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NPEJHUCJIOBHE

B 1988 r. B UsgatessctBe MI'Y Bhillesq B cBeT COOPHHK aBTOPOB
«3asauy ¥ yOpaXKHeHHs IO MAaTeMaTHYeCKOMY aHaju3y». B sToT
COOPHHK BOLIeJ Marephaj, COOTBETCTBYIOIIMA mepBOMY roay ofyue-
HHSI HO KYpPCYy MaTeMaTHYeCKOro daHaJii3a Ha MeXaHHKO-MareMaruue-
CKHX (aKyJbTeTax YHHBEPCHTETOB.

Hacrosmu#i 3afa4HdK COOTBETCTBYeT KypCy MaTeMaTHYeCKOoro
aHaJu3a, M3JaraemMoro Ha BTOPOM Kypce, H COOTBETCTBYeT MaTepHany
onHoro cemecrpa. COODHHUK HOCBSAIIEH HHTErpajJbHOMY  HCUHCJIEHHIO
Gbyaxkuuli MHOrux nepeMeHHHX. OH COIEDXKHT CJeAyIOIIKE Das3fieibi:
«Kpatunlii uHrerpan», «KpuBosHHeHHBIH H IOBEPXHOCTHHE HHTErpan
nepsoro pona», «KpHBonuHeHHBIA U MOBEPXHOCTHHI HHTErpaj BTOPO-
ro posaas.

Tax ke, KaK U B NepPBOH KHHTe, aBTOPHl CTABHJH CBOEH HeJbl0 HE
TOJLKO NPHBECTH CNHCKH 3aja4 M JaTh OTBETH, & CTPEeMHJHCh IIpH-
BECTH HeOOXOJUMble TeOpeTHuYecKHe CBEJEHHf M, IJaBHOe, AaTb HO-
JpoCHBle METOJHYECKHe YKA3aHMsA, NPHUBECTH THUIIHYHbie AJTODHTMHI,
NpUroJHele st pelleHHil HeJablXx KiaaccoB 3anady. Obpauiaercs BHH-
MaHHe HA TUNHYHBEe OWIMOKH, NOIyCKaeMble NPH pelleHHsX, pasobpa-
HB Hau6oJlee XxapaKkTepHble 3a1a4H.

Benen 3a uanmokeHHeM MeTOIMYECKUX YKasaHU NpHBOAATCS 3a-
Jaud H YIOpa’KHeHHs BBIYHCJIHTEJNbHOTO Xapakrepa. Bce mpeajsarae-
Mble 3a71a4y CHaOXeHbl OTBETaMH.

Crenyer 3aMeTHTh, YTO B OCHOBHOM 3alaYH W YNpDaxKHEHHsl paHee
He BCTpeuYaslHCh B H3BECTHHIX 33JaYHHKAX [0 MaTeMaTHYECKOMY aHa-
JH3Y M ABJAIOTCS B ONpPeNeJeHHOM CMBICJe HOBBIMH.

B cGopHuke umeercs elne oxHa ocoGeHHOCTb., Matepunan Tperbelt
IJIaBHl H3JIOXKeH ABYMs crnocobamu. MHTerpasbiioe HCUHCJEHHE CTPO-
HTCS C HCNOJb30BaHMeM AuddepeHuuasbHbx ¢opM H B Gojee KJjac-
CHYECKOM BHJe — 6e3 HX HCIHOJb30BaHHA. ITO COOTBETCTBYET CJO-
KHBIIEHCH CHTYaUHH YTeHHS AAHHOrO pasjejia MaTeMaTHYeCKOoro
aHaJH3a B YHUBEPCHTETAX CTPaHHI,

CTpyKTypa NOCTPOEHHS MNpPEIJIOKEHHOr0 3a4ayHuKa aHaJOTHYHa
CTPYKType yIOMHHaBLUeHcs KHUMM «3afauyd W yNpakKHeHHs IO MaTe-
MaTHYECKOMY aHaJHU3y>,

ABTOpDH BHIPAXAlOT HCKPEHHIOH G6J1aroJapHOCTb COTPYAHHKAM Ka-
¢enpbl MaTeMaTHYECKOro aHAJH3a MeXaHHKO-MaTeMaTHuecKoro ¢a-
Kyabtera MI'Y um. M. B. JlomoHocoBa 3a moJse3nbie 3aMeuaHus,
IpeJIOXKeH s, ydacTHe B OOCYXIeHKH. ABTopbl 0c060 6JarolapHu
I0. A. KaspmuHy, npoyHTaBileMy DYKONHCH H CAenaBuieMy psif 1O-
JIC3HHX NpefJioXeHHil W 3amevanu#, a rtaxxe M. I'. IlaprkoBy ™
B. E. Ilononbckomy 3a ofcyxienne OTAGNbHHX 4acTeli PYKONHCH.



[JIABA 1
UHTETPAJIbHOE UCYUCJEHHUE oYHKIUHHA MHOTUX
NEPEMEHHBIX

§ 1. ONIPENEJIEHYE U OBLIUE CBONCTBA HHTETPAJIA
OT ®YHKHHUH f: R >R

Onpenenenune. MuoxecrBo [={x, x&R", a;<x; by, 1<<i<n}
HA3BIBAETCSl CTAHJAApPTHBIM OTHOCHTEJBHO ocell KoopauHat OpycoM B
R™ (n-mepHbiM OPYCOM, WM TIPOMEXKYTKOM).

Eciu HeoOXOAMMO OTMETHTb TOUKH a=(a,, dg,...,dn) H b=(by,
by, ..., by), TO npuMensieTcss o6o3Hauenue [, p.

Lpyrumu cioBamu, HpoMeXyTOK B K™ ecTb A€KapToBO TNPOH3Be-
/leHHe OTPEe3KOB, JIeKAallHX Ha Koop;mHaTHblx oCsIX.

Onpenenenue. Uucio H(b —a;) Ha3biBaercs n-McpHbIM O6b-

emoMm Opyca Iqp U 0603HaqaeTc>1 ap].

Ecau pasmepHocth Gpyca sicHa M3 KOHTEKCTa, TO BMECTO TEPMHHA
«N-MepHBLIH 00beM» HCIIOJBb3YEeTCs TEPMHH «00BhEMY.

Onpenenernune. Ilycts 3anan 6pyc [, Rm". Pasbuenua T,
1<i<{n, KOOpAMHATHBEIX OTpe3KoB [a;, b;], I<{i<Kn, ¢ anamertpom
2(T;) unnyuupyioor pasbuenne 6pyca [,, Ha Gosee MeJsikHe IpoMe-
Kytkn [9, 1<{g<{Q, mnoJsyualouuecs JAeKapTOBBIM MPOH3BEIEHHEM
[POMEeKYTKOB pasfHeHust 0oTpe3koB [a;, b;], 1<{i<{n. [IpeacraBiaenue

Q

6pyca lop B Buze Il.p= |J /7 wnaswizaercst pasGuennem Gpyca Igp
g=1
H o6osnauaerca cuMposoMm T. Beauuuna A(7)= max A(T;) Ha3uBa-
1<i<n

eTcs napaMerpom pasbuenust T,
ITycts ¢yuxuus f:/—R orpanuuena Ha /| u T — pas6uenue [. ITo-
JIOXKHUM

M—supf(x) 1<‘7<Q1 mq:inff(x), 1<q<Q,

xel? xel?

Q
S(T, H= VMjm, s(T, H=Y, m,|1,
g=l1

g=1

O §t@ar=ints@, =, @) ids=swps(r, =9
I 1

Has no6oi orpanuvennofl Gpynkuuu f: [-R ameem <.
Onpenenenue. Ecan I=9=9, 10 dyuxuusa f:I--R HasuBpa-

eTCs uuTerpupyemofi no Pumany Ha [/ H uucjo J Ha3bBaeTcs HHTe-
rpanom Pumana ot f no I u o6osnauaercsa §fdx.
1



DTo omnpejnejeHHe 3KBHBAJEHTHO TakoMmy: Inycth T — pasbuenue
H {Eq}f;z:. — COBOKYNHOCTb ToueK §,, 1<{g<{Q, rTakux, uto §,&19,
Q

1<g<Q; bynxuus [, [-~R" unterpupyema Ha /, ec.rliTimoz FENY
(i g=1

CYIIeCTBYeT H He 3aBHCHT OT BHI6Opa TOuEK {Eq}f,?=1 u pasbucuus T.

JlanHoe ompezesNeHHe AHAJOTHYHO ONIpEAEJEHHIO HHTerpasa Pu-
maHa Ha otpeske [a, b] (a<b), T. e. cayvao n=1. CxoacTBo omnpe-
Ae/JeHHS INOJY4eDKHYTO M (OpMOH 3amHCH HONBIHTErpaJbHOTO BHpa-
xeHus fdx. PaBHocHJbHBlE, HO 60Jlee pasBepHyTHE OGO3HAYEHHs pac-
CMaTpPHBAEMOTO HHTErpasa Takue:

Sf(xl. Koy ooy Xp)dxydx, ... dx,,
i
HJIH
S....fi(xl, Xy« vy Xp)dxydx, ... dx,.
npas

1

Gamevanue. Aasg dyukune ojHofi nepeMmedHodl [:R—R u
b

npomexyTka [a, b]<R, a<b, uMeer CMBICI KaK CHMBOJ (fdx, TakK
a

a b
H CHMBOJI Sfdx: ——5 fdx, 1. e. unterpan Pumana or QyHKUHH 0Oj-
b a

HOro NeHCTBHTEJNLHOrO MEPEMEHHOTO ONpejensieTcsi M0 HanpaBJeHHO-
MY NIpPOMeXYTKYy. B npocrtpaHcTtBe e R", n>2, NOHITHEe HalpaBleH-
HOro npoMexkyTka He BBOJHTcH. Ecsau W B npoctpancrBe R paccmar-
pHBATb TOJLI:O TaKHe NPOMEXYTKH [a, b], aas KoTophix a<<b, 10 B
JanbHeHdlleM IpH PACCMOTPEHHH R™ MOXHO CuUHTaTh n JIOOLIM HaTy-
paJbHBIM 4YHMCJOM, B TOM UHCJE H eIHHHIEH.

Yro6pl NOAYEPKHYTb, YTO peub HIeT 06 uHTerpaje OT (GYHKIH
MHOTHX TlepeMeHHBIX Ha Gpyce [R™ (n>2), rosopsTt, 4TO 3TO KpaT-
HEIl muTerpan (ABOMHHOM, TPO#HON W T. A. B COOTBETCTBHH C pa3Mep-
HOCTbIO R*).

Onpenenenue. MuoxectBo McCR™ HasbBaeTCs MHOMXKECTBOM
MepH HYyJb B CMEIC/Ie Jlefera (kopoue, MHOMKECTBOM MepPH HYJb),
ecqu masd Jjioboro €>0 cyinecTByer NOKpHTHe MHOXKecTBa M He Go-

Jee yeM cUeTHOH cucreMO# {/%};/i n- MepHHX INIPOMEXYTKOB, CyMMa
(<]

006bEMOB KOTODBIX Z [/9] me nmpeBHIlIaeT &.
g=1
Hekotopule cBoficTBa MHOMKECTB MepHl HYJAb B cMmbicje JleGera.
1. TouKa eCTb MHOXKECTBO MEpLi HYJIb,
2. O0beqrHeHHe KOHEYHOro MJIM CYETHOTO YHCHA MHOXKECTB MepH
HYJb €CTh MHOXKECTBO MepHl HyJb. B uyacTHOCTH, BCaKoe He Gosee ueM
CYeTHOE MHOXKeCTBO €CTb MHOXKEeCTBO Mephl HYJIb,

6



3. IToAMHOXeCTBO MHOXKeCTBa Mepbl HY/b €CThb MHOXKECTBO Mephl
HYJb. :

4. Ilyetb PCR™ — 3aMKHYTOE OTpaHHYEHHOE MHOKECTBO H (YHK-
s f: P—~R nenpeprisHa Ha P. Torma MHOXeCTBO

Mc R i M={(xy, %o ..., Xny )i X=Xy, Xay ..., X,) &P,
y=F(x)

(rpadux ¢ysKuuHu y Ha P) ecTb MHOMKECTBO MEDHl HYJb.

3ameTuM, UTO HHKaKOe OTKPHITOE MHOXeCTBO GR™ He siBAseTcA
MHOXKECTBOM MepHl HyJsb. Tak, Hanpumep, unrepBaa (a, b) =R ecrtb
OTKPBITO@ MHOXKeCTBO B NIPOCTPAHCTBE R M TeM caMbiM He ecTb B
5TOM IpOCTPAHCTBE MHOXKeCTBO MepH HyJsb. Eciin ke B3Tb MHTEpPBaJ
(a, b) na ocu OX B aByMmepHOM mpocTpaHcTBe R2, To OH 6yleT MHO-
»KeCTBOM MepHl HYJb, HO 3TOT HHTepBaJ B R? yxKe He eCTb OTKPBITOE
MHOXKECTBO. :

Onpenenenue. ITyctb MHOXecTBO DR™. ®ynkuus yp:R"—>
—R

I, xe=D,

=19, rzp

Ha3bIBACTCH XapaKTepHCTHYeCKol (yuKuueH MHoxecTBa D.
Onpenenenue. MuoxectBo DCR™ Ha3HBAeTCs KOPJAaHOBLIM
MHOXKECTBOM, ecnr D orpanuucHo H QYHKUHS ¥p HHTErpHpyemMa Mo

Pumany Ha awbom 6pyce /R, taxom, 94ro D/, Beauwuuna VX, dx
Y Py D

7
HashIBaeTCa n-MepubiM obbemMoM uaH Mepoi B cMblcie Kopaasa
mHoxecrsa D u oBosnauaercst |D| uwau V(D).

Bennuuna BXDdx He 3aBHCHT OT BHOOpa Opyca [, comepxaniero
I

mHOXecTB0 D, u, CnefoBatenblio, JaHHOe ONpeleseine KOpPPeKTHO.
MoxxHO MoKasaTh, UTO JJs TOrO, 4TO6H MHOMXKecTBO DCR"™  GHJIO
JKODAAHOBBIM, HCOOXO/IUMO H JIOCTATOYHO, YTOOK OHO GHLIO orpaHuue-
HO ¥ MHOZKECTBO €ro rpaHu4yHblX TOUYeK OBIIO MHOMKECTBOM MepH HYJb
B cMEIC/e JleGera.

IIpuBesem Temepb 9KBHBAJIEHTHOE ONpeleJeHHe A-MEPHOrO 06b-
eMa, He HCNOJIb3ylollee NOHATHE HHTerpaJa.

OGosnaunm uepes Hj, MHOXKECTBO BceX GpycoB I, ,R™, nis Ko-
TOPHIX a,zﬁ—, bi:—%-l—, reZ 1<<i<n. JLJst MHOXKeCTBa
DcR™ uepes Hy(D) o6osnauuM obbepunenne Beex 6pyco u3 Hy, Ko-
TOpbie LeJHKOM BXOAAT B D, uepes Hy(D) — o6beanHenne Bcex 6py-
coB u3 M, Kotopue mepecekaiorcs ¢ D. O6vem Hy(D), paBHHIH CcyM-
Me 00bEMOB COCTABJIAIOLUIHX €ro 6pycoB, 0603HAYHM Vi(D); o6bem

H,(D)—V, (D). Ecau ;iml_/k(D)=’£im Vi (D), To muoxectBo D 3K0p-

7



AaHoBO W uHcao V (D), paBHoe 3HAUYEHHIO 3THX IIpPeesoB, €CTb ero
n-MepHbIH 00'beM.

JIro6oit 6pyc I, p,R™ siBnsercs XOPAAaHOBBIM MHOXKeCTBOM, H

ot
onpeneseHHblii Bole ero o6veM |lap| =11 (b;—a;) coBnazaer ¢ 06b-
i=1
eMoMm V (I, ), onpeaensieMblM IO NPHUBEIEHHOMY BHIUEe NPABHJY [Js
o0beMa KOPJAAHOBHIX MHOXKECTB,

Hcnonb3ysi ykaszauHbie Bhlllle CBOHCTBA MHOXKECTB Mepbl HYJb,
MOXHO IOJYYHTh CJeIYIOUINe CBOHCTBA XKOPJAHOBBIX MHOXKECTB.

1. JlomosHeHHe XOPJaHOBA MHOXeCTBa A0 JIIOOOTO BKJIOUYAKILETO
ero 6pyca ecTh XKOP/JaHOBO MHOXKECTBO.,

2. O6benrHeHHe U TepeceyeHHe KOHEWHOrO YHCJA JKOPAAHOBBIX
MHOKECTB €CTh KOpJaHOBO MHOMKECTBO.

3. Ecmn M — x0pLaHOBO MHOXKeCTBO o6beMa HyJb, TO JiobOe ero
NOJIMHOKECTBO €CThb JKOPJaHOBO MHOMKeCTBO OObeMa HYJb.

4. Tlyers M; < R"—3aMKHYyTOE KOPIAHOBO MHOXKectBo, ¢, & C(M,),
Goe=C(My), 9 (x)<<(x), x&M,. Toraa mHoxectBo M={x, x==
= (X1, Koy «-vy Xny Xpg1) P M= (Xg, Xy, ..., X, ) =M1, ¢ (¥) < Xppy =<
< ¢, (X)} KOPAAHOBO.

5. Tlyerb M{c—R™ — orpannuenHoe MHOxKecTBO U C -— KOHCTaHTA.
Torga MHOxeCTBO M={x:@x=(X|, Xg,...,%n, C):m={(X1, Xz, .., Xn) =
M} ecTb KOpPJIAHOBO MHOXECTBO 00'beMa HYJb.

6. MuoxectBo MCR? rpaHulied KOTOPOro sBJIsieTCS CHpsiMJsie-
Mas (B YacTHOCTH, KyCOYHO-IJajKas) 3aMKHyTasi KpuBasi Ge3 camo-
nepeceyeHHl, ABJSETCS KOPAAHOBBIM MHOXKecTBOM. MHoXectBo M
<R3, rpauuuefi KOTOpOro sBJsieTcst KYCOYHO-TJafKas 3aMKHyTast Ho-
BEPXHOCTb 0e3 caMonepeceyeHHH, SIBJAETCS XKODPAAHOBBIM MHOXECT-
BOM,

7. Ecnin 21— xopaiaHoBO MHOXKecTBO, TO M (3aMbikanue M) #
MP (MHOXeCTBO BHYTPEHHHMX TOYeK M) — TakKiKe KOPLAHOBH MHOXKeE-
cTBa 1 06beMbl MHOKecTB M, M u M° pasHuH, 1. e.

M| =[|M|=|M°|.

Tak, wanpumep, orpe3ok [a, b] ocu OX ecTb KOPAAHOBO MHOMKE-
¢tBO o6bema (b—a) B OJHOMEDHOM NPOCTPAHCTBE R H XKOPAAHOBO
MHOXeCTBO o0beMa HyJb B JByMepHOM mnpocrpanctse R? (M mobou
Rm™, n>2) (cBoiictBo 5); kpyr {(x, y) :x®+y2<la?} u MHOKeCTBO D=
={(x, y) :0<x®+y?<a? HABAAOTCH KOPAAHOBHIMH MHOXKECTBAMH
ob6vema ma? B R? (cBoicTBo 6).

Hecpsisnoe MHOXKecTBO, fBJsiOIIeecss OObelHHEHHEM IBYX IIapOB
{(x, y, 2) : 2+ y?+22<a? n {(x, y, 2) : x2+y2+22—8az+ 15220},

eCTh 2KOPJaltoBO MHOXKECTBO 06beMa Fy na® B R*  (cpoficta 2 u 6).

Onpeaenenne. Oyukuus [:R"—>R uurerpupyema no Pumany
Ha DcR®, ecan D —KOpAAaHOBO MIOKECTBO M (DYHKLHSI [-xp HHTe-
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rpupyema no Pumany Ha 6pyce [, TakoM, uro DI, Hucno SfXD dx
/

HasbiBaercss uHterpasoM PuMana ot f no D u o6o3nauaercs j.fdx‘.

MoXKHO MOKasaTb, UTO CYILeCTBOBAaHME ¥ BeJHUYMHA HHTerpaja
{fdx ne saBucsit or BrGopa npomexyrka I, ecin Dl
D

U3 onpenesneHuss ¥ cBOHCTBAa 7 KOPAAHOBBIX MHOXKECTB CJeayer,
410 (YHKUHS [ OJHOBPEMEHHO HHTerpupyeMa HJH HeT Ha BCeX Tpex
MuoxectBax D, D u D° rme D—3amukanue Muoxecrsa D, a DO —
€ro BHYTPEHHOCTD, T. €. MHOXKEeCTBO BHYTPeHHHX Touek D H

Sfdx:Sfdx—~ \.fdx.
b D Do

ITosToMy B maJsibHeHllleM NpH KayeCTBEHHOM aHaJ/u3e HJH BbIUHC-
JIeHUM WHTerpasia no obsactu D Mbl gacto OyAeM HepexOAuThb K pac-
CMOTPEHHI0 HHTerpaJja Io 3aMblKaHuio D 3ToH o6jaacTH, He OroBapu-
Bas CHOENUajJbHO 3TOr0 nepexoxa. MHOXKeCTBO HMHTErPHPYEMBIX IO
Pumany na muoxecrtBe D yHkuuil 6ynem ob6osnauarh % (D).

Buumanue! 3anuceiBasg cuMBos %(D), nmoxpasymeBaeM, 4TO MHO-
»KecTBO D »KOp/JaHoBO.

Kpurepuii JleGera unrerpupyemocty no Pumany

[Tyets D — xopnanoBo MHOXKeCTBO W [:D—R. Ilns uurerpupye-
mMoctH o Pumany ¢yskuuu f Ha D Heo6X0AMMO H IOCTAaTOYHO, UTO-
6p [ Oblsla orpaHilucia M MHOXKECTBO ee TOYeK pasphiBa OBIJIO MHO-
JKeCTBOM MEpH HYJIb.

W3 xpurepus uHTerphpyemoctu JlicGera u CBOJCTB MHOXKECTB Me-
pPBI HYJIb OJIydaem

CnenpctBue 1. OrpaHnuenHass ¢yHKuusi, umeronias He GoJee
yeM CYeTHOEe MHOJKECTBO TOUEK Da3phBa Ha JKOPAAHOBOM MHOXECTBE
D, uurerpupyema no PuMaHy Ha 3TOM MHOXKeECTBe.

Cneactsue 2. Econ fe&(D), 10 f=R (D) nas moboro xop-
naHoBa MHoxectBa DD,

OcHoBHbIE CBOIICTBA KPATHOrO HHTEerpaaa Pumana

1. Eciu fe# (Dy) u feR(Dy), 10 &R (DUDs); ecan MHOXKeCT-
Ba)Dl 1 Dy He HMeOT OOIIHMX BHYTPEHHHX TOueK (He IepeKphBaloT-
cs1), TO

S fdx= ff dx+ \[dx (apammuBHOCTH HHTerpana).
D,UD, Dy D,

* Econ dynkuus f sajnama Ha noaMmHoxectse ECR™, 1o poonpefensieM ee Ha
BCe MPOCTpaHCTBO, noJaras f(x)=0 ana awboro x=E.



2. Ilyems feR (D) v g=R (D), torna f-g=R(D);, s molhHX
nocrostuunx C; v Co (Cif+ Cog) =H (D) u

5 (Cif +Cog)dx=Cy ( fdx+C, f gdx (JMHEAHOCTb HHTerpasa).
b D b
3. Ecm fe= RB(D), 10 |l BR(D) u

| {7 ax|< \ir1ax,
D D

4. Iycrs feRD), geRD) v f(¥)>=g(), x=D, Torna

dex>5gdx.
D D

5. Eom fe B(D) v m=inif, M=supf, To
D D
m|DI< \ fds < M|D).
D

6. lycrs f&= BRD), g &R (D), g(x)=0 ama moboro x < D, m=
=inff, M=supf, Toraa
D D

mfgdxg gﬂgdng\;gdx.
b b b

Ecan npu stom D cesizuo u f & C (D), To Hafigercsa Touka E e D, Takas, 4To

S [-gde=[() f g dx (Teopema O cpenem).
b D

BamMeuanune YCJIOBHE CBSI3HOCTH, KaK IIOKA3HIBaeT CHAEAYIO-
Ui npuMep, cyulecTeeHHo. B camom gese, aast  dysruum f(x)=

=signx u muoxkecrBa D={x:x=[—2, —1]U[l, 2]} umeem Sfdx:
D

=0. OxHako He CyllecTBYeT TAaKOH TOUKH &, NmpuHajjlexamiell MHO-
xkectBy D, uto f(E)=0.

7. Tlycts g=R (D) u orpanuvennass ¢yuxuus f:D—R coBnaaaer
c g mas Bcex x&D KpoMme MHO)KecTBA o6beMa HYJab, TOraa [&
eR(D) n

ffdx=g gdx.
b b

B uactHocTH, eciM Ha XOpAaHOBOM MHOXecTtBe D ¢yuxuus f:
: D—R orpanuuera u coBnagaer ¢ ¢ynkuueit g=C (D) Bcioay, Kpo-
Me MHOXKecCTBa o6beMa HyJ b, T0 feR (D).

ITostoMy B naJjbHeiiileM (DYHKIHIO, aHAJMTHUCCKOE BbIpaZKCHHE
KOTODOH TepsieT CMBICA B TOUKAX MHOXecTBa o0beMa HyJb, BCeraa
OyaeM mnpejnoJaraTh JIOONpE/IeNIEeHHON B TOYKAaX 3TOrO MHOXKeCTBA;
TaM, I'jle BO3MOXIO, — IO HCIPEPHIBHOCTH, TaM, I'le 3TO HEeBO3MOX-
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HO, — IIPOU3BOJbHHM 00pa3omM, Jullib OBl MOJydeHHass ¢yHKuuA OHaa
OrpaHHYeHHOH.

3ameuaHnue. TpeGoBaHHe orpaHHueHHOCTH (YHKUHH f(X) Ha
D B cBoiictBe 7 cymiecTBenHo. Tak, Hanpumep, nyctb g(x)=1,

1

u D ectb orpesok [0, 1]. @yuxuusa f(x) coBmamaer ¢ HHTErpUPyeMOii
Ha [0, 1] ¢ynkuned g(x) Bcioay Ha orpeske [0, 1], Kpome MHOKe-
crBa M={x, x=1/2", n=N}, 0o6beM KoTOpOro paBeH Hymw0 (Ipose-
puthl) HO [(X) Kax HeorpaHudyeHHas (YHKIUS He SIBJSETCA HHTETPH-
pyemoit na [0, 1].

Teopema ®y6unu Ilyctb X—6pyc B R?, Y —6pyc B R™
u oynkuusa feR(XXY). O6osnauum uepes W(x) ¢yuxuuio ¥:X—
—R, paBHymo sf(x, y)dy nns tex 3HaueHHH xe&X, ;A KOTOPHX

Y

3TOT HHTerpaJj CyUIeCTBYeT, H PAaBHYIO NPOH3BOJBHOMY UHCJIY H3 OT-

peska [(L)Kf(x, y) dy, (U)Kf(x, y)dy] nast tex xeX, AN KOTOPHX
Y Y

uarerpaln {f(x, y) He cymecrByer. OGo3Hauum uepes @ (y) dyHKuuio
Y

~

®:Y—>R, paBmyw 5f(x, y)dx pnst tex suadvenuii yeY, mas Koro-
X

PHX 3TOT HMHTErpas CyLIeCTBYeT, H DaBHYIO IPOU3BOJBHOMY YHCJY H3
()Tpe31<a[(L)(;f(,v, y)dx, (U)Sf(x, y)dx} ang  T1ex yeY, nas xoro-
X X

ey

PBIX HHTerpaJg

VY(x)=s%(X) n

3 1 pdxdy= {0 ) dy={ ¥ (v ax.
XXY Y X

f(x, y)dx ne cymecrsyer. Toraa ®@®(y)esR(Y),

>

Yr1o6b OTJHYHTL KpaTHHI MHTerpas mo (n-+m)-MepHOMy IpoMe-
KyTKy X XY OT noc/1ea0BaTC/HbHO BHUKHC/SIEMEIX HHTErPaIOB

(0@ dy §1P(x)dx
Y

COOTBETCTBeHHO mo 6pycamM X u Y, NPHUHATO TH HHTErpPadH HAa3H-

BaTb NOBTODHEIMH HHTerpajaMH oT [(x, y) u o6o3HauaThb COOTBET-
CTBEHHO

VO wdy=Jdy\ e pde n { V) ar=[ae (s gy,
Y Y X X X Y

Ecan n=1, m=1, 10 1eopema OyOuHH CBOAUT BHIUHUCJICHHE ABOf-
HOTO HMHTerpasa K NOCNeJ0BaTeJbHOMY BBIYHCJEHHIO ABYX OXHOMEp-
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HBIX HHTErpajoB. B ofmieM ciayuae NOBTOpHOe NMpHMeHeHHe 3TOH Teo-
peMbl MPUBOAUT BHIUHC/JEHHE 7-MEPHOTrO HHTerpasa K NOCJel0BaTte/ib-
HOMY BBIYMCJICHHIO /1 OJHOMEDHBIX HHTErpPasoB:

S f(xy %oy ooy Xn)dxy ... dxn,=
Tap

by by bn
—_—S dxlg dxas S Flxq, .., X,)dx,.

Moxuno copmynaupoarh teopemy PyOHHH M TOrRa, KOrja HHTe-
rPHpPOBAHHE NPOU3BOJAUTCS He 1O NpoMexyTkKy IcR™™, a mo npous-
BOJILHOMY XKOPJaHOBY MHOxKecTBY DCR"™™ HOo ¢opmysupoBKa cTa-
HOBHUTCS upe3BHUadHO rpomo3nkofi. Ilosromy orpanuunmcs (Qopmy-
JIUDOBKOH AJS YacTHOro, HO HauboJjee HIMPOKO HCHOJb3yeMOro CJay-
qag:

Teopema. Ilyctb PCR™— 3aMKHyTOe XOpPJaHOBO MHOXKECTBO,
dyukunu ¢ =C(P), ¢.=C(P), ¢i(x)<<g2(x), x&P, mHOXKecTBO M=
={x:x=(X1, X2, o, Xn, Xn11):

m=(xy, Xy, ..., Xp) & P, @ (m) < Xnsr1 < @y (M)}
Ecau feC (M), to

Crde= {7 oo 50y dur) diyde, .. diy dtug, =
M M

. q),([n)
= S dxldxz PN dxn S f(xl, x2 “e ey xnv xn-{—l)dxn+].
P @(m)
3aMeTuM, UTO B YCJOBHSIX TEOPEMBl MHOXKeCTBO M KOpaaHOBO
Pz(m)
L]
(cM. cBOicTBO 4 XKOpPIAHOBHIX MHOXECTB, C. 8), HHTerpasn f (xq,
¢y (m)
Xy vy Xny Xnp1) AXngy CyIIecTBYeT MOJS1 BCeX M=/(X|,..,Xn)E
&P u sBasiercs HenpephlBHOH ¢GyHKHHeH Ha P, mostomy Bce BXOas-
HiMe B GOPMYJIHPOBKY TEOPEMBI HHTErpajbl CYIlleCTBYIOT.
Cnencreue 1. Ilycte xopaanoBo wmHoxectBo D={[a, b] X
X D.}, roe Dy=D\{x,==x} xopaanoBo npu jaw6om xj[a, b], 1 PyHK-
uus [ : D—R 3aBHCHT TOJIBKO OT MEPEMEHHOrO X1 :
f(x1, X2, ey Xn) =[*(x). Toraa B cuny teopemsl ®yGunu

b
§ f(x)dx= S dx, DS f*(x)dxydxs ... dx,.

Tak kKak ¢GyHKuUHA [*(X|) He 3aBHCHT OT NepeMeHHBIX HHTEerpHpoBa-
HHS Xg, X3, ..., Xn, TO

§ Foadrs - dia =P § diy . di = [(0) 1D,

x x
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Takum ob6pasoM, B 3TOM C/JAydae KpaTHBIi HHTErpas CBOAUTCA K OJ-
HOKPAaTHOMY:

b
Vi de={ 7010, dx.

n
Cnanencreue 2. Ecmu Ha Gpyce 1=n[a,~, b;] dynxuusa

i=1
f(xlv DR ] xn):fl(xl) fn(xn\! B f;EC[ai’ bl]
AJIst BCeX I, 1<i<n TO
Kf(v)dx [ Qf (x,) dx;.
i= la

Ilpumep 1. Bouncauts
X (% -+ Xo + X5+ %) dxy dxy dx; dxy,
M
rae
M:{x: Xy, Xgy X3 Xg) 1 0CX < 0<<r <, 0<y<],
Xy Xp— Xz X <Xy X+ Xgp < RY

Peutenue.
= 5 (%1 %3 + X3+ xg) dx; dxy dxz dxy =
M

Xyt Xyt

= S dxy dxy dxs S (X1 Xa X5 + x,4) diyy
I Xy-HXg—xa
rae / ects TpexmepHbfi mpoMexyTok: 0<C{x <<l 0<Cxo<{l, O<xs<l.
TTockosbKy
XytXatxg

(21 X+ x5 + X4) dxg = (X + Xg -+ xg) - 225+

+ ‘12" (g x5+ X2 — (xg -+ Xy — x5)%] =
= 205 (X1 -+ Xp + Xa) + 2 (x; + Xxg) X5 = 43 (%1 1+ 2xp) + 27‘%:

TO

J = S [4xg (%14 %) + 2x3] dx, dxy dxg =

I3



1 1
dx, S. dx, S [2 (%) + %5) x5+ x3] diy =
0 0

lI
°<~/7...

1 1y 2 il
=25dx1g[(x1+x2)_3+—3.l dxy=
2 3 1o
0 0
1 1 + | | 1 5 -
X X M
—_—Qdels Rz ML S +?> dx2:TS<3x1x2+7x§+2x2) . dx, =
0 0 0

= —:;S (351 +7/2) diy = -+ 7/6 =573,
0

ITp uwMep. Boruncanm
S(x1+x2+ o b a2 dxy dxy .. dxy,
1

rue

I={{xq, ..., %) 0T x; <1, Y <Ci <}

Pemenue [ns duxcupoBanubx [ u j, 1<{i<n, 1<(j<{n, MHo-
XKecTBa ]ai =IN{x=a, 0<a; 1} n lai,b]. = I“i N {x;=0b; 0<hy<C 1}
ectb OpycH o6beMa | B mpocrpanctBax R™ ! u R"—2, COOTBETCTBEH-
Ho. ITpumenss caencreue 1, noayuaem, 470

1

1
>xfdx= Crzdn i) = [ =13, 1<in,
0 0

1 1 1 1
gx,x;dx= S X; dxij'xj dx,-l[xile = ( X; dx;j xjdx;=1/4, i=#j.
I 0 0 0 0

Orciona noJyuaeM, 4To

5(2;; dx—ZSxde+2Z Z S xpxjdx =

=1 f=i+l]
I n(n—1) n n—n 32+ n

T S T B ST

w[a

Onpenenenue. BuektuBHOe (B3aUMHO OXHO3HAYHOE) oOTOGpa-
xeHue ¢:D—>D,, Di=¢(D)=R", DcR™ Ha3HBaeTcs peryJaspHHM
orobpakeHueM, uaH auddeomopdpusmom MHoxectBa D, ecan g
&C!'(D) u sixoGuaH ¢ (onpenesUTeJb MATPHIK JHHEHHOro oTOGpa-
keHus @’) He ofpamaercs B HyJb Ha D.
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CBo#cTBA peryasipHoro oro6paxeHns

ITycts @ — peryasipuoe orobpaxenue obaactn D (1. e. CBsIZHOrO
OTKPHITOro MHOXecTBa) Ha obsacth D). Toraa

1. Ecaiu McD, 1o BHyTpeHHHe TOukd MHOxectBa M mepexoxdr
BO BHYTpeHHHe TOUKUM MHoxectBa (M), rpannunbie Toukn M —B
rpanuunbe @(M); orciona cieayer, uro o6pas OTKPBEITOTO MHOXECT-
Ba — OTKPHITO€ MHOXKeCTBO, 00pa3 3aMKHYTOrO — 3aMKHYTOe.

2. Ecan McD u M —xopaadoBo MioxecTBo, T0 ¢ (M) — Kop-
JaHOBO MHOXKECTBO.

3. OroGpaxenue ¢! : D—D peryJspHo.

ﬂepsau TEopeMa 0 3aMeHe NepeMEeHHbIX B KPAaTHOM HHTErpaJe

Iycrb x=x(f) — peryasipHoe ortobpaxkenue obaactu D;CR™ Ha
o6aactb DycRm. Ilycts panee M —— kopaaHOBO MHOxKecTBO, M Dy,
F — sigko6uan otoGpaxenus x(1) u fe#(M). Torpa

feye R M) n (fde= | fox||dt.
Vide=

* 1 (M)

npaKTH‘leCKH JAOBOJIbHO YacTo BO3HUKAET HEOOX0HMOCTb 3aMEeHH
IepeMeHHbIX IIpH [OMOILH 0T06pa'1xe}mﬂ, KOTOpOEe He ABJSACTCHA pery-

JAPHBIM Ha Bcel oGaactu D;. B stom caydae moxer GHIThb NpHMeHe-
Ha cjelyiomas TeopeMa.

Bropaﬂ TeopeMa ¢ 3aMEcHe nepeMEeHHBIX B KDATHOM HHTErpaJe

Ilycte x=x(f) — oro6paKeHue KopjaHoBa MHoxecTBa D;—R™ B
}KOpAaHOBO MHOKectBO D, Rm™ Ecan CyllecTBYIOT MHOXKeCTBAa Me-
pu nyab SiD, u S;=Dy, rakue, uto: 1) D\ Sz u D;\St OTKpHITEIE
MHO2KeCTBa;

2) oro6paxenue x: D\ Si—>D:\S, peryasipo;

3) sikoBuaH F ortoOpakeHUs X ONpeleseH ¥ orpaHudeH Ha Dy, TO
aas moboit dyukuun feR(D,) dynruus

(Fex)- 3 ()= RAT) HDSfdx= f(fox)- | |dt.

x Dt

OTMeTuM, UTO H B IepBO#, ¥ BO BTOpPOH TeopeMe O 3aMeHe mepe-
MEHHBIX B KDAaTHOM HHTerpaJje YTBepxK/J1aercsl He TOJbKO DPaBeHCTBO
HCXOTIHOTO M Npeo6pa3oBAHHOIO HHTErpaioB, HO M CYLIeCTBOBaHue
Npeo(pa3oBaHHOTO HHTErpasia, B YACTHOCTH TO, YTO MHOXKECTBO H3-
MEeHEeHHS HOBLIX NepeMeHHBIX XOPJAaHOBO. Ha NpakTHKe HacTo cyule-
CTBOBaHHE O0OHX MHTErpaJjoOB YCTAHABJHBAETCS HENOCPEACTBEHHO H
BOIIPOC HAET TOJNbKO 06 HX paBeHCTBe. B 3TOM cJyuyde HCIOJb3yeTcs
cleyIouias

Teopewma. Ilyete Dy H Dy — OTKpHITHE MHOXKecTBa B Rm, 6u-
eKTHBHOe orobpaxenune @ :D,—D,, ¢ =C'(Dy). Ecnu nns MHOXKe-

crBa McD, oba unrerpana ff((p(t))lcp' #)}dt n S f(x)dx cyuwecr-
M (M
BYIOT, TO OHH paBHHL. ¥

15



Ilepexon B KpaTHOM MHTeErpase gfdx= Yf(xl, Xg, ooy Xp)dXq ...

...dx, K TepCMCHHBIM 7, @, (pg,...,A(,;')n_l, C]§H38HHI>IM C TIepeMeHHHBI-
MH X), X2, ..., X, hOpMyaamu
Xy =1 COS ¢y,
Xo = o 1 SiN @, COS @y, 1)
Xp_y= rSin@,sing, ... sin@,_CcoS @,
X, orsin@sing, ... Sin @, osin @,—:,

HA3LIBACTCS MEPeXoJOoM K NOoJsSpHbBIM (MHOTAAa Ha3biBaeMBIMH cdepH-

YCCKHMH) KOODAMHATAM, a NEPEMeHHBIE 7, @), (g, ..., Pn—j — NOJTIPHHI-

M (chepuueckuMH) Koopaunaramu B R7™. Otobpaxenne :T—Rn

6pyca T={r, @1, ..., Pn_y : r>0, 0<;<<at (1<ix<n—2), 0o, 1<L2m}

B R", 3agaBaemoe dopmysnamu (1), nHe OGHeKTHBHO, Hanpumep, obpa-

3oM rpanu storo 6pyca TO{r, ®1,..., ®,—1, r=0} siBJAsieTCs €NHHCTBEH-
n—2

"Hast touka 0(0, 0,...,0). Sdxo6uan p paBen r*—! IE sin"——lg;; oH
i=1

obpallaercss B HyJib Ha MHOXeCTBe

TNA 9 ooy Que1 i r >0, 0 g, < (l i< n—2)}.

Bce 10 mokasmBaer, UTO [Jis [POH3BOJBHOrO KOPJAAHOBA MHOXKECT-
Ba M oroGpakeHue ) He YIOBJETBOPSET YCJIOBHUSAM I[EPBOH TEOpeMb
0 3aMeHe IepeMeHHBIX B KpaTHOM HHTerpaJe. JLjisi 060CHOBAHHUSI BO3-
MOKHOCTH Nepexoja K IOJAPHBIM KOOpJAHHATaM B KPAaTHOM HHTerpa-
Jie OTMETHM CJIeJylolliHe CBOHCTRA OTOOD aXKeHHs .

1}  MuoxectBo T*=T\{r, @1y, Pn1:7>0, 0<q;<m (1<Ci<n—
—2), 0<@p_1 <25} ecTh MHOXECTBO Mephl HYJIb.

2} Orobpaxenue §: {T\T*}>Rr—¢(T*) peryaspuo.

3) Haa a;wboro a>0 o6pa3oMmM KOPAAHOBA MHOMXKeCTBa [,=

=TO{r, @1,.0, Pny 1 r<a} SABJSETCS OTKPEITOE KOPAAHOBO MHOXKECT-
n
Bo: M, == {xl, Xgy vovy X0 Y‘ x%<a2},
(=1
.
4) Muoxecrso T, =T "N\ {r, ¢y, ..., Qu—1 : ¥ <_a} 3aMKHYTO, CIEL0-

*
BaTte/AbHO, B CHJY HENpephIBHOCTH OTOOpaxkeHHa P MHOxecTBO P (T,) 3aMK-

o * *
HYTO H B cu/y cBoHcTBa 3 MHOMKECTBO Mg =M, \ { (T’;) OTKpHTO.
5) P(T*) ecTb MHOXKECTBO MEpPH HYy.Jb *.

* CpoiictBo 5 ectb yrBepxJenne TeopeMei Capma: ecain DR™ — oTkpbiTOe
MHOXecTBO;, oToGpaxenue f:D-R*, feCY(D) u S={x, x&D, delf (x)=0}, 70
f(S) ects MuoxectBo Mepw HyJsb. Ho Jis oT06pamenus | BMECTO CCHIIKA Ha Teo-
pemy Capna MOXHO HPOCTO 3aMeTHTb, YTO Y (7*) ecTb NOAMHOMECTBO MHOXECTBA

n
E= U Ei, rae Ej=={x3, x5, ..., xp:x; =0}  (runcpnaockocib B R™), u Tak
(e
Kax Bce E; cctb MioxectBa Mepuw nyub, To E u ero noamuoxectBo P (T*) ects
MHOXCCTBA MePL! HYJlb.
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PaccMoTpum Temepb HHTErpas Sfdx. Tak Kak MHOXKecTBO M
M

JKOpPAAHOBO, TO HalijeTcs TaKoi OTKPHTHH 1ap Maz{xl, Xgy vy Xps
n

x), x& M,
Exf<a2}, utro M M,. Ilyets g (x)= {f( ) ’ Tor A2
] 0, xeM\M,
Qfa’x: X;g dx. M3 cBofictB 1—5 otobpakeHusi ¢ ciaenyer, 4To
M Ma

MHOXecTBO M, u orobpaxenue ¥ :Tq—>M, yLOBICTBOPSIOT YCJOBHAM
BTOpOHl TeopeMbl O 3aMeHe NepeMeHHBIX B KpaTHoM uxrerpane. Cie-
JOBATENbHO,

Sf(xl, Koy vovy XpYdxydx, ... dx,= gg(xl, KXoy o vy Xp)dxy. . .dx,=
M M,

. ne-2
= B g ¢ ooty Payr! l—[ sint——1lo,drdg, ... dop,—y =

T, i=1

n—2

= 5 P, o oy @ra)rn! H sin"™—i—1o;drdo, ... dep,—1,

M i=1

rie
g'(n Pry ooy (Pn—l):
=g (rcos@,, rsing;cosg,y, ..., rsing, ... sin@P,—),
F (ry ©1 ooy Qn—1)=f(rcos@,, rsing,cosq,, ..., rsin @, ..., Sin Qp—1}

u M*cT ects npoo6pas M Ha mHOxKecTBe T.

OrMeTHM, YTO BCe IpeabIAyLHe PAacCy:XKAeHHSI OCTaloTCs B CHIe,
€CJIH OCHOBHBIM NPOMEKYTKOM H3MEHEHHs yria ¢, sBiasercs He [0,
2n], a [a, a+2x] npu a06oM q.

[Tpumep. Bruncaum
§ (2 433 x2) diy vy iy dixg,
M
rae
M={x, x=(x1, X, Xy, Xg) 1 X2 F+x2+2x2 +x2<2ax,, x3>0}, (@>0).
Pemenue. MHoxectBo M 3KOpZaHOBO, TaK KaK yacTb Hiapa B

TpexmepHOM npoctpanctBe: My={x, X¥=(Xp, X3, Xg): xi+ 2+ x3<ad,
X320} sBASETCS KOP/LAHOBEIM MHOXKECTBOM H

M={x, x=(%1, Xp, X3 X;):m=1(%, X3 X)) =My,

a—VE—ET R A <u<aLVE—(0F E+ D)
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(cM. cBoiictBa 6 u 4 XOpAaHOBHX MHOXecTB, c. 8). Cnenaem B
JAHHOM HHTECTpaJe Iepexo/l K NoJsipHEIM KOOpAHHATAM!:

Xy ==TCOS y; Xp="Sin @, COSQy; Xg==rsin @y sin @, cos Pg;

Xy=rsin @, sin @, sin g;.
W3 ycnoBHH, HaJOXKEHHHIX Ha IepeMeHHBe X, X, X3, X4, YUHTHBa,
uro >0, 0<<o <<, 0<Qo<ov, TOJYYHM YCJIOBHS AJsl HEepPeMEeHHHX 7,
Q1, P2, ¢3:r<c2acos @, cosg;>0, cosps>0. Ecau ocHOBHEM Hpo-
MEXYTKOM H3MeHeHHs yraa @s Gepercs mnpoMexyTok [0, 2x], To
yciioBHe €0S ¢3>0 BHIMOJHSIETCS HA JBYX OTAEJEHHBIX APYr OT JApyra
npomexyrkax [0, /2] u [3n/2, 2xt]; ecaum xe B3ATb B KauecTBe OC-
HOBHOTO IPOMEXYTKa H3MEHCHHS (3 NPOMEXRYTOK [—mx, ;]|, TO ycso-
BHe COS @3>0 BHIIOJHSETCSI Ha CBSISHOM MHOMXKECTBe — IIDOMEKYTKe
[—n/2, m/2]. D10 0OGCTOATENBCTBO AenaeT BBIKJIANKH Gojiee yIOGHH-
mu. HMrak, B KauecrBe mpoo6paza MHOXectBa M mnpu mepexoxe K mo-
JSIPHBHIM KOOpAHHATAM OepeM MHOXKEeCTBO

M ={(r, 91, 93, 95): 0P, K /2, 0T <,

—R2 < Q< 2, 0<<r < 2acos gy}

H NOJyYyaeMm, 4rto
S (xi+ X5 4 X3+ x3) dx,dx,dxgdic, = :\ r* . r¥sin? @ sin @, drdg,dg,deg.
M M*

Tak kak
M ={(r, ¢, Ps, @5):m =(P1, g, Q) =1, OSr <r(m)},

rie
== {(¢r, @z ) 0K << /2, 0T <, — /2 <C @y T TW/2),
r(m)=r(p;, ©y @) =2acose,

TO B cuay TeopeMbl (DyGUHH

2a CQ,S Py
S r® sin? ¢, sin @,drdg,de,dp, = S sin? ¢, sin @, do;d@,dp, 5 rodr =
M* 1 ]

32ab

= g sin® @, cosbq, sin @, dQ;dQ,dp,.
1

[Tpumensisi cieacraue 2 u3 teopembl Dy6unH K Opycy /, mojydyaeM OKOH-
4aresbHO:

S(xg + x4 2 xD) diydogdgdox, =
M

18



a1 n/2

= 323‘18 Ssm2 @y €03 @, d%gsm @z dp,- 3 doy =
0 0 —/2

_ 32a% 5m . 5n2a8

T T T e

ITpumep. Haiinem o6rem n-MepHOro wmapa paguycoMm R:

D" = {(xl, cea Xp)l )f: x2 < RZ}.

i=1
Pemenne Orpesok {x:x?<CR?’ ecTb XKOpJaHOBO MHOXeCT-

o 2 2 2
Bo. Jleymepumii map (xpyr) D® ={(x;, x):xi +5<CR%} ecrn
O(’)Be,'LHHeHHe JABYX KODHAAHOBBIX MHOXKeCTB:

D ={(x, %): A<R, 0< <) RR—i3)

H
Dy = {(xy, Xp): X< R?, _"I/Rz"'}%gngo}

(cM. cBOiicTBO 3 KOPJAaHOBHIX MHOXKECTB), CJIEA0BATENbHO, KOPHa-
HOBO MHOXKeCTBO. Paccy:xnasi o HHAYKUMH, NOJydYaeM, 4TO rn-Mep-
Hbld wap D® —xopaaHOBO MHOXKecTBO. IIpoo6Gpasom wapa DO
IpH Nepexofie K NOoAAPHEIM KOODAHHATAM fBJSETCs1 6pycC:

I={0<r<{R, O0Co;<{m, 1 —1, 0 ppy << 20},
Ilpumensis caeactBue 2 TeopeMu OyGHHH, NOAyYaEM, 4TO
n—2
|D?| = Sa!xldx2 v dxy —S r—l (ﬂ sint—i—1 o, ) dedg, ... dpp—; =
) i=1
R 2n n—2 W
=Sr"—1 drS de,_, E Ssin"*"i—l @ do; =
0 0 i=1 0

. n—i 1
__ onRn ﬁ r( 2 >r<7> _ op/2Rn ¥
n n—i41 ~nl‘(n/2)
i=1 F<——2—‘—')

* Ilpn pelleHHH NPHMEPOB YacTO NPHXOAMTCS BHUHCAATL WHTETPAIH BANA
/2

x cosP xsinfxdx (p>—1, g>—1).
0

Aas #X EBHYHC/ACHHS YJOGHO HCIO/IL30BATH (GOpMyJy

1s



Paccmorpum Gosiee moapo6Ho mpoctpaHcrBa: R? — maockoers XY
H R® — nmpoctpanctBo XYZ.

§ 2. ABOMHON HHTErPAJI. ETO TEOMETPUYECKHE H
MEXAHHUYECKHUE MPUJTOXEHUA

1. Teopema PyouHM

ITockoneky B 3TOM maparpade paccmMaTpUBaeTcsl HHTErpaJjibHoe
Hcuucaenue ¢yuruui [:R2—>R, 10 mo Goabuieil yactTH He Gyger cie-
LHAaJbHO OTOBAaPHBATBLCS, UTO pPACCMATpPHBAeMOe MHOXKECTBO JIeXKHT B
R?. dymkuuio f:R?>—>R GyneMm oGo3Hauath f(x, y); ABYMepHHH Mpo-
MeXyToK OyleM Ha3bBaTh NPSIMOYTOJLHHKOM, B CJlyYae paBeHCTBA
€ro CTOPOH — KBaApPaTOM; JBYMEPHHI 06beM — IIOLLaLbIO.

C uenbro nosicHeHHsl MOHSITHH BepXHeHd W HUXKHeH CyMM, KpUTepHUs
uHTerpupyemoctu Jlap6y u omnpeneseHHs IBOHHOrO HHTerpajia pac-
CMOTPHUM CJIeLyIOLHA

ITpumep 3. Briuucaum usTErpad

dxdy,
{§ sy

rae D — npsamoyroabuuk [1; 2] X[1; 3], noassysicb HenocpeacTBeH-
HO omnpejeseHHeM IBOHHOTO HHTerpasa.

Pemenune. O6osnauum uyepes T, pasbuenne D, HHAYIUUPOBAH-
HOe pa30HeHUsAMH:

n+2 2n—1

T,: 1< <. <

<

ntl <2HT‘/:1<
n

< < <. .. << <3,

n

n-42 nt4 3n—2
n n

p+1 g+1
Ll

COS” X SIn% X = ’
o P

+o0
rae I' (x) = S ¢ le™Y dx (x > 0) — dynkuus Diiepa o CACAYIOUMMH CBOHCTBAMMS
0
I (n)y=%n—1)!, n=N;

F(x4+1)=xI(x), x>0

F(x)T(1—x)= y 0<<x <.

sin mix
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T. e. pa3CueHue D Ha mpsIMOYTOJBHHKM HOPAMBIMH X=14 — H y=
n

=142, 1<i<n—1. Ta kak A(T) =—nA(T,) = =, 10 A(To) =
n n

1 2 2
= max (—n— —n—) = —

QO6o3Hayum yepe3 D;; NMPSIMOYTOJbHUK

[n«}—i——l <x< n;}l—iJX[ n+2,(1j——1) <y nt J

n n

HmeeM D= U U D, Dyl =

=1 j=1

Myy=sup(eg) = 1+ — (1 + 3’—)

Dyy N
m=jaf =1+ 55 (14 SE )
S (xy, n)—EEM,,lD,,z—EZ(w )1 +%)%=
fe==] j==i =1 j=1

R DR R

i==1 j=1

. n(n;—l) >= Q(QZZ—FI) 2<1 +_%_>=

x<n+—2—
n

n n?

_2(n41) n(n1) \_ @n41) Bntl)
o n? <n+ ,)— !

L——-I\

s(xy, n)_E Emu [ Dijl 2—23(

=i j==i

n n
2(j—1)y \ _ 2 i—1 2n{n—1)\ __
x Y1+ A = E V() ()

j==1 i=1

nin—1) >=

=%(2n—1)§(1 + —‘:——1—>=n—22(2n—1) <n +—

_ (2n—1) (3n—1)
= - i
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Taxk kak
6=sups(f, T,)<<sups(f, T)<infS{f, T)<<infS(f, T,)=6,
n T T n

TO, CJE0BATENLHO,
sups(f, T)=1inf S (f, T)=6.
T T

B cusny obuero onpenesieHds nenaeM BHBOA: GYHKUHA f(x, y)=xy
HHTerpHpyeMa no PuMaHy Ha HDSAMOYTOJbHHKE D: 1, 2]X][1, 3] =u
“xydxdy=6.

o

D

Pasymeercsi, cnocof BBIYUCJIEHHSI MHTerpaja, pacCMOTPeHHHd B
JAHHOM MpHMepe, He fIBJseTcs NpaktHyeckuM MeroaoM. Ha mpakru-
Ke BbIUHCJEeHHe ABOMHOTO HHTerpaja OCYLIecTBJAETCS INPHMEHEHHEM
Teopemsl OyGunn. PaccMoTpeHHe 3TOrO MeTOAA BHIYHCJIEHHs ABJSIET-
Cs1 OCHOBHBIM COJIep2KaHHeM JaHHOro maparpada.

HenocpeacTBeHHO M3 onpejlesieHHs [ABOHHOrO HMHTerpaja Cleiyer,
uro ecan feR(D) u MHOXKecTBO U CHMMETPHYHO OTHOCHTEJBHO OC:H
OY, 10 u3 pasenctsa f(x, y)=f(—x, y) (ueTHocTH GYHKUMH f(X, yr)
OTHOCHTEJbHO IIepeMeHHOH X) cieiyer, 4To

\C7 (v pydxdy=2 (3 f(x, 4) dedy,
D Dy

rie
D,=DN{x, y): x=0},
a u3 pasencrBa [(x, y)=—f(—x, y) (ueuetHoctu f(X, y) oTHOCHI-

TEJIbHO TepeMeHHOH X) Caeayer, 4To w f(x, y)dxdy=0.

D
Tak, Hampumep, Cpasy MOXKHO YTBepXKJAaTh, YTO HHTErpal

(S xB(1 4+ x%+ y?)* dxdy,
D

rae

D={(x, y): x*+y* <*¥*+ 47}
paBeH HYJIO, a HHTErpas

(V@ + g xiyeddy,

D

rae D={(x, y): («*+ y?)? << 2x%y}, pasen

2 ) S (%2 g2 x4ytdxdy,

Dy

rae

D,=Dn{{x, y): x>=0}.
22



AHasoruyHble paBEHCTBA CHOpPaBeAJIMBH, eciad o6gacts D chu-
MeTpHYHA OTHOCHTEeNbHO ocu OX, a ¢ynkuus f(x, y) yerHa wam He-
4eTHA OTHOCHTEJbHO HEePEMEeHHOH ¥.

MHoxecTBO

G={(x, y):a<<x<<b, P (x) <y <P, (x)},
rape
¢, =Cla, b], 9, =Cla, b]

OyneM HasbiBaTb 006s1aCTbIO, CTaHAApPTHOH oTHOCcHTEABHO ocH OX;
MHOKeCTBO

G={{x, y)ic<y<<d, % (y) <x < (9)},
rie

wm e Cle, d], »,=Cle, d],
— ofnacrtbio, CTaHaapTHoil orHocHTenbHO ocu OY. CranpaptHas ot-
HOCHTE/IbHO TOH HJHM HHOH KOOpPAHWHATHON ocH 06JiacTh M ee 3aMHKa-
HUe SIBJISIOTCS XKOPAAHOBBIMH MHOXKecTBaMH. Ilast craHpaptHoit 06-

Jgactd TeopeMa DPy6uHH (GOPMYJHPYETCS CJAEAYIOUIUM 0Gpaszom:
Ecan

D={x, 9):e<x<b, () <y<P (W)}, 91 =Cla, b],
¢, =Cla, 0] n f=C (D),

TO
o b alx)
W("" ydedg={de \ [(x, y)dy.
D a G (x)
Ecau

D={(xy):c<y<<d, m(y) <x <% ()},
®Cle, d], »,=Clec, d] u [ =C(D),

TO
d t2(y)
[§7 0 aray={dy '\ 7es, .
D c %1(g)

Feomerpuueckn ob6macts G, cTaHmapTHasi OTHOCHTeJbHO ocH OX,
G={(x, y) :a<x<b, ¢ (x)<y<gpy(x)} xapaxTepusyercs caeayio-
muM obpasoM: ecad wuHTepBaa (a, b) ectb npoexkuud G Ha och OX,
TO s J000#H TOYKH X9 (a@, b) BepTHKa/b, NMPOXOLAlIAs Yepe3 3Ty
TOYKY (mpsiMast x=x;), Nepecekaercsi ¢ G HO €JHHCTBEHHOMY HHTEp-
Bany (a(xo), P(%0)), KOHUB KOTOpPOro, BOOOLLE TOBOPS, 3aBHCAT
OT Xp.

YrBepxieHne, cpopmyJHpoBaHHOEe B TeopeMe DyOHHH, MOXKHO
onucarb Tak: noJjarasd X IOCTOSIHHHIM, OepeM HHTerpaJ/ MO HHTepBa-
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(a(x), B(x)) cuusy BBepx u nosyuaeMm ¢yHruHio @(x), KoTopylo
HHTErPHPYEM CJeBa Hampaso Mo HHTepBaly (a, b) H3MeHenus x.
AHanOrMYHO HHTEpPNPeTHPYETCst NOBTOPHBIA MHTerpan no o6JjacTy,
cTaHAapTHOH oTHOcHTesbHO ocH OY.

[IpencraByenne aBofiHoro (B oOlleM C/yuae KpPaTHOrO) HHTerpa-
Jla B BHJI€ TOBTOPHOTO:

“ f(x, y)dxdy = §dx %fx) fy— fdy xajy) .
’ ¢ m ¢

HA3LIBAIOT PAaCCTAHOBKON MpefeJOB HHTErPHPOBAHHMS B ONpejeleH-
HOM TNOpfAAKe. 3ajaua PACCTAHOBKH INIpeJesOB HHTErPHPOBAHMs [10-
IyCKAET HEeCKOJbKO BAPHAHTOB.

1. 3anan aBoitHOl (KpaTHBIA) wHTerpan no MBoxecrBy D. Pac-
CTaBUTh TpeJe/B UHTETPUPOBAHUS B TOM H APYTOM IOpsiIKe.

Kak csenyer U3 BHIIECKA3aHHOTO, PaBEHCTBO

b @a(x) d %2(y)
fdy=(dy | flds
a @1(x) ¢ #1(¥)

HMeeT MeCTO AJA MHOXKecTBa D, aBjafdIollerocsi 3aMblKaHueM o6Jia-
CTH, CTaHAAPTHOA KakK OTHOCHTeJbHO ocH OX, Tax U OTHOCHTE/bHO
ocu OY:

D={x, y):a<x<h 11 () <y<y, ()} =
={(x, p):e<<y<d, 5 (<2< x0)

Ecau D ne gBasgercss MHOXKeCTBOM TAaKOro BHJAA, TO npnéeraloT K
NpEeACTaBJICHHIO €ro KakK KOHE4YHOTO 00beIHHEHUS HenepeprIBan-

wuxcs (6e3 o6IHX BHYTPEHHUX TOYeK) MHOXKeCTB D = U D,, xax-
=2

JIoe H3 KOTOpHIX eCTb 3aMEIKaHHe 006/1aCTH, CTAHAAPTHOH OTHOCHTEJb-

HO TOil uan Apyro# ocu. Torza B CHIY agAHTHBHOCTH

Q
(CFex pduay=y (S fdxdy.
D a=1 D,
ITockoabKy 06JacTb, CTaHAAPTHAsI OTHOCHTEJNLHO OJLHOH M3 ocell, He
o0si3aHa OHITb CTAHAAPTHOH OTHOCHTEJbHO JADYroH, TO pasbHeHHE

Q
D= U D, 3aBucuT OT KeJaeMOro HopsijKa pacCTAaHOBKH IPellesioB

PIHTCI‘pPIpOBaHHH EcrectBeHHO, }KenaTeano yTO6GH KOJHYECTBO KOM-

MOHEHT B NpeacTaBjennu D = UD 6b10 MunuMmanbHeiM. Ho mpwm
g=1

paccMOTpPCHHH KPATHOTO HHTErpaja Mo KOHKPETHOMY MHOXECTBY IO-

ABJSETCS CIUe JIOTOJHHTeAbHOe TpeGoBaHHe: HeOoOXOAUMO, 4TOOH

(GYHKUMH, ONMpejeJsiIolilie npeje/ibl HHTETPHPOBAHHUS, ObIJIH He TOJb-

KO HEeNpepBIBHLIMH, HO 11 TJIaAKUMH (roBopst HeCTporo, QyHKUHAMH,
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3a1aHHBIMH JIOCTATOYHO MPOCTHIM aHAJMTHYECKHM BhIpaxKeHHeM). IJTO
tpe6GoBanue, (hopMasbHO He BHICKa3aHHOe, HO IOJApasyMeBalolleecs,
MOXKET NPUBECTH K HeOOXOZHMOCTH JONOJHHTEJNbHOro pa3OHeHHus
MHO)ecTBa Dj,, XOTsi 2TO MHOXECTBO U sABJAETCS 3aMBIKaHueM o0Jia-
CTH, CTAHAAPTHOH OTHOCHTEJNbHO PacCMaTpHBAEMOIl OCH.

AnanutHyeckast 3anuch obsactH D, ctaHAapTHOH OTHOCHTEJbHO
oct OX uau ocu OY, cocTtour B mpeiCTaBJEHHH 3aJaHHBIX YCJOBUH
Ha KOOpAMHATHl TOYeK 3TOfl 06JaCTH CHCTEMON HEpPaBEHCTB CIelHasb-
HOTO BH/IA

{a<x<b, () <y<p(¥)} wmt {c<Ty<d, %:(y) <x <X (¥}

BosMoxKHO JM Takoe mpejicraBjieHHe HMJH HeOOXOLMMO DasJjloXkKHTb
paccMaTpHBaeMoe MHOXKEeCTBO Ha COCTaBJSAIOIIHE, KAKOB KOHKDETHBIU
BHJ, 5TOTO IPEACTABJICHHS BCEro MHOXKECTBAa HJH OTAEJNbHBIX €ro ua-
CTeH, — OTBET Ha 3TH BONIPOCH YacTO CYILEeCTBEHHO YyIpouiaercs NpH
H300paxKeHUH MHOKecTBa [ Ha uepTexe.

IIpumep. O6aacte D jexutr B OpaBol TOAYIJIOCKOCTH (T. e.
x>0) 4 orpaHuyeHa KpPHBBIMHU:

3y=x?% 3y=—x%, ¥*+y*=4.

B 1aBofiHoM wuHTerpa.e Xjf(x, y) dxdy, [ = C(D), paccraBuM
D
npejensl HHTETPUPOBAHHS B TOM H APYroM MOpsiJKe.

Pewenune. IlepeiineMm K HepaBeHCTBaAM, KOTODBIM  JOJIXKHBI
YIOBJIETBOPATbL KOOPAMHATH (X, y) ToueK MHOXkecTBa D 6e3 mOMOLIH
yepTe)ka — aHaJuTHYeCKH. lcmoabsyeM TO, UTO KOOpPAMHATH TOYEK,
JiexKalluxX N0 OJHY CTOPOHY oOT KpuBOoH 1Y (x, y)=0, yAOBJIETBOPSIOT
OJIHOMY H3 HepaBeHCTB P (X, y) >0 uan ¢(x, y) <0. Tak Kak u3s Hepa-
BeHCTBa y<—x?/3 cnenyer HepaBeHCTBO y<x?/3, a M3 HepaBeHCTBA
Y>x*3 — HepaBeHCTBO y>>—x2/3, TO YCJOBHMS Ha KOODAHHATH TOUEK
paccmarpuBaeMod 06JMAaCTH JO/KHBL MMeTb BHA —x2/3<y<x%/3, B
IPOTUBHOM CJlyyae OJHA M3 AAHHBIX Napabod oKaxkercs JuliHell. Ec-
JIH K 3TOMY HEPaBeHCTBY AOGABUTb HepaBeHCTBO X2+ y2>4, 10 moJy-
YHM HeOrpaHHYeHHOE MHOXKEeCTBO. YuuTHIBasg, yTo D seXHT B NnpaBoH
NOJIYIJIOCKOCTH, OJNYyYaeM OKOHYATENbHO, YTO

—_ x2 x2
D= {(x, y):x =0, ——3—<y<T, P+ 4}~
IlpuBoas mosyueHHble HepaBeHCTBA K SKBUBAJEHTHON CHCTeMe Hepa-

BEHCTB, XapaxTepusyiolled 00/1aCTH, CTaHAAPTHHIE OTHOCHTEJBbHO KO-
OPJAHMHATHBIX OCeH, IOAydaeM, uTo

5:{(x, y):0<<x <2, max{——i;i, —V4~x_2} <
<y<mm[—";—, Vi—all,
HJIH

D={ix, y): ~1<y<l, VI <x<Vi—¢}.
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Kak yxe genanoch pawbliie, pa3obbeM HHTEPBAJbl H3MEHEHHS Hep-
BOH KOOpAMHATH HA TaKHe NOJBHTEPBaJB, YTOOH TPAHUIE H3MeHe-
HHUSL BTOPOM KOODJAMHATBHl 3aIIHCHIBAJHCH TIPH IOMOILM NpOCTOR aHa-
JUTHYeCKol QyHKUHH. FMenHO

b= {(x, ):0<x<V3, —<y<S-]u

Ullr, 9): V3<s<2, —Vi—2<y<Vi—x

H
D={(x, y): —1<y<<0, V=3y<s<V4i—}U
U, ):0<y<<t, Var<x<Vi—o.

Hrax,

V3 x2/3

2
(CFee wardy= §ae | foe gy [de § Fe pdy =
D 0 V3 ,

—x3/3

0 Vizgt 1 Vieyp
= S dy S f (x, y)dx+de 5 [(x, y)dy.
—1 vV 3y 0 V3y

[Tpeasnaraercss caMoOCTOSITEJbHO clejarb veprexxk obnactu D u ybGe-
JHMTbCS, YTO €ro HCIOJb30BaHHe oOJeruaeT Imepexo] K IOBTODHOMY
uuTerpasy. Booflue, ecin MHOXKecTBo D, mo koropoMmy Oepercsl HH-
TerpaJ, 3aLaHO HepaBeHCTBAMH Ha KOODAMHATH BXOASINUX B HEro
TOYEK, TO Mepexoj K MOBTOPHOMY HHTerpajy MoxKeT OHITb IPOBEAEH
YHCTO AHAJUTHYECKH, XOTS 4YepTeX M B 3TOM CJjayuyae JesiaeT HEeKOTO-
pbie mepexoabl GoJsiee HardsiAHbBIMH. Ecau ke Muoxecrso D onucane
KaKk «00/iacTb, OrpaHHYeHHAas JAHHBIMHM JIHHHSAMH», TO HarIsgHoe
npeacrapiesde D Ha yepTexe JaeT CyUIECTBEHHYIO NOMOWIb B mIepe-
XO0Je K IMOBTOPHOMY HMHTErpajy WJu B Ilepexojie K MOJAPHOH cHCTeMe
xoopauHar. IIpy 3TOM NOApa3yMeBalOTCsl CJAEAYIOLIHE Ba)KHelllue
ycJioBust: 06JacTh AOJKHA ObITh OTDAHHUYEHHOH, T. €. JeXaTb B HeKo-
TOPOM KBajpare; rpanura o6JjacTH AOJKHA COAepxaTb He BHIPOK-
JCHHBIE B TOYKY AYI'H BCE€X KDHBLIX, YKA3aHHEIX B YCJOBHH, T. €. HH
0/ Ha KpHBas B YCJOBHH He HOJXKHA sBJsATbCA JuiuHe#d. Ecaun  1pm
9THX TpebGoBaHUSX 06JacTb BCe-TaKH OJHO3HAYHO He OIpeaensercd,
10 JHOO yKasnlBaeTcsl TOYKa B TOH 006J1aCTH, KOTOPYIO XKenalT pac-
cMaTpuBaTh, JubO ONpeaesseTcsl pacnoJiokeHue oO06JacTH  OTHOCH-
TeJbHO ocell koopauHart. HakoHel, ecad BCe 3TH COOOpaXKeHHs He
NPHBOMASIT K OAHO3HAYHOMY oOIpejieeHHio o06aacTH, HaJ0 paccMoT-
peTh BCe BO3MOXHbBIE BAPUAHTHL

IIpuwmep. Paccrasum npesnenbl HHTErPHPOBAHHS B TOM H ADY-

TOM Hopsifike B ABOHHOM HHTErpaJe “f(x, y)dxdy, rne
R

D={(x, y): *+y*< 4 u f =C(D).
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Pemenue MuoxectBo D (cM. puc. 1) siBasiercs 3aMblKaHpeM
o6JiacTH, CTaHAAPTHOH KaK OTHOCHTEeNbHO ocH OX, Tak u OTHOCH-

TeJbHO ocH OY:

D={(x, y): —2<x< 2, —Vi—22<y<Yi—x;
2

D={(, y): —2<y<?2 —V4i—pP<x<Vi—4.

Y

2
b)) ?\/,'l
7
-2 0/2 X

Puc. 1
ITosTomy
e 2 Vz_T—Z?z 2 ViTp
VUi pdedy= [ dv \ fte, ydy=(dy P, g
D -2  _yi—a -2 _yigp

[Ipumep. Paccrasum npejenn HHTerPUPOBAaHHA B TOM H Ipy-
TOM MOpANKE B JIBOIHOM HHTErpase SS f(x, y)dxdy, rne
D

D={(x, ): 2+ 12 <9, x>+ (y+4?>25} u [ = C(D).

Pewenue MuoxectBo D (cM. puc. 2) sBAseTcs 3aMBKauHeM
006/1aCTH, CTAHAAPTHON OTHOCHTEJbHO ocH OX:

D={(x, y): —3<x <3, VB—rF—4<y <Y I—23).
{lostomy

. 3 Vo—x
Vi paray=(de | ix pay.
D =3 Vx4

Tak kak ob6nactb D He sBJsIETCSl CTAHAaPTHOH OTHOCHTEJbHO ocH OY
(nanmpuvep, ropusoHTa;b y=1/2 nepecekaercs ¢ D mo ABYM Hemepe-

: = 5 - i M
CEeKaIIHMCs OTPE3KaM [— 1/235; — 1/29 J, [ V;Q; 1/235 ]). TO,
AJIA TOTO 4TOOHI PACCTABHTh NpeJe]bl HHTETPHPOBAHHS B APYLOM Io-
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psiake, HeO6XOAUMO IpPEACTABUTE MHOXKeCTBO D Kak ofbeiuHenue
MHoxectB: D=D|JDoJDs, rae

Dy={x, y): 1< J<3 —VI—rF<x<VI—1,
D, ={(x, ):0<y L, =VI—@<x<—VI=8—4}
Dy={(x, 9):0<y<<1, VI=8y—F<x<VI—¢2,

N
N
R
o
“
Nofea

Puc. 2

K KaXIOMYy H3 KOTOPHIX yKe IpuMeHHMa Teopema DyOuHH (Kaxiuoe
Dy k=1, 2, 3, yXe ectb 3aMbIKaHue 006JaCTH, CTaHJAPTHOH OTHOCH-
TenbHo ocu OY) u, clieqoBaTesbHO,

3 Vo—y2
[$ie pardy=(dy  f(x, yde+
D 1 — Vo
| = Vi 1 =
+fay  § feopder\day \ T(x ).
0 Vi L T

IIpuwmep. PaccraBuMm mnpepnesnnl HHTErPHPOBaHHS B TOM H JApY-
roM MOpsjiKe B HHTErpae S?f(x, y)dxdy, rne
)

D={(x, y): Ix]+ 1yl <1} u fec (D).

Pemenue. Muoxkecrso D sBiagercs 3aMblKaHHeM 006JacTH,
CTAaHZAPTHOH OTHOCHTEJbHO OGOMX OCeH KOOpauHAT (cM. puc. 3):

D={(x, y): —1<<x<], — 14+ x| <y<<l—|x]}=
={lx, »): —I<y<], -—1+ly|<x~<1——lyl}-
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ClenoBarelbHO,

1—|x] 1 {—lyl

f(x, y)dxdy=\ d [, yydy=\ dy [ (x, y)dx,
SK X, y)dxdy= S x_é,” jl _,§,|yl

HO TaKoe NpeJCTaBJIeHHE CONEPXKHT Heriaikue OGyskuun 1x|x| n

Puc. 3

1+|y|. Uto6ul u36aBuTLCS OT TakuX (GyHKUuH, npexcraBuM D B Bu-
ne D=D,UD,, rae

Dy={x, y): —1<x<<0, —1—x<C<y<<l 44},
Dy={(x, y): 0<<x <1, —1+x<<y<<1l—ua},

NI PACCTAHOBKM NPejesioB HHTErPHPOBAHUSL B NOpPSAKE X, Y U B BH-
ne D=D,UD,, rae

Di={(x, 9): —1<y<0, —1—y<s<l+y}
Dy={(x, 1): 0<y<<l, —1+y<<x<<1+4},

JJIST PACCTAHOBKH NpeJesOB HHTETDHPOBAHHS B NOpPSAKE Y, X
B urore mosyunm, 4to

1—x

NAGE y)dxdy—gdx j f(x, y)dy+gdx { 1t ) dy=
D — —l—x ~—1-bx

0 14y 14y *
={dy | fx, y)dx+g { e gdx.

-1 =y —l+ty
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Ilpuwmep. PaccraBum mnpejessl HHTErpUPOBAHHS B TOM H ApY-
TOM NOpPSAKe B ABOAHOM HHTerpalge SS [ (x, y)dxdy, rne
D

D={(x, y): 2+ 12 <25, 3x<C4|y|} u f=C(D).

Pemenue MHOXecTBO D eCTb 3aMHKaHHe 00JaCTH, He ABJSAIO-
mefcst CTaHAAPTHOH KaK OTHOCHTENbHO ocH OX, Tak H OTHOCHTEJbHO
ocu OY. Ilang Ka)kA0ro u3 IOBTOPHBIX HHTErpasioB clenaeM CBOe pas-
Ouenue MHOXKectBa D (pHc. 4).

Y Yy

Puc. 4

IlpeacrtaBuB MHOXKeCTBO D B BHjE D=D\Dy\)Ds, rue
Dy={x, y): —5<x <0, —VB—@E<x < VB~
D,={(x, 4): 0<<x <4, B x <y <V 2B—x?,
Dy={(x, 1) : 0<x <4, —VB—F<y<—(3/4) x},

foJlyaaem, 4TO

0 V25—t
($ie pdedy=Cae \ [0 0)dy~
D =5  _V—x
¢ VoA 4 —3/4 x
+yde { T opdy+Qde (TG )dy.
0 3/4 x 0 —V 5—x2

IlpenacraBuB muoxecTBo D B BHie D=D,UDsUD3UDys, rne

Dy={x, p): —5<y<—3, —VB—p;<x <) 25—y
_— 4

Dy = {(x, §): —3<y<0, VB <x<— ),
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Dy=[(x, ):0<y<3, —VB=g<sr<2y)

Dy={(x, 1) :3<y<<5, —VB—p<x<VB—y%

noJiyyaem, 4TO

. -3 V25—
[\t pasdy=Sdy  \  fe gde+
) =5 oy

0 —4y/3 3 4y/3

+{dy ( Fw pdetfdy | fex, g)det

=3 _yiep ¢ _op

5 Vo5—y

+{dy  ( f gax

3 Vg

2. 3anan nABOHHON (KparHEIH) HHTerpas mo muoxecrsy D. Pac-
CTaBHTb NpeJeJbl HHTETPHPOBAHUS B KaKOM-JH60 MOpSIKe.

[Tpu Takoii mocraHOBKe 3ajayd MH HMeeM IIpaBo BHOOpA HOPSA-
Ka B NOBTOPHOM HHTerpajle H eCTeCTBEHHO CTpeMHMCs K HaubGojee
IPOCTOMY NPEACTABJICHHIO 3aJaHHOrO HHTerpajsa. Brifop Moxer
OnpenensaThCss KakK BHAOM MHoOXectBa D, Tak U CBOHCTBaMH IOJBIH-
TerpasbHoil QYHKUMH, HanpuMep, pacCTaHOBKA NPEIENOB B OJHOM
nopsinke tpebyer pasbueHHs MHOXKecTBa [) HA MeHbliee YHMCIO CO-
CTaBJIAIOMIMX, YeM paCCTaHOBKAa B JAPYIOM MOPSIAKe, HJAH IOAbIHTe-
rpanbHas (PYHKUHST YeTHAa OTHOCHTENBbHO KaKOH-JTHGO KOOpAHHATH H
MHOKeCTBO [) CHMMETPHUHO OTHOCHTEJNbHO COOTBETCTBYIOLIEH OCH
T I

ITpumep. PaccraBuM npepesbl HUTCTPHPOBAHHA B HHTerpaje

wf(x, y)dxdy, rae D — obnactb, orpaHuyeHHas JHHHSIMH:
‘D

2+y?=10y, y=2x—5, y=0u f=C(D)

(cM. puc. 5).

Pemenue O6nacte D crangapTua oTHOCHTENbHO ocH OY u me
ABJIACTCS CTAHAAPTHOH orHOCHTedbHO ocn OX. Iloaromy mast paccra-
HOBKH NIpeJeJIOB MHTETDUPOBAHHA B MOPSIAKE Y, X MOMHO He pas3bu-
Bath D Ha cocraBaslomue 006JacTH, a AJs APYToro NOpAAKa paccra-
HOBKH NpEJeJIOB HHTeTPUPOBAHHUA TaKoe pasbuenue Heobxonumo, Mc-
XOAsl H3 3TOr0, BEIGHpAeM Nopsiaok Y, x. CaMoll BepXHeH TOYKOH MHO-

HeCTBA D sABJAETCH HUXKHsST H3 TOYEK IePeceyeHHsi OKpYKHOCTH x2+4
2 2 .
Y X = 10y;
+y?=10y u npamoit y=2x—5. Pemas cucremy {2 +y5 y no-
x—5=y,
Jyuyaem KOOpAHHATH TodeK nepecedenusa: (3, 1) u (5,5). Caenona-
TeJIbHO,

D={(x y:0<y<l, wa—yzgxag-;—ws)}
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1 (%1-5)/2
([ Fe pdxdy=\dy \ (e 9
D

0 V10y—y*

Ilpumep. PacctaBuM mpepednl HHTErPHPOBAHHST B HHTErpaje

ng(xzﬁ-y?) dxdy, rpe D —o6nactb, orpannuyeHHas JHHHAMH: 3y —
D

— 4x=0, 3y+4x=0, x*+y?+9=10x, comepxamwas Touky M (1/2, 0)
{cM. puc. 6), u f=C[0, 10].

Puc. 5 Puc. 6

Pemenue. O6nacte D He siBisieTcs CTAHZAPTHOH HH OTHOCH-
TeabHo ocH OX, Hu oTHocutenbHO ocH OY, HO CHMMETpHYHA OTHOCH-
TesbHO ocH OX. Tak kak moxwiHTerpanbHas QyHKuus @(x, y)=f(x2+
=+ y?) YeTHa OTHOCHTEJBHO KOODPAMHATH

yu M={x, y): x>+ y>*<< 10} > D,
TO

\§ £+ 9) dedy =2 (7 (2 + 4) dxdy,
D D,
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rie D;=DN{(x, y), y>0} — Bepxuas nososuxa obaactu D. Obaacrb
D, yxe saBjsieTcsi CTaHIapTHON oTHOcHTenbHO ocu OY. HMs cucremu

3y—4x=0;
{ R—10x+42+9=0
HAaXOQHM, YTO caMasl BepXHAs Touka MHoxkectBa D, ectb (9/5, 12/5).
Orciona moaydaeM, yto D, = {(x, Y): 0<y<1T2, Jyt<x<<bh—

—Vlﬁ—y“} H, CleR0BaTENLHO,
($7 e+t dedy=2 (( F (2 +5?) dxdy =
D D,

12/5  5— V16—y?

=2{dy | [G+p)ds

0 @4y
{7 W:‘(x’
3. 3anaH NOBTOpHBIE HHTErpau de S fx, y)dy. IlepemeHuts
a P1(x)

B HeM HOpSAAOK pAaCCTAaHOBKH IpeaesOoB HHTErPUPOBAHHA,
,aJIH peurenus TaKoH 3ajayd CHavaJa JAejaeM nepexon OT 3alaH-
HOro IMOBTOPHOIO HHTErpaJa K ﬂBOﬁHOMY:

§ dx q’](") flx, yydy= QS f (x, y) dxdy.
& el D

¥cnoBust Ha kKoopauHaTH TOYeK (X, y) MHOXKecTBa D moayyaem Hc-
XOZAS M3 33JlaHHOT'O MOBTOPHOIO HHTErpasa:

D={(x, )ia<x<b, o, (x)<y<qg,(x)}.

B nosnyuenHoM 1BOfiHOM HHTerpajie NpuBeleM DacCTAaHOBKY IIpelesioB
HHTErpHpOBaHHsl B TpefyeMoM IOpAAKe TaK, KakK GBJIO pa3obpaHO
Bhiwle, TakuM o6pas3oM, cuurasi JJs NIPOCTOTH 3amucH, yro D — 06-
JlacTh, CT@HAAPTHAs OTHOCHTeNbHO 06Geux ocedl OX u OY, moayuaem
HENOYKy paBeHCTB

b P2(x) d %s (9)
(e § Fee 9)ay=C(7 e g)dedy=[dy | Fx ydr.
a @) D ¢ xu

OGHYHO CpejHHII Y/IeH 5TOH LENOYKH — KPATHBI# HHTErpas — TOJNBKO
noapasyMmenaercsi (kak oflllee 3HayeHHe PaBHBEIX MOBTOPHBIX HHTErpa-
JIOB), HO He 3alHCHBAETCS,

ITpumep. VaveHnM NOPAZOK MHTErpUPOBAHHS B HOBTOPHOM
HHTErpaJe

V2 Vig _
5 dy f f(x, y)dx, f=C(D).
0 Y
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Pewmenune HayweMm ¢ toro, 4ro 3amnumiem yc/joBHE HA KOOpPIU-
HaTH ToueX (¥, y) M3 MHOxKecTBA D, no KotopoMmy Gepercsi HHTErpan:
D={(x, v): 0<Yy<V2 y<x<V4—¢%; wmuoxecrso D (puc. 7)
€CTb 3aMbKaHHe 006J1aCTH, CTaHIapTHOH KaK OTHOCHTeNbHO ocH OY

Y

Y

Puc. 7

(3TO BHAHO W M3 3amMCH NOBTOPHOrO HHTErpaja), Tak H OTHOCHTeJb-
Ho ocu OX:

D={(x, ) : 0<x<2, 0<y<min(x, Vi—x?)

ITockonbKy, KaK yKasuiBaJoCh BHIlle, (YHKUHH, ONpejesiolliye Tpe-
JleJibl MHTErpHPOBAHMS, NOJKHE OBIThb TJIaAKHMH, HPeICTaBHM MHO-
xectBo D B Buae D=D,|JD,, rae

S —

={x 9):0<x<V 2, 0<Y <,
I<y<<

D2={(x, Y):V2I<x<2, 4— x%}.
Hrak,
V2 Viz3 ) x 2 14—x’
(ay § Feeopdx= | dxsf(x y)dy + 5 dx 5 f(x, y)d
¢ 0 i

Ecnu nmoamiHTerpadbHas (QyHKUHS B JABOHHOM HHTErpaje 3aBHCHT
TOJIBKO OT OJHOTO MEPEMEeHHOro, TO, KaK OBIJI0 YKa3aHO B oflieM #-
MEpHOM cJiyuae, NMpH COOTBETCTBYIOUIEM IOPALKE PacCTAHOBKH Ipeje-
JIOB WHTErPHPOBAHUA JABOMNHOH HMHTErpajs CBOJMTCH K OJHOKpPATHOMY.

Ilpumep. Caemem uHTerpan ﬁ:/‘(x)dxdy, rie ofaacte D

D
OTrpaHHYeHa JIHHHAMH y=2x, y=x, y=2 (cM. puc. 8), K ORHOKpAT-
HOMY.
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Pemwenue. B cuny cregerBusa | u3 Teopemn PyOHHH Hoay-
4aeM, 4TO

“ f(x)dxdy = ff (x) @ (¥) dx,
0

D

y=2x

e — —
[N U —

Puc. 8

rie ¢(a) — anuHA MHTEpBasa, MO0 KOTOpOMY mnpsamas x=a, 0<C{a<(2,
nepecekaercs ¢ o6aacteio D. Tak kak

2a—a=a, 0<<a<]l;

a)—
v { 2—a, 1<a<?,

TO OKOH4YaTeJbHO

ng(x) dxdy = gle (x)dx + Qf(x) (2—x) dx.

2
I

D 0
2a Vaax
IIpumep. CBesem HHTErpan gdx ( Fdy x onmorpar-
o VQa:w.c—x’
HOMY.

Pemenue B cuay crenctsus 1 us teopems ®y6unu nosydaem,
eT0

% ¥ 2ax

far { fwday=\iewa.
0

J Vaax—xt
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rie ¢(a) — AJMHA HHTEPBAaJa, IO KOTOPOMY HpaAMas y—a, 0<la<2aq,
nepecekaercs ¢ obmacteio D={(x, y} : 0<x << 2a, V2ax—x*<<ly <
<V2ax} (cm. puc. 9). Has 0<<a<<a umeem

2 —
¢ () =2a— —;;——-2 Va—o?; na a<a<<2a umeem

@ (o) =2a — o
2a
I\
= 2u-x
af————— :
=@
N
ab
x=0
o \
/3
a 20. x

Hrak, OKOHUYATEJbHO,

2a ¥ 2ax

gdx S f(y)dy=§(2a——y“——2 Va— y%)f(y)dw
0

0 Ty 2a
2 2 2 .
+ [ (2= 3= ) Twdy= (1 w) (2a— L) dy—

—2{1wVE=¢ ay.
0

PaccmorpuM Tenepp IpreMBl BBIYMCJEHHS JABOMHOTO HHTerpana
“‘f(x, y) dxdy B cJjydae, Korza o6jsactb D orpaHHueHa 3aMKHY-
D

TOH KPHUBOIl, 3aAaHHOH NapaMeTpHUYeCKHU:
F: {(X, y)’ X = x(t)9 y=y (t)v te [TO’ Tl]}v
x@)&CT,, Th], y(W)eC Ty, Ti}, x(To)=x(Ty), y(T)=y(T:).

Ionpo6Ho pasbepem mnpocrefiwmuii cayuaii: orpesok [Ty, T] aeautcs
Toukoit 1t (To, T,) Tak, uro Ha [T,, 1] dyHKuusa x({) crporo yOhi-
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Baer, a Ha [t, T,] — ctporo Bospacraer. Torna kpusas I' cocTouT H3
ABYX BETBeH:

Y= =y x), x=[x@), x(T)l, t=[To 1]
H

Y=9 )=y x), x=[x@), x(T)]=[x(v), x(Ty)], te]r, Ty].
MpennonoxuM eme, 4t0 yi(x) >y2(x) ana Becex x&[x(t), x(To)].
Ipu stEX ycaoBusx Kpusasa I' npoxoautcs Tak, uro obaacts D ocra-

eTcsi cjeBa (MOJIOXKHUTeJNbHOE HanpasjeHHe o6xoma), Korja t BO3-

pacraer ot Ty no Ty, u oGuacts D cranzapTHa OTHOCHTENbHO OCH
OX:

D={(x, v) : x(®) <x<x(Ty), Yo(x) <y <y, (x)} (cM. puc. 10).

H
)Y
Bf-———y
\°| f
x(t\_ 0 (%) x
\%(x/
Puc. 10

Ilycte @ (x, y) ecrb nepBooGpasHas aas ¢yHkuuH f(X, y) OTHOCH-
TeNbHO NepeMeHHoH y, T. e. Dy(x, y)=F(x, y), Toraa

1§ 7t paxdy="\"a"} prs, ay—
D

() wln
x(To)
= \ [®@ y:1()—D(xy Yo (x)]dx=
X(;o)) x(Ts)
= | o n@dr— { 0@ g w)ax.
=0 (1)

B KaxmoM H3 NOJYYeHHHX OJHOKPATHHX HHTErpajioB CAeJaeM 3aMe-
By x=x(t). Toraa

i o dxdy;gofb(x ), y () xdt—
D T

Ty Ta
— 5 Qx@), yO) xdt=— 5 D (x(2), y (1)) xdt. 1
T T,
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I1p uMep. Buuncanm

4x® + xudxd ,
SDSx'I/fix + xydxdy

rae D — ob6nactb, orpaHudeHHas npaBo# netJell KpUBOH:
I'={(x, y): x=acost, y=asin2f}, x=0.

Pewenue. [IpaBag nmerns xpusBofl I' mpoXoauTcst B I0J0KH-
TEJIbHOM HAaNpaBJeHHH HpH H3MeHeHuH ¢ oT —n/2 g0 /2 (cMm.

i

=TT A
|/ \ '
I/ \' 2% |

!
= 0 a a x
\ N
|
>Nz 1 - A
-0
Puc. 11

puc. 11). 3ameruM, 910 i Touku (x, y)eD cunpaBeijHBO Hepa-
BEHCTBO:

x2

ly|<<asin <2arccosi) = 2x 1 —

a

al

¢J1e J0BaTeJIbHO,
4+ xy=> 4x*—x|y| = 2x? (2 — \/1 — —x:— ) >0,
a B
. e. dynkuua f(x, y)=xV 4x*+ xy omnpejeneHa H HenpephwHa B D.

TlepBooGpasnas aTof ¢yHKUMH 10 mNepeMeHHOHA y ecrb GYHKUHA
(4x2 4 xy)3/2 . 5 CaenoBatenbdo, ucnoabdys dopmyay (1), moay-

yaeM, 410
9 /2
SSx Vax* 4 xy dedy = — Y S (4a®cos®t - 4a?sin t - cos?£)¥2 x
D —n/2

n/2
X d{acos t)=-13§— at S (1 4-sin¢)®2sint - cos®t dt =
—1/2
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Vi V2
at S 24(22—1)(222—z4)dz=—%a‘ S (828 —210—22%) dz =
0 0

=32 Lz L v 2 ogma ]
3 1 7

_ %6 ap(2 4 2y _2VE
( ) 9.11.7
Ecau 3aMKkHyTas KpHBas T={x, y): x=x(), y=y(t), t [T,
T} n©poxoaHTCs B MOJOXKMTENBHOM HampaBJeHHH TpH BO3pacra-
uuu napamerpa t ot Ty go Ty, T. e. ob6nactb D, orpanuuennas T,
oCTaercsl NPH 3TOM CJieBa, TO, NOBTOPsAA INpHBeJeHHBIE BhHILe pac-
CYXAEeHHuA, NoayduM popmyay

T
(576 sy = 0. yO)y Ot @
D 0

rae ¥(x, y) —nepeoobpasnas ¢GYHKUHH [(X, y) OTHOCHTeJbHO Ile-
PEMeHHOH X.

®opmyna (1) cnpaBeaauBa u Torga, Korga obaacts D orpanunde-
Ha KpuBoii I'={(x, y):x=x(t), y=y@®, te|T,, T:]} u npamo#
x=C, ecnu KpuBas I' mpu Bospacranuu ¢ or T, no T, mpoxoautcs
Tak, uro ob6aacrte D ocraercs caera. Popmyna (2) cmpaBenausa, ec-
Jau obaacts D orpanuyena kpusoii I'={(x, y):x=x(), y=y(l), t=
€ [T,, T,]} u npsimoit y=C npu TOM XKe YCJIOBHH Npoxoxaenus I

[Tpumep. Buuncaum

2a®—ay dxdy,
EDSx'[/a ay dxdy

rae D — o6aactb, orpanyueHHas ofHOH apko#i nukjaouiel I'={(x, y):
ix=a(t—sint), y=a(l—cost), t [0, 2n]} wu ocvw OX.

Pemenne. Ilpu Bospacranuu ¢ or 0 no 2n kpusass [ mpoxo-
OUTCS CJeBa HANpaBo, Tak 4To o6aacte D ocraercss cnpasa ot I
(cM. puc. 12). Ilostomy ¢opMysa npUHHMAET BHJ

o

2n
(V7Gx gdedy=—\ ¥ (x (1), y(O)y @)t
D 0

TlepBooGpasuoii nas ¢ywkuun f(x, y)=x}/ 2a®—ay orHOCHTE/bHO
J 2 [
nepemenHol x sBjsiercs Gyukuus V(x, y) =i2— V 2a*— ay- Wrak,

2n
SSx V2a*— ay dxdy = — S jli‘:f’_'ﬂ’_ V a®+a*cost-asintdt=
D $
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2% 2n
=_“_2‘S t’Vl—|—costsintdt+a‘S tsin®t Y/ TFcos? dt—
0 0

2%
— a—;S sin®t Y/ T+ cos? dt.
0

Y
20— ——
p))
%’//
0 e ma x

Puc. 12

Bruucaum OTHAEJIbHO KaXXJABIH H3 HHTErpaJos:

2n 2%
—_ Q sin®t |/ l+costdt=§ (l—cos’t)]/H—cost dcost=0,
6 0

2n 2n
_S t21/1+costsintdt=—§—g #2d (14 cost)¥/2 =
0 0

2
- %’—(l—}—cost)‘*/? 2”_%5 £ (14 cos£)¥/2 dt.
0 0
Tax kak

P13 11 2%
j £(1 +cos 32 dtz‘g't(l—l—cos tyor2 dt—.l—y £(14-cos £ dt =
0 0 F14

O Gy,

T
=Lt + costyyrzat + S(?n-—z)(l +cos2)%/2 dz =
0

1 n e
=2nS(l +-cost)¥2dt =2n S2 VY2 cos? -—é— dtzlen—;/z-.
0 0
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TO

2n

-—S AY T costsint df =~ 1:/32 i 64“9'/2 =

_ l6n/2 (ﬂ_ 4 )
3 3/
Hanee nmeeMm

2n n
S tsintt )/ T+ costdt = | tsin?t YT+ costdt +
0 0
2n n
+ S tsin?t YT —|—costdt=Stsin’tV1+costdt+
n 0
11 - [, .
+ S(2n-z)sin’z Vi+ coszdz=2nSsin2t V14 costdt=
0

0

n
= o (sin? 2o cost2-d () =
16]/2ngsm 5~ cos 2d(2)
0

—8YT T(3/2r@ _ 3272 n
I (7/2) 15

O6benunss NOJIy4EHHLIe pe3yJbTaThl, OKOHYaTEJNbHO HMeeM, 4YTO

SSxVdedy=a4(8Vf“’ LA 3“/2"):

15;

SV_““ V2 1d 15y 904 12)= S‘z"“‘ (155—8).

06pa'mM Tellepb BHHMaHHe Ha HauboJiee XapakTepHHe OMHOKH
NpH pacCcTaHOBKe IpeJeJioB B zuaoﬁmom HHTErpaJje:

ng(x y) dxdy= de K f @ y)dy.
a 01(%)
1. HenpaBusibpHO, eciM IPH HEKOTODHX 3HaueHHAX xo=[a, b]
@s(x)
- [ad
HHXXHHA npejes BO BHYTPEHHeM HHTerpalie \ f(x, y)dy Goabue
Pulx)
BepxHero: @;(xg) >@z(xo). d1a omu6Ka BO3HHKAET OGLIUHO HPH OT-
CYTCTBHH HJIK HENIpaBHJIbHOCTH YepTexa.
2. Cnenyer 4eTKO NIPEACTABJSITh, YTO MOCTOSAHHHE, He 3aBHCSIIHE
OT X TPaHulbl ¢ U d BO BHYTPEHHEM HHTerpajie, GHBAXOT TOJNLKO TO-
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rna, KOTAa COOTBETCTBYIOIIAN (BepXHSS MM HUXKHSAA) IPpaHHLA MHO-
*KectBa D npencrasiser cofoil oTpe3ok NpsMOH, napaJsJenbHOH OcH
OX, 1. e. oada uad ob6e dhyskuun @ (x), @2(x) npeacrasiasior coboh
KOHCTaHTH. Ecjau ke 3Td JHHHH He SIBJASIOTCS TNapaJjjeNbHLIMH  OCH
OX, 10 rpaHHUBH HHTErPHPOBAHHA BO BHYTPEHHEM HHTerpase o06s3a-
TeJIbHO NpeACTaBaAloT co00# QyHKuuu or x. SlBasercs omnOKoH, ec-
JH BMECTO OYHKUMHA ¢i(¥) ¥ @p(x) 1OCTaBUTb HX 3HAUYEHHSs B KOHIe-
BHX Toukax (@i(a), gs(a) uiu ¢ (b), ¢2(b)), van max ¢.(x), x<|a,
b] u ming (x), x<{[a, b], 1. e. rpaBuuN npoexkuun D wa ocv OY.

HeﬂpaBHﬂbHO, eCJIH rpasuln BHYTPEHHEro HHTerpana
$a(x)

\  [(x, y)dy 3aBHCAT He TOABKO OT X, HO M OT Y HJIM [PAHHUUH
EXE)
BHELIHEr0 HHTerpajia He ABJSIOTCS NOCTOSIHHEIMH. Ecam  npH 3ToM
OpOBECTH BCe YKa3aHHHE ONepaldH, TO B pe3y.abTaTe MNOJY4YHTCA He
9HCJI0, 2 QYHKUHS OT X HJH OT Y, HJAH OT OOOHX NepeMeHHBX X H Y
B 3aBHCHMOCTH OT JONYLIeHHON OWIHOKH.

4. Ecsn MHOXecTBO D CHMMETPHYHO OTHOCHTEJNBHO OJHOH H3 KO-
OPAMHATHHX ocefi, HO He 1aHO YCJOBHEe YeTHOCTH . GyHKUUH f(x, Y)
OTHOCHTEJIbHO COOTBETCTBYIOILeH ITepeMeHHOH, TO paBeHCTBO

\\ e prdedy=2 [( 7, y)drdy,

D D,

rie D, gacth MHOoxectBa D, nexamias 0o OfHY CTODOHY OT COOTBeT-
CTBYIOLIEH OCH, BOOOLILe TOBODPS, HEBEPHO.

5. Ecan MHOxecTBo D mpolme npeicTaBUTh He B BHAe oObeauHe-
HHSl 3aMBIKAHH# CTAaHJA4DTHHIX OTHOCHTEJbHO TOH HAM UHOH KOOPAH-
HaTHOH ocu obJjacTefl, 2 B BHJAe Pa3HOCTH TakKUX 3aMbikauuii: D=
=D\D,, 10, BOOGIE TOBOPs, HeNb3si BMECTO MPEACTABJIEHHUT HHTE-
rpaJja

§§7 . ) drdy
(]

B BHA€ CYMMH JeJarb [IpeacTaBJicHHe B BUAE PAa3HOCTH

\\ 7, gy dedy=\{ [(x, y)dedy—\| [ (x, y)dxdy,
b D, B,

NOCKONMBbKY ychioBue [=F (D) He jaer mpasa HHTerpupoBatbh (HyHx-
HHIO [ Ha MHOXecTBe D\DD. Ecau ke H3 YCJAOBHS 3a1a4d  MOXHO
yTBepxaath, uto feR(D,), To npeacrasenue

w F(x, y)dedy=|
D

106 g dxdy— ¥ [ (x, y) dxdy
D D,

1

3aKOHHO M MOXKeT OBITb HCHOJIb30BAHO MUJIA YIPOUICHH A BBIYHCJCHH,
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2. 3ameHa nepemeHHbIX B ABoiiHOM unTerpade. lepexon,
K MOJSPHOA M 0006IEHHON NONAPHOH CHCTEMAM KOOPAMHAT

3aMeHa mNepeMeHHBIX B [BOHHOM HHTerpaje NPHBOAHT KaK K H3-
MEHEHHIO IOABLIHTErpaJbHOIO BHIpAXKEHUS, TAaK H K M3MEHEHHIO MHO-
KeCTBa, IO KOTOpOMY Gepercs HHTerpaJ. B oriuume OT OZHOMEPHOrO
HHTerpasia, rje CBf3b JBYX IPOMEXYTKOB HHTErpUPOBAHHS yCTaHaB-
JIHBAETCsl NPOCTO, AJii MHOI'OMEDHOrO HHTerpajia HalTH MHOXKEeCTBO
H3MEHEHHS HOBBIX NePeMeHHBIX ROETATOYHO TPYAHO, MO3TOMY TIJaB-
HOe BHHMaHHE NDH BHOOpe 3aBHCHMOCTH MEXKAY HOBBIMH H CTapHMH
HepeMeHHEMH ofpalaeTcss HMeHHO Ha HaXOXKAEGHHEe 3TOr0 MHOXKecCT-
Ba. HauGosee mpocTHIM cayyaeM SIBJASIETCS TOT, KOr4a TPaHHIAMH
MHOXecTBa D, mo xoropomy Gepercss HHTerpaj, sBJIAIOTCA JHHHH
YPOBHS NOCTAaTOYHO TNafKuX QyHRUHH: @i(x, ¥) u g2(x, y¥), T. e.

D={(x, y)a< oy (x, NESA C ux, y)gd}t
npuueM orobpaxenue ¢ : D—R?, ¢ :u=q,(x, ), v=@,(x, y) peryasp-
Ho. B 3TOM ciyuae orofparenne @ :u=@,(x, y), v=e,(x, y) nepeBo-
QMT MHOXeCTBO D B NPOMEXYTOK

I={u, v):a<<u<<h, c<<o<d}.

ITp u M e p. Buiuncaum

({2 + v dxay,
D
riae
D={(x, »): 1<xy <2, 0<r <2y <4}
(cm. pue. 13).
LY
y=2x
21—\ —
2y=x
V7
T/t
- Xy=)
vz T L llz .
0 11v2 2 x
V2
Pro. 13
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Pemenue PaccMorpuM orobpamenue ¢: (4, v)—(x, y), o6-
paTHoe K oro6paxeHHl0 u=xy, v=y/x:x=VYup, y=Vuv. WHs
¢opMya, BHpAXKAWOUHKX X, Yy 4Yepe3 u, v, BUAHO, 9TO AJS MHOXKECTBA
D, nexamiero B NepBOM KBaJDaHTe H OTAEJEHHOIO OT KOODJAHHATHHIX
oceit, cymectsyer obaactb G ,DD, B KoTOopo#i oTo6paxkeHue ¢ sB-
Jasercsi GUeKTHBHHM. ['eoMeTpHueCKH OHEKTHBHOCTb OTOGpaxeHHs ¢
BHAHA M3 TOTO, YTO MPOH3BOJbHAS JHHHS YPOBHS (GYHKLUHH U — MpS-
Mmasg y=C,x ¥ NPOU3BOJbHAS JIHHHS YPOBHS OYHKIHH u— runepGosa
xy=C, npu ycaoBuu x>0, y>0 nepecekaloTcsi TOJIBKO B OLHOH TOUKe.
Kak HepaBeHcrsa 1<xy<2 12<y/x<2, TaK u reoMerpHye-
ckHe cooGpaxenHusi (rumepGoasl xy=C, u npsmbie y=C,x nepecexa-

I0TCSA ¢ MHOXKecTBOM D Torjga M TOJNIBKO TOTHAA, KOraa - <C <, 1L

< C,<2) mnokasHBawT, 4T0 npoofGpasoM D npH OTOOpaKEHHH @
SBAsIeTCS MPSIMOYTOJBbHHK

1={(u, 0):1<u<?, —;—<u< 2}.
Ianee, nas sKko6HaHa @ CNPaBeAJHBO COOTHOLIECHHE
Ly
2 2 3
Vuv v I R
— - 2v
1 ‘/ v L ‘/ i
u 2 v
Hrak, oto6paxenue @ peryJspHo H

SS(x=+y=)dxdy_SS( +uv) « - dudo =

2 2 2
1 1 __ 63
-——2"'511(1“ 2(———+l) ";5(‘—'{"_“) udu = —-—16
/

-

Pasymeercsi, MOXKHO GOBIIO OBl BBIYHCJAHTb 3TOT HHTerpaj H He
NpoM3BOAS 3aMeHH mepeMeHHBX. Ho Torna muoxecrso D aas mpej-
CTaBJIEHHS JBOHHOTO MHTErpajia B BHIE MOBTOPHOIO HYXHO pa3bHTb
Ha Tpu: D=DJDsJDs, rae

II

1
{(x, y): V2— <x< —;<y<2x},

Y 1<x <

H

il

1
D, | V2, ;
5 2
Dy={(v, 9): V2 <x<2 S <y<—|

44



IIpuwmep. Buuucaum

(§ @2y +xy") dady,
D

riae
D={x, y): x>0, y =0, 4x>—3y* << 4, 4y*—3x* <4}
(cMm. puc. 14).

Puc. 14

Pewmenne. Tak XKe, Kak H B IpeiblAyllleM NpHMepe, AJs HENO-
CpPeNCTBEHHOr0 NpHMeHeHus teopeMbl OyO6uUHH K NAHHOMY HHTerpasy
Heo0xoaHMO pa3b6utb MHOXecTBO D Ha cocTaBidioliye, NOCKOJLKY
OHO fBJSIETCS] 3aMEIKAHHeM O006JIacTH, He SIBJSmEeHACs CTaHAapTHOH
OTHOCHTEJIBHO KaxXJIOH H3 KOOpAHHATHHIX oceit OX u OY.

IToxaxeM, 4TO mepexo] K NepeMeHHBIM U H v IO dopMyJaM

u=4x2—3y, v=4y?—3x*

yNpoInaeT BHIUHCJIeHHe RAHHOTO HHTerpaJa.
ITockonbky

x=V/ 4u+3v’ y:‘/3u+4v
7 7

H x>0, y>0, T0 oToGpaxenue ¢: (X, y)—(u, v) ectb Guexinuss D—
~q(D).
M3 HepaBenctB 4x2—3y%<(4, 4y>—3x"<{4 cnenywT HepapencTna
u<4, v<{4; NOCKOJIbKY
=i vy
¥ ‘ » Y ‘ 7

’

7
TO HEOOGXOAHMO, YTOOR BHINOJHSJIOCh YCJOBHE

4u+3v>0, 3u--4v>=0.



O61benuHsss BCe INOJyYeHHble COOTHOLIEHHS, MoJaydaeM, 4To o6pa3om
¢ (D) mMHO)ecTBa D sIBIsIeTCH MHOXKECTBO

Dy={(u, v) : 4u+3v>0, 3u+40>0, u<<4, v<<4}
8 —6y

—6x 8y
Ha D sToT siKoGuaH o6paliaercss B HYJb, TO YCJOBHS NepBOH Teope-

(cM. puc. 15). Sixobuan @ paBeH = 28xy. Tak xak

4\

:///
;//

Puc. 15

MH O 3aMeHe IlepeMEHHBIX B KpPaTHOM HHTerpaJie He BHINOJHEHH, OA-
HaKO BHIIOJHEHH YCJOBHA BTOpOI';I TEOpEMHI, €CJIH

DA\S;={(u, v): u<4, v<4, 4u+3v>0, 3ut40>0}.
Hraxk,

X S ( +0) dudo = {  (4x2— 3y + 4y° — 3x*) 28xydxdy=
Dy ‘D
=28 S S (x*y + xy3) dxdy.
D
CnenoBaTenbHo,

0 4
SDS (*%y +xy®) dxdy = —21; SS (u+v) d”d":%j du _i/a (u +v)dv+

4 4 \

oo § ey flo (o o) rom et

+S[u (4+L4—u) +8——3?2—u2}du=—2—é——53(4u+8)du +

+ -Eg 0-— utdu + — 4~—
-—3 0
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B sToM npumepe (akTHYeCKH paccMATPHUBAJOCh He 0TOOpaxeHHe
@: (4, v)—>(x, y), a obpatHoe orobpaxenue W=q=': (x, y)—(u, v).
XoTsi B XOfe pelleHHusl OBLJIH MOJYUEHB! SBHBE BHIpakeHUs Kak QyHK-
uuit u(x, y), v(x, y), Tak u byskuui x(u, v), y(u, v), Ho nuddepen-
HHpoBaHHe oToOpaxkeHus W TexHuyecku npoile AuddepeniHpoBaHUA
oToOpaKeHust .

Ecnu cBa3b nepeMeHHBX (X, y) W (4, U) 3a4aHa COOTHOLIRHHAMH
BHAA u=u(x, y), v=v(x, y), TO AJd BBIYKCJEHHS SIKOOHAHA ¥ =
- D(x, 9)

D(u, v)
(u, v). B HexoTOpBHIX Ciyuasix npolle HalTH siKoGHaH Fw 0OPATHOTO
oto6paxenus W=¢~':(x, y)—(u, v) H BOCIOJb30OBATLCA paBEH-

; i

CTBOM PFy=—.

HEOOXOAUMO HalTH ABHYK 3aBHCHMOCTb x=x(u, v), y=y

Ilpumenp.

o3 3xy? 98
Briyucaum 55 B3 20 vy, rae D —o6gactb, OrpaH-
xy
D

49eHHasl JUHUAMHU y=1/x2, y=4/x2, y=x—1, y=x+1.
Pewenue. lpanuna obsnactu D cocraBieHa H3 JUHUH YPOBHS
GyHRUHA u=yx? 4 v=x—yY:

D={x, y): 1<yr®’<<4, —1l<x—y<!}
(cM. puc. 16). Doaee rtoro, Kaxpas Touka (x, y) obaactn D JeKHT

TOJbKO Ha OAHOH Kpupol Buaa yx?=C,;, 1<{c,<{4, H TOJBKO H4 OAHOH
KPHBOH BUJA x—y=C,, —1<{Cy<1.

y

Puc. 16

Takum o6pasom, oToGpakeHue ¢ :u=yx?, v=x—y eCcTh OuEKUUA
obnacth D ua obGaacts Dy={(u, v): l<<u<<4, —1<<v<1}. He
BhIpaxasn sIBHO NepeMeHHble X ¥ Y uyepe3 u u v (3TO Tpebyer pelue-

17



. D(x, v
HHST KyOMYeCKOro ypaBHeHus1), HalaeM sikoGHaH Dw v’ PaBHBIA

1/)(det ¢’). Tak kak

2
detg'=| ¥ = —x@yta,
TO
] D (x, y) _ 1 _ 1
D (u, v) x (29 + %) 2 (u, v) + 2% (u, v)y(a, v)

Cle]0BaTeNIbHO, OHEKTHBHble OTOGpa)keHusl ¢ U ¢~! ecThb coOTBer-
CTBeHHO Auppeomopdusmbn D—D; u D—D. Hrak, ycinoBust nepsoit
TeopeMbl O 3aMeHe NepeMeHHHIX B KPAaTHOM HHTerpaJe BHIOJHEHH, H
103TOMY

§ =22 vy = [ 2EE2 oy ) dedy =
D ¥ D i

= SSM . (x2+2xy) dxdy =
AR )

_ S_i’_ 2 (u, v) +2x (¢, v) y(u, v) . dudy —
S u 2 (u, v)+2x (4, 0) y (4, 0)

l

1 4
szdv e 2 g,
R : u 3

Haxoxnenne npoo6pasa mHoxectBa D mpu Iepexojne K Ionasp-
HBIM KOODJHWHATaM Ha IJIOCKOCTH, T. €. IPH OTOOGPaXKEHHH X=r COS @,
y=rsin ¢, objeryaetcsi NPOCTHIM I'eOMETPHYECKHM CMBICJIOM Iapame-
TPOB 7 U @. FIMeHHO r ecTb AJuMHA pajHyca-BeKTOpa H3 Hauaja Koop-
AMHAT B TOUKY (X, ¥), @ @ — yroJ MeXIy 5THM BEKTOPOM H IOJOXKH-
TenbHHM HanpasjeHueM ocu OX. Kak yxe yKashwBaJaoCh Nmpu 06IeM
PaCCMOTPEHHH MOJISIPHBIX KOODAMHAT B A-MEPHOM IPOCTPAHCTBE
(c. 17), nas aoboro xkopraHoBa MHoXectBa DCR? u dysxuuu f—
<C (D) uMeer MecTO PaBEHCTBO

S g f(x, y)dxdy= “ f(rcos o, rsing)rdrde,
D D,

rae D\={(r, ¢)} —npoo6pas D, ecau r>0, a yron ¢ H3MeHseICs B
HpOMeXyTKe IJUHOH He 6oJee 2m:

o< <o+ 2m.

(Yame Bcero Gepyrcsi 3HaueHus «, paBHHe 0, —mn WM —mx/2 B 3aBH-
CHMOCTH OT paclojioKeHHs1 MHOxecTBa D.)
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PaccTaHOBKY NpENeNOB B MOJSIPHBIX KoopAMHartax OoJbliued ya-
CTbIO [eJIal0OT B BH/E

q r3(Q)
jd(P § g(r, @)dr,
a o)

NOCKOJIbKY 3aBHCHMOCTb 7 (@) yalle BCero aHaJHTHYECKH Bbipaxaer-
cs1 mpolte, ueM ¢ (r).

3aMeTHM, uTO Nepexojl OT NepeMeHHHX X H y K IlepeMeHHBIM I H
@ MOXKHO paccMaTpHBaTh KaK IlepeXOA K COrJIaCOBAHHOH € AeKapTo-
BOH DOJISIPHOM CHCTEeMe KOOpAMHAT, a He KaK Npeo6pasoBaHHe MHO-
xkectBa D. IlosToMy jJas ynpolleHusl 3anucH He 6yneM B faJjibHeH-
IeM H3JI0XeHHH BBOJHTb HOBOe 00O3HaueHHe IJIE MHOXKECTBa H3Me-
HeHHs r 1 ¢, a O6yaeM paccMaTpHBaTb MHOxecTBO D kak B Buie D=
={(x, y):..}, rak u B Buge D={(r, ¢):..}, TAe BMeCTO MHOrOTOYHA
CTOSIT YCJIOBHSI Ha KOOpPAHMHATH (X, y) H (7, ¢) COOTBETCTBEHHO.

I[Ipumep. B nBoiinoM nHTErpale SS f (x, y)dxdy, rne
»

D={(x, y): ¥+ y* >0, ¥+ *<2ay, a>0} u f=C(D)

(cM. puc. 17) mepefileM K NOJAPHBIM KOOPAHHATAM M DPACCTaBHM
npefessl HHTETPHPOBAHHUS B TOM H IPYroM NOpAIKe.

Ip

Puc. 17

Pemenue 3anumweM ycaoBus Ha KOOpAHHATH Touek (r, )eD
B NOJSIPHBIX KOOpIHHaTax: r2x=a? r’<2arsing, T. €. B cuay yclo-
Busi >0 umeeM a<{r<2asin . M3 ueprexxa BHJAHO, UTO JIyY @=q,
Iiepecekaercss ¢ MHOXKeCTBOM D rtorpa u TosbkKo Torga, xorga /6 <
SPo<<On/6. Kaxawii Takoil syu mepecekaercs ¢ D 1O OTpesKy
[a, 2asin gg]. Urak,

D={(r, ¢) : n/6 < o< 5r/6, a<r<2asinq}
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87/6 2a sin @

SSf(x, y) dxdy = 3 dy ‘\ f(rcosg, rsing)rdr.

D n/6 a

HOast paccraHoBKY NpeLenoB HHTErPHPOBAHHA B APYroM IIOPSIAKE CHO-
Ba o6paTtuMmcsl K 4eprexky. MuHMMaJpHOE pacCTOSHHE TOUEK MHOXKe-
ctBa D oT Hauyaja KOOPAMHAT PABHO @, MaKCHMaJsibHOe — 2a, CJEX0-
BaTeJabHO, uMeeM a<r<2a. Jlunus r=C — okpyXHocTb paguycom C
¢ UeHTPOM B HauaJe KOOpJZHHAT— Hepecekaercs ¢ D mno nyre (a,
n—a), rae a=arcsin(C/2a). Urak,

D={(r, 9) : a<{r<{2a, arcsin(r/2a) <o <

< m—arcsin (r/2a)} u Sj.f(x, y)dxdy =
D

n—arcsin(r/2a)

2%
=5 dr ? [ (rcoso, rsing)rde.
a

arcslri(r/?a)
ITpumep. B nBoiiHoM uuterpase “: f(x, 9)dxdy, rae D —06-
D

JlacThb, Jiexkaulasi OJAHOBPEMEHHO KakK BHYTpH Kapauouasl r=a(l-+
+cos @), TaK H BHYTpPH OKpyxHoctH x2+y’=3ax, a>0 u f=C(D)
(cM. puc. 18), mepeiizeM K MOJSPHLIM KOODJHHATAM H PACCTaBHM Ipe-
JZesbl MHTerPHPOBAHHS B TOM H JPYyroM mopsake (mzekapToBa H IO~
JISIpHAsi CHCTEMHl KOODPAHHAT COBMELLEHH ).

4

Puc. 18

Pewenue 3amuuieM ypaBHEHHC OKDYXKHOCTH B JOJSPHHX KO-
opauHatax: r=3acos @. Tak Kak touku (7, ¢)D nexar BHYTpH 006-
JIaCTH, OTPAaHHYeHHOH o6eHMH KPHBHIMH, TO HX KOODJAHHATH AOAKHE
OJHOBPEMEHHO YAOBJETBOPATL HepaBeHCTBaM: r<a(l+cosg) u r<
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<3acosq@. W3 ycnoBusa r>0 u BTOPOro HepaBeHCTBA MOJydYaem, 4YTO
—n/2<@<m/2. Tak KaK # NepBoe, H BTOPOE HEPABEHCTBA OrpaHHYH-
BAIOT r CBEpXY, TO, OObeAuHssl HX, noayudaem, uro 0<r<min{a(l+
+cos @), 3acos ). Kak u panblle, pasobGbeM HHTEpBaJ H3MEHEHHS
@: (—mn/2, n/2) Ha NOABIHTEPBAJbl TaK, YTOOH FPaHHUB H3MEHEHHs
r 3aMMCHBAJHCh C IOMOIIBIO MPOCTOro BHpamkenud. [ns sroro Hai-
IeM, Ha KaKHX IOJHHTepBajiax HuHTepBaia (—mn/2, n/2) QyHKuus
min{a(1+cos ¢), 3acos ¢} coBnagaer ¢ ¢ynxkuueir a(l+cos¢) U Ha
KaKux — ¢ QyHkiuueii 3acos@. Tak kak HepaseHctso a(l+cosg)<
<3acos ¢ cupasemauBo aas —n/3<@<mn/3, a HepaBencTBo a(l+
+cos @) >3acosp— aaa n/3<|g|<n/2, o D=D,UD.UDs, rae

Di={r, ¢) :—n2<pL—n/3, 0<{r<C3acosq},

Dy={(r, ¢) :—n3<<op<n/3, 0<<r<<a(l+cosg)},

Dy={(r, 9): m/3< o <<n/2, 0<r<<3acos ¢}
CrienoBaTenbHO, ’

/3 3acosp

SS fx, yydxdy= 5 do 5 f(rcosg, rsing)rdr+
D —n/2 0 .
n/3 a(1+4-cosq)

-+ S do K f(rcose, rsing)rdr--

—5/3 0
/2 3acose

+ Y do § [ (rcosg, rsing)rdr.
/3

C npyro#l CTOPOHH, W3 MCXOAHBLIX HEPaBEHCTB moJyuaeM, 4To 0<
<r<2a, cosp>max{r/3a, (r/a)—1}. Onsatb pasobbeM HHTEpPBAJ H3-
merenus r: (0, 2a) Ha Taxkue IOABIHTEPBAJH, HAa KOTOPHX (DYHKIUA
max {r/3a, (r/a)—1} coBnanaer ¢ oxHo# H3 QyHKnui r/3a uan r/fa—1.
TTonyuuM, a0 D=D,|JDy, rre

Dy={(r, ¢): 0<C r<C3a/2, cosp>2/3a},
Dy={(r, 9):3a/2<<r<2a, cosg>r/a—1}

H, cJiejoBare/ibHO,
3a/2 arccos(r/2a)

SSf(x. y)dxdy= Q dar f(rcosg, rsing)rde-+
D 0 ,

—arccos(r/3a)
2{1 arccos gr/a— 1)
+ x dr S f(rcosg, rsing)rde.

3a/2 —arccos{r/a—1)

Ha ueprexe Bce 3TH paccyXieHHs RarJsnHu. JIyd ¢=qo nepece-
kaer D npn —n/2<po<<n/2. Econ 71/3<|qo|<n/2, TO 3TOT NYY Te-
pecekaerca ¢ D Nno OTpe3Ky, HauaJlo KOTOPOTO B Hadaje KOOPAHHAT,
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a KOHeIL— Ha OKPYXHOCTH r=3acosq, T. e. 0<r<3acosq, ecsaH
xe —n/3<Jpo<<n/3, To MO OTPE3Ky, HAYaJ0 KOTOPOTO B Hauaje KOOp-
JAHMHAT, 2 KOHel — Ha KapAHOH/e

r=a(l+cosg), 1. e. 0<<r<La(1+cos ).

C apyro#t CTOpPOHH, MHHHMAJBHOE paccTosiHne TOuYeK (r, ¢) D
OT HA4aJjia KOOPAMHAT pPaBHO HYJIO, MaKCUMaJjbHOe — 24, T. e. 0
<r<C2a; okpyxHocTh r=C mepecekaercssi ¢ D mo Ayre, KOHHIH KOTO-
poit mpu 0<CC<(3a/2 nexaT HA OKDYXKHOCTH r=3aCOos@p, T. e.
—arccos (r/3a)<<p<Carccos(r/3a), a npu 3a/2<C<2a—no ayre,
KOHIN  KOTOpO#  JieXXat Ha Kapauouiae r=a(l+cosg), T e
—arccos (r/fa—1) <<g<Carccos(r/fa—1).

ITpumep. INepelinem K noasipHBIM KOODAHHATAM H DAacCTaBUM

npenesbl MHTETPHPOBAHMS B ABOHHOM WHTerpaJe SS f(x, y)dxdy, rne
D
obnactb D orpaHHYeHa KDUBHIMH

r=asin(¢/6), r=a9/3n, 0<9<3n, a>0, u f=C(D)

(nexapToBa M MOJSIPHASE CUCTEMBbI COBMeEIEHH ).

Pewenune Cnenaem ueprex obaactu D (cm. puc. 19). ITo gep-
TeXY BHAHO, YTO HauboJee NPOCTble YCJAOBHS HAa KOOpAMHATH (r, @)
TOYeK obsactH D Buiraapsir tax: 0<¢<<3m, aq/3n<r<asin(p/6).
Ho Takas sanuce dopManbuo Hapyniaer Tpe6oBanue, 4ToGL MpH me-
pexoje K MOJSIDHHIM KOOPAMHATAM UJIMHA HHTEPBajd H3MEHCHHMS yr-
Jla @ He mpeBocxogusa 2m. 310 TpeboBaHHe CBA3aHO C TeM, UTOGH
HapywleHye OHeKUMH NPH Nepexoje K NOJSPHKM KOODAHHATAM  Npo-
HCXOiitn0 ¢aMoe GoJbliee Ha MHOKecTBe ofteva  avan, Q1uaka 8
AAHHOM CJy4dac, Kdk XOpOuldy BHINLO H3 HePTeARa, oy AT

D, ={{r, 9): 0<<o<3m, apBrn<r<Lasin(g/6)) -~
D={(x, y): x=rcosg, y=rsing, (r, p)D,}
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Kak pa3 OuekTuBHO. [IpH 3TOM BCe YC/JIOBHA NMEPBOH TeopeMbl O 3a-
MeHe mepeMeHHhX B KPAaTHOM HHTerpajie BBHIIOJHEHH H, CJlefoBa-
TeJLHO,

3n asin(@/6)

Sgi(x, y)dxdy=3dcp > f(rcosq, rsing)rdr.
) 0 ap/3n

D

MoxHO 0GOCHOBATb 3TO PABEHCTBO H YMCTO aHaJWTHUeCKH. [lis
9TOr0 NpeACTaBHM MHOXecTBo D kKak ob6beaunerue D=D, D, rue

D,={(r, ¢): 0<< o< 2n, ap/3n < r<Casin(g/6)},
D,={(r, ¢): 2n << 9 << 3m, ap/3a<r<asin(gp/6)}.

Jlas Kaxa0ro H3 3THX MHOXKECTB IepeXxoj K IOJIspHOH CHCTeMe KOop-
JUHAT yXe He HMeeT (OpMaJbHBIX NpPENsATCTBHH, CJel0BaTeNbHO,

SDSﬂx, y)dxdy=§)ﬂf(x. y)dxdy+§)§f(x, y)dxdy=

25t asin(@/6)

=S do g f(rcosq, rsing)rdr-+
0 ag/3n

3n asin(@/6)

+ g do f f(rcoso, rsing)rdr,
on agp/3x
TaK KaK BHYTpDEHHHe MHTeTpaJH B [IepBOM H BTODOM CJlaraeMoOM OJH-
HAKOBH, TO, NOJb3YsiCh aJAMTHBHOCTHIO OJHOMEPHOrC HHTerpaja, Mno-
Jyuaem, uTo

an asin(@/6)

SSH“" y)dxdy=g do S f(rcose, rsing)rdr.
0

D ag/3n

OG6o6IEeHHHMHE MOJIPHHME KOOpAMHATAMH Ha3nBaerca napa (r,
¢), CBs3aHHAss C KOOPRHHATaMH X, y GopMyaaMu x=ar cos*q, Y=
=brsin“g. Ilpu 31OM r>0, a @ npoGeraer auGo npoMexyToK [0,
2n] ([—=, n]), nu6o npomexytok [0, m/2] B 3aBHCHMOCTH OT 3Ha-
YeHHUs] NIOCTOSIHHONH « Tak, YToOH (YHKIHH COs%Q H sin“@ HMeJaH
CMhiCA 4 00a paBeHCTBa sin*@y=sin®g;, Cos*@e==Cos*®; OJHOBPEMEH-
HO BBINOJIHSJINCH TOJNBKO NIPH

=04 ¢, =20 (9= —mn, ;=) wm §,=0 u @, =ma/2.

Ilepexon X 0606leHHHM NONSPHHIM KOOpAHHATaM JAeJaercd B ocC-
HOBHOM TOrja, Koria ypaBHeHHe KDHUBOH, orpaHuyuBaloumied o6aactb
uHTerpuposanus [, B HOBBIX TIEDEMEHHBIX IpPH COOTBETCTBYIOLLEM
BHIGOpE HOCTUSHHBLIX 4, b, a CTAHOBHTCS CylllecTBeHHO 6oJjiee TIpO-
CThiM. Tak Kak o0uOlleHHble NOJSADHBlE KOOPAHHATH HE HMelT Ha-
TASIAHOIO TCUMETPHYECKOTro CMBCJA, TO FPAHUUB HX H3MEHEHHS IJst
TOUeK (X, y) H3 JAHHOTO MHOxeCTBA D ONpene/siloTCs aHajduTHYe-
ckuM nyteM. Ecau npu nepexoige K NOJSPHHM KOOpAHHATAM MBI
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OCTaBJAJAH o0003HaueHHe MHOxXKecTBa [ 6e3 H3MEHEHHS, TO TeIeph,
Kak H B ofllleM cJydae 3aMeHH IepeMeHHHX, OylJeM COOTBETCTBYIO-
mee MHOXeCTBO 3HaueHH#d (r, ¢) o6o3Hauath uepe3s D). SIko6Guau
NpH Hepexojie K 0606MeHHHM NOASPHHM KOODAHHATAM PaBeH

aabr cos®=1 ¢ sin®—1 @,

Tl p u Mep. Buuncanm

NERE

rge D —o6aactb, nexaumas B nepBoM kBaapaHte (x>0, y>0) u
OTDAHHYEHHAS OCAMH KOOPAHMHAT M KDHBOH (-’2‘—-{-_:_)‘: (');:’{'92)-

Pemenue. ITonoxum x=2rcos?p, y=>5rsin’p, torna ypasue-
HHe 3aJaHHON KPHBOH NpDHMeT BHA r? =%cos4q>+25 sin® ¢. ®yHk-

uuu cos?q M sin?p uMeioT cMHCa npu Jio6om ¢([0, 2r], HO, YTOOH
HX 3HAUeHMsA He NOBTOPSAJHCH, KaK OHJIO YKa3aHO BHIIe, HeOGXOIHMO
BHIIOJIHERUE YyCa0BHA 9 [0, n/2].

OGo3sHauas 1Js ynpoOUeHHs 3anucH g(g) = (—;— cost @+ 25 sin4 q>> ”2,

noJgy4aeM, 4To
n/2 &9

SS (i_‘__y_.)adx dy=5-2-2-§ dq>/§ ricos@singdr =
2 5 :
D 0
/2

0
/ s 2
=5 S (_g_cos4 ¢+ 25 sint (p) cos@sing dy ==
0

80 ¢ 1000 "%
TH S cos® @sinpdp 5 S cos® @ sin® o do -
0 - 0

n/2
. _ 8 , 6% 500 I'(3)r(3) __
+3125§sm peos@dp=—r+——+t——r% =
_ 8 625 50 - 50941
=awt 3 T 162 °

[Mpumep. JIBofiHOR wuHTErpan ‘H fx, y)dxdy, rue D—o6aacts,
D

OrpaHHueHHas KpHBOR x2/3/4 4 2y%3=(2x—y)'%, npencramum B BHAE

TIOBTOPHOTrO, Mepeiiss nmpeaBapHTeJbHO K OGOGIIEHHEIM  HOJISADHBIM
Koopaunatam (feC(D)).
r

Pewenue. Ionoxum x=8rcos?q, y= 23 sin®@, Torza ypaeHe-

HHe 3ajaHHO# KpHBo#M mnpuMer BHA 7= (16 cos¥p— (sind )2 1/ )2,
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Dyuxuun cosdp ¥ sindg MMeT CMHCJ NpH BCeX Q&(—n, ), H Ha
3TOM e MPOMEXYTKe BHIIIOJIHEHO YCJOBHe HeMOBTOPAEMOCTH HX 3Ha-
4YeHHH oaHOBpeMeHHO. Kpome Toro, ypaBHeHHe KDHBOH [JaeT OrpaHH-
yeHHe Ha MHTepBaJl H3MEHEHHS @: TaK KakK JieBas 494acTb B 3TOM ypas-
HEHUH HEOTpHUATeJbHA NPH BCEX X H Y, TO NOJXKHO BHIOJHSTBCS He-
paBeHCTBO 2x—y >0, OTKYAa noJydaeM, 410 —7 4@y <X ¢ K Qs THE
(p0=arctg(4/16/2). Hrak, npoo6pasoM MHOXKecTBa D sBAsAeTCs MHO-
KEeCTBO

Dy={(r, 9): =+, <9< 9y, 0<r<(16cos® p—(sin? )2 2)"}

H, CJe[0BaTEJNIBHO,

($fee pdeay=
D

TR (16cos?p—sind@/2V 2) 1/2 _
= g do S f(8rcostq, r(sin®g)/2 Y 2) x
“'“"‘}‘\’o 0

%6V 2 cos? @ sin? @.rdr, @,=arctg U@,

Ecnin mpn mnepexoze K 060CLIeHHEM INOJSPHHM KOOPAMHATaM
3HAayeHHe o MEHblIe eIHHHIH, TO B YCJOBHfAX INepBOH TeOpeMH O 3a-
MeHe TepeMeHHBIX B KPDATHOM HHTErpajie Hapyliaercss He TOJNbKO Tpe-
GoBaHKe OHEKTHBHOCTH OTOGpaMeHus, HO M Tpe(GOBaHHe €ro TJajixo-
ctH. B 3TOM cayuae, onsith HpUMEHSS BTOPYIO TeopeMy, IoJydaeM,
BooOlle roBopsi, HeCOGCTBEHHBIH [NBOAHOH HHTErpaJ 10 OrpaHH4YEeHHO-
My KOpAaHOBYy MHOXecTBY D; or Heorpanuuennoi ¢yHkuuu f (ar cos®: @,
br sin® @) abe cos* ! @ sin®—! @. IlogpoGHee Bompoc o HecoOCTBEH-
HHX KPaTHHX HHTErpajsax pacCMOTPHM HeCKOJbKO I03Xke, 3JeChb 3a-
METHM TOJbKO, YTO B JAHHOM CJyyae 3TOT HHTerpaj HMeeT CMEICHA H
paBeH NOBTOPHOMY HHTerpaJy, NpHYeM HHTEerpas IO IepeMeHHOMY @
6yner HecoG6CTBeHHHM. AHAJOTHYHHIM SIBJIsIeTCS H OGIMUHA cayuail, Ko-
raAa npH 3aMeHe x=x(u, v), y=y(u, v) 1poo6pa3oM KOpJaHOBA MHO-
xectBa D={(x, y)} sBasierca kopaaHoBo MHOxecTBO D;={(4, v)},
HO YCJIOBHS TJIAAKOCTH oOTo6paxeHus ¢:D,—D Hapymawrcs Ha
MHOXecTBe o6beMa Hyab. Ilpu stomM o6a OZHOMEpPHHX uHTerpaia B
NOBTOPHOM MOTYT 6HITb HeCOOCTBEHHHIMH, HO (GopMyJa 3aMeHH mepe-
MEHHHX OCTAeTCsl CIpaBeAJHBOM.

IIpaMep. Buuncaum

=2y + AP —

ot dx dy,
SDS VEre Y

rie D — o6aacTtp, orpanuueHHas KpHBOR (x84 y8)2= (x—y)2.

Pewenne. Oyuknns f(x, y)=x‘ - xsy-—l‘}%xys sy (opmabHO He
f(x, yp, £+ y*5=0;

0 , B2+y*=0
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H NpOBEpHM, YTO Tak onpenesneHHad ¢yHKuns F (X, y) HenpephBHa
Ha D. HenpepusHocts F BO BCeX TOYKaxX, KpOMe Hayajla KOOPAMHAT,
ClleflyeT HenocpeACTBEHHO H3 ee 3anaHHs. UYToOH NpOBEpHThL Hempe-
puBHOCTE F mpu x=0, y=0, npome Bcero mepedTH K OGHYHHM IO-
JSAPHHM KOOpAHHATAM

r (cost p—cos? @ sin @--cos? @ sin? — cos ¢ sin® p-}-sint @)

/cos$ ¢ +sin @ :

f(rcosg, rsing)=

Orciona noaydaeMm OLEHKY

—_‘—_5_r_—“—__— <
V1=3]4sin* 29
KOTOpas H NOKa3HBaeT, YTO

lim F(x, y)=lmf(rcosy, rsing)=0=F (0, 0).
(x,)—>(0,0) r—0

|f (rcos @, rsing)|<< 10r,

Hrak, KaK OblJIO yKa3aHO BHINE, MOXKHO CYHTATh, YTO NOA 3HAKOM
MHTErpaJjia CTOMT HelnpephBHASA QyHKUHSA

fx, y), 24420,
Fx, y)= 0 , x*442=0.

ITonoxuM x=rcos'/3 ¢, y=rsin!/3 ¢, Torna ypaBHeHHe 3aJaHHOH KPHBOM
npumer BHA r®=cos!/3¢p—sin!/A¢. Tak Xe, Kak H B NpeALIAYIUEM MNpH-
mepe, JenaeM BHIBOA, uto —3n/4< @< n/4 ¥ B KauecTBe mnpooGpasa
MHOXecTBa [ MOJIyuyaeM MHOMKECTBO

Dy={(r, 9): —3n[da<<p<<n/4, 0 r3<(cos!/® p—sin!/A g)}.
Hraxk, :

SS’ AP+ edy—
D

Vg
/4 (col”aw—sln1/355'1/3
1 .
=3 V do S (cos*® p—-cos @sin'B @4
—3n/4 0

+ cos?/ g sin2/3 p—cos!/3 @ sin'p + sin*/3 @) r? cos—2/3 psin—¥3 ¢ dr.

BugncauM BHYTpEeHHHR HHTErpas

1/3¢_51n|/3w) 173

(cos
(cos*/® p—cos @ sin!/3 ¢ -}- cos2/3 @ sin?/3 ¢p—
0

—cos!B @sin @ --sin/3 @) r2 cos—2/3 p sin—2/3 p dr =
= % (cos5” @ +sin%/3 @) cos—%/3 psin—2/3 g =

= —;— cos @sin—2/3 ¢ 4 —;— cos—%3 ¢ sin @.
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3aMeTHM, YTO MOJ 3HAaKOM BHEIIHEro HHTEerpaja CTOHT HeorpaHHdYeH-
Hasl QYHKUHS

-—;— cos @ sin—%3 ¢ +—;— cos—2/3 @ sing.

Buiuncaum HHTErpaJ otr nepBoro cjaraeMoro

/4 [

. . i . .
— cos @ sm*2/3cpd(p=—3— S sin—2/ gdsing 4
—3n/4 —3q/4
1 ! 2
in—2/3 ine=sin!/Bol® in1/8 VY =
+?S sin—3 o dsingp=sin!/ cp]_:m“—}-sm/ @l _'2/5‘
0

TouHO TaK e BHYHCJASAETCA HHTEerpaJi OT BTODOrO cJaraemoro, cjnae-
AOBaTEJbHO,

X — 13y + 2y — xyP + oY 14 2y®
(§ Vit drdy =5 :

I1puMep. Bouncaum

(1= (23]

rae

~ {(x, ) 1x30, y>0, (—3)3/2+(—%)8<1}.

Pewenue Cpnenaem sameHy nepeMeHHHX: x=au?3, y=>bo!/3,
U3 ycnoBuit Ha XoOpAHHATH ToueK (X, y) =D moayuyaem, YTO MHOXKe-
CTBOM H3MeHeHHs mnepeMeHHHXx (u, v) sasaserca D ={(u, v):u>0,
v>0, u+ v<l}. Slko6uan oto6paxkenuss ¢:D,— D paBeH
9 w33, Yrak, na orpeskax u=0, 0<Cu<<l u v=0, 0<Cu<l,

ABJsIOIKXCcA npoo6pasamMu oTpe3koB x=0, 0<y<b n y=0, 0<<x<a,
YCJIOBHS [JIafKOCTH HapyulamoTcs. TeM caMHM Takasd 3aMeHa HpUBO-
JHT K HeCOOCTBEHHOMY HHTErpasny:

Sj (1— (%)3/2—(%)3)1dxdy=5§ (1 —u—o)x

1 I—u
Su—‘/f’du S (1 —u—v)v—23dy,

0 0

2ab
9

Xu—13v=23 dy dy =
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B nanHOM ciyuae W BHEWIHME, H BHYTPEHHHH HHTerpaias — Hecol-
CTBeHHbie. Buiuncsss HX, OAHOBpeMeHHO ybexkjaeMcs B HX Cymiect-
BOBaHHH

J—u
(1 — u—v) v—2/3 dv=3(l—u)v”3|é"“-—-%v‘/3|5""=

0
= 9/4 (1—u)*?,

1 /2
—z—abj%(l—u)mu—‘/3 du=ab S sin!/3fcost1 At df =
0 0

=Lb_,_._1___4_,_1_1" L\“ T (_2_ =M_nab
2 2 3 3 3 3 27

3. Ilaomanp NMoBepXHOCTH U ee BHIYHCJICHHE

\

Onpenenenune. MHoxkectBo SCR® Ha3HBaeTcs NOBEPXHOCTLIO
B R3, ecan nas mo6oli ToukH SES cylieCTByeT OTKPHTOE MHOXKeCTBO
V{s), sV raxkoe, uro V(s S=r(D), rae D={(u, v):u?+v?<1}—
3aMKHYTHH Kpyr B R? u r:R2-»R3?—romeomopdpusMm, T. e. GHEKTHB-
HOe OoTO0paxeHHe, HeMPEPHIBHOE BMecTe C 0OpaTHHIM.

B kxypce ananusa orpaHHYuMcs paccMOTpeHHeM 6oJiee  Y3KOro
KJ1aCCa — KYCOYHO-TJIAJKHX NTOBEPXHOCTEH,

Onpepnenenue. IloBepxHocTs S HasHBaercsi MPOCTOH raaj-
KOH IIOBEpPXHOCTbIO, eciH S ecTh o6pa3 3aMuKaHua o6iactu DcR%
S={r(u, v); (4, v) =D} 4 BHIOJHEHH yCJIOBHSI:

1. o6iacte D xopraHoBa,

2. oro6paxenue r: D—S romMmeomopuam;

3. orob6paxenue reC'(D);

4. nas Bcex Touek Mo=(uo, vo) =D paHr matpuuH

x, (Mo) y, (Mg) 2, (My) )
rM =( Y v v aBeH IABYM (BeKTOpH r’y u r’
M=\ s, M)y, Mz, ) ) P yu (mexcrop ’
HeKOJIJIHHeapHH ).

Oro6paxenne r=r(u, v):D—S Ha3HBaeTcs napaMeTpPHYECKUM
NpeACTaBJeHHEM IOBEPXHOCTH S; NepeMeHHHe 4 W U— HapaMeTpaMH
S; obaacts D —o6aacTbio 3HaueHHs napamerpoB #, v. [lapamerpH-
YeCKOe 3ajaHHe NOBepXHOCTH S GyaeM 3aUHCHBATH CJELYIOIHM 06-
pasom: S={r(u, v), (4, v) =D} uan

S={x, y, )1 x=x(u, v), y=yu, v), 2=2(, v); (4, v)eﬁ}.

Toukn s<S, sBaswoumuecss o6pasamu Touek D, 6yleM HAa3HBATb
BHYTPEHHHMH TOYKaMH S; TOUKH S&S, ABisiomHecs o6pa3aMH MHO-
xkectBa 0D=D\D (rpannun D) — rpaHuuHBIMH TOYKaMH S.

Bosuukaer Bonpoc, moxer M mpocrast riaakas [0BEPXHOCTb,
paccmarpuBaeMasi Kak ONpe/leJleHHOe MHOKeCTBO TOYeK TPEXMEpHOro
HpPOCTPAHCTBA, HMETb HECKOJbKO PA3JMYHHIX NapaMeTpHYeCKHX MHpej-
CTaBJIEHHH.
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Onpenenenre. Ilyetb D u D;—XopianoBu ofmactu B R2
Oro6paxennst r:D—R3 u p:D~>R? Ha3HBAOTCH 3KBHBAJECHTHLIMH,
eCqH cymecTByer Takoi nuddeomopdusm ¢:D—D,, uro @(D)=D,,
¢ (D\D)=D,\D, (BHyTpeHHHe TOYKH IePEXOAsT BO BHYTPEHHHE, Ipa-
HHYHHE — B rpaHuuHbie) u r(M)=p(p(M)) ans mobofi Toukn Me
&D.

W3 HarJsiiHBIX reOMETPHYECKHX COOGpaXKeHHH MOYKHO 3aKJIOYHTh,
9TO 3KBUBaJIeHTHHE oTOGpaxkeHus r:D—R® u p:D,—R® sajaor on-
HY H Ty e OPOCTYIO INVIaAKYI0 MOBEPXHOCTD.

Huppeomopdpusm ¢ :D—D;, OCyIIeCTBAANMIKA 3KBUBaJCHTHOCTb
r(u, v) u p(&i, vy), HA30BeM AONYCTHMHIM Ipeobpa3oBaHueMm Tnapa-
METPOB.

Onpeneaenue. [loBepxHocth S, ABJAKNINAACT KOHEYHBIM 00Db-
elHHEeHHeM NPOCTHX IVIaJKHX HoBepxHocTed S, 1<<g<<Q, HasuBaer-
Csl KYCOYHO-IJIafKOH MOBEPXHOCTbIO, €CJH BBINOJHEHH YCJOBHS:

1. noBepxHoctH S H Sp, p7¢q, He HMEOT OOIIHX BHYTPEHHHX TO-
YeK.

2. ecau MHOXeCTBO Lp =SS, colepxur 6ojsee OLHOH TOUKH,
T0 Ly, o NpeAcTaBAsieT cOO0H KyCOYHO-TVIAAKYIO KPHBYIO.

IlpocTeie rnagkue NOBEPXHOCTH S, OyleM Ha3bBaTb KOMIIOHEHTa-
mu S; KpuByi0 Ly ,— JHHHe#l mepeceueHHss KOMIOHEHT Sp H S,

W3 onpenenenus nmpoctoé raaakoii nosepxHoctd S={r(u, v), (u,
v) =D} chaeayer, YTO B KaXKAOH TouKe So=S, So=r(uy, Uy) NOBEpx-
HOCTh S MMeeT KacarTesjbHYI0 IJIOCKOCTb, KOTOpAsi SBJAAETCS IJIOC-
KOCTbIO, HATSIHYTOH Ha BEKTOPH 'y (o, Vo) U 7'y (i, Vo).

[lycte S={r(u, v), (¥, v)=D}— npocras riankas NOBePXHOCTb;
P<(a, b)) X[as bg] u T,—pasbuenne orpeska [a;, b)]: a1=ue<
<u<ug< ... <Upmby, T,— pasbuenne orpeska [as, bs]:ar=1v,<
<1< ... <Upymmby, *—Tu v— pasbueHHe mnpsMoyroJibHuKa [ay,
bl] X [az, bz]

BosbMmeMm Touky (u;, v;)eD, 1<i<n—1, 1<j<m—1, u o0603ua-
UMM Aui=u;4—Ui, Avj=v;.—v0;. Jlunefinoe oroGpaxenue r’'(u; v;)
HNepeBOJUT MHOXKECTBO BEKTOPOB IIOCKOCTH R?, BHIXOAAIIMX H3 TOUKH
(ui, vj), B MIOCKOCTb, KacaTeJbHYIO K NOBEPXHOCTH S B TOUKE S$ij=
=r(u;, v;). TIpAMOYroMbHHK U QUSUiq), U;CUIUjp;  NEPexOpHT
OpH 3TOM B HapaJJeJorpaMM  oO;;, INOCTPOEHHHH Ha BeKTOpax
r,(us, v;) Ay, r,(u;, v;)Au;. [Mnomanp |[o;;| »TOro mnapanneno-
rpamMa pasHa |[r, (u;,up) Xr, (Wi 9;)]] Ay, Av;([r;xr;] o6o3Hayaer Bek-

£

TOpPHOe NPOU3BeAeHHEe BEKTOpOB r, H r)). OG03HAaUUM CHMBOJIOM Z

i
CYMMY, pacHpoCTDaHEHHYIO Ha Te HHAeKCH i, j, 1<iKn—1, 1<j<<
<m—1, pasa KotopHx (u;, v;)D.
Onpenenernne. Ilnomaneio |S| mosepxmoctH S HasbiBaercs

lim ¥, 1oyl [7, (r 0)Xr, (@, v)]lAu; Avy,
AMT)y-»0 N

rae A(T) —napamerp pasGuenus T.
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BeeneM ofo3HaueHus:

’ '3 .3 /3 ’ .3 .8 2
E=\r*=x, 4y, +2z,; G=|r*=x,+y,+2,;
F=(ryr)=xx,+Yy4,+22,

TOrZa nJjomanb noBepxHoctH S={r(u, v), (#, v) =D} BHuncAsgeTCA
no gopmyJae

181 = (\ VEG=F du do. )
D

{ITockoarky B ¢opmyse (1) nox 3HAKOM HHTErpajia CTOHT HelpepHiB-
Has QyHKHHS H HHTerpan Oepercs IO XOpPAaHOBOH o6nracTH, TO B
N aHHOM CJEyYae HHTErpaJ eyulecTBYeT.)

IMnomanes NpPoCcTOR KYCOYHO-IJIAAKOH NOBEPXHOCTH OIpeessieTcs
H BHUYHCJASETCS KaK CyMMa MNJollajedl COCTABJAIONIUX ee NPOCTHX
rJajKuX HOBEPXHOCTEH.

BeauuuHa nJjomany NOBEPXHOCTH NOJIXKHA OHITh, KOHeuHo, (ak-
TOM BHYTpPeHHeH IeOMeTPHH IOBEPXHOCTH, T. €. He 3aBHcAllef or
PasiaHYHHX CcNnoco6oB ee NpelcTaBjeHus. [eficTBUTENbHO, NMPH pery-
JAspHOM otobpaxeHun ¢ :D—D, Beauunna unrerpana s ¢opmyae (1)
He usMensiercd. CiefoBaTesbHO, NPHBEJEHHOE ONpejiesieHHe MO ALK
noBepxsHoctH S={r(u, v); (u, v)=D} KoppekTHO (He 3aBHCHT OT BH-
6opa mapaMeTpH3ALUH).

3aMeTuM, YTO HAlOTCA M JpYrHe, SKBHBaJIEHTHHE IpPHBEICHHOMY,
HO (OJiee «reOMeTpHUECKHe» ONpejeseHHs IJOMAaAH NOBEPXHOCTH.

Ilyets S={r(u, v), (u, v)=D}, orobpaxenne r:D-»R3— romeo-
MopdHu3M u Ha MHoXectBe E, EcD, njomanu HyJb HapylieHH YCJI0-
BHA ero ruajakoct. IToab3ysicb MOHSATHEM NJIOIMAAH NMPOCTOH IJajKoH
NOBEPXHOCTH, ONpelessieTcss NMOHSITHE NJOLUIAAH M AJs NOBEPXHOCTEH
Takoro Kjacca. Ecau npu stoM uHTerpaa (1) cymectByer xoTda GH
KaK HeCOGCTBeHHBIH, TO ero BeJIMUMHA paBHa mJjomaau |S| mosepx-
HoctH S. TouHO Tak e RONMyCKaeTcs He TOJNBKO perysspHoe mpeoG-
pasoBaHHe NapaMeTpPoB B IPENCTABJEHHH IIOBEDXHOCTH, HO H TakKoe,
NpPH KOTOPOM YCJIOBHe GHEKUHMH HJIH YCJOBHE IVIaJKOCTH HApYIIATCA
Ha MHOXecTBe mJyomans Hysab. Ilpu 3ToM uHTerpan (1) npeoGpasyer-
Csi B YCJOBHSIX BTOPOH TeopeMHl O 3aMeHe HepeMEeHHHX B KPaTHOM
HHTerpaje (cm. c. 15).

Ecan nosepxHocTh S 3ajnaHa SBHHM ypaBHeHueM: z=[(x, y), (x,
y)eb, 1. e. S={(x, y), f(x, y), (¢, y) =D}, To dopmyna (1) npuHm-
Maer BHJ

151 =SV TFEFFEpdrdy.

D
Ilp uwMmep. Halinem niomanp wactu noBepxHOCTH

ab

Va2 1 b

x=acosu(l—cosv)+ sinusinu,
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y:asinu(l——cosv)—_ﬁ-—b—acosusinv,
a
a?sinv
z2=bu ,
+ |/ ’+b2
ec/H

I<un, 0o 2m,

Pewenue. ViMeeM

’ . '!flab ¥
xu=—asmu(1—cosv)+v cosusmt,
x’—acosusinv—}-—-—fb—sinucosv
v Va® F bt ’
2 —b 2= a?cosv

T Vet
, ab . .
yu=aeosu(l—cosv)-}-—v_T—_—smusmv,

a? -+ b?
y,’,=asinusinv—va—zb_’_§cosucosv,
E=a2(1——cosv)2+m-sinzv+b2=

a
{(a® 4 b® — a? cos v)? a2b?
at 4 b a®+ b2’
2 9 9 at cos® v 2
G=atsinfv-+ ’+b' cos v+——.+bﬁ =a?,
2h . alh l' fwt @3 §
F = —=2— sin? y— —e—e—r (1 —cos ) cos v S COSU =
Vs O (e s
alh
'l/an b2’
55 _ a{a®+4 b*—a’cosv)
VEG—F = Vo :
T 2n
a
|S| ——=F5‘du5 (@*+ b*—atcosv)dv=
a? 4 b® g
0 0

.21 (2% 4 %) = 2n%a Y aF + 07,
I[ITpumMep. Haltnem naomans wacta chepu x2+y2+2°=R?2, ecau
le@, ly|<b, a?+b2<R2,

Pewenune Luaunap, mocTpoeHHHH Ha rpaHuUe INPSIMOYroJb-
HHKa {—a<Cx<Ca, —b<Cy<Cb}, Bhipesaer Ha BepxHeHd H HHUXHell Io-
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Jaychepax dactu oOfMHAKoBOH miomand. IlpeacTaBum  ypaBHeHue
Bepxuefl mosiycepn B sBHOM BHe: 2=} R*—x*—P. Torza _Zz_ =
X

e 2 =Y Taggakman

‘l/m ’ a -Vm . IIpAMOYTOJIbHHKE
x| <a, |y|<b( a2+b2<R2) YCJIOBHS TJIAAKOCTH (DYHKUMH 2 BHIIOJ-
HEHH, TO

|S|_2de \/1+ "*‘2” dx dy =
——X
—a

=2R de Ssz_xz_yz—_— S rcsm ‘xzdx—

b x2dx ’

=4 _—

R [x arcsin Vi1l SVRZ—bz—xz T }

a
= 8aR arcsin ———— W——;L"ZT-——:_'?_
. dx . dx

—2bR? . 2hHR? e ==

R S (R—x) VRE—p% — = R S R+ VR ==
= 8aR arcsin ———— VR + - 8bR arcsin —————- e —b’
4R . BP—RE4faR b® — R* —aR _

R (arcsm (R—a) Vo arcsin Ria /R >
= 4R [2(1 arcsin -'\/I{”—«—— ~+2b arcsin %—‘—b;
— R arccos

R? (R? — g% — b?) — a?b?
(R?—b?) (R? — a?) ]

[Ipumep. Halinem miomags yacTd KoHyca 2=V x5 ecnu
— 1<y + x5, —3<y—x<3.

Pemenue. Muoxectso D={—1<x+y<5, ——3<y—x<3}
npeicraBisier co6Goii KBagpar ¢ Bepurmmamu: A(—2; 1), B(l; 4),
C(4; 1), D(1; —2). Iaa nosepx%ocm S { ), VE2F+4 (e

e D) umeeM — = —F___ 2 - B Ttouke 0(0; 0)e=

o VALt 1/:c2+yz '
€D raaakocTb 0TOGpaxeHus (x, y)—>(x, y, Y ¥+ ¢?) uapywaercs.
Ho rak kak ans swo6o#t toukn M= (x, y)eD, KpomMe Hauaja KOOp-

numar, 1 + ( ax) + (%)2=2, TO QYHKIHSA ‘/1 + (%)24-(%;—)2
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Jjoolnpelesnsiercs B HadajJe KOODAHHAT MO HENPEPHBHOCTH 3Ha-
genneM J2. Takum o6pasom,

“ VI+ @)+ ) dedy= KS V2 dxdy =
P D

=12|D|=V2|AB|>=18V2

W paccMaTpHBaeMasi OBEPXHOCTb HMeeT IJiolanib IS] =18Yy2.
[TpuMep. Hafitu nmomanr uactu konyca 2%=x2—y? ecanm

2x2—22<_R2,

Kak u B mpuMepe Ha c. 61, uununap 2x2—z2%=R? Bhlpe3aeT Ha
BepxHeli 2> 0, z=1/x“’—y2 u Huxpei 2<<0, 2= —1 x*—4* no-
JIOBHHAX KOHYy€a 9acTH OAHHaKOBOl njomanu. ITostomy pacemorpum
TOJbKO BEPXHIOI nosoBuHy. Ona 3ajgaercs gopmynoli 2= ¥4 42,
Hafinem, Ha Kakoe MHOXKeCTBO NJaocKoctH XY mpoeuupyercsi naHHas
9acTb 3TOH NOBEPXHOCTH, T. €. HaliaeM MHOxKecTBO D U3MeHeHHs mna-
paMeTpoB X, Y, B 3alaHUH PacCMATPHBAEMON NMOBEPXHOCTH:

S={(x’ Y, sz—!ﬁ), (x’ y) &= D}

Ipoekuuedi Bceii noBepxHocTH z2=7 X*—y® Ha miockocth XY
ABasieTcs MHOXKectBo M={(x, y), |x|=|y|}. Tpoekuus paccmarph-
BaeMOH 4YacTH KOHyca OTCeKaeTCsi OT MHOXectBa M mpoekuuedl Ha
nAoCcKoCTh XY NHHHH nNepeceueHHA KoHyca 2°=x2—y? ¥ nuiuHgpa

—_ 5 2.
2x2—2?=R?2, Uckmouas z H3 CHCTEMH ypaBHEHHIl 2=V ¥ —y"
24t —2 = R?

nosyyaeM ypaBHeHHe 3TOH mpoekuuu x2+ y2=R?, Urak,

D={(x, y), x| = lyl, 24+ <R}
Hanee,
0z x 0z —y

o V-9 oy  Ve-g’

, na _ o 24yt V2 x|
R VAR LT

Ha juunAX y=x, y=—x, ABASIOMWEXCS IPaHAUAMH MHoXectBa D, ye-
JOBHSl TIJIaJIKOCTH OT06pa}KeHI/IH (x, )~ (x, y, sz—yZ) Hapyia-
Vo | x| dxdy
wres. HMuaterpan e —
sz__yz
BHYHC/IEHUS] — H OJIHOBpeMeHHO IPOBEPKH CXOAHMOCTH — BOCHOJIL3Y-

EMCs1 CHMMeTpHeH MHOXeCTBa [ H YETHOCTbIO OTHOCHTENbHO X MOLBIH-
TerpajibHOH OYHKLUHH H NIepelifieM K MOJAPHBIM KOODAHHATAM

ABJISETCSH HECOOCTBEHHBIM. ,U,JIH ero
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SS______ﬁlxl dxdy=41/§:3/'4dq)R—-—————'°°sq’ dr=
s Vid—yp : p V cos 2p

=2R*V2 S _#M___ = 2R? arcsin (/2 sin ) ‘m =nR?,
(]

2sin?

Hrak, niomans naHHOH yacTH KOHyca paBHa 2mR2,

3aMeuaHue BubGop B KauecTBe mapaMeTpPoB IepeMeHHBHIX X H
y norpe6oBaj HEKOTODHIX YCHJAHH [Js HaXOXIeHus MHoxecTBa D uX
usMeneHusi. O6paTHM BHHUMAaHHE HA TO, YTO ycJoBHe 2x?—22< R?, BH-
Jensiolllee pacCCMaTPHBaeMyl0 4YacTb IIOBEPXHOCTH KOHYCa, CBA3HBAeT
TOJIbKO IIePeMeHHBle X H 2. DTO NOACKA3BIBaeT, 4TO YAOOHee HMEHHO
nepeMeHHHe X H 2 BHGpaTh B KauecTBe napaMeTpoB. Mcmoab3ays, Kak
¥ BHIlle, CHMMETDHIO IOBeDXHOCTeH, mosydaem, uro |S;| — niomans
MOBEPXHOCTH Si={(x, Vx*—2% 2), 2*—22<CR%:, x> 2>0)—
cocraBasier 1/8 wactb Bceft HcKomo#t muontanu. Mmeem

oy x oy  —z i V2x
x ya—g 0 ya—a’ VIi+ErF+6) = Va—a
H
|S|=8Sdz _V3x 8'[/2ij2—22 dz =
0 2 Vx -2

R
=8Y2 S YV R*—2%dz=2nR2.
0

O6mero npaBusia JJs Iepexoja OT HEeSIBHOTO 3aJaHHs NOBEPXHO-
cTH S ypaBHeHHeM BHAa F (X, y, 2)=0 H HEKOTOPHIMH HepaBeHCTBAMH
Ha KOODIHMHATH X, Y, 2 K IapaMeTpHuyecKoMy 3aganuio S={r(u, v),
(u, v)e=D}, Booéme roeopsl, He cyulecTByer. Ilpu TakoM mepexoxe
HeOOXOJHMO YUYHTHIBATb IIPOCTOTY KaK aHAJUTHYECKOrO BHIPaMKeHHs
otobpaxenus r:D—R3, Tak W omucanus MuoxectBa D. B paccMor-
pPEeHHHIX NpUMepax HesBHHE YPAaBHEHHS 4acTH chephl M KOHyca NpH-
BOIHJIHCb K NapaMeTPHYECKOMY HpEACTaBJEHHIO IPOCTO paspelle-
HHEM 3THX YPaBHEHHH OTHOCHTENbHO BBHIGPAHHOIO IIEPEMEHHOro X, Y
uan z. Kak GHJAO MOKasaHO B NpHMepe, BHOGOD 3TOr0 MNEpPEMEHHOro
onpejessiercsi yno6CTBOM IpeACTaBJeHHS MHoxXecTBa D uameHeHus
HapaMeTpoB.

PaccmoTpuM elle 1Ba Ksacca 4acTO BCTPEYAIOLIHXCS IIOBEPXHO-
crefl.

a) Ilosepxnocth Bpamenus. Ilyctb B miockoctn XY 3agana Kpu-
Basg x=x(f), y=y(t), To<I<T|, He uMelollasi camolepeceyeHut U He
nepecekamomnias ocb 0Xx. IToBepxHocTe S, nosnyueHHas BpalleHHEM
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3TOH KpHuBOH BOKpYr ocu OX, uyallle BCero mapaMeTpH3yeTcsl Cleaylo-
ILHM o6pasoMm:

S={&x=x(), y=y({)cosp, 2=y (f)sing,
t=[Te Ti], 9 =[0, 2n]}.

[lapameTpsl f ¥ @ B 3TOM IPEACTABJEHHH HMeIOT IIPOCTOH reo-
METPHUYECKHH CMBIC/I. 3HaueHHe fy ONpejeisieT II0JOMKEHHE HJIOCKO-
CTH, NepIeHAUKYJSPHOH OCH BpallleHHs, B KOTOPOH JeXHT TouKa
So(%o, o) =S, HaxXOAAMWANCA Ha OKPYKHOCTH, ONHCAHHOR NpH Bpalle-
HuH Touko# (x(%), y(fo))<T'; 3HaueHHe @, €CTb yroJ, Ha KOTOPHI
HaJ0 NMOBEPHYTb BOKDPYr OCH BpamteHust Touky (x(f), y(f)), utoGu
HOJY4HTb TOUKY So(fo, Qo). )

Jas Takofi mapaMerpusauuu nopepxHoctu S umeem E =x;'+y 5
G==y2(f), F=0, cJaenoBaTe/bHO,

VEG—Fdtdp=y®)) Vi +yi dtde=|y| dods,
rae ds ectb auddepennuan aAyra kpusoit I'. I{is moBepXHOCTH Bpa-
wenus umeem [Ty, T1], o=i[0, 2r], u ee niomanb pasHa

2n Ty

T,
[ de\ lyl ds=2n\ |y] ds
1} To T

— (popMmyJia, KOTOpasi HeCKOJBKO APYTHM myTeM Oblia HoJyuYeHa IIPH
pPacCMOTPEHHH OZHOMEPHOro HHTEerpaJa.

I[Ipumep. [loBepxHocTb S mosyyeHa BpaleHHeM HaCTH TpPaK-
TpucH x=a(Intgt/2+cost), y=asint, x>0, %gyga OTHOCH-

teabHo och OX. Haiinem miomanp ee wactu S;, 3a1aHHOH yCJIOBHEM
y>af2.

Pewenue. IlapamerpusyeM NOBepXHOCTb BpalieHH S, KakK G-
JIO YKa3aHO BHILUE:

S={a(Intg(t/2)+ cost), asintcosp, asintsing,
M2 <t <LHnf6, 0<Cop << 2}

Ina kpuBok x=a (Intg(¢/2) 4 cost), y=asin{ umeem

acos?t

x, =2 asint = "=qacost
! sint » Y N

sin ¢
ds=a—_—,cﬂs—t dt, |y(t)| ds= —a’cos tdt.
sin{

W3 ycaoBus y>a/2 nonyuaem, yro ajst S, nmapamerpsl ¢ 0 ¢ ROJIKHH
YAOBJIETBOPATb HePaBEHCTBY sinfcos@>1/2. ITockosbky n/2<t<

<5n/6, 10
0 << @ <Carcceos (1/2sin¥),
2m—arccos (1/2sint) <o << 2m.
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Wrak,
5x/6 arccos(1/2 sin ?)

S| = S dt (— a?cost)ld =
n/2 —arccos(1/2 sin ¢)
551/6 2
= —2q? 5‘ arccos (1/2 sin f) cos tdf = a? 1Sarccos /2)dz =
/2

= g? (z arccos (I/z)ﬁ—f—_l—/—j__z—_—l> =a? (Eg——ln @ +1/§)> )
1

6) Llmauuapuueckas nosepxHoctb. Ilyctbh B maockoctu XY 3anana
kpuBaa I':x=x(t), y=y(!), t|[To, T\l Uununapuueckas noBepx-
HOCTb (MJIH, KOPOTKO, HHJMHAP) S, o6pa3oBaHHas NpSMEIMH, mapanx-
JAenbHEMH ocH OZ M mpoXOAsIIMMH Yepe3 TOYKH KpuBoH I', HauGosee
4acTo MapaMeTpH3yercs cJaeAyILIUM o6pa3oM:

S={x=x(t), y=y(t), 2=h, t=[T,, Ti], h=R}.

FeomeTpuuecky 3HaueHue fy onpenessier Ty o6pa3ywoIYI0 LHAHHI-
pa, Ha KOTOpOHl JeXHT paccmMaTpuBaeMas Touka Sp(fy, ho) =S, a
ho — OTKJIOHEHHEe TOYKH Sy OT HauaJbHOH (HyJseBo#) muockoctH XY.

Jsa taxoft mapamMerpH3aUMH IHJAHHApPA S uMeeM sz;’—}—y’:, G=1,
F=0. CnenoBarenbHo,

VEG—F dtdh= x] +y didn.

TaxkuM o6pa3oM, mJoLIaab YacTH LHAMHApPa S, onpenenenHof ye-
aosueM (¢, h) <D, Buuncasercs no dopmyae

KS V %"+ 4 dtdn. )

ITockoasky nuddepenuuan ds ayru Kpusoit I' pasen ]/x + Y, 'dt,
TO npuBeleHHas ¢opmyaa (2) Moxer GHTb 3anKcaHa B BHIE

be dsdh.

INlpumep. Hafinem mmomans vactd uuauHapa (x2+4y?)?=
=a?(x?—y?), ecnu x*+y2—z22+a?=0,

PemeHne.

Ins napamerpusanun kpuBoi (x24y?)2=a?(x*—y?) B IJIOCKOCTH
XY 3anumeM ypaBHeHHe 3TOM KpHBOH B NOJADHEIX KOOpAHHATaX:
r=a'[/cos 29, oTkyaa monyyaeMm, 4TO

x=a ]/cos 2¢0cos @, y=a '|/cos 2¢ sing,

—_— 2 . :——a@
ds Vr +r, do Veocse "
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Hrak, naHHHA OHAMHAD NapaMeTpHYECKH 3aMHCHLIBAETCH CHEAYIOLIHM
obpasom:

{a 1/cos 2¢cosg, a Vcos 29sing, A, —a/4 << <<
</, 3n4<L9<bn/4, heR)
H IIPH 3TOH mapaMeTpH3aluH VEG—F2 dodh = adq)dh/‘[/cos 20.
Hcnonpayst cummerpuio nmosepxHocred, BuauM, uto |S;| — miao-
majab 9acTH JaHHOH MOBEPXHOCTH, JeXallefi B NepBOM OKraHTe x>0,

y>0, 2>0 cocrasager !/3 yacth Bcelt mcKoMmoli niomaau. Muoxect-
BO 3HaueHHH mapaMeTpoB ¢ W h nas S; ompenensiercss YCJAOBHSIMH

x>0, y>0, 2>0,
Pt yP—224a? >0,

oTKyAa mnoayuaeM, uto 0 <Ko << /4, 0<Ch<Cay/ [ +cos2¢. Urak,
Si={a} cos2¢cos ¢, a} cos2psing, h; 0o /4,
0<h<<a Y/ T+ cos2¢)

H
/4 a V14<os 9¢ "
1S1=815:1 =8 { do Ve
0
e /4 _
— 82 V2cosg dg— 80 d (/2 sin @) _
V cos 20 ) Vi=2sing

= 8a?arcsin (Y 2sin¢)|§* = 4na?.

B atoM u cienyromux nyHKTax OyldeM paccMaTpHBaTh IJIOCKHE
obaactu D, orpaHHYeHHBIe KYCOUHO-TJIAZKHMH 3aMKHYTHIMH KPHBHI-
mH. Kak cieayer u3 mpeasiaymero (cM. c. 7), Takde 06JacTd  sB-
JSI0TCA KOPJAHOBHIMH MHOXKECTBAMH M AJs JIOGHX OrpaHHYeHHBIX
oynkuuil 2=f(x, y) c He GoJiee UeM CUETHBIM MHOXKECTBOM TOYEK pas-
pHBa, B YACTHOCTH HENPEPLIBHBLIX, CYLIECTBYET

SS f(x, y)dxdy.
D

4. Maomanpb niockol GUrypsl 1 06’beM NPOCTPAHCTBEHHOIO TeJa

[Tnomaae |D| mmockoit ob6nactu D (M3 ykasaHHOro BHILE KJiac-
ca) BHUHCJseTcs Ho (opMmyJe

SS dxdy

D

(xaK o6beM X0p1aHOBOrO MHOXKECTBA, CM. C. 9).
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Onpenenenue Tenmo VcR3, orpanuyeHHOe CBepXy HelpephiB-
HOH moBepXHOCTBIO 2=f(x, y), f>0 cHu3y — maocKocthio 2=0, a ¢
60KOB — HMJHHADHYECKOH INOBEPXHOCTBIO, C O6pA3yOMUMH, Napas-
nenbHeiMH ocH OZ, Buipesalollefi Ha maockoct XOY o6aacrs D yka-
3aHHOrO Bhillle THIIA, OyAeM Ha3HBaTh nuanHApougoM. Takoe Teno fB-
.&I)HeTCH JKOPJaHOBHIM MHOXECTBOM H ero o6bveM | V| BHIUHCASeTCH MO

opMmyae

VI="ff G o) dudy.
D

Takum o6Gpa3oM, BhHuHCJeHHe MJOMAfell MJOCKHX (GHryp H 06b-
€MOB LHJMHIDOHAOB CBOAHNTCS K BBHIYHMCJEHHIO JIBOMHEIX HHTErpaliop,
KoTopoe noapoOHo GhIO pacCMOTPEHO B Hauwase 3Toro maparpada.

[Tpumep. Hafinem niomans S ob6aactu, orpaHuueHHON KPUBBIMH

Xtyt=1, P+yt=2, y=2x, y=3x,
HAXOASILYIOCS B NMEPBOM KBaapaHTe.
Pemenne. Cnoco6 1. O6macte, myowanb KOTOPOH HaAo HalTH,

npexacrasieda Ha puc. 20. Halinem TouxkH mepeceuenuss HpsIMBIX € OK-
pyxHocTsiMU. COOTBETCTBEHHO HMeeM

() 2(VE 2 el )

(Y £ L)

Puc. 20

3amerum, uro abcuuccsl Touek B u C omunakoBhl. Ilpeacrasnss o6-
aactb D; B Buie obGbenuHenusi o6jacreft ABYX KPHBOJHHEHHHIX Tpe-
yronbHukoB ABC u BDC, naxoauM mjolajib MCKOMOH obaactu cije-
Aywouium o6pasoMm:
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S= dx S dy—+ S dx S dy=
) V1o Viee® 1) Vs 2
Vs Vs
- S (Bx—V T—) dx + S (VY IT——2x)dx =
1, V10 1/ V5
3x2 1 — 2 i 5
—_-( d xV/1T—2 ——arcsinx) UVS_
2 2 2 1/V10
V2= . 2) Va5
st aresin ——x =
+( 2 t Ve yVs

1

L arcsin ——— arctg
2 7°

SV

Croco6 2. TI'panuua obaacta D, cocraBjeHa JHHUSIMH YPOBHS
byuxuuit f(x, y)=x2+y? u g(x, y)=y/x. BBeneM HOBHle HeH3BeCT-
Hble u=x2+y? u v=y/x. Orobpaxenue @:u=x2+y? v=y/x ectb OH-
exuust o6aacty D, Ha o6aactb

Dy={{u, v): l<<u<<?2, 2<<v<3}.

ITockosbky
D, v) _ _ . 2
D(x, v) —J/x2 l/x\ 24 =22
T0 Dix y) _ L H, CJeJl0BaTesbHO,
D (u, v) 2 (1 +vB)!

D (x, y) . 1 —
&' dxdy = 'LS b dudo _‘5)’ i dude
2 8

=1 (arcto3— =1 1
SduS S dv = 5 (arctg3—arctg 2) 5 arctg =
2

Cnioco6 3. B nossipHoil cHcTeMe KOOPAMHAT HMeeM

Di={r, 9): 1 <r<Vy2, arctg2 < ¢ < arctg 3}.

CrefoBaTeibHO,
arctg 3 V2
S = X dep g rdr = —-21-(arctg3-—arctg2)=—%—arctg—;—.
arctg 2 1

M3 Bcex mpeasoxkeHHBIX cnoco6oB TpeTu#l, KaK BHAHO, ABJAETCH 8-
MHM IIPOCTHIM.
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ITpumep. Haiizem niomans S o6nactu, orpanuueHHOf KpuBoi
bx® + ay® = 6c%xYy.

Pemenue. B cuny cuMMerpHu KpHBOH, orpaHuuuBaiouiefi aaH-
HyI0 ofJsacTb, OTHOCHTENbHO ocH OY paccMOTpUM KPHUBYIO TOJBLKO B
nepBoM KBaipanTe (MOCKOMABKY y>0); HOJOKHM

xme (B reostBo, y= a)"" rsiniq,

TOraa B 00OOLIeHHOH NOJIAPHOH CHCTeMe KOODAHHAT YpaBHEHHE JaH-
HOM KPHBOH HMeeT BHJ

r="06c* —— cos*® ¢ ——sin'Bp=Acos*? ¢sin'A g,
b2 a
rae
6¢?
A=—.
V ba

Ilockonbky sikoGHaH OpH Nepexoje K HOBHIM KOOpDJIHHATAM DaBeH
1 1

ERTR%

rcos—2B g sin—2/3 ¢,

TO
/2 Acos?/3 ¢ sinl/d g
§—=—2 j do S rcos—28 @sin—2RB pdg =
31‘7;1; 0 0
/2
2 36¢4

= S cos? q>dcp=——3m4
IR ye— "
3V a 2V t%a® § v
MMpumep. Hafinem o6bem Tesna, orpaHHYeHHOTO NOBEPXHOCTAMH,
— i LA -
Z—CSIH(TC(—;’——F‘I;T)) Hz=0
xﬂ y2
MpH YCJOBHH, YTO k<T+bT<k+l, ke N.
a

Peumenue OGbeM AaHHOro Tes1a HafaeM o GopmyJie

2 3
V= SS |2| dxdy, rze D={(x, y):k<%+—z—2—<k+l}.
D

BBexeMm HOBHE nepeMeHHHE r B ¢ 10 GopMyaaM
x=arcosQ, y=>brsing.

Toraa B cuny cumMerpuu o6aactu D n ueTHocTH QyHKUMH
2 2
h(x, y)=|csm (n (—i—;——i——%—)) I
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OTHOCHTeJNbHO 060HX HepeMeHHBIX HMeeM

"3 Vil Vi1
V-4jd(p S rabelsinnrzldr=4abc% S r |sinar?} dr =
VR Vi
— 1)kH1 1
= 2nabc-(—§1—)—— (cos mr?) V'i“ =
o

= abc (— 1)**1(cos @t (k- 1) —cos k) = 2abc (— 1)k+2 cos mk = 2abc.
5. MexaHHuecKHe NPHIIOKEHHS ABORHOTO MHTErpaaa

[Tycte ckanspuas Benuuuna P (D) pacmpenesneHa Ha XOpaaHOBOR
o6aactd D ¢ NJIOTHOCTBIO p(X, y), sABAsAONIeNics HenpephBHOH (YHK-
HHeH, Torna

= “ p(x, y)dxdy.
D

Hurerpann
J& = w o (x, y)rdxdy, k=N,
‘D

r11e p(x, y) — nJoTHoCTb pacrnpelesneHuss maccel obnactu D (p He-
epuBHa H HeoTpuuaTeabHa B D) u r(x, y) — paccrosiHue TOYKH
(x, 2ED A0 HeKoTopo# mnpsiMofi Q, Ha3LIBAIOTCH MOMEHTaMH IIO-
paaka R o6nactu D otHocuresbHO mpsiMoit Q.
Macca M nnacrunkn D ¢ MJIOTHOCTHIO p — MOMEHT HYJEBOro Io-
pAalKa — BHIYHCAsieTcs: 1o dhopmydie

M=% ={{p(x, y)drdy.
D

MoMeHTH NepBOro NOpSiAKA HA3BIBAIOTCS CTATHYECKHMH MOMEHTa-
MH, MOMEHTHl BTOPOro IOpsiiKa — MOMeHTaMH uHepuud. KoopauHa-
TH leHTpa Macc o6aactd D ¢ IJIOTHOCTBIO p(X, Y) BHIYHCJSIOTCS IO
dopmynam

9(1) 1

Xo= o =T SS xp(x, y)dxdy,
7 D
y(l) 1

Yo=—r- =—M—Sj.yp(x, y) dxdy.
7 D

- (g . -
MowmentH HHEPIHH Jo* u ,g'7((;y) obaactd D ¢ miaoTHOCTBIO p (X, Y) OT-
HocHTesnbHO oceil OX u OY COOTBETCTBEHHO HaXOAATCA MO ¢GopMyaam

&6k = gg )yrdxdy m 9= 0 y)r*dedy.
D
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Huoraa paccmartpuBaercd B NPHIOXKEHHSX IEeHTPOOGEXHHIH MOMEHT
HHEepIHH

o/ xy = yj‘p(x, y) xydxdy
D

H MOMEHT HHepLuH oTHocHTeabHo Toukd O (0, 0)

& ={{o@x 902 +y) dudy.

D

IIpumep. HafiteM MOMeHTH HHepLHH OTHOCHTENBHO ocefi Koop-
AMHAT ORHOPOJHOH NJAcCTHHKHM IJOTHOCTH p, HMelolled dopMy obnaa-
CTH, ONpeJeieHHOA HepaBeHCTBAMH

(- 52 < 2axy, x>0,

Pemenwue. [laHnaa mniacruHka, 3aHumawouiasi obnacte D, u3o-
6paxkeHa Ha puc. 21. YpasHenune KpuBoH (x2+y?)2=2axy, pacnoo-

!q\

x

Puc. 21

JKeHHOH B NepBOM KBaJpaHTe, B NOJSIPHOM CHCTeMe KOODJAMHAT, COB-
MellleHHOH ¢ AeKapTOBOH CHCTEMOH, eCTh

r=aysin2¢, 0<<op<< m/2.

B CHIY CHMMETDHH NJACTHHKH OTHOCHTEJbHO 6I/ICC€KTpHCbI nepBoro
KOODAHHATHOIO yria HMeeM

/2 a Vsin 29

é7g3<=e'75§3=pSSx2dxdy=deqa 5 r3 cos® pdr =
D 0 ]

w2 2
_ S sin? 2¢ cos? cpdcp=pa4S sin? @ cost pdg =
4 0 0
_ 0 aTETER)
2 T (4) 32
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ITpumep. Hafizem mMaccy m KoOpAMHATHI lleHTpa MAacc OJHOPOA-
HOH NMJAAaCTHHKH IJIOTHOCTH p, NpeAcTaBJsiollell co60f 3aMKHYTYyIO 06-
J1lacThb, ONpeJeNIsieMyl0 HepaBeHCTBAMH

By <Lby, x—y>0, x—2y<<0, x>0.

Pemenune. O6nacts D, onpenenseMas NaHHBIMU HEPaBEHCTBAMH,
nsobpaxkeHa Ha puc. 22,

Puc. 22

IlepefizeM K NOJAPHHIM KOOpAHHATAM X==r COs(, y=rsing. Tor-
Aa, MOCKOJbKY

< BOC = arctg (1/2), < AOC = nj4,

uMeeM
n/.4 6sing /4
M=pgjdxdy=p S de S rdr=18p S sin? gdg =
D arctg(1/2) 0 aretg(1/2)
=18p (L(p__f‘llﬁ’_) W
2 4 arctg(1/2)
= 18p (i———l———l— arctgi—l— ! ) 9p (arctg ———1—>
8 4 2 2 5 10
| /4 6sing
Xo= o SSxdxdy = % S do g rtcos gdr =
D aretg(1/2) 0
6% “ /4
= f sin® @ cos pdp = A‘; sint @ =
arctg(1/2) arcte(1/2)
_2 1
D arctg L-—-L '
10
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/4 6sing

= L :__p_ 2 of -
Yo v, pS;Sydxdy M S do S r?sin gdr=

arctg(1/2) 0
1 1
oo ¢ Barcy 5 — -
=t sint pdop =
B { it edo Wl L
arctg(1/2) arcig 3 —_ 10

HHorpa mpu pelueHHWH 3ajnau NOJE3HO HCHOJB30BaTh CJelYIOLIHE ABA
yrBep:xkJaeHHsa (teopeMH I'ynbauna):

1. BesnynHa MOBEPXHOCTH, NOJYUEHHOH OT BpallleHHs KPHBO#H OT-
HOCHTeJIbHO He IlepeceKaolllefl ee OCH, pPaBHa HJHHe AYrH 3To#l KpH-
BOH, YMHOXeHHOH Ha JJHHY OKPYKHOCTH, ONHCAHHOH LEHTPOM TioXe-
CTH KDHBOH.

2. O6peM Tena BpalleHHA NJOCKOH (DUrypE OTHOCHTENLHO He Ile-
pecekamwlllel ee OCH, paBeH NPOH3BEACHHIO NJAOIIAAH 3TOH (HrypH Ha
JJIHHY OKDY*HOCTH, ONHCAaHHOH LEHTPOM TSXKeCTH (HUIYpHL.

ITpumep. Ilnomany nmoBepxHocTH S, NMOJYYeHHOH OT BpAlLEHHA
OAHOPOJHOH apKH IHKJIOHIH

L={(x, y):x=a(t—sin¢), y=a(l —cost), 0 <t 2n}
Bokpyr ocu OX ectb

o5t
|S] =2ng @ (1 —cos )Y (1 —cost)?+sin? tdt =

0

64ma?
3

21
= 2na® S 4 sir13-t5~ dt=

IMaomanb urypw S;, orpanuueHHoit kpusofi L u ocbio OX, ectb

1
| 8] =§ a® (1—cos t)? dt = 3na?.
0
Jnuna L ectb

2n y
|L] =2a OS sin—- dt = 8a.

O6bem Tena V, moayueHHOro npu BpalleHHH GUrypH S; OTHOCHTEJb-
Ho ocu OX, ectb

21
V| = na® 3 (1 —cos t)® dt = bna®.
0
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IpuMensiss nepByw TeopeMy I'yabAHHA, AJis HAXOXKAEHHS KOODAH«
HaTH 1) UEHTPa TSXKECTH AYyrH HMeeM COOTHOLIEHHE
o,
4
| 8| =2nn8a, otkyna M= =—a.
16na 3
B cuny CHMMeTPMH H OZHOPOAHOCTH LMKJOHIH HMeeM E=mna. Hrak,
IeHTp TsKeCTH KpuBOH L Haxoaurcs B Touke (ma; 4/sa).
[pumensst Bropyio TeopeMmy [yabAnHA, AJs KOOPAHHATH 1) LEHT-
pa TsxkecTH Guryps S; HMeeM COOTHOLIEHHe
5n2ad 5
=— a.
6n3g? 6

|V | =3na®2nm, otkyga m=

B cuay cMMMeTpHH H ORHOPOAHOCTH Maomanku HMeeM &=mn/a. Urak,
5
LEHTp TsKeCTH QUrypH S| HAXOAHUTCHA B TOUKE (na; ry a).

B rex ciaydyadax, Koria 3apaHee H3BE€CTHO IOJMOXEHHE ILEHTpa TA-
XeCTH, TEOpEMH I“ym:}uma MOXHO HCNOJb30BaTb IJs OIpene/€HHS
nJjolaay NOBEPXHOCTH BpalleHHUsA H ofbeMa TeJa BpalleHud.

PaccMoTpuM, Hampumep, TOp, T. €. TeJjO, OrpaHHYeHHOe MOBepX-
HOCTBIO

x=(a+bcosv)cosu, y=(a-+bcosv)sinu, z=">bsinv, (a>"b).

DTO Teso IOJy4YeHO BpallleHHeM OTHocuTeabHo ocu OZ xpyra ¢
ueHtpom B Touke (a, 0, 0) u panuycom b. LlenTp Macc OKpPYkHOCTH
JIEXKUT B ee LEHTPe, T. e. B Touke (a, 0, 0), nAHHA OKPYKHOCTH €CTb
2nb. CnexoBaTenbHo, no nepsofl Teopeme I'yibauHa mJoliaib mo-
BepXHOCTH TOpa ecThb |S|=4n?ab. LlenTp Macc Kpyra /exHT TaKke B
ero 1eHTpe, T. €. B Touke (a, 0, 0), ¥ IpH BpallleHHH ONHCHIBAeT
OKDYXKHOCTb AJHHOH 2na, nuowaib Kpyra ectb mb2 CienoBaTesbHO,
no sTopo#i Teopeme I'yabauna o6bvem topa ectb |V|=2n?b2%a.

§ 3. TPOMHOM MHTETPAJI. ETO TEOMETPHYECKHE H
MEXAHHUYECKHME NMPHIAOXEHUSA

1. O6mue ceoiicrea. Teopema Pyounn

IIpy paccMOTPEHHH HHTErpPajibHOro HCuHCJAeHHs OGyHKumA f:R3-—>
—R npo6JieMbl, aHAJOTHYHBIE TEM, KOTOpHe OblaM NOAPOGHO mpoaHa-
JIM3HPOBAHH B NpeiHAylleM naparpade aia ¢yskuui f:R2->R, pas-
6upatorcss Gonee Gerso, 4yTOGH 3a0CTPHTL BHHMaHHe Ha OCOGeHHO-
cTAX HMeHHO TpofiHoro uHTerpana. ®ymkunmio f:D—>R, DcR® Gynem
o6GosHauarb f(x, ¥, 2) 4 1o Gosbliell yacTH He OyieM CIENHAJbHO Oro-
BapHBAaTb, YTO PACCMATPHBAEMOE MHOXKeCTBO D JIeXHT B RS,

daxTHYECKH aHAaJH3 TPEXMEPHOro HHTEerpaJja Majo yeM OTJHYaer-
€A OT aHa/ju3a N-MepHOro MHTerpaja AJs HPOH3BOJBHOTO n>>3, TaK
KaK HarJsJHbHe reoMerpHuecKie NpeICTaBJeHHs B OCHOBHOM YyCTyma-
IOT MECTO aHaJHTHYECKUM COOTHOLIGHHAM.
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HenocpencTBenHo h3 omnpeneseHHuss TPOHHOTO HHTErpania CHeRyerT,
aro ecau [R (D) u mHOXKecTBO D CHMMETPHYHO OTHOCHTENbHO ILJIOC-
koctu XY (XZ, YZ), 10 u3 paBeHctBa f(x, y, 2)=f(x, y, —=2)

(f(x’ Y, z)=f(x, —Y, 2), f(xv Y, z)=f(—x, Y, 2))
CJelyeT, 4To

§3§1 60 9, 2 dedyde=2 (§§7 (v, 9, 2 dedydz
D tD‘

rue
D,=DN{(x, y, 2), =0},
(Dy=D0{x, y, 2), y=0} Di=DN{(x, 4, 2), x=0}),
a M3 paBeHCTBa

f(xn Y, Z)=—f()€, Y, ———Z)
(f(xv Y, z)=-—f(x, —Y, Z)’ f(xv Y, z):_f(_xv Y Z))

CJEAYeT, UTO
F (s, gy 2)dxdydz—0,
S;g x, y, 2)dxdy

Briunc/eHHe TPOWHOTO WHTErpaja NMPOU3BOAUTCHA C MOMOUIBIO TEO-
pemu ®y6unu (cM. c. 11). INpocrpanctBo R® mpexacraBniserca Je-
KapTOBHIM IIPOM3BEJEHHEM IBYX INPOCTPAHCTB MeHblled PasMepHOCTH
aByms cmocob6amn: R3=R!XR? u R3=R?XR!. Tloxpob6no paccmor-
pUM TpeACTaBJEHHS R*=R{.., X R%z) u R*=R{; X Rixy), NOCKOIb-
Ky BCe OCTajbHble BAPHAHTHl NpeACTaBJeHHA R? mosydaiorcs H3 3THX
JABYX NepecTaHOBKOH oGo3HaueHuii oceft xoopaunar. Chopmyanpyem
teopeMy QDyOuHH LJs paccCMaTpHBaeMbiX TpPEACTABJEHHH B mpocTei-
UIMX YCJAOBHSX Ha MHOXKECTBO HMHTETDHPOBAHHMS H HHTErPHPYEMYIO
GyHRIHD. 32 UCKAIOUEHHEM eJIHHHYHBIX CyuaeB, MMEHHO 3TH YCJIOBHS,
JLONOJIHEeHHBle CBOMCTBOM AaNJHTHBHOCTH, NPHMEHSIOTCS MJs BHYHCIE-
HHI.
Teopema Oy6uHu (418 TpeACTABJICHHS R®=R{:.y X Rin).
Ilycrb D, <= R}.,,)— 3aMKHyTOe 3KopaaHOBO MHOXecTBO, @;&C (Do),
qMECA(DO):

(Pl(x’ y)<cp2(x7 _1/), (x1 y)EDO’ D={(xv Y, z):(x, y)EDO’
(pl(xs y)<z<%(x, y)}! fEC(D)

Toraa
f égf(x, Y, 2) dxdydz=SD§ dxdy:((gz:f(x, g, 2)de.
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OTMeTuM, YTO IpPH AAHHHX YCJOBHAX MHOXecTBO D KOpZaHOBO
@3(x,5)

{(cM. cBofictBo 4 c. 8), uHTErpan K f (x, y, 2)dz npencrasasier

91(%.,9)
coGoil HenpepHBHYIO ¢yHKuuio Ha D, caenoBarejbHO, BCe HHTErpa-
JIbl, BXOASAIIYE B PAaBEHCTBO, HMEIOT CMBICJ.
I[MTpumep. O6macts D orpaHuyeHa IJIOCKOCTAMH

x=0, y=0, x+y+z=a, x+y—2z=a
BriuncauM TpofiHOA HHTerpasn

SSS x.:y - dxdydz,

HOJb3YsICh €ro NpeAcCTaB/JeHHEM B BHAE

@s(x,4) X + y
o § e
Qi(x,y)

Pemwenue. Hafinem cucreMy HepaBeHCTB, KOTOPOH YAOBJETBOPS-
10T KoopAHHATH Touek M(x, y, 2)eD. Ilnockoctn x+y+2=a u x+
+y—=2=a nepecekaroTca No npsaMod x+y=a, =0, cjeroBaTeNbHO,
anst touek M(x, y, 2)D win x+y>a u —(x+y) +a<z<x+y—a,
g x+y<a u x+y—a<z<a—(x+y), uHaue OfHA U3 MJOCKOCTEH
x+y+2=a, x+y—z=a OKaxercsi B YCJOBHH JHmiHeH. YcJoBus
x+y>a, a—(x+y)<z<x-+y-—a npu mo6oM YyCIOBHH Ha 3HAK KOOP-
JIHHAT X H Y ONpelessiloT HeorpaHHYeHHYI0 06JacThb, CJef0BaTeJbHO,
IJIST XapakTepuUCTHKH KoopauHat M(x, y, 2)=D HyxHO B3fTb Hepa-
BeHcTBa x¥+y<a, x+y—a<z<a—(x+y). Ecan npu stom xors OH
OZHA H3 KOOPJAMHAT X WJH Yy OTpPHLATEJbHA, TO ONSTh MOJyYaeM He-
orpaHuueHHyo obaactb. Hrak,

D={x, 9, 2), (x, y)& Dy, x+y—a<z<a—(x4y)
rie

D,={(x, y), x>0, y=>0, x+y<<a} (cm. puc. 23).

IIpuMensia TeopeMy DyOunu, nosyqyaem, uro

(e O

- [ e ) [

a—-(x+y) dx dy=
= < _*ty
= — ig (x -+ y)arctg (1 . ) dxdy.

x+y—a

4
~1



Tlpumensisi teopemy Py6buHH K 1BOHHOMY HHTerpany, moJydaem, 4To

-i—SS (x+y) arctg (1 — x—':—y——) dxdy =
D,

Pue. 23

Hanee,

a—x

2 5 (x+y)arctg<1 _x_;{—y_) dy=S2t arctg (1 — iﬂ-) dt =
(] x

= t”arctg(l —-%) z+f-ﬂ%)7dt=—x”arctg(l —_ «E—)-I—

+a(@—x)—a?ln (1 + ( a;x >2) ,

¢ x3 XN a—x \2 —
(5[(a—x)———a—arctg(l a) aln(l-}-( - ))]dx

1
aS[at—-a(l—t)zarctgt—aln(l + )] dt =
0

A—=0° 4__
e dt

1
Y I () l‘_LS
a[2+ 3 arctgt9 30
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\‘(t+9)dt~1n2+

L
—_
=)
—~~
—
—+
~
B
-+
e L
=
| S——
|
Q
-
L omeamunny |
v |~
+
0 | =

(=¥ ]

Teopema ®y6uHH (15 npeacTaBaenns  RP= Rz X R(x 0)-
[Tycts D — o6uacTh, orpaHuyeHHast KYCOUHO-TJIafKOH 3aMKHYTOH TO-
BepXHOCTbIO Ge3 camonepeceuenn#i, u f=C (D). Torna

q
.y, 2)dxdydz—=( d .y, 2)dxdy,
”)Sf(x y, 2)dxdydz ;z,&{f(x y, 2)dxdy

rie uHTEpBaN (p, ¢) ecthb oproroHaspHas npoekuus D na ock OZ;
Dyy={x, y, 2): (x, y, )= D, 2=2,} ecrb nepeceuenne D ¢ mioc-
KOCTbIO 2=2; (ceuyeHHe D TrOpPH3OHTaJbHON IJIOCKOCTBIO 2=2;).
OrMeruM, yTO IPM JAaHHBIX YCJIOBHSX MHOXecTBa D, ze(p, q)
OrpaHHYeHB KYCOUHO-IJIaJKHMH 3aMKHYTHIMH KDHBHIMH 06e3 caMore-
peceuenuit (cBs3Hocth D, He o6f3aTenbHa), CAENOBATENbHO, ABJISIOT-
Cfl XKOPJAHOBBIMH MHOXECTBAMH TaK XKe, Kak M o6nactb D (cM. cBofi-

ctBo 6 c. 8); uHTerpax f(x, y, 2)dxdy npexcraBisier HHTErpu-
p

pyemylo (Heo6s13aTenbHO HereprBHyIO) ¢ysxkuuo Ha (p, q), caeno-
BATEJbHO, BCe HHTErpaJibl, BXOJSIHe B PaBEHCTBO, HMEIOT CMBICJ.

I[Tpumep. O6nactb D orpaHuyena uumauHApaMH x2+422=a? H
y?+ 2%=q?. Bruucaum tpoiinofi unTerpan

dxdydz
SSS 24z

Pewmenune. TIlonwmurerpanbnas ¢yukuus f(x, y, 2)=1/(2a+2)
3aBHCHT TOJIbKO OT nepeMeHHOH 2. IlpencraBum naHHBIA HHTErpan B

1
BHIE Sdz ngdxdy' Tak kak orpaHuuenHas o6aactb D Je-
p D

XKHUT BHYTPH OOOHX IHUJHHADOB, TO KoopAHHATH Touek M(x, y, 2)&D
YAOBJETBOPAIOT HepaBeHCTBaM x2+22<a?, y?+22<a? (puc. 24,a).

Orclona nosyyaem, 4To OpPTOroHaJbHOW Npoekuued D Ha och OZ siB-
JseTcsl HHTepBaa (—a, a) u

D={(x, y, 2): —a<z<a, (x, y) =D,},
e

D,={(x, y, u):u=z, |x|<V &—2, [yl<V a"— 2}
(cM. puc. 24,6).
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Hrak,

SSS _dxdydz §dz SI dxdy
2a 42 2a+z
-a D,

BeJsmunHa “dxdy ecTb MJollaab Ksagpara D, cirenoBaTenbHo,

D,
S dz Sdedy:fl S i A P
2a+4 2 2a -} 2z
—a Dz —a
=4 f(?a—z)dz—lQaz \g dz = 4a? (4—3 In3).
Do 2a4-2
—a
z
yw
a
// 2= 22

N
\

_
07/// T

FEa=—AnA y Va2
—r= /
~Va2-72
-a
x
a J

Puc. 24

Ilpumep. TpofiHo# uHTerpadn KSSf(x Y, 2)dxdydz, rpe D —
D
o6aactb, OrpaHHueHHas moBepxHocTAMH a(x2+y?)=xz(a—z2), xz=

=ay, yz=ax U cojepxkamas touky Mq(a/8, a/12, a/2) u [=C(D),
NpPEeACTAaBHM B BHIE NOBTOPHOIO!

fdz ng(x, Y, 2)dxdy.
» D

Pemenue. Koopaunate xo=a/8, yo=a/12, 2y=a/2 Toukn M,
YAOBJIETBOPSAIIOT HEpaBeHCTBAM

a (xg‘i'y%) <x2,(a—2y), X2 <alYy, Yo2o<axo.
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CaenoBsatesbHO, AUt KOOPRUHAT X, Yy, 2 JI0GOH ToukH H3 obaactu D
JOJI3KHEl BHIOJIHSITLCS] HEP aBEHCTBA:

a4yl <xz(a—2), x2<<ay, yz<ax.

Tak Kak neBass yacTb IepBOro HepaBeHCTBAa HEOTPHIATeabHA, TO OT-
cloaa noayuyaeMm, yto uian 0<z<<a u x>0, uau

2e(—oo, O)U(a, +o0) u x<<0. Yenosua x <0, 2<<0, x2>ay,
yr<<ax u x<<0, 2>a, x2<<ay, yz<<ax

onpenessiloT HeorpaHHYeHHbie 061aCcTH.
CuaezmoBaTednbHO,

D={x, y, 2): x>0, 0<2z<a, a(x*+ ) <xz(a—2), xz2<<ay,
yz << ax}.

Orcoona BUAHO, YTO oproroHasbHofi mpoekuued D Ha och OZ siBisier-
csi untepBan 0<z<a. Quxcupyem z,(0, a), Torna nepeceueHuem
ob6nactd D ¢ ropH30HTaNbHOH TMJOCKOCTBIO 2=2, SIBJISETCA IJIOCKas
obaacTb

Dy ={(x, 9, 2), 2=2,, a(x*+¥*) <x20(a—20), ¥2,<ay, yz,<ax},

2o (@a—2)
T. €. 94aCTb Kpyra C LEHTPOM B TOYKeE —_——

2
, % (a—2) c —=
COM "‘—'—"‘2"——', Jexamas B NJOCKOCTU 2=2y MeXAy NpAMBIMHK

, 0, zo) H pajnuy-

X2p=ay u yzo=ax (cM. puc. 25). Hrak,

'(ij(x, Y, ?) dxdydz_-—_fdz ij(x, y, z)dxdy.
b 8

D,

Y\ yz,=ax

Puc. 25

[Tpumep. Buuncaum TtpoitHO# HHTErpan S” 2dxdydz, r,ué D—
b

o6s1aCTh, OTpaHHYEHHAsl YaCTAMH IJOCKocTell 2=0, 2=a, 2=3a,
yacTelo mapabosnonna az+ (x2-+y?)=2a? nexameli MeXAy IJOCKO-
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<TAMH 2=0 H z=a H 4acTbi0 KoHyca 2?=3(x2+ y?), nexamei

MeXay
AJIOCKOCTAMH 2=a H 2=3a (cM. pHc. 26,a).

Z, % Z}‘

a3

mwa’
— na’
- 3
¥ [} Z
x a g

Puc. 26

Pewenne. M3 ycnosus BHAHO, uTO oOprOroHasbHON NpoeKuueil
o6aactu D na ocb OZ siBnsiercst unrepsan (0, 3a), a ropusoHTanbHASA
TIJIOCKOCTb 2=2; Nepecekaer D no Kpyry, paauyc KOTOPOro paBeH

V3i—az pa 0<z<<a u z/¥3 nna a<<z<3a. CnenoBaTesbHO,
@ (2) =szdxdy=z B dxdy =

D, D,

nz(2a?—az), 0<z<a;
nz3/3, a<Lz<<3a.

OGynxuusa P (2) paspuBHa B Touke 2=a, HO HHTerpupyeMa Ha (0, 3a)
{cM. puc. 26,6). OkoHyaTenbHO,

3a a 3a
t— = — AL ==
Sgg 2dxdydz OS D (2)dz § (2na*2—maz?) dz + § dz

3

4 4 4
= nat— na + 27na L 22 nat,
3 4 12 3

3anuueM ABOHHOK HHTerpaj B IPEeJACTABJEHHH TPOMHOIO HHTerpa-
J1a Kak nosropuui. Torjaa TpofiHOH HHTerpax

Pa(x,4)

SSfﬂx, Y, Z)dxdydz=SSdXdy S fx, y, 2)dz=
D Dy

¢ (1,5

] D

= S'dszf(x, Y, 2)dxdy
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NPEeACTAaBUTCS B BUJAE TPEX MOCJAeNOBATEJNbHBIX OXHOMEDHBIX HHTErpa-
JIOB:

Sggf(x, Y, 2) dxdydz:fdxmiﬂ dywi’y)f(x, Yy, 2)dz=
D

2 g elny

d x3(y) [ NEN)] x3(2) ys(x,2)
=.(dy S dx g f(x, v, z)dz—Sdz (dx g fr, y, 2)dy =
e nly ey P ;2 Bilx,2)

1 iz x3(y,2)
= Sdz 5‘ dy K f(x- Y, z)dx,

P O N AT )

rae Xi, Yi, @i, i=1, 2, — HeKoTOpHle (GYHKIUH COOTBETCTBYIOUIHX ap-
TyMEHTOB.

Hcnonb3sysi npeacraBiieHus R}*=R{,» X R(x) u R® = Rin X Ry,
noJyyaeM ellle JBe BO3MOXKHLIE MOC/AEN0BATENbHOCTH OTHOMEDPHEIX HH-
TerpaJjos:

d z,(‘y) x3(y,2) b Z,(x) vs(2,2)
de § dz S fx, y, 2)dx, de S dz S fx, y, 2)dy,
¢ 2,(y) x1(y,2) a z1(x) #1(x,2)
rAe 2i, %i, Yi — HEKOTOpHE (YHKUHH COOTBETCTBYIOUIHX apryMeHTOB.

KaxaoMy  TakoMy INpeACTaBJeHHMIO  TPOHHOrO  HHTerpaja
S“f(x. Y, 2)dxdydz cooTBeTcTByeT onpeleneHHas ¢opma 3anHCH

ycnoaaﬁ Ha KoopauHaTH Touek M (x, y, 2)eD:

D={(x,y,2):a<x<b, 1 (0)<y<<ya(0), 01 (%, ) <2< g (x, )
D={(x,y, 2):c<y<d, 5 () <x<x3(y), 01 (%, Y <2< (%, H))s

D={(x,9,2):p<z<q 51 Q)<x<x(2), 4y (v, <Y<y (x, 2}
D={(x,9,2):p<2<q 11 (<y<y:(2), 1y, 2)<x<xa (4, 2
D={(x,y,2):c<y<<d, 21(9) <22 (y), 51 (9, )< <% (9, 2}
D={(x,y,2):a<x<<b, 2 () <<2 K5 () v1(x, )<y<yp (v, 2},

H, Ha06OpPOT, 3aMUCh TPOHHOrO HHTerpasa B BHJAE TPeX IOCJIelOBa-
TeNbHHX OJHOMEPHBIX CHpeJeJisieT COOTBETCTBYIOIIHE HEpPaBEHCTBA Ha
KOOpAHHATH TOYEK MHOXKECTBa, 10 KOTOpOMYy Gepercs HHTerpaJ.

IlpencraBieHde TPOHHOrO HHTerpaja B BHAE INOCJEJOBATEIbHOCTH
TPeX OXHOMepHHX 6yneM Ha3biBATb PacCTAHOBKON NpenesoB B TPOH-
HOM MHTerpaJe. IIpu 3ToM, Kak H B JBYMEpPHOM CJyuae, MOApasyMe-
Baercs TpeGoBaHHe, YTOOH (QYHKUHH, ONpefensiolue TPaHHUH OJHO-
MepHHIX HHTErpaJjios, OBUIH IVIaJAKHMH.,

83



Kaxpasi mocsiefoBaTeNbHOCTb OJHOMEPHHIX HHTErpaos, Tpea-
CTaBJsollas AaHHBIH TPOHHOH HHTerpaJj, Moxer ObITb NOJyYeHa ABY-

b ya(x)
M3 nytsimu. PaccMoTpuM, HanpHMmep, HHTerpasn g dx dy X
a yi(x)
@s(x9) '
X S f(x, y, ?)dz. Takasg nocaeZOBATENBHOCTb OJHOMEPHHIX HHTE-
Qs(x,y)

TPanoB NoJiydaeTcss U3 NMOBTOPHOro HHTErpaJa
q))(x-y)
(Saxdy § 7(x, 9, 9de=({ O, y)dxdy
bo Qi(%,y) Do

fipM NOpeACTaBJeHWH JABOHHOIO HHTerpaja XS D (x, y)dxedy B Buge

D,
b Ya(x) b N
dx S @ (x, y)dx ¥ U3 NOBTOPHOIO HHTErpana de “ f(x, y, 2) dydz
a yi(x) a bx
TpU TNPEACTaBJECHHH JABOMHOTO HHTErpana SS f(x, y, 2)dydz B BUHLE
D

Bt 0y *

dy § Flx y, 9z
41(x) Pi(x,y)
STa ABOHCTBEHHOCTb HO3BOJIET CBECTH pellleHHe 3aAayd NepecTaHOB-
KH TOpsiika MHTErPHPOBAHUS B TPOMHOM HHTerpaje K MepecTaHOBKe
Nopsiika WHTErPHPOBAHHS B JBOHHOM HHTerpajie, MeHsis MeCTaMH JiH-
60 mepsbie JBe, Au60 TOCJAefHHE ABe U3 TpeX KoopauHat. IIpemmyuie-
CTBO TAKOTO METOJd B TOM, YTO pellleHHe 3aJayd NMepeCcTaHOBKH Mpe-
JIe0B HHTErPHPOBaHHS B [BOMHOM HHTerpase cyllleCTBeHHO obnerua-
€TCSl HArJISJHBIM TeOMeTpPHUeCKHM IpeJCTaBJEeHHEM COOTBeTCTBYIOLIe-
IO MHOXeCTBA Ha IIIOCKOCTH, a4 reoMeTpHiecKoe H3o06parkeHue Ipo-
CTPAHCTBEHHOH 06J1aCTH Ha NJIOCKOCTH CTPAHHLB HJHM JOCKH M3-32 He-
130eKHBIX HCKa)KeHH# uvacro He obJieryaer, a 3aTpyAHsieT Iepexof
¥ HY>XHBHIM HEPABEHCTBaM Ha KOODIMHATHl TOYeK paCCMaTPHBAEeMOro
MHOKeCTBa.

[Ipumep. PaccraBum npepesnl HHTErPUPOBAHHS BO BCeX BO3-
MOXHBIX NOpSAJKax B TPOHHOM MHTerpaJe E“f(x, Y, 2)dxdydz, rne

D

D — o6mactb, orpaHHueHHAas NOBEPXHOCTAMH ¥x=0, x=a,

y=0, y=Vax, z=0, z=x+y, f=C(D).

Pemexnune. JlanHbe NOBEpXHOCTH fABJAIOTCA IPaHHILIAMH OrpaHH-
yeHHOH obnacTH

D={(x, 9, ?:0<x<a, O<y<Vax, 0<z<x+y}
U3 storo npexncraBienusa 061acTu noxydaem, 4to

a Yax xly

a) S§§f(x, v, z)dxdydz=§dx og dyog i(x, y, 2)de.
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3anuuemM:

D={(x, y, 2): (x, y) =Dy, 0<z<x+y},
[ 9: (]

Dy={(x, y): 0<x<a, 0<y<Var)
M

D={(x, y, 2): 0<x<a, (y, 2)=D,},
rae

D,={(y, 2): 0<y<Vax, 0<z<x+y}

DTUM npeicTaBieHAsM D COOTBETCTBYIOT NpeJCTaBJEHHS TPOHHOrO
gHTerpana

SKS f(x, y, 2)dxdydz = Sgdxdyxgyf(x’ y, 2)dz= SS @ (x, y)dxdy
b Do 0 De

21

§33 76 o, 2 dxdde—?de(x v, 2)dydz.

0

Yro6nl  H3MEHHTL  TOPSAOK  HMHTErpHPOBaHHA B HHTerpane
SS(D(x, y)dxdy, cpenaem ueprexx MHoXectBa Do (cM. puc. 27),

OTKyAa noayuuM, uto Dy={(x, y): 0<y<a, y*/a<<x<a} m, caeno-
BAaTeJIBHO,

. . *+y
6) S‘“f(x, Y, z)dxdydz=xgdxdy 5 f(x, y, 2)dz=

a

fdy g f(x Y, z)dz—\’dygy X, y, 2)dxdz,

0 yi/a

TIe
Dy={(x, ) Pla<x<a, 0<<z<<x+y}.

¥
VE
.
0 // /A z
a x
Puc. 27
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Cmenaem ueprexk mHoxectBa D, (cM. puc. 28). HUs 3rtoro uepre~
Ka MoJyyaeMm, 4To

D,={(x, 2): 0z <<y +ya, yla<x<a}l
U {(x, z)=y+—y;—<z<y+a, z—y<x<a}

H, CJEJ0BaTeJbHO,
B) “‘S‘f(x, Yy, z)dxdydz=§dyy+§’/adz ff(x, Y, 2)dx+
D 0 0 y/a
+ gdy hr dz Sa fx, y, z)dx=“dydz f f(x, y, 2)dx+
ytyt/a  z—y De w/a
+ [(dyd j f(x, y, 2)dx,
.

22—~y

rae
Dy={(y, 2): 0<<y<<a, 0<<2<<y + y%/a},

Dy={y, 9:0<y<a, y+y/a<z<y+a)-

T=z+y

Puc. 28

Cnenaem ueprexx MHOxectBa Do (cM. puc. 29). M3 3toro uepre-
Xe ToJyuaeM, uTo

Dy={(yg, 2): 0Kz 20, y(5)<<y<<a),
rae y(2)= % (1/a2 +4az — a)—pemwenue ypaeuemis y® -+ ay — az=0,
YAOBJIETBOPAIOILEE YCA0BHIO ¥ (2) = 0.
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Cae0BaTeJbHO,

Sdedz Q f(x, v, z)dx—;dz f dy ( f(x, y, 2)dx.

y*/a 0 y(2) y*/a

Cnenaem ueprex muoxectBa Do* (cm. puc. 30). M3 storo uepre-
3Ka MoJy4aeM, 4To

Do={(y, 9:0<2<<a, 0<y<y(PU
U, 29 :a<<z<<2a, 2—a<<y<<y(2)}

az=ay+y?
Zy ’ )
Z=Y+ = 2=y+a
20f——— Ly
|
a 4 =
4 |
z -7 7 :
)
1) a 7
Puc. 29 Puc. 30
®, CAeJ0BATEJbHO,
a a y2) a
(Cdydz § fx, g, 9ydx=(dz § dy [ fx, v, )art
D; 22—y [*] 6 22—y
22 y(z) a
+\dz \ dy \ [(x, y, 2)dx.
aS z§a z§y

O6benuuss nonyyeskble paBeHCTBA, MOJyYaeM, 4TO

r) Sggf(x, 9, z)dxdydz=Sdedz g f(x, y, 2)dx +
D D,

yi/a
a

+ Sgdydz f fx, v, z)dx=2§adz j dy f f(x, y, 2)dx+

0 t3
. y(2) ¥/a

¥(z) 2a y(2) a

+Sdz { dy S e, g 2)det Yo § dy § Fen g, 2.

—a  a—y
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BosbmeMm Tenepb paBeHCTBO

576 0 o . e

e D,={(y, 2): 0<y<<Vax, 0<z<x+g} U CHeJlaeM uYepTex
mHoxkectBa Dy (cM. puc. 31). M3 atoro yeprexa noaydaem, 4to

D,={(y, 2): 0<<z<<x, O0<Sy<<Vax}U
Uy, 2 x<z<x+Var, z—x<y<Vax)

z‘r
=%
b ———
7
4,
0 p o
Puc. 31 Puc. 32
H, CJen0BaTeJbHO,
a x Vax
1) S:)Sf(x’ Y, z)dxdydz:degdz g F(x, y, 2)dy +
h>) 0 0 0
a x4} Vax Vax Vax
-i-jdx j’ S f(x, y, 2)dy= wdx‘dz . f(x, Y, 2)dy +
0 X z—x 0
Vax
+ dexdz 5 fx, y, 2)dy,
D(; z—x

rae
Dy={(x, 2): 0<<x<Ca, 0<<2<<Cx})
H
Dy={(x, 2): 0<x<a, x<z<x+Vax).

Crenaem ueprexx MHOXKectBa Dy (cM. puc. 32). M3 storo yeprexa
noJyyaeM, 4To

Dy={{x, 2): 0<<z<<a, z2<<x < a}
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H, CJIEJJ,OBHTEJIBHO

a Vax
.”dxdz S fx, y, 2)dy = Sszdx j f(x, y, 2)dy.
0
Cnenaem ueptexx MHOXectBa Do* (cM. puc. 33). M3 storo uepre-
¥a ToNyyaeM, YTo

Dy={(x, 2): 0<<z2<a, x () <x <2} U
Ulx, 9 a<<z<2a, x()<<x<a},

rae x(2) =-5—(22 +a— Va?+ 4az ) —peienue ypasuenua x-+ ) ax=:

Puc. 33
Cenopare/bHO,
Vax 2 Vax
dexdz j' fx, y, 2)dy= Xdz 5 dx X f(x, y, 2)dy+
DO 2—X x(2) 2—Xx
a Vax
+5d25 dx I fx, y, 2)dy.
x(2) 2—x

OObefHHAA MOJyUYEHHbIE PABEHCTBA, MOJAYYaeM, YTO
a Vax

€) SSSf(x Y, z)dxdydz—-sdz‘xdx j‘ fx, y, 2)dy+

a z Vax

a Vax
+(dz { d (v, 4, 2)dy+(dz | d . 4, 2)dy.
ojz“jz)xzj_xfxyZ)y agz x § P g, 2)dy

x( 7) ZX
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PagenctBa a), 6), B), r), A), €) U LAIOT BCe BO3MOXKHHE BapHaH-
Thl PacCTAaHOBKH IIpeleJIOB HHTEIPHDPOBAHHS B DPacCMaTpPHBaeMOM
TPOHHOM HHTErpagne.

ITpumep. Pyukuua f=C(D), rae D={(x, y, 2):0<x<a, O0<
<Y<x, 0<z<y). [IpoBepum paBeHCTBO

jadxfdyff(x, Y, z)dz=<ld2 ady ff(x, y, 2)dx.
o6 6 0 6z Y

Pewenune 3amaua cBOJUTCT K H3MEHEHHIO NMOpsAKA HHTETPHPO-
BaHHUsA B TPOHHOM HHTerpate. Ecii npoBOAHTb pellieHHe METOAOM Ie-
PECTaHOBOK COCeJHHX NepeMeHHBIX, KaK B NpeJAblIylieM INpHMepe, TO
norpebyercs cienaTh TPH NEePECTAHOBKH: XYy2—-yxz—»yzx—>2yx. B nau-
HOM CJyuyae, KOIAa NPOMEXYTOYHHE IIePeCTAHOBKH HAC He HHTepe-
CYIOT, a YCJOBHsS Ha IepeMeHHHle X, Y, 2 HOCTATOYHO NPOCTH — BCE
HepaBeHCTBA JHHEHHH, — MOXHO INIPOBECTH HYXHYIO IepecCTaHOBKY
aHAJIHTHYECKH, He NpHOeras K reoMeTpuuecKuM coobpaxkenusm. Ief-
CTBHUTEJIbHO, H3 COBOKYIHOCTH BCEX TPeX HepaBEHCTB CJeAYeT, 9TO MH-
HHMaJIbHOEe BO3MOXHOe 3HauyeHHe 2 ectb 0, MakcuManbHOe — @, T. €,
0<{z<a. M3 nepBHIX ABYX HEDABEHCTB MOJYyYaeM, YTO MaKCHMaAbHOe
3HauyeHHe y €CTb @, a M3 TPeTbero,— YTO0 MNPH (UKCUPOBAHHOM 2
HOJIXHO OHT 2<Yy, HTAK, 2<y<a. HakoHen, U3 mepBoro u BTOPOro
HEepaBeHCTB cJeayer, uTo y<sLx<<a. Urak,

D=((x, y, 2): 0<z2<a, 2<y<a, y<x<a}

H, CJIeJOBAaTEJILHO,

a X y
HS f(x, y, 2)dxdydz = B dx Kdy Y}(x, Yy, 2ydz=
iy § o o

’H a a
=Sdz5dyjf(x, y, 2)dx.
0 z y

XapakrepHble OWHOKH B pelIeHHH 3aJau Ha pPacCTaHOBKY MNpeje~

JIOB HHTErPHPOBAHHUS Te XKe, 4To OBIH mojapo6HO pa3obpaHbl Npu pac-
CMOTpEHHH ABOHHOrC HHTerpasa (cM. c. 41).

2. 3amena nepemenHbix. Ilepexon K HHAMHAPHYECKUM,
chepryeckuM U 006001IeHHBIM c(hepUYECKUM KOOPAMHATAM

Taxk e, Kak 4 B JBOHHOM HHTErpaje, OCHOBHOH npo6/eMoft mpu
3aMeHe IepeMeHHBIX B TPOHHOM HHTerpaje $BJAETCS HAXOMXKAeHHe
MHOXKECTBAa 3HAaUeHHH HOBBIX TNlepeMEeHHBIX.

ITpumep. Buunucaure unrerpan dupuxie

S j g xPy?" (1 —x —y—2)°* dxdydz,
D
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tae D — obaacrb, orpaHHueHHas IJIOCKOCTAME X+y+2=1, x=0,
y=0, 2=0, nonaras x+y-+z=u, y+z=uv, 2=uUvw.

Pewenwue. JlauHble ueThipe IVIOCKOCTH SIBJSIOTCS —T'PaHHUAMH
OrpaHHYeHHOTO muoxectBa D ={(x, y, 2), x=0, y=0, z2>0,x+y+
4+2<{1}. Tak Kakx MuUHUMAaJbHble 3HAaYeHHS: X, Yy H 2 paBHH 0, TO H
MHHHMaJbHHE 3HaueHus u, v U @ paBHH 0. I/Ia COOTHOWIeHHHA X+ Y+
+2=u, x+y+2<1 caenyer, uro u<1. Tak Kak MHHUMAaJbHOE 3Haye-
HHe X paBHO 0, TO NpH QUKCHPOBAHHOM 4 MaKCHMAaJbHOE 3HAYEHHE
Y+2 paBHO 4, OTCIOZIa U U3 COOTHOIIEHHS Y-+ 2Z=UV CJelyeT, YTO MaK-
cHMaJbHOe 3HaueHuwe v paBHO 1. Tak kak MUHHMAJbHOE 3HAUeHHE Y=
=(), TO MakKcHMaJbHOE 3HaueHHe 2 NpH (QHKCHPOBAHHHIX U H U PABHO
4V, OTCIOAA H H3 COOTHOLIEHHS Z=4UW MNOJy4aeM, 4TO MaKCHMaJbHOEe
8Hauesue w pasHo l. Mrak, toukam (x, y, 2)D cooTBETCTBYEeT MHO-
XKecTBO Touek (4, v, W): Dl._{(u v, w): 0oL, O0<Cux], 0K
<w<l}. Bupaxasa x, y, 2 yepe3 u, v, W, NOJAydYaeM, YTO 0T06pa>xe-
Hue @:D=>D ectp x=u(l—v), y=uv(l—w), z=uvw. fxobHaH ¢
paBeH

l—v —u 0 l—y —u 0 1 0 O
V— oW U—UWw —uv | = v u Ol=lov u O]|=u
vw uw uv VW uw uv W uw U

BuekrusHocTh OTOGpaKeHus ¢ Hapywaercs Ha pebpe y=0, z=0, O<

<x<1 nupamuau D, npu stom ToukKa x=0, y=0, 2= 0 Asasercs 06-
pasoM kBajpara: u=0, 0<v<l, O<w<], a Touka x=x,>0, y=0,
2=0 — o6pa3oMm orpeska u=x,, v=0, O<w 1. IlpumeHas BTOpYIO

TeopeMy O 3aMeHe TnepeMeHHbIX B KpaTHOM HHTErpaJe, I0JydaeM,
910

SSSx"yqz’ (1 —x—y—2)°dxdydz = SSSu" (1 —v)? u® X
D D,

X (1l —w)yfuvw (1 — u) utvdud:dw =
1 1 1
= ju»+a+r+2(1 —uy duSv”"i'l(l—v)p dvgw’(l —w) dw=
0 0

9

1 1
= Sw’“‘f'H'H'2(l——u)s du S B(r+1, ¢+ 1)ovttrti(1 4-v)’ dv* =
0 0

1
* Bera-pyuxuua diynepa B (x, y) =S =1 (1 — )7 dt cpasana ¢ ramma-gyn-
]
I'(x) T (y)
EnEell coorHowendnem B (x =
* 9 ="TGry
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1
=B(r+1, g+ ) fwterte(l—uyB(g+r+2, p+ 1 du=

=B(+1, ¢+ 1)B@g+r+2, p+)Bp+gt+r+3, s+1)=
_ T+ DT+ Yr@g+r+2T(p+ HI(p+g+r+3HP s+ _
T(r4+qg+2)T(gtr+p+3)T(p+gtr+st+4)
T+ DI+ )T+t
P(p+g+r+st+4)
3aMeuaHue. le/l BBHIYUCJICHHH HHTErpana

Q § g w42 (1 — ) v+ (1 — o) o (1 —w)? dudvdw

MH 110Jb30BAJUCh T€M, UTO MHOXHTEJH, He 3aBHCALIHE OT IepeMeH-
HOH MHTErpHPOBaHHSA, MOXKHO BBIHOCHTb 3a 3HaK COOTBETCTBYIOLIEro
HHTErpaJa 1o 3Toil epeMeHHOH.

PaccmoTpuM HauboJsiee 4acTO NpHMEHsIOMIHECS NpPeo6pa3oBaHUS
nepeMeHme B TPOHHOM HHTerpawge.

. I'pannnamu mEoxecTBa D sBJAAIOTCA NMOBEPXHOCTH YPOBHS TpeX
HeBaBHCHMbIX oyurumi @i (%, y, 2)=a; u @i(x, y, 2)=by, i=1, 2, 3.
Torpa

D={(x, y, 9):a, <@, (%, y, )<Kby, K< Palx, Y, )<Dy,
a3<q)3(x1 Y, Z)<b3}

u oto6paxeHue P:u=qi(x, ¥, 2), v=02(x, ¥, 2), w=@s3(x, y, 2) pery-
aspHo. B aTOM cayvyae mepexoa K NepeMeHHBIM u, U, W NEPEBOAUT
MHOXKecTBO [) B NIpOMEeKYTOK

I={u, v, W) :a, <ULy, A <Cv<b,, ag<KW< by}
H

§§§7 ¢ v, 2 dedyaz= §> (£ @ v, ©)]%|dudod,
D

rie
i‘(ur Y, w)=f(x(u, v, UU), y(uv v, w), Z(Lt, (D w))

H }— SIKOOHaH OTOGpaxKeHHR |~
ITpumep. Buuncnum tpoiio#i uurerpan

SSS d+1 dxdydz,
b *

rae
D={(x, y, 2): 0<x <Cy<C8x, 0<C2<C3 (v +y) <62,
1<z (v +y) <4}
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Pemenue PaccMorpum orobpaxenue
\P:u=-~y—~, v=—x—+—y—, w=z(x-+y).
X F4

Toraa nonyunm l<u<3, z3<v<2, !/y<w<|, oro6paxenne
Vv ix=Vwlu+1), y=uVow/u+1), 2=V,

sko6Guan P! pasex

Ve 1 ‘/E 1 ‘/Z
(u+1)2 2(u41) v 2(u-t+1) w
Ve yfe /e Ve
@+D* 2@+ v 2(u+1) ¥V w Yv (et DHE

1 w 1
0 e — Dy T——
2v ‘/ v 2'\/vw

Cie0BaTe/bHO, 0TOGpaXKeHHe § PeryJsipHo H

2 ! 172
SSS 21 dxdydz——SduS duS (@) (At D0wr” gy
1
3

2 1/2 2
Vs T viuvwe (u+ 1)

2 3 2 1
5 S wa/zdw+S_E‘_S d"g dv
u u U3/2 w1/2
1/3 1/4 i 1/3 1/4
2 R 1 2 1
= .2 {9 _ B W ([
5(V3 41/2)5( 32)+

+ 1n3-2-(1/3————1—/1—_2—_—>2(1—-—;—)=
—ing (T Ly,

200 1600

2. HlpuHApHIECKHMH KOOPJMHATAMH TOUKH M(x, y, 2) =R® nasH-
BaeTcsl TpOKa uHcen r, @, i, CBI3aHHAs C YHCJAMH X, Y, 2 popmyna-
MH

x=rcosQ, y==rsing, z=h.
QakTHueCKH MHAMHAPHYECKHE KOOPAHHATH — 3TO IOJSPHBIE KOOPAH-
HaTul b nJjockoctd XY u o6blyHAs JeKapToBa KOOpAHHATaA B OpPTOrO-

HaabHom jgonosneduu njaockoctd XY — ocu OZ. ITlepexox X WHIAHHA-
PHUYECKHM KOOpAHHATAM B TPOHHOM HHTerpale

S§S f(x, y, 2)dxdydz
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- 3TO ﬂepexo}l K NOJAPHBIM KOoopaHHaTaM B ﬂBOﬁHOM HHTerpaJe
SB [ (x, y, 2)dxdy,
b,

€CJIH TPOHHOR HHTErpaJ NpeAcTaBJeH B BHIE

q
, Yy 2)dxdydz=\d Y, ‘
S§Sf(x Yy, 2)dxdydz ,,S z;Sf(x y, 2)dxdy

2

HJIH B ABOHHOM HHTErpaJse

SS @ (x, y)dxdy,

D,

€CJIM TPOHHOH HHTErpaJs npejcrasjieH B BHIe

SS S f(x, y, 2)dxdydz = SS dxdy %(gyy) [x, y, 2)dz=
b Ds

%(x.y)

= SS(I)(x, y) dxdy.
Do

DToT mepexo] HHYUEM He OTJHYaercsd OT NOAPOoGHO paso6paHHOrO B
npeiHAylUieM naparpade nepexoia K NOJNSPHHIM KOOPAHHATaM B JBY-
MepHOM cayuae. SIkoGHaH mepexoja K LMJIHHADHYECKHM KOODAHHATaM
paBen r. O6paTuM BHMMAaHHe TOJIBKO Ha TO, YTO €CJH TepexXox He-

Jaercs B HHTerpaJje BHJa ggf(x, y, 2)dxdy, rne obnacrs D. 3aBu-

D,

CHT OT 2, TO W Tpeje/h HHTErPHPOBAHHS MO NepeMeHHHM ¢ H I, BO-
of11e roBops, AOJIKHBEI 3aBUCETb OT Z.

ITpumep. Beruucaum TpofiHOH HHTErpan

Ség 2 (x2 4 y?) dxdydz,

rae obaacte D orpanuuena NMOBePXHOCTAMH X2+ y2=az u (x24y?)%=
=@2®, MoJb3ysACh NepPeXOAOM K LHJIHHADHYECKHM KOODAHHATAM.
Pemenune. [Tockoabky ofe NOBEDXHOCTH, OrpaHHuHBaIoulue 00-
nacte D, sBAAOTCS MOBEPXHOCTAMH BpallleHHsi oTHocutenbHo ocu OZ,
TO CclleslaeM YepTeX MepHAHOHaJbHOro ceyeHus D (cMm. puc. 34).
JluHue#l mepeceyeHHs 3aJaHHBIX NOBEPXHOCTEH SIBJISAETCS OKPYX-
HOCTb 2=a, x4 y?=a?, opToroHajbHOH npoekuueit D Ha och OZ siB-
asercs uutepsa’a (0, a), a Ha naockocte XY — xpyr x%2+y?<a?, ro-
PH30OHTaJbHAS IJIOCKOCTb 2=2p, 2o (0, a) mepecekaer D mo xpyro-
BOMY KOJIbIy C HeHTPOM Ha ocdi OZ, BHYTPEHHHM DagUyCcOM

a2y u puewmnuM— ¥ az, . CaejoBarenbHo,
D={, y, 29):0<2<a, ad <<(x*+7)*<a’2}
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3 /3L s
b ={(x' Y, 2) 4y <, —x%__yz’<z<l/_(3—i;'w_2} ,

OTKYyJAa 1noJy4aeM, 4to

S“ 2(x* 4 y*) dxdydz = Szdz KS (¥®+ y?) dxdy,

Dy

D

Puc, 34

rpe
D,={(x, y) : a2® < (x*+ y*)* < a’2%}

YV @iga
S YS z (22 4+ y¥dxdydz = S S (2?4 y?) dxdy § zdz,
D Dy x34-12

re
Dy={(x, y): ¥* +y*<<a?}.

HepexozmM K HUJHHIAPHUYCCKHM KOOpAHHATaM B oboux npeacras-
JIEHHUSIX:

Van

- a 2n
SiSSz(xz—}—y%dxdydz:—-(Shdh; dcp4 S——r"'dr
}/aha

. Vi
g 3 g 2 (%2 + y?) dxdydz = 2§n do X redr ( hdh.
b 0 ¢ "

a
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OkoHuare/bHo noJsyudaeMm, 4TO

a

SSS 2(x*+y?)dxdydz = % 2n § h (a®h*—ah3) dh =
D

?

40

S;Sz(ﬂ-{— %) dxdydz=_;_ on 5r3 < r

6( 3 1 niab
=maf {— —— | = .
20 8 40
[Tpumep. Buuucaum TpofiHOH HHTerpan (SS ydxdydz, rre
‘b
D — ob6aactb, orpaHHYeHHast MOBEPXHOCTAMHU
a(x*+y¥)=xz(a—2), xz=ay, yz=ax

# conep:xkauast rouky Mg (a/8, a/12, a/2).

Pemwenne. B npumepe (cM. c. 81) nanublii TpofiHo#i uHTerpas
Obl1 IpuBefieH K BUAY

a

S dz SX ydxdy,
DZ

0

rae

D,={(x, y) : a(*+yP)<xz(a—2), xz<<ay, yz<<ax}.

[Tepexosiss K UWMJIMHIPUYECKMM KOOpAMHATaM, NOJyYaeM, UTO

a arctg(a/h) h(a—h)cos @
SSS ydxdydz = S dh S de S risingpdr=
D 0 arctg(h/a)
a arctg(a/h)
—;—Sdh j h¥(a—h)3cos® psingpde =
0 arctg(h/a)

f

arctg(h/a)
dh =
arctg(a/h)

f

—112— S h*(a—h)3 cost @
0

l

I

TP 1 . i _
1 Sh(a ") ((1+h2/a=)° (1+a2xn2)2)dh
0

(]
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=-——SW( LRy ZHLS( —3KSa -t hta? 4 Bhiad —
0

12 a? + h? 12
0
4ha? 4a8
— 4h2at — 5 6 . —
at—4ha® -+ 4a% + P e >dh
1oL/ 1 1 5 4 T
= _—— e — = 2 2In2—4-—~}=
12a<7 2+5+4 3 +4+2ln 44)
a’ 1159
- 2in2—m).
12 ( 420 + n n)

3. CepuueckuMu KoopauHaTamMu Toukun M(x, y, 2)=R® Hasm-
paeTcs Tpofika uucea r, ¢, \, CBI3aHHAs C YHCJAAMH X, Y, Z dopMmy-
JamMu

x=rcosgcosy, y=rsinpcosyP, z=rsiny. (H

CpaBHuBast 314 (opMyJbl ¢ GOpMYyJaMH CBA3H JAeKapTOBHIX H IIO-
JSIPHBIX KOOPAHMHAT B N-MepPHOM TpocTpaHcTBe (cM. c. 16), Buamm,
uTo CchepHyecKue KOOpAHHATBHI HepexoidaT B TpPeXMepHble IOJspPHBIE

11
KOOpAUMHATHl NpeobpasoBaHueM X1=2, Xa=2X, Xy=1, (plz—i————“,
¢, =¢. OTCi0a MOXHO CleJaTbh BHIBOJ, UTO fKOGHAH F INpH Nepexo-
ne K chepHuyeCKHM KOOpAHHATAM eCTb rlsing,=r?cosp u s Jw6o-
ro xopaaHosa MHoxecrBa D R?® u ¢yukuun feC (D) nMeeT MecTo
paBeHCTBO

\CF(x, g, 2)dxdydz =\\\ f (rcos@cos, rsingcosy, rsiny) x
i i3S

1

]

X r¥cos P drdeodyp,

rie
Dlz{(r» (py \P)} - {(r9 (Pv ‘p) : r>oo —ﬂf’2<’lp<n/2,
oL o< a+2n)

— mpoobpas D.

Tak e, Kak NoJsipHble KOOpAMHATH (7, ¢) TOYkKH M Ha mJocKo-
crH, chepuueckue KoopauHatel (7, @, P) To4kH M B mpocTpaHCTBe

HMEIOT NPOCTOH I'eOMeTPHYECKHH CMBIC/]: r — JJHHA PajHyca-BeKTo-
pa u3 Hagaja KOOpAHHAT B TOUKy M, ¢ — yroa 3Toro BeKTopa C
naockoctbio XY (mupora), ¢ — yrosa MpoeKUHH pajdyca-BeKTopa Ha

naockocTb XY ¢ mosoxurteabHbBIM HanpasJjenuem ocu OX, paBHBHIA
yIJly BepPTHKAJbHOH MOJYNJAOCKOCTH, COJAepKalllel paauyc-BeKTOD C
HAYaJbHOH (HyJeBOfl) MOJMOXKHTEJbHOH mosymaockocrelo XZ, y=0
(mosrora).
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Vinoraa cdepriveckdiMi KOODAHHATaMH Ha3BHIBAIOT HEMNOCpeACTBeH-
HO TpeXMepHHe NoJApHble KOOPAHHATH B TAKOH HyMepalHH:

X=2X,=rsinycosQ, y=xy=rsinPsing, 2=x;=rcosP(r=0,
o<y, 0o 2n).

Ilpu TakoM mepexoje OT X, Y, 2 K 7, ¢, P AKOGMAaH BHUHCISAETCH 10
o61ell hopMyJsie n-MepHBIX NOJSPHBIX KOODAHHAT, T. €.

F=r?sin.

Bciony B nanbHefimieM 6yneM HCIONB30BaTh CdepHYECKHe KOOP-
JNUHATH, ONpejeasieMble ¢ HOMOLIbIO paBeHeTB (1).

[Tepexon K UMJAHHAPHUYECKUM HJIH cdepHUECKHM KOODAHMHATaM B
NpPOCTPAHCTBE TaK e, KaK IepeXof K MOJAPHHIM KOOpPAHHATaM Ha
IJIOCKOCTH, MOXKHO paccMarpHBaThb KaK Ilepexoj, K COINIACOBAHHHIM
C [eKapToBOH IHJHHAPHYECKOH HJH chepHUYeCcKOH cHCTeMaM KOODIH-
Hart. ITostomy, KaK u B npelbiaylleM naparpade, 1Js MHOXeCTB 3Ha-
ueHU# 7, ¢, A u r, ¢, } He GyseM BBOAHTb HOBOrO 0603HaueHHus, a
6ynem paccMaTpuBaTh MHOXKecTBO D Kak B BHIE

D={(x, y, 2):...}, mak u B Buge D={(r, @, h):...} u D={(r,¢’
P)}:...} c ykasaHHeM YCJOBHA Ha COOTBETCTBYIUIHE KOODAHHATHI.
IIpumep. Paccrasum npefesbl HHTErpHPOBAHHSA B chepuueckont
cHCTEME KOOpJAHHAT B HHTerpaie S“f(x, y, 2)dxdydz, rae fe
)

eC(D), D—ob6nacte, orpanuueHHas coepoil x?+y?+2?=a?, napa-
6onounom 2(x?+y?)=3az 1 maockoctbio 2=0.

7 - 2x%=3az

Puc. 35

Pemwenue Tak Kak BCe NOBePXHOCTH, OrpaHHuUBaIOUIHe 06-
Jactb D, ABJAIOTCSA NMOBEPXHOCTSMH BpallleHust oTHocuTeabHO ocH OZ,
TO CllesiaeM uepTex MepHAHOHasbHOro ceuenust D (cm. puc. 35). OG-
Jactb D jeXuT Bhle TaoCKocTH 2=0, BHe napaGogouga 2(x2+ y?)=
=3az u BHYTPH cheph x2+ 42+ 22<a?, 1. e.

D:{(x, 9y, 2):2>0, 22+ 2+ 22<<a? 2(x® + y?) > 3az}.
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[Tepeiinem B HepaBeHCTBAX, ONpeAeNsIOIIMX YCJ0BHS HAa AEKAPTO-
BE KoopAMHATH Touek obiactu D, x chepnuyeckuM koopaunaram. Ilo-
Jyuaem, 4T0 r, @, Y MOJKHB YAOBJIETBOPATb HEpaBeHCTBAM: rsiny>
>0, r2<a?, 2r? cos?p>3ar sin .

JononHuTe bHBIX OrpaHuyeHul Ha YroJ ¢ 3TH HePaBeHCTBa He Ja-
10T, caenoBaTesbho, 0 <p<2m, — TeoMeTPHUECKH 3TO BHIHO U3 TOrO,
4TO paccMaTpuBaemast 06JacTb eCTb TeJ0 BpalleHHs OTHOCHTEJIbHO
ocu OZ. CnenoBatenbHs, ecan touka MeD, to v Bee touky M, nas
KOTOpHEIX panuyc-Bexktop OM; mosyuaercs noBOpOTOM paiUyCa-BeKTo-
pa OM ornocurensro ocu OZ, rakxke npuaapnexur D. Tax kak r>0
i —n/2<¢y<m/2, TO cucTeMa HepaBeHCTB SKBHBaJeHTHa cHcrteMe 0<
<r<a, 0<yp<mn/2, 2rcos*y>3asiny. IlepBoe U Tperbe HepaBeHCT-
Ba MOIYT BBINOJHATLCS OJHOBPEMEHHO TOJbKO MpH YCJIOBHH 2c0s)h>
>3sinvy, oTkyaa noayuaem, 4to sinPp<{!/p. YuuTbIBaf BTOpOe Hepa-
BEHCTBO, MOJyYaeM OKOHUATENLHO, 4TO

D= {(r, o) 0< o< 2, 0P /6, H <r<aj
COS
#, CJIef0BaTebHO,

S“ f(x, y, 2)dxdydz=
oo
2?’( /6 3

:S do S dy S f (r cos @ cos,rsin @ cos P, rsin) r? cosPpdr.
0 0 3asimp/2cos? P

[Tpumep. Paccrarum npegensl HHTErpHpoBaHus B cdepHUeCKOf
cHCTeMe KOOpJMHAT B HHTErpaJe

jgff(x, Y, 2)dx dydz,

D
rae
D={x, y, 2: x>0, ($*+ >+ < a®?(X2—y?), >+ 1> <22
2>0) u feC(D).

Pemenne. IlepefizeM B HepaBeHCTBax, ONpeAe sIOLIUX YCJIOBHA
Ha JeKapTOBH KOODAHMHATH TOYeK MHOXecCTBa D, K cepHYecKHM Ko-
opAHHaTaM. YuHuTuiBas ycaosue r>0, mosyuaeM cucteMy HepaBeHCTB:

r2< a®sin® Y cos 2¢, cos? P <sin®YP, sinp >0, cospcosPp>0.

M3 nepBoro HepaBeHCTBa cJjeayeT, uTo cos 2¢>0, H, yUuTHBasA ycJao-
Buss r =0, —n<o<<n, —a/2<CY<Cm/2, nosyuaem, 4To

D={r, ¢, ¥): — A <o < /4, W/4<Pp<w/2, 0<<r<<
< asiny Y cos 2¢}.
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CoeaoBarebiio,

S“f(x, y, 2)dx dydz=

/4 rEQ asing cos 2¢
= 5 do \ dy Q f (rcos @ cosp, rsin@cosp, rsinyg)x
—n/4 w4 0
X r2cospdr.
[Ipumep. Briuucaum wunrerpan
“‘B (x4 2% dx dy dz,
b

rie D —o6aactb, aexaulasi BHYTpH obeux chep x2+y?+22=2ax u
x24y?+ 2?=2ay, HONb3YACh MepPeX0AOM K ChepuvyecKHM KOOPIHHATAM.

Pemenune Tak kax touku obsacri D jexar BHyTpH o0eux
cdep, TO UX JI€KAPTOBBI KOOPAHMHATH JOJIKHBI YIOBJETBOPATb CHCTEME

4yt 422 <2ax, X+ yr+22<2ay.

[lepefinem B 3THX HepaBeHCTBAX K cepHUECKAM KOOpAHHATAM, ¥uH-
ThIBast ycjaoBue r>0, nojydaeM CHCTEMY HepaBEHCTB:

0<<r<C2acos@cosy, 0<Cr<C2asingcosy.

B cuny yenoBus —a/2<p<n/2 uMeeM, uTo cos >0, caexoBareln-
HO, yToJl @ [0J2KeH YAOBJeTBOPSITh HepaBeHcTBaM: cos @>0, sing>
>0, otkyna noaydaem, uto 0<<@ < m/2. HakoHel, nockojbky o6a He-
paBeHCTBa OTPaHUYMBAIOT 7 CBEPXY, TO 3TOH CHCTEMe 3IKBHBAJEHTHO
HepaBeHCTBO

0<<r<<2acosymin(sineg, cosey).

Yro6bl rpaHullbl HHTErPUPOBAHHS BHIPAXKAJUCh TVIAAKHMH (YHKIHA-
MH, KakK # Bbllue, pa3obbem HHTepBad (0, m/2) H3MeHEHHS yriaa @
Ha NMOJBIHTEPBaJHl, e GYHKUHsA min(cos ¢, sing) coBnanaer ¢ 0aHOH
H3 GYHKUHA cos ¢ uau sin ¢. OKOHUATEbHO 110Jy4aeM, UTO

D={(r, ¢, ¥): —n2<p<<7/2, 0<< o< /4,
0<r<2asingeos Gy U{(r, 9, ¥): —12<p<w2,
n/4 <o <<m/2, 0<r=<C2acos ¢cosp}

H, CJej0BaTelbHO,

a/2 /4 2asing;cosﬂ;
SSS (®+2)dxdydz = 5 cos P dy S do 3 7t (cos? ¢ cos®* P+
D —1/2 0 0
/2 T2 Qacosg;coswj;
~+ sin?y) dr S cos P dy ‘\ de 5 r4 (cos? ¢ cos? +sin® ) dr =
-2 a4 0
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/2 /4

=—§5£-a" S cos® P dp g cos®> @ sin® ¢ do +
-—Tt/2 0
/2 /4
+—§:—a5 S cos® P sin? P dyp S sin® ¢ do +
—1/2 0
/2 /2
+3—;a" S cos® P dp S cos’ o do +
—/2 /4
B /2
-+ 32a¥; S cos® Psin? P dyp S cos® pdop =
Y —my2 /4
9\ 1)
—32a° F(Y) F(T) i 2 2 )2
=— T %) Scos ¢ (1—cos? @) d‘coqu———

/4
32 T(7/2)T (3/2) 1 —costo) d
- ) § (1 —cos®@)* dcos ¢+

F9/2) T (—;-) /2

+i:-a° e S (1 —sin? ¢)* dsin o+
/4
39 T7/2) T (%) ift,/‘2
i S S l_ in2 2d 1 —
+ 5 @ T 5 (I —sin®g)*dsing
/4
1 1
a2 /7 5 3 1 ¢ 5 3 1 1
L N A 1—72)242 A 1—122 gt
5.24<22225( t)tdt+2222g( Y dt+
V22 V272
i 1
138 a3l [ aepa =
+222QS(1 t)dt+2222 ( ya)
V3272 Va2

1
9abr 9abm 2 1 —/ 1 1
= 1—22 = — _— —_—
- S‘( 2 di = == [1 —+— 1/2<2 =+
V32

1 3abn 5
+_4_0~)]= = (64—437/2).

101



4, O6Go6uIeHHBIMH chepUUeCKHMHU KOOPAHHATAMH TOYKhA
M(x, y, 2) =R® naspiBaetcs Tpofika uuces r, @, |, CBsI3aHHAas C YHC-
JaMHu x, y, 2 GopMyaamu

X =ar cos® ¢ cosP P, y=>brsin®¢cosP, z=:crsinf.

Ipu s1om r>=0, yroa ¢ meusiercsa B npomexytke [0, 2a] nan [0, nu/2},
yroa ¢ — B npomexyrtke [—n/2, n/2] unn [0, n/2] B 3aBHCUMOCTH OT
napaMerpoB o H B aHAJOTHYHO TOMY, KaK 3aBHCEN IPOMERYTOK H3-
MeHeHH$ VyIjla @ B OOGOOIIEHHHIX MOJSIPHBIX KoopAuHaTax  (cM.
c¢. 53). Tak Xe, KaK B ABOHHOM HHTerpaje, NpH nepexoge X 0606-
HMIeHHBIM cepHUeCKMM KOOPAMHATAM MOXeT BO3HUKHYTb HecOOCTBeH-
HBIl MHTErpajJ OT HeOTPaHHUeHHOH (YHKUHH II0 JKOPAAHOBY MHOXe-
ctBy (koTophifi Bcerna cxoaurcs). SIkoGmaH mnpH mepexofe K 0606-
LeHHBIM cepHyecKUM Koopaunartam pasen abcafr® cos®!gsin®—lo X
X sinP—1p cosb—11p,

Ilpumep. Bouucaum wuHTerpan gﬂzdxdydz, rire D — o6-

)

JIacThb, Jiexkallasi B nepBoM okradte (x>0, y>0, 2>0) u orpaHuyeH-
Hast KOOPAHHATHBIMH IJIOCKOCTAMH M ITOBEPXHOCTHIO

XY 2N XY
(a+b+c) h k°

Pewenue. [Toaoxum
x=arcos? ¢ cos?y, y=">brsin®@cos?P, z=crsin®.
B mepeMeHHHX 7, ¢, Y YpaBHeHHe JAaHHON NOBEPXHOCTH NPUMET BHL
a b .
r= (—h- cos? P sin? (p) cosZ,

JlonoNHUTEeNIbHEIX YCJAOBHH Ha Yrod ¢ HeT, CJeJOBaTesibHO, VP&
&[0, 7t/2). Yron ¢ nojxKeH yAOBJIETBOPATb ABYM YCJIOBHSIM:

¢o<=|[0, 7/2] u %cosch——%sinztp},(),

caenoBarenbo, [0, qo, rae o= (0, 7t/2) u
a b .
e cos? Po——~ sin? @, = 0.

Urak, npooGpasoMm MHoxkectBa D npu mepexofe K 0600LIEHHHM
NOJIIPHBIM KOOPAMHATAM SIBJIETCS MHOXECTBO

Dy={(r, o, P): 0<Y<<n/2, 0Ko<< @, 0Sr <7 (9, W)}
rae uepes (¢, ) 0003HAUEHO AJ1s1 KPATKOCTH NPOH3BE/IeHHE

a 2 P2 2
- cosTe—— sin cp) cos?{, H, CJIEJIOBaTebHO,
\

Qo r{®,)

/2
SSS 2dxdydz= S d S do 5‘ cr sin® ' 4aber? cos @ sin @ sin X
D 0 0 0

102



/2 r{op)
X cos® P dr = 4abc? g cos® P sind dp S cos @sing dg S r3dr=
0 0

n/2 Qo
= abc? g coslltpsin3mpd1|>5 (—:— cos"‘cp—%sin%p)%oscpsin pde=
0 o

_ab® T(6)T (2) %(i_<i+ Z)sm2 ) d(sin® ¢) =

4 T (8) . h h
2 1 / . 150 2pc2h
_ _ abc (i_<i+_”_> sine | ___ atk
4675 (a b\ h h k ) lpe 840 (ak -+ bh)
Y

B sTOoM Hu ciaexylomux DyHKTax OydeM paccMaTpHBAaTh Tesa M3
R3, orpannyeHHble KYCOYHO-TIAAKHMH 3aMKHYTHIMH NOBEPXHOCTSIMH.
Kak caenyer u3 mpeawsiayulero (cMm. c¢. 8), Takue Teja ABJIAITCSA
JKOpJAHOBBIMH MHOXK€CTBAMH, H AJs JIOOHX OrpaHMYeHHHIX (QYHKIHA

u=f(x, y, z) ¢ He Gojee ueM CUETHBHIM MHOXECTBOM TOYeK pa3pHBa

(B uacTHOCTH, HENpEPHIBHEIX) CYLIECTBYET “S f(x, y, 2)dxdydz.

3. O6bem Teaa

O6vem |V| tena V (43 yKa3aHHOro BHILE KJ1acca) BHIUHCJASETCH
no gopmyne
V] = SS dx dydz (xkak o0beM KOPJAHOBOrO MHOXKeCTBa).
v

[Tpumep. Haltnem o6veM Tena V, orpaHHyeHHOro noBepXHOCTH-
MH

z=x"4+9, 2(®*4+-y¥) =2, x=y, y=2x, z=Ah,

HaxoJsIerocsi B IEPBOM OKTaHTe.

Pemenune. Cnoco6 I. IIpoexuus tena Ha maockocts XOY u306-
paxeHa Ha puc. 36.

Paszo6bem teno V ua asa tena Vy u Vo Vi={(x, y, 2):(x, y) =
€Dy, ¥+y’<z<2(x2+y?)} u Vo={(x, y, 2):(x, y)ED,, *+y?°<
<<z<Ch}, rae obaactbs D) orpanuueHa JUHUSMH y=X, y=2x u 2(x2+
+y?)=h, a ob6acte Dy orpandueHa JHHHMAMH y=x, y=2x, x2+y2=~h
" 2(x2+y?)=h.

B cBowo ouepenb o6macte D) npeicraBuM Kak oOGbendHEHHE ABYX
obaacteit D! u D;2:

={(x, Y):0<x << \/% x<y<2x},
[ h h AT
R R A !

2
l

103



a obsnactb Dy, — Kak ob6beiMHeHHe Tpex obaacreit

Di=|ex, o) 1—’;<x<‘/{—, \/—’;~—~x2<y<2x},

2 /-—h‘ /71_ E h ey
Dy=(x, y): V *5—<x<l/ o *"2‘—)52<!/<'l/h—‘x2},

DS:{<x, y): \/%<x< \/_;1 x<y<1/h—x2}.

y y=2x Y g2
y=x
2P ytsh el g y=x
/' D. x2+ yZ:a
x2+y2=2é V) l g 3 S(a)
2(x¢+y¥=a
i l | (xiey 2
ph
I —z - ‘ _
0 1/h /b h WA x x
i B /2 ) ]l
a J
Puc. 36
Teneppb o6bem Tena V nafizem caenyiomum o6pasom:
VR0 2x 20x*dy?) ViFE ViR 20t
Vi=§ arSay § det [ ax § a4y [ aet
0 X xz_!_tyz ]/h/_ﬁ) X x4y
Vhis 2x h Vh/a Vh—x2 f‘
+ §ar $ay Caer Ve [ ay § et
VHIo  Vep—x 44 Vs Vin—a ety

V—h?— Vi—x? h

-+ ‘ dx g dy K dz.
yE B owdv
4

He Bblunc/sis uMHTErpaJsioB, 4YuTaTe/ib YKe MOXKeT BHAEThb HepaiHos
HaJIbHOCTb HpPeJJIOKEHHOTo crocoba peleHus.

Cnoco6 II. CeuenuneM naHHOrO Tesa IJIOCKOCTbIO 2=a, 0<a<Hh,
asasercss ¢urypa ABCD=S(a), npeacraBienHass #a puc. 36,6.
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Torpa uckoMnlll o6bem Halizercst mo GopmyJie

|V]:§da \f dxay.

0 S(a)
Hnurerpan Xj‘dxdy pasen [S(a)| — naomanu S(a). Ary nmo-
S(a)

o1aaAb MOXKHO BBIYHCJ/IHUTb KaK Pa3HOCTb oL agel IBYX prI‘OBbIX

CEKTOPOB C LEHTPAJbHHM yrjom @=arctg2—mn/4 u papuycamu Va
¥ Va/2 cooTBeTCTBEHHO, T. e.

! a RN
|S(a)] ——2—<a—?) (arctg 2—m/4)= . arctg 3

Clie10BaTe IBHO,

B
a 1 h? 1
V] _ST arctg—g—da——Tarctg—?’-.
0

3ameuanue. IlockoabKy rpanuuamua obaactu S(a) ABAAIOTCH
JIMHHY YPOBHSI (YHKLHH

=x2+y? u  v=y/x,
TO AJsT BBIUHCJCHHUS SH dxdy cnenaem 3aMeny x2+ y?=u, y/x=v.
{

(&)

OroGpaxcune

@:u=x2+y?, v=y/x ecTb GHeKuHSI 00JaCTH
D={x, y):a2<x+ ¥ <a, 1 <yx<2}

#a obJactb

Di={u, v):a22<u<<a, 1<v<?2}.
Tak Kak

1

Dix,y) D@ o _| 2 20| o o4

D(u, v) D(x, y) —ylx* l/x x2’
TO

V| = daSdedy SdaSHw Sdu=

S(a) a/2

0
h
! @ ga CEN R e L
—§—§<arctg2-—-—>—2—da— 5 (arctg? 4) 5 arctg 3
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Cnoco6 III. Ilepeiinsa K uunnnﬂ,pmeCKHM KOOp AHHATAM, HMeeM
arctg2 vV h/2 2rt arctg2

V= S do S rdrg dz+ S do S rdrgd
/4 m /4 Vez o
Vhi2 I VE
— (arcth_-—> (_r__ + (/ hr? __{4_) _
4 /\ 4o . 2 4 ViTs
h? h? he he he
= (aretg 2= ) [+ — =+ )=

ht LR h? 1
— TN Y arcte—
=3 (arcth . ) s arctg—-.

Crnoco6 IV. ChgesiaeM 3aMeHy NepeMeHHBIX

: | $
2+yi=u, x—_:i——zv, —i—zw.

Orob6paxeHue

4
X

2 2
x+y,w=
4

Qiu=x*44y% v=
aBasercs Ouekuued gaHHOH obaactu V Ha ob6aacTb

V,={(u, v, w):0<<u<h, l<w<?, u< L < min(Qu, h)}
U

H
D 2x 2 0
202 ‘(“’ 2. ‘:; =| 2z 2z —(P+ )P |=

X, Y,
! —y/x® {lx 0
=x’—|—y’ (2 + 2y’> 2 (1 4 w?) v?
2 u )

Yenosue u<u/v<min(2u, h) 5KBHBAJEHTHO YCJOBHUSIM

—;—<v<1, ecmn 0<u <h/2;

uh<v<<l, ecnu hj2 <u<<h.

CiefoBaTeabHO,
h/2 1 1 2
|V|=S deSd 2v’(l+w’) degdww(l+wz)
1/2 h 2 u/h 1
(arctg2—-—~) (2—1) “——+ (arctg 2— J: ) X

h h? 1
X S (7 e 1) udu-——é-arctgwa—.
h/2
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ITpumep. Halinem o6beM Tesa, OrpaHHYeHHOTO HOBEPXHOCTBLIO

x2 2 22 R
(Fr et =ty @<t

Pewenue B cuny cuMMerpuu TesJa OTHOCHTEJNbHO KOOPJHHAT-
HHIX IJIOCKOCTeH PacCMOTPUM ![g ero wactbh, Haxoasumylocs B I okraH-
te. IlepeliieM K UMJAMHADHUYECKHM KOODJAHHATaM, TOTAA HMeeM

2\2 22 2 2z
rPdal4+=) =4=—, r.e. rP{at—="
c2 c? c? c

OTKyJa
2 2
r= ———-————oc’, ecJIH -—2—2———2——05“>O.
c c?
3TO 03HaAvaer, 4To
_._+ az
T. €.
1—YT—e2<<z/c <] —}—'[/1—(12_
CaenoBartesbHo,

ctcVi—at /2 V2zjc—2t/c—al

[V]=38 S dz Sdcp j rabdr=
0

c—cV 1=t 0
ctc Vi—ar .
— 8ab-a1/4 22 o) de=
¢ c?
e—c Vi—o?
2 3 Vicod
=2ﬂab<-5~—-i;——a22.> credime =8—“ab0(1—-a2)3/2.
c PSS

[Ipumep. Hafinem o6beM Tesa, OTPaHHYEHHOTO MOBEPXHOCTAMHU

XYy 2N x 9 \® — — —
(a+b+c) (h k)’ *=0, y=0, z2=0.

Pemenune. [Monoxum

x = ar cos? ¢ cos® P,

y = br sin® ¢ cos? 1,
=crsin?,

Toraa
x z |8 X ; by
(7_*_%4._0_) =9, _____y_=r(-z—cosz<p.._l;gsm2q>> cos? ¥,
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U3 ycnous

x oy
V>

h k

fnoJjydyaeM ycCJIOBHe Ha HU3MEHEHHE @

—:—cos“’cp—-——z-sinzq3>O, T.e. [tgo|<<V ak/bh

u, cherosaresbHo, 0 <@ <Carctg Vak/bh.
Takum o6pasoMm, uMeeMm, 4TO

—— (a—cos’cp—— —{L sinlfp)scos“’\b
arctg Vakjbh ~ m/2 R k

V| = 4abc S do S dy Y r?cos® P cos ¢ X
0 0

0
sab arctg Vak/bh /2 s
X sin @ sin Y dr = ‘;" S d(p;S (—?cos”cp—%sin%p) X
0 0

/2
X cos33 1 cos @ sin @ sin P dp == 4;’” S cos® P sin P dp X
0

aretgV ak/bh b 5 b
a . on /! a .
X —cos? p— — sin? d | — cos? ¢ ——sin? >><
( h ¢ k '(P) ( h ? 3 ?

x 1 ; . —hk dabe (@ o

2(1 _9_) £2 (ak +bh) 3-3¢-16 | A

h k
. 16 |arctg V ak/bk f \ 16
—-E—SIH"'(p) arctg V ak/ _ abe 1 (5_\ .
k 0 24.34 i+_£L h )
h k

4, MexaHHueCKHE NPUIOKEHUS TPOHHOTO UHTErpaJa

Iycts ckanspuas Bequunna P (V) pacnpenenena ua xopaaHonch
obnactu V ¢ miaoTHOCTBIO 0 (X, Y, 2), siBAsomefics HEeNPePHIBIOH (yHK-

1Hel, Torna
P(V)= QBS p(x, y, 2)dxdyda.
1%
Ecanu teno sanumaer o6vem V uo(x, 4, 2) —— Ua0THOCTE €TO B TOY-
ke (x, Yy, 2), TO 10 3TOH (popMYyJie BBIUHCJSAETCS MacCCa Tead.
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Koopa#HaTH LEHTpa TSNKECTH Xo, Yo, 2o TeAa V BHUUCAAIOTCS IO
dbopmyaam

Xo = %SSS o(x, y, Q)xdxdydz,
Vv

y":ﬁSSS“O(X' Y, 2)ydxdydz,
v

1

2= ‘“S o(x, y, 2)zdxdydz, tae M-—wmacca Teja.
1%

MoMeHTaMH HHEDUHH TeJa OTHOCHTEJbHO KOODIHHATHHIX MJOCKO-
creit XOY, YOZ nu ZOX Ha3bIBalOTCS COOTBETCTBEHHO HHTErpaJibl

o7xoy=§SSp(x, Y, 2)2*dx dydz, ayoz=§§§p(x, Y, 2)x*dx dyde,
14 14

e‘Yzox=SSXp(x. Yy, 2)y*dxdydz.
\%

Mowmenrtom HHEpUHUH TeJia V otHOCHTENIbLHO OCH [ Ba3hBaeTcs HHTErpan

J,:SSQ p(x, y, 2)r*dxdydz,

rjle r—paccTosiiHe MepeMeHHON TOYKH (X, y, 2) Teaa V  or ocu [,
p(x, y, 2) — nnotHocTh Tesa.

MowmerToM HHEPpLUHH TeJa V oTHOCHTeJbHO HayaJja KOOpAHHAT Ha-
3bIBACTCA HHTErpan

o= 5§§ p(x, y,2) (P +y?+2)dxdydz.

HbrotonoBeiv notenunanoM U tena V B touke P(x, y, 2) nHasu-
BAeTCs UHTEerpaJ

v={{{o@ n =0,

-

rae ¢ (x, Yy, 2)—IJIOTHOCTE Tena U r="T (E—x) |- (m—1)? | (7 .2}
MaTepHaanaﬂ TOYKa Macco#l m opuIarunpzer e 10 ¢ ('ff',"i()'u
F(X,Y, 2)

X=hkm --jﬂ =km sg pE M O ix dsdv it
« re

x J
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rd

yzkm%‘yf_zkmggfp@, 1, §) 2=L drdndg,

Z=km—§%=km55$p(§. v, §) 2= dednd,

r8

rje k — TOCTOSIHHASI 3aKOHA TATOTEHHS.
I[Tpumep. HaiineM KoopaHHATH LEHTPA THAXKECTH OJIHOPOXHOTO
TeJia, OrpaHHYEHHOr0 MOBEPXHOCTAMH

Btyr=z, x+y+2=0.

Pewmenne. Ilpoekuueit nanHoro tena Ha mnaockocts XOY sim-
asiercsa obnacre D : 2+ y2<—x—y, T. €. KPYT

x + L)z_l_ <y + L)2<L
( 2 2) S 9"
HOSTOMy B CHJy CHMMETDHH TeJia OTHOCHTEJbHO NJOCKOCTH X=Y HUMe-

eM Xo=Yg.
IHonoxum x=rcosg—1/2, y=rsing—I1/2. Macca aaunzoro Tesa

paBHa

om 1/ve t—r(cosp-+sing)
M=SSSpdxdydz=decp S dr-r S dz=
v 0 0 r3—r(cos@+-sing)-41/2
o 1/V?2
=p j do S r(l—r(cos@-+sin@)—r*+r(cosp-+sing)—1/2) dr =
0

0

v 1 B oA\ nVE  mp
— 1 — J T =10
—2npg<r r 2r)dr 2:1;9(4 4)0 8.

0

Janee
x0=y0=—1:4-SSprdxdydz=
1
2% 1/V2

=1 _ L eyar=L ___‘4)
Mdecp 5 r(rcoso 1/2)(2. r)_dr Mp2n( 5 X
0

1/Ve _
cor 3 ap  r? ,4) vz 1
—_— dr=———- e —— e = —
% 5 ( 2 ) M ( 4 4 /o 2"
0
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. on 1/ V2 1—r(cosp-+sing)
Z°=FSSSPdedde_ 5 S S r-zde=
r*—r(cosg4-sing)-1,2
2n 2
= §
n
[}

(1 —2r(cos @ 4sing) - r2-- —;~) (l ——rL—%) dr =

I

OL.’-;<

. on 1/vVe [ e 5
=214 —r(r+ — =2
u§q>§(r r(r+2>>dr e

Htak, KOOpAHHATH HEHTPa TAKECTH: Xo=Yo=—"/3, 20=>3/s.
[Tpumep. HafimeM Maccy ¥ MOMEHT WHEPUHH OXHODOJHOTO Tela,
OrpaHHYEHHOr0 MOBEPXHOCTAMH

4y?2=2z2 u x24+y’=22

OTHOCHTEJNbHO NpsiMofi x=0, 2=4,
Pemenue. Macca M Tesna paBHa

2n 2 r
szgggdxdydz——-p; d(pa(drrg/2 z_2npS( ~———) dr =

0 3

MowMmeHT nHepuuu J LaHHOTO TeJsa HalifeM Ho ¢opmyJae
J= S?S pridxdydez,
v

rie r — paccTosiHue OT TOYKH (¥, y, 2) Tena V po mpamoilt x=0, z=
=4, Ksajgpar 3T0ro paccrosiHus Haxciurcs no dopmyae r2=x24-
+ (z—4) 2, noatomy

g=0 SSS (4 (z—4)) dx dy dz =

r

2
2 Ane? —4)2dz =
(j S r(ricos® ¢+ (z2—4))*dz

re/2
2 \
(r—ays (,2“_4)3>

2

5
S r(r‘cosch—-%cosch—}—r —r
0

ll
OQ/‘;;

3 3

II
og/)g
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=0 S (——— r cosch——2— cosch—i—r——l—;)s——{—

f2 44 2
4(r——4){__< 2 ) do = 40mp

+ 4.3 2.3-4 3

lo

IIpumep. Hafizem HbloTOHOB morenuuana B touke P(0, 0, z), 2>
>R HeoaHOpPOAHOro Hiapa X2+ y?+22=R?, ecau NJOTHOCTL ero o (g,
n, §) mpomopuHoHaJbHa KBaApary pacctosHus Touku (E, m, §) 4o
naockoctH XOY, T. e. p=£kE2.

Pewenue. [loreunuan Hafizem no ¢popmyae

dE dn dt
ve. o, z)ZkS§S§2 VeinrCo2?

[Tepexonss B maHHOM HHTerpaje X c(hepHUeCKHM KOOpPAMHATaM, HMe-
eM

E=rcos@cosyp, N=rsingcosy, {=rsiny,
/2

R
E ¥ résin® cos dr _
U@©, 0, 2) kj‘ do; S/2d¢S Vricos? ¢ + (rsinp—a)? B
_n 0

R /2

=2nk5r4dr S sin? b d (sin )
» VrE—2arsiny - a®
-1,

Hanee waxonaum, nogaras f=siny, a sarem 2%—=r%-+a®>—2art

12 dt (r* 4 a2 —2%)% dz—
r? 4 a*— 2art S 4a3r®
= | @2 (P ) (@ P =) +
a'r
—1—((a+ r)? —(a—r)5)] I[r4+2r2a2—}-a4—
5 23 |

—= (3a2r2 +3at+ A+ )+ —— (5a‘ + 10a%* + r‘)]

4 2
— -+ S-at].
Rty

1 s 8 .. 4] 1
=—— |rt—d3ra | =
IO R

203r? 3 a
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CrieloBaresbHO,

R
_ amk 422_a_2_d_4nk(_2__g7_ @R\ _
U—agff(ls“fg)’ s w7t R )

(e

§ 4. HECOBCTBEHHDbIM KPATHbIH HHTEFPAJ

Onpeanenenue. [locnenoBarenbHOCTh XKOPAAHOBBIX MHOMKECTB
{D,}m=1, D, =R, mnasbiBaerci HcuepnaHHeM MHOxecTBa DR,
o0

eI Dy D,—...cDp,cD n U D, =D,

m==1
Onpenenenue 1. Ecau ¢ynxuus f:D—R HeuHterpupyema B
cMbicie Pumana Ha mHOXKectBe DcR”, HO aas qo6oro ucqepnaﬂmi
{D.,} muOxectBa D, ypoBaerBopsiomero ycaoBuio [e&R(Dn), cyue-
CTBYeT

lim gfdx (1)

m-»00 D

TO BeJUYHHA 2TOTO Iipenena o603Ha4YaeTcss CHUMBOJIOM dex, Ha3bl-

D
Baercsi HeCOOCTBEHHBIM HHTErpaJoM OT QYHKuMH [ mo mMHokecTBY D.

Toraa roBopsrt, uto 3ToT MHTerpa \ fdx cxoxutcs. Ecan cymectsyer
D

rakoe ucuepnauue {D,} MHOXecTBa D, uro mas qaoGoro m:feF(Dm),
HO mpeles He CYIIeCTBYeT, TO TOBOPST, YTo HHTerpaa \fdx pacxo-
D

JAUTCA.

Bmecro BbIpaxKeHHsI «HHTerpal S/‘dx CXOAUTCA» YNOTPebaA0T-
b

¢Sl Takhe: <HHTerpas Sf dx cylllecTByeT B HEeCOGCTBEHHOM CMBHICJIE»
D

M «byHKIuS [ uHTErpupyemMa B HeCOGCTBEHHOM CMEICTe Ha D».
3ameuanue l. Hto6u onpeneneHHe HecOGCTBEHHOrO HHTErpa-
Ja OnJo KOppeKTHHM, (opMabHO Haxo 6vuio Gul fo6aBuTh TpeGoBa-
HHe He3aBHCHMOCTH BeJIMUMHEI Ipefena oT BeGopa ucuepnauus {D.}.
Oxnako 310 TpeéoBaHHe H3JMHIIHEe, TaK KakK ecau AJs IBYX Hcueplna-

Huh {Dm} H {Dm} CYLIECTBYIOT HECOBNANAIOUIUE TIPeJebl

11m dex u lim Sfdx

Dl
m

TO Halaercsi Takoe ucuepnanue {D.}, aas Kortoporo npepea (1) ne
cyutectByet. s MATIOCTpALHK PACCMOTP UM
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IIpumep. HccnenyeM cxomumMoCTh uHHTErpaJsa Sgi dedy, rme
X

D={(x, y):x>1, —l<y<l}.
Pemenue. [TocnenoBarenbHOCTD

{Dn}, Dn={(x, ) : 1<x<m, —1<y< 1)
H TIOCJIeL0BATEJIbHOCTD
(D2}, DL=DLU{kx, p) : m<x<2m, O<Sy<<1}
(cM. puc. 37) ABASIOTCS HCUepNAHUSMU MHOXecTBa D
f(x, y)_— E%(Dm) uf(x,y) =~ e%(D ) Aas Joboro me N.

Ho

11m SS—dxdy='£i_{r;§—ii Slydy:O,
1 —1

2m 1
lim SS—y~dxdy=lim [SS-”—dxderS:“ijydy]:Lmz
m-—>oo f X m—»o0 X X v 2
D m

Ya .‘/‘P

T+ 1 ,
G5

01///////.'17

72 .
//////// mes

RY
5

Puc. 37

PasnauunMe 3ITHX TpeNeJOB yxke TOBOPHUT O TOM, UTO HHTErpaj
S.S'—y—dydx pacxonutcs. JleficTBHTeNLHO, BO3bMEM NOCJEN0BATENb~
X

HOCTb {Dm}:ng_1=D;h,D2k=D§k. OTa TNOCNe10BATEJbHOCTh  SIBJASA-
eTcsi HeuephaHueM D; [(x, y)=y/x=R(Dm) nna moboro meN u
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Tim (L drdy= lim Sg%dxdyzlim Sg%dxdy—:%ln&

m—>oo o X ko0 k—o00

Dm Dzh ng
lim SS dx dy =lim SS dx dy=lim jg-y—dxdy=0,
Moo ko0 k-0 X

Dm Dopa !

T. €. IpeJena NOCAeI0BAaTENbHOCTH SS dxdy He cyllecTByer.

3ameuanue 2. Ecau ana (byHKqu f:D—R, DcR", ue cymecr-
ByeT HHM ORHOro Takoro Hcuepnanusi {Dn,} MHoxkecTBa D, uT0o AJs Jio-
6oro m:feR(Dm), TO BOIpOC, CXOAHUTCSH HJIH PACXOAUTCS HHTErpPas

fdx, He HMeeT CMBICJIA; B TAaKHX CJaYUasiX NPHMEHHM TOJbBKO Tep-

MHH «QYHKIHS HEHHTerpHpyeMa B HeCOOGCTBEHHOM CMbicjie Ha Ds».

Ecnun {Dn} — takoe ucuepnanue muoxecrBa D, uro feH(D,) npas

ao6oro n, To MHOXecTBO M, Touek paspmBa ¢yukuuu [ Ha D, ectb
o

MHOXKeCTBO Meph HyJab. [lockonbry D= U D,, To MHOXecTBO TO-
n-=1

(o]
uek paspuBa [ Ha D ecth M= |J M,. Crenoatensno, M ecth MHO-
n=:1

3KEeCTBO MepH! HYJIb,

[TostoMy HeuHTerpupyemoctb no Pumany o¢yekuuu f ua D Mmo-
XeT ObiTb, KAK H B OJIHOMEPHOM CJyyae, OGyCJIOBJIeHa TOJbKO HBY-
Msi IDHYHHAMH: HJAH MHOXecTBO D He XXOpAaHOBO, B YaCTHOCTH HeEOr-
panuueHo, uan QyHkuns f HeorpaHuuena Ha D. OGe 3TH 0COGEHHOCTH
MOT'yT HMEeTb MECTO H OJHOBPEMEHHO.

Sameuanue 3. Econ f=& (D), to npenen cyuecrsyer Ajs Jio-
6oro ucuepnanus {D,} MHOXecTBa D u paBeH gfdx.

Taxum o6pasoM, NOHATHe HEeCOGCTBEHHOrO HHTErpaJja sBJAeTCS
o6o0ileHreM NOHATHSI MHTerpana Pumana.
MHoxecTBO GYHKUUH, HHTErpHpyeMblXx Ha D B cMbicie Pumana

UM B HecOOCTBEHHOM cMbicie, o6o3HaunM uepes £ (D). #(D) ectw
nHHelHOe npocTpancTeo M (GyHkuuonan @ (/)= \fdx suHeeH, 1. e.
D

Aas moOHX ABYX (QyHKUMH f,E??(D), fze@(D) H JIOOHX JBYX 4YHCEN
o, f uMeeM, UTO

ofy+8fs =B (O) 1 §(@f Bl dx=a§ Fde+p ( fa.
D D D

CpaBHuBas onpejesneHue KpaTHoro (n>2) W OJHOMEPHOro Heco6-
CTBEHHOI'0 HHTErpaJioB BHAHM, YTO B OJAHOMEDHOM cJyuyae 6epeTcn B
KayecTBe MHOxeciBa D TOJbKO NPOMEXYTOK M ucdyepnanue D mpous-
BOJIHTCSI TOMBKO [IPOMEXKYTKAMH. DTO CBSI3aHO C TeM, YTO B OZHOMEp-
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HOM IIpOoCTpaHCTBe (HA NpPAMOH) TOJNBKO OTPAaHHUEHHBIE NPOMENKYTKU
SIBAAIOTCH OTPaHHYEHHLIMH CBA3HBIMH MHOXECTBAMY H T€M CAMBIM €C-
TECTBEHHO BLIZENAIOTCS U3 OCTAJbHHX KOPAAHOBBLIX MHOXecTB. BEHI-
Jlenenne BGosiee y3KOro Kjacca HcYepnaHui NPHBOAUT B OJHOMEPHOM
cjydae K 6oJsiee LIHPOKOMY Kjaccy (YHKUMH, WHTErPHPYEMHBIX B He-
CcOOCTBEHHOM CMBICJIE, HMEHHO MOSIBJSETCSl IOHSITHE YCJOBHO CXOHSI-
Lerocsi UHTErpaJa.

B MHoromepHoMm ke ciayuae (n>2) HMeeT MeCTo

Teopema Ecau nas ¢dyuxuuu f:D—R, DcR® (n>2) cxopurcs

HHTErpaJ \fdx TO CXOQMTCS H HHTErpas Y | fldx.

CMEICH 3TOH TEOPEMH B TOM, YTO B f1- MepHOM (n>2) npocrpan-
CTBe NOHSATHE CXOAHMOCTH H aGCOJIOTHOH CXOAUMOCTH HeCOGCTBEHHO-
ro HHTerpaja COBNAJAIOT, T. €. OTCYTCTBYeT MOHATHE YCJOBHOH CXO-
JUMOCTH.

B onmHoMepHOM ciayuae cHoOpMynupPOBAHHAS TeOpeMa  BHIMVISAHT
TaK. .

ITycrs ¢ynruus f:D—~R, DcR u nocaenoBarenbHocts {Dm} xop-
JaHOBBIX MHOXKECTB YAOBJETBOPSAIOT YCJAOBHAM:

l. feR(D,,) aas mocoro m e= N;

2. D,cD,—=...=D,=...<D, \UD,=D
n=1

Ecau mna mob6oit Tako#t nocnenosarenbHoctd {D.} cywecrByer mpe-
xen lim Sfdx, TO cyuiecTByer M mpefes lim \|f|dx.

4o
Hrak, 06paTuM BHHMaHHE Ha TO, 4YTO CHUMBOJI 5 f (x)dx umeer
a

ABAa pasHBIX OIpeAEJeHHA!

Jim K f () dx

—>°0a

lim S F(x)dx
n~—>o00 Dn

rae D ucyepmanuc ayva [a, - coj.

UroOB NOSCHHTL PAsHBIY MEXIY HCUeDHAmieM 5Yua . ponMeKyT-
KaMu H UDOHU3BONbHBIMH HKOPJNAHOBBIMM MHDKCCTRAMY, DACCMOTDHM
CNnenynImi

[Ipumep. Ilycts

I/n, xe=[n—1, n—1/2),
Iin, xe=[n—1/2, n), n<N.

fo={ "
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Torpa gas B>0 umeeM, uTO
LB}

1
j'f(x ) dx = Sf(x dx+5 £ x)dx—0+_\f(x) < T
EBj 93]
CJe0BaTEJbHO,
B
lim dex 0,
B—>oo i

_{,

T. €. HHTerpan K f (x)dx cxomurcs. C Opyro#i CTOpOHHI, TaK Kak Psj

0
oo

Ei PacXoJHMTCs, TO CYIIeCTBYyeT CTPOTO BO3pacTaiollash MOCJeJOBATEe/b-
n=1 "
HOCTb IlesBlX yucena p(m), Takas, 4TO
p(m+1)
p(l)=0 u 2 —k~>m.
=p(m)+1
Tlomoxum
p(2)

D, = { [k—1, k—1/2],
k:

p(3)
Dy=[0, p@IU(_U)  [e—1, k—172]), ...,

p(m+1)

Dp=[0, p(mIU(_UJ  [e—1, k—1/2]).

Torpa ana aw6oro meN mMHOXKecTBO D XKOPHAHOBO KaK OObenrHe-
HHEe KOHEeYHOro 4vuciaa orpeskoB, Dp_,[0, p(m)]=Dn,. CnenoBarennb-
HO, {Dn} ectb ucuepnanue ayya D=[0, +o00). Tak kak

pim) p(m+4-1) k—1/2

(Twac=( r@at ), ( Fewae=
o o
D, 0 k=p(m)+1k—1
p(r{_—H) 1
i ". m
=0t ) kT
k=p(m)--1

TO HOCJEL0BATENbHOCTD Sf(,\') dx pacxomurTcsl.
Dm
Hockoanry i MnoroMepHOro Caydasi HMeeT CMBICT TOJbKO ab-
COJIIOTHASI CXOLUMOCTb HeCcOOCTBEHHOrO HHTerpaJja, TO BCe AaJjbHe#-
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mige CBOHCTBA 3TOTO HHTErpasna (GOpMyJHPYIOTCA AJsI HEOTPHILATENb-
HuX QyHRuui f:D—R+, DcR" (n>2).

Teopema. Ecau f:D—R*, DcR", To H3 CyIeCTBOBaHHS npeje-
Jaa pas oaHoro Hcuepnanusi {Dn} MHOXecTBa D caexyer ero cyuiecr-
BOBaHHe AJas JO60ro JAPYroro HcuepnaHHus, T. €. CXOAHMOCTb HHTe-
rpanaa

Sfdx.
D

TeopeMa cpaBHeHHMs (MaXODaHTHBIH NPH3HAK CXOJMMOCTH
HecoGcTBenHoro uHterpaga). Ecau oyukmuu f:D—R+, g:D—~R+, D=
R uHTErpHpPYeMH Ha OLHHX M TeX e KOPLAHOBHX TOJMHOXeECT-

Bax D u f(x) <g(x), xD, 10 3 CX0AUMOCTH HHTErpaJa xgdx cae-
D

JlyeT CXOJHMOCTb HHTerpaja Sfdx.
D

ITp umep. Hcenenyem cxoaumocts uHTErpana

SS S (= : y’y:z)’)” dxdy dz,
rape
D={(x, y, 2): 2+ y*+2*>1}
(x, =D, feCD), 0OSM, <[ (%, ¥, ISM
Pemenmne. ITockonbky
M, 3 1f (%, 9, 2)| < M, ,
(R+y+ Z’)” (B+Bp+22)P " (PP
TO PacCMaTPHBaeMBIH WHTErpaj CXONHTCS HIH DPAaCXOAHTCH OXHOBpe-

dx dy dz
MEHHO C HHTerpaJom ‘ S —_—
(£ + 42 4 2%)P

HocTh {Dn}, Dm={(x, y, 2):1<x2+y?+ 22<m? siBAsieTCs HCYEPNaHH-
eMm MHoxectBa D. Ilepexoxss K cdepuuyeckKHM KoopAuHaTaM, mojyua-
eM, 4TO

_ dxdydz ¢ dr
SSI (24 g3+ )P qu) S COStlellJS P2 4HS ree—2 e
1

_n/

ITocaenoBarenb-

cJie1oBaTeJdbHO,
¢ 4 Nl
lim _ _dxdydz i 4nS———2 '2 =4nS o :2
m-»oc0 (x“‘+y"’+22) m—»oo : ref— 1 reP

OTKyJla TOJIyYaeM, YTO pacCMaTpPHBAaeMbiii HHTerpas CXOLMTCS npu p>
>3/2 u pacxoputcs npH p<3/2.
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I[Tpumep. Hecneayem cxomumocTs HHTErpana

S f(x, y)dxdy
(2 +ytP 7

riae

D={(x, ) : 0<®+ << 1} u pyia yoboro x=D, 0 <M, <<
<If(x, y, 2I<M, f=C (D).

Pewenue Tak XKe, Kak H B NpPeAWAYLUIEM [pHMepe, N0JdyyaeM,
9TO paccMaTpHBaeMbili HHTerpaJjl CXOAHTCS HJH PaCXOAUTCHA OJHOBpe-

dxdy
MEHHO C HHTerpaJjiom —_— .
(224 y)P
D

IocaenoBarempHocts D, = {(x, Y, 2): —12— <B4y 1} fB-
m

JISIETCA HCYepllaHHeM MHOXKeCTBa D. Hepexozm K HNOJIAPHBIM KOOpAH-
HAaTaM, NoJjsiyyaeM, 4To

”(dxdyy')p 5 S e _2“S =

1/m

CanenoBaTtesbHoO,

1 1
. __dxdy : dr dr
,,1,1_2, SS (x2 + yﬂ)p "lan;lo 2n S r2p—1 - QRS f?p—l ’
i/m [{]

OTKyZAa NOoJyuaeM, YTO PaCCMaTpHBaeMHiH HHTerpaj CXOAMTCHA IpH

p<l u pacxomurcs npu p>1.

TeopeMa o3aMeHe NepeMEeHHBX B HECOGCTBEHHOM
unterpaane. Ilyctb muoxectsa D cR* D,cR"” u orobpaxenue
@:D,—D, ynoBNeTBOPSIOT YCJIOBHAM:

1. MuoxecrBa D, u Dy OTKpHITHE.

2. Cymecrsylor MHOXecTBa S; H Sy MepH HyJIb TaKHe, 4TO MHOXKe-
crBa Dy N\ S; u D; \S, — orkpHtHe H ¢:D;\ S;=D, \S; —
nudpdeomoppusM.

Torpa pas moboft QyHKIHH f:D2—+R‘: H3 CXOAHMMOCTH HHTerpaJa

\ fdx cnenyer cxonmmoctb HHTerpana Sf(cp ®)19’ (t)|dt u pasen-
Dy

CTBO BeJHYHH 000HX HHTErpaJios.

IIpamenp. HsuneM yC/JIOBHe Ha NapaMeTpH p H ¢, OPH KOTOPOM
x dy

HHTErpana SS——)—————, riae
Ix1” 41917

D={(x, y) : 0<|x] + JyI<< 1}
CXOAHTCH.
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Pemenue. B cuny cuMMerpuH MHOoXectBa D M YeTHOCTH NOABIH-
TerpajbHOH (YHKIMH KaK IO X, TaK U NO Y CXOAMMOCTb AAHHOrO HH-

dx d

Terpa.na 3KBHUBAJEHTHA CXOAHUMOCTH HHTeraJla SSTl_px—}-—!f—q’ rae
x yi
1
={x, y) :0<]x| + |yl<]1, x>0, y>0}.
Ecnu xorsl 6bl 0ZHO H3 UHCEN p H ¢ HENOJOXKHTEJNbHO, TO HYHKIHS
1
I (x, y):w HenpephiBHA M OrpaHHYeHa Ha XXOPAAHOBOM
X I}

MHOXecTBe Dj, caefoBaTesNbHO, HHTerpupyema B cMbicie Pumana Ha

D,; mostoMy 6yaeM paccMaTpHBaTb JaHHBIA HMHTErpajJ mpH YCJo-

Bun p>0, ¢>0. Oasa mobofi taxkoll maps (p, g) CYLECTBYET YHCIO

a>0, Taxoe, yto KpuBay |x|?+ |y|9=a nexur B MHOKecTBe D.
Ilyctb

D={(x, ) Ix|”+1yl"<a, x>0, y=>0},
1aK Kak jas (x, y) e D, \ D

[x1P+1y|"=>a
TO (pyHKLIHUA
1
X, Y)=——m——or
Hx g) 1217 4 1y

uHTerpupyemMa B cMbicne Pumana ma D,\D, caegoBarenbHo, CXojaH-
MOCTB paCCManHBaeMOI‘O HHTerpasa 3KBHBaJIeHTHa CXOXHMOCTH HH-

Terpana SS xp+y4 .

1/p

Hepexo;m K TNEepeMEHHbIM 7, ¢ N0 (opMy/aM x = (r cos® ) y=
=(r sin? ¢)'”?, monyuaem, uto
Sj dx dy! . _..2_ SS cosg2/r—1 P sin2/4—1 q;rl/ﬂ‘}'l/‘l—? d(p dr,
Ex*+y?  pq
rie

G={r, 9): 0<p<<m/2, 0L r<Ca}.
[Tocnenoparenpnocts {Gp},
G,={(r, 9): 12n<o<<n/2—1/2n, a2n<r<a},

SAIBJSACTCA HCUEpIIaHHEeM MHOXKeCTBa G. Tak kak

Sj cos?/P—1 @sin?/a—1 @ ri/PT1/4=2 dodr=
n
n/2—1/2n a
cos¥/e—1 g sin/4—1 ¢ do ) ri/o+1/0=2 dr

1/2n a/2n

I
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TO

lim SS cos?/P—1 @ sin?/d—1 @ r1/P+/9=2 do dr =
n—»oo
n
2 e
= { cost/o—1 g sinz/e—1 dg) \ 1ot 112 g,
0 b

IlepBBlll COMHOXKUTE/D SBJSIETCA CXOAALIMMCS HHTErpasoM NJist JM060#
napk (p, q), p>0, ¢>0. Ilna BTOporo COMHOXHUTe/Is1 HEOOXOAUMBIM H
JOCTATOUHBIM YCJIOBHEM CXOJHUMOCTH SBJISIETCS BBINOJIHEHHE HEpaBeH-

crBa 1/p+1/g—2>—1 (p>0, ¢>0). Urak, unrerpan Sg?%?
D

cxoaurcss Ags napu (p, g), ecau min(p, ¢) <0, uwmn 1l/p+1/g>1, u
pacxoaures, ecau 1/p+1/g<l u min(p, q)>0.

[loBTOpHBIA HETErpan de S f{x, y)dy HasmBaercs CXOASIIHM-
M M(x)

Csl, ecld HHTerpalg > f(x, Y)dy cxonurca ans Bcex xe&M\E, rne
x)

EcM — MHOXeCTBO MepHl HYJb, H CXOJAUTCS HHTErpaJ S(D (x)dx, rne

M
f(xv !/)dy, xe= M\ E;
D (x)= 1 mln
0 , x=E.
CxoZuMocTb TNOBTOPHOTO HHTETpajia -— 3TO CYLIeCTBOBaHHe IMpenena

lim SS f(x, yydxdy no Hekoropomy wucuepnanuio {D,} mHOXKecTBa
n-—>c0 Dn

D={x, y): x=M, y=M\x)}.

Teopema (cBeieHne HeCOGCTBEHHOrO KPAaTHOroO HHTerpaJja K Io-
sTopHoMmy). Ilycte

D={(x, y):x=M, ye M)} u [, =0, (r, y =D.

Torza cooTHOLIeHUe

i paray=Sax § v, ay @)

D M M(x)

CIpaBeJUIHBO B TOM CMEBICJe, YTO JHGO KPATHBIH W IOBTOPHBIH HHTe-
rpajibli OMHOBDEMEHHO pAacXoAaTcdA, JHOO OJHOBPEMEHHO CXOAATCH H
PaBHHl 1[I0 BeJIMYHHE.

Hrax, nna HeotpHuaTeJbHOH (YHKUHH Nepexol OT KPaTHOTO MHTe-
rpajia K DOBTOPHOMY JaeT BO3MOXKHOCTb HJIM BBIYHCJHTb KPATHHIH HH-
TerpaJ, HjiH yCTaHOBUTb ero pacXOAHMOCTb.
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HpuMep. Buiuncaum uau YCTaHOBHM pacxoAMMOCTb HHTerpasa

o ot pcacms m et
Vit (49 :

Pemenne. ®ysxuna f(x, y)=y/Vy+4® (£* + y?) HeoTpHuarensa
Ha MHOXeerBe D. B cuny npeabifynieii TeopeMbl

S S ydxdy =§ ydy +§° dr

Vite @iy ViTE 3 At

= S————y L arctg X +°°dy=S——————ndy =
J V@ v Yl © VYT s

Sl )= ()

Vitak, wnTerpan SS ydxdy CXOJMTCS H paBeH V5 (—l—) .
ViF o (2 +¢7) 2 4

Mpumep. BbmncnnM HJH YCTAHOBHUM DaCXOJHMMOCTb HHTErpasa
SSS dxdydz
(2 4 ) (2 + 2) (g2 + 2%)

D {(x, y, 2) 1 24+ y> <22, z>0}

Pemenune Pyukuusa f(x, y, 2) HeOTPHIATeJbHA HA MHOXKeECTBE
D. B cuny TeopeMu

S 3‘ S dxdydz — OSQ dz SS dxdy
(22 4 42) (22 4 22) (5 + 22) () (2 ) (4 2)

rre D,={(x, y) : x* + 4y <<%}, ¥ TaK KaKk HHTerpa.

dxdy —( do dr
.DS (2 + ) (£* + 2%) (v +2°) S (S’ (22 +r? cos® @) (2% + r¥ sin ¢)
0
2

pacxopurcs, TO, CTJE€AOBaTesIbHO, PAacXOIHTCA H HHTErpas

SSS dxdydz

(x4 y?) (22 4 2%) (92 + 2°)

Ecnu ¢ynkuus f(x, y) Ha MHOxecTBe D He coxpaHseT 3HaKa, TO
PacxXoAMMOCTb TOBTOPHOTO MWHTerpajia B COOTHOLIEHHH (2) MOKasH-
BaeT, YTO ¥ KPaTHLIf HHTErpaj pacXoAHTCH, a CXOAHMOCTh NMOBTOPHO-
ro HOKa3blBaeT TOJABKO TO, YTO B CJlyyae CXOAHUMOCTH KPatHOro HHTe-
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rpaja ero BeJHYHHa paBHa noBTopHoMy. IlosTomy B Takom cayuae
Heo6X0AHUMO y6eauThCcss B CXOAMMOCTH KpaTHoro uHrterpana. Ham6o-
Jiee TIPOCTHM H PaCIpOCTPAHEHHBIM METOJO0M /Jisl 3TOTO SIBJISIeTCs pac-
CMOTpEHHe HHTerpajia S]f(x, y)|dxdy B cuny SKBHUBaJEHTHOCTH CXO-
D

JIHMOCTH KDaTHOTO HHTerpaja H aGCo/oTHOH ero cxozumocTu. Cxo-
JUMOCTb HHTErpaja oT HeoTpuuarenbHoil dyukuuu |f(x, y)| uccre-
AyeTcsl WM CBeAeHHeM K IIOBTOPHOMY, KaK OBIIO PacCMOTPEHO BHINIE,
MM OpDHMEHEHHEeM MaXKOpaHTHOrO IpH3HaKa.

[Tpumep. Hccaenyem cxoanmMocTb HHTErpana VS cos(x+Y) g

oy
rhe
D={(x, y): x+y>1}.

Pemenue. Caenaem moBopoT ocedl KOOPAHHAT TaK, YTOOH KOCH-
Hyc cran ¢QyHKHMeH OAHOrO apryMmeHTa; a HMEHHO, TOJIOXHM

x+y=uV2, x—y=0v)Y2. Tak Kak NOBOPOT — H3OMETPHUECKOE
npeoGpasoBaHHe MJIOCKOCTH H CyMMa KBaADATOB KOOPAHHAT sIBASeT-
Csl HHBAPHAHTOM 3TOTO Npeo6pasoBaHHs, TO

oS (X +Y) 4 g cos (V2 u)
SS o) dxdy = ig gy dudv,

rie

Dy={u, v): u>1/)/2, —oo<<v<+ o0}

I/Iﬂrerpa.u S.S M CXOAHTCSE HJIM PaCXOAHTCA OAHOBPEMEHHO G

(u? +o*)P
[’mrerpanoml
Jcos V2 u| .
SS Y dudv = S' ‘cosv2u] S (u’-}—v’)” .

v

Jenas B uuterpae

+o0
du
S (@* 4 0%)?

3aMmeHy v=uitg {, noaydaem, 4To

~+o0 d 1 a2
v
= cos?P—2 {dt.
5 @y el f
—c0 —n/2

123



DTOT HHTErpasJ CXOJHTCH TOrAa H TOJNBKO TOTAa, Korga 2—2p<<l, T. e.
p>1/2, u paBen npu srom ycaosuu K(p)/u?r—1, Urak, naa p<<1/2 uc-
XOIHHIH HHTErpaa pacxoiurcs, a ajas p>1/2 umeeM, uto

S’S ]cosyf2 ul dudo = K (p) S ]coszgul du,

(w2 4 0)P _
1/V2

/2
K{p) = jl cos??—2¢ dt.
—/2

SToT MHTErpaJ CXOAMTCS TOFAA W TOJBKO Toria, xorma 2p—I1>1,
T. e. p>1.

Hrak, unTerpai Sj‘z—oz—(fi;)—y%dxdy CXOZHTCH MPH p >>1 H pacXomuT-
Y
D

ca npu p<Cl.
3ameuanne 1. O6paTure BHHMaHHe Ha TO, YTO NOBTODHH HH-
Terpasn

K 5 " do ¢ cos cos (VT u)
j cos (V2 u) duS ey S g K(p)du
v —o vve

cxopuress npu p>1/2, Ho npu 1/2<p<1 uHTerpan

S‘o cos (V2 u) K()

u2o—1
yve

CXOIHTCS YCJOBHO. 31eChb ONATb HIpaeT poJb OTCYTCTBHE YCJIOBHOH
CXOJHMOCTH B N-KPaTHOM (n>2) HeCOOCTBEHHOM HHTerparne.
3ameuanue 2. ¥YTBepKIeHHEe, YTO pacCMaTpHBAeMBbIH HHTErpa
CXOAHTCA NPHU p>1, MOXKHO IONYUHThb, HCIOJb3Ys] MaXKOPAHTHHE NpH-
| cos (x + )| dxdy

3HAK: T < TR a HHTerpasa 5;5—(72:—;2—)—"— ¢Xo-

autcst mpd p>1 (cm. Boite), Ho Takum o6pa3oMm Hesb3st NPOBEPHTH,
YTO 3TOT MHTerpaJ pacxoiurcsi Aasl p<1. MaxxopaHTHHH NpU3HAK B
J@HHOM CJiydae JaeT TOJbKO [OCTATOYHOE YCJOBHE CXOJHMOCTH MHH-
Terpasna.

I[Tpumep. Boluncaum uau yCTaHOBHM DPacXOLHMOCTb HMHTErpaJsioB

a) SS 2=V gxdy; o) ( S—_dedy,

rjae
D={x, y) : x+y>1, x>0, y=>0}.
124



Pemenue. [NocaesoBareJbHOCTD

D,={x, py) :x+y>1, 0<x<<n, O<y<n}
ABJdeTCs HcuepliaHHeM MHoxectBa D. Tak Kak MHoxectBa D, cum-
METPHUYHBI OTHOCHTENIbHO TPSIMOH y=x, a NMOIBHTErpasbHbe GYHKIHR

KaK B NepBOM, TaK H BO BTOPOM HHTErpaJge MEHAIT 3HAK IIpH nepe-
CTAaHOBKe MeCTaMH lepeMeHHbIX X H Y, TO

—y _ (0 x—y
SS 2+ gt dxdy = SS x4yt dxdy =0

H, cJeaoBaTeJIbHO, €CJIH IlaHHblﬁ HHTerpaJ CXOAHUTCHA, TO OH paB€H HY-
awo, Hrak, guas pewieHHst 3ajaud OCTAJOCh HCCJIeN0BaTh CXOAHUMOCTH
HHTErpaJoB

971=S Iz+y2l dxdy u &/, = &f' Jldxdy
D

B cuny yKasasHO#H BHIIlE CUMMETPHH HMEEM, 4TO
e/1=255 “ry” dxdy, 0'72=2SS 4+y4 dxdy,

rue
Di={x, y):x+y>1, x>0, 0<y<x}.
Tak kak noaeiHterpa/jbHble GYHKIUH B OGOHX HHTErpajnax Hempe-

PHIBHBI NpH (X, y)=D;, TO CXOAUMOCTb 3THX MHTETPAaJOB KBHBAJEHT-
Ha COOTBETCTBEHHO CXOAHMOCTH HHTErpaJioB

ﬁ" Ly =& n js—ﬁi’-‘—dmy I,
D

rae
Dy={x, y) : *+y*>1, x>0, 0<y<<x}.

HepeXOI(H K NOJIsIpPHBIM KOOpJAHHATaM, rnoJyuyaeMm, 4TO
/4

071—5 (cos p—sin @) dcpS'dr

— HHTerpaJ pacxOiuTcH,

/4 0

0,7 S _cos@Q—sing dcpj‘d_r

cos® @ + sint¢g r2

— HHTEerpaj CXOAHTCH.
X =
Hrak, unrerpan YS
L3 xz
D

y2 dxdy pacxomutcsi, a uHTerpan Sj =9 dxdy
Y

x4yt
CXOIHUTCA U paBEH HYJIIO,
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[Tpumep. Beuncaum nin ycraHOBHM PacXOLHMOCTb HHTErpasa
5 “ (sin x) e=*"w*+2) dxdydz,
PR

rIe
D={x, y, 2): x>0, y>0, 2>0}.

Pemenune PaccmorpuM MOBTOPHBI MHTErpaJ

~+oo ~o00 /2 0o
S sin xdx e+ dydz = g sinxdx Q do Se“x”’ rdr.
0 y>0,2>0 0 0 0
e e
Wurerpan S de Se—"”’ rdr cxoaurcs nas Beex x>0 u paBeH m/4x?, a
b 0

o0
T sinx
HHTErpan | — ——
4 x2
0
pacxozurcs,

IIpumep. Briuucnum uau ycTaHOBMM DacXOAMMOCTb HHTErpaJja
S;S cos (X + y—2) e~ ' +4*+2" dxdydz,

dx pacxoautcsa. Wrak, paccmarpuBaeMblii HHTErpal

THe
D={(x,y,2): —o0o <x <<+ 00, —00 <Y< + 0, — 00 <2< + 0}

Pemenue. Haunem ¢ mpoBepKH CXOAHMOCTH 3TOrO HHTerpana.
‘Tak xak

| cos (x -+ y— z) g— (x*+yt+2%) l < e—(xtHyttar)

H HHTerpan

K 5 S e~ (02 dxdydz — 2Sn do HSQ cos Ydy of e ridr
) ) —2 0

€CXOAUTCA, TO CXOAUTCHA HHTErpaJ

S S'S €os (x + y—2) e~ +0*+2*) dxdydz.
D

CresnaeM NOBOPOT KOOPAHHATHBIX OCefi TaK, YTOGH KOCHHYC 3aBH-
ceJl TOJIbKO OT ORHOrO HepeMeHHoro, T. €. ocb OU Gepercs mepneHiH-
KYJSIPHO K IJIOCKOCTH x+Yy—2=0, a ocu OV u OW Gepytcst mo uito-
601 Tape OPTOrOHAJILHBIX BEKTOPOB B IJIOCKOCTH X+ y—2=0. Tak KaK
TOBOPOT KOOPJAHHAT — H30MeTpHUecKoe Mpeo6pa3oBaHHe NPOCTPAHCT-

Ba H CyMMa KBajJpaToB KOOpAMHAT SIBJAETCS HHBADHAHTOM 3TOro Ipe-
-06pasoBaHus, TO
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S§ S €os (x + y—2) e~ "2 dydydz =
= S;S cos (u V'3 )e—w+v+v dudvdw.

I'Iepexo,na K OBTOPHOMY HHTErpaJay, nojydaem, 4ro

(¢ V'3) e~ +v4om gudydy =
y}ig Cos \u e~ uavaw

+o0 2n oo
= ( cos(uV3)e (do Serdr=
)

—0

= 2n S cos(uV3)ew=n)n e34
0

3AJJAUH **

§ 1. PaccTaHoBKa mpejesioB HHTErPHPOBAHHS B JBOHHOM
HHTEerpaJe ¥ ero BbIYHCJIEHHE

B craeayromux 3agauax B ABOHHOM HHTerpale ng(x, y) dxdy,

rie ¢yHkuus f(x, y) HenpepniBHa B o6sacTH D, paccTaBHTh Npelesn:
HHTerPUPOBAHHA B TOM H B JAPYroM HOps/AKe Jisl YKa3aHHHX 3aMK-
HyThXx obusactet D (mox D Bcerna Gyzer mojpa3yMeBaThCs OFpaHH-
yeHHas CBSI3HAsl KOMIOHeHTa MHOXectBa {(x, ¥) @ @;(x, y) >0, i=1,

2, ..., n} eCJIH ycsioBHe Ha D 3a1aHo B Buje
¢ (x, y) =0, i=1, 2, ..., n
1. D—rpeyroapuuk ¢ Bepuusamu O (0, 0), A(0, 1), B(l, 0).
2. D—rpeyrompuuk ¢ Bepumzamu O (0, 0), A(1, 1), B{l, —1).
3. D={(x, y): x2+yr<xl)
4. D={(x, y): X+y>1, 0<<y<], 0 << 1)
5. D={(x, »): x|+ Iyl <1}
6. D={(x, y): P+ >2x+2y—1, 0<x<!, 0Ty <Ly,

—+-00

—ax

2
* BeanunHna HHTerpanag e cos bxdx wpaxomurcs MerToAOM AuddepeHunHpo--
.

0
BaHHs MO MapaMerpy.
** Bce GykBeHHBlE MapaMeTpPHl B AaJbHEHLIEM CYHTAIOTCS IOJOMKHTENbHBIMH.
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7. D={x, y): 2+ y*>2x+2y—1, 1<<x<L2, 0Cy <1}
8. D={(x, y): 0<y<<l/x, y=9, x>0, y—2x <0, y—1/2x > 0}.
9. D={(x, y) g y<—2—x2+-§—}.

10. D= {(x, Y)Yy = X8 y<—;—*x2—{—~l—, y}—xz-i———;—, x}O}.

2
1. D={(x, y): 2+ y*=1, x—22+>1, (x—2*+@y—2>1,
4+ y—27 =1}
12. D= {(x, ) : ¥+ y*<4a®, (x—aP+y2>=a?, (x+a)’+y*=>a?

13. D={x, y): 2+ 2y* << 8a? x*—y*>>2a%, M(2a, O)=D.
14. D={(x, y) : x>+ 2y2 << 16a® x*—y?<a?}.

15. D orpanuuena juHusmMu 2x =sinym, y=(14-x)? y=0.
16. D orpaHuueHa JHHHUAMH X == COS 1Y, y2»-—i-——x=0.

17. D orpanuuena aunusmd x = |y|, y*=4(x—1), M(1/2, O)=D.

18. D orpandueHa gauuusMu y= |x|—1, y=cos (nx/2).

19. D orpanuuena muHuamu (x— 1P +(y—1p2=1, 2+y=1, y=0.

20 D={(x, §) : #+ * < a?, (x—aP+(y—aP <),

21. D={(x, y) 1 x—y—1<<0, x+y—1<0, y*<<2x+1}.

22. D={(x, y) : (x+12+2>1, x—124+y2>1, 0<<y<1}

23. D={(x, y): ¥+ >=a? y*<<a¥—ax/2}.

24. D={(x, y): P*<x+2, y=4x.

25. D={(x, y) : (x+ 1P+ —1)>1, x+y—1<0, y=>0}.

26. D={(x, y): 2+ <1, x+y—1<0, y=>0}.

27. D={(x, y): ¥+ *< |, x+y—1<0, x+-y+1=>0}

28. D={(x, y): —x <2y <x, ¥—y*<1}.

29. D={(x, y): 2+’ <1, (x+1P+(y—1P=1, y=0}

30. D={(r, y) 1 *<<2x—4, Yy > 4x+4}).

[TepeMeHuTh NMOPSAOK HHTETPHPOBAHUS B CJAEAYIOWIMX HHTErpa:
Jax: o ? o

31. degf(x, y)dy. 32. de \ f(x, y)dy.

o 6 ¥ oo1n
2
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33.

35.

317.

39.

41.

43.

44.

45.

46.

48.

50.

52,

54.

6 x—1 ? 4—y2
de K f(x, y)dy. 34. de S' f(x, y)dx.
0 2076—1 ¢ 4292
i Xt 1 2y— yt
degf(x, y)dy. 36. de S f(x, y)dx.
0 x ) by
1 cos (ny/2) 2 (x—;l)'
de g f(x, y)dx. 38. {dx 3 F(x, y)dy.
0  _1+vVy 0o 8
2 x+2 2 3‘{’;“
S dx § f(x, y)dy. 40. gdx \ o F gy,
—1 xt 0 Vax—xt
1 2+ Vi—by—yt 1 V3iz e
gdy ik pax 42. de Q f(x, y)dx.
=7 e VTG v ——.y'
2
gd” fx y)dx+§dy§ Fx, 9)dr.
= T
7 3 9 10—y
§dy§ f(x, y dx+7§dy WAL
8/y 9y
Y32 Viey 0 Vi
§oay  7epdet § dy § fix, g)ar
b P —V32 ~y
2 Igl—xi e 2a¥/(a}-x?)
j'dx j f(x, y)dy. 47. B dx 5 f(x, y)dy.
0 (=D —a e arctg |-
9 a
5m/4 Sll’.lx } 3—2y
de \ f(x, y)dy. 49. de ( fx, ydx
/4 cos x 0 1;;‘
n sinx ¥ 25—y*
(ax § 7(x o)y, 51. gdy \ Fix par.
0 0 Vo=
a V2ax—x* a at+ Vai—xt
f dx S f(x, y)dy. 53. de K [ (x, y)dy.
a/2 0 ¢ Ve
a/2 Vaizg Va—g
Vag (1 Dt | dy j fx, g)de
0 Va’—‘—ﬂay a/2
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a a—Va—gp a 2

55. fay  §  Feogax+fay § fe gart

0 ¥/4a O apvaTE
a V2 2a
g S X, yydx.
a y2/4a

Briuncauts HHTErpaJnl:

2 4 1 2 2
56. a)de ¥ __, 57. a)jdxg x|
. (x-+9) 5 1+ 42
4 2 2
6 deS . deg XY
) +y)2 % 1442
3 1 0
1 —x
58. de Xy . 59. de j xydy.
g (a2 A

G&wameDﬂwwwm+m<w

61. jgxﬂdxdy, rae D={(x, y): |x| + |y|<1}.

62. \S‘S xydxdy, rae obsactb D orpaHHYeHa OCSAMH KOODJHHAT M KpH-
BO# x =acos?t, y=asin®f, 0 <t < m/2.
63. SS([x]—}—[y]) dxdy, rae obaacte D ecTb KBazpaT € BepUIHHAMM
? 0, 0), A0, 2), B2, 0), C(2, 2).
64. 5'5 sgn (x2+ y*—4) dxdy, rae D={(x, y) : x2+ 12 << 9}.
D

65. ’[Sle—yzl dXdy, rae D:{(x, y): Iyl<1, O<x<2}
D

66. S‘S[xz-l'_lﬁ]dxdy, rie D={(x, y):x+y<<3, x=0, y=0}.
D

B nBoiiHoM uHTerpaie “. f(x, y)dxdy nepeiiTh X TOJAPHEIM KOOpAH-
D

HaTtaMm r H @, noJarass x =r cos @, y:rsin ¢, H 3amucarb HHTErpaa B BHAC
Qg 72(@)

do \ g(r, @)dr.

¢y (o)
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67.
68.
69.
70.
71.
72.
73.
74.
75.
76.

77.

78.
79.
80.
81.
82.

D={(x, y): *+ y? << a?.

D={x, y): *+y*<<a? y=0}.

D={(x, y): X+ y*<a® y<O}.

D={(x, §) : #+y* <ax}.

D={x, y): 2+ y*<ay}.

D={(x, y): X+ 2 <1, ¥*+(y—1/2* = 1/4}.

D — tpeyroasHuk ¢ sepumaamu O (0, 0), A(1, 0), B(0, 1).

D — tpeyronpuuk ¢ BepumHame O (0, 0), A(1, 1), B(—1, 1).
D — tpeyrosibhuk ¢ Bepumnamu O (0, 0), A(1,0), B(1,1).

D — xsagpar ¢ sepmunamu O (0, 0), A0, 1), B(1, 0), C(, 1).

D={(x, P+, y—2x <0, y——;— x>0, x> 0}.

D={x, y): x—1P+¢*<1, 2+ (y—1)’<1}.

D={(x, y): (x—1P+* <1, 0<x <1}

D={(x, ): (x— 1P+ <1, 1<x< 2

D={x, p): x— 1P+ <1, $®*+y*>1}.

D — o6aactb, Jexawas BHYTPH OKpyxHocTH x2+y?=1 u BHe

KpHBOR r==Cc08 3¢ (CHCTEMbI COBMELLEHHI).

83.

D — o6nacth, aexauiasi BHe OKpYXKHOCTH x?-+y?=a? W BHYT-

pu Kpupo#i (x2+y?)2=2a2(x>—y?).

84.

D — obaactb, Jexalasi BHe OKPYKHOCTH X2+ y?=a? U BHYT-

pH KpHBOH r=2asin 3¢ (cucTeMbl COBMEIIEHH).

85.

D —o6nactp, Jexalasi BHe OKPYKHOCTH x2-+4 y?=a? W BHYT-

pH KpuBo# r=2a(l+cos¢) (cucreMbl COBMEIEHbI).

86.
87.

88.

89.
90.
e1.
02.

93.

D={x, p): ¥ +y*>1, 0<<x<<], Oy <1}
D={(x, Y 1<+ <4, y—x <0, y———;—x>0}.
D={(x, y): ¥+ <1, 2+ @y—1< 1}
D={(x, y): *+y—1<1, —1<<x<<O}.
D={x, y): (x«—1+4*<1, y+x>0}.
D={(x, y): (@4 ) < a’xy}.
D={(x, y): |x—1]+|y| <1}.
D= {(x, y): @<+ <a(y+V 7+ P}
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94. D={(x, Y x2+yt << aﬂf <3a? x>0, y>0}.
X
95. D={(x, y): x*+ y? << max {2ax, 2ay}}.

96. D={(x, y):min[a (Y 2+ £ +x), 3a(VPFr—1)] <
<x2+ 2 << 4a?.
Ilepexoxs K MONSIPHHIM KOODAHHATAM, BHIYHCJHTH HHTErpajibl:

97. “ cos (x4 y¥) dxdy, rae D={(x, y): x*+ y* << a?%.
‘D

98. U In(1 +x2+4 y?) dxdy, rne D={(x, y): *+y*<a?.
D

x2
9. ({ =1
D

100. SS'[/xL}—yzdxdy, rae D={(x, y): 2+ y* << ay).
D

dxdy, rae D={(x, y): x>+ y* <ax}.

101. Sgy2‘1/R2 x*dxdy, rne D={(x, y): 22+ y* << R?.

102. SS Vaﬂmxdy e p—— rae D={(x, y): 2+ 12 < ax}.

—_—x2

BBecTn HOBble NepeMEeHHBE ¥ M U U BBIUHCJAHTH CJAEAYIOLIHE HH-
FerpaJni:

103. H'(x"’y“‘—}-yZ) dxdy, roe D={(x, y): 1/x <y << 2/x, x<{y<3x).
D
104. Sgwidxdy, rae D={(x, y): 1 —x <
X

TY<<3—x, x2<y<<2x}.
105. jg(x“’—{—y?')dxdy, rae D={(x, y): 22 <<y << 3+,

1/x << 2y << 3/x},
106. Bjxy(x-i—y)dxdy, rae D={(x, y): -1 <x—y<1,
D

I <y <<2/x}.
107. ‘U x%dxdy, rne D={(x, y): ® <y <243, x<C2y<6x}.
D
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108. SSxy(x—i—y)dxdy, rae D={x, y):x—1<y<<x+1,
D

—i—1<<y<< —x+1}
109. Ssxydxdy, rre D={(x, y): a® <<y <bsx® px<<y* <gx}.
b

110. Sfxydxdy, rae D={(x, y): a® <y << be?, ax <y <<Px}.
D

111. Ssi‘—z—sm—xy—dxdy, rae D={(x, y):ay <2< by, px <<y << gx}.
y

D
— —\8
112. Boiyuc/jutb SS ( \/i—}— “/—%—) dxdy, rne D ectb 067acTsh,
a
D

orpaHHueHHas napabosioH \/—x—-+ ‘/%=1 H OCSIMH KOOpPJHHAT.
a

113. Bniyucautb SS xydxdy, tne D —ob6nacth, oOrpaHuyeHHas
D

. X2 y?\?2 X2y .
meTJyieil KPHBOH (_2+_b;) =-——~» HaxoAAmefics B NePBOM KOOp K+
a

HATHOM yrie. -
114. BuuucauTh IS V Vx+ 7V ydsdy, rae D —=o6nacts, orpans
D

WeHHas oCSIMU KOOPAHHAT M KpHBO# Yx+Vy=1.
115. IlokasaTth, YTO

1
(S oty oyt didy=B(p, 9 { o@urtedu,
D. 0

rie ¢(u) — nenpepusnas Ha [0, 1] ¢yrknua u D ecTb TpeyroNbHHK
¢ Bepinaamu 0(0, 0) A(1, 0), B(0, 1).
116. 1okas3aTh, 4TO
/2 7/2 a/2
S cos (2z sin @ sin 6) dpdb = [ S cos (zsin k) d?»r.
b b 6
117. Beruncauth SS xPy? (1 —x—y) dxdy, rae D ectb obnactb, orpa-
D (p>0, ¢>0, r=>0)

BHUEHHAs OCSMH KOOpPIHMHAT M NpsMoi x+y=1.

§ 2. BHluHCJeHHe MIOWAAH IIOCKOH 06aacTH

INepexonss K MOJSIPHNM KOOpAHHATAM X=rCOS @, y=rsin¢ Jau6o
06001e KM TOJAPDHEM KOOPAHHATAM X=ar cos* @, y==brsin* ¢, BH-~
QHCAHTh IJIOLIAAb oﬁnacm, Ol‘paIHHﬂ«IeHHOI‘/’I CHeAYIOINMHA KPHBBIMH:
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134

118.
119.
120.

121.
122.
123.
124.
125.

126.

127.
128.

129.

130.
131.

132.

133.

134.

135.

136.

137.
138.

(¥®4 y?)% = 2ax3.

(¥ +97)? = a® (x* 1 y).

(¥4 ?)° = 4a®x%y2.

¥4y=ax, 2+y*=by, M (—g— —Z—) = S.
(g2
e

(E )=+

(G +5) ==

(g =ik
T A

at b e
St
Sedeir

(F )it
(543
R
R R
(e df -k

o1/ e
Ve

b2t + ayzn =3 (xy)n—l_

bx® 4 @yt = c3x2n—2 4 d3yn—2



Haifitn nnomanp netyin KpHBoOi:

139.
140.
141.

(x+y)* = ax’y.
(x+y)’=axy.
(x+y)° = ax’y.

IIpousBoasi HajJeaKaIMyl0 3aMeHY HepeMeHHBX, HaliTH IJIOIHaib,
JTPaHHUYEHHYIO CAENYIOIIHMH KPUBBLIMH:

142.

143.
144.
145.

146.

147.

148.

148.

150.
151.

152.

xy=p, xy=gq, Yy*=ax, y*=bx, 0<p<<q, 0 <a<<b.
xy=p, xy=q, y=ax, y=Ppx, 0<<p<<q, 0<<a<P.
x*=py, X*=gqy, y=ax, y=Ppx, 0<p<q, 0<a<p.
y=ax® y=>bx3% P=px, P=qx, O<a<h 0<p<yq.

x5 X8 s Y

y—*'aT’ y—-;;—, X—?, X= A x>0, y=>0,

O<a<h, O0<c<<d.

y= x , Y= i’ yzzi’ yz_-_—x_a’ 0<a<b’ 0<c<d.
a b c d
3 3 2 2

y= xz , Y= x_’ y:.x__’ yzi.’ 0<a<b’ O<C<d
a b? ¢ d

x4

x4
y=—m y=-pg xy=c, yy=2d x>0, y >0,

O<a<b 0<c<d.

XBtyi=ay, 2+ yi=by, x=ay/x=0y, 0<a<b, O<a<<P.
Y =2p(x—p/2), y* =24 (x—q/2),

P=2r(x—r/2), 0<p<g<r (x>0, y>0).

a) (x+2y— 1P+ @r+y—2P=9;

6) (x— 2y+3)2 + (3x + 4y— 1) = 100.

§ 3. Boiuncaenne o6beMa ¢ MOMOLIbIO ABOHHOIO HHTErpaaa

Haiitu o6beMH Tea:

153.
154.
155.
156.

157,

0<<z<Ca?, x+y<<h, x—2y>=2, y>0.
xt+y+z<<a, 3x+y>=a, 3r+2y<<2a, y>=0, 20,
x+y<<l K43, x>0, y=>0, 22>0.
x+y<<a, 0C22<<y? x>0, y>=0.
2 2px, y<Lx<a, y>=0.
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158.
159.
160.
161.
162.
163.
164.

165.

166.
167.
168.
169.
170.
171.
172.
173.
174.
175.
176.

177.
178.
179.
180.
181.

182.

183.
184.
185.

2>2x, 2>2qy, 0<2<<a, x>0, y=0.
P <2q(a—x), 22 2px.

I<z<ay, y<<r<L.

PHyP<a’, 220, x+y+2—4a>0.
PHyr<ad, rtyt+z<<a, 2>0.

24y < a2, O0<<az<Ca®—242.
(x2+y2)2<a2(x2—y2) 0<bz <2412
<L S+l <

a? b?
dx =y, 4y >3, nggy.

220, x4z, x>

ax <Py < 2ax, 0 < bz < xty?

g+ 2232, x4y << a2

X4+ <azr<h

0oy, 24 2 << 2ax.

Ly <, 0<Caz <<+ 12,

—ISY<y, PP <ae <23 422, 2 << A,
PLay <<bx, B4y < he <2024 242,
Pty <a<<aV Py

0z — o2, 2x+y< 1.

0<<e<CT4—ux%, X*— 12 >0, x>0
3x+4y<<12a, 0<Caz<<a®>—?, x>0, y>0.
(x—a)*+ y* < az << 20— 2ax.

0<<e<Cl—¢?, 0K 2—2.
B<Laz<<4a?— 12— 2

O<ar <4l —x2— 32, az4- 2 < o

AL+ <P, R—y2—22>0, x>0,
P+ 2<<ak 24y >a(a—22).

a) X+ +22 <202, X2+ y*>2az(a<c < 20a);
0) X*+ 2+ 22 << 22, X2+ y*>2az (c > 2a).



186.

187.

188.

189.

190.

191.

192.
193.

194.

185.

196.
197.

Y 2
AN -
nggcsln (a_z—*—?), 7"{" P Qn.

nggesin(n i +—y—2¥-)-
a

yb: <(1 — 1_>2<1 —_’52—>, x>0, 2>0.

¢ a?
0<z<csm—sm———, x| <a, |y <b.

1
0z » 0T <C2a, 0Ty <28
U ek (y+ by
E>1, I>1.

Oz Cayet=>—19, w44y < R
O<z<< (2t y)e ™2, ¥4 PR x>0, y>0
0<<{z<ysin (n (i)4>, nx < > < mx,
[’}
By <x<ay, m>n>0, 0<Pfp<a<l.
0 2 (24 4), ay<*<Py, m<y<m
Y

O<a<B, O<<m<n.
r<<asinde, rP<a*—22, 0<Co<<m/2.

a) r<aVcosQ(p, 0I<me<<a®—r?, —n2<g<<{n/2;
6) r<<al2cos2q, 0<ar<<al—r?, —n2<<o < n/2.

§ 4. Boluneaenne naomanmu noBEPXHOCTH

Haiiti niomans noBepXHocTH:

198.
199. 2

200.

201.

202.

203.

=2xy, econ 0<<x<a, Oy <o
'l/m ecin x® 4 12 << 2ax.
2z=1x% ecomn x <2y <hx, x<2V2.
cz=yxy, ecmn (x4 22 < 2%y, 2>0.

(224 y?) =224, ecmm X412 < —16-

202 =x*+4?, ecmn (PP <a?(2—y?), x>0.
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204.
205.
206.
207.
208.

209

210. 2
211.
212.
213.
214.
215.
216.
217.
218. x%
219.
220.
221.
222.
223. x?=
224. x*=
225.

226.
227.

228.

229.

230.

2az =x+4y?, ecm P+ yrt<{a? y<x, x>0, y=0.
202 =x*1y?, ecau x%+ y? 422 < 2c2.

X4 yP?P+22=R? ecomt x+y<<R, x>0, y=>0.
P42+ 22=R? ecu 2yt <L2Htga, 22>0.
x2_|_y2+22:R2 eCJIH (x2+y2)2 R2(y2__ 2)

24+ y? 22 =2Rz, ecim —a——i- 5 < z

c?
P=x*+a% ecmu P20+ a?) <L ¥ 0< e
Y +22=2ax, ecm y2<lax<a
P44 =a? ecmn x*<alP—b%?, a<b.
B4y 2=a? ecom y:>a(a+ x).
P4+ +E=a% ecn Bbyr<la¥x, b>a.
¥+ y?=2ax, ecmm 222412
YrA4xt=2ax, ecmu 0<Caz<<x2+ 42
P=y+22, ecmm X*—yP<a? |y|<<b.
=y*+2% ecm x*+y?<ak

=yt 2%, ecnn x2<ay.
2422 =2ax, ecan y*<2px.
X234 223 =q23, ecam y* < 2p«x.
x2/3 4223 = 2/3 ecqu y23 + x23 L a?h3,
2c(c—z), ecmn 0Ly <Coax, 2>0.
2c(c—z), ecan 2 >0, x2y%* < ax%—c2.

x=rcosQ, y=rsing, z=~he, eum a) 0Cop<r,
0<r<L 6) 0CeoC/4, 0Cr<Co.

x=ucosv, y=usinu, z==4v, 22>0, 24+ 4*<<9.

x=(a+bcosv)cosu, y=(a+bcosv)sinu, z=bsinv; 0o <y,
0<<u<n/2 (a>b).

x=acos*ucosp, y=acosusing, z=asinduy, 0<Cu<m/?2,
O0<<op<Cmcosu.

x=a(lnltg%l+cost>, y=asintcos@, z=asinfsing,
0<TECm/2, 0Cp<Cm/2.

x=3u+3uv*—ud, y=0v®—3v—3ut, z=3wW—1?), O<<v<l,
0<<u<uv.



231. Hajitn o6beM H mJjowiajb MOBEPXHOCTH Teja BHUBHAHK
242422 <A4a?, 224 y? << 2ax.

232. Haiitin o6beM ¥ nJomaib NoBePpXHOCTH TEJA
R+2<a? 2y <at

233. Haiitu o6beM M nJolaab NOBEPXHOCTH Teda

nggaarctg—%, P4+ PR, x>0

234. Hafitn o6beM ¥ nioniaab NOBEePXHOCTH Tesa
X+ 2ax, x2>yt+2%

235. Hafitu o6beM ¥ nnoWaab NOBEPXHOCTH Tesa
X+ <22, e <28 — (2 +y).

§ 5. Mexannueckue ¥ ¢U3HUECKHE NPHIOXKEHHS ABOHHOrO
HHTerpaja

Hafitn maccy NJacTHHKH NJOTHOCTH p, OTPAaHHYEHHON JHHUSIMH:
236. y+x2 x+y=2, y—x=2 (x>0), ecoi p=x-+42.

237. x=y, x—3y=1, y=1, y=3, ecsin p=y.

238. X* 4+ yi=4x, °+yr=4y(xy>0), ecom p=x.

239. Y*=x+4, y*=4—x, y=0@y=0), eciu p=y.

240. -xi—}—y—zzl, —f;——{—y?z:l, ecan o= 4x%4 942,

241. ¥+ 2=1, X*4y?=9, x=0, y=0 (x=0, y>0), ecu p=

242. (X2 + = y: )2=—xi— i (x>=0), ecmn =x2

b2 a? b2

243. Halitu maccy Xpyrsiofi mJacTHHKH paauycoM R, ecan mJoOT-
HOCTb 3TOH NJACTHHKH B KaXAOH TOYKe NPONOPUHOHAJbHA pPacCTosi-

HUIO OT 3TOH TOYKH [0 HeHTpa nJaCcTHHKH H paBHA pp Ha Kparw nJja-
CTHHEH.

244, Tlnockoe KOJbUO OrPaHUYEHO JABYMS KOHUEHTPHUYECKHMH
OKPYKHOCTSIMH, PaavyChl KOTODBIX PaBHE COOTBeTCTBeHHO 1 u 3.
3uas, uTo NMJOTHOCTh MarepHasja NpPONOPUHOHAJAbHA pPAcCTOAHHIO OT
ueHTpa oxpy:kHOCTEH, HAllTH Maccy KoOJbla, eCJH IIJIOTHOCTL Ha
OKPYKHOCTH BHYTPEHHEro Kpyra paBHa ealHHLe.

245. Haiitn maccy niacTHeKE, uMeolleli (opMy Koabua, paguy-
CH BHYTpEHHCil M BHeUIHell OKDYXKHOCTH KOTOPOTO pAasHbl COOTBET-
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CTBEHHO r H R, €CJIM NJOTHOCTb NJIACTHHKH B KaXKAOH TOYKe O6paTHO
nponopiuHoHanbHa pacCTOAHHIO OT 9TOH TOYKH IO IleHTpa KOoJbla.

246, Haiitu maccy KBaApaTHOH NJIACTHHKH CO CTOPOHOH @, eCAH
IJIOTHOCTh MNJIACTHHKH B KaXKJ0fl TOYKe HPONOPIMOHAJbHA KBajapary
paccTofHHA OT 3TOH TOYKH MO ONHOH M3 BEepLIHH KBajapaTta M paBHA
Qo B LIGHTPe KBajpara.

247. Ha#itu craTHuecKHii MOMEHT OJHOPOAHOTO INPSMOYroJbHHKA
IJIOTHOCTH p CO CTOPOHAMH 4 M b COOTBETCTBEHHO OTHOCHTEJIbHO €ro
CTOPOH.

248. Hafitu cratuueckKufi MOMEHT OJHODOAHOH MNJACTHHKH IJIOT-
HOCTH p, 3aHHMaloueil 06JacTb, OrPaHHYEHHYIO OJHOH apKOH LHKJIOH-
IH, x=a(f—sint), y=a(l-—cos{) u orpeskoM npamoi y==0 OTHOCH-
TeJbHO ocH OX.

249. Hajity craTuueCcKHil MOMEHT OJHODOJHOH IJIACTHHKH MNJOT-
HOCTH p, 3aHMMalollell 06JacTb, OIPAHHYEHHYIO JHHUAMH Yy=x2 H
y = 2 orHocuTenbHo ocu OX.

14 x2

250. BriukcauTh MOMEHT HHEpPLUHH OLHOPOAHOrO Kpyra maccodi M

H paauycoM R OTHOCHTEJbHO TOUKH Ha €ro OKPY2KHOCTH.

BHYHCANTD MOMEHTH HHEpLIHH OTHOCHTEJbHO 3aJaHHOH npsAMoR
ONHOPOAHOM MJIACTHHKH Maccoil M, orpaHuyeHHOH JHHUSMH:

251. x2+4y?=R? OTHOCHTEJbHO NpPSIMOH, NIPOXOAsIleH yepe3 UEHTP
Kpyra u Jexalle#i B ero IJi0CKOCTH.

252, x2+4y2=R? OTHOCHTEJbHO KAacaTeJbHOH K OKPYXKHOCTH 3TOr0
Kpyra. :

x3 3 o Y .
253. —s—{——[!i—z-:l OTHOCHTEJIbHO OOJIBLIOA H MaJjcil ocel.
a

254, y=sinx, 0<{x< n, y=0 OTHOCHTeJbHO NpPAMOH y=1.

255. ay=x2, x+y=2a OTHOCHTEJbHO KaXJOH H3 OCeil KOODAHHAT.
256. x2=2py, Yy*=2px OTHOCHTEJbHO KaxJOH U3 ocefi KOOpJHUHAT.
257, r=a(1+ cos @) OTHOCHTEJbHO NOJSPHOH OCH.

258. r2=a? c0s 2¢ OTHOCHTEJbHO NOJSPHOH OCH.

259. xy=4, xy=8, x=2y, x=y, (y>0) otHocuresbHo ocu OY.

260, IlnoTHOCTE B Ka)K/[OH TOUYKe HPSIMOYIOJbHHKA IPONOPIHO-
HaJlbHa KBAaJpaTy PacCTOAHHMS OT 3TOH TOYKH 10 OAHOA H3 ero Bep-
muH. HaliTh MOMEHT HHepIMH 3TOr0 IDPSMOYTOJbHHKA OTHOCHTEJbHO
€ro CTODOH, NPOXOASINIHX yepe3 3Ty BePLIHHY, AJHHB KOTOPHX COOT-
BETCTBEHHO PaBHHI a U b.

261. HajfiTu MOMeHT HMHEpDUHH OTHOCHTEJbHO HauyaJa KeOpAUHAT
ONHOPOZHOH NJACTHHKH IJIOTHOCTH p, 3aHHMAaWINed 06/1aCTb, OTpPaHH=
9eHHYIO JHHHAMH

x2+y2=9, x+y=0, x—y-—"o (x>0)°
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262, HafiTu KOOpPAMHATH LEHTPA TSKECTH OZHOPOAHON MJaCTHHKH,
3anuMalomed 06sacTh, OPPAaHHYEHHYIO JHHHAMH: y=X, y=-—x, x=1,
€CJIM NJOTHOCTh IVIACTHHKH B KaKAOH ee TOYKE YHCJIEHHO paBHA pacs
CTOSIHHIO OT 3TOH TOYKH A0 Hayajia KOOp/JUHAT.

263. Hafitu KOOpAMHATHI LEHTPA TSKECTH OLHOPOAHOH MJIACTHHe
KH, UMelollell (OpMy KPYroBOro CeKTopa C YIJIOM « H pagnycoM R.

Haiitu KOOpAHHATBl LEeHTpa Macc OllHOpOIlHOiI NJ1IaCTHHKH IJOTe
HOCTH p, OFpaHH‘-IEHHOﬁ JHUHHAMH:

264. y=x2, y=23x% y=23x.

265. y=2x—1, y*=x, y=0,
266. y=4—x? y-+2x=4.

267. y=V2x—12, y=0.

268. y=4x+4, y*= —2x+4.
269. y=x2, y=2x% x=1, x=2,

270. —g—+z—:=1, x=0, y=0 (x>0, y=>0).

271, 24 ¥ 1 y=0 (y>0
.=+ , Y (y=0).

a? b2
LA -
272 =+ =1, 342 =6, x>0, y>0.

w&%+%=hf+%=z§=i“ﬁ*i.

o
2
o

274. PP=axd?—x4,

275. x=acos’t, y=asin®*f, x=0, y=0 (x>0, y=>0).

276. x=a(t—sint), y=a(l—cost), y=0, x=na (O<x<na).
271. x=a(t—sint), y=a(l—cost), y=0, 0<<x << 2na.

278. (*+ y*?=2a%y, x =0, y=>0.

279. ¥+ y*=3axy, x>0, y>=0.

280. (i+-ly7—>’="—‘;, x>0, y>0.
a a

281. 'i+_yi=£_y_’ >0

at o »§=0.

282. (%:Jr—z:—)”:%, x>0, y>0.

283. r=a(l4cosp), 0<Co<m, =0,
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284. r=a(l-+cosq), O<Ceo << 2m,
285. rP=a%cos2¢p, 0<Cop<Cu'd, ¢=0.
286. r=9cosq, r=4cosq.

287. r’=a%cos2¢, 0<Cp<Ca/2.

288. Haiitu Maccy W KOOpAHHATHl LEeHTpa Macc NJACTHHKH B ¢op-
Me TIpAMOYIOJILHOTO TPeyroJbHHKa ¢ KateTaMu a u b (a>b), ecan
AJOTHOCTh B KaXKJIOH e€e TOYKe paBHA DACCTOAHMIO e€e OT MeHbLIero
Karteta.

289. TlnactuHka JeXHuT B nJjockoctw XY, 3anumast o6uacts D,
OrpaHHuYeHHYI0 KpuUBBIMH x¥==2, y?=2x, y=0 (y>0). Ha nnacrunke
pacmpejeneH 3JeKTPHUYECKUA 3apsA C NOBePXHOCTHOH IJOTHOCTBIG
o=x+y/2. Hafitu nosHb# 3apaa NJAACTHHKH.

290. [InacTuHKa JexuT B mJjockoctH XY, 3auumas obaacts D,
OTpPaHHYeHHYIO CJeAYIOWHMH JuHusMu: x=1, y=0, y=2yx. Ha naa-
CTHHKE pacrpejeseH 3JeKTPHUYECKHH 3apsj ¢ NOBEPXHOCTHOH mJOT-
HOCTBIO 0=7X-+ Y. BEIUHCOUTD NOJHBIA 3apsa/a NJIACTHHKH.

291, [InacTHHKA JeXUT B NJockKocTH XY, 3anumas obaactb D,
OrpaHUuYeHHYI0 KpHBbIMH y=0, y=2, x=0, x+y=4.

YiaeabHasl TENJOEMKOCTb MJAACTUHKU MeHfeTCs MO 3aKOHY c=2x-
+3y. Hafitu KoauueCTBO TelJa, [IOJydYaeMoe NJACTHUHKOA IpH ee
HarpeBaHuH OT TeMIepartyph ¢;=10° g0 Temmeparyphl f,=20°.

292, C KakKol CHJIOH MJAOCKHE AHCK paauycoM R u Maccoit M mpu-
TACMBAET MAaTepUaJbHYIO TOYKY MAaccod m, KoTopas JeXHT Ha Mps-
MO}, NepneHAHKYJSPHOH IHCKY H INpPOXOAsluedl depe3 ero LEHTD, Ha
pPaccTosiHUM @ OT LeHTpa.

293. Ilnacturka B (GopMe TPeYroJbHHKA TNOrPY:KeHa BepTHKAJbHO
B BOJAY Tak, YTO ee OCHOBAHHE JIEKHUT HA NOBEPXHOCTH BOABL. OCHO-
BaHMe NJACTHHKA @, BBICOTA /1. BHUHCAHTDL CHJY AaBJeHHS BOABI Ha
KaXXyl0 U3 CTOPOH NJAaCTHHKH.

294, [IpsiMoii KpyroBofi UHMJHHAP NOTPYX€H B HANOJHEHHBIH XKUJI-
KOCTBIO COCYZ Tak, UTO €ro cepeinHa — touka M -— Haxoaurcs Ha
raybuHe ¢ IOJ IOBEPXHOCTBIO JKHAKOCTH, a4 OCh LUJHHAPA COCTaB-
JseT C BepTHKanbio yrog «. JnnHa HuauHApa paBHa [, paguyc OCHoO-
BaHHS a. BHUHCJUTL AaB/eHHe HAa HHUXKHee U BepXHee OCHOBAHUSA IH-
JHHAPA, €CJIH NJOTHOCTb XXHUJAKOCTH paBHA yq.

295. Ilnacrunka, umetonias GopMy .NOJAYKpyra paguycoMm 4, Io-
rpyxeHa BEPTHKaJbHO B XKHIAKOCTb Tak, 4TC I‘OpHSOHTaJIbeIIU{ Jua-
merp AB, cayxaluii ee OCHOBAHWEM, HAXOAWUTCA BHYTPH KHAKOCTH,
a BepiiuHa O NOJNYKpyra CONPHKACAeTcsl C INOBEPXHOCTHIO JKHUAKOCTH.
Brluncaurs AaBJiecHHe  Ha INJACTHHKY, €CJH IJOTHOCTh KHAKOCTH
paBHa yo.
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296. Onpejesidtb CHUJY NaBjeHHs BOABI Ha OGOKOBYIO CTeHKY x>0
LUUJAMHAPHUECKOTO cocyaa x2+ y?=a? z=0, ecau ypoBeHb BOAHW z=FH.

§ 6. PaccraHoBKa NpeAeJOB HHTErPUPOBAHMA B TPOUIiOM HHTErpaJe
M ero BblYHCJEHHE

BbluBCcaUTh CllefyIolHe TPOHHBIe UHTErpaJH:

1 2 3 1 X Xy
297. de&dygxyzdz. 208. degdyg(x—{—y-kz)dz
& & ¢ & ¢ ¢
1
2y p 0 6 zy
2 0 2 ~e
299. degdx S pTEoros 300 5 dySdz Sy cos x dx.
1 Y —1 0
Vit 3—2z  3—y-—-z

301. Sszdx S 2xytdy. 302 Sszdy S mdx
0

1—z

PaccraBuTb BCeMH BO3MOXKHBIMH CIOCOOaMH Ipejesibl HHTerpHpo-
BAHHUA B CJEAYIOIUHX TPOHHBIX HHTerpajax B J€KapTOBOH cHCTeMe
KOOpAHHAT *:

1 1—.x I—x—y 1 X y
303. §dx § dy § fe, 9, 2dz. 304, $ax (dy\fex, y, 9z
0 0 0
4—x 4—x—y I—{y—1|

1 1 2
305. (ar (ay § 7(v, 0 2dz 306 (x| ay § Fx, g, 2)dz.
- | [ 0 0 0

2 2—'x—1| R V R—x2 x’+y'

2 )
307. \dr\dy § Fee,p2)dz 308 \ax § éf(x, ¥, 2) de.
0 0 0

0
R VR—&  R-VRi—xi—yt
309. S dx § dy S [, y, 2) dz.
(1]

R _yF==
8 V R*—22 14 R2—z2— g2

s1. Ve § ay § i g 2ax
0 — VR — VR —g_

PaccraButh BceMH BO3MOXHBIMH CIIOCOGAMH Ipefesibl HHTErpH-
1§osamm B IUJUHJIPDHUYECKOH cuHCTeMe KOODAHMHAT B HHTerpaie

KS f(x, y, 2)dV, ecnu
V .

* Beiony B maspueitieM ¢ynxuus f(x, y, 2) npepmosaraeTcsi HempepuHBHOA B
COOTBETCTBYOUEH 06J1aCcTH.
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3. V={{x, y, 34+ <R, 0z H}
312. V={(x, y, 2) X’ + <<k, 02 H)}.
313. V={(x, y, 2): x* - " << R? *+y?+22<C4R%}.
314. V={{x, v, 2): X L+ 22 <2z, x*+ <27
315. V={(x, y, 2): x*+ 12+ 2*<4R? 2> R}.

316. V={lx, y, 2): P+ y*+22<4R?, x*+ y® <<2Rxj.

PaccraButh BCeMH BO3MOXHBEIMH CHoco6aMH Ipelesibl HHTE-
TPUPOBaHHA B cdepHYeCKOH cucTeMe KOOPAMHAT B HHTErpane

SXS fx, y,2)dV, ecan
17
317. V={(x, y, 2): x*+y*+22<C4az, x>+ y* << 32%.
318. V={(x, y, 2): X*+y*+2*<CR?, zZ>R/3}.
819. V={(x, y, 2) : 2®*+ 1P <CR?, O0<<z<CH,(H=R)}.
3anucaTth HHTErpalg ngf(x, Y, 2)dxdydz B BHIOe ONHOro U3 NO-
v :

BTOPHBIX B L{MJIHHJADHUECKOH CHCTeMe KOODAHHAT, eCJH
320. V={(x, g D)+ <1 x>0, g0, z>0}_
321. V={(x, y, 2): B2+ y* <<z, O0<<2<CH]}.
322. {(x, ¥, 2): 0<<x<< 1, O<Cy<, 021}
323. V={(x, y, 2) : x—RP+y*+22<<R%, x*+(y—RP+22<R%.
324. V={(x, y, 2): ¥*+y* < 2ax, $*+y*<<a’—az, 220}
325. V={(x, y, 2): 4x*+ 32+ 22 <C48, 0<C22<C4x* 4397}
826. V=|(x, y, 2): 12| <<5—V3x"F3¢?, 222+ 1),
3anucaTtb HHTErpalg SKSf(x, Y, 2)dxdydz B BUIe OJHOIO H3 NO-

v

BTOPHHIX B ChepHUYECKOH CHCTeMe KOOPAMHAT, eClH
327. V={(x, ) S+ E <1 x>0, 930, z>0}.
328. V={(x, y, 2): 2+ 2+ 22<<4Rz, ®+ 1P+ 22 >Rz, 4+ *<<

< 2%3}.

320. V={(x, y, 2) : 2+ + 2 < R%, x*4- 22 <C22R}.
330. V={(x, y, 2): 2*+ 12+ 22> R?, X®+y*+22<C22R}.
331. V={(r, y, 2): 2®+ 11+ 22 <<2YR, P+ 2 <22}
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332. V=/{(x, v,

2) 4y 22 < 2R, ¥+t =22
333. V={(x, y, 2) : x2 4+ 12 +2<L82—8, 3(x*+y%) <<2%.
B caenyomux mpumepax tpelyercs 3anucaTbh TPOHHOH HHTerpak
“S (x, ¥y, 2)dxdydz B Bume mnoBTOpHOro. TakK XakK MOJAKIHTE-

rpaanaﬂ GyHKUHSI KOHKPETHO He 3aiaHa, To BHIOOp, B KaKo# cHCTe-

Me — J1eKapTOBOil, HUJIHHAPHYECKOH HJIH

cdepuyeckoil — 1 NOPAAOK.

3alKCH 9TOr0 MOBTOPHOTO HHTErpaja NPOH3BOJHUTCSA TOJbKO H3 pac-
cMoTtpenuss obaacru unrerpuposanus V. [log V Bcerna 6yner nogpa-
3yMeBaTbCs OrpaHHYeHHas CBsA3HAs KOMIIOHEHTa MHoxkecTBa {(x, Y,

2) 19i(x, y, 2) >0, i=1, 2

Qi(x, y, 2) >0, i=1, 2,.

334.
335.
336.

337.
338.
339.

340.

341.
342.
343.
344.
345.
346.
347.

348.

349.
350.
351.
352.

V={x, 4,
V={x,
V={x, y,
y=0}.

V={x, y,
V=A{x, g,
V={x, v
x =0}

V={«x, y,
V={(x v,
V={x, y,
V={, y,
V={x, v,
V=A{x, y,
V=A{kx, y.
V={, y,
a) V=|(,
6) V={kx,
V=A{x, v,
V=A{kx v,
V={x, 4,
V={x, v,

:0<2 4—x2, x2—y? >0, x >0}
0<CeCd—x, P<<2x-+2}.
txty+z<<?, 0<<4e<<4—x2—y?, x>0,

0T e <A —2—¢2, [x+yl<2).
(x> Yt 2t B <4y 42
PP <<a(R—y?), 0<<az<<4(¥*+4%),

0 e Ty, x+4y+2<<1}.
1023V 2, x<y).
P4, AP y2 <16}
0<<eC2—y% x>0, y=>2x—1}.
D, PP —22 >0, x>0}
tx2 Y2 > 322, x4yt —22 < 2).

Y2432 <0, X2+ y* 422 < 2ay).

222 2ax, KP4 yP<Ca?).

2) 402+ <2, 0<z< 1+ VP T5);

2) 14 (4 <2?, 4 yP—22+22—12>0).
122 P KRR, 2422 <CRY.
12y + 23R, Re<C2(y° 429}
X4 ar—x2 <0, 2>0}.

Ptz x<<a, x>22>0}

n}, ecyqu ycqaoBHe Ha V 3ajnaHo B BHAE
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353. V={(x, 4, 2) . (@ + P <a?(2—y%), 0<Caz<C4(x®+ 7,
x =0},
Bruncsurs
354. ng(ﬁ—}—yz)dxdydz, V={x, y, 2): 2+ <<2, 0<<z<<2}.
%
355. SQS(xZ-—4xy+y2)dxdydz, rae V={(x, 4 2): 0<x<],
O<y <1, 0z 1}
356. S“xdxdydz V={x, 4, 2): 0<Cy<<h, x+2<a, x>0,
>0}.
357. ngxyzdxdydz, V=A{x, y, 2): 2+ 2 +22<<aV3x x2+
vV
+ ¥+ 2 <ay, 220}
358. \\§ (242t drdyds, V=i(x, 4, 2): 2+ +2 <R,
Vv
Yr22<Cal x>0}
359. SSSzdxdydz V= {(x Y, 2): z2> (x2+y2) 0<z<h}
360. X“‘z"’dxdydz, V= {(x, Y, 2): (-—’f—)z-l—(L)zg(i)z,
v a b ¢
0z, x>0, :y>0}.
361. S‘Uzdxdydz, {(x Yy, 2): i: +2 - <1, z>0},
v
362 2 dxdydz, V= [(x AR
' m‘ bt a0 _{( At
p
+F<l}'
363. ngzzdxdydz, V={x, vy, 2): 22+ P2+22>R% X+ 2+ 22
14
<< 2Rz}
364. Sgg(x-}—y—{—z)zdxdydz, V={x, y, 2): *+y><2az, x*+4
14
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365. SSS xyz dx dy dz, V—reno, orpaHuyeHHOE NOBEPXHOCTSMH,
v

yz=ax, yz=ax, a>a; >0,

zx =by, ax=by, b>b,>0,

XYy=cz, xy=1~¢42, c>¢,>0,
nonaras

u _ Yz 2x Xy

366. Sggx”y”z’(l—x—y—z)sdxdydz (>0, ¢>0, r>0, s>0),
v

V—rteno, orpannuenHoe mjockocTsaiMu x+y+z=I1, x=0, y=0, z=0,
nonaras, x+Yy-+z=u, y-+2Z=uv, 2=Uuvw.

367. Sggxdxdydz, V={x, gy, 2):a<<xyz<<b, cx<Ly-2<dx,
17

my <<x <ny}, y>0.

§ 7. BpluHcaeHue 06beMa ¢ MOMOLILIO TPOHHOrO MHTErpaJa

Hafitu o6peM CleAYIOLINX Tew:

368. V={(x, y, 2): x*+ 2> —22 < a?, x¥+4 2y*>47%).

369. V={(x, y, 2): 202+ 2¢) < 2a:<3a ) @—x*—242).
370. V={(x, y, 2): ¥+ 42 <2?, a*<<x*+4y* 422 << 9a?).

371. V={(x, y, 2) : X+ y*+22<<2Rz, 2@ a x4 y? <22 g% P,
I<a<<P<<m/2}.

372. V={(x, y, 2) : 2+ *+22<CR%, X*+4 P+ 22<C2Rz}.
Hatitu 06beMHl TeJi, OrpaHHUeHHEIX NOBEPXHOCTAMH:
373. (4P +2H)?=a%.
374. (x2+y*+ 2?)P=a’xy2.
375. (x4 P+ 22 =axyz.
376. (x*+ 2+ 222 =az(x*+ 4?).
377. (x*+y*+ 253 =a?t.
378. (P +y*+2°)P=az (¥ + 4
379. (X2 y?+2%)°% = a?y*P.
380. (x2+ y* 222 =ad (x*+1?).
381, (24 y2+2%)° =a’z (x2—y?).
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382. (x4 y?+ 2 =a%z (x4 ¢).
xt4-g1
383. (x2+y2+22)2=a323—7~ﬁ’i—7.
384. (44 +2)° =asin® [VJZT“T“}
2

385. (¢ +y7 24 =2a®,
386. (x*+ 47+t =a*(y—x).
387, (¥4 y?)*+ 28 =3a%2.
388. (x*+4*)*+2° = a’xyz.
389. x+y+2f=ay, x=0, y=0, 2=0 (x>0, 2>0).
390. (x2+y3+z4)2:22.
. x4 yz 2\2 52
391. (;“‘;JF‘,;;) -2,
392, (& + 490+ 290 =a* (2 + ).
393. ((x24 2+ 2*) = a2 (x® 4 y2)2.

xﬁ y2 Zg 2— xyz
394. (§+F+F> —
305 (D4 LV 2 &
-395. ( -+ ) - .

a? b? ct
396. (i;-+—y;+z—:>2=i sin % .
a b c k 2 S 2
| ‘Vaeateta
x2 42 2 \4 21
W (St s )
(F )
() -3
a b c h
X .8
x y z \3 . n( a + b )
399. (—+——+—> =sin , x=0, y=0, 2=0
a b c ad Y,z
7+ b + c

x>0, y=>0, 2>0).

400. (—:——}—%-{——%—)s:exp[(——;—:(%—i-%—}—f—))] (x>0,
y>0, 2>0).
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401. <V _i_V ) i.__l, x:O, y=0, z2=0 (Z>0).

402 (24 L) 4=t =0, y=0, 2=0,

]
(x=0, y=0, 22>0).

403. * i)z _Ez_z—x———--y— = = =

0. (L) 4 H ="t x=0, y=0,2=0,
x=0, y=0, 22=0).

AN PP ] 2 2
404, [ X4 Y _=_Z_ d Y\
4 <a" T ) + p (h“ k?
3 2 \3 28 z x? 2
05. [X- _L) ____;__(___y_)
4 (a’ + b2 + ct p \ Ak 2

406. x4+-y+z=a, x+y+z=2a,
x+y=2z x+y=22 x=y, y=3x.

407. 2 <<xy<<B?, pr<<xy<<gz, ax <y< Pr,
0l<a<h 0<p<yg, O<a<h.

408. r=asing (14 cos).

409. r=asing y/ cos.

410. r=sing (asin® Y+ bcos® ).

411. (_x’_+_y2_+_zt>s= 22

a? b2 c2 x2/a® + 267
(=2l (3] o
[ a b

arz (£ (L) (L) =,

§ 8. Mexanuueckue ¥ (hU3HHECKHE NPHAOKEHHS TPOHHOTO
HHTErpaja
Haiity mMaccy Tesia IJIOTHOCTbIO P, OTPAHHYEHHOI'O MOBEPXHOCTAMH

413. z=22412, 2+ X2+ yP=6, 220, ecm p=2.
414. z=——+—9—, z2=23, ecsn p=x2,

415 . z=x*+y% z=2y, ecu p=y.
416. x+y+z2=2, x=0, y=0, z=0, ecmn p=x-+y+=2.
417. x=y?, x=4, 2=2, z=05, ecm p=|y}.
418, 2=6—x2—y?, 22=x2+y%, 2>0, ec p=2,
149



419. 2x+z=2a, x+z=a, *=ax, y=0 (y=0), ecau p=y,
420. 2x? + 2y —4dax—4ay -+ az=a?, *+y2—2ax—
—2ay+az=0, 2=0, M(a, a, )=V, ecmu p=22

421. Hafitu maccy Ky6a co CTOPOHOH @, eCJM INIOTHOCTb €ro B.
KaX/[0H TOYKe paBHA KBAJApaTy PAaCCTOSIHHS 3TOH TOYKH A0 (HHKCHPO-
BAHHOII BepLIHHH Kyba.

422. Halitu maccy mapa paauycoM R, eCiid INIOTHOCTb €ro B KaxK 10
TOYKe DaBHA yIBOEHHOMY PACCTOSIHHIO STOH TOYKH [0 NOBEPXHOCTH
wapa.

423. Hafitu maccy cdepuueckoro cjaos Mexay cohepamu x2+y?+
+22=a? n x?+y?+22=4a?, ecyH IJIOTHOCTb €ro B KaxXJA0¥ TOYKe 06-
PaTHO NPONOPLHOHAJbHA PACCTOSHHIO TOYKH OT Hayaja KOOpPAHMHAT H:
Ha BHelllHeH cdepe pasHa pg.

424. Ha#itn maccy konyca R?(z—H)2?> (x*+y?) H?, 0<{z<{H, ec-
Jiil TIJIOTHOCTh paBHa p==|xy|.

425. Halitu maccy npsiMoro KpyroBoro LHJHHApPA, BHICOTA KOTOPO-
po paBHa H, a paauyc ocHoBaHHUsl R, eCJM ILIOTHOCTb B JIOGOH TOUKe:
paBHa KBajApaTy PacCTOSIHHS 3TOH TOYKH OT UEHTpa OCHOBAHHMA LH-
JIMHJpa.

426. Halitn cTratHuecKHH MOMEHT OTHOCHTEJbHO IJaocKocTH XY on-
HOPOAHOTO TeJia NJOTHOCTBIO p, OrPAHHYEHHOTO NOBEPXHOCTAMH

Bty =2az, L= g o, - P =22 1@ P (O<a < P<<i/2).

427. HafiTu cTaTHYeCKHH MOMEHT OTHOCHTEJbHO NJOCKOoCTH XY
O/IHOPOJHOT'O TeJjla MJIOTHOCTH Q, OTPaHHYEHHOTO MJIOCKOCTAMH

ity+z=1, x=0, y=0, 2=0.

HafiTh MOMeHT MHEpUHH OTHOCHTEJbHO 3aJaHHOH OCH OXHOPOLHO-
ro Tesa IJOTHOCTBIO p, OIPAHHYEHHOrO 3aJlaHHBIMH TIOBEPXHOCTAMH

428. x=0, x=aqa, y=0, y=0b, z=0, z=c
OTHOCHTENLHO OCell KOOPJHMHAT.

429. y=7Vx, y=2Vx, =0, 2+ x=4 oTHOCHTEHLHO oOCell KOOp=
JMHAT.

x? 2 2% - .
430. —, —}——ij—n- +5= 1 oTHOCUTENIBHO OCeH KOOpJMHAT.
a 4

431. ¥*+y*—ax=0, 22=2ax, z=0 (2>0) orHoCUTEe/LHO OCEHl KO-
OpJHHAT.

432. 2=—;-(y2+x2), 2=1 orHocutesmpno ocu 0X.

433. x+y+2z=2, 2=0, x*+y*=2 (2>0) orrHOocuTeabHO OcH OZ.
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434. x*+y*=cz, z=c, oTHocuTenbHO ocH OZ.

435. %+%.+z_:1, x=0, y=0, z=0 (x>0, y>0, 2>>0)

OTHOcHUTeIbHO ocH OZ.

436. (i ) 22 -+ <_g_ ) 23 + (—f— ) 8 -1 ornocuremuo ocu OZ.

a b c

437. 2+ P+ 2 =R, X+ =21 a (2= 0 x4+ y* << 22tgP a, a<<n/2)
oTHocuTeapHo ocu OZ.

438. P +22=3, x*4-y*=2z, z>=0, orHocurenpbHo ocu OZ.
439. (x4 y*+ 2%)? =a’z orHocureabHo ocH OZ.

440. (x2+ Y4222 =3xyza® (x =0, y=>=0, 2> 0) OTHOCUTE/JLHO OCH

441. Haiith MOMEHT MHepHVH OJHODOJHOrO Teja IJIOTHOCThIO Q, Or-
PaHHYEHHOTO NOBEPXHOCTBIO TOpa X = (@ -rcosu)cosv, y=(a-+
+ rcosu)siny, z=rsinu, 0<{r<<b<a, O<u<2n, 0o
<27, OTHOCHUTENBHO OCeH KOOpAMHAT.

Haiitu mMoMeHnt HHEPpUHH OTHOCHTEJbHO 34 aHHBIX NJOCKOCTeH 0f-
HOPOJAHOro TeJa IIJIOTHOCTbIO p, OTDAHUYEHHOrO 3aJaHHBIMH IIOBepX-
HOCTAMU

442, x*4-g*=k%*"®, 2z = h, oTHocuresibHOo XZ u XY.

443. az=a*—x*—y*, 2=0 orHocutespHo XZ u XY.

%_I__!;__,_i:l, x=0, y=0, z=0 (x=0, y=0, 2=0)
[4
OTHOCHTEJIbHO Y Z.
445. (*+y*+ 222 =a’xy, x>0, y>0 orHocureshHo XY,

446, ® =2+ P+ 22 =2+ 1P+ 22, P yP=2% 220 (PP <
< 2%) orHocutesibHO XY

447, x24-y? -2 =2az, x*+ y? = 322 (x* -+ y* << 32%) orHocuTenbHO XY

448. HafitTh MOMeHT HMHepHMH OAHOPOAHOTO MPSMOrO KPYroBOro
KOHYCa IIOTHOCTBIO p, PajHyC OCHOBaHHSI KOTOPOro paBeH R, a BH-
CcOTa paBHa [ OTHOCHTEJHHO €ro OCH.

449. Hailtu MOMeHT HHEpUHM OJHOPOJHOro mapa maccoit M u pa-
JHUYyCOM R OTHOCHTEJNBHO TOUYKH Ha ero chepe.

450. HaiiTh MOMEHT HHepUHMH OTHOCHTE/JbHO HAauajJa KOOpAHHAT
TeJa, OTPAaHHYEHHOIO NOBEPXHOCTSAMH

Ryt t=4, y=0, y=x/}3 (x>0, y>0),

€CJIH MUIOTHOCTb B KaXJ0# TOYKe 06paTHO NpONOpPUHOHAJbHA pac-
CTOSIHHIO OT Ha4aJja KOOpIHHAT.
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451. HaliTH MOMEHT HHepIHH OTHOCHTEJIbHO OCH CHMMETDHH KpYe«
TOBOrO KOHyCa, ecjqu BhICOTAa KOHyca — f, pazuyc ocHoBaHusl — R
IJIOTHOCTb B KaXKJAO# TOYke 06paTHO NPONOPLHOHAJbHA DPAaCCTOSHHIO
OT 3TO# TOYKH 0 OCH CUMMETPHH KOHyCa.

Haiitu KOOpIHHATH HEHTpa MacCc OAHODOAHOrO TeJid, OrpaHHYeH«
HOr'O INOBEPXHOCTAMHU

452. 2=0, 22+ y*=2x, z=x>+ 12

453. az=a’—x?*—y?, 2=0,

454. x+y=1, z=x*+4% x=0, y=0, 2=0.

455. - y*+22=R? x=0, y=0, 2=0 (x>0, y>0, 2> 0).
456. x4 y?=32%, z=H.

457. 2= B XV _ ), X Y41 =0,
b a b ‘
458. L 4L 4+ 2 1, x=0, y=0, z=0.
a 4

459. z=x2+y% 22=x"4? x+y==+l, x—y=+1.
460. (i>2/3+(i)2’3+(i)2/3=1, x=0, y=0,

a b c

2=0 (x=0, y=0, 20, a<n/2).
461. 22=xy, x=a, y=b, z=0 (=0).
462. X*+ 2 +22=a? X*Fy*=a(a—22), (*+ P <a(a—22).
463. x>+ P42 =a? -+ yt=221tg%a, (2220).
464. (X’ +y*+22=axyz (x>0, y>0).
465. (x*+ y>+2%)* =a®.
466. x+y+2=2a, x=a, y=a, x=0, y=0, z=0,
467. x*4- 4>+ 2*=3a% x®+ y*=2az, (x*4y*<<2az).
468. x*+yt=2, x*4-y*=22, xy=1, xy=4, y=zx,

y=2x (x>0, y>0).
469. _~+ y’ +_ i+_y’_=.2€£(z>0).

a? b?

470. Hafitu nosoxeHue lLieHTpa MacCc ONHOPOAHOrO LIAPOBOrO Cere

MEHTa MJOTHOCTbIO p, PAAHYC OCHOBAHHSA KOTOPOrO pPaBeH 7o, 4 BHCO-
Ta paBHa A.
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471. Hafity xoopAHHATH LEHTpPA Macc OAHOPOAHOTO NPAMOro Kpy-
TOBOFO KOHYCa MNJOTHOCTBIO p, PaXHyC OCHOBAHHS KOTOPOro paseH R,
a BHCOTa paBHa H:

R2(z—H) 2> H?(x2+y?), 0<<z<{H.

472. Hafitu mMaccy u onpepesuTh INOJOXKeHHE LIEHTpPa Macce Imapa
x24+ y?+ 22<2az, ecau MJIOTHOCTb B TOYKAX IIApa:

a) o6paTHO NpPONOPLHOHANbHA PACCTOSIHHIO 3THX TOYEK OT Haya-
J1a KOOpJIHHAT;

6) o6paTHO NPONOPLHOHAJbHA KBAAPAaTy pPACCTOSHHS 3THX ToYeK
OT HayaJa KOODAMHAT.

473. Hafitu cuny, ¢ XKOTOpPO# ORZHOPOAHBI UMJHHAD INJIOTHOCTBIO
P TDHTATHBAETC K LEHTPY CBOEr0 OCHOBAHMsA, €CJH PafgHyC OCHOBA-
HHA UHJIHHIADa paBeH R H BhlCOTa paBHa f.

474. Haiitu cuny, ¢ KOTOPOfi OJAHODOAHBIH KOHYC IJIOTHOCTBIO P

NPHTATUBAETCS €ro BepPUIMHOH, eC/M PaAuyC OCHOBAHHSI KOHyCa pa-
BeH R, a anuHa o6pasylomeil paBHa [,

§ 9. Boiuncjenne n-mMepHOro MHTErpaaa

Bruncnure unrterpan

11 1
475. \ j...S(xf—l—xg-{—...—l»xg)dxldxz...fdx,‘.
00 U

476. 33 Q '[/x,+x2+...+xndx,dx2 ... dx,.
730, .., x, 20,
wtxt 4, <1

1 1

1
4717. g y g(xlxz—f-xlxs—i- vt Xn—ixy) dedx, ... dx,.
0

0 0
478. Ilycte f=f(xy, Xy, ..., X,) HenpephiBHass YHKIUA B 06JacTH
< <x (=1, 2,...,n).

Joxasarb paBeHCTBO

g dxlsdxz... 5_lfdxn: 0& dx, 5 dn s ... 5 fd,.

n Xz

479. [lokasaTb, 4TO ecqH f— HenpepbiBHast (YHKIHUS, TO

(Sdtlgdta o tjg_lfal)f(t.)...f(tn) by = {Sf(r)dr]”.
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480. Haiitn o6beM uactu n-meproro mapa M= {x= (¥, Xp,.. ., Xp}ix3 -
+x24 . a2<a?, X242 <32, x, >0}, (n>2).

481. Nokasate paBenctBo (f=C[0, x])
deljdxz. S f(x, )dxnmgf w) =90 gy
0 0

(n— 1)!

482. Jlokazate ¢dopmyay Jlnysuiis
Flon o+ ) b P L dx, =

1020, 120, .., %, >0,
Xytx51-. . .+xn<l

1
_ L) T(p) ... T (Pn) Sf(u)u”‘”'*"“’n”du
T (prtpet ...+ Pn) ’

rie f(u) —HenpepuiBHas ¢ynkuuda, p;>0 (i=1, 2,...,n).
483. BpiuncauTb norteHnHas Ha cebs OJHOPOAHOrO 1lapa pajauy-
COM R M NJOTHOCTBIO Po, T. €. HAWTH HHTErpaJl

Po S S 5 S S' S dx,dipdz,dxadysdze
1,2

xl‘f“ll‘*' 21<R2

2+!/2+ 22 <R?

rre rio= V(o —x%) + (h—4) + @ —2)%
484. [lonb3ysich GpopMyJion
1S] :g'[/]detG] du,
D
rae
S={r:r(w), usD}, r: R*>R"(k<n),

Dc Dk, obnacts D xopaaHoBa,
G —wmatpuua Tpamma (G=(gy), giy= (74, fu; . HaiTH MJIOWAAL
HOOBEPXHOCTH N-MEPHOTO Hiapa:

M ={x:(x1, x2,...,xn):ix;:’<a2}.
i=1

§ 10. HecoGcTBeHHbIN KpaTHBIH HHTETPad
HccaenoBath cX0AMMOCTb MHTErpaJioB

485. Sj BLUL A o T
(2 + g%y
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] dy.
486. SS (x’+ y’)” drdy
x4y

487. x+y+z+42
[X1P 4 1yi? + |z|r

dxdy (p>0, ¢>0, r>0).
fxl-HylHiz <1
488. SS = dedy.
(2x+y+4-1)°

—XYy<X,x>0

489 cos (x2 + y? -} 22) dxdydz
) SSS (g2

D={x, y, 2):x+y+2>1, x>0, y>0, 2>0}.
490 S‘SS (x+ y -+ 2) dxdydz
' (# +yi+ )V B2

D={x, y, z)‘x—f—y+z>l, x<<0, y=>0, 2> 0}

_xty—z
491. SSS oy dvdydz,
D={x, y, 2): |x| + |yl + lz] <1}.

499. Sj‘S dxdydz ,
(2 4 g2 + 2%

- .2 2 2 at2?
D=t g iat byt <7

BolunciuTh HECOOCTBEHHBIl HHTErpaJ WJH YCTAHOBUTH €ro pacxo-
JAUMOCTb

493. SS—yx—dxa'y, D={(x, p):x>1, —l<y<1}.
D

494. ﬁidxdy, D={, p):x>1, —l<ay<]l).
X
D

495. S'S;‘—:;_yidxdy, D={(x, 4):x>0, y>0, x4+y>1}.

496. Sj y dxdy, D={(x, y): x>0, y=0, x+y>1}.

497. SS—%dxdy, D={(x, y):x>0, 0<xy<1}.
D
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498.

499.

500.

501.

502.

503.

504.

505.

506.

507.

508.

509.

510.

511.

57

SSe—X‘y sin2xydxdy, D={(x, y): x> 1, y >0}

D={x, y): x>0, 0<<xty <1}

H e~ sin 2xydxdy, D={(x, y):x>1, y>0}.
D

SS x::_:y’ dxdy, D={(x, y): x>0, mx <y <nx}, 0<m<n.
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['JIABA 11

KPUBOJIMHEHU HBIY U NTOBEPXHOCTHDBIA UHTEIPAJIbI
NEPBOI'O POJA

§ 1. KPUBOJIMHERHbIYT HHTETPAJI NEPBOTO POJA

A

Onpenenenue, Ilyctb L=AB — KycouHO-rnajikas KpHsas B
R?® ¢ konnesmiMu Toukamu A u B. HaGop HecoBnajnamomiHx TOoUYEK
3TO# KPHUBOH Aoy, Qi,...,0n, 3AHYMEDPOBAHHLIX B MOpsAAKe CJAeNOBaHHs:
or A X B:ay=A, ap=B wunu or B x A:a,=B, a,=A, uasnBaercs
pasbueHueMm KpuBo# L H o6o3nauaercs 7.

[Tycrs ¢yukuus f: L—R onpeneneHa W orpaHuyeHa Ha KyCOYHO-
rnaakofi Kpuofi LcR® u T:ao, ai,.. a0, —pas3buenue L. Brenem

o6o3HaueHust: |a@;—{, @;|—AJUHA AYTH a;—i, 4;.
M;= sup  f(x), my= inf_ [(x),
x€(a;_q.4) x€a;_1q

S{f, T)= }: Milai_l,vail —zBepxuaa cymma Hapby;

i=l1

n
s(f, T):X m,«]ai_l,\ZlA—HH)KHﬂﬂ cymma Hap6y;

i=1

& (f, Ly=inf S(f, T)—sepxuuit uuterpan Jlap6y;
T

& (f, Ly=sups(f, T)—nuxuuit unrerpan Japoy.

- T

Onpenmenenne., ®ynkuusi f:L—R, onpeneneHHas H OrpaHu-
YyeHHasi Ha KyCOUHO-TJIaJ KO KpuBoH L RS, HHTerpupyeMma 1no KpHBOMH

L, ecau I(f, Ly=J(f, L). B srom cayuae obilee 3HAYeHHE HHTErpa-
JoB Jlap6y Ha3bBaeTcsi KPHBOJHHEHHHIM HHTErpajoM MNepBOro poja

oT GYHKUHH | M0 KpHBO#H L=AB u obosnasaercs j fds, wm \‘fds.

L
AB
O6paTuM BHHMAaHHE HA TO, YTO INOCKOJIbKY B OIPEAEJECHHH CYMM
N’
JapOy wHCnoJb3ylOTCst BEJHYHHHEl JJIHH AYT Qi=—q, @i, TO 3TH CYMMH

HE 3aBHCAT OT TOTO, B KaKOM TIIOpsAJKe CJ€J0BaHHsI HYMEpOBAaJIHCD

S
Toukn KpuBoil L=AB mpu ee pasbuenun—or A K B uau or B x
A. VI3 3TOro cienyer, 4o KPUBOJIMHEHHHIH HHTErpaJ IepBOTO poaa He
3aBHCHUT OT NOPSIAKA C/IeJOBAHUSI TOUeK Da3GHeHHs, WJH, KaK IPHHS-
TO FOBOPHTb, HE 3aBHCHT OT OPHEHTALMH KPUBOH L.
Kax BuaHO, ompene/ieHHe KPHBOJIMHEHHOrO HHTerpaja HNepBOro
pola AOCJIOBHO NOBTOPSIET ONpelefeHHe HHTerpasa Pumana OYHKIHH
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f no orpesky [a, 6] =R. Ono sBJsieTcs MepeHOCOM ONpeAesneHHs HH-
TerpaJja ¢ NPAMOJIMHEHHOro oTpe3ka Ha KpuBoJuHedHbl. Enud-
b

CTBEHHBIM pAa3JIHYUEM HHTEIPAJIOB yf(x)dx: 5 fdx u Sfds: Sfds
a [a,6] L AB

SIB/ISIETCS.  «HANPaBJeHHOCTbY HHTEerpana | Fdx, T, e. pa-
. . la,61
BeHcTtBO | fdx=— \ fdr u <HemanpaBneHHOCTb» HHTErpasa
a3 b0, '
gfds, T. €. paseHcrBo | fds= 5 I ds.
AB aB BA

OcHoBHble CBOHCTBA KPHBOJHHEHHOTO HHTErpaJja mepuoro poaa

1. Ecnu dyHKuuS [ HelpeprIBHA BAOJb KpuBOH L, T. e, GecKoHed-
HO MaJIOMy CABHIY Io L oTBedaeT GeCKOHEUHO MaJjioe TmpHpalileHHe
¢yHkuuH f, To GyHKuua [ uaTerpupyema mo L.

3aMeTHM, YTO M3 HempephBHOCTH ¢GyHKuuHM [ B ob6aacth D cie-
nyeT, 4T0 [ HenpepuiBHa BIOJb L, LD, HO He HAa060pOT.

2. Ecan dynkuuu f; u fo uHTErpHpYeME N0 KpuBOH L, TO (OYHKIMH

g=f1fe u f=0ifi+asfy npu N0OGBIX YHCAAX O, (g HHTETPHPYEMBI TO
L, npuuem

ras=§(@f+wfpds=a § fudsto, [ fods
L L L L

(/1MHeiHOCTE HHTErpana).

3. HasoBem jBe kpuBble L, u L, HeuepeKpEIBAIOLIUMHCS, €CJH HX
nepeceyeHHe COJIEPIKHT KOHEUHOe MHOXKECTBO ToueK (MOKeT OHTb, H
nycroe). Ecan dynkuus | unHTerpupyema mo ABYyM HemepeKpHIBaio-

HUMCst KpHBBIM Ly u Lo, 10 f uurerpupyema no L=L,|JL, u X fds=
L

”“

= j [ds+ Qfds {aaauTHBHOCTD HHTErpaJa).
Ly L

4. Cligs=1L,
B

rae |L| — nauna xpusoi L.
5. Ecaun dyuxuus f HHTerpupyeMa 1o kpusoit L, 1o dynxuus |f|
HHTerpHpyema mo L # IB fdsi<5 {fds.
L L

6. Ecan oyskmuu f u g HHTeTpHPYeMBl 10 KpuBOH L u f(x)<<
<g(x) nmns Bcex xe=L, 10 _S fds<C &,gds (MOHOTOHHOCTb HHTErpa-
L L

aa).

7. Teopcma o cpenuem. Ecnu dyskuun f u g HHTErpupye-
MH 10 Kpusoit L, g(x) >0 nast Bcex xeL,

a=inff (x), b=supf(x),
x€L xeL
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TO

a_ggdsgjgfdsgb ggds,
L L

B 4aCTHOCTH, a]L]<Sfds < blL]|.

Ecan x ToMy Xe cbyHKmm f wenpepriBHa BnoJb KpuBOH L, TO Cy-
[IECTBYET TOUKa XL, Takad, uto

Sards=fx) [ gas.
L L

8. Ecan L — mpocras raajgxas KpHBad, T. €.

L={r=(x, 9, 2, r=r(O)="{x(®), y(®). 2, t=1a, b]},
reCla, b], Ir@®)|s=0

u GyHKuuSA [ HenpephiBHA BAOJL L, TO

b —_—
Vids=\f(, v 2ds=\Fx), v )V 5, + i+ dt.
L L a

ITpumep. BuuncauM KpUBOJMHEHHBI HHTerpajs NepBOrO poja
Syds, rae L= AB— nyra KpuBo# y=x?+ |x*—x|, A=(—1, 3),
L
B=(2, 6) (cm. puc. 38).

B(2:6)

Al-1;3) L

-
obhb—————_————— T

8

Puc. 38

Pewenune. Hyra L— kycouno-rnaakasi. [IpeacraBum ee Kak
00beluHeHHe HelepeKPLIBAIMIUXCS TJIaAKuX KyckoB: L=L;JLsLs

Li={(x, y):y=2x*—x, x=[—1, 0]},
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L,={(x, y): y=x, x=|0, 1]},
Li={(x, y) 1 y=222—x, x=[l, 2]}

ITo cBoficTBY 3 UMeeM, 4TO

ilyds=5yds+§yds+gyds.
Le Lg

L i,

Hurerpansl no raaakum Kyckam L;, L,, L; BbHIUMCIAIOTCS Ha OCHOBA-
#uu ceofictBa 8. COOTBETCTBEHHO HMEEM, YTO

0 —1
Syds: S‘ (2x2—x)]/1+(4x~—1)2dx=—§15— S —1) VEF1di=
Ly —1 —5

1 3__ BT VEIN o
= G @AV ETT 3 4V ERD][ =

=5 [BV24+3In (V2 1) +247Y/%6 —31n (V' —5)];
1 o /2-
S!/ds:SxV1—+ldx=l2—§

L, 0
7

2
Syds:S(sz——x)"/l +(4x_1)2dx=_;2‘— \ E—NYEF1dt=
L i 3

3
=—;; (683150 +31n(7 +1/50)—51 Y10—3In (3 + V10)].
OTKy,IIa nmoJayyaeMm, 4to

SdeZLf— .218_[2471/%+34101/2‘_511/m}+
L

+3In[(V26 +5)(7+512) (Y2—1) (10 - 3)].

GdopMysna BHUHCJIEHHA KPHUBOJHHEHAHOrO HHTErpaja IlepBOro pojia
# Apyrue GOpMYJH, KOTOpHIE MOSIBATCA MO3xkKe, TpeGyloT mpelcTasJe-
HHS KPHBOH B NapaMeTpHYeCKOM BHIe (mapaMeTpH3alMH KpHBO#H).
Paccmorpum HekoTophle HauGoJiee uwacto yrnorpebjsieMble MeTOAR
napaMeTpH3alnuH.

Ilycts ypaBHenue kpuBoii F(x, y)=0 umeer siBuyw ¢opMy y=
=y(x), x=[a, b] unu x=x(y), y=[c, d] (uaun aHaNUTHYECKH HPH-
BOIMTCSI K TaKoH ¢opMe, T. €. pa3peilaeTcs OTHOCHTEJIbHO OAHOFO H3
nepemenunix). Torna B KauecTBe mapamerpa oObUHO GepeTcss apry-
MEHT NOJIyYeHHOH sBHOH (yHKIHH. B mepBom cayuae y=y(x), x<
<i[a, b] nmonyvaeM napaMeTpHueckoe IpeiCTaBJEHHEe KDHBOH: L=
={(x, y): x=x, y=y(x), x=[a, b]}, BO BTOPOM — mapameTpHUECKOE
npencrasnenue: L={(x, y): x=x(y), y=y, y=|c, d]}.
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IMycte dyukuua F(x, y) npeacraBasger co6ofl JHHEHHYIO KOMOH-
HAIHIO ABYX OJIHODOJAHHEX ajrebpanueckux ¢yHkuuit ot x ¥ y. Toraa,
o6o3Hauas dYepe3 [ OTHOLleHHe y/x, TOJyuaeM [apaMeTpHyIecKoe
IpejicTaBJdeHHe KOOPAHHAT X H y KpuBoil L Kak aare6panyecKux
bynxunit x=x(f), y=y(f). Ilpu 3TOM HEO6X0OAUMO TOJBKO NIPOBEPUTb,
4yTO He morepsHa Touka BHma (0, yo), mpuHaatexamas L. Wuorna
3Ta TOUKA COOTBETCTBYET HECOOCTBEHHOMY 3HAUCHHIO Ilapamerpa:
0=1imx (), y,=limy() ({ >+ o0, t-—>—o0).

P t—->o00

Ilyctp ypaBHerue F(x, y)=0 mocje nepexoaa K NOJSPHHEM KO0Op-
JHHATAM X=r COS, Yy=rsin @ HUJIHL O60OUIEHHBIM HOJSPHRIM KOODIH-
HaTtaM Xx=ar cos®*q, y=>brsin*¢ paspeuwraercss OTHOCHTENBHO 7, T. €.
HNpHBOJAUTCA K sIBHOH dopme r=r(@), ¢s<<¢< ;. Torna, npunumas B
KayecTBe LapaMmeTpa NEpPeMeHHYIO ¢ H TNOACTABJSAS BHIpaXKeHHE 7 ye-
pe3 ¢ B QOPMYAH x=rcos@®, y=rsing, aubo x=arcos*q, Y=
=brsin® ¢, mosyuaeM napaMeTpHUECKOoe MPEACTABIeHHe  KPHBOR
L={x, y):x=r(@)cosp, y=r(p)sing, ¢ = [q, ¢,]}, nm L={,
Yy) : x=ar(p)cos* g, y=>brsin*e, ¢ & [, @]}

Taxum xe o0pasoM noJyyaercs napameTpHuecKoe IpeicTaBJeHHe
KpuBoii L, 3anaHHOfl B COBMeEIUECHHOH NEeKapTOBOH CHCTEMEe KOOpIH-
HaT, eC/M KpuBas L 3ajaHa HA NJOCKOCTH B IOJISIPHOH CHCTEME KO-
Op/IHHAT.

HackosbKo nosyueHHasi nmapameTpusaiys KpuBo#i L yaoGHa aa
BBEIYHCJAECHUH, 3aBHCHT OT KOHKpeTHOro Bupe ¢yunkuuua F(x, y). :

ITpumep. 3anuieM napaMerpuueckoe npeicTaBieHue Kpusoi L,
3ajanHod ypaBHeHUeM x°+2x%24y?=3 u ycaoBuem y> 0.

Pemenue. Yceaosne y>0 naer BO3MOXKHOCTL SIBHO BHIPA3HTb
y(x) : y=V3—x*—2x*, Muorounen 3—x3—2x? yObiBaeT Ha (—oo,
—3/4), B touke (—3%/,) mpuHumaer sHadeHue 147/64>0, sateM BO3-
pactaer Ha (—3/s, 0) u y6nBaer Ha (0, +o0). ITocKoabKY 3TOT MHO-
roysied ofpamiaercss B Hyab npu x=1, 1o QyHKuus y(x) omperesena
As Beex x= (—oo, 1], Urak, L=|(x, y):x=x, y=13—x"—2x2,
x = (—oo, 1]}.

[Tpumep. SanumeM napaMmerpuyeckoe npejACTaBJICHHE KDPUBOH
L, 3apaHHO¥ ypaBHeHHeM In x—y-+sin y=0.

Pewenue. YpasHenue Inx—y-+siny=0 ananutHueckn paspe-
IUAMO  OTHOCHTE/BHO X @ x = e¥~siw, Dygkiua ¢ (y) =e/s5%  qnpes-
craBusier co00f OHeKTHBHOe oToOpaxkenne R—>R. Otcioma mnoaydaem,
uro L={(x, y): x=ev—5"y, y=y, ye: R}.

I[Tpumep. 3annieM napaMerpHueckoe NpeACTaBJCHHE KPHBOil
L, sanamnofi ypaBHenuem x(x—y)2+y=0 u ycaosrem x>0.

Pewmenune. @ynknusa F(x, y)=x(x—y)2+y saBasgercs CcyMMoi
ABYX OLHODOJAHBIX MHOTOUYJIGHOB OT X W If ~— TpeTbell H HepBO#t CTelle-
Hu. IIocko/bKy paBeHCTBO X (X—y)2+y==0 n ycaosue x3>0 HOKa3H-
BAIOT, 4TO 3HAYEHHS! Y HENOJIOXKHTENbHE, TO 0603HauuM dYepes ¢ OT-

Howenue —y/x. Toraa mepemenHble X H [ CBA3aHB PaBEHCTBOM
x3(14-1)2=xt.
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Yunrezas yeaosue x>0, orcioga noixydaeMm, uto

L={(x, y): x=V1(1+8), y=—tVi/(1+1), t =>0].

Touka (0, 0) coorBercTByer 3HaueHHIO {=0.

[Ipumep. 3anucarbh napaMerpuuecKoe NpeacTaBleHHe KpHBOH L,
3ajaHHOH ypaBHeHHeM x!—y*—6x%y=0 u ycaoBusaMu x<0, y<C0.

Pemenue Oyuruusa F(x, y)=x*—y*—6x2y saBagercs cyMMod
ABYX OJLHOPOJHLIX MHOTOWJIEHOB OT X U Yy — YeTBEpPTOH H TpeTbel cre-
neveli. O603Hauast uyepe3 { OTHOIIEHHE Yy/x, MOJyuaeM CBSI3HBalOINee
X u t paBencTBO: x*(1—7#1) =6x%¢, oTKyna caenyer, uto x (¢)=6¢/(1—19),
y$)y=06t3(1—1%. Venoeus x<<0, y<<O0 BHOoaHsAmTCA a8 (>1,
npu stom touka (0, 0) xpuBo#l L coOTBETCTBYeT HeCOGCTBEHHOMY 3Ha-
geHuio f: 0= lim x(f), 0= lim y(f). Urak,

t>+o0 to>trco

FL={(x, y): x(f)=6t(1—1%), y(t)=6e/(1—19), t>1).

ITapaMerpuueckoe NpeACTABJEHHE MOMKHO INOJYYHTh H IEPEXOAOM
K NOJApHHIM KOOpAWHATaM. 3aMeHa X==rc0S@, y=rsin¢ nOpeBpa-
ulaer ypasHeHHe x*—y'—6x?y=0 B ypaBHeHHe r*cos 2¢—3r®sin2¢pX
X ces g=0, cnea0BaTe/IbHO, B COBMEIIEHHOH MOJISAPHOH CHCTeMEe KOOop-
AUH4T KpuBas L umeer ypaBHenue r=3tg 2¢cos¢. Henas o6paTHoe
npeobpasoBaHue, NoJyuyaem, 4to

= —g—tg 2¢ (1 4 cos 2¢), y:% tg 2¢ sin 2¢.

Ycnosne x&<0 BrIMoaHeHo, ecau tg29<C0, a ycnosue y<<0,— ecan
ces 2 <0, Otcioaa caenyer, 4To
3 sin?2¢

3 .
= M [ 2 e
L {(x, y):x 5 (tg 29 +-sin2¢), y 2 os2p

¢ = (5n/4, 3n/2]}.

ITpumep. 3anumem napaMerpHyeckoe NpPEeACTABJCHHE KPHBOM
L, 3ananHHoil ypaBHenunem x%3 - y?/3 = q?/3,

Pewenune @ynkuusa F(x, y)=x¥3+4y?/3 sasiasercs OmHOPOI-
HOM asrebpanueckofl ¢pyHkuue#d x u y. O6o3Hauass uepe3 { OTHOLIe-
HHE y/x, IOy¥aeM COOTHOIUEHHUe, CBASHBawiIee X u ¢ x2/3 (1 - 28) =
=q*3, IT0 paBeHCTBO ONpe/eser JBe OfHO3HAUHHE QYHKUHE X, (f)=
m=a/(1 4% u x, (1) = —a/(1 +-£7°)**. Takum obpasom, kpusyio L
MpUIeTCs] pacCMaTPUBATh KaK 00beHHEHHE:

L=L ULy, rae Li={(x, v) : x()=a/(1 +-£7)*, y(t)=
=al/1 -2, t=R} u Ly={, y): x=—a/l +**)*?,
y()=—at/(1 4+ t=R).

B nannom cayuae ypoGHee BOCIO/B3OBATBCS IEPeXoiOM K 0606-
INeHHOR! moJisipiioil cucreMe KoopxuHar. Ilosoxum x=arcos®q, y=
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=ar sin® @, Torna ypasHeHue KpuBoit L mpumer Bup r=1. O6partunit
lepexoA K X M y JaeT MapaMeTpHyeCKoe IpeicTaBJieHHe KDHBOH:
L={x, y): x=acos®q, y=asin®e, ¢ = [0, 2n)}.

Hp Hmep 3amumeM napaMmeTpHuecKoe NpeACTaBJEHHe 3JUIHICA:

+

Pemeﬂue. IMonoxum x=aqrcos @, y=>brsing, Torna ypaBHeHHe
sanunca npumer Bup r=1. O6paTHHH Nepexox K x U y naer napa-
MeTpHYecKoe mpeicTaBiaeHue sanunca: L={(x, y): x=acos¢@, y=
=a sing, ¢=[0, 2rx)} (B yacTHOCTH, NPOCTEAIIMM NapaMeTPHUECKHM
NpejaCTaBJeHHeM OKDYXHOCTH PaJlHyCOM @ C L[eHTPOM B Hauaje Koop-
JHHAT ABJSAETCA:

L={(x, y): x=acosg, y=asing, ¢ < [0, 2x)}).

ITycte xpuBas LcR?® 3ajmaHa Kak nepecedyeHHe JBYX IIOBEPXHO-
o ® Fl(x) !/, Z)=0)
CT€H, T. €. CHCTEMOH u YCJOBHAMH BHAA
Fylx, y, 2)=0

¢ (x) >0, $(y) >0, x(2) >0

Yame Bcero Js mapaMeTpU3allid 3aJaHHOH TakuMm o6pasoM KpH-
BOH MCKJIIOYAIOT OAHY H3 IepeMeHHHIX. ['eOMeTpHUYeCKM 3TO 03HAYaer,
YTO HaXOAHUTCA IpoeKUHa L* KpuBOH L Ha OAHY U3 KOOPJAHHATHBIX
mpockoctedl. Ilnockyo xpuBylo L* mapameTpuayloT Meropamu, pac-
cMoTpenHbiMH Bhime. Ilocse sroro soGoe w3 ABYyX ypaBHeHHH, ompe-
Rensiiomux L, naer nmapaMeTrpudecKoe NpPEICTaBJEHHE TPETbed KOOp-
OUHATHL,

ledlvlep 3anulleM NapaMeTpHYecKoe MpEACTABJEHHE KPHBOil
L, 3ananHOfi COOTHOWEHUAME X2+ y2+22=2ax, x2+y2—22 2>0.
X2y L2t =2ax,
2+ y2_z2
MEHHYIO 2, TIONy4aeM, UTO MePeMEeHHBIe X H Y CBSI3AHBl COOTHOLIEHHEM
xz—i—y?—ax T. € npoexuneu KpHBofi L Ha msockocth XY sBasercs

a2
OKPYKHOCTh (x—~—) + = =T INpocreiimass mapamerpuueckas

Pemenune. HMckiaoyas H3 cucTeMbl { nepe-

3anuch L* ectb X =7—i——2-cost, y:%sint, t =0, 2m).
Hs ypaBuenns x?+4y?=2? wu ycaoBus 2z>0 mnoayuaem, uTo
2 t
2= ‘/%(l+cost)=alcos—2—‘, Yrobbl nosyuuTh TiaiKoe Opei-

CTaBJIeHHE NePeMeHHOH 2, 3aMeTHM, YTO B IapaMeTpPHYeCKOM 3aja-
HHUH OKDYXHOCTH L* MOXHO B3siTb B KauecTBe NPOMEXKYTKa H3MeHe-
Hus napameTpa t mo6Gol OTpe30K AJNHHON 271, eCJiH te[—m, n], TO

¢
cos— =0 wu, cienoBarenbHo, Z=acos - Hraxk,

={(x, Y, 2): x=%(l+cos 1), y=-g— sint, z=a cos—%—, —ngtgn}-
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[Ipumep. 3anmuuem napaMeTpHYecKoe IpeACTaBjleHHe KpHBOH L,
sajauHoll cooTHoweHuaAMu x2+ 22=q?, y?+22=a?, x>0.

Pemwenue. ITocKobKy KaXKAoe H3 ypaBHeHHH, 3ajalollluX KpHu-
BYi0 L, COJEpXKHT TOJNbKO [Ba NMEPeMEeHHBIX, TO Kax/0e H3 HUX eCrb
ypaBHeHHe NPOeKUHH L Ha KOOpAMHATHble IJIOCKOCTH: IlepBoe — Ha
mjaockocth XZ, BTopoe — Ha maockocth YZ. Tak Kak Ha NepeMeHHbe
Y H z He IaHO JONOJHHTEJNbHHX YCJIOBHH, TO OKPYXKHOCTh y24-22=a?
llapaMeTpu3yercs npocTeffiiuM 06pasom:

y=acost, z=asint, t = [0, 2n).

W3 mepBoro ypaBHeHHs C ydueToM ycjaoBusa x>0 mnoayyaem, 4to
x=a |cost|. B orauyue or mpeaBlAyIIero np¥Mepa B LAHHOM ciaydae
He yaajoch u36exarhb HerJiaJKoro IIpeACTaBJeHHs NepPeMeHHOH X.
Urak,

L={(x, y, 2) : x=alcost|, y=acost, z=asint, &[0, 2n)}.

[Ipumep. 3anumieM napaMeTpHuyecKoe MPEACTABJEHHE KDHBOU
L, 3ananHo#i cootHolteHusiMu 22=y2+4x2, ax=zy, 2>0, y>0.
22:y2_+_x2’
Pewenune. Hcknwouas u3 CHCTEMH { TIEpEMEHHYIO
ax=zy
X, moJyuaeM, YTO NMePEMEHHBle 2 M Y CBSI3aHBl COOTHOLIEHHEM a%2’=
w2y?4-22y2 1. e. IIpoeKIHeld L Ha IJOCKOCTb ZY sBJAeTCA KpHBas
L*¥*={(z, y) : a’22=a?y®+2%y?}. YuurteBasa ycjosus z>0, y>0, nomay-
vaeM, 4to KpmBag L*  3amucbiBaeTcsl  ABHBIM  ypaBHEHHEM

y=az/Y @+ 22,
M3 ypasneHus ax=zy noayuaem, uro x =2%} a®+z%. Vrak,

L= {(x, Y, 2):x= 2 9 | 2=z, z>0},

Vata VT Vars
IIpumep. Buunucaum K (x+y)ds, rae L=AB — Ayra HHUKJO-
L

HJIBL,
x=a(l—sint), y=a(l—cost), A=(0, 0), B=(4an, 0).

Pemenune. KpuBasg L coCTOMT U3 JBYX IJagKHX KYCKOB — AYT

nukaouns Li=AC u L,=CB, rze C=(2am, 0) (cm. puc. 39). Ilo-
CKOJIbKY

Li={(x, y): x=a(t—sint), y=a(l—cost), t [0, 2a]},
Ly=A{(x, y) : x=a(t—sint), y=a(l—cost), ¢t = [2n, 4n]},

TO AJ 00enux JAYyr UMeeM, 4TO

ds -l/x;'—}—yt"dtza 1/2—2costdt=2a|sin—g~idt,
(* +y) ds == 2a? (t——2 sin —; cos-g—-{—sin2 %) lsin%—la’t.
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CJlef0BaTEJNbHO, B CHAY CBOMHCTB 3 H 8
27

I(x+y)ds=S(x+y) ds—]—S(x—l—y)ds_—_?a”;f <t—2 sin%cos—;—-{*
L L, L,

47
in? ) sin - 1_225(_2'”’_ = -2L)'_’_ -
-4 sin 5 )sm 5 d a ¢ sin 2_}(:03_2 -+ sin 5 sin 5 dt

2

n 1 n
= 8a? H 2zsinzdz—2 Ssin22c052d2+5(1—~c0522) sin zdz} +
0 0 0

-+ 16ma? = 8a? (2% + —;——) + IES:ruzz:—:;—2 a® (1 +3m).
A\

Puc. 39

ITpumep. Beruucaum S sz +4? ds, rie L—nersis KpHBOH r=a sin 3,
£

Jiexanlas B NepBoM oKtaHre x>0, y>0 (zekaproBa H mossapHas CH-
CTEMBl KOOPJAHHAT COBMEILEHHI).

PeweHnue. Ilonp3yscy ¢opmysaMu CB3H COBMeEUICHHBIX AeKap-
TOBHIX U MOJIAPHBIX KOODAMHAT, NOJydaeM IapamMeTpHuecKoe BhIpaxe-
Hue KpuBo# L:

L={(x, y): x=asin3¢pcosp, y=asin3psing, ¢ = [0, x/3]}.

JLas BEIUKCAEHHS dS BoCHoJb3yeMcsl popMyJsoii M3 HHTEerpa/jbHOro HC-
qyCJeHus] GYHKIHH OJHOH NepeMeHHOMU:

ds = l/r2~|-r"va do = a7/ sin®3¢+9cos? 3¢ dyp.

Hrak,

n(_S -
S'l/??z—-f——y”dsz \ @*sindp /148 cos3gde—
L 0

. 1 . 2V -
Z%SVl-{—Szzdz: 6?1/‘— S Virid=
=1 —2V?2
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2V2

61,2[ VIFP+—n(t+V TP |

—2V2

=a”(1+ 7 1n(3+21/‘)>

Caenyer o6paTuTh BHHMaHHe Ha TO, YTO, BHYHCIAS ds mo (opmy-
e ds= ]/x"+y dep, nonyuuM, KOHEUHO, TO JKe BhIpaKeHHe: ds~
= a7/ sin® 3¢+ 9 cos® 3¢ dp, Ho npuMeHeHHe GOPMYJB dS = ]/r2 +7, "X
X dp CylecTBeHHO COKpalliaeT BHKJAAKH.

[Tpuwmep. Buuncaum 5 **4y*+2%ds, rae

L={(x, y, 2): x=a(tcost—sint), y=a(tsint+4cost), z="bt?,
t= [0, 2n]}.

Pemenune. Tak Kak
x,= —atsint, y,=atcost, z,=20bt, t =0,

TO

ds=V'x] +y] +2, dt =V @I ab°tat

en

frtgtayas={ @ ot oy aT =
L 0

=V F i (2a2n2 + daPne 4 22 b2n°)

Iycrs L — nyra annuu F(x, y)=0 B naockoctd XY u L kpuBas
B NpOCTPAHCTBE, NMOJYYeHHas nepeceyeHHeM mnoBepxHocrelt @(x, y,
2)=0 u F(x, y)=0 (cM. puc. 40). Torza naomanp yacTu LHIHHIDH-
weckoii mnoBepxHocTH Fi(x, y)=0, orpannueHHo#i cHH3y ayro#i L u
cBepxy KpuBoi L, Buuucasiercs no dpopmyJe

5‘2 (x, y)ds,

rae 2(x, y) — dyHKUudA, onpejenseMas cootHoumerueM D (x, y, 2)=0.
IIpumep. Hafinem nmomanps LHAHHADHYECKOH NOBEPXHOCTH x2+

2 2 o — XY
+y?=R?, OrpaHHuEHHOH CHH3Y MNOBEPXHOCTBIO = —p™s @ CBEPXYy —
NJOCKOCTBIO X+ Y+ 2=2R.
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Pemenue, Ilaomanp nanHofi moBepxHocTH S HaligeM Xax pas-
HOCTb CJeAYIOIIHX UHTErpaoB:

2R—x—y)ds n (ﬁ 2 gs.
x4 y3=R? x3+yt’=R’

Puc. 40

[To3TOMy NOCKOJIBKY AJs1 OKPYXKHOCTH paauyca R umeem ds=Rdg, 10

2R
S:x%gim {(2R—x——-y)—%] ds = R§ (2R_R cos p—

—Rsin(p—%coscpsincp‘) do=R? (n———lg—\).

Ilycrs ckanspuas Bennunda P(L) (macca, 3apsj, KOJHYECTBO Tem-
JOTH ¥ T. II.) paclnpejesieHa Ha KpHBOH L ¢ JHHeHHOH TJIOTHOCTHIO
p=p(x, y, 2), Torna P(L)= Y o(x, y, 2)ds.
;
Ecau p-—njotHocTh pacopejesieHHss Macchl Ha Kpusoll L m
r(m) — paccrossHHe TOYKH meEL [0 HEKOTOPOHM NJOCKOCTH HJAH Nps-
Mol @, TO HHTErpaJnl

g = S préds, ke N,
i

Ha3pIBawOTCAd MOMEHTaAMH IIOp#A/dKa k KpHBOfI L OTHOCHTEJBHO COOT-

BETCTBYIOIe#l IJIOCKOCTH HAM HpsiMoil, PopMasibHO MOXKHO CKa3arh,

4TO Macca KpuBOH 'L SBJSeTCS MOMEHTOM o § HYJeBOro MNOpSAAKa

KPHBOH L OTHOCHTEJbHO JIOGOH MJOCKOCTH HAM 1npAMOH. MoMeHTH
NepBOro NOpPsiAKa HAa3blBAIOTCS CTATHYECKHMH MOMEHTaMH, MOMEHTH
BTOPOro IOpsAJAKa-— MOMEHTaMH HHepLHH. Fcmosb3ys 3amucbh Macch
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KaK MOMEHTa HyJIeBOTO NOpfANKa, BHIHWEM (OPMYyJH [IJ5 BHIYHCJIE-
HHS KOODJAHHAT Xy, Yo, 2o LIEHTPA Macc KpUBOH L € IJIOTHOCTBHIO p:

1 1 1
A
- 0) ° 0 0)y » 0 (0

47 7% 7

<=

Xo

<

ITpumep. Hafimem KoopauHaThl LeHTpa Macc KpuBoii BuBuauu:
L={x, y, 2): 2+ y=ax, X2+ > +22=a? 2>0}

€ IJIOTHOCTBIO p (X, Y, 2)==2.

Pemenue. Uro6u Bocnosb3oBathess (opMyJdaMu ANt BBIYHCJHE-
HHs LeHTpa Macc, Heo6XOQMMO 3amHcarth MAAHHYK KDHBYIO B mapa-
MeTpHYeCKOM BHJe. [IoCKONBKY KpuBas JIeXKUT Ha UHAHHAPe X2+ y2=
=ax, Ha4HeM CO CTAaHJAapPTHOH NapaMeTpPH3alHH UUJIHHAPA: OKPYNK-
HOCTb x%2+4y?=ax, 2=0 MoxeT GbITH NapaMeTPH30BAHA KaK X=a Cos*/,
y=acostsint, te [—xn/2, n/2] 4, CJefOBaTeJIbHO, HapaMeTpH-
9ecKOe 3aJaHHe UMJIHHADPA MOKeT GHITh B3SITO B BHIE

x=acos’t, y==acostsint, 2=z, t=[—n/2, n/2], z&=R.

Csasb napaMeTpoB f ¥ 2 Ha XpUBOH BHUBMAaHH NOJYYUM, HCITOJIb3YS
TO, 4TO 3Ta KpHBas JeXHT U Ha cbepe x2+y2+22=a?, oTKyaa cJe-
Ryer, uto z?=a%—a?cos?{, u, TakUM 06pasoM, mojyyaeM napameTpH-
q9eCKOe IpeACTaBJeHHe KPUBOH L:

L={(x, y, 2): x=acos*t, y=acostsint, z=a|sint|,
te [—n/2, n/2]).
H3 storo npeacrasnenns moayuaem, uro
x,= —asin2{, y,=acos2t, z;=asgn(sinf)cost,
ds=7V a®+a*cos’t dt = a 'Y 1+ cos®? dt.
ChoteioBatenbHO,

w2 :

o7§?y)=a7§'°}=e'7§<oz);:£pds: 5 a?|sint|Y 1+ cos?t dt =

—/2
1
=2\ VTT@du=a @Y TF &+ n(u + VITFE) [ =
1]
—(Y2T+ (1 +VI)),
/2

07§/lz)=gpxds= S adcos? t|sint|Y 1+ cost ¢ df =
L

—n/2
1

=2a35u21/1 + u? du=—is— l@us+u) YV T+ —
0
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—ln(u+1/1+u2] (3V2—In(l +v2)),
/2

e‘73(1z)=Spyds= g ascostsintlsint]VI—}—cosztdt:O,
L —7t/2
n/2

0753§=szdz= S adsin?t YV 1+Fcos® £ dt =

—/2

L
1

=2q j'[/l——uzl/l +u2du—2a35'[/l—-u4du—
8

1
1 r{—]T(3/2)

_a __ e , @ 1 3\ _ @ (4) —
—-76{0 3/4(1—0) dU-—7B(-— '—*)—-*‘— =

L4 2 2 T (7/4)

_ a4 T2(1/4) _a'T2(1/4)
4 V< 3 T(3/4)-T(1/4) 3V °

Hrak,

oo BBY2—In(1+V?) _ aBVI—n(1+V2)
T4 (V24+n(1+V2)  4(V2Z+ (1 +V2)

y0=0,

a%T3 (1/4) _ al'® (1/4)
3V2m4a (V2 + n(14712) 12V2wm(V2+ (1 +V2)
ITpumep. HalineM MOMeHT HHEDLIHH KPHBO
L={x, y, 2): y=2cosx, z=sin2x, x = [0, n/2]}

Zo=

€ MJIOTHOCTBIO p (%, Y, 2) ==2 OTHOCHTEJbHO MjocKocTy XZ.
Pemenune Tak xak paccrosiHie TOUKH m= (X, Y, 2) OT IJIOCKO-
cri XZ ectb |y, TO

o= S 2y ds.
L
Jlna nanHoil KpuBoil HMeeM

ds=V 1+4sin?x+4cos?2x =V 3+2cos 2x + 4 cos? 2x dx.
CaienioBarenbHO,

/2
Szyz ds = 3 sin 2x4c052x'|/3—|-2cos 2x 4 cos® 2x dx =

L

(1 + cos 2x) v —+ (2 cos 2x +1/2)* d (cos 2x) =
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l 2
= S (14+2) \/.%.{.(22-}-%) dZ=_;_(3+2z+4zz)3/2 I_,+
-1

+%[(2z+~;~)vm+

i (204 Ly TR |

3 15 ., 3 = 11 11 |
=9 ——VY54+——4+—=—V5 —ln-—?——),
9 +8(2+_2V+4 2Y5—-3
IIpumep. Halinem cuay, ¢ xoropoit macca M, pacnpenesneHHas
paBHOMEpHO Ha OKPYXKHOCTH X2+ y?=a?, 2=0, npuraruBaetr maccy m,
nomemueHnyio B rouke A (0, 0, b).
Pewenue. CornacHo ¢u3uyeckoMy 3akoHy ase macch M; u M,
NPHTArHBAIOTCH C CHJOMA
F=gMM,——,
r

jris

rie g-— rpaBHTAllMOHHAS NIOCTOSIHHAs H 7 — DACCTOSIHHE MeXAy TO49-
KaMH, B KOTODHIX HaXOAATCS MACCH.

B Hamem ciayuae H3 coo0paKeHHH CHMMETPHH MOXHO ClenaTth
BHBOJA, 910 Fx=0, Fy=0, tak kak touka A (0, 0, b) oxuHaxkoBo yna-
AeHA OT BCeX TOYeK ORHOPORHOA OKpyxXHOCTH. B cuay storo sexTop

’ NanpasieH Baoab och OZ B oTpuuaTesbHOM HampasjeHHH. Ilycrs
Touka M(x, y) NpHHALJEXKHUT 3JeMEHTy OKDYXHOCTH ds. DTOT 3Jje-
MeHT AeficTByeT Ha MacCy, IMOMeLIeHHYIO B To4kKe A c cHno#t, BepTH-
KaJbHasi COCTaBJsAIOMAA KOTOPOil paBHa

M
g—2;;dsmb
(6% + a2 4 4132
CyMMupys 1O BCeM 3dJIeMeHTaM ds, uMeeM
|F] = gMmb ds

2na J B+ g0
rae L={(x, y): x>+ y*=a®}, nepexogs K mNapaMeTPHYECKOMY 3aJaHHIO
OKPYKHOCTH
L={(x, y) :x=acost, y=asint},
noaydaem, 9TO

134

n
e (6% +-a2)*2 (b3 4 at)3/2°
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§ 2. MOBEPXHOCTHRIA UHTETPAJ NEPBOrOo POJA

Onpenenenue. Ilyctb S — KycouHo-ryiajikas NOBEPXHOCTb, Je-
xawas B R3. Koneunwtit Ha6op KyCOUHO-TJIaAKHX KPHBHIX 7y, JexKa-
mux Ha S, Hasosem pasbuennem T nosepxuoct S. Hacru S; (IS
<{n) noBepXHOCTH S, moJydeHHbie Opu pasbuenuu T, Ha30BeM ydacr-
KaMHu pa30ueHus.

3ameTuM, 9TO KaK AJs TOBEPXHOCTH S, Tak M AJsS BCeX Y4YaCTKOB
pas6uenus S;, 1<{i<(n, onpenesnenn miomanu |S| u |Sy|.

ITycte ¢yHkuust f:S—R onpefejeda H OrpaHHuYeHa Ha KYyCOYHO-
raankoé mosepxHoctH S&R3 u T — pasbuenne S. Beegem oGosna-
4eHHus:

M;=supf(x), xS, my=inif(x), x= S

S (f, T)=Z M, |S;| —Bepxuss cymma [lapOy;

i=l1

s (f, T)=Z m; | S;| —umxkuss cymma Jlapby:

i=1

& (f, S)=inf S(f, T)—Bepxuuit uurerpan apoy;
T

& (f, S)=sups(f, T)—mmxuuii uurerpan J{ap6y.

v by

Onpenenenne. Pynkuusa [:S—-R, onpelejedHas U OrpaHu-
ueHHast Ha KYCOYHO-TJIaJKO¥ IOBEPXHOCTH SeR3, uHTerpupyeMa Io
nosepxuoctu S, ecan J(f, S)=7 (f, S). B atom caydae obumee 3Ha-

geHHe HHTerpasioB [lap6y HasHBaeTcf NOBEPXHOCTHHIM HHTETPAJIOM
NepBOro poja OT QYHKIHH [ MO NOBEPXHOCTH S H 0603Hauaercs

ysj fds.

OnpeselieHde NOBEPXHOCTHOrO HHTErpaja NepBOro poja NepeHo-
CHT OmpejesieHHe ABORHOro MHTerpasa PrmaHa MO IJIOCKO# Jexalel
B R?, o61acTy HAa KYCOUHO-IVIAZKYI0 IOBEPXHOCTb S, Jexamyio B RS,

OcHOBHBIE CBOHCTBA NOBEPXHOCTHOIO HHTErpaJja nepBoro popa

1. Henpepusrass Ha noBepxHocTH S (yHKuHs [ HHTerpupyeMma
mo S.

2. Eciu  ¢ynkuud f, 4 f, MHTErpHpyeMhl [IO NOBEPXHOCTH S, TO
dyukuun g=fifs u f=a:fi+0sfo TpH MOGHX 4YHCIAX &), G HHTErpH-
PYEMH 10 S, npHYEM

SSde=S((°‘1f1+°‘2fz) dS=a, S§ [1dS 4o ijzds

o

S N S S

(nuHeitHOCTb MHTErpaa).
3. HasoBem zaBe noBepxHOCTH S; U Sp HemepeKpHIBalOIIHMUCH, eC-
JH HX NepeceueHHe NpEICTaBJsgeT KOHeYHOe MHOXKECTBO KYCOUHO-
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rMaZKHX KpHBHX (Moxer GHTb, H mycroe). Ecan ¢yHKuua f nnTerpm-
pyeMa no ABYM HeNepeKphIBAIOWIUMCA IOBEPXHOCTAM SiuSy, 10f
HHTerpupyema no S=S,US; u

szf SS;Y/C ‘*‘js;;.f (a1 TMTHBHOCTb MHTErpaja
4, 1.-dS=1S],
i

rae |S| — njomaab NOBEPXHOCTH.
5. Eequ dyHkuus [ HHTETpHpyeMa MO NOBEPXHOCTH S, TO (YHKLHSA

|f| uaTerpupyema mo S u |“‘de|_< “ If| dS.
s s

6. Ecom (yHKUMH f M g MHTErDHPYEeMHBI TMO ToBepXHocTH S H f(¥) <<
< g(x) ana Beex x = S, TO

SS fdS <” gdS (MOHOTOHHOCTb HHTErpasa).

S S
7. Ecnu yHKUMA f B g MHTEIpHpPYeMH no moBepXHoctd S, g(x)=>0

ans Beex x e S, a=inf f(x), b=supf(x), TO a“gdsgﬂ gfdS <
x€S x*€ES $ s

<b j' S gdS, B 4aCTHOCTH
S
a|8|<j§fd8<bz|S|.

Ecau x ToMy e ¢GyHkuus [ HenmpepmBHA BIOJb NMOBEPXHOCTH S,
TO CYLIECTBYET TOYKa XoES, TaKas, uTo

Xj gfdS = f (xy) ‘” gdS (treopema o cpenHeM‘).

S s

8. Ilyctb S — mpocras raajkas NOBEPXHOCTD, T. €.

S={r=(x, y, 2)}:r=ru, v)={x, v), yu, v), 24, v}, v)=D,
rie D —xopaanosa o6iaacth B R2, reC'(D) u paur (r')=2 (([r, X
X r]])s 0).

Ecanu f: S=R HenpephiBHa BAOJb MOBEPXHOCTH S, TO
U fdS = ij(x (4, v), y(u, v), 2@, v)) YV EG—F* dudv,
S D

FAe
E=(r,- r)=|r |2 G=(r, - r)=|r,|% F=(r, 1)
B wacTHoCTH, eciv NMOBepXHOCTb S 3ajaHa sSIBHOH QyHKUHelH 2=2(X,Yy):
S={x, y, 2):2=2(x, v), (x, ) =D},
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D — R*—xpajpupyeMasi obnacts, z e Ct(D), 10
§§ras=[{rx g, z(e ) VI+EP+ () dedy.
S D

[Tyctb cxansipHasi BeauuuHa P(S) pacnpejeneHa Ha NOBEPXHO-
cTH S C NOBEPXHOCTHOM NJIOTHOCTBIO p=p (X, ¥, Z), TOrAa

P(S)=SSp(x, y, 2) dS.

S
Hurerpann
9@ =([olx, y. 9r'dS, k=N,

N

rae p(x, y, 2) — NJIOTHOCTH pacnpejeleHHss MacCH Ha MOBEPXHOCTH
S u r(m) — paccrosiHde TOYKH OT MES A0 HEKOTOPOH IJIOCKOCTH
HAH TpAMO# Q, HA3HBAIOTCH MOMEHTAMH NOPAAKA k NOBEPXHOCTH S
OTHOCHTEJIbHO COOTBETCTBYIOLIEH IJIOCKOCTH MM mpsimofi. Maccy mo-
BEePXHOCTH MOXKHO CUHTaTb MOMEHTOM HYJeBOr0 MNOpsiZKa OTHOCH-
TeJbHO JI060H NJIOCKOCTH HJH NPAMOH; MOMEHTH NepBOro IOpSAKa
Ha3HBalOTCd CTATHYECKHMHM MOMEHTAMH, MOMEHTH BTOpPOro IOpsf-
Ka — MoMeHTaMu uHepuuH. KoopawHaTH xo, Yo, 2o LEHTpa Macc mo-
BepXHOCTH S ¢ IIOTHOCTBIO p(X, Y, 2) BHIYMCIAAIOTCA MO (dopMmyaaMm

1 1 1
7y} 7$2 75
o= T e T

Ty, Txz T xy

[IpuMep. Buuncanm NOBePXHOCTHHN HHTErpaj IepBOrc poxa
5 X(x—i— y+2)dS, rpe S-—rmoBepxHOCTb Tesia, OrPAHHYEHHOTO IIJIOCe
s

Koctbio 2=0, mosycoepohi 2=} 2a*—x*—y® u KoHycoM 2?=x2+y3
(a>0).

Pewenue. Tak Kak BCe NOBEPXHOCTH, 3a4aHHHE B YCJOBHH, SAB-
JAIOTCA NMOBEPXHOCTAMH BPAIleHHSA OTHOCHTeNbHO ocH OZ, To che-
naeM 49epTexX MepHAMOHAJBHOTO CeYeHHs JaHHOro Tena (cM. puc. 41),

Pac. 41
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H3 3toro yeprexa BHIHO, UTO MOBEPXHOCTb S COCTOHT U3 TpeX TJai-
KHX nOBepXHOCTEH: 9aCTH MJOCKOCTH

Si={(x, y, 2):2=0, x*+ y®> << 2a%,
RacTH noJsycdepn

Sy={(x, 4, 9:2=V2W——?, <2}y < 23,
98CTH KOHYCa

Si={(x, y, 2): 2=V L+ <a?.

B cuay csofictBa 3

[Sety+2ds = [{@+y+2ds +

S Sy

+{{e+y+29ds + {{ x+9+2)as.
S, Sl

BH'-IH‘CJIHM OTACJNBHO Kaxaoe H3 TpexX CJjaraeMhix, 0JIb3YSACHh CBOM-
CTBOM 3.

1. Iaa S; umeeM, 9TO
dS=VTFEP &P dedy = dxdy,

N, CALLOBATE/NbHO, B CHJIY CHMMETDHH 06JIaCTH HHTETPHPOBAHHSA H He-
SeTHOCTH NOANHTerpadbHOR GyHKIHU

(fet+y+adas= ([ G+yady=o.
S

Y
2. 1nsa Se uMeeM, 49to

X

. , Yy o 2
g — - 7= — o ATV TGP G drdy=-Y deay
H, CJeJ0BaTEJbHO,

SQS (t+y+2)dS = a’sxi‘g‘@' { —Vﬂ—‘f_.h +1) 8V Zdedy=

=a’n 2.

3. Oas S; uMeeM, 49T0

L=2, 5= L 4=V TTE T @) drdy=V Tdrdy

2
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H, CJIieJO0BaATEJBHO,
SS(x+y+z)dS=V§ SS 5+ VT ) dedy =
S vyrat ‘

2% a —
=1/‘2‘J‘ do 5,24,2_293_21/_2.
0 0

Hrak, OKOHYATENbHO,

_ 5asn /2 .
Lg(x+y+z)ds

3

[Mpumep. Buaucaum ﬁ' 23xy?%dS, rme S—4dacThb TOBEPXHOCTH UH-
N

auuapa x2+y?=2ax, nexamas BHYTPH KoHyca y2-+2%?=x? u BHIe
naockoct z=0 (a>0).
P eureHHe. 3anumeM noBepXHOCTb S B BHIE

S:{x, y, 2):x*F+yP=2ax, P +22<x% 2>0}.

Kak yxe ropopusoch paHblie, HauGoJjiee NMPOCTHM H 4acTo ynorpe6-
JAsieMBIM C€rnoco6oM NapaMeTpH3aldH HUJIHHAPA ¢ 00pa3ylolluMH, Ha-
pansiesbHBIMH ocH OZ, ABJsieTCs CJelyIOMHuil:

x=x({), y=y(), 2=h, t=|a, b], h=R,
rae x=x(t), y=y(t), t =|a, 8]
— napaMeTpHYecKoe 3ajaHHe JIHHHH TepeceyeHHsl 3TOro UMJHHApA C

niockocteio XY. B naHHOM ciaydae TaKHM Cmoco6oM IoJgydaeM napa-
MeTpH3aLHI0 HHIHHAPA:

x=a(l4-cost), y=asint, z="h, t[0, 2a], h=R.

Yro6w Hafith o6nacth D 3HaueHH#t nmapamerpoB ! H h, mepeiiieM K
nepeMeHHHM { U h B HepaBeHcTBe Y2+ 22 x?% Ilosyuum HepaBeHCTBO

a®sin? t+h2<a?(14-cos t)2, unu h® < 4a®cost cos? —;— Ilocnennee He-

pPaBEHCTBO NMOKa3HBaerT, 4to cos >0, T. e. t=[—n/2, n/2]. HUrak,
S:(r=r(t, b)), t=s[—n2, n/2), he= [0, 2acost7]/€6§},
r(¢, h)=(a(l 4-cost), asint, h).

Orciona noaysaem, 9410
r;=(—asint¢, acost, 0); r,= (0, 0, 1);
E=|r|*=a* G=|r,|*=1;, F=(r;-r)=0;
dS =1V EG— F? dtdh = adtdh.
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CaenoBaTebHoO,

j S xy2dS = S g 138 (1 - cos f) sin® tadtdh —
S D

2a cos - Veos
/2 2

=qt 5 (1 4 cos f) sin® tdt S h3dh =
—3/2 0
/2

@ (1 +cos?)sin®¢ - 16atcost 12— cos? tdt =

4
—n/2
/2 /2
== g8 f (1 4 cos?)3sin?¢ cos? {df = 2a8 S [cos?tsin® -+
1]

—1/2

43 cosd¢sin?t 43 cost ¢ sin? ¢ 4-cos® £ sin® £] dt =
—a° [F(3/2)r(3/2) +3 r@ree g I'(5/2) T (3/2) +

T (3) I (7/2) T (4)
TR | _ g[8, 2]
+ T (9/2) ] a [16+21]'

IIpumep. Buuncaum

§§ v

rie S — MOBEePXHOCTb, MOJyYeHHass HPH BpallleHHH AYyr'd napaGoiH
x=acos*t, y=asin*t oTHocuTesbHO ocH OX (a>0).

Pemenue. O603HauuM BO H30exKaHHe NYyTAaHHUH vepe3 x*(f)=
=qa cos*{, y*(f)=asin*{ mapamerpuyeckoe 3azaHHe KpPHBOH Ha ImJjoc-
koctd XY, a uepes X, Yy, 2— KOODJAHHATH TOYeK B IPOCTPAHCTBE
XYZ. Bocmosb3yeMcsi BHBEIAEHHHIMH paHblle (IPH pPacCMOTPEHHH
TJIOIIAH MOBEPXHOCTH) COOTHOIIEHHSMH: €CJIM IIOBEPXHOCTb S, moJy-
YeHHYI0 BpalieHueM BOKpPYr ocH OX Kpusoit x*=x*(f), y*=y*(t),
t=[a, b], napaMeTpu3oBaTh cjaeLyiONUM 06pa3oOM:

x=x*{t), y=y* (f)cosg, z=y"* (f)sing, t=]a, b],

¢ = [0, 2=],
TO

dS=VEG—F* dtdp= |y*| dsdg,
rae ds= ]/(x:’)"’ + (y;')? dt— nuddepennman nyru kpupoit x=x"(f), y=
-y ()

B naHHOM cayuae mosyuaem, uTO

S={(x, y, 2): x=acos*t, y=asin®fcosyp, z=asinttsine,
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t=[0, /2], =10, 2n]};
=4a}/ costtsin?t -4 sin® f cos® ¢ df =
= 4acos ¢ sint Y/ cost t +sin*{ df;
dS =4a?sin®t cost )/ cos* { +sin* ¢ dtde.
CnenoBaresbHO,

25 /2 —
ds 4a?sind ¢ cos ¢ V cos'Z + sin® ¢
A s+Vypra s ; cost {4 sind ¢

w2 .
=__naa§ (1 — cos 2)? sin 2¢ df = na? (=2t

P T 1 . T Y2 9 Vi+23
o T
1
na? 1422
= —dz= [le+22+ln|z+1/1+z’|]| =
V2 3 Vi+a 2V2

=na=<1+7L-1n(1+V§)).

IMpumep. HafireM KOoOpAMHATH LieHTpPAa TAXKECTH YacTH CpepH
224 y2+4-22=a?, jexaumeh B nepBoM okxkTante x>0, y>0, 2>0, ecan
MJIOTHOCTD p (X, ¥, 2) =2%(a>0).

PemeHue 3anuuiemM paccMaTpHBaeMyio 4acTh CepH B BHAe

S={x, y. 9):z2=VF—x"—¢, (x, y) =D,
D={(x, y):x>0, y=0, 2 +y*<a¥}.
B Takom cayuae

¢ = —L 4aSs=ViF@ )+ () drdy = ~——-dxdy,

z=-———

M= SSp(x, Y, 2)dS= ng’dS ISal/a’-—x’—— ?dxdy =

/2 a

=a S do SVa’—r’rdr— ———-(a’ — ¥z — i =_n:si’
0
W= [t 4 as=([{ras={(a@—r—yary=
S S D
=a :S/zdcp af(a‘r-—ar’) dr= i‘é’_ [%-—-%] = _u_;n_’
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N _ 3a
4

s(l}= 4 v Yy = =
o Lfr)(x y,2)ydS SSS y2dS

=SD5 ay Y F—F— ¢ drdy =a 5[ (—(@—xr— g2

/2

=-“_a 2 4 2)3/2 gy = Cidt —
30S(a x2)3/2 dx 3 Scostdt

@ 1 T(5/2T(1/2) _ mad
3 2 T (3) 16 '

_ _ » _
I SSSp(x, Yy, 2) xdS SSS x2*dS
=Sfaxl/mmdy=%,

D

H 3a

x°=-———-—-__

8

3AJAYHN *

§ 1. MapameTrpuyeckoe 3afanne KPUBOH

Hanucarh Kakoe-nu60 mnapaMeTpHuYecKOe 3ajgaHHe B Buze L=
={x(?), y(t), t<T} caenyome#t JuHuH (ecAM KpPHBAsA 3ajlaHa ypas-
HEHHEM B MOJSIPHOW CHCTeMe KOODJAHHAT, TO X H Y €CTb KOODJHHATH
TOUeK 5TOH KPHBOH B COBMELIEHHOM 1eKapTOBOH CHCTeMe) :

1. orpe3ka AB, COEJUHSIOUIETO TOYKH
a) A(1, 2) u B(—1, 3);
6) A(2, 3) u B(5, 3);
B) A(—1, 2) u B(—1, 5).

2. yactu mapaboan y=x2, coenunsomeii Touku A (1, 1) u B(3, 9).

3. runep6o.b i——— =

* Bee OykBeHHHEe NapaMeTpn B AaJbHeilleM CYHTAIOTCHA MOJOXKHTEJBHHIMH.
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18.

19.
20.

"/___{_% _-‘/_:1 ot Touku A(a, 0) no tourw B(0, b).

Xx2/5 - Y5 = g5,

a) (x4 y)R—(x—y)2B=as; 6) 2(x+y)= (x—B).
a2yt = x* (a2 — x?).

(y—x)’=a—x2.

x*— 4 xy=0 or tourn A(}'2/15, 2¥/2/15) no rouku B (0, 0).

. xt=axyt 4 ayd.

. X3=axy—ay’.

. X84 yb = a4 4 b2yt
. Y*la—x)=x%(a+ x).

. r=acosq.
. r=a(l+4cosq).
. r=acos 3.
aQ
L r= , 9>0.
I+¢ ¢
g sin®

cosp
(447 =2xy.
(68 =20 ()

Hanucars Kaxoe-1HG0 NapaMeTpHuecKoe sajanue B BHAE L= {x=-
=x(t), y=y(t), z=2(t), teT} cnenymoumed JHHUH:

21.

22,

23.

24.

orpeska AB, COeIMHSIOWIErO TOYKH
a) A(l, 2, 3) u B(—1, 3, —4);
6) A(—1, 2, 1) u B(—1, 2, 4);
B) A(l, 3, ——l)nB(2 3, 0)
a) x2+y2_R2 Z_'

6) *+4*=R?, x+y=2

a) X+ +2=FR?, x”+y=—2 2>0;

6) x2+y +22=R? x—{-y—}—z-
B) xz ! 7 +Z2 R2 x2+y2_xR

24 yP=cz, ———tg-— OTTquHA( ——, ‘/—— c")

0 TOYKH B(xo, Yo zo)



25. 22— y2=9/82%, (x—y)=a(x-+y) or Touku A(0, 0, 0)mo TOU-
KH B(xo, Yo, 20).

26, x?+y*+22=a? Y x4 4ich (arctg—)—a (z=0) or TOYKHM
A(a, 0, 0) po Touru B(x,, Yy 2o).

§ 2. Boiuncaenne KPUBOJHHEHHOIO HHTErpaja NepBoro poja

Buuncauth KpHBOJMHEHHBIH HHTerpajs NEepBOro poja IO yKas3aH-
HO# KpuBO# L:

=(0) _2)1 B:(4' 0)'
28. jyds, L={(x, y):y=sinx, 0<x < ).

L
29. ﬁ(xz—}—y) ds, L ects otpesok AB, rae A=(0, 1) u B=(—2, 3)

30. S xyds, L ecTb KOHTYp KBajpara, OrPaHHYEHHOT'O JIHHHSIMH X ==
L
+y=1, xy=—1.

31. fxyds, L ectb 4eTBepTh OKpyxKHOCTH x®+y?=1, Jexamas B

(IepBOM KBajJpaHrTe.

32. l{yst, L={x, y):y=max(2Vx, 2x), 0<<x<<2).
33. szyds, L={(x, y):x=4cost, y=sin2{, x>0, y>0}.
L

34. des, L ecrb pyra nmapabonsl y?=2x or ToukH A(2, —2) 1o
i
vouku B (8, 4).

35. i(x—f-y)ds, L={x, y):x=acost, y=asint, 0

< 12},
36. § (4 —y¥ds, L={(x, y): x=acos®t, y=asin®s).

37. Sﬁtxyas L= {(x y)iy= mm( ]/?az_:;), x>0}.
88. §(x“+y2)”ds, L={(x, y):x=acost, y=asint}.
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39.

[3=]

j’xyds, L={x, y):x=t—sint, y=1—cost, =0, 2n]}.
L

40. Sﬁ‘sy’—, L={(x, y):x=cost+tsint, y=sini—tcost, 0<<
L

<t<< 2.

41. ‘ xds, L—pBepxHaa nonosHHa Kpueod r=1-cosqp (0 <op < n).

42, Y(x+4y }ds, L—npaBasi netsst KpUBO#H r?=cos2¢ (x >>0).
L

43. § y3ds, L—netna KpuBoii r=a cos 4¢, nepecexkaiomias MOJIOXKHu-

TeJbHYI0 och OX.

44, ! ly| ds, L—~xpuBas r=a (2 cos ¢).
45. S(x3+ v ds, L={(x, y): (x+y?)? = 2a%y, x>0, y>0}.
L
tl
46. §(2x—-22y)ds, L= {(x, Y, 2), x=7, y=

=2Tﬂt3’2, 2=t 0<t<1}.

47. §(x"+y2+z’)ds, L={(x, y, 2):x=cost, y=sint, z=t, 0<

<1< 2n}.

22ds _ o o B
48.§ PRI L={x, y, 2):x=acost, y=asint, z=af, ta.
[0, 2xn]}.

49, j(x”+y’+z’):ds, L= {(x, Y, 2):x=a(t—sint), y=a(l —cost),
L
z2=4asin t?} or toukn A(0, 0, 0) mo Touxu B(2an 0, 0).

50. szds, Lz{(,, 9, 2): r=a(l4cosg), z=4a(l—cos%)}.
L

51. ‘s'ye-”‘ds, L={x, y):x=In(1+2#), ly=2arctgt—t43, 0

L
<t<1).



62. (yds, L={(x, 4, 2), #+y*+2=0a’ x+y+z=a}.
L

53. g'}/ﬁ—i—yz ds, L={(x, y, 2):x=Vzcos V'z, y=Vzsin Yz} or
L
touku A (0, 0, 0) no roukn B(—m, 0, n?).

54. ( lylds, L={(x, y, 2): & +y'=2" 2"+ 4’ =ax}.
L

§ 3. MexaHHueCKHE NPHJIOKEHHS KPHBONHHEHHOTO HHTErpana
nepBoro popa

55. Hafitu Maccy yuactka kpuBoit y=Inx, 0<x<Ky<Cxp, ecan
NJOTHOCTb KpHMBOfl B Kax[oi .TOYKe paBHA KBaApary aGCHHCCH
TOYKH.

56. Halitn maccy Koutypa TpeyroJibHHKa ¢ BepmuHamu A= (0, 0),
B=(3, 0), C=(0, 4), ecau ero nuotHoctb B Toyke M(x, y) paBHa

44
3+4'

- o a
57. Haiitu Maccy yvacTka LEMHOH JIMHUH y=—2—(e"/“+e“"/“), ecJnz
NJIOTHOCTb p B KaXJAo# Touke paBHa k/y.

88. Hafitu Maccy noayokpyxuoctH x2+y?=R?2, pacnosiokeHHOH B
BepXHeH MOJYNJIOCKOCTH, €CJH ILIOTHOCTb B KaXIOH ee TOUKe Ipo-
nopLUHOHAJbHA KyGy OpAHHATH 3TOH TOYKH.

59. Haiitu Maccy Ayru BHHTOBOH JIHHMH
x=acost, y=>bsint, z=>bf, 0t 2m,

ecJH: a) MJOTHOCTb B KaXKJOH ee TOYKe pPaBHA KBaJpaTy alllJIHKaThHl;
6) DJOTHOCTb B Kax/OH ee TOUKe paBHA PaAHYCy-BeKTOPY TOUKH.

60. HafiTu craTHueCKHli MOMEHT OJHOPOJHOH MOJYOKDYXHOCTH
x2+y?=R?, y>0, WIOTHOCTU p OTHOCHTEJbHO ocH OX.

61. Haiita cratHueckue MOMEHTH OJZHOPOJHOH AYrH 3JIJIHICA
x? 2 .
?+—Z2— = | IJIOTHOCTH p, PACNOJOXEHHOH B IepBOM OKTaHTe, OT-

HOCHTEJIbHO ocell KoopauHat (a>b).
Haiith MOMEHTH HHEpUHH OJHOPOIHHX Ayl L IJIOTHOCTH p.
62. L={(x, ) : x+2y=3, 1 <<x< 2} orHocureapHo ocu 0X.
63. L={(x, y):y*=x, 1<<x<2} ornocuremHo ocu 0X.
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64. L={(x, y): x*—y-+1, 0<<x <1} a) orHocuremvHo ocu OY;
6) oTHocureabHO ocH OX.

65. L—unomanass ABC, coemuHsuoinas Toukn A(l, 1), B(2, 3),
C (4, —1) a) orHocurenbHo ocu OX; 6) orHocuresnbHO ock OY.

66. L={(x, y): x=acost, y=asint, 0<{{<a} a) OTHOCUTEJBHO
ocu OX; 6) orHocuresnbHO ocH OY.

67. L={(x, y): x=a(t—sint), y=a(l—cost), 0t x/2} orHO-
curesbHo ocu OX,

68. L={(x, v): Vx+Vy=7a 0<x<al orHocurensro ocu 0X.

69. L={(x, y) : x¥3 4+ y23=0q?3, x>0, y=>=0} a) OTHOCHTE/IBHO
ocu 0X; 6) orHocutesnbHO ocu OY.

70. L:{(x, Y, 2) 1 x=acost, y=asint, zzg—i, O<t<2n}

a) oTHocHTeMbHO ocH OX; 6) orHocHTenbHO ocu OY; B) OTHOCH-
TensHO ocu OZ.
71. Ha#iTu MOMEHT HMHepLUHH BHTKA KOHMYECKOH BHUHTOBOH JIHHHH -

x=atcostn, y=atsinnf, z=>bt, 0 <t << 2n

€ ILIOTHOCTBIO p==FR2: a) oTHoCHTeJbHO ocH OZ; 6) OTHOCHTEJbHO
njaockocte XY; B) OTHOCHTENBHO HAayaja KOOPAHHAT.

HaliTn koopaHHaTH LeHTpa MacC Ayrd OZHOPOAHOH Kpusod L,

€CJIH

72. L={(x, v) : *+y*=R?, x>0, y=>0}.

73. L={(x, y):y=-‘;—(ex/a+e-x/a),—-a<x<a}.
74. L:{(x, y):y:-—;—(e"/“—{—e—’/”), O:gxga},

75. L={(x, y) : y¥* =ax®—x4}.

76. L={(x, y):x=——1—y2—ll—lny, 1<y<2}.

71. L={(x, y): x=a(t—sinf), y=a(l—cost), 0t n}.
78. L={(x, y): x=a(t—sin}), y=a(l—cost), 0t < 2n}.

79. L=|(x, y>:1/5+1/§=1/5}.

80. L= {(x’ y) < x2/8 +y2/3 = a2/3 0}

81, L={(x, y): x23 4 y%/3 = a3, x>0 y=>=0}.
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83. L={(x, y, 2) : x=acost, y=asint, z=>5t, 0 <1< 2n}.
84. L={(v, y, 2): x=efcost, y=etsint, z=¢, f'°°<t~<q}.'
85. L={(r, ¢): r=a(l+cosq), 0o} o h
86. L={(x, Y, 2): P42 =a? |y|l=x, 220}

87. HaiiThH KOOpAMHATH WEHTPA MACC AYTH BHHTOBOH JIHHHH -
x=acost, y=asint, z=">0, 0 <t <m,

€CJH ee IJIOTHOCTh B KaXAoH TOuKe NponoprHoHaJbHa aNIJIHKaATE.
3TOH TOYKH.

88. HafiTu KoopANHATH LEeHTPa Macc AyTH
L= {(x, Y, 2) 1 x=a(t—sinf), y_—_-a(l—-cos_t), z=4asin ~t2—

<t<2n},

ecJan ee NJIOTHOCTb B KaXJo#H TOYKe NMpoNnOpLUHOHAaJbHA &lIlJIHKaTe.

89. Hafitu KOODIHHATEl CHJIB TPHTSKEHHS OLHOpPOAHON noJy-
OKDYXKHOCTbIO Maccoit M u paguycom R MaccH m, nomemeﬂﬂou B
L[eHTPe COOTBETCTBYIOLER OKPYKHOCTH.

90. HafiTH KOOp/AMHATH CHJIbI TIPHTSKEHHs GECKOHEUHOH OAHOPOA-
HO¥ NpsAMO} NJOTHOCTH p MAaTepHaNbHOH TOYKH eJHHHYHOH MAcCCH,
HaXxousAWeNCa OT NPSIMOA Ha PACCTOAHHHA hA.

91. HafiTh KOOpAMHATHl CHJB NDHTSAXKEHHS AYrod acTpoOHAN x=
=qgcos®t, y=asind®f, 0<{¢{<m/2, eNMHHYHOH MacCHl, NMOMEHIEHHOH B
HauyaJjle KOOpDAMHAT, €CJH INJOTHOCTb AacCTPOUAH B KaXJ0i ee TOuke
paBHa Ky0Oy pacCTOsHHUSA 3TOH TOYKH OT Hauajla KOOpJAHHAT.

§ 4. BoiyucaeHne NAOIWAAH NIOBEPXHOCTH C MOMOIUbIO
KPHBOJIMHENHOTO HHTErpaJjia nepBoro poaa
Hafitn naomanp uuauHIpuyeckoii mosepxnoctu F(x, y)=0, orpa-

HHUYEHHOH CHH3Y NOBePXHOCTBIO 2=[i(X, y) U CBEpPXYy — NOBEPXHOCTHIO
z2=f9(x, y), ecan

92. F(x, y)=y*—2x, [,=0, f,(x, y)=‘|/2x—4x2.

93. F(x, ) =RP—x*—¢*, [1=0, fo(x, y)= 2R
0. Fx, ))=gP— (c—1), =0, ,=2—Vx.
5. Flx, g)= Ri—riif, fy=0. fy= R4
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96. F(x, yy=x—y, 1 <x<2, ,=0, fi=x+y.

97. F(x, y)=y—~8—x2, 0<<x <4, [1,=0, f=x.

98. F(x, y)=x*+yt—ax, fi=—V@——, fi=Va——,
99. F(x, y)=y—x2 [,=0, fo=x, 0<<x <1, y=0.

100. Hafity njomajnbs 49acTH UHJAHHAPA ;?"‘%_—'1’ 3aKJIIO9eH-

- x? 22
HO#t BHYTPH UHJHHADA :a—+—cs— =1.

§ 5. BoiuHC/I€HHEe NOBEPXHOCTHOrO MHTErpaJja MmepBoro poaa

BouHCIHTD HHTErpan
1. ({42 424s,
S

TAe S-— NoBepXHOCTb, NOJNYYeHHAas BpallleHHeM KapAHOHAH r=a(l+
+ COS @) OTHOCHTEJBHO MOJNAPHOH ocu (AeKapTOBA W MOJspHAs CH-
£TeMBl KOODAHHAT COBMEILEHH) .

102. S \ Gy 4 yz+-2x) 4,

={x, g, 2: 2=V EF P, 2+ y* <2ax].
103. SS(xz-{— y?) dS, roe S—rpanuna tena
)

V={& 9, 2: V¥@+ @ <z<l|
104. Xj(y—{—z)ds, rie S—uJexamas B nepsoM OKTaHTe (x>0
S

y>0, 2>>0) yacTb NOBEPXHOCTH, NOJIyYeHHas BpalleHHEM apKH
IMKJIOHABE X = a ({—sinf), y=a(l—cos?), 0<C¢<C2n, BOKpPYr
ocu 0X.

ds
105. ] ===

rie S ecThb MOBEPXHOCTh, NOJNYUYeHHasa BpalleHueM JuHud L= {(x, y):
:y=sinx, 0<Cx<{a} orHOCHTe/IbHO OCH OX.

106. S-S yzdS,
s

rae S — yAOBJIETBOPSIOIAs YCJAOBHIO 2>y >0 yacTb MOBEPXHOCTH, IO-
JY4YEeHHO! BpalleHHeM KDHBOH y=cosX, |x|<m/2, OTHOCHTEJBHO OCH
OX.
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107. SS (x2+y2—|—z—-;—)d8,
s
rae S—uacth nmapaGosoupa 2z =2—x*—y? 2>0.
108. j} (x?+y*+2)dS, rae S—sepxuasa noaycdepa:
24422 =a? 220,
109. Sj (343 4 542 4 322—2) dS,

rie S—uacTh KoHyca y=TY x*-+42®, Jexaulas MeXAY TJIOCKOCTAMH
y=0, y=b.

110. jj' ‘/1 +%+—z}ds,
8

] : ]
rue S—-tIaCTb napaéonoyma z2= —’25-—— g , x>0, Jexamaa BHYTPH
p’ ¢ "o )

ut ([v@+@Tads,
S

rae S—uactb napaGonoHia ax = yz, Jexaulads BHYTPH uMaHHIpa (y°+
+ 2% = 2b%y2,

112, {{ xyz s,
S

roe ' S —qac'rb KoHyca 2?=2xy, z>0, Jexamas BHYTPH 'WHJHHApA
Oty =at

113. Ssg (xy+ yz+ x2) dS,

rie S—uactb KoHyca x*+4y?=23, 2>0, sexauas BHYTPH LUUJIHHAPA
x4+ 4 =2ax.

114. jsg (t+y+2)dS,

me2 S—uacte KoHyca x®=y?--2% Jexamias BHYTPH UHIHHApDA X+ 4% =
= 2ax.

115. ngxzds,
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rge S—uacte umMpApa X2+ y?=2ax, Jexamas MeXKJY KOHYCOM z=

— 2 ] 2
=V x*+4* ¥ napaGomougoM z=— '—x——;l )
a

116. (| (x—y2+29dS,
i

rie S —uwacTh HuAuHIpa X2+ y?=a?, x>0, jgexainas Mexay HJOCKO-
CTAMH x+2=0, x—2z=0.

n7. [{yxas,

rie S —wu4acrb LHAMHApPA X2+ y?=2ax, Jexamias BHe THIep6OJOHIa
x2+ y2_22=a2. .

118. jsg (x—y)dS,

rae S—uactb UMAHHAPA X2+ y?=q@?, Jexamass BHYTDH LHJHHApA
2?=a(a—x).

119. jsg|xy|ds,

rie S — moBepXHOCTh TeJa, OOpPa30BAHHOTO IiepecedyeHHeM IHJIHH-
ApOB x2-22=q2, y?+2?=a?
120. {{1x+ylas,
S

raie S—uacTb NOBEPXHOCTH TeJIHKOHAA X==UCOSV, y=usinv, z=v,
0<o<2m, O<u<l.

121. jsf (x 4y +2)dS,

rie S—uactb Topa x¥=(b+acosPp)cose, y=(b+acosy)sing, z=
=asiny, x>0, 2>0 (b>a).

§ 6. Mexannueckue NPUJOXKeHHs NMOBEPXHOCTHOrO HHTErpaja
nepBoro popa
122. Haiitu maccy 9acTH OZHOPOZHOTO mapaGosioHpa 2= —12—(x’+y2),
0<<z<{1, nyotHOCTH p.

123. Hafitu Maccy uwactu uuiausHapa x2+422=2a2, nexaulefi BHYT-
pu KoHyca x2-+ y2=22, eCJin IJIOTHOCTb p=|y|.

124. Hahitu maccy 4acTu Komyca x2=y2422, jexxamefi BLYTPH
nuauEApa x2+4 y2=2ax, eCIH NJIOTHOCTb p==X.
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125. Hafitu maccy wactu KoHyca x?+ y?=22, 0<{z<C4, ecad MJOT-
HOCTb B KaXk/J0H TOUKe paBHA KBAApaTy PACCTOSHUSA A0 BEPUIHHHL.

126. HafiTu cTaTHyecKHil MOMEHT 4YacTH LuJaMHApa, x%+y?=2Ry,
Jdexalell MeXAy NAoCKocTAMH 2=0 M z=C, OTHOCHT@JbHO IJIOCKOCTH
XZ, ecay nioTHOCTD p=y-+ 2. ‘

127. HaliTH MOMEHT HHepPUMH OJHODOAHON NOBEPXHOCTH X2+ y?=
=2ax, x2> y?+ 2% NNOTHOCTH p OTHOCHTeJBHO ocH OZ.

128. Hafitu MOMeHT HHepPLHH OAHODPOZHON NOBEPXHOCTH MJOTHO-
CTH p, TIOJAYYEHHOH NDH BPaUIeHHH OXHOH apKH UHMKJIOHAB X=a(p—
—sing), y=a(l—cos @) Bokpyr ocu OX, otHocutenbHo ocH OX.

129. HaliTy MOMEHT HMHEpLHH 4acTH OJHOPOAHOIrO LHJAHHApPA X2+
+y?=ax IJOTHOCTH p, Jexallei BHYTPH chepH x2-+ y?+22=a® oTHO-
CUTEJBHO MJIOCKOCTH XZ.

130. HaliT MOMeHT HHepUHMH 4YacTH OAHOPOJHOH BepXHeH mHoJy-
chepnl x2+ y?2+22=a?, 2>(0 NJOTHOCTH p, Jiexalleil BHYTPH IHJHH-
Apa x%+4 y?=ax, OTHOCHTENbHO IIOCKOCTH YZ.

131. HaliTu MOMeHTHl HHEPLHH OTHOCHTENBHO MJOCKOCTH XY uacTH
OJHODOAHOTO KoHyca x%2+y?=22t{g?q, x2+4y2<{R? (0<a<m/2), mac-
colt M.

132, HalltH MOMEHT HHEPUHH OZHOPONHOH TOBEpPXHOCTH Xx=(b+
+acosy) cos, y=(b+acosyp)sing, z=asinP(b>a) miorHocTH P
oTHocHTeabHO ocH OX.

133. Hafith MoMeHT HHepuuu OZHOpPOAHOro mapagonouaa x2+ y2=
w=2¢2, 0<{2<{C NJOTHOCTH p OTHOCHTeJbHO ocH OZ.

134. HaliTh MOMEHT HHepUHH OIHOPOAHOro cermMeHTa ctepnl x2+
+y2+2?=R?, 2> H (H<R) nnorHoct# p oTHOoCHTeabHO ocH OZ.

135. Hafitu KOOpAHHATH IEHTpa MacC OAHOPOAHOR moJaychepH
X4y 4+ 22=R?2, 2>0.

136. Hajitn KoopaMHATHI LleHTPAa MacC 4acTH OLHOPOAHOW CdepH
X2+ 2+ 22=R2, x>0, y>0, 2>0.

137. HaliTu KOOpAHHATH ILEHTpa Mmacc BepxHell moaychepw x2-+
+y?+22=R?, z>0, ec/ii MOBePXHOCTHAsS IJIOTHOCTb B KaX[A0H ee TOY-
Ke paBHa pacCTOAHUIO OT 3TOH TOuKH 10 ocH OZ.

138. HafiTH KOOpDAMHATH LEHTPa MAacC OZHOPO/JHOM MOBEPXHOCTH,
NOJIyUeHHOH OT BpailleHHsl AYTH KpuBo# y2=2px, 0<x<p, oOTHOCH-
TeabHO ocu OX.

138. Halitu koopaunaTH IeHTpa Macc 4acCTH OLHODOJHON MOBEPX-
HOCTH X2+ y2==2cz, (0<lz<c.
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140, Hafiti KoOopAUHATH HeHTPa MacC 4YacTH OAHOPOAHOIC KO-
HyCa

B4y= 22 0<z<H.

141. Hafity XoopAHHATH LEHTPa MacC OJHODPOAHOH IOBEPXHOCTH
x=ucos v, y=usinv, z=av, 0<u<a, 0<<v<<n.

142. Tlo noBepXHOCTH KPYroBOTO UMJHHAPA, paJHyC OCHOB2HHSA
KOTOpPOro paBeH R u BHCOTa KOTOPOro paBHa h, pacnpejeseHa Macca
¢ NOCTOAHHOK IJIOTHOCTBIO y. Halith npursaxkeHHe, HCIHTHIBaeMoe CO
CTOPOHH NOBEPXHOCTH €AMHHYHOM MacCOH, pacHOJIOXKeHHOH B LeHTpe
OCHOBaHHSA LHJHHIPA.

OTBETHI

1. a) x=1-2t, y=2+4¢, t<]|0, 1]. 6) x=243¢, y=3, t<|0, 1]
mbo x=x, y=3, x=[2, 5]. B) x=—1, ly=243¢, t<=|0, 1}
mbo x=—1, y=y, y=|[2, 5]. (2. x=x, y=4x% xe]l, 3].

8. x=acht, y=>bsht, t =(— o0, - o0) npaBas Bersb; x-——acht
y=Dbsht, { =(—o0, +00) nepas BerBb. 4. x=acostt, y= bsm‘t
t=|[0, n/2). 5. x=acos*t, y=asin®f, t<]0, 2n]. 6. a) x=

=—‘2'-(ch8t+sh3t), y=a(ihf—t:2'-ml), t & (—o0, + o); 6) x=

—qt, g=fi—t, t(—oo, +o) mbo x=-2TL, 4
vt — 20/

=22 v & (—00,3400). 7. x=a cost, y=acost VY [sinf] X

Xsign (sinf), f=[0, 2n]. 8. a) x=acost, y=a(cost-sinl),
" |
te(0, 2 6) y=y, x=", y=(—o, +oo)\ (0}

9. x= ‘/ T y=t ‘/ , t=[2, +0). 10. x=af®+at®,

y= at®+ att, -—oo<t<+oo 1. x=at—at?, y=atr—af’,
—oo Jt<<+oo. 12. x=Va¥cos*R{-+b¥sin?B ¢ cos!BEt, y=
=V a*cos*Bt+b?sin*Btsinl3 ¢, t <=0, 2x). 13. x=acos2tclg?,

y=acos2t, t = (0, n), mmbo x_____a_(_t:—_l)_' _a@—1 te
1+ 1 46

& (—o0, +). 14. x=acos’p, y=acosgsing, ¢ [-—-—’;—

/2|, 15. x=acos@(l+cosq), y=asing(l+cosg), ¢ [0, 2x].
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21.

22.

30.

37.

40.

47.

x=acospcos3p, y=asingcos3e, ¢ = [0, n/6] Y[n/2, 5m/6]U
3n 1in ap ap .

7x/6, —] [ 2:1} 17. x=—=—cos@, y=——sing,

o=[0, +o0). 18. x-asmcp“/tg(pcoscp, y=asinfep Y igo,

o= [0, ﬂ/2)U{ﬂ —32“—) 19. x=7/sin2pcos ¢, y=7sin2psing,

=0, /2] U [n, —%n—] 20. x=ai/2c052cpcoscp, Y=

=qa 14/2cos 2¢sing, ¢ =[—an/4, n/4]U[3n/4, Bm/4].
a) x=1—2¢, y=t+42, 2=3—7¢, t=|0, 1]; 6) x= —1, y=2,
z=t, t=|l, 4]; B) x=14+¢t, y=3, z=t—1, t=[0, 1].
a) x=Rcost, y=Rsint, z=2, t= [0, 2n]; 6) x=Rcost Y=
=Rsint, z=R(cost+sint); t [0, 2n]. 23. a) x——_V_— cost,

_ R . __ R _R sin#
y—————VQ sin ¢, z—_————v§ , t=]0, 2n]; 6) x <V3 +c ost>
y=7—§— W—cost), z=———i/—§—Rsmt, te|[0, 2n]; B) x=
=Rcos®t, y=Rsintcost, z=Rsint, t=|[0, 2n]. 24. x=
QcosQ, y=cosing, z=cp, /6P zy/c. 2b. 2=, x=
=—-1—(32/3a'/3t2/3+ 34/3g—1/3;413 ) =L< 34/3g—1/344/3

4 2 ! 2
—3”'a”’t"'), t=[0, z]. 26. x=250 y=asm(p z=atheo,

4
che ’ che
e=[0, o). 27. Y51n2. 28. 1/§+1n(1+1/§)_ 29. 2031/5.

0. 81. % 32. 3—12/—2 ”V m(1|+ V7). 33, _1/5+

+In(24+V75) 34. M.

‘;—;(25 V5+15Y 2+ 1). 38. 2na+t. 39, —331

—_— 29
2 —
InyYT+4n®, 41. n. 42. V2. 43. 16( +—_ ,ﬁ In(4

—VT5)). 44. 640" 45. 2o, 46, AV2 4 V2 | T

M(3+4n2). 48. —‘-’-lﬁ-m. 49. B (1 +3). 50. 4a?

35. 202. 36. 9%"

A

g1, Mt l2n —1InyZ. 52. ama®  ea (572 4 1)32 —1

54,

16 3 15
-3—(2 Y2—1). 55. ?[(1+x§)3/2—(1+x?)3/2]. 56. —‘27-
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TJIABA 111
KPUBOJIMHENHbIN U NOBEPXHOCTHBIA HHTEIPAJIBI
BTOPOTO POJIA. BEKTOPHBIA AHAJIH3

§ 1. OPHEHTALLHA KYCOYHO-TJIALKOA KPUBON LR H
KYCOYHO-TJIALKOH MOBEPXHOCTH ScR?3

Onpenenenue Ilyctb L—HesamkHyras KpuBas Ge3 TOYeK
caMonepeceuenusi, Jexamasi B R3, ¢ xounamMu B Toukax A u B. Bu-
6op B nape (A, B) HauanbHOf H KOHEYHOH TOUEK HA3HBAETCH OpHEH-

tanuefi Kpusoii L. Bupaxenus L=AB u L=BA sBasloTCsl 3aNHChIO
KPHBOH C NPOTHBONOJOXKHBIMH ODHEHTALHAMH.

Harasiaso, 3anaTh opHeHTanuio kpuBo# L=AB — 3To 3Ha4HT yKa-
3aTh, KaK HanpaBjieHa (MJM KaK TPOXOAHTCS) 3Ta KpuBas OT TOYKH
A x Touxke B, uau or Touku B K Touke A.

3aMKHYTYI0O KpPUBYIO, KOTOpas nocle yaajeHus JioGok cBoed Tod-
KH («pa3pe3aHHs» KPHBOM B 3TOH TOUKE) CTAHOBHTCS He3aMKHYTOR
KpHUBOH 0e3 TOuUEeK caMoNlepeceyeHMs, 4aCTO HA3HBAIOT KOHTYPOM.
KOHTYp MOXHO ODHEHTHPOBATh, paspe3aB ero B NPOH3BOJLHON TOYKe
M ODHEHTHPYsS MOJYYEHHYIO He3aMKHYTYIO KpuBylo. Ecau KoHTYp Je-
JKHT Ha IJocKocTH XY, TO OH ABJseTCS I'paHHLiell OLHOCBA3HOH orpa-
HHgeHHoH o6nactd DR2, B Takom ciaydae opHeHTalis KOHTYpa da-
Ile 3a/aeTcsl HanpapjeHHeM ero o6Xona: MOJOXHTEJIbHHM HanpasJje-
HHeM 06X0/a TPHHATO CYMTaTh TaKoe, NpH KoTopoM oGaacte D ocra-
eTCs clieBa, U OTPHLATENbHREM — NPOTHBONOJIOXHOE.

Ilycte L R® — npocrad raaakas Kpunas, T. e.

L={(x, y, 2):x=x(8), y=y({), 2=2(t), t<|a, b]},
rae a<b, orobpaxenue r={x(t), y(¢), 2(t)}=Cl[a, b], |r/|#0, n
KoHueBhe ToukM A u B kpuofi L ectb coorBercrBeHHO 006pasH TO-
ek a u b. Toraa opuerranus L=AB cootsetcTByeT opueHTauuu [a,
b], a opueHTauus L=BA — opuenraunu [b, a] otpeska u3MeHeHHS
napamerpa ¢ #a npamoii R. ['oBopar, 9to KpuBas L=AB IPOXOLHTCSH
IpU BO3paCTaHHH, a KpHBas L=B7f—npn yIGHBa}mu napamerpa L.
Torna BexropHoe none T ={1}, rae 1= Tt {_d’_‘_, Ay E.] H
|,;‘ ds ds ds

ds=1/(x;)2+(yt)“‘—}—(zt)2dt-— aupdepenuuan AJHHH ayru L — ABadA-
€TCsl 3aJ]aHHHIM Ha L HenpepHBHHIM NOJieM KacaTeJbHHX K L exu-
HHYHHIX BEeKTODOB, IIPH 3TOM HampaBJieHHe BEKTOPOB T COBNAaAaeT <€

D et
HampaBJieHHEM JBHXKeHHs N0 KpuBoi L=AB npu yBeiudyeHHH mnapa-
Mmerpa f, Tak kKak a<b. Takum o6pa3oM, Ha NpoOCTO# ry1ajKO# OpHEH-

-
THPOBaHHOH KpuBOH L=AB 0aHO3HAYHO ONpelesieHO COrJlacoBaHHOe
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C ee OpHeHTallHell HeNnpephHBHOE NOJIe €AMHHYHBIX KaCaTe/bNHX K L
BekTOpOB. BextopHoe mnose T={—t} sBaserca 3agaHHHM Ha L He-
NpepHBHEM NOJIeM KacaTeJbHHX K L eIMHHUYHBIX BEKTOPOB, Hampas-
JeHHe KOTOPHX COBNaJaeT C HampaBjeHWeM JBHKeHus =no L mpm
yMeHbllIeHHH napamerpa {.

Kycouno-ryiafikasi OpHeHTHpPOBaHHas KpHBas L Takxke OAHO3HAY-
HO onpejenseT COrMACOBAHHOE C ee OpHeHTanuell BekTopHoe mome T
eIHHHUHHIX KacaTeJbHHX K L BEKTOPOB TOJbKO yXKe, BoOOlle rOBOpS,
onpejieleHHOe He BO BCeX TOUKax L H HempepHBHOE Ha MHOXeCTBe
cBoero ompeaenenusi. OpHeHTHPOBaHHYI0 KpHBYIO L BMecTe € COOT-
BETCTBYIOILMM TNoOJieM €IMHHYHHIX KacareJbHHX BeKTOpPoB Oynem 060-
3Hauath (L, T).

I[TpumMep. 3anuuieM Kakoe-HHGyIb NapaMeTpHYeCKoe NpeACTaB-
nenue x(t), y(¢) neram xpuBoh x%+y3=3axy tak, 4roObl 3Ta NETIH
NpOXOAHAACh B MOJIOXKHTENLHOM HamnpaBJieHHH NDH BO3PaCTaHHH MNa-
pamerpa ¢ (a>0).

Pemenwune. Ecau mnomoxkurs ¢=y/x (x>0), TO mNOJy4YHUM, 4YTO
x=3at/(t®+ 1), y=3at?(*41). Ilpu stom nerns kpuohi x3+y3=
=3axy pacnojsoxeHa B NepBoM KaajapaHurte x>0, y>0 u npoxoaurcs
npu u3MeHeHuu ¢ Ha ayue (0, +o0). Tak Kak aas 0TI  uMmeeM
0<x<y, To o6XoA MeT/JIH HAYHHAeTCsd MO TOH ee 4YacTH, KoTopas Je-
JKHT HHXKe GHCCEKTPHCH Y=X NEPBOr0 KOOPAMHATHOrO yrja H, CJeflo-
BAaTeJbHO, JefCTBHTENBLHO NPH BO3pAaCTaHMH ! NeTasa 06X0AHTCA B HO-
J0XKUTEJBHOM HalpaBJeHHHU.

IIpumep. 3anuileM HDapaMeTpPHYECKOoe TIPEICTABJEHUE JIEMHH-
ckaTH; (x24+y?)?=2a%xy Tak, 4TOOH Ka)<aas ee NeTJAs NPOXOAHIACH
B INOJOXHTEJbHOM HanpapjeHHH NpPH BO3pacTaHUM mapamerpa (a>
>0).

Pewenune. Tak xak B NOJSIPHHX KOODAHHATAX YpaBHEHHE JeM-
HHCKaTH eCThb: r?=a?sin 2¢, T0 145 NpaBoH MeTJU HMeeM

=acos ¢ 'l/sirl 29, y=asin cp:'[/sin 20, 0<<op<m/2,
a Jana JeBod—
x=acosQ Y sin2¢, y=asing Y sin2¢, 7o <<3n/2.

Ilpu sToM, Koraa ¢ Bospacraer or 0 xo m/2, To mpaBas neras
NPOXOJAHTCSA B IIOJOXKHTEJbHOM HaNpaB/eHHH, MOCKOJbKY H3MEHEHHIO
t ua [0, m/4] cooTBeTCTBYeT YacThb JIEMHHCKATHI, JexKaluas B [epBOM
KBajJpaHTe HHXe NpAMOH y=x. Tak ke npoBsepseTcs, YTO JieBasA HET-
J51 NPOXOAHUTCS B IMOJOXKHTEJbHOM HaNpaBJieHHH IIPH BO3pACTaHHH !
oT n 10 3m/2.

I[Tpumep. 3annmem napamMerpuueckoe NPEACTaBJeHHE KOHTYpa
kBanparta: |x|-+|y|=a (a>0) Tak, ur06B 3TOT KOHTYp NPOXOAHJCH
B NIOJIOXKHTEIbHOM HampaBJIeHHH NPH BO3pacTaHWH napamerpa i.

Pewenue. Tlon6epem ¢ynkuuio x=x(t), Takyio, 4To6H mOpH
BO3pacTaHuM ¢ 3HauyeHHs x(f) cHauaJja yOHIBaJH OT a A0 —@, 3aTeM
BO3pacTanH oT —a A0 a; HalpuMep, MOXHO HOJOXHUTb X(f)=a cost.
Uro6u To4YKa x(f), y(f{) ABHranacb Mo BepxHelfl TIpaHHlle KBaApara
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|x| +|y|=a, xoopaunara y=y(t), t<[0, n], KOMKHA YHOBJETBO-
PSITH COOTHOIIEHMIO y=a—|x|, T. e.

y()=a—a|cost| =asgnsin{—a |cost].

Ha wuxueil rpanulle Ksajapata KoopauHata y=y(t) mosxHa
YIOBJIETBOPSATb COOTHOLIEHHIO Yy=—a+ |X|, T. e. y=—a-+a|cost|,
tei[n, 2n]. O6benunsss obe MOJyYeHHBe GOPMYJEl, 3amuileM mapa-
MeTpH3alHI0 KOHTypa KBajpara CJAeAYIOLUIHM 06pasoM:

=aqacost, y=asgnsinf—acostsgn (sin 2¢), t=[0, 2n].

OpueHTauus KyCOYHO-IJaAKOH noBepxHOCcTH B R3
Ilycte S R?® — npocras raagkasi IOBEPXHOCTD, T. €.

S={(x, y, &):x=x(u, v), y=y(u, v), 2=z 4, v), (4, v)= D},

rae obnacte DcR? xkopaaHoBa, roMeoMOpHHIM
r={x(u, v), y(, v), 2(, 0)} =C*(D) u [ry X r] %0, (4, v) =D.
[ry X 1)
Torna BekropHoe noje N=!n:n=———— gBjserca onpeseleH-
[r, X ryl
HBIM Ha S HENpEepHBHHIM NOJeM €IHHHYHBIX HOPMAaJIbHEIX BEKTODOB
x S.

Onpenenenne. 'nagkas (1. e. UMewLasi B KaxJAoOH TouKe Ka-
€aTeJbHYIO IIJIOCKOCTb) IOBEPXHOCTh SCR? Ha3mIBaeTCsl OpHEHTHpYye-
MOH WJH ABYCTODOHHeH, eCJH Ha HeHl MOXKHO 3ajaTh HeNpepHBHOE
noJie eJHHHYHHX HOPMAaJbHHIX BEKTOpOB. Takoe moje O6yaeM Ha3H-
BaTb OPHEHTHPYIOIIUM NOJEM HopMmadeit S.

Kak caeayer u3 BBIIECKAa3aHHOTO, NMPOCTasi IViajKasi NMOBEPXHOCThb
opuenrupyema. Jluct Mebuyca sBJseTcss NpUMepoM IJIaiKoi#, HO He-
OpHEHTHPYeMOH — OJHOCTOPOHHEH — MOBEPXHOCTH., DTO, B YaCTHOCTH,
fioKaseiBaer, 4To JHCT MeGuyca Henb3si 3aJaTh KaK IIPOCTYIO IJaj-
KYyI0 MOBEPXHOCTb HHKAKHM CIIOCOGOM NapaMeTpH3anHH.

Tak kak B KaxXZOH TOYKe IVIaAKOH NOBEPXHOCTH MMEIOTCS HBa H
TOJbKO JABa DPA3JHYHBIX €IAMHHYHEIX HOPMAaJIbHBIX BEKTOpAa NPOTHBO-
IIOJIOXKHOTO HANpaBJIEHUs, TO AJIST OPHEHTHPYEMOH NMOBEPXHOCTH Cylile-
CTBYIOT JBa M TOJBKO JBa ODHEHTHPYIOUIHX HOJIsI HOpMaJsed N, u N,
IpHYEeM BEKTODH 3THX HOJeH B JAaHHOH TOUKe So&S B3aHMHO IIPOTH-
BOMOJIOKHEL. [l MPOCTOil riafKoii NOBEPXHOCTH TAKUMH HOJNAMH SIB-
Jasmoores noas N, = M

[ry X 1yl
N,= n:n=——[£5’7><—ri,]—

fry X ryl

Onpenenenne. OpueHTHpPYeMass IOBEPXHOCTb ¢ BHEIGPAHHHIM

ODHEHTHDYIOIHM TIOJIEM HOpMaJell Ha3BIBAETCSI OPHEHTHPOBAHHOH MO-
BEPXHOCThIO.
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OpHeHTHDOBAHHYI0 TOBEpXHOCTh GyaeM oGo3HauaTh mnapoh (S,
N), roe N — BHOpaHHOe OPHEHTHpYIOILlee 110Jle HopMaJel.

He cTporo MOXHO cKa3aTb, 4YTO BbHOOp HalpaBjeHHs HOPMaJH
onpenessieT CTOPOHY noBepxHocTH. [losTOMY OpHeHTalHIO MOBEPXHO-
CTH YacTO HA3HBAalOT BHIGOPOM CTOPOHHB NMOBEPXHOCTH — OTCIOAA Tep-
MHH «IBYCTOPOHHsISE IOBepXHocTb»., Hampumep, Ha cdepe MOXHO 3a-
JaTh HENpepHIBHOE IOJie BHEIIHMX — HalNpaBJieHHBIX OT LeHTpa—
HOPMAaJbHBIX BEKTODOB HJH CKa3aTb, YTO 3a/laHA BHEIIHAS CTOPOHA
cdepbl; ecaH XKe 3a1aTb [0Je BHYTPEHHHX — HaNpaBJ/ieHHHX K LeH-
TPY — HOpPMaJIbHEIX BEKTOPOB, TO MOXHO CKa3aTh, YTO 32JaHa BHYT-
peHHsisl CTOpOHA CepHl.

Onpenenenne. Touky s NOBEpXHOCTH S HA30BeM BHYTpDEH-
Hell, ec1M y Hee CylIecTBYeT Takasi oKpecTHOcTb U (S), 4T0 MHOKeCT-
Bo U(s)\S HecBsizHo. Touky s noBepxHocTH S Ha30BeM rpaHHYHON
(xpaeBo#), ecan Aaas J1060i ee okpectHoctH U(S) MHOXecTBO
U (s)\S cBs3HoO.

Onpenenenune. Ilyctb KOHTYp L JeXHT Ha moBepXHoctH S.
Ecan gacte S; nmoBepxHocTd S, Aas KOTOPOH TOYKH L — rpaHHuHbIe,
He HMeeT APYTHX I'DAaHHYHBIX TOYEK H SBJISETCA CBS3HBIM OI'DaHHYEH-
HEIM MHOXECTBOM, TO CKajKeM, YTO KOHTYp L orpaHHuuBaeT 4acTh.
S, noBepxHOCTH S MJIH UTO NOBEPXHOCTb S; HATSAHYTa HAa KOHTYp L.

Ecnn HesaMkHyTass MOBEPXHOCTb S OpHEHTHPOBaHa, TO AJS J1060-
ro KOHTYypa, Jexauero Ha S, omnpejessieTcsl NOJOXKHTeNbHOe (corja-
COBaHHOe C opHeHTaluuedl S) HampaBJjeHue 06XOxa Takoe, YTO Orpa-
HHYEHHasi 3THM KOHTYPOM 4YacTh [OBEPXHOCTH S ocTaBajach CJeBa
OpH 06X04e KOHTypa II0 COOTBETCTBYIOHMIEH CTODOHE MOBEPXHOCTH.

Onpenenenune. [Iycth He3aMKHYTHEe OpHEHTHDOBAaHHHE IIO-
BepxHOCTH S; H Sy mepecexarorcs nmo KpuBoit L. Bosbmem Ha S; u S,
KoHTYpnl C; u Cy COOTBETCTBEHHO TakK, 4TOGH KpHBas L WJIH ee 4acTh
cocTaBJjsjza 4acTb Kak KoHTypa Cj, Tak u kourypa C,. Ecan monoxH-
TeJbHOE HanpasJjenue obxojxa KoutypoB C; u C, unayuumpyer Ha L
NPOTHBONOJIOKHbIE OPHEHTALMH, TO OPDHEHTAaLHH NOBepXHOCTeH S; H
S; Ha3BIBAIOTCS COTJIACOBAHHBIMH.

Q

Onpenenenne Kycouno-rimagkaa nosepxuocts S = | S,

q=1

rae S, 1<<q<<Q, — mpocThle ryiafikne NMOBEPXHOCTH, HA3bIBAeTCA OpPHU-
GHTHPYEMOH (ABYCTODOHHeH), eclH Ha KaxKAO# H3 NOBepXHOCTel S,
1<<g<<Q, moxHO BHOGpath opueHtauuio (S, N,) Takum obpasom,
4To0Bl Aasi J060# mapsl Si, S;, HMeoLlell JUHHIO TNepeceueHHs, OpH-
€HTaUHH OblJH COrJIaCOBAaHHBIMH. BekrtopHoe mose N, cocTaBjeHHOe
noasimMu N, (1<{g<<Q), Ha3oBeM OpHEHTHPYIOIUHM [OJEM HOPMa-
aei S.

H1si KYCOUHO-r1aAKOf MOBEPXHOCTH S OpUEHTHDYIOLIee [oJie HOp-
MaJjied onpelesieHo H HeNPepPHBHO Ha S, 3a uCKJOueHHeM, ObITb MO~
JKET, KOHEYHOro 4YHCJIa KYCOYHO-TVIAAKHX KDUBBIX, JexKalmux Ha S.
Tak ke, Kak W s TAaAKOH OpPHEHTHPYeMOH MOBEPXHOCTH, AJS Ky-
COYHO-TVIAAKOX  ODHEHTHPYeMOH IIOBEPXHOCTH CyILIeCTBYIOT JABa H
TOJIbKO /Ba OPHEHTHUDYIOIIHX NO0JS HOopMmaJde#d Ny u N, cocTaB/eHHble
B3aUMHO IIPOTHBONOJIOKHBIMH BEKTOPaMH.
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Onpenenenue. [Tapa (S, N), rae S — opueHTHpYeMasi Kycou-
HO-TJIafiKasi MOBEPXHOCTb M N — BHIOpaHHOE OpHeHTHpYoulee IoJse
HopMaJiel, Ha3LBAeTCs OPHEHTHPOBAHHOK IOBEPXHOCTHIO.

Tak ke, Kak Ha rJiaJkoil He3aMKHYTOH ODHEHTHDOBAHHOH NOBEpX-
HOCTH, ONpeesseTcsi MOJOXKHUTENbHOe HampaBjieHHe 06X04a KOHTypa
Ha HEe3aMKHYTON KYCOUHO-TJIaZKOH OpHEHTHDOBAHHOH IOBEPXHOCTH.

JIio6asi KycOuHO-rJIafikasi 3aMKHYTas IIOBEPXHOCTb OpPHEHTHpyeMa.
Ilpu sTOM ONHA OpHEHTAlWsi COOTBETCTBYET BHIOOPY BHEIIHHX HOpMa-
nefi (BHeWIHsisT CTOPOHA IOBEPXHOCTH), ApYyras — BEHIGODY BHYTpeH-
HUX HOpMalie#i (BHYTpEHHSISI CTOPOHA IIOBEPXHOCTH).

Jlns yka3aHusi opHeHTauuH (CTOPOHBI) INIOBEPXHOCTH 6yaeM MHOJb-
30BaThCA CJEAYIOUIel TepMHHOJOTHEN.

Jlnsi 3aMKHYTHIX NOBEPXHOCTeH, KaK yxKe TFOBOPHJOCH, ONpeaess-
JOTCS BHELIHSs] M BHYTPEHHSS CTOPOHBL. DyneM cumTaTh 3TO OTHpeje-
JIeHHE HacJAeJCTBeHHBIM JJist JIOGHIX yacTell 3aMKHYTHIX TI0BEPXHOCTeH,
Hanpumep, BHyTpeHHSIZ CTOpOHA nosycdeps — 3TO CTOPOHA, COOTBET-
CTByIOIasi BHIGODY HOpMaJiel, HanpaBJeHHHX K LeHTPY. aa ansaum-
THYECKHX LHMJHHApDA H Napabonouja, ABYXIOJOCTHOrO H OJHONOJOCT-
HOro rumepOOJIOUJOB H SJJIHITHUECKOr0O KOHyCa BHYTpPEHHelt Hop-
MaJIbl0 CUHTAeM BEKTOpP HOPMaJiH, HampaBJIeHHBI BHYTPb IIOJOCTH, H
COOTBETCTBEHHO OINpeJessieM BHYTPEHHIOIO H BHEUIHIO CTOPOHH,
OnpeneneHusi BHELIHeH M BHYTpeHHell CTODOHH Takke OyAeM CUH-
TaTb HACJeACTBEHHHMH [Jif1 JIOOHX uacred TaKHX noBepxHocteidl. Ec-
Ju (S, N) —opueHTHpOBaHHAasl NMOBEPXHOCTh H KOCHHYC YIJja BEKTO-
pa n ¢ ocblo OZ He MeHseT 3HaKa 14 neN, To Ha3oBeM COOTBET-
CTBYIOIIYIO CTOpOHY S Bepxue#i, kKoraa cos(n, OZ) >0, u HHXHeH, Ko-
taa cos(n, 0Z)<{0. AHaJOrHYHO Ha30BeM CTOPOHY MOBepXHOCTH (S,
N) npaso#i, koraa cos(n, OX)>0, neN, u Jaeso#f, xorna cos (n,
0X)<0, n=N. B uacTHOCTH, €CJIH IOBEPXHOCTb S 3a7aHa SBHOH
pyuxumed 2=2(x, y), 1. e.

S={r:r(x, )= y 2(x, y)), (x, y) =D},

— roXr —2 2.1
z(x, yy=C*(D), 10 mose N=[n:n= [f "} = {_"_2_”__3 3ana-
lre X 7,1 ]/1 +z, + 2,
~ roXr. 2z, 2, —1
€T BepxHIo, a none N = {n: n= ["f ",] = {i__’_}i_ — HHX-
rexrl Vit 42

HIOI0 CTOPOHHI S. TouHO Tak XKe s NOBEPXHOCTH

S={r:r(y, 2={x@, 2, 4. 3, (4 =D}, x(y, = C (D)

[rixr] {1, —x,, —=x,
qone N = [n: n=-—4_ % - _ya___’_: 3ajaeT Mpasyio, a NoJe
Iry X7 Vl‘-{—xy + x,
~ Ir. Xr,l —1, x, %}
N={n:n= — = { ——2 2| —sesyio croponsl S.
Iry Xl V1+xy +x,2



NMprmep. Onpenennm, BHEWHSAA WIH BHYTDEHHAsT CTOpOHA To-
BepxHocTH S={(x, y, 2) : ¥*+22=2az, z<a} aABaAserca BepxHelr (a>
>0).
;Z’emeﬂae. Ycnosue z<a MOKa3hHBaeT, UTO OPHEHTHpYIOUIee IO-
Je HopMaJsiefi K S, olpesensiollee BEPXHIOI CTOPOHY, ecth N={n},
n={—x/a, 0, (a—z)/a}. BHellHss ¥ BHYTPEHHss CTOPOHHE MOBEPXHO-
cth S Kak vacth nmameapa {(x, y, 2) :x2+22=2az} onpepeasoTca
noneM HOpMaJiel, HalpaBJeHHBIX COOTBETCTBEHHO OT OCH CHMMETPHH
3TOr0 IHJHHAPA U K OCH CHMMeTpuH. OCbI0 CHMMETPHH LUMJHHAPA SB-
JseTcst npsAMasi z=aq, Jexalllas BHIIe TOYeK MOBEPXHOCTH S, Caeno-
BaTelIbHO, BeKTOp n={—x/a, 0, (a—z)/a} manpasaen K 3Toli mpAMOAi.
Hrax, Bepxuas cropona S — BHYTpenHas (cM. puc. 42).

z Za

Puc. 42 Puc. 43

IIpumep. Onpenenum, mpaBast Hiu JeBasi CTOPOHA MOBEPXHOCTH
S={(x, y, 2): x2=y?+ 22, x>0} sBAsIETCA BHyTPEHHEI.

Pemenue. IloBepxHocts S sBasercs wacThio KOHyca x2=y24
+2?, cnexoBaTeNbHO, BHYTPEHHAS CTOPOHA S ONpenesseTcss IOJeM
HopManellt N={n}, manpaBJleHHHIX BHYTPb IIOJOCTH 3TOrO KOHYCa,
T. e. K ocu OX. Takolt Bekrop n={n,, n,, n,} B Touke (x, y, 2) =S,
2>0 ROMKeH MMeTb OTPHUATENbHYI KOODAHMHATY f,. OTClOAa noJy-
HaeM, 49TO OPHEHTHUDYIOUIUM IOJIEM HOpMaJjeH BHYTPEHHeH CTOPOHEI S
Apngercs none N={n}, n={1/y2, —y/x, —z/x}. Tak xax n,=1/J2>0,
TO BHYTPEHHAS CTOPOHA S siBAsieTcs NpaBoft (cM. puc. 43).

ITpuwmep. Tlposepum, yto cropoua NOBEpPXHOCTH

S={(x, y, 2)1x=acosucostv, y=asinucosty, z=asin*y,

I<u<n, 0<v<<m/2y,

ry X1,
onpexeseHHas nojem N = I [ u ,’,]
lry Xyl

, —BEpXHAS.
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[ry Xyl
Pemenune. Koopaunara n, BeKTOpa nn= ———— paBHa

l[ry Xrgll

1 - .o 1 .

—(x Y, —xy,)=————— 4a’cos’ vsinv >0.

[lry X7l [[ry Xyl

IlTonyyeHHOe HepaBEHCTBO MOKa3BBAET, YTO COOTBETCTBYIOLLAA CTOPO-
Ha S — BepxHsA.

ITpumep. IloBepxHOCTh S eCThb YaCTb NOBEPXHOCTH Teja V=
={{x, y, 2):2x242y2<az<x?+y?+a?}, yIOBJETBOPAIOIIAS YCJOBHIO
y>0. Bekrop HopMaJu, ONmpeieJsIOIIHA OpHEHTAUHIO S, B TouKe M=
=(0, a/2, 5a/4) o6pasyer ocTpblii yroa ¢ ocbio OZ. Jlagum xapakTte-
PHCTHKY OpHEHTAUHH IJaiXuX HOBEDXHOCTEH, COCTABJSIOWIUX KyCOu-
HO-TJIaJKyI0O OPHEHTHDPOBAHHYIO NMoBepxHOCTh S (a>0).

Pemenune. IloBepxnocth S cocrouT u3 uactu S, nmapaGonouia
az=x?+y?+a? u wacta Sy mapabonouna az=2x2+2y2 (cMm. puc. 44),

Puc. 44

JuHuel nepeceueHuss S; ¢ Sy ABAAETCA NOJYOKPYXKHOCTb X2+ y?=a?,
2=2a, y>0. OGe noBepxHOCTH S; U S; 3aiaHbl SBHBIMH (DYHKLUAMHE

Sl={<x’ Y Diz=+(2+p4a), R4pr<a, y>0},
a
8y = {(x, ) iz=2(+p?), £+1r<a, y>0}.
a

ITosToMy HX OpHeHTalHsi XapaKTepH3yeTcsi yKa3aHUeM -— PacCMaTpH-
BAeTCH BEDPXHSSI HJIM HHXKHAS CTODPOHA COOTBETCTBYIOUIEHl MOBEPXHO-
CTH.

Touka M= (0, a/2, ba/4) nexur ua S,, cienoBareJbHo, Ha S; 3a-
JAaHa BepxHAS cTopoHa. YToGH ompeneNuTh COIJIACOBAHHYIO OpHEHTa-
IMI0 IOBepXHOCTH Sy, BO3bMeM Ha mapabogoupe az=x2+y?+a? KOH-
Typ L, cocraBieHHHH ayroft AB snuuuu nepecevennsi S; ¢ S, u napa-
6oaoit ABW: az=x?+y?+a?, y=a/2, a Ha mapabojoune az=2x2+
+2y? — KoHTYp Ly, cocraBieHHBHI Tok ke ayroi AB wu mapaGoJoh
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AB®: az=2x?+2y?, y=a/2. Koopausaru Touex A u B naxomstcs u3
CHCTEeMH: y=a/2, x>+ y’=a?, z=2a, 4TO faer A=(a 1/3/2, aj2, 2a),
B=(—a 1/3-/2, a/2, 2a). Ha Bepxueit cropone napabosnonna az=x2-+
+ y2+a? — noBepXHOCTH S;— INOJOXKHTeNbHOe HanpasjeHHe 00Xoaa

KOHTypa Ll PIHILYU.preT HanpasJieHHe AB OYyTH TOJYOKPYXKHOCTH
X2+ yi=qa? z=2a, y>0—.nmmn nepeceuenus S; ¢ Sy, cnenoBareib-
HO, INpH COI‘JIaCOBaHHOH opueHTanuu mnapaonoua az=2x%+2y%—
NOBEPXHOCTH Sy — MOJ0XKHTEIbHOE HalpaBJeHHe obxona KoHTypa Lo

JOJXKHO MHAYUUPOBaTL HamnpasaeHue BA stofi nyru. OxasbiBaercs,
KOHTYp L ¢ NOJNOXHTeJbHBIM HanpaBJjeHHeM 00X0la HAaXoAHTCA Ha
HUXKHell cTopoHe mapabojouaa az—=2x2+2y2 Hrak, 3ajgaHHasi opH-
€HTHPOBAHHAsI KyCOYHO-IJ1aAKasi MOBEPXHOCTb S COCTOMT H3 BepXHel
CTOpPOHBI 4acTH napa6osoupa az=x2-4y?>4a? u HHXKHeH CTODOHH Ya-
cru napaGosoupa az=2x2+2y% (£2+ y2<a?, y>0).

IIpumep. Halinem mapaMerpuueckoe IpeACTaBjeHHEe OKDYXKHO-
eru L={(x, y, 2) : x*+ y?+22=a?, x+y+2=0}, Taxkoe, uTOOH HaNpas-
JeHue ee 00X01a NP BO3PACTAHHU Iapamerpa GbLIO NOJOKHTENbHEM
Ha BepXHel CTOpOHE IJIOCKOCTH X+ y+2=0 (a>0).

Pemwenune Touka O=(0, 0, 0) JexuT BHYTPH paccmarpuBaeMoi
OKPYXXHOCTH, C/IefOBATEJbHO, HA BEPXHEeA CTOPOHe ILIOCKOCTH  BeK-

top MO u3 touku M oxpyxuoctd L B Tourky O uaer HaleBO OT Bek-
TOpa T, KacaTesJbHOrO K OKPYXHOCTH L B Touke M H HampaBJeHHOrO
B CTOPOHY BO3pacTaHusl napamerpa. Haiinem oaHy H3 mapamerpusa-
uuii okpyxkuoctu L. Mckiaouasg z us cucreMnl x2+y?+22=qa2, x+y-+
+2z=0 nosyyaem, 4TO KOODAMHATH X H Y TOYEK OKDYXKHOCTH CBsi3a-

a2
HB ypaBHeHHeM x2—{—y2—{—xy:—2—, D10 ypaBHeHHe Ha maockocTH XY

omnpejesser JJHNC, TJaBHHE OCH Koroporo o0pasylor yroa m/4 ¢
OCSIMH KOOpAHHAT, IO3TOMY

X = v_ cost -

sint M y=-——=cost———

p B«
V3 V—- V§ sint,

rae o H f-—1oayocH 3Toro sJaunca. Jlas BBIYHCAEHHS o H B, MOA-
CTABHB BEIPAXKEHUS! X H y B YpaBHEHHE 3JIJIHICA, nonyqaew COOTHOLIE-
2

Bet2 a?
HHe —— cOos?t sin? f=-%  orkyga o =-——, B=q. Urax
T2 + 2 ya V3’ B ’

a
—sint, y=——cost—

={(x, y, 2): x——ﬁ—cost—{— %

—T;Q:sin t, 2= — "/—g—cost, 0<<t<<2m;-

Jast_Tpebyemoro nanpasiennst o6xoxa BEKTOp p={px, Py, Pa}=[TX

XMO] ponxkeH GHITb HAaNpaBJieH B Ty e CTOPOHY OT IJIOCKOCTH X+
+y+2=0, 4T0 U HOpPMAaJbHBIA BEKTOp 3TOH NJOCKOCTH, CIpEAesio-
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Uii# BEDXHIOIO ee CTOPOHY, T. €. JOJKHO BHIIOJHATHCA HEDaBeHCTBO
p.>0. Tak xax

T—{ﬁ d_y _dg_]_{__ asint+acost
dt > dt ' dt Ve vz

_asint 2_ cos f, /i sint}
VE | l/ 3

— dx oy a? .
0 MO={—x, —y, —2}, 0 p,= (—y—&t—-— + 17) = ——73_-< 0;
TakuM 06pa3oM, MOJyuYeHHasi NapaMeTpu3alHs OKPYXKHOCTH L jaer
npu Bospactarud { or 0 10 2 NPOTHBOMOJIOXHOe Tpe6yeMOMy Ha-
npasjenye o6xofa. 3ameHss { Ha-—u, NojyyYaeM CAedyiollee napa-
MeTpPHUYECKOe Npe/iCTaBJeHHe OKPYKHOCTH:

L={(x, Y, z):x=% cos u——;—gsinu, yz-l—/%_—cosuﬁ-'

+ a . V? u}
—Sinu, 2= — — COS
V2 3

H TOCKOJIbKY CAenaHo npeofpasoBaHue TMapaMeTpa C OTPHUATEJ]b-
HO# TNPOH3BOAHOMN, TO TaKas NMapaMeTpU3aLlus 3a1aeT UPOTHBOMOJIOK-
HYIO mpeablayiuell, a 3HauyuT, TpebyeMyl0 OpHEHTalHI0 OKPYKHOCTH

L::{(x! Y, Z)ix+y+2=0. x2+y2+22=a2}.

I[Ipumep. HafizeMm mapamerpuueckoe IpeicTaBJeHHe BepXHel
neriun xpuBoii Busuanu L={(x, y, 2) : x2+y>+22=4a?, x2+y?=2ax,
2>0}, takoe, uro6H HamlpaBJeHHe 00XOJAa NpPH BO3pacTavHH napa-
Merpa Ha BepxHeH CTopoHe BepxHell mnoaychepnr S={(x, y, z) 1 %2+
+ 4%+ 22=4a2, 2> 0} 6blJ10 NOJOKUTEbHEIM (a>0).

Peurenue Touka M=(a, 0, ay3) Jexur BHYyTpH TOH vyacru
BepxHeli nojaychepn S, Koropas orpaHuyeHa KpHBO# L, cienoBaTelb-

—

HO, Ha BepXHeH cropoHe S BekTop AM, rne A —Touka Ha L, NOMKeH
MATH HaJIeBO OT BEKTOpa T, KacaTeJbHoro X L B 370l Touke H Ha-
IIDaBJIEHHOIO B CTOPOHY BO3pactaHusi mapamerpa. Hailizem onHy H3
napamerpusanuii kKpusoii BuBmauu L. Ycnosuio x?+ y?=2ax yposje-
TBOpSIeT NapaMeTpHueCcKoe MpPEACTaBJeHHe KOOpAHHAT x=2acos’? H
y=2acostsin{, rae t=[—mn/2, 7/2] nau t=]0, n]. 13 cooTHOMmEHHS
x4 y2+22=4a% nosyuaem, uto 22=4a2?sin?f; yuyHTHBAs YCJOBHE Z>
>0, mosyyaeM OKOHYATENbHO, YTO

L={x, y, 2):x=2acos?t, y==2acostsin{, z=2asint,
0t < ).
Ins tpeSyemoro HamparJeHHs o6XoJa BEKTOPHOE MPOH3BE/IeHHEe BEKTOPa

dv d dz
T= f——w 2L —J, KacaTeabHoro K L B Touke A (x, y, 2), 4 BekTOpa

L dt ' odt’ dt
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—~—> — —_—
AM={a—x, —y, aV 3—2z} Bek10p pP=(p,, p,, P.)=[v X AM] nox-
eH MMeTb IOJIOKHTENbHYI0 KOODAMHATY p,, TaK KaK BEKTOp p J0J-
XeH GHTb HalnpaBJeH B Ty JKe CTOPOHY OT noaycdepn S, 4T0 H HOp-
MaJibHHE BEKTODH, ONpeAe]sIollHne ee BEPXHIOW CTOPOHY. Buumciss
p., UMeeM, 4TO

ey ) YN
P2 ( y— (a x)dt) at>0,

T. €. MOJIy4eHHAas apaMeTpu3aluus KpuBo#i Busuauu
L={(x, y, 2):x=2acos*, y=2acostsint, z=2asin{, 0<<{n}

ABJIAETCA UCKOMOH.

Hanbrelimee usnoxenune § 2—>5 ucnoab3dyer moustHe Auddeped-
IHaJbHOH (OpMH, OmHpalolleecs Ha ONpedesNeHHe H CBOHCTBa KOCO-
CHMMeTDHYeCKOH IMOJHJAHHeRHOfi (GOpMBl H3 Kypca JIHHEHHOH aJjred-
pu. Takoe paccMoTpeHHe KPHBOJIHHEHHOrO H NOBEPXHOCTHOTO HHTe-
rpajioB BTOPOTO pPOAA BKJIIOUEHO B OOIlMe CTPYKTYphHl Te€OMETpPHH H
TE€OpHH HHTETPHPOBAHHA H INHPOKO HCHOJb3yercst B COBDeMeHHOH Ma-
TeMaTHke. IIoCKONbKY B HEKOTODHX Yy4yeGHHKAaX H3JIOXKEHHe TeMH
«KpuBoNHHEHAHEI ¥ IOBEPXHOCTHBIA HHTErpajili BTOPOrO poja» Be-
jgercs 6Ge3 UCMOJAb30BaHUA anmnapara auddepeHuuanbHbx $HopM, TO
napanaseybHo B § 2%, 3% 4* npoBeseH aHajiM3 COOTBETCTBYIOUIHX MNO-
HATHH W pa3bop 3ajnau B Taxkol ¢opme. [lapaanennsm H3J0XKeHUs
MOAYEPKHUBAETCS] NIPSIMBIM NOBTOPEHHEM TEKCTA TaM, IAe 3TO BO3MOK-
HO, H pa3bopoM OJHHX H TeX XKe IPHMepOB.

Cpenn 3anay, MOMeLIEHNBX B KOHIE 3TOH TJaBel, 3agaun Ne l—
35 MOCBsILEHBl HEMNOCPEACTBEHHBIM NEeHCTBHUSAM C aare6paudyecKUMH H
nupdepennnanbHbiME (POPMaMH — OHH OTHOCATCS CYry60 K MaTepHua-
ay § 2. Ocrauabnble 3agaun, Hauuuas ¢ Ne 36, —3T0 3a44ud  HHTe-
TPaJIbHOrO MCYMCJEHMS; OHH peHlaloTcd TaK Xe, Kak pasobpaHHble
NpUMepHl, ¥ T€M H APYTdM MeTOJOM, B 3aBHCHMOCTH OT (POPMBI H3JI0-
KeHusi TeMbl «KpnposuHeHHH H NMOBePXHOCTHBIH HHTErpass BTOPO-
ro poiaa.

§ 2. IHPPEPEHUHMAJADHBIE @OPMbl B KYPCE AHAJIU3A,
HHTETPUPOBAHUE HUPPEPEHIIHAJIbHBIX $®OPM. OBIIHE
CBEJEHHUs

A) Aare6panueckue (GpopMbl

HanoMruM HekoTopble HeoOXoAMMHEE [Js AajbHelilero GakTH H3
Kypca aarebphl.

Onpenenenne. Ilycte X u Y — sunefinnie npoctpancrsa. Ilo-
Jaunnneiinas ¢opma L:X9—Y nopsinka g, onpexesneHHas Ha ymopsi-
AoueHHnX Habopax (&, & ..,&¢) BekropoB u3 X W NPUHHMAKOMLAA
3HAYEHHs B Y, HasbiBaeTCA KOCOCHMMETPHUECKOH (opMoil, ecau ee
3HaYeHHe MeHseT 3HAK NPH NepecTaHoBKe J0GOH Naph apryMeHTOB,
T. e. L (’5'1, veny §1;, ceey gj, wery §q) =-——L.(§1, very §j, ceey Ei, veey §q) .
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B uwactHOCTH, ecan E;=E; NpH HEKOTOPHIX [ H j, TO HE3ABHCHMO OT
OCTaJbHHIX BEKTODOB 3HaueHHe KOCOCHMMeTpHyeckoll ¢opMH DaBHO
HyJIO, CJeROBAaTeNbHO, KOCOCHMMeTpHYecKass ¢opma, MOPSAOK KOTO-
poft Gosiblle pasMepHOCTH NMpPOCTpaHCTBA X, paBHA HYJI0 Ha JIOO60M
Habope BeKTODPOB (TaK KaK CpelJH BEKTOPOB, Ha KOTODHIX OHA 3a/aHa,
no KpadHefl Mepe ABa BeKTopa 005g3aTeJNbNO COBNAAAIOT).

Hanpumep, eciu X — nBymepHOe NMOANpOCTPaHCTBO R3S, TO BeKTOp-
Hoe mpou3BefeHue [§;XE;] BekropoB EeX, E;=X ecThb KOCOCHMMe-
TpHYeCKasa (opMa BTOPOro NOpPsIKA .CO 3HAUEHHSIMH B OPTOTOHAJIb-
HoM gnonosHenuu X. B camom nese, BO-IepBHIX,

[E+ B) X Bl =[& X B]+[E X &]

B0 X E+E)]=[8 X &) +[& X &,

T. €. BeKTODHOe NPOH3BeJeHHe JIHHEHHO OTHOCHTEJbHO KakK TepBOro,
T@K M BTOPOTO COMHOMKHTENS M, BO-BTOPHIX, [E;XEs]=—4[E2XEi].
BellecTBeHHO3HAYHYI0O KOCOCHMMETpHUYeCKyl0 (opMy IOpsLKa ¢

KOpDOTKO OyleM HasuBaTb ¢-popmoil. MHoXecTBO ¢-popM sBJgeTCS
JIMHEHHBIM NPOCTPAHCTBOM.

JInnelinyo GopMy eCcTecTBeHHO Ha3bBaTh 1-HoOpMOH.

Onpenenenune. Ilyers Ly, Ly,...,L,— 1-hopmbl. Buelrnee npo-
ussenenve Ly ALy;A ... ALy ectb g¢-dopma, Koropas Ha BeKTopax
(&1, &2y ..r Eg) MPHHHUMAET 3HAUEHHE

Li€) L) Ly(&)
LyANLy ... NLjEwLE ... E)= LiE) L&) .- Lg(E) )

L) Loy --- L&)
Hs onpejpc/ieHusd cjieayer, UTO CipaBeNJIUuBbI paBeHCTBA:
LyANLy... NLioo. ALy NLg=—L AL, A ...
AL ANL... AL, .
(Lot L) AL ALy .. NLg=LiNLy... AL+
+L ALy A ... AL,

B cuay ausefiHOCTH HpocTpaHcTBa §-QopM BCAKHH OJHOPOAHHIY
MHOrouJleH cremeHu ¢ ot l-dopMm ectb g-dbopma. M3 cpoiicTB BHelHe-
ro npousBefeHus l-¢popM cjenyer, UYTO BHelllHee IIPOH3BeleHHe §-
¢opM HaxoAHTCA MO NpaBUJaM YMHOXeHHS ajire6pauyecKUX MHOrO-

9jIeHOB C Jo0aBjieHHEeM YCJOBHS COXPaHEHHS INOpsAKa COMHOXKH-
Tesel.

[Tpumep. ¥npoctuM BHpakeHHe

(Ly N Ly—2Ly N\ Ly) N (2Ly—4L5+3Ly),
rae Ly, Ly, Ly, Ly — 1-dpopmbl.
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Pemenue. PackpbiBasi CKOOKH C COXpaHEHHeM INOpPAJKA COMHO-
XKUTeNeH, NoaydaeM, 4To

(La N Ly—2L N L) N (2Ly—A4Ly +3L) =20 N Ly N\ Ly—
—A4L N Ly N\ Ly— 4Ly N Ly N Lo +8LI N Ly N Ly+
+3Li N Ly A Ly—6Ly \ Ly A\ Ly

YuuTeBasi, YTO IIpH IlepeMeHe MeCTaMH JABYX COMHOXKHTeJsell BHel-
Hee NPOH3BeJeHHe MeHsleT 3HAK, H, CJeJ0BaTeJbHO, BHelllHee HPOH3-
BelleHHe, BKJIOUAOllee NBAa OJHHAKOBBIX COMHOXHTEJS, PaBHO HYJIIO,
OKOHYATeJbHO MOJIy4aeM, 4TO

(Ly N Ly—2Ly N\ Ly) N\ (2Le—4L;+3Ly) =
= —'2L1 /\ L2 /\ L4+4L1 /\ Lz /\ La+ 4L1 /\ La /\ L4—
“6L1 /\ Ls /\ L4=4I_‘1 /\ Lz /\ L3—2L1 /\ Lz /\ L4—2L1/\ La /\ L4-

CumposoM m;, 1<in, GymeM 0603Hayatb Omepatop NPOEKTHPO-
BaHus NpoOCTpaHCTBA R™ Ha KOOpAMHATHBIE OCH, T. €. Hasi  x= (X,
X2, .., Xn) ER™ 1o ompegnesieHuo m;(x)=x;. Ilpoekropm mn; 1<i<n,
npeacraBssiior coGoi npocrefimine 1-dopmel. Besikas g-dopma mpen-
CTaBJIsIeTCS B BHAe JHHeHHOH KoMOuHamuu npocrefiinx ¢-popm —
BHEWIHUX NpoHu3BeneHHH 1-bopM m; (OAHOPOAHBIM MHOIOUJEHOM CTe-
HeHH g OT m;):

L = Z Qi i, iqﬂil/\ﬂ:t}/\ /\J‘Li.

q
1<l <Tig<<... .<iq

Taxoe npeacraBJeHHe Ha3biBaeTcs KOOpﬂI/IHaTHOﬁ 3aluCblO  HJH

3aMHChI0 B KOOPAHHATHOM BHAE (opMbl L.
M3 onpenenenus caepyer, uto

Elvfxgl,in e El,iq
T, /\ T, /\ . /\ 3Tz'q (El’ E21 e ,gq)= gg’i‘gg’i’ e EQ.iq ,
gq,i,gq,i, LA gq,i

=G &2 En) 1<y

ITpumep. Hailnem snauenne 3-popmbl

O=41; A\ 5ty \ 7tg—3my N\ 1ty \ g7y A 1y A 7ty + 5y A\ mig A 7
Ha BeKTopax

&=(,0,3, 0); &=(5, 3, 4, —3), &,=(2, —1, 1, 2).

Pemenue. Tak xak

AT N\ g @ &, By = = —26,

N Ot —
— W o
N O
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| 0 0
T N\ Ay € By )= |5 3 —3|=3,

2 —1 2

13 0
By Ny Ay, &, E)={5 4 —3|=—37,

21 2

03 0

3"52/\:”::«1 An4(§1, §27 Ea)" ? ‘% 3 :_9,

TO
o= —104—9—37—45= —195.

[Tpumep. Ilycrp [§ X &]—BekTopHOe mnpoH3BefieHHE BEKTOPOB ;=

= (&1 &ror E1p) € R® ¥ &= (B, Epos Gog) =R

3anuuieM B KOOPAHHATHOM BHAe 2-DOPMBI

7y ([Er X &), 71 (& X &), 73 ([&1 X &

Pemenue. Tak Kak

(15 Bl B Eul [En B
6 x &) =( |7 Bo| B0 B (B Be)),
TO
Bk
iy (5 Bl)=| B2 B,
C ZIpyroit CTOPOHEI, MO ONpeJEJEHHIO
|y B |2 &
o N s G B = 08 w6 B Bl

CrnenoBarensno, 7t ([& X &) =mn, A 713, &)-
AHaJOTHYHO TOJNYUHM, YTO

7y ([8 X B =15 A\ 511, 73 ([& X &) =m A 7.

B) Huddeperunanphbie Hopmbl

Ilycte o6nacts D nexur B R". COBOKYNMHOCTb BCeX f-MEDHHIX BeK«
TOPOB, NPUJOXKEHHHIX B TOYKe XoeD, HA3BIBAIOT KacaTeJbHBIM IIpO-
CTPAHCTBOM B TOYKe Xp M 0GosHauaior TD. . KaHoHHYeCKHM (asHcOM
B TD., sBasercs Gasuc e(xo), es(%0), ..., €n(%o), e e;(xp) — Bek-

TOp, KOJJIHHEapHH BeKTOpy e; 6asuca e, ey ..,e8, HCXOLHOTO IpO-
. cTpaHcerBa R,

[lycts fe=CY(D), D=R". Torna nuddepennnan df(x,) ompene-
JIeH B Ka}KlIOf/'I TOYKe xOED u fBJsieTcs JIHHEHHOH GopMOi »

0i

df (xo) = A (xo) dx, + LR (xo) dxy+ . + (xo) dxn,
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onpenesieHHOH Ha BEKTOpe cMellcHHA A= (dXydX,, ... ,dx,) & TDy,.
IIpu mepexoze oT TOYKH K Touke B obGnactH D dopma df(x), BooG-
me rosopsi, MeHsiercs. TakuM o6pasoM, riaikas @yHKupa f:D—>R,
OPOXKAAET moJie JHHeHHBIX (opM HJAH l-hopm, onpeneseHHHIX Ha
COOTBETCTBYIOLIMX KacaTeJbHBIX npocrpanctsax ID,, xeD. C mo-
MOIIbIO BHEUIHEro YMHOXKEHHS OT 3alJaHusi l-popM MOXKHO TNlepeHTH
K 3ajaHuio g-GQopM.

Onpenenerue. [Iuddeperunanbias ¢opma nopsaika g (aud-
bepenunanbuas ¢-popma) o 3agana B obaacty DcR™, ecan ans
Kaxao#l Toukn xD 3anana g-popma

o(x) : (TDy)?—>R.

Coraacuo onpesenenuo auddepenunan df(x) ¢ysxuun f: DR,
feCi(D), ectb auddepennuannias ¢Gopma nepBoro mopazka (auod-
¢epenunanbras 1-popma), sanansas B obaacta D.

ITycts B obaactn D—R® 3anano BekropHoe noje A=(A., 4, A,).
Takoe noJse nopoxaaer B D aBe uacro ynorpebaseMmble guddepernn-
aJbHbBle GOPMBI:

a) ecau nose A paccMarpuBaTh Kak CHJIOBOe MOJie, TO HJISl Maso-
ro Bekropa heTD, cMellleHHA OT TOUKH x&D ckajasipHoe IpPOH3Beje-
nue (A - h)y= A,y (h)+ A,y (h)+ Ang () naer Beamuuny paGoTh mO-
aa A, orBesarouiell 3ToMy cMmelenuo. Ilockoabky B R® h={dx, dy,
dz}, r. e. w (h)=dx, ny(h)y=dy, nz(h)=dz, To

(A-h)=Adx+ Ady+ Adz.

Huddepennnanpuas 1-popma o),==Adx+ Ady+ A.de, 3anannas B
D, yacto HasweBaercs ¢Gopmoii paGoThl BeKTOpHOro mojs A;

6) ecau nose A paccMarpuBaTh KaK HoJie CKOpoctell YCTaHOBHB-
LIerocss TeYyeHus KHUAKOCTH, TO [IJf ABYX MajeiXx BektopoB h&TD,,
heeTDy, x=D, cMelianHoe npoussenenne <(A-hy-hyd naer BeJHUHHY
o0beMa XKHAKOCTH, NMPOTeKawliel 3a eJHHHIY BpEMeHH Yepe3 mapaj-

JIeJIOTpaMM, HATAHYTHI Ha BEKTOPH A1, hs.
Taxk kKax

(A hyohy)= A [y X byl + Ay [hy X ho] -+ Agwg [y X By,

TO, HCNOJb3Yys pe3yJbTaT NpHMepa c. 232, nosyuaem XOOPJAUHATHYIO
3anmuch 5ToH 2-HopMH Ha BeKTopax hy, hy

(A Iy - hy) (A, N\ g+ Ay N\ w4 Ay N\ 1) (B, ho).
Hockonery w4 () = dx, 7y (h)=dy, 7,(h)=dz, TO
iy N\ w5y, hy)=dy N dz,
1tg A\ 1y (Ay, By)=dz A dx,
T N\ 7 (hy, o) =dx N\ dy.
Hraxk, oxonyateabHO
(A-hy-hyy=Ady N\ de+Adz \ de+Adx |\ dy.
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Juddepenunanvaas 2-popma 03 =Ady \ dz+Adz N\ de+ Ade A
N\ dy, 3anannas B D, wacto HasbiBaercss (opMOH NMOTOKA BEKTOPHOTO
noas A.

ITo aHanomH C TpeXMepHEIM CJyuaeM [Jisi BEKTOpHOTO noia A=
={Ai, Ay, .., Ay}, onpegenennoro B obmactu DR, dopmoii paboTH
H (popmoii HOTOKa HACTO HASHBAIOT COOTBETCTBEHHO Anq)q)epenunanb-

HBe 1-hopMy o} -—2 Adx; u (n—1)-popmy %= Z Adxy N\ dxo N\

i==1

T~
N ... dx;... ANdx,. (3dak “™ 1@OKas3bIBaeT, 4TO HMEHHO 3TOT CO-
MHOXHTEJb B JJaHHOM CJaraeMoOM OTCYTCTBYET.)
Buelnee npoussenenne Andpepeninanos KoopAHHAT dXy, . .., dx;,,

I<i<i,<...<i, saBasercs mnpocreiiliell nuddepeHUHANbHOR
g-doopmoii. Ilpencrasaenne audpdepesunanbHoll g-QopMbl ® B BHAE
JUHEeHHOH KOMOHHALHU

0 = Z ai‘,ig,...,iq (x) dx,-‘ /\ dxi, cee /\ dxiq

1<z <. -<iq

Ha3bBaeTCd KOOPIHHATHOM 3aIuchlo, HJIH 3aNHUCBI0O B KOOPAHHATHOM
puse. DyHKUHU a;;,, .. g (¥) masnBaloTcst KoadbunueaTaMu GHOpMH

o. Ilopsakom riaakoctu q)oprl ® B o6nactu D Ha3bBaercs Hau-
MEHBIIHA K3 MOPSAJAKOB TIJaAKOCTH ee Ko3dduumerto. MHOXKeCTBO
nuddepennuasbHEx ¢g-popM B D ¢ Koapdunuenrtamu knacca C*(D)
o6osHauaercs Q4(D).

IIpumep. IlpuBeseM K KoopAHHAaTHOMY BHALY IudgepeHnnanb-
HYIO (pOopMy

o= (Xgdxy \ diy+xgdy \ dxg+x.dx; N\ dxy+ xsdxy N\ dx+
+xgdxy N\ dxg+xadxg \ dxg) N\ (Xadxy 4 X3d%, + X4dixg + x1dxy).
Pemenune. [lo cBoiicTBaM BHeLIHero IPOM3BENEHHsS HMeeM, UTO
o =x2dx; \ dxy \ dxy+ xgxodxy N\ dxg N\ dx,+
+ xyxdxy N\ dixy N\ dxy + xgxadi, \ dxy \'dxy +-
+ xaXedxy N\ dxy N\ dxy 4 xgxedxs N\ dxs N\ dxy+
+ xyXodXy N\ dxy )\ dxy+ x020dx, N\ dxg \ dx -
+ xpxzdxy N\ dxy N\ dxy - x2dx, N\ dxg \ dxp+
+ xsXgdxy N\ dxy |\ dXo+ x3dx, N\ dxs N\ dxy+
+xux5dx, N\ dxg \ dxy+ Xyxgdxg N\ dxy N\ dxy -
+ XoXodxy N\ dxy N\ dXg+ Xgxedxy )\ dxs N\ dxy+
+x2dxy N\ dxg N\ dxg+ xgxedx, N dxg N\ dxg+-
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+x2dxy N\ dxg N dxy + xyxadxs N\ dieg \ dxg+

+ xpx1dxy N\ dx, N\ dxg+ xx5d%, N\ dxg N\ dxg+

+ Xy x4dxy N\ dxg N\ dxg+ 2 x5dx, N\ dxg N dxg+

+ Xy xdxy N\ dxg N\ dxg+ x3dxg N\ dxg N\ dxy=

= (XgXy— X34 XoXg) dxty N\ dxy N\ dxg 4 (XpXg— XaXg =+ Xp%1) X

X dxy N\ dxy N\ dxg+ (X, — 224 x1%5) dxy N\ dxg \ dxy+

+ (g — X2+ X xg) dxy N\ dxg N\ dxy.

Bhiknaakd ynpoIaioTcsi, €CAH Cpa3y Y4YHTHIBAaTb, UTO BHellIHee
NpoHu3BelieHue, COAepiKalllee JBa OJHHAKOBHIX COMHOXHTENsd, DaBHO
HYJI0:

(xodxy N\ dxg+ x5d%; N\ dxg x4dx; N\ dxy+

+ Xadxy N\ dxg—+ x4dxy N\ dxg+ xdxg N\ dxg) N\ (Xpdxy - x4d%y +

+ Xydxy+ xydX,) = XXqdxy N\ dxg N\ dxy+ Xoxedxs N\ dxg N\ dx; -+

+ xixodxg N\ dxg N\ dxy+x2dx; N dxg N\ dx,+-

A Xgxydxy' N\ dxg N\ dxg -+ x1x5d%5 N\ dxg N\ dxy--

+ xgodxy N\ dxy N\ dxg+x3dx, N\ dxg N\ dxg—+-

4 x2dxy, N\ dxy N\ dxg4-x6dx; N\ dxs N\ dxy+

+ xyx,dey N\ dxg N\ dxg -+ x64dx5 N\ dxg N\ dxyg=

= (XgXg— X2 4 X4Xp) dxy N\ dxg N\ dxg+ (Xoxy— Xgty + X1X5) X

X dxy N\ dxg N\ dxg+ (3, —x2 4 x0x5) diey \ dxg N\ dxg+

+ (2x1x,—x2-F X1Xg) dXy N\ dxg N\ dx,.

IIpumep. llpuBesem K KoopauHatHOMY BuAY auddepeHIHaNb-
uylo gopmy

d(xix3x2xg) N\ d (32— 2+ xZ—x32).

Pemenue.

d(xtxixix) N\ d (0 —x2+x2—x))=

= (4x3x3x2 x,dxy + 3x3 x2x2 xdxy 4 2x1 43 xax,d X5

+ 23302 dxg) N\ (2105, — 2x,d %y +- 2xgd x5 — 2x4dx,) =
= 6xx2x3 xXydxy N\ dxy - 4x5x3x5x,dx5 N\ dxy+

+ 25553 x2dxy N\ dxy—8x3xiadx,dx; )\ dxg—

235



— Ax{ledxpx,dxy N\ dxy—2x{xix3dx, N\ dx,+

4 8x3x3 3 xydxy N\ dxg6x3x2x3x0dx, N\ dxs 4

+2x}x3x3dx, N\ dx3—8x§xg)f§x§dx1 N dxy—

—6xtx2 2 xldx, N dxy—Axixdx,xidxs N\ dxg=

= —2x3x2x2 %, B3 4 4x dxy N dixg + 43 X3 x5, (25— x]) dxy N\ dxs—
— 23352 (x2 - 4x2) dey N\ dxy+ 2010 5%, (263 4+ 3x2) dxy N\ dxy+-

+ 2x}x2x2 (v3 4 3x2) dxy N dicy—2x}x3x5 (x4 2x3) dxy N\ dx,.
I[1puwmep. Buuncaum sHauenne nuddepeHnHaNbHOR GOPMH

0= X, X,dx; \ dxy - xgx9dxy N\ dxg—+ X3XdXy N\ dxg -+ x5X0dxy N\ dxy
Ha mape BeKTOPOB

g=(,4,10ugE=(2 0 3 1),

E, &L, =TRi(, 0, 2, —1).

Pemenue.

S
sl =los] =2
At gl =
shenfggl=lodl=*
=1, ,=0, x,=2, x,=—1

CaenoBaTtenbHO,
0=—1:(—8—2.1242.110.4=—14.

Yenosumess nox aunddepeHnnanpHolt GopMON  HYJEBOro NOPAAKa
(0-¢opmoit) B o6mactu D monumarth Gpyukuuio f: D—R.

Onpeneanenne. Ilycte ¢ynkuus fe=CY(D). HuddepeHnuaiom
(BHemruM auddepennnanom) O-¢popmu [ HaswBaercs 1-¢opma B D,
a uMeHHO, auddepeHLHan NepBoro nopsAaxa df QyHKUHMH .

Onpenenenue. Ecau KoadduiueHts g-Gopmel

w = Z Aiyig, ..., [q ()C) dxi‘ /\ dxiz /\ e /\ dx,-q,
IS << <,
sajlanHoii B D, nuddepennupyemsr B D, T0
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auddeperiinan (BHewHud gHddepeHnnan) do GOpMH o ecTb JHd-
¢epenunanbuas (g-+1)-dopma B D, onpenensieMasl paBEHCTBOM

do = Y: d(a,.i,,... i (%)) /\ dx;, \ dx;, /\ .o /\ dxiq.

l<i1<£:<...<iq
Ilpuwmep. Hafinem dow, rae
0= x2xx,dxy \ dig—x3x5x4dx, )\ dxg -
+x2xpx2dxy N dxg—x3x5dx, N\ dixy
Pewedune.
do=d(x3xZx) N\ dxg N\ dey—d (F5x3%9) N\ dxy N\ dxg+
+d(x3xxd) N\ dxy \ dxg—d (3x9) A dxy N dxg=(2x,x3%,d%, +
4+ 22 x,x4dxg -+ X2x2dxg) N\ dxy N\ dxy— (3% xgx,d%y 4 X3 x4d x5 +
+ x3x5dxy) N\ dxy N\ dxg - (2xxexidxy + xix3dx, +
+ 253 xyxgdig) N\ dxy N\ dxg— (3x3x2dxy 253 Xadxg) N\ dxy N\ dxy=
=2x3xgx,dxs N\ dxy N\ dxy~+ x3x2dxy \ dx; N\ dXp—
—3x2xgxydxy N\ dxy )\ dxg—x3x,dxy N\ dxy N\ dxs+
- x3x2dx, N\ dxy N dx, - 253 xox5dxs N dxy N\ dxg—
—3x3x2dxy N\ dxg N\ dxg—2x3x5dxy \ dxa N\ dxg=
= —xlxgxydx, N\ dxy N\ dxg—2x2x,x5d%) N\ dX3 \ dXg—
—3x3x2dx, N\ dxy \\ dxg+ xixgdx, N dxs N dx,.

Ecau nmopsgok raankoctH ¢OpMBEl ® He MeHblle JBYX, TO, Kak
clelyeT M3 TEOpPeMbl O PaBeHCTBE CMEUIaHHHIX MPOHU3BOJAHBLIX, HMeeM
d(do)=0.

Onpeneaenue. duddepenunansuas p-hopMa o, 3aiaHHas B
ob6aactu D, HasplBaercss TOUHOH B 3TOH 00J1aCTH, €CJHH CYILIECTBYeT
Takasa (p—!1)-dopma w;, 3aganHas B D, uyto doj=o.

M3 npenmiayiiero paBeHCTBA CJelyeT, YTO eCJH rjaafkas ¢opma
o TouHasd, T0 do=d(dw)=0, 1. e. ycaosue do=0 HeoOXOZUMO JJs
TOYHOCTH TIaAKoH (HopMEL

[lokaxeMm, 4ro 3TO yc/oBHe He fBJseTCs JAOCTATOYHBIM AJS TOY-
HOCTH Taaigkoi ¢opmel. B kauecrBe npuMepa paccMoTpuM ¢opmy

xdy — ydx
2%yt

B obaactu D={(x, y) : 1<x?+y2<2} (puc. 45). Torna dopMa o=
Q' (D) u

O =
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do — (x2 + y?) dx — 2xydy — 2x%dx
(2 + )2

L= (x® 4 y?) dy + 2xydx - 22y
(%% 4 y%)?

ety — 24y _
= ey TNWT T N =0

N dy+

N dx=

dy — yd -

Tak xak npu x =0 umeem, uro d arctg—y— :M:m,‘ a u3 yc-
x x4 g2 ’

aoBus dg=0 ciaeayer, uro g=C, TO YAOBJIETBOPATb YCJIOBHIO dz=@

Yp

73
22| p2)

-z
Puc. 45

MOXeT TOJbKo ¢yHKuusi 2=f(x, y)+C, rae f(x, y) —raankas ¢yHk-
oua B D m

arCtg _éf_’ (X, y) EDD D'l:{(x1 !/):(x, !/)ED, X>O},
X
f(x’ y)=
arctg -4k, (¥, y) & Dy, Dy={(x, ): (x, y) = D, <O},

ITokaxkeM, 4T0 HUKAKOH BHIGOD IOCTOSIHHOM k2 He nacT ¢QyHKuHio f(x,

y), HenpephBHy (u TeM GoJjee, raaakyw) B obgactu D. HeficrBu-

TeJbHO, Tak Kak  lim  f(x, y)=n/2u lim [(x, Y= —n/2+k,
x>0+, y>>0 x=0~, y>0 _

TO jJIs1 HempepblBHOCTH [ B Toukax mutepBana (1, }2) ocu OY, ue-

:xkaniero B D, neobxonumo, uto6u k=n. Ho Torna

lim f(x, yy=—mn/2, lim [f(x, y)=7/2+4k=3n/2
0

x—>0+4, y<<0 x—>0—, y<<

M f paspeIBHAa BO BcexX TOYKax mHTepBana (—J2, —1) ocu OY, Takke
Jgexantero B D.

dy — yd
Wrak, xors l-popma o = 25

24y
o=Q!(D), n do=0, x&D, onHako He CyIIeCTBYyeT IJafKol (yHKUHE
2:D—R—0-popmu B D, ana Koropoit Dz=qw.
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Onpenenenue. Jupbepennnasbnas ¢opMa o, 3afaHHas B
o6aactd D u ynosmerBopsiomiasi ycnosuo do=0, aaa scex x&D Ha-
3BIBAETCSl 3aMKHYTOH B 9TOH 00JiacTH.

Teopema (nemma Ilyankape). Ecau Ougpgpepenyuanvras ¢op-
MQ 3AMKHYTA 8 wape, TO OHA TOYHA 8 HeM.

dra TeopeMa sBJeTCs YACTHHIM ciydaeM Oosee obliefi TeopeMHl
[Iyankape o CBsI3H CBOHCTB 3aMKHYTOCTH M TOYHOCTH Auddepedu-
anbHEIX QopM, 3afaHHBIX B obnactu D. B npusenerHoit dopmynupos-
Ke B3sirta npocrefimias ofnactb — map. O6mas Tteopema llyankape
BHIeNIeT HEKOTOPHIH KJaacc obJacreil, s KOTOPHX 3aMKHyTas AH-
¢$epernnansyas Gopma, 3anaHxas B 3Tofi oOsnactd, sBJAAETCE  TOU-
HOM. DTH Kjacchl ofmacreft aas mnpoctpaHeTB R? u R® 6yayr pac-
CMOTPEHBI TIPH H3JIOKEHHH HMHTErpaJjbHOrO HCUYHCAEHHS ubdepeHIn-
AJBHBIX QOpM.

Ilycte o6aacts U nexur B R™, ob6aactb V sexur B R, Ilycts
sagaHo orobpaxenue ¢:U—V u ¢ymruusa f[:V—R. Onpenennm
omepauuio f—¢*f coorHoweHneM

@HW=iew) ue.

CumBos ¢@*f, B orvinuue or OGBLIYHOH 3aNMMCH KOMMO3HUMM (YHKUHUH,
[OKasplBaeT, YTO MBI HMeeM JeJo ¢ npeoGpa3scBaHHEM MHOMKECTBA
$yHKUu#, ompedeseHHHX Ha V, B MHOXecTBO (YHKUHH, onpeneneH-
HHX Ha U, 1. e. ¢ (DYHKIHOHAJOM, ONPEAEJECHHBIM OTOGpAaXKEeHHEM ¢.
IMosb3ysicb BBe/eHHOH BBIle TEPMHUHOJOrHeH, CKaxeMm, yro oTo6pa-
xenue @:U—V mopoxgaer orobpaxenue ¢¥:Q%(V)—>Q%(U), npe-
obpasywouiee 0-popmer, 3aganable Ha V, B 0-dbopwmbl, 3anannbe Ha U,
Ecau ¢:U—V —raankoe otoGpaxkenne, TO A KakAOH TOUYKH
ueU onpeneneno COOTBETCTBYIOLlee OTOGPaXKeHHE KACATENbHBIX NMPO-
ctpalCTB TUy—TVyeony. Kaxmot g-popme o, sanannoit B U, toraa
MOXHO CONOCTaBHTb §-$opMy ¢*w, 3aJaHHYIO B V, COOTHOLIEHHEM
(p'(l) (U) (vlv st LS 'Vq):(D((P (U)) (q), (U) V1, (pl (U) '\?2, v ey CP’ (U) ’Vq).
Hrak, kaxnoe raagkoe orobpaxenue ¢:U—V nopoxpaer oTo6-
paxenue ¢*:Q4(V)—>Qa(U), npeobpasyiomee g-bopMb, 3anaHHHe

Ha V, B g-bopMul, 3asanHble Ha U. D10 0TOGpaXKeHHe HA3BIBAIOT Ie-
peHocom ¢dopm ¢ V ua U.

OcHoBnbie cBoiicTBa oToGpaKenust * : Q2 (V)—>Qa(U)
L ¢* (014 o) =0* (01) +i¢* (@) .

¢" (o) =Arp* (©), A=R.

9" (a(v)o)=a(® @) ¢* ().

(Vo) =¢" %", (Y ()" =0" (V")).

Q" (do)=d(9"w).

. Q)' (dUi‘ /\ dU,’, /\ ‘e /\ dU[q)=

o O W

_ 0(vyvy, ... viq) J y 4
= Z @(u,-‘u;,u,-q) Ui, /\ Ui oo u,q.

I<hKi<.. <ig
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7. Ecnn dopMa o 3amucana B KOOPAHHATHOM BHE

0= E iy, (ydo, Ndoi, A ... A dvl.q,

l€£.<l.<...<iq

TO KOOpAHHATHAs 3anuch GopMbl @*wm Noaydaercst u3 KOOPAHHATHOR
3aluCH  HOPAMOH 3aMeHOH IlepeMeHHHX v==¢(4) C IOCJeNYIOIHM
npeo6pasoBaHueM B COOTBETCTBHH CO CBOHCTBAMH BHEIUHEr0 IpPOH3-
BeJleHHUs.

ITpumep. Ilycrs obnacts U gsexur B R3, obnacts V nexur B RS,
oro6paxenue ¢ : U—V 3anaercsa dopmynamu

Uy = UTlglly, Uy=ut—ul+-ul,

Ug== U] Uy —U3, Uy= WUy, Us=Uilyud;
puddepenuuanpaag gpopma

=0, dv; \ dvy \ dvg+ (v, +vg) dv, N\ dug N\ dvg+

+ 3205 dvy N\ dug \ dvs+(ve +05) dvy \ doy N\ dvg—

—U dvy N\ dvs |\ dvy+ (vs—0,) duy \ du, N\ dug

sajgana B V. Hafitu dopmy ¢*w, 3anannyio B U.
Pemenue.

dvy = 2u,uyuy duy 4 wlug du, 1 ulu, dug,
dvy = 4u? duy — 4u’ du, - 4ud du,,
dvg = 4u? duy +- 4u3 du, —4ul dug,
dvy = uluy duy - 2uyuytg du, + ugul dug,

dvg = uyti3 duy + uyu2 du, -+ 2uugu, dug.
Orciona moayyaem, 470

2 2
2uyugug  uluy  ulu,

doy \doy N\ dug=| 4 —a§ 4] \du, \ duy N dus=
43 —4ud —4ud

= 32u? (uf -+ ul) duy, N\ duy N\ dug,
2ugugug  ulug  uluy

dvl /\ dvd /\ dU4= 4u? 4u3 —_4ug dul /\ duZ /\ du3=
ulug  2ugupug  uul

=4uiulug (3ul +u+ud) duy \ du, \ dug,
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Quugiy  ulug  uiu,
do, \ dug \ dug=]| U3lds 2ustisus uy  \duy N\ dug N\ dug =
uui  uul 2u,u5u,
-*3”3) du1 /\ du2 /\ du;;,
dud  —4u?  Au}
do, N\ dug N\ dvg=| 443 4ul  —4uidu, A du, N dug=
uiug 2uugy  wul
= 32 utu, (u} + 2ud) du, N\ du, \ dug,
4ud —4ul  4ul
dv, N\ dog \ dvg=| 44} 44y —4ud \du, A\ duy \ dug=
Ul wu?  2uyugly

= 32ulu, (2uf -+ ud) duy N\ dug \ dus.

= 4ululu, (ui—u

DO

IMoxcraBasii BEIpaXKeHHs! NEepeMeHHbIX Uy, Ug, Us, Uy, Us U€pe3 nepe-
MEHHBIE U], Ug, Uz B KO3 pHUHEHTH (OPMH o M 3aMeHss Npocrefinine
auddepenunanbable 3-GOpPMH IEepeMEHHBIX Uy, Ug, Us, Us, Us NOJYYEH-
HbBIMH BhIpaxKeHussMH uepe3 3-dpopmy du,/A\dus/\dus, OKOHYaTEJIbHO
noJiyyaeM, 4To :

o = [uulug-32 (ufud + usul) 4 2uf (12u2u2ud + duuu, + 4uduiu,) +
+ 32uu5u? - duduiud 4 2ut (duuduy,— dululu, — 12u3ulud) —

— ulugug (32utud -+ 64utugul) 42 (ud—uf) (64uiulus + 32utuf)] x
Xduy N\ duy N\ dug=16utug [uSul —2uluuf 4 8uj+ 4uju; —

Ecau mopsiiok ¢ GopMH ®, 3anauHoii B obaactu VR™, 6oabiie,
gyeM pa3MepHocTb obmact UcR™, to aast moboro raaakoro oro6pa-
xkerus @: U~V dopma ¢*w Gyner myaeBoii. C apyroil CTOPOHH, ec-
an @ : U=V — puddeomopdusm, T. e. cymecrsyer ob6paTHoe Triaaf-
Koe oroGpaxenue ¢~!: V—U, 10 orob6paxenus ¢*:QP(V)—>Qr(U) n
() *:Qr(U)—Qr(V) B3aumHo oGpaTHH, T. €. oTobpaxkeHue ¢*:
1 QP(V)—>Qr(U) GHEKTUBHO.

Onpenenenune. [lycte ScR3-—mpocrass raagxas IOBepX-
HocTh., Jduddepenuuanbuas 2-dopMa o 3ajmaHa Ha S, eCJH HA BeKTO-
pax miockoctu TS, KacaTesbHOH K S B TOUKe S, cnpeneneHa 2-¢op-
Ma o.

Ecnu noeepxnocte S Kycouno-rsaakasi, To AuddepeHunanbHas
2-¢opma 3anana Ha S, ecau sTa (opma 3ajaHa Ha KaXAOH W3 raaj-
KHX COCTaBJsAIOMHX S.
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IIpumepom auddepennnanbuoit 2-QopMHE, 3aXaHHOH HA NPOCTOH
rIaikoNH NOBepXHOCTH SCR?3, MOXKeT CAYXKUTh OAHA H3 KOOpJHHAT
BeKTOpa HopMaJsu K S, eC/H 3TOT BEKTOp OINpejleNsieTcsi KaK BeKTop-
HOe MNpou3BeleHHe ABYX HEKOJIJIMHeapHBIX BEKTOPOB COOTBETCTBYIO-
el KacaTeJbHOH MJIOCKOCTH.

Ilycrs raanxas mnoBepxHOocTh ScR3 nexur B obnacth DcCR3 u
gupdepenunanpuas 2-popma o 3axasa B D. Torpa ans aio6of Tou-
Kd S&=S uMmeer mecto BKawudenue T'S;=TD, u, caeioBaTebHO, MOXK-
HO paccMmoTpeTh cyxeHHe (opMbl o Ha TS, Takoe cyxenue mnpen-
crasaser co6oii GopMmy, 3anaHnyio Ha S; 3Ty GOpPMY HA3HIBAIOT CY-
XKeHHEM © Ha S u 0603HAYAIT ®]s. Ecan S= fo(u, v), (u, Y=} —
napaMeTpHYECKoe NpeACTaBIeHHe NOBEPXHOCTH S, 10 MOXxHO cae.naTb
nepeHoc ¢*w n @ *o|s opM w 1 w|s na U, npu stom qooprI oo H
¢*0|s ToxamectBeHubl. I[lockosbky orobpaxenue @ :TUq, =TS
eCTb H30MOp()H3M, TO MOXKHO HepeHoCcHTh (opME Kak ¢ S mna U, rtak
u ¢ U na §; nostomy opMBbl Ha IJIaJKOH NPOCTOH MOBEPXHOCTH O6BIU-
HO 3a7a10TCA B 00JIACTH H3MeHEHHs ee I1apaMeTpoB.

Touno Tak xe onpenensercd 3afaHue AuboepeHnnanbHon 1-pop-
Mbl Ha KpHBOH LCR3 u ee mepeHoc Ha 06sacTb H3MEHEHHs IapaMer-
pa. ITokaxkewm 310 Ha npumepe.

ITpumep. Haltnem cyxeune dopMe w=y22dx—xyzdy-+ x22dz Ha
KOHHIE)ECKYIO BHHTOBYIO JIMHUIO x=aetcost, y=aetsint, z=qe*
(a=>0).

Pemenue. dx=a(—e*cost—e-tsint)dt,
dy=a(etcost—e~tsint)dt, dz=—ae—'dt.
Caie joBaresHO,

o= —ate=3sin’¢ (e~ cost{-e—*tsinf) dt —
—a*e3!sinfcost (et cost—e~tsinf) df—
—ate—¥ coste~tdi= —ate—*(sint 4 cos t) dt.

[NpuMep. Hafizem cyxenue GopMbl o= Xy dx A dy+yz dy N\ dz+
+ x2dz A\ dx Ha XOHYC Xx=uv, y=u?4v? z=ud—102
Pemenne. dx—vdu+udv, dy=2udu--2vdv, dz=2udu—2vdv.

CrnenoBaresbHO,

dx \ dy=‘20u' quldu A do=2(@—u2) du N\ do,
dy \ dz= 2” 20 ,du/\dv——Suvdu/\dv,

dz \ dx=

20” —;LQUldu A do—=2 (@ o) du N\ do

o0 = 2uv (U +0v*) (*—u?) du N\ dv—(u*—ov*) 8uvdu A\ du--
+ 2up (Ut —0%) (P +0?) du N\ dv= —8uv (u*—v*)du A do.
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C) Hurterpuposanue auddepenunanbusix gopm. OpueHranus
npocTpaHcrea R». [IpocToe opueHTHPOBaHHOE MHOr000pa3ne
B R». UxTterpaa no mHoroo6pasuio

MruoxectBo 6a3HCOB B mpocTpaHcTBe R™ pasCuBaercss Ha AB&
KJacca SKBHBAJIEHTHOCTH TakuM o0pas3oM, 4TO OHpeleJHTe]b MaTpH-
LK mepexona OT Gasuca OJHOro Kjacca K 6a3ucy TOro ke Kjacca no-
JIOXKHUTeJeH, a K 6asucy ApPyroro Kjaacca OTpPHUIATeNeH. DTH KJI4acCH
3KBHBAJEHTHOCTH HA3bIBAIOT KJAacCaMH OpHeHTalHH 0a3ucos.

Onpenenenune. OpHeHTHDOBAHHHM IIPOCTPAaHCTBOM R™ HasH-
BaeTcsa NMPOCTPaHCTBO R™ ¢ (UKCHPOBAHHBIM KJ/JaCCOM ODHEHTAallUA
ero 6a3uCoB.

ITockosibky KJiacC OpHeHTauuH 0a3ucOoB OIpejeseH YKa3anuem
OJHOTO M3 HpHHAJJexallux emy 0asucoB, TO OPHCHTHDOBAHHOE IPO-
CTPaHCTBO R™ 3anaercss KaK IHPOCTPAHCTBO R7g g, .., a, € PHKCHPO-

BaHHEIM 0a3HCOM dj, Gg,...,0n. g KPATKOCTH IPOCTPAHCTBO R™ co:
CTaHAAPTHHIM (a3ucoM ey, €, ..., e, GyneM Ha3bIBaTb NMPOCTO OPHEHTHU-
poBaHHBIM mpoctpaHcTBoM R»., Basuc ¢ukcupoBaH, Korna 3ajlaHh
COCTABJISIIOLINE ero BeKTOphl W MX nopsigok. basuc ay,..,aq; ..., Q...
.y Opn, TOJYYeHHBIH u3 6Gasuca ay,...,q;,..., 4, ...,0n, [NEPECTAHOBKOHN
JI060H Napel BEKTOPOB, HPHHANJIEXKHT JPYroMy KJjacCy 5KBHBAJEHT-
HOCTH, T. €. IPOCTPAHCTBA RZ,,...,aj,...,ai,...,an u Rz‘l,...,ai,...,a,.,...,an OpH-
€HTHPOBaHBI IPOTHBOMOJIOKHO.

B onHoMepHOM cayuae Ga3ucaMH pa3HHX KJA4CCOB OpHeHTallHH
ABJISIIOTCA HeHYJIeBOH BEKTOp @ H IPOTHBOMOJIONKHO HanpaBJieHHHHR
BeKTOp Aa, A<<0. I'eomerprnuecku, 3a1aTh OPHEHTAIHIO HAa MPOMEXKYT-
Ke {a, b>=R —»3T0 yKa3aTb, NPOXOJHTCH JIH 3TOT IPOMEXYTOK CJEBa
HalpaBoO HJM CNpaBa HaJeBo, T. €. YKa3aTh HAaYaJbHYI0 H KOHEUHYIO
TOYUKY JABHMIXKEHHA [0 NpOMEXYTKy. B mpoctpaHctBe R™ (n>2) mnpo-
CTefilIMM METOJOM Iepexoja OT OAHOTO KJjacca OpHeHTallHd 6a3ucoB
K JpYyroMy sBJseTcs NepecTaHOBKa BEKTOPOB CTaHAapTHoro Gasuca,

B asymepHoMm ciaydae, mepecTaBiisisi BeKTOpPH (asuca, HoJydaeM
ABAa NPOTYBONOJIOXKHO ODHEHTHPOBAHHBIX IPOCTPAHCTBA Riy H Rf,x.
B rtpexmepHOM ciyuae uMeercsl IIECThb I[I€PECTAHOBOK XYz, YyzX, 2Xy,
X2y, yxz, 2yx BEeKTOPOB 0Oasuca ¢ LIeCTb OPHEHTHPOBAHHHIX NPO-
CTpauCTB pas3buBAarOTCs Ha jgBa KJacca Rfyz, Rgzx, R‘Z’xy H Rgzy, R:,x,,
ngx' TaKuM 006pasoM, 4TO MPOCTPAHCTBA B OJHOM KJacCe OPHEHTH-
pOBaHBl OJHHAKOBO, a4 OpHeHTalHs JI000H NaphH NPOCTPAHCTB H3 pas-
HBEIX KJACCOB NPOTHBONOJIONKHA.

Onpenenenne. Harerpan or n-popMbl w=f(x)dx; AdxA ..

. A\dx, mo oBnacth DCR™ o6o3Hauaercs \ ® H onpefpessercss pa-
D
BEHCTBOM Sm = \f(x) dx.
D D

Ecim U u V—o6aactn B R*, To nudodeomopdusm (peryaspsoe
oroOpaxenue) ¢:U—V sanaer mepexom or 6asuca du,, dus,...,dun
K Oasucy dv, dvs,...,dv,. PaccmarpuBas 1M aBa Gasuca B R™, BU-
AMM, 4TO OTOOpa)eHHe ¢ COXpaHsdeT opHeHTaUuw R, ecau det (¢’) >
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>0, u uamensier ee, ecnu det(9’)<0. Ilpu astoMm @*(dv; AdvsA ...
w AdUy) =det (¢7) duy Adug\ ... AN\du,.

dopmyaa
{ @ de= [ @) det(e)at
D=q(Dy) Dy

3aMeHBl NMEpPEeMeHHbLIX B KPAaTHOM HHTerpaje HpH YCJAOBHM, 4YTO AUG-
¢deomoppuam ¢ : D—D coxpansier opHentanuio R* (T. e. det(¢’) >
>0), moayuaercsi (opMaJpbHOH HOACTAHOBKOH x=@(f), U ee MOXHO

3anucaTtb B BH/e s W= g‘(P*CO. B takom BHJAE 3Ta (i)OpMYJIa Ciipa-
@(D) D
BeIJuBa H JAJ4 J.IH(P(I)EOMOP(I)I/BMEI ¢, H3MEHJAKLIEro OpHeHTalHIo,
b a

T. e. ecqu det(¢’) <0. B wacrrnoctH, ¢opmyry gf(x) dx= —-j f(x)dx

a b
MOXKHO paccMaTpHBaTh Kak 3aMeHy INIepeMeHHOro ¢ :x—-(-—x), Me-
HAOMIYIO OpHeHTaHHUIo NpocTpaHcTBa Rl

Onpenenenue. MuoxectBo McR™ HasnBaercss IPOCTHIM
rnajkuM MHorooGpasueMm mopsinka ¢, ecaiun M ecTb o06pa3 XoppaHO-
Bo#i obsactdH (uau ee 3aMbiKaHusl) DcCR? mpu TraAajkOM HEBHIPOXK-
HeHHOM orobpaxeHuun ¢:D->Rm (1. e. ¢=C'(D) u paHr MaTpulH
SIko6u ¢ pasen ¢). 3anuch M={p(x1, Xo,...,Xq), (X1, X, ..., Xq) =D}
Ha3plBaeTcss DapaMeTpHueCcKUM npexncraBjeHneMm M, o6macts D — 06-
JIacTbIO 3Ha4eHHUi nmapaMerpos M. :

Onpenenenue. ['nagkie HEBHPOXJCHHbBIE OTOGPANKEHHS
:U—~Rn, U=Re, u ¢ : V>R", VR, Ha3HBalOTCA SKBUBAJECHTHHMA,
ecau cyuiectsyer Taxoli auddeomopdusm f:U—V, uro ¢(u)=
= (f(u)) mna scex usU,

Ecan ¢ u ¢ — 5KBUBaJIEHTHBIE OTOOpaXKEHHS, TO BHIPAKEHHUS
{o(u, ugy o utg), (w0, gy . ug)sUY 1 {$(v1, vg .., vg), (01, Cgyen
wa Ug), (01, Uy, .., Ug) &V} ABNAIOTCS PA3NHUYHBIMA TAPAMETPHYECKHMHU
NpeaCTaRJeHHAMH OJHOTO M TOTO XKe IPOCTOro IJIaJKoro MHOroo6pa-
sus M. Judodeomoppusm f, cBA3HBaIOWKA OTOGpaxKeHUst ¢ H ), Ha-
spBaercs  au(hpeomopdusMoM mnpeoGpa3oBaHus NapaMmerpoB, HJH,
KOpOte, Ipeo6Da30BaHUEM MAPAMETPOB.

ITonatne MHOroo6pasusi eCTb 060GIIEHHEe NOHATHH KPHBOH H IO-
BepxHocTH. MMeHHO mpocrast roajgkasi KpuBasi L ecTh MHOrooSpasue
NepBOro IMopsjka, mpocras TrJaikas IIOBEPXHOCTb S~ MHOrooGpasue
BTOPOTO IOPS,IKa.

[Tyctb
M={p(uy, ty, ..., ug), (thy, Uy, ..., u)=U} n
M={b{vy, vy ..., ), (U1, Oy, ..., D)=V}

— [ABa DA3NHUHBIX HapaMeTpPHYeCKUX NpEeACTABJEHHS OJHOrO MNPOCTO-
ro raagkoro MHoroobpasus nopsazka g. Orobpaxenue [=yp~lp—
nuddeomophusm npeofpasoBaHus MapaMeTPOB, CJAEAOBATE/NbHO, SKO-
6uan f, det(/’), He menser smaxa Ha U. Bce BosMOXHBIC mapamer-
pHUYeCKHe MNpeAcTaBJeHHs pa3bMBAIOTCS HaA JBa KJacca 3KBHBAJeHT-
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HocTell Tax, 4To siKoGuaH [ AsiA mpeiacTaBieHHI OAHOro KJacca HoJo-
JKUTeJIeH, a JJis TPeICTaBJEHHH Pa3HbIX KJaccoB oTpHuaresed. Ta-
KHM 06pa3oM, Ha NMPOCTOM IyagKoM MHoroo6pasuu M Tak ke, Kak B
npoctpaHcTBe RY, onpelefioTCs ABe OpPHEHTALMH.

Onpenenenue, [Ipocroe ranankoe mHorooGpasne M ¢ BrOpaH-
HOl (3amaHHOH) OpueHTAUMeH Ha3bIBaeTCs OPHEHTHPOBAHHBIM [pO-
CTHEIM MHOroofpasuem.

Opuenrauus MHorooGpasust M 3ajmaercs mopsakoM BeKTOpPOB Ga-
3uca, HJH, 9TO TO XKe CaMoe, NOPSAKOM 3alHCH KOODAHHAT B 00JaCTH
3HaueHUuH napamerpos, Taknm o6pasoM, BEIpaxKeHUs

{o(uey ooy ug), (g, wgy ooy Uy ooy Uy, oo, vy =U)

{o (g, ooy uyg), Uy, Usy .oy Uy, oo, Uy ..., u)EUY

SIBJISIIOTCH 3aMHCbI0 OJHOrO H TOFO Ke MHOroo6pasus C IPOTHBOMNO-
JIOXKHBIMH OpHEHTALHSMH.

Onpenenenue. Ilycte B obnacth DcR» sanana puddepen-
HHasbHas q dopMa » H ODHEHTHPOBAHHOE HPOCTOe MHOroofpasue HO-

paaka g:M={g(u,,..,4,), (uy, . ug) €U} (M=D). Torma unterpat
oT @ 0o M oGosnauaercs j ® | ONpeleNAeTCcs paBeHCTBOM f ®==
M M

=j‘ ¢*0, rae ¢'o— nepeHoc GOPMB ®, MOPOXKIEHHBH oTOGpaKe-
U
HUeM (.

M3 cooTtHomenunit nepenoca (opm H 3aMeHB NEPEeMEHHBIX B KpaT-
HOM HHTerpaJje cJeiyeT, YTO BeJHYHHA HHTerpana {o He 3aBHCHT OT

b

BbI6Opa NMapaMeTpPHYECKOro IpeiCcTaBJeHHs MHorooGpasus M, T. e.
omnpejesieHHe 3TOrO HHTerpajia KOPPeKTHO.
[IpuMep. Bruncaum

S XoXgdxy N\ dxg N\ diy—xy,dxy N\ dxg N\ dxg+ %%, dxg N\ dxy N\ dxo,

M

rae
M={x,=ulugy, Xy==uudug, x3=uwuul, x,=uduy x5=udly,
Xo=usU3, X, =w U3, xXg=1u,ul, xg=udy, (U, ty, Uy) =
=100, 1.6 0y, <1, i=1, 2, 3.
Pewenune. Jenaem nepesoc ¢*w GpopMul
O =XoXo dXy |\ dxs |\ ditg—x1x 4dxy N\ dixg N\ dxg+x4xydxy \ dixg N\ dxg

¢ R? na Ig,0,0y,(1,1,1), TOPOKACHHEI} oroépameHHeM ¢ : R®— R® Kkoto-
poe 3anaer MHoroo6p33He M, @ :xy=uluyu,, Xy = Uyl ua, Xy= UlaUul,
Xg=ully, xy=udu,, xh—_uluz, Xq =133, Xg=uyl3, xo=udu, Beruncaum
MOC/IEN0BATENbHO CJlaraeMele ¢ w:
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2usuqug Uluy ulu,
2 3
Xy dxy N\ dxgNdx,=uwudul| Suiuy  up 0
3 2
u; 0 3Buul
Uy Uylly Uy,
=ujudu? Suy w0 lduy A duy A\ dug=
- 3 2
u; 0 3uyu?
- 6,,6,,5"
= —4ufudul duy N\ du, \ du,,
2
Uiy 2uglyug U
. 3 2
XXy dxg N\ dxg \ deg=udu,u? | 45 Buuy 0
3 2
0 uy  3ugul
Uy 2uuyg Uil
=uSubu?| Y 3wy O Ndu A du, \ dug=
3 2
0 uj  3uj
= 4ubulud du, \ duy N\ du,,
U2 uu? 2uusug
2 3
x1x2 dX3 /\ dX4 /\ dXQ :u?ugu?} 3ulu3 0 ”.'mul
2 3
0 3Bulug ud
Uglly Wl 2UjlloUg
2 3
=ujudud | 341 O u duy \duy \ dug=
2 3
0 3ul ul
= 12u8ulus du, N\ du, \ dus.
CiietoBaresnbHo,
@ 0 = 4ububul du, N\ du, \ dus.

Hrak, no onpepenenuio

yxzxgdxl N dxs N\ dxg—xixgdxy \ dxg N\ dx,+

M

duy N\ duy N dug=

duy N\ dug \ dug=

du, N\ dug \ dug=

+xx, dxs N\ dxg N\ dxg= S 4uSuug duy N\ dug A\ dug

1(0,0,0),(1,1,1)
i MO OnpeJe/eHHIO
4ubulul du, N\ duy \ dug=
1(0,0,0),(1,1,1)
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4ubuSul du, du, duy =
1(0,0,0),(1,11,)

1 1 1
1 1 1 2
= 6 ub du, \ uddug=4.—.—.—=——,
4S“td“1,§ Qd“S 3..‘?.8&.._._;7 76 147
0 0 0

3ameruM, yro, 0600IIasg HOHATHE KacaTeNbHOH IJIOCKOCTH K IOBEPX-
HOCTH, AaeTcs NMOHATHE KAacaTeNbHOrO TIPOCTPAHCTBA K MHoroofpa-
amio. OnpenensiioTcst TakKe NOHATHSR AH(depeHunanbHOR (OPMH Ha
MHOroo6pasin H cyxeHus AudbepenuuasbHoid ¢opmbl #3 ob6JaacTy,
comepxameil MuorooGpasue, Ha MHoroo6pasue. Ho mockosnbky mnpax-
THUECKH BCerja Mul MMeeM jAeqo ¢ (popmMaMi, oNpelesieHHBIMH Ha 006-
JlacTH, BRJOYAKOUed paccMarphBaeMoe MHOroofpasue, TO Ha 3THX
HOHSITUSIX OCTAaHaBAUBAThCS He OyaeM.

§ 3. KPUBOJIUHEVHbIM UHTEIPAJI BTOPOTO POJA

Eme pas ob6paruM BHHMAaHHe HA TO, YTO MaTepHaJ, H3JIOXKEHHbIH
B »ToM naparpade, paccmorpeH B § 2¥ B TepMHHOJIOTHM BEKTODHBIX
noje#. YuraTteaio mojie3do CPaBHHTh ONpeJeJeHHs, OCHOBHBE CBOH-
CTBa paccMarpHBaeMBIX NOHATHI U XOJ pelleHHs IIPHMEpOB.
[Ipocras raagxas KpuBas

L={rt), t=]a, b], rC]a, b}, |r,|50},

KaK yxe TFOBODHJIOCH, fIBJiAeTCS HNPOCTHIM TJIaJKUM MHOroo6pasueMm
nepsoro mopsiaka. Kak mHorooGpasme mepBoro Imopsiaka KpuBas L
OpUeHTHpYeTCsl 3aJaHHeM OpDHEHTALHH B O0JACTH 3HaUeHHs NapaMer-
pa t. O6aacth 3HAYeHHs napaMerpa {— OTpPe3OK; opHeHTanus [a, b]

3TOro OTpe3Ka CcooTBercTByer opuenrauuu AB, A=r(a), B=r(b),

-
KpuBoi L, a opueHtauns [b, a] —opuenramun BA kpusoit L. Takum
o6pa3oM, NOHSAITHE ODHEHTALMH NPOCTOH IVIafKoH KpHBOH L KakK on-
HOMEpPHOro MHoroo6pasus coslajaeT ¢ BBeleHHHIM B § 1 noHsruem
OpueHTalUuH KpuBOH. B jasnbHefiieM moJx TepMHMHOM «OpPHEHTHPOBaH-
Hasi KpuBass L» OyneMm moHuMartb BHIGOp opueHTallHH Ha L B 060HX
CMEICTIaX.

Onpepenenne. Ilyctb L — KycouHO-TsiajKasi OpHEHTHDOBAH-
nag kpuBasi U L4, 1<{g<CQ,— mpocTele TJIafiKHe OpPHEHTHPOBAHHEE
KpHBhie (IpOCTBHIE TIJaJKHe OpPHEHTHPOBAHHBE MHOroo6pasus) Ges
o0mux BnyrgeHHHx TOYeK (HelepeKpHIBAIOLUIHECS), COCTABJSIOMINE

L, e L=ql:j1 L,. Hurerpanm or 1-popMBl ® IO OpPHEHTHPOBAHHOH

KpuBOH L HJIM KPUBOJMHEHHBEI MHTErpajJ BTOPOTO poja oGo3Hadaer-
csi | ® u olpenenaseTcs paBeHCTBOM

Jo=X Jo

q
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OnpenencHHe KPUBOJHHEHHOrO HHTerpaja BTOPOrO pPOAa NO Ky-
COYHO-I'M8AKOH OpHEHTHPOBAHHOH KPHBOH XODPEKTHO, T. €. €r0 BejH-
YHHA He 3aBHCHT OT crnocoba INpeAcTaBJsieHHs KpHBOX L B BHIe 00b-
€IHHEeHHs1 NPOCTHIX TJaiKHX OPHEHTHPOBAHHBIX MHOrooGpasuii (mpo-
CThIX MJ1a/JKHX KPUBHIX L,).

OcHoBHble CBOHCTBA KPHBOJMHEHHOro HHTErPaJia BTOPOro poaa

W/
S

1. sz — s‘w (HanpapJeHHOCTh HHTErpana).
AB BA

2. Y 00y - Loy = Oy ‘S‘ O+ 2y g ®,, TIe O) H Oy— NOCTOSIHHBIE (JIH-
L L L
HEHHOCTb MHTErpasa).

3. Ecanu L=AVBUBVC, TO jm= S ® -+ j(o (2L IUTUBHOCTL HHTE-
L A B BC

rpana).

4. Eciu dopma o TouHas, T.e. o=df (M), To

} o=fB—FA).

A'B

B uwacrHocTH, AJs1 KOHTYpa L ¥ TOUHOH (OpDMH © HMEeM szo

L

(He3aBHCHMOCTh MHTErpajia OT IYTH HHTErpHUPOBaHUA).

O6partHo, ecan Ajs J060Oro KycoyHo-riajkoro KoHtypa LoD
BepHO paBeHCTBO §w=0, T0 Popma o Touna B obaactu D.
L

5. Ilycts L — opueHTHPOBaHHAsA ryajkas Kpupas, t={cosa, cosf,
COS y} — €AUHHYHBII BEKTOp, KacaTeJbHHIH K L W HanpasJeHHHH co-
OTBETCTBEHHO OpHeHTauuu L, H w=a, dx,+ a,dx,+ azdxg. Toraa

Xco: S(al cos a - a, cos f 4 agcos y) ds
L L

(cBS3b KPUBOJMHEHHBIX MHTErpaJjoB NEPBOTO H BTOPOro poja).
I[Ipumep. Bouncaum

{ (0 +200) det (2 —2x9) dy,
AB
rie AvB—nyra napaGoast y=x2 or touku A(l, 1) mo touku B(2, 4).
Pemenue Kpusas AB ectb mpocroe rjaikoe OpPHEHTHPOBAH-

Hoe MHOrooGpasue mepBoro mopsiaka: AB=(x=x, y=x2, x&(1, 2)).
HenaeMm mnopoxjenHui oro6paxenueM ¢: (1, 2)—»R?:x=x, y=x? ne-
penoc ¢dopmbl o=(y%+2xy)dx+ (x>—2xy)dy nwa npomexyrok (1, 2).
Tak kax y=x?, dy=2xdx, 10 @*o=(x*+2x3)dx+ (x2—2x8)2xdx=
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= (4x%—3x*)dx ¥ Mo onpele/eHHIO KPUBOJMHEHAHOrO HHTErpaia BTO-
poro poja

2
S (% + 2xy) dx + (X*—2xy) dy = S (4x3—3xY) dx = ——158—,
A B -1

ITp uwmep. Buuncaum

[ g+ 32+ 12) dx+ (2 — ) dy,

L

rie L —xontyp Ttpeyroabuuka OAB: 0=(0, 0), A=(1, 2), B=(0, 2)
€ NOJIOXKHTeNbHBIM HampaBJieHHeM o6xoaa (cM. puc. 46).

B

8(0;2)9 A(1,2)

0(00)

Puc. 46

Pewmenne. Kpusass L cocraBjieHa H3 TpeX OpPHEHTHPOBAHHBIX
raajKkux KpuBbX: otpe3skoB OA, AB, BO. 3anuuem KaXAbllf H3 HHX
KaK OpHeHTHPOBAaHHOE MHOroofpasHe:

OA={x=x, y=2x, xe (0, 1)}

AB={x=x, y=2, x=(l, O)};

BO={x=0, y=y, y= (2,0)}.
O60o3HauuM CyKeHHe NOABIHTErpanbHoli GopMB ®= (xy-+x2+y2)dx+
+ (¥2—y?)dy Ha COOTBETCTBYIOLIHE OTPE3KH 4Yepe3 ®oa, Wap, VBO,
Toria Ha orpeske OA uMeem dy=2dx u woa=(7x2—6x2)dx—x2dx

Ha otpeske AB:dy=0 u wap=(¥*+2x+4)dx Ha orpeske BO :dx=0
4 wpo=—1y?dy. CrenosaTenbHo,

1 0
Sm: Sw-}— ga)-}— fco:jnxzdx—]—‘s (®*+2x+4)dx +
L 0A AB BO 0 1

0

1 2
+{(—pay=—{ @+ 9a+[pdy=—78.
0 0

2
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[Tpumep. Buuncaum

S ydx—=xdy,
L

rae L —acrponga x¥3 4 y*3=qa%3 ¢ TmOJOXKHTeNbHBHIM HAampasJe-
HueM o6xona (a>0).

Pewenue 3anuieM acTpouiy B NapaMeTpHUYECKOM BHAe: X=
=qcosdt, y=asindf, Npu 5TOM IOJOXKHTEJIbPHOMY HampaBJieHHIO O6-
X0/la acTPOHAH COOTBeTcTBYeT M3MeHeHue t or 0 go 2m;. Hrak, L=
={x=qacos®{, y=asin®t, {=[0, 2xn]} ecTb 3anuCh aCTPOHIAH KaK OpH-
eHTHPOBaHHOrO MHOroo6pasus. Tak kKak

dx = -—3acos’tsintdt, dy=3asin?fcost,
Yy dx—x dy = (— 3a®cos? £ sin* {—3a? cos* £ sin®f) df =
= —3a%cos®{sin?t dt,

TO
25
Sydx—xdy: —3a2S cos?tsin?t df = _12a2L_I‘_(3/_2)I‘_Q/3)_ =
) 2 T (3)
_ —3na?
4

Il puwmep. Buuucanm

{ @+ de—(x—p)dy,

L

rie L — nerasi KpuBOH r=a cos 3¢, nepecekalouias NOJsIpHYIO OCh, C
II0JIOXKMTEJIbHBIM HAmpaBjeHHeM o00Xxona (ZeKaproBa M IOJspHast CH-
CTEeMBl KOOpJIHHAT COBMelleHH) (a>0).

Pewenue 3anumieM ypaBHeHHe KpPHBO{i L B nmapaMeTpHUECKOM
BUZE:

Xx=acos3¢pcosQ, Yy=acos3psing.

Ilpx 5TOM MOJIOXKUTEJIBHOMY 06XOAY 3aLaHHOH NeT/IH COOTBETCTBYET
u3MeHenne ¢ ot —n/6 no n/6. Urak,

L={x=acos3¢cos9, y=acos3¢sing, ¢ =[—n/6, x/6]}

€CTh 3amKCh KPHBOH KaK OpHEHTHPOBAHHOro MHoroo6pasus. Tak Kak
dx= —a(sin2¢ +2 sin4¢) dp, dy=a(2cos4p—cos29)dey,
(x+y)dx—(x—y) dy = —a®cos 3¢ (cos ¢ -+ sin ¢) (sin 29 -
+ 2 sin 4¢) de — a? cos 3¢ (cos p— sin @) (2 cos 4p—cos® @) dp =
= —a?cos 3¢ (6 sin 3¢ + 2 cos 3¢) de,
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TO
6

S(x+y)dx—(x—y)d = — S a® cos 3¢ (6 sin3¢ + 2 cos 3p) dp =
L —/6
n/6
= —a? j (1 4-cos 69)dp = — an
—1/6

ITpuwmep. Beuucaum

j' zdx+ 2xdy—ydz,

&

rne AB — kpusas
R+ y?=2ax, az=xy, 220, A=(0, 0, 0), B={2a, 0, 0) (@>0).

N’
Pemenne. Tak Kax Ha xpuBoii AB umeem x>0, 2>0, To ¥ y>

>0. CrenoBatenbno, kpuBass AB Moxer OHTb NapaMeTpu3oBaHa
CaeAyouuM o6pasom:

x=x, y="V 2ax—x, z=—z—'|/2ax—x2, x e [0, 2a].

—r
3anumem AB Kak opueHTHPOBaHHOe MHOroo6pa3He

AB = [x=x, y=V2x—x, 2=V 2ax—, x= [0, 2a]}.
a

Torza
(a—x)x 2ax —x?
dy = dx, dz=( x oy V2"; * Vdx=
V 2ax—x% aV 2ax—x?
__ 3ax — 242
aV 2ax—x2
Henas nepeHoc ¢HOpMH, HOJydaeM, 4TO
— N J— 2
¢ 0)=———V2£Zx % dx 4+ 2x (a — x) dx— dax — 2x dx.
V 2ax— x2 a
CrefoBaTenbHo,

2a
S 2dx + 2xdy— ydz = S (—f-;i'l/ﬁ—(x—a)z dx +
AB 0
2a (x — a)

Ty @ — (x—a) dx — -

+V @ —(x—a)dx+2V a—(x—a) dx Va— (x — a) dx
942 2x2

T Va—Goon )=
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a
- _t_ % pr - 2at L 2a® _
S(aVa e e Vaz_t2>dt

—a

—6a? + —1—36— P=— ———-qa

3aMeTHM, UTO Hpu 3Toll mapamerpusauuu GyHKUuHH y(x) # Z(X)
He saBJsiioTcs raaakumu Ha (0, 2a), Tax 4To QOpMAJNbHO MBI 31eCh HE
HMeJil TIpaBa NPUMEHSTb PACCMOTPeHHBle Bhlle coorHonlenns. Ho,
KaK yxKe He pa3 0TMeuajoch B aHAJOTMUHHX CHTyalHsX, eCJIH B 3THX
COOTHOILICHHAX BMeCTO HHTerpasja PuMaHa mosaBJsiercsl HecoOCTBeH-
HBEIH a0COJIOTHO CXONSIUMACS MHTEerpasd, TO OHM OCTAKTCA B CHIE.
DruM yTBep¥KaeHHeM OyleM IOJb30BATbCH H b jAajbHellleM.

MozxHOo mapaMeTpu3upoBaTh Kpusyio AB u Tax, yToGH BCe (PYHK-
uud 6bliu raaakumu. HanpuMep, nojoxnm

x=a(l-+cost), y=asint, z=asinf(l 4 cos?).

Torpa touke A=(0, 0, 0) orBeuaer 3Hauexue f=m, Touke B=(2qa, O,
0) — 3HaueHue t=0; gesas nepexHoc Gopmbl, moJyuaeM

@ 0= a?(—sin*t—sin®fcost -+ 2 cost 4 2 cos* f—sin{ cost —
—2sintcos?t +sindf) df = a® [cos t (2—sin*{ —sinf) 4-
+sin#(1—2cos*f) -3 cos®t—1] dt.

CuaezoBatesbHO,

0
S 2dx +2xdy—yde=a® ( [(2—sin2t—sint)cost+
it
AB Fad
+(2c052t——1)(—sint)+%cos 21‘—{——15-] dt =

0 na? 2 , ng?
— a —

7 2 3 2

= q? (—%— cos? f —cos t)

IIpumep. Buunucanm

— ydx - xdy
x4 y?

L

rae L — oKpyxHOCTb X2+ y?=a? C MOJOXKHTENbHLIM HamnpaBJeHHeM
of6xona (a>0).

Peweunune 3anuiieM ypaBHeHHe OKPY:KHOCTH L B mapamerpH-
9eCKOM BHAe: X=acosf, y=asinf, Ipu 3TOM MNOJOKHUTEJILHOMY Ha-
fpaBJeHHI0 06X0aa cooTBeTcTBYeT u3MeHeHue f ot 0 xo 2x. Henas
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a?sin?f - g% cost

niepeHoc GopMEl, NoJydaeMm, 4T0 @@= dé. Caezosa-

a
TEJIbHO,
ont

_ydet xdy j dt = 2.
x4y 3

[TosyueHHOe PaBeHCTBO ellle pPa3 MOKA3BIBAET, HYTO 3aMKHYTasa B
? —yd xd
obnacty D: {%<x2—|—y2<2a2} (opMa o= 44+ x4y -~

| x4y
¢. 248)) He sBasieTcsT TOUHOHN, TaK KaK B IMPOTUBHOM CJydae HHTErpal

xdy — ydx
S S——y{;—%— JoNKeH Obl GHTb PaBeH HYJIO B CHJIY TOTO, 4TO
x Y
LCD 14 B CHJY CBOHCTBA KpDHBOJMHEHHOro HHTerpajna BTODOro poja
(cm. c. 248).

ITpumep. Halinem dyukuuio f: R3—>R, ecan
df =(y+2)dx+ @+ %) dy+(x+y) dz.

P e enue. [Tockonbky TO4HOCTb HOPME
=y +2)dx+(@+x)dy +(x+y)dz

Jllasa B YCJOBHH, TO B CHJIYy CBOHCTBA 4 KPHBOJMHeHHOro HHTerpaJfa
BTOpOro poxa (cMm. c. 248) umeeM

fao g0 2)=1B) =] A+ | o
AB

S
B arom paBsencrse cumBost AB 0603HayaeT NPOU3BOJBHYIO KYCOUHO-
r1aJKyl KpHUBYIO, He BHIXORAILNYIO 3a Ipefenbl ToH 00JacTH, B KOTO-
poit w=df. B naHHOM nmpuMepe He AaHO OrpaHHYEHHI] Ha 3HAUEHHS
X, Y, 2 1 hopMa o ABJAgEeTCH IJIAJKOH Ha BCeM NpocTpaHCcTBe RP, mo-
3TOMY MOXKHO CUHTAThL PaBeHCTBO w=df 3amaunbIM Bcioay B R3. Tou-
ka A BHOupaercss mnpou3BoabHo, — nojsoxuM A=(0, 0, 0). Tak xak
paBeHCTBO df=w onpenenseT QYHKUHIO [ C TOYHOCTBIO A0 TPOH3BOJb-
HOr'o cjaraemoro, To 3HaueHue [(A) BHGUpaercst NPOU3BOJNBHO. B Ka-

yecTBe KpHBOH AB NpH pellleHHK 3a1a4 5TOro THma Gepercs JoMmaHasd,
COCTaBJIeHHAs] U3 OTPE3KOB, MApaJliieNbHEIX OCAM KOOpAuHart. Taxoit
BHIGOD oﬁycnomeﬂ TeM, YTO HAa TAKUX OTpe3Kax BCe KOOPAHHATHI,
Kpome OJHOH, HOCTOSIHHBI H, CJeJOBaTejibHO, HX aupdepennnans
PaBHB HYyJIO, II0O3TOMY CyKeHHe (OpPMBl @ Ha 3TH OTPE3KH MOJyydeT-
cst HauGosee npocro. Hrak,

AB= AM -+ MN +NB,

rie A=(0, 0, 0), M=(x,, 0, 0), N=(x,, 45 0), B=1(xy, Y, 25). 0603~
Hauas ©,q Ofyy, ©|yz cyxeHue dopmel © Ha AM, MN, NB coor-
BETCTBEHHO, NOJIydaeM, UTO ®| 40, =0 dx, 0] yn = Xody, ©]y5=(X;+ Y,) dz
H, CJIeJIOBaTeJ/IbHO,
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Xy Yo 2,
S w+ Y ® - Q m:?de—}—Sxody-}-g(xo—f-yO)dg:
AB m MN NB 0 b 0
= XoYo -+ X020 + Yoy
B cuiy npousBOJILHOCTH TOUKH (Xo, Yo, 20) MOJYYaEM, 4TO
f(x, 4, 2)=xy-+xz+yz+C,

rie C — npou3BOJbHAS MOCTOSIHHASL.
[Tpumep. Hates pyuruuio f: R3—>R, ecan

df = ——de4—(~—»+ ) y————dz

Y

Pewenue. B nanHoM mpuMepe dopma
_ x x? Y y?

ABJseTCH onpefesdeHHOfl M raagkoit B objaactu D, 3amBIKaHHE KOTO-
poil He mepecekaercs ¢ miaockoctamu y=0 u 2=0, H, CleIOBATENBHO,
dyuxuua [ ompesessieTcss B TOYKax (X, y, 2), He TNPHHALJENKALIHX
3THM IJocKoctam. [lpumem ngsi onpegenensoctn, uto y>0 un z2<0.
B kauecTBe HauagbHOi Bo3bMeM Touky A=(0, 1, —I1), torza pas
Jo6ofi Toukn B= (X, Yo, 20), Yo>0, 20<0, nomanaa AMNB, rie M=
= (0, 1, 20), N=(0, Yo, 20), JeXKHUT B 06JACTH TNALKOCTH (HOPMH 0.
CnengoBartenbHO,

FB=F(A)+ | o=F)+ S 0 Su)—{— {o=
AB AM MN NB

2 2 2 2
=f(4)+ L1, % ! xO_f(A)_L Yo Fo

2 52 2 2 2 2"
222 2 22 22 2} 2 22 243

B cuny mpousBoJIbHOCTH TOUKH (X, Yo, 20), Yo>0, 20<<0, mojiydaewm,
470

Fle g, =L — 2t C

972

rie C — NpOU3BOJbHAS NMOCTOSHHAS.

n
Ecau nuddepennnanvras 1-popma oT n nepeMeHHbIX © :5’_‘ a;(x) X
ie1
X dx; To4Ha, TO QyHRuHS [:R">R, yaoBJaeTBOpsIOMlAs YCJOBHIO
df=w, naxonutcs 1o taxkofi xe cxeme. Ecin I —06pyc B R* H df=0
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B [, To aas Jqio6eIXx ABYX ToueK A=(Y1, Y2, ..., Yn) ] 1 B={(x1, X3, ...
vy Xn) &1 HMeeM PaBEHCTBO:

[ oy o) = FB)=F A+ a0 d
U

X

Xg 13
+ga2(xl) t21 yS,---’yn)dt2+"'+§ai(xl’ xg,-..,Xi_l, ti’
H Y;
Yig1, - ’yn) dti+ e + S an(xl’ Xoy <o vy Xn—1, tn)dtn
Yn

[MTpumep. Hafinem dyskuuio f:R®— R, ecau

df = (2% + x2) doty + (43— 2xyx3) doxy -+ (22504 — X7) dxy +
+ (—2xx5) dxg+ 2y — x3) dxs.

Pewemnwue. [omoxus A= (0, 0, 0, 0, 0), nonyuaem, uto

fx1, X5 X3, X4 X5)=[(4) +§ 0~dt1+xx§dtz—
0

—§ x2dty -+ 3 Rty + 3 (2t — x2) dlty =

0 0

<@

= X2 xy—x2 X34 20, — X2x5 -+ X3 %2
Orciona caepyer, 4to
— y2 2 2 2
[ (%1, %oy X3, x4, X5) = 23X — X3y + X X4 — X] X+ X142+ C,

rjae C—HpOHEBOJIbHaSI NMOCTOAHHAA,

§ 4. NOBEPXHCCTHbIY UHTETPAJI BTOPOTO POJA

Eme pas ofpatum BHUMaHHe HA TO, YTO MAaTepHAaJ, H3JOXKeHHHR
B 3ToM naparpade, paccmorped B § 3* B TEPMHHOJOTHH BEKTODHBHIX
nojied. Uurateno iI0Je3HO CPABHUTh ONpeleJeHHS, OCHOBHHE CBOH-
CTBA pacCMaTpHBaeMLIX HOHSITHH M XOJ DElIeHUs NpHMEpOB.

Ilpocras rmagkas HOBEpXHOCTb

S={rir=r(u, v), 4, y=D}, DR reC (D), [ry X rs]+~0,

KaK y»e TOBOPHUJOCh, ABJAETCS NPOCTHIM TIJIaAKUM MHOrooGpasunem
BTOpOro mnopsiaka. Kax MHOroo6pasue BTOPOro MopsigKa, MOBEPXHOCThb
S opueHTHpyeTcs 3ajaHHeM OpHEHTAUuH B 06JiaCTH 3Ha4YeHHH mnapa-
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MeTped — o6nacty DcR? 3anucelo NOBepXHOCTH S ¢ NpoTHBOMNO-
JIOXKHBIMH ODHEHTAUUAMI SIBJSIOTCS BBIPAXEHHS

S={r:r=r(u, v), (1, v)=D}

S={r:r=r(u, v), (v, u)=D}.

[TocTaBUM B COOTBETCTBHE ODUEHTHDPOBAHHON NOBEPXHOCTH S Bek-

. [ Iryx 1] .
Topsne node nopmaneft N=!————1 a opueHTHpOBaHHOH moO-
[r, X ryl
= N [fv Xorh ]
BepsHoctH S—mnone N=/-— ———1  TlockosbKy BHIGOp TOpsjiKa

Ira ol |
napaMerpoB (4, v) uad (v, #) B3aHMHO OJHO3HAUHO OVIpejesisieT BH-
6op nons N uau N, TO TOHATHe OPHEHTAUMH NPOCTOH TNALKOH HO-
BEDXHOCTH KaK JBYMEPHOTO MHOT0O00pa3usi COBMNaRaeT C BBEJEHHHIM
B § | nouaruem opueHTauuu nosepxHoctd. Ecau S — apocraa raag-
Kas [OBEPXHOCTb, TO IIOA TEPMUHOM «OPHEHTHPOBAHHAs INOBEPXHOCTb
S» OyzeM NOHHMaThb MOBEPXHOCTb S ¢ (DHKCHPOBAHHON OpHeHTalHell
KaK B TOM, TaK H B Apyrom cmnicie. Kpome rtoro, 6yiem 1oJb30BaTh-
Cst BBeJeHHBIMH B § | NmOHSATHAMU ODHEHTHPOBAHHON KYCOYHO-TJAAKOH
TOBEPXHOCTH, INIOJIOXKHTEJIbHOr0 00X071a KOHTYpa Ha HE3aMKHYTOH Ky-
‘COYHO-TJIAAKOH ODHEHTHPYEMOH NOBEPXHOCTH M TEPMHHOJOTHed ykKa-
34aHHA ODHEHTAUHHU MOBEPXHOCTH.

B uactHOCTH, BHIpaxeHUe

S={r:r(x, yy=(x, y, 2(x, Y)), (x, y) = D)

3aLaeT BEDXHICIO, a BHIDAXKeHHe

S={r:r(x, Y=(x, y, 2(x, v)), (y. ) =D}
— HHUXKHIOIO CTOPOHY MNOBEPXHOCTH, OIpeleNeHHOH sBHOW (GyHKUuel
2=2(x, y); BEIpaxKeHne

S={r:rly, ={x(, 2), y, 2}, (y. 2) =D}

3a1aeT NpaBylo, a BeIpaXKeHue

S={r:r(y, 5y=1{x{y, 2), y, 2}, (2, y)g—;ﬁ}

— JIeBYIO CTODOHY NOBEDXHOCTH, ONPEAEJCHHOH .ABHOH (QyHKUHEH x=

=x(y, 2).
Onpeanenenne. Ilycth S—Kycouso-riajakas OpUEHTHDOBaH-

Q
Hag nomepxHocth, S= {} S, rae S, 1<<g<<Q, — npocrhie raan-
g=1
KHe OpHEHTHpOBaHHHE MHOroo0pasus (NMpoCThle IJIajKHe OPHEHTHPO-
BAaHHBlE [OBEPXHOCTH) O6e3 OOIIMX BHYTpeHHHX Touek. FlHTerpasm ot
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2-hopMbl ® MO NMOBEPXHOCTH S WJIH NOBEPXHOCTHBIA HHTErpaj BTOPOTO

poaa o6o3Havaercs \'S © ¥ ONpedessieTcs pPaBeHCTBOM SB o= Z \‘gm
‘s S g=1 's;
Onpenenerue MOBEPXHOCTHOrO HHTErpaa BTOPOrO poOAa KOPPEKT-

HO, T. €. €ro BeJHYHHA He 3aBHCHT OT NpeiacraBjeHus S B Buie 00b-
elUHEeHHs HelepeceKalolnXxcss MHOroobpasui.

OcHoBHble CBORCTBA NOBEPXHOCTHOTO HHTErpaJia BTOpPOro poja

1. Eciu S u § ectb 0Go3naueHHs ONHOH M TOH JKe NMOBEPXHOCTH C
HPOTHBOMOJIOKHLIMH OPHEHTAUUAMH, TO SB 0= ——-Skm (nampaB-
S ) s

S
JIEHHOCTb HHTErpasia).

2. SSalml+a2m2:al ng1+a2§§mz,
s S 's

THAE &) M O, —KOHCTAHTHl (JHHEHHOCTH HHTErpasna).

3. Eciu S=S§,US;,, nosepxnoctn S, u S; He HMelOT OOLIUX BHYT-
PEHHUX TOYEK H MX OpHEHTAIIHH COTJIACOBAaHBI, TO

? S o= Q S o -+ § g ® (alJHTHBHOCTb HHTETpaJja).
Ls .Sl 'S;

4. Ilyctb S — opHeHTHpOBaHHAs IJafKas NOBepxHocTh, N={n}-—
ee opueHTHpYyIolee noJie HopMmaJel. Toraa

Sgw: W(alcosoc+a.2cosf5+a3cosv)d8,
S st

rie a, B, y—yras Bektopa neN ¢ ocamu OX, OY, OZ coorser-
CTBEHHO, T. €. n==(cosa, cosf, cosy) (CBA3b MOBEPXHOCTHHX HHTE-
rpajioB MNepBOro0 H BTOPOro pojaa), w=ady/A\dz-+a,dz/\dx-+asdx/\
Ady.

IIpumep. Buuncaum

S‘\ yzdy N\ dz+ x*dz N\ dx-+yzdx N\ dy,
S

rae S —BHellHsAs CcTOpoHa noaycdeph x2+y?+22=a2 y>0 (a>0),

Pewenue. Ilockoneky y>0, 10 ypaBHenne nogychepn S 3a-
NHCHIBAETCS B SIBHOM BHJE:

X=x, z=2, y:l/az——xz—zz, (x, 2)= D,

rie objacte napamerpos D={(x, 2):x*+2*<<a?. [aa oro6paeHHs
9:D>R3:x=x, y=Va*—x*—2%, 2=z umeem

. — X ’ ;o —2
q)x_ (ly ]/—a———z—‘xz—mz2 y O), (Pz - (O, V~a_—-—2_x2—_22, 1)'

[o; X @;]=|

—x —2z
Y — 1, ).
Vat —x*— 22 Va‘%—-—x“—zﬂ
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CoenoBatenbio, opueHTtanus (¥, 2) obaactu D omnpenensier BeKTOp
HopMaau K S, HanpaBJeHHHH K LEeHTPY Nojaycdephl, T. e. 3Ta OpHeH-
Talus NPOTHBOMOJIOXKHA 3aiaHHoil. Mrtak, B HaweM cjayuae OpHeHTH-
poBaHHas nosaycdepa 3anUCHIBAETCS B BHIE

S={x=1x, y='|/a2——x2—-22, z2=2, (2, x) = D}.

CornacHo ompeleneHHsM HaXOAHM COOTBETCTBYIOHIMI TIepeHoc ¢*®
NOABIHTErpasbHOH POPMH ®:

— xdx — zdz x
dy_—f/?:_——f—j’ P w= deXAdZ+
-+ x%dz Ndx—22dx N\ dez= (*+ 22} x2)dz N\ dx.
CuaepoBarenbHo,

SSS(D:SSS‘ yzdy N\ dz+x*dz \ dx+yzdx \ dy=

_—.J;)S (R+224x2)dz \ dx= S;S (¥®+ 2%+ x2) dedx =

2n a

= S d(pSr3(1+coscpsin(p)dr= ﬂj )
0 0

I1pumep. Bouncaum

Qg (42422 dy N de-+4xydz \ dx+2%dx N\ dy,
‘s

rie S-—npaBsas CTOpDOHA YacTH THNepGONHYECKOro UHJAHHApa 4x%—
— y?=a?, nexauell BHyTpH Konyca x=7V F-F2° (@>0).
Pemenue. IlockosbKy 3anaHa mpaBasi CTOpOHA IOBEPXHOCTH
S, BupasuM ee B Buze S={(x, y, 2), x=x(y, 2), y=y, 2=2, (y, 2)
eD}. Hcnosb3ys ycaosre x>0, nojayyaem, 4to X (y, z)z%'l/ati—yz.

O6aacte D 3HaueHu#i nmapaMeTpoB SIBASETCH TNpPOEKUHeH 3anaHHOM
YacTH UMJAMHAPA 4x?—y?=a® Ha miockocth ZY, rpaHully ee HAaXOAHM
KaK mpoexuuio JHHUH Nepeceyenns nopepxuHocredi 4x2—y?=qa?u x=
=7/ y* 2%, MCKJIIOuasl, IePeMEeHHYIO X U3 3THX JABYX ypaBHeHuii: a®+
+y2=4(y?+2%) unu 3y2+422=a2 Hrak,

S={x=%1/a2+y2, y=y, 2=2, (y, )= D,

D={(y, 2): 42243y < az}}.

CornacHo ompejle/leHHI0 HAaXOJHM COOTBETCTBYIOUIMA mepeHoc ¢*w®
NOJBIHTErpanbHoOl GOPMH ®:
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d *
dr = o @ ) dy N d e A dy=

=(a*+2%) dy N\ dz.
CiepoBarenbHo,

SS(DZSS (4x®+-2%)dy /\.dz—{—4xydz N\ dx+2%dx N\ dy=

_Ss(az—l-zﬂ)dy N dz = SSzzdydz—f- )5

B mosyueHHOM ABOIHOM HHTerpaJie ClesiaeM 3aMeHy:

y-——a—sin z2=-2-cos
V3o TR

Tornxa

{2z
_ mat

2 a" .3 2 —
SSZ dydz = ——— 2]/3 Sdcpj' rdcos® ¢dr = V3

Hrtak, okoHyarte/bHO

SS natl  mat 17
32y 3 2’3 323"
IT1puwmep. Beuncium

SS xdy N\ dz—ydz \ dx+zdx \ dy,
S

rie S — BHeUIHAs CTOPOHA 4aCTH KoHyca 2?=x24y2, jexalllefi BHILE
niockocTy z=0 W BHYTpH HuauHApa x2+ y?=a? (a>0).

Pewenue BHemnas nopmalb XK MOBEPXHOCTH KoHyca 2Z=x?+
+y? nanpasnena or ocu OZ, H B TOUKAX KOHyCa, JeXallHX BhHILIE
njaockoctn 2=0, o6pasyer ¢ 3TOi ocbio Tymod yroa (cM. puc. 47).
CrenoBatenbHO, 3ajaHa HHXHsIsI CTOPOHA KoHyca. Hcnoabsys ycJo-
Bue 2>0 sanumem S B Buge S={x=2x, y=y, 2=V 2+ (y, )=
& D}. O6aactbio D 3Hauennft Napamerpos sABAAETCS KPyr {(x, y) :

x2+y2<a2} Haxoanm cooTBeTCTBYHOIHUHA IepeHoCc @¥w NOABIHTe-
rpanbHOH QOpPMH ©:

xdx + ydy
dz = = , ——e dx—
Vety ve V 2+y2 W N

-——-—*;V_zﬁdy/\dx-}—'[/xz—{—yzdx/\dy— dy N\ dx.

'l/ 2 + 2
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CaenoBaTesbHO,

\"Sm=”xdy A dz—ydz N\ dx+zdx N\ dy=

2y? y*dydx
T e—— —-—-——-————d x:—2S§-—————~«=
§ v o = =2 |
D D
2x a orn3
=2 S de Srzsinz @dr = ——-—“~ﬂ3—a—
0 0
24\
a
n
0 v
x
Puc. 47

Il1p umMep. Buuncanm
“xydy N\ dz+yzdz \ dx—+ xzdx )\ dy,
A
rie S — aeBasi CTOPOHA NOBEPXHOCTH
x=ud—vd, y=u, z=u?, (4, v)< lp,0, wn-

Pemenne. [lposepuM cHauana KOPPEKTHOCTb 3a[aHHS CTOPOHH
nosepxgocTd S, T. €. NMPOBEPHM, 4TO CYHIECTBYeT HelpepHBHOE moJje
N uopmadeii k S, Takoe, 9ro cos(n, 0X) <0 nas ;m1060ro BeKTOpa NE
eN. O6o3unauuM uepe3 ¢:R2—>R® oro6paxenne x=ud—uv3, y=u’v,
z2=uv?, Torna

@, = (3u?, 2uv, v*), @,=(— 3v?, u?, 2uv),

[, X @,] = (3u*?, —3v*—6u’v, 3u’+ 6uv®).
Orciofa BHIHM, UTO

S=(x=ut—1% y=u, z=u?, (v, u) & Ilp,0, a,n)
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ecTb 3ajaHue NOBEPXHOCTH S ¢ yKa3aHHOH B YC/JOBHH OpHEHTalHeR.
HaxoanM cootBercTByoOiidii nepeHoc @*w NOAHHTERpajbHOH  ¢op-
‘MBbl @©:

dy \ dz = \ w200l gy A gy = — Bur*do \ du,

2uv ©*
dz N\ dx = 2:)‘20 _g’zz dv N\ du=(6uPv+ 3v*)dv \ du,
dx \dy =| 3, 2‘50 do N\ duw= (— 6uv® — 3ut)do )\ du,

9'0= —3utPu (P —uv¥) dv \ du—+ u® (6udv+3vt)dv A\ du—
—uv? (13— v®) (6uv® + 3u) dv N\ du = (—3u'v®+ 3utr®+-
—+ 6uby® 4 3udv? — 3ube® 4 6ulv®— 3ubv?) dv N\ du.

CaepoBatenbHo,
SS 0= SS xydy N\ dz+yzdz N\ dx+ xzdx N\ dy=
S S

= S S (— 3708 + 3uS + 6usv® + Buv’ — 3ube +
1,00, (1,1 ‘
1 1
+ 6u*v®—3utv?)dv A\ du= S duS (6u?v® + 3udv? -+ 3utv® — 3ubvs +
V] v

1
3

+6u"v4—3u7v3——3u8v2)du:S(_g_uz_i_%us_}__;"_w_?us_}_
0
6 6 3 1,8\ 2 3 3 1 6
— U ——u'—uidi="—t—_—— 4 ——
+5 4 9+32+35 l2+35
3 1 359

32 9 1260 °
[Tpumep. Briudciaum S S yidz N\ dx+22dx )\ dy—x*dy \ dz,

S
rie S —uyacrb IIOBEPXHOCTH TeJia

V={(x 4 2:2¢ + 2 <az<<+4+a% (@>0),

YAOBJIETBOPSAIONLAs YCJAOBHIO y>0, M BEKTOp HOpPMalH N, XapaKTepH-
syrowmuii opuenrauuio S B touke M(0, a/2, 5a/4), o6pasyer ocTpHH
yroa ¢ ocrio OZ.

Pewenue Opuenrauus nosepxHocru S, ompefesieHHas BeKTO-
poM n, 6blia MOAPOGHO NHpOaHAJH3HPOBaHA B HpUMepe Ha C. 226.
DTOll OpHEHTalHMH COOTBETCTBYET BEDXHAS CTOPOHA 9acTH napaGo.o-
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una S;={(x, y, 2) :az=x?+y?+a? x2+y?><a? y>0} ¥ HHKHAS CTO-
poHa wactu napabosoniaa S,={(x, y, 2) :az=2x?+2y?, x?+y?><a?,
y>0}. CrenoBaTeqbHO, ODHEHTHPOBaHHAs NMOBePXHOCTH S=S,S,, rae

S, = {r:r(x, y):{x, Y, ﬁi—f—ﬁz—}, (x, y)eﬁ}

H
Su={rer(e =[x g ZEEL (s, 9 =D),
a
D={x, y): ¥ +y*<a® y>0}.
Haxoaum ¢,*@ — nepenoc ¢opmbl
o=y3dz \ dx—x%dy N\ dz-+2%dx \ dy
8 S, Ha D:

de= — (2xdx -+ 29dy), @jo= ———dy N\ dr+Ldy \ dx 4
a

o L dy = (2 — 20y 4 (2 44 o)) dx A d
@, ®@—nepeHoc HopMbl

o=1y%dz \ de—x*dy \ dz--22dx )\ dy
¢ S, Ha D:

- dz = = (xdx+ydy),
90 =—-(dy \ d9)—— &dy \ dr+— (P g de A\ dy=
= @ — e — (24 dy A\ dx.
CuiezoBareJbHO,

— — 1 3__ 3 2 2 2\2
S§m—§§m+§5§ oa——a;SDS [2ax°—2ay + (4 + g +a*?] dx \ dy -+
o (Clay —ax —(a P ay A dx = (§ 200 —20 +

3 5

+ (x4 y* + a*? + dayP —dax® —4 (P + ] dxdy =

I

-17 S do S [r* (2a sin® 9 —2a cos® ) + rat + 2r3a®—3r®] dr =
a
0 0

as /
a? (

$end ) )

3
\ \
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§ 5. BEKTOPHbI AHAJNU3

Eme pas o6paTtuMm BHUMAaHHe Ha TO, YTO MAaTepHaJ, H3JOXKEHHHH
B 3TOM naparpade, paccMoTpeH B § 4% B TeDMHHOJIOTHH BEeKTOPHHIX
nosedl. Uurarteao NoJie3HO CPaBHHTbL ONpPeEJesIeHHS], OCHOBHHE CBOH-
CTBAa pacCMaTpHBaeMblX NOHSATHH H XOJ pelleHHsl NPHMEpOB.

ITycts B o6nactu DcR® 3apano BektopHOe nose A={A., A,, A}

Onpeaenenne. Eciu koopaunaret A,, A, A, BexTOpHOro HO-
a5 A SBJAIOTCS MIaJKAMH QYHKUuAMHA B D, TO

a d o
1. ckansp aan + aAy + :2 HasbIBaeTcsd AuBepreHuued 1noJas
X y z

A u o6osnauaercs div A4;

2. BEKTOp
i i k
8 8 o | _.ieA 0.\, .f0A, 04,
ox 0Oy 0z t( oy 0z >+]( 0z 0x )+
A, 4, A4,
0A 0A
k Yy X
+ ( ox dy )

Ha3nBaeTca poropoM (Buxpem) nojas A u o6osnavaercsa rotA;
3. anddepenunanbnas 1-popma

o= Adx+ A dy+Adz

HasniBaeTcsl gopmoil paGoral nojsi A u o6o3HayaeTcss w,l;
4. nudppepenunanbuas 2-¢popma

?=Ady \ de+ Aydz N\ dx+Adx N\ dy

HaswiBaetcsa Gopmoii notoka noast A u o603Hagaercs w2

Onpenenenue. Ilycts B o6nactu D 3ajanbl BeKTOpHOE HOJe
A={A., Ay, A;} u opuenrnpoBanHas Kpuass L. OGosHauuM depes T
€IIHHUYHBIH BEKTOD KacareqbHOH K L, HanpaBieHHBIH COOTBETCTBEH-
HO opHenTauuu L. Uurerpaa

gwgzg(A - T)ds
i L

HasbiBaeTcsl paboroii moas A Bpoae kpuBoH L. Ecam kpusas L
8aMKHYTa, TO 3TOT HHTerpaj OGBLIYHO Ha3bIBAIOT UMPKYJsLuefl Noas
BIOJIb KPHBOH L. )

Onpenenenne. Ilycts B o6nactn D 3amaHsl BeKTOpHoe HOJe
A={A., Ay, A;} u opueHTHPOBaHHAs NOBepXHOCTb S. O6O3HAUHM He-
Pe3 n eAHHWYHBIH BEKTOD HOPMaJM, XapaKTepH3YIOLHH OpHEeHTAIHIO
S. Hurerpan

| o3= {$@d-nas

S S
HaswRraeTCAd NOTOKOM noas A yepe3 NMOBEPXHOCTH S.

263



Onpenenenune. Kpusas L HasbiBaeTCsi BeKTODHOH JHHHel MO-
as A, ecan B Kaxjaolt Ttouke ML BekTop moJas kKacareseH K L.

M3 ompenesneHus cieiyeT, 4TO BEKTOPHHIMH JHHHAMH nojs A=
={A,, A,, A} sABAAIOTCA HHTerpaJbHbBle KDUBbie CHCTeMHl yDaBHeHHH

Onpenenenue. O6aacTb, OrpaHuueHHast MOBepXHOCThIO S, Ha-
3HBaeTCs BeKTOPHO# TpyOKof moas A, ecaum B Kaxnaolt rouke MeS
BEKTOD IIOJISl OPTOTOHAJIeH BEKTODY o HOpMaJau K S.

W3 onpenesnenus cienyer, uTo NOTOK noJsi A uepe3 MOBEPXHOCTB
BEKTODHOH TPYOKH paBeH HYJIO.

Onpenenenne. BekropHoe nose A, 3amandoe B obGmnactu Do

RS3, HaspiBaeTcsl MOTEHIHAJBHBIM, €CJAH CYIeCTBYeT (YHKUHA U :
ou ou ou
:D—>R, rtakas, uro gradu= |—, ——, — | =A. Oyukuus u Ha-
ox dy dz |
3KIBaeTC MOTEHIHAJ0M moJs A.
ITorenuuanbHocTb nosst A 3KBHBAJEHTHA TOYHOCTH (GOpPMBL  mal

pa6orsl storo noas: owal=du. CnenoBaresibHo, pa6ora HOTEHUHAJb~
S’
HOro moJsisl BAO1b KpUBOH AB paBHa Pa3HOCTH 3HAYEHHS NMOTeHLHaaa

B KOHEUHOH H Haua bHOH TOYKAX 3TOH KPHBOMH:
S (A -t)ds- BiAxd.H—Aydy—G—AZdz: u(B)y—u (4).
AB AB '

Heo6GXx0oauMBIM H 1OCTATOUHBIM YCJAOBHEM NOTEHHHAJBHOCTH IOJS $iB=
JISIETCSl DPABEHCTBO HYJI0 paBOTH ero BAOJb JIOGOr0 KYCOYHO-TJIA1KO-
ro koutypa LD (cM. cBOHCTBO KDHBOJIHHEHHOTO HHTETrpajsa BTOPO-
ro poza)j.

Onpenenenue. BekropHoe nose A, saganuoe B obiacta D
CR?®, HasbiBaeTCA COJNEHOWIAJbHBIM, eCJH B obaactd D cyulecTByer
BekTopHOe mojie W, takoe, uto rot W=A. Ilose W HasniBaeTcs Bek-
TOPHBIM NOTEHLHAJOM 11045 A,

CosteHonnanbHOCTh MOJA A 9KBHBAJIEHTHA TOYHOCTH (DOPMBI MO«
TOKa 3T0ro moss: ©%=d (0j}). CiexoBaTeNbHO, A COJCHOUAAJbHO=

ro noJsi crupaBelJiHBo paBenctso div A=0, Tak Kak
doi=d(Ady \ dz+Adz \ dx+Adx N\ dy)=

__{ 04, 04y 04, .
—( e >dx/\dy/\dz_0.

Teopema Ilyankape mnokasbiBaer, 4to ecaun obaactb D Takosa,
970 JIOGYI0 3aMKHYTYIO IMOBepPXHOCTb, JIEXKAILYI0 B D, MOXKHO Henpe-
PBIBHO CTSIHYTb B TOYKY, He BHIX0Asl M3 D, To mose A, onpeneseHHoe
B 37O o6s1acTH W yAOBJeTBOpsiollee ycaoBHio divA=0, coseHoH-
RanbHo. Tak Kak A/ MOTEHUHAJbHOro NoJs F HMeeM, 4T dol=d(du)=
=0, TO BEKTODHBHIl NOTEHUHAJ COJEHOHZAJIbHOIO TOJS olpejesns-
€TCs C TOYHOCTBIO [0 CJ1araeMoro, siBJSIOINEroCs MOTEHUHAJJbHBEIM MO«
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seM. OfMH H3 BeKTOPHHX nortenuunanos W={W,, W, W.} coneson-
naabuoro noas A={A., A,, A,} noayuaoor caenywouuM o6pasoM: mo-
aaraor W,=0; 3a W, Gepyr oaHy u3 mepBoo6pasHbix ¢GyuKuui A,
OTHOCHTEJbHO TNepeMeHHOH x; toria W, Gyaer Ta u3 mepBooGpa3HHX
¢ynkuui —A, OTHOCHTEJNbHO NEPEeMEeHHON X, KOTOpas OTBEYaeT ypas-
HEeHHIOo

w, oW,
oy 0z *

3anuiieM 3T0O Tak:

W, = S Adx, W,= —S Adx+oly, 2),

rae QyHKUHSA @ (Y, 2) YAOBJETBOPSET YPaBHEHHIO

o0 5} J
—=A, 4 —— — \ A dx.
Oy T 0z W"+ dy S ydl

Bribupas OAHO H3 pelleHHH 3TOr0 YpaBHEHHS, OKOHYATEJbHO
onpejessieM (PyHKIHH

W,=0, W, W,

ITpumep. ITposepus, urto none A={x—y+z, y+z2—x, x+y—22})
COJICHOH/aJIbHO, HaliieM ero BeKTOPHH NOTeHLHAJ.
Pewenne. Ione 4 conenonaanbio, Tax Kak

divAa = 9
ax

(r—y+2)+ —afl(y b2 X)L (x4 y—22) =
y 0z
=14+1—2=0.

OnnuM H3 BEKTOPHHIX NOTeHHHaNOB moas A sraserca nose V={w, W,

W.,}, rae
W,.=0,

W,= ( (X+y—22)dx= -‘;i+yx~22,x,

2
W.={(—y—2drto 0, =2 —p—axtqu. 2,

%=x—y+z+§;—<—’f2—z—+yx—2zx)+
+-;;(—%+yx+zx;),

S —yta,

<P=—-%z~+2y
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Hrax, BexkTOpHEIM noTeHuuastom noass A={x—y-+z, y+2z—x, x+
+ y—2z} siBnsiercs BeKTopHOe nose F=W 4 grad u, rae

W= {0, —’%—Fyx——-?xz, i‘z—g—yz——xy—xz—}—zy}

H U — NpPOU3BOJbHAasA QyHKUUs Kaacca C2,
Teopewma (¢popmyna I'puua). [Hycre obracte D sexwur 8 R? u
epanuya 0D obractu D cocrour U3 KOHEYHO20 HUCAQ KYCOUHO-2AQ0-

Q
Kux Kourypos 0D = |j L, Obosnawum uepes 0D+ ob6vedunenue

g=1
KorTYypos L, (1<<q<<Q), opuenTuposannvix Tax, urobs. npu ux o6-
xo0e O6./laCTb D ocrasasace caesa. Toeda ecau pyuxyuu P(x, y) u
Q(x, y) nenpepolsro, 8 D gmecre co csoumu 4acTHo MU nPOU3BOOHbL-
0Q

Mu—u = 10

S Pdx +Qdy = SS ( )dxdy

Ecan yepes o o6o3nauuts dopmy Pdx+Qdy, To dopmyna I'puna 3a-
nuaIeTcs B BUAE

Jo={fa

Ecau koHTyp L JiexkHT Ha [IOBEpXHOCTH S, TO Ha30BeM dacTth S,
OTpaHHYeHHYI0 L, NOBepXHOCTBIO, HATAHYTOH Ha KoHTYp L. Ecau no-
BEePXHOCTb S OpHEHTHpyeMa M KOHTYp L opueHTHDPOBAH, TO OpHEHTa-
uul S, NpH KOTOPOH 3agaHHBIH 06XOX KOHTypa L mosoxureseH, Ha-
30BEM COIVIACOBAHHOMH C opHeHTauuei L.

Teopema (dopmyna Crokca). ITycre obaacte D sexcur s R3;
dynkyuu P, Q, R=C(D); opuenruposannsiii kontyp LD u ScD —
HATARYTAA HA L OpuenTuposanHnas no8epxXHOCTs, OPUEHTAUUS KOTO-
poii coeaacosarna ¢ opuentayuedi L. Toeda

/aR aQ \
§de+Qdy+Rdz=SSS Sy o)y Nzt

+(£€——§§—>d2/\dx—]—<%2—

oP
. 0z Ox ) dx N dy.

Ha npaxkrTuke HOBEpXHOCTHHIH MHTErpas BTOPOTO pOAA, CTOALIMA
CIpaBa, 4acTo IepeBOAAT B IOBEPXHOCTHHIH WHTerpaj NepBOro popa
H noan3syiorcs dopmysnoi CToxkca B Bule
coso cosf cosy

d
dy az
P Q R

!deqLQdy-}-R dz:” ds,
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THe COSa, COSP, COSy-— HaNmpaBJsiolde KOCHHYCH = BeKTOpa HOpMa-
JH K S, XapaKTepU3yIollero opHeHTanHmo S.

Ecau yepes o oGosnauuth ¢opMmy Pdx+Qdy+Rdz, To dopmyaa
Crokca 3anuulercs B BHIe

é 0= jsy do.

B tepmMunax BexkTopHoro asanusza Qopmyaa CTOKCa BHIVISAHT
tak. Ilycts o6aacte D, KOHTYp L ¥ NOBEPXHOCTb S YIOBJETBOPAIOT
¢hOpMYIHPOBAHHBIM BhHILE YCJHOBHSIM; N — eAMHHYHRIH BeKTOpP BOp-
Maan K S, xapakTepH3yOUIU# OpHeHTAUHI0 S, T-— eIHHHUYHHH BekK-
TOp KacaTesJbHOH K L, HanpaBjeHHBIH COOTBETCTBEHHO OpHEHTAIHH
L. Torpa uupkyasuua raaakoro B D BekrtopHOro noas A BAOJb KOH-
Typa L paBHa noToKy rot A uepes noBepxHocTh S

S(A-r)ds:SAxdx+Aydy+Az dz=5‘g(rot/l-n) dS =
L L S

cosa cosf cosy

:SS‘ 09 9 s
ox 7] 0z
A

la, 4, 4

Y

Teopema (dopmyna Ocrporpaackoro— aycca). [Iycrs 06-
aacre D aescur 6 R3 u epanuya 0D obaactu D cocrour u3 xoseuHo-
20 uucaa Kycouno-zaadxux nosepxuocrel. Toeda ecau ¢pyuxyuu P,

Q, R=C!(D), 10
SJ‘de Ndz4Qdz A\ dx+Rdy N\ de=

oD

2de nepsvui unreepan bepercs no srewmerl oTHocureavno D cropone
oD.

Ecau uyepe3 o 0603HauuTh Gopmy
Pdy \ dz+Qdz \ dx+Rdy A dx,

T0 Qopmyna Octporpaackoro— 'aycca 3anmuinercst B BHIe
0= do.
(fo={(f

B rtepMuHax BektopHOro amamusza ¢opmysna OcTporpaickoro —
laycca sorasaut tak. Ilyetb obnacts D ynosaerBopsier  copMyJiH-
posanHomy Bhile ycaoBuio. Torna notox rinaakoro B D BeKTOPHOTrO
nosisi A uepes nosepxHoctb dD pasen unterpaay or divA no D:
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(fanyas=i{A.dy \ded-A,dz \det+A,de A dy =
a3 .

ab D

= [\ divadrdydz.
D

O6snacth D R? pa3biBaeTcss OJHOCBA3HOH, ecau AJs JOHOTO KOH-
typa LD ob6nacrs DpcR?, orpannuensas L, ueauxom Jexur B D.

Ecau obaacts D omHocBsizHa, TO Ji060o# KoHTYp LD MOXKHO
HENpephIBHO CTSHYThL B TOYKY, He BHIXOAs u3 D.

Teopewma. Ilycre obaacre DcR® (DcR?) raxosa, uro awbod
koutyp LD nenpepoisHo cTA2u8QeTCA 8 TOHKY, He Bbixo0sa u3 obaa-
cru D. Toeda 2aadkas 3amxnyras Ougepenyuarvras 1-¢popma o,
3adannas 8 D, Touna 8 3roii obracru.

B TepMuHax BeKTODHOTO AaHAJH3a 3TO yTBEpXK/ieHHE BBITJASAIUT
TakK:

IIycts o6macts D—R® (DcR?) rakosa, uto Jw6oil KoHTyp LD
HENpepLIBHO CTSATMBAeTcs B TOUYKY, He BhIxoAs u3 D. Toraa ruaanxoe
BEKTODHOe moJie, 3ajaHHoe B D, NOTEHNUHAJbHO TOTAAa W TOJbLKO TOT-
nAa, korna Bciony B D rot A=0. Ilone, ynoBaerBopsiioiiee VCJIOBHIO
rot A=0, Ha3bBaT Ge3BHXPEBLIM MOJIEM.

EcrecrBennas o6mactb npumesneruss gopmys I'puna u Ocrporpaa-
ckoro — I'aycca — 3T0 MHTerpaJjibl BTOPOTO POAAa MO 3aMKHYTHIM KOH-
TypaM Ha NJOCKOCTM H 3aMKHYTHIM IIOBEDXHOCTSIM B NPOCTPAHCTBE.
Ho wunorza, oco6eHHO B mpoCTpaHCTBe, BHIUMCJEHHS YHpOUIAIOTCA,
eC/IM 3aMKHYThb HEe3aMKHYTYIO NOBEPXHOCTb WJH KPHBYIO M CUHTATh
AaHHBIH HMHTerpaj Kax Da3HOCTb Npeo6pa3oBaHHOrC HHTErpaja Imo
3a@MKHYTOH MOBEPXHOCTH HJH KPHUBOH H COOTBETCTBYIOMETO HHTErpa-
Jla 1O 3aMBIKAaWUleMy MHOXeCTBY. B KauecTBe Takoro MHOMKecTBa
OOBIYHO GepyTCs OTPe3KH NPSMBIX HMJH YacTH IJIOCKOCTeH, mapas-
JeJIbHBEX KOODAHHATHBIM, NOCKOJBKY TO TaKHM MHOMXECTBAM HHTe-
rpaj BTOPOro poja BHYHCJsEeTCS HanboJjee IMPOCTO.

[Ipumep. Buuncnum ykasaHHBIM CIOCOGOM HHTErpaj M3 MpHe
Mepa Ha c. 261:

{§g2de N dx—x2dy N\ dz+22dx A dy,
N

rie S —udacTb nosepxHocTH Tena V={x, y, 2):2x2+2y2<az<x2+
+y?+a?} (a>0), BupesanHas ycaoBueM y>0, U HOpMaab, XapakTe-
pusynomas opuenraunuio S, B rouke M=(0, a/2, 5a/4) obpasyer ocr-
pH#t yroa ¢ ocbio OZ. :
Pemwenune 3aMKHeM HOBEPXHOCTb S 4acThl0 NJIOCKOCTH y=0.
Torna nonyuennas nosepxuoctb S 6yner rpanuuei teaa: V={(x, g,
2):1y =0, 2 4-29’<Taz << 2+ y* +a%. Touka M=(0, a/2, 5a/4) ne-
KHT Ha BepXHell rpaHulle Tena V i HOpMaJb B 3TOH TOYKe HampasJe-
Ha BBepX, CJIEAOBATENbHO, MHTerpaj Oepercs Mo BHEUIHEH CTOpOHe
nosepxnocti dV. Ha nosepxsoctu S;—wuacts miockoctn y=0, BXo-
Asmeit B V, BHeWIHssl HOpMajb HAampasjeHa IMPOTHBONOJOXKHO OCH
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QY, ciepoBarenbHO, 3alUCh OPHEHTHPOBAHHON MOBEPXHOCTH Sy ecTh
S;={x=x, y=0, z=z, (x, )= D, D={(x, 2): 2x* <L az< x* +-a?}}.

Hrak, B cuay dopmynnl Ocrporpaickoro — aycca

Kgyzdz Nde—xtdy \ de+22de N\ dy =

S

= ([ ypde N de—xrdz Ndy+22dx A\ dy—
v

-—fSy“dz Nde—xPdz \Ndy+22de N\ dy =
s,

= [ [ {@y—2e+22)dxayde— [ y2de \ dx—x2dy \ dz4-22dx \ dy.
v Sy

Haxomum cyxenne @*w ¢opMbl o=y?dzA\dx+x2dzN\dy+22dx/\dy
ga S;:dy=0, ¢*w=0.Tak Kak

Villx, y, 2): B2+ 2 <<a* 22428 <ae<E+y2+a?, y>0},
TO, cJjenoBaTeJ/IbHO,

SS yrdz N dex—xPdy N\ dz-+2%dx N\ dy=
S
xityttar

=S§S(2y—2x+22)dxdydz=Q‘S;j.dxdy S (—x+2)dz=

2x34-2y%
2
=—\\|a(—x+9@—+—)+
=
(32 + 35"+ ) (@ —2—y) | drdy =

2 S do Y [(a3r2—ar4) (—cos @ +sin @) +—;—- (atr +-2a%*— 3r5)} dr=
a9

fIpumep. Hafimem norok Bekropa A=x3i+y3j+ 2%k uepes:
a) GOKOBYIO IOBEDPXHOCTb KOHYCa

D={(x, y, 2): *(X**+ ) <<2R?%, O0<Ce<CH} R>0)

6) uepe3 MOJHYIO MOBEPXHOCTb 3TOTO KOHycCa.
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Pewenune OB803HaunM uepe3 7 eAHHHYHBIA BEKTOp BHeILHe#H
HOpMaJHu K rpanuie dD koHyca D.

Haunem ¢ nm. 6). B cuny dopmyasr Ocrporpanckoro— I'aycca no-
TOK BeKTOpa A uepes noBepxHocTb 0D ecTb

g(A.n)dsz\;‘Wd@v/ldxdydzf g\ dx dy <'1 (Bx24-3y2 -+

D D x4 yt<<R*? »E—sz—f—w
2 R H
+32%) dz = S grdr (r*+2%d
] (3 Hr/R
R r H?3r3
By [ H———)+—3_( — /}Jd-_—_

H

+~T—\+rﬂ3 dr =
RB) 17

2 HR*— (3HR4+H3R2)—7- H3R2}_
— —3’;— RPH (R®+2H?).

Briuncnenne noroxa Bekropa A uepe3 GOKOBYIO IOBEPXHOCTb KO-
nyca D npoBenem aByMst cnocofaMmu.

1. O6o3naunm yepe3 S; ¥ So COOTBETCTBEHHO BHEWIHIOIO CTOPOHY
60oKOBOli H BepxHel nosepxHocTH kKoHyca D. Torpa Bektop n, xapak-
TepHU3YIIIHNA OpHEHTANUl0 S, coHampasjeH ocu (OZ, cjeaoBaTeNbHO,
3alHCh OPHEHTHPOBAHHOH NMOBEPXHOCTH Sy €CTh

S;={(x, y, 2):x=x, y=y, z=H, (x, yy <D,
D={(x, y): 2*+y* < R%}).
Haxonum cyxenne ¢*w dopmul
=(A-n)dS=x%dy \ dz+y*dz \ dx-+23dx )\ dy
Ha S, :dz=0, 9’'w=H3dx \ dy. CnenosarennHo,

“mmw=§mmw_$mmw=

3"RH (R + 2H?)— SS H*dxdy=
X <R
— 3"R H (Re 2HY) —nReps = TRH (3pe 4y,
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2. Bekrop n, xapakTepHuaylouui OPHEHTALHIO S — 60K0BO# 10~
BEDXHOCTH KOHyCa D, o6Gpasyer ¢ ocblo OZ Tymoit yroJ, T. e. BHELIHeR
CTODOHOH NOBEPXHOCTH S fABIAETCA HIKHAS cTopoHa. [loaromy aa-
OHLIeM ODHEeHTHPOBAHHYIO MOBEPXHOCTb ) TaK:

Sl:{(x: Y, 2) Xx=x, y=y, ZZ%I/JC*»MQ, (y, x) =D,
D={(x, §): ¢ +5' <R},

Haxonum cyxerne ¢*w dpopmu

=(A-n)dS=x*dy N dz-+y*dz \ dx+23dx \ dy

H xdx-+ydy
Ha S;:de=— ="
. R Vit
v H xdyNdx | H do A dx
U e

_ﬂ 2 2 2 __ 442 2l (s2 o1 3/2
o PPV g dx N dy R( R,(x+y) +

»+
+m> dy N\ dx.

CiefoBaTeJbHO,

SS(A -n)dS = ng“dy /\ dz+y3dz ANdx+28dx \ dy=
=—SS +y2)‘°"2+ﬁjxj—fy2)dy/\dx=

:_YQ?SS[_Hz(xz_*_yz)sm_{_Rz_%] 'dydx=~’-'j

2%
=—g— dcpg[—H2+R“’(cos4cp+sm4q>)]r4dr— #HR (3R2 4H’)
0

ITpumep. Bauncaum
S'(co-s y —{-‘y sinx+ y?) dx—(cos x + x siny 4 x*) dy, .
y , ;

rae L —uacts KpuBolt r=a(l4cos @) (a>0) or toukd A=(2a, 0) -
Ao Toukn O=(0, 0), sexamas B BepxHeHd NOJYILIOCKOCTH ( AekapToBa
d TIOJISIPHAS] CHCTEMBl KOODJHHAT COBMEIIEHH ).
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Pemenne 3amMKHeM KpHBYIO AO OTPE3KOM OA ocu OX
(puc. 48). Hanpasaenue kpusoii AO uHayunupyer o6xold noJryyeHHO-
ro Kourypa Tak, uto ob6aacte D={(r, ¢) :0<g<n, 0<r<a(l+

!/1\-

r=a(1+cosy)

0(0)0:) Al2a;8) oo

Puc. 48

-+cos )}, orpanuueHHas uM, ocraerca caepa. CienoBarTesbHO, NpH-
Menss ¢opmyay I'puna, nmoayyaem, uto

S(cosy+ysinx+y2) dx—{cos x -+ xsiny + x%) dy +

L

+ g(cosy+ysinx+yz) dx—(cos x L xsin y—x?) dy =
0A

=SS (sin y—sin x—2y-sin x—siny— 2x) dxdy =
D

a(l--cosg)

=—2 Sg(x—}—y)dxdy: ——2§dq&> S r?(cos @ +sin ¢) dr =
b 0

[ ]
= ——.%asg[(l—}-cosq))ssinqa-l-cosw-!— 3cos?p-3cos? -+
[}

-+ cost @] dop = --—2— al%(l -+ cos @)*

0 2
——a’X
ax 3

x[3 r@E2rae T (5/2)T (1/2) ]: —8/30°— Sma®
r( I (3) 4

Tak kak OA={x=x, y=0, 0<<x<{2a}, T0 cyxenneM ¢*o ¢GopmH
® = (cos y -y sin y + y%) dx—(cos x+ x sin y+x>)dy wma OA saBnser-
ca popma w=dx. CienoBarenbHo,

2a
S(cosy-}—ysiny+y2)dx—(cosx-{—xsiny+x2)dy= g dx=2a
0A 0
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H, OKOHY4aTe,1bHo,

S(cosyf ysiny -+ y¥dy—(cos x+xsiny+ x®) dy =
I

Haa®
=B 2 oq

3

B nonojHeHHe K CBOHCTBY 5 KpHBOJHHEHHOrO HHTErpaja BTOPOrc:
poia (cM. c. 248) BhiBeleM ellle OAHY (GOpPMYyay CBSi3H KPHBO.JIHHEH-
HBIX HHTErpaJjioB NepBOro H BTOPOro poia.

IMycts L — npocToll raaixkdil KoHTYp, Jexamuii B R?% t={cosa,
sin a} — eIMHHUYHBIH BEKTOpP KacaTeJbHOH, HalpaBJeHHHH COOTBeT-
CTBEHHO NOJOXHTeJbHOMY o06xony L, u n={cosp, sinp}— eaunnu-
HHHA BeKTop BHellHel HopMmaau K L. Tak Kak BeKTOp 1 HallpaBJew
BIPaBO OT BEKTOpa T, TO YroJ IOBOpOTa OT T K n paseH (—mn/2). Ot-
ciofa noJsyuaem, 4ro cos f=sina, sin f=-—cos a H, CJgeA0BaTe/bHO, B.
cuay cBoiicTBa 5 aas GyHKuuil a,:R*—>R, ar: R*>R uMeeM paBeH-
CTBO

K (a; cos B — @&, sin p) ds=§ (—a,cosa-+a,sina)ds= Kal dy—a, dx..
L L L

[Ipumep. Ilyctb D — opHocBsidHas o6aactb B R2, KycouHo-riaf-
Kuil Koutyp L snexur B D u f=C?(D). [IpeoGpasyem B 1BOHHOH HH-
Terpa/j KpHBOJHMHENHBII HMHTErpaJ STds, rie 1 -—BEeKTOD BHell-

n

L
Hell HOpMaJi¥ K KOHTYpY L.
Pemenne He orpannunBas oOIHOCTH, MOXKHO CUMTATb BEKTOP

n eAMHHYHEIM, Toraa n=1{cosP, sinf} u o _ 9 cos f —}——@c— sinf.
on ox dy

IlpuMensis noayueHHOe BHIE PaBEHCTBO, MOJy4aeM B CUAY GOPMYJHL
I'puna, uto

O g (8L O np) gs—
S o ds-—lg[\ o cos P - % smﬁ/) ds =

L

(o 4 O 4. Ko A

_IS . dy o dx ‘ES( ™ + P )dxdy,
L

rae Dy — o6aacTb, orpaHHYeHHas KOHTYpoM L.
Il p u M e p. Buuucaum unrerpana laycca

u(Xg Yo)= S —ﬁ—’ ds,
L

rie L —mpocroit raaakuii  KoHTyp B RZ2, r={x—xq, Y—1lo} — BEKTOp
u3 ToukH Mo=(xo, Bo), He Jexawell Ba L, B Touky M=(x, y) Kourty-
pa L u n— BexTOp BHeilRell HopMaJn K L.
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Pemenue. He orpannuusas oOGLIHOCTH, MOXKHO CYHTATb, YTO
X0=0, yo==0 u n={cos B, sin §} — eAHHUYHBI} BEKTOP.
Torna
_ xcosP 4 ysinh

Ir]

M B CHJIY NOJYYeHHOTO BhILUE PABEHCTBA

S cos (r, n) xcosﬁ+ysm6 S xdy —ydx

Il N Byt

cos (r, n)

xdy —ydx

Hubdepennuanbuast 1-dbopma o= paccMmarpuBasach Ha

X* e y?
¢. 252. dra ¢opma 3amKHyTa B Jwoboit obnacTH, He colepxKallel Ha-
Yajia KOOpJAMHAT, H

dy —ydx
i Ak L2 gm—Qn
2+

cr
THe Ca+——0pr>KHOCTb X2+ y?=a? (a>0) C mNONOXKHUTEJbHHM Ha-
npaBJjeHHeM 00X0za.

Ecnu Hayano KoopauHAT JeXUT BHe obaactd D, orpaBdyeHHOR
KoHTypoMm L, To B D dopMa w raankas H, ClAefAOBaTes]bHO, NPUMEHH-
Ma ¢opmyna 'puHa, B cusy XOTOpo# HMeeM, UTO

S‘ xdy—ydx do—0
2+ g _S SS
L

Ecau ke Haualo KOODJAHHAT JIeXKHT BHYTPH obxaactu D, orpann-
YeHHOH KOHTYpoM L, To Bo3bMeM ob6jsactb D,, rpaHuieit kotopo#t dD,
siBasiercst KOHTYp L u okpyxHoctb C,:x2+y?=qa? Uucao a>0 Ge-
percsl JO0CTaTOYHO MaJibiM, 4TOOBI OKpYXKHOCTb C, Jexana BHyTpu D.
O6aacts D, NeXUT cAeBa OT KOHTYpa L NMpH MOJIOXKHTEJbHOM €ro
obxozne u cjeBa oT okpyxHocTH C, NpH OTpHLATENbHOM ee 0GXOZe.
O6osnauum yepe3d C,* okpyxHOCTh C, C NOJIOXKHTEJIbHBIM HampasJe-
HHeM obxona u wepe3 C,~ — C OTPHUATEJbHEBIM.

B obnactu D, popma o —raankas, cJefoBaTebHO, NPHMEHHMA
<opwmyna [puna, B CHIY KOTOPOH HMEEM, 4TO

>w+ Sco: ; m:SSdm:O.

— a D
C, a a

Orciona moJsyuaem, uro

Sa)z— Sm: SZ&):QJI.

L ¢ o
Hrak, uarerpan Faycca u(Xo, Yo) paBeH HYJO Ansd J1060# TOUKH
M= (xo, Yo), Jiexallefi BHe 06J1aCTH, OTDAHHYEHHOH KOHTYpoM L, H
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paBeH 2; AJast 060l TOukn M= (xo, Yo), JexKauleli BHYTPH 3TOH 06~
JacTH. :

O6nacts npumeneHus ¢opmyasl CTOKCAa — 9TO BBIYHCJICHHE KpH-
BOJIHHEHHLIX HHTErpaJsioB BTOPOro poOAa {o), Korpa kKpuBasi L 3amaHa

Kak nepeceyeHne AByX moBepxHocreli L:F(x, y, 2)=0, Fo(x, y, 2)=
=0. Bo-nepBHX, NpH TAKOM YCJOBHH YXKe ONpejiesieHa TNOBEPXHOCTb,
HaTAHyTasi Ha L; BO-BTOPHIX, MepeXxol K HapaMeTpHUYecKOMY 3aJaHHIO
L v HaxoXJeHHe COOTBETCTBYIOUIETO CYXKeHHS @*@ NOABIHTErpasbHOR
¢opMbl @ TpebyeT HEeTPUBHAJNLHBIX Npeo6pa3oBaHuil.

I[Ipumep. Hafizem nupkyasuuio Bekropa A={x(y+z), y(x+2),
z(x+y)} Brons kpuBoil L : {x2+y2+ 22=2Rx,

R+yr=2rx, 220 (0<r<<R)},
TMOJIOXKHUTEJIbHO OPHEHTHPOBAHHON Ha BHellIHe#l CTOpOHe chephl

x4yt 2% = 2Rx,

Pewenune Kpusas L nexnr kak Ha chepe x?+y?+22=2Rx,
TaK ¥ Ha UAJHHApE X?+ y?=2rx, HO YCJOBHSIM NPUMEHEHHS] HOpMyJbs
Crokca yaoBJeTBopsieT TOJbKO 4acTb cdephl, MOCKOAbKY OHA sBJSET-

Csl rJ1afKOH NOBePXHOCTbIO, HATAHYTOH Ha L (cm. c. 223).
CuaenoBaresbHo,

V Avdrt A, dy+ A4, dz={ x (y+2)dx -y (v+-2)dy +2 (v g) de=

L L

= SSd(x(y+2)dx+y(x+2)dy+—z(x+y)dz):
s

=§§e—ndy \ det-—2 s p det-—n) ax N ay,

rae S ecTb uacCTb BHeUIHeH CTOPOHB BepxHell mnoaycdepsl x2+ y2+
+22=2Rx, 2>0, nexamas BHyTpH UMJAHHAPA x2-+ y?=2rx. IlocKoJb-
Ky Ha BepxHeil mojycdepe BHEWHsSA CTOPOHA SBJASETCS OJHOBPEMEH-
HO BepXHeil CTOPOHOH, TO, BHIPA3HB SIBHO 3aBHCHMOCTb Z OT X H Y, 1O-
JyyaeM 3alHUChb ODHEHTHPOBAHHOMH NOBEPXHOCTH S:

S=|(x,y, 2)1x=x, y=y, 2=V 2R—F—, (r, y) =D,
D={(x, y) : & +y*<<2rx}}.

Haxoanm cootsercrByromuit nepeHoc ¢*o MOAHHTerpajbHOR dop-
MH ©:

dz— (R—x)dx—ydy - (R—x)dx—ydy
VIRx — 2 — 4 z ’

R—x dy A\ dx—(x—z)—j—dy N\ dx+

P'0=(2—y) .

i

\

+(y—x)dx \ dy= <y—f—f—R) dx M\ dy.
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LJle10BaTeNAbHO,

SS w=§§ (e—y)dy \ dz+(x—2)dz \ dx+ (y—x) dx \ dy=

- [ (e = 2o

Tak xak D cummerpuyHa oTHOCHTeNbHO ocH OX, a dyHkumA f(x, y, 2)=
—f—=fg—lj___—— HeyeTHa OTHOCHTEJBHO Y, TO Sgﬁdxdy=0
F4 VoRs = —2 z

M CJaeJ0BaTe/bHO,

VA dx+A,dy+A,de= —R|D| = —aRr.
L

IIpumep. [Npumensa dopmyay Crokca, BHIYHCIHM HHTErpas

S 2dx+2xdy—ydz, rpe AVB—-KPI/IBEIR

A B
x4 y?=2ax, az=xy, 220, A=(0, 0, 0), B=(2a, 0, 0) (a>0).

Pemwenue. Tak xak orpe3ok BA ocu OX Jexur Ha IOBEpXHO-
«TH napaGomouja az=xy, To, oGbelHHsAs ero ¢ Kpusoit AB, moxy-
YUM 3aMKHYTBIA KOHTyp L, Jexamu#i Ha nosepxmoctn az=xy. O6-
X0 TNOJYYEHHOr0 KOHTYpa IMOJIOXKHTENEeH, eCJH pacCMaTpHBaTb ero

Ha HHXKHel cropoHe mapaGosompa. Hrak, HatsHyras Ha Koutyp L
«gacTb Napa6oJoHaa ¢ COrJacoBaHHOM opuemauueﬁ ecTb

{(x Yy, 2)ix=x, y=y, 2=, (y, x)=D, D=
={(x, y): ¥*+y*<<2ax, y>0}},
Ileperoc ¢*w noaniHTErpaJbHOH GOpMBI
o=zdx+2xdy—ydz

‘Ha otpe3ok BA B cuny toro, ure 2=0, dy=0 u dz=0, naer HyneByIO
(opmy, cren0BaTENbHO,

S zdx+2xdy—ydz=>' zde+2xdy—ydz= Sm
i

—

A B
Ilpumensis popmyny Crtokca, nojydgaem, 910
Kw ngm— Xdz/\dxq-zdx/\ dy—dy \ de.
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faxoxaum CcOOTBETCTBYIOLHE NepeHOC ¢*w MOABIETErpajbHOR (GOpMH
o=dz \ de+2dx A\ dy—dy N\ dz,
dz = — (xdy +y d),
@‘m:—Lxdy N dx+2dx N dy———;—yd_z/ N\ dx=
a
==i(x—y——2a) dy N\ dx;
a
ﬁ&AM+M”WW%MMﬁ%&y%ﬁWM@AM=

S D

2 2acos®
~

L SS (x—~y—2a)dy dx = L S de 3 r?(cos ¢g—sin @) dr—a’*n=
a a
D 0 0

n/2

8a? A . 3 5
S (cos* p—sin @ cos® @) dp—a*n =
0

3

=W[LNWWWWmﬂ&m:

3 [ 2 I'(3) 4
2a? 222 3 1 2 2 o, mal
= -—— e — Q" = ——
3 3 2 2 3 2

IIpumep. IlpoBepum, uto nuddepenunanpHas l-popma
® =(Cos y + y cos x) dx 4 (sin x—x sin y) dy

7OYHA M HaiigeM yHKUHWO f(X, y), Ana KoTOpOH df=0.

Pemenne Tak kak ¢opMa o=(cosy-+ycosx)dx+ (sinx—
— xsiny)dy saBasercs raaakoi Ha BceH mjockoctd R?, To HeoGxo-
JHUMBIM H JOCTATOUYHBIM YCJIOBHEM €€ TOYHOCTH HBJSIETCS ee 3aMKHY-
TOCTh, T. €. CINpaBeaJuBOCTh paBeHcTBa dw=0. JleiicTBUTEbBHO,

do=dy N\ dx(—siny-+cosx)+dx A dy(cos x—siny)=0,

AyHKuuio f(x, y) HaXOOUM HO YKe DACCMOTPEHHOMY NpaBHAY (CM.
€. 254):

X9

[0 90)=F O, 0+ dx+ \ (sinx—x, sing) dy =
1]

0

== X = Yo SiNl Xy -+ Xy COS Yo— Xy = Y, SN Xg 4 Xy COS Yy,

oTKyaa f(x, y)=ysinx+xcosy+C, rae C—npousBoJabHasi NOCTO-
AHHASA.
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IIpumep. IlpoBepuM, 4TO BEKTOpHOE MoJjie
{Vz+ e Vit—2= 21/' Vy+ 2VE}

HOTEHUHAaJbHO B mepBoM oKTaHte (x>0, y>0, 2>0) u HafizeM ero
NOTeHIHAJ.

Pemenue. Heo6XoauMBeIM ¥ JOCTATOYHHIM YCJOBHEM HOTEHLH-
aJbHOCTH NO0JIs SIBJSETCS BHINOJHeHHe paBedctBa rot A=0. Jle#cTBH-
TeJbHO,

i
o
rotA= dx

Vet

k
9
F

Vx Vx +2V§ 1/y_+21/z_
="(zvy IRsAbTE )t E A=

Iostomy cymecrByer ¢ynkuus u(x, y, 2), takag, aro gradu=A,
T. €.

du—U/er e )dx+ (Vi V_)dyﬂVer V-)dz

(DyHKI.U/I}O U HaxoJHuM, IOJIb3YysACb pPaCCMOTDEHHHM BHIIE INPABHJOM:
u(xos Yoo 20)=u(l, 1, 1)+§<1 + _‘/_>dx—]-

\

‘*‘S(V% QV )dy’i‘g 1/."/0 Q_V—)d =
—xo_l+1/x0“1+yo'l/xu“.l/xo+-l/.";.:_l+zov%_l/%+
+%Vza—%+ul, L, D=4V %+2Ve+xV2—
—3+4u(l, 1, 1.

Hraxk, noteHuuasom noas A asaserca byukuus  u(x, y, z)~x'[/z+
+z'l/y+y'|/x+C rie C — NpoH3BOJbHAas NOCTOSHHAA.

§ 2*. KPUBOJIMHENHBIA UHTETPAJ BTOPOTO POIA

Eme pas o6pardM BHHMaHHe Ha TO, YTO MAaTepHaJ, H3JOXKCHHHHA
B 3TOM maparpacge, paccMorped B § 3 B TepMHHOJOrHH AH(depenun-
ajbHbiX (opM. UHTaresio IOJE3HO CPaBHHTh ONpefeseHHs, OCHOBHbHIE
CBOIiCTBA paccMAaTPHBAaeMBIX NOHSATHH M XOJA pelleHHs NPHMEpPOB.
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Onpeneaenue. [lyctsb B HekoTopo#t obgactu DcR® 3anaHu
genpephiBHOe BeKTopHOe moje A= (P, Q, R) H OpDHEHTHDOBAHHAS KY-

couHo-raaaKas kpusasg AB=(L, T) *. Torga uxrerpad

{@amas( § @mas)
B

L A

Ha3bIBACTCS KPUBOJUHEHHBIM HHTErpaJoM BTOPOTO poja H obo3Haua-
£TCS1 CHMBOJIOM

{ Pdx+Qdy+Rdz( § Pav+Qay+Raz).

-

L A™B
[losicHHM NPOHCXOXKIEHHe CHMBOJa Sde+Qdy+Rdz. Bekrtop =t
L

Ans mpoctoit raapkoit xpuBol L={x({), y(¢), z({)} umeer KooOpAH-
HaTH

{ds’ ds ' ds )’

gae S — AJIMHA AYrH L, cJegoBaTeabHO,
dx d dz
(A)=PE 1Y L RE
ds ds ds

u ¢QopmasibHOe npeofpa3opaHue BeipaxKeHus (A-.t)ds paer ciaeayio-.
fllee COOTHOIIEHHUE:

(A1) ds= (P _d'”_+Q"—y+R£) ds=Pdx+Qdy+Rdz.
ds ds ds

3ameTuM, YTO CKajsipHOe mpousBeineHHe (A-T) IpH KAHHBIX YCJO-
BHAX SBJISETCS KYCOUHO-HEeNpephiBHOH M OrpaHHYeHHOH ¢GyHKIHeH,
onpeneseHHOH Ha L, 3a MCKJAIOUEHHEM, MOXKET ObITb, KOHEUYHOrO MHO-
JKECTBA TOYEK, MOITOMY HHTErpaJ

(Pax+Qay+Rdz=\ (4-v)ds
L L

“MeeT CMBICJ.
Ecau none A={P, Q, R} uHTepupeTupoBath Kak CHJIOBOEe IOJE, TO

KDUBOJHMHEHHBI!I HHTErpas BTOPOro poAa Sde+Qdy+Rd2=
L

=K(A-T)ds npeacrasaser paboTy 3TOro HOJSA INPH  NepeMelleHHH
L

no opuenTHpoBaHHOR Kpuso# (L, T).

* Ho.ue“ § ectb moJie eJMHHYHEIX KacaTeJbHHX BeKTODOB T, COIVIaCOBAHHHIX C
opHeHTauue#t L (cM. c. 220).
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OCHOBHBIE CBOACTBA KPHBOJHHEHHOIO HHTErpaaa BTOPOro poaa

(Bciony npemnonaraem, uro ¢ynkuun P(x, y, 2), Q(x, y, 2),
R(x, y, z) nenpepnBHH B WekoTopol obaacTh DcR3, copepxaiielk
KpuBylo L.)

1. ( Par+Qay+Rde=—§ Pax+Qdy+Raz

A B B A

(HanpaBJIEHHOCTb HHTErpaJja).

2. § (P, +BP,) dx -+ (@Q, -+ BQ,) dy+ (@R, +PBRy) de =
L
= \Pydx+Qudy+Ryde+p  Pdr+Qay+ R, z,
L L

@, Pp—rnocrosHHH (JMHEHHOCTh HHTEerpana).
3. Ecm AB n BC= {B}, 10
S Pdx -+ Qdy + Rdz + 3 Pdx -+ Qdy -+ Rdz = § Pdx+Qdy + Rdz
AB 5¢ i

AC

{anauTHBHOCTS HHTErpaJa).

4. Ecau B obnactn DcR?® cymectByer Takas nudpdepeHnrpyeMas
dyuxuus [ (M), uro di=Pdx+ Qdy+Rdz, 1o gna ABcD

S Pdx+Qdy+ Rdz=f (B)—f (A).

AB
B wacrHocTH, B 3TOM cayyae ajasa gwoboro Kourypa LoD

gpdx+Qdy+Rdz=o.

L

O6patHo, ecau aas Jaw6oro Koutypa LD BepHO paBeHCTBO
§ Pdx+ Qdy+ Rdz=0,
i

10 B obsnactu D cyumecrByer auddepenunpyemasn ¢yukunaa f(M), aas
Kotopo#t df=Pdx+ Qdy-+Rdz.

5. Ecou XB=L={(x, Yy, 2):x=x(), y=y(t), 2=2(), t=|a, b},
rre a<<b u x(?), y(t), 2({) = C]a, 0],

(& (OF+ (@ OF 4 O >0, A=(x(a), y(@), 2(a)),

B=(x(b), y(b), 2(b),
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TO
§ P(x, y, 2)dx+Q(x, y, 2)dy+R(x, y, 2)dz=
B

b

=S[P(x(f)' y(@), 2@) %, +Qx @), y(0), () y,+

+R(x(t), y), 2(t) z;] dt.

JIlnst ynpomieHdsl BBIKJAL0K MOJE3HO 3aMeTHTb, YTO MpH JIOGOA
mapamerpusaunﬂ orpeska L=[A, B], napaesbHoro ocH OX, dynk-
uuyu y(t) u z(t) moCTOsIHHEL, clefoBaTeabHo, Yy, =0, 2,"=0, n nosromy

g Pdx +Qdy + Rdz = Q Pdx,

14,8] £4.B]
TOYHO TaK Xe A1 orpe3ka [C, D}, napaaaeabnoro ocu OY,

§ Pdx+Qdy + Rdz = ( Qdy,

{0y ic'py

@ anas orpeska [M, N}, napaaneabsoro ocu OZ,

Pdx+Qdy + Rdz = § Rdz.

[M,N] (M. N

Cpofictea 3 u 5 paloT (opMyJn BHIYHCJAEHHS KDHBOJHHeHAHOro
gHTerpaJa Il poaa asd raajkux M KyCOYHO-r/IaJKHX KPHBHIX.
IIp uMep. Buuncaum

S (4? + 2xy) dx + (x*— 2xy) dy>
B

Tae f\ﬁ?—*ﬂyra napaboan y=x? or touku A(l, 1) zo rouku B(2, 4).

Pemenune 3anuuiem Kpusyww L=AB Kaxk npocryio r.nazu{yxo
OpDUEHTHUPOBAHHYIO KpuByl0 L={(x, y) x=x, y=x2, x=[1, 2]}. Tax
KaK x'x=1, y’x=2x, TO, NpUMeHss CBOACTBO 5, MONYUHM, YTO

2
S (4 + 2xy) dx+ (x*—2xy) dy = S [(%* +25) 4 (+* — 25%) - 2x] dx =
AB !

2
=S(4x3 3x4)dx—lo—— 3= —18
1

o

[Tpuwmep. Bouncaum g (xy+x*+ ) dx+(x*—y*dy, rie L—KoH-

£
Typ TtpeyroiapHHkKa OAB: O= (0, 0), A=(l, 2), B=(0, 2) ¢ noxo-
KHTeJbHHM HanpasJeHHeM o6xoxa (cM. puc. 46).
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Pemenue. Kpusas L — kKycouHo-rnaakas. OHa COCTOHT H3
Tpex TIJaJKHX OpHEHTHPOBaHHBIX KyckoB: otpeskoB OA, AB, BO.
3anuulemM KaxKAblH M3 HHX KaK NPOCTYIO TVIaAKYI0 ODHEHTHPOBAHHYIO
KPHBYIO, POXOASULIYIOCS NIPH BO3pACTAHHH IapaMmeTpa:

OA={(x, y):x=x, y=2x, x[0, 1]},
AB={(x, y):x=1—t, y=2, t=]0, 1]},
BO={(x, y):x=0, y=2—1, t=|[0, 2]}.
Ha orpeske OA umeem x,/=I1, y,’=2, cjaexoBaTesbHO, B CHAY
CBOHCTBA 5
1

S (xy+2+ ) dx+ (P*—y*) dy = g [(2x* 4 x* -+ 44%) +
04 6
1

+ (¥*—4x%) - 2] dx= Kx2dx: 1/3.

0

Ha orpeske AB umeem x,"=—1, y,/=0, cienoBareabHo,

1
S(xy+x2+y2>dx+<x2—y2) dy-——-§<2<1—t)+<1—rﬁ+4)<-1>dt=
[¢]

AB
1

=S(4t—7—t2) dt=2—7—1/3 = -—_‘36_,
)

Ha orpeske BO umeem x,’=0, y,’=—1, crenosareabHo,
2

{24 g de (P =g dy = { —@—1(— 1) dt =

BO 0

(2—1)? dt = 8/3.

S

Ilpumensis cBoiCTBO 3, HONyYaeM, 4TO

S(xy+x2+y2)dx+(x2—y2)dy= §<xy+x‘*+y2>dx+
L OA

+(*—yH)dy + S(xy + x4+ y?) dx 4+ (P —y?) dy +

AB
+ (e et -y dy= -~ 83 =—T78.
BO

BHKJaaKu CTaHOBATCA NpOLLe, €CJH HCNOJb30BaTh CBOHCTBO 1,
TOrjla OoTHajzaer HeoGXOAMMOCTb BBOAMTb NapaMeTp Tak, 9TOOH KpH-
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'Basd NPOXOAHJIACh HMEHHO NpH BO3PACTAaHMH nNapaMerpa. [lokaxeM
9T0.
Ecau orpesok AB mapamerpuuecKd NpeACTaBUTh Kak

{(x’ g): X=X, y:2v XE[O, 1]}»

“TO OH OyJeT NPOXOAHTbCA NpH yObIBaHHU mapamerpa x or 1 no 0, a
0Tpe3ok BA 6yner MPOXOAHTbCSl MPH BO3PACTAHHM NapameTpa X OT
0 no 1. CnenoBarensHo,

S(xy+x2+y2)dx+(x2—y2> dy = — S(xy+x2+y2> dx +

AB BA

1
+ (P —y?) dy = —S(2x+x2+4)dx= ~(1 + % " 4) =__1§6-.
0

AHajoruyso
0B={(x, y):x=0, y=y, y<=|[0, 2}

w2t et (=g dy= — (2 4 dx+
BO (0):]
- 8
Fet =g dy=— ( (===
0
Ilpumensisi cBoficTBO 3, MOJayYaeM, 9TO
7

{ 2 2 42 =._L_ﬁ _8~__-____
Z§(xy+x2+y>dx+(x Pldy=———+-=—L

IIpumep. Bruucanm gydx—xdy, rae L — acrpoupa x84
i
+y**=qa?/3 ¢ noJ0XKHUTENBHHM HaNpasJeHHeM o6xo1a (a>0).
Pewenue 3anumem ypaBHeHHe acTPOMAB B NMapaMeTPHYECKOM
BHle: x=acos®f, y=asin®f. Torxa NOJOXKHTEJbHOMY HAIpPAaBJIEHHIO
06x0/a COOTBETCTBYyeT BO3pacTaHue mapamerpa ¢ or 0 no 2m. Hraxk,

L={(x, y): x=acos®t, y=asin®t, t = [0, 2x]}.
Orcioga nosayuaem, u4to
x,= —3acos*tsint, Y;=3asin*f{ cost,

H B CHJy cBoficTBa b
2
S ydx—xdy = S (—asin®t-3acos®tsin! —acos®t-3asin®f cos t) dt =
L 0
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2n /2
= ——3(123V cos*tsin®*t - (sin*f+cos?f) dt = —12a® S cos®isin?tdt =
0 0

e LBATG) -1—1“2( 1 )=_ 3g%n
e e : .

I (3) 2 4

Ha npaktuke yao6HO npeofpa3oBaHHe NOAHHTErpaJbHOrO BHpa&-
JKeHHsl BECTH OTAEJbHO.
IIpumep. Buuucaum

§u+wu—u—mw,

rae L —mneras xpupoit r=acos3¢ (a>0), nepecekamoumas nonasp-
HYI0 OCb, C MOJIOXHTENbHBIM HampaBjeHueM °o6xojna (xekapToBa H
NoJsipHast CHCTEMa KOOPAHHAT COBMEILEHH).

Pemenne 3anumeMm ypaBHeHHe KphBOH L B napaMeTpHuecKOM
BHAE: X=@COS3¢pCOS@P, Yy==acos3psing, TOraa HOJOKHTEJbHOMY
HanpasJieHHI0O 00Xola 3a4aHHOH MeTJH COOTBETCTBYeT BO3pacTaHue
napamerpa ot —n/6 Ao m/6. Hrak,

L={(x, y):x=acos3¢9cosg, y=acos3psing, ¢ [—an/6, n/6]}.]

Orcioia noayuaem, 4ro

,

X, = —a(sin 2¢ 4+ 2sin 4¢), y,=a(2cos 4¢ —cos 2¢);

(x+ y) dx —(x—y) dy = [—a®(cos @ + sin@) cos 3¢ (sin 2¢ + 2 sin 4¢)—
—a?(cos p—sin @) - cos 3¢ (2 cos 4p— cos 2¢)] dp ==
= —@a?cos 3¢ (6 sin 3¢ + 2 cos 3¢) de

CaenoBarenbio,
. /6
S(x+y) dx—(x—y) dy = — S a® cos 3¢ (6 sin 3¢ 42 cos 3¢) dp =
L —/6
n/6
= —q? S (1 + cos 6¢) dp = — a;n

—a/6

IIpumep. Buuncaum S 2dx + 2xdy —ydz,
AB
rae AB — kpusasi:

2+ yP=2ax, az=1xy, 2220; A=(0,0,0), B=(2q,0,0), a>0.

Pewenne Jna touek KpuBoH AB u3 mepBoro ypaBHeHHs G-
aydaem ycioBHe x>0; H3 ycaoBHsi 2>0 u BTOPOTO YpaBHEHHS CJe-
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et
ayert, uro y>0. Orciona noayuaeM, uto KpuBas AB Moxer OHTb ma-
paMeTpH30BaKa CJeAyIomuM o6pazom:

x=x, y="V 2ax— 2, z=%1/2ax—x2, x |9, 2a]

M 3aJaHHOH OpHEHTAllud COOTBETCTBYET BO3pacTaHHe lapaMmerpa X OF
0 no 2a. Urak,

L ={(x, g, 2) x=x, y=V 2ax— %, z= 2V 2%x—x, x=|0, 2a]}.<
a

Orcrona moayuaem, 4ro

a—x , Jax — 2x3

X=1 Yy =———, 2=
* » s V 2ax — x? * aV 2ax —x*

CJie10BaTeNbHO,

2dx+ 2xdy—ydz = (—x— 1/2ax—x2 -+
a
2. —2E Y ax— P _M__) dx—

V 2ax — %2 a ) 2ax— x3

= {ﬁ.?f_'l/fZax-—x_z—-mg—a_x__ —3x —}—r2x2 J dx.
a

V 2ax — x* a

HUrak,

2a

S 2dx + 2xdy— ydz = S
0

O Y (x—ap +
| a

AB
e e lafx—a) 2a? .
+ 3]/(1 (r—a) Va?— (x—a)? V a®— (x—a)?

a

P Jidx= S[‘_V@"’:msvm_
a a

—a

.
_ 2at . 2a di—6a? -+ 16 =
Vat—z Va:—1 3
— . | |a 2 2 2
=2 tl/az~t2~ia2arcsmt—' — = gt= T g,
D 2 a |la 3 5 3

3ameTuM, 4TO B 3TOM NpHMepe NpH TAKOH NapaMeTpH3alHH KpH-
Boit AB Oynkuuu y(x) u 2(x) He aBasiorcs raaakumu Ha [0, 2a],
TaK 4YT0 ()OPMAJbHO MH 3[eCh He HMeJH HpaBa NPHUMEHATh PacCcMOT-
peHHble Bhile cooTHoweHHsA., Ho, Kak yxe He pa3 oTMeuasoch B aHa-
JIOTHYHBIX CHTYyalUHsX, €CId B 3THX COOTHOIIEHHSX BMECTO HHTErpaa:
Pumana nocraBuTb HecOOGCTBeHHHH aGCOJIOTHO CXONALIHMICA HHTe-

285



Tpas, TO OHM OCTAIOTCS B CHJIe. DTUM yTBepkKAeHUeM GyaeM MOJb30-
BaThCs U AaJbllle.

MoxHO mapaMerpu3HpOBaTh KPUBYIO AB TaK, YTOOH BCe (yHK-
Hud 6plnin rnaakumu. MwmernnHo nosoxum: x=a(l+cost), y=asinf,
z=qasinf(l+cost); torna Touke A=(0, 0, 0) oTBeyaer 3HaUeHHE
4=mn, Touke B=(2a, 0, 0) — 3Hauenune t=0. Urax,

XIB=L={(X, Yy, 2):x=a(l4cost), y=asint,

z=asint(l +cost), t =0, a]},

KpUBast AB OpoXoauTcs mpu yGeiBanuu mapamerpa ¢ ot m jo 0. Or-
clofa M0oJy4YaeM, 4To

x;= —asint, y,=acost, z, = a (cos t - cos? t —sin®f);
.CJIeIOBaTEJNbHO,

2dx+2xdy— ydz =[a® (— sin®*{ —sin®f cos £ +-2 cos £ 4 2 cos? t—

—costsint—-cos?tsint +sin®f)] dft =a®[cos f (2—sin®f—sinf) 4 |

+sint (1 —2 cos?f) + 3cos? —1] dt

0
S zdx -+ 2xdy— ydz = a? S[(?-—sinzt——sint) cost+
4B n
+(2cos?t—1)(—sinf)+3/2cos2t+1/2] dt =

na? na? 2a?

2 0
=q% | —cos®f—cost
3 n 2 2 3

Ecau usBectHO, yro Bhpaxeuue Pdx+ Qdy+ Rdz ssnsercs noJ-
#HHM OHbGdepeHurasoM Hekoropoii GyHKuuH [:R*—R, T. e. df=
=Pdx+ Qdy+ Rdz, 10 B cuny csoiictBa 4

f(BYy—[(A)= Q Pdx +Qdy + Rdz = 3 df,

AB B

S’
Tae AB ecThb NMpOH3BOJbHAS KyCOYHO-TJIaiKas KpuBas, Jexanias B
To# ob6aactu D, rae cnpaBeluBO PaBeHCTBO

df = Pdx -+ Qdy -+ Rdz

(06 yc/a0BUSIX, IPH KOTOPEIX TaKOe BhIpa)KeHUe SBJAETCS IOJIHEIM
nuddepenunanom, GyLeT cCKa3zaHO HHXKeE).

Quxcupys Touky AeD, nonyuaem sHauenne [(B)= K df +f(4),

~—

AB
TAe B —mnponssoJsbHas Touka paccMmarpuBaeMmoii obaactu D, Tax kax

paBenctBo df=Pdx+ Qdy+ Rdz onpenensier QpyHKuuio [ ¢ TOUHOCTHIO
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J0 TPOU3BOJBHOrO cjaraeMoro, 1o 3Hauenue f[(A) BriGupaercst 1po-

H3B0JbHO. B KauecTBe KpuBoit AB npu pelleHHM 3anady 3TOrc THOZ
Gepercs JioMaHasl, COCTaBJeHHAasi M3 OTPE3KOB, MapaJjuleJbHBIX OCAM
koopaunat. Tako#i BmHIGOD 0OycJaOBJeH TeM, YTO Ha TaKHX OTpe3Kax
(cB. 9) Bce KOOpAMHATBH, KpOME OJHOH, MOCTOAHHBI, CJel0BaTe]bHO,
IIPOU3BOJHBIE 3THX KOODAHHAT NpH JI060H napaMeTpH3alHHM paBHH
HYJIIO M, KaK YKAa3aHo II0CJe CBOHCTBa O, KPUBOJHHEHHBIH HHTerpas
BTOpPOro poja HauboJsee mpocTo mnpeobpasyercs B OJHOMeDHHIH HH-
TerpaJl.
[Tpuwmep. Haitnem dyukuumwo f:R3—R, ecan

df =(y+2)dx4- (2 x) dy + (x + y) dz.
Pewenue Pyuxuuu

HelnpephHIBHH Ha BCeM TNpocTpaHcTBe R3, HO3TOMY eCTECTBEHHO CUM-
TaTh paBeHCTBO df=(y+2)dx+ (z+x)dy+ (x+y)dz 3apausbeIM BClO-
oy B R3. Bo3bMeM NpPOHM3BOJBHYIO TOYKY B ¢ KoopauHataMu (Xp, Yo,

Zo).

Ionoxum

A:(Os 01 O)! M:(xo, O’ O), NZ(XO» ym 0)1
TOorjaa

AM={(x, y, 2):x=x, y=0, 2=0, x= [0, x]},
MN ={(x, y, 2): x=1xy, y=y, 2=0, y [0, gy},
NB={(x, y, 2):x=1x,, Y=y, 2=2, 2 [0, 2]}
Orciona noayuaem, 410
f o yor 20=FB)= (df+F (D= (y+2)dx+
AB AM

+@E+x)dy+ (e +yidzt § G+detetvdy+ () da+

MN
+ § G+ de+ @+ 0 dy+(e+y) de 4 (4) =
NB
= g0dx+>‘xgdy—{—.\(xo—}-yo)dz:x0y0+x020+y020+f(f1).
0 ) 0

B cuny npoussosbHOCTH TOYkH B(Xg, Yo, 20) H TOTO (akTa, 4TO PyHK-
uusa [ onpenensercsi ¢ TOYHOCTBIO JO KOHCTAHTH, 3aKJl04aeM, 4TO:
F(x, y, 2)=xy+xz+yz+C.

HonuepkneM, uro B 3TOM naparpade He peinaercss Bonpoc, GymeT
Boipaxcenne Pdx+Qdy+Rdz nonnbim auddepeHnHasoM HeKOTOpOit
¢yskunn f:R3—>R nan Her. B sagavax storo THma nojpasymesaer-
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¢, uro ycaosue df=Pdx+ Qdy+Rdz BepHO ANf BCex TOUex, B KO-
TOPBIX HelpepBIBHH Bce Tpu ¢dyukuuu P, Q, R.
IIpumep. Haiigem dynkuuio f: R3—R, ecnu

X2 y y?
df = — (—y;+—;;>dy~—zrdz

PeueHue DyHruun

2 2
P(x, y, z)=——y3§—, Q(x, y, 2)= ; )= —-

23

R(x, 9y, z

-QnpeneseHb U HenpephlBHH, ecsu y#0 u z+0. Ilostomy H dyHkuusa
f(B) onpenensiercs anas Touek B(X, y, 2) IPH YCJOBHH, YTO Y70 H
z#0. Ilpumem nna onpegneneHHoctd, yto y>0 u 2<0. Uro6u Kycou-

Ho-rnankas kpusasi AB He mepecexkana miaockocrtelt y=0 u z=0, He-
00X0AHMO HauaJbHYIO TOuky A Takke B3ATh B obmactu D={(x, y, 2) :

:y>0, 2<0}. TTonoxkum A=(0, 1, —1), Torna naas mwO6OH TOYKH
B= (%0, Yo, 20), Y>>0, 20<0, nomanass AMNB, rne M=(0, 1, 2,), N=

=(0, Yo, 20), He mepecekaer muaockocret y=0 u z=0. Tax Kak

AM={(x, y, 2):x=0, y=1, z2=2, 2= [—1, 2]},
N={(x, y, 2:x=0, y=y, z=2, y=[l, yl},

NB={(x, y, 2):x=2x, y=y,, 2=2, x=[0, x,]},

TO
—dz df = df = dx.
N N g i
'Cneaoxaa'renbﬂo,
Fetor g ) =F(B)=F(A)+ § af =7 () + af + § df + gdf
iB AM Ah
18 I x5 o %
LT T - A-__ .
-+ yf, =[(4) + % Iy

Orciona cenyer, uto f=—

o > +C, rae C—npousBosbHasi moC-
z y

"TOsIHHAas.

TakuM xe 06pasoM HAXOIHTCSA MO CBOEMY nmpcpepeﬁuuany byHK-
uHs a060ro yucsaa nepemeHusix. Ecan [—6pyc B R™ u B | uMeeM
PaBeHCTBO

dfz Ea;(X)dxi, a,:R”—-»R, lglgn,
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TO /I8 JIOOHIX ABYX TOUeK A= (Y1, Yz, ..., Yn) =1 0 B={(xy, X3, ..., X, )= {
HMeeM pPaBCHCTBO

f(xl’ Xoy onn ,xn):f(B):‘f(A)"}"Slal(tl’ Yoy o - vyn)dt1+
Y1

A X

+Sa2(x1, ta Ysy ... ,yn)dtz—}-...—}-Sai(/\cl, Xy oo
Y.

Ya i

*n

o )xi—!’ ti) !/H—l» M | yn) dti+"'+ g all (xl? x2, ey xﬂ——l’ tn)dtn‘

¥n
I[Ipumep. Haiigem dyukuwmo f: R®— R, ecan
df = 21X+ x2) dxy + (3 —2x,%) dxy + (25, —x2) dy +
A+ (13— 2x4%5) dxy + (2xy 65— X2) dxg.
Pemenue. [omoxus A=(0, 0, 0, 0, 0), mosyuaem, 9TO
X1 Xg
FO X, 25, x4y x)=F(A) + \ 0-dty + X Xdt, —
0 0

— S K2dty+ S syt \ (Quaty—x]) dty =
1] 0 0
f

(A) 4 X2 5t ~— X2 X5+ X2 X4 - X, X2 — X35,
Orcrona caenyer, 4To

Flxn, Xou oo, Xg) = X2xg— %255+ X2 %y - %% — x2x;+-C.

§ 3*. MOBEPXHOCTHbLIN UHTEIrPAJI BTOPOIrO POJA

Eme pa3 o6paTHM BHHMaHHe Ha TO, YTO MaTepHaJ, H3JOXKEHHHHA
B 3TOM maparpade, paccMoTpeH B § 4 B TepMuHOJOrHH AHpepeHIH-
anbHBlX GopM. UHTaTesNl0 10JE€3HO CPAaBHUTb ONpelesieHHs, OCHOBHHE
CBOHCTBa pacCcMaTpPHBAEMBIX MOHATHH M XOA pellleHUs NPHMEPOB.

Onpenenenne, Ilyctb B HekoTopolt o6Gaactu DcR® sananu
HenpepHBHOe BeKropHoe nojse A={P(x, y, 2), Q(x, y, 2), R(x, y, 2)}
H OpDHEHTHDOBaHHas KyCO4HO-riankas mnosepxnoctb (S, N). Toraa
HHTErpaJj

SS(A~n)dS

S
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Ha3bIBaeTCs NOBEPXHOCTHBIM HHTErpajJoM BTOPOro pofa H o(Go3Haua-
eTCsl CHMBOJIOM

Qgpdx A dy+Qdy A dz+Rdz A dx.
‘s

TTOSICHHM MPOMCXOXKIEHHe CHMBOJIA SS Pdx A\ dy+Qdy N\ dz-+ Rdz \

S
A dx. Ecnin S—npocrast rJajikasi HOBEPXHOCTb, T. €.

S={(X, y,z):x=x(u, U), y:y(uv U), z=z(u, U), (u’ U)EE},
r={x@, v), yu, v), 2, )} =C' D), [ra X rs] 0, (4, ) =D

H
flry < r i
TO
P QR
A-r..r 1
Aemy=E 00T ey =
[y Xrol! Iy, X 7o}l
x' Y, 2,
Dy, 2) D (z, x) D (x, y) 1
— P R >. .
( D (4, v) e D (u, * D (4, v) I[r, Xrolh

Orciofa B cHJAy CBOHCTB NOBEPXHOCTHOTO HHTerpaja IepBOro pojia
NoJyyaeM COOTHOLIEeHHE

{Jmas={§1P 5 +esa R oy |

1ry Xfull D (y, 2) D (z, x)
dudv = {
l[r xro]| ¢ SS (4, v) +Q D (u, v) +

D (x, v)
+R——""— D (e o) ]dudv

Iast peryasipuoro otoGpaxenus ¢:D—D, (4, v)—>(y(u, v), z(u,
v)), HMeeM PaBeHCTBO

SS gtz :; dudv—s;g Pdydz,

nepesocst GopMaJibHO 3TO COOTHOLLEHHe Ha 0TOGpaxKeHHe
r={x(u, v), y @, v), z(u, v)},
290



B NOJABHTErpaJbHOM BHIpAXXEHHH IIOBEDXHOCTHOrO HHTErpaJia BTOPOIO

poxa 3aMeHseM P—g—zi’—z—;—dudv Ha Pdydz. Ocraercs eme obpa-
u, v
D{y, 2)
THTb BHHMAaHHe Ha TO, 4TO 3HaK cjaraemoro P —W—)dudv MeHs-
» U

eTcsl MpH NepecTaHoBKe mecramu ¢yHkumii y(u, v) u z(u, v). Iosro-
MY BMECTO 3HaKa OGHIYHOT'O YMHOXEHHSl, KaK B KpaTHOM HHTerpaie,
Mexay auddepenunanamu dy U dz CTaBHTCS 3HAK «BHEIUHEr0 yMHO-
XeHus» /\, ymosjerBopsiiouiuit yciaosuio o/\P=—pAa. Takum xe
paccyxieHHeM NPHUXOAMM K 3aIHCH BBHIpaXKeHUS

[Q D(z.v) | pDx 9) }dudv kak Qdz A\ dv--Rdx \ dy.
D (u, v) D (u, v)

TTocko/IbKY 3amucCh MOARHTErpaJibHOrO BhpaKeHus B Buie Rdx/\
Ndy+ PdyAdz+Qdz/\dx yxe omnpenenser, YT0 pacCMaTpHBAeTCs
MOBEPXHOCTHHI HHTErpaJl BTOPOrO pOAa, TO, YTOOH He YCJOXKHATD
3anuch cuMmBoJsa, BMecto (S, N) nuurercs npocro S. YKa3anue opu-
eHTalLUM TOBEPXHOCTH S BXOJNHT 0053aTeNbHHIM YCJOBHEM B 3ajaHHe
NOBEPXHOCTHOTO HHTErpaJjia BTOPOro po/jia.

3aMeTuM, 9T0 CKaJsipHoe npousBenexue (A-n) npu AaHHBIX YCJIO-
BHUAX SIBJSIETCS KYCOUHO-HENpepHBHOH M orpaHuyeHHOH ¢yHKUHUeH,
onpejeJgeHHofl Ha S, 3a HCKJIOYeHHEM, MOXeET ObITh, KOHEYHOTO MHO-
KeCTBA KYCOUHO-IVIAAKHX KPHBBHIX, JeXalHXx Ha S, D0TOMY HHTe-
rpan

(§myas=\SPay A de+Qde \ detRdx A dy
S N

HMeeT CMEICJL.

Ecan mone A={P, Q, R} nHtepnperHpoBaTh Kak IoJe CKopocTefl
7eYEHHsT KHAKOCTH, TO BEJHYHHA NOBEPXHOCTHOTO HHTErpajia BTOPOro
poaa

KS Pdy \ dz4-Qdz )\ dx+-Rdx \ dy= Y\ (A-n) dS
N S

MPCACTABJISIET KOJHYCCTBO JKHIKOCTH, NPOTEXilell 32 eIHHHIY BpeMe-
HH Yepe3 NMOBepXHOCTb S (NOTOK NOJs) B HANPABJCHHH HOPMAJH 1.

OcHoBHBEle CBOfICTBA TIOBEPXHOCTHOTO HHTErpajia BTOPOTO pOAA
(sciony mpeanonaraem, uto Qymkuun P(x, y, 2), Q(x, y, 2), R(x, y,
Z) HENpepEBHE B HEKOTOPOH obnact DcRP, conepxamiefi moBepx-
HoCTh S).

I. Ectn S=(S, N) u §=(S, —N) 0603Ha4aior of#y NOBepPXHOCTb
€ MPOTHBONOJIOXHBIMU OPHEHTAIIUSIMH, TO

\\Rdx A dy+Pdy A de+Qdz \ dx=

S

= X_SRdx/\ dy+Pdy \ de++Qdz )\ dx
N
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(HanpaenieHHOCTD HHTErpana).

2. (((aRy+BRy) dx \ dy+ (@P,+BPy) dy N dz +
S

+(aQu+BQ) de A dx=a \\ Rydx A dy+Pydy A de+0Q,dz A\ dx+

S
+8\§ Rodx Ady+ Poay \ dz+Quaz A ax,
S

rie o U B—nocTosiHHbIe (JHHEHHOCTb HHTErpasa).
3. Ecoin §=S,US,, nosepxnoctu S; u S; He uMeoT 06MUX BHYT-
PEHHHX TOYeK H HX OPHEHTAlUUU COTJaCOBaHH, TO

(CRax pdy+Pdy A dz+Qaz A de= (S Rdx A\ ay+
8

Sy
+Pdy \dz+Qdz N\ dx-+ :3 Rdx Ndy+Pdy N\ dz+Qdz N\ dx
B

(apauTHBHOCTD HHTErpaJa).

4. Ecan

S={(x, y, 2): x=x(u, v), y=y(u, v), z=2(, v), (4, v)< D},
o6aactb D R? xopaaHoBa, 0To6paxkeHue

r={x(u, v), y(u, v), 2(u, V) =C*(D), [r,Xr]+0,
Ana mobblX (U, v)eD u N=in: n:M—— , TO

I[r Xl

Sngx Ady--Pdy A\ dzd-Qdz N\ dv—

S
= (0 |ReGw 0, 9w, o), 2, ) FEB 4P, ), 4, o)
. :

2.2 4 Q(x(u, v), gyl o), z(u, ) 2EH

2 (@ o) D (4, v) D (u, v)

] du dv.

Cnencrsue. Jas raagkoii UHIHHAPHYECKOH TNOBEPXHOCTH S ¢
00pasyouluMy, NapaienbHbIME ocd OZ, eIHHHYHBI BEKTOpP HOP-
MaJH B TOuke s=(X, y, 2) &S ectb n(x, y, 2)={cos a(x, y), cos B(x,
Y), 0}. ITosroMy HesaBHCHMO OT BLI6OpA OpHEHTAUHH S CHPaBeLJHBO
PaBEeHCTBO

(S Rax A dy=S @ mdas=0, rax xax 4=(0, 0, R).
S S
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Touno Tak XKe aas IIaiKHX IUJIHHADHYECKHX NoBepxHocteli S H Sp
¢ ofpasylouiuMy, mnapaJjiJjlelbHEIMH  cooTBeTcTBeHHO ocd OX H ocH
OY, cnpaBef/iuBH DaBEHCTBA

(§Pay A dz=o, (VQdz A dx=o0.
Sy st

Cnencreue. Ecau mosepxuocrs S 3amaHa sBHoll  dyHkuueh
z=z(x, y), T. e.

S={r:r(x, y)={x, y, 2(x, Y}, (x, Yy =D}, z=2(x, y) = C* (D),
[r, %) }

e H N=
[lreXr, M

TO, Kak OblJIO CKasano Bhle, nona N —_—{n:n:
:{n NP 7t
[l Xr

cropony moBepxHocTu S. IlosTomMy 1nasi BepxHefl CTOPOHH S HMeeM
PaBeHCTBO

SSRdx/\dy SSR(x v 2(t 95 (' y; dxdy=

} 32Jar0T COOTBETCTBEHHO BEDXHIOIO M HHXKHIOKO

- SDS R(x, y, z(x, y))dxdy,

a 155 HHXKHe# — paBeHCTBO

SSSRdx/\dy=S§R(x, Yy, z(x, y))—%dxdy:

=~SSR(X, Y, 2(x, y)dxdy.
D

TouHo Tak ke 1/ NPaBOH CTOPOHBI MOBEPXHOCTH
S={r:r{y, 9)={x(y, 2), vy, 2}, (v, z)<~:5}, x=x(y, Z)ECI(E)}

ClipaBeaJHBO PaBeHCTBO
(S Pay pde=(§Pixy, 2), v, 2aydz,
S D

a 1211 JeBOH — paBeHCTBO
\SPaypde=—(§ Py, 2, v, Dayee
S D
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ITpumep. Bouncaum
SS(x’+y2+zz) dy A dz,

rae S —JeBas CTOPOHA MOBEPXHOCTH, NOJYYeHHOH BpallleHHeM IYrd
kpusoit L={(x, y), x=1x, y=cosx, x< [0, m/2]} oTHOCHTeJBbHO OCH
OX.

Pewenue, HOCKOJIbe B YCJOBHH 3ajaHa JeBassi CTOpPOHZ MNo-
BEPXHOCTH S, npeacTaBUM €€ C IIOMOLIbIO SABHOI'O 3aJaHHus (I)yHKU.HH

x=x(y, z)==arccos ‘[/y2 + 22
S={r:r=larccosViF+2, v, 2}, (y, 2) =D},
D={(y, 2): P +22 << 1}.

B cuny cnexcrBus 2 csofictsa 4

SS PP+ dy \ de=— S(arccosz Vy2+z'l+y‘1+22) dy dz =
D

2n

/2
= —S d(pS(r"—}—rarccoszr)dr- —Qn( % \‘ sithdt)—:
)

1 1 n? 1 &
==ty (7)) 5

I1puMep. Buuncaum

SX yzdy N\ de-+-x2dz \ dx+-yzdx N\ dy,
s

rie S — BHelHss cropoHa mnoaycdepo x2+y?+z22=a? y>0 (a>0).
Pewmenne. Ilockoabky y>0, TO ypaBHeHHe uonycq)epu MOXHO
3amKucaTh C MOMOINBIO SIBHO 3ajiaHHOH GyHKUHH y(X, 2):

S=lr:rx, y, 9)=1x, Va—x—=2, 2|, (x, 2) = D},

rge obaactb sHauenuii mnapamerpoB D={(x, z):x2+2?<a?%. Idna
oroGpaxenus r : D—R® nuMeeM

re=1{1, == ol rn={0, ————, 1,
Vm V=2

[rexr]= — ], ——
xn'z P22 " Ve—o—2 |
[, Xr)
Takum obpasom, mose N ={n: n=W SIBISIETCA TIOJIEM HOp-
r Xr

MaJjell, HaNpaBJeHHHX K LEHTPYy moaycdeps S, T. €. ONpelesseT OpH-
€HTaUHI0O S, MPOTHBOMOJNOXHYIO 3aJaHHOM, CrenoBaTebto, 3a1aBHas
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~ froxrd
opHeHTalUMsl ompegessiercss nosem N= n:nz—,—,——}, [Mpume-
[[r Xr,ll

158 CBOACTBO 5, moJsiyuaem, uto
Sgyzdy N\ dz+x2dz \ dx+yzdx \ dy=
—_ 2__ 3.0 (y, 2) 2D(2 x)
SS(V“ zD(zx+ D (z, x)+

tzyd——2 M} dx dz.

D (2, x)
Hanee,
_a_y_ dy —2 —x
D(y,2) _ |0z x| _ Vad—x2—22 Va—13—22|
D(z, x) |92 9z 1 0
0z Ox
_ X Dz, x) _ 1
Va*—x2—y3i’ Dz, x) ’
0x  Ov 0 1
D(x,9) | 0z ox | __ _
D(z, ) |99 9y —z —*
9z ox Vet —x*—2z2 VYl —x2—22
o 2z
Va—m—7
CaenoBartenbHo,

Sgyzdy/\ dz+x%dz \ dx+yzdx N\ dy=SS(xz+x2+z“)dxdz=
D

2n

—S clq)gr8 (1 +cosqsing)dr=

n;a4
2

[Ipumep. Buuncanm
“ (4x*+-2%dy N\ dz+4xyde \ dx++22dx \ dy,
S

raie S—mnpaBasi CTOPOHA 4YacTH runepGoJHYeCKOro uujauHApa 4x%2—
— y*=a?, nexalulelf BHyTPH KOHYycCA x=‘[/y2+22 (a >0).

Pewenue. Ilockoabky x>0, TO ypaBHeHHe NMOBEDXHOCTH MOX-
HO 3anHcath C NOMOLIbIO ABHO 3alaHHOH QYHKUHH

S={rirt v, 9= (5 VFETE, 4, 2), 0 9=D).



O6aacts D 3uavenuil napaMeTpoB sABJSETCS NPOEKIHEH 3a1aHHON
4acTH UMAHHApPa Ha nyockocth ZY. I'pannny D HaxoauMm Kak npoek-

UHIO JHHHM TIepecedeHus moBepxHocTelt 4x*—y2=a® u x =V y* +2?,
HCKJIIOUAs NIepeMeHHYIO X H3 9TUX ABYX yPaBHEHHH, nosydaeM

A+ y?=4(y*+22), nin 3y°+4z2=a2.

Hrak,
S={f:r(x, Y z)={x=%l/a2+y2, Y, 2}. v, 2)65}.
D={(y, 2): 422+ 3y*<<a?}.

Ilanee,

. 1 y S X 1] =
o= [ 1 0], =00, 0, 1, [xri=

{ T2Ve g |
CaenosarenbHo, 3ajaHHasi OPHEHTALHUsi MOBEPXHOCTH S oNpenensercs
[ferZ] o
noneM N ={n:n=—"——. B cuay cBofictsa 5
[fryXr,ll

SS(ZLx*—}—zz)dy Nde+dxydz \de+-22dx \ dy =

S
=({|@teray 0D ruvErF o -0y
oL Dy, 2)

D(y, 2)
D (x, y) J
22— 20 | dyde.
I
Ilaneé,
0z 0z 0 1
D(z, x) | 0y 0z | _ —Yy
D(y,2z) |0x 9 " |___ 4 __ ol 2Ve+s’
oy 0z 2V a* it
9x  Ox Y9
D(x, ) _| 9y 0z | _ 2Var 2 —0.
D(y,2) |9 9y 1 0
dy Oz
CaenosaTeabHO,
Sg(4x2+zﬂ)dy N\ dz+4xydz \ dx+22dx \ dy=
s

= SS @+ +22—o?) dy dz = Sg(a2+z’)dyd2-
s 2
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HMmeemMm, uro

Sgazdydz—ale]

2V3

2 a
B unTerpase ng dydz cpnenaeM 3aMeHYy: Y= — Ve sin @, z——2-cos R

TOT Ja
a2 2n 1 . i .
2 _ A 303 _ at LI L
ng dydz = 2V§Séi@S4rCOS odr 5V3 4 iyt 213"
D 0 0
Hrak, OKOHUATEJbHO,
SS(4x2+22 Ydy N\ dz-+4xydz \ de+22dx N\ dy= 21/43 -+

+ nat  natl?
32Y3  32V3°

ITpuwMep. Bouncaum

SSxdy/\ dz—ydz N\ dx+zdx A\ dy,
S

rie S — BHEIIHSS CTOPOHA UacTH KOHyca 22=x?+y?, Jjexaulell Bbille
naockoctd 2=0 u BHYTpH uuauuapa x>+ y?=a? (a>0).
Pewenue. HMcmonabsys ycioBue 2> 0, 3anucuiBaem

S={rir(x, v, 9=1x y, Vi¥+4#), ( »eDl,

D={(x, y): ¥+ y*<<a%.

BuewHsss HOpMaJb K MOBEPXHOCTH KoHyca 22=x?4y? Hampas-
JeHa or ocH OZ ¥ B TOUKaxX KOHYCA, JEXKAI[HX Bhillle NAOCKOCTH 2=

=(), obpasyer ¢ 3710# ocbl0 Tymo# yroxa (cm. puc. 47). Crnenosaresb-
HO, B YCJIOBHH 3a3/laHa HUXKHsS CTOPOHA KOHYCa, T. €.

[ryxrx]

Nz{n:nz A
{lryXrll

B cuay cBoiicta 5

SSxdy A dz—ydz \ dx—+zdx )\ dy—
N

_ DW.2) _, Dien) oD y)
S;S[xD(y. o Ve TV )]dxdy’
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9y 0y 1 0 ‘
D (y, 2) _ 0y x| _ x
D, x |8 0|7\ v x| VETe
dy  ox Vety Vet |
0z 0z y X
Dz %) _ oy x| |VereE Vetw | y
Dy, x |0 Ox 0 1 Vet
Oy ox
CurejoBaTeNbHO,

ngdy/\ de—ydz \ dx+zdx \ dy=

SS(VX“-{-y? sz+y —VEF 2+y)dxd Y= S —25’ dxdy-_—.v

D

2%

= —-2S dcpSrzsmchdr— —_

2a3n

[Tpumep. Buuucaum
ngydy N\ dz-+yzdz \ dx+z2xdx A dy,
S

rie S — JieBasi CTOPOHA NOBEPXHOCTH
={r:r(u, v)={2u+ % uv*—2v, 2uv}, (4, v)=D},
D={u, v): 0<u<l], O<<v<<l}.

Pemwenue [IpoBepuM CHauasa KOPPEKTHOCTb 3afaHHsl CTGPO-
HH nosepxHocTHS. Tax Kax

re=1{2, 2u, 2v}, ro={20, —2, 2u},

TO AJist
_lraXrgd  a{wd+o, B —u, —1—un)
HryXrl! HrXrol|
4u - 4v
nosyyaeMm, yro cos(n, 0X)= m >0. Orcioga caenyer, 410 RO
r 0
[rgXry] ‘
N={n:n=—2"Y_} onpepenser JeByl0 CTOPOHY MOBEPXHOCTH S.
HreXr i

B cuny cBofictBa 5

SSxydy/\ de+tyzdz \ de+zxdx \ dy=
S
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= SS [(Qu—{— v?) (u*—2v) D, o) + 2uv (u*— 2v) DG x) +

D (v, u) D (v, u)
D
D(x, y)
2uv Qu-+v?) —=—2L | d s
+ uv(uf—u)D(v, 0 udu
Oy 0y _9 9,
_P_(y’—z).z Ov ou —_ — _4u2_40
D (v, u) Cad _ai_ 2u 2o i
dv  Ou
9z 02 | oy 9y
D (z, x) — du ou _ — 4y —4g?
D(v, uy |9 0%} |g, 9 ’
du ou
Ox 9x 20 2
Dx,y) |00 0u) =4uv+ 4
D(U, u) ...(?.!./_ -ai —92 %u + ’
dv  du [

ngydy N\ dz4-yzdz \ de+zxdx \ dy =
s

=4 SS [+ 0) (24 +0%) (20— u2) 4 2uv (42— 20) (u—v?) -+

+ Qu: (Qu+ %) (404 1)] dudo =

=4 Sldv § [20* -+ u (4vh + 20° -+ 40%) + u? (do— 40 + 0+ 20%) +

—f—u: (20—(;—402—~203)+u4 (Qu—0?)— 2u°] du =

—4 Sl [2u4+201+v3+2u2+ —‘;~ v——-—:— 02—}—%03—{——?04—}—
;

+—-;—v—i—vz—%v3+-§— v—-—;—vz——;—] dv="

ITpuwmep. Beruncanm

gg yidz \ de+22dx N\ dy—x*dy \ dz,
3

rae S—uactb nosepxHoctd Tena: V={(x, y, 2):2x2+2y2<az<lx?+
+y*+a? (a>0), ynosaersopsaiomas ycaoBuio y>0, U BEKTOp HOpP-
MaJid n, ompenesolMil opueHTauuio S, B Touke M=(0, a/2, 5a/4)
o6pasyer ocTphit yroa ¢ ockio OZ.
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Pewenue OpueHTanus HOBEPXHOCTH S, ONpejeseHHAS BEKTO-
poM n, 6mna noApo6HO NpoaHaJH3HPOBAHA B NpHMepe Ha c. 226.
DT10H OpHeHTAUHU COOTBETCTBYET BEPXHSISI CTOPOHA MOBEPXHOCTH

Si={{x, y, 2) :az=x2+y?°+a? x*+y*<a?, y>0} W HUXKHAA CTO-
poHa mnoBepxHOCTH Sy={(x, Yy, 2): az-2x2+2y2 x2+y?<a?, y>0}.
CrenoBaresbHO, OpHEHTHDPYIOLIEE NOJIe HopMadel K S; eCTh

[rpXr,l

N1={n3n= ;
(e Xr

R y):{x, " _+L+_]}

H OPHEHTHUPYIOIIee MoJje HopMaJiell K Sy ecTh

N2={n:n=_ﬂ§_r_xl_, f:r(xy y)::{x, y, M}}’

{7 X711 a

B cuay cBoiictB 3 u 5 umeeM, 4TO

Sgygdz A de-+22dx \ dy—xdy \ dz=

S

=Sgy2dz A dx22de \ dg—x*dy )\ dz+
Sy

—i—ggzﬁdz Ndx+22dx \ dy—x*dy \ dz=

2Dzl,x 2 D(x,4) o DUy, 21))
’SS[ pen o Fomw )T

D (23, x) 2 D (x, y)_zD(y,Z‘z))]
+<y2 w0 T2 Dw s F Dum )T

rae
2y =+ +a), nln §)=— @3 +2,

D={(x, y): 2+ <<a%.

Tak Kak
Dz, x) | 0x 9y |__ 1 §=__2_
D(x,y) |9 9} al|q] g i a
ox oy
9y 9y 01 .
D(y,z) | ox oy | ! - X
—_—— = —— ’
D(r,y) |2 Ou| a|gp9, a
ox dy
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)
0  On 4y 4x
Dz, x) | Oy dx _ -—_ili
D(y, x) |95 9% al|g 1 a’
dy  0x
9y 9y 10
Dy, ) |0y 0x ) 1 _ Ax
D(y, x) |92 &) a|gygy|l o
oy Ox

TO
Sgyzdz Ndx+22dx N\ dy—x*dy \ dz=
S
:SS[___ng_.*_%(xz_*_yz_{_az)z_l_E ilf._.
a a a a
D

— A @ty —2 | ardy= ({120~ 2ar—
D

—3 (2 +yH)? - a* 4+ 2a % + 2a%x*] dx dy =

k1 a
= % S de S [2art (sin® p—cos® ¢) —3r® + ra* + 2a’r¥j dr =
“ 0 0
1 1 g, a1 41,2 a 4 ,/=x 8)
= . —_— — —_— —_———— = —_— —_,
azﬂ[ 2a+2+2a,+5 ar 3 <2+15

§ 4*. BEKTOPHEIN AHAJIN3

Eme pas o6paTum BHHMaHHE HA TO, YTO Marepual, H3JOXKEHHBIH
B 3TOM maparpade, paccMorped B § 5 B TepmMuHONOrHH AH(depeHuH-
anpubXx Qopm. UHTaTenio NOJE3HO CPABHHTL ONpPeleJeHHs], OCHOBHbIE
CBOACTBA pacCMaTPHUBAEMBIX HOHATHH H XOA pelleHUs HPHUMEpOB.

ITyctb B o6mactd DzR?® 3apano BekropHoe mote A{P, Q, R}. Ilo-
PAZIKOM TJIaAKOCTH Toss A Ha30BeM HaHMeHbIUHI H3 MOPSAAKOB TJal-
KocTd ¢yukuuit P, Q, R B obsactu D. B nanbHelillleM, eC/H He OroBO-
pPEeHO TNpOTHBHOe, Bcerja OyjaeMm NoApas3yMeBaTh, YTO PacCMaTPHBAET-
csl BEKTODHOE IIoJie JOCTATOUHOrO TOpsiJKa TJafKocTH (He MeHee BTO-
poro).

Onpexnenenne. Ecmn A={P, Q, R}— BektopHoe noJje, 3aiaH-
Hoe B obJaactu D, To cKamsp Z—i+a—y+a—z~ Ha3blBaeTCqd JUBEpreH-
uueit noss A u o6o3navaercs div A.
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Onpegeanenne. Eciu A={P, Q, R} — BeKTOpHOE moJe, 3ailaH-
Hoe B o6JaactH D, TO BEKTOp

ik

. 0 aP
02 9 9 =£(-‘?5———6Q—)+ (91___95_) k (.i___)
ox 0y 0z Jy 0z 0z dx 0x Ay
P Q R

HaspBaercs potopoMm (Buxpem) moasi A u oGoaHauaercst rot A.

Onpenenenue. Bekropnoe nmone A, 3agannoe B obaactu Dc
CR3, HashBaercs INOTeHLHaJbHbiM B D, ecau cyutectByer (QyHKUHS
#:D—R — nortennuan noas A, rakas, 4To

gradu= [0 ﬂ, ou ] = A.
| x ' oy 9z |
Onpeneaenue. BekropHoe noae A, sagauHoe B obaactu Dc
RS, HaswiBaeTcsl COJIEHOHAAJBHHEM, ecau B obaactd D cyuiectByer
BEKTOpHOe mojie W (HasbiBaeMoe BEKTODHHIM NoTeHUHajom mnojs A),
Takoe, uto rot W=A.
Kax ykasumBaJsoch Bhlle, AJas cuaoBoro noass A={P, Q, R} unre-

rpan gde—}—Qdy—}—Rdz npexacrasisieT paboTy 3TOH CHAB NIPU nepe-
L

MEIleHHH N0 OpHeHTHpPOBaHHOH Kpumoi L. IlpuHATO HasmBaTh HHTe-
rpan Sde—f—Qdy—}—Rdz pa6oroii nons A={P, Q, R} Brosb KpuBo#
L

L nas mo6oro BeKTOPHOrO 1101, 6@30THOCHTENBHO K €ro (HhH3HYeCKOodr
xapakTtepuctuke. Ecnu kxpuBas L sBJsieTcss KOHTYPOM, TO 3TOT HHTe-
rpaj oOHYHO HA3HBAIOT UHUPKYJALHeHd NMOJs BAOJb KOHTypa L B naH-
HOM HalpaBJIeHHH.

Touno tak ke 6e30THOCHTEJIbHO K (H3HYECKON XapaKTepHCTHKe
noas A={P, Q, R} unrerpan

(S Pdy A dz+Qdz A dx+Rdx A dy
S

NPHHATO HA3HBATh NOTOKOM NOJs A dYepe3 OPHEHTHPOBAHHYIO NOBEPX-
HOCTb S B JaHHOM HAlpaBJIEHHH.

Onpenenenne. Kpusass L HaseiBaeTcsi BeKTOPHON JHHHEH HO-
s A, ecau B KaxIo# Touke ML BekTop moJast KacartenaeH K L.

M3 omnpeneseHHs Cc/eLyeT, YTO BEKTODHBIMH JHHHAMH Tojast A=
=d(P, Q, R} ;m.nmmcs{ HHTerpajibible KPHUBHIE CHCTEMEl YpaBheuuit
X “az
P

.

=9 _ 2

Q R
Onpenenenue. OGnactb, OrpaHuHuEHHAs. NMOBEPXHOCTBIO S, Ha-
3BIBAeTCA BEKTOPHOH TpPyOKo# mons A, ecau B Kaxpoii Touke MeS
BEKTOP NOJISI OPTOTOHAJIEH BEKTOPY 1 — HOpMAJH X S.

M3 onpenenenusi caenyer, dTO NMOTOK (A-n) dS nons A uepes
S
TIOBEPXHOCTb S BEKTOPHO! TPYGKH paBeH HYJIO.
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CgoiicTBO 4 KpHBOJHHEHHOro HHTerpajia BTODOTO pOAa B TEpPMH-
#axX BEKTODHOrO aHanu3a BHIVIAAHT TakK: HJsi TOrO YTOOH BeKTOpHOEe
nosge A, 3anangoe B obaactd DcR3, GHJO NOTEHUHAaJbHBIM, He00XO-
JIAMO H JOCTAaTOYHO PABEHCTBO HYJIO paGOTH ITOro NOJSI BLOJb JIO-
6oro kourypa LcD. Ecau none A={P, Q, R} noreHuu#asbHO, TO pa-
6ora ero BHOJb KpHBOil L paBHA pa3HOCTH 3HayeHHH NOTeHUHasa INO-
Jsl 4 B Ha4aJbHOH M KOHEYHOH TOUKe 2TOH KPHBOM:

\ Par4+Qdy+Rdz=uB—u(A).

A B

Teopema (popmyna I'puna). Ilycts obmnacts D sexur B R? u
rpanuua 0D o6aactH D COCTOHT H3 KOHEUHOIO YHCJAA KYCOUHO-TIaf-
Q
KHX KOHTYpOB 6D=fU1 L, (cm. puc. 49). Ilycts o¢ysxuun P, Q u
q=
LI )
o ox HenpepbisHH B D, Toraa
2, aQ  op
(PactQay=Y [ PartQay=({(Z—2") dedy,
a(il) Ox 6!-/

q=1 Lp D

9y

Puc. 49

rae Bce KoHTYpH L, 1<{q<CQ, opueHTHpOBaHH TakK, 4To NpH obxone
obaacts D ocraercs cJeBa.

Ecan koHTyp L JIeXKHT HA NOBEPXHOCTH S, TO Ha3oBeM dYacTth S,
OrpaHHYeHHyI0 L, DOBEPXHOCTbIO, HaTAHyTOH Ha KoHTyp L. Hanowm-
HHUM, YTO ODHEHTAllHH KOHTypa L W NOBEPXHOCTH, HaTAHyTOH Ha L,
COrJIaCOBAHH, €CJd npu 00xone L IO COOTBETCTBYIOUIEH CTOpPOHEe HO-
BepxXHOCTH S 4actb S, orpaHnueHsas L, ocraercs CJeBa.

Teopema (dopmyna Crokca). Ilyerp 1) obnacte D nexur B
R3 2) ¢yuxkuuu P, Q, Re=C!(D); 3) opueHtnpoBaHHHi xoHTyp (L,
T) u narsuyrast Ha L opueHTHpoBaHHas moBepxHocTb (S, N) Jjexar
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B D; 4) opuenrauusi nosepxHoctd (S, N) cormacoBana ¢ opueHTa-
uuei kourypa (L, T). Torna

SPM+Q@+Rm_g(—“"—)@Aw+
(et (FF ocne

Hcnoab3yss GopMyJsy cBsi3H MOBEPXHOCTHHIX HHTErpajioB MepBOro
¥ BTOPOTO poja, npaByio dactb ¢opMmyan CTokca 3aMHCHIBAIOT B BHE

(52w (2o

-+ (—a—Q— 9P ) Cos Y
oy

ds,
,0x

rie cosa, COsf, cosy— KOOpAHHATH eauHHUHOro Bekropa ne&N. Ko-
POTKO MOABIHTErpaabHasi (PYHKUHS B 3TOM HHTerpaje 3amHCHIBAETCsl B
BHE

cosa cosfP cosy

9 8 39
0x dy 0z
P Q R

B TepMunHax BekTopHOro anajuza ¢opmyna Crokca BHIJIALKT
TaK:

Ilycrts obaacte D—R3, opuentupoBanubiét KoHtyp (L, T) u opu-
eHTHPOBaHHAs MOBepXHOCThb (S, N) yROBJETBOPSIOT CHOPMYNHPOBAH-
HEIM Bblllle ycjaoBusMm. Torpa UupKyJsuusi BAOJb KOHTypa L BeKTOp-
HOro Hé)JIH A, sapgannoro B D, paBHa motoky rotA uyepe3 moBepx-
HoCTb S:

§a-ds={\ (rot 4.n)as.
L S

®opmynn I'piHa MOXHO paccMarpHBarth Kak ¢opmyay Crokca
I IJIOCKOTO BeKTopHoro nods {P, Q, 0}

Teopewma (popmyna Octporpanckoro— I'aycca). Ilycrs  06-
aactb D nexur B R3; rpanuna 0D obaactu D COCTOUT U3 KOHEUHOTO
’lfncna KYCOYHO-IJIaJKUX ToBepxHocTel; ¢yukuun P, Q, ReC'(D).

orua

SSde/\ dz+Qdz A\ dx+Rdx N\ dy=

S (s
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rile NOBEPXHOCTHHI HHTerpaJ Gepercsi IO BHelIHeH CTOPOHe IOBEpX-
HOCTH.

B Tepmunax BekTOopHOro aHaausa ¢opmyaa Ocrporpaickoro—
["aycca BHIrASAUT TakK:

ITycte obmacte D ynoBierBopsier COpPMYJHPOBAHHOMY BHILIE yC-
aosuio. Toraa notok BekTopHoro mnoJast A vepes mnoBepxHocts 0D B
CTODOHY BHelIHeH HOpMaJu n paBeH uHTerpajay ot divA mo D:

1§ a.mas=(((divaardyd.
oD "D
Onpenenenue. O6nactb DcR? naswnBaercss OJHOCBA3HOM,
ecnn aasa goboro kourypa LoD o6aacts DpcR?, orpanuuensas L,
1eJTHKOM JIeXKHUT B D.
Teopema. Ilycto obnacte DcR? oanocsizna U ¢yHkuuu P,
~ oP
QeC!(D). Torna ycaosue _‘;i:_g_, (¥, ¥) =D HeobxonuMo u J10-
X 9
CTAaTOYHO AJs1 cymlectBoBaHusi ¢yukuun usCH(D), rakofl, urto du=
=Pdx+ Qdy. Tlycrb obnacts DcR3? rakoBa, uto n060o# KoHTyp L
<D MOXKHO HeNpephiBHO CTAHYTb B TOYKY, He BHIXOAs H3 ognacma D,
_ P
1 ¢yakuuun P, Q, ReC'(D). Torna ycaosus R _ -QQ—, L ,
oy 0z 0z ox
2 _ op

= o HEOOXOAHUMO M JOCTATOYHO [/ CYLIECTBOBAHHSA (YHK-
x Y

uun u<C'(D), rakoii, uto du=Pdx+ Qdy-+ Rdz.

B TepMuHax BeKTODHOr0O aHajau3a 3Ta TEOPEMa BHIMIAMUT TaK:

Ilycrb obaacts DR® (D R?) rtakoBa, uTo J1060# Koutyp LD
HeNPEePHIBHO CTATHBAETCA B TOUKY, He BHXoAd u3 D. Torma raankoe
BEKTODHOe II0Jie, 3aJaHHOe B D, NOTEHUHAJbHO TOTAA U TOJbKO TOT-
aa, korpa rot A=0 scroay B D.

HeoGxoaumocTh yci10BHS TeOpeMEl €CThb IIPOCTO YCJOBHE paBeH-
CT%az(cDN;emaHHblx IIDOU3BOAHBIX BTOPOrO MNOPSAAKA (GYHKUHH US
= .

Uro6sl NpoaHaIM3HPOBAT JOCTATOYHOCTD YCJIOBHII TEOPEMHI, PacCMOT-
dy—yd 2
PUM BbIpaXKeHHe %y,T‘z;-’f B ofuactu D={(x, y): -‘i—<xa+y’<402}

__ Y __ %
(@>0) ¢pyskuuu P(x, y)= " u Q(x, y)*mz— GeCKOHEUHO
TJIAIKHE M YJIOBJIETBOPSIOT PABEHCTBY
P =4yt A

oy (24yHr ox
Yenouem cywectBoBarns B o6nacTH D yHKUHH usCY(D), nas
KoTOpo#i du:de-}-Qdy:M
x4+ y?
HHTErpaJa Sde—[—Qdy=SM no Jaw60My 3aMKHYTOMY
L L

» SBJSIETCsA DABEHCTBO HYJIO

2B+ 2

KOHTYypy LcD. Tlokaxem, uTo 3T0 ycnoBHe He BHNOJHsercst. Jleki-
CTBHTEJIbHO, NYCTb L — OKPYXKHOCTb DAaJHYCOM @ C MOJNOMKHTEJbHBIM
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nanpasyenneM obxoxa L={(x, y) 2: x=acost, y=asint, t=[0, 2a]}.
n
xdy —ydx __g a? cos? {4 a? sin?¢
2P

dt = 2m. I/ITaK,

a?

Torpa LD wu S
L

xdy —ydx
du= Y=Y

XAy
He cymectByeT. Taxo#i pesysabTaT HOJYYHJICA NOTOMY, 4TO 006J1acCTb

b

Pynkuun uesC! (D), yaosaerBopsiouell ycaoBHIO

D= {(x, y): aTz<x2~:—y2<4a2}

He sBJseTCs OmHOCBsI3HOH. Ecau  Xe paccmMaTpuBaTh OAHOCBASHYIO
o6aacte D={(x, y) : x>+ y*<4a?}, To HapyllaeTcsi ycJOBHe TJIaLKO-
cty ¢yuruufi P(x, y) u Q(x, y). MoxHO nmoKasarb, 4TO INpPH JIO6OM
JoonpeneiieHdu aTux Gyskuui B touke (0, 0) noayuawrcs pasphis-
Hble B 3TOH TOUKe (hYHKUHH.

EcrecrBennasi obaacrb ripumeseduss ¢popmya I'pusa u Ocrporpan-
CcKoro — ['aycca — 310 BBIYHCJEHHe HHTErpajoB BTOpPOro poja Io
KOHTYpaM Ha IJIOCKOCTH H 3aMKHYTHIM IIOBEDXHOCTSIM B HPOCTpPaH-
ctBe. Ho uHorza, oco6edno B NPOCTPAHCTBe, BHIUMCJAEHHE HHTerpaJga
BTOPOr'O POJAa MO HE3aMKHYTOH KpHBOM HJH NOBEPXHOCTH YHDOILAeT-
€5, eCJAM 3aMKHYTb 3Ty KPHBYIO HJH TNOBEPXHOCTb H BBIUHCJIATH AaH-
HH{ HHTErpaJ Kak pPa3HOCTb COOTBETCTBYIOUIHX HMHTETPaOB [0 3aMK-
HYTOH KpMBOH HJIM MOBEPXHOCTH H IIO 3aMbLIKAaIOIeMy MHOXKeCTBY.
B kauecTBe 3aMBIKAIOLIEr0 MHOXKECTBA OOBIYUHO OepyIcsi OTpe3kH
NPAMBIX HJIH YaCTH IJIOCKOCTEH, NapaJiieJbHBIX KOODJHHATHBIM, IIO-
CKOJNBbKY NO TaKHM MHOXKECTBAM MHTErpas BTOPOTO pOja BHIYHCJISIET-
¢ naubosee npocTo. B 4acTHOCTH, 3TOT METOJ JaeT BO3MOXHOCTb
3aMeHUTh JAOCTATOUYHO CJIOKHYIO HPOHEAYpPY OpHEHTAIHH KYCOUHO-
rJ1aiKOH TNOBEPXHOCTH INyTeM COIJIaCOBaHHS OpHEHTAalUMH ee IJiajKeX
COCTABJAIOWMUX 60Jlee NPOCTHIM BHIOOPDOM BHYTpDEHHell HJH BhHClIHeHd
CTOPOHBI 3aMKHYTOH HOBEPXHOCTH.

iIpumep. BoluHCIHM yKa3aHHBIM cHOCOGOM HHTErpaJ

QS yrdz \ dx—xdy \ dz422dx \ dy,
S

rae S —yactp IIOBEPXHOCTH TeJa
V={x 9, 2): 2+ 2 <<az<x*+4*+a*} (a>0),

Y/IOBJETBOpSIOMAs YCJAOBHIO y>0, H BEKTOD HOPMaJH, OIpenensio-
muit opuenrauuo S, B touke M=(0, a/2, 5a/4) o6pasyer ocTpHH
yroa c ocbio OZ.

Pemenne 3amMkueM noBepXHOCTb S wactelo 1mJockoctd y=0.
Torna moJsyueHHas nosepxHocts S Oyzmer rpanuueil tena: V={(x, y,
2) :y>0, 2224 2y2<az<{x?+ y?+a?}. Touka M=(0, a/2, 5a/4) nexur
Ha BepxHeH rpanuile Tena V, m HOpManab B 3TOi TOYKe HampasJeHa
BBEpX, CJEJ0BATENbHO, HHTErpasj Oepercsd NO BHEIUHe# CTOpPOHe IoO-
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sepxHoctd OV. Yactb naockoctd y=~0, Bxoasamas B 0V, ecTb moBepx-
HOCTb

Si={r:r(x, 2={x, 0, 2}, (x, 2) = D},
D={(x, 2): 2x* < az << x?+a?}.

BHelinas no oTHoWIeHHIO K Teay V Hopmaab n Ha S; HampaBJeHa
npoTHBONOJ0XKHO ocH OY. Tak Kak B faHHOM Cayuae

r,={1, 0, 0}, r;={0, O, 1}, [r,Xr]={0, —1, O}, 0 n=[r xXr]].
Tak Kak maockocth y=0 mapajsenbHa Kax ocu OX, tak u ocu OZ, 10

B CHJIy CJeJCTBHA 1 cBoficTBa 4 NOBEPXHOCTHHIX HHTErpajoB BTOPOTO
pozla uMeeM

SS Ydz Ndx—x2dy N\ dz-+22dx N\ dy = Sgyzdz N\ dx=
S} S
=SS O.dzdx =0,

D

{Tax uTO ompenesieHHe OPHEHTALMH 3]€Chb OKAa3aJOCb HEHYKHBIM.)

B CHJY INOJYYC€HHOro paBe€HCTBA H AAJHTHBHOCTH HHTerpaja ume-
€M, 49TO

SB Y dz \ dx—x2dy N\ dz+22dx \ dy=SSy2dz N dx—
S 3 :

—xtdy N\ dz+22dx \ dy.
Taxk kak

V=A{x, 9, 2: 22+ 2’ <z <P+ 2+ a, (x, y) =D},
D={(x, y): *+y*<a y>0},

TO, TIpUMeHsiA K MocaeaneMy HHTerpasty dopmyny OcCTporpajickoro —
['aycca, okoHyaTenbHO mOJyYaeM, 4TO

Sgy%iz/\ dx—x*dy N\ dz-+22dx \ dy =
N

x2-4tyttat

:S§S (2y—2x + 22) du dy dz=2 SDS axdy § (g—x+adz=

2 x’u—i— 2y
=5 ({{e—n@—r—p+
D
+ 5 34+ 34 +a?) (a2~—x2—yz>] dxdy=
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T a
= —22—5 dep S{(a 5r® —ar*)(—cos ¢ +-sing) 4 —(a‘r +2a2r3—3r5) } dr =
a
0 0
|
¢ j 5T ]

ITpuwmep. Haiiznem notok Bekropa A=x3i+ y3j+ 23k uepes
a,) 60K03y10 NMOBEPXHOCTb KOHYyCA

K={(x, y, 2 I*(@-y)<Z°R*, 0<<z<H} (R>0)

(B cTOpPOHY BHellHe& HOPMAaJH);

6) uepes TOJHYIO NMOBEPXHOCTb 3TOTO0 KOHyca (B CTOPOHY BHell-
Hell HOpMaJIH).

Pemenne Hausem ¢ n. 6). B cuny dopmyast OcTporpajucko-
11“?——I“aycca notok BekTopa A 4epe3 mosiHyw rpanuny @K KoHyca

ecThb

§l§(A.n) dS=S§S div A dx dy dz =

I
=S dx dy S (324 3y2 1 32%) dz =

PSR By

27 R
— — _ fir
__3§ qngrdr%s:(r2+zz)dz GnOS[r“(H R )—;—
+r?(H3—— ”d =2nS[3Hr" r“(zﬁ ;1: )—I—rH“Jdr:
=2ﬂ:[%HR4——5—(3HR4+H3R2)—{—7H3R2] 3ﬂHR STHRY (R2 9.

Tlepefinem Kk 1. a).

BHuucsnenne notoka Bektopa A dyepe3 GOKOBYIO IIOBEPXHOCTh KO-
Hyca K npoBelem IByMs crioco6aMu.

1. O6o3nagum uepe3 (S;, N|) BHeHIHIOIO CTOPOHY BepxXHell YacTH
nosepxuoctd OK. Torpa

Si={r:rix, y)=1{x, y, H}, (x, y) =D},
D={(x, y): *+y*<R?.

Bektop n < N, nanpasnen Beepx. Tak kak r ={1, 0, O}, r;/={0' 1, 0},
[r;xr]={0, 0, 1}, 10 n=[r,xr]. Tak kax S, napajuie/ibHa KaK OCH
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0OX, rak u ocu OY, 10 B cuny caencrsust 1 cBofictBa 4 MOBepXHOCT-
HHX HHTErpaJ/joB BTOPOrO pojia NoJayuyaeM, YyTo

\S@amas={{aaep dy= (oo dxdy=arems,
S1 Sy D

ITonb3ysch anAMTHBHOCTBIO HHTErpaja W pe3yJbTaToOM MpeBAY-
mero n. 6), OKOHYATeNbHO MOJydaeM, 4TO

SS (A-n)dS = §I§(A-n) dS—SS(A.n) ds =

3nRH

(R?+2H2) — R H? = RH_(3pe__4pp),

2. O6o3nauum uepe3 (S, N;) BHEWHIOI CTOPOHY GEKOBOH uacTH
oK.

Bexrop neN, obpasyer ¢ ocbio OZ Tyno#t yroJ, T. e. paccCMaTpH-
BaeTCs HHXKHASA cTopoHa Sp. YcjoBue z>0 mos3sBoJasieT 3anucaTh Sp; B
BHJE

Sz={r= r(x, y)= {x, Y, —Z~1/x2+y2], (x, y)eﬁ}.
D={(x, y): ¥+ y* < R%.
TaK KakK BeKTOp HENQ, OHpeILGJIH}OHlHI/I HUXHIOIO CTOpOHy HOBerHO-
[f X, o

CTH Sy, paBen —~—% o
» P 17, X ]

SS(A n) dS = ng3dy Ndz+y2dz \ dx+2%dx \ dy=

_Sg[xau(y, 2) 4 s D20 + 13 (2+y2)3/2D x, y)}dxay.

D(y, x) D (y,x) D(y, x)
Hanee,
Oy oy 1 0
D(y,2) |8y x| __ . Hx
Dy, ») |92 o | | __Hy He | RV#Fs’
oy  Ox RYV2+# RYETH
0z 0z Hy Hx
D(z, x) |0y ox|_|RVE¥+y RVPF¢? _ Hy
D(y, x) __(?.f. _aiv_.. 0 1 R'l/x2+y_2'
dy Ox
CaenoBaTeNbHoO,
H (x* +yh) H 2,3/2 _
SS(A 1) dS = SS[RWH% o (1) ]dxdy_
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2n
L

z
Sy

dcpS[R2 (cost @+ sint @) — H?]| r* dr =

_H R, TETW) R __J"HR [3R2— 4H?).
R 5 I (3) R 5

TlpepocraBasieM 4YHTATEJNI0 CPaBHUTb HOCTOHHCTBA M HENOCTATKH
KaxJA0ro H3 CIOCO60B M OCTAHOBHTBLCA HA TOM HJH APYTOM.
I1puwMep. Bounciaum

S(cosy+ysinx+ y?)dx—{(cos x -+ x sin y -+ x*) dy,
L

rae L —uacts kpuBoi r=a(l+cos¢), y>0 or rouku A(2a, 0) ao
toukn O(0, 0) (nmekapToBa W TNOJsIpHAS CHCTEMBl KOODAHHAT COBMe-
mensl) (a>0).

Pemenue 3aMKHeM KPHBYIO A0 orpeskom [OA] ocu OX (cm.

puc. 48). Hanpasnenne kpuBo#t AO umuayuupyer o6XOA NMOJNYYEHHOTO
KOHTypa Tak, uto obmaactb D={(r, ¢) :0<p<m, O0<r<a(l+cosq)},
OrpaHu4YeHHasag HUM, OCTaeTcd cCJjeBa. CJlellOBaTeJIbHO, HCHIOJIb3YA aa-
JUTHBHOCTb HHTerpasa u ¢opmyay ['puHa, noayyaem, uto

S(cosy+ysinx—{—yz)dx—(cosx+xsiny+x2)dy=
L

= S (cosy -+ ysinx-+ y?) dx—(cos x + xsiny + x*) dy—
LUL04)

(cosy -+ ysinx 4 y?) dx—(cos x +xsiny+ x*) dy =
[0A]

2a
= —g dx—+ SS (sinx—siny—2x+siny—sin x—2y) dx dy =
0 D
n a(1-cosp)
=-—20—2 SS (x+y)dx dy=—2a—2$dq> S r2{cos ¢ +sin @) dr==
D 0

0

g
= —2a—%a3g[(1 -+ cos ) sin g+ cos @ + 3 cos? ¢ 4- 3 cos® ¢ -
: .

-+ cost ] dop= —Qa——i— a3-i(1 -+ cos @)? 0—

e

2 BT /2  TEDTAD ] o 8 g3 5ma®
3 ¢ [3 re T re ] Tl 4
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INycrs (L, T)—raankuit KOHTYp C TOJIOXHTeNbHBIM —HanpabJse-
#HeM ob6xona u n={cos P, sin f}-— eAUHHUHBIA BEKTOP BHEIIHeH HOp-
mand X L. Tak KaK BeKTOp n HampaBJeH BIPABO OT BEKTOpa T=
={cos a, sina}eT, To yroJ moBopora oT T X n paseH —mn/2. Orcioja
moJyyaeM, 4to s Imjockoro Bekropa A={P, Q}

(A-n)=PcosP+QsinPp= —Qcosa+Psina=(4, 1),
TlIe BEKTOp A_\—-Q, P} n S (A~n)d3:S(E.1:)ds=Sde_de.
L L L

[Tpumep. Onnocsasuast obnactb DR? Tlpeobpasyem K ABOM-

P G
HOMY HHTerpajy KpHBOJMHeHHHEI HHTerpaj mepBOro poaa S%—ds,
n
L

rae dyuxuus feC?(D); xycouro-riagkuii Kontyp LcD; n—enu-
‘HHYHHH BEKTOp BHelllHell HopMaJH K L.

Pemenne [IpuMenss nojiyueHHOe Bbillie PaBeHCTBO H (popmy.ay
T'puna, moaydaem, 410

OF gs— vds— 0O gy OF 4y~
Sa ds—g(gradf n) ds §ax dy % dx

5522

rie Dy — o6yactb, orpaHHYeHHAast KOHTYPOM L.
Il puMep. Buuncaum nurerpaa I'aycca

u (X, yo)——“S%ﬂd
L

tne LcR?—raankuil KOHTYp; r={X—xo, y—Yo} — BEKTOp H3 TOUKH
My (x0, Yo), He nexamtefi Ha L, B Touky M=(x, y) xourypa L; n—
2IHHUYHKH BEKTOD BHEIUHel HOopMaJH K L.

Pemenune. He orpannuuBas oOLHOCTH, MOXKHO CYHTaTb, YTO

xo=0 # yo=0. Toraa cos(r, n)== "

Tt [IpuMeHsss INOJYYEHHOE BHI-
;

ille paBeHCTBO, IIOJy4YaeM

S\os(r n)d S {r-n) ds _S xdy—ydx
Y Iri Ir1? e

Brme Gulyio moxkasaHo (cM. ¢. 252), uto uurerpan

S‘ xdy —ydx

=2
a4yt o

or

rae CF—oxpyxuocts X2y =a® (@>>0) ¢ MOMOMHTELHEIM HalpaBJe-
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— x P
HveM o6xoga. PyHruum P = —Y _ y Q=-—2— B moboit 06.1acTH,
x4y x4 y?
He cojepiKallell Hauaja KOOPAHHAT, sSIBJISIOTCS GeCKOHEYHO TIVIadKh-
oQ oP

MH H Y1OBJETBOPSIOT PABEHCTBY  — - o
X

Otcroga ciaeayer, UTO €CJH HAuajo KOODAHHAT JIEXHT BHE 3aMK-
HyTo#i o6aactH D, orpaHdueHHO#l KOHTypoM L, To XK HHTerpaay

xdy —ydx
S X% 4 y?

Ecsu Ke HauaJo KOOPJAHHAT JEXHUT BHYTpH o6aactu D, orpasn-
yeHHOH KOHTYpoM L, To Bo3bMeM o6aactb D, rpanuteil  dD,, kKoTo-
poit aBjsiercsa KOHTYp L u okpyxHocTh Cg:x2+y?=a? Uucao a>0
Geperca Tak, 4ToOH OKpyxkHOCcTb C, Jexana BHyTpu D. O6nacts D,
JEKHT CJieBa OT KOHTypa L IpH NMOJIOXKHTENbHOM ero o0xoie H cle-
Ba or oxpyxHoctd C, mpH oTpHLATeJbHOM ee o6xoje (cM. puc. 50).

npumenuMa ¢opmysa I'puna, B OH paBeH HYJIWO.

OGosnaunm uepes C,+t oKpyKHOCTh C, C MOJOXKHTEJbHBIM Halpab.e-
Hiem obxoxa u yepe3 C,~—c orpunarenbHbIM. Tak Kak HauaJo Xo-
OpJHHAT JIeXKHT BHE Dy, TO, KaK y¥Ke I10JIy4eHO,

S xdy—ydx 0
a4y '
LyC,
OTC}O,’la, NOJb3YysiCb aLIUTHBHOCTBIO W HANPaBJAEHHOCTHIO KDHUBOJIH-
HEHHOro HHTerpaJia BTOporo poaa, noayudaem, 41o

S xdy —ydx _ S‘ xdy —ydx __ S xdy —ydx — 9
¢

242 A B+ y?
Ca
Hrax, unrerpan laycca u{xg, yo) paBeH HYMI0 J1Js1  JHOGOH TOYKH
M=(x0, yo), nexamiefi BHe 3aLaHHOH OGJACTH, OrpaHHYEHHOH KOH-
Typom L, u pasen 2x aaa Jo6oit Toukn M= (x,, yo), nexalieit BHYT
pHu 3TO# obJacTH.
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O6aactp npumenenuss Gopmynasl Crokca — 3TO BBIYHC/IEHHE KDH-
BOJIHHeHHBIX HMHTErpaJioB BTOPOrO DOJA B Caydae, KOrja Kpupas HH-
TerpupoBaHns L 3ajaHa Kak IepecedeHHe ABYX MOBepXHOCTEMl.

[Ipu Takom 3agaHuu KpUBOH L, BO-MEepBBHIX, KAK [PAaBHJIO, yKe
onpesesieHa IIOBEDXHOCTb, HATsHyTas Ha L, a, BO-BTOPHX, HeT HeoO-
XOAMMOCTH TPOH3BOAMThL IapaMeTpH3allHI0 KPHBOH L, YTO 4acTO Tpe-
fyeT HeTpHBHAJIBHBIX NpeobpasoBanuii.

IMpuwmep. Hallnem uupkyinsuuio Bekropa A={x(y+z), y(x+2),
Z(x+y)} Baoab Kpupoll L:x%+4 y?+ 22=2Rx, x?+y*=2rx, 2>0, (0<
<r<R), TOJOXKHUTEJIbHO ODHEHTHDOBAHHOH Ha BHeUIHed CTOpOHE
chepn x2+y?+22=2Rx.

Pewmenue. Opuenrupoanuni Koutyp (L, T) JexuT Kak Ha
chepe x2+y2+22=2Rx, Tak u Ha uwiauHApe x?-+y’=2rx, HO ycJo-
BHsIM npuMeHenus ¢opmynan CToKca YyJIOBJETBOpsIET TOJbKO YacTh
c¢epbl, NOCKOJbKY OHAa SBJSICTCs NPOCTOH TIJIafKoH TNOBEPXHOCTHIO.
PaccmoTrpum zBa crnocofa pelleHHsl: CBeJeHHE KPHBOJHHENHOrO HH-
Terpaja BTOPOrO poLa a) K IIOBEPXHOCTHOMY HHTerpaJy BTOpPOro po-
na u 6) cBeleHHe K NOBEPXHOCTHOMY HHTerpaJly mepBOro poja.

IlepBuft cnoco6. O6o3nauum uepe3 (S, N) yacTb BHellHeH
CTOPOHBl noaycdepbl x%+y?+2?=2Rx, z2>0, Jexallylo BHYTPH ILH-
aueApa x?+y?=2rx. Tax Kak JJs BepxXHel noaycdeps BHEUIHSS CTO-
pOHa sABJsieTCS ONHOBPEMEHHO M BepXHeil CTOPOHOIL, TO

S:{r:r(x, y):{x» Y, -l/sz——xz_yg}’ (x1 y)EE},

D={(x, y): X2+ y*<<2rx}
i

Xl
Hry X r,li

IlpaMenss gopmyay CroKca, NOJAYYHM, YTO
famds=(x@radety(trady+ztyde=
L L
=§S(z—y>dy A dz4-(x—2)dz \ du+(y—x)dx A dy=
S
— 2w D@ %)
SDS [ e G ey

+ (y—x) M | -dx dy.

D (x, y)
Huddepennupys 2(x, y) Kak Hes BHYIO (YHKLUHIO, HOJydaeM, 4TO
Oy 9y 1
D (y, 2) _ ox 0y | _ __x—R
D(x,y) |02 9% | |R—x _y z
ox ay z z
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00 02| |R—x _

D(z,x) | 0x 9y |_ z z |__ Yy
D(x, y) |9 9% 1 0 z’
ox oy
Cue10BaTeNbHO,

? +(x—2)%+y~—)f] dxdy=

LS(A-r)ds:ng G
=SDS(~"§ )dxdy.

Tak kak o67actb D cuMMeTpHuHa OTHOCHTeNbHO ocH OX, a  QyHKuHS

_ Ry _ Ry
f(x y, Z)'_"_— Vm

SS Ry dx dy=0 u, ciaenosaTesLHO, S(A T)ds= —R SS dx dy = —aRr?.
L

HeyeTHa  OTHOCHTC/IBHO Y, TO

Bropoit cnoco6. EqunnuHblfl BeKTOP £ BHelHe#d HopManu K cde-
pe x4 y*+2*=2Rx pasen { x;R , % ~;~], Yacth BepxHeh mojy-
chepH, Jexamiedi BHyTpH UuauHapa x2+y%<2rx, KaK H B NepBOM
clyuae, 3alyilleM B BHAE

S={f, r(x, y):‘[x’ Y, VQRX—-X2—y2}, (X, y)EEFa
D={(x, y): x*+ 4> < 2rx}.

ITpumMensis ¢popmyay Crtokca, IONyyuM, 410

S(A-r)dszgx<y+z)dx+y(x+z>dy+z(x+y)dz=:
L L

—R 5z
R R R

- (S R R
S oy 0z

D) 9t 2
~({|2 55 e—o+Le—a+% w—n] as= ((w—2as.
S

S
Tax kak

dS=V 1+E )+, drdy= ‘/1 4 RO L 8 ey —
2z 2
_R afxdy,
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TO
A. =R Y=z — —nRr.
§( T)ds S)S ( - ) dx dy Rr

ITpuwmep. Boiuncaum unrerpad

S zdx+2xdy—ydz, rne A B—xpupaa x*-++yt=2ax (a>>0),

A B
az=uxy, 20, A=(0, 0, 0), B=(2a, 0, 0), ucnossys dopmyay Croxca.
Pemenue. Tak kak orpe3ok [BA] ocm OX jexur Ha HOBepX-

HocTH napabosouia az=xy, 10, o6beauHss ero ¢ Kpusoit AB, moay-
ugM KOHTYp L, Jexkamuii Ha HMOBepXHOCTH az=xy. O0Xoa mNoJyyeH-
Naar”

HOrO KOHTYpa, HHAYLMPOBAHHHIH HanpaBneHHeM Kpusoii AB, moso-
JKHTeJeH, eClH pacCMaTpHBaTh €ro Ha HHKHeH CTOpoHe napabojou-
na. Urak, natanyras Ha xoutyp (L, T) uwacts (S, N) mapaGosouna
Qz==x}Y C COI'JIaCOBAHHO} OpHEHTaUHeH ecTh

S = ‘r:r(x, y):—-fx, Y, ——i—}s (x, y)ED],
\ l a ) J
D={(x, y): #*+y*<<2ax, y>0}
o
_ x|
Hry X 7)1
Tak kax
R zdx+2xdy—ydz= S‘zdxzo,
§BA] [BA]

TO B CHAY aAAHTHBHOCTH HMHTErpaJsia uMeeM, 4To

S 2dx+2xdy—ydz= S zdx—+2xdy—ydz—

A B L

— S 2dx+2xdy—ydz= S zdx+2xdy—ydz.

iB4] L

Kak u B mpenniylieM NpHMepe, IIpOBeJeM 1Ba BHIYHCJ/IEHHA HHTErpa-
Ja no KCcHtypy L.

ITepsuii cnoco6. Ilpumensis dopmyny Crtokca H yuHTHBas
YKa3aHHYI0O CTOPOHY IIOBEPXHOCTH NapabojioHia, HOJydYaeM, 4To

Szdx+2xdy—ydz=ggdz N\ dx+42dx N\ dy—dy N\ dz=
L

S
_(C[_DPWwa D QD(x,y)]dd
SDS[ Dw ) D T D n ) Y



Hauee,

02 02 |x oy
D(z, x) | 0y ox |_la a _ X
Dy, v) |O9% 0| |5 1| a
dy 0x
9y 9y 1 0
D(y, 2y | oy ox | Yy
Dy, xy |02 02| |x 4| a
dy Ox a a

CitejoBaTeNbHO,
Szdx+2xdy—ydz=gg (—’C———Q—i) dxdy=
a a
L D

1 /2 2acosQ
=— S de S r*(cos ¢ —sin @) dr—a%*n =
a
0 0
/2
8a? i 3 2
=5 S (cost o —sin @ cos® @) do— a*n =
0

2
L4 [TGT2) L)
3 I (3) 4.
22 %2 3 1 5 2a2 a’n
- — e @ = — -
3 3 2 3 2

Bropoi cnoco6. Tak kax r ={l, 0, y/a}, r’yz{O, 1, xfa}, 10

n= -17{%————% H, CJIeJlOBaTENbHO,
a X Y
Szdx+2xdy~—ydz=
L
Y X —a
_SS Va+ 2+ Vata2 i@ Vetsa+7 | g
= a _
S “ox oy oz
z 2x —y
= — X —2q) dS.
SS(Va2+x2+y2+va2+xz+yz a)d
S
Tak Kak

dS=V 1+EP+E,) dx dy= 71; Va+ 2+ dxdy,
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TO

2 2
Szdx+2xdy—ydz=—l—SS(x——y—?a)dxdy——— — 2‘; —
L D

IMpumep. IlposepuM, ur0o BhIpaxenne (cosy+y cosx)dx+
+ (sin x—x siny)dy sBasercs nonHbHIM AHGdepeHNHaNOM, H HalxeM
Bce (YHKILHH, HJs1 KOTOPHIX 3TO BHIpaKeHHe sBasiercs AHPdepeH-
L{HAJIOM,

Pemwmenune Tak xak ¢ysruun P=cosy+ycosx u Q=sinx—
— xsiny HenpephBHO AuddepeHIHpyeMbl Ha Bcell maockoctH R2, TO

H3  paBeHcTBa —= = CO0S x—siny= .~ CJenyer  cyllecTBOBaHHe
X

byukuuu [:R2—>R, nas xoropolt df=Pdx+ Qdy=(cosy-+ycosx) X
Xdx+ (sin x—x sin y)dy.

Qyuknuio f(¥, y) HAXoAMM MO yXKe PpaACCMOTPEHHOMY IIpaBHJAY
(cM. c. 254). Paccmorpum aBe toukn A=(0, 0) u B={(x,, Yo}, TOr 12

o Yo

f (%0 90)=1(0, 0)+ \ dx | (sinx,— x,sing) dy =
0

X
¢
= Xo -+ Yo Sl Xy = X, COS 1fg— Xo = Yo SiNl X~ X, €OS Y.

B cuiy npousBOABHOCTH TOYKH B==(Xy, Yo) HAXOAUM MHOKECTBO
byuknui f(x, y)=xcosy-+ysinx+C, rae C-—npousBojbHass 10~
CTOSIHHAA, ~

IIpuwmep. [IpoBepum, uTo BEKTOPHOE mOJiE A= {1/2—}—_1//2 ]/x,
Vi+22V7y, 1/J—i-x/2 V2] noTeHuHanbHO B IepPBOM OKTaHTE X>>
>0, y>0, 2>0, u HafigeM ero nNOTEHLHAJ,

Pewenune. YcaoBueM noteHuHasbHOCTH noass A sBasercs pa-

BeHctBo rot A=0. IIpoBepuM cnpaBelIHBOCTb 3TONO PaBeHCTBA  AJIst
J@aHHOTO HOJIS:

i i k
9 9 9
rot A= ox dy )

Vitsle Vit i Vit

~(75—s) Hsve—os) )

Iorenuunanom mons A spasiercs GyHxuus u(x, y, 2), YAOBIETBOPSIO-
mas ycaoBuio grad u=A unu

du= (Va5 ) diet (Vik 5 o Jay+(Vi+ T | de

=0.
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Tlo yxe paccmMOoTpeHHOMY NpaBHJY NOJYHaeM, YTO

u(xy, Yoo 2o)=u(l, 1, 1)+§(1 +—2-1l/—;-)dx+
1

2Vz

= xy—1 +V’—C—o_*1 +yo1/;o*“1/x_o+1/!/_o—1 +2, V%—Vy—o+
+xovz_o_xo:yo -1/36—(;‘*‘20 1/%+x01/7(»—3-

Hrak, noresnnanom nojst A asasiercss GyHkuus

u(x, y, )=xVz+zVy+yVx+C,

rae C — npoU3BOJbHAS IOCTOSTHHAS,

HenocpencreenHasi mpoBepka IOKa3kbiBaeT, YTO JAHBEPreHUHst CO-
JeHoupanbHoro noJsi A TOXKIeCTBeHHO paBHA HyJo. BepHo u oGpar-
Hoe ytBepxkaenue: ecan divA=0 B obsactn DR3, 10 B 310#i 06.s1a-
cri nosie A conenouganbuo. Tak Kak div(grad u) =0, T0 BeKTOpHBHIH
IOTEHILHAJA COJIEHOMIAJBHOrO IOJSA OlpeAesseTcss C TOYHOCTLIO 10
CJ1araeMoro, sIBJSIONIErocsi MOTEHIHAAbHBIM nojeMm. OIHH H3 BeKTOp-
Helx norexuuanos W={W,, W, W,} conenoupanvroro mojis A={A.,
Ay, A,} monyuaior caeaywooiuM obpasom: 1) monarawr W.=0; 2) 3a
W, Gepyr oany u3 nepBooGpasHuHX (YHKUHH A, OTHOCHTENbHO TNepe-
meHHol x; 3) W, Gyner ta u3 mepBoobpasHbx ¢yHKuuit — A, oTHO-
CHTEJLHO NlepeMeHHOll X, KOTOpas OTBeYaeT ypaBHEHHIO

oW, N ow, .
oy 0z *

4§ (Vi) o § (Vo522 ) de

3anuineM 3To TaK:

Wy:SAzdxr W,= —SAydx-i»q)(y, 2),
rae GyHKuHSA ¢(y, 2) YAOBJETBOPSIET yPaBHEHHIO % =A, + _oaz_ W,+
+”;y_ SAydx~ Boifupast 04HO M3 pemlenuil 3TOr0 ypaBHEHHs, OKOH-

yaTtesbuo onpejpenseM ¢yuxuuu Wo=0, W,, W,.
[Tpumep. [lpoBepun, uro nome A={x—y+2z, y+z—x, x+y-—22}
COJIEHOM/ANbHO, HallleM ero BeKTODHBIH IOTeHUHA.

Pemenue. Ilose A cosenonpansio, Tak Kak divA = 9 (x—y+
X
4-2)+ —g—(y+z—x)+ai (x4 y—22)=141—-2-0. Onsnv us Bek-
Y r4
TOPHBIX NOTeHUMANOB nons A spasercs nose W={W, W, W,}, rue
Wx = 0’

318



WV=S(x+y—22)dx:%—}—yx——2zx,

Wi={ =y taditon, 9= —p—zrto0 2,
9 _ O (X e 9

-‘T’y——-x ytz+— < g T Y% 22x)+

+ o (S )= —y s,

_ 7
o=—- +2y.

Hrak, BeKTOPHHM mnorennuasoMm moas A={x—y+z, y+z—x, x+

+y—22} asasercsa BekropHoe noje F=W+grad u, rae

_yz

W= {0, -’f;; - yx—2zx, + —yx—2zx +zy} H 44— POH3BOJIbHAR

¢yukuua kaacca C2.

Ha

Ha

3AJAYUYN

§ 1. AareGpanueckue u auddepeHunanbubie Gopmbl

1. Ha#itn 3Hauenne Gopmul

1 A7ty A s—3my A &g A\ wty—a A sy Aty + 20 A Aig Ay
BekTopax &, =(2, 2, —1,1), &, =4, 3, —1, 2), &z=(—1, 0, 2, 3).
2. Haiitn 3nauenune GpopMu

7y N\ g+ 27y \ 7y—5amy A\ 1y

BekTopax §,=(1, 4, 1), §,=(2, 0, 3).

3. [IpuBecTH K KOOpAMHATHOMY BHAY GOpMY

@y + 7y —a5+ 25 A (0 A\ ,—375 A '7y).

4. IlpuBecTH K KOOPAMHATHOMY BUAY GOPMY

@ty A\ 7i3—3my A\ my+ 715 A\ 715) A (5 — 271, + 3y - ).

5. Haiitn snavenue guddepernnasbHoil GopMul

x3x3dxy N\ dxy 4 x3xddey N deg+x3x2dx, N deg+x3x2dx, A dx,

Ha Bekropax §=(1, —1, 0, 2) u &=(3, 1, —1, 0) u3 mnpocrpaucrsa

(t, 2, —-1,-2)-
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6. Haifitn snauenne auddeperuranbuoii GopMal
XoX3dxy N\ dxy - 2x1x0x2dxy N\ dix; + XX %9dx, N dixy
Bekropax &;=(1, 0, 1), E:(2, —1, 0) u3 mpocrpancrea TD, o, 1.

TlpuBecTy X KOOPAMHATHOMY BHAY AHU(pdepeHLUaNbHBIE (OPMBIL.
7. (xpdag N\ dxg+xydxy N dxg-+ xgdxy N\ dxg+xq4dxy N\ dxy) N\
N\ (xyxadixy + XoXgdy + XaXadxy -+ XgX1dXy).
8. d (arctg Dtz ) N\ d (xgx— Xp,).
XgXy
9. d(2x3xx3d%5 N\ dxg- xx2dxy N\ dxg—2xx3x4dx;, \ dxy).
10. d (x5 ™ dxey N\ dxg+ xie™ T dx, N dig+
+ 2x,5,6" Ty N\ dxgE X  dxg A dixy).
11, d (250255, d%; + X, X5 X405 -+ X3 XoXydXg 4 X, X045 dy).
12. d(x(@—y) dx+y (@ —2%) dy +2 (" —x°) d2).
13. d(xy2?dx N\ dy + x*yzdy N dz + xyPzdz )\ dx).
14. d (sin (x; -+ Xy —X5— xg)dxy |\ dxg - sin(x; + xy— x53— Xy) X
X dxy N\ dxg—sin (x4 Xy + X5+ Xg) dxy N\ dXy+
+ 80 (g A X+ X5+ xg) dxg \ dixy).
15. d (X3%,d %, + XaXadXy - XX 4dXs + X1 X4dXg) N\
N (X4dXy -+ XgdXy + XodXs 1+ XydXy).
BhLIACHHTD, 3aMKHYTBl WM HeT Cjefyioliye (opMbl:
16. 2z2xdx— 2zydy -+ (x* 4 y?) dz.
17. 2xyzdx + (x*2—2%) dy + x*ydz.
18. (yex¥® 4 xyze¥?) dx -I- (xe*¥? + x*yze*¥?) dy 4 x*y?e*¥* dz.
19. (X2 4 Xpxg~—xg%,) dxy N\ dxg+ (X34 2xgx3— Xox4) dXy [\ dx3+
+ 2xyx4dxy N\ dXg+ (X Xy — XgXg) dXy N\ dxs+-
F (—2xyx4 4 X1 X5) dxy [\ dxg 4 (x1Xg + XoX3— 2x1xy) dxg \ dX,.
20. z(x—y)cos(x+y—=2)dx \ dy+x(y-+2)cos(x+y—=z)dy A\
N\ dz—y(x+2)cos(x+y—z)dz \ dx.
21, (%X + XgXg) dXy N\ dy 4 (1X5 + XoXg) diXy N\ dXy+
+ (1% + XoXg) dXy N\ dxg+ (XF+ X2 + x5+ X3) dxy /\ dX,.



22, (xgxy+x2)dxy N\ dxy N dxg - xyxadxy A dxa N\ dxg+
+ (Xoxg—x2) dx; N\ dxg \ dxg-+ xx0dxy N\ dxy )\ dxy.

23, 2xgxyxldxy N\ dxy N\ dxg—2x3x.x3dx) N\ dxy N\ dxg+
+ (2x5%2 X5 — X XoXXg) dXy N\ dXg /\ ditg - (2x10,%5 + X4X3) dixy A
A dxy N\ dxg—xx5x3%5d%, N\ dxy N\ dxs— (€22 253 x,x,) dxy \

N dxg N\ dxg+3xx,x3dx, N\ dxg )\ dxg—x,xaXx5d%) |\ dX, /\’ dxs.

Haiitn cyxenue Gopmbl ® Ha KpHBYIO L € yKasaHHOH mapamerpH-
3anuen:

24. @ =(x-+sinx)dy—y(cos x - 1)dx,
L={(x, y):x=x, y=xcosx}.
25. o= ydx—xdy,
L={(x, y):x=ylny, y=y}.
26. o= yzdx— xzdy -+ xydz,
L={(x, y, 2): x=acost, y=asint, z=">bt}.
27. o= xzdx 4 yzdy -+ (x* + y*) dz,
L={x, y, 2):x=atsint, y=atcost, z=">0*}.

Haiitu cyxkenue GopmMbl @ Ha MOBEPXHOCTh S ¢ yKasaHHOH mapa-
MeTpH3auHeH:

28. o=xdy \ dz-+ydz )\ dx-+zdx \ dy,
S={x, y, 2):x=1x, y==y, 2=xsiny-+ysinx}.
29. 0= —2E+yHds \Ndy+y@@+y*)dz \ dx-F2xdy N dz,

)
|

Sz{(x, y, 2):x=arctg %—{—yz, y=y, z:zj,
30. w=zdx \ dy-+xdy N\ dz+2ydz \ dx,
S={x, y, 2):x=x, y=xzln(x*+2?), 2=2}.
31. o=xdy \ dz-+ydz \ dx--zdx A\ dy,
S—cdepa paguycom R:S={(x, y, 2):x=Rcosg@cosy, y=
= Rsin@cosy, z=Rsin}}.
32, o= (x}y)dx \ dy—z(X*+ 4% (dz N\ dx+dy N\ dz),
S—renukoun : S={(x, y, 2): x==aucosv, y-=ausinv, z=bu}.
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33. o=yzdy \ dz—xzdz \ dx-+ xydx+dx \ dy,
S—rop:S={(x, y, 2): x=(b+acosp)cosP, y=(b+
~+ a cos @) sin Wy, z=asir1q$}, a<<b.

34. o=ydx \ dy—zdz \ dx+xdy N\ dz,

S — runepGosueckuit napaGosoua
S={(x, y, 2):x=auv, y=a(u+v), 2=au—7u)}.

35. o=z(2 4y dx Ndy—xp*+28)dy N\ dz+y(x*+2%)dz \ dx,
S—ummnap, S={(x, y, 2): x=Rcosg+R, y=Rsing, z=~h}.

§ 2. BpluKcjieHHe KPHBOJHHEHHOr0 HHTErpajsa BToporo poaa

BHUHCIHTD KPUBOJHHEHHBIH MHTerpaj BTOPOrO poja, B3ATHHA
BAOJIb ODHEHTHPOBAHHON KpUBOiH L:

36. §(2~—y) dx + xdy,

L={(x, y): x=1t—sint, y=1—cost, 0 <t << 2n},
rjie KpuBas MPOXOAUTCS NP BO3PACTAHHH IapameTpa.

37. S y;b::r:iy, rae L ectb orpesok AB, A=(0, 0) u B=(1, I).

3(—x2ydx+xy2dy L={(x, y): x*+y*=r%,
L

rge OKpPYXKHOCTb MNPOXOAHUTCA B IOJOXHTEJbHOM HANpaBJCHHH.

39. g ydx—(y -+ x*)dy, L— nyra napa6osist y==2x— x* o1 TOUKH A=
L

= (2, 0) po Touku B=(0, 0).

40. Sxdy-l— 2ydx, L-—KOHTYp, cOoCTaBieHHbl JHHHAMH y=0, y=x,
L

y="7T—Xx* C NOJIOKUTEJLHEIM HalDaBJIEHHEM 06XONa.

41. S(x—}— y)dx—xydy, tie L—pyra xpusoii x!'/44-yl'/4=qal/* or
lu:oqxn A=(0, a) no Touku B=(a, 0).

42, Sx - yrdx—xydy, L={(x, y): 2 (x+y)=(x—y)?}, or Toukn A=

- (0, 2) no toukn B=(2, 0).
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43. K xydx—x2dy, L={(x, y):x*—2x%*+y*=0} or rtouku A==

L
=(—1/4, —1/8) mo rouku B=(0, 0).
44. §y3dy—2xy2dx, rae L—uactb KpuBOH x% -+ 2x* 4 y* =3 OT TOUKH

L
A=(—1, V'2) no Touku B=(1, 0).

45. S(y—{—n) dx+x cos ydy, rae L-—wuacts Kpusoil mInx—y-4-
L
+siny=0 or Touksn A=(1, 0) mo Touku B=(e, m).

46. § x2dy— xydx, rae L—yactb KpuBoil x!— y* = 6x%y or TOUKH A =

= (—47'2; 4) no Touku B=(0; 0).

47. Sxdy—ydx, rae L—uacte kpusoit x(x—y)®+y=0 or TOUKH
L
A=(0, 0) mo touru B==(2/5; —8/b).

48. S xdy—ydx, rae L—netas Kpusod x*+ yt=a?(x*+4y*) c noJjo-
- L
JKHTEJIbHBEIM HarpaBjaeHueM 00X0Ja.

Ykazanne. [Tonoxure y=xf. [lpu BBIYUHCIEHHUH COOTBETCTBYIO-
fero MHTErpasa caejath 3ameny z=1/L.

49. gxydx-x3y3dy, rae L-—xoutyp KBajpara |x—y|+ |x+y|=1

L
C OTpUllaTe/JIbHBIM HalpaB/JaeHHEeM ofHxo0ja.

50. S xzdx -+ axdy—x?dz, rne L—udacTe KpUBOH az= Xy, X-+y-+
L—!—z:a, x>0, y>0 or touku A= (0, a, 0) 1o rouku B(a, 0, 0).
51. §yzdx+aydz——azdy, rae L—uacth kpuoit x*-+-y*=2% y*+
+x=ax, y>0, 2>0 or touku A= (0, 0, 0) no Touku B(a, 0, a).
52. Sx2y3dx—{—dy+zdz, rae L—uacts KpuBoll X +y%=r% z=H ot

L
touku (r, 0, H) no rtouku (—r, 0, H), npoxosaauas yepes TOUKY
©, r, H).

Jloisi BBHIYUHCJIEHHSI CJEeAYIOIIHX MHTErpajoB yA00HO I0Jb30BaTbCs
dopmynamu I'puna u Crokca, 3aMbiKasi, eCJH lyxKHO, KPHBYKO OTpes-
KoM npsiMoH. Bce oHM MOryT OBITL BBLIYHMCJAEHBI H NYTCM IlapaMeTpH-
3alHd KPHBBHIX, YTO NOJE3HO MNpojJeaarb AJsl MpPOBEPKH, OAHAKO BhI-
qHCJIeHHS TIPU 3TOM, KaK [PaBHJO, CTAHOBATCS CYyliecTBeHHO 6oJiee
IPOMO3IKUMH.
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53. S (x*—y*) dx4-2xydy, L-—KOHTYD TPEYroJbHHKa C BEPUIHHAMH

L
A=(1, 1), B=(@3, 1), C=(3, 3) ¢ TNOJOXHTEJbHbIM HanpasJe-
HHeM o0xoja.

54. nydx—}—?xy?dy, L —KOHTYp TpeyrosibHHKa C BepliuHHaMH A=

L
=(1, 0), B=(0, 1), C==(0, 0) ¢ oTpuuareJbHbIM HanpabJeHHEM
ob6xoza.

55. S(x—y)2 dx -+ (x+y)?*dy, L—nomanas ABC, rpe A= (0, 0), B=
L:(2, 2), C=(0, 1).

56. §x3y3dx+(x———y)2dy, L—aovanasi ABC, rtpe A=(2, 1), B=
(0, 3), C=(—2, 1),

57. > (4xy— 15x2y) dx + (2x2—5x3 -+ 7) dy

a) L—uacth Kpupoil y—x3—3x*--2 or toukn A=(1—73, 0) 1o
Toukn B= (I, Q);

6) L— wactb KpuBO y = x-——3x*+2 OT TOUKH A=(1—V3, 0) o
roukn B=(1 +V3, 0).

58. §xdy+ydx, L—uacTb KpHEOH,

xzsin—1—+—4—, x5=0;
X n?

«
I

A x=0
n?

or toukn A=(0, 4/a?) no touku B=(2/xn, 8/n?).
59. { (xy-+x+y)de+ (xy+x—y) dy
L

a) L—uacTb OKpyxHOCTH X2+ y?=ax (y<0) or Tourn A=(0, 0) no
ToukH B=(a, 0);

6) L—uactb OKpy)HOCTH x2+y?=ax (x < a/2) ot Touku A= (a/2,—a}
1o Toukd B=(a/2, a).

60. S(l ——g—) dx—{—%— dy, rae L—pBepxuas (y—>0) noJIyoKpyX-
L
HOCTh X%+ y?=a? or ToukH A= (a, 0) 10 ToukH B==(—a, 0).

61. S (e=* cos y — y?) dx + (e—* sin y —x?) dy,

L
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rjae L—npasas (x >>a) NOAyOKpy:KHOCTh xZ-y?==2ax or TOoukH A=
=(a, a) 1o Tcuku B=(a, —a).

62. g Y53 dx—x5/3 dy,
L

rie L —ToJoXUTebHO OPHEHTHpPOBAHHAs KpuBasi x2/3 -} y2/3==q2/3,

63. Q xy?dx -+ (y* —x¥dy,
L

rie L — noJoXKHTEIbHO ODHEHTHpOBaHHast KpuBas r==a(l-+cos¢).

64. S xydx— yxdy,
L

rae L —Bepxusas (y>0) uyacts npaeofi mnerau (x¥>0) JeMHHCKATH
(%24 y?)2=0a2(x>—y?) or Touku A=(0, 0) no ToukH B=(a, 0).

65. } (4 y) dx+ (y*+ 2) dy + (2° +x) dz,

rae L —sanunc x2+4 y?=4, x+2=2, N0JOXKHUTEJbHO OPHEHTHPOBAHHHIMA
Ha BepXHeH CTOpPOHE MJOCKOCTH.

66.  (xy-+2) dx+ (g2 + x) dy + (x2 +y) dz,
L

rre L — okpyxuocth X%+ y?+42%=a?, x+ y+2z=0, nOJOKHUTEJbHO OpH-
eHTHPOBAHHAas HA BepXHeH CTOPOHEe MJIOCKOCTH.

67. g E— P dx+ (P22 dy + (*— 22+ x) dz,
L

rae L—osaaunc x?4y?=8x, x+y-+2=0, NONOKHTEJbHO OPHUEHTHPO-
BaHHBIH Ha BepXHeH CTOPOHE MJIOCKOCTH.

68. Q xydx + 22dy + x*dz,
i

rae L —osanunc 2x242y?=2%, x+2z=a, NOJOXHUTEJbHO OPHEHTHPO-
BaHHLIH Ha BepXHell CTOPOHe MJOCKOCTH.

69. Ilyctb K — xy6, IOCTPOEHHBIH Ha €IHHHYHHX NOJOXKHTEJb-
HHIX BEKTOpax oceil KoopAuHAT. BHIYHCAUTD

K yrdx -+ 2%dy 4 x%dz,
L

ecau L ecth:

a) KOHTYp ceuenua K niockoctblo, npoxojsiueii yepes Touku O=
=(0, 0, 0), B=(0, 0, 1), A=(1, 1, 0), NOJOKHTENHHO OPHEHTHPOBAH-
HHIH Ha NpaBOH CTOPOHE JIOCKOCTH;
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6) KouTyp ceueHuns K MmJOCKOCTbIO, MPOXOAsiiell yepe3 TOUKH P=
=(1, 0, 0), Q=(0, 1, 0), R=(1, 0, 1), NOJNOKHUTENLHO OPHEHTHPOBAH-
HBIE HAa NPaBoii CTOPOHE NJIOCKOCTH.

70. E (*+2%) dx+(x* + 2% dy + (y* +-x) dz,

rae L —BepxHsas (2>2) neras Kpusoi x2+ y?=2x, x2+4 y?+ 22=4z,
IIOJIOXKHTEJIbHO ODHEHTHPOBAHHAS Ha BHeUIHeH CTOpOHe BepxHelt (2>
>2) nonycdeps.

1. §(z—x?—y)dx+<x+y+z>dy+<y+2x+z3>dz,
roe L —kpuBasg y?+22=x% x>0, x2+y?+22=202, NOJOKHTEJbHO
ODHEHTHPOBAHHAs Ha BHeUIHeii CTopoHe mnpasoit (x>0) mnoaycoepw.

7. S 2%dx + x*dy + y*dz,

2 2
rae L—gpusas x*-+y%=2ax, z= ‘/x__+3_y_

NOJIOXHTENIBHO ODHEHTHPOBAHHAsl HA BHeIHefl CTOpOHe KOHyca,

73. g 2Zxdx - (24 x -+ y) dy 4 y*2dz,

rie L —xpuBaa x?+y’=ax, x?=y?+ 2%, NOJONKHUTENbHO OPHEHTHDO-
BaHHAas Ha BHeIUHeH CTOpOHe IHJHHADA.

74. 5 xyzdx -+ yPzdy + zx%dz,

rae L —xkpuBasg x2+42?=a?, y?+42?=a?, x>0, NOJOXKHTENbHO OpHEH-
THPOBAaHHAas Ha BHelIHell CTOPOHe NIePBOro UUJIHHAPA.

75. g(nyrz) dx+(yz+x)dy+y YV a>— 2 dz,
L

rae L —kpuBasi x2+y%+22=2ax, x2+y?=a?, NOJNOKUTENbHO OpHEH-
THPOBAHHAs HA BHyTPeHHeH CTOpPOHe LHJHHApA.

Jna BeIYHCJCHHS CIEAYIOIIHX HHTErpajioB yAOOHO NPHBECTH HX K
KDHBOJIMHEHHOMY HHTErpajy BTOPOrO poJa H NPHMEHHTb (opMynay
T'puna:

DRIEES R,
L

n

raie L—xpuBas 4(x+a)?+ (y—2a)?=4a%, n—HanpasjeHHe BHell-
Heli HOpMaJH K L.
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77. S 0P+ —xy) o
on

L

rae L —xpuBas (x—2)2+4(y+1)2=16, n—Hanpasjienue BHeuIHEH
HopMaJiu K L.

78. S 0 (xz"_ SXy + 3y2) dS,
L

on

rae L — KOHTYp, COCTaBJIEHHBIH 1IpaBoH (X>a) NOJYOKPYXHOCTHIO
x2+y?=2ax ¥ NpAMON X=a, n— HanpaBJeHHe BHellHed HOPMaJH
K L.

0 - /33 1 442 \
79. S (_ﬂ sz+4yz_wxy) ds,
on on
i

rae L — KoHTyp, cocTaBieHHhil BepxHell (y>1) NOJYOKPYXHOCTbIO
x2+y?=2y u npsamoll y=1, n— HanpaBJeHHe BHelliHeH HopmaaHu K L.

[TpoBepuB, 4TO MOABIHIErpajbHOE BBIpaX<eHHEe INpeACTaBJseT CO-
60K MoJIHBIN AuG¢epeHLial, BHYUCIAUTD HHTErpaJ:
(1,0)
80. S (@x—y)dx-+(3y—=x) dy.
(—1, ~2)
(1,0)
81. ( (3x% —2xy + y*) dx— (x> —2xy) dy.
(08))
(2,3)
82. B 2x (2 —2)dx -+ 2y (¥*-+ 1) dy.
an
(L1
83. 5 x (14642 dx -+ y (1 4 6x2) dy.
(0,0)
(2,3,4)
84. S (2xy + 42 + y2?) dx + (x® -+ 2xy + x2%) dy + 2xyzdz.
(15,0
(1,1,2)
85. (  x@+2)dxty(42dy+z(+yP)dz
(-1, 1, -0
(2,2,2)
86. \ yzxva—1dx - zx¥ In xdy + yx¥* In xdz.
(1,1,1)

(5,3,1)
87 xzdy -+ xydz — yazdx

(x — y2)?

BLOJIb NyTeH, He IlepeceKalolluX WOBEPX-

(7,2,3)
HOCTb X = yz.
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xdy — ydx o
88 ——,— BIOJIb NyTeH, He TMepeceKaiolkx OCH OpJHHAT.
(—1, —2) Hy
(2,2)
xdy — ydx “
89. e BJlOJIb TIyTEH, HEe repeceKaroux OocH abCiuce.
x y

Haiiru ¢pyukuuio U, ecnu 3anaH ee auddepennuan:
90. dU=(2xcosy—y?sinx) dx+ (2y cos x—x? sin y) dy.
91. dU = (1 - e%) dx + (1 X , \ ey dy.

Y

92. — xdx - ydy xdy — ydx
av Vgt + x2 '

93. dU = —(%{(yz—kz?—xy—xz)dx—{—

+ (& & —yz—yx) dy + (£ -+ y2—~zx-—2y) dz}.

U=V i —p—— l
94. dU {1 T asrad )

S T ST 1
+(1/1 = R L7

- y *sin 2+ —— | d
95. dU = (\ 55 IH—XJ + e -+ e*sin 2y - smx) X+

LA 2e* cos 2y | dy.
+( 21/14—xy x2+y eetcos y) Y
96. dU = |

\ X* -+ yz

+2v1/1+y— +Ir1x)’dx+

14 x”y2

2y x2 o X 1 \dl
Xy tTiTy Tier | oVite ) v

_ yz 2x 9 N
97. dU—& T G prypr + x/} dx+

xz N
- — 1
Tt v e

xy 2z vy
1}dz.
+( 1 4 (xyz)? + x4 22 + 2V z * )

+

98. dU = | 2xyz +—1—‘> dx+ (x%—i‘) dy +
\\ z \ 2 )

/ ( 2
—i—(x?ym—z’—;-{— -;g—/ dz.



99. dU = 2xy -+ 2° + y2) dx 4 (x® + 2yz + x2) dy +
~+ (y* + 2xz - xy) da.

§ 3. Boluncaernne NoBEPXHOCTHOrO MHTErpaJa BTOPOro poja

Boiuncants NOBEPXHOCTHBIE HHTErpaJibl BTOPOro pojaa

100. SS (*+ 2% dx A\ dy,

S
rae S — uacThb BepXHell CTOPOHH UMJAMHApa z=Ya’—x2, 0 y<h.

101. QS (x -+ y* -+ 2a%2) dx )\ dy,

S

rie S —yacTb HHXHell CTOPOHBI napaboJioHia az=xy, Jexallas B
NepBOM OKTaHTe H BHYTPH uMnuuapa (x24y?)?=bxy.

102. “ (x4 62— 242 dx A dy,

S
rae S — 4acTb HHXKHeH CTOPOHB LuauHApa y?=62, 0<Cx<(3, 2<6.

103. SS (a%x + by +c2¥) dy N dz,
N

rae S — npaBast CTOPOHA UMAHHApA y2=2px, x< 2p, 0 z<q.
104. S(x2+22) dy N\ dz,
s

rae S —uyactb BHeMHeil CTOPOHB LHJHHApaA x=}9—y?, 0<{z<2.

105. SS (2 -+ 12422 dx N\ dz,

N
rae S — yacth BHeluHeH CTOPOHB KOHYca y=}x2+ 22, 0<Cy<Cb.

106. &S(y—z)dy Ndz-+-(@z—x)dx \ dz+ (x—y)dx \ dy,

S

rie S—uacTh BHellHeli CTOpOHB BepxHeH 23>0 noaychepn x2-4
+y?+2°=2Kx, nexaumas BHYTPH UuJAHHApa x2+y’=2ax, a<R.

107. KS xdy N\ dz+y*dz N\ dx+ 2%dx \dy,

N

rie S —BHEWHAS CTOPOHA NOBEPXHOCTH Teaa x2-+y?<La?, —H< 2
<H. ‘

108. BS xdy N dz+ ydz N\ dx-i-zdx \ dy,
S
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rae S — BHYTpEHHAA CTOpOHA 3JIIHIICOHAa
x2 y2
-+

a? b2

109. KS 2dy N\ dz+y*dz )\ dx-2%dx )\ dy,
'S

22
+-C—2':1.

rie a) S-— BHeUIHsisi CTOPOHA TMOBEPXHOCTH Tena x2+4y2<{z, 2<CH,;
6) S —wuacTb BHellHell CTOPOHBl mapabosouna x2+y?=z, 0Lz
<H.

110. szdy N\ dz+yidz N\ dx-+2%dx N\ dy,
S

rae S — BHeIIHSsT CTOPOHA MOBEPXHOCTH Tena x2+ y?< 2%, 0<Ce<CH.

111. Sﬁxdy A dz+ydz N\ dx-+zdx )\ dy,
A

rae S — BHYTPEHHfsI CTOPDOHA MOBEPXHOCTH Teaa x+2y+32<l, x>
>0, y>0, 2>0.

1W&yw+ﬂwAan+waAme+wwA@

rae S -— BHeWHssi cTopoHa BepxHedt (2>0) mnonychepm x2+4 y?4 2=
=a?.

113. g xydy N\ dz+yzdz N\ dx-+xzdx N\ dy,
2

rie S —4acTh BHeUIHeHl CTOPOHBI KoHyca x2+y?=22, 0<Cz<CH.
114. SB VE+rdy \ dz+V 2+ 2dz \ de+V 7z dx A dy,
S
rie S —mpaBas CTOPOHA 4acTH ITOBEPXHOCTH Tena x2+ y?< 2%, x?+
+y2<2—2, 2>0, ya0BJIeTBOPAIOMIAST YCJIOBHIO x> 0.

115. Sxdy A dz+ydz A\ dx-+zdx )\ dy,
S

rae S—mpaBasi CTOpOHA YacTH UWMAHHApA Y2+ x=1, 0<Cz<C2, x> 0.

116. SSx%iy N\ dz+y3dz A dx+23dx N\ dy,
S

rie S — BepxHsAs CTOpOHA yacTd mapaboaouna x4+ y?=2-—-z, 2>0.

lnij+WWAaﬂw+ﬁmAwHw+mMAw
S

rae S—uacth BHewHell CTOPOHb KoHyca.l—z=Y X+ 4, z > 0.
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118. “ xdy A\ dz+y3dz N\ dx+-zdx \ dy,
s
rae S—vyacTb BHYTpPeHHeH CTOpOHBI runep6oaonpa x24 y?—z2=1,
0<<z<3.
19. (§(c+-99dy A dz+(y+2)dz \ dx+ @+ 2 dx A\ dy,
'S

rae S—vyacTh BHewHeH CTOpPOHBI mMAMHApa x%4y?>=a?, 0=<Cz<(H.
120. Kgyzzdy N dz+zy*dz N\ dx - yx2dx \'dy,
'S
rie S—BHemHsis CTOPOHa noBepxHocTH Tesa 0 <Cz<C X2+ y?, 224 y2 <1,

x>0, y=0.
121. SB x22dy N\ dz+ yx*dz \ dx-+zy2dx )\ dy,

rae S—BHeuHsss CTOpPOHA NoBepxXHOCTH Tena x4 y®4- 22 <C2az, x4
FE>32 x>y

122. Sg(x2+y2) dy N\ dz+4- (4 +2%) dz N\ dx+ (24 x®) dx \ dy,
S

rie S — BHYTpPeHHsAS CTODOHA NOBEPXHOCTH Teda x2+y?422<la?, x>
>0, y=0, z>0.

atigppy (X ]
123.ng yz<1a+2 3<a+1>>dy/\dz+
S

agprigy (Y ] )dz dx
Ty z(s+2 sern) TNt
agpprtt (21 )dx dy,
e <v+2 3(v+ 1 Ay

rae S — BHelWIHAS CTOPOHA MOBEPXHOCTH Tena x+y+2<l, x>0, y>
>0, 2>0.

124. \Cydy A de—xdz \ de+zdx A dy,
N

rie S—uacTb BepXHefl CTOpOHMBI TeJMKOHIA X =4 COSU, y=usino, z=
=au, 0<Co<2m O0<Tu<l.

§ 4. BekTopHbiii aHaaN3
Haiitu grad U, ecanu:
125. U=V X+ 2.
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1

X2y -2

126. U=

127. Haiitu yron mexnay rpagueHtaMu GyHKuui u=In(x?+ y2+ 22)
#H v=xy-+yz+z2x—18x—6z—y B Touke M=(3, 5, 4).
Hafitu div?, €CJIH:

128, F— —xtiytke
Vet

AR

129*. F—

~ lﬂi

130. F=

131. —ﬁ: f(x-y9-2) i+ f(xy-2) j—2 f(x-y-2) k, f=C! (R).
yz (2 Xy

132. F=xf (iz”_) i—2uf (J‘zi) j—2f ("—:’) k, f=C'(R).
Haiitu rot F, ecam:

133. F=(x-+2)i+(y+2)j+(x*+2)k.

134. F=(2+y) i+ (2 4-2%) j+ (P2 + 1) k.

135. F:z3i+y3j+x3k.

136. F=-2 i+ 2 j+ 2p
x Yy

Von

137. F=r.
138. Fzg-f(r), f e C*(R), ¢ — NOCTOSIHHbI BEKTOP.
139. F=7-f(r), f = C (R).

140. F= [g X f (r)?], f=CH(R), ¢ — TOCTOSHHbLI! BEKTOP.

et d%u 92y 9%
ITyere yu=gradu, Au= rge u—ckKajaspHas
y vu=g 6x2+6y2+622’ pit p
dyukuns; yF=divF= aan + ay + aan , rae F—sekrop: F={F,,
X Yy 4

F, Fj}.
Joka3aTh ciefyiolHe COOTHOLIEHHUS:
141. a) div (uyu) =uAu+(yu)%
6) div (4 yu)=uAv+yu-yv;

-

N ,
* 3zech H B panbheiiuem r={x, y, 2}, r=|r|.
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B) grad (u+v)==grad u - grad v;
r) div(F + ®) =div F - div &,

—> — —
1) div(uc)=c-gradu, ¢ —noCTOAHHBIH BEKTOP;

e) grad (uv)=ugradv-+uvgradu,

> >

XK) div[Fx® =@ rot F—F .rot d;

3) div(u}:")) —udivF -+ Fgrad u,

y) divgrad u = Au,;

x) rotgrad u = 0;

J) rot(f+ (ﬁ): rotl?—}— rot (5;

M) rot (uf) ::urotl?—}—[grad u-F_].

142. Hasitu div(gradf(r)). Beisicuuts, koraa
div(grad f(r))=0, f=C'(R).

143. Haiitu div(j(r)c), f=C! (R).

-

144. Haiitu div(f(r)r). Busicuuts, Korga
div(f(r)r)=0, f=C!(R).

145. DnekTpocTaTHyeckoe IoOJe TOYEUHOro 3apsiia ¢ P4BHO

— —>
—

Briyucants div £ B Ttouke M(x, y, 2) (xyz+0).

ITpoBeputh, siBasieTcss Jau noje F noTenlHaJbHBIM, H eCJdH Aa, TO
@aliTy ero noTeHuuanN.

146. F=2xyi + (x2+1)j.

147. F=(y+1*i42x(y+1)j.

148. F=cosyi+ xsinyj.

149. F=(y+2)i+(x+2)j+(x+1)k.
150. F=(yz-+ 1)i+ xzj+ xyk.

151, F— itk
x+4y+2z°

152. F=e*sinyi+-e*cosyj+k.
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153. F— (7——:4;) i + %~yi\) i+ (%——;—)k.
154, F=yz(2x+y--2)i+xz(x+2y+2)j-Fxy(x-+y-+22)k.
155. F =2xyzi + x*2j + x2yk.
I . S N S—
Vy -z Vi 2° Viy12?

-

157. loka3aTb, 4TO ToOJie 3JEKTPHUYECKOH HanpsikeHHocTH E, co3-
JaBaeMOe TOYEUHBIM 3apsiAOM ¢, NMOMelleHHbBIM B HayaJie KOOpAHHAT,
SIBJISI€TCS1 MOTEHLUHAJbHBIM T10J1eM, H HaiTH ero noTeHunaJsl.

- -
158, HaiitH noTeHuuas rpaBHTalUOHHOrO TOAf a= —mr/r3, co3-.
JaBaeMOro Maccoil m, NOMeLleHHol B HayaJjle KOOPJAHHAT.

156. F =

[IpoBeputh, siBAsETCS JIH HOJE COJEHOHZAJbHBIM, H €CJH 12, TO
HaliTH ero BeKTOPHBIH MoOTeHUHan (C TOYHOCTbIO JIO CJAraeMmoro
grad U, rae U=C(D)).

189. F=(y+2)i+(x+2)j+(x+yk

160. F =(6x-7yz) i+ (6y 4+ 7xz) j -+ (62 + Txy) k.
161, F=2yi—zj-} 2xk.

162. F=x(R—)i+yxt—28j+z(y>—x%)E.
163. F=p%i—(*+ 4% j+2@By*+ 1)k

164. F=(1+42xy)i—y2j + (Py— 22y + 1) k.
165. F=06y% +62zj -+ bxk.

166. F = ye*i -} 2yzj— (2xyze®* + 2%) k.

HafiTh uspkyasuuio Bektopa F BIOJb OpHEHTHPOBAHHOIO KOHTY-
pa L

167. F=2% 4 x% -+ y°k,
L={(x, 9): 2+ P —p =@, x4y=0),
IIOJIOXKHTEJIbHO OPHEHTHPOBAHHAS Ha NPaBOi CTOPOHE MJIOCKOCTH.
168. F= g2+ xyj+ (P + 42k,
L={x, y, 2): X2 +y*=az, x=0, y=0, z=a, x=0, y=0},
TOJIOXKUTEJbHO ODUEHTHPOBAHHAS Ha BHeIIHell cropoHe mapabojouia.
169. F = ye*vi -- xe*vj 4- xyzk,
L={(x, y, 2): x>+ yP=(2—1?, x=0, y=0, 2=0, x>0, y=0,
2>0),
NOJIOXKHUTEJbHO OPHEHTHPOBAHHAS Ha BHYTpPEHHeH CTOpOHE KOHyCa.
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170. F=xyi+yzj+ xzk,
L={(x, y, 2): -+ y*=1, x+y+z=1j},

MOJIOKHUTENbHO OPHEHTHPOBAHHAS HA BEPXHel CTOPOHE IJIOCKOCTH.
171. F=xi + xj-}-z2k,
L={x, y, 2): 2+ y*+22=0a? x+y+2=0},

fOJIOXKUTENbHO OPHEHTHPOBAHHAS Ha BepXHeH CTOPOHE IJIOCKOCTH.
172. F=yi—2zj+ xk,
L={(x, y, 2): 22—y’ + =0 x=y},

00K HTeJbHO ODHEHTHPOBAHHAS HA NPaBOil CTOPOHE MJIOCKOCTH.

173, F=xj—yi, L — okpyxHocTb (x—Xo)%+ (y—Yyo)?=R? ¢ moJjo-
JKHTEJbHBIM HanpaBjaeHHeM 00X0ja.

174. F=(x+2)i- (x—y)j+ xk,

x2 2 .
L— snunc Yy ~+- —z’— =1, NOJIOKHTEJIbHO OpHeHTHpOBaHHHH Ha BepX-
a

Hell CTOpOHe MJIOCKOCTH 2 =5,

175. F=(x+3y+22)i+ (2x+2)j+ (x—y)k, L -—EKoHTyp Tpe-
yronsauka MNPM, rae M=(2, 0, 0), N=(0, 3, 0), P=(0, 0, 1).

176. F=(x+y)i+ (x—=2)j+ (y+2)k, L~—KOHTYp TpeyroabHuKa
ABCA, rne A=(0, 0, 0), B=(0,1,0), C=(0,0, 1).

177. F=(3x—1)i+ (y—x+2)j+4zk, L — KOHTYp TpPeyroJbHHKA
ABCA, rpe A, B u C— ToYKH mepeceyeHHst IJIOCKOCTH 2x—y—22-+
+2=0 cooTBercTBeHHO ¢ ocaMu koopaunar OX, OY, OZ.

178. Haiitu paboty moasi F Biosb KpuBoi L, ecan F=2xyi-+x?%j
u L ecth HaMMeHbUIas aAyra oKpyxkHOCTH x2+y?=1 ot Touku A=(1,
0) no Touku B=(0, 1).

179. Hatitu paGory noJs F Bronb KpuBo# L, ecau F=2xyi+ y*j—
—x% u L —vuactb_ xpuBoit x2+y>—22?=2, y=x or Touku A=(l, 1,
0) no rouku B=(y2, V2, 1).

180. Hafitu pabGory BexktopHoro noJs F BRoJb Kpartuafilled AYTH
JJMnca x=acos {, y=>b sint or rouku A=(a, 0) xo tTouxn B=(0, b),
€CJIH:

a) F={y, a};
6) F={xy, x+yk
B\ F ={2xy, x);



r) F—cuaa, uMerollash NMOCTOSIHHYIO BejHuuHy F W HarnpaBienue:
1) Baoab ocu OX; 2) Brodb ocu OY;

a) F-—ynpyras cuja, HanpaBJeHHas K HayaJy KOOPAMHAT # IIpo-
NOpUHOHAbHASl YAAJeHHIO TOYKH OT Hayaja KOOpAHHAT.

—

181. Iox neficTBHeM CHMJIB TSKeCTH g, HampasaeHHol mo ocn OZ,
TeJl0 eJHHHUYHON Macchl ckatmBaercss oT touku A=(a, 0, 2nb) a0 TOY-

K1 B=(a, 0, 0) no cnupasan
X=q C0s ¢, y=asing, 2=b(2n—q).

Haiitu pa6oty noad npu Takom NepeMelleHUH.

HaiiTu noToK BeKTOpHOro noJs F uyepe3 NoBepXHOCTb S B Hanpas-
JleHHHY BHelUlHel HOPMaJH.

182. F = (x*+-yz) i + (y° + x2)j + (2*+ xy) &,

S—pepxusis moaycoepa: x* 4yt -+22=16, 2>=0.

183. F=(xy+x*) i+ (2y—2xy) j+ (2—y2)k,

S={(x, y, 2): *+y*=2% 0<L2<H]}.

184. F=(x—y+2)i+(y—z-+x)j+E—x+tyk,

S=A{(x, y, 2):]x| + 1yl +12] =1}.

185. F =2xi+2yj—zk,

S={(x, y, 2): 2=x+¢* 0z H}.

186, F=2xi—yj 2k,

S —nosepxHocts Teaa X2+ y? 4224, 3z << A%+ 4

187. F= —x% + y3j— 2%k,

S—rmosepxHocth Ky6a 0<Cx<Ca, 0Ty <Ca, 0<<z<a.

188. F = x%yi -+ xy*j+ xyzk,

S—mnosepxHocts X2+ P+ 22 << R?% x>0, y=0, 2>0.

189. F= x% -}-y?j+ 2%k, S —HuxuaAg noaycoepa: x* 4 y?-+22=1,
z2<<0.

190. F=yi-{-zj+xk, S—-noBepXHOCTb MNHPaMHAH X--y--2 <a,
x=0, y=0, 2=0.

191. F=y?j - zk, S—uactp napaonoupa z=x*-+y*, 2<C2.

192. F=x% —y?j-+2*k, S-——nosepxHocTb Teda gx®+ Y2+ 22 <L 3R?,

0<e<Y 2+ —R>.
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193. F=xi—xyj-+zk, S—uactb uumuaapa x?-4 y?= R? orpaHudeH--
Hast nmjockocTsaMH 2=0 u x4-z=R.

194. F = xzi 4+ yzj + 22k, S—uactb ceppl x*+y*+22=9, oOTCEUEH~
Hasl TJIOCKOCTBIO 2 =2 (2= 2).

195. F = x3 -1 y3j - 2%k,

S= {(x, Y, 2): x2+y2:—§—222, 0<2<H},

186, F=(y—x)i+(x+y)j+ yk,

S—mepxusas cropoHa Tpeyrosbinka ABC, rae A=(1, 0, 0), B=
=(0, 1, 0), C=(0, 0, 1).

197. F=B8x—1)i+(y—x-+2)j -+ 42k, S—noBepxHOCTb NHPAMHIBL,.

06pa3yeMOil NJOCKOCTbIO 2X—y—2z-+2=0 ¥ KOOpAHHATHHMH HJOC-
KOCTSIMH.

198. F=(x—3y—+62)i, S— noBepxHOCTb NHpPaMuIbl, 06pa3yeMOH
MJIOCKOCTBIO — X+ Y+ 22—4=0 W KOODAHHATHBIMH IJOCKOCTIMH.

199. BriuHCJauTb NOTOK KHAKOCTH B HalpaBJeHHH BHeWHel HOp-
MaJH uyepe3 BepPXHIOH TIOJIOBUHY OKDYXKHOCTH Xx=Rcosi, y=Rsint,

y>0, ecad CKOPOCTb IIOTOKA U NMOCTOSIHHA MO BeJWYHHE H HanpasJe-
Ha BHoJb ocu OX.

200. BoluucauTh NMOTOK JKHAKOCTH B HalpaBJIeHHH BHellHedl HOp-
MaJju 4epe3 IPaBYI NMOJOBHHY OKPYKHOCTH x=R cost, y=Rsint, x>
>0, ecau ckopocth motoka v o6pasyer yroa m/4 ¢ ocsio OX (|v|=
=const).

201. BpluucauTh NOTOK XHJAKOCTH B HalpaBJeHHH BHeUIHe#d Hop-
MaJid Yepe3 4acTh OKPYIKHOCTH X=aCO0st, y=asinf, Jexauywo B
NepBOii YeTBEPTH, €CJAH CKOPOCTb NOTOKA v={X-+y, y}.

OTBETHI

. —17. 2. 11, 8. —a, A\ o, A\ mg—4dmy A\ 7, A\ iy —3m, A 51y A e

4oy N\ mig A\ mg 4160 A g A\ g — 60y A\ 7ty A t—2m5 A\ 515 A 7y

5. 54. 6. —14. 7. (x2x, - xgx2) dxy N\ dxy N\ dxg-F (.62 — xyx3) dxy \
N dxg N\ dxy + (02— x,x3) dx;y N\ dxy N\ dixg -+ (x3x5 -+ x2x,) dxy )\

N dxs A\ dxg. 8. m [(ex2xy 4 x2x5%,) dxy N\ dxy+ (x5 x504—
— Xy Xox3) dxy |\ dxgl— 2x,20%5 dxy \ dxg - (XX X5 — XIXgxg) dXy N
N dxg+ 2x, %556, dxy N\ doxg— (0 x3xg+ x3x0x5) dxg N\ dxy].

9. Axixyxadx; N\ dxg N\ dxg-F4xxox,dxy N\ dxy, N\ dxs. 10. 0.

N
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11.

15.

19.
24.
26.

31.
33.
35.

36.

47.

52.

58.

61.
65.

74.

80.

88.

94.

(x3xy — 2x,x5%) doy \ dity + (x]x5 — 2x1%9X5) doey N\ dorg - (234, —
—200,X5%,) dXy [\ dxy+ (CXixpXg—x1x2) dxg N\ dx,. 12. dxzdz \dx+
+4xy dx Ndy +4yzdy Ndz. 13. bxyzdx \ dy\ dz. 14. 2cos(x;+
~+ x5) c0s (x; -+ x5) [dxy N\ dxy \ dxa-+dxy N dixg [\ dxg}—2sin (x4
+ x,) sin (g4 xp) [doey A diey A\ dxg+dxy N dixg )\ dixg].

— (g +xg) (dxy N\ dxy Ndxg+dxy \dxy \dixg) — (3, +x5)[dxs Adxy A
A dxs+dx, N\ dxs N\ dxg). 16. 3amknyra. 17. Her. 18. 3amkmnyra.
3amkayTta. 20. 3amkeyra. 21. Her. 22. Her. 23. 3amknuyra,
(sinxcos x — x*sinx — x) dx. 25. —ydy.

a® (sint cost — t)ydt. 27. 3abt3dt. 28. —xy(cosx +

+cosy)dx A\ dy. 29. 2arctg—z—dy A dz. 30. —2xzdz \ dx.
2R3cos* Y do A dy. 32. 2b%adut (cosv+-sinv)du A dv.
—asingsinycos(a-+becosg)ide A dp. 34. 2aPuvdu A dv.
[R? sin @ cos® ¢+ R? sin ¢ cos® ¢ +- 2R cos® @ sin ¢—h*sin ¢] d¢ /\ dh.
—9n. 37. w4 38, “T" 39. —4. 40. —m/8. 41. -‘3-2- 2*—

% 49 4 43 In2-6

990 35 64
—In5-+4/5. 48. ﬂ’f—g‘["— 49. 0. 50. a® (41n 2—3). 51. —::—as

44, 1 45. me. 46. 21.
10

— 2 58, 4. 54. 0. 55. 3. 56. _—%"— 57. a) 0; 6) 0.
16 nad a? a? nad a3 na?

La) @ @ 1 @60, 2 g,
s 59 ) 16 12 ™ 2 ) 16 12 +a’. 60 2 2a
2 3 10). 62. — -2 gisn. 63. — 2 aim. 64. T4
3 32 2 32
8. 66. V3ma®. 67. —16m. 68. —271 2mad. 69. a) 0;
6) —2. 70. _“_%32__ 7M. —at T2 —2ma. 78, —-—3—8v—§na’

aat 32

- 75. — ad. 76. —12na®. 77. 80m. 78. 4mal. 79. O.

__4. 81. 1. 82. 37. 83. 4. 84. 123. 85. 3. 86. 15. 87. ——‘2’—.

arcctg—;—. 89. arcctg (—-%) 90. x®cosy + y*cosx. 9l. x+4

/ /2L Y b (x4yt2)®
+yers. 231V + P+ —+C. 93 — A +C

xYI=@+y VY 1—x4arctg L + Iny + C. 95. V1+xy+
X
+arctg~—)yc—+e"sin2y+lntg—;-+c. 96. In(2+y)+2Y 1+y—



—arctgxy+xInx—x—1In VI +C. 97. arctg (xy2)+

y
+ In (x4 2%) — \/—y—+x2~y+z+c. 98. xiyz+-§._iz+c_
2 P2
99. X%+ y*z -+ 22x+ xyz - C. 100. -:i—ab(b2+2a2). 101. _’7’_;_
nebd

102. 324. 103. %(2a3p2q+4bp3q+cpq3). 104. 88. 195, —

106. na®R. 107. 2na®H. 108. —4nabc. 109. a) —%—J’LH3; 6) —EIRHS.
FUHA 1

4 R4
110. N —— 9, M (8a-+5). 113.
;- 1 S 20(a+) —.

3 16 Y 4 16 W=
3 (AN s L 16 8 117
114 2+n(]51/ 3).n —-. 116, 8n _

60
118. 104,4n. 119. 2na*H. 120. % 121. iﬁ“oi 122. ﬂ3_’:i’

128, — L@EDTOEDTOFD —y9g ga(l ).
I'(a+B+v+5)
125. { x Y Z
Vetyp+a Vergt+ra2 Vetgpra)
—2x —2y —2z \
{ R s A et S Gk o SP U E
V2

127. arccos ——, 128
10

126.

PLITL 1 2
G Ty 1298130,

131. 0. 132. —2f (ﬁ) 133. {—1; 1—2x; 0. 134. {—22; —2x;
3

X 1

—24}. 135. 0; 3z22—3x? 0). 136. {~—~_, v L.
Yy
“%‘L}' 137. {0, 0, 0}. 138. LU [7%¢]. 139. 0.
X 2 r
140. 5 e+ L6 ¢ H—FE P 142 fO)+1 0% f=Ci+2,
143. Lfi(?i). 144. 31 (1) +rf' (r); f==2. 145. 0. 146, x2y+y+C.
r

147. x(y+1*+C. 148. He ssaserca. 149. xy+4-yz-4z2x-+C.
150. x+xyz-+C. 151, Injx4y-+z|+C. 152, e*sinyt+z4C. ~

153. L+ 24+ X 41 C. 154 xyz(x+y+2)+C. 155 xyz 1 C.
x ] z

2x m x? . x?
C. 158. ™. 159. (= = .
Vit ~ 1 ( : +xy)H ( Sy

—}—_‘f;—) k. 160. He ssaserca. 161. x%j4(xz+ 1) k.

156.
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162. (zy?x—— 223 ) j+ (zzyx———y—gi) k. 163. He spasercs.

164. (Pyx—2zxy -+ X) j+ (YP2x+y) k. 165. 3x2j - (2y>—6zx) k.
166. — (x22 - yze*) j— 2xyzk. 167. %na% 168. %‘“l 169. 0.

2na?

V3
176. 1. 177. 0. 178. 0. 179. 21/2'"—-;—, 180. a) -—"’fT“ 1 ab;

170. —m. 171. - 172. 3mwa®. 173. 2nR2. 174. nab. 175. —5.

Tab
4

k{(a—b)
2 ]

6) —i’;i+ +bT:; B) 0; 1) 1) —aF; 2) Fb; 1)

rae k—xkoadduivent nponopuuoHansHocTH., 181, 2m) Elb.

182. %‘—-210. 183. 0. 184. 4. 185. 2wk, 186. —125—n. 187. ab.

188. RT 189. — /2. 190. 0. 191. — 2. 192. R*.

TR3H (3R? — 4H?)

10
197. % 198. -‘§6~ 199. 0. 200. R V2]o]. 201. (1),

193. 7R}2-+R)2. 194. 45m. 195. 196. %

TEOPETHYECKHUE 3AIAYH

1. {oxasaTbh, YTO 3aMbIKaHHE XOPAAHOBOIO MHOXecTBa o00beMa
HYJb eCTb JKOPJAHOBO MHOXKeCTBO 00beMa HYJb.

2. IlpuBecTdH NmpHMep OrpaHHUEHHOrO MHOXKeCTBa Mepbl HYyJb, 3a-
MBIKaHHE KOTOPOrO He sIBJsSeTCS MHOXKeCTBOM Mephl HYJb.

3. Jlokasatb, uTo KoMnakt K Mepbl HYJb eCTb XOpJaHOBO MHOXKe-
CTBO 006'beMa HYJIb.

4. TlpuBecTH npuMep HeCUETHOrO MHOXKeCTBA, He SBJAWIIErocs
KOpJaHOBBIM, 3aMbIKaHU€e KOTOPOTO XKOP/1aHOBO.

5. JlokasaTb, YTO MHOMKECTBO BCeX BHYTPEHHHX TOUEK KOp/JaHOBO-
'TO MHOKECTBa 2KOp/1aHOBO.

Cuaenyroliiee NMOCTPOEHHE HCMOJB3yeTcs B 3ajayax 6 u 7.

OGosnauum uepe3 U, | uHTepBaJ C LEHTPOM B TouKe 1/2 u pju-
HoR 1/5. Muoxkectso [0, 1]\ Ui,1 COCTOHT M3 [ABYX OTpe3KOB p;,1 H
01,2. UntepBanst Uy 1, Us 2 HMEOT UEHTPH B IIEHTPAX OTPE3KOB Qi)
M p1, o cooTBeTcTBeHHO H AnauHy 1/52. HurepBann Uy, Us 1, Uy,

2
‘B3aHMHO He IepeceKaloTcsi (nmpoBepHTh!) u MHoxkectBO [0, 1]\U X
{=1

2t
X |J Uij COCTOHT H3 YeThipeX OTPE3KOB Ds, 1, P2,2, P2,3, P2,4. LIycTh
=t

TIOCTPOGHHl Hemepecekamolidecs HHTepBadnl Uy mas 1SR, 1<K
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E 21—].
(2!, Muoxectso [0, 1]\U U U;; coctout u3 2% 0Tpe3KoB U1,
=1
Oroy - - - 5 Dok Toraa I/IHTeijaJlbI Uity Urgror <oy Urgr®
MMeIOT LEHTPHl B IEHTPAX OTPE3KOB Pk, 1, Pk, 2 -, Ph2t COOTBETCTBEH-
HO M Aauuy 1/5%+!. [1IpoBepuTb, YTO 3TU HHTEPBAJbl HE MepeceKanTcs
HH MeX1y cobofi, HH C paHee TOCTPOEHHBIMH HHTepBaiamiu. Takuu
o6pasoM, 0 HHAYKLHH ONpegensiercs GeCKOHeuHasi CHCTEMA HHTEPBA-
q0B Uy 1<<i<<oo, 1<(j<L21-L

6. Ilycrb

9i=1

M=10, UNU) UUsis 1 P={(x. y:x=M, y=M).

i=1 j=1

Tlokasartb, uto P ecTb KOMNAKT U He €CTh JKOPAAHOBO MHOXKeCTBO.

7. Ilycts

D= (0, 1) X (0, 1)\P, rae P — MHOXeCTBO, ONpeAe/eHHOe B 3aia-
ye 6. Jlokasath, yTo D eCTb OrpaHHUYeHHOe CBA3HOE OTKPHITOE MHOKE-
CTBO, He SBJAKIIEECH XKOPAAHOBLIM (CpaBHHTe C TeM, YTO B Hpo-
cTpaHcTBe R!' orpaHHueHHOe CBSI3HOE OTKPBHITOE MHOXKECTBO MOXKeT
6bITb TOJILKO HHTEPBAJIOM, T. €, KOPLAaHOBBIM MHOXECTBOM).

8. IlpuBecTu npuMep OTJIHYHONH OT HYJsE HA MHOXKECTBO MOL{HOCTH
KOHTHHYyMa ¢ynkuun [:I1—R, rae /=[0, 11X [0, 1], rako#, urto
"Sfdx=0 JJIs1 J1I060r0 K0P 1aHOBOT0 MHOXecTBa D/,

b
9. TlpuBecTH ODpHMep HeIpepHIBHOH, He DaBHOH TOXAECTBEHHO

gymo ¢yukuuu | [—~R, rge [=[0, 1] X [0, 1], TaKoii, uto Qfdxz 0.
i

10. Ilycrs ¢ynkuus f:R"—>R HenpephiBHA HA JXOPAAHOBOM MHO-
xkecrBe DR, |D|+0, u He paBHA TOXIeCTBeHHO HyJw. Jloka3arts,
YTO HalJeTcs TaKoe XKOpAaHOBO MHOxKecTBO M D, 4to 3 fdx = 0.

M

11. Jloxazatp, 4TO [Js1 HeNpPepBIBHOH H HEOTPHIATEJbHOH Ha XOp-

JaHoBoM MHoxectse DCR" Qynkuun [: D—R u3 paBeHcTBa dex:O

D
caenyer, uto wan |D|=0, uau [ ToxKaecTBeHHO paBHa Hymo Ha D.
12. Jlokasatb, 4TO €c/ feRD), DcR", |D|>0u [(x)>0,
xeD, 10 \fdx>0.

D

13. I[lycrs f=R (D), D=R™, Ilyerb  xg— BHyTpeHHAs TOdYkKa D,
f— HenpepriBHa B Xp, {£.} — COBOKYIHOCTb »KODJAAHOBBIX HOJAMHO-
XKeetB D, Anst KaxIoro U3 KOTOPBIX TOYKA Xo— BHYTPEHHSS, U
d(E.) =sup {llx;—x.ll}, x1, x2eE..

Ilokasarb, 4TO

lim —! S fdx = (x,).
Ea

d(Eg)~0 |Eal
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14. YcraHoBUM B3aHMHO OJHO3HAYHOE COOTBETCTBHE MEXKAY MHO-
JKeCTBOM BCeX palHOHaJbHHX uucesa uHrepBana (0, 1) B MHOXecTBOM:
BCeX HeYeTHBbIX HaTypasbHbIX 4nceJ M 1 0603HAYHM uepes r, YHCJO,.
cooTBeTCTBYIOLlee vaeMeHTy meM. [Tonoxum

_ 1 '
Snpa= gt g nE N pEM g M.

Jloka3sarb, 4TO:
a) M3 pAaBEHCTBA Xn,p,.q = Xn,p,.q, CNEAYIOT DPABEHCTBA Nj=M,,.

P1=p2, §;=4s.
6) Ilyctb yn,p,q=rq+—V—§p—97, ecIH 3Ta CyMMa MeHblle 1, W

yn,p,q:rq‘i“"i/%‘ﬁn‘-—l B NPOTHBHOM cjayuae. Toraga MHOXeCTBO

E={(xnp,0» Ynpa)y n=N, peEM, g= M)

aexur B kBaapare [=I[0, 1] X [0, 1], nepecexaercs c no6oii ropu-
30HTaJbHOH MPAMOH Y=y, 0<yo<1, n N1000H BEPTHKANLHOHX NPAMOH
x=x, 0<<xo<l, He Gosiee 4eM B OAHON TOuUKe ¥ E=I.

B) Xapakrepucrnueckass (YHKUHS Yg MHOXecTBa E HeHHTErpH-
pyema Ha I, xoTs1 0o6a NOBTOPHHIX HHTerpaJsa

1 1 1 1
\ dx \ xzdy, dy { updx
& ¢ ¢ 6
CYILECTBYIOT H paBHBI HYJIIO.
15. dyukuus f:J[—R, [=[0, 1] X [0, 1], onpenensercs crenyioly-
MU YCJIOBHHMHZ

1) f(x, 12%)=0, ecu x& [0, 1/2"]U[1/2%1, 1], n=N;
2) f(5/2""%, 1/2=2""\n, [(7/2"*, 1/2")= —2"in;

3) f(x, 1/2") anneina na orpeskax [(1/2%; 1/2%); (5/2"F% 1/2M), [(5/2"+2;
127, (7/2°% 12M)], [(7/27F% 172, (127" 1/2%)] (cm. puc. 51);

4) f(x, y)=0, ecin y = D (1727 — 1722 12" 412" u x = [0,1];
n=1

5) nasi kaxporo xo[0, 1] dysxuus f(xo, y) suHefdiHa Ha oTpe3Kax
[1/27 —1/2"F2 12" 4 1/2""*]  (o6pature BHHMaHHe, 4TO A MOGO-
ro xo<{[0, 1] ¢ynkuus f(xp, y) MoxKeT OHITb OTJHYHA OT HYJst He Go-
Jee ueM Ha OZHOM oTpe3ke Bhaa [1/2"—1/2"%% 1,27 4 1,2"7),
JlokazaTp, uTO:!

a) ¢ysxkuus f(x, y) HenpephiBHA H HeorpannueHa Ha D=(0, 1]X
x (0, 1;

6) nas kaxaoro x,[0, 1] u kaxnoro yo=[0, 1] dyuruun f(xo,
y) u [(x, yo) uuterpupyemn Ha [0, 1];
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1 1
B) ¢yukuuu O (x) = S f(x, ydy v ¥(y)= gf(x, Y) dx HenpepbIBHbI HA

0 0
1 1
{0, 1] n (@) dr =\ (y)dy=0.
0 0

16. IlpuBectn npuMep GYHKIHH, HENPEpPLIBHOH M OrpaHUYEHHOH
Ha MHOXeCTBe Mephbl HyJb JleGera, HO HEHHTETPHPYEMOH Ha 3TOM
MHOXKeCTBe.

7
f(x.é'ﬁ‘}
4
2/7
Zh——
0 1 1 ) x
2” 2/7-7
2”
o
Puc. 51

17. a) Ilycts na npsimoyroaphuke [a, b] X[c, d] 3anana dyHkuus
F(x, y), Takas, uro f(x, y)<f(¥', ¥'), ecnn x<x’ u y<y’. Joxasars,
410 f(¥, y) MHTerpHpyeMa Ha 3TOM NPSIMOYTOJbHHUKE,

6) Hycre Qynkuus f(x, y) orpaHHYeHa Ha Kpyre U yIOBJETBOpseT
yeaosuio 1. a). Jloxkasartb, 4to f(x, y) MHTerpupyema Ha 3TOM KpyTe.

18. Ilpusectu npumep rakux obaacreit D,c=R? D,—R? u orobpa-

xenust $:D;— D,, uto ¢ & C1(Dy), AKOGHAH OTOGDAKEHUS @ OTJIH-
4eH OT HyJs IJisl BCeX (& Dy, HO @ He sABAsercs AHDeoMopduamom.

19. Tokasatb, uto siKO6uaH AJs chepHueCKUX KOOPAMHAT B R™
X, =rsinf;sinf, ... sin6,_,
n—1
Xp=1rcos0p 1 [] sin6,
k==m
Xp=rcosb,1, r=0, 6,=][0, 2n), 16,,=[0, =], m=2,...,n—1
n=1
pasen ! [ sint—16,.
k=1

b
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20. Tloxa3satb, uyro $yHKuus f(x, y), onpeneneHHas B 3agaue 15,
HHTErpHpyeMa B HecoO6CTBeHHOM cMbicae Ha [=[0, 1] X0, 1]. Bu-

YHCJAUTh ng(x, Y) dxdy.
1

21. Tlokasatb, uro xapakrTepHCTHUeCcKas (QYHKUHA ¥p MHOXKECTBA
D, onpepenenHoro B 3ajgaue 7, HHTerpupyeMa B HeCOOCTBEHHOM

cmbicae Ha [=[0, 1] X [0, 1]. Buiuncaurs YSXDdxdy.
‘1

22. Tlyers =0, 1] x [0, 1],

Dy =(1/2", 5/2"%) x (1,2, 5/2")U (312", 1/2%) x (3/2"1%, 172,
Dy = (1/2", 5/2""3) % (3/2"7%, 1/2% (32", 1/2%) x (1/2%, 5/2"%)
(cM. puc. 52) u

i 22", (x, y)= D,
I __o2n — ).
fg={ 2 6 EDb
i o _
| 0 (x yelINy DOn UD:)
‘ n=1
Ya
1 b
2 1
74
7
2[7‘7
0 1 7 %
2m 2"
Puc. 52

Hokasartsb, uTo
a) uHTerpan ng(x, Y)dxdy pacxoourcs
I

6) aag moboro xo<=[0, 1] u moboro y,=[0, 1] dyukuun f(x,, y}
1 f(x, yo) uHTerpupyems ua [0, 1];
1

1
B) Xf(xo, y)dy=0 nns motGoro x,< [0, 1] u S f(x, yo)dx=0, mas
u Q0
Joboro y, < [0, 1].

23. Ilycts
L,L——:{(x, Y, Z):(xr Y, Z):rn(t)) tE[O’ l]}—
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CeMeiCTBO NMPOCTHIX [VIAAKHX KPHBHIX, Jexaumux B obaacty DcR? m
TaKHX, 4TO:

1) mocaenoBatenbHOCTh £, (0) cxonurcsi K touke AcD npu n—

2) nocnenoBatenbHoCTb ' (f) Ha [0, 1] cxoaurcst paBHOMEpHO K
(1), mpuuem |o(?) |0, t<][0, 1].

Jlokasarb, 4TO:

a) NoCJnel0BATENbHOCTb OTOOPAXEHHH 1y [0, 1]--R3 cxoaurca K
orobpaxenuio r [0, 1]>-R3<=C1[0, 1],

6) aas gwboit dyukuun feC (D) uMeeM paBeHCTBO

li fds=\ [ds,
1mL§ s 5 s

n-+oco

rie npocras riaakas KpHBas
L={(x, y, 2):(x, y, )=r(t), t=]0, 1]}.

24, Tlyete 1=[0, 11 x [0, 1] u S,={(x, v, 2):(x, y, 2)=r, (4, v),
{4, v) = [}—ceMeHcTBO HPOCTHIX [JIAJKHX MOBEPXHOCTEH, JeXKalUX B 06-
nactd D < R3®, TakuMxX, 4TO NOC/AEROBATENbHOCTH O, =sup{||r, &, v)||+
+IIr, (, v, (4, v)e= I} dynnavenranssa. [lokasarb, 4rO:

a) 1ocJel0BaTENbHOCTL OTOGpaMeHHi r, : [-D cxoaumrcs X 0T0G-
paxenuio r: [-D=Cl(]);

6) ecu [r, Xr,|#0, (4, v)=1, To ana moGoil ¢yrkuun f =D(C)
HMeeM DaBEeHCTBO

li fdS =\\ /dS,
im §§ SSS i

1n-+00

re NpocTasi rajKasi NOBEPXHOCTh
S={(x, y, &):(x, y, 2)=r(u, v), (4, V)= 1}.
25. Joxasatb dopmyay Ilyaccona

1
(0F( v 2dS=2a { @V @0+ du,
s |

rae

S—coepa 2+ 42 =1 feC(—Ya+00+& VaE+P+A.

26. B mpsamol Kpyropo#i UMJMHAP painycoM R M BbicoToh H Bmm-
HieM MHOrOrpaHHyl0 MNOBepXHOCTb P, ,, (canor IlIBapua) ciaenyrouium
ob6pasom. IlapannenbHBIMH MJIOCKOCTSIMH A€JHM UHJHHAD HA m pas-
HBIX UHAHHAPOB BbicOTOH H/m. Kaxayw Hu3 m-+1 noaydeHHBIX
OKPYKHOCTeH — OCHOBAHHMH LHJHHAPOB — J€JMM Ha 1 PaBHBIX uyacTel
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Tak, uToOBl TOUKH NeJeHHUs Ha OJfHOH OKPYXHOCTH HAXOJMJHCh HaR
cepeinHaMu Ayr Oaikadiliel HuXHEH OKPYXKHOCTH (cM. pHuc. 53).
Bo3bMeM jiBe COCelHHe TOYKH 4 M b Ha OJHOH OKPYKHOCTH H TOUKY
¢, Jdexaulylo Ha O/mxkalimell OKPYKHOCTH HaZ WM NOA CepelHHOR
ayru (a, b). TpeyroabHuK ¢ BepUIHHAMH B TOYKax a, b, ¢ HasoBeM
Tabp.c. COBOKYNHOCTE BCEX TaKUX (paBHbIX MexXay Co0O0H) TpeyroJb-
HHKOB 00pa3yer MHOIOIPaHHYIO OBEPXHOCTb Py .

a) IloxaszaTb, YTO €CAH A—>00, M—>
~»00 H Mh2—»oco, TO MACWAAbL |Pp |
MHOrorpaHHuka P,,, HeorpaHHuYeHHO
pacrer, XOTS AJHHEL CTOPOH TPEYyroJb-
Huka Tap,.,  SBJSIOMIETOCS  TPaHbIO
P, m, CTPEMATCH K HYJIO.

6) Haiitu upepen |Pnml|, ecan n—
—»00, M~>00 U M[n2—p.

27. [loxa3zaTh HepaBEHCTBO

Puc. 53

'Sde+Qdy+Rdz|<lL|( sug)eLl/P2+Q2+"R2'_

L X,Y4.2

Ecau ¢yukius u:R*—>R asaxiab QuddepeHnupyema, 1o CHMBOJ
. 0%

Au o6o3Hauvaer -
0x;

i=1

28. Ilyctb omnocesisHast o6aacte DcR? LD — KycouHo-ry1aji-
KHit KOHTYp, 1 — BEKTOp BHellHefl HopMaau K L u S — durypa, orpa-
HHYeHHas KoHTypoM L. Jlokasarb, uro aas ¢ynkuun ueC?(D) cnpa-
BeJIIHBO paBEHCTBQ

§u —gi:: ds=SSS\[ {l%‘)z—% (%)2] dxdy+gsg uAudxdy.

29, Ilyctb opHocBssHas o6aacts DcR?, LoD — Kycouno-rJaa-
KHH KOHTYp, 1 — BEKTOp BHemHedl HopMasau K L u S — ¢urypa, erpa-
HHueHHas KouTypoM L. Jloxasath, urto aas ¢ynxknuii ueC?(D) n

ve=C?(D) cnpaseniuBo paBeHcTBo (BTOpas ¢opmysa I'puna Ha mioc-
KOCTH)

ad
SS Au Av dxdyzg 4 99| gs.
u v dn  ou
S L
u v
dynxkuus u:R*—R HaswBaeTcss rapMoHuueckoii B obsact Dc
R, ecnn usC?(D) u Au=0 pas Bcex xD.
30. Ilycte D — oxHocBsizHas o6aactb B R2, Jloka3aTtb, 4TO (YHK-
uus u=C?(D) aBasiercs rapMoHHueckod B D Toraa u TOJbKO TOTAa,
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'KOrga AJsi JI060ro KycOWHO-IJIafKoro KoHTypa LD BbinosHsiercs
ou o
pPaBeHCTBO S-a—ds=0, rie 1 — BeKTOp BHellHell HopmaaH K L.
n
L

31. Ilycth QYHKUHH 4 ¥ U — rapMOHHYeCKHe B OAHOCBI3HON 06Jja-
et D=R? n u(x)=v(x) anas BCex TOUYEK X, JeKaUlHX HA KYCOYHO-
raagkom Koutype LcD. Jlokasath, 4T0 u4(x)=v(x) Ans BCex X&S,
rae S — ¢urypa, orpanuuessas L (1. e. rapMOHHYecKas QYHKIHS OA-
HO3HAUHO ompejensiercs B S CBOMMH 3HauUeHUSIMM Ha rpasuie S).

32. IlycTb (DYHKUMH 4 U U rapMOHHYECKHe B OJHOCBS3HOH ©6aacTi

DcR?, LD — KycouHO-TIaJKHH KOHTYD H 71— BEKTOP BHelIHe#
)

ou dv
‘HopmaJu K L. JlokasaTb, 4TO eCJH = Sy BO BCex Toukax L,
n n

0 B 06JaCTH, OrpaHHuYeHHOH L, pasHOCTb u(x)—v(X) HOCTOSIHHA.

33. Ilycrs 4 —rapMonuyeckasi QyHKIUHUS B OJHOCBA3HOH o0GJacTH
DcR?;, LcD— KyCOUHO-TIAKHH KOHTYD U # — BEKTOp BHellHel
Hopmanu K L. JJokasarth, 4To A TOUKH Xo, Jexalled B 06sacTH
OrpaHHYeHHOH L, cnpaBelJIHBO PABEHCTBO

1 ! dln |r| du
u(xy) = —\ |4 —————In|r| ==\ ds,
(*o) QnSly an Ilan)

L

Tle r— BeKTOpP H3 TOYKH Xy B TOUKY X KOHTypa L.
34. Ilycts u— rapmoHHueckas (QyHKuust B obaactu DcR2 Ioka-
3aTh, YTO JJIs1 J1060# TOUKH XoD CripaBefJHBO paBEHCTBO

1
u (xo) = m S uds,
C

rie C — OKPY>XHOCTb C LIGHTPOM B TOYKe X, H paguycom R, Takas,
yro Kpyr S={x: [[x—xo||<<R}=D.

35. Ilokasatb, 4TO rapMoHuyeckas B o6Gsactu DcR? ¢yHxkuusa u,
OTJIHYHAS OT NOCTOSIHHOH, He HMeeT B 3TOH 06JaCTH JIOKaJbHBIX JKC-
TPEMYMOB,

Onnocssasnolt o6sacTeio B R3 HasoBeM Takyio obaactb D, uto AJs
Jo60H 3aMKHyTOH moBepxtoctH ScD teno V, orpanuuentoe S, ueJsiu-
KOM JIeXHuT B D. :

36. Ilyctb D —onHocBaAsHas o6aacts B R3, ScD — KycouHo-
rnajkas 3aMKHyTasi IIOBePXHOCTb, 1 — BEKTOP BHEIIHEeH HOpMaJju K
S u V—r1eno, orpanuuennoe 1nosepxHocThio V. Jlokasath, uto mJs
¢ysknun u=C?(D) cupaBeiiuBB PaBEHCTBA

a) S;S —Z—i—i— dsS = S{SS Audxdydz,

0 (o= [T 20 (4 2 s
s v / R o
-+ S‘SS uludxdydz.
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IMycts D — onHocss3nas o6aacte B R% S D — KycouHo-
riafkasi 3aMKHyTasl NOBEDXHOCTb, M -— BEKTOpP BHellHeH HOPMaJH K
S u V—reno, orpainyeHHoe noBepxHocTblo S. JloKa3aTh, 4TO IS
¢ynkuuii ueC?(D) u V=C?(D) cnpaBeanuBo paBeHCTBO (BTOpas
¢opmyaa ['puHa B npocTpaHCTBE)

2 2o 5] 2 2
v Si u v

38. Ilyctb D —oanocss3uas o6aacts B R3. JlokasaTb, 4T0 ¢YHK-
uust uC?(D) sBAsteTcss rapMOHHYECKOH B D Torna W TONBKO TOTAA,
Korza Ansi Jaio60f KycouHO-IJaiKofl 3aMKHyTOH nosepxHocTH ScD

Au  Av

d
BLIIOJIHAETCS PaBEHCTBO SS SL—‘— d§S =0,
n

rlie n— BeKTOD BHelIHell HopMaJHu K S.

39. [lycts GOYHKUMH 4 ¥ U-— rapMOHHYeCKHe B OAHOCBsA3HOH obJa-
cri DcR3; S D — KycouHo-Taajgkasd 3aMKHyTass [OBEePXHOCTb K
V —rteno, orpanuuennoe S. J{okasath, uto ecau u(x)=v(x) aas
Bcex xS, 1o u(x)=v(x) gasa scex x=V.

40. Hycn, GYHKUUM ¥ H U-—TrapMOHHYECKHe B OLHOCBSI3HOH 00Ja-

crt DcR3; ScD — xycoulio-riajkas 3aMKHYyTas NOBEPXHOCTb, 1 —
BEKTOD BHeutief nopMaau X S 1 V — Tefo, orpannyenHoe NOBePXHO-
du ov

crbio S. JIokasarb, UTO €CaH = 1151 Bcex XS, T0 pa3HOCTh
n

on
u(x)—uv(x) HOCTOSIHHA B .

Ilyctb u—rapmonnyeckasi QyHKUHSA B OAHOCBA3HOH o6JacTh
DcR3;, ScD — KycouHo-rnagkas 3aMKHyTas [OBEPXHOCTb M A —
BEeKTOp BHellHell HopMmaJau K S. Jloka3atb, 4TO JAJs1 TOUKH Xo, Jlexa-
ueid B 06/1aCTH, OTPAaHHYEHHOH NOBEPXHOCTBIO S, CIpaBeiJHBO paBeH-

CTBO Lt()c,,):_4_1t_53v l"u cos (r, 1) i 1 ﬂidS,

[r]® iri on /)

TZe r — BEKTOpP H3 TOYKH Xo B TOUKY X MOBEPXHOCTH S.
42. Jlyctp u—rapmonunyeckass ¢yukuuss B obaactu DcR3. Ho-
KasaTb, UTO AJs JI00O0H TOUKH Xoe=D cnpaBeliiBO paBeHCTBO

1
u (x) = 4nR?

rie S —cdepa ¢ LEHTPOM B TOUKE Xo H pajuycoMm R, Takas, 4TO wap
Vilx, lx—xll<KRY=D.

43. Ilycte S — KycouHo-raagKasi 3aMKHyTasi IOBEPXHOCTb, H—
BEKTOp BHeWHed HopManu K S, V-—rTeno, orpanuueHHoe [oBepX-
HOCTBIO S; r— BeKTOp M3 TOUKH X,, Jexalieil BHe S, B TOUKYy X IO-

BepxHocTH S. Jlokasartb, uTo SSS didk;dz =7SS cos(r, n)dS.
r
S
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44, Ilyctb S—Kycoq}{o r1ajlkasi 3aMKHyTas JOBePXHOCTh; N —
BEKTOpP BHeIHell HOPMaJH K S; 7 — BEKTOp H3 TOUKH Xo, Jexalleh
BHe S, B TOuky X nosepxHocTH S. Bmuncaure muterpaa I'aycca

cos (r n)
i

45. Ilyctb o6aacts D R3; ¢yskuus uesC'(D); LoD — kycou-
HO-TJ1aJlKasi OPHEHTHPOBAHHASA KPHUBAs, NPOXOASIAsA Yepe3 TOUKY Xo&

eD. Hafitu limil_ \ ——d —}———dy+—~dz
e—0 lLE‘L ox

e
rre Ly=LN{x: x—xll <e).

46. Ilyctb o6anacts DCR?;, dynkunus usC(D), S D — kycouto-
riajzikasi OpHEHTHPOBAaHHAS MOBEPXHOCTb, MNPOXOAAILas 4Yepe3d TOUKY
xo=D. Hajitu

SS —dy N\ dz +—~dz/\dx+—-~ax/\ dy,

8—70 lSsI
rae S;=S0 {JL Hlx—xll << e}.

OTBETHI. PEIHEHHUS. YKAZAHUA

2. Hanpumep, mHoxkecTBo Bcex Ttouek keaaparta [0, 1]Xx[0, 1}, ob6e xoopauHaTs
KOTOPBbIX paunoHanbubl. 3. Ilycte €0 u {/*}, n = N,—cucrema 6PycoB Takux, 4TO
oo

o
K< U n, 2 |/1]<Ce. [ockoabky K—KoMnakT, 10 M3 cucteMu {/"*}, n& N, Bh-
n=1 n=1
Q
JensieTcst KoHeuHas noacuerema /9, 1 < ¢ Q, Takasa, uro K< U 9. Tak xak
g=1
Q 00
Z |I‘7|<z [/"|<Ce, TO K-—XOPRAaHOBO MHOXeCTBO o6Gbema Hyan. 4. Hampumep,.
g==1 n=1

MHOXecTBO M Beex Ttowek KBaapara [==[0, 1]X{0, 1], o6e xoopaHHATH KOTOPHIX’
HPPAUMOHAJbHB, OCKOJABKY 3aMblkanne M ecTb KBajapar [/, a XapaKTepucTHYecKast
¢yHKuus ya He wHTerpupyeMa Ha [ (nposeputn!). 5. Vkasaume. Ucnoab3osate co-
oTHolteHue: O0(IM)cdM, rue OM — MHOXKeCTBO TPaHHYHBIX TOYeK MHOMmecrBa M.
6. Muoxecrso M 3aMKHYTO Kak JIONOJHeHHe OTKPBHITOIO  MHOXKecTBa. Ecau
(%n, Yo) =P 1 (X0, Ya)— (X0, Yo), =00, TO Xp—>Xo, Yn—>Yo, n—>00. Tak Kak x,e=M,
YnEM, 10 &M, yo=M, 1. e. (xo, yo)=P. Utak, P — 3aMxuyTOE OrpaHuyeiloe
MHOXKeCTBO, 7. €. KOMuakrt. M3 nocrpoenust ciefyer, 4T0o AsuHA KaMjoOro H3 o1pes-
KOB Pk, ! <j<2*% wmenbme, uyem 1/2% T. e. Ha moGoM uHTepBale, JIIHHA
KoToporo OGoabine, uem /2%, wHahiayrcs 1o  KpafiHeli Mepe ABe TOUKN, He:
npunaanexamue M. Orciofa cleldyer, 4T0 Bce TOYKH M n Bee TOUKH P — rpaHmny-
Hple. Ocranoch NpoBeputh, uT0 OP =P He ecTh MHOXECTBO Mephi HYJIb [Tpennono-

KHM, YTO (yﬂlQCTBy'ET ccreMa A OTKPBITHX npsaMoyroabumkos  {/f}, i=1, 2 ...,

470 U EDPu Z [7i|<C1/8. Tloaoxum Bzi,;’)=“ii>< (1716, 17/16) n
i= i=1
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B?'j= (—1/16, 17/16) X u;; u oGosnayum B' cucteMy npsMOYrOJbHHKOB. B‘-l’]

H B? cucteMy npsiMOyro/ibHHKOB Bt?.i- CucteMa T OTKPBHITHX RPAMOYTOJbHUKOB

T=AUB'UB? nokpmBaer xsaapat [0, 1]X[0, 1]=/, cneaoBartesrpHO, H3 Hee MOMKHO

BHI6paTh KoHeunylo moacucreMy Gy 1<¢<CQ, noxpnBaiomyio [. CieaoBaTesbHO,
Q

AAA 3TOfl MOACHCTEMBl BBITIOMHSARTCA Hepaseﬂcmoz|0pl>l. Pazo6neM npamo-
g=1

yroJibHHKH nojcucreMbl (G Ha TPH TPYNNBI NepBas-—IPSAMOYrOJbHUKH H3 CHCTEME

A; BTOpasi—nPSIMOYTOJbHUKH M3 CHCTeMBI B!, TpeTha—NpAMOYTOJbHHKH H3 CHCTEMBI

B? — y 0603H2a4HM COOTBETCTBYIOIHE CYMMbl MJIOUlafell 3THX NPSMOYTOJbLHHKOB Ye-
pes I, ZII FUIL coorercTBenso. Mmeem

© oo 2i_1 oo
~ 9 3 1Loyy/ 20y
2‘<Llltl<——, E”<? luiil= s 5 (—5—> =
f= (=1 j=I j=0
oo 2i—1 Q
9 1 3
s ——y Sl — l=——) T & 2|Gq|=2‘+
8 5 3 < 2 Z il ="g
i=1 j=1 9=1

7
+2“+21“<—8—. Tosyuennoe TNpOTHBOpeYHe MOKasbiBaeT, ut0 (JP=P He ecTb

MHOKCCTBO MePbl HYJAb H, CJIELOBaTeNbHO, P He ecThb XOpLaHOBO MHOXecTBO. 7.
Muoxecrso D ecTb jpomoJiHenue A0 OTKpuitoro Muoxecrsa (0; 1)X(0; 1)
saMkuyToro Muoxecrsa P. CrenoBaTeilbHO, MHOXecTBO [ OTKpHTO M Orpa-
Huyeno. Muoxecrso (0; 1)X(0; 1) xoprauoBo (cM. cBOiicTBO 6 KOPAaHOBHIX
MHOXecCTB, c. 8), a MHOXecTBO P He siBasiercs xopAaHoBmiM (cM. 3apauy 6). ITo-
3TOMY B cuay cBofictBa 1 XoplaHoBbiXx MHOXecTB (cM. c. 8) MuomecTBo D TakxKe
He sBaseTcs XophaHoBbM. Ilyeth Toukn M,=(x, y))&D u My=(x, ys)=D. Or-
peaku [M,, A}, [A, B}, [B, My], rone A= (x;, 1/2) u B=(xy, 1/2), nenuxkoMm nexar
B D u cocrasaswr aomauyio L: MABM,, uenukom nexamyio B D u coegussio-
mwywo touku M; u M, Hrak D cBasHo, Jnaxe Junelino cBssHo. 8. Hampumep,
f(x, y)=0, x=[0, 1], y=#*1/2 u [(x, 1/2)=1, x<[0, 1]. 9. Hanpumep, f(x, y)=
=x—1y. 10. Iockoabky |D{>0, 1o MuoxectBo D° BHyTpeHHux rouek D mHemycro.
Ecau f(x)=0 ans Becex x&D° To B cuny HenpephBHOCTH [(X)=0 u ana Bcex x&
=D, uyT0 NPOTHBOPEYHT YCJOBHIO, ClieJ0BaTeNbHO, HalAeTcss BHYTPEHHfs TOYKa Xo
mHoxkecTBa D, rtaxkas, uro f(x¢)s40. [lyctp ans omnpepeaenHoctn f(xo) >0, Toraa
Haiigercs Takoil wap (8 — okpecrsocth ¥o) M={x, |x—xo|| <8}, uto McD® u

Flx)>[(x0)/2, x&M. llap M ecth XKOpPAaHOBO MOAMHOXecTBO D H S f(x)de>
M

f (xo)
>

2
JUTHBHOCTL MHTerpatia. 12. Yxasauue. VcnosbsoBath kpurtepuit JleGera u npoBecTH
paccyxkJeHue, aHaJoruyHoe peinenmio 3afauyu 10. 13. Ykasanme. Ilpumenuts Teope-
My 06 ouenke nurerpana. 14. a) Hyctb X, , o =X, o o ¥ 1= max (n, ng) + 1.
YMHOXKasi paBeHCTBO

|M|>0. 11, Vkasanue. Ucnons3oBath yrTBepxKienue 3anaun 10 m ap-

P 1 P2 1

on T i T g T g (+)

Ha ¢,-2"%, NOJy4YuM, YTO OTHOLUEHHE §(/Gy €CTb LeJNoe YHCJIO, a YMHOXKas 3TO paBeH-
CTBO Ha @3-2", MOJNYYHM, YTO OTHOIUEHHE §»/q, — ULeaoe uucao. CJaenoBarenbHo,
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g1=¢;=4¢. YMHOXas paBeHCTBO (*) Ha g-2", NOJYyYHM PaBEHCTBO pg- 27" 4
4 29—l o g0t on—n,—1 = Ecauw nmy7=n; TO OJHA W3 4YacTeH 3TOrO paBeH-
CTBAa YETHOE UMCJIO, a Apyras — HeuyeTHOe, uTO HeBO3MOXHO. MTak, my=ny Ilpu
g1=Q2 Hu ny=ny U3 paBeHCTBa (*) cJenyeT, YTO p;=pa.

6) Ha moctpoenus caenyer, uro 0<x, <1, 0<y,,, <1, neN,peN,
geN, 1. e. Ecl. Ecan x(0, 1] He BxoasT B MHOXeCTBO {X, , .}, n €N, peM,
geEM, TO BCH BEPTHKaJlb X=X, He mnepecekaercs c E, ecau ke Xg =

=Xy ps.g,r TO B CHTY OJHO3HAYHOCTH ONpEJENEHHS UHCEN Mg, Po, Go (n. a) Ha
nPAMON X=X JEeXHT €JIMHCTBEHHas Touka H3 E, KOOpIMHaTa Yo KOTOPOH paBHa
Yny,po,qq- 41051 NOKA3aTeNncTBA TOTO, YTO JI0GAs TOPH3OHTANDb NepecexaeTcs ¢ E ne
VDo,

GoJiee ueM B OfHOH TOuKe, HAJO NOKAa3aTh, YTO M3 paBeHctBa  Yn, .p,.q, = Yn,.00.0:
CREAYIOT pPaBeHCTBA N,=M3 py=Ps, §1=4s, T. € Y, o, . ONHO3HAYHO ONpeAejIFeT

. . P2
TPOHKY unced g, po, go- JleficTBUTENbHO, €CAR Yp o =Y, o o, TO I, VQ o
= —£—+6 rac O npuHuMaeT OJHC H3 3Havenuii 0, 1, —I1, n, cae-
}/2 2’1‘ “ » b ) £
1 P2 P
BOBATENbHO, YHCIO —V—:_Z“ Tn T gn, | PalHMOHATBHO, uTO BO3MOXHO TOJBKO TOT-
D2 Py
Aa, Koraa o ——«—2;::0, a W3 3TOrO paBeHCTBA B CHAY HEYETHOCTH Py M p; clie-
LyeT, uTO ny=ny, py=p;. Tornar, == rgla#ﬁ, a Tak Kak 0<rq2<l " 0<rq‘<,

<1, 10 Tgy =Tq,+ OcTaitoch TOKa3aTh, 4TO B JI0GOM TpPHAMOYro/ibHHKe A={a, BIX

X[y, 8]</ wnaitnercsi no KpaiiHeil Mepe oiHAa TOYKa MHOXectBa E. [eificTBuTen-
HO, ecim |;9% < (B-—a)/8, To Haiimercs Takoe pe=My, uto & < P2t < (py +

1) /2 <. Tak Kak  py/2™ < po/2% 4 1/g-2T! < (py 1) /2% AAA Beex
qgeEM, 10 Xnore a0 E 2, B). Hanee obosnaunm uepes (y, 6)* unrepman (y-— py/2no,
8-—po/27), ecan Y —p/2™ » 0, wu marepBan (Y — po/2T 4+ 1, §—py/2™ 4 1)

B NpOTHBHOM ciyuae, toraa (y, 8)*N(0, 1)*=J u mnafizerca pauuoHajbHas TOIKa
rg =(y, 8)*N(0, 1). Torna y, , . 1y, 6] (npoBeputv!) H, cleA0BaTENbHO, TOUKA

(xno-ﬂmﬂu ”e Pu,Gs

Y= ENA.

B) Hemenneuno ojeayer u3 yrepxaenust 6).
15. Ykazauue. I'paduueckn  usoGpasutb f(Xo, y) u f(x, yo). 16. Hampuwmep,
oyuxuus f(x, y) onpenenennas B xsagpare [0, 1]1X[0, 1], paBHas Ky, ecau oba
apryMeHTa X W Y palyOHaNbHbI, H paBHas 1, eclu XOoTs Obl OAMH H3 APIYMEHTOB —
HPPaNMOHANbLHOE YHCJO.

18. Hanpumep, Di={(x, y):1/4<x?+42<4}, Di={(t, s):1/2<i<2, —a<
<8§<3m}, ¢:x=tcoss, y=tsins. 20. 0. 21. 4/9. 22. VYkasanue. Iposeputs, utO

f(x, y)=R(E,) pas moboro En=(1/27, 11X (1/2%, 1], n&N, u lim 3\ 1 (x, ) 1dx X
n—»eo o

‘n

Xdyy = o0. 23. a) Tax xax L, — mnpoctas rjagkas KpuBas, 10 r,(f)=
={xa(t), yn(t), (1)} 1 x:(H)=C' [0, 1], yu(t)C[0, 1], 24(t)=CY0, 1)
U3 ycaoBuit 1) u 2) caeayer, uTo:

1) xa(0)—>x0, Yn(0)—>Yyo, 22(0)—2o, rae Xo, Yo, 29 — KOOPAHHATH TOUKH A.

2) Mocnenosateasnocta X a(l), y'n(t), 2’~(t) cxomsitcs pasnomepno na [0, 1].

Otciopa caeiyer, 910 nOc/]el0BaTeNbHOCTH Xz (f), Yn(t), 2.(f{) paBHOMepHO cXO-
aarca Ha [0, 1] Kk (pyHKuHﬁM x(t), y(t), z(H)<Co, 1], 1. e. ra(t)—>r(t)=
—{x(t) y(1), 2(£)}=C0, 1} nr (t)—- (1), t=[0, 1].

6) Tak kak |7 (})|= lcp (t)l#O t=[0, 1], TO MHOX€CTBO L=
={(x,4,2) : (x, y, 2)=r(f), 1} sBasercs npocrtoit raajkoft Kpusoit. Toraa
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1 S
Cras— Sras={rw, v, 200 Vi +4+5 -
L

L, 0

—F(xn (1), tn (©), 20 (1)) } [(xn)’,12+[(yn);1*+[(zn);12}dt
B cuay pasHoMepHOH cxoiuMocTH Ha [0, 1] oymkumuii x.(f), ya.(f), 2.(t), (%),

(yn)e', (20} K Oyuxumuam x(f), y(f), z(f), x/(¢), y/(f), =2/(f) cOOTBETCTBEHHO
H HENPEePLIBHOCTH (PYHKUHH | MOCJ]ENOBATENbHOCTD

F), v, 2 V X 40, 47 =7t () 9 (D) 2n ()X

X '[/[x'n (02 + [y,; (H124 [z,; (£)1* pasHomMepuo  cTpeMuTcs K  HYJI0 Ha

/
{0, 1] ®, cnenosatensno, | Sfds—— Sfds) —0, n—oo. 24. [{oxkasaTe/bcTBO NpO-

A
L
n
BOJAHMTCS aHAJIOTHYHO JIOKA3aTeJbCTBY YTBEpIKAeHHs 3afaun 23. 25. Ykaszanue. Cre-
JlaTh TOBOPOT OCeH KOOPAMHAT TaK, 9TOGbl NJIOCKOCTb ax-+by-+cz=0 crana xo-

OpIZHHATHOM MaocKoctbio u=0. 26. a) Ykasauue

|Tgpel = R sin — ‘/—— + 4R%sins T; 6) 2nR V H® 4 REa'p®. 27. Vxa-

sauue. [lokasaTe, uto |Pdx+ Qdy + Rdz| < V' P2 F Q* - R*ds.  28. Ykasauue.

du
ITpeoGpasoBath  mHTErpaJ Sud— ds B @HTerpal BTOPOrO POXA H INPHMEHHTB
n

popmyny I'puma. 30. Yxasauue. IlpumeHurn yTBepmxpenue sanaud 10 u dopmyay
I'puna. 31. Ykasauue. [Ipuvenntp paBeHcTBO 3ajauu 28 u yTBepxkieHue sajaum 11,
32. Ykaszauue. IlpumeHuTb paBeHCTBO 3ajaud 28 M yTBepxAeHue 3ajgaun 11. 33.
Yxasauue. IlpoBeputs, 4To B paBeHcTBe 3adaun 29 ¢urypa S MOXET HMeTb IPaHHU-
Ue#l KOHEYHOE YHC/IO KYCOYHO-IVIaJKHX KOHTYPOB, M IPHMEHHTb 3TO PaBEHCTBO K 06-
JacTH, OTPAHKUYEHHOA KOHTYPOM L 1 OKpPYXHOCTHIO ¢ HEUTPOM B TOUKE Xy H IIPOH3-
BOJILHO MaJibiM paauycoM. 34. Ykasauue. IlpuMeHnTb paBeHCTBO 3ahaud 33. 35. Vka-
3arme [Tpumeniith paBCHCTBO safayy 34. 36. Yxasaune. [IpcoGpasoBarb nHTerpasst

g —dS gSu —'—dé B IIHTErpaJ/ibl BTOPOro poja M IpHMCHHTH dopmyay Oct-

porpadcx\oroﬁfa)u_ca, 38. Ykaszanne. [lpumenuTh paBeilcTBO a) 3aja4i 36 u yTBepxK-
neuve sagaud 10. 39. Ykazauue. Ilpumenuts paseHcTBo 6) zazaun 36 U yT-
pcpacdenne cajadu 11. 40. Ykasauuce. [Ipumenuts pasencrso 6) sajauu 36 u yT-
BepxaAeHHe 3ajaun 11. 41. Ykasanne. [Iponeputh, 4TO paBeHCTBO 3ajaaun 37 HMeeT
MECTO M TOTAa, XOorla rpanduefl TeJa V snaserTcs KOHCHHOe YHCJO0 KYCOYHO-TJIAAKHX
II0BEPXHOCTeH, K TPHMEHHNTb 3TO PABEHCTBO K TeJY, OFPAHHYCHHOMY MOBEPXHOCTbIO
S 1 cdepoit ¢ ueHTPOM B TOYKe Xp H HPOM3BOJBHO MaJsbiM paanycoM. 42. Vkasauue,

ou
Tlpuvenuts pasencrso 3azaud 41, 44. 4m. 45¥

du
on

, T/le T —BCKTOp KacaTtedb-
X=X,

HOH K L, onpeneasiowell ce opuetitaudio. 46. , TAE N—BEKTOp HOpMand

X=X,

K S, onpegeasiolinii ee OpHEHTALMIO



