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H.d. Baxapera (1928—1971)






I[lpenucaoBue

Asrop xuurn Hpuna denoposna Baxapesa (1928—1971) —
6e3BpeMeHHO yWeIIHH TaJaHTJIHBBIA YUeHLIH U NeJXaror, AOLEeHT
Kapeiapnl xuMmuueckoi ¢pusnku CapaToBckoro yHusepcurera. Eio
6bls1 cocTaBlAeH H B NPOJOJKeHHe 12 Jer uurajcs Kype JeKiui
[0 TEPMOAMHAMHKE Heo6paTHMBIX IIpOLeccoB. BrinodHeH psan
Ba>KHbIX HAYYHRIX HCCJIENOBAHUH B 3TOH oOJaacTi.

TepmoarHaMuxa Heo6DaTHMBIX NPOLECCOB B TPaJUIHOHHOA
¢opMe TIpUMEHHMA B OCHOBHOM TOJIBKO K JIHHEHHBIM IpoileccaM,
NPOTEKAOWUM, KaK NPaBHJIO, B OKPECTHOCTH TepMOJHHAMUHYECKO-
ro pasHoBecHs. B 3Toit o6sacTH CKOpPOCTb HepaBHOBECHOTO IPO-
Lmecca TpONOpuUHOHadbHa TepMOJHHAMHYECKHM CHJIAM, BbIpaxe-
HHE JJIST KOTOPHIX CTPOUTCS € Y4eTOM UJeHOB BTOPOTO INOPSAKa B
Pa3JIOKEeHHH NO TEPMOAHHAMHMYECKHM TIapaMeTpPaM OTKJIOHEHHS
AS 3HTPOIHH OT paBHOBeCHA. 3aKOHOMEPHOCTAM JUHEHHON HepaB-
HOBECHOM TePMOLHHAMHUKH BO BCeil BpeMeHHOH ofJsiacTn NMORUMHSA-
I0TCH NpPOIECCH NepeHoca, a B XUMHYECKOH KHHETHKe -— JIUIIb.
MOHOMOJIEKYJ/ISIDHbBIE PeakluH, Ja ¥ TO TOJbKO NPH AOCTATOUAO
60abIINX NABAEHHAX HJIH KOHUeHTpauusax. Peaxuuu Gosee BbicO-
KOro Mopsifka ONHCHIBAIOTCA CYLIECTBEHHO HeJHHEHHBIM 3aKO-
HOM ~— 3aKOHOM AEHCTBYIOUIUX Macc, KOTOPHIH He MOXeT ObiTh
060CHOBAH CPeACTBAMH JIMHEHHOH TeOopHH.

[Tpo6sieMa nocTpoeHHss TepMOAMHAMUKHA HeJMHEeHHBIX Hepas-
HOBECHBIX TIPOLECCOB, CTOMb YAacTO BCTPEUAOI(HXCH B QH3UKe H
XHMHH, fBJASETCS BecbMa axkryaJubHOH. IIpu 3TOM, mpexie Bcero,
BO3HHKaeT BONIPOC O CAMOM MeToJle DEelIeHHs] HJH NOAX0Za K pe-
uwenuio 3toff mpobaemsl. CyllecTByerT, no Kpalineli Mepe, HECKOb-
KO OOILMX METOJOB JJIS ONHCAHHS HEJHHEHHBIX HepaBHOBECHBIX
fpoueccos. ATO, BO-NEPBLIX, METOJA JOKAJBLHOrO NMOTEHIHAJa, SB-
JAOUHACA BhIPAXKEHHEM YHMBEPCAJHHOTO KPHTEDPHS 3SBOJIOLHUH
Ipuroxuuna-Faancnopba. Meron npuMeHseTcst B OCHOBHOM IS
BEKTOPHBIX NPOIECCOB B OKPECTHOCTH CTALlHOHAPHOTO COCTOSHHS.
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BecbMa NepPCIEKTHBHBIM OKa3aJiCsi METOX HEPABHOBECHOrO CTaTk
cruueckoro oneparopa II. H. 3y6apesa, NpuMeHHMBI sl npC
1(eCCOB Pa3JIHYHOrO TEH30PHOTO CBOHCTBA.

ABTOpPOM KHUTH Pa3pabaTbiBajCss APYro# NOAXOM K pelieHdk
npoG/ieMbl, OCHOBAHHBIA Ha MEXaHHYECKHX aHAJNOTHAX HepaBHO-
BECHOR TEPMOJHHAMHKH W HAa HOBOH CTOXAacCTHYECKOH Momenn He-
PaBHOBECHOT'O IIPOIECCa — €O CIyYalHBIM JUCKPETHHIM H3MeHe-
HHEeM IapaMeTPOB B JHCKDETHHE MOMEHTHI BpeMEHH.

Passutsie V. ©. BaxapeBoll MexaHHuecKHe aHAJIOTHH HepaB-
HOBECHOH TePMOJMHAMHKH [O3BOJIU/IU €H YCTAHOBUTb, UTO JIMHEH-
Hole (PEHOMEHOJIOrHUeCKHe yDaBHeHHA JJI CKOPOCTH HeoOpaTh-
MOTO Hpollecca MMeIOT CTPYKTYDPY ypaBHeHMH Jlarpanxka mas JHc-
CHOATUBHBIX CHCTeM ¢ anaaoroM ¢yHkuum Jlarpamxka L=—AS,
TepMOJMHAMHYECKHHA aHAJOT KHHETHYECKOH 3HEPTHH OTCYTCTBYeT
B CHJY HeoOGpaTHMOCTH siBJeHuH. B HacTosillee BpeMsA Takas Tod-
Ka 3peHus siasercss obumenpuHaTod. Ero Oputo mokasaHe Takike,
4T0 JarpaHxes GopMaau3M IPUMEHUM JJisl ONHCAHUS CKaJIAPHBIX
TpoTeccoB B OTKPHITHIX cucreMax. Ha aroi ocuose Y. @. baxa-
peBoil 661 ¢opMyNHPOBaH OOWHKH BapHAMOHHBIA NPHHIMI A/
HeCTallMOHAPHBIX HEPAaBHOBECHBIX MPOIECCOB B COOTBETCTBAM C
HX JUCCHIATHBHON NIPUPOJOH, ClIpaBelJIUBLI H B HeJluHeldHON 06-
JIACTH.

B nocnennue roas U. ®. Baxapesoit 0Onlia mpefsioxKeHa H
pasBuTa HOBaf CTOXACTHYECKasl MOJEJNb HEpaBHOBECHOTO MpoLeC-
ca Ha OCHOBe TeopuM NMCKpeTHbX Lenefi Mapkosa. C nomoliibio
5TOH MOJeJH ObIM NOJyYeHB HeJHHeHHble JHHAMHYECKHe ypas-
HeHHsl, OTMUCHLIBAIOLINE, B UACTHOCTH, KHHETHKY 0OpaTHMBIX XUMH-
YyecKHX peakluii Bo Bcell BpeMeHHOH oGsacTu npouecca B IOJHOM
COOTBETCTBHU € 3aKOHOM JNEHCTBYIOUIMX Macc, ¥, NPUMEHUTEJbLHO
K CKaJspHLIM IpoLeccaM, 6bi1 padpaGoTan GopMann3M HeauHeH-
HO!I HepaBHOBECHOH TEPMOJMHAMHKH, HE MeHee H3SIHBIH M Tpo-
cToft, yueM GopMasiu3M JHHEHHOH HepaBHOBECHOH TEPMOJHHAMUKH.

Ham npexcrasasiercsi, uTo onyGJHKOBaHHe B BHIEe MOHOrpa-
¢un stux paGor M. @. Baxapepoii, HanpaBJeHHBIX HA MONBITKY
CO3JaHHsl €NMHOr0 MaKPOCKONHYECKOro N0JAX0Ja K ONHUCAHHUIO JH-
HeHHBIX U HeJHHEeHHBIX HEepaBHOBECHBIX MNPOIECCOB, B KOTOPHIX
XOpoIND 3aneyatyienach TaJdaHTJMBOCTb paHO YIIEAIero OT Hac
CcaMOGBITHOTO HCCJIe0BaTeNsA, 6yLeT CIOCOGCTBOBATb AanbHell-
1leMy Pa3BUTHIO H TIPUMEHEeHHIO OOIeH TeOpHH HEepaBHOBECHDIX
NpPOLECCOB.

Bce OCHOBHBIE pPe3yJbTaThl paspabaThiBaBIueiica H. d. Baxa-
peBoil TEODHH H3JOKEHB B JaHHOH MOHOTpaduu, KOTOpas, X €o-
JKaJeHuio, He Gbuia 3abepliena camuM aBrTopoM. TlorpeGosasnach
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Gosbllass pegakropckas pabora, Kotopas 6bl1a BBIIONHEHA KaH-
JunatoM (usnko-mateMatHueckux Hayk M. &. Baxapesoii. C
LEeJbI0 1aTh KpaTKHH 00630p CBEJEHHH H3 TEOPHH JAUCKDPETHBIX
nened Mapxosa M. @. Baxapesoli Hanucau § 21.

Cnexyer OTMETHTb, YTO COAEPXKaHHe HEKOTOPHIX maparpados
HOCHT IOHCKOBBIH M Jaxke, BO3MOXKHO, JUCKYCCHOHHBIA Xapakrep,
a HEKOTOpblie MOJIOXKEHHSI CKOpee HHTYUTHUBHBHI, ueM CcTporo o06o-
cHoBaHHbl. OJHAKO M3-3a OPHTHHAJBHOCTH NOAXOAA H SIBHOTO
CTPDEMJIEHHSI aBTOPa K eIMHOH JIOTHYeCKOH CXeMe pa3BUBaeMOro
¢opMasnu3Ma Mbl COXDAHHJIH B TEKCTe 3TH naparpadsl, XoTs OT-
JeJbHble H3 BbICKA3aHHBIX HIAeH, BO3MOXKHO, U HE INOJYYaT [1aJb-
HeHIIero pas3BHTHA, a ApPyrue MOTYT OBITb pa3BUTH Hu GoJjee
CTPOro 060CHOBAHBI.

Pyxonuch xuuru 6bl1a npounrana npod. A. 1. CrenyxosuueM,
KaHauaaTaMn QpH3HKO-MaTeMaTHueCKuXx Hayk A. A. BupiokxoBbM,
A. ®. KpbinosbiM, a Takxke B. TI. Bemneseim u 3. M. A6axaesoii.
Bce cnenannbie MMH 3aMeJaHUsl YUTEHbl PELAKTOPOM KHUrH. Bosb-
was pabora 1o NMOArOTOBKE CIMCKA JHUTEPATyphl U OQOpMJIEHHUIO
pyxonucH nposeneHa 3. M. A6axaeBoit. Cienyer OTMETHTb, YTO B
CIIMCOK' JINTePaTypPhl BKJIIOUEHBI TOJNLKO Te€ paboThl, KOTOpPHIE GblIH
ony6saHKOBaHbl He mo3fHee 1971 r. M HeMOCPEACTBEHHO HCIOJb-
30BaJINChb aBTOPOM, TaK 4TO 3TOT CIIHCOK He MOXKET NpPeTeHI0BaTh
Ha MOJHOTY.

Pasymeercs, KHura He JulIeHa HEJOCTAaTKOB, HO B EJOM Npej-
CTaBJISIET HECOMHEHHBIH HHTEpeC, SIBJSETCH OPHTHHAJIBHBIM MOHO-
rpadHUECKUM HCCJIEOBAHUEM H MOXKET GbITh MOJE3HOH JJsl Beex
€NelrHaJH3upyomuxcs B 061aCTH HEPAaBHOBECHOH TEepMOJIMHAMHU-
ku. KHura gBUTCS Hanyyuled maMsaThio 0 CBETJIOM 06pase He3al-
BeHHOH Ans Hac M. ®. baxapesoii.

A. . Crenyxosuu, M. . Baxapesa



BBepenue

I[Ipexxne Bcero, 0 caMoil HepaBHOBECHOH TepMOAHHAMHKE. JTO
CPaBHHUTEJIbHO MOJIOJAsi HayKa, NMOJydYHBIIasg 0COGeHHO OHICTpoe
pa3sutue 3a nocaenuue 20 jer. Kak u mMHorue Apyrue OTpacau
3HaHWH, HEPaBHOBECHAs TEPMOAMHAMHKA HHTEPHAUHOHANbHA —
ee¢ yH1aMeHT BO3BeJeH COBETCKUMH, rOJINIAHACKHMH, 6eJbIHICKH-
MH, SIIOHCKUMH (H3HKaMH H HCCAENOBATENSIMH JIDYTHX CTPaH
[1—-37].

Mertonbl HepaBHOBECHOM TepMOAWHAMHKH OXBATHIBAIOT CaMble
pasJyuuHbie 00J1aCTH pUMeHeHUs GU3HKH U xuMuu. O6o6ias He-
KOTOpble NHHAMHYECKHE 3aKOHOMEPHOCTH MaKpOMHpa, HepaBHO-
BeCHasi TepMOJMHAMHUKA NpeAJsaraeT IpHHIHIbB 0611e(pU3NIeCKOTO
3HAYEHHs, [IO3BOJIAIOIIHE HCCAEA0BATh AMHAMHUKY IIHPOKOro KJac-
ca (U3HYECKHX H XHMHUECKHX TIPOLECCOB, TIPOMCXOMSIIIHX C IHC-
cunanred sueprud. EcTe MHOro ofiiero Mexay KHHETHKOH XUMH-
YECKUX peaklui, HapUMep, H NPOLECCOM 3JIeKTPONPOBOJHOCTH
i Jupdysnn. Ota oOGLHOCTL BbHIpAXKaeTcsi HE TOJAbKO B O6LI-
HOCTH JHHAMHYECKHX yDaBHEHHH I/ 3THX IpPOLECCOB, HO, UTO
0co6eHHO BaXKHO, B O00mledH3NUESCKUX TPUHLHUNAX, CJIEACTBUEM
KOTOPBIX ABJSIETCH LAaHHBIH THO JAUHAMHYECKOA 3aKOHOMEPHOCTH.

Boo61ie rosops, HayKy, KOTOpast HCC/IeAyeT MOBeNeHHE (DH3H-
YeCKHX CHCTEM BO BPEeMEHH, Ha3bIBAIOT ellle (HU3HUECKON KHUHETH-
KOH, OJlHAaKO TepMHH «HepaBHOBECHAsl TepMoAMHAMHKa» GoJnee
pacnpocTpaHeH H CYMTAeTcs B HACTOslee BpeMs OGLIENPHHATHIM.
OTyacTH 5TO CBSI3aHO C TeM, YTO HEpABHOBECHAS TEPMOJHHAMHKA
pa3BuBaercs Ha 6a3e paBHOBECHON.

[TocTpoenne momHON AHHAMHUYECKOH KapTHHBI, CHOCOGHOH B
o6UIMX NPHHUMNAX H YpaBHEHUSIX OXBATHTb Bce pasHoobGpasue
IIHPOKOro KJjacca NPOLeCcCOB — IIPOLECCOB € AUCCHUIANMEHd 3Hep-
THH, ABJAETCA 3ajayeli Upe3BBIYAHHO CJOXKHOH M He peUIeHHOM
NOJIHOCTBIO IO HACTOSAILEr0 BPEMEHH.

[TpencraBum ceGe cocTOsiHHE TePMOAHHAMHUYECKOrO paBHOBe-
cusl. 3Aech caMble PAa3JHUHbIE CHCTEMBl MOJUHHSIOTCS OGLIHM XO-
pOIIO H3BECTHBIM TEPMOAMHAMHYECKHM 3aKOHAM.

B o6sactu, 61M3KOH K COCTOSIHHIO paBHOBECHS, MbI OOHApyKH-
BaeM ellle A0CTaTOYHO MHOrO OOIIero B AHHAMHUYECKOM MOBeIEeHUH
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pa3/JH4YHBIX CHCTEM. 31eCh MOLIHOCT HEOGPAaTHMOCTH ONHChIBAET-
¢sl CKOPOCTBIO BO3DACTaHUsl SHTPONHH, 4 KHHETHUECKHE YPABHEHHS
AJ151 Pa3JHYHBIX TIPOLECCOB HMEIOT JINHEeHHYIO CTPYKTYDY.

Tak, Hanpumep, 3akoH ‘Dypbe JJd TeNJONPOBOAHOCTH BhIpa-
;KaeT TOT (aKT, YTO KOMIIOHEHTHI BEKTOpa MOTOKA TelJa SBJSIIOTCS:
AuHeHHBIMH (PYHKUHAMH KOMIIOHEHT TrpajueHTa TeMIepaTyphl.
3axkoH duKa ycraHaB/IHBaeT JUHEHHYIO CBA3b MexXAy auddysu-
OHHbIM TIOTOKOM BeUIeCTBA H I'PAaJHEHTOM KOHUeHTpaluu. B ciy-
yae TepeKPecTHLIX ABJEHHH, HanpuMep, TepMoaudPysnn, 1uddy-
3HOHHBIA NOTOK JIMHEHHO 3aBHCHT OT I'DafiHEeHTA TEeMIepPaTyphl W
OT rpajHeHTa KOHUEeHTpaLuH.

AnnapaT KJaCCHYECKOH HEPaBHOBECHOH TepMOLMHAMMKH MNpHU-
MeHHM B O0IlleM cJydae K JHHeHHBIM NpolleccaM, NPOTeKaIoUIHM,.
KaK IIpaBHJIO, B OKPECTHOCTH TEPMOJUHAMHUYECKOTO paBHOBECHS.

TepMoOfMHAMHYECKHH TNIPOIECC NPUHATO CUHTATh JIHHEHHBIM,
eCJIH

dt
2) {Lem}=const, 3) Lym=Lms. | (A}

1) il = %Lmem:

31echb X4, Xy, ... — HabOp TepMONHHAMHYECKHX TIApPAMETPOB, Xapak-
TEPH3YIOUIHX CTeNeHb OTKIOHEHHS CHCTEMBl OT TepMOAWHaMHUYe-
ckoro paBHoBecHsl, X,=0(AS)/0x, — TepMOJHHAMHUUECKHE
cHabl (AS — OTKJIOHEHNEe SHTPOIHU OT PAaBHOBECHOTO 3HAYEHHS),.
[Lxm] — MaTpuna GeHoMeHOTOrHYECKHX KO3 (DD UMHEHTOB.

‘Pemaloniyio poJib fipH BBIBOJIE COOTHOWEHHH B3auMHOCTH OH-
carepa (Lgm=Lmx) ChHIrpaj NpHHUHUI MHKPOCKOIIHYECKOH 06paTH-
mocTd. OCHOBY NPHHUHNA MHKDOCKOMHYECKOM OOGPaTHMOCTH CO-
CTaBJISIET YCJOBHE HHBAPHAHTHOCTH YPaBHEHHH ABUXKEHHUS OTHENb-
HBIX YaCTHL, H3 KOTOPHIX COCTOUT CHCTEMA, 110 OTHOILECHHIO K U3Me-
HEHHIO 3HaKa BPEMEHHU.

Baxuyio poab urpaer npuduun Kiopu: NOTOKM W TepMoAuHA-
MHYEeCKHe CHJbl Pa3NHYHOH TEH30PHOH Pa3MEpPHOCTH HE MOTYT
ObITb CBSI3aHBI APYT ¢ APYTOM (H30TPONHBIE CHCTEMBI).

Croab ofliasi anajguTHYeCKasi CTPYKTypa Pas/JMuHBIX TIPollec-
COB MO KpalHe#l Mep€ ONHOrO TEH30PHOrO CBOHCTBA OPHEHTHPYET
Ha TIOHCKH. MEXaHHYeCKHX aHaJOrHH HepaBHOBECHOH TepMOJHMHA-
MukH. Ha 3ToM nyTn HaMu GbliI0 MOKa3aHo, uTo GeHOMEeHOoJornue-
CKHe ypaBHeHHA (A) HMEIOT CTPYKTYpPYy ypaBHeHH# JlarpaHxka
AJIT AUCCHNTATHBHBLIX CUCTEM ¢ aHaJjoroM hyHkuuu Jlarpanxka—AS..
IIpn sToM TepMopMHaMHueCKHEI aHAJOr KHHETHYECKOH 3IHEePrHH
OTCYTCTBYET, UTO (PH3HUYECKH COOTBETCTBYET NOJHOH Ge3pliHepLHOH-
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HOCTH HJH, B TePMOAMHAMHUYECKOH TEPMHHOJOIUH, HOJIHOH Heol-
PaTHMOCTH paccMaTpuBaeMbix npoleccos [38].

M3BecTHO, KaKyl 60JbIIYI0 poJib CHIFpaju HEPaBHOBECHBIE
BEKTODHbIE IIPOLeCcCh (AJIs KOTOPHIX XapaKTepHa 3aBUCHMOCTD
TepMOJHHAMHUYECKHX NTapaMeTPOB HE TOJNbKO OT BPEMEHH, HO M OT
TIOJIOKEHHUST B NPOCTPAHCTBE) B PAa3BUTHH H KOHKPETHBIX IIPUJIO-
JKEHUAX TEPMOALHHAMHKH HeoOpaTUMBIX NpOlieccOB. B psame KHHUTD
PacCMOTpPEHB! SIBJEHHS TENJIONPOBOIHOCTH, 3JIEKTPONPOBOAHOCTH,
nuddysnu, Tepmoanddysun U TMOKa3aHo, 4TO napabosuyeckKne
ypaBHEHMST MOXKHO BBIPa3HTb B BH/E JHHEHHBIX COOTHOLIEHHH Me-
2Ky COOTBETCTBYIOLIHMH TIOTOKAMH H TEPMOJHHAMHUYECKHMH CH-
Jamu. JIpu 3TOM JJs MaTpUIB (PEeHOMEHOJOTHUECKHX KOIPPHII-
€HTOB BBITIOJIHSAIOTCS COOTHOIIEHUSI B3AUMHOCTH.

[Tpy u3yueHuH HepaBHOBECHBIX BEKTODHBIX IPOLECCOB B Kaue-
CTBE OCHOBHI HCIIOJIb3yeTCs JIOKAJbHasd (GOPMYJIMPOBKa 3daKOHOB
CoXpaHeHusi, Hanpumep, 3akoHa 6ananca Ana surponuu. Cornac-
HO JOKaJbHOH (pOPpMYJIHPOBKE, 3aKOHBl COXDaHeHHUs, CIpaBelId-
Bble JJI5 MAaKPOCKONHYECKHX CHCTEM, OCTAOTCH CIpaBelJIMBBIMU U
B IPUMEHEHHUH K 6ECKOHEYHO MaJbIM 4aCTAM 3THX CHCTEM.

[Ipn paccMoTpenuy HepaBHOBECHBIX BEKTODPHHIX HPOLECCOB B
rnase Il ucnonb3yercsa oTiauyHagd OT OOLIENPHHATOH GopMa BH-
paxeHusi JJ15 OTKJIOHEeHHs sHTponuun AS (M COOTBETCTBEHHO MJS
BO3HUKHOBEHHs] 3HTPOINHH) B C/l1yyae OZHOBPEMEHHOTrO IIpOTEKa-
HHUsl HECKOJIBKUX PA3JIHUHBIX TIPOLECCOB.

IIpunsitas mamu ¢opma BpipaxkeHus Beauyusbl AS uepes
DKCTEHCUBHBLIE TTapaMeTPbl JHKTYeTCs, BO-NIEPBLIX, TEMH MeXaHHue-
CKAMH aHAJOTHSIMH, O KOTOPHIX peub 1LJa BbILIe, ¢ HCIOJAb30BaHH-
‘€M HM3BECTHOrO B MEXaHMKE amnapara paclpoCTpaHEeHHs MeTONOB
Jlarpanxa Ha HelpepblBHble CpPe/bl; BO-BTODHIX, TEM CTATHCTHYE-
CKHM 0BOCHOBaHHEM, KOTOpOe NOJyueHo Ajsl JaHHOH dopMbl AS.

OnruM M3 NPeUMYLEeCTB MCHOJNb30BAHHOTO cnocoba ONHCaHUSA
siBJsieTcs caenyoulee. B HepaBHOBECHOH TepMOAHHAMHKE NPH Bbi-
BOJE COOTHOWIeHHHA B3auMmHocTH Oncarepa Ttpebyercs, uToObl T0-
TOKH OBLIH NMPOM3BOAHEIMU 110 BPEMEHH OT NEpPEMEHHBIX COCTOs-
uusa. OQHAKO 3TO YCJIOBHE TIpH OOLIYHOM OIHCAHMH HE BBITOJHS-
€TCS HH B CJyyae BEKTOPHBIX IIOTOKOB (IIOTOK TelJsa, MOTOK Mac-
bl B Npoueccax nuddys3un), HU B Cyyae TEH30PHBIX TIOTOKOB
(BSI3KHMH TEH30p NaBJEHHH).

Ilpunsrast HaMmu dopMa [l BO3HUKHOBEHHUS SHTPOIHH NO3BO-
JIsieT BHIOpATh B Ka4ecTBe NOTOKOB TIPOM3BOJHBIE MO BpEMEHH OT
TlapaMeTpoB, YTO B CBOIO Ouepeib ITO3BOJSET INPOBECTH OGoJee
«CTPOTOE 0Ka3aTeJbCTBO COOTHOILEHHI B3aHMHOCTH.

AnpropHasi KOHCTPYKIHS KUHETHUECKHX ypaBHEHHH HepaBHO-
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BECHOH TePMOAMHAMHKHU HapyLIAeTCs, eCau CYLIEeCTBYeT COOTBeT-
CTByIOILIlee UM BapHalHoHHOe ycaosHe. McTopHuecku lepBoit TIio-
NBITKOH BbIBOAA JHHEHHHWX (PEHOMEHOJOIHYECKHX YypaBHEHHH
siBJsieTcs BapuannonHoe ycaosue Oucarepa [12]. Xopomwo u3s-
BECTHO TaKXe BapHaluoHHoe yciaosue HspMathl [34].

Bapuauuonnoe ycaosue B 00bluHOR (opme ["amMunbToHa MOXK-
HO 3anucaTth AJs1 LHUCCHIATHBHBIX IIPOLECCOB, HCHoab3ys dop-
MaJIbHBI MeTOJl 3epKaJbHOro OTOGpaKeHHd, CyTb KOTOPOro €O-
CTOUT B TOM, UTO paccMarpuBaeMas NOJLCHCTEMa JONOJHSETCA ee
3epKajibHbiM OTOOpaXKeHneM ¢ OTPUllaTeNbHOH Auccunaiuein. Ero
TIPUMEHEHHEe K CKaJNApHBIM, B UaCTHOCTH, IpOLECcCaM IO3BOJNUJIO
He TOJbKO BLIBECTH JIMHEHHbIE COOTHOLIEHHS MeXAY IOTOKAMH H
CHJIaMHU, HO H NOJYYHTDb PsiJ APYTHX caeacTsuil [38].

B cBg3u ¢ uMmeromuMcs-B JUTepatype pazHoobpasuem BapHa-
IHOHHBIX (DOPM BO3HHKAET BOIPOC, ABJASIOTCS JH NOCJAeAHHEe alb-
TEePHATUBHBIMHU WY MeXIY HUMH CYIIEeCTBYIOT aHaJUTHUYeCKHe
cBsi3u. Bo Bcex paccMOTpEHHBIX CJyyYasix XapaKTepHO CTpeMJeHue
TaK WM HHaye 3alHcaTh BapHallMOHHOE YCJOBHE B (opMe, KOTO-
pasd OOblYHO NpHUHATA JJg KOHCepBATUBHBIX cucTeM. '‘OuyeBHIHO,
MOXKHO J100uTbCcS Gosblued pe3yJbTAaTUBHOCTH B CJEICTBHSX, BbI-
TEKAMUX U3 MEXaHUYeCKHX aHaJIOTHH, €CH OTKa3aTbCsA OT 3TOTO
Tpe6oBaHUd U cHOPMYJIHPOBATH BAPHALLMOHHBIA NPHHUUI B COOT-
BeTCTBHH C AHCCHIIATHBHOH IPHPOAOH HepaBHOBECHLIX NPOLECCOB.

ITyTeM neTanbHBIX aHaJOTHH TEPMOXWHAMHUYECKOTO JBHKEHHS
¢ MeXaHHKOH JHCCHNIATHUBHBLIX CHCTEM HaMH CHOPMYJHPOBAH 06-
Uiui BapuaLMOHHBIA IPUHLIWI, KOTOPBHIH JonycKaeT aHajHTHYeC-
Kue Tpeo6pasoBanus, NPUBOAALINE €r0 K APYTHM BapHALHOHHBIM
opMysupoBKaM. XapaKTep 3THX Tpeo6pa30oBaHMil aHaJoruyeH
KJlacCHYeCKOMY MeTojdy nepexoaa oT npuHuuna Janambepa x
fIPUHLIUIY HauMeHbIIero TIpUHYXKIenusa [aycca B MexaHHKe
(raasa I11).

BecbMa BaxKHBIM ABJSETCH BOMPOC O CTATHCTHYECKOM OGOCHO-
BaHHU HEPABHOBECHOH TepMOAMHAMUKH. M3BeCTHO, YTO JHHeHHas
HepaBHOBECHAsA TePMOJHMHAMHKa MOJYyYHJaa JOCTATOYHO CTPOTOe
CTAaTUCTHYECKOe OOOCHOBAHHE NMyTeM NPHMEHEHHS TeOpHH PAYKTY-
auui. buno ycranoBneHO, UTO CIOHTAHHOE M3MEHEHHE C TEUeHHEeM
BpeMeHH TepMOJHHAMHUYECKHX NapaMeTpOB HPOHUCXOAHT IO 3aKO-
HY 3aTyxaHus QayKTyanud.

C TOYKH 3peHHS] TEODHM BEPOSITHOCTEH, HepaBHOBECHBIH IpO-
1[eCC YKJAaAbIBAETCA B CXeMy MapKOBCKOTO TIpollecca H MOXKeT
ObITb ONHCAH C TIPHMEHEHHEM TeOpUH CJYyualiHpiX TIPOLECCOB
(CKaJsipHbIE ABJEHHUSI) U CJAYYalHbIX NMoJel (BEKTOpPHBIE H TEH30p-
able apaeHus). O6GLEeNpUHATO, YTO JiiHedHble HepaBHOBECHbie
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IpOLeCCHl — rayccoBH MapKOBCKHE NPOUECCH], TO €CTb BeposT-
HOCTb TOTO, YTO CHCTEMa@ HAXOJHMTCH B OKPECTHOCTH HEKOTODPOTO
HEPaBHOBECHOTO COCTOSHHA (GJIM3KOTO K paBHOBECHIO), MMEET
BH[ rayCcOBOH QYHKLUH pacrpefeneHus.

K snnefinomy BapHaHTy Teopuu B paGorax Maaypa, Oncare-
pa Obila TNpHMeHeHa TeOPHS MapKOBCKHX IIPOLECCOB C HENpephiB-
HbIM MHOXKECTBOM COCTOsSIHHH. BElIM paccMoTpensl nBa BapHaHTa
TEOPHH: IpUMeHeHHe ypaBHeHHs IiHwrTedHa-DPokkepa-Ilnanka-
Konmoropora (3-®-I1-K) u  wmeron Jlamxesena — MeToA
CTOXACTHYECKHX AN PepeHINadbHbIX YPaBHEHHH.

ITpumenenne ypaBHenust D-@dI1-K, Bo BcikOM cayuae At
CKaJSIPHBIX NPOUECCOB, B JIMHEHHOM BapHaHTe He BbI3bIBAET NPHH«
LUIIHAJbHBIX 3aTPYJHEHHHA, NIPH 3TOM BbIpaxKeHHE A5 IEPBOro Mo-
MeHTa, CBA3aHHOro ¢ Koy(ppuuneHtoM ypaphenus D-P-II-K cos-
najgaer ¢ MakKpOCKONHYECKUM YpaBHEHHEM JBHKEHUS.

XOpOIO H3BECTHO, YTO MHOTHE SIBJEHHs, IIPOMCXOASIIHE C JUC~
cunauued 3Hepruu, MOryT GbIThb ONUCAHBI ANNapaToOM JHHEHHOH:
HEPAaBHOBECHOH TEePMOJAMHAMHKH JHMb npubamxkenno. Tak, Ha-
npuMep, XHMHYEeCKHe peaKUMH NOAAAIOTCA KHHETHYECKOMY OMHCa-
HHUIO CPEACTBAMH TEODHH JIMHEHHBIX HEPABHOBECHBIX HPOLECCOB
Julib B 06J1aCTH, NPHMBIKAIOUIEH K PABHOBECHUIO, a ONHCAHHE SIB-
JeHH# nepeHoca TpebyeT HIeaNH3HPOBAHHOIO NpPeACTABJECHHS O
MOCTOSIHCTBE (PEHOMEHOJOTHUECKHX KO3(PDHILHEHTOB.

B ¢BfI3u ¢ 3TUM BCe BeAYUIHe IIKOJBI TI0 TEPMOLUHAMHKE KaX.
y Hac, Tak H 3a py6exXoM, B KayecTBe OCHOBHOH 3aJauu pacleHH-
BAIOT npobJemy nocTpoeHHs OOlled TEOPHH HeJHHEHHbIX Mpo-
I[ECCOB.

TepmoanHaMuyeckoe UCC/eOBAaHME HEJHHEHAHBIX BEKTOPHBIX.
npoueccos Hanbogaee MONHO TIPOBEJEHO B CIyyae CTAllHOHAPHBIX CO-
CTOSTHHH METOZOM JIOKaJbHOrQ TOTEHLHAJa, ABJASIOILErocs: Bhipa-
JKeHHeM obulero kputepus ssomolun [Tpuroxuna u I'mancaopoda.

Bapuauvonsbli npunnun Liursepa nmossossieT onucaTth Hequ-
HeHHble IBJeHUS MEXaHUKH CIVIOIIHON CPeIbl.

Cpenn MHoKecTBa 3azau He/lNHEHHOH HEPABHOBECHOH TepMo-
OHHAMHKH B KauyecTBe OCHOBHOH HaMu BHIOpaHa CAeHAyIOMIAN: O-
CTPOHTb CHCTeMY AHHAMHUYECKHX ypaBHEHHH I/ MakpomapaMer-
pOB, CIpaBeJJIUBYI0 BO BCEH KHHETHYECKOM o00sacTH mpolecca.

C "Henunelinoli GopMOH KHHETHYSCKOH 3aKOHOMEPHOCTH MbI He--
MOCPeACTBEHHO CTAJKHBAEMCA NIPH H3YYEHHH XHMHYECKHX peak-
uuii. Ilo cBoeit fyHAMHYeCKOH NPHPOLE 3/JEMEHTAPHBIH aKT XHMH-
YeCKOrQ IpeBpalleHHsl HeJHHeeH, NMOCKOJbKY OH NpeacTaBiseT
co0ofl CTOXKHBIH npolecc B3aHMOAEHCTBHSI 4yacTHL, (aTOMOB, pa-
IHKaJOB, MOJeKy/). Ecin ecTb B3aMMOJIEHCTBHE 1O KpaiiHel Mepe:-
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ZABYX YacCTHL, NpOLecC CTAHOBHTCS HeJHHEHAHBIM. JIMHEHHEIM ypaB-
HEHHAM YIOBJETBOPSIOT JHUIb MOHO-PEaKIHH — OY€Hb YaCTHbLIH,
y3KHH KJacCc XHMHYeCKoro mponecca. BuMonekyaspHele peakiun
M peakuuH 6ojiee BLICOKOTO IOPAAKA ONHCHIBAIOTCSH (PEHOMEHOJO-
rHYECKHMMH HEeJIHHeHHBbIMH KHHETHUECKUMH YPaBHEHUSAMH.

3aMmevaTesnbHO, YTO JHHeHHAs KHHETHYeCKasd 3aKOHOMEPHOCTb
SIBJISIETCSA CIeLCTBHEM HeJnHeHHOH. Tax, HaMu NpH HCCJeL0BaHHN
pelieHHH HeJHHEHHBIX YpaBHEHHH XMMUYECKOH KHHETHKH C IpH-
MeHeHHeM psiioB JIANyHOBa NOKa3aHO, YTO KHHETHYeCKas HeJH-
HEHHOCTb BBIPOXKJAeTCs, CHUMAaeTCs TI0 Mepe NMpHOJIHKEeHHd K COo-
CTOSIHAI0, ONH3KOMY K paBHoBecHoMYy. M ueM pasbliie OT paBHOBe-
cHsl, TEM 3HAUHTeJbHee HeJHHeHHOCTh [39].

CucreMa KMHETHYECKMX YpDABHEHHIH XHMHM COCTABJAsETCH Iy-
TEM NPUMEHEHHsi SMIHPHYECKOTO 3aKOHA, KOTOPBIH GblLI chopMy-
JupoBal 6osee 100 ser Hazan (1867 r.), — 3akoHa NeHCTBYIOUIUX
macc. ‘OgHako ero o60CHOBaHUe sl LIMPOKOro KJacca XuMuue-
CKHX peakuuil 6bJ10 NOYYeHO CPaBHUTENbHO HEAABHO ABYMS pas-
JIMYHBIMH CNOCOGAMH — METOLOM HEPaBHOBECHOrO CTaTHCTHYECKO-
ro oneparopa 3y6apesa [26, 27] u MeTOAOM TEOpHH AUCKPETHHIX
neneit Mapkosa {40—45).

Meron JI. H. 3y6apesa, sisnswomuiics o6ofiienneM MeToAa
CTaTHCTHYECKUX aHcamOuelt I'm66ca, npuMeHUM /sl HepaBHOBEC-
HBIX NPOLECCOB PasJMYHOTO TEH30PHOro cmoiicrBa [22—27].

B rnasax 1V, V usnoxen BapHaHT HeJTMHEHHOH HEpaBHOBECHOH
TePMOJHHAMHKY, pa3BUTHIH B paborax [40—45] na Gase croxa-
CTHYeCKOH MOJeJH HepaBHOBECHOrO Npolecca ¢ HCIOJIb30BaHHEM
TeOpHH JAHCKpeTHbIX liened Mapkosa. B ocHoBy Moaenn mosoxe-
Ha upiea Masypa o TOM, UTO MaKponapaMeTphl CHCTEMBI HU3MeHs-
IOTCS CTOXAaCTHYeCKH, cayyadHo. Mbl BHecan B 3Ty Mozesb cy-
HleCTBEHHOE JONOJIHEHHe, T1oJarasi, 4To MakKpomnapaMeTphl H3Me-
HAIOTCS CTOXAaCTHYECKH M JUCKPETHO B JHCKpETHBIE MOMEHTHI
BpeMeHH. DTO NPHBEJO K NPHMEHEHHIO MHOrO II0JX0Ma, YeM B
caydae JIMHEHHBIX NMPOLECCOB, 4 HMEHHO — NPHUMEHEHHIO MaTeMa-
THUECKOro annapara AHCKpeTHbX Henei Mapxkosa.

Ha sroii ocnoBe chopmyanpoBaHa CHCTeMa  KHHETHYECKHX
ypaBHEHH# AJIs1 HeJHHEHHBIX NMPOLECCOB B BHAE 3KCIOHEHIIHAJb-
HOH 3aBHCHMOCTH MeXIY NPOH3BOLHBIMH OT IIapaMeTpPOB M JHHel-
HBIMH TePMOJHHAMHYECKUMHU CHJAMH. YDaBHEHHSI NMOJYYeHBl 114
MHOrMX nepeMeHHBIX. Ilepexof OT OLHOTO NepeMeHHOro K HeCKOJib-
KHM He sBJseTcs GOpMasabHbLIM, TaK KaK BKJIOYaeT B ce6st H3BeCT-
Hble TPYAHOCTH B CTOXAdCTHYECKOM TOJIKOBAHUH NIPOIECCOB HaMO-
KEeHHS.

Ha npumepe o6paTHMBIX H IIHKJIHYECKHX- peakUHit B MHOro-
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KOMIIOHEHTHOH CMeCH HA€aJsbHbIX ra3oB fI0Ka3aHO, YTO MOJYyYeH-
Hble YpaBHEeHHs ONHCBIBAIOT BCIO KHHETHUYECKYIO 00/1aCTh, BKJIO-
yas ee HeJIUHEHHYIO H JIHHEHHYIO YaCTH, B IIOJHOM COOTBETCTBHHU C
3aK0HOM - IeHCTBHUSL Macc.

Kax u3BecTHo, cToXacTHYecKasi WHTEpNpEeTanus ypaBHEeHu
JHHEHHOH HepaBHOBECHOH TepMoJuHaMHKH, nauHas OHcarepom H
Maxnynom, npusena X CTaTHCTHYECKOMY OGOCHOBAHHIO Bbipake-
HHs JUISE SHTPOIIMK ¥ BapHaUKOHHOro npuxuuna OHcarepa.

B raaBe V nucmosb3oBaHa aHasOTHYHAS JIOTHYECKas  CXeMa
IS CTATUCTHYECKOr0 060CHOBAHUS BBIPAXKEHHS JJsI OTKIOHEHHs
SHTPONMH M  BApHAUWOHHOrO  NPHHIHUNA  [AJS  HeJHHEeHHBIX
npoueccoB Ha 0ase MOJEJH NUCKPETHOIO H3MEHEHHs MakKpomnapa-
metpoB. IIpumMeHeHne npenesbHLIX TEOPEM TEODUH JIHCKDPETHHIX
ueneft MapkoBa TI03BOJIHJIO HOCTPOHUTH BHIpaMKEHHE A IJIOTHO-
CTH BEPOSITHOCTH Iepexoia 3a JIO0H KOHeUHbIH HHTEPBaJ BpeMme-
HH, yAOBJETBOpSIOlee ypaBHeHuwo J-O-I1-K.

M3BecTHo, uTo npuMenenune ypasuenus D-@®-I1-K k nennueit-
HbIM NpoUeccaM BBI3bIBAeT TPYAHOCTH, CBS3aHHYI0 € Te€M, UTO
A(<x>)#*=<<A (x) >, rie <<x>-—-CcpelHee 3HAYeHHE MAKPO-
cKonHyeckoro napamerpa, A—xospdunuent ypasuenus 3-O-TI-K.

[Ipu Tex orpaHUuYeHHsX, INPH KOTOPBIX pasinuyHe MEXAY
A(<x>) n <<A(x)>> CTaHOBUTCSI HCYE3AIOL(E MAaJbIM, 3aBHCH-

MocTh A (<<x>)=<C{x>> coBmnajgaer ¢ HeJUHEHHBIMH MaKPOCKO-
NUYeCKHMH JHHAMHYECKHMMH YpaBHeHHSIMHM. B pesyabTate MOXK-
HO chopMYyJAHPOBaTb BAPDHALMOHHBIN NPHHUUI AN HEJHHEHHBIX
npolLeccoB, ABJSLILHACA 0GoblieHneM 0OO6UEro BapuUallHOHHOTG
npuHIMOa; B KotopoM Qyskuus Jlarpanxka L=-—ASgy cTpemMurcs
K BeJauynHe AS 1npH MaJsbiX OTKJOHEHHSX OT paBHOBECHS.
[lpu 2tom BeauuuHa ASy #a8 anuabaTHUeCKH  H30JHPO-
BAHHOHW CHCTEMBL € 7 PEAKHUAMH NMPOU3BOJBHOTO NOPANAKA YAOBJE-
TBOpsieT ypaBHEHHIO, KOTOpoe B JHHEeHHOH 06/acTu mpolecca Ie-
pexonut B ypaBHeHue T'n66cea.

Bripaxkas HesHHeAHble TePMOJMHAMHUECKHe CHABI Xi* B BHIe
X"=0(AS,)/0x;, MOXHO TpPEACTABUTL  HeJHHEHHBlE KHHETH-
yecKue ypaBHeHus B BUme: X;= >, L; X", rae  [Lix] — mar-

[3
puna denomenosornyeckux Ko3GGhHUMEHTOB, BXOAAIHKX B JHHEH-
HbIe ypaBuenus Ouncarepa (A). Ha stom nyTu yzaercs nocTpouTh
BeCb Gopmasnuam HeJqHHEHHON HEPABHOBECHOH TEPMOIHHAMHKU B
BHAC, aHAMOrHuHOM JHHeHHOMY caydai. [1pu 3TOoM paccMmorpeHue
OrPaHHYCHO TAaKMMH CKaJsIPHBIMHM [POLECCaMH, IJS KOTOPBIX
PYHKIMA nuccnawyn CoxpaHser BHJ OHIUHEHHOrO NPOU3BENEHUS
TIOTOKOB H B HeNHHe[HOH 067acTH.



FIITABA 1

OCHOBHbIE MOJOXEHUS M MeXaHHYeCKHe aHaJOruH
HepaBHOBeCHOﬁ TePMOJIHHAMUKH

§ 1. 3AKOH COXPAHEHHSA 3HEPTHH
JJI1 HEPABHOBECHDBIX CUCTEM

Jlornueckn JNOMyCTHMO IPENCTABHTb U3MEHEeHHe 3HEepPruH CHC-
TeMbl 3a BpeMsi df B BUJE CYMMBI JBYX WIEHOB

dE=d.F+d,E, (1.1)

rle HHIEKC «e» YKa3blBaeT Ha naMeHeHue E 3a cuerT B3auMojeii-
CTBHA C BHELIHeH CpeJoM, a i — TO e 3a CUeT IIPOLECCOB BHYTPH
CHCTEMBI.

J15 N30/1MPOBAHHBIX CHCTEM

d.E =0, (1.2)

34ech U JaJjee HMeeTcsl B BUIY OOIIENpHHSITAs KiaaccHUKAIUST
TepMOJLHHAMHYECKUX CHCTEM Ha H30JIHPOBAHHbIE, 3aKPbIThE U OT-
KpBITbie. A MMEHHO: H30JIHPOBAHHBIE CHCTEMbl — He OOMEHHBAIOT-
cA ¢ BHEIHEH CpeloH HU 3Heprueld, HU MaccoH; 3aKpbIThie CHCTe-
Mbl OOMEHHMBAIOTCSl 3HEepPruel, HO He MAacCOH; OTKPbIThiE CHCTEMbI
06MeHUBAIOTCS U HEPTHel H Maccoii[2].

Ecnu cucrema He usonupoBaHa, To (1.2) He BBIMOJHSETCS, M
d.E nopuuHsieTcsi ypaBHEHHIO [1€PBOT0 HayaJa TepMOJMHAMUKH:

d.E=dQ—adW, (1.3)

rae dQ — remnora, moayyenHas cucTeMoil ussae, dW —aie-
MeHTapHas paboTa, coBepliaeMasi Haj CHCTEMON BHEIIHHMHU Te-
JIaMH 4 BHELIHUMH TOJJSAMH.

Jns raza wim XKHIKOCTH, HaXOASLIUXCS B cocylne obbeMa V,
B OTCYTCTBHE BHEIUHHX TOJIeH

dW=pdV, (1.4)
rie pdV — ectb Mexanuuyeckas paGora, npous3seleHHas HA rpa-
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HHLlaX CHCTEMbI, IPH 3TOM NEHCTBYIOWIAas Ha IpPaHHIY CHJa CBO-
JUTCS K HOPMaJIbHOMY JlaBJIEHHIO.

ITpu HaIUYMH B CHCTEME HEPaBHOBECHBIX NPOLECCOB IHEPrus
He u3MeHseTcs

d,E=0, (1.5)

H 33KOH COXpAHEHHUA HEPIUHn AJA 3aKPbiThiX CHCTEeM HMeeT TOT
XKe By, 4TO U B paBHOBeCHOﬁ TEpMOJAHHAMHKE:

dE=d.E; d,E=0. (1.6)

Bwmecte ¢ Tem, ycaosue (1.5) umeer Gonee rayGokuit cmbica. Ecan
o6paTuMble NpoLECcChl He COMPOBOXKAAMOTCS H3MeHeHHeM (OopMbl
JBHXKEHHs, TO NPOTHUBONOJIOXKHAS CHTyallusi OKa3blBaeTCst Hanbo-
Jiee THIIMYHOH 1/ HeoOpaTUMEIX sIBJIE€HHH, B 0COOEHHOCTH /151 H30-
TepMHYecKux cucreM. Hanpumep, B npoueccax  TenJonepeaauvu
(HensoTepMHuyeckas CuCTeMa) NPOUCXOAHMT IepepacnpeiesenHe
3HEPruH BHYTpHU cucteMbl. Heo6paruMocTh mpouecca B KOHEUHOM
cyeTe ONpejeJsieTcs CTeNeHbIO NMpeBpalleHus 3Hepruu (yalle Bee-
TO B TEIVIOTY) WJIH CTENEeHbIO NepepacnpeleseHus SHePriH BHYTPH
CHCTEMBL.

Taknm o6pa3oMm, XOTs 3HAYEHHE BHYTPEHHEH SHEpPrHH NpH He-
PaBHOBECHHIX Npeo6pa30BaHUAX B CHCTEME OCTaeTcss HeH3MeH-
HBIM, MEHSIETCS COOTHOHIeHHe MO0 MeXIy  KOJHYeCTBEHHbIMH
MepaMHu pas/HuHBIX 'POpPM JBUKEHUS, JUO0 MeXKAy ISHEPTHAMH
OTAEJbHBIX TTOACHCTEM.

B xauectBe npumepa pacCMOTPHM H30JHPOBAHHYIO TepMHuUe-
CKH HEORHOPOAHYIO CHCTEMY, COCTOSIILYI0 M3 IBYX IOACHCTEM C
tTemneparypaMu I1 u Ti1 coorsercrBeHHo. Toraa

d.E=0, d E=dU=dU;+ dUy, (1.7)

rne U — BHyrpennsis sHeprus. I[lpene6peras paGoroi pacurupe-
HHS, B COOTBETCTBUH C MEPBBIM HAvyaJOM TepPMOAHHAMHKH, MOJY-
qaeMm

dU; =—dQ, dUy=dQ, dU=0. (1.8)

CornacHo nepBOMY HAuaJy TEPMOAHHAMHUKU H3MeHeHHe SHep-
THH NPOU3BOJIbLHONO 00beMa V NOJHOCTBIO Onpejenasiercs NMOTOKOM

-—

3HEePruH H3BHE, TO eCTh uepe3 NnoBepXHocTb cucTeMul I'. DTo ycao-
BH€ MOXHO BBHIDa3uTb B opme, KOTOpas OCOOEHHO TOJIe3Ha IpH
HAJIMYUK TaK Ha3biBaeMBIX HEPABHOBECHBIX BEKTOPHBIX Ipoilec-
COB, TIPOTEKAIONIHX B CHCTEMaX, CBOMCTBA KOTOPHIX SBJSIOTCS He-
NpephIBHBIMH (GYHKUHAMH NPOCTPAHCTBEHHBLIX KOODAMHAT M Bpe-
MeHH [3]:
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4 _(%en, (T ar
- ‘YpedV—‘E’ath— jJedl. (1.9)
| 4

3Jecb e — NOJHAK IHEPrus Ha eAMHULY MacChl (ynembHass sHep-

rust), p — IVIOTHOCTb BeLIECTBa, Je—nomx SHEPrHU Ha eAMHHUIY
IOBEPXHOCTH B €JMHHIY BpeMeHH (TOJHBIA IOTOK sHeprum). Mc-
nonb3ysi TeopeMy laycca, nosyuaeMm JoKaJabHyl0 (opMy 3aKOHA
COXpaHeHHus! SHepTrHH.

dpe __
%= —div7.. (1.10)
TTosHas ypenbHast 3HepPTHs e BHIpaKaeTcd B BHJE CYMMbl
-
e=%@2+q»+u, (1.11)

—
rie v?/2 — ypenbHas KuHeTHUeCKas, | — yHAesJbHas I[OTEHIHAb-
Hast, i — yJle/IbHas BHYTPEHHSS SHEPTHH.

B ¢BOIO ouepenb NOJHBIA MOTOK SHEPrHH, cOrjacHo [3, raasa
I1] MoxkeT GbITb IpEACTABJEH B BUJE:

—-> - > - =
Je.:‘P€W+P'v+Z<PKJK+Jq, (1.12)

—_—
pey — KOHBEKTHBHBIH UJIEeH; Po— TIOTOK SHEprHH, 00YyCIOBIIEeH-

HbIH MeXaHHWYeCKOH paboToH; prxlx—nomx MOTEHIHAJbHOH

SHEpTHH, BO3HHKAWOWUH BCJIeIICTBI/Ie JudPy3un pasyinYHBIX KOM-
—> —

NOHEeHTOB; Jq~—NOTOK TemIa; ¥ -— CKOPOCTh LEHTpA Mace; Px—
MOTEHIHAJ CHJBbl, HNEHCTBYIOIIHHA Ha R-THIH KOMIOHEHT (p\b~

—mepx——nnomomb NOTeHIHAJbHON SHEePTuHu); Jk=1pk(vk—v)—

<<nucp(pysnounbm NOTOK» k-r0O BellleCTBa, onpeesseMblil OTHOCHU-
TeJBLHO IBHXKEHHS HEHTpa Macc.

§ 2. BO3PACTAHHE 3HTPOINIHH

‘CorsiacHo BTOPOMY Hauasy TEPMOJHHAMUKH s BCIKOH Max-
POCKONHYECKOH CHCTEMBl MOXKHO BBECTH '(GYHKLIHIO  COCTOSHUSA
S—suTponuio cucTeMsl, KoTopas 06aafaeT CAeAYOUHMH CBOMCT-
BaMH.

DHTPONHSA CHCTEMBl SBJSETCHS SKCTEHCHBHOH BeauyuHoH. Ecan
CHCTE€Ma COCTOHT H3 HECKOJBKHX dacTe#l, TO TOJHAA 3SHTPONHS
CHCTEMBI paBHA CyMMe HTPONHUH KaXJ0H YacCTH.

2. U. ®. Baxapesa 17



IIpnHuMas BO BHHUMaHHE ajAJMTUBHOCTb SHTPONUH, ee H3MeHe-
Hyue dS MOXKHO IPEACTaBHTh B BUJE CYMMBI JBYX WIEHOB

dS=d.S+dS, @.1)

rae deS — TIOTOK SHTPONHHU 33 CYET B3AHMOAEHCTBHS C OKPYIKalko-
el cpenoi, diS — H3MeHeHHe SHTPONHH, BO3HHKAIOLlee BHYTPH
caMoO# CHCTEMBI.
Kak u3BecTHO, BeqH4nHA dS NOAUYHHSETCS BTOPOMY Hayasy
TepMOJUHAMHUKH, KOTOPOE IJI51 3aKPBITHIX CHCTEM HUMEeT BHI:
as> 4, 2.2)
rie dQ — TemaoTa, NocTynamwas B cucteMy ussHe, T — aGcosioT-
Has TeMIepaTypa, NpuH KOTOPOH 3Ta TEIJIOTa BOCHPHHHUMAETCS
cucremod. M3 (2.2) caenpyer, uTo npu HaJHUYUM HeoOGpPATHMBIX
npeo6pasoBaHui BHYTPH CHCTEMBI H3MEHEHHE SHTPONHH dS He Hc-
yepnpiBaercss unesoM dQ/T. O6venunas (2.2) u (2.1), MoxHO

3anucarthb
as=%3 + 4,5; 2.3)

dQ  dE+dW
deS :—T'= —-'—T——. (2.4)
B cayuae anmabarudeckoit usonanud, korga dQ=0, d.S=0,
BTOpOEe Hauajo TepMoAMHAMHKH (2.2) sanuceiBaercs B (opme:

dS >0 (2.5)

;8 > 0. (2.6)

OGpaTHMble NPOUECCH BHYTPH CHCTEMBI NPOHCXOAAT 6e3 u3Me-
nenuii 3tponuu (d;S=0), Heo6paTHMble Npeo6pPa3OBaAHUSI COMPO-
BOXKAAIOTCS Bo3pacTaHueM 3HTponuu (d;S>0).

Ecan tensoBas H30J51US OTCYTCTBYET, TO BelpaxkeHue (2.6)
coxpaHsieT CBOIO CHJIY, a BennuyuHa deS=dQ/T moxer GuiTb JH-
6o Gosablle, NGO MeHbLIe HYJS B 3aBUCHMOCTH OT Xapakrepa
B3auMoJelicBUs ¢ BHelIHell cpenoll (3Haka dQ), Tak uTo 3Hak dS
OKAa3LIBAETCS HEOTPENesEHHBIM.

Unrerpupys (2.6) B mpenesax OT NPOU3BOJbHOIO HAYaJbHOTO
COCTOSHNIS CHCTEMBbl A0 IIPEJeNbHOIO — PABHOBECHOTO, MOJyuaeM

AS=5—-8°<0, 2.7y

S° — 3HTPONHST B PABHOBECHH, S — SHTPOIMS HEPABHOBECHOIO CO-

CTOSAHHS.
B n30/1POBAHHON M 3aKPBITOH CHCTEME HepaBHOBECHBIH mpo-

HJIH
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1ecC MPOUCXOAUT TakuM ofpasoM, uto lim S=S° IIpoueccam Ta-

{0

KOro poja OyJeT yAeseHO JOCTATOYHO MHOIO MecTa B IOCJeAYio-
IIMX Iy1aBax (mpoueccs penakcanuu). Has toro, ytobnl cucreMa
Obl1a CMOCOOHOH K peslaKCallMOHHBIM —TIpolleccaM, HeoGXOIHMO:
BHINOJIHEHHE YyC/10BUS (2.7) B HEKOTOPHIH NPOU3BOJBHBLIN Hauajb-
HBI MOMeHT BpeMeHH. Pusnuecku 310 06eCneUHBACTCS PAZHOCTHIO
ypOBHEH KaKoro-iubo TePMOAHHAMHUYECKOrO <CBOHCTBA: pasHo-
CTBIO TEMIIEPATYD PpAa3JIMUHBIX TONCHCTEM, PAa3HOCTbI0 XHMHUe-
CKHX MOTEHLHAJO0B OTAEeJbHbIX KOMIIOHEHT H T. II.

Ecau cucremMa He H30/MpoBaHa, TO HEPABHOBECHHIH mpolecc
BO3MOXEH H B YCJOBHAX, Korga AyS=const, npuuem 3HaueHue
const onpexessercss yCJAOBHSIMH Ha rpaHule cucreMbl. [Tpoueccn
TAaKOro THIA Ha3bIBAIOTCSA CTALHOHAPHBIMH.

‘BaxHO# nmpo6ieMoil TEPMOAUHAMHKH HeOGpaTHMbIX Npolec-
COB SIBJISIETCS] BBIYHCJIEHHE SHTPOIIMH HEPAaBHOBECHBIX COCTOSTHUH,
toyHee d;S wiau A;S, nast obaactedt, yIaJeHHbIX OT PaBHOBECHUS.

ITyctb €%, €%, ..., €y — Habop mapaMeTpoB, ONpeLeNsIOIUX
COCTOSIHHE DABHOBECHOH TePMOJMHAMHYECKOH CHCTEMbl B  YCJO-
BUAX aAnabaTHYECKOH U30JSUUY.

Hcenenopanne HepPaBHOBECHBIX COCTOSIHHM Ui CKaJISPHBIX
NIPOLeCCOB OCHOBAHO Ha JONYIIEHHUH, YTO MOCJeJHHe XapaKTepu-
3yIOTCS TeM ke HabOpOM napaMeTpoB €, €z, ..., &n, (TO €CTh 3HT-
ponus AJsl COCTOSTHHH, YAa/JeHHbIX OT PaBHOBECHS, 3aBUCUT OT TeX
J)Xe IapaMeTpoB), YTO U PaBHOBECHH, H He 3aBHUCSAT SBHO OT. Bpe-
MeHu. B nanbuefimiem GyneM paccMaTpHBATb CHCTEMBI, I/ KOTO-
PBIX 3TO TIPEANOJOXKEHHEe OCTaeTCs B CUJIe HEe3aBUCHMO OT CTele-
HH OTKJOHEHHUSI OT paBHOBecud. Mrak,

828(31, €y v o sn);
Hm S(eq, 0, o . o g) =8%%% % . . . ¢)9).
gi>ed (i=1,2,. . .n)
B cooTBeTCTBHH CO BTOPBIM HAUAJIOM TEPMOJHHAMMKH AJIst JIOGHIX
€; BBIMIOJIHEHO YCJOBHE:

AS=S8(, &5 0 v . en)—S%e,% 50 . L L&) <O,

Jnsa panbHeiimero yro6HO BBECTH IapaMeTphl
x=¢—¢°% (=1,2,...n). (2.8y

Ilpu manbix x; Beanunny AS MOXKHO pasfiioxuTh B pajx Teino-
pa. B TpaauULuOHHOM NpHOJHXKEHHMM HEpaBHOBECHOH TepMOAHHA-~
MHKH OTPAaHHYHBAIOTCH YWIEHAMH BTOPOro IOPAAKA MaJjOCTH:
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1
AS~— 5 Zk &1 Xi X 2.9)
i,

3aech gik= — (628/0x10xk)xl_0 TaK 4TO g ; kX ;Xk — TOJOKHUTENb-
-, ik

HO onpejesieHHass XBaApaTHuHas (popma, npuueM gix=gi.

ITockonbKy (2.9) cnpaBemsiiBO B OKPECTHOCTH paBHOBeCHT,
TO KO3QPHUUHUEHTH Zix MOXHO BBIUHC/IUTH C IIOMOILbIO YPaBHEHHs
PaBHOBECHOH  TepMOJMHAMHUKH  JJIsl  SHTPONHH — ypaBHEHHs
'u66ca.

§ 3. TEPMOJLHHAMHYECKHE CHJibl

Bennuuna AS(X), X2, ... Xn) BBICTYNAeT B poJH NOTEHUHaaa
CHCTEMB! H TEPMOJHHAMHYECKHE CHJIBI ONPeNeSIOTCA aHaJOPHYHO
cusaM ynpyrocrt# B mexasuke [1, 3, 38].
sz%};i, (k=1,2,. . .n). 3.1

Ecau uMeTh B BHAY aHAJOTHIO C MEXAHHKOH, TO MOXHO yTBEp-
KRaTh, YTO TEPMOAHHAMHYECKHE CHJIBI HMEIOT XapaKTep CHJ YI-
PYrocTd B TOM CMBICJ/IE, YTO MPHUCYIUU CAMOH CHCTEMe, a He NpHu-
JIOXKEHbl H3BHE.

Hnnexkc i B AsS u nanee 6yneM onyckath, CYHTasl, 4TO CHCTEMA
aaunabaTHYECKH H30JIUPOBAHA.

Ins vacty KuHeTHueckoil 06JacTH, NPUMBIKAWUIEH K PaBHO-
BeCHIO, Kak ciaeayer u3 (3.1) u (2.9), repMoauHaMHUECKHE CHIILI
JIHHEHHO 3aBHCAT OT NapaMeTPOB CHCTEMB X, 2 HMEHHO

Xe=— 3, g (3.2

31ech gix — K03DOUUHEHTH NPH WIeHAX BTOPOTO NOPANKA MAJO-
CTH B pasJiokenun sutponuu AS 8 psax (2.9).

B o6wmewm cayuae Ha ocHoBaHuu (3.1) MOXHO JHUIL yTBEpX-
JaTh, 4TO

X,(:Xx(xi,xz, .o o Xn), (B=1,2,. . .n), (3 3

TO eCTb TepMOAMHAMUYECKHE CHJIBI ABJSAIOTCH HEKOTOPLIMH, BO3-
MOXKHO, HEIHHEHHBIMH QYHKUUAMU NapaMeTpoB X;.

Beipaxennsa (3.1) onpepensior TepMOIHHAMHYECKHe CHJIBL,
CTpeMsILnecss BOCCTAHOBHTb DPaBHOBECHe B Ciyyae ajauabartuye-
CKOH H30JAUUH CHCTeMH. B postu moTeHuuasna TepMOAMHAMHYe-
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CKHMX CHJI MOTYT BBICTYIATbh Pas3jHyHble XapaKTepUCTHYECKHE Tep-
MoAuHaMuyecKue (PyHKUUY B 3aBUCHMOCTH OT YCJOBHH B3auUMO-
JeHCTBHSA C BHEUIHeHd cpeloi.

Tak, ec/iu OALEPKHUBAIOTCH IIOCTOSIHHEIMU BCe BHEIIHHE rapa-
MeTpBl H TeMIlepaTtypa, TO HeoOpaTHMble NPOLECCH BHYTPH CHCTe-
MBI COMPOBOXKAAIOTCS YOBIIBIO CBOGOIHON sHeprun F:

AF:F(eir €2y« o 81'1)_—F(810’ s201 LRI 3n)>0-

Benuuuny AF MOXHO Pa3ioxuth B paf Teisopa AJds MalbX X
TaK Xe, KaK u'(2.9).

1 n
AF= Z%LIgm’xixK.

3nech KO3 HUHEHTH g’ik BHIpaKeHBI Yepe3 BTOPBIE IPOH3BOAHBIE
OoT CBOOOAHO¥ 3HEPTHHU IO X, B3gTble B paBHOBECHH. TepMoAaHHA-
MHYeCKHe CHJIBI Xk ONpenessioTCcs COOTHOIEHHIMHU

O(AF)
Xy=— ax (k=1,2,. .n)
Ecau B nporecce B3anMOJeHCTBHA C BHENIHEH Cpejlod COXPaHAIOT-
CA NOCTOAHHBIMY BHYTPEHHHE MapaMeTph! 1 TeMIepaTypa, To

Xo=— 282)

Oxy
rie Z— TepMOIHHAMHUUECKUH [IOTEHI KA, IPH 3TOM
AZ=2Z(, 0 - .en)—2Z(% &% ... e%) > 0.

OueBHIHO, YTO BO BCeX pacCMOTPEHHHIX CJydYasX B COCTOSHHHU
paBHoBecus], korga xx==0 (k=1, 2, ... n), Bce TepMOAMHaAMHYe-
cKkHe cuanl Xx HCYe3aloT.

?

§ 4 NPOU3BOJACTBO 3HTPONIHH

MouHOCTb HepaBHOBECHOTO IIpolecca XapaKTepu3yeTcs Be-
JUYHHOMK
dAS
G= —a—t-, (4. 1)
Ha3biBaeMOH NPOH3BOJCTBOM 3HTPOIHH, HIH BO3HHKHOBEHHEM 3H-
TPONHUH.
Hcnoab3ys (3.1) u (4.1), HETpYAHO mOKa3aTb, YTO BEeJHUHHA
¢ BbIpAXaeTcs B BHJAE CyMMBbl IIDOH3BEAEHHHN CONPSIKEHHBIX NOTO-
(0B Jx=dxx/dt u cun Xx:
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0AS dx,
o= > ———X*=V X J =o(X]). 4.2
D= R X =o(X)) (42)
Tlousite NMpou3BOACTBA SHTPONHH W Bhipaxenue (4.2) wurpa-
$OT BaXKHYIO POJIb B HEPAaBHOBECHOH TepMOAMHAMHKE.
Hns obaactu, 6143KOH K paBHOBECHIO, IIOTOKH W CHJbl CBS3a-
Hbl THHEHHBIMH COOTHOUIEHHSIMH, TAK 4TO:

3 (XJ) =0 (XX). (4.3)

Tlpu aTOM HaxoxJeHHE O IJS BBIUUCIEHHS TEPMOJHHAMHUECKHX
CHJI ¢ TIOMOLIbIO (4.3) yacTo OKasblBaeTcst Gosiee NPeANOUYTHTENb-
HbIM, YeM HeNOCPENCTBEHHOEe Hcrmoab3oBaHue (3.1) uam (3.2).

BaxHo nomyepkHyTh, uTo, B OT/IMuKE OT (4.3), BbHpaxKeHue
(4.2) ocraerca cnpaBeiJHBHIM OpH JTI0GOH CTEeNeHH HepaBHOBeC-
HOCTH CHCTEMHIL.

Eciu B cucTeMe NOAJEP:KHBAIOTCA TOCTOSHHBIMH  BHeEIUHHE
napaMerpbl ¥ TeMNepaTypa, TO MOILHOCTb HepaBHOBECHOTrO Ipo-
Lecca XapakTepH3yeTcsy CKOpPOCTbIO yOBIBAHHS CBOGOJAHON 3Hep-
run d(AF)[dt. MoxHo mosb3oBaThesi  BeauunHol d (AZ)/dt, ecnu
OCTAIOTCS MOCTOAHHBIMH BRYTDEHHHe NapaMeTps H TeMIepatypa.
Bumecre ¢ Tem Beanuunnl d(AF)/dt u d(AZ)/dt cBsizanb ¢ npous-
BOJICTBOM 3HTPOIIMH NPOCTHIMU COOTHOIIEHHSMH. JleACTBUTENbHO,
Oo0'beIUHEHHOE ypaBHeHHe NePBOTO H BTOPOrO HauaJja TepMojJuHa-
MHKH UMEeT BUI:

dU=TdS+3 Yy, (4.4)
i=l1

.Y; — BHyTpeHHHe, y; — BHelUHHe NapaMeTPsl CHCTeMHl. Buiunras
u3 obenx wacred paBeHcTBa (4.4) Benuuuny d(7TS) wm yunThiBas
(2.1), noanyuyaem ciexyloliiee COOTHOLIEHHE I H3MEHEHHS CBO-
6oaHol sHeprun F=U—TS:

dF=d,F —TdS,
TaK 4ToO
diF=—Td;S,
#i, ¢J1e0BAaTeJIbHO,
20 — 7. (4.5)

Herpyano moxasats, uTo CKOpOCTh YOBLIM TEPMOAMHAMHUECKOrO
TIOTEHIHANa TaKXKe ONpPeJessieTCs BhipaXKeHneM

d(AZ)__
e T, (4.6)

[Ipn e canmkoM GOJBIIMX OTKJIOHEHHSIX OT PABHOBECHS TpPO-
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§13BOICTBO 3HTPONHH MOXKHO BBIUHC/IHTb, HCIOJb3YA YpaBHeHUe
[ud6ca:
ds dU ay I dmy
Igr=—a+tPa— Ztxar (4.7)

rjie p— paBHOBecHOoe AaBiaeHue, U — noJHas BHYTpeHHsis 3Hep-
rHsl, Jx— XUMHUECKHI IOTEHIHaJ R-ro KOMIOHEHTd, My — Macca
k-ro KOMIOHeHTa (Zmg=m), S — nonanasq sutponusi, V — 006b-
€M CHCTEeMBI.

JOnst aguabaTHyecKH H30JHPOBAHHOH CHCTEMBl YypaBHEHHE
{4.7) npuHuMaeT BUA:

1 & dmy

°="‘“2h—gy- (48)

k=1

B kauecTBe npHMepa paccCMOTPHUM CHCTEMY, B KOTOPO# IpO-
TEKaeT ¥ XHMHUYECKUX peaKUHil NPOU3BOJBHOTO MOPAAKA MEXKAY 7
KOMIOHEHTAMH

r
dm,(z‘zl djmK, djmx == ykj*]j dt, (4‘9)
]:
TJle Vkj— CTEXHOMETPHYeCKHH KO3()(dHIHEHT K-TOr0 KOMIOHEHTa,

BCTYNAIOWIEro B j-TyIO peaknuio, Jj — CKOPOCTb j-TOH peakIHH.
Cpoactso j-toH peakunu Aj onpejensercss BblpaxKeHHEM:

Aj: - k;;alvxjp'x' (4.10)
IToagcrasasis (4.9) u (4.10) B (4.8), nosmyuaem:
o=+ 3 JA;. (4.11)

Jj=1

Takum o6pa3oM, B KauecTBe TePMOAUHAMHYECKUX CHJ BBICTY-
IaeT XuMHueckoe cpofctBo A;=Xj a B KauecTBe NOTOKOB J; —
CKOPOCTb j-TOH peakiiuu.

B ckanspHBIX Tpoleccax napaMeTpbl 3aBHCAT TOJNBKO OT
BpeMeHH (3TO CHCTEMBI ¢ HIEaJbHBIM NepeMelldBaHUEM), B BeK-
TOPHBIX IIpOllecCax CyLeCTBEHHBIM OKa3blBaeTcs pacnpejesenne
KOHIIeHTpanuf, TeMnepaTyp, Hanpumep, no npocTpaHcTsy (06b-
emy).

JIn1s BEKTOPHBIX TIPOLECCOB BEJHUHHA ¢ B CYIIHOCTH TaKKe
BLIYHC/AsieTCs Ha OCHOBe ypapHenns I'm66ca, pH 3TOM HCIOJb3Y-
€TCS THIOTEe3a O JIOKaJbHOM paBHOBECHH.

ITpu BRIUHC/IEHHH O HCIIOJb3yeTCs ypaBHeHue OaJjaHCca SHTPO-
L4973}
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4 _div], 0 9
g =—div/ +3, 530, (4.12)

.
rie ¢ — IIPOU3BOJACTBO 3HTPOIIHH HA eXUHHULY 06beMa, Js — I10TOX
SHTPOIHH Ha €JAHHHIY NOBEPXHOCTH B €IHHHIY BPEMEHH, S — 3HT-
pomnusi Ha eJHHHUIy MacChl, p — MJIOTHOCTb BEILECTBA.

Crporo rosops, ypasHenne ['n66ca, a, clienoBaTeabHO, H ypas-
neHue (4.12), cnpaBeanuBE AJsi MakpocucTeM. [uroresa o Jo-
KaJbHOM paBHOBECHH JOIYCKAaeT, YTO 3TH YPaBHEHUS CHpaBeJJIu-
BBl H B IPUMEHEHHH K OECKOHEUHO MaJIbIM HacTSIM CHCTeMBI. Peun
HIeT 0 GH3HYeCKH GEeCKOHEUHO MaJIblX YacTAX CHCTEMBI, BOJMbIIUX
[0 CPABHEHHIO C MEXAYMOJIEKY/JISPHBIMH PacCTOSTHHAMH. Takum
0o6pa3oM, JONmycKaeTcs, YTO TNPHUMEHHTEJNbHO K TAKHM MaJbM
YaCTsAM CHCTEMBI MOXHO IOBODHTb O TaKHX CYHIECTBEHHO MaKpo-
CKONMMHYECKHUX IIOHATHAX, KaK JHTPOIHS, NPOU3BOJCTBO 3HTPONHUH
HT. I,

Ecin o — noKkanbHOe MPOM3BOACTBO 3HTPONHH, NPOUIBOACTBO
3HTPONHH B (H3HUECKH OGECKOHEUHO MaJOH YaCTH CHCTEMBI, TO
NpPOU3BOJCTBO SHTPOMHUH JAJISi BCEH CHUCTEMbl BbIpaXKaeTcsd HHTe-
rpajom:

P={sdV.

v

§ 5. PEHOMEHOJIOTHYECKHE YPABHEHHSA H COOTHOLIEHUSA
B3AHUMHOCTH OHCATEPA

OcHoBHO#N 3amauell HepaBHOBECHOH TEPMOAMHAMMKH, paccMar-
puBaeMOH B KHMHETHYECKOM aclekTe, siBJasercs (oOpMYyJTHPOBKa
CHCTEMBI IHHAMHYECKHX YpPaBHEHHH, pellleHHe KOTOPOH TO3BOJSET
HaHTH 3aBHCHUMOCTbD:

w=x;(), @(=1,2,...n).

W3 onblTa H3BECTHO, YTO AJISL GOJBILOFO KJacca CHCTEM CKO-
pocTh dxi/dt N3MeHeHHs] apaMeTpa X; B KaXXAblii MOMEHT BpeMe-
HH fiBAfeTCA (YHKIMEH OT 3HAYEHHH Xj, Xs,...Xn B 3TOT Xe MO-
MEeHT BPeMeHHU:

dxl
72 txol(xi' KXoy oo xn). (51)

[KonkperusnpoBaTh SBHBIE BHA (GYHKUHUH ¢ IPUMEHHTEJHHO
K pa3THYHBIM (HU3HYECKHM CHCTeMaM H SBJseTCs 3ajayell Hepas-
HOBECHOH TepMOJHHAMHUKH.
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JJs coCTOSIHUM CHCTEMBI, OJH3KHX K PaBHOBECHIO, KOTAA X}
MaJibl, MOXHO Da3sioXuTh (5.1) B psil IO CTENmEHSM X; U OrpaHu-
YUTBCS JHUUIb YJeHaMH NepBOro Nopsaiaka, T. €.:

dx; dx; & " ,
il BE i X (E=1,2,...n). 5.2
2 (dt)x.:oh?:lm o ) (5.2)
3nech Ay — MOCTOSIHHBIE (DEHOMEHONOTHYECKHE KO3((DHIHEHTHI.

Hnst 3akpHITHX cucreM BenuudHa (dxy/dt)x, —o=0 u ypaBbHe-
HHUA (5.2) NpUHUMAIOT BUA:

dxj n
S i th“x"' (5.3)

M3 onbita H3BeCTHO Takxke, 4TO AJIS HMIHPOKOrO KJacca Heol-
PaTHMBIX siBJIeHHH HeoOpaTuMble notoku J ,=dxi/dt sBasioTcs
JIMHEHAHBIMH (DYHKUHSMH TePMOAMHAMHUECKHX cua. Tax, manpu-
Mep, 3aKOH Dypbe AJs TENIONPOBOJHOCTH BBIPa)Kaer TOT (akr,
UTO KOMIIOHEHTBI BEKTOpa TIOTOKA TelJsa SIBASIOTCS JIUHEHHBIMH
GYyHKUHAMH KOMIOHEHT rpajueHTa TeMIepaTypbl, a 3aKoH ®Puxa
yCTaHaBJHBAET JUHEAHYIO CB3b MEXIY JUGDY3HOHHBIM IOTOKOM
BELECTBA H IPAfHEHTOM KOHUEHTpAIHH.

B cnyuae mepekpecTHbIX SIBJEHHH, HanpHMep, TepMOxXubDY-
3uH, AHQPOY3HOHHBIA NMOTOK JUHEAHO 3aBHCHT H OT IPajHEHTa
TEMIIePaTyphl, H OT I'PaJHEHTA KOHIEHTPaLHH. '

HrtaK, ecnru OrpaHMYHTHCA JIHHEAHOH 3aBHCHMOCTBIO MEXAY
IOTOKaMH M CHJAaMH, TO B €CaMOM OOLIeM cJyyae MOXKHO 3ali-
carh:

Ji: ;?lLiKXK‘ (i= 1' 2) S ’l), (5.4)
rage
%= 29 h=1,2,...0) (55)

-— TepMOJMHAMHUYECKHe CHJbl, Ly — (eHOMEHOJOTHYeCKHE HJIK1
KHHeTHYeCKHe ko3 duuuentsl,/=dx,/dt.

CoorHouienus (54) Ha3bBAOT (PEHOMEHOJOTHUECKHMH ypas-
HEHUSIMHU.

B o6.1acty, 6113K0f K paBHOBECHIO, KOrja SHTPONHS BbIpaxKa-
erca B BuAe 1(2.9), a TepMOAUHAMHYECKHe CHJbl, B COTJACHH C
(5.5) m (3.2), JuHelHO 3aBUCAT OT KOOPAUHAT, HEeHOMEHOMOrHYE-
CKHE YPABHEHHS IIPUHHMAIOT BUA!

2x Y LicgmXm (i=1,2,...10), (5.6)

dt k,m
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rjae gxm — KO03pPUUHEHTH NpH uyJeHaX BTOPOro MOpPsSAKa MaJio-
CTH B Pa3JIOXEHHH 3HTPOMNHUH B psaa (2.9).
Kak u ci1en10sano oxuiarh, B6MM3H PaBHOBECHS, KOTJa mapa-
MeTphl MaJibl, ypaBHeHus (5.6) e ornnyaiores ot (5.3).
Kosddunuentol Ly ypaBueHuil (5.4) yHOBJETBOPAIOT COOT-
HoweHuAM B3auMHocTH OHcarepa [12, 13]

LiK:LKi' (57)

Pewarouyio posb npu BhIBOJE COOTHOIIEHHH B3aMMHOCTH CHIrpaJ
NPUHIUI MHKPOCKONHYECKOH ob6paTtumoctd. OCHOBY NpHHIMIA
MHKPOCKONHYECKOH 06PAaTHMOCTH COCTABJSIET YCJOBHE HHBAPHAHT-
HOCTH YpaBHEHHH JBHK€HHS OTJE/NbHBIX UacCTHl, H3 KOTOPBIX CO-
CTOMT CHCTE€MA, II0 OTHOIIEHHIO K H3MEHEHHI0 3HaKa BpeMeHH.
[Ipn 3ToM nejaeTcss BaXKHOe JONMYIIEHHE OTHOCHTEJbHO 3aTyXa-
HUst QAYKTyauuid BEJHYHHBL X;: IPHHHMAETCS, YTO 3aTyXaHHE ITHX
¢aykTyauui B CpefHeM NPOHCXOAUT 1O JIMHEHHBIM MaKPOCKOIH-
YECKHM 3aKOHaM.

Mbl He mpuBOIMM J0Ka3aTeNbCTBA COOTHOLIEHWH B3aHMHOCTH
(5.7), Tax KaK oHO uMeeTcs B psige kuur [1, 3]. OTMeTuM Jiuilb,
4TO caAy4YalHOe M3MeHeHHe napaMeTpoB Xi(f) BO BPEMEHH OIHCHI-
Baercs ¢ NMOMOUIbIO TEOPHH CJAYYaHHBIX FAYCCOBBIX MAapPKOBCKHX
TIpOLLECCOB.

[Ipn moxkasaTesnbCcTBE CUMMETPHH MaTpHUBl Ljx Ba*HBM Mo-
MEHTOM SIBJSIETCS TIPEAIIOJIONKEHHE O JUHEHHOH CBA3H MEXAY Io-
TOKaMH H cHaaMH. B pajbnedmem (rsiaBa IV) Mbl paccMoTpu,
KaK BHIOH3MEHSIETCS 3TO CBOHCTBO AJSI HEJHHEHHBIX CKasspHBIX
NpOLECCOB.

[ToToxn n TepMonuHAMHUeCKHe CHJIBI MOTYT 06/1aaaTh pasiiny-
HBIMH TEH30DHBIMH CBOMCTBAMH: HEKOTOpPbIE SIBJISIIOTCSA CKaJjspa-
MH, HEKOTOphle — BEKTOPaMH HJH TeH30paMH BTOPOTO paHra.
DTO 03HAYAET, YTO NPH NPe0OPa30BAHHUAK BPALIEHHS] U OTPAKEHHUS
JEKapTOBbl KOMIIOHEHTBHI 3THX BEeJIHYMH Ipeo6pasyloTcs pas/iny-
HbIM 06pa3oM. B cusly CBOHCTB CUMMETPHH CHCTEMBI KOMIIOHEHTHI
IIOTOKOB MOTYT 3aBHCETb He OT BCeX KOMIIOHEHTOB TepMOJAMHAMH-
yecknx cHJ. Ilpu omucaHMHM Takoro pojia CJAOMHBIX HPOLECCOB
ucnosab3yercs: npunuun Kiwopu. Has usorponuoit cucremsl (T. e.
CHCTEMEl, CBOACTBA KOTOPOH B PAaBHOBECHOM COCTOSIHHH OJMHAKO-
BBl BO BCeX HanpasJenusax) npuxuun Kiopu dopmynupyercs cae-
AyIOIKHM 06pa3oM: MOTOKH M TeDMOJAHHAMHUECKHe CHJIBl pPasJiny-
HOH TEeH30pPHOH pa3MEePHOCTH He MOTYT ObITb CBSI3aHBI JPYT C
apyroM. Jloka3aTesbCTBO 3TOrO YTBEPXKAEHHS NPHBENEHO, HATIPH-
mep, y C. ne I'poora u I1. Masypa [3, ra. VI].
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§ 6. MEXAHHYECKHWE AHAJIOTHH HEPABHOBECHOM
TEPMOJAHHAMHKH

CucreMa nunaMuyeckKux ypasHeHuit (5.4) npuMenuMa Qs -
POKOTro Kaacca PU3N4eCKHX U XHMHYECKUX sABJeHHH. CTo/b 06ias
aHa/MHTHYeCKasT CTPYKTYpPa pAa3JHYHBIX [POLECCOB, N0 Kpa#HeH
Mepe OJIHOrO TeH30PHOrO CBOHCTBA, OPUEHTHPYeT Ha IIOHCKH Me-
XaHHYECKHX aHaJOrHH OCHOBHBIX NOJOXKEHHH HepaBHOBECHOH Tep-
MOAHHaMHUKH.

PaccMoTpuM cHauasa MeXaHHUYECKYI0 CHCTEMY, HAa KOTOPYVIO,
TIOMHMO TOTEHUHAJbHLIX, IEHCTBYIOT JHCCUIATHBHBIE CHJBI [46].

Tlycte gi(i=='1, 2,...n) — oGoG6IIeHHEIE KOOPAHHATH, Q; —
JNMCCHIIATHBHBIE CHJIBI, —OU/dqg—HOTEHIlHaJIbeIe CHJIBL.

YpaBHeHHd JIarpamKa HMEIOT BHJ:

d oL oL
L e 9t 6.
dt 0q; 0q; Ql ( 1)
#JIH, UYTO TO XKe CaMoe,
d oT oU
=Q— . (6.2)
dat ("Il g

3nech L=1/2Zamqqu U(gs...qn) — oyuxuus Jlarpauxa,

T——I/QZamq g — KHHEeTHYeCKas sneprus, U(4qy, ...qn) — moren-

unanbnaﬁ 3Heprusl.
PaccmorpuM, kKak usmensercs noaHas sHeprus E=T+U co
BpemeneM. C ar-oﬁ HeJbI0 pa'C'CMOTpI/I‘M BEJNHYHHY

dT 0T -» - d 4ar
— i— 6.3
dt i=1 d‘h dt 12 qu ;—I dt qu ( )
Ilpumensa Teopemy Dinepa 06 OXHOPOAHBIX QYHKIHUIX
& oT -
Z Y qx-‘QT
1—-1 Oq,
1 ucnoabsysa (6.2), ,‘nepenHmeM (6.3) B BUIE:
ar %
—=2—— —_ 6.4
at " at %1<Q‘ )q‘ ©.49
OrTcrofa, Kax JIerko-BUJHO, CJIelyeT, 4To
dE =z . -
T > Qigs, (6.5)
t i=l1

T. €. Ipou2BOAHAaA NO BPEMEHH OT 3HEPrHy paBHA MOWMHOCTH AHC-
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cunaruBHbX cug. Ilpu stoM 3Hak dE/dt onpenensiercst no cMulc-
Jy: NpH JHCCHTIATHBHBIX IIPOlECcCaxX SHEPrHs pacCeuBaeTcs, Tak
uro dE/dt<0.

[IpuGernem Tenepb K MeXaHHYECKHM aHAJOTUSIM HepaBHOBec-
HO# TepMoauHaMuKku [38].

PacemoTpum cHavasna anuaGaTHiecKH H30JHPOBAHHYIO 3aKPBI-
Tyio cucremy. Ilyctb Xy, Xs,...Xn — HA0Op TEepMOAMHAMHYECKHX
IapaMeTpoB, XapaKTepPH3YIOIHX CTeNeHb OTKJIOHEHHS CHCTEMBI OT
COCTOsIHMSI paBHOBecHsi. JIMHelHble KHHeTHUeCKHe YpaBHEHHs,
ONHCHIBAIOLHE CIOHTAHHOE BOCCTAHOBJIEHHE pPaBHOBECHS, 3aNu-
CBIBAIOTCA B ABYX 3KBHBa/JeHTHHIX ¢opmax (5.4) uaum (5.6). [To-
KaxKeM, YTO 3TH ypaBHEHHUS HMEIOT JlarpaHkeBy CTPYKTYpY.

Kax yxe ormeuasoch B § 3, posb THOTeHIIMaa CHUCTEMBI UI-
paeT oTkJoHeHHe 3HTponuu AS. Ilpu sTOM TepMoaMHAMHUECKUH

aHaJOr KHHeTHuecko#l 3HeprHH T=1%0xq,qx OTCyTCTBYeT, a
ik

HNMeHHO au—0 (i, k=1, 2,...1n), uro DU3HUECKH COOTBETCTBYET
IIOJHOH 6e3bIHePIHOHHOCTH HJIH B TEPMOAMHAMHYECKOH TepMHHO-
JIOTHH — NOJIHOH HeoO0paTHMOCTH paccMaTpHBaeMbIX SIBJAEHHUH.

Bce n3noxennoe Bbllle II03BOJISET YCTAHOBUTb CleAyIOllee CO-
OTBETCTBHE MEXAY MEeXaHHYeCKHMMM H TepMOAUHAMHUYECKHMH Be-
JauuuHaMy (Kak 6bl10 mokasaHo B [38]).

Mexanuka TepMopunamMunka
q» G X1 X
T 0
U AS (6.6}
E AS
L AS

ITpunnmas Bo BHuMauue (6.5) u (6.6), HaxoauM IS MPOU3~
BOLCTBA SHTPONUH BbipaxKeHue

o éQ,,{:i >0. 6.7y

Taknm o6pa3oM, NpPOM3BOACTBO JHTPONHH ONpefe]sieTcs MoLi-
HOCTbIO AHCCHIATHBHBIX CHJ.
B o6weMm cayuae
Qi=Qi(xy, Xg, ... X}y (6=1,2,...1). (6.8)
CpasHenue (4.2) u (6.7) no3Bosisier 3anucaTh CHCTEMY KHHe-
THUYECKHX YPaBHEHHH B BHIE
Qi(x1, Xz ... Xa)=Xi(Xy, Ko, .0 Xp)s (6.9)
28



WJIH, B caMOM obuleM cayuae, B Bule [47)
szxi{xl, X2, ... Xn)-

BaxubiM yacTHbIM cayuyaeM (6.8) B HepaBHOBECHOH TepMOJIH-
HaMHKe fBJSETCS JIMHeHHAass 3aBHCHMOCTb JUCCHOATHBHBIX CHJI OT
ckopocrell dxg/dt, a uMeHHO

Q= }n] bikXr (6.10)
=

rjie Matpuua k03pGhUIUeHTOB CUMMETPHYHA, T. €.
bix= by (6.11)

Kax Herpyano mokasatb, ypaBHeHus (6.9) nmpu ycaoBusax (6.10)
n (6.11) n§pHBOAAT K CHCTEMe KHHETHYECKHX YpaBHEHHIi:

X; =XLywXy, ecan bjx— Marpuua, obparnas Matpuie Lix (b=
~1 k

=Ly~!), AJs1 KOTOpO# TaK Ke, KaK H IJs by, BHIIOJHEHBI COOT-
HOLIEHHST B3aUMHOCTH.

Takum o6pa3oM, M3 MeXaHMUeCKHUX aHAJOTUii HepaBHOBECHOH
TEPMOAMHAMHKH CJaedyeT, YTO KHHeTHueCKue ypaBHeHus (5.4)
AMeIOT JIarpaHkKeBY CTPYKTYDY.

ITo ananoruu ¢ MeXaHHKOH MOXHO BBECTH JHCCHIIATHBHYIO
PYHKIHIO UM QYHKUHIO JHCCHIIAIHH.

PaccemoTpum xBazpatuunyo ¢opmy

1 3 i -1
Q== X lbikxix;u bik=Lix . 6.12)
i, k=
Jlerko BuaeTb, YTO TepMOAHMHAMHYECKHe JHCCUIATHBHbLIE
cuabl Q; noayuaworces us (6.12) ¢ nomouipio popmy.a

Q=5 G=1,2,...n). (6.13)

Gyuxnua @ anasoruuHa ‘QyHxkuuu Pejes B MexaHHKe U TaK XKe,
KaK B MeXaHMKe, HasbiBaeTcss QyHKIHeH THCCHNALHH.

TIpunuman Bo BHUMaHMe (6.7), HAXOAUM COOTHOUIEHHE

o=20, (6.14)

KOTOpOe pacKpblBaeT (QU3HYECKHIl CMBICJA KBaApaTHuHOH (opMbl
@: ynBoeHHass QYHKLHUSA AHCCHIALHH paBHA CKOPOCTH BO3pacTa-
HYsI SHTPOIHH.

JIuHeAHbI BapuaHT HEPABHOBECHOH TEPMOLHHAMHKH TIOCTPO-
€H Ha OCHOBe QYHKUMHK AHCCHIANUU, UMewollell BUR (6.12).

He#creureasro, (6.9) npu ycnosuu (6.13), (3.2) npusoaut K
JIHHEHHBIM KMHETHYEeCKHM YpaBHEHHSM B KOODAHHATHOM Ipef-
craBieHnH (5.6):
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Oxy “
= — Y LiGimkm (k=1,2,...1).
i,m=1

CylecTBYIOT HeNHHEHHBIE TPOLECCH, MJsS KOTOPHX (YHKLUSA
JUccHnauuyu coxpauser Bua (6.12). [dag takux cucteM KUHeTHye-
CKHe yDaBHEHHs B «CHJOBOM mpexcTaBieHHH» (5.4) cOXpaHSIOT
cBOIO (OpMy BMecCTe€ C COOTHOIIEHHSIMH B3aUMHOCTH Lix= L.
Onnako ypaBHenust (5.6) y»Ke He MOTYT OBITb HCIOJIB30BAHbI, TAK
KaK COOTBETCTBYIOIIHE YPaBHEHHS B «KOODAMHATHOM INpejacTaBJe-
HHM» OKasbiBaloTcs HeauHeHHuMH (§ 20) [48].

Has AuccHnaTHBHBIX CHCTEM MOXKHO NOCTPOMTb BapHAIHOH-
HblH NpUHLUO B 06bluHON dopme [amunbprona [38]

to
3 Lrat—0 (6.15)
tl
MeTofOM 3epKasbHOro otobpaxkenus [49]. C aroii uenbio oxHo-
BPEMEHHO C 3aJlaHHOH CHCTEMOI pacCMOTPHM €€ 3epKa/JbHOe OTO-
O6paxXeHue — cucteMy ¢ yObiBawolled 3HTpomueid. EcrtecTseHHo,
(6.15) He comepxuT B cebe npUHIMNA HAaUMEHbLIEro paccesHHs
3HeprHH, B OTJIHYHE OT BAPHALIMOHHOTO YCJAOBHS, CQOPMYJIUPO-
BaHHOro B paGore [34].
YpaBHeHust OHcarepa MOXHO noJsyuuth u3 (6.15) nmpu momo-

iy QyHkuuu Jlarpanxa, nocTpoeHHo# yucro GopMasbHO

L* :—;—2 Lﬁ{l(jci*xx — xi*)ex) _ 2 ik X (6.16)
i,k i k

3pech X%, X;* — MapaMeTpbl COCTOSHUS M UX NPOH3BOJHBIE MO
BpeMeHH, OTHoCcsAllHecss K oToOpaxKeHHol noacucreme. Orbpacei-
Basl Telepb HE HMeWlI{e CMbICJa YpaBHEHHS NOCIAefHeH, I/
paccMaTpuBaeMOH NOJACHCTEMBl NMOJAYyYuM ypaBHeHusi Jlarpanxka

d L* L* ,
4 o O g (i=1,2,...n), (6.17)
dt ox* . oq*
IPUBOJSIIHE K CHCTeMe ypaBHeHHH (5.4).
PaccmoTpum Tenephb CKaslApHbIE TPOLECCH B OTKPBITBIX CHCTE-

Max. KuHeruueckue ypaBHEHHsI NPHHATO 3amnHChIBaTb B ¢opMme
[2, 3].

km:szxXKi+ )&me, (m:l, 2. fl)- (6]8)
k

3zech X8 — CKOPOCTb U3MEHEHUs M-TO IapaMeTpa 3a CUeT B3aH-
MOJEHCTBUA ¢ BHelIHeH cpefol, a X'k — «BHyTpEeHHHE» TepMOAU-
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HaMyuecKHe CHJB, onpejensembie cooTHowenusmu (3.1) ¢ yue-
TOM TOro, 4to A;S — H3MeHeHHEe SHTPONHUH, NPOUCXOAsIee 3a
cueT BHYTPEHHHUX HeoOpaTHMBIX peoGpa3oBaHuil.

OueBunHO, OTKpHITAs CHCTEMa AHAJOTHYHA MEXaHMYecKoH, Ha
KOTOpYIO JeHCTByeT BHeIIHee noJe, H GyHKUus JlarpaHxka MoxeT
OBbITb BhIpakeHa B BHJE

L—— (A S +A.S), (6.19)

rie AeS — OTKJIOHEHHE 3HTPONHH OT CBOEro pPaBHOBECHOIO 3Ha-
YeHHsI 34 CYET B3aUMOLCHCTBHUS C BHeIlHel cpefoH.
3anucoiBasg KHHETHYECKHe YpaBHEHHs B JarpaHxeBoil dopme

oL _ 9 (k=1,2,...n) (6.20)

Oxe  Oxx

U Onpejeisis BHEUIHHE TeDMOJAHHAMHUECKHe CHIBl Xi® KaK

£ =2 (k=1,2,...n), (6.21)

noJjyyuM cucreMy (6.18) B popme
xe=SLenXel, (E=1,2,...1n), (6.22)

rje " )
Xn' = Xed + X' (6.23)

U no-npexHeMy Lym= L.

Takum o6pasom, W nis OTKPBITHIX cucTeM (opMa ypaBHEHHI
(b.4) coxpausieTcs, NpH 3TOM He HAPYLWAITCS COOTHOLIEHHS
B3aUMHOCTH.

ITOT Ke Pe3yabTaT MOMKHO NOJYUYUTh, GOPMYIHPYS KaHOHUYE-
CKHe ypaBHeHHA ['aMHJIbTOHA € yueTOM AEHCTBHS BHEIIHHX CHJ.
Hcnonbaysa (6.16), moayuynm OOGbIUHEIM CHOCOGOM  0GOOIIEHHBIE
MMIyJbCHl TOACHCTEM

1 -1 = y 1 -1
pi=—= 2 Lk %, pi* =3 X Lik Xy,
245 VA
(i: 1’ 2, Y n);
raMuJIbTOHHAH NOJHOH CHCTEMBI 3anulieM B Gopme

1 ; S
H= 'é“zkgikxi*xx + 2 2 gikLKlLimpl*pm-
L

ik iIl,m

Torga KaHOHHYeCKHe YpaBHeHHS ['aMHJAbTOHA JJIA peasbHOH TNOA-
CHCTEeMbl HMEIOT BHJ:

Xo®=Pu* + a%f:” (m=1,2, ... n). (6.24)
31



Jlerko 3amMeTuTb, uto (6.24) npusoasT K (6.22), a B cayuae 3sa-
kpoitoit  cucreMbl (X*=0, k=1, 2, ... n) — K ypaBuenusam (5.4).

§ 7. CTALHHOHAPHBIE HEPABHOBECHbBIE COCTOSAHHA

Han6osee o61uuM CBOHCTBOM JAHCCHINATHBHBEIX CHCTEM SIBJSET-
cs BO3pacraHue SHTpPONUH. B mnpouecce sBogtouuH CHCTEMEBL K
CBOEMY IPeJeJbHOMY COCTOSIHHIO — PABHOBECHIO IHTPOIHS BO3-
pacraer. PaBHOBECHOTO COCTOSIEMSl JOCTHraeT H30JHPOBAHHAS
CHCTeMa, NMPHYEM 3TO COCTOsIHHe ycToiyuso. TloMmuMo paBHOBec-
HBIX COCTOSHHH HCcJaefloBaTeslel HHTEPecylOT YCTOHYHBble HepaB-
HOBeCHBIE COCTOSIHHS, KOTOpble MOTYT GbITh AOCTHTHYTHI CIIELHAJb-
HBIMH YCJOBHSIMH Ha IpaHHIle CHCTEMBl. JTO CTallHOHAPHBIE CO-
crosanusd. HanpuMep, BROJb IpaHulbl NOALEPKUBAETCH 3aJaHHOE
pacnpenesneHde TeMiepaTyphl. YCTOHYHBbIE HepaBHOBECHBIE, CTa-
IHOHAPHBIE COCTOAHHS BO3MOXHGLI, OUYEBHJIHO, IIPH HAPYHIEHUH
HU30JSIHUH CHCTEME!, T. €. B HEH30JHPOBAHHBIX CHCTEMAX.

Hrak, ecau M3onupoBaHHAsl clCTeMa, BHIBeJEHHAsl M3 COCTOS-
HHUsSI DABHOBECHSl M NpPENOCTaBJeHHAass caMOH cefe, CTpPEMHTCA K
HEKOTOPOMY NpelebHOMY COCTOSHHIO — PaBHOBECHIO, TO AJIT He-
H30MUPOBAHHLIX CHCTEM IIpeJeJbHbIM COCTOSIHHEM SIBJSETCS CTa-
LHOHApHOE COCTOSIHHE.

MccnegoBanue Bcex 0coOeHHOCTeH CTALlMOHAPHOrO COCTOSTHHA,
TeM GoJiee ¢ MO3uUHH 001ieH3MYECKOTO NPHHIHKNE, IIpelCcTaB-
JISIeTCST Upe3BblYaliHO BaXKHBIM. B XHMM4ecKkoll TeXHOJIOTHH yalle
BCETO NMpPOIECCH NPOTEKAlOT B CTAlMOHADHHBIX YCJOBHAX. DTO CBA-
3aHO C TeM, YTO CTAllHOHAPHBIA Hpollecc 3HepreTuuecku 6oJjee Bbi-
rojeH. B XxuMuyeckoil TeXHOJOTHH, B IPOU3BOJCTBEHHBIX YCJOBHAX
BoOOLIe yaille BCErO TOT WJIM MHOH Npouecc (HanpuMmep, XHMHue-
CKHH) NPOUCXOAHUT B HEH30JHUPOBAHHBIX YCJAOBHAX. DTO AaeT BO3-
MOXKHOCTb, B YaCTHOCTH, YIDPaBJ/SATb IPONECCOM B HYKHOM Ha-
npasjennu. ¥ Tak xak cranuoHapHBIi TNpoLecc 3HEpreTHUYECKH
fo/iee BBLITOJEH, TO B YCJOBHSX NPOH3BOACTBA IPOLECC NPOHCXO-
JHUT UMEHHO TaKuM o6pa3oMm.

Co cTanuoHapHBIMHU TpOllecCaMy Mbl BCTpeyaeMcss u B GHoJO-
ruu. HeorbeMJ/aeMbIM CBOMCTBOM HBLIX OPTaHH3MOB, JeXalllUM B
OCHOBE HX KH3HEeNesITeJbHOCTH, SIBJASIETCS TOCTOSIHHBIH O6MeH Be-
HIECTBOM U 3Heprued € OKpyxawouwell cpefofl (THNIHYHHIH npuMep
OTKpHITOH cucreMbl). DoJsiee Toro, B npollecce >XKH3HeAEATENbHO-
CTH OpPTaHH3M B LEJOM HJH €ro OTJeJbHble YaCTH HaXoJATCA B
CTALlMOHAPHOM COCTOSIHMM M B Npollecce Nepexona u3 OAHOro cra-
IIHOHAPHOTO COCTOSIHHA B Jpyroe. CTalHOHapHOE COCTOsAHHE A/
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CKaJIAPHBIX TIPOLECCOB XapaKTEPU3YeTCsd YC/aoBHEM: Xx=0, TO
€CTb Xx==Const, B OTJIHYHE OT PABHOBECHOI'O COCTOSIHUSA, B KOTO-
poM xx=0.

Js BEKTOPHBIX TPOLECCOB, XapaKTepH3YIOMNXCsl TapaMerpa-
MU Y=k (X, y, 2, 1), B CTAILHOHAPHOM COCTOSIHHH Yx="VYx (X, ¥, 2)
(a B paBHoBecuu Px=-const). Mrak, B crallHOHapHOM COCTOSIHHH
napamerpnl nepectalioT 3aBHCETb OT BpEMEHH, ONHAKO B CHCTeMe
NPOJOJKAeT NPOHCXOAUTb HepaBHOBECHBIH JIpollecc.

PaccMoTpuM HeKoTOpble OCOGEHHOCTH CTAUHOHAPHOTO COCTOSI-
HHS JUIsl CKAJAPHBIX NPOLECCOB B CJyyae, KOrjia BHEUIHHe CHJIbI
SIBHO OT BpeMeHH He 3aBHCAT [38].

TIpencrasum AeS B BHJE paza

AS= T a4+ S Pkt X, (7.1)
k ik

a ypasHeHus (6.22) c¢ yuetom (6.21) n (7.1) BHIpa3uM B KOOPAH-
HaTHOM NpeJICTaBJIeHHH

)'cx=—§Likgn'X1 + Dluai, (k=1,2,...n). (7.2)

3aece
gu=gu—pn, (EI1=1,2,...n). (7.3)
Jlerko oGHapyKHUTh, 4TO B MHHEHHOM cJyyae NpH yCJIOBHU
ai#0, (=1,2,...05; ILn) (7.4)

B OTVIMYHE OT HEJHHEHHBIX CHCTEM, BO3MOXKHO €JIHHCTBEHHOE CTa-
IIIOHAapHOe CcocTosiHUE X® (K=1, 2,...n), onpexnenseMoe ajared-
paHyecKHMH ypaBhenusMu [38, 50].

% Lig'yx® = 2 Luai, (k=1,2,...n). (7.5)

ITpu yenosusix
ai=0, (i=1,2,...n),
gil,:#: O) (I's l: 19 21 .. m; ﬂl<n) (76)

BO3MOXKHBI ABa CAydasi: AeTepMHUHAHT, COCTABJEHHBINH H3 KO3Pdu-
I[HeHTOB, JIHOO paBeH HYyJ0, U Torxa (7.5) nonyckaer Gecuwuc-
JIEHHO& MHOXKECTBO peIleHHH — CTalHOHADHBIX COCTOSHHH, JHOO
JeTePMHUHAHT OT/IHYEH OT HyJad. B 3TOM ciyuae BO3MOXHO eRMH-
CTBEHHOE HYJIeBO€e pelleHHe

x*=0, (k=1,2,...m; m<n). (7.7)
IToxaxeM, yTo HysNeBoe CTanuHOHapHOe cocTosinue (7.7) npu yka-
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3aHHBIX BBIIIE yCJAOBHSX, TEPMOAMHaMHUeCKH HertocTHxKHUMO. Ile-
pPexofisi K HOBBIM I1epeMeHHbIM

Ye=Xx — xKSv (k: 1, 2> S fl); (78)

NOJNYYHUM BBIpa)KeHue M/ SHTPOIHM CTALLHOHAPHOTO COCTOSTHHUSA
(AS)8= (AeS +AiS)® B BHIEe KBagpaTHYHOH HOPMEBI

1
(AS)S - —2— Zk gik,xisxxsa
i

[Tpu ycnosuu (7.7) (AS)®=0, uto PH3HUYECKH HEBO3MOXKHO, €C/IH
BbimoJiHsetcs (7.6). Takum o6pa3oM B cayuae, Koria JeTepMH-
HaHT cucreMsbl (7.5) npu ycaosuu (7.6) OT/IMUEH OT HYJS, CTALHO-
HapHOE COCTOSIHHE B CHCTEME HeJOCTHKHMO.

ITokaxeM Temepb, 4TO CTALHOHAPHOE COCTOSHHE JIMHEHHOH
cucreMpl npu ycaouu (7.4) acuMITOTHUECKH ycToHuuBO no JIa-
IIyHOBY.

IIpuHuMas Bo BHUMaHHe HHBAPHAHTHOCTb ypaBHeHu# Jlarpau-
xa (6.20) no oTHowWeHHIO K Npeobpa3oBaHuI0 IepeMeHHbIX (7.8),
IOJIyYHuM KHHETHUYEeCKHe YPaBHEHHUA B BUIE

Vo= — 2 Lugn'y, (k=1,2,...n). (7.9)
L e
[Tepexoisi K HOpMAJbHBHIM KOODPJAHHATAM IyTEM JHHEHHOTO HEOCO-
GeHHOro npeobpasoBanus
W :Zmlley (i: 11 2.3 e n’)
5 .
M CHOBA YUHThIBAs MHBApHaHTHOCTb ypaBHeHuii Jlarpanxa, mo-
ayuum (7.9) B dopme
Oj:—‘)~je,‘, (_]:1,2, .-.n). (7.10)
Jlerko 3aMeTHTb, YTO BCe Aj JeHCTBHUTEJbHbI, NOCKOJBbKY OHU
BXOMAST B BhlpaXkeHHe
1 2
AS=—+ ; 162 4 (AS).
O6uiee pemenue cucreMsl (7.9) ¢ yuerom (7.10) MoxHO mpen-
CTaBUTb KakK
yi= X mijCyexp (—\t), (i=1,2,...n),
J
rae C;— mpou3BOJbHEIE NMOCTOAHHBE. Tak KaK CTanHOHapHOe co-
cTosIHHe yCTORUHBO [2], TO U3 TOCJENHero BHIPaXkeHUsi HEOOXOLH-

MO CJIeyeT, YTO OHO YCTOHUYHMBO aCHMIITOTHYECKH.
BosHuKaeT BOmpoC: CyuleCTBYeT JiM Kakasi-mu6o QyHKIHus Tep-
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MOJHHAMHUECKHNX napaMeTpOB, KoTOopad, HO}106HO SHTPOIIUHU, OT-
paxaer noBeJeHHe CHCTEMBl B OKPECTHOCTH YCTOHYHBOrO Ipe-
JeJbHOrO HepaBHOBECHOTO COCTOSIHHS, a2 B CAMOM CTallHOHApPHOM
COCTOSIHHH NPHHHMAET 3KCTpEeMaJIbHOE 3HaUeHHe.

OTBeT Ha 3TOT BONPOC JAET NPUHLUHUI MHHHMAJbHOIO BO3HHK-
HOBEHUS 3HTPOIHH, COTJACHO KOTOPOMY B POJH TakoH (PyHKUUU
JJIs1 JIMHEf{HbIX TPOLIECCOB BHICTYHaeT MPOHM3BOACTBO IHTPOINHUHU O.
IIo mMepe mpuGJIUKEHHs] CHCTEMBI K CTALHOHADHOMY COCTOSIHHIO
NpHU 3aJaHHBIX IIOCTOSAHHBIX YCJIOBUAX HA IPaHHIE, NPOHU3BOICTBO
SHTPONHH YyMeHbHIaeTcs W NPHHHMAaeT MHHHMaJ/bHOE 3HaueHUe
Omin B CTAlUOHAPHOM COCTOSIHHH.

ATOT NPHHUUN BIepBble O6bl1 chopMynupoBan [IpUrOKUHEIM B
BHIe caeayoowed teopeMnl [2, ¢. 90]. Eciu cucrema, xapakrep-
3yIOLIasCs HE3aBUCHUMBIMH IapaMeTpaMy, MOANEPKHUBAETCS B
COCTOSIHHH € NOCTOSIHHBIMH 3HaueHHSIMH cull Xy, Xo, ... Xk (K <<n)
U MUHHUMAaJbHBIM BO3HHKHOBEHHEM 3HTPOIHH G, TO IOTOKH Jj ¢
HOMepaMu j=x--1, k42, ... n Hcye3aior.

TTpuHUHI MHHMMAJBHOTO TIPOH3BOJACTBA 3HTPONHH MOXKHO
chopMyJIHUPOBATh TaKkKe CaeAyioliuM obpaszoMm. Ecau 1) Mexny
NOTOKAMHU H TePMOJHHAMUYECKHMH CHJIAMH CYLIECTBYET JUHEeHHAT
3aBUCHMOCTb Ji=ZkLan, 2) denomeHosIOTHUeCKHe KOdhPHUIHEH-

Tbl Ljx— TMOCTOSIHHBI, 3) BBHINOJHEHB COOTHOLIEHHUS B3aUMHOCTH
Lix=Liq U BHelUIHHe YCJOBHS INOCTOSIHHE, TO B CTALHOHAPHOM
COCTOSIHUH CpejiHee 3HAYeHHe TIPOU3BOACTBA SHTPOIHU 3a KOHEY-
HblHl pUKCHPOBaHHBIA MHTEpBaJ BpeMeHU I =={f;—f; MHHHMaJbHO,
TO €CTh

t,
WT=" f odt)=0. (7.11)

JLs1l BEKTOPHBIX NPOLECCOB, COTVIACHO TAKOMY K€ NMPUHIHUNY, B
CTALLHOHADHOM COCTOSIHHH  TIOJIHOE IPOH3BOJACTBO  SHTPOIUH
P= [ 6dV munumasnbuo, To ectb dP<<0 uau ‘

8 fsdV =0, (7.12)

[TokaxxeM, 4TO NPUHUHMI MHHAMAJNBHOIO NPOH3BOACTBA JHTPO-
nun (7.11) coBMecTuM € YCJOBHSIMH CTAllHOHAPHOIO .COCTOSHHA.
IIycTb Xy — HAOOp 3KCTEHCHBHBIX I1apaMeTpOB, NpHYEM Xy==

= X'+ X:¢. HanpuMep, B cllyuae XHMHUECKOH PEaKIHH B OTKPBITOI
CHCTeMe Xy' — CKODOCTb M3MEHEHHs KOHUEHTPAUUH K-TOr0 KOMIIO-

HEHTa 3a CYeT XHMHUYECKOH DeaKIUH, Xx® — MOTOK MAcCChl K KOMTIO-
HEeHTa H3BHe, KOTOPBIH, K NpuUMepy, B OHOJOTHYECKHX CHCTeMax

yallle BCErO OCYLIECTBAACTCA 3a c4ueT ANdpy3un.
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Vcnonbayst fuHeAHYI0 3aBUCHMOCTb MEXIY NOTOKAMH 1f CH/A-
MH, NpeiCTaBUM [IPOH3BOACTBO JHTPONHU B BHAE OHJINHENHON
PDYHKIHAHN TTOTOKOB:

o= X/ Xe= 2 Ly xlx (7.13)

‘PaccmatpuBas Beipaxenne (7.11) kax BapuallHOHHOE YCJOBHE,
3anuileM pelleHHe 3TOH BapHAIHOHHOM 3ajayd B BHAE ypaBHe-
Hus Jlarpanxa:

d 0Os da

Lz =0. 7.

dt ox,l Oxyl! 0 ( 14)
Besnunna 0o/0x =10, B cuny onpenenenns (7.13), Tak u4To ypas-
Henye (7.14) npuHUMaeT BUA:

d .0s ds ’ .
0, Sl (k=120 (115)

Huddepennupys (7.13) no X 1 nenoabays (7.15), neayuaem
CHCTEMY ypaBHEHHH:

ELJk x'=C/, (k=1,2,...n),

pelueHueM KOTOpOPI SABAACTCA

-xxi = 2 Lxmcm,- (7- 16)

Vcnosib3ysi ycaoBHE INOCTOSHCTBA KOG DHUUEHTOB Lym, U3
(7.16) monyuaeM

d=x=c,. (7.17)

B crauuonapuoM cocrosiHun xx=Ji!'4J*=0 u 3HaueHHs BHYT-
PEHHHX TIOTOKOB Ji, KOTOpbIe B COOTBETCTBHH ¢ (7.17) CTaHOBSAT-
Csl [OCTOSIHHBIMH, OMNpPENeNsOTCS BHEUIHHMH YCJIOBHSMH, TO €CThb
Jil=—J¢=const. Jipyrumu cnoBaMu, 3HayeHHsI NOCTOAHHHLIX Cx
ONpeAesiSIOTCH BHEIIHUMH YCJIOBHSIMH, TO €CTb Cx=—1/:".

Takum 06pa3oM, CTallHOHAPHOE COCTOSIHHE COBMECTHMO ¢ yc-
JIOBUSIMH MUHHMAaJbHOTO NPOH3BOACTBA FHTPOIHUH.

Tak XaK B CTAHOHAPHOM COCTOSIHHH Cx=—/x® H OJJHOBpPEMEH-
to cx=J4l, TO, ecau 6aarofaps BHEIIHHM CHJAM TOJbKO HEKOTO-
pvie cuaet Xy, Xz, ... Xp (p<<n) moinepXHuBalOTCH TOCTOSTHHBIMY,
moroxku Jit (k=p+1, p-+2,...1n) ucyesaior, NOCKOJALKY IIPH 3TOM
cx==J!=0. TlpuueMm Takoe COCTOSTHHE COOTBETCTBYE€T MHUHHMY-
My ©.

s BeKTOPHHIX IpoueccoB, paccmarpusas (7.12) xak Bapua-
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LHOHHYIO 3a/layy, MOKHO I0OKa3aTbh, YTO CTALMOHAPHOE CCCTOSHHE
XapaKTepHu3yeTcss MHHHMAJbHBIM IPOH3BOACTBOM 3HTponuu. Ta-
KOe pacCMOTpeHHe ‘Ha IpuMepe TeIJIONPOBOJHOCTH IPHBEAEHO,
Hanpumep, B KHure [3, riaBa V).

Jlns HenmMHEAHBIX NPOLECCOB, KOTAA HAapyWIEHO OXHO k3 ycJo-
Buil oimoanumoctd (7.11), Tlpuroxun u T'mancropd chopmyau-
poBasu caeaywoiiuit o6wui npunuun [16, 17], KoTopwifi Ha3bl-
BalOT OGILHM KPUTEPHEM 3BOJIOLHH.

Ecan rpaHHyHble YCIOBHUs, HaJIOXKEHHbIe Ha CHCTEMY, He3aBH-
CHMBI OT BpeMeHH, TO BO BCel 06J1aCTH NPHMEHHMOCTH TEpMOIH-
HaMHKH HeoOpaTHMBIX NpoLeccoB BequyHHa dx0<<0. Beauuuna
dxo onpeneasercs caeayiomuM obpasoMm. IlycTh 1npou3BOACTBO
SHTPONHHU BbIPAXKEHO B BHJAE CYMMBI IIPOU3BEJEHHH CONpPSIXKEHHbIX
NOTOKOB H CHJI o=%JKXH. Pa3o6beM H3MeHeHHe IpHUpocTa SHTPO-

niuu do (3a BpeMs dt) Ha JBe YacTH — OJHY, CBA3aHHYIO C H3Me-:
HeHHeM O0OGUIEHHBIX CHJ, ¥ APYIYIO, CBA3AHHYIO € HU3MEHEHUEM
NOTOKOB:

do=dy+djs= ;leX,-{- > XdJy. (7.18)
kR

Herpyano noxkasathb, 4To AJIs JHHEHHBIX TpoueccoB dxo=d;0,
TaK YTo

ds=2d;0=2d,0. (7.19)

s 6osee OOLHX NPOLECCOB, KOTJa HE JEJaercss HUKAKHX
DONYLIeHUH HYU O CBS3M MeXAYy NOTOKaMH M CHJAaMH, HH O Mar-
puue GpeHOMEHOJOrHUeCKHX K03 duuuenros, paseHcTso (7.19) ne
BHIMONHsIETCH. BMecTe ¢ TeM, KaK MOXKHO MOKa3aTh Ha psijie NpH-
MepOB, BBIIONHSETCS ChOpMyaupoBaHHbIH Bbiute npuHnun Tlpu-
roxkuHa-[yancropoda.

AHaJOrHYHO AJ15i BEKTOPHBIX NPOLIECCOB H3MEHEHHe BO BpeMe-
HU OGOGIUIEHHBIX CHJ CHUCTEMEI, MOABEPXKEHHOH CTAlHOHADHBIM
BO3MYILEHHAM (TrpaHHYHbIE YCJIOBHS MOCTOSHHDI), IPOHCXOJHUT Ta-
KM 00pa3oM, UTO NPOU3BOLCTBO SHTPONHMH yMeHbuiaercs [16]:

dP={ S dXdV <0,
k

rae P= [iodV — nossoe NpoU3BOACTBO SHTPOIHH.
Wiy, Tak Kak cTaliOHapHOe COCTOSHHE YCTOMUHBO,

0xP 0Xy
52 S0y <o, (7.20)

rle 3HaK paBeHCTBAa OTHOCUTCH K CTALHOHADHOMY COCTOSIHHIO.
IpuroxuusiM u I'nancnopdoM NpoHAIIOCTPHPOBAHA NPABHIIb-
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HOCTb 3THX COOTHOLUIEHHH B 06lleM Ciaydae OTKPBLITOH CHCTEMBI, B
KOTOpPO¥ IPOHCXOJAAT MpoLecch TepMOAUDOY3UH U XUMHUECKUX
peaxiui B 1-KOMIOHEHTHOH cucreMe.

Ilpu dopmyauposke ycaosus (7.20) Oblio nomylleHo, YTO I'H-
ToTe3a O JOKaJbHOM PaBHOBECHH COXpaHAeT CBOWO CHJY, a Ji060e
M3 YCJIOBHH BBINOJTHUMOCTH (7.11) MoxeT 6bITb HapyueHo.

H3BectHo, uTo B obuieM caydae dxC-— uvacTHb AuddepeH-

uuan, 1o ectb popma fdpadda IxxdXk He fBASETCS NOAHBIM AU -
k

(hepeHLHaNOM.

B ¢BsI3u € HCCIEXOBAHHEM CTALHOHAPHOTO COCTOSIHMA BO3HH-
KaeT eCTeCTBEHHas 3aJaya OTHICKAHHS TeX CJYyJUaeB HJH yCJAOBHH,
TIPH KOTOPHIX dxo npuobperaer CBOHCTBA MNOJHOro Auddepen-
1nMaJga, T. e. Koraa anbo dxo=dD, au6o rMzo=dD, rpe D=

—> -
=D (X, ... Xn) — noTeHnMAJ CKOpOCTEH.

Ecan cymecrtsyer nmoreHuuan ckopocreirt D, To cranuonapuoe
COCTOSIHHE HeNMHEHHOH CHCTEMBI COBMECTHMO € €ro 3KCTPEMyMOM
(Hanpumep, MHHHMYMOM).

Taxoro poxa uccnenoBanne Ovl10 nposefieHo [Ipuroxunsim u
DBosiecKy MpHMEHHTEJNbHO K PAs/JMUHBIM THIIAM XHMHYECKHX peak-
LuH B OTKPBITHIX cuereMax [20, 21, 2]. B pesyabrare 6bJ0 ycra-
HOBJIEHO, YTO AJIs1 CUCTEM, XapaKTepHuayouuxca 6ojiee 4eM IByMs
HEe3aBUCHMBIMY [I€epeMeHHBIMH, TIpUpallieHne dxo B oblleM cayuae
He HMeeT MHTerpupylollero MHOXMTEJS, H JHUb B CIEIHAJbHBIX
cyyasix CyllecTByeT TIOTeHIuas ckopocrelt [2, c. I'11].

TIpu paccMOTpeHHHU HeJTHHEAHBIX BEKTOPHLIX NIPOLECCOB, HATIPHU-
Mep, TeIJIONIPOBOAHOCTH B CJyuyae, KOrja Ko3D(HIMEHT TenJo-
IIPOBOJHOCTH 3aBHCHT OT TeMIIEPaTypH!, UCIOJb3YETCSI METOMA JIO-
KaJbHOrO MOTEHNHANA.

Meton soxasapHOro norenyuana npeujoxes TIpHroXHHBIM,
Fnancpopdom u Xeficom [19].

JIOKaJIbHBIM [1OTEHIIHAJIOM HA3bIBAIOT NIPOH3BOACTBO SHTPONNH,
B KOTOPOM HCTHHHBIE (eHOMeHOoJMorHIecKre Ko3hHUuueHTH Lj
3aMeHeHBl MX 3HaueHUsSIMU Li° B CTALMOHAPHOM COCTOSIHMH:

F={dV3 Li°X; X;. (7.21)
ij

Coruacuo [19], ckopocTh H3MeHEHHs JOKAJIbHOrO NMOTEHIHANA
B6JIH3M CTAIlMOHAPHOTO COCTOSIHHSI NOAYMHSAETCS OOLleMy yCJI0-
BUIO, aHasornyHoMy (7.20), a ©UMeHHO:

f’%: § dVILipX: X;<0. (7.22)
i ]
Takum OﬁpﬂSOM, IIPpA NOCTOSTHHBIX yCAOBHAX Ha rpaHule J0-
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KaJIbH_bIﬁ NOTEHIHAJM MOXKET TOJbKO YMEHbIIATHLCHI CO BPEMEHEM I
NIpHHUMAET MHHHMAJbHOE 3HAUEHHUE B NpeAEeJbHOM — CTAUHOHAP-
HOM COCTOSIHHH.

§ 8. IMHEAPU3AINA ANPPEPEHLLUAJIbHBIX YPABHEHHW M
KHHETHKH XHMHYECKHX PEAKUIUA

Kunernueckas 3ajfaya IJ/1s1 CIOXKHBIX XHMHYECKHX peakiui
dhopMyJsHpyeTCs ‘Ha OCHOBE SMIIMPHYECKOTO 3aKOHA AeHCTBYIOLINX
Macc B BHJE CHCTeMbl HEJMHEHHBIX YPAaBHEHHH, TOYHOE HHTErpH-
pOBaHHe KOTOPOH B aHaJUTHYeCKOH (opMe HeBO3MOXKHO, 3a HC-
K/IIOUEHHEM HEKOTOPBIX CMelHaJJbHbIX CJyUYaes.

CyuiecTByeT LeJbIH P NpUOIMMKEHHBIX CHOCOBOB AJas 006pa-
OOTKH HEJHHeHHBIX yDaBHEHHH XUMHUECKOH KHHETHKH, KOTOPHIM
GoJbllIoe BHUMaHue YyJenssoch, HanpuMep, B paGortax [51—61].
Mnes MHOTHX M3 3THX COCOGOB CBOJAMTCH K JIMHEAPH3AUUH HeJsH-
HeHHBIX KMHETHUECKUX YPaBHEHHUH, KOTOpas MOxKeT OBITb mpoBeje-
Ha Ha TPHHIUNNAJbHO PA3JHYHBIX OCHOBAHHAX B 3aBHUCUMOCTH OT
THIIA paccMaTpHBaeMBIX 3ajay, onpelenseMblX B3aHNMOOTHOILLeE-
HHEM MEXJAY KOHCTAaHTAMH CKODPOCTell 3JeMEHTAPHBIX CTaluH Xu-
MHYecKOro mpouecca. Tak, MeTol KBa3UCTALMOHAPHBEIX KOHLEHT-
paluH NO3BOJSEeT BO MHOTHX C/IYUasiX CBECTH YpaBHEHUS JJA U3-
MEeHeHHUs HCXOAHBIX MPOAYKTOB K JuHeHHo# ¢dopme. TIpu ananuse
00paTHMBIX peaKUuH BTOPOTO MOpsiAKa M NMOCTPOEHHH COOTBETCT-
BYIOIIHUX AHAJUTHUYECKHX peureHufi naubosee 3PpPexTHBHBIM 0OKAa-
3aJICst METOJ IOC/JefoBaTeNbHOH JuHeapudaunuu [39, 56, 59, 61].
OcranoBuMcs noppobHee Ha ITOM METOJE.

PaccMOTpHM CcHCTEMY KHHETHYECKHX YpaBHEHHH B O0LleM CJay-
uae, KOrjla MeXIy n-KOMIIOHEHTaMH, TIPeJCTaBJASIOIUMHE Cco60H
CMeCh HIeanbHBIX ra3oB, NPoTeKaeT r 0OpaTHMbIX peakLMH pas-
JIMYHOTO NOPAAKA. B COOTBETCTBHH C 3aKOHOM [€fICTBYIOILUX Macc
CKOPOCTb j-TO¥ peakuuu J; 3aBHCHT OT MOJSPHBIX KOHUEHTPauuii
¢; pearenToB (ci=n/V: n;=mi/M; — uuciao moaeit, M; — monsp-
Hasl Macca) Tak:

J,-=—.f"—”‘i—k ﬂ Cimi—ky ﬂ i, (8.1)
Vkj i=p+1
The Kj 1 Kf — KOHCTAHTBl CKOPOCTH j-TO¥ peaKIHH, COOTBETCTBEH-
HO, B TIPAMOM H B OOpaTHOM HANpaBJEHHAX, Vyj — CTEXHOMETPH-
4ecKHi K03 (UIHEeHT M-TOr0 KOMIIOHEHTA, BCTYNAIOIIEro B j-TYIO
peaknulo, NpuueM vyj<<0 18 m<<p U vyj>>0 naa m>p.
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[IpuHuMas Bo BHHUMaHHe, UTO JIOO0H A-Thii KOMIOHEHT MO-
’KeT yyacTBOBATb B HECKOJBKHX peaKUUAX, MaKCHMaJbHOe YHCJAO
KOTOPBIX PABHO 7, H HCNOJb3Ys (8.1), noyyaeM CJIeAyIOULYIO CHC-
TeMy KIHETHYeCKHX ypaBHeHnﬁ:

r
d
= Emkfh%—kflw,wﬁamﬂy
J=1 "I=p+1
(8.2)

Ecsu k-Thilt KOMIIOHEHT He y4acTBYeT B j-TOR peaxiu, TO CJAeAyeT
NOJIOXKHUTb Vi;==0. YpasreHue (8.2) ymoGHO BbIpa3HTb B HOBbLIX
nepeMeHHbIX

Xx= Cx—Cx° (8.3)
a HMEHHO:

r
2 Vk: k; ” (Xa+ca®) ij__k’ n (1 %)),
J==1 m=1 i=p-+1
G2
rae k=1, 2,...n u rae ¢x°— paBHOBECHAasT KOHUEHTpaUus k-ro
KOMIIOHEHTa.

Hcnonb3ys npuMeHHTENbHO K npaBoit yactH (8.4) dopmyay
6unomMa HpioToHa u mepeMHOXKast MOJYUYEHHBIE Psibl, HONTyYaeM:

r n
dxy — v (vij—1)
= S| B ot ()4

n
Xg Xi
+122"x, ¢ cr° + 2 viij 0(2)010 T ¥ (8.5)

n
Xn-2  Xn-1 Xn-1
+ Z Yn-2,j¥%-1,j 5" 5—F Ya-1,j +
Plrenlt } ]con_2 c()_ -'nlc() -1 cn

3aecr W° — paBHOBeCHast CKOPOCTb j-Of peakiHH B OJHOM
HanpaBJ/JIeHUH

P n

=k T "=r T1 (9" (8.6)
(=1 i=p+1
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Ypasuenus (8.5) mpu k=1, 2,...n COCTaBJIAIOT CHCTEMY
oﬁmxﬂoseuﬂmx Aut(b(bepenunanbﬂmx ypaBHeHHH BHIA

d
x“ Zplkxk+ 2 Y™ (xq, X3, o .. Xa), (k=1,2,...n)

m==2
8.7y
rie, B Haliem cayuae,

pa= 3 vWnded) . (8.8)

# rae Y® (%y...%n) — ORHOPOAHble (YHKUHH HIMEpeHHs m,
onpejeiseMue GopMyiaMu

Yk(m)= 2 pk(ml' rees mn)x‘m‘xzm’ cee xnm“. (8.9)'

3aech CyMMa pacnpocTpaHeHa Ha BCEBO3MOXHBIE HEOTPHLATENb-
Hble YHCJ2, 'YAOBJETBOPSIOUIHE YCIOBHIO

my+-mot- .. H-mMy=m, m=2,3,... n (8.10)

a Py M) — ge 3aBHCSIlHE OT BPEMEHH BEJNHYHHDBI, BbIPAKEH-
Hble KOMOHHA{{HEN V.

JIAsi Manbix 3HauyeHH# X3, npenebGperas B (8.5) wieHamu BTO-
poro u 6ojiee BLICOKOrO NMOPSAKA OTHOCHTEJBbHO X;, MOJYYaeM CHC-
TeMY JIHHEAHBIX ypaBHEHHH

n
dx
=X paxi, (k=1,2,...n), (8.11)

i=l1

Herpyano moxasatp, uto cucrema (8.11) B TOYHOCTH COBHA-
JlaeT ¢ ypaBHEHHAMH KHHETHKHM XMUMHYECKHX peakunuH, popmynau-
pPYeMbIMH METOJaMH TEPMOJHHAMHKH HeOOpPATHMBIX {IPOLECCOB..
HeficTBuTtenbHo, ypasHenus (5.4) masg CKOPOCTH HEOGPaTHMOrO:
NpoLecca MPUMEHHTE/IbHO K £ HENEPUOANYSCKUM PEaKIUsIM Mexay
n-KOMIIOHEHTaMH umelor Bug [1—4]:

Jj:LﬁAi (j=l;2,...r), (8.12)‘
rle B KayecTBe TEPMOJHHAMHYECKOM CHJIBl BHICTYHAeT XHMHYECKoe
cpoactso Aj.

BocnosnbsyeMest H3BeCTHLIM — BhIpaXKeHHEM /IS XMMHYECKOro:
notenuuanalf13, c. 206] na mosb k-ro KoMnoHeHTa

pe=RTIn X ot ~RT =5 ”k‘ck + 0. (8.13)
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C yyerom .(8.13) Bripaxkenne (8.12) npuHMMaeT BHA:
J; =RTijk21vijk(ck°)“, (i=12,...n), (8.14)

Tle Hcnoab3oBaHo (8.3).
CymMupys o6€e 4acTH 3TOro PaBeHCTBA IO BCEM f, HAXOANM

d r n _ X
o= RTZ Bwilivmizs k=1.2,...m). (.15

Ilpu ycaosnu
Lyy=WHRT)~ (8-16)

ypasHenus (8.15) ne otamuatorcs ot (8.11) co snauenuamu (8.8)
1719 K09 PHuHEeHTOB pik.

Hrax, HenuHeAHOCTP KHUHETHUECKOH 3aKoHOMepHOCTH (8.5)
CHUMAeTcsi B OKPECTHOCTH TEePMOJAHHAMMYECKOrO paBHOBECHH,
umemolero Mecro npu xx=0 (k=1, 2,...n). Ans peakuuit Jto-
60TO MOpsifiKa BHIIIE NEPBOro JuHelHass gopMa KHHEeTHUeCKOH 3a-
KOHOMEDHOCTH, CTPOrO roBOpf, <CIpaselJiiBa B OrpaHHYEHHOH
4acTH KHHEeTHYeCKoH 06./1acTH, NpUMBbIKawIleid K f—oo. a5 noc-
JIeIOBATEJbHOCTH K€ H3 71 MOHOMOJIEKYJSIPHBIX TipeBpallieHuH,
Korja cCrexuoMerpuueckne  KoydpduumeHrnr wvi=—1 (I=
1,2,...n—1) nv =0 (j5I!), nonnoe cosnanenue (8.7) u (8.15)
Jas1 Beex 0<Cf<C oo ABJSETCS OUEBUAHBIM.

B cBsi3u ¢ 3THM BO3HHKaeT BOIPOC 06 yCNOBHAX, NPH KOTOPHIX
OKa3BIBaeTCs BO3MOXKHBIM C H3BECTHOH CTENeHbI0 TOYHOCTH pac-
NnpocTpaHeHHe JHHEHHOro 3akoHa (8.15) Ha BCIO KHHETHUECKYIO
obsnacTb peakuuu. Pelienne 3Toro Bonpoca, 0OCHOBaHHOE Ha CpaB-
HUTEJNbHOA OLEHKE TOYHOrO M NPUOJHMKEHHOTO pelIeHHs CHCTEeMBb
(8.7), npuBeneno B pabore [39]. Kak mokasano B {39], obuee
pelueHne CHUCTeMBbl ypaBHeHHH (8.7) MoxXeT OblTb NpeACTaBJIEHO
panamu JlsnyHosa

n
Ko 3 Mg gy g,mexp (— 3 mag),
i=1

(k=1,2,...n) (8.17)
rjae

Mk(m1m2 mn)—HeKOTopre KOHCTAHTHI, HE 3aBHCALIHE OT IIPOH3-

BOJIBHBIX NOCTOSIHHBIX €1, Cl2 . .. On} CYMMHPOBaHHE B psifiax pac-
[IpOCTpaHsIETCs Ha BCe IleJble HEOTPHLATEJNbHbIE YHCAA My, . . . My,
TNOAUMHEHHBIE YCIOBHIO My-+mo+ ... +mn>0; Ay, Ag, ... hn—
XapaKTepUCTHUECKHE UYUCIa CHCTEMBI II€PBOrO  INIPHOJIHKEHH:A
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(8.11), npuuem 4 >0(i=1, 2, ... n). I3 nanHOro paccMoTpeHus
B UaCTHOCTH, <CJeAyeT, 4To HyJeBoe pewenue (xx=0, k=
=1,2,...n) TOYHOH CHUCTeMHbl (8.7) SIBASETCS ACHUMITOTHUECKN
YCTOHUHBBHIM 110 JIANYHOBY, a COCTOSIHHE TEPMOXHHAMHUECKOro
paBHOBECHS — ACHMNTOTHYECKH YCTOHYMBOH TOYKOH moxos. B cil-
JIy 3TOr0 CBOHCTBA OKa3blBAETCS, UTO YeM MeHblle HauaJbHOE BO3-
MylleHHe (Xi==(Xi)o npu t=0), TeM TOuHee nmepBoe TNpPHOIUKE-
yue Aas Bcex t>0. B cayuyae GoJbLINX HaYaJbHbIX BO3MYLILEHHH
JHHeHHble YPaBHeHUsI MOTYT JaTh JIMIIb KauyeCTBEHHOE ONHCaHHe
HCTHHHOTO TIOBEJEHUs CHCTeMBl. {11 KOJHYECTBEHHOTO aHaJ/Ju3a B
3TOM cJyyae HeoGXO0AHMO NpUBerdyTb KO BTOPOMY NPHUOJIHKEHHIO
UM TPOBECTH JHHEAPH3aUHUIO IJIs OTPAHHUYEHHOH KHHETHUECKOH
obmnacTy.

Ha ocHoBaHuH pacueToB JJs 11eJI0T0 pAla KOHKPETHBIX XHUMH-
YeCKHMX peakluH, pe3ysabTaThl KOTOPBIX NpHUBeleHB B padorax
[39, 57, 61], MmoxkHO yTBepKaaTh caenyioulee. Jlnnefnas cucrema
yYpaBHEHHH HepaBHOBECHOH TePMOAMHAMHKH obecreuHBaeTr JOCTa-
TOYHYIO KOJHUYECTBEHHYIO TOYHOCTb pacCyeToB, HaUMHAs ¢ MOMEH-
TOB BpeMeHH, coorBeTcTByIOIIUX 30—40% npespaitenus Huc-
XOJHBIX BELIECTB.

B 3akjioueHne pacCMOTPUM BOIPOC O TEPMOIHHAMHUUYECKH 3K-
BHBAJIEHTHBIX CX€MaX XHUMHYECKUX peaKIuil.

Hcnonwsysi (5.4), 3anuiueM NpPOHU3BOIACTBO 3HTponuu (4.2) B
BUJE:

o=X"LX, (8.18)
rae XT— TpaHCIOHHPOBAHHAs MaTPHUIA TePMOAMHAMHUECKHX CHJI.

WUsBecTtHo, uTo (8.18) momyckaer OeCUMCIEHHOE MHOMXKECTBO
JHHeHHbIX npeobpasoBanuit X=QX’, coxpaHsis cBoe YHCJIECHHOE
snauenne o= (X7)’'L’X’ u cummerpuio marpuusl L'=QTLQ. IIpu
5TOM ypaBHeHHe AJs1 npeo6pa3oBaHHBIX MOTOKOB J' NpPHHHUMAET
Bunp J'=L'X’, 10 ectb coxpansier ¢popmy (5.4). [Ipumeprr aunei-
HBIX Npeo6pa3oBaHUil TePMOAHHAMUYECKHX CHJ U IIOTOKOB pac-
cMarpuBaauch B [1—3].

OnHako B C/1yyae XHMHUYECKHUX peaKUUH HenepHoAHUeCKOro TH-
na, KaK nokasano B pa6ore [60], yci10BHS HHBAPHAHTHOCTH O IO
OTHOIIEHHIO K JINHEHHBIM IpeoGpasoBaHUAM CPOACTB peakuui
A’=Q~'A He ABAAIOTCS NOCTATOYHBIMH AJIsi TEPMOZHHAMHYECKOI
5KBUBAJEHTHOCTH COOTBETCTBYIOLIUX XUMHYECKHX MEXaHH3MOB.
IDTO CBA3aHO C TEM, UTO, B OTVIHYHE OT JPYrHX HePaBHOBECHBIX
IPOIIeCCOB, B CHJIY M3BECTHOTO NMPHHIHNA HE3aBUCHMOCTH TeueHiis
XHMHUYECKHX peaxluil, MaTpulla (GeHOMEHOJOTHUECKHX KO3 du-
uueHtos L, KpoMe CHMMETPHH AOJKHa o6/1axaTth 6oJiee CHIbHBIM
CBOHCTBOM AHArOHAJbHOCTH. JluHelHbie e npeoOpa3oBaHus BU-
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na A=QA’ B ofeM cayyae HapymaoT CBOHCTBO JHATOHAJNbHO-
ctu L. B pabore [60] nokasano, uto npeo6pasoBanHasi MaTpHLa
L'=Q"LQ ocraeTcs AMaroHaJbHOH TOJILKO TOTAa, KOrja B KaX-
NI0¥ CTPOKE H B KaXKAOM CTOJ0Le MaTpHUbl Q COmEPKHUTCH TONBKO
N0 OJHOMY 3JIEMEHTY, OTJuyHOMYy oT Hyasq. [Ipu sroM npeamosa-
raetcs, yTo panru matpuu L ¥ Q oxmnakosnl. OTcioga caeayer,
4TO B CJyuyae 7 MOHOMOJIEKYJSIPHBIX NpeBpalleHHH TepMOJAHHA-
MHYECKH 3KBHBAJEHTHBIMH OKa3blBAIOTCS ITOC/IEJ0BaTEJIbHOCTD.
peaxuu#

B1<—>Bz, BQHB;;, Cee B/n@ Bn+1, (819)
M MHOXKE€CTBO MEXaHU3MOB:
’VjBi“)ViBz, 'V2320V233, e ‘Van("’ Vn+an+l> (8'20)

r1e Vi, Vg, ...Vn — IIPOHU3BOJIbHBIE UHCJA, H3 KOTOPHIX NO Kpa#H-
Helf Mepe OHO OTJIMYHO OT €JHHHILBI.

Koraa xors 6b OZHO U3 vy OTIMYHO OT €NMHHIIBI, KHHETHYe-
CKHE ypaBHEHHS CTAaHOBSITCS HeJHHeHHBLIMH. TepMOAMHAMHYecKas
skBuBaJeHTHOCTh (8.19) u (8.20), cTporo roBopsi, uMeeT MECTO
JHIb B OKPECTHOCTH TEPMOLHHAMHUYECKOTO PaBHOBECHS.

TaxkuM o6pa3oM, TepMOJUHAMHYECKAS 3KBHBAJEHTHOCTb CBO-~
JIATCA K KHHETHUECKOH Hepas3/HYMMOCTH peaklUuil pasHoro mno-
psiiKa B OKPECTHOCTH TEPMOAHHAMHYECKOTO PaBHOBECHH.

§ 9. CTOXACTHYECKAS HHTEPNPETALLHA
JAWHAMHWYECKHX YPABHEHHA
JUHENHON HEPABHOBECHOH TEPMOJAHHAMHKH

Byaem paccmarpuBaTbh TepMOJHHAMHUYECKHE CHCTEMBI, OTKJIO-
HeHHe KOTOPbIX OT COCTOSTHHSI DaBHOBECHSI OJHO3HAuyHO oOIlpesae-
nsierca HaGOpOM 3KCTEHCHBHBIX ‘MaKPOCKONHMYECKHX IepeMeHHBIX
Xy, X2,...Xn. DKCTEHCHBHBIE IAapaMeTPhl Xi, X2,...Xn SBJAAIOTCH
anre6panyecKUMH CyMMaMH ClyYyalHBIX MHKDOCKONHYECKHX Iepe-
MEHHBIX H II03TOMY CaMH SIBJISIOTCS CHIyYaHHbIMH BEJHUHHAMH.
[Tocnennee o3Hayaer, 4TO M3MEeHEHHe BO BPEMEHH BEJIHUHH Xi,.
Xs,...Xn HYXKHO paccMaTpHBaTh KaK CTOXaCTHYECKHH mpolecc.
[Tpu sToM HaGaogaeMble HAa ONbITE 3aKOHOMEPHOCTH BBIIIOJHSAIOT-
csl st KX CpeHHX 3HaueHu# [3, 14].

Oncarep u Maxayn [14, 15] npensoxXuay yu4uThiBaTh CAydau-
HbIIl XapaKTep TePMOJHHAMHUYECKHX NePeMEeHHbIX X; nyTeM A00aB-
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JIeHUsl B JIHHeHHble (EHOMEHOJMOTHYEeCKIle YpaBHEHHsT HEKOTOPO#
CcJy4aHHOH CHJIBL €, @ HMEHHO:

n

-1 .
.El(Lij X+ gijx)=¢, (i=1,2,...n). 9.1)
]:
3aech [Li'] — maTtpuna, obparHas MmatpHlle ¢eHoMeHoJorHue-
CKHX K03()®HUHEHTOB, gij — KO3Q(HIHEHTbl B DPA3JIOXKEHHH OT-
KJOHEHHS SHTPOIHH

1
AS = — 5 > gikXi Xy
ik

YpaBHeHUus €O CnyvyaliHBIMH cunamu tuna (9.1) HocsT Ha3Ba-
nue ypaBHeHu# JlauxkeBena. JlaHKeBeH NMpUMEHsT TAKOrO pojaa
ypaBEEHHd 1Jif ONHCAHUA CKOPOCTH JABHXKEHUs OPOYHOBCKOH uac-
THbl [63].

3anaBasti KOHKPETHBIH BHI U CBOMCTBA CJYYAHHBIX CHJ &, MOXK-~
HO TOCTPOUTH IJIOTHOCTb BEPOSTHOCTH  Tepexofa  (HCTEMbl H3
coCTOSIHUA X1/, Xo',..Xn" B cocrosinue xi”, x,"”,.xx” 3a omnpene-
JIEHHBIH HHTEPBAJ BPEMEHH T.

OO6BIYHO fesaeTcsi MPERNONOKEHHe O Le/IbTa-KOpPEeJaHPOBaH-
HOCTH CJAYYaHHOH CHJIBI, TO €CTb O BBITOJHEHHH CJAEAYIOUIHX COOT-

HoweHu# [3, c. 115].
<g>=0;
<eiDEiff)>=2Qii3t; — ), (i.ix=1,2,...n) (9.2)
<ei(ty)eifta) .- ey, (Bas—1)>=0, (is,la, ... lysy=1,2,... n);

lag—1

<3i,(t1)=i,(t2) e Sizs(t25)> = Z< eip(tp)eiq(tq)> <Etn(tn)$tv(tv)>,

rjie cyMMma J0J1XkHa ObITb B35iTa II0 BCeM BO3MOXKHBLIM crocobaMm
BbI6Opa nap u3 2S BpeMEHHBIX TOYEK fy, fa, . . . fos.

Cwmbricat pomymeHus: (9.2) MOXKHO MOSCHUTH Ha NpHMepe ABH-
XKeHns OpPOYHOBCKOH YACTHIbl B BA3KOH KHAKOCTH, peakius KOTo-

POH yuuThIBaeTCs B BUIE CTOKCOBa TPeHHH, T. €. cwiok Fo=—Ahov,
ITe U — CKOPOCTb YacCTHUbI, & — K03 puuueHT tpenud. VasecTHo,
4TO JinHeHHoe BblpaxeHnune Fo=-—hv pnas cusibl TPeHHS NpeACTaB-

Jaser co0oH JHUWB nepBoe NpubauKeHHe, NPUrOAHOE TOMBKO ANA
MaJablX yckopenuit dv/dt. B o6uem cayuae Te BO3MYyILUEHHs (BS3-
KHEe BOJHBI), KOTOPHE CO3JAIOTCA B KHAKOCTH ABHXKEHHEM uac-
THUBI, OKa3bIBAIOT BJAHSHHE HAa MCNbITHIBAEMYK el0 cuay. B pe-
3yJbTaTe B KaKOH-TnGO MOMEHT BpeMgHH cuja Fc 3aBHCHT He
TOJIBKO OT CKOPOCTH ¥ B 3TOT XK€ MOMEHT, a OT BCEro ee npejlie-
CTBOBaBIero ABHXXEHHS (BSI3KO€ THJAPOAMHAMUUECKOE TIOC/AeneH-
¢tue). Ilpu yuere BSI3KOrO I'HJIPOJHHAMHYECKOrO MNOC/ELeHCTBIIA

45



CTAHOBHTCSI HEBO3MOXKHBIM mpefmnoJscxkenue (9.2) o genbra-Kop-
pesaupoBaHHOCTH cayuaiHol cuabl [64]. Takum oGpasoM, CoOT-
Homwenust (9.2) crnpaBeAsUBBI TOJBKO INPH yuyeTe pPeaKUuu Cpel
CTOKCOBA THIIA, YTO B T€DMOJHHAMHUYECKOM ACIEKTe COOTBETCTBY¢ T
JUHEeHHbIM Heo6paTHMBIM NIpolleccam.

Kak ormerna C. M. PuiToB, paccMarpuBaeMbli METOA CTOXd-
CTHYeCKHX NHdepeHIHaJbHBIX yPaBHEHHH caM 1o cebe He Tpe-
6yer mpennonoxenni (9.2). Ho ecan orpannuuBaThCsi MapKoOB-
CKHMH IIpPOILECCaMH, Ui KOTOPBIX paclpelie/leHHe BEPOSITHOCTH
3HAYEHHI BEJHYHH X; B MOMEHTHI f; HE 3aBHCHT OT BCErO NIpellecT-
ByIOLIEro TIOBEJEHHs lapaMeTpoB (peakuUust CTOKCOBA THINA), TO
npennonoxenns (9.2) craHosaTcs Heo6xoauMbiMu. [lpexnosoxe-
HHE O JAeJbTa-KOPPEeJHPOBAHHOCTH C/aydalHBIX cun (9.2) mpuso-
IWUT K JI0JHOM 3KBHBAJEHTHOCTH METOAa CTOXAaCTHYeCKHx Andde-
pEeHlHaNbHbIX ypaBHeHuil Metony ypasHenns @oxkepa-Ilnanka
JJI BEpOSITHOCTH nepexona. [loka3aTenbCTBO 5TOr0 yTBEPKAEHUS
NpUBEJIEHO B psijie KHUT, HanpuMep, B [3, 64].

Kak M0XHO 10Ka3aTh, NpH ycJaoBHAX (9.2) ImJIOTHOCTb BEPOST-
HOCTH Ilepexoja IJsi ¢1ydas OLHOTO IIEPEMEHHOr0 X HMeeT BHA:

flx, t/xg, t—=)= [2xD(z)] 12 exp [—[x—<x(z) >]2 X
X [2D()] ), 9.3)
rie cpeaHee <Cx¥>> BhIpax<aeTcsi OOLIUHBIM JHHAMHYECKHM 3aKO-
HOM H3MeHEHHSI CKOPOCTH
<x>=x0exp(—y7), y=¢L, (9.4)
a «IHUCITepCHA»
D()=kg~'[1—exp(—279)], (9.5)

k — nocrosinnas boabumana.

Jng BpeMeHu f, 3HaYUTEJbHO IIPEBLILIAIOUIErO BPEMS peJsak--
caumu y~!, ycjoBHasl BeposiTHOCTb (9.3) NMpHHUMAaET BHJ MaKCBeJ-
JIOBCKOI'O paclpejle/IeH!s] BeJHUHHb X.

Taxylo Ke BepOSITHOCTb Iepexofa AaioT ypaBHeHuss dokkepa-
Ilnanka.

Has mansix T, pasaaras (9.3) B paA u OrpaHH4YUBasiCh JH-
HefHBIM [0 T YJIEHOM, ¢ HcrnoJbszoBaHueM (9.4) u (9.5) moay-
yaem

f(x, t/x,, t—r)=(4rkLl)~%<% X
X exp [—(4kLz)~(Ax+1xqt), (9.6)

rjae Ax==x—=xo.
Eciu u3BecTHa INVIOTHOCTb BEPOSATHOCTH Iepexona F(Xitts
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tir1/x;,t) 3a Manpli uHTepBasa BpeMeHH Afyj=t, —I;, TO MOKHO
[OCTPOUTL IJIOTHOCTb BEPOSATHOCTH nepexoda f(xm, fnfXo, fo) 32
1060 KOHEUHbI MHTEpBAN BpeMeHH fh—Ilo. [locTpoeHue ¢BOIHT-
¢ K MHOTOKPATHOMY HHTErDHPOBaHHIO B (YHKUHOHAJbHOM IIpO-
CTPAHCTBE NO IPaBUJY:

f(xn» tn/xOy to): 5 v sf(xn) tn/xn—h tn-—l) .
L] f(x2! tZ/xi’ tl)f(xh til/x07 to)dxn-ldxn—2 [ d.xi- (9.7)
‘Corsacio (9.6), (9.7), BeposiTHOCTb Iepexojfa 3a KOHEUHBIH

NPOMEXYTOK BpeMeHH In—1o, AJA NPOLECCOB PacCMaTPHBAEMOro
THIIA TPHHHUMAET BHJL:

Fn, taf oy £) = - . [ exp (— é;l(zueu)—i %

n—I1
X (Ax—rxep]) T1 Adn, (98
(=1
rie Aj — NOCTOSTHHAS HOPMHUPOBKH.

C maTeMaTHyeCKOH TOYKH 3peHusi, Kak nokasan Panxos [65],
crnoco6 MOCTPOEHUST BePOSITHOCTH mnepexofa (9.8) sxkBuBajeHTeH
crnocoBy MOCTPOeHUsS BOJHOBOH (YHKIHMH NapMOHHUECKOrO OCIHJI-
J9TOpa B KBAHTOBOM MexaHuke npu ¢HeliHMaHOBCKOM moxxone [66).

Oucarep 1 ‘Maxayn B paGote [14] ucnosnb3yloT Bbipaxenne
(9.8) mas CTOXaCTHUECKOH MHTEpIpeTallny HeJHHeHHOH HepaBHO-
BeCHOH TepMoauHaMUKH. C 3TOH LeJbIO pe3ynbTaT MHTErPHpPOBa-
Hus B (9.8) OHUM npeACTaBAAIOT B BUJE:

f(xn, tn/xm to): Cexp [_—(4k)~l X

ty
X (§ L1102 ), (9.9
L

ty
TIe HHTerpan {S L1 (x4x)2dt] ;. BHIYHCASETCS BLOJIb TPACK-
ty

TOPHH, KOTOpas HAeJaeT ero BeJlH4YHHy MHHUMANbHOH.
HaunGosbluee 3nauenne naotHoctu BepositHocTd (9.9) nosay-
Yaercst ApHM YCAOBHH:

X=—1X, 1=gL, (9.10)
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KOTOPOE H INpelcTaB/seT co60H IMHAMHUYECKOe YpaBHEHHe JHHeM-
HOH HEPaBHOBECHOH TePMOAHHAMHMKH AJS CJAyYas OJHOrO Ilepe-
MEHHOTO.

[Ipu ty~co naortHOCTL BeposiTHocTH (9.9) mocae umurerpupo-
BaHus NPHHHMAET BHI:

J(x)=Cexp[—(2k)~'gx*]
HJIH, UTO TO XK€ caMoe:
J(x)=Cexp[ASE~], (9.11)
rae AS=—1/,gx% — OTK/IOHEHNE SHTPOIUH.

Kak serko BHIHO, BbIpa)keHue, CTOsllee I10J 3HAKOM HHTE-
rpana B npaBoi yactH (9.9), MOXKHO NpeACTaBUTh B BHJE:

L= (x4 xR =2® 4 2¢—2q, (9.12)

rie O= (2L)~'x2 — GyHKIHSA JUCCHNIALMH, 0= —gXX — NIPOU3BOJ-
CTBO 3HTpONMH, ¢=1"/,Lg2x%> — ¢ynkuuss AMCCHIAUHH B KOODIH-
HaTHOM NpeCTaBJIEHHH,

Takum ob6pasowm, coraacho (9.9) u (9.12)

tq
f=Cexp(—(4)~1 | @0+2¢—29)dt]p,).  (9.13)
tﬂ
Astopnl pa6otel [14] ucmosb3ylor Bhipaxenue (9.13) nus
CTOXaCTHYECKOTO BBIBOJAA NpHHUKNA HanMeHblleld auccunauuu. C
3TOH Leablo BolpaxkeHue (9.13) sanucbiBaeTcss 3a Masbli HHTEp-
BaJ BpeMenu Af B BHIeE:

f=Cexp [—4k~ (204 2¢ — 20)At]. (9.14)

OtbicknBast HauGoJsee BePOATHHI NOTOK X, aBTOPHI TOJYYaiOT
u3 (9.14) BapnanHoHHOe yCJOBHE:

8 (D—0) =0, (9.15)

TJle BapbHPOBaHHE MPOU3BOJUTCS MO 3HAUEHHUIO X.

CJiefCTBHEM 3TOrO BapHALMOHHOTO YCJOBHS SIBJASIETCS AMHA-
Muueckoe ypasuenne (9.10).

Bce pesyabrathl 3TOro maparpada HeTpyAHO 0GOOIIHTL Ha
C/J1y4all MHOTHX [epeMEeHHBIX.



FJTABA 11

TeopHsi HepaBHOBeCHBIX BEKTOPHBIX MPOLECCOB

§ 10. 3HTPONHS B TEOPUH HEPABHOBECHbDBIX BEKTOPHBIX
NPOLLECCOB

B oTtanyue ot CKRaJSapHBIX TPOUECCOB, AJA BEKTOPHDBIX SIBJIGHUH
XapakKTeépHa 3aBHCHMOCTL IllapaME€TpOB HE€ TOJIbKO OT BpEMEHH,
—_

HO M OT IOJIOKEHHs B IPOCTPaHCTBE 7,

B TpagnuuOHHOM npUOJHKEHHH JHHeHHOH HepaBHOBECHOH
TEPMOJNHAMHUKH OTKJIOHEHHWE 3HTPONHHK OT CBOEr0 PaBHOBECHOTO
3HAYEHHsI pas3/araercs B psl ¢ TOYHOCTBIO JO UJEHOB BTOPOrO IIO-

panka (2.9): AS=~% Zkg,kxi X, Ota hopMyna nNpUMeHHMA K
i

CKaJsipHBLIM TpoueccaM, IJs KOTOPBIX IlapaMeTpbl COCTOSIHHUA
x;==x;(t). BosHuKaeT Bonpoc 06 aHaJiore T2KOTO BHIpAXKEHHUSI 151
AS B TE€OPHHM HEePABHOBECHBIX BEKTOPHBIX NPOUECCOB, 51 KOTOPHIX

—
1lapamMeTpbl COCTOTHUS Pi=p; ({, r)~

TIpuMeHHTENbHO K NPOLECCY TENIONPOBOAHOCTH B H3OTPOIHOM
TBEPIOM TeJie BelHYHHAa AS C TOYHOCTBIO IO UJIEHOB BTOPOrO I1O-
pAliKa COOTBETCTBYIOIIMX NapaMerpoB Oblia moJayuyeHa ne I'poo-
ToM '[1, cTp. 62]. IIpuBeneM BEIBOI 3TOTO BHIpAXKEHHA AJs CayYast
TEIJIONPOBOJHOCTH B OJXHOMEDHOM CTEep:KHE KOHEYHOH MJJHHBL
IIpu srom pacmmpenuem npene6peraem.

HonycTuMm, 4To B COCTOSIHHM TEPMOJMHAMUUECKOTO PpaBHOBE-
cust reMmneparypa crepxua To(X, y, 2). Pa3nenum ctepKeHb Ha
HECKOJIbKO yacTeH, HMEIOIHMX AuHb /i H Temnepatypul T1=To+
~+AT;. Usmenenne suTponun AS 3anuceBaeTcs B BHJE:

T
AS= 31, cT-1aT. (10.1)
J To

3:Ler ¢ — yjeJbHass TENJOEMKOCTb €JHHHUbI AJUHLIL. Paasnaras
4. U. ®. Baxapepa 49



T-!' B pan Teitnopa B oxpectHoctH Ty U OrPaHHYHBASCH TI€PBHIMH
JABYMSs U/JeHaMH, I10Jyyaem

T; T;
AS=cT, 1Y j dT—cTy2 3 zjj(r_ro)dr. (10.2)
T, 7T,

Jas aanabaTHUeCKH H30JHPOBAHHOH ¥ 3aKPLITOH CHCTEMBI
nepBoe csaaraeMoe B npaBoH uacTu pasenctsa (10.2) ucuesaer B
cusy coxpanenus BuytpenHed sueprau U cucremb cX[jTi—cTol=
=U—Uy=0.

Takum o6pasowm, Beipaxkenne (10.2) nmpuHuMaer BHUA HCKOMOH
KBajpaTHYHOH GOPMHEL

AS=— '2%,% ZJ [(ATy)?, ATy=T;—T, (10.3)
HJIH, UTO TO XKe caMoe,
1

O6o6mwennem (10.3) na TpexmepHufi cayuait ssasercs 1, c. 63]:

AS ~— %2 ; VAT, (10.5)

rae V;— snemMeHT o6bema.

AnaJjiornuHoe BbIpaxKeHHe JaHO B HHTerpajbHOll ¢opme B pa-
6ore [9, c. 3]. Popmyanl (10.3)—(10.5) HeyROOHBI 4151 IPAKTHYE-
cKoro npuMeHenns. Kpome storo, Takoe pacCMOTpPEHHE He YUHTHI-
BaeT B3aHMOJeHCTBHE MeXK/Jy OTIeJbHBIMH SYeHKaMH — 3JIeMeH-
TaMHU JIJUHBI [j, MEXIY TeM KaK H3MeHeHHe TeMIIepaTypsl B OLHOH
13 HUX, HapuUMep, B IIepPBOH, BJedeT 3a COO0H U3MEHeHue TeMIle-
paTypbl BO BTOPOH, H3MeHEeHHe COCTOSHUS BTOPOH sYeHKu NpuBO-
IuT K uameHeHuio Tp ¥ T. 4. He nckioueHa BO3MOXKHOCTb, UTO Ta
crereHb uaeasudalnyn GuanuecKoil KapTHHBL TIpoliecca, Mpu KOoTo-
po#l 3HaueHue TeMmneparyphl T; aneMeHTa o6beMa Vj He oKasnBaeTt
BJAHSHUS HA TEMIIepaTypy B COCEAHHX 3JeMeHTax oObeMa, HeceT
B cefe HEMOMHYIO HHPOPMaLHIO 06 SHTPONUU CHCTEMBL.

B cBsi3W ¢ 3TUM BO3HHMKaeT 3ajlauya MOCTPOEHHS TaKoH (GopMbl.
SHTPONHH, KOTOpas YYHTHIBAET B3aUMOJEHCTBHE MEXKAY 3JeMeH-
tTamn o6beMa [68].

Ilpu nocrpoenun dopmyasl gas AS cpeactBaMH MaKpOCKONH-
YeCcKOH TeOpHH CYLIeCTBEHHBIMU OKA3bIBAIOTCA MeXaHNueckne aHa-
JIOTMH HepaBHOBECHOH TepMOAMHAMUKH, paccMoTpeHHble B § 6.

PacuennBas otkaoHenue suTponuu (2.9) Kax aHaJoOr NOTeH-



puasa ynpyrux CHJ, MOXKHO BOCIOJIb30BATbCs amnapaToM, paspa-
GoTaHHbLIM, HanpuMep, Jlnuem [69] nnas pacnpocTpaHeHHS MeTO-
noB JlarpaH:xa Ha HenpepblBHBIE cpelbl. TO TeM GoJiee 11enecool-
pasHo, UTO 3HTPONHS CcBsidaHa ¢ pyHkuuen Jlarpamxka L cooTHo-
menueM: L=—AS.

BoiBox BeIpaxeHuss aas AS npoBefeM Ha TOM Ke IpHMepe
TEMJONPOBOAHOCTH B OJHOPOJHOM OJHOMEpPHOM cTepxkHe. Bynem
paccMaTpHBATb CTEPKEHb KaK MpeJesbHbll cJydall Lenn B3aHMO-
JeACTBYIOUINX MaTepHaJbHBIX ToueK. [IycTh BCce YacTHUB HMEIOT
OLHY M Ty ¥e Maccy m, paclioJIOKeHBl Ha paccrossHuu [ ofHa OT
Ipyrof, U CBSI3aHBI MeXIy COOOH «CHJaMH YNPYrOCTH» C OJHHA-
KOBBIM «Ko3(hduuuentom ynpyroctu» g. Tlogo6Ho mnoTeHUHa y
yrnpyrux cua [69, c. 118] noaHyio sHTponuio cTepxKHs AS MOXHO
npeACTaBUTb B BHIE

AS=— 5 3 g1 —Ti) (10.6)

®opmyna (10.6) npunuunuanbao ornuyaercs ot (10.5): Be-
auunHa Typ—7T,=AT ++—ATy, rne AT,=T, —T, xapaxrepu-
3yeT PasHOCTb TEMIEPATyp COCENAHHX 3JEMEHTOB CTepXKHS, TeM
caMbIM YYHUTBIBAETCS B3aUMOJEHCTBHE MEXAY OTAeJbHBIMH siuefi-
KaMH.

Ot 3Toil CHCTEMBI OTHE/bHBIX sUeeK MOXKHO TepeATH K Hempe-
DBIBHOH CHCTEME TOUYEK I1yTE€M COOTBETCTBUS:

Ti:1—=Ti ar
l>dx, lz( Y- [ ( )dx, ;11—_»3}-, gl-q. (10.7)

3nech BBeleH aHaJsor «Monyast IOurax» g [69, c. 118].
IIponenas B coorBercTBuu ¢ (10.7) Bce HeoGXoAHMMBIe Mpeol-
pasoBanus, noayuyaem smecro (10.6):

AS— — 1 ‘-l—T—)zdx. 10.8
S 2 j‘ 7 (dx ( )
13 coobpaxennil pa3MepHOCTH CJIEIYET, UTO
Ly? v v
g=75=r¢" i PUE € = pCy- (10.9y

rie lo2=f — MHOXHTeIb Pa3MEPHOCTH IJIOUIAJH, Cy — TemIoeM-
KOCTh ¢MHHLBI Macchl. IlosHoe OTK/AOHeHHe SHTpOomHH AS=
= [ psdx ¢ ucnosbsoanuem (10.8), (10.9) npuHuMaeT BHA:

AS— — L f 0" ("—T-)2dx. (10.10)
2 dx

OGoGiuennem (10.10) na TpexMepHBI cayuail siBiseTCs
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AS— — % j’ og"(grad T)2dV, (10.11)

f1pH 3TOM gV OCTaeTCs NPEXKHHM.
O6o6mas (10.11) Ha cayyali HECKOJbKHX HEPABHOBECHBIX BEK-
TOPHBIX NTPOLECCOB, NOJyYaeM

AS—— 3 { 3 egwgrad pi)grad podV, (1019

rie P — Habop napaMeTpoB CHCTEMHI.

Crnenyer o6paTuTh BHUMaHHE Ha TO 0GCTOSTENLCTBO, 4TO $Hop-
Myaa (10.12) nns suTponuy, Tak xe xax u (2.9) u (10.4), nonay-
YyeHa AN anuabaTHueCKH H30JHPOBAHHOH H 3aKPHITOH CHCTEMBI;
YJIeHBI IePBOro MOpsiiKa B pas3joxkeHHd AS Bo Bcex aTux dopmy-
Jlax HCYe3al0T HMEHHO 3a CYeT COXPAaHEHHS BHYTDEHHeH 3Hepriu
(axnaGaTHueckasi H30JALHUSA B 3aJaue O TEILTOIPOBOJHOCTH) HJH
3a CYyeT COXPaHEHHUs MaccChl Bcero ob6beMa (3aKpheiTas CHCTEMa B
3anave o nuppy3nu MHOTOKOMIIOHEHTHOH CHCTEMHI).

B naabuelimieM GyfeM TakKe HCIOJb30BaTh CJAEAYIOHLYIO, 3K-
BuBajeHTHYI0 (10.12) 3anuce:

as=— 7 [g%: GiwhaV;

— q)-i
=1 . , (10.13)
$n

rae g¥ — TeH30p BTOPOTO PaHra.

§ 11. BOSHHKHOBEHHE 3HTPONHH

BbluncaiUM NPOH3BOAHYIO OT SHTPOTHH IO BPEMEHH, T. €. Be-

JHYHHY
"“S S By = 5 dV.

Ouddepennupys (10.13), NoJIy4aeM:

dAS

—— —— o Ve ud ] =aﬂ‘
== [ Zewyhvhav, b= a.1)

STO BHpa}KEH-‘ﬂe C ylleTOM paBeH-c'rBa
V(T i §y) = Tt Vdy+ Adi -y
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u TeopeMsl I'aycca npeoGpa3yercs K BHAY:

Sch.—.—.;?crdP-} fcvdV=Pr+Pv, (“2)
rae
v )
Pe=§ ardl — —§p3 g (w.;‘%‘-‘)ndr, (11.3)
P,=fodV={p 3 gu V¥ av. (11.49)

B axnaGatHuyecKy H30JHPOBAHHBIX H 3aKPHITHX CHCTEMaX NOBEpX-
HOCTHOE BO3HHKHOBEHME 3HTPONHH paBHO Hymo (Pr =0), Tak uto
sesquyuHa Py, onpenensemas pasencrsoM (11.4), cosmagmaer c
IIPOU3BOACTBOM SHTPOIIHH, T. €.

a8 _ 5‘ odV—=P=P,. (11.5)
dt

[Tpn srom Beipaxennu (11.1) Takxke coBmagaer ¢ NPOU3BOJLCTBOM
suTponud d,S/dt, xors1 B 061IEM Clyyae 3TO He TaK.

Ecau ycnoBust H30MUHH HapyLIeHEI, TO CleAyeT HMETb B BHAY
BO3MOXHOCTb pasjesneHnss P Ha o0BeMHYI0 H NOBEPXHOCTHYIO
YaCTH. ,

Hrax, necMoTps Ha TO, yTO paBeHcTBO (11.5) BHIMOJMHAETCA He
BO BCEX CJIyuasix, npeiacraBienue dS/df B Bume ABYX <CJaraeMuix
He ABadeTca GOpMadbHBIM: ONHO M3 HHX XapaKTepu3yeT B3auMO-
NEACTBHE € OKpYyXKalolied cpejloli yepe3 NMOBEPXHOCTb, Apyroe —
onpefenseT MHTEHCHMBHOCTb HeoOpaTHMOro mpouecca B oGbeme
[68]. :

PaccmoTpuM BHOBL 3aJjauy O TeIJIONPOBOAHOCTH B H30TPON-
HOM TBepAoM Tese. B § 10 6uino moxasaHo, 4To BEIpaXKeHHEe AJIS
SHTPONHHU B 3TOM caydae uMmeet Bux (10.11).

Huddepenuupys (10.11) no BpemenH, nojgysaem

2 j'adV.——..-j'pg"VTa-;!t—r-dV.‘ (11.6)

Hpumenssn x (11.6) npeo6pasoBannus, aHaJOTHYHbIE HCHIOAb30BAH~
HbIM npu BuiBofe Buipaxenus (11,2), npeacrasum (11.6) B Bune:

das v ( oT or

2= — VvT—}ar YpAT —dV, 11.

= &R \VT ) AT+ I (11.7)
TosepxnocTHOe BO3HHKHOBEHHE SHTPONHH 0OPAlIAETCS B HYJb HE
TOIbKO B ycsioBHAX annaGaTHIECKON H3OMALMH, HO H IPH TIOCTOSIH-
CTBe BHeIUHHX (rpaHUYHBIX) yCJOBHA. B CBA3H ¢ 3THM paccMoT-
PHM craumonapHoe cocrosinHe. B CTaUMOH2pPHOM COCTOSHHH B
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COOTBETCTBHH C ¢H3H"-IGCKHMPI TpeGOBaHUSIMHY BBHINOJHSIIOTCS ycJao-
BHA

T=Txu(x,y, 2) Ha T 0T /ot=0.

Tlpu atom o6a wuHTerpana B mpaBoil uacTH pasenctsa (11.7)
obpanaTcs B Hyb, TaK ut0 (dS/dt) cran, =0.
HesaBucUMO OT rpaHHuYHbIX yC/lOBHEH, H3 BbipaxKeHus ais Py,
KoTopoe, corsacHo (11.5), (11.7) umeer Buz
P,—fadV—[pg* AT av, (11.8)
MOXKHO MOJYYUTb ypaBHEeHHe TemaonpoBoiHocTH (cM. § 12). He-
KJIIOUeHHe NpeAcTaBJsier ciyyal, KOrja BO3MOXKHO JIyUeHclyckKa-
HHe B OKpYyXKalomyio cpeny. [IpH 3TOM NOBepPXHOCTHEIf WHTerpai
B (11.7) cBsisaH ¢ HHTEHCHBHOCTBIO JIYUEHCNYCKAHMA. YuuThIBaSA
5TO, MOXKHO NOJY4YHTb 060061eHHOe YpaBHEHHE TeIJIONPOBOJHOCTH.
[Tonnoe nsmenenne surponuu (11.7) MOXKHO BHIpa3urb uepes
USMeHeHHe BHYTPeHHeH 3Hepruu caenymoumuM obpasoM. Bocnoib-

3yeMCsl JIOKaJbHbIM 32KOHOM COXDaHEHHSI BHYTPEHHEH 5Hepruu
[3, c. 52]

ot — —div, (11.9)
rjge
- 1
Jog=Lgqgrad =, (11.10)
oud oT du
=05 = (“5:‘); (11.11)

—_
3necb Jq— TemIOBOH NMOTOK, Lgq — $EHOMEHOJOTHUECKHH KO3D-
duuneHr.
Ecaun noncrasute (11.10) u (11.11) 8 (11.9) u yyects, ytO

grad —;.-z——r%zgrad T, (11.12)

rae To — paBHOBeCHast TeMIlepaTypa, TO JIETKO MOJYYHTh ypaBHe-
HHe TENJIONPOBOJHOCTH ¢ KOIPPHULHEHTOM A, He 3aBHCAIEKM OT T:

pc,dT)0t=MAT, =L, T2 (11.13)

Henonsays (11.10)—(11.13) u sBHoe Bbipaxenue (10.9) nas
MHOXHTeNs gv, npeobpasyem (11.7) K Bupy
as _ ou 4/ Ou\2
2= grlLy (Jq gt—)ndl‘-{- § p’loquql(—é—t-) dv.  (11.14)
Orciona crepyer, uto B aXHa6aTHUECKH H30JHPOBAHHBIX CHCTEMAX
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P,,:wl.zL-l("“)dV [l e, (5:_)2511/, (11.15)

§ 12. TEPMOJAHHAMHYECKHE CHJIBI H NOTOKHU
B TEOPHH HEOBPATHMBIX BEKTOPHBIX NPOILECCOB

OO6blyHO B TeOpHH HeOOPAaTHMBIX BEKTOPHBIX [POLECCOB IPU
PacCMOTPEHHH TEIJIONPOBOAHOCTH B KayeCTBE NOTOKA BBOAAT Tell-
—_

JI0BOH TOTOK Jg, YAOBIETBOPSIOINA 3aKOHY COXpAaHEHUS SHEPTHH
(11.9). IIpu s3ToM JOKaJbHOE NMPOU3BOACTBO YHTPONUH BhIpaXKaer-
cs dopmyaod [3, ¢. 52]:

o=TJgrad . (12-1)

Jlunennoe ¢deHomeHosorndeckoe ypapHenne (11.10) moxer GbITh
3anucaHo B BHAE

-— —> .
Jo= L3 Xy, (12.2)
riae
Xy=grad —%.—z 713 grad T (12.3)
— TepMOJHHAMHYECKasi CHJa.
INoToxu # cuibl MOryT GbITh BLIGpaHKl HHaYe [70—73].

Paccmorpum Bhipaxkenue (11.1) pis NpOM3BOACTBA 3HTPONHH
8 oflieM ciyyae, KOIJla COCTOSIHHE CHCTEMBl XapaKTepH3yercst
->

8EKTOPOM P C KOMIIOHEHTaMHU P, $2,...YPn. B coOTBETLTBUM C
(11.1) noxanpHOE MPOU3BOLCTBO SHTPONHH HMEET BUJ

o=—pg" 1 (VI)V §). (12.4)
Tepmonnnamuueckue cuabl XV OnpelesiuM Tax:
X'=—pg" 7 §. (12.5)
B§ 14 Oyner NaHO CTATHCTHUECKOe OGOCHOBaHHE TAKOMY BHI-
Hopy Xv.
Beipaxenne (12.4) moxeT GBIThb 3anucaHo B 0GBIYHOH ¢opme
o—J X7, (12.6

>
€CJIN B Ka4Y€CTBE IIOTOKOB Jv paCCManHBaTb

F—= 9. (12.7)

55



JlonycTnM, 4TO 3TH MOTOKH SIBASIOTCS JNHEAHBIMI QYHKIASIMH
CHJ

~ T L%, (12.8)
rae LV=[LViq]p® — Marpuua NOCTOSHHBIX KO3Q(PHIHEHTOB.

Ecnn Bocnoab3osaThes TeIEPb O61HUM 3aKOHOM 'COXpaHEeHNsA
BHAa

o e —div, (12.9)

TO HETPYAHO MOJYYHTb YpaBHeHHe IapaGoIuyeckoro Tuma Ajs
-

Bexktopa . JleficrBurenvro, noacranasit (12.8) nox smax div B
(129) u ucnoabays (12.5), nonyuaem:

i“b—* V(DV$), D=o-'L'g". (12.10)

BuipaxeHnue (12.10) anst D MOXHO MCNONB30BaTh AJs ONpenesie-
HUSA TeH3opa LV:

—

N L'=uaD(g"p)~1, (12.11)y
rie o — AHaroHaJbHBIA TEH30p BTOPOrO paHra C KOMIOHEHTaMH
axv=0ax (k==1,2,...n).

[TpoBenem cpaBHeHHe 060OHX CHOCOOOB BHIGOPA TMOTOKOB U CUJI
Ha HpHMepe TeNJONPOBOJHOCTH B OJHOKOMIIOHEHTHOH H30TPONHOHN
cuCTEMe, XapaKTepuayloleics efHHCTBEHHBIM napamerpom p=T.

ITpu =T Beanunna XV B coorBetcTBHA ¢ (12.5) H ¢ yueTom
siBHOTO BhipaxeHnus (10.9) nas g¥ mpuUHHMaeT BUL:

X =t grad T,

TO €CThb OTJHUYAETCH JIMIIb IIOCTOSTHHBIM MHOXHTejeM oT (12.3):
XV= pe.l?X,. (12.12)
[TIpupaBuuBas Beipaxenus (12.1), (12.6) nna npousBoAcTBa

SHTPOIHH, 3aNMCAHHbIE € YYEeTOM JIMHEHHBbIX cooTHoweHu#d (12.2),
(12.8).

0= Lo X Xq=Lo" X" X,
noJaydaem

v qu
qq ——:—‘mz' (12~13)

3xece LVqq— €IMHCTBEHHbBIA 3J€MEHT, B KOTOPHIH BBIPOK/AaeTCH
marpuua LY npu =T,
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Ecnn npupaBuste xo3duunentsl napaboauuecKux ypaBHeHuir
(12.10) n (11.13) u ucnonwsosatbh (10.9) u (12.13), ToO Jerko
MOJY4YHTb SIBHBIH BHJ Hapamerpa o ypasHenus (12.9) npn
Yr=T u Jy=J", a uMeHHO

1
a=75 (12.14)

Ananornuno B Gosiee ofuieM cayuae, HanpHMep, NIPH yUeTe Tei-
JIONPOBORHOCTH, AHPDY3HH H TepeKpecTHhX 3((eKTOB, MOXKHO
YCTaHOBHTb NPOCTYIO CBSI3b MEXJY BeJHYHHAMH LVyq H dheHoMeHo-
JIOTHYECKHMH KO3 duuueHTaMu Lyg B Kaaccuyeckoil Teopuu Heol-
paTHMBIX BEKTOPHBHIX npoueccos [3, ¢. 39]. Tlpu sToM MOXHO yT-
BEPKIaTh, YTO

quvzl‘qu’ (k» q: Ia 2’ oo Il), (12'15)

NOCKOABKY ANst  Lyxg BHIMOJHEHBI COOTHOLIEHUS B3aHMHOCTH
[3, c. 78].

[lokasaTenbCTBO COOTHOWIEHHH B3aUMHOCTH JJIS BEKTODHBIX
IpoUeccoB NPOBOAUJIOCH B Llea1oM paae pabor [3, 72, 74—80].

Kax Bnepsele ormerusn Kasumup, npemsnoxennoe Oucarepom
J0Ka3aTesIbCTBO CNIPAaBeANHBO JIHIUIb [Jsi CKaJsSPHBIX IPOLECCOB
[72]. Hdenao B TOM, 4TO npu BbIBOJAEe COOTHOUIEHHH B3AUMHOCTH
Osncarepa Tpe6oBasoch, YTOGH NOTOKH OBIIM POM3BOLHBIMA MO
BPEMEHH OT JlepeMeHHbIX cocTosnns. OQHAKO 3TO YCJOBUE HE BHI-
TIOJIHSAETCA HH B CJyyae BEKTOPHBLIX OTOKOB (IIOTOK TemJa, MOTOK
Macchl B npoueccax guddysun), HH B cayyae TEH3ODHBIX NOTOKOB:
(BA3KHH TEH30p JaBJIeHHH), KOTOpble OOBIYHO BLIGHPAIOTCH B He-
paBHOBECHOH TepMOAHHaMHKe. B janbHeHduweM 3Ta TPYRAHOCTb Gbl-
Jla yCTpaHeHa NyTeM BBEAEHHUS 3aKOHOB coxpaHeHus tuna (11.9),
(12.9), yCTaHABJHBAIOUHX CBA3b MEXKY (hbeHOMEeHOJOTHIeCKUM I

noTokamu J; ¥ NMPOH3BOAHBIMH 110 BPEMEHH  OT IEPEMEHHBIX i
Beenenne BcnomoraTtesibHbIX JUHeHHbBIX ypaBHeHuil [72; 8, c. 178].

Y(r)={ k(r, r')p(r)dr (12.16)
7270 BO3MOXKHOCTb MPUMEHHTD MEPBOHAUATBHYIO TEOPHIO Oncare-

pa 1 L0Kasartb, YTO k(r r')r—~vk(r r) Jlas pa3auyHBIX KOHKper-
HbIX CJyuaeB MOKeT OblTb yCTaHOBJEHA CBSI3b MeXAY (PUKTUBHLI-

—

MH Kodpduunedtramu k(r, r') u ucTHHHBIMYU (HEHOMEHOJOTHYECKH-

MU KosdpduuueHTaMu Lig, U TeM GaMbIM IOKa3aHo, 4T0 Lyxq==Lqx.

[loxaxem, yto BeipaxkeHue (11:1) mns mpoussoacTBa 3IHTPO-
—> —>

UM JonyckKaeT Takoi Buibop notoxos J u cui Y, KOTOPHIH 103BO-
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-
JIIeT, KaK ¥ B CKAJSPHBIX Hpoieccax, BoIpasutb J B BHJE NPOHU3-
->

BOIHBIX TIO BPEMEHH OT TIApaMETPOB V), XapPaKTePH3YIOINX HeoO-
paTUMBIH BEKTODHBIH npouecc. JT0, B CBOK OYEPeAb, NO3BOJSET
IIPOBECTH JI0KA3aTeJbCTBO COOTHOILIEHHH B3aUMHOCTH, He npube-
ras K hopmanbol npoueaype (12.16) [73].

Paccmorpum agnabGatuyecky H30JHPOBAHHYIO 3aKDHITYIO CHC-
temy. Corsacio (11.1), (114), (11.5) monHoe npoussoacTso Py
# IJIOTHOCTb O BO3HHKHOBEHUS SHTPONHHM MOTYT ObiThb 3amucaHbl
TaK:

- >

P,=[odV={pg’:A%-9dV, (12.17)
o—pg 1 AG. (12.18)
- ->
IToroxu J BeIGepeM B BHE NPOH3BOJHBIX MO BPEMEHH OT v
T= 0ot (12.19)

Torza, yuntsiBasi, yTo cr=77, n3 (12.18) nonyyaem TepMORHHA-
MHYECKHE CHIIbI

- >

Ve —pgVAY, (12.20)

r1e A — oneparop Jlannaca.
HonycTuM, 4TO 3TH NOTOKH M CIJIbl CBSI3aHBI JIHHEHHOH 3aBH-
CHMOCTBIO

NGNS

T=1Y, (12.21)

meT= [liq]n® — MaTpHLa KO3 PULHEHTOB CBA3H.
[oncrapass (12.19), (12.20) B nunefinsle ypasuennsa (12.21),
cpasy nosyyaeM napabosanyeckoe ypaBHeHUe

6—41) > > :
Sr=Dhj, D= 1g"%. (12.22)

Ecau B ypasnenusx (12.10) (mpu D=const) u (12.22) BEKTOp_li.)“
BBIGPAH OJAMHAKOBO, TO, NpupaBHuBas Kosouuuents D, HaXO-
JHUM

Y (12.23)

HanpuMep, B Caydae TemIonposojHocti, xoraa p=7, u3 (12.23),
(12.13), (12.14) caenyer, uto

L
loa = ppa (12.24)

AHaJIOI‘I/I‘{HO, B GoJsiee o61IeM cayuae MOXKHO nokXasaTb, UTO BEJH-
YUHbI l;(q H Ll{q OTJHYAIOTCA TOABKO NNOCTOAHHBIMH MHOXHUTEJAAMH,
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1103TOMY Leq=Iqr. JI0Ka3aTeJbCTBO COOTHOIIEGHHE B3aHMHOCTH
Ixq=lqx (k, g=1, 2, ..n) MOXHO NpOBECTH TaK e, KAK U B CJI-
Yae CKa/IAPHBIX IIPOLECCOB, He npuderas K cBSI3H [xg ¥ Lyg, 11O-
CKOJIbKY IOTOKH B ypaBHeHHsAX (12.21) aB/10TCS npOU3BOANbBIMII
TI0 BpEMEHH OT IepeMeHHBIX COCTOSHIIS.

§ 13. PYHKUHA JUCCHNTALUH

Ha npaxTHuecKHX NpPHMEeHEHHH, a Takke /g AaJbHellero
pacrnpocTpanenus GpopMann3Ma HEpPaBHOBECHOH TePMOMHHAMHKI
Ha BEKTOPHBIE IpOLECCH YAOOHO BBECTH B (paccMOTpeHHe (yHK-
LHIO THCCHNAUMH HEPaBHOBECHOTO BeKTOpOro mpoiecca [70, 71].
Taxywo ¢ynxuuio @ HETPYAHO NOCTPOUTH AHAJOTHYHO CJAYUAIO
CKansgpHuX mpoueccoB (6.12), ecnu BOCHONB30BATLCS TAaKHMHU
ONpe/le/IEHHAMH TIOTOKOB H CHJI, B KOTOPBIX MOTOKH BbIPaXKamoTcst
B BHJI€ MPOU3BOAHBIX 110 BpPEMEHH OT CaMUX TEPMOJHHAMHUUECKHX
napamerpoB (12.19), a umenno

O—([RAV —+ f > 17! 1 2% Ot

RaradV. ()

rae [lkq]~* — Marpuua, oGpartnas Marpuie [liq], cBA3BIBAKOLIES
noToxku Jy=0¢/0t u cuant (12.21), R — nIOTHOCTb AHCCHIATUB-
HOU (pyHKIMH.

Yro6bl BeIpasuTb (QYHKLMIO AHCCHNALHK Yepe3 APYrHe NoTo-
KH, HampuMep, uepes JV, onpenensemeie popmyioi (12.7), ymuo-
JKHM H pasfesuM IOJABIHTErpaJbpaoe Beipaxenue (13.1) nox sHa-
KOM CYMMBbl HA OIHY H Ty XKe BeJuuuny LVyxqakaq. Menoabsys npu
stom (12.23), noayuaem Bmecrto (13.1) caepyioliee Bbipaxkenie:

O—[RAV —— jz L) sy, (13.2)

B paGorax [70, 71] Gblna npennoxeHa caelyoas KOHCTPYK-
unsg QYHKUHH AHCCHIAUNH, YYHTHIBAIOWIAS 3aKOHB COXPaHEH!d
tuna (12.9):

oYk 04
D — dev_szkaq 1g 57 = dV. (13.3)

3necb [Lxq] —Martpuua QenoMeHonornueckux Ko3pdHIHEHTOB,
CBSI3bIBAIOLIAsA NOTOKH Jx M CHJIbI, BEIGHPaeMble B OOLIYHOH Teopuu
BEKTOPHRHIX npoleccoB [3, ¢. 39], f — MHOXuTeab pasMepHOCTH
niomann. Ha mpumepe TemionpoBoaHoCTH, Koria HepaBHOBeC-
HbIH NPOLLECC XapaKTepPU3yeTcs eIHHCTBEHHBIM napaMerpom =17,
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HeprlLHO noxasathb, ucnoassys (12.13), (12.14), (12.24) u nona-
ras f==1s% uto Bce onpeneaenus (13.1)—(13.3) sKBUBANEHTHBI U
MPUBOJSAT K CHEIYIOIIEMY BbipaXKeHH:0 A8 QYHKUHMH JUCCUNIALUN

®—JRdV—L S IRz e (f)_f)zdv. (13.4)

Hcnonbsys mapaGonnueckoe ypashenue Buaa (12.22) u Bbl-
paxenue (114) ang o6bemMHOro mnpousBogcTsa SHTponHU Pu,
MOHO N0Ka3aTh, 4TO B 00UieM cnyuae BenuunHbl @ u Py cBf3a-
HBl IPOCTHIM COOTHOLIEHHEM [70]'

o= B L feav. (13.5)

B crnpaBeaaHBOCTH 3TOr0 HETPYIHO YOEXHTBCS Ha npuMepe Tern-
JIONPOBOAHOCTH, cpaBHuBas (13.4) u (11.15).
Ec/in BBECTH MIOTHOCTH nnccnnamsﬂmx CHA

Q= (13.6)

Mk
TO 00 bEMHOE ITPOHU3BOACTBO SHTPONNHM OKa3bIBaCTCsl paBHBIM MO~
HOCTH AHCCHIIATUBHLIX CHJI

=% QubiaV.

Ananornusoe Boipaxenue (6.7) cnpaseqinBo IS CKaAsSPHBIX MPO-
11€CCOB.
Jns BuisicheHust Gpuanyeckoro Mpicna Qx BepHEMCS K TIpHMeEpY
o tensonpoBoprocT. M3 (134) caeayer, 4TO NJIOTHOCTb AMCCH-
nmatuBHOH QynkuuM R sABAserca OuIHHEHHOM (YHKUHEH oOT
0T/0t, Tax uto or s
2f ~1p 2,2 27194
Qq—ﬁ——lol, Vo= L% qu1¥'
Taxknm o6pa3oM, AUCCHIIATHBHAS CHJA NMPONOPLHOHAJbHA JIOKAJb~
HOMY H3MEHEHIIO BHYTpDeHHeH sHepruu. Tak Kak 3Heprus agua-
GaTHYeCKH H30JHPOBAHHOH CHCTEMBI C HEH3MEHHBIM 00BEMOM €CTh.
BEJHYHHA NTOCTOSHHASA, TO

§QdV=0.

Beeaenne ¢oynkunn paccesnus @ no3ponaser ONUcaTbh KHHETH-
Ky HEpaBHOBECHBIX BEKTOPHBIX NPOLECCOB YpaBHeHUsIMH Jinepa-
JlarpaHxa ¢ yueToM AuccHnaTuBHbIX cun [70, 71]:

3
d oL o oL
_ oL , a4 o oL _ 7
oq»ﬁdt ol +Eaxpa+kp o (3.7
p=
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3aecb L — miotHocth (ynxuun Jlarpamxa, x, — 1eKapTosbl Ko-
OPAUHATHY, Prp=O0Px/0%p.

Ecan HCXOAUTh U3 aHANOTHMH C MEXaHUKOH NHCCHNMATHBHBIX
CHCTEM, TO IJIOTHOCTb GYHKuMH Jlarpanxa Jasd HenpepbiBHBIX
Cpel CaejyeT NpeaCcTaBHTh TOH- YaCTblO, KOTOpas BHICTYNAeT B

pONM mOTeHIManda, a uMeHHo L= —pAs. Tak xe Kak B ciayyae
CKaJlApHbIX NPOLECCOB OTCYTCTBHE aHAJ0ra KHUHETHYeCKOH 3Hep-
THH B HeDAaBHOBECHBIX BEKTOPHBIX NpOLECCaX CBA3aHO € HX NOJ-
HOM 6e3bIHEPUHOHHOCTBIO, HIH B TEPMOAHHAMHUYECKOH TepMHHOJO-
THH, ¢ UX HeOOPaTUMOCTDIO.

K ofcyxaeHnIo 3THX BONPOCOB Mbl BepieMcs B raase 111, rie
OyzxeT AaH BBIBOJ ypaBHeHus (13.7) Ha oCHOBE BapHaIIOHHOTO
fIDHHIHNA JJS BeKTOPHBIX NPOLECCOB.

§ 14. CTATHCTHYECKAS TEOPHSI HEPABHOBECHBIX
BEKTOPHBIX MTPOLLECCOB

HM3gectHo, Kakyo GoabLIYIO pOJib Chirpaja Teopua aykrya-
UHA H, B YAaCTHOCTH, TEOPHS TayCCOBBIX CJAyUYaHHbIX NMPOLECToB
IIPH CTaTHCTHUYECKOM O0OOCHOBAHUM HEpaBHOBECHOH TEPMOAHHAMH-
«n. Teopus ciyyafiHbiX NpOLECCOB, KAK U3BECTHO, IPUMEHHMA K
$yHxuuaM suna P(f), T. e. K ONUCAHHIO CHCTEM, NTapaMeTphbl Ko-
TOPBIX 3aBUCAT TOJBLKO OT BPEMEHH.

Ja CTaTHCTHYECKOTO ONHCAHUS HEPaBHOBECHHIX BEKTODHBIX
TIPOLECCOB, KOTAa MapaMeTpbl COCTOAHHSA 3aBUCAT HE TOJABKO OT
BpeMeHH, HO M OT IPOCTPAHCTBA, NpeJcTaB/feTCA Uejecoobpas-

—

HBIM HCIIO/IB30BaTh CaydadHble QYHKUUU §(r, ) yeTblpex mnepe-
MeRHBIX [71, 81—87].

Teopuio cnyuaitablx GyHxuud 6osiee ueM OJHOH MepeMeHHON
Ha3LIBAIOT TEOpHEH caydaiHbiX nojed. OCHOBLL 3TOH TeOpHH OBl
sanoxensl KoamoroposeiM, O6yxosbiM, Sriomom [84-—87]. B
JasbHeflIeM OHA Haluja LIMPOKOe NPHMEHeHHe B LesoM psiae o6-
Jiactel PH3MKH, HanpuMep, B TeOPHH TYPOY/IEHTHOCTH, B CTATH-
cTHueckol papunodusuxe [64].

[lokaxeM, YTO C NOMOILBIO TEOPHH CAYHAHHBIX TOJMElH MOKIHO
aTtbh CTaTHCTHYeCKoe 06ocHOBaHHe BbipaxeHuda (10.14) anas sut-
ponuy, Bpipaxenus (12.5) pas TepMOAMHAMHYECKOH CHJbL BeK-
TOPHOTO TIpoliecca, a Takke AJs o0lero 3aKOHA COXpaHeHHS
(12.9), [71, 83].

Paccmotpum apnaGaTHyeckn H30MHPOBAHHYIO CHCTEMY, COC-
TOSIHHE KOTOPOH XapaKkrTepusyercst HabopoM n CKANSIPHbIX  Hesa-

BHCHMbIX MEPEMEHHBIX Yy, ...Yn HWIH BEKTOPOM Y C KOMNOHEH-
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-
TaMu Yy, ..., YPn, 3@BUCATUMH OT BpEMEHH [ 1 OT TOJIOKEHUA ro
TOYKH B ITPOCTPAHCTBE:!

> q)-i ‘ > .
q): N ’ ?i:%(rm t): (1’:112’ "‘n)' (141)
$a
Benuunnbl Vi 3aBHCAT OT MHKDPOCKONMHYECKOr0 COCTOSIHHSI CHCTeC-
Mbl H QJYKTYHPYIOT He TOJNBKO BO BpEMEHH, HO M B IIPOCTPAHCT3E.

Taxum o6pasom, (14.1) npencraBaser coGoi n-MepHoe cKaasp-
HOe CaydanHoe moJe.

-

[TpocTpancTeennoe M3MeHeHHe Y B QHUKCHPOBAHHBIH MOMEHT
BpeMeHH £, XapaKTepuayercs BeJMUYMHON NpHpalleHus caydaiHo-
ro 10Js.

-

A?@’(Z)JGZ) — Wt 7). (14.2)

—
Jlonyctam, uTo ¢ SBJISETCSH JOKAJIbHO-OXHOPONHBIM CJaydai-
HBIM TIOJIEM. DTO O3HAYAeT, UTO CpeaHee 3HaueHue pasHoctu (14.2)

<BF)> = <Ur) = ¥re+n>=m(r)  (143)

¥ Martpulla CTPYKTypHBIX GYHKUHMH, TO eCTh cpelHee OT IPOH3Be-
—

aeHus GaykTyaunii Bexropa ¢
> — e

D(r) = <A-%(r)A- w(ry> (14.4

>
34BUCAT TOJIBKO OT CMEUIeHH 7 B He 3aBUCAT OT IIOJOXKEHUA TOU-

KH B HIpOCTpaHCTBe_f)O [64, 84, 85].
3aech

mr) = (P« ma(), (14.5)
mi(;>):< :i:(;)o)—@(—")o+’-’>j> = <A?¢_,->(_’>'0)>,

a MaTpuua

R Dy ... Dy,
D(ry=\ : L =Dy (14.6)
Dm Dnn
HMEET KOMIIOHECHTHI
—> —r— —>
Di(r)y= <A7?s(ro)‘57"¥j(ro)>- (14.7)
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—_ - .
Paccmorpum coBokynHocts N TOUEK 7y, ..., rN H BBeAeM MHO-

rOTOYedHyi0 QYHKUHIO pacnpele/enus

FIATO(r), « o o AT (W)
C YCIOBHEM HOPMHPOBKH
§FATh(ry), - - . ATH(rN))X

(14.8)
N =
X I d[a7o(ry)] = 1.
v=]
——
Bemuuuna  fd[A7 ¢(r,)] onpenensieT BeposATHOCTb TOTO, UTO NPH-
—
pallleHye CAy4aiHoro NoJds B TOUKe 7 JIeKUT B HHTepBaJe

{Aﬁ (F), 8,50 +d[A§p’<?T>1}-

WurerpupoBauue B (14.8) Begercs 1o BCEM BO3MOXKHEIM 3HAYe-
HHSIM IPHpAIeHus B Kax10# u3 N Toyex,

>
Pacnpenenense BepositHocTel 1Jisi €aMuxX 3HaueHuit {(r) B
TeOpUH JIOKAJIbHO-ORHOPOAHBIX TOJIEH BOOGIE He paccMaTpUBAeT-
s ¥ Jlake MOXKEeT CUMTATBCS HeCyLeCTBYIOLIHM.

—
JlomycTuM, 4TO MaKPOCKONHYECKHE BEJHUHHBI ATY aBasIOTCSE
CyMMaMH GOJbIIOTO YHC/IA He3aBHCHMBIX CIYYaHHBIX H3MEHeHHI
MUKPOCKONUYECKAX IepeMEHHbIX, HalpuMep, yHcaa YacTHil. JTo
BO BCSIKOM CJIyuae BEpHO [/ SKCTEHCHBHBIX NapaMeTpoB*(3Hep-.
TdH, Macchl u T. A.). Torfa, ucnonb3ys UEHTPANBHYIO TIPEASAbHYIO
TEOpeMY -T€ODHH BEPOSITHOCTEH M YUUTHIBAS JIHIIb OZHOTOYCUHSIE
MOMEHTbI BTOPOrO NOPAAKA, NPHXOAHUM K CJIeNYIOlleMy BUAY rayc-
coBoll QYHKIHHN pacnpeleneHus [ Besnuun
|\

ASE)s  « - . A (ry) (83, 86, 87]:

f=chion(- L S5
v=1

(14.9)

) - > > = — > —> >
A - w89 ) —m )],
T r
—r—>
rie k — nocrosnnas BosapuMana, m:(r) — cpennee sHaUeHHe NpH-
paienu# (14.5), 3Hak: uMeeT TOT Xe CMbICA, uTo B dopmyde

(10.14). CymecrBoBaiine MaTpHIlbl D (7), obpatHoil MaTpuue
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(14.6), oGecneunBaercs JiIHEHHOH HE3aBHCHMOCTBIO NePEeMEHHBIX

Y1,... Yoo

‘OueBHAHO, UTO CYylLIIeCTBEHHOE BJINAHWE HA PA3BUTHE ueoﬁpa-
-

THMOrO Ipolecca B TOUKE 7y OKa3biBAIOT TOJbKO Ouusjexailie
ToukH. [l03TOMY npH nocTpoeHuH (PyHKUHH pacnpejielienus ydre-
Hbl TOJIBKO OJJHOTOUEYHbIE MOMEHTBI BTOPOTO IOPsiAKa, TeM Golee
YTO ANS NOKAJbHO-OJHODOJHBIX C/AYYAHHBIX IOJEH, KaK MOXHO
M0Ka3aTh, OGLIHIl BTOPOH MOMEHT NpHpalleHnH

D (xr) = <A.§4»<7»>A¢J<7v +9>

— - >
npy npepenbHoM mepexoie x—>0 crpemurcs K D(r), a auajHoe
NpOH3BEJEHNE

(8,50 — m )] (8,36, + 2 — m(r)]
npn_;—>0 CTpeMHTCH K
(4,30 —m P8, 36) — mE)].

U3 yenosus Hopmuposku (14.8) ¢ ucnoab3osanuem (14.9) Ha-
XOZHM

C @ = [@=N)"D(7) -2, (14.10)

riue ]D(r ) | — onpeneanrens MaTpuubl D(r)
Pasnoxus 3 MaTpuly CTPYKTYPHEIX ¢ynkuuit B pag Teinopa B

OKPECTHOCTH =0, OTPaHHYUMCS UIEHAMH BTOPOrO NOPSAKA Ma-
- '
JIOCTH TI0 Tt

D) =DO) + DOr + — D” Orr+ . .. (141
B cnny onpenenenus (14.4) uMmeeM

(O) 1m D (r) = 11m <A_>kp(r.,)A~>q; (ry)> =0.

r->0 r—>0
(14.12)

.
Uro Kacaercs seanunnn D’(0), To ona Takxke pasHa Hymo. [lefi-
CTBHTE/IbHO, H3 H3BECTHOIO COOTHOLIEHHS

DBiry=2[B0) - B,

rae
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- > e P
B(r) = <¢(r o (rs + 1>
MaTpHlla KOPpeJIAIHOHHBIX QYHKUHH, TIoTyuaeM
—> —_ = >
D) =1limD'(r) = —21limB'(r) =0,
?—»0 ?—»0 (14 13)
—>—> -
TaK Kak B(r) umeer skcrpemyMm npu n=0.
Tloxcranoska (14.11) B (14.10) ¢ uncnoanb3oBannem (14.12)

JaerT:

Ch~ [(QnN)" -;-1'13"(0)1??]“ N (14.14)

" Tloacrasasts (14.14) u (14.11) B (14.9), yuntbiBasg, uTO
-— —
D (0)=D’(0) =0, u nepexois B BhpaxXeHuH A5 [ K mpeieny
-
npu r—0, HaxoxuM

N —- >
tim - T[4, () ] =
-0 v= d

i [y ) ™ ¢

—0
(14.15)
1 N AHr) s
— 4 -1 r
P % E“D 0] | X
v=l r r
R I ALY
X MOV 4]
— — —
r r jv=l1 r
——> — >
Kak n3BecTHO, N5 JOKaAbHO-OJHOPOLHBIX TIOJEH M (r) =My,

—
“Ae Mo — MaTpuiia NOCTOSHHBIX YHCEJI. U3 3a4aHHOTO 'cnyqaﬁﬂoro

MOJISE BCErJa MOXKHO BBIYECTb MOCTOSIHHYIO BEJMYHHY, a BMECTO
)a3HOCTel, BXOAAUHX NOJ 3HAK cyMMH B (14.15), paccmarpusath

> > >
JuWb BennyuHe ALY (r,)/ry. YuutsiBas 3T0 M cuutas, uTO npelen
r

Kaxaoro coMHoxurteas B (14.15) cymecrByer, npuueM
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A;;?G:) - > —
lim ———— = grad : $(r)) = V9 (ry), (14.16)

>
r -0 r

HaxoauM, uro (14.15) npuuumaer Bua:

— = _ — N
Hmf{A, (), . . . A (P ILE[A, ¢ (ry)] =

r-0

s N
_[_elg" N2 1 TV e [T h(
ol [Pexp{— 5 Y e 1virax

(2=N)n ]
(14.17)
> N —
X [varal) [alv o),
v=1
riae 0003HayeHo
pg" = 2[D"(0)]-1. (14.18)

JleByio uacrb paBeHctsa (14.17) moxno npeoGpa3oBath ciie-
LyouHM 06pa3oM

>
N A—*@ (rv)
. —— R l—I I
hmf{A—>":)(r1)' L 1A—>q)(rN)}rN d| ——— | =
?—r() T r v=1 ?

= F{V¥), . . . .,v@>(r?>}v§ld[v3(’ri)],

— >
ec/In OCYLIECTBUTH IepexoJ OT IepeMeHHbIX A Y (ry) K HOBBHIM Iie-
r .

peMenuniM (14.16) nmo u3BecTHOMY B TEOpHH BepPOSITHOCTEN Ipa-
BUTY.

Taxum o6pasoM, An1s HeoOpPaTHMBIX BEKTOPHBIX INIPOLECCOB
0pIHl CIeJAHHLIX Bbille JONYUEHHAX (YHKIUA pacrnpeneseHus
HMeeT BHA:
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> —> = —>
U . e e T ()] = | BlET N
F{vu(r) 2(rN)} [(ﬁ%cN)n] P

N (14.19)

X exp{— 5= Y &% [VHENIV ).
v=1

[Tpumem s ofHOTOUEYHOH GYHKIHMN pacnpeneseHns

V1 N - —> > ——>
F17809) = [P Pexp{— - BV g%o: (Vo [V,
= (14.20)

ClIpaBeQJIMBOCTb IIOCTYJ1aTa bosabumana:
IV ()} =aexp(). (14.21)

Vicnons3ys CBOHCTBO aANMTHBHOCTM 3SHTPONHH H IIEPEXOis B

(14.19) or COBOKYNHOCTH TOYEK K MHTErpajgy 10 06beMy, 3aHH-

MaeMOMYy CHCTEMOH, ToJydyaeM IJIf [OJHOTO NpHpAlleHHss 3HTPO-

nuu cucteMbl AS= [ pAsdv naiinennoe panee Beipaxenue (10.13).
_

OnpenenuM BeKTOpHHIE TEPMOAHHAMHUECKHE CHJIBI XV ¢ MOMO-
Ublo QYHKIUH paclpeleseHus f Tak, Kak 3To Jenaaercs AJs CKa-
JASpHBIX npolieccoB [3, c. 88]:

Xv=plns (14.22)
ovY
Huddepennupys (14.20), nonyuaem B cootBeTcTBUH ¢ (14.22),
4TO
- - -
X'=—pg"V.
DT0 BLIpaxkKeHHe B TOYHOCTH COBNANAeT ¢ BBEAEHHLIMH pal ee CH-

damu (12.5).
IloxcuyuTbiBast cpexHee 3HaueHHe IHAMHOIO IPOH3B( AEHHS

—> >
<Ay XV>>, HETPYAHO NONYYHTL 3HAUEHHE JAUCIIEPCHH TayccoBa
pacnpejeseHus

- > -
VUS> = k[g] (14.23)
B sakaioueHne OCTAHOBHMCS Ha OJHOM BaxKHOM CBOHCT3e ca-

_—
Moro cjaydaiuoro nodas §(r, £). JonycTM, UYTO H30TPOMHOE CJay-
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yaiHoe moJse w(r t) saBasercs noJjeM Mapkosckore tuna. Cornac-
#o [81], BbIGOPOUHBIE YHKUMH TAKOTO IOJS B IPOU3BOJbHBLI
MOMEHNT BpeMeHH y;LOBJIeTBomeT ypaBHeHmo

divA 4 + a u = (14.29)

rj1e oc—:marOHa.anbm TEH30p BTOPOIO NOPSAKA € NOJOMKHUTENb-
HBIMH IOCTOSTHHBIMH 3JIeMEeHTaMHU.

IMpennonaras, uro (14.24) ocraercs CnpaBelIMBHIM B TEUeHHE
nnTepsana BpeMeHH T To (To — BpeMs peJakcalliu), npoand-
¢$epenuupyem (14.24) mo Bpemenu. B pesyabrare mosyuaem

—_ 5!’ >
a 7:} = — div V¢,

IJIH, C HCIIO/Ib30BaHUeM BripaxeHus (12.7) ansg noTtoka
- 30 - > ,
o %‘ft_ =—div/', o =py, (14.25)

YTO B TOYHOCTH coBnanaer ¢ (12.9).
Taxkum o6pasoM, 3aKoH coxpanemm (12.9) sBasercs caexncrt-

BIEM MapKOBOCTH CJyYalHOro NoJs 1p(r {) 1o MPOCTPAHCTBEHHBIM
KoopAauHaTtaMm. Ha 3TOM OCHOBaHHHM MOXKHO TaKXe YTBEPKAAThb,
uyTo napabosinyeckoe ypasHeHue (12.10), xaxk caenyer u3 ero Bbi-
Bosa B § 12, ABasercs caeaCTBHEM, BO-IEPBBIX, MADKOBOCTH CJY-

—> > —
qaiHoro noJas YP(r, ) no r U, BO-BTOPHIX, JHHEHHOTO COOTHOLIEHUS
(12:8) mexny noroxamu u cuiaamu [73].



FJTABA 111

BapuauunonHsie npuHUMNLI HePaBHOBECHOM
TePMOAHHAMHKH

§ 15. OBLIMA BAPHAILIMOHHbBIA NPHHLLATI

AnpuopHas KOHCTPYKIUHSI KHHETHUECKHX YPaBHEHHil HepaBHO-
BECHOH TEPMOAHHAMHKH HApYIWIAETCsl, eC/IH CYLIeCTBYET COOTBETCT-
Byiolllee HM BapHallHOHHOe ycJoBHe. DOpMYyJIHPOBKA NOCJELHETO
BbI3BaJla, OJHAKO, 3HAYUTEJbHble TPYLHOCTH B CBS3H C JHCCHIIA-
THBHOH NPUPOJOH HCCIEAYEMBIX SBJEHUH.

Cornacno (5.4), (12.2), nunefinsle GeHOMEHOIOrHUECKHE YPAB-
HeHHS, KaK I CKaJspHBIX, TaK U JJT BEKTOPHLIX TPOIECCOB, B
caMoM 0fleM Cayyae HMEIOT BHJI

— -
Ja= LK (15.1)

—
B cayuae BekTOpHBIX mpoueccoB Jq ONpeieasieT NOTOK Tenla
(11.10), nudpdysnonnsdt notox u 1. 1. [3, c. 39].
Hcropuueckn mepBofl mombITKOR BhiBoga ypasHenuit (15.1)
IB/IsieTCs BapuannonHoe yciosue Oncarepa (9.15). Ilepemnniuew
3TO YC/JIOBHE B BHJE:

3 [60(JX) — ®(JI)]x = O. (15.2)

31ecb npousBoACTBO 3HTponuu o(J/X) onpemensietcs Gopmy-
Jo# (4.2), a nuccunatusHas dysxuus @ (JJ) — dopmynoi (6.12).
Bripaxenne (15.2) coxpaHsieT €BOIO CHJIY B NPOCTPAHCTBE IOTO-
koB [/]x. B mpocrpancrse cusn [X]; mpUMeHHTEABHO KO BCEMY
o6bemy cucreMbl yeaosue (15.2) npuHnmaer BHA

3 [o(JX ) — @ (XX)]|,dV =0, (15.3)

ri1e AuccCHIatTuBHas Q)YHKHHH BbIpaXKeHa TE€Ieph Tak:

N
b= 2= _;_ E LiXi X (15.4)
ik



Boipaxkenue (15.3) u3BeCTHO KaK BapHallUOHHOE YCIOBHE
Hsapmator [34]. Kak (15.2), tak u (15.3) comepxar B cebsi ypas-
Henus (15.1) ¥ B 3TOM oTHOWIeHHH GaKTHUECKH paBHO3HAYHDL
Oxnnaxo, coraacuo [34], ycaosue (15.3) okasbiBaercst 6osee nep-
CIEKTHBHLIM IJs BbiBOJAa napaGosnvecknx YypaBHenui (12.10).
Caencreuem (15.3) aBasiorTes ypaBHeHuss Oflsepa-Jlarpanxa

o oL .
99k o, (j=12,. . . .n)

ok _

0¢j

T DM

(15.5)

€ NJIOTHOCTBIO ‘bYHKU MK Jlarpanxa
L =ps— ®(XX). (15.6)

B paGore [34] Ha mpuMepe TenJIONPOBOJIHOCTH B TBEPIOM Te-
Jie ¥ B pabore [88] Ha mpuMepe MpoOLECCOB HEH30TEPMHUYECKOrO
TIepeHoca NoKa3aHo, uTo ypaBHeHHs (15.5) 3KBHBAJEHTHH ypas-
HEeHHSM IepeHoca.

Bo Bcex pacCMOTpeHHBIX C1yyasix Bapbupyerca aubo Bejanyi-

——

Ha (0—®)x, a160 (6—®D)y. CTOoNb HCKYCCTBEHHAS KOHCTPYKILilf
noc/JelHUX CBfI3aHa € HCIOJNb30BAHHEM NMOTEHUHAJbHOTO XapaKTe-
pa pyHkun#t @ § @ COOTBETCTBEHHO B NPOCTPAHCTBE IIOTOKOB
[/]1x u cua [X];. Qukcauus napamerpoB J B (15.3) uckaouaer
UHTErpHpoBaHHE IO BPEMEHHU, YTO HE TOJBKO AHCCOHHPYET C 1H-
HaMHYeCKOH NpHPONOH pacCMaTPHUBAEMbIX fIBJeHUH, HO M JejaeT
cxonactso (15.3) ¢ npunnunom 'aMuabTOHa BechbMa NOBEPXHOCT-
neiM. Herpyano o6HapyXuTh, 4TO aHAJOT IJIOTHOCTH Kauolnye-
CKOT0 UMIYJIbCA OTCYTCTBYET

9L .

pj:d-—l-éo (_]:1,2,. . .IZ), (157)

vi
11, C/JeJ0BaTeNbHO, YCJIOBHE COXpaHeHIs IJIOTHOCTH (yHKuun Ia-
MisbTOHA H He BHIIONHAETCA:

H=§ﬂ%—f#wmt (15.8)

Tocsenyee 3HaYHTENBHO OrPAHHUMBAET BO3MOXKHOCTH IOHCKOB
JaJbHEeHIIHX CJAeICTBHH JarpaH:xKeBa ¢opMaauama.

BapuauuonHoe ycaosue B 06bluHOR dopMe T'aMuiIbTOHa MOXK-
HO 3amKCaTh JJIS AUCCHIATUBHBIX IPOLECCOB, HCIIOAB3Ye HOopMaib-
HBII MeTO]1 3epkajbHoro otobpaxenus. Ero npuMenenne X cka-
JISIPHBIM, B YaCTHOCTH, IIpoLeccaM NO3BOJIJIO HE TOJbKO BbIBECTH
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yXe u3BecTHole ypasHeHus (5.6), HO H, pacnpoCTpaHuB Jarpai-
JK€B M TaMUJbTOHOB (GOpMaJ/M3M JaJjblle, IOJYUHTb BaKHbIE
caencreust (¢M. § 6).

Bo Bcex pacCMOTPEHHBIX Cydyasfix XapakTepHO CTpeMJIeHue
Tak Wi HHaye 3amKHcaTh BapHallMOHHOE yc/JI0BHe B (opMe, KOTO-
pas OOBLIYHO NpUHSATA JAJ5 KOHCEPBaTHBHBIX cHcTeM. OueBIIHO,
MOKHO JOOHTbCA GOJibIIeH pe3yJbTaTHBHOCTH B CJEICTBHAX, BbI-
TEKaWIHX M3 MeXaHHYeCKUX aHaJOTHH, €C/AH OTKa3aTbCsd OT 3TO-
ro Tpe6oBanus u cHOpMyNHPOBATh BAaPHALHOHHBIL NPHHUIN B
COOTBETCTBHHM € AMCCUIIATHBHOH NPHPOJOH HEPaBHOBECHBIX IPO-
1€CCOB.

OrpaHuyuMcst OKA pacCMOTDEHHEM CKaJspHBIX  SABJEHIH.
MoxHno yrBepxkaath, uto (15.1) u (5.6) asBaswTes CAeNCTBHEM
BapHAaLlHOHHOTO YCJIOBHSA

tS‘ (3L +_§le18x1]dt =0, (15.9)
aW:ji; Qix,. (15.10)

3nece  OW — BHpTyasbHAS pa6oTa AMCCUNATHBHBIX CHAQ;=
0Mm/0x;, L= —AS — ¢ynkuusa Jlarpanxa.
BripaxeHie (15.9) npuBOAUT K ypaBHEHHSAM

Q; = 9(4S)/0x,. (15.11)

u, caenosatesbno, (15.1) u (5.6) umeoT sarpaHKeBy CTPYKTYpY
€ y4eTOM AHCCMIATUBHBIX CHJI. [lepBhifl 110ps10K AnddepeHiuatb-
‘HbIX ypaBHEHHH 00ycJ0BJeH Ge3bIHEPIIIOHHOCTBIO HEPABHOBECHBIX
TIIPOLECCOB.

3amernM, uro (15.9) comepKuT B cebe H Te HeJIHEHHbe Cay-
yag, AJS ONHECAHHS KOTOPLIX AOCTATOYHO AHCCHMATHBHOM (YHK-
LHH paccMATPHBAEMOrO BHJAA M yueTa B PasJOKeHHH AS uwieHOB
NOpsJKa BhILIE BTOPOro (cM., HanpuMep, [48]).

B npexenbnoM ciayuae cranuoHapHoro cocrosguust (15.9) npu-
BOAHUT K MPHHIUIY MHHHMAJbHOTO BO3HHKHOBEHHS sHTpOnuH [Ipi-
roxuHa. JlefiCTBUTeNbHO, B CTALMOHAPHOM COCTOSIHHH AS=-const
v (15.9) npunumaer BHl

t n
13 Qaxdt =0. (15.12)

B cuay npoM3BONLHOCTH OX; MojyyaeM CHCTEMY YpaBHelil
Q=0 (i=1, 2,..n), >KBUBajeHTHyI0 ycjaoBuo [lpuroxuna
8®=0. Ucnoabays obuui metox [49, 69], nossoasownii uepeii-
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TH OT CHCTeMB! 72 (DA30BLIX TOUEK K OMHCAHHIO HempepbiBHOK cpe-
Abl, 3aNHIIEM BapHalHOHHOe yca0BHe (15.9) npuMeHHTENbHO K
BEXTOPHBIM ITpolleccam

{ :s‘ (L +¢§i Qi ldVdt = 0. (15.13)

Lns menpepeIBHOH Cpefbl IVIOTHOCTb RMCCHHATHBHBIX cua Q
onpeneasierca pasenctsoM (13.6), a Beanunna L==—AS — unre-
rpajgom (10.13).

Caencrsuem (15.13) siBasioTcs ypasnenus Diiiepa-Jlarpai-
xa (13.7). ITocaenuue, B cBoio ouepenpb, ceopstes K (12.10). Ta-
KuM 06pasoM, ypaBHEHHs NepPeHOCa HMEWT CTPYKTYPY ypaBHeuwuit
Oitnepa-JlarpaHka ¢ yYyeTOM HMCCHNATHBHBIX CHJI. TeM CaMblM
YCTPaHSI€TCsl H3BECTHASE TPYAHOCTb B MaKpPOCKOIIMYECKOM OIHUCa-
HHHU JIepexoJia OT ypaBHeHHH nepeHoca (OOLIMX 3aKOHOB COXpaHe-
HHusl) K ypaBHeruaMm diepa-Jlarpauxa [89].

Bapunaunonoe ycnosue B popme (15.9), (15.13) 610 momyye-
no B pabore [90]. B manvueiimeM Buipaxenns (15.9), (15.13)
Gynem Ha3wbBaTh OGIIHM BapHAUMOHHBIM TPHHIMIOM, COOTBETCT-
BEHHO, [J5 CKaJADHBIX ¥ BEKTODHBIX IIPOLECCOB. B Bhlpaxe-
uusax  (15.9) un (15.13) enxmnunbnl BoIGpaHsl TakuM 06pasoM,
uTO BesMynHa AS ¥MeeT pa3MepHOCTb paGoThl AMCCHIIATHBHAIX CHJI.

PaccMoTpuM B KayecTBe mpuMepa TemJIONPOBOAHOCTb, AHD-
Aysuio 1 nepexpectnsie 3¢ ¢pextol. [IycTh B TepMHYECKH HEOLHO-
POAHOH cHCTeMe COMepPKHTCS n KOMIOHeHT. [lapaMerpaMu cucre-
Mbl ABJAAITCA Y=C), i==1, 2,...n (¢;— KOHUEHTpaUus i-ro
KOMIIOHEHTA), Pny1=Yq==T — abcoJioTHasi TeMueparypa. We-
NOJAb3ys 3aKOHbl COXpaHEeHUs

. —>
pi’% =—div/, (k=12 .. .n) pcv—‘g = —divJ,,

$ynxumuio nuccunauuu (13.3) MoxHO nmpexctaButh B BHAe [90]:

n n
LW oy, ~1 50 Ok 4y 2 .10 00k 0T yyr
®=- jEPL"‘ S dV+§p :Z‘IL““ fevgs 5V
ik =

1 oT \2
+ _{j pzcszqq—lf(—07> av.

B atoM ciyuae matpuua gigV (cM. (10, 12)) auaronanbHa:
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v_ (1 0l . eyf
Ex —(T dw)of’ gqu'T_o" f=1U (15.14)

Fle px — XMMHYECKHH MOTeHIHaN K-ro KoMnonenTa [90].
HMcnonbsys (10.12), (15.14), HeTpyaHO HOCTPOHTH (PYHKUHIO
Jlarpanxka L=-—AS naaa paudoro mnpumepa. U3 dusuueckux
cooOpaKeHHi CJaeayeT, 4To ypaBHeHHs Diepa-Jlarpanxka (13.7),
¢ yuetoMm (13.6) B paccMaTpHBaeMOM cJjiyuae NPHHHMAIOT BHI:

3
oR
—_ . 1515
; 0xp owwoxp) O (15.15)
(k=12,. . .n).

3anuceiBas (15.15) B sBHOM BHIe, MOJIyuaeM H3BeCTHHIE ypaB-
HelHsi HeH30TePMHUYECKOT0 nepeﬂoca [1, c. 83].

1
Pcv"— = Z quA’_ —LgA _77;
k=1
Oc 1
o __ Z LmA — Lqu —77.

§ 16. 0 BAPHAUHOHHBIX NPUHUKIIAX HEPABHOBECHOH
TEPMOJHHAMHKH

B cBA3u ¢ HMeEOWUMCA B JIHTepaType O HePaBHOBECHOH Tep-
MOIKMHAMUKe pa3HooGpasueM sBapuauuoHunix ¢opm [14, 34, 90—
94] BO3HHKaeTr BONPOC, SBJISIOTCH JIH IOCAeJHHE aJlbTePHAaTHBHBI-
MH HJIM MEXJY HHMH CYLIeCTBYIOT aHaJHTHYECKHE CBSI3H.

Huxe nokaskeM, uTo BapHauHoHHOe ycaoBue (15.9), mosyueH-
110€e TyTeM AeTaNbHBIX aHaJOTHH TePMOAHHAMHUYECKOTO JBHIKEHHS
C MeXaHHKOH NHCCHIATHBHBIX CHCTEM, SIBJISIETCS JOCTATOYHO 06-
1M H AONYCKaeT aHaJHTHYECKHEe npeoOpa3oBaHHusl, NPHBOASLIHNE
ero K ApyruM BapHaLHOHHBIM (opMyJaupoBKaM. XapaKTep 3THX.
npeoGpa3oBanuii aHaJorHyeH K1acCHUeCKOMY METOAy Nepexona ot
upunnuna Janam6epa K NPHHUMNY HaMMEHbIIEro NPHHYKIEHHS
Faycca B mexanuke [95].

Bynem ncxomuth U3 BapHauuoHHoro ycnoshs (15.9), koropoe B:
andodepeduunanbioil hpopmMe nmeeT BHA:
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—¥AS) + 3 Qix =0. (16.1)

Hpmmmaﬂ BO BHUMaAIIHe, 4TO

3(AS) = 3 Xdx,, (16.2)
splpaxkenre (16.1) MoxHO mpuBecTH K caenyiouledi gopme:
¥ ("“’ X,)ox. =0, (16.3)
Ox,

i

rae @ — nuccunatuBHas Qynkuus (6.12).
Bapuaunonrui#t npuHnun bro umeer sua: [91]

0 .
(ox, lX,)oxl 0, (=12...n). (16.4)

Sror npuHuMn Buo Ha3biBaeT NMPUHLUMIOM MHHHMAJbHOH CKO-

‘POCTH TIOPOXKIACHHA SHTPONMUU: HCTHHHBIE CKOPOCTH X; MUHHMU3HU-
PYIOT INIPOHU3BOACTBO 3HTPONUU IIPU YCJOBHH, UTO 3aaHbl TEPMO-

JUHAMHYECKHE CHJIBI H MOIIHOCTb HMX nojasoma XX, Takum 06-
i

pasoM, BapbHpyercsi BesnunHa 2M(xX), TOrAAa KaK BeJHYHHA
2X;x; ocraeTcs NOCTOSIHHON, HO

20 = 3 X.x, (16.5)

B CBAI3H C yeM NpHHUHKN Buo npeactasnisiercs BecbMa GOPMaTbHbIM,
Yro kacaercs npuMeHeHus (16.4) K KOHKpPEeTHBIM 3afavaM, TO,
KaK Obio otMeueHo B [96], nnsa cayuas n>>1 BO3HHKAIOT TaKHe
TPYAHOCTH, YTO NPHHUMI DHO TepseT CBOW NpPUBJAEKATENbHOCTD.
JToro He Hab/0an0Ch NPH HCNMOJIb30BAHHH BAaPHALMOHHOIO yC-
JoBHusl (16.3), KOTOpOE C ONMHAKOBLIM YCNEXOM NPHMEHSJIOCH JJIs
JIOOHIX 1 IPH PACCMOTPEHHH CKaJSPHBIX H BEKTOPHBIX NPOLECCOB
[90].

Bapnauuonnoe ycaosue (16.3) umeer npupony npuuuuna la-
Jambepa H , CIeIOBATENbHO, HEe CBS3aHO C MOHSATHEM 3KCTPEMAJib-
nocru. MssectHo, uro [aycc npensioxun 3ameuartesibHY0 HHTEp-
uperauuio npusnuna Jasambepa, BBOASL B NMOCJAEAHUH MOHIITHE
MHUHHMAJbHOCTH (NPHHUHUI HaWMeHbluero npuHyxAenus). Mc-
noJb3ys 3Ty HAel0, peobpasyem (16.3), [94].

ITycTb B HeKOTOPHI MOMEHT BpeMeHH [ 3a1aHO COCTOSIHHS CH-
CTEMB! X3, X2, ...... xn. CoCTOsiHHE CHCTEMBl B MOMEHT f-+¥ MQ KHO
onpeaenntb psanamu Tefinopa
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it + ) =x00) 4 X7+ . . . (16.6)

Tax Kak X; 3alaHbl B HauaJbHbIH MOMEHT BpeMeHIl {, TO BapHauus
nepBoro ujaena B (16.6) ncuesaer u

0x; (t + 1)y~ dxz, (16.7)

B Boipaxennu (16.3) B KauecTe 8x; MOXKIIO B34Th JtoOble BHP-

TyaJjbHble H3MEHEHHS NapaMerpa, COBMECTHble CO CBA3AMH, B TOM
yucae 0 (16.7), oTHECEHHBIE K MOMEHTY BpPeMeHH f--1.

3anumem ycaoue (16.3) NPUMEHHTENBHO K MOMEHTY [T,

yuyTeM TpPH 3TOM, uTO Qx=0M/0xx, u paznesum obe yacTH paBeH-
ctBa (16.3) Ha 1

S (Q — X)ix, = 0. (16.8)

Xots1 mpeobGpasoBanusi, Beayuue oT npuHuuna Jlanamoepa K
npunuuny laycca, He 3aKOHYeHBI, paccMOTpPUM 1ogpoduee (16.8).
Herpyauno npocnenutb, uto (16.8) ecTb He 4TO HHOE, KK BapHa-
unoxHbli npuHuun Oucarepa (9.15). HelcTBHTeabHO, YUHTBIBAS,

Y10 Qi———ZL—lmch U 4TO
K
S X =30, (Xx); 3 Ly X35 = 00(xx),
i I3

(16.9)
cpasy noJaydaem:

3 [o(XX ) — ©(xX £)] x = 0. (16.10)

B BapuaunonHom ycqosuu Owncarepa (16.10) cunml He BapbHpY-
10Tcsl. JInHeAHble ypaBHeHUsI TEPMOJHIIAMHEKH BMeCTe ¢ COOTHOLLE-
HUSIMH B3aHMHOCTHM 3KBHBAJEHTHBI 3SKCTPEMaJbHOMY NpPHHLHIY
(16.10), xotopoe Oncarep HasBaJ HPHILHUIOM HaHMeHbIIeH AHC-
cunanuu snepruu. Kax 6ei10 3ameueno Luraepom [35], naumeno-
BaHHe NPHHIHMIA HE OTBEUaeT €ro peasjbHOMY COJeprKaHHIO.

ITpeoGpasysa (16.8), MOXKHO IOHTH AaJjblie H NOJYYUTh BapHa-
nuoHHoe ycqaosue (16.3) B dopme, aHaJOrHYIIOH NPHHUHUNY HaH-
MeHbUIHX NpuHYyxKAeHuil. Tak Kaxk TepMOAMHAMHYECKHE CHJIBL Xj
‘CYHTAIOTCS 3aJaHHBIMH H He MOTYT BapbHpOBAaTLbCd, MOXKHO OX;
NpeICTaBUTb B BHIE

8}Ci = B[ELik (Qk* Xk)]Xk =0,

u (16.8) nepenucartb caeayowum o6pasom:

=1
b2l



g (Qi— Xx)‘“’[% L (Qu— Xl x, =0,
OTKylla czle,uyeT, yTto R
: [ Y, 5 L@ — X)(Qu— X|g,=0. (1611
ik .

Tlepexons K HOpMajbHBLIM KOOPAHHATaM O; myTeM JHHEHHOTO
HeOCOBeHHOTo npeobpasoBanus Xj==Zm;idj, HAXOLHM
i

1 : 1
0= Y@y, as=-— - 20 (16.12y
J J
, c.1e10BaTesbHO, (16.11) CBOAMTCS K BbipaXKeHHIO
1
a[z?(Q’.*_ X,.*)z]Xj = 0. (16.13)
J

3aech aHccunaTHBHEE Q¥ M TepMOAHHAMHYECKHE CHJBl Xj* BbI-
paxenn ¢ nomowpbio (16.12). Caenys I'ayccy, Beqnunny

Z= _}LZ(Qj*_Xj*)2 (16.14)

J

MOXHO Ha3BaTb <«ME€pOH NpPHUHYXAEHHS» H CHOpPMYyJIHPOBATH.
(16.13) xaxk NpHHLHI HaHMeHbUIEro MpuHyXKAeHHsa. naue, Tep-
MOAMHAMHUYECKOe ABUXKEHHE, OCYILECTBJSIONIEECT B AEHCTBHUTENb-
HOCTH, TAKOBO, YTO BeJHUYHHa Z NMPUHUMAaeT HaHMEHbIIee BO3MOX-
joe 3HayeHHe U3 BCeX 3HAYEHHH, COBMECTHHIX C JIaHHBIMH CBf-
3MH.

Ecan Bce x; He3aBHCHMBI, TO Z JOCTHTaeT CBOEro aGCO/IOTHO-
ro MHHHMYMa, pPaBHOro Hyni. B 3TOM ciyyae cpasy mnosayyaem
Qi =X* (j=12, .. ... 1), 4TO CBOXHUTCA K JIHHEHHBIM COOTHO~

IIEHHAM TePMOAHHAMHKH: B;=v0;.

Tak Xke, Kak u npunuun buo, Bapuauuontoe yciaosue (16.3)
JlonyCKaeT BO3MOXHOCTb ofGpautenns. ITokaxkem sto. Beipasum:
AUCCHIIATHBHYIO QYHKUHIO B BHAE OHUAMHEHHOH (GOpPMBI TEPMOIH-
HaMHUYECKHX CHJ (D(XX)=1/2%‘LmX1XR. Torpa nuccHnaTHBHBIE

CHabl BhIpaxatoresa Tak: Q1==2ZLixXx, a pa6ota QUCCHIIATHBHHIX
k
cuT 3W= Y Qixi= Y L, = ix,
Q! i i ik Xm 1
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IMoacrasasia ato B (16.1) n yunteiBas (16.2), noayuaem Bbl-
paxKenue

2 Lyt (—— —-}c,) dx, =0, (16.15)

KOTOpOe MMeeT cTPYkTypy npuuuuna Hamambepa. Ilepeiinem te-
nepb or (16.15) x ¢opme I'aycca. Ilposenem Te ke paccyxae-
HH%, KOTOPHIE NIpHBeay Hac K ¢popmyJse (16.7). Oanako Tenepb He-
06X0HMO 1Ipeobpa3oBaTh MOC/IeHEE B COOTBETCTBHH C HCXOLHBIM

o6pamenuemM GopMyJI. Torxa kakK X; yLOBJCTBOPSIOT JUHEHHBIM
ypaBHeHHAM X;=232LxXx, To oOpamennas ¢dopmy.aa (16.7) umeer
BHI: )

Sx(t + 1) ~dxt= p) LydXyr.
Janee Be3ne OyLyT BapbHUPOBATBCA CHJABI Xy, @ HE NOTOKH Jj=

xj. 3anucwBag (16.15) mnpuMeHHTeNbHO K MOMEHTY BpEMEHH
{41 ¥ mensi 3T0 BhIpakKeHue Ha T, NOJy4aeMm:

S(Q/ —J)3X, = 0. (16.16)

Herpyano 3ameTuthb, 4to
QX =D(XX), DJIX, =3;0(/X) (16.17)
i i
H, caepoBarenbHo, (16.16) ecTh He uTo MHOe, KaK auddepeHuu-
anbHas ¢opma npunnuna Jsapmatsr (15.3):
0 [s(JX)—D(XX)],=0. (16.18)
Tak xak motoxu He BapbupywoTcs, To (16.18) cpasy csonurcs
K ¢opme I'aycca:
1
35 L (Qi =) =0. (16.19)
ik
B kauectBe «Mepbl mpuHyxaeHus» (16.14) Z’ BeicTynaer se-
JIHYHHA

Z'= = ¥ Ly (Q— ).
ik

Caenyer 3aMeTHTbh, YTO, HECMOTPSI Ha BHeLIHee CXOACTBO, KO-
5bduuueHTH conpoTHBaeHHss L~!;x He MrpaloT poJH Macc B He-
pPaBHOBecHON TepMojuHaMHuKe. B nocnefnHesi BooOuie He OOHapy-
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JKHUBaeTCcs TepMOJMHAMHYECKHH aHaJIor MacChl. JTO CBSI3aHO C
NOJHOH 6e3blepUHOHHOCTbI0 PACCMATPUBAEMBIX SIBJIEHHH.

Bepunemcsa tenepb kx mpuununy Buo (16.4). IlpocymmupoBas
o6e yacTH paBeHCTBA M0 BCEM I, IOJyYaeM

0P N o
Z —_— "Xl)oxl =0.
()X]
i
ITpoaenas npeo6pasosanusi, KOTOpble IPHUBEJH BBHIPAXKEHHE

(16.3) k npunuuny Oncarepa (16.10), Haxonum

3[ra(x X ) —@(xx)] x=0. (16.20)
Herpynno nokasate, uto (16.20) 3KBHBaJEHTHO MPHUHHUIY MaKs
CHMAaJIbHOH CKOPOCTH pabGoThl AHCCHNALMH, BBeJeHHoro Lluraepom
[35, c. 59; 92]. dToT npuuuun GopMyTHPYETCH CIeLyomumM obpa-
3om. Miytcsi CKOPOCTH, KOTOpble P 33alaHHLIX TEPMOJHHAMHUe-
CKHX CHJax Xx U IPH LONOJHHTEIbHOM YCA0BHH F (x) =2D (x x) —

R

0(xX)=0 nemal0T MaKCUMaJbHbLIM HPOHU3BOACTBO  3ITPONMHUH

o(x X). Pewenune nonyyaercst i3 COOTHOILEHHS
8[3(xX) — pF(x)]}x =0. (16.21)
IT1o cootHowieHue cBoAHTCH K (16.20), ecan A= (pn-+1)/2p.

HecMoTpss Ha NpHHUMNHANBHYIO 3KBHBAJEHTHOCTb BapHallH-
onubix ycqosuii (16.4), (16.10) u (16.21), xoropas Onl1a oT™Meue-
Ha B pa6orax [35, 94], npunuun Hurnepa ornnuaercs 6osbuier
¢usnueckoit HarasaHOCTbIO, KpoMmMe TOro, OH JIerKko IpHMe-
IIUM K HeJHHeHNbIM IpoueccaMm, YTO OTYETJIHBO IPOUJJIOCTPHPO-
BaHO B [35] Ha npHMepe MHOIHX 3ajay MeXaHHKH CIJIOWHBIX
cpen. Opnaxo Bo3MoxKHOCTHM nNpuHuuna Lluriepa B cayyae HesH-
HelHOCTH Biie 00J1aCTH MEXaHHKH CIVIOIINBIX Cpej HeJAOCTaTOYHO
HCC/IeIOBAHDI.

M3 Bcero BHILIEH3/I0:KEHHOTO CJIeYeT, UTO BCe PaCCMOTPeHHbIe
BapuauHoiHbie GOPMYJUPOBKY NPUHUUNHAILHO 3SKBHBAJCHTHBL.
Hx ocuoBy cocrasiser najgambeposa cTpykrypa (16.3), nonyues-
nasg MmyTeM allaJoruu HepaBHOBECHBIX IpPOLECCOB C AHHAMHKOH
JHCCHIIATHBILIX CHCTeM. Bmecre ¢ TeM ¢opma npencTaBieHus Ba-
PHALMOHIIOrO NPHHUMIIA TEPMOLHUHAMUKH OKa3blBA€TCH UPE3BHI-
YaliHO CYLIeCTBEHHOI IpYU pellelind KOIKPETHBIX 3ajay.

§ 17. IPAMEHEHHUME OBILErO BAPUAILMOHHOIO MPHHUHIIA
K ABMOKEHHIO BA3KOH XUAKOCTH

B srom naparpade Mbl pacnpocTpanuM oflliee BapHALHOHHOE
ycaosue (15.13) u Bech fopmanusM, sIBASIOIUHCA €ro CJACACTBHU-
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eM, Ha TEH30PHBIE NPOLECCHl BTOPOrO MOPSANKA, PACCMOTPEB B Ka-
yecTBE NMpUMepa JBHXKeHHe BA3KOH XKHAKOCTH. TakuM o6pasom,
MBI TIOKaxeM, 4To ypasHeune Hasbe-Ctokca moxer Gbith noay-
yeHo Kak CJAeACTBHE BApHALHOHHOTO YCJIOBHS HEPaBHOBECHON
TepMOAHHAMuKH [97].

B § 10 6b110 NOKa3aHo, yTo A/ BEKTOPHBIX IPOLECCOB OTKJO-
[leHHe SHTPONHMH OT PAaBHOBECHA MOXKHO BHIPA3HTL B  (opMe

(10.13), rae ¢ — TeH30p NepBOro paHra (BeKTOp).

Ecin npuMenuTh aHasoTHUHYyI0 QOPMY 3aNHCH B CJIyyae TeH-
30pHBIX NPOLECCOB, TO AJISI SHTPOIHU HEPABHOBECHOH CHCTEMBI T1O-
JY4YUM BLIpAXKEHHE

AS = _%5 p gt (Grad 9)2d V. (17.1)

Herpynso mokasatb, 4to Opu 35TOM COOTHOwmeHHe L==—AS
COXpAaHsieT CBOIO CHJY. [leicTBHTENbHO, pPacCMOTPHM ypaBHeHHE
diinepa-Jlanrpanxka ¢ yuetom cus guccunanuu (13.7).

YmHoxaa o6¢ 4acTH ypaBHeHHS Ha Pr U CyMMHpys ot 1 j0 n,
TMOJTHYI0 MPOU3BOJAHYIO IO BPEMEHH OT INIOTHOCTH (pyHKuuu Jlar-
palrka MOXHO NIPeJCTaBUTh B BHJE

dL L _yd OL; 0o _
at ot i ol ;Q””
r
(17.2}
oL - o oL ;
_— viv —_— b
Z(a¢;rp * Yt oy Oy "")
. r.p
ITpunumas Bo Buumanue (17.1), sameuaem, uTo
oL oL O 4 oL .
— =V, -—=0, — —1 =0, 17‘
o, 0 ot >-4 dt 0, tr (17.3)
r
1 uurerpupysa (17.2) no o6vemy, naxoxum
(iz % Y
—— = —— ! V 1 .
jdt av jLQrerdv (17.4)
vV vV r

HTaK, nojHas lIpoOM3BOAHAs 1O BPEMEHH OT JarpanxuahHa
CHCTEMDbBI onpegeasaercss MOUIIIOCTbIO AHUCCHNIATHBHBIX CHJ H, CJe-
A0BaTedbIIO,

dl. _ dAS

. (175
dt dt ’

T



B kayecTBe mapaMeTrpoB paccMaTpuBaeMoOi HaMH CHCTEMBI ec-
TECTBEHHO BHIOpPATh KOMOOHEHTH v, (=1, 2, 3) cKopocTH v.
B naapuefiliux npeo6pasoBanuaX Mbl YUTEM, 4YTO

Grad v = % (div v)/ + Grad v,
(17.6)

divo = Grad v : / = E av“
a=1
— —>
rae div v —caex Grad v, I — epuHnuHasi MaTpuua c 3JeMeHTa-
o -
MH 845 (0ap =1, ectn a=f, u 8.3 =0, ecnu a5=p), Grad v 06-
JlafaeTt HyJeBHM caexoM [3, c. 37, 38]

Chopmyaupyem tenepb BelpaXkeHHe I/ TUCCHIATHBHOHR QYHK-
uud. Jomyctum, UTO CKOpPOCTH H3MEHEHHSI TepMOAHHAMHUYECKOTO
napaMerpa \{ CBfi3aHa C AHBepreHIHell TEH30PHOI'O CBOHCTBA CO-
‘OTHOLICHHEM, aHAJOTHYHBIM 3aKOHY coxpaHeHus (12.9), a umen-
HO:

4 = — Div I, (17.7)
rae I1— Tensop BA3KuX naBJeHHi.
C ucrosp3oBanuem (17.7) MoXKHO 3anucaTbh QYHKUHIO AMCCH-

TNauu¥ B BUJe, aHAJOTHUHOM BHAY (yHKuuH paccesinus (13.3)
JJ151 BEKTODHEBIX ITPOLECCOB!

®=[RdV = —;—-‘YB‘:fDiVIIDivIIdV. (17.8)

Kak u B ciryyae BeKTOPHBIX NPOLECCOB, NOAO6HAA KOHCTPYKIHS
GyHKUMH paccestHUs CONEPKHT B cebe ofue 3aKOHHI COXpaHe-
HHA.

BOCIIOJIb3yeMCH 33KOHOM COXpaHEHHUs HMIIyJabCa

-

p%}’ = —Div(8p + I+ pv,2)), (17.9)

TAe p— CKalsfgpHas THApPOCTATHYECKAash YacTh MOJHOTO TeH30pa
JlaBJeHHH.

Hcnonbays cooTHoLEHHE pjt dap + div apv MOXXHO mpen-

ctaButhb (17.9) B BHze:
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-

p % -4 grad p .- — Div 1L (17.10)
Ioacrasass (17.10) B (17.8), naxoaum
‘D:—}jBVf(p%%-gradp)gdv. (17.11)

—
Hetpyauo 3ameTuthb, uTO Bhpaxk€uue (pdv/dt+gradp), cros-
ulee MOJ 3HAKOM HHTerpa.ja, onpeaeaser co6oil U3MeHeHHe CKOo-
pOCTH TIOJ ACHCTBUEM JIHIUb HeOGPaTHMON CHIIBL.
YuntoiBas, uto L=—AS, a Q;=0®/dy; u ucrionnbays Bbipa-
Aeunst (17.1) u (17.11), noxryyaem wu3 ypaBHeHu# iuiepa-Jla-
rpatka (17.2) ypasnenue Hasbe-Crokca:

0L —nAv - L g grad divo —grad p. (17.12)

[Tpu 310M K03 duMeHT BA3KOCTH 1) HENOCPEACTBEHHO CBSI3aH
¢ xo3¢ppuuuenTaMu B Boipaxkenuax (17.1), (17.11) maga AS u O.

§ 18. 3KCTPEMAJIbHBIE CBOHCTBA 3HTPOIIHH
B CTAHHOHAPHOM COCTOSIHUU

CranHoHapHEIE COCTOSIHUS JIMIEHHBIX CHCTEM, B KOTOPHIX NPO-
TEKAIT HEePABHOBECHBIE BEKTOPHbIE TIPOLECCH, MOTYT OHITH OXa-
paxKTEepPH30BaHbl YCJAOBHEM MAaKCHMyMa NOJHOH sHTponum |68,

98]:
0 [ psdV=0. (18.1)
31eCb p — IVIOTHOCTh, S — yAeabHasi NoJHas surponus,V — 00b-

)

€M CHCTEeMHbI.

INpuHuun MakcuMyMa NOJHOM SHTPONHH SBJSETCH CJAeICTBH-
€M o6uiero BapualHoHHOro yeaosus (15.13).

IlelicTBHTEIBHO, B CTALMOHAPHOM COCTOSIHHM B COOTBETCTBUH
C (usnuecKUMH TpeGOBAaHUSMH AMCCHNIATHBHbIE CHJIBI HCUE3alOT,
T. € (Q)crau=0 (i=1,2, ... ... n), Tak yto (15.13) csoaut-
ca Kk (18.1).

PaccMoTpuM HEKOTOpBIE KOHKpeTlible HNPHUMEPHl U INOKaxKeM,
uTo ycaosue (18.1) meficTBHTeNIBHO ONMCHIBAET CTALMOHAPHBIE He-
DasnOBECHBIE NPOLECCHI.

1. Tenaonposodrocts 6 uzoTponnom Teepdom rese

[loncrasass Boipaxkenne (10.11) Beanunnnl AS= [ psdV B
(18.1), nonyyaem dbynkuHOBan
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8/=20[pg¥(grad7)*dV.

Ilpn rpannyuom ycaosuu T'=T°(x, y, 2) Ha NOBEPXHOCTH pe-
HICHHEM BapHALUONION 3a7a4yl ‘BJAdeTCS YypaBHeHue ijepa
div grad T'=0. ITockonbky I — unrerpaa upuxme, To ero 3Kcr-
peMyM COOTBETCTBYyeT afcomoTHOMY MunumMymy [99]. Uuaue ro-
BOPS, CTALlHOHAPHOE COCTOSIHHE COBMECTHMO C YCJOBHEM MHUHHUMY-
Ma HErsHTPONHH (MaKCHMYyMa 3HTPOINHH) CHCTEMBI.

2. flsaenue Tenaonposodnoctu, Ouggysuu u nepexpecrHole

ahghexTol

Ilycte uMeeTcst H30TPONHAA CMECh N-KOMIIOHEHT, HaXOASU[as1Cs
—
B COCTOSIHHHM MexaHHueckoro paBhosecus (dv/di=0). Byaem cuu-

TaTh CKOPOCTb HeHTpa Macc v~ 0 H, crefoBaTebHO, H3MEHEHHEM
IIOJIHOH TIJIOTHOCTH P CO BpeMeHeM MOXKHO npeHedpeub.

ITonnast suTponusa takoii cucreMsl coraacuo (10.12), (15.14)
HMeeT BHA:

AS — — _;_ gpf;‘—'z(grad TYdV —

_ 1 RN 5
! 5 0 ka 7‘0<ock )0 (grad c,)2d V.

B cooTBeTCTBHH C rpaiUyHBIMU YCJIOBHSIMH UMEEM:
T=T°(x,y,2), cs=0"(x,y,2), (k=1,2, .. .... n)
-— Ha nosepxHoctu I
ITpu Taxux rpalnuyHbIX YCIOBHSX pelilelneM BapHallHOHHON 3aja-
u (18.1), korna AS onpeneasiercs ¢ nomouisto (18.2), apnsercs
cHCTeMa ypaBHeHHH DHJsepa:

AT: O’ ACk = O’ (k = 1’2) * & o n)‘ (18‘3)

ITpumenenye NnpHHLHIA MHUHMAJbHOTO NPOH3BOJCTBA 3HTPO-
MUY K JaHHOH 3ajaye NPUBOAUT K ypaBHEHUSM [3]

(18.2)

\nw 1 /0w
2 Ly (58] S+ L3 =0,

AT (18.4)
%leTO(d ) Ck—f—Liq‘T—Og‘ZO-

Hccaenopanue asnrefpaunyeckoii cuctembl ypasHeHuit (18.4)
IIOKA3BIBACT, YTO B JIOOLIX JIOTHYeCKH JAOIYCTHMBIX CJyyasax:
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a) [L31<]=:{Lii§ix], Liqg==0, sddexTn HaJI0MEHHS OTCYTCTBYIOT;
6) [Lx]7# [Li %], Lig7=0; B) [Lix} 7= [Lyy 6y ], Lig=0mT 5.
r) paHr MaTPHLB, COCTABJIEHHBIH U3 ee KO3 GULUHEHTOB, yIOBALT-
BOpAET YCJIOBHIO r=n-+1.

[To 3TOol NpHYHHE eIHHCTBEHHBLIM pelleHneM ypaBHenui (18.4)
apasieTcss HyJaeBoe peureHue, T, e. (18.4) u (18.3) sKBUBaNeHTHHI.

B cuay Tex ke 06CTOSITebCTB, UTO U B [IEPBOM IIpUMepe, a Tak-
e U3 QH3HMYeCKuX COOOpaXKeHui CJelyeT, YTo IKCTpeMyM (PyHK-
yuoHana (18.1) cooTBeTCTBYeT MaKCHMYMy IOJIHOM 3HTPOINHU CH-
CTeMBbl.

Takum o6pa3oM, NPHHUKHI MAKCUMyMa SHTPOIIHH NPH 3ajaH-
1[BIX TIOCTOSIHHBIX YCJIOBHSX HA IpaHHle o6JacTH SIBJAAETCS LOCTa-
TOYHO IOJHOH XapaKTepUCTHKOH CTAllHOHAPHOI'O COCTOSIHUS JIH-
1IeITHBIX CHCTEM.

PaccMorpuM Tenepb cKasisipHbie TpPOIECCH, JJAs1 KOTOPbIX
B3aMMO/IeHCTBUE C BHELIHeH cpe/lofi HOCHT HHOH XapakxkTep, U B CH-
JYy 3TOro NPHHIHN MaKCHMyMa HOJHOH SHTPOIHH JeHCTBYeT IpH
IeKOTOPOM JIOTIOJTHHTEIbHOM orpaHundenuu [98].

B cnyuae OTKPBITOI CHCTEMBI OTKJIOHEHHE NOJHON 3HTPONHH OT
CBOEro paBiIOBECHOIO 3Hayenus CJaraercs M3 ABYX yacrtedl AS==
A:SH+A;S, a ypaBHeHHs NBYIXKEHHS] ONPENENSIOTCS BHIPAKEHUSIMHU
(6.18). B KoHeuHOM CTAaUMOHADHOM COCTOSTHHHM HPOU3BOJIBHOTO IIO-

psiika BeqHuunnl xx=xl+x=0 (k=1, 2, ..., n), nostomy

dAS _ \V0AS 1

M3 paseucrsa (18.5), oxnako, e caenyer, 4To NpOH3BOJIHAsE
OT 3HTPOMHH N0 KOOPAHHATAM AOJKHA HCUE3aTh.

PaccmoTpuM, nIpu KaKuX YCJIOBHUSIX 3TO BO3MOXKIIO, T. €. IPH Ka-
KUX YCJOBHSAN BBIIOJHACTCS NPUHLIHN IKCTpeMyMa AS:

§AS=0. (18.6)
IMoacrasum Bennuniy AS B BHaE:
A S \ 1 ’ .
AS=AS+AS~ Z A Xy — —Q—Zg ikXiXio
k ik
&'k = ik — Pi (18.7)

TIle Mbl BOCHOJb30BAIHChL BeIpaxkeHueM (2.9) mas AiS u Bbipaxe-
miem (7.1) nast AeS. Duddepenuupys (18.7) no spemenn, noay-
uaeM, yuntoiasa (6.21).
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d(a8)/dt = D (a— 2 g'w ) = 2 (K + Xi).

(18.7a)
JonycTHM, 4TO BBHINOJHEHB! YCI0BHS *

%Limk= - Zkllmk, (18.8)

IIDH KOTOPbIX JHHAMHUYeCKHe ypaBHeHHs (6.18) nss OTKPBITHIX CH-
CTeM NPHHUMAIOT BH[:

';Cm = -;Cim-]”jcem: 2 Lmk()(kl + Xke)' (18'9)
k

Us (18.7) - (18.9) cnenyer, uto auccunatuBHas GYHKUUA
MO =1/,d (AS)/dt pns OTKPHITBIX CHCTEM BbipaxkaeTrcs OMIHHEHHON
PyHKUHEH NOJHBIX TIOTOKOB:

O = _;_ELmk~13cm5ck. (18.10)
k,m

Ha 3toM ocHOBaHHM MOXKHO YTBepXK/aTh, YTO YPABHEHHS [BH-
xkeHusi (18.9) ABAAKOTCH CAEJCTBHEM BapUALMOHHOTO YCJIOBHSA
(15.9). 3anumem 310 yCJIOBHE HECKOJbKO HHAUE, & HMEHHO:

B[AS () — X Qu(¥)Xals = 0.

Ecnu npumenuts 31y $OpMy BapHAUHOHHOTO YCJOBHS K CTa-

LLHOHAPHOMY COCTOSIHHIO, B KOTOPOM X;=0, Qyn=0, To cpa3sy 1o-
ayyaem (18.6), T. e. mpunuun skcrpemyma AS. Herpyauo npocae-
JHTh, YTO TaK Ke, KaK 1 B CJly4ae BEKTOPHBIX NPOLECCOB, 3TOT K-
CTPEMYM COOTBETCTBYET MAKCHMYMY.

Taxum 06pa3oM, NpUHUUI MAKCUMyMa MOJTHOH SHTPONHH B CKa-
JASiPHBIX MpolLleccax BHINOJHeH npH ycaoBuu (18.8). Irto cBsizaHo
€O crnelu(PUKON OTKPHITEIX CUCTEM IO CPABHEHHIO C HEM30JUPOBaH-
HBIMH CHCTEMaMHU B CJaydyae IBJIEeHHUH NepeHoca. B BeKTOPHBIX mpo-
meccax B3aHMOJEHCTBHE C BHEIIHeH Cpeflof HMeeT HHOH Xapakrep
U onpejessieTcsl YCIOBUSIMU Ha rpaHuiue o6JacTH.

* BeaquuuHs! Lpxl=Ln® onpefeneHsl CAeAyiOIHM 00pasoM: Xnp'=
Y

=30 nkX'mk  (L'mx = L'km), X%k = L®% X%, rne L® — HeKoTopwiil
kK03(pduULHenT, XAPAaKTePH3YIOUHA CKOPOCTh NOAAUH K-TO KOMIOHEHTA.



FTABA IV

Croxactuyeckas Mojeab
M JUHAMHYECKHE YPaBHEHMS
HeJMHEHHbIX HepaBHOBECHBIX MPOLECCOB

§ 19. HEJIMHENHBIE HEPABHOBECHDLIE NPOLLECCHI

HenunefiHbie mpoiecchl ecTecTBeHHO kJAaCCHPUUHPOBATE, Kak
H B JIHHEHHOH HEPaBHOBECHOH TePMONHHAMHKE, BBIAEJIAA BEKTOD-
Hble M cKaJjspHble npouecchl. OnHcaHue Ka)KJOTO H3 3THX BHAOB
NPOIECCOB HMEET CBOH OCOGEHHOCTH.

BekTopHbIe npolecchl Ha3bIBAIOT HeJHHEHHBIMH, eClH KO >OhH-
LUHEHTH, XapaKTepU3yolLLlHe IPOLECC H onpeae/sieMbie CBOHCIBAMA
Cpenbl, 3aBUCAT OT TEPMOJHHAMHYECKUX napameTpos. Hanpumep,
B Cay4ae HeJMHEHHOH TeNnJONPOBOAHOCTH KO3 GHUIUHEHT TeMJI0Npo-
BOJHOCTH 3aBHCHT OT TEMIIEpPaTyphl.

Tepmonunamuyeckoe uccaefoBaHHE HENHHEHHBIX BEKTOPHBIX
npoueccos HauboJiee IOJHO NPOBEAEHO METOAOM JIOKaJbHOIO MO-
Tenuuasaa [17, 19, 100].

Psig HenuHeHHBIX 3a/lay MEXaHHKH CIUIOIIHOH CPeJBl MOMKeT
OBITb peliled TepMOJAHHAMHYECKHMH MeTOJaMH C IOMOLIbIO TPHH-
IHIIa MAaKCHMaJbHOH CKOPOCTH PabOoThl JHCCHIIALHH, BBEJEHHOIG
Lluraepom [35, 92] (cm. §16).

It onKucaHUs HeJHHEHHBIX BEKTOPHBIX IPOLECCOB MOXKET GhITh
HCNIONIb30BAH BapHalHOHHbIH upuuuun (15.13). Ilpu atom ko3pdu-
nueuts! g¥ix Boipaxenus (10.12) nns AS 6yayT 3aBucerb OT napa-
METpPOB Yy, P2, ... Pn, @ B BHIPAKEHHH N5 QYHKUHUH THCCHMALHH,
yaoBJeTBopsioliel o6uleMy Tpe6oBanuio 2 =d (AS)/dt noasarcs
AOTIOJIHHTE/IbHBIE YJIeHBl, coaepxKauue dg¥u/op; [101]. C yuerom
5toro 8 pa6ore [101] Ha npuMepe HelHHEHHOR TENMIONPOBOJHOCTH
TBEPAOro Teja NOKa3aHo, YTO COOTBETCTBYIOLIHE MapaboJiHYecKHue
YPaBHEeHUst MOryT ObITb CBeJeHbl K ypaBHeHMsM Jiepa-Jla-
Ipanxa.

I5ist cKaasipHbIX NPOLECCOB HEJHHEHHOCTb, KAK MPaBHJIO, BHl-
PaXKaercs B HeHHEHHO! 3aBHCHMOCTH NMOTOKOB OT TE€PMOJHHAMH-
HCCKHX Cuii BO BpeMeHHOH 006J/1acTH IpoHecca, 1aJjeKkoll oT pasHo-
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secusi. Takoro poja HeTHHEHAHOCTb THIHYHA B KHHETHKE CJOKIIBIX
XUMHUYEeCKHX peakuui (cM. § 20). Mckialouenne npejcrasisier 3a-
KOHOMEpHOCTb, Ha3BaHHasa B pabore [48] Hnelo-iesuuelnnon,
KOT/1a BBINOJIHEHBI BCE OCHOBHBIE COOTHOLICHHS JUHIEHHON HepaBHO-
BECHOH TepMOJAHHAMHKH, 1O B KOOPAMHATHOM HPEICTABACHHH H-
llaMHYeCKHe ypaBHeHHs HeJHHeHHbl. Takyio 3aKOHOMepHOCTb MOXK-
HO IOJY4HTb, €CJIM B Pa3JIOXKEHHH SHTPOIHUU B PSJ YueCTb UJIEH
nopska Bboille BToOporo. Tak Kak npu 31oM oblilee BhipaxeHue J1Js
sutponuu (4.2) u Bua dyuxkuun puccunaunu (6.12) ocrawoTes He-
HM3MEHHBIMH, TO KHHETHYECKHE YDABHEHHS B CHJIOBOM IIpelCTaBJie-
A OCTAIOTCs JIMHEHHBIMH, NIPHYEM COXPaHSIOTCS COOTHOLIEHHS
B3auMHocTH [48]. EcTecTBeHHO, YTO KHHETHYECKHE ypABHEHHS B
KOOPJHUHATHOM IPEeACTABACHHH OKA3LIBAIOTCS HEJTHHEHAHBIMH. YuerT
1He00X0ANMOr0 YHCJ/A YJIEHOB passoxkeHus B AS QUKTyeTcs ycJao-
BUSAMH Qu3uuecKoll 3anaun. Tak, /s ONHCAHHS MOHOMOJEKYJIsIp-
TBIX peakKUHH BO BCeH KHHETHUECKOH 06J1aCTH AOCTATOYHO UJIEHOB
BTOPOTO NopsifKka, OHMOJIEKyJAspHble peaKIHu TpeGyoT yuera uJje-
OB TPETHEro, a TPUMOJIEKYJIsIPHble — YJIEHOB YETBEPTOrO MOpPsiIKa
B pasaoxenun AS (§ 20). Ognako B o6ueM cjyuyae TakoH Cro-
o6 MOXKET He JaTh COBMAJAEHHs C 32KOHOM IEHCTBYIOUIMX Macc.

3anauya HaXOXK/JEHHS CBSI3H MEXKAY CKOPOCTHIO HEpaBHOBECHO-
ro npouecca U TepMOJMHAMHUYECKHMH CHJIaMH BO BCEH KHHETHYe-
CKOH 00/1aCTH sABJSAETCS OJHOH M3 OCHOBHBIX 3ajau Teopuu. [us
€e pelleHts IpeyiaraJnuch pasJjnyHble CIOCOOBI, HAIPUMeEp, aKCHO-
Matuyeckui meron Paiika [102—107]. Ogxnaxko, mociefoBatedb-
110€ pelleHne 3Ta HeJaulleHHas 3ajaya NOJYYHJIA TOJbKO € INpHMe-
“HelineM CTOXaCTHYeCKHX METO/0B, pa3pabGoTKe KOTOPLIX YIeJelo
0oJbloe BHUMaHue B paborax [22—33].

Haub6osee nocseoBaTebHbIM METOIOM ONUCAHHS HEpABHOBEC-
HBIX TIPOIECCOB, BKAKOUAIOLIEM HeJHHeHYI0 06/1acTh U CrIpaBeiJu-
BBIM JJIS1 IPOLECCOB PA3JHYHON TeH3OPHOH PAa3MEpPHOCTH SIBJSIETCS
MeTO/] HepaBHOBECHOTO cTaTHCTHYecKoro onepatopa . H. 3y6a-
peBa [22—27]. HepaBHOBECHBIH CTATHCTHYECKHI ONEPaTOpP HJIHU
(GyHKuHSA pacnpefeneHHss B (Ha30BOM NPOCTPANCTBE CTPOATCA C
YUeTOM JIOKAJbHLIX 3aKOHOB COXPAHEHHS SHEPTHH, UHCJa YaCTHI|
1 uMmnyabca. Ilpy nmocTpoeHus Taxkoro omepartopa aBTOP MCXOAHT
U3 TeopeMul JIMyBHAIS, BhIpaxKaillefi 3aKOH COXpaHEHHs s
GyHnkuuH pacnpeneneHus f, Ho ofo6ulaeT KiIacc HHTErpaJoB JIBH-
JKEHHS, OT KOTOPBIX MOKET 3aBHCETb [, BBOAS TaK HAa3bIBaeMbie
«KBaSHHHTErpansl ABHKeHHs». Ha 3ToM myTH moayuen psijg Bax-
HBIX Pe3yJbTATOB H, B YaCTHOCTH, HPUBEICHO O00CHOBAHHE 3AKOHA
JEACTBYIOIUX Macc Ajsi OuHapHoH peakuud A-+B«—C-+D u ee
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00O0O0LICHNAS Ha CAyYall r peakHuil MeX1y n  KOMIOHeHTaMu [27,
c. 334—340].

B pa6orax [40—45] pasBuBaercs apyroil cmoco6 croxacTuue-
CKOTO ONIICalius HEePABHOBECHOro mpouecca. B ocHOBY nosoxeno
npe/CTaBJICHHE O TOM, YTO CAydaliHoe H3MEHEHHe MaKkponapamer-
pOB TIPOHCXOJAHUT IHCKPETHO M B JHCKDETIBIE MOMEHTHl BPEMEHH.
[Ipu 3TOM HCNIOJAB3YETCST TeOpHA AHMCKPeTHBIX Uerneii Mapkosa.
Dtum crnocobom B paborax [40—45] man cTOXacTHYECKHil BLIBOJ
HeJIHHeAIBIX IMHAMHYECKHX YPaBHEHHH, ONMHCHBAIOUIMX KHIIETHKY
XHMHUYECKHX PeakIHi BO BCell BpeMEHHOH 06JaCcTH Npoiecca, H 1o
ananoruu ¢ GOpMasu3MOM JHIEHIOf HepABHOBECHOH TepMOAHHA-
MHKH, PasBuT GopManusm HeJIMHeHHOro BapuaHTa Teopuu. Masgo-
ZKCUHIO JaHHOTO METORA U ero pe3yJ/bTaToOB IOCBSIIEeHB riaBbt 1V
uV.

B zarjiouenne OTMETHM, YTO MBI He CTPEMHJIHCh 1aTh 0630D
BCeX paboT, NMOCBAUICHHBIX 3ajayaM HeJMHEHHOH HepaBlHOBECHOH
TepmoaniiaMuky. Ilo atum Bonpocam mMeercsi oGuupHas auTepa-
Typa, 0030p KOTOpO# npuBeAeH, Hanpumep, B paborax [27, 42].

§ 20. HEMUHEWHDBIE YPABHEHHSA XUMHYECKOW KHHETHKH

st 6osee A€TANbHOIO NPENCTABICHHS O XapaKTepe HeJHHeil-
IOCTH B 33Ja4aX XUMHUECKOH KHIIeTHKH DPacCMOTPHM HEKOTOpbie
IIPHMEpHE.

Ilyctb B cucTeme nporexaer 0JHa o6paTHMast XUMHUECKas pe-
aKUMs NPOH3BOJILHOTO MOPAAKA MEXAY f-KOMAOHEHTAMH, Npej-
CTaBIAIOLIHME CMECh Hjea bhblX rasos 1, c. 213].

D n
— B <> X vnBy. ' (20.1)
i=1 m==p-+1
B cooTBeTcTBHM € 3aKOHOM JEACTBYIOLIAX Macc CKOPOCTb J
ATOi peakiuu Bhipaxaercs Gopmynoi (8.1), B Kotopoii caenyer
1I0J0KHTh j==1, ONYCTHTb BTOPOIl HHAEKC Y CTEXHOMETPHUECKHX
KO3 GUUHEHTOB vj H YUECTb, YTO vi< 0 Aast {<Cp u ;>0 1isi>p.
Beipasum J uepes xuMuueckne NOTENUMANB My KOMIOHEHTOB,
YUuTHIBafd, 4TO, KakK caenyer us (8.13),

C
Y (B — P'om) = VmRTln _CT?L’
'm

HTH, YTO TO Ke camoe,



(Go)™ =exp | elin - e, I (20.2)

O RT
O6o3nauum
14 n
pr=—2vip,  Bu= 2 Vbl (20.3)
i=1 m=p-+1
= V7, Lﬂ:-}f-’rﬂ, Wo = Wor (20.4)

rae W°— paBHOBecHast CKOPOCTb PEaKIUH B OJHOM HaNlpaBJeHHH
(8.6) mpu j=1, V—o6bem cucrembl. [logctapass (20.2) s
(8.1) u ucnoabsys (20.3) u (20.4), noanyyaem cienywollee Bbipa-
XKeHye 1/ CKOPOCTH AaHHOH peaKUHH.

B0 ) o (e
— JoO il Sle el O {0
J=1L RT[exp( BT exp ( BT , (20.5)
rae p%, un®-— paBHOBeCHBIE 3HAYEHHS XUMHUECKOrO MOTEHIHAa

(20.3).
BBOLIH XUMHUYECKOe CpOZICTBO

A =pp—ypy, (20.6)
nepenuuem (20.5) B BUIe
A Y —p 0
J = L'RT [exp 7 —1]exp (H1210). (20.7)
Hetpyano BueTh, UTO NPH YCIOBHAX
pp—p 0 PO —p® )
rr- <L <L (208

KOTOpble BBHINOJNHAKTCS BOJAH3H paBHoBecus, ypaBHeHus (20.5),
(20.7) mepexoasT B JiHHEHHOE MO0 TEPMOJHHAMHYECKHM CHJIAM Bbi-
paxenue J=L°A.

Ypasuenue (20.7) yao6iio nepenicath B BHE

J:K[exp% —1]. K=L°RTexp(f”—;;_£).
(20.9)

OtMmetum, uto BeanuuHa K, B cuny (20.3) u (20.2), 3aBucur or
napaMeTpOB CHCTEMbI

X~ (€ — &),
Bripasum cKopocTh peakuuy yepe3 NMPOH3BOJHbIE OT SHTPONHH
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po napamerpaM. C 3TOH Le/blO BOCNONL3YyeMCS yPaBHEHWEM:
ru6ocea:

TdS=dU + pdV——’glpkvde, (20.10)

r/e BBeleHa CTeneHb MOJHOTH peakuun di=Jd¢. U3 (20.10) uus
CBOMCTBA AJAJHTUBHOCTH SHTPOMHUH CJAEAYET, YTO AJS CHCTEMBH C°
[HOCTOSIHHBIMH 3Heprued u 00 beMoOM
. TdS =TdS, + TdS, ,
(20.11)

P n
1 " 1
dSy=— —T—Zp‘kvkd". aS,=— -;.-Epk\'kdc-
kel k=p-+1
IIpu 3TOM MBI ONyCKaeM, Kak H B pa6oTe [5], 4To HepaBHOBeC-
ltasi SHTPONUA CMECH PearupyioilliX ra30B COBNAJAeT C paBHOBEC-

OH SHTPONHEH 3THX XKe ra3os NPH YCJOBHH OTCYTCTBHS peaKLHU

MCXKAY HHMH.
U3 (20.3), (20.11) caenyert, uto

p
0S8 08
b —pit=— Mo e— ) = 7[5 — (5] |
k=1
(20.12)
n
— = —pd)=— 9_53_253)]
pi— B —ka(m b T[ = (,oc ]
k=p+1
IMoacrasasia (20.12) B (20.5), nonyuaem
Lo Los_ 1osy]
=t RT{eXP[R o R( o Jo
10S,, 1/0S
Ceo[ES S]]

HH, YTO TO 2Ke caMmoe,

_d 108 1/0S\71__ .14)
J== = {exp[R 3 R(@{)J 1}, (20.14)
riae

1 98 1/ So
— LORT -2z (2R ] 20.15
K LRexp[ R0’2+R(0C)o] ( )
lraie S=8,+4S; — noJsnas 3HTPONHUS CMECH I'a30B.
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Hrak, o Bcelt 1HHaMHUYeCKOil 06J1acTH Ipolecca CKOpOCTh H3-
MeHeHHs napaMeTpa { MoxKeT ObiTh BbIpa:KeHa uepes3 NPOH4BOIHYIO
OT 3HTponuu S 1O 3TOMY NapaMeTpy U yepe3 KHHeTHUeCKuil Kovd-
Guuuent L. BaxHo OTMETHTb, UTO NPOIECC, ONHCLIBAEMBIH HEJHU-
HeHUbIM ypaBHeHHeM (20.14), nBycTaaufiHblil, TO €CTh IPOUCXOLUT
OJIIOBPEMEHHO B ABYX HanpapJenusax. YpasHeune (20.14) werpyx-
110 00OOWHTb HA Cayyall 7 XUMHUECKHX peakUHd MeX/y n-KOMIIO-
nentamu [3,4].

B pa6orax [102—108] ypasuenue tuma (20.14) (uau ero
0600uleHAe AAs1 r>>1) NPUMEHSJIO0Ch MJsi ONHCAHHS Pa3JIHUHOrO
PO/1a HEpPaBHOBECHBLIX NPOLECCOB, HAIPUMED, TEPMO3JIEKTPHUECKUX
M 3JeKTPOKHHETHYECKHX SIBJEHMH BAaJH OT paBHoBecus. Takon
Croco0 ONHCaHHs HA3bIBAIOT aKCHOMOI BpeMenu Paiika. Corsacho
akcuome BpeMenn Pafika nepaBHOBeCHBIH Ipollecc MOXKeT ObLITh
OIIHCaH 3aKOHOM

¢

e ds

QW

0
e t—Bpemsa u rae ¢ysxkuus Q (L) coBmamaer ¢ Npasoil YacTblo
ypasueuns (20.13).
PaccmoTpuM Tenepb HHKIHUECKYIO peaKUHIO:

|V1IB1<—‘>|V2,BZ‘-‘ ‘>|V3|BS<“‘>|V1IB1- (20.16)
B cooTBeTcTBHHM € 3aKOHOM IEHCTBYIOIIMX Macc CKOPOCFb i-TOH
peaxkuyuy MoXert ObITb Ipe/JACTaB/AeHa B BHIE:
1 dl’li “7]0
vi dt R
rjie o6o3naueHo ny=c;V — yncao Moei u

i — 13:0 ) L —pd
A*:R[exp Vi(;’;T f"‘l)_exp V,+1(P‘,k«17‘ P‘H-l)]‘

Jy=VJ= —— A, (i=1.23) (20.17)

(20.18)
3nech i=1, 2, 3, npuuem mas =3 unjexc i+l NepeXOAUT B HH-
nekc 1. Kak m3Bectho [3, ¢. 197], A\*+Ax*+As* =0, 1. e. A3* =
=—A*—A,*. Takum o6pasowm, Beizesisi B (20.17) nesaBucuMEbIe
CKODOCTH peakIlui, noJjyuaem

j —13 - LllA FL12A2 ]
(20.19)
Jo— Ty == Loy A ¥ + LyAy*,
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r1e BBefieno obosuavente Lij=L;’T, a umenno

W0 + Wy W w.e
L“—'—:-—"L‘E——s—’ L12=L21-— “‘;—, Lzz= *i—%‘&’o——
(20.20)

3aMeTHM, YTO B COCTOSIHMH paBHoBecust WO, =Wo,— W0,
BCJENCTBHE YCJOBHSA IeTajabHOro fananca.

Heauneitunle KiHeruueckue ypasuenus (20.19) ¢opmaabsno
11Mel0T BHJ JMHEHHBIX YpaBHEHHH, B KOTOPBHIX BMeECTO OOBLIYHBIX
TepMOJMHAMHYECKHX CHJI BhICTymarT skcrouenthi (20.18). Ilpu
310M K03ddunueHTs Lix COXpaHIIOT TOT XKe CMBICJ, YTO ¥ B ypas-
nenusax (5.4) ¥ YAOBJETBOPSAIOT COOTHOUIEHHIO B3aUMHOCTH Lip==
=Ly Ilepexon k OOBIYHOMY JHHEHHOMY BapHAHTy TEOPHH OCY-
111eCTBASAETCSA TIPH YCJIOBHH

vi(m—wi®) (RT) <L

BBOJs XUMHYECKOEe CPOJCTBO i-TOH peaKLHU

Aj=— Vi(Pi - Pio) — Yi+ I,(PH-I —plhy), (= 1,2)
(20.21)
nepenumem (20.19) B Buze:
A A,
J1 — I3 =Ky (expﬁ — 1) +K, (exp;f — 1),
(20.22)
Jo — J3 = Ky, (exp A _ 1) + Ky (exp ’i““——l)
RT RT ’
Tae
Ky = LR exp —i*-‘—éif—"—)— (=12 (20.23)
K, = lezReXp 13—(—%7;—”—32
Jlerko nokasath, UTo B cayyae r peaknui Buja
fV1'31<——+]V2le<—~‘r e . <—~—>|vrlBr<——>l\»llB1
(20.24)

ypasuenns (20.22) 0606manTcs CaIeIyIonM 06pa3om:
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r—1

A .
J—di= Y Kn(exp h—1). =12, . . r=1).
=1
(20.25)
31ech
Ap=—yflpr— 20 — Vi lpra — p0) (20.26)
XHMMHYECKOe CPOJCTBO [-TOM peaKLuH ,
Kjy = Ly R exp [vi+i(prer — e XRT) 1], (20.27)
uyjo + Wro Wro
Lyj=—%—; Ly=Lj=—+x (20.28)

TlipHYEM B CHAY ycioBuil getanbHoro Gamanca Wie=W° (j=
=1, 2, .., r—1).

Takum 06pasoM H B 3TOM cayyae gisi Koapduunentos Ly BbI-
IOJIHSAKOTCS COOTHOILEHHST B3aUMHOCTH. UTo Kacaerca KO3Q@HUH-
eutoB Kj!, TO 11 HUX COOTHOIUEHHSI B3BAHMHOCTH BBINIOJIHEHb! JHUID
IIpH YCJAOBHH

vimg=ve®, (J=12,. « ,r—1). (20.29)

[TpumeuaTteabHO, UTO MOJYYEHHble HeJHHEHHble YPaBHEHHA
MOXHO IONLITATLCS HCCAEOBATh HAa OCHOBE (PeHOMEHOJOIHYECKHX
ypaBuenuil (5.4)— (5.7), coxpaHsig BBICUIHE UJIECHBl B PA3JIOXKEHHH
3HTPONHH B PAA.

HazoseM KHHETHUECKYI0 3aKOHOMEPHOCTD, BEIPAXKEHHYIO CHCTE-
MO# 3THX ypaBHeHHil, JuHefiHo-nuHeHnoN. [Tokaxem panee, yTo B
chAenywolleM NpHOJIMKEeHHH JdHHeHHas ¢gopMa (5.4) Moxer ObiTh
coxpaHena, OJHAaKo JHHEHHOCTb YypaBHeHHMH (5.6) Hapywaerc:

48].

[ CoxpaHuM NpexkHee OnpefeNeHHe I/ TePMOAHHAMHYECKHX
cuJa, Bbipaxeutoe popmyaamu (5,5), oiHaKO B pasfioxeHun AS.
yyTeM ujeHbl TPeTbero Nmopsiika, Toraa

n n
1
Xy = Z giXi’ + o Z My X' X[, (20.30y
i il
TIpHYEM OHEBHIHO, 4TO
ik = &xip Mg = Mgy = Mgy == My (20.31)

Jlerko 3aMeTHTh, 4TO BHA QYHKLHH O COXPAHSETCA HE3ABHCHMO
OT YHCJA YJEHOB B pa3ioxeHun AS, 1. e.
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o =3 i Xy, (20.32)

i
ITpH 3TOM YCJIOBHH KHHETHYeCKHE ypaBHeHHs, Kaxk W paiee,
410KHO TIPEICTAaBHTh B JIMHEHHOH (opMe

n
X/ =2l X, i=12,.....n (20.33)
R
JlomycTuM naJgee, YTO JHCCHNIATHBHAA (YHKUUS, TIOCKOJLKY

ol1a, TOA0GHO O, onpejensieT KOJHUECTBO PAcCesiHHON IHEPTUH, MO-
46T GbHITb BHIpaXKeHa, Kak ¥ npexje, B popme

o
o= E b p X, (20.34)
i,k
51pnqu
O = 2 . (20.35)

Urobnl npu x'x—>xx ¢ynkuua @ nepexonuna B P, 1e06X0AHMO
T10J102KHTh

O = by (bix = by)- (20-36)
YuurteiBas Buj QYHKUHH IMCCUNALNYU B JHHEHHO-THHEAHOM Ba-
puante (6.12), a raxxke (20.32), (20.34) —(20.36), nonyyaem
Ly = Ly (20.37)
Kunernueckue ypapuenus (20.33) npHHHMAIOT BUJ

X', = kz L Xy, (20.38)

fIpHYeM Aas Ly BBITOMHSAIOTCS YCJAOBHS B3aUMHOCTH (5.7).

Bripaxas X'y Kax QyHKUHIO TEpMOLHHAMHUYECKHX NTapaMeTpoB
(2Q.30), noJayyaeM CHCTeMY HeJHHeHHBIX KHHeTHYeCKHX ypaBHe-
Hufl B BHAE

n n
: 1
X = 2 Liy&mckn' + — Z Ly g X" %y (20.39)
Z
krm k,m,l
HasoBem KHHETHUECKYIO 3aKOHOMEPHOCTh, BLIPAXKAEMYIO ypas-
dennsimy (20.38) u (20.39), auHeiiHO-HeaHHEHHOH.

Ecrectsenno npeanonoxuth, uto NuHeHO-HeHHeliHas dopMa
KHHETHYECKOH 3aKOHOMEPHOCTH siBJsieTcst Gosee OOIIEll H MOKeT
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OXBaTHTb BCIO KHIIETHUECKYIO 06/1aCTb HEKOTOPBIX IIPOLECCOB, AJA
KOTOPBIX JHHEHHO-HHeANas opMa CnpaBeAJHBa JULIb B OTPAHH-~
Yennoi 064acTH, 6JTH3KOH K COCTOSTHHIO paBHOBECHS.

Jlerko 3aMeTHTh, YTO B CJy4ae, KOrJa MOXKHO NpeHe6pednb He-
JunednbiMu wienamy, (20.39) nepexoaut B (5.6).

B kauecTBe HAMIOCTPALMH NOJYYEHHBIX PE3yJbTATOB PacCMOT-
PHM CHCTEMY, B KOTODO} NMPOHUCXOAAT XHMHUYECKHE PEaKIUH — 3TO
HanpGo/ee THOHUYHBIA CAyyal OrpaHHYEeHHOro AEHCTBHS JHHEHHO-
JINHeHOH 3aKoHOMepHOCTH. JIJ1s NPOCTOTEL paCCMOTPUM KOHKpeT-
HYIO peaKUHIO: MOCJIeN0BATENbIIOCTh ABYX OOPATHMbIX GHMOJIEKY-
JSIDHLIX CTagui:

9B, 29B, 9B, op,
k2 k-t
k) — xoHcranTa cKopocth [-ii peakuuu;
xi = Ci — Clo = Aci; (20.40)
€ —— KOULEHTpAUHUs [-TO KOMIIOHEHTa B JAHHLIH MOMEHT BpeMeHH;

€% — KOHLEHTPAaLHUs i-T0O KOMIIOHEHTA B PABHOBECHH.
Ecau peakuuss npoucXOAMT NpPH MOCTOSIHHBIX TeMIeparype n
odbeMe, TO

O(AF).

9 (dc)’

AF — oTKJIOHEHHEe CBOGOHOM SHEPTHH OT PABHOBECHOTO 3HAYEHHSI.
YuutbiBas, yto 3¢ deKT HaNOKeHHs B CIydae XUMHUECKUX pe-

aku#it otcyreryer [1], 1. e. L= Ly =0, nonyuaem g He3aBH-

CHMBIX KOHUENTPAUHH KHHeTHYECKHE ypaBHEHHS

=

1d@e) _y . 1 dGe) _
2 dt = L&y 2 dt = Lo Xy

an YCJIOBHH, 4YTO XMMHYECKHE NMOTEHIHUAJBI BbIpaxXarwTcid B
BHae

P = RTln cc_:] Tlp'iof
i

C y4€TOM YJICHOB TPETLETO NOpAAKa B pasjoxkenun AF nonyuum

L @) _ g {2 (—!—-——L)Aci-i—i)Acﬁ—
02(

2 at cy0 ¢y
1 1 9 2 1
— Ac + —— Ac, Ac Acg? .
+[(€z°)2 (Cx“)’] o (e 0 N (%) e }’

(20.41)
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1 d@e) g {_3) Ac, + 2(_1_ _._1_) Acs+
Cy'

2 dt Cg() 03()
e et [~ g ) @04

[IpunnMas Bo BuuManue, uto Li=£k;(c\°)% La=k3(cy)?, u
npiBOAA (20.41), (20.42) k nepemendbiM ¢, y4uThiBas (20.40),
noJy4yaeM

Lde kiC? + kot Lde ksco? — Rc3?,
2 dt ' 2 dt
41O MOJHOCTLI) COMVIACYETCH C 3aKOHOM JIeHCTBHS Macc.

Takum 00pa3oM, B JalHOM Cayuae JHHelHOo-Henuneinas ¢op-
\1a 3aKOHOMEDHOCTH OXBATbIBaeT BCIO KHHETHUYECKYIO 06J1acTb pe-
axunu, ot ee Hauana (npu t=0, cy==co; C3==c3=0) 10 paBHOBE-
cHs.

JIerxko 3aMeTHTb, UTO JnieHliast popMa ypaBHEHHH B NpejCcTaB-
gdenun (5.4) ABAsieTCs CAeACTBHEM BLIPAXKEHUS TEPMOTHHAMHYE-
ckux ¢ (5.5). O6/1aCTb MPUMENHMOCTH TEPMOIUHAMHUUYECKOTO Me-
7012 Orpaluyena 3THM onpejenenneM. YyeT HeOOXOAUMOTO YUCaa
yJIe1108 B Pa3/iOXKeHHH AS THKTyeTCsl YCJAOBHAMH (PU3HYECKOH 3a-
paun. MOXKHO NMOKa3aTb, YTO AJIT MOHOMOJIEKYJSAPHBIX CTaAHil BO
BCeH KHHETHYECKOH 06J1acTH NefCTBYeT JUHeHHO-IHHelHas dopMa
34KOHOMEPHOCTH, MOJYYarUlascad C yYyeTOM 4YJIeHOB BTOPOro IiO-
psilka B pasnoxkeHuun AF. bumonexy/nspuble craiuu Tpe6yOT yue-
Ta YJEHOB TPETbEro, a TPHMOJIEKYJAPHBIE — UJEHOB YETBEPTOro
nepajika B pas3foxKeHud AF B COOTBETCTBHHM C 3aKOHOM JefCTBUS
mace.

Oanako, B LeIoM onucath 3aKoll JeHCTBUSI Macc AJis NPOMU3-
BOJIBIIBIX CTEXHOMETPHUECKHX KO03GDHUUEHTOB, NOJAL3YSICh NallilokH
MCTOAMKOH, HeNAb3s.

Caenyomue naparpadgst u Gy1VT NOCBSUIEHB BHIBOAY GoJee
OGULHX COOTHOLIGHUN MEXKAY CKOPOCTbIO NMPOHecca ¥ IMPOU3BOLNON
OT SHTPOMHH Ha OCHOBAHHH TEOPHH CTOXaCTHYECKHX NPOLECCOB.
Noayuennsie ypaBhenusi o6bsicHAT 3aKOH AEHCTBHS Mace A4
Peaxuuii Npou3BOIbHOTO NOPAIKA.

§ 21. JUCKPETHbBIE UHENH MAPKOBA

Maaoxene Teopun anckperusix Ueneit MapkoBa o6bluilo na-
YHIlaeTCsT ¢ onpefeNieHHs NOHSATHS OAIOPOAHOH IPOCTOI ILienH
MapkoBa ¢ KOlEUIBIM UHCJIOM COCTOSHMH M JTHCKPETHLIM BpCMe-
ney [109—111]. 1o npocteiimuil  cayualt AHCKPCTHLIX Lened
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MapxkoBa, KOTOpbIi BMECTE C TeM SIBJSIETCH OCHOBHBIM M KOTODHIH
OyJeT HCIONb30BAH B JaNbHEHIIEM NPH NOCTPOECHHH CTOXacTHYe-
CKOH MO/Jie/1H HepaBHOBECHOro npouecca.

PaccMOTpHM HEKOTOPYIO KOHEUHYI0 cHCTeMY SN eIHHCTBEHHO
BO3MOKHBEIX ¥ HECOBMECTHMbIX cocTosinuil Ay, As, ..., An, KoTOpbHIE
CMEHSIIOT APYr Apyra uepe3 KOHEUHble IIPOMEXYTKH BpeMeHH
At,=1 110 TaKoMy CTOXaCTHYEeCKOMY 3aKOHY: B HEKOTOPbIH HayaJb-
HBIH MOMEHT £y BEPOSATHOCTH 3THX COCTOSIHHH PaBHBI COOTBETCTBECH-
HO P1°, Po°, ..., PN° H 3aTeM, KaKOH OBl U3 MOCAEAYIOLIHX MOMEHTOB
ty==F (k=1, 2, ...) MBIl HH paccMaTpPHUBAJ/H, BEPOATHOCTb CHCTEME
S, naxoxausiiefics B coctossHuu A , nepefiTH B cocrosnue AP B
CJIeNyIOUlH MOMEHT BpeMeHH k-1 paBHa MOCTOAHHOMY HEOTpHIA-
TeNbHOMY yHCAY Posl | He 3aBHCSNIEMY OT COCTOSIHHSE CHCTEMBbI
S~ 8 MoMenthl 0, 1, 2, ... £—1 1npH HeONpPeAETeHHOCTH COCTOAHMI
-ee B MOMeHTsl B+2, 2+3, ... [109]. D10 onpenenenne BeposaTHOCTH
P.s™ moseo 3anucaTh, BOCIOAb30BaBUWHCh OOLIYHON 3aNUCHIO yC-
JIOBHOH BEPOATHOCTH, CJIEAYIOLUHM 00pa3oMm:

PsM = P(As3k+ 1/Auk), (B=123,. . ..)

Takum 06pa3oM, COCTOSTHHE CUCTEME! SN B /M0OOH H3 MOMEHTOB
BpEMEHH fx==Kk CTOXACTHUECKH TOJHOCTbIO OIIpefiesisieTCsl ee CO-
CTOSTHHEM B TIPEAILECTBYIOIHII MOMEHT BpEMEHH HE3aBHCHMO OT €e
COCTOSIHUI BO BCe ApYrHe NpefllecTBYOUIMe MOMEHTHI IIPH YCJIO-
BHH, YTO COCTOSIHHSI ee BO BCe IOCJEAYIOLHe MOMEHTH OCTalTCs
HeonpeneneHHbIMHE. Taknue Mpouecchl HashBAIOT TaKXe «CTOXaCTH-
YeCKHMH NpoueccaMy 6e3 nocjaeAeHCTBHIY.

Takasi cMeHa COCTOSIHHH CHCTEMBl SN COCTaBJAET YaCTHLIH CIy-
yafi cTOXaCTHUYECKOro Ipouecca BOOOILe M HOCHT HasBaHue Ipo-
CTOH OJHOPOAHOM Ileny MapkoBa ¢ KOHEYHBIM YHCJOM COCTOSHHH
¥ C JHCKPETHBHIM BpeMeHeM, uau leni MapkoBa B Y3KOM CMbIC/IE
crosa (repmun A. H. Konmoroposa). Hanee, nna xpatkoctu Oy-
JIeM Ha3blBaTh ee LEeMNbIo CN.

Marpun
Py P“(l)pm(l) « e & o PIN(I)
P=[PuV] =| Pau'VPp" Py (21.1,

P Prgt) Pny®

Ha3bIBAIOT 3aKOHOM ILIeNH CN, a COCTAaBJAAIOUIHE €€ BEpPOATHOCTH
P ,3 — nepexoaAHBIMH BEPOSATHOCTSAMH; OHH NOJUHHEHB! O4Y€BH/HO-
My paBeHCTBY : :

Epc(ﬁl)=ln a=1;2,' L NEI:N
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BepoATHOCTH P " (=1, N) 1nasbBaloOT HayaJbHBIMH, NJS HUX
TaKKe ZP ¢==]. Takum 06pasoM, HCKJIIOYAIOTCH U3 PACCMOTPEHHUSA

cayuaH, KOI‘lIa BCe IepexopHble BepositHoctH P, W, P, (1 .,
P .~ HIH BCe HayaJbHble BEPOATHOCTH PaBHbl HYJIIO.

OHOPOAHOCTD IENH BHIPAXKaeTCs B TOM, UTO MAaTpHULA Mepe-
<0 11bIX BEPOSITHOCTEH COCTOSHHUE CHCTEMBI OCTA€TCs HEH3MEHHOH,
27151 KAKOrO Obl MOMEHTa BPEMEHH MBI €e HU PacCMarpHBaJii. 3a-
\{CTHM, UTO 371€Ch ¥ B JaJbHEHIIEeM MOHATHSI COCTOSIHHS H COOBITHS
OTOXKAECTBJISIOTCA, Kak 3To npemjoxuna B. M. Pomanosckuii
[109]. ‘

[Tepexonubie BeposiTHOCTH P .5 aBasitoTCs BEPOSTHOCTSMII Tie
pexoja CHCTeMbl Sy 32 OJMH IIar (3a OJMH BPEMEHHOH HHTepBa.l
Af.==1). H3BecTHbBIM 00006IIeHHEM fABJIAIOTCA BEPOSATHOCTH PE)5,
Péls, ..., P®gg mepexona cucreMsl Sx 3a 2, 3, ..., BooOule 3a £
praros. Ilox BenuunHamu P& 3 MOHMMAIOT BEPOSITHOCTH IepeXosia
cucTeMbl SN, HaXoAsIeHCs B KaKOH-1160 MOMEHT A B COCTOSIHHHU
A .. B cocrosinne A gB MOMeHT A-}-2, KaKOBBI Obl HU OBLIH IpoMe-
7KVTOUHbIE COCTOSIHHSI CHCTEMBl B MOMeHTH A-F1, A2, ..., A-+k—1.

TeopeMbl CJIOXKEHHS H YMHOXEHHS BEPOSITHOCTEH NaioT Caeny-
[0lilHe OCHOBHBIE COOTHOIUEHHST MJIsi MEPEXOAHBIX BEPOSTHOCTEH
P% .5 [109, c. 28].

N
BZPaa“‘) =1, (a=1, Ny (21.2)
=1

N —_—
PED =2PY Py =3P PY, =TH @3

1=l

M3 pasencts (21.3) BHITEKAWOT paBeHCTBA:

(m+n) Ep(m)pgg) Ep(n) (m) p(n+m)
(21.4)

ClpaBeaJuBBIE AJS BCEX @, B M AU BCEX UeJIbIX HEOTPHIATEIbHbIX
3nadenuit m u n. OHU OYEBHJHBI TAKXKe H IO ONpEeJEHHIO mepe-
XOIUBIX BEPOSITHOCTEH yepe3 NPOMSBOJBHOE YHCJIO maros. M3 sto-
F0 cooGpaxKeHHsi MJH H3 paBeHCTBA (21.3) BBHITEKAlOT, HaKOHEIL,
COOTHOIIEHHUS !

(k)
aﬁ - S1pGlTxPT Taoe vt PTk—-ls’ (215)
TuT2 .Tk*—l
7. 1. ®. Baxapesa 7



B KOTOpPHIX CYMMHpPOBaHUe BefeTcs no 3Havenusam 1, 2, ..., N u a4
KaXXJIoro U3 HHAEKCOB Vi, Y2, ..., Yk—1 HE3aBHCHMO JIPYT OT ApJra.

M3 paseHcts (21.3) ciaenyer TakKe, 4TO NepeXOdHble BepOST-
HoctH P®,3 mpeacTaBasiOT 37€MEHTH k- cTenmeHH Mmatpuust P.
Taxum o6paszom:

[PE] =P (k=012 .. .), (21.6)

rae matpuua P onpezeasiercs Buipaxennem (21.1).

B onHoponHoi uenu BepositHOCTH P&) g 3aBUCAT HE OT MOMEH-
TOB BpEMEHH, B KOTOpble ocyuecTBasiorcest A, u Az, a auuib or
BPEMEHHOro HHTepBasa k& MeXJy HUMMU.

BepostHocTh camMux cocrosiHufi P™; B MOMEHT BpeMEHU 7
MOXKHO BLIUHCAUTDL N0 dopMye:

N
PP =2PYPR,  (3=T,N), (21.7)
1=1

rxe P, — BeposiTHOCTH COCTOSIHHH B HayaJbHEIH MOMEHT n:==0, u
N

rje co6/I0eHO YCI0BHE HOPMUPOBKH X PMg=1,
p=1

XapakTep NOBeNEHHSI CHCTeMbl SN BO BPEMEHH CYIIECTBEHHO
3aBHCHT OT CBOHCTB ee coctosinuil A, . Hac Gyzner uxtepecosats B
JanbHeHIlleM HenpuBOJuMas (HepPa3JoXKHMasi) HeNepHOAHYecKas
(auuxJanyecKas) 1enb, BCE COCTOSHUS KOTOPO¥ BO3BpaTHH. B cBf-
3U C 3TUM NIPUBEJEM HEKOTOPbIE ONpeNeeHH s.

Coraacuo [109] cocrosHue A ; IBJAsIETCS HEBO3BPATHHIM (HJIH
HeCyllecTBeHHBIM, o TepmuHosorun A. H. Konmoroposa), ecau
CYILECTBYIOT COCTOSAHHE A g U 1lesloe TOJOXKHTEJNbHOe YUCIO R Ta-
kue, yto P®,3>0, a PO 5, =0 nas Bcex /=1, 2, 3, .... Unaue ro-
BOpA, cOCTOAHHE A HECYLIeCTBEHHO, €CJH Yepe3 HEKOTOPOoe YHCIO
1IaroB BO3MOKEH IepeXo] CHCTEMBl Sy U3 COCTOSIHUS A, B HEKOTO-
poe coctosinie A3z, #3 KOTOPOro BO3BpalileHHe CHCTeMbl Sy o0part-
110 B cocrtosiiue A, y»Ke HEBO3MOXKHO HH Yepe3 KaKoe YHCJO Lia-
TOB.

Bce cocrosinust cucreMbl S, He SIBASIOLIHECS HeCYLleCTBEHHBI-
MH, Ha3bIBAOTCS CYILECTBEHNHIMH, WJIH Bo3BpaTHbiMu. CJenosa-
TeJbHO, eCJaH COCTOsIHMA A ym Ap BO3BpaTHH, TO BCErka MOXKHO
yka3atb k u [ Takue, 4TO Pig) u POg, >0. O6patHO, ecau Cyuiecr-
BYIOT k'n [ Takue, uto P®,3 >0 u P, >0, To cocTosinust A; u A
BO3BPaTHBI.

B o6uiem ciyuae BCe BO3BpaTHblE COOGLIAIOMINECSH COCTOSHHS
cucreMbl Sy pacnagaloTes Ha Kaaccwl (uau rpynnst) By, By, ..., Bx
TaKue, YTO COCTOSIHUSA, IPHHALJeKalllHe OLHOMY U TOMY Ke KJjac-
Cy, CO0BLIa0TCsl, MPUHAMJIEXKAILHE Ke PAa3IUYHbIM KjaccaM He ca-
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osmatorcs. Kpome storo cucrema SN MOXeT cofepkKaTb TPYIIIb:
Bist, - Br4m COCTOSINKH, BKMIOUAIOIHX HECYIECTBEHIbIE COCTO-
ypist TaKHe, 4TO CHCTEMa S~ u3 rpynnsl Bxin, (A=1, m) ne Moxer
nepeiTH HH B OJIHY U3 TPYNIN Bxim.

[lenu ¢x ¢ pacnajawmomumucs Ha rpynnsl By, B, ..., Byym Hin
j1epaCTalaloIMMHUCs COCTOSIHHSIMU HA3bIBAIOT COOTBETCTBEHHO Pas3-
10/KHMBIMH (TIPHBOIMMBIMH) H HEDPA3JOKHUMBIMH (HENPOBOAUMSBI-
) -

QueBHAHO, UTO cHcTeMa Sy, BCe COCTOSHHUS KOTOPOH BO3BpAT-
{bl, ABJASETCS HEeNpHBOAMMOH Lenbio. MMenno Taxme LenH, Kak
6bLI0 OTMEUEHO BbIIIE, OYAyT HCIIOJNb30BAHML A/ CTOXACTHYECKOTO
oTIHCANUST HeJTHHEHHOr0 HEpaBHOBECHOTO NPOILeCCa.

PaccMOTpUM Tenepb BHUMATeJAbHEe MEXaHHU3M Iepexosa U3 Co-
cTOSINASA B COCTOSIHME BHYTPH OJHOTO KJaacca. HJsi 3Toro Bo3pMeM
Kakoe-lIHOYIb cylllecTBenoe cocrosinne A; u o603naynm yepes M;
MHOZKCCTBO BCEX UHCEJa M, AJsi KOTopwx Py (m)>0. 10 MHO-
JKECTBO He MOXKeT GBITh MYCTHIM B CHJY ONpEAeJeHHUsT CYIeCTBeH-
poro coctosinus. OueBHAHO, YTO €CJH YHCJIA M H N BXOAAT B MHO-
kecTBo Mi, TO HX cyMMa m-n TakxKe BXOAUT B 3TO MHOXKECTBO.
O6osnaunM uepe3 d; OoOIIUE HAUOOJBIIUN NEJAHTE]b BCEX YHCEJ
amuoxkecrtsa M. SlcHo, uro M; COCTOMT TOJBKO H3 YHCe], KPaTHbIX
d;. Uncno d; nassiBaercss mepuoaom  cocrosinus Aj. MoxHO moka-
3aTh, UTO BCE COCTOSIHHS OJIHOTO M TOTO Ke KJjacca HMEIOT OJHH H
10T e nepuoi. J1ast AByx coctostHuil A; u Aj, npHHALIeKAHX Of-
HOMY H TOMY XKe Kaaccy, HepaBeHctBa Pij(m) >0 u Py (n) >0 mo-
TVT BHITIOJHSITHCS JIMIIb B TOM CJIydae, KOTAa CyMMa /-1 JeJuTCst
uaneso na d.

HenpusoguMmele 1enu ¢y JA€JASTCS HA JABa THIA: HelepHOAHUYE-
CKHC (auMKJIHuecKHe) W nepuoanyeckne. Henepunoanueckumu Ie-
MAMH Ha3blBAKOTCH HepasJoKUMble LeNH CN, €IHHCTBEHHBIH Cy-
ILCCTBEHIIBI KJaCcC KOTOPBIX MMeeT IIepHOJ, PAaBHBI eNUHHILE.
Ilvenno Takue wenepHoiMyecKue Ilend OYLYT HHTePeCOBATb HAC
B JaJibHeleM.

Mrak, paccMOTpUM HENPUBOAHUMYIO HENEPHOJHUYECKYIO Iellb
Cx, BCe COCTOSIHMST KOTOpOil Bo3BpaTHbl. [/ NAaHHOrO KJjacca Ie-
neil cripaseiJinBa 3projinuyeckasi TeopeMa, CoraacHo KOTOPOH pac-
Ipenesenue BepOATHOCTEH B MOMEHT 72 CTPEMHTCH IIpPH n—-00 K
CIMICTBCHHOMY CTAllMOHAPHOMY pacmpejenenuio Pp, KakoBo Ol
H Gpl10 nayaabHOe pacnpefesende B fannoil uenu [109—112],

lim P = Py =i’ >0, (21.8)

Nn— o0
1e s — Bpemsa Bo3Bpaulenust B cocrosinie Az, Craunonaphoe
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pacnpejesedde He 3aBHCHT SIBHO OT BPEMEHH H Y/OBJETBOpSET
YpaBHEHHIO

N
Py= 2P, P{. (21.9)
1=1

dusHyecKHi cMbICa 3projauyeckoii teopemel (21.8) sicen: Be-
POSITHOCTb HAXOXK/IEHHS] CHCTEMHl B COCTOSIHHHM Ag NMPAaKTHYECKH He
3aBHCHT OT TOrO, B KAKOM COCTOSIHHH 3Ta CHCTeMa HaXoJu/J1achb B
JaJleKOM NpOLIJICM.

Hns seiGpanHoro kjaacca lerneil MapkoBa CIpaBeAsIUBbl JBE
fipejlelbHble TEOpeMbl, KOTOpble 6YyAYT HCIOJb30BAHBl B JaJbHEH-
HIeMm.

[TepBast TeopemMa yTBepKAaeT, UTO CPeJHsS yacToTa < mg >
nosiJenusi coGbITHS A g 32 10CTATOUHO GOJBILIOH HHTEpBAJ BpeMe-
HH 7 (n—-00) HMeeT BHI:

<mg>=nPs (=1, N). (21.10)

Bropas mpeneabHasi TeopeMa YCTaHaB/JIHBAaeT SIBHBIH BH1 Re-
POSITHOCTH pPaCIHpeLeseHHs] CYMMBI Sp CHy4aiHbIX BEJHUYHH:

Sn= 2t (©1.11)

rae u;— cjayuyaifiHas BeJWYHHA, NPUHUMAKOWIAasg B [-THIH MOMEHT
BpeMeHH o/HO u3 3HaveHut § (p=1, 2, ..., N). Cormacno s1o# Teo-
peMe NpeJesioM paclpeeeH s BeJHYHHbI

sy —nA
Xp= G (21.12)
IpH n—>00 sIBJSETCS KaHOHMYECKOe HOpMaJbHOEe pachpelefenue
P(x,) = (27)~12exp( — x,/2). (21.13)

3nech BenmnuyuHbl A B 0 BEIPAXKaIOTCS yepe3 CTallHOHapHoe pac-
IpefeseHne CaAelyoMUM 06pa3oM:

Azgw@ (21.14)
N N N 1
02=232Pﬁ+22@27(P1“‘7Q67)’ (21.15)
=1 f=117=1

N
Qer = Phiml Z P17 (21.16)
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rac P®gg, PWg s — MHHOPH MEPBOTO M BTOPOro MOPSIAKa Onpe-
neautedst P* (A) =|Adag — Payexp (ity ..)| npu =1 ut;=ty=
=...IN=0 (0. — ¢byuknus [{upaka).

J10Ka3aTeJbCTBO 3TOH TeOpPeMbI HA OCHOBE TEOPHH MaTpHI C
[ICTIOJIb30BAHHEM XapPaKTePHCTHYECKOH (YHKUUH pacnpenesnenust
CYMMBI CIy4aHHBIX BEJTHYHH NpHBeJIeHO B KHure [109, § 46].

Onuncauye Heo6paTHMBIX NPOHECCOB C NOMOIIBIO JHUCKPETHHIX
nerneit Mapkosa 6b110 npefioxeno A. ®uarokoBeiM u B. Kapro-
puiM [113, 114], a B nanbHefilieM, IPAMEHHTEILHO K HETHHEHHBIM
HePABHOBECHHIM IpolleccaM paasuTo B paGorax [40—45].

B paGorax [113, 114] nna onucaHus HeoGPAaTHMBIX Hpollec-
cOB NIPUMEHsIeTCs MeTon «Haubosee BepOSITHOrO IMYTH 5BOJIOLHH»
JJIsST HAXOXKAEHHs 371eMeHTOB MaTpuubl [Py;]. CymuocTs 3100 Me-
TOd COCTOHT B CJEAYIOUIEM.

1. Ecau cucrema HepaBHOBECHA H B Hell YCTAHOBHJICS CTalHO-
HapHbld NMOTOK, TO €€ CBOHCTBA ONpENeNsIOTCS He TOJNbKO paBHO-
BeCHOH (QyHKuMeH pacnpefienenusi {Pi}, HO H YCIOBHBLIMH BEpOSiT-
JIIOCTSIMH TNEePeXOofia MeXJY COCTOSHHUSIMH 33 eIHMHHIy BpeMeHH
{Pu}- : :
2. OCHOBHOM MOCTYJIAT TEPMOKHHETHKH HEOGPaTHMBIX NPOLEC-
cOB, 06061 AIOLINX BTOPOH 3aKOH TEPMOIHHAMHKH, C HEOOXOAUMO-
CTBIO JOJIKEH COAepXkaTb aJrOPUTM ONpEeLesNeHHs BEPOSTHOCTEH
lIcpeXojia Ha OCHOBE H3BECTHOH 0 cHcTeMe HH(POpMALWH.

3. CroxacTtHyeckass MaTpHlla YCJOBHBIX BepOSITHOCTEH Iepe-
xofa [Py], yaoBierBopsiiolias BCEM HAJOXKEHHBIM Ha CHCTEMY
MAKPOCKOIMHYECKHM YCJIOBHSM, B CTAl{HOHAPHOM COCTOSIHHH 0oGpa-
UaeT B MAKCHMYM 3HTPONKIO IBOJIIOLMH Ha 1ar

N
S= - _leplplj log P;j,

‘¥j=

Jast onpepeneHuss MOMeHTOB MaTtpuiut. [Pi] B paGorax
[113, 114] dopmyaupyercs BapHAUHUOHHOE YCJIOBHE,

k
3(S +i§1 X, F),

rie k ypasHenu#t fi==0 npeicTaBJsfi0OT MaKpOCKONMYECKHE YCJ/0-
BUSA, HaJIOXKEHHBIE HA cHCTeMy, X; — MHOXHUTeau JlarpaHxa, BBe-
JdedHble Qs ydera 3Toi MHQOpPMAUUHM IIpH BapbUPOBAHHH. ITO
BapHALHOHHOE YCJIOBHE YIOBJETBOPSET TPHHLHUNY COOTBETCTBHS,
T. ¢. IpH Nepexojie K PaBHOBECHIO OHO JaeT BTOPOe HayaJo TepMo-
JANHAMHKH.
B paGore [113] naercs o6ocHOBaHHE H TPAKTOBKA BhIpAXKEHHS
10t



ZJIs1 SHTPONHH uend Mapxosa u /151 NpHHIHKIA MAKCUMyMa SHTPO-
TIHH 3BOJIIOLHH.

Konkpernoe onpejenenne Matpuisl | Pij] 3THM cnocofom npo-
BeleHO B padote [114] nas cayuas TemsionepesayH.

§ 22. HEJUHEWHBIE JUHAMHYECKHE YPABHEHHS
IJis CAYYASt ONHOTO HEPEMEHHOTIO

Paccmorpum anuabaTuyeCKH H30JHPOBAHHYIO MAKPOCKONHYe-
CKYIO CHCTEMY, OTK/JIOHEHHe KOTOPOH OT PaBHOBECHS INOJHOCTBLIO H
OJIHO3HAYHO OmnpejessieTcsi MAaKpPOCKONHMYECKHM IlapaMeTpoM X.
Panyu npocToThl OrpaHHUUMCs Cy4aeM OJHOTO NepeMeHHoro X. B
cleaywpouleM naparpade nposeieHo 0600UIeHHE HA C1YYad MHOIHX
nepeMeHHBbIX.

BoisicuuM Bung Gyuxuuu dx/di=f(x) mas cCKalaspHbLIX HEpaBHO-
BECHBIX NPOLECCOB /51 BCETO BpeMeHH npouecca (fh<t<<oo) WJH
uiave, ONpeleguM XapakTep 3aBUCHMOCTH CKOPOCTH Ipouecca oT
SHTPONHHU IS BCeH KHHETHUYECKOH 00J/1aCTH, BKJIOUAsl €€ HeJMHEeH-
HYI0 H JHHeliHylo yacTu [40, 42].

Cunras, uro BCAKOe HeoOpaTHMOe H3MeHeHHe IapaMerpa x
ABJISETCH CTOXACTHUECKUM, BEpDOSITHOCTHBIM H, CJIe[I0BATEJIbHO,
CTpeMJIeHHe CHCTEMBI K COCTOSIHHIO PaBHOBECHS sIBJSIETCS CJydaut-
HBIM TIPOLECCOM, JJIst HaX0XAeHust QYHKUHU f(X) OyaeM HCXOMHTh
M3 TEOPHH CTOXACTHUYECKHX IPOLECCOB MapKOBCKOIO THIA.

JlonycTuM, YyTO napamMeTp X H3MEHSAeTCH JUCKPETHO B JHCKPET
Hble MOMEHTHI BpeMeHH. DTO JONylleHHe MOXKeT ObITb ONpPaBAaHO
B KaX/J0M KOHKDeTHOM CJyyae: HalpHMep, OHO JIEFKO COBMECTH-
MO C YCJOBUSIMH IIPOTEKAHUA XHMUYECCKOH peaKLHH, KOTJa BeuecT
BO BCTYNAET B PEaKUHIO IUCKPETHBIMH TOPUHAMHU AXo H 3a pac-
CMAaTpPUBAEMBIN HHTEPBAJ BpeMeHH COOTBETCTBYIOLAs JaHHON pe-
aKuud MUHUMAaJbHasi NOpUHs AX, JuOO NpopearHpyer, JHOO HeT.

BbIUHCIHM CpPeIHIO CKOPOCTh H3MEHEHHsI MaKpPOCKONHYECKOro
napaMerpa x. B mpoliecce 3BOJIOLMH BO BPEMEHH B CHCTEMe IIPO-
HCXOAAT HECOBMECTHMBIE COOBITHS: Yepe3 KaxKIblH HHTEPBaJ Bpe-
MeHH TapaMeTp H3MeHsileTcsi Ha BeTHYHHY yAx,(y=0, 1, .., N)
Bocrnosnb3yeMcsi Termepb OJHHM H3 OCHOBHBIX CBOHCTB JHCKPETHBIX
neneit Mapkosa (21.4), Bri6paB NpelBapUTeIbHO eIHHHIBL H3Me-
PEeHHS Tak, 4Tobbl Axo=1

N
PGt = ZOPE,;’ P, (22.1)

s cnryyass XHMHUECKOH peakuuu, Hanpumep, P03 — Beposit~
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(10CTb TOTO, YTO 3a HHTEpBaJ BpeMenH nAf, (At, — MHULUHMAIbLHLIT
jTEPBAJ BPEMEHH, N — leJI0e HOJM0KHTEeNbHOE YHCJ0) Npopearu-

yer B MOPUUH BelleCcTBa, IPH YCJAOBUH, YTO B MOMENT i1ayaJja OT-
cgeTa BpEMEeHH OBLIO Y IPOPearupOBaBIIHX MUHHMAJbHbIX MOPLKIT
pellleCTBA, He3aBHCHMO OT IIPEABICTOPHH IIOSABJEHHSI 3THX Hayaldb-
pix y mopuuit. Ilpu 310M y B B MOrYyT NPHHHMATL JO0bIE 1EJ0-
upic.1eHHble 3HaueHHs oT 0 po N, riae uuciao N onpefessieTcs Mak-
ClIMAaJbHBIM BO3MOXKHBIM KOJHYECTBOM NPOPEArHpOBaBIIEro Belle-
cTBA.

OmnpeneanM Matpuly P.; Kak alUKJIHUECKYI0 U HepasJIoxKHu-
vyto. Cpenussa yacrtota < m3>>==m;3° NOBTOPeHHs COObITHS f3a
10CTATOUHO OOJbUIOH HHTEepBaJ BpeMenu n, corsaacHo (21.10)
HMCeT BHI:

<mpz>=nP; $=0,1....N), (22.2)
rie
N
Py = lim P{¥, ﬁz ® _(2 Py=1, (22.3)
n—>oo =0 ==

IipHYEM BEPOATHOCTb Py NOsIBJEHHS COOBITHs [ HE 3aBHCHUT SIBHO
OT BPEMEHHU.

[lanee npumeM, 4TO MHHHMaJbHAs INOPUHUA BeLIeCTBA AX, H
MHIHMAaJbUbIH HHTEPBaJ BpeMeHH Afo HACTOJMbKO MaJbl, UTO HX Be-
JUHBBL GJIM3KH K MHKPOCKOIHUECKUM BesuynnaM. Tounee roops,
lONyCTHM, 4TO OECKOHEYHO MaJioe H3MeHeHHe Makpolapamerpa
Ax=N|Ax, 3a COOTBETCTBYIOIUII HHTEpPBaJ BpeMenu Af=nAt,
COACPIKUT HACTONBKO OoJbluHe uncsaa Ny U 7, 4ToObl BHIIOJHSAAUCD
npegeabibsle cooTHouenus (22.2), (22.3).

OueBHIHO, YTO NMPHUHSTHIA JUCKPETHHIH Xapakrep H3MeHeHHUs
ilapaMerpa HaxOJHUTCS B COOTBETCTBUH C MOJIEKYJ/SPHO-KHHETHYe-
CKOH MOjeJsbio BeulecTsa. [Ipeamnosoxenue o TOM, YTO HpOLECC
ONMHCBHIBACTCA TPOCTBIMHU LenssMu MapkoBa sBJIsIETCsI, TIO-BHAMMO-
My, Gosiee cubHBIM orpanuyenueM. C ¢peHOMEHOMOTHYECKOH TOUKH
3PCHHS, CIPABENJIMBOCTb JAHHOH MOZeNH J0Ka3bBaeTCs TOJbKO B
TOH CTeleHH, B KAKOH BBIBOJBL U3 Hee COrJIaCyIOTCs C ONBITHEIMH
JdandeiMyu. [las ctrpororo 060CHOBAHKSA 3TOH MOJENH HeoOXoaHMa
Oo.1ce o61ast TeOPHUsl, KOTOPAsi B HACTOsILEE BPeMsi IPHMEHHTEb-
10 X TepMoJHHAMHKE HeOOPATHMBIX NPOLLECCOB OTCYTCTBYET.

Bripaxast uamenenne Makponapamerpa wepes CpeHI00 4acTo-
TY NOBTOpeHHsl COObITHS §, @ HMEHHO

N
Ax = 2 @mo ﬁAxo, (22-4)
=0
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nonaras Ax,==1, Alo=I1, Afi=n u ucnompsys (22.2), nonyuaem
CJe/lytoliee BblpaKeHne AJs cpejHell CKOPOCTH rpoiecca
N N
dx/dt = (1/n) X\ 8m = D BP;. (22.5)
=0 =0

@

Ilpu s10M HEOGXOAMMO yuecTb, YTO KaK YCJOBHbIE BEPOATHOCTH
P 15, Tak M mpelesbHble BEPOSTHOCTH Pj3daBHCAT OT MaKpOCKO-
IIHYECKOro rapaMeTpa Xx.

Hajinzem cBasb Mexnay cpemuell ckopoctbio mpouecca dx/dt u
suTponues cucremnl S(x). st cayuasi, Korja paBHOBECHOE CO-
CTOSTHHE CHCTEMbI ONHCBLIBAGTCS MHCKPETHOH BeJHUYHHOH P ¢ pac-
npeneneu]neM Py Benmnuuna S onpenensiercss Boipaxenuem [47,
115—117

N
S:—kzpalnpp, (22.6)
=0
rae k — nocrosinHasi bosnbumana. B nanbHelieM 3a cuer coOTBeT-
CTByIOLIEro Bbi6Opa eAuHHul, u3MepeHuss 6yneM nogaaratbh R=1.
Onpepnenenune sutponun (22.6) coxpaHsieT CBOKW CHIAY M AJs
HePABHOBECHBIX COCTOSIHMA. MOXKHO 1OKa3aTh, UTO €CJH MOBeje-
HHE CHCTeMBl BO BpPEMEHH OIIBICHIBAETCS MHCKPETHBIMH LENSMH
MapkoBa, TO 3HTPONHSI CHCTEMBI, OIpejleseHHass ¢ MOMOLUIbIO
(22.6), Bo3pacraer, a B CTALlHOHAPHOM COCTOSIHHM OCTAETCSI HEH3-
MeHHOI [118].
Hcnoansys (22.2), nepenumem (22.6) B BUIE:

N
= — ZPB In (m%n‘ 1). (227)
=0
ITo onpelesIeHHI0 CpeEAHETO
N
ﬁz Psin(mgn—1 = <In(mp’n-1)>, (22.8)
=0

rae <<>> 03HayaeT YCPeIHEHHe 110 JHCKPETHOMY paclipeeselHIo
Pgs. O6wveanndas (22.7) u (22.8), nonyuaem:

— Scps(x) = <In(mgn=1)>, (22.9)

rae S<p> (X) — 3HTPONHS OTK/JIOHEHHS NapaMeTpa X Ha BeJUUHHY
< f>, npuuem

<p> =38P, (22.10)
=0

HMcxoaa u3 cmbicana S <ps (%), aIIUTHBHOCTH H OLHO3HAU-
HOCTH HTPOIHH, MOXHO 3anHcaTh
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—Scis () = S(x + <B>)— S(x), (22.11)

rae S(X) — HEpaBHOBECHAst SHTPONMA CHCTEMbl, KOTOpas IpH
cTpEMJICHHH K PABHOBECHIO (x—-0) Bo3pacraer.
Pasnaras ¢gopmanbHo GyHKIuHIO S(x) B psig

i 1 1
S(x+ <p>) - S = Y23 <5ﬂ> (22.12)
=1

H OrpalHYUBAsCH JIMUIb NEPBBIM 4JIeHOM pasnoxenus (22.12), mo-
gyuaem ¢ yderom (22.11):

— S ()= <a> 29, (22.13)
Hcnoabsys (22.13), 3amuitem ypasuenue (22.9) B BHzE:
< lIn(mPn=1)> = <> "jf". (22.14)

[Tokaxem, uto 1 <<P>>>1 umeer MecTo NpUGIHKEHHOE pa-
BCHCTBO:
<In(mg®n=1> =~In(m <p>n-), (22.15)
rae meg> =nP o3> — cpedHsisi YacToTa NOBTOPEHHA COOLITHSA
<B>, a ycaoBue <f>>>1| osnayaer, YTO MHHHMAaJIbHAs NOp-
uMst BeutecTsa Axo=1 sHayMTe/JbHO MeHbIe CpelfHero mpHpatie-
g <> BeaduuHnl X. C  3TOfl Lenblo 3aMeHHM JUCKPETHYIO:
dynkumio  In(msn~!)y=InPs HHTEPNOJAILHOHNLIM TOJHHOMOM.
HetoTona u orpannunmcs nepseiMu TpeMst wienam [119]:

In (men-Y)=1n Py = Ay + A; (3 — <8>)+
+ A, (3 — <B>)B— <B>—1). (22.16)

Hdas npocToTe ZOMyCTHM, 4TO <P >> COBNAAAET C OXHHM H3 3HA-
dennit B. O6o3nauuM Kospduumuentsl Kak Ay, A aias > <<p>
WAL, Ag nast B<<<<P>:

Ay=In <2 =, (22.17)
Ay =1b; — by, A=A, + (Cby— b, —b_1)=A; +ay,
(22.18)
A — b, —2b, — b,
2 9 ’
b_o5—2b_~=b,+2b
A—2: A2+ ( =2 -12 Z+ l) =A2+a2:
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rae by, by, by, b1, b_o— 3nauenus ¢yukuuu InPg npu B, paBHOM
<B>, <Pp>+I1, <B>-42, <p>—1, <Bp>-—2 coorsercr-
BEHHO.

Yepenusia (22.16), yuntwiBas (22.17), (22.18) u paseHcTso,

N
<@ <B>)> =g=]0(@ — <p>) Ps=0,
TI0JTyUaeM:
<lIn(meps/n)> =1n(mepsn) + A, <@ — <B>)*> +
(22.19)
+ <@ — <B>)P>pc<p> T Uu<B— <B>)>occrs —

—_ a2<(@ - <@>)>B<<B> s
Trae

1 -1
A, = — In Popsi2 Pogs,
-1 -1
a, =1In P s Pss 1P Zi> 41,
1 -2 _ Pzl
ay = 'z—ln P?gs11Pops>—2 P 1P Sp> 1.

(22.20)

B Beipaxenun (22.19) ungerc B<<<<P> ykaspiBaer oGJaacTb yc-
pEeAHEHHS, TaK YTO

<p>-1 <p>—1
<(?—<9>)>a<<a>=ﬁ§lﬁpa—<@> EO Py,

(22.21)
<p>-1 <p>-1 <p>-1
SE—<B>)"> = 3 PP —2<P> 3 Py + <P>' X P
Beipaxenue (22.19) 3nHauntesbHO ynpollaeTcs, eCaH AONYCTHTD,
4TO
Pep> = Pep>1= Pepst1 = Pep>—a = Pegs s
(22.22)

‘Takoe jgonylleHHe eCTeCTBEHHO BBITEKaeT W3 NPUHATOrO HAMH yC-
JoBusA <<B>>>1. Ilpunumas Bo BHUMaHHe (22.22), Jerko noJay-
yaeM, yto corsiacHo (22.20)

a1=a2:0’ Agz—lﬂp<§>,
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raK 4TO BbIpaxenue (22.19) npuHuMaeT nmpocToH BHA:

mo m m
<In—Ef> = In == —(InPgj>)o*= (1 — oY) In —<22,
(22.23)

~1e yepe3 02 o6o3HayeHa QHCIepCHs:

= <p-<B)> = 36— <P
(22.24)

YyeT NOCJAeAYIOIIHX YJIEHOB B HHTEPNOJSANHOHHOM HOJHHOME
HeiotoHa (22.16) He u3MeHsieT NPHHUMNHAJALHO IpeAbIAYLIHEe pacC-
CyXIEHHsT H N00aBJsieT B NPaBylo 4acTh papeHctsa (22.23) cia-
raeMble, PONMOpPLHONIAJbHbEE 0% U T. A. (0%-— MOMENT UeTBepTOro
nopsaka). MoxHo nokasartb, 4To A/ 6OJBLIOrO KJaacca pacrpe-
7eJIEHHH BCE€ 3TH TOCJEAYIOUIHEe YJICHBl HMEIOT 00Jee BBICOKHI I10-
pANOK MaJIOCTH M HMH Moxuo npenebpeub. Coraacuo (22.9)
(22.23) umeem:

— Scp>(x) =1In ’—ninﬁz —a’lnPcps,
31J11, 4TO TO Ke caMoe
m o
<2 — PZgsexp [ — Scis ()] (22.25)

BepuneMcs x Boipaxenutwo (22.5) nas cpeniell cKopocTH Ipo-
gecca. Tak kak <> coBnajaer ¢ OJHHM H3 3HAueHUH B, TO
(22.5) MOXKHO 3anucaTh B BHJE:

N
S — <B>Pi+ N8Ps (1) (22-26)
B=0
ﬁaé <p>

Ecmn < (B—<<Bp>)2>—0, uto npu <<f>>>1 Bhinonusercs
< 00JIbUIOH CTENMeHbIO TOYHOCTH, TO BMecTo (22.26) nmeem:

S <SP <>, (22.27)
Bz BPy(x) = 0.
BALE>

Hcnonways (22.25) u (22.27) aas CKOpOCTH 1EOGPATHMOTO TIPO-
hecca, osryyaeM caenyiollee BepaxKene:



% =<8 >P§§> exp[— S« (22.28)

Haxkonew, yuutsiBast paBenctBo (22.13), npeacrasum (22.28)
B BHIE:

dx

=<B> P2isexp [<p> 9s ""] (22.29)

HJIH, BBOAS TMOCTOSIHHYI0 DosbnmaHa 2 M cudTas B JaJbHedIleM,
yTo S HMeeT OObIUHYIO PA3MEPHOCTh 3HTPONHH, B BHIE

= —Cw exp[a(x) 23] an=rr<p@>. @230

®Oyuxunn C(x) u a(x) SBASIOTCH CTATHCTHYECKH HE3aBUCHMBIMH,
TaK KaK HMEIOT Pa3Hylo CTAaTHCTHYECKYIO HPHPOLY. ITH QYHKLHK
B paMKaxX JaHHoro ¢opMaausmMa MOTyT ObITb ONpEJe/IeHbl TOJNbKO
13 OnBITa. B mepBoM NPUOAHKEHHH C COOTBETCTBYIOLLEH CTENEHbIO
TOYHOCTH MOXHO CUHTATb HX NOCTOSIHHBIMH BeJHYHHAMH, €C/IH
cnpaae;wnam COOTHOIIEHHSA

rew|<|Zsw) Ecw|<[tewS2)

3amemM, yTo npH P3—0 TpeMsi MOCAEIHHMH cJaraeMbIMH B
npaBod uyactH paBeHcTBa (22.19) mpeneGpeub Hesb3s, H, CJIe10-
BaTeNbHO, cooTHonieHus: (22.15), (22.30) He BepHol. Takum oGpa-
3oM, B6/in3n paBHOBecHs, Korna x—-0, ypasnenue (22.30) nempu-
menuMo. OfHaKo, COXpaHsis AJsT CKOPDOCTH Ipollecca BbipaxKeHHe
(22.5), MmoxHO mnpH x¥—0 NONYYHUTb JHHEHHbIH KHHETHYECKHH 3a-
kou. JefictBuTesibHO, pasnaras Pg(x) B paR

am P (x)
Pa(x) = Py 0)+2 —

m=1

<Xy

yuuThiBasi, 4To P (0)—0 u orpaHHuuBasch npd x—>0 JHHEHHEIM
YJIEHOM JIaHHOTO paSJIOX{EHPIH, noJyyaem

(Z@ 0P, (x))

[Mpeanayuine pacCykAeHHsT YYHTHBAIOT JHIIbL ONHOCTOPOHHEE
cpelHee M3MeHeHHe MapaMerpa x. Bo MHOTHX cayuasXx, OJHAKoO,
COCTOSIHHE TE€PMOIMHAMHUECKOTO PaBHOBECHS OGecneyHBaercs Cy-
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{1{eCTBOBAHHEM [IBYX NPOTHBOMNOJOXKHBIX JUHAMHYECKHX TeH/IeH-
1{M¥, IPH 3TOM CKOPOCTb CPeJHEro H3MEHEHHH X MOXeT OBITb Bbi-

paxkena B BHJe PA3HOCTH NPAMOH X; H o6paTHOH Xx; cKopocTeii
JIBYXCTOPOHHETO Ipolecca:
X = Xy — Xa (22.31)

Hcnonssys aunamuueckuit 3akon (22.30), nas ckopoctH
(22.31) moayyaeM ciaeayollee BbIpaKeHHe:

x=C,(x,) exp [ai (x) Z_?] Ca(xy) exp [az(xz) 032]

1 X2

(22.32)

3aeck Si(x1) u Sp(%2) — OTKJIOHEHHS] SHTPONHM OT PAaBHOBECHS,
COOTBETCTBEHHO, /s NpsiMoro ¥ obpaTHoro mpoueccos [40, 42].

IlpunuMas, 4T0 X;==—x2=2x, UMeeM
oS _ 9%, 8, __ S, 2233
0x; ox’ ox, ox (22.33)

CocrostHMe TePMOJAMHAMHUECKOTO paBHOBecHst (x=0) nas
JIByCTOPOHHETO Ipoliecca HacTynaer, OYeBHAHO, TOTJa, Korja cKo-
POCTH NMPAMOTo H 0OPATHOTO NPOLECCOB OKa3bIBAIOTCH OJHHAKOBMI-
MU (DpHMHIMI AeTaibHOro 6ananca). Orciofa ciaepyer, 410 Tep-
MOAHHAMHYECKOe paBHOBeCHEe B JaHHOM Cy4yae MOXKeT HACTYIHTD,
B OTJIMYHE OT OJHOCTOPOHHero npouecca, npu Pg—1, Tak yro 1u-
HaMHyecKoe ypaBHeHHe (22.32) cnpaBelJHBO BO BCeli 06JacTH
npouecca.

B cocTrosiHuu TepMOJHHAMHYECKOTO PAaBHOBECHS, KOTAa X|==—

—xg=x=0, x=0, <P1>=<po> CIpaBelJIuBbl COOTHOLIEHHA
Cl (0) =C2(0)=C, a1(0)=02(0)=a. (2234)

ITpumem, uto dynkuuu C, (X)), a; (%), Co(x2), az(x2) mocrosn-
Wbl ¥ paBHBI CBOMM DaBHOBeCHbIM 3HadeHusM (22.34). Torxa, c

yuerom (22.33), nJisi CKOPOCTH JIByXCTODOHHEro mpoliecca OKOH-
4aTesbHO NOJyYaeM:

‘;t Cexp( x) Cxp( ai’).

(22.35)

Ypasuenne (22.35) MoxkHO mpeo6pasoBaTh K Gojee yHOGHOMY
BHAY:

= K (x) {exp (a —)- 1} (22.36)
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rae
K(x) = Cexp <~a %i—) (22.37)

urae S=3S8,+S8; — noJmas HTPONHS CHCTEMEL.

INpusuMast BoO BHUMaHHe, YTO JHHEHHble TEPMOAMHAMHUYECKHE
CHJIBI OTIPeeIsI0TCs Bhipaxennem X =0S/0x, nepenumem (22.36)
B BHJIE:

L — K () (exp (@X) —1]. (22.38)

PaccMoTpuM npHHIMI COOTBETCTBHS, T. €. MEPEXO] 01 ypaBHe-
nui (22.38), (22.35) K ypaBHEHHSM JIHHEHHOH HepaBHOBECHOI
TEepMOAUHAMHUKH. Jlune#inasg HepaBHOBeCHast TEPMOJAHHAMHKA H3Y-
Y4aeT COCTOSHHS, OJM3KHe K PaBHOBECHIO, KOTJa IPOHIBOLHASE
0S/0x mana. Pasnaras (22.35) B psig Maxksiopena u orpauHuuBa-
SICb JIMHEHHbIM YJIEHOM, HAXOAUM B IIOJHOM COOTBETCTBHH C JIH-
HEeHHBIM BaDHAHTOM HepaBHOBECHOH TepMOJUHAMUKH:

d. 2
x (25 &, (22.39)
dt 0x2 0

Ipu sTom ynaercs cBszate nocrosinbbie C 0 @ ¢ GEHOMEHOJOTH-
yeckuMm koddpguuuentom L, a umenno Ca=L. CoorHolienne
(22.39) moKHO Takxke noayuutb u3 (22.32).

§ 23. HEJIMHEAHDbIE IHHAMHAYECKHWE YPABHEHUSA
B CJYYAE n-TIEPEMEHHBIX

B mpeapaymem naparpade Ha OCHOBE CTOXACTHUECKHX IIpei-
CTaBJIelUil O XapaKTepe NpOTeKaHHs HepaBIOBECHOrO HeoGpaTu-
MOTO npouecca G6blIM NOJydelbl AHHAMHYECKHE YpaBHEHHs, Onpe-
ACJISAIOIAC CKOPOCTb MAKPOCKOMNHYECKOTO CKaJISPHOTO Ipoliecca
AJsl caydas OJHOTO He3aBHCHMOTO IIePEMEHHOr0 BO BCEll KHHETH-
YecKoH 00J1acTH, BKJIOYAs M ee yacTh, AaJeKylo OT PaBHOBECHS.
PacnpocrpaHenne Teopun Ha caydyail MUOTHX IepeMEHHBIX He 5B-
JISIeTCA OYeBHM/HBIM, TTOCKOJMBKY CBSI3aHO C TPYJHOCTSMH B CTOXa-
CTHYECKOM TOJKOBAHMH BO3MOZXKHBIX HAJIOXEHHH PasIHYHBIX MpPO-
ueccos [41, 42]. B cBsi3u ¢ 3THM OCTaHOBHMCS TOApPoGHee Ha
cJlyyae MHOTHMX NepPeMeHHBIX M NPHBENEM BBIBOJX HeJMHENHbIX JH-
HaMHYECKHX YPaBHEHHUH [J/1d 3TOTO Cayyas.

Paccmotpnm cucteMy, KMHETHYECKOe IIOBeleHHE KOTOPOH oIl-
penensercs 1abopoM MaKDOCKONHYECKHX I1apaMeTpoB Xi, X,

e Xn, XapaKTEePU3YIOUIHX CTeNeHb ee OTKJIOHEHHS OT



pasHosecHst (B paBHoBecnn ¥;=0, i=1,2, ... ....n). B Bek-
’]OpI{bIX 0603HauYeHUAX COCTOSIHHE TaKOI/I CUCTEMELI B Ka)KllbIH MO~

MelT BPEMEHH ONPENesieTCss BEKTOPOM ¥ ¢ KOMIOHeHTaMH X1, Xa,
....... xn. Taxk xe, xak u B § 22, 6y4eM cuuTarhb, YTO BEKTOP

A H3MEeHseTCcsd JUCKPETHO B AMCKPeTHble MOMEHTH BDEMEHH H CTO-
X4CTHYECKH, cjyuyaitHo. [Ins onHcaHusa AAHHOTO CTOXAaCTHYECKOro:
[IpOLECCa BOCIOJIb3YeMCA OCHOBHBIM ypaBHEHHeM JUCKPETHBIX Le-
neii Mapkosa (22.1), 06061UB ero [Jsi BEKTOPHBIX BEJHYHH

[41, 42].
(k41) (1 (k)
21’ L PR @3.1)
a.’i

7:0

I;Le h‘—PIHTepBaJI BpEMEHHU t, YHCJ0 MHHHMAJbIIBIX HHTCPBAJIOB
e

Abg; o , B Y — YHCJI0 JUCKPETHBIX NOpUuil AXy, Ha KOTOpOe H3Me-

IHITCSL X B COOTBETCTBYIOLIHI HHTepBaN Aty; Px ’ﬂg—ycnom{aﬂ Be-
pOSITHOCTb Hepexofa OT COObITHSA 'y K COGBITHIO 6 3a Bpems K. Be-
e —>

JIYHHBL o, B, Y — BeKTOpHble ¢ n-koMmnoHentamu. Hanpumep, B
1iMeeT KOMIOHEHTHI Pi, B2, . . . . .. Bn, COOTBETCTBYIOLIHE KOM-

NMOHEHTAM BeKTOpa X. B COOTBETCTBHM C 3TUM NlepeXOoAHble Bepo-
-
SATHOCTH UMEIOT BHA Py, 0 s o o rae B=By, Ba . . . .. .

2.

Pn HYKHO MOHMMAaTb Kak npoussefenue cobuituit f; [112]. Cym-
mMupoBanue B (23.1) DpoOH3BOAUTCS 10 BCEM KOMIIOHEHTaM
O0<yi<<N, O0CyeN, . . .. .. 0<<vn<<MN, 1. e. cymma n-
kpartHas. Marpuusl [P~7F®] B npeanoKeHHOH MOLENH AlUK/IH-
UCCKHE H HepasJsIoXKHMBbIe.

Ha ocHoBaHuM mpeesabHOil TeopeMbl THCKPeTHbIX Lemeit Map-
KOBa, KOTOpasi COpaBelJHBa M B 3TOM CJaydae, CpeJHS 4acCTOTa

mP ¢ mosiBJIeHust COGBITHS B 32 OCTATOYHO GOJIBILION HHTEpBAJ Bpe-
MEHH BhIpa)Kaercsl B BUJE

mo_— kP — kP : 23.2)
B £ BBz. . - Bn

— (k)
rie PG ,lzlfr;oPA?. BEePOSITHOCTh MOSIBJAEHHS COGBLITHA B, He
~00

34BHCALLAS SIBHO OT BpeMGHH HpI/Iqu

zp 2 EP =1 23.3)

ﬁy
HOKaS:aTeJIbCTBO 3TOH TeOpeMbI 0 cpemien JacTtoTe HOABJICHUSA
It



COOBITHS B CJy4yae MHOI'HX IIEpEMEHHBIX TIPUBEAEHO B paboTe
[42].
Kaxk u B § 22, gonyckaewm, uro P73, a ciaenoBatenbHo, u Pg
p—_

3aBUCSAT OT BEKTOpa X.

Benuuuna k B ypaBHeHuu (23.2) nmoJskna ObITb HaCTOJIBKO
GOJIbIIIOH, UTOGHl BBINOJHSJACHL NIpefesabHast TeoOpeMa, U OLHOBpe-
MEHHO CTOJIb MaJo¥, YTOObI ¢ MAKPOCKONHYECKOH TOYKH 3pEHHS
Sf MOXKHO OBIIO CUHTATbL GECKOHEYHO MaJiol BEeJHUHHOH, TO €CTh

X 32 3TOT HHTEDPBAJ BPEMEHH H3MEHHTCS HE3HAUYHTEJbHO.
Cpennsia wactora <{m p => NOsIBJEHHs COOLITHS P, OYeBHI-
HO, Oyaer
<m, >=k¥P, . g =kPg; (23.4)
Bi P2+ « « Pn

j I
j Ifjj P1 By

=12,. . . .n). B+
CyMMHpOBaHHE pacnpocTpaHeHo N0 BceM 3HadeHHsM Py, B2 . .
Bi-1, Pit1, - - . . . . . PBn, HCKIIOUAA P;.
CoryacHo gaHnoil Moaeau ¢ yueroM (23.4) cpelHsii CKOPOCThb
‘HeoOPaTHMOTO npouecca HMeeT BHIL:

N
o= 2 By = Y 8Py (9, (23.5)
:31 == §l=0
i 1 2,. .. .n

Has cocTosinuil, OJH3KHX K paBHOBeCHIO (X; Maabl), GQYHKUHIO
(23.5) MOXKHO PasJOXHTb B Pl IO CTENEHAM X; H, OTpaHHYHBA-
SIChb IEPBLIM YJIEHOM DPa3JIOXKEeHHs, IOJYyUUTh (PEHOMEHOIOrHUeCKHe
yPaBHEHHS! JTHHEHHOH HePaBHOBECHOH TEPMOLUHAMHUKH.

Ecan BCe mpoueccH X; B CHCTEME He3aBHCHMBI, T0 Pg=Pg,Ppy
. P, ¥, cootBercTBeHHO, (23.4), (24.5) ecTb CHCTEMH He-
3aBUCHMBIX ypaBHeHHﬁ. Kaxnoe PI3 HHX MOXHO KOHKDEeTH3HpO-
BaThb AJISI HeJHHEHHOH 06JacTH KHHETHKH, KaK 3T0 OBbLIO ClesaHo
B npejblAyllieM naparpage.
g yuera B3aMMHOrO BJIMSIHHSI 3THX IIPOLIeCCOB (CHCTEMBI C
NepekpecTHBIMH 3(deKTaMu) AONYyCTHM, 4TO IJid paccMarpHBae-
MBIX COOBITHH Cl’IpaBEJLHHBbI paBeHCTBa:

Bi=0
31ech B’y OTHOCHTCS K H3MEHEHHIO i-TOTO IapaMeTpa, yuHuThi-
Bawllero BJAHsHHe APYrHX npoueccos, B;(j=1,2, ... ... n)—
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 H3MEIIEHHIO [-TOr0 NapaMeTpa, 1€ YUHTLIBAIOLUIEro BJIHAIHS ADY-
riix niponeccos [112].

Ilpu ycioBuH, yto COOBITHS [’} M Bj 3aBHCHMBI, MOXKIO TaKkKe
sanucath [111, 112], yto

n N
Pa=Y X PE P, (=1,2. . .n).

J=13;=0
(23.6)
CucreMa ypasdenu#t (23.5) ¢ yuerom (23.6) npunumaer BHI:
N n N

-’xi= E 2 2 BIIP(?i,f'Bj)PS,' (lz L2,. .. Il).
3'=0 /51 50 ’
(23.7)

PaccmorpuM aBHBIA BHA (23.7) g COCTOSIHMH, [aJeKHX OT
pastoBecus (xy—o0). s 1ol 06/1aCTH KMHETHKH MBI 110J1araem
P;,i—>l, (i=1, 2, ..., n). Ilocsennee o3nauaer, ¢ HCHOJb30BAHUEM

(23.3), 4TO AHCHEpPCHS pacnpeleeHHs Pg, cTpeMHTCS K HYJIIO, TO
eCcThb

N
0%= 2 (@1“‘<31>)2P51“> 0,
Bi=0

N
<pi> = 2 BIPB]°
§i=0

IMitaye rosops, ¢ GOMbLION CTENEHbIO TOYHOCTH B ypaBHEHHSX
(23.5), (23.7) MOXKHO HOMOKHTH

p<3i> +0, Ppizo npu B=<B:>, ((=1,2,. . .n).

(23.8)
Ipn stHX yemoBusIX cHCTeMa ypaBHeHHi (23.7) npunuMaer BUA:

n

ax - P —

dt-—lei,p<Bj>, (=1,2...,n,
]:.:

e (23.9)

Ky = <B/>P(<B > 1<B;>) = K (). (23.10)

8 1 o, Baxapesa .



B uactHoM cayudae K';; MOryt 6bITh NOCTOSIHHBIMH, T. €. MOXKHO
_—

npexebpeub 3aBucumocTbio K’;; ot Bektopa x. Ilocaennee, OJlHaKO,
HE BJHAET HA XapaKTep 3aBHCHMOCTH P<[3 > =P 5> (x)

B § 22 ycranosinena cBs3b Mexay P <f> H sHTpOnHel S cu-
CTEMBI

_ 0s -
P> —€Xp[aj0—xj], (J=1,2,. ...,

(23.11)

rae a;— Ko QHUIHEHTH], onpefensieMble U3 ONbITa. KoMOUHUDPYS
(23.9) u (23.11), nosyuaem CHCTEMy yPaBHEHHH AJA CKOPOCTeH
IPOIECCOB, €CJAH KaxK/blil U3 HUX NPOTeKaeT B OJHOM HampasJe-
HUH:

n

dxi 0S .

t -—.}:11( exp [a,axj] (=1,2...n).
_]:

(23.12)

Ecau cTpemsieHne K npeieslbHOMY PaBHOBECHOMY COCTOSIHHIO
ofecrneunBaeTcss ABYMs TPOTHBONOJIOKHBIMH CTaAUSMHU B KaXKIOM
{-TOM IIpOLECCe, TO CKOPOCTb MOCJeHEro onpeaensiercs GopMyaon

X 3= (¥;)mp.—(X1) o5p.. TOrna nuHaMHYeCKass CHCTEMa yDaBHEHHH
NPHHUMAeT BHJ:

dxi_ (g 08y " 9S:\\
5 (o 0 2) -3
J=1
(i=1,2...n (23.13)
HJIH, 4TO TO K€ CaMoe€,

n
dx . 98 q) -
dthK”{eXp@’axj) lj’ =1 2,. . .,10),
J=1

(23.14)

rae S=3S8;+82 — mosnast 3HTPOIHS CUCTEMBbl (paBHas CyMMe 3H-
TPONHUE NPSIMBIX B OOPATHBIX TIPOLECCOB) H IIe

K;=K"jexp [— a; "S] (23.15)

0 Xxj

ITpu stom K”;j=K’;;; D710 paBeHCTBO CIeAYET H3 IPeIeJbHOIO
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nepexona ot ypasHenuit (23.13) K JHHEHHBIM ypaBHEHHSAM Hepas-
HOBECHOH TEepMOJHHAMHKH.

Benuuunbl Kj; XxapaKTepH3ylOT B3aHMHOE BJIHSIHHE HeJHHEeHHbIX
npoueccoB. Ilpu oTcyTcTBHH B cHcTeMe NepeKpecTHhIX 3ddexTos
HMeeM:

Kij - Kiaij' (2316)

B6au3u paBHOBeCHS, KaK JErKO [10Ka3aTh, JHHaMHYeCKHe ypaB-
wennst (23.14) nepexoast B ypaBHeHHd (5.4), ONMUCHIBAIOILHE JIH-
HeliHple HepaBHOBECHLIE IIPOLECCH, IPH 3TOM

Ly = K%a;, Ljj=Ly. (23.17)
3nech Kip=K, ia=0), L,j— mMarpuna heHoMeHONOTHUECKHX KO-

sGunnenTos. [Ipn a;=ay=...=an, Kak ciaenyer u3 (23.17), xo-
3¢ punuentsl Ki° y10BJIETBOPSIOT COOTHOIEHUSAM B3AUMHOCTH:

K% = K% (23.18)

BBons JauHelHble TepMOAMHAMHYECKHE CHIB Xj=0S/0x;=
=0(S1+4S;) /0x;, nepenuumem (23.14):

) X)—1
i zKij[eXp(aj i) — Is
Jj=1
(i=1,2,. . ., n). (23.19)

N3 npenespnoro mepexona OT 3THX YPABHEHHH K JIHHEHHBIM
BHJIHO, UTO M B CJydYae HeJHHEHHbIX HPOLEeCCOB BBHINOJHACTCA IPUH-
nun Kiopu: NoTOKH M CHJBL JOJMKHBL OBITh OJHHAKOBOH TE€H30PHOH
pPasMepHOCTH.

OTMeTHM BO3MOMKHOCTb CYLIECTBOBAHHUS [ABYX THIIOB HEJIHHEH-
nocru. K oHomMy H3 HUX, CBSI3aHHOMY C HeJHHEHHBIMH CBOHCTBAMH

—~
caMoil cpeabl, IPHBOIHUT 3aBHCHMOCTb Koadduunenta aj, K’y ot x.

[lpunsitasg croxactuueckas MOJeJIb He MOXKET KOHKPETH3HPO-
BaTh 3Ty 3aBucUMOCTb. OHA HO0JuKHA OLITH 3ajana U3BHE H, eC/H
CYLIECTBYET B HAuaJbHbII MOMEHT BPeMeHH, TO MOXKET COXPaHHUThb-
csl BIJIOTh [0 COCTOSIHHSA paBhoBecHst. JLpyroil THII HeJHHEHHOCTH,
00YCJIOBJIEHHBIH CYLIHOCTBIO CaMOTO Ipolecca, NposBaseTcs IpH
LIOCTOSIHHBIX 3HAUeHHsAX aj, Kj; OH cBA3aH C HelnHeHHOH 3aBHCHMO-
CTbIO TOTOKOB OT TEPMOJXMHAMHUYECKHUX CHJ H BBIPOKIAETCS 110 Me-
pe NpuOJMKEHHST K PABHOBECHIO. VIMEHHO 3TOT THII HeJHIEHIIOCTH
Oyiaer unTepecoBaTth HacC B JaJbHEHIIEM.
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§ 24. IPUMEHEHHUE TEOPHH K 3AJAYAM XHMHYECKOH
KHHETHKH

B xauyectse mpuMmepa NpuUMeHeHHS TeOpHH, pPa3BHTOH B § 22,
IJis CAy4ast OJIHOro NMepeMeHHOro PacCMOTPHM OOpaTHMYIO XHMHU-
YeCKYI0 peakuMio NPOH3BOJbHOrO nopsaka suaa (20.1). Has onu-
CaHHs JaHHOH XHMHUYECKOH DeaKLHMH BILAJH OT PABHOBECHS BOC-
N0/Ib3yeMcsl JHHaMHUUYeCKUM ypaBHeHueM (22.35). Ilapamerp xon-
penesuM Kak CTeneHb NMOJHOTH PeaKiHH

=l (24.1)
Y
IpPH 3TOM CKOpOCTh peakuuu J=wv;tdn, /dt coBnanaer ¢ Benuyu-
Ho¥ dx/dt.
[Tepennmem ypasuedne (22.35) B BHAe:

a _ypo 05\ _ 05)]
7 =W [exp (aAax> exp( aA )] (24.2)

rjae o6o3HaueHo

25 .95 _ ("—S‘) (24.3)

AL
ox 0x ox Jx=

¥ IJle BBeJleHa paBHOBECHAs CKOpPOCTb peakuun WO B 04HOM H3 Ha-
npaBJeHul

0 95, = (_ 95,
w Cexp(an)xzo Cexp a )x o

(24.4)

CorsracHo (20.4), BeanuuHa Wo=L°RT=LR, rae L=L°T —
KO3(pdHUHEHT JIMHEHHOrO YpaBHEHHS, B KOTOpOe IEPEXOMMT
(24.2) B6au3n paBHoBecus. ITosmaras, 4To BeJMYHHA @, BXOASILAA
B (24.4), paBHa a==R~!, Haxo4uM, yTO ypaBHeHHe (24.2) B TOu-'
HOCTH COBIAgaeT ¢ ONHOH M3 OpM BbIpaKeHHs 3aKoHa JeHcCT-
Bylomnx Macc (20.13) anst oOpaTuMOH  XHMMHYECKOH peakuuH
(20.1). Ucnoabsys (24.4), (20.11) u (20.2), npeacraBum L B
BHJIE

”l*a

=2~ ﬁ (@) e= £ K é (©®),
R _
=1 =p+1
(24.5)
rie K u K’ — KoHCTaHTH ckopocteil peakuuu (8.1) B npaMoM
o6patHoM Hanpasaenusx (K=KV).
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s ypasuenuns I'n66ca u u3 (20.11) caenyer, 4to0

0% _ 1 &, A% 1 §yA 94.6
AOT_ T ZVk ko ox p EVR P (24.6)
k=1 k=p+1

IMoacrasasas (24.5), (24.6) B (24.2) u yunrniBas (20.2), no.ay-
yaeM 175 peakiuy suaa (20.1) 3akoH JAeACTBYIOIIAX MacC B OObIY-
Hoi gopme:

dx n

n
W Ci—vi_ K Vi,
_t___Kn 1 i—K/ncii (24.7)
i=1 i=p-+1

Uro xacaercst Heo6paTHUMBbIX XHMHYECKHX peakKLHu#t, TO B 0b.a-
CTH, JaJIeKOHl OT paBHOBeCHS, TaKxe Ha6JI0Jaercs I0JHOe COBIa-
JleHHe C 3aKOHOM IEeHCTBYIOIIUX Macce, OLHAaKo A7st dx/di—0 ypas-
nenne (22.30) TepsieT CMBICJ. DTOT Pe3yabTaT NOJATBEPKILAETCH
HCC/IeIOBAHHEM BJHSHHS O6paTHLIX CTaAuH Ha KMHETHKY XHMHue-
ckux peakuuit [56]. CoraacHo [56] nmpeneOpexxkeHHe OGpaTHBIMH
CTaAusAMH B psiJie CayyaeB NPHBOAUT K TOMY, UTO ONHCAHHE XHMH-
yecKoro npoiecca ¢ nomouibio (24.7) uau (8.1) npu K'=0 B 06-
Jgactd, G/M3KOH K paBHOBecuio (dx/dt—0), NpUBOAMT K 3HauH-
TeJbHOMY HCKaXKEHHIO HCTHHHOH KHHETHYECKOH KapTHHBHI.

PaccmoTpuM Tenepb LHKJIHYECKYIO XHMHYECKYIO peaklHio B
uneanbiom rase (20.16). Has sToro Bujaa peakuui HabM04a0TCA
nepekpecTHoie 3(p@deKThl, KOTOPble YUHUTBHIBAIOTCS TEOPHEH, H3J0-
xenuoit B § 23 anist cayuas n nepeMeHHbx. s onmucaHMs 3TOH
peaklHH BOCNOJb3yeMcsi ypasHenuamu (23.14). ITapamerp x; BHI-
GepeM KaK CTelneHb IOJHOTHI OJHOH M3 JByX He3aBHCHMBIX peak-
LH#, TAK YTO

dxy _ g _ dxs _ g 7 ,
5= Sy — U, 2 = Jy— ). (24.72)

Hcnosab3yst o6o3uauenus tuna (24.3), npeobpasyeM ypaBHeHUE
(23.14) x Buny:

2
%’“‘ > K {_eXP(“iA(‘:—Z)—l], (=12, (249
/=1

35,
Kij:: Koij exp(-’ajAa—-*), (24.9)

Xj
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rie BeauuuHBl  K;° onpeeasiiotcsi BbIpaxeHusMu  (23.17).
BBoxss xuMHueckoe cpoAcTBO A; HE3aBHCHMBIX peaKUHMil H HC-
nosb3ysa ypaBHenne ['u66ca, nonyyaem

0S
TA P =—vy (g — 1) — Voo — 1e?) = Ay,
X1

(24.10)
oS 0 0 :
TA Py — Voo — 1) — va(ps — %) = Ay;
X2
fIpH 3TOM
oS 9
TA% gy, TA2E g,
%, 0x,
(24.11)
ITpumenm, ucrnonnsyst (23.17), uro
a=R"!, K% =L;R, (24.12)

rae Ly onpenensitorest cootHowenussmMu (20.20). Ecau noacrasuth
(24.10) B (24.8), a (24.11) B (24.9), TO, KaK JIETKO BHJETb, YPaB-
Henus: (24.8) B TOUHOCTH COBIAAYT C 3aKOHOM JEHCTBYIOIIHX MacC
A paccMaTpHBaeMoOH IHMKJIHYECKOH peaklHH, BhIPaXKeHHBIM
ypaBuenuamu (20.22) ¢ kosdpdunuentamu Kij;, onpenensieMbiMH
¢opmynamu (20.23). B uwactnoctu, ucnonbdys (24.7), (24.8), -

(24.12) n (20.2), mox1O0 NOKas3aTb, YTO ypaBHeHHs (24.7a)
NPHHUMAIOT BHI:

2
dx; o E:L a N7 b N\ Vi )
E e 1~1ll RK““’) ( i1
(i=1,2) (24.13)

Herpynano Tak:xe nokasarp, 4To B Ci1y4ae r NUKJINYECKHX peakK-
uuit Buaa (20.24) nuHamuueckue ypaBHeHus (23.14) npu r=n u
COOTBETCTBYIOIEM BbIGOpe NOCTOAHHBIX (24.12) He OT/IHYAOTCH OT
SMIIHPHUYECKOro HeJIHHEHHOro 3akoHa (20.25).



FTABA V

dopmain3m TePpMOAUHAMHKH
HeNMHEWHBIX HepaBHOBECHBIX MPOLECCOB

§ 25. BbIBOJ, ®YHKU KU PACNIPEILEJEHUSA

B § 9 (rsmaBa I) na ocuoBe paGor [14—15] 6nina namna cro-
XaCTHYECKAsh MHTEPIPETAlS THHAMHYECKHX yPaBHeHHUI JHHRHHOMN
niepaBHOBECHOM TepMonuHaMHuKH. C 3ToH TOUKM 3penus Goliu 06oc-
HOBaHEl BhIpaKeHue AJIST SHTPOIHU IPH MAJbIX OTKJAOHEHHSX CH-
cTeMbl OT TePMOJHHAMHUYECKOTO pAaBHOBECHS H BapHALUOHHHIA
nipuHiun Oncarepa.

B srtofi rnaBe Ha OCHOBEe CTOXACTHYECKOH MoJedH  JIH-
CKPETHOr0 H3MeHeHHS MakponapameTpoB Oy/eT faHa aHaJoruy-
11ast CTOXaCTHYECKast MHTeplpeTanus JAMHAMHYECKHX YpaBHEHHH
eJIHHEHHON HEpaBHOBECHO! TepMoauHaMuky [42,45]. Ha sTo# oc-
110Be B JaJbHeiiueM 6yner BBegeHa QyHKUUs cocTosinus ASy, Ko-
topas BGJAM3M paBHOBecHus nepexomut B AS, u copmyauposan
BapHALUMOHHBIA NPHHLKI NJIsi HeJUHEeHHBIX JIPOLECCOB.

PaccMOTPHM HEPABHOBECHYIO MAaKPOCKOIIMYECKYI0 CHCTEMY,
CTemeHb OTKJIOHEHHS] KOTOPOH OT PaBHOBECHS OJHO3HAYHO ollpee-
JSETCS MapaMeTPaMH Xy, Xz ... Xn HJIH, UTO TO K€ CaMOe, BEKTOPOM

X C KOOpAHMHATaMH Xj, X2, ..., Xn- ﬂOHYCTPIM, YTO KOMIIOHECHThI BEK-
—

TOpa X U3MEHSIIOTCS JAUCKPETHO B JHCKPETHbIE MOMEHTH BpeMEeHH,
a COOTBETCTBYIOLME€ BEPOSITHOCTH Ilepexofa MeXAy 5THMHU JH-
CKPETHBIMH COCTOSIHHUSIMHU OIIPELeNsIOTCS ypaBHEHHEM JHCKPEeTHBIX
nened MapKOBa_>(23_.>l). (E;)macno JIaHHOH CTOXaCTHUUECKOH Mofe-

Sl NpHpalleHne Xo—Xy=AX 32 onpejeJeHHbIH HHTEPBAJ BPEMEHH
Af=FkAt, ecTb cayuaiiHas BeJMUHMHA, KOTOPYIO MOXKHO NIpeJcTa-
BHTb B BHJE:

Ax =Du, (25.1)
- V=1
e BEKTOD 4; B i-THI MOMEHT BpeMenH iAf, C-COOTBETCTBYIOLUIUMH
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BepoATHOCTSIME PV, " HMeeT KOMNOHEHTB B1AXo1, BeAXoz, ... PnAXon
(0<<B;<<N). 3amernm, 4TO PasMEPHOCTb MHHHMaJbHBIX HOPIUN
AXoi B Ato MOXKHO BHIOPATh TaK, YTOOB Axo==1, Afo=1.
Hetpynto noxasartb, 4To AJsi CyMMBbl BEKTOPHBIX CJyYaMHIibIX
BeJIHUMH (25.1) cnipaBeanuBa npejesbHast TeopeMa, KOTopas omnpe-

— —>
AeJseT WIOTHOCTh BEPOATHOCTH nepexona f(xq, fof/xi, {) M3 cocTos-
—> —> —> - ’
HHA X; B COCTOSIHHE X2==X;-+AX 338 MHTEPBAJ BpeMeHU Al==fo—1

(npuuem k=A?/At, nocrarouno Beauxo) [109]. das naurero cay-
Has HePasJIOKHMOH AUMKIMYECKOH LeNH MIOTHOCTh BEPOSTHOCTH
UMeeT BHA: ’

f(;gz; fz,/:{u ty) = Cexp[—(226)-1 X
(25.2)
-> > > -
X (Ax — AAY)B-1(Ax — AAL)],
rae C — noCTOSHHAsSE HOPMUPOBKH,
> N> = limP® —
A=3pp,, Pp=lImPL,

i
i

=0
N
¢unanbras sepostHocts (X Ps = 1),B~! — marpuua, o6paTHas
f=o0

matpuue B=[B] c snemenramu Bix:

N N
1
Bic= 306 P3Py, +2 X Bt (Py— 5 Qo)
ﬁlnrjky:o' 31'Yk:0

(25.3)

Pacnpenenenne (25.2) siBiseTcsi HEMOCPEACTBEHHHIM 0606IIe-
nueM Boipaxenu# (21.13)—(21.16) Ha cayuait MHOruX mepemeH-
ubix. lokasarenbctBo npuseaedo B paGore [42]. CoraacHo

. —_

NPHHATOH MOAesnH BepositHocTH P g, PX); 5> a cienoBaTesbHO, A

—_
u [Bix] 3aBHCAT OT BEKTOpA COCTOSIHUA X. SIBHBII BHA 3TOH 3aBHCH-
MOCTH onpejesercs 115 KaXXI0H KOHKPETHOH cucreMbl. Bmecre ¢
TEM IIpejlesibHOe pacnpenenerue (25.2) BHIBOAUTCS IPH TOM YCJO-
- —
BHH, YTO BEpPOATHOCTH P §He 3aBHCAT OT X, T. €. A u Bix — nocro-
aunple. CaexoBaTesbHO, BhIpaxKeHHe (25.2) B HameM ciyyae crpa-
BeJIJIMBO TOJIbKO JUIS MaJIOTO HHTepBafaa BpeMeHu Af=1I,—1;. Ilpn
3TOM kK TNo-TIpeXKHeMY NOCTaTOYHO BEeJHKO, 4TOOGBLI OCTaBajach B
cuJie npesiesibHas TeopeMa. JlaHHbIe YCIOBHS SIBJSIIOTCA COBMECTH-
MbIMH, TaK Kak Af onpejenseTcs Ha MaKPOCKOIHYECKOM YpPOBHE,
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a Al, — HITepBaJ BPEMEHH Ha ypOBHE MHKPOCKONHYCCKHX Mpoilec-
COB.

,[leHCTBmebeHo BBIYHC/IHM C IIOMOUIBIO (25.2) cpenuee npupa-
Lue}me<Ax> <x2—x1 >>3a BpeMS At ycpem{erme no QyHKUMH
pacnpenenenus (25.2) naert: <Ax>/At— <A (xz) >. Pas.naraﬂ

(xz) MO/ 3HAKOM YCpPE[HeHMs BpfJ MO CTeNeHsAM (xz——xi) noJy-
yaeM:

-> —> e
<AX>/A = A(x) + D am A,
m=1
r/le am — He 3aBUCALIHE OT Al BeUUHHHL
Orcrona caenyer, uTo Juiib npu Af—0 cipaseyiuBO YpaBHEHHE

<A—_;>/Af=:4>(;1), T. €. ToabKO npH Af—>-0 snayenue 2(_;)

MOXHO GpaTh B TOUKE Xy U CUMTATh NOCTOSHUBIM, IIPH 3TOM OLIKG-
Ka B OIpejleJieHHH cpeHell CKOpOCTH OyJeT HCUe3arolle MaJloH.
YToGB! IOCTPOUTD IJIOTHOCTL BEPOSTHOCTH NepexoAa 3a J6oi

m

KOHeulIblil MHTEpBas BpeMenu ¢ —{f; == 2 At,, BocriosTb3yeMcsl Me-
i=0

TOAOM HMHTErpHPOBAaHUST B (QYHKIHOHAJLHOM  IPOCTPAHCTBE

[14, 656—66, 120], B CcOOTBETCTBHH € KOTOPbIM HHTErpPHPOBa-

Hue NpousBofuTcs mo mpasuay (9.7). HMrak, ucnonssys (25.2) n

(9.7), HaxoaumM

> > . + o m N1
F(x,t]xo, fo) = fim { . -_;o-fexr)[—g(%tx) ) X

(25.4)
—> - — —> m >
X (Ax) — AAL)B = HAx — AAL)] IU Cidx,.
=1

§ 26. CTOXACTUYECKASI HHTEPHPETALLHS
JHHAMUWYECKHX YPABHEHHH
HEJIMHENHOH HEPABHOBECHOM TEPMOJHHAMUKH

MoXHO noKasartb, yTo GyUKuMA pacnpeneienns (25.4) ynos-
TetBopseT ypasuenuio ®oxkepa-Ilnanka, nin ypasnennio Kosimo-
roposa [64, 42]:
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i A R 1 & o
S=— 3 A+ ooz Bt
i=1 i,j=1
(26.1)

_—
rae Aj — KOMIIOHEHTH BekTopa A.
BbluncauM cpefHiol CKOpoCTb i-ro nmpouecca (i=1, 2, ..., n)

oo
d J
&_ =\ x _'_f_ dxi‘
dt ot

- Qo

IToncrasass ciona sHagenue 0f /0t u3 ypasHenns (26.1), unrer-
PHPYS 1O 4acTAM H YYHTBHIBAS, YTO

lim f =0, lim 0 f/ox = 0,
> >
X @ X~ oo

TI0/IyYaeM:

—>
_d_.<(.1.;‘_1>_ = (A @) F(x, t)dx = <A x)>.. (26.2)

ITo ypaBHeHHe [JIs CKOPOCTH M3MEHEHHS cpeanero < x;>
MOXKHO paccMaTpuBaTh KaK ypaBHeHHE MAKPOCKONHUECKOH KHHe-
THKH HJIH JUHAMHKH.

‘Opuaxo, kak ormerua C. M. Puitos [64], numeercst BecbMa cy-
IecTBeHHOe oTynune (26.2) 0T MaxpOCKOIHYEeCKOro ypaBHEHHS.
Ilocnenuee numiercs: B NPeANOJNOXKEHHH, YTO IpaBas yacTb 3aBHCUT

—
OT <X>,T. €.
d<x;>
dt

C 3TUM pas3juuueM CBA3aHBI 3aTPyAHEHHS B IPUMEHEHUH ypaB-
nenua Poxkepa-Ilnanka K HeJuHEHHBIM IpolieccaM, TakK Kak Tpe-
OyeTcst OonpeJeJeHHbIH pelenT, CBA3LBAIOIMNA KO3DPHUHEHTH Aj
ypaBHenus (26.1) ¢ MakpOCKONWYECKHMH XapaKTepPUCTHKAMH CH-
creMbl Wi Toabko [nsl MHHEAHBIX TnpoleccoB, Koraa Ay=

:\Fi(<-x>>)- (26.3)

— E blj X;, BEJHYHHA <A> = — 2 bij<xj> :‘L‘”(<—x)>),
j=1 j=1
B 06l1eM Xe cJaydae, KOHEUHO,
<A> # F(<X>).

Bmecre ¢ TeM, B TOM Ciyuae, KOrja BeJTHUHHA AXj=—=x— <X; >
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AOCTATOYHO MaJa, pas3fjoKeHHe NPaBLIX YacTef

(26.2) ¢ yyeron
TOTO, YTO <<AX;>=:0, naer ) ¢ yueton

oo ()nA
AEHZ S A (<) + E ( )<(x“ <)
dt 2 axm

— X=<LX>

-

Taxum ob6pasom, ecau A; 3aBHCAT OT COCTOSHHS CHCTEMBI X HEJH-

HEHHO, TO C TOYHOCTBIO [0 BEJIHYHH BTOPOrO IOPSIAKA OTHOCHTEJb-
—_—

e
HO OTKJIOHEHHH AX MOXHO OoTOXKIecTBHTb A;(X) ¢ Makpockomnuye-
CKHMH XapakTepHcTHKaMH. ViMendo Takoe IpeAnookKenue Ghlo
cpenano B paborax [42, 45] npu croxacTHueckoi HHTEPTPETALHH
HeJHHEAHBIX NHHAMHYECKHX YPaBHEHHH HEPaBHOBECHOH TEPMOJH-
HaMHKH. Mbl Takxe OyleM HCXOIHTh H3 3TOro MPEANONOKEHHs.

Teneph MBI MOXKeM KOHKDPETH3HPOBATh BHI (YHKLHH A(x) B
BbIDAXKEHUH JJis QyHKUMM pacmpenenenus (25.4), BOCHOJIb30OBaB-
IIUCh HEJHHEHHBIMH AHHAMHYECKHMH ypaBHenusmu (23.19), noay-
YeHHBIMH B § 23 /151 HepaBHOBECHON MaKPOCKONHYECKOH CHCTEME,
XapakrepHusywouelics n 1apaMeTpaMu Xy, Xp, ..., Xn:

d<x > &
_<t;‘__>_= Af(x)= zk'lj{-exp [anj] — 1},
J=1
_ 98 7 =
X, = o G=12....n. (26.4)

C nomoumpio (25.4) u (26.4) u3 ycaosus HauboJee BEpPOSTHON
TPAeKTOPHH IJs PyHKIHOHANA B (25.4) MOXKHO ONATH MOJYYHTH
HeJHHeHHbIe THHAMUYeCKHe ypaBpHuenust (26.4).

Orciona BHITEKaeT CTOXaCTHYECKAasl HHTEPNpeTalus JHHAMUUe-
CKHX ypaBHeHHH (26.4). A HMEeHHO, CTpeMJieHHe HeJHHEHHOH CH-
CTE€MBbl K PABHOBECHIO NIPOMCXOJHUT 10 3aKOHY 3aTyXaHusi GOJbILNX
¢aykryauufi. D10 3aTyxaHue ONHCHIBAETCH HeJMHEHHON 3aBHCH-

—

MocTbio A (x).

Hrak, ypaBuenus (26.1) (uanm (25.4)) u (26.4) gaot nomnoe
CTOXAaCTHYECKOE ONMCaHHe MHOTOMEpPHOTO CKaMsIpPHOrO HeJHHeH10-
FO HEPAaBHOBECHOrO Mpolecca.

OTmeTuM ele pas, YTo KakK BHIBOJ AHHAMHYECKHX yPaBHEHHH
(26.4), npuBenenHblit B § 23, TaK U BHIBOA BHpaxkenus (25.4) 1.s
BEPOSITHOCTH Mepexojia 3a Jwobol HHTepBaJ BpeMeHH, Gasupona-
JIUCb Ha OfHOH U TOH XKe MOJEeJH. A HMEHHO, Ha NPeACTaBJIEHHH O
TOM, 4TO GJAYKTYyallHH TePMOIHHAMHYECKHX 1apamerpos, T. e. oT-

KJ0HeHHe NapaMeTpoB OT CBOETO CPeAHEro 3Havyelus Ax—x(t)
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—
—<Zx(t) > cKJaABIBAKTCS U3 0OJALLIOrO YHCIAA TUCKPETHBIX TOp-

uni Ax, 3a 60JbIIIOE YHCAO B JHCKPETHBIX HHTEPBAJIOB BpeMeHM
Ato. Ilpu 3TOM, C OZHOH CTOPOHBI, £ HACTOJNBKO BeJHKO, YTO IIpUMe-
HHUMBI [Ipejie/iblible TeOpeMbl TEOPHH JHCKPETHBIX Ieneit Mapkosa.

—>
C npyro# cropohsl, Axo B Af, HaCTOJNbKO MaJsbl, KT0 BAfo=Al H
—_
AXx — BeJMYHNBl GECKOHEYHO MaJjible ¢ MAaKPOCKOTHYECKOH TOUYKH:

—> —> >

3peHus, OTHOLLIeline KOTOPHIX APYT K Apyry (Ax/At)—A (x) npuso-

JUT B paMKax AaHHOIl MOIeNH K HeJMHeHHOH 3aBUCHMOCTH CKOPO-
-y

CTH A;’/At orT ¥.

- —

dyukuus f(x, t/xo,t,) npu f—oo CTpEMHUTCS K PABHOBECHOMY,.
ile 3aBHCSIEMY SIBHO OT BpeMeHu pacrpefeenHio. JTo CTanuo-
apHoe pacrnpefesieHHe MoXKeT ObITb HaHJeHO M3 YypaBHEHHSA
(26.1), B koTopoMm noaoxeno 0f/0t=0. Pewrenne takoro ypasne-
HHSI IJIs 4ACTHOTO CJIyyast OAHOTrO NepeMeHHOro XOpOLIO H3BECTHO!
[64, c. 115]. DToT pesyabrar HeTPYAHO 0GOOUINTL HA CJIydal MHO-
THX TepeMeHNbIX, KaK 2T0 cleaano, Hanpumep, B paGore [42]:

X, Xn A
f(;) — Cexp [2 5‘ « e ‘S‘ EA,(x)B,j_‘l dx,- ]'
0 0i,j=1
(26.5):

—
rae A; (x) u Bj;— ko3¢ dHunents HCXORHOTO ypaBHenusa (26.1),
C — nocTosiHHAST HOPMHPOBKH.

[Mpeacrasum (26.5) B BHAE

F(3) =C exp [ASak™],
rae ASu(x) — HexoTopasi PyHKUHUS COCTOSIHHS, & HMEHHO:

- Xy Xq n .
AS, = S(x)— S,=2k j C e j ¥ Ai(x) By~ dx;.
0 0 ij=1

(26.6)

B nanbueiiieM BCIOAY HHAEKCOM «H» BHH3Y OyAeM 0603nayaTth
BeJIHYHHBI, OTHOCSALLKECS K HeJiMHelHo# o6aacTtu npouecca. B jau-
HefiHOl oOsiacTH mpouecca Bhipaxenue f=Cexp (ASk™!) vycra-
HaBJIMBAET H3BECTHYIO CBfI3b MEXIY IJIOTHOCTBIO pacnpejesieHus
1 OTKJIOHEHHEM 3HTpONHH oT paBHoBecusa (9.11).

Tloacrasasis (26.4) B (26.6), nonyyaem ciaejyioliee BbipaKe-
Hue IJs GYHKUHH COCTOSIHUA ASy npu GONbIUMX OTKJAOHEHHAX OF
paBHOBECHUS:
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Xn n

X1
Asﬂzzkj Ce 5 EKn[eXp(ale)—I]B,j—ldxj.
0 0 i,/ ,l=1

(26.7)
Paccmorpum obmue cBoficTBa GpyHKIun ASy.
1. B6usu paBHoBecHd, Xoraa X—>0, X;—0, Bupaxenue
(26.7) nepexonut B OOILENPHHATOE BLIpAXKEHHE [/ SHTPONHH B
JIHHEeHHOH HepaBHOBECHOH TePMOJAHHAMUKE:

Xy Xnp N
ASH»ASzj . j EX,-dxj, (26.8)
0 0 /=1

—
npu 3toM lim AS, (x) =0 [eficTBuTesabHO, pa3aaras SKCIOHEHTHI
—>

x>0

B (26.7) B pan mo cteneHaM Xj OrPaHHYHUBASCH JHHEHHBIMH 4Jle-
HaMH Pa3JIOKEHHs U YYHTBIBAsI, YTO COMVIACHO PE3yJbTaTaM CTOXa-
CTHYECKOH MHTEpIpeTalMy JIHHeHHOH HepaBHOBECHOH TepMOJHHA-
MHKH H (23.17).

QK'“(Zl = 2[‘11 = B“k-l :E iy (26‘9)
noJayyaem
Xy Xn n
ASe={ ..o | MBuXiByldx, (26.10)
0 0ijl=1

Jlanee, yuurteisas, 4to

7 . 1,1=
2 BilBij = 81; = o
i=1 0,1+

naxomuM, uto (26.10) mepexonHT B Bhpaxkenue (26.8).

—> -

2. B otnnune or AS(x), ¢yuxkuus ASq(x) He noxuuHseTCA
ypaBHeHHo ['u66ca. IIpuuem 312 0COGEHHOCTD KacaeTcs JHUIb 06-
J1aCTH, JlaJIeKol OT paBHOBECHS.

—>
SIBHBI BuA ASy(X) mau cooTBercTByONICe AU PepenunanbHoe

vpaBHenue aisi Sy(x) moryr 6eiTh HalifeHw no gopmynae (26.7).

B kauecTBe npumepa paccMOTpHM afHabaTHUECKH H30JUPOBaH-
VIO CHCTEMY C r-peakilHsIMH IPOU3BOJIbHOrO nopsaka. Jupdepen-
liHaabHasa ¢opma Belpaxenus (26.7) npunuMaer BUL:
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r 14
TdS,=TR Z{Cxp [— 52 Vi Am} —
J=1 k=1

(26.11)
- 1 n d
—exp|— Ymj Ap. X;.
p[RTE ™ “‘]} :
m=p+1
3aech R — yHHBepcaJbHast ra3oBasi NOCTOSSHHAA, Apk — OTKJIOHE-
HHE XHMHYECKOT0 MOTEHIHaja k2-ro KOMIIOHEHTA OT PaBHOBECHS,
Vij — CTEXHOMETPHUECKHH KO3(Q(UUHEeHT k-0 KOMIIOHEHTa, BCTY-
namwllero B j-yo peakuumo (vg<<0 aasa 2<<p, v >0, nas k>p).
ITpn nmoayvenun (26.11) mbl yuau, 4yto X;=0AS/0x; u ucnonab3o-
BaJ/H (24.6), (26.9) u Boipaxenue (24.12) nas a [44].
Herpynno npocneauts, yto B npenese, o Mepe MpHOIHKEHUS
K PaBHOBeCHIO ypaBHeHue (26.11) nepexonut B ypaBHenue 'n66ca
JJ1s aiuabaTHYeCKH H30JUPOBAHHOH CHCTEMBbI:

j=1

rie . Aj= —kzlpkvkj — XHMHYeCKoe CPOACTBO j-OH peakuui.

§ 27. BAPHALHMOHHDBIM NPHHUMKN OJ HEJJUHEHHBIX
HEPABHOBECHbBIX NNPOLLECCOB

Bripaxenue (26.6) mospo.sier (opMaaH30BaTL 3aNlHCh HEJAH-
HeHHBIX JHHAMHYeCKUX ypaBHeHH# (23.19). A umenno, nudoepen-

—
uupys (26.6), MOKHO BBIpa3UTb HesquHeHHYIO dyukLHio A;(X) ue-
pe3 yHKUHIO cocTosTHUST ASy

()C) z Bl]
j=

Hcnonbsyst (26.4), 3anuuieM HeMMHeHHBIE AHHAMHYECKHe ypaBHeE-
—>=

Hust <<x>=A~A;(x) B BUIE:

d<X1>

‘”S" B“ — B,k (27.1)

n 1 =

2-2— 5 X (27.2)
]._—.
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ri1e o603HaYeHO
0AS,

Xj“’-—_—-' .
()Xj

(27.3)

byneM nasbiBaTh BeJH4YHHB X{®) — HeJHHEHHEIMH TePMONHHA-
muueckumu cunamu. Corsacho (26.7), (26.8) wu (27.3), B6ausu
pPaBHOBECHSI HeJHHeHHble CHJIBI X mepexoAsT B OObIUHBIE TEPMO-
JHHAMHUEeCKHe CHJIbI JHHEHHOH HepAaBHOBECHOH TEPMOJHHAMHUKH.

U3 nmpenesproro nepexona (26.8) ciexyer, uto A MOCTOSIH-
HBIX KO3 PHUHEHTOB Bl, JOJIXKHBI BBITIOJHSITECS] COOTHOLIEHHS B3a-
HMHOCTH Bn—B,i, TaK KakK, B COOTBeTCTBHH ¢ (26.9), Bl,—
=2L11, rae ij=Lji.

Jnst nanHOro Kiacca HeJMHEHHBIX IPOIeccoB GyHKIHS IHCCH-
nauun @ u dyuxuus o=dAS/dt coxpausoT Ty Ke QopMy, UTO U

B JIMHEHHOM BapuaHTe TeOpHH. J{eliCTBHTENBHO, KaK JErkKo Moka-
3arTh,

dAS, Z - H
Oy == el 2 x; X, (27.4)
=~
1 25 1
Q, = 5 O 2 B, xlx (27.5)

Ilpu nonyuenuu (27.5) wmu BOCHOJII:SOBa.HPICb, kpome (27.4),
BHIpaxKeHuamu (27.3), (26.7) u (23.19).

Hrak, npu cre/aHHBIX NPeIONOXKEHHAX OTHOCHTENBbHO HEJH-
HEHHOro HepaBHOBECHOTro IlpoLecca AMCCUNIATHBHAS QyHKUUA Dg
HMeEeT CTPYKTYPy OLHOPOILHOH (YHKIHH BTOpPOro mopsika. Kak
OBlJIO IOKA33HO paHee, HMEHHO K 3TOMY KJIacCy HeJHHEeHHBIX TMpO-
IIeCCOB MOTYT ObITh OTHECEHLI XUMHUYECKHE PeaKIUH [IPOU3BOJIbLHO-
ro nopsiaKa.

ITonyueHHbie BeIpaKeHHUSI NO3BOJSIOT CHOPMYIHPOBATD BapHa-
IIMOHHBIA NPHHUMI [JIs HeJIHHEeHHBIX HepaBHOBECHBIX IIPOLECCOB,
KOTOPBHIH (POPMAaJIbHO UMEEeT TOYHO TaKOH Ke BUM, KaK M BapHalH-
oHHbIl npuHLUUN OHcarepa AJsl JUHEHHBIX NIpoleccoB [42—45].

IToacraBassa (26.7) B (26.5) u ncnonb3ysi Beipaxenus (27.4),
(27.5), nony4aem, Kak HeTpYAHO NOKA3aTh, CTALHOHAPHYIO byHK-

LU0 pacnpegeseHus f(x) B BHJIC:

f= Cexp[—— T(Q)H—cﬂecpﬂ)]At, (27.6)
rae
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n
1 % ) 1
Pu=— 2 —4‘ B;jX; l)(jﬂ = 70'“. (27.7)
Lj=1
OTroickuBast HauboJee BEPOATHYIO CKOPOCTb IPH (pHKCHpOBaH-

HBIX XY, nosaydaeMm u3 (27.6) BapunauMOHHBIH NPHHUMN AJS 1€JTH-
HeHHBIX NPOLECCOB B BHIE:

8((DH - cH)xH: 0. (278)

Herpynuo mokasaTb, 4To HeJqHHeliHble JHHAMHYECKHE ypaBHe-
Hus (23.19) sABafOTCH  CJAeACTBHMEM BapHALHOHHONO  YCJOBHSA
(27.8). ,

Bapuanvounusii npunnun (27.8) MoXHO NOJYyYuTh HHave. B
§ 25 6bio noJyyeno Bbhipaxenue (25.4) AJsg MJIOTHOCTH BEpOAT-

— -

HOCTH TI€peX0ja H3 COCTOSHMS X, B COCTOSIHHE X 32 KOHEUHBIH HH-
TepBaJ BpeMeHun (f—i%,) B BHAe HHTerpasa B QYHKIHMOHAIbHOM
npocrpancrse, Menonbaysa (27.4), (27.5) u (27.6), MOXKHO annpox-
CHMHMPOBATb 5TOT HHTEr'PaJ BbIpaXKEHHEM

f=Rexp [ (@ o+ o)at. (27.9)

‘OTBICKHBAas ¢ nioMolipio (27.9) HauboJjiee BEPOSTHYIO TPAEKTOPHIO
TpH ycaoBHHU X=const, HaxoquM BapHalHoHHOE ycJa0BHe (27.8).
BapuauuoHHBIH NPUHUHUN JJIs HEeJIMHEHHBIX HEPaBHOBECHBIX
NPOLECCOB MOXKeT ObITh NPEACTaBJeH B HHOM BHJE.
Brenem ¢yukuuio Jlarpanxka Ly=-—ASy, KOTOpas, B COOTBET-
cTBUH ¢ (26.7) uMeer BHA:

Xy Xn N .
L,,=—25' C j 3 Kilexp(aXy) — 1B~ 'dx;.
0 0i,jl1=1
(27.10)

[anee BBefeM B pacCMOTpeHHe NHMCCHNATHBHBIE CHIB Q=

=0®y/0x;, KOTOpHIE, KaK caenyer us (27.5), (26.7), nMmeloT TOYHO
TaKOH Ke BHA, KaK M B JHHEHHOH 06s1acTH TpOLecca, 8 HMEHHO:

n
Q" 2121 B~ lx;.

3anumem obulee BapuauuoHHoe ycaosue (16.1) B Buzme
128



n
S] NS A .
oL, ’fZlQi”("’\i =0, (27.11)

i=
yiae L' onpejeasiercst paseHcTsoM (27.10).

Kak serko ybenntbes, caejicteuem yeaosus (27.11) spasiores
nedanHelinsle AuHamMuueckue ypannenus (23.19). B6onsu pasnose-
cus (27.11) npuBoAUT K CHCTeME aHITeILIX KHICTHUCCKHX YpaBHe-
nuit.

§ 28. ®OPMAJIN3M HEJIHHEHHOW HEPABHOBECHOH
TEPMOJHHAMHKH

B npeapiayuiem naparpade yxke bl B 3HaUHTeAbHON CTEIeNH
pasBuT GoOpMaaH3M HeNHHEeHHOH HepaBHOBECHCH TEPMOAHHAMHKH.
Hanpumep, 66111 BBeeHbI HeJHHEeHbIe TEPMOANHAMHUECKHE CHIIDI
U BapHaUMOHHBIH NPUILHKI — B BUAE, HE MEHEE NIPOCTOM, YEM B JH-
1IeHOM cJayuae.

B stom nmaparpade Mbl NOABITOKHM pedyabTatsl § 26, §27. Tlo-
CTpoeHHe JlaHHOro dopManaMa Oy/eT 3aKOHUEHO pacCMOTPEHHEM
HEKOTOPBIX 061HX CBOCTB ¢pyukuuu 6 =d (ASy) /df, aHaJOrHYHBIX
CBOHMCTBAM IHpPOU3BOACTBA IHTPOIHH B JHHEHHOH HepaBHOBECHOI
TepMOAHHAMuKe [43, 44].

Bce BBIBOABI OTHOCSTCS K CKaJsipHbIM IlipolleccaMm, Koriga co-
CTOSIHHE aAHabaTHUeCKH H30/MMPOBAlON CHCTEMBl OIHCbIBAETCH
IIPOM3BOJIbHBIM KOJHYECTBOM 7 TePMOAHHAMHUECKHX NapaMeTpoB
X1, Xo, ..., ¥n. (Hamomuum, yto B pasHosecun x;=0, i=1, 2, .., n).
Mrak, pas paccMaTpMBaeMOro Kjacca HeJHHEeHHBIX HepaBHoBec-
HBIX TIPOLLECCOB, AJS1 KOTOPBIX BO BCEH KHIIETHYECKOH 00aaCTH Npo-
necca (oo0=12=0) GyHKUHUS COCTOAHHA ASy OnpelenseTcs Bbipa-
KeHueMm (26.7).

Xy Xp N N
ASH:Q.S‘ e S 2 K” [QX})(ale)—- I]Bij“ldx,-,
0 04,j,1=1

CTIPABCIMBBL CJI€1VIOLINE YTBEPHK 1eHHS.
1. Heannefinple TepmoaniiaMuieckuc cianl X onpeessiorcd
TPON3ROINLIMH OT ASy:
A’IH = ()——~—A S”
0.\'1
2. Oyuxiuug guccunainy Dy B neanneiinoil odaactu coxpa-
HsieT CTPYKTYPY O:11HOPOJIHOH (PYHKUHH BTOPOro MOPSLIKA OTHOCH-
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TEJLHO CKOPOCTH Npolecca Xi U UMCeeT TOYHO TaKol iKe BHJ, KaK U
3 AHUeHNofl TepMOAHHAaMHKC!

1 2 g
(DH' :—Q—-EL]] xix]-. .

iJj=1
3. BapualuoHIbIil TPHHIUI MOXKeT ObITh 3aNHcaH B BHJE:
n
a \Y a \
OLH+ 21 QiHO xi - 03 (281)
i=
rie L'=-—AS"— ¢yuxuusa Jlarpamxa, Q"=0dy/dx, — nuccu-"

HATHBHbIE CUABL.
4, CucreMa resuiefinplX KHIeTHUECKHX ypasuennit (23.19) mo-
KeT OLITh IIpejcTaBaeHa B BHjLe:

J'CI = ,Z:ZlL‘kaH’ v (28.2)

rine L — marpuua (EeHOMEHOMOTHYeCKHX KO3 (HUIHUEHTOB A
ypasuenunii (5.4). CorsacHo (28.2), B CHJOBOM HpeACTaBJie-
HUU CHCTEMA KHIIETHUECKHX YpaBHEHHH coXpanseT JHHeHHYIo dop-
my. [Ipd 5TOM, KOHEeUHO, 3aBHCHMOCTb CKOpOCTell mpollecca dxi/dt
OT TEPMO/IMHAMHUECKHX HapaMeTpPOB CYLIeCTBEHHO HeJHHeHHa H
MOXeT ObiTh CBeleHa K JMHCHHO 3aBHCHMOCTH TOJLKO BOJIH3H
pasnoBecust.

Ypapuenus (28.2) moryr OblTb NOJY4eHLI Kak CJACACTBHE Ba-
pHalHOHHOro yciaosusa (28.1).

B xauecTBe nmpumMepa paccMOTPHUM OJHOBpeMeHHOe NpOTeKa-
Hye r XUMHYECKHX peakuuil B annabaTHyeckKH M301UPOBAHHON CH-
cTeMe.

Junamuueckye ypaBnenus (28.2) npHuuMaloT BHA:

X = L;A", G=12,. .. .r)
r/i¢ B KauecTBC HEJHHElHbIX CHJ, coriacio (27.4) u (26.11) Bwl-
CTYIIACT HeqdHHelHHoe XUMHYECKOe CPOJICTBO j-TOH peakuuu Ajh:
Al 1 2
] ‘ U
Xi'=—p =R{GXP |:[‘_—R7‘ z Vi A }—
k=1

(28.3)

1 3 ]
— €Xp [}27 E V,mj'&P'm ]j,
m=p-+1



KOTOPOE 10 Mepe Npud/IKelHsl K paBloBCCHIO BLIPOAACTCS B H3-
BECTIOE BBIpaXKeHHue ans Aj.
Ecaun BBecTH NponsBoAllyIo 110 BpeMenH o1 ASy
_dAS,
dt

TOrAa, HCHOJB3Ys onpefeqachie neauyeinoil cuas (27.3), mnonay-
yaeMm

)

d3 Sy <y 0AS,  dx;

— 48 on o Y290, XH, .
o, = pr ‘\-‘ o - S‘ XX, (28.4)
1

Taxkum 006paszom BeqHuHIIA Gy ONPEIENSICTCS] (‘ymloi’l POHU3BCACIHIT
CONPSKEHIBIX NOTOKOB H CHJI.

6. Bo seell kunetHueckoil o6aacTil npoueeca B aiHadaTHUCCKII
H30JHPOBANNLIX CHCTeMAaX ClIPaBeJIHBO YCA0BHC!

5, >0. (28.5)
Tax kax B coorBeTcTBHH ¢ (28.2), (28.4) n (27.5)
Oy = 2@111 (2%6)

T0 ycaoBHe (28.5) Buimoausercs, ecan Dy —— MOJOMKHTEABIO OMpe-
Jes1ennas KBajapartuyiasi Gopma, 4To BO3MOKHO B TOM M TOJILKO B
TOM CJydae, KOrAa coOCTBEHHBIC 311aveliust MaTpullbl Ly Bee 10.10-
AHTeAbUDLL [Tocaeniee BRINOJICHO, ABISACH CACICTBHEM BTOPOIO
navaJga repmojuliaMuku (20=0>=0). HeficTBHTECAbNO, B CTALHO-
HapuoM coctodiny, Korga AS,=c BAPHAUNOUHBIA NPUHIHII
(28.1) 2751 HeJaUHEHIBIX TIPOLECCOB HpuuuMaer BHI ZQidx;=0.
12

B cumay npoussoabHOCTH Ox: TIOIy4YacM CHCTEMY  ypaBileHui
QU =0. Ho Q"=0My/dx;, tax uro Oy=const, 1. e. §D,;=0. Ta-
oGpasoM, ucnoabdys (28.6), naxoaum, uro do;==2860y;=0.

ITpu nmepexone B auneiinyio o6aacts yeaosue 8My=0 csoaurcs
K MPHHIMNY MUHAMaJLHOTO BO3HHKHOBeHHst surpouun Ilpuro-
KHHA.

B 3ax/i0uenne oTMeTHM, UTO BCE NPHBETEIHNIbIE 3/1eCh PesyabTa-
Tl OBLIH MOJYUEHBI TPU 11€710M Pojle OTPAIHYHTEBIILIX MPCTNOI0-

AKCHUH OTHOCHTEJABHO CBOACTB Ko3hdunuenrtos A:(x ) H Blk(x)
vpasuenns Poxxepa-Ilmanka (26.1). A umenso, 6pl10 1PeANOTO-
AKCHO, 4TO B 001aCTH, 1aJeKOI OT PaBIOBECHST OTKIONCHHA A ==

~<{X;>>, e CIHIUKOM BEJAHKH, TaK UTO MOMKHO OTOMICCT-
BUTH peJuiednyo GynkuHo A (<Cx>>) ¢ e CpeanuM siaucinien

_—>

1 (x) >, daaee 6bli10 1onynieno, 4yto KosGgpuuuenrsl By, pxo-

- 131



nawge B AMdOysnoHuHblil uyaen ypasuenus Poxkepa—Ilnanka
(26.1), sBASAIOTCA NOCTOSIHHBLIMH BeJTHUHHAMH.

OTKas OT 3THX NPeANnoJOKeHHH, BO3MOXKHO, TT03BOJMUHA OBl pac-
cMoTperhb Gojee obluMe HeqHHeHHble NPOLeCChl, He YKJaJAblBaio-
Luiyecss B paMKH paccMoTpeHHoro dopmanusma. B kayectse ocHO-
BBl JIJIS] TAKOT'O NIPOJBHKEHHS] TEOPUH HeJIHHEHHbIX HepaBHOBECHBIX
NPOLIECCOB MOIVIO Obl NOCJAYKHTH Bbhipamenue (254) nas Beposr-
HOCTH Iepexoja 3a JoGoH KOHeYHbLIH NMPOMEeXYTOK BPEMEHH, Ha
KOTOpO€e YKa3aHible OTpaHHYEHHSt i€ PACIIPOCTPaHRIOTCA.

OueBHAHO, 4TO HECOMHEHHYIO Ba:KHOCTb nMpejacrasasgna 6bl 60-
Jiee obLlas TeopHsi, KoTopas cMor/a 6bl, B YaCTHOCTH, apryMEHTH-
poOBaTh NPaBHJALHOCTb PACCMOTPEHHOI CTOXAaCTHUECKOH MOJE/H He
TOMBKO C TOUKH 3PEHHS] COBIALEHHS C ONBITOM BBITEKAKOLUX H3
3TOH MOJIEJIH CJIeJICTBHH, HO H ¢ 6oJiee O6LIUX TO3HLHIL.
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