuKenue K a, OyaeT 3a1aBaThCs
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ypaBHeHHEM

daml _ 21” Z A0 [mnt 1mn' (5 1 24)

n=1

Ecan, kpoMe TOrO, GVieM HMeTb @,,=0,,, To (5.1.24) sanuurercs
B BHjE

da,, 2ai ¢ tf
ot 2 e Omt H (5.1.25)

[Tomoxuwm, pas npumepa,
Hop =pf (x) sin of. (5.1.26)
Torga
Blmk = fmk sinwt = _'—;“ [fm.k (eimt_e—imt)’ (5 1 27)
TJe

fnr = § oy (%) F (), (%) dr.

[MoncraBass ath Belpaxkenuda B (5.1.25) ¥ paspewast OTHOCHTEILHO
Ay, TTOJYUHM

ﬂfmk
aml AL h

[ L(U)mk+(o)t_l el'((nmk-m)t_l

— ] m=k. (5.1.28)

mmk"fm Opp—0

5.1.2. Mpumep HenuHeliHOH ycToH4uUBOCTH

Meroj BapHanui NPOU3BOJIBHBIX ITOCTOSHHBIX B COYETAHUH C pa3-
JIOXKEHHEM MO COOCTBEHHBIM q)\HKuHﬂM ObLa Pa3BUT H LIHPOKO MpH-
MEHSJICS B HeJMHEeHHBIX 3ajauax 00 YCTOHYMBOCTH CJENY O IMH
apropamu: CrioaproM [1958], [1960a, bl, [1961], Bartconom 119601,
dxxaycom [1965], Pefinoapacom u Ilorrepom [1967]. Dra Meronuxa
npuobpena eguHoobpasde M MMOJAYUMIIA IOCJEA0BATEBHOE H3JIOMKe-
Hue Ojarogapsa Jxxaycy [1965].

Jlnsi omucaHus 3TOH METOAMKH DACCMOTPUM BCJel 33 JKXAYCoM
[1965] cuenyomuil nTpuMep:

L(9)—5F=F(p), (5.1.29)

rie L-—nudednnfi, a F (¢)-—Hejuuefnnilt onepartopsl. Ilpexnouo-
UM, UTo L 3aBHCHUT OT OJHOH NNPOCTPAHCTBEHHOH MmepeMeHHOH, cKa-
XKeM, X, ¢ obgactbio naMedenus O0<Cx<Cl, M uyro QyHKIUS @
VIOBJIETBOPSET JIMHEAHbIM ONHOPOAHLIM I'PAHHYHLIM YCJOBHSIM

B, (¢)=0 mpu x=0, B,(¢)=0 npu x=1. (5.1.30)
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QOueBuHO, YTO JIMHelHas 3ajaua

Lig)—22—0 (5.1.31)

npy rpaHUuHBIX ycjaosuax (5.1.30) monyckaer peueHue BHAa
¢ =u(x)e"M, (5.1.32)

npuueM
L(u)+4Aiu=0, (5.1.33)
B, (wy=0 npu x=0, B,(u)=0 npu x=1. (5.1.34)

[lpeanonoxuM, uTo 3ajaya Ha coGcTBeHHoe 3HaveHue (5.1.33),
(5.1.34) paspemwimMa a9 CYETHOI'O MHOXKECTBa COOCTBEHHBIX 3Haue-
HUil A, (REeHCTBHTE/JbHBIX HJH KOMIIJIEKCHBIX), COOTBETCTBYIOLUX
cOGCTBEHHBIM (QYHKUHAM 4,. CoOCTBeHHBlE uHc/a MPEno/araiTcs
OTJIMYHBIME APYT OT ApPYr'a M NPOHYMEPOBAHHBIMH TaK, UTo Re A, >
> Re A,_,. Ilyctb L—camoconpsixkeHHbI1 omepaTop, Tak 4To €O06-
cTBeHHble DYHKUMM U, ABJAKOTCS B3aUMHO OpTOroHasbHbIMH. [lpes-
NOJI0XKHM, 4TO OHH HOPMHPOBAHHl COIVIACHO YCJOBHIO

i

§ ty (0) @ (%) dx =8, (5.1.35)

0

Toraa ofllee peineHHe JUMHEHHOH 3ajauu 3amuIIeTCs B BUAE
At
P = X auu,(x)e M, (5.1.36)

rie a,—TMOoCTOsiHHbIE, ONpeje/sieMble H3 HauajibHblX YCJOBHH,

[Ipepnosokum, 4TO pelleHHe HeJWHEHHOH 3ajaud TakKXe BbIpa-
xKaerca B Buje (5.1.36) ¢ a,, 3aBUCALLUMH OT BpeMEHH, U 3aMULIEM
€ro B (opme

P = A, () u, (x), (5.1.37)

rae npuHaro A, =a,exp(— A,t). lloacranoska (5.1.37) B (5.1.29)
naer

21 o (1) L[, (%)] Zdi Y, (x) =

=F [2,1 A,,(z)u,,(x)l. (5.1.38)
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Mockonbky L (u,) =— A,4,, 10 (5.1.38) MOXHO mepenucatb B BHIE

nwns

—E [dA (”+7»,1A ()] un(x):F[Z A,(tu, (x)]. (5.1.39)
n=1

n=1

Iomuoxas (5.1.39) na u, (x), unterpupys or x =0 50 x =1 ¢ vye-
TOM YCJIOBHSI OpTOHOpMHpoBaHHOCTH (5.1.35), mosayunm

1

Wt A,,,:*S [ZA () u )]E,,,(x)dx (5.1.40)

0

s om=1, 2,

Ecau L we siBaseTcss caMOCONPSIKEHHBIM ONepaTopoM, TO cob-
cTBeHHble (PYHKUHMH 4, He OYyAYyT B3aUMHO OpTOroHadbHul. OfHako
MOXHO ONpPEIEeJUTh CONpPSIKeHHBIH K L omepatop M, ynoBiaeTBo-
PSAIOUIUA YCJOBHIO

PiL (ps) =, M () = [P (b1s ¥,)) (5.1.41)

rae ¥,, $,—yHKuun x; P—Oununefinas ¢opMa. C yueroM 3TOro
olpejiesieHHsl CONPSXKEHHYI 3a7ady MOXKHO 3aJaTh C IOMOLIbIO
ypaBHEHHSA

Mu+ru=0 (5.1.42)

¥ TpPaHUYHBEIX YCJAOBHH ofpallleHHs B HyJb (GopMel P (u, u) B obeux
toukax x=0 u x=1. Torza OyHKUMH 4, H U, OKAXKyTCcs OPTOro-
HaJbHbIMH M MOT'YT OBITh HOPMHDOBAaHbl YCJOBHEM

1

§ 1ty (0) i () dx = 6, (5.1.43)

0

JaHubpli cayuali paccMaTpHBaeTcs TAK Ke, KAaK H CamocoIpsi-
JKeHHBbI ¢ 3aMmeHoll u,(x) HA u, (x). B wactHoctH, (5.1.40) npu-
HUMaeT BHJ

1

dA,,, > 1
om AN A, = SF[LA (t) u, {x,Jum(x‘dx (5.1.44)

0
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5.2. MeTtoa ycpeiHeHMs ')
5.2.1. Meroguka Ban-pep-Tlons

B jaHHOM NYHKTE OIIMCHIBAETCS MeETOAMKA, pa3BuTas DBau-nep-
[Monem [1926] a5 HccsefoBaHUsl NMePHOAHUECKHX PeIEHUH ypaBHeHHUS

g:—?—}—wgu:e(l—u?)%+sk?»coskt, (5.2.1)

_HocAmero ero umst. Beanunna e B (5.2.1) mpennosaraercs wmaJos,
A (uactora BO3OYKAEHHS) CUMTAETCS OTJHUYHOH OT ®, (COGCTBEHHON
yacTOTH) HAa MaJyl0 BeJHYUHY MOPAJAKA &. B 3THX NpeAnosoxeHHsX
pewenne ypasHenus (5.2.1) ummercst B BHze

u(t) =a, (t) cos At +a, () sin At, (5.2.2)
rae a, (f) v a,(f) npeanoJarainrcs ¢1a60 MeHsOWUMACS QYHKIHUIMH
BpeMeHH, a UMeHHO da;/dt==0 (g), d®a;/dl? =0 (e?).

HBaxas npoauddepennuposap (5.2.2), noayuum
4 = — A2a, cos At —A2a, sin At —2a, A sin At +
-+ 2a,) cos Mt -+ a, cos At 4-a, sin A, (5.2.3)

3aecb Touka Haj O6YKBOH o3HadaeT AHPHEPeHUHPOBAHUE IO BPEMEHH.
[Moacrasum (5.2.2), (5.2.3) B (5.2.1) U OTOGPOCUM uUJIEHBI, HOPSHJ0K

KOTOPHIX BhIIE €, BCIOMUHAsH, uTo @; =0 (e} u a; =0 (). Ilpupas-
HuBas KO3pQUIHUEHTH IpH cos Al U sin Af B o0eHx yacTsX, MOJTYYUM

2
A? Wo

2a, + =% a,—ea, (1—p) =0, (5.2.4)
20, ——zvz—g—c—oial——aa2 (1—p) =¢ck, (5.2.5)

rape NpUHATO o6o3HadeHue
p— i at (5.2.6)

O6pamasncs, K H3YYeHMIO [IePHOJHUeCKMX pelleHHH ypaBHeHus
(5.2.1), oTMeTHM, UTO OHU COOTBETCTBYIOT CTALHUOHAPHLIM PEIUEHHAM
ypasHenuil (5.2.4) u (5.2.5), T. e. COOTBETCTBYIOT peILEHHUSM Yypas-
HeHHMH

200,0—ay4 (1—po) =0, (5.2.7)
— 200,,— 0, (1 —p,) =&, (5.2.8)

1) Bousee mosHOe W CTPOroe H3JIOXKEHHE ACHMITOTHYECKHX METOJOB, CBSI3AHHBIX
C ycpeJHeHHeM, cojepxkHTcsl B MOHorpadusx: boromoGos, Mutponoabckuii [1974],
Murponoasckuii [1964], Moncees [1969], Bosocos, Moprynos {1971]. O6zop u
Guanorpaduio paGoT IO ACHMITOTHYECKMM METOAaM THIIA YCPeAHEHHH H UX I[pPHJIO-
JKEHHSIM MOXKHO HafTH B YHOMSIHYTHIX KHHTaX, a Takke B OO30DHBIX CTartbsiX: Bo-
J0coB, Moucees, Moprynos, Yepaoycbko [1965], Bosocos [1968].— [Ipun. ped,
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rae 0 —KO3(pdHLUHEeHT paccTpoiKH, paBHLIH

o=tz (5.2.9)

B ypabHenusx (5.2.4), (5.2.5) onymenwsl wusgensl nopsagka O (e?).
Bossens o6e uyactu paBencTs (5.2.7) u (5.2.8) B kBaapar, CJAOXKHB
HX H YuMTbIBag (5.2.6), MOJY4MM 4acTOTHYIO XaPaKTEPHCTHKY

0y [40% + (1 —p)?] =22 . (5.2.10)

5.2.2. Mertoguka Kpbiiosa — Goroaw6oBa

PaccmoTpuM 3Ty MeTOLUKY IIPHMEHHTEIBLHO K 0of0ueMy chaabo He-
JUHefHOMY YpaBHEHHIO BTOPOro MOpsjKa

d? du
Ft;ergu:sf(u,d—;‘). (5.2.11)

[Ipu e=0 pemenue ypaBHenus (5.2.11) sanuckiBaercs B BHle
u=qacos (o, -+0), (5.2.12)

rre @ u O—mpocroanHule. A HaxoxaeHua npHOJUMKEHHOrO pelle-
Husi vpaBHeHusd (5.2.11) npu manoM, HO OTJUUYHOM OT HYJAA & Kpbl-
7108 U Boromobos [1947) npeanosoKuAM, UYTO peuleHHE UMeeT TOT
xe BHA (5.2.12) mpu ycnoBHH, HYTO

du

E:_—__a(‘,\)osin o, (p=®0t+6, (5213)

¥ BeJMYMHBl ¢ ¥ O H3MeHSIIOTCST Bo BpeMeHu. Takum ofpasom, sra
MeTojauKa aHajoTHyHa Mmeropuke Bau-mep-Iloas, ofcyxaabiueiics B
npeibiyiieM MyHKTe, EJAHHCTBEHHAs pasHULA 3aKJIOYeHa B BUIAE
NepBOrO UJIeHa.

Juddepennupoasue (5.2.12) nmo ¢ paer

du

. da do .
JF = Tam,sin cp—{—Ecosq)—a—sm P.

dt

CnenoBarenbno, ¢ yuerom (5.2.13) umeem

d do .
—d%cos ¢—asing=0. (5.2.14)

Huddepenunposanne (5.2.13) mo ¢ paer

d?u

2 da . a6
a—t-z- = —aWyCoS P— W, W SiN@—aw, E_ Cos Q.
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[MoacTaBus 310 Boipaxenue B (5.2.11) u wucnoawsys (5.2.12), no-
JYUHM

wOZ—?sin(p—\-awO%coscp:———ef[acoscp, —aw, sin¢]. (5.2.15)

Paspemas (5.2.14) u (5.2.15) ornocuresnvHo da/dt u db/dt, Gyiem
HMETb

d . . p
_&‘ti: ——58‘-) sin @f [acos @, —aw,sin ¢], (5.2.16)
do e o . -
W-_ﬁ~:;5(—0;cos of lacos @, —aw,sing]. (5.2.17)

Takum ofpaszoM, HcxoxHoe AuddepeHnHanbHoe ypaBHeHue (5.2.11)
OTHOCHTE/NBHO i 3aMeHeHO CUCTeMOH ABYX JuddepeHUHANBHEIX YPaB-
Henuil mepsoro nopsaxka (5.2.16) u (5.2.17) oOTHOCHTENBHO aMmJiu-
TyAel a 1 dasml 0.

[pucrynas ® pemenuio cucreMsl (5.2.16) u (5.2.17), samerim,
yTO NpaBble YacTH ee ypaBHEHHMH IIePHOJMYHBL MO ¢, H, CJA€J0Ba-
TenbHo, da/dt =0 (g), dB/dt =0 (g). Takum obpasom, a u 0-—caabo
MeHSomHecss GYHKIMH BpeMeHH (IIOCKOJMBKY & Majo) U HX H3MeHe-
uue 3a Bpemss T ==27/w,, paBHOe IepPHOAY MPaBBIX yacTei, OueHb
Mmajo. Ycpeausis (5.2.16) u (5.2.17) no wunrepmany [¢, t+T], B
TeueHHe KOTOPOro BeJHYHHBl @ ¥ O B NMpaBelX yacTAX 3THX ypaBHe-
HH! MOTYT CYHTATLCH MOCTOSIHHBIMM, NOJYUYUM

da e

a7 = say (@) (5.2.18)
do '

= 8@ (5.2.19)

3nech NpHHATO O0O3HAUYEHHE
T

fi(a) _2 S‘sin ¢f [acos 9, —awn,sin @] df =

0
2

=715—S sin ¢f [a cos ¢, —aw,sin ¢]de, (5.2.20)
0
2

J

g, (@)= i S cos ¢f [acos ¢, —aw,sin ¢]de. (5.2.21)
0

OtMeTuM, uto f, U g, ABIAIOTCA NONIPOCTY ABYMsA Ko3dpdHUHEeHTaMU
B pa3noxeHud B pajn Pypre dyHKUHH f.

B kauectBe npumepa paccMoTpHM ypaBHende [Jiopdunra (2.1.1),
B KOTOPOM

Flu, u)=—us. (5.2.22)
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CnenoBaTesbHO,
3
f,(@)=0, g (a)=—7a’ (5.2.23)

Toraa us (5.2.18) cnenyer, uto a—nocrosansas, a u3 (5.2.19),—
4TO

b=2¢ —t+6 (5.2.24)

[losToMy B MepBOM NPUOJHKEHHH HMEEM

u_acoswo[l+§s Jt+0(e) (5.2.25)

B kagecTBe BTOPOro mnpuMepa paccMOTpUM ocuuanatop Bau
aep-IToasi, B KoTopom

fu, ) =(1—uz) 2. (5.2.26)
B atoM cayuae uMeem
fo=— o < - a2> . g, =0, (5.2.27)
M3 (5.2.19) cienyer, uto 6 =0,—nocTositHHAs, B TO BpeMs Kak
24 :8"(1—%1 ) (5.2.28)

Hurerpupys (5.2.28), noayunm

. (5.2.29)

l—{—(————-(),v—”

B ocnose metona Jleeeppe [1856] sexur Ta Xe unies, 4to U B
JaHHOH MeTOJHKE.

5.2.3. OGoGIWEeHNbIH METON yCpeAHEHHUA

PaccmatpuBaemass meToguka TpakTyer paseHctsa (5.2.12)
(6.2.13) xak npeofpasoBanne nepeMeHHblX 4 4 du/df K nepemeH-
HbIM @ ¥ (p, IPH KOTOPOM BLINOJIHEHO

da e . .
o7 = —sin ¢f [acos @, —aw,sin @],

dp ° . (5.2.30)
7 =m(,—a»—m0coscpf [acos @, —aw,sing].

[lepemennas ¢ HasbiBaeTca ObICTPO Bpaulamouiefics (asoii. Mbl He
OyneM WHTErpHPOBATH 3TH yPaBHEHMS, KaK 9TO cjiejlajld B Npeibl-
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AyweM NYHKTE, @ OpelesuM IOYTH TOXKIECTBEHHO® NpeoGpa3oBaHie
(cm. Boromo6os n Mutponoabsckuit [1951], crp. 412)

a:?_+8a1 (a,_(p)——\——(-}zaz (a’_(p)-+ cry (5231)
o= +eq, (a, ¢)+e2q,(a, @) +...,

MepeMeHHbIX @, @ K NepeMeHHBIM @, @, KOTOPoe NEepHOJUYHO NO ¢
¢ mepHoaoM 2m W npusomuT cuctemy (5.2.30) K BHAY

& o, @+erd, @+ 5o
d(P——(oO—{—sB (a) +eB, (a) + .. B

rie A; u B; me sasucar oT ¢. B ykasaHHOH npoueaype a n ¢
BoBce He 00f3ambl ObITh CKalsApHbIMH QyHkouAMH (Mertaep [1959];
Cerna [1963]; Moppucon [1966B]). S(deKTH BHICUIHX NOPALKOB
6puin  nonydenbl BosocosbiM  [1961], [1962], Meiosenom [1965],
3abpeiiko u Jlegosekoit [1966]. Kpyckaa [1962] NPEeJVIOKUA TIpe-
oGpasosanne, obpartHoe K (5.2.31); ocHOBHIBasich HA 3TOH NMpoueaype,
Crepu [19708] paspa6oTas aliropuTM IOCJAeI0BATEALHOIO MOJAYUEHUS
polcinx npubaukenud. CrepH [1971B] ucmoab3oBad 3Ty METOAHKY
IpH H3YYEHUH MeJJIeHHO MEHSIOUW[HXCH BO3MYLIEHHBIX CHCTEM.

[ToncraBuB (5.2.31), (5.2.32) B (5.2.30), pasmaras mo cTemeHsM
e U IpupaBHHBag Ko3b(HOHEHTH NPH OJHHAKOBLIX CTEHEeHAX e,
HOJIYYHM YPaBHEHUS BHJA

aa”+A —=F, (@ @),
(5.2.33)

0 "
@0 2+ By =0,(a, @),

B KOTOPBIX NpaBble YACTH SBJAIOTCH H3BeCTHBLIMH (QYHKIUAMH Yje-
HoB GoJsiee HHu3KOTO mopsAaka B (5.2.31) n (5.2.32). B of6weM cayuae
Besnuuusl F, U G, coiepxar ObICTPOIEPHOAHYECKHE uJeHH (ofo-
3HayaeMble BEPXHHM HHIEKCOM S) U MeJJIeHHO MeHSIOmUuecs uJjeHbl
(o6o3HavaeMble BepXHUM HHJeKcoM [). Bribepem A, u B, paBHBMA
MEJJIEHHO MEHSIONIMMCS YJeHaM, T. €. NOJOXHM

A,=F., B,=G.. (5.2.34)
Torga nmpugeM K ypaBHeHHSM

VB _ps o 9 gs (5.2.35)

op o

KOTOpHIE MOCJIeA0BAaTE]bHO Pa3pellaloTcs OTHOCHTeJIbHO a, H Q.
B kauectBe npuMepa paccMorpuM ocumiastop Baux-zep-Tloas,
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B KOTOPOM
[, 0)=(1—u?u, op=1.
B stom cayuae ypasHeHus (5.2.30) mpuobperaloT BuA

Z(tl = 1 e[a(4—a?)—4acos2¢ +-a®cos 4¢],

L +§8 [2(2—a?)sin 2 —a?sin 40].

(5.2.36)

[MoxcTasuB (5.2.31), (5.2.32) B (5.2.36) unpupasHuBas KOIPQHIHEHTHI
NpH OJHHAKOBLIX CTENEHSX €&, NOJAYUHM JJIS UJIEHOB, MMEIIIHX

NOPSIROK &€
da, 1= = 1= — 1= —
=+ A, =ca(@d—a)—=xacos2¢p+ a’cos4g,

o9 8 2 8
o0, N (5.2.37)
£+Bl=z(2—a )smﬂcp—ga sin4q;

OopANOK &2
6“2 2+ A, =—‘3‘ﬂA a“: B, +

-8— a, [4—352——4003 2¢ - 3a2 cos 4¢] +-

4+ ag, [25in 2¢ —a? sindg), (5.2.38)
s g Op
a@+Bz" da A= op B,

—-%Eal (2sin 2¢ 4 sin4q) +
+5 ¢, [(2—a%) cos2p— a2 cosdg]. (5.2.39)

[NpupasuuBasi A; u A, MelJeHHO MeHAIOUMCA uYJeHaM B npa-
Bofi uyactu (5.2.37), moayuum

A, =4a(d—a¥), B,=0, (5.2.40)

[ocae storo cucrema (5.2.37) npumeT BHA

dm__ 1y cos?c}—{—%@ cos4q,
Op

2
9 1o nsin2¢—L a2sin4q
a(P 4 ¢ 8 ®

(5.2.41)
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M HMeeT CBOMM pellleHHeM
T
als—%a sin 2¢ +3—2a3sm4q>,

(5.2.42)

¢, = .—% (2—a?) cos 2¢ —i—:—S%EZ cos4q.

C yuerom (5.2.40) u (5.2.42) ypasdenus (5.2.38) u (5.2.39)
npuodperaroT BHJ,

% + A, = 6BcTpONepUOANYECKHE UJEHB],

¢

0P, D T N | (5.2.43)
%o -+ B,= —5 T 52 - 6blcTponieproaANUeCKHE

YJICHBL.

IlpupasnuBass A, u B, MelsJeHHO MeHSIOUIUMCSl YjJeHaM B IIPaBbix
yacTsix cucreMbl (5.2.43), nmoayuum

A,=0, B,=—g+isat—gat (5.2.44)

TosToMy ¢ TOUHOCTBLIO 10 BTOPOro HOPSiAKA HMeeM
u=acos ¢, (5.2.45)

rae
a :a——% ea [sithﬁ——%EQ sir14(5] -0 (e?),

-~ _ - (5.2.46)
p=¢—7g¢ [(2~a2)cos 2(9’“7 a®cos 4q>J + 0 (e?);
=3 ead—a) 0 (), 621
ﬁzl_i 2 1__‘?_—'2 H= . 3 o
dt g® 5 atgat|+0(e).

270 pellleHHe HaXOAHTCA B MOJHOM COOTBETCTBUH C peIIEHHEM, KOTO-
poe mosyvyeHo B n. 5.7.4 ¢ momomblo anroputMa Kemesa.

Jns xamoHMueckuX cucreM npeoGpasoBanue (5.2.31), (5.2.32)
MOXHO OCYUIECTBUTb B GoJiee H3SILHOH ¢opme, ec/d MPUMEHHThb
npoueaypy ¢on Llaimeas (§ 5.6) unu paasl u npeoGpasosanus Jlu
(n.5.7.5). Tlocnennuii cnocob npeacrasisierT co6ofi mpoctofl U 3dbek-
THBHBI{ AJITOPHTM, OCHOBAaHHBIH HA peKyPCHBHOM NDHMEHEHHH He-
CKOJIbKHX 3JIeMEHTaPHBIX OIepanuii, u fABJAAETCS] IMOITOMY OueHb
yIOoOHEIM s pacdyeroB Ha DBM. C nomouipio npeobpasopannt Jlu
(§ 5.7) 611 chopmynupoBaH 3hdeKTUBHBIH PeKYPCHUBHBIH aJTOPUTM
I/ HEKAHOHHYECKHX CHCTEM.



5.3. Memoduxa Cmpabaa ) 187

5.3. Meroauka CrpaGaa

Crpaba [1962} pa3Bus MeTOAHKY M pacCMOTpeHUst caabo He-
JAUHeHHBIX KoseGaTeNbHBIX CHCTEM, ONHCHLIBAEMBIX YPaBHEHHEM

u+otu=cef(u, u, t). (5.3.1)

OH BLIPA3HJ TIPH MaJIOM & 4CHMITOTHYECKOe pellleHHe STOr0 ypaBHe-
HHA B BHIe

N
u=acos (0t —0) -+ X emu, (f) +0 (eN+1), (5.3.2)
n=1

rie a 1 8—caabo MeHsomuecss GyHKUHE BpeMeHHd. Ecau no1oxuTh
kaxaoe u,=0, to (5.3.2) npumer BuA TOTO pelleHHs, KoTopoe K poi-
710B 1 borosoGoB Hcno/p3oBanu 415 NOJTy4eHHS MEePBOTO NPHOJIH-
#eHusA K u (cM. 1.5.2.2). Mel He GyzeM NMpoBOIMTEL BHIKJAAAKH AJA
dyHKunMH ofuiero BHAa f, a 3ajaguMcs JIHIb YaCTHHIM BHIOM ee,
COOTBETCTBYIOUIMM ypaBHeHHIO [[10¢dunra,

Hrak, paccMoTpHM ypaBHeHHe

U+ 0lu = —eu?, (5.3.3)

[ToacraBasia (5.3.2) B (5.3.3), noayunum

[Qamo Z—?—I— %—a (‘3%)2} cos (wyt —0) +

d d20 da d9 .
+ [——2mod—f 'I"ZW“"?T(:T:] sin (ot —8) -

2 2
d?uy d?u,

\
e (Gt ou, ) et (G oty )+ =
= —ea® cos® (w,f —0)—3e2u,a%cos? (wyf —0) 4o« (5.3.4)

Ecnn, yuurthbiBas ujeHnl nopsaaka 1o O(e), npHpaBHsieM KO3hdH-
UMeHTHl MPH cOS (0 f —B) U sin(w,f —0) B ofenx 4acTax ypaBHeHHs
(5.3.4), 1O mMonyuHM cJeAylOUlHe TaK Has3bBAeMble YpaBHEHHs
B BapHAUHAX:

do d? do \2 3
2a0, G+ —a(r ) = %" (6.3.5)
d20 da db
—20, g7 +a gr+2 g =0 (5.3.6)

[Tocne storo 6ynem umers cJaenyioluiee TaK Ha3biBaeMOe ypaBHeHHe
BO3MYLIEHH A

Th1 oty = — 6303 3 (05t —0). (5.3.7)
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B nmepBom nopsiaike mo & ypabHenus (5.3.5), (5.3.6) cBomATcs
K BUAY ')

da do 3
E—l————O, E: —8_(1)0 ea’. (538)
Caenosarte/bHO,
a=a, O0=—g>eait+0, (5.3.9)
0

rae a,, 9,—mnocroausble. Torpa pewenue ypaBHeuus (5.3.7) B nep-
BOM [OpSAKE NO € MOXKHO IMOJYYUTb, CYHTas a H O TOCTOSHHLIMH.
Ilponenas 310, noayunm
1 -
wy== a®cos 3 (wyt —0). (5.3.10)

oY

CnefioBarenbHo, pellleHHe NEPBOTO NOPsiAKA UMEeT BIJ
u=acos(w0t—6)+—l—zaa3cos3(0),,t—9), (5.3.11)
32wy
rie a ¥ O sajatorca paseHcTBaMM (5.3.9).

Ilpu ussectHOM «, JAJ BTODOro CJIaraeMOro H3 IIpaBOH yacTtd
(5.3.4) umeem

—-3e2u,0%cos? (w,t — 0y = —

s 82a2 [cos (wf —0) +
128600
+4-2¢0os 3 (wyf —0) - cos 5 (o, —0)]. (5.3.12)

Kpome Toro, ass cJeAyIOWEro Hara HY:KHO BBIYUCJAHUTL Y/Je€Hbl HO-
paika O (e) B Bulpaxenuu (d%u,/dt?)- wiu,, T. e. HYXHO PaccMOT-
peTb cJ/araemoe

9 4 do

—— d_. —_—

0, & c0s 3 (w,t —0). (5.3.13)
YunteiBas Terepb ujeHsl nopsaaxa o O(e?), NONYYUM ypaBHEHHUS
B BapHalHUsiX

a9 d? do \2 3 3
QawoWJrTzZ—a(W) =TT g e (0314
d d20 da dO -
—200 gy +a g +2 g g =0 (5.3.15)

N ypaBHeHHe BO3MYIEHHUA

d2u,
Tt Ol = — 75507 [2€08 8 (0t —6) 4003 5 (0t —0)] —
9 40
_16m0ea3—(7c053(m0t_9)- (5316)

) Tounee, ypaBnenus (5.3.5), (5.3.6) GynyT ynOBJIETBOPEHBI ¢ TOYHOCTHIO A0
4/ICHOB TOPsJKA €, €CaH TOJOXHTL B HHUX (5.3.8).— [Ipun. ped.
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Ortnpapasgace or (5.3.9), MeTOAOM IMOCJeN0BATEAbHBIX ITIPHOII-
EeHHH MOXKHO MOJIYUATh c/eaylolHue pewenns aasa (5.3.14) u (5.3.15):

3 15
a=a,, 6:—meaﬁt+256m382a§l‘—{—60—\—0(e3), (5.3.17)

B KOTOPBIX a, u O,—mnocrosuusle. Hafing ns (5.3.9) d0/d¢, noacra-
puB B (5.3.16) M paspemmB I[OJYUaolleecss ypaBHEHHEe, IOJYUHM
¢ TOYHOCTBIO JI0 usieHoB O (¢)

@® oS3 (wf —0) 4 a® cos b (w,f —0). (5.3.18)

Uy

10240 10240}
Orciona OyneM HMeTh /sl pellleHHs BTOPOro NOpsAjaKa
ea® 2le
u:acos(wt-—@o)—%&——wg(l—%%a?) cos 3 (wft—0,) +
£2ab
cos 5 (wt —6 0 (e3), 5.3.19
+ ioga3 (085 (01 —0) +0(e),  (5:3.19)
rie
3ea? 15e2q4
== | +=—— + 3. 5.3.20
@ m°< +8m}’; 256mg> 0(&) ( )

Yro6el MOJAYUUTL DelleHHe TPETbero MOpsiika, HYKHO BBIYHCJIHTD
yjaeHbl nopsaxa O (e?) B d2u,/dt? v uiennsl nopaaka O (e) B d?u,/di?
M 3aTeM COCTABUTb YpaBHeHHUS B BapHalHaX M ypaBHEHHE BO3MYVIIe-
HHs. DTo 06CTOATEbCTBO SABJASETCA IVIABHBIM OTpAHHYEHHEM B I1PH-
MEHEHHMH H3JI0KEeHHOH MeToAMKH. BTOpBIM OrpaHHueHHeM HABJAdETCH
crocof pelieHysi ypaBHEHHsI B BapHaUWAX —MeTO] MOC/e10BaTeb-
HuiX npubanmkennii. CucTeMatHuyecKuli MyTb K PACCMOTPEHUIO N0I00-
HbIX 3a[a4 YKasbBalT Meroguka Jlunamrexra— [Iyankape (1.3.1.13,
metoguka Kpsuiosa — BoroawGosa —Murponoasckoro (§ 5.4), psiap
u npeoGpasosanua JIu (§ 5.7) m meron MHorux MacmraboB, pac-
cMOTpeHHBIT B IJl. 6.

5.4. Metoauka Kpbijsosa — Boromodosa — MrTpPONoisCcKoro 1)

B xome yTouHeHus neppBoro npub/KeHHs K PElIeHHIO YpaBHEHHS
(5.2.11), paccmorperroro B 1.5.2.2, Kpbios u Boroawtos [1947]
Pa3BHJIN METORUKY OINpeJeeHHs pelieHuss B JA000M TPUGIHIKEHUH.
Boroato6os u Murtponosasckuii [1961] yray6uaum um obocHoBamM 3Ty
MeTonuky, Murponoabckuii [1965] pacnpoctpaHns ee Ha cJayuai
HecTalMoOHAPHBIX KosieGaHuil, OHH paccMaTpHBAJMH acHUMOTOTHYECKOE
pas/ioxeHue BHJIA

N
u=acosp+ X emu, (a, )+ 0 (eV+), (6.4.1)
n=1

1) Cm. npumeuanne Ha ctp. 180.— pum. ped.
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B KOTOPOM Kaxfoe u, fBIseTcA Neproavueckodl dyHkuHed P nepu-
ofa 2m, a BEeJHUMHBl @ M P HU3MEHSIOTCA BO BpEeMEHH COTlJIACHO
ypaBHEHHAM

S
l
Mz

A, (a) 40 (eV+1), (5.4.2)

3
[l
—_

N
=0, + X oMb (@) + 0 (e¥+1), (5.4.3)

n=

npuueM GYHKUHM u,, A, ¥ P, noabupanuch TakUM o6pasoM, YTOGHI
dyuxuus  (5.4.1) npu ycaosuax (5.4.2), (5.4.3) ynosierBopsAna
nuddepenunasbiomy ypasseruro (5.2.11). [Ins oaHO3HAYHOrO ompe-
nenenns A, u v, norpebyeM, u4ToOBl Bce u, He COpepKadH COSY.
Hponssozmble 1peofpasyoTcsl COTJIACHO DaBEeHCTBAM

d da 0 | dy @
dz / da \* 0?2 d2a 0 da dy 0? P 02 dzq, 2
@=\ar > T aratia E?m+<73“) T dE o
(5.4.5)

=24, 211 0(3),  (5.4.6)

—e24, "“’1+0( 3. (5.4.7)

Ianee 3ta TeXHWKa WJJMIOCTPUPYETCS MpHMeHeHHEeM ee K ypaBHe-
HuaM [liopdunra, Ban-gep-Ilona u Kaeiina—Toppona.
5.4.1. Ypasnenue Riopdunra

PaccMoTpuM HeqHHEHHBIH OCUMAAATOP
U+ o =—eud, (5.4.8)

KOTOpHIfl paHee usyuwancs B n. 3.1.1, 5.2.2, § 5.3. TloacraBass
(5.4.1)—(5.4.7) B (5.4.8) u npupaBHuBas Ko3ppULUEHTH TPU PaBHLIX



5.4. Memoduxa Kpotrosa— Bozoanbosa — Mumponoasckoeo 191

cTelneHsiX & N0 €% BKJIUYUTEJbHO, NoJIy4uM

oH ?;jjz‘ + @, =20,p,acos P+ 20,4, sinp—adcos* P,  (5.4.9)
q OPls 2 9 2 dA
of W_{“wouz: [( @, +Pr)a—A ] cos Y +-

d
+ [2(@04, -+ A% + a4 —;"—] sin p—
0% uy 0%y -
W—Q(DOAI m . (0410)
Yr1obbel 1, oOKasajach nepuoauueckoll (yHkUMeH, B IPaBod YacTH
(5.4.9) nLOJIXHB HCUYE3HYTb T€ CJaraembie, KOTOPbIC HOPOKAAIT

pekoBble useHH. Ilockoabky cos? P =(3 cosyp--cos3P)/4, TO 3TO
ycJIOBHE 1aeT

—3u,a? cos®Y—2m,,

3a?
A, =0, wlzm. (5.4.11)
Torpa permeHuem ypaBHenus (5.4.9) sBasercs ¢yHKuus
3
u1=—a—2cos 3. (5.4.12)
320.)0
IloacraBnsisi 37O pemenne nepBoro nopsaka B (5.4.10), noayuum
6
uz s T 0”2:<2w0¢2 1280 >acosxp+
-} 2004, sin )
BekoBble uJieHbl OYAYT HCKJ/IOYEHbl MPH YCJAOBHH
15a4
A, =0, wz_—m. (5.4.14)
Torna pemenne ypaBHeHuﬂ (5.4.13) Oyzer umetbp BHJ
Uy, = o240t 4(21cos 3¢y —-cos 5¢). (5.4.15)

[Mostomy 6y11eM HMETb 1A 4 C TOYHOCTBIO 0 BTOPOrO IOPsiKa

u~acosxp—|— cos31|;——
(21 €0s 31— cos by) -- 0 (&%), (5.4.16)
l024 o
npuuem
%:0, Wi a=a,=const, (5.4.17)
dy 3ea?  15e%at

D — oy 50 (e,
¢=wo[ }+¢0+0(88), (5.4.18)

3£a 15e2q%
" 25608
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rae |, —INocTossHHAsA. DTO penieHye coraacyercs ¢ pewenueM (5.3.19),
(5.3.20), nonmyuennsiM MeTooM Crpabaa.

5.4.2, Ocuuansarop Ban-nep-Tloas
Jlasmee Mbl paccMOTPHM HeJIMHeHHBIH OCUHU/ISITOD
u+u=e(l—u?)u, (5.4.19)

usyuennsllt B 1. 5.2.2 u 5.2.3. TloacraBass (5.4.1)—(5.4.7) B (5.4.19)
¥ NpupaBHHBasfg KO3QPUIHEHTH IIPH PABHBEIX CTEMNEHAX € A0 &2 BKJIO-
YHTEbHO, [OJdYUHM

0u1

T +u, =2¢,acosPp+ 24, sinp—
—a < 1 ——%a2> simp—}——}rcﬁ sindy,  (5.4.20)

0%u,

Tty =@+ ¥ a—4, T2 | cos b+
+ {204+ A +ad, G2 | sinp—

— 2y, %1--—2/11 aigip-f-(l——az cos? ) X

><<A1 cos p—ap, sin 1])+71P‘—>+a2u1 sin 24, (5.4.21)

Bexopble ujleHbl OYAYT MCKJIIOYEHBI, €CJH Ha MpaByo 4acThb B (5.4.20)
HAJ0XKHTb YCJIOBUS

P, =0, 4, =g a (1-%@) . (5.4.22)
CrenoBaTeasHto,
U, = —-2 sin 3. (5.4.23)

Hwmest 370 pewenue, MoxkeM nepenucath (5.4.21) B Buje

FER dA 5
73%?'”2: 2ap, — A, ‘—}—(1——&) 1+]a—2§jlcosxp~[—
a®+-8)

+ 24, siny 25 T2 128 cos31p—}—%—58—c0551p. (5.4.24)

UroGw B u, He OLIIO BEKOBBIX Y/IEHOB, IMOJIOXHM

dA 3 4
Ar=0, by =gt (G —1+7 0 ) —55. (5.4.25)
CaenoBatefbHo,
5ab 28
ty = — 3575 COS Sp— —({10—24~)cos 3. (5.4.26)
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HOSTOMy C TOYHOCTBIO JO BTOPOrO NOpsAKa pelieHHe HMeeT BHJ

u#acosw———smb—
fg;[ a2cos51p+(a2—|-8)00531p}—I—O(as) (5.4.27)
npHueM
da  ea T, 2 _ 4
.373_2_<1—Ta>, a 1+<;0__1> . (5.4.28)
e [ (‘“‘1 1+2 )*2%] (5.4.29)

rae a,—nocrosnHas. Mcermoapsya (5.4.22) n (5.4.28), moxeM mepe-
nucath (5.4.29) B Buze

dy g2 € 7 da
W—l*ﬁ—s“a(l*"az) @

CJie10BaTeNBHO,
xp:l—f lna—}— 7 0%+ @y, (5.4.30)

rae P, —TIOCTOsIHHASA.

5.4.3. Ypasuenue Kueiina — lopaona

B kauecTBe TpeTbero npuMepa paccMOTpuM, cienays MouTromepu
n Tunmany [1964], HenuHefiHble BOJIHBI, ONHCHIBAEMBlE YPaBHEHHEM

Uy —C,, + ANu=¢ef (u, uy, u,). (5.4.31)
[Tpu ¢ =0 ypasuenue (5.4.31) gonmyckaer pelueHHe BHJA
U =0acos (kX —w,t + @), (5.4.32)
Tie a ¥ p-—TIOCTOsIHHEIE, A £, U ®, YAOBJETBOPSIOT JHCIEPCHOH-
HOMY COOTHOLIEHHIO
0 =%k 4- A2, (5.4.33)
Hus Majioro, HO KOHeYHOTO € OyleM HCKaTh pasJoKeHHe BHIA
u=acosPp-+eu,(a, P)+..., (5.4.34)

rie a caaGo MeHsieTcss B 3aBHCHMOCTH OT BPEMEHH H COCTOSIHHS
COrJ1acHO ypaBHEHHAM

g—?=ﬁA1 (a) +e*4;(@)+ ..., (5.4.35)
=eB,(a)+e*Bs (@) +. . ., (5.4.36)
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a p—mHoBas (asoBas nepeMeHHas, cosnajawomas ¢ gpasoi s (5.4.32)
npd e =0 M yIOBNeTBOPAKINAA YPABHEHHAM

B o — oyt €C, (@) +C, (@) + - (5.4.37)
X —ko+eD, (@) 2Dy (@ + ... (5.4.38)

B 1auHoM ciayyae BHOBb HH OJHO 4, He COJEPHT OCHOBHOH
TOH €OS 1.

IMopcraBass (5.4.34)—(5.4.38) B (5.4.31), ucnonb3ys (5.4.33)
¥ npupaBHuBas Ko3QPUIHEHTH NpU € B OO6EHX uYacTAX, NOJYYUM

d .
<6i‘; +u >=—2(m0A1+czkoBl)sm y—
—2a(w,C, +-c?k,D,) cos ¢ +
+ f[acosy, aw,sinp, — ak,siny]. (5.4.39)

Pasaoxum Tenepb ¢yHkuuio f B pag dypre no mepemennoil
flacos, aw,siny, —ak,siny) =

=g, (a) + ,,2:31 (f.(@)sin np+ g, (a) cos ). (5.4.40)

Hckaouas BeKOBble UJIEHB, npuieM K paBeHCTBaMm

20,4, + 2c2kyB, =, (a), (5.4.41
2a(0,C, +c2k,D,) =g, (a). (5.4.42)
Torpa pewenne ypasseHus (5.4.39) umeer BHA
go (a) In (@) sin b+ g, (@) cos np.
+ 2 T (5.4.43)

[oacrasnss A,, B;, C; u D, us (5.4.35)—(5.4.38) B (5.4.41) n
(5.4.42), monyuum

da ,0a fl (a)

o T 00 5= TN (5.4.44)
R (5.4.45)
rie o,=dw,/dk,—Tpynnopas CKOpPOCTb, a
B=v—Fkox+ . (5.4.46)
Upu f,=0 6yneM umetnb
a=h, (x—aoy), (5.4.47)

B=e(x+ o) B9 4 (x— o), (5.4.48)
4awemg
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rae h, u h, onpelesiloTcsl M3 HAYANBHBIX WK TPAHHYHBIX YCJIOBHH.
YpapHenus (5.4.44) u (5.4.45) Moryr OBbITb J€rko peuleHH, €c/iu
@ u B ABAATCA (QYHKUHSAMH TOJNBKO BPEMEHH, HJIHM TONBKO CO-
CTOSTHHSA.

5.5. MeTtoa ycpeiHeHHf ¢ HCMOJb30BaHHEM
KaHOHHYECKHX NepeMeHHBIX

PaccMOTPHM KOHCEpBATHBHYHO [MHAMHYECKYIO CHCTEMY, OMHCHI-
BaeMylo CJeNyIOIHMH ypaBHEHHSIMH JlarpaHixka:

d (0L JdL .
——==0, i=1,2,..., N 5.5.1
a (0%) % ’ (-5
tae q=1{q,, Gs, --., y}—BEKTOD OOOOLIEHHbIX KOOpAHHAT, {—He-
3aBHcUMas TNepeMeHHasi, a Touka Haj OykBoH osHauaer AHdbdepeH-

uuposanue no t. [anee L(q, q, {y=T—V npeacrapaser coboi
nAarpanxuad, T M V-—KHHeTHYeCKYI0 M HOTEHUHAJNbHYIO 3HEPTHH

coorBeTCTBeHHO. OnpelenyM BeKTOD OGOOMIEHHBIX HMIYJbCOB P =
={p\s P2 --+» Py} PABEHCTBOM
JdL -
=T, (052)
dq;

a ramMHJbTOHHAH /1 paBeHCTBOM
H=p’q—L, (5.5.3)

rae p’ — pesyabTaT TPaHCNOHMPOBAHHA P (€CAH P— BEKTOP-CTOMGeEL,
To pT—BeKTOp-cTpoka). Cuuras H QyHKLHe#l TOJBKO OT P, q U f,
MOJKeM 3anHcaTh

N N
oH oH oH
dH——_iz::laq—idqﬁ—i:lﬂdpﬁ—Wdt. (5.5.4)
s (5.5.3) 1MeeM TaKxKe
N
oL oL oL

dH = }.q,dp,+2 pidg;— Z o a2 da—Grdt. (5:55)

=1

i=1 i=1

Corsiacuo (5.5.2), BTOpoe W TpeTbe cJjaraeMble B IPaBOil  yacTH
(5.5.5) cokpamatorcsa. Kpome roro, u3 (5.5.1) u (5.5.2) crenyer,

4To p; = 0L/dq;, mostoMy (5.5.5) MOXKHO MepenucaTh B BHAE

N
dH = ¥ g:dp;— V pedg— % dt. (5.5.6)
i=1

;._



196 Ta. 5. Bapuayus npoussoabHelx NOCMOAHHGIX 14 MEMOO YcpeOHeHus

CpasuuB (5.5.4) c¢ (5.5.6), mosnyuaem cJaefyioliHe KaHOHHYECKHE
ypaBHenus [amu/ibTOHA:

oH

9:=5p7 (5.5.7)
o0H
oL oH
=—5 (5.5.9)

DTH ypaBHEHHS 3aMEHSIOT ypaBHeHUs JlarpaHxka,
I'lpy nepexope oT nepeMeHHBIX q M p X mnepeMenHbsM Q(q, p, {)
u P(q, p, t) ypaBuenus (5.5.7), (5.5.8) npeoGpasyiorcsi K BHIY

Qi=/:(P, Q, 1), (5.5.10)
Pi=g;(P,Q,1). (5.5.11)
Ecau cymecrsyer ¢pyuxkuus K (P, Q, f), takas, 4to
0K dK
fi=3p,, &=—3g; (5.5.12)
1o (5.5.10) u (5.5.11) sanuckBaloTCs B BUIE
; 0K ; 0K
Qi=0—pi', Pi:—d—g—i, (5.5.13)

a Q u P HasbBAIOTCS KaHOHuueckumu nepemernsimu. Ilepexom or
q H p K Q u P HaspiBaeTcsl KAHOHUUYECKHM [peo6Gpa3oBaHUEM OTHO-
cuteapHo GyHKIuH K.

Kanonuueckoe npeoGpa3oBaHHe MOMKET ObITb IIOJYUEHO C IOMOILbLIO
Tak HasplBaeMo#l mpoussogsuest ¢yuxkuuu S (P, q, f) B coOTBETCTBUH
¢ paBeHcTBaMH (cM., Hanpumep, ['ongcreiin [1965], ra. 8; MeiipoBuu
[1970], ra. 91))

N 0S
Pi=S . Q=g (5.5.14)

Konmr ckopo 3TH ypaBHeHusl OyAyT paspemleHbl OTHOCHTE/JIbHO
q=q(P,Q,?¢) u p=p(P, Q, t), dyskuua K Bblpasutcsi uepes H
caenyomuM o6pasoMm:

K(P,QH)=H[p(P,Q, ¢, aP,Q, 1, {+5 . (5515

Ecau ypacresd HaliTH KaHoHMYeckKoe Npeo6pasoBaHHe, TaKoe, YTO
K=0, 10, cornacHo BTopoMmy cooTHomweHHIO B (5.5.13), BekTop P
O6yzner nocrosiHubiM. IIocKOJbKY H3 MepBOro cooTHowenHst B (5.5.14)

1) IMoapoGree 0 KaHOHHueCKUX Npec6pa3oBaHHAX H ypaBHeHHUsX [aMu/bToHa —
SIxko6u cM. B kuure I'antmaxep [1966). —Tpum. peo.
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uMeeM p; =0S/dq;, ToO GyHKUHA S ROMKHA YIOBJETBOPATH CAEAYIO-
ILEMY TaK HasblBaeMOMY ypasHeruio Iamurvmona — Sxobu:

aS as a8 aS

<a—ql' T Fam s G ...,qN,z)+-aT~o. (5.5.16)

Ecan S—nounnit uuTerpan ypasueHus (5.5.16), To coorTHOuwieHHs

(5.5.14) nocTaBasAOT O6llee peuleHHe CHCTeMbl YPaBHEHHH
oH : oH

Ons bynxuuu H ofmero BHIA HEBO3MOMKHO MOJAYVUHTH IOJHBIN
pHTerpaa ypaemenus (5.5.16). Ilycrs, ommako, H=H,+ H, rae H
MaJao mo cpaBHeHMO ¢ H, W HafijeH noauslfl uHTerpasn S,(P,, ...

) PN’ Gy - ooy Gy t) JJ1A ypaBHEHI/Iﬁ
95, 98, > aso _
<0ql v anvqlv cesqm bt )+~ =0. (5.5.18)

Torna ¢ MOMOILBIO MeToa YCPeJHeHHA H MeToja BapHAallMH MpPOU3-
BOJIbHBIX IIOCTOSIHHBIX MOKeT OBITb [OJMyYeHO NPHOAHKEHHOE pelle-
uue ypaBueHH# (H.5.17). PaccMoTpHM B KauecTBe [1pOM3BOsiied
byHKUUH

S=S8u(P,y -, PryGys s Gas D), (5.5.19)

rie Bektop P He mocrosineH, a MeHsietcss BO Bpemenu. Torma P u Q
ONpejeqsioTcs YpaBHEHHAMH

; oK : 0K

P,'=—'5fQ';, Qi=ﬁ7, (5.5.20)
rae ¢ yuderoM (5.5.18)

K=Hy+H+50—f. (5.5.21)

[Tycts pewenre 4, (P, Q,f), p,(P, Q, ¢) cucremn (5.5.17) npu
H = H, nepuoauuso mo ¢ c nepuofom T. Torma npuGauxenHoe pe-
wenne cucreMel (5.5.17) onATh-TaKH 3ajaeTcsl BeHYHHAMH q, H Dy,
B KOTophix, oxdako, P u Q wmeHsiores cordacHo (5.5.20), npuuem
B NOC/JEIHHX YypaBHeHusiX (QyHKUHs K 3aMeHeHAa CBOMM CpEIHHM
3HayeHueM 0o nepuopy 7, T. €. 3HaueHHeM

T

K> = SK (P, Q, 1) dt. (5.5.22)

0

B (5.5.22) Bektopsl P 1 Q npeanosaraioTcsi MOCTOSIHHBIMH.
Ilasee MBI NPOUJIIOCTPUPYEM 3Ty TeXHHKY HA TpeX 4acTHLIX
npuUMepax.
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5.5.1. Ypasuenne [lioppunra

BHOBL paccMOTPHM ypaBHeHHe

g+ wig +eq*=0. (5.5.23)
DTOMY ypaBHEHHIO COOTBETCTBYET IaMHJbTOHHAH
H = (p* +0}q%) + 1 og" (5.5.24)
YpaBHenue ['amunbtoHa— SIko6u npu & =0 uMeer BHS
< [(‘;_j)%rmng] +% ~0. (5.5.25)

D10 ypaBHeHHe MOXKeT OBbIThb peIleHO pasjeseHHeM nepeMeHHbix. [lo-
Jaras

S=S,(q)+0(t), (5.5.26)

nosnyuu . BMecto (5.5.25)
G=—a, W 0=—af, (5.5.27)
(%)2—{—@3(]2:2&, w8, =V 2a—aig? dg. (5.5.28)

Ciie10BaTebHO,

S=—at+ {1V a—aig dg, (5.5.29)

rae oo—HOBBIH uMMnyabc. CoOOTBETCTBEHHO HOBasi KOOpJMHATa P 3a-
JlaeTCcsl PaBeHCTBOM

_ 0S5 o aoav=ly . 1 . Woq
ﬁ“?}?‘"“‘—g(?a w2g?)=1/2 dg = t—{—mo arcsin V;%c ,
(5.5.30)
OTKyJa MoJyyaeM
9= L sino, (t+8). (5.5.31)
0

D10 peleHue MOXKHO OblI0 Obl HAaNHCaTbh CPasy MO BHAY YpPaBHEHHs
(5.5.23) npu e=0. OnHaKO KaHOHHYECKHe TNepeMeHHbie o H [ GbLIH
HaliJleHbl €CTeCTBEHHLIM YTEM IPH PelleHHn ypaBHenus [ aMHIbTOHA —
SIkobu (5.5.25).

- Tockoampky H =(1/4)eq* = (ea?/w}) sine, (f 4+ B), T0 ypaBHeHus
B Bapuauuax (5.5.20) sanucwiBaioTcsi B BHIe

: af . 0H
a=—Z5, B=Zr. (5.5.32a)
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W3 BHaa
H= %3—2 [%—%cos 20, (¢ +ﬁ)+—é— cos 4w, (¢ —HS)]
noJyuaem
CH> = Z’:’f (5.5.326)
CrnepoBatenpio, umeeM u3 (5.5.32a)
a—const, B=-L¢48, (5.5.33)

daf
rae P,—nocrostHHas. [103ToMy B nepBoM MpUO/MKEHUH GYIEM HMETh

g= Y sin o, (1+ 52 ) t+of|, 6539

®g

YTO COTJlacyercsi ¢ PasJOMKeHHSIMH, [0JyuYeHHbIMH B n. 5.4.1u §5.3
¢ MOMoIibI0 MeTomuK KphlioBa -— Boroso6oBa — MHTPONONBCKOTO H

Crpa6.1a, eca oToxzectsuts ) 2a/m, ¢ a,.

5.5.2. ¥YpasueHune Marpé

B kauyecTBe BTOPOro NpHMEpa PACCMOTPHM YypaBHeHHe

g-+(0?+ecos2t)g =0 (5.5.35)
npu NOJOXKHUTEJIEHOM . HOJIO}KPIB
q=p, (5.5.36)
noayuum u3 (5.5.35)
p=— (0* +¢€cos2f)q. (5.5.37)
DTH ypaBHeHHs MOTYT ObITb 3amHUCaHbl B BHe
oH oH
—— G =5 (5.5.38)
rje
H = (p* -+ 0%q%) + 4 eq? cos 2t (5.5.39)

Ie#ictBya Kak B n. 5.5.1, noayunm anas (5.5.38) npu =0
peulenue

q= Vof—“ cos (¢ +B). (5.5.40)
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CienoBaTedbHO, H = (1/2) £q? cos 2 = (eat/w?) cos 2¢ cos? (¢ + B),
¥ ypaBHeHHs B Bapuauusax (5.5.20) sanumyrcs B BHIE
- o o oA

Hs npexacrasaenus
H = %{cos?t—i—%cosQ[(w—k— l)t—{—mﬁ]-l——;—cosZ [(u)v—l)l‘—i—wﬁ]}

noayyaem

) 0, ecnu o pgaxexo or 1 ]
=1 e cos2fo— 1t + 0B, ccnn 0—1=0(e)
(5.5.42)

Ecau B (5.5.42) umeeT MeCTO NepBhlil Cayyad, To & U B B mepsom
npUOJIHIKeRNH SBJAIOTCA INOCTOAHHBIMA. EciH HMeer Mecto BTOpoOii
cayuaifl, BBeJEM HOBblE KaHOHMYECKHE MepPeMeHHble «* H P* ¢ mo-
MOUIbIO MPOH3BOAALIEH DYHKIHH

S*=a*[(0—1)t + 0f]. (5.5.43)

Torna
a:i’(%':m*, (5.5.44)
Br = = (0—1) t+op. (5.5.45)

CnenoBaTe/ibHO, o* H P* ABAAIOTCA KAHOHHYECKHMH MNePeMEeHHBIMU
OTHOCHTE/JLHO TaMHJIbLTOHHAHa

7 0S*  eat "
K=<H>+ 5= cos 2p* 4 (w— 1) a*. (5.5.46)
IlosTomy
. 3 »
a*z_gs{;s% sin 2,  (5.5.47)
; g
p* :%:m_l—{—z‘%cos%*. (5.5.48)

Uckamtouns ¢ u3 (5.5.47) u (5.5.58), mosyuum

& *
ie d (cos 2f*)

® —1—5——4%)— cos 28*

CrenoBaTtesibHo,
Ino*=— 1n[m— 4= cos2ﬁ*] tconst.  (5.5.49)
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Takum oO6pa3oM, ABHXKEeHHE HEYCTOHUHMBO (o* He OrpaHHuYeHO), ecJau

= > lo—1].
B nepBoM NIpPHOJHXKEHHH HMeeM
w<l+%e HIIH co>1—-—41—e. (5.5.50)
KpuBbie
o=l e mm 0 =14 1e (5.5.51)

OTAEIAIOT Ha IJIOCKOCTH ©—¢ 00JacTH YCTORUHBOCTH OT ofJjacreil
HEYCTOHYMBOCTH. ITH KPHUBLIE COTJIACYIOTCS C KPUBBIMH, MOJYUYEHHBIMH
B . 3.1.2 ¢ nomompio Meroxa JIunamrenra—ITyankape u B 1m.3.1.3
¢ IOMOIIbLIO METOHa Y HUTTEKepa.

6.5.3. Kauatomasicsi npyxuHa

Cnenys Keiiny 1 Kany [1968], paccMoTpum HenuHeHnbe Kose-
GaHMs OPYXHUHBI, Kavamouleiics B BePTHKAJIbHOH MJOCKOCTH, KaK MO-
KasaHO Ha puc. b5.1. 1y 3agauy BBead B paccMoTpenne BuTT H

Puc. 5.1.

TFopennk [1933] n1s wmamocTpauus BHYTPeHHero pesoxadca. KHue-
THYECKasl U MOTEeHIHANbHAsl SHEPTHH MACChl /7L PABHEL COOTBETCTBE HHO

= g m [x2 4 (L) 02), (5.5.52)

V=—;-kx2—\—mg(l+x)(l—cose), (5.5.53)

TAe xX—yAJHHEHHE IPYMXHHbl OTHOCHTSJIBbHO IJUHB B TOJNOKEHHH
paBHoBecusi. Orciona

L= T——V=%m [x2+ ( +x)202) —mg (I +x)(l——cosG)—%kx2.
(5.5.54)
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Jas HMIIYJAbCOB U raMHJ/IbTOHHAHA HMEEM CJ/CLYyHHIHe Bpra)KeHI/ISII

oL : oL
== =""=m(l 20 5.
P P mx, pe= 5 m(l+x)20, (5.5.55)
H=xp,+0ps—L =
1 px Pé
~—=2[ +m(l+x }—!—mg(H—x)(l——cosG)* kx2. (5.5.56)

Hdag maasix x u 0 u npu x =0 (0) MOKHO 3anucaTh cjaeigyollee pas-
JIOXKeHHe 1as

H— [ﬂ+ﬁ’_} + 3 mglB? - +x? 4 mgxB —

m mi?

"”e— | mglet +35% L 0(8).  (5.5.57)

mis 2mi}

Ecau coxpauuth B H KBajpaTHuHble YJEHbl, TO [OJHBIH HHTETPAJ
COOTBETCTBYIOLIErO ypaBHeHus ['aMuabToHa — S1KOGH MOXKHO IO YUHTD
TaK. YpaBHeHue I'amMusabToHa — JIKOGM B 3TOM Cjyuae HMeeT BHJ

1 1 /dS\2 . 1 1 a8 \2 as -
7[7<W> Tk ] +7[W<%> +mglG2J +8-0, (55.58)
rae S=3S(x, 0, ¢). [lonoxus
S=—(a,+a,)t+W, (x)+W,(0), (5.5.59)

NpuieM K YpaBHEHHAM

- (‘”’“) T hx? = 2a, (5.5.60)
1 [dW
m( 2) + mgl0® = a,,. (5.5.61)
Hmeem nostomy
Pe= 2 =V (22, —Fx), (5.5.62)
po= 2 =/ ml* (2a, — mgld?), (5.5.63)
S=—(a,+o,) !+ S V m o, —kx?)dx - S V ml? (2a, —mgl02)do.
(5.5.64)
Ciiei0BaTesbHO,
S &
B, = aocl _I_j‘ V m Qa; — kx?) (Q(Z]—-kx2) —t+ l/— arcsin x ]/-5; ’
(5.5.65)
mi? df _ T mgl
B, =—_=—t —|-j Vol G l05, ]/ arcsin@ ]/Qaz

(5.5.66)
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H, Aagee,
o
x=) ZsinB, (5.5.67)
2
0= Zj sin B,, (5.5.68)
p. =V 2ma, cos By, (5.5.69)
po =1V 2ma, cos B,, (5.5.70)

rae NpUHATbL obo3HAaYeHHs
& g
Bi=wilt+B) o= &, o0,= ) &

B nepsoM npuOaMKeHUH YpaBHEHUs B BapHallUSX 3allHCHIBAIOTCSA
¢ IOMOILBIOY)

H= mgx@2 ;ﬁg—_— '
=——°%%{sm8 -+ = sm(B +2B,)+
+ 5 sin [(w,—2w2>t+wlﬁl—2«>2m}. (5.5.7)

Takum o6pasom, H —6LICTPO MeHSIOWIASICS BEJHYHHA, €CJAU TOJbKO
He BLIOJIHEHO o, —20,=¢, I'le £—MaJjasi BeJHuYHH4. B nocaenuem

cjaydyae MeaJyIeHHO MeHHlOI.U.aHCH 4yacTb F] uMeeT BUI

CH> =— 21]/_ka Vo, sin (et +oB, —20,8,). (5.5.72)

Urofbl MCKIIOUUTL SIBHYIO 3aBUCUMOCTL <H > OT ¢, cle/aeM elme OfHO
KaHOHHYECKOe Npeo0pasoBaHHe MepeMeHHBIX o, W f; K MmepeMeHHbIM
al 1 Py ¢ TIOMOLIbI0 NPOU3BOAseld QYHKIIHU

S (01, By, ) =gt £+ 5 i (5.5.73)
Taxum o6pasom,

. 0S* oy .

%= 38, = Za, *1
* (5.5.74)

5*_£_ —ttap
1= doy T 2o, 2w, "1
o~ OS* . 3 oy % *

K=<H>+5 = g—j‘}g—-ﬂ %@ a, Vai sin 2w, (B;—B,). (5.5.75)

1) BeipaxeHnue (5.5.71) COAepKHT 4JeHBl TPeTbero MOPSAAKA MAJOCTH MO KaHO-
HHYeCKHM NEPEMEHHBIM H3 T'aMU/bTOHHaHa (5.5.57). — Mpum. ped.
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[Nockonbky 0K /0t =0, To K—nocTogHHasA. YpaBHEHHsl B BapHalMsax
3allUCHIBAIOTCST B BHJE

& z_ggﬁngcaz Vacosy, (5.5.76)
1
d2=_b"_é<2_=_2wzca2 V aicosy, (5.5.77)
- 15} 1 * .
51:?2=5§72_7 Ca,ar V2 siny, (5.5.78)
B, — go’; = CVasiny, (5.5.79)
rae
3 S .
C=7; ok VT 20, (B —B,). (5.5.80)

Mettaep [1959] u Cerna [1965] ¢ momoLLbio MeTOAA YCPEAHEHUS MO-
JIVUUJM ypaBHeHH:A, cxoasble ¢ (5.5.76)—(5.5.80).

Cnoxus ypaBaenust (5.5.76) u (5.5.77) U IPOUHTErpPHUPOBAB, MO-
JIYUHM

o -+ o, = E = const. (5.5.81)

CrnenoBaTe/bHO, ABUKEHHUE MMOJHOCTbIO orpanuuedo ). Veknwuas y us
(5.5.75) u (5.5.77), mosyunm

(dz >2=62a§ (E—a,)— [———’3 ‘E‘“z’—K]E

20, 20,
=C? [F? (2,) — G (2,)], (5.5.82)
rje
= I [e(E—ay)
Feza,VE—u, G=r ["%T_K] (5589

dyukiun F(o,) 1 G(a,) cxeMaTHYecKH NOKasaHbl Ha puc. 5.2, Hasa
peanbHOTO JBHXKEHHs BeJdHYMHA (? He [OJKHA IIPEBOCXOAUTh F2.
Touxn, B KoTopblX 3HaueHus G u F paBHBEI, COOTBETCTBYIOT obpa-
IEHHI0 B HYJb 0O€UX IIPOM3BOAHLIX O, H . Kpuas tuna G,, Ko-
Topas nepecekaeT o6e BeTBH rpaduka GyHKUHH F HJIH OJHY BETBb
B IBYX PasJHYHBIX TOUKAX, COOTBETCTBYET NEePHOIUUYECKOMY JBUKEHHIO
ona $as ¥ aMIJHTYl H, CJef0BaTesJbHO, COOTBETCTBYET HeNepHOIHU-
yeCKOMy ABHkKeHMIO. Pemenue a5 $as u aMmIJIMTYyA MOXeT OHITh
BHIPAXEHO B 3/JauNTHYecKnX (yHKUHAX Jkobu. OnpHako TOuKH,

') B camom nene, u3 coornowenwuit (5.5.81), (5.5.74), (5.5.60), (5.5.61) Bhite-
KaeT OTPaHUYEHHOCTb OOGEHX KOOpAHHAT X, 0.— [Ipum. peod.
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B KOTOpbIX kKpuBas G, Kacaercs BeTBell rpaduxa GyHKuuu F, cooT-
BeTCTBYIOT MEPHOIUYECKHM [BHIKEHHAM, MDY KOTOPbIX HEJHHEHHOCTb
HACTPaHBaeT YacTOTHl ®, H ®, HA TOYHHIH pe30OHAHC.

F.G

F

Puc. 5.2
5.6. Metomuka c¢ou Llaiinens

B § 5.5 nnst onpenenenusa nepBoro NpuGAHMKeHHS B raMHJIbTOHO-
BbIX CHCTEMAX HCIO/1b30BaJICs METOJ BapHamMH MPOU3BOJIBHBIX MOCTO-
SHHBIX B COUeTaHMH ¢ MeTonoM ycpensenusi. ®om Lalineas [1916]
OPeJIOJKUI METOAUKY I HaXOXKIEHHS BBICIIMX NPHOJIHKEHUH.
B stom maparpade paercs ee onHcamue H pacCMaTpHBaeTcs ee Npu-
MeHeHHe K IIePBbIM [BYM IpHMepam npeasiayuero naparpada. CyTte
3TOH METOAMKH COCTOUT B DA3JIOKEHUH [pPOH3BOAsuIell QpYHKUUU S

o«

B psZ 1O CTeNeHsAM Majoro napamerpa e, S= 2, e"S,, # B mocJe-
n=0
JOBaTeJbHOM oOIpejeseBul S, Kax penleHu# Ienoukd pudxpepeHLH-
aJbHBIX yPaBHEHHH B YACTHBIX IPOH3BOIHLIX.
IlycTh raMH/IbTOHHAH PAacCMATPUBAEMOH CHCTEMBI HMEET BH[,
®
H(p, q,t)= 20 e"H, (p, q, ), e <1, (5.6.1)
n—=
rje q—BeKTOp O0OOLIEHHBIX KOODAMHAT, @ p— CONPAKEHHBIN BEKTOP
umnyJecoB. Ilycts S,=S, (P, q, {)—nNo/aHbIH HHTErpa] ypaBHEHUS
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Famuasrona — Iko6un

0 as
H, [5%’ ] +%e—o, (5.6.2)
u nyctb p=p(P,Q, ¢) u q=q(P, Q, {)—pelienus ypaBHeHHH
oS a8
pi:-a—ql—?’ Ql.za-—-l;;. (5.6.3)

IpeanosnoxuM, 4To BeKTOpE! P U Q He IOCTOSIHHBI, @8 MEHSIIOTCH BO
BpeMeHH, H Bolbepem ¢pyukumio S =S, (P, q, ) B KauecrBe MpoH3BO-
nsmell PyHKUUM 418 Nepexoia OT KAHOHMYECKHX IEPEMEHHBIX P U (
K KanonHueckuMm mnepemeHHbIM P u Q. Toraga ramugapronuan H mpe-
o6pasyeTcs K BUAY !)

38, _

HP,Q, )=, eH, [p(P,Q,0,q(P, Q, ?), {] + 51

HMS

]

I
04s 5
w

"H,[p(P,Q, 1), a(P,Q, 1), {] =

e"H, (P, Q, t). (5.6.4)

1

i

I} KRR

n

CJ'IellOBaTe.HbHO, P u Q onuceBarorcd YPaBHECHUAMHU B BapHalHUfax

= Y e ‘3”" P, Q, (5.6.5)
=]

e
o]

Q= , b (5.6.6)

]

n

Ilns onpenenenus npuG/HXKeHHOTO pewleHHs ypasHenu# (5.6.5),
(5.6.6) ¢ TouHocTbio N106OTO NOPANKA BBelEM B PACCMOTPEHHE IIOYTH
TOXKACCTBeHHOe N peoOpa30BaHHe KAHOHHMUYECKHX IlepeMeHHBIX P u Q
B KaHoHHMuYeckue mnepeMenubic P* u (* ¢ MOMOUIBIO NpOU3BOAsILES
DyHKIHA
o0

S=2 PQ, 2 S, (P*, Q, 1). (5.6.7)

i=1 n=1

/=

Tak uto

P=P+ Y s"%(P*, Q, 1), (5.6.8)
n=1 !

1) Coraacno ofweir gopmyse (5.5.15).— Mpun. ped.
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a raMuJIbTOHMAaH H npeoﬁpasyeTc;{ K BHIY

K= anK (P, Q, t)—Ze" (P*+§_‘_ en ) Q1|+

n=1

+Z PBn. (5.6.9)

n=1

Haa onpejenerus K, pas/joXiM NPH MaJioM & IIPaBylo 4acTb B (5.6.9)
¥ 3aTeM NpHUpaBHsieM KO3(P(hHIHEHTH IPU PABHBLX CTENEHsIX & B 00enx
yacTaX. [losyyum ypasBHeHUS

— A, (P, Q, 1)+ 21, (5.6.10)
K,—=H,(P* Q, )+ S asl "Hl P, Q H+22, (5.6.11)
i=1
K,=F,+ ‘)dst , (5.6.12)
rie F,=F,(P*, Q, {)—u3sectHas yuknus or H,, H,, ..., H, u
Si, Sy, ooy S,o;. ©yHKIMH S, OCTaNHCh HeolpeleseHHBIME H MOTYT

6bITh BbIOpaHBl O HalleMy ycMoTpeHuio. Ilockonbky B oflueM cayuae
F, conep:ut OGbicTponepHogHuecKoe caaraemoe F§ i MeJJIEHHO MEHSI0-
1ezcsi cjaraemoe Fl, TO MOXHO NOJIOKHUTh

K,=Fi, %r=_F; (5.6.13)

Takum obpasoM, K, COAEPKHT TOMBKO MeJI€HHO MEHsIOmieecs cJa-
raeMoe, B TO BpeMsl Kak S, COLepXKHUT TOJbKO OBICTPONEPHOAMYEC
Koe cjaraemoe. Pynkumu S, Moryt ObITb HaHAeHH MOCAEA0BATENb-
HbIM pelueHHeM Uenouku auddepeHNNaNTbHBIX YpaBHeHHH B 4acTHBIX
npousBoaHbelx H3 (5.6.13).

B ochnose paccMmarpuBaeMoil MeTOAHKH H 000OHIEHHOrO MeTo/a
yependenust n.5.2.3 sexur onua u Tta xe uigest. Crepu [1971b] mo-
Kaszajg, 4To AJf TaMHUJbTOHOBLIX CHCTeM MeToauku Kpyckanaa u ¢oH
[lafinens skBuBajeHTHB. B ofeux MeToinkax BBOASATCH NMOUYTH TOXK-
JlecTBeHHble Npeofpa3oBaHUsA CTAPBIX 3aBHCUMbBIX Me€PEeMEHHbIX, KOTO-
pele coaepKarT OBICTPONEPHOJHUECKHE W MEiJIEHHbIE CJaraeMbie, X
HOBHIM 3aBUCHMBIM MEpPEeMEHHbIM, KOTOpBlE COAEPKAT MEAJNEHHO Me-
nsounecss caaraemple. OCHOBHOE pasjiuHe MexKAy ABYMs METOLH-
KaMi COCTOMT B TOM, 4To B Meroie ¢oH llafimens mpeobpasoBarue
LOJKHO GbITh KAHOHHUECKMM, B TO BpeMsl Kak OOOOLIeHHBIH METO[
YCpeIHeHHs He npeanoJaraer npeofpasoBagyue KAHOHHYCCKUM, @ CHC-
TeMy — raMu/AbTOHOBOR. MoppucoH [1966b] nokasas, 4To BIJIOTb A0
BTOporo nopsjxka npoueaypa ¢on llalineas npeaciaBaser coGoH
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yacTHHIH ciayuall o6oOweHHOro Merola ycpenHeHns. [xakaabs [1964]
BbIBEJI DpasJoxeHHe /151 [POHM3BOJbHOro nopsaka; bBappap [1970]
HccIeoBasl CXOQUMOCTb B Meroauke dou Lladinens, Mprosen [1965]
nokasaJj, 4To ¢ noMmolibio onepatopoB ®Paa ne Bpyno [1857] ypas-
HEHHsl, ONpeleJIAIOHE DA3JIOKEHHe, 3aNiCBIBAIOTCH B KOMIIAKTHOH
q)opMe. Huxe BeIBOxATCA pasJ/ioxeHHS BTOpPOro Nopsaka Ajas mep-
BBIX JBYX [pHMepoB, OOCYXKIABIUHXCS B NpelblaylleM naparpade.

5.6.1. Ypasuenue [Mioddunra

B kauecTBe mepBoro mpumepa paccMoTpum ypasHetue iodduura
(5.5.23), xoropoe cooTBeTcTBYeT ramu.abToHuany (5.5.24). B n.5.5.1
6blT0 HalfleHo, YTO pelleHHe 3a7a4yd, COOTBEICTBYIOWeH H,, 3ajaercs
cootHomenueM (5.5.31). CrnenoBatesnnHo,

o ea? .

H == sin® o, (¢ 4+ P), (5.6.14)
0

: 0H oA

a=—9, p=27 (5.6.15)

Urto6sl Halith npubnukenHoe pemenue ypasHeHus (5.6.15), Beegem
B PacCMOTPeHHE IMOUTH TOXKJAECTBEHHOE NMpeoGpasoBaHie HepeMeHHbIX
o u f K nepeMeHHHBIM a* U §* 3aKaBaeMOe C NOMOIIBIC {1POU3BOLA-
mwed dyuxuum

S=oa*Pp+eS, (a* b, £)+e2S, (o, B, £)+.... (5.6.16)
ClleoBaTe/bHO,
oc——a*+ea‘sl‘31—|-ezasz—}— (5.6.17)

a ramuibtonuan H mpeo6pasyercsa K BHIY
K= 3 ek, (o, 8, 1) =
=Geinto, (4f) [t e e e pe R g By
(5.6.18)

IpupaBuaB KO(PHUHEHTH NPU PABHLIX CTEMEHSIX € B 06EHX YACTHX,
HOJTYYUM

Ky =0 [ cos200(t+B) + 5 cosdoy (t+8)| + 52, (5.6.19)

Ko =20 St sint o, (1 +B) + . (5.6.20)
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[TonoxuB K, paBHbIM MeJJE€HHOMY CJaraeMoMy B IID4BOH 4YacTu
(56.6.19), 6yneM uMeThb

San
Kl_Tm?,' (5.6.21)

CJ‘IeLlOBaTeJIbHO (5.6.19) npunnMmaeT BHUJ

% +—— [— 3205 204(¢ +B) + - c0s 4o, (¢ -+ 5)] =0. (5.6.22)

Pemenuiem ypaBHEHHH (5.6.22) saBnsercs dyHKUUA

S, = [sm 20, (¢ +B)—5 sin 4w, (t+|3)} (5.6.23)

YpaBHeHHe (5.6.20) npH 3TOM 3HAuUeHHMH S, MepenHileTcst B BHIE
#or 1 . S,

K, :‘:—g [cos 2w, (t—l—ﬁ)—T cos 4m0(t+ﬁ)] sint o, (t—%-ﬁ)—}—%"t-.
(5.6.24)

[lpupaBusip K, MeIJEHHOMY cJaraeMoMy B IpaBOH YacTH 3TOrO ypas-
HeHHA, [10JIY4YHM

170%
_ . 5.6.25
K, 6108 ( )
CrnenoBaTe/ibHO, GyfeM HMeTb BO BTOPOM MOpPSAKE
3o*? 170
=g—; —¢&? 5.6.
K 80 Y (5.6.26)
H, lajee,
o oK ®
o :——-5[-3—*=0, HJIH o =const, (5.6.27)
K 3 a* 5 a
B —_—f - — g2 ,
B e N N
OTKV /A
3 a* 51 , o B
a __ [ 2 g% °2los o
B _<4 € 0)3 648 mg > t_l- 0 * (5.628)

rie P,—rmnocrosHuad.
[lockoarky S, HalzeHo, TO HMeeM

08,

a=0o*t¢ [3+"':

; [0052(00 (t-+B)— cos 4o, (t+ﬁ)]+0(az), (5.6.29)
. as,
ﬁ —ﬁ‘}_ew e =

=pte ?O:T [sin 20, (¢ +B)— - sin 4o, (¢ +s)] 0. (5.6.30)

0
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Paspewns ypaBHeHus (5.6.29), (5.6.30) oTHocHuTesbHO o M P, moay-
UUM JJIS HHX CJeAYIOILYI0 3aBHCHMOCTb OT o H [*:
a- ot + 2 [costO(Z+[3*)—%cos4co0(t—}—[5*)}-{—0(82), (5.6.31)

2w

B — pr— [sin 20, (1 B*)— 5 sin 4o, (t+[3*)] +0(2). (5.6.32)

2wg

Ji9 cpaBHeHUS! 3THX DAa3JOKEHHA C PAa3JIOKEHHSIMH, MOJYUEHHBLIMH
¢ TMOMOIBI0 APYTHX MeToJoB, noiactaBuM o u [ Buga (5.6.31) u
{5.6.32) B paBercTBO (5.6.31) M passoXKuM ero mpu MajgoM &, Npei-
nonaras o* u P* duKcupoBaHHbIMUA. [losyunm

Vox* 3
9= (1 ——§e~w—> sin (of +§,)—
e Y 3 (1B 0(57),  (5.6.33)
1605
rIe
o =, (1 +p*). (5.6.34)
[lonoxus

w0

:l/2a*<1_38 a*>’

6yieM uMeTh

VQa

[0

at+ie 0. (5.6.35)
0
CnenoBaTeNbHO,
q:asm(mt+5o)—3i28%sin3(wt+ﬁo)+0(82), (5.6.36)
0
rape .
3 a’ 15, a* 3
— o, [‘+§8m—2—2_568 . ]—i—O(e ). (5.6.37)

D710 passiokeHHE COTJIacyeTcsl C pasJioXKeHHeM, NoJydeHHBIM B § 5.3
¢ nomonipio Meroga Crpabna, M ¢ pasJjoxeHHeM, MNOJyYEeHHBIM B
n. 5.4.1 ¢ nomompio Metoga KpblioBa— boroaoGoBa—Mutponods-
CKOro.

5.6.2. YpaBHenue Marpé

Hixe OyaeT 10CTPOEHO PasJoXkKeHHe BTOPOro MOpsiKa AJsi ypat-
nenns Marbé (5.5.35), KoTopoe cooTBeTCTBYeT raMHabTOHUHaHY (5.5.39).
Pewenue, coorsercTBytowee /H,, MoxeT ObiTh 3andcaHo B BHAe (CM.
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n. 5.5.1)
q=@cosm(t+ﬁ), p=—V 2asino(t+p). (5.6.38a)

ClAeloBaTeibHO, o H [ SBASIOTCS KAaHOHUYECKHUMH IepeMeHHbIMH
OTHOCHUTE/IbHO TaMHJIbTOHHAHA 1)

H =% cos? o (t +B) cos 2t (5.6.386)
(0]

[lepefina ¢ nomombio npoussopswedl Gpynkuun (5.6.16) or mepemen-
HpIX o H f K mepeMeHHBIM a* W f*, ¢ yueroM (5.6.17) GyzeM umeTh

K:8K1+82K2 cee =
_3(a*+eaS’—{— >cos o (t+P) coth—}—aaSl—{—
perleg . (5.6.39)
ITpupaBusiB B (5.6.39) xo3thdHIHEHTE MPH OLHHAKOBBIX CTENEHAX &,
NOJIyYUM

K, = asl

+2m*{cos2t+—cos2[ (@ + 1)+ o] +-
+—cos2[(m——1)t—|—coﬁ]}, (5.6.40)
Ky=224 1 aas[; cost o (¢ +B) cos 2. (5.6.41)

B 3aBHCHMMOCTH OT TOro, HaXOAATCs JW 3HaueHHs o BOAH3KM oT |
(pesoHaHc) HJIH BHaJdM OT Hee, cJeJyeT pacCMOTpeTb JBa CJlyuas.
HauaB co Broporo, mbl paccMoTpuM Jajee oba cayuyas.

Cayuail, Koeda o npunumaem 3nayerus sdaau om 1. B stom
¢/yyae BCe CjaraeMele B npaBoit yactd (5.6.40) saBasworcs ObicTpo-
HepHOlU/I‘{eCKI/IMPI CnepoBarensho, K, =0 u

sin 2 [(® -+ 1) ¢ 4+ wf] sin 2{(@—1) { 4- wP] )
Sy = — i {sin 2t 4 MAUQLI LBy o A—DL b (6.6.42)
HO[LCTaBJIHﬂ 310 3HayeHue S; B (5.6.41), moayuum
oS *
K, =5/ — gagcoszw(t—{—ﬁ)x
cos 2 [(o+ D¢+ wp] | cos2[(o—D¢-+of] )
Xcoth{ oI + — }——
__0S, o* ® cos 2 [(w—2) t +wf] cos 2 [(w+2) mﬁ]
=% TToos \@ 1T o—1 + Py
cos 4 [(w—+1) ¢+ P cos 4 [(w—1) ¢ + wp]
+ 2 (w--1) + 2(w—1) +
4 (¢ 4f 42 20 (¢
+ cos 4o ( +ﬁ)+c(§25_l_+“ cos 20 ( +ﬁ)} (5643)

1) Cm. n. 5.5.2, ypasuenus (5.5.41).— pum. ped.



212 Ta, 5. Bapuayus npoussosbHblx NOCHIOAHHBIX U MemMOO ycpedHenus

Ecan 3HaueHHs ® HAXOAATCS TAKXKe BIAJH OT 2, TO HMeeM
1 ¥
K, =TT @ —0" (5.6.44)

[TOCKOJIBKY OCTaJ/JbHBEIE CcJaraeMsle B npaBol uacTH (5.6.43) apasiores
GHICTPONEPHOJUIECKAMH H B COBOKYIHOCTH JOSKHBI OBITh NIpHpABHe-
el — 0S,/0t. B sTtoM canydyae 6yleM HMeTh

1 *
K= —16® (F(%‘Cl_)-[—O(E"'). (5.6.45)
CJiefoBaTeNbHO,
ot = ——g—éi =0 unu a* =const, (5.6.46)
: oK 1 2
== _Emo%__”_wm) (5.6.47)
u, Aanee,
. 1 e?f
pr = *Em—'—m’ (5.6.48)
Y 2a*

q:Tcosm{ [1_%5_@821_1)} t+ﬁo}+0(s3). (5.6.49)

TaxkuMm 006pasoM, B pacCMaTpHUBaeMOM Clyyae KOOpAMHATA g OTpaHH-
yeHga M JBHIKEHHE YCTOHUUBO.

Insa sHavenuii @, OJU3KHX K 2, BenMuuHa cos 2 [(0—2)f 4 wf]
MeHSIeTCs MeJIEHHO U JIOMKHA ObiTh BK/IIOYEHA B K,; B NPOTHBHOM
cJydae B BeIpakeHHH aiaa S, OYAYT COAEPKATHCH BEKOBLIE YJIEeHBI
WIH MaJas BeJHUMHA B 3HAMEHaTe/Je B COOTBETCTBHH C TEM, PaBHO
/i 3HaueHHE ® B TOYHOCTH 2 Wiu He paBHO. IlpupaBusiB K, Mexnsen-
HO MEHSIIOMMMCS uYJeHaM B npaBol uyactu (5.6.43), moayunm

a* © cos 2[(0—2) 4o
KzZ‘*m{mz_ﬁ l0=2)74 ﬁ]}. (5.6.50)

o—1

C norpemHoctsio O (e2) Beqnunna f§ B (5.6.50) mMoxkeT GLITL 3aMeHeHa
na P*. UToObl H3YYHTH ABUKEHHE B PACCMATPHBAEMOM CJy4ae, HCKJIO-
YUM ABHYIO 3aBHCHMOCTb pyHKUMH K OT mepemeHHOH £, coBepiluB
nepexoj OT NepeMeHHBIX a* U B* K nepeMeHHbIM o’ U B’ ¢ MOMOLIBIO
NpOU3BOASLIICH (DYHKLIHH

S =a' [(0—2) t + of*]. (56.6.51)

TaxkuM o6pasom,
o :%:ma’, (5.6.52)
B =2 = (0—2) t 4 of", (5.6.53)

K =K 4+ (0—2)a’ = (0—2) o —e? 1?;;,2 [sﬁgtﬁ_+?‘i_l] (5.6.54)
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CneloBaTeJbHO,
- 0K’
o = _76'_2 ——82 sz—(w——sm 25 s (5.655)
. 0K’ > [ cos2p

Kak ¥ B m. 5.5.2, MOXHO mnoJyuuTh, 4TO YypaBHeHHsl (5.6.558) wu
(5.6.56) gomyckaT HHTErpan

2 2
lna’ = —1In [m-— 2— 16w(c§2—1)— 16&)2?@—1)005 25’} +const. (5.6.57)

Orciofa 1oayyaeM CJeAyOLIHe YCJIOBHA HEYCTOHUHBOCTH:

w—2—

82
Bot@—1) ~ 1603((1)2—1),’

UJIH HHave

0< 2t +0(E), 0>2—2 L 0. (5.6.58)

B nuockoctd (w?, &) HepexoHble KPHBHIE, OTA/sAIOLIHE O6J4CTh
yCTOWYMBOIO ABHKEHHS OT 00/1aCTH HEYCTOHYMBOIO JABHIKEHHs, HCXO-
AT H3 TOUKH ®:=2 H 3aJal0TCAd COOTBETCTBEHHO YPABHEHHSIMU

0 =443 0@, o'=4—S210()  (5.6.59)

B COIJIACHH € TeM, UYTO Oblio nosyueHo B m.3.1.2.

Cayuatl, Koeda © npuxumaem sHawenus, 6auskue k 1. B stom
cnyuae BelMuHHA c0s 2 [(0—1) 7+ wf] MeHseTcs measnenHo U nosTomy
JoJXKHA OBITb OCT&BJeHa B BBIPAXKEHMH IJist K,; B MPOTHBHOM CJay-
yae, KaK 3TO C OYEBUJHOCTBIO cJaexyer u3 (5.6.42), ¢yuxuus S,
Gyzer uMeTb ocobeHHocTh B Touke o = 1. IlpupaBHaB K, mepnenno
MEHAIOUIUMCS YJeHaM B (5 6.40), momyuum

K, =g c0s 2 [(@—1) £+ of]. (5.6.60)

CrneposartesibHO,

L {c052t+—c032[(w+1)t+w[3]} (5.6.61)

PemenneM ypapuenus (5.6.61) sBasierca ¢ynxuus

L {sin % + S“‘?[g”(j jﬁ’ff ©p] } . (5.6.62)

TogeranoBka S, B (5.6.41) npHBOgHT K ypaBHEHHIO

K, =%—mﬁﬁ c0s 2 [(©+ 1) £ + 0B] cost o (£ +B) cos 2¢. (5.6.63)
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[pupaBusiB K, MeA/leHHO MeHsIIOIHMCS YjeHaM B (5.6.63), nosyyum

a*

[lostomy BO BTOpOM opsAKe UMeeM

K~ o—1)t+ wf]— m—{—O(b) (5.6.65)

H, KpOMe TOro,
oS,

o =0 et
:“*“ﬁTUCOS?[(OH D¢ 4 of]+ O (e2), (5.6.66)
pr = B+8051 L=
=B—gor {Si“ S }+0 (e?). (5.6.67)

Paspemus ypasHeHHs (5.6.66), (5.6.67) oTHOocHTenbHO @ ¥ f§, HOJIY-
YUM IJS HHX CJeXyIOHLYI0 3aBHCHMOCTH OT o* u f*:

o= o*— mcosQ [(@+ 1)t 4+ 0p*] +0(e?), (5.6.68)
: 2 )¢ *
ﬁ=&+q@{mnm+ﬁm'gjﬁd“*]}+0@q (5.6.69)
nOlICTaBPIB Boipaxene aas B B (5.6.65), monyuum
K="4 4w2 —cos2[(0—1)¢ + of*]— %%Il—)'l'
+ 2L Brsin 2 (0 — 1)t +0f*] +O0 (). (5.6.70)

B npucytcTBHM [MOC/eQHEro CJgaraeMoro B NpaBoi yacTH ypaB-
HeHusa (5.6.70) mposiBasieTca HeaocTaTok npouenypbl (on Llafinens
B ee HACTOsALleM BHjAe, B KOTOPOM [Js OlpejaesieHHs ObICTPO H Mej-
JIeHHO MeHsgomuxcsa wieHoB B (5.6.40) ucnonb3oBaJuCh CMellaHHbIE
nepeMeHHble (HOBble HUMIYJbCB W cTapble KoopauHatel). Ecau 6wl
paBeHcTBO (5.6.39) ObLIO BBLIPAXKEHO B HOBHIX MNEpPEMEHHBIX of U
f*, To dyuxkngs S, nornoTuna Gbl 3TO MOCJefgHee cjaraeMoe 4 cama
JNIOJIKHA Obl1a OBl GBITL OTHECeHA K MeLJeHHO MeHsIoulefcss uacTtu
K,. IleictButenbHo, Bpekysaa o6mapyxun (cm. extep [1968]),
4YTO nojo0HOe TpeiAcTaB/jeHNe B CMelHaHHbIX NepeMeHHBIX @IpH pac-
CMOTPEeHHN [BUKEHHS UYACTHLB B OKPEeCTHOCTH TPeyroJbHOH TOUKH B
OrpaHHuYeHHOH 3ajaye Tpex Tesa MPHUBOAUT K HEBEPHOMY pe3yJbTaTy
(Bpekyann u Ilpunrn [1966]). Yura 310 obcrosiTeascteo, extep
IJsl onpele/ieHUsl MelJeHHO MeHswollefica 4acTH (4neHOB ¢ 60JbIIUM
MepHOAOM) BBEIPA3HJ TAMUJbTOHHAH B HOBbIX MEpPeMeHHBIX [0 ycpel-
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HEHHs U TOJNYUM/ NpaBHJAbHOEe pasfoxenune. Mpiozen [1965] passua
a/JITOPUTMBI, C TOMOIIBIO KOTOPBIX C TOYHOCTBIO 1O J060ro Nopsiaka
MOTYT ObITb BBINOJHEHB NPeoOpasOBAHHS NepeMEHHbIX BeJHUMH H
NPOU3BOJILHBIX (PYHKIIHH OT CTapHIX [EPEMEHHbIX K HOBBIM H O{paTHO.
Jlanuna [1969a, b] u Crepu [1970a, 1971a] nonyunan B ofwem Buje
BbIpaXkeHHUS AJS MOUTH TOXJIECTBEHHBIX KAHOHHUYECKUX npeobpaso-
BaHHUH CTapblX TlepeMeHHbIX B HOBble. C MOMOHIBIO 3THX IpeoGpaso-
BaHUil oHu Mogudbunuposanu ypapHenue [amunbrona — dko6u. [lo-
Jydaiouidecst B MTOre CXeMbl MeTOAa BO3MVIILEHHI MOTYT OBITH COOT-
HeceHb! ¢ JPYTHMH CXeMaMH, HCIOJB3VIOLHMH KaHOHHMYecKHe Iepe-
MeiHble, NMYyTeM COOTBETCTBYIOLIErO BHIOOpPA HEKOTOPBIX BhIpAMKEHHH,
BXOJALIUX B 3TH NPeo0pasoBaHusl.

Yurrexkep [1916, 1937], Ueppu [1927], Konronynoc {1963}, Mak-
Hamapa u Ya#TveH [1967) n Koddu [1969] paspaGoranu merTosuxy
NOJYYEHHSs MHTErpajoB JBIJKEHHS IJAs TAaMHJIBTOHOBBIX CHCTEM.
B ocHoBe 3TOH MeTOAMKH JeXKUT TOT (DAKT, 4TO J10GOH UHTErpal
KAaHOHHYEeCKHX YpaBHEHHUH IBHIKEHHS

oH : oH

q:a—p, P:—"%‘

YAOBJETBOPACT ypaBHEHUIO

_ 0y OH _og oH

[0 Ml =5y G = 50 =0

SpdeKTUBHYIO H MOIUIHYIO METOJAMKY BbIMOJHeHUsT npeobpa3oBaHuil
nepeMeHHBIX BEJHUYHH H IPOU3BOJbHBIX (PYHKUHH K HOBLIM NepeMeH-
HbIM  paspaGorann Xopu [1966, 1967] —c momowsio psizos Jlu,
Henpu [1969] u Kemen {1969, 1967]—c nomowbio npeobpazoBanuni
Jlu. Dra Meropuka usjoxkeHa B § 5.7.

Beipasus paBeHcTBo (5.6.39) B HOBBIX mepeMeHHBIX, Mbl Obl 1OJAY-
4{JIH

so*

* eo* 3
K= gcos2[(0—1)t+ of*] —ggrmpy 0 (e"). (5.6.71)

HckaounM sBHYIO 3aBUCHMOCTb K OT £, COBEpIUIMB Mepexoj OT nepe-
MeHHEIX @ U P* K nepemeHHbIM o' 1 P’ C [IOMOLLLIO NPOH3BOAALLEH
(yHKIIHH

S'=a [(w—1) ¢+ of?. (5.6.72)
ChnepoBatebHO, HMEEM
ot = gg— - (5.6.73)

ﬁ’:%:(w——l)l + op (5.6.74)
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H, jasnee,

, S _ e , 2’ ,
K'=K+% = 1—c0s 2} ——gﬁm—)—f—(a)—l)a. (5.6.75)

[Toatomy
o — _%’g_:% sin 287, (5.6.76)
, 9K _ e . e _
B" =5 =35 Cos 28 3————2(02((1)+1)+w 1. (5.6.77)

[Tono6uo ToMy kak 370 OBLIO cienano B n.5.5.2, moayuaem aas
cuctemsl (5.6.76), (5.6.77) nurerpan

Ine’ ——In [{5 cos 2ﬁ'—%2—‘§;—+1—)+m—1] +const. (5.6.78)

CJIe}IOBaTe.HbHO, nepexoaHbi€ KPUBLIE ONpenenasaoTcsl PaBEHCTBOM
L1 et
4o 32w (0-1)]?

OTKyJa MOJyYaeMm
Le—2 et 40 () (5.6.79)

UJau
e—gze? -0 (e2). (5.6.80)

DTH KpHBbIE COTJIACYIOTCH C KPHMBBIMH, MOJY4YeHHBIMH B 1. 3.1.2
¢ nmomolibio Meroauky Jluuamrenra—Ilyankape u B m. 3.1.3—c¢ no-
MOIIbI0 METOAUKM YuTTexepa.

5.7. ¥YcpelHeHHe ¢ WCNOJb30BaHHEM PSIOB M npeoGpasosanuii Jlu

Ilpn u3yuenun KoseGanuil cnabo HelHHEHHON CHCTEMBI ypaBHEHHUS,
oImHCHIBaIOMAe 5TH Kose0aHudA, 00bIYHO NpeofpasyloTesl K CTaHAapT-

HOMY BHIY
®

x=1(x; &)= 3. =7 I (%), (5.7.1)
m=0
rue
omi
T (X) =57 =0

IpH MOMOWH Merona BapHalWH MPOHM3BOJIBHBIX MOCTOSHHBIX. 371ech
X U f—BeKTopel ¢ N KoMIOHeHTaMH. BeKTop X MoKeT HUMeTb B Ka-
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yecTBE CBOMX KOMIIOHEHT, HANPUMEpP, aMIVIHTYAL H ($a3bl CHCTEMH,
i OpOHTanbHbie TMapaMeTpsl B HeBO3MYIUEHHOH 3ajaue ABYX Ted.
O603HaydM KOMMOHedTH Bektopa f, uepes f,,. [oBopaT, uTO KOM-
MOHEeHTa X, BEKTOpa X ABjseTcsa ObLICTPO Bpauwarieics ¢asof, ecau
For 220

Panee Obl10 ycTanmoBaeHo (cM. m. 5.2.3), 4TO MHpH H3yYeHHH
CHUCTEMBI 3TOTO CTAHAAPTHOI'O BUAA MOJIE3HO PACCMOTPETD MOYTH TOXKIE-
cTBEHHOE Npeobpa3oBaHue

x=X(y; &) =y+eX, (y)+eX, (y)+... (5.7.2a)

nepeMeHHOH X B IlepeMeHHYI0 y, Takoe, 4TO cHcreMa (5.7.1) mpuBo-
AHTCA K BULY

y=g(y: &) =2, = &), (5.7.26)
n=0

B KOTOpPOM (YHKIHH g, COLEepPXKAaT TONBbKO MeNJEeHHO MeHSIouHecs
yaensl. B 1. 5.2.3 ¢yukuuu X, U g, ONpEemesIHCh C MOMOIILIO
nozacranoBku (5.7.2) B (5.7.1), BhijieneHust OGbICTPO W MeJJIEHHO MEHS -
IO XCS YIEHOB H MPEANON0XKeHHs 0 TOM, UTo X, COAEPXKHUT TOJIBKO
MejIJIEHHO MEHSIOUINeCs] UJIeHHl.

5.7.1. Psaan n npeo6paszosanus JIu

B stoM nyHkTe npeobGpaszoBaHue (5.7.2a) onpenenserca Kak
peitenue cucteMbl N puddepeHlra bHbIX ypaBHEHUH

Z_:_—_W(x; e), X|e=0=Y. (5.7.3)

Bextop W HasblpaeTcs npoH3BOASIMM BeKTopoM. Ha mepBhil Barasg,
KaXKeTcs, YTO MBI MONa/JH B NOPOUHGLIA KPYT: AAS YIPOMEHHA WCXOM-
HOH cucTeMbl Iu{bepeHIHadbHBIX YPaBHEHUH [IpenjaraeM peIlidTh
onaTh-Taku cucremy N jpuddepeHunadbHeIX ypasHenud. OfHaKO 3To
He Tak, MO0 Mbl MHTepecyemcs pelieHHeM cuctemsl (5.7.1) npu Gonb-
mwux f{, B TO BpeMs Kak pelleHHe cucTeMel (5.7.3) uHTepecyer Hac
0pH MaJBIX &; IOCJeAHEEe OOCTOSATENbCTBO CYUIECTBEHHO VIIPOLIAeT
Hauly 3ajauy.

¥Ypasuenue (5.7.3) nopoxaaeT Tak Ha3biBaeMble NpeoGpa3soBaHHs
Jln (Kemen [1970]), koTopele, 6yayu GAU3KUMH K TOXKIECTBEHHOMY
NpeoOpa3oBaHUIO, SIBASIOTCSA o6paTHMbIMU. Eciim W He 3aBHCHT OT €,
To ypaBHenHe (5.7.3) mopoxjaer Tak HasbiBaeMele psajsl JIu. [lpu
paccMoOTpeHHH KaHOHHueckKoil cucTeMmbl Xopu [1966, 1967] u Henpu
{1969] nonaranu

x=|P |, y=|P|, (5.7.4a)
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rlie q— BEKTOP KOODAHHAT CHUCTEMbl, P-— BEKTOpP CONPSIKEHHBIX UM-
nyJbCcoB, {—BpeMs, H onpefeasiu Bektop W paBeHCTBOM

Sl’
W= —gq , S=S(q, p, ; ), (5.7.46)

rae S—mnpousBoasiman byHKIHUS.

Jlns npeo6pa3zoBanusi ramuisToHana H = ) (en/n!) H,(q, p, t)
n=0

k gy K= 2 (e"/n))K,(Q, P, {) Xopu [1966] mocTpous Hepexyp-

n=0

PeHTHBIH aJropuTM, HCHoJb3yIOWHA psigpl Jlu. Jlpyro#i aaropum
AJIsi PEeKYyPPEeHTHOro MOCTPOeHHsl GYHKUHMK K ¢ noMmowpio Ipeobpa-
sopauuit Jlu nocrpousn Henpu [1969], Kemen [1969a] ynpocTua
stor anroputm. Kemesa [19698], Kamnbenn u Hxeddpuc [1970] u
Mepceman [1970] nokasanu, uyro Teopun Xopu u JlenpH sKBUBAJICHTHEI.
Xopu (1970] nokasan, 49ro npeoGpasoBaHHsi JIM SKBUBAJEHTHLI
metonuke ¢oH llafinens snnore 10 BTOporo nopsaka. lluakasn [1970]
nokasan, uto npeobpasobanue ¢on Llalinesnsi sKBHBaJeHTHO Npeos-
paszoBanHio Jlenpu; Mepcman [1971] ycTaHOBHUN 3KBUBAJIEHTHOCTh
npeo6paszoBannit Xopu, Henpu u don llafinens. Cnenyer ynoms-
HYTb, YTO TEOPH# BO3MYLIEHHUA, OCHOBAaHHAs Ha psilax M mpeobpaso-
BaHUAX JId, HMeeT HECKOJbKO MNPEHMYIUNeCTB MO CPABHEHHIO C METO-
aukoit ¢ou Llafinens. IlpousBoasias ¢yHKUUS He aBfasiercss BQyHK-
uuell CMeulaHHOro Habopa cTapelX ¥ HOBBIX [I€DEMEHHbLIX, TEOpHs
3Ta KAHOHHYeCKH HMHBApPHaHTHA, M 18 /000l OYHKIUH CTapbiX
IIepEMEHHbBIX MOXKHO MOJYYHTh NPSIMO€ PasJOKeHHe B HOBHIX Mepe-
MEHHBIX.

Kemen [1970] BBen B paccmorpenHe mpeoGpasoBanue (5.7.3) u
NOCTPOMJ aJrOPUTM NPUBEJCHHS CHCTeMbl CTaHAapTHOro Buiaa (5.7.1)
Kk BURY (5.7.26). KpoMme TOrc, OH MOCTPOUJ AJTOPHTMBI, C MOMOUIKIO
KOTOPHIX MOKHO: 1) mnpeo6Gpa3zoBath OOV BeKTOP-OYHKHHIO OT
CTapbiX NEepeMeHHBIX K HOBbIM; 2) HalTH mpeoGpasoBanue (5.7.2a)
1 ero ofpauense. bDojee rayfokoe H3yueHHe MaTeMaTHUECKOH U
IIPUKJIALHOH 3HAYUMOCTH 3THX aJropuTMoB Ipoeesin Aupap [1970] u
Kemen [1971]). Huxe mbl nocTpouM 3TH OGOOLIEHHLIE AJATOPHTMbI H
3aTeM B 1. 5.7.0 mpucrnocoGuM HX K CJyyai0 KaHOHHYECKHX CHCTeM.

5.7.2. OGo6uwerHHble aATOPHTMBI

[Tyers x=X(y; e€)—peimiende ypaBHeHus (5.7.3), u mycTh
y =Y (X; e)—ero ob6paumenue. Toraa

dx=X,dy, dy=Y,dx, (5.7.5)
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rie NPHHATH 0GO3HAYEHHA \
Xy =2 (Marpumna $Sko6u) u Xyd _9Xiy
Y =57, P V&Y =gy, 4
H3 pasenctB (5.7.5) umeeM
dx =Xy Yy dx,

OTKY 2
XyYx =/ (eguHuuHas matpuna).

CrnenoBaresibHO,
Yx =(Xy)~! (obpamenne marpuusl Xy). (5.7.6)
Hs sroporo coorHowends B (5.7.5) nogyvyaem paBeHCTBO
y=Y.x,
koTopoe ¢ yuetoM (5.7.1) MOXHO nepenucath B BHAE
y=8(y; &) = Yuf | x=x (s o~ (5.7.7)

Mul XOTHM MOJYYUTb pasJoKeHue MpaBodl dactd (5.7.7) mo cre-
neHsM & BHAA

> en darg
V=3 0 G | eco (5.7.8)
n=0
Hs (5.7.7) umeem
dg d
T =T [(YxDrox g o] =
d dX , 9
= [5—X(Yxf) £+a—s(Yxf)]x=x v o (5.7.9)
CnpaBesiBO paBeHCTBO
d of d /oY
7D =Yx T+ 55 (51 (5.7.10)

[TockobKy paBeHCTBO y = Y (X; &) siBAsieTcss oOpallleHHeM paBeHCTBa
x=X(y; &) (koTopoe 3ajaer pellleHHe ypaBHeHHs dX/de =W (X; &)
IpH YCJIOBHH X (e =0)=y), TO UMeeM

dy ~_ 9Y dx | 0Y
E—O—g-i-Yx@—s--i'ag—i—YxW,

OTKyaa cJjaefyer

oY
= YxW.
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Torpa (5.7.10) MoxknHO mepenucaTh B BHIE
0 of d
&—(Yxf):Yxég—a—x(YxW)f. (6.7.11)

Hcrionb3ys 310 BeIpaXKeHue u 3ameuasi, uto dX/de =W, nepenuiuem
coorHomenue (5.7.9) B Buie

d d
Tg' = [(YxDx=x(y; o] =

= [ () W Y T (VW) f]

x=X (y; &)

[Tocne ynpolleHHsA NOJYUYHM

’%Z:T[(Yxf)uxw; &) ] = [YxDflx=x (v; e (5.7.12)
rlie UCHOJb30BAHO O6O3HAUYEHHE
Dt =24 fxW —Wxt. (5.7.13)
[ToBTOpHO HcHmOAb3ys cooTHoweHue (5.7.12), MOXKHO NMOAYUYHTb
o [YxD"Tlxex ;o0 (5.7.14)

[TocKOMbKY M3 YCJOBHS X|e=0 =y CJeLyeT
Yx|e=0=1/ (enunuusas martpuua),

TO UMeeM
drg n
- = Drf

e=0

(5.7.15)

x=y, e=0"

Jns HaxowpaeHuss D" npenanosioxkuMm, 4yro BeKTOp W MOXKeT ObITh
pasjoxeH B DsA

i en
Z—,; ity (5.7.16)

TaKk uTo npeofpasopanre (5.7.3) MoxkeT ObITh NPOBENEHO NOC./E]0BA-
TeJbHO 10 J06oro mnopAaxka. Ec/H HMeeT MeCcTO TpeJCcTaBjeHue

f= 2 (e®/n)f,, To cooTHomeHnue (5.7.13) npuHuMaer BUZ
n:

Di=3 L0 f+228";ﬂax mir— 2, |

n=1 n=0ms=
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Tlonarast n=~Fk-+1 B nepBoM ujeHe U n=k—m BO BTOPOM 4JicHE,
MOYKHO TIEDENucath 3TO Bpra)KeHI/Ie B BHJIE
@
gk Sl k aik m a“’m+1 ’
Df:Z Wfkﬂ }_. kY ZC [ Wm+1_‘ 0X fk—m ’
m_

k=0 k=0

HJU COKpaleHHo

Df =¥ L 5.7.17
IR (5.7.17)
k=0

316Ch MCTIONb30BaHbl 0603HAUCHHSA
k
¢ :fk+1+m20 CoL s Ky (5.7.18a)
a oW,
Lg=5%W,— =g, (5.7.186)
K
Cm*(k_m)!m! .

[ToBropHo wucnonb3ys coorHouweHuda (5.7.17) u (5.7.18) u nonaras
f, =1y, noayuum

D=3 i, (5.7.19)
rjie
Rk
I =10+ X Chlpadi. (5.7.20)
CJieioBaTe/IbHO, HMeeM
).'_‘ Zo—n'f(m f(m:ﬂ)mlx=y- (5721)
n=

PekyppenTnoe coorHowenne (5.7.20) MOXKeT GbITb HATMSAAHO [ipe]-
CTaBJEHO C MOMOLIbIO TpeyroJbHHKa Jlu, BBegennoro Henpu [1969];
OH HECKOJbKO HalOMHHAaeT TpeyroJpHHK [lackans u nokasan na
puc. 5.3.

Hmeem, Hanpumep,

v = fl + L1f0y

fil) = fz + L1f1 + Lafm

£ =10 + L {0,

i’ =1, +Lii, + 2L,1, + Ly,
fiz) =f(zl) +L1f1(.1) —+ sz(l)’

f(3) —_ f{2} + Llf(z).

(5.7.22)
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Ilpn BbiBOAE pelIeHHH METOAOM BO3MYIIEHHH 4acTo GbiBaeT Heo6xo-
IHMO BbIPA3UTb HEKOTOPBIH BEKTOp

®

F (x; e)=nz=:0-f%F,,(x), F.0=%r| .. (5.7.23
B 3aBHCHMOCTH OT HOBOH ME€DEMEHHOH y B BHUIE
G(y; e)=F[X(y; ¢); ] =
=§O%F“”(y), Fo) =% |, ., (5.7.23)
rjie NpHHATH 0003HAUeHUs
&_X L oF, gF=Fw, (5.7.238)

/////

Puc. 5.3. Tpeyroabuuk JIu.

Hcnoawrsya (5.7.16) u (5.7.23a), MoxeM BHIpasHTb 3TO MocjaefHee
PaBEHCTBO (aHaJOrHuHO BHIBORy (5.7.17)) B BHIE

dF - ek : ]
EE_Z;;OWF;QD, (5.7.24)
rje
k
F =Froi+ B ChZpiiFrom (5.7.25)
E,ﬂG:ﬁ—Wm. (5.7.26)

[ToBropHoe npumenenue (5.7.24) u (5.7.25) naer

4 X ek n
=2 = FP. (5.7.27)
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3pech TPUHATHI 00O3HAUEHHUSR
F = Fisb 4 E ChZ ., FD, FP=F,. (5.7.28)
CaenoBartesibHoO,
G(y; &) = 20 _Fw Fm - FO |,y (5.7.29)

Ypasuenus (5.7.27)—(5.7.29) orsinyawTcs N0 BHAY OT YPaBHEHHH
(5.7 19)—(5.7.21) TobKO Ha/MMUMEM APYroro oneparopa .%; No3TOMY
cooTHolieHne (5.7.28) rtakkKe MOKeT ObITh HATVIAJHO NpeACTaB/eHO

¢ NOMOUibIO TpeyroJbHHKa Jlu,

5.7.3. ¥YnrouenHble obUine aaropuTMbi

st ynpomeHnsl aaropuIMa, 3aaBaeMoro, HalpuMep, ¢ MOMOLILbIO
cootHowenua (5.7.20), Kemen [1969), [1970] sanucwiBan chayasa
370 COOTHOLIEHHE B BHJE
k=1
.
T =T — 3 Ol L i, (5.7.30)
m=

3ateM OH nOCJefOBaTeJbHO HCKJ/IO4ad (QYHKIMH M3 paBofl uacrd,
yToObl HAKOHEL BbIpasutb Iy’ B BUAe JHHEHHOro (yHKIUHOHAIA
or byskuui f#+A  fetk-00 0 f@ 0 TIpenno/soKUM 003TOMY, 4TO

k
i =foth 3 CHG fm+k=, (5.7.31)

i=1

rae JuHefiHbl ornepatop G; sBasiercsa (yHKuMed omepartopos [

L;_y, ..., L,. Toncrasus (5.7.31) B (5.7.30), noayuum cnenyromee
pexyppex—mxoe COOTHOLLIEHHE:
j-1
G; ~L.—2 CiAL,G o, 1<j<n. (5.7.32)
Hanpumep, umeem
Gl :LI)
G,=L,—L,L,,
Gy=1L,—L, (L,—L,L)—2L,L,. (5.7.33)

Ilpy n=0 u n=1 u3 (5.7.31) umeem
,‘1
0 =f, + X CH,; 4, (5.7.34)
=1

k
U = fh+D__ Zlcﬁ?f,.' f 41 (5.7.35)
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rie
i=1
f]' ;= Gj.f(i) = Ljf(i)__ mzl C,In—_l.lef/_m’ I (5736)

d10 u ectb ynpouleHHb# anroput™ Kemena. Ilpu 9 =0 O6ymem
umetb f,;=0, MOCKOMBLKY B PEKYPPEHTHOM COOTHOWIEHHH BTOPOIi
HHAEKC { (PUKCHPOBAaH.
Kemesn moayuun Gojee yao6Hyio GopMy 3TOTO aaroputMa, 3amu-
cap (5.7.35) B BHIe
k-1

[0 =ip + X Ck),_ (5.7.37)
j=1
M3 (5.7.18a) nmeem, 4TO
fi2 ~fk+20k 108 RSy .

[ostomy (5.7.37) MOXKHO Hepenucarh B BUIE
k-1

<+ B AL+ G+ Ll (57.39)

Benomuug, uto dx/de =W, 6yneM umers U3 (5.7.3):

X=y+ 2, Zx(y), (5.7.39)
n=1
rine
dﬂ
XD (y) = ?} om0, ney M7 n>=l1.

Torza u3 coornowenust (5.7.16) u (5.7.34) caenyer
k=

XB =W, ,§1 Cho%; oy k=1, (5.7.40)
rje
ji—1
X =ZxX"— X CIAD X i (5.7.41)
m=1

Ilns HaxoXieHusi oOGpaTHOro npeoGpasoBaHHs

y =X+, oy (x) (5.7.42)
n=1
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cJielyeT HCKJIOYHTb pPAasHOCTb X—Yy H3 cootHouweHu#t (5.7.39) u
(5.7.42). 3ro naer

®©

=2 Ty x) =—, Txn(y). (5.7.43a)
n=1

ITockonbky, oxHako,

02

Z% L (X) = —Tu‘"’ ), (5.7.436)
n=1 ll—
TO HUMeeM
0, (X) =y" (x), u?(y)=—x"(y), n>1. (5.7.438)
Torna us (5.7.34) MOXHO MOJYYUTH
k=1

Y& (x) = — x® (x) + 2 C’}xj'k_j, k=1, (5.7.44)

rjne X;

;,; OTIPEJIeJIeHO COOTHOLeHueM (5.7.41).

5.7.4. Cxema npouenypsbl

PaccmorpuMm cuctemy nuddepeHuHaJbHBIX yDaBHeHHH, 3anucaH-
HYI0 B CTAHJADPTHOM BHJE

2 -S-Tf (x). (5.7.45)

CyTb anropuTMOB, DACCMOTPEHHBIX B IpeiblIyLIeM INYHKTe, 3aKJio-
yaeTcs B TOM, 4YTO C IOMOIIbIO Mepexoja OT IepeMeHHOH X K mepe-
MeHHOH y ypaBuenue (5.7.45) mpuBoAHTCS K BHLY

y=2 2 e.(), (5.7.46)
n=0

B KOTOPOM BeJUYUHEl g, HE COZEep:KAT OBICTPONEPUOJHUYECKHX ujie-
HoB. [ljisi 3TOro CTPOHTCS MOYTH TOXKAECTBeHHOoe MNpeobGpasoBaHue
BUA

x=y+2l Zxm (y), (5.7.47)

D10 npeobpasoBaHue NPHBOANT HEKOTOPHIH BEKTOP

®

F(x; &)= Z % F,(x) (5.7.48)

n=0
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K BURY
F(x; €) =Z g- m (y). (5.7.49)

AJrOpHTMEL, OMHCAHHBIE B MpPeABIAYiEM MyHKTE, MOTYT OBITb pe-
anusoBanwl Ha DBM, mockonpky HuX peficTBHe cBOAMTCH K TOBTOp-
HOMY MpHUMEHeHHI0 3JeMeHTapHbeIXx onepamuil. Huke Oyrmer onucana
npoleaypa a18 BTOporo nopsiaka toudHoctH. [lonoxknm ana wagana

y) =1,
g () =T, (y). (5.7.50)
FO' (y) =F, (y). .
3ateM, npdcTynasi K PasJOXKEHHIO [ePBOTO MOPSAAKA, 3alUIleM Jiu-
HeiiHoe auddepeHunaIbHOe ypaBHEHHE B YACTHHIX MPOU3BOJHBIX

g () =1, (y) + L:f,. (5.7.51)

[TonokuM g, paBHBIM MeL/IE€HHO MEHSIOUIMMCA 4ieHaM !, B paspeLium
nosyuaroieecss ypaBHeHHe oTHocuTenbHo W,. Toraa wmoryr OmiTh
BLIYMC/IEHB! BEJHYHHbI

XV =W,
F, ,=% F9, (5.7.52)
FV=F +F,,
Briuucnus
G10= L1g17

Mbl MOXeM MPHCTYNMUTb K Pas/OoKeHHI0 BTOPOTO MOPS KA. 3aruiuem
Iuddepenilnaibioe ypaBHeHHe

g =1 +Lf 4814 + Lofa (5-7-53)

M TMOJOXKUM g, PaBHBIM MeIJEHHO MeHSIOUHMCS dleHaM M[paBoi
yacTH. DTHM 3aBepllaeTcsl NOCTPOEHNE PA3JNOKEHHs BTOPOro MopsijKa.

[MpounaiocTpupyeM 3Ty NpoUenypy, NPUMEHHB €e¢ K YPABHEHHIO
Ban-nep-Iloas

g+qg=e(l—g"q, (5.7.54)

pelieHHe Kotoporo mpu & =0 umeeT BuJ
g=acos¢p, ¢=1f-+0. (5.7.55)

Hcnonbsys Meroj BapHauMM NPOM3BOJBHBIX MOCTOSIHHLIX, YpaBHeHHe
(5.7.54) MoXHO 3aMeHHTb cucteMofl (cM. m. 5. 2 3)

'=%e[a(1—-%a2) aC, + & asc] (5.7.56)

g=1+4ge [(l——a )Si—gas, |, (5.7.57)



5.7. Ycpeduenue ¢ ucnosesosanuesm pados u npeobpasosanuid Ju 227

rae
C,=cosng, S,=sinng.

Ypabuenus (5.7.56) u (5.7.57) umetor Bua (5.7.1), mpuueM

a
X = [q} (5.7.58)
fo = [(1)] (5.7.59)
r—;—a(l——i—cﬁ)—%acz +%a364
= 1 | , (5.7.60)
J(1—7a2)32—§azs4
f,=0 npu n>1. (5.7.61)

CoBepiiuM Telmepb Nmepexoj OT IepeMeHHOH X = [?P] K y= [?P:]
M3 coornowennit (5.7.50), (5.7.59) noayuum

g = [(1)] (6.7.62)
C nomombio (5.7.186) u (5.7.59) HaxonuM, uro
Lfy=— %‘z:. (5.7.63)
CneaosarenbHo, (5.7.51) mpuHyMaer BUR
g =f1—%vq;i-. (5.7.64)

Cunran, uto ObiCTpomepuojHuyeckue uyieHbl B f; oTHeceHnl K Wi,

HakheM
1 W _i »2
g,=[7a (1 R ¢ >] (5.7.65)

Pewus nosiyueHHoe B pesyibraTe ypaBHeHHe, GyleM HMeTb

i 1 os 1 aqn 7

W, = , (5.7.66)

1 1 g2 . I 2
L—T(l—7a )Cg+3—2(l C4__|
rae S; =sinng* u C; =cosng®.

C yuerom (5.7.61) u (5.7.63) ypaBuenue (5.7.53) npHHuMaeT BUZ

g =Ly (f +8)— 52 G.760)
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CunTasi, uTo OLICTPONEPHOAUYECKHE YJIeHbl OTHECeHHl K W,, MoJyunm
g, =<LiiD> +<Lig>. (5.7.68)

TTocKONBKY g, COCTOMT TOJIBKO H3 MeNJEHHO MEeHSIIOUUXCH YJIEeHOB,
a W, —ToabKO u3 OLICTPONEepHOAMUYECKHX uJeHOB, umeeM <L,g,>=0.
CJieioBaTebHO,

0
LfS=| 13 . 11 5.7.69
gz < 11 l:.__4_+.§a _T2_8_a :‘ ( )

Torna umeem

. a* -lgaa*(l—-ia*z>
y=|.,|= ‘ (5.7.70)
Q© 1—§82<1— a* +32 *> .

B COOTBETCTBHHM C PA3JIOKEHHeM, MOJYUYeHHBM B M. 5.2.3 ¢ mOMOUIbIO
0BO0LIEHHOTO METOJIa YCPEAHEHHS .

UTo6H CpPaBHHTh PA3JIOXKEHHE, MOJYYEHHOE B 3TOM MYHKTE, ¢ pas-
JIOXKEHHEM, KOTOpOe MOJyuYeHO B . 5.4.2 ¢ NOMOMbBIO METOAHKH
K priiioBa — Boro.o60Ba — MUTPOI0bCKOr0, HEOOXOAMMO COOTHOLLe-
uue (5.7.55) BbIpa3uTh B HOBBIX INepeMeHHHIX. B HaieMm caydae

g=2 ZF. (), (5.7.71)
n=0 :
mpuyeM
Fy=acosg, F,=0n0punz=l. (5.7.72)
N3 (5.7.50) umeem
F'9 =qa*cos ¢*. (5.7.73)

Toraga coortHomenusn (5.7.52) u (5.7.26) nawor
Fy,,=.2,(a*cos ¢*) =[cos ¢*, —a*sin¢*] W, =
I 1 12\ . w | I 3 0*
=—Ta ( —Ta )Sll’l(P —§§a sino @~.
CiefoBaTe/ibHO, HMEEeM PaBEHCTBO
g=a* cos ¢p*— % eq* [( 1 —%a*z ) sin @* +-é—a*2 sin 3(p*] +0 (g2),
(5.7.74)

KOTOpO€ MOXHO Iiepernucath B BI/IlIe

g=a* cos1p—'—sm31p+0(z-:2) (5.7.75a)
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rae .
d 1 Ta*!
2 _ 1_82(.5 . +2gﬁ >+O(e ). (5.7.756)

Pe3yJbTaT corsacyercs ¢ pasJjoXKeHHeM, KOTOPOe NMoJyueHo B 1. 5.4.2.
¢ MOMOHLbIO MeToAMKHM KpelioBa— Boroaw6osa —Murpononsckoro.

5.7.5. ANrOpUTMB ANl KAHOHWYECKHX CHCTEM

.12 npeo6pasoBaHusl raMHJIbTOHHAHA

«©

H(p, q, t; &)= " H,(p, q, 1) (5.7.76)
n=0
B HOBBIH raMHJIbTOHHAH

K(P,Q, t;e)=2, 2K, (P, Q1) (5.7.77)
n=0""

Xopu (1966, 1967] u lenpu [1969] ucnosnb3osaid COOTBETCTBEHHO
psabl M npeoGpasoBaHus JlH.
Ecan mosoxuTtb

q Q
X=[P], y=|P|, (5.7.78)
t t
- S, Hp
W=|-S, |, f=|—H,]1, (5.7.79)
0 1

TO raMuJbroHuan K NMOPOXKJAET BEKTOP g COlJIaCHO DPAaBEHCTBY

- K,
g = —KQ]. (5.7.80)
L 1

B 310M cayuae aaroput™ Im. 5.7.3 CBOAMTCS K CKAJ/SIPHOMY BHIY
(Kemen [1969a]) cornacHo COOTHOWIEHHSIM

K,=H,(Q, P, 1),

&
|

M

Kn:‘Hn [Cn-llL H “I+Cn 1‘Kl.n J] (5 7. 81)

@t’

j=1
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B KOTOpHIX NPHHATH cjaefyiomue o603HAYeHHs:
of 951 _ of 95;

L; f -'56 P 'aT)'g’Q“ ’ (57828)

S, oS, ’

St = ot —Lafle (5.7.826)
K;;=LiK,— Z CLALLIK i (5.7.828)

B pesynbpraTte npeo6pasoBanus, NPUBEIEHHOTO BHINE, CTapbie Me-
peMeHHble OYAYT BbIpaXkaTbCA uepe3 HOBHIE COIJIaCHO PAaBEHCTBaM

q= Q+v~q“”(Q P, 1),

=1  (5.7.83)
p:P+Z %ipm)(Qv P1 t)v
n=1
B KOTODLIX BBCACHLI o603HayYeHusa
9S, -
qn): +Z o lq/nl’
(5.7.84a)
w as _
P = Q pi,n—/"
- '-—l .
Q,',i:‘L;'q(”— 2 Cn!n_—{lL:nqj—-m,h
(5.7.846)

pj, i :L,ip(i) Z ci2 m—1 mp/*m i

Io Tperbero mnopsiika BhllleNpHBeJeHHbIE alTOPHTMBI GyIyT 3aja-
BaTbCA CJEAYIOUHMH COOTHOHIEHHSIMHA:

K,—H,, (5.7.85)
Ki=H,—23, (5.7.86)
Ky=Hy+ Ly + LiK, — 232 (5.7.87)
Ky=Hy+LiH, + 2L3H, +2LiK, + LK, — LUK, — 2% | (5.7.88)
q® :%gpl . q® :%+L;q(1), \
&5 0S4 2 ( 2o } (5.7.89)
9® =35 +2L1q® + LqV—Liq®, |
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e

e 95, (2) 052

_"—73'6' pr = +L1 ,

s, (5.7.90)

PP = + 2Lp® ++ Lip® — L{zp‘“,

Hanee Mbl IPOHJIIOCTPHPYEM 3Ty NPOUEAYPY Ha MpHMEpe Kada-
oiefics NpyXHHH ¢ raMuiabToHnasoM (5.5.57). Mcnoaways pemenue
(5.5.67) —(5.5.70), mpuBeneM STOT raMUJBTOHHAH K BHALY

H=H,+5H,+..., (5.7.91)
rie

_a 1/ 24 [sin® B, —2cos® B,|sin B;,  (5.7.92)

12@1&2
kiz

1 a}
H,-—. 3“?[51“4 B, +

sin? B, cos? B;, (5.7.93)
n By=o; (t+B).

C nomolnplo a/JAropuT™Ma, OMUCAHHOro coorHowenusaMmn (5.7.85)—
(5.7.87), mepefiieM oT nepeMeHHHIX @, B W ramuibTOHMaHa f coor-

BeTCTBCHHO K BeJHuYHHaM a*, B* u K=K0—\—K1+-;—K,+--~ . Tlo-

ckoibky Hy=0, 10 u3 (5.7.85) mosmyuaem, uto K,=0, a wus
(6.7.826),— uto DS, /Dt=203S,/0t. C yuerom (5.7.92) cooTHoueHHe
(5.7.86) sanmwercs B BuIe

K, =—°—;§ ]/Qk{smB1 —-sm(B 4+ 2B3) +
+ 2 sin (0, —20,) -+ o, — 20,83] }—% (5.7.94)

Bee coaraemble B K; OyAyT OBICTPONEpPHONHYECKHMH, €CJH TOJBKO
HE BLINOJIHEHO YCJIOBHE ®; &~ 2w,. EciH Xe OHO BHINIOJHEHO, TO
BesinunHa  sin [(0; —20,) { + o,f] —20,83] 6yaer umers Gonbuoi
nepuoyn (MemseHHo Mensiomufics). Ilonaras, uyrto GpicTponepuopuue-
CKHe uJIeHBl MCKJIOUalOTCsl € IOMOUbIo S, MpHIEM K PAaBeHCTBaM

K= 2ksm[<w,_2m,)t+mlﬁl 20,8}, (6.7.95)

o2 o [ cos BY 4 3 cos (B +2B3)
Si=T 571[ T T ] (5.7.96)

Ecau  cumrath, uto B (5.7.87) OHICTpPONEpPHOAHYECKHE YJEHH
UCKJIIOYAIOTCSl C NOMOLIbIO S,, TO TOJYYHM

Ky =<Hy>+<LiH D> <LK ). (5.7.97)
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YcpennenHble BeJHYHHB B BhipakeHuHu 1Jis K, 3ajaiorcs paBeHCTBaMy
e g 0Ky 0S, 0K, 98, 0Ky 3Sy\ 0Ky 08y, _
<L1K1>“<3ﬁl_aa ) < ) ( ) < >-- 0, (5.7.98)

OBs aa, da, 0B, oy 9P,
Soa; —~ 3a1as
Hyp>= 8mgl+ Rz T~ lez + R (5.7.99)
OH, 05, \ OH,0S,\ _ ,0H,8S;\  ,0H,3S,
Lt = ( op, day / <6[32 0a,> <5a—1-6[31> <ga2 55;) =

[1+___°‘“1 ]“_52_9%% %
T (@, T 20y | E " TkE o+ 20,
170’,2 9@1(12

B coornomenusix (5.7.99) u (5.7.100) ucnonn3oBaHo 10 06CTOATEb-
CTBO, 4TO 0, =~ 20, (T. e. kl & 4mg, Kak 3TO C/IefyeT M3 Onpeje/e-
HUSl @, U ©,). MMeeM, coegoBartesbHO,

33(12 39@1 a,

Ky = —sop + Terw (5.7.101)

H, jaJjee,

K=K0+K1 +‘;_K2+ ..
3a§ @ * *
97 Qk sin [(w, — —20,)t + o,f; “‘2(’3262]_'

33a2 39 cts

6 T a7 (5.7.102)

Uro6bl HCKJUKTL ABHYIO 3aBUCHMOCTb K OT £, COBepIUHM Iepe-
X0A OT mepeMeHHBIX «* MU PB* x mepeMeHHbIM & H B’ ¢ moMoulsio
npousBoAfmell GYHKIIKHH

§ =o | r= o0 +ﬁ,] + ofs. (5.7.103)
Bynem umern
.3
o5 = (5.7.104)
=", (5.7.105)
ap;
1 =05 (01— 20y)! -2®2)’+51, (5.7.106)
60&1
0.

. S "
fa= P Pa (8.7.107)
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u, Janee,
, e, 08 Va4 , ,
K -K+—ét___m51n(wlﬁl—2m2ﬁﬁ)—
2
33a; |, $9aoa | W1 —20; ,
— e R+ T (5.7.108)
BenoMuHasi, 4To o= —O0K’'/0B; u P; =0K’'/0a;, MOxeM s3amucarth
A 5.7.109
oy = TR cosy, (5.7.109)
o Soel o 5.7.110
o = | Vo cosy, (5.7.110)
Gr 3ata . 322 | ©;—20
ﬁl——msmHWJrTZ, (5.7.111)
b — 3V o, B S (5.7.112)
2= T Ve o VT 3R T 32RE L
rie NPUHATO 00O3HAueHHe
vy = 0,p; —20,0;. (5.7.113)

5.8. ¥YcpenHeHHe ¢ HCNOJb30BAHHEM JarpaHxXHAHOB

Il MCTONIb30BAaHUS KAHOHMYECKHX IePeMeHHLIX HYKHO 3HATh
ramuabsToHHaH. Crappok [19568], [1962], una no mpyroMmy nyTH, pas-
BHJ METOIHKY, B KOTOPOH He HCIMOJb3YIOTCS KaHOHHYECKHe Mepe-
meHHble. CyTb €€ COCTOMT B YCPeIHEHMH JIarpaHXKHaHa M BBIIHCHI-
BAHHU 3aTeM COOTBETCTBYIOUIUX ypaBHeHuH Jfinepa—Jlarpanxa.
Yussm [1965a], [1967a, 19676, 1970] paspaGoraa nogo0HYIO METOAUKY
IJsl H3yuYeHHsl BOJIH, B KOTODHIX YacTOTa W BOJHOBOE HHCJIO, TaK XKe
KaK U aMmIlJIUTyJa, SIBJASIOTCS MeLJIeHHO MeHSIIoIUMUCA (QyHKIHAMU
NpOCTPAHCTBEHHHIX KOOPJAMHAT W BpeMeHH. DBoJjee ctporoe o6o-
CHOBaHMe 3TOH MeTOmMKH mnpentoxua bBumon [1969]. dra wmero-
JMKa He CTOJIb HU3SilllHA, KAK MNPOLELYDH, HCIOJAb3YIOUIHE KaHOHHYe-
CKHe [epeMeHHble, OJHAKO OHa 0GJajaeT TeM IIPEHMYILECTBOM, YTO
HEeMOCPeJCTBEHHO IPUJOKHMA KaK K YPaBHEHHAM B YacTHBIX IIpO-
H3BOJIHBIX, TAK M K OOBIKHOBEHHBIM AudxpepeHUHabHLIM yDaBHEHHSAM.,
KaBakamu [1970], Kasakamm u Srucura ([1971] ana pemienus
HelHHelHOro YypaBHeHHs1 BusacoBa ucHOJb30Ba/iM  KAHOHHUECKHE
nepeMeHHble B COUYETAHHH C TaMHUJIBTOHHAHAMH.

Ora MeTOAMKa Hauula NpHJIOKEeHHe B Pa3HOOOPA3HBLIX 33jayax
pacnpocTpaHeHusi BOJH B KHIKOCTH W muasme. Jlafitxuan [1965],
{1967] npumenus Teopuio Yu3sMa K BOJHAM yMEPEHHOH aMIJIHTYAHI
B ray6okoii Bome; Kapnman u Kpywkanps [1969] wucnonpsopais
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Teopulo Yu3sMma I/ MOJYYeHHsl pacnajga MNJ0CKOH BOJIHBI HA OTHE/b-
Hble BOJIHOBble makeTnl, Xay [1967] usyuas ycraHoBuBLIeeCs TeueHHe
B OTKPHITOM KaHaje BIOJb TBEpIOH NOBEPXHOCTH, uMewowe# dopmy
KOHeuHoro HaGopa BoJsiH. Bpesepron [1968] paccMorpes JHHe#HOe
pacmpocTpanenne BOJH B c/1ab0 MeHSIOWHMXCs BOJNHOBOAAX; Bpesep-
toH u [apperr [1968] wu3yunmau MeLJeHHO MeHSIIOUHECS BOJHB B
HeomHOPOIHbIX cpenax. [apperr [1968], Ipefisun [1969], Papurtu
[1969] uccnenoBaiu HesMMHeHHbe BHYTPEHHHe MPABHTALUOHHBIE BOJIHB;
[apper u lpefisnn omnpene/nunayn COOTBETCTBEHHO 3(beKTB CABUra u
cnadoro atmocdepHoro paccjoenus. Cummonc [1969] usyuun B3an-
MOZeHCTBHE Kani/MIsPHBIX M CPaBUTAlUOHHBIX BoaH; I pumimoy [1970]
paccMoTpes yelMHEHHBIe BOJIHBI B BOje NepeMmeHHOH rayGuusl. Kpan-
nep [1970] wuccaenoBan BO3HHKHOBEHHE KaMUJJISPHBIX BOJIH IOJ
B/IusIHUEM rpasuraunoHHeiXx. Hoeptu [1970], Tannoysit u Kpodopa
[1970], Tannoys# u Kum [1971] paccmartpuBa/u HesJHHEHHBIE BOJHbI
B naa3Me. Opioap [1970] uccaenosan B3anuMoneiicTBie MarHuTOruapo-
AMHAMUYECKHUX BOJH C¢ HeogHoponHoi cpepo#l; Tanm u CupacyGpama-
HuaH [1971] u3yunan HeNMHeHHYIO HEYCTOAYMBOCTH MOJYJ/IMPOBAHHbBIX
BOJIH B MAarHUTHOH nuasme. Jloysan [1970] paccmorpes pacmpoctpa-
HEHHe BOJIH B peuleTKaX C AHTaPMOHHUYECKHM [IOTEHIHA/ oM. [aaum
onuCaHHe 3TOH TeOPUH W ee TpUMEHEeHHe K TpeM MpPUMEpaM.

5.8.1. Moneab auCUEPrUPYOIHX BOJH

B kadecTse (epBOro npuMepa pacCMOTPHUM pellleHHe B QopMe
paa BOJIH LS MOLEJNBHOTO ypaBHeHHs DpeseproHa [1964)

Ppt + Puxxx + Pux + @ =@ (5.8.1)

Bmecto Henuuelioro usena e@? 3aec1> sanucal uieH &@®. Ecuu
npexeOpeys HeJHMHEHHLIM UleHOM e¢?, To ypaBnenue (5.8.1) omycKaer
peweHue B Qopme Oeryuwied BOJHEI

@=acos0, O=kx—ot, (5.8.2)
B KOTOPOM ® H k yIOBJIETBOPSIOT NHUCTEPCHOHHOMY COOTHOLIEHHIO
02 =kt —k2 4|, (5.8.3)

MensienHo mensiolieecs penleHHe B Gopme psifa BOJH OYI€M HCKaTb
C TIOMOILBIO BAPHALIMOHHOIO NOAX04A; 3aMHUIlIeM CHayaaa JarpaHxuag,
cooTseTcTBYIOW U] ypaBHeHuo (5.8.1)

| | L 1 1
L= @i—5 0h+5 ol—35 ¢+ 7eot (5.8.4)

Herpyano nposeputs, uto ypasnenue (5.8.1) asasieTcs ypaBHeHHeM
Shnepa —Jlarpanka, cCOOTBETCTBY IOLULIHM 5TOMy Jarpamxnuasy. Bynem
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HCKATh PasJjloKeHHe BUIA

@=acosO+e X A,cosnd+0(e2), (5.8.5)
n=2

rae
E=0, o= —0, (5.8.6)

a BeJHUHHBL @, ®, B U A; ABJISIOTCS MELJIEHHO MEHSIONIUMICA DYHK-
uusiMu ot x u f{. B npeanosoxkeHuu, uto O ABaKABI HENpEpPLIBHO
puddepenuupyema, u3 (5.8.6) MOXKHO MOJYUHTH YCJIOBHE COBMECT-
HOCTH

ki +ow,=0. (5.8.7)

Tlockonbky B UPAMOM pa3/ioXKeHHM BeKOBble UJeHbl BlepBble
NosIBJSIOTCA cpeau uieHoB mopanka O (e), To HymeM npeamosararb,
YTO BEAHUHHBI 4., Q;, ®,, ©;, k., U Rk, umetoT nopsauok O (e). Takum
o6pasom,

¢;=a0sinf+a,cos0+ew X nA,sinnd 0 (e2),
n=2

¢y = —aksin0-+a,cos0—ek X nA,sinnd +0 (e2),
n=2

@yp = —ak?cos0—2a,ksin 6—ek? X n2A, cos nd-0 (e2).
n=2

IMonacraBasisi ath Bulpaxkenust B (5.8.4), nmoayuuM Jarpanxkuaf, He-
SBHO 3aBHUCALIMHA OT X U ! uyepe3s dyukuuu 0, a, o, & u A;. Yaenn,
3aBpucsne oT O, B BbIPAXKEHHH 3TOTO JATPAHXKHAHA MEPHOAHUHBI
no 0 ¢ nepuogom 2x:. [lpm usmenenun 6 ua wunrtepBase [0, 2mw|
OCTaJiblble MapaMeTphl MpPETepreBaoT ouyeHb MaJjoe wuiMeHenue. Ilo-
3TOMy C H3MeHeHHeM X H [ H3MeHeHHe jarpaHxuaHa L, o6ycJaos-
JIEHHOE 3aBHCHMOCTbIO OT 0, NPOHCXOAMT HAMHOro OBICTpee, ueM
H3MeHeHHe, 06yC/IOB/IeHHOe 3aBHCHMOCTBIO OT OCTAJIbHBIX I1apaMer-
poB. Kak u B IPyruX pPasHOBHUIHOCTAX METOA YCPEIHEHHsl, BeJii-
ypHy L caeayer ycpeAHHTb mo O Ha uHTepBase or 0 mo 2m, npexn-
nojaras a, o, k& u A; nocroaHHeMH. C 3TOH 1eJbI0 YCPEAHUM
CHaua/Jga OTHeJLHO KaXablfl uieH B L. Dyzem umersb

27
— 1 1
5 %S ¢1d0 = a0+ 0 (e%),
0
Fim a0
—f,; :_;_azk4 +O (82),
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Clle10BaTeNbHO,

F=L=f(o*—k+E—l)a+2a+0(). (588

YcpenHeHHBH narpaHkvad ¥ §IBHO SABUCHT OT @ H HESIBHO —
or 0 uepes nocpeicTBO ® M k. 3amnumieM Tenepb ypaBHeHHs Iide-
pa—Jlarpanxa, COOTBETCTBYIOUIHE MepeMeHHBIM @ W 0. YpaBHeHue
dinepa—Jlarpanxa, cooTBeTcTByoulee a, Oyner HMeTb Buj
0.%/0a=0; orciofa noayuyaeM JHCIEPCHOHHOE COOTHOLIEHHE

0=k —kt 4 14 2 ea? 10 (e2). (6.8.9)
OTMeTI/IM, 4TO JUCIIePCHOHHOE COOTHOLUEHHE MOXKHO [MOJIYUYHTb C I10-

MOILBIO [NPHHIMNOA TrapMOHHYeckoro 6ajaHca, T. €. IIOICTaBHB
¢=acos0 B ypaBHenue (5.8.1) m npupaBHAB KO3bDGdULHEHTH NpH

cos0 B obeux uactax. B cuay paseHcTB 0 = —0; u k=0, ypashe-
HHe Ofjepa—Jlarpanxka, cOOTBeTcTByIOllee NepeMeHHOH 6, 3amu-
mercss B BHIE

0(g£>+ax(gf)=%'§;=o, (5.8.10)
HIH

—5%(%%)+£(%-)=0. (5.8.11)
C yuetoM COOTHOIIEHHH
¥ soar 0@, 22 _—.—(2ks—k)a=+0(e2)

6yneM HMeTb

2 (0a?) + 2 [(2k*— k) a?]) = 0. (5.8.12

Uro6et ynpoctuth (5.8.12), npomudxpepeHuupyeM ofe uyacTd B
(5.8.9) mo k. Iloayunm '

0o’ =2k*—Fk + 0 (e2),

rne o' =do/dk—rpynnosaa ckopocts. CnegoparenbHo, (5.8.12)
nepenyiercs B BUIE

7]
57 (0a?)+ a% (ow'a®)=0,
HIH

@ [%a;+§ (w'az)] 1 a0+ 0'0,] =0. (5.8.13)
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[TockonbKy A7 ® = o (k) MeeM o; = w’k,, TO BTOpO#l uneH B (5.8.13),
corjacHo cootHowenHwo (5.8.7), ofpamaercs B Hyab. ClleJ0BaTeNIbHO,
ypaBHenne (5.8.13) sanuuercs B ynpoOLIEHHOM BHAE KaK

2+ Z(w'ar)=0. (5.8.14)

Kpome Toro, uMesi B BHAY, 4TO o == (k), MOXKHO nepenucaTtb (5.8.7)
B BUJe

ok |, ok
%o E—o. (5.8.15)

Takum ob6pa3oM, u3MeHEHHs B IIPOCTPAHCTBE H BO BPEMEHH aMIIH-
TYAH @, 4aCTOTH ® W BOJHOBOTO UHMC/a k 3a]aloTCs COOTHOINEHHSMH
(5.8.9), (56.8.14) u (5.8.15).

5.8.2. Mojeab B3anMojeHCTBMS BOJHA — BOJHA

[lpoBensa B mpenbyieM NYHKTe pasJjioKeHHe N0 BTOPOro Mo-
psinka, Mbl NpHILIY Gbl K COOTHOLIEHHIO

cp-acosB—{-W—)cosSB—‘—O(s?) (5.8.16)

Dyayuu cnpaBef/MBbIM 11 WIMPOKOH oO0JacTH 3HaueHuii k, 370
pasjoxeHue Hapymaerca BOIHM3M k2= 1/3. B stomM ciyuae roBopsr,
YTO HMEeT MEeCTO pe3OHaHC B TPeTheH TrapMOHHKe; BeJMUHHHE COSO
M cos 30 ynoBreTBOPAIOT IIPH 3TOM OJHOMY M TOMY XKe AHCIEPCHOH-
HoMy cooTHouweHHI0. [locneiHee oO3HauaeT, YTO OCHOBHAas M TPETbA
rapMOHMKHM UMEKT OIUHAKOBhle (A30Bble CKOPOCTH, PaBHHIE ®/R.

Yro6sl MOCTPOUTh AMs ypaBHeHus (5.8.1) pasinokeHwue, cnpasef-
JuBoe BOJu3M kZ=1/3, GyueM mpepnosararb, 4TO 3TO pasJjioKeHHe
UMeeT BUI

¢=a,cos0, +a;cos0,-¢ 23A,,cos(6,,+v,,)+o(ez), (5.8.17)

rie e
6, =k x—o,t+p, oi==~t—Fk+1, (5.8.18)
npuuem
kya~ 3k, o0z~ 30,. (5.8.19)

OrTMeruM, YTO TVIaBHBIH UjleH pa3J/IoKEHHsS COAEPKHT OCHOBHOH TOH
cos 0, u ero Tperbio rapmMoHuky cosO;. Ilockoabky Hac uHTepecyer
cayua#l kI~ 1/3, 10 OGynem CUMTATb ©; U £; NOCTOSHHBIMH, a BeJU-
upHbl B;, Vv;, @; B A;,—Me[JeHHO MEeHSIOUMUCA QYHKIHAMH OT X
u t. IlogcraBuM, nasee, sT0 pasnoxenue B (5.8.4) u ycpenHum mo-
Jyuamomuiics JarpaHxuaH No nepeMeHHelM O;, mpexpnosaras f; v
a2, u A; TTOCTOSIHHBIMH.

i
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IlpoBoas ycpeiHeHHe, CleAyeT MOMHHTb, 4TO, XOTs [epeMeHHbie
8, u spasioTcs OLICTPHIMM, BeJuuuHa 0,—30, MeHsercs MenneHmo.
Taxkum o6pasowm,

(’T=%(al+4a§a§+ag)+%a?ascos(83-361)+0(8),
vi=(gai+al)+0 e,
=g 3 (0}—208;)ai+0 (),
i=1,3
=y 3 (k2428 al 0 (e2),
@E—F%L:l (RE -+ 4R3B,,) a? + O (£2).

1,3
C yueToM 3THX BblpaxKeHWH JarpaHxkuad % 3anuiercss B Bujie

- o
L=—= 2_ o; B 0P af +

i=1,3

W

+ -2—'; (af +4atai +af) + 5 ata, cos b, (5.8.20)

rae
6=0,—30,=(k,—3k;) x—(0;—3w,) t +p,—3B,. (5.8.21)
[lpu nonyuenun (5.8.20) Mbl ucnosb30BajMi AHCIEPCHOHHOE COOTHO-
wenue (5.8.18) u crenyiollee onpepeneHHe TPYINOBOH CKOPOCTH:
w; = (2k} —k;)/w,.
[Mpu nocTosiHHBIX ©; M k; BeaHuHHB @; U ff; YAOBJAETBOPSIOT
ypaBHeHusiM Diiepa—Jlarpanxa

0L
0_01_0 (5.8.22)
at (0B,t) +0x (as,) = o (5.8.23)

[ToncraBaas & us (5.8.20) B 10 ypaBHenus u ucnosabsys (5.8.21),
10J1yYUM

Bre+ B, =g [a1 -+ 2a% + a,a,cos 6], (5.8.24)
Bas 4 03Py, = [6a, + 3a3 -+ aja;" cos 8], (5.8.25)
J 0 3e
al 2wy a‘;‘ —go, @ia, sin, (5.8.26)
6a3+ o, ‘%3:5_ a3 sin 8. (5.8.27)

STU ypaBHeHMs COTVIACYIOTCSI C YPABHEHUAMH, 10JYYeHHBIMH B HyHKTe
6.2.9 ¢ nmoMmolnblo MeTo1a MHOTHX MacultaGoB.
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5.8.3. Heauneitnoe ypasHenue Kaeiina — Iopaona

B xauecTBe mocsiefHero npumepa paccMOTPUM BCiael 3a Y H33MOM
[19652a] menuneinoe ypapnenne Kueiina—TIopaona

Uy — Uy V' (1) =0, (5.8.28)

rge V (u)—npousBosbHas HenuHeliHas noTeHHMadbHas QyHKLUA,
obecrneunBaolla ypaBHeHHIO KoJaebatessHble peweHusi. Ckorr [1970)
paccmoTpest YacTHBIfE cayuadt V (4) =—cosu, KOTOpBIH ONHCHIBaeT
pacrpocTpaHeiie MarHHTHOrO MOTOKa B KoOHTakTe JlxosedcoHa.
PaccMaTpuBaeMOMy ypaBHEHHIO COOTBETCTBYET JarpaHiKHay
[ [

Ins pewedus B Qopme Geryiuelt sosnbt u(9) ypasHenus (5.8.28)
HMeeM

(02 —kM) ugy - V' (1) =0, (5.8.30)
rne
=—0,, k=0,. (5.8.31)
Ypaeuenue (5.8.30) umeer mepBeIl HHTerpar
5 (@ — k) ug+V (u) = E. (5.8.32)

Hurerpupys sTO paBeHCTBO, MOJYUHM

9 — mz—kzj du ) 8.
]/ ol R (5.8.33)

[lpeanono:kuM, 4TO NepPHOL NMepHOAMUECKOH (YHKUHM ¢ HOPMHUDPOB-
KOH MOxXeT OBITh CBefleH K eJlMHulle, TaK 4YTO

w2 —k? du ,
]/ - @VET—TUT)_I' (5.8.34)

Hna onpenenenns npubJIMKEeHHBIX YypaBHEHHH, KOTOPLIM Yy0-
BIETBOPAIOT MeINeHHO MeHsIouiuecs BeiduunHbl E, o w &, nomacra-
BuM B (5.8.29) Bmecro u yHxuuo u(0) ¥ ycpeaHUM MoJyuaromHics
narpasxkuad no ustepsany [0, 1]. C yuetom (5.8.32) Gyzem umers

!
L=

0 —kYup—V (u) = (02 —k?)u—E. (5.8.35)

CnepoBaTenbHO,
1

1 i
2= L{u®)dd = (0 —k? g ud d6~E§ 40 =

(

=((l)2~-k2)§lt() du—E =

=] '2(muk2)c§ vV E—\ () du —E. (5.8.36)
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HsMenenne %, cBfisaHHOe C M3MeHeHHeM E, ompenensieTcss JucIep-
CHOHHHIM CcooTHOweHHeM (5.8.34). C yuerom ' aBeHCTB @ =—0,
u k=0, ypaBrenne Diinepa—Jlarpanxa, COOTBETCTBYIOIEE Mepe-
MeHHO# O, sanuuieTcs B BHfE

8 (%L 8 (0%

(5% ) +5(5)=0. (5.8.37)
TlogcraBuB B (5.8.37) Bhlpaskenue s &, noayudm

2 (W) + 2 (kW) =0, (5.8.38)

rae

[V]

V=1 e VE TV (5.8.39)

ITocraHoBKa 3ajauyn OKaKeTCsl 3aBepIUEHHON, €CJIH K COOTHOLUEHHSIM
(5.8.34) u (5.8.38) npucoenNHHTL YCJAOBHE COBMECTHOCTH

k
%+%‘§=0. (B.8.40)

¥npaxncnenusn

5.1. Hcnonbays meroauky Crioapra— Batcona —Bxxayca, onpenenuts npu6.iu-
JKEHHBIE pellleHHs] 3a7ay

(8) ©-4-hu=¢eud, u (0)=u(n)=0;
(6) upp—tyy -+ u=eud,
u(x, 0)=acos x, uz(x, 0)=0.

5.2. Hcnombsys meroniuky CrpaGsa, oOnpelesHTb DAaBHOMEPHHIE pAa3JIOXKEHHS
BTOpOro nopsiika Aasi ypasnenuit (Crpaba {1962])

(a) utu=e(l—ua,

(6) 14 (B¢ cos 2f) u=0.

5.3. Ucnombsys meroauky KpoiiioBa —boromoGoBa, onpeaenurh NpHGIHKEH-
Hble pelleHHs ypaBHeHUH

() i+ opu=—eujul;

(6) u+ wpu=re (1 —u?) u+ eud;

(8) u4-(8+4e cos 2t) u= 0.

5.4. PaccMorpam ypasnenne Marné

- (0+ecos 2f) u=0.

OmnpefeuTh paBHOMEPHblE Pas3J/IOKEHHS BTOPOIO NOPsJKa, HCNOJB3YS (a) METOAUKY
K pelioBa — boromo6osa — Mutponodyisckoro; (6) 060GILEHHBI METOA YCPeAHEHHS )
(B) npeo6pasoBanus JIu.



Y npaxcrenusn 241

5.5. PaccmoTpHM ypaBHeHHe .
g+ ©lg==g¢*+ K cos wt.

(a) MokasaTb, 4TO OHO COOTBETCTBYET [@MUJILTOHHAHY
1 1
- 2 2,2 4 .
—~§-(p + 02g?) 7 &9 K, cos ot;

(6) OmpenenuTb passodeHHe NepBoro nopsjaxa, nojaaras, uro K =0 (l) u 3una-
YeHHS] O JaJeKH 0T 3wq, ®g, ©o/3;

(8) K=0(1) 1 © 6mm3Ko KX 30y,
(r) K=0(1) u ® 61u3K0 K ©y;3;
(1) K=0(e) u © 6/H3KO K .

5.6. PaccmMoTpuM ypasmenue
G-+ wgg =e(1—g2) g+ K cos of.
Hcrnonssys merop Kpuiiopa— BoromoGosa, onpefesuTs pasfokeHds NEpsoro no-
psAKa AJA CJy4aes, NepeyHceHHbX B ynp. 5.5.

5.7. Hcnonbsys o6o0lleHHbIE MeTOA  ycpeiHeHHUsl, MeToA KprlioBa-— Boroaio-
6oBa — Mutponosbckoro B Metod Kemena, onpepesuTh pasJIoKeHHss BTOPOro io-
psfKa A/ DelleHus ypaBHeHHs

Lu= ¢ (1—u?) 4+ eus.
CpaBHuTb pe3yJbTaThl, NOJYUYeHHbIe TpeMs MeTodaMu. Kaxkyw u3 3THX METOJHK Bbi
6bl pPEKOMeHAOBaJd AJs NMOXOGHBIX 3ajay?
5.8. Paccmorpum 3agauy
-2t - v2u = —ef (1, 1)-
[pu & —> 0 umeem
u=age™™ cos (@o! + o), Wo= ¥V VEI—pi2.

(a) Jna € # 0 onpefeauTb paBHOMEPHOE pasJjoXKeHHe, NOJOXHB, Caelys Men-
neascory [1970], u=u(a, V) u

u:uo—{—£u1+ sy
%‘tl=_ua+aA1(a)+....
%&:mﬁwl @+....

(6) Onpenennts pasjoxkeHue, ucnonb3ys meTopuky Kpruioa— Boroso6osa —
Murponoabckoro.
(B) Kakoe u3 sTHX pasjioxeHHH apJjsercs GoJiee TOYHBIM?
5.9. Paccmotpnm sagavy
14 Ou+ebyum 4-eboun—1—ebgun—1 cos At =0,

rae 8, &, b; B A—nNOCTOAHHbIE, n—UeTHOE, M — HEYeTHO® HaTypaJbHLIE YHCAE,.
npuyeM m > n.



242 Tr. 5. Bapuayus npouseoabHotx NOCMOAHHBLX U Memo0 YycpeoHenus

(a) das maJsoro e HafiTH pelieHne Buja
u=a(t)cosb, O=wt—e(), o=in,

A C NOMOUIGID METOfd yCpeAHeHHS onpelesuTh ypaBHeHHs A1d a ¥ @ (Lo w Koum
[1965])).

(6) Onpeseauts raMuJbTOHHAH, COOTBETCTBYIOMHH BHINENDHUBENCHHOMY YpaBHe-
HHUIO, 3aTeM C TOMOWIbI0 KAHOHUYECKHMX [IePeMEHHEIX ONpeJe/HTb PasJjIoKEHHEe fep-
BOrO flopsiika NJisi cayuas, Korda § 6aMsko K 2.

(B) CpaBHHTL pe3yabTaThi, MOJYYEHHbIE ABYMSA METOXHKaMH,

5.10. 3anaya o cihepHYECKOM MaATHHKE (T. e. O vYacTHue, ABMAKyuefca nox
ZeficTBUEM CHJBl TAMECTHA TIO NMOBEPXHOCTH [JAJKOHR HenoiBMxHOH cheprr) dopmy-
JAnpyetess ¢ noMouibio TamMuJabToHHaHa (Moxancen n Kefin [1969])

—mg ) ?—q? 2_.%&_*__‘7212)_2.

2 2
p1-+ pa
H= 17492 omi?

2m
3pecb g; W p;— KOOPAYRATH K KOMIIOHEHTHl HMIYJbCa YAaCTHLEL, M-—ee Macca,
g — ycKopeHue cBOGOLHOro najeHus ¥ {—panuyc cheprl.
(a) OnpejenuTe AJ8 MaJblX aMIJIMTYA pelIEHHe NEPBOrO NOPsAKa, HCHOMb3ys
MEeTOA OCPEeAHEHHS B KAHOHHYECKHX IleDeMeHHBLIX.
(6) OnpenenuTe pas/oxeHHe BTOPOTO MOPsIAKA, HCMOAb3YA mpeobpasoBaHus Jlu.
(B) CpaBHHTb NOJYuEHHBIE TPH Pa3J/ioxKeHHUs.

6.11. PaccMoTpum 3ajady O Kavamomwelica NpyxuHe ¢ AeMnbHpOBaHHEM:

§+s,x+%x+g (1—cos 8)— (I +x) §2=0,
[ é-{—L sin 6+iké—0
Ty I+x

Monoxum ®F =k/m n ws=g/l. Ucnonpsys oGOCLEHHbl METON YCpeNHEHHS H mpe-
ofpasoBanus JI¥, onpee/inTh pPaBHOMEDHBE pa3JIOXKeHHd BTOPOFO I[OpPSAKA [
cayuaes (a) o) & 20,5 (6) 0 & 3w,.

5.12, Paccmorpum ypashenuns (3.1.63)—(3.1.65).
(a) ITokasaTh, YTO UM COOTBETCTBYET T'aMHUJbTOHHaH

1 1
H= (p}+ p3) +gap1— qupa -+ 5 (g1 +3) —
— 5 (g hagd) (1 ¢ cos )=

(6) Vcnosp3ys Meros ycpelHeHHs B KaHOHHYECKHX NEpeMeHHBIX, ONPEIesHTDb
Pa3/ioKeHNe NEePBOTO NOPSJKA B OKPECTHOCTH TEePeXORHBIX KPHBLIX, HCXOAAIMIHX U3

Toukn (g, €), 1€ po={(1—2 ¥V 2/3)/2.
(8) C nomowpio npeoGipazoBasuil Jlu onpefesiTh B OKPECTHOCTH 3THX Mepe-
XOAHBIX KPUBBIX pa3JioxkeHkHe BTOPOTO MOPALKA.

5.13. PaccmoTpuM pBH:KEeHHE YacTHL, ONTHCHIBAEMOE raMUJILTOHHZHOM:
1., ; 1 9 1
H= 5 (p!+ pi) 45 (42P1—upo)+ 5 43 + (6+§) g3+ 01 +20105,

rge &—nocrosnunfi napamerp. (a) [loxasats, yro npu §=1 Kpyrosele 4acTOTHl
B JuBeapusopaHHOil sanaye paBHB | w 2; (6) ucnojb3ys MeTOA ycpelHeHUs B Ka-
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HOHHYECKHX NepeMeHHbIX, ORpPeleJNHTb A8 Ma/blX aMIJIHTYJA Da3JioXKeHHe IepBOro
nopsizka npd & =~ 1; (B) ¢ NOMOWBIO MeTOAa YCPENHEHHS] OMPENeJUTh PasJoKeHue
nepBoro TMopsijka; (r) KaKylo H3 3THX METOAHK Bbl PEKOMEHJOBAJH Obl [/ M0Z06-
HBEIX 3ajay?

5.14. Paccmorpum sapauy (Cerna [1965])
X+ oix=e¢ (3b,x2 4-2b,xy - byy?) —e8,x - K, cos Af,
Y- 03y =g (hyx & 2byxy + 3b,y?) — &8sy + K, sin Al.

ToBOpAT, YTO HMEET MecTO BHYTPeHHHUNI pesoHaHC, eclH ®; X 20, WIH @y ~ 20;
npn A =~ @; UM ©, FOBOPAT O pPEe30HAHCHOM BO3GYxKAGHHH; cayyall K;=¢ek;, rie
k; =0 (1), cooTBeTCTBYeT MATKOMY BO3CYXKIAECHMIO H, HakoMel, ciaydalh K;=O0 (1) —
JKeCTKOMY Bo36yxjaeHH0. Mcnodbsys MeTos ycpelHeHUs, ONDPEIRJHTb DA3JOKEHHS
NepBoOro mopsiaxa NI CJAEAYIOUMX CJIy4aes:

(a) kecTKoe Hepe3OHaHCHOe BO30Y:KIEHHE TPH OTCYTCTBHE BHYTPEHHEro peso-
HaHca,

(6) XecTKoe Hepe3oHaHCHOe B030yXKJeHHe IIpH BHYTPEHHeM pDe3OHaHCe,

(B) MArkoe pesoHaHCHoe BO30OYXAEHHE NPH OTCYTCTBHH BHYTPEHHEro pe3OHaHCa;

(r) MsITKOe pe30HaHCHOe BO36y:KAeHHe MpPH BHYTPEHHEM pe3oHaHce.

5.15. Beryuise BOJHE B XOJOLHOM I/1a3Me ONMHCHLIBAIOTCA ypPaBHEHWSMH
dp , 0
a—,‘F(—)}(pu)—O,

du Ou
o7 T4 gy TE=0
oE

— 2 —
=@ (1—p).

IMyers p=1+40(e), u=0(e) n E=0 (g). Hcnoms3ys Merol ycpeiHenus, ompeje-
JIATH BpeMeHHOe H NPOCTPAHCTBEHHOE H3MEHEHWe aMIIJIMTYAl M (ha3bl MOHOXpOMAaTH-
yecKoi Geryuiefi BOJHBI.

5.16. Paccmorpum 3ajauy
Pt —Pxx +¢=0.
(a) Ilokasath, uTo QyHKLHS

¢=acost, O=*ktx—of

SIBJISIETCH PEIUeHHEeM 3TOr0 YPaBHEHHs' NMPH yCJIOBUH, 4TO ®w?==k24-1.
(6) TlokasaTb, uTO BHILIENPHBEACHHOE YpaBHEHHE MOXKET ObITb 3aMHCAHO
B BHJe 3aKOHOB coxpaHeHusn (Yussm [1965])

df1 . e,

37 [7 (P%-%'(P;-F(Pz)] + oy (—ext) =0,
9 01 5, » ol
57 (—0xPr) + 57 [—2' Pt +Px—¢ )] =0.

(8) [Tosoxum B ypaBHEHHSX 3aKOHa COXpaHeHist ¢=a cos 0, npuyem a=a (¥, ),
k=06, u w=—0; Ilpeanosoxnm, 4to a, ® H k —ciabo MeHswIHecs DYHKUUH OT
x 1 t. OcpeiHHTb 3TH ypaBHeHHs no O Ha uurepsase or 0 jo 2m, mpeanoJjaras a,
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o Uk NOCTOAHHBIMH, H TIOJMYYHTb COOTHOILUEHHS

ok |, 0k _
BT 5 =0

dat 4
_6a7+55— (0'a?)=0.

5.17. PaccmoTpuM ypaBHeHue
wyp— e, +u=¢gud.

(a) BeimucaTth JarpaHXHaH, COOTBETCTBYIOMIMH 3TOMY YpaBHEHUIO.

(6) Onpenenuts pasJoxKeHHe NEPBOTC NMOpsjika AJs GeryM{HX BOJH C I[TOCTOSH-
HbIM BOJHOBBIM 4YHCJ/IOM, HO aMIJIHTYJOH U Qa3ol, MEHSIOIHMHCA BO BPEMeHH H Ipo-
CTpaHCTBe.

5.18. 3agaya 0 HeJMHeHHBIX MONEepeYHLIX KoJeGaHHAX OXHOPOAHOH GasKH co
CBOGOAHbIMH KOHIIAMH U C HeJHHEHHOH CBf3bI0O MEXJY MOMEHTOM ‘U KDHBH3HOH
OMHCHIBAETCS JIarpaHXKHAHOM

L_l ow \2 lﬁ 0%w\2 1862w4
=3P\t ) T2 oxt 25\ 5%/ |’
rie p, B n e—nocroaunpie. OnpenenuTb pasnoMeHHe NePBOTO NOPAAKA AJs Gery-
IHUX BOJH €O ¢J1a60 MEHMIOWMMUCH aMIJINTyAaMH H dasamu: (a) HCIOJL3Ys BapHa-

UMOHHBI MofAXxoX; (6) BHIIHCBIBAS YPaBHEHUS [ABHIKEHHA U TPHMEHSS MeTox
yCpeJHeHHS .

5.19. Paccmorpum mogenbHoe ypaBreHue Bpeseprona [1964)
Pttt Prxxx T Pxx+ P+ P2
(a) ITokasats, 4TO B JHHeilHOH 3ajaue niacnepcuouﬂoe COOTHOMIEHHE HMEET BHJ
w2=Fkt—k2 11,

(6) OnpenesinTb BOJHOBOE YHMCJO, COOTBETCTBYIOLIEE Pe30HAHCY B 7-H rapMOHHKe.

(8) Hcnonbays Meron ycpelHeHHs, ONPeAETHTb Pa3joXKeHHe NEepPBOro Mopsjxa
B OKPECTHOCTH pe30HaHca BO BTOPOll rapMoHHKe (aMmJHTYAnt W ¢asbl CYHTATD
GYHKLUSIMH OT X H {).

(r) Beinucare cooTseTcTBYIOWIKH JlarpaHXHaH, 3aTeM, MDUMeHSST BAPUALMOHHbIH
MOAXOJl, ONpelesIHTh pasjoxeHHe NePBOro MOpsika B OKPeCTHOCTH pe3OHaHca BO
BTOPOH rapMORHKe.



I'JIABA 6

Meton mHOrux maciutabosn

6.1. OnucaHue MeTtola

CylecTBYIOT TpPH pPA3HOBHAHOCTH MeETOJa MHOTHX MaciuTaGos.
Mpbt naguM HX onHC&HHe Ha npuMepe JIHHEHHOro IeMiHpyeMoro
OCHMJIJISITOPA

X 4 x = —2ex. (6.1.1)

DTOT NpHMep Mbl BHIGPAIH MOTOMY, YTO MOXHO, BO-TIEpBHIX, CPaB-
HUTb MOJYYEHHOE NPHUOJMIKEHHOEe DelieHHe ¢ TOYHLIM M, BO-BTOPHIX
ficHell TMPOAEMOHCTPHPOBATh paa/MUHble BAPHAHTHl METOJ4, HE TpH-
Geras x anre6pauuyecKuM BBLIKJIafKaM.

[Monyuum cHavyasta NpsiMOe acCHMIITOTHYECKOE pa3JoXeHHe 115
maJjioro &. [lyctb

X=X,+ex, +ex,+ ... . (6.1.2)

INopcranoskoit (6.1.2) B (6.1.1) u npupaBHuBaHHeM KO3DPHUUHEHTOB
NpH OAHHAKOBBHIX CTENEHAX € IoJiyyaem

Xo+ %, =0, (6.1.3)
X, + %, =—2%,, (6.1.4)
Xy Xy =—2x,. (6.1.5)
O6ee peiiedue ypaeHeHus (6.1.3) uMeer Buz
X, =acos(t 4 o), (6.1.6)

rie a 4 §-—IpOH3BOJbHEIE NocTosiHHBle. [loncraBuB x, B (6.1.4) u
peliMB MOJiyUeHHOe YpaBHEHHE, IOJYYHM

X, =—at cos (¢ + ¢). (6.1.7)

[ToncraBus, nanee, x;, B (6.1.5) M pemuB 3TO ypaBHEHHE OTHOCH-
TEJBHO X,, NMOJY4YHM

Xo=-yat? cos (t + @)+ & af sin (¢ + ¢). (6.1.8)
CJieoBare/ibHO,
x=acos (¢t + ¢)—eat cos (t + @)+ v

Fgetalticos (t+¢)+#sin (4 )] +0(e?). (6.1.9)



246 Ta. 6. Memod muozux macumabos

QOueBuano, uro (6.1.9) naer n/joxoe npub/JIHKeHHe AAf X, eC/H !
uMeetT nopsifok e, B sToM cayuae BropoH (ex;) H Tperuit (eix,)
yJeHbl yXK€ He Majbl 110 CPABHEHHIO COOTBETCTBEHHO C X, H EX,
(x, 4 x, ColepXar BeKOBble 4JeHbl), KaKk 3TO MpPe/ro/aranock MpH
BLIBOJIE [I0JIYYeHHOTO pasJsoxkeHusi. Taxkum obpasoM, mpsiMoe pasiio-
JKeHHe rnepectaerT ObITh CMPABEAJHBLIM, KOrja { JOCTHraeT BeIUUMHBI
O(e™?%). Kak 310 06cyxKaanoch B m. 2.1, TPYIHOCTb 31eCh 3aKJIO-
yaeTcsl B TOM, YTO 00J1aCThb ONpefiesleHUsl GeCKOHeuHa.

B HecoCTOSITETBHOCTH TPSMOTO PasJ/oKeHHs MOXKHO VOenuThCs,
paccMOTpeB TOYHOE pelleHue ypaBHeHHs (6.1.1), koTopoe uMeer BHI

x=ae~® cos [V 1—e2{ + q]. (6.1.10)

Pagenctso (6.1.9) MoxKeT ObTb NOJMYYEHO pPas3fioKEHHeM pelleHHq
(6.1.10) npu MaloM & U (PUKCHPOBAHHOM {. JKCIIOHEHTAa H KOCHHYC
IPEACTaBAAIOTCH B BUAE

exp (—ef) = | —et 442>+ ..., (6.1.11)
cos (V T—e7t +¢) = cos (t + @)+ 5 e sin(t+¢)+... . (6.1.12)

Slcno, uTo exp(— ef) MOXKHO annmpOKCHMHPOBATb KOHEUHBIM YHC-
JIOM 4JIeHOB TOJBKO INPH YCJAOBHM, 4TO &f Majo. B cuay masiocTu &
310 o3HauaeT, uto { =0 (1). Ecau xe { umeer mopajgox &£-!', 10 &f
yKe He Maso, M NPHO/MKEHHEe C [IOMOLLbK) YCeUEeHHOr'o psiia OKa-
3bIBAETCS HEYJAOBJETBOPHTE/bHLIM. lIpUBejieHHBIA Bblille yCeueHHBIN
pPSiA deT Xopollee MpUOJHMXKEHHE TOJbKO A0 HEKOTOPOro 3Ha4eHus f,
nocse KOTOpOro exp (-—ef) OTJIMYaeTcsi OT yCEUEHHOro psjza Ha
BeJIHUMHY, NpeBHIIAIOMIYIO 3aJaHHBIA Ipegesn TouyHOcTH. J[loGasie-
HUEM HOBBIX UY/JEHOB K YCEUeHHOMY pSily 3HAueHHe ! MOXKHO VBesH-
YUTb JO HEKOTOPOrQ HOBOTO 3HadeHust #', B mpeaenax KOTOPOro
HOBBIA yceueHHbI!t psin OyAeT AaBaTh YAOBJIETBOPHTEbHOE NPHOJIH-
xenne. OnHako 1npu ! >>1' DPa3HOCTb MeXAY exp(— &f) U HOBbIM
yCeuYeHHbIM pSAJOM BHOBb IPEBOCXOAHT 3aJaHHYI0O TOUHOCTh. [las
TOro 4To0bl pasjoxkeHHe exp (— ef) 0KazajoCh YAOBJIETBOPUTENbHBIM
IJsl BceX 3HA4YeHMH ¢, CJIeLyeT yuyeCTb B HeM Bce UjeHbl. Takum
o6pa3oM, IpU NOCTPOEHHHU Pa3JIoXKeHHUd, CIPABEIJIHBOTO /IS BpeMeH
nopsiaka e~1, Npou3BeJieHHe €f CjlefyeT paccMaTpPHBaTh KakK OJHY
nepemeHnyto BeauuuHy 7T, =0 (l). Torga nwo6oe yceueHHOe pa3o-
KeHue exp (— &f), cnpaBelHBOe 17151 BpeMeH IOpsAaKa e~ 1, uMeer Buj

exp (—ef)=exp(—T,). (6.1.13)

AHajoruyHo, yceueHHoe pasjoxenue (6.1.12) aBastercst HeynoB-
JIeTBOpHTeJbHLIM Ipy ¢ nopsiaka O(e~?). [aa noayuyeHus yceuel-
HOTO aCUMIITOTHUECKOTO PpasjoXkeHust cos [l/l-—a%‘—%—cp], cripaBef-
ausoro npu ¢ =0(¢~2), KOMOMHALHIO €2{ CjelyeT TPAaKTOBATb KaK
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oiHy nepemeHHywo Beauuuny T,=0(l). Toraa Gynem umerhb
cos [l/l—ezt—{—cp] =CO08 [t—%T,—}—q;—— %a‘t + .. ] =
1 1 . 1
= cos[t—? T,—{—q)] + g &'t sin [t—3T2 + qa] 4+.... (6.1.14)

Pasgoxenne (6.1.14) cnpasenauso u npu ¢ =0 (e~?), Tak Kak I0o-
npaBoudbifi (BTOpO#) useH uMeeT mopsiuok O(e?) uan MeHbIUHHA
BIJIOTL 10 BpeMeH mopsiaka O (e~?). Opnako upu f(=0(e"*) 310
pas;oxenue Hapywaercs, u6o BTOPOH ujeH yXe He MaJj [0 Cpas-
HEHMIO ¢ MepBbIM. YToOH MONYYUTb pasjioxKeHHe, CIpaBefjHBoe /sl
BpeMmen nopsaka O(e™*), ciexyeT BBecTH eille OAHY [EpPEMEHHYIO

T,=e4=0(1).
B npoBseseHHBIX BHILE pacCyXAeHHSAX [PEAN0Jaranoch, yTO
x(¢; &) ABHO 3aBMCHT OT f, &f, &%, ... M OT & OTO MOXHO yCMOT-

peTh W u3 TOuHOro pemenus. Takum ob6pasoMm, IJs NOJyueHUs yce-
YeHHOTO pas/ioKeHHus, CIpaselnBoro fns spemen nopsaxa O (e”M),
rie M —pe/noe MOJOXKUTENbHOE YUCJIO, MBI J0JkKHBI CUHTATh X 3aBH-
camuM ot M -1 pasuex macmrabos Bpemend T, T4, ..., Ty, L€

T, =emt. (6.1.15)

Macmira6 Bpemenn T, coorBercTByer Gosiee MeNJIEHHOMY BpeMeHH,
yem macirad T,, a T, cooTBeTcTByeT GoJjiee MEANEHHOMY BpEMEHH,
uem Macmitaé T,. B ofmem cayuae Bpems T, Mennennee T, _j.
Hrak, npeamnonoxum, uTto

X(t; e)=x(To, Ty, ..., Ty €)=
M1
= X e, (To, Ty oovy Ta)+0(Ty). (6.1.16)
m=0

Ocrarounwiit unen B (6.1.16) sanucan B Bupe O (eT ), uTOGbl Ha-
NOMHMTb YHTATeNI0, UTO paccMaTpHBaeMoe Pa3f0KeHHe CIPaBeAJHBO
BILNOTL A0 BpeMeH nopsaaxka O (e~#). )Kenas coxpauuTb pasHOMep-
Hoe npuOJMKEHHe BHE 3ITOrO MHTepBajga BPEMEHM, Mbl JIOJIPKHEI
HCDOJb30BaTh JApyrue Macwtabol speMend. M3 (6.1.15) u (6.1.16)
MOKHO BHIeTb, YTO HCXOJAHAs 3ajaya ¢ OOBLIKHOBeHHBIM JutdepeH-
[HanbHBIM yPaBHEHHEM Iepellla B 3aj]auy C ypaBHEHHEM B YACTHBIX
npou3BoAHbIX. Ec/iH xe B HCXOLHOH 3amaye paccMaTpHBagOCh ypas-
HGHHe B YacTHHIX MPOH3BOAHBIX, TO BBelJEHHE pasHLIX MacmTaboB
BpeMeHH YBEJAMUUT YMCAO He3aBHCUMBIX nepeMeHBbX. [Ipumenus
npasusnoc audPepeHnUpOBAHNUA CJAOKHOH (YHKIHHU, M[HOAYUHM, 4YTO
ILiddepeHnpoBaHHEe IO BPEMEHH H3MEHHUTCS B COOTBETCTBHH C pa-
BEHCTBOM

3

d 0 .9 0
R RN EEDR R (6.1.17)
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PasencrBa (6.1.15) Bmecte c¢ (6.1.17) onpenensior oaHy H3 pasHo-
BHAHOCTEH MeToja MHOTHX MAacumtab0B, a HMEHHO METOJ MHOTHX
nepeMeHHbIXx. Jra MeTojHka pasBuTa B pabGorax Crappoka [1957],
[1963], ®pumena [1963], Hatids (1965 B, r|, [1968] u Cangpu [1965],
[1967]. U3 (6.1.16) u (6.1.17) BHaHO, YTO NpPH MONYYEHHH pPa3Jo-
JKeHHs1 C paBHOMepHBIM NpPHUO/NMHKEHUEM BMecTe C 3aBHCHMOH mepe-
MEHHOH MO CcTeNMeHAM MaJOro MapameTpa pasjaraercs ¥ ONEPAToOp
Judpdepennuposanusl. Ilostomy Crappok # Hafids nazpaam stoT
METOJ] METOJIOM pas3JjiOKeHHs NPOU3BOLHOH.

INogctaBnsas (6.1.16) u (6.1.17) B (6.1.1) u npupapHuBas Ko3(-
(DMLMEeHTBl TPH OJMHAKOBHIX CTeNeHdX €, MOJYUHM ypaBHEHHS, H3
KOTODBIX ONpEAeNsIOTCs X4, X;, ..., Xy. PelleHHS 3THX ypaBHeHUM
6y1yT cofepXKaTh MIPOU3BONbHbE (YHKIHHM OT MaciutaGoB BpeMeHH

w Tey ...y Ty Hnaa onpenenenusa 3THX (yHKUHH Heo6XO0QHMO
noTpeCOBaTL BLINOJHEHHA HEKOTOPHIX JOTNOJHHTENBHEIX YCJIOBHIL.
INockonbky paeeHcTBo (6.1.16) HOAXKHO BBINOJMHATBCS LA BpeMeH
nopsaka e~M, To BeauuMHa €”X, JO/KHA ObITh MaJOH MONPaBKOMH
K ¢”~x,._,. Ilocnepnsis B CBOIO ouepelb JO/MKHA ObITh MaJjofl Mo-
NpaBKO# K &”~2x,_,. Utak, mbl TpeGyeM, 4TOOH

Xm

p < oo ans Bcex T4, Ty, ..., Ty
m=1

3T0 ycJlOBHe He O03HAuaeT, 4TO Kaxjaoe X, orpanHuyeHo. Ha camom
jpene Kaxuoe X, Moxer ObITh HeorpanHuyeHHbIM. OpHAKO, Kak H
B Mmeropuke Jla#itxuana (§ 3.2), ato ycnaosue tpebyer, uToGHl OCO-
GeHHOCTh BHICIUMX MPHG/UKEHUN He TPEeBOCXOAUJIa OCOGEHHOCTH Iep-
BOTO 4jieHa. 3TO yCJIOBHE 3KBHBAJEHTHO HCKJIIOUEHHIO BEKOBBIX UJ/IeHOB.

Bropas pa3HOBHAHOCTL MeTOAA MHOTMX MaciitaGoB Onlia
peenena KoynoM u KemopksiHom [1963] u npuMeHena KeBopksiHOM
[1966a] u Koyaom [1968] npu pemieHny HeKOTOpbIX HpHMepoB. Mop-
pucon [1966a] moxasan, uTo 3Ta mpoleaypa ¢ TOYHOCTBIO IO BTO-
poro NopsiaKa SKBHBaJNeHTHa MeTony ycpennenusi; Ilepko [1969] ycra-
HOBHJ HX 3KBHBAJEHTHOCTb 0 #-ro mnopsiaxa. KeBopksiH [1966b]
MOKa3a/j 3KBHBAJEHTHOCTb 3TOfl MPOIEAYPHl B TEPBOM HOPSAJKE METOLY
¢ou Llafinens. PaccmorpeB TouHoe pewenune (6.1.10), Mbl 3amerum,
uyTo BpeMa ! QuUrypupyeT B HeM B opHofl M3 ABYX KoMmOWHanu#: ef
uan ) 1—e?t. CleoBaTebHO, 1J18 NOJYUYeHHs PAa3JOXKEeHHS, CIpa-
BeVIMBOrO AJs GOJbUIMX BpeMeH, HeoGXONUMO BBEeCTH ABa MaciuTaba
BpeMeHH

E=ef, 7]=Vl—82t=8(1——;—63—%84+---)t. (6.1.18)

ITostromy Koyan u Kesopksaur [1963] npepnosoxuan, uTo
M-

- 1
x( ) =x (&, m; &)= X e"xp (8 W +0EM),  (6.1.19)
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rae
E=et, n=(14ce0,+ew,+ - +eMoy)t, (6.1.20)

a ©,—TOCTOSIHHble BenuudHbl. B paHHOM ciydae § MelJeHHee,
yeM 1, a NPOH3BOAHAfA IO BpeMeHH mpeobpasyercsd B COOTBETCTBHH
C paBeHCTBOM

i=a—a—+<l-}-32w + oyt ... +eMo i. (6.1.21)
di ~°5E s 3T e M /o

O6e 3TH Pa3HOBHIAHOCTH MOXHO 3HauyuTeqbHO 0600mwuTh. Tak,
METOJ, MHOTUX TepeMeHHBIX MOXHO o6obwuts (Hatids [19678]), npu-

MEHHB BMeCTO CTEeNeHeH & aCHMIITOTHYECKYIO [OC/IeL0BaTebHOCTh
6, (e), 1. e., MOJIOKUB

T.=38,(e)t, (6.1.22)
M
d d
E-_-.-Z_B(Sn () 37 - (6.1.23)
YpaBueHua (6.1.22) u (6.1.23) MokHO nasee 00OOUINTL, MOJOMKUB
T,="0,(e)gn 1 (&) 1], (6.1.24)
M
d , d
7= 2 8 (&)1 (913 [1n (&) ) 37, (6.1.25)

rae p,(8)—napyras acHMITOTHYECKAast [OCJENOBATENbHOCTb. TaKHM
oGpasoM, (6.1.24) mosBosisieT paccMOTpeTh JIHHefiHbie H HeJHHelHbe
Macirrabbl BpeMeHH.

AnagoruuyneiM o6pa3oM MoOxeT ObiTb 000ClieHa Hpouexypa pas-
JOXeHUA Mo AByM mnepeMmenHbiM. Tak, o6o6mus (6.1.20) u (6.1.21),
MOXHO 3alucaTh

M

E=n(e)t, 2 (e)gn [ (e) ], (6.1.26)

% =W (8)0%+(n§05n (e} (e) gn [u (e) t]> a% . (6.1.27)

B rTakoM ofmeM BHAe 3Ta TexHUKa Obl1a pa3BHTa HECKOJbKHMH
HCccegoBaTe siMi, B ToM uncie Kyamakom [1959], Kokpanom [1962],
Maxounn [1962] u Haiids [1964], [196568]. Kuauma, Pamuat u Cang-
pn [1970] uccnemoBaju posab mpeobpa3oBaHHH MacITaGoB B MOJY-
YEHHH PaBHOMEPHBIX ACHMITOTHYECKHX PA3J0MKEHHH.

Mertox MHorux macmita6oB CTO/Ib MNOMYJSPEH, YTO €ro 3aHOBO
OTKPBLIBAIOT NOYTH Kaxjbie nojroga. OH NPHMEHSAJCH K IIHPOKOMY
Kpyry 3azad ¢U3UKM, TeXHHUKH U NPHKJAJHOH MaTeMaTHKH.

Koyn u Kesopksn [1963], Hatfids [1965c], [19678], [1968], KeBop-
KaH [1966a], Issuc u Ongpena [1967], Ulsepraccek [1969], u
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Meiosa [1970], Pacmyccen [1970] u Peficc [1971] usywanu cnabo
JHHeHHBle U HeJHHeHHble KoJeGaHHs, OMHUChIBAeMble O6bIKHOBEHHBIMH
I1¢epeHHaIbHEIME  YDaBHEHHSAMH BTOPOTO WJIH TPETHErO MOPAAKA.
Kysmak [1959] u3yuan nenunefinble KoseGaHus, ONHCHIBaeMbie Avd-
tdepeHnHabHEIMY ypABHEHHSMH BTOPOro MNOPAAKA CO €1a60 MEHSI0-
wumuca Kospoduunentamu. Kokpan [1962], Haidps [1964], [1965b]
n ®@aykec [1968] ucnoabzoBanu o6obmenHyio GOpMy MeToAa AAd
M3yueHHUsl 3aJa¥ C TOYKOH BeTBJIEHHS B JHHEHHBIX AuddepeHIHANb-
HbIX ypaBHeHHsX Broporo nopsanka. Kokpan [1962], Haiips [1964],
[1965b] u Pamuatr w Caugpu [1969] ucnosap3oBaiu 0OGOGLIEHHBIN
MeTOJ JJIA H3YYEHHs JHHeHHBIX ypaBHEHHH C MepeMeHHBIMH Ko3d-
¢unnentamMs, B To BpeMsl kak Yen u By [1970] uccnegoBanu geiict-
BEHHOCTb MacwTaGoB B 3ajaye O CTapeHud NpyxuHel. Hoepaaunrep
u Ilerpocsn [1971] paccmarpuBanm JHHeilHOe HEOAHOPOAHOE ypaBHe-
HHe co caabo MeHSIOMUMHCH KO3bdHIUEHTaMH, KOTOPOE ONHCHIBAET
BAUSIHHE KOCMOJIOTMYECKOTO pacUlMpeHus Ha CHCTEMY CaMOTpaBHTH-
pyrowux gacTtui. Kesopksau [1971] uccnenopan safgauy npoxoxjaeHus
yepes pE3OHAHC JJIs1 ONHOMEPHOTO OCHWLIATOpA cO caaGo MeHsIo-
weiica gactorofi. Kokpan [1962], O’Mannu [1968a], [1968b] u
Cépn [1971] nmpumennsnn oO6OOGLIEHHBII METOJ K KpPAaeBbIM 3ajavam
11 HEKOTOPbIX HeMuHefHbx AuddepeHUMaJIbHEIX YPaBHeHHH BTO-
poro mnopsgka, B To Bpems Kak Kokpan [1962] u AxkepGepr u
O’Manau [1970) npumeHHJH STOT MeTOA K YpaBHEHHSIM BTOPOro
nopsjka ¢ TOUKaMH BETBJeHUS WIH norpanuuneiM cjoeM. Tam [1968]
HCIIONb30BaA OOCOOLEHHYIO PABHOBHUAHOCTL S DeHieHUS YpaBHEHHS
Oppa — 3ommMepdenbia.

B Mexanmxke xocmuueckoro mnosera Haiigs [1965a] npumenua
0606UeH Y0 pa3HOBHAHOCT, MeTola IPH aHaju3e 3ajauyi O moJjere
annapara 3emas —Jlyna. Tun u Bpobman [1964] u Haiigs [1966]
NpoaHaJH3UPOBaJdN 3aj4auy CTapTa CIYTHHKA ¢ MaJjoH TAroH ¢ Kpy-
rosoit op6uthl, HIn u Dxmreitn [1966] uccaenoBanu crTapt ¢ 3AaMN-
THYecKoii Op6GHTH ¢ Majoi taArofi, Kepopksan [1966a] u Bpod-
Man [1967] u3yunau nABHKEHHE CIIyTHHKA C MaJbIMH TATOH HJH
conportuenenseM u Ixwrefin u [Mlu [1967] paccmorpenn asuKeHue
CNyTHHKA G nepeMeHHOH Maccofi u manofi Tarok. dxmredn, Uy u
Kesopksin [1966a] onpenenwny IBH:KeHHE CIYTHHKA BOKPYI OCHOB-
HOrO Tejia B OrpaHHueHHOH 3ajade TpeX TeJ, B TO BpeMA Kak
Ondpenn u Psup [1969] onpenenunn ycTOHYMBOCTB TPEYTOJLHBIX
TOYEK B 3JUIMIITHYECKON OrpaHHYeHHOH 3ajaue Tpex Tea. DKIITeHH,
Hin u Kepopksn [1966¢] onenusid 4jeHb! BHICIIHX MOPAJLKOB B JBH-
YKEHHH CNYTHHKA, HCIIONb3Yys HHTErpas] 3HEPruH, a TaKKe BAHAHHE
SKCIEHTPHCHTETa W HakJjoHenusn [1966b]. Iu wu Dkmresin [1968]
paccMOTpeNd IBUKEHHME HCKYCCTBEHHOrO CIYTHHKA, nepuon obpa-
MeHHs KOTOPOTO COM3MEepHM C IePUOJOM BPAIlleHHst OCHOBHOTO TeJa.
B okpectuocTH KoJsMHeapHbIX ToueK aubpauun Onadpenn [1970] u
Haiips [1971b] u3yuunu pe3oHAHCH IPH OTHOIIEHHH YacTOT JBa
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k onHoMy, a Haiids u Kemen [1970b] u Ouadpenn [1971b]—npu
OTHOLIEHHH 4YacToT TPU K ofHOMYy. [l raMHJIbTOHOBBIX CHCTEM
¢ AByms crernensMu cBoboasl Oadpenp [1971a] uccaenosan peso-
HAHCHl NIPH OTHOIIEHHH YacTOT ABAa K OJHOMY.

Hdna s3anau MexauukH mnojeta Duuin [1967] obcyxzpan poss
pasanunbix MacwtaboB Bpemenu; Haitds u Capuk [1971b] usyuann
HeJIHHEHHBIE pe30HAHCH TNpPH JABHXKEHHH CHapsija co cjaabol acum-
merpueft. C moMombio 060o0LieHHOH pasHOBHAHOCTH MeTona Haiids
[1969a] uayuyan nBHKeHHe Bpamjamlierocsl cCHapfia ¢ NepeMeHHBIMH
CKOPOCTbIO BpallleHus] W JHHAMHUECKHM JaBJIEHHEM, HO C JHHEHHBIMH
a3pOoNHHAMHMUYECKHMH XapakTepUCTHKaMH, B To BpeMst Kak Hafips u
Capuk [1972a] usy4anu JBHXKEHHE C HeJHHEHHBIMH JHHAMHYECKHMH
XapPAKTEPUCTUKAMH U TEPEeMEHHBIMH CKOPOCTBIO BpAlleHHs W AHHA-
MHYeCKHM gasjenuem. Pamuart [1970b] ¥ayuasn IuMHAMHKY Nepexoi-
HBIX TPOLECCOB IS JIETATENBbHOIQ annapara.

B Mexanuke tBepnoro tena Amasuro, Bynsincky # Kappuep [1970]
paccMaTpUBaJM HeJWHEHHOE BHIIYYHBAHHE HEHACAJBHOH KOJIOHHH,
Peiicc wu Matkosckuit [1971] uccaenoBanu HennHelHOe IHHAMHYE-
CKOE BBIYUMBAHHe CXKATOH ynpyro# komoHHel. Moptena [1968] pac-
cMaTpUBaJ 3azauyy o Gerymieil BOJHe B HNMJIHHADHYECKOH 06o/0O4YKe
¥ pacnpocTpaHeHHe BOJH NO cepHuecKoll obosouke [1969]. Kesau
[1965] u Mopuno [1969] wu3yuyanm HesnuHeHHBIH ¢JaTTep MaHeJH,
Cnpurrc, Meccutep u Anzepcon [1969] paccMarpuBanu ¢aarrep
MeMOpaHHI.

B Teopuu nuddepeHnNANbHBIX YPABHEHHH B UYACTHBIX NTPOHU3BOL-
ubtx Kokpan [1962], Hamnds [1965b] u Kawmcrok [1971] usyuanm
anavntayeckue ypabHenus. Paykec ([1968], wacte 1I) moayuun
paBHOMEPHO IPHUTOJHBIE pA3NOXKeHHs [1s 3ajau o Kayctuke, Hoii-
oeprt [1970] mosyunn pewenus ypaBHeHus Ienbmroanna mis typoy-
JenTHON Bojpl. YuHrefT u Jl3Buc [1970] paccmarpuBaau pacnpocrt-
paHeHHe BOJIH B HeoqHOpopHOM cTep:xue. Kennep u Korenbman [1970]
AN YDAaBHEHHUSl B HaCTHBIX NPOHM3BOAHBIX HCCJENOBANM 3ajauy C He-
JIMHEAHBIMA HAYaJIbHBIMH YCJIOBUSIMH.

Jliok [1966] wu3yuan ypasHenue Knefina—Iopaona u obuiue
BapHalMOHHBIE YpaBHeHHs BTOporo nopsaaxa; SMepu [1970] uccae-
IoBaAd cayuyall HECKOJNbKHX 3aBHCHMBIX MEpPeMeHHBIX H HECKOJBKO
ObicTpo Bpamammuxcss ¢as. A6mosurn u Beunn [1970] ang ypas-
Henua Kuefina—I'opaona Hcc/iefoBanyd 3BOJIOLHIO MHOTO(a3HbIX
KosneGanufi. Haligs u Xaccam [1971] u Hadds u Capuk [1972Db]
HCCJIeI0BA/IH HeJIMHefHble JUCIepriupyIolHe BOJHE Ha NOBEPXHOCTH
pasmena AByX KMAKOCTeH W B ropsiuell sJeKTpoHHOf mnaasMe. [lap-
kep [1969] paccMarpuBan BausHue penakcanuu U AUpEY3HOHHOrO
AeMnUpPOBAHHA HA AUCHEPTHUPYIOUHE BOJHEL.

B rteopunu B3aumoneiictBusi Bosmu DBennn u Caddmsn [1966],
Benun [1967], Heiisuacon [1967], Bennu u Hpiosna [1967], Xoyar
[1968], Hpwsaa [1968] u Bennu u Heiosnn [1969] uccnenosanu
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HeJIMHEHHOE B3aUMOJEHCTBHe CJyYaHHBIX BOJIH B Cpeje C JuclepcHeil.
HeiiBuacon [1969] u3yuan 3BOJIOLHIO BO BpeMEHH BOJHOBBIX KOp-
peJsildii B paBHOMePHO TYpOYJEHTHOH COBOKYIHOCTH cjao HeJH-
HeHHBIX CHCTEM C AUCHepcHed.

B rteopun Bonn Ha Boje Kappuep [1966] paccmatpusas rpaBuTa-
IHOHHbIE BOJIHBI B BOJE MepeMeHHOH ray6Huubl, XyrcTpareH [1968],
®pumen u dxoHcon [1970] usayvanu BoiHBI B MeJKOH Boje B Teue-
nusix co ciapuroM. Jlxkeiiko6e [1967] pewan ypaBHeHHs! I1PHJIMBOB.
Meppeti [1968] paccmaTpuBa/s NOBepXHOCTHble Kosebanust B Gaxe,
BO3HMKaIOI(e NPH HCTedeHHH KuakocTH. Uy u Meit [1970] usyuanu
MenienHo Menstomuecss Boambl  Crokca. Mak Tomgpuxk [1970] n
Haiips [1970b] paccmarpuBasu ciayuya#f pesonaHca BO BTOpOi rap-
MOHMKe NDH B3aHMOACHCTBMH KaNUJJAPHEIX H IPABHTALLHOHHBIX BOJIH,
B To BpeMa Kak Ha#nds [1970d], [1971a] uccnenoBan ciayuaft peso-
HaHCcA B TpeTbel I'apMOHHKE.

B teopuu atMocteps! Hpioana [1969] paccMaTpruBan pe3oHancHoe
B3auMoeficTBUe NakKeToB BoJH Poccou, Croyn [1969] — 3anauy o Gapo-
kanuHbiX BoaHax. [la66ap [1971] uccnepoBan MexaHuW3M pe3oHanca,
nojjep:kupawomero BoaHbl Pocc6u; Jluuasen [1971] usyuyan pacnpo-
CTpaHeHHe 3KBAaTOPHANBbHBIX BoJH TaHau U KenbBHHA.

B ¢usuke nanasmel Boaua [1964], Tayccur [1969] u Tam [1969],
[1970] paccmaTpuBany pacnpocTpaHeHHe HeJMHEHHBIX BOJIH B XOJOA-
Hoil nyasme; Haiids [1966c) n Hdac [1971) nccnepoBany HenuHeiHble
kosiebanus B ropsiyell anektpouHof naasme. [edBuacon [1968] pac-
cMaTpUBaJ HeJquHefiHble KoJeGaHus B nJasMe Biacosa-— Makcgesaa.
IMefipe [1966] n3yuan BoaHH B nJa3Me, BOSHHUKAILIYNE B yCKOPHTEJIE;
Barnep u I'putben [1968] paccMmarpuBanu HelHHeHHble BOJIHBI B He-
onHopoaHo# naasme. Maposau u Ilonuosu [1969]) nsyuanu nponukHo-
BEHHE BLICOKOYACTOTHBIX 3JIEKTPOMATHHTHEIX BOJH B €J1a60 HOHH3HPO-
Baunyio njasmy. Alpaxam-Ulpaynep [1970a] [1970B] wuccrenosan
nojaB/eHne yxoja 3JeKTpoHoB Brase Jlopentua. Uens u Jlepax [ 1970],
Yenp [1971] u Ilpacax [1971] usayuaau napameTpHueckoe BO3GYXK-
NeHHe B 1nJasMe, B TO Bpemss kak Jleak [1971] paccmarpusax
B3aMMOJIefiCTBHE 3JEKTPOCTATHYECKHX BOJH B naasme. J1o6poBo/bHEIN
u Pomxkucrep [1971] u Pomxkucrep [1971] paccmarpusanu pacmpo-
CTpaHeHHe IMAPOMarHUTHBIX BOJIH B IJIa3Me ¢ 60JbLIOH KOHILEeHTpaLHel
3J€KTPOHOB.

B Teopun rUApOAMHAMHYECKOH YCTOHYMBOCTH M YCTOHYHBOCTH
nnasmel ®@pumen u Pesepdopa [ 1964] pa3Buian KMHETHUECKYIO TEOPHUIO
s cjabo HeycTofuuBoil mJaasmel; Oabpaitt [1970] paccmarpuBan
CTaOUIH3aLHI0 TIONEpPeYHOH HeYCTOHUMBOCTH miasMmel. Kessau [1967]
HCCJIeZOBa/]l YCTOWYMBOCTb HEBA3KOIO CJIOSi CO CABHTOM. Bennn
n Pockec [1969] paccmarpuBajyu HeyCTOHYHBOCTD I'DABHTAIlHOHHBIX
Bond. Kuan [1969] um Haiids [1969B] wu3yuanm HeycTOAYHBOCTD
Panes —Teiinopa; Herosnn u Yaiitxen [1969] paccMaTpuBadu mocse-
KPHTHYECKYIO KOHBEeKUHMIO Pases —Bounapa. Haiids [ 1970c] ucceno-



6.1. Onucanue memoda 253

BaJl HeJIMHEHHYIO yCTORUHMBOCTD KuAKOH cTpyH. Hafids u Capuk [1971a]
H3y4YaJH HeJIHHeHHYI0 HeycTofuMBocTb KeabBuuHa —[eapMronnina;
[Tiopu [1971] uccienosan BiHAHHE BSI3KOCTH H HAJIHUHS MeMOpPaHbI
Ha KoJeOaHus [BYX MHAKOCTeH, UMelowuX obwmylo rpaguny. CToapt-
con n Crioapt [1971] paccMaTpuBa/n HETHHEHHYIO YCTOHYHBOCTH
niaockoro TedeHus [Tyasenns. Muruens [1971] npuMenn. sty MeTOAHKY
118 HMCCJeOBAHHS HEYCTOHUMBOCTH T'OpPEHHS.

B mexanuke mxuzkoctd Kepmed [1967] u Jluk [1970] naau 0630p
MCCJICI0BAHU, BLIMOJHEHHBIX B IlOCJe[Hee BPeMs [0 a3pogMHaMHUKe
M HeJIMHEHHOMY pAaclIPOCTPAHEHUIO BOJIH B KHJKOCTAX C MOMOIIBIO
METOJOB CPALIHBAHMA AaCHMITOTHYECKHMX pAa3JOMKeHHH, KoopAuHAT-
HbIX TpeoBpasoBanuii © MHOrux Macumira6oB. Benun [1965] wuccie-
J0BAJ KapTHHY TedeHHs, KOTopash BO3HHKAeT, KOTAA Ha CTalHoHap-
HOE BpalleHHe ANCKA HAKJIAABIBAIOTCS KOJMeGaHHs ¢ KOHEUHOH aMIlJIu-
tyja0#; Bapcuston [1970] paccmartpuBas nHHEHHYIO BSA3SKYIO TEODPHIO
YCTaHOBMBIUMXCSA TeueHWH Bpawiaronlelics »xkuakoctd. Pa66epr u Jlau-
fan [1937] wmsyuanu 3agauy o TPAHC3BYKOBOM OGTeKAHUH KpbLia.
IMeitipe [1970] paccmarpuBas 3agauy 00 YCTAHOBHBILEMCA TeUYEHMH
B KaHaje npoBojsmei cxumaemoll xuakoctd. Hon u Cuposuy [1971]
M3yyajgu 3ajauy TrasoBOH IWHAMHKH AJAsl YCTAHOBHBILETOCS CBEpX-
3BYKOBOTO TeueHusi ¢ auccunanued. Uenn, Kupm u JIu [1971] pac-
CMATPHBa/H NOBeJeHNe CHIBHON YAaPHOH BOMHEKI, BEI3BAHHOH TOYEUHbIM
B3DBIBOM H HeNpPEepLIBHO NPOABHraeMOH HapyXKy BHYTpeHHeH MOBepX-
HOCTBIO KOHTAKTa.

B obueit dusuke Kom u Ilefin [1967] ucmonbsopanu coyeraHue
METOJa MHOIHX MaciuTaboB M MeTOJA CPAllHBAHHS ACHMIITOTHYECKUX
pas/jioxeHud AN pelueHus ypaBHeHHs Pokkepa-—Ilianka, Kotopoe
OMHCHIBAET PEeAKLHIO CaMOBO30 Y X AAIOUMXCSl OCIUIATOPOB HA C/yuad-
Hble Bo3Oyxnenus. Bpayu [1967] paspaGoran croxacTHueckywo Teo-
pulO JuCcOUMalluM H DeKOMOMHALMH JBYXaTOMHHIX MojekyJs. Pau-
Hat [1970a] nmoanyynn npubimxenne k wmogenu Tomaca— Pepmi
B aTOMHOH ()M3HMKe M PacCMOTPesT KJacC HeJHHeHHbIX auddepeniHaib-
HbIX YypaBHeHHH, BO3HHKAWIIMX B actpopusuke [1971]. Meitep [1971]
HCCJIEIOBANl P3JIeeBCKOe pacCesiHHe JAa3epPHOrO Jiyya HA TAKeJIOM
PeIITHBHCTCKOM aroMe ¢ IBYMsi ypOBHsAMHM 3Hepruu; Humxyc [1970]
M3yyas 6pPOYHOBCKOe [IBHKEHHe C BpAIAaTe/bHOM CTelleHbIo CBOGOIHL.

B craructuueckoit mexanmke Maonu [1966] peman ypasHenue
Bosibimana, 4ToGRI MOCTPOHTH KHHETHYECKYIO TEOPHIO BEICOKOYACTOT-
HOTO pPEe30HAHCHOro mpobosa B rase; Kaaguposna, ge Bap6bepu
1 Mapoau [1966] pewanu ypaBHenue Bosbumana ans GyHKIHM pac-
npejesenust 31ekTpoHoB. [le Bap6eepn u Maoau [1967] pewanu
ypaBHeHne JIMyBHJIA [JIs UCCHIENOBAHHUS AHHAMUKH CJ1a60 HOHH3HPO-
BaHHBIX rasoB; ['ojaxbepr u Cauzgpu ]1967] u Pamanaran u Cauz-
pu [1969] BbiBe/NM CHCTEMBl HepapXHUECKHX ypaBHEHHI.

B ocrapmefica uacTu 3Toro maparpaha Mel omuiieM TPH pasHO-
BUJHOCTH METOJa MHOIHX MaciiTaboB H pacCMOTPHM HX IpUMEHEHHE
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K TNpocToMy JHHEeHHOMY JAeMI(HPYEMOMY OCLUHJJIATOPY, KOTODBIH
onuchiBaetcsi ypaBHenueMm (6.1.1). B caegyiomux naparpadax ol
IpUMEHHM 3TH METOAMKH K pAa3JHYHBIM 3ajayaM MaTeMaTHYeCKOH
(pU3HKH.

6.1.1. MeToa MHOTHX mMepeMeHHbIX
(npouenypa pas3iiokeHHs MPOH3BOAHOM)

[MoncraBu (6.1.16) u (6.1.17) B (6.1.1) u npupaBHsB Ko3d-
(HILMEHTbl TPH OAHHAKOBBIX CTEMEHAX &, MOJYYHM CAelylomKe ypaB-
HEeHNUs A X, X, H Xy

0%x,

aTz +x0 :Oy (61.28)
02xy o 0% 02x,
T X, 2= T 20T06T, , (6.1.29)
2% 0x, 62, 0%x, 0%, 0%,
an + X, =— 257 —2 90T,  o1% < 0T,0T, —2 aT,
(6.1.30)
O6wee pemenue ypaBHenus (6.1.28) umeer Bun
Xo=A,(Ty, Ty)eTo+ Ay (T, T,)e-To, (6.1.31)

rne A, H A,— KOMIIJIEKCHO COIIPSKEHHble BeJiMYMHBL. Mbl mouay-
upsM, TMONMPOCTy ToBopsi, pemueHue (6.1.6), B KOTOPOM BeJHUYHHB 4
M @ He IOCTOSIHHBI, a ABAAITCA QYHKIUAMH MaciiTaboB MeJeHHOTO
Bpemedu T, u T, lloncraBassa x, us (6.1.31) B (6.1.29), nonyuum

ix‘+x,——2l</] + aAo)e‘Tv—}—Qi( _{_0‘40) e~To, (6.1.32a)

O6wee pemenue ypaBHeHus (6.1.32a) nmeer Buz
%, =A(Ty, Ty)eTo+ A (T, T, e=To—

; 5 , 0A
—(A0+0—T;’)Toe”o—(/10+0—T"’)Tne—'n. (6.1.326)

Cpasnenue cootroitenuit (6.1.326) u (6.1.31) nokassiBaer, uTo Besu-
uHHa eXx, ABASETCA MaJOH HONPaBOH K X, TOJABKO NPH YCJOBHH, YTO
eT, =gl mano. Uto6bl MOJYUUTh Pas/oxeHHe, NPHUTOAHOE 1jis GOJIb-
mwux BpeMen nopsizka O (¢7'), caexyer mnorpeGoeatb oOpallieHHs
B HyJ/b BEKOBbIX ujieHOB T ,exp (= iTO) B (6.1.326). Takum o6pazom,

A, + % ‘”‘0 - (6.1.33)

OTKyJa
Ay=a,(T;)e"T1, (6.1.34)
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Torna paseHcTBo (6.1.326) mpumer Buj
=A(Ty, T,)eTo4A,(Ty, Ty)e=To, (6.1.35)
Hcnonesys B (6.1.30) BolpakeHus mas x, ¥ x;, NOKYYHM

(?;;z Xy =— Q (Tl’ Ta) eiT"*‘(j(TU T2) e—”'o, (6136)
0

rge NpHHATO o603HaueHue

Q(T,, To)=2i4,+2 21

o
—-—aoe‘Tl + 2§ ';“

e=-Ts. (6.1.37)

Cnaraemble B npaBo#t yactu ypaBHenus (6.1.36) nopoxaatoT BeKOBbie
yJleHbl, MOCKOJBKY OHO HMEeT YaCTHOE pPEleHHe BHAA

%y =g iQ Ty, TY T —5iQ(Ty, To) Tee™Te. (6.1.38)

[i3-3a Halnuus BEKOBLIX 4YIEHOB BeJMYMHA e’f, CDAaBHHBaeTCs MO
NOPAAKY € ex; npu Gonbuiux ¢ mopsaxka O(e~?!). UTo6bl MCKIOYUTE
3TH BEKOBHI€ WIeHbl, HYXXHO NOTpeGOBaTh OGpalleHHs] B HYJb BeJH-
guHbl Q, T. €.

R ( g+ 2 "“0)-7'. (6.1.39)

Yrobul mpufitn Kk ypasHenuio (6.1.39), Boece He o6s3atenbHo, BoobLLe
rOBOpPsi, HAXOIOWTh pelleHHe Iaf X,. JIOCTaTOYHO TOAbKO, H3YUUB
ypaBHeHue (6.1.36), HCK/IIOUHTL Te cuaraeMble, KOTOPble [OPOX AAIOT
BekoBble uieHbl. O6mee peneHue ypasHeHus (6.1.39) nmeer Bua

A,=[al(T2)+—é—i( —a, +2 0”°)T,Je-fx. (6.1.40)

INoncraBasa sto snauenune A; B (6.1.35), moayuum

x1=[a1(T2)+1 ( a, +2i aa")Ti]e-T:e"To-[-CC, (6.1.41)

rae cumposoM CC of6o3HaueHo BbIpaXKE€HHE, KOMILJIEKCHO CONPAXKEH-
HO€ K NPEAbIAYIIEMY BBbIDAXKEHHUIO. I/ImeeM, OAHAaKo,

X = [@,€'To +ae—iTo] e=T1, (6.1.42)

[Nosromy, xora npu T; — co M BHIIOJAHEHO X, — 0, X; — 0, HO Besu-
yuHa ex, NPH yBeJHYeHHH ! J0 3HaueHuil nopsiaxa O (e~%) npHobpe-
taetT nopagok O(x,). Takum o6pasom, pasnoxeHue x,-+ex, Hapy-
maercsi s 3HaueHuit { mopsaka O (e~2), ecsiM TOJNbKO He 0OPaTHACH
B HyJb Koabdunuent npu 7, B KpyIibIX cKoOkax B (6.1.41), 1. e.
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€CJIM TOJIbKO HE€ BHIIIOJIHEHO

—a, 42 2 0“0 =0, (6.1.43)

W
Ay = A4y~ T2, (6.1.44)
rae Q. —noctosHHas. Toraa paseHctBo (6.1.40) mpunumaeT BHA
A =aq, (T, e T (6.1.45)
CrnenoBaTeJjIbHO,
x—e-T {aooei(To—T,/Q)_f_Eooe—i(Ta-T,/Q) 4-
+ela, (Ty)eTo+a, (T,)e=tTo)} +0 (e?). (6.1.46)

JloBens pasiioKeHHe IO TPETbero Nopsajxa, MOKHO MOAYy4dUTh (YHK-
uuo a, (T',) BHAA

a,(T,) =a,etT/2, (6.1.47)
rae a,,—noctosuuas. [IPeNnoNOKHB, UTO HAua/bHble YC/IOBHs 3a-
natorcsi paseHctBamd x (0) =acos u x(0)=—a(sing J'1 —e? 4+
-~ ¢cos @), U 3aMeHuB T, Ha &"f, IOJAYYUM

x:ae-stcos(i—%aﬁt—i—q;)—i—R, (6.1.48)

rie R—ocratounsil yien. Ma (6.1.10) u (6.1.48) waxonaum, dto
R =ae~¢ COS(tI/I_:E—I-(p)—COS(t——%ezt—9—(p>] =
=—2ae;8’ sin [%(Vﬁ?+1—%a2>t+cpjx
X sin [L(Vl_——?——l—}——‘-g‘*’)t] -
= — 2ae~# sin [ (l/l——e”—|—l——s )t+cp] X
Xsin[(——me"—i—...) ]: (%). (6.1.49)

Ins nuueliHbXx ypaBHeHu# Buaa (6.1.1) MOXHO BBOAUTH pasHbie
MmaciuTabbl BpeMeHH, He npuberas K pasJOXeHHIO X. Tak, HCHOJb-
3ys (6.1.17), monyuum mas ypasHeHHs (6.1.1)

0_2+28_‘92__+82 6_2_;_2__0_2_. + X+x=
oT? 0T 0T, oT? 0T 40T, e -

7] o] 0
=2 (m+85ﬁ+32a—n+" .)x. (6.1.50)
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[TpupaBruBasa KO3POUUHEHTH NPH ONMHAKOBLIX CTENMeHsiX €, MPHXO-

UM K COOTHOUWIEHHSAM

0%x
— -+ x =0,
ar§+
02 x ox
25 = 20T
0% 02x __20_x
oT: ' T OTOT, Ty

O6uiee pemteHue ypapraenust (6.1.51) nmeer BHA
x=A(T,, T, eTs+ A (T, T,)e"To.

[loacrasasis ero B (6.1.52), noayuum

<g—%+/l>e”n+ <§?—:—{—Z> e~To =0.

(6.1.51)

(6.1.52)

(6.1.53)

(6.1.54)

(6.1.55)

[Tockonbky ypasHenue (6.1.55) crnpasennuso npu mwoboMm Ty, K03d-
¢unnenHTtel NpH exp (iT,) 1 exp (— iT,) ROMKHBI OOPATUTLCA B HY b,

T. €. JOJI2KHO ObITb BBLIMOJHEHO

04

5T]+A :0’
OTKyla UMeeM

A=a(T,)e"T.
[ToncranoBka (6.1.54) B (6.1.53) naer

2

A .04 04\

Takum obpasom,
PA | o 0A . 0A
5T—3+20_T,+2’5r_2:0'

IMoxcrasass A Bupa (6.1.57) B (6.1.59), moayuum

. da
21 m*tl =0.
CrnenoparenbHO, HMeeM
a=qa, e~ ‘T2
rie a,—INOoCTOSIHHAS.
IMostomy pemenne (6.1.54) nmpunHuMaer Bux

x=ae~Te'Te=Tv2) 4+ CC.

(6.1.56)

(6.1.57)

(6.1.58)

(6.1.59)

(6.1.60)

(6.1.61)

(6.1.62)
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Beipaszue (6.1.62) uepes ¢, noayuum

xsae'e'cos<t—%82t+(p> , (6.1.63)

rae a,=(1/2)aexp (ip). DTOT pe3yabTaT HAXOZUTCA B IOJHOM CO-
raacuu ¢ (6.1.48)

6.1.2. MMpoueaypa pa3nokeHus Nno ABYM NePEMEHHLIM
3aMeHHB HE3aBHCHMYIO MepeMeHHYI0 { Ha TnepeMeHHBle § u m co-
rnacho (6.1.21), npuseneM ypasHenue (6.1.1) K Buay
0%x 0%x 0*x
2 277 2 —_— 2 =]
(14220, 4+...) 0n2+28 (1-+4¢ ‘°2+"')a§an+8 P “+x

=—2e{l+e*w,F.. 2 9%

BleEM HCKaTb paanomeﬂne BuJad
x=1x,(§ m)+ex, (§, m)+ex, (E, )+ ... . (6.1.65)

[ToacraBnsn (6.1.65) B (6.1.64) u npupaBHuBasg K03DPHIHEHTH! 11pU
paBHBIX CTeleHAX & B o6eux uyacTax, MOJYyUHM

0%x,

P4 x,=0, (6.1.66)
92 02 a.
x1+ +26E);‘:1—_2_§n‘!, (6.1.67)

ﬁxl 0%x,

6x2 2x _ ox 0x,
% 1 x, +2w2m 25t = —25 270, (6.1.68)

O6uiee peluenne ypasueHnHst (6.1.66) umeer Bup

Xo= Ay (B) &M+ A, (E) e=n. (6.1.69)
C yuetoM atoro pemieHust ypaBHeHHe (6.1.67) mpumer BHI
d .
gn’;l+xl ( 404 4, )em+cc. (6.1.70)

Jenas uckmiounts B (6.1.70) Te cnaraemble, KOTOpble NOPOKIAIOT
BEKOBHIE WieHbl, NPHIEM K ypaBHEHHIO

Tt Ao =0. 6.1.71)

Caiei0BaTe/IbHO,
Xy= A, (E) e+ A, (B) e~ (6.1.72)
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Pewenve ypaBHeHus (6.1.71) umeer Buj
A, =a,e"§, (6.1.73)
rie a,—TNOCTOSHHAA.

[NoacTaHOBKa MOJYYeHHBIX BbILIE PelleHHA 4 X, u X, B (6.1.68)
jacT

g;—?+x2= [-2;‘ (%+ A1> + (20, + 1)a0e—&]ein+cc. (6.1.74)

Hckmouas B (6.1.74) Te caaraeMble, KOTOpbE NTOPOMKIAIOT BEKOBble
yjleHBl, NpUJeM K ypaBHEHHIO

dA 1.

d—§1+A1=__2— 1(2(‘02"*‘1)‘106_&’ (6-1-75)
KOTOPOE HMeeT CBOHUM pelleHHeM ¢YHKIHIO

Ay=ae s — 4 i (20, +1)a,te %, (6.1.76)

lNMoncrasus A, B (6.1.72) u cpaBHUB pe3yasbraTc (6.1.69), yBuaum,
YTO OTHOLICHHE X,/X, NpH E—>oco He OrpaHHYEHO, €C/H TOJbKO He
BLINOJIHEHO YCJIOBHE

Oy =—5 (6.1.77)

[lpn sBeEIMOJAHeHHH 3TOro ycioBHsl pabBeHcTBO (6.1.65) sanumiercs
B BuIe cJeaymolledl QyHKLHH OT f:

X —ae-#' cos (t——%s% +cp) 10 (&), (6.1.78)
rie NPUHSTO a,-+ ea, =(1/2) aexp (i¢). D10 BLHIpaxKeHHEe NMOJHOCTHIO

corjlacyeTcsl ¢ Bbipax<€HHEM, MOJYYeHHBbIM C IOMOLIbIO METOAA MHO-
TUX NepPeMEHHBIX (MeTOAa DPa3OXKEHHHA NPOH3BOJHOH).

6.1.3. 0600IeHHbIH METOA — HeJHHeHNble MaclTadhl

[Ipeo6pa3syem cravana ypasHenue (6.1.1) ¢ momowmbio HOBOH mepe-
MEHHON T==g¢&l K BHAY

02 d
g <£+23§‘)+x=0- (6.1.79)
qTOGbI NONYUHTDb paBHOMepHO IIPUTOAHOEC pasJoXeHue, IMOJOoKUM

E=1, =191 g (1) feg (1) +..., £(0)=0, (6.1.80)
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rae BeJIHYMHBl g; OyAyT ompejeieHbl B npouecce BolukcsaeHuit. [lpo-
U3BOJHBIE 10 T npeofpa3yloTca TOr4a B COOTBETCTBHU C DABEHCTBAMH

%=§§-+[—g—%@+ga(§)+ag;(g)+...J%, (6.1.81)
d? 0? - A . o
=g +2 [g 18 4 g1 (8)+egi (§)+...}%+
+[g—“8‘3+gs<§>+eg;<§>+..jgin+
+ [—g-%@Jrga () + eg; <§)+...] (% (6.1.82)

Hpezmonome, YTO X MpEACTaBaAACTCS PABHOMEDHO IIPUTOAHLIM pas-
JIOKEHHEM BHJA

x=xy (&, n)+ex, (§, M)+ En)+... . (6.1.83)

[TogcraBasa (6.1.81)—(6.1.83) B (6.1.79) u npupaBHuBas Koshdu-
IIME€HTbl [IPH OJAMHAKOBBIX CTEleHAX &, MOJYUhM

2 0%xy

A58 %o = ©(6.1.84)

0x, 0%,

.y 0%% ;0% 0x
g—zléwzl+x1+2g~1g00—ﬁ£+g_1 an+2g—l aaan +2 g 07(])_0' (6185)
O6niee pewenne ypaBHeHus (6.1.84) umeer Bux

Xy = A, (§) exp (i%>+zo (E)exp (—t%) © (6.1.86)

-1

[NogctanoBka »TOro BhIpakeHus AAd x, B (6.1.8D) naer

g—l +

02x / ng
g4 an21+)°1 = [Q o 7 >A

+2ig’, (f,i)' +2 &1 Am]exp (i 'J—) +CC. (6.1.87)
g g1 g

Cnaraemple B npaBo#l uactu (6.1.87), Boo6ile roBopsi, MOpPOKIAIOT
BeKOBbie usleHbl. UTo6bl H36exaTh BEKOBBIX WIEHOB, CJAeAyeT NOJOKHTb

< 20 | ;80 +21)A0—}—21g <“,—°>'+2$n,40:o. (6.1.88)
gn g1 -1 2—21

Ypasuenue (6.1.88) 100XKHO BHIMOMHATBCA AJA8 JAl06OT0 1), a BeJH-
upHa A, 0 10/i5 HeTPHBHAJBLHOTO DPEIleHHs; TNoTpedyeM MOITOMY

g, =0 um g_, =ck, nockoabky 1(0)=0. (6.1.89)

3aech ¢-—IIPOU3BOJLHAS NOCTOSHHAS, KOTOPYIO, HE TepAs OGIHOCTH,
MOXHO TOJIOXKHTh paBHO# enuauue. Toraa ypasHenue (6.1.88) mpumer
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BH/
As+ (1 +igs) Ay =0 (6.1.90)
u OyJneT HMMeTh CBOHUM pelleHHeM (DYHKIIHIO
Ay =ae~5-0®), {6.1.91)
rie a,—nocrosinHas. Ilockonbky A, ¥ g_, HalNeHH, HMeeM
Xy = Qge~Te (Ve 4 g e=Te= UT/e) (6.1.92)

M3 pasencrsa (6.1.92) BugHo, uTO BeJWuYHHA g, COKPAaTHJIAaCh, H,
CJieflOBATeNbHO, pelIeHHE He 3aBUCHUT OT 3HauYeHHs g,. [loatomy Ges
notepH OOCLHOCTH MOXHO IIOJIOKHTbL ee paBHo# nymo. Torpa A,
MpUHHMAET BHJ

A, =a.e"t. (6.1.93)
C yuerom (6.1.88) noayuum crenymiomiee pelieHde gasi X;:
%, = A, (B) e + A, (8) e=in, (6.1.94)

3Has ¢yHKUMKM g_; =§ U g,=0, MOXKHO NOJYYUTh YpaBHEHHE
nns x,. llogcraBum ¢ 3toft mensto cootHowenus (6.1.81)—(6.1.83)
B (6.1.79) u npupaBHsieM Hy/d0 KoadduuueHT npu e, [lomyuum

0%x,y 02 i} 02 02 0
an); +x +26§5‘7; +2 "1+2 lan"°+a§’;°+2;§°_o. (6.1.95)

[ToacranoBka BLIpaKeHu#l ajst x, 1 x, B (6.1.95) naer
2 2ty —— [20 (Ai4+-A) — (26 +1) ae~¥] &1+ CC. (6.1.96)

Hckaouas B (6.1.96) caaraeMble, KOTOpble MOPOXKAAIOT BEKOBbIE
YJIeHbl, MOJYYHM

A+ A =— 52+ ) aet (6.1.97)

Pewenne ypasuenus (6.1.97) umeer Bup
A, =a1e'§—% ia, (2g, + &) e 8, (6.1.98)

rae a, —nocTtosinHas. M3 paBenctBa (6.1.98) BHIHO, YTO OTHOIIEHHE
X,/x, IpH § — o0 He OrpaHHYEHO, ec/AH TOJbKO He BLITOJHEHO

1
g=—%E& (6.1.99)
[pu ucnoap3oBanuy nepeMeHHOH [ =T/e pa3ioxKeHHe NPHUMET BHJ

x=ae ¥ cos<t~—;~e2t+q>>+0(32), (6.1.100)
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rie NpUHATO a, - ea, =(1/2)aexp ({p). D10 paznoxkeHue ONSATh-TAKH
cor/jacyercsl ¢ DPasJOXKeHHSAMH, NOJYUEHHBIMH C MOMOLIBIO Pa3HOBHJ-
HocTell MeToja MHOrHX MacmTaGoB—MeTOAa pas3JioXeHHs NpPOH3BOJ-
HOH M MeTOJa pa3JioXkeHHs IBYX I[epEMEHHbIX.

6.2. Tlpuaoxkenus Meroja pas/okeHHs NPOU3BOJHON

6.2.1. Yparnenue iodprHra

BTopeiM [1pHMeEpPOM, K KOTOPOMY Mbl IIDUMEHHM METOJ PasJoxKe-
HHUSl TIPOU3BOJHOMN, ABJAeTcA ypaBHeHue [[robduura

‘fﬁ—l—mzu—l—eua'—o (6.2.1)
d[2 [} T M oty
npe,TlHOJIO}KI/IM, 4UTO HMECET MeCTO pasJjoxKeHHe BHJIa
2
u= X eu,(Ty, T1, T,)+0(e?), (6.2.2)
n=0 .

TOTRa

d 0

E=Do—{—eD1+82D2+..., D, =7 (6.2.3)

TloacraBus (6.2.2) u (6.2.3) B (6.2.1) n npupaBssaB HydI0 KO3PPH-
[HEeHTHl TpPH Kaxao# cTeNeHd &, MOJYUHM

oo -+ 05uy =0, (6.2.4)
Dy, 4+ wiu, =—2D,D,u,— u3, (6.2.5)
D, 4+ wlu, =—2DDu, —2D,D,u,— Diu,—3ulu,. (6.2.6)
Pewenue ypapHeuus (6.2.4) umeer Bu1
uy=A(T,, T,) e Tot A(T,, T,) e~ @Te, (6.2.7)
C ero yuerom ypapheHHe (6.2.5) npuMer BHI
21y + 02y = — [2i0,D, A + 3A2A) el9eTo — A%g3ioTo - CC. (6.2.8)

st Toro yTo6E! OTHOLUEHHE ¢, /U, OblJIO OFpAHHYeHHBIM NPH J106oM Ty,
cleyeT HCKJIOYHTb cJaraeMole, MOPOXKIAlOllHe BEKOBBE UJEHH.
[Nonoxus

2iw,D,A + 3424 =0, (6.2.9)
noJayuuM Jiasa u, cacpyiouiee pemeHne:

—B(T,, T )etwﬂo+ ew«T«Jrcc (6.2.10)
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O6pamasch K peluieHHio ypaBHeHus (6.2.9), moaoxum A =(1/2)ae'e,
rie a U ¢ —aeldcTBUTENbHbIE BEJHUYHMHBI, H BhIIEAUM B HEM JeiliCTBH-
TEJbHYIO H MHUMYO uactd. [Tomyunum

a";’ —0, woa(P—l— (6.2.11)

CrnenoBaTe/IbHO, HMeeEM
3
a=a(T,), @=5-a"T,+ ¢, (Ty). (6.2.12)
TlogcraBuB u, u u, B (6.2.6), momyuyum
Dju, + oty = — A°e“‘°°“+[ 2L A‘A——BBNJe“‘%To—-
8w 0 8(1)0
— Q(Ty, T,)eT 4 CC, (6.2.13)

rje NpUHATO 0003HAuYeHUe

Q =2i0,D,B +3A°B +6AAB -+ 2iw,D,A—12 80)2 . (6.2.14)

0

BekoBble usieHbl OYAYT HCKJ/IOUeHBl IIPH BBIIOJHEHHH YCJAOBHH
B =0, ) (6.2.15)

iw,D, A = 12442 (6.2.16)

8wy ’

T. e. npu Q =0. [ag u, moayuuMm pelueHHe Buia

5 .
Gj _ gioaTo 26’:‘ 4 gsioeTy 4 CC, (6.2.17)
{OF) 0.)0

U, =

B KOTOPOM He Y4YTEeHO pelleHHe OAHOpoaHoro ypasuenus. [lonaras
B (6.2.16) A =(1/2)ae’® u otnenas neACTBHUTE/NbHYIO 4 MHAMYIO 4acTH,
NoJIyuuM

da el 15
=0, —oyad =2 g 6.2.18
oT, ° 0T, ~ 25602 4 ( )

N3 pagencts (6.2.12) u (6.2.18) caenyer, uro a— nocrosiiHas. Cre-
IOBaTe/IbHO, HUMeeM

@' T, +1, (6.2.19a)

T 256 :

rae y—mnocrosinnas. IlosTomy
3

—n2

¢ =ga, 1T 256 :

T, +1. (6.2.196)
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[MoacraBiss Bblpa)KeHHUS IS ug, U, W 4, B (6.2.2), BcnomnHas
paBeHcTBO A =(1/2)aexp ({@) ¥ Bblpaxkas pe3y.bTaT yepes IepeMeH-
Hyl0 I, TOJIy4YuM

u:acos(cot—{-x)—{—i32 <1 —e%‘%)cosS(wt—i—x)—{—

+—_— cosS(mt -+%) + 0 (e?), (6.2.20a)

1024 102408
rie NMpHHATO 0003HAUEHHE

15a
2565

0)=0)0+§—Z-%8— e2 40 (g2). (6.2.206)

B nocaennux nByx unenax B (6.2.20a) BenuuMHAa o, 3aM€HeHa Ha ®
¢ ouH6Ko# mopsiaka O (e?).

6.2.2. Ocunnastop Ban-gep-Ilons

B kauecTBe BTOporo mpumepa paccMoTpuM ocunuanstop Bax-zep-
IMons

Tt u=e(l—ur) 2. (6.2.21)

[MoacraBuB (6.2.2) u (6.2.3) B (6.2.21) u npupaBHAB KO3QDHIHEHTH!
NpPH OAHHAKOBLIX CTEMEHSX €, MOJYUHM

Diug+uy=0, (6.2.22)
Diu, +u, =—2DyD,u,+ (1 —u}) Dyu,, (6.2.23)
Diu,+u,=—2D,D,u, —D*u,—2D,D,u,+
+ (1 —u?) Dyu, +(1 —ud) Dy, —2uu,Dytt,. (6.2.24)
Pewenne ypaBnenus (6.2.22) nmeer BuZ
uy=A(T,, T,)eTeA(T,, T,)e=iTe. (6.2.25)
[loncranoBka u, B (6.2.23) naer
Diu, +u,=—i(2D,A— A + A2A) eiTo— A%3Te + CC. (6.2.26)

UTo6el UCKAIOUHTD cJlaraeMble, KOTOPble MOPOXKLAIOT BEKOBblE YJjeHHI,
norpebyem obpailleHuss B HyJb Kod(pduurenToB npu exp (£iT,):

2D, A =A—A%A. (6.2.27)

Torpa pemenneM ypaBHeHHS (6.2.26) Oyner pyHKUUA

=B(Ty, T,els+ 5 L i A%estTo 1 CC. (6.2.28)
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Yro6bl pewiuTh ypaBHeHHe (6.2.27), nosoxum

A= a(T,, To)expig(T,, Ty). (6.2.29)
Bolgeasis B (6.2.27) neficTBHTENbHYIO H MHHMYIO YacTH, HOJYYHM

5‘3%:0, %:%(1——}1%2)(1. (6.2.30)
CnenoBaTe/IbHO, HMeeM

¢ = (T,), akm‘;}—ﬁ. (6.2.31)

Ecau Hac HHTepecyeT MepBoe nNpUOAHIKEHHe K 4, TO Mbl JOJXKHBE
cuutatb B, @ u ¢ nocrosgHubiMH. Ecau,” kpoMe Toro, mNOJOKHTb
u(0)y=a, u du(0)/dt =0, T0 umeeM

u=aqacost—+0(e), (6.2.32)

rpe NnpuHATO oBo3HaueHue
4

1+<-47—1>e-8’
ag

HailijenHnifi pe3ysapTaT corsacyercs ¢ pasjoxkenuem, NOJYyUYEHHBIM
B 1. 5.4.2 ¢ nomoiupio Meroauku Kpoliosa— BorogawoGosa — Mutpo-
MOJILCKOTO.

15 HaxoxaeHHsi BTOPOro NPHOJUXKEHHS HYIKHO OIpele/IuTh
dyukuun B, ¢ u c¢. IlogctaBum ¢ 3TOH 11eNbI0 BbIpAXKEHHS A U,
uu, B (6.2.24) u noayuum ypaBHeHHe

Diu,+u,=Q(T,, Ty)eiTo+Q(T,, T,)e~To-+ NST, (6.2.34a)
B KOTODPOM IIDHHATO o0o3Hauenue
Q =—2iD,B+i(1—244)B—iA*B—2iD,A—D?A
+(1—247) D,A— A*D, A + 1 AT, (6.2.346)

a? =

(6.2.33)

a yepes NST obo3HadveHsl cJjaraemble, He MOPOXKAAIOIHE BEKOBBIX
ujeHOB. BexoBble ujieHbl OyIyT HCKJ/IOUeHb MNPH ycaoBHH Q =0.
Uro6ul pewdth ypaBHeHue (6.2.346) nmpu Q =0, nojoxum B=
=(1/2)ibexpip, rae b-—neficTBUTENBbHOE YMCJIO, 4 ¢ ONpeAEEHO
B (6.2.29). IloacraeuB A u B B (6.2.346) npu Q =0 ¥ BblieUB
ACHCTBUTEJNBHYIO U MHHUMYIO YacTH, NOJYYHM

5‘;&:0, nm a=a(T,), (6.2.358)
db 1 . d%a [ 3 da 1
267‘, (1_7 a2)b“ de +dT? \l ) dTy —m

(6.2.356)
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C nomouibio cootHowenuit (6.2.30) ypasuenune (6.2.356) MoxHO ne-
penucaTts B BuIe

o 2 da, dp 1\, (7 , 1\ da
2o~ ary b= (gt )+ (50— ) ar (6:2.360)

Hmeem, takum obpasom,

d(i)=—(d";‘; +1—‘g)dT1+(312a-g%> da.  (6.2.366)

a

Wnrerpupys, nonayuaem
d 1 7 1
b=—a(g%+l—§> T, + g @ —xalna+ab,(T,). (6.2.368)

Urobul oTHOWEHHE W,/uU, OBLIO OrpaHuyeHHBHIM npH BceX T, KO-
sdhduuredt npu T, B NpUBELEHHOM Bhlllle BHIPAXKEHHH IJ4 b H0oNKeH
o6paTHTbCA B HYJb. M3 3TOro yc/oBusi HMeeM

1
(P=—‘1—6T2+(P0, (6237)

rie ¢,—noctosiHuas. Torga pas/ioxedHe u BO BTOPOM NpHOJIMKe-
HUY 3alHlIeTcs B BHJE

u=acos[<l——ll—662)t+(po]—
{<ﬁl4a3 alna+ab>sin[(1———e2>t+(p0]+
+a5a%sin 3[(1——32) t-—}—(po] }—}—0(82), (6.2.38)
rie a onpejesieHo cooTHoumeHneMm (6.2.33), a b,— nocTosiHHAs C TOY-

HOCTBIO TOTO Ke MOpsifiKa, YTo M yKaszaHHaa owubka. C omwnGkoi
nopaaka O (g?) 310 BI:Ipa)KeHHe MOXHO [epenucatb B BHJe

u=acos(t — G)— ea’sin3 ({—0)+ 0 (e?), (6.2.39a)
rie NPUHATO

1 1 7
0=+ g elna—gear 46, (6.2.390)

a 0y = — @,—eb,—nocrosihnas. [locieanss d¢opma pelueHus noj-
HOCTBIO COIJIACYeTCHl ¢ PellieHNeM, MOJYYeHHBIM B 1. 5.4.2 ¢ nmoMousio
Metoda Kpolnosa-— Boro/o6oBa — MHTPONONLCKOTO.
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6.2.3.. Buinyxnennsie KoseGanus ocuuaasitopa Bau-mep-Mong

PaccMOTPUM OTKJHK Ha BHEHIHIOIO NEPUOJHYECKYIO CHJY OCIHJI-
asitopa Ban-nep-Tlons, uayueHHoro B npeiplayieM nyHkTe, T. €. pac-
CMOTPHUM KoJ1eOaHHS, ONHCHIBAEMble YpaBHEHHEM

ol =e(l—u?) % 4 K cos M, (6.2.40)

rae K u A-—peficTBute/IbHble mocTosiHHbIe. CleiyeT pasiuuath uye-
ThIpE CJyuas B 3aBUCHMOCTH OT TOTO, SBJSETCH JH BO3ByxIAEHHE
(BHewHss cuaa) MarkuM* (T. e. K =0 (e)) nium ,kecTKUM* (T. e.
K=0(1)) u asasercsa A Bo36yxKleHHe Pe30HAHCHBIM [T. e. A —m,==
=0 (¢)] unu Hepe3oHAHCHBIM (T. €. A—wm, =0 (1)).

Msexoe HepesoHarcHoe 6030yacderue. B aToM cayuae umeem K =gk,
rae k=0(1), u cosAf MOXKHO BHIPa3utTh B Bujae cos AT,. ns Ha-
XOXKJEHHsI MEePBOro npubMHIKEHHS K U TOJOXKHM

u:uO(TO) T1)+Su1 (Tov T1)+0(82), (6‘241)

npuueM To=t u T,=¢t. IlogcraBus (6.2.41) B (6.2.40) u npu-
paBHSIB KO3(hdHUHEHTH NIpH &° B & B 06enX uacTaX, NOJYy4HM

Diu, + 02uy, =0, (6.2.42)
Diu, +oiu, =—2DD u,+ (1 —ul) Dyuy,+kcos AT. (6.2.43)

Peuienne ypasHenus (6.2.42) uMeer BHA
Uy =A(T,)elTo-{- A(T,)e-iweTo, (6.2.44)

[Moncranoska u, B (6.2.43) naer
Diu, + wiu, =iw, (—2A4" + A— A2A) eiooTo |
5 keitTo— i, A3i90Ts 1-CC. (6.2.45)

Yro6bl He 61O BEKOBLIX YJEHOB, MOTpPeGyeM BBINOJHEHHS YC/OBHSA

24" =A— A2A. (6.2.46)
3aecy wtpux osHauaer auddepenuuposanune no T,. Torza pemeHuem
ypaBHeHus (6.2.45) 6yneT dyHKIHUA
uy=B(T)ewTe+ L Ao 4 I sionly 1 CC. (6.2.47)
(1}

2
g — A2

lNonoxus“ B (6.2.46) A =(1/2)aexpip, BbeIHB IeACTBHTELHYIO
M MHUMYIO 4YacTH U pewdB MojyueHHble YypaBHEHWs, MOXKHO ycTa-
HOBUTb, YTO @ —MOCTOSIHHAsA, B TO BPeMA Kak @ onpejessiercs
paBeHcTBOM (6.2.33). '
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HmeeM nostoMy B mepBoM N pUO/IUKEHNH
u =acos w,t + 0 (g), (6.2.48)

rie a onpejenero B (6.2.33).

W3 pasercts (6.2.33) u (6.2.48) BuAHO, YTO HaNHYyHE MSATKOrO
Hepe3OHaHCHOTO BO3OYXKJACHUA HE BJAHAET B M€PBOM IPHUONHIKEHHH
HU Ha (asy, HU Ha aMIJauTyLy. Bojee Toro, mMOCKOJbKY BBIHYXAA-
ouias QYHKUHS MADKasa, TO coOCTBeHHble KosebaHHsl CHCTeMBl (co-
oTBeTCTBYIOUMe cJyuato k=0) npeo6Gsanalor HajJ BBHIHYXIEHHbLIMY
KojlefaHUusIMH, KaK W cJefoBano oxuaartb. OpHako npu npubianxe-
HUHM BHHYXJawllell YacToTel A K cOBCTBEHHON uyacToTe ®, BHIHY-
JeHHble KoJe0aHua CTAaHOBATCS 00siee 3HAUUTEJLHBIMH M CTPEMSTCA
K GECKOHEUHOCTH, KakK 3TO MOXHO BuueTh u3 (6.2.47). IlpusenenHoe
BhIlle PA3/iOKEHHEe NPH 3TOM CTAHOBHTCS HENPHUTOIHBIM.

Kecmxoe HepesonarcHoe 6030 yaderiue. B atom cnyyae K =0 (1),
a ypaBHenus (6.2.42) u (6.2.43) npeoGpasyoTcst K BHAY

Diug+ wiu, =KcosA T, (6.2.49)
Diu, 4 wlu, =—2D,D,u, + (1 —ud) Dyu,. (6.2.50)
Pemenne ypaprenus (6.2.49) umeer Bun

Uy = A(T,) e00To 4- A (T, ) e=0oTo 4 K _ cosaT,. (6.2.51)

0F— A2

[Moxcranoska u, B (6.2.50) naer
2y, + 02U, = 0, [—2A" + An— A?A] ei@Ts L CC + NST, (6.2.52)

rie M=1—K?2/2(03—A?)2 UtoObl HCKJIOUHTb BEKOBble YJEHH!, MO-
TpeGyeM BHITOJHEHHS YCJAOBUS

24" = An—A*A. (6.2.53)

Yrob6Hl peitTh ypaBHeHue (6.2.53), nonoxuM B HeM A = (1/2) aexpigp,
BbIIEIUM J€HCTBHTENbHYIO H MHHMYIO yactd. IlosyuuM, uto ¢ — no-
CTOfIHHAS, H, KPOME€ TOro, NO/KHO GBITb BLIOJHEHO ypaBHeHHE

da | 1oy
PasjienienneM nepeMeHHpIX MOXHO HA{TH cjefyiollee PeHIeHHE ypaB-
Henusi (6.2.54):

Ina?2—In (n———;— az) =T, + const.

Ecan nonoxurs u (0)=a,+ [K/{wik?)] n du(0)/dt =0, o nepsoe .
npubnmxKenne K « GyleT 3aJaBaThCsi PaBEHCTBOM
U =0acosw,t - —~— cos M + 0 (e), (6.2.55)

®f—- A2



6.2. [lpusroxcenus memooa pasioxceHus npousrooHOU 269

rae NpHHATO ob6o3HaueHue
at = ull (6.2.56)

1_|_<4_:|_1>V—Pﬂf
Qo

CrauvoHapHOe pelleHHe (T. €. pelleHHe, noJayuarwlleecs npu f — oo)
3aBUCHT OT 3HaKa 1 (T. e. oT Toro, Goabue g K2, ueM 2 (w;— A?)2,
Uad MeHblle). [l oTpULaTesNbHOrO 1 HUMeeM exp (— e1f) — oo npu
f —> oo0; cJeloBaresibHo, NpH [— oo uMeeM a— 0 u CTauHOHapHoe
pellenrHe HMeeT BHJ

Uy =— cos M -0 (e). (6.2.57)

Wp— A2 ’
OnHako 105 NOJOKUTENbHOrO M NPH { — oo uMeeMexp (— e1f) — 0
u a— 2} n. Crannonapuoe pemex—me COOTBETCTBEHHO HMEeT BH]

Uy =21 ncosw,t 4 ————cos it +0 (¢). (6.2.58)

[TostoMy mnpu OTpHLATENbHOM 1) COOCTBeHHBIE KoJeGaHHsi CHCTEMBI
3aTyXaloT M CTallMOHApHOE PelleHHe COCTONT TOJNbKO U3 BHIHYKASHHBIX
kosie6auuii, OfHAKO MpH MOJOKHTENBHOM 1 CTALHOHAPHOE pelleHue
006pa30BaHO COYETaHHEM COOCTBEHHBIX M BbIHYMKJIEHHBIX KoJebaHuil,
npuyeM HajlHyKe >KeCTKOro BO30YXK/IEHUSA W3MeHseT aMIIMTYAy coO-
CTBEHHbIX KojeGaHHH.

Msekoe. pesonancroe 8036yxdenue. B 3ToMm ciyuae nmeem K =ek,
k=0(1)un A—o,=0e, npuyeM pacctpoiika o0 =0 (1). Urobu B pac-
CMATPHBAEMOM CJlyyae MOJyYyuTb MPHTOAHOE acHMIITOTHYECKOe pas-
JOXKeHHe, BhipasuMm GyHKIUIO BO3OyxIAeHUa yepes T, u T, B coor-
BETCTBHHM C pAaBEHCTBOM

K cos At =¢ek cos (wyt + oet) =ekcos(w,T,+0T,). (6.2.59)

Ons ¢ysxuun Bo30yXKIeHUS TaKOro BHA BeJIHYHHBl U, H u, H3
(6.2.41) 6ynyr yLOBAETBOPATb YypaBHEHHAM

20, + wiu, =0, ~(6.2.60)
Diu, + o, = —2D\Dyuy + (1 —ug) Dy, +k cos (0,T g+ 0T,).
(6.2.61)

O6ee peweHue ypaBueHus (6.2.60) umeer Bun
u,=A(T,)e@To - A(T,) e~ ‘@To, (6.2.62)
Ypasuenue (6.2.61), ciemoBatenbHO, NMPHMET BH]
Diu, + o, = [iwo (—24" + A—AA) ++ ke[UTt] elooTs _
- —iw,A%e3@To L CC.  (6.2.63)
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[Nockonbky BblpaxkeHHe B KBaApaTHhIX CKoOKax B (6.2.63) saBucur
Tonbko oT T,, To cjaraeMele, NpoNopuUHOHANbHBIE exp (4= iwyT,),
NOPOXKIAIOT BEKOBLIE WYJ/EHbl OTHOCHTENBHO Maciutaba Bpemenu T .
Yrobbl OTHOLICHHE U/, OblIO OrpaHHYeHHbIM npu Beex T, caenyer
notpe6oBaTh

24" = A— A*A— g ikeT:. (6.2.64)
®g

Hasa peinenus ypaBHenus (6.2.64) nosnoxuM B Hem A =(1/2)aexpigp
U, BbIIEJNUB JeHCTBUTENBHYIO H MHPIMle 4acTH, MOJYYHUM

d 1 :

- =7a<1——~a2> + 55 Sin (0T, — ), (6.2.65)
do k

T " om cos(oT, ——(p) (6.2.66)

JKenasi HCckAlOUMTB B npaBbix uacTax (6.2.65) u (6.2.66) saBHylO
3aBHCHMOCTb OT BPEMEHH, MOJOMKUM

Y=0T,—¢ HJH dd—;Pl—=o :;f’ (6.2.67)

YpaBuenusa (6.2.65) u (6.2.66), cnenoBaTeibHO, MPHMYT BHJ
dd;I 1 (1——a2)+2——sm1p, (6.2.68)
:;‘p 0+5— 2@ - COS . (6.2.69)

Ilepuonuyeckue pelleHHs: BO30YXKJA€MOro BHEIUIHUMH CHUJAAMH OCIHJ-
asitopa (6.2.40) cCOOTBETCTBYIOT CTAIlHOHAPHLIM peLIeHHAM ypaBHEHU#
(6.2.68) u (6.2.69), T. e. cooTBercTBYlOT paBeHcTBaM da/dT, =
= dy/dT, =0, unu uHaue

La (1————a2)—{— sin{ =0, (6.2.70)

_ cos Pp=0. 6.2.71)

Wy

BesuuuHbl, NoMeuyeHHble BOJIHOH, OTHOCATCS 3lleCh K CTAllHOHAPHOMY
pewenuto. HckaouuB 43 3THX ypaBHeHHH 1],, HOJMYyYUM CJefylolLee
ypaBHEHHe L1 YacTOTHOH XapaKTepPHCTHKH:

(1—p)2 +dotp =— —fp3, o 6.2.72
p(l—p P =1 , p="F. - (6.2.72)

Jns 3agaHHBIX aMOJIMTYABl €8 H 4acTOThl A =w,-}- €0 BO36GYyKIeHHA
cooTHoweHHe (6.2.72) ompenesnsieT 3HaueHHe. P H, CJeJOBATEJbLHO,
aMIJIMTYZly TapMOHMYeCKHX KoneGanuii. B nepsoM npubnmxennu
rapMoHHYeckoe Kose6aHHe 3ajJ3eTcs paBeHCTBOM

u =acos (0, + ¢)+0(), ‘ (6.2.73)
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—

npUueM uactora KosleGaHuil paBHa
d ~ dp
w:W(mot—{—(p):mo—}—d—(f_—.mo—{—ec:?\.. (6.2.74)

CnenoBaTte/bHO, NPH NPHOJHXKEHUH A K @, COOCTBEeHHLIe KosaeOaHHS
COBMAJAIOT ¢ BBIHYKJIEHHBIMH. B pe3synbTate BBIXOLHOH CHTHaJ
CHHXDOHH3HUDPYeTCH ¢ yacToTO# BO3OYXKICHHS.

s ucceioBaHYs YCTOHYHBOCTH ITHX FAPMOHUYECKHX KonebaHuil
[0/I0XKHM

a=a+Aa, P=y+AY. (6.2.75)

Pasnaras npasble yacTH ypaBHeHHu#t (6.2.68) u (6.2.69) no crenedsam
Aa 1 Ay 1 coxpaHsis TOJNBKO JHHeHHble YJ/eHbl, MOJYYHM

dd(ﬁf) =3 (1—-% Ef) Aa +Q—f)0 cos pAY, (6.2.76)
d@dy) _ _k Ag— i DA 97
ar, P cos pAa o sin pA. (6.2.77)

MMpeanonoxum, uro Aa u Ay nponopuuoHaanusl expml,. Toraa
Ko3(pPHULILHeHT m JOJXKEeH YAOBJETBOPATL ypPaBHEHHIO

mt—Qm+A =0, (6.2.78)

rie NpHHATH 0603HAYEHHS

Q=1—2, A= (1—dp+3p?) 4 o%. (6.2.79)
[Tpu BLIBOmE 3THX COOTHOWIEHHHA MBI BOCMOJB3OBAJHCh YPaBHEHHAMH
(6.2.70) n (6.2.71). Juckpumunant ypaBHeHHs (6.2.78) paBeH

D =p?2—4¢2. (6.2.80)

Kpusnie, onpeneisiemble papeHcTBaMu Q=A =D =0, Ha3sbBaloOTCH
cenaparpucaMu M nokasauol Ha puc. 6.1. KpuBaa A =0 npeacras-
JsieT co6GoH 3JJIMIC C LeHTPOM B Touke p =2/3, o =0; reomerpu-
YeCKHM MEeCTOM TOYeK, YJOBJETBOPSOWMX ypaBHeHuwo D =0, saB1s-
I0TCs JB€ NpsiMble JHHEY 0 = +2¢. Touky, Jexalye BHYTPH 3J/MIICA,
COOTBETCTBYIOT HAJHUYHIO CeJIOBOH TOUKH; CJeJ0BaTeJ]bHO, COOTBET-
CTBYIOLIHE MM TapMOHHUYeCKHe KoJeGaHHsl HeycTOHYMBBL. TOuKH,
Jexalue BHe 3JJHICA, COOTBETCTBYIOT HaJauuuio ysjaa npu D=0
¥ Hanuuuio ¢okyca npu D < 0. 'apMonHueckue KonebaHHdA, COOT-
BETCTBYIOLE 3TUM TOYKAM, OYAYT YCTOHUHBLIMH HMJIH HEYCTOHUHBBIMI
B 3aBHCHMOCTH OT Toro, 0oJabie Jd P, YeM 1/2, Uiy MeHblie.

Kecmroe pesonarcHoe 6o36yscOerue. JlaHHbIRA cyuail MOXeT GbiTh
uccsreloBay KakK YacTHHIH cayuyall npeablAyliero, COOTBETCTBYIOLIMH
k =K /e, npuuem aMnautyna so36yxaenus K =0 (1). Crexosarte/bHo,
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k—oueHb 6OJbllas BeJHYMHA, NOCKOJBKY & Majo. Toraa us (6.2.72)
cjaexyeT, uTO jzasi O, GAM3KHX K HYJWO, CYUECTBYyeT TOJbKO OAHa
aMMIATYya O TapMOHHYECKHX KojeOaHHH, W IMOCJeqHHe fBJIAITCH
ycToitynBbiMH. T1pn HeOrpaHHueHHOM yBeJIHUEHUH R aMIIATYA TaKkxe
pacTeT HeOI'DaHMYEHHO.

D=0
0dnaacme
yemod yusocmu e
//‘ ﬂ "2
77 7
od,z;;cmx\
eYCmoiLIUeocT

1 1 —l !

1,0 05 0 0,5 1,0
o
Puc. 6.1.

6.2.4. MapameTpuueckuil pesonanc — ypasnenune Matné

Bepremcsi K ypaBhenuio Marbé, paccmoTpenHomy B 1. 3.1.2,
a HUMEHHO K YpABHEHHIO

U+ (8-+ecos2l)u=0. (6.2.81)

Coraacho teopun PJioke JHHeHHbIX AuddepeHIMaibHbIX ypPaABHEHHH
¢ MEpPHOAMUECKMMH KOSMPHIUHEHTAMH, IJOCKOCTh Mapamerpos §—e
pa36uBaeTcsi NepeXOAHbIMH KDHBbIMH Ha 0061acTH yCTOHYHBOCTH H
HEYCTOHUMBOCTH, NMPUYEM HAa CaMHX KPHUBbIX pelleHke 4 NepUOiHIHO
¢ nepuogoM m Hau 2z, B n. 3.1.2 Gblru onpeaesieHbl npUOHMKEHHUS
K [epeXOAHbIM KPHBBLIM C ITOMOLIbIO MeTONA Jlunamreara —Ilyankape.
B gannoM.nmyHkTe GynyT HaHAeHbl HE TOJBKO IMePEeXOAHbIe KPHBbIC, HO
TaKXe H pelleHdsi W, CJeJ0BaTeIbHO, CTeleHb YCTOHYMBOCTH HJAH He-
VCTOHUMBOCTH, Kak 3T0 6blio cjenaro B 1. 3.1.3 ¢ noMopbio Meroxa
Yurrekepa. UToGbl BHINOJHHTEL 3TO, MOJOXKHM MPH NOJOXKHTENBHOM 00

8= o3 (6.2.82)

W TPeANONOXKUM, YTO
U=ug(Tg Ty, Ty)+eu, (Ty, Ty Ty)+e2u,(Ty, Ty To)+ ... .
. : (6.2.83)
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CnejyeT pas/ivuath cjy4aH, KOr4a 3HaYeHHe o, GJHM3KO K LEJOMY
YyuCAY A M KOTJAa OHO [a/eKO OT LEeJOYNC/EHHbIX 3HAauyeHui.
Pewenue 015 snavenuil o,, Oarekux om yeaozo 4ucia. Beipasum
cos 2f uepe3 macwrab Bpemenu Ty B Buge cos 2T . [loacraBus (6.2.83)
B (6.2.81) u npupaBHAB HyMI0 KOIDDUILKEHTH! PH €9, € U €2, IOy UM

Diu, + wju, =0, (6.2.84)
Diu, +wiu, =-—2D,Duy,—u,cos 2T, (6.2.85)
Dy, +odu,=—2D,Du,— (D} +2DyD,) uy—u, cos2T,. (6.2.86)

Perilenvie ypaBHenus (6.2.84) umeer BuA
u,=A(Ty, T,)eTo+A(T,, T,)e-i@To, (6.2.87)
[ToacraHoBka u, B (6.2.85) mpaer

Diu, +03t, = —2iw,D, Ae0To— o Aet @ rd T L ggito=ai oy CC.
(6.2.88)

IMockonbKy 3HauyeHHe ®, Jajleko OT 1, TO BekOBbIe YieHbl GyI1yT
orcyTcTBOBaTh MNpH yciaoBud DA =0, 1. e. A=A(T,). Toraa pe-
meHHeM A8 u; 6yner ¢yHKUMA

L At wnan T 0 e @m0 To 1 CC. (6.2.89)

L=8G+D 8 (@0—

[NoxcranoBka u, U u, B (6.2.86) naer
; . A
Diu, -+ 03, = —2 [L(DODzA —m

! t(m iy
_16(m0—{—1)Ae (,+a) T, f6( ~ __Ae =T, L CC. (6.2.90)

eicoﬂT,,__

[Mockonbky 3HayeHHe ©, Aaneko OT | H OT 2, TO BeKOBHe UjeHHI
OYAYT MCKJIOUEHB! TIPH YCJOBHH

i
D2A —_m/q- (6.2.91)

[Tonoxus A =(1/2)aexpi¢p u OTAeIHB AEHCTBUTEJLHYIO H MHHMVIO
yacTH, NMOJYyYUM

o _ de ! 9 g
T I T A (6.2.92)
Otcroga uMeeM
a—comst, @=———"— T, "+, (6.2.93)

16wyl —1)
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rie @,—noctosudas. C yuetoM ycaoBus (6.2.91) pemeHue ypaBHe-
Hus (6.2.90) umeer BUI
1 1

b= et e " T e ey A T P CC

(6.2.94)

Cymmupys, NOAYyYHM pellleHHe Al ¥ C TOYHOCTBIO [0 YJIEHOB IIO-
pagka O (e?):

u=acos (ot +q,) -+
+ 5 e 05 [0 +2) 4+ 9 — 5y cos [(0—2) -+ @]} +

g% 1
+ i {mrrEeosle+ el +

1
T o=y coslle—4 t+ o, } +0 (%), (6.2.95)
rae NpuHATo o003HaueHHe
= __..._82___ .3
“?*“’O T60, (m§—1)+0(& ). (6.2.96)

BHoBb mnojuepkHEM, 4YTO [OJyYeHHOE pasjoxeHHe CIPaBenJHBO
TOIBKO NPH YCJOBHH, 4YTO ©, Aajeko or | mor 2. Ilpn 0w, — 1 uiu
2 umeeM u — co. Pasnoxenne, cnpaBeJuBoe B OKPECTHOCTH g =1,
OyIeT MOCTPOeHO HHIKE.

Pewenue 045 3nauenuld o,, 6auskux K 1. B 3ToM ciyuae nosaraem

6=1-4e8, -8, +..., (6.2.97)

npuueMm 8, u 8, =0(1). PaBenctBo (6.2.97) npeoGpasyer ypaBHeHHS
(6.2.84)—(6.2.86) k BHALY

Diug+1ue=0, : (6.2.98)
D2u, +u, =—2D,D,uy— 8,us—u, cos 2T,, (6.2.99)

Diu, +uy=-—2DyDu, — (D2 +2D,D,) uy—6,u;, —8,u,—u, cos 2T,
' (6.2.100)

PewenueMm ypasHenus (6.2.98) seasercs dyHruus

uy=A(Ty, Ty)eTo+A(T,, T,)e-To, (6.2.101)
IlogctanoBka u, B (6.2.99) naer
D2u, +u, = (-2;‘0,,4 —8,A—~ Z) eiTo—g AT -CC. (6.2.102)
BexoBble ujieHBl OTHOCHTENBbHO MacuiTaba BpeMeHH Ty 6YAYT HCKIKO-
4eHbl NPH YCJIOBHH

i(BIA +§Z). (6.2.103)
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Torna pewenne ypapuenus (6.2.102) 6yner umerb BHJ
Uy = g (AesiTs | Ae=siTe), (6.2.104)

Urto6bl peiinTh ypasueHue (6.2.103), mpeanosoxuM, uto
A=A,+iA;, (6.2.105)

rne A, u A, —peficTBHTeNbHble BeAH4HHBL. OTAEANB AeACTBHTEAbHYIO
M MHHMYIO YacTH, [OJYUYHM

0A, 1 [1
o 2_2_(3__51) A (6.2.106)
0A; _ I |
o _7<_2 +a,> A, (6.2.107)

PemenusMu 3THX ypaBHeHHE OyayT (QyHKLIHH

A =a,(Ty)enT +a, (T,) e, (6.2.108)
Ap = [0y (T,) 0T —a, (T,) =T, (6.2.109)
%
rie
v (—41-—63) : (6.2.110)

31eck @, U a,— neficTBUTe bHBE (PYHKIHH Maciutaba BpemeHu T ,;
B MEPBOM NPHOJHKEHUH, OJHAKO, @, U a,— IIOCTOSHHbIE.

13 pasencts (6.2.108)—(6.2.110) BuaHO, uTO A 9KCHOHEHIHAALHO
pacrer Bmecte ¢ T, (r. e. BMecTe C f), eca1M 7y, — AeHCTBHTE/NbHAs
BeJIHYMHA, T. €. €CJAH BuinojaHeHo |6, |<(1/2. Ecau xe y, —MHHMas
BeJMYHHA, T. €. BuinoaHeno |6,|>=1/2, to A ocunanupyer ¢ po-
croM T, (B 3TOM cJjyyae perleHue BbIpakaeTcss uepes cos vy, T,
u siny,7,). CnegoBareibHo, TrpaHHIB (NepexojHble KPHBLiE),
KOTOpbIE OTAEASAIOT 06J1aCTh YCTOHUMBOCTH OT 06JacTH HeyCcTofiuH-
BOCTH M HMCXOASIT H3 Toukd 6 =1, e =0, 3anatoTcs B NepBOM MpU-
67uKeHHH paBeHCTBaMU O, = +1/2, uan

8=1z4 160 (&) (6.2.111)

UtoObl onpeienuTs BTopoe MpHOAHXKEHHE K 4 H K NEPEeXOAHbIM
KPUBbLIM, MNOJACTaBHM 4, H i, B ypaBHeHHe (6.2.100) u nepenumem
€ro B BHJE

Diu, 4 u, — — [2iD2A 1-D2A + (a, +3i2) A] ¢'To L CC + NST.
‘ (6.2.112)
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Urtobnl He ObLJI0O BEKOBBIX UYJEHOB, HYXHO, 4TOGB BbIIIOJHAIOCH
ycJ/0BHE ’

R 1
2D, A +D%A+(62+3—2~) A—=0. (6.2.113)

Benomunas, uto A=A, +iA;, n otnenss B ypaBHeHun (6.2.113)
fef TBUTE/bHYIO H MHHUMYIO 4acTH, NMOJAYUYHM CJEAYIOLlHEe ypaBHEHHS
g A, n Agp

2220 4 ad, =0, (6.2.114)
0A;
290 4 ad, =0, (6.2.115)
rae
o=} 0y + 5. - (6.2.116)

3amennm A, u A; Ha Buipaxkenus (6.2.108) u (6.2.109) u npupas-
HfIEM HYJII0 KO3h@HUHeHTH npu exp (& y,7,), NOCKOABKY OHH fBMs-
orca dyskuuamu T,. Tloayuum ypaBuenus

3;1 + 12\’1 aa, =0, — ]4Y1 dal toa, =0, (6.2.117)
2 _____6 5_6
2
25‘;2 _ 12\?1 —aa, =0, 14Y1 5‘7{2 +aa, =0. (6.2.118)
o 5= 7

M3 31ux ypaBHeHu#l cjemxyer

da, d
%:%:0 U a, =const, a,=const, (6.2.119)
oo=0 wam 62=-——y‘f—3i2. (6.2.120)

Takum o6pas3oM, pelleHue BO BTOPOM NpPHOJIHKEHHH 3a1aeTcs
cooTHomenusamu (3.1.57)—(3.1. 62) KOTOphle OLIIM HOJYUYEHB! METo-
I0M YUTTeKepa.

6.2.5. Ocunanstop Bau-pep-Mona c sanasgbiBawuieil aMIAHTYAOH

B kauecTBe cijeaywlulero mnprMepa B OTJIHYHE OT NPEXBLAYILAX
NPYMEpPOB BTOPOro MOPSAKA PacCMOTPHM 3ajady TPETLEro MHOpsAKa.
B GeapasMepHOM BHIe OHa 3ajaeTcsi ypaBHEHHSIMH

d2c d
d_t;_l_o)g():Qpc—i—t[(l Z)U]—{-Zdt, (6.2.121)
Lz, (6.2.122)
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3jech v— HanpsAXeHue, {—BpeMa, e—BO30YXKIEHHE, (¥, — COOCTBEH-
HAsl yacTOTa, T-— BpeMs 3anasiplBaHuf, Z—BBIXOJ HU3KOUACTOTHOTO
¢uabTPa, U — XapaKTePUCTHKA YCHJIEHUS BO BCIIOMOTaTeJbHOM KOH-
Type. BriepBrie sTor ocuuansatop 6elt HayueH Toyneem [1964] u 3atem
Cxorrom [1966] u Haiids [1967b], [1968]. 3meck MBI paccMoTpHM
cBoGonHble KojebaHua (T. e. npuMeM e=0), oTocjaB uuTaTenA,
MHTEPECVIOUIErOCs CyuyaeM BbIHYMKAEHHBIX Koaebanuil,”~k Haiids
[1968].

JIna HaxoxjeHus NepBbIX NPUOJMMKEHHH K peUIeHHsIM NpUBeNeH-
HUblX Bblllle YpaBHEHHI NPeANoNONKHM, YTO

v=0y(Ty, T+ p0, (Ty, T))+ ..., (6.2.123)
Z=2,(T,, T)+pZ(Te, T+ ..., (6.2.124)

npuuem
To=t, T,=pt. (6.2.125)

TlogcraBuB (6.2.123)—(6.2.125) B ypasHenuss (6.2.121) u (6.2.122)
¥ NPUPABHAB KO3pPUIHEHTH! TIPU OJUHAKOBHIX CTENEHAX W, MNOJYYUM

Divy + olv, =0, (6.2.126)

D2y + Z, =102, 6.2.127)
Div, 4+ o, =2D, [(1 —Z,)v,— D v,], (6.2.128)
D+ 2, = —1D,Zy+ 2v,0,. (6.2.129)

Peinenne ypaBHenus (6.2.126) umeer BuA
Vo= A (T,) @To 4 A(T,) e=i®To, (6.2.130)
INMogcranoBka v, B (6.2.127) nmaer
Dy Zy+Zy= AA 4+ A2e?To 4 CC. (6.2.131)

PeirenneM sToro ypaBHEeHHA fABJAseTCH (PYHKIIHA
Aze?[‘l)oTo Z2P'2imoTo

Z(): B (Tl)e_To/T_}_‘QAZ—i_ 1_4_21-0)01: +

(6.2.132)

1 —2{w,T °

[Tockonbky v, W Z, HaiizeHsl, ypaBHeHHe (6.2.128) moxkHo 3anu-
€caTh B BHIE

. ; . 1 ;
Div, + wdv, = 2i0,Q (T,) e'®e"e—2AB <tw0——?> eli@a— (/D1 To—

AgeBimoTn

+CC, (6.2.133)

— 600y 75
rie npuHATO o0003HauyeHHe
= A4 .
Q=A—2A2A—W—D,A. (6.2.134)
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BekoBnie ujeHbl 6yAYyT HCK/OUeHBl npu ycaosuu Q =0. Torma pe-
IIeHHe /i U; HMeeT BHA
3,307
v, =24Bt+ ’l“"" elivo=(1/017, 43—”‘ el L CC. (6.2.135)

®g 1 +2iweT

Uro6er pemnth ypaBHeHHe @ =0, nonoxum B HeM A =(1/2)aei®,
rie @ H @ —JefiCTBHTe/bHbIE BEJUUHHBI, H OTAEJIHM AEHCTBHTENLHYIO
¥ MHuMyI0 4actd B (6.2.134). TlonyuuM ypaBHeHus

d 1
?ﬁ_lza<1_7a,az), (6.2.136)
%43:= — e, (6.2.137)
riae
__3—}—800(2ﬂ2 2047
s T T (6.2.138)

Pemenunn ypasrenuit (6.2.136) u (6.2.137) umeioT Bug
4

= 3 : (6.2.139)
a,+<—2——a,> om 21
20
T n | A ont__
=3 i ln[ag +a (e 1)] + @, (6.2.140)

rie a,—HauajbHas aMIIMTYyla, @,— MOCTOSIHHASA.
Has HaxoxXieHHss B NONCTABUM BbIPAXKEHHS] LIS Uy, Z, H U,
B (6.2.129). llpuaeM K ypaBHeHHIO

TDJ,—(—Z,:[—ID B+ 8t Iii“"" AAB] e-Tos L NST. (6.2.141)

Has toro ytoOel oTHOWeHHE Z,/Z, OBLUIO OrpPaHHUYEHHLIM JJIs BCeX
T,, K03ppULHEHT OpH exp(—— o/T) ROJKeH O6PATHTLCA B Hylb.
C yuetom paBenctBa A =(1/2)aexpi¢p noayuum

142022
=2-1—0_n2B, .2.142
D\B=2"—"%% a*B (6.2.142)

loncraBus Buipaxenne anst a* us (6.2.139) B (6.2.142) u paspewns
1O/lyYeHHOE ypaBHEHHE, HaiileM

B=b [a—2+a,(e2w-1)]‘, (6.2.143)
0

rje
4 (1420472

¢= 3 8war? ’
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CuieoBaTesIbHO, HMEEM B NEepPBOM I1DUOJIHKEHUH
v=acos (0.t + @)+ 0 (n), (6.2.144)
% cos [204f + 29 —arctg 20,7] + -;— a0 (n).

Z = Be-1/" 4
2V 14 4wie2
(6.2.145)

3nmeck a, ¢ U B 3anarorcs COOTBETCTBEHHO paBeHcTBaMHu (6.2.139),
(6.2.140) u (6.2.143).

6.2.6. YcTOMYHBOCTb TPEYroJbHLIX TOYEK B NJIHATHYECKOH OrpaHHuYeHHOR 3apaue
Tpex TeJ

B kauecTBe ABYX ClAefylOUHX NMPHMEpPOB PAaCCMOTPHM 3a]aull 4YeT-
BEpTOro IOpsifKa, INpHUeM IepBas U3 HHX-—JHHelHas, Bropasg —
HesauHeHHas. PaccMOTpuM cHauasna yCTOHUMBOCTB TPEYTOJbHBIX TOYEK
B OrpaHuuyeHHOH 3ajade Tpex Tes, ucciaenoBanHo#t B m.3.1.4 u 3.1.5
¢ noMouiblo MeroaoB Jlunmurenra—Ilyankape u Yurrekepa. C mo-
MOILbI0 MeTOJa MHOrMX MacluTa6oB 3Ta 3ajaya BlepBhle Obla pac-
cmorpeHa Oadpenzom u Pangom [1969]. Maremartuueckn 3agaua
CBOJUTCSA K HCCJIEIOBAHUIO YCTOHYUBOCTH pelleHHH ypaBHesud (3.1.63)—
{(3.1.65). B 3TOM nyHKTE C NOMOIIBIO MeTOAA MHOTHX MacuitaboB
onpeseNuM IepexoiHble KpHBbIE, [E€peceKamue ocb | B TOUKe
wo=(1-—2)2/3)/2, 1 BHISIBUM TOBeJeHHE X U Yy B OKPECTHOCTH

3TUX KDPUBBIX.
[MonoxuM cosf=cosT, u NpeinoNOKHM, YTO

xzxo (TO, T1)+exl (TO’ Tl) + AR | (62'146)
Y=4o(To, T\) +ey, (To, T)+ ..., (6.2.147)
p=potep 4 ..., (6.2.148)
fipudyeM
To=f, T, =¢f. (6.2.149)
HwmeeMm, crenoBatensnHo,
d 0
J=Do +eD,+ ..., D":aT,,‘ (6.2.150)

Tlogcrabum (6.2.146)—(6.2.150) B ypasuenus (3.1.63)—(3.1.65) wu
npupaBHsieM HyJ0 KodbduumeHts! npu e® u e. ITonmyuum, npupas-
HUBas YJIEHBI:

nopsaaka e°
Dixy—2D,y,—box, =0, (6.2.151)
- Dygo+ 2D, % — agy, =0; (6.2.152)
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nopsika e

Dix, — 2Dy, —box,=—2D,D,x, 4 2Dy, +b,xy—byx,cosT,, (6.2.153)

D3y + 2D yx; —agy, = —2DD Yo — 2D Xy —b Yy — as44 c0s T
(6.2.154)

3aech a; n b; 3aparcs cootHowenuamu (3.1.71) u (3.1.72).
Pewenune cucremer (6.2.151) u (6.2.152) umeer Bug

xo= A (T,)c0s 5 To-+B(T,)sin + Ty, (6.2.155)

Yo=aB(T,)cos g Ty—ad (T)sing Ty, (6.2.156)

rue
a=(ao—:—%>_1:b0+-i-=%(7—l/3_3_). (6.2.157)
Pemenne HysneBoro nopsiaka onpejensieT MNpaBbleé 4acTH ypaBHeHUH
(6.2.153) n (6.2.154). Takum o6pa3oM, OHH 3aNHIIYTCH B BHJE

Dix, — 2Dy, — box, = P, ¢0s +To+Q,sin5 To+ NST, (6.2.158)

Dy, +2Do¥, — gy, = P4c0s & To4 Qqsino To-+ NST,  (6.2.159)

rae NPUHHATH 0603HaUeHUS

P1:(2a—1)B’—}<bl—%bo>A, (6.2.166)
Pzz(oc——_Q)A’——oc<bl+—;-ao>B, (6.2.161)
Q,:-(Qa-—l)A’—]—(bl—[—%b(,)B, (6.2.162)
Q2=(oc——2)B’+oc<b1—~;—ao>A. (6.2.163)

Jlast HaxojaeHHs NepBoro MnpubJUKeHUs He o00f3aTeNbHO pemarth
ypaBHEHUA 1Al X, U Y,; JOCTATOYHO TOJNBKO OBECNeYuTh OrpaHHUEH-
HOCTb OTHOWEHUH X,/X, U Yq/yo upu Bcex T,. Vimenno no sroit
[puuKiHe Mbl BLIIHUCHIBAEM CJ/araemble, KOTOpHle MOPOXKAAIOT BEKOBbIE
yjieHbl. it TOro utoObl UCKJ/IOYATH BEKOBblE YJIeHbl, MOMHO HaliTH
CHayaja uYacTHOE BEKOBOE pellleHHe M ONpejeJuTb 3aTeM YCJOBHE
ero ofpaileHiss B HyJb. TaKoe 4YacTHOe pelueH#e MOXKeT ObiTh 3a-
NKCAHO B OAHOM U3 BULOB

x=0, y=R, cos4 To+S,sin T, (6.2.164)
y=0, x=R,cos+To+S,sin T, (6.2.165)
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TakuMm o6pa3oM, 3aJaBIINCh YacTHbIM peileHdeM sujaa (6.2.164) wau
(6.2.165), MoxeM MOJyuuTb YC/JAOBHS, NPH KOTOPbIX BEKOBbIE UJIEHbI
pckouatoresi. Mcnonb3ysa n60i U3 BHIOB pemieHHs, MOJYUUM OJHH
u TOT XKe peavabrar. [loxcraBus (6.2.164) B (6.2.158) u (6.2.159)
¥ npupaBHaB Koadduunentsl npu cos(Ty/2) u sin(T,/2) B obeux
4acTAX, NOJYUUM

R,=Q, S =—~P, (6.2.166)
R,=—aP,, §,=—aQ,. (6.2.167)

HMexkmouuB R, m S, u3 (6.2.166) u (6.2.167), noiyuum HCKOMbIe
yCJIOBUSI; OHM MMEIOT BUX

Py=aQ,, Q,=—aP,. (6.2.168)

[ToncraBnsis Buipaxkeus aas P,, P,, Q, u @Q, u3s (6.2.160)—
(6.2.163) B (6.2.168), monyunM cjenylomue ABa YpaBHEHHA .Jd
Au B:

(1 —do+a2) A"+ [(1—a2)bl+l(b —aZaO)] B=0, (6.2.169)
(1——4oc+oc2)B’—[(l—az)bl——(bo——cxa,,)]A 0. (6.2.170)

Jlasi pelleHHsl 3THX YpPaBHEHHH MOJOXKUM B HHX
A=aexpy,T,, B=bexpyT, (6.2.171)

@ [0JYYNM YpaBHEHHS
(1—4da+a?)y,a+ [(l—az)b o (b —oc2ao)] b=0, (6.2.172)
— [(1—a2) b, — 5 (bs—ct ao)] a--(1—4o+a2)by, =0. (6.2.173)

DTu ypaBHeHHs coBHNanalT ¢ ypaBHeHusMu (3.1.105) u (3.1.106),
MOJYyUYeHHLIMH C MOMOWbI0 MeTona Yurtrekepa. CiepoBaTtesbHO, ¥, H
b/a sapaiorcs cootnomenusmu (3.1.107) wu (3.1.108), a x u y—co-
orHouteHusiMu (3.1.109). Oadpenn u Papx [1969] nponomxuiu sto
pasjioxKeHHe O BTOPOTO NOPAIKA.

6.2.7. Kavawwmascs npyxuHa

Huxe paccMoTpuM HenuHeHHYIO Kavaiomylocs MPYXHHY, HCcJe-
IoBaHHylo B 1.5.5.3 W 5.7.5 ¥ OMHCbIBaeMylo JiarpaHXHaHOM
(5.5.54). droMy sarpaHKHaHy COOTBETCTBYIOT YDaBHEHHS [BHIKEHHS

¥+ Lx4g(1—cos0) (I +x)62=0, (6.2.174)

9+l+xsme+¢xe 0. (6.2.175)
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Jnsi Maablx, HO KOHeuHblX 3HaueHHd x u O Gylem HCKAThb peilleHHs
3THX YPaBHEHHH BHAA
x(t)y=ex, (To, T)+ &2, (To, T)+ ..., (6.2.176)
0(t)=2e0,(To, T,)+e20,(Ty, T\)+ ..., (6.2.177)

rie T,=¢", a e—BeJIHUNHA TOTO e MNOpPAJAKA, UYTO H AMIJIUTYRA

KoJlebaHu#.

[MoacraBum (6.2.176) u (6.2.177) B (6.2.174) u (6.2.175) u npu-
paBHsieM KO3b(hHLHMEHTbl IIPH OJHHAKOBBIX cTemeHaX e&. [loayumm,
NpHUpaBHUBAST UJIEHBL:

nopsaaka &
D, + o, =0, of=-—, (6.2.178)
D3, + 0P, =0, oi=~£; (6.2.179)

nopsajxka e? ,
Dty +0ix, = —2DoD X, — g0 -+ [ (D07, (6.2.180)

2
2
D30, + 030, = —2D,D,0, + 5 1,0, — = (Doxy) (Defy).  (6.2.181)

PeiieHusi ypaBHeHUH NepPBOro NOPSAJAKA HMEIOT BUX
x,=A(T,)elTo4- A (T,)e-io:To, (6.2.182)
0, = B(T,) e:To B(T,) e=iw:To, (6.2.183)

C yueroM 3THX pewleHui ypaBHenusi (6.2.180) u (6.2.181) npumyr

BHJL

Dix, + oix, = —2im1D1Ae"‘°170—% gB%e?iosTe |- égBE +CcC,
(6.2.184)
D, + 030, = —2iw,D,Beéo:To + M ABet @i+00) Ty -

4 2@ 220 gBpt@i-00To L CC.  (6.2.185)

[Mpu nocrosiuHbix A U B uacrHele pelieHHsi ypaBHeHH# (6.2.184}
u (6.2.185) umewr BHJI

x2=_;0%33_3_2_g__ BretonTe .CC,  (6.2.186)

2(,01*40)2
o 92(0 200 b ren To_ P2(@3=20) 4B, —0n T
e“‘m_-1('01("31"|‘2"’2)ABe e 1031(031—2‘02)ABe senfe-CC.

(6.2.187)
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[lpn ®, — 20, oHH cTpeMATcs K oo. Cllef0BaTeNbHO, Pa3JIOKeHH$
(6.2.176) n (6.2.177) HapymaloTca NpH 0, & 20,.
UTo6bl MOJYYHTH PA3JI0KEHHE, TPHTOLHOE AT 0, & 20),, TOJOKUM

0, —20,=¢t0, o=0(1), (6.2.188)
npuueM Oyzem cuutath A B B He noctoanuniMu, a dysxuumamu T,.

Kpome Toro, umcrnoam3ys (6.2.188), Boipasum exp(2iw,Ty) u
exp[i (w,—w,)Ty] B ypaBrenusax (6.2.184) u (6.2.185) B Buge

exp (2iw,Ty) =exp (iw,To—icT,),
exp [ (o, —w,) To] =exp (iw,To-+icT,).

ITonyuum
Dix, + wlx, = — ( %i0,D,A+ 3 g32e-f0ﬂ) eio:To { CC 4 NST,
(6.2.189)
D20, + 00, = — [zzmzuls-%’zl—*ﬂ’l—) ABei®™ | eio:Ts - CC 4 NST.
‘ (6.2.190)
Vlckaouass BeKOBble YJICHBI, NOJYUYUM
%i0,D,A=—3 gB*exp(—icT),),
(6.2.191)

2iw,D,B=2"2% fBexp (ioT).

Tonarasg A= —(1/2)ia,exp (io,f,) u B=—(1/2)ia,exp (in,p,)
apu AefiCTBUTENIBHBIX @; H B, U oTienas XefCTBHTENBHYIO H MHHMYIO
4acTH, MOJYHHM

a, :ggf alcosy, (6.2.192)

dy = —2%4,a,cosy, (6.2.193)
af, = ——g—sm—g%aésin 7, (6.2.194)
fo= — 0 g, sinvy, (6.2.195)

r1e NpHHATO 0003HaueHHe
vy=0,p, — 20,8, + (0, —2m,) 1. (6.2.196)

Ecan B ypaBHennsax (6.2.192)—(6.2.196) nonoxuts af = o,a)/0,k u
ai=2a,/mgl, To oHn nepeiinyt B ypaBHeHus (5.5.76)—(5.5.80), no-
Jy4eHHble C [OMOLIbI0 METOa YCPelAHEHUS B KaHOHHYECKHX Hepe-
MEHHEIX.
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6.2.8. Mogeas aia chaboif HenrnHeHHOH HeycTOHHHMBOCTH
Huxe paccMoTpuM MoJeqbHYIO 3aj7auy

Uy — Uy — U = U,
u(x,0) =ecoskx, u;(x,0)=0 (6.2.197)

0 cnaboit HelHHeHHOH HeyCTOHYMBOCTH CTOSYMX BOJIH, KOTOpast Oblia
uccaenopana B n.2.1.2, 3.4.2 u 3.5.1. [as 3HaueHuii k, gajexkux
oT k=1, paBHOMEPHO NPHUrCLHOE pellleHHe AJs CTOSIUMX BOJH HMEeT
Bua (n.3.4.2)

u=&cos ot coskx -+ 0 (e*), (6.2.198)

rae

o= VE=T[1 9e2 ]

TR

OueBHjHO, 4TO 3TO pasJjoKeHue Hapymaercs npu k—1=0(g?).
[l HaXOxIeHUs pasJ/ioKeHHUsl, NPUTOJHOI0 B OKPECTHOCTH k& =1,
BBEJEM HOBYi0 MNepeMeHHY & =Fkx u npuseaem (6.2.197) K Buay

Uy—FRUg —u = U,

u(g, 0)=ecosk u, (g 0)=0. (6.2.199)
KpoMe Toro, mosioxKum
k=11gk, k,=0(l) (6.2.200)
H TPEANOJ0XKUM, YTO
w(E te)=u(T,, T, Ty e)=cu, +eu,+e%u, ..., (6.2.201)

rae T, =¢e"t.
[TozcraBum (6.2.200) u (6.2.201) B (6.2.199) u npupaBHseMm Kosp-
(PMLHEeHTbl NPU pPaBHBIX CTeneHAX e. [losyuum, npupaBHUBAs UJIE€HbI:

nopsika e
0%y OPuy

a7 o % =0
’ . (6.2.202)
w=cos§, gt=0 mpn T,=0;
nopsgka e?
?9271“: —%’_usz“?—*‘“—azul ,
’ oTodT, (6.2.203)

. Ouy du, .
uy=0, gr =—ar, " T,=0;
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nopsajka g3
Pug Ay Puy 0% 0%u, 0%uy
o2 OB = Ui 2k, Sgr — oT? 3ToT, 2 Tty
- % . Oy Ouy .
Uy =10, T, = 9T, — T UPH T,=0. (6.2.204)

PemeHue 3anauyd nepBoro nopsigka HMeeT BHJ
u,=a(T,, T,)cos& a(0,0) =1 (6.2.200)

Toraa (6.2.203) sanuwercs B BUje

Puy, 0%y

Wﬁ——a_ié_——”?;‘o, 62206
Ouy 2.2
uz—‘-O, (—)uTHO* <0T| )COSQ np” Tnto

Pewenne sanauu (6.2.206) 6yaeT comepxarTb uJieH, NPONOPLUOHAJb-
Hbil T,, H3-3a2 KOTODOTO OTHOIUEHWE u,/u, HE OrpPaHHYeHO TpH
T,-—o00. IT0T ujeH ucue3HeT npH ycaoBuu 0a/dT, =0 ans
T,=T,=0. Torpa noayuum

u, =b(T,, T,)cosk, b(0,0)=0. (6.2.207)

ﬂpu H3BEeCTHLIX pelUeHHUAX MNepBOro U BTOPOro IOPAAKOB ypaBHCHUE
AJaA U, 3aniumeTesda B BUIE

Fuy o 3 ) (
a,;? 0523 u3=<1a3—2ka (;T;1>cos —i——a30053§ (6.2.208)

BekoBble ujieHbl GYAYT HCKJIOUEHBl [PH YCJAOBHU

;Ti;‘+<2k2—-i’—a2)a:0. (6.2.209)
1

Boiuie Oblin noJayuenbl Ha4daJgJbHbie YCJAOBUSA /4 @ B BUIEC

a=1 =0 npnu T,=0. (6.2.210)

’aT

Jns naxoxpaenus oyukumu b(7,, T,) U 3aBUCHUMOCTH a OT 7,
HY>KHO TOJy4HTb pasyiokeHue 6oJiee BLICOKOro mopsaka. Ecau orpa-
HHYHThCS B BBIYKC/IEHHAX TOYHOCThIO O (g3), To ¢ TouHOCThiO O (£%f)
BeJIMYMHA @ MOXKET cuuTarbcsl PpyHkuued T,.

3ajgaua (6.2.209) u (6.2.210) nomyckaer WHTErpan

(37) =5 @—1(@—p). p=F=—

[Mockonbky a(T,)—geficTBUTeNbHAs] BeJHUMHA, TO TNpaBas 4acTb
B (6.2.211) pomxHa OblTh MOAOKHTEAbHON. CoefoBaTesNbHO, 3HAye-

(6.2.211)
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HHe a? JNOJKHO JieXaTh BHE HMHTepBana ¢ koHuamu 1 u f. M3 ycao-
Busa a(0)=1 caenyer, uto a® HeorpaHHueHHo pacteT npu P <1 u
Konebsercst Mexay sHadeHusimd O u 1 npu B > 1. Tlostomy 3Haue-
e B=1 umm k, =3/8 oraensier 06JacTb YCTOHYHBOCTH OT O6JacTH
HeycroiiyusocTH. CiefoBaTesbHO, YcjioBHe HeHTpaJbHOH yCTOHYH-
BOCTH HMEET BHJ

3

k=141 (6.2.212)

B corjlacu¥ ¢ (3.5.6). PeweHue 1as a 3aj2eTCA 3JJIHITHYECKOH
¢dynkuneit ko6,

6.2.9. Mogenh B3aMMOJEHCTRUR BROJHA — BOJHA

Paccmotprm BHOBL MOzesibHOe ypaBHeHHe DBpeseprona [1964]
(ptt+(Pxxxx+(Pxx+CP=3(P3, (62213)

KoTopoe OblIO ucciaepoBaro B n. 5.8.1 m 5.8.2 ¢ nmomonisio Bapua-
UHOHHOTO TNojxoja. JIMHe#iHas 3ajaua jgonyckaer pelleHHe B Gopme
OJIHOpPOJHOH Geryuiei BOJIHBI

® =0acos (kx—ot +§). (6.2.214)

3necy a, k, ® ¥ f-—nocroAnHbIe, 2 ® U kB YIOBJETBOPSAIOT AHCHED-
CHOHHOMY COOTHOIIEHHIO
0 =kt—k2 41, (6.2.215)

PesonaHc B rapMOHHMKE MOXKE€T BO3HHKHYTh, Koraa napel (o, k)
u (nw, nk) TpPU HEKOTOPOM 17 >>2 YAOBJIETBOPSIOT COOTHOIUEHHIO
(6.2.215). 210 umeer MecTo AA BceXx k:=1/n npu n>=2. Ias
YKa3aHHbIX BOJIHOBBIX YHCE€1 OCHOBHAs H M- TapMOHUKH HMEIOT
OIHHAKOBYI0 (ha30BYI0 CKOPOCTD.

[lockonbky B HaiieM YypaBHEHHH HeJIMHEHHOCTb fiBAsieTcsl KyOu-
yeckoit, To mnopanok O(e) Oyrer HMeThb TOJBKO B3auMojelicTBUe
OCHOBHOM TapMOHHMKH, COOTBETCTBYIOWIEH k2=1/3, ¢ Tperbeil rapmo-
Hukoil (k2 =3). Ecau ke HEJHHEHHOCTb HMEET BHJ €™ NDPH HEKO-
TopoM m, TO nopagok O (¢) OYIeT uMmeTh B3aUMOJEHCTBHE OCHOBHOH
rapMoHukH (k%= 1/m) c m-i rapMonuko#i (k*=m). Ecau paccmarpi-
BaTb B3auMojeficTBHA O0oJjee BbiCOKOTO, 4YeM &, NOpsAjKa, TO Jaxe
Ag KyOHuecKoH HeJHHEeHHOCTH MOT'YT BO3HHKHYTb DE3OHAHCH! B rap-
MOHHUKaX, OTJHYHLIX OT TpeTbed.

Uto6pl NOCTPOMTL pasjloXkKeHHe NepBoro MopsjKa, NpPUrOJHOE
B OKpecTHOCTH k2 =1/3, NMONOXKHM

q7:(Po (Toa Tlv Xov Xl)_[_e(pl (TOv Tl’ Xm X1)+ MRS | (6'2'216)

rue
T,=¢e", X,=¢e"x
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MoacraBasia 310 pasnoxenue B (6.2.113) U npupaBHaB Ko3hHIHEHTH
NpH OJMHAKOBBIX CTENMEHAX €, MONYUHM

o o '
L (o) = ar(Pzﬂ + ax3 +55 +,=0, (6.2.217)
]
: 0% g 0%
Liw)=0—257 o7, —* axzox, 2 ax,0x, - (6:2218)

Pewenne ypaBHenus (6.2.217) sanuiueM B BuAe

§o = A, (T, Xy) e + Ay (T, X)et +CC,  (6.2.219)
en :knxo—'mnTO)
Of = kS — k2 41, (6.2.220)

0, ~ 30, k,=~3k,.

OTMeTHM, YTO BHA ¢, IpeinoJaraer JBe B3anMOJEHCTBYIOMUE rap-

MOHHMKH. MOKHO 10Ka3aTh, 4To (GYHKUHS @,, B KOTOPOH COAEPKUTCSA

TonbkO exp (i0,), sBaserca HenpurogHo#l (cM. n. 5.8.2 u u 6.8.4).
[ToacraBuB BhIpakenue mis ¢, B (6.2.218), moayuum

Lg)= 3 2im,,(aA”—|~ 2o )e‘en-{—S(A A, - 2A4,4,) A,e
n=1,3
+ 3 (24,4, + A, A,) Age?® + Ajes®s - Afedi®s -
+ 3A2A,68 (0a+200 1 3A2A oi =200 |
134, Ael 20:+00 37, AZel (20:-00 | CC., (6.2.221)

3nech o, = do,/dk—TpynnoBas CKOPOCTb.

BeneactBue  B3auMOJEHCTBUA [BYX TapMOHHK B ypPaBHEHHH
(6.2.221) BO3HHMKAIOT cJaraemole, NOPOXKJAAIOULHE BEKOBbIE WIEHL! H
OTJIHYHblE OT cJjaraembix o6pluHoro Buaa exp (i0,). Utobbl BHIEAHTD
3TH cJlaraeMble, PacCMOTPHM ciyuail TOUHOro pe3oHaHca, [PH KOTO-
pom 0, =230,, Tak uTo BEIpaxkeHHs exp ({0,) u exp(3i0,) mopoxaator
BEKOBbIe ujieHbl. HemnocpejicTBeHHO BHJHO, uTO cjaraemsle exp (3i6,)
u exp [{(8,—20,)] nopoxparor BekoBhle usieHbl. BekoBofi xapakrep
3THX cJlaraeMblX BOJHM3H pe3oHaHCa MOXKHO N0Ka3aTh, BBHIPA3UB HX
uepes exp (i0,) u exp (i6,). C 3T0#l UenbIO 3aMeTHM, 4TO

0,—30,=T=(k;—3k) X,—(00,—30,)T,.
Xota X, u T, umetor nopsagok O(l), seauuuna I npu ky — 3k, u

®, — 30, CTAHOBUTCS MeJjeHHO MeHsomedcsa. YUTobel omnmcars 310
MeJJIeHHOe H3MeHeHHe, Bblpa3uM I' B Bujae

r=fa=3h x @30 ¢ (6.2.222)

€ €
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—_—

C nomoubio 3T0H (YHKUHMH BeaHuHHbl exp(3i0,) u exp [{ (0;—20))]
[PHMYT BUI

exp (3i8,) =exp [i (9,—T)], exp[i (6,—20,)] =exp i (8, +T)].

Hcxaouas B npasoit wactw ypasHenus (6.2.221) caaraemnle,
fIGPOXKAAIOIIHEe BEeKOBHIE UJieHbl, Haljem

%o, ("A'+ ;ax ) —3(AA, +24,7,) A, —3A2A,e'T, (6.2.223)

(0 | o 94

2io, (S22 +op 532 ):-3 (A4, + A, A,) Ay— Ale=iT.  (6.2.224)
[Tonoxus B ypaenenusix (6.2.223) u (6.2.224) A, =(1/2)a,exp(if,)
¢ JeHCTBHTE/JBHBIMH @, W B, H OTAEJHB NEACTBUTENBHYIO H MHHMYIO

qaCTu, NOJYyUYHM

St aa;', = — g dla; sin b, (6.2.225)
. 8 3
g% of 0; =g(al—}—2aq+a a, €os d), (6.2.226)
6a Oa I . =
3 -l-o)J aX": = %o, a?sin §, (6.2.227)
‘953 4oy 200 = (L (601 + 303+ ala; " cos®).  (6.2.228)

31ech MpUHATO OGO3HAUEHHE
0 =TI-+p;—3p,. (6.2.229)

Ypasuenus (6.2.225)—(6.2.228) BrosaHe corsacywoTtcss ¢ ypaBHe-
HusaMu (5.8.24)—(5.8.27), nosyueHHLIMH C MOMOLLLIO BapHALIHOHHOIO
10,1X04a.

6.2.10. Orpanuyenns MeToNa Pa3NOXKEHHS NPOU3BOLHOH

DTOT MeTojl TNPHMEHHM TOJBKO K 3ajauaM BOJAHOBOrO THna. On
He NpHUMEHHM NPH HaJHUHH HEYCTOAUHBOCTH, 32 HCKJIOYEHHEM TeX
cjlyyaeB, KOTa HeyCTOH4MBOCTb fBjasietca caabofl. [lonobuas Heyc-
TOHYHBOCTb HMeJa MECTO B HeJIHHeHHOH 3ajave YCTOHUYHBOCTH, pac-
cMotpennofl B m. 6.2.8. [Ipn &> 1 BennunHa u orpanuyena, u pas-
JgoxeHne (6.2.198) nmpuroaHo s BpeMeH MOPAJKA £~ 2, €CJIH TOJBKO
3HaueHuss k£ pajeku or 1. Ecam k<1 u k naneko ot 1, 10 370
pazyioxeHue MPHUTOJHO TOABKO AMAfl Manblx BpemeH. B oxpectHocTn
k =1 HeycrtollunBocTb ABAsieTcs cJabofi, W cooTHouleHue (6.2.211)
3ajaeT peilieHue, NPHTOJHOE A BpeMes Nopsjka e~ 1,

B chyuae runep6onnueckHX ypaBHEHHH 3TOT METOA MOXeT ObiTh
NPHMEHEH K JAHCNEPrHpYOWKM BOJAHAM, eClH TOIbKO HAYAJbHBIE YCJ0-
BHA INPEACTABJAIOTCA CYNEepnosHuvedl KOHEYHOro YHCJa CHHYCOMI.
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B BOJHOBBIX 3ajauyax, B KOTOPbIX B JHHEHHOM nNpHUOJIHIKEHUH JHC-
nepcus OTCYTCTBYeT, KaK, HalmpHMep, B cJjefyloilefi 3ajaue:

02 02
at—;~5;';—=eu2, (6.2.230)
u(x, 0)=f(x), 22 (x,0)=0, (6.2.231)

5TOT MeTOZL He TNO3BOJAET IIOJY4YUTh pelleHHe, ecaH aaxe f(x)—
cuHycoujanbHass (yHKHHS THna cosx. UYUrToObl yCTaHOBHTL 3TO,
MTOIOKHM

uz”o (x, Tm T1)+8u1 (X, TO) Tl)_’_-‘-’ (6‘2232)

rue
T,=t, T,=¢t.

[MoacraBum (6.2.232) B (6.2.230) u (6.2.231) u npupaBHsieM Kosd-
GuiMeHTH MPH OOHHAKOBBIX CcTelleHsAx €. [loayuuM, npupaBHHBas
YJIEHBI:

nopsaka g°
%“g—%lzo, (6.2.233)
U, (x, 0, 0) = cos x, 3'?—‘3 (x, 0, 0) =0; (6.2.234)
nopsaka e
%2%_%11;5“—2 5%‘%;—{—%“;, (6.2.235)
u4(x,0,0)=0 j,li‘; ,0,0)=— 3 S(x,0,0). (6.2.236)
Pemenne 3anauu (6.2.233), (6.2.234) umeer Bun
Uy =A(T,) e &=To LA (T ) e~t *=Ta, (6.2.237)
npuueM
et

[lopcraBuB 3710 peieHHe 3ajaun Aas HyJeBoro nopsinka B (6.2.235),
NOJIYYUM

%2;; -+ ??xu; =2i ﬁ;—et (x=~To) 21-(?—/1—6"‘(" To) 4
+2AA + Azert x=To) | Azg=2it:=To (6.2.238)

l'IpaBaﬂ YaCTb I[OJYUYEHHOTrO ypaBHEHHS COJAEPKHUT Cjaraemnle, KOTO-
pble NOPOXKAAKT BEKOBbLIC 4J/€HBI. Takumu cJjaraceMmbiMp, KpoMe 4dJne-
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HOB, cojepxKawmux exp [ i(x—T,)], ABAsAIOTCA uJ/ieHH, NPOMOPLHO-
Ha/ibHble exp [+ 2 (x—7T,)]. Jlas Toro utoGLl OTHOLIEHHE U, /U, Gbl10
OrpaHHuYeHO NpH Bcex T,, Ha3BaHHLlE cJaraemble JOJKHBL OblTh
uckJtouensl. OnHaKo HeT cnocoba, ¢ MOMOUILKD KOTOPOrQ 3TO MOXKHO
ciesatb. B npempAyIHX TNpHMepax MNOJA0OHEIE cJaraeMble Obliy
nponopnxoHanbibl exp [+ i(x—T,)], 1 kosbdunuenT A BbIOGHpaJCs
TaK, 4To0b HCKJIIOUHTHL HX. Ecau B paccMaTpuBaeMOM CJyuae Mol
XOTHUM IIOJIYYUThL HeTpUBHAJBHOE pelieHHe, TO KOs(hdunuedT 4 MOXKHO
BeIOpaTh TakUM 06pa3oM, uTOOBl UCKJIQUUTL CllaraeMsle, MpOnoplHo-
HanbHble exp[+i(x—7T,)]. Tlonyvarouieecs npu 3TOM pa3/0KeHHe
COAEPKHUT BEKOBble UYJeHBl M, CJIENOBATE]bHO, HE ABASETCH MPHUTOI-
HBIM 1715 GOJIBIIMX BpPEMEH.

Pasnoxenust 175 BofH 6e3 JHCNepPCHH, NPUTOAHBIE ITPH GOBIINX
BpeMeHaX W HaYaNbHBIX VCJOBHAX OOUIEro BHAA, OBLIIH [MOJYUEHL]
B 1. 3.2.4 u 3.2.5 ¢ noMoulbi0 MeTOfa KOOPAHHATHBIX mpeodpaso-
BaHUH.

6.3. Mpouenypa pas3.noxeHHss MO JABYM NepeMEHHLIM

6.3.1. Ypasuenue Mwodhunra
BHoBb pacCMOTpHUM ypaBHEHHUE

{Ztl;—l—mou-]—su"—O (6.3.1)
DyzseM mpeanosnarartb, UTC CYUIECTBYET DPasJiOKeHHE BHIA
w=1u, (&, ) +eu, (E n)+eu, E, W+..., (6.3.2)
riae
tE=et, n=(l-+ew,+e%0,-+...)¢ (6.3.3)

IlopcraBus (6.3.2) u (6.3.3) B (6.3.1) u npupaBHsaB KoadduHeHTH
IIpH OLMHAKOBHIX CTeNeHAX &, NMOJY4YHM

0;20 + ogu, =0, (6.3.4)
du, 0%

aug + ou1 26&;3]_ug’ (635)
o o~ 50 B, 020

OO6wee pemende ypasHeHust (6.3.4) umeer BHJ
Uy = A, () cos men+ B, (E) sin w . (6.3.7)
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C yuetoM ero ypaBHeHue (6.3.5) npumer Buj

Tt = — | 20,5+ % (43 + 4,BY) | cos oy +
+ [2% (B + A“‘BO)] sin w,n—
— T(Ag——SA(,Bg) cos 30,1 -+

+ (B3 —343B,) sin 30,1, (6.3.8)

BexoBrie useHbl GYAYT HCKJIIOUEHBl MPH YCAOBUAX
90,B ;+3(A3+A033):0, (6.3.9)
20,43 — (B3 A2B,) = 0. (6.3.10)

Ymuoxkas (6.3.9) Ha B,, a (6.3.10)—mua A, u cKJajblBas MOJyYalo-
IHecs ypaBHEHWs, MOJyuaeM

;E-(Ag+33)=o, nam A24-Bl=at=const. (6.3.11)

Henoawsysa (6.3.11), moxem sanucats ypasueHus (6.3.9) u (6.3.10)
B BHJE

B)+©,4,=0, Aj—w,B,=0, (6.3.12)

rne
3

2
Sy 4%

®, ==

Takum o6pasom,
A,=acos(0,E+¢), B,=—asin(o;E+¢). (6.3.13)

3necs p—rmocTosinHas, PeleHue s 4, HoC/e HCK/IIOUEHHS BEKO-
BbIX 4JI€HOB OyJIeT HMeTb BHJ

= A, (E) cos wyn + By (&) sin w41 +
(A?;——-3AQBS) cos 3wyn—

3204
T (B}—343B,) sin3w,n. (6.3.14)

[loncraBnsis B u, U u; BepaweHus aas A, u B,, noayuaem
U, =acost, (6.3.15)

= A, (E) cosb+ B, (E) sin6+ cos36 (6.3.16)
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rje npuHaATo O0O3HAyeHHe
0 =0+ 0,4+ 0. (6.3.17)

3ameHUB 4, u 4, B ypaBHeHUH (6.3.6) ux Bbipaxeuusamu (6.3.15) —
(6.3.17), 6yneM uMeTb

%2#22— + @du, =— (20)08{ —[—ii-a?A1 —20,m, A, —aw? — 200,08 +

43 a")cosﬁ—— <_2w0A;,2womlBl+%azBl>sine+NST.
128wo
(6.3.18)
BekoBble ujieHbl GYAYT HCKJ/AKOYeHbl npu yeioBuax A, =B, =0 n
2 e 2 3 4 '
20}0, =— o} —{———128(03 a
HJIH HHaue
—— —— ‘5 4

W, = 601 ar., (6.3.19)

Cnenosate/lbHO, BO BTOPOM NpPUOJHKEHHH TOJYYHM

u—a cos (of + ) +%‘i2- cos 3 (wf 4+ @) 40 (¢?), (6.3.20)

rie
d d
=7 (0n+ o,§) =ar [(0g +20, + 200, 4 .. .) 1],
HAHU
m=m0+§£—oa2— 2‘5568;3 a* + 0 (e%). (6.3.21)
3

D10 passoxkeHHe BIIOJHe COrJACyeTcsl C PasJOKEeHHUSIMH, [OJYyUeH-
HeiME B 0. 3.1.1 ¢ nomombio meropa Jlunpurregra — [Tyaukape,
B 1. 5.4.1 —c noMomp MeToja ycpeiHeHHda H B m. 6.2.1 —c mo-
MOULBI0 METOa PasJioXkKeHUs MPONU3BOAHOL.

6.3.2. Ocuuaastop Ban-pep-NMoas

BtopeiM npumepoMm, paccMatpupaeMbiM B 3ToM mnaparpade, Gynaer
ocuuaasatop Ban-nep-Iloas

ot u—e(l—u) (6.3.22)

KOTOpHA H3yuajca B 1. 5.4.2, 5.7.4 u 6.2.2. [lpeinosnoxum, 4TO
GyHKIUA 4 JONycKaeT c/Aeiywllee PABHOMEPHO MPUTOLHOE pa3J/okKe-
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pue Koyn u Kepopksn [1963), Kepopksin [1966a):
u=u,(§, m)+eu, (g n)+eu, (§ n+..., (6.3.23)

rae nepemennsle £ u m onpenenersl B (6.3.3). Iloncrasus (6.3.3) u
(6.3.23) B (6.3.22) 4 npupaBHAB KOPODUUHEHTH NPH OQUHAKOBBIX
CTeNeHAX €, NOJYYHM

02u,

20 41, =0, (6.3.24)
02 02 le]
0“21 tu, = agg:\"'(l u?) a‘;" , (6.3.25)
0%u 0%u 0%u, 0%u
T = g T gy
(1 —ul) ( Our ‘3“0) 2uou1%l:]°. (6.3.26)

O6b1ee pemieHne ypaBHeHus (6.3.24) umeer Bun
Uy =A4,()cosn+ B, () sinn. (6.3.27)

C ero yueroM ypasHeHue (6.3.25) mpumer BUA
g:l—i‘—i»ul = [—235 _,_(1_,431—83) Bo] cos N+
+ [2A5—<1——4§}f£‘2’> Ao] sinn-+
+ 4 (A3—3A,B}) sin 3 4- 4 (B3 —3A3B,) cos 3n. (6.2.28)

Jag toro uToObl BEKOBblE UJEHB OTCYTCTBOBAJAH, HEOOXOAMMO BbI-
[OJIHEHHE CAeNyHIUX YCJAOBHH:

2 2
_236+<1___A°':B°> B, =0, (6.3.29)

2 2
2A;—<1—A°j3°> A, =0. (6.3.30)

Ywmuoxkas ypasHenue (6.3.29) Ha B,, a ypasHeHue (6.3.30) ua A4,
M BblUHUTas M3 BTOPOro NepBOe, MO/IydaeM

pf-p(l_%p):o, (6-3.31)

3nech p—KBafpaT aMILIMTYAbl peilleHusl HYJeBOro nopsiika, T. e.
p=a*= Al Bi. (6.3.32)
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Hurerpupysa ypaBHenue (6.3.31) MeTonoM pasiesieHHsl HOepeMeHHBIX,

MoJiyuuM PaBeHCTBO

at = 4 (6.3.33)

1+<;42-—1> et
ao
B KOTOpPOM @,—HauajabHas ammnaurtyga. BelpasuB A, u B, uepes
¢dasy ¢ U aMOJAHTYAY @, MOJYYHM
A,=acosg, B;=-—asing. (6.3.34)

[MopcraBuB 3TH BbIpaXkeHUst B OXHO u3 ypaBHeHw# (6.3.29) wniu
(6.3.20) u ucrnonnsysa (6.3.31), nmogyuum

=0 wum ¢=¢,=const. (6.3.35)

C/e[IoBaTeNbHO, U, MOMKET GbiTh 3aMHCAHO B BHIE
Uy =acos(n-+ @,). (6.3.36)

C yuerom ycaoBuil (6.3.29) u (6.3.30) pewenue ypasaenus (6.3.28)
OyneT UMETb BHUJI

=4, (§) cos (n+ @) + B, (§) sin M+ @,) — Sm3(ﬂ+(Po) (6.3.37)

IlopcraBuB u, u u, B (6.3.26), npugeM K cJeaywoueMy ypas-
HEHHIO:

a2n2 +u, = [—2B{+ (1—%a2) Bi—a”+2m,a—|—(l——i'—a2> a +
+135) cos -+ @0) + [24]—(1—Fa*) 4, ] sin(n + @) + NST.
(6.3.38)

JI1s UCKJIIOUeHHsT BEKOBBIX 4JI€HOB MoTpeGyeM, uToGhI
, 1 " 3 , 5
231——(1—-4—a2)Bl=2m2a——a~+(l———a2)a _I_l%’ (6.3.39)
247 — (l——-a“)A —0. (6.3.40)

C nomompio (6.3.31) u (6.3.32) 3TH ypaBHeHMS NPHUMYT BHJ
. 2a’ 1 7 1 ‘
2B —731=2a(m2+1—6)—(ﬁa2—f)a~, (6.3.41)

A;—(B—Z——-l) A, =0. (6.3.42)

PelueHusiMmy 1oslyYeHHBIX YpaBHEHHH SIBASIOTCS cpyHKuIvm

B, _a(m +16)§ —ba-t+yalna—gat, (6.3.43)
A, =a,a%¢, ' (6.3.44)
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rae a, u b,—mnocrosuubie, [Ipy {— 0o uMeeM E— o0 ¥ a— 2,
IlosToMy oTHOILUEHHE /U, NpH §— oo OyleT HeOrpaHHYEHHBIM, eCJH
TOJIbKO HE BHIIIOJHEHO YCJOBHE

0y =—1- (6.3.45)

Bo Bropom npHGIMKEHHMH, cJeloBaTeqbHO, 6yaeM HMeTb

u=(a +ea’a,e®) cos [(1—— e2> t+- (Po}

_8{<614a3_‘%a1na+b1a)sin [( —15 Z)t—%—%]—i-

+apsind [(1—ge )+ | j+0(),  (6:3.46)

rine
(6.3.47)

VR

OTOXReCTBHB a, € @, €ala,, 3aMeTHM, YTO MOJyUEHHOE pA3JIONKe-
HHe MOJIHOCTBIO corjacyercsi ¢ pasJjoxeHueM (6.2.38), mnonyueHHBIM
C IIOMOIbIO METOJA DasJIoXeHHs IPOM3BORHOH.

6.3.3. YCTOHYHBOCTb TPeyroJibHLIX TOMEK B LIMITHYECKOH OrpaHHYEHHOH 3anade
TpeX Tea

BHoBb paccmoTpHM 3afauy O IapaMeTDHYeCKOM De30HaHCe, KOTO-
pas Gbuia uccaejoBaHa B n. 6.2.6 ¢ MOMOIIBIO MeTOAa Pas3JjOKeHHs
npousBogHONR. MaTeMaTHyeckoe ONHUCAHME 3aJaul [AeTcsl COOTHOLUIE-
HusiMu (3.1.63) —(3.1.65). Uto6bl ¢ NOMOLIBIO NMPOLEAYDPHl pasJiokKe-
HHSl 10 JIBYM [epeMeHHbLIM HAfiTH paBHOMEDHO NPUTOJHOE pa3JjoiKe-
HHME B OKPECTHOCTH MepeXOiHbIX KPHBHIX, CJAeLyeT BOCHOJIb30BAThCA
MaclitaGaMi BpeMeHH, oTauunbiMu oT (6.3.3). Ilogxoasiiiumn Mmacrura-
GaMH BpeMeHH SBJIAIOTCs CJelyloLiHe:

E=(etw,er+...)t, m=t. (6.3.48)

ByneM npearnosnaraTth, YTO X U y JOMYCKAIOT Pa3jOXKeHUS BHIA
x=x,(E, n)tex, (& N+exx, (& MN+..., (6.3.49)
Y=y, (& n) ey, (§, n)+e*y(E n)+....  (6.3.50)

AnreGpanueckue JeTanu NMOCTPOEHHs PellleHHs 31eCh He NPHBOIASATCH.
[MonpoGHocTH, cCBsi3aHHBIE ¢ PeEIIEHHEM IIePBOro nopsiika, OyayT
TaKHMH Xe, Kak B 1. 6.2.6 npu §=7, u n=T, UUurareansa, uure-
pecyiolerocst JeTajisiMH pelleHHsl BTOPOro MOPfAJKA, OTChLIaeM
K Oappenny u Psuny [1969]. Hix pesy/anTaThl NoJIHOCTBIO COTJacy-
I0TCA C pe3yJbTaTaMH, MOJy4YeHHBIMH B m. 3.1.5 ¢ moMoubio MeTozna

Yurrekepa.
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6.3.4. OrpaHuueHus paccMaTpHBAeMOH METOAHKH

[IpuBefennnie Bbilie TPUMEPh MOKA3BLIBAIOT, YTO HPH NOAXOAN-
meM BEIGOpe ABYX MepeMeHHbIX Pe3yJ/bTaThl, NOJYUYEHHbIE C MOMOIbIO
npoueRypbl pasjioXKeHust MO ABYM MepPeMeHHbIM, COIJIACYIOTCs C pe-
3y/bTATAMH, [OJYYEHHBIMH C ITOMOILBIO METOJA pA3JIOXKEHHs I1POH3-
BOAHOH. B HEKOTOpBIX CAyyasx [Js HOJYYeHHA PaBHOMEPHO Ipu-
FOJHBIX pasJokeHUHd HeOoOXO0JAMMO HCIOJIb30BaTh 6ojiee ABYX mepe-
MeHHbIX, Takas cuUTyauus HMesJa MeCTO B 3ajaue O JBMXKEHHH
CIYTHUKA BOKPYr Majlod HjaHeThl B OrpaHMYEHHOH 3ajaye Tpex Ted
Oxmreitn, u u Kesopxsn [1966a] u B 3anaue o aBrKenuu HCKYC-
CTBEHHOIO CIIYTHMKA, I[IepHojJ OOpalleHHst KOTOPOro CcousMepiim
¢ nepuojom BpauleHus naaHeTel IIu u Okmreiin [1968].

B ciyuae runepGosHuecKnx ypaBHEHHH paccMaTpuUBaeMmasi MeTo-
IMKa, TaK K€ KaK U METOJ pas/oxkeHHUs NPOU3BOJHOH, NpUMEHHMa
TOJILKO K BOJIHOBBIM 33jauaM C JUMCIEPTHPYWOULUMU BojHaMu. B 3aza-
uaX, B KOTOPbIX QMCIIEPCHS OTCYTCTBYET, NOAOGHBLIX 3ajaue, paccMoT-
penHo# B m. 6.2.10, »TOT Meron He mNO3BOJIAET NOJYydYaTh pelle-
HUA.

6.4. O6GOGIEHHbIT MeTOA

6.4.1. YpaBHeHHe BTOPOro NOPSAKA C NePeMEHHBIMH KO3(hHIHEHTaMu

PaccMoTpuM  C/CYIONIYI0O HacTHYIO 3ajayy BTOPOro MNoOpsijka
(Haitga, [1964], [1965b]):

+2y =0, (6.4.1)

KoTopas u3yuanack B n. 4.1.3 u 4.2.2 ¢ nomomwbi0 METONOB Cpauil-
BaHHs aCHMITOTHYECKHMX pa3/OXKeHHH M COCTABHbIX aCHMIOTOTHYECKHX
pasnoxenut. W3 paccmorpenuit n. 4.1.3 caegyer, uto Touxa x =0
fIBJISIETCS] HCTOYHHKOM HEPaBHOMEPHOCTH NMPAMOro pasjiokeHus. Pas-
Mepbl 06/1aCTH HepaBHOMEDPHOCTH Ol peJleqsioTCs paBeHCTBOM X = O (&).
ns dccnenoBanus 3TOH 3agayH ¢ I[OMOILBIO METOAa CpallMBaHUs
aCHMMTOTHYECKHX Pas3/OoKEHHH paccMaTpPHBaJOCh BHYTpPEHHee pasJjio-
XKeuue, npurogHoe Aaa x =0 (e) ¥ HCIONL3YIOMEe BHYTPEHHIOO mHe-
peMeHHYIO T =x/e. OTO BHYTpPEHHee pa3jloXKeHHe CpallHBa/IOCh C
BHEIIHUM U 3aTeéM CTPOMJOCH COCTaBHOE pa3joXKeHHe, KOTOpoe H fB-
JISIJI0Ch PABHOMEPHO MPUTOJHBIM DasJiOKEHHEM.

YT06L! NOAYYHTL PAaBHOMEPHO MPHUrOJHOE Pa3/J0KeHHE C MOMOLLLIO
0000IeHHO! PA3HOBHJIHOCTH MeToJa MHOTHX MacwtaboB, BBeaeM
B paccMOTpeHHe MacumTalbl

E=x, (6.4.3)

:",, go( ) +g1 (X)+bg2 (x)’ (644)
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rae GyHkuuu g, 6yayT onpejeseHbl B npoiecce BolupcaeHui. [lorpe-
GyeM BblIOJIHEHHA paBeHCTB g, (0) =g,(0)=0. Torma mpu x—0
O6yleM HMETb g, (x)— x, H, CJIeJoBaTejqbHO, 1 OGyAeT CTPeMUTBLCH
K BHYTpeHHeH nepemeHHo# x/e. [IpOH3BOAHbIE IO MepeMeHHOH x mpe-
00pa3syioTCsa B COOTBETCTBHH C PaBeHCTBAMHU

d dn o

S he (6.4.5)
@ [dn]® @ | dn @ 92
W“[dx] e éﬁﬁg+azz' (6.4.6)

C noMolblo BBEJEHHBIX NMepeMeHHBIX ypaBHeHHe (6.4.1) mpumer BUJ

e(Ltgitemt .. ) ot te(Brgtegt... )L
20 (B gtegit.. . )arg e m
+ 2+ 1) [(%+g;+eg;+. D2y =0 (6.4

3nech wWTpPHXOM 0603HAuYeHO aHMPepeHUHpPOBaHHE [0 apryMenty.
OTMmeTHM, YTO NEpeMeHHYIO X, BCTpevalollylocd B ypaBHeHuU (6.4.1),
Mbl 3aMeHHJAM Ha §, WMeHHO BolpaxkeHHe 2x- 1 3anucano B BUAe
28 1. Kpome TOoro, GyHKuUHH g, H HX [IPOHM3BOILHBIE BbIDPaXKEHbI
yepe3 nepemennyio E. Ilpeanonoxum Tenepp, uTO pelleHHe ypaBHe-
Hus (6.4.7) DONyCKaeT pPaBHOMEPHO I[IPUT'OJHOE AaCHMIITOTHYECKOoe
npejcTaBleHHe BHIA

N-1
y= 2 ey, (E, m)+0(e), (6.4.8)
B KOTOpOM BbITTOJIHEHO
LI (6.4.9)
Yn-1

1as Beex E=x W n=n(X; &), [A€ X NPHHHMAET 3HAUCHUA U3 HHTe-
pecyroieid Hac obnactu. [lociennee ycaoBue sBJSETCS MaTeMaTH-
YeCKHM BbipaxkeHHeM Toro dakra, uyto pasnoxenue (6.4.8) pery-
JApPHO BO Bcelfl paccMaTpuBaeModl 06JacTH.

TlogcraBup (6.4.8) B ypaBHenue (6.4.7) H npupaBHsB Ko3dhbhH-
UHEeHTHl NpPH OJMHAKOBBIX CTENEHsIX €, MOJYYHM CJeAYIOllHe ypaB-
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HEHHS1 OTHOCHTENBHO Y,, Yy M Y,!

[go gnﬂw (28 + 1) 6”0] g, =0, (6.4.10)

, 0 0 Yy
|60 5+ 1) 2] i+ 26 o+ [+ @5+ D | Fo o+
O+ 1) B+ 2+ 2 R =0,  (6.41D)
[ i) =5+ 2+ 1) ay2]g0+2gog1 anzl +(g1* + 2g:82) an0+
+[go+(2§+1>gl]% + L7+ (28 + 1 gil 2o +

4 0
+2goa‘§2§1 + 2¢; ag o4+ a{;’+(2§+ ) +2, = 0. (6.4.12)

Iockonbky mnpu x— 0 BHEIIONHEHO g, (X)— X, To g,5=0. [loatomy
peumiedye ypaBHenus (6.4.10) sanmnmiercs B BHIE

Yo=A,(E)+ B, (E)e-v @, (6.4.13)

rae HNPpUHATO o6o3HaueHue

v()= (6.4.14)

go

¥ paBuenne (6.4.11) Torma npumer Bux

a a r ’ I
(G4 + 73 ) gt = — 25+ 1) A; +24,)— (g’ B +
+[—2g,(Bov)' + (28 + 1) Bo+ (2—vgo +20g1v") Bolt e~ (6.4.15)
Pewenuem nonyuyeHHOro ypaBHEHHS sBJIsieTcs (QYHKIHA

2 ’
Y= Al (g) + Bl (E) e—Vﬂ_.(_é._*_—_Ig_)le%iAo 1 +
]
1 1 vy 1 i , ’
+g? {? Bgy 7]"'—? [ng(Boy) —(28+1)B,—

—(2—yg; -+ 8081V") Bo— Bogyy') n} e=, (6.4.16)

s Toro uToGbl OTHOILEHHE Y,/y, OBLIO OrpaHHYEHHBIM IIPH BCEX T,
KO3(hQUIMEHTE! MPH 1), Me~¥ U mM’e~"" QOJ/KHBI OOPaTHUTbCS B HYJIb,
T. €. JOMXKHO GbITb BBINOJHEHO

(28 + 1) A;+24, =0, (6.4.17)
By =0, (6.4.18)
280 (Bey) — (284 1) By—(2—7vg; + g:gv?) Bo— Bogiy' =0.  (6.4.19)
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O61ee peweHne ypapHeHus (6.4.17) umeer Bux

A, =-25‘:g—1, (6.4.20)

rie a,—nocrosinHas. ITocKonbKy y, a clefoBaTeNbHO, U ¥, YIOBJET-
BOPAIOT IBYM TDAHHYHBIM yCciOBHSAM, To uMeeM B ==0. Torza wus
ypasuenus (6.4.18) noayuaem

' =0. (6.4.21)

Takum obpasoM, y—TMOCTOsIHHas, KOTOpyl0 6e3 motepH OOLIHOCTH
MOXXHO B3fiTb PaBHOH eguHHuue. M3 cootHomeHus (6.4.14) 6ynem umets

go=E+E. (6.4.22)

3mech HCHoOJb30BaHO ycjoBHe g, (0) =0, KoTOopoe oTpaxaer To 06-
CTOATENBCTBO, HYTO HEPAaBHOMEDHOCTD HMEET MeCTO B OKDECTHOCTH
ToukH § =0. YpaBaenue (6.4.19) sanumerca B BHIE

B,—gB, =0. (6.4.23)
PemenveM 3TOro ypaBHeHHSI siBAsieTC (QYHKIHA
By =b,e2: ®, (6.4.24)

rae b,—rmocTosiHHaa uHTerpupoBaHus. Takum o6pasoMm, B IepPBOM
NOPSiIKE HMeeM

a /e -
y :_QE—%I— + boesr (Blg—[g (B)/el =21 () O (e) =

2g41 +boe—le (&Vel O (e). ' (6.4.25)

INockoneky ¢yHknusa g, (§) HezaBUCHMO OT ee 3HAYEHHH He BXOJUT
B NOJIyYeHHOE pasjiokeHHue, To 6e3 MOTepH OOIIHOCTH MOKHO IOJO-
XKAThb g, =

[IpoBesieHHLIE BRILIE pPacCMOTPEHHS IIOKasaJjH, YTO BeJHYHHA Y
Io/KHA OBITh nocTosHHOH. He Tepsiss oGIHOCTH, Mbl IOJOXMIU €e
paBHoil efuHuIe. B nokasarene skcnoneHTH! (cM. (6.4.13)) Benuunna y
yMHOKaeTcss Ha 1. IlostoMy IpH He MOCTOSIHHOM Y NpPOH3BOAHAsS
no § 6yner COlepxkaTh YNeHHl, 1PONOPLIHOHAJLHEIE CTENEHSIM 1], H3-3a
KOTODPBIX OTHOLIEHHE Y, /Yy, GYLET HeorpaHuueHHHIM NPH N — oo. Cie-
IOBaTeJIbHO, B MOJOOHOH CHTYallHH MOXKHO C CaMOro Hauaja foJlo-
JKHTb y paBHBIM efHHHIE. Kpome Toro, uto6bl MOJYYHUTHL YCJOBHE
OrpaHHYeHHOCTH Y, /Y, ANl BCeX 1), HeT Heo6xozmmocm peliaTh ypas-
Henue (6.4.15). [lyia 9T0r0 JOCTATOUHO, HCCIEN0BAB ypaBHenue (6.4.15),
norpe6oBath oOpalleHHsi B HyJdb TeX YJE€HOB, KOTOpble MOPOXKAAIOT
YaCTHBIE pelleHus, Aalollue HeOTPaHHUEeHHOe OTHOLIEHHE Y, /Y. K uie-
HaM YKAa3aHHOIO THIA OTHOCATCS BCe 4YJEHEl, MPOMOPHHOHAJbHEIE
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pelleHUsM OAHOPOAHOTO ypaBHeHHS. IloCKOJMbKY pelleHHSIMH OIHO-
POJHOTO YypaBHEHUs fABJAAOTCA €™M u 1, Mbl U MOTPeGOBAIH BLITOJ-
neHus ycjaosuil (6.4.17) n (6.4.19).

Jlnst OTBICKaHWS BTOPOTO NPHOAMKEHHS NOJOXKHM g, =0, p=1
U, TOACTABUB BBIPAXKEHWS AT 4, Y, U g, B (6.4.12), nonyuum

0% , " FrRe ,
(5% +vs ) = — (264 1) A1 +24, + A+, [Bi—Bugil e
(6.4.26)
[lns orpaHU4eHHOCTH Y,/y, NMpU BceXx 1) Heo6XOAMMO BbIHOJIHeHH:’::
yCJOBUYI

(2841 A;+24,+4;=0, (6.4.27)
Bi—B,g;=0. (6.4.28)
C y?{eTOM (6.4.20) monyunm cjaenytouee peuenye ypaBuenus (6.4.27):

A, = 22 (6.4.29)

2&+1 +@ET

rae @;—MOCTOsSIHHAs HHTerpupoBaHHs. Ycjosuio (6.4.28) MoxHO
YIOBAETBOPUTDb, [1OJN0XKHB

Bi=0, g:=0. (6.4.30)
Torza 6ynem umets

B,=b,, g,=-const, (6.4.31)

riae b, —MnocTOSIHHAs MHTECPUPOBaHUA, a g, = 0, MOCKOJBKY g, (0)=0.
Takum oépasoM BO BTOPOM NPUOGJIMKEHUN y 3alaeTCs PABEHCTBOM

y= 1+2x +b e=[(x*+x)e] -+

2a,

e [ TFox "'(1+2x)3+b16'“"2”’/“] +0(e?). (6.4.32)

Hanoxus rpannunble ycnoBus y(0)=au y(l) =p, noayuum a,=3p,
by=a—23p, a,=—20/3, b, =— 166/3. CoorHowenue (6.4.32) 3anu-
mwercst B BHIe

3 2
y :_1:527_{_(@_35)6-[@ el —

QI?) Gﬁ t6 —{(x2+x1/8
[3(l-|—2x) (1-2x) +—‘3-[3€ fet+ l.’+0(82). (6.4.33)

Paznoxup e=**e) npu Ma/oMm x*/e, 3aMeTuM, uTo pasjoxedue (6.4.33)
cornacyercsi ¢ pasnoxeHueM (4.2.50), nonyueHHeIM € MOMOILBIO
MeTOJa COCcTaBHbIX pasjoxxeHuil. Takum oOpasoM, B OTJHUHE OT METOAA
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Cpal(HBAHHA ACHUMITOTHUECKHX Da3J/loXKeHHH, B KOTOPOM CTPOATCH
ABA DA3JIOKEHHUs, NOMJeXKAUMX CPAIIMBAHUIO, METO] MHOTHX Mac-
wTaGoB 3a74aeT €JAHHCTBEHHOE PAaBHOMEPHO IIPUTOMHOE pa3foXKeHHe.

6.4.2. O6wee ypaBHeHHE BTOPOro NMOPANKA C MEPEMEHHLIMH KOIDPHUMEHTAMH

B kauecTBe Broporo nmpumepa paccMmorpuM sagauy (Kokpau [1962],
Hafibs [1964], [1965b])

ey’ +a(x)y +b(x)y=c(x), (6.4.34)
y(0)=a, y(1)=p, (6.4.35)

rae Ha udtepsane [0, 1] BermosneHo a(x) > 0. Cayuaii, Koraa a(x)
obpamaercss B HYJAb BHYTpH unTepBana [0, 1], nasbiBaerca 3azaueit
¢ TOUKOMH BeTBJIEHHSI. 3aJa4i ¢ TOUKOH BeTBJIEHUsI KPAaTKO PACCMOTPEHBI
B M. 6.4.4 u nogpo6uo—B n. 7.3.1—7.3.9. Ilpu ¢ =0 nanHblf NpH-
MEp MNepexoiuT B NpuMep, paccMOTpeHHBIH B m. 4.1.3 ¢ nmomouskio
METOJd CPAIMBAHUS ACHMITOTHUECKHX Pa3JIOMKeHHH.

[Mockoabky wumeeM a(x) >0, TO HepaBHOMEPHOCTh HMeeT MECTO
B OKpecTHOCTH Toukd x=0. B m. 4.1.3 MBI BBenu B paccMOTpeHHe
BHYTDEHHIOI0 HEPEMEHHYIO x/e¢ W ONDENeJNUJIU pa3)ioKeHue, NPHUTOJ-
Hoe B oGnactu x =0 (¢), KoTopoe 3aTeM OBIJO CPAIEHO C BHEIIHHM
pasnoxenueMm. YrTobpl HaliTH paBHOMEPHO TPHUTOJHOE TEpPBOE IIPH-
OiMKeHHe ¢ TOMOINBID MeTofa MHOTHX MacliTaGoB, MPEANnoJioxuMm,
4TO y HOMYycKaeT acCHMITOTHYECKOe passioXKeHue BHJA

y=Yo (&, M +ey, (€, N+..., (6.4.36)

rae
E=x, n—g(x), g(x)—x npu x—0. (6.4.37)

[ToncrapuB (6.4.36) u (6.4.37) B ypaBHeHme (6.4.34) u npupaBH:B
Hy/a10 Ko3(pdunuenTH npu e° u e!, nojayyum

[g' %ny" +a(m) L ] g’ =0, (6.4.38)

|5 va® g+ Gl +d S a @B @ s—c )
(6.4.39)

@yukunu a(x), b(x), c(x) u g(x) BoIpaxKeHbl 3jech uepe3 nepe-
MeHHYIO §.

[Tockonbky g==0, T0 oOwee pemwenne ypasHeHHsa (6.4.38)
HMEeT BHJL

=A(E)+ B(E)e-v®n, ' (6.4.40)
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rje

=20 (6.4.41)
g

W3 paccmoTpeHHH NpeiBIAyLIEro NYHKTa CJefyeT, YTO Y JOJKHa
OLITb MOCTOSTHHOH; B NPOTHBHOM CJlyyae IPOU3BOAHLIE 10 & MOPOXK-
JpaoT B (6.4.39) unessl, MPONOpPUHOHAJbHEIE Y'Y, H KaK CJAEACTBHE,
OTHOLLEHHE Y,/l, CTAHOBUTCS HeOTPaHHYEHHBIM NpPH 1 — oo. Husa
pPaBHOMEDHO TIPHUTFOAHOrO Pas3jokKeHnus 6e3 NMOTepH OOCIIHOCTH MOXKHO
nofioxkute y=1. Torpa, yuutbiBasi, urto mopu x— 0 BBIOJAHEHO
g (x) — x, Hoayunm

X

~{aar. (6.4.42)
0

TloncTanoBka y, B (6.4.39) NpUBOAHT K ypPaBHEHHIO

(%ﬂy—;+ dus )g —— [aA' +bA—c)+[g' B' +(g"—b) B e=. (6.4.43)

Urobbl oTHOWIEHUE Y,/Yy, ObLIO OrpaHUuYeHHBLIM IPH BCeX 1), NOTpedyem
BHLINOJHEHHUA yCAOBUHR

aA’+-bA =c, (6.4.44)

g'B' +(g"—b)B=0. (6.4.45)

PewennssMH 3THX ypaBHeHMH ABAAIOTCA (QYHKUHH

X
-fwwvamna oy f[bm/am]dt
A=l a°+5 dv|, (6.4.46)
X
b(@)a )] dt
B b eb[[( ‘ (6.4.47)
a(x) '
rae a,, bo—‘HOCTOﬂHHbIe HHTCIPHPOBAHUA.
B nepsoM npu6aHKEHHH y 3a/aeTCsi PABEHCTBOM
X
—f{b(t)/a(t)]dt C(T) f[b(t)/a(t)]dt
p. 1
’r‘ |
i [b(t)/a(t)]dt ~—g ~1 a(t) dt
+ bO eo € 0 +0(8)- (6.448)

a(x)

Ipenenst unrerpupoBanus B (6.4.46) u (6.4.47) BoiGpaHsl TaK, 4TOOH!
HOCTOSTHHbIE @y H b, POCTO BHIPaXKalHCh Hepe3 apaMeTphl TPaHHYHbIX



6.4. O6oGujernvili Memod 303

ycaoBui (6.4.35). Tak, a,=B, a

0 T
- vamyat ) { o yawnar
by=a(0))a—e ! ﬁ-{-S———e‘ dv|f. (6.4.49)
1

Pasnoxenne (6.4.48) npeacraBasier cofoff cocraBHOe pa3sioXKeHue,
KOTOpO€e corJacyercst ¢ BHYTPEHHHM M BHEIIHHM DasJ/oXKeHHsIMH,
nonyyeHHsiMd B 1. 4.1.3 nas BHyTpeHHel u BHemHel#l obJacteil
cooTBeTcTBeHHO. 3anucab ¢opmyny (6.4.48) ans wacTHOro cJyuas

a) =142y, bx=2, c(x)=0, (6.4.50)
pacCMOTPEHHOro B MPENBINYINEM IMYHKTE, ITOJyUUM
Y =i (@ —3) e 4001 4.0 (o), (6.4.51)

3necs yuTeHHl paBeHCTBO a,=f W coorHoieHue (6.4.49). Iloayuen-
HOe pasjioy<eHHe BIOJIHE COTJIACYeTCs ¢ IEPBBIM WIEHOM pasJioKe-
HHS, BBIBEJEHHOrO B NpefnrAyIleM MyHKTE.

6.4.3. JluHefiHuill OoCcHRANATOP ¢ MeAJIEHHO MeHsIOmeHcs
BOCCTaHABJKBAIOLEA CHJIONH

Ob6a pacCMOTpeHHBIX Bblile NpHMepa MOTJH OBITh HCCJIENOBaHEL
KaK C TIOMOLIbI0 MeToAa MHOTHX MacuiTa6oB, TaK H C TIOMOLILbIO
METOJa CpallHBaHHsl acHMITOTHYeCKHX pasnoxeHuil. Huxe pacemor-
pHM TpHUMep, KOTOPBI He IOAJAETCS HCC/AEIOBAHUIO C IOMOIILbIO
HOCJIETHETO H3 YKa3aHHLIX METOJ0B; HMEHHO, PACCMOTPHUM ypaBHeHUE

Y +b(ex)y=0, (6.4.52)

B KoTopoM b (ex) =0 u e-—manplil napamerp. UTo6wl monyynTh pas-
JIOJKeHNe, PABHOMEPHO IMPHrofHoe jjisi OOJIbIIMX X, APERNOJIONKHM,
YTO y JONYCKaeT acHMITOTHYECKOE pa3/oxkeHHe BHJAA

Y=Yy (&, m+ey, (§, W+..., (6.4.53)
rae

E=ex, n=2%4 | (6.4.54)

Tako#i BriGop MaciiraGa m o0yc/oB/leH TeM, YTO yacToTa KoneGaHui
6yzeT yAOBJETBOPSITH YCAOBHIO: o = (dn/dx) =g’ (§) =0 (1). Hoacra-
BuUB (6.4.53) u (6.4.54) B ypaBHenue (6.4.52) u npupaBHAB HyJIO
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K03(pdHLUHERTH ApH €° H &, NMOJYYHM

g S8 b (8 =0, (6.4.55)

g 0 n 0 , 0%
G @)y g G+ 2 G =0.  (6.4.56)

O6uiee pernieHde ypaBHEHUS (6.4.55) HMeeT BHJ
Yo=A(E) e+ B(E) e, (6.4.57)
rue

_ b (&)
Y=gy (6.4.58)

B npeapiaymux AByX NyHKTax 6bIJIO NOKA34aHO, YTO JJAS TMOJYyYeHHs
PasjioKeHHs C OrPaHHYEHHBIM [PH BCEX 1) OTHOUICHHEM Y,/Y, ClefyeT
nonoxuts y=1. Takum oépasoM

= S VE @) dt. (6.4.59)
0

IMoncraBuB y, B (6.4.56) u moMHA, YTO y=1, NOJIyuHM

(G4 -+ )= —i(@A+2A)en+i(g'B+ 20 B) e, (6.4.60)
Ilns orpaHuyeHHOCTH y,/y, 0pH BceX 1 norpeGyeM obpaiuieHus
B HyJb KoappHUMeHTOB npu exp(-=in) B npapofi uactu (6.4.60):

g'A+2g"A" =0, (6.4.61)
g'B+2g'B"=0. (6.4.62)
Pemenus 3THX ypaBHeHui#l HMEIOT BHJ
@ b
A=—7=, B=—=, 6.4.63
Ve Ve ©.4.59

rie a, 4 b,—NOCTOSHHbIE WHTErPUPOBAHHA.
_Ilpn b(ex) >0 umeem s y

[ao cos< -1 S’Vb(t)dt>+b sm( -1§VW‘) dt>]+0(e),

(6.4.64)

y= l/b(ex)

rie a, u b,—nocrosuusle. [Ipu &(ex) < 0 umeeMm

| ex
N aoexp(a“l V—'_b(t)dt)_{_
f/lb(ex)l[ OS

4b, exp(——e’lg V—b (t)dt)]+ 0 (e). (6.4.65)
0
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Pasnoxenus (6.4.64) u (6.4.65) HasbiBarorcst BKB-npuban sennamu
K pelleHHi0 ypaBHeHHs (6.4.52) (cm. n. 7.1.3).

QOueBHAHO, UTO 3TH pAa3JOKEHHS HENPHIOAHH B OKPECTHOCTH
TOUKH, B KoTopo#l dyHKuus b (ex) obpamiaercs B HyJab. B camom
jese, IPH CTPEMJIEHHH X K HYJII0 QYHKIUH b (ex) MOsyYeHHHIE PasJio-
xeuus ctpemsites K 6eckoneudoct. Hyan pyHruus b (ex) HasblBamoTCs
TOYKaMH BO3Bpata u mnogpofHo paccMoTpensl B m. 7.3.1—7.3.9.
OnuH nmpuMep ¢ TOUKON BO3Bpara HCCJIENOBAH B CJAeAYIOLleM NTYHKTe
¢ TNOMOILbI MeTOAa MHOTHX Maciurabos.

3aMena mepemeHHOH x Ha nepeMeHHyw £ B ypaBHeHHH (6.4.52)
naeT

d? 1
Egumb(g)y:o, A= (6.4.66)

INonyuennas 3anaua comepxHT Gojbiiofl mapaMerp A. TakHMm o6pa-
30M, NpuUGJHKeHUe, MOCTPOEHHOe Bbillie, IPHMEHHMO TaKXKe H K 3TOH
3ajaue.

6.4.4. INpumep ¢ Toukoit Bo3BpaTa

PaccMoTpuM 3apauy
y+r(1l—x)f(x)y=0, (6.4.67)

rae A—GOJbILOE TOJNOXKHTEJNbHOE UYHCJO0, [ (X)— peryispHas I10.10-
xuresabhas bynkuus. Tonoxus B (6.4.64) 1 (6.4.65) b (ef)=(1—x)f(x)
M & =A~1, MOXHO YyBHJETb, uTo npd ¥ — | BKB-npubanxkernue crpe-
MUTCS K GeckoredHocTH. UTo6bl NOCTPOHTH BCIOLY NMPHUTOJHOE Pa3Jio-
JKEeHHEe C TIOMOIIbIO MeTOAa MHOTMX MaciuTaboB, ONpejesHM CHauafa
cTeneHb HepaBHoMepHocTH. Ilepefigs ¢ 3TOM 1eaB B ypaBHEHHH
(6.4.67) k nepemenHoll {=(1—x)AY, v >0, noayuum

%—[—-)\,2—3"]:(1—@}"_‘)) Ly =0. (6.4.68)

INpu A -— co moayuuMm ciaenyioliue npeje/bHble YPAaBHEHHA B 3aBHU-
CUMOCTH OT 3HAYeHHSH V:

a2 2
Egyz'zo npu v> 3,
2
y=0 1npu v < B (6.4.69).
42 2
i (ly=0 npr v—2.

[oxxoasium siBisieTcs 1ocJejHee ypaBHEHHE, MOCKOJBKY €ro pe-
LieHHE HMeeT 3KCIIOHEHIMANbHLI xapakrep npu § <0 (1. e. npH
x>1) m KoneGarteqbHbld xapaktep npu (>0 (T. e. mpu x < 1).
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Takum o6pa3om, OHO MOXKeT OBITb HCIOJB30BAHO /ISl COERHHEHHS
pewenui (6.4.64) u (6.4.65) npu NpPoXOXKAEHUH Yepes TOUKY BO3Bpara.

Hrak, npeanosoxuM, 4To pewieHue ypaBHeHus (6.4.67) nomyc-
KaeT acHMNTOTHYECKoe npencrasiende Buaa (Kokpan [1962]; Haiigs
[1964], [1965b]; ®aykec {1968, uwacts I])

y=ys (& n)+A""y G ) +..., (6.4.70)

rae
E=x, w=A2gx)+..., (6.4.71)
g)=(—x)h(x), h(x)>0. (6.4.72)

DyHKIHKM HE32aBHCHMO# IiepeMeHHO# X, BecTpewaromuecs B (6.4.67),
orHeceHbl K mnepemeHHOH §. Hckmiouenne cocraBisier BhIpaXkenue
1 —x, KoTOpoe 0o6yC/I0BNAHBaeT HEPABHOMEPHOCTb; OHO 3aMeHEHO Ha
n?»'z/“h(x) C yquOM CKa3aHHOTO ypaBHeHHa (6.4.67) npumer Bun

N )0
A dgan DY 4 g +a§2 Yy 3;% Ny =0. (6.4.73)

INoacraBus (6.4.70) B (6.4.73) 1 npHpaBHAB HYJIIO KO3(DdHUHEHTHI
npH At u AP/3, nodyduMm

02
g 5 +2§§3nyo 0, (6.4.74)
gl [0 s Py | a0y _
8" ont T i W 28 5n T8 5y =0 (6.4.75)

OGmee peunienne ypaBHeHHsn (6.4.74) umeer Buj
=AE)n2d s [y E)n¥2] 4+ B(E) V2 _ys [¥(E)nP/?], (6.4.76)
rae J.,, ,—@yukuua Beccens nopsgka 41/3, a

2 j® e
v—ig[h-————(g)g,z(g)] . (6.4.77)

13 pacemorpennit n. 6.4.1 u 6.4.2 cuepyer, uTo /4 OrpagHUEHHOCTH
OTHOLIEHHA Y,/y, NPH BCeX 1 CJelyeT nonoxuts y=1. Hwmeem mo-
3TOMY

’ 2
g © n (B)=—3 [FE]~ (6.4.78)
Tlpn stom 3suak Muuyc B (6.4.77) Buifpan fjas Toro, yToGbi BBHINOJ-

HAgock h(x) > 0. [llomHOXHB o06e uwacTH ypaBHeHHs (6.4.78) Ha
{1 —E)1/3, noayuum

g = — 5 [(1—8) F @)
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IMockoabky g (1) =0, umeem

X

g =— (1= F)rrat. (6.4.79)

1
[lpu ussectHoM y, U y=1 ypaBHenue (6.4.75) npuHuMaeT BHA
02 9 ‘5
(5R+7mw )e=
= 57] (2g"A"+g" Ay 2 d 1ys (%) + (28" B " B) 0] _1/5(n*2)].
(6.4.80)

Uro6bl oTHOLIEHHE Y,/y, OBJIIO OrpaHHMYEHHBIM IJs ECeX 1), Ipasas
yacth ypaBHeHHs (6.4.80) nomkna o6paTuTbCA B HYJb, T. €. AOJKHO
OLITb BLIOJHEHO

9’ A’ + g'A =0,

leBl “I"‘g”B:O- (6.481)

CaenoBaTebHO,

A=t B=——V%, | (6.4.82)

rfe a, b—rnocTosHHBEIE MHTErPHPOBAHUSA.
TakuM ofpasom, B MepBOM NPHONHKEHUH HMeeM

. g3/ (x) J Ag?/2) b J o (hodit 6.4.83
Y=10=n7 s (%172 (Ag*/*) +bo] _1js (Ag#)] - .., (6.4.832)

rjue a, u b,—mnocrosuuse. Ilpu x — 1 umeem
g0~ |gim] 70—y
H, CJeJloBaTesbHO,
gy~ —0re{ady, [F2VTM 0 —or] +
+5ud |5 AV T (1—p2] }+ . (6.4.836)

3nech a, u b,— nocrosinneie. [Tockoabky mpu ¢ —>0 HMeem

Jy()=1"1+0(t"),
To peulerine (6.4.836) 6yReT orpaHUYEHHbLIM MpH x— 1.
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6.4.5. Ypashenne Nodduura ¢ MelneHHO MeHAIOWHMUCH KO3Q@ULHEHTAMH

Huke paccMoTpuM ypaBHeHHe

Tt a(®)u+pEu =0, (6.4.84)

rie NPHHATO
E=¢f, L1,

Kysmak [1959] u3ydanq acHMITOTHYECKHE PEUIEHHS TOTO YPaBHEHHUs
¢ IOMOINBI0 METOoXa MHOTHX Macurtalos.

Ecan o # f—nocrosHuble, To peilenne ypaBHeHus (6.4.84) Bbl-
paxkaercs B 3/JJHNTHYECKHX (QYHKUHUAX SIKOOH, T. e. NPEACTAB/IALTCA
B ONHOM H3 BHIOB:

u=Asn(Kt,v), Aen(Kt,v), Adn(Kt,v). (6.4.85)

3nect v—wMony.b, K (v)—MOJTHBIA 3MUnTHUECKUH HHTerpadt. [pu-
Be/leHHEIe (YHKLAHN YIOB/IETBOPSIOT Au(depeHIHa bHEIM YPABHEHM AM

[%S;‘l]zz(l——snﬂ)(l——v%m), (6.4.86a)
[%]2.—:(1—cnz)(l———\ﬂ—l—\ﬂCﬂg), (6.4.866)
{d_d_(iﬂ_]2=(1__dn2) (vt —1 +dn2), (6.4.868)

rne 1=K{. Iudpdepenuupysa obe vactu B (6.4.86), monyuum

g;_:;_{_“ +v¥)sn—2v2snd =0, (6.4.87a)
%ﬁﬂ +(1—2v¥en +2vien =0, (6.4.876)
%1—{—(\"—2) dn—l—2 dn*=0. (64873)

TlockobKY paccmarpuBaeMble 3/IIHNTHUECKHE DYHKIHH 3aTalyJ/Hpo-
BaHbl ANMA 3HaueHu# O < v < |, BbIpasuM pelueHHe uyepes OAHY H3
9THX TabyJHPOBAHHBIX (DYHKLHH.

Ecan @ H f—He mocTosHHble, a MeI/IeHHO MeHsIomHuecs ¢yHK-
nuu, To GyAeM mpeanoJarath, UTO pelleHHe 3aBHCHT KaK OT MeX-
AeHHOro MaciitaGa Bpemenu E= ef, Tak ¥ OT OpicTporo Macuuraba
Bpemenn {. Kpome Ttoro, B nepBoM npHOJHKEHHH pelieHHe MOXeT
6bITh BhIpaxkeHo B Buue (6.4.85), rne A=A (), K=K (§)u v =v(E).
Takum 06pasoM, B ciayuae MeJeHHO MeHSIOMHUXcs KO3(pQpHIHEHTOB
OyjeM moJjarath

w=u,(& n)+eu; &) +..., (6.4.88)
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rae

n:ﬁ-i—... AN Z—?———g’(g)—{—... .

&
Pemenne 3TOro BHAa OT/IMYaeTcst OT pelleHHsa, noctpoennoro Kys-
MakoM, B KOoTopoM mpegmnonaratoch v =g’ (§)¢. [loncrasus (6.4.88)
B (6.4.84) u npupaBHAB KO3(MPHILHEHTH NPH OJMHAKOBLIX CTENCHAX &,
HOJYUAM

g'za”°+a(?)u +BE)us= (6.4.89)

, 0%u , 0% »ou
2 1+a (E) uy + 3P (8) upu, = —2g E)“g'a_r%_'g a—q" (6.4.90)

B kauecrse pemenus ypasHenus (6.4.89) Bo3bMeM OfHY M3 3.1-
aanTHueckux dyukunit (6.4.85), ckaxkewm, sn. TakuMm obpasoM,

= A (E)sn[n, v ()] (6.4.91)

CrenoBaTesIbHO, OTHOIIEHHE U,/A NOJIKHO YIOBJETBOPATH yPABHEHHUIO
(6.4.87a) npxt =71, T. €.

5 T v (B A2(§)u =0. (6.4.92)

Jlaa toro uto6Gul ypaBHenus (6.4.89) u (6.4.92) cosmananu, n0JKHO
ObITb BBITOJNIHEHO

[L+v2(E)] g™ (E)=a(]), (6.4.93)
2v2 (&) g (§) =—B (§) A*(8). (6.4.94)

DTU paBeHCTBa MPEACTaBJSIOT cOOON JiBa COOTHOLIEHHS MeXKAY BEJH-
upnaMu A (E), v(§) u g (). Tperbe COOTHOILEHWE OIlpejeAeTcs M3
VC/IOBASI OTPAHUYEHHOCTH OTHOUWIEHHA U, /u, TNPH BCEX 1], KOTOPOE
HeoGX0AUMO 1151 TOro, yToOH (6.4.88) ObLIO pPaBHOMEPHO IIPUFOAHEIM
ACHMIITOTHUECKUM Da3/J0XKeHHEM.

Huddepenunpya (6.4.89) mo v, NOAYYHUM OJHOPOJAHYIO UAaCTh
ypaBuenusi (6.4.90). CnepoBaTenbHo, Ou,/0v ABASETCS pelIeHHEM
OnHOPOAHOHA uYacTH ypaBHeHUs (6.4.90). UTo6w! oTHOWEHHE U, /U, OBLTO
OrpaHHyeHHbIM TIPH BCEX 1}, HEOAHOPOAHas uvacThb B (6.4.90) noskua
ObITb OPTOTOHAJBHOH pelleHUI0 OAHOPOAHOH 4YacTH, T. €. JOJKHO
ObITb BLINOJIHEHO

mt7

¥ , 0%uy nOug | Oty ;

| [ g g dn] dn =0, (6.4.95)
h

npuueM sn(n,, v)=0, a T—rneproa ¢pyuxunu sn(1, v) 10 nepeMeH-

HOR w. DT0 ycnoBHe saBJAAeTcs 00O6LIEHHEM YCJAOBHSA HCKAIOUEHHS

ciaraeMblX, NODOXKJAAIOMMX BEeKOBble usieHbl, YpaBuenue (6.4.95)
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MOXKHO I1epenucars. B BHIE

d m+T a .
al Juty _
dg[g ®) “S (an)dnJ 0,
OTKYJa HMeeM
n+7 3
g® § (52) dn=const. (6.4.96)

Ny

[Tockonbky u,=Asn{n, v), TO 1), MOKHO TONOXKHTb PABHbLIM
uyaw, a 7T =4K, rae K—caenyomuii Noueil s0MUITHYECKUHA UH-
TErpas BTOPOrc poaa

dx

K=S[(1_x2)(l_v2x2)]1/2. (6.4.97)
0

Moncrasasa B (6.4.96) Buipamenue gasa u, u3 (6.4.91), noayuum

g () A2 () L[v2 (B)] =, (6.4.98)
rae ¢—noCcrosiHHas, a
K K
L:g(g—%]-) dn =S§%—d§, (.4.99)
0 0

npuueM {=sn(n, v). Hcnoanays (6.4.86a), MoxHo Bblpasuts L
B BHJE

L= V(=0 (1—vTh d,
0

HJIH

Lo UEVIEM—U=V) K@) (6.4.100)

3v?

3necy E(v)—caenylomuii MOJHBIA 3JUVIMHITHYECKHE HHTerpaj [ep-

BOTO poOJa
E(v)—g VI, (6.4.101)

Yenosua (6.4.93), (6.4.94) n (6.4.98) npaoT TPH COOTHOUICHH#
s onpeneaenus A(E), v(E) n g’ (§). Paspewan (6.4.93) ornocH-

TeNbHO g', TMONYYHUM
’ @ (E)
g )= ]/ eyl (6.4.102)
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Hekaouan g' u3 (6.4.93) (6.4.94) n paspewas oTHocuTeIbHO A,
noJyJaem

/@Y
A= FOU T @1 (6.4.103)

Bosseas (6.4.98) B kBanpar M noacTaBMB 3HaueHHs g' U A u3
(6.4.102) u (6.4.103), nmonyuum

W EL2IVET _
Trveer PO =g - (6.4.104)

Vcnoassysa nocaepnsie TPH COOTHOLIEHHS, MOXEM BBIUHCJIHTL CHA-
yana v(§) u3 (6.4.104) u sarem g’ u A wu3 coorHoweHuit (6.4.102)
u (6.4.103). I'paduk pemenns ypasHenus (6.4.104) 6wl moctpoen
KyamakoM u mpuBeneH Ha puc. 6.2.

B 3aBucumoctH or 3HakoB a(E) u P(§) umeioT Mecto TpH pas-
JUUHBIX cayvas:

(1) «(8) >0, B(§) <0. B srom cnyyae umeem p >0, a u3 ypas-
nenusi (6.4.94) suanHo, uro y=v?(§) > 0. CrepoBarenpuo, Kpupas,
COOTBETCTBYIOIIAs Y, JIeXKUT B NepBOM KBajpauTte. Peiuenue aas vy
cyltecTByer npH yeaoBHH 0 <p < 2/9. B touke §., yuoBierBopsio-
weit yeaoBuio p(E,)=2/9, acUMNTOTHUECKOE DelleHHe TepsAer CBOiH
KonebatenbHbll xapakTep. [Ilpu ycenoBunm p > 2/9 nam o (E) <O u
B () <0 ypaBueHue (6.4.89) nepHoxMyecKHX pelleHWH He HMeer.

(2) 2(E) >0, B(§) > 0. B arom cayuae umeem p > 0, a u3 (6.4.94)
crenyetr, uto y < 0. CJenoBaTenbHO, KpHBasi, COOTBETCTBYyIOUAsA Y,
JIEXXUT B ueTBEPTOM KBajpaHrte. PelleHHe i y CYIECTBYET NpH
0 < p <oo.

(3) 2 (§) <0, B(E) > 0. B sTom ciyuae umeeM p << 0, a us (6.4.94)
caeayer, uto y < 0. CienoBarte/nbHO, KPHBas COOTBETCTBYIOW(AA Y,
JEeXWT B TpeTheM KpajpaHnre. Pelllenne 1js 9§ CYHIeCTByer [pH
— o0 < p < —4/9.

[TocKoJBKY 3ANUTITHUYECKHE PYHKIUH M HHTErpasbl OOBLIYUHO 3aTa-
6yNUpOBaHbI A5 NeHCTBHTENbHEIX 3HAUeHUH v Ha MHTepBaste 0 < v <1,
10 B caydasx (2) u (3) npeanouTuTeNbHEE BHPA3UTL KoAebaTenbubie
pewennss yepes GyHruuu en(n, v) B dn(n, v).

6.4.6. lunaMpKa BXoja

JlBr:Kenue Tesa ¢ NMepeMeHHLIM BpalleHHeM BOKPYF COGCTBEHHOH
OCH, TOJBEPKEHHOTrO IpH Bxode B atMochepy nAeACTBHIO HeNHHed-.
HBIX a3pOAMHAMHYECKHMX CHJ, HMeILIero Majoe cMelleHHe LeHTpa
TAXKECTH H a3pOIHHAMHYECKYIO ACHMMETDHIO, ONHCHLIBAGTCST ypaBHe-
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uusamu (Haiips u Capux [1972a))

E—i % P&+ 03 = eKet w00 4y | E[2E 4 20, E -+ pi, | §[FE+ietg,E +
iy, |E2E,  (6.4.105)
¢—p, (6.4.106)

ﬁ:szvo—i—svl&—{—e?vzp, &:]m{&g-@}' (6.4.107)

3nech E=f-+ix, |E|—cHHYyC IONHOrO YyrJa aTtakd, p-— yrJaopas
CKOPOCTb BpalleHHs, &K —aMNauTyAa Bo3GYK/AEHUS ¢ [OMOLIBIO
a3pOJAMHAMHUCCKON aCHMMMETDHH, &-—MaJlast, HO KOHeYHas BeJHUHHa,
HUMelolLlas NOPAJOK CHHYca HauaJbHOIO IOJIHOTO YIJja aTakd. Besu-
ynuHbl wy, K, v, W;, % H Vv; FBJASIOTCS MeAJEHHO MeHSIOMHMHCH
GyHKUHAMH BpeMeHH, | U /,—TOCTOSIHHBIE.

[Ipn OTCyTCTBUH 3aTyXaHHs H HeJWHEHHBIX UJEHOB (T. €. Npu
y=Ww;=7y; =0) pewenue ypaBHeHnus (6.4.105) nas DOCTOSHHBIX p,
K 1 o, UMeeT BHI .

E, —= Ale“’%’ -+ A2€lmzl -+ W_—'pi){:p—._m)— e‘“"*%), (64 108)

rie A, u A, —KOMIJeKCHble NOCTOSIHHBIE H

0, =254 (%35)2—{—(9?,. (6.4.109)
YacToThl », H @, Ha3BIBAIOTCA 4YaCTOTaMHM HYTALHU H MpELecCHH.
Jlas craTHYecKd YCTOHUMBBIX Ted (T. €. IpH wg > 0) U moJjoxKuTeNDb-
HbHIX p 4acToTa o, IOJOXKHTeNbHa, a ®, OTpHLATe]bHA. B 3aBucu-
MOCTH OT TOro, OJH3KO JH 3HAueHHe p K ®, WIH HeT, CJAejlver
passauuarth jaBa cjydyasti. [lepBoifl ciiyya#t, IpH KOTOPOM BBIHYX/EH-
HBIH OTKJHK CTpeMHTC K GeCKOHEYHOCTH NpH p— ©,, HA3bIBaeTcs
BpallaTeJbHbIM pe30HaHCOM. /o TOro kKak 3HaueHUA p NpuOAU3ATCA
K 0, 3aTyXaHve U HeJWHeHHble a3poJAMHAMHYECKHe CHJ/bl CYIIECTBeH-
HO M3MeHAT OTKAHK cHcTeMbl. Ciyyall BpamaTeJbHOrO pe3oHaHCca
paccMOTpeH B JaHHOM IyHKTe maa K =e2k. Uurarens, uHTepecyo-
HIEroCsl HEPe3OHAHCHBIM CJydaeM, oTcbliaeM k Haiids u Capuky
[1972a].

JIns HaxoxaAeHHs TPHONHKEHHOro pellleHUs ypaBHeHHuH (6.4.105)—
(6.4.107) npu p = w, 6yleM HCNO/Ab30BaTb OOOGLIEHHYIO PA3HOBHA-
HOCTH MeTOJa MHOTHX MacmTaboB. 3aMeTHM ¢ 3TOH LEeNbio, YTO
3KCTEepPUMEHTANbHble JaHHble O (PAKTHYECKHX MOJeTaX H YHCJEHHble
pacueThl JBHXKEHHA TeJ C LIeCTbIO CTENeHAMH CBOOOAbL! BLISIBAAIOT
CylliecTBOBAHME MO KpaliHed Mepe uYeTblpeX MaclTaGoB BpeMeEHH:
MelJieHHoro Maciurada BpeMeHH T, =eg?f, XapaKTepH3YIOLIEro U3me-
HeHHe BeauuuH K, og, P, Vi, ¥; H W, H Tpex OBbICTPBIX Macurados,
XapaKTepU3YIOUX HYTAUHIO, MPELecCHI0 ¥ BhIHYXKACHHYIO COCTaB-
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JAALMYI0 yraa ataku. Mrak, 6yneMm npeanosarath pasioxKeHUst Buja

E(t’ 8) :EEI (711, 7]2» TZ) _I_asga (7]1» 7]21 (Pr Tz) + o (64110)
p(t; &) =po(Ts) +e2py (e, My, @, T)+ ..., (6.4.111)

rae

7 \2

(”g,x> t+ol  (6.4.112)
sgech o, (7,)—uactoTa HyTauuH, w, (7,)-—uacrora npeuneccuu. [Ipo-
M3BOJIHEIE MO BPEMEHH B 3THX NEpeMeHHbIX npeo6pasyloTcs COrjacHo
paBeHCTBaM

d 9 9 9, , 0
b7l (1)107'| —|—0)2(E—I—p%+8 ET;, (64113)
& e , O o2
— o — 4+ 20,0, —— J- 20
i 07]% + o3 0n§ +p aq>2+ 1 25"10112+ 4 PR +

02 op 0 op 0 Op 0
+2032p angacp"l'wla_n“laq)_l" 207] 6cp+ a‘P 0(p+

0? 02 , 0
2 2 2 2
+ 2e?w, 0n10T2+28 W, 01]20_7'2_]_28 P 5T, +e wlanl—§~
, 0 dp 0 02
2 -— 2 . 4
+e m26n2+8 3T, 0¢—|—8 P (6.4.114)

INlogctaBus (6.4.110)—(6.4.114) B (6.4.105) u (6.4.107) u npupas-
HAB KO3(QPHUUEHTH IIpH OIMHAKOBLIX CTeNeHAX &, Haiifem

L(§,)=0, (6.4.115)
9%, 0% , , O,
L (&) =ke!'0+990 —20, 5o —20, a—n—gg_T—"“)l %L"mzéﬁ‘—l-
Poll 0%y +Vl§1’ §1+(M1+le§112)(®1 gﬁl +o, gﬁl )+
+t(x1+le§11 (6.4.116)
‘*’lgﬁzﬂL zgf,2+Poap2 dp°+vo+v2po+v11m(§, e=i9). (6.4.117)

3[[6(11) HCNOJb30BaHO 00O3HaAUeHHEe
0 0 g \2
L=(‘°laﬁ+°’za"rr+”°b‘a) =
p Iy a i} 0
—ifels (ml = —[—cozﬁ-l—p(,%)—}—mﬁ. (6.4.118)

Pemenue ypaBuenus (6.4.115) umeer Buz
E,=A4,(T,)eMm + A, (T,) e, (6.4.119)
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C ero yueroM ypaBHeHHe (6.4.117) mepenucniBaeTca B BHJE

op, 9ps 0172
mlan +o 20*1 +po

— g vy vapy
+ vy [al sin(n, —¢ +61) +a, sin{n,—¢ 4-0,)], (6.4.120)

rie A,=a,exp(i8,) ¢ pgefictButeabupiMu @, u 0, [lockoabky
Do X ®,, TO BeJHYHHA 1),— ¢ ABAAETCS MeJEeHHO MeHAecs
¢dyskuued BpeMeHH. Dygem cuurtath ee dyHKuuedd 7T,. Jdanee, peuie-
Hue ypasHeHHs (6.4.120) couepXHUT uJieHB, KOTOpblE CTPeMATCH
K OECKOHEUHOCTH MpH v, 1, HIH ¢ —- oo (T. €. IpH f— o00), Ha-
pyulas TeM CamblM Hallle PasJioXKeHHe, €CJHH TOJNbKO He BHINOJIHEHO
ycJ0BHE

d .
d—;(;:"o +VoPo v, 8in (1, — @ +6,). (6.4.121)

[Ipu BEINOJIHEHHH 3TOTO YyCJaOBHS p, Oyler HMeThb BH[

Pr=3 = cos (n, 40, — ). (6.4.122)
0 2

3nas E,, moxeM nepenucarb (6.4.114) B Bune

L(E,) = Q.e™ - Q,eM: + (i, 4 iy, +7) AZA,ef =m0 L
+ (i0,0, + iy +7) A, Afef =m0, (6.4.123)

rie

Q= —i(0,—0,) Fr —io{4, +

4 i {(@ A o) - (=i o.u,) af -
+ [—2iy + 2y, + (o, +05) u,] ai} A; 4 ket (@+00~M0), (6.4.124)
Qy=i(w,— 2)"“"“1'(0;’42"}‘

+ i {(@,1y 1) + [—2iy -+ 2y, + (0, + 0,) po] af -
+ (—iy + s +ogu,) ad} A,. (6.4.125)

BekoBrle uneHb! B (6.4.123) GyayT HckaloueHbl NPH YCIOBHH Q, =
=Q,=0. [losaras B (6.4.124) u (6.4.125) A,=a,exp (i8,) ¢ aei-
CTBUTEIBHBIMH @, H 0O,, yuutbiBadg, uto Q,=Q,=0, u pasjeass
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ﬂeﬁCTBHTEJ]bHy}O H MHHMYIO HacCTH, MNoJay4aem

d k .
a7 =@ FAat Hhaad+ o—-sinT,  (6.4.126)

TP =+ hoyad+ hogatay, (6.4.127)
do 5
dTl2 — —m,—m (at+ 2a§)— — s, <08 r, (6.4.128)
=l (2t a). (6.4.129)
3nech npuHATO 0603HaYEHHE
F'=¢—m,—96 +o, (6.4.130)
1 ,
A1y Mios Aol = o=, (@1 L — @1, Oy F,, (0 +0,) 1y + 2y,],
(6.4.131)

[}"21: hoor 7‘23] =% —o, [(02“'1 + o 02, O 1, + Yoo

(@ +o,) wo +2y,].  (6.4.132)

O6venuusns (6.4.128) u (6.4.130) u BBOAS nMapaMeTp paccTpofiku o,
omnpejie/sieMbll COOTHOIEHHEM

po = ml + 8203
noJiydaem

dar
T, =0Ty

(al—[-.‘Za2 +(m—-———cos r. (6.4.133)

W,) a;

6.4.7. 3apaua o KocmHueckoM KopaGie tuna 3emian — Jlyua

CnepyromwuM npuMepoM OyleT oJHOMepHAs 3aJaya 0 KOCMHYECKOM
kKopaGne tuna 3emas —JlyHa, koTopasi paccmatpuBajiach B m.2.4.2,
3.2.2 u 4.1.7 n 3ajaercsi COOTHOILIEHUSIMH

1 (de\2  1—n u

7(&7) ~lok o) =0, (6.4.134)
Ecau npu MajdoM W pasfokHUTb [ 1O CTENEHSAM X, TO MOJyYeHHOe
pasznoxenue OypeT uMeTb OcCOGEHHOCTb B Touke X =1 W 06JaacTb
HepaBHOMepHocTH mnopsigka 1—x =0 (u). Takum obpasom, ans Ha-
XOXKJIEHUS pa3/IoKeHusl, MPUrOAHOrO AJd BCEX X, METOAOM MHOTHX
macwira6oB BBeneM e nepemennsie (Haiida [1964], [1965a])

I—x
w

B stux nepemennbix ypaBueune (6.4.134) npumer Bun

Vz”(g_é. g;) (‘—M_:]) e (6.4.135)

E=x, mN=
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rie Bce (PYHKUHMH X CUMTAIOTCS 3aBHCAIIUMU OT &, 32 HCKJIOYEHHEM
HCTOUHUKA HEPaBHOMEDHOCTH, BhipakeHusi 1—x, KOTOpoe 3anucaHo
Kak QyHKUHA v B Buge uv. Ilpeanonoxum Teneps, 4To ¢ JOMycKaer
cleqyollee paBHOMEDHO NPHIOLHOE pa3/iOoKeHHe:

t=t, (& n)+npt; (& n)+u2, (E m)+....  (6.4.136)

[Noncrasus (6.4.136) B (6.4.135) u npupaBHAB KO3DDHIHEHTHI MpH
OAMHAKOBBIX CTENEHAX [, NOJYUHUM

g_:lo= , (6.4.137)
Oty Oty \ _ En
Ve ( ago 0111) T (6.4.138)
at at 1 = M 3/2
(G = Ve e

O6uwee pewenne ypapHenus (6.4.137) umeer Bug
V2t,=A(g), (6.4.140)

rie A onpejensieTcsi U3 YCJIOBHA OF PpAHHYEHHOCTH OTHOLUEHHs f,/f,
npu Beex 1. Pewenune ypasuenus (6.4.138) umeer Bua

VIt =— A @+ VE T~ Aresh )/ T+ B ().
(6.4.141)

[Ipy 11— oo pasencrBo (6.4.141) nepexoauT B caenyiouee:

VI =(VE— A @)+ g eV E—ErIn2 ) Dy
+BE) +FOM™Y).  (6.4.142)

Takum o6pasoM, BhHIpaKeHHe [Js f, COAEPXKHT 1Ba 4A€HA, AOCTAB-
JASIOUKUX 0OCOOEHHOCTD TPHU 1) — 0o: 3TO — CJIaraemoe, MPONOPLHOHAb-
HOe 1), W cJjaraemoe, nponopuvoHaabHoe In(m). Ilepsoe caaraemoe
MOKeT OBITh HCKJIIOUEHO MPH YCJIOBHH

A'(®)=VE, A:%§3/2+a, (6.4.143)

rie o-—IpoM3BOJbHASL TOcTosiHHAasA. OTHOCHTEJNbHO BTOPOrO 4Y/eHa
sameTuM, 4To In(m) meHsercst Me[JeHHO BMECTe C X U M, XOTS H 1)
aBasiercss GoicTpoil nepemeHHod. [losTomy 3TOT 4jeH JoJKeH ObITh
Bblpax<€H uepe3 nepeMeHHyI0 &, T. e. 10/KeH ObiThb 3alHCaH B BHJE

Es/a in2 ‘/%=§3/2 In ﬂ%
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Torpa ¢, umeer ocoGenHocTs npu &— 1 u Gyner orpaHuveHo npu
g -— 1, ecaH BBLINOJHEHO YCJOBHE

B(5) =5 £ In(1—8) +C (8). (6.4.144)

Oyukuua C () onpenenutes u3 tpebOBaHUA OrpaHHUYEHHOCTH OTHO-
UIeHHus f,/f; TUpU 1 —> oo,
INoxcraBuB mosyyeHHble Boime pemieHus B (6.4.139), naiizem

0tz _tm 1 n(n+§)__ 3/2
V2m=Tyee 4 e VE(R)
+2 VgArcsh]/—_—V'ln(l g)+ﬁ-_-—§-—c'(g). (6.4.145)

[Ipu 1n— oo ypaBuenue (6.4.145) npunumaer Bux
VE%e YTy Ein2 ]/~——V‘1n 1—8) +
+—2—1—_—§—C'(§)+0(n‘1)- (6.4.146)

3nech BHOBb usen Inl/m caepyer BeIpasuTh uepes &. YpaBHenue
(6.4.146) coOOTBETCTBEHHO NPUMET BHJ

VESe=(—f43ine—3inpe ) VTt En—C ® +0 ().

Ilns orpaHUueHHOCTH OTHOWIEHUS [,/t; OpH M~ co NOJIKHO ObITh
BBIIIC.1HEHO

C'®=(—F+3n2—7 nps)VE+y 2.

OTKYAa

Cm— g8 —VE—p ity L1t Ve

T te (6414

re ¢— NOCTOSIHHAs WHTErPHPOBAHHSA.
Beipasus f, u f; uepes X ¥ HCNONL30BAB HAYaJbHOE YCJOBHE
t(x=0)=0, noayuum a=c=0. CrenoBatesnno,

V@t:(l——x) Vx—Vx(I—=x)(1—x+px)+
+p [xm Arc sh l/——— x3/2ln4(lux—x)+

+ g x Y E—gin 1L l'f’i] FO@Y.  (6.4.148)
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Pacemorpum Tenepn uHoit Meton (Haifids [1965a]) onpenenenus
pynxuuit A (§) u B(§). INockoabKy pasnoxeHue

V=A@ +u |4 @n—VEmFD 48 Arsh ) 2
—B(E)} +0 (n2) (6.4.149)

NpeanosaraeTc paBHOMEDHO NPUTOAHBIM 1J5 BCEX X, TO BAAJM OT
x = | OHO O/IKHO CBOJIUTBCA K NMPAMOMY pasjioKenuto (M. ynp. 2.12).

Vgt____xa/2+”< x3/2 ‘/x__lnl_}"‘/x)-}-O . (6.4.150)

Jas naxoxnaenus A(§) u B(E) BMecro ycsaoBUS OrpaHHYEHHOCTH
t,/t,_; npu Bcex & M m MOXeT ObiThb WCIOJB30BAHO 3TO YCJIOBHE,
Bripasus (6.4.149) uepes x W pasjoXuB NPH MajaoM W, TNOJAYUHM

V@t*—*/l(x)—f—y, [A'(x)l_:—x_l;xl/- ——)L"/?—i-
—l——;~x3/21n4—(il—x——— x)]+0(u2). (6.4.151)

Yro6sl nepseie uwienol B (6.4.150) u (6.4.151) coBmaan, moa:KHO
ObITb BHITIOJNHEHO

A(x) =2 xore, (6.4.152)

Toraa BTOpHle YJeHbl COBNAAYT IPH YCJOBUH

B(x)————xm Vix+ x3/7]n4(l x)+ IIWVV/{ (6.4.153)
— Vx

[ToncraBuB 5TH BhipaXkeHusi Ajasi A 1 B B pasnoxenue (6.4.149) u
BLIPA3UB pe3yJbTaT Yepe3 X, NOJYYHM B TOYHOCTH pasjoKeHHe
(6.4.148).

6.4.8. Mogeab aucneprupyouKX BOJH
BHOBb paccMOTPMM MoenbHoe ypaBHeHue Bpeseprona [1964]
Pttt Prxux T Pux T @ =", (6.4.154)

JIuHeapu30BaHHOe ypaBHEHHE JONYCKaeT pelleHue B (’pOpMe Gerymux
BOJIH
@ =acosb,

0=kx—owt, o2=kt—k2}+1.

Ina oTbiCKaHMs BOJH, MapaMeTPbl KOTOPHIX MELJIEHHO MEHSTCS
B NPOCTpaHCTBE M BO BpeMeHH, GyleM cienoBath Hafids n Xaccany

(6.4.155)
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[1971], npeanonoXKuB, YTO MMEETCA Da3NOXKEHHE BHAa

¢=¢,(8, X\, T\)+eg, (6, X, T)+..., (6.4.156)
rjpe
:E—IC (XI’TI)’ X1=8x’ T1=8t,
L P« (6.4.157)
h=0,=g%, o=—O=—g.

B nosuix nepemennnix 9, X, u T, npocTpaHcTBeHHAast ¥ BpeMeHHas
[IPOU3BOLHbLIE TPUMYT BHI

i 2 02 —% 0 _do) J 02
g7 = ©% g5z — 280 G5, e o, ag T Eak
o ok 0, 0
W” aez+2kaeax+ X, 0 T X7
ok &

ax =k ae4+4kdae*ax + 66k 5 G + -

[NoxcrasuB (6.4.156) B (6.4.154) n npupaBHAB Ko3dpduiHeHTH TpH
OJHHAKOBLIX CTENEHSAX &, MOJYUHUM

9% dep,
L) = (02 k?) St + k* 4 9, =0, (6.4.158)
92 92 s 0
L(g)=o3+20 55 0(PT0 —2k 5 (;P)(} — 4k 55 <(3P)U<1 +
Jw ok \ O0p, ok ¢
(T —ax ) A6k e (6.4.159)
Pewenne ypaBuenus (6.4.158) nojkHO uMetb BHJ
9o =A(X,, T)e+A(X,, T,)e-"®, (6.4.160)
rie
0r=kt—kr 1,
TloacraBue Bbipakeuue aasi ¢, B (6.4.158), moayuum
L(p,)=Q(X,, T,)e®4 A%*°4CC, (6.4.161)
rie
Q = 2i0 I 4-2ik (22— 1) - +ii"-A+i(ek2—1) A - 3424
3T, oT, X,
(6.4.162)

Has toro uYro0bl BeKOBble UJeHBl OTCYTCTBOBAJiM, JOJXKHO Bbi-
HONHATbCA ycaoBHe ( =0. [l ynpoleHus 3Toro yc/oBHs 3aMme-
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THM, 4TO
00’ =2k —k, (6.4.163)
rie © =dw/0k-—rpynnosas ckopocth. Jlnddepenunposanue (6.4.163)
no nepeMeHHoi X, naer
» Ok 2 Ok ok
0 a—X1+m‘a—xl=(6k2--1)b-x—l. (6.4.164)

Ecan dynkuusa § asamiabl HenpephiBHO AuddepeHuupyeMa, 10 @ H &
YIOBJIETBOPAIOT YCJOBHIO COBMECTHOCTH

ok Aw
o Tax; =0
HJAH HHaye

ok , , 0k
ClleA0BaTENBHO,

o _ o0k s 0k

7Y / U ) O
i ypaBHeHHe (6.4.164) Moxer GbITh mepenucaHo B BHJe

o ok » Ok

C nomomsio paeeHctB (6.4.163) u (6.4.166) ycnopue Q =0 moxer
6bITh YNPOLIEHO M 3aMHCAHO B BHJE

0A » 04 » Ok 3i <

[onaras B (6.4.167) A =(1/2)aexp (if) u paspensas neHcTBUTE/b-
HYI0 H MHHMYIO 4acTH, MOJyuaeMm
da? 0 ,
—_— 2y —
oT; +ax, (0'a?) =0, (6.4.168)
B , 0B 3a
Pellenue, NoOJyYeHHOE B 3TOM MYHKTE ¢ IIOMOIIBIO METOJAa MHO-
FHX MaclTaboB, sIBNsETCS APYTHM IpeACTaBJEHHEM pellleHus, noJy-
yeHHOro B n. 5.8.1 ¢ noMowbI0 yCpefHeHHs JarpaHXHaHa. B camom
KeJie, YPaBHEHHSA, ONHUCHIBAlONINe H3MeHeHHe aMIJIUTYALI H BOJHOBOTO
yhc/ia, HMEIT B TOYHOCTH ToT Ke BHA. OnHako B m. 5.8.1 ¢asa
OTCYTCTBOBaJla, 3aTO AMCIEPCHOHHOe cooTHouwenue (5.8.9) saBHceno
OT aMIJHTYAH. B JaHHOM NyHKTe JHCIEDCHOHHOE COOTHOUICHHE He
3aBHCHT OT aMILIMTYAbl, HO DelleHHe 3ajaeT H3MeHeHHe ¢aspl. UTOOH
NOKAa3aTb 9YKBHBAJEHTHOCTb 3THX INPeACTaB/JeHHN, Pas/OXKHM BeJH-



322 I'a. 6. Memod mnozux macumabos

yuny O u3 n. 5.8.1 B BHze

6 =0,—ep.
HMmeloT MecTo COOTHOLIEHHS: 2
_ 8 B _, B
k——67—8 3 —kO 8'0—&,
_ (6.4.170)
ap
0):(1)0—*—8—67.,

Ilonerasus (6.4.170) B (5.8.9) u npupaBuaB KoahdULHEHTH TIpH
OJMHAKOBHIX CTENEHAX &, MOJYYHM .

IMocnennee ypapHeHne coBnanaer ¢ ypaBHeHHeM (6.4.169).

6.4.9. Heanneitnoe ypaBuenue Kaeiina — I'oprona

TTocnennnm HpHMepOM pPacCMOTPEHHBIM B 3TOH rJaBe, Oyjaer
ypaBHeHHe

Uy —Uee +V (u)=0, . . (6.4.171)

u3yueHHoe B 1. 5.8.3 c momouipio MeToja Yu3eMa yCpejHEeHHs Jjar-
paHxHaHa. B mameM mn3noxeHHH Myl caenyeM Jlwoky [1966].

IlpeanonoxuM, 4TO 4 JomyckKaeT DaBHOMEPHO NPUTOXHOE PasJio-
XKeHHe BHJa

W, ) =1y, Xy, Ty)beuy 6, Xy, T) ..., (65.172)

rie 0, X, u T, ompenenenst B (6.4.157). IlogcraBuB (6.4.172)
B (6.4.171), ucnonb3ysi BrIpaxKeHUs /s NPOU3BOJHLIX H3 MPEAbI-
AyIWero NyHKTa ¥ NpHpaBHUBas KO3(ppUIHEHTH NpH OAHHAKOBBIX
CTENEeHAX &, NMOJydYaeM

(02— k) Lo Ly (y) =0, (6.4.173)

062
(02 —k?) T4 LV () u, =

0%u d%u ok Ou do Ou
=9k 0 0 Yo dad')
=2k 000X, + 20 00 0T, +6X1 00 +or oT, 00 * (6'4'174)

IIpounterpupoBaB ONHOKpAaTHO ypaBHeHue (6.4.173), npuzeM K
YPaBHEHHIO

%(mz—kz)(a“") +V @) =EX,, Ty).  (6.4.175)



6.4. 0606uiennbul memod 323

Peulensie 3TOro ypaBHEHHS HME€ET BHJA

el/mz_§

rre E(X,, T,) u n(X,, T,)—HeusBecTHHe (YHKUNH, KOTOPLIE OMN-
perensitorcs H3 aHasan3a ypapHedus (6.4.174). O6paTHB DaBEeHCTBO
(6.4.176), naiinem

4y 8, X,, T)=F(©@4n, E, 0?—F). (6.4.177)

W (X, Ty),  (6.4.176)

Ipennosoxum, 4To OYHKUHS [ nepHOfUYHA C NOCTOSIHHBIM IepPHO-
JIOM, KOTOpBIH HODMHDOBKOH MOXKeT ObITh CBeJeH K eIUHHLE, T. e.
IPelNON0KHM, UTO

— 7% d
Vmukﬂgsw__fsz (6.4.178)

D10 paBeHCTBO AaeT OAHO COOTHOLIEHME MEXJYy BeNHUHHAMHU ®, &
u E, xoropoe aBisieTcst AHCIEPCHOHHLIM COOTHOLIEHHEM.

YacrHoe pemienne ypasHeHus1 (6.4.174) copgepkuT u/eHbl, H3-3a
KOTOPBIX OTHOIUEHHEe i,/u, He OrpaHHUeHO npH O — oo, €eTH TOTBKO
npaBasi uacth (6.4.174) He OpTOroHaJibHA DEILEHHIO COMPAXKEHHOIrO
OJHOPOAHOrO YpaBHEHHS. DTO YC/JIOBHE HHOTJA HA3BIBAIOT YCJOBHEM
pasperminMoctiH. Ono mpencrapiser coboit o6oOlieHHe YC/I0BHSA HC-
KJA10uenys BeKOBHIX YJ€HOB, KOTODOE IIMPOKO NpPHMEHAJOoch B 3TO#
kHure. [lockosbky ypaBHeHHe (6.4.174) sBasiercst CaMOCOINpsixkKeH-
HbIM, TO YCJOBHE paspellMMOCTH O3HauyaeT, YTO ero npasasi 4acTh
OPTOTOHAJILHA DEIIEHHIO OJHOPOZHOTO YPaBHEHHS, KOTOPOE, KaK JIErKO
MOKa3aTh, HMeeT BHA 4, =0u,/00. Takum ob6pasom, TpeGoBaHHA
YCJIOBUSl Pa3pelllHMOCTH CBOAATCH K DaBEHCTBY

02%u, uy Ok Oug | Ow Oug \ Ouq
99( 3 oX, +20 o, Tox; @@ T ae) db =0,

KOTOpO€ MOXKHO Hepeﬂﬂca’rb B BHJIE
J Oug \? 7] du .
éﬁ[‘”ﬁ(‘ae‘) de]+m[k 9?( 0) de] ~0. (6.4.179)
B3sB B KaueCTBe nepeMenHol HHTErpUPOBaHMA BMeCTo O mnepemen-

HYl0 U, ¥ moiacraBuB H3 (6.4.175) Beipaxkenue pisi 0u,/00, MoxeM
NIPUBECTH 3TO YCJIOBHE K BUIY

551/ ZEE—V ()] duy} +
+ 571 {Va“’e_:k? v .‘Z—[E?IWduo} =0. (6.4.180)

2
0T1 { Vm2
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DT0 paBeHCTBO 3ajaeT BTOPOE COOTHOIEHHe MeXIy @, £ # E. Tperbum

COOTHOIUEHHeM fBIsieTCA YCJAOBHE COBMecTHOCTH (6.4.165).
PesynbraTel 3TOro nyHKTa COTJacyioTcs C Pe3yJbTaTamH, MOJy-

yeHHBIMH B 1. 5.8.3 ¢ momolnbio BapHalMOHHOTO NMOAXOAA.

6.4.10. IMpeumymecTsa U OrpaHHYeHHs 0606UWieHHOr0 MeTOJA

JTOT MeToj TPHMEHHM, KOHEeYHO, KO BCeM 3ajayaM, KOTOpbIe
MOTYT OBITb M3yueHbl ¢ IMOMOIIBI0O MeTOfa pasJsoXKeHHs IIPOH3BORHON
WM [poUedypH pasjioxeHHs € JByMs MNepeMeHHBIMH. Kpowme Toro,
OH NPHMEHHM TaKKe ¥ B TeX CAydasix, Koria ofa Ha3BaHHLIX MeTOAa
TepnsAT Heylauy. DTO HMeeT MeCTO B 3ajlauaXx, TPeOYIOLIHX HeJHHed-
HbIX MacmraboB (HanpHMep, B Caydae OCIHHAIATOPA ¢ MeIJEHHO
MEeHSIOIUMHACS KO3(pdHIHeHTaMH), WJIH B 3ajauax ¢ PE3KHMH H3Me-
HeHHsIMH (Hampumep, B 3ajaye O KOCMHUYECKOM Kcpa6Jje THna
3emns —Jlyna). OnHako JNaHHBIE MeTon TpeGyeT CJOMXKHBIX BBIYUC-
JIEHHH, ¥ B 3ajauaX HeJHHeHHbIX KoJeOaHHH C TOCTOAHHBIMH KO3(]-
dbuuHeHTaMH TPEANOYTHTEJIbHBIMH SAB/SIOTCA METON  pasJOoXKeHus
[POU3BOJHOR ¥ TpOLEAypa Pa3/oKeHHA C IBYMSi Ne€pPEMEeHHbIMH.

Jns nonydeHust paBHOMEPHO IPHTOJHBIX PasJoXKEHWH B 3ajauax,
KOTOpHI@ NOALAITCA PACCMOTPEHHIO C MOMOLLbI0 METOJA KOOPAHHATHBIX
npeo6pa3oBaHHi, MOXeT ObIThb HCIOJb30BAH METOJ, MHOTHX MacluTa-
60B. KpoMe TOro, 3TOT METOA MOXKeT ObiThb HCIOJb30BaH B TeX CJY-
yasx, KOrja MeTo] KOOPAHHATHbIX NpeoGpa3soBaHui HENPHMEHHM, Kak
5TO HMEET MeCTO B 3aJauaX C 3aTyXaHHeM U Pe3KUMH H3MeHeHHSIMH.
B Tex cayuasx, KOraa NpUMEHHM METOJ KOOPIHHATHbIX npeo6paso-
BaHUf, OH MOXeT MMeTb NPEeHMYLIECTBO, CBSA3aHHOE C HESIBHLIM 3a/a-
uveM pemenusi. [lias runepboJiHYeCKHX ypaBHeHHH 6e3 jpucrepcHy
JeJlaTesbHbIM SIBJSIETCS MOJYYHTH DassioKeHHe B TOYHBRIX Xapaxre-
pHucTHKaX. Metoj MHOruX MacmTaboB, OJHAKO, MOXKeT ObITb paccMoT-
peH kKak o6o0lmeHne MeTofa KOODJAUHATHBIX Npeo6pasoBaHuii, ecaH
MacmTabbl 3aJal0TCsl HeIBHO B UCXOHLIX NEepPEMEHHBIX.

Ilpumepnl, paccMOTpeHHbl€ B 3TOH IJiaBe, NMOKasajM, 4TO METOX
MHOTHX MaciliTa60B DpHMEHHM KakK K 3ajauaM, KOTOpble MOryT ObiTb
M3YyYeHbl C MOMOIIbIO METOJa CPAlHBAHWUS ACHMIITOTHYECKHX pasJjio-
JKenuil, TaKHM, Kak 3ajaua O KOCMHYeCKoM Kopabne 3eman —JIyna,
TaK M K 33jayaM, KOTOPbleé Heé MOTYT OBIThb H3YUYEHbl C MOMOLILBK
NOC/NeJHer0 MeToja, TAKHM, KaK 3ajaud O HeJHHeHHBIX KoJeOaHHAX.
Meron MHOTHX MacwTaGoOB [aeT OJHO PABHOMEPHO NPHrofHOe pas-
JOXKEHHe B OTJHUYHe OT MEeTOAd CpallHBaHHs AacHUMIOTOTHYECKHX
pAa3JIOKEHHH, B KOTOPOM pacCMaTPHBAIOTCA JBa pasJioXeHHH, MOA-
JeXalluX CpamuBaHHio. XOTS M B MeToje MHOIHX MacmTaGoB
06LIKHOBEHHOE AuddepeHnnasbHOE ypaBHeHHe Npeo6pasyercs B AHG-
tdepeHuHalbHOe YpaBHeHHe B YacTHBIX NPOH3BOJAHBIX, IOJYyYeHHE
NepBOro MPUG/HXKEHHs He NpeACTaBisieT GOJBIIMX TPYRHOCTEH, 4eM
pellleHHe NEepBOro BHYTpeHHero ypaBHeHHs. OfHAKO TPYAHbIMH AJIA
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pelieHHsl MOTYT OKas3aTbCsl yPaBHEHHS, ONpPENeNAIOUHE Pa3NHYHbIE
macmrabnl (Maxonn [1962]). Kpome Toro, naHubiii Meroj eiue He
npuMensaaca K auddepenunabHblM YPABHEHHSM B YacTHHIX TIPOM3-
BOJAHBIX, JAf KOTOPBIX NepBblli WieH Das/oXKeHHs sBJAsETCS HeJH-
HellHbIM, KaK, HanpHMep, B 3afaue O BA3KOM oOTeKaHuW Tesa, H K
JIUITHYECKHM AuddepeHiHalbHbIM YPABHEHUSIM B YaCTHHIX HPOM3-
BOAHBIX € HEOJHOPOAHBLIMH T'DAHHYHBLIMH BO3MYVILEHHSMH, TaKHM, KakK
B 3ajaye o6 oOTeKaHHH TOHKOTO Kpbija.

Metox MHOTHX MacumTaGoB NPUMEHHM K 3a1auaM, KOTOPHIE MOTYT
GbiITb H3YYEHBl C TNOMOLIBIO METOAA ycpeiHeHus, Metona KpriioBa —
Boro.10608a — MuUTpPONOJLCKOTO U € IOMOILbIO Npeo6pasosanuil JI,
paBHO Kak K 3ajayaM, KOTOphle He MOAJAITCA H3yYeHHI0 3THMH
merogamu. Ecay cucrema sagaHa cBOuM TaMHJIBTOHHAHOM, TO METOJ
npeobpasoBannit JIu 1UMeeT TO NpeUMYIIECTBO, YTO BhICIIME TpHGJIN-
JKEHHS MOTYT OHITh HaiifieHbl pekyppeHTHo. OIHAKO MeTOJ MHOTHX
MaciiTaboB B COYeTaHUH ¢ npeoOpasoBaHHsiMU JIM MOKeT OLITH NpH-
MEHEeH HelOCPeICTBEHHO K TaMHJ/IbTOHHAHY.

Ynpaxcuenun
6.1. OnpeleJuTb paBHOMEDHOE DAa3JIOXKEHHe NepBOrO MOPAAKA AJS yPaBHEHHS
it o =ef (4, 1)
W TOJYYHTb 3aTeM 4aCTHble CIydYaH, COOTBETCTBYIOliMe (YHKIHAM f=u+pus,
But4+(1—uP)u v —|uju
6.2. OnpeznejinTo paBHOMEPHbLIE DA3JIOXKEHHs] BTOPOro MOpsidka A/ ypaBHeHHs
G4 (B4ecos2f)u=0
npu O, 6auskom kK 0 u 4.
6.3. Onpefeanto pABHOMEDHOE pasJiOXKeHHe BTOPOTO MOPARKA A/ ypaBHEHHS
G+ (8-+ecos®t)u=0.
6.4. Onpeje/1uTh paBHOMEDHHE Pas/OKeHHs [EPBOro MOPAAKAa LA ypaBHEHHS
U+ (8 € cos 2ty u=ef (u, u)

M NOJYuHTL YacTHME caydad npu f=fud, —lulau (1—u?) .

6.5. Paccmorpers ypaBHeHHe
d-+opu=¢lu®+(1 —u?) u]+ K cos ot.

Onpeaesnts paBHOMepHOE pasjiokeHHe NEpBOrO MOPsSAKa MJIs Cyyaes
(a) K=0(1) u snavenns @ RajekKH OT g, 3Wg U Wy/3,
6) K=0(1) 1 0 = 3w,
(B) K=0(l) n 0 = 0y/3,
(r) K=0() n © = 0y



326 Tr. 6. Memod muozux macumabos

6.6. Paccmorperh cuctemy
i+ ogu= 23 [(l —2) u]+2K cos of,

'rz—|-z=u2.

OrnpegenuTs PaBHOMEpPHBIE DAa3JIOXEHHS NEepPBOrO MOpSAKa A CIydYaeB, Nepe-
YHCJIEHHHWX B ynpaxHeHuH 6.5.

6.7. 3agaua o cTapTe CHYTHHKa C MaJioH TSFO# ¢ KPYroBoil ODOHTBI MOer
6LiThb NpHBeACHAa K BHAY

" 2 ev?
U fu—v =_TF(S” -+cu),

, gsvd
U=,

u3
u@=1, u (=0 v(=1,

rle wWrpux o3HauaeT autdepennuposanue no O, a e, s u ¢ — nocrosiHubie. [Tokaszars,
YTO TPH MajOM & HMeloT Mecro paanoxenus (Ha#da [1966])

v=F-3ecf~31Inf+0 (e?),
u:-—fM—e{f"“ [ccos (9—}--2— 1nf>—}—25 sin (B—}—% lnf)] 4
+ef-2(61n f—l)}+0(82),

the f=(1—4es0)!/4. Slasierca Jim 3TO DasOKeHHE NPUTOHBIM AJIs BCeX 02

6.8. Paccmorpum 3ajauy, onpene/sieMyio coorHowendsMu (6.4.105) u (6.4.106)
TIPH TIOCTOSIHHBIX @q, P, Vs Wi H Y-

(a) Onpenests  paBHOMEPHOE — DA3/IOXKEHHE [EPBOro NOPAAKA AJs Caydas
K=0(l) n snauenuit p, naiekux or ;. (6) ITokasaTh, 4TO 3TO pas/oXeHHe He-
npurofiRc npu p ~ 0 uan 20, —©,, ¥ ONpefesuTs PaBHOMEPHLIC Pa3JIOKeHds nep-
BOTO NOpPSIAKA, NpHrofuble B 3THX caydasx (Haiids u Capux [19716]). (8) Onpene-
JINTL paBHOMEPHOE pa3J/ioXKeHHe NePBOTO HMOopAfKa Asd caydaeB K =0 (¢2)u p = oy,
ACTIONL3YSl CHAaYasa MeToA Muorux macmratos (Hailigs u Capnx {19716]) n 3arem
meron, ycpeauenus (Kusp [1971]). CpaBhute ofa pesyJbrara.

6.9. Hcnosbays meros MuOTHX Mmaciitabo (MMM), onpeaesuts paBHomepHue
PasyloXKeHns: BTOPOro mopsajxa JJs 3ajay

(a) ey’ ¥ ' +y =0,
(0) ey’ F y'=2x,
() ey” & (@xF1) y =1
C TPaHUUHBLIMH YCJIOBHAMH
y(0)=a, y(H=p.
6.10. Onpegeantsb paBHoivxeprIe pashomeﬂns nepsoro nopsAAxka s 3aaad
(&) ey —a () ¥+ b (1) 4 =0, a(x) >0,
(6) ey’ F y' +42=
(8) e F yy' —y= 0
(r) ey” ¥ @x+ Dy’ +y2—
@) ey’ Fy-+y*=0, n—HaTypa.anoe YHCJI0, ¢ FPAHHUYHBIMH ycnosuﬂMH

y(0)=a, y(l)=p.
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6.11. Hcnoabays MMM, onpezeinTs paBHOMEDHOE DasJiOKeHHE nepBoro o«
pALKa A1 3afauM .

gy" +ax)y' =1,
yO) =a, y()=p
npH YCJOBHH, YTO a(X) uM€eT npocrofi KOpPeHb B TOYKE W H3 uurepsaaa [0, 1].
6.12, Hcnoabsys MMM, onpelequTh paBHOMEpHOe Pa3JoKeHHe [epBOro fo-
pANKa Afs ypaBHenns k
Y+ 22 (1—x)* [ (x) y =0,
rae n-—HatypaabHoe uucjo, f(x) >0 u 7»>l
6.13. Onpele/nTs paBHOMEPHbIE PA3/10KEHHS NIEPBOTO NOPSAKA A4 ypasﬂeﬂnﬂ
(6.4.84), umelomue Bun
(@ u=AEcnmvEL (6 u=4E)dn[n, v(E)

6.14. PaccmorpeTh ypaBHeHue
403 (681) u =eud-+K cos P,

B KoTopoM @ =@ (¢f). OnpefleuTb paBHOMEPHBIE pa3JIOKEHHS NepBOro NOPSAKa
LJs cJydaeB

(a) K=0(l) u 3HaueHUa ® RAaJCKH OT Wgy, 30, H /3,

6) K=0(1) n o~ 3w,

(B) K=0(l) n o=~ w3,

(N K=0() u o=

6.15. PaccMorpuM 3ajiauy, ompejensieMylo cooTHolieHusamy (6.4.105)—(6.4.107)
¢ nepeMeHHbIMH Koabduuuedtamu. OnpefesuTb paBHOMepHOe pa3JoKeHue nepBOro
nopsfka aas caydas, koraa K=0O (1) u 3HaueHus p jajeku oT w;. [Tokasars,
YTO 3TO pasJioKeHHe HenpHrofHo npu p =~ 0 wam 2m; —w,, ¥ onpeaejauTb pPaBHO-
MEpHBIe PasJioKeHHs, NPUTOAHBIE B 3THX cayuasx (Hafibs u Capuk [1972a)).

6.16. Pewnts ynpaxuenne 5.14, PICHOJIbSY?l MMM,
6.17. Onpesfe/uTe paBHOMEPHOE PA3JIOXKEHHE AJIA MaJblX aMOJHUTYJ B CHCTEME
X—y+25+3x2 4 242 =0,
y+x+28y+4xy =0,
noaaras § =~ 1.

6.18. Paccmorperb 3ajauy
Up—C2M o — V20 = EUB,
u(x, 0)=acos kx, us(x, 0)=0.
Onpenesnnts paBHOMEpHOE Da3J/IOKEHHE MEPBOro NOPAAKA IIPH YCJIOBUU
c2k? = y2.

6.19. Paccmotperh ypasHeHue
Upt— My + yiu =¢eud.

Hcnoabsyss MMM, onpegenuth pasfioeHHs NEPBOrO MOPAAKA /A Geryiux BOJH
Opu ycaoBuAX: () aMNJMTYAa 4 (asa MEHSIOTCA MEJJIEHHO IPW H3MEHEHHUH COCTOsI-
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HUsi ¥ BpeMeHH; (6) BOJIHOBOE YHCJIO0, YAaCTOTa, aMIINTYAA H a3a MeHSIOTCA MeANeHHo
C H3MEHEHHEM COCTOSIHHS H BPEMEHH.

6.20. [lponosibHbie KoJsie6aHHsi CBOGORHOH OAHOPOAHOHR GAJKH C HeJuHeNHok
3aBUCHMOCTBIO MEKAY MOMEHTOM K KDHBH3HOA 3aJlal0TCS ypaBHEHHEM

Wit 020y == — & (W) ey »

rie ¢ 4 e—nocrosiHubie. Menonbays MMM, onpenesints paBHOMepHB@ Pa3JIOKeHHs
NEePBOro fIOpsiAKa TP MaJOM € AJIs CJyyaes, TNepeysc/ICHHBIX B ynpamHenuyu 6.19,

6.21. Hcnonbsyn MMM, onpenentb Bo BTOPOM NOpPAAKE PAaBHOMEPHbLIE Delue-
Hus B dopMe Geryileil BOJIHB AJs 3allayH, ONHCaHHOH B ynpamHeHuH 5.15, gas
cllyyaes, yKasaHHHX B ynpaxxHeHuu 6.19.

6.22. BuoBb paccMoTpeTb MOfeJbHOe ypaBHenue Dpeseprona
Pt + Prscxx+Pux +P=2f (@, Ot Px)

Tenepb yxe c HequHefiHO# dyHKuued f ofmero Buza. Mcnonnsys MMM, onpeaesuts
fipH MaJjIOM € DABHOMEPHO INPHIOAHBIE Da3JNOMEHHA AJIA CJAyyas Pe3OHaHCa B n-ii
rapmonHke. IIpHMeHHTb pe3y.IbTaThl B YACTHBIX CAY4asX, COOTBETCTBYIOLWIHX: (a) pe-
30HAHCY BO BTOpoifl rapMoHHKe; (6) pe30HAHCY B TpeTbel rapMOHHKe.

6.23. Ucnoabvays MMM, gath dopmyanpoBKy 3aja4, H3 KOTOPbIX ONpeiensiorca
paBHOMEpHbIE pellleHHs NepBOro nopsjka B NpHMepax
(8) euyy-uyy+ue=0,
(6) euge+uy;+a(x)uy,=0,
(8) €uyyuyy+alx, y)uy=0,
(r) e (uee+ uyy)‘l"‘a (x5 Y)ux+b(x y)u=0,
(V) eviud-a(x, §) tse+0 (%, y) Ugtc(x y) ”y+d (x, Ypu=0
C rPaHHYHBIMA YCJIOBHAMH
ulx, )=F (x) u(x Hh=Fy(x),
u(©, 9)=Gy(y), u(l, y)=G,(y).



rJIABA 7

AcumnToTHYECKME pEeLIEeHHsI JHHENHBIX
ypaBHEHUH

B sToil riaBe faauM onucaHHe HOBBIX METOJOB, KOTOPHIE BMECTe
C HEKOTOPBIMH METOJaMH, OIMCAHHLIMH B NPEABIYIIUX IJaBaX, OyayT
HCIOAb30BAHEl A TIOYYEHHUSI ACHMITOTHYECKNX pelleHHH JHHEeHHBIX
0OLIKHOBEHHBIX AH(QPEPEHIHANbHLIX YPAaBHEHHH W yDaBHEHHH B 4acT-
HbIX mnpoussoasbix. Hac 6yayr wuHTepecoBath AudbepeHImMaIbHEIE
yPaBHEHHS! C NEePeMEHHBIMH KoapdHuuuentamu. [IpumeHsieMbllt Nogxoxn
COCTOMT B TOM, YTOOBI, HCNOJIL30BAB Ha/JuuMe GOJBIIOTO HIH Maloro
napamerpoB, MOJYYHTh BO3MYIUEHUS MO MApaMeTpy, WM, UCHOAB30-
BaB MaJjble WM OOJbIIME 3HAYEHHS KOODAHMHAT, NONYYHUTb BO3MY-
IEHHA N0 KOOPAUHATE,

Ecnu pas cucrembl OOBIKHOBEHHEIX Ju(pepeHIHANbHEIX YpaBHe-
Huli OeCKOHEYHO YJajeHHasi ToyKa sBJsSeTcss perysasipuoét ocoBoit
TOUKOH, TO pelleHHss MOTyT OBbITh NOJYYEHHl B BHJAE CXOAALIUXCS
PAIOB 110 OOPaTHEIM CTENEHSAM KOOPAMHATH; UCKJIIOUEHHE COCTABAAIOT
JHIb HEKOTODhIe cly4aH 3ajau ¢ peryJjspHod ocofoi TOUYKOH, B KO-
TOPBIX OAHO M3 pEIIeHHH MOXKeT COIepXKaTh JIOrapH(PM KOOPIHHATHI.
B naunoit rnaBe Hac 6yIyT HHTEpecoBaThb CIYYaH ¢ HeperynaspHoi
0cO00eHHOCTbIO, KOTZa pellleHHe JOJXKHO ObiTh NpPEACTAaBJEHO acCHM-
NTOTHYECKUM pasjoxeHueM. [Ipd nosydeHHH BO3MYLIEHHI MO napa-
MeTpy TOCJAEZHUA MOXKET ObITh MaJibiM HJIH OOJbIINM, NPUUYEM HEepBbIHA
clyyail OXBaTbIBAaeT TakXKe CIyyal ¢ MeJJIeHHO MEHSIOMUMHCA KO3(d-
¢dvuueAaTamMy. B 3THX c/yyasix pas/ioxeHHs NOJYYaloTcs ¢ HOMOILBIO
npeobpasoBanns Jlnyeuans —Ipuna (BKB) u ero o6obuenuii. Ilo-
Jyvapouiiecs pas/oXeHHs SBJAAIOTCS IPUTOJHBIMU BCIOAY, 3@ HCKIIO-
YeHHeM HEKOTOPBIX TOY€K, HA3bIBAEMBIX TOUKAMH BO3Bpara, HJAU me-
pexXoAHHIMH TOYKaMH. PasjoxkeHusi, IPHIOIHbIE BCIOLYy, BKJIOYas
¥ TOYKH BO3BpATa, NMOJYYAOTCs ¢ NOMOMLbIO npeofpasopanua Jlaurepa
U ero o6oOLeHHH.

PaccMorpenne pupdepenvanbibiX ypaBHEHHH B UACTHHIX NPOM3-
BOJAHBIX OTPaHWYEHO CJIyyaeM [PHUBEJEHHOTO0 BOJHOBOIO ypaBHEHHS
C NepeMeHHLIM TOKa3aTeseM NnpesjoMieHHs. Bravaje ¢ NoMoulbio npo-
uenypsl bopua — Hefimana crpoutca passokeHue A1 Cydas, Koraa
ToKasaTesb NpeJOMJIEHHs Majo OT/IMYaercsi OT NOCTOSIHHOM, M 3areM
pemieHHe mnpexacraBasierca auarpamMMmamu QPeitamana. Ilonyuaoueecs
pasyioxeHHe NMPHUTOJHO TOJBKO HAa KOPOTKHX PACCTOSHHAX, a 06AacThb
€r0 paBHOMEPHOCTH Mozker OBITh pacuiupeHa C IOMOUIbI) METOoxLa
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NMepeHOPMHPOBOK. 3aTeM OMHMCaHbI npn6nmxeﬂue reoMeTpHyecKoii
ONTHKH W METOJ CrJIaXKHBaHUS.

IlockosbKy paccmaTpuBaeMble 3ajaul SIBJASIOTCHA JIMHEHHBIMHU, To
CyllecTByeT OOIUMpHAs JHTEPAaTypa, TMOCBAIIEHHAS HX aCHMIITOTH-
YECKOMY peIlieHHI0 H MaTeMaTHYeCKOMY OOOCHOBAHHIO 3THX pELUeHHI.
B 3To#l rnaBe Mpl zaeM onucaHHe MeTONOB MoJyueHHS (OpPMAaSbHBIX
ACHMIITOTHUECKHX pPAa3JIOXKEHUH [/1s DELIeHHH ypaBHEHHH, He BlaBa-
ACh B MaTeMaTHuyeckoe o6ocHOBaHHe HX. KpoMe Toro, npouuTHpOBaHo
orpaHuyeHHoe 4ucjao crarefl. Uurarens, uuHrepecyromerocsi Goliee
OOIIMPHBIMH  CCHUIKAMH M MAaTeMaTHUeCKOH CTPOroCThio, OTChilaem
K Opneiin [1956], Hxeddppucy [1962], UHesapu [1971], Bennmany
[1964], Yuaxokcy [1964], Basosy [1965], ®ewmenko, llixunesy u Hu-
konerko [1967], Basosy [1968] u ®pumy [1968].

‘Cuauana, B § 7.1, paccmorpens oGbiKHOBEHHEBIE JH(bEpeHIHAD-
Hbi€ ypaBHEHHS BTOPOro MOPSAKA; CHCTeMbl OOBIKHOBEHHBIX AH(de-
DeHIIMANBHBIX ypaBHEeHHH TNepBOro NOpsiIKa paccMoTpeHb B § 7.2,
3agaun ¢ Toukamu Bo3BpaTra Hcciaenaywres B § 7.3, npHBeaeHHOe
BOJIHOBOE ypaBHeHHE Hu3yuaercss B § 7.4.

7.1. NuddepeHunanbHbie ypaBHEHHs BTOPOro Hopsjika

B sroM naparpade Mbl 6yieM HMETb O€J0 C ACHMITOTHYECKHM
pasJioKeHHeM pemeﬂnﬂ ypaBHeHHﬂ

dx2+p (%; E)d +q(x; e)y=r(x; ), (7.1.1)

rje &-—napaMerp, KOTOpbiii MOXeT ObiTh MaJbIM HJIH OoJblIuM. Byaem
NpeanoJsararb, 4ro (QYHKIHH p H ¢ He OOpallAloTCs OJHOBPEMEHHO
B HYJb Ha WHTEpecylolieM Hac unTepsaie. ChHavana wuCCAeLyeM
ACHMIITOTHYECKHE peIIeHHs 3TOT0 YPaBHEHUS B OKPECTHOCTH Hepe-
rynspHoi ocoOoit TOUKY, 3aTeM ONHIIeM METOANKY OTbICKAHUS ACHMII-
TOTHYeCKOro pemeHust ypasHeHus (7.1.1) ans cayuas, Koria oHo
cofiepKUT GoJblioli MapaMerp. 3arteM - pPacCMOTPHM o¢obbie 3azaud
BO3MYIlEHHH ¢ MajJblM HapaMeTpoM MNpPH c¢rapuiel IpoM3BOJHOH.
Hakoner, onuiieM METOb! NOJMYUEHH S aCHMITOTHYECKHX Pas3ioXeHHH
AA CNyyaes, KOTAA p, ¢ W 7 ABJIAIOTCA MEJVICHHO MeHSIOUUMKCS
bOyHKUUAMH X.

7.1.1. PaznoXeHus B OKPECTHOCTH Heperympuoﬁ 0COGEHHOCTH

I/Iccneuyem aCHUMIITOTHYECKOE TOBEJAEHHE pememm ypaBHeHI/Iﬂ
—l—p(x) L +q(x)y =0 (7.1.2)

pH X— 00 H INpPH YCJIOBHH, 4YTO GecKomeuHo yIajleHHas TOYKa
SIBJISIETCS - HEPeryJasipHoil - ocoboit Toukoit. [lpexae .ueM B3ATBCA 3a
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HaMeueHHoe, JajiuM ONpeJejeHHss peryJspHOH oco6oi TOYKH H Hp-
perysisipHo# oco6oit ToukH. I1peanosioxum, uTo p (X) 4 g (x) JonyckaroT
pasJIoXKeHHsl TI0 BO3PACTAIOWIHM CTENEeHAM (X¥—X,;), X, < oo, BUJA

P(x)=po (x—x)*[1 +py (x— %)+ .. .], po50,

90 =gy (E— 5[+, (—x)+...], g0, 1Y
Touka x, HasblBaercs obbikHosenHol mouxolt, eciu o >=0 u § =0,
B NPOTHBHOM CJyyae oHA HasbiBaercs ocobod mouxod, Ocobast Touka
Ha3bIBaeTCst peayasproil ocobold moukod, ecnm o= —1 u f=—2;
B MPOTHBHOM CJYy4Yae OHA HA3BIBAETCH uUppecyAapHOl 0co60t mouKoL,

IlpuBeseHnble BhIIE ONPEJENEHUS TAKOBBI, YTO MPHPOJA KOHEUHOH
TOYKH X, ONpeRessieTcss INOUTH ¢ OAHOro Barjasjga. [Ipupona Gecko-
HEeYHO yJaJeHHOH TOYKH MOXeT OhITh ompejieseHa npeodpasoBaHHeEM
ee B HauaJo Koopauuar. Mrak, nomoxus B (7.1.2) x =271, noayuyum

&+ [2. p(z- I)J +‘7(2—l) y=0. (7.1.4

Z 22

BeckoneuHo yjaseHHas TouKa fBJAAETCH OOLIKHOBEHHOH TOYKOH
MCXOJHOTrO ypaBHEHHS, eC/JH HayajJ0 KOOPAHHAT sBJSeTcs OGbIKHO-
BEHHOH TOYKOH npeo6pa3soBaHHOIO yPaBHEHHS, T. @. €CJH BBINOJHEHO

2_2E D _oq)
2 ’
‘ i npu z— 0,

-1
li(; )=O(1).~

3TUM COOTHOIUEHUAM COOTBETCTBYIOT B HCXOJHOM ypaBHEHHH COOTHO-
MEeHHU A

p(x)=2x"1+0(x7%),

g (%) =0 (x-4). IIpu X — oo, o (7.1.9)

nsa rtoro utobnl OecKOHEWHO yaajeHHass ToyKa Oblja peryJspHoi
ocoboit Toukoil (7.1.2), HaUATO KOOPAMHAT AOJNKHO GBITH peryJisipHOH
ocobofi Toukolt npeoGpasoBaHHOTO ypaBHEHMHA; T. €.

v 2 p(z7h (
e =003 >
g(z-h 1
i =0{%)
STHM YpaBHEHUSAM COOTBETCTBYIOT COOTHOLUEHHUA:

p(x)=0(x7),
g(x) =0

npu z — 0,

py X — 0o, (7.1.6)
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Takum o6pasom, ecau p(X) W ¢(x) pasnarailrcs B psi N0 yOb-
BAIOUIUM CTEMeEHsIM X BUIA

PX)=pex*+ ..., qx)=guxP+..., po, ¢ 50,
To OECKOHeyHO yjJaneHHasa TouKa OyleT OOGLIKHOBEHHOH TOYKOH MNpH
P<{—4 4 npu a=—1, py=2 nubo npu a<L—2. B 3ToM cayuae

ypaBHeHHe (7.1.2) wumeer 1s8a pemeHHs B BHJe CXOAMLIMXCH pPSJIOB
o cTeneHsM x~t. Ecan ykasaHHBIE YCJOBUS He BHIIOJHEHB! H o <{—1,
B<{—2, To OGeckoHeYHO yJaneHHAs TOYKa SBJAAETCS peryJaspHol
ocooii Touxkofi. B 3TOoM ciayyae ypaBHeHWe HMeeT ABa PeNIeHHs,
NpeicTaBUMBIX CXOAAIMMCA paioM No creneHsaM x~! Buga (Ppo-
Gennyc [1875]): '

Yy=x(1+ax-t+a,x"2+...), (7.1.7)
rle 0 YIOBJETBOpSieT TAK HAa3bIBAEMOMY IOKa3aTeqbHOMY ypPaBHEHUID

0* +(py—1)06+¢,=0, ecmn a=—1, p=—2.

Hck.1ouenye COCTaBASIOT YacTHbiE C/Ay4yaH, KOT4a KOPDHH 3TOCO ypas-
HEHHA COBMAfAOT JHGO OTIMYAIOTCH Ha [eJ10e YUC/IO0; B ITUX CJay-
yagx pellleHHs MOr'yT coaep:xaTb log x.

Eciu U3 HEpaBeHCTB

BHITIOJIHEHO OJIHO HJIH 002, TO GeCKOHEeUHO ylna/JeHHasi TOUKa fBJSeTCA
HpperyJasipHofi 0coboH ToUKOH. DTO W €cTb cJydaH, MHTepeCYILHH
Hac B gaHHoM naparpade. B sToM cayuae ypasHenuio (7.1.2) ynosaer-
BODAIOT DELIEHHA BHJA

Y (x) = ed B x% (x). (7.1.8a)
3nech u (x)=0(1) npy x — oo, npuyeM u (x) He 0OSA3aTEJBLHO CXO-
aurcs; A (x) —noauHOM OTHOcHTeNbHO x™/7, (OGo3HauuB yepes AxY

cTapminit wieH B A (X), [OACTAaBHB BLILENPUBEAEHHOE pelleHHe
B (7.1.2) u BHIZENMB B KaKIOM 4YJ€He [VIaBHYIO 4acTb, [OJY4YHM

ARVEIx2V=2 L p AvxVHe=1 L g B =), (7.1.86)

TOI‘Jla v onpezermeTc;i OJHUM H3 paBEHCTB
ve=a41, 2v=PB42, (7.1.88)
a HMEHHO TeM, KOTOpOC JIOCTABJASIET 6OJ1bLHee 3HAYeHHe v, Ecau v—

HATypa/jbHOE YHWCJO, TO NpPHBEJEHHOE BBHIE pEUIeHHE Ha3biBACTCH
nopmaavroim pewenuen (Tome [1883]) u umeer BHa

y=exp (Ayx¥ + Ay XV="1 4 ... Ax) 20 (1 +a,x~2 4. ..). (7.1.8r)
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Ecmu xe v He sBJAseTCs HAaTypalbHBIM YHCJOM, TO 3TO pelleHHe
Ha3blBaercs CyOHODMAa/NbHBIM peleHHEM; B 3TOM ciaydae A IpeiCTaB-
Jasier co0oit TOJMHOM OTHOCHTENBHO X2, a u siBAsieTcsl psAgoOM MO
BO3pacraiiUM cTeneHsiM x~1/2, Jlo CHX NOp Mbl IpeAnoJiarajiu, 4To
p ¥ g npeiacTaBAlOTCH B BHJE CTENEHHLIX PANOB MO X C HATypab-
HoiMU @ H B. Ecau o 1 B He SBAAIOTCA HATYpaJbHBIMH YHC/IaMH,
TO V—paunMOHAJbHOE YHCJO, KOTOPOE MOXET OBbITh [pPeICTaBJIEHO
B Buje HecokpatumoHl 1pobu v =n/k. Toraa cyGHopMa/bpHble peuie-
HUSA UMEIOT CJefywoului obmuit Bux:

y=exp A x" 4 ... F AT 4 A X)X (1 +ax~T faxmT L),
T=~Fk"1. (7.1.8n)

[1 HaXOXAEHHS HOPMAJbHOIO HJH CyGHOPMA/BHOIO peileHHs
cnepyer mnoactaButh B (7.1.2) pemmenne coorBercTByMOLIETO BHAA,
NpHPABHATE KO3POHLHEHTH NPH OAUWHAKOBHIX CTENEHAX X H M0JY-
YHTb ypaBHEHHsl, KOTOphE B CBOIO o4epeab MOryT ObITh MOCJE0Ba-
TeJIbHO pelleHbl OTHOCHUTENBHO A,, 0 H a,,.

PaccMoTpHM B KauecTBe MpuMepa YacTHHIH chydait

P =2 pux, ()= g7 mpu x—oo, (7.1.9)

rae p, u q, He 3aBucaAT oT x. M3 pasencrs (7.1.8B) umeem psis pac-
cMaTpuBaeMoro cayuyasi: v=1. B coorsercrsuu ¢ (7.1.8r) ypaBHeHue
(7.1.2) npu ycaosuu (7.1.9) umeer dopmanpHOEe aCHMNTOTHYECKOE
pelueHHe BHIA

y=erx% > cx7", (7.1.10a)
n=0

rae A, cornacHo (7.1.86), sBasieTcsi KOpHEM ypaBHEHHS
At 4-poh +¢g,=0. (7.1.106)

[Nogcrasus (7.1.10a) B (7.1.2) ¢ yyerom (7.1.9), npupaBusiB KO3(-
GHIMEHTHl NPH OJMHAKOBLIX CTeNEeHsX X, Hakijem, 4To

— Mt a@
g = m s (71.108)

M TOJyYUM PEKyppeHTHble COOTHOLIEHHS OTHOCUTEJBHO C,.

S1ko6u [1849] mosyuws pas3noxkeHUs B BUJE HOPMAJbHBLIX pellieHHu
s pynkuui Beccess nepsoro nopsiika npu GoJbUIMX 3HAUEHHAX
apryMmenta. AHaJIOTMYHbLIE PE3yJAbTATH LA YPaBHEHUS DAPU 1OJYyUHI
Croke [1857]. Xopu [1903] nan o6ocHOBaHHE ACHMIITOTHUECKHM pe-
UIEHHSIM B BHJE IPOH3BEJEHHS B3KCIOHEHT H DPSAJOB MO yGblBAIOLIUM
CTCHEeHSAM X.
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7.1.2. Pasnoxenne ¢pyHkunr bBecceas HyneBoro mopsaka Aas Goablinx 3HAueHMH
aprymenTta

dyHKuus Beccens HyseBoro mopsjka 3anaerca ¢ NOMOLLbIO VpaB-
HeHHsl

d2y 1 dy N
3nechb

=1, p,=0 p1a m==1,
%=1, ¢,=0 ma m==0.

CnenoparenbHo, u3 (7.1.10) nosmyuaem
y=e*x=12 ¥ ¢, Xx~™ TpH X—> o0, (7.1.12)
m=0

IlonecraBuB ato pasnoxenne B (7.1.11) u npupasusiB Ko3bdHIHEHTH
NpH OJUHAKOBBIX CTENEHAX X, NOJYYHM CJEAYIOUEe DPEKyppeHTHoe

COOTHOUIEH uE:
1 2
(m+7)

Cm+1=—lmcm. (7113)
[lostomy, B3sB ¢, =1, GyaeMm uMeThb
_ 1. 1.32 1.32.52 , = 1.32.52.72
y=erxmin [1_4-2xt_42~22-2!x2+43-23~8!x3l+44-24-4!x‘ }
npH X —> oo. (7.1.14)

HOCKOJIbe OTHOlI€HHE JBYX MNOC/AEJOBATE/AbHLIX YJ/ICHOB

i@m4 1)
TEmynx %  mPH mmoo
To mnpasast uacte B (7.1.14) pacxoauTes npu BceX 3HaueHHAX X.
Onnako A5t GOJIBIIMX 3HAYEHHH X YMeeM acHMITOTHYECKOe pasJio-
JKeHHe, TaK KaK C BO3pacTaHHeM m NOCJeNYOMHe UJeHbl yOhIBAIOT
oYeHb OBLICTPO.

3amenuB B (7.1.14){ Ha — i, MOXHO NOJYYUTH APYroe JIHHEHHO

HE3aBHCHMOE pa3joXKenue y BHIaA

4 1, 1.32 1.32.52 . 1.32.52.72
— p=ixy—1/2 —f — —
y=e vx (l+4-2x‘ FEoie BEasl TH4 AT )

(7.1.15)
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JIeACTBHTE/bHBIE DELIEHHs MOrYT OBbITh I1OJYYeHbl C [OMOLLbIO JIH-
HelHbix KomOunauu#i psagos (7.1.14) u (7.1.15):

n ~_~‘/_g‘_’f_—_x-1/2 (4 cos x +vsin x),
] (7.1.16)
Yo~ L5 = x71/2(u sin x —vcos x).
3zech
I8 32 1. 32 52 72
w) =l—gasratamaat (7.1.173)
1 1.32.52
0 ()= rm— P (7.1.176)

Tlostomy dyuxnus DBeccens J, 3agaercs acHMOTOTHYECKUM COOTHO-
ILeHHeM

Jo~ Ay, 4By, 1npu x— oo, (7.1.18)
rie A u B—nocrosuupe. M3 (7.1.16)—(7.1.18) caenyer, uto
limxv2J, (x) = A cosx+ Bsinx, (7.1.19)
limx2J; (x)= — A sin x -+ B cos x. (7.1.20)
HwmeemMm, ciegoBatesibHO,
A==limx'2 [J,(x)cos x—J, (x)sin x], (7.1.21)
X—=> ®
B =limx'/2 [J, (x) sin x 4 J; (x) cos x]. (7.1.22)

Onnako J, uMeer HHTerpajbHOoe IpEeACTaBAeHUe BHAA (CM., Ha-
npumep, Afinc [1926], pasnen 8.22)1)

El
Jo =%Scos (x cos 6) d6. (7.1.23)
0
IlogcraBuB 3to BeIpaxkenue B (7.1.21), nonyuum
A= lim X2— S [cos x cos (x cos 0) 4 sin x cos B sin (x cos8)] dB =
X > ® B
1/2 N
_—_xli_{na° §cos(2xsin2%)c052%d9+
n
+ lim L ‘gcos <2x cos? — 0 ) sin? - d0
X - & § 2

1) Cm. rtakwxe, nanpumep, M. C. TCpagwreiin u U. M. Puxux, ,Ta6naun
HHTErPaJIoB CyMM, PAAOB H npoussefeHuit, M., «Hayxa», 1971.— [Ipun. ped.
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Tonoxus }'2xsin6/2=¢ B nepBom HuTerpane u }/ 2xcos6/2=a
BO BTOPOM, MOJIYYUM

A==~ [Scos p2dy —f—é‘cosa“’da]——ﬁ_ .

0

Ananoruuno maxoanM, yto B =1/} n. Tlostomy, o6bennusis 7.1.16)
u (7.1.18), noayuaem

Jo= ]/g[u cos (x————;—n)—{—vsin (x—-%n)] NpU X — 00.
(7.1.24)

7.1.3. 3anaua Jinysuaas

JlnyBunne [1837] u TI'pun ([1837] onHoBpemenHo paccMmoTpenn
NoBeJleHHe pelleHHH ypaBHEHHS

T+ g, (1) + g, (0] y =0 (7.1.25)

IJist GOJIbIIHMX A H TIIPH YCJOBHH, Y4TO ¢, (X¥) — NOJIOXKHUTEIbHAS [BAMKIb!
HenpepuiBHO AH(depenuypyeMas QyHKIHA, a g, (X) HempepbiBHA Ha
paccmatphBaeMoM uHTepBanie [a, b]. C nomombio mnpeoGpasoBanus

2=0q(x), v=v(x)yx) (7.1.26)
ypaeHenue (7.1.25) npuBomuTca K BHLY
d? t w299\ d 1 Y
(V=) B [ aw e - () ] e=o0.
(7.1.27)
BuibpaB ¢ # % TaKHMH, 4TO
”n 2 P’ ’
n _.__waib =0, ¢, =9¢", (7.1.28)
WJH, 4YTO TO XKe CaMoe, ‘
o ={lg: @2 dr, b=[g, (0], (7.1.29)
MOXHO cBectd (7.1.27) K ypaBHeHHIO
o+ hu=t, (7.1.30)
rae
_1lda 54 g (7.1.31)
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Ilockonbky @, NBaXKAbl HenpepwiBHO Aubdepenuupyema, a ¢, Hempe-
peiBHA Ha uHTepBane [a, b], To & MaJso no cpasHenHio ¢ A2 Cueno-
BaTe/IbHO, B MepBOM MNpHOJIHKEHHH OYHKIHUS v OyJeT pelleHUeM
ypasuennst (7.1.30) npu 6=0, 1. e.

v=acos Az - bsin Az, (7.1.32)
rie a u b—nocrosHnse. [TostoMy MMeeM B NepBOM TPHOIHKEHUH
a cos [x S dex]+b sin [A S V(h_oc)dx]

= V41 ()

Ecny ¢ynkuus g, (x) orpunarenbHa, To coorHowenue (7.1.33) same-
HUTCS Ha

_—aexp[ks mdx]—l—bexp[—lg V'—:mdx]
v V =t '

OTH pa3sioXeHHs BIOJHE COTJIACYIOTCA € DPAa3/IOKEHHSIMHU, MOJMyyeH-
HeIMM B 1.6.4.3 ¢ noMollbld MeToga MHorux macmtaboB. Cnenyer
OTMETHTb, YTO 3TH PA3JI0KEHHs HAPYIIAIOTCH B OKPECTHOCTAX HyJeH
dyHKIHK ¢, (X). DTM HyJU HaA3LIBAIOTCH TOUKAMM BO3BPATa HJH
NePeXOAHbLIMH TOUKAaMH. 3ajaud C TOYKaMH BO3BpaTa paccCMaTpH-
BatoTed B § 7.3.

Maremarukn HaswiBalT npeo6pasobanue (7.1.26), (7.1.29) npe-
ob6pa3oBanueM JIuyBuana — I'puHa, B To BpeMs Kak GU3KKH HA3LIBAIOT
pewenusi (7.1.33) u (7.1.34) BKbB-npubauxkenusmu B yecth Benr-
uens [1926], Kpamepca [1926] u Bpuamosna [1926]. Onnako npu-
GJIHIKEHHOE DEIeHHE TaKoro e Ttuna ansa ¢dynkuud Beccens npu
6osblioM NOpsiike M OGoJbLIKMX 3HAUYEHHAX apryMeHta nonyuda Kap-
aunu [1817].

(7.1.33)

(7.1.34)

7.1.4, Bpicuine npuGaHXeHHs AN ypaBHeHHH, colepmauwux 6oablioii mapamerp

PaccMoTpyM acHMIITOTHUYECKOE DPAasJiOXKeHHe pelleHHit ypaBHeHHs
Y (5 0y =0 (7.1.35)
IAs GOABIWIMX A M NPH YCIOBHH, YTO
q(x, A)=A%* 3 A="g, (x) npu A — oo, (7.1.36)
n=0

npHueM ¢,<0 Ha paccmMaTpUBaeMOM HHTepBaje, a k-—HaTypaljbHoe
YHCI0. ACHMDTOTHUYECKOe perieHHe 3TOH 3ajJayd MOXHO HCKAaTh
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B BHIE OJHOLO U3 CJEIYIOUIHX JIBYX cpopMaJImex pas3foeHuH:

:[io" "a (")]exP A® Z |, @1
= 4

y=exp [7»" 2 A g, (x)]. (7.1.38)

O6ocHoBaH¥e pa3/ioXKeHHH TAakoro BHAA GbUIO JaHO XopHOM [1899].
IMoacraBuB ofHO H3 3THX dopMabHbBIX pasjoxeHHd B (7.1.15) u
(7.1.36) u npupaBHAB Ko3DPUIHEHTH NPU OAHHAKOBBIX CTENEHAX A,
NONyYUM YPaBHEHHS JJIf I10CJE10BaTe]bHOTO ONpefeJeHHs a, U g,.

Hnsa popmansroro pasioxenus (7.1.37) npu k=1 3tu ypaBue-
HHUS MMEIT BUL

gy +qo=0, (7.1.39)
2goao+(Q1+go) a, =0, (7.1.40

2840 4 (9, -+ 80)@n -+ 2]] Up—sGsi1T =0 118 m=>1. (7.1.41)
§=

Pewenne ypasuenusa (7.1.39) umeer Bup
go= 1§ [go ()] dx. (7.1.42)

Peuienvem ypasHenus (7.1.40) aBaserca QyHKIus

ay oc [go] =2 exp [—jg (2) x].
0

KOTCPYIO MOXKHO IepenucaTtb B BHIAC

o = [qo (x)]~ /4 exp = [-‘2- [7‘7:7‘)’;’% dx] . (7.1.43)
0

rie c—nocrofadsas. CrefosarenbHo, B NepPBOM NpUGAHKEHUU Gyler
HMETb MECTO

_a cos B (x) ¢, sin B (x) 14-0(A-1? 7.1.44
[q (x)]l/“ [ + ( )]» ( M )

rage ¢; U C,—NOCTOAAHHBIC, a

B (x)="A S [qo(x)]1/2[1+222(f’3)}dx. C(7.1.45)

Briciune npuOAMKEHHS MOTrYT OBITb TNOJYYEHBl MOCJEIOBATE]bHBIM
peinenueM ypapHeHuid (7.1.41) oTHOCHTENBHO @,.

Eenan Bmecto (7.1.37) Mbl Hcrosb3oBanu Gbl BTOpoe -(hopMasibHOE
pasgoxenune (7.1.38) npu Tom ke 3HaueHuu k=1, To NOJy4YHJIH OB
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ciaenypoume ypaBHe}mﬂ JNns onpeneneﬁuﬁ gm:
g +q,=0, (7.1.46)
m=1

288m+qn+ 21 g8m-s+8&na=0 mna m>=1. (7.1.47)
s=

Pewienue ypaBHenus (7.1.46) sapnaercss pasencreoM (7.1.42). Ypas-
nenus (7.1.47) npu m=1 3ajaior ypaBHeHHE
2861+ 9, +&=0,

pelleHHeM KOTopOro sipisercs QyHKUHA
gi= —( 2% dx— Sing;, (7.1.48)

lNoncTaBuB BhipakeHHs ad g, ¥ g, B (7.1.38), moayuuM B TouHO-
cti cootHowenus (7.1.44) u (7.1.45).

7.1.5. Maanii napamerp npu crapmedi npoH3BOAHOI

B stom nyHkre Mbl GyneM paccMarpuBaTh ypaBHEHHE
em TP+ y—=r(x) (7.1.49)

npu & — 0. AcuMnrornyeckue paBJIO}KEHI/IH pelleHl 3TOro ypaBHe-
Husl ObiM mosiyuensl B nm.4.1.3 ¢ mnomomblo MeTOAA CpallMBaHH:A
aCHMNTOTHYECKHX pasjoxeHnid, B 0n.4.2.2—c¢ mnomombio Meroga
COCTABHBIX paszjioxkeHufl M B 1.6.4.2—c NOMOLILIO METOZA MHOIHX
MacuTaboB.

Hcnonbsysa npeobpasopanue (Foaxcreitn [1969])

X
M
y=uv(x)exp [——-Q—SQ] , M=§p(x)dx, (7.1.50)
npusenieM ypaBHeHHe (7.1.49) k HopManbHOMY BUAY
;—i—f; (482+” _2")0=§ew28. (7.1.51)

IMpu r=0 ypasuenne (7.1.51) mpunumaer sup (7.1.35), (7.1.36),
B KotopoMm k=1, A=1/2¢, go= —p? u q, =29 — p’. CnegosarenbHo,
yacTHOe pemieHHe ypaBhenus (7.1.51) umeer BuI

B (x) -Bix)
_ e e ey 0 7.1.52
v, =2 T 140 (o), (7.1.52)

rie

b= [ £C0) [14e25

2q _M q(x)
]dx—% +lnp— Sp(x)dx (7.1.53)
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[TpubnukeHHoe 4acTHoe pelleHHe ypaBHeHHs (7.1.49) moxHO mony-
yuTh, notoxuB &=0. [Iponenas sto, moayuum

X X .
1 (Er q
,,=E—S7dx, E=expg-5—dx. (7.1.54)
X Xo
CJIe}lOBaTeJIbHO, B HepBOM HpHéJIPI)KeHHPl uMmeeM

y=" +CzE e=Mre | L SE'dx (7.1.55)

Briciye npu6auxeHns MOMXKHO NOJYYUTb, NPEATIONOKUB, UTO pas-
JOXEeHYe HMeeT BUJ
-4 - <]
Y= 20 g A, (x)e~Mre 20 e*B, (¥), (7.1.56)
n= n=

rae

X
&E - Eray
A=", By=3 S L d. (7.1.57)

PasnoxeHue Takoro »xe BHJa Mbl npepnoJgarand 4 B 1.4.2.2, B Ko-
TOPOM TPHUMEHAJCH METOL COCTaBHHIX pasjioxeduit. Torxa mbl onpe-
neasau senudunsl M, A, u B, NoicTaHOBKOH passoXeHUS B UCXOX-
HOe ypaBHEeHHE U MPUpAaBHNBAHWEM HYI0 KO3hMUIHEHTOB TpHU e” H
gnexp (— M/e).

Ilas cnysaa p=p(x,e) 0 g=q(x,e) Basos ([1965], raaBa 7)
B35/ aCHMIITOTHYECKOE Ppa3/IoKeHHe BHa

y= '20 A, (x)exp [S Ay (x, e)dx] + ,20 B, (x) exp [S A, (x, e)dx] +

+ X e°C, (x), (7.1.58)
n=0
rae A, U A, SIBAAIOTCH KODHAMHU ypaBHEHH S
el -+ plx,e)h4-g(x,e)=0 npu e-—0. (7.1.59)
Takum obpasoM, ecid p ¥ § HE 3aBHCAT OT &, TO A,= —p/[E,

A,=0, a paseHctso (7.1.58) npunumaer Bua (7.1.56).

7.1,6. OnuoponHble 33/a4d € MEJUIEHHO MEHROUWMMHUCH Kodpuuuentamu

B sToM nyHKkTe MBI paccMaTpHBaeM ypaBHEHME

a2 d
ot p(ex; €) L4 g lex; e)y =0, (7.1.60)
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rie € —MaJjpifi napaMeTrp H

@

p=Xep, (&) g= X ¢'.(6), E=er.  (T.16])

n=

AcumMnroruueckoe pasjioxeHue obuiero pemenusi ypasHerus (7.1.60)
MMeeT BHJI (HCTOpHIO Bompoca W Jaureparypy cM. Qemenko, ixumes
u Hukouenko [1967])

y= E e"A, (E) ed 4 2, e"B,, (E) e®, (7.1.62)

rae

B h ), (7.1.63)

al ¥ A, 9BAAIOTCA KOPHAMH YpaBHEHHA

A2+ po (B) A +qo (§)=0. (7.1.64)
[peamonaraemM, uTo HAa paccMaTpUBaeMOM WHTepBane A, H A, pas-
avunbl. Benuuunn 0; u § B (7.1.62) npeanonarawores HE3aBUCHMBIMH,
3710 3KBUBAJIEHTHO METOJY MHOTMX MacliTaGoB, ONKWCAHHOMY B Ipe-

noinyiuteit raase, Ilpoussofnbpie npeobpasyloTcss B COOTBETCTBHH
C paBeHCTBaMH

d 5} 5} 0
‘27‘15@_‘*‘ A’a‘aT)“f“gég,
02
o M"’*‘”” Ms 56, o9, ae 70, a9, T 13 2+287‘106 ag+287”=ae a§+
02
+8A15§;+8}~a(§9—2+825§3.
rae A; =di;/dE.
O6o3naunm uepes A u B kosbdunuenter npu exp (0,) u exp (6,).

INoncraBus (7.1.62) B (7.1.60) ¥ npupaBHAB HyMIO KO3bDHIHEHTHI
npu exp (6;), noayunm

MErpt+g)A+e (@2 +p) A +eMA+e2A"=0, (7.1.65)
(M 4Ap+q) B+e(2h, 4 p) B" +eh;B +e2B"=0. (7.1.66)

[Nono:kuB B ypaBHeHusix (7.1.65) u (7.1.66) BHOBB
A= 20 e"d,, B= 2 e"B, (7.1.67)
n= n=0

M TNpUPaBHAB KOIDPUIUHEHTb! MPU OAUHAKOBBLIX CTENEHNX €, ONYUUM
ypaBHeHHusl JJIf INocJeioBartesnbHoro onpefenesus A, u B,. [lepsouie
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uneHsl A, U B, 3a1al0TCH ypaBHEHUSAMH

(2h, + po) Ao+ (M +Ayp+q,) A =0, (7'1'68)
(Zhy 4+ po) Bo+ (A2 +2,py +q,) Bo=0. (7.1.69)
Peluenus 3THX ypaBHEHHH NpPeACTABJSAIOTCA B BHIE
hithipr g
Ao, Bomexp—j—m—ldg. (7.1.70)

B cayvae p=01u ¢,=0 g1 n>1
Ay kg = i{go (B)]'7,

a b
d=7 Be=p

rie @ u b—nocrosnune. IlosTomy B mepBoM NpUGIMKEHUH HMEeET
MECTO
1/2

ey cos { [an @' dx+-cysin { (g, @)1 ax
[90 (E)V/*

3ro ecth npubnuxenue JIinysumis-—Ipuna uaun BKB-npubauxenue
K pElleHHI0 YpaBHEHHs

y= (7.1.71)

d?y »
T T o (ex) y=0. (7.1.72)

7.1.7. Innamuxa Bxoja cHapsaa

KoMnaexkeybil yroa aTaku CHMMETPHUHOTO CHApsi/ia ONUCHIBAETCH
ypasuennem (Hafids [1969a])

5+[ip(1+v)+é+§§~eD]a+
v ip (e —em+ 29) | 5=0. (1.1.73)

B stoM ypaBHenuu pesuuuHsl 4, @, D u M sABJIAIOTCHA MEIJIEHHO
MeHsIOIUMHCS (QYHKIMAMH BpEeMEHH, a p H y—InoctosHHbe. Cle-
JloBaTesbHO, OHO HMeeT TOT e BHA (7.1.60) mpu

po=ip(1+7), p="0+2—D,
- vQ (7.1.74)
go =17 (pi—P*), ql=ip(7—D—M+7>.

ItpuxoM oGosHaueHo AuddepesuupoBaHUe MO MEJJEHHOMY BpeMEHH
E=ef, B TO BpeMa Kak TouYKa oO3HayaeT AuddepeHuHpoBaHHe NO
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6nicTpoMy Bpemenu f. IlopcrasuB p, u ¢, B (7.1.64), noayuum
Atip(1+y)A+y(pi—p?) =0. (7.1.75)

CJliefoBaTeNIbHO,

1. . |
et epptio, o=} L0 —pipty (7.176)

Torpa ¢ nowmoribo (7 1.70) nmonyuaem

Ay =

e-A+AL Bi= e-A-AA (7.1.77)

b
Vcou Veu

rae

(%1 Q—yD)(1—p+2M
:%S(Q/u—D)dE, AA:—’;—Q\” () d.

) (7.1.78)

IMostomy B mepBoM NpPUOGIHKEHUH HMEET MeCTO
az-‘—_{aexp [—~A+AA—-LL‘(1+y)p+zm]+
V ou 2
+ bexp t~—A——AA-——; P14y p_im] } (7.1.79)
B umcne ppyrux aBTOpOB AMHAMHKA cHapAaa uccaegosana Pay-

nepom u ap. [1920], daynepom u Jlokom [1921], I'puHoM u Ywuse-
pom [1961], Mepdu [1963] u Koyknu [1968].

7.1.8. HeogHopoaHbie 3ajauyd C MeJJIeHHO MEeHSIIOU(MMHCH KO3hPUIHEHTaAMH

B sToM nmyHKTe MBI paccmMaTpHBaeM acHMITOTHUECKOe Das/oxKe-
HHe o0Uiero perieHuss ypaBHEHUs

i pE O Z g e y=r(E e)evws,  (T.1.80)
rue
%‘,’,—’=w(§), E=ex, (7.1.81)

@

p=2ep,(8), =29, (}), r= e, (E). (7.1.82)

n=

Cnepyet pasnuuarh ABa CJiyd4as B 3aBUCHMOCTH OT 3HAueHHH [® H
KOpHE A, W A, ypaBHEHHSA

A2+ poh + o =0. (7.1.83)
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Ecin B ofHOM uau Gosjee TOYKAX paccMaTPHBAeMOro WHTEpBaJja
HMMEET MECTO DABEHCTBO [ =A, WJIH A, TO FOBOPHM O DPE3CHZHCHOM
c/ayuae; B NPOTHBHOM CJyuyae HMeeT MeCcTO HEepPe3OHaHCHBIH c/ayuyail.
Cuavyana paccMOTPHM IMOCHeIHHH H3 Clydaes.

Hepesonancrnoui cayuati. B 3TOM cnyyae 6yaeMm npennosarate, uTo
y=AE, e)e¥ + B(E, e)eb C (§, e)e®, (7.1.84)
rae

do;
D (@), (7.1.85)

Ypaerenus a1 A u B coBnazaior ¢ ypasHeHUsMH (7.1.65) u (7.1.66).
Ilaa toro uro6ul Hafitn C, npumeM B (7.1.80) y=Cexp(ig) u,
npupaBHAB B ofeHx uHacTAX Ko3dppumHeHTH npu exp (i¢), moaydum

(—o?+iop+qg)C+e(2in+p)C' +iew’'C+e2C"=r. (7.1.86)
INosoxus B (7.1.86)

C =§0 e”c, (E) (7.1.87)

U npupaBHAB Ko3hQUIIHEHTH! NPH OJAMHAKOBBIX CTElEHAX €, MOJYYUM
VpaBHeHUA JIJf [OCJeJ0BaTebHOrO onpefeneHus ¢,. llepeuift wu3
KO3phUUUMEHTOB 3aK3eTCst PAaBEHCTBOM

i) Ty

T 0T Fiopet 0 (0 —Ay) (l0—Ay) °

Pewenna aass A u B te xe, yto B m. 7.1.6. [lostomMy B mepsom
ApuOAHKEHHH GYIeT UMEThb MECTO DaBEHCTBO

Co

(7.1.88)

Y=aexp [61__5 Md&] +

2h+po
. l;-{‘}‘fzprf‘ql ]
+bhexp [8’ j 20+ po i+
r i
—}—me“’, (7189)

rie a ¥ b—mnoCTosHHbIE.

Pesonancroui cayuaii. Pasnoxkenue (7.1.89) napymaercsi, xax
TOJIBKO BeJIMUHHA [® cTaHeT paBHO# A, aubo A, B ofHON HAH GoJee
TOYKaX, MOCKOJbKY B TAKHX TOUKAaxX MOCJeIHHH Y/eH CTAHOBHTCH
HeorpaHudeHHbIM. llpennosnoXuM, YTO i@ paBHO A, B OXHOH HJH
6osiee TOYKax, B TO Xe BpeMs i@ == A, Ha pacCMAaTPpHBaeMOM MHTED-
Baje. ACHMITOTHYECKHE pDa3J/IOXKEHHsS, NPUTOJHEIE B 3TOM CJaydae,
6bi1u nosyvensl Paynepom u ap. (1920], @aynepom u Jlokom {1921].
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B paccmatpHBaeMoM Ciydyae 4YacTHOe pellleHHe HMEET BHJ
y="1(x, &) e, (7.1.90)

riae

%";'*'[G (&, e)—io]n+H(E, e). (7.1.91)

IloacraBup (7.1.90) u (7.1.91) B (7.1.80) u npupaBHsiB B obeux
yacTX Ko3pdHuHeHTH NpH KaXXIOM U3 BhipaXKeHHH nexp (ig) u
exp (i¢), MOIyYHM

G*+pG+q+eG' =0, (7.1.92)
(G+p+tio)H4eH =r. (7.1.93)

Tosaras B (7.1.92) u (7.1.93)
G= 20 e"G,(§), H= )‘_,0 e"H , (&) (7.1.94)

¥ npupaBHUBas KOSPHHIMEHTbI MPH OLMHAKOBHIX CTeNEeHX €&, IO-
JIyuMM YypaBHEHHSI IJA mNocjaefoBartesibHOro onpepenenus G, u H,.
IlepBrie 1Ba uneHa ONpeneNsloTCSl C NOMOUILIO ypaBHEHHH

G+ p,Go+4q,=0, (7.1.95)
2G,G, + p,G, + p,G, + ¢, + G, =0, (7.1.96)
(G -+ po + iw) Hy =14, (7.1.97)

(Gy+py+i0) Hy-+(G, +p))Hy+Hy=r,. (7.1.98)

U3 ypaenenus (7.1.95) supno, uro G,=2A; au6o A,. Mbl npumem
G,=M,, MOTOMY 4TO MO NPEANOJOKEHHIW A; CTAHOBHTCA PAaBHBIM [®
B ofHOH uau Gosnee Toukax. M3 ypasnenus (7.1.96) nosyuaem

. mGo+Gotg
G =—" T (7.1.99)
Pewenns ypasuenu#t (7.1.97) u (7.1.98) umeior BHX
—— _11—(G1+p) He—H,y
Hq " (GoH-po+ i)’ 1 Go+ po+ i . (7.1.100)

Torpa ofmum peuieHdeM ypaBHeHusa (7.1.81) 6yner dyukuus
y=A(E, e)edr+ B(E, e)ed:+n(x, e)e'e, (7.1.101)

rie A u B onpenenenst B n. 7.1.6.

YacrHoe peumieHHe ypasHeHust (7.1.80) MoxHO nosyuuTs ¢ no-
MOLIbIO CcJEAyIoleHd METOAUKH, OTJUYHOA OT METONMKH, HCIOJb30-
Bauno# B m. 7.1.6. Bynem mpeanmonarath, 4TO CyWleCTBYeT pellEHHe
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BHAA
» _

Ye=tix, ®), T=F(, ot (7.1.102)

IMoxcraBus (7.1.102) B oanopomHyio uacTh ypaBHenHsa (7.1.80),
HOJY4HM

FetpF4q+eF =0, ~ (7.1.103)
IMonoxus B (7.1.103) . o R
F= 20 eF, (E) O (7.1.104)

M NpHPaABHAB KO3DOHIHEHTH IPH OAMHAKOBLIX CTENEHSAX €, NMOJyYuM
ypaBHeHus Aas onpenenenuss F,. IlepBoie gBa M3 3TMX YypaBHEHHH
HMEIOT BHJ :

Fi+4poFo+q,=0, (7.1.105)
QF F, 4+ poF1 -+ p,Fy+q, + F, =0. (7.1.106)

Tak xe kax u ypaBaexue (7.1.64), ypaBuenue (7.1.105) HMeeT 1Ba
KopH A, u A,. Torma ypasHenue (7.1.106) paet

Fy "‘B%xi%:—l-. (7.'1.107)
CaenoBartebHo, ' :
7= [K“‘ pIQﬁﬁ,’f + 0 (e )]Z; (7.1.108)

Hurerpupys (7.1.108), 3ameuaem, uTO y, uMeeT TOT K€ BH[, YTO H
peitenye, nonyyeHHoe B 1. 7.1.6. Ilpennaraemnii MeTon passoKeHHs
COBNAjaeT ¢ TeM, KOTOPHIH oNpejeasercs coorHoimennem (7.1.38).

7.1.9. MocneposateapHble npubanxerna Jiuysuaas — puna
(BKB-npu6anxenns)
[aa noayyenusl BBICIWHMX NPUGAUMKEHHH K PeleHHi0 ypaBHeHUs

dx2+k2(8x)y =0 ‘ (7.1.109)

npu maneix ¢ HMman [1948] npemnoxua wucnonb3oBaTe NoC/€10Ba-
TeabHble Npeobpasosanua Jlnysuana —puna (BKB-npeoGpasosa-
nus). Hrak, seeneM B paccMoTpeHHe npeoGpasoBaHue

dx, =k (ex)dx, g, =[k(ex)]"2y (x), (7.1.110)
KoTopoe npeoGpasyer ypasHesue (7.1.109) k Buzy '
”1+k1y, (7.1.111)
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rae

d?k 3 [ dk
ki=1— 2k3dx2+4k4<dx>- (7.1.112)

INockonbky k& Mensiercs MejjieHHO NpPH U3MEHEHHH X, TO MOXHO
cyHTate, 4to k}=a~ 1. Torna npuOAHKEHHOE DpeleHHE YPaBHEHHSA
(7.1.111) umeer Bug

y,=acosx, }+bsinx,, (7.1.113)

rie a 1 b—nocrosuusie. CjeoBaTebHO, NEPBLHIM NPHOIMKEHHEM
K peineHuio ypasuenus (7.1.109) spasercs dyHkuus

a cos S k dx--b sin S kdx
y= kl/2 *

(7.1.114)

JAs naxoxXiueHHs BTOpPOro MNpPHGIMKEHHS K Yy 3aMeTHM, YTO
ypaBuenue (7.1.111) umeer Bug (7.1.109). Torpa yrounenHoe pelie-
Hue ypasuenus (7.1.111) MoXHO mONYYHTH, paccMOTpeB MpeoGpaso-
BaHK 4

dxgskldxlz[ ;Jg;l:+8k4(dx>]kdx (7.1.115)

. 1 d* 3 [dk
p=ynVE~y 1=+ ea(2)] @10
Ypapuenue (7.1.111) npu 3ToM npuBejercs K BuIy
42 | kiy, —0, (7.1.117)
dX2
e
- 1 d’ky dhky\?
B=1— g T b (dx1>. (7.1.118)

[Tockonbky dk,/dx, =k~ (dk,/dx)=0 (g¢), T0 nocregHHe jBa ujeHa
B (7.1.118) Maanl no cpaBHenHuio ¢ 1, u, ¢/Ie1OBaTeNbHO, [€pBOE
npubaHKeHHe K Y, UMEeT BHJ

Y, =acosx,+bsinx,. (7.1.119)
[Tostomy BTOpOe NpHOJHKEHME K Yy 3aNaeTCsT PABEHCTBOM

1 d2k 3 dk \2
B ‘+ézﬁzﬁ‘@<a‘;)
y‘— k1/2

= [\ tan (o) | kdx (7.1.121)

AxanornusbiM o6pasoM MOTYT ObITh MOJY4€Hbl BBICHIHE MNPUG/IH-
XeHHsl BBeJCHHEM HOBBIX MpeobpasoBaHHH BHJA

Ay =Ry Xy Yoy =V Ry Yy (7.1.122)

(acosx,+bsinx,), (7.1.120)

rae
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7.2. CucteMbl OOBIKHOBEHHbIX ypaBHeHHH mnepsoro mopsiaka

B sTom maparpade Mbl paccCMOTPHM CHAYaJa ACHUMITOTHYECKUE
peweHns YPaBHEHMH B OKPECTHOCTH OECKOHEUHO yAasleHHOH uppery-
JSpHOH 0CcO60 TOYKH. 3ateM O6CYyIUM Yypa4BHEHHA C MaJbiM HJH
6ospliM napamerpoM. HakoHen, onuimeM acHMITOTHYECKHE pasJo-
JKEHHS /I YPaBHEHHH ¢ MeLJIEHHO MEHSIOIHMMHUCS KOo3(pHUIHEHTaMH,

7.2.1. Pa3soxeRHs B OKDPECTHOCTH HMPPEryAsPHONH 0C060H TOUKH

PaccMoTpHM NOBeACHHE CHCTEMbl A JIHHEHHBIX YpaBHEHHH

d
T=xA(x)y (7.2.1)

npH X — 0o, 31eCh ¢—1eNoe uucao, ¢ =>—1, a Marpuua npeicra-
BHMa B BHJe

A(x)= 2 A,x~™ 1pu x— oo. (7.2.2)
m=0
Ilpy g=—1 TOUKa x=o00 dBJAETCA pEryJsapHOH o0coBoi TOUKOI

cucremnl (7.2.1), mpu g > —1-—upperynspHoli 0coGOH TOYKOM.
TloBenenue pemeHuss B OKPECTHOCTH HPPEryJsipHOil 0coGEHHOCTH
3aBUCHT OT TOTO, OYAYT JM BCe cOOCTBEHHLIE 3HAUeHWA MaTpulint A,
pasNuyHLIMK HJAH HeT. B sToM nyHKTe 6yjeM paccMaTrpuBaTh cJaydai
pas3UuHbIX COOCTBEHHBIX 3HAYEHHH.

CkansipHoe ypaBHeHue BHAa (7.2.1) MomeT ObIThb pEILEHO SBHO,
H pelleHHe ero UMeer BH]

y(x)=U (x) x%? =, (7.2.3)

rae G,—Boofuie FrOBOPSI, KOMIJieKCHAs MOCTOsiHHAs, a @ (x) —no-
JIMHOM OTHOCHTEJIbHO X BHJA

0 npu g=—I1,
_ ) a1
Q (x)= > Q,m, (7.2.4)
m=1
H, naJnee,
U@x)= X Uyx™ (7.2.5)
m=0

B cayuae cacrempl ypaBueHWH aCUMNTOTHYECKOE PEIIEHNE ONATh-TaKH
uMeer Buj (7.2.3), B koropoM BequwuuHwm G, Q, u U, asasworcd
nocTossHHLIMH MarpHuamu. Tome [1883] nHaspan Takoe passoxKeHHE
HODMAaJIbHLIM peLUeHHEM.
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L7151 OTHICKAHHS aCHMITOTHYECKUX pas3JjloKeHWd pelieHuii cucreMul
(7.2.1) n (7.2.2) sagaguMcsa ¢GopManbHBIM pelleHHeM BHIA

y =u (x) x%4 9, (7.2.6)

rje ¢-—IOCTOsIHHasA, a A (x) uUMeeT BHI
Agerx+l Aot

A(X)=—q:1—“+—b——+ ...—}—le, (727)

npuueM A_, =0 npu m >0 u, Hakowel,
u(x)= 3 u,X""™ OpH X—» oo. (7.2.8)
m=0

3necy A-—ckansp, ay ¥ u— BeKTopu-cToN6uk. [Jonctasus (7.2.6)—
(7.2.8) B (7.2.1) n (7.2.2) n npupaBHsB Ko3bPUUHEHTH NPH PaABHEIX
CTeNeHsiX ¥, NOJYYHM YypaBHEHHN [J8 [OCJEJ0BATENbHOIG Olpeje-
nenusi A,, ¢ U u,. [lepBoe ypaBHeHHEe HMEET BUX

(Ag—hgei Y uy =0, (7.2.9)

rae ] —envununas matpuna. [as CyIeCcTBOBaHHS HETPHUBUAJBHOTO
peiieHuss cucteMnl (7.2.9) nerepMHHAHT ee JOJXKeH 00paTUThCA
B HyJAb, 3 storo ycioBHa nonyuaeM chenywoulee ajarefpaunueckoe
ypaBHEeHHe £n-TO TopsiKa:

| Ag—Agsrd | =0. (7.2.10)

q+1

Ecan co6cTBeHHbIE 3HAueHHs] MaTpuubl A, pa3jvyHbl, TO YpaBHEHUE
(7.2.10) onpenensieT n pasNMYHLIX 3HAuYeHWH A A,,,, KOTOpbIE
COOTBETCTBYIOT 7 JIMHEHHO He3aBHCUMBIM pemeHnsiM Buma (7.2.6).

7.2.2. AcamnToTHYecKoe pa3GHeHHe CUCTEM ypaBHeHHM

Cubys [1958] pasBus METORMKY YNpOILEHHS] CHCTEMbl ypaBHEHMIi
(7.2.1) nyTeM cBejeHHusl €e K HeKOTODLIM H(pbepeHUHaNbHEIM ypaB-
HEHHUSIM CIEeNUaNbHOTO BHJA, KOTOpbIE MOTYT OLITb peilieHbl Jerye,
yem ucxopHas cuctreMa. CyTb 3Toll MeTomukH B crenyiomeM. [Tonoxum

y=P(x)v (%), (7.2.11)

rae P—Heocofaa Marpuna pasmepom (nX#), noaiexamas onpeue-
JIEHHI0, V-—BeKTop-cronben. ¥paesgenne (7.2.1), caenosaresnsuo,
npeo6pa3yercss K BHALY

dv

-&;=qu x)v, (7.2.12)

rue

B (x) =[P ()] [A (%) P () — x-q%ﬁf)],
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OTKyla NoJiyyaem

TR =x1[A (%) P (x)—P (x) B (x)]. (7.2.13)

CyTb METOJHKH COCTOMT B OTbICKAHHHM TaKo# MaTpuubel P (x), u4To6nl
matpuua B(x) uMesa KaHOHMYECKywo KOpAaHOBY dopmy. [losoxum
¢ 5TOH 11e/IbI0

v
f
s

B, x~™ 1npu x-— oo,

3
fl
<)

(7.2.14)

~
il
s

P,x~™ npu x— oo,

3
®
(=]

3ae¢v B,,—wmarpuilbi B KAHOHHUECKOH XOpJaHOBOH dopme,
Ioncrasus (7.2.14) B (7.2.13) u npHpaBHAB KO3bOUUHEHTH NpH
OIVHAKOBLIX CTENEeHSIX X, IOJYUHUM

AyP,—PyB, =0, (7.2.15)
m~1
Aupm“"Pman S_ZO (PsBm—s‘—Am—sPs)—(m"q"'l)Pm—q—l
(7.2.16)

ans mzz 1, npuyeM npu m—q—1 <0 umeem P,_,_,=0. Ecau
marpuna A, UMeeT DAasJiMYHbE COOCTBEHHbIE 3HAUE€HH, TO P, MOXKHO
BLIOpATh TAKHM O0pasoM, 4ToOBl Marpuila

B():PB_IAQPO (7.217)

6bita puaroHaspHo#t.  [loMHOKUMB — ypaBHenue (7.2.16) caesa
Ha Pg', noaydum

BOWm—WmBo:Bm+Fm, (7218)

riae
Wp=P7P,, (7.2.19)

m-1

Fo=—P7' AP+ Py Z (PsBn-s—Ap_sPs) —
s=1

—(m—qg— YW,_, 4. (7.2.20)
OGosrauus yepes F% KOMIOHEHTH! MaTpHuL! F,, BHIGEpeM MaTpuuy B,

caefyIoudM o0pasoM:
BY=—F4% Bi=0 npu i%j. (7.2.21)

Hockonbky MaTpuua B, HMMeer pasiHyHble COGCTBEHHLIE 3HAYEHHS,
To 43 cucremnl (7.2.18), (7.2.21) moxer OblTh HaHAeHa MAaTpPHULA
W, u, cnenoBarenbHo, Marpuua P, u3s cucremnl (7.2.19).
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- B cayyae KpaTHBHIX COGCTBEHHBIX 3HAUeHHH pasGHeHHEe CHCTEMBI
ypaBHeHuil Ha 6oJjee NPOCTHIE CHCTEMBI IPOBOLKTCS MO TOM XKe CXeMe,
IlpeanonoxumM, 4ro Matpuua A, ¥MMeeT KpaTHbie cOOGCTBEHHLIE 3HA-
yeHHa H YTO CyUleCTByeT Matpuua P,, Takas, uto

: B 0

B,=P;'A,P, = 0 B/ (7.2.22)
npuyeMm MaTpuua Bl uMeeT coGcTBeHHbIE 3HAUCHHSA A; ([ =1, 2,. ST,
a MaTpHuna B“——co6CTBeHHb1e sHauenus A; (j=r-+1, T, r +2,...,n),
TakHe, 4TO 7» 5= A;. IlpoBenem pa36neﬂue MaTpHIL V(/ nF,B coot-

BETCTBHH C D aBeHCTBaMH

Vi Wi Fi F3 -
W,,,=<Wg; Wr2n2>z m:'(F?'% Fa (7.2.23)
rae Wi u FIl—wmarpuubl pasmepoM (7 Xr), a W2 n F2 — paamepom

((n—r)x(n—r)). Buibepem
Wi=W5=0, Bi=—F BE=—F2  (7.2.24)

Torna ypasnenue (7.2.18) mpumer Bux
BYW—WEBE = FE,
BRW2 _W2ABI = F2%, (7.2.25)

3TH ypaBHeHHsl pEIIAIOTCS €IUHCTBEHHBIM 00PasoM OTHOCHTEJHHO
Wiy W2, nockodapKy y Marpuu Bi' u B2 ner obmux coGcTReH-
HBIX 3HaueHHi.

B kauecrBe npumepa paccMoTpuM ypaBueHne Beccens

dx2+ z+(x2__n2)y =0. - (7226)

Ilonarasa
’ - dy _ 7.2.27
y_ulv —E'—uzv ( )

npuseneM ypapHeHue (7.2.26) Kk Buny
du
d—x' =4 (x) u,

u, 0 1
“=<u,>' A=<_1+Z_: _L>- (1.2.28)

CnenoBarefibHOo, B paccMaTpuBaeMoM cayuae ¢=0, A,=0 aaa

1 = Ag—— ; 229i
0 1 ’ n2 0 * ( e

01
d=\_10)
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[NockonbKy cOGCTBEHHBIMH 3HAYEHHSAMH A, ABASIOTCA =i, TO, MOJOXKHB

1 i
S B _ T 7
Po=<i __l_), P,,1=<i L)’ (7.2.30)
2 2
NOAYYHM
i 0
BOzP(TlAOPO 2(0 __i)o (7.2.31)
Torna u3 (7.2.20) mosyuaem
—1 1
Fy=—P7'AP,= -—-;—( I -—~l>' (7.2.32)
Hs (7.2.21) u (7.2.25) monyuaem
1 /10 i or
INockoneky W, u B, ussectHnl, To H3 (7.2.20) caenyer
i [ —1—4n? 2—4n2
Fo=—% —244n 14dm ) (7.2.34)

CnefoBartenbHo,
; 1 0 01
i(1--4n2) 1 —2n?
Bz:"—s——"<o —l>’ W/gz——s-—(l 0). (7.2.35)
[loacrapus Boipaxenusa s B, B, u B, B (7.2.12), noayunm
1 0 10 ; 1 0
av __|. 1 i(14-4n? .
ﬁ‘[‘(o —1>“§?<0 - (0 _1)rou 3’]“

Hmeem, cregoBatensHo,

vl=-Vl._x—exp [ix i 1';:'12 +0(x'2)] ,

14-4n?

Ve = _ﬁ_exp [—lx—l +0(x_2)] (7236)
2 V‘; 8x ’

rhae a u b—rmocroanube. MmeeM ana matpuunw P

P =Pyt P00 =Po(I+5 W,)+0 (Y,
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Loy g
P=(; Wk_,- ¥ )0y =

1
/ i i
I—L 144
=¥ ¥)rou. (7.2.37)
I T
CaenoBaTesbHoO,
L
= P =_L_— 4x l+4ﬂ2
u v AR} exp(zx—H )
\ X
1+
+o=| M Jexp (—ix—i HEE) 0 (e (7.238)
.——l_._.-_

4x

Ormerum, yto Martpuua P, He Hcnosb3oBaHa B (7.2.37) u (7.2.38),
TIOCKOJIbKY MOrPELHOCTh 449 v uMeer nopsifok O(x~3/2). [laa cpas-
HEHHA 3THUX pe3yJ/bTaTOB ¢ pe3yJbTaTaMH, NOJyYEHHbIMH B I. 7.1.2,
pasaoxuM exp [ i (1 -+ 4n2)/8x] no crenersam x~1. [lockoJabKy AIf

pelueHusa y
Yy=u;= V? (1——>exp (zx—{—zl+4n)+
g (1) o (=i 58) 0o,
TO
- (1 S o (1) 0t

(7.2.39)

yro corsaacyerca c (7.1.14) npu n=0. Bolciuue npubiauxeHust MOryT
OLITh MOJIYyUEHBl HEMNOCPEJCTBEHHBIM (M JIOBOJBHO YTOMHTE/IbHBIM)
BbIUMC/JIEHUEM JafnbHedlwx 3HaveHud B, u W,. Meroauka, HCIO/b-
3oBaHHasf B 1. 7.1.2, HecpaBHeHHO GoJiee npocTa B NpHMEHEHHH, YeM
MEeTOJMKa, ONHCAHHAsA B 3TOM NYHKTeE.

7.2.3. Cy6HOpManbHbie peleHHs

Ecan matpuua A, u3 cucrembl (7.2.1) uMeer KparHble cOGCTBEH-
Hble 3HAYEHHHA, TO He yjaercss pa3bHTb BCE YpaBHEHHS Ha TpPYNNHl
BuifOpoM JHaroHadbHOA MaTpuiust B. Bmecto 3toro Mbl mposejem
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Takoe pa3bHeHue CHCTeMBl yDaBHEHHH, uTo6bl NONyuuTh GoJiee mpo-
CTBbIE CHCTEMBl BHJIA

o
D _wiBi () v, Bi= Y Bhx~n, (7.2.40)
m=0
rje cOOCTBEHHbIE 3HAaUeHHs A; MaTpuusl B) OTMHYHBL OT COGCTBEHHBIX
syaueHud A; Matpunel B} npu i == j. Takum o6pasom, Beauuuna B~
COOTBETCTBYIOIAS OTAENbHOMY COOCTBEHHOMY 3HAUEHHIO A, IBJASETCs
ckajapoMm, H ypaBHeHue (7.2.40) mMoxer 6miTh pemeno. [lpu ¢g=20

MeeM

o = qxP1 eP0 1+§72—1x-r+1 : (7.2.41)

rae a—TmocTosiHHasl, a ¢, Bbipaxaiorcss uepes B7 aaa r > 2. Cre-
JOBaTeJbHO, CYIIECTBYET HODMAJbHOE pelleHHe, COOTBETCTBYIOIIEE
3TOMY COOGCTBEHHOMY 3HaU€HHIO HCXopuo# cucreMsl (7.2.1). Hnsa co6-
CTBEHHBIX 3HAaYeHHH KpaTHOCTH A, Marpuua B® uMeeT paHr my,
Moxer okasaTbcsi, 4TO NIPHBEAEHHAS CHCTEMA m, ypaBHEHHH, a cJe-
IOBaTeJNbHO, H HCXOJAHASA CHCTEMA HE HMEIT HOPMAJBHOTO peIleHHs,
COOTBETCTBYIOIIEr0 3TOMYy coGcrBeHHoMy 3HaueHHio. OgHako ona
MOXKET UMETh TaK Has3hbIBaeMoe cyOGHOpMabHoe pemenye Buja (7.2.3)—
(7.2.5), B kotopoM Q u U pasnoxeHb NO cTeneHsaM x'/7, rue r—
11eJI0e gHCI0.
IlpuBeneM B KauecTBe mpuMepa ypaBHEHHE

d? d 1 5
_dx_g+23%_(_f+m)y=o, (7.2.42)

KOTOpoe HMeeT ofllee peuleHue
y=aeV F(x=3/8 —x~8/8) f-bhe=VF (x~3/s - x—5/0), (7.2.43)

cocrosiee U3 ABYX CYGHOPMa/bHBIX pewieHHd. YpaBHenue (7.2.42)
SKBHBAJECHTHO CHCTEME

Yy
-3-5=Au, ll==<dy>,
X -
dx
y (0 l)
=1 5 2 1.
Gt Te — %

B 3TOM ¢/yyae HOPMAJIBHOTO pelleHHsl He CYLIeCTBYeT, MOTOMY 4TO
MarpHua ;

01
4o=\y o

uMeeT coGcTBeHHoe 3HaueHHe A =0 KpaTHOCTH IBa.

X

(7.2.44)
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7.2.4. Cuctembl, colepxallie nNapaMeTp

PaccMoTpuM cucteMy # MMHEHHBIX ypaBHEHHH

dy
d—);-—A(x, e)y, (7.2.45)

8Iz
rie €-—Majoe TONOXUTENbHOE Yucno, A—uesoe ugeno, A(x, €)—
MaTpuina  pasMepoM (nXn), JONYyCKamoWas  acHMITOTHYECKOe
pasJjoxkeHHe BHAA

®

A(x, &)= Zoe"‘A,,,(x) npu e—0, (7.2.46)

mz=

[Tpu A, oTpuIaTENbHOM HJM PaBHOM HYJIO, Y NPEACTABIAETCH ACHMII-
TOTHYECKHM pa3JoXKeHHeM

®

y(x, €)= 20 Y (). (7.2.47)

m=

Ipu h > 0 acUMITOTHYECKHE Pa3JIOKeHHS peleHHi cucreMel (7.2.45)
3aBHCAT OT TOTO, MMeEeT Jiu Mmarpuua A, (x) pa3jHuHHe Ha BCEM pac-
CMaTpUBAaeMOM HHTEpBaje COGCTBEHHBbIe 3HAueHHs1. Touka, B KOTOPOH
matpuna A, (x) HMeeT KparHble coOCTBEHHbIE 3Ha4yeHHs, Ha3bIBaeTCH
TOYKOH BO3BpaTa MJH Ilepexoja. 3ajayd ¢ TOUKOl Bo3Bpara pac-
cMmartpuBaiorcs B § 7.3.

Eciii co6¢TBeHHbIE 3HAUEHU A MAaTPULILL A, (x¥) PA3JUYHLL, TO ACHMIT-
TOTHYECKOe TNpeNCTaBJeHHE 1 JIMHEHHO HE3aBUCHMBIX PELICHHH CHCTEMBbE
{7.2.45) vimeer BuA

y=u(x, e)exp[ { A (x, e)dx], (7.2.48)
rae
h
Ax, 8)= Z,l e~"A, (x), (7.2.49)
u(x, e)= 20 eru, (x). (7.2.50)

[MogeraBup (7.2.48)—(7.2.50) B (7.2.45) u (7.2.46) u mpupasHaB
KO3(hGULUHEHTE NIPH OJHHAKOBBIX CTENEHSIX €, MOJYYHM YpaBHEHHS,
M3 KOTODBIX MOC/EJIOBATE/IbHO onpejeasiores A, U u,. CymectByior
n JHHEHHO HEe3aBHCHMBIX peileHul Buga (7.2.48)—(7.2.50), coorser-
CTBYIOIIMX 7 COOGCTBEHHBIM 3HAYEHHMAM MaTpHubl A, (x), T.e. peure-
HHUSIM ypaBHEHHSA

| A, (£)— A (%) | =0. (7.2.51)
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7.2.5. OnHoponuble CUCTEMBl C MERJEHHO MEHSIOUIHMHCA KO3PhHUHeHTaMu

B sTOM nyHkre 6yneM paccMaTpHMBaTh aCHMHOTOTHUECKHE pellieHHs
CHCTEMBI

Z_)y?=,4 (&, e)y, E=¢x, (7.2.52)

rjpe

-]
A, )= 2 emA, (E) npn £ —0. (7.2.53)
m=0
B 3Tofi 3ajaue x-—OnicTpas, a §—MeNJeHHas lepeMeHHbIe,
Kak u B n. 7.2.2, npepnmosoxHM, YTO CYLIIECTBYeT Heacobasn
marpuuna P, (E), Takas, 4to

~ By (®) 0
Bo (E) = Po (&) Ao (g) Po (E) = . 0 B?,z (E) , (7.2.54)
rue marpaua BY umeer co6cTBeHHBlE 3Hadenusa A;(i=1, 2, ..., r),
a MaTpuua B”wcoﬁcmeﬂﬂue sHaueHus A; (j :r+1 r+2, ..., n),

npUYeM A; ¢}» B s1OM cayuae cholmylo 00BbeAMHEHHYIO CHLTEMy
ypaBHeHUH ( 552) MOXKHO CBEeCTH K JIBYyM HECBA3aHHBIM CHCTEMaM
nopaaxkoB r U n—r. C 3T0fl UeJbIO PacCMOTPUM NpeoOpasoBaHHe

y(x, e)=P(E, e)v(x,g), (7.2.55)
KOTOpoe NpHBOAMT cucreMy (7.2.52) k BHIy
=B, ¢)v, (7.2.56)

rjie MaTphua P yJOBJETBODPsieT YpaBHEHHIO

=AP—PB,

HJH
8——-A (8, e) P(E, e)—P(E, &) B(§, 2). (7.2.57)

ByseM HckaTh acHMNTOTHYECKHE IpeACTaBJAeHHs MaTpuy P u B
BHJA

-

P= 2 emP, (), B= EosmB,,(g), (7.2.58)
=0 m=
rae B, —G6nounbie auaroHanbHble Mmarpuubl. Iloacrasus (7.2.58) B
(7.2.57) v npHpaBHsB KO3(pUIUEHTH NPH OJMHAKOBLIX CTEMEHAX &,
NOJYyYHM

APy—P,B,=0,

=~ 7.2.59
AoPm'—PmBOZPoBm"*‘Fm: ( )
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rae

m -1
Fu= X (PByy—Ap_P)— AP, + 221 (1.2.60)

s=1

Bribupas martpuust B, u P, B coorBeTcTBHH c (7.2.54), yMHOXHM,
Kak u B 0. 7.2.2, Bropoe u3 ypapuendd (7.2.59) cneBa na Pj! u,
ucrnonp3ys (7.2.19), nonyuum

BW,—W,B,=B,+F,, (7.2.61)
rae
W,=PsP,, Fn,=PiF, (7.2.62)

Yro6bl pewnth cucremy (7.2.61), paccMoTpuMm pasGuenne MaTpHil
F, u W, Buna

Fi Fu Wi W
F”‘=<Ff,% Ff,$>’ W’”:<W§; W?:)’ (7.2.63)

rae FI' u W}Ll—wmarpunbl pasmepoM (r xXr). [Tonoxus
Wh=Wh =0, Ba=—FL, BR=—Fn, (7.2.64)

npuseaeM cucreMy (7.2.61) k BHRY

BLW — Wi B2 = F12, (7.2.65)
BEWH — W2 Bl — F2 (7.2.66)

Dty ypaBHeHHs paspeltnMsl OTHOCHTeNbHO W12 u W32 enuHcTBEHHBIM
06pa3oM, MOCKOMbKY MATpHiUbl B3 # BE¥ He uMeioT o6WHX cOGCTBEH-
HbIX 3HAUYEHHH.

Ecan marpuua A, umeeT pasjHuHble COOCTBEHHbIE 3HAUYEHHS, TO
C IMOMOUIbIO OMHCAHHOHA Bbillé CXeMbl HCXOJHYI0 CHCTEMY MOXKHO
CBeCTH K CHCTeMe 7 He CBSI3aHHBIX JPYT C APYroM YypaBHeHHi BHJIa
(7.2.56) ¢ auaroHajbHoi Marpuuell 8. IlogpoGHocTd BbiBOga 371€Ch
TaKue Xe, Kak u B 1.7.2.2.

Bonee Jserkas MeToguka i ONpeNeJeHHs ACUMITOTHYECKH X
peiuenul cucreMbl (7.2.52) MOXKeT GbITh MCNOJNB30BAHA B TOM cJ/yuyae,
Korja Matpuua A, HMeeT pas/HuHbie COOCTBEHHLIE 3HAYeHUs. Acumi-
TOTHYECKOE [IPEICTABJAEHHE HMEET BHA

y=u(g, e)e®=*o, (7.2.67)
rae
u(g, 8)=s§ e'u, (§), (7.2.68)

B2 (®). (7.2.69)
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3aeck A (E)—coberBenHoe 3HaueHue Mmatpuubl A, (§). CyuiectByor n
JHHEeHHO He3aBHCHUMBIX pemeHui supa (7.2.67), COOTBETCTBYIOUIHX A
COOGCTBEHHHIM 3HaueHusiM MaTpuunl A,. IToxcranoska (7.2.67)—(7.2.69)
B (7.2.52) u (7.2.53) npuBOAHT K ypaBHEHHHAM MLJIs [OCJIEN0BATE/b-
HOT'O HaXOXIEHHS U,,.

7.3. 3agaun ¢ TouKoit Bo3BpaTa

B n.7.1.3 MBI ycTaHOBWaH, yTO npHGauxenne JInyBumaias —puna
(BKB-npu6nu:Kenue) nis pelieHHH ypaBHeHHS

L 12 () + 4, ()] y=0 (7.3.1)

npH GOJBUWIHX A M MOJIOKHUTENBHOM ¢, (X) MMeeT BHJ

y=a1 cos [)»S V 41 (¥)dx+ by sin [7»8 Vde] , (73.2)

f/ 71 (%)
a TIpH OTPHIATEJbHOM g, (X¥)—BHJ,

yzagexp [;VS Vqu(_;c)de+b2exp[—7~S V=—a (x)dx]' (7.3.3)
‘/—‘h(x)

Kak 6bio ormeueHo B 11.7.1.3, 3TH npuGIMKeHHS TPHTCOLHBI, KOJb
CKOpO 3HAYEHHSN X JaJIeKH oT KOpHe#l pyHKuuu ¢, (x). Y3 ypaBHenuit
(7.3.2) n (7.3.3) BUAHO, UTO pelleHHe Y HMeeT KoJebaTeNbHBIH Xa-
pakTep IOo OAHY CTOPOHY OT HyJAs (YHKUHH ¢, (¥) H SKCIOHEHIH-
afbHBIH XapakTep —IO APYrylo; OTCIOA2 W Ha3BaHHMEe TAKOH TOUKH —
nepexodnas mouxa. Ee Ha3bIBAIOT TaKKe MOYKoi 6036pama, MOTOMY
4TO B KJIACCHYECKOH MeXaHHKe 3TO ecTh TOUKA, B KOTOpDOH KHHETH-
yeckasl 3HePFHs ABHIKYLUEHCS YacCTHIBI CTAHOBUTCA PaBHOH ee MOTEH-
H{HaJbHOH SHEPTHH, M YacTHIla MeHsieT HanpaBleHHe JBHIKEHHS.
Touka x =) Ha3bIBaeTCsl TOYKOH RO3Bpara WJH NEpexopHOi TOUKOH
nopAjgKa o, ecld TOYKA X = SBJIAETCA HYJeM KPaTHOCTH o (pyHK-
UHH_g, (X).

Ecnu GyHKUHS g,(X) uMeeT oCOGEHHOCTb B TOYKE BO3BpaTa, TO
TOYKa BO3BpaTa HasplBaeTcsl ocoGod TOUKOH BO3BpaTa; B IPOTHBHOM
cJyyae 3TO pery/asdpHas TOYKa BO3Bpata. B 3ToM nyHKTe, HauaB
€ YpaBHeHHi BTOPOro nopsjxa, Takux, Kak ypasHeHue (7.3.1), nagum
ONMCaHHe METOQHKH MOJyUYEHHs] aCHMITOTHYECKHX pelleHuil B 3aja4ax
€ TOYKOH BO3BpaTa.
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7.3.1. Meroa cpamuBanus ACHMITOTHYECKUX Pa3foXKenulk
[Ipeanosoxum, uto g, (¥)—dyHxkuus Ges ocoSeHHocTel, a
g1 (%) =(x— p) f (x), (7.3.4)

rge f(x)—mnonoxurenbHas ¢yuxuus. CrenoBaTenbHo, NpubIHKeHHOe
peesue ypaBHeHus (7.3.1) sagaerca paBeHcTBOM (7.3.2) npu x >
U paBeHCTBoM (7.3.3) mpu x < u. DTH pAa3/IOXKEHUs], Ha3hBaeMble
BHEIIHUMH Da3JOXKeHUsAMH, HapYIIAITCAd B OKPECTHOCTH TOYKH X == [k.
Uto6bl HallTH 00JacTh HEPABHOMEPHOCTH 3THX pAasjoKeHHUH, moJo-
xuM B (7.3.1) E=(x—p)AY ¢ NOJOKUTEJLHEIM v ¥ IPHBEJEM 3TC
ypaBHEHHe K BHAY

%%+*“'”WU“¥ﬂ‘ﬂ+%”WAﬁ+£hwny=0.(I&a

Tperu#t unen B (7.3.5) mpu A—» 00 CTpeMHTCH K HYJO IS BCeX
nosoxuTenbHex v. ORHAKO BHJ| TNpefeJbHOTO YpaBHEHHS 3aBHECUT
ot 3Havenus v. IIpu A — oo ypaBHeHue (7.3.5) umeer npenesbHbIH BUJ

y=0 npu v<§,
a2 2
Zr =0 mpu v>g, (7.3.6)

2
T E Wy =0 mpr v—3.

OueBuAHO, YTO MNEpBbE 1Ba Opejesna HenpuemyeMbl, NMOCKOJbKY ¢
TIOMOLIBIO MX pelleHHH He yjaeTcsi CpacTuTh pasnoxenus (7.3.2) u
(7.3.3). Tlosromy npuemjeMbM ABJSETCs TNpesiesl, BhIACACHHBIH 3Ha-
yeHneM v =2/3 U 3ajzaBaeMmblfi TPeThbHUM ypaBHeHHeM B (7.3.6). Ilo-
JOKHB B 5TOM YpPaBHEHHHU

e=—t YT, (7.3.7)

NpUIEM K YPaBHEHUIO, KOTOPOE B NEPBOM MOPSAKE ONMUCHIBAET BHYT-
peHHee pelleHne

d2
5—2y=0. (7.3.8)

Ero ofluee peiieHHe HMEET BUJ
y=azAi (2)+b,Bi (2), (7.3.9)

rae Ai(z) u Bi(z)—&yHkuun DHPH HepBOro H BTOPOTO POAOB CO-
OTBETCTBEHHO.

OrsjieuemMcst Ha MHUT, 4TOOBl JaTh HEKOTOPBIE CBOHCTBA (DYHKIIMEH
Ditpu, KoTOphie HAM TNOHARO6ATCS B JanbHedineM, 3TH (QYHKUUH
JONMYCKAIOT CJEeAYIOIHe HHTEerpaJbHble NMpeACTaBleHHs (CM., HANpH-
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Mep, Jpaeiu [1956], pasuen (4.6):

Ai (2)=--

T

cos (% T +zt> dt, , (7.3.10)

Bi(2)=— [exp (——%turzt)#—sin (%twn)]m. (7.3.11)

Sy 8 Oy 8

2TH QYHKUHM BBIpaXKaloTCsl Takxe uyepes GyHxkuuu Beccens nopsaka
1/3 npu nomomy ¢Gopmysa

_—l/z I ® =T Ol=2 )V 2K,0©,  (1312)

(@) =V Z e ©+1s O (7.3.13)
Ai(—2) :—-31/2 [Jo1a (B) 4 J s ©]1 (7.3.14)
Bit—2)= Y L U ors @—Jus @) (7.3.15)

rae {=(2/3)2%:, [asa GOAbLIMX TOJIOXKUTENbHHIX 3HaYeHHUH 2 3Tu
GOYHKLHH HMEIT CJIeJyIoliHe aCHMITOTHUECKUE Pas3JIOKEeHHUs:

Ai(2) =~ ;/Ez—we—ﬁ, | (7.3.16)
Ai (—z)=V—]Rz‘l/4sin <g+-}) . (7.3.17)
Bi (2) = }—/‘-;— 2- 1k, (7.3.18)

Bi (—z)=—V1?z‘1/‘cos (z;+%) . (7.3.19)

Ins Toro uroGbl cpacTuTh BHYTpeHHee pelueHHe (7.3.9) c BHelu-
HuM peuterneM (7.3.2), Bbipa3uMm mnocjefHee depes §=(x—p)A%*3 u
HaljJeM e€ero npejejg NpH A — oo. B sroM cayyae umeeM X > d

MV aE de= [Vi=w VT dr= 3y T +06+)
" n

CaenoBatenbHo,

y= 1/5“)[ COS( Vf(T&’“)ﬂ-
+b, sm( Vi gm)]+.... (7.3.20)
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Bripasus (7.3.9) uepes &, moayuum

y=agAi (— &P/ Fw) +b,8i (—E P/ Fw).

Hcnonbsys (7.3.17) u (7.3.19), MOxXHO moayuuTb Ans 3TOH (yHK-
UM pasjiokeHue s GoJIbLIOro

+b, cos <§-VW§”2+%)] ... (1.3.21)

IMpuBuun cpamuBanus tpebyer pasencrtsa (7.3.20) u (7.3.21); umeem
NO3TOMY

A."l/“fl/"
Q= ——— S [a3 sin - +b cos J
}\‘ 1/6 §1/8
b, — V‘f [a, cos J-—b, sin 4] (7.3.22)

CrenoBatenbHo, paBeHCTBO (7.3.2) mpHHUMAaeT BUA

1 (~ ¢ _— hf
y:Wib3COS‘iA§VqI(T) dT+T]+
+a, sin{h gl/ql G dr+i;-], (7.3.23)

rue
A~ 1/6 fl/ﬂ

(&:v 53) = —'TTT—“_ (613, bs)-

O6pawmasichk K cpamuaniw (7.3.9) ¢ BHewHuM peureHuem (7.3.3),
3aMeTHM, UTO

B L
MV=g@adt =1 [ VE—0T @ dv=3 VT (— 9 +

Pasencrso (7.3.3), cjeioBarebHO, OPUMET BUX

y=7_———_}l%§_{a2 exp [%Vﬁﬁ (— §)3/”] +

+b2exp[-—§1/m(-§)a/?]}+.... (7.3.24)

[MockonbKy B 3TOM cayyae §-—oTpularenbHass BeIHUHHA, TO z=
=—§ /[ (u) —Beanuuna nonoxureabHas. Torja ¢ nomoiubto (7.3.16)
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H (7.3.18) MOXHO MONyUHThH CJIeLyiOLlee aCHMITOTHYECKO® NMOBEeleHHe
BHYTpeHHEro peweHus (7.3.9) mpu GoJpwinx 2:

y =(:_§)_-17/_;_fﬂ [-;_aa exp (——%—Vm(_ §)3/2>+
+by eXp(%Vf—(_u?(— §)3/“")] +... . (7.3.25)
INpupasuas (7.3.24) n (7.3.25), nomyuum
(@0 b) =By, 535 ) (7.3.26)

CnenoparesibHo, BHemHee pemenue (7.3.3) NpH OTPHILATENBHOM g, (X)
HMeeT BUJ

,
Y =—4—l—<—)'[536><p(7»51/—ql (T)d1>+

— q1 (%
w
+-§l—53exp<—kSV—— 7 (T)d‘v>]. (7.3.27)

Takum ofpasoM, npubAHKeHHOe peleHue ypasHenus (7.3.1)
C TOYKOH BO3Bpara xX==| 3amaeTcsi TpeMs OTALJbHBLIMH pasJoxe-
HUAMU: pasjoxeHueM (7.3.9)—B OKPECTHOCTH TOYKM BO3Bpara, pas-
JoxenyeM (7.3.23) —npu x > p ¥ pasaoxenueM (7.3.27)—npu x < p.
CpamuBaHde JaeT CBA3b MeXIy NOCTOSIHHBIMH @, b, U a,, b,. Brep-
Bbl€ 3Ta CBA3b Oni1a noJgyueHa Pasmeem [1912] B uccienoBanuu 1o
[IOJTHOMY OTPa)KEHHIO 3BYKOBBIX BOJIH OT I€PEXORHOTO CJOS; SIBHOE
IpeiCTaBAeHYe OH Jajl TOJBKO JJIs1 SKCIOHEHIMAJbHO 3aTyXalollero
pewenust. [anc [1915] nan dopmyanl cBsizu A 060X pelueHHit;
Hmeddpuc [1924] BHOBb OTKPELI HMX B HNpPHMEHEHHH K (DYHKIHH
MaTtbé. Dra cBsi3b Oblla e€lie pas OTKPHITA NOYTH B OJHO H TO Ke
spems Bentuesnem [1926], Kpamepcom [1926] u Bpunmosnom [1926]
npu uceaeposaiun ypasrenus Illpepunrepa. ITostomy B dusuyeckon
JuTeparype HasBaHHe 3TOro Meroja obniyHo o6pasyercs U3 6ykeB W,
K u B; nosgnee X HUM craju no6aBasTb OykBy J B O3HaMeHOBA-
(e BKJana, KoTopuii BHec [Ixxeddpuc.

Lipaan [1929] BuiBest opMyJBl CBSI3H NMyTeM MHTErpUpoOBaHUs Ha
KOMIIJIEKCHOH IJIOCKOCTH BROJb HYTH, KOTOPBHIH 0GXOAUJ TOUKY BO3-
Bpara. JToT MeToX pas3Bua nasee KemGm [1935].

HexocratkoM 31Ol METOIMKH fBJAETCS TO OGCTOSITENBCTBO, UTO
pellleHHe 3ajaeTcsl TpeMs Da3HBIMH pasjoxeHusimi. B n. 6.4.4 ¢ no-
MOILbIO METOAA MHOTUX MaciTaGoB OELIO MOJYYEHO OJHO PasJoKeHHe,
pPaBHOMEpPHO NPHUrojHOe AJs Bcex x. B cuenyromem pasgene Mbl
paccMoTpuM BecbMa 3(D(EKTHBHBI METON H3Yu4eHHS 3ajady ¢ TOYKOH
BO3BpaTa, KOTOpbIH Gbla npeanoxed Jlanrepom [1931], [1934] u pas-
BUT JlaHrepoM W psjoM HcchegoBaresneit, cm. 1. 7.3.2—7.3.10.
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7.3.2. Tpeofpasosanne Jlanrepa

Cyrb noaxozna Jlawrepa COCTOMT B HCIOJb30BAHMH TOTO 06CTOs-
TeNbCTBA, YTO NPUOIU3HMTENBHO OJAMHAKOBEIC YPAaBHEHHA HUMEIOT NpH-
6/1M3UTE/IbHO OAHHAKOBHIE pewleHHsl. OH MOHAJ, uTO JH06as MONBITKA
BHIPA3UTh B 3/IEMEHTAPHLIX PYHKIUAX ACHMITOTHUECKUE PA3NOKEHHA
pelleHHHd B 3aja4axX C TOUKOH Bo3Bpara ofpedeHa Ha Heyzayy
B 00J1aCTAX, COIEPXAWMX TOYKH BO3BpaTa. [losToMy pasnoxenue,
PABHOMEPHO NPHUrOQHOE /ISl BCEX X, NOJIKHO OBITb BEHIDAXKEHO B He-
37€MEHTapHBIX PYHKIHAX C TEMH K€ KAyeCTBEHHBLIMH OCOGEHHOCTSAMH,
4YTO W y pelleHuil ypaBHeHUS.

PemaromumM mwaroM B noaxone Jlaurepa sipasiercst BBeieHUE cJle-
IYIOUEro npeoOpasoBaHHA 3aBHCHMOH Y HE3aBHCHMOH IIE€PEMEHHBIX:

=@ (), v=y(®)y(x), (7.3.28)
KOTOpO€ NPHUBOAMT ypaBHEHUE
dx2+{?v2q1(x)¢q2(x)]y =0 (7.3.29)
K BHAY
d2v 2(p’1p’ i‘i
dz? + ( P ) z +
= [ (x)+qz<x>— o(¥)]e=0. @330
Ilpu ycraoBuu
v=V¢’ (7.3.31)
CpeaHMH 4seH OOpAaTHTCS B HyJIb H ypaBHEHHE NPHMET BUJ
Q ___f_i L
mz*[ A + . 7o ]v 0. (7.3.32)
[TosoxuB
B—1 wm (P=SV€]1 (7) dr, (7.3.33)
P

Mbl BepHeMcesl K npeobpasosanuio JInyeunia —Ipuna. INonyydaiomeecs
NpyU 3TOM pelLleHHe BhIpaxaercs, Kak #H B n. 7.1.3, B Tpuronomer-
puueckuXx QYHKUUSNX ¥ HMeeT ocoGeHHOCTb B TOUKAX. BO3Bpara (Hy-
aax ¢yHkuud ¢, (x)). M3 pasenctB = Vo u ¢ =Vgq, umeen
P = 3/q,; nosToMy npeoGpasosauue (7.3.28) uMeer 0COGEHHOCTb B HY-

JAsX QYHKIHUH ¢, (X).
I1s nosyyeHHsi pPAaBHOMEPHO NPHTOIHOFO Pa3jioXEeHHs B 3anaue

¢ TOYkol BO3Bpara B Touke X =p W QyHxuueil g, (x) suua
B =E—=w)fx), fx) >0, (7.3.34
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noaoxum, caexysa Jlaurepy [1931}, [1934],

&g (7.3.35)
9"
Torpa ypasnenue (7.3.32) npumer BHI
25+ hezv = v, (7.3.36)
rie
8 3¢ 1~ 7
8= o 7 fP'“+ ek ( .3.37)
Pewenve ypabuenus (7.3.35) rmeer B
—§V(r— F@dv npu x>p,
(7.3.38)

u
m—SV(M—T)f(T)dr mp X< p

Tpu x— p umeem ¢ — /' F (1) (x—w) 1 P — 3/ [ (10); crenosaTensHo,
8 =0 (1), ecrv ToapKO yHKUMSA ¢, (X) HenpepwiBHa. Kpome Toro,
npeoGpasoBanue (7.3.28) sBAsieTcss peryjasipHbHIM BCIOAY, BKJ0Yas
TOUKy Bo3Bpara x= . [lockoabky 6 =0 (1), a A—G6onbmo#l napa-
meTp, T0 GYHKUHS U NMPHUGIHXKEHHO OlpejessieTcsl ypaBHEHHEM, KO-
topoe JlaHrep HasBa/J MPHCOENHHEHHBIM ypaBHEHHEM,

20+ A0 =0. (7.3.39)

Pewenye aToro ypaBHEHHS HMeeT BHJ
v =0, Ai (— A¥32) ¢, Bi (— A?/32), (7.3.40)

rae ¢, B c,—TOCTOsIHHbIe WHTerpupoBanus. CiaefoBaTesbHO, B mep-
BOM npu6nm¥<ex—mn

Y=—— V_._ {c,Ai [— A¥3¢@ (x)] +c,Bi [— A3 (x)]}, (7.3.41)

rne ¢ onpenenedo B (7.3.38).

3710 —eNUHCTBEHHO® Pa3JIOKeHVNe, pPABHOMEpPHO mpuHrogHoe AJs
BCEX X, BKJIOYAaA H OKPECTHOCTb TOYKH BO3Bpara x¥ =p. HMcnoab3ys
acUMnTOTHYECKHe pasnoxkenus (7.3.16)—(7.3.19), cnpaBennussie 1711
fonbIUNMX 3HaueHM#H, aprymedTa QyHKUHA Didpu Al u Bi, MOXHO
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NOJYYHTD

a-1/8

3 RN A NS
y-—iﬁggqngiasm[l§Vhlﬁ)¢P+T]+

+c4 cos[xSVq1 6] dt+%]} opu x>p, (7.3.42)
u

-1/8 = S

n
+c,exp [7» S V —q, () dr]} npd x <p. (7.3.43)

Ot GopMyJBl COIVIACYIOTCSt C Pe3yJbTaTaMH HpeabIAyIIEro MYHKTA.
Oasep [1954] o6Gobwua npeoGpasoBanue Jlanrepa, 3amucaB ero
B BUIE

y =y,
L=0(2) = S Ve, (@) dr, (7.3.44)
Y

A

rie He3aBHCHMasf [epPeMEHHAs 2z fABASAETCA [0KAa He ONpejeieHHOH
dbyHKuMelr x. 1o mnpeobpasoBaHue HPHBOAUT ypaBHenue (7.3.29)
K BHLY

d% g5-12
rae
dz (y—v4
b=—ta_y-an LA (7.3.46)

Ecav nam ypactes mogobparts GyHKUHIO §(2) Takoil, 4rolbl HMEJO
mecto 8 =0 (1), TO pemerma MPHCOEIHHEHHOTO YPaBHEHUS

dz, YAty = (7.3.47)

6yLyT acMMNTOTHYECKH 3KBHBAJEHTHB pemleHusIM ypaBueHus (7.3.29)
npy Goabwux A. Uto6e 6 umena nopsgok O (1), dyukuus y noa-
XHa ObITb peryJsapHodl ¥ He o0pailaThcs B HYJb HAa PAcCMaTpH-
BaeMoM uHTepBaJje. Cienosatenibio, PyHKUNA { A0KHA GbITh BoIOpaHa
TaKkOH, 4TOGH TOPANOK M MeCTONOJOXKeHHe HyJed H ocobeHHOCTe#H
GyuKUMH §'° GBIM TAKHMH e, Kak y (yHKIHH g, (x), B UuTOGHI
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U u g, (x) 6buH OIHOBPEMEHHO MOJIOKHTEJIbHb! HJIH OTPHLATE/bHbI.

Kpome Toro, xxenaresbHo {’° BboIGpaTh M TaKHM, UTOGBI NpHCOENH-

HeHHoe ypaBHeHHe (7.3.47) pemajoch B u3BecTHHIX QyHkuusax. Obuiee

npeo6pa3oBaHue TAKOro THNA OblI0 BHOBb OTKPeEITO Mopurytu [1959].
[Tonoxus

g () =@x—p)f(), f()>0, ==z, (7.3.48)

npugeM K npeofpasoBaHuio JlaHrepa,

7.3.3. 3anaun ¢ ABYMSI TOUKAMH BO3BpaTa
Paccmorpum cayuadi, Ipu KOTOpOM

gy (%) = (x—py) (o —%) F (%),  py>ny, f(¥) >0, (7.3.49)

Tak uro ypaBHeHue (7.3.29) MMeeT aBe TpOCThHIE TOUKH BO3Bpara
B TOYKaX X=J, B X=u, IlogoGurie 3ajayn ¢ ABYMA TOUKAMH
BO3Bpara BO3HUKAIOT, HalpuMep, Nnpu petlenuu ypaBHeHus Llpenun-
repa (cM., Hanpumep, Mxedbpuc [1962]; Ilakix [1964]) maa TyH-
HEJILHOTO INIepexoja WJH B 33auaX ¢ KJACCHYECKHUM OCIHJLIATOPOM,
a TakXe TNPH OIpeleseHHH MepeHoca Temta B TpyGe (CM., HAnpu-
mep, xeiiko6 [1949], ctp. 451—480).

IIpumenuB pe3yabTaThl NPEABIAYIIETO NMYHKTA K TOUKE BO3BpaTa
X=W,, TOJYYUM

Y =——{a,Ai [—A¥/3q, ()] +b,Bi [—A*g, (x)]}, (7.3.50)
V‘Pl (*)

rpe

o ={ VE=m) @ —0f @dr npu x>,
e (7.3.51)

M
FH—o)r = Vi =0 —oT®dr npn x<p,.

Ilpu x—p,, onxako, @;=0 [(x—p,)/?]. TlostoMy pasnoxeHue
(7.3.50) uapymaercsi B OKPECTHOCTH TOYKH X =, H NPHUTrOJHO A1
3HAUeHUH W,—x > 06,, rae 8, —nosoxuTenbHAsT MaJasi BeJMUYHHA.

[lpuMeHUB pe3ysabTaThl MpPeJBIAYIIErO NYHKTa K TOYKE BO3BpaTa
X=,, TOJYUYUM

y= m{a,fli [— }\,2/3(‘)2 (x)] +biBi [—' A'ﬁ/sq)e (x)]}
npu x—p, > 6, (7.3.52)
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TAE (Sl—MaJloe NOJOKHUTEMbHOE YHCJ/JO U

2]
39 = VEmmnL =0 @dr mpr x <,
x (7.3.53)

3 o= [ VEmRE—m T mdr npu x> p,.

[

[Nockoabvky ob6a pasnoxkenus (7.3.50) u (7.3.52) npurogHsl B HH-
teppaje u, +6, <x <<p,—0,, TO HX MOMKHO CPacTHTb. Pa3/ioXKuB
(7.3.50) pns GosbmMX 3HAUEHWI apryMeHTa W I X > W,, NOJYYUM,
ucnoawvaysa (7.3.17) n (7.3.19),

}\'—1/6 ) . .
Valle—p) (ne—x) F (0]"° [“1 Sm( Al 1 )+
+b, cos( ot 1 X >] . (7354

Ananoruuno, pasnoxus (7.3.52) ajaa GosbluMX 3HAUEHHH apryMeHra
0 g x < pg, IOJAYyUYNM

A 1/86
V n(e—pg) (pe—2) F ()]

y:

[a2 m(-gkcp””-i—n)—l—
+b, cos( @d? —{—-1-)] . (7.3.58)

y:

npl/lpaBHﬂB (7.3.54) u (7.3.55), npuaeM K ypaBHEHHIO
a, sm\ 3 2 g +£>+b cos(-g X AR Z):
=a, sin < 3 Apd? +-4—> +b, cos( rpd? 4 Z ) . (7.3.56)

Bsensa obosHaueHue

e
A=20(o¥ +o )+ 3 =0 VE—m) -0l @i+,
123

(7.3.57)
Oy UM
2 T
._MPS/z +—_A (3 Ag/2 +_4_).
Toraa us (7.3.56) caenyer
a, =bysinA—a, cos A,
(7.3.58)

b, =a,sinA b, cos A,
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Ecnn Tenepnh y-— orpanuuennas GyHKUUA X, KaK 3TO HMEET MECTO
ans peweHH#i ypaBHenus lllpenuHrepa, To B CHJIY MpejaesibHOIO
COOTHOIUEHHA Bi (z) — m~1/2z-V4exp[(2/3)23/2] npu z— oo 6yaem
uMets by, b,=0. CnepoBaresbHO, BTOpOe H3 ypaBHeHHd (7.3.59)
naer

sin A=0, A=nmu, (7.3.59)
rie n—uenoe uucnao. Toraa B cuay (7.3.57)

L

{le—w @—ni@ e
wa

Urofpl He mnpencTaBAsTb pelleHHe B BUAE ABYX pa3foXeHuf,
Muaaep u Tya [1953], Kasapunos [1958] n Jlanrep [19598] npex-
JIOXKHJIH BbIPA3UTh pelLleHHEe ¢ [OMOLIbIO OJHOTO DAaBHOMEPHO TpH-
FOJHOTO pAa3/OoXKeHHs] B TepMHHAX (QYHKUMHA napaboJHYECKOro
nuausapa. Obpawasice K npeoGpasoBanumo (7.3.44), BuiGepem (yHk-
umio ¢’ Takoli, uro6bl OHa HMeaa JBa TNPOCTEIX HyaAa. Byaewm
CYNTaTb, YTO OHM pAacNOJIOXKEHB B TOYKAaX z=- |, mpuuyeM ToukKa
z=—1 coorBeTcTByeT Touke X = , u nojoxum (Tlaiik [1964])

¢ =402 (1 —22). (7.3.61)

BhiGepeM a TakuM o6pa3oM, 4ToObl 2= 1 COOTBETCTBOBAJO GBI TOYKE
x ==, Torna us (7.3.44) nonydaem

A= (7.3.60)

t=2a § VYT—vdo={ Vg md (7.3.62)
-1 s

31ech BeTBH KBaApaTHOrO KODPHA JO/KHB ObITb BLIOpPAHBI TAKHM
o6pa3oM, uyToObl 2z Obwia Obl peryJsipHo#l QyHKuUHeH X u 4TOOHI
o6aactu ¢;(x) >0 u ¢,(x) <0 orobpaxanucb Gbl COOTBETCTBEHHO
B obaacty 22 << | u 22> 1. BubpaB Touky z=1, COOTBeTCTBYIOLLYIO
TOYKE X=[,, Mbl [IOJYYHJIH CJENyollee ypaBHeHHEe I a:

1 Ra
2a { Vi—vdi= { Vg (mdn
-1 el 221
CaejgoBarenbHO,
3 Z]
l ——.
a=;5‘ V7, (%) du. (7.3.63)
Wy

C yuerom (7.3.61) npHcoenuHeHHOE ypaBHEHWe 3aNHINETCs B BHIE

Z:—: + 4a2h2 (1 — 22 v=0. (7.3.64)
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PelleHHsIMH 3TOrO ypaBHeHHst GYayT GyHKUHH
v=W,(2Vah2), v4g=ah, (7.3.65)

rae W, —odynkuua Bebepa nopsiika v. Ecin y orpanuuena Ha Sec-
KOHEUHOCTH, TO U QYHKUHA v noKHa ObiTe orpaHuyesHod. Creio-
BaTeJbHO, v=n, Tle n——neaoe uucao. A Ttoria

n (n—{—é—)
l§’ Va (Ddt ’

Wy

A= (7.3.65)

uyto coraacyercsi ¢ (7.3.60).

3ajauy ¢ AByMs TOYKaMM BO3Bpara H3yuamnck Takxe Oupepom
[1959] u Mopuryrn [1959]. B yucne apyrHx aBTOpOB 3ajauamu
€ HECKOJIbKHMM TOYKaMH Bo3BpaTa 3aHuManuch EBrpados u ®enopiok
[1966], X3u u Cubys [1966], Cubya [1967], Jluun u Kesaxep [1970].

7.3.4. 3anauu c ToO4YKaMH BO3BpPaTa BBHICLIMX MOPAAKOB
B 3TOM NyHKTE MOJOXUM
g =(—w*f(x), f(x)>0, (7.3.67)

rie o —rnoJoMKHUTeJbHOe aefdcTBUTENBHOE uyucao. Jna HaXOMKIeH U
OJIHOTO PAaBHOMEPHO MPHIOJAHOTO Pa3JIoKeHHs NOJIOXKHM " =2% 1ax,
yToGbl (GYHKIHA ' uMesna Obl TaKoe ke 4YHCJO HYJEH, YTo U g, (X).
CueoBaTe IbHO,

X

C=gia2‘°‘””°‘= S Vg, (v)dr, (7.3.68)
"

rie BeTBH KBaJPaTHOTO KOpHA BbOpaHEl TaKHUM o0pasoM, YTOOH
obnactu g,(x) >0 u ¢q,(x) <0 orobpaxaiauce B obJjactu 2*> 0
n 2% < 0 cooTBETCTBEHHO. 3TO npeobpa3oBaHHe NPHBOAMT K MOpi-
coeIMHEHHOMY ypaBHeHuio Buia (Jlanrep [1931])

_gz_z_*_}‘ﬁzavz 0. (7369)

Pemenue ypasuenus (7.3.69) umeer Bun

2h
+a

oo [ 2 .
v=21/ {clJv[Q +az“‘””2] +cd _y [2

z<a+2>/2] } . (1.3.70)
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rie v =:(2-+4o)"'. CrexoBare/lbHO, B NEPBOM NPUOGAUKEHUH

X
[S lE—m® @]/ ds ! x
==t — /2
Y [e—w)™ f(x)pt/ \C‘JV ;‘;SL[(T wEr ol d1]+

tegd | A S [r—prfmpvede ] (7.3.71)

"

1/2

Makxensu [1955] BBIpa3us1 aCUMNTOTHYECKHE pELIEHHS 3a4auu
¢ TOYKOfl BO3Bpara BTOPOro nopfAjka (T. e. npu o = 2) yepe3 QyHKIHH
Yurrekepa. 3ajada ¢ TOYKOH BO3BpAaTa BTOPOTO NOPSAKA BO3HHKAET
IpH paccMOTPeHHH JHGDPAKUHH Ha 3MJIHNOTHYECKHX LHJHHApAX ¢
nouTH eIUHHYHBIM sKcueHTpucureroM (I'yapuu n Kasapuuos [1963))
1 npu pewenun ypasHeHus Ilpeaunrepa (Pocc [1933]). Ilepsoe
HcCeloBaHNe 3a7ayM € TOYKOH BO3BpaTa BTOPOrO MOPSAKA HPOBE
Tonacrefin [1931] ¢ moMompio MeToxa CpaliMBaHHA aCUMNTOTHYECKHX
pasJoXKeHUH, Kak 3TO cjpenano B n. 7.3.1.

7.3.5. Bobicuine npuGAHKEHHS

Jo cux nop B HAWIKWX pPACCMOTPEHHAX MEI OOJAYHAJAH TOJNLBKO
HepBbIﬁ YJeH aCUMNOTOTHUYECKOI'O pAasJ/IOoXKEHHA. CYHJ,ECTBYIOT YETRIpE
pasHbplX IMOAXOJa K ONpPEACJEHHIO WIEHOB BHICIIErO IOpajKa.

ITo0x00 Jlaneepa. CyTb 3TOrO NOAXOAA COCTOHT B TOM, 4TO BCA-
KWl pa3 pelleHHe TOTO ypaBHEHHs, KOTOPOe HALO0 PEUIHTb, CBS3bI-
BaeT¢s C pellieHueM HEKOTOpo# Oosee NpocTOl 3ajaudl CO CXOJHOH
CTPYKTYpOH, KOTOpasi MOXKET OBbITb SIBHO pellieHa B TPAHCIEHAEHTHBIX
dynxuusix (Jlanrep [1949]). HenoeraTkoM storo moxxona saBjasercs
TO, YTO OH HE [PHUrOAeH I/ YUCAEHHBIX pPacueToB, TAK KaK KO3(-
QUIMEHTH 2CUMATOTHUYECKUX DA3JIOKEHUH SIBJAOTCH QYHKIUAMHA Kak
He3aBUCUMOH nepeMeHHOH, TaK W Mmapamerpa Bo3Myweuus. Kpowme
TOTO, PA3JIOXKEHHS OMIpPEeJeATCA MyTeM HecKoJbKHX Npeobpasosa-
auit, Huke MBI YBHAHM, uTO, HcHOJb3ys noxaxon OuBepa, MOXKHO
NOJYUUTh SKBHBAJNEHTHLIE DAa3J/oXKeHHs (osee NPOCTHLIM IYTEM.

[100x00 Yeppu. B 1949 u 1950 rr. Ueppu pas3BHg METOIHKY
NONyYeHUs YJeHOB BBICIIErO MOPAJKA B 3ajauye ¢ IPOCTOH TOUKOH
posppara. C mnomompio npeoGpasoBanus Jlanrepa (n. 7.3.2) »3ra
3ajaya NPUBOAHJACE K BUAY

=Mz gz, M]v=0, (7.3.72)

rjie

gz, M= ih'"g,,(z). (7.3.73)



7.3. Sadauu ¢ mouxoi eo3gpama 371

B paccMorpenusix Ueppu OTCYTCTBYIOT Bce g, € UETHBIMH HHIEK-
caMu n. ByneM uckarb ¢opManbHOe pasJiokeHHe BHAA

v=A(z WGPz W], i=1, 2

rae §, u {,—byHKuHH Diipu NepBOro U BTOPOTC POJNOB COOTBETCT-
BeHHO. [ToCKO/BKY cnpaBeiauBbl PaBeHCTBA

d%v ” ror g " d;, ,2 d2i -
=AU+ QA + A9 G+ Ag EP% (7.3.74)

dzci __}\12 C
d(P2 - USD

10 ypasuenue (7.3.22) npuHHMaeT BUJL
(A”—}—Mcp(p”A—-MzA—}—KgA)C,-—{—(QA’(p’+A(p")%:0. (7.3.75)

INpupaBuuBas Hynaw kosdbbuuueHTH TIpH §; u di;/d¢, moayyum

249" + A" =0, (7.3.76)
Moo —2) +hg + =0. (7.3.77)
B cuny (7.3.76)
1
A = . 7.378
V'(P/ ( )
YpaBeenue (7.3.77), ciaefoBare/IbHO, 3aMHIIETCS B BHIE
’ 379"\ ¢
A (@ —z)~|—7»g+—4—<—(5,—> ] (7.3.79)

Yrobbl peliuTh 3TC ypaBHeHHE, IOJOKHM B HEM
@ =24+A"19, (2) +- 2720, (&) + . .. (7.3.80)

¥, TIpUPaBHAB KOIPPUIHEHTHl NPH OJMHAKOBBEIX CTeNeHAX A, MoJy-
YHM YpaBHEHUS JJI II0C/AeI0BaTeNbHOr0 Onpejeaedus ¢,. [lepsuie 1Ba
W3 3THX YPAaBHEHHH HMEIOT BUJ

221+ ¢+ g0=0,

. : , , 7.3.81
2203+ @, = — g — 291 — 29,91, ( )
HMx peweHuamu ABASIOTCH QYHKIHU

z

° (1.3.82)

2 ,
— . la@tw (v +2¢, (Y) 91 (7)
V Z(‘p2 - § 9 V‘; dTo

v
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Huxun# npenen B 3THX HMHTerpasax BbiGpaH TakKHM, YTOGLI PYHKIIHHU
¢, U @, Ol OBl perynsipHbIMA B TOuKe 2 =0,
Takum o6pasom, pelieHHe v 3afaercsi GOPMANbHLIM Pas/ioXKeHHEM

v — L (M2 g)
T Ve {7.3.83)
@z M) =z+A7, (&) +A"2p, () ... .

310 dopManbHOe pasJoXKeHHe ABJAETCSH PABHOMEDPHBIM [PHOJIH KEHHEM
K pemleHHio HCXOAHOH 3a4auH BCIOAY, 3@ UCKJIIOUEHHEM MaJibiX OKpecT-
HOoCTeH HyJeH QYHKIHH v, B KOTOPbIX Yeppd HCNo/b30Baj CiAeLylo-

Y0 MOJAH(HUHKPOBAHHYIO POPMYJY:
0= Al (M/32) (144720, + A4y ... )+ 205 (12192) (A=3D, +A =4, +...),
(7.3.84)

Ecanu ClIpaBeJINBO PasJsioKeHue
Mz, M= Z 4" gy, (2),

TO @, 1 b, Moryr 6uiThb onpenesensl H3 (7.3.83). s atoro cieayer
pasnoXkuth @ H Ai(A*/%@) B TOYKE ¢ =2 H HCIOJbL30BaTh COOTHO-
wenne dAildz? =A% 2Ai.

[100x00 Qasepa. Onpep [1954] npennokus OTHICKHBATH MOJIHOE
ACHMNTOTHYECKOE pa3JioKeHHe, IPEelNOJ0XKHB, UTO

v=A(2; ML;(A¥%2)+ B(z; ML;(Ah/32). (7.3.85)

10T BHA COBMAajaeT C OKOHYATENbHBLIM BHIOM DasJioXKeHHs, Honay-
yennoro Jlanrepom [1949], u ¢ Monudunuposanuo# dopmysoi Ueppu
(7.3.84). Do pasioxeHHe MOXKeT OLITh DPaCCMOTPEHO TaK XKe, Kak
pe3ysLTaT MPUMEHEHHsi METOAa COCTABHBIX Pas3jIOXKeHWH, ONMHCAHHOrO
B § 4.2,

M3 pasencraa

=M, o =A"L+(A+B)G+Bl=
=(A"+A2B);; +(A+ B
nMeeM
V' =(A"+AB +A*2B)L; + (24" +2A*2B+ B + (A + B') ;=
=[A"+A*B +A2z(A +2B"))L; +-(2A" +A22B 4 B") ;.
Cnenosareqbno, (7.3.72) npuHuMaeT BHA .
A"+ A2B+2A22B" +AgA)L; +(2A° +B"+AgB)¢; =0. (7.3.86)
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TlpupaBusiB HYJIO KOaQpHUHEHTH NpH {; u {;, MONyuHM
24’ 4+ B" 4+ AgB =0,
A"+ AB 4 2A22B" + AgA =0.

DTHM ypaBHEHHAM YIOBJAETBOPSIOT QopMalbHble Pas/oXeHHS BHIA

(7.3.87)

A=324,0),
n=0 (7.3.88)

B= 3 A""B,(),
n=1
rjae
2Al’)+ gOBl =0D

223; +Bl + gvo =0, (7.3.89)

2Aé+gan+1=— Z_IgmBn—m+1=am n>l;
s (7.3.90)

2zB;,+1—}—B,,+1—[—g,,A,,=—A;_1— zlgmAn—msﬁm nz=l.

Pemenne cucreMsl (7.3.89) umeer Bua
A, =ch j‘ 8o (V) (T

N (7.3.91)
o
— v

CaejfoBarenbHo, periende cuctemnl (7.3.90) s3apgaeres paBeHCTBAMH

B,=—

A,=a, z)chj £ dt-l—b (z)shj g"m dr,

: (7.3.92)
Vz"Bn+i=—a,,(z)shj' nl 2@ yy_p, (Z)Chf 20 4,
0
rae
=73 1 S[an (1) Ao (1)—B, (1) B, (T)] dr
0 (7.3.93)

ll

%S []/'ca (1) B, (v)— b= (;’/A"(’)]d

0
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B roM cayuae, Koraa

= 2 x-zngn (Z),
n=0
cucreMme (7.3.87) ynoB/eTBOPAOT QopMabHBE PA3NOKEHHA BHIA

A:A0+2 7\4_2"14,1(2), A():l’
n=1

= > A"B, (2).

(7.3.94)

[MoacrasuB 3TH pasyoxenus B (7.3.87) u npupaBuas Ko3DPULUEHTEI
PN OJNHHAKOBBIX CTENEHAX A, MOJIYYUM

n-1
2’4/'1 = B,f’l _"gOBn_~ 2 gmBn—m =0y,

(7.3.95)
223 +B =— A ne-1"_ 2 gm n- m—1—‘ﬁn
Peiienne 37T0H CHCTEMBI HMEST BUJ
VZB M‘S‘ ﬂn(T) dT
(7.3.96)

o, (1) dt.

=
{
2o o
Oty

Hocaedosamensuvte npeobpasosanua Jlanzepa. s HaXoXieHys
BBICHINX MPHOGAHKEHUH K PELIeHUI0 YpaBHEHHUS

dxfrmq (x)y=0, (7.3.97)

B KOTOPOM ¢ (x) obpauiaeTcsl B HyJb Ha pacCMaTpUBaeMOM HHTEpBaJe,
Hman [1948], [1950] npensokus NOBTOPHO NPHUMEHSTH NpPeoGpaso-
Banue Jlaurepa. Mopurytu [1959] npumeHHn u 3HAYHUTENBHO pac-
IUPHA 3TY MeToAuKy. B ciyuae npoctoit Touxu BO3Bpara NpU X =
MbI BBOJAMM CHauana npeoGpasoBanue Jlanrepa

2 R
323/2=SV‘I(T)‘”’ y=y~1y, X:-‘z’—, (7.3.98)
B

¢ HoMoliblo KoToporo ypaeHeuue (7.3.97) npuBoguTcs K BUAY
- [h2—b8 () v =0, (7.3.99)
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rae

a2y =4 a2 {y~14)
—~1/4 — _— y—3/a
8=y 2 A dx?

ITockoneky 8 =0(1) u A—Goabwoe 4HCHO, TO U NMPUGIHIKEHHO 3a-
1aeTcsl pelleHHaAMH ypaBHEHHﬂ

dz2 7+ A2z =0 (7.3.100)

KOTOpBI€ HUMEIOT BH]J
v =L, (A2/32), (7.3.101)

rae £, n {,—dyHknuu 3iipu mepBoro U BTOPOTO POAOB.

Uto6et yTOuHMTb pasinoxenue (7.3.101), mepenuimeM ypaBHeHHE
(7.3.99) B ucxonuo#t dopme (7.3.97) u 3aMeHUM HE3ABUCHMYIO Iepe-
MEHHYI0 Z Ha X; o gopmyne

Xy =2—Uy, (7.3.102)
rae P, —KopeHb ypaBHeHus A2z—08(2)=0, 1.e.
Atp, —6 (uy) =0. (7.3.103)
Torna ypasuenue (7.3.99) Moxer OBITb 3anuCaHO B BHIE
%Jr A2 [a,x, + R, (%,)] v =0, (7.3.104)
rae
a=1—4"% (1), Ry=—h~* |38 () 458" )+ ]
(7.3.10%)

Dro ypaBHeHue COBMAJaeT IO BUAY ¢ ypasHeuueM (7.3.97), u, cne-
JIOBaTeJIbHO, ero MNPUOJHIKEHHOE pelleHHe MoxeT OBIThb MNOMYYeHO
C MOMOIBI npeo0pa3soBaHUd

3" ‘S Va@d, o=y,
(7.3.106)
Xlz% y  qi=a1% + Ry (%y).

dro npeobpasoBaHue NpHBOAUT ypasHeHue (7.3.104) x Bumgy
d? 01

" + [A2z,—8, (2,)] v, =0, (7.3.107)
rie
dz (.14
8, =—x1‘3/4—(1‘——l. (7.3.108)

2
dx1
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[lepBbiM npuOAMKEHHEM K U, SBJSIETCH pCILCHHE ypaBHeHHs

T | hiz0,=0
o +A%z,0,=0. (7.3.109)

CrenoBaTesbHO,
v, =L (A*32y). (7.3.110)

CoseplnB Tenepb oOpaTHBIA Nepexo] K MepeMeHHbIM X H y, Mo-
JYUHUM YTOUHEHHOE NPHUOJIHAKEHHE K PELIEHHIO HCXOAHOrO ypaBHEHHS.
Hs (7.3.106) umeem

= _~5'l/a1 ]/l +R’ dr_—l/a1 540 (A2).

CnejoBarebHo,
2=/ a x5, +0 ("),

3.1
1=+ 0(A), (73

M3 pasencrs
z”‘vl

Y= ===
Vo Vi g il
cl€lyer, 4TO 1Ba HE3aBHCHMELIX pemienHs ypaBHeHud (7.3.97) npub-
JIMXKEHHO 3aJ2I0TCS1 COOTHOLUEHHEM

y= Vz(x) g [A22ay”® (2 (x)—py)], (7.3.112)

q (x)

rae z(x) onpenesaedo B (7.3.98).
Boiciune npubamKkeHust MOryT ObiTh NOJYyYeHBI TOBTODHBIM TpH-
MEHEHUEM ONHCAHHOH BHILE MpPOUELYPHI.

7.3.6. HeopHoponnas 3agaya ¢ npocToii TOYKOH
BO3BpaTa — nepBoe NPHOAHKeHne

B sToM nyHKTE€ MBl HaijleM nepBoe NPUOMHIKEHHEe K HaCTHOMY
peLIeHHIO ypaBI{EHHH

dxz L+ [12g, (x) + g, (1) y = A2G (x) (7.3.113)

s 6oMbIIMX A H IOPH YCJOBHH, YTO ¢, (X) HMEeT MpocTof KopeHb
B TOuKe x==pu. Pasznenus (7.3.113) Ha A? u mosoxus A — oo, mo.ay-
YHUM B KauecTBe IPHOJHXKEHHOro 4YacTHOrO pelleHHs (QYHKUHIO

_Gm 3.11
oL (7.3.114)
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DTO pelleHHe MMEeT OCOGEHHOCTb B TOYKE X ==[i, €CJH TOJbKO QyHK-
uua G (x) HE HMeeT B TOYKe X==|L TPOCTOTrO KOPHA HJIH KOPHSA
6onbluell KpaTHOCTH.

A HaxoXAeHHs NepBOro npuGAMKEHHS K YacTHOMY pEUIeHHIO
B cayvae, korja G (u)#0, mpuMeHHM cHayaJja npeo6pasopaHHe

X
2= (x), %zam:SVql(r) dr, y=—= (7.3.115)
J Vo
K ypaeHeHuwo (7.3.114) u npuseneM ero K BHLY
L2t (Mz—8)v =hg(2), (7.3.116)

rie & onpexesneHo paseHcTBoM (7.3.37) H
g@)={e" [x(@}}~* G [x (2)]. (7.3.117)

[MockonbKy 8==0(l) u A— GoJsbHIOE YHCJO, TO TepBOe NpHOJIHKe-
Hue K ypasHeHHio (7.3.116) MOXHO 3anucaTe B BHAE

d?v . 2
5+ Ao =hg (2). (7.3.118)

sl HaxoXIEeHWH YAaCTHOTO peLIeHHA 3anuilleM g (z) B BHJE CYMMBI
JIBYX CJlaraemblx

g(2)=g(0)+{g (2)—g (0)] (7.3.119)

¥ ONpejieJIiM YacTHble pelIeHHs, COOTBETCTBYIOUHE KaX/OMY H3 HHUX.
Ecay ¢ynkuna g(z) anddepenurpyema B Touke z=0, To yacTHOe
pellieHye, COOTBETCTBYIOILEE BTOPOMY cJaraeMoMy, npHGAHKEHHO
3a12€TCA PaBeHCTBOM

v, =40 —20 (7.3.120)

2

paBHOMEDHO AJ1A Bcex 2. Il HaXOXJIEHHS YacTHOrO PEeIIEeHHA, CO-
OTBETCTBYIOILETO MEPBOMY CllaraeMoMy, MmoaoxuM &= A% 3z u npuae-
IneM ypasHenue (7.3.118) x Buny

d?v / I

75;+§v=7»2/3g(0). (7.3.121)
YacTHOe pellieHHe 3TOr0 ypaBHEHHs HMeeT BHJA

v, =A3g (0) T (E), (7.3.122)
rae dyukuua T () onpelensercs U3 ycJOBUH

%;_CJFET:L T(§)=fé- mpu  |E]— co.  (7.3.123)



378 Ta. 7. Acumnmomuneckue peuieHus AUHEOHbIX YpPasHEHULE

Takum obpasom, T (&) MoxeT ObITh BbIpaKeHO uyepe3 (QyHKUUH JIoM-
mess (cM., nanpumep, Barcon [1944], ctp. 345—351) coraacro
paBeHCTBaM

P ©) = Et0Seus (2800 )= [evemrndr, [5] < oo,
0

w

T () =3-2/3 an;a F(ngi)(—&)n JE| < oo,

nl
n=>_0

ow

T@E~ Y, St e-o jarge) < 3T, (7.3.124)

n gl
= 37 al

rae yepes S, ,,; ob6o3HaueHa QyHkuus Jlommens.
Ilostomy uacraoe pemenue ypasHenus (7.3.118) npu6auxenno
3ajaeTcs paBeHCTBOM

v=22/3g(0) T (h2/s 2) 82120 (7.3.125)
CoBepuB ob6paTHOe MpeoGpasoBaHue K MepeMEHHBIM X U Y, MOJAYYHM

e G 2/ 1 G @'
y=»=r “[(p/ YL T (M3 2) +¢h ® [G(X) Vo } . (7.3.126)

rae

Heonxoponubie 3agaun ¢ TOYKaMH BO3BpATA BO3HMKAIOT NPH HC-
CJEJOBaHHH YCTOHUMBOCTH IOrpasuyyoro cjios (Xoacraiu [1950]),
IpHU PacCMOTPEHHH TOHKHMX YIPYTHX TODOHAAJbHBIX 060JMOYEK H u3-
ru6a kpuBelXx TPYO (cMm., nanpumep, Kiapk [1964]). Beuueusnoxen-
Hasl MeToauka passuta [onbwraiinom [1950], Knapkowm [1958], [1963]
1 Tymapkuuemm [1959]. Crua [1965] mosyums ofHO yacTHoe pelue-
HUe ypaBHEHH#A BTODOTrO NOPAJAKa, BLHIPAXKEHHOE yepe3 obiine PyHK-
nun Jlommensa Sy, v -

7.3.7. HeopgHopophas 3aga4a ¢ NpocTod TOUYKOH
BO3BPATA ~— BhICIIME TPUGAHIKEHUS

Urobpt HaliTH NMOJHOE AaCHUMNTOTHYECKOE NPEACTABNEHHE peiieHHs
ypaBHEHU 1

CY () A (o, Wy =A*G (x, A),  (7.3.127)

dx?

B KoTOopoM GbYHKIHA [(X¥) UMeeT NpoCTO#l HYJb B TOUKE X =y H

xmm:%wmmxcmmsgrmm)muwam
n= n=
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NpHMEHUM CHadajJa K 3TOMY ypaBHEHHIO npeo6pa3OBaHue

2= ¢ (x), %zm:SVf(r)dr, gy—=vV 9. (7.3.128)
w

Toraa s10 ypaBHeHHe NpHBEAETCA K BHIY

L Azt hq (2, Mo =1 (2, 1), (7.3.129)
rie
9(2(8), A) = P (x) 1 (x, W)+ =1 P9 () P (v),
g, N=P )G (x, 1), PR)=—m. (7:3130)
Vo ()

HpennonoxmB, UTO CHpaBeNJHBBI Pa3JOKCHUSA

gz M=21"g,@), q@N=217"q, @ npu h—oo,
(7.3.131)

COCpejoTOYMM Haule BHUMAHHEe Ha ypaBHeHHH (7.3.129).
ByneM npexnosarats, 4TO NMOJHOE aCHMITOTHUYECKOE PA3/OKeHHe
yactHoro peieHus 3agauu (7.3.129) u (7.3.131) umeer Bujg

v=C(z, N)+A" Az, T (§)+ A2 B(z, ) T' (), E=A¥z,

(7.3.132)
rae T () ompenenena B (7.3.124) kak peiueHue ypaBHEHHS
T" 48T =1, _—.% npu | &|— oo. (7.3.133)

B cuny paseHcrs
& =C'+MBAT + M (WA + BT’ + ABT" =
=C'+AB+ A3 (A"—AeB)T + A3 (MA4 BT,
%= C"+2AB" + M2 A+ A28 (A" — AN Az—AB—2AzB')T 4
+ A3 (2MA"—A%2B +B") T’
ypaBuenue (7.3.129) npunumaer Buj

[(A*2+Aq)C +C"+20B" + 124 —h2g] +
+ A [A"—AB—212B’ - AqA] T +A1/2 (204 -
+ B"+AgB]T'=0.  (7.3.134)
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Has toro urobnl cooTHowenue (7.3.134) 6bi10 TOXKAECTBOM, HEOOXO-
1¥MO, uToObl KO3(pUIHEHTH B KBaJpaTHHIX CKOGKax 06paTHJIHCH
B HyJb, T. €. yToOGbl OLLIH BBHIIOJNHEHL PaBEHCTBA

(A2 Ag)C +A2A—h2g L 2AB' +C" =0,  (7.3.135)
20zB’ +AB—A"—hgA =0,  (7.3.136)
20A' +AgB-LB"=0.  (7.3.137)

Jns  peuesuss ypaBueHndt (7.3.135)—(7.3.137) npennosoxum,
yTo UMEWT MecTo (opMasbHBEIE Pa3jOXKeHHs BHjA

A=Y A "A,z), B= )_jox-nB,,(z), C=2 +»"C, (7.3.138)
n=0 n= n=0

H, IpHpaBHAB KOS(I)(‘DHU.I/IGHTBI INDH OAMHAKOBBIX CTENCHHAX 7», fo-
JYUYUM
n-1

ch :gn‘_’ArlAQB;l—l—C;;—Z_—kZ_an_k_l Ckr (73139}
n-1

228}, + B,—qo A, =An_1 4 D Gur Aps (7.3.140)
k=0

n—1

247, + q,B,=— Bj_, ‘,;o GurBp. (7.3.141)

31ech Bce Ko3bbHUHEHTbl € OTPHLATEJbHBIMH HHAEKCAMH pAaBHBI
HYJIO No onpejenenuo. [lonoxus

MzAn = A;/t (Z) -+ k§) In-k+1 (Z) Ah (Z),

u,(@)=A,(2)+iV2B,),
o6beaHnM ypaBHenus (7.3.140) u (7.3.141) B oxHO ypaBHeHHe
2V zu, —iqou, =iM,A,_,—V2M,B,_, (7.3.143)

(7.3.142)

¢ OOIIHM pellieHHEM

4
iy =y i) €@ - e -0 [r-1e p 4, 4
0
+iMB,_,]dt, n=0,1,2, .... (7.3.144)

3nech @, B B,—IpPOH3BO/bHbIE NOCTOSHHLIE U

0(2) = bg o) 4y, (7.3.145)
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[Tockoabky x03pPHUHEHTH C OTpPUIATENbHBIMH UHAEKCAMH DAaBHbI
Hyat0, T0 npu n=0 ¢opmyna (7.3.144) npunumaer Bul

Uy = (0t 4B, €. (7.3.146)

CnepoBarenbHo,
A, =0,cos8—f,sin 0,
V2B, =a,sin® 4B, cosO.

[Tockonbky 6(0) =0, To gns orpanuyeHHocTH B, npu z— 0 Heob-
xonuMo, utobnl B, ==0. Hanee, vpaBuenne (7.3.139) npu n=0 3a-
IHCHIBAETCA B BHIE

(7.3.147)

2C, =go— A,. (7.3.148)

In1a toro uyrobnt C, ObL10 OrpaHHYEHHBIM Npu 2z — 0, HeoO6XoxUMO,
4yT0Gbl BBITOJHAIOCH

4,(0) =g, (0) = aq. (7.3.149)

Toraa Al U B NEPBOM MPUOIHKEHAU HUMEEM
0= 88O 50 | 5100 (0)c0s 0T (5) + AV g, (0) 2- 1/ 5in 0T (2).
(7.3.150)

IMpu g, =0 (1. e. 6 =0) 31a PopMysa cBopurca K (7.3.125).
Boo6ime, uto6sl B, 6l peryasipHbIMH B Touke z ={, 6yjem Tpe-
Gosath BbnoJHeHus paseHcTs P,=0, a gas peryasipuoctd C,
B Touke z=0 Oynem Tpe6oBaTb, YTOOLI
a, = A,(0)=g,(0)—2B,..(0)—C;. (0)—
n-—1

—kZan_k_l(O)Ck(O), n=0,1,2 .... (7.3.151)

CrnenoBaresibHo,

2

A, (2) =, cos 0 (z)——%g T-1/25in [0 (2) — 0 (1)] M. A, _, dv —

(=1

2

— S c0s [0(2)—0(1)] MoB,_,dv, (7.3.152)

0

V'zB,(2)=a,sin 6(2) +—;— S T=1/2 cos [0(2) — 0 (2)] M, A,_, dt—
i

— [sinf0@ 0@ M B, ar.  (73.153)
0
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310 obiwee pemenHe Gpino mouayyeHo Tymapkuabim [1959] u o6o-
cHoBaHo Kuapkom [1963].

7.3.8. HeoauopogHas 3aga4a ¢ TOUKOH BO3BpaTa
BTOPOro nopsika

B uccnegoBaHufax MO TOPOHJAJIbHBIM MeMOpaHaM ¢ BHYTPEHHUM
nasnenveM Caugepc u Jlunuuc [1963] cTOAKHY/JIHCH ¢ HEOTHOPORHOH
3ajauefl, cozepiKameldl TOYKY BO3Bpara BTOPOTC MOPSAKA U OMHUCH-
BaeMOH ypaBHEHHEM BHJA

T+ Mg () y =16 (), (7.3.154)
rae ¢(x) uMeeT IABYKPAaTHBIA HyJb B TOuke ¥ =[p. YTO6bl HaHTH

nepBoe NpUOIMKEHHE K YACTHOMY peIIEHHIO 5TOTO ypaBHEHWs, TO-
JI0 2KHM

z2=¢(x), gydr, y=-— 7.3.155
00, o=Vl y=vs  (13.159)
i
W npubegeMm ypapsenune (7.3.154) x Buay
2 ()0 =13g (2), (7.3.156)

B KoTopoM O W g ompeneneHsl cooTHowenuamu (7.3.37) u (7.3.117).
IMockoapky 0=0 (1), a A-—OGoablwoe 4YUCJIO, TO YACTHOE peleHHe
ypaBHeHUs (7.3.156) 3anaercsi npuGAHIKEHHO ypaBHEHHEM

d? 7\‘2 27) o 32
oE T A= Mg (2). (7.3.157)

15 HaxoxXIeHUsl NPHUO/HKEHHOTO YacTHOTO PElIeHHs! YPABHEHHUS
(7.3.157) BbpasuM g(2) B BUJAE CYMMBl TpPeX CJIaraeMblX COTJIacHO
paBeHCTBy

g(2)=g0)+g'(0)z+[g(2)—g(0)—g'(0)2]  (7.3.158)

H OTpeeIUM YaCTHBIE PEIleHH s, COOTBETCTBYIOLINE STHM TPEM WIEHAM.
Ecau cymecrsyer g”(0), To uwacTHOe pelleHHe, COOTBETCTBYIOLIee
HocJaeHeMy UJIEHY, NPHOJHXKEHHO 3aJaeTCs PaBeHCTBOM

2(2)—g(0)—g ()2 (7.3.159)

v, = =

paBHOMEPHO 1J1s Bcex 2. Jlis HaXoXIeHHs YacTHBIX peIleHUH,
COOTBETCTBYIOUIMX ABYM ADYIHM C/IaraeMbIM B g (2), HOJIOKHM § = Al/2z
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u npeobpasyem ypaBHenue (7.3.157) x Bumy
g-,:—‘; 1 820 = Ag (0) -- A1/2g" (0) &. (7.3.160)

Cannepc u Jlunuuc [1963] onpenenunu ase dyukuun T, (E) u T, (E),
VIOBNETBOP SIOMHE YCIOBUIM

TEFET, =1, Ti=g mpu|E— o,

i (7.3.161)
LET, =L T,—v  npn [E]— .

C noMompio 3tuX OYHKIHA uacTHoe peieHue ypasHeHus (7.3.160)
MOXKeT OBITb 3allHCaHO B BHJIE

v, =Ag (0) T, (E)+212g" (0) T, (B). (7.3.162)

TlosTomy wuactHoe pemenne ypapeenus (7.3.157) npuGaukenHo
33J12€TCS1 PABEHCTBOM

080 —g0) =g 21 Ag(0) T, (B)+Av2g" (0) T, (8). (7.3.163)

22

&°T,
rx

CopepiiMB 06GpaTHLIH MNepeXof K IEepeMEHHbIM X W Y, MOXKeM NoJy-
YHTL pEBHOMEDHO IIPUTOJHOE IMepBoe NPHOMMKEHHE K peleHdio
HCXOJHOTO YypaBHEHus.

7.3.9. 3amaun ¢ ocoGeHHOCTSIMM B TOYKAaxX BO3BpaTa

PaCCMOTpI/IM ACHUMIITOTHYECKHE pasoxKenud pemeﬂuﬁ ypaBHeHUA

dv2+W gx)+rx)]y=0 (7.3.164)

1aa GOJbMIMX A W TIPU YCJAOBUAX
g (x) =g, (x—p)*[1 40 (x—p)],
P =ro(—m) 2 (140 (x—p)], PHETH (7.3.165)

3anaun, paccMOTpeHHble B NPEAbAYHIHX Dasfenax (B KOTOpPbIX r, =0
n o >=0), SBASIOTCS YACTHBIMH CJIYYasMH HacTOsIIEH 3ajayH, B KO-
TOpOH 7,5~ 0 ¥ & MOXKET UMeTb OTpULlaTe/bHbIE 3HaUeHNA. [IpH x — 1t
ypasuenue (7.3. 164) CTPEMHTCA K BHAY

Lot [ Mg (e—ny + | v =0. (7.3.166)
HOSTOMy B KaueCTBE MpPUCOEIUHEHHOT'O MbL Bbl6epeM YpaBHEHHE

%:-‘;-JF(WMF ;—g)v=0, (7.3.167)
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pelleHHst KOTODOro BBIDAXKAKTCA B BHIE
v=2'"8, ('YZB)’

a2 . V1 "4r,
ﬁ'y::}\,, _T’ V—W. (73168)
31ech UHIHHApHYeCKHEe (YHKUHH €, (f) YIOBJETBOPAIOT AH(GepeH-
IHaqbHOMY YPaBHEHHIO

€,  14€, =
Tra 1% +< )gv_o. (7.3.169)
®vurumu beccenn, Hefimana u Tankens (J, (£), Y, (¢), H (¢) u H: (1))
SIBJAIOTCH YaCTHHIMH BHJAMH LHJIHHADHYECKHX (YHKUHH.

Hccnenosasue 3ajau ¢ 0COGEHHOCTSIMH B TOYKax BO3Bpara OblIo
Hauato Jlanrepom [1935]. 3HaunresqbHbIH BKJal B H3yUeHHE STHX
3anay BHecan Takxe Kaurysan [1951], Ousep [1954], Ceencon [1956),
Kasapunos u MakkesBu [1956], Dpaefin [1960] u Basos [1965].

Urobb! onpefeqnTh aCHMITOTHYECKHE PA3JIOXKEHHA pelleHHnil ypas-
HeHus (7.3.164), BBeaeM B paccMOTpeHHe Npeo6pa3oBaHHe

=), v=9®yE), vE=Ve¢, (7.3.170)
KOTOpoe NpHBOAMT ypasHeHHe (7.3.164) k Buny

g_:%_{_{l?:;,('x)_{_#[,-(x)_i_g%i_%]}vz@_ (7.3.171)

Il TOro 4yToObl 3TO YpaBHEHHE NPHUOJIHKECHHO COBNAjaJIo Obl ¢ ypaB-
seupeM (7.3.167), norpe6yeM BbINOJHEHHS DAaBEHCTBa

(p“(p’xzq(x), (7.3.172)
OTKYyJa CJeayer, 4tro
x
- + (P(a+2)/2 = S Vq T} dT. (7.3.173)
CrnenoBarenbHo, ypaBHeHue (7.3.171) npunnmaer BHA
%:_‘;_I_(;vzza_{_;_g)v:[:(z)v, (7.3.174)
rie
l ”
F=%— (T[r(x(z))+ o —‘fp] (7.3.175)
Ilpu x—p

2
a2

ot 2ie _’OT—QI—.—Q V-a (x— pylo+eye,
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OTKYJAa cJemyer
@ — gy (x—p), @ — YD P g2 (7.3.176)

F:o( ! ) (7.3.177)

X~

CnenoBarebHO, NEpBOe MPUG/IMIKEHHE K U 3a1aeTCs peuleHHeM
(7.3.168) ypasuenus (7.3.167). Torna y npubaHKEHHO 3aRa€TCA pa-
BEHCTBOM

X 1/2
S Vamydt R
g=t ——Jd e A lVemdar|  (7.3.178)
Vg i
Hcnonvsys noaxon Onasepa (11.7.3.5) W npeano/iokuB, 4TO
v=A(z, M){; (z; M)+ B(z, L)¢i(z; M), (7.3.179)

rie §, u {,—HesaBucumble pelleHds ypasHenus (7.3.167), MoxHo
NOJIYUHTb BbICUIHE NPHUGJIHKEHUS K pewleHuio ypasHeHus (7.3.174).

7.3.10. 3apauu BbICIIero MOPSiiKa C TOYKAMH BO3BpaTa

Mutepec k 3apauam ¢ ToYKo# Bo3Bparta asa addxpepeHHHANTBHBIX
ypaBHEHHUH NOpsAKa Bble ABYX OGYC/a0BJEH OoJsbliefl YacTblo 3a-
Jayed 0 THAPOJHHAMHYECKOH YCTOHUMBOCTH Napas/esbHbIX TEUEHHH.
JlunefiHas 3agaua o6 yCTOAUMBOCTH MapaJ/esbHOro TEUEHHSA MOMKET
ObITb CBeJeHa K peIIeHHI0 Tak HasbiBaemoro ypasHeuuss Oppa —
3ommepdensaa (cM., Hanpumep, Jluub [1955])

o'V —202¢" fatp =iaR {[U (y)—cl (" —oa2e)—U" (y) o} (7.3.180}

OTHOCHTEJLHO aMILIMTYALl BO3MYIIEHUST ¢ (). B 3ToM ypaBHeHUH 1npo-
(UL CKOpPOCTEH HEBO3MYILEHHOTO notoka U (y) — u3BecTHasds QyHKUHA.
[lapameTppl oo M R ABJASIOTCA [OJNOMXKHUTEJNbHBIMH TTOCTOSIHHBIMY,
NpeACTaBIAIOUIIMH  cOO0OH BOJIHOBOE 4YHCJIO BO3MYLIEHHS H UYHCIO
Peitnospaca /g notoka coorBeTcTBeHHO. [lapameTp ¢ — KoMIieKcHAas
NOCTOSIHHAS, NeHCTBUTENbHAS 4acTbh KOTOPOH ¢, OlpenensieT BOJHO-
BYIO CKOPOCTb, 8 MHHMAs YacTb C;— CKODOCTb 3aTYXaHHUsA WJH BO3-
pacTaHdsi BO3MyUIEHHSA. OTo ypaBHEHUWe, JOMOJHEHHOE YeThIPbMsi
OJHOPOJHBIMH IDAHHYHBIMH YCJOBHUSMH, MPH H3BECTHHIX o U R obpa-
3yeT 3ajauy Ha COOCTBEHHbI€ 3HAYEHUS C COOCTBEHHOH (PyHKUMEH ¢
¥ COOCTBEHHBIMH 3HaueHUsAMU ¢, ¥ ¢;. CHcTeMa sIBJASIETCS HEYCTOH-
yuBOA npu ¢; > 0, ycrofiuuBoll npu ¢; <0 u npu ¢; =0 HaxoxudTrcs
B COCTOSIHMHM 0e3pasiMuyHOro paBHOBECHS.

Jnsi 60abIIBX 00R MOXHO MOJYUHTbL [BAa HE3aBUCHMBIX peleHHst
3TOH 3a7ayd B BHIE

=0, +@R) oY)+ ... . (7.3.181)
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IlBa Opyrux penieHusi MOryT ObITb TOJNYYEHH B BHJE
@ =ex VERL[(U —¢)=%/* +(aR)- V2 f (y) +...], (7.3.182)

Y
rae = S Vi (U—c)dy. BrunenpuseaeHHoe pelleHde Hapylaercs

Yo
B OKpecTHOCTH Hyaedl dyukuuu U —c, KOTOpuie SABAAIOTCS TOUKAMHU
BosBpaTa aaa ypaBHenns (7.3.180).

Toanmun [1947] u Basos [1953] nosyuusau paBHOMEpHO HPHIOA-
Hble aCUMITOTHYECKHe pelleHHs [ePBOTO NOpAAKA M/l YpaBHeHUS
(7.3.180). Tlonubie paBHOMEpHO MPUTOAHBLIE Pa3/OXKeHHS OLIIH MOJY-
uens Jlaurepom [1957], [1959a], PaGencraiinom [1959], Jlunem u
PatGencraiinom [1960], [1969]. K. Tam noayuun pjas ypaBHeHUs
(7.3.180) paBHOMEpDHO NPHUrOAHbBIE Pa3JIOXKEHHs! € MOMOILBIO METOAA
MHOPHMX MaciiTaGoB. 3ajauyd ¢ TOYKOH BO3Bpara [Jisi ypaBHeHU# n-ro
nopsaaxka usyuyan Cubys [1963a], [1963b].

7.4. BoaHoBble ypaBHeHHSR

B stoM naparpade Mbl onuileM HEKOTODLIE H3 H3BECTHBIX METO-
JI0B, C TOMOLLbIO KOTOPHIX MOXHO ONpeAessTb NMpUOGIHKEHHbE pe-
IEeHHS 33/1a4 ¢ JIMHEHHBIM BOJIHOBBLIM YPABHEHHEM H CBSI3AHHBLIX C HUMH
SNATUNTHYECKUX 3a5au. [Ipn omucanuyu 3THX METOAOB Mbl GyAeM He-
{10J1b30BaTh BOJIHOBOE ypaBHEHHE BHAA

c2(r) V2u—uy —oi(r)v =2 (r) g (r) e, (7.4.1)

Tlonoxus
v =u (r)ef®?, (7.4.2)
TIpUAEM K YPAaBHEHHIO
V3u kin®(ryu=g(r). (7.4.3)

3nech & U n npeacTaBAAIOT coGON BOJHOBOE UHC/IO H KO3(MPUIUEHT
npesioMJIeHnsl M 3aJaloTCs PABEHCTBAMH

_ _er—ag () o
k——c—o nz——Tm, (7.4.4)
rl1e C,—HeKOoTopasl XapakTepHas CKopocTb. B 3Tofi 3ajgaye Oynem
npepnofaratb, 4YTo g— JAeTepMHHHpOBaHHaa GYHKHHA, B TO BpeMs
KaK n MoxeT OblTb cayualiHofi dyukumeii. Takum obpasoMm, pesylib-
TaThl MOI'YT GBITb NPHMEHEHBl K PaclpOCTpaHEHHIO BOJIH B ClydyaHHOH
cpege. , :
[1pu nocronaHHOM n OAHOPOJHAs 3d]daua LONYCKAaeT pPeLleHHe B BUJE
[JIOCKO# BOJIHBI

U= Aeink-r’ (7.4.5)
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rae A-—nocrosiHHass. PemeHue HeONHOPOZHOW 3ajaud 3ajaercs
HHTErpaJjoM
ink | r=%|

u z_{Sg(g)%n_lr_—'%I" d&, (7.4.6)

rae nepeMeHHHH BeKTop § mnpoGeraer o6neMm paccesnus V. Eciu,
OIHAKO, N He siBAfeTCs MOCTOSHHON BeJHUHHOH, OYIeM HCKATb aCHMII-
TOTHYECKHE pasJIoKEHHs pelleHHil ypaBHeHusa (7.4.3). Bwuibop Toro
HJIE HHOTO aCHMIITOTHUYECKOrO MEeTOa AJSl MOJyUeHHst IpUBIHIKEHHOTO
pellieHUs] 3aBUCHT OT 3HAUYEHHA k W XapakTepa NPOCTPAHCTBEHHOTO
usMenenuss n. Ecau n Mano oT/Myaercst OT MOCTOSIHHOH, TO MOXKHO
NpHMEHsITh TAK HasbiBaeMoe pasjoxeHue DBopua, paspaboranHce
dbusuxamu, WM pasjoxenue Hefimana, pazpaboranHoe MaTeMaTHK aMH,
a2 TakXke MerTojsl INEPEHOPMHPOBOK uJaH Merol PritoBa. Ecaum ke
3HAauYeHUs1 kK BeJIUKH, a n— MelJIeHHO MeHsomascs GYHKIUHS CoCTOs -
HHSI, TO MOXKHO HCIOJAb30BAThb METOJ TeOMETPUYECKOH ONTHKH. XO0T#
5TH MeTOfbl Gbisik paspaGoTaHbl A1 NETEPMUHHPOBAHHHIX 3334, OHU
MOTYT GBITh HCMOJMBL30BAHBI TAKXKe B CTOXACTHYECKHX 3ajauax. [lJs
Noc/JeHUX Mbl OMHIIEM TaKXe TAaK Ha3bIBaeMbIll METOJ CrJa:KUBaHHUA,
KOTODbI# SIBJSIETCA aHAJOrOM MeTOAa YCPeAHEHHs, PacCMOTPEHHOrQ
B ra. 5. O6sacTh NpUMEHEHHs 3TUX METOMOB ¥ JadbHeHulue CChiIKY
yurarte]bp MoxeT HafiTH B kuurax Yepuosa [1960], Tarapckoro [1959],
Ba6uua [1970], [1971] u B o630opHofi cTarbe Ppuma [1968].

7.4.1. Paznoxenne BopHa — Hefimana u anarpammnl PeitHmMaHa

JTa METOAHKA [PHMEHHMa B ¢/yyae, KOrAa 7 Majo OTIHYaercs
OT MOCTOsiHHOf. ByaeM cunTatb, 4TO NPH 3TOM 2 H 7 HOPMHPOBAHB
TakuM 06pasoM, 4TO NOCTOsIHHAs COCTABJAIOWAsS A paBHA eJUHULE.
TeM caMmbiM MBI TOJlyuaeM BO3MOXKHOCTb 3alHcaTh n? B BHAE

n?=1-ey(r), (7.4.7)

rae & mano, a x=0(l). Haa crarucTuueckodt 3apaun Mot Gyaem
npeanoJiarath, 4YTO ¢AydaiHas QYHKUHSA y OT [I€PEMEHHOH I LEHTpPH-
poBaga TakuM oOpa3oM, uTO ee cpejHee 3HAYeHHe, ofO3HayaeMoe
yepes <yx>, paBHO HyJO. [laa monyuenus pasgoxenus Bopua [1926]
IOJIOKHUM

®

u= X emu,. (7.4.8)

m=0
IMoscraBuB 310 pasaosxenue B (7.4.3) ¥ npupasHsB ¢ yyetoM (7.4.7)
K03(pULHeHTb NPH OIHHAKOBLIX CTENEHAX &, MOJY4YHM
L(u) =g, (7.4.9)
L{uy)=—kqU,_, ang m3zh. (7.4.10)



388 Ta. 7. AcumnmomuyecKie pewsenus AUHeUHbIX YpPABHERU

3necy onepatop L onpenesed paBeHCTBOM
L=v2+k2 (7.4.1))

Ypasuenus (7.4.9) u (7.4.10) moryr GnITb NOC/IeLOBATENBHO pe-
wenbl. Mg HeKoToporo 3sajaHHoro m npasas uacTh (7.4.10) cuu-

TAeTCsl M3BECTHOH M3 pellleHus npexsiayliero ypashenus. Cienosa-
TeNbHO, pellleHHe 3aiaeTcsi paBeHCTBOM

Un () =— k2§ 4 () ey (1) Go (15 1) dr,y  m=1,  (T4.12)
Vv

rae r,-—InepeMeHHbll BeKkTOp, mnpoCerammuil obveM paccesHus V,
a G,— ¢yskuus ['puHa cBoGOAHOro MpPOCTPAHCTBA:

JkIr=E]

Go(l‘, g)—_-‘m-r—_—gl (7.4.13)
[Tpy g=0 ypaBHenue (7.4.9) nonyckaer cjeayliee pelleHHe B BH/e
NJIGCKOH BOJIHBI:
Uy, = Ae'kr (7.4.14)
rae A—nocrosunas. Toraa u3 (7.4.12) umeem

uy=— Ak § y (r,) %0 G, (r; 1) dr,, (7.4.15)
v
= Akt (1) 1 (ry) €% Gy (15 1) Gy (ry; 1) dr, dry,  (7.4.16)
Vv

Uy =A (—]1)mk2m S X)) o (ry). oo ira) X

1%
X ek Gor; £,) Go(F s Tuey). . .Go(ry; £))drdry,. . dr,,.
(7.4.17)
Usen eu, B 3TOM DA3JIOXKEHUH HA3bIBAeTCsi MNEPBHIM NpHOJIHKEHHEM
bopua, a unen e™uy,—m-M npubanxkesnem bopHa.
Eciau y—LeHTpHpOBaHHAs CJayyaillHas OYHKUHS r, TO CpeJlHee

3HaueHne QYHKUHUH U MOXHO MOJyuuThb, ycpeauus (7.4.8). B pesy.sb-
tTate 6yneM HMeTb

Cup = Ae™ ¥ Akt S < (r)x (ro)>eknGo(ry ry)G, (ry; vy)dr dry 4.+
1%

+ A (—e)mkm § <y (r) 1 (rg) - (ra)> X
v
X e Gy (r; 1) Go(T s Trmey). . . Go(ry; T)dr,dr,. . .dr, ...
(7.4.18)

Yepennenusie eauunnbt <y (r,)x(r,)...x(r,)> 3aBUcAT OT pacrojo-
MEHHS TOYeK ry, Iy, ..., l,, TAK KaK A1 GOJbWHHCTBA CJAYYAHHBIX
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cpell cywecTByeT Mmaciitab koppessuuu [ (T. e. 3HaueHHs y B TOUKAX,
OTCTOSIIIHX APYT OT APYra HAa pacCTOSIHHH, NpEeBhILIAIONIEM /, HE KOp-
pennpoBanbl). UToGbl NoJAy4YuTh 3aBHCHMOCTH OT Maciutaba Koppess-
LUHH, Pa3JIOXXHM 3TH YCpeJHeHHble BeJHYHHBI B PSAAb MO pacilUpsIo-
LIUMCS] TpyInilaM HepeMeHHBIX CJeAYIoUlero BHAA:

x(r)x(re)>=R(ry, ry),
() x(ry) y (rs)> =R (ry, ry, 1),
K (r) x (ra) x (ra) x(r)> =R (r;, r) R(ry, r,)+R(r,, ry) R(ry, 1)+

+R(ry, 1) R(ry, 1g) + R (ry, Ty, I, 1), (7.4.19)
< r)x(ry). . . x(rL)> = +2k G RGE B)RE, - B %

s

><R(n1) vy nks)v

rae k;>=2. Tak, cyMMHpPOBaHUe B MOCJEJHEM ypaBHEHHH MPOBOLHTCSH
M0 BCeM BO3MOXHBIM pa30HeHUsM MHOXECTBA TOUEK r, f,, ..., I, Ha
FPyNInbl, coaeprkailie Mo KpaiHeH Mepe ABe TOYKH. EcaH y — UEeHTDH-
poBaHHaA raycCoBcKas cJjayuyaligasi YHKHIHS, TO BCE KOPpPENALHOHHbIE
GbyHKUHH 00paTATCs B HYJb, 3@ HCKJIOUEHHEM JBYXTOUEUHBIX KOppe-
asiponHuX ¢yskuui. C nomombio (7.4.19) u (7.4.18) moxHo noay-
YATh IJ9 <4> BbIPAXKeHHe, 3aBHCSIIEe OT R-TOYEUHBIX KOppessilH-
OHHBIX (PYHKIHH.
IIpn g==0 uactHoe peitenue ypasHeHus (7.4.9) umeer Bux

u,(r)=Mg= S g(r,) G, (r; r,)dr,. (7.4.20)

1%

Torpa us (7.4.12) umeem

U (r) =(—1)"k%" § g(r) x (r) % (rs) - . . x(Fm) Go (r5 1) X

X Gy (T s Trper). . -Gy 0y 1) Gy (ry; o) drodry. . dr, (7.4.21)
WJH, B onepatopHoi cdopme,
u,=(—kMy™ Mg, (7.4.22)

rae oneparop M onpezgenen B (7.4.20). Ilosromy umeer Mecto
u(r)=Mg+ 2]l em (— k2My)" Mg. (7.4.23)

dror pAA MATEMaTHKH HasbiBalOT Takxe psgoM Heiimana. K 3sromy
pALY MOXKHO NMPHUATH Takxe, o6paTHB cooTHOwWeEHUe (7.4.3) B MHTEr-
panbHOe ypaBHEHHE

’ u=Mg—ek:Myu (7.4.24)

H peurasi ero METoAoM IOCJAEeAOBATEIbHbLIX IlpPIéJIPI)KeHHﬁ.
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U3 (7.4.23) moxuo onpeaenuts ¢pyuxumo I'puna G nas ypas-
nenusi (7.4.3) B BuIe

G(r; ry) =Gy (r; ro)—ek? SX(rl)Go(r; r) Gy (ry; ro)dr, +
Fe2kt {4 () x (1) Go (1 1) Gy (103 1) Gy (15 1o) dr, dr, -

+ . (= 1)memkE S X ()% (@) 5 (Fn) G (F; 1) X
X Gy (s Tryey) - - <Gy (ry; 1) Gy (ry; v ) drydry,. . dr, 4+ ..., (7.4.25)

B onepartopHoli ¢opMe sTa GYHKUHA OyJET HMETh BHJ
G= 2 (G, Z)Y* Gy, Loy——eky(r)e(r). (7.4.26)
m=0

dror paa Gwa npencraBied Ppumem [1968] ¢ nomousio, Kak on
HasBaJj, ,l0JI0H“ avarpaMMmsbl. [Ipd 3TOM OH HCNONB30BAA CAefyIOlLHe
yc/aoBHBIE 0Go3HaueHua: G, NpeICTaBAsSeTcs CIJIOUIHOH JHHUEH,
a % —mroukoii. Torga G npeiacraBasiercsd AHarpaMMHBIM pAIOM

Go—— 4 + fooe (7.4.27)
To

r ro r n r r 2 ry

JToT pAA PU3NYECKH HHTEPNPETHPYETCS C MOMOLILK) MHOTOKPATHOTO
paccesHusi. UjeHn ¢ HOMEpOM m COOTBETCTBYET BOJIHE, KOTOpas CBO-
6olHO pachnpocTpansieTcsi OT Iy, K I,, paccedBaeTcss Ha HEOJHOPO.-
HOCTAX B r;, pacnpocTpaHsieTcss CBOOOJHO JO f,, PacceHBaeTcf Ha
r, ¥ Tak fanee. @puwmr [1968] npeacraBua aBoitnyo GyHkuuo 'puna
(TeHsopHoe InpousBejeHue (YHKUHH (G Ha KOMIJIEKCHO COIPSIKEH-
HYIO BEJHUYHUHY)

GRG=G(r; r)) G (& &)

B BHJE CJAEAVIOUErO psiia ABOHHBIX ,TOJBIX“ IUArpamm;

T ro T T ) r Xo
G®G= + + +
I Wt b B (7.4.28)
r r1 b 1)
+ oea
F b b

3necy Kaxjasa NBOHHAS JHarpaMMa COOTBETCTBYET TEH3ODHOMY IpO-
U3BEJEHHIO Oneparopa, NPeACTaBJsEMOro BepxHeil JHHHEH, HA ome-
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paTop, KOMIIJIEKCHO COMNpSsXKEHHBbIA oneparopy, IpeACTaBIsieMoMy
HHXKHEH JHHHUEH.

Ecan y—nentpupoBanubiil coayyaiHbiil mpouece, TO <G> MOXeT
ObITb TIPENCTABJCHO CAEAYIOWHNM ,0feThIM* AMATPAMMHBIM pPAAOM
(Dpum, [1968]):

A,
PN
7N,
- / \ -~ P
AN / i N A ‘L 7 \
<G> =— + 4 + 4 + e { +
1 2 3 4
A\
- - PN
’” ’,\\ i Ve - N - /’ ‘\ AN
I3 / \ \ / 77N AN P SN
i BT S § I + y) i \ — < A
5 6 7
S SN

(7.4.29)

B 3TOM auarpaMMHOM psije HCHOAb30BAHBI CAEKVIONIME YCAOBHbLIE
00603HaueHuns:

(1) Touxku, mpunajiexauiyle AAHHOH CpYMIe, COEAHHEHBI IIYHK-
THPHOH JHMHHEH.

(2) Kaxnolt ,ronoii“ nyarpaMme, copeprkameii QyHKUHIO y B BUAE
k MHOXKuTeJell, MBl COTOCTABAAEM CTOJABKO ,OHETHIX® AMarpamu,
CKOJIBKO CYIIEeCTBYET pasHBIX pasOHeHHil MHOMKEeCTBa Iy, r,, ..., Iy
Ha TPYHNNbI, COAepIKallUe MO KpafiHed Mepe ABE TOUKH.

(3) [ns BeluMCACHUS NO ,ONETOH“ nuarpaMMe CIJIOIIHBIE JHHHH
clenyeT 3aMeHuTb Ha (,, NYYOK NYHKTHPHBIX JUHHI, OKaHUUBAIO-
muxed B ry, Iy, ..., Fg,— Ha MHOXKHTENb

(—ek?*R(ry, ry, ..., Iy,

a UHTEerpupOBaHHE cJelyeT IPOBOJMTH IO BCEM I1POMEXKYTOUHBLIM
TOukKaM. Taxk, HMeeM

Rl
\

L = &gt f Goft; 1)GulTy; )Gof(rs; FR(, 1) dr, dr,y

(7.4.30)

= 'k* f Go(r; r)Go(rs; 13)Go(Xs; 1)Go(ry; 1 DGy(ry; 1)

X R(rg, 2)R(x;, 1y) dry dr, dr, dr,
(7.4.31)
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Ananornuno, Kosapuanuio <G(X)G> MOXHO BbLIPa3HTb B BHIE CJe-
OYIOUIETO psAAa ,,04eTbiX" ABOHHBIX JHArpamm:

<G®G>= - f + + + N /
+ . .
(7.4.32)
3necp uMeeM, HanpuMep,
r n{ 0
]
1 - —
: = [ e m)Gu1s )Gl BEDTCEs; B0
1
1]
! X R(ry, &) dr, d§,
¢ ! b
(7.4.33)
/,—\\\
i )y
r X2 I o _
= ‘4k4Go(€§ go)fGo(r; r2)Go(rz; r)Go(rs; To)
X R(ry, 1) dr, dr,
£ o

B cayyae rayccoBckoit ciyuaiiHOH GYHKUHM He 0GpalaiTcd B HYIb
TOJIBKO JBYXTOUEUHblE KOppENAIHOHHbIe QYHKIUH; CAeA0BaTeIbHO,
B (7.4.29) Taxue puarpammel, Kak 3 u 7, a B (7.4.32) takue, Kak 5,
HCUEe3aloT.

[IpencraBnenne QopMadbHBIX PSAOB BO3MYILEHHS C MOMOUIBIO
avarpaMM BrepBule npumenun Deiiaman [1948]. Dtu  puarpamusl,
Ha3biBaeMble quarpammaMd DeiiHMada, IMMPOKO HUCMOJB3YIOTCA B CTa-
TUCTHYECKOH TepMoauHaMHke (cM., HanpuMep, [Ipuroxun [1962]),
B 3ajavye MHOrux Ttesa (cM., Hanpumep, Ban Xos, ['yremxosabu u
Xaymeun [1961]) u B KBaHTOBOH 3JeKTpOAUHAMUKE (CM., HANPHMED,
Basecky [1963]). dns pewreHuss JUHEHHBIX CTOXAaCTHYECKHX ypas-
HeHufi nuarpammnl DeifHMana nepBbiM npuMenun Kpa#xuan [1961].
[Ipu HccrenoBaHMm pacnpocTpaHeHH: BOJH B CJIydyalHo# cpene
znarpamMel OefinMana 6oty BBeeHbl B paccMorpenue Byppe [1962a],
[1962b], ®ypyuy [1963] u Tarapckum [19564] gnaa cayuas raycco-
BhIX npoueccoB U @puiuem [1965|—B obiuem cayuae.
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®pum [1968] nokasan, 4TO pasjOKeHHsl, MOJNyUEHHLIE B 3TOM
NYHKTE, ABAAIOTCH pacxoasumumucs. Bojee Toro, on nokasan taxkxe,
YTO 3TH pas/IoKeHWs Ccojep:KaT BEKOBblE 4YJeHbl, H3-3a KOTOPHIX
NPUIOfHOCTD 3TUX ACHMITOTHYECKMX pa3jIOXKEHUH OTpaHUUMBAETCS
MaJbIMH 3HaueHUsAMH aprymeHTa. IlockoabKy BeauunHa <y (r,)X
Xyg(ry). . .4 (ry,)> paBHA CYMMe JBYXTOUEYHBIX KOPDISAHUOHHBIX
¢yHKIMHA B KoauuecTBe 1.3.5...(2m—1), TO 3TO 4MCJO CJaraeMeIxX
OLICTPO pacTeT C YBeJHUUEHHEM /M, W 3TO OOCTOSATE/bCTBO ABJAAETCH
ele OXHOH NPHYHHOH, 0OYCJOBIHBAIOLIEH pPacXOAHMOCTh DPasJioxke-
Hui (7.4.29) u (7.4.32). Lkapodckuit [1971] moguduuuposan pasJjo-
XKenue BopHa mast cjayyas o6paTHOrO paccesiHHs Ha TypOyJeHTHOH
nnasMe, uyToObl HCCJENOBaTh SIBJACHUE HaCBIUEHHS U IONepeyHol
noispusauuu. Paseft [1917] paspa6otan Meroj yJayduieHus paBHO-
MEpHOH NPUrOIHOCTH TAKHUX Da3flOxkeHHH, C TeM uToGbl pas/ioKeHHe,
NoJIy4eHHOE MM JJ5 OJHOKPAaTHOIO paccesHHS HAa TOHKOM CJioe,
clleNlaTh TPHTOIHBLIM JJIl MHOTHX CJOEB. DTa METOAMKA Ha3blBAercsl
nepeHopMupoBKofi. OHa Oblla pasBUTa M pacliMpeHa pAjoM Hccse-
JoBartesiedl (CM. CJAEAYIOLWIMH MYHKT).

7.4.2. MeToLbl NEPEHOPMUPOBKH

UTo6el NpOUJTIOCTPUPOBATE NIPHPORY HEPABHOMEPHOCTH, KOTOpas
MOXKeT BO3HUKHYTb B pasnoxeHny Dopna (Hefimana), u HaMeTHTb
NyTH ee yCTpaHeHHs, PAcCCMOTPUM NPOCTOH NpUMep

w+k2(e)u=0, uQ)=1, (7.4.34)
rje k—I‘IOCTOHHH‘aﬂ, onpenenasieMas paBeHCTBOM
N
k= D ek, (7.4.35)
n=0

Yxonsuiue BOJHBI 3a4a0TCS TOYHBLIM COOTHOIIEHHEM
N
u=e*®x —exp <ix 25"k,,>. (7.4.36)
n=0

Omnaxo passoxkenue DopHa, nonyueHHoe Ada (7.4.34), umeer BHJ

[« ]

N m
U =eitr Y -n%<ix }: a”k,,) =
m=0 n=1
. i R R 1
= gthox [1 - iek,x g2 (tk2x———2— kfx2> +
e (ikax——klk,xz — ik?x3) F.. ] (7.4.37)

Ou4eBHHO, YTO ITO Pa3/NoMKEHHEe MPHUTOIHO TOJBLKO A8 KOPOTKHX
paccTosiHMd W HapyulaeTcsd, KOrja 3HaueHus kX UMeT NOpAnoK
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O (¢~') unu Gonmbunit. McTOYHWK HepaBHOMEDHOCTH MOXKHO oOHapy-
JKHTh, CPAaBHHUB 5TO pasJoxeHue BopHa ¢ TOUHBIM pemeﬂueM (7.4.36).

Pa3jioKUB B TOYHOM pElIEHHUU BbIpaxeHue exp(zx Zs"k > B psX

N
Teiiiopa mo BeanyHHe zst ., DA3JIOKUB, Jajee, BbIpaKeHHe

n=1
/N

28nk> 0 CTCNEHAM €& W CrpynmnupoBaB WICHbLI C OIUdHaKOBOﬁ
n=1

CTEHNEHBIO €, MOXKHO [MOJYYHUTb H3 TOYHOTO pellleHHs pasJozKeHHe
Bopua. Xorsa psaa Teisopa, nodyueHHbl!l pas3oxeHHeM exXp ¢ 10 ¢,
CXOANTCA paBHOMEPHO H abCoJIIOTHO AJA BCEX 3HaueHMH ¢, KOHeu-
HBIM UMCJOM WIEHOB psga HeJAb3si NpPUOGJAM3UTL 3HAaueHHe exp ¢
¢ 3aJlaHHOH TOYHOCTBIO AJs1 Bcex 3uaueHuid ¢. CregoBarenbHoO, J06oe
pPABHOMEPHO INPHIOAHOE I BCeX ¢ pasJiokeHHe PyHKIHH eXp ¢
JOJIKHO COBIIJaTh C caMoit dyHkuuel exp ¢. Takum o6pasoM, UYTOOH
3 (7.4.37) noayuyuTh pasJoKEeHUEe, PABHOMEPHO NPHUTOAHOE AJfA 3Ha-
yeHuii x mnopsaka O (e™1), cjaenyer IIPOCYMMHDOBATh [OCJE0BA-
TEJIBHOCTD

V4-iekyx+ ... +(ekx)?/ml 4 ...
dra cymma pasHa exp (ikx). Torpa (7.4.37) npusuMaer BUA

® N m
. 1.
u=exp[i(k, +¢ek,)x] mgom<zx §2snk,,> =
—exp [i (kg -+ 8k;) ] (1 4 ie2hyx -+ ie%h g0 — o e8k3xe 4 .. ) . (7.4.38)

dTo pasJioxeHue Hapywaercss HOpH k,x =0(e~2). UTo6u yBeJHuuTH
06/1a¢Th MPHTOAHOCTH 5TOrO PAasJIOXKEeHHs J0 3HaueHHH x =0 (e~2),
@

c/lefyeT MPOCYMMHPOBATH NOCJENOBATENLHOCTD Y, (ie2k,x)"/m!. Eciu
m=0

He U3BeCTHA fiBHAA QYHKOHOHAJbHAA 3aBUCHMOCTb, TO 3(QdEeKTHBHLIM
METOJ0M CYMMHPOBAHUS 3THUX IOCJeI0BATEJBbHOCTEH ABJAAETCA METOJ
MHOTMX MacmTagoB . 6. CyMMHDOBaHHE BEKOBLIX 4JIEHOB MOXKHO
TaKXKe NPOH3BECTH APYTHM CIIOCOOOM—METOOM MEPEeHOPMHPOBKH.
Merton nepeHopMHPOBKH OB MepBOHAYasbHO paspaGoran PajeeM
{1917] ¢ ueabio 0600IHTE CBOU PE3YJbLTATH [0 PACCESAHHIO HA TOH-
KOM ¢Jloe Ha paccesiHue Ha MHOTHX cJosiX. [/ OfHOKpaTHOro
paccestHMs Ha OJHOM CJIo€ OH TOJYUHJ pasfioxeHHe BHIAa

u =e'ko* (1 +jepx). (7.4.39)

Yro6bl NOMYYUTh pEIUECHHE, MPUTOJHOE Vi MHOTHX CJOEB, OH INpH-
JaJl 3TOMY pas/OXKEHHIO BHJ IKCIIOHEHTHI, T. €. 3allUcaj ero B BHJE
u=exp [i (ky, +ep) x]. (7.4.40)
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-]

TakuMm cnoco6oM oH 3(hGEKTHBHO BHUYHCAHI CyMMy Z(isux)”’/m!
m=1

nocJIeJIOBATE/ILHOCTH BeKOBHIX uJieHoB. Ilpomecc cymMMupoBaHusa pas-
JIOXKEeHHH C 1esblo clesaTh HX ,00Jee* paBHOMEPHO [IPUTOIHBIMA Ha3bi-
BaeTCs [epEeHOPMUPOBKOA. Drta MeTOAHKa OHBlJIa 3aHOBO OTKpHITA
ITpurysao (1962], o uem rosopuiochk B § 3.4,

Uro6sl paciiupuTh 06/1acTh PaBHOMEPHOH NMPHUIOAHOCTH ABYUJICH-
HOro pasJgoxeHuss BopHa u=u,-eu,, NpUAAIUM €My ClefyiOUHi
3KCMOHEHUUANABHBIA BUL:

U = 1 eth/to, (7.4.41)

Ecnu ana u, umeeM u,= A,expiS,(r), To Toraa
u=AeiS"), (7.4.42)

rne A=A,exp[eRe(u /u,)] 1 S=S8,-+eIm(u,/u,).

MeToa nepeHOPMHPOBKH OBLNT pacilHpPeH, YyTO MO3BOJHJO MOJY-
YUTb KHHETHYECKHE YpaBHeHHs AJas cJAa00 HeJHHEeHHBIX CHCTeM
(cM., nanpumep, Ban Xos [1955], [1957}; Ilpuroxun [1962]; Da-
Jgecky [1963]; Aavtmyabs 1 Kapnoman [1965]). B coorBercTBHM ¢ 3TuUM
METOJOM TMOC/EA0BATENLHOCTH BEKOBHIX UJEHOB BBIISNAIOTCH W CYM-
MUpPYIOTCSl ¢ TpuMeHeHdHeM auarpamm Peitnmana uiau Ge3 Hux. CymM-
MHDOBaHUe TJIaBHBIX [10CJIEL0BATeIbHOCTEH BEKOBLIX WJIEHOB MPHBOXMUT
K KBa3UJMHEHHBIM yDABHEHHUSM.

MeTol nepeHOPMHPOBKH MIHPOKO MPHUMEHSJCST TaKKe MpH H3Y-
YeHHH pachpocTpaHeHHs BOJH B CAydYalHbIX cpefax (CM., HalpHMep,
Tarapckuit [1959, rnasa 6]; Keanep [1962]; Kapaa u Kensep [1964]).
Hrtak, uto6nl pacuidputbh 00JacTb PaBHOMepHOH MPHUCOJHOCTH Pas-
JoxkeHuda aas <G> u3 (7.4.29), npugaauMm peauunse <G> 3KCIOHEH-
IIMaJbHbIA BUJI

G> =Gy, (7.4.43)
CJleloBaTE/IbHO, N€PBAsi MEPEHOPMHUPOBKA 1aeT
b=g, (7.4.44)

rae
Gy =e2kt § Go (13 12) Go (13 1) Go(rs; o) R (15 1,) dr, dry. (7.4.45)

Byppe [1962a], [1962b], ®ypyuy [1963], Tarapckuii [1964] u
®puw [1965] ucmosmb30BaNMM AUATPAMMHBIE METOX CYMMHDOBAaHHSA
IJsl HAXOXIEHHS ypDaBHEHWH [EePEHOPMHPOBKH I1POH3BOJIBHOTO I10-
panka. Tarapckuii [1964] pacmosmoxua puarpammer s <G> u
<GX)G> TakuM 06pa3oM, YTO yAaJOCh OGHAPYKUTb, YTO 3TH [HA-
TpaMMbl COOTBETCTBYIOT pasJioXeHHsM HeilMana jjis ABYX MHTErpasb-
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HLIX YpaBHEHHI ¢ J[BYMs fJpaMy, HMEHIHMH OG€CKOHEYHOe YHCJIO
unedoB. [ns cayuyas, Korja mnoxkasaTenb NpeJOMJEHHS sIBJSETCS
‘HEeHTPUPOBAHHON T'ayCCOBCKOH BeJMUMHOH, AMarpaMMHOe pa3JioXeHHe
ana <G> uMeer BUJL

1 2 3 4 5 6
o~ .~ s AN PN o~ N
<G>=__+1\+1\1*+111x+11xx+111x‘\
7 9
PR, -7 -
s AN AR N TN .
YD oo Y S 0 W W SR . W (0 i WL G § VAN
10 11
—— T —_ T
S RN TN RN
+ e J G S + & p b )
12 13 14
_—— m—— ———
7 . >~ - R ;( N, ,” ~\
+ bl M ) + - i\ Y + —d Y
Y ; Ay T\ ™7
S S
= N —
15 16 17 N
,———~\‘_~\ /,”_\\\\\ ’,_--\\\
7 o~ 7N, ’ Ay 7 _—
b —4 ) J__+ —id ve + i o)
N ’ AN d
N \~_—’
18 19 20
T T Bt
Ve AN FAPEEN \\ J/ PN
AN AN O N W 5 N hY e p TN AN
\ /

(7.4.46)

Jlns moJiyueHust WHTerpajsbHOro ypaBHeHHs aas <G> ¢ snpoM,
COCTOAIMM U3 GECKOHEYHOrO psia, paCCMOTPHM TONOJIOTHIO AHAT PAMM
B (7.4.46). Beenem cjenyiomue omnpenenenus.

(1) duarpaMmoii 6e3 KOHIOB OyAE€M HA3bIBaTh AMArpaMMy c yjaa-
JIEHHBIMHM BHEIIHWMH OTpe3kaMH cIIowHbIX JAudHui. Tak, Hanpumep,

auarpaMma 2 6e3 KOHIOB HMeeT BUJ ,'"‘, , a jauarpamma 4 Ges

KOHLOB HMeeT BHIL &4

(2) HduarpamMa Ge3 KOHIIOB HA3bIBAETCS CBSI3HOM, €CJIM ee HeJb3f
pa3buth Ha ABe MU GoJiee AMarpaMmbl, He paspbiBas HH OLHOH
OyHKTHPHOH JMHMH. [Jluarpammel 4, 5, 10, 11 u 13—20 spasawrcs
CBSI3HBIMH, B TO BpeMf Kak guarpammbl 3, 6, 7, 8, 9 u 12 ue apas-
10TCA CBA3HBLIMH. HecBsisnble auMarpaMMbl MOr'YT ObITh pasGHTHl HA

PN ., ~

MHOXKHTEJIH; HaIlpHMEp, auarpamma ‘ : ’ AN

\
i > i
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MoxeT OBITh 3aMHcaHa B BHUJE NPOU3BEeAEHH A CJAEAYIOWHX [IATH quar-

——— -~
pe N -’ \

aMM. \

p . 4 ', ) b y,

(3) MaccoBeiM onepaTopoM , o603HauaeMeIM Uepe3 @, Ha3bIBALTCH
CYMMa BCEBO3MOXKHBIX CBSI3HBIX JAuUarpamm, BXoasiux B <G>; T. e.
HMeeM

o= i \ + VD S G ¥ + P ARYAN + oes
(7.4.47)

BC€ HeCBsSA3HbIE AHArpaMmpl, COCTOSLIUE U3 lIByx CBA3HBIX Auar-
paMu, BCTpe'-IalOTCH B CYMMe AuarpamMMm BHJIA e——® | 3 BCE He-
CBsA3HLBIE }.‘LI/IaI‘paMMbI, COCTOAILHE H3 TpPEX CBA3HBIX Auarpamm,

BCTpE€UYAloTCsA B CyMMe€ JHarpamMM BHAA e———e——o, Uz cka-

3aHHOTO CJEAYeT, YTO BeJAHYHHA{G>, OGO3HAYAEMAS JIHHUEH maimme R

OMHCbIBaeTCs clelyloWnM ypasHenueM [laticona (Tartapckuit [1964)):
—— | e . e (7.4.48)

WJH B aHaJUTHUYECKOM BHIE

<G (r; 10> =Gy (r; 1)+ § Go(r; 1) Q (ry5 1) <G (ry3 10)> dr, dr,.
(7.4.49)

AnanornuHoe ypaBHEHHe, BBeleHHoe BnepBble [aficonoM [1949],
LIMPOKO HCMOMB30BAJAOCh B KBAaHTOBOH 3JEKTPOAMHAMUKE, KBAHTOBOI
TEOpUH MOJs M B 3ajaue MHorux teq. Ecium dynkuus y ogHopoana,
TO MaccoBbIfl orepaTop ( HHBapUaHTEH M0 OTHOLICHHIO K IEpeHoCy
M npejcTaBisieT co6oi onepaTop CBepTKH, npeoGpasoBaHue Pypbe
KOTOPOrO SIBJISIETCA ONepPaTOpOM YMHOXKEHHSH Ha OObIYHbIE PYHKUHH.
CiriefioBaTesIbHO, coBepUIMB npeobpasoBanne Pypoe B (7.4.49), moayuum

1

1
G @) =gz t+m—m L) <G (D, (7.4.50)
KOJIb CKOpO
1
Go (M)zm (7451)

Paspemas ypaBuenue (7.4.50) otHocuTenbHO <G (%)>, ROMyuuM

1
<G (M)) =m. (7452)

Takum o6GpasoM, npH H3BecTHOM @ BeaHuuHa <G> MOMKeT ObITh
Haiinena o6pawenueM <G (»)>. OnHako ToyHOe Bbipa)keHue s Q
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TaK »Ke TPYAHO HalTH, KaK M BuIpaxeHHe s <G>. Iosromy npu-
feraroT K INpHOJHXKEHHBIM MerojaM onpefenenus Q. Ilpocrefiiuee
npubJHKeHHe, OCHOBaHHOe Ha ypasHeHHMH JlaficoHa, COOTBETCTBYeT
VJEPKHBAHHIO B MacCOBOM OlepaTope TOJBLKO NepBOro ujaeHa. Mmeem
IIpU 3TOM

- + A (7.4.53)
WJH, B aHaJUTHUYECKOM BHIE,
KG(r;ry)> =
=Gy (r; ro) 2k { Go (5 11) Gy (143 1) R (153 72) <G (13 1) ar, ary.
(7.4.54)

310 ypaBHEHMe, Ha3blBaeMce MepBHIM yDaBHEHHEM IE€PEHOPMHPOBKH,
B AMarpaMMHOM Bune ObiJO BBeieHo B paccMoTpeHue Byppe [1962a],
[1962b].

Crenyer oTMETHTb, uTO ypaBHeHus (7.4.49) u (7.4.54) He MoryT
O6bITb peHIeHB METOJOM HTepalyi, IOCKOJBKY 3TO TIpHBeJo Obl
K TNOSIBJEHHIO BeKOBbIX 4seHoB. Bapmarcuc u Caucep [1971] moay-
yuaKM Npub/HKeHHOe peiueHHe ypaBHeHus (7.4.54) B Bupe

G (r; ro)> =G, (r; ry) €80/ 0o, (7.4.55)
rie
G,=Fk SG,, (r; ry) Gy (ry; 1) Gy (ry; 1) R (ry; 1) dry dr,.  (7.4.56)

3710 pelieHue paBHBIM 00pasoM TOJHO KaK [JA ONHOPOAHBIX, TaK H
/1S HEONHOPOAHBIX cpeA. Mbl mpumiH OH K 3TOMY e pelleHHIo,
sanucaB Belpaxenue <G> =G, €?>G, B 3KCIOHEHLUAIbHOM BHJHE.

C mnoMompio auarpaMMHoit texHukH Tarapckufl [1964] u ®pum
[1968] nonyuumu caenyioilee ypasHenHe Bere—Cannerepa pis cay-
yasi, KOrJa [OKAa3aTeNb IPEJOMJIEHHS HABJSETCH TayCCOBCKHUM LEHT-
PHPOBAHHBIM MIPOLECCOM MM UMeeT OOUIMH BHJ

<EE®G>= + <G@®G> (7.4.57)

3nech oneparop HHTEHCHBHOCTH COCTOMT H3 BC€X CBA3HbIX

AuarpamMM 0e3 KOHILOB, BXOAAUIHX B pasfoxXeHHe AJs <G®G>, T. €.
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uMeeM

(4 + ess

AN (7458)

+

——— e
b e
d

Bnepsole 370 ypaBHenue Obuio BBeneHo Cannerepom u Bere [1951]
NIPH PACCMOTPEHHH PEJIATHBUCTCKHX 3a]ay CO CBSI3aHHBIM COCTOSHUEM,

7.4.3. Merton PwiToBa
s nonyuenus npubMHKEHHOrO pelleHHs ypaBHEHHS
Viu 4k [1 ey (r))u=0 (7.4.59)

nonoxuM, caepys PuoiroBy [1937] (cm. Takxke Tarapckui [1959,
crp. 121—128]; Uepuos [1960, cTp. 58—67]),

u=g® (7.4.60)

u npeobpasyeM (7.4.59) K Buny
V2 + V- VP k2 (1 4-ey) =0. (7.4.61)

[NpeanosoxkuM Tenepp, uTo Y JIONyCKaeT clAelyiollee acHMITOTH-
YyecKoe passIoKeHHe:

P = ngoe"lbn (r). (7.4.62)

[NopcraBuB (7.4.62) B (7.4.61) u npupaBHAB Ko3bDUUHEHTH 11pU
OJMHAKOBLIX CTENEeHAX &, MOJYUYHM

V2o + Vo Vipo = — 42, (7.4.63)
VA, + 2V, - VP, = — K2y, , (7.4.64)
Vit 2 Vo Vouop =0, n>2, (7.4.65)

D1ty ypaBHEHHA MOryT OLITh peleHk MnocjeloBatensHo. [loay-
yaloleecsi NpU 5TOM DPas3/oKEHHE B TOYHOCTH COOTBETCTBYET pasJio-

[
wxenuio BopHa u = ) e"u, 1as ypasuenns (7.4.59). JleficTBUTEbHO,
n=g i

passnoxenue PrpiToBa Moxer ObiTh mojyueno u3 psxa Bopua, ecau
noc/ieHeMy TPHAATh 3KCINOHEHNIHabHbIH BuA. losaras

2, eu, =exp( 2 sm¢m>, (7.4.66)

\m=
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pasjarasi 3KCMOHEHTY IIPH MaJbiX € U NpUpaBHHBas Ko3ppurHeHTh
NpH OJNMHAKOBHIX CTENEHSX €&, MOXHO TNOJYYHTb I/ NE€PBbIX YJEHOB

uoze‘l’a, ulzew“wlr uz=€‘”°(\1’z+-;-ll>?> ’
1 (7.4.67)
g =% (s iy +5 08 ).

TakuM o6pasoM, pasjoxeHue PriToBa MpeicTasiaseT CoGOH pesy.ib-
TaT NepeHOPMHPOBKH pa3J/oxeHUs] BopHa U, c/efoBaTesbHO, LOMKHO
uMeTh GoJiee HIMPOKYIO 00JaCTh PABHOMEPHOH MNPHIOAHOCTH, YeM
pasyoxenne Bopna. OfHaKo 5TOT BBIBOJ INPEACTaB/ISETCH CHOPHBIM
(Xaduaresap u Cranau [1964]; ne Boand [1965], [1967]; Bpayu [1966],
[1967], ®pun [1967]; Xahabpenep [1967]; Teitnop [1967]; Crpoben
{1968]; Cancep u Bapsatcuc [1969], [1970]).

7.4.4, NpuGamxerne reomeTpuyueckoii ONTHKM

LleJIblO Hallero pacCMOTpeHHs ABJACTCA I[MOJYYEHHE AacCHUMITOTH-
HECKOIr'o pelmeHus1 ypaBHEHHSA

Viu+k*n®(r)u=0 (7.4.68)

st GOJIbLIMX BOJHOBBIX 4YHCEJa £ (T, €. Il MajbiX JJHH BOJH
A =2mn/k). ina Goabmux R pemienue ypabHeHHs (7.4.68) gomyckaer
acHMITOTHYEeCKOe pasJjoxenue BHAa (Kesasep [1958])

u=e*S" N (k)™ u, (r). (7.4.69)
m=0
[Moacrasnasa (7.4.69) B (7.4.68) u npupaBHuBasas KO3pDHUIHEHTH NPH

ONMHAKOBLIX CTENeHAX k, nojydaeM
VS- VS =n2(r), (ypaBHeHue siikoHana) (7.4.70)
2vS.-Vu, -+ u,v2S =0, (ypaBHeHus nepexoca) (7.4.71)
2vS-Vu, +u,viS =— Viu,_, i m>= 1. (7.4.72)

Y pasrenue (7.4.70) MoxeT OHTb pelieHO METOJOM XapaKTepHCTHK,
T. €. C [OMOLLbIO ypaBHEHHUH

dr
g~ 2vS,
22, (7.4.73)

H(VS) =1y (n2),
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rie ¢-—IapaMeTp, a A-—MHOXKHTeJb NPONoprHoHadbHOCTH. Hekio-
YUB VS W3 MEPBOro M TPETbero ypaBHEHHH, MNOJyUYHM

d/1 dr

Torna peutenue BTOpOoro ypaBHeHHUsl B (7.4.73) umeer BHA

a
S=S, + { 2an2[r (v)) g, (7.4.75)
6()
rfe r(o)—pelenne ypapHeHus (7.4.74) mpu HAYaJIBHEIX YCIOBHAX

r(o,) =r,, dr(o,)/do=r, llonoxus 2i=n-1 u cuutasg O AJIWHOMH
AyTW BHOJb Jyuedl, MoxeMm mnepenucars (7.4.74) u (7.4.75) B Bune

;5 [n(r (o) d:ig’)] = Vn, (7.4.76)
S=8,+{ nlr(@ldr. (7.4.77)

U()
Bnone syueit ypaBHenue (7.4.71) nmpunHuHMaer BuUA

2n{r(0)] 57 +u,v*S [r (0)] =0.

dug

PeiedyieM 3TOro ypaBHeHHst siBaAseTcss (QyHKOUA

[ foss J
Uy =1U,[r(o,)]exp{— ‘;—M%——;)]Jdﬂ.

Ls J

Auanoruuno, peiieHueM ypaBHeHus (7.4.72) 6yzer QyHKUHSA

(7.4.78)

PP LG TN g L LI PRI (7.4.79)

Uo [r (0o)] 2nir (V)] uelr(v)]

Ty

rie ¢— TNOCTOsIHHAsA, OonpejessieMasl M3 HAYaJbHBIX YCJOBH.

Pasnoxenue, TNOJyueHHCE B 5TOM INYHKTE, SBJSAETCA HEIIPHIOA-
HbLIM HA KaycTHKe (T. €. Ha MOBEPXHOCTH, orubawoumenl Jyuyd), Ha
rpanuuax TeHd, B (oKycax Jyued M B OKPECTHOCTH HCTOUHHKOB.
B Takux ofsacTiX coceinue JyuW MepecekaioTcs, H IJIOMAaib [10-
nepevyHoro ceyeHust TpyOKu Jyueii cOpamaercss B HyJab. [lockonbky
B TpyOKe JyuyeH B5HEPrusl COXpaHAeTCA, aMIIUTYyAa MOJfl B 3THX
objacTaX AoJikHa ObiTh GeckoneuHoi. Huxe 6yner nokasano, urto
Ha KayCTHKe M0JIe ABJfeTcH HEOTDAHHYEHHELIM; B CJEelYIOUEeM IYHKTe
OyleT NOJYYEHO pasfoxkeHue, NPUrOLHOE BCIOAY, B TOM UHCJE M Ha
KaycTHKe.
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Jnsi Toro yToGBI NOKa3aTh, YTO pAa3JjOXMEHWe STOr0 MYHKTa Ha-
pPylIaeTCsi HA KAYCTHKE WJIM B €8 OKPECTHOCTH, PACCMOTPHUM YACTHBIH
cayuaft n(r)=1. U3 (7.4.76) umeem, uTO B 3TOM CJyYyae JyuH SiB-
JSIIOTCA NPSIMBIMK JIHHUAMH, a u3 (7.4.77) caeayer, utro S=S§, —
— 0y -} 0. BeipasuM Tenepp pemenus ypasHenud (7.4.71) u (7.4.72)

xeycmina

Puc. 7.1.

B KOODAHHATHOH CHCTEME, OTHECEHHOH K KayCTHKe, KOTOpylo Oyjaem
npexanojarath raaikod W BHNyKJof. Ha puc. 7.1 mn3obpaxena
TOuKa P, pacrosoKeHHad BHe KAayCTHKM, U [BA Jyya, MPOXOjsllue
yepe3 Hee. Bri6paB Ha KaycTHKe HEKOTOPOE HalpaBJEHHE, Mbl TEM
caMblM BBeZeM HallpaBJCHHE Ha KaXIOM Jyde, KOTOPhI 0653aTebHO
Kacaercsi KaycTHKH B Hekoropoll ee touke. Takum obpaszom, Kax-
Aas Touka P, Jexamas BHE KayCTHKM, pacmoJsiaraercst Ha JBYX
JyyaX, OfAHH M3 KOTOPBIX HANpaBJeH OT KAayCTHKH, APYIO# Hampas-
JIEH K HeH.

s nByMepHoro caydast o6o3HauMM uepe3 s AJHHY JAYTH BAOJb
KAayCTHKH W uepe3 ¢ —IJHHY OTpe3Ka Jyua OT TOYKM KacaHusa 0
Toukn P. Taxum oGpa3oM, MecTonoJioxeHue TOUKH P ompejessiercs
ygcJaMH S, M O, WIH S, H 0,. B 3THX KoOpAMHATaX pagHyC-BEKTOP
r ToYkH P 3ajnaercsl paBeHCTBOM

I =r,(s)+oe,, (7.4.80)

rge r=r,(s)—ypaBHEeHUE KAYCTUKH, a e, = dr,/dSs—eJUHHUHBII BeK-
TOp, KacaTeJbHHIH K KaycTuke. JlockoabKy de,/ds =p~le,, rae p~! —
KPHBH3HA B COOTBETCTBYIOULEH TOYKE KayCTHKH, TO, IuddepeHuUUpyst
(7.4.80), 6yneM uMeTb

dr=e,ds+e; d0+-§e2ds.

3ameHHB nepeMeHHbIE ¢ U S Ha

E=s, n=s-o, (7.4.81)
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NOJIyunM
£ e, dE. (7.4.82)

dr:eldn—l—";

CrnejoBaTenpHo, HMeeM

vi=aLe + e agf e, (7.4.83)
9 p_oT o o
2f—n £ [““E)W] +ite ik 7489

C nomoluibio paBeHCTB, NMojydaeMmbix u3 (7.4.81),
J a a 7] J

oy d6° OE  0s 0o

MOKHO mepenucaTb (7.4.83) u (7.4.84) B Buge

V/‘=—el + = (%——g{;—) e,

vi—ggm|ok]+ L (m—m%) 2 (EF—)]-

PaccmoTpeB uactvblll cayuyait S (s, 0,)=s-+0,, 6yaeM HMeThb
S(s, 0)=s5+4o0. (7.4.86)

(7.3.85)

Ara GyHKIUA ABJAsSETCS ABY3HAYHOH B COOTBETCTBUY C TEM, HANpPaBJEH
J¥ JIy4 OT KaycTHKH MWiau K Hell. Menoawsysa B (7.4.78) u (7.4.79)
coorrHowenus (7.4.85) u (7.4.86), moayuum

4 (s, 0)=uy (5,00 ) %2, (7.4.87)
Up (8, O) =Un (S, O) ]/0—(;’ —% S ]/ = V¥ (5, T) dT. (7.4.88)
Oy

3t QyHKUHH He orpaHuuesH npu o — 0 (r. e. Ha Kaycruke). Mo-
JudHIYpOBAaHHOE pa3/okKeHue, IPUTOHOe BCIOLY, BKJOUAS U OKPECT-
HOCTb KAayCTHKH, NOJYYEHO B CJeAYIOlleM MYyHKTE.

7.4.5. PaBHOMepHOE Pa3fioxeHHEe HA KayCTHKe

Jag HaXOXIEHHs pas3/oxKeHWUsi, IPUTOJZHOTO HA KayCTHKe, Mbl
JOMKHBI B MEPBYIO Quepeib OMPEeNeTHTh PasMephl 06J1acTH HEepPaBHO-
MepHocTd M GopMmy peileHuss B 3Toil o6sactd. [losoxkum ¢ 31oit
uesanio B (7.4.68)

u=1p(r, k)e*S® (7.4.89)
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v, moJaarasg n(r)=1, nojgyuum
k2 [1—(VS)?] + ik (2VS- ¥+ $V2S) + ¥2p=0.  (7.4.90)
Ilpennonaras, uto raaBHBLIM SIBASIETCS YJI€H, NPONOPUHOHAIBHEIN k2,
NONYYHM
vS-¥S=1 (ypaBHeHue siikoHasa), (7.4.91)
ik (2vS- VY pveS) -+ v =0. {7.4.92)

Bo3abMem B kauecTBe pewenust yparuenus (7.4.91) dyuxuuio S =s -+ a.
Torna (7 4.92) npumer BUA

{lk< +0/\+060< 00>+p<03 %>[%(§S '3(’)] v =0
(7.4.93)

UYTo6bl BBLISABUTH XapakTep peluenusi ypapHenus (7.4.93) B okpect-
HOCTH KayCTHKH, NMOABEPTHEM 3TO ypaBHeHUe Npeobpa3soBaHUIO pac-
TSI2KEHU A

t=FkFao, A>0,
1 [IOJYYHM

ik (25 4+ L) bt

5 (3 (e ) [£(G-#2)] v=0
(7.4.94)

[Tapamerp A onpexensiercs u3 TpeGoBanud, uTo6bl HauboJblLas cre-
NeHb £ B BhIpPaXKEHUM B (ATYPHBIX CKOOKax (B TOM BLIPAXKEHUH,
KOTOPBHIM Mbl NpeHeGpersiy B rJaBHOM YJieHe MPSAMOro pasJioXKeHnd
B [penbiayileM NyHKTe) Oblna Obl paBHA CTelleHW £ B NMEPBOM ujieHe
(T. e. B IVIABHOM uJleHe IIPH Pas3/ioXKeHHU N0 Jaydy). ITO 03HAYaerT,
UTO MBI IOJIaraeM

1

14+ A =4, A=. (7.4.95)
Torna npu k— oo ypaBHeHHe (7.4.94) cTpeMuTCS K BHAY
i(2%%+ )+ £ m(i ‘f;f) 0. (7.4.96)
[lonaras B Hem
P—e- itV (2), 2= ?T'/EZ;? : (7.4.97)

NpUAEM K YpaBHEHHIO
Y42V =0, (7.4.98)



7.4. Boarossie ypagreHnus 405

pelieHHsIMH KOTOPOTO siBAstoTcs GQyHKUUH Ditpn Ai(—2) u Bi (— 2)
(em. m. 7.3.1). Ecau 6ul Mul NPOaHANU3HPOBA/IU [TOBeJEHHE pPelient
B OKPECTHOCTH TPaHUlUbl TEHH, Mol OBl HAIIJIY, YTO PEHICHHE JIOJIKHO
6LiTh BhlpaxkeHo B ¢yHKuuAx BeGepa uaum ¢yHkuusx napabosmye-
cKoro nuaupapa. Teneps Mbl MoxeM 60 CPacTHTh 5TO BHYTpeHHee
pas/IoKeHHe C BHEWIHUM pas/IOXKeHHeM, NOJYUYEHHBIM B NpeLbIAyLIeM
pasjene, ¥ C APYrdM BHEIUHUM pa3joKeHUeM BHYTPH KayCTHKH
(Broman u Kesep [1960)), 6o nocTPOHTh OAHO PABHOMEPHO IpH-
rofHoe pasfoXeHue MO NpPHUMepy pasoKeHU# B 3aj5a4yax ¢ TOYkol
BozBpara (cM. § 7.3).

Cnenyst Kpasuosy [1964a], [1964b], Jlrogsury [1966] u 3ayae-
pepy [1970b], OynemM uckarhb acHMNTOTHYeCKOE pa3/OKeHHe BHJa

U = giko () {g(r, k)V[k2/3<p(r)]+ik—l‘/3—h(r, BV’ [k2/3(p(r)]}, (7.4.99)

rie O ¥ @ ompeaenfoTca B fpolecce BrlYHcAeHUH, a V (2) 3ajaercs
¢ nomompbio (7.4.98). Iloacrasus (7.4.99) B (7.4.68), wcnoabsys pa-
BeHcTBO V' +4-2V" -+ V =0 ¥ npupaBHUBast HYJIKO KO3DPUIHEHTH! TIPH
V u V', nonyuum
— k2g [(V0?) + ¢ (Vo)* —1] —2k20hV0.- Vo + ik [2V0- Vg -+ g V20 +
+2¢Ve VA4 9hV2p +h(Vp)*] 4 V2g=0, (7.4.100)
—k*h[(V)* + @ (Vo)* — 1] —£°gVO-Vo + ik [2Ve- Vg +gV +
+2¥0-YA+hvi0] +V2h=0. (7.4.101)
Koadpuuuents: npu k2 B (7.4.100) n (7.4.101) obpamaiorcs B HyIb
IpH YCJIOBHAX

(V02 4o (V)2 =1,

v0-vp =0, (7.4.102)
UTo6Hl pelIuTb MOJMYYAoUHecs: ypaBHeHHS, IOJOXKHM B HUX
. -1
gir, B) =g (1) +k7g, (M) + ... | 7.4.10)

hir, B)y=hy(r)+ kR *h, (1) ...

U npupaBHseM Ko3(UIMeHTH NPH OAMHAKOBLIX CTelneHsXx R~!. Ypas-
HEHHMSi NEePBOTO TOPSIIKA MMEIOT BUI

290-Vg,+g,v0 -+ 29 Vo Yhy+¢hy Vi@ + A, (V)2 =0, (7.4.104)
2V Vg +goV29 +2V0-Vhy 1A, ¥20=0. *

Ypasuesns (7.4.102) skBuBajeHTHB YpaBHEeHHIO 3iKoHana (7.4.70),
B To BpeMs Kak ypaBHewus (7.4.104) 3KBUBAMEHTHH YpaBHEHWIO
neperoca (7.4.71). Ananornunsle ypaBHeHus noayuua ®aykec [1968,
yacte II] ¢ MOMOHIBIO MeToJa MHOTMX MacmiTaGoB.

Cucrema (7.4.102) npeacraBnser cobofi HeNUHEHHYIO cHCTEMY
ypaBHeHuil, KOTOpasd ABJIAETCA 3JUIMNTHUECKOH npu ¢ < 0 (TeHeBast
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obnactn), runepbonuyeckod npu ¢ > 0 (ocBelieHHass 06JacTb) u
napaGoJsnueckoit npu ¢ =0 (KaycTHueckas KpUBasi HJIH OBEPXHOCTB).
Host BEINYKJIOH M aHAJIHTHUECKOH KaycTHKH cHcreMbl (7.4.102) u
(7.4.104) Moryt GbiTb pellieHbl pa3JjoXKeHHEM BeJH4HH O u @ B cre-
NeHHble pAALI B KOOPAMHATHOH CHCTEMe, OTHECEHHOH K KayCTHKE.

Haa toro uro6bl yBUJAETb CBfA3b Mexay cucreMoit (7.4.102) u
ypaBHeHueM 3iiKoHaJa (7.4.70), yMHOXKHUM BTOpoe ypaBHeHHe B (7.4.102)
Ha +2) ¢ (Mb paccMaTpHBaeM OCBElEHHYIO 06JacTb, B KOTOPO#
¢ > 0) ¥ pe3y.abTaT CJOXKHM C IepBbIM W3 3TUX ypaBHeHu#. Iloay-
uiM ypaBHeHHe

(Vo=V o V) =1,

KOTOpO€ MOXKHO 3aIucaTh B BUJIE
(vS)*=1, (7.4.105)

riae
S" =0+ = i, (7.4.106)

AnasioruyHBIM 06pasoM, YMHOXKKB BrTopoe ypaBHesue B (7.4.104) na
=4} ¢, CI0XKHB pe3yJbTaT C NEePBbIM M3 3THX ypPaBHEHHH U HCIOJb-
30BaB paBeHcTBO VO.Ve =0, noayuum

2VSE. Vit 4 [V2Sﬂ= F g i (Atp)ﬂ p==0, (7.4.107)

rae
E =g, =+ V oh,. (7.4.108)

Ypaeuenue (7.4.107) orauuaercss Or ypaBHeHUs mNepeHoca (7.4.71)
TOJALKO HajnuneM uneHa = (1/2)¢-Y2(V¢)?, wH3-3a KOTOPOroO
KO3 UUHEHT NPH Y= CTAHOBHTCA OrpaHWYEHHBIM B OKDECTHOCTH
KayCTHKH.

BamenuB V u V' HUX acHMNOTOTHUECKHUMH pPasJOXKEHHSMH JIJs
6OnbIIMX SHAUYEHWd apryMmMeHTta, NPUJAeM K PasJoXeHHIO reoMeTpH-
4ecKOii ONTHKH, [OJYYEHHOMY B TNpeiblAyIieM HOYHKTe (1 caydas
ocBerteHHol obnactu, ¢ > 0), 3amenus V u V' HX acHMOTOTHYECKHUMH
pasJIoXKeHHs MU AJsi GOJNBIIMX 3HAUeHUHA aprymesra B cayuae ¢ <0,
IOJlyYMM HEKOTOpOe pasJioXKeHHe B TeHeBOH 06J1acTH, KOTOpOe Mo-
¥eT OLIThb HHTEPIIPETHPOBAHO C MOMOIIBI0O KOMILJIEKCHBIX Jyueil, ¢as
1 xoapduineHToB nepeHoca.

O6G30p paboT MO paBHOMEPHLIM ACHMIITOTHUECKHM DAa3J/IOXKEHHIM
B 3aflayax pacnpocTpaHeHus BoJH M audpakuuu Geu1 jgaH JloaBH-
rom [1970b] u Babuuem [1970], [1971]. Poab KOOpAMHATHBIX CHCTEM
B NPUBEJEHHU pa3oXKeHWH K PaBHOMEDHO NPHrOJHOMY BHAY Oblia
uccaeopana 3aynepepom [1970a]. ‘ '
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Ba6uu [1965] nonyuun exusoe paBHOMEPHO NMPUTOXHOE pasfioxke-
HHE JUIs 33Jaud O TOYEYHOM HCTOYHHKe, B TO BpeMss Kak ABHJa
u Kenzep [1963] nn1s1 Hee nosiyuusiu cpaliuBaHHe TPeX pasJioKeHHH.

3aynepep [1964b], Bycnaes [1964], I'pummoy [1966], JTionsur
[1967], Jlbtouc, Baaiicraitn u Jlogsur [1967], B uHcIe ApPyrux aBTo-
POB, paccMatTpuBasiy 3ajfadyd nudpakinuy Ha BHINYKALIX Tenax. Jud-
paxuus Ha IIpo3padyHOM TeJe Oblia uccaenoBaHa Pasbdom [1968].

PaBHOMepHble pasiiokeHHsl B 3ajaye AU(pakUUH BOIU3H BOTHY-
TOH CTOPOHBI HEKOTOPOTO TeJa (KoJieGaHWs THIA IIenuyliel ragepeu)
6bulM TOJIyYeHbl, B 4YHCJe APYTruX aBTopoB, KpasuossiM [1964b],
Markosckum {1966}, JTioxsurom (1970a}.

XapakrepucTHyecKHe IepexoiHble 06/1acTH, B KOTOPHIX JBE Ka-
YCTHKH pacnoJioxkeHsl GJH3KO APYT K APYIY, aHAJOTHYHBI TOYKAM
BO3BpaTa BTOPOro nopsika. B 3Tux ciayyasix B paBHOMEpHbIE PasJio-
KeHHs BxogaT (yHkuuy Bebepa uau (yHKIHH 1apaGoOTHUECKOrO
nuaueapa. Hekorophle safgauyd ykasaHHOrO Tuna usyuensl Kpasuo-
BbiM [1965], Bab6uuem u Kpasuosoit [1967], Bainwreiinom [1969]
u 3ayznepepom [1970a], [1970b].

Jludpakuuo Ha TOHKOM skpaHe (audpakuuio PpeHens) uccieio-
BaJH ]BOJIbcp [1967], Kepcren [1967], Anypanua, Jlbtonc 1 Boepcuma
[1968].

O6sacT MHOTOKPaTHOro nepexoja BO3HHUKAIOT NPH KacareJbHOM
nepeceyeHHH JABYX WJH Gosee KayCTHK M I'PaHHI, TeHH, Kak, HaNmpH-
Mep, BOsM3u rpauul Kayctuk (Jleeu v @embsen [1967]), yraoseix
Touek Ha Kayctukax (Jlogur [1966]) u Touek audpakunuH raagkux
ten (Jliogsur [1967]). 3apauu ¢ nepexoiaHsiMH 06JacTAMH, B 4ucse
IpYruX aBTOpOB, HccaenoBatu 3aynepep [1964a], [1970a], Pox
[1965], Paasd [1967] u Baaiicraitn [1967].

7.4.6. MeTon cranaxnBanus

Jlns Toro yroObl MPUMEHWTbL 3Ty METOAMKY K ypaBHeHHIO (7.4.3)
¢ IIeHTPHPOBaHHO!N cayuaiHOH dyHKuKe#i n2(r), npeobpasyeM cHa-
yajia €ro B HHTErpajbHOE ypaBHEHHE

u=Mg—ek:Myu. (7.4.109)
3necy oneparop M onpezeseH paBeHCTBOM
Mg = S g(ro) Go (r; £o) dr, (7.4.110)

14

rie Go—dynkuua [puna ceoGoamoro npoctpancTsa. Ppum [1968]
NoKasaJ, uTo MHOTHe JApYTHe JHHeHAHble ypaBHEHHS MaTeMaTHUECKOH
GHM3HKH, Takue, Kak ypaBHeHHe JIMyBHJUIA JJs CHUCTEMbl B3aWMO-
IeHCTBYIOUIMX KJaCCHUECKHX uacTHu, ypaBHeHHe Xonda B Teopuu
Typ6yJienTHOCTH M ypaBHeHne Poxkepa —Ilnanka, Moryr 6wITh cBe-
JleHbl K HHTerpajJbHOMY ypaBHeHuio Buia (7.4.109).
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Boo6uie rosops, /st Hac NpeACTaB/seT HHTepec He caMa QYHK-
4UA u, a ee npoekuuss Pu HA HEKOTOPOE MOANPOCTPAHCTBO UCXOL-
HOTO TNpOoCTpaHCTBa, Ha KOTOPOM onpejeseHa QyHkuus u. Hanpumep,
B 3ajlaye paclpOCTPAHEHHA BOJH B CJAy4YaiHOH Cpele MOXKHO CUHM-
Tath Pu=<u>, a B cjayyae N B3auMOAeHCTBYIOIUNX YaCTHI[ MpPOEK-
una Py npeacrasisieT co0oit (QYHKUHIO pacrpellesieHHsi CKopocTei
174 cucteMbl N 4acTHll, NOJYYeHHYIO MHTErpUpOBaHHEM U TO BCEM
NpOCTPAHCTBEHHBIM KOOpDJAHHAaTaM. BBeneM o6o3nauenne

Pu=u, u,={I—P)u. (7.4.111)
B 3ajauvax pacnpccTpaHeHHsi BOJH B CAyYaHHBIX cpenax u, Nnpel-
crasiisieT cofoil KorepeHTHYIO COCTaBJAAIOMLYIO MoJs (CpegHee 3Haue-
HUe), B TO BpeMsl KakK u; NpeacrabisieT co00H HEKOIepeHTHYIO COo-

CTABMALILYIO (DAYKTYHPYIOUIYIO COCTaBAAILYIO). [1JIs JeTe pMHHHUDO-
BaHHOH DYHKLUHH g U LEeHTPUPOBAHHOU CIy4YaHHOH (DYHKIHH § HMeeM

Pg=g, PM=MP, PyP=0. (7.4.112)
HeiictBys1 oneparopoM P Ha (7.4.109) caepa, nosydum
u, =Mg—ek2MPy (Pu-+u;)=Mg—ek:MPyu,. (7.4.113)

JeiictBys onares-raku Ha (7.4.109) onepatopom [/—P caesa, IO-
JYy4uM

g = — ek*M (1 —P) y (1, + 1) =
= —eh?M (I —P)yu,—ek2M (I —P)yu;.  (7.4.114)

[Mpumenus Ans pewenus (7.4.114) cdopmanpHO MeTon mnocJefOBa-
TeJIbHBEIX MPHOJHKeHHUH, TOJYUHM CJIEAYIOWYIO0 3aBUHCUMOCTD U; OT U,:

u; = 2 [—ek*M (I —P)y]" u,. (7.4.115)
n=1
IloacraBuB 3TO Bhipaxkenwe niasa u; B (7.4.113), 6yaem umers
ucsMg—{akzMPx D [—ek2M (I —P) x]"}uc.
n=1

[MockonmbKy u,.= Pu,, TO 3TO ypaBHEHHE MOXKHO 3alHCaTb B BHJE
u,=Mg-+MQu,, (7.4.116)
re

Q=— 21 ek?Py [—ek*M (I —P)x]" P. (7.4.117)

Ilns cayuafiHbiX onepartopo ypasHenue (7.4.116) npeacrasaster
co6oit B TounocTH ypaBHeHue [laiicona (7.4.49), B koropoMm Q —
MaccOBLIA omeparop.
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®pum [1968] HasBaa 3Ty METOAMKY METOAOM CIJIAXKHUBaHHUs, IO-
CKOJIbKY OHa sBJIsIeTCs KakK Obl aHAJOrOM MeTojla YCpeaHeHus (1. 5),
B KOTOPOM 3aBHCHMBbIE EPEeMEHHbIE COCTOAT U3 MENJIEHHBIX U OblcTpO-
MepUOJHYEeCKUX cJjaraeMelx. [l CTOXACTHYECKHX YDPaBHeHHH 3Ty
MeTOInKY Brepsbie BBesnt [Ipumec [1961], Dpucr u Ilpumac [1963],
Tarapckuit n Tepuenwreitn [1963]). Lpanuur [1964] npumenun ee
/s ypaBHeHUs JIuyBuans.

CroaxuBaHue NepBOro Nopsajxka saaaercsi cooTHowenueM (7.4.116),
B KOTOPOM MHCNOJIb30BaH OAMH uJjeH BeipaxeHua (7.4.117), T. e. 3a-
LaeTcs PaBeHCTBOM

Q =e2k*PyM (I — P) y P = ek*PyMyP.
CnenoBaTeJbHO,
u,=Mg+ek*MPyMyPu,. (7.4.118)
310 ypaBHeHHE COBMNajaeT ¢ ypaBHenuem bBype (7.4.54) ans nuueii-
HBIX cAydalHbIX cped ¥ ¢ ypaBHenueM Jlawjay pas sajauu Jlay-
BUAASA (CM., Hanpumep, [puroxun [1962]). Ina nuHefHbIX CAyYaHHBIX

cpen 3T0 nepsoe npubanxkende monyuuau takke Kenep {1962] u
Ky6o [1963].

Ynpaxucnenus

7.1. OnpegesuTbt AJdg GOJAbLIMX 3HAUEHHH X aCHMNTOTHYECKHE pAa3JIOKEHHs
pelleHHH ypaBHeHH

1 2
@ =145+ ) 9=0
1 2

© v — (45 4147 )y =0,
(8) %" +xy’ + (x* —n?) y=0,

4 | 2
0 v+ 15w ) 4=0
() y"+xy"+y=0.

7.2, OnpeneuTh Jd GOJbIIMX 3HAYEHHH X ACHMITOTHYECKHE pasJIoXKEHHs
pelieHHH ypaBHeHHH

@ v+ (gt ) v =0,

© v+ (gr+1)s=0,
, . 25

(8) Y +xy 47 #°y=0,

(©) o + 5=y 4 x=2y=o.

7.3. PaccMoTpeTh ypaBHeHMe
y' — A2~y =0.
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(a) Tlokasatp, 4TO TOYHOE pellleHHe HMeeT BH]
y=ax™ +hx"=,
rie my,,=1/2 + VAEL1/4.

(6) Onperenuts nepsoe nputauxenne BKB.
(B) CpaBHuTb 3T0 npHGJHKeHHe ¢ TouHLIM perteHneM (Ilxeddpuc, [1962]).

7.4. Onpegeuth nepBoe NpUOIHKeHHe A1 GOJbWHX A B 3ajaye Ha CoGCT-
BEHHbIC 3HAUYCHHS

w+Af(x)u=0, f(x) >0,
u(0)=u(l)=0.

7.5. Paccmorperb ypaBHeHHe
wn
W [f ®) -+ ) engn (x)] u=0.
n=1
[TooxkuTH
o
u=wxe®® D, o= e, (),

=1

rae
w4 f (x) w=0.
Onpenesnts ypaBHeHHe A ¢ W 3aTeM Hafith ¢, (Bpyan u Coyaep [1966]).
7.6, OnpepesnTh paBHOMEpHOe aCHMITOTHUECKOE pa3JOXKeHHe JIsl pelieHus
ypaBHeHHus
U0 (et) u="(et),

TZe e—MaJblfl napaMerp, a f—orpaHHuenHas HenepHopuueckas (yHKuusa f.

7.7. Paccmorpers ypaBHeHHe
G4 0 (ef) u=F cos @,

B KOTOpOM ¢=A (¢f). OnpeleinTb paBHOMEpPHbE ACHMNTOTHYECKHE PA3JIOKEHHS
AJs cayyaeB: (a) 3HaueHust A He GUIM3KH K ; (6) mpu HekoTopoM {=1{; > 0 umeer
mecto A= (KeBopksan [1971}).

7.8. PaccMorperb ypaBHeHHE
1[0y () -0 ()] i—0; (1) 0y (1) u=] (&),

rae TOYKW Haj 6ykBofi o3nauaioT juddepeHurpoBanue no f, a €—manasifi napa-
merp. OmnpenenuTb paBHOMEDHLI€ ACHMITOTHYECKHEe MNPHUGIHKEHHS K peLIeHHAM
BTOTO ypaBHEeHHUs AJs cayuaeB: (a) f(ef)=0; (6) f(ef)—orpanHyeHHas Henepuo-
anueckas oyukuus f; (B) f(et)=*kexp (ip), npuueM ¢=A (ef) # @; (r) GyHKuMs
f (ef) BMeeT TOT e BHE, YTO M B IyHKTe (B), HO IIPH HEKOTOpOM {=={, HMeeT
MeCTO A=0;.

7.9. OnpegesuTh paBHOMEpPHOE ACHMITOTHYECKOE Da3JOKEHHE OOILerc peine-
HHS ypaBHEHHS

ey +e2x+ 1)y +2xy=0, O=<x=1I.
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7.10. ®yukunu Becceas J, (nx), Y, (nx) u H(nl' 2 (nx) ABJSIOTCS pelUeHUAMH
AuddepeHnHaNbHOrO ypaBHEHHs
x2y" - xy’ -+ n® (x2—1) y=0.

OnpejeauTb paBHOMEPHOE ACHMNTOTHUECKOE PpasJokeHue AJsi cOIero pelueHus
3TOTO ypaBHeHHsl NPH GOJIbILHX N.

7.11. Ompegequtb paBHOM@PHBIC aCHMIITOTHYECKHE DPAa3JO0KEHUA pelueHHi
ypaBHeHHA

b X fx)—ea .
y—*—T_Fx)?‘—y~—0, 1l <x< oo,

IpH MaJoM & H O -— IIOCTOSTHHOM.

7.12. Paccmorpers 3apauy I'perna o TenJonpoBOAHOCTH B TpyGe
u" A (1—x2) f (x) u=0,
u(y=u(—1)=0,
8 kotopoil A1 u f(x)=f(—x) > 0. Onpemennts nepsoe npubadxeHue K A
U K COOCTBEHHBIM (YHKINAM, HCNOJb3Ys: (a) METOL CPallHBaHHUS aCHMIOTOTHYECKHX

pasjoxennit {Ceanepc, Tpubyc u Kuaefin [1956]); (6) mMeTon mHOrux macuraGos
uau npeoGpazoBanue Jlanrepa (Haiipa [1965b]).

7.13. Hano, uto f(x) >0 u A>> 1. OnpeaesiuTh nepBhie NPUGIHKEHHA B
CJEAYIOINX 3a[a4aX Ha COGCTBEHHBIC 3HAYCHHMS:

(@) " +A (1—x) f (x) y=0,
y{0)=0, y(w)< x;
(6) xy"+y -+ %[ (x) y=0,
gy()=0, y(0) < o;
(8) ¥’ 4+ A2(1—x)» f (x) y=0, n—HaTypaJbHOE YHCJIO,
y(O0)=0, y(oo) < oo
(r) xy"+y' +A%xnf (x) y=0, n— HaTypaJbHOE YHC.IO,
y()=0, y(0) <oo;
() ¥ -FA2(x— 1" (2—x)" [ (x) y=0, m U n—HarypaJbHbEEe YHCIa,
Yy < o IS BCEX X.

7.14. PaccMorperb 3ajauy ['petia o TenJonpoBOAHOCTH B TpyGe
rd”"+u - Ar (1—r2) f(r) u=0,
u(l)=0, wu(0)< oo,

nas caydas, Korga A> 1 u f(r) > 0. (a) Onpepesiutb pasJokeHue, NPUTOAHOE
BaJii OT Todek =0 u r=1; (6) onpele/HTb pa3JOXKeHHs, NPHIONHBIE K OKpPECT-
HoctH TodeK r=0 u r=1; (B) CPacCTHTb 3TH TPH DAaA3JIOKCHHs, ONPEAECTHTbL A,
MOJIy4HTh pPaBHOMEPHO TpHrOofHOe cocTaBHOe passoxenHe (Ceasepc, Tpubyc u
Kuein [1956}).

7.15. BHoBb paccmotperh ynpaxzenne (7.14). (a) OnpeiesuTb ¢ NOMOINBLIO
npeoGpasoBanus Jlanrepa pasjioxkeHne, IPHrofiHOe BAAJH OT TOukK r ==0; (6) onpe-
JeJIMTh PasjoXeHHe, NPHUIOfHOe BAAJK OT TOUKH r = |, HcHoab3ys npeoGpasoBanue
OnBepa; (B) ANl RAXOXKAeHHA A CPaCTHTh 3TH ABa pasJioXeHUs; (T) MOJYUYHTH
COCTaBHOE DABHOMEPHO NPHUTOLHOE PasJIOKEHHe; (4) CPaBHHTb MOJYyYEHHBIE Pe3y.Jib-
TaThl ¢ pe3yJbTaTaMH YNpaxHeHus 7.14.
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7.16. Paccmotpern ypaBHeHue
y'—rx—1)(2—x)y=0.

OnpenenTh NPHGIHKEHHOE PellleHHe 3TOr0 ypaBHeHHS NPH YCJIOBHH, uto AS> |
¥y < o LI BCex X.

7.17. Paccmorpers 3ajauy
WA (1) (x— ) F (x) =0,
u(l)=u{p)=0,
B xotopolt A 1, f(x) >0, a n © m—HarypaJbHble uucaa, u < 1. Onpeneautb

pasJioXeHus!, TPHTroJHEE BJAJH OT TOYEK X=p K x=1, ucnoasays npeo6paso-
Banne OJBepa; CpacTHB HX, HaHTH A; MOCTPOHTH COCTABHOE pasiiOkKeHUe.

7.18. Paccmorpers 3ajauy

ru’ +pu’ A (1—ry® f(r) u=0,
u(l)y=0, u(0)< o,
B Kotopoit A1, f(r) > 0, p— nefiCTBUTEbHOE UHCJIO, @ 7 U /M — HATYpaJbHHE
yucaa. Hcenoabays npeobpasosanue O.Bepa, Onpeie/HTh pa3JIOKeHHA, NPHTOAHbIE

Bjiaad or Touek r==0 ¥ r==1; cpacTHB MX, HaWTH A; IOCTPOUTbL COCTABHOE pa3-
aoxenne (Haids [1967a]).

7.19. Hdano, uto f(x) >0 u A> 1. OnpenenuTb nepsble NPUOBIHIKEHHS B
CJAeAYIOIWHX 3afauyaX Ha COGCTBEHHLIE 3HAUGHHS:

(@) xy"+y +Arx (I—x) f (x) y=0,

(6) xy" +y + A2 (1 —x)™ | (x) y=0.
3nech m W n—HaTypalbHble YHCJA, & COOCTBEHHEIE GYHKLHH YAOBJETBOPSAIOT yC-
JIOBHIO y < o aas x==0.

7.20. Kaxnm cnoco60M MOXHO ONpPEAEJ]HTb YaCTHOE DeHIeHHE YpaBHeHUA
u" - A223%u = A2g (2)

npy A>1 B cieayiomux cayuaax: (a) g(0) #0; 6) g(0)

( =0, HO g’ (0) # 0;
(8) g(0)=g"(0)=0, o g" (0) #0; (r) g(0)=g" (O)=g" (0)=0?
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