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[IpepucnoBue K TpPeTbeMy H3LaHHIO

[lepsbie ABe r1aBbl KHATH CHJBHO NePepaboTaHbl W 3HAUHTEABLHO PaciuH-
pensi. JloGaBaensl pasfeibl 00 3/eMEHTapHBLIX METOLAX HHTErpPHPOBAHHS
(o AHHEHHBIX OJHOPOAHBEIX H HEOAHOPOIHBIX YDaBHEHHSIX MePBOro NOpsiKa,
06 OZHOPOAHBIX H KBa3HOJHOPOAHBIX YPaBHEHHSX), O JHHEHHbIX H KBA3W/IH-
HEMHbIX YPaBHEHHSIX C YaCTHbIMH NPOU3BOAHLIMU NEPBOro NMOPsiiKa, 06 ypas-
HEHHSIX, HEPA3PELICHHbIX OTHOCHTENBHO IPOH3BOAHBIX, H 0 Teopemax lltypMa
0 HyJAX JHHeHHLIX ypaBHeHHH Broporo nopsaka. Takum o6pasom, B HOBOE
H3/lalHe KHHTH BKJIIOUCHbI BCe BONPOCH! ACHCTBYIOUIEH NPOrpasMbl 00 TEOPHH
00bIKHOBEHHBIX AH(ddepenuuabibiX ypaBHEHHH.

Manaras cneuuasbHele NpHeMbl HHTETDHPOBAHUS, aBTOP CTapaJjcs
BCIOLY BBHISIBJIATb F€OMETPHUYECKYIO CYW{HOCTb pa3bupaeMblX METOAOB H NoKa-
3bIBATb, KAK 3TH METOAbl pabOTAIOT B NPHJIOXKEHHSX, 0COGEHHO B MeXaHHKe.
Tak, nna pelrenus MHHEHHOTO HEOJHOPOMHOTO YPABHEHHS! BBOAHTCS 8-(yHK-
1K1 M BBLIYHC/ASETCS 3anasabiBamoinas QyHkuus ['puHa, KBa3HOAHOPOAHLIE
ypaBHEHHS NMPHBOAAT K TEOPHH NMOJOOHA H 3aKOHY BCEMUPHOrO TATOTECHIifA,
a Teopema 0 AH((epeHLHPYEeMOCTH pelleHHs N0 HayasibHbIM YCJAOBHAM — K
HCCJIEZIOBAHHIO OTHOCHTEJIbHOTO IBHXKEHMS KOCMHYECKHX Tea Ha OJH3KHX
epOHTAax.

ABTOp mO3BOMIHI cefe BKIOYHTL B 3TO NPEAHCJIOBHE HECKOJLKO
HCTOpHueCKHX oTcrymienud. [nddepenuranbrbie  ypasiueHus u306pe-
Tcun Hobioronom (1642—1727). HeloToH cunran 310 cBoe H3obpeTenue
HaCTOJNBKO BaXHbIM, 4TO 3awWH@pPoOBajJ ero B BHAE aHarpaMMbl, CMbICJI
KOTOpOH B COBPeMEHHBIX TEPMHHAaX MOXHO BOJBHO mepefaTs Tak:
«33KOHBI TPHPOABI BhIPaXKalwoTcsa AHbGepeHIHATBHBIME YPABHEHHAMIS,

OcHOBHEIM aHaNHTHYECKHM ROCTHXKeHueM HbloTona 6blIO pasfnoxeHie
BCEBO3MOXHBIX (DYHKUHH B CTENeHHble PAAbl (CMbICA BTOPOH, AJHHEHOH aHa-
rpammbl HbloToHa B ToM, 4To Aas pelueHds JN060TO ypaBHEHHA HYKHO
NCACTABHTb B YpaBHEHHE DA H NPHPABHATb uYJelbl OAMHAKOBOH CTCHEeHH).
Oco6ennoe 3xaueHie HMeNa 31eCh OTKPLITAA HM dopmyaa 6udoma Huiotona
(pasymeercsl, He TOMBKO C HEJBIMH NOKa3aTeJNsAMH, A KOTOPHIX (OpMYJy
3HaJ, Hanpumep, Buera (1540—1603), Ho 1, 4TO 0OCOGEHHO BaXKHO, C APOOHLIMH
H OTpHUATeNbHBIMH NOKasaTeasiMu). HuloTod pasaoxua B «psiasl Teiliopa»
BCe OCHOBHBIE 3/eMeHTapHbie (QyHKUMH (pauHOHaNbHbE, PAHKAJbL, TPHIO-
HOMETpHYECKHE, SKCTIOHEHTY M Jorapudm). D10, BMeCTe C CoCTaB/IeHHOl uM
Tabaune# nepsoobpasHblx (KOTOpas mepeulia B MOUTH HEH3MEHHOM BHAE B
CoBpeMeHHble YueOHHKH aHa/u3a), MO3BOJSIIO eMy, 110 ero CJ0BaM, CpPaB-
HHBAThb MJIOWLAAH JIOOLIX (QHryD «3a MOJOBHHY YETBEPTH Hacax.



6 NPEAUCJ/IOBHUE K TPETbBEMY M3IAHHIO

HbioTon yKasoiBafd, YTO KO3(p@HUHEHTH ero psiioB NPONOPLHOHAJbHEI
NOCAE0BATENbHbIM NIPOH3BOAHBIM (QYHKUWHH, HO He OCTaHaBJAMBAJCA Ha 3TOM
NOAPOGHO, TaK KaK OH CNPaBeAIHBO CUHTAJ, YTO BCe BBIUHCJACHHUS B aHaaH3e
yaolGHee 1NPOU3BOAHTL He NPH NOMOIIM KpaTHbIX AuddepeHinpoBanui,
a nyTeM BRIUHCACHKA NCPBLIX uieHoB pasa. Oast HeloToHa cBA3L Mexay Koad-
HHeHTaMH PALA W NMPOH3BOAHBIMH ObLIa CKOpPEE CPEACTBOM BBIUKC/CHHUSA
NPOU3BOHLIX, YCM CPEACTBOM COCTABJEHHSA pAna.

Oannm M3 BamHeHWMX pocTHKeHnH HbloToHa sBasietcst ero Teopust
COMHCYHON CHCTeMBI, H3J0KeHHad B «MaTemaTHueckKHX Hauasax HaTypaJb-
noit punocodpuns («Principia») Ge3 nomown MaTeMaTHUECKOrO aHafAu3a.
O6puno nonarawor, uro HbloToH OTKpHI NpU NOMOWH CBOEro aHag#3a
3aNOH BCEMMDHOTO TAroTeus. B nedictButenbHocTd Heotony (1680) npu-
HAINMEKHT AL IOKA3aTENbCTBO MINNTHYHOCTH OPOHT B NMOJE NPHTANKEHHS
NO 33aKOHY OOpaTHBIX KBAJpaToB: €aM 3TOT 3aKOH Obli ykaszau Hewortony
Fykom (1635—1703) (cm. § 8) u, no-BHANMOMY, YraAbiBaAca elie HECKOJb-
KHMI YUYEHBIMH. :

C «Principias Hulotona nauunaercss coBpeMensas $u3uKa. 3apepineHue
opMHpOBanKS anaNN3a KaK CaMOCTOATeNbHOH HaYYHOH MHCIHNIHHLL CBA3aHO
¢ umenem JleitGunua (1646—1716). Orpomuodi 3acayroii Jleiicanua sisasercs
Tax)ke WINPOKas npomarasaa ananusa (mepBast nyGIHKAUHA — CTATbA

684 r.) ¥ 10BCACHHE €0 aJITOPUTMOB *) 10 NOJHOrC aBTOMATHIMA: OH H306pel
Takum 06pasoM €rnoco® HayuHTb NOAb3OBATLCSA AHAMH3OM (M NPENoaaBaTh
€ro) MmoaeH, BOBCE €r0 He NMOHMMAIOIHUX,— TeHACHUHA, C KOTOPOH NPHUXOAUTCH
60pOThCA CUie 1 CerOAHA.

Vs orpomnoro uncaa paGor XVII Beka no nudpdepenunanbabm
ypaBHeHUAM BulaesdioTcst paborel Diepa (1707—1783) u Jlarpauxka

1736—1813). B atux pa6oTax 6blAa npexie BCero pasBuTa TeOpHA
MaJsibix koneGanuil, a wWie0BaTeNbHO — TEOPHS JHHEAHLIX CHCTeM aHbdepeH-
RHAJbHBIX YPABHEHMH; TNONYTHO BO3HUKJAH OCHOBHBIE MNOHSITHA JuHeiinoH
anreGpbl (COGCTBEHHDBIR UACAA ¥ BEKTOPH! B f1-MEPHOM C/Iydae). XapakTepHCTH-
YecKoe ypaBHEHHe JHHERHOro onepaTopa A0Jro Has3hiBAAW CEKYASAPHHIM, TaK
KaK HMEHHO M3 TaKOro YyPaBHEeHHs ONDPEAeNAIOTCs CeKyJApHble (BeKOBbIe,
T €. MCLJIeHHbIE 10 CPABHEHHIO C FOJOBBLIM IBH)KEHHEM ) BO3MYUIEHHS TLiaHeT-
HBIX OPGHT COrIACHO TEOpHUH Manuix koneGaunit Jlarpanxa, Beaen 3a Heoro-
nom Jlannac u Jlarpaux, a nosxe Iayce (1777-—1855) passuBaior Takxe
METOAbl TEOPHU BO3MYUIEHHH,

Korpa OGbl1a foKasaHa HepaspellUMOCTb aareGpanuyeckuX ypaBHEHUH
B papuxanax, Jluyeuane (1809—1882) mnocTpousi aHaJIOrHYHYIQ TEOPHIO
A anddepeHunanbHbiX YPaBHEHHH, YCTAHOBHB HEBO3MOMKHOCTb pellleHHUs
psiAa ypaBHEHHH (B TOM YHCJ/e TaKUX KAACCHUECKHX, KaK JIHHEHHbIe ypPaBHEeHHd
BTOPOro NOpsiAKa) B 3JecMeHTapHEIX GyHKUMAX 4 kBaaparypax. [Tosxe C. JIn
(1842—1899), anann3upya Bonpoc o6 KHTErpUpPOBaRHUHK ypaBHEHH! B KBaapa-
Typax, npuiies K HeoOXOAHMOCTH NOAPOGHO HecaeaoBaTh rpynnsl audbeo-

*}) Mexay npounwm, JlehiGuuuy npunaanexkat NOHATHS MaTpHUbl, ofo3HaueHHe g;;, a TaKxe
HAYANA TEOPHH ONpEAEANTENeH M TEODHH CHCTEM JuHeMHLIX ypapHeHui, OZHA M3 MepBhIX
BDIIHCANTENbHBIX MalIHA,
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MOpdu3MOB (NOJYUHBLINE BIOCACACTBHH HMs rpynn JIn) — Tak u3 TEOpHRK
AHpPePeHUKAIBHLIX YDABHEHHH BO3HHKAA OiHA H3 Haubo/ee MI0A0TBOPHBIX
o6nacTedl COBPEMEHHOH MaTeMaTHKH, JajbHedliee PasBUTHE KOTOPOH Gbiio
TeCHO CBSI3AHO cCOBceM C APYFHUMH Bonpocamu (aqreSpol Jlu  eiye
paubire paccmarpuBaiud Ilyaccon (1781—1840) u, ocoGenno, $xo6u
(1804—1851)).

Hosbill  3Tan  passutust  Teopud  nuddepeHiHaNbHbIX ypaBHeHHHR
HadnHaercsi ¢ pador INyankape (1854—1912), coznanxas UM «kauecTeennas
TeopHi AN (PEpPEeHUHAIbHBIX ypaBHeHuily BMeCTe C TeopHell YK Komn-
JIEKCHBIX MEPEMCHHBIX [IPHBEJa K OCHOBAHHIO COBPCMEHHOH TOMOJIOTHH.
KauecTBeHHas teopust AudpdepeHuuasbHBIX YPaBHEHHH, W/, KaK Ternephb ee
qalule HasbIBAKOT, TEOPHH AMHAMHUYECKHX CHCTEM, sIBAsieTcs cefiuac nauGosiee
aKTHBHO Da3BHBAIOWIEACH H HMelouleldl HauGosee BaxHbie NPUAOKCHUST B
eCTeCTBO3HAHHH 00J1aCThio TeOpHH AnddepeHunanblnix ypasuenuit. Hauunas
¢ Knaccuueckux pabor A. M, Jlsnynosa (1857—1918) no Teopuu ycrofiuu-
BOCTH ABHXKCHUA B PaA3BUTHH 3TO#l obnacTu Go/blUOE ydacTHe MNPHHHMAIOT
pycckHe mateMaTuxku (ymomsiHy paGotul A. A. Auapounosa (1901—1952) no
teopud Gudypxaunii, A. A Auaponosa u JI. C. [Tontpsruna no cTpyxrypHof
yeroituupoctn, H. M. Kpoliosa (1879—1955) u H. H. Boroaw6osa no
Teopiu ycpeanenus, A. H. Koamoroposa no Teopuu BoaMylICHHH ye/10BHO-
NEPHOAMYECKHX [BHIKeHHH. PasBop coBpeMeHHbIX HOCTHXKEHHI, KOHEYHO,
BBIXOAUT 32 PAMKH HaCTORMU[EH KHHUTH (C HEKOTOPBIMH H3 HHUX MOMKHO MO3HA-
KOMMTLCH, HANpUMeEpP, NO KHHraM aBTopa «[lonojiHHTeNbHBIE TVIABBI TEOPHH
06bikHOBEHHbIX AuddepeHLHaIbHBIX ypaBHennit», M., 1978; «Maremaruyec-
KHe MeTonbl KJjaccuueckoil mexauuku», M., 1974; «Teopua Katacrpodm,
M., 1981).

ABTOp 6/arofapeH BCeM UHTATeqsIM OPedbllyllHX H3LaHu, CoOBUIHBUINM
CBOH 3aMeqaHusi, KOTOpbie aBTCp) MocTapajcs y4eCTb NpH mOepepaboTke
KHuru, a takxke II. B. AwocoBy, MHOrousc/ieHHbie 3aMmeualusi KOTCPOro
COCOOCTBOBAJH YJYULIEHHIO HACTOSALLErO H31aHHS.

B. H. Aproared



MNpeauciaoBue K nepBoMy H3RXAHKIO

Tlpu orGope maTepnana Ans 3TOil KHHTH aBIuUp CTPEMHJICH OFPaHHUUTHCA
CTPOro HeOGXOAHMbIM MHHHMyMOM. lIeHTpanbHOe MecTo B Xypce 3aNHMaloT
ABa& Kpyra BOMPOCOB: TeOPema O BHUIPAMJICHHH BEKTOPHOLO Moss (3KBUBA-
J€HTHAST OGLIYHLIM TeOpEMaM CYL1eCTBOBAHHA, eAHHCTBEHHOCTH K LuddepeH-
LHPYEMOCTH pelleHHH) ¥ TeOpHSi OAHONAPAMETPHMECKHX IPYNN JuUHeHHbIX
npeoGpasosannil (T. e. TeOpHs JHHeHHBIX ABTOHOMHBIX CHCTEM). ABTOp M03B0-
Jaui cebe He KacaTbeA psajga Gojee CTEHUANBHBIX BONPOCOB, OGBIUHO BKJIO-
uaeMblX B Kypchl OObIKHOBEHHBIX AH(pdepeHUHAJIbHBIX ypaBHeHH!l (3JeMeH-
TapHble NPHEMbl HHTErPHPOBAHHA; YDABHEHHA, He Pa3pelueHHble OTHOCHTEIbHO
NPOH3BOHOI; ocofuie peutenus; Teopus LItypMma — Jinysuaas; ypaBHeHHS
€ YaCTHLIMH NPOH3BOAHLIMH MepBoro nopsjaka). HacTh U3 3THX BONPOCOB
yaoOHee pa3o6paTh Ha yNpaKHEHHSX; HOCAEHHE XKe ABe TeMbl eCTeCTBeHHee
OTHOCHTb K KYPCaM ypaBHeHHH C YaCTHHIMH NMPOH3BOAHBIMH HJIH BapHaIlHOH-
HOTO HCYHCJIEHHA,

Bosee .nogpoGHo, uem 3T0 OB6LIYHO NPHUHATO, Pa3bHPAIOTCH NPHIOKEHHS
OObIKHOBEHHBIX TH( PepeHIHANbHLIX YPABHEHHH K MeXaHHKe. Y DaBHeHHe MaAT-
HHKa MOSIBJSETCS HA OLHOH M3 MepBLIX CTPAHHL; B AanbHeHlieM 5 (eKTHB-
HOCTH BEOAHMBIX NOHSITHH B METOJOB KaXKIAblA Pa3 NpoBepseTcs: Ha 3TOM NpH-
mepe. Tak, B naparpade o nepBbIX HHTErpaiax NOABAAETCA 3aKOH COXPAHEHHS
SHEPruH, M3 TeopeMmbl O AxpQepeHnNpPOBAHNN [0 mapaMeTpy HaBJeKaeTcs
«MEeTOA MaJior0 napameTpa», a TeopHst JHHEHHBIX ypaBHEHHH C LEpHOAUUe-
CKHMH KO3(Q@pHUHEHTAMH eCTECTBEHHO NPUBOAUT K HMCC/AENOBAHHIO Kauyeseh
(«napamMeTpHyecKuil pe3oHanc»).

Vsnoxenne wMHOruUX BONPOCOB B Kypce CHALHO OTJAMYaeTcs  OT
TPaAHLHOHHOTO. ABTOP CTPEMHJCH BCIOAY = BHISIBHTB eOMETPHHUECKYIO,
KaueCTBEHHYIO CTOPOHY M3yuaeMblX siBjennii. B COOTBETCTBUHM ¢ 3THM B KHHIE
MHOTO yepTexkeH H HET HM OJHON CKOMLKO-HMOYAb C0XKHOHA (Gopmyssl. 3aro
NOSIBASCTCSA UMb DAL QYHAAMEHTANbHBIX NOHSTUH, KOTOPLIE TIPH TPaAHIHOH-
HOM, KOODANHATHOM H3/0XKEHHH OCTaloTC B TeHu (¢azoBoe NPOCTPaHCTBO
1 $a3oBble NOTOKH, TAAAKHE MHOrOOGpPA3UA M PACCJOEHHS, BEKTOPHBIE 11044
1 oaHOmapamerpuyeckde rpynmas anddeomopdusmon). Kypc suauyntennuo
coxpatuics Obl, ecd Obl MOMKHO GbLIO NMPEeANOJaraTb STH NOHATHSE . H3BECT-
upiMi. K coxxanennio, B HacTofllllee BpeMsl YKasaHHbie BONPOCH HE BKJIO~
JaloTCA HH B KypChl aHa/ii3a, HH B Kypcel reomerpuu. [Tostomy asTtopy
NPHIINOCH U3Jarath HX AOCTaTOYHO MOAPoOHO, He mpennoJjaras y yduTaTenst
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HHKAKWX TIPeJBApPHTE/bHbIX 3HAHHH, BBIXOAALIHX 33 PaMKH CTaHAapPTHBIX
57eMeHTapHbIX KypCOB aHa/M3a M JHHeHHOH anreGphl.

OcHoBy HacToslLe#l KHHTH COCTaBHJ FOAOBOH KypC JEKIHi, KOTOpbie aBTOp
yuTaJ CTyJeHTaM-MaTeMaTHKaM BTOPOro Kypca MOCKOBCKOrO yHHBepcHTeTa
B 1968—1970 rr.

[Ipu nmnoaroToBke JleKuMit K nedaTd OoJbLIYI0 MNOMOLLb OKa3aJa
P. U. Boraanos. ABrop GaarofapeH emMy M BCeM CAYLIATeNIsIM M KoJleram,
cOOGLIHBIIHM CBOH 3aMeUaHHusi 0 poTanpHHTHOM Tekcre jekuui (MIY, 1969).
Astop 6aaronapen petiensentaM . B. Anocosy u C. I'. Kpefiny 3a BHHMAaTe/Ib-
HOe peleH3HPOBaHHe PYKOIMHCH.

B. Aproasd

1971 e.



Hekotopble nocrosguHo ynorpeGasiembie 0603Ha4YeHUs

R — MHOKECTBO (rpynma, nose) BeLECTBEHHbIX uHCe.

C — MHOXECTBO (rpynna, noJse) KOMILIEKCHBIX UHCC.

Z — MuoxecTBO (rpynna, Koabll0) uensiX uuces.

xe XY — saeMent x noamuoxecTsa X muoxectsa Y.

XNY, XUY — nepeceueune u obvefutenve muoxecrs X u Y.

f: X = Y — oto6paxenne | muoxecrsa X 8o MHOmKecTRO Y,

Xt f — oToBpaKcHUe TIePeBOANT TOUKY X B TOUKY y.

fog — npoussesenue otobpaxkennit (npuMedsieTcs cHavaqa g).

3; V — cyuecTsyeT; AAA BCSKOro,

* — He oGazateabuas (Gosee TpyaAHAf) 3ajava UMW TeopeMa,

R" — smHefinOe DPOCTPAHCTBO pasmepuocTn n hai nonem R,

Bo wmuoxectse R” moryr paccmatpuBarbcs W apyrve cTpykTypsl (Hanpumep, adbduunas,
€BKJIHI0BA HAH CTPYKTYpa NPAMOro npouspenenusi n npamuix). OBer4HO 370 6yAeT CACUUAALHO
orosapusatbea («adduunoe npocrpanctso R”», ceskangoso npoctpanctso R”», «koopanuartuoe
npocrpadctBo R u 1. ).

BexkTopamu Mbi HA3BIBAEM JeMeHTH JHHeliHoro npocrpaHcTsa. Bekrops 06piuto 0603Ha-
wawTca BykBamu Moy xHpHOro wpudra (v, § U 1. 0.). BekTopel KoopaAHHATHOTO NPOCTpaHCTRA
R" oroxzectoasiores ¢ HaGopamu 1 yuced. Mu GyjleM nHCaTh, HAUPUMEP, D= (V1, ..., Un) =
=vyie: ...+ vse,; HAGOP n BEKTOPOB e; HaswibaeTca Koopdunarneim baszucon s R”,

Ham wacto 6yayT BCTpeuaTnes (PYHKUMHM BELISCTBEHHOTO MNMCPEMEHHOrO f, Ha3blBAeMOro
epemener. Tlponsboanas no ! Ha3bIBAETCA CKOPOCTH!0 H OGO3HAUAETCH Yallle BCErO TOYKON
uasepxy: £ =dx/dt.



F'rasa 1

OCHOBHbIE TIOHATHS

§ 1. dasosbie npocrpancrsa

Teopust 06bIKHOBeHHbIX AH(depeHIHaNbHLIX YPaBHeHHH — OHO H3 OCHOB-
HBIX OpYAMH MaTeMaTHUECKOTO eCTeCTBO3HAhWA. ITa TeOpHA MO3BOJSET
¥3y4aTh BCEBO3MOXKHbIE IBOJIOIHOHHbIE pouecchl, 06/ajaloline CBOACTBAMH
OeTepMURLPOBARHOCTI, KOHeUHOMEpHOCTU H Jugepenyupyesoctu. Tlpexne
yeM faThb TOUHBbIE MaTeMaTHUeCKHe ONpejeseHHs, PacCMOTPUM HECKOJbKO
NpHMEpOB.

1. NMpumepw asBoMOUMOHHBIX nponeccos. [lpouecc HasbiBaercs derep-
MUHUPOBAHHOIM, €CIA BeCh €r0 OYAYLLIHH XO4 ¥ BCE €ro MpoilIoe OAHO3HAUHO
onpenesisioTCs COCTOSIHUEM B HacTosillee BpeMsl. MHOXECTBO BCEBO3MOMXHbIX
COCTOSIHMH npollecca Ha3blBaeTcs ¢a3osbim NPOCTPAHCTBOM.

Tak, Haunpumep, KraccHYecKast MeXaHHMKa pacCMaTpHBACT ABHKEHHE
cucteM, Gyayliee M NpPOLIIOe KOTOPHIX OAHO3HAUHO OMpeessOTCst Havalb
HLIMH TIOJIOJKEHHAMH H HAuaAbHBIMH CKOPOCTSIMH BCeX ToUuek cucteMbl. Pasosoe
NPOCTPAHCTBO  MEXaAHHUECKOH CHCTeMbl — 3TO  MHOKECTBO, 3/EMEHTOM
KOTOPOTO AIBAsieTC HAGop NOJMOXKEBMHA M CKODOCTEH BCeX TOUEeK AAHHOM
CHCTEMBI.

JlBuKeHHe uyacTHIlL B KBAHTOBOH MEXaHUKE HE OINHCLIBAETCSA AETEPMHHH
POBAHHLIM TpolieccoM. PacnpocTpanenne Tensia — MoayaeTepMHHHPOBAHHbLA
npouecc: Gyayulee onpeiessAeTCs HACTOALIMM, a NPOLLNOE — HET.

Ipouecc Ha3blBaeTCsl KOHEYHOMEPHbIM, €CJU eTo (a30Boe NPOCTPAHCTBO
KOHEUHOMEpPHO, T. €. eCJH YHC/I0 NapaMeTPOB, HYXKHLIX [/l ONHCAHMS €ro
cocTostuus, KoHeuno, Tak, Hanpumep, HbIOTOHOBCKAs MEXAaHWKa CHCTeM H3
KOHEYHOTO 4KCJa MATepHAJbHBIX TOUEK HJH TBEPAbIX T€J OTHOCHTCS K 3TOMY
kaaccy. PasaMepHocTh (a30BOTO MPOCTPAHCTBA CHCTEMb H3 1 MaTepHaJbHbIX
To4eK paBHa 6n, a cucTems! H3 n TBepAbX Tead — 12n. IBHIKeHHs KUAKOCTH,
u3yuyaemble B FHAPOAMHAMHKe, TNpouecchl KoneGaHUK CTPYyHBI ¥ MeMOpaHbI,
pacnpocTpaHeHHe BOJIH B ONITHKE M aKyCTHKe — TPHMEpPbl IPOLECCOB, KOTOPhIE
HeJIb38 ONMUCATb C NMOMOIILIO KOHEUHOMEPHOro (a3oBOro NpocTpaHCTBA.

Tpouecc naswiBaetcs Sugpepenyupyenmoin, ecan ero ¢asoBoe NpocTpaH-
CTBO HMeeT CTPYKTYpy JAuddepeHunpyemoro MmHoroobpasus, a H3MeHeHHE
COCTOSIHUSI CO BpeMeHeM onHchiBaeTcsl AHddepeHUHPYyeMbIMH GYHKUHAMH

Tax, nanpumep, KOOpAUHATHL H CKOPOCTH TOUEK MeXaHHuecKofl CHCTeMbI
MEHAI0TCA CO BpeMmeHeM AH¢depeHUHpPYyeMbIM 06pasoM.



{2 OCHOBHBIE NOHATHA [rJt

IBuKeHHs, H3yuaeMble B TEOPHH yaapa, cBOHCTBOM AuddepeHuIpyeMoCTH
He obnananoT.

Takum 06pa3soM, ABHIKEHHE CHCTeMBl B KJACCHUECKON MeXaHUKe MoKer
ObITb OMHCAaHO NPU MOMOWIH OGLIKHOBeHHBIX AnddepeHInalbiEX ypaBHeHHE,
TOTA@ KaK KBAHTOBAs MeXaHHKa, TEOPHSA TeMJONPOBOAHOCTH, FHADOIHHAMHIKA,
TEOPHsl YNPYrOCTH, ONTHKA, aKYCTHKA H TeOPHSA yaapa TPeGyIoT HHLIX CPeCTR.

Ewe nsa npumepa AeTepMHHHPOBAHHLIX KOHEUHOMEPHLIX H I hepeHuu-
pPYyeMbIX NPOLECCOB: NPOLECC PAHOAKTHBHOTO pachiafa ¥ npouect pasMHOKe-
Hust GakTepuii TpH JOCTAaTOUHOM KOJHYECTBE I[IHTATE/NBHOIO BeLlecTBa.
B o6oux cayuanx (Pa3oBoe NPOCTPAHCTBO ORHOMEDPHO: COCTOSIHHE MpOLCCCa
onpenesseTcd KOJKYECTBOM BCIIECTBA H/IH KOaHuecTBOM Oakrepuil. B 06onx
Cyyanx MpOLCCC ONHCbIBAETCA OOLIKHOBEHHBIM AHddepeHuHanbHbIM ypas-
HeHHeM. .

3ameTuM, 4TO BHA AutbePEHIUANBHOTO YPaBHEHHST NIpolLecca, a TakxkKe
CaMmbiii (akT LeTePMHHHPOBAHHOCTH, KOHEUHOMEDHOCTH M AnbdepeHuupye-
MOCTH TOTO HJAH HHOTO [1POLECCa MOXHO YCTAHOBHTD JHIb 3KCIePHMEHTANbHO,
C1e10BATEAbHO — TOJDbKO. C HEKOTOPOH CTeneHbI0 TOuHOCTH. B panbHefiluem
Mbl He 6Y1eM BCAKMH Pa3 N0 4epKHBaTh 5T0 0GCTOATENLCTBO H Oy A€M FOBOPUTD
0 pea’pHbIX NMPOLECCAX TAK, KaK €C/Id Gbl OHH TOYHO COBNAjan# C HALUHMH
HAeA M3HPOBAHKLIMH MATCMATHYECKHMH MOJEJAMH.

2. Pa3osnie noroxku. Tounas GoOpMyJMPOBKA H3JOMKEHHBIX BhllIE OGUIMX
NpHHUHNOB TPeGyeT NOBOJMBHO aOCTPaKTHBIX NONATHH: hasosoeo npocrpancrsa
u pasogoco noroxa. UTto6bl OCBOHTLCA € 3TUMH NOHHATHSIMH, PACCMOTPHM
NpHMEp, TJe Y:Ke OAHO BBeAeHHe (a30BOra npo-
CTPAHCTBA MO3BOAAET PEIUHTb TPYIHYIO 3ajady.

- 8 3anaua | (H. H. Koscraurunos). M3 ro-
pona A B ropon B (puc. 1) Besyr ase He nepe-

A cekapoiuuecs noporn. MasectHo, uto nse Mallu-

{ Hbl, BLle3XKAOWHE 10 pa3HuiM joporam us A B
Puc. 1. Hawsasies nesowemse B H CBA3aHHBIE BEPEBKOH HECKOTOPOH AMHHDL,
BO3OH ., meHbluieH 2/, cmorad npoexath u3 A B B, He no-

pBaB BepeBKH. MOryT /M pasMHHYTBCH, HE KO-
HYBUIMCh, JIBA KPYr/IbiX BO3a pajuyca /, UeHTpH
KOTOPbLIX ABHKYTCSl NO 3THM AQPOraM HaBCTpeuy
ApYT Apyry?

Peweyue. Paccmorpum keaapar (puc. 2)

M={x, x2: 0TI}

Puc. 2. dasenoe  mpocTpaictzo IMonoxenne ABYX skHnawmed (oaun Ha nep-
0aphl 3uunascy.
BOil jopore, Apyrofl — na BTOPOR) MOMHO Xa-
PaKTepH30BaTh TOUKOH Kpajgpata M: 10CTaTOMHO 0003HAYHTL HEPe3 X; AOJI0
paccrodnua or A ao B no i-i popore, saxmioueHuyio Mexily A u Haxoas-
LIMMCSI H@ 9TOH 10pore 3KHMaXKeM.
Bceso3aMOXHLIM MOAOKEHHSM 3KHNaXel COOTBETCTBYIOT BCEBO3MONHblE
TOYKH KBaapata M. DTOT KBajpat HasbiBaCTC (PA30B6LM NPOCTPAHCTEOM,
a €To TOYRH — (a3osviny Toukamu. Takum o6pasom, Kaxigas das3osas
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TOYKA COOTBETCTBYET ONpeAeJCHHOMY MOJIOXKEHHIO Napbl 3KHNAXel, a Besakoe
ABHKEHHe sKunaxei nzobpaxkaercs JBuxKeHHeM (a30Boit TOUKH B ($a30BoM
[IpoCTpaHCTBe.

Hanpumep, HauasibHOe noJoXeHHe MalIMH (B ropoge A) COOTBETCTBYeT
JEBOMY HHUXKHEMY Yray kBajapaTta (x;=xp=0), a ABHXKeHHe Malui 3 A B B
n306paxaercst KpuBoi, BeAyllell B NPOTHBOMOJOXHBIH yroJ.

Touno Tak :Ke Haua/bHOe MOJOXEHHE BO30B COOTBETCTBYET HPABOMY
HHKHEMY yray ksaaparta (x;=0, xo=1), a ABHKeHHe BO30B H300parkaercs
KpPHBOH, Bejyllell B NPOTHBOMNOJOXKHBIA yroa KBajapara.

Ho Bcsikue aBe kpuBble B KBaapaTe, COeJHHSIIOLIHE Pa3Hble Naphbl MPOTHRO-
NMONOMHBIX BeplLIHH, Nnepecexalorcs. [TosTomy, kKak 6Ll HH ABHTAJHCH BO3bI,
HACTYNHT MOMEHT, KOr'ja fnapa BO30B 3aliMeT M0J0XKCHHE, B KOTOPOM Obljia
B HEKOTOPbIH MOMEHT BpeMeHH Mapa MalluH. B 3ToT MoMeHT paccrosnie
MeXKAy LeHTpaMH Bo30B Oyjer MeHblle 2/. Mrtak, pasmMuHyThesl He ypaeTcs.

B paccmoTpennoM npHMepe He y4acTBOBaJH AHQGepeHiHaNbHbIC YpaB-
HeHUs, HO XOA paccyxXKIeHHH OGJH30K K TOMY, ueM Mbl OyAeM 3aHHMATLCS
JaJiblile; OMMCAaHHE COCTOSIHMI npolecca KakK TOueK MOAXOAsiiiero ¢asoBoro
MPOCTPAHCTBA HACTO OKAa3biBAeTCsl 4Pe3BbYAaHHO MOJE3HBIM.

Hanpumep, cocrosiHHe npouecca ABHXKEHHA CHCTeMbl n MaTepHa/bHbIX
TOYEK B KJAaCCHUECKOH MeXaHHKE ONHChIBAeTCS 3HAUCHHAMH KOOPAHHAT H
cKopocTeli Bcex matepHaibHblX Touek. CaenoBaTesbho, (a3oBoe NPOCTPAHCTBO
TaKo# cHCTeMbl HMeeT pa3MepHOCTb 6/ (MO TPH KOOPAHHATLI H TPH KOMIIOHE HThE
CKOPOCTH Ha Kaxylo MaTepHa/bHYI0 TOuKy). Pa3oBoe NPOCTPAHCTBO CHCTEMbI
tpex touek (Coanue, Onurep, CatypH) 18-mepo. $aszoBoe MpocTpatcrao
CHCTEMbl 1 TBEPABIX TeJ HUMeeT pa3MepHocTb 12n (nouemy?).

IBrxKenue Bcell CHCTeMbl OMHCHLIBAETCA ABHXKCHHEM TOUKH MO KpHBO#H B
¢dasopom npoctpadcTee. CKOPOCTb ABHIKeHHst (A30BOH TOUKH MO 3TOH KPUBON
onpegeasiercd caMmolt Toukoih. Takum obpasoM, B Kax[cH Touke (a3oBoro
NPOCTPAHCTBA 3aaH BEKTOP — OH Ha3blBaeTCA BEKTOPOM (Da30BOH CKOPOCTH.
Bce Bektophl a30Bo# CKOPOCTH 06PA3YIOT BEKTOPHOE MoJe (ha3oBOH CKOPOCTH
B $a30BOM MPOCTPAHCTBe. DTO BEKTOPHOE ToJe onpefeaseT AHddepeHiians:
HOe ypaBHeHue npolecca (3aBHCHMOCTb CKOPOCTH ABHIXKEHHA (ha30BOH TOUKH
OT €€ NOJIOXKEHHUR).

OcnoBHasi 3agauya TeopuH AH$depeHUHANbHBIX YPaBHEHHH COCTOMT B
ornpefeJeHHH WM HCCJACJOBAHHH ABHUIKEHHUA CHCTeMbl [0 BCKTOPHOMY [10JIO
¢dazonoii ckopocty. CloJla OTHOCATCS, HaNpUMep, BONPOCH O BHie (Has3oBbLIX
KPHBbLIX (TpaeKTOpUil B KeHust (Ha30BOl TOUKH): YXOAAT JH, cKaxeM, haso-
Bble KpHBble JaHHOTO BEKTOPHOTO Nojs B (a3oBOM NMPOCTPaHCTBe Ha Oecko-
HEUYHOCTb MJIM OCTAlOTCsl B OrpaHHueHHOH o6jacTu?

B ofuiem BHAe 3Ta 3ajaua He NoAjaeTcs CPeicTBaM COBPEMEHHOH MaTe-
MaTHKH H, MO-BUAHMOMY, B HEKOTOPOM CMBIC/JE Hepaspelilma (B YaCTHOCTH
3TO OTHOCHTCA K YNOMHHaBllefica mnpoGjeMe Tpex Tea). B npocreimnx
YACTHBIX CJAYy4asiX, ¢ KOTOPbIX Mbl W HayHeM, 3ajauya pellaeTcss sIBHO I1pH
MOMOIIH ONMepauHy HHTEerpHpPOBaHUA. BoluHCAHTeNbHBIE MAHIMHBL TTO3BOJSIOT
npuB/IHKEHHO HAXOAHTD peuleHud AuddepeHunaabHbIX ypaBHeHHH Ha KOHey-
HOM OTpe3Kke BpeMeHH, HO He [aloT OTBeTa Ha Ka4eCTBeHHbIC BONPOCH O
noBeaeHH! (pa3oBbIX KPHUBBLIX B UeoM. B pasbuefimem, Hapsijay ¢ MeToAaMHu
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FIBHOTO pelielus cneuHanbinx AuddepenunanbibiX ypaBHeHHH, MbI IpHBedeM
TAKXE HCKOTOPBLIE METOAbl KaUueCTBEHHOIO HCCJAeN0BaHHA.

[Toustne ¢as30BOro NPOCTPAHCTBA CBOAUT H3YUEHHE 3BOJIOLUHMOHHBIX
NPOUCCCOB K TCOMETPHHCCKU M 3a/1a4aM O KPUBLIX, ONPeAeIAeMbiX BeKTOPHbIMH
noasMu. Mbl HauteMm HccaenoBaude aAud(epeHUHAIbHLIX YpaBHEHHIE €O
caeAylolleH reoMeTpHUYECKOR 3agaud.

3. WUnrerpanphvie kpusble noas wuanpasaenuii. Tlpeanonoxum, uto B
Ka){1o#i TOUKE HEKOTOPO# 06/aCTH Ha NJOCKOCTH BHIGpAHA NPOXOAALIAN
uepe3 Ty TOyKy npamas. B Takom cayuae rosopsT, uro B 06AacTH 3afaHO
noJie Hanpasienuit (puc. 3).

Sameuanne 1. e rnazkue KpHBble, IPOXOAALULHE YePe3 OAHY TOUKY,
3a4a10T B Hell OAMHAKOBOR HANpaBJ/eHUE, eC/IM OHM Kacawores. Takum o6paszom,
npsAMble B ONpPefe/ieHdH NOoAS Hanpabaenui
MOJXKHO 3aMEHHTb [POH3BOJIBHBIMU [J1aJKHMHU
KPUBbLIMH: BAXKHA NWIUb KAcaTesbHAs K KPUBOH
B Touke, Ha puc. 3 nsobpakena Jjuub ma-
JICHbKAR YacTb NPSAMOH OKOAO KaXKAOH TOUKH.

3ameuanne 2. 37ecb U B fanpuei-
uieM Bce BeTpeualonec o6bekTh (QYyHKUHH,
oToOpaXKeHHs,...) NPEANONAratOTCA FAAAKUMH,
Puc. 3. Moac wampasscusdl w ero wu- T, €. HENPEPLIBHO AU (pepeHLHPYEeMbIMH HYX-
TErpAsILUAT KPHBIR. HO€ 4HCJ/IO PAa3, eC/id He OroBOPEHO NpPOTUB-
Hoe. [Tone wmanpassnenuit Ha3bIBACTCA HENPEpLIBHLIM (MIAAKHM), €CJAH OpA-
Mble€ NOJISE HernpepniBHO (rJ1afKo) 3aBUCAT OT TOYKH MPUTOMKEHHS.

3ameuvaunne 3. AnanornunbiM o6pasoM onpepeqsieTcs Hosie Hanpas-
JIeHHH (npsIMbIX) B #-MEDHOM NpOCTpaHCcTBe (a Takyke Ha J1060M TIagKoM
mHOroofipasnu). _

Onmpepenenue. Jluuud, xotopas B Ka»KAOM CBOedl TOuKe Kacaercs
HMEIOHICToCs B 3TOH TOYKe HaNpaBeHHS N0Js, HA3LBACTCH UHTEZPAALHOL
Kpugod noas Hanpawaenuil.

Haspanue «uHTerpanbible KpHBbie» OGDBACHRETCH TeM, YTO B HEKOTOPHIX
CAY4ATX ITH KPUBbie MOYKHO HafiTH NpH MOMOLIH ONepalHH HHTErPHPOBAHUS.

Hpusep. IlpeanonoXuM, uTo HEMpepsiBHOE MOJ€ nHanpasjeHdidl Ha
NJOCKOCTH TMEPeXOAUT B ceds MPH BCeX CABUrax BAOJb HEKOTOpPOH npsmMoil

M HE COAEPXXHUT MNapasjeibHblX €l HanpaBaeHHH

z (puc. 4).
N o o o7 Teopema. 300aua OTOLCKAHUA UHTEPAALHOLX
W, o 4 KpUBLLY TAKO20 NOAS €CTb 8 TOYHOCTU 3ada4a unre-
epuposnnus CanHol HenpepolsHoll hyHKy L.
N e - o7 ;{t Hdokaszatreascreo. Boifepem cucremy Ko-

OpAMHAT, B KOTODPOH AaHHAs NpsMas — BEPTHKaAb-
Has OCh OPAHHAT, @ OCh afcuuce TOPU3OHTAJIbHA.
Pnc. 4. [loge, nusapnautnoe
OTHOTHTEALHD  BCPTHKAALIBIX I/IHTerpaﬂbHaﬂ KpHBasi noJgs 6es BEPTHKAABHLIX
cApuves. Hanpasaeruil seasietcd rpadukom Pyaxuun. pous-
BOAHAS 3TOH (QYHKUUH paBHA TaHreHCYy Yrja HaklIOHAa rpaduxka K ocH
abcuuce. Ipaduk — uHTerpasbHas KpuUBAS TOrAa H TONLKO TOMA2, Korna
3TOT TaHICHC PABEH TAHTEHCY Yrja Hak/AoHA MPAMOH JAHHOIO NMOJA K OCH
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abeuuce. Ho 37oT nocaeanuit TaHreHc — U3BecTHas GYHKHHS abcunccs
(MOCKO/IbKY MOJIe NEepexoAnT B cebs npH CABHTax BAOAbL OCH OpAMHAT}).
CrnepoBarenibHo, (YHKUHA, TrpaduKOM KOTOpOlt $BASETCS HHTerpaJbias
KpHBasi, HMCET TNMPOH3BOJAHOH H3BECTHYIO (YHKUMIO B, 3HAUMT, ABARKCTCA €€
fepBooOpasHoi, 4to U TpeboBajoch AOKA3ATh.

O6o3naunm abcuucey OykBoH f, OpAHHATY — OYKBOH X, TaHTeHC yrJaa
HaK/JoHa NMPSIMOA MoJs — H3BecTHasi GYHKUHA v (f), HHTerpaJbHas KpHBas -
rpauK HeusBecTHOR ¢yukumn ¢. Kpusas x==¢({f) nnterpajpHas, ecau H
TOJILKO €CJH %p—:*v(t). [To Teopeme Bappoy *) (p:S vdt+C.

B o6ulem cayuae 3aja4ya OTHICKAHHSI MHTEFPAJibHbIX KPHBbIX He CBOAHTCH
K onepalvd HHTErPHPOBAHHUA: AAXKe MJS O4eHb MPOCTO 3aLaBaeMbIX I10Jeii
HanpapJ/JeH!il Ha NJOCKOCTH YpaBHEHHS] HHTerpasbHbiX KPHBBIX HeJb3sl Hpeh
CTaBHTDb KOHEUHBIMH KOMOHHALMAMHU 3J€MEHTapHbIX GYHKLUHI 1 uiTerpanos **)

4. NunddepenunasbHoe ypaBHeHHe u ero peweuuns. [eomeTpHueckas
3ajlaya OTHICKaAHHA WHTErpaJibHbIX KPHBbIX aHAJAHTHYECKH 3aNHCHIBAETCs Kak
3ajaua OTbICKaHUs pelleHHi AnddepeHuna bHOrO YypaBHenus. [1peanonoxum,
4YTO MOJE Ha MJIOCKOCTH (f, X) HE CONEPXKHMT BEPTHKAJbHBIX HalpaB/enHHi
(He napaJanenbHo ocH opauHat, x {(puc. 5)). Toraa Tanrenc v (f{, x) yraa
HaKJOHA NPUJIOKEHHOH B Touke (f, x) mpamofl moas K ocu abcuucc KOHeucH
¥ MHTErpaJibHble KpUBbie ABAAIOTCA rpadpukamMy QyHK-
wuit x=o ().

Mzsl 6ynem npeanosarath, 4to o6JacTbiO OmMpe-
IeneHusi QYHKUHH ¢ sBaferTcd MHTepBasa [ ocH 1.
OuesBnana

Teopewma. Jasa 1020 uTobet 2pagur Gynkuyuu ¢
bbta uHTE2pAAbHOU Kpusol, Heobxodumo u docra-
TOUHO, 4TOO6L npu 8cex ¢ u3 | 8bLNOAHAAOCH COOTHO-
wenue.

d ,
—(P=v(t, (p(t)) (]) Pirc. 5. Tpadwux peweuns 1nd

dt (bepeHUHATbIOrO YPaBHEHUA.

Onpenenenune. ®yHkuua ¢ HasbiBaeTcsd pewenuem auddepenuuann
HOrO ypaBHEHUs

)E:v(t, x), .2

€C/IH OHA YAOBJETBOPAET cOoTHoweHHIO (1) (T. e. ecaM «IpH NOACTaHOBKE
€e B ypaBHEHHE BMECTO X ypaBHeHHe 0GpallaeTcst B TOXAECTBO»).
Onpenenenne. Peuenne ¢ yoosAeTEOPAET HAUAALHOMY YCAOBUIO
(to, x0), ecnu @ (fo)=xg.
Takum o6pasoM, pelleHue — TO 3aj4aHHas Ha HHTepBaje (GyHKUHA,
rpaguK KOTOPO# — HMHTerpanbHast KPHBARA; PelleHke YIOBACTBOPSAET Havyalb-

s) U. Bappoy, 1630—1677, yuutens HuiotoHna, NOCBATHBWHA KHUTY B3aHMHOH 06paTHOCTH
3ajay 0 KacaTeJbHbIX M O MIOWaAAX.

**) TlpuMep: TAKOBO NOJE, B KOTODOM TAHreHC yriia HaKAOHA NpAMON, NPHICKCHIOH B
TouKe (f, x), ¢ ocblo x paseH x*—1¢ (JlayBHANB)
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HOMY yenoBHIO (fo, Xo), €CTTH HUTErPaJbHAs KPUBAS MPOXOAHT Yepe3 NaHHYIO
TOYKy (puc. 5).
ITpumep. Pemenne npocrefiiero ypabHeHus x=0(f) ¢ HauaJIbHBIM
ycaoBsuem (fo, xp) naerca ¢opmyaoid Bappoy:
3

p()=xo+{ v(x)ar.

fo

Besikoe muddepennnansioe ypassenne (2) onpenesnser nodfe HanpasJeHui
Ha MJIOCKOCTH: [IPHUNOXKEHHAs B Touke (f, x) DpsAMas HMeeT TaHreHc yraa
HakaoHa v (f, x). DTO noje KOPoue HASLIBAETCHA NOAEM HANPABAEHUL U WIH
noaem Hanpasaenuil ypasnenusn (2).

5. JBoAIOUMOHHOE YPABHEHHE C OAHOMEPHBIM (BA30BHIM NPOCTPAHCTBOM.
Paccmorpum ypasuenue

x=v(x), xR

DTO ypaBHEHHE ONKCHIBACT IBOJIOLHONHBI MPOLECC € OAHOMEPHLIM (ha30BhIM
npocrpanctsoM. IlpaBast yacTh 3anaet sexroproe noae ¢asosoli ckopoctu:
B TOUKE X NpuaoXKeH BekTop v (x) (puc. 6, cresa). Takoe ypapuenne, npasas
4acTbh KOTOPOTO He 33aBHCHT OT {, HA3bIBACTCH ABTOHOM-
ot CKOPOCTb BOJIIOUHH ABTOHOMHOH CHCTEMBI, T. e.
'y 44 CHCTEMDBL, HE B3auMOAeHACTBYWIUeH ¢ Npyrumu, onpe-
g\ ¢aj o= - —o-  JeJIAeTCH OJHHM JIHIb COCTOAHHEM 3TOH CHCTEMBI: OT
v N "1 BpemeHH 3aKoHDI NPHPOABLI He 3aBHCST.
Puc. 6 Bexropioe nose H mo- Touku, rae v obpautaetcs B 0, HasLIBAOTCA n0-
e wanpasrenuli Ran ypase AOMCHUAMU DPABHOBECUR (TaKMe CTAHUOHAPHBLIMI TOH-
s 3= (). Kamy WM 0CoBuimu TO4KAMU) BeKTOpHOro noas. Ecau
@ — NOJOXeHHEe pAaBHOBECHH, TO ¢(f)==a -- peuenne ypasneuns (npo-
UeCe, HauyaBlHCh B COCTOSIHHH @, BCerpa B Hem octaertcst). Ha puc. 6 suano
OLHO MOJOXKEHHe DABHOBECHA, 4. BHAHO, YTO 3TO NOJOKEHHE PaBHOBECHSA
HeyCTOHUHBO: MPH MAJNOM OTKJOHEHHH HAUaJbLHOTO YCJAOBHS OT PaBHOBECHOIO
a3oBas TOUKa C TeueHHEM BPEMEHK YAANACTCS OT MOJMOKEHHA PaBHOBECHS.

Ha puc. 6 nsobpaxeno raxxe none nanpasienuii paccMaTpHBaeMOro
ypasuenusi. [TockosbKy v He 32BHCHT OT f, NO/Ie EPEXOAHT B Ce6R NPH CABHraX
B0Jb OCH £.

Cornacno Teopeme n. 3, sagaua HOCTpoeHHS MHTETpaJbHbIX KPHBBIX
ITOFO 1OJA peliaeTcss OAHHM HHTerpHpPoBaHHEM (B OBMacTy, rAC noJje He
napaaneabHO OCH f, T. €. rae HeT pasHosecuil, v{x)7%0). Ilpeanonoxum,
ur0 QYHKUHA U HeNpepbiBHA M HHrje He obpaimaercs B 0. BuinHmwem sBHYIO
$opmyay, Onpelesioyl0 HHTErpadbibie KPHBbIE.

Taurenc yria sak/iona naiero noas K ocH x pasen 1/v (x). Ciegosartessho,
noae Hanpasaenutl ypasrenun dx/dt=uv (x) cosnadaer ¢ noasem nanpasienuil
ypasuenus di/dx=1/v(x). 3nauur, coBnagaior u HHTerpaJjbHble KPHBEbIE
5THX ypasueuu#l. Ho nurerpanbuas kpupas Broporo paetcs hopmyJoit
Bappoy; B nauHoM ciydae ona uMeeT BHJ

X

Z v

_{
t~fo——S Wg (3)

*o
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Taxum obpa3oM 10KasaHa

Tedpema. Pewenue x=q(f) ypasuenus x=uv(x) ¢ HenpepolsHoli U He
obpawaroweiics 8 0 npasod 4acroro, yoosaeT80PAIOULCE HOYAABHOMY YCAOBUIO
(to, Xo), daerca ¢opmyaod (3). Obparno, pyuxyua x=q (1), onpederseman
gopryaoti (3), neanerca pewenuen u yooBAETEOPALT HAXANBHOMY YCAOBUIO.

3ameuaHdune «MuaeMounueckuii» crnoco6 3anomuHaHus Qopmyan (3)
COCTOHT B CJejlyioleM. 3anulueM HCXORHOe ypaBHeHHe B BuAe dx/dt==v (x).
Xotsi B Kypcax aHajn3a NpH BBeLeHHU NPOH3BOAHOMN yyarT, uto dx/dt He 1pobb,
a eluHHH cumBoJ, GyleM 06pallaThCsi ¢ 3TUM CHMBOJIOM Kak ¢ Apobbio H
lepenviuieM ypaBHeHue, co6paB Bce X cjeBa, a Bce ! cnpaBa, B BHIe
dx/v (x)==di. Huterpupya /JeBy0 H NpPaByl0 UaCTH, NOJy4aeM COOTHOLICHHE

t={dx/v(x) 1. e. (3).
B neficTBHTELHOCTH 3TOT €NIOCO6, KOHEUHO, 601, YeM MHEMOHAYECKOE NPaBHAO. JIelGHun
dx - -
He cTan Gbl BBOAHTb ClOXHOE 0003HAuCHHE T ecad Obl He WMed B BHAY caMmMoft HacTtoslled

npoGu: dx desennoe na di. [leno B ToMm, u4to dx W di — BOBCe He TAHHCTBEHHBIE «GECKOHEUHO-
Manbie» BeJHUYHHB, A BNOJHE KOHCUHLIC YHCIA, TOuHee — (GYHKUHHU BEKTODa.

Paccmotpam (puc. 7) npuaoxenuulli B Kakof-1460 Touke BeKTop A CKOPOCTH ABHIKEHHS
Ha NJIOCKOCTH, HAa KOTOPOH ¢ukcHpoBanm Koopauuatel (f, x). CKOPOCTb M3MEHeHHS KOOpH-
HaTe! [ NIpH 3TOM ABHKEHHH ABaserca ¢ynkusueil sToro sekropa. Ona Anneiina, Ita anneiinas
dyukuua sexropa H oGosHauaercst df. Hanpumep, snauenue 3Tof ¢yHxuun Ha Bexktope A ¢
Komnoneutamu (10, 20) ectb df (A) = 10. Touno Tak xe onpeaeasiercs dx (A)==20 — cKopocTb
H3MEHEHHA KOOPAHHATH X DK RBHXXEHHH C BEKTOPOM CKOPOCTH A, TakK u4To A HMEeT KOMIOHEeHTH
di (A), dx (A). Ouenuano

Mpeanoxenne 1. Jas moboeo gexropa A, kacarowezocs epagura 2aadkold gynxkyuu
x =@ (t), ornowenue dx (A)/dt (A) pasno npoussodnoi dx/dt ¢pynkyuu ¢ 8 coorsercrayowed
TOUKE.

Ay
r

Z

7

dz{A)
I 4;
at(4) T A
Y

Prc. 7. Unemrreas u 3na- Pite. 8. Onpencacrine nuterpa-
mMenareab  apoby  dx/di. na 1-opmei.

Taknm oGpasom, ypasuenite dx /v (x)==d! ecTb COOTHOWeHULE MeNDY AURCIHbLIMY Pynxyuanu
OT 8eATOPA, KACAIOULE20CR UHTC2PAAbHOL Kpueotl.

PyHKUKH MPHAOKEHIOTO BEKTOPA, JNuHeliHbie NPH QHKCHPOBAHHON TOUKE NPHJCIKEHNHS,
nasusawntea dupdepenyuaronoinn |-popramu.

Beakas auddepenunansuan |-gopma na nnockoct (f, x) MoxeT OuiTb 3anHcana B
BHle w==adi+bdx, rae a # b — (QYHKUHH HA NJAOCKOCTH.

Huddepenunanpusie GOPMb MOXKHO HHTETPHPOBATH BAOAL OPHCHTHPOBAHNBIX OTPE3KOB
Kpupnix. BmGepem Ha oTpeske I' KpHBON Ha NIOCKOCTH ODHEHTHPYWILMH NapaMeTp u, T. e.
npeacrasnm I B BrAe o6paza raaikoro oto6pasxkenus y: / — R (puc. 8) orpeska ocd u B naoc-
KocTe. MuTterpan dopMul o Baoas ' onpenensiercs kak uucso

é w=1{ o (¥)du, rze y =dy/du.
1l
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Mubivu coBamu, HHTErpas — 3To Npefies HHTErPanbHBIX CyMM Z o (A4}, rae Ai=17 (u)A
3/eCh Ui — TOUKY AeWCHUs oTpesKa f na oTpes3kH mauH A =y~ u;. Bexrop A; kacaerca I' n
ARUIL MANLIMH BLICIIETO NMOPAAKE OTHOCHTEIbHO A; OTJTHUAETCA OT BEKTOPA XOPAM, COC/MHsAIONLE

nocnefoBaTe/lbHbie TOUKH aeqedus na I' (puc. 8).

W3 teopemul o 3amenc nepemenHolf B onpenesennoM unterpage *) BLITCKacT

Mpeanoxenne 2. Hureepaa 1-gpopmor no OPUCHTUPOBAHHOMY OTPE3KY Kpusoi He
3a6UCUT OT 86160pa NAPAMETPA, COLAACOBANHOEO ¢ OpUenTayUed (Npu u3MeHeHiLl opuenrayuu
UHTEEPAN MEHRACT 3HAK).

OucBHAHO

Ipeanoxenne 3. Hureepar l-popmu f(x)dx no orpesky xpusod, wa Koropom x
MONCHO NPUHATL 30 napamerp, cosnadaer ¢ obvlanoim onpedesennoiy unreeparos dynsyuu f.

Bepremes k aoxkaszatenscty qopuyast {3).

3nauenns nddepennnagsupix dopm dx/v (x)u df Ha BEKTOPaAX, KACAIOWHXCSH HHTErPAIbHOR
KPHBOH, cOBNARAIOT. 3HAUUT, HX HHTCTPAALl BAOAL OTPC3KA KPHBOK pabubl. COFIacHo mpesto-
Keuuio 3, unrerpan nepsoit GopMul pascu npasoil, a BTOPo — neBolt yacTH dopmyau (3).

6. flpumep: ypasHenue HOPMaNbLHOro pasmuomenns. [1peanonoxum, yto
BeTudAna GUONOrudeckodl MonyAnMy (HAaNpUMep, KONM4eCTBO Oakrepuit B

yauike I1eTpu uay puiG B NpyAy) PaBHA X H YTO CKOPOCTH NpUPOCTa NPOTOP-
LHOHAMbHA HANHYHOMY KOJHUCCTBY ocobell. (D710 npen-

z

P NOJI0KCHHE NPHOAHKEHHO BHIMOMHSIETCA, NMOKa MHILH J0-
CTATOYHO MHOTO0.)

el Haie npegnonoxkenue Boipaxkaetca Juppepenyuais-

—o= o= o= ol HHIM YPOABHEHUEM HOPMAALHOCO PA3MHOMCHUS

Puc. 9. ¥panucuue .
pasmiloxKeia L= kx. =kx, k> 0.

Mo cmbicay 3agauu x > 0, Tak 4TO MoJe HaNpaBJeHHH 3aaHO B MOAYIIOC:
KOCTH; OHO H300paxkeHo Ha pHc. 9. M3 Buxa nouast HanpaBaeHHB ACHO, 4TO X
pacteT ¢ pOCTOM /, HO HesiCHO, OylyT i GeCKOHeUHble 3HaUYeHHst X JOCTHIHYTbI
3a KOHeuHoe BpeMmaA (BepTHKa/jbHAas ACHMNTOTA Yy HHTErpajsbHOH KpHBOH)
VLM JKe PelieHye OCTAeTCst KoHeuHbIM NpH Beex {2 Hapsany ¢ 6yaymuM nesicHo
TaKXKe W npounioe: 6YReT AU MHTerpajbHas KpuBas CTPEMHTLCS K ocn x==0
NpH CTpeMJiEHHH ! K KOHEUHOMY OTPHLATENLHOMY NPefeNy Wil K GeckoHed-
HOMY?

K cyacTbio, ypaBHeHHe Pa3MHOMEHHSl PEWAeTCst ABHO N0 NpeabLAy el
Teopeme: corsacHo dopmyae (3),

t—f0=§

X0

ot

’ k(t—to)::]n ()C/)Co), X=C’k(t_’”)x0,

?c-lm.
gre

CnenoBatenbHo, peleHUs YpaBHEHUS HOPMAJIbHOTO PA3MHOXKEHHS SKCIIOHEH-
HHAJbHO PacTyT MpH ! —> -} 00 H IKCNOHEHUHANbHO YOLIBAIOT NPH { — — 00
Ry GECKOHEUHbLe, HU HYAEBbLEe 3HAUEHUA X NPU KOHedHbiX t He JocTu2anTcs.
I ynBOEHHS] KOJIHYECTBA HACE/IEHHS! COTIACHO YPABHEHHIO HOPMAJLHOrO
pasmuoxenua tpebGyercd, TakuM 06pa3oM, BCerja OAHO M TO Ke Bpems,
HE3aBHCHMO OT €ro KOJMYecTBa (Mepuof yABOeHHs Hacesenns 3emau cefiuac

*) 3ra teopema otkpulra Bappoy MMEHHO NpH pelleHHH ApocTeHWNX AuddepenilnanbHulx
ypaBHeHHH, Tenepb Ha3bBAEMbIX YPABHEHHSIMH ¢ Pa3fe/IOWHMHCH TIEPEMEHHBIMH.
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nopsiaka 40 set). Hayka no cepenunbl XX Beka TakkKe pocaa IKCIOHEH-
guanbHo (puc. 10.

To e camoe nuddepeHunaNbHOe YPaBHeHHE C OTPULLATENBHBIM £ OINUCHI-
BaeT paJHOAKTHBHLIH pacnai. [lfs yMeHbLIEHH KONHYECTBA PagHOAKTHBHOTO
BelleCTBa BABOE TpebyeTcs BpeMs T=Fk"!In 2, HE3aBHCHMO OT HaUYaJbLHOID
KOJMYCCTBA BEILECTBA. JTO BpeMs HasbiBaeTcsl nepuodom noaypacnada.
Ilepyoa noaypacnaga WHPOKO H3BECTHOrO
uzotona paaus-226 — 1620 ner, a wauGomee 00000
pacnpOCTPAHEHHOrO H30TONA  ypaHa-238 —
45.10° aer. 000

To e ypaBHeHHe BCTpedaercsl U B 60AbLIOM

T

Q
" S
yucsc JPYrHX 3ajad (Buaaﬂbﬂenmem Mbl YBH- §/£7M
AHM, UTO ITO HE CAYUAHHOCTH, 4 NPOABJACHHE %6;00/
3aKOHA TPHPOLbI, MO KOTOpOMY «BeCAiKam» o )|
$YHKUHA JOKANbHO NPHOAHKEHHO JHHeHHa). §
3anaua 1, Ha Kaxoli BucOTEe TAOTHOCTL BO3- W
Ayxa BABOC MeHbide, yeM Ha nosepxxoctd 3eman? Temne-
parypy CUMTaTb MOCTORIHOH, KyGOMeTp BO3LyXa Ha Mo-
sepxioctTit 3eman Becut 1250 r. ! S N SVERM
Orser. 81n 2 kM=~ 5,6 kM — puicota daubpyca. (166301700 1750 1600 1850 1900 1850

1280
7. Npumep: ypasHeuue B3pniBa. I[lpeano-
- Puc. 10. Poct uncaa OPHFMHANLHBIX W
JOXHM TEnepb, HTO CKOPOCThL MPHPOCTA MPO pedeparnsublx HayuuuIX KypHaaos (0¢
AOPUHOHAABHA HE KOJMUUCCTBY OCOOe#, a Kojin-  wwwe B. B. Haaumosa u 3. M. My

uenxo «Hayxomerpuas (M.: Hayka
YecTBY map: " 1969)).
x=kx% (4)
B stom cayuae npu GoAbUINX X NPUPOCT HACT ropasio OLICTPee HOPMAJbHOTO,
a npy MajdblXx — ropasiao McAJeHHee (3Ta CHTyauMsl BCTpeuaeTcs cKopee B
(HU3MKO-XUMHUYECKHX 3ajauaX, TIe CKOPOCTb Peakiuu
NPONOPIHOHANbHE KOHUEHTPAUHAM 00OUX pPeareHTOB;
BIpoueM, B HACTOALLEE BpeMS KMTAM HEKOTODPLIX BH-
OB TaK TPyAHO HaAWTH ceGe napy, 4TO PasMHOXKeHUE
KHTOB NOAUHHAETCA ypaBHeHHo (4), npuuem x Mano).
[Tone wanpaBjeHu# Ha BHA MaJjo OTJAHYAETCHA OT t
TAaKOBOTo AJs caydas oObIYHOro pasmMHoxeHus (puc. 9),
HO BLIMHCICHHS [IOKA3BIBAIOT, UTO HHTETPAIBHBIC KPH-  Pue, (1. Ypasuenne sipi-
Bhie BeAyT cebs cosepllieHHo no-apyromy. Ilpeanosao- 2 x=at
HHM s npoctotnl, uto k=1. Ilo ¢opmyre Bappoy Haxoanm pewenue

t=gfjf+c, T. & X=—
x

z

= npu << C. Huterpasbubie KpHBble — MOJO-

BUHL runep6os {puc. 11). I'mnepGosa uMeeT BepTHKAILHYID ACHMITOTY.

Urak, ecau npupocr nacerenus nponopyuonaren 4ucAy nap, 10 KOAl-
HeCT8O HACEAeHUS CTAMOBUTCA GeCKOHeHHO GOAbUIUM 30 KOHEHHOE epems.
PuoUUeCKH ITOT BBHIBOA COOTBETCTBYET B3PHIBOOGPA3HOMY XapakTepy Mpo-
lecca. (Pasymeercst, npH {, ciuiikom 6au3xkom K C, uaeanusauus, IpUHATASA
NpH onHcaHHW npouecca AHGGhEPeHUNAIBHEIM YPaBHEHHEM, HeNpUMEHHMA,
TaK 4TO peasbHOC KOMHUECTBO HAcCe/eHHs 332 KOHEUHOe BPeMs GEeCKOHEUHbIX
3HaueHu#t He pocTHraer.)
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MHTCpecHO OTMETHTb, YTO BTOpasi NoJoBHHA rHnepboan x={C —f)~' rtakxke sBasercs
MHTErpaabHOd  KPHBOH HAWCTo ypaBHCHHA (€CAH  NPOAOTKHTL €ro ¢ noayoct x>0 Ha
BCIO ochb X). Peweunsi, cooTBercTByOUIHEe O6CHM TOMOBHHAM TrHICPGOAL, NAIOTCA OAHOMN
u Toi ke (GOpMYNOH, HO HHKAK HE CBA3AHBI MOXAY coGoi. CBH3b MEMAY ITHMH pPeIIEHHAMH
BOCCTAHABJWBACTCSH, €CJAH CYHTATL BPCMS  KOMIUIGKCHHIM  HJAH  CCIH  KOMNakTHHuUM-
ponath adpduuryo och x 1o npoexkTnsioil npAMOR (cM. ra. 5).

3agaua* 1. Kakue u3 guddepennuaibubiX ypasuernil X == x" onpeaensior na ahpbpuako#
upsaMoit nose (azoBoli ckopocTH, npojosxawuleecs Ges 0CoGeHHOCTCH HAa TPOEKTHBHYIO
npAMyio?

Orger. n=0, | uan 2.

8. Tlpumep: norucruueckas KpuBas. YpaBHEHHE OGbLINHOTO Pa3MHOMKEHHA
X=hx TIPHTOJLHO, JHUIb [10KA YUCJ0 0cobeH He caullKoM pesnko. C yseauue-
HHEM 4YHCla 0co0ed KOHKYPEHUMST H3-32 MHULM NPHBOAHT K YMEHDIHEHUIO
CKOpoCTH npupocta. [1pocTefiliiee NPeANONIOKEHHE COCTOHT B TOM, 9TO KO3(-
(GuuMeHT k 3aBHCHT OT X KaK JHHCHHAA HEORHOPOAHAs GYHKUMA (Mpu He
CJIHIIKOM OOJBLIKX X BCAKYIO TI2AKYI0 DYHKIHIO MOXKHO allIpOKCHMHPOBATh
JIHHEiHOH NEeOAHOPOAHOH): k==a— bx.

Mbl puUXOAUM TakuMm 06PasoM K YPABHEHUIO DASMMOMCHUA € Y4eTOM
KOHKYpenyui x=(a— bx)x. KosdduuueHTsl ¢ u b MOXKHO NpeBpaTHTL B
e[nHuLYy BhiGopoM macwiTaboB ! u X. Mbl nosydaem Tax Ha3blBaeMoe A02U-
CTu4ecKoe ypasHeuue

x=(1—x)x.

Bekroproe none ¢a3oBofi CKOPOCTH U U MOJE HANPABACHHH Ha MJIOCKOCTH
(¢, x) nsobpakeHsl Ha puc. 12.

z
T .
¥ @m ol ol oo N——
y |0 o —om - R
—0~ 0~ 0~ O

v N e 0% X
Puc. 12, Bekrtophoe noac u noie Ha- Puc. 13, Muterpaauiipie kpusuie ypas-
npasaciii vpashenua x=(I—x) x. nenns x={1 —x) x.

Mul saki04acM OTCIOAA, YTO HHTErpajbHbie KPHBHIE BBINVISIASAT, Kak
usobpaseno Ha puc. 13. Touree roBopsi, MBI BHAHM, UTO

1) npouecc umeeT ABa MOJOXKEHIsT paBHOBECHs: x==0 H x==1;

2) memay touxamu 0 u | noje wanpasaeno ot 0 k 1, a npu x> | —
K Touke |.

Taxum oGpasom, nosnoxenne pasrobecks 0 HeyCTOHUMBO (pa3 MOSIBHB-
uieecs Hace/eHHe HAUMHAET PacTH), a MOJOKEHHE PaBHOBeCHS! | ycToitunBo
(menbluiee nacesenue pacretr, a Gojbliee — yGuipaet).

Kakum 6ot nu 66110 nHauareroe cocrosuue x>0, ¢ TeUeHUEH 8peMCHU
npoyece ulxo0UT K YCTOUMUBOMY COCTOAHIIO PABHOBECUS X=].

H3 stux coobpakeHuit HESICHO, OJHAKO, NPOHCXOAMT JH 3TOT BHIXOJA 3a
KOHEUHOE HJIH 32 GCCKOHEHHOE BPEMS, T. €. HMEIOT JIH HITerpaJjbHbie KPHBLIE,
Havaplunecs: B obaacth 0<x <1, obuine TOUKHU ¢ npsiMoil x==1?

MoK HO moKasatTh, 4TO TAKHX OOGILHX TOYEK HCT H 4TO 3TH HHTETPaJbHBIC
KPHBBIC aCHMMTOTHYECKH CTPEMATCS K IPAMON x==1 npH { — 4 00 H K NpAMOH
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x=0 npn { —>— 00. DTH KPHBHE HA3BIBAIOTCH AOUCTUHECKUMIU KDPUBYIMU.
Taxum 06pa3oM JIOTHCTHYECKAA KPHBAsi HMEET [BE TOPH3OHTAJbHbIC acHMI-
torut (x==0n 1) H onuchiBaer mepexox OT 0JAHOro coctosinust (0) K LpyroMy
(1) 3a GecKoHeunoe BpeMms.

3anaua |. Haiitu ypaBucine jgorscTaueckoil Kpusoit.

Pewcuue. [To gopmuyre (3) (= de/(x (1—x)=In(x/1—x), nau x=e'/ (1 4&').

Ota opyyaa AOKa3LIBACT yKa3aHHOE Bbillle ACHMOTOTHUCCKOE CBOMNCTBO JOTHCTHYECKON
xpioof. .

3atava 2. Joxazatb, 4TO MHTErpanbubiC KpHBble ypaBheuus ¥x=(l—x)x B ofnactu
¥>> | 2cCHMITOTHYECKH CTPCMATCH K NpsMOR x=1 npu { -+ 00 H HMEIOT BEpTHKaJbHbIE
acumnroTnl ==const.

[Ipi Manbix x JOTUCTHUCCKash KPHBAA MPAKTHUECKH HEOTHUHMA OT SKCNOHEHUHAJLHOMH,
T. . XKOHKYPCHWHST Malo passieT Ha poct. OQHAKO N0 Mcepe yBeJHUEHHA X DOCT CTAHOBUTCH
HESKCHOHCHUHAABULIM U BOIN3H ¥ =1/2 3KcnoHeHuHalbHasg KPHBafN Pe3KO YXOLHT BBCPX OT
MOruCTHUECKOH, B AajbnCHWEM NOTHCTHUECKH{T POCT OMMCHIBACT HACHIUCHHE CHCTEMbl, T. €.
yeTanoBaenne B HeR DABHOBECHOTO pexuMma {yx=1).

Jlo cepeannnt XX Beka mayka pocia skcnoHenunaasro (oM. puc. 10). Ecan Takoil pocr
Gyact npogoaxartved, To K XXI pexy sce macenenne 3emun Oyfer 3anuMathest Haykoil, a ias
meuaTanig HayuHLIX CTaTell ie XBaTHT Bcex JecoB maanersl. CaefoparesnHo, paHbine QOKHO
HACTYNHTL HaCHLIUCHHC: Mbl NaxoauMcs BONM3H TOro MecTa, rie JOTHCTHYECKas KpHBad
HauMHaeT  OTCTaBaTh OT  3KcrnoxenunanvHol. Hanpumep, uncao martematHueckux cratei
B HayuHbLIX JKYPHa/aX noc/e BTOPOH MHPOBO#H BOHELI A0 70-X rofoB YBeJHYHBAJOCh KaXKAbl#
ron na 7%, a nocneaHHC HECKONLKO JCT — MesieHHee.

9. Tlpumep: KBOTH OTA0BA. [lOo CHX MOp Mbl pacCMaTpPHBAJH CBOGOARYIO
nonyAAUHIO, PA3BHBAIOILYIOCA MO CBOHM BHYTPeHHHM 3akoHaM. [Tpelnooxum
Tenepk, YTO Mbl OTJABJHBAEM YACTb [OMYJSLHH

(ckaskem, JoBum puIY B NpyLy HJAH B OKeaHe). z 1@ z c<4
Ipennonoxum, 4TO CKOPOCTH BBLIIOBA MNOCTOSIH- J
Ha. Mp  npuxoaum K IHDGEpeHUHANBHOMY t
YPaBHEHHIO OTN0BA AN t
x=(1—x)x—c. z \z
c=1/4
T
z
nonoxenns: pasHosecHst (A W B Ha puc. 14). kﬁ
Hiuxuee nonoxenne pasuonecus (x = A) neyctoii-

wiso. Eciu no kakuM-au6o npuusHam (nepesios, Pue. 4. Ypapneuwne omoca
Go/le3tiH) B HEKOTOPbifi MOMEHT pensumua momy- o 0¥7¢
ASUHE X ONyCTHTCH HAXKe A, TO B jfanbHefllleM BCA NONYAAUHS 3a KOHeY-
HOe BpeMs BbIMpeT.

Bepxuee nosoxenue paBHoBecHs B ycToliunBO — 3TO CTauMoHapHbill
PexuM, Ha KOTOPBLIH BHIXOAHT NOMNY/SALKSA NMPH NOCTOSTHHOM OTJ/IOBE C.

Ecan ¢>> 1/4, To paBHoBecHi HeT M BCA nonyasuusi OyAeT OTJOBJAEHA 3a
KOHeuHoe Bpemsl {(CTes/1epoBa KOpOBa H T. I.).

Mpu ¢=1/4 umeerca OfHO HEYCTOHUHBOE COCTOSHHE pAaBHOBECHH
(A=B=1/2). O110B ¢ TaKoii CKOPOCTHIO NIPH A0CTaTOYHO GOJIBILOH Hayalb-

Beauunna ¢ xapakTepH3yeT CKOPOCTb BbLIOBA H A
HaspiBaercss kgorod. Bua BekTopHOoro mnoas H
nojsi ¢asoBOH CKODOCTH NPH pPAa3AHUHBIX 3HAa-
YeHHSIX CKOPOCTH BHIJIOBA ¢ MOKa3aH Ha pHc. 14.

Mbst BHAHM, 4YTO OPH He CJAHIIKOM 60AbLIOH
ckopoctH Bhlosa (0<<c<C1/4) cyuwecTsyior ABa

8
e . R
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HOH UHMCJEHHOCTH HQIYJSUHH MaTeMaTHUYECKH BO3MOMXEH B TEUEHHE CKOJb
YFOLAHO AJIMTEJNbHOTO BpeMeHH, OAHAKO CKOJb YrOAHO MaJsioe KojeGanue
YUCJIEHHOCTH YCTAHOBMBIUECHCA DPaBHOBECHO!H MONYAALHH BHH3 NPHUBOAMT K
NOJHOMY BBIIOBY MOMYJASIUHK 32 KOHEUHOE Bpemsi.

Taxum o6pa3om, XOTsi TeopeTHUeCKH AONYCTHMbl Ni00blIE KBOTBHI, BIJOTh
no MakcumanbHoil. (c<C1/4), maxcumarvnas ksora c¢=1/4 npusodur K
HeycTolinugocTu u nedonycruma. Bonee Toro, npakruuecku HedonycrTumol U
6.au3kue £ 1/4 k80Tol, TaK Kak NpH HUX ornacHblll nopor A 6/1M30K K YCTAHOBHUB-
wemycst pe:kumy B (HeGosibuine cayuafiHbie OTKJIOHEHHA OTGPacHIBAIOT
nony/afaLHIO HUXKe mopora A, mocse uyero oHa noru6aer).

OxasblBaeTcs, O4HAKO, YTO MOXHO OPraHU3OBaTb OTJIOB TaK, 4TOGHI
YyCTOHUHBG MOJyuaTb YJIO0B €O CKOPOCTbIO 1/4 3a exnnuny Bpemenn (Gosbiuero
NOJY4YHTb He/b3d, Tak Kak 1/4 — 310 makcH-
MajbHast CKOPOCTb pPa3MHOMKeHHsI HeoGsaB-
JIHBAEMOH MONyJasiliun).

10. Tipumep: OTJOB C OTHOCHTENbLHOI KBO~
Tol. Pukcupyem BMeCTO a6COIIOTHON CKOPOCTH
OTJIOBA OTHOCHTENLHYIO, T. €. GPHKCHPYEM OTJiaB-
Puc. 15. ¥Ypaouenne ora0Ba i= JIUBAEMYIO 3a €AHHHILY BPEMCHH AOJIO HAJMHU-
== x—px Hoit nomyasum: ¥ =(1 —x) x— px. Bux Bekrop-
HOTO MoJsl M HHTerpajbHble KpuBble (npH p<Cl) usobpakennl Ha
puc. 15.

Huxxnee, HeycTOHYHBOE MOJIOKEHHE PABHOBECHS Teneph B Touke x=0,
BTOPOe MOJIOXKEHHE paBHOBecHs B ycTofiuMBo mpu moboM p, 0<<p << 1.

[Tocie HEKOTOPOTO NePHOAA YCTAHOB/IEHHUS [ONYAALHS BhIXOAHT HA CTALHO-
Hapubli pexxuMm x=B. AGcosioTHast CKOPOCTb OTJOBA YCTAHABJAXBAETCA NPH
3TOM paBHOH ¢ =pB. 270 — OpAHHATa TOUKH NepeceueHus rpadukoB GyHKIUHHA
v=(1—x)x n v=px (puc. 15, ciesa). Hccaenyem noseneHue 3Toi BeJHUHHBI
¢ npu u3MeHeHuu p. Ipu ManblX OTHOCHTE/IbHBEIX BbLIOBAX (Manbix p) ycTaHo-
BUBILASICA CKOPOCTb OT/IOBA TakxXe Mmanla; IpH p — | OHa ToXe cTpeMuTCcs
K nymo (nepesos). HauGonbiiee 3HauenHe aGCOMIOTHOR CKOPOCTH ¢ PaBHO
HanboJbirel opaHHare rpaduka ¢ynkuun v=_1—x)x. OHO aocTHraercs,
KOTJa npsiMas v == px [NPOXOJAHT yepe3 BeplIHHYy napaboanl (T. e.npu p=1/2),
u paBHO c=1/4.

BuiGepem p=1/2 (T. e. Ha3HaUUM OTHOCHTEJbHYIO KBOTY TaK, 4TOGHI
YCTaHOBUBIIAACA NONYJALHA COCTABAANA MOJOBHHY HeobsaBauBaeMoit). Met
JOCTUIVIM MaKCHMaJbHO BO3MOXHOH CTallHOHEZPHOH CKOPOCTH 0GJiaBJUBAHHSA

=1/4, npuuem cHcTeMa ocTaeTcs yCTOAUMBON (BO3BpallaeTcss K YCTAHOBUB-
LieMyCA COCTOSIHHIO NIPH MaJblX OTKJAOHEHHAX HauaJbHOK MNONYJAUHH OT
ycTaHoBHBLIEHCA ).

11. YpasHeHus ¢ MHOroMepHniM (pazosbiM npocTpancTsoM. B paccmarpu-
BaBIIUXCA Bbllle npuMepax ¢a3oBoe NPOCTPAHCTBO ObLIO OLHOMEDHBIM.
B Gosee cnoXHBIX caydafx (HanpuMep, NPH ydeTe B3auMOAEHCTBHS MeXAy
HECKOJNLKHMH TNONyJaauHaMu) Touka (asoBOro npocrpaHcrBa onpejensercs
HECKOJILKUMH uucaaMH (ABYyMA A8 ABYX nonyasuui u 1. A.). Onpenenénus
Anddepenunansioro ypapHeHns, peuleHnit U T. 1. B 3TOM ¢Jyyae aHaJorHuHbI
BBeAeHHLIM Buille. TToBTOPUM 3TH OmpeaenenHs.

z 2
v=prN=y

808

[

o

12
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[Tycts v — BeKTOpHOE Mosie B 06/1actu U n-mepHoro ¢azoBoro npocTpau-
ctBa. AeTOHOMHOE Oupepenyuarvroe ypasnenue, 3a0anHOe nosem V. — 3TO
ypaBHeHHe

x=v(x), xeUcR,

Petwenuen TAKOro ypaBHEHHSl Ha3bIBaeTCs raajakoe otoGpaxeuue ¢: [— U
MHTepBasia OCH BpemeHH B (a3oBOe MPOCTPAHCTBO, MIS KoToporo de/dt=
=v {@(f)) npu Bcex { uz .

OtGpas oTobBpakenus ¢ HaseBaeTcs (aszosol kpusod, a rpaduxk *} orobpa-
KERUs1 @ — unreepasbioli kpugod. VIHTerpanbHast KpuBas JeXUT B NPSAMOM
Npou3BeNleHHH OCH BPEMEHH Ha (a3oBoe MPOCTPAHCTBO. 3TO MpsiMoe NpOH3-
BeJeliie Ha3slBACTCH PACUPenHblr (Hasosslm npocTpancTaom. PaciiupenHoe
(azoBoe NMPOCTPAHCTBO HMEET pa3MepHOCTb n--1.

[TyeTb (fo, %) — TouKa pacwHpeHHoro $pasosoro npoctpaHcTea. Pelnenue
¢ yoosaersopser HauarbroMy ycao8uio (fo, xo), ecin @(fo)==xo, T. e. ecan
HHTErpasbHasi KPUBasi NPOXOIMT 4epe3 TOUKY (fo, Xo).

Kak n B ciyuae oxHomepHoro ¢asoBoro npocTpaHcTBa, MHTErpasibHble
KpHBLIE MOXKHO ONHCAThb [IPM NOMOLUM OJIS HaNpaBjeHH# B PaciliMpeHHOM
(azosom npoctpancTBe. TaHrenc yria HakIoHa K OCH aBCUHCC 3aMeHseTCs
Clenylomed KOHCTpyKIued.

[lpeanosoxum, uro gauo none Hampasaenuit B ofaactu V psIMOro
npoussefennss RXR® u uro wanpasnenne nons Hurze He BepTHKa/bHO
(1e mapanneasio R"). Tlyers ¢ — koopannata B R, x=(xi, ..., x,) — B R".
Toraa B Kaxj0#l TOUKe CYLIeCTBYeT (H €AHHCTBEH) BEKTODP MPHJIOKEHHOro
B 9TOH TOUKE HANDaB/EHHS, HMEIOIIMA TIOPH30OHTANBbHYIO KOOPAHHATY
(t-xomnonenTy), pasHyo 1. Takum o6pasoM, yKasaHHbIH BEKTOP HMEET BHL,
(1,v(t, x)), rne v (¢, x) — Bekrop B R", 3aBHCALLIUII OT TOUKM PACIIHPEHHOTO
asosoro mpocrpanctsa. MHbMH c10BaMH, HeBepTHKAJbLHOE O/ HANPAB-
JICHHA B paciiupeHHOM (Aa30BOM TPOCTPAHCTBE ONpeAe/sicT 3aBHCALLEE OT
BpeMeHU BEKTOPHOE fiosie B (Pa3oBOM IPOCTPAHCTBE.

Kaxpasa unrterpanbHas KpuBasi JaHHOTO NOJS HaNpaBJeHHH OUEBHIHO
yrossieTBopseT AnddepeHUHaNbHOMY yPaBHEHHIO

J'c:'u(t, x),

T. €. ABIAETCs rpaduKOM 0TOOPAXKEHHUS @ HHTEPBAJIA OCH BPeMeHH B (ha3oBoe
ipocTpancTeo, 445 Kotoporo dg/di=v (¢, @(t)) npu Bcex f. O6paTHo, rpaduk
BCSIKOTO PelleHHs -— MHTerpasbHas KPHUBAs 3TOrO IO,

Pewenue ynosnetsopsier HauaibHOMY YCJAOBHIO (fo; Xp), €CJH M TOJBKO
CCM HHTErpabHas KpHBAsi NPOXOAHT YePe3 3Ty TOUKY.

33MC‘{aHMC. B KOOP[LHIIHTHOf{ 3a0HCH BCKTOPHOE noJe B n-MEpHOM TIMIPOCTpaHCTBe
Sanaetes n GyukunAvH n nepemenunix. Hawe auddeperuuansioe ypasueHue npHHUMaeT
nO)TOMy BHYL «CHCTEMbBI 7 ypaBHeHHﬁ TMepBOro nopAnKax»:

Ki=01(6; X1, vry X)eerny En=0p (& %0, o L xa).

-

*) TI'pagux otobpamenns f: X — ¥ ccTb MOAMHOMKECTSO npamMoro npousBeseHus XXV,
Cocrosiuice 3 Beex nap BuAa (x, [(x)), rae x & X; npanoe npoussedenue X XY ectb MHOKECTBO
BCex ynopsaoueHumx map (x, y), rae x=4X, yev.
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Pewerde 3anaercs Bekrop-dyHKUHeA (@i, ..., @s) NepeMenHodl f, Anm Kotopoit dg./di=
=0 (t; @1 () oo @u(9)), k=1, ..., n, npu mcex f. Hauwasbuoe ycnosue samaercs n-1
uyHeaoM (fo; X190, «oe, Xno).

12. Tipumep: audrdepenunanbioe ypaBHenue CHCTEMB XHIIHUK — JKepTBa.
Ilpocreitmasn, caman rpy6as Momeab, onuchiBaioulas 60pu6y ABYX BHAOB —
XHIIHHKA M JKePTBbl — COCTOUT B cieaylomem. PaccMoTpuM Npyx, B KOTOpPOM
KHBYT pbIGhl ABYX BHIOB, CKaXKeM, KapacH M uwilyku. Ecan 6bi miyk He 6buio,
Kapacu pa3sMHOXaJuch Gbl 3KCIOHEHIHAJBHO, CO CKOPOCTBIO X = kX, NPONop-
UHOHAJBHO! HX KOMHYeCTBY X (Mbl NpejnosiaraeM, 4T0 CyMMmapHasi macca
Kapaceli MHoro wmeHpwe macchl npyaa). Ecam y — konmuectso wmyk, TO
C/lellyeT yuecTb KapaceH, CbeJeHHBIX UlyKaMH. Mbl NPeANOA0KHM, 4TO YHCAO
BCTPeY KapaceH CO LIyKaMH NMpPONOPUHOHAJNbHO K&K YHCJY KapaceH, Tak H
YHCTY LIYK; TOTAA /Ui CKOPOCTH M3MEHEHHS YHc/1a Kapacell MoJydnM ypas-
HeHne Xx=kx—axy.

Hro xacaercs wiyk, To Ge3 kapaceil OHM BbHIMHpAOT: y= —ly, B NpH-
CYTCTBHH K€ Kapacel Ha4yHHAIOT PA3MHOXAaThCs CO CKOPOCTBIO, NPOHOPLHO-
HANLHOH uMCJly CbeJeHHHIX Kapacei: y=— — ly -+ bxy.

Mpl npuxoanM TakuM 06pasoM K cucteme AuddepeninanbHeX ypaBH el
npocrefinled MOACAH CHCTEMbl XHILLHHK — KEPTBA:
(X= hx—axy,
{ = —ly+bxy.
dTa Moeab HaswiBaetcs #odeasio JIoTka — BoabTeppa 10 UMEHH aBTOPOB.
[TpaBas uacTb onpeje/sieT BEKTOPHOE MOJie Ha MAOCKOCTH: NPHJOMKEHHbI B
TOUKe (x, Y) BEKTOD HMeeT KOMMOHEeHTH (kx—axy, —ly-+bxy). D10 — noae
dasoBoit ckopocTH.
@ a30BLIM TPOCTPAHCTBOM siBAsieTCst yroi x =0, y>0.
BekToproe mose (asoBoii CKOPOCTH HETPYAHO HAapHCOBATh, NMPOCJeAHB
3a M3MeHeHHeM 3HaKoB KomnoHeHT (puc. 16). OcobGas Touka noas (xo=
=1/b, yo=k/a) oTBevaeT paBHOBECHOMY KOMHHECT-
¥ e BY Kapacei H HlyK, KOrja NPHPOCT Kapaceil ypasiio-

s A x BCLIHUBAECTCHA NeATENbHOCTLIO YK, & MPHPOCT LyR —
p/,\ )} X eCTeCTBEHHOH CMEpTHOCTHIO.

s T\ B Ecau HauanbHOe 4HC/IO LYK MeHblle yo (Touka A

N ?A/// Ha DHCYHKE), TO uHcna Kapacel M YK PacTyr,

’.—) z NOKa pasMHOXHBIIHECS LU1YKH He Ha4YHYyT Cbhejarthb

Gosblie Kapace#, uem uX NMpHpoCT (Touka B), 3a-
TeM YHCJIO Kapaced HadvHeT yObniBaTh, a YMCJO LYK
Puc. 16 Tlote dazomoit cxo-  GyjeT pacTH, NOKAa HEXBATKA MHUINH He npuBeJeT H
POCTHH aoaenu XHILlIHIK-)I\'CPTBﬂ.
INyK K BbIMHpanuio (touka C); 3aTeM UHCAO LLYK
YMEHBLIATCS  HACTOJBKO, UTO KApacH CHOBa HAUHYT pa3MHOXKATBCHA (TO4-
ka D); nauaBpieeca pasmMHOXeHKe Kapaceil NPHBEIET K TOMY, UTO CO BpeMeHeM
H LUYKH HauYHYT pasMHOxkaTbesd. Takum o6pa3om GyLyT NPOUCXOAHTD Koaeba-
HUST YMC/IEHHOCTH Kapaceil # UYK BOJM3H PABHOBECHOTO YHCJA TeX H JAPYFHX.
Bosnukaer, oanako, Borpoc, GyayT JH 5TH KojdeGamusi NEPHOAHUECKUMH
uan e Het, Hawa npuGavxkennas kapruna nosis $hasopoit CKOPOCTH HE NO3EO-
JII€T OTBETHTb KA 3TOT BONPOC, MOXHO BOOOPA3HTL pas3jHuHble CAyuaH,
Hanpumep, u3obpa)Kenuole Ha puc. 17,

Ty



§1] ®A30BLIE MPOCTPAHCTBA 25

Yro6ul pasoGpaThcs B 9THX Cyuyasx, paCCMOTPHM OTPE30K, COeAHHSIOULHH
ocoby1o TouKy ¢ ocblo x. Kaxpaasi Touka A atoro otpeska (He Jexkaluas Ha
ocu x) onpefenseT GasoByI0 KPHBYIO, KOTOpas CHOBA mepecekaeT OTPE3OK B
sekoTopoii Touke @ (A). Oyukuus O vasuiBaercss Pyuryueit nocredosanus
(nn orobpascenuen [lyanxape, a Taxxe MoHOOpomueli WIH 20A0HOMUEL).

P

A @) A

Puc. 17. $ynuxuun nocaesosanns.

Paccmotpum rpaduk dyukunn nocaenosanusi. On naswiBaetcs duaepa-
#oti Jlamepes. Jlnarpammsl Jlamepes aisi ueThipex cayuae puc. 17 uso6pa-
JKenbl Ha pHuc. 18.

D(4) D(4) &(4) o (4)

A A A A

Puc. 18. Quarpammut Jlamepes.

ITo nuarpamme Jlamepest JIerko NOCTPOHTb MOCACLOBATENLHOCTb 0GPA30B
ToukH A npu nosropeHuu npeo6pasosanus ®. g 3Toro cienyeT HOCTPOHTh
TaK Ha3bIBAEMYIO zecrruyy Jlamepes (puc. 19), abeuucchl
H opaMHaThl BepliHH KoTopoit cyte A, @ (A4), ©?(A)=
=0 (D)), ...

Touxku mnepeceuenust rpaguka QyHKUHH [0CAeL0Ba-
HHSA ¢ AHaroHaanio (rpadukom D= A) COOTBETCTBYIOT
3aMKHYTBIM ()a30BbIM KpHMBLIM (yukaam) Ha GasoBoit 2o
NJIOCKOCTH.

Hukn 3aBeromMo YCTOHYHB (HEYCTOHYMB), €CJAH B Puc. 19, Jecriua
cooTBeTCcTBYIOCH Touke A umeem @ (A)<<l (> 1). Hdaa  Jlawcpes.

HaWwux 4erblpex auarpamm Jlamepesa (puc. 18) B mepsom cayuae ¢asoBbie
KpHBbIe — CMHUPaJH, HamaTolBalollHecst Ha 0co0ylo TOHKY, BO BTODPOM —
¢MaThIBAIOLIHECS C HEE, B TPeTbeM — 3aMKHYThle. B uerBepTom cayuae ¢aso-
Bble KpHBble HaMaTbiBAIOTCS Ha YCTOHUMBBLIA LMK/ H3HYTPH M CHApYXKH.

CooTBeTCTBEHHO, B MEPBOM CJyuae ¢ TeUEHHEeM BPEeMeHH YCTaHaBAHBAETCS
paBHOBecHOe Hace/]eHHe Npyjaa, XojeGaHusA 3artyxaior. Bo BropoM caydae
P2BHOBECHOE COCTOSIHME HeyCTOHuHBO, KojebaHusi napacrator. Ilpu stom
HACTYNMHT MOMEHT BDPEMEHH, KOTJa UHCAO Kapaceh (myK) OyaeT menbuie 1;
K 3TOMYy MOMEHTY Halia MOJe/b CTAHOBHTCH HeNpueMmJeMoil, H Hace.aeHue
npyda semupaer.
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B tpeTbeM cryuae HAGMOAGITCA NEPHOAHYECKHE KOIEOAHHS YHCICHHOCTH
Kapacedl H YK BOKDYT DaBHOBECHOTO COCTOAIHHS;, AMIJHTYAA KoJeGaHHH
QNpene/isieTCsi HaYaJbHBIMH YCIOBHSIMH,

B derpepTroM cayuae Toxe HabONAOTCR MePHOMHYECKHE KOJeGaHHA
YHCACHHOCTH Kapacel M LYK, HO QMRAUTYOq YCTAHOBUBUIUXCS KOALOAHLL He
3ABUCUT OT HAYANbHOLLX YCaosul: N06as (asosast cnupadb HaMaTblBaeTcs
Ha MpeleJbHLIH HUKA. B TakoM ciydae roBopsit, 4to B CHCTeMe yCTaHABAMBA-
eTCSl AB8TOKOACOATENbLHOLI PeXCUM.

Kakoii xe u3 cayuaes umeer mecto ais cucrembl JIoTka — Boaureppa?
Mbt noka He MOXeM OTBETHTb Ha ITOT BOMPOC (pelleHHe ero cM. B § 2).

13. Tlpumep: ceo6oanas yacTuia Ha npamoit. Corsiacio «nepBoOMy 3aKOHY»
HeloTona, yckopeHue MaTepHasibHON TOHUKH, HE NOABEPKEHHOH AeHCTBHIO
BHEIIHAX chJ, paHo 0: Xx==0. Ecau touka x npunHamiexut R, To rosopsTt
0 c60600KOL 4acTuye Ha npamod (MOKHO NPEACTaBAATL cebe GyCHHKY
Ha chuue).

Pa3eBoe MPOCTPAHCTBO HMEET PA3MEPHOCTb 2, TAK KaK BCe ABHMKEHHe
onpeaessieTCs HadadbHLIM NOJOXKEHHEM H HauaabHOH ckopoctsio. Ha daszosof
MJIOCKOCTH C KOOPLHHATAMH X; =¥, X2==X BO3HHKAeT BEKTOPHOE NoJ¢ (Ha30Boil
CKOPOCTH:

X1 =1, 4€2=0,

C1e10BaTE/NbHO, KOMIIOHEHTH nosas pasust (xg, 0) (puc. 20).

Bce TOYKH ocH X SBJISIIOTCS [OJOXKEHHSIMH paBHOBecHs. PaBHoBecHe
TaKOTo BUAZ B QU3HKE HA3LIBaeTCA 0e3PA3AUUHbIM, 8 B MATEMATHKE HeyCTOL-
4ugbin (NOAXGAfLLEE CKOJb YrOAHO Majoe H3MeHeHHe HauajabHoll (pazoBoil
TOYKH BBHI3LIBAET yepe3 AOCTATOYHO GOJib-
LIoe BpeMsl He MaJioe¢ H3MeHeHHEe COCTOA-
HHs).

®a3oBble  KpUBbiEe — rOPU3OHTA/BHBIE
npsimMble Xg=const M BCE TOUKH OCH X).

3anaua |[|. Hajitu peuenue ¢ HaYaJbHbIM
ycaosuem (a, b) npu fr=29.
Orger. ¢ (y=a-+bt, @2 (H==b.

Puc. 20. Tloae ¢asoBolt ckopoctH csoGoa-
HOR 4acTHIlbL.

14. Tlpumep: ceoGoanoe nagenue. CorsiacHo [anusewn, yckopenue g
najalownx BOJM3H [OBEPXHOCTH 3eMJyd Tesa mocTosinHo. Ecam x — BeicoTa,
T0 X=—g. BBOAS KOOpAHHATH Ha (a30BON MIOCKOCTH, KAK B MpeAblIyieM
npHMepe, HOJydaeM CHCTeMy

X1=Xg, Xo=—g.
BektopHoe mose, 3ajaHioe MpaBol wacTbio, H3obpakeno Ha puc. 21.
3anxaua 1. okaszath, 470 ¢asosble Kpubhie — napaboJsi.

15. Mpumep: mannie KoseGanusi. Bo MHOrHX csyuasix CHaa, BO3Bpaulaio-
11as CHCTEMY B IOJIOK€HHE PaBHOBECHH, C COJIbLEEH HIH MeHbluel TOUHOCTLIO
nponopuuoHaJbia OTK/JIOHEHHIO OT TOJOXKEeHHs paBHOBecHsi (3akoH [yka
HT..; CYULHOCTD Je/ia B TOM, 4UTO B [10/10)K€HHH paBHOBecHd cuaa 0, a B masiom
BCAKaa GYHKUMA npuOIHKEeHHO JMHeHHA). Mbl NPUXeAUM K ypasHew!ro
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Maavlx Koaebarui

x=—Fkx.

Kos(dnunenr k> 0 MOXHO clienats paBubim | BbIGOpOM MaciuTaba BPEMEHH.
YpaBHeHHe NpHHUMAaET BHJI

BBoasi no-npexueMy KOOpPAMHATBI X;==X, Xp==x Ha (a30BOH MIOCKOCTH,
NepenuchLIBAEM 3TO ypaBHEHHE B BHJE CHCTEMEI
X1 = X2, Xo= —X|.
lpasas yacTb 3ajaeT BekTopHOe Nosie Ha (as3oBofl maockocTH. DTO mOJE
u3obpaxeHo Ha puc. 22.
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Pue. 21 [Mone tazosoit ckopoctii na- PucA622.”ﬂone $a3080f CKOPOCTH Magmix

3apaua 1. [okasaTs, 4T0 (as’oBuie KPUBLIE — OKPYKHOCTH U HX HEHTP.

Pewenne. Bekrop ¢pasoBoil cKOPOCTH Nepneniukyaspen pajHyc-BEKTOPY.

3anava 2. [NokasaTs, uTo thasosas TOYKA JBMIKETCS1 MO OKPYXHOCTH € MOCTOSIHOMN
yri0oBo# ckopocTbio 1.

Peweunne. Jlnuna BekTopa (a3osoil ckopoeTH paBha amHe pannyc-BeKTopa.

3apaua 3. Haittn pewenne ¢ HauasbnbiM ycaoBheM x (0)=a, x (0) =b.

Pewenne. CornacHo npeayinywinm AByM 3a1auam, HyXHO NOBEPHYTh BEKTOP HAUATLHOTO
ycaoBya Ha yroa f. [Toayuaem

xn({f)y=acos {4 b sin ¢, X3 (f)=—asini+bcos .

3ameuanne. Taknm o6pasom, ME 1OKAa3ad, YTO X COBepiaer rapMOHHUYeCKHe KoJe-
GaHuft, B yCTAaHOBHJH «32KOH COXDaHEHWsl SUEPrHM»: BeanunHa xi/2-+x3/2 Broab ¢$asoBoi
KpHBOH NOCTOsHHA.

3anaua. 4. Jokasarb 3akoH coxpascuna sueprun x3/2-kx1/2 aas cuctemm K1=1Xy,
)22= —kx,.

3ameuanue. Beauunna x3/2 nasbiBaeTcl KHHETHUECKOH aHeprued, a kx1/2 — noten-
UHANbHOM.

3apaua 5. JlokasaTb, UTo HHTErpanbHble Kpubble cucTeMit (¢ k= 1) — BHHTOBbIE JHHHUH.

16. Tlpumep: maTemaTuueckuii MasTHHK. PaccMoTpum HeBecoMslii cTep-
MeHb JLJIMHBL [, 3aKPEN/ICHHEI B OJIHOM KOHUE W HECyUlWii Ha APYTOM TOYEUHYIO
Maccy m. OGosHauum uepes O yron OTKJOHEHUS MasTHHKA OT BePTHKAJM.
CorsiacHo 3aKOHaM MeXaHHKH, YrJIOBOe ycKOpeHHe MasTHHKA § nporopuuo-
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1a1bHO MOMEHTY CHJBI Beca (pHc. 23):
10= —mgl sin 0,

rae [=m[* — MOMeHT MHepUUH (3HAK MHHYC OGLSCHSCTCA TeM, 4TO MOMEHT
CTPEMUTCST YMEHBUINTL OTKJIOHEHHE).

Urak, ypaBHeHHe MasiTHHKA HMeeT BUJ §=—F sin 0, k=g/l. Kosp-
¢uuueHT k£ MOXKHO cAesaTh paBHbIM | BoiOopom MacwiTaba BpeMeHH. Ypas-
HeHue npuHuMaet Bux = —sin 0
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Puc. 23. Martemarh- Puic. 24. [Toxe $az2080if CKOPOCTH MasTHIHKa.
4OCHHP  MANTUHK.

®asopoe NPOCTPAHCTBO HMEET PasMepHOCTb 2. 3a KOODAHHATLI MOXKHO
NPUIATL YTOJl OTK/IOHEHHA Xy;==08 H yrJioBYIO CKOPOCTb ¥2==0. YpaBuenne
NpHUHMAeT BHI CHCTEMBI

X} =Xo, Xo== ~—Sill X1.

[lpaBasi yacTe 3ajxaet BexTOpHOe moJe ¢a3oBoft ckopoctd. OHO H30Gpa-
JKEHO Ha puc. 24.

3agaua |. JoxasaTh, uTO #a4yanao xoopauHaT (x;=x.=0) u Touka (x;=m, x2==0)
ARASIOTCA (PASOBHIMH KDHBLIMH.

Bua ocranbHblX ¢a30BLIX KPHBBIX Mbl NOAPOOHO HcCJdenyeM B Aajdb-
nefiwem (§ 12). ‘

3aMeuanue. I1pu mannx yraax oTk/ICHeHUs1 sin O 3kBUBaJIEHTEH yray 0.
3amenss sin B npuGauKeHHbIM 3HaUeHHeM 0, Mbl CBOJAHM YpaBHeHHe MasiTHHKA
K YPaBHeHHIO MaJ/biX Kosebauui (n. 15). Bonpoc 0 TOM, HACKOMBKO BLIBOAHL,
CAeJiaHHble NIPH HCCJAEAOBAHHMH 3TOrO NPOCTEHLICIO YDaBHEHUS, NMePeHOCATCA
HA NOMHOC yPaBHCHHE MaATHUKA, HYKAAETCH B CELHAJbHOM HCCJeLOBAHHUH.
Mol nposeseM ero B panshefimem (§ 12).

17. Hpumep: nepesepHyThil MasTHHK. PaceMoTprM noBeenne MasiTHHKA,
nepesepHyYTOro BBEpX Horamu. B stoM cayuae yroa 0 GsM3OK K 71, HO3TOMY
CCTECTBEHHO BBECTH YTOJ OTKJIOHEHHSI OT BCDXHEro rnovioxeHus, p=0-—m.
Torna P==sin ¢ u NpH MaJbIX P NPHOIIKEHHO

P=1.
STO YpaBHeHHE Ha3bLIBACTCS YPABHEHUEM «MAAbLLX Koaebanul» nepesepryToco

masrnura. Paszosoe npocTpaHcTBO ABymepho. Ilpumem 3a KoopamHaThl
x; =1, xo=1. [lonyunm cucremy

X1==X, Xog=JX|.
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Bekroproe nose ¢asonoil ckopocTn n3oGpakeHo Ha puc. 25. Ero ¢asosbie
KpHBble Mbl HOAPOOHO uccaeayem B § 2.

18. Mpumep: mannie koneGauus cdepudeckoro masthuka. OTKIOHEHHE
OT BEPTHK&JH ‘XapakTepH3yeTca ABYMS UHCJAAMH, X H Y.

YpaBHeHus] MaJbIX KOJeGaHKil MMEIOT, KaK H3BECTHO H3 MEXaHHKM, BHJ

.

X=—ux, = —y.

PasmepHocth ¢asosero npocrpanctsa pasma 4. 3a KOOPJHHATH B HeM

npauan

Pue. 25. Toae ¢asosoit ckopocTn riepe- Puc. 26. ®dajosuie Kpussie  chepruecioro
BCPHYTOrO0 MasaTHHKA. MIATHHKA Ha FHOCPNOBCPXHOCT!  MOCTONH-

HOM 3UCPTHH.

NpHHHUMAEM X;=X, X=X, Xa==y, X;==y. YpapHeHUS 3anucuiBalTCH
B BUAC . . . .
X1 =X2, Xo= — Xy, X3=X1, X4= — X3.

[lpaBast yacTb onpefeJsier BeKTOpHoe noJe B RY.

3anaual. [okasars, uto (a3opble KpnBue 3TOr0 MOAR  JIEXKAT HA  TPCXMCPHBIX
coepax xi4 ... +xi=rconst.

3apaua 2. [oxasaTh, uto $pa30Bbe KPHBBIE — OKPYKIOCTH GOILUINX KPYFOB YKA3aHHbIX
chep.

Oxnnako OKPYIKHOCTD tie BCAKOro GOJbLIOTO KPyra cephl — (azoBas Kpupas

3amaua* 3. Jlokasars, uto Bce (asoBhle KPHBEIE Ha Kaxoii Tpexmepuoit cdepe
camu o6pasyloT AByMEpHYIO cdepy. '

Tpexnmepsyo cdepy S° MOKHO mpencTanaaTh cebe Kak TpexMeplioe npocrpanctso RS,
NONOAHCHHOE OAHOR «BeckoHewHo yaanennofis Toukoit. Cacgoaressio, pasduenne S* ya ORPYIHK-
HOCTH onpefensiet pasGuenne R® Ha OKPY:KHOCTH M OANY HE3AMKHYTYIO KPHBYIO (<yXOASULYIO
060HMH KOHHAMH Ha GecKOHewHOCTh»). DTo pasbueune m3oGparxeHo Ha puc. 26.

3anaua* 4. Tlposeputh, uTO AO0be [ABE H3 OKPYAXIOCTEH YKA3aHHOrO pasOMeHHS
3aucnieHsl MexAy co6od ¢ KoahduuHeUTOM 3auenIeHHs, PaBlUbiM edilinue (Kod(pdHumCHT
3aUCIVIEHHA YKA3BIBACT, CKOJMbKO Pa3 0AHA H3 KPHBBIX MepeceKkacT MJEHKY, 3aTATHBAOULYIo
Apyryo, NpHYeM TOUKH MEPeCCYCHHS YUHTBIBAIOTCH CO 3HAKAMH).
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§ 2. BekTopHbie noaa Ha npamodi

B sToM naparpacde Heesneayerest anddepeduHaNbHoe YpaBHeHHe, 3a1aH-
HOEe BEKTOPHLIM mfoJieM Ha npsMofi, M CBOAALLMECH K HEMY YypaBHEHUR
€ pas3ensiioOUIMMHCS HepeMeHHbIMH.

1. CyuecrsoBanie H eJHHCTBEHHOCTb peuwsenuil. [lycTh v — rJaaakas
(nenpepeiBHO Anddepenunpyemas) QpyHKUHUA, 3a1aHHas na uutepsaae U se-
LIeCTBEHHOH OCH.

Teopewma. Peuwenue ¢ ypasuenus x=ruv(x) ¢ HAYAALHOLM YCA0BUECM
(fo, xo)

1) cywecrsyer daa awobox Ly R, xo= U,

2) eOUHCTBEHHO 8 TOM Cmbicae, 4TO Alobble 08a pewenus ¢ oGUUM
HQUAAbHOIM YCAOBUEM COBRAOAIOT 6 HEKOTOPOU OKPeCTHOCTU TOYKU to;

3) Oaerca gopmyrod Bappoy:

t—~t0=§ —z@ ecau v (xo)0,

@ (£)=xa, ecau v (xo)=0.

JokaszatreabctBo. IlycTh Xxp— He TOJOKEHHE pPABHOBECHS.
B § 1 mbt Bujean, uto: 1) peileHne LaeTcs B OKPECTHOCTH TOUKH fo Popmy-
qno#t Bappoy, 2) onpenesenuast 310l Gopmy/iof GYHKUHS @ ABISETCH pelle-
HHUEM M Y/JOBJETBOPAET HAYaIbHOMY YCJOBHIO.

B cayuae, xorna xo — nososxeuue paBroBecusl, hyHKuns ¢ (£)=xo Takxe
OYEBHUIHO SIBJISIETCS PELIEHHEM, M TeopeMma JoKa3aHa.

3anpaua 1. Yxasath ApoGes B AOKa3aTeabCcTse.

2. Onposeprawwuit npumep. Ilycts v=x?® (puc. 27). sa petue-
uusa ¢ =0, p2==(¢/3)° y#OBJCTBOPAIOT OGLIEMY HAYANLHOMY YCIOBHIO (0,0),
BONPEKHU YTBEPIKAEHHIO O €IUHCTBEHHOCTH.

Koneuno, dyukuua v He guddepenuupyema, nosToMy npHmMep He oONpo-
BEpraet yTeepxjetue Teopemnl. OAHAKO NPUBEICHHOE JOKA3ATEIBCTBO HE HC-

No/b30BAJ0 TJAAKOCTH D @HO ,MPOXOAMT H B

z 177/ TOM cayuae, Koria OYHKUMA © JHUb Henpe-

LTI T poiBia, CiiefoBatesbHO, 3TO [0KA3aTebCTBO He

LIIINIIII0 017 yomer Guimb BepubiM. M neficTBUTENbHO, yTBEp-

/fff{f/// s JKACHHE O eAHHCTBEHHOCTH OBbLJIO J0Ka3aHO JHILb

PP B P npH YyCa0BHH v (xo)5=0. Mbl BuAHM, 4TO eciH

V1 /22422 04 none v Juulb HenpepblBHo (a He auddepeHuu-

/Ry siiiiyi pyemo), Te eAHHCTBEHHOCTH pelleHHi ¢ Haualb-

TLiTEitihiiled HbIM  YCJAOBHEM B HOJOXKEHMH  paBHOBeCHSH

MOXKeT M He 6biTh. OxasbiBaercs, eaadkocte v

Puc, 27. TpuMep HELAHHCTBCHHOCTH, eAPAHTUPYET eJUHCTBEHHOCTL . 8 ITOM caydae
(cm. m. 3 nuxe).

[lpusenennnit npuMep MOXHO onucaTb elle TaK: NpH ABHKEHHH
€0 cKOPOCThIO v (x) =x*/° MOXKHO nonacTb B NONOKeHHe paBHOBecHs (x=0)
H3 IpYrofi TOYKH 3a KOHEUHOE BpeMH.
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B § | mbl paccMoTpenn naBuKeHHe B JusHefiHOM monte {co CKOPOCTHIO
v(x) =kx). B 3TOM cayuae aas Toro, 4ToGbl MPHHTH B MOJIOKEHHE PaBHO-
BecHsl, TpefoBasoch GeckoHeuHoe Bpems (HanpuMep, ecid v(x) = —x, TO
(azoBasi TOuKa MNPHUOJINIKAEETCA K INOJOMKEHHIO DABHOBECHS TAK MeJJeHHO,
410 €d B JIOGOA MOMEHT ocTaBajgoch Gl [0 HETO IBHFaThbCA BpeMs, pab-
Hoe 1, ecsin Gbl ee CKOPOCTb IepecTasna MeHSITbCA B 3TOT MOMEHT).

[Ipuusna HeeaWHCTBEHHOCTH B caywae v (x) =x*® coctont B TOM, uTO
CKOPOCTb HEJAOCTATOUHO OLICTPO YOLIBAET HPH MOAXOAE K NMOJOKEHHIO PaBHO-
secus. M3-3a sToro pewenne n ycnesaer BoATH B 0COOYyI0 TOUKY 32 KOHey-
Hoe BpeMms.

3. JloKa3aTtenbCTBO €IMHCTBEHHOCTH. [Ipennosioxum, u4ro ¢ — pemeHue
ypaBHEHUS )E:U(x)‘ C TrJaaiko# npasoft uwacreio v. JonycTuM, uro
@ (fo) =xo — monoxenue pasHOBeCHS, @ (/1) =X — He TMOMOKEHHe PaBHO-
Becus (puc. 28). Ha orpeske mexay fo n £ paccMoTpuM GuHmKaiiumi
K {1 MOMEHT BpeMeHH fy, B KOTOPbIHA ¢ (¢ ({2)) =0. [dasa n060i1 TOUKH {3 MeXK-
ay t; W t; umeem no ¢opmysne bBappoy

X3
d
t3—f1=S -U—%, X3=(p(t3).
Ecau ¢ynkyua v eaadxas, 10 unTeepan crpemurca K 6eCKOMeUHOCTU,
Koeda X3 CTPeMUTCA K Xp. JleficTBHTe/BHO, TaHreHC yraa HakKJIOHA XOpA

ty T3z t,

Pue.  28. JlokasaTtenscTso Puc. 29. Veaosue Jlunmwimia.
€/UHCTBEHHOCTH,

rpaduka rnagkod Ha oTpeske QyHKUMH orpaHuued (puc. 29), mo-
atomy |v (B}l <CRIE—x2l, rae mocrosinnas k He 3aBHCHT OT TOUKH £ OT-
peska [xi, x2] (yc/oBHE OrpaHHUEHHOCTH HAKNOHA XOpi rpaduka QYHKLHH
naseBaloT ycaosuen Jlunwuya, a uncao k — nocroasnnod Junwuya). Urax,

|t3—t11>]§k<g—dfx5 .

Iocneannit vHTerpan JIerko BbIYMC/IMTb, OH CTPEMHTCA K GECKOHEUHOCTH,
KOrja X3 CTPeMHTCA K Xo. B 9TOM Jerko yGeauTbcsi M He BBIUHCHASA
HHTErpasia: BeAb OH DABEH BPEMEHH [BHXEHHS MeXJ1y ABYMS TOUKaMH
B JIHHEHHOM I0JIe, @ 5TO BpeMs CTPEMHTCH K GeCKOHEYHOCTH, KOTAa OjHAa
H3 TOYeK CTPEMHTCH K MOJIOMKEHHIO PaBHOBECHS.

Hrak, uneno (£ —1t;| Goabuwe ao6oro wanepea saganHoro uuciaa. Yucen,
Gosblwnx Jo6oro, He GuiBaeT. Clle0BaTe/ bHO, PElieHHe ¢ HAYAMbHBIM YCJI0-
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BHEM B NOJIOJKEHHH PABHOBCCHS He MOXeT NMPHHUMATL 3HAueHHH, He ABIAIO-
HIHXCA NoJ0xKeHusiMu paBHosecusi. Ctasno 6uiTh, eciiu ¢ (fo) — noJsioxenne pas-
HoBecHs, TO v (g (£))==0 nmpu scex {. CaegoBaTenbho, ¢=0, T. e. ¢ — KOH-
cranTa. EAHHCTBEHHOCTbL A0KAa3aHa.

"3aMeTHM, UTO OCHOBHBIM B NPUBEIEHHOM [0Ka3aTeslbCTBe Gbl10 CpaBHe-
HHE [BHMIKEHHS B IVIAJKOM MoJje v ¢ Gosiee OLICTPHIM ABHXKEHHEM B NMOJIXOAs-
uiemM Juxelinom mose. JIns nocsesHero ABHXKEHHs BpeMsA BXOAa B MOJOXKe-
HHe paBHOBeCHs OeCKOHeYHO, CJefoBaTeJbHO, OHO TeM Oojee GeCKOHEUHO
Aast Gosee MeIJIEHHOTO NBHXKEHHSl B HCXO/JHOM ToJe.

3anaua |. Moryr an HuTerpansuoiec KpUBLIC MMaAKOrO yPaBHEHHs X = v () c6AHKATbCs
ApH { —~ oo GuicTpee, HeM 3KCNOHEHUHAbHO?
Orser. Her, eciu onHa W3 HHX OTBEYAET NOJIOKEHHIO DPABHOBECHS, 14 — B NPOTHB-
HOM Cayuae.
3anxaua 2. Bepua .M TeopeMa CAHHCTBEHHOCTH B Cayuyae, KOLAA NPOM3BOAHAA
hyuxuu v CywecTsyeT, HO paspbiBHa?
Orser. Ha.
3apauwa 3 [lokaszaTb, uTO AJMA EAHHCTBCHHOCTH PEUICHUR € HAYATLHLIM yeao-
o
5
BHCM Xo NOCTATOMHA PACXOAMMOCTb B Xo HHTerpana \ ——

Y @

3anaqa 4. [NoxkaszaTh, uTo AJS €AMHCTBEHHOCTH JOCTaTOUHO, YTOOH GYHKUMA U yAOB-
JcTsopaaa yeaosuwo flunwuua ju (x)—uv ()l <<k lx—y| npn Beex x, y.

3anaua 5. JlokasaTh eNHHCTBEHHOCTH YAOBJETBOPSAIOILEr0 HAYaAbLIIOMY YCJIOBHIO
¢{fo)=xo pewiennsn ypasnenns £=0o{f x), re v — raaixan dynkuus.

Ykasanne 3aweHol x Ha x—@(l) CBECTH pElUEHHE K HYJCBOMY H 3aTCM CPABHHTH
nofe yanpasdenuit ¢ NOAXOAANM JIHHEHHBIM. DTO CPaBHEHHE NOKa3blBaeT eNHHCTBEHHOCTH
npi moboi pasMepHoCTH (Has’oBOro NPOCTPaHCTBA.

3agaua 6. lokasaTs, uTo $Ha30BLIE KPHBbIE CHCTEMB XMILHAK — XepTsa (§ 1, m. 12)
¢ MEPECeKaloT KOOPAHHATIEE OCH (HANPHMED, NepBOHAYAIbHO NONOXKHTEALHOE YHCAO Kapacef
He MOMET CO BPCMEHEM CTaTb OTPHUATENbLHLIM).

3anavwa 7. [oxasats, uTo BCAKHE ABA DelweHHs ypaBHeHHA X=0v (x) ¢ rAaikod o,
yAOBARTBOPAOILME OfUIEeMY HAYAALHOMY YTAOBHIO, COBNAAAOT BCIOAY, rdc ofa onpeleneHsl.

4. Mpamsie npoussepenna. PaccMorpuM a8a  auddepesiHambHbBIX

ypaBHeHHs: fmo), neUs W
Yo==va (%), wpe=Uo (2
Tpsamoin npoussedenuem THX ypaBHeHHHA HAa3HBAeTCsl CHCTeMa
=1 {x),
Xy=1v3 (x2), ®)

($ha30BLIM NPOCTPAHCTBOM KOTOPOH siBasieTcs npsiMoe npoussenenne U ¢aszo-
BLIX [IPOCTPAHCTB ypaahemm (1) 1 (2). U3 onpeneieHHst HEeMOCPeACTBEHHO
BbITEKAeT

Teopewma. Pewenusn ¢ dupgepenyuanvrioeo ypasnenus (3), asanwo-
weeoca npasein npoussedenuem ypasrenuit (1) u (2), — aro orobpasce-
rug @1 - U suda ¢{y=(¢i(f), 92(f)), ede ¢ u @2 — pewenus ypas-
nennll (1) u (2), onpedescnuole Ha o0HOM u TOM Hce uHTepsaie.

B uacthoctH, nycTs ¢asoBbie npoctpanctsa U; u U, onnomepssl.
Torna Mt ymeem peluath kamaoe H3 ypasHenuit (1) u (2). Caegosarenn-
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HO, Mbl MOXKEM fABHO DEIUHTb W CHCTEMY JABYX AlQdeperuHasbHbIX ypaBs-
e (3).

A wuvenuo, no Tecopeme n. 5 § | pewenne ¢ c ycaoBuem ¢ (fo)=xo MOXHO HalTH
B OKPECTROCTH TOUKR {==f; W3 COOTHOWEHHH

! NG
Wg()dg ! "wg() % )
vl(§)w R 02(8) {(xo=(x1. 0. X2 0) )

*t.0 %2.0

ecan vy {x1,0) 7 0% vz (x2.0).

Ecan vi(x1,0)=0, T0 nepsoe COOTHOWICHHE 3AMCUACTCH HA @1 =X1,0, a CCAH v2(¢s 0)=0, TO
BTOpPOE — Ha ga==x3 0. Hakxoweu, ecan vi{xi,o)=v2(xs,0)=0, TO xo — 0coGasn TOUKA BEKTOP-
HOTO MOJIS U H [ONOMKENHe PaBHOBCCHA cHeTembl (3): ¢(f)==x,.

5. lpumepnl npsambix npousBefeHuii. PaccMotpum  cucremy  ABYX
ypaBHeHHUH

)Elzx,, XQ=/€Xz.
3apgaua 1. HapucoBaTh COOTBOTCTBYIOWHE BEKTOpHbIE MOJAS HA TJIOCKOCTH HpH
k=0, &1, 1/2, 2.
Mbl yxe pelllMaH KaXKJ0e W3 ABYX ypaBHeHHH B oOTaesbHocTH. UrTak,
peiieHue ¢ C Ha4aJAbHBIM yClNOBUEM ¢ {fo)==Xo UMEET BUJ
P =xy0el! =0, P2 = xp ekt =), 4)
CienoBatenbHo, , BAOAb KaXA0H (a3oBoil Kpusodl x=¢ (f) HmeeM JHGO
lx2) =Clxil¥, (5)
rae C — nocTosiHHas, He 3aBHcslLas oT f, aH6o x,=0.

3anaua 2 Seaserca AW kpupas Ha (asoBofl MIOCKOCTH (X1, Xxp), 3anaHnan
ypasuneuuem (5), ¢pasosoii Kpnso#?

Orger. Her.

Cewmeiictso xpuBbix (5), rae C <R, umeer pasubiii BHA B 3aBHCHMOCTH
OT 3HaueHust napamerpa k. Ecau k>0, 1o 310 — ceMelicTBO «napaboa*)

T Zp T
z, ,7/ \\\ Z %
Puc. 30. Yanu: dasosuic KpUBLIE CHCTOM Xy = ¥, Se=lvs aan k> 1, k=1 w 0<ch<l

¢ nokasatenem k». Takue mapabosnl KacaloTca ocu Xy, ecau k> 1, uiu
ocH X, eca R<T1 (puc. 30; npu k=1 nosayyaercs ceMeiiCTBO NPAMBIX,

*) Hacrosiiume napa6onsl noayvamTcs Adwb npu k=2 ¥ k=1/2.



34 OCHOBHBIE NOHATHY {ra

NIPOXOAAIIHX Yepe3 Hauajao KoopauHaT). Pacnosoxenue ¢asoBbiX KPHBBIX,
n3obpaxenHoe Ha puc. 30, HaswBaercs y3aom. Ilpu k<< 0 kpusnie (5) umeor
BuA runep6oa (puc. 31) *) u o6pasyior B OKPeCTHOCTH Hauasa KOOPAHHAT
cedao. Ilpn k=0 kpuebie (5) mpeBpawalnores B npsamble (puc. 32).

N3 dopmya (4) BuaHo, uTO Karkaas (pa3oBast KpUBAS JIEKHUT LENUKOM B OJ1-
HOM KBajpaHrte (HJH HA KOOPAMHATHOM MOJYOCH, HJIH COBIlAAA€ET C Ha4aJOM KO-
OpJHHAT, KOTOPOE NMpPHU Beex k aBaserca ha3oBoit Kpuso#). CTpesiku Ha PUCYH-
Kax YKasblBalOT HanpapJeHue [BHXKEHHS TOUKH ¢ (I) npuH Bo3pactauuu f.

° Ty - o

= 0 Z,
- 0 — .Z"/ // \/
- 0 ——
- ) ———
- QT

/\

AN

Puc. 31 Cenno: dasostie wpu- Puc. 32. Pasosble KpHBLIG Puc, 33. ®daszosbte kpHBLIC nepe-
BbIPOCMCTEMbI Xi=1X1, Xz==Rx3, cucTemMul Xy =x, x2==0. BCPHYTOrO MAasITHHKA.
k<0,

3apaua 3. lokaxure, uto Kaxpaas u3 napabon xe==x}(k=2) coctont u3 Tpex
¢asosnix kpuBbiX. Onuwnte Bce (asoBule KPUBbIe NPH APYFHX shadenusx k (k> 1,
k=1, 0<k<l, k=0, k< 0).

MuTepecno npociieautb, Kak OMMH PHCYHOK NEPEXOAHT B APYroél NPH HEIPCPLIBHOM
H3MEHCHHH k.

3anaua 4. Hapucyiite ysen, coorsetcthylownii £=0,01, u ceano, cooTBETCT-
Byjoulee k= —0,01.

3anaua 5 PewnTb ypaBHenue NepesepHYTOTO MasTHHKA Xj= X, X3=4x| M HAPHCO-
BaTb (pasoBble KPHBLIE,

Peweunne. Bpeaem nHa ¢$a3oBoil NJOCKOCTH HOBHIE KOOpAHHaTb: X =x, 4 X2,
Y=ux,—ux2 Cucrema pacnanaercs B npsamoe npousseienne: X=X, Y= —Y. Ha nnaoc-
koctn (X, Y) dasosne kpubie oGpasyloT ceiso, kak ma puc. 31. CnenosarenbHo, Ha
ANOCKOCTH (X1, x2) Takxe RoayuaeM ceano (puc. 33). Orciona, B uacTHOCTH, cJefyer,
UTO #pu GAHHOM OTKAOHEHUU MAATHUKA OT 8ePTUKAAU CYULECTSyeT O00HA U TOAbKO 09HA
HAYAAbHAA CKOPOCTH, NPU KOTOPOU OH QCUMATOTUMECKU NPUOAUNCAETCR K BEePXHEMY ROA0XNCe-
Hulo  pagnosecus npw ! —> oo (COOTBeTCTBYOWAA (Pa3oBas KPUBAT — NPsMOJMUCHIbI
ayu, Bxopswni B 0). Ilpn menbwiedl nan Gosbliel HauaAbHON CKOPOCTH MasiTHUK NagdeT
anbo He Rofiist N0 BEPXHEro TNOJIOMCHHA pPaBHOBeCHs, Ju60 NHepeBalHBLIKCH yepes Hero
(cooTBeTcTBYIOULHE (a30Bble KPHBEIE — NOJOBHHBI runep6osn).

Pewenna umeor Bua X=Xee', Y=VYoe~!, orkyna sxi=Ae¢'+Be~'=achi+bsht,
x2=Ae'—Be '=ashi+bcht.

6. YpaBHeHust ¢ pasgensioUIUMHCA NePEMEHHbIMH,

Onpenenenne. Ypasuenuem ¢ pasderfiowumica nepemMernsimy Ha-
3LIBAETCA ypaBHEHHE

dy __f(y) (6)

dx g (x)

Mbi 6ynem npeanonaraTb, uto f u g — raafKne GyHKIHH, He 0Gpaulalo-
wuecss B 0 B paccMaTpHBaeMoii 06sacTi.

*) Hacrosauwe runepGonbl MOAYYAOTCs AHWD NpH k== —1.
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PaccMOTpUM Hapsagy € 3THM ypaBHEHHEM CHCTEMY
x=gx), y=f{) (7)

Teopema. Pasosvie Kpussie cuctemst (7) ABARIOTCA UHTLZPANLHOLMU
kpugblnu ypasrenus (6), u, obparno, untezparshole Kpugole ypasrenus (6)
ABASIOTCA (PA3OBLIMU KPUBLIMIL CUCTEMOL.

Hokasarteanctso. Taureuc yria HakJIoOHa BeKTopa (a3osoii cKo-
pocTH K ocH x ecThb [(y)/g{(x). 3uaunt, da3osas Kpusas CHCTEMLI B Kax-
JOH CBOEH TOUKe KacaeTcs MOJS HANPaBAEHHH ypaBHEHHS.

Ob6patuo, nycth jJaHa uurterpajibHasi Kpusas ypasueHnus (6). Torna
Ha Hell MOXKHO BbIGpaThL HapaMerp ! Tak, YTO NAPAMETPHYECKOE YDaBHOHHE
KpuBOi OyfeT x=(f), y=1({), npuuem GYHUMA @ — pelwieHde ypavie-
uus x=g(x) (3aech HcrnoJab3yerca ycaosue g==<0). Bropas koopau-
HaTa Y TOYKH C MNapameTpoM [ YIOBJETBOPsIeT TOTAa COOTHOLICHHIO
(dyp/d)/(do/dty=F (9 (1))/g{e (), T. e sABasgercs peiweHueM ypasHe-
uua y=7f(y). CiegoBaTenbHo, Hawa KpuBaa — (a3oBasi KpUBas CHCTEMBI,

Teopema. Peuwenue ypasnenus (6) ¢ nawasbrown ycaosuen (xo, Yo)
cyuectsyer, eQuHCTEEHHO *) u Oaerca (opmyaoti

HokasartenabcTBo. IT0 CACAYeT H3 MpenviAylleit TeopeMbl H dop-
MyJa A pelueHus ypaBHeHuE x=g(x) U y=[(y) ¢ HAYATLHBLIMH yCi10-
BuAMH (fo, xo) M (fo, Yo) COOTBETCTBEHHO.

3ameuyanue «MHEeMOHHUEGCKOE» MPABUJIO PelUCHHS YPABHEHUA C Pa3-
ARNAOMWUMUCS NIEPEMEHHLIMY COCTOHT B TOM, 4TOOH paccMaTpuBaTh H AeBYIO,
H NpaBylo 4aCTH yPaBHEHUS KaK APOGH H NEPeHeCTH «BCe WieHbl C X B OAHY
CTOpOHY, & BCE WEHBl C Y B APYTYIO»:

dx dy '
— = ®)
gl [y
TMocae sToro «npHpaBHHBAHHE HHTErPAJOB» JAET UCKOMOE COOTHOLLICHHE
MCIKLY B BUjE paseucmag dx dy 4+ C gas  nepsooGpasHbix
! X U Y B BY ———=S —
g Jily

H/U B yKa3aHHOM B TeopemMe Buae — A5 ONpeleaeHHbIX HHTErpaJioB.

Paszymeercsi, 370 «MIICMONNYECKOCH NPABHJIO SBAACTCH, OPH €FO NPABAILHOM [OHHMAIHH,
BMOJHe CTPOrMM BLIBOAOM GopMyanl 1aa pewenus. JedcTBHTEALHO, COOTHOWEHHE (8) o3Ha-
uaer pasencreo 3nauenuld Osyx Oudpepenyuarbnsx Gopm Ha A06OM 6EKTOpe, KACQIOWEMCA
UHTezparbhol Kpusold ypasuenus (6) (n obpaTHO, KPHBAA, BCe KacaTe/bHbie BEKTOPLI KOTO-
poil yaosneTBOpAIOT cOOTHOWCHHIO (8), ABASETCH HHTEerpaibHOf Ans ypaBueHusa (6)).

Huterpanst ¢opm B AeBO # B mpasoli 4acTAX ypabHenust (8) 10 OJHOMY OTPe3Ky
uuTerpanssoh kpuBoh ypasuenun (6) paBHbl (Tak Kak B onpejencHMU HHTErpaaa BAOJb KPH-
BO/ yuacTByioT MHilth 3HAuYCHHS (OPMbI HA KACATELHLIX BEKTOPAX KPHBOHl, @ HA 3TUX BEKTOPAX
SHauenus ¢opm cosnapaot). Hakoweu, uuterpan dopmpl dx/g (x) BOOJb OTPE3Ka KpHUBOM

—_—
*) B toM cMblcae, 4TO BCAKHE 4Ba TaKHe peLICHUs COBNAAAIOT TaM, Fae 06a onpeaeseHsl,
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pasen ofblunoMy unTerpany ¢dysxuuKr 1/g BAOMb APOCKIKHK 3TOr0 OTPe3Ka HA oCh X, U aHanNo-
ruuno aaa ¢opmul dy/f (y).

dopmyna (8) HaswmiBaeTca MHOTAA cummeTpudrol opamoii 3anucu ypabhenus (6).

3anaua 1. HapucosaTs wunTerpanbHnie Kpueble ypasHenmudt dy/dx=y/x, x/y,
—y/x, —x/y.

3anaua 2. HapucosaTb uHTerpaibubie KpuBble ypabhennit dy/dx =kx®y®, sin y/sin x,
sin x/sin y.

3anauwa 3. HapucoaTh (pa3soBbic KpHBbE YPaBHEGHHR MAATHHKA f=y, §= —sin X.
Ykasaune Paccvorperb ypaBHeHHe ¢ PaslessilOMMHCH mepeMeHubiMH dy/dx =
= —(sin x)/y.

7. Npumep: mogenp Jlorka — Boawteppa. B n. 12 § | mbl paccmar-
prBaJin NPOCTeiulyI0 MOKENh B3AHMOLEHCTBHS i XUILHUKOB (ILLYK) M X KepTB

(xapacen):
x=hx—axy, y=—Ily+bxy. (9
Ho Mbl He cmoram HaphcoBaTh (asoBble KpHBIE.
Teopema. Pasosoe kpusoie cuctemst (9) samxuyreie (puc. 34).

¥

p 9
L ©
X
z Tl & Yo 4
Puc. 34. dazopeie  kpusbie Puc. 35. [octpoeune $a30Bbix Kpupbix mMonetn Jlotka — Boabteppa.

moaean  Jlovka — BoawTeppa.

HoraszareabcTso. PasoBble KpuBble cHcTeMel (9) COBNAAIOT € HH-
TerpajibHbIMH KPUBbBIMH YPABHEHHA  C Pa3AGIAIILHUMUCA NEPeMEHHBIMH

dy ylbx—1)
=~ WIH C ($A30BLIMH KPHBLIMH YPaBHEHHS-NPOU3BEIEHHS
dx x(k—ay)

dx x dy Yy

dt bx—1" dt k—ay

(B obnacrty, rae x, y, bx—I u k—ay oranunut ot 0).

— bx—1
Cﬂe,C(OBaTEJIbHO,Sk yaydy=g xx dx+C, nm px)+qg(y)=C, rae

p=bx—llInx, g=ay—klny. Ipadukn dyukuuii p W q KMEOT BUAL AM.
TMostomy u rpadux ¢yHkuun p-4-¢g umeer Bunx siMbl (puc. 35). Caemoma-
TeJbHO, JHHHM ypoOBHA GYyHKUHH p-} g — 3aMKHYTBle KpuBble. Jlerko
NpoBepHTb, HTO (pa3oBble KpHBble ypaBHenust (9) He TOJLKO HNpHHalfe-
KaT JUHUAM YPOBHA p-+g, HO M COBNAjaioT C HHMM, TeopeMa AOKa3aHa.

Ms 3amkHyrocTH hasoBmIX KpHBLIX CJAEAyeT, 4TO KoJuuecTBa Kapacei
u WwyK B Moaead JloTka — Bosbreppa MeHSIOTCA €O BPeMEHEM MNEPHOAK-
yeckH. Ilepuon KoseGaHuii 3aBHCHT OT HauaJbLHOTO YCJIOBHA.

3anawa 1. Iloxaxure, uTo mnepuos KoneGaunit B Mofeau Jlotka — Boawreppa (9)
CTPEMHTCH K GeCKOHEYHOCTH, KOTAa HadanbHoe ycaopue npubanxaercs k Touxe (0, 0).
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Bameuanune Marematuyeckoe crpemacHie K GCCKOHCUHOCTH HYXHO OTARUATL OT
¢nsnucckoro. Hanpumep, 1/e mpu e — 0 JeficTBHTEJbHO CTPeMHTCA K oo (nanpusep,
npi e= 107" Beanuuna 1/e aciicTBHTENLIO BeaAliKa). B 10 ke spemst [lnel npu ¢ — O
NpaKTiHICCKH OCTacTes orpaundeiby (Hanpiunep, npn e=10"°% 370 peauunna nopsiaka 10).
[lpakryuccKkil ¢ Jorapudyamit B acHMNTOTHKAX HaCTO MOKHO OOPAWIATLCH KAk ¢ KOHCTAHTAMH.

3anauva 2. Kak crpemuTcss Kk GCCKOHEUHOCTH MEPHOA KoacHauuil B moreau Jlotka —
Boasteppa (9), xoraa naua’nbHoe yCJIOBHE HMCET BHA (Xxo, &), &8 — 0?

Oreer. JlorapudMuuecku.

PaccMOTpPHM HEKOTOpBIe BBIBOJBI H3 HalllHX BLIYMCJICHHIL.

Jlast cucremsl Jlotka — Boabreppa (9).

) Cywecrsyer (u enuuctBeHHo npun x>0, y>> 0) nogoxcniic pas-
HoBecHs (Xo, Yo).

2) Kosanyectsa kapacefl W LYK NPH HEPABUOBCCHBIX HAYAJIbHLIX YyCI0-
BHSIX MEHSIIOTCH CO BDEMCHEM NCPHOSHUUYECKH.

3) @asoBbie KpuBbie CHCTEMBI (9) 3aMKHYTHL.

3aMeTHM, UTO Halla MOAeJNb Bp#AJ JH MOJKET NpeTeHJoBaTb Ha BINOJ-
HE TOYHOE ONHCaHHe ACHCTBHTCNIBHOCTH, Aaj)Ke €CJAH OCTaBaThbC B paMKaXx
AByMepHOro ¢a3oBoro npocrpatcTsa. Hanpumep, 1axKe B OTCYTCTBHE LYK NPU
60/bIIOM YHCJE Kapacell CKOPOCTb Pa3’sMHOMCHHSI ROMIKHA YMEHbLATHCH,
MHaye KapacsiM He XBaTuT Npyaa, u T. A Mbl MoKeM AymaTb nHosTOMY,
yTo foJiee TOUHAsi MOAENb HMECT BH[

x=ux(k—ay+ef(x, y)) (9:)

y=y(—Il+bx+eg(x, y)),
rae xef M yeg — OTGPOUIEHHble TIPH HICANU3ANHA MaJbie TIONPABKH K Hallel
MofeaH (NMONpaBKa B X JNEJHTCH HA X, TaK KAK CKOPOCTh Pa3sMHOMKCHHS
Kapacefl pasua 0, ecin nx uncao pasne 0; no 3Tofi Me NpHuHHE Nonpaska
B y aeaurcs Ha y). Mul Oynem cunutaTh [ M g [MaAKHMH GYHKUMAMU
(cTporo rosopsl, 3iecb H jJaice pacCMaTPHBAETCS OFpaHUYCHHASl YacTb
¢$a3oBofl MIOCKOCTH, TaK Kak AAA Majg0CTH NONPABOK NPH OuUeHb GOALUIKX
3HAYEHHSIX KOOPAHHAT HET OCHOBAaHI).

Mber GyjeM HasbIBaTh CBOCTEO Moaean (9) epybowm, écnu oHO (1aH aKa-
Jordunoe emy OJH3Koe CBOIICTBO) HMECT MeCTO H AJs BCAKOH cHeTembl (9.),
MPH OCTAaTOYHO MaJblX &.

PaccmoTpuM ¢ 9T0fl TOUKH 3peuHd CAeaannble BLILUC BHBOAB 1)—3).

Teopewma. ¥ cucremor (9.) wueerca eaalko sasucaiiee 0T XaA020
& noaouxcenune pacrogecus x(e), y(e) taroe, uro x{0)=x, y0)=yo —
noaoscenue passosecust cucremol (9).

Hoxaszateabcrtro [lo teopeiie o HeaBuo# (yHKUMH CHCTEMA
YPaBHEHHH OTHOCHTENEHO X, y

Flx, y, e)=0, G(x, y, ¢)=0

HMeeT raamko  3aBMecAmiee  OT  Mascro e peumenne  {(x(e), y(e)),
Obpamaioueecst B (Yo, o) npH £=0, ccil OTIIUeH OT uyasa sxobian

I=D(F, GY/D (x, )l (xy00 0)

B wawem caysae F=k—aytef, G=—I[4by--eg, cieloBareabno,
J 0 —a ,
= b 0 # 0, yTo W TpcboBanceh LOKA3AThH,
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Witax, BeiBoA 1) rpy6: mosoxKeHHe pPABHOBECHS HMEETCS HE TOJbKO
y cnctembt (9), HO M y Besiko#t Gauskol cueremst (9.).

Hanpotus, BuiBoab 2) u 3) nerpy6ni. [eitcTeuTennHo, GyHKUHA NOCae-
AoBaHKsA 15 cucrembl (9) umeer Bux @ (A)=A. dan 6ausxoil cucrembr (9;)
rpapux GyHKLHH nocjaefoBaHusi Gyner GJH3KHUM K JHaroHasu, Ho He o6s3a-
TeJbHO GYAET CoBnajath ¢ Hel. B 3aBucumocTH 0T BURA BO3MymieHuil [ u g
Anarpamma Jlamepess MoxeT ObIThb PAclONOXKEHa BLILUE WM HHIXKE AMATOHAJH
HAW TiepeceKaTb ee B OAHOW WM HECKOJNBLKHX TOYKAX, COOTBETCTBYIOULMX
YCTOHUMBBLIM H HEyCTOHUMBLIM LHKIAM.

ChenoBatenibho, 6618006 0 30MKHYTOCTU (PA3066IX KPUGHLX U NEPUO-
OQuuHOCTU KOACOOHUA HUCACHROCTU Kapaceld u wyk C annaurydod, sasucs-
wjel oT HaQUAAbHBLX YCAo8uil, He epybot, XOTH y OaH3Kol cucteMnl (9,) Kamabli
BHTOK ($a30BOH KPMBOH M GAH30K K 3aMKHYTOMY WHKJY, OH HE 3aMbIKAeTcst
B TOUHOCTH, W uepe3 OGoJbiioe Bpema (nopsiaka 1/e) ycramasanpacres,
Hanpumep, aBToxosebaTenbhbiil pexkuM ((pazoBasi KpuBas HamMaTEIBAeTCH Ha
DPEACABHBIA LHKI).

CBoONCTBO cHCTEMb HMETb NMpefebHbIH LHKI yKe SBJACTCH YCTONUMBBLIM OTHOCHTEALHO
M3JbiX BO3MYUleHHH cucTembl ypasuennii. Toulee, NPeANOJOXHM, YTO LHKA COOTBETCTBYeT
nenoasnmkuoil Touxe A= @ (A) pyuxnun nocicaosannn ® u uro O (A)s£1. B Takom cayuae
UHKJ Ha3bIBACTCA HEBLIPOHTEHHbIM.

Ecau cuctema, 3a0annas 6eKTOPHbIM noAem vs, WUMEET HegolpoXcdennuidl npedersroil
yuka, npoxodawuil wepes Ao, To 6cakas 6auskas cuctema (3adannas nodem ve, € naaod)
umeer Gauskul yuxa (npoxodawjuil wepes Gauskyw k Ay Touky Aw).

Dast noKasaTtennbcTBa HYXHO TNPHMCHUTL TEOPEMY O HEABHON (YHKUHH K ypaBHEHMIO
D (A, ej=A, A(0)=A..

CnenonaTenbho, 8m800 0 HAAUNUL 8 CUCTEME GETOKOACBAHUL, ONUCLIGACHBIX HEBbLPONC-
Odennbist npedesousin yuKkAoM, epy6: BO BCSKOH GAH3KOH CHCTeMe 6ynyt Oau3kue aBTo-
KoJse6anna,

3aMeTuM, YTO BHPOKICHHBIC NPCAEABHBIC UHK/IL MOTYT HCYE3aTh NPH MAJNOM IIEBCACHHH
cucTemtl. ONHAKO OHN NOABJSIOTCS HEYCTPAHHMBIM MaJibiM LIeBeneHHeM 0Gpa3oM B ToM cayuae,
KOTAa paccmaTpupacTca He OTAC/bHAS CHCTCMA, @ CeMeHCTBO CHCTEM, 3aBHCAILLMX OT napa-
MeTpa. B sToM cayuae npu oTAe/BHEIX 3HAYCHHAX NAPAMETPa MOTYT CAMBATHCA Mexay coGoi
PasABuNbIe LUHKJABL, TPHUCM aHAJIOrHUHOE CausHue Gy/leT MMETb MECTO NPH HCKOTOPOM GaH3-
KOM 3HaueHup napamcrpa U B 1000M GIH3KOM cemelicTBe, B MOMENT CasTHHA ABYX HCBBIDOMK-
ACHHLIX UHKAGB ¥ BO3HHKACT BLPOMACHHDI unka. T1pn 37T0M, BoOGWE rOBOPS, H3 BYX CIHBAI-
IHXCA UHKAOB ONNH YCTORYMBHIL, a Apyro#l HeycToilunBblil. BupoXkacuuble nHKJb, BO3HHKAIO-
IHE DIPR CAHAHHKA IBYX HEBLIPOXKACHHBIX, NPEACTABAAOT HHTEPEC NQTOMY, YTO OUK BECrAA
BCTPEYAIOTCA Ha rpanie 0GAaCTh CyLeCTBOBARHA KOJMeGaTeNbHOrO peXKHMa B NPOCTPAaHCTRE
napameTpos.

Hanpumep, na puc. 36 u3ofpaxens puarpammsl Jlamepes npn Tpex oueHb GJH3KMX
anaucnusx napamerpa (kpuesie 1, 2 u 3). Iwarpamma 1 nepecekacT GHCCCKTPUCY B ABYX
TOUKAX; B 5TOM C/ydae B CHCTCME MMEETCH JABa NpPeACAbHBIX WIKJI4, YCTOHUHBBIT BHYTpH
neyctoiunsoro (puc. 37). INoaoxcuue pasnosecus HeYCTOHYHBO; BCA 06NACTh BHYTPH HCYCTO#M-
HBOFO MIKAA fABJASICTCA 00ACTRIO NPUTRMEeHUst («GacceliHoM>) YCTORYMBOTO UHXAA: NPA Ha-
UaNLHBIX YCJAOBHAX B 3TOd 00/acTH (HCK/MOUaf JHWL ROJOXCHHE DaBHOBECHS) B CHCTEMe
YCTaHABJHBAIOTCSA 2BTOKOJeGanNs, H306paKaembie YCTORUNBLIM LHKAOM.

KpuBas 2 cOOTBETCTBYET KPHTHUECKOMY 3HAUEHHIO NAPAMETPa: YCTONUHBLE HHKA CANBACT-
€ C HEYCTOHUHBLIM W CTAHOBHTCA BLIPOXKACHHBIM. Pa3oBble KpitBhle, HAUKIAOMHECT B Orpa-
niMeRnok unKaom 00aacTH, CTPEMATES K UHKAY NPH BO3PACTalIt bpeychi. OZHAKO YCTAHAB-
JIMBAOIHICA NP 9TOM KOJCGAaTeNLbHbII PCKUM HCYCTOHUMB! CKOJb YrOAHO Majoe cayuaiinoe
H3MeHeHHe cnocolus BLIGPOCHTL $a30oBYI0 TOUKY 3a MpeAcAbl LHKANA.

lpn panseciimem w3mcnewmin napaserpa (kpuas 3) unka mcucsaer Bosce. Takim
00pason, Cansiiie LHKIOB NPHBOMAKT K CKAYKOOGPAZHOMY HIMOUCHHIO NOBCACHHS CHCTCMBIS
YCTORMNBLIE aBTOK0ACGATCILILH peAiy ¢ KOHEUHON ©61aCTLI0 GPITIKEHIA BUE3ANHO ICuc-
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3acT. ]IBH)KOHHH C HAYaAbHBIM ycaosHem 8 6acceftie HCYCIRIWEero UHKAa YXOAAT 1ocae ero
HCYE3HOLCHHA B APYTHe oBaacTu dazosoro npocrpaucrsa (puc, 37). B uawem OpUMepe focne
nepCXOILQ napametpa 4ePE3 KPUTHUECKOC 3HaucHue B Oy JANHAX XHULIIMKOB H HKCDTB CKOJb
yI‘O,’U[O MaJaQ€ OTKJOHCHUE HAYAJDbHBIX yCJIOBHf/'( OT PABHOBCCHLIX IPUBQAKT K HCOFPEHH\XQHHOMY
HapacTanio KoaeCaHuit u, CACA0BATENbUO, K BLIMHPAHHIO.

©® @ |

Puc.  36. Tlepecrpoitka Puc. 37. Hepecrpoiika $asosoro nopTpera W noseacuust pouicius.
anarpamm Jlamepes.

z

[epecTpoiiku KauecTBEHHON KapTHHBL ABWKCHAA APW M3MCHEWHH RAPameTpos wiyuaeT
Teopun Oupyprayud (Gupypranus =pasasoenue), a NpUIOKeHUS TEOPHH GHYPRAUHIT K HCCTe-
AOBAHIIO CKAUKOOOPAZHLIX PCAKUMIA MCXAHHUECKHX, (PHBHYECKHX, XHMMHECKIX, GHONOTHYeCKHX,
SKOHOMHYECKHX H HHLIX CHCTEM Ha NaBHOE H3MEHEHHE BlUeIHHX YCAOBHI NOTydnJIH B NOCJAEA-
Hee BpEMA HA3BAHHE Teopuu Karacrpod.

M3 pucyuka 36 puamo, uTo Korga 3mHaueHwe napameTpa OTJHHAETCHA OT KPHTHUCCKOIO
SHAUEHUS HA Majylo BeJHYHHY A, paccTosuHe MeXAY YCTOHYMBBIM H HEYCTOHUMBHIM IHK-
Aamu nopanka A. Cienopatensuo, CKOPOCTh COJHXKEHHA LUHKJIOB NPH H3MCHEHHH mapameTpa
GLCTPO PACTET N0 MePe TPUGIIKCHHA UAPAMCTPA K KPHTHULCKOMY 3HAUCHNIO: B CAMER MOMOUT
KatacTpodbt 06a UMKAQ ABHKYTCS HABCTpeuy APYF APYry ¢ OCCKOHCHUOH CKOPOCThO., ITo
OOLACHAET, NOYCMY TaK TPYAHO MPeaoTBPATHTH FPO3ALLYI0 KaTacTpody MOTepH yeToHYHBOCTH
CHCTEMBE, KOPla yXKe Ce1a/HCh 3aMEeTHLIMH Ce MPH3HAKH,

Sanaua 3. Hcenenosars Gudyprauun UHKNOB NPH H3MEHEHHH MApPaMeTPa ¢ B CHCTEME,
3a/lantofl B MOJAPHBIX KOOPAHHATAX YPABHEHUTMH

F=cr—r4r5, =1,

Orser. Tipu ¢=0 u3 nonoxennn pavnosecun r=9 poxazeTca yCTONUHBLI UMK pajiyca
nopsiaka +/¢; npy ¢= 1/4 OH HCUe3aeT, CJHBILHCH € HEYCTOHUHMBLIM,

Jameuvanue. MoxHO NMoKasaTh, 4TO PONKAEHHE HJAH CMEPTb KHEAA B NOJOMKCHHH
parHoBecHd, Kak M POKIALHHUC WIH CMEPTb Napbl UHKJIOB — THIHUHOE fIBJCHHE, BCTPEUYaionieecs
fPH niMeHeHun napamerpa B oOulkx ORHONaPaMETPHUECKHX cemelCTBax RupQEPeHunaapHblX
ypantcini.

Yeroflunpsie npefesbHble WHKJAL ONHCHIBAIOT YCTAHOBHEBIUMECH NePHOAHYCCKHE KoJjeba-
HUA ClicTEMBI, HaXOAsileCA B CTAUMOUAPHLIX BHCWIHHX ycaoBusx. KoaeGaiia, onucsiacMble
YCTOMUNBHIMA LHKAAMH, HA3BIBAIOTCSH Q8TOKOACOAHUAMU, B OTAWUNC OT G6lHYMOCHHLLY KoJdeBa-
HUii, BLI3BAHHBIX NEPUOAHUECKMMH BHEUINMMH BO3ACHCTBHAMH M OT KOJeGaHHil THRa cBOOOA-
HE'X KoseBauufi mManTuuka. BO3HHKHOBeHHe apTOKOJeBanuii camMo 1o cele ROBOJAbHO YAHBH-
TebHO, HO OHM BCTPEHAITCS, HaNpUMeEp, B TakHX CHCTeMAX, KAk gacu, Haponas Mawniaia,
SACKTpuYeCKMA 3BOHOK, Cepilie, PAAMONEPEAATUHK, IePeMesHble 3Be3bl THUA Ledenl — paboTa
KAMN0"0 M3 3TMX yCTDOWCTB OMMCLIBACTCH NPEAELHHIM UMKJIOM B COOTBCTCTBYIOUEM (aso-
BOM npocTpaHCcTBe.

Onnako He cnemyeT AyMaTb, 4TO BCE KoseBarelbHoie Ipoueccnl OMHCHINAIOTCA Apeleb-
HEIMH nMKAAaMH: B MHOTOMepHOM () a30BOM NpPOCTPAHCTBE BO3MOMKNO IOPadin 0oJee CI0X-
Hoe nosefcHue (a3oBbiX KpuBBIX. [IpHMepaMiH MOTyT Ay HTh HpeLeCCiss FHPOCKONA, ABHKe-
HHe [1auCT M MX COYTHHKOB H HX Bpalicide BOKPYT CBOHX OCCH (MCURDHOMMUIOCTD ITHX
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ABIKennil OTBETCTBERNA 32 CJ0XKHOCTb KaJeHAAPA H TPYAHOCTb NpeABLIYUHCCHHS NPHIUBOBY,
3 TAKKe ABHXKCHHE 3aPSIKCHHBIX 4acTHUl B MarHHTHBIX MOJsX (OTBETCTBEHHOE 332 BO3HHKHO-
Benne nondApHbX cHAHWf). Mol paccMoTpuM npocTefiiMe ABHKeHHS 3TOTO pona B § 24
i § 25 n. 6. B cucTemax ¢ MHOrOMepHEIM (a30BHIM MPOCTPAHCTBOM (Da30Bble KPHBHIE MOTYT
Rae BMECTO LHKJa NpUGAHAKATLCA K MHOXKECTBY, Ha KOTOPOM Bce GAl3KHe TPacKTODHH GbiCTpa

~

Puc. 38. Artpaxtop ¢ pasGerauiem ¢$asonbiX KPHBBIX Ha HCM.

pacxoasites Apyr oT apyra (puc. 38). Takite npurAruBalowlMe MHOMKCCTBA MOJYUHIH B MO-
caeaitee BPCMA  HA3BAHHE CTPAKHLIX QTTPAKTOPOS: OHH CBS3aHbl ¢ fABJISHHSMH THOA Typ-
OyJIeHTHOCTH H  OTBETCTBEHMBI, HANPHMEP, 3@ HEBO3MCXKHOCTb  JOJTOCPONHOrO NporHosa
noroanl.

§ 3. Jluueiinvie ypapHeHus

Jlunefiuble ypaBHEHHSI OMUCLIBAIOT BJMSHHE MaJIBIX H3MEHEHMH Hauadb-
HbIX YCJOBHH MJIH NPaBbiX yacTell NPOU3BOJLHEIX YPaBHeHHH HA HX PelUIeHHs.
3nrech SIBHO pellaloTCs M HCCAELYIOTCS JHHEHHbIE OAHOPOAHBIE H HEOLHOPON-
Hble YDABHEHHS C OAHHM 3aBHCHMbIM NEPEMCHHLIM: MOSIBIAIOTCA ONepaTop
MoHoapomuu, O-pynxuus, ¢yukuna [pusa d Bhin,KaeHHBIE KoAeGaHus.

1. Jluneiinble OLHOPOAHBIE ypaBHEHUSA.
Onpenenenue Jluneinoisn 0MMOPOOHIM YPABHEHUEH NEPBOSO NHO-
pAdKa HasbIBaeTCs ypaBHeHHE

dy/dx=[(x)y, (1)
npaBasl 4acTb KOTOPOro -— qutefinas (ogHOpoxHas) GyHKUHS OLHOMEPHOrO
3aBHCHMOIO MepeMeHHoTO, Y.

310 uacTHbIA cayuali ypaBHeHHS C pa3JeNSIOLIMMHCH ITepeMEHHbIMH,
Pewan ero mno ofulemy npaBuily, Haxoium dy/y=f[(x)dx, In(y/yo)=

X
:S f(E)dE Mz sroro suitekaer
Xy
Teopewma. Bcswoe pewenue ypasnenus (1) npodoaxcaercs ma sece

uxTepsas onpedeieHusf Qyuxyuu [, pewleHuer ¢ HAUAALHOLM YCAOBUEM
X
§ foas

{¥o, yo) Oaerca ¢opuyroi y=yoe™
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3ameuanue 1. [lycts y=¢ (x) — pewenne ypasnenns (1). Toraa ans
71060 KOHCTAHTh ¢ GYHKLUHS i = C (X) — TOXKe peuIcHHe. Cymma xByx {onpe-
lleJIeHHBIX Ha BCEM HHTepBase onpejeneHus [) peweHul ypasnenus (1) Toxe
Asasiercs peuenuem. [Tostomy Bce Takue pelueHHs] JAHHERHOrO OLHOPOAHOIO
ypaBHenus (1) obpasyloT aunelinoe npocTpancreo. PazmepHOCTb STOFO JHHeH-
HOTO NpocTpaHcTBa paBHa | (mouemy?).

3ameuanune 2. PacTamenusi paclIMpPEHHOTOo  (pa3oBOrO  Mpo-
CTPAHCTBA (X, Y) BAOJb OCH y MEPEBOAAT NOJie HanpaBJ/eHHit JHHEHHOTO O-
HopoaHoro ypasHeuusd (1) B cebs. Ilostomy unrezparsnvie Kpusvie nod
OedicTeuem pactagcenuil ocu y nepexo0ar Opye e Opyea; BCE OHH MOTYT
ObiTh HOJyYeHbl M3 OJHOH H3 HHX TaKMMH pacTsikeHusmu (puc. 39).

Jlunelinble ypaBHEHHst 33HUMAIOT B TEOPHH AH(DdepeHInabHEIX ypaBHe-
HUit 0co6oe MEeCTO, MOTOMY YTO, COrJACHO OAHOH W3 OCHOBHBIX HAeHl aHa-
Au3a, BcAKas raajkas (QyHKLUSA B
OKDECTHOCTH Ka’KZOH TOYKH XOPOLIO
annpoKCHMUDYETCH JIHHeHHON (yHK-
uuelt. Bosnukalouasi TaKuM 06pasom
ONepaunHtsl AUHeapu3ayuu v NpUBOAUT
K JIMHCHHBIM YPaBHEHUAM B KauecTBe

Z

P

nepBoro NpuGaAHKeHHs NpPH Hccaepo- X

BaHHH MNPOHM3BOJLHOIO YypaBHEHHUS

BOH3H KakKoro-nu6o pellieHus. 4
Paccemorpum, neinpumcp, uaBTOHOMHle Puc. 39. MHurerpans- Puc. 40. Cuctena

CHCTEMY ¢ AByMepHO# ¢a3oBofi MIOCKOCTBIO Hbie  KpHBLIC minicii- KOOPANHAT 56.an3n

(x, y), uMelOUYy0 npelenbhblit LKA (puc. 40). HOro ypaBhicisn. uwkna.

BeegeM B OKPEeCTHOCTH  LHKJAa  KOOpAH-

uatel (X mod T, Y) tak, uTo6ul ypaBHeHHe LuKAa npuHano Buig ¥Y=0, a 06x01 uHKJa B Ha-
npaBaeHun (GasoBOH CKOPOCTH COOTBETCTBOBaJ Obl ypeinuenuto X s#a 7. Torma ¢pasosnie
KPHBbIE HMCXOLHOH cucTeMbl fpu oToOpaxeunn (x, y)r> (X, Y) nepedayr 8 uHTerpaibHbie
KPHBbLIE YpaBHeHHS] BH1A

dY/dX=a (X, Y), rae a({X, 0)=0, a(X+T,Y)=a(X,Y) (2)
JluHeapHzauus 3TOro ypaBHeHHss no Y B Touke Y=0 npuBoauT K JAHHEHHOMY YypaBHEHHIO
dY/dX=f(X}Y, rae [ (X)=0a/dY|,_,

3ameruM, uto ¢pyHKUHA [ umecer mepuon T.
Mul npuxoauM Takum 06pasoM K 3anave 06 HCCELOBAHHU JHHEHHOTO YPaBHEHHA C nepHO-

nuueckum xosbdunuentom f.

2. Jluneiinbie OAHOPOAHLIE YPaBHEHHSl NEepBOro NOPSAKA € MepHOxHYe-
CKHMH Kos(hduuHentamu.

Onpenenenue. Juneldnoinu 0OHOPOOHBIML YDABHEHUAMU nepso-

eo nopadka ¢ T-nepuoduueckumu KosphpuuyuenTamy HasbBAOTC ypas-
HeHusl

dY/dX=f(X)Y, roe [(X+T)=[(X). (3)
Pewenus ypasrenus (3) omnpepessiior auHeliHoe oToGpaieHune ocH Y

B ce6, conocrasasiotiee 3uauennio ¢ (0) npu X =0 snaueunue ¢ (T) Toro xe pe-
wenusa npu X=T>0. D10 orobpaxeiine A: R— R HasbiBaeTcs mOHO-
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Opomueii (puc. 41). (Mbr cobupaemcs HCNOB30BATH AHATOTHUHBIH OMEpPaTOp
# B MHOrOMEpDHOM cJjy4ae.)
Teopewa. Oneparop monodpomuu A: R— R auneinoeo ypashe-
HUR (3} Aunelinbll u SAGARETCA ONEPATOPOM YMHOMEHUA HA NOAONCUTEABHOE
qucao h. Ecau 3to uucao A (nHassisaemoe myis-
Tunaukaropon) Goavuwe 1, 10 8ce Henyacavle
pewenua  CTPeMATCA K OeCKOHEeuHOCTU  npu
X—+ o0, a ecau menswe 1, to & nyro;, ecau
A=1, 10 sce pewenus ozpanuuensi,
X Hokaszarteanctso. Jluueiinocts A Bol-
T 57 37 TEKAeT U3 TOro, HTO PACTSMKEHHA 10 OCH Y ne-
PCBOLAT MHTErpadbHble KPUBble B MUTErpabHbie
KpHBble; A=> 0, T. e. 0cb X — HHTErpasbHasi Kpu-
Bad. Casutu na T Baob ocH X Takke NepeBOLST MHTErpadbHble KPHBLIE
B MHTCrpaJbible Kpusble (BBUAY nepuoanddoctd f). K3 sroro caeayer,
UTO 3HAUECHHSA PELICHHA C Hada/bHbIM ycaoBHeM @ (0)=Y npu X=T, 2T, 3T, ...
pasubl MY, &A%Y, A°Y, ..., noatomy ¢ (NT)— oo npu N—+ oo, ecan A> 1,
u ¢(NT)—>0 npu N-»+ oo, ecan A<<l. Kpome Toro, cauras paciinpe-
Hoe (hazosoe npoctpaHcTBo Ha NT Baosb ock X, Haxoaum

¢ (NT+S)=2"¢(S)

Puc, 41, Ouepartop  MOHOAPOMHH o

OTKyla C/IeAyIOT BCe JOKa3biBaeMble YTBEpKAEHHA (rmoueMy?).

Sameuanue W3 teopemn n. | caepyer dopmyna gas MYJbTHIVIK-
KaTopa

T
Ina={f(&)de.
0

TakuM 00pasoM, MyAbTUNAUKATOP GOAbuULe eOUHULbL UL MeHbule eCuniL-
4bl, 8 3a8UCUMOCTU OT 7020, NOAOICUTEALHO UAU OTPUUATEAbHO CpedHee 3HA-
verue Qynryuu f.

B nepsom ciyuae HyseBoe pellleHne JIMHEHOTO ypaBHeHust (3) Heycroii-
YHBO, @ BO BTOPOM — YCTOHYHBO (6oJsee TOro, peweHusi ¢ GAU3KUMH K O Ha-
HaJbHbIMH YCIOBHsiMU cTpemsaTcs K 0); B caydae A=1 pelenusi ¢ HeHy-
JIEBbBIMU HAYAJbHBIMH YCJOBHAMH NEPHOAHYHDBI (puc. 42).

AY Y

Puc. 42. YeToRunBOCTb HyJ€BOrO peulenus.

Boslnkaer ecTecTBenHn# BONPOC, KaKoe OTHOWEHNHE HAlIA TeOpeMa O PelIeHHAX JHHeaPH-
30BAHHOTO ypaBHeHHS (3) MMeeT Kk HCXOLHOf 3ajade 0 MOBEAEHHH peuiClHil HeJMHEeHHOro
ypasheuns (2), T. e. K 3a1aue 0 (Gas’oBLIX KPUBLIX, GJAHIKHX K UHKAY?

3anaua 1. JokasaTe, 4To ecan A™> I, To unka Heyctoliuus u $azoswie KpHBbie, Ha-
4aBuinecs BOAU3H UHKJIA, SBJASIOTCH Pa3MATHIBAIOLLHMUCS crUpasimMy, yAAJISIOUHMHUCA OT Hero;
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ceat A<, TO UMK ycTOMYNB M (asoBbie KPHBBIC, HAUABIWIHECS B ero OKPECTHOCTH, fABAAIOTCA
HaMaTbIBAIOIWHUMHCA HA LHKJ CIHPAAMH.

Hubimn crosamu, B clyuwanx, KOTAZ MYJbTHHAHKATOP OTJHYCH OT l, auneapusauus
NPUBOIHT K PABUALHOMY CYXKJeHHIO 06 ycToiiunsocty unkaa. C apyroit cropousl, ecan A=1,
TO, XOTA PEWICHUA ypaBHeHUs (3) u nepuoanuibl, Gulio Obl HEBEPHO PAcCHPOCTPAHATL STOT
BLIBOL C JIRHEAPU3OBAHHOTO ypaBHehns (3) Ha UCXOAHOE ypaBHenue (2), AR KOTOPOTo 6an3-
xie K ¥=0 pewenus, BooGlie rosops, He NEPHOLUUHE, U 00 YCTOHUHBOCTH HHUKJA Hesb3sl Cy-
AT MO JHHEApPH3OBAHHOMY YPaBHEHHIO.

Ykaszanuc Pacemorpers ¢pyukumio nocsesonauus @, 3a0aHNYI0 PCICHHAMK ¢ ypas-
HCHHA  (2) ® CONOCTABAAMIOULYIO HAuaJblloMy YCaoBHIO Y= ¢ (0) npy X=0 3naucHHe
@ (Y)=¢ (T). Hokazatp, uto anncapusauus @ B Touke ¥Y=0 ccrb onepaTop MOHOAPOMHH.

3anaua 2. UceneaosaTs ycTOHUHBOCTD NPeACNLHOrO LHKAA r=1 JJf CHCTeMbl, 3aJaH-
HOJi B MOJSPHLIX KOOPAHHATAX ypPaBHEHHUAMH

F=(r'—1)@x~1), ¢=1 (rae x=r cos g).
3. JluneiiHble HEOXHOPONHBIC ypABHCHHUS.
Onpenenenue. Jlunednoin 1eodnopodusin ypasrenuen nepgozo
nopsadka Ha3blBAeTCsl YpaBHCHHE

dy/de=f(x}y+g(x) 4)

Hox peurennem nouumaercsi peilenye, OnpefefeHHOE Ha BCeM HHTepBale
onpefenenna GyHkuui f u g.

Teopema. Ecau u3secTHo 00Ho w4acTHOe peuiexue AuHeln020 HeoO-
HOpPOOHO20 ypasHenus, Yy=q¢;(x), TO 6Ce OCTAAbHbIE PEUEeHUs UMEIOT
8ud y = (x)+ o (x), 2de Qo ~— pewenue 00nopodHo20 ypasnenus (1); sca-
Kas ynkyun ykazauuozo euda ydosaersopaer HeodHopoOHOMY ypasHe-
Huo (4).

HDokxasateanctso. [lyerb A: Ly—L, — aunciiublii  onepatop
(pnc. 43). Pewenns go oanoponnoro ypashenus Apo=0 o6pasyior auHeil-
noe mnpoctpanctBo Ker A« L,. O6pas
ImA=AL, o6pasyer juneiinoe noanpo-
cTpaHcTBO B Ly. Ecau g=1Im A, 1o pelue-
HHS  HEOQHOPOAHOro ypaBHcHHS Ap=g
obpa3ywor B L, addunHoe noanpocTpal-
ctBo @+ Ker A, napasnnesbioe Ker A.
B nawewm cayude A<,0=d(P/dX—f(P 310 Pue. 43. ﬂpompaucmo pewennii mciinoro

. HEOAHOPOAHOTO YpaBHCUHA
JIMHEHHBIA onepartop ™), 103TOMY YTBEpK-
AcHHE Halled TEOpeMbl BLITCKACT U3 a/ire6paHueckofl TEOPEMbl O pelieHHH
JMHEHHOTO HCOQHOPOAHOrO ypaBHEHHS.,

Jne HaxoXAeHHA 4acTHOTO PellieHHsT MOXKHO BOCMOJbL30BATLCS METOAOM
«BapHalHH MOCTOSHHBIX>.

KerA g, +Ker A

MeTo BapHanuyu NOCTOSIHHBIX UACTO YNOTPEGIAECTCS NPH M3YUEHHH BJHS-
HHSl BCEBO3MOXKHBIX BO3MYILeHHH. PaccMoTpiM, Hanpumep, ABHXKEHHE fJiaHeT
Bokpyr Cosiila. B nepBoM npuG/uKeHHH, He YUHTHIBAS NMPUTAXKCHHA MJaHET
ApYr ApYyroM, Mbl NPHUXOAHM K HC3aBUCHMOMY [ABHXKEHHIO MNAAHCT MO KCM-
JEPOBLIM  3j/HMNCaM. JDTO — pelICHHE HEeBO3MYIMEHHLIX YPAaBHCHUI ABH
HEHHS,

*) Hpocrpanctea L, u L2 moxHO BLGHPaTb no-pasHomy, Hanpumep, MOKHO Cui-
TaTth, 4TO L, — oaAMH pa3 HenpepuiBHO AHddepenunpyemuie, a Ly — nenpepuiBHLIC (ByUKIHH,
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YueT BC3YUA0UICro BAHAHHA MJAHCT APYT Ha APYra MOXKIO [POBCCTH
TaK: CYHTATh, YTO TIAHCTLI COBCPILAIOT KEMJCPOBO ABMIKEHNE, HO [apamer-
pbl KCILICPOBLIX 3JLIHICOB CJCTKa MEHSIOTCss co BpemewcM *). Taxkum o06-
pasoM, BCAHUHHB, OLIBINHE MOCTOAHIBIMH B HeBO3MYILEHIIOM ABHIKCHHH, pac-
CMaTPHB2IOTCHA TeNepb Kak (QYHKILHE BpPEMCHH.

Hupdepennnannpupie ypaBHeHus, onHCLIBAOIHE H3MeHeHHs (BapHALNK)
3THX TMOCTOSIHHBIX, uyacTo ObIBACT MpOHlEe peliaTh WIH HCCACAOBaTb, UCM
HCXOAHBIe ypaBHeHHs. B 4acTHOCTH, B MpHMEHEHHH K JHHEHHBIM HeOAHOPON-
HbIM YDaBHEHMAM, TAC POJbL HEBO3IMYILEHHOH 3ajaull HrpaeT OLHOPOAHOE
ypaBHeHHe, & POJib BO3MYILECHHS — HEOLHOPOAHOCTb, METOZ BapHauHH MO-
CTOSIHHBIX NPUBOAMT K ABHOH (hopmyse 1as pewenus. B srom cnyuae HUKaKoOH
MaJIOCTH BO3MYLieHHa He Tpedyercs. .

Mbl yxce 3HaeMm, 4TO BCSKOe pelleHHe OAHOPOAHOro ypasHenuus (1)
HMeeT BHA y=ce(x), IAe ¢ — NpPOHU3BOJALHAs HOCTOsIIHAS, a ¢ — Kakoe-
auGo uenyaepoe pemenue. IToctapaemes nogo6patb GyHKLHIO €==¢ (x) Tak,
4To0bl iy =7C (x) @ (X) GLIIO pelicHHeM HEOAHOPOAHOTO ypaBuenus (4).

Teopewma. Peutenue aunetinozo neoBropodHoeo ypasrerun (4) ¢ Ha-
uaavHolm ycaosuem y{xo)=0 cyujecrayer, eduncTaerno u daercs Hopmyaod

X

y—_—Se

f{Qag

g (8)ds. (5)

.
NonasaTennbcTso. IlogcTaHoBka y=c(x)p(x) B (4) naer

Soe =y

Cotco’=fco+g.
Ho ¢ -— peurenne osnopoanoro ypapuenusi (1). 3uauur, ¢'=f¢ u

C=g/p. cW=\g®/e() dE

[ToacTaBasa BMeCTO ¢ H3BCCTHOE pelleHHe OJMHOPONHOro ypaBHEHHsi, MOJY-
yaeM (nocae BHeceHusi ¢ (x) nox uurterpada) dopmyay (5), uro n TpeGosanoch
JM0OKa3aThb. ‘

4. @yukuus BAnaHus U 5-c6pasupie HeonHopoaHocTH. Popmyna (5) Hmeer
npoctoil «(QH3HYECKHH CMBICA», KOTODHIH BHISICHSAETCS CJICLYIOLHM 00pa3oM.
OuesnaecH

ITpuuuun cynepno3uuuu Ecau @ 4 Q2 — pPEULCHUA AURCIHHBLY
HeodnopodnbLx ypagrenuli Agi==g & Aga=gs, TO @+ @2 — pewenue ypas-
Henuna Ag=g -+ go.

2TOT NpPHHUHMN MO3BOJSAET IPH pacuyeTe BJAMSHUA BCEBO3MOMKHBLIX BO3-
MYIULEHHH Pa3NeNsiTh PA3HBIE BO3MYIULEHHS, BLHIYHCIATD HX BJAHSHHE [0 OJHOMY
H CcraanbiBaTh >QQeKTHl BO3MyLlenHs (Hanpumep, ecid GpocuTb B BOLY
JBa KaMHsi, TO MOXXHO HE3aBHCHMO PacCUMTAThb BOJHBLI OT KaXKAOT0 U3 HHX
H CJIOXHTH BO3MYLICHHST; NIPH NOJIeTe CHAPSiAa MOXHO HE3aBHCHMO BHOCHTD
MONpaBKkH Ha BeTep H Ha OTKJIOHEHHE MJIOTHOCTH BO34yXa OT TabaudHOMH,
HT 4.).

*) Hanpumep, KoJeGanus IKCUCHTPHCHTETE OPOHTEl 3eMAH ~— OHA H3 NPHUHH HACTYMJe-
HHS TeAHHKOB.
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B npumcHennn k nauieMy HeOAHOPOAHOMY ypapreHuo (4) poJb Bo3Myile-
nua urpact Gyukuna g. [ocrapaemesa npeacrasuTs ¢yuxUHiO g B BHAe
JUHCHHOA KOMGHHALHH «3J€MeHTAPUbIX BO3MYLICHH{I»; TOTAA peliciiic Gyaer
TaKoli e suneiinofl komGuHaLHeld pewicHuil ypapheHnfl ¢ 3JeMCHT A PHLIMI
BO3MYLULCHHSIMH B Ka4eCTBe HEeOJHOPOAHOCTH g.

OnpenencHue 8-00pasznoii nocae008aTEAbHOCTHIO HAZLIBACTCH
MoC/Ae10BATCIBHOCTL iy HEOTPHUATEALHLIX MaAkux QyHKIUE, paBunix 0 Ble
crpemsiutnxeas K 0 npu N— oo okpecTHocTeH H
06/afaoWkX Kaxaas HHTCTPAJOM, DAaBHbLIM €1H- b
Huue.

IMpumep Tako# nNoC/e10BATENLHOCTH JICTKO MO-
cTpouth (puc. 44). PU3UKH TOBOPAT, YTO «mpered
11OC/IeIOBATE/IBHOCTH /1y ecTb 6-yukuus [Iupaxa, ] z
paBHas HyJI0 BCIOAY, KpoMme ToukH O, M umcoulasn
HuTerpada l».

Koneuno, @yHKunu § ¢ TakuMH CBOHCTBAMH 1iC f{‘)’{;,‘_&;mg:ﬁvﬂ3'“*” nocae-
Cyl1ecTBYyerT.

Tem He meHee MHOrMe BeJHUYHHDI, B ONpefechie KOTOPBIX BXOAAT (yHK-
unu hy, npy N — oo CTpeMsTCH K ONPEACICHHLIM [NPelesiaM, KOoTopble
M Ha3bIBAIOTCsl COOTBETCTBYIOUIMMH BeJHUMHAMH, BLIUNCACHHBIMA A1 §-yHK-
uny. Hanpumep, ans n060f HenpepbiBHON OyHKUHI g

+ o
Himl ¢y () g (x) doe=gl0)
N— oo — w0
(aokazxkure!). TlostomMy no onpeneneHuio
+ oo
L dWe()dx=g(0)

TO‘-[HO TaK Xe, CABUrasg BcCe /lN Ha g o OCH X, HaXoiHM
~+ oo
| 8(x—1)g(x) dx=g(2),

— o
T. €. 8(- — E) ecrb «8-DyHKUHsI, cocpenoTOUEHNAsA B TOoUuKe E».

[ocneaHiow GopMyly MOXKHO TakKe BOCIPHHHMATHL KaK MpeAcTaBjeHue
M1060H raiKkol QYHKUMHM g B BUAE «KOHTHHYaJbHOI JHHelHOH KoMOHaUN»
8-(YyHKIMH, COCPENOTOUEHHBIX B PasHBIX TOUKAaX X, C Kos(hduukeHTaAMHU,
PaBHLIMH 3HAUEHHSIMH g B 3THX TOUKaX.

Taxkum o6pasom, NpPoOU3BOJNIBHYIO HEOAHOPONHOCTb ¢ B ypapuciunn (4)
MOXKHO Pa3JioXkKHTb B KOHTHHYAJbHYIO JHHEHHVIO KOMGHHALMIO «COCPELOTO-
YeHHbIX B TOUKe» HEOAHOPOAHOCTEeHd BuAa cABHHYTHIX O-ynxuuii. Coraacho
TIPUHLLUIY CYNEPHO3HLUHUH, AJIS1 HAXOK AHHS YaCTHOTO PelleHUs ypaBueHna (4)
C TPOH3BOJIBHOH HEOJHOPOJHOCTLIO ROCTATOUHO 3H&Thb ITO pelledie s
8-06pa3Hoil HeOJHOPOLHOCTH.

Onpenenenue. Pemenue ypasueuns

dy/dx=[(x)y+d(x—E), E>0,

¢ HavajJbHbM ycnoBueM y(0)=0 HasniBaeTc ynkyuell 8AUAHUA B03MY -
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ujenust 8 momeHT § Ha peuienue 8 moment x (unu ¢ynkyued puna *))
H obosnauaerca Tak: y= G (x).
Teopewma. Pyukyus ['puna daerca ¢opmyroi

0 npu x <§, (6)
{1

Geln)= ;

et npu x> E.

3amecuaune Kax o0bACHeHD Bblllle, peub HAET O Npepese mHocje-
XOBaT@NbHOCTH PeIUeHHil YpaBHEHHH

dy/dx=F(x)y+hy(x—E), 7

rae { hy ) ectb 8-o6pasHast nocaegoBaTeNbHOCTL, NPy N — oo,

dppucTHuecKoe jAoKaszaTeabcTBo [lpn x<CE peweiine
PABHO HY.10, TaK KaK HEOAHOPOAHOCTb HcuedaeT. I1pu x> & peulenue cobna-
LL4CT C HCKOTOPBLIM peIUeHHCM OAHOPOAHOTO YpPaBHEHHS, TaK KaK HEOAHO-
poanocth wucyesaer. [lpn x, 6auskux K § BTOpOC caaracMoe B NpaBoi
YyacTH ypasHeHnus (7) BC/JHKO NO CPaBHEHHIO C MEPBbLIM, MO3TOMY HHTerpas
OT dy/dx no Manoil OKPECTHOCTH TOUKU § NOUTH paBed yucsay

+ o0
| hy(x—8dx =1.
—_— 0

[Tepexoas « npeaeny npu N —> oo, BUAHM, UTO CKAuyOK peuicHus y (x)
npH mepexofe x yepes Touky § pased 1, T. e. npu x> & dyHkuus G: nepe-
MEHHOH X eCTb PeLIeHHe OJAHOPOAHOrO YPaBHEHHSI € Haua/jbHbIM YCAOBHEM
y(E)=1, uto u TpeboBasochb AOKa3aThb.

DTo paccyXAeHHe MOXKHO CAe/NaTh BIOJHE CTPOTHM, HO NIPOLLe NPOBCCTH
caeaymoliee

MateMaTHUueCcKOoC AOKaszaTeabcTBO. [loacTasaas BMe-
cTo g capuHyTyio Ha £ dyuxkumio Ay B dopmyay (5) nas peweHns
ypasuennst (4) u nepexoas K npemeay npu N — oo, nosyuaem Tpeyemoe:

x X
PERVICrE { Hodz
. v
G:(vy= lim | ¢ i, (v—8dv=e®
N— oo
*o
eCan Xo<< g < X.
Cuoencraue Pewenue neodnopodnozo ypasuenus (4) ¢ neodnopod-
HOCTHIO g Ui C HYACBBLM HOAHAABHOIM YCAOBUEM BOLPANCACTCA UEPe3 (PYHKLUIO

8aunnua no popmyae y (x)= (\) Ge(x) g (8) dE npu x> 0.

Koueuno, sta popuyna sksusancutua dopmyse (5) (seuay (6)).
3anaua 1. Peuwnts ypapnciuie dyf/dx=y-+hy, rae hy (x)=N npn lx—1]<1/2N,
O npu lx—11221/2N, ¢ HawaabHbIM  ycnoBHEM #(0)=0, u wuafity npeden pcwenns npu

N— oo.

*) Ota dynkUHA Ha3BIBACTCH TaKXKe 3anaidvisaoued Pynkyueir [puna, Bo u3bexadie
ementenis ¢ Qynkusami Tpuita KpacBuix 3aiau AAs ypaBHCHIIL Bbllle NepPBOro nopsiaka,
KOTOPLIX ML TYT He Kacaemes.
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5. Jluueilnvie HeoJHOpOAHBIE ypaBHeHHs c nepuoanueckumi  Koaddu-
LHMEHTAMH.
Teopewma. Ecau s ypasuenuu

dy/dx=[(x)y+g (x)
¢ nepuoduueckoll (nepuoda T=> 0 no x) npasod wacrowo cpediee no nepuody
sHauenue [ OTAUUMO OT HyaR, TO ypasHe-
nue umeer T-nepuoduueckoe peutenue, u
ApuUTOM POGHO 00HO (YycTolinusoe, ecau
cpedunee 3nauenue OTPUUATERbHO, U Helyc-

A>1 /\_,

a

7
TOIHIBOR, ECAlL OHO NOAONCUTENOHO, pHC. 4D). z
[~~~
Mokaszsarteabcrtro. Paccuorpum - g7

oroGpaKeHHe 3a IMCPHOA, CONOCTaBAsIO-
lee HauagabHomy yesaoBuio ¢ (0) peienns
¢ sttaucnue @ (T) Toro xe pellicHust B Mo-
ment 7. Do oroGpaxenune — auneiinoe
ICOAHOPOLNOS  (MoUeny?); OHO  uMmeeT 7
sl (T =ip(0)4+C, rae A— Myab- 0 27 3T
THIJIHKATOD  OLHODORIOTO  YPABHEHHS.
Jlorapudm A paseu wuurerpany f no ne- f:gén:i: Yeranosacnue uryicnioro ko-
puony. Cuaeposareanno, Az&l, eccau
cpejree suavenue [ e 0, OTKyZa M BLITCKAeT AOKA3LIBAEMOE YTRCDIKACHHE.
Takum oGpasom npu A<<1 @ cucreme nocae HEKOTOPO2O «nepexodrnoeo
npoyeccay ycranasAUBaCTCR, HE3ASUCUMO OT HAHAALHOZO YCAOBLA, BAOAME
onpedeaennoiti koaeGareasnoui pescunm. BosHNKAOLIHE 3fech KOACOAHNUST Ha-
3bIBAIOTCS BbIHYICICHHOLMU, OHH BLISBAHBI HEPHOAHUCCKHM BHEUIHUM BO3ACHCT-
BlieM Ha cucTemy, T. e. dyuxuned g.

A<]

= =

!

~

3apnauwa I. Haiitu nepnoanueckoe pelrende ypasaemns

dy/dx = —y-}-sin x

I HCCICAOBATL CrO yCTOMUIBOCTD.

3ameuatnne. Jlunedsle HEOAHODOAHBIC YPABHCHHA ECTECTREINO BO3-
HHKAIOT B TeX CAyuasiX, KOTAA Mbl HCCJEAYeM BJMHSHHE Madblx BO3MYLULEHH
HAUATBHOTO YCJOBHA M OLHOBPCMCHHO MAJbIX BO3MYILEHHH npasod uacru
APDEPCHILHANBIOTO  YPaBHCHUS HA pewicHHe  (Mpelebperasi BoaHdHHAMH
BHIIC MEPBOTO  MOPSLIKA  MaJOCTH OTHOCHTCJLIIO BO3MylieHHIT) . Heopno-
poAnocTL g B ypasucuun (4) orTBeuAaCT HMEIHO 34 BO3MYyLICHHC ypag-
ReHUA.

Hanpumep, npu ManoM BO3MYLULeHMM BEKTOPHOFO NOAS B OKPEeCTHOCTH
IPCACABLIOTO UHMK/IA C OTJIHYHBIM OT 1 MYJABTHIIMKATODOM LMKA HC ilcue3der,
110 JIHIIb HEMHOTO fepOPMHUPYETCs; NEPHOUUCCKOE PCIICHHE COOTRCTCTBYIO-
HICTO JAHHCHHEOrO HEOHOPOANOTD YPABICINS JACT NCPBOe MPUGAHIKCHHC K ITOH
ActhopNauun nukaa.

Janauwa 2. Tlyers raassas dysruua ¢ (f, €) — peutenie ypasHenns x==ov ({, x; &),
JUBHCIHLUCTO OT napaMerpa e, obpaulaiuicecs B peLICHIe Go (£) ypasitenns x=vu (f, x; 0)
HpH e==0. lokamure, 4To NpoussogHan peurcina no napaserpy, ¢ (H)=3dq¢/d¢| o YROB -
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JeTBOpsicT AHHEHIOMY HCOANOPOMIOMY YpamicHmwo p=f () p4g (1, rie f u g — 3naue-
Hua dv/dx u O6v/de npn =0, x=qu ({). 270 ypabHeHue HazblBaeTcs {HEOTHOPOLHLIM)
ypasHenuen 8 8apuayuax, TaK Kak P ONHCBIBAET MANyi0 BapHALHIO PCUICHHA NOA AcicTsieM
Ma/oro H3MEHEeHHs ypaBHCHIS, oTBeuawero ¢ =0.

§ 4. daszosbie norokn

MaremaTtuueckast Gopmann3allls MOHATHS JAeTePMHHHPOBAHIOIO npolec-
ca MpUBOAHT K TOHSITHIO OJHOMapaMeTpHUeCKOH rpynmsl npeoGpasoBaiuil.

3aech onpejesisiiorcs M HCC/IeAYIOTCst OAHOTAapaMeTpHUECKHe rPyInbl gud-
¢eoMopcU3MOB H X CBA3H C BEKTOPHbIMH nosamu. Ham norpe6yercs neko-
Topas anre6panyeckasi Tepmunogaorus. Bece Teopemsl 3TOr0 naparpada B cyut-
HOCTH OUeBHJHLL.

1. JeiicTBue rpynnbl Ha mHOXecTBe. [Ipeobpasosanuer MHOMKeCTBA Ha-
3bIBaeTCA €ro B3aHMHO OJHO3HAayHoe oTobpaxieHye Ha c~0s.

3angaua 1, Kakue u3 Tpex caeayiolunx oto6parkenuii — npeobpasoBantisi:

1) R—>R, xr>e; 2) R—>R, xr>x% 3) C>C, z2r>2°
Oraer. TonbKo BTOpOE. :
np0u3eeaeHueM fg npeoﬁpaSOBaHl/Iﬁ f W g OAHOI0 MHOXKeCTBa HA3bl-
BaeTcH npeo6pa308aHHe. noaydawudieecd rnocjaesosartesibHblM NPHMEHEHHEM

cuauana g, norom f, 1. e. (fg)(x)=f (g (x)).

3anaua 2, lNpusesure npumep, Koraa fg ue cosnanaer ¢ gf.

O6parnoe k | npeo6pasopanne [~ ' onpejenserca ycioBdeM: ecau [ ne-

peBoouT x B ¥, T0 f~' nepesoauT y B X.

HaGop npeoGpasoBaHuii MHOXKECTBa Ha3blBaerca epynnoi npeobpaso-
saMul, eCi BMECTe € KaxXablM npeoGpa3oBaHHeM B Hero BXOAHT ofpaTtHoe
npeoGpa3oBalHe W € KaXXIAbIMH ABYMs Tpeo6pa3oBaHHAMH — HX NpOH3Be-
JeHue.

3anaua 3. fleaserca an rpynnoii npeo6pasopanuii PaBUOCTOPOHIIETO TPEYroJdbHHKA
#abop u3 Tpex OTPaNKeHuil B ero BbicoTax?

3anaua 4. CKOABKO 31eMEHTOB B rpynmne W3oMeTpHH *) PABHOCTOPOHHErO TPCYTrOJib-
HHKa, B rpynne BpaumeHukii Terpasapa?

Orager. 6, 12.

ITousaTte rpynnel npeo6pa3oBaHHil — OAHO M3 CaMblX (yHlaMenTanb-
HbIX 1451 BCed MaTeMaTHKM H OJHOBPEMEHHO OJHO M3 CAMBIX [POCTHIX:
4eJI0OBEUECKOMY MO3Ty CBOWCTBEHHO MblllJIeHHE B TepMHHAX UHBAPHAHTOB
rpynn npeofpasoBaHuil {3TO CBA3aHO KaK C YCTPOHCTBOM 3peHusi, TaK H C Ha-
wel CriucoGHOCTBIO K a6CTpaKUHH).

ITycts A — rpynna npeoGpasoBanuit MHokectBa X. YMHOXKeHHEe U o6pa-
uleHHe onpepeasior orobpakeHus AXA - A uw A - A (napa {}, g)
nepexosuT B fg, sieMeHT g B g~')., MHoxectso A, cHabxeHHOe ITHMH
ABYMs1 OTOGpakeHHsIMM, Ha3biBaeTcs abCTPAKTHOU epynnod (WaH, Kopoue,
npocro rpynnoit). Takum o6pasom epynna nonyuaercs w3 epynnst npeotpa-
308aHull MpocTo 3absisanuen npeobpazyeMoOro MHOXKeECTBA.

*) Hsomerpus — 370 npeoGpasoBaHHe, COXpaHAIOUIEE PACCTORHUA (TaK YTO paccrosline
Mexny obpa3aMH MoObX KBYX TOUEK PAaBHO PAaCCTOAHHIO MEMAY TOMKAMH),
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3anaua 5 Jlokamurte, yTo MHOMKECTEO R BCCX BCLICCTBCHHLIX UHCER CTALOBUTCH Ipyn-
10, €CAH CHaGAHTL €ro ornepautsiMy O6bIUlIOI0 CACHKEHHs YHCeA H U3MEHCHHS 3HaKa.

Aarc6paucTnl OGLIYHO ONPEILARIOT TPYHIly Kak MIOMKECTBO ¢ JABYMS ORCPaunsAMH,
yAOB/ETBOPAOLLHMYU HAGOPY aKkcHOM Bpoae [ (gh)=(fg) h. DTH aKCHOMEI aBTOMAaTHUYCCKH BHINOJ-
ysIoTCA AAs rpynn npeoGpasosanuil, B nclicTBHTENLHOCTH 3TH AKCHOMBI 03HAWAOT MAPOCTO,
yTo rpynna ofpa3oBaHa u3 HeKOTOpol rpynnu npeoGpasopannii 3abbiBalieM npeoGpasyemMoro
MuoxecTsa. TakHe akCHOMbL, HAPAAY € APYFHMH HCMOTHBHPOBAHHBIMH ONpe/e/ICHHAMM, CayKaAT
MaTCMaTHKAM TJaBHBIM 06pa3oM Aast TOro, uyTOObl 3aTPYAHHTb HCMOCBSILIGHHLIM OBJanclHe
cpoc#l HayKOH H TeM NOBBICHTb €€ ABTOPHTET.

[yers G — rpynna, M — muoxectso. T'oBopAr, uto 3amano Jedcrsue
epynnot G na mnosectae M, ec/in Kax oMy aementy g rpynnel G conocras-
AeHo npeo6pasosanne T,: M — M mMuOMKecTBa M, mpuueMm NPOHU3BEJEHHIO
MOBLIX JBYX 3JEMEHTOB IPYNMbl CONOCTABAEHO NPOH3BEAEHHE COOTBETCTBYIO-
WIUX 3THM 3JeMeHTaM mnpeofpasoBatiii, a B3auMHO OOPATHLIM 3/E€MEHTaM
CONOCTaBJICHB B3aUMHO o6paTHble npeobpasosatus: Trg=TTy T, =(Ty~".

Kaxpas rpynna npeo6GpasoBaHHil MHOXKECTBA, €CTECTBEHHO, AEHCTBYET
Ha stoM Mmuoxectse (Tp,==g), HO MOXKeT AefCTBOBATb M HaA APYTHX MHO-
sxectpax. Hanpumep, paccMOTpHM paBHOCTOPOHHHI TpeyronbhHK. I'pynna us
IIeCTH €ro M30METPHIl NeHCTBYeT Ha MHOXECTBE M3 ABYX €ro OpPHeHTalHi:
BpalleHHs He [epecTaBjAIOT, a OTpaKeHHsl MepecTaBisioT OPHEHTALMH.

3anayva 6. Kaxue nepectaHOBKH TpeX ocefl KOOPAMHAT OCYLLECTBJIRIOTCH NpH AeHCT-
BHH HA MX MHOXKECTBO rpynnwu usomerpuil ky6a max {(lxl, lyl, l21)<<1?

Orger. Bee 6.

3anaua 7. Kak jeitcTByeT rpynna JuHeiiibX 3aMeH KOOPAHHAT HA MHOXeCTBE Matpun
nuHeHHbIX ONEpPaTOPoOB M3 NPOCTPaHcTBa B ceba?

Orser. Tym=gmg™".

TIpeoGpasoBaune T, Ha3blBaeTcs Takxe deldcreuem ssemenra g rpyn-
nst G na M. [eiicrsne rpynnsl G na M onpenensier eule otobpakenue
T: GXM— M, conocrasasiioulee nape ge= G, meM touxky Tm.

Ecan pefictBue T GHKCHPOBAHO, TO pe3ynbratr Tgm AeACTBUA 3jeMeHTa g
rpynnsl G Ha Touky m MHoxecTBa M kopoue 0603HAUalOT NPOCTO uepes gm.
Takum obpasom, (fg) m==f(gm), nosTomy ckoGOK OGLIYHO He MHIIYT BOBCE.

3aguKkcHpyeM Touky m mMHoxKkecTsa M n Gynem neficTBOBATH HA Hee BCEMH
siemextamy rpynnbl G. Mbl noayunm rogmzoxectso {gm, g< (G} MHo-
xecrBa M. DT0 NOAMHOXKECTBO HasbiBaercsl opburol Touku m (NpH LaHHOM
feficTeuM TPynnbl) u obosnauaerca G

3anauva 8 Hailtu op6GuTs rpynnbl BpaulcHWi MJAOCKOCTH BOKPYT HyJs.

3anaua 9. [Jokaxure, uro Jio6uie e opGHTH OAHOro jeficTBHA KGO He mepece-
Katotes, AH6O COBNanaloT.

3anaua 10. Ckonbko op6UT umeeT AcfiCTBHE TPYMMNbI M3OMETPHH TeTpa’ipa Ha MHO-
KeCTBe HEYyNOPSAOYEHHBIX nap ero pebep?

3anaua |l. CKkoabKo packpacox wecTH rpanel KyGa ulectbio Kpackamu 1, ..., 6 cy-
UICCTBEHHO pa3anunbl (He NMepeBoAATCs APYT B APYra BPauleHHAMH Ky6a)?

Orger. 61/24 =30.

Oro6paxenne ¢: G—H rpynne G B rpynny H uasbiBaercs 2omo-
MOppuU3MOM, €CIH OHO NEePEBOLHUT MPON3BE/IeHHe B NPOH3BeJeHHe H B3aHMHO
ofpaTHble /1IeMeHThl BO B3aHMHO ofpaTtHble:

e)=oNe®). ¢ H=(e@) "
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Heiicreue rpynnbt G Ha MHOoXectBe M — 310 romomopduam rpynnst G
B Ipynny Bcex npeobpaszoBaHuél MHoxectsa M.

2. OpHonapamerpuueckue rpynnsl npeoGpasosanuii. Ipynna HasnipaeTcs
Kommyrarusnod (wnu abesesol), ec/in NPOU3BCACHHE HE 3aBHCHT OT MOpsAAKa
comHoXkuTesefl: fg==gf nas M0ObIX ABYX 3/IEMEHTOB TPYINbI.

Mpuwmep 1. Ipynna Bcex H3OMETPUA PABHOCTOPOHHETO TPCYrONLHHKA
HeabeJ1eBa.

I[Tpumep 2. Tpynna Bcex CABHrOB BellecTBEHHON ocH abe/era.

Onepanus B abeseBoil rpynne o6buHO 0603HAYACTC 3HAKOM --.

Hanpumep, nocseoBare/bHOE BBIIOJIHEHHE CABHIOB HA @ U Ha b B J1060M
nopsijike ecTh CABHMr Ha a-+b. Tlo3ToMy MHOXKECTBO BCeX BCUIECTBCHHBLIX
qHcea ¢ onepauded cjoxeHHs spjsieTcst abeneBod IPYNHO; eCTecTBCHHOE
JeHAcTBHC 3TOH TPYNNbl Ha NPAMON CONOCTABMASIET UHCHY @ CABHI Ha a.

Onpenenenne Odnonapamerpuseckod epynnoti npeobpazoeanut
MHOJCECT8Q HA3LIBACTCA JEHCTBHE HA HEM I'PYIIIbl BCEX BEUICCTBEHHBIX YHCEJ.

3ameuanue. [lelfictBus rpynnel Beex ueabix ynces Z WHorpa Hasbi-
BAlOT «OJHOMAPAMETPHUECKHMH TPYNNAMH C JAHCKPeTHHIM BpemeHems», [las
rakoro aekcrsus T,=(T))", 03TOMY BCA IpyNNa COCTOMT W3 CTCHCHCH 041IOT0
npeo6pasoBaHus.

OpHonapaMeTrpudeckasi rpynna npeo6pasoBanuil MHoxkecTBa M 06LIUHO
o6o3nauaerca 3nakom {g'). 3necp g': M—M — npeoGpasoBanue, COOTBET-
cTByoltee Touke f U3 R.

Takum ofpasoM, ofHomapamerpuucckas rpymnna npeofpasoBauiil Muo-
xedTBa M — 370 Habop npeobpasoBanuli g, 3anapaMeTpu3OBAHHLIX BCILECT-
BEHHBIM IapamMeTpoM {, Takoi, uTo AJs1 JOGHIX BELIECTBEHHBLIX UHCE] §
nt

D gfi=gg, 2) g7'=(g"""

[Tapamerp { oGBIUHO Ha3bIBAeTcsl Bpemerem, NpeolpasoBanHe g' HA3LI-
BaeTcsl npeobpazosaruem 3a spemsa t.

MMpumep 1. M=R, g — capur ua 2¢ (1. e. g'x=x-42¢). CroiicTea
1) u 2) oueBHAHBL

Mpumep 2. M=R, g’ — pacramenne B e pas (1. e. g'x=e'x).
Croiicta 1) n 2) ouenpnb. OGoszitaucuue g — B namMaTh 06 371vi nuUMCpR.

Mpumep 3. M=R, g'x=x-4sint. CpoiicTBo 2) BHmoar 1o, a 1) —
net; (g7} — ne onnomapamerpuueckas rpynmna.

3ameuanue s csoitectsa 1) ouenumuo cieayer, 4rn g° — TOK-
JecTBeHHoe NMpeo0pa3oBaHHe, OCTABJAOILEe KaXAYI0 TOYKy ni# mecte. [lo-
3TOMY CBOHCTBO 2) BbiTekaeT H3 ). CBolicTBo 1) HasbiBaeTcs 2pynnosbim
C8OUCTBOM.

Opunonapamerpuyeckas rpynna npeo6pa3oBaHuil MHOKECTR: —- 3TO MaTe-
MaTHYECKHH 9KBHBAJIEHT (PH3HUECKOrO MOHSTHS «ABYCTOPOHHC 4 T¢PMHHHPO-
BaHHBHA npouecc». Ilyctb M — (asoBoe npocTpaucTBo npoi ci. Touka 3To-

ro NPOCTPaHCTBA — 3TO OINPEACJEHHOE COCTOsIHHEe MPOollccca. |iDeanoaoKum,
uTo B MOMeHT {==0 npouecc 6bl1 B coctosauun x. Torga B /ijyroft mMoMent ¢
cocTosiHME mpouecca Oyaer HHbLIM. OGO3HAYMM ITO HOBOG OCTOSIHHE TIPO-
uecca yepes g'x, Mol onpeaC/uIn 1A Kaxaoro { otobpaxciie gt M—~M
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¢pasoBoro npoctpanctea npouecca B ceba. Orofpaxenue g' nepesoaut
cocrosnue B MoMeHT O B coctoanue B momeHT {. OHO HaswBaeTCa npeobpa-
gosaHuem 3a spemsa t.

Otobpaxchue g' AeliCTBUTELHO AB/AsETCA MpeobpasoBaHHeM (B3aHMHO
OHO3HAUHBLIM OTOOpaKeHueM Ha). DTO caeayeT M3 TOTO, 4TO, HO ONpeje-
JIEHHIO [eTePMUHHDOBAHHOCTH, KaKJ0€ COCTOSIHHE OJHO3HAUHO OnpejesisieT
kak Oyayuiee, Tak u npouuioe npouecca. I'pynnosoe CBOHCTBO TaxKe BHI-
noaHero. JleAcTBUTEBHO, MyCcTh MPOLECC B HAUaNbHbii MOMEHT HAXOWJCH
B cocTosiiun x. Ilepexos X COCTOSIHHIO B MOMEHT f-+S MOXHO OCYLIECTBHTh
au6o cpasy (x> g'"°x), nuGo cmauana paccmorpers IpOMEXyTouHOe
cOCTOsIHHE g'x, B KOTOPOE TIpollece NPHAET 33 BPEMs f, 4 [OTOM NOCMOTPETD,
Kyla 3TO MPOMEXKYTOuloe cocTosiHHe ciBHHeTc 3a spemsi s. Coenagenue
pesyibTatos (g 1 x=g°g'x) o3nauaer, uTo nepexoa M3 HAUANBHUTO COCTOS-
HHS B KOHeuuoe 3a (hUKCHPOBANHOE BPEeMs NPOUCXOAUT BCerga OANHAKOBO,
HEe3aBHCHMO OT TOrO, B KaKOH MOMEHT BPeMEHH Mbl BbIXOAHM H3 Hada/b-
HOTO COCTOSIHHS.

Onnonapamerpuueckasi rpynna npeoGpaszoBaHuil MHOXecTBa M Hasbl-
BaeTCcA TaKxKe (aszosvim norokom ¢ (asoBbiM npoctpaHcTBoM M (MOKHO
npejicTaBasATs cede has3oBoe NPOCTPAHCTBO 3aNONHEHHBIM XKHIKOCTbIO, 4acTH-
@ X uYepe3 BpeMsi ! MepexXoauT B TOuKy g'x).

Op6utbl (a3oBoro MoToka Ha3bIBAIOTCS €ro (asogvimu Kpussimu (UaH
TPACKTOPUSAMU) .

Mpumep. Tlycrs g — nosopor naockoets wa yroa £ soxpyr 0. Oue-
BHIHO, I'PYNnosoe cBoiicTBO BbinoJHeHo. OpOuthl dhasoBoro notoka (g} —
Touka 0 H okpy:KHOCTH ¢ nentpom 0.

Touxu, apnaowuecs (A30BLIMU KPUBBIMU, HA3LIBAIOTCA HenOGBUNCHOIMU
TOYKAMU TIOTOKA.

3. Opnonapamerpuueckue rpynnbl Aunddeovmopdusmos. [Ipennosoxum
Tencph, YTO paccMaTpHBaeMoe MHOXKecTBO M HadeneHo CTpyKTypoll rnaa-
Koro muoroo6pasus. [1pumepamn rinagkux muorooGpasuil sipasiorcs: 1) Jo-
Gasi ofjacTb B €BKAMAOBOM npoctpaHcTBe; 2) cdepa; 3) Ttop. Obuiee
onpegenaeHie fano s ri. 5. Iloka MoxcHO cuurtath, UTO peub uaer 06 o6aactu
€BK/IH10Ba NPOCTPAHCTBA.

Hugpeomoppussmos: Ha3piBaeTCs1 0TOOpaKEHHE, [V1aJKOE BMCCTE CO CBOUM
oGpathbiM. (OToOpakeHHe HasblBaeTCsl MIAJKUM, €Cld KOOPAHHATBHI TOUKH-
ofpasa — raajkue (QyHKUHKH KOOpPZMHAT TOYKH MNpoofpasa, u 06partHo.)

3anaua 1. Kakue w3 ¢ynsunit ., —x, x% x% arctgx 3araor anpdeomopdusm
npaMoit na ce6a?

Orser. Tonbko nepswie ABe.

Onpeaenenue Odnonapamerpuueckod epynnoti Ouggeonoppusmos
Ha3blBAETCA OAHONApaMeTpHueckasi rpynna npeo6pasoBaHHil, ABJISIOLIUXCS
AupdeomopbusmMamy, YAOBACTBOPRIOWIAR elile  CACAYIOLIEMY  YCJIOBHIO:
g'x rianko 3aBMCHT OT OBOMX aprLyMEHTOB, f # X.

Mpumep 1. M=R, g’ — ymnoxenne na e*'.

MMpumep 2. M=R? g' — nosopor Bokpyr 0 Ha yroa ¢.

3ameuanne YcaoBHe raaakoil 3aBHCHMOCTH OT speMenu { HeoGXOAHMO AN TOTO
4YTOOGH H30aBUTHLCHA OT naToNorHUeCcKHX npumMepoB, Bpoje CJAeAYyiOILero: nycTb {a}—éasu(
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rpynnst R, T. e. Tako# HaGop BewICCTBCHHBIX YHCEN, YTO KaXK/JA0€ BEULECTBEHHOE YHCAO OAHO-
3HAUHO MpPeACTaBHMO B BHAe KoHCuuofl sHHeHHOH KomGuHauunm uucean Habopa ¢ uesbiMH
koapdHunenramu. ConocTaBuM KaXkKIOMy uucay & K3 Ga3uca CABHr ApaAMOil Ha Kakoe-1u60
PaccTosHue, COBEPIIEHHO He 3a60TACL O APYrHX dJcmeHTax Gasuca. [lonaras g%t - + %=
=g%*l ... g%, Mol nOAyUHM OMIONAPAMETPHYECKYIO FPYNNy NpeoGpasoBauuil, Kaxaoe H3 KO-
TOPLIX — CABHI APAMOHd M, chiepoBatenbHo, AupdeomopdusM, oxsako g' B ofuieM cayyae
3aBHCHT OT [ He rMalKo H JlaXke paspbiBHO.

BMecTo rmaakocTi no ¢ MOXNO 6RO Gbl TpeGOBATH OAHOM JHIUL HENPEPHBHOCTH (H3 HEro
rJaJKOCTh YXKe BLITEKAeT), HO HaM 3TO HE HYyXHO.

Onpenenenne Oduonapamerpuueckoii epynnoii Auxelinvlx npe-
o6pazosanud nasulaaeTcs oqHONapaMeTpuueckas rpynna nuddeomopdusmos,
ABJAIIIAXCA JTHHEHHbLIME NPeo6pa3oBAHUAMH.

Hpumep Paccmorpum na niockoetu ¢ koopauHaramu (X, y) npe-
o6pasosanne g'(x, y)=(e*x, ef'y).

$lcHo, qTo g' — nnHefiHoe mpeo6paszoBanne (3a Bpems ! OCb X pacTsi-
rusaeTcst B e pas, a ocb y — B e’ pas).

Ipynnosoe cBo#cTro, g'7*=g'g’, BhiTeKaeT M3 CBONCTBA SKCNOHEHTHI
(e“T?=¢e"¢"), rmagxasi 3aBHCHMOCTb OT ! Takke oueBupna. UTak, g’} —
OJlHONApaMeTPHUECKast Tpynna JHHeHHBbIX NPeo6pasoBaHuil MAOCKOCTH.

Ilycrb, B uacTnocTH, =1, f=2 (puc. 46). B s1om cayyae hazobble
KPHBbiE — HEMOJBHXKHAs TOUKa HYJb, MOJOBHHBI KOOPAHHATHBIX Oceil ¥ noJo-
BHHBI napaboJ; jgeficTBHe OAHOro u3 mpeoGpa3oBaHHil (A30BOr0 MOTOKA

7

Puc. 46. [Hefictene ¢asosoro Pue. 47, TunepGoanueckuit

notoka Ha 06/1acTh. 110BOPOT.
Ha o6acTb £ u3o6paxeHo Ha puc. 46. Iaowanu obnactell yBeHYUBAIOTCA
npu neiicteuu g' B e¥ pas.

Paccmorpum eme cayyah a=l1, [3-——1 (puc. 47). B atom cayuae
npeoﬁpasoaa}me €' COCTOHT U3 CXKaTHs B €' a3 B HANPABJCHHH OCH i U pacrs-
XKeHHsl B e’ pa3 B HampasieHHH och x. Takoe npeo6pasoBaHHe HA3LIBAETCS
2unepfoaudeckum nOBOPOTOM, TaK Kak (as3oBble KpHBbe NOTOKA {g'}—
nonoeuHe! runepOoa xy=const (KonedHo, noJioxeHnve pasHosecust 0 U Ino-
JIOBHHBI OCe#l KOOpAMHAT -— Takxke (asoBble Kkpusne). [HnepGoanueckue
NOBOPOTLI COXPaHAIOT IUIOULAMM, XOTS H CHJIBHO HCKaxKaioT Gopmy ¢uryp
(puc. 47).

3aMeTuM, YTO Hala OJHONAapaMeTpHUecKas TPYNNA JHHEHHLIX npeol-
pasoBaHui IJIOCKOCTH DaCnajaercss B «NPAMOe NPOH3BENEHHE» ABYX OMHO-
napaMeTpH4YeCKux rPynn JIMHeAHbIX npeo6pa3oBaHHH NPsMbIX (4 HMMEHHO
pacTsiKeHuH oceft).
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3anaua 2. Beaxas muoanonapazerpuucckas rpynna anueilnsx npeo6pascsaiitil uioc-
KoCTil pacnajaercss nojoGuLiM obpason?

Yxasauné., Pacemorpute nopopoTsl uau casuri (X, y) > (x4-ty, y).

4. BekTtopHoe noje (a3zooit cxopocru. PaccMoTpHM oamomapamerp-
yeckylo rpynny {g'} anddeomopdusmon obaacte M.

Onpeneaecuue. Bekropom pasosoi cxopocru noroxa {g') e touke
X U3 M HaznBaercs CKOPCCTDL BLIXOJA TOUKH g’x H3 X, T. €.

ty
o)=Ll (g')
difi=o
BekTopbol (pa30BOH CKOPOCTH MOTOKA BO BCeX Toukax objaactH M obGpa-
3yI0T [AajKoe BeKTopHOe nose (Tak Kax g'x raaiko sasHcHT ot £ u x). Ono
Ha3LIBACTCH nosem aszosoli cKOpoCTi.

3agaua 1, Haitti noas ¢$asoemXx ckopocTeii  MOTOKOB Ha upsaMoll  gly==x-{,
elx, ¢l
Orger. v (x)=1, x, —x.

3anauwa 2. HenoapiKnuic TOUKH NOTOKA ABJAAIOTCA OCOOHIMH TOUKAMH NOAA (a30BoR
CKOPOCTH, T. . BCKTOp (asoBell CKOpocTH ofpaluacTes B HuX B Hydb: Bepuo au ofpatnoe?
Orsger. la, cp. n. 3§ 2.

3a(pUKCHPYEM TOUKY Xg H DACCMOTPHM €€ ABHIKEHHE MOJ AeficTsuem (hazo- .
goro noroka g'. Musimn caoBamu, paccmorpum ortoGpaxenue ¢: R—M,
onpeaesieHHoe Tak: ¢ ({)= g'xo.

Teopewma. Orodpaxenue ¢ A648€TCA peuwieHues YpasHesus x=1u (x)
¢ Hauanronovim ycaosuen ¢ (0)=xo.

Wnbimu cnioBamu: nod dedicreuem hazosozo noroka hasosas touka Osu-
HeTCA TAK, 4TO BEKTOP ee CKOPOCTU 8 KanOblii MOMEHT 8peMeHl pased
8eKTOPY (pa3080l CKOpOCTU 8 TOL TOuKe (a308020 npocrpancrea, 2de Jsu-
HYuwiasaca To4KA Haxoourcs.

JokazateabcTBO. IDTO BbITEKAeT H3 IPYNINOBOIO CBOHCTBA:

T+ :i
8=0g ¥ de

4
di

/ d

£~ 1

fet

g (g'x) =v(g'x).
e==0

Taxkum obpasoM, ¢ Kawdoti oOuonapamerpuueckod epynnoi Ouggeo-
Hopusmoe ceasano dudepenyuarsroe ypasrenue (3aLaHHOE BEKTOPHBIM
NosieM (pasoBOH CKOPOCTH); PELICHUAMH 3TOrO YPABHEHHS SBJSAIOTCS ABHKE-
Hus dasosbix Touex noA geiicTBHeM (Da30BOro NoTOKA.

3anaua 3. Bepuo au obpatHoe, T. €. BCcAKoe JH pemeHHe 1aeTca  GopmyJoi
®(=g'xe?

Orger. Ila, no Teopeme epuuctaennocta (§ 2, n. 3).

Ecan dasoBbifl MoTOK onuchiBaeT xXoA Kakoro-au6o npouecca MpH NpOH3-
BOJBLHBIX HayaJ/IbHbIX YCJOBHAX, TO ,umpcpepeﬂuﬂaﬂbﬂoe ypabHEHUE, 3aJaHHOE
ero BCKTOPHLIM 110JICM (1)630130!':1 CKOPOCTH, oOnpenenser AOKQAbHBLL 30K0H
3soaro UL npoyecca; Teopua AP @epeliHaIbHbIX YPaBHEHUH A0JKHA, 3HASA
3TOT 3aKOH 3BOJIOLIHH, BOCCTAHOBHTL IPOLJIOE H TNpeAcKaszarth 6y11y1uee.

Dopmynupoeka Kakoro-n1u6o 3akoHa NPUPOAB B BHIE AuddepeHuualob-
HOro ypaBHeHHs CBOAUT J100yio 3anauy 00 9BOJHOLHH npoilecca ((pH3HYECKOro,
XHMHUYECKOTO, 9KOJOTHUECKOro U T. 11.) K 2€OM€7‘pu‘t€C‘KOﬁ 3ajaye O NOBeOEHHH
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(a30BLIX KPHBBIX NAHHOTO BEKTOPHOTO MOJSl B COOTBETCTBYIOILEM (Ja30BOM
NPOCTPAaHCTBeE.

Onpenenenmue Paszoson norokon duddepernyuarbnozo ypasnenus
x—v( X) HazbIBaeTCs OJHOMapamerpHueckas rpynna auddeoMopdusmMoB, Las
KOTOPOH ¥ SIBAAETCS BEKTOPHbIM NMoJieM (a3oBOil CKOPOCTH.

HroGetl HaliTh Gas3oBblil IOTOK ypaBHEHHS, JOCTATOMHO PELIHTD MOCJICLHEE:
g'Xo ecTb 3HaUeHHE B MOMEHT ! peuieHus ¢ ¢ HauaJbHLIM ycaoBHeM ¢ (0)= xo.

Mpumepu. ®Dazosulii MOTOK ypaBHeHUst x==Fkx ecTh rpynna ).
Pa30Bblil NOTOK ypaBHEHHA MaJIBIX KONeGaHHH MAATHUKA (X,= X2, Xo= — X))
COCTOHT H3 NOBOPOTOB MJOCKOCTH Ha yrog {. Pa3oBblil MOTOK ypaBHeHHs
MaJbIX KoJleGaHHii NEePeBepRYTOr0 MasTHHKA (X=X, xQ=x) COCTOHUT H3
runepOONHUECKHX MOBOPOTOB.

3anauva 4. Haittu dasosbe noToku anddepeHunaibubx ypaBHenni
x=0, 1, x—1; x=sinx, O<x<n.

Oraer. glx=x, x+41, (x—1) e +1; 2 arcctg (¢~ clg x/2).

3anaua 5 Halitn dasosste noTokH cucrem

{ =y, { £=y, x=siny,
§=0; g=1; §=0.
Orser: (x+1y, y), (x+1y+12/2, y+ 1), (x4t sin y, y).

Bosnukaer Bonpoc, gcsakoe au 24adKoe 8eKTOPHOE NOAE ABAAETCA HOACM
$a3080ii ckopocTi nNOTOKA?

OTBeT Ha 3TOT BONMPOC — OTPHILATENbHDLIH,

IMpumep 1. Paccmorpum anddepenunanshoe ypasrenne x=1 ¢ da-
30BbIM npocTpancTBoM O<Zx<CTl. Slcho, uto npeoBpasoBanne g' moxer
GbiTh TONBKO CABHIOM Ha ¢, HO TIpH {40 TaKoil CABHT He NEPeBOAHT (ha3oBOE
NpOCTPaHCTBO B cebs.

pumep 2. Pacemorpum cayuait v (x)=x’, xR, Peuwenue ypas-
HeHus ¥ =0 (X) C HAYaJbHbIM yenoBueM xp NpH {=0 HeTPyAHO HAHTH SIBHO:

dx/x*=dt, —1/x=t+C, C= —1/xo, x=x0/(1 — xof).

Hrak, g'x=x/(1—tx). Herpyano nposeputh, uto g'ts=g'g® rak urto Ha
NepBblil B3MASIL MBI HallXA (a30BLIA NOTOK.

K coxasiennio, oroGpaskenne g' HH npu KakoM {, KpOMe HyJist, He SIBASIETCS
anddeomopdusmom npaMoit (OHO paxke He BCIOAY ONPEACEHO). [Tostomy
nose v(x)=x" ne sgaseTCA nosem (Hazosol CKOPOCTU HUKAKOL odnonapa-
MmeTpudeckold epynnol ouppeomoppusmos npamoi.

3ameuanue. [Ipyunna, no KoTopoil 06a NPHUBEACHHBIX NOJS HE HMEIOT
(a30BLIX TTOTOKOB, 3aKJI043ETCA B HEKOMIIAKTHOCTH (ha30BOr'0 NPOCTPAHCTBA.
B nanbueiinieM Mbl YBHAHM, UTO TJajikoe BEKTOPHOE NOJie HA KOMIAKTHOM
MHorooépasun Bcerja onpeaensier ¢asoBuil noTok. B uacTHocTH, mnoJse

v (x)=x" Ha adduHHON NPSMON MONKHO NPONOJKHTH 4O IMALKOTO Ha BCefl
NPOEKTUBHOM NPAMOH (BKJIIOYAs GeCKOHEUHO YIaJeHHYK TOYKY) BEKTOPHOro
noas. [IpoekTuBHAasA NpAMas KOMNAKTHA (TOMONOTHYECKH 3TO OKPYXKHOCTL),
H riajkoe BEKTOPHOE MoJie Ha Helt onpepesasier ¢asoBbili notok. Haiinennole
Hamu dopMynnl s oToGpakeHHil g' Kak pPas M ONHCHIBAIOT 3TOT MOTOK:
g' ectb auddeomopduam NPOEKTHBHOW npsiMoii, a He addunHo!
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3asgaua B. [lokaxure, 4TO BCAKOE KIafKOE BEKTOpHOE MOJe Ha MpAMOi, pacTyulee.

Ha OeckoueuocTy He Guicrpee audeiinoro (fv(x)l <a+blx]) asaserca noaem $a3oBoil cKo-
pOCTH# OAHOMAPAMETPHUECKOH rpynnbl anddeomopdhuamMoB npamMoil,

Yxasauue CpaBuuB NBHKeHHe C Oosiee ObICTPHIM ABHXEHHEM B NOAXOAALIEM
AuHeHHOM MOJe, AO0KA3aTb, 4TO peIleHHe He MOXeT YHTH Ha OCCKOHeUHOCTh 33 KOHEeuHOe
ppeMs H, CJCA0OBATEAbHO, MPOJOANKAETCA HA BCH OCH f.

3anaua 7. Onpepenner an $asoBulil NOTOK HA OPAMOH ypaBHeHHe X==e® sin x?

Orser. [a.

3apnaua 8. PaccMoTpuM aHHeliHOe NPOCTPAHCTBO BCCX MHOTOUJICHOB p CTCMEHH MEHb-
we n ot nepementod x. Onpesenum npeoGpazosanuc 3a BpeMA ¢ Kak CABHT aprymesra
miorouacHa Ha ¢ (1. e. (g'p) (x)=p (x+1). Hokaxure, uto {g'} — omnonapamerpuyeckas
rpynna AuHeAHBIX NpeoOpasoBalnii, H HANAHTE Ce BEKTOPHOE noJe ¢a30Boil CKOPOCTH.

Orger. Bektop noas B Touke p ecTs MHoroYcHn dp/dx.

§ 5. Ieicreue pudpeomopdusmos
H4 BEKTOPHbIE MOJS H HA MOJA HANpaBJeHHit

OcHOBHOi MeTO/ pelleHHs H uccieoBaHusi IuddepeHIHaIbHbIX YpaB-
HeHHH — 3TO noAGop NOAXOASILEH 3aMeHbl HePEMEHHBIX, T. €., B reOMeTpuuec-
KHX TepMHHAX, NOAXOAsALero Auddeomopdn3mMa, YIpoULaloero 1aHHOe BeK-
TOPHOE 10Jie WAW [10jie HanapapJjeHHH. 3Jech Mbl NPUBOAMM (opmalbHble
olpeneseHnst HeOOXOAUMbIX TTOHATUH. Mbl HauHeM ¢ HaMOMHHAHHS HEKOTOPBIX
NpOCTBHIX CBeAeHHH M3 Aud¢epeHlnanbHOTO HCUHCAEHHA.

1. JefictBue raaakux oroOpakeuuii Ha Bekrtopbl. [Ipu paccmorpenun
BCEBO3MOKHbIX MATEeMATHUYECKHX OGBEKTOB IOJI€3HO HapAlAy C OObeKkTamH
paccMaTpuBaTh Takxke orobGpa:kenusa *). Hanmomuio onpesenchuue aefictBus
r1ajKHX OoToOpakeHHH Ha BEKTOpBHI.

[Tycrs f: M —> N — ranankoe otoGpaxenue ob6gaactd M suHelHOro
npocTpaHcTBa B 064acTb N JHMHEeAHOro MpocTPaHcTsa, U NYCTb ¥ — BEKTOP,
NpIJOKeHHbIH B Touke X 06JacTH-npool-
paza M, T. e. CcTpejodka ¢ HauaJoMm x
(puc. 48). Torga B Touke-o6pase [{x) 06-

/_\
aacth N Takxe BO3HMKAcT BekTop, 060- 7
3tiataembli, uepes f,,0 W HasLBAeMBIH 00-
pasosn esexkTopa v npu orobpaxeruu |. o /Py .
—————r———-

A unenudo
O 1 p eneJICHUE. 06/7(130414 8EKTO- Puc. 48. [cicTaue naasxkoro oToGpaxeins
Ha BCKTOP.
pa v npu orobpacceduu [ Ha3blBaeTCs
BCKTOpP CKODOCTH, C KOTOPOH ABM:Kyuwlasicsi Touka [ (¢ (£)) BLIXOAHUT M3 TOUKH
f(x), xorma pBrXKywasca TOYKA ¢ ({) BHIXOAMT M3 TOHYKH X CO CKOPO-
CTbIO ¥:

d
o=, 1@ O tae 0 O)=x 2| _ ¢()=v. (n

Hubimd  cioBamu, cTpesouyka v cumkaercd B 1000 paa, sarem mnog
neiicTBueM [ mnpeBpallaeTcs B H3OFHYTYI CTPE/IOYKY, 3aTeM MOC/JAeAHSA

*) B 3TOM cOCTOMT Tak Ha3biBaemas «Karteropnas» Touka spenus. I'pyGo roBops, kare-
TOpust — 3TO COBOKYNHOCTL O6DBLEKTOB M OTOGpAXKeHHIl (OpuMep: xKaTeropus BCex JMHHefHBIX
fpoCTpacTs U HX JNHEHHHX OTOGpaXKeHUH APYT B Apyra).
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pacrsirupactea B 1000 pas u makosen 1000 ycrpemasiercl K O6eckoneu-
HOCTH.

3anaua L. Jlokaxure, uyto 06pa3 BCKTOpAa ¥ He 3aBHCHT OT BbLIOOpAa ABHXEHHA @,
auib Gbl TOUKA @ () BBIXOAHAA H3 X CO CKOPOCTBIO V.

Peumenmne. [lycrs ¢ — apyroe ABukeHHe, BLIBOAAUIEE H3 X € TaKOH e CKOPOCTHIO.
Torga paccrosiuHe Mexay ToukaMu @ ({) u ¥ (£) npn manvix [¢] ectp o (1£]). TTocxoanky
oToGpaenue [ raajkoe, paccTosHue Mexay TouxkaMmu-oGpasamu f (e () n f (P (£)) B N Takxe
ects o ([#]), uro u Tpebosanoch.

3anaua 2. IlycTb ¥ — NOJOXKHTCABHBIE OPT NPAMOH, NpPHJIOKEHHbIT B TouKe a, R
nycrs [ (x)=x" Hafitn f,40.

Orser. 2a - opr.

3anaua 3. Moryr an aBe TOUKH HA MJIOCKOCTH, ABHAKYULHECA N0 PA3HEIM OCAM KOOP-
AHNAT, BLIXOAHTb W3 HAYana ¢ OANHAKOBHIM BEKTOPOM CKODOCTH?

Orger. [la, ecau ckopocth nynesasn. Ilpumep: ¢ ()= (¢%, 0), ¥ ()=(0, ).

MHoXecTBO BceX BEKTOPOB CKOPOCTEH IBHIKEHHH, BRIXOAAIIHX H3 TOUKH X
obnacty M, aBasieTCs! IHHERHBIM NPOCTPAHCTBOM: 3TO NPOCTO MPOCTPAHCTBO
7m  BEKTODOB, NDHJIOKEHHBIX B TOUKE X. Ero pasmepHocTb
2 paBia pasmepuoctH obaacth M. DTo NpPoOCTPaHCTBO
11a3bIBACTCA KACATEAbHOIM HPOCTPAHCTEOM 8 TOYKE X K

obstactu M u obBosuavaerca T, M.

Besikomy, KTO CTaik#BacTCs ¢ 3TUM BNEpBbie, TPYAHO OTOPBATH

KacaTe/bHOE NPOCTPAHCTBO K JHHEIHOMY NPOCTPEHCTBY OT CaMOro

auneifinoro npocrpauctsa. Cacaylouice o6oGiienne NPH3BaHO MOMOYD

Puc. 49 Kacareasuoe CMIPABHTBCSI € 3TOR TPYAHOCTbIO. PaccMOTPHM Kakylo-1H60 FMAAKYIO
NpOCTPRNCTRO. nosepxuocte M B R', nanpumep cdepy. Bextopsl ckopocteil, ¢
KOTOPLIMH JBHNYWAACA N0 chepe TOHKA MOXKET BHIXOAMTH H3 3alaHHOH TOYKH cdepui, ove-
BUAHO, 00pasyloT IJIOCKOCTb (ABYMEDHOE KacaTe/lbHOE MPOCTPAHCTBO cdepbl B 3aAdHHOH
TOuKe X)}; 3Ta KacareqabHas miockoctb T,M (puc. 49) saBuo oTaedgena oT caMoi cepol M.

Onpenenetuoe Belwie otoGpaenne f«, NEPEBOANT KacaTenbHOE NPOCTPat-
CTBO K ofsactu-npoobpasy, M, B Touke x B kacarteibHOe NPOCTPaHCTBO
K o6s1acTH-06pasy B Touke f(x).

3apaua 4. [lokasare, u4To otoGpaxcnue fo: T\M — TiN anueiino.

Peweunue Ilo dopmyne Teflaopa

[letohy=](x)+(9f/0x) vi+o0 (111},

C/CAOBATENLHO, for==0f/dx — nunelnbiil oneparop.

Ecau B npocrpanctsax — npoo6pase # opase oToGpamenus f — BLIOpa-
Hbl J1EKAPTOBBL KOOPAHHATH (X1, ..., Xm) H (Y1, ..., Ys) COOTBETCTBEHHO, TaK
uto [ 3apaercs HaGopoM n GyHKUHA [; OT m nepeMeHHbIX Xj, TO KOMIO-
HEHTDLI BCKTOPA fx¥ BBIPAXKAIOTCA UCPE3 KOMMOHEHTH BEKTOPa ¥ MO (opMyde

o

) =— —_—
- 0x,~
1

(f*xv)

Uj.

Vuaue rosops, #arpuya oneparopa fsx COCTABACHA U3 HACTHBLY APOU3-
800no6tx (Afi/dx;).

Onpenenenue. Jlunelinoii onepatop fe, HasbiBaeTest nPoussodHoil
orobpascerus | B TOUKe X.
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3anaua 5. Paccmorpum orobpaxenue [ mpaMoit B naockocTs, f(x)=(sin ¥, cos x).

Haltn 3anauense ero npousBoAHOH Ha NHOJOKHTENbHO OPHCHTHDYIOLLEM OCb X BCKTOpe ©
Aauebl 10, NPHAOKEHHOM B TOUKE o.

Orger: f..v= (10cos o, — 10 sin e).
3anaua 6. PaccmoTpum otobpakenne f miockoCTH B MIOCKOCTD, f (¥, x2)=(x}+ x1x0,
x2) (puc. 50). HaliTh MHOXecTBO Bcex TOUEeK X, B KOTOPHX JHMHElHBI OREpaTop [«r BH-

poxaaercsi, ¥ HafiTH 06pa3 3TOIO MHOXKECTBA z Y
npu oToGpakeHHH [ (3TH ABa MHOXKeECTBa Ha- 2 f 2
3bIBAIOTCA  MHOXECTBAMH KPUTUHECKUX TO4EeK W A — Y
Kpuruveckux 3nauentti cCOOTBETCTBCHHO).

Pewenne. Marpuua onepatopa Hmeer

BHI, Kerfuz
Aaxtdxe 1
0 1 , Puc. 50. KpuTiueckue TOUKH M KPHTHUECKHE
3Ha4YeHUA DTOGPE!"/KC“HH Yutun,

AO3TOMY NPOH3BOAHAR BHIPOKAeHa Ha napabone xy= —3xi. Ee 06pas — moaykyGuueckasn
napa6oaa (yi/27 +(y2/3°=0.

OTto6paxenue 3TOH 3agaun HassipaeTcsl orobpascenuesm Yurnu (cbopxod). X. Yutuu
A0Ka3aJ, YTO OCOGEHHOCTb COOPKH THMHUHA AJAR TIMaAKHX OTOGpa’keHHii MIOCKOCTH B MNAOC-
KOCTb (Hanpumep, Bcakoe Gauskoe K f raaaxoe otoGpaxeHue uMmeer NOGAH30CTH OT Hauanda
KOODJHHAT NOACGHYI0 0COGCHHOCTD)

3ameuanune. Jluneiinas cTpykrypa (T. e. CJOKEHHE BCKTODOB) B KacaTesqbHOM K 06-
nacTi M B TOuKe X NpOCTpPanCTBE OMNpenesieda BHILE NPH NOMOULM JIMHEAHOR CTPYKTYpb
obbemaiouiero M nNpocTpancTBa, HIH MHBIMH CJIOBAMH — MPH NOMOIUH CHCTEMBl AeKapTOBLIX
KOOpPAHHAT.

B neficTBHTeNbHOCTH KaK MHOXecTBO T. M, Tak W CTPYKTYpy JHHEHHOTO NpoCTpaHCTBA
B HeM, MOJXXIO OMpeJcNHTh HEe3aBUCHMO OT BLIGOPa cHCTeMbl KOOPAMHAT, [aKe KPHBOJHHENR-
HBIX, JHIIb Obl 3Ta CHCTEMa KOOPAHHAT Oblla ACNYCTHMa, T. €. CBA3aHA € CHCTEMOIl jexap-
TOBLIX KOODJAHHAT rlaiKoll 3aMeHo#l nmepemenHblX (AuddeomopdusmMom). HezapucumocTs Ka-
CaTeNLHOTO NPOCTPAHCTBA OT CHCTEMbl KOOPIHHAT HE COBCEM OUYeBHAHA, TaK KaKk HapHco-
BanHas B obaacTH M cTpenouka (npunoxeHHblil Bextop) npH auddeomoppusme usrubaerca.

He 3aBucsintec oT cHCTEeMbl KOODAMHAT ONpefeseHHe BEKTOPAa CKOPOCTH BbIXOAA M3
TOYKH X BBHIMISIAHT HECKOJbKO aGCTPakTHO!

Onpeneaenne. Kacareabnom sextopom B Touxke x obaactH M HassiBactcsi Kjaacc
SKBHBAJEHTHOCTH [aiAKHX ABIKeHHH ¢ R—>M, ana  koropbuix ¢ (0)==x; 3KBHBAACHT-
HOCTb ¢~ ONpeACIsicTC YCNOBHEM: pAcCTOSHHE MeXJAy TouKa-
M @ (f) 1 Y (f) B Kaxoil-uubyab (u Toraa MoGo#l) cucreme KOOp-
aunar ects o ([¢}) npu {—0 (puc. 51).

SIcHo, 4TO 3TO JeficCTBHTE/bHO OTHOLIEHHE 3KBHBANCHTHOCTH
(@~ @, @~ p=p~ ¢, ¢~p~y=>p~y). Knacc 3kBHBaNEHTHOCTH ABH-
weuus @ onpegeasiercss  (npu  (pHKCHpOBaHHOR cHcTeMe KOOpaH-
HaT) KOMIIOHCHTaMH BEKTOPA CKOPOCTH BbIXOAa ¢ (f) M3 TOuxm
¢ (0).

Takium o6pasom, Haw GeCKOOPAMHATHO ONpeIeJeHHBIH BEKTOP
APeBPALLACcTCA B OGLIYNYIO CTPEIOUKY, KaK TONbKO CHCTCMAa KOOpAH-
HaT  (uxcupoBaHa. LEauucTBeHHOeC, 4YTO  HYXKHO  ROKa3bIBATh —
3TO HE3aBHCUMOCTb JIHHCHHBIX Onepaudii Haj BEKTOPOM (CJAOXKEHHA H YMHOMEHHA 11a yucaa)
OT CHCTEeMB KOODAMHAT, ydyacTByiouwled B ux onpeldesenun. Ho 3Ta He3aBHCHMOCTH cpasy
BLITEKACT M3 JHHENHOCTH oOnepatopa NpPOM3BOAHOR OTOGpa)KeHHA B TOUKe (HYXKHO paccmo-
TPETh B KauccTBe OTOOpaXKeHUsl «3aMeHy mnepeMenusix», T. e. anddeomoppuam, conocras-
Asnouinit HaGopy CTapblX KOOPAHHAT TOUKH HaGop ee HOBbIX KOODAHMHAT).

XoTa nawe onpegenelie He 3aBHCHT OT CHCTEMDL!I KOOPAHMHAT, OCTAeTcsl cule 3aBHCH-
MOCTb OT KJacca BCCX JAONYCTHMBIX CHCTEM KOODAHHAT, CBSI3AHHBIX [JAAKHMH 33MEHAaMH
nepeMenibix. ITOT KAacc HasblBaeTcs Oudgeperyupyencti cTpystypoti, M OT HETO BBSACK-
HblC MOHATHR 3aBHCAT CYUICCTBEHHLIM O6Pa3oM.

[poussonuas otobpaxenus f B TOUKe f €CTb Me 3JAGUCAWUI HU OT CUCTeMbt Koopdu-
Hat @  npoo6pase, Hu OT cucremsl Koopdunar 6 o6pase JuHefHBbIH oOnepaTop
fax: TM—>TiwN no camomy csoemy onpegencunio (1) (pue. 52).

Pue. 51. Knacc 3ksusa-
NeHTHBIX ABHAKCHMIT
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3anaua 7. Myeve [ — auddeomopduam M wa N, JloxkawuTe, uto oToGpaxkeHue
feet T.M > TyoN no camomy cBoemy onpeacacuuw (L) (puc. 52).
3axava 8. Bepuo mu oSparnoe?

Orger. Hert, paxe ecau f., — uzomopdusm nopu mobom x (cm. puc. 53).
£
M
Tee ¥
£ £z N
*T £
% 9% —
s N
M
Puc. 52. TIpou3poaHan OTOGPaEHHA B TOYKe. Puc, 53. Jlokaabibili auhdeomopduim  MOKeT

He Guith AHGHCOMOPDHIMOM 8 LCAOM.

2. Jeiicteue pudrdeomopduamMos HA BEKTOPHLIE MOJSA.

Onpepeanenune B obnactu M 3anaHo raagkoe @ekroproe noie v,
€CJIH KaXKA0H TOUKe X COMOCTaBJeH NMPHIOXKEeHHHH B Hefl BekTop v (x)=T .M,
rJIajKo 3aBHCALIMHA OT TOUKHM X (ecjM CHCTeMa m KOOPAHHAT BblOpaHa, TO
[oJe 3a4aeTcsd CBOMMH 71 KOMIOHEHTAMH, SIB/ASIOUIUMHCS TJIaAKHMH (pYHK-
uusAMH m nepeMeHHbix). BexTtop v (x) uHaswbiBaeTcs snauenuesm noas v B
TOUKE X,

[TocmoTpum, kak BeayT cels pas/vuHble OOBEKTH NPH TJIAAKHX OTO-
6paxcunsax. Kacareavnole sekroper npu ortobpaxkenusix g: M — N Osu-
acyrca eneped (T. e. moOA HeficTBHEM g KacaTedbHblli BeKTOp v K M nepe-
XOIHT B KacaTeNbHbli BeKTOp g.v K N). Pynxyuu npu orobpaxeHuax
g M — N Osuscyrca naszad, 1. e. pyukuua [ va N nopoxpaaer GpyHKUHIO
Ha M (ec 3HaueHne B TOUke x M3 M paBHO 3HaucHHIO { B 06pase TOUKU X;
3Ta Qyuxuua obosnavaetcss g*f, 3Be3gouka Csepxy CHMBOAUZUPYET LBH-
Kenue naszad). ’

BekTopnble noas ne orofpaxaiorcs, Booflie TOBOPsS, HU BIepel, HH
Hasaj. [JedcTBUTENBHO, PU OTOGPAKEHUN ABEe TOUKH 11poofpa3a MOryT ne-
pefiTd B OAHY H NpUHECTH Tylda pa3Hble BEKTOPhl, MOITOMY IMOJe B MpPO-
of6pase He mepeHocuTca Ha ob6pas. Kpome TOro, MHOrHE KacaTelbHble Bek-
TOPBl B OAHOH TOYKe npoobBpasa MoryT HMeTh obuui ofpa3s, NO3TOMY mnoje
B o0pase He MEPeHOCHTCs B npoobpas.

Onpeneneunue O6b6pasom 8eKkTopHozo NoAl npu oudpeomopdusme
H@ HA3bIBAETCHA BEKTOPHOE M0J€e, 3HaUEHHEe KOTOPOTO B KaXKA0H TOYKe ABASAETCS

06pa3oM BEKTOPA UCXOAHOrO NoJs B 1pool-

pase nanno# Touku. O6pas noas v npu aud-

7 ~wy | ¢eomopdusme g ob6oznauaerca g.v.

$’=9(~'°”” MHuaue rosops, obpas g,v noast v 8 M

npu Ougpeomoppusme g obaactu M hHa

N —>310 nose w B N, onpegejneHHoe

Puc. 54. feiictene audbeomopduama  wa (*)0[3‘\"}’-7‘0‘7l (puc. 54) 'w(y)=(g*x)v(x),
BCKTOP1OC noJie, F}le x=g— ly.

3anaua 1. Haiith obpas nois v(x)=1 ua npaAMofi mox ZAelcTBHeM auddeoMop-
dusma g (x)=2x.

Orser. (g,) (4)=2.
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BexTopunoe nose Ha ocu x, eAHHCTBEHHAs! KOMIIOHEHTa KOTOPOro pasHa v,
yacTo of6o3Hauyaercsa *) cumBoJioM vd/dx. YN06CTBO 3TOro 0603HAuUEHHST CO-
CTOHT B TOM, 4TO IIPH PACTAKEHUAX ocH d/0x BepeT cebs Kaxk 1/x. Hanpumep,
pelieHHe npeablAylled 3ajaud MOXKHO 3aMucaTh TakK:

5} a 0

—_———=2—
dx 9 (y/2) dy
B atux oGosnauennax gopmyna xeiictsust anddeomopdusma npamoit Ha Bek-
TOPHOE INOJie NpUHMUMAaeT BHA cjelyiolleli (QopMyJbl 3aMeHbl NepeMeHHOIR:
d I o
dy d(g(x) g ox
0/8x aBTOMaTU3HDPYyeT BblUMCJEHHe AeficTBUA AUbbeoMopdHIMOB Ha MOJIs.

ecan y=g(x), To Takum o6pasom, o6o3nauchue

3anaua 2. Haittn o6pa3 nons xd/dx noi feiictsuem anddeomopduama y=-e*.
Orger. yIny d/dy.

Ecan (x1, ..., x,) — ¢uKcHpoBaHHast cucTema koopaunat B R, To 6asuc-
Hble BeKTOpHblEe moast (¢ komnoHewtamu (1, 0, .., 0), .., (0, .., 0, 1))
obGosHauvaiotes 8 /8xy, ..., 8 /8x,. [lose ¢ KomnoneHTamu (v1, ..., vs)0603HA- -

yaetcst nosromy v18/dx14 ... +v.3/0x,.

3anaua 3. Halith o6pask «sitneposa monsi» v=xy0/8x, + %28 /0x2 HAa NAOCKOCTH
nox nedicTBHeM creayownx Auddeomopduamon: 1) nosopor sokpyr 0; 2) runepGosinyeckuft
noBopot; 3) mwboe nuneliHoe npeobpasoBanue.

Orser. v.

3anaua 4. Jokaxure, uro anddeomopdhnam, nepeBoas I Hil BEKTOPHOE NOJe U B NOJE W,
nepesouT ¢asosble KpHBHIE nosid v B (asosble Kpubble noas w. BepHo an o6Gpatnoe?

Orger. Her, npumep: v=x0/0x, w=2x3/0dx.

3. 3amena nepemeHHbX B ypaBHenuu. Ilyctb w — ofpa3 BeKTOpHOro
noaa v B M npn pudpdeomopduzme g obmacth M Ha obaacte N, T. e.
W= g.

Teopewma. Hupgepenyuarsnoie ypasnenus

=10 (x), eM 0))
y=w(y), yeN ®)

IKBUBAAEHTHOL 8 TOM Cmblcae, 41O ecau @ I — M — pewenue nepsoco
10 gog: I - N — pewenue sropoeo ypasrenus, u o6paruo.

Wb croBamn: samena nepemennoix y=g (x) npespaujaer ypasrenue
(1) 8 ypasuenue (2). Wlan ewe: nodcranoska g(x) emecro y npespaujaer
ypaerenue (2) 8 ypasrerue (1).

HDoxasartenbcTBo. DT0 oueBHAHO. MHBIMH CJ0BaMH, NOCAEA0BA-
TENbHO NPUMEHAS NPaBu/io AHQQEPEHUHPOBAHUA CAOKHON (BYHKUHH, ompe-

AeN€HHE pelweHHa ¢ " oNpejesieHHe [MoJs g,9, Haxoaum d—goq;:
4

*) B cywmnocru, vd/8x — 370 oncpatop aMddepeHUHPOBAHUST N0 HANPABAEHHIO NOJAA ©
(cv. § 10), wo Tax kax onepaTop vd/dx W noOJC U OAHO3ZHAUNO ONpeNeasioT APYT Apyra,
HX UaCTO OTORACCTBIAAIOT MCKIAY coboil.
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=gu@)=guwv(X)=w(y), taex=q(t), y=g(({)), uto u TtpeGoBanoch
JOKa3aTh.

3anaua |- Pewnrts ypanueuue Mannlx xoleGanuii MasTHHKA
X1=Xq, Xp= — Xy,

nepeilas K MOJASIPHLIM KOOpAHHATAM ¥) MOACTANOBKOH Xy =r cos 0, xp==r sin 0.

Pecuwenue Bomoauns noacrtanosry, naxoanm r=0, 0= —1, oTkyna x,;=rq cos {0y —#),
Xo=1rp sin (0g—1¢).

3anaua 2. Hccaenonath pa3opble KPUBBIC CHCTCMBb
{ K1=x24+x, (1 —xF —x3),
Xp== — X1+ x2 (1 = xi—x3).
Pewceuue. Tlepeitns K nonsipubiM KOOpAHHATAM, moJdyuaem
. —
r=r(l—r%, 0=—1

®aszosuic KpHBbHE 3TOR cHCTeMbl Ha mJockocTH (r, 0) COBIAAAOT € HHTErPA/IbHBIME
KPHUBBIMH ypaBHenust dr/d8=r (r*—1). HapucoBas 3TH Kpubuic (puc. 55) u BO3BpalLasch
K ACKApTOBLIM KooOpaunaraM, noayuyaem pue. 56. Eauncrecunas ocobas T104Ka — Hauano

r \é_\
1 ;/’ﬁ@}/ / Z
SO

Puc. 55, Hurerpansnse  kphobie Puc. 56. daszosnic KpHBLC 113 IIOCKOCTH
na naockoetit (r, O). (¥t x2)

Z

g

-

KOOpAMutIaT. Haunnawomuecs B6aH3N Hee (baaOBble KpPHBLIE HAMATbLIBAIOTCA € DOCTOM BpPEeMEHH
H3HYTPH HZ OKDPYXHOCTb xi-+x3=1., DTa OKpPYKHOCTh SBAACTCS 3aMKHYTOH (ha30BOi KPHBOH
(npeseabuuiM uHKAOM). CHADYXH Ha Hee TakXe HaMaThBaloTCA (a3oBLie KpHBHE.

nCPCXOJ K MOJIiPHBIM KOOpAHHATaAM MO03BOJAACT H ABHO MPOHUHTECrpHPOBATHL HCXOAHYVIO
CHCTEMY.

4. Jeiicrsne anddeomopdpusmMa wa nose uanpasaenud. Ilycte g
aubdeomopdpusm obaactu M Ha obaacts N, u nycth B obaacth M 3aaaHo
nosne HanpasiacHnil. Torna B obaactn N TaxKe BO3HMKAeT I10Je Hanpas-
genni. OHO HasbiBaeTcsa 06pas3om Ucxo0H020 noasn nod Oelicreuem dugdeo-
mopusma g v ONpejeisieTcd Tak.

PaccMoTpum Kakyio-iubo Touxky y obaactn N (puc. 57). Oua umeer
B M eannctBeHHblil Npoo6pas, x=g~ 'M. PaccMoTpHM HampaBJ/eHHe AaHHOTO
nons B Touke x. IT0 — Npsimas B KacarteabhoM npocrpascrse T.M. Bosb-
mMeM Jilo60H HeHyJeBoll BexkTop 3Tof npsimoit. Ero o6pas moa aefcTeiieM g

*) Pasymeercst, HEOGXOAHMBI OGLIUHBIC OrOBOPKH, CBS3AHHLIE C HEOAHO3HAUTIOCTLIO {10JAD-
HBIX KoOpAHHAT: oToOpaxenue (r, 6) v (x|, x») He spageTcsd AHPPEOMOPOHIMOM MJIOCKOCTH
Ha miockocts. Hanpumep, MOXHO paccMoTpeth 3aZanubiit 3TuM ortolGpaxenueM auddeomop-
dusm obaactu r> 0, 0<C0<C2n Ha AAOCKOCTL 683 MOJOAHUTCJALHOM N0JMYOCH X; H OTAe]bHO —
ofaactu r> 0, —n <0< m Ha MWIOCKOCTL Oe3 oTpHuaTeabloll Hoayoch x.
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ecThb HeHyJeBON BeKTOp B KacarenbHoM mnpoctpanctse T,N (Tak Kak g —
aubdeomopdusm). Tipaman, onpepeseHHas 5THM BEKTOPOM, He 3aBHCHT
OT BHIGOpA BEKTOPA HCXOJHOH MpsAMOH (Tak Kak g,, — JuHeHHslit onepaTop).
JTa Hosasl mpsiMas U ecTb NMpAMas HOBOTO MOJs HANpaBJeHHHA B TOUKe Y.
OuesBujHa

Teopema. Hurezparsrole Kpusste ucxodnoeo noas Hanpagenuli 8 M
nepexodar npu Oudpeomoppusme g: M —~N 8 unreeparsuoie Kpuseie
noan nanpasienuti 8 N, noaywennoeo Oelicréuem g Ha uCxo0noe noae.

Jlas noxasaTe/bCTBa [OCTATOYHO AOCTPOMTb AAHHOE MOJie HanpasJeHHiH
(B OKpecTHOCTH KaXKAOH TOYKH o6Gnacth M) 10 BEKTOPHOTO NOJs, BCKTOPHI
KOTOPOTO JI€XKAT HA MPSAMLIX 3aJaHHOTO M0JS HaNpaBJeHUA W OTJIHYHBI OT
HYJs, a 3aTeM NIPHMEHHTb TcopeMmy m. 3.

Puc. 57. [Heitctene auddeomopdusma Ha noae Puc. 58. floae nanpasne-
HanpasJenyi. Hith, Ke JlocTpanBaeMoe 1o
BCKTOPHOTO MOAR.

3apnpaua 1. Beskoe au rnagkoe nose HanpapjeHufi B 061acTH Ha MJAOCKOCTH MOXHO
BOCTPOHTH A0 FJIAJKOTO BEKTOPHOro noJas?
Orger. Her, ecan o6aacTb HeogHocBsA3HA (puc. 58).

CdopmyaupoBaHHas Bblllle TEOPEMa NOKa3bIBACT, YTO AJSA PelieHHs AHG-
(hepeHHaNbHOTO YpaBHEHHUS

dx/dt=u(t, x)

JOCTATOYHO HOCTPOUTHb AuddeoMopdU3M, NPUBOAALLHA I10Jie HANMpPaBieHHH
K MNOJII0 HANpaBJeHHH YypaBHEHHs, KOTODOEe Mbl yXe yMeeM pellath — Ha-
npuUMep, ypaBHeHHsl ¢ pasfessiioliuMucA nepemeHubiMH. MubiMu cioBamy,
LOCTaTOYHO MOA06GpaTh 3aMeHy MepeMeHHLIX, CBOASLLYI0 YPaBHEHHE K yXKe
pelueHHOMY.

2 _ 42
—1
3anaua 2. NMonoGpaTh 3aMeHy NCPeMEHHbIX Tak, YToGbl B ypaBHEHHH ——(Zi’; =40 Tt

x
nepeMeHHble pPa3fAennanuCh.
Orser. Fopsarcsa noasipHble KOOPAHHATHI.

3angaua 3. Haiirn auddeomopdusm, npespawiaouinii Bce KHTErpasibubie KPHBLIE ypaB-

HeHust dx/dt=x—1 B napaajesbibie nNpsMbie.
Pewenne. Pewaem ogsoponnoe ypabHenne: x==Ce'. Haxoaum uacThoe peiuenue He-
opnoponuoro: Ce'= —1, C=e™', x=1.

CaefoBaTeNbHO, KaXKloe peuleHde HEOJHOPOAHOTO YPaBHEHHS HMeeT BHA x=1+ae'.
Orto6Gpaxenne, nepesoasuee (f, x) B (f, a), — nckombiii anppeomopdusm (a=e ! (x=1))
TaK KaK BLOJb WHTErpa/JbHBIX KPHBBIX @ — KOHCTAHTA.

Opyroe pewenne: ConocraBum Touke (f, Xx) Touky (¢, y), FAe Yy — OpAHHATZ
TOUKH Nepeceuelus HHTerpanbhofi KpuBOH, MpoXoAsulelt yepes Touky (£, X) € OCbio OpAHHAT
(puc. 59).
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3anaua 4. Beakoe s rnagkoe node HanpaBAeHHH, 3ajanioc Ha BCCH  MAOCKOCTH,
ApeBpaliacTca B ROJE NapaNe/bHbIX NPAMbIX Npu foAXoAAuleM anddeomoppusme?
Orser. Her, em. puc. 60.

L .
.
.
z =
Ly
(t,z) =~
.
t .
.
Puc.  59. Benpsimacuue  uu- Puc. 60. lesuinpamascmoe mnoac Hanpas-
TErpaibHLIX KPIBLIX. ACIKA HA ROCKOCTH,

3azaua 5 Moxuo 11 audbeomopdHIMOM MIOCKOCTH npeapaTmb B noJie napaJjJjednb-
HBIX NPAMbLIX NOJE HaNpaBAeHHA Au(depeHLHanbHOro ypaBHenns x=x?
Orser. MoxHO, XoTa fiBHY10 GOPMYJy HANHCATH HENETKO.

5.  He#creue anddeomophuama Ha Dasoswit  morok. Ilycrts
{g'' M— M} — oanonapamerpuueckas rpynna auddeomopduamMon, H
nyeth f: M — N — cwe ogun nubdeomopdusm Ha.

Onpepenenne. ObGpasom noroka [g'} nod Odeiicrsuem OJugpgpeo-
Moppusma f nasvisaerca norox {A's N —> N}, roe h'=[g'f~".

HMubiMu csioBamu, fuarpamma

M £ M

Py e Y
N —s N

KOMMYTaTHBHA npH JsoGoM £ flcno, uro [ nepesogut opGutet rpynnwt {g'}
B opGuThl rpynnsl {A').

Ecan paCCManHBaTb auddeomopdusm | rak <<3ameﬂy NEPEMEHHBIXY,
TO npeoGpasosanue A'— 3T0 NpocTO npeoGpasoBaHMe g, «3amHcaHHoe
B HOBBIX KOOPAHHATAX».

Bameuaunne. IToroku {g' u (A} HA3LIBAIOTCS HHONNA 9KBUBAACHT-
Howmy (WA noOOGHbIMU, WIH CONDANCCHHbIMU), a audpopeomopdusm f—
SKBUBAACHTHOCTbIO (WIH conpazaowum Oupdeomopgusmon).

3anaua 1. Ookaxure, uro (A'}— OfHOmapameTpiueckan rpynna auddeomopdus-
MOB.

Banaua 2. ConpameHol JH OAHONAPAMETPHYECKHE CPYynnbl BPAILeHHH MAOCKOCTH
H ee runepOo/nyecKuX NOBOPOTOB?

I[lyets v — BekTopHoe nose dasosoil CKOPOCTH OAHONnapaMeTpuyecKoi
rpynnel {g'}, a w — rpynnu {A'), B KOTODYIO €€ MepeBOAHT AH(ppeomop-
dusm f.

‘O4eBuaHa

Teopewma. Juppeonoppusm | nepesodur nose v 8 nore w; o6parwo,
ecau Qupgpeonoppusm nepesodur v ¢ w, 10 OH nepesodur {g'} 8 {h'}.



§ 6] CHMMETPHH 63

SBapawa 3. Tlepesoaarca an mpyr B zpyra LHGGeoMopdUIMAMH BEKTODHHE MO
Ha MpAMOH, 3afaloliMe  CACAYIOWHE  MSTb udodepenunanuiblx  ypaBHenHii:  x==sin x,
2 sinx, sin’x, sin2x, 2 sinx-}sin’x.

OTrser. Bropoe nepesoauTcs B 4ETBCPTOE H B NATOC.

§ 6. Cummerpuu

31ech pewraloTcs OfHOPOAHBIE W KBA3HOAHOPOAHbIe AH((EepeHIHaNbHbIe
ypapueuus. X peuleHre OCHOBAHO Ha HCIO/NBL3OBAHHH OJHOTIApAMETpHUEC-
KX Tpynn cHMMETPHH BEKTOPHBIX Nosicli M nNosiedl HanpasJeHuii, KOTOpPHIe
MbI MpPCXKJe BCEFO H H3YUHM.

1. I'pynnel cummerpuii.

Onpeneacunue [dubdeomopbusm g: M —~ M wuasbBaetess cus-
MeTpueli BCKTOPHOrO noasa v B M, ecau OH nepeBoauT node B celsi:
g.v=v. TOBOPAT TaKKe, UTO n0AE U UHBAPUAHTHO OTHO-

CUTEABHO CummeTpul g. \ T /4

ITpumep. IloBOPOT NAOCKOCTH BOKPYF Hy/ia sB-
asercss cummeTpueil shjepoea noas x19/0x, -+ x20/0x2 ™~ ,:\\W/ -~
(BEKTOP KOTOPOTrO B TOUKE X €CTh v (x)=ux, puc. 61).

AN
®aszoBble KpuBble NOAS NePeXoAT MOA AEHCTBHEM “f/ AN
CHMMETPUH MOJsA APYr B Apyra. / l \
Banaua I Tlyets audpeoMopduaM neperoaut $hasosuie KpHUBLIE
BEKTODHOrO M0Asl APYr B Apyra. Sleasiercst i OH CHMMCTpHeli novsis? X
Orser. He o6asarennno. Puc. " 61 iincpono

noae.

Onpeneneunne. Hudpeomopbusm g: M— M HasbiBaeTcss cummer-
puet noas nanpasienud @ M, eciu OH MepeBOJHT 3TO MOJE HANpPAaBJCHHH
B ce0s; NoJe TOTAA HA3BIBACTCA UHBAPUAHTHOLM OTHOCHTENbHO CHMMETDPUM.
Wurerpanbubie KpuBble MOJs MepexoisT MOA ACHCTBHEM CHMMETPHH ApYT
B JApyra.

IIpuwmep. INlone nanpasnenuit ypasueuns x=v({) B paciiHpeHHOM
$a3oBOM NPOCTPAHCTBE WHBAPHAHTHO OTHOCUTE]BLHO CABHIOB BAOJAb OCH X
(puc. 4 ma ctp. 14), a ypasHenus x=vuv(x) — Broap ocu ¢ (puc. 6 na
crp. 16).

3anpaua 2. Ilycrb anddeomMopdhusm nepeBOAHT HHTErPansible KPHBbIE NMOJA HATPaB-

JeHH# Apyr B Apyra. §IBJserca JH 0N CHMMETPHEl MOJs HanpasJcHul?
Orser. la.

Hone nasviBaeTcss uMBAPUAHTHOLM OTHOCUTEABHO epynnbt AuddheoMop-
¢r3mMOB, €CaM OHO HHBAPHAHTHO OTHOCHTEJbLHO KaX{AOro NpecbpasoBaHHst
rpynnbl. B TakoM cayuae roeopsrt, uto node donyckaer JaHHYIO TPYRANy
CUMMETPHH.

[Tpuwmep. Dilreposo noste Ha MJIOCKOCTH AOMYCKAET, CPeAM APYIHX,
C/IelyiOllHe YeThipe rpynibsl CHMMETPHE: OJHONapaMeTpHyecKasl rpynna pa-
cTaxennit (x > e'x), ogHomapaMeTpuuecKas rpynna BpalueHuit Ha yroa f,
OJHONapaMeTpHyecKasi rpynna rHnepOoJHYecKHX MOBOPOTOB, IPyNma BCex
JHHeHHbIX npeoGpasoBanuii miaockocetu, GL (2, R).

Bce cumMmerpuu nandoro noas o6pasyior rpynny (aokaxure!).

3anasva 3. Haittu rpynny Bcex CHMMeTPHil 3i1€pOBa NOJs HA TJIOCKOCTH.

Orger. GL (2, R).
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2. Mpumenenne oHONAPAMETPHUECKOH IPYNMbI CHMMETPHI AN MHTETPH-
poBaHusl ypaBHEHHA.

Teopewma. Mycro ussecrna odnonapamerpuueckas epynna Cummerpul
noas nanpasaenuti Ha naockoctu. Toeda MONCHO ABHO NPOUHTEZPUPOBATS
ypasuenue, 300aHHOE 3TUM NOACM HANPABACHUL, 8 OKPecTHOCTU Kamdol
He CTAUUOHAPHOL: TOUKW 2pynnsl cummerpud.

Touka nasbiBacTcst HecTayuoHapHot AJIA TPYNIbL NpeoBpa3oBaHull, cCAH
He Bce NMpeo6pa3oBaHHSl PYNIIBL OCTABJAIOT €e Ha MecTe.

Ecan rpynma coCcTOMT u3 CABHrOB BAOJb NPAMOH, TO ypaBHeHHe ¢
Takoil rpynno#i cummerpuii peuteno B § 1, crp. 16 (dopmyna Bappoy).
Mbel nokaxkeM, yto o6MKA caydall CBOAHTCA K 3TOMY MOAXOASIUHM auddeo-
MopduaMOM (T. €. pasyMHBIM BBHIGOPOM JIOKAJBHBIX KOOPAHHAT Ha MAO-
CKOCTH).

Jlem m a. Bokpectrnocru a060i necrayuonaprod Touku delcreus o0Ho-
napamerpuseckoll epynnot SudheomopPuanos Ha NAOCKOCTU MONCHO BoLOpATS
Kkoopdunaret (u, v) 7ak, «T0 dannas oOHonapameTpuueckas epynna Ougpeo-
MOPPuU3MOE 3anuweTca 8 sude epynnot cO8u208:

g° (u, v)=(u-+s, v) npu docrarouno mareix (ul, |vl, |sl.

Jta dopMysa o3nauaer, 4TO KOOPAHHATA U HyMmepyeT OpGHTH AaHHOI
Tpyfbl, 8 KOOPAHHATA 4 HA KaXX/od oplHTe €CThb MPOCTO BPeMs ABHMKEHHS
(oTcunTbIBaEMOE OT HEKOTOPOM JHHHH Ha MJIOCKO-
r gy CTH).
0 Ookasarenbcrso. Ilposesem uepes man-
nyio touky O smuuio I', nepecekawowyio Tpaucsep-
g 7°0 Ca/ibHO (NOJ HEHYJIEBbIM YFIOM) HPOXOASILLYIO yepes
Hee ¢asosyio kpusylo {g°O} (puc. 62). Iycrs
Puc. 62. Bunpswaeune omwo- ¥ — KOODINHHATa TOUKM y(v) HA 3TOH JHHMH, OT-
anppeonaninmmes, "™ cuuTbiBaemas oT Ttouxkn O. PaccmoTpuM oToGpa-
kenne @O NAOCKOCTH (u, v) HA HAWY MAOCKOCTb, Tie-
peBojsillee TOUKY C KoopauHatamu (u, v) B gy (v). D10 o106pakenue —
andopeomophusm  okpecrHoctd Toukn (0,0} Ha OKpeCTHOCTb TOouku O,
[Tostomy (u, v) — JoKasbuble KOOpAMHATH. B Koopaunarax (u,v) neiict-
BHE g° MPHHHMAeT HYXHbI BHI, NOCKOAbKY g'g“=g"*t"
Teopema caenyer u3 JeMMbl, Tak KaKk B CHCTEMe KOOPAHHAT (u, v) HakJIOH
JlaHHOrO MOJIsl HanpaBJeHH He 3aBUCHT OT u.
3ameuanne. [lpuBeseHHoe N0KA3aTeNbCTBO KAET TAKKe METOD ABHO-
€0 UHTezpupoeanus YpaBHEHHMA; B KOOPAHHATAX JIEMMbl OHO NPHHHMAET
BUA du/du=w(v) (Munuio ' HyXKHO B35TH He KacaTe/lbHON HanpasJ/eHHIO
naufioro nojsi B 0). [IpakThuecku He Beerga yA06HO MO/b30BATHCSA HMEHHO
STHMH KoopauHaramu. JloctaTouno, 4ToGe AnuHHH v = const GbIH opGHTaMH
AaHHOH oOfHONapaMeTPHUeCKO# TIpyNnbl puddeomopdH3IMOB;, B KauecTse
Apyroft KOOPAHHATBI BMECTO 4 MONKHO B3ATh JIOGYIO (GYHKUHIO OT u,
cKaxcem z. Baxkno sumb, 4ToGbnl npeo6pasoBaHHA g° TIepPEBOAMAH JMHHH
z=const apyr B apyra. B cucreme koopaumar (z,v) mcxoaHoe mone
HaNpaBJeHHil ONpene/UT ypaBueHue ¢ DasACNAIOIHMHCH [epeMeHHbIMH
dv/dz=w (v) f(2), rae f(2)=du/dz.
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3anawa . Ilycts usBecTHa oaHomapaMmeTpHueckas TPYNNa CHMMETPHIl NOAS Hanpag-
nenuii B ri-mepofl oGaactH. CBeCTH 3a4ady MHTErpHPURARUR cooTBeTcTRY0OUIEro Anddepen-
UHANLHOTO YPABHCHHS K HAXOMKAECHHIO MHTErDaJbHLIX KPHBLIX NOJSA HanpasjeHHil B o6AacTw
pasMepHOCTH n— 1,

Ykasanue Ilpoctpancrtso opGuT rpynnbl CHMMETDHII HMeeT Pa3MepHOCTh n— |.

3. Opnopoauble ypaBHenus.

Onpenenesune Ypasuenue HasblBaercs O00HOPOOHLIM, €CNH 3aA310-
llee €ro rnoJjie HanpaBJeHHH Ha MJOCKOCTH OQHOPOIHO, T. €. HHBAPHAHTHO
OTHOCHTEJIbHO  OjlHOMapaMeTpHuecKoil rpynnel  pactsxenuit, g°(x, y)=
=¢€*(x, y) (puc. 63).

O6aacTb onpesescHusi TaKoro nojs — He 06H3aTeNbHO BCA RJIOCKOCTD:
ZOCTATOYHO, 4TOOLl 3TO noje GblJIO 3aAaHO B KakoA-1HGO 06sacTH, HHBa-
PHaHTHOH OTHOCHTEJbHO PacTsKeHHH (Hanpumep, B yrae).

3anaua |. Kakne n3 ypasuennit dy/dx=y/x, x/y, Inx—lIny (x>, y>0) oano-
ponuu?

Orser. Bee Tpu. y
Y Wr \j
X
! z
g >
Pue. 63. TMone wanpasaennuit Puc. 64. Koopanuaria Puc. 65. Hurerpaanusie Kpusuwe ofHo-
CAHOPOANCTD ypabitenun. BB peiciing oAHo- poanoro ypasueuus,

poAKOro  ypapuenus.

Teopema Odnopodnoe ypasnenue dy/dx=F(x, y) npusodurcs
K YPABHEHWIO C PA30eARIOULUMUCS NePEMEHHbIMU NOOCTAROGKON Y= UX
(1. e. nepexodom & xoopdunaram (x, v)) 8 obaacru x> 0.

NokasaTteabcrso Op6ursl rpynnsl pactsikenuit — 3T0 AYUH Npo-
xopsmkx yepes O npsmbix (puc. 64). B kauectse qnuuu I' Bo3bMeM npsamyio
x=1 ¢ oObiyHbiM NMapameTpoM y Ha nefl. YKasaHHble B JeMMe KOODAHHATHI
unuv—>310 u=lnxunuv=y/x

[To sameuannio n. 2 B koopaunatax (x, v) mepeMeHHblC pa3sfe/siOTCH.

3anaua 2. PewuTs ypasiene dy/dx=y/x+y* /x> x> 0.

Pewenne dy=vdetxdo, dy/dv=v4xdvsds, xdv/di=v>, —1/v=Inx+C,
y=—x/(in x+C).

Ecan K — nuterpanbHafi KpruBas OLHODOLHOIO YPABHECHHSI, TO FOMOTe-
THuYHaA el xpusas e'K Toxe HHTerpa.dbHas (puc. 65). Taxum ofpasowm,
IJIfl HCCJIeJJOBAHHA BCEX HHTErPasJbHbIX KPHBbIX OMHOPONHOIO ypaBHEHHSI A0-
CTaTOYHO HapHCOBaThb OAHY KPHBYIO B KaXXIOM CEKTOPE MJIOCKOCTH.

3anaua 3. HapucoBaTb nuTerpaibHbie KPHBblE ypaBHeHHH

P 2 2
Orser. Cm. puc. 65, dy/dx=2y/x+y /%,
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Onpeaneaenne Pymxuna [ naspviBaerca odwopoduot crencwu r,
ec/l OoHa Y/IOBJETBOPSAET TOMAECTBEHHOMY COOTHOLICHHIO

flex)=e"[ (x). (1
WUnpiMp caoBamu, odxopoduas @urkyua CTeneHu r -— 370 obuiuii cob-
CTBEHHBII BEKTOD BCeX JHHEHLIX ornepatopos (e°) *, ¢ co6CTBeHHBIMM uHCa-
Mh e”.
Onepatop g% (meifictBue auddeomopdusma g Ha GyHKuHM) onperencH
B § 5, crp. 58.
Mpumep. Hapucyem na njockoctu p, ¢ npamyio p-+qg=r. Muoro-

uaen ) ap oX’y? OJHOPOAHLI CTENeHH r, CCJAH H TOJbKO €CAH HOKA3aTCaH
BCEX BXOAALIHX B HEro ¢ HeHyJeBbIMH KOd(®PHUHEHTAMU OJHOUNCHOB JeXaT

na 5Toil npamoil (nasviBaemoll Guaepammoi Hetworona).

Teopema (Qivepa). Yrobu ynxyua [ 6vira 00nopoOHol CTenenu
r, HeobxoOumo u docTarouro, 4ToGbl OHA YOOBAETEOPAAQ COOTHOUIEHUIO
Silaepa Y xi0[/0x;=rf.

CooTnolleRHe Diliepa 035avaeT, 4ro f — co6CTBeH NI BEKTOD onepaTopa
onddepenunpoBanna BLOAb n3oOpameHsoro Ha puc. 61 siieposa nons
(nonn $a3oBOH CKOPOCTH IPYNNbl PAacTsiKeHHH, €') ¢ COGCTBEHHbIM UHCIAOM 7.

HoxasateanscTso CoorhHolenue Ditnepa noaysaerca anddepen-
uuposanuem onpepetenus (1) oanopoaHoit dbyukuun no s npu s=0. Coort-
nowenne (1) noayvaercs M3 cooTHolieHns Dinepa HHTEFpupoBaHHeM AHd-
($bepenuanbHoro ypaBHEHHs € Pa3/lensloNMHCH NepeMeHHbIMH, 3alaBae-
MOTO COOTHOLIeHMeM ODiilepa Ha Kamaoil opOuTe Tpynnnl pacTaXenni:
df Jdx=rf/x.

Hdaa 1020 4r0b66r nose wanpasienuli ypasuenus dy/dx=F (x, y) Ooli0
00HOPOOHbLM, HEOBXOOUMO 1 QOCTATO4HO, 4TO66L nPasas 4acry 66iaa 00HO-
podroi gynkyueid crenenu 0. Hanpumep, roauTcss OTHOLIEHHE JKOOGLIX ABYX
OJHOPOAHLIX MHOIOUJIEHOB OAMHAKOBOH CTENeHH.

3ameuanue Ilepexon oT KOOPAHHAT (X, y) K KOOPAHHATAM (¥, U==y/x) B o6nacTh x#0
W K KoopanHataM (u=x/y, y) B 06aacTh y==0 Ha3biBACTCA CULMA-NPOUECCOM WIR PA3CYTUEM
Touku 0,

OTa KOHCTPYKLUHR HMeeT NPOCTOl reOMETPUUECKHH CMLICA: OHA 03HAuaeT Nepexoj oT
IOCKOCTH K NOBEPXHOCTH, NONYYAIOUICHCA H3 Hee BLIKMALIBAHHEM HAuaNa KOOPAHHAT M BKJAEH-
BAHHEM BMeCTQ Mero UcAOoH  NPOCKTHBHOR  npAMOH.
Bor kak 9T0 Jnenaerca. PaccmoTpum  oTtobpakenue
. (paccacenne)  a: (R°\8)—> RP', onpeneasiomice npao-
0xRP EKTHBHYIO NpsMYI0 *).

ﬂ Oro6paxenue o  CONOCTABASET TOUKE MIOCKOCTH
npAMYI0, COoecAMHsIOWY ee ¢ nyaem, Ipadux orofpa-
“ xenns o (pue. 66) npencraBaneT cofoil NOBEPXHOCTD
‘_‘ S B npocrpancree (R\0)X RP'. Buaomenne RQ\({ s R
BKJaAbBaeT 3707 rpadmk B mponssexenne M= R’ X RP'
(andpeomopdroe BHYTPEHHOCTH Gapaixn).

3anaua 4. [dokasare, YTO 3ambikaHne rpaduxa
B M npeacrapasier co6OM Irafkyl NOBEPXHOCTD.

Puc. 66 Curmanpoueee YKasanue YpaBHeHHs y=px, x==uy onpeness-
10T TA3AKHE NOBEPXHOCTH,

* . .

) Ilpoextusnod npamod BasuiBaeTcin MHOMKECTBO BCEX NPOXOAAULMX yeped O npsimbix
ua nnoexoctd. BooGme, npockTushoe npocrpanctso RP™™' ecTh MHOMecTBO NPAMBIX, Hpo-
xoanauinx yepes 0 B R
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dra nopepx#ocTs I (3amwixanue rpadnxa) COCTOHT M3 CaMoro rpaduKa 1 JAHHUH
0% RP! (anppeomopduoht okpymioctit). Ipoekruposanne M nua nepBulii  COMHOXHTCb,
R®, onpesensier raaakoe 0TOGpaxeHHE NOBEPXHOCTH X Ha NAOCKOCTL. 3To oTofpaxenue
nasuiBaetcs cdyaanues. OHO MepeBoanT BCio okpyxuocTs 0X RP! 8 Touky 0 u audpeoMopduo
0TOGpaKacT ocTanbiylo uacts £ (1. e, rpadux) Ha NIOCKOCTb 6€3 TOUKM.

3anaua 5 J[lokasaTe, 4TO NOBCPXHOCTL 3 andpeomopdua ancry Mébuyca.

Bcepoamoxiuie reoMeTpiueckie OGBLCKTH, HMCIOUINe OCOGCHHOCTL B TOYKC 0, Moxue
NOMIATL € nAOCKOCTH Ge3 ToukM Ha Z, HOAL3YNCL YKa3aHHbIM Bhiue AnGdeomMopdu3Mom.
llpit 31oM oxasviBaercs, 4To npu nepexoje uasepx (na X) ocoGennocTH ynpouwatotcs.

[TosTopnn npoucaypy pazayTus, Moxuo, Kak roLopst, paspewars ocobennocti. Hanpu-
MCD, MOXKHO NpeBPaTHTL JI06YI0 anAreGpaiiecKyio KPHBYIO ¢ 0COGCHHOCTLIO B TouKe 0 B KpHBYIO,
te umeloulylo ocobeunoctelt, kKpome Touexk ofLIUHOIO ca-
MomnepeceUueHus,

3anaua 6. Paspewuts ocoGenntocts noayxy6u-
uecko#l napabonsl x®=y°, - - _—
Orger. Cwm. pue. 67.

[Mpu  mecnenosanun  BEKTOPHBIX  fOMeH M rosch
HAMpaBACHHA TaxiKe MOAE3HO pasayTHe C UCHTPOM 8 Puc. 67. Paspeuenne ocobentocTh.
ocobo#  Touke. Buime M BHAeAH, 4TO B cayuae
OHOPOAHOTO MONA HATPABACHHH fEPBOE KE PA3AYTHE NPHBOAHT K YPABHCHHIO C Pa3AENAIO-
LUHMHCH MEPEMCHIBIMH,

3anaua 7. [lokaxure, uTo raagxoe BEKTODHOC M0JIe HA NJIOCKOCTH, pasHoe O B Haua-
/¢ KOODAHHAT, MOAHHMAETCA HA NOBEPXHOCTb X B BHAE MOJS, [NALKO NPOAOMKAIOULETOCA
H3 BK/IEHBACMYIO MPH CHIMA-NPOULCCE OKPYIKHOCTD.

4. Kpasuoanopoausie ypasnenus. 3aQuKCHPYEM HA MIOCKOCTH cHCTeMY
JIHHEAHBIX KOODAHHAT (X, y) M 3adHKCHpYeM [Ba BeleCTBEHHbIX uHCAA
o H B

Onpeaenenue. Ipynnoi k8azuodnopodnsix pacTAaxeHull nAOCKGCTU
Ha3blBAETCA ONHOMAapaMeTpuueckas rpynna JHHedHLIX Npeobpa3oBaHiil

. gS(x, y):(easx, eﬁsy)'
Yucna o u B naswiBaiores secamu nepemennuix x # y. (Hapsay ¢ «kpar
3HONHOPOAHBII» YNOTPeGAAIOTCA TCPMHHB 638€ULIEHHO-00HOPOOHbL, 06061 eH-
HO-00HopoOHubil.) O6osnauenue: o=deg ¥, p=deg y.

Ecmt a=B=1, 10 {g*] — obuiunan rpynna pactaxennuii.

Onpeneneune Ypasucuue Hasplgaercs Keazuodnopoduotm (c ee-
camu a, B), ecnu 3anaioulee ero nose HanpaseHHH Ha IJIOCKOCTH HHBA-
PHAHTHO OTHOCHTC/JLHO FPYNMBl KBa3HONHOPOAHBIX PacTAXKEHHH.

3anaua I. IMono6paTs seca Tak, 4To6ul noJe Hanpabaeuit ypasuenns dy/dx = —x/y?
6ula0 KBa3HoAHOPOAHDBIM,

Orger a=2, f=1,

Teopewma. Keasuodnopoduoe ypasuenue dy/dx=F (x, y) ¢ 8ecamu
deg x=ua, degy=P npusodurca k ypasnenuo ¢ pazdeirsouumucs nepe-
Mennbimu nepexodom K koopounaranm (x, y*/x*) e obracru x> 0.

HokasateancrtBo. Opburs rpynnsl KBAa3UOAHOPOLIBIX pacTHXKe-
Huit — nososuHLl «napaboas y*=Cx® (puc. 30 crp. 32). BuiGepem B xa-
uectpe snuun I' (n. 2) npamyio x=1 ¢ napaMerpom y Ha Heit. Kpasnox-
HOPOAlIBIE PaCTSXKEHHsT MEepPeBOAAT fapanjiesbubie I’ npsamole B napanieb-
Hble. [losTomMy Teopema BbITeKaeT H3 JieMMbi M. 2 W 3aMeqaHHs K Heil.

Buisicuum  Temepb, Kak y3HaTb MO NpaBoil uacTH ypaBHEHHA, KBa3H-
OLAHOPOJHO JIH OHO.
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Onpeneaedne OPyuxius [ Ha3bBACTCH KsasuodHopodHoi, cTene-
@ r, ecaM OHa yAOBJAeTBOpSieT TomuecTsy f(e®x, eMy)=e"f (x, y).
WUubiMi caoBamu, [ —— obwnil coGeTBeHHBI BeKTOp onepaTtopos (£°)
(rie g° — KBA3HOAHOPOAHOE pAacTslKehue) ¢ COGCTBEHHBIMH uHcJAaMH e
Mpuwmep. MuorouseH KBa3suOAHOPOJeH cTeneHd r (npu Becax o, P),
eCJH W TOJBKO ecJHM TNoKasaTead BXOASIIIHNX B Hero monomoB xPy? sexar
na nuarpamme Hoblotona ap-+-pg=r (puc. 68).
KpasuoaxopoaHasi CTeleHb KBa3HOAHOPOLHOINO MHOTOWIEHA Ha3blBaeTCH
Takxe secom. Hanpumep, Bec x pased «, Bec y pasen B, Bec x’y® pabeu
200438 u 1. A IlpunuceiBanHe BecOB HA3bIBAETCH

ES

ill TaK:xKe epadyuposarue.
NL 3anaua 2 llono6paTh Beca mepeMeHHbIX TaK, uTOGLt
\\ Muorousien x’y--y* 6w xBasHoxHopoanptM cremenn .
A Orser. deg y=1/4, deg x==3/8.
TN 14 3aagaua 3. [lokaxure, 410 (QGyHKUHA [ NepeMeHHBIX X;

BECOB «; KBA3HOAHOPOJAHA CTENEHH r, €C/AH H TOJIBKO €C/H OHa
Puc. 68. Ouarpamma Holotona YAOBAETBOPSAET COOTHOWeEHUIO Dinepa ) aux; Of /0xi=rf.
KBA3HOAHOPOAHOH  QYHKUHA. 3ameuanue Bekropuoe nosec j oux;d/0x; Ha3piBaerTcs

K8as3uodnopoduoim 3aiireposoim nosem (310 — nose ¢Ha3oBoH CKO-
POCTH rpyMibl KBA3HOAHOPOAHbIX pacTsikenuit). CooTHowenne Dinepa o3HauaeT, uto [ —
cofcTpeunniil BexkTop onepaTopa AHgdepeHURPOBAHHA BAOJDL 3fJcpoBa noas, ¢ cOGCTBEHHbIM
YHCAOM 1.

Teopewma. Has 1020 urobur nose nanpasasenuii ypasuenus dy/dx=
=F{x,Y) 6oi40 K8a3UOOHOPOOHBLIM, HEOOXO00UMO W OGOCTATOYHO, UTOGbLL
npasas uacts 6oiaa KeasuoOHOPOOHOU U ee K8a3uoBHOPOOHAA C(Tenenb
6bLaa pasxHa pasHocTu crenenell y u Xx:

deg F=degy—deg x=p —a.

JdoxasatenscrBo. Ilox meficTBHeM KBa3WOXHOPOLHBIX PAaCTsXKe-
HUH g° BeMUMHA Y U, CJelOBATeNbHO, dy yBenuunsaeTcs B e pas, a x (u, cae-
foBaTtenbHo, dx) — B e® pas. UTo6nl nosle HanpaBJeHH# MePeUIO IPU TAKOM
pacTtsaxeHHH B ceba HyXHO, yroGbl 3HaueHHe F B HOBO#l Touke OblLIO BO
CTOJDbKO Xe pa3 OoJblie, yeM B CTapoH, BO CKOJbKO pa3 yBEeAHUYHBAETCH
otHomeHnHe dy/dx (uwam y/x), 1. e. B P~ pas, uro u Tpe6oBasnoch.

3ameyanue Takum o6pasom, npH BbIUUCIEHHH BECOB MOXHO 06pa-
martbcd ¢ dy/dx, Kak c ApoGblo, cuntas d <«MHOXHTeJNeM» Beca HYJb.
Torna Bec dx ecTb a, Bec dy ectb B, Bec dy/dx ecTb f—a.

YcnoBue KBa3sHOAHODOAHOCTH ypaBHEHUs COCTOHT B TOM, UTO Beca JieBoi
H TIpaBOH yacTedl OAMHAKOBLI.

3apaua 4. TlonoGpath Beca nepemeHHbe Tak, ytobul AuddepeHuHancHoe ypaBHeHHe
da30BLix KpuBLIX ypasnenus Hulotona ¥ = Cx* 61110 KBA3HOAHODPOMHBIM.

Pewenne Ypabienue dpasonnx Kpuenx dy/dx = Cx*/y. Crenoparennto, 2B=(k+1) a

5. CooGpa:kenns nono6Guna u paamepHocteii. Ksasuodnopodueie ypasrenusn
¢ $a30BbIMH IPOCTPAHCTBAMH JI0GOI pA3MePHOCTH ONPeAeASIOTCS aHAJOTHYHO
TOMY, KaK 3TO CJeJ/JaHO BHIIe Jasi IBYMepHoOro caydas. Ksasuodnopodnsie
BEKTOPHbIE noAA onpefensiorest ycjosueM deg 8/dx;= — deg x;. Hanpumep,
sii1epoBo noje Hmeet creneds 0.
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3anawuwa |l [lokaszars, 4To ecan [ -— KBA3HOAHOPOAHAR (YUKUHS CTeNEHH r, a ¥ — KBa-
3HOAHOPOAHOE TIONE CTeNEeHH S, TO NPOH3BOAHAA [ BAOJL ¥ — KBA3UOAHOPOLHAR b YHKUMA
CTCACHU £ §. .

3anaua 2. Myets x=P, y=@Q, rae P u Q — OAHOPOAHBIE MHOrOYJeHbl CTEemeHH 1.
Jokaxute, 4T0 ecin Kakas-iHG0 M3 (a3oBeIX KPHBHIX 3aMKHYTAa M NPOXOAHTCA 3a Bpemst T,
TO NpH pacTAXeHHH B € pa3 H3 Hee NONYuMTCs 3aMKHyTas (asoBas KpHBas C NEpHOAOM
o6pautcnus e ="T,

Banaua 3. Myctsb x=0v (x), TA¢ ¥ — KBA3HOLHOPOLHOE NOJe CTENEHH r. Iokaxure,
uTo ecan T — nepuon oGpalueHns mo 3aMKHYTOH KPHBOH y M g° — KBA3HOZHOPOLHOE pPacTH-

Heune, 70 gy — ToKe 3aMKHYTan (asoBas KpuBAs H nepuoj obpatuenuss — e~ T,

3anaua 4. Kak 3aBHCHT OT aMmAMTYABl X, . MEPHOL KoleGaHuil «MArKOro MasTHHKa»,
K=y, g=—x

Orser. O6paTHO NMPONOPUHOHANEH AMILIHTYZe.

[Tpu npumenenun cooGpakeHnii NOROGUS YACTO BCTPEUAIOTCA HE TOJbBKO
nepsbie, HO W BTOpble npouspoaHble. [locMoTpHM, KaK OHH BeayT ce6sa NpH
KBA3HOAHOPOAHBIX pacTsiKeHHAX. QueBHIHA

Tecopewma. lpu ksasuodnopodnom pactaxcenuu (x,y)r(e“x, e¥y)
epagur pynkyun y=¢(x) npeobpasyerca 6 epapur Gyuxyuu Y= (x),
dasn xkoropol

k k
%}(kg (8 Ho80I TOUuKE) =e(“"‘“)s%('5p- (8 crapoii To4ke).

HMubivu cnosamu, d*y/(dx)* npeo6pasyercs kak y/x* (ueM u o6bsicHsieTcst
yro6cTBO o6o3HauenHus JlefiGuuna). ClefnoBaTenbho, 47006l Y3HATL, KEA3U-
O00HOPOOHO AU YypasHerue, BKAIOHAIOUlee Bbicuiue npous3sodunste, docra-
Touno npunucare bykee d eec Hyayv u norpebosaTs 0OUHAKOBOCTU 8€CO8
Aesoll U npasoil uacreil.

“©s

3anaua 5. JokaxHTe, 4TO €C/AH 4YacTHUA B CHJIOBOM MoJe € OJHOPOAHOH cTe-
neHd 71 CHAOH NPOXOJUT TPAEKTOPHIO ¥ 3a BpeMA T, TO Ta e yacTHua NPOHALT rOMOTETHYHYIO
TpaekTopHIo Ay 3a mpems T' ==l ~™/IT,

Peuwewnue Ypasuenne Hoiotona d’x/dt?=F (x), B KoTopoM F 0AHOPOAHA CTENMEHH m,
nepexofHT B cebA NPH MOAXOARIUHX KBA3HOLHOPOAHBIX DACTSKEHHAX: HYXKHO B3fTb Beca o
(ana x) u B (n1a f) Tak, 4To6b @~ 2f==ma. Bepem a=2, =1 —m. Pacraxenuio x’' =iy
cooTsetcTyer T’ =All=m/27]

3anauva 6. JloKaxHTe, 4TO KBAAPATH BPEMEHH NMPOXOMKAEHHA MOAOGHLIX TPAEKTODHI
B NoJe TArOTEHUS] OTHOCATCA KAK KyObl JIHHeHHBIX paaMepos *).

Pewenue M3 npeabiaywreft 3agaun npH m= —2 (3aKOH BCEMHPHOTO TATOTEHHs)
noayuaem T’ =A%°T,

3agava 7. BbificHHTe, Kak 3aBHCHT OT aMNIHTYAn nepHod KosieGanHii B cayuae
BO3BPalLAOUIER CHALI, NMPOMOPUHOHANBHON OTKIOHEHHIO («IHHEMHBIH ocunIsaTop») u Kyby
OTK/JAOHCHHA («MATKaA» cula).

Ovser. ins 7MReHHOTO MaATHMKA NePHOA He 3aBHCHT OT AMIVIMTYAb, @ AAS MATKOro
o0paTio APONOPLHOHANEH CH.

. du  du

3anaua 8 YpapHelHe TERJIONPOBONHOCTH HMeeT BHA —=—qa—: ({— BpeMA, & —

ot ox*
paccroanue, u — temnepaTypa). MspectHo, uto BeeacTsHe roaoBbix koseGaHnil TemnepaTypsl
3eMa7 B HCKOTOPOH MECTHOCTH npomepsaeT Ha Merp. Ha kakyio riyGuny oua npomcpsasa Gul
BCJAEACTBHE CyTOUHBIX KOJeGaHHA TeMnmepaTypsl TaKOH e aMI/IHTyas?

*) 370 uvacthuit cayuai 3-ro saxona Kenaepa, B KoTopoM noa06ue TPaeKTOpPHil He APCA-
nosaraercsa. 3aKOH BCEMHPHOTrO TSIFOTCHHA Obli Haliled #3 ABYX NpPeAbIAYU(HX 3a4ay, 3aKOH
Kensepa Gbln u3BecTeH paHbiue.
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Pewernune Ypasuenne nepexoaut B ccla 0pH  KBA3HOAHOPOANBIX  PACTANCHHAX
{t, x) > (e”t, e'x). CenoBaTe bkO, yMeHblIeNne NePitoAa B 365 pas BeUCT yMEHbLUICHRE Tiy-
Giinl npomep3auud B +/ 365 pas.

Orger Ha rayGuuy 5 cm

UcnonbsoBanue coobpaxkenuil nono6us socxoauT K lNanuaeo, KoTopuiil
OGbsicHSIT MMM OrpaliueHHe pOCcTa 3C¢MHbLIX XKHMBOTHBIX. BeC pacTCT 1po-
nopioHasbio KyGy JAuHedHoro pasMmepa, a NPOYHOCTb KOCTeld — KBaapaTy
Jlns BOAHBIX MKHBOTHBIX 3TOrO OFPaHHUEHHS HET, U KMTH AOCTUraIOT ropasio
OGONLUINX PA3MEpOB, UeM, CKakeM, cjaoHbl. MHOTOUHC/IEHHBIE NPUMeHCHNs
9THX coobpaxeHH# B pasHblX 00/1aCTAX €CTECTBO3HAHUSI HOCAT HaszBaHud:
Teopus nodobus, Teopus pasmepHocTel, CKIUAUHE, ABTOMOOCABHOCTL W LD.

6. Meroasl uurerpupoBanus Andepenumansuelx ypaeueuuii. EcTn cue
HECKOJIbKO TIPHEMOB, HHOTAA NO3BOJAOIIHX SIBHO DelIUTb Aupdepentalb-
noe ypashenHe. Hanpumep, paccMoTpuMm ypasHCHLE

dy_P(x, y)

dx  Q(x, Y)
TNepenuiem ero B snje

Qdy—Pdx=0

(1-dopma paBua O Ha BeKTopax, KacCalOUIMXCS MHTErpPajbHbLIX KPHBLIX).
Ecan ¢opma asasercs nonnuM auddepeHnasom hyHKIHH,

Qdy— P dx=dF,

TO BAOJb KaXXAOH uuTerpaibHoii Kpueoil dyHKUusa F NocroguHa.

3unaa aupnu ypoBHA GyHKuHH F, MOXHO HaliTH HHTErpa/bHble KPHBHIC,
Hocratouno paxe, urobu Qopma Qdy— Pdx cTaHoBAIaCh noAHbBIM Ahdde-
PEHLLHAJIOM TIOCJC YMHOMKEHHS] HAa MOAXOASUIYI0 (GYHKUHMIO (BeAb OAHOBpe-
MeHHoe yMHOXeHHe P H Q Ha OJlHY I Ty e (DYHKIHIO He MeHsieT HCXOAHOTO
ypasuenun). Taxkaa QyHKIUR HA3BIBAETCS UHTE2PUDYIOULUM MHONCUTENCM.
Minterpupyiolwnit MHOKHTEb BCEria CyWLECTBYeT (B OKPECTHOCTH TOUKH,
rae Q OTAHYHO OT HYJAS), HO HalTH €ro He Jlerdye, ueM pPCLIHTb HCXOLHOE
ypaBHeHUe.

OciioBHo# MeToa pelenus ¥ uayuenns: auddepeHnnalbHbLIX ypaBHenul —
noaGop aHp@deomMophu3MOB (3aMeH NEPEMEHHBIX), MPUBOASMIHX K NPOCTCH-
LIeMY BHY COOTBETCTBYIOLLCE TI0JIe HanpaBJacHHH, BeKTOPHOC noJe uau ¢aso-
Bolil notok. Hanpumep, Msi OZHOPOAHBIX M KBa3HOAHOPOAHBIX ypaBHCHHH
TakHe 3aMeHbl NMepeMeHHBIX yKasaHbl Bhllue.

CyutecTnyeT paa NPHEMOB OTHICKAHHS 3aMEH NepPEeMEHHBIX AAf HHTErpH-
poBanua A depernnalbHbIX ypaBileHUI crielHanbioro Buaa. CnuCKH Takux
ypaBHeHHH H NIPUEMOB HMEIOTCS B 3ajaynukax (cM., nanpumep, «CGopuuk
3anay no AuddepenunasbusiM ypaBhenuam» A, ©. Puaunnoea, §§ 4, 5,
6, 8,9, 10) u B cnpaBounukax (cM., nanpumep, kuury 3. Kamke «Cnpapounuk
no nnddepenuHanbHbiM  YpaBHCHHAM», cOAepXKallyl okosio 1600 ypas-
nenuit). Kaxabli MOXeT pacuimpuTbh 3TH COHCKHM CJeAYIOWHM o6pa3om:
B3ATL J11000¢ yXKe pelieHHOe ypaBHeHHe 1 ¢e1aTb B HeM JIIOGYIO 3aMeHy ne-
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pemenibix, Mactepa uHrerpupoBanns AuddepeHuHalbHBIX ypaBHeHHH (Ha-
npumep, KOOH) JOCTHra M 5THM cocoGOM 3HAYHTENbHBIX YCIEX0B B PelICHUN
KOHKPETHbIX NPHKJAAAHBIX 3ajau. B nocnenxee necsTHAeTHE Mbl ABJSEMCS
CBHIETEJSIMH HEOXKHIAHHOTO BO3POXKACHUA HHTepeca K HEKOTOPHIM ClielHaJlb-
HbIM TOYHO WHTETPUPYEMbIM YpaBHEHHAM, KOTOPble OKa3aJHCb CBA3AHHbIMH
C TOHKHMH BONPOCAMH anre6paudeckol reoMeTpHU ¢ OJHOS CTOPOHE! H GU3MKH
4acTHUeoOPa3HBIX PelleHH il ypaBHeHHI B YaCTHBIX TPOU3BOAHBIX (COMHTOHOB,
HHCTAHTOHOB H T. ) — C APYTOH.

OnHako Bce 3TH MeTOAbI umerpnposaum HUMeIOT ABa ﬂpHHuHHHaﬂbelX
HejocTarka. Bo-nepsuiX, yiKe Takoe npocToe ypasuenune, Kak dx/df =x*> —f, He
peuwraercs B KBajJpaTrypax, T. €. pelieHHe He BLiparKaeTcsl B BHAE KOHEUHON
KOMOHHAUMM 3JeMEHTapHbIX W a/ire6panueckHXx QYHKUWUA H HHTErPAJOB OT
HHX *). Bo-BTOphIX, rpomMo3ikas opmyJia, gamoulast peledue B IBHOM BHAE,
4acTo MeHee noneSHa ueM mpocras npubanxkeHnas ¢opmysia. Hanpumep,
ypasHenwe +°—3x=2a MOXKHO ABHO pewWldTh €O (OpMYyJe Kapnato

—-\/a-|-\/a 1+\/a—— Va ot —1 . Oanako ecau Mbl XOTHM peUHTh ypas-

Henue npu a=0,01, To no/se3Hee 3aMeTHTb, YTO OHO HMEET MPH MAaJLIX Q@ KO-
peHb x =~ —(2/3) a — oBCTONATENLCTBO BOBCE HE OUEBMANOE € TOYKH 3peHust
dopmyast Kaprano. Touto Tak e ypaBHeHHe MafTHHKA X sinx=0 pe-
11aeTcs B AIBHOM BHJE NPH MOMOUIM HHTErpasoB (3/aiuntaueckux). OnHaxo
GOJILLUIMHCTBO BONMPOCOB O MOBEACHHH MASITHHKA NMPOLLE PEUIMTH, HCXOA H3
NPUG/IHKEHHOTO ypaBHEHUS MaJblX KoneGauuil (X 4 x=0) U U3 KaueCcTBEeHHBIX
COO6paKeHHH, HE HCMOJBL3YIOUUX SIBHYIO dopmyay (cM. § 12).

Touno pewraeMble ypabHenus ObIBAIOT NOJME3HB B KAyeCTBe NPHMEPOB,
TaK KaK Ha HHX MOXHO HHOTAA 3aMETHUTb §IBJEHMsI, KOTOPbIE HMEIOT MECcTo
1 B Oosee cnoxubiX caydasx. Hanpumep, uccsiegoBanne TOYHOrO peuieHus
ypaBHeHust X = kx M03BOJIAET N0KA3aTh TeopeMy eJHHCTBEHHOCTH /sl CaMOro
o0ulero ypaBHenus ¢ raaixkodl npasoil vacteio (cm. § 2, n. 3). Ipyrue
NpUMepsl IOCTABJSIOT Tax Ha3blBAEMble aBTOMOLEAbHLIE peliierust ypanueduit
MaTeMaTH4eCKOH (GH3UKHU.

3agaya 1. Haiitu pewenun ypasuenus Jlannaca **) 8 R* u s R®, sasucsuiue tonbxo
OT PacCTORHUA TOUKH A0 Hayasa KOOpAHMHAT.

Orger: Clnl/r+const, -C/r+4const (ubIOTOHOBCKHC HOTEHUHANB; CTPOTO TOBOPH,
A(lnl/r)= —2nb 8 R, A(1/r)= —4n8 & R® (noucmy?)).

*} MokaszaTeabctso 37o# Teopemst Jlinypwias CGiM3KO K AOKA3aTEALCTBY HEPas3peili-
MOCTH ypaBHeHMit cTerens 5 8 pasuxanax (Pydpduun — Abesab — lanya): ono eusoautcest
H3 HEPA3PEWHMOCTH HEKOTOpoil rpynmbt. B otaAnune or obulunoit teopuu lanya, peus nger
3jgech He o KoueuHofl rpynne, a o Hepaspewumoft rpynne Jlu. Hayka, 3anumawumianca 3tumu
Bonpocamy, HadbiBaeTca AHPdepeunanbioii anrcGpoii.

**) Onepatopom Jlamraca B esxaugosoM npoctpancrae R" nasuizaetcs onepatop
A=divgrad=Y 0*/dx7 (% — NexapToBbi koopAMuatsl). Ypasuennc Jlamiaca umceT BHA
A u=0. Peureunst atoro ypasileHusl HA3LIBAIOTCA eapmonuyeckumu Qyuxyuamu. Haopumep,
YCTaHOBHBUICCCS pAcnpeneNeHue TeMaepaTypsl 3ajactes rapMonnueckoil pynxunedt. Oneparop
Jlanaaca MaMepAcT OT/HUME CPeAHero 3HAUeHHA ¢YHKUNWM B MajiOM UIApe OT €¢ 3HadeHus
B ueHtpe wapa. Cpeguee rapMoHudeckoH ¢yHxund no nwo6oMy liapy TOUHO PaBHO ee 3HA-
HeHHIO B UeuTpe wapa (goxamute!),
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Besikult pas, korpa Hafizena TO4HO pellaeMasi 3ajaua, OTKpLIBaeTcs
BO3MOXKHOCTD INPUGAUKEHHO HCCae0oBaTh OJH3KUE 3a]a4 MeTOaMH TEOPHH
BO3MYIlleHHH.

OnHako onacHo pacApOCTPAHSATh Pe3yAbTaThl, NNOJNYUEHHbIE NP H3YUeHHH
TOYHO pelraemoli 3agadyd, Ha GIH3KHe 3afaun OOLLEro BUJA: HEPEeNKO TOUHO
MHTErpUpyeMoe ypaBHEHHe TNOTOMY H HHTETPHDYETCs, uUTO ero pelleHHs
BeayT cebsi mpoule, yem y OJM3KHX HeHHTerpupyemblx 3anau. Hanpumep,
ypableHne $asoBblX KpHBLIX Mofean Jlorka — Boabreppa ynaercst npounre-
rpupoBartb (n. 7 § 2) auwp Grarogapsi TOMy, UTO BCE 3TH KPHBble 3@ MKHYTHI
(B TO BpeMmst KaK y GOJIBIIHHCTBA GIH3KHX HEHHTErpHpyeMmblx Mozesnell 60Jib-
LWIHHCTBO (ha30BbIX KPUBBIX — HE3aMKHYTble CIIHpaJH).



IF'arasa 2

OcHoBHble TeopeMbl

B sroit raBe GopMynHpYIOTC TeopeMbl O CYLIECTBOBAHHH W eNHH-
CTBEHHOCTH PCIICHHH U MEPBHIX MHTETPaJOB, O 3ABHCHMOCTH pelleHH) oT
HayaJjbHLIX N4HHBIX H OT mapameTpoB. JloKasaTe/bCTBA W3JIOXKEHH! B Rt 4,
31eCh JHlIb OGCYKAAETCS CBA3b ITHX Pe3y/bTaToOB APYL C APYroMm.

§ 7. Teopembl 0 BHINpAMJIEHUHH

3necb (GoOpMyaHDYeTCH OCHOBHAs TeOpeMa O BBINPSIMJEHHH MOAS Ha-
npaBJjeHHl, W M3 Hee BLIBOAATCS TEOPeMbl CYIIECTBOBAHHS, €AHHCTBEHHO-
CTH N JH(¢epeHUUPYyeMOl 3aBUCHMOCTH peIUEHHS! OT NapaMeTpoB H Ha-
YaJbHBIX YCAOBHH, TEOpeMbl O MPOLOMKEHHH W O JIOKAJAbHbIX (DA30BHIX MO-
TOKax.

1. Boinpamaenne nons manpaesenuii. PaccmorpumM rnaakoe nose ua-
npapJeHuit 8 o6nacth U  n-mepHoro mpocTpaucrsa.

Onpenenenue Bonpamaenuesm nonas HanpaBaeHHH Ha3biBaeTCH
pupdeomopdusm, nepesoasiuil ero B nodse napajieibHbIX HampasJeHHH
(puc. 69). Tlone naswiBaeTca sotnpamanemoin,
€CJIH CYILeCTBYeT €r0 BhiNpsiMJAEHHE.

Teopewma 1 (ocHoBuas). Beakoe 2radxoe
noae HanpasAeHutl B6INPAMALEMO 8 OKpecT-
HOCTU KaxOot Touku. Ecau noase r pas
Henpepoleno Ougppepenyupyemo (xaacca C',
IS r<o0), 10 u soinpamaswowu Jugpgpeo-
MOpusm moxHO eoibpars kaacca C.

I pHMEeEDpD. IMone HaﬂpaBﬂeHHﬁ ypaBHe- Puc  69. Buinpamieswe noas nanpas-
nus x=x (puc. 69) BEIMpAMAsercs pudy- e
teomopdusmonm (¢, x)> (¢, y= xe™"). IlelicTBHTeNBbHO, 3TOT Al deomopduzm
NepeBONHT HHTErpasbHble KpuBbie x= Ce' Ha nJOCKOCTH (4, X) B napaedb-
Hble npsimble y= C Ha MaocKocTH (I, y).

S

I
N
N

i

3anaua 1. BunpaMuté noas Hanpasacuuil ypabHenuii x={ u r=4x> B OKpecTHOCTH
Hauajaa KoopauHar.

3anaua 2. Beskoe an raankoe noae HampaBJAeHHA HA IVTOCKOCTH BLITIPAMJSIEMO B Ue-
Jom?

Orser, Her, cu. puc. 60.
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3anaua* 3. Ilycts 8 R® nano (rnaskoe) noje AByMepHBIX mjockocTedt (B KaXao#
TOUKe IPHAOXKEHA MAOCKOCTh). Beeraa nu MOXHO BHIPAMUTL €ro (npeBpaTUTL B MOAE
napajjensHbiX naockoctefl noaxoaswuM aunddeomopdusMom)?

Yxasaknue DBonpamasemoe noje sABASeTCA nofeM NAOCKOCTed, KacaTelbHbX K Ce-
MeilcTBy nosepxHocTel.

Orser. Her. PaccMoTpum, Hanpumep, noie NIOCKOCTe, 3aakHoe ypasuenueM y dx -+ dz=0
{BeKTOp NpHHA/MEKHUT NJAOCKOCTH MNOJsA, ecaH Ha Hem 37a l-popma obpautaercs 8 HyJb).
He cyuiecTByeT Hu 00O NOBEPXHOCTH, Kacalouledcs NJAOCKOCTEH 3TOro moas.

JoxasaTesbcTBO OCHOBHOI TeopeMbl | Gyner AaHo B § 32. Bor nse ee
nepedopMyHPOBKH.

Teopema 2. Bce 2aadkue noas nanpasaesnuti 8 obaacrax oduxa-
K0B8020 Huciq usmepenull aokaarvno Oudgeomopdust (nepesodarca dpye
8 dpyea Ouggeomoppusmon).

! == 2: no ocHOBHOH TeopeMe BCe MOAS JoKaabHO AHpdeomMopdHbl
OAHOMY CTaHAAPTHOMY noawo. 2 == 1: u3 soxkansuoit auddeomopduocryu Jaio-
GOMY 1OJIIO BBITCKAET, B YaCTHOCTH, JoKasbHas AUdheoMopdHOCTL CTaHAAPT-
HOMYy, T. €. JIOKaJbHAs BbIIPAMJIAEMOCTD.

Teopema 3. Juppepenyuarsroe ypasuenue x=v(t, x) ¢ 2aadkoii
Apasoll 4aCTbLI0 U  AOKAALHO IKBUBAAEHTHO RPOCTEllUeMY YPABHEHUIO
dy/dv=0.

Unbimu ciioBaMu: B okpecrrocru kasxdoli TOuKu pacuupernoeo ¢a3o-
8020 npocrpancTsa (f, x) CyuiecTsyer OORYCTUMAA CUCTEMA KOOPOUHAT
(t, y) (nepexod & Koropoi — Augpdpeomopdras 3amena nepemernsix), 8 KOTO-
poii ypasnenue 3anucoisaerca 8 npocretivem sude: dy/dv=0.

1 = 3: cuauyasa BbINPSIMUM TOJIe HanpaBJeHUH v, a 3aTeM pPacCMOTPHM
JEKapTOBLl KOOPAMHATHLI, B KOTOPBbIX OChb BPEMEHH T MapaJiienbHa MpPsMbIM
BLINPAMJIEHHOrO MOJS HanpasjeHud. 3 => |: BCAKOe roe HanpaBJ/eHUH
AOKA/NbHO 3ANUCHIBAGTCA KAK TONE HanpasaeHuit noaxopsuiero nuddeper-
uuasbHOro ypasHeHus:. [lepexon k nokanbHOH CHCTEMe KOOpAMHAT, B KOTOPOH
ypasHeHue umeet BuA dy/dt=0, BLINPAMASET 3a4aHHOE MOJeE.

3anaua* 4. MoXHO /i BHINPAMUTL BO BCEM DaCIIMPEHHOM (asoBOM NPOCTpaHCTBE
RX R" none wanpasneuuit ypasreuus x=v(f, £) ¢ CMagKoil NPaBOf uaCTLIO, 3a4aHHOU BO
BCEM ITOM NPOCTPAHCTBE?

3asava 5. JloKamuTe, yTO CHCTEMY KOOPAHHAT TeopeMbl 3 MOXKHO BbbpaTh TaK,
4TO6bl BPeMA He npeo6Gpas’oBHBANOCH (T==1{).

3anaya 6. BuMpaMuTh none HanpasaeHuii ypaBHeHsA X=4x-{ Ha BCeil TMIOCKOCTH
coxpausowum ppema audheomopbusmom (¢, x) — (£, y (f, x)).

3apdua 7. MoxHO A BUOPAMHTh ToJie HanpaBacHuil ypasHemus x=x® Ha Beell
NJOCKOCTH coXpaHAilhmM Bpema Auddeomopduzmom?

Orser. Her.

OcHoBHasl TeopeMa O BBHIPAMJIEHHH OTKPHITA, B cyuiHocTH, HbioToHOM.
B 3namenutom «BTOpoM mnucbMes Huiotona K cexkperapwo Koponesckoro
obuectBa OapneuSypry (ot 24 okrabps 1676 roma) o sawndpoBas MeTos
ee [0KasaTeaLcTBa B BH/JAE BTOPOH (MJIMHHON) aHarpammbl (lepemUcKy
¢ Jleii6uuuem, kusmum B Iepmanun, Helotow npeanounra’s BecTn uepes
Onbpenbypra). B coBpemennsix TepMunax Metol HoioToHa cocTouT B caeayio-
em.

I[lycts nano ypasuenwe x=v(f, x). BymeMm ucKaTh BHIIpAMASIOWINIL
anddeomopdusm y=~(f, x), ana koroporo y=2x npu t=0 (speMs He npe-
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o6pasoBuiBaeM) M3 yenoBus y=0 nosyuaeMm aas h ypasncHue 0h/df4-
+(0h/Gx)v==0. Paasoxum v n h B pamgsl No CreneHsm f:

h=ho+1h +..., v=vot+1vi+ ..«
Torna ho(x)=x, nostomy 0h/0x=FE-}1h,, ... Tloacrasum paanl aas h
H 1N 0 B ypaBHenue 15 f1. PaspepueM JieByio uacth B psia no f. [pupasusiem
nyno xosdduunentsl npu £, ... B 9TOM paay (Ha OCHOBAHMH eAHHCTBEH-
HocTH kKos(dunnentos pana Teisopa). Mbl nofyunM nocjaefoBaTenblo

hy+4ve=0, 2ha+ My o+ v, =0, ..

B ypaBuenne ansl Ay BXOIAT, KPOME HEro, JHIIL NPOU3BOLHBIE OT Am C MEHD-
wHMH nomepamu. TTosTomMy Mbl MOMKEM NOC/IEA0BATENLHO («PeKYpPPenTHO»)
HaATH cnavanaa hi, HOTOM /i M Tak BCe UJeHbl HCKOMOTO psiaa.

B atoM coctout merod Heiorona unreepuposanus Quppepenyuarsrox
ypasrenui ¢ noimoubio psdos. Uto6bl NPHMENSTL 3TOT METOM, HYXKHO GLLIO
yMeTb pasnarath Ranuble QpyHkuuu B paasl. Jdas storo HeioTony npumaocs
OTKpPLITh ¢BOIO (hopmyny Gunoma (1 44°=14at+ ...

3anaua 8 Peuwnte meronom HbioTona ypabiienhe F=4x ¢ HauanbHbiM ycaoBueM
@ (0)=1.

Pemenne. o=141g14 g+ = o142+ 3t +...= 1+ i+ ot + .., cae-

AOBATEALHO, 1=, 2=\ /2, p3=12/3,..., 0TkyAa qr=1/k!. Tax n Gbin BHEPBLIC BhiBeAeH
PAL ANIfl IKCTOHEHTH.

Bce nanbheiinee passHTHe aHanMsa paxe M CErOAHs cefyeT NO HaMe-
yenHoMy HBIOTOHOM nyTH.

JloK33aTenbCTBOM CXOAUMOCTH NOCTPOEHHLIX HbIOTOHOM PSI0B MHOTO 3a-
nnmanuce B XIX Beke, CXOAMMOCTb PAJOB ANSt A B aHAJMTHUECKOM CJyuae
Ouna nokasana Kowwn *y. Teopema Kown 6ulia nepenecena na cayyaf Ko-
HeuHol raazxoctu [lukapoM, ero n0Kas3aTeabCTBO H H3J0XKeHO B § 32.

Ociosnan Teopema | — yTBepACHHE TAKOrO Ke XapakTepa, KaK TeopeMbl JHHCHHOMN
anreGphl 0 NPHBEACHHH KBAAPATHUHLIX GOPM MAM MaTPuL NHHEHLIX ONEPaTOPOB K HOPMasb-
Homy Buny, OHa jiaeT HCHepnbIBAIOLICE ONMCAHME JOKATLHOTO NOBELEHHN NOAA HANPaBAeHHH,
CBOASL BCE BOMPOCH K TPHBHAJLHOMY ¢/1yyalo NapanfeibHOIO NOJs.

B anasnse porctsennoii Teopemoii sBasieTcs TeopeMa o HeABUOH QyHKumn. Taankoe oto-
Gpamenne [0 R"—> R' nasuieaerca nessipoxOennoirs 8 touke 0, €cid panr npoOM3BOAHOIN
B 9TOfi TOUWE HMeeT MaKCHMA/JbHOE BO3MOXKHOE 3HAueHue (T. e. PaBeH MeHbLIEMY W3 uucea m
n n). Iyers f(0)=0.

HOBa Taxux oroGpaxcuns [, g Ha3biBAOTCH A0KAAbHO 3KEUBAAEHTHOIMYL 8 TOuke O, ecan
OAHO M3 IIUX NEPEXCAHT B APYroe NOA AeAcTBHEM AHG(HCOMOPPHUIMOB npocTpancTs Npoolpasa
¥ o0pasa, octapasiownx 0 wa mecre: A: R - R™, f: R" - R", fohi=tkeg.

WubiMy croBami, 06a 0To6pasenuss 10KALbHO SKEUGAACHTHOL, €CAL npu nodxo0suux 6ol-
6opax JONYCTUMBIX CUCTEM AOKAALHOLY KOCPOUNAT @ npoobpase u 6 obpase (¢ nauaiom 8 0)
OHU 3QNUCLIBAIOTCA OOUHAKOBLIMU OpMYAAMIL.

Teopema o HenBHON Gynkuuu B OKPECTHOCTU HeBbIPOXCOCHHLIX TOYCK BCaKUe

gsa eaadkux oT06paNeHUA (RPOCTPAHCTE urcuposannox pasmeprocred m u n) 3KBUBANCHTHS
pye dpyey.

*}) Ha neo6xoAuMOCTb N0KA3aTeALCTBA CXOAHMOCTH o6patun BHuManue ewe dliaep, 3ame-
THBWNHA, UTO PRALl, NOJyuYaeMble aHAAOTHUHBIM NyTeM B ApYTHX 3ajauax, HHOTAA pacxo-
AaTcA. Jiinep uckan B Buie psaa no ! pellenne ypasuenns dx/di=/{(x—1)/{*, pasnoe 0
npu t=0. Toayunacs scody pacxoaauiuiics pas x=Y (k= 1){f,
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B wacTHOCTH, 8caKoe 0TOBPANCERUE IKBUBAREHTHO COCH AUHEIKROE 4ACTU 6 HEGOPOINIeH-
Noti Touke. [losToMy chopmyapoBaHHan TeOpema SBASETCA OAHON H3 MHOTOUHCJCHHBIX TEOpeM
0 JMHeapH3aUKH.

B kauecTse JOKaAbHOW HOPManbHOH (opmbl, K KOTOpoil NPHBOAHTCA oToOpaxeune f
audpeomopduamamn A B k, €CTECTBCHHO BbIGPaThL CACAYIOULYIO NPOCTEHINYIO:

yi=x; nApn i<r, y:i=0 npu i>r,
rae r=min (m, n) — paur npoussoaHo# f B HyJe, x; — KOOPAHHATH TOUKH B INPOCTPAHCTBE-
npooGpase, y; — B npocTpancTBe oGpase. MHuiMn cnosamu, | — BaocHHe, e pa3MepHOCTb
npoo6pa3a Mmeublie, yeM o6pasa, ¥ pacc/aoeHHe — B MPOTHBHOM cayuae.

Ynrateab, npueuikwuil K Gojee CcAOXHLIM (OPMYJNHPOBKAM TeOPCMH O HeABHOH ¢yHK-
UHH, JI€TKO NPOBEPUT WX IKBHBAJEHTHOCTb NpHBEAEHHOA npocTofl reomeTpuucckoil Qopmynu-
OBKE.

P Bce mepeuncnexnble TeOpeMbl 0 HOPMaibHbIX (HOPMAX ONHCHLIBAIOT OPOUTHL AeilcTBuE pa3-
JHUYHBIX Tpynn («3aMeH MepeMeHHLIX») Ha MHOXecTBax (Martpuu, Gopm, noseft, otofpaxe-
HHil, COOTBETCTBEHHO).

2. Teopemst cyumecTBOBAHHS M eXHHCTBEHHOCTH. 13 ocHoBHOH Teopemsl |
O BHINPAMJEHHH BbITEKaeT

Canencreue 1. Hepes kamdyro touxy obaacTu, 6 Koropol 3a0ano
22a0K0e noae HANPaeAerutl, nPOXOOUT UHTEZPAAbHAS KPUBAS.

HdoxasateabcTBo. PaccMOTpuM BolIpAMASIOMIMI [aHHOE moJje
audpeomopdusm. BrinpamiaenHoe N0Je COCTONT H3 Napas/enbHblX HAnpaBsJe-
Huid. B HeMm uepes Kaxylo TOUKY NMPOXOLHT HHTErpaJbHast KpuBas (a HMeHHO
npsimas). luddeomopduam, o6paTHLI K BHINPAMASIOWEMY, TEPEBOAHT ITY
MPAMYI0 B HCKOMYIO HHTErDaJjibHYIO KPHUBYIO.

Caencreue 2. [se untezpansnoie Kpugoie 2200K020 NOAA HANPABAEL-
Hutl, umerougue obuiyio TOYKY, COBNRACAIOT 8 OKPECTHOCTU 3TOL TOYKU.

HDokasarteabcTBo [na BHIPAMIGHHOrO IM0OJA 3TO OUEBHUAHO,
a BbINPAMASIOWHA IHp PeomopdH3M NepeBOAUT HHTErPaJIbHLIE KPHBbiE HCXO/-
HOTO NoAsi B HHTErpanbHble KPHBbIE BBIPIMJIEHHOIO.

Cnepncrtaue 3. Pewenue dudpdepenyuaronoeo ypasnenus x =yv (¢, x)
€ HauaabHolm Yycaosuem (lo, xo) U3 004aCTU 24A0KOCTU NPAsoll 4acTu Cy-
wiecTeyer 1 eOUHCTBEHHO (8 TOM CMbiCAe, 4TO 6CAKkue 06a pewenus ¢ 06-
WM HAYANDHOLM  YCAQBUEM COBNADAIOT 8 HEKOTOPOI OKPeCTHOCTU To4-
Ku ta).

Hoxasareabctso. [lpumenum ciaepctsus | ¥ 2 K noso Hanpas-
JieHHH 1aHHOTO ypaBHEHHs B pacliMpeHHoM Qa3sosom npoctpanctse. [ony-
Haem cjeacTeue 3.

3ameuanune B caexctsuu 3 u B panbHefimem x — Touka (ha3oBoro
npocrpasncTea MoGoi (KoHe4yHOH) pasmMepHOCTH m. DTO CJAeACTBHE HAa3bl-
BaeTCA TeopeMoll CYulecTB08aRUA U €OUNHCTBEHHOCTU PelleHull CucTeMbl m
ypasuenuii nepgozo nopaoka.

3. Teopembl ¢ HenpepuiBHOH H A depeHuHPyeMOil 3ABHCHMOCTY PetieHUT
OT HAYaNbLHOrO ycioBHsA. PaccMoTpuM 3HaucHHe peuienust ¢ audgepeHtHalb-
HOTO ypaBHeHHs X==v(f, X) C HAYAAbHLIM ycaosueMm ¢ (fo)=Xx; B MOMeHT
BpeMeHn ! Kak QyHkunio @ ot (fg, Xo; f) cO 3HaueHHAMH B ()a30BOM Ipo-
cTpaHcTBe.

Hs ocnosHoll Teopembl | 0 BeINpsAMJieHHH BLITEKaeT

Cnencteue 4. Pewenue ypasnenus ¢ eradkoli npasodi 4actero 24a0-
KO 3A8UCUT OT HAUAALHOLX YCAOBUIL.
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TO 03HAuART, YTO yKkaszawuaa svime pyuxyus @ onpedenena, nenpe-
poista . eaadka 8 OKpecTHocTu Kaocdow touku (fo, xo; to) (kaacca C7,
eciu v — Kaacca C).

Hdoxaszarteabcrno. [ npocrefimero ypasuenns (v=0) 3ro
ouesiHo (D ==xo). OGuiee ypaBHeHye CBOAUTCH K HeMy aubdeomopduaMom
{noApOSHOCTH OCTABIASIOTCS UNTATEJIO).

Bameuanne Teopema o AnddepeHUHPYEMOCTH MO HAYAMLHOMY YCIIO-
BHIO  JIOCT2BJACT BecbMa 3G(EKTHBHBIH METOA HCCACLOBAHUA BJAHSHHA
M&J0ro BO3MYLICHHS HAYaJbLHOrO YCJOBHA Ha peweHue. Ecan npr xakom-
JAHGO HA4YaNbHOM YCNOBHH PELUCHHE M3BECTHO, TO VIS ONPENeIeHHs OTKIOle-
HHA pelieHUsA ¢ O/H3KMM HAYaNbHLIM YCJAOBHEM OT A@HHOTO «HCBO3MYILEH-
HOro» pCLICHHA I0AY4aeTCss B NCPBOM NPHOMHIKCHHH JIHHEHHO OfHOpPOIHOE
ypapHedue (ypaplienHe B Bapuanuax). BosHnkaiouias takum oGpasom «Tco-
pHS BO3MYIUIEHHH» — IPOCTO OAHH H3 BapHaHToB Metoaa paAjos HeioToua.

3apnaua 1. Haiitu npousBoanyio pewicHus ¢ ypastenns x = x> x sin ¢ no HAYEIbHOMY
3naucuiio ¢ (0)=a npn a=0.

Peuweunne Tlo cacactomio 4 pemeine pasnaraetcs no a no d¢opmyae Teiinopa,
¢=¢otagi-+.. (MHOroTOuME — MaJjasi MOPAAKA BhILIE MEPBOrG OTHOCHTEABLHO a). 3iech
$o — HEBO3MYLIEHHO® peulckHe (C HYJEBMM HAUYaJbHBIM YCIOBHCM), ¢ — HCKOMAs [1POH3-
Bopnas. [l natero ypasHenus go =0. Iloxcrasass pag B ypaBHekne H NpHpaBHHBafA B J1€BOH
W NPAROA UACTH WJCHBI C OZHHAKOBLIMH CTENEHAMH @ (HA OCHOBANHH CAHHCTBEHHOCTH psia
Tetnopa), noayuaem ans @1 YpaBHeHHe B BaprHauHsXx cﬁlqul sin ¢ ¢ HauanbHBLIM YCJACBHEM
¢ (0)=1 (nouemy?).

Orger. el —cos t,

3apaua 2. Hai"rru GaH3KHA K OCH X OTPe30K (asoBoii Kpusoi 0606wenHol cHCTe VD)
Jlotka — Boabreppa x=x (I —ya(x, y), g=y (x— 1), npoxoasimeii uepes Touky x=1,
Yy=¢ (C NMOTPEIHOCTBIO MopraKa &?).

Pewenne Ypasuenue dasosuix Kpusbix: dy/dr=y (x— 1/{x (1 —ya)). Hesosmyuicunoe
pewenue: y==0. ¥Ypasuenne B BapHauunx: dy/dx =y (x — 1)/x.

Orger. y=ze*~'/x, nesasucuno or suda pyukyuu a.

3anaua 3. Halitu npoussoanyio peurenus YDaBHEHHS MasTHHKA = —sin 0 ¢ na-
yaabiuM yeaosuem 9 (0)=a, 0 (0)=0 no a npu a=0.

Pewenne g npumeHenns cieACTBHA 4 yPaBHEHHE HYXKHO 3aMHCATb B BHAE CHCTCMDL.
MMonyuaoutasica cucteMa ypabueHmil B BapHAUHAX MOXKeT ObITb 3aNMHCAHA B BHAC OLHOIO
YpaBHCHHA BTOPOTO NMopaaka. YACGHO BLIMHCLIBATH HE CHCTEMBI H HX DPCUICHHS, @ TOJbKO 3KBH-
BaJCHTHBIC HM YDaBHEHWS BTOPOrO MOpP#AKA W MX peuwlenust. HeBosmyiienHoe pemene:
0=0. Ypasuenue B BapHaLHAX ~~ ITO ypaBHEHHEe MaJbX KoleGaHuii MasiTHHKE, O = — 0,

Orser. cos ¢,

I[Tpenocrepexenune Iloab3ysich NpuBTHIKEHHBIMH dopmynamu
AJIA1 BO3MYLUEIHOrO PelieHHst, NOJYYeHHBIMH NPH NOMOLUIM YpaBHEHHA B Ba-
puanuax, ne cielyetr 3abbiBaTbh, 4YTO OHH JAIOT XOpouiee NPuG/IHIKEHHE
npd PUKCHPOBAUHOM ¢ H Ma/loM OTKJIOHEHHH € HauaJbHOrO YCJOBHS OF
HCBO3MYILEHHOTO: [OrpelnocTh npH ¢ukcHposaunoM f ects O (e%), HO He-
paBiomepHo 1no ! — oo (Koncranrta B O pacreT BMecTe ¢ 1),

Hanpumep, nonyuennan B 3anade 2 popMyna fana Gbl HEBEPHOE npea-
CTaBJeHie 0 BHAe (a3oBBIX KPUBbIX o0biuHoi Moxenn Jlotka — BoabTeppa,
€C/1H OBl Mbl CTAJIH MPHMEHATDL €€ IJA ONMHCAHHSI BUAA 3THX KPHBHIX B LEJA0M
(kax Mbi 3H2€eM M3 § 2, 9TH KPHBbIC 3aMKHYTbI; Aa/1€Kasi OT OCH X Y4aCTh KPHBOH
OTHIOAb HE ONMCBLIBACTCH OTBETOM 3ajJaud 2).

Touno Tak e peuleHue NOJHOTO ypaBHEHMS MasTHHKA € HAUYAJbHBLIM
yeaosreM (a, 0) 6,1M3KO K pelleHHIo YpaBHEeHHs MaJbiX KofeGaHuil (c TeM e
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HauaMbHLIM YCJA0BHEM) NPH (GUKCHPOBAIHOM £ HX pa3HocTb nopaaka O (a’)
(nouemy?). Opnnaxko npu Jo6oM GHKCHPOBAHHOM a0 HOrpelHocTb
pacTeT ¢ pocTtoM ¢ M mpH AoctaTtouHo Goabuwinx { npubau/mxecnnoe pelue-
HUE TepsieT CBA3b C BO3MYLIEHHBIM (H3-3a2 pa3/MYHA NepHOJOB MaJbiX
¥ HCTHHHBIX KoseGaHuit). [lepecTaBnstTh MexAy coBofl mnpeaesibible
nepexoarl f — oo U a — O Heb3s!

3anaua 4. Hafttu nepsutit (nuunefinsl# no @) uncH pasiomenua s paa Teigopa
peueHs 'ypanuemm MATKOTO  MAATHMKA X= —x' ¢ Haua’dbubiM  ycadopHesm  x (0)==0,
¥ (0)=a.

Peucuue Hesosmymcunoe pewenne: x=0. Ypanueuue 8 papuaunsax. ¢ =0. Hauaap-
woe venosue: ¢ (0)==0, ¢ (0)=1 (nouemy?).

Orger. x = at.

Ha rtcopemtt o auddepenipyemoctn caeayer, uto oumbka 3Toft npubaIOKeHHOR (pop-
Myam iie npepocxoant O (a*) npu kampom duxcuposausom . Opnaxo npu awobom GHKTH-
popamioM a =0 npubARACHHE CTAHOBHTCA COBCPUICHHO HEYAOBAETBOPHTEALHBLIM UPH R0CTATOU-
Ho Gosbwnx f. JTO BHAHO, HaNpHMep, H3 TOro, NTO NPHOJIMIKEHNOE PEIHICHHe HEOrpamu-
HEHHO pacTeT, & HACTOSIILEC ONKCLIBAGT MEPHOLHUCCKHC KoJebalus Manoil BMecTe ¢ @ aMm.iu-
TYABl (Be/HUHNA aMIIMTYAW HOpsiaKa \F 10 coobpaxcHusiM nofobus).

Hasi onenkn obaacti npnmennmocm APHOIHKCH IO GOPMYIb MOXKHO COCUHTATD cnen);o
wHe npHGHOKCUHS: =at+a’¢:+a*ps+.. Moacrasaas B ypasucHue, noayuaem a (p2+
+4° ({‘1-1 = —a® . 3naunr, @u==0, @3=—1° (p3=——1/4 gs= —1°/20, x=~al—
—a’f /20+... Bropoit ynen Man no cpasHenuno ¢ nepsbiM, ecan a’f'/20 1, T, o f€a™ 2,
HMusivy cropamu, 3navende OpHOMIDKCHHOTO PellicHHS ROJXKHO OulTs Ma/dbiM MO cpaBHeHHio
€ aMnauTyAoll HCTHHIOTO KoAeGanus, af < +/a.

3apauwa 5 [loxasaTs, 4TO NpH yKa3aHHOM YCJOBHH OTHOCHTEABHAA MOTPEUIHOCTD
NPUOGAKHIKCHHOrO pelletiiia feficTBHTENbHO Mada.

Peuwecnue 310 caeayer us cooﬁpamexmn nofo6usa. Kpa3sHoLHOPOAHLlE pacTAXeHnHs
X=c'x, T=e~"% NepeBOAAT ypaBHeHite x== —x° B ce6s. Pellteune ¢ Ha4ajAbHEIM YCAOBHEM
(0, a) mepexoant b peurcuue ¢ HavasdbrLM ycaosnenm (0, A =e¥a). Tpubanxennoe peuwenue
x = at nepexoaut B X = AT, Buibepem s Tak, uto6ul A==1, IIpn A=1 pewecune X~ T umcer

Manylo OTHOCHTELHY!O norpewniocTs, noka T« 1. Ho pactsixeuusi ne MCHAIOT OTHOCHTC/AbLHBIX
norpewnccrell. 3HAUHT, M OTHOCHTENbHARA NOTFPEWHOCTb NpHGAMXKeMHA X=al Mata npy

Tl Ho T=e~%, a=e™%. 3naunt, Tl npu t<a~""% Taxum oGpasom, npH Maiux a
NpHO.IMNEHIE AACT MATYI0 OTHOCHTCABHYIO NOrPCUIHOCTL, A3XKE NPH OYCHD GObIIKX f, JiLlb O
[ 6LIVIO MaA0 10 CPABHEHHIO € GOJLUINM YHCIOM I/\/‘

B APHAOKEHNAX TCOPHH ﬂl((b(pCpCHLlHaJIbeIX ypaBHCHHﬁ BCerjia npHXOAHTCA HMeTh JLeso
C GOJ'{b[lIx‘\I UHCJAOM BCANMHH, HEeKOTOpble H3 KOTOPbIX «OuY€Hb MaJbl», & HCKOTOpbIE <«OUCHD
BCAHKHY ., PQSOGPBTI:CH, UTO BEJHKO no CpaBHCHHIO € ueM (T. €. B KakOoM Nopsake Je.aTh
npeAcaLHbie lleEXO;‘lbI). HE BCerja JAcrko; HccJacAoBaHHe 3TOro BOMnpoca — IIOpOﬁ noanena.

4. TlpeoGpasoraiue 3a BpeMms ot £y g0 1. Paccmorpum guddepenunansioe
ypaBuclue X =uv (¢, x) c npasoi#l yacTblo, 3ajaloulell rJ1aJKoe NOAC HanpapJie-
HUH B o6JjiacTu pacwupensoro ¢a3oBoro NpocTpaHcTBa (1060 KoHEUHON
pasmepuioctu | 4 m).

Onpenpeaenne. [Npeobpasosanuem 3a Bpemst OT fo 10 ! HA3LIBACTCS
otobparkenue 06aacTH asoBoro npocTpancTsa B (aszosoc NPOCTPAlCTBO,
CONOCTaBJIsiiollee HAUAAbLHOMY YCJIOBHIO B MOMCHT {o
3HAUCHHC PEHICHHA € 3THM HauajbHbLIM YCJIOBHCM B
MoMcHT f (puc. 70).

Iro npeobpasosanne o6o3navacTcs g,o

B o6osnauennax caeacteus 4

xo=D (fo, x0; 1).
Puc. 70. TlpcoGpasopanie . g;o ( ) ’ )
3a Bpema o1 fo 20 L H3 ocnosnolt TECOPEMbl O BLINPAMJIEHHH BLITEKAET
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CaencrBue 5 [IpeoSpasosanus 3a spems or iy do | Oas ypes-
HeHus ¢ 2aa0Koll npasol 4acroio

1) onpedeseno 8 okpecrroctu kamdol ¢azosoli Touku xo dan {, Jdocra-
TO4HO OAU3KUX K 1o

2) agastorca aoKkasbroimu Oupdeonoppusmanu (kracca C ecau npasar
wacry Kaacca C') u 2aadko sasucar ot t u or fy:

3) daa s u i, docrarouno 6auskux K lo, umeer mecro TomlecTso
gﬁox—~gsg, (027 6cex x u3 GOCTATOYHO MAAOL OKPECTHOCTU TOMKU X.):

4) npu uxcuposannon § pynxuyun ¢ (f)= gLt ecto pewenue ypasnenu
x=v(t, x), ydosaersopswuee HA®AAbHOMY YCA08UI0 @ (fo)=E.

Cneactue 5 ¢ OUEBHIHOCTBIO BLITEKACT H3 MPeABIAVILAX CJCACTBIL,
MoxHo Takke BOCHONB30BAThCS BLINPSAMJIEHHEM, He MCHSIOWHM BpeMellr.
Ins BHINPAMIEHHOrO ypaBHenna (y== 0) Bce npeoGpasoBanus 3a Bpe:s
OT fo 10 ! TOXAECTBEHHE, NOITOMY CBOHCTBA 1) — 4) BLINOJTHElk.

PaccmoTpum, B 4acTHOCTH, cayuaii aBTOHOMHOLO ypaBHEHHS X =0 (x).
B sTOM cayuae umeeT mecto oueBHaHan

Teopema. Orobpaxenue 3a spemn or ly 0o | 0aa QBTOHOMHONO
YypasHenus 3Q8UCUT TOALKO OT UHTEPEaAa 8pemenu t—1ly u He 3asucur
OT HAUANLHO20 MOMENTA o,

Hokasatenbcrso Casur pacunpednoro ¢pasoBoro NpocTpaHcTsa
aBTOHOMHOIO ypaBHeHHA BJOJb OCH ¢ NepesoAMT B ceBsl mosie HanpapJCHUI,
4 3HAuWT, NEpeBOAWT APYr B Apyra HHTerpajbHbie Kpusbie. Ilpu casure
Ha s pelicHHe @ C HayaJbHLIM YCJAOBHEM @ (fo)=x( NEPEXOANT B pelLcHue
C HavyanbHLIM YCJAOBHEM 1p(t0+s)=xo Ilpu swbom ¢ umeem ({-4s)=
=q(!). CneropatesnnHo, gi = gi*s, uro u yTBep)KllaJIOCb

OGo3nauum oroépame}me g§o+T Kopode: g'. Otobpaxkenusi g*

1) onpenenenbt npu joctatouno Manbix |t| B OKpecTHOCTH H3GpaHHOI
TO4YKH (a30BOro NpOCTPaAHCTBA;

2) asasmotes AuddeomopduaMamMu 3Tol OKPeCTHOCTH B (ha3oBoe Npoct-
PaHCTBO M IMIaAKO 3aBHCAT OT T,

3) npnm Bcex gocraTouHo Masuix sl W [{] u npu Beex x n3 ne«oropof’f
oxpecmocm n36paHHON TOUKH BBLIMOJHACTCS IPYNAOBOE CBOHC™BO gig'
=gty

4) npu ¢ukcnpoBannom § dynkuns ¢ ()=g't ectv peuwenne ypasne-
HUst X==0 (¥) ¢ HaYaJIbHbIM ycaosuem ¢ (0)=E.

CewmelictBo {g'} HasbiBaeTCA A0KAAbHOIM (AZOBLIM NOTOKOM BCKTOPIQLO

noJjas v.

3apava 1 Tlpeanosoxum, uto ypaBueHwe X=wv(/, x) HmeceT T-nepuonnueckie
kosdduunentol (v ({47, x)=wv (£, x)) v uTo BCe OTOGpa)KeHus 3a BpCMA OT fo X0 ! AARN LETO
onpegenensl Beiody JlokaxuTte, 4TO npeoGpasoBauns 3a Bpemena, kpathme T, 0GpasywoT

rpynny: g(’fr=A” npu awo6om uesom k. Kakoe M3 ABYX CACRYIOLLX COOTHOWCHKI BOpHO!
kT 4+ s kT +s
gt + =A'gs, gt + = giA®?

Orser. Bropoe.

5. Teopemm o HnenmpepbiBHOll ¥ Auddepenunpyemoil 3aBHCHMOCTH OT
napamerpa. [lpeanosioxum, 4To npaBasi 4acTb AAHHOTO YpaBHEHis X==
=v(t, X; @) rAajko 3aBHCHT OT MapaMmeTpa «, NPOBEraollero HEKOTOPYIo
o6aactb, A npoctpancrea Re,
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Cnencreue 6. 3nauenue 8 MOMEHT | pewieHUA € HAHAAbHBLM YCAO-
suen @ (lo)=1xo 24a0KO 3ABUCUT OT HAUAABHOZO YCAOBUA, 8peMeHu U napa-
MeTpa a.

O6oanaunm 370 3Hauenue yepes @ (fo, xo; o; ). CAeLCTBHe yTBepXiaaer,
uto pynkyua D (co 3nauenusamu 6 Pazosom NPocTpawcTae) onpedeena,
Henpepoulena u 2aa0Ka 8 OKpecTHOCTU KaxcOol Touku (to, Xo, ao, to) npousse-
Oenus pacuiupennoeo azoaoeo NPOCTPAHCTBA HA OCb BPeMeru u Ha 06AacTs
usmenenun napamerpa (Kaacca C', ecau npasas wacre Kiacca C7).

HokazaTenbcTBo 3aech noaesna MajeHbkas XHTpocTb. Pacemor-
PHM «pacliHpeHHOe ypaBHenne» x=v(f, ¥, o), a=0 ¢ (a3oBsM npo-
CTPAHCTBOM pasmepHocTdH m-4a (rae m=dim{x}), Pewenue storo ypas-
HeHUS] ¢ HAYyaAbHBIM YycaoBHeM (fo, Xo, @) ecTb napa (x=¢(f), a=ao),
nepBas KOMIOHEHTA KOTOPO# ¢ — peuteHHe HCXOJHOTO YpaBHEHUS TIPH o == iy,
yAOB/AeTBOPAOLLEE HAauaJbHOMY YCJOBHIO ¢ (fo)=xo. 1o caenctsuio 4 3Ta
napa riaako 3aBHCHT OT (o, Xo; ; o). CaeloBaTenbHO, H mepBas KOMIo-
HEHTA INAaLKO 3aBHCHT OT 3THX apryMeHTOB, YTO U TPeGOBAJOCD.

3ameuaunne TpoOKc pacunperneM CBOAHT TeopeMy O IVIAAKOH 3aBH-
CHMOCTH OT fapamMeTpa K IJafikol 3aBHUCHMOCTH OT Ha4aJbHLIX YCJAOBHI.
O6paTHo, H3 I1aJKOH 3aBHCHMOCTH OT napameTpa (NpH QUKCHPOBAHHOM Ha-
4a/JbHOM YCJOBHH) JIETKO BbLIBECTH IVIAJKYK 3aBUCHUMOCTb OT Ha4a/jbLHOro
ycaosus. JlocTatouno cABHHYTb ypaBHeHHe, uTOGbl HAua/lbHOE YCJOBHE Tnpe-
BpaTHTb B napamerp: v, ({, x)=v{{, x—a).

Teopema o auddepeHunpyemolt 3aBHCHMOCTH OT NapaMeTpa AOCTaBJsieT
BecbMa 3 PeKTHBHLIA METOJ NMPHOIHKEHHOrO DELIeHHs ypaBHeHu#H, GJH3KUX
K «HEBO3MYLUEHHBIM», IS KOTOPbIX pelueHHe H3BecTHO. JoctaTouHo npen-
CTaBHTL pelleHHe BO3MYLUEHHOTO ypaBHeHHst B Bule psiaa Teftiopa no cre-
TIeHAM BO3MYUIEHHS, IOACTABHTbL ITOT PR B BO3MYIUEHHOE ypaBHEHHE H NPH-
pPaBHATbL uJeHbl NPH OAHMHAKOBBLIX CTemeHsX Bo3amyiueuusi. CpoGoaHbiil unen
pana ana peuwenust 6yJeT M3BECTHbIM pElU€HHeM HEBO3MYIUEHHOrO ypaBHe-
Hust. [l1s1 onpejlesieHHa CJeAYIOUIHX 4IEHOB MOJyuaTCH PeKypPeHTHO paspe-
waembie ypaBHennsi. HanGosnee BaxkHoe U3 HHX, ypaBHeHHe /I8 WIEHOB nep-
BOIl CTeeHH 110 BO3MYLIEHHIO — 3TO HEOJHOPOAHOE ypaBHEHHe B BapHalUMAX
(cp. § 3).

OnucaHHbI METOA MOCTOSHHO HCNOJB3YETCH BO BCEX NPHIOIKEHUSAX TEOPHH
AnddepeHLBANbHBIX ypaBHEHHH! NOJ HA3BAHHEM TEOPUN BOIMYW,EHUL WK
merod manozo napamerpa. OH siBjAeTcst OAHOH H3 pa3sHOBHAHOCTEH MeToAa
psaaos HoiotoHa,

3anauwa 1. Haltty npouaBoinylo pelleHns JOTHCTHUECKOrO ypaBHeHlsn X==x (a—x)
¢ HauyanbknM ycaosueM x (0)=1 no napamerpy a npu a= 1.

Peumenne flycts a=1-4e, soamyuiennoe pewenue x=o-+e¢i+ O (¢%). Ipu noacra-
HOBKE B BO3MYUIGHHOC YDaBHCHHE NOJyuaeM ypaBHeHUE

G0+ 81+ =(go +epr+...) (1 +&— go— e1 —..).

Hesosuyuennoe ypasuenne x=ux (1 —x) umeer pewcuueM @o== 1. IIpupasunpan KO3 puumen-
Tol 0P €, NOAyyacM ypaBHCHHE B BapHauHAX =1 — ¢ ¢ HaualbHbiM ycaoshwem @ (0)=0
{nouemy?).

Orger t—e~'.
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Bamecuanuc, @Puink npuseiciuvie puancacuus odopmua 6u tak. Slco, uTO npH
o==1-¢ pewcnue X=1-}-y M210 OTIHACTCA OT I. HpeueGpexeM oTaHYHEeM X nepel CKOGKO#

B ypasucaun or 1. Iloaywaest npnGinzcHkoe YpapHouHe X~ a—x, y=e—y, OTKYA
ye(l—e ).

Tpaguunonias MaTCMATHUCCKAA «CTPOrOCTL®  3anpeilaeT npexebperaTs oTanuueM o
eAMHIIN [EPBOTO X B ypapnenuu, o re BToporo. Ha camom acae «dusndecxoe» paccyxie-

HHC MPABHIALHO — OHO  [POCTO  ABASNCTCA  YAOGHOH CTCHOrPAaMMO  MPUBCACHHLIX BLIUIC Bbl-
qpcaeinil,
3agaua 2. Hafitu npouspoaHyio poulcHHS YpPaBHCUUA MasTilKa € MOCTOAHHDIM

KpyTauws MomenrtoM, J=a—sin 0 no momenty a npu a=0. B HauaALHLIE MOMCHT ManAT-
Huk nokoutest (0=0=0).

Pecwenne O=ay-+ .., a;;:a-—ay, g:l —y, y—1l=z i=—2z 2z ()= —1, é(O)=0.
2= —cos i, y=1—cos L.

Orger. B neproy nprbamkcnnn 3GGHCKT MaJoro KpyTsulero MOMEHTa COCTOHT B CABHIE
NOJIOKENHA PABHOBECHS B TOUKY @, MPHUYCM MAATHHK COBCPUIdeT MaJdbie KoaeGauns ¢ 4acro-
Toit | BOKpYF 9TOil TOUKH; N03TOMY MPOM3BOANAA peluewis no a pasHa 1 —cost.

MMpenoctepexenne. Crporo rosops, Bce Hailk NpHOIHKEHHbIE
petienuss oGoCHOBAHL TeopeMoll 0 AHGPCPCHUHPYEMOCTH TOJBKO NpH Ma-
abix |£]. B meficTBHTENBHOCTH HeTPYAHO OGOCHOBATh HX AJs JI060ro KOHeu-
yoro untepsana spemedn [{]<C7T, ecqu TOALKO BeHUHHA BO3MYLLEHHS € He
NpPEeBOCXOAHT HEKOTOPOH, 3aBucawell or T, BeJHUHHDL Ha »toMm HHTeppane
BPCMEHH TNOTPEIlNoCTh MePBOro NPHGANMKEHHS TEOPHH BO3MYLIEHHI OLeHH-
BaeTcs CBepXy BeaHuunoil O (g°), HO KOHCTaHTa B
O pacrer ¢ poctom T.

Kpaiine puckoBaHO pacnpocTpaHsTh Noay4eHHbIe
TakuM 00pa3oM BHIBOABI Ha GecKOHeulblH HHTepBaJ
BPEMEHH: [€pecTaB/iATb MPeleJbHbIE MEPeXOibl
t—> o0 " &— 0 Heab3s. £ =0 t—> o

I1puwmep. PaccmoTpum Beapo ¢ BOAOH, B JAHE  Puc. 71. Acuunromiueckoe vo-
KOTODOro HMeeTCst MaJjiebkas JAbIpKa pazHyca € f‘g‘:f)";f;auﬂi:'::_“ﬁ nosmyute
{puc. 71). das moboro T cywecTByer cToNb Ma- .
Joe g, uTO B TedcHHe Goablioro BpemeHH ({<CT) BeApO NOUTH NOAHO.
Ho npu nwobom dukcupoBaHHoM e>> 0 Bespo CTAHOBHTCA IyCThIM, KOrja
BpeMsl CTPEMHTCA K GeCKOHEeYHOCTH.

3anaua 3. Haiitn npousnoauyio pcliCHHS ypaBHeHus Manbix KoieGannii MasTHHKA
= — %0 ¢ nauanbupM ycaosuem 0 (0)=1, 0 (0)==0 no napamerpy w npy o=1.

Pewenne Tounoe pewenue faetcs opmynoit 0=-cos wf. Crenosatenbno, NPOH3BOA-
Hasi pasna — 1 sin f.

Fcan Gbl MBl 31aJH TOUHOE pelycHHe TOABKO NpH o=1 H cTaad Obl HCKATb pelleHHe
S o =14 ¢ MCTOOM MaNoro NapamMeTpa, To Mbl oayunan Oul 0 & cos £ — et sin £. Mul morai Gul
ROAYMaTth, YTO HCTHHHOE pClLICHHE HE OrpaHHueHo, ecid Obl 3abbian, 4TO HPHO/IKCHHEM
MOXHO NOJb30BATLCA TOALKO IPH Manuix ef.

6. Teopemusl 0 npoposxenun. Paccmorpum auddeperunasbioe ypas-
HenHe x==v(f, x), 3ajaHioe IIaiKiHM rojeM Hanpasseunit B obnactn U
pacunipensoro ¢asosoro npoctpancrsa. [lycrs I' — noamnoxecrso ob6aa-
ctu U.

OnpeneneHue Pewenne ¢ ¢ HauanbHbM yesosneM @ (fo)=xo npo-
doamaercs eneped (nazad) do T, ecu cyuilecTByeT pelieHHe C TeM Xe
HauaJblbiM ycAoBMeM, rpaduk Koroporo nepecekaerca ¢ I' B TouKe,
rae (=t (K to).
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Peuwenne npodoascaerca sneped (#aszad) Heoepanuuenno, eclu cyllect-
ByeT pelIeHHC C TeM Ke HayalbubiM yCaOBHEM, ONpeleselHoe NPH BCex
t>=1o (npu Bcex (< lo).

Tpumep. Hu oano pewenne ypasrenus x =x>-4 1 He npomosskactcs
HEOrPaHHYEHHO HH BIepeja, HU Hasan.

Onpencsnenne MHOXKECTBO Ha3LIBACTCH KOMAQKTOM, €CAN U3 JIOBC-
ro ero MOKPbiTHfl OTKPLITHIMH MHOM{CCTBAMH MOYKHO BbIGpaTh KOHEUHOe MOJ-
HOKpLITHE.

KoMnaxTHble MOAMHOXKECTBA €BKJAMIOBA NPOCTPANCTBA — ITO €ro 3aMK-
HyTbie W OTpaHHUCHHBIE MHOMKECTBA.

I'panuyeli MHOXECTBA HA3LIBAETCS MIUOXKECTBO TOYEK, B JI060N OKpecT-
HOCTH KOTOPLIX €CTb KaK TOYKH, NPHHAALEKAULHE MUOKECTBY, TaK W HE NpPHU-

HaJJeKAlUHE CMY TOUYKH.
z M3 ocuoBnoil TCcOpeMbl O BBINPAMJCHHH OYCBHAHO
BHITEKAeT.

Cnencreuc 7. Pewenue ¢ HQUAIbHOIM [CA08U-~
M U3 KOMNAKTA 8 PaCuiupeHHoM (aszosom ApocTpar-
CT8e MOUCHO NPOJOAKUTE 8lieped U HA3a0 00 eparuyvl
Puc. 72. Tpogoanciune pe- 97020 KOMNAKTA.

R RO FpaliluL KoM MnbiMu cioBamu, uepes 2106410 BHYTPEHHIOI TOUKY

KOMNAKTQ HPpOXOOUT UHTe2PAAbHAS Kpusasd, nepece-
Kanowan epanuly KOMAAKTA KK ¢ O00HOU, TAK u ¢ 0pyeou CTOPOHbLL OT
HQuaAbHOU TOukW (puc. 72).

[Ipodonscerue eQUHCTBEHHO 6 TOM CMblCAC, HTO 8CAKue 08a peule-
HUs ¢ obuium HAUQALHLIM Yycaosuem coenadaior sciody, ede oba onpe-
Oeaenol.

o+

3anaua | BepHo an, 4To HHTErpafbHyl0 KPHBYIO Mo6Oro TIANKOro NoAd Hanpasaeluii
B 061aCTH €BK/JHAOBA NPOCTPARCTBA, NPOXOASUIYIO uYepe3d TOuky KomnaxkTa K, MOXHO npo-
AOAKNTL A0 €TO TpaHnub?

Orser. Her, npumep — nose Hanpassenuii (asoBslx KPHBWIX MaaATHMKa B of6racTH
x4 x3 >0, K — komsuo ! <<xi4 32

Taxum ofpasom, ANA CNPaBEAAHBOCTH TCOPEMb - CYUIECTBEHHO, YTO NOJC ManpasJienuii
B PAacwHpPCHHOM (ha30BOM NPOCTPANCTEE «HEBEPTIIKAALHOS,

JdoxasatTeabcTBO caencTBus 7. Brauane poxaxkem eamHCT-
BCHHOCTb . PaccMOTpHM TOUYHYI0 BEpXHIOIO TpaHb 3HaA4CHHI BpeMenH, NpH
KOTOPBIX ABa pelueHusa ¢ oOWMM HavaJbHLIM YCJAOBHEM coBnaaaloT. Jleeee
3TOH TOuKkM pelleHHa coBnajailor. Ecad B 9T0f Touke ofa onpejenexul, TO
OHH COBNAZAOT W B HeH, TaK Kak OHH HenpepbiBHE. Ho Toraa onu cosnagaior
H npaBee (110 JIOKAJAbHOH TCOPCME €AMHCTBCHHOCTH), 3HAUHUT, yKa3aHHas Tou-
Ka— KOHCll OLHOrO W3 WHTEPBAJOB onpeaesenus. ITO AOKA3LIBAGT eAull-
CTBEHHOCTb NPOAQJIKeHUST Brepel (ANS NPOAOJNKEHHS Ha3aA PacCyXIeHHs
ananoruynnt). Temepb NOCTPOMM HPOROJIKEHHE.

Mo nokanbHOH TeopeMe CyuwleCTBOBANUS Y KaXKA0H TOUKH PACIINPEHHOTO
(a30B0Oro NPOCTPAHCTBA €CTh TAKAsi OKPECTHOCTD, HTO PelleHHe ¢ HAuAALHBIM
ycnosueM B noBo# M3 TOUEK 3TOM OKPECTHOCTH NPOAOMKACTCA BhEpen
H Hazald Ha of0WHHA A/ BCEX TOUEK 3TOH OKPECTHOCTH HHTEPBAJ BPEMEHH.
s nokpuiTva KoMIakTa TaKuMH OKPEeCTHOCTSIMH BHIGHPAaeM KOHEUHOe Moj-
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nokpuitite, M3 koneunoro Ha6opa HHTCPBAJOB BPEMEHH, COOTBETCTBYIOULHX
- BLIOpAHILIM OKPECTHOCTAM, BbiOHpacM camulil kopoTkuil. OGo3nauum ero
uepes e.

PeuicHe ¢ Haua/dbHbIM YCJAOBHEM B MCXOLHOH TOUKE MPOLOJKAETCHA
Bricpesl Ha € (Tak Kak 3Ta TouKa NPHHAAJACHKHT KOMIAKTY M, 3HAUHT, MOKpPH!-
Ta O/LHOH H3 HaIIHMX oKpecTHOCTel). Bo3bMeM 3HaueHHe 3TOrO pelicHHA uepes
BpeMst /2 nocse HcxomHoro mMomeHTta. Ecan coorBeTcTByloulas emy Touka
HHTCTPaNbHOA KDHBOH elle JIKHT B KOMIAKTC, TO pPELEHHE C Hada/JbHbiM
yC10BHEM B Helt mpoJovixKaetcs Blepel eule Ha e (HToro Ha 3e/2 oT Hcxod-
Horo momenra). Onate caBuraem Bpems ua £/2 (T. e, paccmarpuBacu
3HAUCHHC MPOAOMIKCHHOIO pelleHHsT B MOMCHT uepe3 & [ocje HCXOLHOro)
H onfAThb MNPOJOJIKACM pelicHue Ha €& H T. A. Yepes KoucuHoe uHCJIO0
LIaroB HHTErpasiblasd KPHBasi NOKHHCT KOMMAKT (TaK Kak ero npocKuHs Ha
ocb [ He MoxeT OblTb HeorpaiHuennofl, a f Ha KaXJIOM WWary YBeJHYH-
paetcsi na ¢/2). CaefoBaTesnbHO, HACTYMHT MOMENT, KOrfla HMHTCrpanbHas
Kpupast epeceueT rpaHiLy KOMNAaKTa, 4TO # TPeGOBaIOChH.

3anpaua 2. Jokaxure, uto aoboe peutcHHe ypaBHeius £=v{f, X), 328aHHOTO NO.ICM
wanpasaeunft 8 RX R?, npojosKaeTcsi HEOrpaHMUCHHO, €CJAH U PacTeT Ha OeCKOHEUHOCTH
He GuicTpee, uem feppan crencHs x, T. e. ecan |v{f, x)<k|lx] npu Beex f u lxlZ=r,
rae r 4 k — noctomHHble, .

Yrkaszanune, CpasuuBan ¢ ABHKEHHEM B MOAC X ==kx, NOCTPOHTL KOMHAKTH, 10
rpaHill KOTOPHIX NMPHACTCA AOGHPATLCA CKOJb YFOAHO ACArO.

[Mpeano/iokHM Tenepb, 4TO 06/acTh ONpejAeeHHA NpPaBod 4acTH ypas-
nenust x=v (4, x) conepxut uuanuap RX K, rae K — komnakr B ¢asosom
npoCTpaHCTRe.

Onpeaeneune Peuwende ¢ ¢ HauaAbHLIM yCJ0BUEM ¢ ({o)=Xo
npoAosAKaeTca Brneped (Hasan) Ao rpanuubl Komnakta K, ecau cyuiectpyer
pelieue ¢ TeM )K€ HAua/AbHBIM YCJIOBHEM, NpHHHMAlOLLee 3HAUCHHA H3
rpanuiel komnakra K npn nekoropom 2o (<< to).

W3 caenctpusi 7 OUeBHIHO BLITEKaeT

CanecacTBue 8. Peuwenue ¢ HAHAAbHOIM 3HAYEHUCM U3 OQHHO20 KOM-
naxra K e gasosom npocrpancrae npodoaxaercsa gneped (nazad) aubo He-
opeanudenno, aubo do epanuybl Komnakra K. Ax(3K)

I1pumep. Pewenue ypaBHeHH MasiTHHKA /%
¥)=Xg, X2= — X| C HAUAAbHLIM yCJiOBHEM X1 = I, e axk hx K
x2=0 ne npojos:aercs A0 TpaHHUbl KOMIIAKTA & Y

b

M a A t
JdoxasaTteabcTBo cacactBua &
Paccmorpum oTpesok A=[a, b] ocit ¢, comcpxa- ggi'oggr'onlj;i;‘rf’;“ﬁ;f“‘° no rpamiu
mnit fo. Wwnugp AXK B pacwupennom ¢a-
sosos npoctpancTee (pic. 73) wkomnaxten. [lo npeastayuieit Teopeme peie-
HHE BPOJOJNKACTCA [0 €ro rpanuuut, DTa rpaiiia cocTodT H3 ABYX «TOp-
wos» (aX K u bXK) u «Gokosoit nosepxuocti» AX(0K) (no gopmyae
Jleii6uuua, 9 (AX K)=(9A)X K+ AX(dK)). Ecan npu noboyn b> o nure-
rpaabias KpuBas nepeceyer Topeu b X K, To peiuciie npoAonKacTCA prepel
HEOTPAIHUCHIO; CCAH Ke [pH Kakom-mibo b ncpeceucT GOKOBYIO T0BEpX-
HOCTb — TO [0 rpaliiibl KOMMAKTa.
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CanenctBue 9. Peiuenue a8TOHOMHO2O ypasHenus x==0(x) ¢ Ha-
YANLHOIM 3HAYEHUeM u3 1106020 KOMNAKTA (A308020 APOCTPAHCTEA fPO-
Goascaercs sneped (na3ad) aubo Heoeparuuento, AubO 0 epaHuilbl ITO20
Komnaxra.

Woo unnunap RX K npunamiexut paciuipeHHOMY (pa3oBoMy NpocTpaH-
CTBY aBTOHOMHOIrO ypaBHeHusi JJia Joboro kKomnaxkra K B ¢a3oBoM npo-
CTpaHCTBe.

3anaua 3. JloKaxuTe, UTO BEKTODHOE MOJe v onpejenser (pasoBLUl MOTOX, ¢CAl Bee
peulenun ypaBHCHHA X =10 (X) NPOAO/KAIOTCST HEOrPaHUUYCHHO,

7. BoinpsimieHue BeKTOPHOro noJjsi. PaccMoTpuUM riajkoe BeKTOPHOE
noJsie v B obaacty U. ,

Bounpsasaenues nons naswisacres auddeomopdusm, npespamaiomufl ero
B noje napasjiesbHblX BEKTOPOB OJHHAaKOBOH [JHHBI B €BKJAWAOBOM PO~
cTpaHcTBe (puc. 74).

U3 ocHOBHOM TeopeMbl O BBINPSIMJCHHH JIETKO BBITEKACT

Cnencrteue 10. Brakoe eradkce 8eKTOpHOE Nnoie AOKAALHO BolNpAM-
AAeMO 8 OKPECTHOCTU Kaodol Heocobol Touku (TOuKku, 20e 8eKTop noas
OTAUUEH OT HYAS).

JdoxkasaTtedbcTBo Bexrops nojis B OKpeCTHOCTH HEOCOGOH TOUKH
OTJIMYHBI OT HYJS H, 3HaUHT, ONPEeACsIOT noJje HanpaBJ/eHH#l B 3T0H 06/acTH

u
PSS
> == Z
e | | e | i
vt Bl Sl St
= |t ] e | E)= COﬂSt
>
el
e
Pue. 74, Bumnpsmachue  BEKTOPHOTO Pue. 75 Tlocrpocuue  Bhi-
noJas. ApAMJIAIOUHX KoopAHHAT.

thasoporo npocrtpancrsa. [lo ocnoBHoOB Teopeme 3TO MnoJe BHIIPAMJAEMO.
Brinoatunm BeinpsiMasiouiit Angdeomopuam. Mpl 1o6beMcst napaliiebHOCTH
BEKTOPOB MNOJIs, HO HX JUIHHBL OyAyT, BOOGLle rOBOPS, 3aBHCETb OT TOUYKH.
B BRINPAMJASIOUIHX KOOPAHHATAX YPaBHEHHE, 3aaHHOe HAlIHM MOJIeM, TPHMeT
BHJ

Xi=u{x), Xo==... =x,=0, npuuem u (0)s£0.

Bpesnem BMeCTO Xx; HOBYIO KOOpAKHATY &, onpenenus £ (x) Kaxk BpeMs ABHKEHHSA
oT naockocTd X3 =0 no Toukn x (puc. 75). Pemas ypaBHeHHe, HAXOAUM 3TO -
! dn

BpeMd Mo opmyJe Hbiotona: X :S ——————— _ B Koopauratax
P dopuy £ () PITTR—— P

(E, X2, ..., X;) ypaBheHHe mpHuUMaeT BHX E=1, Xo==..=4x,=0, T. ¢. none
BBITTPAMICHO.

3ameuanne Teopemao BHIpPSIMICHHH BEKTOPHOTO NOJS — eliie 04HA
nepeOPMYAHPOBKA TEOPEMbI O BLINPAMJIEHMM NOJAS HANpaB/eHHH (4TOGBI
BLIBECTH BTOPYIO M3 MepBOil, 10CTATOYHO BHIOPATh MO BEKTOPY, TMafKO 3a-
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BUCAILUEMY OT TOYKH, Ha MPSIMBIX JaHHOrO NOJA HanpaBjeHHH, 4TO JIOKAJABHO
BCEria JIETKO CAeNnaTthb).

Bor euwe aBe oueBuaHbie rnepedopMyaHpPOBKH  cieacteus  10:

Caencrtsue 1. Jlwbee dsa caa0Kkux 8eKTOpHbIX noas 8 064aCTAX
00UHAKOB0C0 HUCAQ u3Meperuil nepesodarcsa Opye 8 dpyea dugpgeomoppus-
mamit 8 0OCTATOUHO MAABIX OKPECTHOCTAX At06blX HEocobblx ToUeK.

CaenctBue 12, Bcakoe Oupdepenyuaronoe ypasuerue x=10(x)
MOdceT GbiTo 3ANUCAHO 8 HOPMAAbHOL (opre x1=1, xo=...=x,=0 npu
nodxodswem svibope Koopdunar 8 JOCTATOHHO MQAOL OKPEeCTHOCTU 060l
Heocobol TouKU nOAsL.

WHLIMH CJI0BaMH, 8CSKOE YpasHeHue X=70(X) NOKAALHO 3IKBUEANECHTHO
npocreiiweny ypasrenuwo x=v (v70 He 3a8uUCUT OT X) 8 OKPECTHOCTU
206011 Heocobol TouKLL.

3anaua |. Bunpsamuts BeKTopHOE NoJe $pa3oBoil CKOPOCTH MAATHHKA X20/0x1 — x10/0x2
B OKPECTHOCTH TOUKH Xi1==1, xp;=0.

Pewenue Toparca mnoaspHsle koopauHat. [lycts xy=rcos®, x:=—rsin@
(r> 0, 10l <<m). B 3Tnx KOOpAMHATAX ypaBHEHHE HMEET BHJ F=0, (§=I, NO3TOMY MnoJe
BLINPAMJEHO: OHO HMeeT BHA 0/40.

3agaua 2. Bunpamurs nois

1) x10/0xi+2x28/3x2 npu x,> 0;

2) d/0x,+sin x,8/dxz;

3) xd/dx 4+ (1 —x}) 6/0x2 npn xi< L.

§ 8. MpumeHeHHss K ypaBHeHHsiM Bblllie MepBOro MOpsAKa

OcHoBHBIE TeopeMbl O cHCTeMax JIoOoro yucaia ypaBHeHHil Joboro no-
PAAKA BLIBOAATCA 34eChb M3 aHaJOTHUHBIX TeopeM AJAA CUCTEeM YypaBHeHUH
1epBoOro nopsaaxa.

1. 3KBHBAJAEHTHOCTb YPABHEHHS n-TF0 MOPAAKA H CHCTEMBbl N ypaBHEHUH
REePBOro MopAsKa.

Onpeneaneudune Juipgepenyuaronoin ypaswenuem n-20 nopacka
Ha3plBaeTCs ypaBHeHHe

d"x dx d"~'x
E?’T::F(t' X, -(—it—, vy E?,’_‘T)v (1)

roe F — puddepenuupyemas (kiaacca C', r > 1) dynkuns, 3agansas B obJaa-
ctu U npocrpancrsa pa3mepHocTH | +n (BpeMs { M TPOHU3BOJHbIC HEH3BECTHOH
(GyHKUUH nopsakoB oT O no n—1 BKJIOUHTENBHO).
Pewenuen ypashenusa (1) HasbiBaerca C"-oto6paxenue ¢: /— R
HHTepBaJla BEUIECTBEHHOH OCH B BELIECTBEHHYIO OCb, AJSI KOTOPOTO
1) Touka ¢ koopauHataMH (T, @ (1), ..., ¢ (1)) npuHamieRuT 06-
aactu U npu so6om T u3 [
2) npu Jjwbom 1 u3 [
dﬂ
?1';'; =F(t; ¢(1), ..., 9"~ D).
t=1
[Tpumep. PewenneMm ypaBHeHHT Ma/JbiX Kone6aHuH MasiTHHKa,
¥=—yx, sBasercs ¢GyHKuua ¢ (f)=sint, a Takke QyHkuns ¢ (f)==cos ¢
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(puc. 76). CnenoBaTenbro, 2paguky petlenuil ypasuHenus 8Topo2o NopadKa
MO2YT nepecekarvca (B OTMMuMe OT rpadHKOB peweHuil ypasHeHHs NePBOro
NOPAAKA, T €. HHTETPaJbHBIX KPHBLIX, KOTOPHIE IO TeOpeMe ¢AHHCTBEHHOCTH
anbo He nepeceKkaloTcs, AH00 COBNARalOT Ha 1EJ0M
HHTepBaJae)

(P a3oBbLIM NPOCTPAHCTBOM yPaBHEHHsI MasaTHHKA
SIBASIETCA NIOCKOCTb C  KoopauHaTamu (r, X): 3ana
HHE 3ITHX ABYX UYHCEJ B HauanbHblil MOMEHT onpeje
JAs1eT Bce RBHMKeHHe MaaTHuka Paccmorpum Bonpoc o
pasmepuocTd  a30BOrO npocTpaHcTBa isi  obuwiero
;’é‘ing ygr;ifc“”“"'l; ReyX ypaBenusi n-ro nopsaka (1): cKoabko uncen HyKHO 3a-
pora nopsaka JaTb B HAuaJdbHblii MOMEHT, 4TOOb OANO3HAuYHO Onpe-

ARNHTL PELIEHHE BO BCE MOMEHTBI BpeMeHu?

Teopewma. ¥Ypasuenue n-co nopsadra (1) sxeusasentno cucteme n

YpasHeruii nepsoco nopAdKa

X1==X2, vy Xne|=Xn, Xa=F(t; x1, .., Xuzi) (2)
8 TOM CMbICAE, UTO eCAl @ — pewenue ypasnenua (1), To sexTop u3 npous-
800Hb1x (@, @, ..., ¢ V) — pewenue cuctemsr (2), a ecau (¢, ... @) —

peuwerue cucremsl (2), 10 @ — pewerue ypasHenus (1)

JloKa3aTenbCTBO OUEBHAHO.

Hrak, ¢a3oBoe APOCTPaHCTBO NPOLECCa, ONHCLIBAEMOTO AN GepeRiLHAlb-
HbIM ypaBHEHHEM TMOPAAKA 71, UMEET DPa3MePHOCTb N: BCE TeueHHe Ipo-
uecca () onucuBaeTCA 3ajaHneM B HaualbHLl MOMEHT BpeMeHH lo Habopa
A YHCEN — 3HAYEeHUH NPOM3BOAHBIX @ NMOPSAKA MeHblUle n B TouKe Io.

3ameuanue Ilpuunsa, no XOTOPO# AAA OAHO3HAYHOTO OTpeaeaeHHs
pelieHns ypaBHEHHS n-ro nopsjiKa HYXHO 3aJaTh B HayaJbHbll MOMENT N
HayaJIbHbIX YCJOBHH, CTAHOBHTCA, ObITh MOXKET, TIOHATHEE, €CJAH PACCMOTPETh
LH(pdepeHunanbioe ypaBHeHye Kak Npeaea pasHOCTHHIX.

3adukcupyem uncao A> 0 (uaswisaemoe wacom). [lepeod pasnocroio
Aannofi GyHKBHH @ C WaroM A HasbliBaercs ¢yHKUNHS, 3HAUEHWE KOTOPOH
B Touke { paBHo @ ({4 #)— ¢ (¢). [Tepsasn pasnocTp o6oanayvaercs Ag. Bropas
pasHocts A’g onpeneaserca Kak A (Ag).

3anaua | [oxasars, uto (A2g) (=g ({-+2h)—2¢ ({+ 1)+ ¢ (A
AHasoruuHO onpefeaneTcst n-w paztocts Agp=A (A" '¢).

3anaua 2. Joxaszarp, uto A’¢==0, ecan u TOAbBKO ecau ¢ ({ -+ kh) — Muorounen
creneny menpwe n or ke Z,
Hanpumep, ecaun BhinMcaTb NoApsAA 3Hauenns k&’ cTPouxoit muxe — WX Da3HOCTH, 3aTeM

Pa3HOCTH pasnocTedl, TO B TpeTbell cTpoke OyeT BCIOAY CTOATL WMCAO 2 eCAH HAauaTb ¢ k°, TO
B 4eTBEPTOH cTpoke — Bcloay 6, u 1 4.2

1 4 9 16 25
3 5 7 9
2 2 2
1 8 27 64 125
7 19 37 61
12 18 24
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Pasnoctroe ypasHenue nepsoeo nopadka — 5T0  ypaBHeHHe BHIa

@ (t+h)—o ()

Kt—:v(t, @), T. €. ———h—v———:v(t,q)(t)). M3 rtaxoro ypasueuus, 3uas

onno uucao @ (fo), MoxHo HafiTH @ (fo+h), mo HeMmy @(f+2A), u T. 4.
[lpn h — 0 pasnocTHOe ypaBueHue nepexoant B aubdepennnansioe. [losto-
My HEy[AUBUTENbHO, uTO M A AH(depeHuHa bHOr0 ypaBHEHHA NepBOro

Nnopsiika pelIeHUe onpeaensieTcd 3HayeHvem B Havya/JbHbIH MOMEHT OJHOTO
Hucaa.

Pasnocrroe ypasreuue 3Topoeo nopadKa uMeeT BUI

(At)z (t w)

T, €.
. QU42n) =29+t ) ./, PlU+h)—q()
he (t’ @ (0. h )

3Has 3HAUCHUS ¢ B 1Ba PA3Ae/CHHBIX HHTEPBaJAOM A MOMEHTa BpEMEHH,
Mbl MOXKEM HafTH M3 5TOr0 YPaBHeHMS 3HAUCHHE @ elie uepes BpeMst A1,
Hrtak, Bce 3Hauenus ¢ (fo-+kh) onmpelessiioTCA ABYMA NepBLIMH M3 HHX.

[ipu A — 0 pasHocTHOe ypaBHEHHE BTOPOTO HOPSIAKA MePEXOAUT B AH-
¢depenunanstoe. [lostomy HeyAHBHTeNBHO, YTO H AAS AubdepPEeHIHANLHOMD
YPaBHEHHUS BTOPOTO MOPALKA pellicHHe OfpefensieTcsl 3aJaHiHeM B HauaJbHbIN
MOMEHT ABYX uucen (n uHCe] AJAA ypaBHeHHs n-ro nopsiaka). Teopema
Ha crp. 86 Kak pas H OGOCHOBBIBAET BO3MOMHOCTL Nepexofa K mpedeny
npu h — 0.

3anauwa 3. Hokasats, uto ypasuenmo d"x/di"=0 yLoBJETBOPAIT BCe MHOrOUACHLI
CTeneHU MEHbLIUE N W TONMBKO OHHU.

3a2£laqa 4. Hafitu pasmepHocTs Muoroo6pasus peiweuuit ypaswenus [easmronsua
02”-}—6 ,+u—0 8 ofaacti x’+y’>0, 3aBHCAWMX TONLKO OT pacCTOANNA A0 HAYAAd
Koopmmar

Pemenne Wexoman QyHKUHA OT r foMKHA YNOBAETBOPATH yPABHEHHIO BTOPOTO MO-
PAAKA, CACAOBATENBHO, PELICHUS ONPEASNAIOTCH ABYMA UHCNAMU,

2. Teopemni cyulecTBoBaHus M enuncTBeHnocTy. M3 teopemsbl n. 1 v Teopem
CyLLeCTBOBAHUA H eHHCTBEHHOCTH /Il CHCTEMbl ypaBHEHHUH MepBOro nopsaxa
(§ 7) BubiTekaer

Cnencreue. [Iycre u==(uo, 1, ..., Ua) — T04Ka obaactu U onpe-
Jeaenun npasoli wacru ypassenusn (1), Pewenue ¢ ypasnenus (1) ¢ navarsb-
HBIM YCaoBUBM

luy=ui, ¢(u)=u,, ..., " (o) = n 3)

cyugecTayer u eQUHCTBEHHO (8 TOM CMbICAE, 4TO 8CAKUE 08Q peltenus ¢ obujum
HAYAAbHOIM YCAOBUEM C(08RAOIOT HA Nepecevenull UKTepsaios onpede-
AeHUSR) .

[pu 3anucu HawanbHOro yc/ioBus ypaBHeHust (1) o6bluHO BMeECTO ¢ MH-
wyT X.
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I p ume p. Petenus cos { u sinf ypaBHeHHUst MAATHUKA X == — X YAOBJAET-
BOPSIOT NpH {==7/4 Ha4YaNbHBLIM YCJOBHAM X (10/4)=~/2/2, X (n/4)= —~/2/2
u x(n/4)=-/2/2, x (n/4)=~/2/2 cooTBeTCTBEHHO (puc. 76). dti HauasbHblE
YCOBHA Pas3/iH4HLL, N03TOMY He YAHBHTEJNBbHO, YTO rpacguku pelieHHid mepe-
CEeKawTCs, He coBrnangad. Teopema €IHHCTBEHHOCTH IJIs1 ypaBHEHHSI BTOPOro
TOpsAAKA 3anpeulaeT HECOBMNAAAOWUM rpadukaMm JHIbL HMEeTb B TOUKE Nepe-
ceveHus 061y10 KacaTeabnylo. Fpaduku peltennii 04HOr0 ypaBHeHHs TPETHETO
nopsiika MOryT KacartbCs, HO TOTIa 0053aHbl HMETb B TOUKE KacaHus pasHeie
KPUBU3HB U T. X.

3apaua L. Tlycrs nasectso, uto ypasuenne (1) umeer pewennsamMn Gpynsuun £ u sin f.
Haiity nmopagox ypasuenus n.

Pewenne. Y ¢pynkunii £ usin ¢ B HyJe COBNaZAIOT 3HAYEHNST MPOUIBOJAHBIX MOPAKOB 0,
1 1 2. Ecan 681 OHH yNOBAETBOPAAH OGLIEMY YPaBHeHHIO TPETHEro NOPsAKa, OHH COBMAAANH
Obi 0 TeopeMe EAMHCTBEHHOCTH. YpaBueHHe mnopsAfka n =4, KoTo-
pOMY YAOBAETBOPAIOT 06e (YHKUHH, [OPRAYMATb HECAOMNO, Ha-
npumep, x4 "=,

Orger, nz4.

3._a;xa 4 a 2. Moryt am  rpadukin  IBYyX peleHHE ypapHe-
A x+p () x4+ g () x=0 umers uzoGpaxeunntit ua puc. 77 nun?

Pemenne Her, Tak kak peweHust cg; M @2 HMET obliece
HauanbHoe yC/JOBHE M HE COBMAAaloT. “

3angava 3. Paccmorpum ypaBuenue 2x=t*%. Pemenus xr=0

=72 o6 — e .
Puc. 77. Heooswommos " x=1¢" o6a ynoBAETBOPAIOT Ha;qaﬂbuomy yenosuwo x=x=0 npn
pacnooxenne rpaguxos, | =0. Tlouemy onu He cosnanawt?

Peweune Teopema eaMHCTBeHHOCTH OTHOCMTCA K ypaBmhe-
HuAM BHAa (1), T. €. ypaBHeHMAM, Da3peIeHHLIM OTHOCHTENLHO CTAapuied NPOM3BOAHON, a
paccMaTpuBaeMoe YpaBHEHHe HeNb3fl 3amucaTh B TaKOM BHAC (B OKPECTHOCTH Hyas).

3aanaua 4. Pewurs pasnoctnoe ypasiende A’p=0 ¢ nayaabubiM ycaosHeMm ¢{0)==0,
{Ag) (0y=0, (A%p) (0)=2 npu 1, KpaTHbIX wary A==1.

Pemenwue. =atbt+ct?, Ap=b-+2t+c, A'g=2c. V3 HayaAbHbX ycACBHA
C=|, b=——l. a==0.

Orser. o=1>—1.

3. Teopembt anddepeHnupyeMoctH u npogokenua. [Tockonsky yxke yera-
HOBJIEHa 3KBHBAJEHTHOCTb YPaBHEHHS N-I0 MOPS/IKA CHCTeMe YPaBHEHUH nep-
BOTO NOpfAAKA, Mbl 3aKJl04aeM, YTO pelleHHe YpaBHEHUS. #-TO TOPAAKA
IJIafKO 3aBHCHT OT HayaJbHbIX YCJIOBHH M mapameTpoB (ecjH npaBasi 4acTh
TJIafKO 3aBHCHT OT NMapaMeTpoB); UHTATeNb Jerko chopMYyJHPYeT U TeopeMmy
O NPOJOJKEHHH.

3Banaua 1. HaiiTh B nepsom nprGIMIKEHHM 10 € BAMAHHE MAJOTO CONPOTHBACHHS
cpeant eF (x, X) Ha ABWXKEHHE NALAIOMErO ¢ BHICOTHI A Tea.

Pewenue Peus uger o6 ypasuenwst = —g--eF (r, %) H HauaAbHLIX YCAOBHAX
x(0)=h, £ (0)=0.

[To Teopeme o nnddepeHUHPYeMOCTH MO NapameTpy, pelieHHe HMeeT BHA ¢=¢o+ e ...,
TRe @ ()=h— gt*/2. Honcrasasns x=(pl(i) B ypaBHeHHe M NpUDaBHHBas WJACHB pRAa 10 &,

$

naxoauM Gy=F (o, §o), otkyaa @ (H={{F (g0 (v), o (1)) dr ds. Hampumep, ecan F=—3,
10 ¢ =gt*/6. 3nauur, orcrapanne o Sgemcnn fajeHnss 8 nepBoM NPUOJHMKEHHH Tponop-
LHOHAABLHO BHICOTE: — &1/ g =e1%/6=¢l/3g.

3anaua 2. Jokaxure, 4To Bce pewenss ypasHeHHs MafATHHKA, 0= —sin 0 npomoa-
MKAKTCH HEOT PaHHUEHHO.

Sanaua 3. [pu Kakux HaTypaAbHbIX k HEOTPAHHYEHHO NMPOAOJIKAIOTCA BCe PeHIenAs
ypashenns x=x*?

Orser, Toabko npu k==1,
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4. Cucremnt ypapHennit. Ilon cucremoii dudppepenyuarvrory ypaenenud
Mbl OyfeM TNOHHMAaTb CHCTEMY YpaBHEHHH OTHOCHTENbHO M HEH3BECTHHIX
dbyuxunit

d""x,-

di"

=F(t; x, ..), i=1,...,n, 4)

rpe cpeiM apryMeHToB KaXkaoH u3 GyHKUMH F; HaxolsITCs He3aBUCHMOE
nepeMeHHOe /,  3aBHCHMble JIepeMeHHBIe X; H HMX HNPOH3BOJHbIE TOPSALKOB
MeHblle n; (j=1, ..., 1) COOTBeTCTBeHHO.

Peuienue cucremul onpepensercsd, Kak B M. I. Cnefyet NoAYepKHYTH, UTO
pelleHHeM CHCTeMbl iBJISIeTCA BeKTOpHasl (PYHKIMs, 3aXaHHAsl HA HHTepBaJe.
Takum o6pasom, (@1, ..., Pr) — 3TO HEe N pELIEHHH, a OAHO PeLIeHHe CHCTeMbl
n ypaBHEHHl — 3aMeuanue, PaBHO OTHOCSIHIEECS K CHCTEMAaM ajre6paHuecKHX
1 audpepeHnHaNbHBIX YPAaBHEHHH,

ITpexpe Bcero BHISCHHM, Kakoe (asoBoe NPOCTPAHCTBO COOTBETCTBYET
cucTteMe (4).

n

Teopewma. Cucrena (4) akeusarentna cucreme N == Z ni  ypasreruil

i=1

11epg8oeo nopadka.

HRbiMu caoBamMu: pasmeprocTs (a3o8020 npocTpancrea cucresst (4)
pasna N.

Hast noxasaTenbCTBAa Halo BBECTH B KauecTBe KOODAMHAT B (pa30BOM
NPOCTPAHCTBE NPOU3BOAHLIC X; MIOPSIAKA MeHbilie n;.

Hanpumep, nycts n=n,=n,=2. Torna cucrema umeer BHUX

xi=Fi(t; x1, x1, X2, x3), X2a=F2(f; x1, x1, X2, X2)
H 3KBHBAJEHTHA CHCTeMe M3 YeThlpeX ypaBHEHH
X1=1x3, Xe=xq, xa=F\(t; x), xa=Fot; x),

rae x=/(xi, X3, X2, Xa).

Hpuwmep. Cucreman auddepenunalbHbiX ypasHeHHH BTOPOro NOpsaKa
mexanuku Hrolotona

w oU ,
mgi=——, i=l, ..., n, (5)
6q,~

rre U — novenumnananhast sueprusi, m> 0 — Macchl, SKBUBAaJeHTHa CHCTe-
Me 21 ypaBHennit I'aMHabTOHA

- _6H . oH

ql—a_p;’ pi=-—3q—i,
rae pi=mq, a H=T+ U— nonnas sueprus (T=Y mg?/2=7 pt/(2m;) —
KHHeTHYeckas sHeprus). Takum o6pasom, pasmMeprocTs a3oBoro npocrpan-
cTBa cucrembl (5) pasHa 2n.

Teopemsl 0 cyulecTBOBaHMH, eIMHCTBEHHOCTH, AHbdEPEHIHPYEMOCTH MO
HauaJbHbIM YCJIOBHSIM M NapaMeTpaM, a TakXKe TeOpeMbl O MNPOAOJKEHHH
TIEPeHOCATCA Ha CHUCTeMbl BUAA (4) aBTOMaTHUECKH: AJisi OJHO3HAUHOrG oIpe-
AeJEHHSl pelleHHs [NOCTaTOYHO B HayajbHbLIH MOMEHT 3ajaTh MNPOM3BOL-

i=1,".., n,
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HblC ¥; nopajAKka MmeHbiue #; Hanpuwmep, ans cucremst ypasuexuil Hsiotona
{B) AmocrTaTouHO 3a4aTb N KOOPAHHAT H # CKOpoCTeH B HAayaJbHbIH MO-
MEHT.

3apgaua 1. Ha MarepuanbHyo TOuKy Macchl m, ABMXYWYICH OTHOCHTENBHO 3emau
CO CKOPOCTBIO v, JAeficTBYyeT (B cBf3aHHO# ¢ 3emJjelt cdcTeme KoopanHar) cuna Kopuonuca
F=2m]lv, Q| rie Q@ — pexrop yraoso#i cxkopocta 3eman. Kamens Opowen (6e3 uauasb-
HO#l cxopocTu) B waxty rayGuno#t {0 M wa wmpore Jlewunrpaaa {A=60°). Hackoasxo
tuna Kopuoauca OTKJIOHHT €ro OT BepTHKaan?

Pewenne. Ilo yenopmio x¥=g+2 [£, @], Beauunsy vycaosuit cKopocTH  3emJH,
Q&73.107%~", cuuraem wmasuM mapamerpom. [lo Teopeme © AMPGEPEHUUPYEMOCTH,
x=x0+Qy+0 (R xo=g'/2. TloacTasasn x B ypabueude, nonyuaem Ky=2 [gf, Q|.

y(0)=g{0j=0. 3naunr, Qy= lg. Q] /3. Caenosateasuo, [Qy] =?§ |A] 12 cos A

Oreer, Kamenb oTraouutcs a Boctok nHa 0,3 mm.

3ameuwanne 3anaua of OTKIOHCHHH KAMHA CHTpaja BLAALOULYIGCS POAb B HCTOPUH
Qusukd. DPbeKT OTKJAOHCHHS KaMHfi Ha BOCTOK (a He -Ha 3anaf, Kak 3T0 KAKETCA Ha
nepsuift B3rann) Osin npemckasan Hewronom 8 mucome k I'yky ot 28 HoAGpA 1679 ropas
Hobioton upocun [yka nponenaTsh SKCMepUMEHT C KaMHeM A5 /0KA3ATEbCTBA BpaileHust
3emn, Torga He oOWENPH3HAHHOTO,

B orseTiom nuceme (ot 6 ausapn 1680 rosa) T'yk copmyanpoBan 3akoH BCEMUPHOro
TAroTeHus. HbioToH B To BpeMs HeTouHo npeactasasa cebe opbury kamus, Bossuxman ance
KyccHs 3acTaBuia Hbi0TOHZ OTKA3aThCA OT €ro HAMEPEeHHs OCTABUTh 3aHSITHA HAYKOH M NO-
GIyKuaa HOBOAOM hamucanud «MaTeMaTHueCKHX Hauwan  HATYpaAbHOH dunocoduu» —
3gaMeduThiX «Principia», ¢ KOTOPLIX Hayasach coBpeMeHHas Gu3uka,

B nucome Tyka npasuwiabHO yxasan noxasatenb -2 B 3aKOHE TAMOTeHHs (s Principia
Houoron nuwer, uto Bpew, T'yx u Tanneft Hezasucumo APYT OT Apyra Haluju, 4TO TPETHH
3akon Kemsepa cooTseTcTsyer MMeuHO 3TOMy nokasatemio). Kpome saxoma Kemnepa, Tyk
ccoltaetcs Ha Habmofenna [atsess o6 OTcTaBaHUW MASITHHKOBLIX YAcOB NPH NOAHATHH Ha
ropy Cs. Enensi. B nucome I'yka siBHO CKa3aHO, 4TO KaMeHb ABHIKET Ta XK@ CHAA, KOTOPad
3acTaBJfAeT MJIARETH ABHTATLCA MO KENAEepOBLIM 3JUIMICAM; KPHTHRYS HapucosaHuyio Hblo-
TOHOM cnupanb, I'yK yTBepxaan, uTto opGHTOH KaMHsl B OTCYTCTBHE CONPOTHBACHHA BO3AyXa
OyAeT «IKCUEHTPUUECKHH FAMHUNTOHAS.

Hbi0TOH HCTOAKOBAM SMMKHOTOMI RAaK 3AMHNC M 3aHHTepecosancs, kak ['yk wamrena opOHTY.
IMocae Goabuux TPYHOB eMy yAanoCh AOKA32Tb, WTO OPOUTa NCHCTBHTENBLHO BJLTHIC {kak
NpH NajeHHH HA 3eMJI0, Tak u BHYTPH LiaxThi). JlokasatenbcTso G0 (M OCTAaeTCA) CTOMb
TPYAHLIM MAaTeMaTHURCKH, 4To HpioToH npuuien K 3akmodexdio, uto Tyk «yTsepxaan Gosbiue,
Hexenn 3Haa». B panpuefiwem on Hukoria He ccwiancA Ha nuchMo [yka. B nuchme
K Tannewo o ceoeit auckyccnn ¢ T'ykom HoloToH pas onucauue pasHHUB MEXAY NOAXOAAMH
MaTeMATHKE U OH3NKA K eCTeCTBO3IHAMMIO, OCTAIOIMCECH AKTyasbublM #  cerogus: «Mare-
MaTHKH, KOTOpbIe BCE OTKPLIBAIOT # YCTAHABAHBAIOT H MPOAEAHIBAIOT BCIO PabOTy, JOJINKHBI
AOBOILCTBOBATLCH POJBLIO CYXHX BHIYHCIUTEEH H HePHOPABOUHX; APYrOH, KOTOPLIH BCero JHilb
BCE CXBATLIBACT M HA BCE NPETCHAYET, npucBausBaeT cefe BCe M300PETEHNT KAK CBOUX NOC/e-
AosaTeneit, Tak M CBOHX MMPEAWECTBEHHHKOBY,

Cyk Gpocan cranbusie wapbl ¢ Bblcothl 10 M # yvBepwman, uto Habaofan cucrTema-
THUECKO® OTKJIOHEeHHE HA I0T0-BOCTOK (UTO MPaKTHUECKH HEBO3MOMHO H3-3a KpailHell MaaocTH
3TOr0 OTKJOHEHHS 10 CPAaBHEHUIO ¢ aspoautiaMuuecKumu s¢dextamu). B orcyrcreue compo-
THBCHNA KAMCHb BHYTPW uwlaxtel B ofwoponuoli 3emae nopumsancs Oul - sakony Tyka
(cuaa npuTAMCHHA NDPAMO NPONOPUHONANBHA PACCTORHMIO AC tenTpa 3eman), Ho cam [yk
Bpsill it Mor o6 3Tom 3maTh. OpbuTa KaMUfl B 3TOM CJIyuae — SJJHIC (B HEBPAlIAOLWICHCA
c 3emnel cHcTeMe KOODAMHAT), € HEHTPOM B LeHTPe 3eMAH d Maaodl MONYOCHID OKOAO
400 kM (mouemy?); opbuTa NPOXOAMTCR 3a TO Ke BPeMA, 3a KOTopoe objeraeT 3emuan
Oauskuil CNyTHHK, T. €. 32 NOATOpa ¥aca (nouemy?).

3anauga 2. HMs raser uasecto, uto KkoCMOHaBT JIeOHOB, BBIAS B OTKPHITHI
KocMoc, Gpocun K 3€MJE 3araylliky OT KHHOKaMmeps. Kyna oHa nonerena?

Pewenue 370 3anava o BAMARME MOAD20 BO3MYLIEHMS HAYAALIOIO YCJOBHA Ha pe-
[WeHHe, YpaBHenue ABHKEHHS [0 32KOHY BCEMHPHOTO TACOTEHHA MOXKHO 3amucaTb B BHAE
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F= —vyr/r’ Ilpumcune M KOCMOHABTA, H 3arAyWKH NDOHCXOAHT B IUIOCKOCTH KPyrosoil
OpGHTL, NO3TOMY MOMIO CuMTatb, uTo re& R 3anuuieM ypabuenne HBHKCHHA B NOAAPHHIX
KoopanuaTax [las 3TOrO BBCACM OpPTH €, =r/r W TePICHAHKYIRPHBI _eMY ey, HanpasJacu
HLt BCpeA BAOJL KPyromofi opGursl ﬂcno uTo € = (ey, e,p=—qye, Ounddepenunrpys
BCJUUHIY r==re,, Mbl HaX0AUM r—re,—{—rrpe,c, r—.re,+°r¢e@+rq~e¢——rq/ e, Cueposarelb-
Ho, ypasnenue IH610TOHG 8 NOAAPHLIX KOOPJUMATAX TPHIILMAeT BHA CHCTEGMbl ABYX Ypab-
Helnii BTOPOro nopsaka
F—r@*=—yr %  ri42r¢ =0

BuiepeM 3a oMUY AMHUB PAARYC KpyroBoit opGurthl crannun (=~ 6400 xm). Eannuny
BpeMCHH BLIOCPEM Tax, UTOGL yriosas CKOPOCTb ABHKCHUA no opfuTe Onla paBHA CAHHHLEC
Torma aspxciuc 1m0 OpGHTE OMHCLIBACTCHA CbOpMy:laMH r=1, g=t¢, n, suauut, y=1,
Hauanbnnle ycaoBHs ANt CTaHUHM (M KOCMOBABTa) O)=1, r(0)=0, ¢(0)=0, ¢ (0)=1,
Hauanpuuie ycaonust AaAs 3ardyiuwikd OTJHYAOTCH JlHUJb teM, 4To r(0)= — v — CKOPOCTb
6pocka, T €. HauaJpHam CKOPOCTbL 3ardyilki OTHOCHTeAbHO KocMonasTa. [lpeanonoxum,
410 cKopocTL Gpocka, ckaxes, 10 m/c. Toraa v=1/800 (rak Kak mawa CAMHHUE CKOPOCTH
GAH3KA K NepBOil KOCMHUECKON CKOpOCTH, T €. cocrasiaseT npumepno 8 Km/c),

Beauunna 1/800 mana no cpasueHnlo ¢ 1, NosTOMY Mbl AOJKHLI HCCIENQBATL BAIIAHHE
MAN020 UIMEHEHUS HAUAAbHO20 YCAOGUA Na NeBo3Myluennoe pewenne r=1, ¢=1, [To teopeme
o anddeperurMpyeMocTH N0  HayalbHOMY YCJIOBHIO, pelicHHe,
6AK3Koe K HCBO3MYLICHHOMY, HlleM B Bige r==}-4r -+ .,
(p=t—|—cp|+..,, rAe TOUKH O3HAUAIOT Majule Nopsika ol
Moacrapass 9TH Bbipaxkelust B ypasiienua Heoroua ¢ y=1 n
oTGpacLIBas Maable MOPAAKA U, MOAyuacM ypasuenus 8 sapua-
yuax

Fi=3r+2¢, ¢i+2H=0.
: 20 2 Puc. 78. [eusmenue sarayixu

Peutenine ypaBHCHHH B BapHallHiX C HAYaJbHLIMH YCIOBHA- OTHOCHTLALHO CTallLHK.
mu saraywks (7 (=@, (O)=¢: (O)=0, 7 (O)=—0v) aerko
HaiiTi, 3ameTus, UTo @427 =0 ¥, 3HAUUT, Fi= —ry. DTO pClICHHE HMeeT BUA rj= — o sin {,
@ =2v(l—cos ). Ilo Teopeme o0 andpdepenURPYCMOCTH, HCTHHEOC PCLWICHHE YypaBlenuil
HuioTona oTAHUAeTCs OT HAMACHHOTO MaibMH NOpsika v’ (NP 1€ CJAHIIKOM GOAbLIMX 1),
Cac0BaTenbito, 3araylika OMUCHIBAET OTHOCHTENLHO KOCMOHABTa 3aaunc (pue. 78) ¢ noay-
ocamMn v H 2v  Hawa ecaunumua aauunl — papnyc opOutel, a va1/800. 3xauut, Aaunbt
NoJayocel 3/MHNCa COCTaRAMOT oKoao 8 # 16 rm.

Brauasne 3araywka ABHKeTC BHH3 (K 3cMmac), HO 3aTeM HaunuaeT o6roHATb KOCMOHABTA
M yxoaut Ha 32 KM BHepeid no op6uTe. HaKoHel, OHAa BO3BpaULaeTcss CBEPXY, ONWCas npu-
MEPHO CTOKHJOMCTPOBBIA 3JJHNC KaK pa3 3a BpeMa oaHoro o6opoTa cTanunit no opbire.

Pasymeercs, B 3TOM pacueTe Mbl nperefpernu Besuuunamy nopaaka v?, W Ha camom
Jene ABHXKCHHE 3arAyllKH OTHOCHTENbHO KOCMOHaBTa He GyleT MepHOAHYECKHM (BITOK He
3aMKHCTCH, nmpHUeM norpeuinocth Gyaer nopsaxka 1/800 oT pasmepa saannca, T €. 3arayuika
NpoJeTHT Ha paccroaHn nopaaka 10 M or craunmun) Mol npeucbperaum Takme MHOTHMH
s(dexTamu (CBCTOBHIM AaBreHHeM, OTAHUHEM HANPaBACHHUA 6POCKA OT BEPTHKAIM, OTHiHdieM
OpGUTH CTAUHKH OT KPYrosoil  T. A.), AAIOWHMH GOJbLINE NOTPEINHOCTH.

B. B. DBeneuxuii, n3 ysaekaTennbnoil KHHTH KoToporo «Ouepki O ABHIKCHHM KOCMH-
uecknx nedecibix tea» (M,: Hayka, 1972) sauMcTBOoBana 3anaua o 3arayiike, 3ameuact, uTo
3araywka BpAA au Obtna BHAHA HA DAcCTOAHHN Goablle KHAOMETPa, a NepBblil KRHJIOMCTD

5/AHMCA OUCHB OJH30OK K NpamMoil, nostToMy Jleouos ysumed, kak Gpouichnas HM 3arayluka
noaeresa npamo K 3emae.

5. Tepmunosnornueckue 3ameuanust. PaccMOTpeHHble BhILIE YPaBHCHHA
H CHCTEMbl HHOTZA HAa3bIBAIOT HOPMAALAGIMU BIH PA3PEULEHHBIMU OTHOCU-
TEAbHO CTapUitx npous3solHsix. B 3TOM Kypce HHKaKue ApyTHe YpaBHEeHHUH
M CHCTEMbI He PacCMaTpHBAIOTCH, TaK UTO TePMHI ypaBHEHHE WM CHCTEMA
BCerpa 03HauaerT HOPManbHYIO CHCTEMY HMJIM CHCTEMY, SKBHBAJIEHTHYI HOp-
mMasnbHOH (kak, Hanpumep, cucrema ypasnennit HoioTtona (5)).
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PyHKUHH, BXOAAINE B MPaByIo 4acTh CHCTEMEl, MOTYT 3a1aBaTbest pas-
HLIMH CNOCOGAMH: ABHO, HEABHO, NAPAMETPHUECKH H T. Il

IMpumep. 3anuch x’=x ecThb cokpalentoe 06o3HaueHIe ABYX PA3HEIX
AH(EPEHIHANBHBIX YPaBHeHHH, Xx=1/¥ ¥ X= —-/x, $hasoBLIM npoCTpal-
CTBOM KaXJOTG W3 KOTOPHIX CJAYMKHT noaynpsimas x3>0. JTH ypaBHCHMS

& v
W//// Puc. 79. L'Xurcrpmmn,m Kpi-
BbiC ABYX VdeHLHHH obbe IH-
¢ z

HCHIILIX 3AIHCLI) X7 = X.

3a4a0TC ABYMS DAa3HbIMH BEKTOPHBIMH MOJAAMH, TAagKumu npu x>0
(puc. 79).

[lpu nHestBHOM 3ajaHHK NpPABOR 4aCTH CJIEAYeT BHHMATEJNLHO OTHOCHThCH
K BbisicHeHH0 ee 00J1acCTH ONpeje/]CHHA M OCTEpPerathCsl ABYCMbICJAEHHbBIX
0003HaueHu.

Mlpumep. Ypasnenuem Kiaepo nasviBaeTcs ypasHeHne x= xf— f(x).
Ypassenne Kaepo

x=xt—x%/2 (6)

€CTb KpaTKas 3aluch ABYX Pa3HbX AH(QepeHUHaNbHbIX YpaBHEHHI, 3a4aH-
HbiIX npH X< £2/2. Kaxaoe M3 HHX YIOBIETBOPSIET TEOPEME CyLIeCTBOBAHHS

b4 }.Z‘

¢ z Puc. 80. Hurerpaivuste xkpu-
sble ABYX ypamBncuuil, sanucan-
HBIX BMECTC B BiJe Ypasucuus
\ Kaepo.

H eJMHCTBEHHOCTH B 06JacTH moi napaGooi, x<<{*/2 (puc. 80). Uepes
KaXXAYylo TOUKY 3TOH 06/1aCTh NpPOXOAST JBE KacaTeabHble K mnapabode.
Kaxpas kacaTesnbias COCTONT H3 ABYX NoJyKacaTe bHbIX. Kaskgas noaykaca-
TeAbHARA — MHTerpasbHas KPHBAasA OAHOIO H3 JBYX ypaBHeHHH, 00beaHHeH-
HBIX Qopmynoi (6).

3anauva 1. Hceaenosats ypasuenne Kaepo x=xi— x>

3ameuvanue. Ilpu ucenegonanuu YPABHEHHH, NPaBasi 4acTh KOTOPHIX
3ajaHa HesiBHO, T. €. ypaBHennidt suaa F (f, x, x)=0, wacto GulBaeT No/esHo
paccmMarpuBaTh 33/ aHHOE 3THM ypaBHeHHeM IOJle HAanpaB/ieHHl He Ha MJ0C-
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KoCTH C Koopauuatamu (f, x), a Ha NoBepXHOCTH E B TpexmepHOM npo-
CTpaHCTBe C KoopauHatamu (f, x, p), 3ajaHHoll ypasHenuem F({, x, p)=0
(puc. 81).

JTo TpexmepHOe NPOCTPAHCTBO HA3LIBACTCH NPOCTPAHCTBOM |-cTpyii #)
¢ynxknuit. Ero Toukm — 570 BCeBO3MOXKHBIE HEBepTHKaJsbHble (T. €. Hena-
paiancAbHLIC OCH X) HamnpaB/JeHHH BO BCeX TOukax mjaockoctd (4, x). Touka
(£, x, p)— 310 HanpasjeHue npsamoil dx=pdf B Touke (¢, x). l-opma
a=dx—pdf 3apaeT ONHCAHHYIO
HHXKE KOHTAKTHylo cTpykTypy B 1P Kokmaxmuoa
MHOrooGpasuu  l-ctpyd. Bexropu, nagcKocmb
NPHJOKEHHBIC B TOUKE TPCXMEPHOro
npocTpaHcTea CTPyH, Ha KOTOPLIX
3Ta ¢Qopma obpauiaeTcs B HYJb,
COCTABASIOT MaockocTb. OHa Ha3skl-
BACTCA  KOMTAKTHOU  NAOCKOCTbHIO.
KourakTHast na0cKOCTh BepTHKAJIbHA
(comepHUT HaripaBJeHHe OCH p).
Bce KOHTAKTHDLIE IIOCKOCTH 06pasyloT
noae KOHTAKTHbIX NAOCKOCTEU B Npo-
CTpaHCTBe CTPYH, OHO M Ha3biBaercs
KOHTAKTHOO CTPYKTYpOL.

[TpeanosioxuM, 4YTO MOBEPXHOCTH
E’ 3ajaoias ypaBHEHHE, TJiajkas Puc. 81.uﬂonep“xuocrb E u cacabl  KOHTaKTHBIX

NA0OCKOCTeH Ha HEH.

(370 yc/oBHE BBHINOJAHEHO [/l ypaB-

wenut F=0 ¢ F ofuwero nojsoxeuud). PaccMoTpum npoexTupoBaHue Mo-
BepxHocTH E Ha MJOCKOCTb C KOOpAHHATAMH (f, x) mapasfe/bHO p-HanpaB-
senno. Touka Ha MNOBEPXHOCTH Ha3blBaeTCsl peeyAaapHod, ecld B HeH
KacaTeJbHas IUIOCKOCTb MOBEPXHOCTH He BepTHKaJibHa (T. €. He conep-
HKHT NPAMYI p-Hanpabjenusi). B OKpecTHOCTH peryjsipHOH TOUYKH MNpOEK-
THpoBaHHe — auddeomopdusm (no Teopeme O HeABHOH (QyHKuUMH), a
NoBEPXHOCTb — rpaduk raagkoli ¢pyukunu p=v(f, x). Ita pynxkuns sanaer
augdepenunansbHoe ypaBHeHHe x=uv{t,x) (B OKPECTHOCTH MNpOEKUHH pac-
cMaTpuBaeMoll peryasipHoii Touku). B Ty e TOYKY MJIOCKOCTH MOTYyT
MPOEKTHPOBATLCS APYTHE TOYKH MOBEPXHOCTH, perynsapHbie nid HeT. Kax-
A0 pery/ispHoil TOYKE COOTBETCTBYET CBO€ II0/]e HArpapJeHHil Ha NJo-
CKOCTH M cBoe nHddepeHunalbHOe ypaBHeHHe; B ypasHenud F =0 o0benu-
HeHbl Bce 3TH pasjuyiible auddepeHliHaNbHbie ypaBHeHHs.

PaccMoTpum B peryasipHoll TOUKe NOBEpXHOCTH £ KOHTAKTHYIO flJ10CKOCTb.
Ona nepecekaeT KacaTesbHYl MJocKocTh no npsimofl. Takum o6pasom,
B OKPECTHOCTH peryifipHofi Touk# Ha E BO3HMKAET IAJKOE fioNe Hanpas-
JeHHH — roJie cJefoB KOHTaKTHBIX muockocteil. OueBuiHa

Teopewma. [lpu apoexruposanuu nogepxroctu E, sadannotl ypasne-
Huem p=uv (¢, x), Ha naockocrs (i, x) 60046 ocu p noae €1ed06 KOHTAKTHBLY
naockocrett na E nepexodur 6 noae nanpasaenuli ypasuenus dx/dt=v (¢, x)
HQ NAOCKOCTU.

*) k-ctpyell ¢pyHKkuud HaswBaerca ee MHorouseHn Tefsopa cTeneHu k.
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Caencisue Yrazanuoe npoesruposanue nepesodut unteepaivivie
kpucute noan caedog na E 8 unteepasenvie Kpusvle ypasHenus Ha naoC-
KocTu.

Kacatensnas naockocets noepxnoctn £ B HCPeryasipHbIX TOUKAX BCpTH-
Kanviia. Ho oma Bce paBHO MOMeT nepecekaThCs ¢ KOMTawTHON 1wi0c-
KOCTLIO 1O MpaMOll (A noBepXHOCTH £ 06UICTO NOMOKEHHS NOJ1I0C COBNaLC-
Hif€ KacaTesbHON MJIOCKOCTH € KOHTAKTHOH GY/AET JIHWb B OTAEALHBLIX HCKIIO
YHTEALHBIX TOUKAX).

B okpecTHOCTH HEHCK/MIOUHTC/BHOM HEPery/sipHOA TOUKH 1A noBepx-
HocTi E caieflol KOHTAKTHBIX M/IOCKOCTeH 3aAai0T Tiajkoe Noje Hampasic-
yuil, Takum o6pasom, none c/1e10B KOHTAKTHLIX TMIOCKOCTel Ha MOBEPXHOCTH
£ npojo/KaeTes B HEHCKMIOUHTRNbHbIE Heperyispabie ToukH. [1pojomeHtoe
1oAC Ha3LiBaRTCS notes nanpasrenutt ypasuenun F=0 na E, ero uurerpans-
HBIC KPUBBIC HA3LIBAIOTCH UNTE2PAALHOLMU Kpusbimu ypasnenus F=0 na E.

[poekuus KyCKOB 5THX KPHBBIX MEHKAY HEPETY/siPHLIMH TOUKAMH Ha II0C-
KOCTb (#, x) IOKaJIbHO ABASKIOTCA HUTETPA/BHBIMH KPHBBIMH COOTBETCTBYIOULHX
ypasueunit dx/di=1v({,x) (B LUCJIOM 3TO HEBEDHO, AaKe CCAH HCPEryAsIp-
HbLIX TOYEK HET!). i

[Tepexon ot mtockoetn ¥ nosepxuocTd E uacTo 6biBaeT nofesed Kax
AN HCCJAEAOBAHUSA, TAK W VIS PelCHUA YpPaBHEHHS,

3anava 2. Haitrn HHTCTPAaAbHLIE KpPHBLIE ypaBneHnst £ ={ wua MOBCPXIOCTH
pP=1 u ux NPOeKLIt 1a MAOCKOCTH (f, x).

Pewenne. 3a xoopaunat nwa E npumen p % x. B stux xoopaunartax ypabueune
CJCAOB KOHTAKTHLIX naockoctedl (dx==p df) npuunmacT Big dx=2p*dp. Hrrerpaabusie
kpusbic: x4 C=2p*/3, Hx APOCKUHH — N0AYyKyGudYeCkUe
napaGoael (x4 C)°=4+1/9 (puc. 82). Heperyaspuuie Toukm
o6pasytor aunuo p=0. Bece oUN HeHCKAOMHTEADILIC,

[Tpockuma Auunu ueperyanpunix TOUCK #3 NAOCKOCTH
(6, x) uasuiBacTen  GUCKPUMUHARTHOL kpusod. B npawnowm
CAyuae RHCKPIMHHANTHASN KPHBAN — OCh X,

Tovka Boaspata AeAHT ROAYKyGHUCCKYIO napabony wua
ase  wactd.  Kaxaas W3 uMiX — wuterpadvnas  Kpupas
oauoro ua  asyx ypasweun®t i=+7 (wa—+7) 8 no-
aynaockoctd > 0. Moxno nokasatsh, 4TO npockUHH Ha
fNOCKOCTL  HATErpatuibiX  Kpuobix Ha £ aas ypasucuus
OGUICrO NOJOKCHHA HMCIOT B O6LUCH TOUKC JIHCKPHMUHANT-
noft kpneofl Touxy Bosmpatra (6oace TOro, 8 ©OKpeCcTHOCTH Takofi TOMKH ypasuenie npu-
BOAMTCS K BHAY X ==/ supdeomopduamom maockoct (£, x)). Oanake 3to BEPHO He AAR BCeX
ypasueii.

3anaua 3. HalTu HETCrpasbubIC KPHBHE YpaBHENHs Knepo x =15 —~f(£) na noBepx-
HocTit X =pf—f(p), ux nApoekunn ma naockocTs {{, x) NUCKPHMHIIAUTHYIO KPHBYIO,

Pewenne. 3a xoopansatet ua E npumimaem p n f. Ypapiicnue caefoB KOHTAKTILIX
nrockoctelt (dx=p df) npusumacr sua tdp+pdl—f dp=pdt wan (t~—fYdp=0. Hepe-
ryaapiuuic Touku: f=[. Bce omn uckawounreasuwe. Huterpanbhuie Kpupnie na E: p=cons!
(8 obaactn, rac ts4'). Ita upamue. Hx npoexunn na niockocts (f, x) — Takxe npsMLIc;
x=1C~{(C). ¥pasucuse Kacpo — 3To npocto ypagsHenue cemelcrea NpAMuLE, 3anapamerpu-
30BAHHLIX TAH2CHCOM Yoad HAKAOHA K oCtt abCyuce

JinckpuMunautian Kpunam napameTpHuccKH 3aaacTen ypasteunamn {=f"(C), x=1C—
~[{C). B oxpectiioct#t ToukH, rac 740, 5TH GOPMyAn 3a3LA0T FAAAKYIO KPHBYIO, BJsO-
wyocs rpagukoM  dyurunn x=g ({). JlcHcTBuTeasho, BOAH3H TOUKH, ric 750, moxno
supasith C uepes f u satem x ucpes !, Ilpamasn x=1C—f(C) Kacaeres amckpumiuanTrod
Kpusoli & Taxofi Touke (nouemy?) Wrax, duckpumunanraas Kpusan ypasHenus Kacpo sigasercs
ocubaouiell cemedcTOa NPAMBLY, ORUCHIGACAD2A ITUM YPAGHEHUEM.

Puc. 82, Tipoegumn HHMTCrPaaLHBLIX
KPHOLIX.
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Mepexox or ¢yuxunn [ K dyukuuu g BaspiBaercss napeobpasosanuem Jlewmandpa.
Ipeo6pasonanuem Jlexauapa ¢pyukuun g Oynet cuosa f (oxaxure). [Nostomy dyuxunn [
¥ g Ma3piBAOTCA 080HcTEEHHbIMU Opy2 Opyey.

3anpava 4. Buouncanrs npeo6pasosanuc Jlemanapa ¢ynrumuu lp]“/a (a>>1).

Orger. [11*/p, rae a™ ' 437 =1.

Icomerprueckuil cmblch npeoGpasoBaius Jlekanapa cOCTOUT B caenywouleM. PacemoTpnm
MHOMCCTBO BCEX HCBEPTHKAAbHBIX (HE NapadneabHLX OCH X) UPAMBIX HA MIOCKOCTH
(f, x). Tlpaman sanaerca ceoum ypaBuenuem x=al—b. Takum oGpasom, NeBepTHKaIbLHbIC
DpsAMLIC MOKHO pPaccMaTpHBaTh KaK TOYKM Ha MIOCKOCTH ¢ Koopaunartami (@, b). Ora
NJAOCKOCTL HA3bIBACTCS 0801cTEenNOIl K ucxodnoi niockocru. Koopaunatel a M b nasusaiores
TAHEEHUUAAD RO KoopdunaTamy npamoil,

flhockoeTn, aBoficTBCNNAA K NJIOCKOCTH (@, D), €CTb HCXOAHAA MIOCKOCTL (I, Xx), BBHAY
NOAHON CHMMETPHH ypaBHeuus x -+ b=al oTHOCHTEAbNO 3aMcnul ({, x) > (a, b): npamas na
WIOCKOCTI NPAMBLIX €CTh TOUKA WCXOAUGH MAOCKOCTH.

PaccMoTpuM Ha MNOCKOCTH (I, x) raaaxylo kpuaylo, x =g (/). Kacarteaunas K 3T0i KpHBO#
MCHSIETCSH NPH ABHXKEHHH BOAb KPHBOHA., COOTBETCTBYIOWAN KacaTeabllod TouyKa ABOHCTBEH-
HOW NJIOCKOCTH ONMCHIBAET NPK 3TOM HEKOTOPYIO KPHBYI0. DTa KpHuBas nasuiBaeTca dgolicT6CHROE
K ucxo0uod Kpusoid. KpuBas, ABONCTBCHHAA K NOCTpoelnoil,—- ucxoanaa kpusas. Ecan ans
HCXOAHOH kpHBoll g” 3£ 0, To ABoRcTBCHBAR Kpusas sBascrea rpadukom ¢yukaun b={ (a).
@yuxuun [ n g — npeobpasosanua Jlexanapa Apyr Apyra.

Hoxazatenbcerso  3THX  HakTon  (HMCIOMMX  MROrOuHcieHHbe ofobutenua M mpHIONKe-
UMA  BO BeeX oGnacTaX  MaTeMaTiKi) ocTaBasieTcst  10603HATCALHOMY 4HTarenlo B BHAE
3apaun.

§ 9. ®a3oBnie KpHBLIE ABTOHOMHOII CHCTeMBI

3nech paccMaTpHBAlOTCs NpocTeliule reomeTpHueckue cBolicTBa (daso-
BbIX KPHBBIX aBTOHOMHBIX CHCTEM, T. €. CHCTEM, NpaBbleé YAaCTH KOTOPLIX He
3aBHCAT OT BpPEMEHH.

1. ABTCHOMHBIE CHCTEMBL,

Onpeneaenne Cucrema auddepeHunanpHbix ypaBHeunil Hasbl-
BaeTCA Q8TOHOMHOW, €CJIH OHA NepexoanT B cefa npH  MPOH3BOJBHEIX
CABHIraX BAOJb OCH BpEMEHH.

Huvimn caoBamu, cHcTemMa Ha3biBaeTcst aBTOHOMHON, €Cjiu ee npaBas
yacTb He 3aBHCHT OT BpemeHu. Hanpumep, aBToHOMHOC ypaBHeHHE H-TO
NIOpsjKa — 3TO ypaBHeHHe

A=F(x, ..., L0

Gameuadue. [lpy omnucanuu 3BONIOUHOHHBIX NPOLECCOB AH(bepeH-
HUAJIbHBIMH YPABHEHHAMH OGBIUHO BO3HHKAIOT HMEHHO aBTOHOMIbIC CHCTEMBI:
HE3aBHCHMOCTL MpPaBoil 4acTH OT f OTpParKaer HE3aBUCHMOCTb OT BPeMEeHH
3aKOHOB npupoaL (0e3 yero HEBO3MOMHO HayduHoe €e u3yueHue). TepMuH
«ABTOHOMHEI» O03HAUAET «CaMOCTOSITEJAbHBIH® W OTpa)kdeT He3aBHCHMOCTh
IBOMOLHHK COCTOSIHHSI paccMaTpuBaeMod cucreMbl oT Beex apyrux. HeasTo-
HOMHBIE CHCTeMbl BO3HHKAIOT NIPU OMUCAHWM MPHPOALI Hallle BCErO CJeAYIo-
uuM o6pasom. ITpeanosoxum, uto Mbl paccMaTpuBaeM uacTb 1 (pusnyeckoi
cuctemnt 111, Torpa, xora 3akoi 3BOJIOLUM BCelt CHCTEMBI CO BpPEMEHEM
¥ He MensieTcs, BAHsHMe uacti Il Ha uactb ] MoxKeT npHBECTH K TOMY,
YTO 3aKOH 3IBOJIOUMM uacTH | OyneT MeHATbCA CO BPeMeHEM.

Hanpumep, Bausitie JIyHbl Ha 3eMJII0 Bbi3biBaeT Npuausbl. Maremaruueck
3TO BJAMAHHE BbiDa’KaeTCA TEM, HTO BeJHYHHA YCKOPEHHS CHJbl THKECTH,
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BXOAALLAR B yPaBHEHHE NBHMKCHHA 3eMHBIX OGBLEKTOB, CTAHOBHTCA mnepe-
MEHHOH,

B Taxnx cay4yafx roBopsT, 4TO BhlAeJSCHHAS 4acTh | HeaBTOHOMHA. IMosromy
H BCE CHCTEMBI, NpaBas YacTb KOTOPbIX SIBHO 33@BHCHT OT BPeMeHH, Ha3bi-
BAWTCA HEABTOHOMHbIMK. Pasymeercs, HEaBTOHOMHbIE CHCTEMBI MOTYT MOJY-
YHTHCA M B JDYrHX CIyuasix, Hanpumep, B npolecce npeobpazosanuil
NpU pelleHlid aBTOHOMHBIX cucTeM. [lpumep: nepexon k HeaBTOHOMHOMY
YPaBHEHHIO € pa3le/ITIOUHMHUCS NePeMEHHbLIMH [IPH HHTErPHPOBAHHH CHCTCMBI
Jlorka — Bosbreppa (n. 7 § 2).

3agaua 1. ABTOHOMHO JH ypaBHeHHe B BapHAUMSX A4S MAAoro BO3MYUEHUA pelte-
HHR ABTOHOMHOR CHCTEMBbl NDH MAJOM M3MEHEHHUW HAYaAbHbiX yCA0BH|?

Orger. Ecii Hepo3MyileHHOR pewIeHie — COCTOsIHHE paBHOBECHS, TO aBTOHOMHO, B ofuleM
cayuwae — Her,

2. Casur no spemenn. Haunem ¢ npumepa. Paccmotpum aBToHOMHOR
ypasiienne n-ro nopsiika

$O=F(x, x, ..., s~V (1)

Teopema. [lIpednorosum, uro x=sint — pewenue ypasuenus (1),
T020a Pynkyus x=cos t — Toxe peulenue.

D710 cpasy credyeT H3 CAAYIOWLETO NPedNOXKECHHS.

Teopewma. [lycte ¢: R— U — pewenue asronomnozo ypasuenus
x=0(x), 3a0aHH020 BEKTOPHLINM noaem v 8 ¢asogom npocrpancree U,
u nycre h': R—+ R—cdsue ocu epemenu, h*{t)=s-+{. Toecda @oh*
npu atobom s TONCE pewienue.

WUnbimi  cnosamu, ecan x=g(f) — pewenne, TO x=q (4 s) — TOKE
peuieHHe.

HokasaTenbcrBo. 310 OUeBHAHO: NoJe HanpasJieHUit AaBTOHOMHOTO
YPABHCHHA NepEXOAHT B celsl NpH CABHTaX BAO/Mb OCH BPEMCHH, CJ€70-
BaT@/IbHO, HHTErpajibHble KPHBbIE NEPEXOAAT NPH TAKHX CABHIAX B HHTEr-
pajbHble KpHBLIE.

Caeacraue Yepes kandywo rouxy $azesozo npoCTPancTea Q8TOHOM-
HOU cucremol npoxooutT 00KA U TOAbKO 0OHA HaA306as Kpusas.

3ameuanue 3mech H HUKe BCIOAY HAET peub O MAKCHMAaJbHBIX
($a3opbix KPHBLIX, T. €. 0 $Ha30BbX KPHBBIX, ABJASIOWUXCA 06pazaMu peule-
HUH, HENpoJO/MKAEMbIX HA 6Ojee JJAHHHLIA Hutepsaa (pewenue ¢: f— U
MOXKCT He NPONOMKATLCA GO MOTOMY, YTO HHTepBad [ yxe BCs npsimas,
16O NOTOMY, uTO ¢ (f) MOAXOAHT K FpaHHUE O6jacTH U, koraa ¢ noaxoaut
K KOniy HHTEpBaJa).

HHlokazateasecTBo cCAeacTBHA. Fpeanonoxum, uto yepes Toy-
Ky IpoXoasT nse dasoBbie KpHBLIE — 06pa3bl pewtennii ¢ # P, ONpeseeHHbIX
Ha BCeH NPAMOA (cyuall, KOrAa peuielHs He NPOLO/KAIOTCH HeOrpaHHUEeHHO,
ocrapanercss uurareqo). Toria cyliecTByloT MOMEHTHI BpeMeHH a Hu b,
Takue, 4to @{a)=1P(b) (T. K. 06e KpHBLIE NPOXOAAT uepes OLHY TOUKYy).
Caeuras ofHo W3 pelwleHuii BROAL oOCH BpEMEHH, Mbl TNOJYYAEM HOBOE
pewenne, ¢oh*~". D10 peluenne umeer ¢ pelrednem Y oluiee HauaAbHOE
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ycaosue npu f=>5. 3naunr, onn cosnanawr. CreloBaTeabHo, § Nnojdyuaercs
H3 @ CABHTOM B1OJIB OCH BpemcHu. Krtak, o6paanl otoGpakennii ¢ # ¢ copna-
Ja1oT, YTO H TpeGOBaJOCh JOKA3aTh.

3ameuanne. da3oBuic KPHBLIE HEABTOHOMHOL cucTeMbl (06pasbi
pcwichiii B (a3oBOM MPOCTPAaHCTBE) MOrYT NEPECCKAThCsl, HE COBMafas.
[TosToMy 3a peleHHAMY HEABTOHOMHBIX CHCTEM JYULIE CJACAHTD 110 HHTCrPasb-
HBIM KDHBBIM,

3apnaua 1. Ilyets uepes ka)ayo TOuKy ¢asoBoro MPOCTPANCTBA CHCTCMBI f=0(t, x)
nNpoOXOJAHT o©OJHa H TOJLKO o04aHa cba:muaﬂ KpuBad. C.’IC,’I)"CT Jiit H3 3TOro, 470 CHCTema

aBTOHOMHA?
Orger. Her, npumep: x=141¢%

3. 3amknyTele ¢asossie kpuBble. Mbl yKe 3HaeM, UTO pasHbie (a3oBble
KPHBbIE 2BTOHOMHOH cHCTeMBl He mepecexalotes. [TocMOTpUM, MOXKET JH ne-
pecexkaTtb ce0s onHa (aszosas Kpusas. MHuIMH cloBaMu, MOXET AH peuleHne
aBTOHOMHOIl CHCTEMbl NEPBOrO MOPSAKA HECKOALKO pPa3 NPHHUMATbL OAHO
H TO XKe 3HaucHHe.

Teopewma Makcunaronan pasosan kpusas a8TOHOMHOL cucTemsl AubO
He camonepecekaerca, Aubo c800UTCA K 00HOL Toure, AubO ABAACTCA 3AMK-
ryTol aszosol kpusoii (Ouggeomopdroi okpyrcrocTu).

C npumepamu 3aMKHYTHIX (ha30BLIX KPHBBLIX MBI yXKe CTAJKHBaJHCh (Ha-
nNpUMep, npeae/bHbie UHKADL, cM. § 2).

oKrazaTenbCTBO TeopeMbl OCHOBAHO Ha CJEAYIOUIMX UCTBIPEX JEMMaXx.

Jlemma L. Pewenue ¢ asronomnoll cuctesmst nepeozo nopadka, deaxdot
npunsguee 00no 3Hauenue @{a)==q@(b), b>a, moxmHO npodorKcure HA
‘8CI0 0Co spemenu, 8 6ude nepuoduueckoeo orobpasxcenus © ¢ nepuodom
T=b—a.

HDoxkazaTeabcTBo. Besikoe s 0fHO3HAUHO NPEACTABHMO B BHE § =
=nT4o, 0<Lo<<T. Tloromum @ (a+s)=¢(a+0). Torna ® — peuletie
nepuona T, coBnagapluee ¢ ¢ Ha orpe3ke [a, b]. HefictButeasto, @ cosna-
JlaeT €O CABHIOM pelUeHHA @ B OKPECTHOCTH KaXKA0M TOYKH M, 3HAUYHT, CAMO
ABJAACTCA pelicHueM (1o Teopeme 1. 2).

[Toayucunoe peuieHne Moxer uMeTb, Kpome T, apyrite nepuoasl. HMayuum
MHOKECTBO BCCX NEPHOAOB OTOOpPAaKeHHst MpPsiMOii.

Jlemma 2. Mnuoxecrso e6cex nepuodos 106020 0TOOpaAXCEHUR
npsyoll asasercs nodepynnoi epynnot R

Hoxaszateasctro YHuciro T sasasercsa nepuogom oroGpaxeuus f,
€CJIM M TOJIbKO eC/H CABHI npsimoil ma I nepeBoaut [ B ce6a. Casury,
nepesoasitive [ B cefa, o6pasyoT noArpymnny rpynast Bcex casuros. M6o
ecH jBa cABHra nepesoasit f B ce6s, TO H HX Npou3seleHue, H obpar-
Hble UM CABHUIH mepeBoAAT f B cebs.

3ameuanune 310 paccyiKAeHHE NOKa3blBaeT TAKXKe, YTO ¢CJAH Kakas
yroano rpynna JgeHCTByeT Ha KakoM YrogHO MHOXKeCTBe, TO BCe rnpeoGpa-
30BaHHA TPYNNLI, OCTaB/AfIOULHE HAa MccTe (QUKCHPOBAHHBLIN 3JeMEHT MHO-
Kecetsa, o6pasyloT NOArpynily HCXOLHOH FPYNNbEL. DTa NOArPYNNa Ha3blBACTCA
CTAuUONapHol epynnol GUKCHPOBAHHOIO 3JeMeHTa,

Jlemma 3. Muowecreo scex nepuodos Henpepol8Ho20 0TOOPaNEHUA
RPAMOLL 3AMKRYTO.
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Hoxasateabcrno. Ilycrs nocnesoBateinhocTs nepnopos T oTo-
6paxenns f cxonntea X uneay T, roraa f((4+T)=limf({+T)=lim[{)=
=] ({) npn mobowm ¢,

Ht1ag, mnomecrso scex nepuodog wenpepuisroeo -0Tobpascenus npamoll
ABAAETCA 3AMKHYTOU noQdepynnol Apamou.

Jlemma 4. Beakaa samxnyraa nodepynna G epynnel 6ewiecTeerHbL
qucea R ecro aubo R, aubo apugmeruueckan npoepeccus, obpasosannan
Yenblmi KPATHbIMIL HeKOTopoeo wucaa, aubo {0},

HDoxasareancrtreo. Ecan G0, 10 B G ecTb NOMOKHTENbHLIE
anemMenThl (BMecTe ¢ £ B G BXOANT —{).

Bo3moxunie nBa cayuasn:

I) B G ecTs ckoab yroano Oanskue K O NOMOMKHTENBLHbIE 3JEMCHTbI;

2) paccrosinus 0T 0 10 BCEX NOIOXKHTEBHBIX SEMEHTOB TPYNNu GoJbe
e HEKOTOPOro NOJOMXKUTENBHOro 4ucja.

B nepsom caysae G conepyuT apHMeTHUECKHE NPOrPECCHH CO CKOJb
YrOAHO MajibiMH Pa3HOCTAMM, CAEOBATeNbHO, 3NeMeHTH G ecTh B MoGoM
OKpecTHOCTH M0G0 ToukH npamol. Ilockoasky G samxnyra, G=R. Bo
BTOpOM cJjlyuae paccMotpum Oauxaniwinidt K 0 NOJOXKHTENbHBH 3/7eMeHT
T rpynnn (OB CywlecTBYeT, Tak Kak rpynna 3amknyta). Apudmeruueckast
Jiporpeccus UEIBIX KPaTRLIX anementa I npunaanexut rpynne. Joxaxem,
YTO HHKaKNX JAPYTrHX 3JeMeHTOB B rpynne HeT. [eHcTBHTENbHO, Ji060e
Apyroe umcao ¢ npexncrasumo B Buae nl 41, tae 0<t<<TF. Econ (=G,

T0 t—nT=1<CT — noJO¥KHTENbHBIH 3JMCMEHT
z, rpynnet, BONPEeKH MHMHMMaNbROCTH 3djementa T

3anpaua 1. Hallth Bce 3amkHyTbie NOArPyfb:
1) naockoctn R, 2) npocrpanctea R, 3) okpyxuocTh
S'={ze=C |zl =1}

Orger. 1} n 2) — npsamble CyMMB! 3aMKHYTHIX NOArpynn
npanod  (puc. 83); 3) npaBnabhbie #-YrOJbHHKH, 06pazo-
Bannbie XOpHAMA CcTenenn n u3 1, u §'

- 2, .
O6bennunsa aemmbl 2, 3 0 4, Mbl 3aKJaloyaem,

PUE o JowRMTAA MOATRYMIE 4o MHOMCECTBO 6CeX nepuodos HENnpPepLleHO20

nepuoduyeckoeo orobpaxcenun npamoid rubo co-
CTOUT H3 BCOX ULAbIX KPATHOIX O00HO20 HAuMenbweeo fepuoda, aubo co-
cTasaner 8cio npamyo (Toria oToGpa’CHHE — KOHCTaHTa).

B wuwacrnocty, pewenne @ gemmbl | an6o mocTOAHHO (M TOrZa coof-
BeTcTBYIoman Gasopas KPUBas — NONOXKEHNE PaBHOBeCHS), JHEO HMeeT HaH-
menbinit nepuon 0. Onpenesnm otobpamenne A OKPyXHOCTH Ha (a30BYyIo
KprBylo dopmyaoit A: (cos «, sin a)r> D (ab/2n). Dro orobpaxenne A
onpeneneno, Tak kKak (D umeer nepunoa 0. A auddepenunpyemo, Ttax
Kak @ — pewenne. OtoGpamenne A B3aUMHO OJHO3HAYHO OTOGpaXKaer
OKDYXHOCTh Ha (pa30ByI0 KpHBYIO, Tak Kak (D He MOKeET ABaXKAL NPHHATH
OAHO 3HAWEHHMEe BHYTPH HanMeHbliero nepuoxa (no aemme 1),

IponaBonnas A no o BCcloOAY OTAHYHA OT HYJA, HHAue pellleHHe NPHHU-
Mano Gbl 3HAYCHHUE, ABAAKILCECH TNOJOKEHWEM paBHOBECHSl, M Torga no
TE€OPeMEe ¢AHHCTBEHHOCTH Onl0 Gbl KoHcTanToH. 1o Teopeme o HesigHOR dyuK-
unp, A nokansuo suddeomopduo otobparkaeT och o Ha 06pas @ B Ppa3oBOM
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NpOCTPAHCTBE, T. €. na (Ha3oByio Kpueyio. 3nauuT, oTobpaxeHue, o6parthoe A,
auddepenunpyemo, T. e. A — guddeomopdusm.

Teopema npoxa3saua.

HesamkuyTole dasosbie kpuBBIe, XOTS M He MOTYT CaMomNepeceKaTbCs,
MOTYT CJAOXKHBIM 06pa3oM HABHBATLCA CaMH Ha cefs.

3anauva 2. Haitu 3sambikauua $asoBelx KPUBLIX ABONHOrO MAATHHKA, X;= =X,
Xo= —2)(2.
Oraer. Touka, okpyxuocTu ¥ Topel. Cm. § 24 u § 25, n. 6.

§ 10. Mpoussoanas no HanpasJeHHIO BeKTopHoro noJif H nepeble
HHTEerpansl

Miorde reoMeTpHYECKHe MOHATUSI MOMHO ONHCHIBATH ABYMS crnocoBGaMu:
Ha s3blKe TO4eK NPOCTPAHCTBA M/H XK€ C NOMOWBI PyHKyul, 3a1aHHBLIX
Ha HeM. Takas Ayanusalius 4acTO OKa3blBAETCH MOJNE3HOH B CaMbiX pasHbIX
OTAe/siaX MaTeMaTHKH,

B yacTHOCTH, BEKTODHbLIC MOJIST MOXHO ONUCHIBATL HE TOJILKO C MOMOLLBIO
CKOpPOCTell ABHXKEHUHE, 110 H KaK Ougpdepenyuposanus GpyHKUHI, a OCHOBHEIE
TeopeMbl TeopHH AHQdepeHiHaNbHBIX YPAaBHCHHH MOXHO chHOpPMYIHPOBATH
B TCDPMHHAX 1epeblx uHTeepasos.

1. Mpoussopnas no Hanpas/eHHIo BekTopa. [lycTb ¥ — NpHAOKeHHBIH
B TOouke x ofnactd U pekrop, u nyers f: U — R— pubdepenunpyemasn
¢yukuns, ITlyets @ [—U — Kakan-nu60 mnapameTpH3OBaHHAs KpUBas,
BHIXOAAIILAA M3 X CO CKOPOCTbIO ¥, Tak uTo ¢ (0)=x, ¢ (0)=v. Bo3uukaer
CKBO3HOEe oTo0OpaxKeHue HHTepBana | BELECTBEHHOH
OCH B BEWECTBEHHYIO OCb, foq: /=R, (fe@)(f)==[(p(f)) — R
T. €. BCLICCTBCHHAn (YHKUHMA BEUWECTBEHHOLO nepe- £l
MeHHoro { (puc. 84).

Onpenenenune. [Ipouseodnois Qynkyuu  no v /:
HANPasAenulo 6eKTopa v Ha3blBaeTcd MNPOH3BOAHAN p
noctpoelnol QyHKUHH B HYyJe. 1rg ¢t

310 uHcao obosHauactcs uyepes L,f (L — B uecTb pye g4 Mporasonnan
Cogyca Jlu). Uro6ui onpasmaTe 370 onpegenciie, fny'gksc":m{mﬂ; uanpanae-
Halo TMpPOBCPHTb, HTO TOJAYHYEHHOE YHCJO 3aBHCHT
TOJIBKO OT BEKTOpa ¥, a He OT CreuxasbiHoro puiGopa KpuBoH ¢. DTo
BUANO, HANpuMep, M3 BLIPAaXKEHHA NPOH3BOAHOH MO HANpPAB/IEHHIO depe3
KOODAHHATLI: MO npaBuly AHG(MEPEHUHPOBAHHA CAOXKHOH PYHKUHH

d % of
LJ:E_[I ¢=o’°"’=z E vie

feet

rie NPoH3BOAHbIE GepyTCa B TOUKE MPH/IONKEHHA BEKTOPA: 3AeCh X; — KOOp-

AUHATHL B OKPECTHOCTH 3TOH TOYKH, ¥; — KOMMNOHEHTH BEKTOPA CKOPOCTH
B 3TOH cHCTeMe KoopauHar.

To e camoe MOXHO BHIPA3HTb HHAYE, CKA3aB, YTO L,f ectv 3nauenue
1-popmul df Ha BexTOpe v,
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3apnaua 1. Buunequte  npouspoamyio  ¢yukunn H  no  wanpaseHHio BEeKTOpA
(oL o _on o)
dp: O0qi  0qi Opi

2. TlponssogHas no wanpaeaeHuio BeKTOpHOro moas. [TycTb Tenepn v —
BEKTOpHOe noJe B o6aactu U.

Onpenenenmne. [Ipoussodnoi ¢ynkyquu f: U-—~> R no wnanpas-
AeHuto noas v HasbiBaercst Hosasa ¢ysxuus L f: U — R, snauenne koto-
poit B Kafiod TOUKEe X PaBHO NPOM3BOAHON (PYHKUMH [ 1O HaNpaBJ/eHMIO
NpHJIOKEHHOrO B Touke x Bektopa noas: (L,f)(x)=L,f. Pynxuus
L.f wasniBaerca TaxiKe npousgoduos JIu gynkuny f.

Mlpumep. Ilycte v=0/0x; — GazucHoe BEKTOPHOE MOJE, KOMIOHEHTHI
KOTOpPOro B CHCTEME€ KOODAMHAT (X, ..., X.) paBuut (1, 0, ..., 0). Toraa
L f==0f/0x, — yacTHas NPOM3BOLHAA QYHKUHH |.

INNpenocrepexenne [lpn paGote ¢ yacTHEIMH APOH3BOIHLIMH
HYXHO TBEPAQ MNOHUMAaTh, YTO B caMOM HX O0O3HAuYeHHH KpOETCst onac-
HOCTb: YacCTHasl NPOH3BOAHAS (YHKUHH [ NO X| 3aBHCHT HE TQJbLKO OT TOrO,
Kakast (QyHKUHS B paccmarpuBaeMmofi o0/iacT¥ TNPHHATA 32 KOOPAHHATY
Xy, HO B eie GoJblilell Mepe OT TOro, Kak BbIGPaHBl Mpouue KOOPAMHATDL.
Hanpumep, Ha IJOCKOCTH C KOGPAMHATaMH (X, y) 4acTHas NPOM3BOAHAR
0f/3x dyHKuuMM y paBHa Hy/MO, HO wacTHas Npou3BomHas Of/dx Toil xe
GYHKUHH TOYKH IJIOCKOCTH N0 TOH 2Ke IePeMEHHOH x B CHCTeMe KOOpAHHAT
(x, 2), tne z=x-y, pasHa — 1. Caegosano Ont nuCath 8f/0x),_ consts
af/axl2=const‘

TlponsBonnas GyHKIHH N0 HAMPAB/ISHHIO BEKTOPHOTO TOJi% JIMIIEHA YKa-
3aHHOr0 HeAOCTaTKa 4acTHON NPOHM3BOAHOH: 3TO reoMeTpHuecKHil 06beKT, No
CaMOMy CBOEMY OIpeJe/IeHHI0O He 3aBHCAIMH HH OT KakKod CHCTEMBl KOOp-
annat. Ecau rnapkue ¢yuxkuus [ u mode v sananm, T0 L, — Bnioaue
onpeaeneHnan ¢yHkuus (kaacca C'™', ecnn f u v kaacca C7). Hubimu
CJ10BaMH, ecyn JH(pdeoMopdHaM NepPeBOAHT HA HOBOE MECTO BEKTODHOE MoJe
¥ GYHKUHIO, TO TPOM3BOLHAs INepeHeceHHOH GYHKUMH N0 HAalPaBJeHHIO
MlepeHeCeHHOro MnoJsl CoBNajaeT ¢ MepeHeceHWeM NPOU3BOAHON HCXOMHOM
(yHKIMU [0 HANPABJACHMIO HCXOJAHOrO MOJSA. DTO CBOUCTBO OHepauHH AHd-
(depeHUNpOBaHHA 110 HaNpaBJGHHIO HA3bIBAGTCS eCTeCTBeHHOCTHIO. JIpyrue
NpHMEPH! €CTeCTBEHHBIX ONepauuii —— CJIOKeHHe ¥ YMHOXeHle GYHKUHM, clo-
Kenue noJieit ¥ ymMHOXKeHue QYHKUHH Ha moJe.

3. CpoficTBa Npou3BOLHOI MO HANPABJAEHMIO. 3[eCh MLl OIATH 3aliMeMmcd
dopmannsauncit oueBnanix pakros. OGoznayum uepes F MHOKECTBO BCeX
Oeckoneuno puddeperuspyeMblx  QyHkuud i U—R. 9710 MHOKeECTBO
HMEET eCTeCTBEHHYIO CTPYKTYpPYy BELIeCTBEHHOTO JHHEHHOro NpPOCTPaHCTBA
{Tak Kax caoxeHue (QyHKUHII CoxpaHseT AH(p(PEPeHUHPYEMOCTb), H Adxe
KoJblla (Tak Kak npoussejeHue GeckoHeyno auddepeHuupyeMbix QpyHKuui
auddepenuupyemo), unm, ayuie ckasath, R-aare6pel (Kosbua, AJs 3/7eMeH-
TOB KOTOPOTO ONpeje]eHo YMHOXKeHHe Ha UHCla, YAOBAETBOPs 0liee OOLIUHbIM
TpefoBaHUAM).

IycTtb v — GeckoHeuno Anddepenuupyemoe BekropHoe noqe 8 U. Mpous-
BoJHaA (QyHKUMH U3 F [0 HanpaBJEHHMIO MO/ ¥ CHOBA NPHHALJIEXKHT
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F (snech cyulectBenHna GeckoHeunas auddepenunpyemoctn). Mrax, andoge-
peHuHpOBALHE MO HANPAB/ICHHIO MO ¥ ecTb OTobpawenne L,: F — F
anrcOpbl GeckoHeuno guddeperunpyempolx GyHKUHE B cebs. Paccuorpum
HEKOTODble CBOHCTBA 3TOTO OTOGparKeHUs:

L L(G+e)=Lf+Lg 2 L,(fg)=fL.g+gLf
3 Lyp,=L,+L; 4 L,=fL; 5 L,L,=L,L,

(f 1 g — rnankue QGyHKUHH, & U U — [NAJKHE BEKTOPHLIC MOJs).
3anaua i. Hokaxure cpofictsa | —5, KpoMe TOro W3 HiX, KOTOPOC HEBEPIO.

Tepmunosornueckoe 3amMeuanune, Anre6paucTsl Ha3LIBAIOT
0TOOpaKeHHe (KOMMYTATHBHOTO) Koaslla B cebst duggpepeniuposanien,
ecan ouo obsagaet csofictBamu | u 2 otobpamenust L,. Bee mudpepen-
LHPOBAHHA KOJbLA 00pasyloT modYab HAA 3THM KOJAbLOM (MOAYyAbL Hap,
KOJbUOM -— o600 UleHHe JHHEHHOro npocTpancTsa Hal R: sdemenTnl Mo-
Lysasl MOXHO CK/IaibiBaTb MCXKAY COO0OH M  yMHOXKATH Ha 3JeMelThl
KOJbla).

Bektopuele nons B U o6pasyioT Moayab Hag R-anreGpoli F dynkuuit
B U. Cpoiicta 3 u 4 o3nauaior, uto onepauus L, nepeBoisiwasi nose v
B AuddepeHunposande L ,-— romomoppusm F-moayns rojefil B F-Moaynb
Beex andoepeHunponannii anre6pul F. CBoCTBO 5, ecsiu OHO HMeeT MeCTo,
O3Hauaer, 4yto AH¢depennuposannsa L, 0 L, KOMMYTHDPYIOT.

3apaua® 2. flpasetcs an romomopduaM L n3omopduiMom?

Ananutukn HaswlBaloT oToGpaxenue L, Auneinoim 00nopodusis dugpgpe-
PEHUUAALHOIM ONepaToOpPOM Nepsoeo nopadka. 2TO Ha3BaHHE OODBACHAETCH
Tem, urto, corgacwo 1 .2, onepartop L,; F— F R-auneen. B xoop-
A¥HaTax 3TOT onepaTop 3anucwBaercs Tak: L =uv,d/dx +

+v,0/8x,. Boille Mbl H CaMO BEKTOPHOC noJe v 0603HAUMIM TaKHM Ke
cHMBOJIOM (CcTp. 59): noje uyacTo OTOMIECTBJASIIOT C onmeparopom aHdpde-
peHLHpPOBaHHs BROJb HEro.

Ananoruuusti L, onepaTtop npoussoanoit JIu Broab BEKTOPHOro MOJs
U MOXHO ONpelefHTb He TOABKO AJA (YHKUMHA, HO IJS OPOH3BOALHLIX
Aud bepeliinanbHO-reoMeTPHUeCKHX 06 EKTOB, TEPEHOCHMBIX Aud heoMopdua-
MamH  (BEKTODHBIX noJeHf, opM, TEeH30POB) — NPOH3BOAHAA  Ka’K/0rO0
ob6uekra Oyner o0LEeKTOM TOH Ke npupoibl. PpaHUysbl Ha3BBAIOT ofle-
patop L, npousBoaHO# pbiGaka: pbifak CHAMT Ha MecTe W aHpbepen-
LHPYyeT OOBEKTH, NPOHOCHMBIE MHMO HETO (Pa30BLIM MOTOKOM.

4. Anre6pa JIn Bektopubix nogeii. CpoilcTBO 5 A8 BEKTOPHBIX mHosefl
4 H v BbiNOJHeHO He Becerga. Hanpumep, mast noseil u==09/0x u v=1xd/0x
Ha OCH X HMeeM

LeLy=0/0x-+x 02/0x% LoL,=x08%/dx".

3anaua 1. Joxaxure, uto anddepeHumanbubii omepatop L,L,—L,L — ue Broporo
NOpsAAKd, Kak 3TO KakeTcss Ha mNepsulil B3rasa, a nepsoro; Loly—Lyl,=L, rae ¢—
HEKOTOpOE BEKTOopHOE NoJe, 3aBUCAULce OT foJch a u b.

Onpeaeaenne. [lose ¢ HA3bIBACTCS KOMMYTATOPOM WAH CKOGKOL Myaccona noseii
a i b 4 oGosnauaerca la, b}.
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3anauwa 2. Noxakute Tph cpoficTsa KoMMYyTaTopa:

1. la, b+2re] = [a, 8] 1 [a, ¢], AR (auneiniocts),

2. la, bj+1b, a)=0 (xococummeTprunOCTS).

3. lla, b}, c}+1{b, ¢}, a]+lc, a), b]=0 (rompaecteo Sxobu).

Onpeaenennec Junefinoe npocrpaicrso ¢ Gunapnoit onepauueli, cG1aaalonici cpolicr-
Bamit 1, 2 u 3, nasmBaerca a4eebpoi Jlu.

Wrax, eexropsote noss ¢ onepagueli KOMMYTUPOBARUA 06PaIYIOT asrebepy Jlu. dra onepa-
LHA CTOAL Xe dYHAaMenTanbia 445 BCEl MaTeMaTHKH, Kak CJOXKCHHE H yMHOMXeHie,

3anaua 3. [lokamure, 4TO TPEXMEPHOE OPHEHTHPOBANIIOE CBKAIAOBO npoCTPalCTBO
cTanosuTca anreGpoil JIn, ecau onpefesnTh ONEPAUNIO KaK BEKTOPROE NPoOW3BeACHNe.

3anava 4. [oxaxire, uTO NPOCTPAUCTBO KBAZPATHHX MaTpui nopsnKa n crano-
BiTca anreGpoit Jln, ecan onpeaennts onepauno kak AB— BA,

3anaua 5. OGpasylor au aarc6py Jln CHUMMETPHUNULIE MATPUUL ¢ TaKOHR e oncpa-
unci? Kococnmmerpuyeckie?

3anava 6. 3usas komnoHenTn mnojeli @ u b B HCKOTOPOi ClUCTEME KOOpPAUiaT,
HaliTH KOMUOHENTL HX KOMMYyTaTopa.

Oreer. la, b):=7 a; 3b:;/0x;—b; dai/dxj=L bi— L,a..

Banana 7. Tiyets |g')— dasopuit notok noas a, {h°)— noas b. Hoxamute, 410
TOTOKH KOMMYTHPYIOT (g'h'=#’g') rorsa n 70MbKO TOrZa, KOrga KOMMYTaTop moscit paseH
HY IO,

3anaua 8 [Ilyets a,— noae ckopocTeli Touek Teja, BPAWAIOWIErocs ¢ yraopoi
ckopocThio @ Boxpyr Touxku 0 B R Haiitu kxommyratop noseit a,, ag

Orger. lag, ag} =@, TAC BEKTOPHOE npohspenennc a M P.

5. Hepsbie uurterpanvi. Ilyctes v — Bexrtopuoe mnone B o6aactn U,
f: U~»R — anddepennupyemas yuxuus,

Onpenenenye Qyuxkuns { Ha3BIBAETCH NepsoLM UHTE2POAOM ypaB-
HeHHA X =10 (X), ecan ce NPOH3BOALASA N0 HANPABJACHBIO NOIA ¥ PaBUd HYMO:
Lf=0.

CrpaHHOe HaMMeHOBaHHE TNepBLIl MRTErpas OCTANOCh OT Tex BpEMEH,
KOTAA NLITANNCh PEMIHTL Bee Audidepeninanbupe ypaBHeHUs NyTeM HHTCrpH-
poBanusi. B Te Bpemena UHTCrpasioM (MM YACTHBIM HHTErpajiom) Ha3biBajH
TaKKe TO, YTO Mbl TENePb Ha3LIBAEM PELCHHEM.

Cieayouise ABa CBOHCTBA NEPBOrO HHTErpPasJa OUEBHAHO SKBHBAJEHTHbI
cootHowennio L, f=0 u moran Gul OubiThb HPHHATHL 33 €ro onpeacaenue,

W
IS

Puc. 85, dazoBad KPUBas LCAMKOM JOKHT Na Pue. 86. Cucrema Ges
OAHOI NOBEPXHOCTH YPOBHS HHTErpana. NepBbX WHTCTPasoB.

l. @ynkyusn | nocrosnna edoas kamdoeo pewenun ¢: I-U, 1 e,
Kaodasn ¢yukyua fo @ nocroanna.

2. Kamdaa ¢asosan xkpusas noas v npunadiexur OOHOMY U TOALKG
o0noMy mroxecT8y ypoera gynkuuw f (puc. 85).

ITpumep. PaccmoTpum cncremy, $hasoBHM NPOCTPaNCTBOM KOTOPO
ABIACTCA BCA NAOCKOCTb, Xj=X|, Xp=x. (Pa30Bble KpuBLIe (nyuu) uso-
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Gpawxenbl Ha puc. 86. Ilokasxiem, 4To 3Ta CcHCTeMa He HMEET HH OLHOFO
1IepBOro HHTErpana, OTJHYHOrO OT NOCTosAHUGH. JeficTBUTenbHO, nepsbii
HHTErpas — HenmpepbiBHAA Ha Becell MNOCKOCTH (YHKUMSA, MOCTOsiHHAA HA
KaxaoMm Jiyye, BbHIXOASLIEM H3 Hayajga KOOPAHHAT, CJIeJ0BaTe/bHO — I0-
CTOSIHHAA,

Banawa 1. [okawure, 4To B OKDECTHOCTH NPeleAbHOTO LHKAA BCAKHA NepBbilf
HHTErPan NOCTOMHEH.

3amgauwa 2. [lpu kakux k cucTeMa ypaBeeHHi £\ =4x, x3=HhXy Ha BCeHl MJIOCKOCTH
HMEeT HENOCTORHHBIN NepBuiil HuTerpan?

Orger. Mpu £<CO (cm. puc. 30 na crp. 33). )

Banmavua 3. [lokamute, UTO MHOKECTBO BCEX MNePBHIX WHTeTPANoOB AAHHOCO MOJSA
08pasyeT aareGpy: CyMMa u MDOM3BEARHHE MEPBBIK MHTErPaJoOB — MCPBLIA WHTErpan.

. Henocroaunsie nepssie nHTErpassl BCTPEUaloOTCsl Pefiko. 3aTO B TeX CJy-
yasx, KOria OHH €CTb M KOrja MX yHaeTCsl HaiiTH, Harpafa GuiBaeT BechbMa
3HaUHTeNLHOH,

Mpuwmep. Ilycto H — puddepenuupyeman (r>>2 pas) bdyuxuua 2n*
nepeMenuslX (pi, ..., ga). Cucrema 2n ypasuenuit pi= —O0H/dq;, ¢i=
=0H/Op; HasblBaeTCA CUCTEMOU KaHOMuueckux ypasHenuii amuioTona.
(FamunbTon mokasas, uro auddepeHuHanbabe ypaBHEHHS GOMBIIOTO YHCIA
3ajayu MCXaHUKH, ONTHKH, BAPHAUHOHHOTO HMCHMC/IEHHS H APYrHX objacTeil
€CTeCTBO3HAHHA MOXHO 3andcath B TakoM BHAe). Pyukuusi H HasbiBaeTcs
ynkyued FamurbTora (B MexaHuke 5T0 OGBIYHO NMOJHAS SHEPIHA CHCTEMbI).

Teopema (3akoH coxpaucHust suepruv). @yuxyus lanuserona asan-
eTCSL NepebiM UHTE2PAAOM CUCTEeAMbl KAHOHUYeCKUX gpasHenuid lamursTona.

JlokasarteabcTBso.

OH . OH .\ < [0H,; OH\ OHOJH
L=, (i i) [+ o
) g = dpi dq: oq; op;
4TO H TpeboBaJIOCh.,

6. JlokanbHbie nepsble muterpannl. OTCYTCTBHE HEMOCTOAHHBIX MEPBBIX
HHTerpajoB CBA3aHO C TONOAOTMUECKHUM YCTPOHCTBOM (DA30BLIX KPHBLIX.
B obwem ciyyae ¢asopbie Kpusbie He yKNaAblBalOTCS B LEQJIOM Ha NOBEpX-
HOCTH YPOBHS HUKAKOH QYHKUMH, HOITOMY HeMOCTOSIHHOIO EPBOrO MHTErpana
u HeT. OLHAKO JIOKaNbHO, B OKPECTHOCTH HEOCOBOH TOYKH, (ha3oBble KPHBbIE
YCTPOCHBI APOCTO M HENOCTOAHHbIE MEPBble HHTErPasibl CYLLECTBYIOT.

Iyers U — oGaacte B n-MepHOM npocTpanctse, v — Aubdepeniipyemoe
BexkTopHoe nojie B U, xo — HeocoBas Touka nons (v (xg)==0).

Teopewma Cywecreyer Takas OKPecTHOCT6 V TOuKkU Xo, 4TO Ypas-
Henue x=v(x) 8 V umeer n—1 DYRKYUOHANOHO He3a8UCUMbLL nepsblil
unteepan, fu, ..., fam1, npudem a06ol nepavil unTe2pas ypasrenus e V ecre
dynkyus ot fi, ..., fazr.

[Habop m dyukuuit yHkyuoHaAsHO HE3a8UCUM B OKPECTHOCTH TOUKH
Xo, €CJAM pPaHF HPOU3BOAHOH B TOuke xo oTtobpaxenus [: U—R™ 3sanan-
HOro 3THMH ¢yHKunsimu, paseH m (cM., nanpumep, I'. M. QuxrteHroiby,
Kype anddeperunansuoro 4 uarerpansaoro ucuucneuus.— M.: Havka, 1970,
T. I, rn. 6} ].
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Hoxasatenbcrso. Has craniapruoro ypashenus 8 R*  gy=1,
Jo= ... =§,=0, 370 OuEBUAHO: nepBbie HHTErpasbl — JiioGble TajKHe
DyHKUuH OT Y2, ..., ya To e BepHO 4/1% 9TOrO ypasueHua B A106OH BRINYK-
Jofi obaactd (o6sacTs HasuBaeTcs BLINYKJIOH, ecau BMecTe ¢ JIOObLIMH
TOUKaMH OHa COAEPIKHT COSAMHSOWMHA HX oTpe3ok). B Bunykaoil oGaactH
JOGOH HHTerpas CTanLapTHOTO YPABHEHHKS CBOAUTCS K QYHKILHH OT Y2, ..., Y
Besikoe ypasuenie B NOAXOAAULEH OKPECTHOCTH HEOCOGOH TOUKM 3anHCHi-
BaeTcs B MNOAXOASILLMX KOOPAHHATAX y B cTangapTuom BHue. OKpecTHOCTh
3TY MOXHO CUHTATb BBINYKAOH B KOOpAHHATEX y (€C/H 3TO He TaK, 3aMeHUM
MeHblUeld BHINYKJIOH).

OctaeTcsi 3aMeTHTb, UTO KaK CBOHCTBO (YHKUHM ObITb MEPBLIM HHTEr-
pajoM, Tak H (YHKUHOHANLHAR HE3ABHCUMOCTb, OT CHCTEMB KOODAHHAT
He 3aBHCHT.

3anava 1, Tipuseante npumep o6nacTh, B KOTOpOfi CTasaapTHOe ypaBuenHe
MMeeT NepBLf UHTErpaj, He CBOASWHACA K GYHKUHH OT Yo, ..., Yn.

7. Nepsbie uuTerpansl, 3aBucsAuHe OT BpeMenu. [1yctb [ — nuddepenin-
pyemas ¢yHKUuMst Ha paclinpedHoM (asoBOM NpPOCTPAHCTBE YpaBHEHHA
)E:v(t, X), BooGLLe roBOPsi, HEaBTOHOMHOTO.

CocTaBuM aBTOHOMHYIO cHeTeMy, (BasOBbie KPUBBIE KOTOPOit 6yayT HH-
TerpaJbHbLIMH KPUBLIMH HCXOAHOTO ypaBreHuA. [L1s 3TOro pacwupum ypas-

HEHHe, 1OGaBHB K JaHHOMY YpaBHEHHIO TpH-
BHA/MbHOE ypaBHeHHe {=1:
U X=V(X), X=(tx), Vi,x=(,v)
Onpeneneunne. dynkuna [ nasnpaercs
BABUCAUUM OT BPEMEHIL NEPBbIM UHTE2PAAOM
ypaBnenuss x=uv(f, x), ecau oHa aBATETCH nép-
¢  BBIM MHTErpajoM pacilHPeHHOrO aBTOHOMHOrO
ypasHenust (puc. 87).
Puc. 87  Wnrerpaabubie  Kpusbie .
Ha TIOBEPXNOCTH YPOBHA MCPBOLO Wnvimu  caosamu:  Kaxoas UHTE2PAAbHAA
HHTCTpAta,  SABUCAMCTO 0T BPS KHuGaA UCXKOOHOSO YPAGHEHUN ACHHUT 68 OOCHOM
me MHOUCECT8E YPOBHA (PUHKYLL.

Bekroproe nose V B nyib ne o6pawaerca. [lo Teopeme n. 6 g OKpecT-
HOCTU KQodOoU TOUKU PACULUPENHO20 (hA30B020 NPOCTPAHCTSA YpagHenue
x=v(t, X) useer croavko PYHKYUOHAALHO HE3ABUCUMBLY REPGHLX UHTE2PAACS
(3asucauiux Or epemenu), KAKosa Pa3MEepHOCTb (ha308020 NPOCTPAHCTEA
(4ucA0 KOMNOHENT BeKTOPQ X); npuven Koxdeul (3asucauiui or epemeni)
nepeoLli  UHTCZPAA  ELIPANCACTCA YePe3 ITU  CHeNUCALHBIE 6 YKABAHHOL
OKPeCTHOCTU.

B wacthocTi, aBTOUOMHOE ypaBHeHHE ¢ n-MEPHLIM (Hha30BhIM NpoCTpaH-
CTBOM HWMCET B OKDCCTHOCTH J0GOR (He o6si3atesipiio LeocoGoi) Touku n
3aBHCALLUX OT Bpexeud QyHKUHONAALUO He3aBHCHMBIX TEPBLIX HIITErpasos.

Mepsuiv nnTerpason andepeHuHanLHOrO ypaBHeHHsT (i1H cHCTeMbl)
M06Oro nopsiAka HasblBAETCH NCPBLIK MHTErpan SKBHBAJCHTHON CHCTEMBbI
NepBoro nopsixa.

3anawa 1. Jlokaxure, 4ro ciHcTeMa ypasuenn#i Hbortona r-—~r/r “UMeeT nepBbii
HATCTPa, KOTOPLIl B NOJAAPHLIX KOOPAHUATAX 3anuchIBaeTch B Buie rig (rez R,
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DTOT WHTErpasn, Ha3bIBAEMbI CEKTOPUAALHOL CKOPOCTHIO, oTkpuin Kenstep u3 nabamoacini
3a asHxennem Mapca («Bropoii sakon Kenmepas)

3anaua 2. Moxaxute, uTo ceKkTOpHAAbHAs CKOPOCTh ABASETCS nepsLIM HHTErpasoM
ypasuenus r=ra(r) npu moGom BHIe DYHKUHMM 4.

Cuaosoe nose Buaa ra (r) HaswiBaeTcs yeurpassusin. [pelbilyuias 3aaaua NoKasbiBacrt,
noueMy 43 BTOPOro 3akona Kenjepa Hejib3sl M3BJEYb 33KOHAa BCCMUPHOTO TSATFOTEHHS: HYXKeH
TpeTHi.

3anaua 3. Joxkaxure, 4TO NPH LBHXKCHHU B JIOGOM UEHTPAABHOM NOJe B TPeXMep-
HOM MPOCTPAHCTBE KaX/afd W3 KOMIOHEHT BEKTOPHOrO NPOW3BCAeHus [r, r] sBnisieTcq HEPBLIM
HHTErpaJoM («3aKOH COXPAHEHHS MOMEHTa KOJHUECTBA ABHIKCHHS»).

3anaua 4. Hokaxure, 4To ecan ¢yHkuus TamMuibTOHA He 3aBHCUT OT ¢;, TO i —
nepsuiil HHTerpas ypabHeunit TamuabrToHa. .

3anaua 5. Ilpeanonoxum, uTo KaxAoc pelieHHe ypaBHeHHs x==v (f, X) ¢ A-MEPHLIM
(a3oBLIM NPOCTPAHCTBOM MOXHO MPOJOJKHTb HAa BCIO OCb f. JlokaKuTe, YTO Takoe ypabs
HEHHEe HMeeT BO BCEM pacludPeHHoM (a3ocBOM DIPOCTPAHCTBE N (YHKUHOHAJILHO He33BHCH-
MbIX MepBbIX HHTErpasoB (3aBHCALLHX OT BPEMEHH), uepe3 KoTopble Bce ero (3asucaline
OT BpeMeHH) NepBble WHTerpasbl GyHKIHOHAALHO BHPAXKAIOTCS.

§ 11. Jlunelinble W KBa3WJKMHElHbIE YPABHEHUS
nepBoro NMOpsiika ¢ YACTHLIMH NPOU3BOAHLIMH

YpaBHeHusl ¢ HAaCTHBIMH NMPOH3BOAHLIMH H3YYeHBl TOpPa3fo XyikKe, HeM C
O6bIKHOBEHHBIMH. TEOPHIO OJHOrO ypaBHEHHS C YACTHLIMH MPOH3BOIHLIMHU
NepBOro Nopsijka yJAaeTcsti CBeCTH K HCCJEAOBAHHIO CIELHAJIbHBIX OGLIKHO-
BeHHBIX JndeperinanbHbiX ypaBHeHUI, Tak HA3BIBAEMbIX ypasrenult xapax-
Tepuctuk. CYNLHOCTb CBA3H MEKAY YPAaBHEHWEM C 4ACTHLIMH TPOM3BOAHBIMHU
H YpaBHCHHEM XapaKTEPHCTHK COCTOHT B TOM, UTO ABHXKEHHE CIWIOUIHOM cpejbl
MOXHO OMUCHIBATH KAK C NOMOULBIO OOLIKHOBEHHBIX AMbhepeHILnaIbHbBIX ypaB-
HEHHH JABHXKEHHSI €€ YacTHL, TaK H C MOMOIUbIO YDAaBHEHHA C YACTHBLIMU
NpOU3BOAHBIMH 15t noasd. Hike noapo6uo pazobpatibl npocrefiline yacTHblE
Cy4an JIMHEHHbIX H TaK Ha3blBAGMBIX KBA3W/IHHEHHBIX YpaBHEeHUH C YaCTHLIMH
IIPOU3BOAHBIMH NEPBOTO NOPAAKA H TaKXKe NPHBELEH PELCNT PelueHus obllero
ypaBHeHuUs.

1. Jluneiinoe opnoponnoe ypaenenue.

Onpenenenue Jluneldnsisn 0OHopodusin ypasuenuesm nepeozo nopsd-
ka B o0nactu U nasbiBaercsl ypaBHenue L,u=0, rae a — H3BECTHOE BeX-
Toproe nose B obnacth U, a u — HeussectHas ¢yuxkumus. B koopaunarax
OHO HMeeT BUL ai Gu/dxi+ ... +a,0u/0x, =0, as=a,(x\, ..., x,). Paso-
Bbic KPHUBBIC BEKTOPHOTO NOJS @ Ha3LIBAIOTCSH XAPAKTEPUCTUKAMY YDABHEHUA
Lyu=0. Ypasuenue x=a (x) HasbiBaeTCs ypasnenuen XapaxTepucTux.

3ameuvanne [lpunaraTesbHoe «xapaKTepucTHYeCKH > B MaTeMaThKe
BCErAa O3HAYAET «CBSI3AHHLIA HHBapHaHTHO» (B JAaHHOM CJydae HHBApHAHT-
HO OTHOCHTEJbHO BbiOopa cucrembl KoopaunaT). Tak, XapakrepucTuueckas
MOATpynna rpynnef — 3TO NOArPynNa, nepexoAsuias B cebsi NP BCeX aBTO-
MopdH3Max rpynnbl, XapaKTepHCTHUECKOe yDaBHeHHe MaTpPHLbI oOllepaTtopa
He 3aBUCHT OT Bbl6opa 0asnca, XapaKTCPHUCTHUECKHE KJACCHI B TOIOJOTHH
nepexoxaTr B cebsa npu audpdeomopdusmax u T. I

XapaxTepHcTHKA ypaBHeHHsl L, i =0 cBA3aHbl C HAM HHBAPHAHTHO OTHO-
cuteabHo auddeomopdusmos: ecan ruddeomopdram NepeBOAUT CTapoe ypas-
HeHHe B HOBOE, TO OH [1€PEBOJHT XapaKTePHCTHKH CTaporo ypaBHEHHSl B
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XapakTepHCTHKH HOBOTO. Moxuo gake BAoGABOK YMHOMKHTb nose a Ha
He 00pallaowyoca B Hylb YHKUMIO — 3TO HE HIMEHHT HH PeLICHHH, HH
XapaKTePHCTUK YPaBHEHHUSA,

3agauva 1. Hafitu XapaKTepUCTHKY ypasHeunst 0u/0x =y ou/dy.

Pewenune r=1, y=—y; y=Ce™*

Teopema Pyukyua u neaserca pewenuesm ypasnenus L,u=0,
eCAU U TOALKO €CAU OHA AGAACTCA NePBbIM UHTEZPANCM YPABHEHUS Xapak-
TePUCTUK.

HoxaszaTennbcTBo. DT0 ONpeRe/IcHUe NEPBOFO HHTErPaa.

Hecmotpsi Ha OUCBHAHOCTb 3TOH TEOpEMbl, OHA OUEHb MOJIE3HA, TAK KaK
peiiaTh 06bIKHOBEHHOE YPaBHEHHE XapaKTEePUCTUK JIErde, UeM pelath HCXOM -
HOE ypaBHEHHE C HaCTHBLIMH [POU3BOJAHBLIMH.

Ranaqga 2. Pewnts ypasHeuue safauu 1

Pewewnune wu=ye* — peurenre, Bee PEWEHUA HCUCPRHLIBAKTCH (BYHKUMAMU OT 3TOTO.

3amaua 3. Pewurs ypaBHeHue y au/éx—x du/dy Ha BCell MAOCKOCTH,

Orger. Peweuna — pyuxuun o1 x4y

Saaaua 4. HcuepnsiBaloTcs Au pelieHus ypasHeHus x du/ox = =y du/dy ua R® dyux-
QHAMU OT xy?

Orser. Her, cyuectsyer pewenne, aa kotoporo (1, 1)s4u (—1, —1).

2. 3apaua Kown.

Onpeneneunne 3adaved Kowu pna ypasweuusi Lu=0 Haswl-
BaeTcst 3ajaya 06 onpejesneHud GyHKUMA 4 10 €@ 3HAYCHUAM Ha AaHHON
runepnosepxsoctd (runeprnosepxuoctoio B R* naswiBaerca (n—1)-mepuas
nosepxuocts. Hanpumep, B caydae n=2 runepnosepxHocTb ecTb KpHBasd,
npu n=3 — o6bIuHAR NOBEPXHOCTH),

3azauuan rHIepPrOBEPXHOCTL HA3LIBACTCA HAYAALHOL 2UNePROBEPXHOCT IO,

a 3212NHE HA Hell MCKOMOH (YHKUHH — HA4QAbHoM yCaosuem, ul,=g.
DyHKUHA @ HASLIBACTCH HAYAN6HOL ynKyued, OHA 3azlaHa
g Ha Ha4a/NbHOH CHMCPMOBEPXHOCTH.

3anaua Kouwid e Bcerpa umeer peuwedne. Jdefictutenn-
HO, BJIO/Ib KAXK/A0# XapaKTepucTHKY 3HAYEHHUE U TOCTOSTHHO.

) Ho xapakrepuctika moskeT nepecexars HaYanbHYIO NOBEPX-
? HOCTb HECKO/bKO pa3 (puc. 88). Ecau 3uavenun nauaabHok
Puc. 85, Hepaspeun. DYHKUHH B 3TUX TOUKAX PA3NHUHBL, TO COOTBETCTBYIOLLAS

Man sagava Kouw.  3afada Kouwim ue umeeT pellieHuss HH B Kakolt ofjacty,
cogepxaulelt YKa3aHHYIO XapaKTepHCTHKY.
Onpeneneune. Touka Ha HAYAALHON FHAEPNOBEDXHOCTH HA3BIBAETCS
HEXOPAKTEPUCTUHECKOE, ©CU XaPAKTEPUCTHKA, IIPOXOAAILLAR UEPE3 STY TOUKY,
TpaHcBepcasbha (HE KacaTeqbHa) K Haua/bHOM THNEPHOBEPXHOCTH.
Teopema. Ilycto x — HEXQPAKTEPUCTUHECKAR TOUKA HA HA1AALHOL
eunepnosepxnocti. To20a cyuecTsyer TAKAR OKPECTHOCTbL TOYKU X, 4TO
sadaua Kouws 8 3100 OKPeCTHOCTU uMeeT pewexue, u NPUTOM TOABKG OOHO.
Hokazarteabcrso. [To Teopeme O BLINPAMACHHM MOMHO BLIOpaTh
KOOpAHHATH! B OKPECTHOCTH TOUKM X TaK, 4TO Novie @ GYAET MMETb KOMIO-
Heutst (1, 0, ..., 0), 3 BadanbHAA FUNEPHOBEPXHOCTb HPUMET BHI X;=0.
B stux xoopaunatax sanaua Ko npuuumaer ug du/dx, =0, Ul y—0=eq.
Epuncreennoe B Brinyk/0# 06aacTH pewenue: (¥, .., ¢ =@ (xs, ..., X4
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3anaua | Pewnts 3apauy Kown ul,—o=siny aan ypasucuns Jdu/dx=y du/dy.
Peweunune. Ha xapaxrepucruke y=Ce™ " COracHO Ha4aALHOMY yCJOBHIO, U= sin Cs
Oraer. u=sin (e*y).

3anaua 2. Kakue Ttouxn npaMoli x=1 fBJKIOTCH HEXAPAKTEPHCTHUECKUMH Aaf
ypasueuun y du/dx=x du/dy?
Oraer. y==0.

3amaya 3. Hmeer an pewenne 3zanaua Kowwn ul
va R® n epuiictenno an pewenne?
Orser Pewcnne cyulecTsyer, HO He €ARHCTBEIINO.

+=\=Yy* nam 3Toro ypamueuna

3ameuanue. Pemenns o6pkKHOBeHHOro anddepeHunanbHOro ypasHe-
HHs 00pa3yloT KOHEUHOMEepHOe MHOrooGpasHe: Kakioe DenleHHe 3anaercs
KOHeulbiM Na0opoM uHcea (HauadbHblX YCJOBUI). Mbl BUAHM, UTO Y JHHEIl-
HOro OJLHODOAHOIO YDPABHEHHS C YaCTHbIMH NPOM3BOANBIMH MEPBOTO NOPSAKA
OTHOCHTEALHO (YHKUHU OT 1 MNEePEeMCHHLIX «CTOJBKO pelueHH, CKOMBKO
cyllecTByeT GyHKUHA OT n— 1 nepemeHHbX». AHanoruuHoe sIBAeHHE HMeeT
MECTO U AJ15 OOLIHX YpaBHeHNH ¢ 4acTHBIME NPOH3BOAHLIMH NepBOro Nopsiaka.

Tlpnunna cTaHOBHTCA sCHOH, ecan paccMoTpeTh auddepenunansbHoe
ypaBHeHHe KaK npejes pasHOCTHLIX. Te e coobparkeHHs NOACKa3bIBAIOT, YTO
LA ypaBHEHHs! ¢ YaCTHLIMH MPOH3BOAHBIMH BTOPOrQ NopfAika HyXHO 3ana-
BaTb Ha HauaJbHOH THIEPIOBEPXHOCTH JBe (YHKUMH (3HaueHHs pelueHHsi
H €ro npou3BoAHOfl N0 TpaHCBepCaNbHOMY HauaJbHOH THIEPNOBEPXHOCTH
Hanpas/aeHHo), ¥ T. A. Pasywmeercs, 3Tn cooGpaxenua He 3aMeHsIOT HO-
Ka3aTenbCTB COOTBETCTBYIOLIMX TEOPEM CYLICCTBOBAHWS H eAMHCTBEHHOCTH
pewenni, DTH A0Ka3aTeIbCTBA MOXKHO HaHTH B yueGHMKAX MO TEOPHH ypaB-
HEHHH ¢ 4acTHLIMK NpPOWU3BOAHLIMH, Hanpumep, B kuure P. Kypanra u
J. Tunbbepra, «Metoan MareMaTuueckol ¢pusuku» (M.: Focrexuanar, 1951)

3. Jinneiinoe neonnopoanoe ypaBHneHne.

Onpeneaenne. Jluneinoinm HeoOHOPOOHLIM YpaGHeHUEM NepEO2O
nopadka B obaacth U Ha3smiBaeTca ypaBuenHe L,u==0§, rhe a — 3ajan-
HOe BeKTOpHOe mnoJae, b — 3anannasg GyHKUMA, o — HCKOMasa (QyHKuUHs
B o6aacty U. B koopaunarnoit 3anuch: a;0u/dx,+ ... +a,0u/dx,=b,
rie ar 4 b — u3BeCTHble QYHKUHH OT Xy, ..., X

3anaua Kown craButcs Tak Ke, Kak AJd OZHOPOJAHOTO YypaBHEHHA.

Teopewma. B docrarouno marol OkpecTHOCTH 4000t HexapaxkTepu-
CTUHECKOLH TOUKU HAMAALHOI NOBEPXHOCTU DPeuwlenrue CyuecTsyer i eout-
CTBEHHO.

HdoxasarteabcTBo. [lpousBoinass Hen3BeCTHOH (YHKUHH NO Bpe-
MEHH ABHKEHMS BLOJNb XapaKTepHCTHKH H3BecTHa (paBua b), nostomy ee
npupallleHHe BAOJb OTpe3ka XapaKTePHCTHKH paBHO MHTerpaay oT b no
BpeMeHH ABHXXEHHS BAoJb 3TOrO orpeska. Hanpumep, ecin a; %0 B usyuae-
MOl Touxke, TO YyKasaHHoe npupauwende pasuo §b/a,dx, BLOAL OTpe3ka
XapaKTepPHCTHKH,

3anada I, Peunts 3anauy Kown ul,-o=siny ana ypasuennsa Ou/dx=y ou/0y+y.

Pewenmne, [lpn uameHeHHH X €O CKOPOCTRIO | 3HauenHMe 4 Ha XapaKTepHCTHKE
y=Ce™" Mmeusiercst co ckopoctvio Ce™ " CaenoBatenbno, NpHpallenue u BAOAL 3TOH xapax’
TePHCTHKH npH uaMeneund x ot 0 no X pasuo C (1—e~ %),

Touxa (X, Y) nexur na xapaktepucruke, rae C=¢"Y B sroil Touke u=sin.C+C (1 —e M,

Oreer. u=sin{e'y)+ye*—1).
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4. Ksasuanneiinoe ypasuenme.

Onpeneneunne Keasuruneinsin ypasreruen nepsoeo nopaoka
HA3LIBACTCA ypaBHEHHE L,u=p OTHOCHTENLHO GYHKUHH u, THe o (x)=
=a(x, u(x), B(x)=b (x, u(x)). 3necb @ — BekTOpHOE NOJE B X-NPOCTPAHCTRE,
34BACAILEE OT TOYKH OCH (&, KaKk OT napamerpa, b — QyHKkuus B X-NpocTpa-
CTBe, TaKXKe 3aBHCsLLAsl OT TOYKM OCH #, Kak OT napamerpa. B Koop-
AHHATHOM 3aMHCH ypaBHEHHE HMeeT BHA

0 a
a (x, l‘)d—,l(%+ e Fan(x, u)—d:f%:b (x, u).

Otanune OT AUHEHHOTO yPaBHEHHSI TOMBKO B TOM, YTO KOI((uyueHTbE
¢ 1 b MO2YT 3QBUCETH OT BHAUEHUS HEU3BECTHOL (PYHKI UL

IIpnmep. PaccmoTpum onnoMepHyio cpeay M3 uyacTHIl, ABHKYUIHX-
Csl IO NPSIMOH MO HMHEPIHH, TaK YTO CKOPOCTh KaXXI0il YacTHUbI o¢TaeTcs
HenaMeHHol. O603HaUHM CKOPOCTb YACTHULI, HaXxoAseHcs B MOMEHT [ B TOY-
Ke x, uepes u(f, x). 3anuwen ypasuenue HbioTona: yckoperue wacTwinl
pasHo nymo. Ecan x=¢(f) — aBuKenHe yacTuubl, TO p=u(t, p(t))

w_ Ou Ou. du du " y
H (p——g?—}—g;(p——a-}—ué—x- Tak, hoae cKopocred cpedsl u3 Hedaau-
modedictayrowuy  wactuy  YO081ETEOPACT  KBAIUAUHELHOMY YpasHenuwo
4 uu,=0.

3anava 1. floctponth rpaQuk  pewedHs B MOMEHT {, ccdil u=arcctg x
npi =0,

Pewenune [lunddeovopdusn naockoctu (x, u) v (x4 uf, u) casuraer KaXaylo npsi-
MYto i« ==const BRONB OCH X HA ul N NepesoaHT rpadiuik pewenus s moment 0 B rpadux
pewenuss B moemedt { (3roT Audipeomopbduim ecth
HE 4TO HHOe, Kak npcoGpasopanie $as3oBoro notoka
ypasienus Hviotona g% uvacTHU, MI0CKOCTB
(¥, ) — hA30Bask MIOCKOCThL HACTHULI).

Orser. Cm. puc. 89.

Bamevanne Ipn (=2a/2 raaakoro pe-
weunst ue cyuwectsyer. Hauwnas ¢ 3toro Momen-
T@ 4acTHULI CTAAKHBAWTCH, #H NPCANOAOKEeHHe 06

OTCYTCTBHH  B3aHMOICHCTBHA MeKAY HHMH CTaHO-
Pic. 89. Tpaduk pewenun noayuaetes i -
rpaduKa  wauaaboro yeaoshs  mchicrsien  BHTCA  QH3HuecKH HepeaancTmdeckum. B stux  ye-
$asosoro noroxa. NOBHAX ABHXKEHHE CPeAbl OMHCHIBAIOT T. H. YAapHbie

BOJIMbI — Pa3pPbIBHLIC  PCLICHHA,  YAOBAETBOPAIOLIHE
YPABHEHHIO JieBeC W MpaBCe pPa3psiBa M yAOBAECTBOPSUOILME HA PA3PLIBE JAOMOAHNTEbHLIM
YCAOBHAM  QHIHUECKOTO TUPOHCXOKACHWA (3aBUCAWMM OT XapaxTepa B3anmMogeficTBHs npH
CTOJKHOBCHHH YacTHIU).

3anaua 2. CocTaBHTb ypaBHeHHe SBOJIOUHH NOJS CKOPOCTCH CPCALL H3 HeB3aHMO-
AeficTBYIOWMX 4acTHIL B CHIOBOM [oJde ¢ cuaoil F (x) B Touke x.

Orger. u,+uu,=F,

3anauwa 3. Pewnts 370 ypaBHeHHe ¢ HauadbHbiM ycaoBHeM u],_o=0 A1 cuan
Fx)=—x.

Pewenue Pazosuil MOTOK COCTOMT M3 NOBOPOTOB, NMOITOMY rpaduk u(t, -) — npsamasn
C yrJaoM HagjJoHa —f.

Orger. u(t, x)= —x1gt, |t <mn/2.

3anaua 4. Haiitu makcumanbuyno wupuiy nosoctt 0<<t<< C, B KOTOpoi#l cywecrtsyer
pelicHie ypaBHeHHa uy+ uiuy=sin x ¢ HauabUblM ycaoBuem ul,_qo=0.

Orser. C=n/2.
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5. XapaKTepUCTHKH KBasuauneiinoro ypasuenns. PasoGpanuulil nmpumep
MOKasblBaeT, KaK M0Je3HO [epefiTh OT ypaBHeHHs C 4aCTHHIMH MPOH3BO-
HBIMH I NOJSA CKOpOCTeH K OOLIKHOBEHHBIM YPaBHEHHSAM ABHKEHUS yacTHil
cpeapl. Heuro ananoruusoe MoKHO clesaTb H B cayuae o6lero KBasu-
JIMHEAHOTrO ypaBHEHHs NePBOro NOpsiiKa.

Ypasuenne L, ., #=0(x, (X)) o3HauaeT, YTO €CJH TOMKA X BBHIXOAMT
H3 Xo CO CKOPOCTLIO @o=a (X0, Ug), TAE Ho==u (Xo), TO 3HaueHHe u(X) Hauu-
HaeT  MEHATbCSI €O CKOPOCTBbIO b= b (xo, Up)
(puc. 90). HMubimu caoBanyi, OPUAONKEHHBIH B TOU-
Ke (Xg, Uo) BEKTOP A¢ NPAMOTo NPOU3BCAEHUSA X-NPO-
CTPaHCTBa H OCH 4, ¢ KOMHOHEHTaMH do H by,
Kacaercs rpaduka pewenns. Hycets Ag==0.

Onpenenenne. [lpavast nanpasaenus Bek-
Topa Ay HashIBAECTCS XAPAKTEPUCTUHCCKUM —Ha-
npasaienueM KBasuIHHEHHOrO ypaBHEHHSI B TOUKE

(Xo, uo). Puc,  90. Ceomerprucckuii
XapaxkTepHCTHUeCKHE HANpaB/lends BO Beex  CMUCH wbaswamciivoro  ypap.

TOUKax obnacTh  onpejesaedust ko3(pdHUHEHTOB e

ypaBHeHHs o0pasyloT noje HanpasieHui. DTo Mojie Ha3bBIBAETCH XaApaKTe-
pucruteckum noasem wanpagaewuid ypasuenus. B KoopaunatHoR 3anuch
XaPaKTCPUCTHUECKHE HANPARACHUA — 3TO HANPAB/JCHHA BEKTOPOB MOAR

a 3
A :Zak () 5= 4 b (1) =

Hupdepennnaastoe ypasnenue, zalaHHoe M0JeM XAPaKTCPHCTHUECKHX
HanpaB/ieHull, HasblBACTCH YPABHEHUCH XAPAKTEPUCTUK, A Cro HHTETpaJb-
HBIC KPUBblE — XapaxTepucTurasi. TakuM o6pa3soM, XapakTepUCTHKR sin-
NAWOTCS (PA30BBIMH KPHBLIMH BCKTOPHOrO noas A.

3anaua 1. Hafitu xapaxtepucTdsu ypasueHus Cpeabl H3 HeB3aKMOJICHCTBYIOULHX
yacTHl, ;- uu.=0.
Pewesnne x=u, =1, u=0. Xapaxrepiucturu — ApAMbIE X ==Xo - uof, U= Uo.

Bameuvanune 1. Jluueilinoe ypasienue — uacTHbIl cayuail KBasuan-
HCHIIOT0, HO XAPaKTePHCTHKH JHHCHIOrO ypaBHEeHHUs, PACCMATPHBAEMOrO KakK
KBasuIuneiHOe, OTAHUAIOTCA OT ©F0 X2PAKTEPHCTHK Kak JHHeAloro ypasile-
HUsD neppnie Jexkar B (X, 4)-NPOCTPAHCTBE, @ BTOPLIE — HX APOEKILHH
B X-TIPOCTPAHCTBO.

Sameuanne 2. Kpasnanuciiiiie ypapHeHna coXpaHsiOT kaasuauueii-
HLi BILA 1P anddeoMopduiNax X-upocTpaHCTBa H 1aKe NpH nuddeomop-
(GH3Max NpoCTPAHCTEA-NPOHABEASHNIR, TAC ONPEALACHB CTO KOY(HUILHeHTH
@ M b, XapakTepucTuku HHBADHAUTHO CBA3aHLL C ypaBHeHHEM: CCIH TAKOH
andheomophuaM neperoAnT crapoe ypablieHHe B HOBOE, TO XapakTepPHCTHKH
CT4pOro nepexolAr B XapakTePUCTHKH HOBOTO. Dosee TOro, ypagHCHHE MOXKHO
YMHOMKUTbL Ha He o6palanuyiocs B uyis QYHKUUIO OT X W U -— ADH 3TOM
HH peIUeHHAl, HH XdaPaKTCPHCTHKH He MeHSIIOTCS (XOTs BeKToptioe nose A
MeHseTCs).
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3agaua 2. [okxaxute, 4T0 KBasumnicinoe ypasucHue APUBOAHTCA NOAXOAAULHM
AOKaRLHLIM AP PEOMOPHHIMOM NPOCTPAHCTBA- IPOHIBEACIH K CcTanaapTHOMy BILAY du/dx, =0
8 OKPECTUOCTH J0GOH TOUKH (¥, i), B KOTOPOIl 3HaucHHE @ iiCHYJeBOe.

6. Hurerpuposanue KeasunuHelHOrO ypaBHeHHs. YpaBHeune xapaxre-
PHCTHK A/l ypaBHCHHA ) ap Ou/3xy =0 NPHHATO 3aMHCHIBATL B TAK HA3bi-
BAEMOM CUMMETPUHHOM 8ude

dxl_ _dx,,_du
a I An B b’

BblpazkalolleM KOMHHEADHOCTL KACATE/NbHOH K XapaKTepHCTHKE ¢ Xapak-
TCPHCTHUECKHM BEKTOPOM (3TH COOTHOUIEHHS 03HAuAiOT paBeHcTBO |-dopm
Ha BCKTOPAX, KACAWUIHKXCA XaPAaKTEPUCTHKM, €CAH 3HAMEHATENM OTHHUHB
OT HyJis1).

Onpenenenue [lobepxnocTs naselBaercs UHTE2PAAbHOL nosepx-
HOCTu!0 MOJISL HanpaB/ieHtil, ecnu HanpasaeHue NOAS B KaKAON TOYKE JICHKHT
B €C KacaTeAbHOH NMJIOCKOCTH.

Teopewma. Yrobu eaadkasn nosepxnocts Guiia UHTCZPAAbHOL nosepx-
HOCTLIO 2AadRO20 noAR Hanpasaenud, Heobxodumo u JocTarouno, 4Tobel
Kamoasn unTeeparvbHas KPusas, uMeiouias ¢ noeepxroCTbIo obuiyio Touky,
leaurom Ha Hel Acxcaad.

MorxasarteanbctBo. [lo Teopeme o BLIUTPAMJICHHH [10J1e  MOXKHO
LucddheomophHIMOM NPEBPaTHTL B NOME MapaienbHbiX npsambix. [ia Takoro
noJist TcoOpemMa O4YeBHAHA.

M3 ompeneneinst XapaxkTepHCTHUECKOrO Hanpapdeiis BHTEKaeT

Tcopewma, Dyukyus u rto2da u r0abKO TO20G sBAsCTCA peuierien
KBASUAUHEERO20 YPUBHEHUS, KO20a ce epaux ABASETCA UHTCZPAAbHOL
NOBCPXHOCTHIO NOAS XAPAKTEPUCTUMECKUX HANPABACHUL.

M3 npyx nocnednitx TeopeM HEMOCPeACTBCHHO BhITeKaeT

CracacrBue Pyrkyua u roeda u 1010k0 T02da AsAseTCA peuieHuem
KGajuAiunelHo20 Ypasnenus, koeda ce 2padux colepicur gumecre ¢ Kaxdod
€e0Cl TOUKOL UHTCPBAA XUPAKTePUCTUKU, npoxodsiuell uepe3 3Ty TOUKY.

Takum o6pa3zom, HaxomACHUE pPeHICHNf KBA3HAHHEHIONO ypaBHeHHs
CBOJUTCA K HAXOXKACHHIO €ro XapakTepucTuxk. Ecau xapaKkTepHCTHKH 13-
BECTHLI, TO OCTAETCH JIHWDbL COCTABHTL H3 X [IOBCPXHOCTD, SIBASIOULYIOCHA
rpaduxoM Gyukusi: sta hynxuus OyaeT pelucHHeM KBa3HAHHCAHOIO ypas-
HCHHSI, H BCE DCLUEHHA NOJYHAIOTCH 3THM CIIOCOGOM.

3anayva |. [oxasats, uto 3agaua Kewm gas ksaswminciuioro yPaBHCHUA nicpBoro
MOPAAKA HMECT PELICHHE M NPHTOM TOALKO OMIO B AOCTATONNO MaAOR OKPECTHOCTH TAKOf
TOUKH Xo HAUAABHOM CHOCPNOBEPXHOCTH M JAAIH TAKOLO WAMAALHOFO YCAORHS, 4TO BEKTOp
@ (X0, 4 (Xo)}) HC KACAETCA HAMA/ALHOM KHNEPUOBEPXUOCTH

3amcuanne B oMuuMe OT AMKCAHOTO YPaBHCHNA, AR KBASHAHHEAHOFO ypasuenun
HCABIA  rOBOPHTL O  XapPaKTCPUCTHUHOCTH CAMHMX  TOWEK Ha4aALHOR  [HACPNOBEPKHOCTH:
GYyACT AaHWAR TOYKE XAPAKTCPHCTHUECKON MAH HET 3aBHCHT TAKKE W OT HAYAALHOrO 3Ha-
HCHHA.

7. Heauneilnoe ypaBuenue ¢ HacTHLIMH NPOH3BOLHLIMU NEPBOrO nopsajxa.
Kak u auselinuie WM KBasuaHHedlbie ypaBHCHHS, HeJHHERHble ypaBHeHHSA
camore abwero suaa, F(x, du/dx, u)=0, wnterpupyiorcs npH IOMOULH
xapakrepucTuk, Ho ecan XapakTepHCTHKH JAHHCHHOrO ypaBHEHUS OTHOCH-
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TeMbHo PyHxuud B R" sexar B R”, a xpasusnnueiinoro — B (n-+1)-meprom
npoctpanctee R"X R, To xapakrTepucTHkM 00l1ero HeMHEHHOro ypapBHeHHA
ABJAAIOTCA KPUBbIMH B (2n -+ 1)-mepHom npoctpanctse l-ctpyi dyuxini, na
KOTOpOM OTpeAe]eHa 3ajaonias ypasnennc ¢pynxuus F.

Onpenenenne. [fpoctpancrsom 1-cTpyil GyHKURA OT x==(x[ +..

., Xx) BasbBaercs (2n - 1)-mMepnoe nNPOCTPAHCTBO €  KOOPAHNATAMU
(X1, ooy Xa3 Pr, ooy Py y) l-cTpyst GyHKHHH 4 B TOUKC X — 9TO TOUKA
3TOTO MPOCTPAHCTBA ¢ KoOpAunuatamu (x, p=0du/dx, y=u(x)). Mnoxecrso
l-cTpyit GyHkUHM 1 BO BeeX TOuKax x €¢ 061acTH ONpCACICHHA HAZLIBACTCS
l-epacpukon sTolt GyHKUHU.

Ypasuenne F(x, du/dx, u)=0 onpeaeasier B npocrpauncrse l-cTpyil
runepnosepxnocts E, rae F(x, p, y)=0. Pewenne ypasnennss F=0-—
910 (PyHKUMSA, |-TpaduK KOTOPOH NpHHAMNEKHT runeprnosepxuoctn L.

Mpur 6ynem npeanosaarath, 4TO BEKTOP NPOU3BOAHLIX F, (€ KOMNOuCHTamu
0F /dp;) oranuen or HyJas: 6e3 3TOro TpebGoBaHNA ypaBHCHIE MOra0 Gbl BOBCE
He cojepxaTtbh Ju/dx n He 6bu10 Obl auddepenunanvuuim. M3 yeaosus
F,== 0 BoITeKaeT, 4TO rMnepnoeepxHocTs £ — riaaxas (no teopeme o Hean-
Holl ¢pyHkuku). Camast Tpy/HAs 4acTb TCOPHH HeJHHEAROTrO ypaBHEHIs ¢ UacT-
HbIMH NPOM3BOIHLIMH NEPBOTO NOPSAKA — NPHAYMaTh CAcAyloulce

Onpenenenne. Xapakrepucruxkarmu ypasHenns F=0 nasnisalorcs
a3zopbie KPHUBLIE CjAeAYIOWeH TPYAHO 3anoMmunaeMoit cucremn Hpdepcu-
HMa/NbHBIX ypaBHEHHH Ha THNepNoBepXHOCTH FE B npocTpancTBe l-cTpyii:

)E=Fp, l3=—Fx—PFU, y':pr-

3anaua [ [lokaxure, uro ¢a3oBas KpHBafn 3TOR CHCTEMH, HAUYMHAIOWARCHE BA FURCpH-
nosepxnocth E, ueankom nexut na E.

Pewenne Fe==Fux+ Fp+Fy=0.

3anava 2. Joxkaxure, uto l-epagux xamdoeo pewenus ypasuesua F=0 codep-
HuUT emecTe € Kamdod c¢80ell TOUKON UHTePBAA XGPAKTEPUCTURW, npoxodswyed uepes Ity
Touky. O6parno, ecau 1-cpaguk @yakyuu COCTOUT U3 YEALLX XAPAKTEPUCTHK, TO (QyHAYUL —
peutenue,

Pemenne. Bpoan l-rpaduka peweins dy=pdx v dp=(3°u/dx?ydx. Ilnn xapaxre
PHCTHUYECKOrO BCKTOPA NEPBOE YCJIOBHE QUEBHANO BLINOJHCHO, @ BTOPOC BLITCKAET H3 PABCHCTRA
nymo cymenua dF wa 1-rpadmk: cyxeune Frodx-+F,dp+ F,dy na I-rpapuk umcer pug

(Fx+pFy)dx+F, 0%u/dx’ dx

JlokazateabeTBO 06paTHOTO (@ TakkKe TIeOMCTPHUCCKYIO MOTHBHPOBKY CTPanuoro onpenc-
Nneuns XapaxTepucTuk) MomHo Hailtu B kuure B. V. Apnonspa «JonosnuTenbunie TiaBul
Teopin OOBLIKIOBENHLIX Auddepenunanbhbix ypashennid> M., 1978, § 8, nan B ximre B. M. Ap-
poabaa «MareMatHueckHe MeTOAb  KAACCHUECKOR mexauwukn», M., 1974, crp. 333—334¢
OHHl OCHOBaHLI HAa reOMCTPHH NOJSA KOHTAKTHBIX NJOCKOCTEH B NPOCTpancTse CTPYH.

Pesyabrat 3agaud 2 CBOAMT HHTErpHPOBaHHE HENHMERHOTO YpaBHCHNS NEPBOro NOPsAKa
(HanpuMep, OTbICKAHHE pelleHHA 3agaud Koww) K HATErpHPOBAHHIO CHCTEMbt OOLIKHOBCH -
HEIX ud@epenuHanbibX  ypasHeHni — ypasneunit xapaxtepucruk. Flo nauanbnomy yeacsiio
CTPOMTCH MOAMHOrOOGpasne nPoCTPaHCTBA 1-CTPyH, NPOXOAAILHE UCPE3 HEIO XapaKkTCPHCTHKH
06pasyioT |-rpaduK HCKOMOrO peluchust.

3anaua 3. JokakHTe, YTO XapaKTCPHCTHKM HeMHHCHNOro ypaBHEHMS, SBJISIOUICTOCH
KBA3HAMNCHHBIM, MPOCKTHPYIOTCA B XapaKTCPUCTHKH 3ITOr0 KBA3WIHHEMIOFO YpPaRiCHUA 1pH
orobpaxieHnu (x, p, y) = (x, y).

3anaua* 4. [okasaTb, 4TO XapakTepHCTHKM Heauneiinoro ypapucnia F =0 nusa-
PHAHTHO CcBA3AHLI ¢ ypaBHeHHeM: npu auddeomMopduamMax x-nPocTPAHCTRA HAM LaKC NPOU3 -
BCACHHA X-NPOCTPANCTBA WA OCb 3naucHiil (yHKUMM TNPOH3BOAHLIC BPCOBPA3YIOTCS Tak, uTo
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XaPaKTEPHCTHKH CTaporo ypaBHCHHS NEpeXOAAT B XaPaKTEPHCTHKM HOBOLQ, APH YMUOKCHHE
F na ne obpautaouwyioca B HyAb QYHKUHIO KaPAKTCPHCTHKH HC MCHSIOTCR.
3Bameuanue B ZeACTBHTEALHOCTH CBSI3b MKy runcpnosepxuoctvio £ 1 xapak-
TEPUCTHKAMH RA Hell HHBApHANTHA OTHOCHTEABLNO cuic GOACe WIHPOKOH rpymiut anddeomop-
$u3MOB APOCTPaANCTBA CTPYR, NepenyTWBaloUICi apryMCHTHE e TOJLKO €O 3HaUCHHAMM. HO
H C MPOH3BOAKBIMHI BAXHO AL, YTOOL Andeomopdhu3IM npocTpaticTsa CTPyil coxpansa noae
KOHTAKTHBIX MiocKocTeH  (3agaunerx  ypasueuiem dy==pdx). Taxie RudpeoMopdimbl
HA3LIBAIOTCA KOHTAKTHOLMU M OOPA3YIOT KOATAKTHYIO epynny, QYHAAMCHTAABUYIO AA% TEOPHM
YPaBHeHHil ¢ YACTUBIMH TNPOH3BOMHBIMH [1€PBOrO MOPAAKA H AAR  reoMe-
TPHYECKOH ONTHKH.
ulz) Onpeaeneune. Ypasuendem Tamuabrona — Slkobu  maswiBaeTcs
T ypaBhenne ¢ 4acTHLIMH I[POH3BOAHBIME [ICPBOTO MOPALKA, B KOTOpOE
ABHO HE BXOAWT 3HAUCHHC HCU3BCCTHOI Qyukuui, T. €. ypagileuHe BHAA
H (x, dufdx)=0.
Pue. 91 Peumenne 3anaua 5 [lokazare, UTO paccTosiiie OT  TOMKH  IAOCKOCTH
;5_3:;::;"”_;[‘(02? 10 TJaagKkoit Kpuso# uHa MAOCKOCTH (puc. 91} yAOBACTBOPACT ylpaaueumo
) Famuabrona — Skobu ) (Ou/0x;) =1 B oKpecTHOCTH 3Toil KPHBOH (HCKJIIO-
4an caMy KpHBYIO).
3anaua 6 [lokasaTb, uTo pPacCTOAHHE OT TOUKH EBKAMAOBA NPOCTPAlCTBA A0 [AdA-
KOTO foaMuorooGpasus (#1060H pa3MepHOCTH) B 3TOM [POCTPaHCTBE YAOBACTBOPSACT ypaBn-
vennio Tamuavtona — fAxobu ¥ (du/0x)’=1 B oxpecrhoct noAamuoroo6pasnsa  (HcKaovas
camo noamHoroo6pasue)-
3anava 7. [lokasarh, uTO BCAKOEe peledde ypaBHCHWR [ aMusibToHa — SIKOGH
Yi6u/dx)=1 B AOCTaTOMHO Ma/OfH OKpeCTHOCTH M0G0 TOUKH CBKAMIOBA NPOCTPANCTE
ABJAAETCA CYMMONH PACCTOAHHR 1O HEKOTOPOH IMAAKOW THIEPIOBEPXHOCTH H KONCTAHTBL.
3anauva 8 [lokazaTb, YTO XapakTepUCTHKH ypasleuus [amuavrona — Slkobn H =0
TPOEKTHPYIOTCA Ha DPOCTPaHCTBO (x, p) B BuAe (a30BLIX KpuBLIX ypasucuuii [asiabrona
x=H, p=—H,, nexauux na NIOBCPXHOCTH HyJ1eBOFO yposia (yukuii [amuasTona.

§ 12, KoncepsaTtnBHasa cucrema c OAHOI CTenenbio cBoGOAb!

B xauecTBe npumepa npHMeHeHHs] NMEpPBOro MHTCIpPana K HCCACA0BANHIO
AP PEPEHUHAAbHOTO YPABHEHHA Mbl DACCMOTPHM 346Ch MCXANUHUECKYIO Cii-
CTeMy ¢ OAHOH crenenblo cBoGoabl, 6e3 TpeHus.

1. Onpenenennn. Koncepsarusnoi cucremoli ¢ 00nott crenensio c6060dnl
Ha3blBAETCA CHCTeMa, onHcbiBaemasn AnddeperuuanbHbM ypasieuiem

X=F(x), (1)

rae F — pudgepenunpyemasi Ha HekoTOpoM HHTepBasic [ BCUICCTBCHLOH
ocH x dyHKuUHA.
¥pasHenne (1) skBHBaJleHTHO cHcTeMe

X1=x3, Xe=F(x)), (0, x2)=IXR. (2)

B mexanuke npuHAra caeaywoiuias TepMHNOJIOTHA:
{ — xonturypanHoHnoe NpoCTpanHcTBo;
X1==X — KOOpJlHHaTa,
X2==X — CKOPOCTb;
X — yCKOpeHHe;
I’X R — dasoBoe npocTpaHcTBo;
(1) — ypaBrenne Hsiotona;
F — cunosoe noue;
F(x) — cuana.
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PaccMOTpHM elie caeayioulne QpyHKLHH Ha ¢$a30BOM NPOCTPAHCTBE:

2 2
x* x3
T:7=—2— — KUHETUHECKAA 3HEP2U,
X
U=~ S F(8) dE — norenyuaronas gnepaus;

Xo

E = T4 U — noanas mexanuweckas 3nepeus.

d
OueBuato, F(x):.-—d— , TAK UTO NOTEHUUAAbHAA IHepeus onpedesser
X
cucreny.
Dpumep 1. Jdaa mastunka § |1 z U
(puc. 92) x= —sinx, x — yroa or- \
kaoHenusd, F(x)=—sinx, U(x)= TN el
= —cosx. Jlas ypaBueuus MajblX ~1 x
KoJeOaHHil MasiTHHKA X== — X
2
[-(X)z —x, U(X):% Puc. 92, [lloTeHuuaabnas 3SHCPrus MasTHHKA.

Ona  ypaBHenusa Manablx KojeGaHHil MepeBepHYTOro MasTHHKA X=x
2

Fi=x, Ux=-=

NN

Puc. 93. IToTenunannuas 3ueprin MasTHHKA BOAH3H HIKHETO B BCPXHETO NOJOMCHHA PABHOBECHS.

(puc. 93).

2. 3aKOH COXPAHEHHS1 3Hepruu.
Teopewa. [loanan anepeus E asaderca nepsvlm uHnTE2pasOM CucTe-

mot (2).
IlokazarteabcTso. Hmeem
d s x2 (1) . .
EZ( lzé) -{—U()u(t))) :)CQX2+ U/X|=XQF(.’C|)—F(X|)X2=O,

4YTO W TpeboBaJOCh A0Ka3aTh.

JokasaHiasi TeOpEMa MO3BOJSICT HCCJAEA0BATb H SIBHO «B KBajpaTypax»
pelwarp ypapuenus suma (1), nanpumep ypasHeHHe MasiTHHKa.

3. Jluuun yposus sneprun. Mayuum casosbie KpuBble cucTeMmbl (2).
Ka)kiaa ¥3 HHX LeJHKOM JEXHT Ha OJLHOM MHOXKECTBE YDOBHSt 3HEDIHH.
Hcenenyem 3TH MHOXKeCTBA YPOBHSA.

Teopewma. Muoxecreo yposus 3nepeuu

{(Xl, XQ)Z %g--*- U(X|)=E
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ABNACTCA e/lqafcozi Kpusot 8 OKpeCTHOCTU Kax ool €80ell TOuKU, UCKA04AA
AU NOAOJK CHUSA PABHOBECUA, T. €. TOUKU (X1, x2), ede

F(X|)=0, xo=0.
HoxasateascTno. Bocnoassyemen teopeMoit o neanuoll hbynRkuuy,
Umeem
oF oFE
= —F (.’CI)‘ == X2,
oxy Oxs

Ecan oana u3 npoussoanbix oTanidna or 0, To B OKPeCTHOCTH PaccMartpy-
BACMOH TOUKH MHOMKCCTBO yposust E sipnsieres rpadukoM jauddepeannpyeMoi
dyuxkuun Bupa x;= x) (x2) WK xy= xo(x;). Teo-

v pema jgokaszana.
3ameTHM, UYTO HCKJIOUEHHBIE Bblle TOYKH

& (x1, x2), roe F(x1)=0 % x3=0,— 3T0 B TOYHOCTH
CTalHOHaplble TOUKH ([OJOXEHNS PaBHOBECHA)
A cucteMbl {2) u ocobble TOUKH BCKTOPHOIO 1OASA
¢ha3osoii ckopoctn. Jdanee, 3TH ke TOUKH SABJS-

I0TCA  KPUTHUECKHMHM Toukamu ¥} mnosuol sHep-
run E(x1, xo). Hakoreu, toukn xi, rae F(x))=0,
-— 3TO KPHTHYECKHEe TOUKH NMOTEHIHANBHOU 3Hep-
run U.

Z, Yr1o6bi HapHCOBATL JHHUKH YPOBHS 3HEPTHY,

N0JE€3HO NPEACTaBAATL cebe WapHK, KaTalomuica

B «noTeHuuanpion ames U (puc. 94).

Puc. 04, Waphx B norenuamioh 3adukcupyem 3naueHyne noanol sneprun E.
faiMe ¥ Pasopan kpunan, 3ameTHM, uTO KHHETHHECKAs 3Heprus ne-

otpunarenpna. IlosTomy noresunanbhas suep-
rHA He NPeBOCXOJUT NONMHOA. 3HAUMT, JHHUSL YPOBHA 3uepruH E NpoexTH-
pyeTcs Ha KOHGHUIypalHOHHOE NPOCTPAHCTBC (HA OCb X;) B MHOMECTBO
He npesocxonsiuux E 3anavennil noreHunansnoil sneprun {xi el U ()<< E)
(luapuk HE MOXET NOAHSTbCH Bble YPoBHA E B NOTEHUHANBHONl siMe).

Hanee, ckopocts Tem Goabme (10 alconloTHOR BennduHe), HEM MeHbile
NOTEeHIMaNbHAR 3HEPrus: || =\/2~(E—U(_)E;)_) (ckaTulBasich B AMY, MApPHK
HabupaeT CKOPOCTb, a NOAHAMasCb, TepsieT ee). B «Toukax nosoporas,
rae Ulx))=E, ckopocth paBHa 0.

W3 4eTHOCTH 3HEPIHM MO OTHOWIEHHIO K X2 CJACLYET, HTO JHHUS YDPOBHS
JHEPIUHd CHMMETPHUHA OTHOCHTEILHO OCH x; (WIapHK DPOXOAHT KAKAYIO
TOYKY Tylda M 06paTHO ¢ OAMHAKOBOH CKOPOCTLIO).

DTHX NPOCTHIX COOOPAXKEHHH LOCTATOUHO, YTOGH! PUCORATDL JIMHHH YPOBHSA
3HEPrHUHM CUCTEM ¢ pasHoofpasHblMH notenuvanamu U. PaccMoTpum cnauana
npocreituuit cayuadt (Geckoneuno rayboxas NOTeHUHaNbHAA fIMA C OAHHUM
npUTSArnBaloluM ueHrpom £), korpa F(x) mosoToHno yOmiBaer, F(§)=0,
I=R (puc. 94).

Zy

Jm

0

*) Kpuruueckoli Touxof# (YHKUAH Ha3biBaercs TOuKa, B KOTOpO# mnoanmit anddepen-
unan QgyHkuun paseH Hymo. 3naucHne (yHKUHM B TaKOH TOYKE HAIBIBACTCA KPUTUHECKUM
FHAUCHUEM.
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Ecan snaucuue nosuno#l sueprun £ MeHbille MIHUMyMa MOTeHUHaJbLHOI
£y 1O Muowectso yposus E=F, nycto (ABH)KeHHe iuapHka (H3IHYECKH
1iesoamoxno). Muoxectso yposua E==L; coctout u3 oauoit touxu (g, 0)
(lwapuK MOKOMTCH Ha [HC SIMBI).

Ecan snauenue E; nosunoft sHepruu Gosiblle KPHTHUECKOTO 3HAUCHHSA
Ey=U(£), To muoxectso yposusi E=FE3 — rjaakas 3aMmKiyTasl CHMMET-
puunas Kpusas, OKpyxaiowasa nojoxenue pastosechs (§, 0) ua asopoil
MIOCKOCTH (WAapuK KartaeTcs B siMe B3ajd H BIePed; OH MOAHHMAETCH J0
BLICOTHI E3,'B 9TOT MOMCHT €ro CKOpoCTb 06-
paiaercs B 0, 4 oH cKaThlBaeTcss ofpaTtio B
AIMY, TIPOXOAHT &, B 3TOT MOMEHT €ro CKO-
pocTb MaxkCHManblia, NOJHHMAaeETCs C JApPyroft
CTOPOHBI M T. 4.).

I1pu uccsacpoBan#H Gosiee CAOMKHBIX CJIY-
uaes cJeAyeT NocTynarb nosobiibiM ke ofpa-
30M, MOC/1EJ0BATEAbHO yBEJHUHBAS 3HAYCHHS
nosuoift ameprun E ¥ ocrauaBauBasch, 1a
3Hauenusx E, paBHubIX KDHTHUECKHM 3HAC-
HHsIM - noteHuuanbHod sHeprun U (E) (rae
U’ (E)=0), ciean kaxkaulit pa3 3a KPHBBIMH CO
3HAYCHUSIMH [, HEMHOro MCHBIWHMH H He-
MHOTO GOJ/ILIIHMH KPHTHYECKHX.

[MMpumep 1. Tlycts notenunanbuas
sHeprusi U umMeeT Tpu KpHTHYecKHe ToOu-
ku: & (muuumym), E; (sokaabublit mMaxkcumym), E; (JIOKaAbHBLIH MHIH-
mym). Ha puc. 95 nokazaun auunu yposust £,=U (&), U (E)<<E,<< U (Ea),
Ly=U (&), U (&) <<Es<<U(§2), Es=U (82), Ec> U (E2).

Puc. 95. Jhnun yposun sucprin.

3aanava | lHapicopat, Junun ypoBus sHCPritn AAsl ypanneimus ManTiika X = — sin
W Aas ypasucnnft  MamTuMKa  BOAHIN  HIOKHCTO M BepXHEro  nodoxcnuii  pasuonecns
(X=—x 1t x=1x)
W
I \ = ‘ z z | z
Puc. 96. Hapucyfite anuin yponusi sucprin.
3apauva 2 Hapucopats  amnnn  yposus  sucprun A sadawu Kenaepa *)

{ C
= —— +_2_ W AMA NOTEHUHAAOB, DpeAcTasacHinXx na puc 96
X X

4. Jinuun yposHs sHeprun BOAM3N ocoGoit rtouku. [lpu mnccaenosanuu
MOBEACHHST JIMHUI YPOBHST BOJAH3H KPHTHUCIKOIO 3HAUCHII SHEPIHU MOJE3HO
fIOMHHTb O CJEAYIOIHX OOCTOATeNbCTBAX.

*) Ypasiucuuew HbloTosa ¢ TakiM NOTEMNHAAOM Oni.c UTCA H3MCHEHIE  PACCTORNMS
naaser u komer or Coauua.
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3ameuanue 1. Ecau norenyuasvnas asuepeus — keadparuunas
popma U=kx*/2, T0 sunuu ypoens anepauu — Kpussle 8TOPo20 Nnopadxa
OF = x3 4 kxi.

B cayuae nputsxenus k>0 (T. e. KpuTHYeckas TOuKa 0 — MHHHMYM
noreHuHanbuod sueprun U (puc. 97)). B 3toM cayuae ausun ypOBHA
SHEPrHd — roMOTETHUHDbIE 3JIJIHNCHL C IEHTPOM B 0.

B cnyuae orrankusanusm k<C0 (T. e. KpuTHuecKas TOYKa 0O — MakcH-
MyM noTedunanbhol 3Heprun (puc. 97)). B aToM cayuae auHuM ypoBHA

SHEPTHH — TFOMOTETHUHbIE THIEPGOABl €

0 k<l uentpoM B 0 H napa MX aCHMNOTOT: Xo==

T z = +-/kx;. DT acHMOTOTH HAa3HBAIOTCH
TaKXe cenaparpucamu, TAK KaK OHH OT-
JeastioT ApYr OT Apyra runepGosbl pasHblx

T2 THIOB.
3ameuanue 2. B okpecrnocTu wHe-
BLIPONOCHHOL KPUTUHECKOL TOHKU npu-
pawyenue pynKy UL a8aaeTca Keadparuumod
Popuoi, ecau roavko Hadsexncawyum obpa-
Puc. 97. Jluunu yposRA 3uepruy Ass npu- 30M 6bl6paTb rcoopauﬂary.
TACHBAIOWLIEro H OTTaNKABAOWero Kaaapa-

Touka 0 siBastercst KpUTHYECKOH TOUKOM
nudgepenuupyemoii  dyHkuHn f, ecan
[ (0)=0. Kpurnyeckas touka 0 wessipoxcdena, ecau [’ (0)+0. Ilpenno-
J0XKHM, uto f(0)=0.

Jlemma Mopca®*). B okpecrnoctu nesolpomdennoti kpuruqeckod
rouku O mosxcno sobpare Koopduwary y rax, uro f=Cy?, C=sgn {”(Q).

Takoil koopauuaToll Gymer, KoHeuHo, y=sgn x~/[[(x)]. ¥YrBepmaenne
COCTOHT B TOM, YTO COOTBETCTBAE X +> Y B OKPECTHOCTH TOUKH O mudpdeo-
MopdHo.

Hnst nokasaTeqbcTBa YAOGHO BOCHONB3OBATHCS CJACAYIOIIUM NpPEAAO-
JKEeHHeM:

Jlemma Anamapa?*). [Mycro [ — dugppepenyupyenan (xracca C')
gyucyua, pagnas ¢ Touke x=0 nymo. Toeda [(x)=xg(x), 20e g — Jugp-
gepenyupyenan (kracca C~' 6 okpecrnoctu Touku x=0) pynryus.

THYHLIX OTCHUHAJOB.

Hokasarteawnctno. Mmeem

1 1
dt:& P (tx) x a't:xg ¥ (tx) at;
[t} Q

dyHkuna g(x):S ' (tx) dt xnacca C'~', u nemma goxasasa.

0
[Npumenum nemmy Axamapa x ¢pydxumny f Jemmn Mopca asaxael. Haxo-
aum f=x*q (x), rae 2¢(0)=f" (0)#0. HUrak, y=x\/|¢(x)|. Jleuma Mopca

noKasana, Tak Kax ¢yuxkuua /| (x)] B oxkpectsoctd Toukn x=0 audde.
penunpyema (r—2 pa3sa, ecau f kaacca C').

*) OGe neMMbl MOXHO PACPOCTPAHATL HA (PYHKUKM MHOTHX NEPEMCHHBIX.
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Taxim o6pa3om, JIMHHH YPOBHSA SHEPTHH B OKPECTHOCTH HEBbLIPOKAEHHOH
KPHTHUYCCKOH TOUKH MpeBpallaotcst JHGO B 3JIHNCH, JuGO0 B rHnepGo/ibl
npH AnppeoMopdHOM H3MEHEHHH CHCTEMbl KOOPIMHAT (i, X2).

3anaua 1. Halitn kacateavrble K cenapaTpHcaM oOTTankupamwouleid ocoboit Touku
(U” (9)<0). .

Oreer. xo= £~IU” (E)} (x;—E) (puc. 98).

Zy
Puc. 98. Kacatcabnuie x cena-
patpucam OTTAIKHBAOWCH
0co00it TOURH.

N
%

5. Mpoponxenne pewennit ypasveunna Huworona. IycTs noTeHUHANbHAS
SHeprus onpeieneHa Ha Bceidl ocH Xx. M3 3akona coxpaHenusi suepruu me-
NOCPeACTBEHHO BLITEKaer

Teopewma. Ecau norenyuaronan snepeus U eciody noroxcuressua *),
TO Kaxcdoe peuienue ypasHeuus

“ dU
L) (1)
dx
npodomrcaerc;z HEOSPAHUUEHHO.
ITpumep L. Tlyers U= —x"/2. Pewenne x=1/(f—1) Heab3si NpoRoAKHTb 40 {=1.
YcTaHOBUM CHauasa CJelyiollee yTBepXKAeHHe, Ha3biBAeMOe anpuopHoLi

OYeHKOU:
Jlemma. Ecau pewenue cyujectsyer npu |t| <z, 10 0oHO y@osxzemo—

psiet nepasencrean | x ()] <~2Fo, |x (1)— x (0| <~/2E,|¢], 20e Ep= (;))

+ U (x (0)) — nauasbroe snavenue snepeuu.

Il okasarteabcTBo. CoraacHo 3aKOHY COXpaHeHHs SHEpPruu

2
x (8 Z,
LR Uk =Es 2\ oveE;
V 2"2507-
H 1nockoabKy U= 0, nepBoe HepaBeHCTBO f0- >
Ka3aHo. BTOpOC HEPAaBE€HCTBO BbITEKaeT H3 I .Z‘,
t {

nepBoro, Tak Kak x (l)—x (O):S x (0) d0. Jlem- Puc. 99. [lpsaMoyroabhuk, or-
Ma J0Ka3aHa. 0 Kyna ¢aszoBas TOUKa HE BbIH-

zeT 3a spemsa T
HokasarenbctBo TeopeMsl [lycrs

T — Npou3BO/bHOE MONOKHTENBHOE UHCIO.
Paccmorpum npsimoyroabuuk I (puc. 99) Ha ¢asosoil miockocT

|.\f]—X| (O 2V2E0 T |XQ| 2\/250.

*) paByMQQTCﬂ, H3MEHeHHe HOTeHLLHaJleOﬁ SHEPTHH U ua KOHCTAHTY HE MEHsAeT ypas-
uenusn (1), CymecrsenHo Auwb, yto U orpaknuena cHusy.
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Paccmorpum B pacwupennom ¢asosom npoctpancrse (x5, X, {) napais-
aepenunen || <<T, (x1, x)Il. Tlo TeopeMe O NPOJOJNKEHHH pelueHHe
MOXHO NIPOAOJIKHTbL 10 FpaHuiubl napanienenunena. s nemmul cacayer, uto
pelueHye MOMKET BBLIATH JMIUL Ha Te TpaHu napaieaenunena, rae |/ =T.
Wrax, pewienne MOXHO NPOAOIKATL A0 JI060r0 {= =T, ciei0BATENbHO,~—
HEeOrpaHHueHHO.

3aaaua 1. [oxazaThb HEOrpaliHYeHHYIO NPOACIKACMOCTb peulcHuit cHCTeMut ypaslie
N - ou . N .
il Heiotona m,m,:—o—. i=1, .., N, m>0, xR, B cayuae nonoxureabHoil nore-
X

uuaabroil sneprun (U= 0).

6. Hekpuruueckue JHHMM YPOBHA 3Hepruu. [Ipeanonoxkum, 4TO noTeHd-
uHanenas sueprus U onpenenena Ha Bcell ocu x. Ilyers E — HekpHTHYCCKOE
3Hauenne sHepruM, T. €. E He paBHO 3Havycuuio oynkuud U Hu B 0AHON H3 ee
KPHTHUECKHX TOUYEK,

PaccmoTpum muoxecTso Touek, rae snavenne U menbute E, {x: U (x)<<E .
210 MHOKecTBO (puc. 100) COCTOMT M3 KOHEUHOrO HJM CHETHOTO uKc/1a
HHTEPBAJNOB, Tak Kak ¢yaxuusa U HenpepuiB-

Ha (ABa M3 3THX HHTErpajoB MOTYT NPOCTH- v
patbca B OeckoHeyHocTb). Ha koHuax nutep-
BanoB U (x)=E, caepoBareanno, U’ (x)+0

(Tak Kak £ — HexpHUTHUeCKOe 3HaueHne).
v a b
£ ;
Z
2 b \ =
Pue.  100. Muoxecteo Touek x, rae Puc 101 dazosan kpusas, nud-
U x)<E deomopdran oKpyKuOCTH,

Kaxnas rouka muoxectsa {x: U (x)<CE ) siBasieTca N0 3TOH NpHUHHE KOH-
1OM POBHO OJAHOrO HHTEpBaJa MeHbIUHX 3HaueHuil. [Tos3ToMy Bce MHOXKeCTBO
{x: U(x)<E)} ectb ob6beaunenne He Gosee ueM CUYETHOrO 4HCAd TNOHApPHO
HEMepeceKaloWHKXCcsl OTPE3KOB H, OLITb MOXET, OJHOTO HJAM ABYX YXOAAIMMX
B GECKOHEUHOCTDL JydeH, W JKe COBIIafaeT CO BCell OCbiO X.
Paccmorpum (puc. 101) onun U3 Takux orpesxos, a<Sx<Cb,

U(a)=U (b)=E, U((x)<<E npn a<x<<b.
x3
—2~+U(x.)=E, a<x, < b, 3adaer na naoc-
Koctu (xy, x2) eaadkyro xpusyro, duggeomoppuyio oxpysnoctu. Ira Kpu-
ean asaserca ¢asosold kpueol cucremol (2)

Teopewma. ¥pasnenue
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AHarozuunbim  06pasoM, ayd a<<x<Coo (uaw — oo < x<Lb), ede
U (x)<<E, nsaserca npoekyueti ¢a3osol kpusod, Ouppeonopproi npamnoit
Aunuu, Ha oce xi (puc. 102). Hakoney, 8 cayuae, ecau U{x)<<E na scei
npanoti, mroxcectso yposna E cocrour uz 0syx pasoseix kpusoix

x2=£~2(E—U (x). ,

I/ITaK, MHQOXECTBO HEKPUTHUYECCKOTO YPOBHA £t
SHEPrHH COCTOUT H3 KOHEUHOro HJAU CUCTHOrO

UHCA FAAaJKHX (a30BblX KPUBLIX.

7. JokaszareabctBo Teopemul m. 6. 3akon co- & a/\__/ Z
XPAHEHHA 3HEPrHH MO3BOASET SIBHO PELUHTH \/_\

ypasueune HoiotoHa. [eficTBuTenbHO, npu GHK- Z
CHPOBAHHOM 3HAUCHHM MOJHOH >Heprun E Be-

JUYAHA (HO HE 3HAK) CKOPOCTH X OMPeNENS~  puc (09 Gasonan xpupas, mwid
€TCsl MOJIOXEHHEM X! deomopian npawoi. '

x==~2(E—=U (x)), 3

a 3TO — ypaBHeHHe ¢ odHomepHoim (HA30BBIM NPOCTPAHCTBOM, KOTOPOE MBI
yKe yMeeM peulaTb.

ITycte (x5, x2) — TOUKA HALIEro MHOMKECTBA YPOBHSA, npuuem x> 0
(puc. 103). Pewenne ¢ ypasuenusi (1) ¢ Hayanbueim ycaouem ¢ (fo)=xi,
¢ (fo) =x2 MllemM B3 COOTHOWEHHA (3):

el
t—lozg % (4)
) VZE=U)

b

aas {, 6AU3KuX K {o.
dg
3ameruM Tenepb, UTO MHTErpa = _—.S —_—
2 JV2(E=U®)

U’ (a)s=0, U’ (b)5=0. Otciona caenyet, 4ro ¢opmyaa (4) 3anaeT Hernpepbis-
HYI0 Ha HeEKOTOpoM orpe3ke §<{i<{fy ¢yHKuHio ¢, npudem ¢(f)=a,
@{t2)=>b. Dra ¢QyHKUHA Be3je yAoBJeTBOPACT Yypasueuuw HbioToHa
(puc. 104).

x
% Z
()
Z ly 7|7

CXOAHTCsA, TaK Kak

Z, z, ;
a\% vz I Z t”I 7 ¢
2 z
Puc. 103. Tlonosuny dasosolt xpusoit (ot Puc. 104. [lpopommenue peuweHnsi ypasHeHus
a a0 b) dasopant TOuKa NPOXOAHT 33 KO- Hboiotoita ¢ nOMOWbO OTpaskenus,

Heunoe spema T/2={,—{;.

HMutepsan (f, fo) umeer pauny 7T/2. [lpoposxkum ¢ Ha chaenyouluit
uuTepBan aauubl T/2 w3 coobpaxenuit cummerpuu: ¢ (fr+1)=¢(fr—1),
0<<v<<T/2, n panee nepuogudecku: @ (f+ 7)=g ({). Pyuxuns ¢, nocTpoeH-
1#a® Temepb Ha Bcel npsMo#, BCIoAY yaoBJaeTBopsieT ypasHenuo Hblotona
Kpome Toro. ¢ (foY=xi, @ (fo)=xs.
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Wrtak, Mbl nocTpou/in penieHue cucTeMB (2) ¢ HauafbHBIM YCJIOBHEM
(x1, x2). Ono orasanoch nepuopnueckuM, ¢ nepriogom T. CooTeeTcTByioUlas
3aMKHyTasi (a3oBasi KpuBas eCTb B TOUHOCTH UaCThb MHOXKeCTBAa ypoBHS E
HajJ OTpeskoM a << x < b. Jta kpusas guddeomMopdHa OKpyKHOCTH, KaK Besi-
Kas saMmkHytan ¢dasosas kpusasa (cm. § 9).

Cnyuaii, koraa uaTepsaJj IpocTHpaeTcsl 10 6ECKOHEUHOCTH (B OJHY CTOPOHY
uan B ofe), Npolle pacCMOTPEHHOrO H MPEAOCTABJAETCA UHTATEJIO.

8. Kpuruueckne nunun yposHsi. KpuTnueckue nHHHH ypOBHSE MOTYT 6biTh
ycrpoenni 6osee c10KHO. 3aMeTHM, UTO TaKas JIHHHS COEPIKHT HEMOABH K HbIE
TOUKH (X1, x2) (rae U’ (x))=0, x2=0), Ka)Xaas H3 KOTOPHIX yKe SIBJAAETCA
¢dasopoit xpusoi. Ecau Ha orpeske a<Cx<<b Bcoay U(x)<<E, xpome
U(a)=U(b)=E, u o6a xonua — xpuruueckne touku (U’ (a)=U’(b)=0)

174 174 U
£ £ £
@ b 2 ) 2z b
G x; Z
Zp Zy z,
-——<.;——o—->‘ - — E ot
~— 5 Z z,

Pitc. 105. Pas0uenne KpHTHUECKOH AMHHK YPOBHS 3HePruu ia (azosbie KpHBLIC.

TO ABe OTKpbIThie Ayrn (puc. 105) xo= +~/2(E—U(x\)), a<<x1<b, sB-
aswoTca  GasoBbiMH KpuBhIMH. Bpems, 3arpaunsaemoe (asoBoll TOukoil
Ha INpOXOX/JeHHe TaKOH AyrH, OecKOHCYHO (TeopemMa NPOAOKEHHS U3

H. 54 eIHHCTBEHHOCTD ).
Ecan U’(a)=0, U’(b)5=0 (puc. 105), To ypaBHeHue

2
i‘23+ U)=E, a<x<b,

onpejendeT He3aMKHYTYIO ¢asopylo kpuByw. Hakouwen, ecan U’ (a)5+0,
i U’ (b)%=0 (pnc. 105), To wuacrte
MHOX<ECTBA  KPHTHUECKOrO  ypOBHSA

/\ o /\ HaJl OTPe3KOM a <L x| < b — 3aMKHY-
: .
T \/ T Z Tast ¢a3oBas KpHBad, Kak B Cjydae
HEKPHTHHCCKOrO yposHs L.
9. Mpnmep. TlpusenuM Bce cKazaHHoE K
‘TZ YPABHCHHUIO MAATHHKE

\_//’7\_,/ ¥ == —sin x.
7
[Morenunansuaa  sumeprusi  pasmwa U (v)=
5/‘/’;;3\4/1 = —cos x {puc. 106). Kpuruueckne TouKn:
r - * Lo (p ). Kp 0
\ 7 NG =k k=0
/\_E/\ﬂ 3aMkuyTele  (a3opule  KpHBbie  BOJIH3H

),

4

S)

x1=0, x;=0 noxoxu ua s3aaHNCH. DTHM
$a30BbLIM KPHUBLIM COOTBETCTBYIOT MaJjdbie Ka-
uyanua masTauka. HUx neprwon T wmanoc 3asn-

Puc. 106. daszossie KpuBbie ypaBHEHHA ManTHiKa,
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CHT OT aMNJHTYAM, noKa oHa mana. Ilpn GOMbLUIMX 3HAUEHHAX MOCTOSHHOH B3uHEPrUM MOAY-
HaloTCs OOMblIHE 3aMKHYThie KpHUBbie, NMOKA 3JHEPrHsi He JOCTHTHET KPHTHUECKOro 3HAUEHHS,
PaBHOTO MOTEHUHAJBHOH SHEPrHA MasiTHHKA, TePeBepHYTOro BBepX Horamu. Ilepuon Kone-
Gauuii npu 3TOM pacreT (Tak Kak BpeMs ABHXKEHHA MO CCMapaTPHCAM, H3 KOTOPHIX COCTOMT
KPHTHUECKOE MHOXKECTBO YpOBHS, GeckoHeunoe).

BéabwuM 3HaueHHAM 3HEPIHH COOTBETCTBYIOT He3aMKHYTHe RPHBBIE, Ha KOTOPHIX X2 He
MEHSIET 3HAKa3, T. €. MaATHHK He Kayaercs, a Bpawlaerca. Ero ckopoctb pocTHraer nan6Godibe
Wero 3Ha4YeHHs B HHXKHEM, a HAHMEHBLUIEFO — B BEPXHEM TNOJOKEHHH.

3ametuM, 4TO 3Hauewna x;, OTJHYaAIOLIHec Ha 2&m, COOTBETCTBYIOT OAMHAKOBBIM 10,10~
HCUHAM  manTHHKa. [losTomy (as3oBuIM NPOCTPAHCTBOM MAafATHHUKA €CTCCTBEHHO CUHTATh He
NJOCKOCTb, 4 UHAHHAP { X mod 2nr, x2} (puc. 107).

HaBopaunsasi Ha IMAHHAP HAPHCOBAHHYIO YXKe HA IJIOCKOCTH KapTHHY, MOAy4HM (hasoBbie
KpHBbiE MAfTHHKA Ha MOBEPXHOCTH uuaHHApa. Bce onm — samkuyreie rmagkue kpusbie,

%
z %
A s
¥/ 8
t
N AN

N\ ¢
Puc. 107, Uuannapuueckoe Puc. 108. Yron oTkaowenuss masTHiKa
daszoBoe nPOCTPAHCTBO  ManT- H CKOPOCTb €ro H3MEHEHHA NpPH aMnAHTYAE,
HHKa, Gan3Koit K 1.

HCKAO4AR JIBE CTaunokapubie Toukd A, B (Huxuee H BEpXHEe NOMOMERHA pPaBHOBECHS)
u ase cenaparpucel C, D.

Banaua |. Hapucosarb rpadukn ¢dyukumit x, ({) u x(f) nns pewenns c 3Heprued,
OJH3KOH K KPUTHUECKOI 3HEPrHH B BePXHEM NOJOXKEHHH, HO HEMUOTO MEHbIUCH.

Orser. Cm. puc. 108. ®yuxusn x; (£), x2 (f) BHIPaXKAOTCA UePe3 SMTURTHUCCKHI CHEYC sn
v sanunrudeckuil kocuuyc cn. Korga E cTpeMHTCl K MeliblieMy KPHTHUECKOMY 3HAUCHHIO,
KOICOAHHA MaATHHKA NPHOANIKAIOTCA K TapMOHHYECKHM, @ SN M CR NEPexodsiT B Sin H cos.

3anaua 2. C wxaxolt CKOPOCTbIO CTpeMHTCH K Geckomeunoctd nepuosx T koseGaniii
MasATHHKA, KOrAA sHeprist £ cTpemHuTes K BepXHeMy KpHTHYeCKOoMy 3naueuuio E|?

Orger. C norapndmuucckoit (~ C In (E; — E)).

Yrkaszaunne. Cm. dopmyay (4).

3anaua 3. HapucosaTh ¢asoBbie KpuBble CHCTCM € NOTEHUHAAbHOH  3nepried

sin x

. +sin x%

U (x)==xsinx, +
3anaua 4. Hapucosarb ¢asopble Kpisbic ypashenna HbloTona ¢ cHIOBLIM 1OJEM

5 sin x i
Fx)=xxsiny, + , +sin x%.
x

10. Maugnie Boamyuienus KouceppaTtMeHo#t cucremsl. Hccaemosas aBH-
JKCHUSI KOHCEPBATHBHON CHCTEeMbl, Mbl MOMEeM H3yuyaTb OGJH3KHE CHCTEeMbI
ofliero BUAZ NPH MOMOULM TeopeMbl O aHddepeHUHPYyEeMOCTH MO napa-
metpy (cp. § 7, 5). Ilpu 3TOM Mbl BCTDETMM KaUeCTBCHHO HOBLIE M BecbMa
Ba)kHbie B NPHJIOKEHHAX fBJEHHA -— TaK Ha3blBaeMmble a8TOK0Ae6aHus.

3apaua 1. lMccnenosath ¢a3oBbie Kpisbie CHCTEMbi, GAM3KOH K cHCTeMe ypaBHeHHR
MadBXx Kone6anHi ManTHiKa:

xi=xy+efi (xi, x2),
el ot xR
Xo= —x;+efa (X1, X2)s
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Peuweuwne. [Tlpn e=0 nonyuaem ypasueuus mansix xoseGauuii maariuka. [lo Tcopeme
0 AutpdepeHuUpyeMoCcTH N0 mapameTpy NPH MasblX & pelleHue (HA KOHEHHOM MHTEpBase

BPEMCHH) OTJIMYAETCR MOMPABKOH NMOPSAKA € OT rapMOHUYECKUX KO/ieGaHUii:

xi=Acos(t—t)), xo=—Asin({{—4t).

CrenoBatenbuo, mpH A0CTATOUHO MaioM &<Ceo (T) a3osas ToUKa OCTZETCS BOAUZH OKpY K-
HOCTH pajHyca A B TeueHde HHTEp-

\xz Basna spemenu T.
B oTaMuke OT KOHCEPBATHBHOIO
/— F cayuan (e==0), npu es£0 (Qaszosan
KpHBas He O0A3aTe/bHO 3aMKHYTA: OHA
'40 MOMeT uMeTb Buj cnupanu (puc. 109),
y KOTOpPOi PacCTosiHHe MEXJy COoced-
Z /10 A HUMH BHTKaMM Mado {mopsaxka g).
YroGut  y3uath, npubauxkaercs Ju
¢asoBasi KpuBas K Hauany KOOPIH-
HaT MAH  YXOAHT OT HEro, pac-
CMOTPHM OpHpalieHHe 3ueprud E=

Puic. 109. dasosbie kpusuie ypasucuun Bau-pep-TTons 2 X3
H NMPHPALLCHHE SHEPTUH 33 oawli 06GOpoT. =?+—2—- 3a OOHH oﬁopo‘r BOKDYT Ha-

vana koopaunar. Hac 6yazer ocoGeHHO HHTepecoBaThb 3HAaK 3TOFO NpMpAlleHus; Ha pace
KPYUHBAIOWEACA CHUPANH WPHPALICHHE NOJOKHTEABHO, HA CHKHMAIOULEHACH — OTPHUATEILHO,
a Ha uukie pasno (. Betsenem npuawkennyio ¢opmyny (5) Ans npupaulenus sHEpruu.

[Tpou3Bofky10 3HEeprUR MO HANPaB/CHMIO HAWErO BEKTOPHOTO MO JECKO BLIYMCIITS:
oHa npornopumouansia € H pasua E (., xa)y=¢ (/| + xof2).

Jast pbrudcsienun  npepatienns  3HeprHH 32 0GOPOT  CACA0BAA0  Gul NPOHHTETPHPOBATD
3Ty (YHKUHIO 8105 BUTKA ()A30BOIl TPAEKTOPHW, KOTOPAs, K COXAMEHHIO, HAM HEH3BCCTHA.
Ho wbt yxe shificuman, 4T0 3TOT BUTOK GAM30K K OKPYMKHOCTH. [TosToMy wuurerpas moxno
¢ TouitocThio 40 O {e?) GpaTh no OKpyKHOCTH S paadyca A:

2n

AE=¢ | E(Acost, —Asinf)dt+0 (&),
0
TMoactasans suiuncaennoe suaueune £, naxogum *)

AE=¢F (A)+ O (e9), (5)

rae F(A)=4§fdx; —fadx, (uHTerpan  Gepercs N0  OKPYXHOCTH pasuyca A «nporus
HacoBOH CTPeaKu»).

Boiuscans  yukunio F, Mbl CMOXeM HCCaACAOBATH MnoseAcline (as3oBulX Kpubbix. Ecau
Gyukuna F nonoxureabha, 10 npupauicnne sHepruw AE 3a 06OpPOT TAaKMEe MOJOKHTENLHO
(NpH  ManbiX nonoMHUTCABHLX &), B 3ToM caydae ¢azoBanm KpuBam — pacKpyUHBAIOILASCH
COHpa/bs; CHCTeMa coBeplwaeT Hapacraioime kodebanns, Ecnu F<C0, to AE<<0 u ¢aszosan
cnupans 3akpyuusaetcs. B sTom cayuvae konefanusi 3aTyxaior.

MoxeT cnyuntsen, 4ato dyukuus F mensneT suak (puc. 109). Mycts Ao — npocroil KOpeHb
¢yukuun  F. Toraa npu wmaabix & ypasueuio AFE (xi, x2)=0 ynoBaersopser 3amMKHyTan
kpuas I' Ha asosofl naockocTh, 6AM3KAA K OKPYXKHOCTH paanyca Ap (3TO CJACAYET H3 Teope-
Mbl O HEABHOH (byHKIHH).

Ouesugno, kpusas ' ssaferca 3aMkuyTOl $a3080il KPUBOH — MpPEALAbHLIM UHK/IOM Halweh
CHCTEMBL,

Byayr au Gauskue Qasosbie KpuBble HaMaTHIBATLCA HA LHKA HAM EMATHIBATLCA C Mero,
OnpeieaAeTcs 3HAKOM MPOM3BOAHOMN F'=g .

dAl A=a,
a ecan eF <0 — yero#uus. [eficTBHTE LHO, B NEPBOM Cayuae DpupalieHue 3Hepruu 3a oGopoT
Gonbwe Hyan, ecau (asoBas KPUBAA HAXOAHTCH BHE UMK/AA, M MEHLIUE HYJISl, €CAH BHYTPH;
003ToMy (pa30Bafl KpHBAA BCCraa yaanacTcA oT uukaa. Bo Bropom ke cayuae (asosule
KPHBbIE MPUOAHKATCR K UHKAY H H3HYTPH, H CHapyXi, kak Ha puc. 109.

Ecau eF'>>0, TO ULMKI HEYCTOHUYMB,

*) Mul noabayemcst TeMm, 4to dxi=x; d! u dxy= —x; df Brosb S.
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Mpumep 1. Pacemorpum ypapuenie x= — x+ex (| — x%) (nasviBaemoe
ypasnenuen  Ban-dep-lloas). Buumcasas wurerpan  (5) npu [, =0,

A4
fa=x2 (1 —x3), nonyuaem F (A):n<A2—~4— ) ,

DTa dynKUMA HMECT NpocToi Kopenb Ag==2 (puc. 109), npuuem npu
MeHbILHX A ona mosoKuTeALHA, a Npr GOAbIIKHX — oTpHuaTe bua. [TosTomy
ypaseune Bau-pep-Tlosss nmeer npn MasiblX & YCTOHYMBLIA NpefesbHbli
wWHKA, GJAH3KAI K OkpyxHOCTH P+ x%==4 na $hasoBOl MJIOCKOCTH.

CpaBunm ABHXKCHUA HEXOANON KolcepBaTHBHON cucTembl (e=0) ¢ TeMm,
UTO NPOHCXOANT npH £7 0. B KkoitcepBaTHBHON cHCTeMe BO3MOMHBI KoOJje-
Ganus ¢ J1000# aMAANTYAOHR (Bce (asoBble KPHBbIC 3aMKHYTH), AMAIHTYAA
OMnpe/ensieTcs 346Chb HAUalbHBIMH YCJOBHSIMH,

B nekoucepBaTHBHON CHCTCME BO3MOXHbBI KaueCTBEHHO HHBIE SIBAEHUS,
Hanpumep YcToiuMBbIA npeaeabHbil HHKA. B 3tom cayuae npu mechbma
pasHblX Haua/JbHBIX YCJOBHSIX YCTAaHABJHBACTCA NEPHOAHUECKOE KoaeGaHue
OnIOH H TO! Ke, BMoJHE ONMpeNe/ICHHON aMIINTYAbl, DTOT YCTaHOBHBLIHIICA
PEeXKHM Ha3bIBACTCH peKUMOM aBTOKoJeGaHui.

3anaua* 2. HMceneaoBaTb aBTOKOACGATENLILIC PCIKHML JIBHXKEHHA MasTHHKA € MasibiM
TPEHHEM NOA ACACTBHCM NOCTOAHHOrO BPAlLAIOULETO MOMEHTA M:
X sin x4 ex=M.

Yxasanne Ira 3apaua noapo6uo pasobpana ans ao6ux ¢ ¥ M 8 xuure A. A. A u-
aporosa, A . A.Burra, C 2. Xaihnkuna «Teopna koieGannit> (M.. ®uamarrus, 1959,
ra. 7)
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JIHelHble cCHCTEMbI

JluueliHble ypaBHeHHA — €aBA JH He €AHHCTBEeHHbIA 6oabIOH Kaacc aud-
¢depeHUHANbHBIX YpaBHEHHUH, U KOTOPbIX HMeEeTCH JAOCTATOYHO [I0JIHAfA
TeopHs. DTa TEOpHs, ABJAIOULAACH, B CyULHOCTH, BETBLIO JHHEHHON aareGpbl,
MO3BOJSIET MOJHOCTbIO PELUHTb BCE JIHHEHHble aBTOHOMHbIE yDaBHEHHsI.

Teopus nuHefiHbIX ypaBHeHH{l noJje3na B KauecTBe NepBOro npubiuke-

_HHSI W TIpH HCCJAENOBaHMHM HeJauHelHbIX 3anay. Hanpumep, oHa nossossier
HCCJIe0BaTh YCTOHUHBOCTb MOJIOXKEHHH PaBHOBECHA H TONOJOTMUYECKHHA THIT
0cOObLIX TOYEK BEKTOPHLIX [0JeH B cayudasax OOLWEero MojsoxeHHs!.

§ 13. JlnHeHnbie 3anaun

PaccmoTpum BHauase ABA mpHMepa CHTyauui, ¢ BO3HHKEKOT JHHel-
Hble ypaBHeHHs.

1. Mpumep: auneapusauus. Paccmorpum auddepetunanbioe ypaBHenHe,
3a/laHHOe BeKTODHbIM noJjieM v B ¢$a3soBOM NpocTpaHcTBe. Mbl yxe 3Haem,
YTO B OKPECTHOCTH HeocoGo# Touku (v==0) noje YCTPOEHO MPOCTO: OHO
Buinpsamisierca nudoeomopdusmom. PacemoTpuM Tenepb ycTpOHCTBO noas
B OKDECTHOCTH 0cO60M TOUKH, T. €. TOYKH, I'le BeKTop noJs obpauaercs B O.
Taxkas TOuka xo sIB/JS€TCH CTALHOHAPHLIM pEUIEHHWEM HaIIero YpPaBHEHHS.
Ecnu ypaBHeHHe OnHCbIBaeT Kakof-aH60 ¢H3HUECKHH mpolece, To Xo — CTa-
LLHOHAPHOE COCTOSIHHE f1poLecca, ero «MoJoXKeHHe paBHoBecHs». [losromy uc-
CJeOBAHHE OKPeCTHOCTH 0cO6OH TOUKH — 3TO H3YHEHHC TOro, Kak Oyner
pasBHBATLCSH MPOLECC MPH MAJNOM OTKIOHEHHH HA4asbHbIX YCJOBHH OT paB-
HOBECHBIX (MpHMep: BepXHee M HH)KHEee MOJIOKEHHA DaBIOBCCHS MaATHHKA).

[lpH HccaesoBaHUH BEKTODHOrO TOJS B OKDECTHOCTH TOUKH Xo, e
BEKTOp roJast paBeH 0, eCTECTBEHHO Da3J/IOXKHTb NOJAC B OKDPECTHOCTH 3TOH
TOUKH B pan no ¢opmyJe Teisnopa. INepsriit unen paga Teitmopa — nuueit-
Huiil. Or6pachiBaHle OCTaMbHBIX UJICHOB HA3bIBACTCSl AuHeapusayued. JlnHea-
PH30BAaHHOE BEKTOPHOE [0Jie MOXKHO pacCcMaTpHBATL KaK NMPHMEDP BEKTOPHOTO
no/s ¢ ocoGoit Toukoi xg. C APYrofl CTOPOHD!, MOXKHO HalesTbCs, 4TO NoBe-
JNeHHe pelleHKH HCXOZHOrO 1 JIMHeaPH30BAHHOrO ypaBneHud OaH3Ko (Tax Kak
NpH JIHHEapH3alHH OT0pachBAlOTCsl MaJjble BbicLlero nopsaaxa). Koneuso,
BOIPOC O CBFI3M pELUeHHH HMCXOAHOrO M JIHHEapH30BAHHOIO YpaBHEHHH Tpe-
OyeT cnenuanbHOro HecaeloBanusa. TO HCCIe0BAHHE OCHOBLIBACTCS Ha MOA-
po6HOM aHaju3e JIHHEHHOTO ypaBHEHHs, KOTOpPbIM MLl H OylemM BHauaJe
3aHMMAaTbCA.
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3anaua 1. ﬂoxamm‘e. YTO JHHCAPH3aUHa — HHBapHaHTHAA, T. €. He 3aBucsAwlan
OT CHCTCMbl KOODAHHAT, OniepailHsA.
TO‘H{CC, nycth nejge v B obaactu U 3ajgaercs B cHcTeMe KOOpAHHAT X; KOMMOHCHTaAMN

Ui (x). Ilycte ocoGasm Touka wuMeer roopimHatel x;=0 (tak uto ;(0)=0, i=1, ..., n).
Torna ncxonuoe ypaBHeHHE 3aNHCLIBACTCSA B BHAE CHCTCMbI
xi=1v; {x), i=1, ..., n

Onpencnenne. Juncapusosannoin ypasrenues HasbIBaeTCA ypaBHcHHe

n
. fe 1 du;
= a; ik, i=1, ., n a;= — .
& Z ik ’ ox; | x=0
i=1
Paccmorpum Kacateablulit Bekrop E=TolU ¢ komnonentamu § (i=1, ..., n). JlnHeapusopan-
HOC ypaBliCHHe MOJKHO 3amicath B BHAC —_

rie A — auneitnoe otoGpaxmenne A: ToU — ToU, sanannoe maTpuueit a; .

YTBepacaaercs, uTo orobpascenue A He 3QBUCUT OT CUCTeMbI KOODOUHAT Xi, YHGCTEO0-
saguielt 8 e2o onpedeaenuls,

Sanauwa 2. JluncapnsosaTb ypaBHeHHe MasTHHKA = —Sin X BOAH3W [OJOMKeHui
paBHoOBecHs Xo==kn, xo=0.

2. Npumep: opnomapamerTpuyeckHe IPynnbl JvHEHHBIX NpeoGpasoBaHmil
R". Jlpyras 3anaua, cpasy csoasulascs K JuHeilHeM auddepeHuHalb-
HBIM YpPaBHEHMSM,— 3TO 3ajaya ONHCAHHS OAHONAPAMETPHUECKUX TIpynn
JIHeHHbIX npeoBpasoBanuit *) JnHeiiHoro npoctpancTsa R”.

3ameTuM, 4TO KACATEAbHOE APOCTPAHCTBO K AUHELHOMY npocTpancTsy R™
8 a1000l TOYKE eCTeCTBEHHO OTONMOECTBAACTCA € CAMUM AUHEUHBIM NPOCT-
PaHcTéoM. A MMEHHO, Mbl OTOMXKJECTBJSIEM 3JEMEHT (¢ KacaTeJbHOrO MpocT-
paunctea T,R", npeacrtasutesem KoToporo siBastercst Kpupass ¢: /- R",
¢ (0)=x, ¢ BexTOpOM

e (H)—

. X
v=1lim =R"

t»0 ¢

camoro mnpoctpanctBa R" (COOTBETCTBHE ¥ <> (@ B3aHMHO OAHO3HAUHOE).

DT0 OTOXAECTBJIEHHE 3aBHCHT OT CTPYKTYPbl AUHELHO020 NPOCTPAHCTBA
R™ u ne coxpansiercss npu auddeomopduamax. OgHAKO B JHHEHHHIX 3a1a-
uax, KOTOpbiMi Mbl OyAem Tenepb 3aHMMaThesl (Hanpumep, B 3ajaue o6 OfHO-
lapaMeTPUYECKHX IPYNHaX JMHEHHBIX Npeo6pasoBaHuil), CTPYKTypa JuHei-
HOro npocrpanctsa B R* pas nascerna ¢ukcuposana. [Tostomy mer Teneps
snpede  Jo  goaspaiyenus K HeAumelinom  3adauam  oroxdectsanem
TXRHE_E Il.

Mycrs { g, =R} — OofHONapamMeTpHUeCKas rpynna JHHelHbIX npeobpa-
30Banud. Paccvorpum nemxenue ¢: R — R” Toukn xoe=R".

3angaua 1. [doxaxure, 4to ¢ () — peiicHie ypapueHus

x=Ax (n
¢ HauanbHeiM ycaosueMm ¢ (0)=xo, rae A: R® — R" — quneitnmit oneparop (=R supomop-
d
$H3M), 3aJaHHbIH COOTHOWEHHEM Ax:z—ﬁ ’»_O(g'x) VxeR"

Ykazanue Cm. § 4, n 4.

*) Hanomuum, uTO Mbl BKAO42EM B ONPCAE]EHHE OAHOMAPaMeTPHUECKOH rpynmbt
{g'} onpdepenunpyemocts g'x no x H L.
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Ypasuenue (l) nasviBaerca aunelinvim. Takum ob6pasom, AnA ONHCAHHA
BCCX OJNONAPAMETPHHECKHX IPYyNN JMHeHHbIX NMpeo6pa3oBaHHi AOCTATOYHO
HCCAEA0OBATb PEIUICHMA JHHEHHbIX ypaBHenHil (1).

Mul yBHANM jaJjice, YTO COOTBCTCTBHE MEXAY OAHOMAPaMeTpPHUECKHMH
rpynnamu {g'} auneiinbix npeo6pasosanuii W AnHeHHLIMK ypasHenuamu (1)
B32HMHO OAHO3HA4HO: Kaxablih oneparop A: R"— R" 3agaer oanonapa-
MeTpuueckyio rpynny {g'}.

Mpumep L Mycts a=1, A — ymnoxenne ua uncao k. Toraa g' — pacrsixenne
B ¢ paa.

3anaua 2 Ha#itu noae cxopocTefl TOueK TBEPAOrO Teaa, BPAILAIOIICIOCA BOKPYT
ocH, npoxoasie# uepes Touky 0, € Yr/a0BOfi CKOPOCTHIO @

Orser: v(x)=lw, x).

3. Jlunedinoe ypasueune. Ilyctb A: R — R" — nuneiinnlii oneparop
B BCUIECTBEHHOM n-MepHOM mpoctpaHcTse R™

Onpeneanenuc. Jlunednoin ypasuenuem Ha3biBAeTCS YypaBHEHHE
¢ ¢dasosbiM npocTpancTsoM R", 3ajganHoe BeKTOpHBIM noseMm v (x)=Ax:

x=Ax. m

Monuuiit Tutya ypasuenus (1): cucrema n auneiinvlx 00HOPOOHbLX OObIKHO-
geHHbLY OUPPeperyUarbHbLX YPABHEHUL Nepsozo NOPAOKA € NOCTOAHHbIMU
Ko3agpuyuentamu.

Ecan B R" ¢ukcupoBaHna cucteMa (/MHelHbIX) KOOPAMHAT X, i=1,..., A,
TO ypaBtende (1) 3anucbiBaeTcsl B BHAE CHCTEMBl A ypaBHEHHI: x,—

n
= Z ayxj, i=1, ..., n, rae (ay)— matpuua onepatopa A B paccmart-
j=1
pHBacMoil clcTeMe KoopAHHaT. MaTpiiia 3Ta Ha3bIBACTCH MATPUNCL CUCTEMDL.
Peurensie ypasreuns (1) ¢ HauanbublM ycaosiem ¢ {0)=x, naercsi B cay-
uae n=1 skcnouenroil ¢ (f)=e""xo.
OxasbipaeTtcst, U B O0LUEM CJyuae pelueHue Aaetca TOH ke popMyJoit:
HY>KHO TOJbKO OODBACHWTb, UTO HA3bIBAETCS 3JKCMOHEHTOH JHHeHHOro one-
patopa. JDroit 3ajadedl MLl Tenepb M 3aiimemcs.

§ 14. NokasatenbHas ¢yHKUMA

Gynkuuo e4, A= R, MOXHO ONpefeanTh MOGLIM H3 ABYX SKBHBANEHTHBIX
cnoco6oB:

2 3
=E+ A+ (1)
A "
A_ s ~
= tim (£+3) @

(rae £ o3nauaer eguiuy).

[ycte teneps A: R'— R' — nuuefiubiit onepatop. UroGul onpegenits
", npexae seero OnpeAe/IHM AOHATHE ApCAea NOCAEAOBATENLHOCTH JHHECH-
HBIX OrepaTopos.
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1. Hopma onepatopa. 3acuxcupyem B R" craispuoe RpOM3BejcHUe
u GyaeM ofosnauath uepes x| =[x, x) (x<R") xopeub u3 CKaNAPHOro
KBaapata x

IMycrs A: R*— R" — nunesinuiii onepatop.

Onpenenenne Hopmoii A HasblBaeTCs UHCAO

Al

14 H—S UP TR

Feomerpuueckn [|All o3Hauaer Hanéoﬂbmnu «k02(OUIHCHT paCTSKCHHSS
npeobpasosatnnst A.

3anpaua 1. Jokaxute, uto 0 A< 0.
Yxkazanne, {{A= sup UAx|, cdepa kxomnaxTna, a dynxuna |[Ax} wuenpepuBua.
fxll =
3anaua 2 Hoxakute, wro Al = |l AL, 1A+ B AN+ 181, 1AB) <Al | B
rae A n B: R — R' — nuneitnrie onepartops, Ae R — yucao.

3anpaua 3. Tlycts (a;) — matpuua onepatopa A B OpTOHOPMHDOBaLHOM Ga3ice,

Tloraxure, uto
max Z al << A2 <Z al.

I i
¥Yxasanne. Cu, I. E. Wunos. Beeaenne B Teopuio Junedlibix npocTpancts.— M.:
TUTTJI, 1956, § 53.
2. MetpuuecKkoe RPOCTPAHCTBO onepaTopoB. MHoxecTBo L BCex Ju-
nefinplx onepatopoB A: R" — R" camo sipasieTcst anHelIILIM NPOCTPAanCTBOM
HajJ noJeM BELLeCTBeHHbIX uHces (no onpenenentio, (A - AB)x = Ax 4 ABx).

3anauva l. Haiit pasmMepHOCTb 3TOTO JIHHCHHOrO npocTpancrea L.
Orger. n?.

YKasanne OncpaTop safaercs cBoeli MaTphieil.

Onpenenum paccTosinue MexAy ABYMA OHEpaTOpaMH Kak HOPMY HX
pasnoctu p (4, B)=||A—B]|.

Teopewma. [lpocrpancreo auneiineix oneparopos L ¢ merpukoi p
ABARCTCA NOAHOIM METPUUECKUM NPOCTPAHCTEOM *).

[lposepum, uto p — MeTpuKa.

Ho onpenesennio p=> 0, ecnn A=<B, p(A4,A)=0, p(B, A)=p (4, B).
Hepasenctso Tpeyrosnnnka p (A, B)+p (B, C)>=p (A, C) BbiTekaeT M3 nepa-
BeHcTBa [ XY <X+ 1Y) 3anaun 2 1. | (X=A—B, Y=B— ). Urax,
METpPHKa p npespawaetr L B MeTpHuecKkoe NpocTpancTteo. Ero noauora
TOYKe OU€BH/HA.

*) Merpuueckum npocTpancTéOM 1HA3LIBACTCA Napa, COCTORWAS M3 MHOXKeCTBA M H dynk-
nun pr MXM—R, nasuiBaeMoir MeTPUKOH, ecan

1) ple, 1120, (plx, y)=0) « (x =y}
2) plx, Y)=ply, x) Vx, yeM;
3) olx, Y)<plx, 2)+o(z, y) Vx, y, zEeM.

TMocnenoBaTenbHOCTL x; TOYEK METPHHECKOTO NPOCTpancTBa M wasuiBaeTcs noc4edogareds-
Hocroro Koww, ecmm Ve> 0 AN: ply, x)<<e Vi, j=> N. TINocacnoBaTesbHoCTs X; cxoduTtes
K Touke ¥, ecan Ve>0 IN: p(x, x)<<e Vi> N. TIpocTpancTBO HA3LIBAETCH MOAHLLM, €CAM
BCAKan NoCAeAoBaTebHOCTh Kol cxoputes.
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3. Jloxasareasctso noanotw. [lycts {A;} — nocieaosatenbtocts Kowi, T. e. A8 BCAKOro
e>0 nanizerea N(e) Taxoe, uto p(An, A)<<e npu m, k> N. [Tycts x=R". Coctasum nocre-
nopateawHocTb Todek xie R, x;=Ax. [lokamem, uto [x}— nocsenosaresstocth Kotus
8 mpocrpadcrse R, cHAGKeHHOM eBKAMAOBOH MCTPHKOH p(x, g)=[[x —yl. [edAcTBHTeabHO,
10 ONPC/AC/CHHIO HOPMBI onepaTtopda npu m, k> N

Botm — 2l <p (Am, Ad) 2] e 2l

TMockoabky {lx{l — dukcuposaiioe (He 3asucsilee ot i, k) 4HCJAO0, OTCIORd CaEAYeT,
4T0 | X; } — nocaenoBareabiocts Kown. [Mpoctpancteo R™ noano. [Tostomy cywecrsyer npesen
y= lim xR

i—

3amertum, uto [lxy;—yll <elfjxll npu k> N (e), npuuem N (¢) To ke, u4TO U BLIWC, HE 3aBHCALWEe
OT X YHCJIO.

Touka y 3aBucHT OT TOMKH X Juneiino (nmpeaea CyMmabi pasel cymme npeaesos). Ml no-
noaydacm anuciuuiii onepatop A: R'-»R", Ax==y, Ael. Mo BuaitMm, 410 1pit k> N(e)

p (An A)y= | Ay — Al = sup ____ﬁl‘_<

x7#0 ”
3uaunt, A= lim A; n npoctpanctso L noauo.
k— oo
3anaua 1. [lokaxure, 4TO nOCAELOBATENBHOCTHL onepatopoB A; CXOAHTCA ToOraa

H TOJAbKO TOT/Ja, KOI'a CXOAKTCA NOCAEAOBATCALHOCTb HX MaTPHU B d)chnposanHoM Gasuce.

BblBC}IMTe OTClOAa Apyroe A0Ka3aTeabCTBO MNMOJHOTHL

4. Psiaw. TlycTb naHo BewecTBeHHOe JHHeliHOe npoctpaHcTBo M, npe-
BpalleHHOe B METPHYECKOe [OJHOe IPOCTPAaHCTBO METPHKON p TaKOH, UTO
paccTosiive MexXAy ABYMA TOUKAMH M 3aBHCHT JHIUbL OT HX Pa3HOCTH, NpPH-
yem p(hx, 0)=1{rlp(x, 0) (xe=M, A= R). Takoe NPOCTPAHCTBO Ha3bIBaeTcsl
Hopmuposannoir, a dyukuua p(x, 0) wasplBactcss HOpMo# x W 06o3Haua-
erca ||x|l.

[Tpumep 1. Esxannoso npocrpanctso M= R" ¢ merpukoit
p (& y)=lxr—gll=A(x—y)(x—y).

Mpumep 2. Tlpoctpanctso L aunueitueix onepatopos R'—R” ¢ merpukoit p (A, B)=
=}JA—Bl.

Mbt 6ynem 0603HAuaTb paccrofglHe MeXay sjdeMentamu A w B uz M
yepes |A —BJl.

nOCKOJIbe 3JeMenTl M MOXKHO CKJlaablBaTb H YMHOXaTb Ha 4lcJaa
H 1nocJenoBaTeJbHOCTH Kown B M umelor npenesnl, TeopHsa pPsJaOB BHAA
A +A:+ ..., AieM, OGykBaJbHO NOBTODPSET TEOPHIO YHCJAOBBLIX PfijOB.

Teopus QyHKUHOHAJBHLIX PSJOB TaKXKC HEMNOCPEACTBEHHO MNEePEeHOCHTCH
ia QyHuKUHH cO 3HAYenusMH B M.

3apngaua |. Jokaxure caeayiolie IBC TEOpeMbi:

Mpusnax Beitepwrpacca. Ecau pad ) fi ¢yncyui fo X > M
MaxcopupyeTca cxofauumca qucaosoin padom: =

)

Ii<a, ) a<<oo, acR
=1

TO OH Cx00uTcs abCONOTHO U pagHomepHo Ha X.
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Oudpdepenunposaune pana. Ecau pad ¥ [ dyukunit f: R—>M

d .
cxodurcsa u pad u3 npouseooHsLx Ef?' CX00UTCA PABHOMEPHO, TO OH CXOOUTCA
. d .,
K npousgodrot —d—tz fi (t — koopauuata sa npsimoit R).
i=1
Yxazanue [loxasareascrso aia cayuas M =R umeercs B kypce ananusa. Ha oSutuii
cﬂyqaﬁ OHO MEPEHOCHTCS N0CJA0BHO.

5. Onpenenenne IKCNOHEHTH 7. ycrb A: R"—R" —nunefinnii oneparop
Onpepnenenue. DkcnoHenToll e” onepatopa A HaablBaeTcsi auHeil

Al = A
Hblit onepatop u3 R" B R e4=FE+ A —!—2—'4—. o= Z i (rae E — toxae-
! L k!

CTBEHHBIH onepartop, Ex——x)
Teopema. Psad e cxodurea npu a0bom A pasHomepHo Ha kawdom

muoxcecree X=[A: ||A|<a), as R
ﬂOKaBaTEJIbCTBO ﬂyCTb 1Al <a. Toraa Haw psig MaxXopH-

PYeTcsl YHC/OBLIM PAAOM l+a+ + ., cxonsmumca K e° Ilo npusHaky

Beiiepwtpacca psif e4 paBHOMEPHO CXOZWTCS MPH Al <a
pwTp P P p

3anmaua 1. Buuncauts matpuny €', ecan matpuua A nmeer BHA
1)(0)2) Yog( 0! 50t
0 2 0 0 ) o) Bl00 .
000

¢ 0 1t cos t sinf bt £,
Oreer. l)(0 & ) 2)(0 l>' 3)(—sint cost)' 4)<0 Lot .
00

6. Tpumep. PaccMOTPHM MHOXKECTBO MHOTOUJIEHOB CTENeHH MeHblie 7 OT
OHOTO NEPEeMEHHOro X ¢ BELUEeCTBEHHLIMH KO3(pdHUHEeHTaMH,

DTO MHOXECTBO HMEET eCTeCTBEHHYI0 CTPYKTYPY BELLECTBEHHOrO JIH-
HeHHOro MpOCTPAaHCTBA: MHOIOYNEHH MOXHO CKIAABIBATD H YMHOXaTb Ha
uyucaa.

3anaya

Otser. n; 6asuc, wanpumep, 1, x, x* .., x"7'.

1. Haiitu pasmMepHOCTb MNpPOCTPAHCTB3 MHOIOWJEHOB CTCNEHH MeHbule n

Bynem o6o3HauaTb NpPOCTPAHCTBO MHOTOUJIEHOB CTelleHd MeHbuie n
yepes R*#). Tlponsponnas MHorousnesHa cTeneHH MeHbLIE 7 €CTb MHOTO-
yJleH cTeneHH -MeHbue 1. Bo3Hukaer orobpaxenue
dp
dx’

3anaua 2. Joxkasats, yto A — JuHefinblil OnepaTop; HalTH ero sApo u obpas

Qrger. Ker A=R', ImA=R—".

C npyroit cropoHsl, o6o3naunm udepes H' (i< R) onepatop casura
Ha {, nepepolsuwnit myoroused p(x) B p(x4-1f).

A: Rn—‘*R", Ap__
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3anawa 3 [Hoxkasars, uto /[ R">R"— auuefinnit onepatop. Halitu c¢ro axpo
v o0pas.

Orser Ker H'=0, ImH' =R".

Hakomeu, coctasum onepartop e,

Tecopema. eM=H"

JdoraszarteabctBo. B Kypce aHaausza 3Ta TeopeMa HaA3bIBaeTCH
¢opmynoil Teiropa Ans MHOrOU/I€HOB:
tdp 2 d%
plxt+ti=px)+——+——5+ ...

b D=p W ot g a2

7. kcnonenTa AnMaroxaabnoro oneparopa. [lyctb mMaTpnua oneparopa-A
LHaroHanbhia, € AHATOHAJAbHLIMH 3J€MeNTaMH Aj, ..., A. JIerko BHAETH,
YTO  MaTpHua onepaTopa e’ Tak:e AMAaroHasblla, ¢ AHArOHAJbHBIMH 3Jje-
MeHTaMu e, ..., e,

Onpeaenenne Onepatop A: R*— R" nasusaerca duaconaronown,
€CcAH ero marpuuna B KakoM-HMOyab Gasuce aumaronanpHa. Takolt 6asuc
Ha3bIBAeTCs COOCTEEHHOIM.

3anauya | TipusecTH nprMep HeaHAaroHaNbHOro OmepaTopa.

3anaua 2. [lokaxute, uTo COOCTBeHHbIE YHCAA AHATOHAALHOIO onepartopa A Be-

e CTBeH bl
3anaua 3. Ecin Bce n coberBenunix uuces onepatopa A: R"™>R" peuiectsenint

M Pas3JuyHbl, TO OH AHATOHAACH.

Hycre A — Ouaconaavuoili oneparop. Teoeda sviuucaenue e npowe

6cec0 nposodurs @ cobcreennom baguce. .
NMpuwmep ). Nycts maTpuua oneparopa A uMeeT BHA (1 l) B Gasnce e, ez

TIOCKOAbKY COBCTBEHHEE UHCAa Ay =2, A, =0 BelllecTBEHHH 1 Pas/nyuul, onepatop A umaro-
nanen. Coberenubti Gasuc: fi=e +e;, fr=e —ex Marphua onepatopa A B COGCTBEHHOM

20 .
Gasuce eCTb (0 0) MosToMy MaTphua ofiepaTopa e B co6cTBeHHOM Gaskce HMeeT BHA

()

" Mitak B MCXOAHOM 6a3nce MaTpHLA OnepaTopa €? uMeeT BHA
bréddd -1
2 \e—1 &+41)°
8. IKCNOHEHTA HHABNOTEHTHOro Oonepartopa.
Onpenenenne. Onepatop A: R"— R" Ha3LIBACTCA HUALMOTEHTHOLM,

€Ay HekoTopas ero crenedb pasua 0.

1
3aaaua | JlokaxuTre, 4TO OnepaTop ¢ MaTpHueil <0 0 nuabnoTeHTHulil, Boobuye,

ecAi  BCE 3JeMEHThl MATpHULI ONepaTropa Ha JAWAroHaJu H JKHXe paéHbl 0, 10 oncparop
HUABDOTCHTHLIA,

3anava 2. Joxkaxure, 4ro onepatop AuddepeHunposanns % B MPOCTpancTBe
MHOTOUNCHOB CTeNelH MeHblle 7 HUALTIOTEHTHBIA.

Ecau oneparop A ruasnoTenTHoill, 70 pad 042 e” obpoisaerca, . e. coo-
OurTcsa K KOHE4HOU Cymme.

*} Taxum 06pasoM, Mbl OTOMACCTBAAEM NPOCTPAHCTBO MHOTOUJAEHOB, B KOTOPOM BHIGpaH
yKasaunsli eiwe 6a31C, ¢ H30MOPOHHIM €My KOODAHHATHBIM RpocTpancTaom R
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3anaua 3. Bouneants e & R), rae A: R"~>R" — onepatop ¢ marpuueit
0 1 0
0 1

0. "

(! TosbKO HaA rJaBHOH AHAroHa s©).
Yrasawuune OnuH us cnocobos peutcHus 3To#t 3aflaun — popmyna Tellnopa A MHOTO-

d
uienos. Onepatop nuddepeHLHPOBAHHA — HMeET MaTPUily YKA3aHHOTO BUAA B HEKOTOPOM
Gasuce (kakom?). Pewenue cM. B § 25.

9. Ksasumuorounennl. IlycTe A — BeumiecTBeHHoe uucio. Ksasumnoezo-
YAeHOM C nOKA3ATEAeM A HA3BIBAETCH npomsBeaenue eYp(x), rae p — mHo-
rousied. CreneHb MHOrowleHa p Ha3blBAeTCS CTENEHBIO KBA3HMHOMOWIEHa,
3apuKcHpyeM 3HauyeHHe MoKasaress A.

3aanayva I. Jokaxure, 4TO MHOKECTBO BCEX KBA3UMHOTOUGHOB CTEllEHH MeHbHe f —
quueiinoe npocrpaucrso. Hafinure ero pasmepHocTh.
Orger. n, Basug, Hanpumep, e, xe**, ..., x"~'et*,

Jameuanue B NOHATHH KBAa3HMHOTOUY/IEHA, KaK W B MOHATHU MHO-
royjieHa, KPOeTCA HeKOoTOopadA ABYCMBIC/MEHHOCTb, Moxuo  mouumarb (xBa-
3H-) MHOTOY/IEH KaK 8otpascenue, COCTaBJIEHHOS W3 3HAKOB M OYKB; B TaKOM
CIyyae perleHHe -mpeapiayelt s3anauy oueBnaHo. C APYrofl CTOPOKLI, MOMKHO
AOHHMATbL MO (KBA3H-) MHOTOWICHOM (ynkyuio, T. €. otobpaxenue [: R—~R,

B nefcTBuTenbHOCTH 06a NMOKHMaHHS PaBHOCUABHBL (Korma kKos(pdHuu-
€HThl MHOIOY/IEHOB BCILECTBEHHbIE MHJIH KOMIWIEKCHBIE HMHCa, Mbl ceHvac
paccmarpuBaeM (KBa3H-) MHOTOHAEHBI ¢ BEULECTBEHHBIMH KO3 duLHeHTaAMHU),

3anaua 2. lokaxute, uT0o Kaxnas ¢yukuast [: R—R, KOTOpy®o MOMHG 3anucarts
B8 BHAE KBA3HMHOTOW/ACHA, 3dMUCLIBACTCA B BHAC KBAZHMHOrouw/leHa eEAHHCTBEHHbLIM o6pa30M.

Ykasauue JoCTaTouHO LOKa3aTb, YTO COOTHOUeHHe e"p(x)=0 BieueT paBeHCTBO
HYJIIO BCeX KOY(QQUUHEHTOB MHOrousexa p(x).

O6o3HauuM n-MepHoe JauHeldHoe IIPOCTPAHCTBO KBA3HMHOIOU/IEHOB CTe-
NEeHH MeHbuwe n ¢ noxasartesaem A uepe3 R”,

Teopewma. Oneparop Oupepenyuposanun Zi‘_ifc — aunelinoli onepa-

rop R"— R", u npu amobom te R
o
e “=H', (3)
20e H': R* —~ R* — oneparop cdsuea na t (1. e. (H'f)(x)=f (x4 1)
JokaszaTedabcTBO. Mbl AO/KHD [0Ka3aThb MpeXIe BCEro, UTO
NpOM3BOAHAA M CABMT KBA3WMHOTOUJEHA CTENEHH MeHblUe £ ¢ MOKasare-
JeM A CYyTb CHOBA KBA3UMHOTOUJIEHBI CTEMEHH MEHbWE f C [OKA3aTesieM A.

Heficteurensuo,

d
PN =2p () +e"p (1), @A 0p (x4 1y =M (¢Mp (x 1)),

JlunefinocTs AU QepenunpoBaHHA M CABHIAa COMHEHHH HE BbI3bIBACT.
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Ocraercst 3ameTHTh, 4To psin Teflsopa A8 KBazumHorousacsa aGCOJIOTHO
CXOAHTCA Ha Beel npaMoR (Tak Kak abcosioTHo cxoasitcs psiaut Tefiiopa
anst e uoansa p(x)),— 3T0 U Bhipaxaet dopmyaa (3).

3aaiaua 3. Bouncauts Matpuuy onepatopa e?!, ecau marpuua A umeer BuA

(na mnaroHasu A, naa AuaroHaasio 1, ocraabkuie 0). Hanpumep, BbIUHCAHTD

i
@ (5)
Yxaszanne Huenno rtakoll Bua uMeeT wmatpuna onepatopa anppepeHUHPOBAHHA
B 1IPOCTPAHCTBE KBa3MMHOTOUNEHOB (B Kakom Gasnce?). Peiuenne cm. B § 25,

§ 15. CsoiicTBa 3KCNOHEHTHI

YeranoBum Temepb psia cBoitcTs omepatopa e?: R*— R stu cpoii-
CTBA MO3BOJSAT HaM HCMOJb30BAThb € AAA pellennss AHHeHHBIX AHdepeH-
LHaNbHBIX YpaBHeHHH.

1. Fpynnosoe cgoiicteo. Ilycts A: R*-—» R" — suneiiuniii onepatop.

Teopema. Cemeicreo sunetinoix oneparopos e*: R"— R?, f& R,
ABAAETCA O0HOnapameTpuweckol epynnod Aunednoix npeobpasosanui R,

HoxkasateabcTBo. [Tockonbky Mbl yXe 3HaeM, uto e’ — nuued-
HbIl ONepPaTop, HYXXHO TOJBKO NPOBEPHTb, YTO

e(t+s)A — eIAe:A (I )

n uto e't auddepeHnpyeMo 3aBHCHT OT . MBI foKaxeM, uto

d
tA tA
— et =Ae, )
dt
KaK H MO/0EHO 3KCMOHEHTE.
Hrob6bl nokazath rpynnosoe cBoiictso (1), nepeMHOXKHM cHauana ¢op-

MaJbHbIC psAAbl O CTENEHAM A:

<E+tA +§A+ ) (E+sA +§-A?+ )=

t?

52 7
=E+(+9)A+(5 s +5)A%+ .

Kosppuumnent npu A* B npousscsennn Gyget pasen (f-4s)/(k!), Tak kak
¢dopmyna (1) eepna B cayuae uncaosuix pasos (A= R). Ocraetcs o06ocHo-
BaTb 32KOHHOCTb MOUWJIEHHOTO YMHOXCHHS. IDTO MOXIO CACJIATL Tak e,
Kax JOKa3blBAaeTCsl 3aKOHHOCTL [OUJIEHHOIO — YMHOMXCHHS abCOMOTHO CXO-
AALLHXCA UHCJAOBLIX PAAOB  (psidbl AaA et u et CXOAsITCsE abCOMIOTHO,
Tak xak pas e''% €*'% rae a=| A}, cxomstesn). Momuo H NpsiMo
CBCCTH J0KA3aTesbCTBO K UHCJIOBOMY CJYualo.
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Jdemuma. Mycre peR [z, ..., 2] — HrO2044eH ¢ HEOTPULATEALROIMU KOIPPUEUCHTANL
OF HepeMennbly 2y, ..o Zao ycto Ay, .., Ayt R'—>R" — aunednovie oneparopoi. Toeda
oA, oo A< p( A .0 AT

Hoka3zaTedbcTso. ITo BhHTEKaeT U3 HEPaBEHCTB
TA+BI<IAL+ 1B IABI < AR B, AN=1ALLAY

Jlemma nokasaua.
O6o3uauum uepes S.(A) yacTHyw cymmy pana ans et

S {A)= }: A

Pt

S - MHOTOUJIEH C HEOTPHUATe/bLHbIMH Koaq)qmunemamu OTHOCHTeabHO A Mbl  ROJKHBE
A0CKa3aTb, UTO PadHoCTb An=S,({A)S.(sA)—S.((t +5)A) cTpemutca k 0 npu m— oo

3aMeTHM, UTO An — 3TO MHOTOUWIEH C HEOTPHLATEJILHLIMH KOSD(DHLHEHTAMH OTHOCHTENbHO
sA u (A, lefictBuTesbHO, UY/ieHbl CTeneHn He Bolwe m no A B NPOM3BeREHHH PAAOB Bce
fOy4aloTCH NepeMHOXKeHHEeM UJIeHOB CTeMeHH He Bbilie /M B PAAaX-COMHoXKuTeAXx [lanee,
Sm((s-{-t)/l)——uacman cymma psana-npousseaenns. [lostoMy A, — 3To cymma BCex UJeHOB
cTeneny Buiwe m no A B npousbedennn S(t4)S.(sA). Ho sce KO3 dHUHEHTB NPOH3BEAEHHS
MIIOrOUY/IEHOB € HEOTPHUATEAbHLIMH KOI(PHUHEHTAMH HEOTPHUATEAbHL.

[To nemme §A.(1A, sA < An(IILAl, {sA}). O6osnaunm HEOTpHUATedbHble yHcaa [[fA].
lisAll uepes T, 0. Toraa An(t, 6)=Sn(1)S.(0)— Su(t+a). Mockoabky e'e"=e'*", npasan
4acTh CcTpeMHuTca K 0 npu m—oco. Hrax, ”lxi_r>nmA,,,(tA, sA)=0 u coothowenne (1) nokazaHo.

O noxasatenbctBa cooTHoweHHA (2) npoauddepenunpyem paa e
no ! GopmManbHO; NOGYYHM PSiA H3 MPOHM3BOAHBIX

= d =
Y amA=AY
k=0 k=0

JtoT pAA cxoauTca aGCONIOTHO H paBHomepHo B J1060# obaactu Al <<
1T, Tak Xe KaK H HCXOMHBIA pAA. [Tostomy npoussoanasn CyMMbl
pfila cylIeCTBYET H paBHa CyMMe psiia H3 Npou3BoAHbIX. Teopema foka3ana.

Sanaua l. Bepho au, uto e’ T 8= B

Orger. Her.

3anaua 2. lloxamwre uto det e £ 0.

Yrkasaune e A=(ef)-1,

3anaua 3. Jokaxure, 410 ecau onepatop A B eBKAHAOBOM NPOCTPAHCTBE KOCO-
CHMMETPHUECKHH, TO OonepaTop € — opTOroHaAbHuIi,

2. OcHoBHasn TeopeMa TEOPHH JMHEHHbLIX YPABHEHHIH C NOCTOAHHLIMH
koadduunentamu. M3 noxazanHOH TeopeMbl HENOCPEACTBEHHO BBHITEKACT
¢opmyna nna pelleHHst JMHEHHOrO ypaBHEHH:

x=Ax, xR\ (3)

Teopewma. Pewenue ypasnenua (3) ¢ nawaronown ycaosuen ¢(0)=x,
ecTy
¢(t)=e""%, t=R (4)

Hokasateabctno. CornacHo dopmyne anddepeuunposanus (2)

d
d-f:sAe"‘xo:A o).
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Urtax, ¢- pewenue. [lockoabky e'=E, ¢{0)=ux,. Teopema nokasanua,
Tak haK TO Teopeme €AHHCTBEHHOCTH BCSIKOE pelleHHe B cBoell o6aacTi
onpejescha COBNajaer ¢ peweHueM (4).

3. OGiunii BHX OQHONAPAMETPHHECKHX TPYNN JHHEHHBIX npeoGpasosa-
HUH npoctpancrsa R

Teopewma [Jlycrs {g'' R — R} — odnonapamerpuueckan epynna
AUMelinblx npeobpasosanui. Toeda cywecrsyer aunelnoli oneparop A: R'—
- R" rakoi, uro g'=e"".

dg' .
dokaszateabcrtBo. [Nomoxum A=-% =lim

g—E
t =0 t—>0 )

Mb ye ROKa3ajH, 4TO ABHXKeHue ¢(f)=g'x; — 3To pewenue ypas-
nenust (3) ¢ HauaabubiM ycaoBHem @ (0)=x;. Coraacho (4) g'xo=e"x,
4YTO H Tpe6oBaNOCh.

Onpepatop A HasbIBAOT nPOu3BOOAWUM Oneparopom rpynnb [g').

3anaua 1. JloxaxuTe, 4To NPOU3BOAAULHI ONEPATOP ONpeAesien Ipynnoil 0AHO3HAUHO.

3ameuaunune Takum 06pa3oM, UMeeTCH B3aUMHO OZHO3HAUHOE COOT-
BETCTBHE MeXIY JuHelHbiMH auddepenumanbybiMy ypasrenuamu (3) u
ux daszosbiMH noTOKaMH {g'); Npu 3TOM (asoBLIl MOTOK COCTOMT H3 JAWHel-
HEIX gudbeomopdusmos.
"4. Bropoe onpenejieHne 3KCTIOHEHTH.
Teopema. MMycro A: R'— R* — aunednoui oneparop. Toeda
= lim (E—}-%)m. (%)

n—» oo

HoxaszaTeabcTso. PaccMoTpuM pashocTs
hid k
A A m l Cm ) ¥
e"—(E4+=—} = —_— .
( +m> Z (k! 7 )4
k=0
A \m A
(Psux CXONHTCA, TaK Kak (E+~> — MHOTOUNIeH, a pAA e cxonmcn.)
m

3ameTyM, U4TO KOIPPHUHEHTH PASHOCTH HEOTPHUATENbLHDI:
1 >m(m—1)...(m——k+l) 1
e mem....m k!

Tlostomy, nonarasa A}l =a, HaxoanM

oo
A A \m - 1 Clyiz b n a
u ¢ —<E+m> <§:o<k! m")a ¢ <]+m)
TNocneanas penanuyuHa crpemutcss K O nps m-> oo, ¥ TeopemMa fo-
KalaHa.

5. Npumep: dopmyna Jiinepa nas e’. Tlycte C — KoMNAekcHas nps-
masi. Mbl MOMEM paccMaTpHBaTbh €e KaK BeLleCTBEHHYIO IJIOCKoCTb R
a YMHOXKeHHe HA KOMILIEKCHOE 4HCAO Z — Kak JMHeknblil onepatop A: R’
— R%. Onepatop A ecTb NoBOpeT Ha yro arg z ¢ pacTakeHueM B |z| pas.

m
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3apava 1. Halitn wmaTpuuy ymHOXeHHA HAa z=u-+iv B OGasnce e =1, e,=i.

Orser. <u —v) .
v u

Haitnem teneps e, Tlo dopmyae (5) Hano BHauade COCTABHTL oOfie-

A 4
patop E-+—. DT0 — yMHOXelHe Ha 4ncio | +—, T. e. MOBOPOT HA yroa
n n

z z
arg| 14— ) ¢ pactsikeHHem B | |4 - | as
’HQ( +I'l P ‘ +ll p /+%
(puc. 110). 2
0 / FAR Uiy
3aanaua 2. Jokaxurte, uTo npu 1 — oo 7
ReZ
V4 2 1
ar 1 - >=I - -
g( +5 m> +0(n >
pa 2 1 Puc. 110, Komnackcioe uucaa
|l+—l =1+Re—+0<—>. I+2/n.
n n n

A\ z
Oneparop (E+—> €CTb MOBOPOT Ha yroa n arg(l—}--—) C pacTaxe-
n I
Z n
HUEM B l l+—| pas. Ma dopmyn (6) naxosum npenennt yria nosopora
n
1 KO3 HUHECHTA PACTSKCHUS:

. 2z ) z
lim narg(l-}—z)-—lmz, lim ‘I+E

n—» 00 H— 00

n

Tem camuim pokasaua
Teopema. [lycrs z=u+iv — komnaexcnoe wucao, A: R* -~ R¥ —

oneparop ymuoxenus Ha z. Toeda €' ectv oneparop ymuoxcenus ma Ko
naexcroe 4ucao e’ (cos v—isin v).
Onpeneneunne. Kommaercuoe uico
n

e“(cos v+isinv)= lim <1+Z )

n— o0
Ha3bIBACTCA JKCNOHEATO!H KOMIWIEKCHOTO 4Hc/aa Z=u--iv U oBo3HauaeTca
e’=¢"(cos v+isinv). (7

3ameuaunue. Ecan HE OTJ/IH4aTb KOMIUJIEKCHOE YHCJO OT ofiepartopa

YMHOMEHHUA Ha 3T0 YHCJAO, TO ONpeaejJeHdHe MpeBpallaeTcst B Teopemy

[IOCKOJ/IBKY IKCMOHEHTa Oreparopa yxe onpejeseHa.

3apnaua 3. Hafitu €% ¢!, &, ¢, o**.
2
3anaua 4. Hokaxure, uto e T =%z, &C, 2,C).

Sameuauuec T[ToCKOAbKY 3KCNOHEHTA ONPCACJAACTCH TaKMKC pPSUIOM,

HMeeM

2
ez=1+z+;—'+ o zeC (8)

(psin cxoautcs aGCOMIOTHO M PABHOMEPHO B KaXaAoM Kpyre |z| < a)
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3apnaua 5 Cpasuusag 3ToT pag ¢ popmynoil Dilrepa (7), suibectd paaul Teitaopa
aas sin v, cos v,

3ameuadune OGpatuo, 3nas paasl Tefopa sin v, cos v, e, MOXHO
6ulno Gbt goKasaTth (opmyay (7), npuuas dopmyay (8) 3a onpegencuue e°.

6. Jlomannie Jiinepa. Coenpnusis dopmyant (4) n (5), Mbl noaydaem
mMeton mpub/miKennoro peiueuns and@epenuHaabuoro ypasseuus | (3),
HasbiBacMblilt merodom aomawnstx 3iaepa.

Paccmorpunm  auddepenuitanvioe  ypasueHue ¢ JuHclinbM - Gasosbiu
npoctpancTeoM R”, 3asanroe BeKTOpHBIM nojiem v. HToOu HafiTH peuieHHe @

ypaBHeHHs x=10 (x), x&R", ¢ HaYaJAbHBIM
w(t) YCJIOBHEM Xo, NOCTYMHM CACLYylOULHM ofpa-
3om (puc. 111). Ckopocts B TOUKE Xo
HaMm H3BecTHa: 3TO v {Xo). byasem aBlratsb-
csi ¢ mocTosAnnoll CKopocTbio v (xg) H3 Xo B
Teuenue ppemeHn Af={/N. Ilonanem B
TOUKY X; = Xo -+ 0 (x0) Af. B Teuenue caenyio-
uiero orpeska BpemcHH Af OGyacMm ABH-
raTbCs CO CKOPOCTLIO U (xy), H T. A.:

/—f— %t -th t R xk+|=xk+v(xk)Al, k=0,1, ..., N—1.

O6o3snauum uepes Xy (f) nocnenHo0 TOUKY,
Xy. 3ameTum, uto rpadik, H3obpaxaio-
WHHA  ABHXKEHHE € KYCOYHO-MOCTOSIHHOH  CKOPOCTbIO,— 3TO  JOMaHas
auHnA W3 N 3BeHbeB B pacwnpenHom ¢aszosoM npoctpaHctse RX R 3ta
JoMaHast # HasblBaeTcst JomaHofi diiepa. Ectecrseniio 0XHAaTth, uTO NpH
N — oo nocsefoBaTebHOCTb JIOMaHblx DAJACPa CXOAHTCA K HHTErpanbHOM
KpHBOH, Tax uTo nocseaHsas Touka Xy O6yaer npu Goabuinx N Gausxa
K 3HayeHHIO DELICHHS @ C HaualbHbIM ycijoBhem ¢ (0)=xo B Touxe £,
Teopewma. daa auneinoeo ypasnenus (3) Nlim X ()= g(¥).
- 00

Pue. 111. Jlomauan Diaepa.

Hdoxaszateabcteo. [To onpeaenennio siomaunoll Ditnepa npu v (x)=
= Ax HMeeM XNz(E—J}-éA—//)N Xo. ﬂoaromyh}im Xy=e"x; (em. (5)). Urak,
lim X,=¢(f) (cm. (4)).

N

— 00

3anaua 1. J[lokaxnte, uto He TOAbKO Komel Jomanoit iinepa  cTpemuTea
K @(f)) HO H BCA MOCACAOBATENbHOCTh  KYCOUHO-ANHeHubx  dyHxkuuit @.: / — R",
TpaguKaMH KOTOPHIX CJyxKaT JfoManbie Dfiicpa, PaBHOMCDHO CXOAMTCH K peuleHHI0 ¢ Ha
orpeske [0, /].

3ameuyanuc. Jlomanas diinepa B ofuem caydae (Koraa BEKTOp-

HOE 10/1Ie U 3aBHCHT OT X HeJHHelllo) Takxke MoxeT ObiTb 3anHcatia B BHAe
tA - .

XN=<E+—A-,) Xo, rae A — Heauuciinplil onepaTop, NMEpeBOAAILNil TOUKY X

B TOuUKy v(x). B manbuefilremM Mbl yBHANM, YTO H B 3TOM cJjyuac Moc/eno-
BaTeJbHOCTb JoMaHux Jiljepa cxoinTest K pellelnio, mo kpaiieil Mepe
npu pocratoudo maawlx |£] (§ 31,9). Takum obGpasom, Bulpaxkchue (4),
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B KOTOPOM 3KCroHenta onpenencsa dopmynaoit (5), paer pewenne sooGuie
Bcex AHPdCpeHLHaNbHBIX YpaBHeHHH *).

DiiiepoBa TeOPHA 3KCIOHEHTH, CAHHOOGPA3HAS BO BCEX CBOHX BapHall-
Tax OT onpeneJenus yucaa e, Gopmynbl Jiacpa aas e, Gopmyan Teinopa,
¢opmyanl (4) ans peuweHus JuHeHHBLIX YpaBHCHHE W 0 MeTOja JIOMAaHbIX
Ditepa, HMEET MHOMO [ADYFHX NPHMEHCHHH, BHIXOAALLHX 33 paMKH HalICro
Kypca.

§ 16. Onpenennreb IKCNOHEHTDI

Ecan onepatop A 3anas cpoeit MaTpuueR, BLIMHC/AEHHE MaTpHUbl ome-
patopa €' moxer TpeGoBaThb AMMHHLIX BbIKAAaAOK. OZHAKO ONpeienHTeb
MaTpHUL e? MOXHO, KaK Mbi ceifuac YBHAHM, BLIYHCAHTb OUEHB JCFKO.

I. Onpeneantens onepatopa. Ilycts A: R"— R" — nunelinniii oneparop.

Onpenenenne. Onpedesuresen oncparopa A HasblBaeTcs ompeje-
auTeNs MaTpHLbl onepatopa A B Kakom-nubyab Oasuce e, ..., e, ofo3ua-
uyenue: det A.

Onpeaenurtenp matpuusl oneparopa A He 3aBucHT oT Oasuca. [eil-

crButensio, ecan (A) — matpuua onepatopa A B Gasuce ey, ..., €., TO
Matpuueit onepatopa A B Apyrom Gasuce e,
Gynet (B)(A)(B™'), u
det (BY(A)(B™"y=det (A). &
Onpedeaureas Marpuibt — 370 OpUEH-~ ¥
Tupogannslli 06ven naparsesenuneda **y,
pebpa Kkortopoeo 3adarrca  croabyamu 4
MATPULbL. -
puy z, &,
Hanpumep, npu n=2 (puc. 112) on-
Puc. 112, Onpencanteas aaTpuu pasen
X X2 OpHCHTIHPORANKHON  naowann  uapaaacac

peaennTeb I | €CTb IMJAOWALb NA-  (payua, natanyTore ia ec croabuu.

Y Y2
paanejorpamMma, HaTAHYTOro Ha BekTopbl E;, E2 ¢ KOMMOHeHTaMH (xi,Y4;) H

(x2, y2), B3ATAA CO 3HAKOM TJIIOC, €C/IH YNOPSIAOUEHHAs napa BeKTopos (&, Es)
3dnaer Ty e opucHraunio RE, uTo M 6asucuas napa BekTOpoB (e, €:) H
€O 3HaKOM MHHYC B NMpOTHBHOM cCJay4ac.

Cron6eu ¢ nomepom [ B Marpuue oneparopa A B Gasuce ey, ... &
cocTaBsieH M3 Koopnunat obpasa Gasuchoro sektopa Ae;. Iloatomy onpe-

*) Ilpaktnueckn npuGauikemo pewaTs ypaBHECHHE C TNOMOWbIO JoMaHux Jiincpa
Heyno0Ho, Tak Kak ApuxoAntcs GpaTh ouekb Manuil war Af, yTo6H NOAYYHTHL 3alaHHYI0
TOuHOCTL. Yale NoAL3yloTCs Pas3aHUHLIMA YCOBCDPLWICHCTBOBAHHAME 3TOTO MCTOZLA, B KOTOPHIX
MHTETPAJbHAA KPUBAR ANNDOKCHMHPYCETCA HE OTPe3KoM NpsiMoll, a oTpe3koM napaGosbi Toil

uin uHo# crenemu. Hauboace uacto mcnosibsyioren MeToln Agamca, Llrepmepa u Pyure.
C UHMH MOXHO NO3HaZKOMHTLCR N0 yUeGHMKAM NPHOIHKEHULIX BLIMKCACHUI.
**) Tlapannenenunea ¢ pebpamn &, ..., E.=R" ectb noamiioxkectso R", cocrostiee

3 Bcex Touek BHAA XiEi+4- ...+ Xk O<Cx<{). Tlpn n=2 napainenenunes Ha3bBaeTc
napaanedorpammom. Ecan Bel 3HaxkoMbpl ¢ KaxuM-aubo onpenetenneM obwLema, To Jerko
JoKaXeTe BblaeJeHHOe yTBep:KAchue. Ecau Xe HeT, To MoXKeTe NPHHATL €r0 33 ONpeescHHe
o6beMa napaaaedenunena.
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138
deaurens oneparopa A — 3T0 OPUCHTUPOBAHHOUL 06Bem 06pas’a edunud-
Ho2o kyba (napaissesenuneda ¢ peGpamu ey, . . ., ey) npu orobpaxcenuu A.

3anaua 1| Ilycrs Il — napansenenunes ¢ JuHedHO He3aBHCHMBIMH
peGpamu [oxaxute, 4To OTHOUEHHE (OPHEHTHPOBAHHOrO) ob6beMa obpasa
napaaneaenunesa AIl k (opuenruposanuomy) o6wemy Il ne sasucur ot I
u pasto det A

Bameuanue Uurareap, 3HakoMbIi ¢ Teopuell H3MepeHus O5LEMOB
B R", moxer 3amenurb I1 ni060it ¢hurypoil, umeoiie o6uem.

Hrak, onpedeaurenrs oneparopa A — 370 Kkosppuyuent usmeHenus
OPUEHTUPOBANHHO20 0bCvema: Npu npumereruu A OpueHTUpPosanHbli 06Bem
ato6oil ueypor mensercs 8 det A pas. TeomeTpuuecku BOBCE He OYEBHHO,
uTo pacTsikenne ofbema A BceX ¢HUryp OAMHAKOBO (maxe B cayyae
[JIOCKOCTH), Bedb (opma ¢Hrypsl nmpu JHHeHHOM NpeoGpasoBaHUM CHJIBHO
MEHACTCH.

2. Cnep omepartopa. Caedom marpuybt A HasblBaeTCd cymMMa ee auaro-
natoHbix 3aementos. Chen oGosnauaercst tr (ot aurauiickoro «iraces)

n
i Sp (or memeukoro «Spur»): tr A= Z Q.
i=1
Cnen wmarpuusl onepatopa A: R”-» R" ge sasucnt oT 6asica, HO JHUWD
0T camoro omeparopa A.
3apnaua | [okaxuTe, 4TO CJej MaTpPULBI DPABEH CYMME BCeX /1 €€ COGCTBEH-

HBIX YHCEJ, 4 ONPEeAS/IMTE]b — HX NPOH3BEAEHHUIO,
Y kasauue. [Npumenure dopmyay Buera k mHorouseny

det |A—RE| = (=1 (—1)=" ) a+ o
=1

CoGcTBeHHbIE YHCMA yKe HE 3ABUCAT OT 6asmca. DTO MO3BOMAET AATh
caeaytouee

Onpenencuue. Credon oneparopa A HasblBaeTCsi CJef ero MaTpu-
bl B Kakom-#HuGyab (4 TOTAa B JwGom) GasHce.

3. Ceasb onpenenutens u caena. [ycts A: R*— R" — quueiinniii one-
patop, e< R. Jlerko nokasbiBaercsi

Teopewma. lpu £ 0 det(E+eA)=14etr A+4+0 (%),

Hoxasateabctro Onpegenuress omepatopa E-+eA pasen mpo-
H3BeeHHIO coGeTBeHHBIX unces. CobGcTBeHHble uwHcia onepatopa E-4-ed
(¢ yuetom kpatHocTeidt) paBHsl |-+ek, rne A — coBGeTBeHHble uucia A,

n n
[Mostomy det (E+ed)= H (I4eh)=1+¢ Z A0 (&%), uro u tpeGosa-
JIOCb [0Ka3aTh. =t =t

Bropoe nokasareasctso. fHcuo, uto ¢ (8)=det (£ 4+ ed) — muorownen

OTHOCHTENbHO &, mpudem ¢ (0)==1. Hyxuo nokaszats, uto ¢ (0)=tr A. Ounpegenu-
Tedb  Matpuubl  [lx )l o6osnaunm qepe3 A({x. ;}) To npasury nuddepenyu-
OBAHHA CJAOKHOH (YHKLHN | oA | dxij rae  x;j(e) — 3MeMeHTh
P y Z dx,, E “de’ o 7 T

t, f=1 I
maTprubt E+eA  UYacruaa npoussosnas dxn,- £ paBHa 100 OnNpeAe/ICHHIO
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—:7 ; Odet (E4+heij), rme e ,— maTpiua, €AMHCTBEHHBLIR HEHYJEBON  JeMEHT KO-
=
Topolt — 310 | B i-# cTpoke, j-m croabue. Ho det (E+4he; ;)=1 npu i=£j n 144
dA de
ecan i=j. Urax, —! =0, e¢cau is=j, n 1, ecan i{=j. IMostomy — =
! (7X,‘,' E #] 4 y de £=0
n
'dx,‘,.‘_

jmsadil) Za,v_‘-zir A, uto u Tpe6OBaJOCh NOKA3aThb.

i=1 ¢ i=1

Mexxay npounM, Mbl 33HOBO J0Ka3a/H HE3aBHCHMOCTb cjieia oT Gasuca

CanencrtBue [lpu marom usmenenuu pebep napaiicsrenuneda HQ u3-
MeHEHUEe 006DeMa BAUACT AUULL UBMEHEHUE Kaxcdo2o pebpa 8 e20 co6CTaeH-
HOM HanpasAenuu; u3menexue osce e wanpasienuu Opyeux pebep daer
8 usmenenue 06veMa Auwb 8Kk4a0 8TOPO20 NOPAOKa
MAAOCTU.
Hanpumep, naowans napanieaorpamma, 6au3Ko- —

ro ¥ ksagpary (puc. [13), maneimu BTOporo nopsa- R Y

Ka MaJsoCTH OTJHMYAEeTCH OT NJOHIAAH 3alUTPHUXOBAH-
HOTO NPSIMOYFOJIBHHKA.

MoxHo 6ui10 6Bl A0Ka3aTh 3TO CJAEACTBHE H3
9/IEMEHTAPHO-TeOMETPHUECKHX  COOGpamenuii; 3T1o
npuBesio Gbl K TeOMETPHUECKOMY [0Ka3aTeJNbCTBY
npeablayuied Teopemsl.

4. Onpeu,e.nme.rlb oneparopa eA. Puc. 113. TlpuGmixkennoe on-

Teopema. [lan ao6020 auneinozo oneparo- Bt o o an

. n_, R* paty.
pa A: R"~R det e?=e" 4,

HokaszaTtenbcrso. CornacHo BTOPOMY ONPENE/IEHHIO SKCNOHEHTDI

A N Am X A m
det e =det( lim <E+—) )= lim (det (E+——> ), 6O onpeaesHTEND

m—> oo m m-— oo m
MaTpULLbl — MHOTOUYJIEH (M CJIeNOBaTeNbLHO, HENPEPLIBHAS (PYHKUHA) OT 3ae-
mentoB. [lanee, no npeabiayueil Teopeme

det <E+§1—>m=(det (E+%—))M=(l +’ln—tr A+40 (#)) m— oo

OcTraercst 3aMeTHTb, 4TO lim ,(l—i——:T—l—O(E]y))m:e“ pas qioboro ae R

n— o
B YAaCTHOCTH nJjsi a==tr A.
Caeacteue l. Oneparop e nesoiposcden.

Cnencrtreue 2. Oneparop e* coxpanser o uentayuio R" (1t e,
P

det A> 0).
Canencrue 3. (bopmyaa Jiuysuaasa). Pasossul norox {g
AUHEeLIH020 YPABHeHUA

il

)

x=Ax, xR (1

3a epema t menaer ob6wvem aoboli guayper 8 e pas, 2de a=tr A.
4

o !
Hefictaurensho, det g'=det &M =¢"" =¢!'" ",
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B uacthocTH, OTCIONA BbiTEKACT

Cnencreue 4. Ecau caed A pasen 0, 10 ¢hasosbiui noroxk ypas-
nenust (1) coxpanser obwvemsr (1. e. g' nepesodur aoboii napaasere-
nuned 8 napaareaenuned roeo e 06veMa).

Heiicreutensho, %=1,

Mpumep 1. PaccmoTrpum ypaBHCHHE MasiTHHKA € KO3(D(PHUHCHTOM
TpeHHss — Rk

— x4 kx,
IKBHBAJCHTHOE CHCTEMe

Xi=X2, Xo=—xi-+kx2

¢ marpuued (puc. 114) <_(l) :e)

Caex aroit MaTpHULL pasen k. Uraxk, npu k<0 npeobpasosaune ¢aso-
BOTO TOTOKA g' (= 0) nepepoanT Kaxayw 064acTb (Ha3oBOil MNJIOCKOCTH

Don & G

Puc 114, Noscacune naoutaacit npiu npcobpasosalnnx Ga3osoro NoToka ypasneHHs MasTHHKa.

B 00.1aCTb MeHbuied rowann. B cuereme ¢ oTpuuaTesbHbiM TpeHuem (B> 0),
#aoGopot, miowanb obaacth g'U, />0, Goabwe naowann U. Haxoneu,
Korga tpenus Her (k==0), dasoseli notox g' coxpausier naowany
(Hey/luBHTENBHO: B 3TOM CJyuae, Kak Mbl yxe 3HaeM g' ecTb nosopor
Ha yroJ {).

33,‘1:‘1‘(3 1. l’lycrb BCUWICCTBCHHLIE HacTH Bcex cobeTBentniXx uucesd A OTPHUATCALHLL.
Hokaute, uro dazosbil notok g' ypasnenns (1) ymeubwaer ofveMut (> 0).

3atrawa 2. [okaxure, uTO CoGCTBCHHBIC uilcaa onepatopa e pasubl e’ rae A, —
coGersennue yHeaa oncpatopa A, Buisemnte oTcioga A0Kasauiylo Bhillle TCOpPEMY.

§ 17. MNpakTHyeckoe BbIYHCAEHHE MATPHIbLI S3KCNOHEHTbl —
CAy4yail BEHIECTBEHHBIX H PA3JHYHBLIX COGCTBEHHBIX uMcen

Fpu upaxriueckoM peuwlenuH AuddepeHUHaILUBIX ypaBHeHHit ornepa-
t0p A 3anan csoeft matpuueilt B HexoTopoM Gaszuce M TpeGyeTcsl SBHO
BLIUNCAHTD MaTpHUy omepatopa e’ B ToMm ke Gasuce. Haumem ¢ npo-
cTedlIero cayuas.

Juaronaneubiii onepatop. PaccmoTpum aunelinoe andpeperunann-
HOE YypaBHeHHe

x=Ax, xeR", (1)

riec A: R"— R" — anaronanbubiii onepatop. B 6asuce, B KoTopom maTpulua
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onepartopa A AHaroHafabHa, oHa HMeeT BHA

Ay 0
0 M)

rae i — coOcTBenHble yHcJa. MQTPHUEI oncparopa €A‘ HMCCT AHaroHaJb-

HbLIH BHA
e;.".l
ot

Hrak, pewenne ¢ ¢ navanabubim ycaoBHem go{0)=(x,, ..., x,) HMeer
B 3TOM 6asice BHA == X,,. K atomy 6asucy u Halao nepeitTH, ecinu
martpuua oneparopa A naHa B ApyroMm Gasuce.

Ecan Bce n cobCTBeHHBIX HHCesn onepaTopa A BelIECTBEHHLI H pas-
JAHyHbl, TO OH AxaroHasteH (R" pacnagaercsi B mpsiMyin cymmy oOjnoMep-
HbIX WHBAPHAHTHLIX OTHOCHTENbHO A NOANPOCTPAHCTB). ‘

Tlostomy pelwsatb ypaBHeHue (1) B cayyae, korna coGCTBeHHBIC yMc/a
onepatopa A BeuWECTBEHHbl W DPAa3JHUHBL, HYKHO CJEAYOIUHM 00pasom:

1) cocTaBHTL 8€K0B80€ HIHM XAPAKTEPUCTULECKOe YPaBHEeHHE

det |A—AE| =0;

2) HaiiTH ero KOpHH Ay, ..., As; Mbl OPEANOJaracM, uTo OHH BELUECTBEHHDI
H pas/HuHbl,
3) naiiTH cobcTBenuble BekTopbi Ep, ..., & H3 JHHelHbIX ypaBHeHyH

A%y =Mk, B 0;
4) pasJoXKHTb HAYA/JbHOE YCJOBHE NO COGCTBCHHLIM BEKTOpaM

Xg =Z C/(Ek;

k=1

n
5) HanucaTth OTBeT (p(t)zz Cre*Ei;
k=1
B uacrtHoCTH, noayuaem
Cnenctoue. [Tycre A — Juaeonarvnvii oneparop. Toeda 3aesentol
narpuyss eV (1 R) 6 a1060m 6azice ABAAIOTCA NUHEUHLIAL KOMBUHALUAMU
skcnonent e, 20e hy — coGcTeeHHbIe wUCAA marpuyer A.
2. Npumep. PaccmoTpuM MasaTHHK € TpenHeM

X1 =—Xo, XQ—‘:-‘——Xl-—kXQ.

Marpuua onepatopa A umeer Biua

0 1
(——l ——k)’ trAd=—Fk, detd=1.

MostoMy xapaxTepHcTiyeckoe ypasHenne nmeet sug A° -+ ki -+ 1=0; kopuu
BEHIECTBEHHbl H PA3JHUHBI, KOTAa AHCKPHMIIHAHT NOJOKHMTE]EH, T. €. KOr4a
{k1>2. Urax, npu mocratouno GosabuioM (no aGCcoIOTHON BEAHYHHE)
kosdduuuenTe TpeHusa k onepatop A aAuaronaJch.
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Paccvorpum ciyuait k> 2. B stom cayuae oba xopust A, A2 oTpu-
laTenbhnl. B co6cTBeHHOM (asice ypaBHEHHE 3aNUILETCS B BHUAC

!;1:),1]/1, A <0, _y'2=7\2y‘2, Ao << 0.

Ortciona, kak § 2, nodyuaem peiuenue yi (£)=e"'y, (0), Yo () =2y, (0) u
kapruuky (yses, puc. 115). Ilpu {— 4 oo Bce pewenus crpemsarcs k 0,
[IOUTH BCE HMHTErpPajbHbLIC KPHBbIE KacatoT-
Yz csl OCH gy, ecau Goablie |A| (torpa
y2 ctpemutcess K O Owictpee y,). Kapruu-
Ka Ha MNJOCKOCTH (X1, X2) HOJY4aeTCA .-
HeHHbIM Mpeobpa3oBaHHEM.
4% Iycty, wanpumep, k=3"'/;, Ttak uro
M=—"/3 ho=—3.
Cob6cTBeHHbIR BEKTOP & HAXOAHUM H3
yCIOBHS X|= —3X2; nNoayuaem £ —e —
Dt oo ?8 sl —3e1. Anazorusio Ez=ey —3es. Mockons-
6asnce, Ky Al <<|A2l, cbasoBble Kpubbie HMEIOT
z, BHA, H300pa)KeHnbii ua puc. 116, Pac-
I m cmarpuBas puc. 116, mbl nmpuxomum «
CeAYIOIUEMY YIHBHTEJILHOMY BLIBOLY: €C-
JH KO3 DHUUHEHT TpeHHss K AOCTATOUHO
& BEJHK (R>>2), TO MasiTHHK HE COBepuIaeT
3artyxalomux konebakuf, a cpasy uaer K
MOJIOXKEHHIO PABHOBECHA: €r0 CKOPOCTb X2
MEHSIeT 3HAK He Gosee OJHOrO pasa.
Jagaua 1. KakuM ABHXKEHHAM MasTHUKA CO-
oteercTByOT  pasosble kpuswie [, [/, [/ wna
puc. 116? HapucosaTe npumepunit rpaduxk x (f).
3apnaua 2. Hecenenobars asikesue mnepesep-
HYTOro MasTHHKA C TPCHHEM, x—x—kx

&

3. Nuckperuniit cayuai. Bee ckasannoe
£, 0 NOKasaTesibHOH Gynrumn e HEeNnpepoIs-
HOFO aprymeHta ! OTHOCHTCA H K T1O-
Puc. 116. dasopbie KpuBBIC YPABHEHHA " n
MAATUMKAE C CHJIbHHM TpeHueM B OObIUHOM Ka3aTeJabHOH (byHKU.HH A I[HCerTHOl‘O
Gasnee. aprymenta n, B uacruoct, ecau 4 — au-
aroHanbHbIA Omeparop, T0 M BbluucaeHua A" ynobmo nepefiTy K gmaro-
HaJbHOMY Gasucy.

flpumep. Mocrenosarensuocts Gubonauun 0, I, I, 2, 3,5 8, 13, ... onpeaeasiercs Tem,
HTO  KAXABU  CleAYIOWHH uleH paBeH CyMMe ABYX NPEABIIYUWMK, Gp==y—{+ Go_2 X
ABYMSt HaUaJNbHBIMU ufedamu, ap=0, a =1.

3anava l. Haltth popmyny ana a.. [lokasaTb, YTO @, pacTeT, KaKk reoMeTPHYECKARN

" . ina
nporpeccusi, # HadTH lim .
R n—-0 1

Ykasauue. 3amerus, uTO BCKTOP En (Gn, @n-1) BHPAXKAETCH JHHCHHO ueped B,

L1
Bi=A%_, =(l 0), npuuem § =(1, 0). ITosTOMy a, e€CTb mepBaf KOMIOHGHTA BEKTOPA
4" g),

Orser. a=In (54 1)/2), an=(Af —rD/~/5, rae M, o=(1 £+/5)/2 — coberBennbie ucaa A.
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Takoe e paccyxaeHne CBOAHT HCCACAOBAHHE JIOGOH PeKYPPEHTHOH NOCALAOBATEALHOCTH
a. Nopsiaka R, 3ajaHHOH NMpPaBHIAOM
An=Cin-1+. ..+ Culn—s, n=1,2_,

Uk navanbHLIMM uienami *), K H3yueunio nokasareapuoli Gynkuun A", rae A. R*—s R -
AuHeltnpii oncpatop. ITosTomy, Koraa MBIl HayYHMCH BLIUHCAATL MaTpuUY 3KCIOHEHTH, Mh
OJHOBPEMEIHO H3YUHM BCE€ PEKYPPCHTHBIC TNOCJACAOBATEALHOCTH.

Bosspawasich k o6ileil 3a7auc 0 BHIYHCIEHHH €', 3aMETHM, YTO Kopiu
Xapakrepucruueckoro ypasHenus det (A —AE)=0 wmoryr 6bIThb KOMIJCKC-
#HbiMH.  UTo6Bl  H3y4nTb 3TOT cCayuail, Mbl BHauaic pacCMOTPHM  JiH-
HellHoe ypaBHeHHe ¢ KOMMNJCKCHLIM (ha3zoBbiM npoctpaucrsom C*

§ 18. Komnaekcudukauus 1 oBellecTBeHHE

ITpexae uem H3yuaTh KoMIIeKcHble anddepeHumaibHbie  ypaBHenHs,
BCTIOMHHMM, UYTO TaKoe KOMIUIEKCHHKALHS BEUWECTBEHHOr0 NBPOCTPAHCTBA
H OBEUIECTBJIEHHE KOMIIJIEKCHOTO.

1. Osewecreaenne. Uepez C" mbl GyneM 0603HauaTh n-MepHOE NHHCI-
HO€ NPOCTPAHCTBO HAX NOJEM KOMIJEKCHBIX uncen C.

Osewecranenuen npoctparctsa C" HasbiBaeTcs BELUCCTBEHHOE JMHCI-
HO€ NPOCTPAHCTBO, KOTOpoe coBnajaer ¢ C" Kak rpynna M B KOTOPOM
YMHOMEHHe Ha BEIIeCTBEHHLIE uHcaa onpedenero kak B C", a ymuoxe
HHE HA KOMILICKCHBIE unuc/ia He ompeneneno. (MubMU cnoBamu, oBeulect
BuTh C" — 370 3HauuT 3a6biTh O CTPYKType C-MOAyAf, COXPaHAA CTPYK
Typy R-monysns.)

Jlerko BuaeTb, uTOG OBewecTBIeHHe npocrpancrsa C" 6yaer 2n-mep-
HbIM BeIUIECTBEHHBIM JHHeHHbIM mnpocTpancteoM R*, Mu 6ygem 0603Ha-
uaTh oBeluecTBIeHne 3Hakom R ceepxy cnesa, nanpumep: "C=R%

Ecan (e, ..., ;) — 6asuc B C", 10 (ey, ..., e, ie), ..., ie,) — Ga3suc
B "C" =R,

IMycts A: C"— C" — C-nuHeiiHbIl onega'rop. Osgeuwjecraaenue onepa-
ropa A — 310 R-nunedinbii onepatop RA: ®C" > RC” cosnanaownit ¢ A
NOTOYeUHO.

3anava 1. Iyers (e, .., e.) — 6asuc npoctpanctea C”, {(fi, ». f.) — Gasuc

npocTpancTaa C", (A)— matphua onepatopa A. Halitu MaTpuuy oBcuiecTBAGRHOrO onepa-
Topa A

« —
Orger. (ﬁ :) s Tae (A) =(a)+i(p).
3agaua 2. Jlokamute, uto NA +B)="RA+RB, R4B)=R4RB,
2. Komnaexkcupukauusa. [Tycts R” — pewecrBeHHOe JIMHEHHOE NPOCTPaH-
¢TBo. Komnaekcugurayus npocrpancréa R™ — 310 n-mepHoe KoMIieKcHOe

JIHHeiiHOe NpocTpaHcTBo, 06o3HauacMoe uepes °RY, KOTOpoe CTPOUTCS Clie-
AylouHm o6pasom.

*) Tor dakr, uTO A% ONpPCAEAEHHA PEKYPPCHTHON NOCICAVBITCABHOCTH K-TO nopsaka
Hal0 3HATL k C€C MEPBLIX WJCHOB, TCCHO CBA3aH C TeM, 4T0 GA30ROE NHPOCTPAHCTBO And
(bepeHUHaIbHOIO ypaBHCHHA TNOPAAKA Kk MMeCT pas3MmepHocTh k. STa CBA3b CTaHOBHTCA
NOHATHOM, ec/lil 3anucaTh Anddepenunanbioe ypaBHeHHE B BUAC PPCACHA PA3BOCTHLIX
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Toukn npoctpanctsa °R* — 310 napbt (§ 1), rae t=R”, y=R". Taxas
napa o6Gosnauaetrcs EJ-im.Onepanuy C/I0XKeHHsT MU YMHOMKEHHA Ha KOM-
NJIeKCHbIE HHCJ1A ONpeAeATC OObIUHBIM 00pa3oM:

(u+i0) (8+in) =(ug—vn)-+i (vE+um),
(g i)+ (et+ip)=(8+ &) +i(n+n).

Jlerko mnpoBepHTb, YTO MOJyueHHBbIH C-MOLYy/Nb HABASETCS n-MEpPHBIM
KOMIJIEKCHBIM JIHHEHHLIM MPOCTPAHCTBOM: CR*=C". Ecau (e;, ..., €) —
6asuc B R*, To BekTophl €;-i0 o6pasylor C-6asnc B C"= °R".

Bektoput 4 i0 o6o3nauaiorcsi Kopoue uepes E.

ITyetb A: R™— R” ectb R-nnuefinblit onepa'rop Komn/lerccu(pmcauuﬂ
oneparopa A -—sro C-nuHefiHbl onepaTop €a. °R™ — “R", onpenenennsiit
cootHowennem CA (g+in=Ag+idAqy

3aanaua 1. Tlyers (e, ..., en) — Gasuc 8 R™, (fi, ..., fu) — 6azuc B R". Tlycrs (A) —
marpHua onepaTopa A. Haittu  maTpHLy KOMMJIeKCHHUWHPOBAHHOIO oneparopa ( A).

Orser. ( Cay=(a).

3anaua 2. Jokaxute, uto YA +B)=CA+CB, c(AB):'CACB.

TepmuuHoaoruueckoe 3ameyanue Onepaudd KOMIVIEKCH-
(HKAlUHH H OBELIeCTBACHHA OlpefesieHbl KaK JJist NIPOCTPAHCTB, TaK H A
orobpaxkennit. Anre6panucTbl Ha3bIBAIOT TAKOTO PoOAa ONePalHH PyrKTOpAMU.

3. Komnaexkcuoe conpm«euue. PaccmoTrpum BeulecTBeHHOe 2n-mMepHOe
nuneinoe npoctpancto R =®CR" noayuennoe w3 R kommiekcu@Hka-
uuelt, a 3atem opeuiecTsieHueM. B 3TOM NpOCTPaHCTBE JIEXKHT rn-MepHOe
AOANPOCTPaHCTBO BekTopoB BHaa E--i0, E=R". Ono HaswiBaerca sewecr-
sennoll naockoctero R R™,

IMoanpoctpancteo Bekropos Buga 0-+iE, Ee=R", nasbipaetcs muumod
naockocroto iR*< R®™. Bce npoctpanctso R ecTh mpsamas cymMma 3THX
ABYX 1-MEPHBIX NMOANPOCTPAHCTB.

(R7
(R"
7 7
2
R/I
R/I
Puc 117 Onepatop ymuoxenus ua i Puc. 118. Komnackenoe conpskenue.

Onepatop iE ymuoxenus na i B C"="CR' nocze osewectsenus npespa-
waercs B R-nuueituuiii oneparop N(iE)=/: R*™ > R*, (puc. 117). Onepa-
Top / H3omopdHO 0TOGPANKAEET BELUECTBEHHYIO MJIOCKOCTh B MHHMYIO, 8 MHH-
Mylo — B BelllecTBennyto. Kpaspar oneparopa / paBeH MHHYC eJHHHUHOMY.

3anava 1. Ilycrs (er,..., e.) — Gasuc R, (e1,..., e, i€y, ..., ies) — Gazuc R”=RCR".

Ha#itn matpuuy onepatopa / B 3ToM Ga3ice.

Orser, (I)=(g _5) .
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OGosnaunm uepes o: R™— R™ (puc. [18) onepatop KOMMIEKCHOTO
conpsikenns: o (§+in)=%—in [Helictene ¢ o6osHauaeTca 4acTo uepToil
CBepXY.

OnepaTtop ¢ coBmanaer ¢ €AHHMYHBIM HA BEUIECTBCHHOW MJAOCKOCTH H
€ MHHYC e[HHHUHLIM — Ha MuHMOH. On uuBoMoTHBEH: o =E.

Mycts A: “R™— °R" — C-muneiinniit  onepatop. Komnaexcno conps-

c c
acennoim k A oneparopom A uasbiaercs onepartop A: “R™ — “R", onpe-
IeJeHHBIH COOTHOILEHHEM

Az= Az nns1 BesIKOro ze=CR™.
Banaua 2. Jokaxurte, uto A sBaserca C-mineiiinin onepaTopoM.

3araua 3. [okamure, uTOo MaTpuua onepatopa A 8 sewecT8enHoM basuce
KOMILTCKCHO conpsiKcHa MaTpulle A B Tom xe Ga3suce.

3anaua 4. Jokawure, uto A+ B=A-+B, AB=AE, M =14,

3anavua 5 [lokaxure, 4TO KOMIIEKCHBIR JHHeHRHbI onepatop A: CR"~CR" siBinercn
KOMIACKCH(HKaUNell BeLIeCTBEHROrO TOrla H TOAbLKO Torja, Korma A=4.

4, 3KCHOH€HTa, onpeneanTeab H Clel KOMIJIEKCHOro oneparopa. SKerno-
HEHTAa, OonpejleauTe b U CJe] KOMIUJIEKCHOTO onepartopa onpenedsiorcs B Tou-
HOCTH TaK Xe€, KakK B BE€UIECTBCHHOM CJyuae. Oun 061a12a10T TAaKUMH XKe
CBOﬁCTBaMH, 4YTO M B BEULICCTBCHHOM CJayuae, pa3HHla COCTOHT JHUIbL B TOM,
4TO onpepesuTesb, 6yAyuH KOMIIeKCHbIM YHCJAOM, He paBeH oObemy.

3apaua l. [Jokakure CBOHCTBA IKCMOHEHTbLL:

Rlefy=eM, M=ot () =e™

3anava 2. [lokaxuTe CBOHCTBA ONpeae/aHTENA:
detRA=1det A2 detA=detA , det A =det A.
3anavya 3. Jokaxure ceoiicTBa caefa:
tr®A=trA+trd, trA=trd, trlA=trA.

3aaaua 4 Jlokaxute, UTO H B KOMIJIEKCHOM caydae

det e =¢!"4,

5. llpoussoanas KpuBO# ¢ KOMNAEKCHBIMH 3HaueHuamu. [lycts ¢ [ —

— C" — oro6paxkeHHe uHTepBana | BelleCTBEHHOH OCH ! B KOMIJEKCHOE
Jauneinoe npoctpancTBo C". Mbl GyneM HasblBaTbh ¢ Kpusoll.

IIpousgodnas xpusoli ¢ B Toyke fy<=/ onpeneasiercs oGbluHbLIM oGpa-

30M: de = |im M 3t0 BEKTOp Npo-

datl 1=y A0 h
crpanctea C".

Mpumep L. Iycts n=1, g(f)=¢" (puc. 119).

Toraa ——I
=0

Paccmorpum caywaih n==1 nozpo6uee. [Tockonanb-
Ky B C onpeneneHo yMHOXeHHe, KpHBbBIE CO 3Haye-
HusiMH B C MOXKHO He TOJIbKO CK/NaABIBATb, HO H YMHO-

XaThb: Puc. 119, ﬂpoumomaﬂ
oto6pasenns > ef B

(g1t (P2) (= ¢ (t)+(92 (0, ((quh) ()= ¢ (8 ¢2(8), te1. touxe 0 pavna i.
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3apaua l. Joxamure csolictsa npoussomuoil:

d d(p, dg d de d(P')
((Pl+) PTIREPTE dl((Px(P‘z) t(92+

B uyacTHOCTH, NPOH3BOAHAsI MHOTOUNEHA ¢ KOMILIEKCHBIMH Koa(pcpmmemamu
Aaercd TOH ke QopMynOl, UTO A €Ayuyas BCLICCTBEHHBIX KO3hpHIHEHTOB.

Ecan n>> 1, To nepeMuoOXKiTL ABe KPHBLIE CO 3HadeHHAMH B C? HeJbasl.
Oznako, nockoasky C" ectb C-MOAY/Ib, MOKHO YMHOXKUTb KpHBYIO ¢: | — C"

Ha ¢yHkuuwo [ [ — C:
(@) ()= (1) 9(0).

3apaua 2. [Jokaxure cBolicTBa TIpOM3BOAHOM:

df¢) “de d qu) dg dg

dt dt’ ( ®)= *odt dt’
d(@te) dp @ _d.-(_f‘P):ﬂ 4o

di T 2 ar YT

Pazymeercs, 3aech npeanosiaraetcsl, uTo NPOH3BOAHLIE CYLULECTBYIOT.
y

Teopewma. llycre A: C"— C" — C-auneiinoui oneparop. Tozda cy-
wecreyer npu atobon te R C-aunednuii oneparop uz C* g C"
d
__elAertA.

dt

HokaszartenbcTBO. 210 MONHO [0Ka3aTh B TOYHOCTH TAK JKe,

KaK B BEUIECTBEHHOM Cjyuae, HO MOXKHO H cOCnaTbesl Ha Hero. M6o ome-
wectsuB C", nonayunm

ROA aN_ DRy __ @ o(Ra) _ gy s(Ra) R 4 1
<dle )"d: (=g =0 ST =Tae),
§ 19. Jluneiinoe ypaBHeHHe ¢ KOMNJAEKCHBIM (a30BbIM NPOCTPAHCTBOM

Komnsekcnbiit cayuait, Kak 510 uacto 6blBaeT, npoule BelLECTBEHHOTO.
On BaxeH cam mo ce6e;, KpoMe TOTO, H3YuEHHE KOMILIEKCHOrO cayyas
NMOMOXET HaM HCCAEAOBATH BElUECTBEHHBIH.

1. Onpenenennst. Ilycts A: C*— C" — C-auueiinpit onepatop. Juned-
HotM ypasreruem *) ¢ dasoppim npoctpanctsoM C" Mbl O6yzeM Ha3blBaThb

ypaBHeHHEe i:Az, ze=C". (N

Pewenuem ¢ ypasHenuss (1) ¢ HauanbHBIM ycnosuem @(to) =2z, foe= R,
2o C", uasuiaerca otobpawmende ¢ [ — € uurepsasa / BeulecTBEHHOH
ocu ¢t B C°, ecan

d
1} pas Besikoro Tl E}P =Ag(t);

t=r1

2) toE[ u (p(t())=

*} Toanwii THTYa: cHCTeMa 7 JHuefiubIX OHOPOAHMX  AHGCPLUUNAILHLIX  YpaBHeHUT
NEPBOTO UOPAAKA € KOMIUICKCHBIMH NOCTOAHHBIMH KO3 dHHUHEHTAMH.



§ 19} YPABHEHHME C KOMIVIEKCHBIM ®A3OBBIM [TPOCTPAHCTBOM 147

Wupivi ctosamu, otoGpaxenite ¢ [ — C" nassipaercs peuresuem ypas-
newus (1), ecan mocge osemectprenns npoctpanctsa C' u onepatopa A
otobpakeHue ¢ Gyner pemeHHeM ypaBHeHHﬂ C 21-MEDHDbIM BEILECTBEHHBIM
(a30BBIM POCTPAHCTBOM 2= Az, z& R = C”

2. OcHoBHan Teopema. Cienymouuine TeopeMsl AOKA3BIBAIOTCH TOYHO TAK
He, KaK B BeLleCTBeHHOM cayuae (cm. § 15, 2, 3):

Teopema. Pewenue ¢ ypasnenun (1) ¢ nauarvnown ycarosuem g 0)=
=2y daerca opmyrot ¢ ({)=-e"'z,.

Teopewma. Becakan odnonapamerpudeckan epjnna (g' (tE R)} C-au-
HetinoLx npeobpasosanuli npocrpancrsa C" umeer sud g'=e*, 2de A: C" —

— C" — nexoropeii C-aunelinoui oneparop.

Hawa uenp Tenepb — uccsiefoBaTs H SBHO BBIMHCAHTL e,

3. Huaronanvhuit cayuaii. ITycts A: C"— C" ectb C-suueiinbii one-
parop. PaccMoTpum xapakTepUCTHYECKOE ypaBHeHHe

det |A—AE| =0. @)

Teopewma. Ecau n kopued Ay, ..., ka XQpAKTEPUCTUHECKOZO YpasHerus
nonapHo pa:mu‘tt-tbt ro C" paaxtaeaercn 8 NPAMYIO CYMMY UHBAPUAHTHOLY OT-
nocutenvno A u e oduomepnbtx nodnpocrpancre C*=C| 5~ ... 4+ Cl, npuuen
8 rcao;cdom OOHOMEPHOM UHBAPUAHTHOM nodnpocrpaucree cramen 6 C,,

* ceoduTca Kk ymuoNenuo Ha Komniexcroe aucao .

JelicTBuTeNbHO, oneparop A umeer *) n JuHEHHO He3aBUCHMBIX COB-
cTBeHHBIX npambix: C*=C| i ... 4 C}. Ha npamoii C} oneparop A pefictyer
KaK YMHOXEHHE Ha X, noaromy onepatop e* neiicryer Kak YMHOXE
HHe Ha e,

Paccmorpum Teneps mogpoGuee onHoMepHblit cayuait, =1,

4. MNpumep: auneiinoe ypasHenne, $a3oBoe NPOCTPAHCTEO KOTOPOro —
KoMnJjeKkcHana npsman. Takoe ypaBueHue MMEET BHJ

%:M zeC, ireC, t=R (3)

Mpl yme 3naeM ero pewennsa: @(fy=e 2. Ucenenyem KOMIVIEKCHYIO YHK-
uHio € BeleCTBEeHHOrO NepeMeHHOro f:

R—C.

Ecau A seuwecrsenuo, 1o ¢yukuus e pewecrsenna (puc. 120).

eAt eAt gitt

{ t ! ¢ ¢
A0 A< A=0

Puc. 120. Tpadukn dyuxumi ¢ fpH BCUWCCTBCHUILIX Al

*) D10 — eautcTBeHHOE MECTO, TI€ KOMMJIEKCHBIHA €1y4all OTMH4AETCS OT BeLIECTBEHHOLO.
[Ipuunna OonbicH CAOKNIOCTH BCLIECTBEHHOrO Ciydas — adarcOpanyeckas HEC3aMKHYTOCTb
noasa R.
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B stom cayvae a30Bblil MOTOK ypaBHeHHA (3) COCTOMT H3 pacTsKCHHE
B ¢ pas. Ecau A yucto mMuumo, A=iw, To N0 (popmysae Diiepa

eM=e™' =cos wt4isin of.

B 3tom cayuae ¢asopblii NoToK ypasueHus (3) — 310 cemeiictso {g')
noBopotoB Ha yron of {puc. 121). Hakouen, B obuiem cayuae h=o-iw

[H

1 oo AN
N

Puc. 121. dazcsas # uuterpate- Pic. 122. ®asosass o nuterpannias kpi-
Has  KPHBLIC YpaBHCHHA Z=})Z Bhbie  ypaBueuns z=2az upu A=a i,
NPH YKCTO MHHMOM A. a<<0, w>0.

! ecTb MPOW3BeLEHHE YMHOMEHHSA Ha &% W yMHOMKEHUR

¥ yMHOXenue Ha e
Ha ™' (cm. § 15,5):

oM = glatia)t _ pat | piut (4.

Takum o6pasom, npeobpasosatse g' $pasoBoro notoxa ypasHenus (3) —
3TO pacTskeHHe B e* a3 ¢ ONHOBPEMEHHLIM NOBOPOTOM Ha yroa f.

Paccmorpum tenepn ¢rasosbie kpusble, [lyctb, nanpumep, a<<0, o= 0
(puc. 122). B Takom caydae npu pocre ¢ dasoBas Touka e“'zy Gymer
npH6AHKATLCA K HAyaJy KOOPAHHAT, OGXOAS BOKPYT HEro B HanpasjieHHH
«TIPOTHB 4acoBOf cTpenku» (T. e. 0T 1 K i).

B nonsapHbIX KOOpAMHAaTax, NPH COOTBETCTBYIOLLEeM BbIGOpe Hauana
oTcuera yriaos, ¢a3oBas KpHBAA 3aAACTCH YDaBHEHHEM

k¢ a) —1
r=¢ h=—), — i
( o wim g=k” ' Inr

Takass kKpuBas HasblBaeTCH A402QPUPMU4ECKOL CRUPAALIO.

24/} x<g o>l x>0
w>] E % w<d w>0 w<
Puc. 123. Ycrohunsuie dorycul. Pite. 124, Heycroitusisuie dokycut.

[pn apyrux koMOHHALHAX 3HaKoB & H ® (a3osble KpHBBIE TaKxe
Oyayr sorapudmuyeckuMH cnupansmu (puc. 123, 124).
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Bo Bcex cayuanx (kpome A=0) Toyka z=0 sBaseTCcs eIHHCTBEHHON
HENOJABHXXHOK TOUKOH ($asoBoro nortoka (M eAHHCTBEHHOH Oco6OH TOUKOM
COOTBETCTBYIOWEro YpaBHEHHIO (3) BEKTOPHOro noJsd).

JT1a ocobasi TOYKAa Has3biBaeTcsl Pokycom (Mbl NPeANOJaraeM, 4TO
a0, 0%0). Ecmn a<<0, o @({)—~0 npu {— 4 co u dokyc Hazbl-
BaeTcs ycroduuseim, a ecid a>> 0, TO HeycTolvugbiM.

[Ipu a==0, w0 ¢a3oBble KPHUBLIE — OKPYIKHOCTH, a 0COBAA TOUKA —
HX UeHTp (pHc. 125).

BuiGepem B C' koopauuaty: z=x-iy. HccrenyeM n3aMeHeHHe BelLeCT-
BEHHOH M MHHMOH uacTeil x (f), y (¢) npu ABuKeHnH (a3oBoil ToukH. s (4)
HaXOAHM

x(ty=re* cos (p+ot), y(H)=re* sin(gp-+wl),

TAe MOCTOIKHbIE r M @ ONpPENeNsiOTCS Haya/JbHBIM Yyc/IoBHeM (puc. 126).

17
«>0 z 4 z <0
,,ea:t
z z
2 2
[ [7]
Puc. 125, Uentp. Puc. 126. BeutecTnenian wacts e Kax DYUKUKA BpEMCHH.

Takum o6pasom, npu a>> 0 koopauHathl x(f) H y(f) UCHBITHIBAIOT «rap-
MOHHYECKHe Ko/leGaHHS C YacTOTOH ® M C 3KCIAOHeHUHAJbHO HapacTaloulefl
aMmnauTynol re®», a npu a <0 — saTyxapuue KoneGaHus.

Hamenenne x uaM y €O BpeMeHeM MOXKHO 3amHCaTh TakKXe B BH/e
Ae* cos wt+ Be™ sin of, rae noctosnHbie A # B onpenejsioTcs Hauadb-
HBLIMH YCJIOBHAMH.

3ameuanne |. Hcenenosap TakuM ofpazoM ypaBHenue (3), ™Mbl
ONHOBPDEMEHHO HCC/eJOBaJiH BCce oAHOmapameTpuueckue rpynnst C-suHedl-
HbIX NpeoOpa3oBaHHil KOMMJIEKCHOH NpsiMOil.

3ameuanue 2. B To Xe BpeMsi Mbl H3YUHJAH CHCTEMY JuHeilHbIX
ypaBHeHHII Ha BellleCTBEHHOH HIOCKOCTH :

r=ax—oy, y=oxt+ay,
B KOTOpYIO MEpeXoAHT ypaBHeHHe (3) rocJ/e OBelleCTBICHHS.

M3 Teopem nm. 2, 3 u BbluHCJAeHHH M. 4 HENOCPEACTBEHHO BHITCKAET
ABHas ¢opMyna AAS pelleHHil ypasHeHus (1),

5. Caencteue. [lycto n kopreii My, ..., Ay XapaxkTepucTuseckozo ypas-
Henus (2} nonapro pasauunst. Toezda ecakoe peuenue ¢ ypasrenusa (1)
umeer sud

o)=Y cic'E (5)

k=1
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20e Tr— He 3a8uCAHiUE OT HAHQAbHOIX YCAOBUL ROCTOAHHbIE BeKTOpA,
Ch — 3QBUCAUUC - OT HAYAAbHbIY YCAOBUL KOMRAeKCHble nocTosHHbte. [Tpu
A060m goibope aTux nocroannblx opmyaa (5) daer pewenue ypasuenusn (1).

Ecnn zi, ..., 2, — nuneiinas cucrema Koopauuat B C", TO BellleCTBEH-
Has (MMM MHMMAsA) 9acTb KaXKAOH KOOPAMHATH 2z/=x;+iy; GyneT MeHsThes
CO BpeMeHeM, Kak JuHeliHas xoMGuHANUA QYHKIMA €™’ cos wyf, €™’ sin wul:

Z re. ™ cos (e, 1+ wpl) = Z A, ™ cos wul ++ By e sin wyt, (6)
k=1 k=1

rie Ai=ar~4ioy a r, ¢, A, B — BelllecTBEHHbIE NOCTOSIHHbLIE, 3aBHCSILUHE
OT HauaJbHbLIX YCJOBHM.

Ias nokasaTesbeTBa LOCTATOYHO DA3/OKHTL HAuaJbHOe YCJOBHE IO
co6eTaennomy 6asucy: @ (0) =c 1§+ ... 4 ¢,E.

§ 20. KomnjekcuMKauusi BEUIECTBEHHOTrO JIMHEHHOr0 ypaBHEHHUS

Bocnonbayemea pesyabTaTaMH HCCHEZOBAHHA KOMILICKCHOTO ypaBHe-
HHSI /1Sl H3YUYeHHS BEleCTBEHHOrO cayyad,

1. Komnaexcuduuuponannoe ypassenme. Ilyctr A: R'—> R — anneit-
HblH onepaTop, 3aAal0ilMil JHHEHHOe ypaBHeHue

x=Ax, xR, (1

Komnnexcuduxauua ypashenns (1) — 370 ypaBHeHHE ¢ KOMIJICKCHBIM
¢$a30BbIM NPOCTPAHCTBOM

2=%42, 2eC"=°R", (2)

Jlemma 1. Peuenus ypasuenun (2) ¢ KOMNAEKCHO CORPANCEHNbIMU
HAUANLHOIMU YCAOBUAMU KOMNAEKCHO CONPANCEHSL,
OdokazareanbcTBo. IlycTh @ — pemente ¢ HAYANbLHLIM YCAOBHEM
P2 @ {to)=20 (puc. 127). Torna ¢ ({))=72. Ilokamen,
urg @ — pewenne. Torga nemma 6Gyaer AokasaHa
- (BBHLY €AHHCTBEHHOCTH).
Ilpn moGom 3HaueHuu { umeem

de_d¢_c,” T, c,-
Lt Ap="A¢p="Aqg,
atar T A= Ae
YTO U Tpe6oBaJOCh AOKA3ATh.
30, 3ameuanne. Bmecto ypashenus (2) mul

MOFaK Obl B3siTh GoJsee ofliee ypaBHEHHE
Puc. 127. Komuaekeno conps-

HKCHHbIE pelwenns. é—-—F (2, f), e CR",

npaBasi 4acTb KOTOPOrO NPMHHMAET KOMIJIEKCHO COMPAMEHHble 3HaueHHs
B KOMIUIEKCHO CONpsIKEHHBIX Toukax: F (z, {)=F (2, {)
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FHanpumep, 3TOMYy YCJIOBHIO YAOBAETBOPSAET JIOGOH MHOrOYARH -OT KOOp-
AMHAT Z, BEKTOPA Z B BEILECTBCHHOM Oasuce, KO3(GUUHEHTH KOTOPOro —
BEUIECTBEHHbIE PYHKUHHU OT f.

Cuencrpue. Pewenue ypasnenus (2) ¢ 6CLIECTEEHROLIM HAUALBHOIM
ycaosuem 8eWeCTBERHO U YOOBALTBOPACT ypasHenuio (1).

6o ecan Gl @==¢ (puc. 128), To uapywanacy Gbl TeopeMma egHH-
CTBEHHOCTH.

B ciexywowes nemme JHHEHHOCT ypaBHEHUA CYLIECTBEHHA.

Jlemma 2. Qyukyua z2=¢ (f) T020a u T046K0 T0200. ABARETCA pelie-
Huesm KOMRAEKCUDUUUPOBAHnO2o ypasnenus (2), K02Od ee eeuecTBeHHan
U MHUMAR 4ACTU YOOBACTBOPSIOT UCKOOHOMY ypasrenuio (1),

HeitcTButensho, ©A (x+iy)=Ax-+iAy, N0ITOMY OBEWLECTBACHHE ypaBHe-
HUsE (2) pacnajaercs B NpPsSIMOE NPOH3BELACHHUE:

{ x=Ax, xR
y=Ay, y=R",

Ws semm | M 2 BuaHO, KaK, 3HAS KOMIUIEKCHbIE  PeWiCHHS. ypas-
HeHHS  (2), MOXKHO HAXOJAHTb BEULECTBEHHLIC  PElHeHHS ypaBue-
uusi (1), u oGpatno. B wacrsoctn, gopmysse (6) n. 5§ 19 daror senoi
8U0 pewenus 6 CAy4ae HeKparnolx KOpHel XOapaKTepucTu4eckozo ypas-
HeHUSL.

2. HnBapuaHTHbie NMOANPOCTPAHCTBA BElLECTBEHHOTO oneparopa. [lycrs
A: R"— R" — peutecrBennslii aunefinsiit onepatop. [lycTb A — ofuH w3
KOPHe#l xapaKTepHcTHueckoro ypasuenus det |A —AE| =0, BooGiwe roeops,
KOMIIeKCHbIH., QueBHaHa

JTemma 3. Ecau E=C" = R* — cobereennoii sextop oneparopa A
¢ cobereennbim snadenuem h, 1o § — cobersennsili sexrop ¢ coGcTsenmoim

snauenuem N. Kparwnocru cobereennsix uuces h u & cosnadaior.

HeficTBHTENbHO, NOCKOBLKY ©A = °A, ypaBHenue “AE= A% SKBHBANCHTHO
CAE=3% u XapaKTePHCTHYECKOe YPaBHEHHE WMEET BeWeCTBeHHbIE KOIDdH-
LLUEHTEL.

n
L=< "/
Puc. 128, Peuwenue ¢ BOmeCTBCHNLIM HAYANLHLIM  yeI0- Pre. 129, Co6eTpetnibie 4ucA2  BelLOCTBeH-
BHEM HE MOMET [PHHHUMATb KOMMJCKCHBIX 3HAYCHHIT. Horo oneparopa.
[lpednonroxcum teneps, 4To. cOGCTBEHHbIE wucAq A, ..., MeC onepa-

ropa A: R*— R" nonapno pasauunse (puc. 129). Cpesu HEX HMeeTcH
HEKOTOpOE YHCJ/IO V BeLUECTBEHHBIX COOCTBEHHBIX YHCEJ H HEKOTOPOE UHCJIO. i
KOMIIEKCHO CONpsiKEHHbIX nap (opudeM v-+2u=n, Tak uTO UYETHOCTb
YHC/Id BELLECTBEHHLIX COOCTBEHHBIX YUCE] PaBHA 4eTHOCTH n). Jlerko noka-
3blBAETCA
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Teopewma. [Tpocrpancreo R" pacnadaerca e npamyto cymmy v uxsa-
PUAHTHOLX OTHOCUTEABHO A OCHOMEPHbIX U B UHBAPUAHTHOLX OTHOCUTEALHO A
dsymepHblX nOONPOCTPAHCTS.

JefcTBHTeIbHO, BeLIECTBEHHOMY COGCTBEHHOMY UHMCAYy OTBeuaeT Be-
UIECTBEHHbIA COGCTBEHHLI BEKTOP H, 3HAYHT, ORHOMEPHOE HHBApHAHTHOE
noanpoctpanctso B R",

IMycts A, A — 0aHa M3 Nap KOMILIEKCHO CONPSIKEHHBIX COBCTBEHHBIX
gncen. CobCTBEHHOMY uHeNy A oTBeuaeT coGCTBeHHbI BekTop Ee= C"=CR"
KOMIIEKCHHIHPOBAHHOTO onepaTopa CA.

ConpsiskeHHBIH BEKTOp E N0 JeMMe 3 TaKiKe sB/seTcst COGCTBEHHLIM,
¢ COGCTBEHHLIM 3HAYCHHEM A.

Komniekchas naockocts €%, maTsnyTan Ha co6CTBEeHHLIC BeKTOpu E, E
HHBapHaHTHA OTHOCHTEJDbHO oneparopa CA‘ BeLLLECTBeHHOE noAnpocCTpaH-
ctBo R'cCR* takxke unsapnantio. [losToMy uX mepeceueHiue Takske

WHBADMAHTHO OTHOCHTeAbHO CA. [lokaxewm,

_rp\zg YTO 3TO MepecedyeHHe sBJAACTCA JBYyMEpHON
| G BellecTBeHHONH naockoctbio R?  (puc. 130).
<« ol JeficTBHTEIBHO, PacCMOTPHM BEUICCTBCII-
R” < \l HYI0O H MHHMYIO 4acTH co6CTBeHHOrO BekTopa &
~ i
-~ —
NE I S p Do o o
x=5(8+y=R, y=c(¢-Y=R"
Puc. 130. BeutecTBesnanm uacTL Komn-
aekcioro  cobersennoro sektopa mpi-  Bynyuy  C-JiHHEeHHBIMH  KOMOHHAUHAMH BCK-
HAINEKHT HHBApHaNTHOH BCUICCTBCH - i —
KO NAOCKOCTH. TOpOB E H §, BEKTOPLI X H y npHHagaexaT

nepeceuenmio CI\R". Bextopst x u y C-u-
HeHHO HE3aBHCHMLI, TaK Kax 4epe3 HHX JHHeHHO BupaxawTcs C-HesapHcH-
mble Bektoph E, E:

E=x+4iy, E:x-[y.

Urak, kaxabli BekTop naockocT# C? ONHO3IHAYHO 3aMHCLIBACTCA B BHIC
KOoMIeKcHOil anHeAHOR KoMOiHaAUHK BCLIECTBEHHLIX BEKTOPOB X H 4!

n=ax+by, a=C, beC.

Taxoit BekTop BeulecTBen (n=71), e€CcaM H TOMBKO €CaH ax-by=ax-+ by,
T. e. a u b Bewecrsennsl. Hrak, nepecewenue CEN\R* — 310 dsymepuan
sewectocnrnan naockocts RP, natanyras ua eextopel x uw y sewectsen-
HOti 1 MHumold wacred cobcrgennozo gexkropa E.

CoGetBennsle uncsa cywenust onepatopa A na miockocts R? — 310
Aua

HeificTautebHO, KoMmJIeKCHGHKAUHA He MeHsieT cOGCTBEHHBIX uuceds.
Mocse xomnaekeuduxkauun cywxeuna A ua R? noayuntes cywenne €A
Ha C% Ho niockocts C? HaTAHyTa Ha COGCTBEHHLIC BEKTOPLI onepatopa A
¢ coGeTBenibiMi uieaamit A, h. Mrak, co6ctaenubie uncia A|R? cyts A u A.

OcraeTca nokasaTb, 4TO HOCTPOEHHbIC OJHOMEpHbIE H AByMepHLIE HHBa-
pHauTHble noanpocrpancTea npoctpatcrea R* R-nnueiino uesasucumsl 310
cpasy cjelyeT H3 TOro, uTO n cOGCTBEHHbIX BEKTOPOB onepatopa CA



§ 20] KOMITVIEKCHOHKALIMSA BELIMECTBEHHOIO JIHHEAHOIO YPABHEHHS 153

C-nuHefiHO He3aBHCHMBl M JHHe{iHO BBIPAXKAIOTCA Yepe3 Hally BEKTOPHl &
(=1, ., v)n x, g (k=1, ..., pn).

Teopema nokasasa.

Taxkum ofpasoMm, 8 cayuae, koeda ace COGCTBEHHble HuUCAQ oneparo-
pa A: R* - R" npocrote, auneiinoe duppepenyuarsnoe ypasnenue x=Ax,
x= R, pacnadaerca 8 npamoe npouseedenue ypasuenuii ¢ odHomeproMU U
dsymepHbimMl Ha308biMU NPOCTPAHCTEAMU.

3ameTHM, 4TO MHOrowsen oOWIEr0o BHAA KPAaTHBIX Koplel He HMeeT.
Hrak, ana uccnenoBanua JHHEHHBIX An¢depeHUnanbHbIX ypaBHEHUR Heo6-
XOJAHMO MNPEKAE BCEro PacCMOTPeTb JHHeilHble ypaBHeHHS Ha npsaAmofi (uTo
Mbl y2Ke H CHeJIaJH) H Ha IVIOCKOCTH.

3. Jluueitinoe ypasHeHHEe HA MJIOCKOCTH.

Teopema. [Tycte A: R*—>R®— quneiinoui oneparop ¢ mesewjecraen-
HOLMU COBCTBEHHOIMI wuCAaMU A, k.

o2da A npedcragaser coboii ogewecrerenue oneparopa A: C'— C!
YMHOMCCHUS HO KOMNACKCHOE HUCAO A.

Tounee, naockocts R? MO)KHO cnaGnmb CTPYKTYPOH KOMIJIEKCHOH npsi-
moit C', tak uto R*=FC' 4 A=

Hokasar &b CTBO — HECKONLKO  TAaWHCTBENHAA  BHKIAAKA *).
MNycts x4iyes® R‘—KOMHJICKCHHH cOBCTBEHHLIT BeKTOp onepatopa CA
C COOGCTBEHHbIM 3HAYEHHEM A== a-{-tm Bekropnl x u y o6pasyior 6asuc
B R’. Hwmeem, ¢ oanoii ctoponss,

€A (x+ig)=(a+io)(x+iy)=ax— wy+i (ox +ay)

u, ¢ apyroii, ¢A (x+zy)—Ax+z/ly, oTkyna Ax=ax— oy, Ay=uwx-+|ay, T. €.
onepatop A: R®*— R’ B 6asuce x, y nmeer Ty xe MaTpHLy
[« 2 V]
(——m a )
4yTo onepaTop “A YMHOXKeHHA HAa A=a-+i{w B Ga3uce 1, —i. Hrak, Hcko-
Mas KoMIJeKCHas cTpykTypa na R® nosyuutes, ecam mpuHATL X 3a |
Hy3a —i

Cnencrteue. [Tycte A: R*—> R? — auneinoe npeobpasosanue eg-
KAUOOBOU NAOCKOCTU € HEBCU{ECTBeHHBIMU COOCTBEHHOIMU HUCAQMU A, A.
Toeda npeobpascsanue A apgunno sxeusarentrno pactaxenwo 8 |Al pas
€ nogopoTom Ha Yzoa arg A.

Chnencraue 2 dasosoul notok auneinozo ypasnenusa (1) na esxau-
dogoti naockoctu RP ¢ nesewjecreennoiny coboraennoimy quciamu h, k=
=i apPuUHHO IKBUBALEHTEH CemelicTay pacmo/ceuuu 8 €* pas ¢ oduo-
GPCMEHHLIM BPALYCHUEM HA Y204 of.

B uactHoctH, ocoGas Touka O sapaserca dokycosm, a (HazoBLle KpH-
Bbie — adduunbiMi o6paszamH JorapHGMHUECKHX cnHpadch, npubanKaio-

*) Buiknaaky MOXKHO 3aMCHHTH CACAyOWM paccyxaenncM. [lycTb A= o -io. Onpeae-
sum onepatop /i R — R’ yeaosuem A=oE+wl. Takoil onepatop / cyuiecTyer, Tak Kak
w0 no ycaoenio. Toraa /*= — E, Tak kak oncpatop A yaosaeTsopsieT CBOEMY XapaKTepuCTH-
deckomy ypasucnuio. Ilpunuman [ 3a ymuomenue ua i, nosyuaem B R’ nyXKHYIO KOMIICKCHYIO
CTPYKTYPY.
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WHXCA K HaudajJy KoopauHar npu [-—> -~ oo B cayuyae, KOraa BeULECTBCH-

Hasg 4actb o COOCTBEHHBIX uHCCA XA, A OTpPHUATC/ABHA, H YAAJSIOUIMXCA
B caydae, Koraa o> 0 (puc. 131).

Puc. 131. Adbdunnuii o6pas snorapudmuueckoit cnupanu. Puc. 132, Daavnrdueckuit n0sopor.

B cayuae o=0 (puc. 132) ¢a3oBble KpHBbLIE — CEMCHCTBO KOHLEH-
TPHUUYECKHX I/JHICOB, a 0cofas TouKa — HX yeurp. B astom cayuae
npeo6paszoBaHns  (PA30BOTO MOTOKA HA3BIBAIOTCH  JAAUNTUHECKUMU  HO-
soporamu,

4. Kaaccnpukauus ocodbix Touek Ha maockoctu. [lycte Tenepn
x=Ax, x=R), A: R*—R?

— NPOH3BOJLHOE JIHHEHHOe ypaBHeHHe Ha MAOCKOCTH, IlycThb KOpHEH Ai, Ap
XapaKTEPUCTHUYECKOrO ypaBHEHH pas/HuHbl. Eciu OHH BeuwlecTBEHHBI H

<k
SRSy

Ap<AL<O A=A, <0 A<O<A,

Puc. 133, YctoAuusuie yasul Puc. 134. Ceano.

A <<hy, TO ypaBHenue pacnajaeTcfi Ha ABA OLHOMEDHLIX H Mbl HOJydaeM
OLMH M3 CJiyuaes, yxe uayqenHblx B ra. | (puc. 133, 134, 135).

3jech mponylieHbl ROrpaHHYHble CJAy4aH, KOrAa Ar WAM Ay pasuo 0.
Onu npeacTaBAAOT FOPA3AO MEHBIIMA MHTEPEC, TaK KAK BCTPEYAIOTCH
PeAKO H HEe COXPAHAIOTCA MPH CKOJIb YrOAHO MaJoM Boamyilenud. Hccse-
JOBaHHEe WX HUKAKHX TPYAHOCTEH HE MpeacTaB/sier.

Ec/in e KOpHH KOMMIEKCHBI, Ay, 2= 0t =+ (@, TO B 3@BUCHMOCTH OT 3HaKa o
MOKET NOJYUHTCA OAMH H3 CJayuyaes, NpeicTaBAeHHBIX Ha puc. 136, 137, 138,

Cayuail neHTpa SIBAACTCA HCKAIOUUTENbLHBIM, HO OH BCTPEYAETCHA, HAMPH-
Mep, B KoHcepBaTHBHbIX cHcTemax (cm. § 12). Cayuam kpartusiX KopHeit
TaKXe SIBASIOTCH HCRJIIOUHTeNbHBIMH. YHTaTteno mnpegocrasisieTcsi mpose-
pUTb, UYTO KOPAAHOBOH KJIETKE COOTBETCTBYET cJyuai, H3o6paKeHHHLIH Ha
puc. 133 (M =»h2<<C0; Tak HaswiBaembili BLIPOXKACHILIH yaes).
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5. Mpumep: mastHuk c Tpennem. [IpumMeHHM Bce cKasawnoe K ypas-
HCHHIO Malbix KOJeOaHHA MaATHHKA ¢ TpeHHemM x= —x—kx (k — Koad-
¢unmnent Tpennus). CoCcTaBUM IKBHBANEHTHYIO CHCTEMY:

Xi=4xs,  Xo== — x| — kX
Hccacnyem xapakrepucThueckoe ypaBHeHMe. Martpuua cucremsl
/0 1 )
(=1 —¢

HMeeT onpegeantesb | u caex —k. KopHH xapakTepHCTHYeCKOro ypas-

( A’J w<p x=0
—e Q) R —

@

Puc. 135. Heyerofiunputit Puc. 136. Yetohuushic GoKyCEL. Puc. 137. Uenrpb.
yaen.

a>0 Aop=x

N

Puc. 138. Heycroiiunssie dbokychl. Puc. 139. <aszopan niOCKOCTL MaATHHKA
€ ManbiM TpeHueM.

neuuss AZ4EA41=0 xoMmnsiekcHm npu k| <<2, T. e. NpH He CJHILIKOM
6OnbUIOM TPeHHH *).

BellecTBeHHass uyacTb KaXAOr0 H3 KOMIWIEKCHBIX KOpHeH Ay o=o +in
paBia —k/2. ViHbiMH CI0BAMH, ApU NOAOHUTEALHOM HE CAUWKOM 00A6-
wom rosdguyuenre rpenus (0<<hk<<2) numuee nosoxenue pasnogecus
maarnuka (x)=x,=0) 6yder ycroiduusoim pokycon.

fpu k& — 0 ¢oxyc npespawaercs B LEHTP; 4€M MeHblue KO3PPUIHEHT
TPEHHS, TeM MeJJeHHee (Ha3oBasi TOUKA NPHOIHIKACTCH K MOJIOXKEHHIO paB-
nosecusi npu { - 4 oo (puc. 139). SIBHble Gopmyabl 415 H3IMEHEHHS X, =X
CO BpEMeHeM noaydarTca M3 caeacteua 2 n. 3 U ¢opmya n. 4 § 19:

x(fy=re* cos (¢ — wf)=Ae™ cos ol + Be* sin wf,

rae xosbduunentsl r v ¢ {(uan A n B) onpenensioTcsi M3 HAYAJbHBIX
YCJIOBHI.

*) Cayuail BelecTBeHHBIX KopHedl paccmorpen B § 17, n. 2.
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Hrax, Koneéamm MasITHHK: Oy AyT 3aTyXaloWHMH, ¢ CPCMEHHON aMnaH-
Tynod re* u ¢ nepuojom 2n/w. Hem Goabluc KOS (HILICUT TpCHHSI, TeM
Guictpee ymenblaercs ammantyia *). Yactora w=+/1 — k’/4 ymenpwacr-
el ¢ ypeauueHueM  Kod(gpHiH-
cuta tpeunsa k. Ilpu & —2 ua-
crota crpemuTess Kk 0, a ne-

puost — K oo (puc. [40). Ilpu
2

k
MaJblx R (u~1——8- (k- 0), Tax

UTO TPCHHC YBCJAHUHBACT MICPHOJ
OucHb HC3HAUYHTCIIbHO, H ero
BJAHSAAHHCM Ha 4acTOTy BO MHOrHX
pacHeTax MOXKHO npeuereraTb.

3anauwa 1. Hapucopats ¢a-
30BbI€  KpHBbIE HL‘JIH)_!CEIPHSOBEIHHOFQ
MasITHHKA C TPEHHCM, X = —sin x — kx
(puc. 141).

¥ kasanne Cocuuraiite npo-
. HSBOAHYIO nosHoH 3HEPIrHH BAOJDb ¢)a-
z Z 30B0i1 Kpl!BOH

6. OGuwee pewenune auneiino-
ro ypapHeHHWsi B cayyac npo-
CTbiX KOPHed XxapakTepucTHue-
//‘ z g CKOro ypasHeHHs.. Mbi yie 3naem,

YTO BCSIKOE pelUeHHe ( KOM-
MIEKCHPHUHPOBAHHOrO YPABHCHHA
ABJsIeTCA  JIMHelHoR  KomOHiua-
uuedt sxcnoHeHt (cm. § 19, 5):
"

DT

Puc. 140. [lepexoa or aaryxalownx koaeGaumit Kk he-

KONCOATCALHOMY ABHXCHHIO ManTiiKa: (azopbie KpHbbie at

# rpaduki pewenkit npu Tpex anauennsx koadprumenta (P(t)= Z cpe* gk,
TPeHHA,

k=1
rae & -— Kako#-HHOYAb cOGCTBEHHbIH BEKTOP € COGCTBCHHLIM 3HAUEGHHEM Ay
Beibepesm cobereennvie 8eKTopol ¢ 8euiecT8EHHLIMU COOCTBEHHbIMU 3HANE-

Puc. 141. MMocae HECKOJLKHX OGOPOTOB MANTHHK HAUMHACT Ka-
HATLCH BO3AC HIAHCTO TOJ0KCHHA PABHOBECHS.

HUAMU BEULECTBEHHbIMU, A € KOMNACKCHO CONPANCCHHBIMU — KOMHACKCHO
CONPANCCHHBIMU.

*) M Bce xe npu 106oM 3HauenHH k<2 MaATHHK AeAaCT OCCKOHEYHOE KOJHUECTBO
pasmaxoB. Ecau xe k> 2, MasiTHHK MeHA€T Hanpas/eHHe ABIIKEHHA He Godee OANONQ pasa.
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Mbr yxe 3HaeM, 4TO DelieHHA BELICCTBCHHOTO YPaBHEHHA — 3TO pelle-
HHSl €r0 KOMIUJeKCHMPHKAaUMH C BeILEeCTBCHHLIMH HAUAJbHLIMH YCJOBHSIMH.
Uro6nl Bektop ¢ (0) Gbla BeilecTBeHHbIM, HEOOXOAHMO H AOCTATOUYHO, 4YTOGH!

n n

L o= ). GE

k=1 k=1

Ona atoro xoaguuyuentor npu KOMNAEKCHO CONPSANLEHHbIX BEKTOPAX
G0N%CHbL BbiTO KOMNACKCHO CONPANCEHHBIMU, G NPU 8EULECTBEHHOLY — BEULECT-
BEHHLLMU.

3aMeTHM, 4TO N KOMIIEKCHBIX MOCTOSIHHBIX Cp (HIPH (PUKCHPOBAHHOM
BbI6Ope COGCTBeHHLIX BEKTOPOB) ONpefesiloTCS! pelleHHeM KOMIJIEKCHOr o
ypaBHeHHs opHo3Hauuo. Mrak, nokasaua

Teopewma. Kamdoe peutenue sewiecT8eHHo20 Yypasr HUA €OUHCTBEH-
Ho obpasom (npu uxcupogsanHom evibope COGCTBEHHBIX 8CKTOPO8) 3anu-
coigaercs 8 sude

v+tu

¢ ()= Z ape "Ek—l— Z cre’ slz—*—CkE‘ kgk, (n

k=1 ke=v+1

20e a, — BeeCTBeHHbIE, O C;p — KOMNACKCHbIE NOCTOSAHHOLE.
Qopmyna (1) uHaszviBaercs obujum pewenuenm ypaBHeHusi, Ee MOXKHO
nepemnHcatbh B BHIe
v v
e()= ) aw™G-+2Re ) e
k=1

k=v-+1

3aMernM, uTo ofllee pelieHHe 3aBUCHT OT V-4 2u=n BeILECTBCHHLIX MO-
CTOAHHBIX @i, Recy, Imc; 3TH noctosHHbe OAHO3HAUHO ONpeAeNsAloTCA
Ha4yaJbHLIMH YCJOBHSIMH.

CaencrBue l. [Tycre @=(¢i, ..., Pn) — pewenue cucTemv. n Auxed-
HOLX 8eueCTBeHHbIX OudpeperyuarbHblx YpasHeHull nepeoeo nopadka ¢ ma-
rpuyetli A. TTycTo 8Ce KOPpHU XQPAKTEPUCTUHECKO2O YypasHexus marpuyol A
npocrete. Tozda kamcdas uz (Gyukyult @n ABAP TCA AuHelHOU KOMOUHA-
yued Gyakyui e u ™' cos wil, €™ sin wil, ede M — BewjecTaennvie, a
O = iwr — KOMNAEKCHBIC KOPHU XAPAKTEPUCTUHECKO20 YPABHEHUA.

HJdokazateascrtso. Pasnoxum obuiee pewenne (1) no koopauuar-
HOMY 6asHCy: =€+ ... + @, YuurbiBas, uro % =0 = %! (cos @yt 4=
—+isin wxf), noayuHm Tpebyemoe.

[lpu npakTHUECKOM peLIeHHH JHHeHHBIX CHCTEM MOXKHO, Halas coGCTBCH-
Hble UuHCJa, HCKaTb pELICHHS B BHAC JMHCHHOH kKOMOHHAUHH (YHKUKI
e, e™'cos ot M e™'sin wif MeToaoM HeompeaeaeHHBIX KO3(BdULHEHTOB.

Canencraue 2. [lycro A— sewjectaennasn keadparnas narpuya, coos
cTBennble yucaa Koropoi npocrol. Toeda kancdoii us 3aementos marpuyor €t
ecto aunelinan Kombunayus ynkyui e, e cos wil, €™ sin wut, ede hy —
BeWEeCTBEHMbIE, Q Op-Eiws — KOMNACKCHbIE KOPHU XAPAKTEPUCTUHECKO2O
ypasreHus.
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HoxasatTeabcTso. Kamasii cronben marpuun e® cocrasaen us
KoopAHHaT ofpasa 6a3nCHOro BEeKTOpa INOA AefcTBHEM (HA30BOTO MOTOKA
cucTeMb! auddepeHHANbHEIX YpaBHe Rl ¢ Matpuuei A,

3ameuanue Bce ckasanuoe Bbllle HENOCPEACTBEHHO MEPEHOCHTCA
Ha ypaBHEHHS] H CHCTEMbl YpaBHEHHH mopsiaka Bbliie |, Tak Kak oHM CBO-
AATCH K cHCTeMaM nepsoro nopsigka (cm. § 8).

3anaua |. Halitu Bece BewecTsenubie pewenda ypabuenasi x'V 4 4x==0,

g, x =0

§ 21, Knaccnprkauns o0coGbIX TOUEK AUHEHHBIX CHCTEM

Boiule Mbl BHZead, uTO B ofuweM cjaydae (KOraa y XapaxkTepucTHue-
CKOro ypaBHeHHS HeT KPaTHbIX KODHell) BelleCTBeHHAst JuHelHas cHcTema
pacrnajgaeTca B MPAMOE IPOU3BeJeHHE OJHOMEPHBIX M AByMepHbIX. [lockouab-
Ky OZHOMEpHble M ABYMEepHble CHCTEMbl Mbl YXK€ H3YYU/IH, MBI MOMeM
Tenepb McC/IeJ0BaTh MHOrOMEPHBIE CUCTEMBI.

I. Mpumep: ocoGbie TOUKK B TPEXMEPHOM NPOCTpPaHCTBe., XapaKTepH-
CTHUECKOe YpaBHEHHe — BelUeCTBEHHOe KyOHuueckoe. BeniectBeHHoe KyOu-
geckoe ypaBHEHHE MOXET HMeTb TPH BelEeCTBEHHbIX KODHA JH0O OAHH

BEILECTBEHHbIH U ABA KOMILIEKC-
,)_._._.__g___ ,9_5_,_._,__ HbiX. B 3aBHcuMocTd oOT pac-
MOJIOXKEHHA 3THX KOpHeH Xj, Ao,

2 g 2/ g A3 Ha MJOCKOCTH KOMIICKCHOTO
_.__._..._0_.. - Y ——
fIePEMEHHOr0 A BO3MOXKHO MHOTO

Pa3HbIX C/Iy4aes.
‘_I_‘—O— ‘0'—"—1_' O6paTHM BHHMAaHHE Ha 0O
PANOK M 3HAKM BeLIECTBEeHH'
4)"——}——0—‘ 47—0—-{—-’-—' yacTell. Bosmoxunl 10 «rpy6bix»
cnyqae  (puc. 142y u pag
5)_}_3_‘ 59,_3__{_ «BbIDOXKAEHHBIX» CJay4aeB (cM.,
nanpumep, puc. 143), xoraa Be-

Puc. 142. Co6crsenusie YMCIa BEULRCTBEHHOTO Oflepa- meCTB?HHaﬂ HacTh  OAHOro 3
topa A: R — R. [py6uie cayuan. KODHEH paBHa HYJIO WJIH BeLleCT-

BEHHOH 4acTH He CONpsiKeH-
HOTO C HUM KODHsSt (MbI HE paccMaTpuBaeM cedvac CIy4aH KPaTHBIX KOpHeit),

Hceneposanue noseaetdsi (pasoBHX KPUBBIX B KaXIOM H3 3THX CAydaes
HE NpeacTaBaseT TPyLa.

0 1/ 17 a
&) 7 8 g)-o—o—o
Puc. {43, Hekoropble BLIPOMICHHbIE CAYHAH.
Yuutbisasi, uto e (ReA<<0) mpu - 4 oo crpemurca K 0, u Tem

GoicTpee, yeM MeHbiue Re A, Mbl nonyuaem usoGpamenusie Ha puc. 144—148
thasoBbie KpHBblE:

@ ()=Re (cie"g + o8 + cse™'Es).
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N/

AR, 05
———0-——
Pune. 144, dasopoe npocTpancTso akHeliHoro ypas- Puc. 145, Cayuali A <A <<0<<1;. CxaTue no AByM
HeHHA B caydae Ay <<ha<CA;<C0. Pazosuii noTok — HANpPaBACHUAM, PACTIKCHME — O TPETLCMY,

CYHATHE M0 TPCM HANIPaBACHHAM,

Puc. 146. Cayuaft Reh) 2<<A3<<0. Cxartie no Ha- Puc. 147. Cayuaih Ay<<Rch,2<c0. Cxartne no wua-
npasaeddio §, bBpaulckue ¢ Goace GbiCTpuiM  CXKa- npasicHHio &y, Bpawenne € ‘6oaee MCAICHHLIM CXKa-
THeM B naockoetd (B, Eo). THEM B RaockoctH (1, &)

Puc. 148. Cayuali Reh) 2<<O<CA;. Pacraxcnue no nanpapicnuio §;, BPalleiBe €O CHMATHEM B [LIOCKO-

ot (Bi, %)

Cayuau 17)—5") noayualoTcsl H3 caydyaes 1) —>5) u3meueHuem Hanpas-
Jenust ocH ¢, Tak 4to Ha puc. 144—148 Hano JMWDb 33MEHHTL BCE CTPEJIKH
NPOTHBOTIOAO KHBIMH.

3apauva . Hapucosars dasonule Kpuskic B cayuaax 6), 7), 8), 9) puc. 143.
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2. Jluueiinan, auddepenuupyeMast ¥ TONOAOTHUECKAA IKBUBANEHTHOCTD.
Besikasi xnaccuukauus oCHOBLIBAETCA HA KaKOM-HHOYIb OTHOIIEHHH 3KBH-
BajeHTHOCTH. CymiecTBylOT N0 KpaiiHell Mepe TpH pasyMHLIX OTHOLICHHS
SKBHBAJCHTHOCTH AJS1 JHHCHHBIX CHCTEM; OHH COOTBETCTBYIOT aJjrcpauue-

cxoMy, AH(QCPeHUUPYEMOMY H TONONOrHUECKOMY

NOJAXOAAM.
f//f'.‘.z' Iyers {['}, {g'}; R*"—~R" — pasossle noTokH.
Onpenenenne. [Totoxn {J'} u {g'} aksusa-
AGHTHOL *), €CJH CYLLeCTBYeT B3aHMHO OAHO3HAY-
&/I Hoe otobpaxenue f: R” - R", nepesoasimee no-
Tok {f'} B motok {g'}, Taxk uto hof'=g'oh pan

o« e wboro (=R e, 149). Mbl MoxeM €Ka3aTh,
Yeprty (p )

¢ !
Y=l g yto notok {f'} mpespawaerca B {g'} npu 3amene
S KoOpAauHat h.
IIpu 31TOM NOTOKH HaswIBAlOTCA:

Puc. 149. Sxsnpancithsie 1) auneiino sxeusarentnoimu, ecam- cyuecrt-

ByeT Takoe oroGpaxeune h: R" — R* sapasoue-
ecl aunetinolm usomoppusmon, he GL (R");

2) Ouppepenyupyemo 3x8usANCHTHbIMU, €CAH CYWeCTBYET Takoe OTO-
Gpaxenne hi: R — R", apasioweeca duppeosmoppusmon;

3) TOROAGZUMECKU IKEUBAAEHTHBLMU, €CIH CYLLECTBYeT TakKoe OToGpaike-
Hue h: R"— R", spisioweecs comeomopduamom, T. e. B3aHMHO OJHO3HAY-
HBIM M B3aHMHO HENPEPLIBHBIM OTOGpPA’KEHHEM.

3anaua I. okaxure, uto H3 JuHe{HOH SKBHBAIEHTHOCTH BhITEKaeT
Anddepenunpyeman, a U3 auddepeHuupye Mot — TONOJAOrHUECKAS,

3ameTnM, uTO OTOOpakeHHe A NnepeBOAHT (a3oBble KpHBbie notoka (f)
B ¢asoBrle KpHBble HoTOKa {g').

3anaua 2. Beskuit an nuueiinptit asromopousm heGL (R'), nepe-
BOAAuMi (asosbie KpuBble noToka ([} B (asoBble Kpuesie notoxka (gf),
OCYWeCTBAACT JHHEHHYIO IKBHBAJEHTHOCTb MOTOKOB?

Orser. Her.

Ykaszanune. Paccmorpers n=1, fix=e'x, glx=e%rx.

3anaua 3. [lokazats, YTO OTHOIUEHHS JAHHEHHO, nuddpepenunpye-
MOH M TONOJOTHYECKOH SKBHBANEHTHOCTH SABAAIOTCA HACTOALLMMH OTHOLIE-
HHAMH KBHBAJEHTHOCTH, T. €.

f~F  (~g)={g~D. (F~g g~k)=([~k).

B uacTHocTH, BCe CKa3aHHOE NMPHMEHHMO K (pa30BLIM NMOTOKAM JHRefHbIX
cucrem. Hasa kpartkocTH Mol GyaeM rOBOPHTL 00 3KBHBAJNEHTHOCTH CaMHX
CHCTEM.

Hrak, Bce sunefinble cucTeMbl ML TPCMSA cnocoGaMu pazbuUAUM HA Kaaccol
IKBHBANEHTHOCTH (snHelno#, nuddepenuupyemod, Tonojoruueckoii). Hay-
4HM 3TH KJaccel nojpoobhee.

*) Bpenennoe 3jech OTHOWICHHE 3SKBHBAJEHTHOCTH HA3LIBAIOT TaKxke CONPANKEHHOCTbIO
u nodobuen.
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3. Jluneitnaa xaaccnduxauus.
Teopewma. ITycro A, B: R" > R" — auneiinote oneparopsi, éce cober-
8eHHbLle HuCAq KoTOpolx npoctel. Toeda cucrembi

x=Ax, x=R" u y=By, y=R"

AUHELIHO 3KBUBAAEHTHOL To20A I TOALKO T020d, Koeda COGCTBEHHbIE Hucaq
oneparopos A u B cosnadaior.

Hokasateabctso. Odas Jaunciiuol 3KBHBAJEHTHOCTH JMHHENHHLIX
cHCTEM HeoGXoguMO M gocTaTouno, utobut B=HhAh~' npu HekoTOpPOM

heGL (R”) (puc. 150) (u60 y=hx=hAx=~hAh"'y). Co6cTBeHHbIe UHCIA
onepatopos A u hAh™' cosnapaior.

(3mech mpoctoTa COGCTBEHHBLIX YHCE] ‘ /h\
HECYLIeCTBERHA. )

O6paTio, nycTb COGCTBEHHBIE UHC- 1 °
aa A npocrble W coBnagawT ¢ cob-
cTBeHHbIMH uucsamu B. Torpa A

B pasnaralorcs B npsiMble  npoH3-
BEACHHS ORUHAKOBBIX (JHHEHHO 3KBH-

BAJIEHTHLIX) OMHOMEPHLIX M JABYMepHHIX cHcTeM corjaacHo § 20; nostomy
OHH JHHEHHO IKBHBAJEHTHBI.

Pirc. 150. Jhintefino 5KBHEAICHTHLIC CHCTEMU,

3anaua 1. [lokaxute, 4TO CHCTCMBl X=X, X2=X; H X;=X|+ X3, X=Xz JUHEHO
HE 3KBI{BAJCHTHB, XOTH HX COGCTBCHHME HHCAA H OXHHAKOBHL.

4. Nuddepenunpyeman knaccudgukauusa. Quepuana
Teopewma. Jsee aunednsie cucremot

x=Ax, x==Bx, xe&R",

Bugppepenyupyeno IKsusarenTHbL To2da U TOAbKO TO20A, K023 OHU AuHed-
HO 3KB8UBAAEHTHUL *),

Hoxasateascrso. Ilyere h: R — R® — nupdeomopdusM, nepepofsuinii  ¢asosuit
moTok cucremst A B ¢asonsil notok cucremsl B. Toyka x—=0 wnenoasnxna a1a ¢asosoro
motoka cucremnt A. [lostoMy A nepesoaut O B OAHY H3 HEMOABHXHLIX TOMEK € NOTOKA
cucremst B, tax 4ro Be=0. duddeomopdusm d: R” — R" capura ua ¢ (dx=x—c) nepesonur
dbazonuit notoxk B B ceba: ((x—cj=x=Bx=B (x—c)). Mudpdeomoppuam h =doh: R*—+R"
nepeBoaHT notok A B notok B u ocrasaser 0 ua mecre: h (0)=0.

05,03"3in ygpes H: R*— R" npoussonnyio andoeomopduama hy 8 0. Huddeomop-
duamel hee’ ==e ofy coBnajaor npu Jqobux f. [lostomy npu nmobom ¢ cOBNAA3T M HX
npou3soAHble npit x=20:

Her'=eP'H,

HTO # Tpedosanocu AOKa3aTh.

§ 22. Tononoruueckan KaaccuHkanns ocoObIX ToOUEK

PaccmoTpHM 1Be AxHeHHbie CHCTeMb:

x=Ax, x=Bx, xR,

*) He caenyer aymath, oaHako, u4To BCsKHH auddeomopduM, YCTAHABAHBAWUIHA HX
SKBHBRAEHTHOCTD, Juneen. [IpuMep: A=B=0.
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H TPeANnoJIOXHM, YTO BCLIECTBEHHbIE YAaCTH BCEX HX COBCTBEHHLIX YHcen
otanunbl o1 0. OG03HAUMM uepes m_ UHCNO COGCTBEHHBIX UHCEN C OTPH-
UaTeNbHOH BELIECTBEHHOH YacTblo M uYepes M4  YHCAO0 COGCTBEHHBIX
HHCeJN € MOJOXKHTENbHOH BEUeCTBEHHOH YacTblo, Tak 4TO m. --my =n.

1. Teopema. [as TOHOAOZUHECKOU JKBUBAAGHTHOCTU O8YX AUHCIHbIX
CUCTEM, He UMEIOUUX COOCTBEHHbIX HUCEA ¢ HYAEBOL BeUleCT8EeHHOL HacTbio,
Heo6x00uno u 00CTaToHHO, HTODLL KOAURECTEO COGCTEEHHBLY HUCEA € OTPU-
HareabHOU (nOAONHUTEALHOL) 6elyecT8eHHOl 1acToIo 8 Tolk u 8 Opyeol
cucreme 66ia0 OOUHAKOBO:

mo(A)=m_(B), my(A)=m (B).

Dta Teopema yTBepKJacT, HANPHMEP, UTO YCTOHUHBLIE Y3Jbl U (hOKYCHI
(puc. 151) Tononornueckn skBHBa/MeHTHB ADYr ADYTY (m_ =2), HO He 3KBH-
BaJEHTHBI Ceany (mo=mgs=1)

WS oy
N AN

Puc. 151, Tononoruueckn SKBHBAJEHTHHIE H HEIKBHBANEHTHLIE CHCTEMDL.

HO}IOGHO HHICKCY HHEPUUH HQBblpO)KAeHHOﬁ KBallpaTH‘lHOﬁ d)op-
MBI, YHCJO m.. SBJAAETCA eAUWHCTBEHHLIM TONOJOMHUYECKUM HHBapHaHTOM
CHCTEMBI.

3amMeuanue. Ananoruusoe npennomeuue CnpaseiJIMBO ACKAALHO
(B OKPECTHOCTH HENOABHXKHOMH TOHKH) ANSl HeAUHeUHbLX CHCTeM, JHHeHHble

HYaCTH KOTOPHIX HE HMEIOT YHCTO

MHHUMBIX COGCTBEHHBIX uHcesa. B

. ’ \ " YAacTHOCTH, TaKasl CHCTEMAa B OK-
PECTHOCTH HEMOABHXKHOH TOYKH

7 TONOJIOTHYECKH 3KBHBaJeHTHA

' cBoeH JIHHeNHOH yacTu (puc. 152).

MBI He MOXeM OCTaHaBAHBATHCS

Ha JOKa3aTes]bCTBE 3TOTO NpenJo-
Puc.  152. Tononoruueckas 9SKBHBANCHTHOCTL CHCTEMHL JKEHH$, BECbMa BaXXHOTO I/ HC-
H ee MNHeapu3ailiu, o
CJICIOBAHHST HENMHEHHDIX CHCTEM.
Penykuusa k caysaio m_ =0. Tonosoruyeckasi 5KBHBaJEHTHOCTb JH-«
HEHHDIX CHCTEM C ONMHAKOBBIMH f_ M M4 BHITEKAET K3 CJICAYOWHMX Tpex
JeMM:
Jlemma 1. [Ipanste npoussedenus TONOAOZUHECKU 3KBUBAACHTHOLLY Cil-
CTeM TONOAOSUMECKU IKBUBANCHTHLL.

n m
To ecrs ecan cucremsl, 3ananrsie onepatopamu Ar, Bi: R™'>R™", 4, By R™>R™2,

nepepoasiTea Apyr B Apyra romeomop(busmamu B R™ > R™ ke R™ 5 R™, g0 cyweer-

Byer romcomopduam h: R™ 4 R™2 . R™ 14+ R™, nepemopumit $asosuiil MOTOK  cHcTeMbl-

NPOH3BEACHHS x‘q:A,x,, xo=Axs B $a30Bblil NOTOK CHCTEMB{-NPOH3BEACHHS ¥( = Bixi, xz_Bzxz.
HoxasateabcTso oueBHAHO: HAXO MONOKHTL A (x(,x2)=(M (%), hz (x2)).
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N3 xypea aumiciinold anre6pbl H3secTHa

Jdemma 2. Ecau y oneparopa A: R" —R" ner wucro muumotx cob-
cT8ennbLY wucea, 70 npocrpasctgo R pacnadaerca 8 npamyrw cymmy 08yx
UHBAPUAKTHOLX OTHOCUTeabHO A nodnpoctpancrs, R"=R"- 1 R™+, rak uro
ace cobcraennie uucaa cyxcenus A na R~ umetor orpuyaresonsie eewect-
sennvie wactu, a Ha R™+ — nosomureasuvie (puc. 153).

D10 cjaedyeT, HanpuMep, U3 TeopeMbl O XOPAAHOBOH HOpMaJbHOH dopme.

).\
e O\

Puc. 153. HUusapuautsl noanpoct- Puc. 154, Bce ueycTofiunBbie Y3AH TONOAOIHYECKH
paNCcTBa onepaTepa, HeE lMeowero IKBUBANCHT B,
YHCTO MHHMLIX COOCTBEHHBIX HUCEH.

Jlemmol | ¥ 2 cBOASIT [0OKA3aTENAbCTBO TOMOJOTHYECKON 3KBHBAJEHT-
HOCTH K CJAeAylolUeMy 4YacTHOMY C/ayualo:

Jemma 3. Mycre A: R"—> R" — auneiinoii oneparop, ece coOCT-
BEHHLLE HUCAQ KOTOPO2O UMEIOT HOAOMCUTCAbHYIO BCULECTBEHHYIO HACTO
(puc. 154). Toeda cucrema

x=Ax, xR,
TONOAOSUUECKU IKBUBAAEHTHA CTaHOapTHOL (puc. 154):

r=x, x=R,

ST1a JeMMa MNOUTH OuYeBM/A B OJHOMEDHOM CJyuae M B caydae doxyca
Ha MJOCKOCTH, @ 3HAuHT,— 10 JeMMme | — ¥ B J0060i cHcTeme 6e3 Kpar-
HbIX KOpHeH.

Mbl nposeneM JaJjee J0Ka3aTeNbCTBO JeMMbl 3 B O6LLEM Ciydae.

3. ®dyukunsa JlanyHosa. [lokazaTesbCcTBO JeMMbl 3 OCHOBAaHO Ha MO-
CTPOEHHH CnieUHaNbHON KBajipaTHuHoW (OpMBI — Tak uasblBaeMoil QyHK-
uuya Jlsnynosa.

Teopewma. flycroe A: R" — R" — aunednoii oneparop, ece cobcrsen-
Hble HUCAQ KOTOPO20 UMEIOT NONONCUTEAbHYIO BeuiecTeennyo wacts. Tozda
8 R" cywecreyer rakan eexkaudosa cTpykTypa, 470 6extop Ax 8 KancOoli
Touke x50 obpasyer ¢ paduyc-8exTopom X oCTpoili Y2oA.

HubiMu cioBamu:

CyujecTsyer TAKAS NOAOKUTEAbHO ONPeCeAeHHAs Keaodparuunas ¢op-
Ma r’ 8 R", 470 ee npoussoOHAA nO HANPABACHUIO BEKTOPHO20 noAR Ax
HON0NHCUTENbHA:

Lyr*>0 npu x+#0. (1)

Hau ewe:

Cywecrsyer saauncoud 8 R" ¢ uyentpom 6 0 rakod, uro 8 kamooi
eeo Touke x 8eKTop Ax nHanpasaen napyxy (puc. 155).
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Jlerko mpoBeputb, uTo BCe TPH (HOPMY.THPOBKH SKBHBAAEHTHBI.

Mbt nokaxem (u Gynem HMcnosnb3oBaTh B Aasbhefiwem) 3Ty TeopeMmy
BO BTOpOH ¢opmyanposke. [loKasuiBaTh ee yLo0HEE B KOMIJIEKCHOM cayuae:

llycte sce cobersennvie wucaa L oneparopa A: C* — C* umeror noiso-
auTeAbHblEe BeiyecTsennbie wacTy. Toeda cyujecTayer noaoxureasHo onpe-
denennan xeadparuunas gopma r*. "C" > R, npoussodnas KoTOpOU no
HANPABACHUIO BEKTOPHOLO noas ‘Az ecTs noaAoMuTeabHO onpedeseHnas
Ksadparuunasn opmra:

Lg,r*>0 npu 2+0. (2)

IIpuvensis nepaBeHcTBO (2) B cayuae, Koraa onepatop A siBaser-
€ KOMMJIEKCH(PHKALHEH BEILECTBEHHOTO ONEpaTopa, a 2 MPHHAANEHHT

%)

Puc. 155. TloBepxHocTs  ypoBua  ¢ynxumn Puc. 156, [TopepxHocTL yposisa ¢yvikiin Jlsiy-
Jlanynosa. wopa 8 C”

BEUIECTBEHHOMY MOANpOCTpaHcTBY (puc. 156), moayuaem BeliecTBeHHYIO
Teopemy (1).
4. Nocrpoenne dyuxunu Jlsnynosa., B xauectse dyuxuuu Jlanyuosa r?
Mul GyaeM 6paTh CyMMy KBajipaTOB MOAYJEH KOOPAHHAT B MOAXOASIIEM
n

KOMIUIEKCHOM 6asuce: ri==(z, z)= Z 2zr. llpu ¢ukcupoBaHHoM Gasuce
k=1
MBI MOXEM OTOXAECTBHTH BEKTOp 2 C HaGOPOM uMces 2, ..., 2, U onepa-
top A: C"— C".c matpuueil (a.). Bblunc/ienne nokasniBaer, uto apous-
B800KAA ABARETCA KBAOPATUYHOU GopmOLL:

Ly, (& 2)=(A2,9)+(2 A2)=2Re (42,2, (3)

Ecau 6asuc cobcreennsid, 10 noaysennas ¢op-
Ma noroxcureabno onpedesena (puc. 157). Heitcr-
BHTEC/IBLHO, B 3TOM Cayuae

n

poseaemicn, fopua () 2Re(42,2)=2 2 Relulzl’. (4)
cyuae n=1_, k=1
[To ycnoBuio Bce BewleCTBEHHLIE YACTH COOCTBEHHHIX YHCEJ Ae TIOJOMKH-
tesbubl. [losTomy ¢opma (4) nonoxkutenbHo onpenesecHa.

Ecau onepatop A He uMeeT co6cTBeHHOTO 6a3HCa, TO OH HMEET MONTH
coGeTBEeHHbIY Ga3nc, KOTOPBIM MOMXKHO C TakHM K€ YCIeXoM BOCHMOJb3O-
BaTbCA A1 mocTtpoenus dyHkuhu JIsinynosa.
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Tounee, cnpaBeauBa
JTemma 4. [lyctre A: C'— C* — C-aunednoid oneparop u &> 0.

Toeda & C" moxmHo Tak swvibpare 6azuc &, ..., &, «ro marpuya A 6yder
BEPXHETPEY2ZONbHOL U 8Ce IAEMEHTOL gbtute Juazonaat 6ydyr no modyao
MeHbUle E:
. §l cn
M <e ).
0 D
& |

HJokaszarteanbcrBo. CyutecrpoBanne 6a3i-
Cca, B KOTOPOM MaTpHulla BepXHEeTpPeyroJbHas, cjae-

AyeT, Hanpumep, H3 TeopeMbl O XKOPAAHOBOH HOp- 7z

MasbHOH (dopme. (il
Takoit Ga3uc ierko NOCTPOMTBL HuAYKMHeN MO N, MOAL-  puc |58 floctpoensic Gasnca,

3ysich JHUIb CYWECTBOBAHHEM Yy BCAKOTO JIHHEHHOTO OnMepaTo- B KOTOPOM MaTpHua oneparopa

pa A: €' — C" coGereensoro Bektopa. [lycrs £~ 3TOT BexTOop — TPeyroabxas.

(puc. 158). Paccmorpum  dakrop-npocrpanctso  C'/Cg=C"~'. Onepatop A 3agact

Ha akrop-npoctpanctpe onepatop A: C°7' — €', Tlyers 7, ..., M.~ Gasuc B c -,

B KOTOpOM MaTpiua oneparopa A pepxucrpeyroavnas. OGosnauum ucpes B, ..., B Karux-

HHOYAb NpeACTaBHTCCH K1accoB My, ..., W, B C". Torna 6asuc &, i ..., & — HckOMBIL
Mycty matprua onepatopa A B Gasuce §, ..., E Bepxuerpeyro/dbuas.

[Tokaxkem, uto HadduaconaivHote waeHbl MOWHO €OEAATL CKOAb Y200HO
MAAGIMU, 3AMEHAA 6EKTOPbL HAZUCA HA NPONOPUUOHANBHLIE UM BEKTOPDbL.
JleiicTBHTENILHO, NYCTb ax — 3/1EMEHTH MaTpHubl onepatopa A B 6Gasznce E,
TaK uto au==0 npu k> [. B Gasuce &= N*} snements! mMarTpuubl onepa-
tTopa A 6yayr al=awN'"F. Tlpu noctatouso masoMm N gas Beex [> k
6ynet |akl <<e.

Jlemma 4 moxasana.

CyMMy KBanpatoB MOAyJjeH KOOpAHHAT B BbIGPAHHOM «&-NOYTH COO-
CTBEHHOM» -6a3Hce Mbl H BO3bMeM B KauecTBe QyHKRUHH JlanyHoBa (npu
JOCTATOYHO MAaJoM &).

5. Oueuxka npomasoanoif. PaccMOTPUM MIHOXECTBO BCeX KBaApaTHUHBIX
dopm B R™ 3TO MHOXKCCTBO HMEET €CTECTBEHHYIO CTPYKTYPY JHHefiHOro

mintl)
npoctpanctea R 2
Ouesnana
Jdemma 5. Muowecreo noioxureabHolx onpedescHHbix Keadparusy-
m(m+41)
noix popm 6 R™ orpoiro ¢ R 2
m

To ectb ecau ¢opma a= X QrXeX) TOJMOXKHTEJNBHO OllpejeseHa, To
By l==1
cyutectsyetr &> 0 Takoe, uro Bcaxkaa opma a-+b, rae byl <<e (ann
Beex k, [, 1 <Ck, [<{m), TOXE NMONOKHTEILHO ONpeleneHa.
NdokaszateascTtno. PopMa a nojsoKHTEILHA BO BCEX TOUKAX

m
eAHHHYHOR cepbl X xi=1. Codepa komnaxktha, a Qopma HenpepblBHa.
k=1

[TosToMy HIDKHAR rpanb JOCTHIACTCS H, 3HaUNT, BCOAY Ha cdepe a (v) =z a> 0.
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Ecan [bul <<e, 10 Ha cdepe b (x)] < Z T <

Tlosromy npu e<<a/m? dopma a-+b HOJIO)KHTeJIbHa Ha cdepe H, 3Ha-
UHT, NIOJIOXHTENbHO onpeaelieHa. Jlemma JoKasaHa.

3ameuanune M3 Hamero paccyXaeHusl BbITEKaeT Takke, 4To jgioGas
NOJIOXHTEbHO ONpelc/eHHas KBaapaTuyxasa ¢opma YAOBJETBOpsieT Besle
HEePaBCHCTBY

w e’ <a()<Bixl’, O<a<p. (5

3anava 1. JlOKaXuTe, 4YTO MHOKCCTEO HEBLI-
POKICHHBIX KBaAPaTHYHBIX (OPM € RAHHOA CHrHATYpOi
OTKPHITO.

NMpumep 1. ﬂpocwaucmo KBaApaTHUHHX opm
OT  ABYX nepeMemHbix ax®4 26xy-+cy? — sto Tpex-
MEpHOE NpPOCTPAHCTBO C KOOPAHKATaMH a, b, ¢ (pHc.
Puc. 150, TlpocTpanctso kpanpatmunuix  159). Komye b =ac aeaur sro NPOCTPAHCTBO HA TpH
op. OTKPLITbIe YaCT# COOTBETCTBEHHO CHIHATYpaM.

Mbl ncrnoasayem semmy 5, uTo6bl A0KasaThb CAEAyiOUICe: MPH AOCTA-
TOYHO Ma/iOM & NPOM3BOAHAS NO HANPABJICHHIO BEKTOPHOro mnoasi Az or
CyMMbl KBaApaTOB MOAyJeid KOODAMHAT B «g-NIOYTH coBCTBEHHOM» GasHce,
BLIGPAHHOM MO sieMMe 4, HOJIOMUTEJIbHO Onpeje/eHa.

Cornacso ¢opmyne (3) 31a npoussoanas sIBASIETCA KBaApaTHUHOI
(OpMOIi BeILieCTBEHHBIX H MHUMBIX YAcTell KOOPAHHAT 2k ==Xk -+ iif-

Boinenum B dopmysne (3) ciaraemble ¢ AMAroHa/JbHbIMH M HagAdaro-
HaJIbHHIMH 3JeMEHTaMH MaTpuus (A):

Ly, r*=P+Q, rne P=2Re Z auzz, Q=2Re ) auzz.
k<t
3aMeTUM, UTO JHATOHa/bHBIE WIEHBI TpeyroabHo# martpuun (A) — 370

coGereennble uMcaa A, onepatopa A. Ilostomy keadparuunas gopma

n
P= Z 2Re M (xf + y#) nepemennoix x4, yi nosoKUTEALHO Onpedesena U He
k=1

3asucur ot selbopa 6asuca *).

[To nemme 5 3akailouaem, YTO WpPH AOCTATOUHO MasioMm & dopma P+ Q
(6anskasn x P) Takxe MonoxuTeabHO onpenesnena. Mo koaddrunents
dopMbl Q NMEPEMEHHBIX Xk, Ypr MPH AOCTATOUHO MAJAOM € CTAHOBATCH CKOJb
YroiHo MaJibiMH (IOCKOMBKY |ag| <<e mpu k<Cl).

Hepagencreo (2), a ¢ uum u (1), gokasawno.

3ameuanne, INockoibky Lgr? siBASETCR MOMONKHTCABHO ONpeaeaeH-
HOJl KBanpaTHuHOH (HOPMON, HMeeT MeCTO HepaeeHCTBO BHAa (5):

2<LA.vr2<ﬁr2’ (5/)

rae B> a> 0 — HekoTOpble NOCTOSIHHBIE,
Takum o6pasom, chopmynupoBaHuas B n. 3 TeopeMa O GYHKUHH
JisinyHoBa aokasana.

*) Caenyer ormeTuTs, uTo aapanioc dbopmolit P otobpakenne C"—»R 3Q8HCUT OT BHI-
Gopa 6asuca.
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Caenymowasn cepus 3afad NDPUBOAHT K APYrOMY LOKa3aTeNbCTBY 3TOM
TeopeMbl.

3anaua 2 [Joxkawute, uto AndpCpPeHLUPOBaLKE MO HaNPABJICHHIO BEKTOPHOTO MNOAA
Ax 8 R" sanaer smuehunrii omepatop L,: R*CH2, RUCHD/2 3 nooctpanctsa KpaapaTHYHLX
tdopm Ha R* B cebs.

3anauva 3. 3uan cobersennbie uncaa A; onepatopa A, HaliTh cobcTsenuble umcaa
onepatopa L.

Orser. hi+hj, 1<i, j<<n.

Ykaszaumue flycts A uMeer coGcTBenubift Gasuc. Toraa co6eTBeHHBIME BEKTOpaMy
Ly 6Gynyr «paapartiuubie GOpMb, paBHbiE [ONADHLIM NPOU3BEACHUAM  JIHHEHAHBIX dopm,
ABJAIOUIMXCH COGCTBCHHBIMU BEKTOPAMU ONepatopa, AyaisHoro K A.

3aaaua 4. Joxaxure, uTo onepatop L, snserca usomopdusmom, ecin A He umeer
fIPOTHUBONONOKHLIX COGCTBeHHEIX uHced, B qacmocm eC/iM  BeilleCTBEHHble YaCTH BCeX
COGCTBEHILIX YuCen onepaTopa A OLHOrO 3Haka, TO KaXaas KeaapaTuuas ¢opma Ha R”
€CTb JIPOM3BOAHAN HEKOTOPOH KBAAPATHUHOH GOPME NO HAMPABJEHHIO BEKTOPHOro noas Ax.

311113'—[8 5. Iloxa)xwre, YTO €CAH BCUieCTBENHbIE 4YacTH BCeX COOCTBCHHLIX yYHcen
onepatopa A nonoKHTeNLHW, TO (OPMA, NPOMIBOAHAN KOTOPOH 1O HampabjeHuio noas Ax
NONOXKHUTENALHO onpeneseHa, camMa MNOJOKHTRAbHO ornipeaeseHa H, c¢1eaoBaTesbHO, YLOBJAETBO-
psiet BceM TpeGoBaHUAM JOKa3biBaeMofl Teopembl.

Yxasaunue. [peacrasuts GopMmy B Buse uuTerpana ee npousBOAHON BAOAL (a30BHIX
KPHBBIX.

6. Tocrpoenue romeomopduama h. Ilpucrynaem K [0Ka3aTesbCTBY
aemmbt 3. I'omeomoppusm h: R*— R", nepepopsiuunit ¢asosblii notok {f')
ypasHenns x=Ax (Rei,>0) B
daszosbiit notok {g'} ypaBrenus
x=2x, 6Y/lcM CTPOHTb CJIeYIOUIHM
of6pasom. Paccmorpum cdepy *)

S={xeR" rPx)=1},

roe  r’ — ¢ynkuus  Jlanywosa
us (1).

Touku sTo#t Cq)epbl romeoMop- Pue, 160. lNoctpoeuue romeomopdusma /.
¢u3M h OymerT ocTasiasTbh Ha
mecre. Ilycts xo — Touka coeprt {puc. 160). Touxy f'xo pasopoil Tpaek-
TOpHH ypaBHenusi x=Ax oro6pa>xeune fi GyJ€T NepeBOAHTb B TOYKY g'xo
$a30BOi TPaeKTOPHH YPABHEHHS x==x:

(f’xo):g Xo Vie R, XOES, h(O)-':O (6)

Mbt 1OMKHLI NPOBEPHTD:

1) uto dopmyna (6) oaHozHauno onpeaensier snauenue A B JOGOH
Touxke xe= R,

2) uro otobpaxenue A': R" - R" B3auMHO OHO3HAUHO M B3AHMHO He-
NPepLIBHO;

3) uto hof'=g'oh.

JlokazaTteIbCTBA BCEX ITHX YTBEPMIESHHUN QUEBHAHLL.

7. Noxasareabcreo aemmst 3.
Jdemua 6 [ycro @: R—>R" — kaxoe-nubyde orauwnoe or 0 pewenue ypasnenus
x=Ax. CocTasum cyuecTeennyio PyrKyuso eeu(ecrseunoeo nepemennozo ¢

p()=Inr* (g (N).

*) Ecan yroaso, 3a1uncoua.
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Tocda orobpamenue p: R—~R asaserca Qupgeomopdusnon, npuden
a<dp/dit<B.

HoxasaTeancTno. IToTeopeme eantcrennocts r*(¢(f) 0 VieR. Coraacuo (5),
HAXOAHM AJs dp/dt:LAer/rQ oueHky a<Ldp/di <P, uTo K TpeboBanOCL A0Ka3aTh.

M3 aemmut & caeayer, uto:

1) Kamdas touxa x50 npedcrasaserca 8 gude x=['x,, 20e xS, (=R, {f'}—
¢$azosoul notox ypasnerus r=Ax.

[efcTRUTEABHO, PACCMOTPHM poulenue § € Havanbhum ycnosuem ¢ (0)=x. Tlo nemme 6
npu sekotopom T Gyper 1 (¢ (1))=1. Touka x,=¢@ (r) npunamsexur S. [Tlonaras [= -1,
noayunM x = f'xo.

2) Taxoe npedcragaenue eJUHCTEEHHO.

Heficteutennno, (asosas Kpueas, BuXoisimas u3 x (puc. 160), eamncrsenna u nepe-
cexaer cpepy B 0aHOil Touke Xp (mo Jemme 6); €AMHCTBEMHOCTb ! TaKKe CIeAYeT M3 MOHO-
TOHHOCTH p (J1eMma 6).

Mrak, wbl 1OCTPOMAM B3aHMHO OANO3HAYHOE OTOGpaxelHe NPAMOrO NPOH3BEICHHA
npaMoi # chepbl Ha eBKIHIOBO NPOCTPAHCTBO Ge3 0AHOI TOUKH

F: RXS"™'=R™ND, F (i, xo)=f'x0.

H3 Teopensl 0 3aBUCKHMOCTH PELIEHHA OT HAYabHbIX ycsiosuil BITEKaeT, uTO Kak oTo6paxeHue F,
Tak # o6paThHoe OTOGpaKeHie HENPepHIBHO (M Aake ABAAETCH Anpdpeomopdhuszmom).

3amerum Tenepb, YTO AT CTAHIAPTHOIO YPaBHEHHS X=X HMeeM dp/dt=2. Tostomy
orobpaxcente G: RXS"7'—»R™N0, Gl xo)==g'xo Takke B3aUMHO OIHO3HAYHO H B3AHMHO
HenpepuiHo. OtoGpakenue kA no onpepesciunio  (6) coBnamaer c oTo6paxennem GoF~!:
R™0—R™0. Bciony, kpome Touku 0. Takum oGpa3aon, m,
Mot poxasaad, uro f: R" — R® — pzaumuo oguo- } R
3nauiioe oToGpaxeHue.

\

Puc. 161. Toweomopdmam h sipasercsi auddeo- Puc. 162. Cranaaprioe ccaio.
Mopu3Mom Beiogy, kpove 0.

Henpepusiocts A W A™' Beiony, kpoMe TOMKM 0, cleayeT M3 HempepsinocTH F, F~!
w G, G™' (8 geficTeuTensnocTd b — Liddeomopdu3M BCIORY, KpoMe Touku 0; pue. 161).

Henpepuistocts £ H h_' B Touke 0 LaenyeT H3 JeMubl 6. JTa gemMa nO3BOJEET Noay-
YHTb AaXc SBRYIO ouenky r” (h (x)) uepes r* (x), ||z < I:

(r® ()P (B () < ()
Hefictaurensno, nycts x=F (f, xo), 1<<0. Toraa B<in P ()<at u Inr? (h (x))=2¢. Haxonen,
npi x50 HMeeM x=={*xo, NnO3TOMY
(Bof') (1) == (' (o)) )= R (' (x0)) = &'+ (x0) = €' (" (10) ) = £ (11 (x) ) = (g o) (x).

Tpu x=0 raxxke (hof")( Jx)=(g'h)(x). Hrak, yrsepkaeuus 1), 2), 3) n. 6 joxazanwl.

Jlokazareancroo Aemmut 3 3axonueno.

8. JlokazateancTso Tecpemsl O TONOJOTHYECKOS K.naccud)m(auuu Hs
aemm 1, 2, 3 caeayer, uto Besikasi JHHefinas chcTemMa x=Ax, Yy KoTopoi
onepatop A: R*— R" pe umeer coGCTBEHHBIX UHCeS € HYJEBOM BelUeCTBEH-
HOH 4YaCTblO, TOMOJIOTHYECKH 3KBHBA/JAEHTHA CTAHAEPTHOMY MHOTOMEpHOMY
ceany (puc. 162):

X = —X, Xo = Xo, X|ERm", X & Rm+.
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CrnenoBatesbHO, JiBe TakKHe CHCTEMbl C OAMHAKOBBIMH UHCJAAMH #l_, My
TONOJIOTHYECKH 3KBHBAJEHTHB APYr ApYry.

3ametum, uto noanpoctpanctea R™ u R™ uuBapuaHnTHH OTHOCH-
TennHo asooro motoka {g'}) Tlpu ysesuuenuu ¢ Bcsikasi Touka R™-
npubanxaerca K 0.

3apgaua 1. okaxure, uro g'x— 0 npu {— 4 co TOrAa M TOJLKO
torpa, korga xR™-.

Mostomy R™- HaswBaerca exodsawum ycom cepja. TouHo Tak xe
R™+ uasbiBaetrca auixodawjum ycom. Boixomsalui yc onpejensercss ycaio-
BHeM g'x — 0 npu > — oo.

Jokaxem Tenepb BTOPYK 4acTh TeOpeMbl O TOMOJOTHUECKOH KJaaccH-
QUKAUHA: Y TONOAO2UYECKU FKBUBAASHTHOLY CUCTEM OOUHAKOBO KOAUYECTEO
COGCTBEHHbIX HUCEA C OTPULATEALHOL BEUECTBEHHOL 4acTbio.

ATO KOJIMYECTBO €CTh pa3MepHocTh m_ Bxoxsuero yca. Mrak, pocra-
TOYHO JOKA3aTb, YTO PA3SMEPHOCTU BXO0AUUX YCO8 Y TONOADUHECKU 3KBU-
8asenTHOIX ceden 00uHAKOB8SL.

3ameTuM, 4YTO BCAKHA romeomopdusm h, nepesogsdiuuii ¢asoBblit IOTOK
oaxoro ceana B (a3oBLI MOTOK APYroro, o6d3aH MNEPEeBOAHTb BXOASLIHI
yC OAHOrO BO BXOAAIMHH yc gapyroro (rnockosbky crpemiense x 0 npu
t{ - 4 oo coxpausiercsi npu romeomopdusme). Ilostomy romeomopduam h
OCYULECTBIISIET TaKKe romMeomopdHoe 0ToGpaXKEHHE BXOASLIETO YCa OAHOTO
ceisia Ha BXOAsWHH yc ppyroro.

CoBnasien#e pasmepHOCTeli YCOB BBEITCKAeT TeNephb H3 CJAEAYIOLLero Tono-
JIOPHYECKOTO TPELJIOKEHUS:

Pasmeprocre npocrpancrea R" — ronoaoeudeckuil unsapuant. VnbiMn
caosamu, eomeomoppusn h: R™ — R" cywecrayer rorvro mexndy npocrpan-
cTeamu  OOQUHAKOBOU PA3MEPHOCTU.

XoTsi 3TO mnpepsioXKeHHe M Ka-

KEeTCst OuUeBMIHbIM *), JpoKazaTesb- /4 \

CTBO €ro He npocTo H He Gyjner \x /

3/1eCh NPOBOAHTHLCS. - . \a /(
3apaua 2. Jokaxure, uro 4 cemna \ - N\

¢ TpexmepnbiM ()a30BHIM NPOCTPAHCTBOM H ¢

((m-, mp)=(3,0), (2, 1), (1,2), (0,3) wono-

JIOFHYECKH HE 3KBHBAJEHTHbL (He NnoAbL3yscChb

HC/OKA3AHHBIM  TOMO/OTHYECKHM npenno)«e-/

nuem). \t \
Fd /
Gt

Ykazanue OnHoMmepHutt yc COCTOHT

Vg -
u3 Tpex asoBbix KpHBHIX, a Cojee ueM \ \
OnHOMEpPHBIH — H3  GeCKOHeYHOro uucnaa /& /\
(puc. 163).

Takum 0Gpa3oM, TONONOrHYECKas! Puc. 163. Yeu tpexmepuuix cegen.

KJAacCHHKALMA JTHUHEHHbIX CHCTEM C
HeHYJICBLIMH BEILIECTBEHHBIMH 4YacTsAMH coGctBennbix uncen B R', R* u
R® npopenena mossoctblo, Toraa kak B R” nmpu n>3 Mbl BHIHYXKIEHbE

*) Cyutecrsylor, oHaKo, B3aHMHO OfHO3Hauitle otobpaxenus R™ - R% a takxe Henpe-
puiBHBIe OTOGpaxenna R™ na R” npu m<<n (nanpumep, R'->R?).



170 JIMHEAHBIE CUCTEMbI {rJ1. 3

CCbl/IAaTLCS HA HEAOCKAa3aHHOe yTBEpKACHHE O TONOMIOTHYECKOH HHBapHaHT-
HOCTH Da3MEepHOCTH,

3anauwa 3. [lpoBecTH TOMOMOTHUECKYIO KAACCHPHKALMIO JHHEHHBIX onepatopos A:
R" — R", He uMeiowmx coGCTBEHHMX YHCea ¢ moaynem 1.

§ 23. YcroiunBocTs nonoxenuit pasHoBecus

Bornpoc 06 ycToHuMBOCTH MOMOKCHHS PABHOBECUS HEAMHEHHOH CHCTEMDI
pelraeTcs Tax ke, KaK A8 JHHEAPU3OBAHHOM CHCTEMBI, €CJAH Y fOC]CA-
Hell HeT COGCTBeHHLIX YHCesM HAa MHUMOH OCH.

1. Ycroituusocts no Jlsnynosy. PaccMoTpum ypaBHeHue
x=v(x), x=UcR", (1)

rae v —r> 2 pas auddepenunpyemoe B obaacti U sextoproe mose. Ipen-
MOJIOXKHM, UTO ypaBHenue (l) umeeT nosoxenue pasHoBecus (puc. 164).
Brifepem KoOpAHHATH X; TaK, UTOGHl MOJIOKEHHE PABHOBECHS GbLIO HAUYAMOM
koopaunar: v (0)=0.

Peiwenne ¢ HauambHbiM ycaoBHeM ¢ (f)=0 ectb ¢=0. Hac wuurepe-
CYeT NoBeieHHE pelleHuil ¢ GJH3KHMH HAYAJbHBIMH YCJIOBHAMH.

h L

v — \C/ ¢

Puc. 164. Ocrauytes au BOIHIH NOJOXKEHHS Puc. 165, Ycrofiuunoe # weycTofiuusee no-

paBioBecHs  (ha3oBble  KPHDL, HAUHHAIOWIHCCS JIOKEHHS  PaBHOBECHS: pasanuHe B foBe-
B ¢f0 MOCTATOUHO MAJOH OKPeCcTHOCTH? [AelHH HHTETPAAbHBIX KPHBBIX.

Onpenencuune. [Nosoxkenne paBHopecsa x=0 ypasuenus (1) na-
3blBaeTca ycrodquseim (WK ycroluuseim no Jlanyrosy), ecan pas aoboro
e> 0 cywecrsyer 8>> 0 (3aBHcsillee TOJIbKO OT & H He 3aBHCALICE OT f,
O KOTODOM HIET peub HHXKe) Takoe, HTO JJIA BCAKOIO Xo, /ISl KOTOPOFO *)
ffxoll <<O, pewenne @ ypasuenus {1) c HauaabHbiM ycaosueMm @ (0)=xo
npojoJ/Kaercss Ha BCIO noiyoch (>0 M yJOBJETBOPsSieT HepaBeHCTBY
o (Ol <<e ansa Bcex x>0 (puc. 165). ;

WubiMu  cioBaMH, ycToduusocte noaosxenus pasnosecus no Jlanywno-
8y — 3T0 pasnomepras Ha untepgase {0, - oo) cxodumocrs (k nocrosu-
HOMY petuenuio) pewenud, HAHAAbHbIE SHAEHUA KOTOPOLX CTPEMATCA K Pac-
CMATPUBAEMOMY NONOMEHWO pasHosecus. CXOAUMOCTb 3HAUYCHHH DelleHuit
npu si060M (HKCHDOBAHHOM { FapaHTHPYeTCHd TeopeMoll o HenpepouiBHOM

*) Ecmu x=(x, ..., x,), 70 fxli=xist ... 412
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3aBHCHMOCTH peLICHHsT OT HAa4yaJbHOro YC/JOBHS; Ba)KHa HMEHHO paBHOMED-
HaA CXOILMMOCTB, T. €, HE3ABHCUMOCTb § OT /.

3amaua |. HcenenopatTh yeTofunBOCTb NONOKEHHH paBHOBECHS:

1) x=0; £1= X2, fi=x1; =i
2 i 3){. _ 4){. 5){,

A= —X; Xg= —X2; Xg== —sin xy.

3apaua 2, Hoxkamure, UTO NpPHBELCHHOE ONpejeJieBHe KOPPEKTHO, T. €. UTO YCTOM-

UHBOCTb MOJIOXKCHHA PABHOBECHS HE 32BHCHT OT CHCTEMb! KOOPAHWBAT, y‘laCTBOBaBmCﬁ B onpe-
ACJEHUK,

3anaua 3. Tlycts H3BecTHo, uTO Ans JawoGoro N>>0, ¢ 0 cyuiecTsyeT Takoe pelleHue @
ypaBHenust (1), uto aa Hekotoporo =0 Jo(Hi> N |0}, npuuem [ (0)} <e. Buirexkaer an
OTCIOAa HeYCTOHUYHBOCTb MOJOXKEHHsT paBHOBeCHd X = 0?

2. AcHMnTOTHYECKAS! YCTORYUBOCTD.
Onpepnenenue. [lonoxenne pasHosecns x =0 ypapaenns (1) Hasbl-
BaCTCHA ACUMNTOTUHECKU YCTOUHUBLIM, €CIH OHO yCTOHUNBO (110 JIsSinyHOBY) M
f—~> 4 oo
AN BCAKOTO peuieHHs ¢ ¢ HadaabHbIM ycsaoBueM @ (0), JexxaluM B focTa-
TOYHO MaJIof OKpecTHOCTH Hydst (puc. 166).

3aaawua l. Péwnts 3anaun 1), 2), 3) n. 1, 3ameHHs Beade yCTONYHBOCTb ACHMNTO-
THYECKOH YCTORYHBOCTBIO.

3apnaua 2. BuTeKaeT Ju yCTOHUMBOCTb NMONOXKEHHS PaBHOBECHS MO Jlanynosy u3 Toro,
UTO KaX/10e peuieHHe CTPEMHTCA B 3TOMY NOJIOMKEHHIO PaBHOBECHS NpH [—» -} 00 ?

Ww@ 7 ¢
o1 1T = o ——

Puc. 166. AcHMNTOTHUECKH YCTORUHBOE NOJOXEHHE PABHOBECHN: HITErpPaibHbie KpUBbIE,

'/L//ﬁ) __},J/ T 2
/7\‘/\ NN\

Puc. 167. dasonue xpusbie ypapuennii (1) u (2). Puc. 168, CoGerpeuubie unena oneparopa A.

3. Teopema 06 ycTOiuMBOCTH no nepBomy npubauxenuo. Hapsaay ¢ (1)
paccMOTpHM JIMHeapH30BaHHOe ypaBHeHHe (puc. 167)

x=Ax, A:R"—>R:. (2)

Toraa v (x)=v, + v, v; (X)=Ax, vy (x)=0 (J|x||?).

Teopema. Mycre ece cobcrsennsie wucaia M oneparopa A aexcar
8 aesol noaynaockocru: Reh<<0 (puc. 168). Toeda noaoscenue pasHo-
gecun x==0 ypasuenun (1) acumnroTutecku ycroiuuso.
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3agaua 1. Tpuseaute npumep Beyctoitunsoro (no JIAnyHoBy) nonoxeHust paBHOBECHH
ypasuenua (1), ana kotoporo sce ReA<{O0.

3ameyanne MokHO 10Ka3aTh, YTO €CAH DeECTBEHHAR YacTh XOTA OH OAHOTO
CGOCTBCHHOTO YHCAA A NOAOXUTEAbHA, TO NOMOKEHHE PAaBHOBECHA HeycTolunpo. B cayuae
HYJAeBBLIX DBeuUleCTBEHHLIX yacTedl yCTOHYHBOCTb 3aBHCHT OT ujenoB psisa Teildopa Bhiwe
nepsoil CTenelH.

3azaua 2. YCrontuo an (00 JIAnynosy # acHMOTOTHYCCKH) HYJeBOE MOJOMKCHHE
PABHOBECHA CHCTEMBI X == X2, Xp== —x5?

Orger. Ecan n uetwo, HeycTo#tuso (no Jlanynosy); ecam meuetiio, 10 ycroifiunso
(no JIanyhosy), HO HE acHMATOTHYECKH.

4. Jlokaszateanctso teopemst. Coraacxo § 22, n. 3 cywectayer q)ym(-
uns Jlsinywosa: nonoxurenbHo onpepeseHnas KBajpaThuuasi popma r?,
NpOM3BOAHAA KOTOPOIl 1O HaNpaBAEHHIO JHHENHOro nojs v, orpnuarenbno

onpejeJena:
L, r < — 2y,
Pi‘?const TAe Y — MNOJIOKHTE/IbHAS NOCTOsIHHAA {puc. 169).
Jlemma. B docrarouno maaoii okpecr-
HocTU Towkw x=0 npoussodnan pynxyuu Jany-
HOBA NO HANPABAEHUID HEAUNHELHOZ0 NOAA U
ydosaersopsier HepaseHcTsy
Puc, 169, ITobepxnocts ypopus
$yuswiy JInnynosa. Lvr - ’YI' (3)

Hefictpurensto, L,r’=L,r’+ L, r* TlokaxeM, 4To npH Maibix r BTO-
poe craraemoe ropasio MeHblie NepBOro:

L,rP=0(r%. (4)

B camom nene, ana soGoro noas u u moGoit Gyukusn f
n
9
Luf=Zl% i
i=

. of
B nawem cayuae (=0, f=r") u;=0(r) H— =0 (r) (nouemy?), oTKyaa
i
H BbiTeKaeT coOTHouleHue (4).
Hrak, cywecrsyior C> 0, o> 0 Takue, 4To AJAf BCeX X ¢ |x| <o
4, - 2
BbinosHEHO Hepasenctso | L, r’| << C [r? (x)] 7 Mpasas uacth we Goablue yr
Npi AOCTAaTOYHO MaJbiX [[X||, TAK 4TO B HEKOTOPOH OKPECTHOCTH TOWKH x =0

L7 —29r2 4972 = —vr

Jlemma noxasaua.

[lycts @ — pewenne ypabHenus (1), OT/HUHOE OT HYJNeBOro, ¢ Hayadb-
HbiM YCJA0BHEM B JIOCTATOMHO Manoll okpectHocTH Toukd x=0. Onpese-
JHUM (GYHKLHIO BPEMCHH O COOTHOWIEHHEM

p(h=Inri(g(n), 1>0.

Mo teopeme eauncTsensocth r’(@ (/) 0, Tak uTo QyHKUHA p onpejseseHa



§ 23) YCTORYMUBOCTD NOJIOKEHWH PABHOBECHS 173

1 auddepenuupyema. Cornactuo HepaseHCTBY (3)

. 1 d, _Lvr2
p= rQC(er ¢= 72 <=7

Orciona BoiTekaer, uto r’ (@ (f)) MOHOTOHHO yGbiBaeT M CcrpemuTcs K 0
npu {—> 4 oo:

p<p 0=t e (@0)e ™ —0, ()

4TO H TpebOoBa/sOCh A0KA3aTh.

3apanaua l. Ykasath npo6ess B NPHBELEHHOM [OKa3aTesbCTBE.

Pewenune Mbl He QOKasaau, yTO pelleHHe ¢ NPOAOXNKAETCA Brie-
pea HeorpaHH4YeHHo.

Paccmotpum Takoe ¢>>0, uto npH ||x} <o BbIMOJHEHO Hepagei-
creo (3).

PaccmoTpum  KOMNaktT B paciiMpeHHOM — (a3oBOM  npoecTpancTse
(puc. 170)

F=(x1: r*(x)<o, LT 5
( /c0- 0f /
PaccmoTpuM perieHue ¢ ¢ HauyadbHLIM YCJI0 F 502 h
i
]

sieM ¢ (0), rae r’ (@ (0))<<o. Ilo Teopeme o

TIPOAOJIXKEHHH @ . MOXKHO MPOAOJNKHTb Blepen \
oo rpanuubl uuamHapa F. Ho noka rTouka

Puc. 170. Heorpamucunsn  npo-
(l,(p(l)) NPpHHAJICKHT F, npoussoaHasn qﬁ)yHKLlHH AOMKAEMOCTL PCUICIHi BIEepel.
r’ (o () ortpuuateasua. IlosTomy pewenne He
MOKCT BBIATH Ha GOKOBYK MOBEPXHOCTb uuaunapa F (rae r’=¢?) u, sua-

UHT, MpojoJKaercs Ao topua f=17T.
[ockonsky T npoussoabho (n me 3aBHCHT oT o), peuwleHHe ¢ npo-

AOJKACTCS BNEpPe] HeOTPaHHUeHHO, nphdeM r (¢ (1) << o? u HepapelcTBO (3)
UMeeT MecTo npH Beex {>=0.

3ameuanue l. Mpl gokazanu Goablie, ueM acCHMITOTHYECKYIO YCTO#-
YHBOCTb M0JIOXKEeHHA paBHoBecHsl. M3 HepaseuctBa (5) BUAHO, UTO CXOAH-
MocTb @ {f) >0 papHOoMepHas (OTHOCHTENLHO HAYyaJbHBIX YCJOBHI X9, 0-
cratouHo 6au3kux K 0).

Kpome Toro, HepaBeHcTBO (5} yKasblBaeT CKOPOCTb CXOAMMOCTH (3Kc-
NOHeHUHANBHYIO).

INo cyuiectBy, Teopema yTBepJaeT, YTO DPABHOMEPHAA 3KCHOHCHILH-
a/jbHasl CXOAMMOCTb DeleHHH NHHeHHOro ypaBHeHHA (2) K HYJIO He napy-
waeTcs NpH HeNHHEHHOM BO3MyLIERHU Uy (x)==O ([|x||?) npasoit wacTi vpasn-
erus, AHaJIOTHYHO® YTBEDXKAEHHE CNPaBeAJHBO ISl Pa3/H4HBIX BO3MYiie-
uuit Gonee o6uwet npupoabl. Hanpumep, MOXHO 6bl10 6Bl paccMOTpeTh
HEABTOHOMHOE BO3MYleHHe D3 (x, {), ana KoToporo {vs(x, )| <@ (Ixl), rae
¢ (xl)=0(lx]) npu x—0.

3anaua 2. Jlokaxurte, uTo B YCJOBHAX Teopembl ypaBHenus (1) © (2) Tonosoru-
YECKH 3KBHBAJICHTHL B OKPCCTHOCTAX MONOMEHHA PaBHOBECHA.

3ameuanune 2. B cBA3H ¢ N0Ka3aHHOH Bbile TEOPEMON Mbl 1IpH-
XOAMM K caeayowiedl aareGpavueckoil 3ajave (tak HasbiBaemas napoG.aema
Payca — I'ypsuua):
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Tpebyerca y3Hath, A6HAT AU 8Ce KOPHU OGHHO20 MHO204ALHA 6 ACBOL
nOAYNAOCKOCTH. _

JTOT BONMPOC pellaeTcsl KOHEUHBIM UHCIOM ApHOMETHUECKHX ACHCTBHM
Hal kospduuueHTamu muorounena. COOTBETCTBYIOUIHE AJTOPHUTMLI OMH-
caHbl B Kypcax anrebpul (kpurepui Fypsuya, merod Ulrtypma) u komnaeke-
HOrO TMepeMeHHOro (npumyun apeymenra, merolst Boiuwezpadckozo, Halik-
sucra u Muxadaosa). Cu., uanpumep, A. T. Kypouw, «Kypc muicuei
anre6pui» (M.: Hayxa, 1968), r1. 9; M. A. JlaspenTbes, B. B. llla6ar,
«Metoapl Teopud QyHKUMA KOMIIEKCHOrO nepemenHoro» (M.: ®Puamatrus,
1958), rat. V; cm. takke M. M. [T o C T H H K O B, «YCTOIYHBBIE MHOTOUACHbI»
(M.: «Hayka», 1981). Mot Bepremcst Kk npoGsieme Payca —I'ypsuua B § 36, 5.

§ 24. Cayuaii 4HCTO MHMMbBIX COBCTBEHHBIX YHCEJ

JluHelHble ypaBHeHHsT §e3 YHCTO MHHMbLIX COGCTBEHHLIX UMCEA AeTafb-
HO Hceaeposannl B §§ 20, 22, Mx ¢asosbie kpupble BeayT cefs aocra-
TOuNnO npocro {ceano, § 22, n. 8).

Jluneiinple ypaBHEHHSI € YHCTO MHHMBIMH COBGCTBEHHBIMH UHC/AAMH N0-
CTABAT HaM.IpHMephl Gojiee CJ0MKHOTO NMOBEfeHHsT (PA3ZOBLIX KPHUBLIX.

Takue ypasHeHus BCTPEUAIOTCSt, HANDHMEDP, B TEOPHH KOJeBAHHN KOH-
cepBaTHBHBIX cHcTem {cM. § 25, n. 6).

1. Tononornueckas kiaaccudukauua. IlycTb Bce COGCTBEHHblE uucaa
A, .., hn JIHHEHHOTO ypaBHEHHS

x=Ax, x<=R" A: R®">R", (1)

YHCTO MHHUHMBI.
B kakux cayyadx nBa ypaBuenns Buaa (1) TONONOrHYECKH SKBHBAJEHTHDI?

3apnaua 1. Jlokaxure, 4To B cayuae MIOCKOCTH (=2, Ay o= +iw=%0) A% TONONG-
FMUECKOHl IKBMBANCHTHOCTH ABYX ypasuenufi suaa (1) HCOOXOAMMA W HOCTTOuHA anreGpan-
HeCKas SKBHBAMEGHTHOCTH, T. €. OLMHAKOBOCTb
COOCTBEHHbIX YHCE.
Rz B Hacrosiulee BpeMmsi aHaJOTMUYHbIE pe3yb-
J4 TaT J0Ka3aH H npu n> 2.
(w,
iy,

2. MNpumep. PaccMoTpuM ypasHue-

ue B R*
; =
-f 1,2 1 = WiXg, .
I <y ; . A 2= tiw,
ey Xo== —1Xi, )
X3 == WXy .
Puc. 171. daszoBoe npocTpaHcTBO cHeTembl (2) y ’ A3 4= iw,.
o ' ’ X4 = — 2X3,

Hpoctpancrso R* pacnanaercs B npsamyio cymmy ABYX HHBapHAHTHBLIK MJO-
ckocted (puc. 171):

R'=R, ;4R 4.
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Cucrema (2) pacnagaeTcd Ha ABe He3aBHCHMble:

)21=<D1x2
{ B ———u)’lx; (x1, x9)e Ry,
.2 , 3)
X3 = WX
{ -3 . (Xs, X4)E Ry 4.
X4= — W2X3,

B kaxpoii u3 naockocTell (ha3oBbie KPHBLIE — OKPYMHHOCTH
S'={x=R, 2z x{+x=C>0)

it Toukn (C=0), u $asoBbli NOTOK COCTOMT M3 Bpaulcnuil (ua yron
@it 1 ®f COOTBETCTBEHHO).

Kaxnasn ¢aszoBasd KpuBas ypasHeHHs (2) NpHHANJNEKUT NPAMOMY Npo-
n3BeaeHHo asoBbiXx KPUBBIX ha naockoctaX Ri2 v Rss. Ilycts 3t aBe
KPHBbIE — OKDPY>KHOCTH.

ITpamoe nponssenenne AByX OKpYiHOCTECH

?=8'XS'={xeR" xi+x=C, S+x4=D)

Ha3bIBACTCHA O08YMEPHbIM TOPOM.

Yrol6bl siyuie npeacraBHTh cebe TOp 77, MOXHO MOCTYIHTH CACAYIO-
wuM o6pasom. Paccmorpum B R® nosepxnocts Gapauku (puc. 172), noay-
UEeHIYl0 NpY BPAalEHHH OKPYXKHOCTH BOKDPYT Jexalled B ce NJIOCKOCTH

@2
| &0 [ )

LT, LT
0O gl €y,

Puc. 172, Top. Puc, 173. Kapra Topa.

u He nepecekawouleil ee ocu. Touxka Takoil HOBEPXHOCTH 3aaacTcs ABYMs
Yr7A0BbIMH KOOpAHHaTaMu ¢, @2 mod 2n. Koopauuartel ¢ M 2 3ajator
auddeomopdusm nosepXHOCTH GApaHKH H NpsiMOro npoussepenna I aByx
OKPYJKHOCTEH,

Koopauuarel ¢y M @2 MOXKHO Ha3BaTb doaeoroi H wuporod. Kapry
topa T? (cm. puc. 173) moxkiuo u3o6pasuTh Ha keaapate 0<C ¢ <<2x,
0<C ¢2<C 2n naockocT (@1, @2), «ckaeHB» TOUukH (@1, 0) H (@1, 271) u (0, @e)
u (27, g2). MOXHO Takke CUHTATb KapTOH BCIO IJIOCKOCTb (@i, o), HO
TOrja Ka)xaas Touka Topa Oyaer uMerb OGeckoHeusoe uHcl1o H3obpa-
KeHUi Ha kapre (nono6Ho ABYM H3oGpaeuusiMm UykoTku Ha kapre no-
nyuwapui).

®asoswii notok ypasuenus (2) ocrtasamer Top I < R' na mecre.
Dagosble Kpusble ypaBHenust (2) Jexat na nosepxuoctd T2, Ecan ¢
noastpHblil yrol nsockocth Ry g, oTcunThiBaembiii oT opta X2 K OpTYy X1,
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T0 coriacHo (3) ¢r=ow,. AHAJOTHYHO, OTCUMTHIBAA @2 OT X3 K X3, MOJy-
uaem o= Hrak:

Pasogote Tpaekropuu noroka (2) xa nosepxwoctu TP y0o8.2eTBOPAUIOT
ouddpeperyuaronony ypasHenuo

=01 Q=0 (4)
Llinpota u noarora ¢a3oBoil TOUKH MEHSIOTCA PaBHOMEPHO, W Ha Kapre

TOpa ABHXKEHHe H300paxaeTcs NPsiMOd JHKHHEH, 8 HA NOBEPXHOCTH GapaHKu
noJayuyaercs «o6morka» (puc. 174).

143

4
/
/

#

Puc. 174. OGmotka ToOpa.

3. ®asosnie kpusbie ypasHenus (4) na Tope. Uncna wi, w, HasslBaloTes
PAUUOHAALHO HE3ABUCUMBIMU, €CHH H3 kw4 k:0p==0 ¢ uenbiMH &k, # ks

/ +20¢ o
/ 4 ' e
A()Y ?W o 14
prlx
Jo
e e

Puc. 176. O6passt ToukH ok-
Puc. 175. Bcioay naoteasa KpH- PYXHOCTH NPH ROBTOPCHHH f10-
5an Ha Tope. BOPOTA HA yroa a.

cneayer ky=ky=0. Hanpumep, /2 u /8 paunonanbso saBucumbl, a \6
H x/§y HeT.

Teopema Ecau w u oy payuonasbro 3asucumel, 1o 6¢AKan ¢aso-
6aa xkpusan ypasuenusn (4) na tope samxnyra. Ecau xe oy u w; payuo-
ROALHO Hesasucumbl, TO 8CAKAA (pasosan Kpusasn ypasuenus (4) scody
niorna *) ua rope T* (puc. 175).

Husivg cropamn.

Ecan 8 xaxnol xnerke GecKOHeuHOR WIAXMATHON AOCKH CHAHT ONHHAKOBLIA (H ORMHA-
KOBO pachoTOKeHHHN) 3afU, H OXOTHHK CTpeAfer no HaNpas/IeHHIO C HPPAUHOHAABHHIM TaH-
TEHCOM YrAa HABKAOHZ K JMHHMAM [OCKH, TO OH RONajeT XOTb B OAMOTO 3afiua. {Slcuo,
HTO €CA¥ TAMMeHC Yria HAKAOHA pauHoHaded, TO MOCTATOYHO MadlX 3aillleB MO HO pac-
MOAOKHTS TAK, UTO OXOTHHK NMPOMAXHETCH. ) ’

Jlenwma. Paccuorpum noeopor okpymnocru S' na yeon a, recous-
smepunsil ¢ 2n (puc. 176). Toeda obpases aobod Touxku Ha OKPYNCHOCTH

®) Muoxectso A Bciony nmaotHo B npoctpatictse B, ecan B Coub yroaio manoh
OKPECTHOCTH M0GOfi TOUKM MPOCTPARCTBA B ectb Touka MHONKecTsa A.
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npu nOSTOpPEeHUul nosopoTa
¢, ¢+a, ¢+2a, ¢+3a, .. (mod2m)

06pasyloT MHONCECTBO, 8CIO0Y NAOTHOE HA OKPYIHOCTU.

JoKa3aTenscTBO MOXKHO H3BJAEUL H3 CTPOEHHS 3aMKHYTHIX NOArPYNH
npsamoit (cM. § 9). Mbl npoBeneM ero 3aHoso.

Mpusuun swukos Jupuxae Ecau e k awurax aexur k41
npedmer, To xora Ovl 8 0dHOM AuuKe Goablue 00HO20 npedmeTa.

Pa3fennM OKpYXKHOCTb HAa k£ DaBHBIX TOJYMHTEPBAJOB NJHHEL 27t/R.
[Mo nprHunny swwukoB cpend nepsbix k-1 Touek HaweR nocresosaTeNb-
HOCTH €CTb 2 TOUKH B OfHOM noayusrtepsaJge. IlycTb 3710 ToukH @+ pa
H ¢+ga, p>q. PaccmoTpuM s=p--g. Yron nosopora sa OTJHuUAETCH
OT KpaTHOro 2n MeHbwe uyeM Ha 2n/k. B nocsnenoBaTenbHOCTH Touek @,
¢+sa, ¢+2sa, ¢9+3sa, ... (mod2n) (puc. 177) kaxanie ABe cocenHnHe
TOYKH OTCTOAT HA OJHHAKOBOE paccTOsiHHe, MeHbmiee uem 2n/k. Tlycts

#2
]
Pk 9
Wy
L/)/‘ Z”wf A
Yoo\
ik ¢
Puc. 177. Touk# @+ Nsa. Pre. 178, Peaykuita reopeMs! x JeMme,

nano e>> 0. Buibpas £ nocratouso GOJIbILHM, Mbl MOXeM caenats 2n/k<e.
B ni0Goit e-okpecTHOCTH M0G0 TOUKH S' €cTb TOUKH NMOCAENOBATEJbHOCTH

¢+ Nsa (mod 2n).

Jlemma nokasana.

3 ameuanue Mbl He HCIIOJNBL30OBAJIH HECOH3MEPHMOCTD ¢ ¢ 2n. Mexnay
TeM OYEeBHAHO, UTO MPH ¢, COM3IMEPUMOM C 27, JleMMa HeBepHa.

3anaua 1. Halith H BOCNOAHHTL npoGen. B N0Ka3aTebCTBE JEMMH.

JokasareanbcTBo Teopemb. Pewenne ypasuenuss (4)
HMeeT BHI

@i (D=q1 (0)+wif, @2()=02(0)+ waf. (5)

IMycTs 1 H o2 pauHoHanbHo 3aBicHMBL B0+ k=0, ki k0,
YpasHenna orHocuteavho T

(ﬂxT=2ﬂkz, (02T= —2nk|

coBMectHbl. HMx pewenne T K siBAsieTcA NepHOAOM 3aMKHYTOH ¢pa3oBoft
KpHuBo#t (5).

flycte @ ¥ o2 pauKoHanbHO He3aBHCHMH. TOFAa ®;/ws — HppauHo-
HaNbHOE 4Hc0. PaccMOTpHM Moc/ie0BaTebHbe TOYKH nepecevenus $haso-
BoA xpusoit (5) c wmepuananom @=0 (mod2n) (puc. 178). Hluporn
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3THX TOueK 6yayr

2,6 = P2, 0+ 23‘:%/6 (mod 2n).
1

[To nemme MHOXeCTBO Touek mepeceueHHst BCIOAY MJOTHO Ha MepHAHAHe.
3ameTuM, uTO mpAMbIC, NPOBEJCHHLIE M3 TOUEK MHOMECTBA, BCIOLY LIOT-
HOro Ha MPAMOH, Jexauel B IJIOCKOCTH, IO HANpPaBAeHHIO, He COBMAalalo-
LeMy C HanpaBjAeHHEM 3TOH npsaAMol, o6pasyioT BCIOAY HJAOTHOE MHOXKECTBO
Ha njaockoctd. ITostomy nzobpakenne

~ t ~ !
dasopoit kpusoit (5) na ksanpate 0<C @i << 271, 0<C Go<< 271 BCIOAY MJOTHO.
Hrak, daszopas kpusaa ypasHennus (4) (4, snauut, ypasuenus (2)) sciofy
NJ0THa Ha TOpe.
4. Caencrsus. Pax npocTelx CAEACTBHA [J0Ka3aHHON TeOpeMbl BHIXOAMT
3a paMKH TCOPHH OGBLIKHOBEHHBIX AHMpdepeHUHaNbHEX ypaBHEHHH,

3anaual. PaccMOTPHM MOCHCAOBATENLHOCTL MEPBLIX UHGBP CTENCHH ABONKH:
1,2,4,8, 1,3, 6,1 25, 1,2 4,8,

Berpetutess au B 3ToR nocienoBaTeanHocTd 7?7 BooGute, ¢ moGoii an komGuuaumd uudp
HauHHaeTcs 2"?

Janaua 2. Jlokaxute, uto sup cos {4sin y2{=2.
Ot o0
3apnaua 3. Pacemorpum rpynny S' KoMmiexcHulX uuced, mo moayao pasnwx 1. Haiitn
BCE €€ 3aMKHYTLIC MOATPYMALI.

Orser. 1, S', {ﬂ\/r}

5. Muoromepuwiii cayuait. Ilyctb coBeTBeHHble uMcsia ypasHenus (1)
B R*™ npocTnl H umeloT Bug

A= +in,, 4ivg, .., iom.

Paccyxpas, kak B npumepe n. 2, Mbl NOKaxeM, uTO (a3oBble KDPHBLIE
JIeXKaT Ha m-MepHOM Tope

Tm=sl><“.><sl=

o °
={(¢1,..., Pm)-mod 2n }=R"/Z"
o . .
H YIOBJETBOPSIOT YPAaBHEHHAM @) == @1, P2 = @y, ...
cen Qn=0n Yucra ..., O pPaUHOHANLHO
; o> He3aBUCHMBI, €CJIH NPH UeNAbiX &

(ki1 4. . A ko =0)= (k1 =. ..=kn=0).

Puc. 179. dasopan kpupas cu-

cTeMbl @r=1, g2=/2, g3=-/3 .
8ClOAY MAOTHA HA TPCXMCPHOM 3a Aaga 1. ﬂOKaaaTb, YTO @CJH YacCTOTbl @y,...,
TOpe, @O, PAHHOHANBHO HE3aBHCHMLI, TO KaXaas ¢)asoaan KpH-

Bas ypaBHeHHs (1), nexawan Ha Tope I™, BCIOAY MJIOTHA HA
HeM.

Caencrsue [ycto Kone npuizaer cxauxamu (2, +3) no noawo (puc. 179), zde
Kkeadparno-enesdossim cnocobos nocesHa Kykypysa. Toeda on obasareasno cwuber X0To
odun pocTok.
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6. Pasnomepnoe pacnpenencuue. Beioly mioTHble KpHBBlE, PAacCMOTpEH-
Hble Bbile, OO/AAAI0T 3ameyaTeqNLHbIM CBONCTEOM PaBHOMEpHO pacnpeje-
JATbCH MO MOBEPXHOCTH TOPOB. CopMynHpyeM COOTBETCTBYIOWYIO TEOpeMy
B npocreiiiem cayuae. PaccMOTpHM 1M0OCAE10BATEABHOCTD TOUEK @y, @y, ... HA
okpyxuoctn S'={¢@mod 2x). [loc/esoBaTe IbHOCTL HA3LIBAETCA pasHo-
mepro pacnpedesennod, ecan anst 1i06oi ayrd A S' uncao N (A, k) Touek
AJIHHHOrO OTpe3Ka M0C/aeA0BaTeNbHOCTH (@), .., &) B A ACHMOTOTHYECKH
NPONOPUHOHAABHO AjuHe A:

. N(A k) 1Al
lim ————=——
k— oo k 2n
3anavua* 1. Jokasars, 4To nOCACAOBATENLHOCTL ¢, @-a, @424, ..., TAE & — yroda,

HECOM3MEepUMbI ¢ 25, paBHOMEPHO pacnpeacdena ua S',
Caencrone Hucaa 2" wawe wnauunaworca ¢ 7, wenm ¢ 8. Ecau Ni(k) u Ng(k) —
koauuecrea wucea (1, 2, 4, ..., 2%, navunaowuxcs ¢ 7 u 8 COOTBETCTGEHHO, TO CyWECTYeT

lim (N7 (k)/Ns ().
k> oo

3anaua 2 Haittu s10oT npesen u y6eauTbes, 4TO OH Goabuie 1.

3ameuaune Hauanpubiil -0Tpe3ok nocaeposaTenviocTd (cM. 1. 4) ykasuiBaeT, Ka-
METCH, HA TO, UTO CeMePOK MeHbuie. 2TO CBR3AHO € TEM, UTO HPPALHOHAJBLHGE YHCJIO
1g 2=0,3010 ... ouenn 6au3Ko K paumoHaibHOMY uucay 3/10 *).

§ 25. Cayuaii KpaTHBIX COOGCTBEHHBIX UHCEJ

Pewenne nuHeliHOro ypaBHeHHSt ¢ NOCTOSHHBIMH  KO3(hQHUHEHTAMH
CBOAHTCA K BbIUHC/EGHHIO MaTpPHUbI e’. Ecam cobeTeeHnbie  umcsa
MaTpuubi A nonapHo pas3aHuyHbl, TO SIBHbIA BWA MATPHIBI e yKasaH B

N . At
§ 19, n. 5 u § 20, n. 6. UroObl HalTH fiBHBLIE BHA MaTpuubl e’ B cayuae
KPaTHBIX COBCTBEHHDBIX UMCes, Mbl BOCMOJNb3yeMCs XKOPAAHOBOH HOPMAaAbHOH
¢dopmofii.
At
1. Boiuucaeune e, rpe A — mopaancsa kaerka. OnuH 43 cnocoGos

¢
BbIUHCJAEHHSA EA , rae A— KOpaaHoBa KJeTKa:

Al
A1) RI—R,
“ A
ykasad B § 14: A ectb mMaTpuua onepartopa gupdepeHunposanusi B 6asuce
en==1te™ /11, 0L k<n,

NPOCTPAHCTBA KBA3HMHOTOUJIEHOB CTEMEHH MEHbIIE 7 ¢ NoKasaresdeMm A.
o ¢opwyae Teinopa e ectb Matpuua onepatopa casHra f(-)r>f(- 4 s)
B TOM ke fasuce.

Hpyro#t crnoco6 ocHoBaH Ha cjedyiolleli JeMme:

Jdemma. [llycto A u B — auneiinvie oneparopsr us R* 8 R". Feau
onu kommyrupyior, o e’ 8= eef,

*) Meppuie undpw cTenenelt Tpoikkn W Hacesewudl CTpan Mupa pacnpeseseHH o TOMY
e 3aKOHY.
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NokazaTeabceTso. CpaBuid GopMansible pay
=(E+A+f12—2+ ....)(E+B+%2+ )=
=E+(A+B) +—é (A*+2AB+BY+ ...,
e E4 (A Bty A+ BI . =
=E+(A+B)+é (A*+AB+BA+4+BY)+ ...

Ecan AB=BA, 1o psiipt coBnaaaior (Tak kak e VV==e*eY ana wices).
Mockoabky paasl abeosiotho cxoastest, e T 2=¢"e® uro u Tpe6oBanoch.
[Tpencrarum A B Buge A=2AE -+ A, rae A — HHUILIOOTEHTHAs AOopaaHoBa

KJeTKa:
A= 0. 1

Mockonbky AE KoMMyTHpyeT ¢ Jio6biM onepatopom, To e!==e'*E+Y =
=e"e™. Boluncaum matpuiy
AZ An~ltn~—l .
V=Et+dtb gt A (A7=0)

3ameTHmM, uTo A neficTByeT HA Gasuc €, ..., e, KaK cABHT: 0 <e, —1e;~ ...
. «teq. Tlostomy A* peficTByeT kak CABHI HAa k MECT H HMeeT MATpHLY

0...0.

Hrax, noxkasana

Teopewa. 1 ¢ 22,7 Jn—-1)
| S SR :
Al= I ) t"’/2 ,
t
1
et ot e fn— 1)

a e . (1)
.. . tei.t
e}.l
Hawn pbiukcaeHns npoxoaat 6e3 MaMeHcHuil B KOMNJEKCHOM cayuae
{(Ae&C, A: C"—>C").
2. Npunoxennn. M3 ¢opmysnl (1) HenocpeicTBEHHO BLITEKAIKT:
Carenctauel [Mycre A: C"— C" — aunedinvii oneparop, My, . . ., e—
CO6CTBEHNbIE HUCAQ, Vi, ..., Vi — Ux kpaTHocTu, LR, Tozda kaxcdoiit 3.ae-
nent marpuyor e (@ awobom puxcuposanrom 6asuce) AAAETCA CYMMOL
Kea3umnozoureno8 or t ¢ nokasareasamu My cTenesel mewbuie v; COOT-

gercreenno (I=1, ..., k).
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JokasatenbcTso PaccMoTpuMm MatpHuy onepatopa e’ B Gasu-
ce, B KOTOpoM Martpuua A nmeeT KopAaHoBy ¢opmy. Hawe yrsepxae-
Hie Torna caeayer M3 (). DaeMenTnl MaTpuubl omepatopa eV B s06oM
apyroM 6GasHce SIBASIOTCA  JIHHCHHBIMM  KOMOHHAUUsiMH  (C  TOCTOSH-
HbIMH KO3bDHIMCHTAMH) 3JeMEHTOB MaTpHUbLI oneparopa eM B yKasaHHOM
6Ga3uce.

C asencteue 2. [lycte @ — pewenue Juppepenyuaibroco ypasue-
nua x=Ax, x=C", A: C'— C". Toeda Kkaxdas KOMNOHEHTA BeKTOPa @
(8 atobom dpukcuposarnom 6asuce) ABAACTCA CYMMOL KOA3UMHO20YACHOB
oT It ¢ nokasareaamu M CTenenell MeHbuie v COOTEETCTEEHNO: @ (f)=

ot

= Z e pii(f), ede pj.1 — mnocouaen cTenenu << v

(=1

DNeficTeutensto, @(f)=e"'¢(0).

Canenpctsue 3. [Tycte A: R'— R" — aunednoii oneparop, M (1<

K <Ck) — e20 seujecreennsie COGCTBeHHbIE 4UCAQ, vV, — UX KPATHOCTU,
aiior (1<<IKm) — komnaexcuoie cobcraennste wucaa, W — UX KPATHO-
cru. Toeda Kawcdwil srement marpuust e™ u xamdan komnowenta peuie-
nus ypasnenus x=Ax, x=R", a6aserca CyMMOUl KOMNACKCHBIX KBA3U-
MHO2O4NEHO8 C NOKA3ATEAAMU ki, O -=iw; CTEneHel MeHbue vy, | COOT8ET-
CTBEHHO.
Takylo cyMMy MOXKHO 3amHCaTh TaKXe B MeHee YI0GHOM BHIE:

i
t)_Z ¢ “piat Z “ g1 () cos o 4r;.1 () sin ot
[=]
rae p, §, r— MHOTOWJEHbl C BewecTaeHnbimu KoddduuHeHTaMn CcTeneHei
MEHbILUE Vi, fiy, H; COOTBETCTBEHHO.
HefictBurenniio, ecin z2=x-iy, h=o-4iw, 70

Re ze* =Re e* (x+iy) (cos wt+i sin wf)=e™ (x cos of —y sin ot).

Mexay npouum, u3 3THX (GOpPMYJ BHAHO, UYTO €CAM BELLECTBEHHLIE HACTH
BCEX COGCTBEHHBIX UHCE] OTPHLATENbHbI, TO BCE peleHHsa crpemsrtces K 0
npu t— 4 oo (Kak 370 H A0MKHe ObITh cornacho §§ 22, 23).

3. lNpumeHenns K cucTeMaM ypaBHEHHit Bbitle nNepBoro nopsaka. 3anu-
CaB CHCTCMY B Blljle CHCTeMbl ypaBHEHHH NepsBoro mNopsiaka, Mbl CBeieM
3ajady K pacCMOTPEHHOH BBHIIE M MOXeM ee pelluTb, NpHBeAs MaTpHUY
K XKopaanosoit ¢opme. IlpakTHueckH uacto ynoGHee nocTynaTh HHaue.
INpexne Bcero, coGCcTBeHHBE YHC/IA 3KBHBAJEHTHON CHCTEMbl NEPBOro MO-
PAZKA MOXRO HalTH, He BHIHCHIBASA ee MaTpHuBbI.

JeficTBHTeNbHO, COGCTBEHHOMY YHCJY A OTBeuaeT COGCTBEHHbIH BeKTOp
u, 3naunt, penreHie @(f)=e* ¢ (0) 3KBUBAJNCHTHOR CHCTeMH MepBOro no-
paaka. Ho Torna n ucxoasast cucTeMa umeeT pewenne piaa ¢ (£)=e"¢ (0).
MNoncraBuM B ucxoauyio cuetemy P =e*'%. CucTema fofyckaer Taxkoe peiue:
HHe (HeHyJeBoe), eC/iH H TOJBKO €C/H A YAOBJAETBOpHET anre6panueckoMy
YPaBHEHHIO, H3 KOTOPOro Mbl H MOXXEM HaiTH COBCTBEHHbIE YHCAA AL

Camu pelleHHS] MOXHO 3aTeM HCKAaThb B BHJE CYMM KBAa3HMHOTOUJIEHOB
C MOKasateJIsiMH A H C HEONpEJeNIeHHbIMH KO3(PPHLUHEHTAMH,
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Mpumep 1. x =x.
Moancrapasem x=e™E. Haxonum AeME=¢eME, A =1, Aioga=1, —1,i, —i.
BesAxoe pellienne Halllero ypaBHCHISE MMeET BHA
x=Cie'+Cre '+ Cscos{+Cysint,
Tlpumep 2. X1 =x2, X2 =x.
Moncrasanem x=¢e"t. Haxomum A%E =E, A’L,=E;. Dra cucTeMa auHeiiMbIX ypaBHEHMiT

oTHocHTenbHO Ei, E2 MMeeT HeTPHBHAJbHOE pelieHHe, ecH M Toabko eean Af=1. Beakoe
peulcHHe Hauwled CHCTEMBI MMeeT BHJ

xi=Cie'+Coe™ '+ Cycos t4+Cysint, xe=De'+Dsre~ '+ Dycos t +Dysin .
TMoacranoska B cucremy paer Dy=C,, Dy=Cy, D3j=—C3, Dy=—C,.

Dpumep 3. xV—2¥4+x=0.
Moacrapasem x=e"'t. Haxoanm

WM =222 1==0, A%=1, A2aa=1,1, —1, —1.
Bceakoe pelueHiie HCXOAHOro ypaBHeHHA UMEET BUJL
(Cit+Ca) e +(Cat+Ciye ™,
3anauva . Haiith xopranoBy HopMajbHylo ¢(GOPMY MAaTpHllBl 4eTBEPTOro NOPSAKE,

COOTBETCTBYIOWEH HalleMy YPaBHEHHIO.

4. Cnyyalt ofHOro ypaBHEHHSi n-ro nopsaka. 3amMeTHM, UTO KPaTHO-
CTH COGCTBEHHbBIX yuces, BooGile roBODsI, HE QNPEAeJAT PA3MEPOB KOPAA-
HOBBIX KieTOK. IloJsioxkenue ynpowaercs, e€C/IH peub HAET O JHHEHHOM ore-
parope A, COOTBETCTBYIOILEM OfHOMY AHddepeHIHAIbHOMY YPABHEHHIO #-TO
nopsigxa:

x(n)=alx("-‘1)+ v Fanx, arsC. 2)

M3 cnencreust 2 n. 2 BuiTekaer
CaencrBue 4. Beakoe pewenue ypasuenus (2) umeer gud

k .
o= €pi(1), 3)
1=\
2de M, ..., M — KOPHU XQPAKTEPUCTUHECKO20 YPABHEHUA
M=ai"" L a, (4)

a  pir— MHO2OUAEH (Tenewu MeHvwe v, (ede v — KPATHOCT6  Kop-
HA M)
He#icteutensho, ypaBHenue (2) umeer peumenne Buaa e (¥), ecau H
TOJILKO eclH A — KopeHb ypaBHenus (4). Cneactsue (4) mokasawo.
IlepefineM K 9KBHBAJEHTHON cHCTeMe YPAaBHEHHH NEPBOr0 MNOPSAKA:

x=Ax, A= : (5)
- 1
vae 4y
Tonyuaem o
Cnencreueb Ecau oneparop A: C* — C* umeer marpuyy suda (5)
TO KaocOomy ez0 COGCT8eHHOMY uuCAYy A OTeexaeT posHo O0Ha KHopoaHosa
KAETKQ, pasmep KOTOpoOil pagek KparHoCTu M.
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Hefictautenbiio, cornacko cdopmyie (3) KaKIOMY COGCTBEHHOMY uH-
cry A oTBeuaeT OAHO cobcTBeHHoe manpasiemie. B camom gese, nycrb
E — coGctaentiniit Bektop onepatopa A. Torga cpean pewenuil suga (3)
umeeTCsl fepBan koMmnowenta e, sexktopa ™€ Ho Torsa ocranbusie KoM-
NOHEHTHl — 3TO NPOH3BOAHbIC: Er=A‘Le. TlosTomy umcqo A ompepensier
HamnpasJ/eHHe BEKTOpa § OJHO3HAYHO.

ITockonbKy Ka)KJoit OPAAHOBOH K/IETKE COOTBETCTBYeT CBOE COOCTBEH-
HOe HanpaBJ/CHHE, C/ICJCTBHE 5 10KA3aHO.

3anaua l. Beakan au quneiinas xoMOuHauUs KBa3MMHOTOUJNEHOB (3) ABASeTCH petie-
HHeM ypaBHeHust (2)?

5. O sosepatsbix ndOcaegosareabHocTAXx. Hawe uccaenopasue 3kcmo-
HEHTB C HEMPEepHLIBHbIM NOKaszaTeseM e' jerxo mepeHecT# Ha SKCNOHEHTY
C OHMCKpeTHBIM nokasaTtesem A", Msl MoxkeM, B HACTHOCTH, HCCJAENOBATb
Tenepb /MO6YI0 BO3BPATHYIO {== PEKYPPEHTHYIO) MOCAEAOBATEALHOCTD, ONpe-

JeJEHHYI0 COOTHOLIERHEM
Xn=0Xn—1-+ ... FCeXa—t (6)

(Hanpumep, nocaenosatesbHocTh 0, 1, 2, 5, 12, 29, ..., 3aA2HHYI0O COOTHO-
IUCHHEM X, ==2Xn | X,—2 ¥ HaYaJbHLIM YCOBHEM xo=0, x/=1).

Cnencreue 6. n-t uren 8038paATHOU HOCACO0BATCALHOCTI 3ABUCUT
OT N KAK CYymMmQ KBA3UMHO204A€HO8 OT M.

m
Xa= ) Mpi(n),
=1
20e M — cobcreenmsie ducaa marpuyst A, coorsercrayroujelt nocaedosa-
TEALHOCTI, G Pt~ MHOCOYAEH CTeneHu meHowe v; (20e v; — KPATHOCTH M.
BenomuuM, uto Matpuua A — 310 matpuua onepatopa A: R*— R%
MepeBOAsLIETO OTPEe30K [JHHBI R H3 HalleR noc/eLoBaTeNbHOCTH, & _ =

=(Xn—ty ..., Xa—1), B CJACAYIOUIMH OTPE30K IJIHHBL R, B ==(Xn—tt1, .0 Xn):
0 1 Xn -k KXn—k 4
0' l.
A 1= . - : = H = .
gn ] 0 1 H H g'l
ag ... a, ai Xa—1 Xn

BaxHo s3amerutn, 4to onepatop A He sasucut ot n. [lostomy x, ecth
OfHa M3 KomnoueHT Bektopa A"E, rae & — noctosiHHBIA BexTop. Matpuua A
umeer Bua (D). Tlonbaysicb caeacrteueM 5 u npusoas A K KOPAAHOBOH
¢opme, nonyuaem caeactsue 6.

[Mpyu BbIUMCAEHHAX HET HYXKIH HH BHIIUCHIBATH MATPHUY, HH NPUBOAHTE
ee Kk HopmaJbHOH ¢Qopme. CoGcTeerHulit BekTOp omepdaropa A coorset-
CTBYeT pelleHHIo ypaBHeHHa (6) Buna x==)". [loacraeass B ypasueunune (6),
HaxoAuM AJas A ypaBHeHHe

M=ag M "4 ... +a

Jlérko ybenuTbcs, UTO 3TO H €CThb XapaKTEPHCTHYECKOE ypaBHEHHE ofie-
patopa A.
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MMpumep 1. Ias nocnenosatensvnoctu 0, 1, 2, 5, 12, 29, .., (x,=2xr_1 + ¥a2) HAXOZUM
M=2041, h.,g:lixfﬁ. flosToMy COOTHOWEHHIO X,=2X,_ 4 X._; YROBACTBOPRIOT ROCJE-
ROBATeAbHOCTH Xn=(1 42 )% x.=(1—+2)%, a Takxe MoOble Nx AHHeitnpe KoMGHHANMH
(M TOAbLKO OHH)

ta==c (L4 2) e (1 —/2)

Cpeant 3THX KoMGusaunil Jerko nofo6paTth Takyw, AIA KoTopoll xo=0, x;=1: ¢; 4 c2=0,
V2{ci —e)=1. B

Oreer. xa=|(1 +2)' —{1 —~/2)"]/(2v2).

3ameyanne Ilpn n— -+ oo nepeoe caaraemoe 3KCMOHENLHANbHO PacTeT, a BTOPoE
JKCoHeHIHalbHO yOpiBaeT. [ToaTomy npu Goabwux n

X =(+/2)7/(292)
H, B YACTHOCTH, Xy 41 /Xnrx ] +\f§. Orciofa Mbl HAaXOAUM AN ﬁ oueHb Xopoulne NPHGEIHKCHHA:
VZ 2 (Xns1 — Xa)/Xn Tloactamass x,=0, 1, 2, 5, 12, 29, ..., uaxoanm
V2m(1—0)/1=1; V2= (5~2)/2=15;
VZx(12—5)/5=14; +2~(Q9~ 12)/12=17/12~1,417. ..
JTo Te caMble NMPHOIHMKCHHS, € MOMOWSI KOTOPLIX BHYHCASIAH /2 B APeBHOCTH; HX
MOJKHO MOJAYYHTHL TAaKKe PasjomeHHeM +/2 B uenmnwyio Apobs. [dasee, (Xn4t —Xn)/ X, ABATCTCA

RAWAYLIM CPRAN BCeX PailHORANbHBIX ApGAHKeHHH K 2 CO 3HAMEHATEAAMH, He HPCBOCXO-
DSIIMHMA X,

6. Manaste kone6anus. Mu paccMOTpesH Bbile Cayuai, KOTAA KammoMy
' KODHIO XapaKTepHCTHUECKOTO YDPaBHEHHS, Kakoa Gbl HH Oblia ero Kpar-
HOCTDb, COOTBETCTBYET OAHMH COGCTBEHHbIH BEKTOD: CJiyyail OLHOTO ypaBHEHHS
n-ro nopsiaka. CyuiecTBYeT B HEKOTOPOM CMbICJE NPOTHBOMNOJNOMNKHLI CJy-
uaf, Korja KaxjaoMy KODHIO COOTBETCTBYET CTOJIbKO COGCTBEHHBIX YHCe,
KaKoBa KPaTHOCTb KODHA. ITO — cayyall MasiblXx KoJeGaHHH KOHCEpBATHB-
HOH MeXaHHYECKOH CHCTEMbI.
Pacemorpum B eskaudosom mpoctpancrse R ksampartnunyio dopuy U,
3aJlaHHYIO CHMMETDHYECKUM onepatopom A:

U(x)=;_(Ax,x), xR, A: R R, A=A,

Paccmorpum nudgepenyuansuoe ypapHenue *)

x==—grad U (7
(U — noreHuuasnnHasi 3Heprus).
Ilpu mccaenosannu ypasuennsi (7) nose3Ho npeactasastb cefe 1apHK,
KaTaowuics no rpaduky NOTEHUHANbHON 3Heprun (cp. § 12).
Ypasuenue (7) MOXKHO 3anucaTh B BHae X= —Ax WIH B KOOPAHHAT-
HOMl 3aniCH B BUIE CHCTeMBl N JIHHEMHbIX YPABHEHHIl BTOPOro mopfiKa.
o obwemy npaBuay uileMm peineHHe ¢p=e™E H HaXoAUM

Meg=—AcME, (A+NE)§=0, det|A+VE|=0.

*) Bexropuoe nose gradU onpescasercss ycnosweMm «dU (E)=(grad U, & aas scakoro
Bektopa Ee&TRI». 3aech Kpyranie CKOGKH 03HA4AKOT EBKJAHAOBO CKaApHOe NpoH3BeACHHe.
B nexaprosmix koopaunaTax (oproHopmupoBaHubiX) BekTopHoe nose grad U 3ajaercss Komno-

au GU)
HeutaMi { — , ..., —} .
ax, dxy,
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Orcio1a HAXOAMM n BelleCTBeHHBIX (nmoueMy?) snauennii A2 u 2n anaue-
HHH A

Ecaun Bce oHM pasnuyHbl, TO BCAKOE peuwleHue ypaBHeHHs (7) ecTb
JuHeHnas KOMOGHHALHMA 3KCNOHeHT. Ec/n Ke HMEIOTCSl KpaTHble KOPHH, BO3-
HHK4eT BONPOC O XOPAAHOBBIX KJA€TKaX.

Teopewma. Ecau ksadparuunasn gopma U nesvipoxdena, 10 kancdomy
COOCTBEHHOMY 3HAYEHUIO ) COOTBETCTBYET CTOAbKO AUHENIHO He3ABUCUMbLY
CO6CTBEHHBLX BeKTOPOB, KAKOBA €20 KPATHOCTb, TAK 4To Kamdoe pewenue
ypasrerus (7} MONHO 3anucars 8 6ude Cymmol IKCHNOHEHT *): p(f)==

2n
= Z g, e C.

k=1

HdokasarteabcTBO OproroHanbHbiM npeo6pasoBaHHeM MOKHO
npusectd Gopmy U K 2aasHoist OCAM: CYWECTBYET OPTOHOPMUPOBaHHBIH
Gasuc ey, ..., e,, B KoTopom U 3anucolBaeTca B BUAe

1
1 2
U(x)=~2—z Xy, x=x1814+ ... + x50
=1
Hespipoxaensocts dopmbl U o3navaeT, uTo HH OAHO H3 uwices a; He
pasuo 0. B BoifpaHHBIX KOOpAMHATax ypaBHeHue (7) uPUHMMAeT BHJ
X1= —aiX, X2 = —QaX2, ..., Xn==—0pXn
HE3aBHCHMO OT TOrO, €CTb JIM KpaTHble kopuu **). Hawa cucrema pacna-
Jack B NpsIMOe MpOM3BefeHHe n «ypaBHeHHH masitHuka». Kaxpoe H3 Hux
(¥= —ax) MCHOBEHHO peliaercs.
Ecan a> 0, 10 a=o’ u

x=C, cos wt-+ C, sin of.

Ecan a<<0, 10 a= —oa’ u
x=C;chal+4 Csyshat=De* - Dye .

DtH GopMyabl copepKaT, B YACTHOCTH, YTBEepXKAEHHE TEOPEMbI.

Ecnu dopma U nonodKuTe/ibHO ONPRJE/IEHHAS, TO BCE Q) NONOXKUTEJbHLI
H TOYKa x COBeplIaeT A HC3aBHCHMBIX KOJeGaHHH NO 71 B3aHMHO nepreH-
JUKYJSPHBIM HAMPaBACHUAM ey, ..., e, (puc. 180). ITtu xoneGanus nasbi-
BAIOTCS 2AA8HOIMIL WK COOCTBEHNBIMU, @ YHCIA ©f — COBCTBEHHbLMU 4ACTO-
ramu. Oun yropaeTsopsior ypassenuio det |A —w?E| ==0.

Tpaekropust ToukH x=e¢({) B R" (rne @ — pewenue ypasuenus (7))
aexuT B napansenenunene |x.l <{Xg, rae Xy — amnanTyaa k-ro cobersen-
Horo xojeGauus. B 4acTHOCTH NpH n==2 — B IPAMOYTrOJibHHKE,

*) Hurtepecuo ormertdth, ute Jlarpamk, BRepBHE HCCACNOBABILKA YPAaBHCHHC ManLX
koneGanuit (7), BHauade ownbes. OH ayman, uTo B CAydae KpaTHblX KopHeit notpeGymorcs
«BekoBble» caaraemule BHAa fe*' (B BelleCTBEHHOM cayuae ! sin w!), kak B nn. 2, 4, 5 phime.

**) 3aMeTHM, 4TO Mbl CYWECTBEHHO HCHO/Ab3YeM OPTOHOPMHPOBAHHOCTL Gasnca e ecad

1
6bi Gazuc He Obl1 OPTOHOPMHPOBAHHLIM, TO KOMMOHEHTL BEKTODPA grad§ agxi ne Gola Gol

Pagrol QrXg.
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Ecan vacToTel w1 H w2 COM3IMEPUMEL, TO TPAeKTOPHS — 3aMKHYTas KpH-
sast. Oua uassizaetesi B 370M cayuae skpueoli Juccamy (puc. 181).

Eciu e @1 M w2 HOCOM3MEPHMBI, TO TPAEKTOPHS 3afojHAeT npsiMo-
YTOMLHUK BCIOAY fIOTHO. DTO BbLITEKAeT U3 Teopembl § 24,

e, A%
N\ |®
7

NP4 R

{

Puc. 180. HanpaBneHus co6crBennix KoneGa- Puc. 181, Oaua w3  xpusuix  Jlsecaxy
HUi W JUHUM YPOBHA MOTEHUHAAbHOH suepruu, ¢ wp=2w,.

3agaua l. Hapucosare kpussic Jinccaxy AMA wi=1, we=3 # 01 =2, wy=3J.
3anaua 2. JlokazaTb, 4TO CPeld KPMBLIX JInccaxy ¢ wy=nw, €CTh rpaduK MHOrO-
wieHa cTenetn . DTOT MHOTOWICH Ha3blBacTCa mMHozouaeHoM Yebouuesa,

T,(x)==cos n arccos x.

3anaua 3. Kak seirnsaar tpaekropun x= ¢ ({) B cayuae U=x}—x}?

3anaua 4. flpu kakux U nonoxenne paniopecus x==x==0 ypassenus (7) ycrofiunso
a) no JlanyHosy? £) aCHMOTOTHYECKH?

§ 26. O kBazumHOrousenax

Tlpu pewenuy AHHCHHBLIX ypaBHEHHHA C NOCTOSHHLIMH KOS PHUHCHTAMH
HaM BCC BpEMsi BCTPEHANHCh KBa3UMHOTounelsl. Mpl BHIICHHM Tenepb npu-
YHHY STOTO SIBJEHHS H JaJHM €My HCKOTODbIE HOBbLIE NPHJIONKEHHS.

1. Jluneitnoe npocrpancreo ¢ynkuui. Pacemorpum muoxecTBo F Bcex
Geckoneuno anddepeHunpyemslx QyHKUHit HA BelwecTBeHHol ocH R ¢ Kom-
MJIEKCHBIMH 3HAUYEeHHAMH.

MuoxecTBO F uUMEeT EeCTEeCTBEHHYIO CTPYKTYPY KOMIJNECKCHOTO JIMHCH-
HOrO npocTpancTsa: ecad fi u [o -—— byukunn w3 F, To GyHxuua ¢ f -+ cofs
(c1, ¢z — koucrautsl u3 C) Takyke MpHHAMIEKHUT F.

Onpenenenue Oyuxuun fi, ..., fo=F Ha3blBAIOTCA AUHELIHO HE3ABU-
CUMbLMU, €CJN OHU NMHEHHO He3aBHCHMBI KAK BEKTOPHI JMHEHHOro npocrpan-
ctBa F, T. €. ecan

(cifi4+ ... +cufr=0)=(c1= ... =c,=0),

rae ¢y, ..., ca=C.

3anaua 1. [lpn kakux a, B dyuxkunn sin af u sin ff Anuefino 3asucumpi?

3anaua 2. JlokasaTs, uTo ¢pyHKuux €', ... e nuHc#HOG He3aBMCHMB, €CAH BCe A
NONapHO pasiHuHLL.

YKkasanne D10 BuTeKkaeT M3 CyUleCTBOBAHHA JHHEHHOro ypaBHeHHs n-ro nNopsgka
¢ pemwennamu €, ..., & (cm. m 2).

Cpe;’lH 3JIEMEHTOB fIpPOCTpPaHCTBa F umeloTcs KBa3WMHOTOQUJEHbL ¢ NOKa-
v—1

satenem )} [(fH)=¢e" Z cut® u. 6ojee ofiMM OOGPA3OM, KOHEUHbIE CyMMbI
k=0
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KBa3HMHOTOYJICHOB C Da3HbIMHM NOKa3aTreNsiMHu
k v,—1
Mt
(= Z e Z L ml™, AiE M (1
=1 m=0
3anava 3. MokaxuTe, 4To KamAas GyHKuMA BUAA (1) 34MHCHIBACTCH B BHAE CYMMEI

(1) eauncrBennmM o6pasom. Hiave rosops:
Ecau cymma (1) pasna 0, 10 kaxdeid Kospguyuent ¢ pasen 0.

Ykasauue Opno u3 BO3IMOMHLIX pewennit cM. 8 n. 2 (creactHe ma crp. 187).

2. Jluneiinoe nNpocTPaHCTBO peuieHHii JMHEHOTO YPaBHEHNS.
Teopewma. Muoxecrso X scex pewenut auneiinozo ypasnenus

O hax" V4 4 ax=0 2)

cocrasaner 8 F aunelinoe nodnpocrpancreo Konewnod paszmepHocTu M.
Hokasateabcto. Paccmorpum onepatop D: F— F, nepesoas-
WHH Kaxaywo ¢yskuuo B ee nponssoanyio. Onepatop D sinneen:

D {c\fi+cof)=1¢1Df\ + c2Dfs.
Paccmotpum mMHorousen or onepatopa D:

A=a(D)=D"+4a D"~ '+ .. -a,E.

Onepatop A ectb Juueiinmii onepatop A: F-» F. Pewenus *) ypasHe-
HHA (2) — 370 3nementhl sapa onepatopa A. Mrak, X = Ker A.

Ho snpo Ker A nuneitnoro onepartopa siBasiercsl NMHEHHBIM NPOCTPaH-
crBoM. TMosromy X — snneitnoe mpoctpanctBo. Ilokaxem, uro X maomopd-
no C".

Hycte @& X. ConocraBum GYHKUMH @ HAGOp n ykced: HaGOP 3HAUCHHIL
‘B Touke (=0 ¢GyHKUHM ¢ K ee TNpou3BOMHBIX @o=(yp (0), (D¢)(0), ...
ey (D" @) (0). TTonyuaem orobpaxenne

B: X_)C”, B((P):(po,

d1o oTobpaxenune auHeiino. O6pas oTo6paxexuss B — 3T0 BCe NPOCTpaH-
crBo C". M6o no Teopeme cyleCTBOBaHUA CYIUECTBYET pelueHHe g X ¢ Ji0-
6biMH JaHHBIMH HaUYaJbHBIMH YCJHOBHSAMH (.

Slapo oro6paxenuss B nyaesoe. MGo no Teopeéme eaMHCTBEHHOCTH Ha-
yasbuble ycaoBua (u=0 onpenensiior pewenune (p==0) oaHosnauno. Hrak,
B — usomopdusm.

Teopema pokasana.

CnencrtBue IMycro M, ..., Ap — KOPHU XQPAKTEPUCTULECKO20 Ypas-
Hernusn a(M)=0 OJuppepenyuarsnozo ypasnenuns (2) u vy, ..., Vi — Ux
kparnoctu. Toeda kasxcdoe pewenue ypasHenus (2) eGuncTsenHoim 06pa3om
sanuceisaercs 8 gude (1) u xamcdasn cymma keasumuozourenos sudag (1)
ydosaersopaer ypasueruro (2).

HdokaszarteabcrTBo. Popmyna (1) zanaer orobpaxenue @: C"—~F,
conoctasJisiioniee nHabopy n Ko3QQGUUHEHTOB ¢, (yHkuuio f. 10 orobpa-

*) Mu szapawee 3auaem, uTO BCe peuwicHHA ypaBsheuus (2) Geckoneuno Auddepeun-
pyemut, T. e. npunaaacxkar F o(eMm. § 25, 4).
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s#exse nunedno. Ero o6pa3s conep:kuT npoctpancTso X peweunit ypasue-
tust (2). M60 cornacho § 25 kamaoe pewenue ypasHeHHs (2) 3anuchl-
Bacrtca B Buae (I). I'lo teopeme pasmephocTb npoctpancTsa X pasua n.

Jluneiinoe oroGpakenue npocrpadcrea- C" Ha npoctpancteo X TakoH
e pasMepHocTH ecTb H3omopduam. Ilostomy @ ocywecrsnser H3OMOp-
¢usm C" > X. 10 H ecTb yTBEpKAEHHE CACACTBHA.

3. UHBapHAHTHOCTD OTHOCHTENbLHO CABHIOB.

Teopewma. llpocrpancreo X pewenutdl Ouppepenyuarbrozo ypasne-
Hus  (2) UHBAPUAHTHO OTHOCUTEAbHO COBUS08, NEPeBOOAWUX PYHKYLIO
9 (1) 6 p(t+s).

JleficTBUTE/IBHO, CABHI pelueHHs GyleT peiueHHeM, KaK W AJs1 BCAKOro
aBTOHOMHOrO ypasHeHus (cp. § 10).

nPHMt‘pbl NOANPOCTPAHCTB NPOCTPEHCTBRA F, HHBapHaHTHLIX OTHOCHTCJLHO
CABHIOB.

Mpusep I. Oanomepnoe npoctpanctso |ce* }

Mpumep 2. MNpoctpaicrso kBasumuorowsewos [e*'p_, (f)} pasmephoctu n.

Mpumep 3. Maockoetsb { ¢ cos wi+4c2 sin wf ).

Mpumep 4. [lpocrpauncrso {p_ ,(f)cos wt-+ g ,(f)sin of | pasmepuocTn 2n.

MoxHo nokasaTh, YTO BCAKOE KOHEYHOMEDHOE MOANPOCTPAHCTBO MPO-
cTpaucTsa F, MHBApHAHTHOE OTHOCHTE/JbLHO CHABHFOB, €CTb [POCTPAHCTBO
pelwerui HekoToporo aHd¢epeHUHaNbHOrO ypaBHenus (2).

HMunivu c/ioBamu, Takoe NOANPOCTPAHCTBO BCEria pacnafactcst B nps-
MYI0 CyMMYy NPOCTPAHCTB KBA3WMHOrOWACHOB. JTHM M OOBLACHACTCA 3Haue-
HHE KBA3MMHOrOYJAEHOB NSl TEODHH JHHEHHBIX ypaBHEHH C MOCTOSHHbIMH
KO3¢hDHLHEHTAMH.

Ecan kaxoe-mi6o ypaBHeHHe HHBAPHAHTHO OTHOCHTENLHO KaKoii-1160
rpynnsl npeofpa3oBaHHi, TO NpPH PELIEHHH 3TOMO0 ypaBHEHHS BAXKHYIO poJb
@yRyT Hrpath npocTpaHcTsa QyHKUHHE, HHBADHAHTHLIC OTHOCHTCALHO 3TOMH
rpynnoul. TakHM nyTeM B MaTeMaTHKe BO3HHKAIOT Pa3jHuYHbLIC ChelHa/bHbe
dyuxuwin. Hanpumep, ¢ rpynnoft spawennit coepbl casizaubl cheprueckie
QYHKUUH — KOHEeYHOMEpHble NPOCTpaHCcTBa (YHKUHHA HA cdepe, HHBAPHANT-
Hbte OTHOCHTENBHO BPALIEHHH.

3anaaua® 1. HailtTu Bce KoueuHOMepHLiE MOANPOCTPaNCTBa NPOCTPaHCTBA [AaAKHX
DYHKUMA HA OKPYMHOCTH, HHBAPHAKTHLIE OTHOCHTENbHO BPAILEHNI OKPYHHOCTH.

4. Hcropuueckoe samevanue. Teopusi anuedinbix anddepenunanbpHbx
ypaBHEHHH C NOCTOAHHBIMH Ko3ddHuHeHTaMn Oblia coafana DiliepoM H
Jlarpasxem 40 TOro, Kak Gblia NOCTPOEHA XKOPAAHOBA HopMaabhas (Gopma
MaTpHU.

Paccyxaann ouu caeayiownm o6pasom. Ilycte Ay, Az — ABa KOpHSA
XapaKTePUCTHUECKOTO ypaBHeHus. MM coorsercreyior peuwsenns &%, &',
Ha KOTOpbie B npocTpaHcree F  HaTArupaerca AByMepHast nnocwcrb
{cie™ 4™} (puc. 182). Tlyctsb Tenepb ypahenue MelmeTcyl Tak, 4TO
A2 npubmuxaerca k A, Torma e npubanmxaercss « ' wonpH o=
IJIOCKOCTb BbIPOXKJ2€TCSt B NPAMYIO.

Bosunkaer Bompoc: HE CYWeCTBYeT AH OPEAebHOTC MONOMKEHHRA (1]10-
cKocTH, Koraa Ag — A7
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Bumecto €' u €™ B kauecTBe 6a3zHca MOXKHO B3ATbH (mpu Ar=E=2y)
Mo e —eM Ho e —eMa(hy—A)teM'. Basuc mawed niockoct
(M, (e — M J(hg— M) npu Ao — A nmepexoaut B Gasuc (M, teM’) mnpe-
npenbHOi nmiockocTH. [1o3ToMYy €CTeCTBeHHO OXHAATh, YTO PCILEHHS Mpe/eb-
HOTO YpaBHEHHA (C KpaTHbIM KOpPHEM hp=2A|) OyAyT JexaTb B [peienb-
noii maockoctn [cieM 4 cote'). Koraa dopmynra wamucauna, ee MOMKHO
NpOBCPATL MOACTAHOBKOI B ypaBHEHHE.

Takum e o6pazoM O6DBACHACTCA BO3HHKHOBeHHe peutenuil ffe™ (k<v)
B CJyuae v-KpaTHOrO KOpHS.

[lpiBeennbie PACCYIKACHHS MOMHO Cle1aTh BMNOJAHE CTPOrUMU (Hanpu-
Mep, cocJlaBlliHch Ha TeopeMy o AHddepeHUHpyeMOil 3aBUCHMOCTH pelICHKH
OT mapameTpa).

5. Heopuopoaubie ypapueuus. Ilycts A: L, Ly — nuuefiuslt onepa-
Top. Pewennenm HeoanopongHoro ypasunenuss Ax=J[ ¢ npasoii uacroio [ nasnl-
Baercs BCAKHA npooGpas xe L, snementa fe Ly, (puc. 183).

e?-zt Ker 4 A7
et i
1 A g r
Los V| —= pme——e—imna
7, /
{c,e**+ g, te™) ! 2
Puc. 182, [peacasioe noaokeuHe AAOCKOCTH, Puc. 183. Slapo u obpas oncpartopa A.

HATRIEYTO HA B 3KCTIOHCHTHI.

Besikoe peuieHHe HEOLHOPOJHOTO YpaBHEHHs €CTb CyMMa YacTHOTO pe-
WeHuaA x; 4 OGLIEro pelieHHsl OJHOPOJAHOro ypapHeHHsl Ax=0

A"f——-—xl—}—KerA.

Heopnopoasoe ypaBHeHHe pa3pemnmo, ecal [ TNPHHALICKHUT JuHelHOMY
npocrpacrsy Im A=A (L))=Lo.
PaccMotpHm, B uactHOCTH, AnddepeHUHaNbHOe ypapHeHHe

x(")+a]x("“‘)+ —I‘anx:f(t) (3)

(auneiinoe neodnopoduoe ypagreuue, n-20 NOPAGKA € NOCTOAHHLIMU KOIP-
duyuenramu).

Teopewma. [lycro npasas wacre [(!) ypasunerus (3) ecro cyuma
Ksusumroeouaenos. Toeda scakoe pewenue ypasnenua (3) A8aAaeTCA CYM-
MOU KBAZUMHOLOHAEHOB.

Paccmorpum npocrpasctso C” Bcex KBasHMHOrOUW/eHo

c" ={ e“p<m (t) }

CTeneHu MeHbiie m € noKasarejeMm A. vsinnednnoil oneparop [ (nepeso-
AAwWnil BeAKylo (QYHKUMIO B €e TNpon3BoaHyl) nepesoaut C” B ce6s,
[Tostomy onepartop

A=a(D)=D"+aD"~'+ .. 4a.E: C"—>C"
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TaKke apasercs aupeifinuiy onepatopom H3 C™ B ce6s. Mpr MoXeM Tenepb
3anucath ypasueuve (3) B Buge Ax={ Ins uccaegosauusi ero paspe-
LIKUMOCTH HYXHO Haiitu o6pas Im A=A (C™") oroGpamenns A.

Jlemma 1. [lycte A — He KOpenb XQPAKTEPUCTHHECKO20 YPOBHEHUS,
7. €. a(M)5£0. Toeda A: C" — C" — usomopguam.

HdokasareanbcTso Marpuua oncparopa D: C"— C™ s noaxoad-
wem 6Gasnce — XKOPAAHOBA KJeTKa ¢ A Ha auaronaad. B tom ke Gasuce
onepaTop A wuMeeT TPeYFOAbHYI0 MaTtpHuy ¢ a(A) Ha amaronand, Hrak,
detA=(a(M)"+:0 u A — usomopdusm.

Chnencrteue Ecau ) — He kopens XAPAKTEPUCTUHCCKOZO YPABHEHUA,
T0 ypasrenue (3) ¢ npasoli 4actei) 8 8uUOE KBABUMHOL0HAEHQ CTenenu
MeHbULe M ¢ NOKA3aTeAeM h uMmeeT uacTHOe pewenue 8 8U0e KBA3UMHO20-
4ACHA CTENEHIL MeHbWe M ¢ noKA3aTeasem M.

Jlemma 2. Hycte A — Kopend XapoKkTepUCTUHELKO20 YPABHEHUA KPaT-
HocTu v, T. e. a{g)=(2—MA)" b(2), b(Ah)s£0. Toeda AC"=C"~",

NoxasateabctrBo. A=a(D)=(D—AE)b(D). Ilo aecmme 1
b(D): C™— C™ — usomoppuam. Ocraercsi nokasats, uto (D—AE) C"=
= C™~". Ho marpuua oneparopa D —AE B 6asuce

tk

=k—'~e“, 0 k< m,

€
AIBAACTCS. HUJIBMOTCHTHON KOPLAHOBOH KJETKOH, T. €. 3TOT onepatop AeH-
CTBYeT Ha 6asuc Kak CHABUr: ( <€y« e <. <1en_;. Onepatop (D — AE)
DNEeACTBYET KaK CABHT HAa v MeCT H oToGpaxkaer C™ pa C"",

Cuaenctsue. [lycte h — KOpeHb KPATHOCTU Vv XQAPAKTEPUCTUHECKO20
ypasnenus, a(A)=0. [Tycro fe C* — xksasumuocousen crenenu menbwe k
¢ noxasaresem ). Toeda ypasnenue (3) umeer pewenue oeC*Y 8 gude
K8A3UMHO204ACHA C NOKA3aresem h crenenu mesouwe k-+v.

Hns 10Ka3aTeNbCTBA HYKHO NOAOKHTD m==~k-+v B Jemme 2.

HokasaTenbcTBO Teopewmbl. PaccmMoTpum MHOXKECTBO I Bce-
BO3MOXKHBIX CyMM KBa3MMHOTOUJEHOB. IDTO — JHHeHHOE BecKoHEUHOMEepHOe
NOANpOCTpancTBO mpoctpancrsa F. [lo npeasiayuniemy cieactsuio o6pas
A(Z) onepatopa A=a(D): £ — I conepxHT BCe KBAa3MMHOrouaeHbl. Bynyun
AxnednsiM mpoctpanctsoM, A (2) cosnapaer ¢ . Ilostomy ypasnenue (3)
MMeeT UacTHOe pelleHHe, ABAIoIeecst cyMMOH KBasuMHorouteHos, Ocraerca
no6asuth ofllee peuleHHe OAHOPOAHOrO ypaBHenus. OHO SIBISETCA CYyMMON
KBA3HMHOTOUJEHOB corsacHo § 25.

Teopema noxasana.

Bameuanne . Ecau f=e"p_,(}), ro cywecrsyer wactnoe pewenue
ypasuenun (3) euda g==8e"q _,(¢).

HefictBuTeIbHO, NO JeMMe 2 CyUIECTBYeT 4YaCTHOE peuleHHe B Bue
KBA3UMHOTOWIEHa CTeMeHH MeHbiie £ v; HO cjaaraemble CTENEHH MeHblue v
YAOBJETBOPSAIIOT OJHOPOAHOMY YPaBHEHHIO (CM. C/lCACTBHE M. 2), nostomy
HX MOXHO OTKHHYTb.

Sameuauue 2. Ecau ypasrenue (3) u b sewgectgennst, To pewenue
MOXCHO UCKATS 8 8ude BeLecT8eHRO20 KeasumHoeourena. Ecau sce h=a +io,
70 8 8ude e (p (f) cos wf+ g () sin wt). [Tpu 370M cunyc & pewenuu moser



§ 26] O KBA3HMHOTOYJIEHAX 191

noasureca daxe U 8 TOM caydae, ko2da 8 npagoi 4acTu 64 TOALKO
KOCURYC:

3apaua l. B KakoM BHAe MOXHO 3anicaTh UYACTHHIE PEILEHHN CAELYIOWLHX
13 ypaBHenu#:

1, 2) ¥xx=1% 3, 4) xx=¢e", 5, 6) Xxtx=tle ',

7, 8) X=x=0sint, 9, 10) ¥ x="te' cos {;

11, 12) X+ 2k=17%"sin ¢£; 13) x'V 4+ 4x =12’ cos 1?

6. MeTon KOMMJEKCHBIX aMMAMTYA. B csayuae KOMNJEKCHBIX KOpHelt
OGLIYHO MpOoLLe NPOBOAHTb BBIYHCJCHHS CJelyIOliHM 0GpasoM.

Ilyctb ypaBnenue (3) BeulecTBeHHO M (yHKUHA f(f) npeacraBjeHa Kak
BEUIECTBEHHAN UacTb KOMNJeKcHol ¢yukuuu, f(f)=Re F(f). MNycts @ —
KoMnaekcHoe peweHne ypasHenus a(D)D=F. Torpa, B3fAB BeUIECTBEHHYIO
yactb, yGexpaemes, uto a(D)¢=f, rae ¢=Re® (nockonexy a==Rea)

Hrak, wrobet wadru pewenus AuHeinoeo HeOOHOPOOHO20 YpasHerus
¢ npasod uactero f, JocTarouHo paccmoTpeTe [ KAk 8euiecT8eHHYIO 4ACTb
Komnaexcnotl Qyuxkyuu F, pewiure ypasnenue ¢ npasoid uacreto F u 83A8Tb
BEULECTBEHHYIO HACTL PEULeHUSL.

Mpumep 1. Nlyers f(f)=—cos wf=Re . Crenenp Kpaaumuorousena
F(f)==¢"' pasua 0, mostoMmy peuwenne O MOXHO HcKaTb B Buae Ct'e™™,
rae C — KoMmIiekcHasl MocTosiHHas  (Ko-

7z,
TOpAast H Ha3bIBAECTCH KOMAACKCHOU AMAAU- Z
Tydod), Vv — KPaTHOCTb KOpHS iw.
OxkoHuaTes bHO
; r
¢ ()=Re (Cre™).

Ecan C=re®, 10

@ ()=rt’ cos (wi+0), . —

g
Zz

%

7,
4
f‘
Takum o6pasom, KoMMJIeKcHass aMIIHTYyaa 7
C copepXHT HHPOPMALHIO H 06 aMIJHUTY e LE'I
(r), n o ¢a3se (0) BeUIeCTBEHHOrO peLIEHHS.
[Ipumep 2. PaccMoTpum noBeseHHe
masTHuKa (puc. 184) (uau unolt JHHeR-
HOW KonebaTesbHOH cHCTEMbl, HAPHMED TPY3a Ha NPYXKHHE MJH 3/eKTpHue-
CKOro KoJe6aTeJbHOrO KOHTYpa) NpH BO3ACHCTBHH BHEWIHEd NepHOLH-
UEeCKOH CHJIBI:

Puc. 184, KoneGateabhas cucTeMa nof
acfictBueM Buewned cuanl f ()=cos v/,

X+oix=f(), [{)=cosvi=Ree™,

Xapaxtepuctuueckoe ypaehenne A’4w’=0 umeeT KOpPHH A= +iw.
Ecin v=£w? To uacTHoe pelieHue cjelyeT HckaTh B Buae 0= Ce*.
IMoacraBnsas B ypaBHEeHHE, HAXOAUM

1
C=—F—0137. (4)

W -V

Beanunny C MOXKHO 3anRcaTb B TpHronomeTpHueckom sune: C=r(v) e®®
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Cornacuo ¢opmyne (4), amnauntyna r v ¢dasa 0 uMeloT ykasauubie Ha
puc. 185 3xauenus *). Beuwecrenuast uacts @ pasua rcos(vi40). Hrak,
ofuiee pelueHHe HEOAHOPOAHOrO YDaBHEHHS HMEeT BHI

x=rcos (v{+0)+4 C: cos (wf+0)),
rae Cy 1 0, — NpoN3BOJbLHBIE NMOCTOSIHHbBIE.
CrenoBaTe/ibio, Kosebanue MAATHUKA no0 8030elicTauUeM BHEWHEH CUAbL

COCTOUT U3 «BLLHYHOEHHO20 Koaebanua» rcos (vi+40) ¢ wacrorod snew-
Hell cuabl 4 «c80000H020 KoArebaHuA» ¢ co6CcTaerRol wacToTold w.

-8

r
k ”
— v

I w v

Puc. 185. Amnanryna n $asa ManTIiNKa 6e3 TPCenla Kak GYHKUBA HACTOTHE BHEWHCH CILTLL

32aBHCHMOCTb AMMJHTYABl r BBLIHYXJAEHHOr0 KOJEGAHHS OT UacTOThl
BHElHeH CHAIbI v HMCET XapaKTepHblil pe3oHaHCHbLIA BUL: ueM GaHXKe 4acToTa
BHellIHeH CHJABI K cOGCTBEHHOH uacToTe ®, TeM CHJIbHee OHa pacKauHpaer
CHCTEMY.

2JTO siBJeHHE pe3oHaHca, Halb/I0laeMOoro NpH COBHAACHHH YAacTOTb
BHEWIHeH CHJABL ¢ cOOCTBeHHOH 4acToTol KonebaTenbHOH CHCTEMB, HMeeT
ouetib GoJbllice 3HaueHHe B npuaoxenusx. Hanpumep, npn pacuerax Bcsi-
KOrO pOA2 COOPYXEHHH NPUXOAHTCH CJAEAHTb 3a TeM, 4ToObl COOGCTBEHHBIC
4aCTOTbi COOPYXEeHHs] He ObiiH GJAH3KH K 4acTOTaM BHEIIHHX CHJ, KOTOphle
oHO OymeT HCOLITHIBAaTL. B npoTHBHOM cayuyae Jaxke MaJjas cuaa, aei-
CTBYSi B TeyeHHE IJIMTEJIbHOrO BPEMEHH, CMOXeT packauaTb COOpYyXeHHe
H pa3pywHTb €ro.

Puc. 186. Cymma asyx rapsmonufi ¢ OGAHIKHMH uactoTami {OHeHMn) H ee fpeacd B Cayuae pesonaica
{packauka).

®asa BblHYXJICHHBIX Kone6aHH@t O cKauxoM H3MeHSeTcA HAa -—m NpH
nepexosie v uepe3 pe3oHaHcHoe 3HadeHHe w. [1pu v, 6aH3KHX K ®, HabJTio-
nawotca «Guenns» (pxc. 186): amnanTtyna kosebGaHHi MasiTHHKA TO pacTeT
(noka coortHoitenne a3 MasTHHKA H BHEWHeH CHJB TAaKOBO, YTO BHEIIHASA
CHJIa pacKauyHBaeT MaATHHK, coofulas eMy 3IHEPrHio), To yGuiBaeT (korza
cooTHOWeHHe ¢$a3 MeHSeTCH Tak, YTO BHEIUHA# CHJAa TOPMO3HT MasTHHK).

*) Bubop 8= —n (a He +n) npu v> © ONpaBiaK NPHMEPOM 3 HuKe.
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Yem Omiike uacTOThl v H @, TeM MeJJIeHHee MCHFETCA COOTHOWEHHE
¢a3 u Tem Oosble mnepuox O6ueunit. Ilpu v— @ nepuoa Ouennit ctpe-
MHTCS1 K OCCKOHEUHOCTH.

[pu pesonance (v=w) cooTHOWeHHEe (a3 MNOCTOAHHO H BbIHYKAEHHbBIC
KoJieGaHusl MOFYT HapacTaTb HeorpauHuyeHHo (puc. 186).

JleficTBHTEeNbHO, no o0uleMy MNpaBHJay I[PpH V=0 4YacCTHOe pelleHHe
umeM B Buae x==Re Cte'*'. Tloactasassi B ypaBHeHue, HaxofuM C=

: .
=1/(2iw), oTkyna X=5-sin ot (puc. 186). Boinyxacuusie xojgebaHusa He-
(0]

OrpaHHYeHHO HapacTalorT.
Mpumep 3. PaccMOTpHM MafTHHK C TpeHHeM X -+ kx4 w’x=] (/).
XapakrepucTuueckoe ypapHenue AZ4kh+ w?=0 umeer ropuu (puc. 187)

] w v w v
Puc. 187. CobcTpennne 4unena Puc. 188. Ammantyaa u $aza BLHYKACHIOIO KojefaltHs MasTiHKa C Tpe-
ypaBsuenHa MaATHHKA C Tpe- HHCM KaK (pyllKU.HH 4acToTLl prewell cHanl.

HHEM.

k k*
Moo= —oa3iQ, rae a=7, Q:\/wz——z. [peanonoxum, uto KO3(-

GUUHEHT TPeHHS K MOMOXKHTEJNEH M HeBeJHK (k* < 4w?). PaccMoTpuM rapwmo-
HHUECKYIO BHeWHIo cuay f(f)==cosvi=Re e™. Ecan rosdduumHeHT Tpe-
Husa k oTanuen oT 0, To (v He MOXeT OLITb KOPHEM XapaKTePHCTHUECKOTO
ypaBHeHHsi (TaK KaK Aj.2 HMEIOT HeHyJleBble BellecTBeHHble uacti). [losTomy
pelieHHe crleayeT HCKaTh B BHAe x=Re Ce™. Tloacrasasis B ypaBHeHue.

Hanaem | Imp

C= - (5)

w?— v+ kiv

3anuwem C B Tpuronomerpuueckolt dopme:
C=re”. TpaduKH 3aBHCHMOCTH AMILTHTYAB F U
da3pt 0 BLIHYXKACHHOrO KoJeGaHHA OT 4YacTOThl
BHEllIHeH CHJIbl HMEIOT, corsiacHo (5), BuA, H300- plivi= w? - vZ+kiv
paxkeHublfi Ha puc. 188.

DTH rpa KK NOCTPOEHbI CACAYIOUIHM OBPA-  wocroro morontor na wivod
3oM. Paccmorpum 3Hamenartens npobu (5), t.e. "
3HayeHHe XapaKTePHCTHUECKOro MHOrou/JeHa p Ha MHuMoB ocu. O6pa3s
oToGpaxenus v p(iv)==w’—v>4-kiv nasuiBactcs wpusci Muxatirosa
W3 ¢popmyant (5) BUAHO, 4TO 3Ta KpHuBasg (A/As HalUero ypaBHeHUs) ABJA-
ercs napaboJoil. Ona usofpaxena na pHc. 189. Ecan kospduunedt
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TpenHs k Mai, napaGona «6nu3Ka» K NBaX b NPOIICHHOMY Jyuy BellecT-
BCHHOH OCH.

Tenepb sierko mocTpouts 06pa3 orobpaskenns vi->C(v)=1/p(iv) — 3ta
KpUBasa HasblBaercs amnautydno-hasosci xapaktepucrukod. Jas ee no-
CTpOCHHs OCTATOMHO NpojenaTh ¢ Kpupoit MuxailioBa mEBepcHo U oTpa-
MeHpe B BellecTBeHHOW ocu. Yacth kpueoii MuxaiinioBa, 6auskas K 0,
TNOYTH HEOTJHYHUMA OT Naphl OTPE3KOB NPAMBIX U COOTBETCTBYET OKPECTHO-
CTAM pajuyca nopsika k Touek w W —w ocu v. Ilpn mHBepcHM npaMbie

NepexofsaT B OKPYKHOCTH, MO3TOMY ' aAMIJUTYHO-
ImG ¢asoBas xapaKTepHCTHKA COJEPKHUT [Ba YuacTKa,
Onu3kux K OO/bILMM  OKPYXKHOETAM (AHameTpa
1 /(kow)) (puc. 190). Ha ocu v 3TH OKpyKHOCTH OTBe-
4aT MaabiM (nopagka k) OKPECTHOCTSM pe3oHaHC-
HBIX 3Ha4YeHUHR, ® M —: BCs OCTadbHas YacTh
OCH Vv COOTBETCTBYET COCAMHAIOLLEH OKPYXKHOCTH
nepemMbiuke H KOHUEBbLIM Qyram.

HMayuus Takum o6pasom otro6paxenne v i— C (v),
Mbl yxe Ge3 Tpyda HCC/IeAyeM 3aBHCHMOCTb OT v
MOJYJISl U aprymeHTa KOMIUIEKCHOH aMmintyan C:
UX rpa MKy M NpUBeJeHs Ha puc. 188,

Ofuwee pelieHHe HEOAHOPOAHOTO YpABHEHHS

Puc. 190 3aBiCHMOCTD  KOM-

T a7 x=r cos (v +0)+ Cie™* cos (Q+8,)
nonyuaercss ROGaBNEHHEM K YACTHOMY DELUEHHIO OGLIEro pelieHHS OLHO-
poaxoro ypasHenus Cie™* cos (Qf -+0).

Ilpn {— -+ oo 370 cnaraemoe crpemutcs K 0, TaK UTO OCTAETCS TONBKO
OMHO BbIHYXJ€EHHoe KoseGaHuHe x==r cos (vi-+0).

CpaBnuM nobesesne MasTHHKAa Npu uHynesoMm (puc. 185) u npu noso-
XuresHoM (puc. 188) snayenusix kosGduuHEHTa TPeHHS.

Mbi BuanM, UTO 6auANUE MAA020 TPEHUS HQA PE3OHAHC RPUBOOUT K TOMY,
4T0 aMnautTyda Koiebanuill npu pesowance pacrer He beckomeuno, a 0o
onpedenenHol KOHEHHOD Beauuunbl, 00pATHO nponopyuonarbrotl Kosdpu-
WUEHTY TPeHUA.

HeiicTBuTenbHo, Gynkunst r(v), BbIpaxaioulas 3aBUCHMOCTb AMIIHTY LI
YCTAHOBUBIIHMXCA KONeGAHHH OT 4acTOTHl BHEIIHEH CHJBL, HMeeT BOJH3M
V==« Pe3Ko BbIpaxeHHLId makcumMym (puc. 188). M3 ¢opmyan (5) sumwo,
YTO BLICOTA 3TOr0 MaKCHMyMa DPacTeT NpU yMeHblieHHH k, Kak 1/(ko).

C «pusnyecxoii» TOUKH 3PeHHS KOHEUHOCTb AMMAMTYAL YCTaHOBHB-
WHXCS BLIHYMACHHBIX KoeGaHuii NpH HEHY/1eBOM 3HavyeHuH Kos3dduuHeHTa
TPEHHs1 JIErKO NpelBHAeTb, NoacuuTas Oatanc sueprud. [lpu Goabwux
aMIVIHTyJAax ROTepst 3HEPrHM Ha TpeHue GoJblle, ueM Heprus, coobinaeMas
MasiTHHKY BHewHed cuioit. [MosTomy amniutyna 6yleT ymMeHbLIATLCH, NOKa
He YCTEHOBHTCA D@XHM, B KOTOPOM IOTeDH 3HEPrHY Ha TPEHWE YpPaBHO-
BEWNBAIOTCS paboToll BHelHel cuabl. BeanunHa aMIVIHTYAB YCTaHOBHB-
nxca KoneGaHWA pacTeT o6paTHO NMPONMOPUHOHANBHO KO3 dUiHEHTy Tpe-
HMSl, KOTia OH CTPEMHUTCA K HYJI0.
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Capur ¢asbl 0 BCerza OTpHLATENCH: BolHYdKOeHHOE Konrebanue oTcraer
oT sbiryscdarouield cuaet.

3anauva l. JlokasaTb, UTO BCSKOE petueHie JHHCHHOA HCOAHOPOAHOH CHCTeMbl ypaBs-
HEeHHH € MOCTOSIHHLIME KO (PULLHEHTAMH H NPaBOH 4acTbio B BHAE CYMMbl KBa3UMHOrOU/IEHOB
C BeKTOPHLIMH Ko duLueHTamMu
Mt
f—_‘z e Z cp it
t k

ABARCTCH CyMMOﬁ KBa3UMHOTOUW/IEeHOB € BCKTOPHbLIMHU KOBQ)Q)HLLHBHTBMH.
3 agauva 2. Jokazath, UTO BCAKOE pelcHue JHHeHOTr O HEOAHOPOAHOTO BO3BPATHOTO
ypaBHeHusn C npasoﬁ 4acCThl0 B BHJAe CyMMbl KBA3HMHOTOWICHOB

Xt @i%e—t 4 oo+ Qeka_p =] (n)

SIBASETCA CYMMOH KBasumuorounenos. Halttu dopmyny anas obuwero usesa noc/iesosatesb-
woctu 0, 2, 7, 18, 41, 88, ... (xa=2xa_1+n).

7. Mpumenenne K pacuery cjaabo HeauHeilubtx kosaeGamuui. Ilpu uccne-
JOBaHUH 3aBHCHMOCTH pelleHUs YypaBHeHUA OT NapaMmerposB MPpHXOAHUTCA
pewartob JUHEeHHbIe HEOAHOPOAHBIE YypaBHEHHA — YPaBHEHHA B BapHauuax
(cM. § 3). B uaCTHOCTH, €C/IH «HEeBO3MYIUEHHasi» CHCTeMa JHHEHHA, TO
3ajadya 4acto CBOAUTCH K pEUIeHHIO JHHEHHBIX ypaBHeHuﬁ C npaBoﬁ qacTbIO
B BHIE CyMMbl 3KCMOHEHT (HJIHM TPHIOHOMeTpHYecKHX (PyHKUMH) MIH KBA3H-
MHOro4Jj1€eHOB.

3ana 4a 1. HccaenosaTbh 3aBUCHMOCTb MepHoga KoacOGaHHH MafiTHHKA, OIHCHIBAEMOro
ypaBHEHHEM X== —$in X, OT aMRIHTYAsl A, CuMTan [OCJACAHIOI MaJOH.

Orger. T=2n (14+A%/16+40 (A%)).

Hatipumep, npy yrjie oTkaonenus 30° nepuos Goablue Nepuona Majblx KoaeSauuit na 2 %,

Pe UJ.QH He. PaCCMOTpHM pewleHde YypaBHEHHA MasiTHHKaA C Haya/JdbHbBIM yCJAOBHCM
x{0)=A, x(0)=0 xax ¢yukunio ot A.

[To Teopeme o auddepeduupyeMoll 3aBUCHMOCTH OT HauaJbHBIX YCAOBHE 3Ta yUKUHSA
raaakasn. Pasnoxuum ee B psa Teisopa mo A s6ausu A=0:

x=Ax ()4 A%k (4 APxs ()40 (4%).

Torna
$=Ak + A%+ A% 4+ 0 (4%,
E=AX+ A%+ A% +0 (A%,
sin x=Ax; +A%xs + A% (x3 —x3 /6) 4+ O (A%).
YpasHenne X = —sin x punoaxeno npu Abom A, OTcI01a HAXOAMM YPaBHEHUS NS X1, X2, X3!

Xi=—xi, Xp==— 1, ;3=—Xa+x?/6- (6)

HauanpHoe ycaosue x (0)=A, x(0)=0 surnoancuo npu noGom A. OTCiofa HAXOLHM
Haua/bHble YCJNOBMA AMA ypaBueHuit (6):

X @=1, x(0)=1x3 (0)=4; (0)=1x; (0)=x3 (0)=0. (7

Pewas ypasuenusi (6) npu ycaosusx (7), waxoaum x;=cosf, xo=0, a a1 x3 nojayuaem
ypaBHeHHe

X3+ x3=(cos? £)/6,  x3(0)=1x3 (0)=0.
Peinast 370 ypaBHenue {x0Tsi 6bl METOJOM KOMIVICKCHLIX aMITHTYL), HAXORHM
x3=o (cos { —cos 3f)-4 B sin ¢,
rae a=1/192, p=1/16.
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Hrtak, Bansnite HeauHeAHOCTH (Sin x3£x) 12 KoneGaHHa MasiTHUKA CBOAUTCH *) K Ao6as-
aenmio caaraemoro Adx; 40 (A'):

x=A cos [+ A% [a (cos { —cos 31)+ Pt sin £]+ O (4Y).

fepron xoaeGannit T naxoaures Kak Touka Makcumyma x ({), 6an3kas k 2n npu maasix A.
JTa Touka Haxoantca u3 ycaosus x (T)=0, T. e.

Al —sint+A?|(p—a)sin T=43a sin 37 4-BT cos T]+ 0 (A%)}=0.
Pewnym 310 ypasnenne npubmxento npn Mannix A. Monoxum T=2a+u. [lnn u noayunm
ypasHeie
sin u=A?[2aB+0 (u)]+ 0 (4%).

Tlo reopeme o wemsnofi  dynkuun u=2rpA%4-0(4%, 1. e T=2x(14+A%/16 4 0(A%).
Bauay uetnoctu T no A, o (A?)=0 (4%).

3anauva 2. HccnenobaTh 3aBHCHMOCTB Nepuoga KoseGauuii or ammantyast A ana
ypaBHCHHS

X+ wlxdax® 4+bx*=0.

21 5¢ 3\ ,. .
Orger. T= —(f)—[] -{—(12(‘)4 ~ A*+o(A].

3anaua 3. [MonyunTh Te e pesyabTaThl H3 sBHOR dopMyasl aas nepuoaa (§ 12, m. 7)

§ 27. Jluneiinble HeABTOHOMHbIE YPaBHEHHA

Ta wacTb TeopuHu NHHEHRHBIX YpaBHEHHH, KOTOpAs He 3aBHCHT OT HHBa-
PHAHTHOCTH OTHOCHTE/IBLHO CJBUIOB, JIETKO MEPEeHOCHTCA HA JHHEHHble ypaBs-
HEHHSl H CHCTeMbl C NepeMeHHbIMH KO3 dHUUHEeHTaMU.

1. Onpeaenenne. Jluneiinois {(00HOPOOHBIM) YpasHenuem ¢ nepemex-
HblMU KO3(hPuyuenTamu **) Mpl OyneM Ha3biBaTb ypaBHeHHe

x=A()x, x=R A R*"> R )

riae ! npHHaLJeXHT HHTepBany [ BellleCTBEHHOH OCH. DTOT HHTEpPBAJ MOXET
COCTaBJsATh BCIO ocb R

leomerpuueckn petenuss ypaBHenus (1) H306pakaioTcsi HHTerpalb-
HbIMH KpuBbIMH B mnojoce /X R" pacunpensoro ¢pasoBoro npocTpaHcTsa

(puc. 191). Kax o6biuno, Mut 6yneMm npeanonaratrs ¢yskuuw A (f) rnaa-
KOH *¥%)

Mpumep |. PacemoTpum ypasHenue MasaTHHKZ x= —w’x. Yactota o
onpeacnsietca AJHHOH MasaTHHKa. Kone6GaHus MasiTHHKA NepeMeHHOH NJHHBI
ONUCBHIBAIOTCA aHaJOTHYHBIM ypaBHeHHeM: X= —ow’({)x. D10 ypaBHeHue

*} 3acch none3Ho BCNOMHHTL O ALIPSIBOM Bedpe (cM. npepocTepexedde 8 § 7, n. 5):
H3 MOSIB/ICHUS «BEKOBOrO» caaraemoro fsin¢ B ¢opmyne aas x3 Heib3s AeNaTbh HHKAKHX
BLIBOAOB O MOBEACHMU MAaATHHKA NpH { — oo. Haule npubauxeHne cnpapeiinBo JHb Ha KO-
HEYHOM HHTEPBAJe BPCMCNIL; npit Goabwnx ¢ ciaraemoe O (A') cranosures Goabwnm. U gefictan-
TeNbHO, HACTOfALlEE PpelWCeHHe ypapHeHua KosaeGaHuil MasiTHMKA OCTACTCA OrpaHHuYEHHbLIM
(Beanunnoit A) npu Bcex £, KaK 3T0 BHANO M3 3aKOHA COXPAHEHHS 3HEPLHH.

**} Mebt npeanonaraeM, uTo KO3(GHUHEHTH BelllecTBEHHB. KOMIJCKcHUIR cayuall Brosue
aHaJorHueH.

**%) Hoctatonno Guno 6bl npeanosarath ¢yukunio A (f) wenpepuisnoft (cm. nuke § 32,
n 6, crp. 23).
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MOXHO 3anucatb B BHme (1):

Xi=xs, _ 0
{/92:—'0)2([),{]’ A(t)—'< _wQ(t) 0 )

[MpaMepoM MasiTHHKA NepPeMEeHHOH AJHHLI ABJISIOTCS KaueJH: H3MeHss [10J0-
JKEHHE CBOErO LLEHTPA TSDKECTH, YeJOBCK Ha Kauesasx NMepHOAMUYEcCKH H3Me-
HAET BeJIMUMHY napamerpa o (pHc. 192).

©4 o
R 2. Cywecrroanue pewenuit. OiHo peuienne y
ypaBHewus (1) BugHO cpasy: wuyaesoe. [Jast
JO6bIX HayaabHBIX YenoBHE (fo, xo) u3 IXR™ no
7
z l
1
I
|
|
X t
Z, |
L |l d
T t
,, I ¢
Puc. 191, Hurerpansnuie Puc. 192. Kauean. Puc.  193.  Henpogoamacmoe
KpHBBIC JIHIEAHOrO ypan- pewenie ypasHeuns = x°
HOHHA.

obuiMM TeopeMaM ril. 2 CyulecTByeT peulenue, ofipefe/eHHoe B HeKOTOPOil
OKDECTHOCTH TOYKM fo. [Nl HeNHHEMHOro ypaBHEHHSI 3TO pelUeHHEe MOXKeT
He mpoxoJxaTtbca Ha Bechb MHTepBan [ (puc. 193). OcobeHHOCTbIO AHHEHHBIX
YpaBHEHHH SIBIAETCA TO, HTO JJA HHX YX0J B GECKOHEUHOCTb 3a KOHEUHOe
BpeMsl HEBO3MOMEH.

Teopewma. Bceakoe peuwenue ypagrenun (1) MonHO npodoaxure Ha
8ecy untepsan 1.

flpuuuna sakmouaercss B TOM, YTO AAS JHHEHHOTO YpPaBHEeHHS

xll <C lixll,

Ct
H TIO3TOMY pELUEHHE paCTeT He 6blCTp€e e .

Axxyparioe A0Ka3aTenbCcTBO NMPOBOAMTCA, Hanpumep, Tak. [lycrs [a, b] — KoMmnaxtusii
orpesok 8 /. Torna na orpesxe [a, b] nopma *) onepartopa A (f) orpaunucua:
ANl <C=C(a,b).
Jlokaxem CeAyOWYI0 aNPHOPHY O OUEHK y:
Ecau  pewenue @ onpedeneno na orpesxe [ty 1] (a<to<{IKH) (puc. 194), 1o

eI <e® "= yqu. @)

Han nyaesoro pewenus 310 ouesnano. Ecan ¢(fo)==0, 1o (1) He obpaulaerca B 0 no teopeme
epnucrsennoctd. Tonoxum r ()= g (). Pynkuna L (1)=Ilnr? onpejedeHa npu fos{r<Sf

o yeaosnio, L<<2rr/r?*<2C. [Mostomy L ({Y<<L (f0)+2C (t —ty), 4TO u AOKa3biBaeT
anpHOpHYyio ouenky (2).

*) Mul npennonaraem, uto B R sui6pana Kakasi-unbyAb eBKAHI0BA MeTPHKA.



198 JMHEMHBIE CHCTEMBI (ry1. 3

ITycry  rteneps Ja)*=B> 0. Paccuotpnm  komnakT B pacunipeusion  ¢aszosom  npo-
crpancrse (puc. 195)
2C{b—~a
F={t,x a<t<b, ||’ <2820~
Ho 7copeme nmponosxens, peweHHe ¢ HAauadbHLIM  ycaonueM ¢ (fo)= xo npofoIKaeTes
BICpeA A0 rpapuun uuauuapa F. Ppaunua unawnapa F ococtout u3 ropuon (f =a, {=b)

i
T

a i, t b z

Pue 304, Anpiopnas oucika pocta peiciig Puc. 195. Hpoaoakenne peweinsn fo {=4
na fa, b

(b—a)

" 2c o
u Gokxowojt nosepxhoctu (Jx||? =2Be ). Ha GokoBywo nosepxiiocTh peilleHne BHIATH

“ 2C(b—a
HC MOMCT, TAK Kak, COrJacHo anpuopHofi oueuke, | (4)} < Be ( ). Hrak, peutenne

TIPOROJIKAETCA BOPABO A0 f=0b. AnanOrMyHO LOKa3LIBACTCH NPOLOJIKECHHE BICBO A0 Q.
Beuay npoussosbnoctn @ u b, Teopema AoKazaua.

3. Jluneitnoe npocTpanctBo pewennil. Paccmorpum MuoxectBo X Bcex
peuwienuit ypasrenust (1), onpenenenunix Ha Bcem nutepBane /. Ilockosbky
pewenna — 310 orobpaxennss ¢ /- R" co 3HaueHnsamu B juHeilHOM (a3o-
BOM npocTpaHcTBe R®, TO HX MOXKHO cK/IanbIBaTL ¥ YMHOXATL Ha uucja:
(1 + @) (=c1qi () +C2q (D).

Teopewma Muonecrso X ecex pewenuti ypaswenusn (1), onpedesen-
HOLY HQ unTepsade I, asaseTca AUHEUHBIM NPOCTPAHCTEOM.

HdokaszaTeabcTBo. DT0 OUEBUAHO:

d . .
a—t((—‘ntpl +C2(P2)=Cx(px+C2({)2=C;A(p1+CQAq)2==A (Cl(p1+02(p2).

Teopewma. Juneidnoe npocrpancreo X pewenuii auneiinozo ypasue-
Hus usomopro asosomy npocrpancrey R" 3roeo ypasrenus.
HDoxasatenasbcrno. [lycte f</. Pacemorpum otoGpaxkenne

By X — Rn, qu):(p(t)’

CONOCTABASAIONIEE KAXKAOMY DelUeHHIO ¢ €r0 3HAYeHHE B MOMEHT f.

Orobpaxenue B, nuHeliHo (Tak KaK 3HAu€HUE CYMMBbl pelleHHii paBHO
cymme uX 3snadenuit). Ero o6pas — Bce ¢rasosoe npoctpancrso R”, rtak
Kax No TeopeMe CyliecTBOBaHus s Jioboro x, & R" cyuiecrsyer penlenue 9
C Haua/lbHbIM YCsIOBHEM @ (fo)=xo. apo oroGpaxennsa B, pasno 0, Tak xak
peluenne ¢ HyJeBbIM HAYa/bHBIM ycaoBHeM @(fo)=0 paBHO HY/NIO TOXKIecT-
BEHHO 1O TeOpeMe eAHHCTBEHHOCTH.

WUrak, B; — usomoppusm X na R*. ITo — ocHOBHOI pesyabrar Teopuu
AnHeRnLIX ypaBHeHHI.

Onpenenenue Dyndamenrarvuoid cucremolt peuwenudl ypaBHe-
Hua (1) nasuiBaercs 6a3uc JIMHEHHOTO NMpPOCTPAHCTBA perienuit X.
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3agaua l. Halitu gpyvaamcntaanuyo cuctemy peuiennit ypasmeuus (1) rae
0 1
(00,
—1 0
M3 noxasanioil Teopembi BHTEKAIOT:
Canencroue . Beakoe ypasnenue (1) umeer pyndomenrarouyro
cucrtemy u3 n peuseHuil @i, ..., Q.
CaencrBuce 2. Beakoe pewenue ypasuenus (1) ssaserca Auweli-
HOU Kombunayuell peweHud pYnOamenTaroroi cucTemol.
Caencrpue 3. Beakne n+ 1 pewenui ypasHernus (1) aunedso sza-

sucumbL.
Canencreue 4. Coorgercrayrouue

RII
ypasrenuo (1) orobpasenun 3a epems 3
or ty do {; (puc. 196) %, 30

gr=>B,B": R"->R"

ABAAIOTCA  MUHEUHOIMI  UBOMOpPHUIHAML. 4 " 7
4. Onpeneautear Bpouckoro. [lycts ¢ 4
€L, €~ HeKOTOpil Gaaic » asosom i 19 Muiee moctnmne 02
NPpOCTPaHCTBE R". Bbléop 6asuca q)HKCH- WICHNAMIL  JOHCIIHOro  ypaBucnns 3a  spems
pyeT elHHHLY o0beMa M opueHTaudio B R ¢T A0
Ilostomy kaxnawlii napainenensnes B (GasoBoM MPOCTPAHCTBE HMEET Ofpe-
deeHHbIA 06BeMm.
Paccmorpum n sextop-dynxunit g /— R* (k=1, ..., n).
Onpencienue Onpederuresen Bpouckoeo CHCTCMbI BEKTOP-(YHK
UH# @ naspiBaeTcs yucaoBas ¢yukuust W: [ — R, snauenne Kotopoil B ToU-
Ke [ paBHO (OpHEHTHPOBAHHOMY) OGDBCMY Mapasjlesentnend, HaTHHyTOro
Ha BexkTopel @ (f), ..., g. (H=R",

P, .. (Pn.;(l)
W (= | «neenn 00

(Pl.n(t) e Qonn (”

P ()=gr (e + ... +ua(f)en

B uactroctn, nyctb qx — pewenus ypassenus (1). Mx ofpaswl npH
NOCTPOCHHOM Bblile H30MOpPU3Me By — 3T0 BekTOophl (PasoBoro nmpocTpan-
ctBa ¢ ()& R". Oun nHefiHO 3aBUCHMBI, CCTH U TOABKO €CJH ONpefesu-
Teqb Bponckoro pasen 0 B Touke [, Orciona:

Cunencrtsued Cucrema pewenuti ¢, ..., ¢ ypasuenus (1) ssasercs
pyndanentaronod 10200 1 TOABKO To2da, Koeda ee onpedeauress Bpow-
cKkoeo orauven ot 0 8 karkol-nubyde touke {.

CaencrBue 6. Ecau onpedeauresrs BpoucKozo cuctemel peuierisi
ypasuenus (1) pasen 0 8 o0rot Toure, 10 ou pasen 0 TOMOIecTBEHHO
npu scex t.

3agaua 1. Moxer Jau onpeneantens BpPOHCKOro CHCTEMBI JHHCHIO HE3aBUCH-
MBIX BEKTOD-PYHKUHI gr TOXKICCTBEUHO PABHATHLCA HYJIO?



200 JIMHEAHBIE CUCTEMBI [rJ1. 3

3aaxauwa 2. [loxkaxure, uTOo onperedutear Bposuckoro dynaameHTanbHoOll CcH-
CTeMBLI  pelucHMl  nponopuHonasten onpefleanTenio npeobpasoBaHus 3a  BpeMs 0T fo
ROt
'
4 (t):(det g,n) W (to).

Yxaszauue. Pewecune cm, B 0. 6,

5. Caysaii oanoro ypasHeHusi. PacCMOTPHM OAHO YypaBHEHHE A-TO NO-
paKa

M0 4q Vb daux=0 (3)
C NepeMeHHLIMH, BOOGiie roBopd, kosdbguIHeHTaMu ay=a;(f), f].

Herotopuie ypaBHeHns BTOPOro mnopsaka € MepPeMEHHBIMH KOS(QHUHEHTaMK CTOIb
4acTo BCTPeUaloTCs B NPHAOMKCHHAX, UTO HMCIOT COGCTBEHHbIE UMCHA, @ HX PeLUeHHs H3yHeHbl
i 3aralyiupoBanbl ne mewee noapoGHo, ueM cuuyc M Kocunyc (cm., wanpumep, E. Huxe,
@®. I mac. Tabauue dyukunit.— M.: Hayka, 1977).

.1 v?
Mpusep I, Ypasuenue Becceas: x+t— x+( 1 —-t——) x=0.
Mpumep 2. Tunepreometpuueckoe ypasuenne [aycca:

(@+B+i—y. _oB
+ (=N ¥+t(l—~l x=0.

Tipuwvep 3. Ypasueuue Matoe: Xx-+(a+bcos {) x=0

Ml morau 6bl 3anucaTh ypasHende (3) B BUAe CHCTEMbl N ypaBHeHHH
NCPBOTrO NOPSiAKA W MPHUMEHHUTDL NpeblAYIiHe PAacCYXKAEHHS.

Mo HO, 0lHAKO, paccMOTPeTb HEeNMOCPeACTBCHHO NMpocTpaHcTBo X pelue-
HH#t ypaBHeHua (3). 2To — auHelinoe npocTpaHcTBo QyHKuuA ¢: [~ R
OHO ¢CTeCTBEHHO H30MOP(MHO MPOCTPAHCTBY pelICHUH 3KBUBAJEHTHON CH-
creMbl n ypaBHeHnit. HMsomopduam samaercst conocrapienueM GyHKUHH @
BEKTOP-QYHKUUH @==(¢, ¢, ..., ¢""~ ') u3 npoussonubix ¢ Hrak:

CanencrBueld. Hpocrpaucrso X pewenuii ypasrenus (3) uzomopgro
pasosomy npoctpancrey R" ypasnenusn (3), npuuwem usomopusm moxcHo
aadare, condcrasaan kaxoomy peuwenuo ¢ =X nabop 3naqenuti npoussoo-
HbIX 8 Kakol-Hubyde Touke tg:

¢ (@ (o), @ (to), .., ¢~V (1),

Onpeneaeunne. bBasuc nuuefiHoro mnpoctpanctBa X HasbiBaeTcsl
PyndanenTarvHol cuctemoli pewenuti ypasHenus (3).

3aadaua l. Ykaszath GyHnaMeHnTaNbHYIO CHCTeMy peiteHuil ypaBHeuus (3) B cayuae,
roraa kosdGuuneHTsl ax nocrosiunbl,. Hanpumep, aan x4 ax=0.

Orser {f'e"), rac 0<{r<Cv, cCAH X — KOPENb XapakTepHCTHUECKOTO )paauemm Kpat-
nocTH v, B cayuac koMnackcHuX KopHell (A= d-iw) Hykiuo samenutb e’ ua e* cos w?
e sin wt. B vactnocTit, aaa x-4ax=0

cos wf n sin of, ect a=0’>0;
cha! wu shat nim e u e~ %, eca a=—a’<(;
i n o, ecan a=0.

Onpenenenne. Onpedeauresen Bporckoeo cucremor pynkyuil
i 1> R 1<Chk<{n, mnasbiBaerca vuucaoBast o¢yHkuua W: /— R
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3HayeHHe KOTOPOH B TOUKE ! paBHO

P 0] o Pa 03}
W= e (t) .. (D)

S () IR el )
WHbivu  caoBamu, 3T0 — onpefennTes]b DBpPoOHCKOTO CHCTEMBI BEKTOP-
byukuuit @i [ — R*, nonyueHHbix u3 ¢ 0ObLIMHLIM 06pPa3oM:

@ () =(e (), @& (), ooy GO, =1, .., n

Bce ckasauHoe o6 onpejesnurtene BpoHCKOro cHCTeMbl BEKTOPOB-peluc-
HUlt ypaBuenusi (1) nepeHocHTcs Ge3 H3MeHeHHH Ha onpejennte]b Bpon-
CKOI'0 CHCTeMbl pelieHHi ypaBHenus (3). B wacthocTh:

Cnencteue 8 Ecau onpedeauress Bponckoeo cucTtemor peutexul
ypasrenun (3) obpawaerca 8 0 xoTe 8 00HOU TOUKE, TO OH TOHOECTBEHHO
pasen nyato npu ecex f.

3anaua 2. Ilycrs onpepeanteab Bpouckoro aByx ¢yuxunit pasen 0 B Touke lo.
Caeayer an orciona, 4To Ol TOXKACCTBeHHO pasen 0?

.

Cnepncreue 9. Ecau onpedeauress Bpowckozo cucremor peuierui
ypagrenus (3) obpawaerca 8 0 xoTo 6 00HOU TouKe, TO ITU pewlenus
AUHEIHO 3a8UCUMbL. 4

3apaua 3. INycrs onpeaeanrens BpoHckoro asyx ¢yukumni Toxaectsento pasen 0,
Caeayet au oTCI0Aa, 4TO 3TH GYHKUHH JHNEHHO 3aBHCHMLI?

Caencteue 10. Cucrema n pewenuti ypasuenun (3) ¢pyndamen-
TAAbHA, eCAll U TOALKO ecau onpedeaurens Bponckozo orauuen or 0 xoTo
8 00HOol TouKe.

[Mpumep 4. Paccvorpum cuctemy dyukuuii €M’y ..., e It dyuk~
uHn 06paszyloT QyHIaMeHTaAbHYIO CHCTeMY pelleHHH JHHEHHOrO ypaBHEHHs
puaa (3) (kakoro?). [losToMy OHH JHHEHHO He3aBHCUMbBI. 3HAUHT, HX
onpeneantens Bponckoro oranuuedn ot 0. Ho 3tor omnpejenntenn paseH

At At |

|

e -
W= Aett et — oot | A W
L N VT N Y

CanencrBue ll. Onpedesureav Bandepmonda
1 e
7\,] ver 7\.:1

AL A
orauuen ot 0, ecau Ay nonapro pasaudhot.

Mpusep 5 PaccMoTpuM ypaBHeHHe MamTHHKA X4 w’x=0. Dyuna-
MeHTanbHas CHCTeMa pellleHHi: (cos wf,sin wf). Onpexeantens Bpouckoro

cos wf  sin wf
W= ”
— o sinw! ® cos of

Kak (a30BLill NOTOK ypaBHeHHs] MasiTHUKA coxpatsieT mowant (cm. § 16, 4),

=@ MNOCTOSIHHBIH. ITO HEYIHBUTEALHO, Tak
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[Mocmotpum Tenepb, Kak MeHseTcd oGbem ¢uryp (pasoBoro npoctpaH-
cTBa nol HelcTBHeM npeobpaszoBaHuil gﬁo 3a BpeMd ot [y o { B obuleMm
caydae.

6. Teopema Jlnysuaan. Onpedeauters Bporckoeo cuctemor peuwenud
ypasHenus (1) asasercs pewenuesm Oupdeperyuaronoeo ypasnenus

W=aW, 2de a(t)=trA(t) (cred A(1). (4)

CnencrtBue

¢ {
§ agydr { a(vyar
W (t)=e" W (t), detg) =e" _ (5)

IleHicTBHTEAbHO, ypaBHeHHe (4) JIerko pelluTs:

¢
W
iw—zadt, In W—1n W0=S a(v) dv.

to

Mexny npouum, u3 topmyabl (b) CHOBa BHLHO, 4YTO OIPEJEJHTEIb
Bpouckoro cucremsl pelienuit au6o pased 0 toxIecTBeHHO, JUOO He obpa-
tnaercst B O HU B OAHOI TO4YKe.

3aagaua l. Haittu o6bem ob6pasa eanununoro ky6a 0<{x: <1 noa peificteem npeobpa-
80Batliug 3a Bpemd { QJSSOBOFO TOTOKA CHCTCMBI

S1=2xy—x2—xy, JKp==x+xoxs,  Xy=x1—xs—is.

Pewennc. tir A=2, nostomy W (£)=e?'W (0)=e?'.

MNnea noxazartenbcrTsa Teopemsl JIuyBuans.

Ecan kosdduuHeHTH NMocTosIHHE, TO ypaBHeHHe (4) — 310 Qopmysa
Jlnysuns us § 16. «3amopaxusasi» kosdpduuuentst A (f) (nonoxus HX
PaBHBIMH 3HA4Y€HHSM B HEKOTOPbIi MOMEHT BpeMeHH T), yOepumcsi B cnpa-
BeIJIUBOCTH paBeHCcTBa (4) npu Jwo6om T.

Hoka 3T§_1Z'\e abcTso. Paccmorpum  muuciikoe npeoGpasoBanue  (hasoBoro  1po-

CcTpalcTsa gy ¢ R* > R" (puc. 197) 3a manoe spems oT T 00 T-+A. D70 npeoSpasobanie
IIePEBOINT 3HaueHHe N06oro pelueHus ¢ ypasHenust (1)

R” B MOMEHT T B ero 3uauedde B momecHT v+ A, Corsmacho
ypasnensio (1),
e(r+a)=e(D+A{T) ¢ (r)A+o(A),
T. €. g§+A=E+AA (t)+o0 (A
CnenoBarensho, corgacio  § 16, kosdpdbuuuenr
. pacTshkenns  O00BEMOB  NpH  npeobpasoBaHuu gl a

pasen det g;+A=l—|—Aa+o(A), rae a=tr A.

Ho W(v) —>sro o6beM napanaesenunesa [, na-
Puc. 197. [efictine (pa3zosoro noroka TAHYTOTO HA 3HAYCHHA HaweHd CHCTEMBl pelleHHd B
Ha  NapaJesieliines,  HaTAHYTHH  Ha moment T. IlpeoGpasomanue g¥ NepeBOAMT 3TH 3HA-
dywnameNTanLHYIo  CHCTEMY  PEMRWAR o0 b epcremy onauemuii TOH e CHCTGMBI pelrenii

B momedT T-+A, INapanaenenunen HH_A, HATAHYTbIE HA 3TH HOBLIC 3HAUYeHHS, HMeeT O6DbeM
W (v+A). Urax, :

W (e+8)=(det gl %) W () ={1 +a (5) A+0 (A)] W (2),
orkysa W=aW, urto u TpeGoBavioch.
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Canencrsue. Onpeldeauress Bpouckozo cucremor pewenwd ypasHe-

{

—g a, (r)dt
Hus (3) pasen W (f)=e ' W (40).
3HaK MHHYC NOABJAAETCA M3-3a TOFO, UTO MPH 3amucH ypasHenus (3)
B Bume cuctembl (l) npuxoaurcss nepetect a;x"~') B npaByio uacTb.

Ha auaroHasu Matpuubl NMOJYUHBILIEHCH CHCTEMBI
0 1

1
—ay o o—ay

CTOUT TOABKO — 4.
Mpumep l. Paccmotpum ypaBHeHue Kauenelt x -+ f (£) x=0.
Teopema. [losowenue pasmosecus x=x=0 nu npu Kaxom [ He

moxceT GbiTo QCUMNTOTUHECKU YCTOUHUBHLM.,

JdokxasarteancrtBo. Paccmorpum kakoii-unGyap 6asuc §, 1 B nJjo-
CKOCTH Haualabhbix ycaoBuii R® (puc. 198). VYcroiiumsocTh o3Hauana G6bl,
yro gi&—~>0 u gim—0. Toraa aas
cooTBeTcTBYIOUlell  (dyHIaMeHTa/b-
Ho#i cucreme W (£)—0.

Hawe ypaBHeHHe 3KBHBA/EHTHO
cUcTeMe

X=Xz, JC2=—f(t)X|
. 01
¢ Marpuueil A= P o) ITo-
CKO‘Hbe tr A =0' T0 W (t):-COﬂSt Pue. 198. dasopbiii MoTOK acHMNTOTHMECKH YCTOR-
Bonpeku W — 0. YHBOM ARNHCIHON CHOTEMBL.

3anaua 2. Paccmorpure kauean ¢ TpeuneM X 4o (f)x+o’ () x=0. Toka-
XKUTE, YTO AaCHMNTOTHYECKAash YCTOHUMBOCTD HEBO3MOXHE, €CAH KO3 UUHEHT TpEHUR
orpuuarenen (o (H)<<0 Vi)

Bepuo /M, UTO NPH MNOJOKHTEALHOM KOI(GHLHCHTE . TPEHHST TNOJOXKEHHEe paBilo-
secusa (0, 0) Bcerpa ycroituuso?

3ameuanne. [usepeenyueld BEKTODHOrO NOJSI ¥ B EBKJAHIOBOM
npocrpancTee R* ¢ pekaprospiMu KOOpAMHATAMM x; HasbiBaeTcsd (yHKLHUA

n
00;

div ‘0=‘ l _67,—

i=
B uacTHOCTH, 045 aunelino2o 6ekToprozo noan v(x)=Ax dusepeenyus —
aro caed oneparopa A:

divAx=tr A.

IlusepreHunst BeKTOPHOFO MOJA ONpELeNsieT CKOPOCTh PaCTHXKEHHA 06Db-
€MOB COOTBETCTBYIOWIHM ()a30BbIM NOTOKOM. .

[MycTs D — 0651acTh B €BKAHAOBOM IPOCTPAHCTBE YPaBHEHM X = (X)
(ne ob6szatenvhuo JguHeiinoro). OGoszuauum uepe3 D (f) obpas obractn D
noa pedicTBHem (asoBoro mnotoka H uepes V(¢) o6bem oGnactu D (f).
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3anaua* 3. JJoxkaxure clenylollyio Teopemy.
Teopema JluyBuaas.

ﬂ: S divodx

dt Bt (puc. 199).

Cnencteue l. Ecau divu=0, To pasossui nortox coxpauser obven
aioboii obaacru.

Takoit dasoBblil NOTOK MOXHO NMpeACTaBHTb ceGe KAk TEUEHHE HEeCHKH-
Maemoil «(}a3oBoH MHAKOCTH> B (pa30BOM NPOCTPAHCTBE.

Canepacreue 2. dasosuul norox ypasnenuid lamurbrona

- oH ._6H
Pr= qu’ l]k-—apk,

coxpanser o6vembl.
8*H 0'H
ge 0pi Opr O qu

Jtor ¢akt HrpaeT (GyHAAMEHTANbHYIO POJb B CTAaTHCTHUeCKOH (H3HKe.

7. Teopembt llITypma 0 HyAsAX peuleHHH ypaBHEHWii BTOPOro MOpsiAKa.
Pewennst nuueiinblx ypapHenu#t BTOporo mnopsigka o6aanaioT cBoeo6pas-
HbIMH cBOHcTBamMH KosmeGaemoctH. Hitypm
rOBOPHJ O «TeopeMax, HMS KOTOpbIX
51 HMEIO YeCTb HOCHTDL».

0.

JlokaszaTteabcTBO. divvzza

z z

Puc. 199, @aszoswili noTox BexTOplOrO  noas Puc. 200. Pewenus ypanuemuit 8x 5 =0.
aupeprenudt O COXPANRCT MAOULAAH.

Paccmorpum ypaBuenus ¢ nocrosiiubiMH koddduuuentamu (puc. 200):
X+ 0'x=0, x—~kx=0.

Peutennsi nmepsoro ypaBHeHHsl uMeloT GCCKOHEUHO MHOro Hygeil, Paccrosinune
MKy ABYMS MMOC/ICAOBATeAbHBIMH HYJsIMH Jio6Oro ero HeHyJe€BOro peLie-
HHsl paBHO n/w. Kamjgoe peluenie BTOPOro ypaBHCHHS, He PaBHOE HYJIO
TOXJECTBEHHO, HMeCT He Gojee odiioro Hyas. B oloux cayuasx Mexay
Ka)KABIMH ABYMS HYJAMH J10060ro He PaBHOrO TOXKAECTBEHHO HYJIO peile-
HHS YPaBUCHHS eCTb HyJb JIOGOro APYroro peiieHusi.

Teopemnl llTypmMa noxasbiBaloT, 4TO aHaJOUH4Hble fB/JEHHS HMEIOT
MECTO H JJf ypaBHCHHI ¢ mepeMeHHbIMH KO3 dHLHEHTAMY

F4q(fx=0 (6)

(Gonee obuee ypasuenne x-+4p{()i-g()x=0 nerko npusosuTca K
suay (6)).
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PaccumoTpus ans ypasuenus (6) dasosyo naockocTs ¢ KOOpPAHHATAMH
(x,y=2x). Pa3oBLle KpHBLIE HCABTOHOMHOTO YpaBHCHHA MOTYT nepéce-
Katbea. Tem He MeHee HeKoTOpylo HHPOPMauHio 086 3THX KPUBBLIX AJs
ypapHelns BTOPOro NopsaaKa MOJYUHTb MOMXKHO. DTa HH(POPMAUHUA M JEIKHT
B ocHope Teopemsl Hltypwma.

MMpeanoxenue I. Pazosve kpusse ypasuenus (6) nepecexkaor
aye x=0, y= 0 8 cropony go3pacranua x, a ayt x=0, y<<0 — 8 cropony
Yybuvlganus x.

Hokazateasctso. 3amiwem ypasiienye (6) B BHIE CHCTEMbI

i=y, y=—q(lx.

Ha npssoit x=0 pexrop $a3oBoil cKOPOCTH NpPH J100OM { HMCET KOMIO-
Hento! (¢, 0) (puc. 201), uto U AokasuiBaeTt npeaso:xkcHie I,

q
/P -
z
! ]
t, IZR2
Puc. 201, dazosas  niockocets Pic. 202, Iloxasateanctso
ypasneuist x-+ g (f) x=0. TCOPEMBI O HY.THN,

3ameTum, uto npu y==0 BekTOp (ha30Boil CkopocTH Ha ocH x =0 oTauycH
oT uyas. [Tostomy Hyan JioGoro (He paBHOTO HYJIO TOXKILECTBCHHO) petic-
Hust ypasiiennsa (1) usoquposanbl H Ha Ji06OM OTpe3Kke ocH f UX KCeHouiHoe
HHCJO.

M3 npensorkenus 1 HenocpeacTBeHHO BbITEKaeT

[MIpennoxeunne 2. H3 awboix dsyx nocaedosgarersuolx nepecete-
nul npasot x==0 ¢azosol Kpugoi odno npoucxodutr npu y> 0, a Ipyeoe
npu y<<0.

O06o3HauiM uepe3 ¢ MNOASAPULIA yrod, OTCUMTBLIBAEMBLIH OT MOJNOMKHTCIb-
HOrO HanpaBJaeHHs OCH Y B CTOPOHY MOJOXKHTEJAbUOrO HanpaB/iCHHA OCH X.
3 npeanoskenns 2 BbiTexkaer

[Mpennoxenne 3. Mewdy 0Osysa nocaedosaresvrotisi nepecede-
Huasu ocu x==0 (pasosoli Kpusod seauuuna ¢ 8Jdosb (Pazosol Kpuaol
YBeAUNUBACTCS HA T

M3 3Toro nmpeisioxKeHHsl OUEBHAHO BLITEKAeT

Teopewna. Ha orpeske mexdy 08yms nocacdosaTeAbHbIMU HYAAMEL
at060e0  petuenus ypasrerus (1) ecrs Hyav 106020 Opyzoeo peiucHus.

JelicTeiTebHO, 3amMeTaloulltd NoaymIoCKOCTL Jy4 LOJDKEH B npouecce
IBHXeHHsT oforuath Jio00# Jyu, OcTaloWHUilcsa B 3TOR NOAYMIOCKOCTH.

NoxaszatTeabcrteo. PaccMorpum noaspuniii yroad ¢ BloAb NEpsoro M BTOPOro
pewreins (puc. 202), g=oa (), ¢=p{). [lycth nyau nepsoro peuieitisi COOTBCTCTBYIOT
=1 u {5 TlpeanodosKum, 4TO AJdsl NCPBOrO peilehust npu {={; y=> 0 (ccan 370 He Tak,
H3MCHHM 3HaK nepporo pewenns). Toraa mel Moxem cuntats o ({1)==0. [lo npeanoxcuuio 3
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a (t2)=r. Mul moxem cuyntath, uto O0<{P (£1))<<n (ec/H 3TO He TaK, H3IMEHUM 3HAK BTOPOTrO
pewenuns).

Ecnu pewenust JnHefino 3asMCHMBl, TO HY/JH HX COBMNAjalT W BCe Aokasano. Ecau xe
peulcHun JHHCHHO HGBHBHCHMN: TO COOTBCTCTBYIOULHE MM BEKTODbI Ha (1)830}3012 NJOCKOCTH
B J1060H MOMeHT BpeEMEHH TOXe JHHCHHO HE3aBHCHMBI. Cnenosarenbno, B 3TOM <CJyuae
npu Mobuix P {)=a (1)

Hrak, p()<a=a ({)<<B(f:). Chrenosatenbuo, Ha otpeske [fi,{;] cyliecT-
ByeT {3, AR KOTOporo B ({3)=1m; 3T0 H €CTb HyJb BTOPOrO peleHHs.

Bropoe cooBparkenue, jexamee B ocHoBe TeopeM Llrypma, cocrout
B TOM, UTO YIJIOBAsi CKOPOCTb ABHUKEHHS (pa3oBOH TOUKH ypaBHeHHs (6)
BOKDYT Hayaja KOOPAHHAT MOXKeT GbITb fBHO BLIYHC/IEHA.

Mpeanoxeunne 4. Obosnauum 4epes cp CKOPOCTb U3MEHEHUA no-
ARPROO YeAa ¢ npu dsuxenuu pasosoii Touxu (x (1), y(f) ypasrenus (1)
Toeda 3uadenue @ 0OUHAKOBO OAf 8CeX GeKTOPOs (x, Y), KOAAUHEAPHBLX
OaHHOMY, U PABHO

2 2
- ghx'ty
2 2
Xty
HoxasarteabctBo. Ecau r — pagnye- BeKTOp (a3osofl TOUKH, TO
yABOeGHHAsl CeKTOpHaJ/bHAs CKOPOCTb paBHa [r, r] W B TO K€ BpeMs —r° (p

(nocKoCTb OpHEHTHPOBAHA KOODAHHATAMHU (X, y), @ YroJ ¢ OTCUUTHLIBAETCS
OT ocH y K ocH x). [Tostomy

. * Y
S oL ‘ y _—qx
r2 x2+y‘2 ’

4YTo H TPeBOBAJOCH JOKa3aTh.

Vs npepnoxenust 4 caenyer, UTO APU PABHBIX 3HAYEHUAX NONAPHO20
yeaa @==kn paduyc-sekrop (Pazosoli TOUKU TO20 YPABHEHUS 8pau,aerca
OoicTpee, Yy KOTOpo20 KO3pduyuent q 6ossuue.

Orcwaa nerko BoiTekaet

Teopema cpasuenun Paccmorpum 0sa ypasuenus euda (6)

F4q(0x=0, F4Q()r=0

u npedioaosicum, 4To Q= g. Toeda Ha orpeske mexcdy rwoboimy Osyma nocae-
JoBaTeAbHbIMU HYAAMU M06020 peuienus nepsoeo ypasHenus (¢ MeHbuium
KOS huLUeHrTOM, q) eCTo HYAb 406020 Peliuenis 8TOPO20 YpaGHeHUs.

HoxasatenncTso. [Ipernonoxum Buawante, uto Q cTporo Goswbuie g mpi Beex f.
OGoztiauum uepes g=o ({) NOASAPHLIE yroa BAOAb NEPBOro pewesind u uepes ¢=A () —
BlOAbL BToporo. Kak Buimie, Mol MOXeM cuntath, uto a ({)=0, a (is)=n, 0<<A ({\)<<nm.
B nauasnpupit moment #; umeem A (H1)> a (f1). B panvueitwem, npn £ <{i<<ts, A(l) 6yner
octaBatoed Goasie a (). Heficrsutenntio, ecan 66 GyHKUMS o B HEKOTOPBI MOMEHT BpeMeun 1
BlepBbIC 06orHana 6ol A, TO B 5TOT MOMeHT Bpemetiu snaueuuss o ¥ A cosnasn Gul H Gblau Gut
oTaHUuHL OT kst. Ho TOl‘Jla B MOMEHT 00rona pajmyc-BeKTOp AOTOHAIOWLeH TOUYKH Bpamasics Obl
CTPOro mMeaseHHee (( (1)> & (v) cornacuo NpeAnoxeHuIo 4, TaK Kak Q> q) u 06roHa He npouso-
wao Out. Mrak, A(f2)>a (lz)=n. Ho A(H)<n. 3Hauur, CymecTBYeT MOMCHT tse=|h, b5},
rae A (4)=7n. ITO # eCTb HyJb BTOPOTO YpaBHEHMS.

HokasareascTso B cay4ae @ >>g Rodydaercs npefebHBIM NEpPeXoaoMm OT cayuas Q> g.
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CanepncrBue Paccroanue memdy awbomu deyns nociedosarein
HoiMu Hyaamu ypasuenus (6)

a) ne oaswe n/w, ecau q ()=’ Vi,

6) He menowe m/Q, ecau q(t)gQZVt. B wacrnoctu, ecau g (H)<<O V1,
TO HUKAKoe pewenue ypasnenus (6), kpome Toxndec1BeHHO PABHOZO HyAL,
He obpawjaerca 6 Hyasb 08axoebL.

HdokasarenbctBo. a) [lycTe CTporo Mexay moc/eaoBaTeILHLIMI
HYJSIMU MOXKHO BCTaBHTH OTPE3OK AnHbl n1/0. s 11060T0 OTPe3Ra [L1HibI
n/® MOXKHO NOAOGpPaTh pelieHHe ypaBHeHHs X -+ w’y =0 Tak, 4To 3TOT orpe-
30K OyAeT orpaHuueH [OC/ACLOBATEAbHLIMUH HyisMn pewenus. Ha sTom
oTpeaKe ypaBHeHHe (6) ¢ He MeHbLIMM 4eM ®° K03(bhUUHEHTOM ¢ He uiecT
HyJel.

DTO NpPOTHBOPEYUT TeOopeMe CPaBHEHUA. 3HAUHT, OTpeska AAHHBI T/
BCTaBHTh MEX/]Yy HYJMH ypaBHeHus (6) Heab3s.

6) IokasbiBaeTcst aHAJOTHUHBIM CPABHEHHCM C ypaBHendem x -+ Q% =0,

HccienoBanne coGCTBEHHBIX KOJeGaHuI CIUIOWHBIX Cpen (3akpenaeHHoil
CTPYHbI) mPHBOAMT K cieaywoweir 3agnave Mrypmva—Jluysuaaa.

Haitru pewenua ypasreniin

x4+ (g () +1) x=0, (7y

obpaujarouuecs 8 HYasb HA KoHuyax dannozo orpeska 011,

3BaueHHS CNEKTPAAbHO20 napameTpa A, NPH KOTOPbIX Takue (He ToXne-
CTBEHHO PaBHble HYJIO) PELICHHS CYIUECTBYIOT, HA3LIBAKOTCA COGCTBEHHbIML:
3HA4eHUAMI, 3 CAMH PelieHHs] — COBCTBEHNOIMU DYHKYUSMU.

3apauva l. Haiitn co6cTBennble (pyHKUMY U uHcaa B cayvae g==0.
Orger. Co6crseHnbe $yHkuMd cyTb sin Ay ! (puc. 203), a cobcrsennbie uncaa
A=k M, Ay =(n/1P.

Puc. 203. CobcTsennbic Kone- @

GanHsi CTpyHbl.

Pewenne Xx+Aix=0, X{(0)=x{()=0= 2> 0= x=acos At + b sin VAt | A(O)._’)=> a=
=0=M=kn=h=1"(2/I} .

Teopewma. Haa aoboii earadkoi na orpeske [0, 1] pynkyuy ¢ sadaua
lrypma — Jluysuaasn umeer GeckOHEYHNE KOAUYECTBO COGCTBEHHbIX YUCEA:
cooTeercrayiouue CobCTeerNble (DYHKYUL UMEIOT HA 3TOM OTPe3Ke Kak
YeO00HO MHO2O HYyaed.

HAoxasatenbcrso. Paccmorpum pewenue ypashenuss (7) c ua-
yanbHBIM yenoneM x (0)=0, x (0)=1. OGosnauum uepes =0 (f, 1) 3naye-
HUC MOJAPHOrO yraa BAOJAb 2a30BONl KPUBOH AJA 3TOTO peweHus; nycThb
@ (0,%)=0. @yuxuua o HenpepeiBHa. PaccMoTpum 3Hauewue o/, 4) Kak
¢yukuuio ot A. Ilpu A—> 4 oo Benuuuna a(/,)) cTpemurcs K Geckoieu-
HocTH. [leHCTBUTENBHO, HYCThb g+ A> 0. Ecin © AOCTATOUHO BEJAHKO, TO
OTPe30K n/w OyleT yKAaawBaThCA Ha otpeske {0, (] kak yroaxo Goaulioe
4uca0 pa3s k. 3HaUYMT, YHCJIO HyJeil yPaBHEHHs €O CTOAb GOJBLIMM A Ha
3TOM OTPe3Ke He MeHbule k {Teopema cpaBHenus). CrepoBatensto, a ([, A) =
=ank (npemnoxenne 3), Hrak, a(l,A)— co npu A— 4 co. 3uauur
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CyuiecTsyer OeCkoHeUHbIH Habop COGCTBEHHLIX uHcea Ay, AS KOTOpbIX
a (l, y)=nk. Tcopema pokasana.

3anaua 2 Hokazars, uto lim I/ R = (a1
[

3anaua 3. lNepeHecTn peayasTaThl na ypasHeHHa BiAA
(pij+gx=0,  p(y>0 Vi,

Ykasaune PaccmorptTs (asosyio naockocTs {x, y), rae y==px.

§ 28. Jluneiinble ypaBHeHHs C NePHOAHYECKHMH KO3QdHUHEHTAMHU

Teopua sHHelHBIX ypaBHEHHH C NEPHOAMYECKHMH KO3(PHUKEHTAMH
OGBSICHAET, KaK HaJO pacKauuBaTbCs HA KaueJsiX M [OYEMY BepXHee, OObIYHO
HeyCTOFX‘{HBOC, NOJIOXKEeHHEe paBHOBECHA MAasiTHHKA CTAHOBHTCH yCTOﬁ'-lHBbIM,
€C/IM TOUKA NoABeca MasiTHAKA COBepllaeT NOCTATOYHO ObICTpuie KoaebaHus
N0 BEepTHKAJHU.

1. OroGpaxkenne 3a nepuos. Paccmorpum anddepenunatpioe ypasnente

x=v(,x), v{+T,x)=v(x), =x=FR, (1)

C NEpPHOMHYECKH 3aBHCALIEH OT BpeMeHW NMpaBoil 4yacThbio (puc. 204).
[Tpumep L. JIBukKeHHe MasiTHHKa C MEPHOLHUYCCKM MEHSIOLIMMHUCS
napametrpaMu (Hanpumep, IBHXXeHHe Kauesefl) ONUCLIBAeTCS CHCTeMoil
ypaBHenu#t Buma (l):

= Ki=xy,  Xo= —a (1) x; 9
= o+ T)=uo ). (2)
= Z=p(?) Mb  Gymem npeanosarath, 4TO Bce

pewenua ypapHenua (1) npopoaxaiorca
HCOrpaHHYEHHO: 3TO 3aBeAOMO TaK [as
JIMHEAHDBIX ypaBHeHHH, KOTOpbie Hac oco-
6eHHO MHTEpecyloT.
7 T o z Ileproanunocts npasolt uacTH ypasHe-
HHAl NpOSIBJAAETCA B ClELHaJbHBIX CBOH-
Puc .204.Pacmupc)3noc $asosoe  npoct- CTBAax (pa3OBOFO MOToKa ypaBHeHHs (1)'
PancTeo ypasnennd ¢ HNOPHOINUCCKHME KO-
b duutesTars, Jlemma 1. [Ipeobpasosanue ¢aso-
6020 npocrTpancrTea 3a epema or i, do

tr: g% R"—> R* ne menserca npu 00HOBpeMEHHOM YBeAudenuu { u Is
Ha seaununy nepuoda T npasoil wactu ypasnenus (1),

Hokasateanctso. Hyxuo nokasars, uro casur ()= ({4 7)
pewenus (/) na spems T sBaserca pewenvem, Ho capur pacumpenHoro
tasoBoro npocTpaHcTsa Ha I BAOJAb OCH BPEMCHH NEPeBOAHT MOJe Hanpas-
Jgennit ypasuenus (1) B cebsn (puc. 205). IlosTomy casunyras ua T
HHTCrpajbHasd KpHBast ypasHnenus (1) Besge kacaercss noast HanpaejeHuit
H, CJIe10BaTe/bHO, ocraeTcsi HHTErpaibHol KpHBOH.

Hrak, g,’fi; =gy, uTo H Tpe6oBanoch JIOkaSHTb

Paccmotpum, B wacTHOCTH, mpeofpasoBanHe gj, oCyliecTBJsieMOE da-
30BbIM TIOTOKOM 33 BpeMms ojHoro nepuosa 7. D10 npeoGpasoBaHue
OyaeT wurpaTb BaXKHYIO pOJb B AaibHefllieM; Mbl 6yJeM Ha3biBaTh e€ro
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orobpascenuen 3a spems T v obGosnavare (puc. 205)
A ______gz)', Rn —_ R”.

IMMpuwmep 2. Ona cucrem /"/

Xy==X3, Xo=-—X|; X=Xy, Xe= —JX2

KOTOpLIE MOYKHO CUHTATL NMEPHOAHYECKHMH ¢ JI00bIM 7 12
nepuoaoM T, otoGpaskenye A ecTh NOBOPOT H rumnep- ‘;":;”f,?ﬁ- OroGpaeine woio-
GonryeckHil NTOBOPOT COOTBETCTBEHHO. ’

Jlemma 2. [IpeoGpasosanus giT obpasyior epynny gy =A" Kpome
rozo, gi Vo =gigh T

Nokaszateancrso Cornacio Jnaemme | g'it =g} Tloatomy
giT s =gl ts gt =g gi”. Monaran s=T, naxoanu gt =Agh", otryna
no muaykuun gol=A"

Jlemma poxasana.

BeepoaMoxHbIM cBoficTBaM pewennil ypabHenus (1) COOTBeTCTBYIOT
anasiornussie csoficTea otoGpaxenus A 3a mepuon.

Teopema. 1) Touka xo ecTb HenodsusicHAn TOUKA oto6paxcetus A
(Axo=1x0) T020a u ToAbKO TO2OQ, KO20Q pelienue C HA1AAbHOLM [CAOBUEM
x(0)=xo ecTs nepuoduueckoe, ¢ nepuodosn T.

2) Ilepuoduueckoe pewenue x (1) ycroduuso no Jlanynosy (acunnro-
TuMecku ycTonuugo) 1020a U TOAbKO T020a, K020a Heflo0BUKHAR TO4KA Xo
orobpancenus A ycroduusa no Jlanynosy (acumnroTudecku ycroduusa) *).

3) Ecau cucresma (1) awnedna, 1. e. v{l,x)=V () ¥ — auneinasn Qyuk-
yusa x, To orobpaxenue A auneino.

4) Ecau, kpome 1020, caed auneiinozo oneparopa V(t) pasen nyiio, T0
orobpaxcenue A coxpanser obvem: det A=1.

NorkasaTeabcTBo. YTBepXiaeHus 1) u 2) BHITEKAIOT H3 COOTHO-
wennsg git =giA u u3 HenpepbIBHON 3aBHCHMOCTH pELICHHA OT HAuasb-
HBIX ycnoBHit Ha oTpeske [0, T

YrBepxfenue 3) BuTeKaeT W3 TOFO, UTO CyMMa peLieHH JIHHEHHON
CHCTEeMbl eCTh CHOBA pelleHHe.

Yreepxaenue 4) BoiTeKaeT W3 Teopembt JlnyBuaas.

2. Ycnosusi ycroiiuusoctu. IlpuMenum foxa3aHHylo Teopemy K oro6pa-
xenno A Ga3oBoil NJOCKOCTH Xj, X2 Ha cels, COOTBETCTBYIOILEMY CHCTE-
me (2). Tak xak cucrema (2) JaHHe{lHAa M caeln MaTpHiLbl npaBoll uyacTH
pasen 0, moayuaem

CaencTBue Orobpamenue A auneiino u coxpanser niouwadd
(det A=1). Jaa ycroidusocTu HYAe8020 peluenus CUCTeMbl ypagrenuii (2)
neobxoduna i GoCTAToURa YCToluu8oCTy oTobpaNnenus A.

3amaua 1. JlokasaTe, YTO TMOBOPOT IJIOCKOCTH — yCTOluiiBOe OTOOpaxcHne
a runcpGoaHdeckHil MOBOPOT — HeycToluuBoOC.

* pe
) Henoaenmuasi Touxka xo oTobGpaxenus A HasuBaeTcs ycrofuusod no JlanyHoay
(cOOTBETCTBOHHO acuMnTOTUYCCKY YeToduusod), ecan Ve> 0 36> 0 Takoe, uTo U3 [X—xo] << §
5 n
suiTekaeT |A"x—A"x,| <Ce pas Beex 0<<n<C oo cpasy (coorsercrsenuo eme A"x—A"xy — 0
npn n — oo).
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Hayuum tenepn noapoGuee juHeilHbie 0TOOpaKeHHST IOCKOCTH Ha cels,
COXPAHAIOLIHE TNJIOWIAAD.

Teopema. Ilycte A — marpuya coxpansmowezo niowads AuHeliHOZO
orobpancenua naockocry Ha cebs (det A=1). Toeda orobpasenue A ycroi-
dugo, ecau |ir A| <2, u neycroduuso, ecau {tr Al> 2.

Hoxkasareabctso. Ilycts A, Az — cobcTBeHuble uncaa A. Oun
YAOBJIETBOPSIIOT XapaKTepucTHUeCKOMY ypaBHernio A°—tr AL+1=0 ¢ se-
LLeCTBEHHBIMU Ko3dbduuueHTamMu

Al —-’—)ngtr A,

7»17\,2:det/4=].

TrA>2

Ay \1 Ay

b

Kopuu A, A2 3TOro BewecTBeHHOrO KBa-
ApaTHOTO  ypaBHeWHA  BEIUECTBEHHbI  HAPH
[tr A1> 2 H KOMMJICKCHO COMPsizKEHB TPH
1tr Al <C2 (puc. 206). B nepsom cayuae ogHoO
u3 COOCTBEHHBIX uHcesq Goabuwie, a Apyroe
menbiue I no monynio; oroGpaxenne A ecTh
runepOoONMuecKHit NOBOPOT M HEyCTOHYHBO.
Bo sTopom cnyuae coGeTBeHHbIC YnCa JeKaT
Ha €IMHUYHOH OKPYXHOCTH:

2 I=Mhe=2 A =N |2

Pure. 206. Co6 e YHCAZ  MOHO- .
Apownn. e HETZ MONS - OroGpaskenne A IKBHBAJEHTHO NMOBOPOTY HA

yron a (rae Ae=e™™@), T. e. crauo-
BHTCSl NOBOPOTOM IMPH COOTBETCTBYIOULEM BbIfOpe €BKIHAOBOH CTPYKTYpbI
Ha miockoctd (nouemy?). Mrak, oHo ycrodiunpo.

Teopema mokasana.

Takum o6pasom, Bech BOMPoC 06 YCTOHYMBOCTH HYJEBOTO peLICHHs
cHcTembl (2) cBesicsi K BhlUMCJAeHHIO cleAa matpunn A. K coxanenuo,
BbIYHCJAHTL 3TOT CJeA fIBHO ylaeTcsl JiMlWib B CIELHANbHBIX caydasx. Ero
BCETAA MOMHO HalTH NPHOIHMKEHHO, UHCJACHHO WHTErpupys ypaBHeHHe Ha
orpeske 0<{¢<{T. B BaxkHOM cayuae, Koraa o (f) 6JuM3Ka K NOCTOSHEQH,
NOMOTaioT NpocThle ofuiue coobparKeHHus.

3. CuabHo ycroifunsbie CucTeMbl. PaccMOTpuM JNUHEHHYIO CHCTeMy (1
C AByMepHbIM (ha3oBhiM npocTpaHcTBOM (T. e. ¢ n=2). Takas cucrema
H43blBACTCH 2AMUALTOHOBOM, eCM JUBePreHIHs ¥ paBHa Hy/o. Jlaa ramMuis-
TOHOBHIX CHCTEM, KaK yKasaHo Beliue, ()a30BBIE MOTOK COXpaHseT NJOMAaAH:
det A==1.

Onpenenenne. Hynesoe peienne Junefino#i  raMu/abTOHOBOI
CHCTeMBl CUABHO YCTOU4HUBO, €CAH OHO YCTOHYHBO H y Bcakoll Gaus-
Kol MHEHHOM TraMMJILTOHOBOH CHCTEMBI HYyJeBOe pellleHHe ToXe yc-
TOHUHBO.

M3 npeablayuwux AByx TeopeMm BLIT€KaeT

Caenpcrsue. Ecau HrA|<<2, 10 Hyresoe pewenue cuabro yc-
TOL%U80.

HGo ecin |tr A| <2, 1o nna orobpaxenust A’, COOTBETCTBYIOLIErO AO-
CTaTo4YHO G/in3KOM CHCTeMe, TOXKE BBINONHEHO ycaoBHe |tr A’| < 2.

C

TrA<2

Q
R

Q
>
=
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[Mpumennm 3TO K cucTeMe ¢ MNOYTH MOCTOSIHHBIMM KO3 HULHEHTAMH.
Paccmorpum, Hanpumep, ypasHeHHe

F=—0(l+ea(®)r, e<l, 3)

rae a(t+2n)=a(t), nanpumep, a(f)=cost (MasaTHHK, 4acTOTa KOTOPOro
Koneb1eTCsi OKOJIO @ ¢ MaJoll aMmJAUTYAON U ¢ nepuogoMm 2m)*).

Kaxaywo cucremy (3) OyaeM u300pakaThb TOYKOH Ha IJIOCKOCTH mapa-
metpoB &, o (puc. 207). OueBupgHo, ycroifuuBble cuctembl ¢ |tr A} <<2
06pa3syioT Ha MJIOCKOCTH (, &) OTKPHITOE
MHOXKECTBO, TAK K€ KaK H HeycTOHYH-
Bble cucTeMbl ¢ {tr A|> 2.

Fpasuua ycToHuWBOCTH  AacTCH
ypaBHenuem |tr Al =2.

Teopema. Bce Touku ocu o,
UCKAIOUARA yenbie U NOAYyUeAable TOUKU
o=~k/2, k=0, 1, 2,..., coorgercrayloT
cuabno ycroduusolm cucremam (3).

Takum 06pasoM, MHONKECTBO HeyC-
TOHYMBLIX CHCTEM MOMET MOAXOLHTD K Puc. 207. OGaactb HeycTOWdHBOCTH Npy napa-
OCH @ TOJbKO B TOUKaAX 0)=k/2 METPHUECKOM pe3oHauce,

WubiMy  cnoBaMy, pacxKauarTb Kauesu

MaJbiM NepUHOJUYECKHM H3MEHCHHEM JJIMHBI MOXKHO JIHIUB B TOM CJydae,
KOTha OUH NEepPHOA H3MeHEHHs MJUHB OJH30K K LeIoMy 4ucay MoJyne-
pHonoB coOCTBeHHBIX KoJeDaHui,-— pe3yabTaT, BCeM H3BeCTHHIH H3 3KCIle-
pUMEHTa.

JlokazaTeabCTBO C(POPMYIHPOBAHHOH TeopeMbl OCHOBAHO Ha TOM, YTO
npu ¢ =0 ypaBHeHHe (3) HMeeT INOCTOsSIHHble KO3((PHUHEHTH M SIBHO pe-
iaeTcs.

Nfes
~
Ny

4

3anaual. Buuncants ans cuctemsl (3) ¢ e=0 matpuuy npeoGpasosanns A 3a nepuoa
T==2n 8 Gasuce (x, x).
Pewenne Obwee pewene:

x=0C, cos of+Cssin of.
YacTHoe pewieHHC € Hauda/bHbIM YCJOBHeM x=1, x==0:
X=c0$ of, f= —o sin of.
YacTioe peuwciue ¢ HauadbHbIM ycaosieM x =0, x=1:

x=(sin w!)/o £=cos ol

cos 2w sin 2n0 /0
Orger. A= < )
—w sin 2ne  cos 2ne °
Mostomy Itr Al =12cos 20| <2, ecin w#£k/2, k=0, 1, ..., u Teo-

peMa BbITEKAeT M3 NMpeAblAyLUIero C/eiCTBHSA.
Bosee BuHMAaTe abHblll aHalH3 **) mokasblBaeT, 4To, Booblue rosopsa (H,
B 4acTHOCTH, npH a ({}=cos t), BOAH3HN TeueK o=Fk/2, k=1, 2, ..., obaactb

*) B ciyuae a (t)=cos { ypasHeHue (3) waspiBaerca ypasnenuesm Marve.
**) Cu., uanpumep, pasobpauiyio HUxe 3ajavy | n. 4,
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HEYCTOHUMBOCTH (3awTpHXxoBatitian Ha puc. 207) aeficTBHTENLHO TMOJAXOAMT
K ocH 0.

Takum o6pasoM, P HEKOTOPLIX COOTHOUICHISX MEXAy 4acTOTOH H3Me-
HeHUA napameTpos i cobcTBenHoll yacToToll Kavedacht (wxk/2, k=1, 2, ..)
HIZKHCE TOJNOYKeHHe PABHOBECHR Hieasl3HpoBatinnlx Kadeaeli (3) neycroil-
UHBO M OHM PACKauUMBAIOTCH NPH CKOJAL YFOANO MaJoM [CPHOAHUCCKOM
H3MCHCHHH JJTHHDI.

D70, BJCHHE HA3LIBACTCH NAPAMETPUYCCKUM PE3OHAHCOM. XapaKTepHoi
0COGCHHOCTBIO NMapamMeTPHUECKOro pe3OHaHCa SIBJASIETCA TO, UTO OH CHJAb-
Hee BCEro NposiBJIACTCH B CJyuae, KOFAa 4acToTa H3MeHeHHsl NapaMeTpoB v
(B ypaBueunn (3) uacrora v pasHa 1) BaBoe GoJbuic COGCTBOHHOR ua-
CTOTBHl M.

Bameuanne Teoperuueckn napameTpHueckuil pesouallc Hab0-
pactca npu GeckoneynoMm Habope cooTHoweHull w/vaxk/2, k=1, 2,

ITpakTHuecku Haba04aeMbl OOLIUHO KL CayYaH,

£ korga k ueseauko (k=1, 2, pexe 3). [ledo B
W \// TOM, 4TO
/ a) npH Goabwnx £ ofjactb HEYCTOHUHBOCTH
% p NOAXOAHT K OCH ® Y3KHM SI3bIKOM W OJ51 pe3o-
> HalCHOIl UacTOThl @ MOJYUAlOTCsl OUCHb JKECTKHE
[72] I3 .
npegenbl (~¢* aasa a(f)=cos! B (3));
6) cama HeycTOfuUHBOCTL €J1ab0 Bblpa)keHa
npu GosabWwHX R, Tak Kaxk Beauuuna [trA}—2
HepeJMKka H coOCTBeHHbIC uncaa Gau3ku K | npH

Puc. 208. Bausumine magoro Tpenns GonbLinx k'
Ha 00.13CTb HCYCTORUHBOCTIL. B) CKOJIb YroAHO MaJoc TPCHHE [IDUBOAHT K

TOMY, 4TO [AJd BO3HHKHOBEHHS TNapamerpHue-
CKOro pesonanca k-ro nopsnka HMeeTCst MHHHMAJbLIOE 3HAUCHHE aMIIH-
TYAbl &€ APH MCHbiNX € Kojebaius 3atyxawr. C poctom £ g GbiCTpPO
pacrer (puc. 208).
3ameTHM TaKxKe, UTO AJIsi ypaBHelusi (3) B HeyCTOH4HMBOM Cjydae Besu-
YHHA X pacTeT HCOrpaHuuycHHO. B peasbHLIX cHcTeMax Kosaebanusa ROCTH-
raioT JHlb KOHEUYHOH aMIIMTYAbl, TaK KaK NpH GOAbILHX X CaMoO JHHeapH-
3oBanioe ypaBHeHne (3) TepsieT CHJAY H HY)KHO YUMTLIBATh HednHeiiHble

sdPexTol.

4. Boiincaeuus.
3apaua 1. Halltn Bua obaacteit ycTOUMBOCTH Ha NJOCKOCTH €, W AJSl CHCTEMbI
ofnucLIBacMOil ypaBueHueM

x=—f(t)x, [+20=[() @
w—+e npi 0<Ci<m,
i(t)={ el
w—e ApH A< (< 2n,

Pewenue W3 pewenns npepsiayuteii zagauu (1 n. 3) creayer, uto A=AA,, rae

Cr sk/wk .
Ay = , Cp=CO0S AW, Sp=5in mwr, ©jo=w=te.
— WSk Cr
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[TosToMy rpasnua 30HB YCTOMYHBOCTH HMeeT ypaBHeRle
HI'AI=]20162—(0)1/(02+(02/(D|)5152l=‘2. (5)
Tak kak e |, umeem o/ wy=(0-+¢e)/{o—e)x 1.

Bz:cneim ofo3Hauenue ;/wr+w2/wy =2 (14 A). Torma, kax Jerko cocunrats,
A=26"/0’ 40 (e')< 1. Tloab3ysich COOTHOWEHHAMH 2¢;C3=c0s 27e -+ cos 2no, 28153 =
==C08$ 27te —COS 2nw, NepenilieM ypasHenhe (5) B Bude

—Acos 2ne+(2+A)cos 2aw = +2
HAH
cos 2nw =(2+ A cos 2ne)/(2+A), (6.)
cos 2na=(—2-4A cos 2ne)/(24- A). (62)
B nepsom cayuae cos 2rw = 1. TlosToMy nonoxum w==£k-+4a, lal 1, cos 2nw=cos 2na=
=1—2n%a*+ 0 (a*). [epenniien
ypasuenue (6,) B Buae
cos 2nw=1 —-2—+—(l — cos 2ne)
uaH
2a%a* +-0 (@")=An?e? 4+ 0 (2")

IMoacrasaas 3HaucHHE A=

. 1 % J%
z 7 Z
=(2e2/0?)+ 0 (¢*), HAXO0MHM A 2

a=+t2/0’+o0 (&Y, T. e
w=Fk+el/k’4o0(e?) (puc. 209).

Ananoryuso petuaercs ypas-
Heune  (69); B pesyanbrarte noay-
4aem

w=nte/(nx)+o(e), x=~k+1/2.

Puc. 209. OGaactb HeycTOluMBOCTH s ypapuewus {4).

3anaua 2. Moxer Jau pepxuee, OOBLYHO HEYCTOHYHBOE, MNOJAOKEHHE PpaBHO-
BECHA MasTHHKA CTaThb YCTOHUMBBIM, €CJAH TOouka TNoaseca KojeGaeTcs B BepTH-
KaJbHOM HanpaBAeHHH?

Peweuune. Ilyets anvua masThHuka [, amnantyza KoneGanuii Touku noaseca a </,
nepuoj KoseGanuil ToukH noiseca 27, NpHuYeM B Te4EHHE KAXKAOrO TMOAYNEpPHOAA yCKOpeHHe

_ TOUKH NOJBECA NOCTOSHHO W PaBHO ==¢ (toraa ¢==8a/t’). OkasbiBaeTcsi, MPH AOCTATOUHO

GucTphix KoseGaHHAX nojgBeca (1< 1) BepxHee HOJNOKeHNe paBHOBQCHﬂ CTAHOBUTCH YCTOH-
YHBLIM. YpaBHeHue ABHXKEHUS MO)KHO sanucath B Buie X=(0’-4a®)x (3HaK MeHserTcs
uepe3 BpeMmMsa t), Tle @ *=g/l, a’=c/l. Ecin koJeGaHHs mnojBeca HOCTATO4HO OHICTPH,
T0 a’> 0® (@?=8a/(I1?)).

Ananorwuno npeawmaywicit sanaue, A=4.4, rae

Ax=< chkr k7 'shekr ) ' A2=( cos Qr Q7 'sin Qr ) '

ksh kt ch kt —Qsin Q1 cos Q¢
kB =a’4 0, Qe
Ycaosue yeroitunsoctn |tr A| <2 umeer nosroMmy Bu
|2 ch kv cos Qu+(k/Q—Q/k) sh kt sin Qt] < 2. (7)

[lokasxeM, 4TO yC/I0BHE 3TO BHUIOAHEHO MPH LOCTATOMHO OLICTPLIX KOMeGauuAX TOUKH noaseca,,
T. e. Koraa ¢>> g. Beenem GespasMepHble mepeMeHHbIe €, pi

a/l=e<l, g/e=p’<KI.

Torna kt=2-2 e VI F il Q=22 eI —p7% £/Q—Q/k=2"+0 ().
TlosToMy npH  Manblx € j CHPABEAHBH  pasaoKesus ¢  Toupoctsio  oie'-+pf):

chkr=1+4e? (14 p*)+2'/3+ ..., cos Qu=1—4de® (1 —p?)+8¢*/3+ ...,
(k/Q—Q/k) sh kT sin Qu=1682p>+ ...
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Hrak, ycaosue yeroituupoctd (7) TpHHHMaeT BHI

2 (1 —16e* +16¢e*/3+8e2p? 4+ ...)4 162p? <2,

TpeneBperan  MaabiMM  BolcWeEro nopsaxa, Haxoarm (2/3) 16e* >32p%? wn  p<<
<e/\3, uan eme g/e<ca/(3l). DTo ycaosBue MOMHO HepenncaTh B BHie N>
>+/3/32 wl/a=~0,3 wl/a, rae N=1[/(21) — uncno xoneGanuii TOYKM mNozBeca B elH-
Huuy spemend. Hanpumep, ecau aauna mastunka [=20 cm, a amnauryna KoaeGanuil
TOUKH fopseca a=1 cm, 10 N> 0,31 1/980/20-20~ 43 (xoaebauuii B cexynry) B uactno-
CTH, BEpXiiee nosioxeilHe paBHOBECHA YCTOHUMBO, €CAH HHCAO KOAeGaHnil mojBeca B CEKYHRY
Goaniue 50.

§ 29. Bapuauusa nocTosIHHBIX

[Tpy unccnepoBaHu ypaBHeHHH, GIHM3KHX K yXKe HCCAeLOBAHHBIM, «He-
BO3MYLIEHHBIM» YDPaBHEHHSIM, 4acTO TmnoJjesed cjaeaylowuit npueM. Ilyctsb
€ — NepBLifi HHTErpal «HEeBO3MYILUEHHOro» ypaBHeHHs. Toraa mis GAH3KHX
«BO3MYLIEHHbIX» YpaBHeHul (GYHKUHA ¢ yxe He OyleT nepBbIM WHTErpajoM.
Opnako uacTo yAaeTcs y3HaTbh (TOYHO MJH NPHOIHKEHHO), KaK MEHSIoTCS
co BpeMeHem 3HaueHus c(¢(f)), rae ¢ — pelleHHe «BO3MYLLEHHOTO» YpaB-
HeHusi. B uyacTHOCTH, ec/H HMCXOAHOE ypaBHeHHWe — JiuHelHOe OAHOPOJHOE,
a BO3MYLLEHHOE — HEOJAHOPOAHOE, TO 3TOT NPHEM NPHBOAHT K ABHOH dop-
MyJe AJsl pellleHHs, NPHYEM B CHJY JIMHEHHOCTH ypaBHeHHs] HUKAKOH «maJo-
CTH» BO3MYlleHHa He TpebyeTcs.

1. Tpocreiimnit cayuait. Paccmorpum npocrteiillee JHHEHHOE HEOAHO-
polHOEe ypaBHeHHe

x=f(), xR, ie], (1)
COOTBETCTBYIOIEE TIpocTeiilleMy ORHOPOAHOMY YpaBHEHHIO
x=0. 2
YpaBHeuune (1) peuraercss KBaapaTypoi:
90— qlto)+{1 () 3

fo
2. O6wuM cayuait. PaccMoTpuM snHeliHoe HEOLHOPOAHOE YpaBHeHue

x=At)x+h(), x=R, i<l 4
COOTBETCTBYIOLIEEC ONAHOPOAHOMY YPaBHEHHIO

i=A{)x. (5)

[Mpeanonoxum, uTo Mbl ymMeeM pelaTh OXHO-

¢ bomHoe ypasHeHHe (D) H x=@({) —ero pe-
wenne. BoiGepeM HauasbHble yCa0BUA ¢= @(lo) B

;’;‘grf;°ﬁc‘;§g§;§“';ﬁf:;r;‘;j,’;';n; "h  KauecTBe BHLINPAMJSIOIMX HMHTErpajbHble KpU-
HOPOAHQro ypasHeliud, Bbi€ YypaBHeHHA (5) KOOpAnHaT (C, t) B pac-
lHpeHHoM a30BOM npocTpaHcTee (puc. 210).

B uoBmiX koopaunaTax ypaBHeHue (5) npumer npoctediwmit BHA (2).
Tlepexon K BRINPAMJSIOUIAM KOOPAMHATAM OCYMIECTB/SETCA JUHEHHBIM 110 X
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npeobpasopanueM. [1o3ToMy B HOBbIX KOODAMHATaX HeOJHOPOJHOE ypaBHe-
Hue (4) npumet npoctedwnit Bun (1), ¥ Mbl €ro CMOMXEM pelUuTh.

3. Boruucaenus. bynem HckaTh pelieHne HeOJHOPOZHOro ypaBHeHusi (4)
B BUIe

p(h)=g'e(t) e IR, (6)

rae gt R*— R" — qunefinblit onepatop npeobpazosanus 3a BpeMms 0T fo
A0 ! IS OLHOPOAHOro ypaBHeHHSI (5).
Judpoepenuupysa no £, Haxoanm

p=g'c-+gle=Ag'c+glc=Aq+g'c.

[Moncrasass B ypaBHenue (4), Haxoaum g'c=Hh(f). Urak, noxasaua
Teopema. Popmyra (6) Oaer pewenue ypasnenus {4), ecau u
T0A6K0 ecau ¢ yodosaersopser ypasuenurn ¢=f (1), 20e f(H)=(g")~' k(¢
Tlocnennee ypaBHende umeer npocteimuit Bun (1). Tlpumenas ¢op-
myay (3), nonydaem
Caenctsue Pewenue HeoOHOPOOHO20 ypasHenus (4) ¢ HauaAbHOLM
ycaoguem ¢(to)=c umeer sud

w(t)=g’(c+8 €)' k() dr).

to

3ameuaHue B roopaunaTHoll ¢opme NOKa3aHHYIO TeopeMy MOXKHO
chopMyIupoBaTh Tak:

Yrobbr pewute aunelinoe HeoOwopoduoe ypaswenue (4), anas ¢ynda-
MEHTOAbHYK CcucTemy peuienuil o0Hopodnoeo ypasHenus (5), docTarouHo
noocrasury, 8 HeOOHOPOOHOE YypasHeHue AUHELHY KOMOUHAUUWIO peuienut
(PYROAMEHTANOHOI CUCTEMbL, CHUTAS KOIPHUUUEHTHL HEU3BECTHOIMU (DYHK-
yuamnu spemenn. Hdas onpedesetrus 3Tux KoI(pduyuenros noayqurca ro2oa
npocretiuee ypasnerue (1).

Sapaua l. Pewuts ypasnente x-x=/f(!).
Pewcune CocTaBiM OLUOPOLNYIS CHCTEMY ABYX YPaBHEHWii:

.A"|=)Cz, )Eg=—x1.
Ee ¢yunamMeHTanbHas cHCTEMa peleHHH H3BecTHA:
(xy=cos {, xp=—sint); (xy =sin f, xa=cos ).
ITo ofweMy npasuay vMuieM pewiciiue B BHAE
xi=¢y ({)cos {tca (fysind, xp==—c, {f)sin £cs (£) cos ¢.
Jins onpepeNeHus €| R €2 NOJy4daeM CHCTEMY
Crcos f4Cosin t=0, ¢ sint4cycosi=f(t)

Cre0BaTEeAbHO,

Ci=~—[{t)ysinf, Ca=f(t)cos £

¢ 4

Orser. x (f) =[x (O)—S f(x)sint dr] cos I-l—[)? (O)+S f(tycost dt] sin £,
0 1]
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lloxasaTe.n bCTBA OCHOBHBIX TE€OpPEM

B sToff rnaBe N0OKAa3bIBAIOTCA TEOPeMbl O CYLIECTBOBAHMH, €IAHHCTBEH-
HOCTH, HEMNPEpPLIBHOCTH M AuddepeHUHpPYeMOCTH pelieHHH OOLIKHOBEHHbIX
anddepeHuHalbHBIX ypaBHEHHH, a TaKKe TeOpeMbl O BHIIPSIMJEHHH BeK-
TOPHOTO NOJIst M MOJIsi HanpasJeHHH.

HokasatenncTBa cojep:KaT TakxkKe crnocol npHGIHKEHHOTO MOCTPOEHHS
pelueHui.

§ 30. Cxarbie oToGpakenus

Paccmorpennbli HAMe MeTOL OTBICKAHHA HEMOABHXKHOH TOUKH OTO-
OpakeHHs1 METPHUYECKOro mnpocTpaHcTBa B cels NpPHMeHsieTcss Aajee A4
nocTpoenus pelleHuit AudepeHILHANbHLIX YpaBHEHHH.

1. Onpeneneune. Ilycts A: M —> M — otoGpaxeHHe MeTPHUECKOTO Mpo-
crpadctea M (c merpuko# p) B cebs. OrobpaxkenHue M uasbiBaerTcsi coxa-
TolM, €CJAH CyleCcTBYeT mocrosHHas A, 0<<A<C 1, Takas, uro

p(Ax, Apy<rp (v, y) Vx, yesM. (nH

Mpuamep 1. Mycts A: R— R— peuwecTsennas @yHKUHS BeuleCTBEHHOro nepe-
mennoro (puc. 211). Ecau npoussoaHas A no Moayanio BCIOAY MeHblue 1, To oTob6paxcHue A
MOXeT H He OblTh cxathiM. Ho ouo Oyner cxateiM, ccan

Az A <a<l.

Mpumep 2. Tlyers A: R'— R' — nuneiinniét  onepa-
Ttop. Ecan Bce coberBenubic uncaa A Jexart CTpPoOro BHYTPH
cAMHH4HOrO Kpyra, To B R’ cyulecTByeT Takas eBKIR10BA
meTpika (dyuxkuua Jlanyxosa, cm. § 22), uyro A — cxaroe
oToGpakeHue.

7

z 3anaua |, Kakne n3 caepyouwmux oto6paieHuii nps-
Mofi (¢ o6bIMHOI METpHKOil) B ceGa CRaTb?
Pre. 211 1 1) y=sinx; 2) Vxl4-1, 3) y=arctg x.
ne. . CIIOIBHIKHERN TOUKa N
CKATOTO 0TOBPaACHNA. 0 3311<a>qa 2. MOXHO /H 3aMEHHTb 3HAK <. B HCPABCHCTBC
Ha ?

2. Teopema o cxaThix oro6pakenusx. Touka xe& M uasnBaeTcs Heno-
Osumcroll Touxold orobpaxenus A: M - M, ecan Ax=x.

MTycro A: M —~ M — cacaroe orobpadcenue noanHoz0 MeTPU4eckKoz0 Rpo-
crpancrea M 6 ceba. Tozda A umeer Henodsuscuyto TOMKY, W NPUTOM
T0A6K0 00nYy. [laa wmobod Toukw x u3z M nociedosareasnoCTe 06pa3os
TO4KU X npu npumenenun A (puc. 212)

x, Ax, A%x, Al

CXo0uUTCa K HenolBuMHOl Touke.
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HDoxkasarteabcrtBo. [lycts p(x, Ax)=d. Toraa

p (A, A" ') < Ad.

o0

Pan Z A" cxoputea. [Mosromy nocnenosateastocts A%y, n=0, 1, 2,...,

n=0
fABAsieTcs nocaegosateabhoctbio Komwn. Ipoctpanctso M moano. Tostomy
cymiectByeT npeaes X= lim A"x.

n-» 00

[Mokaxem, uto X — HemoaBuKHasi Toyka A. 3ameTuM, 4To BCAKOE CIKATOE
oT00pakeHHe HENpepulBHO (MOXKHO B3ATb §=¢). Tloatomy

AX=AlimA"x= limA"T'xy=X.

n-»co - 00

TMoxkaxeM, uTo Besikanm HenmoaBuiknas Touka Y cosmagaer ¢ X. IHeii-
CTBHTEJILHO,

o(X, N=p(AX, AY) < (X, V), A<l1=p(X, V)=0.

3. 3ameuanue. Touku x, Ax, A’x, ... Ha3bBIBAIOTCS NOCAe00BATEAbHOIMU
npubauncenuanuy x X. Tlyctb x — npubanxeHue K HeNMOABHKHOH Touke X

2
X Az Az
d
2

A AT Na%

x f

27 ;
Ax Axr x o X
Pue. 212, TlocaeposatenbHocTs 06pa- Puc. 213. Ouenka TOMHOCTH npuban-

30B TOYKH X NPH DOBTOPEHMH CXKATOrO HCHHA X K HCMOABKKHOH TOUKE X.

orobpaxenus A.

cxaroro orobpaxenus A. TouyHOCTb 3TOro NPHUOGAHXKEHHS JETKO OUCHHTB
yepe3 paccTosiHue d MEXAy TOUKaMH x U Ax:

d
,X<_—1
p(x )\1_}»

‘ d
néo d +Ad+A1'd+ =TT (puc. 213).

§ 31. Jloka3aTenbCTBO TeOopeM CYLIECTBOBAHHUA
H HenpepbiBHOH 3a4BHCHMOCTH OT HAYAJbHLIX YCJOBHIL

3nech CTpOMTCA Takoe ciaToe OToGpaxKkeHHe [MOJHOTO MeTPHUECKOro
MPOCTPAHCTBA, UYTO €ro HeMOABHXKHAA TOUKA OmNpeje/sieT pelleHHe aaH-
Horo AndQepeHUHaNbHOr0 YpaBHEHHS.

1. Mocnenosarenbhnie npuGauxenua TNukapa. Paccmorpum andde-
peHlHanbHOe ypaBHeHHe x==v(f,X), 3ajaHHOE BEKTODHBIM MOJeM ¥
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B HEKOTOpO#t obsiacTH pacwpennoro ¢asosoro mpoctpauctsa R™H!
(puc. 214).

Hasosem oroGpascenuem Iukapa orobpamecnue A, nepepoasiiee yHx-
nuo @ {—>x B pyuxuuio A {+— x, rae
¢
A9 (=x+] v(x, @) dr.
fo
leomerpuuecku nepexon or ¢ k Ag (puc. 215) osnauaer nocTpoeHUue
no KpuBOi (¢p) HOBO# kpuBoil (Ag), KacaTenbHast KOTOPOH mpH KaxaoM f

z\ /{'4?’)

3 Zp ¢
\—J z

Z, ¢ z

Puc. 214, Huterpansnas xpusan Pic. 215, Oropanenye Mukapa A.

ypaBuetust x=v ({, x).

napajuiesbHa JaHHOMY IOI0 HalpaBJeHuH, HO He Ha caMmo#l Kpusoil (A¢) —

Torga A 6bL1o Gbl pelleHHeM,— a B COOTBETCTBYIOLIEll TOYKe KPHBOH {¢).
Mmeem

¢ — peuienue
C HAYAALHOIM YCAOBUCM < (p=Ag).

P(lo) =xo
Baoxuosnsisick Teopemoft 0 cKaTBIX OTOOpaKeHHSIX, PACCMOTPHM II0C/e-
L0BATCABHOCTE npubauscenud Huxapa ¢ Ag A’ .. (Hauas, cKaxewm,
C (p=xo).
¢ 2
x ) el |Ay Ap
2 TN AT ]
= = o~
Z =3 % v
4 —_. X ,
=SS ) Ny vy
T = X Sy N/ L L LSS
r = X e
A z
Puc. 216. MpuGmxenus [Mixapa Aas ypan- Puc. 217, Tlpu6nmxemne TMukapa ana
ueis x=f ().

YPaBHCHHA X=X,

¢

Mpumep 1. x=f(/) (puc. 216). (Ag){)=x0+ Sf(r) dv. B s1OM csiyuae yxe mepssiit
UIar NPUBOAUT K TOYHOMY PeLICHHIO. t

Mpumep 2 x=x, fh=0 (puc. 217). Cxoaumocts Npub/MMXKeHnk B 3TomM Cayuae
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MOXKNHO YCMOTPCTL HCMNOCPCACTBCHHO, B TOUKE f
=1,
Ag=1-} Sdr:l—}-t
0
14
A?:p—1+s T4n) dv=14141%/2,
0
At =1+t+12/2+...+t"/n!,
lim A"¢=
n—s 0

3ameuauune 1. Takum obpasoM, JABa onpeneneunﬂ 3KCNOHEHTHI
n
1) e'= lim <1+’_), 2) e =1+t+ .
n-» oo n

COOTBETCTBYIOT [BYM cnocofaM NpHOJHKEHHOrO pememm npocreiilero
AnddepeHUHaNbHOTO YpaBHEHHSA r=x cnocofy JoMaHblx Jiijepa u nocie-
JoBaTtenbHbIM npuGamkennsim Ilukapa. Mcropuueckn ncxXopHoe ompepnede-
HHE 3KCIOHEHTBl ObIO NMPOCTO:

3) €' ecThb pelleHHe ypaBHeHHst X==X C HauaJbHLIM ycaoBHeM x (0)=1.

3dameuanune 2. AHajoruuynblM 06pa3oM MOXKHO J[lOKa3aTb CXOJH-
MOCTb MPHOJHMKEHHH AN ypaBHeHHs x=Fkx. TIpHYHHA CXOLMMOCTH MOCJ]e-
JOBaTeJbHbIX NpPHOJMKeHHH B oflleM cJayuae 3akiiouyaeTcs B TOM, UTO
ypaBHeHHe x=kX «caMoe MJIOX0e»: MOCAeNOBATE/NbHbIE NPUOMHKEHHs ISt
J1060ro ypaBHEHHsI CXOASITCA He MeJJeHHee, yeM AJIs1 HEKOTOpPOro ypas-
Henus BHAa X=kX.

Jna nokasaTesnbCTBa CXOAMMOCTH NMOCJAELOBATENbHBIX APHOMHKEHHH Mbl
NOCTPOHM II0IHOE MeTpPHYeCKoe MNpPOCTPAaHCTBO, B KOTOPOM oOToGpaxeHue
ITukapo cxaro. Buauane HanoMHIO HekoTopble (akThl H3 Kypca aHaJjusa.

2. MpensapurenbHble OLEHKH.

1) Hopma. Bypem 06o3HauaTb HOPDMY BeKTOpPa X €BKJMACBA NPOCTPaH-
crea R® uepes |x| =+/(x, ¥). I@lpocrpancrso R" ¢ wmerpukoi p(x, y)=
= |x—y| — no/sHOe MeTpHUeCKOe NMPOCTPAHCTBO.

OTMeTHM JBa Ba>XHhIX HePaBeHCTBA: HEPABEHCTBO TPeyro/bHHKA

[x+yl <l 41yl
e, g) < Lt gl *).

2) Bexropneui uunreepas. Tlyctb f: [a, b]— R* — Bexrop-byukuus co
snaueHusivu B R”, HenpepniBuan Ha [o, b]. Bexrop-unrerpan
b

1={ftydter"

u HepaseHcTBo lllBapua

a
onpepensiercs OGbIUHBIM 00pa3oM (C MOMOILLI0 MHTErpajbHBIX CyMM).

*) Hanomuum n0KasarenhcTBO 3THX HepaBencTs. [lposemem uepe3 BekTOpH X H ¥
€BK/IHM0BA NMPOCTPAHCTBA ABYMEPHYIO IIOCKOCTb. DTa INIOCKOCThL HACAERyeT H3 R" epkannoBy
cTpykTypy. Ha eBkanoBoii MIOCKOCTH 00a HEPAaBEHCTBA M3BECTHHI H3 3/1eMEHTapHOH reo-
merpuu. TeM cambiM 3TH HePaBEHCTBA /0Ka3albl # B JIO6OM eBKAHAOBOM NPOCTPAHCTBE,
nanpuMep B R”. B wacTHOCTH, Mbl 10Ka3aiH §€3 BCAKMX BLIUHCJACHHHA, 4TO

n n n b b b
| Yowl'< e Yo |Seaf'<frafea
i=1 =1 i=1 a a a
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Jlemwma.

Hbf(t)dtl <|f|f(t)|dt|_ (N

a
INokasaTteanbcTBo. CpaBHHM MHTErpajbHble CyMMbl C NOMOILLIO He-
paBenctsa TpeyroaeHuka: |) f(&) AN <Y F(£)] [Ail, uto u TpeGomanoch
JlOKA3aTh.
3) Hopma oneparopa. Tlycts A: R™-— R* — nuueitupiii onepatop u3
OJHOr0 €BK/JIMAOBA MNpOCTpaHcTBa B Apyroe. Mbl Oyaem o6o3HayaTb e€ro

nHopmy uepes |Al = sup ——Iéﬁl . Toraa
XER"\O‘XI
[A+BI<|AI+1Bl, |ABI<I|AlIB]. )

MHoxecTBO JuHeltHblX onepatopos u3 R™ B R" cranosutcs nosubM
METPHUYECKHM NPOCTPAHCTBOM, ec/il Mojoxurs p (A, B)=|A—B].

3. Ycaosue Jlunmunua. Ilycts A: M, — M, — otoGpakeHne MeTpHue-
ckoro mnpoctpaHctBa M; (¢ MeTpHkoll p;) B MeTpHueckoe NPOCTPAHCTBO
My (¢ MeTpuko#l p2) H L — MOJOXKHTENBHOE BellleCTBEHHOE UKCJIO.

A N7 N
Y — kY] o
2 P p: PED
4 Ay e S
x r” n”
Puc, 218. Yeaosue Jlunumna pr << Lps. Puc. 219. Tpoussoatian orobpameins .

Onpenenenune. Orobpaxenne A ydosrereopser yciosuw Jlun-
wuya ¢ nocroannol L (nuwercs: A=<Lip L), ecin oHo yBesHuHBaeT pac-
CTOsIHHE MEXK1Y MOGLIMU ABYyMA TouKamu M, He Gosee uem B L pa3 (puc. 218):

pz(AX, Ay)<Lpl (x’ y) er yEMl

Orobpaxenne A ydosaersopser ycaosuro Jlunuwiuya, ecan CyLiecTsyet
noctosinnana L takas, utro A< Lip L.

3anaua l. YaoBrersopsior Ju yenopHio Jlununua caenyolie oTodpaKeHua (MeTpHKa
BEe3J4C CBKJAHAOBA)?

1) y=x* ze=R; 2) y=+x, x>0; 3) y=~TF+, (n, x2)=RY;
— xinx, O <1,
B y=vri—x =i 5 y={ Y gx <x\0 6) y=x*, x=C, |xI<L.
R x=0;

3angaua 2. Jokaxure, yTo
CHATOCTH = ycaogue Jlunuwuya = HenpepoleHoCTs.
4. Nuddepenunpyemocts u ycaosne Jlunwuua. Iycrs [ U—~>R" —
rnankoe (knacca C', r>>1) oroGpaxenne ofnactu U eBKIuA0OBa MPOCTpaH-

crea R™ B eskaunoso mpocrtpanctso R* (puc. 219). Kacarenbhoe mnpo-
CTPEZHCTBO K €BKJAHJOBY NPOCTPAHCTBY B KaXAOM TOUKE caMmo HMeeT
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€CTECTBEHHYIO €BKJIHAOBY CTPyKTYpy. IlosTomy npoussoauas f B touke
xesUcR"

fa,(: Tme - Tf(x)Rn

€CTb JIHHCHNBIA OMepaTop M3 OJHOrO CBKJAHAOBA NPOCTPAHCTBA B ApPYyroe.
Oucsujana

Tecopema. Henpeporgho Judg-
pepenyupyemoe orobpamenue f na gcs-
KOM BbINYKAOM KOMRAKTHOM HOOMHO-
aecrge V obaacru U ydosaersopsaer
ycaosuio Jlunwuya ¢ nocrosHuoid L,
pasuoil Gepxned epanu npou3sooHol
funaV:

R/ﬂ

e o

Puc. 220. M3 wenpepuisiol anddepenunpyemo-
CTH DbLITCKACT BLIUTOAHEHHC ycaoshn ﬂ”ﬂll“lua.

L= sup |f..|.
Sup Iex

OelMHHM TOUKH x, y = V oTpeskom (puc. 220).

Horkasarteabcrtso. C
1. Tlo ¢opmyne Hoiorona—JleiiGHuua

2()=x+ty—x), 0<I<

Ho—tw={ = (o) dr=| ff @ dr .
0 0

Ha ¢opmya (1), (2) n. 2 u u3 Toro, urto z=y—X, UMeeM

1 ]}
|§ Feap @ e <[ Lig—xldv=L1y—xl,
Q 0

4TO H TpeGoBajsOCh NOKa3aTh.

3aMeuanue Bepxusia rpanp HopMbl npoussoauoit |f«| na V pocrtu-
raetcs. JleACTBHTEJIbHO, N0 NPEANONOKEHHIO f& C', 4, 3HaUHT, NPON3BOAHAS
[+ HenpepbiBHa. CrepoBatennHo, |f+| mocturaer Ha komnakre V. Makcu-
myma L.

ITpuctynas K 10Ka3aTeJbCTBY CXOAHMOCTH MHKAPOBCKHX MPHOIHXKEHHI,
Mbl PaccMOTPHM HX B MaJioll OKpecTHOCTH oAHOM Touku. [aa onucanus
3TOH OKPECTHOCTH Mbl HCMOJb3YyeM CJeAYIOliHe YeThipe uucJa.

5. Beanuunm C, L, a’, b’. Ilycts npasas uacts v auddepenunanbioro
ypaBHeHHsI

£=v(,x) (3)

onpeaenena u anbdepenuupyema (knacca C7, r>=1) B obnacru U pac-
wupenxoro ¢asosoro npocrpauctsa: Uc R X R'. Mpbl ¢ukcipyem esxin-
noBy crpykrtypy B R' u Tem campim B T,R",

Paccmorpum aloGyio Touky (f, xo)e U (puc. 221). Unaunap

U={tx [t—bhl<a, lx— x| <<t}

NpH AOCTATOYHO MajbiX @ M b JexuT B obaactn U. OGosnauum uepes C
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n L pepxuue rpanu Besuund Jv| u v+ *) Ha 3ToM wunuuape. OHH ROCTH-
raioTes, Tak Kak UWIHHADP KomnakreH: 1o << C, |v+l L.
Paccmorpum xonye Ko ¢ Bepunnoit (fo, %), pactsopoM C ¥ BHCOTOH a':
Ko={tx: [t—tol<a', |x—x|< Cli—t))

Ecaun uncao o’ nocratouno maso, To 3107 Konyc Ko J€XHT BHYTPH UMAUHA-
pa L. Ecan uncsa a’, b'>>0 pocTatouHo manb, To BHYTpH LI sexur

4 f

/(-Z‘

rr F5,t)

t, ¢t

Puc. 221, Lununap 1L v kouye Ko. Puc. 222. Onpeaenenue & (¢, x).

TakxXe BCSKMA koHYC K., nosmyuenHelit u3 Ko mapassespbiM nepeHeceHHeM
BepUIMHbl B Touky (fo, X), rae |x—xo| <Cb’.

Mbr Gynem cunTath, uto @’ H b’ BuLIGpaHb cTOAb MaabiMH, uto K, 1l
Pewenne ¢ ypasuenust (3) ¢ HauanbHbIM ycaoBHeM @(fo)==x Mbl GyjgeM
HCKaTh B BHAe ¢ ()=x-+h (¢ x) (puc. 222).

CooTsercrByloman HHTerpajbHasi KDPHBas JAEKHUT BHYTpH kKonyca K.

6. Merpuueckoe npoctpancreo M. PaccMoTpuM BceBo3MOXHBIE Henpe-
puiBHble oToOpaxenust b uununugpa |x—xo} b, |f—1] <a’ B eBKAUOOBO
npocrpancTBo R*. Uepes M mpl o603HauaeM MHOXKECTBO TakMX OTOBpaxe-
HHH, YIOBJIETBODPSIOUNX €Lie yCJOBUIO

Th(t, %) <C |{—to] )

(B uacrHoctH, h (¢, x0)=0).
Beegem B M meTpuky p, nosaras
p(h, h))=|lhi—holl = max |k (t, x)—ho (t, x)|.
fx—~xol <8’
lt—to] <a’
Teopewma. Muosectso M, chaGocennoe merpurxod p, ABARETCA NOA-
HOLM METPUHECKUM RPOCTPAHCTEOM.
lokasaTenbcTBo. PaBHOMEepPHO cXoAflIAaACH TOCJAENOBATe/ b
HOCTb HENpPEepHLBHLIX (DYHKUHIl cxoauTcs K HenpepwuiBHOH ¢yHkuuu., Ecau
aonpesesbHble (DYHKUHH YILOBIETBODSIM HepaBeHCTBY (4), TO ¥ npegefb-
Has (yHKUHA YAOBJETBOPSieT HepaBeHCTBY (4) ¢ To#i ke mocrosmuoir C.
3ameTHM, UTO MNPOCTPAHCTBO M 3aBHCHT OT TpeX MNOJOKHTEIbHBIX
yucen: a’, b’, C.

*) 3mesnoukoil sgech U anee ofo3HauaeTcs MpousBoiHas (MO X) npu PuKCHPOBAHHOM £
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7. Cxartoe otodpawenne A: M— M. Ounpenenum oroGpaxenne Ai

M—~M, noaaras *)
{

(AR) (t, ©)=\ v (v, x+h{x, x))dr. (8)
fo
Bnaronaps uepasencrsy (4) rtouka /v, x-+h(x,T)) NPUHAJIEKHT KO-
Hycy K. u, ciepoBartesnbHo, ofaacta onpeieseduss Nojsi v.
Teopewma. Ecau 3nauenue a’ docrarouno manro, 1o opmysra (5)
3adaet caxcaroe orobpascernue npocrparctéa M @ ceba.
Hokasateabctpo. |. [Tokaxem, uto A nepesodur M 8 ceba.
Gyukuus Ah HempepbiBHA, TaK KaK HHTErpaj HenpephiBHO 3aBHCAIIEH OT
napameTpa HenpepbolBHOH (YHKUHMH HENpepbiBHO 3aBHCHT OT mapamerpa H
oT BepxHero npeaena. Pyuxkuua Ak yaosierBopsier

HepaBeHCTBY (4), Tak kax /g

¢ ' j“ﬁi
I(Ah)(t,x)l<lSv(...)drlgHCdtl <Cli—1y]. z —

to to
Hrak, AMc M. | 7 >
2. TToxkaxem, uro orobpaxcernue A cacaro: o

Puc. 223. Cpasureune v,
AR — ARy | <MAi—he]l, 0<A<<I. W ’
Jas aroro ouenuMm 3Haudenne Ak, —Ahy B Touke (¢, x). Mmeem (puc. 223)
!
(Ahy— Ahy) (¢, x) = (v — ) dr,
B [o
rie vi(v)=v(t,x4hi (v, %), i=1, 2.

Cornacno teopeme n. 4 dyuxkuus @ (t,x) npd QUKCHDOBAHHOM T YAOB-
JeTBOpPseT ycJoBHIO JIMMIHLA ¢ mocTosiHHOA L (110 BTOpPOMY apryMmenTy).
[Tosromy

tor ()= 02 () <L hy (v, x)—ha (7, 2)] <L ||y — R
Cornacso jemme 1. 2

!
(A — AR (1, )1 < || LI —holl dn | < Lo oy — el
fy
Ilpu La’ <<1 orobpakenne cxaro.

Teopema nokasana.

8. Teopema cyuiecTBOBAHUS ¥ €AMHCTBEHHOCTH.

Cneacrsue. [lycte npasas uacre v oJugpdpepenyuanvroco ypasne-
Hus (3} Henpepoieno Judppepenyupyema 8 okpecTHOCTU Touku (o, Xo) pac-
uupennoeo pasosozo npocrpanctea. Toeda y rouku ty ecro Takas okpecr-
HOCTb, 4TO 8 3TOl OKPeCTHOCTU onpedeaeno pewenue ypasHenus (3) ¢ na-
yarvHom ycaosuem @(lo)==x, ede x — awobas doctarouno 6iuskais K Xo
TOYKQ, npudem 370 PEUICHUE HENPepblBHO 3A6UCUT OT HAUANbLHOL TOHKU X.

*) Hpu cpaBuenun ¢ oro6paxennem Mukapa n. | crepyeT uMeTb B BuAY, HTO MBI Tenepb
HilleM peuleHHe B Buae x--h.
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HokaszarteabctBo. Cxatoe ctoSpakenne A, no Teopeme § 30,
HMEET HEMOABHXKHYIO ToUuKy he M. Tlonomum g(f, x)=x-4h(t x). Toraa

dg (1, x) _

Y v(t, gt x)).

glt.x)=x+ v(z, g(v, x)dr,

Mebl BHAHM, UTO g npH QHKCHPOBAHHOM X yAOBAeTBOPAET ypaBHeHuio (3),
a npu t=={y — HAYAJILHOMY YCH0BHIO g (£, xo)=x. Pynxuun g nenpeprinna,
TaK Kak he M.

Caexcraue gokasaHo.

Hrax, Mbl J0Ka3anu TeopeMy CyilecTBOBAHUS st ypasuenus (3) u npeab-
AIBUJIH pellleHHe, HenpepbiBHO 3aBHcAllee OT HAYAJBHBIX YCJOBHIL.

3anaua l. [JokasaTs Teopemy elHHCTBEHHOCTH.

Pewenwue 1. Nonoxum b’=0 B onpenenenuit M. M3 equHCTBEHHOCTH HenoABHKHOM
TOUKH cxkaToro otobpamenna A: M — M clefyeT eAHHCTBEHHOCTD PeWleHHa (C HaYadbHbIM
yeaosuem @(fo) = xo).

Pewenne 2. Tlyers @, u @r—aBa peurenss ¢ OBWHM  HAYabhbiM ycnosuem
P lo)=q2 (o), onpemescnnsie npn  |f—fo] <. Mycts O<a’'<<a. Tlosoxum | qf ==
= max |@(f)]. Umeem

lt—tol <a’ ‘
@ (/)‘—‘(Pz(l)=5 v(1.@i (1))~ v(T, @2(1)) d1.
fo

Mpu nocratouno manom o' touku (t, @ (1)) u (1, @o(r)) nexar B uuwannape, rae vesLip L.
fostromy o — @< Lo’ — g, oTkyaa npu La’<l surtekaer g —qoff=0. Hrax,
pelenna ¢, g2 B HEKOTOPOIN OKPECTHOCTH TOYKH fyp COBNAAAIOT.

Jlokanbuast TeopeMa eAMHCTBCHHOCTH A0Ka3aaHa.

9. lpyrue npuMeHEHHS CKATHIX OTOBpPAXKEHHUIH.

3anaua l. lokasath Teopemy o6 o6paTHON (pyHKUUH.

Ykazauue [ocratouno o6patiTs C'-otobpaxenue ¢ eQMHHYHON  JiHCHHOM
vacTeio, y=x+q@(x), rae ¢ (0)=0, B okpecruoctH Toukn Oe=R" (oGuinil cayuail
CBOLAMTCA K ITOMY JHHEHHOH 3amenofi Koopanhat).

Huwem pewecune 8 pune x=y-+¢(y). Toraa noayuaem AR ¢ ypasHesue P ()=
=—¢y+9 )

ChenoBarteasno, HckoMast OYHKUHA P ABASETCS  HEMOABHMKHON  TOYKOM orToGpa-
Kenus A, onpeneneHnoro popmyno

(AP)y)= —¢ (y+ v )

OroSpaxenne A (B noixoaswedl MeTpuke) cxaro, NOTOMY UTO NPOH3BOAHAR (YHK-
UHH @ B OKPECTHOCTH ToukH O Mana (BBMAY YycaoBHA

¢ (0)=0).
Llxt) 3anaua 2. Jlokasars, uTo aomanas Diutepa
z CTPEMHTCH K DeEHHIO, KOFAa e¢ War  CTPeMUT-
a cs K HyJIo.
a4 A4 ) Peweunne. TIlycts gy==x-+h, — somauan
I - Diinepa ¢ warom A M HauaqoM g\t xo)=x
to tI S(t) t ¢ (piic. 224). HnuiMu crosami, npa iy kA
Puc. 224. Jlomanan Jitaepa. ag, (t, x)/dt=wv (s (1), gy(s (), %)),

rae s(f)=to+ kA, k—uneran uacrs ({—4&)/A. Otanune aomanofi Ditepa ot pewenus g
MOXKHO OuCHHTL NO ¢opmyJse 1. 3 § 30:

lgy— gl =y —hl <1 —2)7" 1Ay — Ayl
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Ho z
t
(AhA) (¢, x)= S v (T, g x)) hy(t, x)=S v(s (), g (s (3), %)) dr.

to ty

Mpn A — 0 pasHOCTb noABIHTEr pasbHbiX BbIpaXxeHkil paBROMepHO 10 T, 11| < a’, cTpeMHTes K 0
(BCaIeACTBHE paBHOCTenmeHHOH HenpepuiBHOCTH v). [lostomy nAhA—hAll—»O npy A—0
H JoMaHaf DHaepa CTPEeMUTCA K PeLIeHHo.

3apaua* 3. PaccMorpum anddeomopdpuamM A okpectHoctH ToukH 0 B R Ha
OKpecTHOCTb ToukH O B R”, nepesopswnit 0 B 0. Ilpeanonoxum, uto annefinan vacts A 8 0
(1. €. Jandeinnit onepatop A.: R'— R')  ne

HMeeT COGCTBEHHbIX uucen ¢ Mopynem 1. Ilyers R™- M|

UHEeAO COOCTBEHHbIX uHcea ¢ |Al <<l paBwo m_, a m

¢ |Al>1 paswo my. Torma A, HMeeT HHBapH- R™ ’;7
anTHoe noampocTpanctso R~ (Bxoasummit  yc) ];
H HHBApHAHTHOE NOANPOCTPAHCTBO +  (BbXOAA- T
WHA  yc), TOUKH KOTOpHX CTpeMaTCs K 0 npu M 2
NpHMEHEHHH Aw, rae N— 400 (aan R™ -) naM A*ﬂ A

N —oo (pan R"+) (puc. 225).
Hokasats, uTO ucxoOnoe HeAunedwOE  OTO-  pu. 905 Vew orobpamenns H cro Anmedi-
b6pancenue A TOMe umeer 8 oxpecmocru TouKU 0 woi wacth.
unsapuantHole nodmunozoobpasusn M u M+ N
m
(BxoAfWHKA M BHXO}UH.LLHH YCbl), Kacarowuecs 6 0 nodnpocTPancTs R~ u R™+ (A" x>0
npy N>+ o0 vHa M =, npp N— — oo aan x&M Ty,

Ykaszanmu e BasTe kakoe-nn6o mnoamuorooGpasne I'y pasmepHocTH my  (CKaxew,
Kacawoweeca R B 0) K npuMesaTh K HeMmy cTenedu A. MeTosoM cXaThix 01'06pa>KeHm'|
AOKa3aTh CXOAHMOCTb NOAYYeHHDIX npubaumenuit I'y=A"T¢, N> 4 o, x M *,

3apaua* 4. JlokasaTh CyliecTBOBaHHEe BAOAALIEFO H BHIXOAALLIErQ YCOB Y HeJHHERH-
HOro cepta x=1v (x), v (0)==0 (npeAnosaraercsi, YTO HH OLHO H3 COGCTBEHHHIX ‘YHCEH Olle-
patopa A=vs (0) Be A€XKHT HAa MHHMON OCH).

§ 32. Teopema o anddrepenuupyemMocTv

B stom maparpade nokasbiBaeTcsi TeopeMa O BBIIPSAMJEHHH.

1. Ypaenenune B Bapuanuax. C auddepeHunpyeMblM 0TOOpakeHHEM
f: U=V cBasaro JuHeiiHoe oToGpakeHHe KacaTeNbHHIX MNPOCTPAHCTB B
KaXX10H TOuYKe

f.x: T.U—~ Tf (X)V.

(/4
Touno Tak xe ¢ pHddepeHLHANBHBIM Y
ypaBHeHHeM z
x=v(t,x), xeUcPR, (1) )
CcBfi3aHa cHcTema AnpdepeHnHaNbHbLIX ypaB-
HeHMH '
. n
X=v (tv x)’ xreUcR ’ 2 Pnc. 226. Pruwenne ypasHenus s Bapua
. T.U ( ) UMAX C H@YaAbHEIM YCIoBHeM (X, ¥).
y=uv.(t, %)y, y= iU,

HasblBaeMmast cucremol ypasHenuil 6 eapuayuax Ana ypasseuus (1) wu
Aunerinas OTHOCUTENBHO KacaTenbHOro BeKropa y (puc. 226).

3pesfiouka B ¢opmyse (2) (u B nasbHedwnx dopmyaax) o3Haudaet
NPOU3BOAHYI0 NO x npH dukcuposannom f. Tak, v, (f,x) ecTb JuHeMHbIA
onepatop u3 R"p R
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Hapsaay c cucremoit (2) yao6uo paccmaTpusath CHCTEMY
x=v(x), xeUcR, z=uv(,xz 2z R"—>R" (3)

Cuctema (3) mosydeHa u3 chcTeMbl (2) 3aMeHON HEH3BECTHOI'O BEKTOpa ¥

HCH3BECTHbIM JIHHEHHBIM npeobpasoBaHueM 2. Msl Gyaem ygorpeémm:

Ha3BaHUe YPABHEHUEe 8 8APUAUUAX TAKKe H NPHMEHHTEJILHO K cHcTeMe (3).
3ameuanne Boobuie, ecn gano nuHeiinoe ypaBHenue

y=A(y, y=R" (2)
TO [10JIE3HO paCCMOTpeTb accouuuposaﬂﬂoe ypaBHeHHe
z=A(l)z, z R"—>R" (3)

OTHOCHTE/ILHO JIMHEHHOro oneparopa z. _

3Has pelleHHsl OLHOrO H3 ypaBHeHuit (27), (3'), Jerko HalTu peweHus
Apyroro (kak?).

2. Teopema o auddepenunpyemoctu. Mycre npasas uacre v ypasne-
nus (1) Oeasdor nenpepvisno Jupepenyupyema 6 HekoTOPOU OKPeCTHO-
cru touku (fo, x0). Tozda pewenue g(t,x) ypasnenus (1) ¢ nawarbrom
ycaosuem g (lo, X)=X 3Q6UCUT OT HAHAALHO2OD YCAOBUA X HENPepbieHo Oug
epenyupyemo, K020a x u t MEHAIOTCA & HekoTopol (66tTe Moscer, menbwiet)
okpectrHocTy Touku (fo, Xo):

vell=geC)

{kaacca C' no x). L
HNokasateabctso veC’=v,&C". INosToMy cucTeMa ypaBHeHHf
B Bapuauusx (3) yaosaeTBopsieT yC/IOBHsM M3 § 31 H HOC/JeZ0BAaTENBHOCTD
MHKapOBCKHX NMPHOMHXEHHH PaBHOMEPHO CXOAHTCS K ee pelleHHIO B JOCTa-
TOYHO MaJIOH OKDECTHOCTH TOHKH fo. BhiGepeM Haua/ibHble yCJOBUA @o==X
(zoctaTougo 6mH3KO K Xo), Yo=FE. OG03Ha4UM MHKAPOBCKHE NMPHEIUNKEHUS
yepes @, (A1a x) H P, (A1 2), T. €. MOJOKHM
4
i (bR =x4{ v(r, . (1, x)) dr, 4

te

4
Yot (6, ) =E+{ 0, (1, a (1, ) ¥ (x, 1) d. ()
fe
3amertuM, uto @o,=1vo. W3 omnpesesenuit (4) u (5) wuHAyKUHEHR no n
3aKJIIO4AEM, HTO Qni1s=YPa41. [l03TOMY nociaegoBatenbuoctb {1, )} — 370
TOC/1eA0BATEIbHOCTS MPOH3BOAHBIX MOCAEA0BATEJbHOCTH [ @.). O6e nocae-
noBaTeNsHOCTH (4), (5) paBHOMepHO CXOAATCA (KaK MOC/eNOBATENbHOCTH
(MKAPOBCKHX NpPHOJHXKEHHH cucTeMbl (3)) npH  AOCTATOMHO  MasioM
tt—tl. Hrax, nocnemosaresibnocTs { .} cxomurcst paBHOMepHO BMecTe
C NPOM3BOAHBIMH 110 X. [TosToMy npegenbhas ¢pyrkuus g (f, x)= lim_ @ (¢, %)
HerpepeBHO AHddepernupyema o X, 4To H TpeGOBANOCH AOKA3ATh.
3ameuaHdue OnuoBpemMenHo foKasaHa
Teopewma. [Tpoussodnan g, pewenus ypasuenus (1) no nawarso-
MY Ycaosuo x yoosaersopser ypaswewuro 8 sapuayuax (3) ¢ HauasbHoIM
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ycaosuem z (to)=E:

d
SEULN=0(gx), g Y=v.(g(t)e )

g'(fo, x)=x, g‘(fo, x):E

dra Teopema OOGBACHSET CMbICA YPaBHEHHIl B BapHAaLKSX: OHH ONH-
ChIBAIOT AelcTBHe npeoGpa3oBaHuil 3a Bpemsi OT fp A0 ¢ Ha KacaTeJbHble
BeKTOpbH K (asoBOMYy RpOCTPaHCTBY
(puc. 227).

4
3. BulciuMe npousBoOAHBIE MO X. ity
—
[Tycrb r =2 — wenoe uueso. z
9zt

Teopema T, [lycte npasas
4actb v ypasnenus (1) r pas uenpe- Z 14
puiero Ouddpepenyupyena 8 nexoropoii ¢

OKPECTHOCTU TOUKU (to’ x0)~ Toeda pe- Piic. 227. Ileficteue npeo6pa3oBanus 3a BpeMms
oT. fo A0 ! Ha KpuBY® B (pa30BOM nNpoCTpaH-

ulenue g (t, x) YpasHeHus (1) C Ha4aare- CTBE H Ha ee KacaTeAbHbli BEKTOP.

Houn ycaosuem g (to, X)=x 3asucur or

Ha4aabno2o ycaosus x r—1 pas nenpepvisno Juppepenyupyeso, Kozda

X u ! MeHATCA 8 HeKOTOPOU (6biTh MOXMCET, MeHbuLell) OKPECTHOCTU TOUKU

{to, x0):
vel'=geCi™".

ODokaszsatenbcTBo. veC'=v,=C~". 3Hauut, cHcTema ypaB-
HeHuiH B Bapuauusix (3) yaosiersopsieT ycoBusM TeopeMbl Tr_;. TTostomy
Teopema T;, r>> 2, BbiTeKaeT u3 Teopembl Tr_;:

vel'>naelC ' gaeC P geC™

Ho Teopema Ty noxasana B n. 2. Hrak, teopema T, nokasaHa.

4. NMpoussonnbie no x u £, [1ycTs 7 >>2 — 1esoe YucJo.

Teopema T.. B ycarosuax reopemer T, pewenue g(t,x) ssanerca
OQuppepenyupyenoii pynkyued kiacca C'™' no nepemennsin x u t amecre;
velC'=geC".

Jra Teopema — QueBMAHOE C/eICTBHE NpeinlAywiedl. Bor dopmanbhoe
J0Ka3aTenbCTBO.

Jiemma. llycro f— pynxyun (co suawenusmu 8 R"), onpedesennan na npamom
npouseedenuu obractu G eskaudosa npocrpancrea R™ u orpeska I na ocu t:

f: GXI—> R"
Cocrasum uxreepan

t
Fie.0=l s, 0d,  xeq, el
L]
Ecau feCLu feC™!, 10 FeC".
He#crautensio, a106asa r-f wacTHad npoussogHas oyukuun F no fepEMEHHbLIM  X;
U {, conepxaman AnddepeHunposanHue N0 f, BuIpaxaeTcs yepes f H UACTHHIE NPOMSBOLHBIE

dyHKuny f nOpsnka meHblie r, a NOTOMY HelpephBHA; BCAKAN Ke r-A uacTHasA POU3BOA-
Hast 0 NepeMeHHbIM X; HeNnpepHBHA N0 YCAOBHIO.
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HoxasarteabcTBo Teope Mb. Mmeem
!
g, x)=x+§ v (t, g (1, X)) dr.

OGosnaunm f(r, x)=v(x, g (1, x)) u éyné'm npumenars gemmy. Haxoanm npn 1<{p<r

gsCrINCL = geCr.

Cornacno Teopeme T., umeem ge=C% npu p<<r. llocnesosateasuo noayyaen

gelC’sgel'> ... =>ge=C™"
Ho, coraacko § 31, g C° (peweline HenpepuiBHO 3aBHCHT OT (X, 1))

Teopema T/ pokasaHa.

3anaua l. JlokaxuTe, uTO ecau npaBas 4acTb AHGGEpeHLHANLHOTO
ypaBHeHuss (1) OeckoHeuHo audgepeHuNpyeMa, TO W pELUEHHE 3aBHCHT
OT HauyaJ/bHBIX YCJOBHH GecKoHeuHo AnddepeHuupyemo:

1elC=>geC”.

3ameyanue. MoXHO TakKe A0Ka3aTb, YTO €C/y¥ MpaBas HacTb ¢
aHaJquTH4yHa (passaraercsl B cxoAAlWKicA K v paa Tefijopa B 0oKpeCcTHOCTH
Ka>XZIoH TOUKHM), TO H peileHue g aHaJUTUYECKH 3aBHCHT OT X U f.

Iduddepenunanpibie ypaBHeHUss ¢ 2HAJIUTHYECKHMH NPaBLIMH YaCTAMH
€CTECTBEHHO pAacCMarpuBaTb KaK TPH KOMIJIEKCHBIX 3HAYE€HHAX HEH3Be-
CTHBIX, TaK H (4TO OCOGEHHO Ba’KHO) NPH KOMMJEKCHBIX 3HAUEHHSX BPEMEHHU.
06 stoit Teopuu cM., nanpumep, kuury B. B. Toany6esa «Jlekuun no ananu-
THUecKoil TeopuH fuddepeniinanbublX ypashennit» (M.: Ioctexuaaar, 1950).

5. Teopema 0 BHINPAMJIEHHH. JTa TeopeMa — O4EBHHOE CJIEACTBHE Teo-
pemni T;. Tlepen n0Ka3aTenbCTBOM BCIOMHHMM JBa MPOCTbIX F€OMETPHUECKUX

/ npeanoxennsi. [lycte L) um Ly — nBa JNHHEHHBIX
4 IIOANPOCTPAHCTBA TPETLEro- JHHEAHOro MNPOCTpaH-
L, ctBa L (puc. 228). Tloanpocrpancrea L, u Ly Ha-
. 3bIBAIOTCH  TPAHCBEPCANbHOIMU, €CAH HX CyMMa
ecTb Bce mpocrtpaHctso L: Ly+ L,=L. Hanpumep,
npaMas B R® TpaHcBepcanbna NJIOCKOCTH, ecjH
Puc. 228. [lpsmas L, Ttpaic- nepecexkaeTr €¢ noA HEHYJEBbIM YrJOM.
sepeatvia maockoctd Lo lpeanowenne 1. [Jdas kandoco k-mep-
npoctpancrse R°. 4
noeo nodnpocrpancrea R & R wadderca rpawmc-
sepcasvroe emy (n—k)-meprnoe -(npurom Jdaxe cpedu Ch Koopdunarnoix
naockocreld npocrpancrsa R').

Joka3aTenbcTBO CM. B Kypcax JHHelHOH ajre6pbl (Teopema o panee
marpuyot).

MMpeannoxeuue2 Ecau aunednoe orobpamenue A: L— M orobpa-
waer xakue-aubo 08a TPAHCEEPCAAbHBLY NOOAPOCTPAHCTEA HA Tpancsep-
CaAbHble, TO OHO — Ha 8ce npocrtparcreo M.

HdokasarteabctBo AL=AL +AL=M.

HdokxasatTeabcTBO TeOpeMb O BHIOPSAMJIEHHH HeaB-
TOHOMHBH cayyaih (cm. ra. 2, § 8, n. 1). Paccmorpum otobpasxe-
uue G obacTH npsimoro nponssefentis RX R' B pacwupenioe ¢pasosoe npo-
CTPAHCTBO ypaBHEHHs

x=v(t x) (n
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3afanHoe Qopmyioll G (¢, x)=(f, g(t,x)), rne g({, x) — peuienue ypasHe-
uua (1) ¢ wauasnbHbiM ycsaosuem g (fo, x)=x.

TMokaxem, 4t0 G B OKPECTHOCTH TOUKH (fo, Xo) — BHIMPAMAAIOWHA AHP-
tbeoMoppH3M.

a) Orobpaxenue G OJugpdepenyupyemo (xaacca C'™', ecin veCl’)
no teopeme T;.

6) Orobpamenue G ocrasaner t na mecre: G(t, x)=(t, g (¢, x)).

B) Oro6paxcenue G, nepesodur crandaprroe sexktoproe nose e(x=0,
t=1) 8 dannoe nose: G.e=(l,v) (Tak Kak g({, x) — pelieHHe ypaBhe-
nast (1)).

r) Orobpamenue G @ okpecrnoctu Touku (to, Xo) — Ouppeomopus.
LeficTBHTEbHO, COCYHTAeM CYXEHHS JHHeHHOro omneparopa G*lfo.xo Ha
TpaHceepcadbHble miockoeTH R™ u R' (puc. 229). Haxopum:

G’IW: 1=In=E’ G‘\R‘:x=xne=v+e'

IMaockocts R u npsimast ¢ HanpaBAsIOWHM BeKTOPOM v-}-e TpaHC-
Bepcanbhbl. Mrak, G, ectb JauHeiiHoe ortobpaxenue R"H! pa RATY

Ce
—_—,
e

Puc. 229. Tlponssosnas ortobpawmenuss G B Touke Puc. 230. Toctpoenne anddeomopdua-
(o, xo). Ma, BLINPAMASIOULEre BCKTODHOE noje.

cnefoBaTebhHo, H3oMopduaMm (siko6uan G, B Touke (fo, Xo) ornuen or 0).
ITo teopeme 06 obpaTho# GyHKUHH G — JOKanbHLIH aH@eomMopduaMm.
Teopema pokasana.
Joka3zaTenbCTBO TEOpEeMH O BHNDPSAMJEHHH aBTO-
HoMHL A cayuai (§ 7, n. 1). PaccmoTpum aBTOHOMHOE ypaBHeHHe

x=v(x), xeUcR" (6)

ITycTh BekTOp ¥o ©a30BOH CKOPOCTH B TOYKe Xo oTyinueH oT O (puc. 230).
Torpa cymecrsyer (n— 1)-mepuasa runepniockocts R™™'— R" npoxonsimasn
yepes Xo U TpaHCBepcasbHast ¥y (TOUHee, COOTBETCTBYIOILAS MJIOCKOCTh B Ka-
caTenbHom npoctpaunctee T, U TpancBepcanbia npsimoit R' Hanpapienns vo).

Onpeneanm oto6paxienne G obaactu RXR*™', rae R '={§), R=
={1), B obractb R' ¢opmynoil G(t,®=g(t, , rae & sexur na R'~'
BOAU3H Xo, a g{{, © ecTh 3HaueHHE pelleHHA ypasHeHHA (6) ¢ HayaabHbIM
ycnosueM @(0)=& B mMomenT f. [TokaXeM, UTo B 1OCTaTOUHO MaJjo# OKpecT-
HOCTH TO4KH (E=xo, {=0) otobpaxente G~' — punpsmasiownii 1updeo-
MopdH3M,
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a) Orobpasenue G duppepenyupyeso (GC'™', ccan veC’) no teo-
peme T7.

6) Orobpamenue G~ sonpamsawiiee, Tak kak G, nepeBOJAHT CTaH-
LapTHOe BeKkTOpHoe mose e (E=0, t'=41) B (,e=v, nockoibky g (¢, &) yno-
BJETBOPSieT ypaBHeHH (6). )

B) Otobpascenue G ecro aokarbubili Ouppeomopdusm. JelicTBHTEIBLHO,
cocuHraem JuHeHHbd onepatop G,|, ,, Ha TPaHCBEPCANbHBIX MJOCKOCTSAX
R*~' u R'. Haxonum G, lg-1=E, G,|pe==v,.

Hrak, onepatop G,|, ,, TepeBOIHT Napy TPaHCBEPCAJLHBIX NOANMPO-
crpancte R*™' u R'<R” B napy TpanceepcafbHbIX MOANPOCTPAHCTS.
IMostomy G,l,, ,, — nHHeitHoe oTobpaxenne R" ma R, caeaposarennbHo,—
usomoppusm. Ilo Teopeme 06 ob6parhoit GpyHkuun G — JoKanbHbI Audeo-
mopdusm. Teopema nokasana.

3ameuanue [lockoabky Teopema o JuddepeHIHPYEMOCTH A0Ka-
3aHa c¢ norepei onHoil npoussoaHoll (veCl ' =>ge=C'™"), T0 U y BHIIpAM-
AOWHX AHpeoMOpPHIMOB Mbl TaKKe rapaHTHpPyeM JHlIb KjAacc IJaf-
kocth C'~'. B pelicTBHTeNBHOCTH TIOCTPOEHHbLIA BRINpAMJAAOIWHI Auddeo-
MopduaM umeeT Ki1ace C’; N0Ka3aTelbCTBO NPHBEAECHO HUXKeE.

6. Nocnenusnn npowssoanas. B Teopeme o auddepenunpyemoctn (n. 2)
Mbl Npejosiaraiy noJe. v ABax ikl HenpepbiBHO AHddepeHuUpyeMbiM. B neit-
CTBHTEJNbHOCTH [OCTATOYHO OJHOKpaTHON HenpepsiBHOH zuddepenuupye-
MOCTH. v

Teopema. Ecau npasas wuacre wv(t, x) Ougpepenyuarsnozo ypas-
nenus x=v(t, x) HenpepoisHo duddepenyupyema, TO pewenue g(t, x) ¢ na-
4AAbHOLM Yorosuenm g (to, X)==X 3A8UCUT OT HAHAAbHbIX YCAOBUL HENPEPHIBHO
Suppepenyupyemno:

vel'=geCl. (7)

CnepcrBHs.

1) vel'=>g=C npur>1.

2) Hocrpoennsie ¢ n. 5 soinpamaswowue Jupdeomoppusmor r pas me-
npepoleno Ougpgpepenyupyemet, ecau veC’,

CiencTBHsl BBIBOAATCA H3 cooTHowleHHst (7) NOCJOBHBIM NOBTOPEHHEM
paccyxaenn#t nn. 3, 4, 5. [oka3zateabcTBO Xe camoil TeopeMbl (7) Tpebyer
HEeKOTOPBIX YXHILPeHHH.

OdokaszateabctTBO TeopeMbl. HaudeM co caeayOlUX 3aMeyanHil.

Jlemma 1. Peuwenue auneinozo ypagHenus y=A(1)y ¢ Henpepolano sasucaued
o7 § npasod 4acTel0 CYULECTBYET, HENpPepoleHO, OnPederserTcn HALAALNLIMU YCAOBUAMU
¢ (fo)=yo 00HO3HAYUHO U 3asucur OT Yo i ! HenpepoLEHO. )

HeficTBHTeNbHO, NOKA3aTeNbCTBO TEOPEM CYLIECTBOBAHMS, ENHHCTBEHHOCTH H Henpe-
puiBioctn (§ 31) ucnonb3osano ToabKo AHddepeHUHPYEMOCTb N0 X NpH GHKCHPOBAHHOM
t (dakTHueckH Raxe ToabKO ycaosHe Jlunwuua no x). [lostomy moKasaTenbcTBO coxpa-
HSieT CHJAY, €CJIH 3aBHCHMOCTb OT ! npeanonaraTh JHWb HenpepbiBHON. JleMMma nokasaHa.

3ameTuM, 4TO OT yo PELIEHHE 3ABHCUT JuHeflHO, @ OT {— HENpepbiBHO AH(beperiH-
pyemo, MosToMy NpHHAANEXKHT Kiaaccy C' no y; n f BMmecTe.

Jlemma 2 Ecau auneiinoul oneparop A e semme | 3aeucur ewe or napamerpa o rak,
uTo ynkyun A (I, a) Henpepoigna, 10 u pewenue byder HenpepuisHOl PyHKyued oT Yo, t u a.

HeficTorTenbHO, pEMICHHC MOKHO TNOCTPOHTh KaK NPCAC] [0C/AeA0BATCABHOCTH MHHKA-
POBCKHX mpHOmmxenui. Kaxpoe npubanikenne HenpepuBHO 3aBHCHT OT Yo, I n a. [locae-
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- AOBATEJBLHOCTb TPHOMHIKEHHI CXOLHTCH PaBHOMEPHO OTHOCHTENbHO Yo, ! H o, MEHAWOILHXCA
B JOCTAaTOYHO MaJOH OKpecTHOCTH 0060 TOUKH (¥o,0, fo, @o). TloaTOMY mnpenen — Henpe-
puiBHAA QYHKUMA OT Yo, { # .

Jlemma 2 pokasana.

TTpuMennm JeMMy 2 K ypaBHeHHIO B BapHauusix.

Jle mwma 3. Cucrema ypasnenuil 8 sapuayusx

=0t 1), yg=v.(Lxy

umeer petienue, KOTOpoe onpedesneTcs CE0UMU HAHANbHBIMYU OGHHbIMU OOHO3HAYKO U 3a6UCUT
OT HUX HEnpepvlBHO, ecau TOAbKO noae v xaacca C'.

eficTBHTeNbHO, NMepBOe ypaBHEHHE CHCTEMbl HMEET peilicHHe Mo TeopeMe CylecTBOBa-
s § 31. DTo peiuense onpefeseHO CBOMMH HauyajbHbIMH yCAOBHAMH (fo, Xo) OAHO3HAYHO
H 3aBHCHT OT HHX HenpepbiBHO. [logcTaBuM 3TO peuienne BO BTOpoC ypaBHeuue. [loayuum
JuHefiHoe ypaBHeHue OTHOCHTeNbHO y. Ero npasas yactb HenpepbiBHO 3aBHCHT OT { H —
KaK OT mnapaMeTpa — OT HayaJbHOTO YCJIOBHA Xo PacCMaTPHBAEMOTO pelleHHsl NepBOro
ypaBuenus. Ilo semme 2 370 JuHeliHOe ypaBHeHHe MMeeT pelueHHe, KOTOpPOe ONpeAcaseTcs
CBOMMH Ha4aNbHBIMH NAHHBIMH Yo H ABJSETCH HCNPEPLIBHON PyHKuUKed OT £, Yo W NapaMeTpa Xo.

Jlemma 3 mokasaua.

Takum olpasom, ypasrenus 8 Bapuayusx paspewumos u 8 caydae veC'. 3ameTnm,
4To B caydae veEC® bl A0Ka3aAM, UTO NPOM3BOAHAR PeleHHs N0 HAYAALHLIM AAHHBIM
YAOB/ETBOPAET ypaBHeHul B BapHauuax (3). Temepb ke Mbl He MOJKEM 3TOr'O yTBEPXKIATb:
BeAb Mbl elle He 3HaeM, CYLLeCTBYeT JH Takas MPOM3BOAHAS.

Uto6p noKasaTh AHGQepeHUNPYyeMOCTh pelleHHAs N0 HayaibHLIM  YCAOBHAM, pac-
CMOTPUM CriepBa uacTHbll cayuah. |

Jlemma 4. Ecau eexropnoe“;zb/ze‘v(t, x) kaacca C' pasno 0 6 rouxke x=0 npu scex t
smecre co caoed npoussodnoil v., TO peuierue ypasmenus x=v(t, x) Oupdepenyupyeno
N0 HAHAAbHOLM YCA0BUAM 6 TOUKE x =0,

Deiicteurensio, no yenosuio jv {f, x)l =0 (|x]) B oxpectHocT ToukH x=0. Ouennm

NOTPelNOCTb TMPHOJHKEHHA X==Xo K peWeHHIo X==q({) ¢ HauaibHbiM YCJIOBHeM ¢ (lo)=Xo
no ¢opmyae n. 3 § 30. Tlpu noctarouno Maawx |xo| n {{ —1¢} Haxoaum

!
S v(t,x)dt| <K max v(r, xo),
£ tor<t

lg—xl <<(1—2)~!

rae KoHctaHTa K He 3aBHCHT OT Xo.

Hrak, |@—xol=o0(lx0l), oTkysa caeayer, uto ¢ AnddepenunpyemMo no xo B Hyae,
4YTO H TpeGoBasoch AOKa3aTh.

A Tenepb Mu cBesieM OGWHH ciayuall K CNeUHaNbHON CHTyalHH JeMMbl 4: AAS 3TOTO
AOCTATOYHO BHIGpaTh B pPacIHPeHHOM (ha30BOM NPOCTPAHCTBE NOAXOASIILYIO CHCTEMY KOOP-
nunart. [Ipexae Bcero, Mbi BCErja MOJXKEM CYHTaTb PacCMaTpPHBaeMoe pellleHHe HYJeBbiM:

JNewma 5. [ycre x=q(t) — pewenue ypaswenun x=v({,X) ¢ npasod HacTs1
kracca C', sadannod e obaactu pacwupennozo ¢azosozo npocrpancrsa RX K. Tozda
cywecreyer C' — Juppeomopdusm  pacuupenrnozo $Hasoeoe0 nPOCTPAHCTSA, COXPARAIOUUL
spemsn ((t, x) > (t, x\ (1, x))) u nepesodausutl pewenue ¢ 8 x,=0.

JeftcTBHTCNbHO, AOCTATOYHO CREIATH CABHT X) =X — @ (), nockoabky ¢=C'.

Jlemma 5 nokasaha.

B cucreme koopamuar (£, x;) mnpaBas uacTb Hawero ypaBHeHHsa pasHa 0 B TOuke
x=0. [lokaxem, uTO NPOM3BOAHYIO APaBOH 4YACTH TO X; MOXKHO TakxXe OGPaTHTb B HyJb
pH NOMOLIH NOAXOAAULeH JHHEHHOH 10 X 3aMeHbl KOOPAMHAT.

Jlemma 6. B npednososcenusx aemmot 5 koopdunaret (1, X)) MOxHO 8bibpats TaK,
4t0 ypasnenue X=vu(l,x) 6yder IKEUSAACHTHO ypasHenwo X =v, (I, %)), ede nose v,
pasno 0 6 Touke x1=0 emecte co ceoeid npoussodnoii 0vi/0x\. Ilpurom Gyuryuw x (t, x)
MOJCHO Bui6pars aunelnotl (He 06A3aTEAVHO OOHOPOOHON) OTHOCUTEALHO X.

Coraacio aemme 5 MOXHO cyutarh, 4ro o, (¢, 0)=0.

Uro6ul nokasaTh AcMMy 6, paccMOTpPHUM cllepBa ee HACTHHIA Caydaii:

Jlemnma 7. YreepuOenue senmot 6 cnpasedausd 048 aunednozo ypasuenus x=2A (t) x.

[eRCTBHTCABHO, NOCTATOMHO NPHHSTL 32 X, 3HaueHHE pPEIUEHH € HavyaJbHHIM YC/Io-
BHEM @ (/)=x B ¢ukcuposaHunili mMomenT fo. Coraacho aemme | x,=B(f)x, rae B():
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R" — R* — aunefinuiit onepatop wnacca C' no . B koopauuatax (f, x;) Hawe JauneiiHoe

ypaBHeHHe HpuHUMaeT Bl x; =0,

Jlemma 7 nokaszana. .
JdokasaTteabvcTBo aemmb 6. Jluwcapuizyem ypasHenue x=v(/,x) B HyJe,

T. €. COCTABHM ypaBlieHHe B BApHALHAX X==A () x, rae A ()==v, ({, 0).

ITo ycaosuio, veC', nostomy A=C’ Tlo nemme 7 MoxHO BLGpaTh C'-KOOpPAHHATHI
X, =B (f)x Tak, 4TO B HOBHIX KOOPAMHATAX JHHCADH3OBAHHOC ypaBHeHHe MpiMeT Bug X =0,
Jlerko 1poBepHTh, YTO B 3TO CHCTeMe KOOPAHHAT NpaBasg 4acTb HCXOAHOTO HeJHHEHHOTro
ypaBHeHus OyIET HMETb HYJEBYIO JHHEHHYIO 4acTb.

Ieficteutenvuo, BpeleM obosuauenua V=Ax+R (torna R=o(|x])) u x=Cx
(torna C=B""). NupdepeHunaiptoe ypasBHeHHe Ui x; NOJYYAaeTCA H3 X=U MOACTAHOBKOI
x=Cx,. Tonayuaem

Cx, —*—C)El =ACx,+R.

Ho, no oupegenendto C, mepsble (auHefiubie RO ;) cjaraemble cleBa M Cpasa pasHbl
Hraxk,
x=C 'R, Cxy=0(|x:!).

Jlemma 6 ngokasaHa.

Coenutss JeMMbl 6 H 4, IPHXOAHM K CJACAYIOULEMY 3aKIIOUEHHIO:

Jlemma 8. Pewenue Oupepenyuarsnoeo ypaswenus x£=v(l, X) ¢ npasof <actoio
kiacca C' Qugdepenyupyemo 3agucut oT Hauaabrozo yciosuA. [1poussodnan z pewenus
110 HA4ANLHOMY YCAOBUIO YOOBAETEOPAET CUCTEME YPABHEHUE 6 8APUAHUAX

x=uv(t, x), z=uv.(t,x)2, z(lo)=E: R - R.

Has nokasatenncTsa JieMMbl 8 AOCTATOUHO 3anucaTh ypasHeHHe B CHCTEME KOODAMHAT
JemMbl 6 M NPUMEHHTH JeMMy 4.

Lns nokasaTenbcTBAa TeopeMsl 0OCTanoCch yGBeAHTbCA B HENPEPLIBHOCTH fIPOM3BOAHON
peurenHsa Mo HayasbHOMYy ycnoBuio. CofnacHo Jiemme 8 3TO NPOH3BOAHAS CyWECTBYET H yAOBJET-
BOpfAET CHCTeMe YpaBHeHHH B Bapuaudax. M3 Jfemmul 3 caegyer HenpepuiBHAA 3aBHCHMOCTb
peuwtenunii 3Tof CHCTEMbl OT Xo H .

Hrak, Teopema nokasaua.
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JduddepeHuunanbibie ypaBHeHHsi HA MHOroo0pasusix

B s3rtoii rnase onpegeasiorca auddepeHunpyembie MHOrooGpasHa H
JIOKa3bIBaeTcs TeopeMa O CYyHLiecTBOBaHMH (pa3oBOro noToKa, 3alaHHOro
BEKTOPHBIM NOJIeM HA MHOrooGpasuu.

B reopun nuddepeHuHaspbHbIX ypaBHeHHH Ha MHOrooGpasHfx rMoJy-
YEHO MHOI'0 HHTEPeCHBLIX U [yGOKHX Pe3yJbTaToB, O KOTOPHIX He/b3fl Oblio
ycneTh pacckas3aTh B HacTosilulell rsiaee, sIBAAIOILEHCA JIHIIb KPAaTKHM BBe-
JeHHeM B 3Ty 06/1acTb Ha CTbIKe aHa/AH3a H TONOJOIHH.

§ 33. Duddepenuupyemole MHOrOOGpasns

[Touatue auddepeHuupyemMoro, HWIH T[JNaAKOro, MHoOroo6pasHs Hrpaer
B reOMeTPHU M B aHa/u3e CTO/Mb e (yHAAMEHTaAbHYIO pOJb, Kak B aJjre-
6pe NOHATUSA CPYNMBl U JUHEHHOro NPOCTPAHCTBA.

1. Tpumeput muoroo6Gpasmuit. Korma Huxe OyfeT naHO onpepeseHHe
MHOrooGpasusi, TO MHOroOOGpa3UsIMH OKaXKyTCHl, HanpHmep, CJaeAyloliHe
06bexThl (puc. 231):

1. Jluneiinoe npoctpasctso R wau moGasi ero o6nacTb (OTKpHITOE MOA-
muoxectBo) U.

2. Chepa S", 3azanHan B eBkaugoBoM npoctpaHctee R*T' ypasuenuem

x?—{- +X,2,+|=l. n
R

B uwacTHoCcTH, OKpPYkHOCTb S'. @
3. TopT*=S'XS"' (cp.§ 24). 57
4. TlpoeKkTHBHOE MPOCTPAHCTBO
RP" ={(x0:x::...:x,)}. Bcnom-
HHM, YTO TOYKAMH 3TOrO TMpO-
CTpaHCTBA ABJISIOTCA  NpAMbE,
NpOXO/AsiHe Yepe3 Hayaso Koop-
aunar B R**T', Takan npsmas 3a
paercsa Jwob6oft ceoefl (OTMHUHOH Puc. 231, Tipumepsl MuOroo6pasui.
or 0) toukoit. Koopaunarel 3ToH
TOYKH (X0, ..., Xn) B R"*! uHa3blBalOTCS ONHOPONHBIMH KOOPAHHATAMH
COOTBETCTBYIOLIEH TOYKH NMPOEKTUBHOrO IPOCTPAHCTBA.
INMocnenuuit npumep ocobeHHo moyuuteseH. Ilpu paccMoTpennu caenyo-
({HX ONpeje/eHuit NMOo/e3HO HMeTb B BHAY aduHHble KOOPAHHATH B INpoO-
eKTUBHOM [pocTpaHcTBe (CM. npHmep 3 m. 3 Huxe).

7z
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2. Onpeaenenns. nddepenunpyemMoe Muoroo6pasue M -—— 310 MHOMKe-
cTBO M BMecTe co CTPYKTYypo# Auddepenuupyemoro MHOrooGpa3susi B HEM.

B mHoxectBe M BBeleHa cTpykTypa muozoobpasus, ecau 3ajaH araac,
COCTOSAILHA H3 KApPT, KOTOPbIE CO2AACOBANbL. ,

Onpenenenue 1. Kaproi HaswiBaeTcs o6aacte Uc R® Bmecte ¢
B3aHMHO OAHO3HAUHbIM OTOGpaxenueM ¢: W — U nogmuoxectBa W MHoO-
xectea M mwa U (puc. 232). Mbl HasoBeM ¢ (x) usobpascexuesm TOYKH
xe WcM ua kapre U.

Paccmorpum kaptel  (puc. 233)

Qi: Wi—+ U,' H (pl'l W,‘~—> U,‘.

Ecan wmuoxecrsa W: n W; ne-

£

4

Puc. 232, Kapra. Puc. 233. Cornacosanubic Kaprbl.

pecexanrTes, To nx nepeceuenne Wi\ W; umeer u3o6paxenus Ha o6eHX
Kaprax:

Uj=@(W:NW;), Uji=g(W;NW)).

Iepexox ¢ onHOH KapTel Ha ApYryl 3aiaetcs OTOBPaKeHHeM nOJMHO-
HeCT8 AUHEUHbLX NPOCTPAHCTE ’
g Uij—> Uiy i () =0; (9" (x)).

Onpenenenne 2. HOee kaprol ¢ W;— Ui, ¢;: W;— U; nasvisawor-
€l CO2MACOBAHHbIMU, €CITH

1) muoxectBa Ui, Uj oTKpHITH (GBITH MOXET, NYCTH);

2) orobpaxkeHua ¢; M ¢; (onpenenenunste, ecnn W;N| W; uenycro) saB-
agiotes audpeomopdusmamu obaacreit R

3ameuanue B 3aBucuMocTH OT Kracca IMajKoCTH OTOGpaXeHHH
[OJyyaloTCA pasHbie KJIacChl MHOroo6pasuil.

Ecan nox nuddeomopduamom nowumartsh auddeomopduam kaacca C,
1 <\r<{ oo, To MHOrOOG6pasne (KOTOpoe Mbl OMpejlesuM Huxke) GyleT Hasbi-
BaThesl Jugepenyupyemoin muozoobpasuem xknacca C'. Ecaum nojoXuTb
r=0, 1. e. Tpe6oBaTL JMUb, YTOGE ¢; ObLIM TOMeOMOpGhHU3MaMH, MNOJYy-
YHTCS  ONpejeJieHHe Tonosozuxeckoeo muozoobpasus. Ecan TpeGoBath,
4TOGbl @i ObITH aHAJMHTHUECKHMH *), TO MOMYYHUM QHAAUTUYECKUE MHO2006-
pasus.

*) Pynkuus anajintHuHa, ecan ce paj Teilopa CXOLMTCA K Heil B OKpECTHOCTH KaXAoil
TOYKH.
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Ecte u apyrue BosMmoxHoctH. Hanpumep, ecan dukcuposats B R”
OpHeHTalHKI0 H TpebGoBaThb, uToObl AHGPDEOMOPPHIMBL ¢ ee COXPaHAMU
(Ako6uaH @i B KaXJOH TOuKe MOJOXKHTENEH), TO MOJYUHTCS OnpejeseHHe
OPUEHTUPOBAHKHO20 MHO2006pA3US.

Onpeneneunne 3. Araacom Ha M Ha3biBaeTcsl COBOKYNHOCTb KapT
¢ Wi— U, ecan

1} nwo6ble nBe KapTbl COrJacOBAHBI;

2) mobasi Touka XEM nMeer u3obpakeHMe XOTb Ha OLHOM KapTe.

Onpeneneunue 4. IlBa atiaca na M sksusasenTHol, €CTH X 06b-
eMHeHHe ecTb CHoBa arjaac (T. e. ecau Jwobas Kapra nepBoro arjaca
corsacoBala ¢ J1060f KapToft BTOpOro).

Jlerko BHAeTb, 4TO onpejencHyne 4 JAeHCTBHUTENbHO 3a/[AaET OTHOLLEHHE
5KBHBAaJEHTHOCTH.

Onpenenenne 5 Crpykrypod Qugepenyupyesoeo mrozoobpasus
Ha M HasbiBaeTcsl KJIacC 3KBUBAJEHTHBIX aTAACOB.

OtmeTnM 31ech Xe ABa YCJIOBHS, 4aCTO HaK/JajblBaeMble Ha MHOrooGpa-
3ud, yTOOH H30eXaTb NaTOJAOrHi.

1. Ordeaumocto: y moGhiX ABYX TOYeK X, y =M ecTb Hemepecekaiouluecs
okpecTHocTH (pHc. 234). To ecTb sin6o cywecTByiOT aBe KapTo ¢i: Wi— U,

[ %7 )y
(&_©>

Puc. 234. Otaeannocts.

@i: W;— U; ¢ Henepecekaowumuca Wi, W, cosepxalinMy X ¥ Y COOTBeET-
CTBEHHO, JIHGO CYWECTBYET KapTa, Ha KOTOPOH H306pakeHbl 06€ TOUKH X, y.

Ecan e TpeﬁOBaTb OTACJTHMOCTH, TO MHOFOOGPHBHCM 6y11€T MHOXECTBO, NOJNYyUYEHHOE
u3 aByx npambx R={x), R={y] oroxaecrsiennem TOueK C paBHLIMH OTpHLATENLHBIMH

KOOpAHHATaMKB X, Y. Ha rakom MHOr006p83MH HeBepHA TeopemMa EeAUHCTBCHHOCTH NpQROJ-

JKEHHA pemeum’l nmbq)epeﬂuuanbﬂoro ypaBHEHHA, XOTA JOKanbHEA TeopeMma eJAHHCTBeH-
HOCTH H BEpHa,

2. CueTnocTo: cyluecTByeT atjac M u3 He Go/jee yeM CUETHOrO 4Hc/a
Kapr.

Hanee ci1oBo «MHOrooGpasue» osHauaeT AHddepeHuHpyemMoe MHOroo6-
pasHe, YAOBJETBOPSIOULEE YCAOBUSIM OTAEAHMOCTH H CYETHOCTH.

3. Mpumepnl araacos.

1. Coepy S? 3anaunyio ypasHeHHeM xT-+xi+x3=1 B R®, Moxno cna6-
IMTb aT/acoM M3 RBYX KapT, Hanpumep — B CTepeorpagHuyeckoli npoek-
uun (puc. 235). 3nech

W]:SQ\N, U]“——‘Rflz;
Wy=87\S, U,=R3.



Puc. 235. Ataac cdepu. CemeiicTBo Kacalo-
wuxca B TOuKe N OKpYXKHOCTEH, Jexatsx
Ha  chepe, u3oOpaxaercs Ha  HIKHER
KapTe ceMeACTBOM TapannenbHbIX MPAMBIX,
a Ha BepxHelt — ceMefiCTBOM KacalOlHXCA
OKP YKHOCTeH.

._“ .z":, a}
— .
¢ ) \Z
Puc. 236. Araac Topa. Puc. 237. Addunibic KapTsi NpOEKTHBHOMN

MAOCKOCTH,

Zz

Pre 239, Orkpuitoe mOAMHOXKECTBO Puc. 240. KoMnakTioe noan#oMecTso.
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3agayva 1. Hanucato dopmyan ans oTo6pakeHHH @i 2 W NPOBEPHTH, YTQ HAWH ABe
KapThl COrnacoBalbl.

AHasornuibiM  ofpasoM, aHdQepeHUHPYeMYyIO CTPYKTYypy S" MOXKHO
3ajaTb aTacoM M3 ABYX KapT.

2. Ataac Topa T? CTPOHTCS C NMOMOLLBIO YIVIOBBIX KOODIMHAT: WHPOTHI @
H goarothi ¢ (puc. 236). Hanpumep, mMoxHO paccMoTpeThb 4 KapTel, COOT-
BETCTBYIOLIHE H3MEHEHHIO ¢ W P B HHTepBajax

0<op<<2n, —a<o<m,
0<p<<22n, —n<<yp<m

3. Atnac upoekTuBHOH mnockocTH RP? MOXHO cOCTaBHTH M3 Tpex
«aduHHbIX KapT» (puc. 237):

X X2
Yr=—, Yo=—, ecan xo7#0,

'))r Xo Xg

. Xo Xa
xotxyixe _ ¥ oz ="2, =", ecmn x; =0,

2 Xi X

S Xo X1
Uy=—, Up=—, ecan x35%0.

X2 X2

AT KapThl corsnacoBaHul. Hampumep, coraacoBaHHOCTb o M ¢ O3HAauaer,
yTo otoGpaxkenue o, obaactu Ugi1={yi, y2: y1 50} naockoctd (yi,ys)
Ha o6nactb Uj o1 250 naockocrtu (24, z2), 3anaHHOe GopMysaaMH a=yi !,
2o==yoyi ', ABAsieTCc AuddeomopduamMom (puc. 238).

HoxasatTeabcTBO yy=20", yo=2zo2i .

AnasnoruyHbiM ofpasoM, AuddepeHuupyeMast CTpYKTypa B NMPOCKTHBHOM
npoctpauctee RP” 3ajaerca atnacom us n+1 apduHHOM KapThl

4, KOMNaxkTHOCTD.

Onpepneanenne. lloamHoxkectBo G MHoroo6pasuss M HaabiBaetcs
oTKpoLToiM, ecan ero uzobpaxenne (W[ G) na kaxnod kapre ¢: W—U
ABJfAETCA OTKPLITHIM NOAMHOXKecTBOM o6aact U auHefAHOro npoctTpaHcTsa

(puc. 239).

3amaual. Ilor(a)xm'e, YTO nepeceueHye ABYX H o6bealnenne Moboro uxcaa OTKPBLITBIX
NOAMHOXKECTB MHOI‘OOﬁpﬂC&Hﬂ OTKPBITO.

Onpeneseunne Ilonmuoxectso K mHoroo6pasusi M uasbipaercs
KOMRAKTHbLM, €CJIH U3 BCSKOTO MOKPHITHS MHOXKecTBa K OTKDLITBIMH MHOXe-
CTBaMH MOXXHO BLIGPATh KOHEUHOE MOATOKPHLITHE.

3anaua 2. Hokaxurte, uto cdepa S" komnaktHa. KoMnaxTuo au [POCKTHBHOE
npocrpancteo RP"?

Ykasanune. [ag pewenns MOKHO BOCHOAb30BATbCH caelylollell TeopeMoii.

Teopewma. [Mycre nodmnosecreo F muoeoobpasusa M (puc. 240) sas-
AeTCA 06DeduUHeRUeM KOHEUHO20 Hucaq nodmnoxcecrs Fi, kascdoe us koro-
poLX UMEeT KOMRaKTHOe uzobpaxcenue Ha 00uol uz kapr Fic Wi, ¢ Wi U,
@i (F)) — romnaxr 6 R”.

Toeda F Komnakrro.
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HoxkasarteabctBo. [lycts {G;]— OTKpPHTOE NOKPLITHE MHOXKeE-
crea F. Toraa {g:(GiNW.)} npu KaxaoM [ €CTb OTKPBbITOE MOKpPbITHE
Komnakra ¢;(F;). BeibupaeM M3 Hero KoHeuHoe NOAMOKPLITHR. 3acTaBasAs |
npoGeraTb NoJydeHHOEe KOHEUHOE MHOXKECTBO 3HAUEHHE, MojAyuaeM KOHeY-
Hoe uucao Gj, nokpeiBaowux F.

5. CBA3HOCTL H Pa3MEPHOCTb.

Onpenenensde Muoroo6pasve M HasbiBaeTcsi céaguuim (puc. 241),
ecnd IJsl JII00BIX ABYX €r0 TOYeK X, Y CYWECTBYeT KOHEeUHas LelnouKa
Kapt ¢;: Wi— U, rakux, uto W, cogepxur x, W, co-
pepxut y 1 Wi\ Wiy, Vi venycro, a U; cBsizHo *).

Ecnu mHoroo6pasve M He CB3HO, TO QHO ecTe-
CTBEHHBIM 06pa3oM pacnagaercs Ha KOMMOHEHTH
CBA3HOCTH M,.

3apaua 1. CeasHbl JH MHorooGpa3us, 3ajanHble ypas-
3
weunsivu 8 R® (B RP?)

Kty —P=C, CxO

3agaua 2. MHOXeCTBO Bcex MaTpHu MNopsAika A ¢ OT-

Pic. 241. Canastioe muorooSpa-
Came M necemawoe MiUM,  JIHUHBIM 0T 0 onpepenuTesieM WMMeeT eCTECTBEHHYW  CTPYK

TYpy AuddepesunpyeMoro mHorooGpaaus (o6aacte B R").
CKOonbKO KOMMOHEHT CBR3HOCTH HMeeT 3TO MHOroobpasue?

Teopewma. Iycre M — ceasnoe mHo2o06pazue, ¢ Wi— U; — ec0
kaprol.. Toeda pasmepHOCTU 8Cex AuHeinolx npocTpancts R" 06,1acmmu
8 koropoix asasorcs U, odunakossi.

HDoxasarteabcTBo. JTo creyer us Toro, uto andpeomMopdnam
MeXAY 00GMacTAMM JHHEHHBIX NPOCTPAHCTB BO3MOXKEH JMIIb NPH PaBHBIX
pasMepHOCTAX NPOCTPAHCTB, H M3 TOrO, YTO BCAKHe ABe obsiactu W; u W,
CBA3HOI'O MHOroo6pasusi M MOXKHO COeJMHHTb KOHEYHOH LenOYKkOH MonapHo
nepecexkawiuxcs obnacTtei.

Onpenenennoe B TeopeMe UHC/IO # HAa3bIBAETCS PASMEPHOCTHI0 MHOTO-
o6pasusi M u o6osnauaercs dimM (ot aura. «dimension»).

Hanpumep, dim R*=dim 8"=dim T =dim RP"=n.

Heceasnoe MHOrooGpasie Has3blBAETCA f-MEPHBIM, CAH BCE €ro KO-
MOHEHTHl CBAA3HOCTH HMEIOT OJMHAKOBYIO PA3MEPHOCTb 71,

3anaua 3. CuaGaure wMuoxectBo O (n) BCEX OPTOroHaAbHLIX MaTpPHIL NOPRAKA n

CTPYKTYpPo# Autdepenunpyemoro muoroo6pasusi. HalTh ero KOMIOHCHTbl CBA3HOCTH H HX
Pa3MepHOCTD.

Orger. O (n)=S8S0 (n)X Z,, dim O (n)=n (n—1)/2.

6. Duddepesnupyempie oTo6pakesns.

Onpenenenune OroGpaxenue f: M, — M, oanoro C’-MuorooGpa-
3ud B Jpyroe uasmiBaerca ouppepenyupyesmoin (knacca C'), ecyu B AOKadib-
HbIX KOOpAHHATAaXx Ha M; u M, oHo 3anaerca puddepeHuupyeMbiMi dyHK-
uusaMu (kaacca C7).

*)} To ectb aw6uie ase Touku U; MOWHO coefuHUTh gomasnof 8 U R™.
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HMubivu caosamu, nyets @i: W, — U, — kapra M\, wsobpaxawwan Touky xe W,
¢2: W2 — Us — xapra M,, H3obpaxawouman Touky f(x)= W, (puc. 242). Toraa sanannoe
B OKPECTHOCTH TOYKH ¢ (x) orobpaxkenHe obBaactedl eBKJIHAOBBIX NPOCTPAHCTB @20 fo @i
JO/KHO GhITh nudbeperuupyempim kaacca C'.

Pic. 242. Tuddepenuipyemoe otobpaxesiie.

N
///////////////

[Mpumep 1. INpoekuus cdepsl Ha naockocts (puc. 243) ecTob and-
tepenunpyemoe oroGpamenne f: S2— RZ,

Mpl BuanM, 4TO 06pa3 AuddepeHuHpyeMOro oTo6paenus — He oba3a-
TesIbHO MU depenunpyemoe MHoroobpasue.

[Tpumep 2. Kpusoii*) Ha MHOroOGpasuH M, BbLIXOASILIEH B MOMEHT fe
H3 ToukH x&M, naspiBaeTcs auddepenunpyemoe otobpaxenue [ [— M
cogepxauero fo HHTepBana [ BeliecTBeHHOH ocH f B MHOroo6pasue M,
npuuem f(¢)=ux.

Pue. 243. [lpn npoektiposannu cdeput
Ha  (A0CKOCTb MONYHAETCH  3aMKHYTbIR
KpyT.

*) Hau napamerpusosanwoil Kpusofl, Tak Kak KPHBHMH Ha M HHOrZa HA3BBAIOT
TAKKE OMHOMEPHblE NMOAMHOrooGpasus MHOrooGpasus M (onpesesense cM. HHXe, B 1. 8)

to
— .

7

Puc. 244, Kpusas ua muoroofpasus M.

¥ napamerpH30BaHHOW KDPHBOI MOryT GbiTh TOUKH caMonepeceyeHHs, TOYKH BO3BpaTa H T. m.
(puc. 244)
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Npumep 3. Hupdeomoppuamon |: M;— M; muoroobpasus M, na
MHoroo6pasne M, HaswmBaercs AuddepeHunpyemoe oTobpakenue f, o6par-
Hoe K KotopoMy f™': Ma— M, cyulecTsyer # AuddepeHunpyemo.

MuorooGpasua M, u M, OJupdeomopdne, ecnn cymecrsyer aubddeo-
MophHusm onHoro Ha apyroe. Hanpumep, chepa u a1AHNCOHA AndpeoMopdHsl.

7. 3ameuanue. Jlerko BHAETb, YTO BCAKOE CBA3HOE OAHOMEpPHOE MHO-
roo6pasne nupdeoMopPHO OKPYMHOCTH (eC/H OHO KOMNAKTHO) WK npsi-
MOH (ec/iH OHO He KOMINAaKTHO).

Ipumepamn aByMepHbIX MHOrooGpasuii sBasiotes cdepa, Top (aHddeo-
MopdubH «cepe ¢ ooHOH pyuxoii») u «cdepa ¢ n pyukamu» (puc. 245).

OO G G

Puc. 245. Henuﬂ)eo.\nop(pnble IByMEpuLIE MHOrooGpasuf.

B kypcax Tononoruum NOKasnBaeTcs, YTO BCAKOE ABYMEDHOE KOMNAKTHOE CBR3HOE
opHeHTHpyeMOe MHorooGpasue nudgeomoppuo chepe ¢ n20 pyukamn. O TpexmepHbx
MHOro06pa3HAX H3BecTHO Mane. Hanpusmep, HeH3BECTHO, BCAKGE JH KOMMAKTHOE ORHO-
cBrA3Hoe *) TpexmepHoe MuorooSpasne Anddeomopduo cdepe S°(eunoresa IMyanxape)
HAH XoTa 6u romeomopdHo eil.

B Gonbwux paameprocTAX anddepenunpyemas W TONOJOTHUECKas KnaccHudHKauua
MHOrooGpasuil He cosnanalor. Hanpumep, cywecrByeT poBHO 28 riaazkux MHoroo6paami,
roMeomopduuix cdepe S’ Ho e mpdeomopdHbIX APYF APYTY.
Onn nassiBatores cepamu Muanopa.

Cdepy Muanopa moxno 3anath B C° ¢ KOOPAHHATAMH Zi, ...
.., 25 CHEAYIOLIHMH ABYMS YPaBHERHAMH:

A4 b2 423=0, 121 4 L 4 les)?=1.

Npu k=1, 2, ..., 28 nonaysaem 28 cpep Muanopa **). Oano
u3 atix 28 muorooGpasuii auddeomopduo cdepe S’.

8. MoamnorooGpasus. Coepa B R®, 3ananuas
ypabnennem x’+y*+2°=1, pocrasaser npumep
Puc. 246, TMoamsoroospasne. MOIMHOXKECTBA €BK/INAO0BA IIPOCTPAHCTBA, HACIELYIO-

Ilero OT HEro ecTeCTBeHHYIO CTPYKTYpy aAudde-
peHUHpyeMOro MHOroo6pasus — CTpYKTypy nodmnozoobpaszus R. Obuee
onpejesieHHe MNOAMHOro06pa3sHs cieaylouiee:

Onpenenenue. lloaMHoxkectBo V wmHorooGpasus M (puc. 246)
Ha3blBaeTcsi nodmuozoobpasuem, eCaW KaXAas Touka xeV umeer Takylwo
okpectHocTs W B M u Takylo xapty ¢: W U, uto ¢(WNV) sBasercs
obaactelo Hekoroporo addguHHOrO NOANPOCTPaHCTBA TOro adpHHHOIO npo-
crpanctsa R", B koropom Jgexur U.

[Moamuoroo6pasue V camo HMeeT eCTeCTBEHHYIO CTPYKTYpy MHOroob6pa-
3ug (W =WnV, U =¢(W)).

*) Muoroo6pasue ORHOCBSI3HO, €CJAH BCAKHR 3aMKHYTHIR NyTb B HEM MOXHO Henpe-

PBIBHO CTAHYTb B TOYKY.
**) Cm. E. Bpuckopu, Tlpumepn n3 anddepenunanbioi TONOJOrHA 0COGEHHOCTER. —

¢6. nep. «Marematuka», 1967, 11,6, cTp. 132--143.
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Creayownit dynaamentasbibil $akt npuBoaHTCs 6e3 40Ka3aTelbCTda
H He 6yaeT HCMOJAL30BAaThbCA B AajdbHeuleM.

Teopewma. Bearoe muoeoobpasue M" Qupdeosoppro nodmnozoo6-
pasuio esxaudosa npocrpancrsa Jocrarouno 6Goavwoid passepnoctu RY
(nanpumep, docraroyno N> 2n, ede n=dim M").

Takum ob6pazom, aGCTpPaKTHOE NOHSITHE MHOro06pa3Hsa B AEHCTBHTE/bHO-
CTH OXBaTnlBaeT He GOJbWIHA KPyr OOBLEKTOB, YeM «/1-MepHbie M0BepXHO-
ctd B N-mepHoM npectpaHncTBe». [Ipenmyutectso aGCTpaKTHOrO MOAXOAA
COCTOHT B TOM, UTO OH CPa3y OXBATLIBACT H Te CJyuaH, KOTJa 3apaHee He
AaHO HUKAaKOro BJOXKCHHA B €BKJHAOBO NPOCTPAHCTBO, A €ro NpuBJedeHHe
npueeo 6bl MHLIb K HEHYKHLIM YCJIOMKHCHHAM (NIPUMEp: [POEKTHBHOE Npo-
crpatcteo RP"). Tlonoenue 3jech Takoe e, KAK € KOHCUHOMEPHLIMH
JIUHEHHBIMH NIPOCTPAHCTBAMH (OHH BCC H30MOPGOHBI KOODAMHATHOMY MpO-
CTPaHcTBy {(X1, ..., Xa)}, HO NpHBJIEYeHIe KOOPAKHAT YacTO JHIUbL YCJA0K-
HSIeT ZeJso).

9. flpumep. PaccMOTPHM B 3aK/IOYCHHE TATH HHTCPeCHHIX MuorooGpasnii (puc., 247) R
Mi=S0 (3) ecTb 2pynna oprocoxarvHelx MATPuy TPETLELO NOPSAAKA C onpeienute-
aem + . [ockonbky Matpuua nmeer 9 snementoB, M; ecTb noAMHOXecTBO npoctpanctsa R°.
Jlerko BHACTB, YTO 3TO INOAMHOXKECTBO SABASCTCA B ACHCTBHTEALHOCTH MOAMHOrooGpasueMm .

M,=50(3)

My % Ms={(zp:zy: 2,25} -
Nl
J——Q R’ % e g s

Piic. 247, TIpumepsl Tpexmepiux MuorooGpasiii.

M>=T1 8" ecTb MMOMECTAO GCex KacateAbHuX 8exTopos daunst | & cpepe S* B Tpex-
MePHOM eBKIHAOBOM npocTpanctse. BpecTn cTpykTypy audp¢epenunpyemoro mporoobpasius
B 3TOM MHOXECTBE npelocTasisncTcs uutateso (cp. § 34).

M3 =RP? — 510 Tpexmeproe npoexTusHoe npoCTPancTso.

My — roudpueypayuounoe npocrpancrgo T8epdozo Teaa, 3aKPENJCHHOTO B HEMNOABHMK-
noit Touke O, , , )
Mg — nodunocoobpasue npocTpancrea R”=RC3, zadannoe ypasHenussu 2i+ 234 23=0

|2||2+i22]2+|2312=2,

3anaua* 1. Kakue us smuoroobpasuii My — Ms auddeomopdu?

§ 34. Kacateabnoe paccaoenite. Bekropusie nossi Ha mHOrooGpasuu

C kaXAbIM TAaikuM MuorooGpasuem M cBsizano apyroe Muoroo6pa-
3ue (BaBoe OONBIICH Da3MEPHOCTH), Ha3bIBAEMOE KACATEAbHLIM PacCAoe-
Huem *) M u oGosnauaemoe TM. Kacartesabuoe paccsnoenne NO3BOJMT Ham
cpasy nepeHecTH Ha MHOrooOpa3sHA BCIO TEOPHIO OOLIKHOBCHHBIX AuUPde-
peHUHAJILHLIX ypaBHeHHH.

*) Kacareabhoe paccaoeie — wactHbiil ciyuafl BexTopHoro paccJaoenus; eute 6oJce
ofuiee NOHATHE — PACCAOCHHOC NPOCTPAHCTBO. Bee 3TH NOUSTHA OTHOCATCA K YHCAY OCHOB-
HelX B TONOJOTHH M B 2HAJIM3e, HO MBI OTPAHNMMMCA ML KACATCALUBIM PaCcCIOCHHCM,
KOTOpOE OCOGCHHO BAXKHO ANSl TEOPHH O6bIKHOBCHHLLX RHPPEPEHUHAILHLIX ypaBHCHI,
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1. Kacarenbroe mnpocrpancrso. [lyere M — rnagxoe MHOroo6pasnue.
Kacareavnom Kk M e Touke x 8exropom § HazmiBaeTcsi Kjace SKBHBAJIEHT-
HOCTH BBIXOASILIMX H3 X KPHBBLIX; Be KPHBble (puc. 248)

Yo l—=>M vy l->M

SKBHBANCHTHLI, €Cld WX usoépameﬂm Ha Kaxofi-nubo Kapte ¢y [~ U,
¢y2: /> U sKBHUBanNEHTHBI

N

, Xy A .
ﬁ.. 3
27N v Y £

Puc. 248, KacarenbHtiit sekrop,

_ 3ameTum, 4TO MOHSITHE IKBHBAJEHTHOCTH KPHBHIX He 3aBHCHT OT BhI6Opa
KapTe! ataaca (cM. § 5): M3 5KBHBANEHTHOCTH HA KapTe @ CJELyeT IKBH-
BaJEHTHOCTb Ha JHOOOH ApYro#l @;, Tak Kak nepexold ¢ OJAHOH KapTel Ha APy-
ryo, ¢ij, ectb nudpdeomopdpusm.

'MHOeCTBO BeKTOPOB, KAacaTeJbHEIX K M B x, nmeer CTPYKTYpPY JuHeR-
HOTO TPOCTPAHCTBA, He 3aBHcAllyl0 OT Bbibopa kKaptel (cM. § 5). Do
JIHelHOe NPOCTPAHCTBO HA3bIBACTCS KACATEAbLHbIM NPOCTPAHCTEOM K M 8 X
n o6osnauaerca T.M. Ero pasmepnocTb pashna pasmepHocTd M.

I pHMep 1. Tycte M" — nopmuorooGpasne ad@QUHEHOTO NPOCTPaH-
cra RY (puc. 249). Torpa T.M" mMoXHO mpexcTaBHTb ce6e B BUAE n-Mep-
noit maockoct#n B RY, npoxoasmeit uepes x. Ilpu sTOM, 0AHAKO, CJeayeT
NOMHHTB, YTO KacareisvHele NPOCTPaHcTsa K M 8 pastelx Toukax x, y He
nepecexarorca: TMONT M= .

™,

(T =Y 7

R x,

Puc. 249. Kacateabnoe npocTpaHcTso, Puc. 250. KoopaHHaTH KacaTedbHOro BEKTopa,

2. Kacareabnoe paccioenne, PaccMotpuM o6belHHEHHE KacaTeqabHBIX
NpoOCTPaHCTB K MHOrooGpasnio M Bo Bcex ero Toukax TM= | T.M.
xeM
Muoxectso TM umeeT €CTECTBEHHYIO CTPYKTYPY TIAAGAKOTO MHOro0G-
pasusi.

-HeficTBHTENbHO, PACCMOTPHUM KaKyIO- HHGYAL KaPTY Ha MHOT006pasun M, 0 nycTh (x1, ..., Xa):
W— UcR" puc 250) — noKanbHble KOOPAHHATH B OKDPeCTHOCTH W ToukH X, 3ajaioumue
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3Ty KapTy. Beaxuit sektop &, kacaresbusii K M B Touke xe= W, 3amaercsl HaGopOM CBOHMX
komnoueHt (51, ..., &) B yKasauuoil cucreme koopaunat. Mmenno, ecau y: [ - M — xpusas,

. d
BBIXOAALLA H3 X 10 Hampasjcuno § B MOMEHT fo, TO §,=H L5 (v (1)). Takum o6pasom,
o

=
BCAKKE BeKTOP §, kacarteasHblii k M B oauoit u3 touek oGnactu W, sapaerca HaGopoM 2n
uucea (X1, .., %n), (&1, «.p Ea) — £ KOOPAMHAT «TOYKH MPUICKEHHR» X H N «koMmnmoueut» &
Mbl noNyuuaIn Kapry 4acTi MHoxccTsa TM:

P TW > R, (&=, .y Xa iy oy En)o

Pasnuukbie KapThi 7'M, cOOTBETCTBYIOUiME PasHbM KapraM aTaaca M, corziacoBaHbl
(xnacca C'~', ecau M kaacca C')y. HeficTButesibto, NycTb (Y1, ..., Ya) — APYyras JoKajb-
Has cucteMa KoopAaunaT Ha M M (N1, .., Nx) — KOMIIOHeHTH BEKTOpPa B 3TOM cuCTeMe; TOrAa

n
G e B M= ) OU/OX)E =1, ..., ),
j=t
— raaaxde QYHKUHH oT Xx; 4 §;.
Hrak, mHoxectso TM Bcex KacaTebHbIX K M BeKTOPOB NOJAYYHJIO CTPYKTYPY [AaAKOrQ
MHOr@o0pa3us pasmepHocTH 2n.
Onpeneaenne MuorooGpasue TM HasbiBaeTCAd KACATeAbHbLL PAC-
caoenuem *) muoroobpasus M.
CyulecTByIOT ecrecTBenHble oToGpawenus i1 M — TM (nyaesoe ceue-
nuey w p: TM — M (npoexyus): i(x) ects Hyjaesod Bektop T.M, a p(§)
ecTb Ta TouKa X, B KoTopoll § kacaercss M (puc. 251).

3apnaua 1. Jlokaxure, uto oroGpaxewus i, p auddepcHunpyemu, 4rto i dApasercd
andpeomoppusmom M ua i(M) u uyro p o it M — M — TOoXKAecTBeHHOE OTOGpaXeHHe.

My
i
4 |7 A‘i
£ " g
X
Puc. 251. Kacatensiioe pacciociue Puc. 252, Tlapaaneansosannoe W Henapaaieausyemoe

muoroodpass.

[Tpoo6pase Touek x&=M npu orobpaxenun p: TM-—> M wuasuiBaoTcs
caoanu paccaoednsi TM. Kawaerii caofi nMeeT cTpykTypy JHHeHHOro npo-
cTpaHcTBa. Muoroo6pasne M naseviBaetcsi 6asod paccaoenus TM.

3. 3ameuanue 0 napanjeansyemoctd. KacarenbHoe paccaoenue adpdus-
Horo npocrpancrsa R® uan ero ofaactu U HMeer elle NONOAHHTENBHYIO
CTPYKTYpy mpsimoro npoussefenusi: TU=UXR".

HeitcTBuTenbHO, KacareabHbift BekTop K U moxHo 3ajatb napo# (x, B,
rae x< U, a § — BexTop JHHelHOTo npocrpadersa R*, ans koroporo ykasan
aunsedinblil usomopdpusm ¢ T,U (puc. 252).

*) Mol OyneM HCnOAL3OBATH 3TO KPATKOE HA3BAHME BMECTO GoJjee NEAaHTHYHOrO TepMHHA
NPOCTPAHCTBO KACATEALHOZO PACCAOCHUR.
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MoxHO BLIPa3sHTb 3TO HHaue, cKa3aB, uTO addHHHOE NPOCTPAHCTBO
napaaseAu3’08aHo. AJsl KacaTesbHBIX BEKTOpOB K obaactd U npoctpan-
crBa R" B pasHbix Toukax x W y onpegesieHO PaBeHCTEO.

Kacarenbhoe paccoeHHe MHOrooGpasHs BOBCce He 06533aHO  GbITh
NpAMbLIM [pou3BefeHHeM, M, BooGlle TOBOPS, HeJb3sl DPasyMHO oOnpe-
LIeJIUTb PABEHCTBO BEKTOPOB, MNPHJIOMXKEHHbIX B pPa3HbIX TOUYKAX MHOTO-
obpasua M.

Ionoxenne 3nech Takoe xe, Kak ¢ Jucrom Mé6uyca (puc. 253), KoTo-
pyiit siBAsieTca paccaoendeM ¢ 6a30fl OKPYXKHOCTb M C/I0eM NpsiMasi, HO He
ABJIAETCA NPAMBIM MPOH3BE/ICHHEM OKPYIKHOCTH Ha NpPAMYIO.

Onpesenenne. MiHoroobpazne M HasbiBaeTcd NaPAIAEAU30BAH-
HblM, €CJH B €ro KacaTelbHOM pacc/lOeHHH BBefeHa CTPYKTypa NPAMOro

Puc. 253. Paccaoenue, He spasioleecs Pic. 254. TeopeMa o exe.
NpsAMbIM NTPOH3BCACHHEM.

NpoH3BefeHHs, T. e. 3aaaH anddeomopduam TM' = M" X R*, nuueiino nepe-
soaawnit T.M B xX R". MHorooGpasue napaiaieiusyesmo, ecin OHO MOXKeET
ObITb NMapan/enn3oBaHo.

[pumep 1. Jlio6as 061acThb B €BKAMIOBOM [POCTPAHCTBE €CTECTBEHHO RAapas/enu-
30BaHa.

3anaua i. Jokaxure, uto top T" napanaenusyem, a auct Mébuyca wer

Teopema®* Ha cpep S" napasrsearusyemor 1040K0 caedyoujue Tpu:
S', 8% S'. B uactroctu, dsymepran cepa Henapasiesusyemna:

TS? == S? % R?,

(Otciona BuITeKaeT, HanpuMep, Y4TO €Xa HeJNb3si NMPHUYECATb: XOTb OAHA
Hraa OyieT nepneHAHKyAsipHA NOBEPXHOCTH (puc. 254).)

Uyrareas, pewnslinil 3agauy B Kouue § 33, serko aoxaxer Henapad-
aenusyemocts S? (ykaszanne: RP?22 S?X S'). IMapaniesnsauus okpyxHOCTH
S' ouesnana. IMapanneausosatbp S*> — noyuuTesbHoe ynpaxHenue (ykasa-
nue: S* — 310 rpynna, a MMeHHO TIpynna KBaTePHHOHOB C MOAyJeMm 1).
Moanoe 0Ka3aTeabCTBO CPOPMYTHPOBAHHOH Teopembl Tpebyer [AOBOJBHO
riy6oKoro NpOHHKHOBEHHS! B TOMOJOIWIO; OHO OBLIO NOJYYEHO OTHOCHTE/BHO
HeAaBHoO.

AHaAUTHKH CHJIOHHBI CYUMTATb BCE PACCAOEHHS TIPAMBIMH TpoKH3Beje-
HUAMH ¥ BCe MHOroo6pasusi napanienu3yeMbiMH. IDTOH oOlWMOKH caeayet
ocTeperarhes.
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4, KacateabHoe ortoGpaxeuue. Ilycts f: M — N — raaaxoe ortobpame-
Hue muoroo6pasus M B muoroo6pasue N (puc. 255). OGosnaunm ucpes
f.x HHAyILHPOBAaHHOE OTOOpakKeHHe KacaTe/bHbIX npoctpancts. Ouo onpese-
nsetcs, Kak B § 6, u siBasieTcst JuHeHHbIM oTOOpaKeHHeM OLHOro JHHCil-
HOTO HPOCTPAHCTBA B ApYyroe:

f.xi TxM - T/(X)N.

ITyctb  x mnpobGeraer M.
IMpenpinywasn ¢opmyna onpene-
JisieT orobpakenue

255. j ofpaenus [ B TOUKC ¥
f,: ™ — TN, f‘[ TXM:f‘X‘ Puc. 255. Tlponssoauas orobpal

KacaTeJipHOro paccaoenus M B xacatesbhoe paccioenue N. IT10 oTo6paxe-
e audpepeHuupyemo (nodemy?) u AuHeiino otoGpaxaer ciou TM B cion

TN (puc. 256).

,0, lﬁz

/0-\ N
S SRy

Puc. 256. KacateanHoe oTofpamenne.

Oto6pasenne f, Hasbipaetcs Kacareavhstsm oToGpaxenuer & f  (ynorpeCasercst
Takme obosuaucnne Tf: TM — TN).

3apgava 1. flyete f: M—> N u g: N> K— raaikue otoGpamenns, gof: M- K —
ux cynepnosnuns. Jokaszats, uro (g o [l.==(g.) o {f.), T. ¢. utO

SN
MK TM-"TK

TepMuHOoaOTrHYeCKOC 3amcuainnc B anamuse 3ta ¢QopMyta HasbBactes
npasuaoy Anddepenunpopatiua  cJoKHOH  Qyurunn B aarebpe -— GYHKTOPHATLIOCTLIO
(koBapHalTHOl) MepPexofa K KacaTeasuomy oTobpaxennio.

TN

5. Bexktopubie noas. [lycth M — raankoe (kaacca C'T') wmuorcoGpa-
3ue, TM — ero KacateabHoe paccjoetie (pHc. 257).

OnpenacaeHue Bexkroproe nose*) {xiacca C') v na M ecto raas-
koe (xiacca C') oroGpamenne v: M —>TM rtaxoe, uto oToOpaxenue

*) YuoTpebasieTcs TaKKe TCPMIUH CEHCHUE KACATCALHO2O PACCAOCHUA.
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pov. M- M — ToXaecTBelHOE: AHarpamMma

e

X p
KOMMYTaTHBHa, T. e. p(v(x))=x.

3ameuanne. Ecim M — o6nacts npoctpanctea R ¢ xoopaunaramu

™

X1, .., Xy), TO ITO onpele/neHHe coBnagaer co crapoiM (§ 5).
v(z)
x
Pue 257, Besrtophoe noae. Puc. 258. TMoae ckopoctei.

Oanako B HOBOM OnpejeNeHMHM HHKaKas CleUHanbHad CHCTEMa KOOpAH-
HaT He yuacTBYeT.

[Tpumep. Pacemorpum cemeiictso g' Bpauwenuit cdepnr S° BOKpYyT
ocit SN ma yroa { (puc. 258). Kaxpas touka chepnt x&S? onucbiBaer
NPH BpawleHnH KPHBYIO (napaasiedb) H MMEET CKOPOCThb

d
v (x)=— g’xeT\S?.
di
Mebl nosysaem orofipamenne v SQ—> TSQ; ouesupHo, pv=_FE, T. e. v —
BCKTOpHOE noge na S2

BooGuwe, ecau gt M- M — oanonapaverpuueckas rpynna augdeo-
Mophuamos mMuorooOpasus M, To Bo3HHKaeT BEeKTOPHOe noJe (asopoil cko-
pocty Ha M, TOub-B-TOUbL Kak B § 5.

Best nokaabHas Teopua (HeJHHeHHEIX) OOBIKHOBEHHBIX Ay depeHIHab-
HBIX ypaBHEHHII HEMEeJJEHHO MEePEHOCHUTCS Ha MHOrooGpasusi, Tak KaK Mbl
n03a60THIHCL CBOEBPEMEHHO (B § D) 0 He3aBHCHMOCTH OCHOBHBIX MOHATHIi
OT CHCTEMB! KOODAHMHAT.

B uacTHOCTH, HAa MHOT006pAa3Hsl MEPEHOCHTCA OCHOBHAA JIOKaJAbHAS Teo-
peéMa O BbINPSIMIEHHH BEKTOPHOTO MOJA M JIOKaJbHblE TEOPEMbl CYlecT-
BOBaHHsl, € AMHCTBEHHOCTH, HENPEPbIBHOCTH M AHDEepeHUHPYEMOCTH 10 Ha-
uanbHpM  ycnosusM, Cnenuduxa MHOr00GpasHst NPOABISETCS JAWIUL NPH
PAacCMOTPEHHH HeJsioKabubiX BonpocoB. [lpoctefimiMMH U3 HHX siBasiloTCs
BOMPOCLI O MPOJOJIKCHU!I pellclunil i1 O CyuecTBoBaHUH $a3oBOro IoToka
€ Aanupin nojenm ¢a3oBoil CKOPOCTH.
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§ 35. da30BLIil NOTOK, 3a/4aHHbIH BEKTOPHLIM MOJEM

Jlokasaunass HHXKe TeopeMa SIBASETCA NPOCTeHiIel TeopeMofi Kayecrt-
BeHHOH Teopun auddepeHuHaNpHLIX YPaBHEHH{: OHa pnaeT YycJaOBUSA, NpH
KOTOPLIX HMEET CMbLIC/ CTaBHTb BONPOC O MOBELCHHHM pelleHHd AHpdepeu-
LHaVIbHOrO ypaBHeH#Hs Ha OCCKOHEUYHOM HHTEPBaJe BPEMEHH.

M3 3710fi Teopembl BbITEKAeT, B UYACTHOCTH, HeNPEPLIBHOCTL # audde-
PEHUHPYEMOCTb PELICHHA MO HayaJbHbIM JAHHLIM B LeJOM (T. e, Ha J1060M
KOHEYHOM HMHTEpBajac BpeMeHH). DTa Teopema [oJje3Ha TaKXKe Kak TexHH-
YeCKHH MeTOA [Jf KOHCTpyupoBaHua auddeomopdusmos. Hanpumep, ¢ ee
MOMOLLbIO MGXKHO JOKa3aTb, YTO BCAKOE 3aMKHYTOe MHOrooGpasue, umMero-
uiee rJaaakylo QYHKLHIO JHUIb C JBYMSl KDHTHYECKUMH TOUKAMH, [OMEO-
MopdHO cepe.

1. Teopema. [Tycro M — eaadkoe {(xkaacca C", r=2) mwuocoobpasue
(puc. 259), v: M — TM — sexroproe nose. [lycte sexrop v(x) oTaudex

v(x)
™
J
74
A
: 2 L M

Puc. 259. Bexroproe noae, pasioe 0 sue xomnakra K.

oT Hyaeeozo sextopa T.M Toreko auwb 6 Komnaxrtnol wacru K mHo20-
obpasus M. Toeda cywectsyer odnonapamerpuieckas epynna oudgpeomop-
Guanos g'i M— M, 0aa koTopoii nose v AGALCTLS NOAeM (a30B0l CKO-
pocru:

d [ i ]
dtgx_v(g,x). {13

CaepcrtBue . Beakoe sexktopHoe nose v HA KOMHAKTHOM MHO2O-
obpaszuw M sasasercs nosem a3osoli CKOPOCTU HEKOTOPOL OOHONGPAMET-
puueckoid epynnst Ougddeomnopduamnos.

B uacTHoCTH, B YC/AOBHSIX TEODEMbl MM B YCJAOBHUAX CIACICTBHA | HMeeT
MecTo

Crnencteue 2. Beakoe pewenue udeperyuanvno2o ypasHenus

x=v(x), x&M, (2)

MOxcHO npodoasaTe sneped u na3ad Heoepanudenuo. [Tpu 3tom 3nauexue
pewienus g'x 8 MOMEHT § 3a8UCUT OT § U OT HA4AALHOZ0 YCAOBUR X 2AAOKO
SaMeuaHue Yca0BHE KOMNAKTHOCTH Hesb3st OTOPOCHTD.

Mpumep 1. M=R, x=x% (eMm. § 1, n. 7): pewenusn HeJbaA NPOXOJKATL HEOrpa-
HHUYEHHO. )
Mpumep 2. M={x:. 0<x <t} x=1
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TpucTtynaem K J0Ka3aTelbCTBY TEOPEMbI.

2. Mocrpoenne auddeomopdusmor g' npu manwix £, Jas kawdoi Touku
xeM cywecrsyer orkpuras okpecthocte UM u wucao >0 rakue,
«ro daa aoboll Touku y uz U u 0asa mo6oeo t ¢ |t| <<e pewenue g'y ypas-
Henua (2 ¢ nauaavuom ycaoguem y (npu t==0) cyuwecrayer, eduHcTBeHHO,
duipipepeniupyes1o 3a8ucut ot t 1 or y 1 ydoereTEOPAET YCAOBUIO

g y=g'g’y. (3)

ecaun |s|<<e, It <e, |s+1] <e.

HefictBuTeabHo, Touka x H306pa)kaeTcs Ha HEKOTOPOH KapTe, a iAnd
ypasHeHuit B o6sacTh addUHHOrO NPOCTPAHCTBA Hallle yTBEp:KAeHue JO-
Kaszano (cMm. ra. 2 4 ra. 4) #).

Hrak, xomnakThoe muoxecTBo K nokpuito oxpectuoctamu U. Mbi Mo-
»KeM BbIOpaTh KoHcuHoe nokpwithe { U ).

ITycTb & — COOTBETCTBYIOLHE UHCIA &, BO3bMEM so=mine> 0.

Toraa npu |¢] <Ceo onpenencusl 8 L{EAOM anddeoMopbH3MBL g M- M,
g'ti=g'g’, ecan |sl, ||, |s+tl <e, g'x=x npu x BHe K.

HelicTBuTeNIbHO, XOTS ONpejie/ieliHble ¢ NOMOUILIO Pa3HbIX KapT penie-
HHA ypaBHeHHA (2) ¢ HauadbHbIM yeaoBHeM x (npu {=0) a priori pas.auussl,
OHH coBnajaioT npu ¢ <eo BBUAY BHIGOpPA & M JOKaJABHOH Teopembl
CHHCTBEHHOCTH.

Hanee, no nokaablioli Teopeme AnddepeHHpyeMOCTH Touka g'x 3abu-
cHT anbdeperunpyemo or f u x, a ‘mockoabky g'gT'=E, To oto6paxe-

145

d ,
nne g8 M- M — anddeonopduam. 3amerum, uto al, g’x:v(x).

3. Toctpoenne g' npu mobmx f. [peacrasum f 8 Buie neg/2-4r, rae
n—uenoe H 0<C{r<Ceo/2. Taxoe npencramexme CyUlecTByeT M CAHHCT-
BEHHO. ﬂm’pqoeowop(bnawbr g*%u g yxe OMpe/e/IeHbl.

Moaoxum g'=(g"/*)" g". 1o aucddbeomoppusm M na M. Tlpn ltl <<eo/2
HOBO€ OlpejesIeHHe COrjacyercs ¢ NpeiblAyluM (cM. 1. 2) ompejejaeHueM.
Moatomy 4 glx=uv(x).

dit =0
Jlerko BuACTH, YTO NpH AIOOLIX S, ¢

g8t
=g'g. (4)
JeficTBHTENbHO, NYCTD

s=1imeo/2)+p, t=(neo/2)+q, s+i=(kes/2)+r

*) Jloka3aTeabCTBO €IHHCTBEHHOCTH TpebyeT HeGOAbWIOro AONOJHHTCABHOIO paCCyX*
ACHHS: HY)XKHO MNPOBCPHTb, YTO H3 EAMHCTBEHHOCTH PpeLUCHHS € AAHHBIMH HauadbHbLIMH
YCJAOBHSIMH Ha KaXAOH (QHKCHPOBAHHON KapTe BBLITCKAET €AHHCTBEHHOCTb HAa MHOrooGpasud.
Ha neoTaeaumMoM MHOroo6pasnn eAHHCTBEHHOCTH MOXeT H He OblTh (MpuMep: ypaBueHue
x=1, y=1 ua MHOrooGpa3ui, NOJy4eHHOM M3 ABYX npaMux {x), {y} oToxzecToaenuem
TOUCK C DPAaBHBIMH OTpHUATEABHHIMH KoopauunaTtamu). Ecam xe muorooGpasue M otaeanmo,
TO NPOXOAMT AOKA3aTeALCTBO eiauHctBennocTH M3 § 7, n. 6. (OrtnesinMocTs Henosb3yercs
npH AokasaTteabcTBe coBnalenus 3uauenudt peuwrenuit @ (T) v ¢ (T) B nepsoit Touke T
H3UNHAA ¢ KOTOPOI} OllH HE COBNANAIOT.)
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Torna nesas u npaBas uyacTH paBeHcTBa (4) NPUHUMAIOT BUA
£0/2\k 2 2,
€' w @ "
Boamoxubl aBa crydan:
1) m+n=k, ptg=r, 2) mn=k—1, p+g=r-4(eo/2).

3ameTuM, 4TO nockoabky |pl<Ceo/2, lgl<<Teo/2, TOo nuddeomopdusm ge°/2, g’ u gt
koMMyTHpyloT. Otcioia puiTekaer ¢opmyna (4) kak B nepsoM cflyuae, TaKk H BO BTOPOM

2 .
(gw g'=g"g", rax xax Ipl, lql, Irl <eo/2, p+q=¢0/24r).

Octaetca NpoBepHTb, UTO TOYKAa g'X 3aBMCHT OT ! H X auddepeHun-
pyemo. DTto caeayer, nanpumep, u3 Toro, uto g'=(g’"" a g'Nx npu

noctaToyHo Goabuinx N 3aBHCHT auddepeHuupyemo ot ¢ u x (cMm. m. 2)
Urak, g' ecrb onnonapamerpudeckas rpynna auddeoMopdH3MOB MHO-
roo6pasusi M; cootBercTByWOillee Rosie (a30BOH CKOPOCTH eCTh U, M TeEO-
pema joxasasa.
4. 3ameuanue. M3 noka3aHHOH TeopeMbl JIerko BLIBECTH, YTO Kaxdoe
peulenue HeaB8TOHOMHO20 YPABHEHUS ‘

f=v(tx), x&M, (<R,

300QHHOE0 3QBUCALYUM OT BpeMEeHL | BCKTOPHBIM NOAEM U HQ KOMHAKTHOM
muo2o06pazuu M, moxcHO npodoaMaATd HEOZPAHUHEHHO.

AtuM o6BACHSETCHd, B UAaCTHOCTH, BO3MOXKHOCTb HEOTpaHUUEHHOrO MpO-
JLO/KEHHUST pellleHuiH JHHeHHOro ypaBHeHHS

£=v{t,x), v(tx=A0x, (=R x=R. (5)

B camom nese, 6yaem paccmatpuBath R" kax aduuHYyIO YacTb NPOEKTHB-
noro npoctpancrsa RP”. IlpocrpanctBo RP”® nosyuaercsi u3 csoeit adduu-
HO# uacTH fo6asaenneM GeckoHeuHo yaanenHoil naockoctu: RP?= R RP"~!

Puc. 260. T[Ipdaoaxenue
JHIICHHOTO BEKTOPHOro no-
Nl HA TPOCKTUBIOE MPN-
CTPAHCTBO.

ITycts v — nuHeltuoe Bexkropuoe noje B R’ (v(x)=Ax). Jlerko npose-
psieTcs.

Jlewmwa. Bexroproe nose v na R" mosno eduncrsennvin o6pasom
npodoaxuts 0o eaadxoeo nosn v’ na RP”. [ose v’ na 6Geckoneuno yoasenno
naockocruy RP"™' kacaerca RP*~.

B yacTHOCTH, NPOIOKKM (NIpH KaxKIoM {) noae v (f), 3ajalollee ypas-
ueune (5), go noaa v’ (f) na RP". Paccmorpum ypasHeHue

x=v(,x), x=RP", t=R (6)

IMpoekruBHoe mpocTpaxcTBo KoMmnakTho. CiefoBaTesibHO, KaXjaoe peuieHHe
ypaBHenusi (6) MOXHO MpOJOJIKATb HeorpaHuueHHo (puc. 260).
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Peuwenne ¢ HauaspHpM ycnosuem B RP"™! pceraa ocraerca B RP"™!,
TaK Kak none v’ kacaerca RP"™!,

[lo TeopeMe eLHHCTBEHHOCTH pELUEHHs YPABHEHHS ¢ HA4a/jbHLIMH YCJIO-
puamu B R" ocraorcs B npegenax R" npu Bcex f. Ho B mpepenax R*
ypaBuenne (6) umeer sua (5). Mitak, Kaxjoe pelieHHe ypaBHeHust (9)
MPOAOJIIKAETCS] HEOrp aHHUEHHO.

3anaua . HokasaTp nemmy.

Pewenne 1. Ilycts (X1, .., %) — apdunuste koopauuatst B RP*, (yi, ..., y:) —

npyrue abpHHHbBIE KOOPAHHATH
gr=xi'', ge=xexi' (=2, ., n).

Ypasucsue RP"~' B nomwix koopaunarax: yi =0,
Nuddepenuuanstoe ypasuenne (5)

n
dx_z ot et "
dt‘ WA E=1, ey By

i=1

B HOBLIX KOOPAMHATaX sanucuisaercA B BHAe (puc. 261)

Puc. 261 Tlosepeune npo- dyJdt = —yi (@147 are ye), E>1;

LOJIKEHIOF0 nonst  BOAH3N

GecKoCHHO yAaaneuoit dy,/dt =a a —

RAOCKOCTH, gi/ kY ae e yi—ye (@47 ans g,
k>1, (>1.

U3 stux dopmyn, BepubX npu Y =0, BUAHO, KaK poonpeaeantb noste npu yo=0. Ipu yi=0
HaxoauMm dy;/di=0, yTO W AOKa3bIBaeT JACMMY.

Pewenune 2. Adduruoe npeofpazoBaHne MOXKHO PaccMaTpHBATL Kak TPOEKTHBHOE,
ocTapafiollee Ha MecTe GECKOHCHHO YRAJMCHHYKO IJIOCKOCTb, HO He ee TOYKM.B wyacraoctH,

. At
Munefinnie npeoGpasobadus e npojomkaioTes A0 AnddeoMopdHIMOB  MPOEKTHBHOTO
NpoCTPANCTBA, OCTABAAIOUIHX HA docTe GeCKONEUHO YAANEHHYIO IIOCKOCTb., ITH Anddeo-
Mopdhu3MuLl 06pa3yloT OJHOMapaMeTpHYeCKyio rpynny; ee noie ¢$a3oBoH CKOPOCTH H ecTb ?'.

§ 36. Unpekcol 0coObIX TOYEK BEXTOPHOro noJs

37ech pacCMOTPEHB! MPOCThIE NMPHMEHEHHS TOMOJOTHH K HCC/AEJ0BAHUIO
IHddepenunanbiblX ypaBHEeHH.
1. Hugekc kpusoii. HauneM ¢ Harasauelx pacCy:KAEHUH; HHXe OHH
6yayT MOAKPeIVIeHbl TOYHBIMU ONpeeseHHSIMH U 10Ka3aTeNbCTBaMu (CM, . 7).
PaceMoTpuM BekTopHoe mnone, 3afaH-
HOe Ha OPHEHTHPOBAHHON €BKJAKAOBOH ILIO-
7 ckocTH. IlycTb HAa NJIOCKOCTH HaHa 3aM-
KHYTasi OpHEHTHpOBaHHAas KpHBaf, He
/4 npoxojfias uepes ocobble TOYKH MOJS
(puc. 262). Ilyetk TOuka OGXOZMT KpH-
BYIO B IOJOXHTENIbHOM HAalpaBJACHHH.
Bekrop noss B paccmMaTpHBaeMOH Touke
Pic. 262 Kpwpas nnaekca | NpH ABHXKEHHH TOYKHM OYyJeT HENPEepbIBHO
nosopaunsathes ¥). Koraa Ttouka, 0Goii-

*) Yro6bl CIeAHTL 32 NOBOPOTOM BeKTOPa, yAOGHO CHECTH BCE BEKTOPH B OAHY Touky O,
CJleysl eCTeCTBEHHON NMAPANAENH3alNH [IOCKOCTH.
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ISl KPHBYIO, BEDHETCA HA MECTO, BEKTOD TOXE BepHETCH K HCXOLHOMY
nonoxennio. Ho npu stom oH MoXeT Ae/1aTh HECKOABbKO 0GOPOTOB B Ty WK
IpYryl0 CTOPOHY.

Yucao o6opoToB BeKTOpa NoAst npH o6Xolde KPHBOM HaabiBaeTcsl uxdek-
com xpusoi. Ilpu atom umcaoc oGoporoB GepeTcs €O 3HAKOM INIIOC, €CJH
BEKTOP BpallaeTcs B CTOPOHY, 3a4aHHYI0 OpPHeHTallMell NJOCKoCcTH (0T nep-
BOrO OpTa KO BTOPOMY), H €O 3HAKOM MHHYC B IIPOTHBHOM cJyuae.

Mpumep !. VMuaexenr gpuBbX «, B, vy, § Ha puc. 263 pasuet 1, 0, 2, u —1 cooTBer-

DI

Puc. 263. Kpubbie ¢ Pa3HEIMH KHACKCAMH.

Mpumep 2. Ilyers O — HeocoGan Touka noas. Torza MHAEKC BCAKOH KPHBOMH, Aexa-
el B AOCTaTOMHO Manoit oKpecTHOCTH Touku O, pasen 0.

HeitcTBuTenbHO, HanpaBaenue noas B Touke O HENPEpbIBHO H B AOCTATOYNO MaJoil
€€ OKPCCTHOCTH MEHAETCS MEHbUIC 4YeM, CKa)XeM, Ha .T[/Q. R

3apngaua l. 3anaauM BexkTopHOoe nose Ha naockoctd R?P="C 6e3 Toukn O dopmyaoii
v(2)=2" (1 — nenoe uicno, He 06a3aTeqbHO nonoMuTeAbHOoe) CocuMTaTh HHAEKC OKPYXK-
HOCTH 2z=¢'®, OpUEeHTHPOBAHHOH B CTOPOHY BO3pacTalus ¢ (NAOCKOCTH OPHEHTHPOBaHA
pencpom 1, §).

Oreger. n.

2. Cso#icTBa HHAEKCA.

CsoiictBo 1. [Ipu nenpepoisnot degopmayuu 3amkryToii Kpusod
ee uHOekC He MEeHAETCs, NOKQ Kpusas He npoxoduT wepe3 ocobole TOUKU.

JeitcTBUTEIbHO, HaNpaB/eHHe BeKTOpa MNOJSA BHE OCOGHIX TOUEK Me-
HAIETCS1 HENPEPLIBHO; MOITOMY YHMCJI0 OGOPOTOB TaKXKe HeNpephIBHO 3aBHUCHT
OT KpHBOH. Byayus ue/ibIM 4HC/IOM, OHO NMOCTOSIHHO.

CBoitcTBO 2. Hudekc Kpusoli He meHAeTCA npu Henpepoleroil Jdedop-
MayuL BEKTOPHO20 NOAA, €CAU TOALKO RPU 3TOM HQ KPusgol 80 8ce 8pema
degpopmayuu HeT 0c06bIX TOUEK HOAA.

M3 stHX 1BYX CBONCTB, HHTYHTHBHO [OCTATOMHO OYEBHAHBIX *), BbITe-
KaeT MHOXECTBO IiyGOKHX TeopeM.

3. Tpumepsi.

[Tpumep 1. PaccmoTpum BekTOpHOe moae Ha maockoctd. Ilyets D —
Kpyr, a S — ero OKpy»KHOCTb **}).

*) AxkyparHas ¢(oOpMYAHPOBKA M [OKA3aTeNbCTBO CHOPMYJHPOBaHHHWX YTBEpXKAennH
TPeGYIOT HEKOTOPO# TOMOJOTHMECKOM TEeXHHKH: rOMOTONHMH, romoJoruit HJAR uero-uulyib
B 3TOM poae (Aajee Mbl BOCNOAb3yeMcn ¢ 3Todl ueawnio Qopumyaoil Ipuna). Cu., nanpumep,
kanry H. Cruupona u Y. Uuwua, «[lepsuie noustua tonosormus (M.: Mup, 1967),

¥*) MoxHO TaKKe paccMOoTpetb Gosiee oGuwiuii caydadt, xoraa D — qmwobas naockas
061acTb, OrpaHuueHHast NPOCTON 3aMKHYTOR Kpusoit S.
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Teopewa. Ecau undexc kpusoli S orauden or 0, To 8nyrpu ozpanu-
uennol eio obaactu D ecre xots 00Ha ocobas Touka.

B cavoMm zese, ecain ocolbiX Touek HeT, TO S MokHO BHyTpu D nedop-
MYDOBATb HCNIPEPHIBHO H He NMPOXOAs uepe3 ocolble TOUKH, TaK 4TO MOCJC Je-
(OpMAUHH TNOJAYUYHTCS CKOJAL YroaHo Oau3kas K OAHOH Touyke O KpuBas
(MoxHO maxe npocto gedopmiposath S B Touky O). HMujaexkc nosayuen-
1ol majgeHbkol kpupoid pased 0. Ho npu nedopmauny HHaeKe He MeHsleTcs:
3HAYHT, M BHauaJse OH 6oLl paseHd 0.

3aaauval [dokaxnure, uto cucTema AnddepeHutasbHblX yYpaBHenHi
x=x+P{r,y), y=y+Q(x, 1)

rae Pou Q—Ol‘pall"‘lCHHbXC Ha Beeil IJIOCKOCTH (i)_VHKLlHH, HMCET 1O MeHblued Mepe OoHO
f10/10KEeHHC pAaBHOBCCHSA. :

ITpumep 2. lokaxkeM OCHOBHYIO Teopemy anreGphbl:

Bcsxoe ypasunenue 2'-+ai2" "' ... +a.,=0 umeer no mensuied mepe
00uH KOMNACKCHBIL KOPEHb.

PaccmorpiM BeKTOpHOE noJie ¥ Ha MJAOCKOCTH KOMIUIEKCHOTO MepeMeH-
Horo z, samannoe dopmynol v(2)=z"+az"" "4 ... +a,. Ocobble ToukH
noJjs U — 3TO KOPHH HAILlEro ypaBHEHMs.

Jl em M a. Hudekc okpyscnocru Gocrarouno 6oaswioeo paduyca 8 no-
CTpoeHHOM none pasen n (OpHEHTAUMM — KakK B 3ajaue 1. 1).

B camom nese, ¢opmyna

v (2)=2"Ft{@z"" '+ ... +a,), O0<tKI,

onpee/sieT HenpepolBHYO ldebopMalliio ucxojaHoro noast B noae 2", IlycTn
r>14lai}+ ... +la.d. Toraa r">la)l r" '+ ... +la.l. Tlostomy nua
OKPYKHOCTH paauyca r BO Bce BpeMs JdedopMauuy HeT ocCOGLIX TOUeK.
[lo cpoficTBy 2 uHAeKC 3TOH OKPYMHOCTH B HCXOAHOM loJe H B noje 2"
oanHakoB. Ho B nose 2" oH paseH n.

Jlemma nokasana.

[To npenbinyuteft TeopeMe BHYTPH Kpyra paauyca r c¢CThb OCOOble TOUKH
BEKTOPHOrO MOJfA, T. €. KOPHM Halero ypaBHEeHHS.

Teopema moxaszana.

[ITpumep 3. HdokakeM CJefyIOLLYI0O TEOPDEMY O HCMOABUKHOH TOuKe:

Teopewa. Bcakoe caadkoe®) orobpasmenue [: D— D 3amscnyroco
Kpyea 8 ceba umeer x0Tb OOHY HENOOBUNCHYIO TOUKY.

Bynem cuurath, 4TO Ha MJAOCKOCTH Kpyra D BBeleHa CTPYKTypa JHHeH-
HOro 1POCTPAHCTBA C HauajJoM B UeHTpe Kpyra (puc. 264). Henoapnx-
Hble TOUKH OTOGpa)KeHHsi f — 3TO ocolbie TOUKH BEKTOPHOro noJsf v(x)=
=f(x)—x.

[Mpeanonoxum, uto ocobeix Touek B D Her. Torza uX HeT M Ha OKPYX-
HOCTH.

Jlem ™ a. Hudexkc okpymcrocru kpyea D 6 nose v pasen 1.

*) Dra Teopema cnpaseanuBa AAs JHOGOrO HENPepLIBHOTO OTOOPaXEHHSI, HO Mbl 31eCh
CUHTacM Bce OTOODAXKCHHA TJAAAKHMH M [OKaxeMm TeopeMy (cM. 11, 7) TONBKO B 3TOM
{IPCANO.TONK CHILH.
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HeficTBuTeNIbHO, CylIECTBYeT Takas HenpepuiBHAas fedopMauus Moas v
B N0JIe — X, YTO BO Bce Bpemsi 1edOpMaliH HA OKPYKHOCTH HET OCOBBIX
ToueK (Hanpumep, [OCTaTOYHO NONOXKHTL o (X)={f(x)—x, 0t 1)
ITosToMy HHAEKCH OKPYKHOCTH B MOJSAIX Vo== —X H ¥, =0 OAHHAKOBEL
Ho uupexc oxpyxuocty | x| ==r B 10Jie — X JIETKO COCUHTATH HENOCPEACTBEH-
HO: OH paBeH .

JleMma pokaszaua.

Mo Teopeme npumepa 1 BuyTpu Kpyra ecTb ocofas TOuKa noas v, T. e.
HeNoABHIKHASA TOUKa oTobpa)keHus f.

4. WNupexc ocoboit Touku BekTopHoro noas. Ilycts O — usonupoBaunas
ocobast TOYKAa BEKTODHOTO MNOJS HA MJIOCKOCTH, T. €. NYyCTb B HEKOTOPOH

7

Puc. 265. Munexcw npoctuix ocobuix Touck pasnsl 4 |

Puc. 264. Otobpaxcuie Kpyra
B ccls.

okpecTHOCTH ToukH O HeT APYrux ocobbiXx TOueK. PaccMOTPUM OKPYXHOCTb
[OCTATOYHO Mafnoro paguyca ¢ UeHTpoM B touke (; OpPeANONOKHM, uTO
IJIOCKOCTb OPHEHTHPOBAHA H UYTO OPHEHTAUUS Ha OKPYXKHOCTH BbiGpaHa
NnoJoXKUTEAbHON (Kak B m. 1).

Teopewma. Hudekc okpyrcnocTu SocrarouHo marvzo paduyca ¢ yex-
TpOM 8 u3oauposannol ocoboti Touke O e 3asucur or paduyca OKpyx-
HOCTU, auwe Obt o Goir GOCTATOYHO MAA.

B camoM pesie, JBe Takue OKPYXHOCTH MOXHO HempepbiBHO npoaedop-
MHPOBaTh OAHY B APYIYIO, He MPOXOAA uepe3 ocobble TOUKH.

3aMeTHM TaKxXKe, UTO BMECTO OKPYXKHOCTH MOXHO Oblio Gbl B35iThb Ji06YI0
ApYTYIO KPHBYIO, 00XOAAULYI0 BOKPYr O OfHH pa3 B MOJIOKHTENLHOM Hanpas-
JIEHUH.

Onpencaenne Humeke kaxoit-unbyas (v Torpa Jno6oi) nocta-
TOYHO MAa/CH MOJOXHUTR/LHO OPHEHTHPOBAHHOH OKPYXKHOCTH € UEHTPOM
B HM30JHPOBAHHOH 0COGOil TOUKE BEKTOPHOIrO MOJA HAa3blBAETCA UHOEKCOM
ocoboli Touku.

Mlpusmepo. Mupekewt ocobuix Touek Tthma ysen, ceato W Qokyce (Hau  uentp)
paBunt +1, —1, 41 coorsercraenno (puc. 265).

Oco6an Touka BEKTODHOTrO MOJA HAa3bLIBAETCSl NPOCTOL, ecau oneparop
JIHHeHHoft uacTyu moJis B 3ToH TouKe HeBbipoxaeH. IlpocThle ocobble TOYKM
Ha MNJOCKOCTH — 3TO Y3nbl, ceana, ¢okychl u HeHTpbl. Takum o6pasom,
HHJEKC npocToil ocoGoi TOUKH paBeH Bceraa 1.
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3anaua l. ITocrpours BekTOpHOE noje ¢ ocoGoR TOUKON MHAeKca A,

Ykaszanue Cum., HanpuMep, sanauy n. |

3anauwa 2. Jdoxkamure, 4T0 HHAEKC OCOBOH TOUKH HE 3aBHCHT OT BHGOpa OpHEHTA-
UHH MAOCKOCTH.

Ykazauune, Ilpn HaMeHeuuH OpPUEHTAUHH ONHOBPECMEHHO H3MEHSIIOTCH H MOJNOXH-
TeAbHOE HaMNpasjeHHe OOXOLA OKPYMHOCTH, M NOJOXKHTENbHOE HanpaBACHME cyeTa yucaa
060poTOB.

5. Teopema o cymme uuAaekcoB. Ilyctb D — koMnmakTHasi o6aacTb Ha
ODHEHTHPOBAHHOM IJIOCKOCTH, OrpaHudeHHas npoctoét KpuBo# S. Opuel-
THpyeM KPHBYIO S, Kak nosiaraercsi OpHeHTHpoBaTh rpauuuy D (T. e. Tak,
yrobul ofaacth D octaBasnack npH ofxoje cjesa). DTO 3HAUMT, UTO pernep,
0o0pa3oBaHHLIH BEKTOPOM CKOpocTH 06X0Za M BEKTOPOM HOpMaJ/H, Hampas-
JICHHBIM BHYTPb D, f0JKeH 3a7aBaThb IOJOXHUTENbHYI0 OpHEHTAUHIO IJIO0-
CKOCTH.

[TycTb Ha NJOCKOCTH 3a2J]aHO BEKTOPHOe TOJe, He HMelollee O0COOLIX
TOYeK Ha KPHBOA S H HMeiollee JIHIIb KOHEYHOE YHCJI0 OCOObIX TOueK
B obaactu D.

Teopewma. Hudekc kpusod S pasen cymme undexkcos ocobolx ToueK
noas, aexcaujux sHyrpu D.

Hns pokazarenbcTBa 3aMeTHM, YTO HHEKC KPHBOit o6aajaer clelylo-
ILUM CBOHCTBOM aJJUTHBHOCTH.

PaccmMoTpiM ABe OpHEHTMPOBAHHBIE KDHBBIC Y|, Y2, MPOXOASAIIHE uepe3
ojHy Touky. MoxHO 06pa3oBaTb HOBYIO OPMEHTHPOBAHHYIO KPHBYIO Vi Vs,
npoiias cHadanaa y;, a NoToM Yo.

Jl e M M a. Huldekc kpusoti vi-+7v: paser cymrse uHOeKCo8 KPUBLLX Vi U Vs.

HeficTBUTe/IbHO, BEKTOp Mnogst cienaer 7n1; oGOpPOTOB OpH 06Xofe KpH-
BOH y; u eule np 060POTOB MpH 06X04e KPHBOI Y, HTOTO -1y 06OPOTOB.
Jlemma pokasaHa.

Teneps paszofpem D mna wactu ) Tak, uToGbl BHYTPU KaxKAOH H3 HuX
6bl10 He Gogblie OfHOH ©coboft Touku mosas (puc. 266), a Ha rpanunax
4TO0L 0COOLIX TOYCK He Obtio. OpHeHTHpyeM KpHBbie Vi, OTPaHHUYMBAIOIIHE

3TH UacTH, KaK M0Jgaraercs OPHEHTHPOBATb Irpa-
S Huubl (pHc. 266); toraa mno Jsemme

indz «,n:ind(S—l—Z ind 6,~) ,
i i

rae §; — saMKHyTas KpHBag, NpeACTaBAAOLLan
yacTb TrpaHuumt obmactu Dy, wHaxoasuiyloocs
BHYTpH D u npoilieHHyl0 ABa pa3a B pasHbie
Puc. 266. Munexe xpuzoét S pasen CTOPONDL. “ o
CyMMC HHACKCOB KPHBLIX Y1 H Y2 Hunexe Kaxaou KpHupou 6,' paBeH 0, TaK Kak
3Ta KPHUBAs CTArHBaercsi B TOUKY, MHHYf OCOOble
Touku moiA (em. n. 8). HMupekc kpuBoli y; paBer unmekcy Toif ocoboil
TOYKH, KOTOPYIO 3Ta KpuBasi oxsaTtbiBaeT {uau 0, ecqam B obsacts D;, oxpa-
ThiBaemoi#l 3TOH KpHBOH, oco6bLix Touek Her). Teopema jAoKa3aHa.

3anaua 1. IlycTh p— MHOTOWNeH CTeNeHH N OT KOMILIEKCHOTO TepeMeHHOro 2,
D — o6nacts Ha mIOCKOCTH NCPEMEHHOrO Z, OrpaHKueHHas KPHBOH S.



§ 36] HHAEKCD!I OCOBbIX TOUEK BEKTOPHOTO MO 255

TIpeanooxiuM, YyT0 Ha kpuBOK S HET KopHell mMuorounena. [loxaxute, uTO uUCAO KOP-

Hell MHorouwlena BHYTPH D (¢ yyeToM KpaTHOCTE}H) paBHO HHACKCY KpuBod S 8 noae
=p (z), T. e. uncay ob6oporos sokpyr O xpusoit p (S).

3amcuanue. Mp noasyuaem Tem cambiM cnocol  pewenus npobaemul Payca—
Fypsuua (cm. § 23):

Haiitu uucao n- KopHed GQHHO2O MHO2OMACHA 8 480U NOAYNAOCKOCTI.

C 2TOR ueAbl PACCMOTPHM MOJYKPYr NOCTaTOuHO GOJBWIOTO pajinyca B Jesoit noay-
IJIOCKOCTH C LEHTPOM B Touke 2==0 M C AMaMETPOM Ha MHHMOH ocH. Upcao xopucil B JeBch
NOJAYNJOCKOCTH PaBHO HHACKCY TPAHULLI 3TOTO NOAYKPYra (ecad ero paanyc AGCTATOUHO
BEJIMK ¥ y MiOTOYNCHZ HET YHCTO MHHMBIX Kophed). [lns Buluncicuus uuiekca xpusoil S
JOCTATOMHO COCUUTATBL YHCAO v 06opoToB o6pasa MIKHMON OCH, OPHCHTHDOBAIHOH OT —
K -}i BOKpYr Hauasa KoopaHHaT. JleACTBHTEALHO, NETKO NPOBEPHUTH, 4TO

n_=ind S=v-+n/2,

TaK Kak of6pa3 MOJYOKPYMXHOCTH JOCTaTouHo OCJbLIIOro paaMyca npu otofpameiun p
peaaer npuOGAMBHTCABLHO n/2 0GOPOTOB BOKPYF Hadana KOOpAMHAT (TeM TouHee n/2, uew
Goablile pagxyc).

B UYacTHOCTH, 8Ce KOPHU MHOZOUAEHA CTENCHU N AEKAT 8 AeBOIU HOAYNAOCKOCTU, CC.it
1 TOA6KO ecau Touka p (it) npu uamenenuw { 0T — oo J0 -+ oo 00xodur Haua.10 KoOpouHar
n/2 pas (8 cropory or 1 K i).

6. CymMa MHAEKCOB 0coGbIX TOuek Ha cdepe.

3apnpaua* |. Jokaxure, 4TO HHAEKC OCO0OH TOUKIl BEKTOPHOTO N0
Ha MJOCKOCTH coxpaHseTcst npu anddeomopduame.

Takum 06pa3oM, HHIEKC — TOHSITHE reoMeTpPHUECKOe, He 3aBucsliee OT
CHCTEMBl KOOPAMHAT. DTO OOCTOATENLCTBO TO3BOJAACT ONpeAe]HTb HHIEKC
0c0o60fi TOYKH He TOJBKO Ha MJIOCKOCTH, HO M Ha J1060M ABYMEpDHOM MIOro-
o6pasuu. [leHCTBUTENBHO, AOCTATOUHO PACCMOTPETb HHAEKC 0COGOH TOUKH
Ha Kaxof-HuOyAb KapTe: Ha JAPYTrHX Kaprax OH OyJeT TeM K€ CaMbLIM.

Mpumep 1. Pacemorpum cepy x>y’ 42°=1 B CBKIHAOBOM Tpex-
MEPHOM TIPOCTpaHCTBE. BexropHoe noJje CKOPOCTH BpAlLEHHsI BOKPYT OCH 2
(f=y, y= —x, 2=0) umeer aBe 0cOGBIE TOUKH:
ceBepHBbIl U I0KHBEIE nosiocel (puc. 267). Hn-
NeKC KaXXaoH W3 Hux paBed -+ 1.

[pennosoxum, uto Ha cdepe AaHO BEKTOP-
HOe noJje, HMeloUiee JHIIb H30JMPOBaHHbIE
ocolOble ToukH. Torma HX KOHeUYHOe UHCJ0, Tak
Kak cdepa KOMIAKTHA.

Teopema*. Cyuma undexcos 6cex 0cobolx
TO4eK HOASl HA Chepe He 3a8UCUT OT 8bL60pa NOA.

Wz npeapinyliero npuMepa BHAHO, UTO 3ITQ
cymma pasHa 2.

Mpea pokasaTeabcTBa. PaccMoTpum
Kapry C(bepbl, HOKPblBalOUly!O ee BCIO, KpO- Puc. 267. Bexroptioe noae na cde-
Me OJHOH TOYKH, KOTOPYI0 Mbl HAa30BeEM [:'C‘}m:g;“"’}““ Ase ocoGuie  TouKM
nomocoM. B eBKJAHA0BOH NJIOCKOCTH 3TOH KapThi
paccMOTpHM KOODAMHATHOE BeKTOpHOe mone e;. Ilepenecem 31O nose Ha
cdepy. Torna monyuum noje Ha cdhepe (He onpejeseHHoe B OJAHOM JHIIbL
noJlioce ), KOTOpoe MBl Mo-mpexkuemy Gynem oGo3Hauarth uepes ej.

PaccMorpum Tenepb KapTy OKpecTHocTH nomtoca. Ha nuockoctd 1ot
KapThl Mbl TaKXe MOXXEM HAapDHCOBaTb BEKTODHOE MoJe Ha coepe e, He
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onpejejcHHoe JHWb B oanoi Touke O. Kak OHO 6yneT Buirisgerhb, Mokasa-
HO Ha puc. 268.

Jlemwma. Hunldexc samknyroti kpusod, o6xodawed odun pas touky O
8 NOCTPOEHHOM NOAE HQA NAOCKOCTU, paseH 2.

Has noxkasatenbcTsa JieMMbl AOCTATOUHO SIBHO MPOAEIATh OMHCAHHbLIC
BLILI€ ONepallHy, B3AB B KauyeCTBE ABYX KapT, Hanpumep, KapTel cepbt
B cTepeorpaduueckoil npoekunn (puc. 235). [Napannensuble npaMble mep-
BOH KapTbl nepefiiyT Ka BTOPO#H B OKPYXKHOCTH puc. 268, H3 KOTOpOro sicHO,
4YTO HHIEKC paseH 2.

PaccmoTpum Teneph BekTopHOe nose v Ha coepe. BuiGepem 3a nosioc
HeocoGyio Touky noas. Torma Bce ocoGble ToukH Noisi H306paxaioTcst Ha

////’/I\\\\:\\
; T
A e uu“//,/,‘,lll, RN
RTINS
B IHEUL AN
//,/;I///mmmIH)hnu.mm\\\\\\\\‘x\\“\
uHHllumnnlllnunnnu\\
]

Pu¢ .268. Bextopnoe none, napainciab Pue. 269. Ha xkamaom ocTpome cymma uHc-
HOC Ha oplofl KapTe cdepu, HO ua a2 BCPUIHH € YHCAOM KoTaoBhu ha 1 Boabuwe
PHCOBAHIIOE HA APYTOR. HHcsAa nepenanos,

KapTte jponojiHeHus K nogiocy. CyMMa HHIEKCOB BCeX OCOGBIX TOUEK Mnojs
paBHa HHAEKCY OKPYXHOCTH AOCTAaTOUHO GOJBLIOrO pajuyca Ha HAOCKOCTH
31Ol KapTh (no Teopeme n. 5). IlepeneceMm 3Ty okpyxHOCTb Ha cdepy,
a co cdepbl Ha KapTy OKpPeCTHOCTH moJioca. Ha atofi kapre uigexe mosydeH-
HOM OKDYXXHOCTH B HCCIeAyeMOM noje pasen 0, Tak Kak NOJIOC — HEOCO-
Gas Touka noas. OcTaBasichb Ha 3TOH HOBOH KapTe, Mbl MOMKEM HCTOJKO-
BaTb HHIEKC OKPYXHOCTH Ha MEepPBOH KapTe KaK «41csio 06OpOTOB NOJSA ¥ OT-
HOCUTEALHO NOAR €1» NpPH 006XO/Le OKPYKHOCTH.

370 unca0 paBHO -2, TAK KAk Ha HOBOH KapTe rpH o6Xoie MO OKpyXK-
HOCTH BOKPYT Touki O B NOJOXKHTEJbHYIO /IS NMEPBOH KapThl CTOPOHY H30-
GpaxenHoe Ha HOBOH KapTe nofe e, coepwaer 2 o60poTa, a noje v —
0 o6opoTos.

3anaua* 2 Tyers f: 87— R' —rnankan ¢ymkuus na cdepe, Bce KpHTHUECKHe
TOUKH KOTOpO#l NpocTsl (T. €. BTOPOi Audpdepenunan B KaskA0H KPHTHUECKOH TOUKE HEBbI-
poxaen) [loxkakute, uTo mo—m, +my=2, Tae M; — YHCAO KPHTHUCCKHX TOUCK, Y KOTOPHIX
OTpHUATENbHHA HHAEKC HHEPUHH BTOPOTO aAubpepenunana pasey i.

Huvimn caosamu, ecau or wucaa munumymnos orHars aucao cedea u npubasurs wucao
Makcumymos, 10 ecezda noayuurca 2. Hanpumep, uncio BeeX ropubix BepliHn Ha 3ewmae
MJAI0C YHCNO BCEX KOTJAOBHH Ha 2 ﬁonbmc, 4eM 4YHCJ0 nepeBaJos. Ecast OrpalH4YHTLCA O 1HHM
OCTPOBOM HAH MATEPHKOM, T €. paccMaTpHBaTh OYHKUMM HA Kpyre 6e3 KPHTHUYCCKHX TOUEK
Ha xpaw, T0 me— ny +me=1 (pnec. 269).

YKaasauue PaccMoTpute rpaaueHt QyHKuUHH f.

3anavya* 3. Jlokaxnre teopemy Dfinepa 0 MHOrorpaHuukax:

Jlaa 8CRK020 8BINYKA020 02PAHULEHNOZO MHOZOZPAHHUKA C oo Gepuiunami, oy pebpanu
U oo epamamu oo —ay oy =2.

YKasanue.ITy 3a1auy MOMKHO CBECTH K Npeabliyuied.
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3anaua* 4. [okaxure, uto cymma unOeKcos ¥, o0coboix ToUeK BEKTOPHOZO NOAR
HO 210603 OBYMEPHOM KOMNAKTHOM MNO2006pA3uu Re 3ABUCUT OT NOAS.

Hucno y HaswiBaeTcs siaeposoil xapakrepucrukofd MHoroo6pasus. Hanpmumep, suiue
Mbl BHACAH, YTO 3ilaeposa XapaxtepicTHka cepot 7 (S*) pasua 2.

3anauva 5 Hailinute silneposy XapakTepHCTHKY Topa, Kpeuieasi W cdepu ¢ A pyu-
Kamn (puc. 245),

Orger. 0, —2, 2—2n.

3anaua* 6. Ilepenecure peayantatel 3amau 2, 3 co cdepul Ha Jwo6oe AByMepHOe
KoMnaxkTHoe MHorooGpasue M:

mo—m, Fmy=ap—a; +ou=y (M).

7. OGocnosanue. [lainm Tellepb TOUHOE OMNpefelieHue wucaa 060poToa
BEKTOPHOro MoJsl.

ITyctb v — rnaaxoe BexTopHOe moje, 3ajaannoe B obiactu U nuaockocTn
¢ KOOpAMHATaMH (Xj,X2) CBOHMH KOMOoHeHTaMmu vy (X, X2), v2(xy, X2).
Cuctema KOOPAMHAT (Xi, X2) 3afaeT Ha IIOCKOCTH OPHEHTALHMIO H EBKJAH-
ROBY CTPYKTYpY.

Brikunem u3 o6aactu U ocofble TOukd nons u 0603Haan OCTaBLIYIOCA
obaactb uepes U’. 3anaanM oro6Gpaxenne objacTh U’ Ha OKpYXHOCTb
popmyaoit f: U’ —S', f(x)= i(—\—)—
lo ()

Ato orobpaxenHe raafkoe (Tak Kak Mbl HCKAIOYHIH 0cOGble TOUKH
noas). Pacemorpum kakyo-uubyab Touky x obaactw U’. Ha okpyxHocTu
B OKpPECTHOCTH 06pa3a f(x) TOYKH X MOXKHO BBECTH YrJIOBYIO KOOPAHHATY @.
Mbr nonyuaem Torja onpefieieHHYIO B OKPECTHOCTH TOUKM X FJIAJKYKO Belle-
CTBeHHYI0 GYyHKUHIO @ (X1, X2).

Cocuntaem ee noauslit auddepenuuan. MUmeem npu v, 40

do=d arctg 2:%. (n
Ui v|+02
JleBas uacTb paBua npasoit u npn v, =0, v2£0. Urax, xora cama dyHx-
IHA @ ONpejesieHa TOMBKO JIOKaJbHO M TOJBKO C TOUHOCTBIO 10 npubasie-
HHSL KpaTHOro 2m, ee jauddepeHuuan ecTh BIOJHE OnpedeseHHana TMaiKas
audopepenunanpiaa gopma Bo Bcedt obaactn U/, Mpt Gynem o6o3Hauarth
3Ty opmy uepes de.

Onpenenenue. Hnlekcom OpUeHTUPOBAHHON 3AMKHYTOL Kpueoi

y: S'—> U’ uaspiBaetca unterpan ¢opmul (1) mo KpuBo#H 7y, MoxedeHHbi

Ha 2 I
i = . 2
indy 2n®d(p (2)

Tenepp Mbl MOXeM aKKypaTHO JOKa3blBaTb NPHBEJEHHBIE BbILIE TEO-
pemol. Jlokaxkem, Hanpumep, TeopeMy O CyMMe HHIeKcoB (cM. m B).
HokasateabctBo. [lycte D — obaacte ¢ rpanuueit S, BHYTpH
KOTOpofl faHHOe noJe v MMeeT KOHEuHoe yucjo ocobuix Touek. O603HAYUM
uepes [’ o6nactb, nonydeHHy U3 D BBIKHABIBAHHEM MaJblX KPYroBbIX
OKpecTHocTe#t ocoGuix Touek. Torma rpanuna D’ ¢ yueToM opHeHTauHil

ecTb dD’:S—Z Si, rae S; — OkpyXHOCTb, 00X0AsiULaf BOKPYT i-# ocoboii

]
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TOYKH B MOJOXKHTENALHYIO cTOpoHY (puc. 270). Ilpumenum Kk obaactu D’ u
unterpaay (2) dopmyay I'puna. Tlomyunm

fo=4 dg—2.§ do.
J/ i S

Cnesa croutr 0, Tax kak ¢opma (1) JOKaJbHO ABJAAETCA MOJIHBIM AHG-
tdepennnanom. Bsuay onpeneneruss (2) nosnyuaem indS=73indS; uro
1 TpefoBasoOCh IOKa3aTb.

3anaua* |. Jokaxunre, yro HHAEKC 3aMKHYTOH KPHBO# — Iejoe 4HCHO.

3aagaua* 2, TlpoBecTH nOMHOCTBIO JOKa3aTe/bCTBO yTBep:Kaenuit nm. 1, 2, 3, 4.

8. MHuoromepnblil cayuail. MuoromepHoe 0606LieHNe NOHATHA uuCcA0 06O~
pOTOE@ HA3LIBAETCHA CTEINeHbIO 0TOOpaXKeHHS.

Crenedb oro6paskeHHsl — 3TO HHCAO NPoOGPa3oB TOUKH € .y4yeTOM 3Ha-
KOB, ORNpejeJsieMblx opHentanuamu. Hanpumep, crenens ortoGpaxeHus

¥y 4Y¥
Puc. 270. O6aacry, & kotopoll npit- Puc. 27}, OroGpaxeune
mensiercs Qopmyaa [puna. cTeneHn 2.

OpUEHTHPOBAHHOIl OKPYXHOCTH HAa OPHEHTHPOBAHHYIO OKPYMHOCTL, HApH-
copandoro Ha puc. 271, paBHa 2, Tak KaK UHCJIO NPOOGPAa30B TOUKH Y,
YUHTBIBAA 3HaKkH, paBHo |41 —1+41=2.

Yrto6nl AaTh ofulee ompeieieHHe, MOCTYNAeM CJEAYIOLHM OGpasoM.
[Mycte f: M{— M3 — rnankoe oToGpakeHHe OLHOFO H-MEPHOTO OpPHEHTH-
poBanHOro Muoroofpasua ua gpyroe Takoe e. Touka x&M{ mHoroo6pa-
3us1-npoo6pasa Ha3LIBAETCS pPeeyAapHOL TO4KOL, €CAH TNPOU3BOAHAA OTO-
Oparkenvs [ B TOUKE X €CTb HEeBLIPOKAEHRLIN JWHEAHbIA onepaTop [ T .Mt —
- TyyMi.

Hanpumep, Touka x Ha puc. 271 peryaspsa, a Touxka X’ HeT.

Onpeneneune. Crenensio orobpamenus [ 6 pesyraprol Touke x
Ha3piBaeTcst ucao degyf, paBHoe -+! uaw —1 B 32BHCHMOCTH OT TOTO,
nepeBoAHT AH f., 3ajaHHYI0 opueHTaumuio npocrpancrsa T, M| B 3ananuyio
OPHEHTALNIO NPOCTPAHCTBA Tj(yM% HIH B NPOTHBOMOJNOKHYIO.

3angaua 1. Jokaxure, UTO CTeneHb JHuHeliHOTO aB"'l;OMOpcbl/lama A: R*—> R”
BO BCeX TOUKax oaunakosa H pabHa deg,A==sgn det A=(—1) ~, rae m._ — xonuuecrso

COGCTBERHEIX ykcea onepatopa A ¢ OTpHIATENbHON BelWeCTBEHHOH uacThio.
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Banaua 2. Mycrs A: R® > R” — nuuefinnit asromMopdusM B €BKJIHAOBOM TNPOCTPaH-
crBe. Omnpenenum oTobpaxenue efuHHyHoil chepnt Ha ceba dopmyaoir [ (x)=A (x)/]1Axl|.
Haiitu crencus oTo6paxenus [ B Touke X.

Orger. deg, [ =deg A.

3agaua 3. Iycrs f: 8"~'— §"~' — oto6paxenne, nepeBoAsiiee KAMKAYIO TOUKY
cdxepm B LuaMeTpaabro I‘IpOTHBOnOJ‘.O){(HyIO, Kakosa ero creneub B TOUKe x?

Orser. dege f=(—1)".

3apgaua 4. Ilyers A: C"—C" — C.nuueitunlit apromopdusm. Haiitu crenensn ero
OBELICCTBIIEHHS, RA.

Orger. F1.

Paccemorpum tenepb Kakylo-HuOyAb TOUKY y MHOrooGpasus-oGpasa Mj.
Touka ye M$ uasbiBaeTCs pecyaapHolM 3naqeruem oTobpascenus f, ecnu
BCe TOUKH ¢e MOoJHOro npoo6pasa [~ 'y peryasipusl. Hanpumep, Ha puc. 271
TOYKA y ABJSETCH PeryJsipHbiM 3HAUEGHHeM, a TOuka Yy HET.

[Ipeanonoxum Tenepb OOMONHHTEJBHO, YTO HAWM MHOrooGpasus M
# M} komnaxTHbl M CBA3HBL. Torga Hmeer mecTo

Teopewma.

1. Peeyarnprole 3Hauenus CyuyecT8yior.

2. Yucao rouex npoobpasa peeyasapHoz0 3HAYEHUS KOHEUHO.

3. Cymma creneneti oTobpaxcenus 80 scex Toskax npoobpasa pezyaapHo-
20 3HAUEeHUS He 3ABUCUT OT TO20, KOKOE UMEHHO PecyiapHOe 3HAUeHUe Mbl
paccmarpusae.

JloKa3aTesbCTBO 3TOH TeOpeMbl JOBOJABHO CJAOXKHO M He Oyler 3/ech
HPHBOAUTHLCS; OHO MMeEeTCsl B yueOHHKAX TOMOJOTHH *).

3ameuanue 1. B 1eHCTBUTEJbHOCTH pErYJsIpHBIMH 3HAYEHHAMH
SBJAIOTCA MOYTH BCE TOUKH MHOroo6pasus Msi: Heperyasipuble 3HAUCHHA
o6Gpasyior MHOXecTBO Mepbl O.

Sameyaunue 2. YeaoBHe KOMNAKTHOCTH CYIIECTBEHHO He TOJBKO
A1 BTOPOTO, HO M JUIA TPeTbero yreep:xiaeHus Teopembl. (Paccmorpute,
HanpuMmep, BAOKEHUE OTPHLATENLHON MOJYOCH B UMC/IOBYIO NPSMYIO.)

3ameuanue 3. Udcao Ttouek npoobpasa (6es ydera 3HAKOB) A
Pa3HLBIX PEryJsipublX 3HAUeHHI MOXKeT ObiTb PasHLIM (Hampumep, Ha puc. 271
y 3HauenHsl y MX UeThlpe, a Y 3HAueHHA y” Bcero jpa).

Onpeneanenue Cymma cTeneHejt oro6pazkeuus [ BO BCeX TOYKAX
npoo6pasa PperyJsipHOro 3Ha4YeHHA HA3LIBACTCS CTENEHLIO OTOOPAMenuUs:

deg f:z deg, [
xef 'y

3anaua 5 Hafitu cremespr oroGpaxkenusi oxpyxHoctu |z| =1 Ha cc6dA, 3alaHHOro
popmynolt f(z)=2z", n=0, 1, x£2,...

Orser. n.

3anaua 6 Halitn creneHp oTo6parieHHR eAHHWYHON cdeprt B eBKAHAOBOM NPOCTPaH-
etse R” na ce6sa, sapaunoro Qopmynoil f(z)=Az/1Az|, rae A: R" - R" — 1eBbIpoXIeH-
HbtA JuHeliHbI onepaTop.

Orger. deg f=sgn det A.

3anaua 7. HafiTu creneHp OTOBpaieHMA KOMNAGKCHOH npoexTusuoit npsmoit CP!
Ha cebs, 3anasuuoro gopmynofi a) f(2)=2"% 6) f(z)=z".

Orger. a) n;, 6) —n.

*) Cm., nanpumep, «OcoGennocTd nHdepeHuupyemblx otobpaxenuii» (M. Mup, 1968,
crp. 38—40).
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3anaua 8. Haiitn crenens oToGpaxenns kommiekcuoii npsmoi CP' Ha cebs,
33J8HHOTO MHOTOYJICHOM CTEMCHH 1.

Orger. n.

3anaua* 9. Jlokaxure, HTO MHAEGKC 3aMKHYTOH Kpusoi y: S'— {7, onpejeneHubii
B n. 7, COBMajaeT CO CTENEHbIO CJeAYIOUIero OTOGPa’keHHsl i OKPYKHOCTH Ha OKPYXHOCTh.

Mycrs f: U'—8' — noctpoeniioe B N. 7 ¢ NOMOWLbIC BeKTOPHOFO noas v B oGaacty U’
oto6pamenue. INonoxum h=foy: S'—S'. Torna

ind y=deg h.

Onpenenenne Hndexcom usoauposannod ocobol rouku 0 BekTop-
HOTO 1104151 ¥, 3aJ1aHHOrO B copepxxkauieli 0 o61acTu eBKIHAOBA NPOCTPaHCTBA
R", HaspiBaeTCA crenenb COOTBETCTBYIOUIErO MO0 OTOOpaXkénusi fi cdephl
maJjoro paauyca r ¢ uedntpom B Touke 0 Ha ce6s. Orofpaxenue h:
rv(x)

o ()]
3anaua 10. I[Tycts onepatop v,0 NHHEHHON YacTH noass v B TOouxe 0 HeBLIPOXKAEH.

Toraa nnpexkc ocoboii Touku 0 pagen cTeneHH 5Toro onepaTopa.

3apaua 1. Haitu uugekc ocoGoli Toukn O moas B R, cooTseTcTylowiero ypasiie-
HHIO X= — X.

Orger. (—1)"

TlousiTue cTemeHn no3BoJsfer C(}bOpMlel’IpOBaTb MHOroMepHble aHaJOorHd
PacCMOTPEHHBIX BbILIE€ ABYMEDHBLIX TEODEM. ﬂoxasamﬂbcma MOXXHO HalTH
B yqe6HHKax [0 TOMNOJOTHH.

B uacTHoCTH, cymma uHOexco8 0C0bbLx TOUEK BeKTOPHOZO NOAS HA
KOMNGKTHOM MHO2006paduu a060il pa3mepHOCTU He 3a8ucuT OT goibopa
noaa u onpede/merc;z cgolcream camozo
MmHO2006pasun. DTO UMCJO Ha3biBaeTca 3iae-
posoil xapaKTepucTikol MHOrooOpasHs.

YroGbl BbIYHCAHTL 3ilACPOBY  XapakTe-
PHCTHKY MHOroo0pasusi, AOCTATOYHO HceJe-
J0BaTh 0cobbleé TOUKH KAaKOoro-HubGylb OJHOFO
nuddepeHuasbHOrO ypaBHeHHs, 3a8JaHHOTO
Ha HeM.

3anaua 12, Haiitw silnepopy XxapaKkTepHCTHKY
cepst ", npoextusHoro mpoctpaucrsa RP", Topa T".

Orger. % (S8")=2y (RP)=1+(—1)", % (T")=0

Pewenue Ha rtope usoGoit pasmepuoctu ecThb
Angdepenunansuoe ypapuenie 6e3 0cofblX TOUCK (CM.,
Puc. 272, Jlunecapusaums ﬂ"(bfb“gcn- tanpuMep, § 24, n. 5), nostomy 3 (7")=0.
uuaasHoro ypasueuna na cepe sOaN- o n .

I €10 0coBLIX TOUCK. Slcwo, uto % (S )= 2’{ “P ) %e“CTB”TeﬂbHO'

paccmoTpim  otobpaxcenne p: S" — RP", nepeBoasuice
Kaxayw Touky chepul S"c R"*' B NPSIMYIO, COCAHHSIOULYID ee ¢ Haualom Koopanuat. Oro-
Gpaxcune p Aokatbo anddeomopdro; npu sTOM Npoobpaz KakAOH TOUKH NPOCKTHBHOIO
NpOCTPanCTBa — 37O ABE AHAMCTPAAbHO  [NPOTHBONCAOKHLIE TOUHKH C(t}@pbl. CJ!CAOBJT(’JH:HO,
BCIKOC BekTOpHOC node na RP® onpegennt ua S" noae ¢ piasoe 6oJbLUMM YHCIOM 0COGRIX
TOUCK, MpHUEM HHACKCH KaXAOW M3 ABYX NpPOTHBOMOJOKHBIX OCOBLIX TOUCK Ha cdepe Oyayr
TAKHE JKe, KaK HIACKC COOTBETCTBYIOWCH MM TONKH B MPOCKTHBHOM NpPOCTPAHCTBE.

Hrobol cocuntats % (S"), 3aganum cdepy ypasnenneMm x3-4 ... +x3=1 B eBkiuz0BOM
npoctpanctee R”t! u paccmotpum Qynkumio xo: S*—R.

CocrasuM puddepenunanbhoe ypasueune na copepe

§'1 > 8" 8" '={xeR": |x|=r} 3anaetca dopmysoi h(x)=

x=grad xo
W HCCleAyeM ero ocofble ToukH (puc. 272). Bexrtopuoe mnone grad xo o6pawmaerca B 0
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B ABYX TOUKaXx: B ceBepHOM noawoce N (xo=1) u B 1oxHoM S (xo=—1). Jluneapusysa and-
(epeHuHa bHOE YDPABHEHHE B OKPECTHOCTH CEBEPHOTO N IOXKHOrO MOJIOCA COOTBETCTBEHHO,
MOYYHM YPABHEHHS

t=—% E=R'=T,S" n=1 n=R'=TgS"

CaejoBaTe/1bHO, MHAEKC CeBepHOTO nogioca pased (—1)", a toxuoro pasen (4 1),
snanut, ¥ (S)=1-4(—1)"

B uacTHOCTH, OTCIOAA BLITEKAET, YTO O6CAK0E BEKTOPHOE NOAE HA HUETHOMEPHOL cpepe
uMeeT xoTb 00HY 0CO6YIO TOUKY.

3apnaua 13. Moctpouts Ha HeuetnoMmephoil cdepe S?°~' pexrophoe nose Ge3 ocobbix
TOYCK.

Ykazauue. Pacemorpers Anddepenunansioe ypabueHue BTOPOro MOPAAKE ¥= —X,
xR )



IIporpamma 3aksamena

1. Teopema o Buinpsimaenun (§ 7, nm. 1, 7) u ee moxasarteancrso (§ 32, m. 5).

2. Teopembl 0 cyulecTBOBaHHH, eAHHCTBEHHOCTH K Auddepenuupyemoctd (§ 7, nm. 2—5
u § 31, mn. 1—8; § 32, nn. 1—4). Cxartbie oto6paxenunss (§ 30).

3. Teopema o nponosxennn (§ 7, n. 6) 1 Teopema © TOM, UTO BEKTOPHOE NOJIC HA KOM-
NaKTHOM MHOTOOGpa3un 3anaer ¢asobbil motok (§ 35, an. 1--3).

4. ®asoppie KpHBHE aBTOHOMHOR cicTembl. TeopemMa 0 3aMKHYTHIX ()a30BEIX KpPHMBHIX
(§ 9.

5. Ilponsponnas no HampaBJEHHIO BEKTOPHOTO MOJs M nepBble Huterpaawt (§ 10, § 12).

6. DxcrioHeHTa JHHefHOro oneparopa. JKCNOHeNTA KOMMAEKCHOTO UMCAA H 3KCNQHEHTA
)KopnaHosoit kiaetkn (§ 14; § 15, nn. 4, 5; § 25, n. 1).

7. Teopembl 0 cBA3H (a30BLIX MOTOKOB, JHHEHHBIX ypaBHeHHH, OAHONAPAMETPHYCCKAX
rpynn AnHeHHbIX npeo6pasopannii u skcnoxedT (§ 4, nn. 2—4; § 13, nn. 1—3; § 15, no. 1—3).

8. Cpf3b ompenennTens, skcnoHenTn W caena. Teopema Jluysnaaa o6 onpegeantede
Bpouckoro (§ 16; § 18, n. 4; § 27, n. 6).

9. Knaccudnkanua ocobuix Touek JHHeHRBIX CHCTeM Ha MIOCKocTH (§ 2, nm. 4, 5;
§ 17, n. 2, § 19, n. 4; § 20, nn. 3—35).

10. Peuwlenne nHHCHHBIX OAHOPOIHHKIX AaBTOHOMHBIX CHCTEM B KOMIWIEKCHOM H BEWICCTBEH-
HOW 06/1aCTH B Cayuae NPOCTHIX KOPHEf XapaKkTepucTHueckoro ypashenus (§ 17, n. [; § 18, m. 5;
§ 19; § 20).

11. Peuesune annelHbIX OAHOPOAHLIX ABTOHOMHBIX YPABHEHHH H CHCTEM B Cydae KPaTHBIX
KOpHeH XapakKTCPHCTHUGCKOTO ypamHends (§ 25)

12. Pelwenne NuHeNHBIX HEOAHOPOAHEIX ABTOHOMHBLIX YPaBHEHHH ¢ NpaBoii 4acTbl0 B BHAE
CyMMBl KBa3umuorousenon (§ 26).

13. Jluneiinbie OMHOPOAHbIE HEaBTOHOMHBIE YpaBHeHHR H cHeremel. Onpeapcanrens
Bponckoro. Cayuait nepuoanyeckux kosdpduumnenton (§ 27 u § 28, n. 1).

14. Pemenne nuHefiHbIX HEOLHOPOAHLIX YpPaBHEHHH € MOMOLIbIO BApUALUH NOCTOSIH-
HuX (§ 29).

15. Teopema 06 yCTOHUMBOCTH MO JuHeliHOMY npubamxendro (§ 22, nn. 3—35; § 23).

16. ®asobble KpuBble JiHHEHHOTO ypaBHEHUS C YHCTO MHHUMBIMH KOPHSIMH XapaKTepuCTH-
4eCKOro ypaBHeHHA. MaJble KonleGanuf KoHcepBaTHBHBIX cucteM (§ 24 un § 25, n. 6)



OGpasupl 3K3aMeHAUUOHHBIX 3aAa4 *)

1. Jlast OCTAHOBKH PEUHLIX CYJOB Y TMPHCTAHMU C HHX C6PACHIBAIOT KaHAT, XOTOPbiff Hama-
THIBAIOT HA CTONG6, crosmufi Ha npuctaud. Kakas cuna Oyaer TOPMO3HTb CYAHO, eCaH KaHaT
neqaeT 3 BHTKA BOKPYF cTo/6a, KosddHUHEHT TpeHus kanata o croa6 pasen 1/3 u paGounit
Ha NPHCTaHM TSHET 3a cBOOOAHHI KoHen KawaTa ¢ cuaoit 10 xre?

2. HapucosaTs Ha MOBEPXHOCTH LHAMHAPa (asoBble KPHBbIE MafATHHKA, HA KOTODbI
JeHCTBYET NMOCTORHHBIN KPYTALLHA MOMEHT:

x==1+42sin x.
Kakue NBHKEHHS MasTHHKA OTBEUAIOT KDHBHIM PasublX THNOB?

At
3. BuuUCAHTL MaTpuuy ¢, rie A — JaHHas MaTpHIa BTOPOTO WJIH TPeTbCro MOPsAKA.
4, Hapucosath o06pas kBappata |x|<C1 npu npeoGpasosanui (a3osoro mnoToxa
cHCTEMb

)21=2x2, );2=)(1+X2
3a Bpema f=1.

5. CKONLKHMH NecSATHUHLIMM 3HaKaMH 3aMUCLIBAETCH COTHII WIEGH NOCAeAOBAaTEbHOCTH
1,1, 6, 12, 29, 59, ... (xp=xsc1+2%—atn, xy=x2=1)
6. HapucoBaTb $a3oByi0 KPUBYIO CHCTEMBI
f=x—y—z, y=xs+y, =34z

npoxoasulyio uepes Touky (1,0,0).
7. Haiitit BCe @, B, ¥, NPH KOTOPbIX TpH (GyHkuuu sin af, sin i, sin pf aunefiuo 3aBUCHMEL
8. HapucoBaTb Ha IIOCKOCTH (X1, X2) TPAeKTOPHIO TOUKH, COBEPIIAIOLLCH Mable KoeGaHus:

Y= —0U/dx;, U=(527—8x1x245x3)/2.

Hauanbuuie yeaosusi: x, =1, x3=0, Xl =x7 =0.
9. Ha nepponauanbid MOKOMBLWHICH MAaTeMaTHYeCKHi MasTHUK AdHubl 1 M W BecoM | kre
B TeueHuwe 1 ¢ pelicTBomana ropusouTasbHas cuaa 100 r. Haliru amnautyay KoneGauui,
KOTOpHlE YCTAHOBATCH MOCJe NMpPeKpalleHus NeHCTBUS cuabl (B ).
10. HcenenosaTh, YCTORYHBO JM MO JIANYHOBY HYJEBOE PCLICHHE CHCTEMBI
{ Xy =x2, 0 { 0,4 npu 2kn<{f<<(2k+1)m,
. © =
o= — i, 0,6 npu (2k— 1) n<{{ << 2km,
k=0, 1, x£2, ..
11. Haiiti Bce 0cobble TOUKH CHCTEMBbI
r=xy+12, yg=x"+y°—25.

MccnenoBath WX YCTOHYHBOCTh, OMPEAMHTL THNH OCOBBIX TOUEK H HapHCOBaTh (hasobbie
KpHBEIE.
12. Halith Bce ocoGule ToukH cucTeMbl Ha Tope {{x, y) modd 2n }:

f=—siny, y=sinxtsiny.

*) Bo Bcex uHC/0BBIX 33fayax AOAYCKaeTcsl NOrPEelHOCTb B 10—20 9% orsera.

263
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Hecnenosats nx ycroilunsocTs, onpefefuTh THMB OCOOLIX TOUCK K HAapHCOBATL (ha30BLIC
KpuBble.

13. V3 skcnepumenTa H3BECTHO, YTO MPH MPeNOMJEHHH CBeTa Ha rpanule pa3jlena ABYX
CPeA CHHYCL yrJaoB, 00pa3oBaHHLIX NafAOWIHM H NPEJOMJACHHBIM JyuaMH ¢ HOPMaiblo
K TIOBePXHOCTH pasjesa, oOpaTHO NpPONOPUHOHAJLHB TNOKa3aTesM NPeJOMACHHS Cpea:
ny sin o) =n; sin o,.

Haiitn dopmy cperoBhx nyueil Ha miockocTH (X, y) ¢ NokazartedeM npesomaeHus 1 (y).
Pacemotpers caysait n (y)=1/y (8 nonynaockocTh y>>0 ¢ TakuM NoKasaTeneM MpPENOM-
JeHus peasusyercs reomerpuda JloGaueBcKkoro).

14. HapucoBaTb AyuM, BHXOAAULME NO Pa3JAMUHBLIM HANPABJAEHHAM W3 Hauaaa KOOPLH-
HAT Ha TNOCKOCTH ¢ nMokasaTedem npenomaenus y* —y 1.

Pemenue 310ft 3anaun ofbacusier ABaenue mupaxa. [lokasaTenb NpesoMJeHHA BO3ayXa
HAJ NYCTLIHEH HMeeT MaKCHMyM Ha HEKOTOpPON BHICOTE, TaK Kak B GoJiee BLICOKHX H B Gojee
HA3KHX TropsiduX ¢J08X BO3AYX GoJsee paspeeH, a N0KasaTesAs NpeJoMJeHHST 06paTHO
nponopuuonancn cxkopoctd. KoncGaunus ayya BOAHSH C/I0A ¢ MaKCHMaJbHBIM 3HauyeHHEM
NOKa3aTeasl NPeJOMJECHHS W BOCOPHHHMAIOTCH KaK MHPaX.

Ilpyroe spienne, oGbAcHAEMOe TEMH Ke KoMeBGaHHsiMH Jyua,— 3BYKOBO KaHal B oKeawe,
N0 KOTOPOMY 3BYK pAacnpoCTpaHserTcs Ha coTun KuaoMmeTpoB. Ilpuumna 3toro siieHus —
HIpa TeMmOepaTypbl M JaBjcHUsA, NPHBOAALLAN K O6PA30BAHHIO CJIOS C MAKCHMAJbLHEIM MOKa-
3aTejeM npejomaeHdsa (T. e. MHHHMAJbLHOH CKOPOCTbIO 3ByKa) Ha ray6ume 500— 1000 m.
3pyKoBOit Kanan MoXHO NCHOAL30BATb, HANPHMEDP, NS NPEAYNPEXKACHHS O LyHAMH,

15. Hapucopars reoncauueckne Ha Tope, MOAb3ysich TEOpCMOR Knepo: npoussegenne
paccTofiiuAd 10 OCH BpaleHHSi HA CHHYC YNJa TeOJIe3HYECKOA ¢ MEpHAHAHOM BAOAb KaK1Oi
FCOIE3HYECKOH HA MOBEPXHOCTH BPALUCHHSI MOCTOSHHO.

16. Brinpamuth azosbie KpHBbie ypapHeHHsl L==X—x? B OKPECTHOCTH TOYKH x=0, x=1.

17. BoInpAMATbL HHTErpasibible KpHBhle ypasueius X=x-cos I

18. BeinpsmuTtb none HanpasieHuit ypaBHenus x=yx4-fe'.

19. Bumpamurs none $hasooil ckopoctH ypasuenns f=x BGAH3H TOuKH x=0.

20. B kakux KOOPAHIATAX PA3AeAAIOTCH NEPeMEHHble B ypaBHEHHH

dy/dx = x? - %%

21. Pewnth ypasrenue i=x-§ (t—2
22. Halttu npoussonnyio pewenns ypabHends x=x'+Ax® ¢ HauaJbHbiM ycJI0BHEM
x(0)=1, x (0)=0 no A npu A=0.
23. Haiitu coGcTenHnie uMc/ia H BEKTOPbH OMEPaTopa MOHOAPOMHH 2n NePHOAHYCCKOrO
pelicis ypaBucus X — x=sin £.
24, Pewntb ypasucnie x=Afx-Fx, rie A: R" - R* — junedinbiil oneparop.
25. Moryt nu oncpatopsl A M B He KOMMYTHPOBATb, €C/IH

At =F?

26. Haiiti BCe He 3aBHCAlIKE OT BpEMEHH HCMpepulBHbIe Ha Beell (asosoil nmaockocTH
NEPBLIC HHTErpanbl CHCTCMHL X =y, §=Xx -+ 4.

27. Yncaa 1 u i— coGersennsie ata A: R*—>R®. Wmeer au ypasnenne x=Ax nenpe-
puiBivie 8 R® Henoctosmubie neppuie HHTCrpanbl?

28. Unena | u —1 — coberpennsie a1 A: R*->R% Hmeer an ypanueune x=Ax nuenpe-
puiBibe B R? Henocrosunble nepeble HHTerpadn?

29. Pewnts 3agauy Koum

Xurtuy==0, uly.o=sinx.

30. Ypasneumne xXW=F(t, x, .., 5"7") umeer peusettits t u sin . Onpeneants n.
31 Tpoaoaxalotca au pewennst ypasticuna x=x> sin x ua scio och Bpemenn?
32. Tpopoialoress au  Bee  peweuns ypasuesnsi HpiotoHa i= —grad U, U=xi{+

+x1xs+ %8, weorpaunucnno?
33. TlporoaskaloTesl M HEOTPAHHUCHIIO BCE PELICHNST YPaBHEHH:A

F=142sinx?

34. MoxeT AR nodoxcuue paslosecHst ypanuenns Hbiotona 6biTh yCTOHUYHBBEIM 1O Jany-
HOBY, He OYAyuH TOUKOH JIOKAALHOrO MHHHMYMA NOTCHUHAALHOH 3Hepruu?
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35. Moxer JH TEpPHOAHYECKOE pelueHie aBTOHOMHOW CHcTeMmbl, H3o6paxkaemoe Ha da-
30BOH MJIOCKOCTH MPEACbHLIM UHKJIOM, GbiTh aCHMNTOTHUECKH YCTOHUHBLIM?

36. MoxeT Jin MepHOAHUECKOe peluelHe AaBTOHOMHOH CHCTCMBI GbITb HEyCTOHUMBBIM MO
JlanyuoBy, eciu Ha $a3oBoil NJOCKOCTH OHO H306pa)kaerTcd NPelesbHBIM LHKIOM, HA KOTO-
pblil CHADYXM M HM3HYTPH HAMaTbiBAIOTCA CMHPANLHO NMPHUOAHKAIOIMCCS K HHKAY NDH ABHXKC-
HHW B HANpDaBJeHUW BO3pacTalus BpeMenH (a3oBLIE KPHBbie?

37. MoxeT sn ueyctoliunBoe no JianynoBy MONOXEHHE pPaBHOBECHA CAEIATLCT nocae
JMHEAPH3AUHH YCTONUHBLIM?. ACHMATOTHUCCKH YCTOHUHBBIM?

38. MoxeT M aCHMNTOTHUCCKH YCTOHUHBOE [MOJOXKEHHE paBHOBecHd CTaTth Heycroli-
YHBLIM No JIAnyHOBY nocje JHHeapH3awuu?

JLonoaAHUTENbHbIC 3a8aun

1. MiMeer Jau orpaldueHnbie Ha BCEH OCH BPEMCHH HENyJeBble pEUIGHMH YpaBHeHiHe
B BapHAUMAX AAA YPABHCHHSI X= ~-SiN X BAOAb pelleHHs] C HA4ajbHBIM YCJaOBHeM Xx9=0,
Xo=2?

9. Umeer AW HCOrpPaHHUCHIILIC PCIICHHS ypPaBHEHHE B BaPHAUMAX BAO/bL PeIIEHH ¢ Ha-
uanbHEM yeaoBieM xg=0, xo=1 Toro e ypasiecnus?

3. Pelwntb ypaBleHse B BapHauusx sagaud 1.

4, Halith COGCTBCHHLIC 4HCAa W BEKTOPHl ONCPATOpa MOHOAPOMHH JASl ypaBHeliMs B
BapHauuAax 3agaun 2.

5. Haiith npoussomuyio 2m-nepHORHNECKOro pPELICHHS YypPaBHEHHs! X4 sin x=¢ cos t, 06-
pawaiowmerocst npu e=0 B x==m, 0 & npu e¢=0.

6. Haiitu nauGoabiuce suaucuue f, npH KoTopoM pewmenne sagaud Kown

it ut= —sinx, #l;—g=0

npogoaxaerca ua [0, f).

7. Haiiti BCe KOHCUHOMEPHBIC TNOANPOCTPAHCTBA MPOCTpaHcTBa OGecKoHeuHo-AHpdepeH-
UHpyeMBIX YIUKUHA HAa TPAMOH, HHBAPHAHTHLIC OTHOCHTE/NLHO BCEX CABHTOB RPSIMOIL.

8. MycTb ¢Gyukuus © HMeeT B HyJde 2-kparblit  kopenb. Jlokaxkute, 4TO ypaBHe-
une x==v (x) AUPGCOMOPHHIMOM OKDPECTHOCTH HYAl NPHBOAHTCA K BHAY y=y’+Cy* (no-
crosnnas C onpejeasercs noscm).

9. Iokaxute, uTo HyaAn AHueiiHOH KOMOGHHANMH NepBbIX 7 COGCTBeHHLIX QyHKUHH 3a-
naun Urypma — Jluysuans

vatqg@u=hy, w0)=u)=0, >0

neaat orpesok [0, /] ne Gosee uem Ha n vacteil.

Yrkazauune (WU M. Teavdpann). Tlepefitn k Pepmu-yacTiuaM, T. €. K KOCOCHMMCTDPH-
HECKHM  peleHHsiM  YPaBHEHH } uxy-+) q{x)@=MAu, M BOCNOJbL3OBATLCA TEM, 4TO €ro
nepsasi cofcTBeHnas (QYHKIUSE HE BMeeT HyJel BHyTpH QYHAAMCHTAJLHOTO  CHMILIEKCA
0<x << ... <x,<Cl

10. (H. H. Bayrun). Jokaxure, uro oGoGiennas cicrema Jlotka — Bonbteppa

i=x(a+ketly), g=y(b+mx+ny)

HE HMEeT MNPCAEBHLIX UHKJIOB: €C 3aMKHYTble HETOuCuiule (asoBbIC KPHBBIC, KOTAA OliH ecTh,
3AMOAHAIOT HEJAHKOM KoablleoGpasHueie 06aacTH.

I'l. PaccMoTpum  JABHIKCHME MaTepHH 110 OKPY)KHOCTH TNOA JciicTBHEM NepeHoca noJjem
ckopocrell 0 masoll anddysun. [loxakurte, UTO €CJH MNOJe CKOPOCTeR HMEET CTalMOHAPHbIC
TOUKH M OGEro HONOMCHHSA, TO NOUTR BCA Macca cofepeTcs B KOHIG KOHIUOB B OKpecT-
HOCTH OJIHOI M3 NPUTAMHBAIOWIMX TOUEK.

[Yp&BleHHEe 5BOMIOUNH [JOTHOCTH: &= glt;— (1V)y, TAe v0/0x — noac cxopoctell. Ha na-
KpHlBAOWCH OKpyunocTh npsiMoil noje notenunansho: v= — U, Ecan noxe ckopocreit no-
TEHUHANBHO, T. €. ¢yukuuss U nepnoanuna, TO CTauHoOHapHOe peulenHe jaetcs pacnpeje-
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nenueM ['n66ca
I u(x)=Ce= UVt

[pu manwix € 570 pacnpejefeHHe cocpeoToueHo BOIH3M MUHMUMYMa NOTEHUHANA.

Ecmn dynkuua U crpemutes X — 00 HA — oo, TO CTAalHOHADHOE DeUIeHHE HMeeT BHA
X
wl)=C S dU®-Uoe gr
— 00

OHO cocpefoToueHO BOJH3H TAKOTO JIOKAJLHOTO MHHHMYMa MOTEHHHANA, A KOTOPOTO
MPEBLILICHAE MAKCHMAJbHOTO 3HAYEHHS MOTCHUMAZNA HA NOJYOCH JIeBee 3TOr0 MHHHMY-
M2 HaJl 3TUM MHHHMAAbUBIM 3HAYEHHCM MaKCHMAJbHO.]

12 (A. A. Jaswinos). Husoaoyuei wnasbiBaetcs pucbbeoMopdusM, KBaApaT KOTOPOro —
TOXAecTBeHHOe npeobpasoBanue, MHuBomouus MJIOCKOCTH HaswniBaeTcs GONYCTUMOE  OTHO-
CHTE/BHO  BEKTOPHOTO MOJs, €CJH HENMOABHIKHbHIE TOUKH HHBOJMIOUMH 0GpasyioT KpHBYIO H
NOA NeiicTBHEM MHBOJIOIMH BEKTOPBI MOJST B TOUKAX 3TOH KPUBOH MEHSIOT 3HaK.

IlokaxHTte, 4TO B OKPECTHOCTH HeocoGOH TOUKH NOASL BCE AOMYCTHMbIE HHBOJIOUHH 06-
ILEro IMOJIOKEHHS SKBHBANCHTHH (NEpeBOAATCS APYT B JPYra COXPaHAWHMH Kaxaylo ¢a-
30BYyl0 KpuByio noas nuddeomopdusmamu).

[Pewenue sTolt 3amaun poctaBaser nopMasbuylo dopmy pl=x ypaBHeHus, He paspe-
WIEHHOTO OTHOCHTEJILHO NPOH3BOAHOH, B OKPECTHOCTH HEPEry/sipHoil TOUKM OOLEro moJo-
wenust (owa uafinena JI. Jlapa w I0. Bpoxckum). Ypasuenue F (x,y, p)=0 onpepeasier no-
BEpXHOCTh B TpeXMEpHOM HpoctpaHcTee. B Heperysisipuodt Touke ee KacateabHasi mJjo-
CKOCTh BePTHKa/ibHA (KacaeTcsi ocH p). B oOKpecTHOCTH HeperynspHofl TOUKH oOfmero mo-
JIOKEHHS  BO3HMKAeT HHBOMIOUHS  (oHA nepecTaBjser GJHM3KHE TOUKM [epeceyeHHs
MOBEPXHOCTH C BEPTHKANLHOH mnpsiMol). DTAa MHBOMOUMA [ONMYCTHMA OTHOCHTELHO BEKTOD-
HOTO MOJIA, KACaTebHOTO K HHTErpasibHbIM KDHBBIM YpaBHEHHs Ra nosepxHocTH. IlpHBege-
HHE HHBOMIOUMH K HODMA/LHON (popMe SKBMBAJNEHTHO HODMANM3ALUMM YPABHEHHH JOKa/bHBIM
nuddeomoppusmom naockoctu (x, y)].

13 (npoponxenue). TlycTs HEMOABWKHAN KPHBAS HHBOJIOLHH, JONYCTHMOHA OTHOCHTE/Ib-
HO BEKTOPHOTO MO C 0COGOH TOuKOH THNA (OKYC, CEAIO HAH y3€J, MPOXOAHT uepes 0co-
GyI0 TOUKY, IPUHEM MOLYJH COGCTBEHHbIX YHCEN CELNA WIH Y3Aa PasjiHuHB.

Hokaxure, uro s0CHe ABE Takie HHBOMIOUMM 3SKBHBAJEHTHH B OKPECTHOCTH 0co60i
TOYKH, €C/H KacaTefbHBIe K HX HENOABHXKHBIM KPUBHIM B OCOGOH TO4Ke HE pasjeneHbl cob-
CTBEHHBIMH HaNpPaBJ/ieHHUSIMH,

[9ta Teopema JlaBninosa mocrasissier HOpMaabuyio dopmy (p— kx)’=y ypaBHenns ofuiero
TOJIOKEHHSA, HE PA3PELICHHOTO OTHOCHTE/BHO TPOH3BOAHON, B OKDECTHOCTH HEperyJspHOI
TOUKH, B KOTOPOH MJIOCKOCTb dy=p dx Kacaercsi nopepXHoctH F=0: %k — eguHCTBeHHLI
MOAYNb  (MHBAPHAHT OTHOCHTEJbIO AeddeoMopdH3MOB)  BOHHKAIOLICIO  «CJ0KCHHOTO  (o-
Kyca, ceana MWIH y3na», OCpPa30BAHHOTO NPOGKUHAMH MHTErpaibHBIX KpPHMBbLIX HAa IJIO-
cKocTh (x, y)].

Pewenus zanau 12—13 10CTaBAAIOT TAKKE HOPMAJIBHEIC (GOPMB coMellcTB TPaCKTOPHH
MELJCHHOTO [BHXEHHT B TEOPHH DeNaKCAUHOHHBIX KOeGaHnH O6LIero NOJOMKEeHHS Mpu
IBYX MCIJIEHHBIX MepeMeHHbiX. B 5TOH TeopHH B TPeXMEPHOM MNPOCTPAHCTBC, PACC/IOCHHOM
Ha BEPTHKa/AbHbIE MpsMble HAJd «IVIOCKOCTbIO Me[JIEHHLIX HEePEMEHHbIX» 3aJaH0 fABa BeK-
TOPHLIX 1MOJIs: 0AHO  («OBICTPOE») BEPTHKANbHO, a APYroe («BO3MYILAIONIEE») MPOH3BOALHO.
Hynn Gbictporo noss o6pasyioT «MeANEHHYO NOBEpXHOCTB». [liockocTd, HATsHYTHE Ha
BEKTOPb 00OHMX Mo/ied, BLICEKAIOT HAa MeAJEHHOH NOBEDXHOCTH MOJE HANpPaBJACHHE <«MeleH-
HOro JBHMeHHs». Peub HEeT o cemeficTBe npoexuuit HHTErpajbHbiX KPHBBIX 3TOFO O/
€ MEJJIEHHOH NOBEPXHOCTH HA MJIOCKOCTb MEAJIEHHBIX MepeMEeHHBIX.

KpuTHueckue 3HAUEHHA MPOEKTHPOBAHHS ME[JIEHHOH TOBEPXHOCTH HA ILIOCKOCTb Med-
JIEHHBIX flepeMeHHbIX 00pasyiorT (B CHCTeMe OOIIEro NOJOXKEHHA) AHCKPHMHHAHTHYIO KPHBYIO
C OTHCNbHBIMH TOYKAMH BO3BpaTa. B OKpecTHOCTH oOuiefi TOUKH 3TOH KpHBOH CceMelcTBO
npoekunfi  audppeomopduo cemedicTsy nonykyGuuecknux napabon (y—c)’=x° (310 caenyer
H3 HOpMaabHOH ¢opmn 3agausn 12). B OTAGABHBIX TOMKAX MIALKOCTH NHCKPHMHHAHT-
HOH KpuBOHl cemeficTBO npoekuuii Axddeomopdno cnoxendomy (oxKycy, CEANY MM y3ay
(sanaua 13). Kpome TOro, B CHCTeMe OGLIETO MONOMKEHHS BCTPEYAIOTCA OTAEAbHBle TQYKH
TNaAKOCTH [HCKPHMHHAHTHOH KDUBOH, B OKPECTHOCTH KOTOPHIX CEMEHCTBO MOXKHO OMHCAThL
CICAYIOWHM 00pasoM. 3aHymepyem HHTErpajibHbie KpMBHE NapaMeTpoM ¢ H paccMoTpuM
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CeMelcTBO MX MNPOGKUMA Ha NJIOoCKocTb (X, y) KaK MOBEPXHOCTb B TPEXMEPHOM MPOCTPAaH-
CTBE C KoOpAMHATaMH (x, Yy, ¢), pa3buTyw Ha Jaunnn c=const. dra mnomepxHocTb aud-
¢beomopdua  (10KaNbHO)  MOBEPXHOCTH  «CJOMKEHHOTO  3oHTHKA» u’=0'w?  pas6uroit
Ha JauHHH u-+ vt w=const. HakoHel, B OKPecTHGCTH TOYKH BO3BpPara JAHCKPHMHUHAHTHOH
KPHBOH cemeiicTBO mnpoekunil ondchbiBaercd aHaJOTHYHBIM 06GpasoM NpH noMowH pasbue-
HUA NOBEPXHOCTH  «JMACTOUKHHOTO XBOCTa» {u, v, w: A'4-ur*+vA-+w HMeer KpaTHblk
KopeHb} Ha KpuBbe u=const. [locaeance cemeiicTBO npoekuui, B OTAHUME OT OMNHCAHHLIX
paubule, HMeeT OecKOHeUHOE UHCJIO MOAYJEH Jaxe OTHOCHTeNLHO ToMeoMOPGH3IMOB IJO-
CKOCTH (X, y) (B caydae CJAOXKEHHOTO 3OHTHKA MOAYJEH HET C TOUHOCTBHIO A0 GEeCKOHEUHO-
nudepenunpyemux andpeomopduamMos, HO B AHAJNHTHYECKOM CJaydae MOABAsETCA Geckoned-
HQ@ UHCJIO He3aBHCHMDLIX MoAayJeil).

Pewennsn sanau 12 u 13 onuchiBalOT TakXe OCOGEHHOCTH CEMEHCTB aACHMNTOTHYECKHX
JUHUA  HA TIOBEPXHOCTH TPEXMepPHOro mnpocTpaHcTBa (ceMeficTBO TNOJYKYOGHYECKHX Rnapa-
Gon B . oGueit Touke napaboMueckKoR JAHMHMHM W cJoXeHHbd Qoxyc, y3en HaM Cceano B OT-
JeJbHBIX TOYKAaX KAacauusi aCHMNTOTHUYECKOTO HANDABAECHHA NapabonHuecKoil JHHHH).
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OO0pa3ust SK3aMCHAUHOKRKLIX 38834, . . . . .
Mpeamerupit  ¥xazareab . . . . . . . . .

CYHLCCTROBAHHA H  HCNPCPLIBHOH

33aBHCHMOCTH
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