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YK 517.1

Kunra npencrasiser coGoft coBpeMeHHH Kypc
MaTeMAaTHYeCKOTO aHAaJH3a, HAUHCAHNBIA H3BECTHBIM
aMEePUKAHCKHM ydeHuM. ITo CTHJII0 ¥ cofepkaHHIO OHA
OT/NHYAETCA OT HMEIOWHXCA TPaAHIHOHHBIX KYDCOB.
[TomuMo 06LIUHO BKJIOYAEMOro MaTepuala, KHUTA
COMEPXUT OCHOBH TEOPHH METPHYECKHX NPOCTPAHCTB,
TEOPHIO HHTErpHpoBanus nHpdepeHuHAIbHHX GOPM
Ha NOBEPXHOCTAX, TEOPHIO MHTErpasa u T. A.

B Kouume KaxAOH TJaBbl NPUBORATCS YIauyHO
nopo6paunnie ynpaxuenns (o6mum yncaom okoso 200).
Cpenn HMX ecTb KaK HPOCThie TPUMEPH, HIANIOCTPUPYIO-
uige TEopuio, TAK M TPYAHble 3afaui, CYUECTBEHHO
IONOJIHSIOUIHE OCHOBHOW TEKCT KHHTH.

Kuura Y. PymuHa MoxeT CIAYyXHTb yueGHLIM
noco6ueM AAA CTYLeHTOB MAaTeMaTHU4eCKHX d dHaliye-
CKHX (aXyJNbTETOB YHHBEDCHTETOB, NeXArorHyecknx
HHCTHTYTOB M HEKOTOPHX BTy308. Oua 6yner noJsesna
acnuMpaHTaM H TpenoJaBaTeIsM 3THX yueGHBIX 3aBe-
Aenul, a TaKKe MHIKeHepaM, XKeNalolMM paCUIHPHTh
CBOH 3HaHHf 10 MaTeMaTHYECKOMY aHalu3y. i

Pedakyus aumepamypol no mMamemamudecKum HAYKam
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OT NEPEBOJYHUKA

KHHra n3BecTHOro aMepHKaHCKOro mareMatika Y. Pyauna obnaga-
€T pALOM IOCTOHHCTB, BHIACASIONINX €€ CPeAH PYKOBOJACTB MO MateMaTH-
YecKOMY aHasnn3y. Ee oTiiHuaeT npeskiie BCEro CHCTEMAaTHYECKOE HCNOMb-
30BaHHe OOIMHKX TOYEK 3PEHHS H aGCTPaKTHBIX HAeH yiKe NPH U3JI0MKEeHHH
OCHOB Au(pepeHtHaNbHOro H HHTErPaTbHOrO HeuHcaeHusi. Tak, Hanpu-
Mep, MPOCTeHIHM TOHATHAM TCOPHH MNPENEJIOB aBTOP MPEAnOCcHIIaeT
DnpefeeH’e MeTPHYECKOro MPOCTPAHCTBA.

Oco6enHo MHTepecHOR M yAAYHOM HaM mnpejcTaBisercs raasa 9,
MOCBANIEHHAS HHTErPaAbHOMY H iiddepeHHanLHOMY HCUHCIEHHIO (PYHK-
OHH MHOTHX AE€DeMEeHHBIX. 31eCh &BTOPY YAaJOCh PEUIHTHL PAJ METOLH-
YeCKHX npobJem, ¢ KOTOPBLIMH NMPHXOAHTCH CTAJIKHBATHCA KaXKIOMY, KTO
npenojaer aHaNW3 HAa MaremaTHYecxkuX (axKyJabTerax YHHBEPCUTETOB.

B 3TOhA r.aBe NpHBOAUTCS O4EHb KOPOTKOE M H3SILIHOE A0Ka3aTelb-
CTBO TE€OPEMEI O JIOKa/bHOH OOPaTUMOCTH TVIAJAKHX OTOOGpaKeHH# eBKJH-
JAOBbIX NPOCTPAHCTB, A0KA3aTENbCTBO TEOPEMbI O HEsABHOH (DYHKUUHU, KO-
TOpasi CONPOBOXKAAETCA HHTEPECHBLIMH TeOMeTPHUYECKHMH MNpPHJIOXEHHUA-
MH. 3 aTeM MPHBOAHMTCH OCTPOYMHOE [OKA3aTe]hcTBO TEOPEMBI O 3aMeHe
TiepeMEeHHbIX B KpaTHoM HHTerpane, OHO OCHOBAHO HA JIOKAJbHOM TIpea-
CTABJIEHHU TJAKKOIO OTOODAXKEHHS ¢ HEHYJIeBbiM SiKOOMAHOM B BHJE
CYNEepNO3HIIMH HECKOJAbKHUX OTOOPAKEHUH, OCTABJSIONHX HEU3MEHHBbIMH
BCE KOOPAUHATHI, KpoMe OAHOH. B 3T0ii e rjaBe H3/J0KEHO UCUHCJIEHHE
Audpepennmnanbubx Ghopm H popMyaa CToKca (B ee COBPeMEHHOM BHIE).

CTHJIb KHHTH BIIOJIHE COOTBETCTBYET €€ HA3BAHMIO: IJaBHOe BHHMaHHE
yACJNACTC: HMEHHO OCHOBaM, a He jaeransiM. HexkoTopsie BakHblE CBeJle-
HUsi (TaKHe, cKaxeM, Kak Teopema Dy6UHM, TEOPHS HECOBCTBEHHBIX HH-
Ter PAJTIOB U HHTErpasioB, 3aBUCAIHX OT napameTpa) JuGo BOBCE HE COOO-
Ua10TCs, JIKOO COCTaBJAIOT COAEPIKAHHE YAPAMKHEHHIL.

Knura Hanucasa ouenb cKarto. YTBepKACHHsd, HMEHYeMBle B Tpa-
JHIHOHHBIX Kypcax TeopeMaMH M cHaG»KaeMmble He OYeHb KOPOTKHMH
JOKa3aTesbCTBAMH, YNOMHHAIOTCS 3JeCh HOPOH BCKO/h3b, KaK HEUYTO
caMo coBGo# pasymerouieecsi, WK Jake He YIIOMHHAIOTCS BOBCE (HO He-
SBHO HCrONb3yloTest). B nokasaTenbeTBax, Bcerda akKKypaTHbIX H Ges-
YOPEUHBIX MO CYMECTBY, MOPOH BCTPEYAIOTCH BOJILHOCTH PeuH.



I Om nepegodvuxa

Bce 3TO JIOMKHO CJAVIKHTH KH3BECTHBIM [1PEIOCTEDEKeH e JAA CTY -
AEHTH, EAepBble NPUHCTVNAIEro K H3yUyenitio adanuza. B 1o xKe spens
COCLHAMUCT, HCKYIIEHAHBIH B aHaause, OyaeT CnpaBeiiBso PACCMATPH-
BATb OCCOGHHOCTH KHHIH, MEDEUHCTeHUbe B OPeAbLAYUIeM adialle. Kax
22 JOCTONHCTBAL CHATOCTH H3OKEH HA HA0URHT €ro OT HOBTOPSHHN CTAH-
A2PTHLIX pacCyKALHUH, KOTOPBIMH GH AABHO OBJA1€/, 2 HEKOTOPLIC BO.Th-
HOCTH pedd NpHsATHO DA3HOOOPA3AT CTHb.

Kuura V. Pymina Syier ciyRuTh MOJC3HBIM 1T0COGHEM L1 BCCX, KTO
H3Y"aeT MaTeMAaTHYECKUH AHAJIU3 HIJIH Nperojaer ero.

B. Xasun

cenmaopn 1975 1,



MNPEOHCJIOBUE

OTta KHHIa 3aiyMaHa KAK PYKOBOACTBO N0 KYPCY aHanu3a, KOTOPLIil
O0LIYHO NPOXOAAT CTYAEHTH B KOHIE HEepBOTO 3Tana O6yYeHHsS WM
B NepBbIH roj BTOpOro sTana t),

OcnoBuoe pasjuuie MexAy HACTOSAUMM H NEPBBIM  (BbIUIEIIIHM
10 Jer Hasaj) M3jaHHeM COCTOMT B TOM, UTO Teuepb iropasfo GoJee
HOPOCHO U3JIOXKEeHa TeoPUs QYHKUHH MHOTHX NepeMEeHHBbIX.

JT0 M3MeHeHMe CIelaHO B OTBET HAa MHOTOUHMC/IEHHBIE MOMKEeJaHust
uurtatesedl, ['naBa 9 Temepr HauMHACTCA C PACCMOTPCHNST HEKOTOPHIX
OCHOBHBIX TIOHATHH, OTHOCALIMXCH K BEKTOPHBIM MPOCTPAHCTRAM;
3aTeM ONpelessIoTCA IIPOU3ROJAHbIE OTOOpaXKeHUN Kak JHHeHHLIe 0TO-
Gpaxkenus; najee (QOPMYJHDPYIOTCH H JOKas3biBaloTcs (6e3 HCNOJb30-
BaHMA onpefenuTesell) TeopeMa 06 06paTHOil GYHKUHH U HEKOTOPLIE ee
BaxkKHeflIye CJeACTBHA; YCTAHABAUBAIOTCS CBOKCTRA AHdhepeHIHaTbHBIX
Gopm (B cBA3U ¢ OTOOpaXKeHUSIMH NIPOCTPAHCTBA); [JIaBa 3aKaHYHBAETCS
LOBOJIBHO 00HM BapuaHTOM TeopeMmbl CTOKCA -— 71-MEPHBIM aHAJOTOM
OCHOBHOH TeOpeMbl HHTErpajbHOTO HCUHCJ/IEHHS.

B cBsi3u ¢ 9TUM MBI BKJIOUHJIM Tenepb B riaBbl 2 U 4 GoJnile CBe-
IeHuit 00 eBKJIHJOBBEIX NPOCTPAHCTBAX U O METPUYECKHUX IPOCTPAHCTBAX,
ueM panblle. OHAKO 5Ta AONMOJHUTEAbHAsi OGMIHOCTb HE BHI3BIBAET
NONOJHUTEIbEBIX TpyAHOcTell. Teopembl, H3JOXKeHHBIE 3J€Ch B 3ITOH
1I0BOM NOCTAHOBKE, He TPYJIHee, YeM COOTBETCTBYIOLIME TEOpeMbl Ha
NpsAMOH HJIK HAa IJIOCKOCTH.

Ocranpuple IN1aBBl OCTaBJIeHHl Ge3 3HAYMTENbHBIX H3MEHEHWH, HO
MHOTOe IePenKHcano 3aHOBO H HEKOTOPHIE NeTasad (KaK HajeeTcs aBTop)
YIYYILEHEL.

Ilepsas yactp raaBebl 1, B KOTOPO# C NOMOLIBIO CeYeHHHE B MHOMKECTBE
PALHOHAJBHBIX YHCEJ NOCTPOEHB BeUIECTBEHHHIE YHCJA, MOXKET ObITh
NpHY NepBOM YTEHHH ONYNIEHA; eC/JM NOCTYNHTH TakK, TO AJSA JIOTHYe-
CKOTO OGOCHOBAHHUSA OCTAJbHOH YacTH KHUI'H MOXKHO NPHUHSATH 32 NOCTY-

1) Paanuune MexAy CTYAEHTAMM NepBOro sTana o6ydenns (undergraduate
students) u crysentamu Broporo srana (graduate students) s ynusepcurerax CIIA
COUTBETCTBYET NPHMEDHO DA3NHYMIO MeXKJY HAKMH CTYACHTAMH MJaJLIHX KYPCOB

H CTYJEHTaMH CTapINX KypcoB, yke H30paBliuMu KadeAPY H HMEKULMMH Hayu-
HOTO pyxoBoauTens.— [Tpum. ped.



8 [Tpeducaosue

naT teopeMy [enexunzna. I'naBbl ¢ nepBoil No ceibMylo cienyeT H3y-
yaTh B TOM MOPsfKe, B KAKOM OHU HANKCAHBI, TOTAA KaK TPH HOC/efHMe
rJaBLl [OYTH HE 3aBUCAT IPYT OT Apyra.

Yucse 3anas Bo3pocso, tenepb ux oxkoao 200. Hexoroprie H3 HHX
He TpeGyIOT NOYTH HHYEro, KPOMe HeNOCPENCTBEHHOTO NPHUMEHEHUS
pe3yJIbTaToB, MOJYUYEHHBIX B TEKCTe; APYTHe DAaCcCUHTaHbl Ha H300peTa-
TeIbLHOCTD JIYYIIHX CTYAEHTOB. BOJIBIIKMHCTBO TPYAHBIX 32144 CilaGKeHo
YKa3aHEAMH.

Yoamep Pyoun



FrJ1ABA l

CHUCTEMbI BEHIECTBEHHbBIX
H KOMINIEKCHBIX YHCEN

Bpenexue

VIsyueHre OCHOBHLIX TMOHSTHH avajM3a (TakKuX, KaK CXOAUMOCTb,
HEIPePHIBHOCTL, AuddepeHuupoBarie M HUHTerPHPOBaHHE) HOJXKHO-
OCHOBBIBATHCS HA TOYHO OMNpejeJieHHOM HOHATHH uucia. Mul, ofxmaxo,
He OyjneMm BcTynaTe B 00CyXKJleHHME AKCHOM, KOTOPBIM IOJYHUHSETCS
apudMeTHKa LeJBIX uucesa, a OyleM HCXOAUTh H3 CHUCTeMbl palHo-
HaJbHBIX YHCEJ.

Mgl npennonaraeM, YTO 4HMTaTesb 3HAKOM C apudMETHKOH paiHo-
HaJbHBIX 4Hces (T. e. uucesa BHAA n/m, rje n 0 m-—Iiease, m==0),
H TOJBKO HANOMHHM OCHOBHBle cBOHCTBa 3THX uncen. Cymma, pas-
HOCTb, TPOH3BEJEHHEe H YacTHOe JHOOBIX JABYX PalMOHaJbHBIX YHCEJ —
palMOHAJbHOE UYHCJIO (JieJieHHe HA HYJb HCKJIOHaeTCs); BHIIOJIHAIOTCSA
3aKOHBl KOMMYTaTHUBHOCTH

pP+q=q+p, pq=qp,
3aKOEbl aCcCOUHaTHBHOCTH
(p4q)+r=p--(g+r), (pq)r=plqr)
I 3aKOH ﬂ,HCTpHﬁyTI/IBHOCTH
(p+q)r =pr-qr;

ONpenesieno OTHOMIeHHe <, 3ajalollee NOPAJOK B MHOMXKECTBE PalHo-
panbHbIX yHces. OTHoWenne < ofiafaeT TeM CBOHCTBOM, 4TO A4
meOhIX pauMoHaNbHLIX uKcea [ M ¢ Jub0 p==¢q, ymbo p<<q, aubo
g <_p; OHO TPAH3HTHBHO, T. €. €ClIH p<. g U q<Ir, T0 p<<r. Kpome
Tore, p+q¢>0 u pg>0, ecom p>0 u g>0.

Xopowo M3BECTHO, YTO CHCTEMA pAalHOHAIbHBIX YHcea obJdajaert
MHOTHMH HejocTaTKaMi. Hanpumep, He CYLIECTBYET palHOHAJBHOIC
yicna p, TAaKOro, 4To p?=2 (MBI 3TO BCKOpe JOKaxeM). ITO Lenaet
1He00XOJHMBIM BBEJIEHEE TaX HA3LIBAEMBIX <«HPPALNHOHAJNbHBIX UHCEI»,
KOTOphie 4acTO 3aNmUCHIBAIOTCH B BHAe OGECKOHEYHBIX JNECATHYHBIX
Pa3JOKeHdH, NpUYeM COOTBETCTBYIOMUE KOHEUHBIE JeCATHUHBIE Ipobu
CYUTAIOTCA MX NpuOIHKeHHsiMH. Tax, 10C/Ae10BaTelbHOCTh

1; 1,4; 1,41; 1,414; 1,4142; ...
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«cTpemutes K [/2». Ho 70 Tex nop, noka Mul [e ONpeje/nai ippa-

LHOHAMBbEOE uHea0 V2, ocTaeTcst OTKPHITHIM BOIPOC: K YeMy e
BCe-TAKH CTPEMHTCST 3Ta [OCJAEAOBATEIBHOCTS?

I'iaBnas 1eab 3TOH rJIasbl U COCTOMT B TOM, YTOGH jiaTh Heo0-
XO[HMOE OIlpejeseHHe.

1.1. TIpumep. CHayana nokaxeM, 4TO HHKAKGE PAaUHCGHAJALHOE
4HCJO P HE YAOBIETBOPSIET ypPaBHEHHIO

M =

HelicTBUTeNbHO, TIPEANOJOKHM, YTO 3TO He Tak. Toraa cyige-
CTBYeT Y/OBJIETBOPSONlee ypasHenuo (1) uncao p=m/n, rie m, n—
uejble, NpHYeM XOTS Obl OHO H3 HHX HeUeTHO.

Ilopcrabasis B ypanuenne (1), nosnyuaem

(2) m?=2n2,

ITO N0Ka3bIBAET, YTO M?-— YeTHOE UHCI0. 3HAYUT, M YeTHO (ecu Oul m
OLIO HeueTHHIM, TO U m? ObLIO Obl HEUETHBIM) H, cJleOBATEIBLHO, m?
aeautcs Ha 4. [osToMy mpaBast 4acTh paBeHcTBa (2) peaurcs Ha 4,
TaK 4TO n? 4eTHO, OTKyAA CJefyeT, YTO ¥ 1 HETHO.

TaxkuMm 06pazoM, NpefNnoNoXKelue O TOM, YTO BBINOJHEHO paBeH-
cTBO (1), 3acTaBasfeT HAC 3aKJAOYHTL, Y4TO ofa uHcaa m, fi-— YeTHHe,
BOIIDEKH HalleMy BBIGOPY m M n. 3HAYKT, paBeHcTBO (1) HEBO3MOXKHO
NPH pPalUOHANLHOM p.

HMccaenyem tenepn nompoGhee sty cutyamuio. Ilyets A-—MHo-
JKECTBO BCeX IOJOKHTEbHEIX pallMOHAJLHBIX P, TaKHX, 4T0 p?<l2,
H IyCTb MHOXKecTBO B COCTOMT H3 BCEX I0JOKHUTEJNBHEIX parHo-
HaJbHBIX p, TaKHX, 4TO p?>>2. Mul nokaxeMm, uto A He COJEPKHT
HaubONbIIero 4HC/aa, a B He cojepxuT HauMenblHero.

Tounee, ™Mbl JoOKaxkeM, 4TO Ads J06oro p M3 A MOXKHO HalTH
pauHoHaJbHOe YMCIO ¢ H3 A, Takoe, 4TO p<< g, M LA JOGOTO p
u3 B Mbl MOXeM HaliTH pauHOHAJLHOE YHUCA0 ¢ U3 B, Takoe, 4To q << p.

[Tycts p npunagnexur A. Toraa p? << 2. BriGepem panuonaibHoe ki,
Takoe, 4TO

2-—-p?

[Tonoxum g=p +h. Torma g>p u
@=p'+@p+hh<p'+@2p+1)h<p*+(2—p*) =2,

TaK YTO ¢ HaXoAuTcsi B A. DTuM JOKasaHa nepsas 4acTb HaIIero

YTBEPKIEHHS. "

[Ipeanosioxum Ttemepb, urto p npunagnexutr B. Torga p?=>2.
[Tonoxkum
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Torma 0<<g<<p u
2N\2
gt =p*—(p* 2)*(-—;;,—) > pr—(p*—2)=2,
TAK 4TO ¢ npuHajiIexur B.

1.2. 3ameuvaune. Leap mpupefeHsoOro Bblie PACCyXKIEHHS —
110Ka3aTh, YTO B CHCTCME palMOHAMLHEIX YHced HMeiOTCSI HEKOTOphie
npoBesi, 1eCMOTPA Ha TO 4TO MeX/Y JHOOBIMH ABYMSI pallioHatb-
HBIMH YHCJIaMH HAXOJAUTCH TpeThbe [0 p < (p--q)/2 < q, ecau p < q].
Ceflyac Mul onamieM npeljoxeuHsldl [lenexunjoMm npouecce, KOTOPBI
O3BOJISET 3aNOMHUTH 3TH Npodeibl W NPUBOAKT HAC K BEIECTREH-
e uncaaM. UTobel He yBesnuuBaThH OGBEMA KHHTH, MBI He Besje
OyAeM NPOBOJUTL pACCYXAEHHR BO BceX JeTansx. [losHoe usnoxe-
nue, HauHHawleecs C 1ebIX uMce], MOXHO HaiTH B Kuure Jlangay
«(JCHOBLI aHa/JM3a», FAe pedyb MAET TOALKO o0 3TOH UHCJIOBOI CHCTEME.

1.3. OGo3unauenus. Eca A—MHOKeCTBO (3/1€MEHTAMH KOTO-
poro MoOryT ObiTh yHCJIa MHJIM Jw00ble Apyrue OOBEKTH), TO 2aNHCh
X € A o3nayaer, YyTO X NPHHALJIEKHT (WJH ABJAACTCS 3JeMeHTOM) A.
Ecim x we geasietcs sjaeMeHToM A, Mbl OyaeM mucaTh x ¢ A.

MHuoxkecTBO, He COAep:Kalliee HM OJHOTO 3/eMeHTa, Mbl GyjaeM
1i13bIBATh MYCTHIM MHOXKECTBOM. ECJIM MHOMKECTBO CONEPHUT XOTH OBl
OJIHH 3JIEMEHT, TO OHO Ha3blBAaeTCSl HENmyCThIM.

JleneKHHA0Bbl CeYEHH St

1.4, Onpexenenne. MHOKECTBO « pal{OHANLHBIX YHCEJ

HA3bIBAETCA CedeHuem, eciy
(I) @ comepxHT X0Ta 0Ll OAHO paLMOHANBHOE YHCJIO, HO He BCS-
KO PauHoHaJdbHOE YHCJIO;

() s p€a u g<<p (¢g—pauuoHajbHOe YHCJIO) HMeeM ¢ € Q;

(III) B @ HeT HaWOOJBIIETO YHCJA.

B stom pasfese mbl 6yieM ynoTpeOJasaTs OYKBBL P, ¢, 7, ... TOJBKO
7712 0003HAYEHHs PAlMOMAJbHBIX YHCes; cedeHHsT OyAYyT 0603HAUaTHCA
O6ykBamn o, B, y, ... (3a HCKJIOUeHHeM cJayuasl, O KOTOPOM TOBO-
purca B oupepenenuu 1.7).

1.5. Teopema. Ecau p€a u géa, mo p<<q.

HoxasaTteabctBo. Ecm p€a u g<p, o u3 (1) caenyer,
410 £ Q.

[lpuunMas BO BHHMAHHE 3Ty TeOpeMy, 3JE€MEeHThI MHOMKECTBA o
HHOT/JA Ha3blBAIOT HHKHUMH YHCJIAMH CeYeHHS «, a DalHOHAJbHbIE
UMC/IA, He TIPHHAJIeKALIHE ¢, HAa3bIBAIOT BEPXHHMH UHCJIAMH CEYCHHS Q.
ITpumep 1.1 mnokaswiBaeT, 4TO He BCerja cymeCTByer HalMeHblilee
nepxnee uucao. OfHAKO AJS HEKOTOPHIX CeueHWid HauMeHbiuee BepX-
HCC UHCJI0 JeHCTBHTENbHO CYLIECTBYET.
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1.6. Teopewma. /lycmo r — payuonaieroe 4ucao . flycme muooice-
CMBO O COCIMOUNM U3 6CeX PAYUOHAAbHBLX HUCEA P, MAKUX, 4mo p <.
Toe0a a—cevenue, a r-—HQUMEHbULEE BEPXHEE HUCAO CEHEHUS .

JlokasarteabcTBO. $lcHO, YTO @ YAOBIETBOpPSIET YCIOBUSAM
() u (II) onpenenenust 1.4. Yro kacaerca (III), To nyxHO sHIUL
3aMeTHTb, YTO AJR JICO0ro p€a Mbl HMEeM

p<Pil<s,
nostomy (p-+r)/2€a.

Hanee, r¢a. TlockonpKy HEpaBeHCTBO p << r BiledeT 3a coloi
BKJiOYeHHe pE€a, TO r-—HAWMeHbllee BepXHee YHCJIO CeYeHHd d.

1.7. Onpenenenne, CeyeHue, mocTpoeHHoe B Teopeme 1.6,
Ha3bIBAETCH PAYUOHAAbHBIM cederter. F.CAM MBI 3aXOTHM NOJYEPKHYTE,
4TO @ eCTh palliOHaJbHOe CeyeHHe, CBS3aHHOE C YHMCJIOM 7 YKa3aHHBIM
ofpasoM, To OyjieM nucaTb o=r*.

1.8. Onpenenenne. Ilycrs a, f—ceyenus. Met Gynem nucatb
a==0, ecIM H3 COOTHOWEHHS pE€a CcJeLyeT cooTHOomenne p¢€f,
au3 gePp chreayer g€a, T. €. eCIU ITH JBA MHOXKECTBA TOXKJe-
CTBEHHO COBMAJalOT. B mpoTHBHOM chayyae Mbl Oyaem mucaTh a == f.

3ameyanude, 2DTo onpejeseHHe Ha HEPBbUI B3MVIAJA KAKETCH
vamumiEuM. Ho paBeHcTBO He BCerja onpefensieTcs Kak TOXKAECTEO.
Hanpumep, ecm p=a/b u q = ¢/d — paunonanpHue yucna (a, b, c, d—
uenble), TO p==¢ N0 ONpefeJeHHIO O3HauaeT, YTo ad == bc, HO He 0bs-
3aTebHO @==Cc U b=d

Bienem Tenepb OTHOLIEHHWE TNOpPSKa B MHOXKECTBE CEUYEHHH.

1.9. Onpenenenne. Ilycts o u PB—ceyenns. Me numem
a<<f (mm P>a), ecsu HMeeTcs palHOHANbLHOE YHCJIO p, TaKoe,

yTo pEP u pfa.
a < B o3HayaeT, uyTo o =f n a<_f.
a > ozgauaet, uro P<La.

Ecmu o> 0% 70 Mbl OyAeM TOBOPUTb, YTO CEUEHHE O TOJIOKHTEJBLHO,
ecan o> 0*—Mbl GyleM TFOBOPHTb, YTO OHO HeOTpHUATesbBO. AHa-
JIOTHUHBIM 00pa3oM, ecan a << 0% TO « OTPHLIATENBHO; OHO HEfIOJO-
KHTEAbHO, ecan o< 0*, i

Mul, Koneuno, 6yneM TNPOAC/IKATH IO/Jb30BATLCA CHMBOJIOM <
I palMCHAJBHBIX YHCEJ, TaK 4YTO 3TOT CHMBOJ (BpemeHHo) Oyher
HeCTH JABOHHYIO Harpysky. OJHAaKO U3 KOHTeKcTa Bcerja Oyjer sICHO,
KAKOH CMEICT CJeyeT eMy NPHIHCATH.

1.10. Teopewma. [lycme a, f—cedenusn. Toeda aubo a=§.
aubo o << f, aubo < a.
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HoxasareasrctBo. Onpejenenns 1.8 u 1.9 sAcHO HoKasbIBaloT,
YyTO eciM a==f, TO HH OAHO M3 ABYX JADYIHMX OTHOLICHHH HE BBLINOJ-
HeHo. UYToOHl 1okasaTh, 4TO OTHOWWEHHS ¢ <P H P<C o HCKIOUAIOT
ApYr Apyra, NperoNoXuM, 4TO 062 3TH OTHOLIEHHS HMEIOT MeCTO.
Iockonbky o <CP, HMeeTcs pauUHOHAJBHOE YHCJIO p, Takoe, YTO

pER, péo.
HOCKOJIbe ﬁ < a, uMeeTcs pauHoHaJIbHOE 4HHCJIO ¢, TaKoe, 4TO
gca, q¢p.

[To teopeme 1.5 u3 toro, uto pEP u g4¢P, cremyer, uro g<<p.
Tak kak HepaBeHCTBa p<(g M ¢ << p He MOI'YT OJHOBDEMEHHO BHINOJ-
HATLCA JAJS PalHOHANBHBIX YHCeJd, Mbl NPUIVIH K  [POTHBOPEUHIO.

Ho cux mop Msl 10Ka3aljd, YTO H3 TPeX OTHOLUEHHH MOXKET BHINOJ-
HATbCST camoe OoJblliee ofHO. [Ipexmonoxkum Ternepp, 4TO O == f.
Torpa zBa 3TH MHOXKeCTBa He COBAAJalOT TOXKIECTBEHHO; 3TO 3Ha-
YHT, YTO JUOO G COAEPKHT DalMOHA/IbHOE p, He cofepxKameecs B f,
H B 3TOM clydae P <o, au6O [} COmep:KUT paluoOHAILHOE ¢, HE CO-
Hep:Kalieecss B «, H B 3TOM ciayvae o <f.

1.11. Teopewma. [Tycmsa, P, y—cewenua. Ecau o <p uf <y,
mo a<<y.

HokasatenscrTBo. Ilockoabky a<ZP, CyHIeCTByeT paiuo-
HAJIbHOE p, TaKoe, UTO

p€ER, péa.
[Tockoapky P <<y, CyulecTByeT pallMOHAJNbHOE ¢, Takoe, YTO
gev, qéB.

Temepn 3ameTuM, uTo u3 coorHoweHu#t pEP u g4 P crenyer, urto
p < q; TOCJeLHee BMecTe € COOTHOUIeHHeM p¢ o BleyeT 3a coGoi
g ¢ a. Takum o6pa3som,
g€y, 4qda.

JTO 3HAYUT, YTO O < Y.

Ilocnepune nBe Teopembl NMOKA3BIBAIOT, YTO OTHOLUEHHE << MeEXIY
ceueHusimi (onpefenenne 1.9) neficTBuTEeNbHO OOMajaeT TeMH CBOM-
CTBAMH, KOTOpble OGLIYHO CBSI3LIBAIOT C IIOHSITHEM HePaBEHCTBa.

Tenepp Mbl mepexofuM K NOCTPOEHHIO apUPMETHKH B MHOXKECTBe
CCYEeHUH.

1.12. Teopewma. [lycme a, Pp—cewenua. Ilycmb vy— mroxMce-
CMB0 8CeX PAUUOHAAbHOLX uuces r, MaKux, «mo r=p-fq, 20e pca,
q€EP. Toeda y—-cewerue.

JlokasaTtenbcTBO. Mb MOKaXeM, YTO Yy YAOBJETBOPSET TPeM
yCaIoBHAM onpefieaenus 1.4,
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(1) fcno, uto y nenycro. Ilycts sda, t¢P, s u ¢— pawionane-
Hole uncaa. Torpa s--t>>p--g npu Bcex p€a, ¢gEB, TaK uro
sS4t dy. 3HAUMT, Yy COHEPKHT He BCE PalMOHAJbHBIE YHCJA.

(I1) ITyets r€y, s<<r, s— paunoranbHoe yucao. TOrga r:==p--q
npy  HeKOoTopux pfEa, gEf. Boifepem pauuonanbnoe { Taxk, uTo
s=1t-+q. Torga {<p, 3uauuT, {€d, NOITOMY S€ Y.

(I1T) Tipeanonoxum, uro r€y. Torga r=p--q NOPH NEKOTOPLIX
pCa, g€P. CyuecTByer paunHoHaJLHOE $>>p, Takoe, YTO S€d.
3154a4nuT, S+g€y H $--g2>r, TaK UYTO ¢ He SBAAETCH HAHOOIBILHM
paunoHaJbHbIM HHCAOM B .

1.13. Onpepneaenne. Ceuenue vy, DOCTPOEHHOE B Teopeme
1.12, oGo3navaeTcs yepes a-}-fi ¥ Ha3bIBAETCH CYMMOH ¢ K p.
(3ameuanne, cieqannoe Iocae oupeenents 1.9, oTHocuTCs Takxke
H K CHUMBONYy --.)
-

1.14. Teopema. [lycmo «, B, y— cevenusn. Toeda

(@) atp=pto

(b) (@ +-B)+y=0- (B-+-vy), max umo ckoOKu MOMHNO onycrkams,
He onacascs 08YCMbICAEHHOCMU,

(c) a+-0*=a.

HokasatedabcTBO. J[as nocTpoenuss a-+f HYKHO B3sThb
MHOKECTBO BCeX palHOHa/bHEIX uHMcea BHAA p-+q (p€a, g€B). Das
nocrpoerns f--a BMeCTO p--q HyxHO OpaTh ¢-+p. B cuay saxcua
KOMMYTATHBHOCTH JJIS CJIOKEHHS PAllMOHAIBHBIX yHced, a -t B u P+ a—
TOXJACCTBEHULIE CeueHus, H CBOUCTBO (@) JIOKA3aHO.

AnanoruyubiM  06pa3oM 3aKOH acCOUMATHBHOCTH [ CIOKEHHS
paldoHaIbHBIX YHUCe] BJaedeT 3a cOoOOH paBeHCTRO (b).

Yrobbl gokasate (c), suiGepem rCa--0*. Torma r=pigq
LpH HeKoTopslX pea, ge0* (r. e. ¢<<0). 3nmauur, p-+qg<<p, TaK
YTO p+gEa H rea.

Tenepp nycers r€a. BoiGepem panyonanbHoe 4HCIO §>>r, Takoe,
yro s€a. [lonoxum g=r—s. Torpa ¢<<0, g€0* u r=s5+tg, TaK
4yto r €a - 0*.

Takum ofpasom, ceuenusi a -+ 0* H ¢ COBMAZAIOT.

1.15. Teopewma. [Tycmo o-—cewenue, u nycme 3a0axno payuo-
naavnoe ducao r>>0. Toeda cywecmsyom payuoRaibrbie p, G, maxue,
yumo pCa, gda, q He SABAAEMCA HAUMEHbLULIUM U3 BEPXHUX HUCED
CeUCHU O U q—p=T.

IlokasaTedbCcTBO. DBoibepeM pauuoHaibHoe YHCIO SEa.
Hna n==0, 1, 2, ... noroxum s,=s-+nr. Torga uMeercs eJIuH-
CTBCHHOE I[eJI0e M1, TAKOoe, 4TO $p € U Sy § a.
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Ecan §.41 HE eCTb HauMeHbllee H3 BePXHHX WYHCEN CeyYeHHsA q,
TO BLIOCPEM P ==Spm, ¢ = Sp+1-
Eciy 5.1 -— HaHMeHbUIee U3 BEPXHHX UYHCE] CeYeHHs ¢, TO BO3bMEM

o wr
P =S, 5§ Sme 1 5 -
1.16. Teopema. [Tycme u—cevenue. Tveda cywecmeyem 00HO
u moaeso 00HC cesenue P, maxve, ymo a -+ f= 0%

HoxaszarteancTBo. CHayais MBI JOKAKEM €IUHCTBEHHOCTD.
Ecm o+ Py=a-+f,=0% 10 Teopema 1.14 moxassiBaer, 4TC

Jdnsa joKazaTesbCTBa CyIECTBOBaHYMA OCO3HAUMM uepe3 B MHO-
HKECTBO BCEX DALHOHANBHEIX P, TaKHX, YTO — p SABJISETCS BEPXHHM
YHCJAOM CeYeFHs «, HO HE HAHMEHBbIUMM H3 BepXiux uncejd. Mu
AOMAHB HPOBEPHTB, UYTO 3TO MHOMXKECTBO B YLOBJETBOPSIET TpeM
ycroBuam onpepedenns 1.4, Boinonnenne yenoeust (I)  oueBumHO.

() Ecam p€P u g<p (g—pawionansbuoe), 10 --pga
M -——q>--p, Tak UYTO ——¢ €CTL BePXHEee YHCJIO CEeYeHHT «, HO
He HauMemsIlee. 3HAUHT, ¢ €P.

(III) Ecmu p€P, To —p ecThb BepXHEe UHCJO CEUYEHHS @, HO
He Ha@MEeHbLIee, TaK 4TO HMeeTCsl palHOHaJbHOE YMUCIO ¢, TaKoe,
T —q < —p U —q 4§ a. THoaoxmum

P9
r=gt
Toraga —@q<C—r<{—p, TaK 4TO -—r €CTb BepPXHEee YHC/IC CeYEHHS a,
HO e HaHMeHbUlee. 3HAUYMT, Mbl HALUIH PAilHOHAJBHOE r > p, TakKoe,
uro rLp.

[lokasas, uTo P-—ceuenue, Mbl JOJKHBE TEHEPb IIPOBEPUTH, YTO
a - =0

Ilpeanosoxum, yro pc€a-+p. Torra p=gq-+r npi HEKOTOPHIX
g€a, reP. 3naudr, —rda, —r>gq, ¢-+r<<0, nu peO*.

Hpepnonoxum, yro pe0*. Torpa p<<0. Tlo teopeme 1.15
HMCIOTCSL  palfHOHAJLHBIe 4YHcaa g€a, r¢ao (npHueMm r He SIBJISeTCs
HaMMEHBIIHM H3 BEPXHHX YHCEJ CEUEHHS @), TaKue, 4TO 7r—¢ = —p.
[Tockoabky ——r €B, MBI HMeeM

p=q—r=q+(—r)€a+f.
HOK&3aTe.,'IbCTBO 3aKOHYEHO.

1.17. Onpenenenne. CeueHue, nmocTpoeHHoe B Teopeme 1.16,
0003HagaeTcs —a.

1.18. Teopema. [an wmobuix cedenud o, §, vy, makux, «mo
P <<y, umeem a-+p<<a-+vy. B awacmuocmu (noasaczas P-==0%, mu
‘meem a—+y>0% ecau a> 0% y>0*
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Hoxasartenbcts o. Coraacuo onpejgenesusm 1.9 u 1.13,
a+t+B<La+y. Ecau
at+P=a+y,

TO
B=0*+B=(—) +(a+B) =(—a) +(a-+v)=0"+y=y

no Tteopeme 1.14.

1.19. Teopema. Ilycmo o, B—cewenun. Toeda cywecmsyem
00HO U MOALKO OCHO cewerue y, maxoe, u#mo a-vy= .

HokxasaTeabcTBO. EIHHCTBEHHOCTb CAEAYeT M3 TOrO, YTO
HEPaBEHCTBO Y = Y, BJIEYET 3a CO0O0H HEPABEHCTBO O -+ Yy 5= a1 Y,
(Teopema 1.18).

[Tonoxum y=PB+(—a). TTo Teopeme 1.14 MbI uMeeM TOrza

aty=a+[p+(—a)]=a-t|(—a)+pl=
=[a-+(—a)] +B=0"+p=p.

1.20. Onpeneaenne. Ceuenne y, mocrpoennoe B Teopeme 1.19,
ofosnayaercs 4epes f-—a, T. e. Mbl numeM f—a BMecTO P+ (— a).

1.21. 3amevyanue. Ham coBcem He norpefyercss B 3TOH KHure
teopuss rpynn. OAHAKO uuTaTesH, 3HAKOMBIE € [IOHSITHEM TPYIIH,
MOTJM 3aMeTHTh, 4TO Teopembl 1.12, 1.14 u 1.16 osgauawoT, uro
MHOXKECTBO CeuyeHHH eCTb KOMMYTAaTHBHAS TIpYNNa OTHOCHTENBHO
CJIOXKenusi, BBeJeHHOro ompefesnenueM 1.13. Cefluac Mbl onpenesum
YMHOXKEHHE M NOKaXeM, 4TO MHOXKeCTBO ceuerHi o0pasyet mnoje.

OcTaHOBHBUINCH TOJIPOGHO HA CJIOMEHHHM H BBIYMTAHHH, MBI COBCEM
KpaTKo H 0e3 J0Ka3aTeJbCTBA PACCMOTPUM YMHOXKEHHE H JieJIeHHE.
IlorkasaTenbcTBa TeopeM, KOTODble MbI janee CHOPMyJHpyeM, cOBep-
IIEHHO AHAJOTHYHBEI JOKAa3aTeJbCTBAaM TEOPEM O CJIOKEHMH H BLI4H-
TAHUHM, 33 MCKJIOYEHHEM TOrO, 4TO HHOrAa HeOOXONMMO PAcCMOTPETh
HECKOJ/IBKO CJlyyaeB B 3aBHCUMOCTH OT 3HAKa COMHOXKHTEJEH.

v 1.22. Teopema. Iycmo a, P—maxue cewenusn, amo a> 0%,
B> 0*. Ilycmo vy cocmoum u3 ecex ompuyamenbHoLx pPAYUOHAALHBLX
HUCEA U 6CEX DAYUOHGAbHOLIX T, MAKUX, 4mo r=pgq, 20e pEa, g€p,
p>0, ¢>0. Tozda y— ceuenue.

1.23. Onpenenenue. CeueHue, nocrpoeHHoe B Teopeme 1.22,
ofo3Hadaercss depes af W HasbiBAeTCH npoudecedeHuem Ceyenuil o u P.

1.24. Onpefenenne. KaKioMy CEUEHHIO & CONOCTABHM ceye-
HHE | a |, Ha3bIBaeMOe abCoA0MHKOL 8eAUHUNOL O i OTIPEENAEMOE CJIE1Y 10
mmuM o6pazoMm:

|a|—{ «, ecau o > 0%,

—aq, ecan o< 0*,
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YcHo, aTO |@|>0* npu Bcex o M [al=0% Torga ¥ TONBKO TOTAA,
xorpa o==0%
Tenepp Mbl MOMEM AOLOJHMTbL ONpele/ieHHe YMHOMKEHHs.

1.25. Onpepgeaenne. Ilyctp a, p—ceyenus. Ilomoxum, no
OlipefieNIeHMIO,

( —(la||Bl), ecan a<<0* p>0%
aﬁZi — (ol B, econ a>0% B<O¥,
fa||B], ecmm << 0% B<<O*.

3aMeTHM, UTO npousBeﬂ,e}me a||Bl yxe Opsio onpepeneno B 1.23,
TaK Kak |a|>0% |B|>0*

1.26. Teopema. /[lra awbeix cevenud a, B, y umeem

{a) ap=po,

(0)  {af)y==a(Bv),

(© a(B+v)=ap-tay,

(d)  a0*=0%,

(¢) o =0* moseko moeda, koeda o=90% uw f-=0%

() al*=aq,

(g) ecau a<<P u y>0% mo ay<<By.

1.27. Teopema. Eciu a=£0* mo Oaa woboeo ceuenin P
cyniecmayem 00HO w iM0Abko 00HO cederue vy {(komopoe MmbL Gycem
ofiosHayiame depes P/a), maxoe, 4mo ay==p.

13 3ak/aoueHue 3TCro pas,rxe jda TNpHBeleM TPH TEODPEMBI, Xacalo-
nyrecs pauroHaJJbHbIX ceueHuil.

1.26. Teopewma. Han aoboix pauuoHQASHbIX ducer P i § umeem
() p*i-q"=(p-Fq)F,

(- prg*=(pqg)*,

(c) p*<<q¢* moeda u moavko moeda, Koz2da p<q.

JNMoxasateancTBo. Ecau r€p*4¢*, 10 r=s-+1, rae s<p,
{ <Zq, TaK 4T r << p-+-¢. 3HAUHT, rc(p—lA q)*.
e r€(p ~‘g—q)*, TO r << p-+ q. Tlogoxum

=ptq—r, Swp-—— te=q-——7 .

Torna s€p* t€g* u r=s-f, Tak 4T0 r € p*--¢*. DTUM IOKa3aHO
cuoiicrse (a). JlokasartenbetBo cBoficTBa (b) aHAJOTHUHO.
Leat p<Zgq, 10 pEg*, HO p§p*, Tak uro p*<<g*.
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Ecan p* < g% 7O HMeeTcsl panHOHaJbHOE YHCAO r, TaKoe, YTO
réq*, ré¢p*. 3uaunt,
p<r<q,
Tak yto p<<q.
1.208. Teopema. Ecau a, f-—ceucnun u a<<P, mo cuwecm-
eyem POyUORQAbHOE cererue r*, makoe, 4mo o< r* < f.

Hokasateabcrtso. Ecmm a<If, TO cymecTByeT panuoHa b-
Hoe 4HeJIo p, Takoe, yto pEf, pda. Bubepem r > p Tak, urto r € f.
[Tockoanky r€B u r¢r*, Mp BuANM, uTO 7*<Z§.

ITockonbky p€r* u pd o, MBI BHAMM, uTO o< r*,

1.30. Teopewma. [aa awboco cewenun o umeern p€a moeda
U moavko moeda, Kozda p* < a.

Hokxasateasncrtso. Jas mob60ro panuoHalbHOIO p HMeeM
p 4 p*. 3naudr, p*<<a, ecan p€a. OOpatHO, ecan p* < @, TO Cyle-
CTBYET panvoHanbhoe ¢, Takoe, uto g€a u g¢ p*. TakuMm obpaszom,
g2 p; TIOC/AeLHee HEDPABEHCTBO BMecTe ¢ ¢ E€a BaedyeT 32 coboh
BRJIOYCHHE pEa,

Beniecraensbie yucia

IlogBeneM HTOrK Cka3aHHOMY B IpejBIAyUleM pasiene. Mui pac-
CMOTPENH HEKOTODBIC MHEOXKECTBA PallHOHAJIBEBIX YHCEJ, KOTODhIE MEI
Ha3BaMH CCYeHHSIMH. Dpuli onpefiesenib] OTHOUICRHE NOPAIKAa W JBe
Olleparii, HA3BaHHEIC CJOXKeHleM H YMHOMEHHEM, H MBl JI0Ka3aJH,
4rO MOJYUYUBLIASICS apHOMeTHK2 CCuCHMI MOJUMHSIETCS TEM 2Ke 3aKo-
HAM, UTO K apHpMeTHKa pauHonanbHeIX unces. HBmMB  caosamu,
MHOZKECTBC BCeX ceuennit GBLIO NPERpEilieHO B YIOPSAQUCHHOE II0JE.

Ocofoe BHHMaHpe ObLIO YAeJeHO CHerHaf-HOMY KJacCy CceueHuf,
TAK H43biBAEMBIM  «PAIIHOHAJILHBIM CEUeHHSM», H Mbi OOHAPY MU,
YTG lpH 3aMeHe pAlHCHAJbHBIX UHCeJ 7 COOTBETCTBYIOUMMIH cede-
HEFMR r* CyMMbl, [POH3BeLEHHS H MOPSKAOK COXpaHsiioTcs (Teo-
pema 1.28). DT1oT e PaKT MOXKHO BHIPasHTL, CKasaB, YTO yiToOps-
LOUCHIOE NoJe BCeX PAlMOHAJLHBIX YHCEA W“30MOPGHHO YTNOPsSAOUeH-
AIOMY 100 BCeX PAUHOHANLHBIX CEUYEHMH; 3TO IO3BOJSET HAM OTO-
MACCTBHThL PaUMOHaNbiOe CedeHHe r* ¢ pauKOBaJbHBIM UYHCAOM r.
Paayneercst, r*—3T0 He TO Xe CaMOe, 4TO r, HO CBOHCTBA, ¢ KOTO-
pPEIMR MBI MMeeM JeJo {(apumMeTHKa ¥ NOPsN0K), OAHHAKOBHL B 3THX
ABYX T0JfX.

Tenepb onpejesuM, uTO Mbl OyIeM NOHEMATL O], BEICCTBEHHBIM
YHCJIOM.

1.31. Onpepencuue. B pansueiinem ceuenns GyLyT HA3bIBATLCSH
BELECMBERNbIMY  wucAaMu. Panyonanphble ceyenust GYAYT OTOXKAECT-



Bewjecmeentiblie Hucaa 15

BJASTLCA C PAUMCHAABHLIME YuciaMu {0 OYIyT HaSHIBaTLCR PaIio-
HaNbHBIME ynchamu). Bcoe ppyrue ceyeHust OyAyT HasbBATBCS Uppa-
LUOHQALHbIMIL YU CAQMU.

Tarkum 05pa30oM, MHOXKECTBO BLEX pPALHONANLHBIX HHCEJ OKaskl-
BACTCH NOJMHCHKECTEOM CHCTEMBI BelllecTBedHbIX uHced. Teopema 1.29
MOKasbiBaeT, YTC WeXAY JIOOLIMM  JBYMS BEUECTBEHHBIMH UHCJAAMH
HMECTCst paiMNBasbHOe uHcao, a Teopema 1.30 noxasbiBaet, 4TO
Ka¥I0e BELISCTBEHHOC UMCJHO ¢ ¢CTh MIOXCCTBO BCEX pallBOHAb-
HEIX UHCEN P, TAKMX, UTO p < @.

B caepyiomeidn TeopeMe BHICKA3aHO UPE3BLIYZHNO BOXHOE CBOHCTBO
CHCTEME! BEIIIeCTREHIbIX YHCOJL

1.32. Teopema (Meackuna). [liygems A u B—makue mHowe-
CINBA BEWECMBEHHLIX HUCCA, 4MO

(@) Kamedoe eeuyecmeernoe wucao npuradaescum uaw A, uzu B;

(b) Hukaroe eeujecmeenroe uucao ne npuwalaemum u A, u B,

(¢) Hu A, Hu B ne nycmo;

(d)y ecau a €A u PEB, mo a<f.

Toc0a cyujecreyent 00HC (U4 MOABKO 0JHO) BCIECNIBEHHOE HUCAO Y,
makoe, umo o<y npu ecex o CA v y<L8 npu scex BE B.

[Tpexxae ueM ncpexofTb K AOKA3aTeNbCTBY, CHOPMYJUpyem
YaKOe CHeJCTBHE.

Caepcteue. B npednosomceruax meopemot 1.32 aubo A codep-
weum Hauboavuice wucao, Aub0 B codepocum Haumensliee 4uCA0.

Hedictsurenstio, ecnn y LA, Te v -—rauboqswiee 4ucao 8 A; echn
v €8, 0 y—naumenbliee B B; B cuiy (a), OfHA H3 THX BO3MOMK-
i0CTeH  JIOMXKHA OCYUIeCTBUTBCY, TOrAa Kak, B cuay (b), oun
He MOTYT OCYWEeCTBHTBCs ofe.

YIMeBHO CyllecTBOBanKe Yy (€AMICTBEHHOCTL TPUBHAJbLHA) COCTAB-
A9eT COMepwanue 7ol BaXHOH TeopeMmul., OO HOKa3LiBAST, YTO
npoDEIbl, KOTOPHIE Mbl OOHAPYXKHAM E CHCTEME DAMOHAILHBIX YHCEM
(cp. ¢ npumepom 1.1), Terneps sanonmuendt. Dojdce Toro, eciu Onf MBI
HONBITAIMCE TOBTOPUTHL TOT TNPOIECC, KOTOPHLIA NPHBEA Hac OT palH-
OHATHHBIX YHCET K BEILECTBENIILIM, M Ravyald CTPOHTH CedeHHs (Kak
poonpeneeHun 1.4), 3JeMCHTAMH KOTOPBIX ObUIM Obl BeeCTBCHHbIE
YMCJIZ, TO KaXJA0e CeyermHe uUMeao Obl HaHuMEeHblice BepXHee YHCAC,
H Mbl CMOTJIM OBl Cpagy Xe OTOXKAECTBUTh KAXKAOC CeueHue ¢  HaH-
MCHDBLIEM H3 €rC BePAHHX UYHMCEd, He [:0JIVYHB HUYeI'0 110BOro.

o s1o#t npuuwune Teopemy 1.32 MHOTJA HE3BIBAIOT TeOpeMol NOJ-
WOTH JUIS BEIIECTBeHHLIX YHCEJ.

HoxaszareabcrTBo Teopemul 1.32. JonycTum. 9470 HMEIOTCS
Jifie 9UCNa Yy H Ya, JAJSL KOTODBIX BBINOJHENHO 32KJIOUEHEE TeC)PEeMBl,
nveTh vy < yz. Buibepem y; Tak, uTo y; < yz<ly. (37C BO3MOMKIO
no reopeme 1.29). Torma M3 HepaBCHCTEA ya<C Y, CHEAVET, YTO
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yvs€A, B TO BpeMsi KaK HepaBeHCTBO y; << y; AaeT y;€B. Drto upo-
TuBOopeynT ycaosuio (b). Takum ofpasom, cyiuecTByeT He Gosee ueM
O/1HO YMCJIO y ¢ TpebyeMbiMH CBOHCTBAMHU.

Ilycrb Yy —MHOXKECTBO BCEX pAlMOHANLHBIX YHCENT [, TaKHX, YTO
p€a npu nekoropoM o €A. Mpl JOJKHEI NPOBEPUTH, YTO Y YAOBJIET-
BOpsieT yCJaOBHAM onpeaenedus 1.4.

(I) Tlockombky A nemycTto, Yy Takxe nenycto. Ecou €B u ¢¢§,
T0 g§ a npu JuoboM a €A (ubo a < fB); 3Hauut, g4vy.

(II) Ecu p€y ¥ g<Cp, TO p€a¢ IpH HEKOTOpPOM @€ A; 3HAYuT,
gEa, MosToMy GEvy.

(III) Ecam p€y, To pCoa npu HexkoTopoM o € A; 3HaAuuT, Cyie-
CTBYeT ¢ >p, Takoe, 4TO ¢ € a; CJAeA0BAT&IbHO, ¢ Y.

Taxum o6pa3oM, y— BelleCTBEHHOe YHUCJO.

Slcno, uto a<Cy npu Bcex o€ A. Ecan 6w npu Hekotopom P € B
OKasaloch, 4TO P<CYy, TO Hauuioch OB palHOHaNbHOE YHCIO p,
Takoe, 4YT0 pE€y H péfP; HO ecan p€y, T0 pEa NPU HEKOTOPOM
ac A, a orcioa cJaedyeT, 4To < a, BonpexM ycaosuioo (d). Takum
o6pasoMm, y<p npu Bcex BE€B, n 10KA3aTeNLCTBO 3aKOHYECHO.

Tenepb Mbl OTKaxeMCsi OT HEKOTOpLIX coOryanicHHHd o6 0603Have-
HHsIX, JAeHcTBOBaBMX RO cux nop. Dykem p, g, r, ... Ooabue
He OYyAYT npejdasHAyaTbCsi TOABLKO AJs PAllHOHAJLHBIX YHCeJ, U OyK-
BaMi «, P, y, ... TOXKe MOXKHO OyJleT No/b30BaThCs HAJsl pasHbX
Hened.

1.33. Onpenenenne. IlycTh E-—HEKOTOPOE MHOMKECTBO Bellie-
CTBEHHBIX uMces. EcM cyllecTBYeT YHCJO Y, TaKO€, 4TO X<y NpH
Bcex X C L, TO Mmbl 6yJeM TCBOPHTb, YTO MHOXKECTBO E ozparnuuero
ceepxy, a uucso y OyAeM HasuBaTh eepxHel eparusell MuoxecTna E.

Huxnue rpauuithl OnpepeasioTcs aHasorndinpiM  obpasom. Ecan
MHOXKecTBO L OrpasducHO CBEPXy M CHH3Y, TO OHO Ha3blBaercs
OrpaHMYEHHBIM.

1.34. Oupenenenne. llyers E orpanuueHo csepxy. Ilpeano-
JIOXHM, 4TO y 06/ajiaeT CJAeAYIOUHMY CBOHCTRAMU:

(@) y siBAsieTcsl BepxHell rpanunell MHoxecrsa E;

(b) ecoim x<Cy, TO X He fBJsETCS BepxHeil rpaHHucH MHOXe-
ctBa E.

Torpa y HasbiBaeTcst 6epxHerl epadeio (TOYHOH BepXHEH TpaHi-
neit) muoxecrsa E (kak craeayer us (b), cyimecTsyer He Gojee deM
OJHO Takoe uucio y). Mbl Gyjgem ynoTpeGaATh COKpalligHHOe ©00-
3HayeHue Sup IJis BepxHefl rpapH.

Huxnsaa rpaup (inf) moGoro wmuoxecTBa £, OrpasuueHHoro
CHH3Y, ONpelenseTcss TAKHM e 06pasoM.

1.35. [Tpumepu. (a) Ilycte MuHOXecTBO E  cOCTOMT H3 Bcex
gyucea l/n, the n=1, 2, 3... . Toraa muoxectBo E orpaHndexo,
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ero BepXHas rpanb paBHa 1, a ero HuxHsg rpadb pasHa 0. 3ame-
THM, YTO B 3TOM CJy4ae BEepPXHsfd IpaHb MPHHALMNEKHT MHOKECTBY,
a HUXKHAA TpaHb— He MPHHALJIEIKUT.

B ofmem cayuae BepxHsisi rpaHb (WM HHMKHSIS TpaHb) MOMKET
NpUHAAIekKaTh, @ MOXKET M He NPHUHAJLIeHKATb MHOXKECTBY.

(b) Ilycts E cOCTOMT M3 BCeX HEOTPHLATENbHBIX yHcesa. Torpa E
OTPAHHYEHO CHHM3Y, HO He OrpPaHMYEHO CBEPXY, H €ro HHXHssl IPaHb
pasua 0.

1.36. Teopewma. [Tycme E—nenycmoe MHOMCECEO seuiecmaen-
HOLX uucen, ozpanuderroe ceepxy. Tozda sup E cyuiecmeyem.

IloxasateabcTBo. [lycTh A-—MHOXKECTBO BeECTBEHHbIX
4UCeN, OnpejlesieHdce CJeAYmUM obpasom: €A B TOM H TOJBKO
B TOM CJIy4ae, KOrAa CYULeCTBYeT uneso x € £, Takoe, uTo ¢ << x. [lycts B
COCTOMT H3 BCeX BelleCTBEHHBIX YUCEJ, He hNpuHajgjexamux A.

flcno, 410 MMKAKOH sJCMeHT MHOXKecTBa A He sBASETCA BepXHell
rpaHuled MHoxecTsa E, a XamkIbll 37eMeHT MHOxecTsa B sBasieTcs
BepxXHeH rpauuueit muoxecrsa E. UrtoGbl J0OKasaTb CyliecTBOBaHHe
BeDXHe{l Tpaiyd, NOCTATOYHO MOITOMY J0KA3aTh, UYTO B copepXuT
HaUMEeHbIlIEE YHCJIO.

[TpoBepum Tenepn, 410 A U B yAOBIETBOPAIOT MNPEATIOIOKEHUAM
TeopeMnl 1.32.

Ouesupno, uto coiictBa (@) u (b) Buioanensr. Ilockoneky E
HENYCTO, CYWECTBYET HEKOTOPHLH 3jeMeHT X€ E u Ka)KAce YHeJaIo
o < x npuHaanexknt A. Tak Kak E orpannueno cBepxy, CylmecTsyer
YHCJIO Y, TaKoe, uTo X<y Npu Beex x€ E, 3naunt, y€ B u BbINOA-
reno cBo#cTBo (€). Ecanm a € 4, 10 cyiecTByer aaement x € E, Tako#,
uro a < x. Ecan BB, 1o x<(f. Takum o6pasom, o< B npu Bcex
a €A, BEB, u Bumoaneno (d).

Mrak, B cuay caencrsus ua teopemur 1.32, ymGo A cojepxur
uaubopinee uKcno, Ju6o B copepmuT naumenninee. Mbl JOKaXKeM,
4TO NepBasi BO3MOXKIICCTL HE MOMKET OCYIIeCTBHTHCH.

Hyers a€ A. Torpa cyumecrsyer uncao x€ E, Takoe, 4T0 o << X.
BriGepem o’ Tak, uto a <o’ < x. [Tockonexky a’'<<x, T0 0'€A,
TAK 4TO a He ecTh Haubosbliee uncjao B A.

DTo 3aBepiaeT ROKa3aTeaLeTBo.

B KauecTBe MpunoKeHHs: BBHIUIEUSTOKEHHOrO MBI NPHBEAEM JOKa-
347TCTBCTBO CYULECTBOBANHS KOPHEH M-Ii CTENEHH H3 IOJ0MKHMTEJbHBEIX
BCHIECTBEHHBIX uHce . TeMm caMmbIM  OyjleT TOKas3aHo, KaKk MOMXKHO
1PeoN0IeTh TPYAHOCTH, OTMEYEHHLIC BO BBeXeHHH (HPPalHOHAIbLHOCTD

I 2).
1.37. Teopewma. s ecakoeo seyecmsennoeo x>0 1 6cakeco

yraveo n>>0 cyuecmeyem 00HO U MOALKO 00HO BeU{ECIBEHHOE y>0,
nmaxoe, ymo y"==x. ‘
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10 4HCJI0 3AMUCHIBAIOT TaK: Y X wau xi/m,

HloxazartenbcTBo. EauucrBesiocts cjaegyer H3 TOrg, 4TO
HepaBeHCeTBO 0 <y <y, BiEYeT 33 CO0OH HepaBeHCTBO Yo < yr.

[lycts E ~— MHOXKECTBO, COCTOHULee 13 BCEX NOJIOMKUTEJNbHBIX Belle-
CTBEHHLIX f, TAKHUX, YTO ™ <

Ecan ¢t =x/(1 +x) TO O</t<1 auadnr, M=t <x, 18K yrto E
HefycTo.

[Moaoxkum fy=1+x. Torna u3 HepasedcTBa f > fy CJaefyer, uTQ
"> t>x, nostomy {4 E u f, siBagercs] BepXuedl rpanuugedl MHOXe-
ctBa F.

Ilycte y— Bsepxuss rpanb MHOXKecTBa F  (KOTOpas cyllecTByeT
no recpeme 1.36).

Honycrum, yto y" << x. Bmbepem A takuM, uto O<h<l wu

n m
Torga, ofo3nayas yepes (m ) KoadduurenT npd 2™ B pasokKeHHd
6unoma (1 +2)", noayaum

=g+ () yns ( 2 \> R ()<

OO IR

=y h (L) —y" i<y F(x—y") =x.

Taknm oOpazoM, y-+An€ E. DTo 11pOTUBOPEUHT TOMY, 4TO Y — BePX-
HAA TpaHuia MHOKecTsa [,
HonycruM, uto y” >> x. Bubepem k takum, uro 0k <<1. k<<yH

Torpa npu 2> y—~k noayuum
- w /S n w1y 1 0 - . nf —
" ‘(Ji k —_I/l“" 1. y" ]R"‘"i‘o /Jn PR '?’"(wl)n<n)kn_‘

ey —-k /1>J1£1 ";Z)yn—gk“i—..-"(—l)n(\2\)‘}6”_1.‘]\/}

A “n n\
~ T __ [ n n—y y / \ n=g _L( ::
2> Y k‘,,‘\i)y ~f—\\()/y e e -\”),
=y =kl -y >yt x) =
Tarum obpazom, y— k& aBasictes Bepxuedl rpaHuiuel muomecrtsa FE,
4 3TC NPOTHBOPEHUT TOMY, UTO {— HAUMEIDbIIAA K3 BEPXHHX TPaHHL
MueKecrsa F.
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ChnenoBaresbHo, y" = X.

1.38. Hecsituuurie apo6Gu. B 3akmouenne 3rtoro paspena
VKaKeM Ha COOTHOLUEHHE MeKAYy BEUIeCTBeHHBLIMH YHCJaMH M Jecs-
THYHBIMH APOGSAMH.

flycts x> 0— Bemecteennoe uucsao. [lycts ny— HanGosbluee
1eJ10e 4HCJIO, TaKoe, 4T0 ng < x. Ecad ng, g, ..., Ax-y YKe BuIOpaHsL,
TO OyCTh N — HauOoJibulee 10 YHCAO, TaKoe, uTo

n 1
no‘{" 1—(1)1— v +ib—£<x

llycTs E — MHOXKECTBO HCe
&

(3)  motipt.. b (k=0,1,2 ...

Toriaa x—mepxHaa rpanb MHOKecTBa £, [lecsitnunoe pasnoxetue
YHCJAa X MMeeT BHA

4)  ngnngng ... .

OdpatHo, mast J10Go# GecKoHeuHol Jecatuunoft Apobu (4) Muo-
KeeTBo E yncen Buga (3) orpaHuueno cepxy ), u (4) sssgercs
ACCSITHYHBIM PA3JIOXKEHHeM BepxHell rpaHH 3Toro MHOXKeCTBa 2).

Ml He obcyikjiaes MOAPOGHO [eCATHUHBIE NPOOH, TaK KaX HYKOrJa
pe OyAeM HMil N0Jb30BaTLCS.

PACITUPEHHANA CHLTEMA BeLECTBEHHLIX yuced

1.39. Onpepesnenne. Pacuupenuass cucreMa BellleCTBeHHBIX
‘1HCeJ COCTOMT M3 CHCTCMBI BEIIECTBeHHBIX 4YHCed, K KOTOPOH IIpH-
COCQHHEHB! JIBA CHMBOJA — GO U - 00, TPHYEM BBHINOJHAIOTCST CJe-
/iyiolllHe CBOHCTRA:

(@) ecdH  X-— BeWCCTBEHHOE  UHCHO, TO — oo <l X< -+ oo,
X X
x-*- :;-{-—-(1), X == Q0O == -0, —_f:o—a»)'_—:—:z\—:;: )

(6) ecsm x>0, 10

x-(Ai——OO):;;_}_m’ x‘('—'C-:)):::_.m;

) HeoGxomamo orMeruts, 410 Ay <9 (k==1, 2, 3, ...).—MTpum. nepes.

2) D710 yTBepKIeHHe aBTOPA ChenyeT YTOUHMThb. JleCATHUHBIM pasnioKeHHEM
Ldi3 X Ha3BAHA MOCJRAOBATENLHOCTD yHces (3), NOJIYUeHHAsi ¢ NOMOWIBIO «Npi-
NUUDKCHHE 1o #edocmamKyy, MPUYEM KAMAAT KOHEUHAs APo6b, COOTBETCTRYIONIAS
MOUelOBATEABHEICTH Mg fly « .. g, AACT HAKAYULIIEe NPHOMKESHHE K X CJeBa €
ToiioeTsic 1o 1077, Ho B TakoM ciyyae HEeBEDHO, UTO APOOL fig,Mydly ... fp ...,
v fg=0, ap=9 (k=1, 2,...) spasercs ACCHTHUHLIM DA3IOKEHHEM AJIA
wan [T TaKUM HECATHYHEIM PAavioReHue s caymHT apote 1,000... .-—[ipusn. nepes.
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(c) ecmr x<<0, TO
$:(+w)=—00, x:(=m)=-}oco.

Ecii  neoOXOXMMO TNOAYEPKHYTh pa3iH4ydHe MeXAYy CHMBOJAMH
— 00, +-00, C ONHOH CTOPOHBI, X BEUIECTBEHHLIMH YUCJAMH, C JpY-
roff, TO NOCJEJHHE Ha3BIBAlOT KOHEYHLIMH ).

1.40. Onpegenenue. Ilycts E— MHOXKECTBO, 5J€MEHTH KOTO-
POro NpHHAAJEKAT pacIUMpPEeHHON CHCTeMe BelleCTBeHHBIX ukcesd. Ecau
E ue orpannueHo cBepxy (T. e. ecyi JAJs Ji000OTO BEUIECTBEBHOTO Y
CylLecTBYeT 3/1eMeHT x € £, Tako#, uTO y < Xx), TO BepXHsis rpanb
MHOXKecTBa £ MO OlpeleNeHHIO paBHa -+ co.

AnanornynbiM 06pa3’oM HHIKHSIS IpaHb MHOXecTBa E, He orpa-
HHYEHHOI'O CHHU3Y, 1O ONpelie/leHHI paBHA — oo.

Hrax, B pacmupeHHON cHCTeMe RellleCTBEHHBIX 4HCE KamkAoe
MHOXKECTBO HMeeT inf M sup. DTO u ecTh IJIaBHas NpHYMHA BBEJACHHS
CHMBOJIOB -—CO U -{- O,

KoMmnaexcHpie Yucha

1.41. Onpenenenue. KoMNACKCHOM 4UCAOM HASHIBGETCS napa
BeulecTBEHHLIX ydcea a, b (B TaxoMm nopsiike). OGO3HAUHM 3TO KOM-
IVICKCHOE YHCJIO vepes (a, b).

B stom pasgese Oykpamu X, y, 2 OYAyT 0003HAYATLCS KOMILICKC-

Hbie uHcaa, OyKoaMu a, b, ¢, ...-—BClieCTBeHHBIE YHCIA; Mbl GyaeM
(BpeMeHHO) nucath

= (1, 0); n=1{(0, 0).

1.42, Oupegenenune. Ilyers x:=(a, b), y=(c, d). Torua
X =y TOTAA U TOJBLKO TOrAa, Korja a==c 4 O=d. Uape x, y como-
CTARUM JiBA KOMIVIEKCHBIX uxcJa, 0003HaYaeMbIX uepes X -y, xy W
ONpEJEJNEeHHBIX CIEAYIOUMM 06pasoM:

x'i‘yz(a‘%‘C, b+d)v
xy=(ac—bd, ad - bc).

1) Takoii cnoco6 paciuspeRHsI MHOMECTBA BCEX BEILECTBEHHBIX UHCCH He coraa=
CyeTcsl ¢ Teopuell ceueHuii, NMPH MOMOLULH KOTOPOH TOALKG HTO IOHOJHAJIOCH MHO-
KEeCTBO BCeX PAlMOHaJbHBIX uHces. [elicTouTeNbHO, LEHTPANBHOE MECTO B TEOPHH
IIQ}{QKHHI{H 3aHUMaeT JOKa3aTesdbCTBO cyiecmeosatitd MHOXKeCTBA (praunonaxb--
HblX Y~IHCEJ!), 3JIEMEHTBl KOTOPOTO CBA3aHLl ApPYr € JPYyroM H ¢ palldOoHAJbHbIMH
YHCJAMH MHOTOUHCMEeHHHIMH COOTHOINeHUSIME (ﬁ He IIPOCTO BBeJeHHE HOBLIX CHM-
BCJOB, YOBJIETBOPSIOUIMX ONpejeleHHbM akciomam). C 3TOH TOUKM 3peHus pac-
LIIDEHHE MHCXKECTBA BCEX BEULECTBEHHBIX UHCE MONKHO Optilo  Onl KTIOCTPOHTHY,
paccMoTpeB enle ABa ceuyeHus: s nepsoro H3 HUX (oécsﬂauaeMcro ——OO) HHX-
HHM KJAcCOM CAYZKUT NYCTOE MHOXECTBO, a AJs BTOPOT'O (0603}18‘42}81“01"0 ~}-OO)-—
MIGKECTBO BCEX pANMOHAJBHBIX HHCEJA. pBSyMHO onpeaenuB CMECJA CHMBC/IOB
x4 00, x-(4 00}, oTHOWeHHH <, > H T. 1., MOXHO0 6bJI0 6ol okazame cBolicTBa
{a), (b), {¢).—lipum. nepes.
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1.43. Teopema. [an onepayuil cA0MCeHUS U YMHONCEHUSR, 66e-
Oerinbix 6 onpedesenuu 1.42, BLINOAHAIOMCA BAKOHbL KOMMYMAMUE-
Hocmu, accoyuamuerocmy u oucmpubymueHocmu.

LokasarteabcTro. Ilyets x =(a, b), y=/(c, d), z-=(e, [).
(@) x+y=(@+c, b+d)y=(+a, d+b)=y+x;
(0) (x+9)+z=(a+c btd) i H=(atcte, brd+f)=
=(a, O)+(cte, d-P=x+(y+2)
(¢) xy=(ac—bd, ad + bc) = (ca—db, da-+cb)=(c, d) (a, b) =
(d) (xy)z=(ac—bd, ad +bec) (e, )=
= (ace-— bde — adf — bef, acf - bdf + ade + bce) =
=(a, b)(cemdi, cf +de)=x (yz);
(& (x+yz=(a+c, b-tdie, [)=
==(ae - #ce—~bf df, af +cf + be--de) =
== (ae—bf, af + be) - (ce—df, cf + de)=xz-+yz.
1.44. Teopema. [an 406020 KomniekcHoz20 x umeem x -+n=x,
xne=n, yu=2x.

ILokasaTeanbcTBO. D10 CAEAYET HEMOCPENCTBEHHO M3 OIpe-
neqenust 1.42.

1.45. Tecopema. Ecau x-ty=x-+2, mo y-=z.

HdokasarteanctBo. Ecu y=t2, TOo, KaK I10Ka3bIBAOT OIpe-
jenenue 1.42 w teopema 1.18, x+y=x+2.

1.46. Teopewma. /[a1a 106020 KOMNAEKCHO20 HUCAG X Cyuwjecm-

syem  00HO U MOAbKO OOHO KOMNAEKCHOE 4YuCA0 Y, TAKOe, YTO
¥ y=n.
Mpr 0003HAUHM 2TO UHCJIO Yy uepes — X.
HokasateabctBo. EXMBECTBEHHOCTD caefyeT U3 Teopembl 1.45.
700bl 10Ka3aTh CYIUECTBOBaHME, NONYCTHM, uTO X=(a, b), U MoJoO-
WHM =X = (—a, —b).
1.47. Teopema. Ecau nucamb x—y 6emecmo x--(—y), mo
(@) x—x=n,
) (=0 y=x(—y) = —(xy) = (—u) (xy),
theE 4O He B03HUKHeN, HUKAKOL HeAcHocmu, ecau mbi Oydem éce

DU BBIPASKEHUS BANUCHIBAMY 8 eude — xy.
[loxasaTenbCTRa TPHBHAJbBHEL.

1.48. Onpenenenune. llycts x==(a, ). Mo GyneM Ha3uIBaTH
chcoaomHod  eeaudunol uucha x uHesao |x!=7a*4b* (Mel pac-
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CMaTpHBaeM TOJIbKO HEOTPHLIATe/bHOE 3HaYeHHe KBAaJAPaTHOTO KOPHH,
KOTOpoe onpejessieTcst €JIMHCTBEHHLIM oOpasoM no Teopeme 1.37).

3ametuM, 4TO aGCOMIOTHASI BeJHYHHA KOMILIEKCHOTO WUHCJIA —— He-
OTPHUATENbHOE BelIeCTBEHHOEe YHCO.

1.49. Teopema. [as aobotx KOMNAEKCHOLX Hucea X, Yy umeem

(@) | x>0, ecau x=£n, u |n|=0;

©) {xyi=|x[]yl-

Hoxasarteanctso. CeofictBo (a) tpusMaipno. YTo Kacaercs
(), 1o nyets x=(a, b), y={(c, d). Torga |xy[*=|(ac—bd, ad-+
+ be) P = @l + b Y- b - b = (@ + D) (- dY) = | x|y .
3pauur,

lxy|=VIxPlyPE=]x|ly|.
Hokasatb nocjiefHee pPABCHCTBO MBI INPEAOCTABASEM UATATEIO
(ynpaxueHnue 4).

1.50. Teopema. Ecau xy=n, mo aubo x=n, aubo y=n.
HoxasateanbctBo. Ecom xy=n, 10 no teopeme 1.45
xflyl=lxy|=|n]=0.
[lockonbky |x| W |y| BewecTBeHHl, OTCIOfA CJAELYET, UTO JHGO
x|==0, 6o |y|=0, 1. e. B0 x=n, MMbo y=n.
1.61. Teopema. Ecau x<=n u xy=xz, mo y=2.
HokazarteanctBo. Hmeem
X(Yy—2)=xy—xz=~n,
ITo teopeme 1.50 y—z=n, 1. e. y=2.
1.52. Teopema. [aa 06020 KOMNAEKCHO20 X =1 cyuiecmayem

00HO 1 MOALKO 00HO KOMMIEKCHOe HUCA0 Yy (Komopoe Mol Oydem 3any-
coisamo 8 sude ulx), makoe, 4mo Xxy==u.

HoxasateancrtBo. Equncrsennocts cieayer u3 teopemsi 1.51.
[ycte x=(a, b). [Nonoxum
7

Terna

’ —b
xy=(a, b) (\ ‘;ﬁ‘iﬁ",;g: *qubg") = (1, 0y==u.

1.53. Teopema. Fecau x==n, mo 041 406020 KOMMieKCHOO Y
Cyugecmsyem 00HO U MOALKO 00HO Komnaekcive z (Komopoe msr Hydem
seauceleams 6 eude y/x), maxoe, 4ino xz ==y,
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HokasarteabcTtBo. Ilonoxum z=(u/x).-y. Torga
xz-—x~——-y=u-y=y.

HMrtak, Mbl 10KasajH, 4YTO KOMILIEKCHBIE UHCJA CO CJAOXKEHUEM
H YMHOMKeHHeM, BBeJCHHLIMH B onpejesenud 1.42, MOAUHHAIOTCS BCEM
OGBIUHBIM 3aKOHAM apudMeTHkKH.

1.54. Teopewma. [ra acboix sewjecmeennsix yuces a u b umees
(@) (a, 0)4(b, O)=(a+b, 0),
(b) (a, 0)(b, 0)=(ab, 0),

2, 0\ _/a 3\

(¢) (b, 0>"<b ,O/, ecau b==0,

(d) |(a, 0)|=]al.

B (d) cumBOa |a| HyXHO NOHHMATh B CMbICJe onpedesenus 1.24.

LlokazaTenbCcTBO TPHBHAIBHO.

Teopema 1.54 nokasbiBaer, MTO KOMIWIeKCHble uyucaa Buaa (e, 0)
cOnafaT TeMy Ke apiMeTHYECKMMH CBOHCTBaMM, 4TO H BeILeCTBEH-
itble 4Hpcaa a.

Mpr MoxeM 1o3ToMy CTOXJAecTBHTb (a, 0) ¢ @; 3TO OTOXKJIecTBe-
i€ MpeBpaillaeT MHOMXKECTBO BCeX BEUICCTBEHHBIX YHCeT B NOAMHO-
JKECTBO CHCTEMbl KOMIJIEKCHBIX YHCEJI.

B uacrHocTH, MBI Gyjaem Teneppb rucarb 0 BMecTO nu 1 BMecTO 4.

Yurtaresnp, BepPOATHO, 3aMETHJ, YTO MBI IOCTPOHJH apHOMETHKY
KOMIIIEKCHBIX UHCeJ, He BBOAA TAMHCTBEHHOrO cuMBoda «}/ — I».
'erieps MBI XOTHM MOKa3aTh, 4TO 00O3HaueHHe (2, b) PaBHOCHJBHO
(ruiee UPUBBLIYHOMY a - bi.

1.55. Onpeneaenune. i=(0, 1).
1.56. Teopema, 2= —1.
HJokasareascrso. 2=(0, D0, 1)=(—1, 0)= —
1.57. Teopema. FEcau a u b—eeujecingennvie wucia, mo
(u,/))-—~ 1= bi.
"LoxasqmeanTso. a+bi={(a, 0)+ (b, 0)0, 1)=(a, 0)+
b)=(a, b).
i.58. Teopema. Ecau x u y— KOMNAEKCHbIE quCcAa, MO
fxdy i <fx|t+1yl
HoxaszareascTtBo., Eemn x+y=0, 710 A0Ka3LiBaTh HECYEro.
Jlonyoris, to X+ =0, 1 NONOKUM
A fx-}-y!
— LT
h=
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YMHoXas Ha x-f-y, Mbl 3akJawodaem 10 Teopeme 1.49(b), uro
|Al=1. Kpome TOro, Ax-Ay— BeliecTBeHHOe uucjo. Ecian Ax =
=(a, b) u Ay= (¢, d), 10, KaK MOKa3bBaeT onpeaeneHue 1.48,

lal<ihxl=|xl,  Jel<Irgl=]yl,
3uaqyr,
x4 yl=hrthg=ate<lal+le|<lx|+]ylh

1.59. Onpepenenne. Ecimm a ¥ b—BemecTBeHssle uncsa

U z=a- bi, TO KOMIJEKCHOe YHCJIO Z ==a-—bi HasLBaercst conps-
HCCHHOIM C Z.

1.60. Teopema. Lcau x, y-— KOMNAEKCHbIE 4UCAQ, MO
(@ *+y=x+y
(b) xy=x-y,

(c) xx==|x[® (3HQuum, 4UCAO XX 6CLYECMBENHO L Heomputa-
mMeavro),
(d) x+ x — seujecmeentoe 4ucA0,

(e) ecau x sewjecmsenHo, mo x == x.
ﬂoxasarenbcma ITUX yTBep}K}LeHHﬁ TPUBHANbHEI.

1.61. OGosunaueuue. Ecau x,, ..., X, — KOMIJIEKCHBIC YHCJA,
Te Mbl OylieM NHCaTh

Xy+ Xt oo Xy J; Xje

Mbl 3@KOHYMM 3TOT pasfes BaKHBIM HEPAaBEHCTBOM, H3BECTHBIM
1o/ naseaxuem HepaseHctBa [IIBapna.

1.62. Teopema. Ecau ay ...,y U by ..., by, —Komnaekcroie
qucaa, mo
l n n n
Al T g
> by < a3
| =1 J=1 i=1
Al i
JoxasareabcTBO. I_IOJIO}KI/IM A::\‘ a;?, B=2|bp2
C=> a;b; (B0 Bcex cymMMax B [OKA3aTeJNbCTBE | TMPOGeraeT MHOMKe-
21 ;05
ctBo umcea 1, ...,n). Ecim B=0, 10 by=...=0b,=0, n 3aximo-

yende TpuBHaNbHO. [onyctum nosromy, uto B> 0. [To Teopeme 1.60
MeeM

2| Ba;—Cb; =2 (Bu; — Cb;) (Ba; — Cb;) =
23221&'2—362615*362@]]]]
LICEY | b;P=BA—B!C2=B(AB—|C}]).
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Mur BHAMM, YTO
B(AB—[CP) >0,

TaK KakK BCe cJaraeMble B NepBoii cymme Heorpuuareibhsl. Orciona
caenyer, yro AB—|C|*> 0, nockonbky B >0. Ho 310 u ectb Tpe-
Oyemoe HepPaBEHCTBO.

EBKAU 0B NpPOCTPAHCTBA

1.63. Onpenenenus. Jig Ka)kIOro NOJOKKTENLHOTO EJIOTO £
0603HayuM uepe3 R® MHOXKeCTBO BceX YNOPAZOYEHHBIX MNOCJ]EAOBA-
TeJhHOCTEN H3 Kk BeleCTBEHHBLIX YHCeJ

X==(Xq, Xoy «voy Xn);

YHCA Xg, ..., Xp HA3BIBAIOTCSH KOOPAWHATAMH 3JEMeHTa X. OJeMeHThI
MHOXKecTBa R" Ha3bIBAIOTCS TOUKAMH, WJIM BEKTOpPaMH, OCOGEHHO TPH
k> 1. Mp Gyaem 0003HauaTh BeKTOpbl OyKBaMH, HaOpaHHBIMH IKHP-

ubiM  wpupTom. Ecaum y={(y;, ..., Yr) U o —BEIECTBEHHOE YKCJIO,
TO ITOJIOXKHM

x+y=(x1+!/u . --7xk"%‘yk)’

aX = (0L, «o., AXz),

TaK  4TO x+yER" H ax€R®. Tem camnm ONpejelieH0 CJIoXKeHue
BCKTOPOB, A TakXe YMHOMEHHE BeKTOpa Ha BEULeCTBEHHOE YHCJIO
(ckazsip). DTH JBe ONepauud TNOJAYMHSIOTCS 3aKOHAM KOMMYTATHB-
HOCTH, aCCOUMATHBHOCTH M AUCTPUOYTHBHOCTH (A0KA3aTEJbCTBO TPH-
BHAJAbHO, TAK KAK AHAJOTHYHBIM 33KOHAM [TOAYHHAIOTCHA BelleCTBeH-
nule ykcaa) ¥ npespawmanT R* ¢ sexmoproe npocmparcmeo nad noaem
acryecmeennblx quces. Hynesoit snement mpoctpancrBa R*® (unorna
I1A3bIBAEMBII HAYAAOM, WM HYAEBLIM 6eKMOPoM)--3TO0 Touka 0, Bce
KOOPAMHATB KOTOpOH paBHbI 0.

Mol onpesenuM emie Tak HasbpiBaeMOe CKAAAPHOe (UAu HYympeH-
Hee) npouseedeHtie BEKTOPOB X H Y:

3
X-y==12 XY,

A TakKe HOpMYy BEKTOpa X:
h Ya
xl= e (1)
b

Onpeniesieinas TakuM 06pasoM CTPYKTYpa (BEKTOPHOE NPOCTPAaHCTBO
R O CKa/SIPHBIM TPOHM3BEJCHHEM H HOPMOH) Ha3hIBaeTCsi eBKJHO-
BIIM R-MEPHBIM TPOCTPaHCTBOM.
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1.64. Teopema. /ycmo X, y, z€R" u a — sewjecmeensoe uucao.
Toeda

(@) |x]| > 0;

(b) |x|=0 mocda u moavxo moeda, koeda X = 0;
(¢) |ax|=la|]|x];

(d) [x-y[<[xjly];

(e) [x+yl<ix|+]y}

() |x—z|< x—y [+ y—z|

HokasatenbcTBo. YTBepkuenusa (a), (b) u (¢) oueBunnm,
a (d) creayer remocpeicTBenno H3 mepasenctsa lllsapua. B cuav (d),
HMeeM

[X-by P=X+y) X +y)=x-x+ 2y +yy<
<IxP2ix|lyl4+ oy 2=0x{+]y D3

uTo pokaswiBaeT (e). Haxoweu, (f) caepyer ns (e), ccau samennTs X
HAa X—Yy, y HA y—2Z.

1.65. 3aMeuvanus. Teopema 1.64 (a), (b) u (J) nossoaur naw
(cm. ra. 2) paccmatpusaTh R xak Merpuueckoe mpocTpancTBo.

[TpocTpancTBo R! (MHOMKECTBO BCEX BEIECTBEHHBIX YHCCT) OOBIYHO
HasblBAIOT MPSIMOH, MAM BELIECTBEHHOH MpAMON. AHajoruunwim o6pa-
30M, R? Ha3pIBAIOT IVIOCKOCTBIO (cp. ompegeneints 1.41 u 1.63).
B 3TMX ABYX Cly4asx HOpMa-— 3TO aOCOMOTHAS BEJMUMHA COOTBETCT-
BYIOUIErO BellleCTBEHHOTO HJIH KOMILIEKCHOTO 4uCJa.

YnpaxHeHus

1. Hlyers r—paumonanbioe uncsic (r=£0), a x-—uppauronain-
Hoe. JlokasaTh, uTO yMeaa r-tx M rxX HPPALHOHATbHDL

2. Jloka3aTb, 4TO MeXIy JHOOLIMH JIBYMA BEIIECTBCHHBIMI YHCAAME
COJCPKHTCSA HPPALHOHAMBHOE YHCIIO.

3. JlokasaTtb, 4TO lie CYHIECTBYeT pAUHOHAILHOIO YHC1A, KBAf-
paT Xoroporo pasen 12.

4. Tlyers x>0, y>>0 u n— nonoxkuTennuce enoe uicao. Joxa-
3aTh, YTO

n = Ny n ——
VoV =Vay
(cp. ¢ Teopemoit 1.37).
5. Ecit x>0, a r-— pauioHaibHOe YHCIO (r = 1n/m), TO HUAOKEM

x" ="y x".
Llokasats, uto x" == () x )

6. Ilokasatb, 4TO ecM x >>1, T0 xP << x? npH MOOHIX PALHOBA!b-
HBIX p, g, TaKHX, 4TO p << ¢.
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7. OnpenemuTb x¥ A x>>1 1 BeUIECTBEHHOTQ Y, HCHONb3YsE
ynpaxende 6 1 meton Teopemnl 1.37, W HOKasarh, 4TO

(a) x¥ <<x*, ecam 1 <<x, y<<z;

(b) x¥<2¥, ecn 1 <<x <<z, y>0;

(c) x¥*F = xYx7,

8. Kak HyKHO u3MeHHTb ynpaxuesus 6 u 7, ecom 0<<x<<1?

9. llyers b>1, x> 0. [JokasaTh, 4TO CyIECTBYET OQHO B TOALKO
OO BeUleCTBEHHOE YHCJIO Y, TaKoe, 4TO X ==bY, DTO uucao y Hasb-
BaeTCsi JIOrapHdMOM X NpPH OCHOBaHHH b.

10. B xakux nmyHKTaX HalIero M3JOXEHHS TEOPHH BEUlECTBeHHBIX
YUCE BOBHHKJAM OBl TPYAHOCTH, ecau Ol 6blo onyineHo ycaosue [I1
oripefiesennsi 1.4?

1i. Ecan z,, ..., 2, — KOMILUIEKCHBIE YMCHA, TO

R e XA EN FAE S FAE S S

12. Eciu x H y-— KOMWJIEKCHBlE YMCAAR, TO

lxl—lyli<|x—yl. .
13. Teopema 1.36 Opiia BhiBefena u3 teopeMsl 1.32. Ha camom
Jiglie 3TH TEOpeMbl PAaBHOCHJLHBL. UTOOH yOefuThCSi B 3TOM, HOKa-
#rTe Teopemy 1.32, He nonb3ysichb CEYEHHSIMH B MHOXKECTBE pailyo-
HENBHRIX YUCEN, a HCNoAb3ysl Kak nocrynaat rteopemy 1.36 u 00bry-
e apudMeTHdecKHe CBOHCTBA BELUECTBEHHBIX UHCEJI.
14, Ilyctb z— TaKoe KoMIJIEKCHCE YHCAO, 4TO | 2|=1, T. e. 2z=1.
Dewpeauts | 142241 —2 2
15. flpr kaxkux ycaoBusix B HepaBencTBe illBapua mMeer mecTo
pEBEHCTRO?
16. Tlpeanonoxnm, uto k>3, x, YER®, |x—yl=d>0ur>0.
Jlckasatn, uro
(@) ecnu 2r >d, TO cymecTByeT GeCKOHEUHOE MHOMKECTBO TOUEK
7 ¢ K", Takux, 4ro
|z2—x|=|z—y|=1r;

by eca 2r=d, TO CcylleCcTBYeT B TOYHOCTH OJH2 Takas TOUKa Z;

(¢) ec 2r << d, TO He CYINECTBYET TakHX Z.

Kak RyKHO H3MCHHTb 5TH yTBepMKIAEHHs, ecad k=2, k=17

17. Jloxasatb, 4TO

Xty P4 {x—yP=2{xF+42]y{

ccan X CR" y € R*. HMcTonkosath 3T0 reoMeTpHYecku, Kak HEKOTOpoe
yTBePAICHNE © MapasiiesorpaMmax.

18. [Jokasate, uto ecid k>2 u Xx€R" To cymecrByer BekTOp
y € R*, takoit, uto y =0, no x-y=0. Bepno i 310 npu k=12

19, MNycrs a€R* bER®. Halith ¢€R* u r>0, Takue, 470
[x-—-aj=2{x~—b]| Torma u TOKLKO TOTHA, KOTARZ |X—c|=7.

(Peurenine: 3c=4b—a, 3r=2|b—a.)
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3JIEMEHTBI TEOPHH MHOECTB

Koneunble, cyeTHble U HecueTHble MHOXECTBA
Mol nauneM 3TOT pasfeJ C onpelesicHUs TOHATHS (yHKUHH.

2.1. Onpenenenne. Pacemorpum asa muokectsa A u B, sne-
MEeHTaMH KOTOPLIX MOTYT OblTh J0Oble OGBEKTLI, H MPEAIIOIOKHM, 4TO
KaXAOMy 3JeMeluTy X MHOXKecTBa A HeKOTOPHIM CHOCOGOM IOCTaBlieH
B COOTBETCTBHE »JeMEHT MHOXKeCTBa B, KOTODHI MBI 0603HaUHM Yepes
f(x). Torpa | naswiBaerca ¢yuiyued w3 A B B (wnn omobGpaseruem
MHO¥ecTBa A B B).

Muoxectso A waswBaercss obaccmow cnpedeserust Gynkuuu |
(Mol OylieM TOBOPMTH TakKxKe, yTo f onpejednena nHa A), a 3JeMeuTbI
[ (x) nasweiBaioTCs sHauexuamu f. MHOXKeCTBO BoeX 3HaueHHH GyHK-

MK [ Ha3BIBaeTCA ee 004acmblo 3HQUerUL.

2.2. OnpeneacHue. Mo OyjeM IOBOPHTh, 4YTO MHOXKecTBO A
ecTb nodmroscecmeo muoxecrtsa 8, u nucare Ac B (wm B> A),
eCJH Kam bl 3JeMEeHT MHOXKeCcTBa A SBJIAETCS DJIEMEHTOM MHOKeCT-
Ba B. Ecau, Kkpome TOTO, B B uMeeTcss JeMeHT, He IpHHAJIeRamiH
A, 10 /A Ha3nBaeTcs coOCrBeHHbIM TIOAMHOMECTBOM MuOXecTBa B.

B uacTHOCTH, NYCTOE MHOMKECTEO (J CJYKHT NOAMIOKECTBOM J060rc
muoxKecTRa, ¥ A < A, KakoBo Obl nu ObAC MHOXeCTBO A,

Ecmm AcB uw B A, 1o mu 6ynem nucats A =B,

2.3. 3ameuanue. To OOCTOATENBLCTBO, HUTO NYCTOE MHOXKECTBO
SIBAACTCS MOAMHOMKECTBOM JIIOG0I0 MHOMECTBA, CBA3AHO C OFHOH JIOTH-
yeCKOH TOHKOCTBIO, YacTO BHI3bIBAIOUIEH TPYAHOCTH Y HAYHHAIOUIHX,

M3 onpefienenust 2.2 sICHO, 4TO ecjM MHOXKecTBO A He ecTh nof-
MHOXKECTBO MHOKecTBa B, TO IOMKHO ObITh BepHEIM Caexyliee
yTBEPXKIEHHE: «CYLIECTBYET 3JIeMeHT x, Takod, uto x€A u x ¢ B».
Ho ecan A mycto, TO He CYIECTBYET TAKOro X, uro X €A, n Bhicka-
3aHHOE TOJILKO YTO YTBepXKAEHHE JIONKHO.

ITopoGuble paccyaeHusi NPUMEHHMbI BCerja, KOrja MBI XOTHM
1IPOBEpPHTH, YTO MYCTOE MHOMXKECTBO YAOBJIETBOPSET HEKOTOPhIM yCio-
BHAM.

24. Onpepneaenne. Ilycts A 4 B-—pBa MH0OXKeCTBa, H NYCTb
f—otobpaxkenue A B B. Ecoim Ec— A, to [(E) onpezensieTcs Kak
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MHOXeCTBO BCEX 3/JeMeHTOB f(x) aass x € E. Msl GyaeM HasbiBath
f(E) obpasom muoxkectBa E mnpu oroGpaxenun f. B 3THx o0603Ha-
ueHusiX f(A)—3T0 MHOMecTBO 3Hauyenuit f. $Icwo, uro f(A)c B.
Ecan f(4)=B, to ™Mbl GyfeM rOBOpHTb, uTo [ orobpaxkaer A ua B.
(3ameTM, 4TO B COOTBETCTBHH C 3THM CJIOBOYHOTpeG/ieHHeM Ha O3Ha-
yaer OGoJiblliee, yeM 8.)

Ecm E < B, 10 f™(E) 0603HauaeT MHOXKeCTBO BceX x € A, Takux,
uto f(x)€E. Met Gynem HasbiBate [1(E) npoobpasom muoxecrsa E
npu otobpaxenun f. Ecaum y€B, 10 [ (y)—3T0 MHOKECTBO BCex
x€A, Taxux, uto f(x)=y. Eciu npu xaxkaom yE€B MHOKECTBO
[ (y) cocTout ne Gosiee ueM M3 OAHOro 3eMeHTa A, TO f Ha3biBaeT-
Csl 83aUMHO 00HO3HAuHbIM OTOOpaxKeHHeM A B B. DTO MOXHO Bbipa-
3UTb CJEAYIOUM o6pa3oM: otoGpaxenue [ Muoxkectsa A B B B3aumHo
OJAHO3HAYHO, ecaH f[(xy) % f(xy) Kammblil pas, KOrAa x; =% X,
X €A, x,CA.

(3amuch x; 5= x, O3HAYAET, YTO X; H X,— PA3/IHUHBIE SJEMEHTHI;
B NPOTUBHOM CJy4ae MbI MULIEM X; = X,.)

2.,5. Onpenenenue. Eciu CyllecTByeT B3aHMHO OJHO3HAYHOE
OTOOpaXeHHe MHOXecTBa A Ha MHOXKeCTBO B, TO Mbl 6yeM TOBOPHTb,
uto MeX1y A H B MoxeT GblTb YCTAHOBJEHO B3aHMHO OJHO3HAUHOE
coomeemcmeue, Wik uto A 1 B ¥MEIOT OLHO H TO Xe KapouHabHoe
“UCA0, WJH, Kopode, uTo A M B 3KBHBaJeHTHH, M OyJeM NHcaTh

A~ B. 270 OTHOWEHHE, OYEBHAHO, OOJANAET CJEAYIOMHMH CBOil-
CTBAMHU:

pedhaekcusnocme: A ~ A;
cummempuurocme: ecin A~ B, 1o B~ A;
mpan3umuerocms: eciii A~B u B~ C, 1o A~C.

Besikoe otHoleHue, obnagamlnee 3THMH TpeMs CBOﬁCTBaMH, Ha3bl-
Ba€TCA OMHOULIEHUEM 3KBUBANEHMHOCMU.

2.6. Onpenenenue. IlycTe n—mo6oe MOJOKHTENLHOE IeJNOe
YHCJIO; J, — MHOXKECTBO, 9/eMEHTaMH KOTOPOrO CJy:KAT leJble YHesa
1, ..., n; J—MHOXeCTBO, COCTOSIEE H3 BCCX MOJOKHTENbHBIX
1eqpix yucest; A-—o6oe MHOXKeCTBO. Mbl 6yieM rOBOPUTD, YTO

(a) A komeuno, ecii A~ J, NpU HEKOTOPOM 1 (NyCTOE MHOXKe-
CTBO TaKiKe CUHUTaeTcCs KOHe‘{HbIM);

(b) A 6Geckoneuno, eciin A He ABASETCS! KOHEUYHBIM;

(¢) A cuemno, ecniu A~ J;

(d) A Hecuemno, ecin A He KOHEYHO M HE CUETHO,

(e) A He Goaee uem cuemno, ecan A WM KOHEYHO, HJM CUETHO.

Ecan A u B —KoHeuHble MHOXECTBA, TO OUeBHIHO, ut0o A ~ B Toraa
H TOJBKO Torja, Korza A u B cojepXar OfHO ¥ TO ke UYHCJO 3Je-
MeHTOB. OnHaKko A1 GeCKOHEUHBIX MHOMKECTB CMBIC/ CJIOB «COAePIKAT
OAHO M TO XK€ YHCJIO 3JEMEHTOB» CTAHOBUTCS OYEHb TYMaHHBIM.
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Oun NpOosACHSAETCA C NOMONIBIO NOHATHSI B3aUMHO OZAHO3HAYHOI'G COOT-
BETCTBHA.

2.7. lTpumep. Ilycts A—MHOMNKeCTBO BeeX uenblX yucen. Torpa
A-—cuyetHoe MHOXKecTBO. [leficTBHTENBHO, PacCMOTPHM Clelylomiee
pacrosiokenne Maoxects A u J

A:0, 1, —1,2, —2,3,—3, ...,
J:1,2, 3,4, 56, 17, ....

B sTOoM npuMepe MBI MOXKEM JakKe YKa3aTh B SIBHOM BHAe dopMmyay
st oroOpaxenuss [ muoxectBa J B A, yCTaHABIMBAIOWErO B3aUMHO
OJHO3HAYHOE COOTBETCTBHE MEKAY 3THMH MHOMKECTBAMH:

f(n):{__f__

92

(n uvetHoO),

! (n neueTHO).

2.8. 3aMeuaHue. KoHeuHoe MHOMKECTBO HE MOMKET ObITh SKBH-
BAJIEHTHO CBOEMY COOCTBEHHOMY MOAMHOMKecTBY. ORHAKO AJst 6eCcKo-
HEUHLIX MHOMXKECTB 3TO BO3MOXHO, KaK TOKa3blBaeT IpuMep 2.7,
B KOTOPCM J—COOCTBEHHOE TMOJAMHOXKECTBO MHOXKecTBa A.

B peficTBuTenpbHOCTH MBI MOTJH Obl 3aMEHHUTb onpeleseHue 2.6
(b) caenyrowmeli Gopmyanposkoil: A GeckoHeuno, ecyiu A SKBHBAJIEHTHO
OJHOMY H3 CBOMX COOCTBEHHBIX NMOAMHOXKECTB.

2.9. Onpenenenne. [locredosamersrocmsio Mbl GyJieM HA3BIBATD
byukuvio f, onpeiesnedHyio Ha MHoXectBe J BCeX MNOJOXKHTEJNLHBIX
nwennx uncea. Ecoam f(n)=x, npu n¢€J, 1o npuHsito oGo3HayaTh
{I0C/IeJOBATENIbHOCTE f CHMBOJIOM {X,} MJM DHCATH X;, Xpy X3, ... .
3HaveHusa QYHKUMH f, T. €. 3JIeMEHTH X, Ha3bIBAIOTCH UAHAMU
nocJjieoBarebHOCTH. Ecau A-—HekoTOpoe MHOXKeCTBO M ecan x,€ A
npu Bcex n€J, To {x,] HasLIBaeTCSl NOCA008QMEALHOCMBI0O B A, WU
nocae008amesbHOCMbI0 348 MEHIM08 MHoscecmsa A.

3aMeTHM, UTO YJIeHBI Xy, Xp, X3, . . . HOC/ACAOBATEJLHOCTH He 00A3aHEb!
ObITb PAa3/HYHBIMU.

BBuy TOTO 4TO BCAKOE CYETHOE MHOMKECTBO CJYIKHUT MHOXECTBOM
3HAueHUH HEKOTOPOHN B3aUMHO OJHO3HAuHOH# (YHKINH, onpeleneHHON
Ha J, MBI MOXEM pacCMATPHBATH BCSIKO® CUETHOE MHOMXECTBO Kak
MHOXKECTBO 3HAueHu#l HEKOTOPOH IHOCAeNOBATENbHOCTH C Pa3/IMYHBLIMH
yjeHamu. [omycKass HEKOTOPYIO BOJILHOCTB PeYH, FOBOPSIT, YTO 3Je-
MEHTH! JHOO0TO CYRTHOrO MHOMKECTBA MOXKHO «PACTOJOXHTDL B IOCJe-
JOBATEJbHOCTE.

Huorza yno0HO 3aMeHHTB B 3TOM OmpejiesicHUM J MHOXKECTBOM
BCEX HEOTPHIATENbHBLIX LEJBX uucesd, T. €. HadnHaTh ¢ 0, a He ¢ 1.
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2.10. Teopema. Bcakoe Oeckoneurioe no0MHOMECMEO CHEMHO20
MHOocecmsea A cuemuo.

HoxazarteanctBo. [Ipeanoaoxum, uto E < A u E 6eckoHeyEo.
PacrionoxnmM sneMedTsl X MHOXKecTBa A B NOC/CAOBATENLHOCTb {Xn}
¢ passHuHBIMH usiedamu. [locTponM nocsenoBatenbHOCTh {A1x} Caeayio-
UM 06pasoM.

IlyeTh ny— HauMeHbpluee Ue/0e MOJOXKUTEJILHOE YHCJIO, TaKoe,
uTto Xn, € E. Ecam nyg, ..., Ay (B=2, 3, 4, ...) y¥Xe BoiGpanyl,
TO HYCTh M, — HauMeHbllee LeJgoe 4Hcio, Oosbliee fp-, H TAKOE,
4TO Xn, € E.

Honaras f(k)=xn, (=1, 2, 3, ...), MBl NOJNYYHM B3aHMHO
OAHO3HAYHOe COOTBETCTBHE MeXay £ u J.

Jra TeopeMa NOKa3bIBaeT, 4To, TPYOO TrOBOpsi, CUETHLIE MHOMKe-
CTBa INPEACTABJSIOT «HAHMEHbINYIO» GECKOHEYHOCTh: HHKAKOe Hecyer-
HOC MHOMKCCTBO He MOKeT ObiTh IOAMHOMKECTBOM CUETHOTrO.

2.11. Onpeaenenue. Ilyctb A M Q— MHOKECTBA; NPeANOo-
UM, 4TO KaXJIOMy 3JEMEeHTY ¢ MHOKecTBa A CONOCTAB/IEHO HEKOTOpoe
IIOIMHOMKECTBO MHOXKeCTBa 2, KOTopoe Mbl 0003HauuMm uepe3 F,.

MROX€eCTBO, 3/MeMEHTaMH KOTOPOTO CJyMKaT MHOoXecTBa E,, Oyaer
oGosHauaTbes uepes {E,}. Bmecto TOro uto6n TOBOPHTE O MHOMXKECTBE
MHOXECTB, Mbl HHOTJa OyJeM IOBOPHUTE O Habope MHOXKECTB HJH
0 cemeficTBE MHOMKECTR!).

Obvedurernue ceMeicTBa MHOXKeCTB {F,} Onpenessietcsi KaKk MHOXe-~
CTBO S, Takoe, YTO X €S TOrAa M TOALKO TOrja, Korja X €[, XOTA
Opl npH ofHOM o€ A. Mel GyjeM nosmn3oBaThed 6O03HAuEHHEM

(1) S= U E,.
aEA
Ecan A cocrout M3 ueabix uucena 1, ..., 7, TO OOBIYHO MHIIYT
(2) $= U En
HJH
(3) S=E,UEU...UEn

Fean A—MHOXKECTBO BCeX MOJOMKHTENLHBIX 1@JblX UHCeJ, TO 06bld-
noe obo3HauedHe TAKOBO:

(4) S= U En.

1) Ha camoM Jesle «MHOXECTBO MHOMECTB» —3TO NOHATHE, N0 CYIIECTBY
OTJHIHOE OT NOHATHA «CeMeHCTB MHOXECTB», KOTOPOe 3jech omnpejeneno. Cemeii-
€THO MHOXECTB €CThb omobpascerue MHOXecTBa A B MHOXECTBO BCEX IOAMHOMKECTS
muckectsa Q. Moxer oxasatses, uto Egy, =E . npu a’ == o”, o', a” € Q. —IIpun.
e pee.
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CumBon co B (4) ykasblBaeT TOJALKO, 4TO Oepercs oObeIHHERHE
C4emno20 CeMeHCTBa MHOMKeCTB. Ero He cjejyeT CMeIIMBaTh € CHMBO-
JaMH - co, — oo, BBEJEHHbIMU B onpejeseHud 1.39.

Ilepecedenue cemeficta MuOXKecTB {E,} onpeje/sercs Kak MHOXKe-
ctBo P, Takoe, uto x€P Torjga M TtosbKo TOrjpa, Koraa x€E, npu
Bcex afA. Mp 6yjeM noJjb30BaThCa 0603HAUEHHEM

(5) == ﬂ Em
acA
HJIH
(6) zkzéfmzanEgL,nEm
HJH
™ P= { Em,

Kak Juis obveautenni. Ecan muoxecTso A () B He nycto, TO Mbl GyaeM
roBOpUTH, uTO0 A M B nepecexaiomcs, B NPOTHBHOM CJy4yae — 4TO OHH
He nepecexaromcs.

2.12. TIpumepunl. (a) Jonycrum, uto E, coctouT u3 yucex 1, 2, 3,
a E,—u3 uncen 2, 3, 4. Torma E, | E, cocTout u3 uucen 1, 2, 3,4
8 TO BpeMsi Kak £y [) Ey—wu3 uncea 2, 3.

(b) ITyctb A—MHOXKECTBO BCeX BEECTBEHHBIX YHCE X, TAKHUX, YTO
0<x<<1. HOns moGoro x€ A nycts E,—MHOXKECTBO BCEX BELIECT-
BeHHBIX yucea y, Takux, 9T0 0 <<y << x. Torga

(i) Exc E, Toraa u TonmbKo TOraa, Korpa 0 < x<Lz <1

(ii) UAEx:Et;

xE
(iii) N Ex nycro.
XEA

’ ,

Yreepxaenus (i) u (ii) oueunusl. Uto6sl fokaszats (iii), s3amertnm,

4TO npu JoboM y >0 umeem y ¢ Ex, ecin x<<y. 3uauut, y¢ N E,.
XCA

2.13. 3ameyanus. Muorue cBoficTBa 0GbeHHEHHlI U Mepeceye-

HHH COBEPLIEHHO aHAJOTHYHBI CBOHCTBAM CYMM M MNDPOM3BeJeHHil.

B nieficTBUTEIEHOCTH C/I0BA «CyMMa» M «IIPOM3BEJeHHe» HHOI/a ynoTpes-

JAIOT B 9TOM CMbiC/Ie H BMecTO | M () NHmyT X H H
33KOHBI KOMMYTATHBHOCTH H aCCOLHATHBHOCTH TPHBHAJILHO BHIIOMI-
HAIOTCH

(8) AUB=BUA; ANB=B(A:
9) (AUB)UC=AUBUQC); (ANBNC=AN(BNC).

OTHM ONpaBJaHO OTCYTCTBHE CKOGOK B (3) u (6). 3akoH AMCTpH-
OYTHBHOCTH TaKiKe BHINOIHSIETCS:

(10) ANBUCO) =(ANB)UANQ).
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Yto6bl JOKa3aTb 3TO, 0003HAYHM JIEBYIO H NPaBYlO0 YacTH paBeH-
ctBa (10) coorBeTcTBeHHO uepes £ u F.

Honyctum, uto x€E. Torga x€A n x€BYC, 1. e. x€B wm
x€C (v U To u apyroe). 3uaunr, XEANB wm xCANC, Tax
yto x€ F. Takum obpasom, E C F.

[Ipeanonoxum tenepn, uto x€F. Torma x€ANB wm xCANC.
Takum obpasoM, x€ A u x€ B C. 3uauutr, x€ ANBYC), T2k urto
F — E Caepoparennno, E =F.

IlepeyncauM emie HECKOJBKO JIerKO TPOBEPSeMbIX COOTHOUISHHH:

(11) Ac AU B,
(12) AN Bc< A.
Ecimm ¢ o603HauaeT nmycTtoe MHOXKECTBO, TO
(13) AUg =4, ANg=0.
Ecm A< B, 10
(14) AyB=B, ANB=A.
2.14. Teopewma. Ilycmo {E.}, n=1, 2, 3, ..., —nocsedosa-

MEeAbHOCMb CUEIMHbIX MHOMCECMB, NONOH UM

(15) . S= Giﬁ,,.

n=

Toeda muoscecmso S cuemno.

HokasaTteabcTBo. Pacnosoxum kaxjaoe MHOxKecTBO E,
B noc/ejloBaTeIbHOCTb {Xnp}, k=1, 2, 3, ..., H paccmoTpuM Gecko-
HeuyHylo Tabanuny

X4 PP

R X33 T3a N
(1b) }41/33: a3 Tag [N

¥

B KOTOPOH 2J/eMeHTHl MHuOxKecTBa E, 06pasyioT n-10 CTPOKYy. ITa
TabHUa COAEPKHUT BCe 3JeMeHTH MHOxecTBA S. DTH 3JEMEHTH
MOXHO DaCMOJIOKHTb B I0C/EJOBATENbHOCTh TaK, KaK YKa3biBalOT
CTPEJIKH:

7 . . - - .
(17) X115 Xaty Xyg; X3py Xoos X437 Xgg9 Xzos Xozs Xygh ooe .
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Ecan kaxwe-nuGyab jBa MuoxectBa E, uMeloT oOlIHe 3JeMEHTHI,
TO OHU nosiBaATCst B (17) Gonee yeM ofuH pas. 3HAUUT, CYMECTBYET
NOAMHOMKECTBO T MHOMKECTBA BCEX MNOJOKHTENbHBIX LEJbIX YHCEe,
Takoe, 4T0 S~ T, OTKyJa CJellyer, 4TO MHOXKEeCTBO S He Gojee yeM
cuetHO (Tteopema 2.10). Ilockoabky E; < S u E; GeckoneyHo, 1o H S
0eCKOHEYHO, H MOITOMY CYETHO.

Cunencrtrue. Jonycmum, umo A we 6oiee uwem cyemmuo u 4mo
npu Kaxcoom o€ A muomecmeo B, ne Goaee uem cuemno. Hoaoowum
T = ) Ba.-
agA

Tozda mnoocecmeo T He Goaee wem cuemso.

HeiictBuTenbHo, T 5KBHBAJEHTHO HEKOTOPOMY HOAMHOMXECTBY
MHOXecTBa (1D).

2.15. Teopema. Iycmb A—cuemnoe mHOMNCECMBO, U nycmo
B, — muoocecmso ecex naGopos (ay, ..., a,) u3 n 4ienos, 20e ap€ A

(k=1, ..., n) u azemernmer ay, ..., a, He 06A3aMEAbHO PAZAUYHOL.
Tozda mruoscecmeo B, cqiemro.

HokazaTtenbcTBo. To, 4TO MHOXKECTBO B; CUETHO, — OYEBH/LHO.

Honyctum, uto MHOXKECTBO B,., cuetno (n=2, 3, 4, ...). dne-
MeHTb! B, uUMel0T BHJ
(18) (b, a) (b€B,y, acA.

[Tpu xampom duxcupoBaHHOM b MHOXeCTBO BceX nap (b, a) 5KBHBa-
JIEHTHO MHOXkeCTBY A M, 3HauuT, cyeTHo. Takum oGpasom, B, — 06be-
JHHEHHE CYETHOTO MHOXKeCTBA CHeTHBIX MHMKecTB. [To Teopeme 2.14
B, cuertno.

YTBepxKjenHe TeopeMbl I0Ka3aHO 1O HHAYKIHH.

Cae gcrBue. Mnosecmeo ecex PQUUOHANRbHOIX HUCeA CUHEMHO.

HoxasatenbcrBo. I[lpumenim Teopemy 2.15, B3sip n=2
U 3aMeTHB, YTO Kaxjoe palOHaJIbHOE YHCJO r MeeT BHX b/a, rae a
H b—uessle udcia. MuoxectBO nap (@, b), a NO3TOMY M MHOMECTBO
Ipobel b/a, cuerHo.

Ha camom jene jake MHOMXKeCTBO BCex aJire6paMuecKuX dHCe.
CyeTHO (CM. ynpaxkHeHue 5).

Csaeyomas TeopeMa MOKA3bIBaeT, OJHAKO, YTO He BCe OeCKOHeY-
Hble MHOMKECTBA CYETHHL

2.16. Teopewma. Ilyembo A— mnoscecmeo ecex nocaedosamens-
Hocmeti, saemenmor Komopoix — yugpst 0 u 1. Muoacecmeo A necuemmo.

Anementamu A cayxar nocaefoBaTeapHoctd Bupa 1, 0, 0, 1, 0,
I, 1, 1,....

Hoxkasatennctso. Ilycts E-—cueTHoe NOAMHOMXKECTBO MHOMKe-
ctBa A, H nycTb E COCTOHT M3 MNOCJENOBATEJILHOCTEH Sy, Sy S, ... .
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IlocTpoMM nocrepoBate/bHOCTD § CAeAyiOmEM ofpasoM. Ecm | n-s
uudpa B s, papia 1 (coorserctBenno 0), TO mycTh n-1 mudpa B s pasna 0
(cootBercTBenHo 1). Torja noc.ea0BaTeNbHOCTL § OTIHYAETCS OT KaX-
JOTO 3JleMeHTa MHOxKecTBa £ XOTst Obl OJHMM useHoM, 3HauuT, s¢ E.
Ho oueBuano, uto s€ A, tak 410 E-—COGCTBCHHOE TOJAMHOMXKECTBO
MHOXecTBa A.

Msul 110Ka3ajH, YTO KaxJo0e CYeTHOEe NOJAMHOXKECTBO MHOKecTBa A
ABJAETCs COOCTBEHEBIM NOAMROXecTBOM. CnefoBatesibHO, A HECYETHO
(11OTOMY 4TO B NPOTHBHOM cayuae A Ob0 6Bl CBOMM COGCTBEHHBIM
[IOAMHOMXECTBOM, YTO HEBO3MOXKHO).

Hnew npuBefeHHOro 0Ka3aTesibCTBA BIEPBhle BhicKasan Kantop.
Takoii MeTos 10Ka3aTesqbCTBA HA3LIBAKOT KAHTOPOBCKUM JMATOHAJBLHBIM
NpOLECCcoM, HOTOMY YTO eCH IOC/JeOBATENbHOCTH Sy, S, ... PAaClO-
JIOKHMTb B BuJe TabJuie Tdna (16), TO NMpu MOCTPOEHHH HOBOH mocJie-
JIOBaTENBbHOCTH OYAyT YUHUTHIBATBHCS 3JIEMEHTH JAMATOHAJH.

UuraTend, 3HAKOMble C JIBOMUHLIM TPE/CTABJIEHHEM BelleCTBEHHbIX
yHcesa, KOrja 3a OcHOBaHHe BMecTO uyucaa 10 Gepercsti umenao 2,
3aMeTAT, 4TO M3 TeopeMbl 2.16 ciefyeT, uTO MHOKECTBO BCeX Bellle-

CTBEHHBIX 4HceN HecueTHo. Bropoe JokasarenhcTBO 3TOro Gakrta Mbl
JanuM B TeopeMe 2.43.

MeTpHueckue nmpocTpaHcTBa

2.17. Onpengenenne. ['OBOPAT, UTO MHOKECTBO X, 3JIEMEHTHI
KOTOpPOro Mbl OyjaeM Ha3hBaTh MOYKAMU, €CTb MempudecKkoe npo-
cmparncmeo, ecnd JoObHIM ABYM TOYKaM p U ¢ MHOxKecTBa X COOT-
BETCTBYET BelilecTBeHHoe 4ucjo d (p, ), Ha3biBaeMoe paccmosHuem
OT p O ¢, Takoe, YTO

(@) d(p, 9)>0, ecam p~gq; d(p, p)=0;
(b) d(p, 9)=4d(q, p);
(¢) d(p, 9)<<d(p, r)+4-d(r, g) npu moGom r ¢ X.

2.18. ITpumepn. CaMbMH BaxKHBIMM [pPHMEPAMH MeTPHUYECKHX
NPOCTPAHCTB € Hallueli TOUKW 3PEHUSI CJIYKAT €BKJMAOBBI NPOCTPaH-
ctBa R*, ocobenno R! (BeliecTBeHHas npsiMasi) H R? (KoMIlJIeKCHast
NJIOCKOCTh); paccTosinue B R* onpegpensietcst Tak:

(19) d(x: Y)’:*Ex'“ys (X, YGRk)
ITo teopeme 1.64 mertpuka (19) yaoBJjeTBOpsieT YCJOBHSIM ONpejeJe-
uusg 2.17.

BaxHo 3aMeTHTb, 4TO Kaxjpoe MOIMHOMKECTBO Y METPHUECKOro
pocTpascTBa X B CBOW OuyepeAb ABJSETCH METPHUECKHM INPOCTpPaH-
CTBOM C TOH e caMoll dyHKIHell paccTosinusd. B caMom Jene, sicHO,
UTO eCJHM YyCJOBHS (a)— (c) onpenesenust 2.17 BrmosiHeH®! 444 p, q,
r€ X, TO OHY BHINOJHEHBH W JAJs1 P, ¢, I, JeXKalux B Y.
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Takum ofpasoM, KaxjJoe MOJAMHOMKECTBO €BKJIHJ0Ba INPOCTpaH-
CTBa — MeTPHYECKOe MPOCTPaHCTBO. JIPyruMHM npuMepaMu CJyXKaT npo-

cTpancrBa € (K) u £? (p), paccMaTpHBaeMble COOTBETCTBEHHO B TJl. 7
u 10. -

2.19. Onpenenenue. Ilox unmepsasom (a, b) mbl 6Gynem
NOHHUMAaTb MHOXECTBO BCeX BelleCTBEHHBIX YHCeJ X, TaKHX, 4TO
a<<x<b.

Tloa ceemenmon {a, b] Mul GyNeM NOHUMATL MHOYKECTBO BCEX Belle-
CTBEHHBIX YHCeJ X, TakuX, 4to a << x<b.

Huoraa Mot 6yJeM BCTpeuaThesl € NOJAYHHTEPBaAJaMH |a, b) ¥ (a, b];
MepBbIA  COCTOMT W3 BCEX X, TaKHX, UTO a<<Xx<_b, BTOPOH —H3
BCeX X, TaKHX, 4TO a << x < b.

Ecmu a; <<b; nmpu i=1, ..., k, TO MHOXKECTBO BCEX TOYeK X :=
= (%y, ..., X4) B R, KOOpAMHATH KOTOPLIX YIOBJETBOPSIOT Hepa-
BeHeTBaM q; K x; < b; (1 i< k), nasbiBaercs k-mepHoll Kaemkod.
Takum oOpasoM, oOfHOMEpHast KJETKa-—3TO CerMeHT, JAByMepHas
KJIeTKa — NPSMOYTOJILHUK U T. 1.

Ecin Xx€R* u r>0, 10 omkpaumedi (aau samxuyme) wap B
C IeHTPOM B X PaAMyCOM 7 €CTb TO ONpeJleICHHI0D MHOXKECTBO BCeX
y € R, Takux, uto |y-—x|<<r (uau |y—x|<r).

HasoBem muoxectBo E < R* guinyxavim, ecau npu moGux X € E,
YEE u 0<<A <l

Ax+4(1—2A)y€E.

Hanpumep,  wapst seinykast, n6o ecan |y—x|<<r, lz—x|<<r
H 0<<A<Zl, 10

Ay H (=R z—x[= A (y-—%)+(1 = M)(z—x) <h]y—x]|+
+(l—=Mz—x|<hM+(1—A)r=r.

To xe AOKA34TCJIBCTBO I[PDHMEHHUMO H K VSBMKHy’I‘bIM rapam. Jlerxo
BUUETbh TakK»Xe, UTO k—MeprIe KJIETK® BbI1YKJIbl.

2.20. Onpenenenne. Ilycrs X — Merpuyeckoe MPOCTPAHCTBO.
Bce ynomuHaemble HHXKe TOYKH W MHOMKECTBA CJeJyeT CUMTATh 3Je-
MeHTaMH H TNOAMHOXKeCTBaMM TnpocTpaucrtsa X.

(@) Oxkpecmuocmelo TOUKH p Ha3bIBaeTCs1 MHOXKeCTBO N, (p), cocTost-
llee M3 BCEX TO4YEK ¢, TaKkHX, 4To d(p, g) <<r. Hudcjao r HasblBaeTCs
paduycom oxpectoctd N (p).

(b) Tourka p nHaspIBaeTCA npedenvHol moukoti MHoXecTBa E, ecau
Kadas OKPECTHOCTL TOUKH p COJACDKHT TOYKY §==p, TaKyio, 4TO
qeE.

() Ecoim p€E u p He sBIfeTcs NpefeabHOH TOUKON MiioXe-
cTBa E, TO p HasbiBaeTCs U30AupOSAHHOL MOYKOL MHOXKecTBa E.
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(d) MnoxectBo E 3amknymo, eciaM KaxKlasi npeje/ibHasi TOUKa
MHOXecTBa E sBsIsleTcsl TOMKOA MHOXKectBa E.

(e) Touka p HaspiBaeTcsl @HympeuHeil TOYKOH MHOXKecTBa E, ecau
OHa uMeeT okpecTHocTb N, Takyio, uto N < E.

(f) Muoxecrso E omkpeimo, ecau Kaxjasi Touka MHOxecTBa E
ABJIAETCS €ro BHYTPEHHEH TOUYKOM.

(g) Honoanenuem wmuoxkectBa E (o003HauaeTcsi cuMBogoM E°€)
H43bIBACTCS] MHOXKECTBO BCeX Touek pE X, Takux, uto pg E.

(h) MuaxectBo E cogepuicHHO, ecaH OHO 3aMKHYTO W €CJIH
Kaxaas Toyka MHOXKecTBa E $BJAsIeTCS ero npeleabHOH TOYKOH.

(i) MuoxecTBo E oepanuuero, ecid CyHmECTBYIOT BellecTBEHHOE
upcsio M u Touxka g€ X, rakue, uto d(p, g)<<M npu Bcex pEE.

(/) Muoxectso E e6crody naomrxo B X, ecad Kaxkiasi TOUKa MHO-
xecTa X sBseTcsl AHGO NpeledbHOil TOUKOH MHoXKectBa E, aubo
IPUHAAJIEeXKUT MHOXKeCTBY E (sin6o U TO, W jppyroe).

OtmeTuM, 4TO OKpecTHOCTSIMH B R! cay)XaT WHTepPBajdbl, B TO
BpeMsi KaK OKDEeCTHOCTH B R%-—3TO BHYTPEHHOCTH OKpPYIKHOCTEH.

2.21. Teopewma. Bcakas okpecmrocms R84S€MCA  OMKPOIMOIM
MHOXICECMBOM.,

HokxasarteanbctBo. Pacemorpum  okpectHocts  E =N, (p);
NycTb g-—Kakaf-HuOyAp TOo4Ka MHoxectBa E. Toraa cymecTtsyer
1I0JIOKHATeJIbHOE BeLIeCTBEHHOE YHCJO A, Takoe, 4YTO

d(p, Q):f"‘h-
Hdns Bcex Touek s, Takux, uto d(q, s)<_h, Mbl HMeeM

d(p, s)<d(p, 9)+d(q, s)<<r—h+h<r,
1aK yro s€ E. Takum o6pa3oM, q-—BHYTpeHHsIa TOUKE MHOXKecTBa E.

2.22. Teopema. Ecau p-—npedervnas mouka muoxcecmsa E,
mo a06as oKpecmHoCMb MO4KL p codeprctm OeCKOHEYHO MHO20 MmoYeK
mroocecmsa E.

Hoxasarteansncrtso. [IpeanosoxuMm, uto cymecTByeT OKpecT-
HocTb N TOYKH p, COJEpXKAlasi TOJNLKO KOHeYHOe UHCJIO ToueK
muoxectsa E. Ilyers ¢y, ..., go—7Te TOYKH MHOXectBa N[ E,
KOoTOpble He coBnafanT ¢ p. [lomoxum

r= min d(p, qm)
i<mgn
(Tax Mbpl o0o3HauaeM HauMcubllee u3 uucen d(p, §1), ..., d(p, Gn).
$IcHO, YTO MHHHMYM KQHEYHOT O MHOMXECTRA MOJOKUTEAbHBIX YHCeg —
TOJIOXHTENbHOE YHCIO, Tak utc r > 0.

Oxpectrocts N, (p) He COAepKHUT HU OJHON TOUKH g MHOXKecTBa E,
TakoH, 4TO ¢ =% p, MO3TOMY p HE sABASeTCs NpejiesibHOH TOYKOH MHO-
mecrsa E. D10 mpotuBopeusie U 0KasblpaeT TeopeMmy.
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Cnengcrsue. Koneunoe MHONceCmE0 mouek He umeem flpeaEJIb'
HbOLX moYeK.

2.23. Tlpume prl. PaceMOTpUM crefyiolHe NOAMHOXKECTBA NPO-
crpaHcTBa R%:

(@) MHOXECTBO BCeX KOMIIEKCHBIX 2, TaKHX, 4To |z |<Cl;

(b) MBOXeCTBO BCeX KOMILIEKCHBIX 2, TaKuX, uTto |z |<l;
{C) HEKOTOpOe KOHEUHOE MHOXECTBG;

(d) MHOXecCTBO BCeX LeJbIX HHCeJ;

(e) mMHOXecTBO, cocTosiiiee u3 uncea l/n (n=1,2,3, ...).

OtMeTtyM, uTO nocjegHee MHOXKeCTBO E pMeeT mnpefesbHYI0O TOUKY
(a umenno z==0), HO HHKaKast TOYKa MHoxKecTBa E He sipisietcs ero
npefesbHOH TOYKOH. MBI XOTHM IOZYEPKHYTb DPa3HUIly MeXKAy CBOil-
CTBAMHM MHOXECTBa HMeTb TPeAeSbHVIO TOUKY M COLepKaTb Npeaesh-
HYIO TOYKY.

(f) MuoxecTBO BceX KOMIIEKCHBIX unces (1. e. R?);

(g) unutepmana (a, b).

OtmetuM, yto MuoxectBa (d), (e), (g) MOXHO paccMaTpUBAThL
¥ KakK NoJAMHOXKecTBa npocTpaHcTtBa Rl

HexoTtopble CBOHCTBZ 3THX MHOMXECTB NepeurcsIeHbl B CJeAYIomeil
Tabayue:

3aMkHyTO OtkpuiTO CoBeplIeHHO OrpaHuyeHo
(a) Her Ha Her Ha
(b)) Ha Her JHa Ha
(¢) Ha Her Her Ha
(d) IHa Her Her Her
() Her Her Her Ha
(f) Ha Ha Ha Her
(g) Her Her Ha

B crpoke (g) Mbl He 3anoauHuJau BTOPOH KJeTKW. Ilpuunna 3710TO
B TOM, UTO HHTepBal (@, b) He ecTb OTKPHITOE MHOXKECTBO, €CJH
paccMaTpUBaTh €ro Kak MNOAMHOMXKEeCTBO NpPOCTPaHCTBa R, HO oH
SIBJISIETCST OTKPHITHIM NOJAMHOXKECTBOM IIpocTpaHcTBa R1.

2.24. Teopema. [MMycmo {Eq}—(koHeunoe uau Geckoneutoe)
cemeticmeo muomcecms E,. Toz0a

(20) (E Eg) = Q Eq.

HokasarteasctBo. Ilyeth A u B-—wMHOXecTBa, CcrosiuMe
COOTBETCTBEHHO CJeBa M cnpaBa B pasencte (20). Ecm x€A, 70
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x¢ UEq, 3naunt, x¢ E, npu Bcex w, mostoMy x¢€ Eg npu Bcex «,
43

Tak uto x €} Eg. Takum o6pasoM, A < B.
OGpatho, ecu x€B, To x€ EG npH BCeX «, 3HAUMT, x¢ E, npu
Beex «, nostomy x ¢ U E,, tak uto x€ (|J E,)°. Takum o6pasom, B — A.
a a

Caeposartenbno, A= B.

2.25. Teopema. Mnoxecneo E omkpeimo mozda u moavko
moeda, koz2da e20 0ONOAHeHUe 3AMKHYMO.

Hoxasateapcrtno. CHayana npeanosiokuM, uto £° 3aMKHYTO.
Bu6epem x€ E. Torga x4 E° u x He sBAseTCS TNPEAE/bHOH TOYKOH
MHOXKecTBAa E°. 3HAuuT, CyleCcTBYeT OKPeCTHOCTh N TOUKH X, Takas,
uT0 MHOXKecTBO E°()N mycro, T. e. N E. Takum o6pasoMm, x—
BHYTpPeHHsisl ToyKa MHOxectBa E, U E OTKpHITO.

Tenepo npexnonoxum, yro E ortkpwito. Ilycts x-—mpenensHas
TOYKa MHOxecTBa E°. Toraa xaxkjpas OKpecTHOCTb TOYKH X COJEPIKHT
HEKOTOPYIO TOUKY MHOXKeCTBa E°, TaK 4TO X He SIBJSIETCA BHYTpeH-
Heil Toukol MHoxecTBa E. Ilockonbky E OTKpBITO, 3TO 3HAYHT, 4TO
x € E°. Cnepopatenbo, E° 3aMKHYTO.

CnepcrBue. Muoxecmeo F samxnymo moeda u moasko moada,
K020a e20 O0noAHexue OMKPLIMO.

2.26. Teopema. (a) Haa awboeo cemeticmsa {Gg} omkpoimolx
Mroocecme mroxcecngo ) Go, omkpeimo.

[v3
(0) das mobozo cemelicmea {Fo} 3aMKHYMbIX MHOXMCECME MHOJCE-
cmeo [} Fy 3amkHymo.

a
(¢) dan awboeo koweuroco cemeticmea Gy, ..., G, omKpboimelx
n
Mroocecms muoncecmso (| G; omkpoimo.
i=1 .

(d) Han moGoeo koueuroz2o cemelicmsa Fy, ..., F, 3amcnymeix
n
muoocecne MHoxcecmseo ) F; samxuymo.
i=1
HokasateabctBo. [Tonoxum G= |JG,. Ecmu x€G, 10 X€ Gy
a
np# HekoTopoM a. Tak Kak Xx-—BHYTpPeHHsAS Touka MHOXKecTBa Gy,
TO Xx— BHYTpeHHAS Touka MHoxectBa G, HG OTKPHITO. ¥YTBepxKie-

nue (@) JOKa3aHo.
[To Teopeme 2.24 umeem

(21) (QFa)°= 9 (Fa),
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a 1o teopeMe 2.25 MHOXKeCTBa Fg OTKDBITHl. 3HAYHT, H3 (@) CIeAyeT,
4TO MHOXKecTBO (21) OTKpBITO, TaK 4TO MHOXKecTBO [)|F, 3aMKHYTO.
a

n
Tenepb nonoxuM f = N G;. Haa moboro x€cH CYIeCTBYET

i=1

oKkpecTHOCTh N; TOUKH X pajuyca ri, Takasg, uto N; < G; (i =1, ..., n).
[Tonoxum

=min{(ry, ..., ra),
# nycTb N—oOKpecTHOCTb TOYKH x paguyca r. Torga N < G; npu
i==1,...,n, T1ak uto N < H, u MHOXecTBO H OTKpHITO.

Tlepexoas K AOMOJHEHHAM, Mbl BeiBejeM (d) u3 {c):
" c n [
(U Fi) =N (Fi)-
i={ i={

2.27. Ilpumep. B yrBepxkaenusx (c) ¢ (d) npeabiiylueii TeopeMhl
KOHEUYHOCTb CeMeHCTB cyutecTBeHHa. J[leficTBHTensHo, nycts G,—

HHTEepBAaJI <_'}1{ , :1—) (n=1,2,3,...). Torna G,~-oTkporroe noj-

[es)
MHOKecTBO npsimoii RY. [lonoxum G= (] G,. Torpa G cocTouTr H3
n=|{
eJHHCTBeHHOH TOYKH (a uMeHHO, x=0) W M03TOMy He sBJIAETCSH
OTKPHITBIM NOJIMHOXKECTBOM H3 Rl
Taxnum o6pasom, nepeceueHne GECKOHEUHOTO ceMeHCTBA OTKPBITHIX
MHOXeCTB He 0053aH0 OHITb OTKPHITHIM. [loj0GHbIM 06GpasoM, oObe-
JnHEeHHe GeCKOHEUHOr0 CeMeHCTBA 3aMKHYTHIX MHOXKeCTB He 0053aHO
ObITb 3aMKHYTBIM.

2.28. Teopewma. lTycme E—3aMrrymoe MHOXECMEO 8eLECIEen-
HbLX 4ucen, ozpaHuueHHnoe ceepxy. Ilycmb y—=sup E. Tocoa ye€E.
CpaBHHTe 5TO yTBepxKJeHue c mpumepamu 1.35.

Hoxkasarteabctbo. Jonycrum, uto yd E. das kaxporo h >0
cymecTByeT Toyka x € E, Takas, uto y—h <x <y, Tak Kak HHaue
y—Ah GO0 Obl Bepxuell rpanuieit mMHoxecrsa E. Takum o6pasowm,
KaxKaast OKPCCTHOCTL TOUKHM y COAEPKHT HEKOTOPYIO TOUKY X MHO-
xecTBa E, mpuueM x =y, Tak Kak y§ E. CneacsarenbHo, y— rnpe-
JenbHasg ToYKa MHOXecTBa £E, He npuHaznexawmast E, Tak uro
MHOXKecTBO E He 3aMkHyTo. HO 3TO npoTHBOpEUHT yCAOBHIO TEOpEeMBbI.

2.29. 3ameuanue. [Honyctu™m, uto EcY <X, rae X-—
MEeTPHUYEeCKOoe NpOCTPaHcTBo. To, uro E —OTKPBITOE HOAMHOXKECTBO
npocTpancTea X, O3HayaeT, 4TO € KaXKJA0OH TOUKOH pE€E cBsu3auo
MOJIOXKKUTEILHOE HHCIO 7, AJIst KOTOPOro u3 yaaoBuit d (p, q) <<r, g€ X
cnenyer BRaouenne g€ E. Ho Me yxe sameruan (m. 2.18), uto YV —
TOMXKEe METPHYeCKOe INpPOCTPAHCTBO, TaK 4TO HAule OnpefedeHne ¢ TaKHM
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e ycrexoM MOXKHO OoTHecTH K Y. [asi nosnHolt ToyHoCTH Mbl 6yaeM
TUBUDHTb, YTO MHOXKeCTBO E omkpoeimo omuocumeabso Y, eCliM Kax-
Jofi Touke p€L otBeuaer umciao r>>0, Takoe, 4TO g€ E, ecau
d(p, q)<<r u g€Y. Tlpumep 2.23 (g) noxaswiBaeT, YTO MHOMKECTBO
MOXeT ObiTb OTKPBITHIM OTHOCHTENbHO Y, He OYAY4YH OTKPHIThIM
NoAMHOXKecTBOM npocTpaHcTBa X. ONHAKO MeXAY STHMH TOHATHAMH
HMeeTCsl NPOCTOe COOTHOLUIEHHWE, KOTOPOe Mbl CeHyac yCTAHOBHM.

2.30. Teopema. ITyems Y < X. HHodmuoscecmeo E mrosxce-
cmea Y omkpoimo omuocumeavno Y mozda u moavko moeda, Kozda
E=Y NG 04a nexomopozo omkpwuimozo nodmroxcecmsa G npocmpar-
cmsa X.

HoxkasateancTBo. [lonyctuM, YT0 E OTKPBITO OTHOCHUTEIBLHO
Y. Ilna Kaxpaoro p€ E HaiifleTcsi MONOMHTENIbHOE YHCIO rp, TaKoe,
4TO U3 ycJoBHH d (p, 9)<<rp, GEY cnenpyer, uto g€ E. Ilycts Vp—
MHOXKeCTBO BCeX ¢ € X, Takux, 4t0 d(p, q) < rp; NOJOKUM

G= | V,.
PEE
Toraa no teopeMam 2.21 u 2.26 G —OTKPBITOE MOAMHOMXKECTBO Mpo-
crpaHcTBa X.

[Tockonbky p €V, npu Bcex p€ E, sicho, yto E < GNY. Cornacuo
HauteMy BmiGopy okpecTHoctH Vp, umeem V1Y < E npu KaxiaoMm
pEE, tak uto GNY < E. Takum of6pasom, E=GNY, u nonosuHa
TeopeMbl JOKa3aHa.

O6parHo, ecau MHoxkecTBo G oTkpeiTo B X ¥ E=GY, To Kaxk-
naa Touka p € E umeer okpectHocTh Vp = G. Torna V,NY < E, TaK
4TO MHOXeCTBO E OTKPBITO OTHOCHTEJNBHO Y. ~

KomnakrHble MHOXeCTBa

2.31. Onpepnenenue. Omgpoimeim nokpsimuem MHOXKecTBa E
B MeTpHuecKoM mpoctpaHctBe X Mol OyfeM HasbiBaTb ceMeHCTBO {Gg )
OTKPHITHIX TMOAMHOXKECTB mpocTpaHcTBa X, Takoe, 410 E < | Gq.
a

2.32. Onpenenenne. IlogMHOKecTBO K MeTpuyeckoro mnpoct-
paHcTBa X HasbIBAETCH KOMNAKMHOIM, €CNH Ka)KJ0e OTKPbITOe NOKPhI-
THe MHOXKecTBa K COJepKUT KOHedHOe MOATIOKDLITHE.

I'oBopst Tounee, TpeGoBaHHE COCTOMT B ToM, 4TO eclH {Gg}—
OTKPBHITOE NOKpPBITHE MHOXKecTBa K, TO HMeeTcst KOHeYHOe YHCJIO
HHJEKCOB Gy, ..., O, TAKUX, YTO

K< GqU ... UGg,.

ITonsaTne KOMIakTHOCTH HMeeT GOJIbIIOE 3HAYEHHE B aHalH3e, OCO-
GeHHO B CBSI3H C HENMpPepBIBHOCTBIO (ru1. 4).
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SIcHO, YTO KaMKJoe KOHCYHOC MHOMKECTBO KoMMakTHO. CyliecTBo-
BaHHe LIHPOKOTO KJacca GECKOHEUHBIX KOMINAKTHhLIX MHOMXecTB B R”
Oyaer cnefoBaTh M3 TeopeMn! 2.41.

Mbl 3amernnn panee (B 1. 2.29), uto ecsin E oY < X, 10 MH0-
®ecTBO E MOXKeT ObiTh OTKPBITHIM OTHOCHTEILHO Y, He &ylayud oOT-
KpLIThIM OTHOCHTeNIbHO X. CBOicTBO MHOXKecTBa £ GBITb OTKPHITHIM
3aBHCAT, TaKHM 00pasoM, OT MPOCTPAHCTBA, B KOTOPOE OHO TOTPYIKEHO.
To e BepHO H B OTHOIIEHHH CBOACTBA MHOMXKEeCTBA OLITb 3aMKHYTBIM.

Oanako, Kak MBl YBHJIHM, KOMOAKTHOCTb — Gojee yi00HOe MOMsi-
THe.  UtoObl CHOPMYJIHPOBATE  CJAEAVIOMIYIO TEOpeMy, Mbl Oyaem
FOBODHTH BPEMEHHO, YTG MHOXKECTBO K KOMIAKTHO OTHOCHTEILHO X,
eCJIH BbIIONHEHB! TpeboBaHus onpenejesns 2.32.

2.33. Teopewma. Honycmum, umo K<Y < X. Mnowcecmse K
KOMNAKMHO OMHOCUMeAbHO X 8 MOM U MOAbKO 8 MOM Cayude, Ko20a
OHO KOMNQKMHO OMHOCUMEAvHO Y .

B cuiy 370l TeopemMBl Mbl CMOMKEM BO MHOTHX CHTyallHsIX pac-
CMaTpHBaTh KOMIAKTHbIE MHOXKECTBa KaK MeTPHYeCKHe MpoCTpaHCTBa
camu 1no cefe, He oOpauias HUKAKOTO BHUMAHMS Ha o0BeMJIIOllee
[OPOCTPaHCTBO. B 4acTHOCTH, XOTS NOYTH GECCMBICASHHO TOBOPHTL 06
OMKPbIMbIX TIPOCTPAHCTBAX WIH O 3AMKHYMbLX TIPOCTPAHCTBAX (Kaxk1o0e
MeTPHYeCKOe MNPOCTPAHCTRO X CJAYKHT OTKDBHITBIM [OAMHOKECTBOM
caMoro cebst M 3aMKHYTBIM MNOAMHOXKECTBOM CaMmMoro ce6s), uMeer
CMBICJI TOBOPHTb O KOMAQKMHOLX METPHUECKHX IPOCTPAHCTBAX.

HokazateanctBo. [IpeanosoxuM, 4ro MHOKecTBO K KOM-
NakTHO OTHOCHTeNbHO X; nycTh {V}-— ceMeficTBO MHOXECTB, OTKPHI-
THIX OTHOCHTesbHO Y, Takoe, uto K < {JV,. Tlo teopeme 2.30 npw

a

KaXJAOM « CYLIeCTBYeT MHOXKecTBO (g, OTKPHITOE OTHOCHTENbHO X,
Takoe, 4To Vo =Y [1G,; nockoasky K KOMIOAKTHO OTHOCHTEIbHO X,
Mbl HMeeM

(22) K< GgU...UGa,

MPY HEKOTOPOM BLIGOPE KOHEUHOTO UYHC/JAZ MHAEKCOB Oy, ..., O,
Taxk kak K <Y, 10 u3 (22) crenyer, 4ro

(23) K=VaU... UVan

Tem caMpiM Z0Ka3aHO, YTO MHOXeCTBO K KOMIAKTHO OTHOCHUTEIbHO Y.
O6paTtho, momnycTdHM, uto K KOMNakTHO OTHOCHTeNbHO Y. Ilyers
{Gy} — cemeHCTBO OTKPHTHIX NOAMHOMKECTB IIPOCTpaHCTBA X, TOKPHI-
patoutee K. Tlomoxum V,=Y N G,. Toraa sxitouenne (23) Oyger
BLIOJIHEHO TPH HEKOTOPOM BHIOOpE aj, ..., O,; Tak Kak V, < G,
T0 (22) caenyer u3 (23).
JloKa3aTesbCTBO 3aKOHUEHO.
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2.34. Teopewma. Komnakmeoie NOOMHONCECMBA MEMPUKECKUX
NPOCMPAHCIME 3AMKHYMbL.

HdoxaszatenbcTBO. IlycTh K-—KOMIIAKTHO? TNOAMHOKECTBO
MeTpuyeckoro mpoctpaHcerTBa X. Mbl jokameM, YTO JOTMOJAHEHHE MHO-
xecTBa K eCTh OTKPBITOS NOAMHOMKECTBO IpocTpancTsa X.

Ipexanonoxum, uto p€ X, p¢ K. Ecan g€ K, 1o nycts Vo u W, —
OKPECTHOCTH COOTBETCTBEHHO TOUEK P H ¢ PpafiBycd, MEHBLIETo
1

»»-Qud(p, g) lem. onpegenenne 2.20 (a)].
Beujgy Toro uto K —KOMNakTHO, HafifieTcst KomHeuHblll Habop
TOYEK ¢y, ..., n, NPHHAJJIEKAWKX MHOXecTBY K. TakUX, uTo

KcW,U...UW, =W.

Eem V=V, N...NV,, 10V —okpectrocts ToukM p, He nepece-
Kaiomascst ¢ W. 3uaunt, V< K°® rTaKk 4T0 p—BHYTpEHHsss Touka
mHoxectBa K°. Teopema JokasaHa.

2.35. Teopema. 3amkHymole NOOMHONCECMEA KOMNAKMHBIX MHO-
HCECHTTIB KOMNAKIMHGL.

HokasarteancrtBo. Jonyctum, uto F < K < X, MHOXKecTBO
F samkuyto (otnocutesipHo X), a K —xomnaktho. Ilyers {V,}—
OTKPBITOE TOKPbLITHE MHOXecTBa F. Ecau NpUCOEMHHTD MHOXECTBO
F¢ x {Vg}, TO MBI NOJyYHM OTKpbITOE MOKpbITHE Q MHOMXKecTBa K.
[ockonbky K KOMNaKTHO, CyuiecTByeT Koheuynoe nojcemefictso O
cemedcTBa 2, nokpbiBaiomee MHOXKecTBO K, a caejloBaTeNbHO, U F.
Ecan muoxectso F° Bxoaut B @, TO Mbl MOXeM yAajiuTh ero us @
W NOJIyYuTb OTKPBITOE NOKPbITHe MHOXkKecTBa F. Takum oOpasoM, Mbl
II0Ka3aJId, 4TO KOHEYHOE NOANOKPLITHe NOKpbitHsa {V,} nokpoisaet F.

Cnencreue. Ecau F samcnymo, a K xomnakmro, mo FNK
KOMRAKMHO.

HokasateabctBo. Teopemnr 2.26 (b) u 2.34 noxasuiBaior,
uyto MuoxecTBO F K samkHyTo, a Tak Kak F 1K < K, 10 no Teo-
peme 2.35 muoxectBo F()K KOMnakTHO.

2.36. Ecau {K,}— cemeticmeo Komnaxmuoix nOOMHONCECME Mempu-
4eckoeo npocmparcmsea X, maxoe, 4mo nepecetenue At06020 KOHEYHO20
nodcemedicmsa cemelicmea {Kq} nenycmo, mo u (\ Ko Henycmo.

a

HokasatenncTBO. 3adukcupyeM mHOXKecTBO K, M3 ceMeiicTBa
{Ke} w nomnoxum Gy =K. [lpeanosoxum, uto B K, Her Takofl
TOYKH, KOTOpas NpHHaJJexkana Obl Bcem MHOXectBam K,. Torza
MHOXecTBa (G, O00pa3ylOT OTKPHITOE IIOKPHITHE MHOXecTBa Kj; Tak
KaK K; KOMNaKTHO, HafjeTCs KOHEYHBIH HaGop HHIEKCOB G, ..., O,
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TaKoH, 4YTO K1CGG1U - UGan. Ho 3710 o3navaet, 4TO0 MHOKeECTBO
K1 Ka N ... NKa,

nycto. Mbl nosyynaH npoTHBOpeuHe C YCJOBHSIMH TEOPeMBI.

Canencreue. Ecau {K,}— nocaedosameivrocme wenycmotx Kom-
nakmmoix  mHooxcecms, maxas, 4mo K, D Kpyy (n=1,2,3...), mo

fee]
u muoocecmeo () K, nenycmo.
n=1{
2.37. Teopema. Ecau E — Geckoneunoe nodMHOMECMBO KOMNAK M-

Ho2o mrooecmséa K, mo E umeem npedeivhyio mouky, npunadiexa-
wyw K.

HokasateanctBo. Ecau 6u Hukakasd Touka MHOXecTBa K
He Oplia TpefenbHON TOUKOH MHOXecTBa E, TO Kaxnas Touka €K
uMena Obl OKpPecTHOCTb Vg4, coAepikaiiyio He 6ojiee OLHOH TOYKH
MHOXKecTBa E (a MMeHHO TOUKy ¢, ecan ¢ € E). SIcHO, YTO HHKaKoe
KOHEUHOe rojiceMeiicTBo cemeiictBa {V,} He MOXeT MOKPHITH MHO-

xectBo E; 1O xe BepHo M ans K, tak kak E < K. Ho 310 nporu-
BOPEYHT KOMIAaKTHOCTH MHOXKeeTBa K.

2.38. Teopema. Ecau {I,}— nocaedosamervrocme ceemenmos
6 R, maxas, amo I, > Iny (n=1, 2, 3,...), mo mHoxecmso
(9]

N I, HenycrTo.
n=1{

HokasateasctBo. Ecan I, =qa,, b,], 10 nycts E ecTb MHO-
KECTBO BCEX @,. Torna MHOXecTBO E HENyCTO M OrPAaHHUYEHO CBEPXY

(uncaom by). Ilycts x=sup E. Ecau m u n— noJoxuTe/bHbIE Lebie
4icaa, TO

@ < Amin < bpin < b,

Tak 4T0 X<b, npu KaxkaoMm m. ITocKOMBbKY OYEBHAHO, 4TO ap < X,
TO Mbl BHAMM, 4TO XC€[, npu m=1, 2, 3, ....

2.39. Teopewma. ITycme k— nooscumeavroe yeroe wucao. Ecau
{In} — nocaedosamensrocme k-meproix Kiaemox, ‘maxas, umo In>lnyy
[ee}

(n=1, 2, 3, ...), mo mroocecmso (\ I, nenycmo.
n=1{

HoxasateabcTBo. Ilycts [, cocTOMT M3 BCex TOueK
X=(Xy, ..., X), TaKHX, UTO

Qn,y j < X;< b, (I<j<k n=1, 2, 3,...),

W nycTh Iy, j=1[an,;, bn,;]. Tlpu KaxpgoM j nocneposatensHocts {1, ;)
YAOBJETBOPSIET NPeANONOKEHHAM TeopeMsl 2.38. 3HauuT, CyMECTBYIOT
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BenecTBennbie yucaa x; (1 < j<k), Takue, §T10
* .
n, ;<X < by, ;5 (I<jgk; n=1, 2, 3,...).

[Monaras x* = (x7, ..., %), ™Mbl BHAMM, 4TO X* €l mpun=1,2,3,....
Teopema noxasana.

2.40. Teopewma. Jlwbas k-mepras kiemxa Komnakmwa.

doxasareanctBo. Ilyere I ecTb k-mepHaid KieTka, COCTOS-
Ias M3 BCEX TOYEK X =(X;, ..., X), TakHX, 9710 a;<x;< b;
(1 <j<k). TToaoxum

h
6 =12 (b= ).
Torpa |x—y|< 8, ccom x€I, yel.

HonyctuM, 4TO BONpekH YTBEPXKIEHHIO TEOPEeMbl CyHIECTBYeT
oTkpbiToe nNokpeiTHe {Gg} MHOXecTBa [, He cojepikatiee KOHEUHOTO
noanoxpeitust MHoxecTBa /. [loaowum c¢;=(a;4-b;)/2. Cermeutn
laj, ¢;] u [cj, b;] ompepensnior Ttorga 2% k-mepubix kjaeTok Q;,
oObeluHeHMe KOTOpBIX ectb /. XOoTs1 Obl OXHO M3 3THX MHOXKeCTB @
(oCo3nauynM ero /) He MoxKeT OBITb TOKPHITO HUK&GKAM KOHCUHBLIM
nojceMeiictBoM ceMmefictBa {Gq} (B IPOTHBHOM cayuae Tak Oblsia Obl
moxkpbiTa Besi Ketka /). Temepn Mbl pazo6beM [, u NPOJOJIKHM 3TOT
nporecc. Mbl nonyunM nocsiefosate bHocTh {/,}, obaajanmyio cie-
AVICIAMH CBOACTBAMI:

(@ Ioliol,ol;> ...

(b) [, He TNOKpLIBAETCA HUKAKUM KOHEUHBIM MO MelCTBOM
cemedictBa {Ug};

{c) ect X€Il, u yél,, 10 [x—y L2786,

Ha (a) u Teopemsl 2.39 clepyer, 4TO CYIUECTBYeT TOYKA X*, ApH-
Hajnsekamas BceM MHOXecTBaM /[,. Ilpn nekoropom a mmeem x* € (G, .
[lockoapky G, OTKpBITO, - cyHiecTByeT r >0, Takoe, 470 H3 Hepa-
BeHcTBa |y-——X*|<{r caepyeT BkJloueHMe .y€G,. Ecam n croas
BRJMKO, 4TO 270 <Cr (Takoe n cyulecTByeT, ubo uuHaue 2" < 6/r pns
BCEX NOJOKUTENbHBIX I@JLIX 7, UTO HEBO3MOKHO), TO M3 {(c) caenyer,
yto I, Gy, a 3TO NPOTHBOPEUHT YyTBEPKAEHHIO (b).

J1oK23aTeJIbCTBO 3aKOHUCHO.

Yieepxaenne 00 SKBUBAJICHTHOCTH CBOKCTB (@) u (b) B craenylo-
el TeopeMe M3BECTHO TMOJ HasBaHHMeM TeopeMni [eiite — Bopeas.

241, Teopewma. Ecau mruowecmso E u3 R* o6.aiadaem 0dnum
u3 mpex caedywouiux csolcme, mo ono obaradaem u Osyma Opyeuru:

(a) E oepanuueno u 3amxHymo;
(b E Komnaxkmno;
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(c) kaxdoe Geckoreuroe NOIMHONCECNBO MHO%CECMEQ £ umerm npe-
deavryio mouky, npunadencawyio E.

HoxkasarteanctBo. Ecan (a) sumonueno, 10 £« [, rae [ —
HekoTopast k-mepHasi kJjetka, u (b) cnefyer u3 teopem 2.40 wu 2.35.
Teopema 2.37 mnokasuBaer, urto (b) Bireuer 3a coGoil (¢). Ocraerca
Jl0Ka34aTh, 4TC H3 (¢) caeayet (a).

Ecan MuoxecTBo £ He OrpaHHYEHO, TO OHO COJZEPMHMT TOUKH X,
T4KHE, 4TO

| X | >n (n=1, 2, 3, ...).

MuoxecTBo S, cocTosiiiee M3 3THX TOUCK X,, OeCKOHEUHO H, oue-
BHHO, He HMEET Npele/ibHBX Touek B R* u tem Gogee B E.
Takum oGpasom, H3 (¢) caenyeT, YTO MHOXKeCTBO £ OTpaHHYEHO.
Ecau E He 3amMkHyTO, TO MMeeTcs Touka X, € R, siBisiomascs
npefesinHOll Touko# MHOmecTBa £, HO He mpnHaanexawas L. Ilpu
n==1, 2, 3, ... HMEWTCS TOUKH X, CE, Takme, 470 | X, —Xo| < 1/n.
[Tycts S-— MHOKECTBO 3THX TOYEK X,. Toria S-—0ecKOnewHoe MIO-
KeCTBO (B MPOTHBHOM CJy4ae |X,— Xq| HMeJo Obl MOCTOSHHOE 1N0J0-
JKHTENbHOE 3HAaueHHe Aas OeCKOHEeUHOro MHOMEeCTBa HOMEpPOB 1),
Xo-—TpejielbHas TouKa MHOXKecTBa S # B R* Her ApYrux npejess-
HEIX TOueK MHuomecTBa S. JleficTBUTeNbHO, ecan y € R, y==Xq, To

[ Xn =Y |> [ Xo—y || Xn—Xe| > |Xo— Y= > 5 [Xo—Y]

AJsi BCEX 7, 3a HCKJIOUeHHeM HEeKOTODOrO KOHEUHOTO MHOXKeCTBa;
3TO TIOKasblBaeT, YTO y HE dABJISeTCS NPeAeabHGH TOUKOH MHOKe-
crea S (teopema 2.22).

Takum o6pasoM, S He HMeeT IIpeiesbHbIX Touek B E; 3nauuT,
MHOXeCTBO E 3aMKHYTO, ecjid BHINOJHEHO (C).

CrelyeT OTMETHTb B CBsI3W C 3ToH Teopemoil, uyto (b) M (c) 3KBM-
BAJEHTHB B JIOGOM METDHYEeCKOM NpOCTpaHcTBe (ynpaxuenue 13),
Ho uto u3 (@) B obmeM ciyuae He caeayior (b) u (c). Hanpumep,
3TO TaK B Npoctpanctse £2, Koropoe obcyxpaercst B ra. 10. Omun
npuMep AaeTCsl TaKXKe B yNpaMHeHHH 9.

2.42. Teopewma (Bediepuirpace). Bearoe oeparuuennoe Oeckorew-
Hoe nodmroscecmeo npocmpancmea R* umeem npedeavryio mouky ¢ R

HokxasaTesbcTBo. Byayuu orpaHuueHHLIM, MEOKECTBO, 6 KOTO-
POM HJET peub, COJEpKUTCA B HEKOTOPOH k-mepHoii kietke I < R*.
ITo Teopeme 2.40 mHOXKecTBO [/ KOMNAKTHO, NO3TOMY, COIJIACHO TEO-
peme 2.37, MuoxecTBO E uMeer B /| mpelesibHYIO TOUKY.



C(‘ceputemwte M HOMCECINER

o
—

Conepmemﬁ»le MHOKSCTRE

2.43. Teopena. Ilycmoe P Henycimoe COGEPIUEHHOE MHONCECINBH
8 R*. Teeda P necuemno.

JdorasaresbctBo. [HocKoaLKy MHOKECTBO £ HMEET npeaeib-
HBle TOYKH, OHO JOMKHO OwiTh OeckoneuweM. MHomycteMm, uto P
CYETHO, M O00O3LAYHM TOUKM MHOMKECTBA [/ depes Xy, Xg, Xz - .. .

Mur mocTpous mochefoBatebHOCTH OKpecTHOcTeR {V,} crenyio-
M o6pasoM.

yers V, —kakas-uubyab okpectiiocTsh TOUKK X,. Ecau V, coctour
u3 seex y € R, Taumx, uT0 |y—X;! <{r, TO COOTBETCTBYICLIZS 30MK-
rymas oxpecmrocms Vy eCThb 110 ONPEFLJCHHID MHOKECTBO BCeX y € R,
ragux, uro |y—x;i<r. (Kak u B Teopeme 2.21, sMerko noxasarts,
YTO JiCTIOJIHEHHe MHOXKECTBa Vy OTKDBITO. 3HAYWT, 3aMKHYTLIC CKpC
CTHOCTH 33MKHYTEHL.)

HonycraMm, uto OKpecTiocTb V, MOCTPOEHA TaK, HTO MHOXKESTBO
Vo) P nenycro. ITockonbKy Kamiast Touka MHOMKeCTB2 P eCTh mpe-
JeNnbHasi TOYKa 3TOr0 MHOMXECTBZ, CYIIECTBYET OKPECTHOCTH Vi,
takasi, 4ro (i) Voo Vy, (ii) X, ¢Vni, (ill) muowecreo Vo P
nerycro. B cuay (iii), Vpyy YAOBJAETBOPSET NPEANCJIOKEHHIO HEAYK-
LMH, M IIOCTPOEHHE MOMKET ObITb LiPCAGIKERO.

[Monoxum Kp,=V,(\P. Dyjy4 OrpaundesHsIM H 3aMKHY7THIM,
MHOXecTBO V), kommakTHo. Hu ojima Touxa MHOmectBa P He JeXur

w

B ﬂ Knv TakK Kak Xr,éKn-Hw OTC[O}la ClelyeT, YTO MHOMXeCYBO
n={

[¢a]

N\ K, nycro, tak kak K, = P. Ho peps kaxpoe muoxkectso K,

n=1{
nenycro B cuay (iii) m K, DKy B cuay (i). D10 nportusopeuuTt
CNeJCTBHIO U3 TeopeMnl 2.36.

CunepcrBue. Kawdol ceesennt |a, b] (a < b) wecuemen. Mio-
HOLMEO BCeX BEUIECIMBEHHBIX HILCCA HECUEIMHO.

2.44. KanTtopoBo Muoxectso. [lpimep, K TOCTPOSHHIO KOTOPOrO
Mbl TNepexojuM, MOKaselBaeT, YTO B R! CYUIeCTBYKT COBEpIUIEHHbIE
MHOXECTBa, He COAepXalHe HUKAKOIe MHTepsasa.

Ilyere Ey ectb cerment [0, 1], VYaanum u3 Hero uirepsai

12 F 6 . X
EREEWA u NYCTb 3 — O0BE€/ITMHEHHE CCFB‘QHTQB

[o5]. [501]-

Ynandm cpelnue TPeTH 3THX CETMEHTOB, H Myctb Ey-—ofbenn-
HEHHE CEerMEHTOB

[0.4]. (331, [$. 41 (3.1
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[lpomoakast TakuM 06pasoM, Mbl TOJYYHM 1OC/IEAOBATEILHOCTb KOM-
NAKTHBIX MHOXKeCTB E,, Takux, 410

(o) EsDE;,DE;sD ...

(b) E, ecTb obbeiuHeHHe 2" CETMEHTOB, [IJIHHA KaXKJA0r0 U3 KOTO-
pelX paBHa 37",

[Se]
MuoxectBo P = () E, HasmiBaercs Muomectsom Kautopa. Muo-
=1

;kecTBo P, 04eBHAHO, KOMIAkTHO, M TeopeMa 2.36 nokasbiBaeT, uTO
P menycro.
Hukakoil HHTEpBasN BHAA

3k + 1 3k -2

TFm T TTam o )
rie B U m-—noNOXHTEIbHBIE LEeNbe Ykcaa, He uMeeT o6IX Touek
¢ P. 3naunt, P He COACPKHT HHKAKOrO HHTepBaja, HOO Ka<aAblil
nHTepBan (o, P) comepkur uHTepBan BHia (24), ecau

Yrto6ul MoKasath, 4TO P COBepUIeHHo, AOCTATOUHO NOKA3aTb, 4TO
P He cOJEpKHUT H30AMPOBaHHBIX ToyeK. Ilycth x€P u nycto S—
KakoU-uubyap uHTepBand, coxepxaumii x. Ilyers I, — cerment MRo-
xecrBa E,, comepxawmuil x. Bruibepem pocratouno GoJbuioe xu, Takoe,
uro [, S. TlycTb x,—TOT KoHel cermMenrta I,, AJs KOTOpOro
xn"?&x-

M3 noctpoeHnss MHOXKecTB2 P cjeayer, u4T0 X, €P. 3vauur, x
ecTh MpejlefibHast TOYKAa MHOXKecTBAa P, W MHOMXeCTBO P COBEpLUEHHO.

OpHO M3 CaMBIX HMHTCDCCHBIX CBOHCTE MHOxKecTBa Kautopa
COCTOMT B TOM, 4YTC OHO JOCTaBJIAET HaM INPHMED HeCUeTHOro MHO-
AecTBa Mepbl HyJb (momsiTHe Mepnl Oyaer ofcyxaarscs B ria. 10).

Cefi3nble MHOXECTBaA

2.45. Onpepgenenuc. MHoxkecrzo E B METPHYECKOM MPOCTpak-
ctBe X HasbIBAGTCS CBASHOLLH, €CJAU He CYLIECTBYeT JABYX OTKPBITBIX
muaoxecTB A u B npocrpanctea X, Takux, 4T0 nepeceuenve A B
nycro, nepecevenust ANV E v B(\E we nycret 1 E < A B.

D10  onpejeNeHHe IO0XOXKe Ha ONpeAesedHe  KOMNAKTHOCTH.
NOCKOALKY Ha CaMOM Jiesie OHO He 33BHCUT OT OOBEMJTIOWETO POCTPAH-
ctBa X, T. €. NPU 34aMEHE CJiOBa «CBSIZHOE» CJOBAMII «CBS3HOE OTHO-
cutedbHo X» B mpefbyiymeM ab3aie BLIMOIHACTCS CelyIowee yTRep -
nenue: E ceasHo omrocumesvro X 8 mom u mo.avko & mom cayiae,
xoeda E cesasno omrocumenvno E.

Takum 06pa3oM, HMeeT CMBICJA TOBODHTh O CBSI3HBIX IIPOCTpaH-
cTBax {(Cp. C 3aMEYaHHsIMM, CJICAVIOUHMH 33 (OPMYJHDPOBKOH Teo-
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pembl 2.33): mPOCTPAHCTBO CBSI3HO, €CJIH OHO He SABJsieTCs O0BEenH-
HeHHeM JBYX HeNyCThIX HenepeceKaloilluXCsi OTKPBITBIX MHOMXECTB.

[leppas wacTb yTBepKJeHHsl, HAOPAHHOro BHIE KYPCHBOM, TOYTH
TpUBHaJibHA: ecan E He SBASETCS CBsi3HBIM OTHOCHTedbHO X, TO
CyLIeCTBYIOT MHOKecTBa A H B, ofnajamoimpe cBOHCTBaMH, yKasaH-
HBIMH B ONpefiefeHHH, M paccmorpende wmHoxects ANVE u BN E
noxassiBaeT, yTto E He cBsI3HO oTHOCUTeNMLHO E (cp. ¢ Teopemoit 2.30).
OGCpaTtHoe BLITEKaeT U3 CAEAYIOIETrO Pe3yJbTaTa.

2.46. Teopewma. [Tycms X — mempuuecxoe npocmparcmeo, E = X
u E=GH, ede G u H— Henepecekarwujuecs Henycmoie MHoxcecmsa,
omxpoimste omrecumeasrno E. Toeda cyujecmeyom Henepecekasoujuecs
omkpoeunele muoscecmea A u B e X, maxue, umoG=ANE, H=BNE.

HNokasarteabcTBo. Kaxkaoit Touke p€G COOTBETCTBYET YHCJIO
8,>0, rtakoe, uto u3 cooTHoweuuit g€ E, d(p, q)<<8, caenyer
BKJIOYeHHe ¢ €G, TaK Kak MHOXeCTBO (G OTKPHLITO OTHOCHTENBHO E.
AuanornuHely  06pa3oM, Kaxkao# Touke g€ H COOTBETCTBYET: YHCJO
8,>0, rakoe, uro u3 cooTHowenuit pCE, d(p, q)<<8, cienyer
BKJIOueHne p € H. 3uauut, ey p€G, g€ H, T0 06a 3TH HepaBeH-
CTBA He BBHINOJHSAIOTCS, TAaK YTO

(25) d(p, 9) > (8- 8.

Ilpu p€G, g€H nyers V, ofo3nayaer MHOXKecTBO BCex x€X,
TaKux, 4to 2d(p, x)<<8,, u mycts W, —MHOXKecTBO BCex xEX,
Takux, uto 2d(g, x)< 68, Eciu Hekoropoe wmuOxecTBOo V, HMeer
o0uyio TOYKYy x ¢ HekotopeiM W, T0

d(p, )<d(p, x)-+d (g, x) < (5, +8,),

4YTO [IPOTHBOPCYUT HEPaBeHCTBY (25).
Taxkum oOpasoMm, kaxkiaoe V, He mnepecekaercs HM ¢ oHuM W,
M €CAH Mbl TIOJIOXKHM

A= |V, B= { W,
PEG qEH
TO Mbl TIOJYUHM MHOXKECTBA C TpeﬁyeMbIMn CBOACTBAMH.

2.47. Teopewma. [Toomnomecmso E eewjecmeennot npamoii R
c6s3H0 moeda u moavko mozda, kveda E obaadaem ciedyrouum ceoli-
cmeom: ecat x€E, ycE u x<<z<y, mo u z€E.

HokaszaTeabcTBo. onycTuM, 4TO 3TO YCJIOBHE He BBIIOJ-
HAETCS JJIS HEKOTOPBIX uMCea X, y, 2, T. €. XCE, y€E, x <z <y,
Ho z¢ E. Ecim A ecTh MHOXKECTBO BCEX < 2, & B— MHOXeCTBO
Bcex B>z, 1o onpepenenne 2.45 nokaswiBaeT, uyto E He CBS3HO.



54 Ta. 2. Saemenms: meopun MHOsKCECTEG

HroObt lokasaTh ofpaTHoe, nomyctim, uto E He csssno. Toria
CYWeCTBYIOT TOUKH X€E, y€E, x<{y, u OTKpHTble Hemepecekaio-
muecst muexectsa A u B B RY, takue, uto x€ A, yeBu E— A B.
Iycre

S=ANIx, y]
H z==supdS.

Beuay toro uto y€B u B orkphito, umeeM z<Zy. Takam obpa-
30M, eci Z€A, To M3 TOro, uro A OTEPHITO, CAeAyeT, UTC 2
HE fBJAETCA BepXHell rpasnuell mMHoxkectBa S. 3uauwnt, 2z ¢ A.

Beuay toro uto x€A u A orkphiTo, MMeem x < z. Takum obGpa-
30M, ecad 2€B, 10 M3 Toro, uto B OIKpHTO, CJAEAyeT, uTO z
HE fBJSACTCA BepXHeH rpanblo MHOXecTBa S. 3Haunt, z 4 B.

Ho Tak kak Ec< AYB, 10 z¢ E, u J0Ka3arebcTBO 3aKOHYEHO.

Cnencrtsue. Muomecmss E 8 R cesaswo moz20a u  moavko
moeda, kozda E-—o0no uz credyiowux muoicecme (20e a u b— eewye-
cmeennble wucaa, a<<b):

(—c0, b}, (—o0, b}, (a, ), [a, ®), (— oo, ®), (@, b), {a, b), (a, b],1a, b].

K XakoMy u3 9TUX THIOB NPHHAAJIEHHUT MHOKECTBO E, 3aBHCHT
OT TOTO, KOHe4Hbl uax Her inf £ M supE ¥ npuuajickaT JM OHM
MHOXecTBY E.

Crosib e NPOCTOH XapaKTePHCTHKH CBS3HEIX MHOMKECTB Ha IJIOC-
KOCTH, HalpHMep, He CYLIecTBYeT.

YaupaxXHeHH s

1. TlocTpouts OrpaHudeHHOE MHOMKECTBO BELIECTBEHHBIX uMCed,
HMeIolliee POBHO TPU NPeJefbHBIE TOYKH.

2. TlocTtpouTo KOMIAKTHOE MHOXKECTBO BEUECTBEHHBIX 4YHCe,
MHOKECTBO NpeJlesNbHbIX TOYeK KOTOPOro CYETHO.

3. Ilycte E'—MHOXECTBO BceX NpefesibHBIX TOUeK HEKOTOPOro
mHoxecrBa E. Jloxkasars, uto E’ 3aMkHyTO.

4. lyete E=E\E’, rpe E’ onpeneneno Beiue. UToOwl mosy-
unth E, Mbl joGaBiasieM k E Bce npepenpHbie TOukd E; E Hasw-
BaeTcs 3amoikanuem MHoxectBa E. Jloxkasath, uto E Bcerja 3aMKHYTO
# uto EcF,ecou EcCF u F 3aMkayTO.

5. Kopu n060r0 ypaBHeHHA

QX ax™ L gy x +a, =0,

e dg, ..., Qp—LeJbIe YHCJIA, Ha3blBaloTCH am‘eﬁpauqecxnmn YUC-~
JaMH. ﬂoxasarb, 4YTO MHOZXKECTBO BCEX anreépamecxnx quceda
CHETHO.
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Ykazanue. TIpy KaxKA0M TOJOXKUTEILHOM HesdoM N  cyiiecTByer
TOJBKO KOHEUHOe YHCJIO TaKHX YpPaBHeHHH, 4uTo

n+|aoi+la1|+...+|‘an|=1\/,

6. Harb npuMep OTKpHITOro MNOKpuitHS wuHTepsajta (0,1), Koro-
poe He CONepPIKHT KOHEUHOTD MOATOKDPBITHS.

7. Ilokasatb, urto Teopema 2.36 H ee cJaeiCTBHE CTAaHOBATCS
HeBepHBIMH (B R!, HanpemMep), ec/d CJOBO «KOMIIAKTHOE» 3aMEHHTH
CJI0BOM «3aMKHYTOe» HJIH «OrPaHHYEHHOEY.

8. DwiBaoT s GeckoHeuHbie MeTpPHHeCKNe IIPOCTPaHCTBA, He
umMeroine GeCKOHCUHBIX KOMUAKTHBIX MOJMHOKECTB?

9. Ilyers X —mnpocTpaHcTBO Beex pauvoHabLHBIX yuced, d (p, ) =
=|p-—¢q| n E-—MHOXKeCTBO BCeX pAaIHOHAJbHBIX p, TaKHX, UYTO
2 << p?*<C 3. TlokasaTtb, 4t0 E 3aMKHYTO M OIPAHHUCHO, HO He KOM-
[IAKTHO.

10. MeTpHuecKoe NPOCTPAHCTBO HasbiBaeTCs cenapabesbruim, €CJH
OHO COJEPKUT CUETHOE BCIOAY IJIOTHOE NOAMHOXKecTBO. IlokasaTs,
uto R* cenapaGesbHo.

Ykazaque. PaccMOTpeTb MHOKECTBO TOUE€K, BCe KOOPJUHATHI
KOTOPHIX DalMOHAJLHEL

11. CemeiictBo {V,} OTKDBITHIX I0OJMHOXKECTB mpocTpaHcTBa X
HasblBaeTcs 6Oa3ed mpocTpaHcTBa X, eCAM BEPHO CJeAylomiee: HJsi
Raxaoro x€X M KaXKA0ro OTKPHITOrO MHOXKecTBa (, TaKoro, 4Tto
x€G, umeem x €V, < G npu HeKOTOPOM o. M HBIMH c/ioBaMu, Kaxkioe
OTKpHITOe MHOXKecTBO B X ecTh oObejldHEHHE HeKOTOPOro Iofce-
MeifictBa cemeiictBa {Vy}.

Iokasath, 4TO Kaxjoe cenapabebHOe MeTpPHYeCcKOoe IPOCTPAHCTBO
uMeeT cuemnyro 0asy.

Vraszanue. Bo3bMHTe BCe OKPECTHOCTH C palHOHAJbHBIM PaJHyCOM
B C LIeHTPaMH B HEKOTOPOM CYETHOM BCIOJY ILJIOTHOM MOAMHOXKECTBe
npoctpaHcTea X.

12. Tlyerp X -—MeTpuyeckoe pOCTPAHCTBO, B KOTOPOM KaxKzaoe
OecKOHEWHOe NOJIMHOXKECTBO HMeeT npejeibHyw Touky. Jlokasats,
g1o X cenapabeibHO.

Yrazanue. 3adurchpyiite §>0 u Bubepure x,EX. Br6pas
Xy, ..., %;€X, HaBAATE, ecau 3TO BO3MOXKHO, X4 €X, Taxkoe, 4TO
d(x;, x;.4)>»6 gns i=1, ..., j. Tlokaxure, uT0 3TOT npoLecC
JIOJI3KEeH 3aKOHYHTDHCS MI0C/e KOHEYHOrO YHC/IA 1IaroB U 4TO mo3ToMy X
MOXHO TOKPHITh KOHEUHBIM UYHCJOM OKpecTHocTedl pajuyca .
Bospmure 6=1/n (n=1,2,3, ...) ¥ paccCMOTPHTE LEHTPHl COOT-
BETCTBYIOHIUX OKpecTHOCTel.

13. ITyctp X —wmMerpuyeckoe NPOCTPAHCTBO, B KOTOPOM Kaxjoe
6ecKoHeuHOe NOJAMHOXKECTBO HMeET MNpefesnbHYI0 Touky. Jlokasats,
910 X KOMIIAKTHO.



Ta. 2. Saemenmol meopuu MKOXCECME

9]
52

Yrasanue. CorsacHo yupaxkueduam 11 u 12, X nmeer cuernyio
6asy. CnenoBaTtesbHO, KaJ10e€ OTKDPBITOE MOKpPbiTHe NpocTpaHcTBa X
COePHUT cvemnoe moanokpuitHe {G.}, n=1, 2, 3, .... Ecaun
HHKAKOe KOHeuHOe MojceMedcTBO ceMelictBa {G,} He nokpbiBaer X,
TO pononnesne F, muoxectsa G,|J ... |J G, HenycTo npH KaxIoM rn,
HO mnepeceuenue [|F,—nycro. Ilyets E-—MHoXecTBO, cogepxamiee
Mo TOYKE H3 KaxAoro F,. PaccMOTpHTE NpefesbHYI0 TOUKY MHO-
x)ectBa E W IOJYUUTE NPOTHBOpeuye.

14. JlokasaTh, 4TO Ka)kA0€ 3aMKHYTOE MHOMXKECTBO B cenapa-
0eJILHOM MeTPHUeCKOM NPOCTPAHCTBE €CTh O0beAHHEHHE COBEPLIEHHOrO
MHOXKeCTBA (MOXeT OblTb, NYCTOr0) M HEKOTOpOro He 6ojee ueMm
cueTHOro muoxecrsa. (Caedcmaue: Kaxk[oe CUETHOE 3aMKHYTOE MHO-
KecTBO B R" uMeeT M30/MpOBanHHBE TOUKH.)

15. Jlokasate, uYTO KaxKJI0e OTKPHITOE MHOMKecTBO B R! ecTb
obbeunenne He 6oJee UeM CUETHOTO CEMEHCTBA NOMAPHO Hemepece-
Kalolmuxcsi MHTEPBANOB.

¥kazarnue. Bocnoabsyiitech ynpamxuenuem 10.

16. Crneays nokasateibCTBY TeopeMbl 2.43, TOJYyuYHTb TaKOM
pesyabTaT:

oo
Eci R*= ) Fn, rae Kaxpoe F,—3aMKHyTOE IOXMHOKECTBO
i

npoctpanctBa R*, To x0T Obl 0fHO F, HMeeT HeNnycTyl BHYT-
PEHHOCTb.
Freusarenmnoe ymeepucdenue. Ecaum G,—TI0THOE OTKPHITOE

sal
NOAMHOXECTBO TNpocTpaHcTBa R* 1npu n=1, 2, 3, ..., 10 () G,

n=1
HEMyCTO (Ha caMOM Jele OHO BCIOAYy MIoTHO B R"). (3To uacTHwbI
cayyail Teopembl bapa; cM. ofuwmii cayuail B ynpaxuennd 17, ra. 3.)
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YUCJOBbIE
MNOCJIEAOBATEJIbHOCTH H PAJbI

Kak ykasbiBaeT ha3BaHde, B 3TOH rJaBe Mbl OyjleM HMeTb Jeo
rJ1aBHBIM 06pa3sOM € IOCICAOBATENLHOCTAMHE H PANAMH KOMIVIEKCHBIX
yuced. OxgHako ocHoBHble GakThl, CBSI3aHHBIE €O CXOAMMOCTBIO,
CTOMb Ke Jerko oOBsACHUTL ¥ B Oosee oOwefl curyanuu. llepsrie
TpH pasjesna OyjlyT MOITOMY IOCBSINICHBl MOCAEA0BATEILHOCTAM
B eBKJWAOBLIX NPOCTPAHCTBAX W/H Jaxe B METPHYCCKHX MpOCT-
paHcTBax.

Cxoasiupecsi mocjeR0BATEbHOCTH

3.1. Oupepneaenue. IlocaeroBareqbHOCTD {Pn} B METPHYECKOM
npocTpaHcTBe X HasbBaeTCst cxodsuyelics, eCaH CYUeCTBYeT TOYKA
p€X, obnapawmasi CcJAeLViOIdM CBOHCTBOM: JLJI8 Kaxjaoro & >0
CYIECTBYET Lenoe uncio N, 1akoe, uto npd n 3 N umeeM d (p,, p) <&
(3gecs d obo3navaer paccrosiHue B X).

B 3ToM cayuae mpt 6yeM TOBOPHTH TakKe, UTO NOCJeJOBATENDL-
HOCTb {pn} CXOAMTCH K P WM YTO p—Ipefe] [0C/]IeR0BaTeNbHOCTH
{pn} [cM. Teopemy 3.2 (b)], n Gymem mucaTb p,—>p HJIH

lim p,=p.
n—>oc

Ecim nocaenosatenbnocTs {p,} He CXOIHMTCH, TO TOBOPAT, UTO
oHa pacxodumcs.

ITonesso OTMeTHTb, UTO Hallle ONpejeleHue «CXojsiileficsa nocne-
JOBaTeJbHOCTH» 3aBHCHT HE TOJBLKO OT {p,}, HO U OT X; Hanpumep,
nocaegopatebgocTh {1/n} cxogures B RY'(k 0), HO He cxoaurcsa
B MHOXeCTBe BCeX II0JOKUTEJbHbIX BEUICCTBEHHBIX uHcea [Korja
d{x, y)=|x-—yi]. B Tex cayuasx, Korga BO3MOXKHA NYTAHULUA, MbI
6ynem Gosee TOUHBIMH H GyJIeM TOBOPHUTE OTYETJIHBO «CXOAMTCS B X»
BMECTO «CXOMHTCSI».

HanoMH#M, 4TO MHOXKECTBO BCeX TOUEK p, (n=1,2,3, ...) ecTs
MHOCECMBO 3HAYeHUl TIOCTeOBATE/IBHOCTH {p,}. MHOXKeCTBO 3Haue-
HHH MOCJeN0BATEAbHOCTH MOMKeT ObITh KOHEYHBIM WU OeCKOHEUHBIM.
ITocsienoBaTeIbHOCTL  HA3BLIBAETCS  O2PAHUYEHHOU, €CId MHOKeCTBO
ee 3HaueHMH OrpaHHYEHO.
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Hast  npumepa pacCMOTPHM — CJAEAVIOLIME  TOCJEN0BATEIbHOCTH
KOMIIIEKCHBIX unces (0pu 91oM X == R?),
(a) Ecan sp=1/n, to lim s,=:0: MHOMXeCTBO 3HaueHud OGecko-

n—>0
HEYHO, H IOC/e0BATeAbHOCTL OTPaHHUYEHa.

(b) Ecam s,=n?% T0 nocarenoBaTeibHoCTh {s,} He orpanuveHa,
pacXoAHTCs, a MHOXECTBO ee 3HaueHHH GeCKOHeYHO.

() Ecan sp=1+4[(—1)"/n}, To nocaeaoBaTeNLHOCTL {S,} CXO-
JuTCAa K 1, orpaHHyeHa, a MHOMXKECTBO ee 3HaueHHH OecKOHeUHO.

(d) Ecmm s,==i", TO mnoclerosaTesbHOCTh {s,} pacxomurcs,
OrpaHHyeHa, a MHOXECTBO €e 3HaUeHHil KOHeYHO.

(e) Ecmt sp=1 (n=1,2,3,...), 10 {s,} cxoaurcss K i, orpa-
HHYEeHa, & MHOMKECTBO ee 3HAUCHHIl KOHEUHO.

C(bopmynupyem Tenepb HEKOTOphle BaiKHbie CBOHCTBA CXOsIUIHXCS
TI0CIe10BaTEILHOCTEH B METPHUECKHX IPOCTpaHCTBaX.

3.2. Teopewma. Ilycmo {p,}—nocaedosameisrocms € sempu-
yeckom npocmparcmee X.

(@) {pn} cxodumca x p € X moeda u moavko mozda, xkoeda Kaxmdas
OKPeCmHOCMb MOYKU. p COOepiuUm 6ce HAeHbl NHOCACOOBAMEAbHOCTN
{pn}, 3a UCKAIOUEHUEM KOHE4HO20 UX HUCAQ.

(b) Ecau peX, p'€X u {p,} cxodumcs x pu k p', mo p=p’.

(¢) Ecau {pn} cxodumcsa, mo {p,} oepanuuena.

(d) Ecau Ec X u ecau p-—npedeavras mouka mHoscecmsa E,
mo cyujecmeyem nocaedosamesbHocme {p,) aemenmos mroxcecmea E,
makas, ymo p= lim p,.

n—oo

HoxkasarteasctBo. (a) HonyctuM, uTO p,—>p, H HVCTh
V —okpectHocTs Touku p. Has Hekotoporo €>>0 w3  yCIOBHH
d(p, g)<<e, g€X, crenyer, uto g€V. Dromy & coorBercTByeT N,
Takoe, YTO M3 HepameHcTBa n > N cienyer, uto d (p,, p) <<e. Taxkum
00pa3oM, HepaBeHCTBO 73> N BJleuerT 3a co6ofl BK/OueHHe p,€V.

O6paTHO, RomycTHM, YTO KaXJas OKPeCTHOCTb TOYKH P COAEPKHUT
BCE TOYKHU pPp, KPOMe KOHEYHOr0o HX uHcja. 3udukcupyem &> 0,
¥ nycts V-—MHOxecTBO Bcex ¢€X, Takux, uTo d(p, ¢)<e.
ITo npepnonoxkenuio, cymwectsyer N (coorsercmynomee 3TOH OKpecT-
Hoctn V), Takoe, uto p,€V, ecm n>N. Takum ofpasom,
d(pn, p)<<e, eciu n>> N; 3Pauut, p,—> p.

(b) Ilycrp 3amano uucao & > 0. CyluecTByioT neJdnie yucia N, N’,
TakKHue, 4TO

> N Baeuer 3a coboit d (pn, p)<—g—,

n> N’ Biaeder 3a coboii d(p,, p’)<—g.
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3naunt, ecan n > max (N, N’), 1o

d(p, p')<d(p, p)+d(ps p')<<e.

Iockoapky uMeI0 & ObIO MPOM3BOJBLHEIM, Ml 3aKJIOYAeM OTCIOAA,
uro d(p, p')==0.

(¢) Honycrum, uto p,-—> p. Toraa cymecryer nenoe N, Takoe,
4To npH 1 >N umeem d(pn, p)<<1. Ilonoxum

r=max{l, d(p;, p), ...,d(px, )}

Torna d(p,, p)<r npu n==1, 2, 3, ....

(d) ina xaxmoro nosoXHTEIbHOTO HEJOTO 7 CylIeCTBYeT TOYKa
pn € E, Takas, uto d(p,, p)<<1/n. Hdas nannoro & >0 BhiGepem N
TaKk, yro Ne>1. Ecom n >N, 10 d(p,, p)<<e. 3uauut, p,—>p.

JoKasaTenLCTBO 3aKOHUEHO.

Hnst necnefopatesbHocTeil B R* MBI MOXKEeM H3yuaTb COOTHOILE-
HUA MEXAY CXONMMOCTBIO, C OZHOH CTOPOHBLI, H aJreGpaMyecKHMH
onepauuaMu, ¢ Apyroi. Chavajsa MBI paCCMOTPHM IOC/IE10BATENLHOCTH
KOMIIIEKCHBIX UHCeT.

3.3. Teopewma. [onycmum, umo {s,}, {tn}— Komnexcroe nocae-
dosameasvrocmu u lim s, =s, lim t,=t. Toeda

Nn—>0 n-»co

(@) 1im (sn-+tn) = 5+ £

n—->oo

(b) lim ¢sp==¢s, lim (¢-+8,)=c-+s 048 atobozo 4ucia c;
n—>0o3 n—>»co

(¢) lim s,t, = st;
n-»co

(d) lirn—]:»:—, ecau moavko s, %0 (n=1, 2, 3,...) us==0.

n-»oco N

Hokasateabcrtno. (a) lng nansoro e > 0 cymecTsyIoT Lebie
Ny, N,, Tague, 9TO

npu n

7

Ny nveem [sn——sl<—g-,
N

>
npu n> N, umeem |tn—-t|<%.
Ecan N ==max (Ny, N,), To npu n>> N noayyum
Hsnt+tn)—(s+ ) [ <[sp—s|+|ln—t]<e.

Tem cambiv (a) pokasano. [loka3ateJbCTBO yTBepxaAeHus (b) Tpu-
BHAJBHO.
() Bocrone3yemcsi TOXKJECTBOM

(1) Sntn”“St:(Sn““s) (tn_t)’l\‘s(tn'“t)'{_t(sn“s)-
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Ilmi nandoro € >0 cywecrtBylorT nease N;, N,, Takue, uTo
npu n>> Ny umeeM |s,—s|<<}'e,
npu n> N, umeem |t,—t|<<}e .
Ecau mbl Bo3baieMm N ==max (Ny, N,), 1o npu n>> N noayuum
[ (sn—s3) (ta—1) | <,
OTKYJa
lim (s,—s) (tp—1¢)=0.

n—cG
[Tpusenus Tenepb (a) H (0) ¥ ToxaecTBy (1), MBI 3aKJOYaLM, UTO
lim (s,t, —st) == 0.
n— o
P i
(d) BribpaB m Tax, 4To |S,—S5]| <7]s] OpH 73> M, Mbl BUANM,
4TO

1
ksn.>—2~!sl (n > m).

Inasi panHoro & >0 cymectByer uenoe N >>m, Takoe, 4TO NpH
n>N nmeem

. 1

1 Sp—S| <—2—]s]25.
Otciofa npu n>»> N nomyyaem

1 1| | sp—s| 2
‘-5715 )<TST~ISR_S]<8'

[

| Sn § I
3.4. Teopewma. (a) donycmum, umo X, €R* (n=1, 2,3,...) u

Xn = (0, ny «+ vy Ok, n)-

[Tocredosamenvrocme  {%x,} cxodumea & X=(dy, ..., Q) moedq
U moabko moeda, Koada
(2) limaj,,=a; (I1<j<k).
n=-»co

(b) Hdonycmum, umo {X,}, {yn}— nociredosameisnocmu 6 R",
{Bn} — noc.aedoeamenbHOCHb BEUIECMBEHHLIX YUCEA U Xp—>X, Yn—>Y,
Bn—P. Toeda

lim (X, +yp) =x-+y, limXp-yp,=x-y, lim f.x,=fx.

N0 N=r 70

JJoxkasarteascTBO. EClH X, ~> X, TO paBeHCTBO (2) BHINOIHSA-
eTcsl B CHJy HEPaBEHCTB

[aj, n—a;|<|Xn—X,
BLITEKAIOUIUX HEINOCPe/CTBEHHO H3 ONpele/eHHs HOpMbl B R*.
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OGpatHo, ecii (2) BBHIIOJIHEHO, TO KaXAoMy &>>(0 COOTBETCTBYET
uedoe N, Takoe, 4TO npu n> N uMeeM
| £ .o
fa; n—oil << —= (1 <<j<Ch).

Vi
3Hauut, npH n» N nojyvaem

k Yi/2
[ Xp—X]|= {2,1 [0, —ay }2} <&,
J:
OTKyAa X,-— X. Tem cambM (a) JOKa3aHo.
YreepxaeHue (b) caeayet u3 (@) U Teopemul 3.3.

INoanocaeaoBaTeLHOCTH

3.5. Onpenenenne. [lycTh 3anaHa 10CAEAOBATENBHOCTS {p,).
PaccmoTpuM nocsie10BaTeNnbHOCTb {7} MOJOXKHTEIbHBIX e/bIX YHCel,
TAKyl0, 4TO 1)< Hy< H3<.... TOrga nocje10BaTeNbHOCTD {pni}
Ha3blBACTCst  1R0JN0CAe008AMEAPHOCMLIO  TIOCTEA0BATENLHOCTH  {Py).
Ecmi nocnenoBaTenbHOCTs {pa,} CXOMTCH, TO ee npejen HasbiBaeTCs
HOCMUAHbIM Pedesom TIOCNeA0BATENbHOCTH {p,}.

$lcio, uTO moCseIOBAaTENBHOCTb {p,} CXOAMTCH K P TOTJA H TOJNLKO
TOrja, KOrja BeAKasi ee IOAIIOC]eI0BATEIbHOCTh CXOJUTCS K p. Mul
NpefcCTaBsieM YHTATENIO NPOBECTH AETaJbHOE JOKa3aTeNbCTBO.

3.6. Teopewma. Bcakaa oceparuuennas nocaedosamestocms 8 R*
codepacum €x00auyIoca nodnocied08amebHoOCb.

IHokasartensbctBo. IlycTh E—MHOXECTBO 3Hadenuil Orpanu-
yeHHOM NocaeoBaTebHOCTH {X,} B R*. Ecou E Komeuso, To cyue-
CTBYIOT TI0 KpailHell Mepe oJHa TOYKa X MHokectBa E M nocmefo-
BaTCNBHOCTL {n;} (ny<<n,<<ns<< ...), Takue, 410

Xny == Xp, = ... =X,

IloayueHnas TakuM 06pasoM IOANOCICIOBATENLHOCTDL, OYEBHIHO, CXO-
IHTCH.

Ecom muoxectBo E GeCKOHEUHO, TO OHO HMeeT MpejlelbHYI0
TOuKy X € R* (teopema 2.42). BhiGepem n, Tak, 910 |Xn, —X|<< 1.
BoiGpas ry, ..., 7; 4, MBI HOIYy4HM, MO TeopeMe 2.22, 4TO CyIIECTBYET
uenoe n; > n;_y, TaKOe, 4TO |X, —x|<1/i. IlocTpoennas Taknm
00pa3oM NOANOC]e A0BATENBLHOCTL CXOAHTCH K X.

3.7. Teopema. Yacmuunole npedeast nocaedosameasrocmi {p,)}
8 Mempuueckom npocmparcmee X 06pasyiom 3aMKHYMOE MHOXce-
cmeo ¢ X. :
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Hoxaszatennctro. [lycTh E-—MHOXECTBO 3HAYeHUI [HOC/TE10-
BATeNbHOCTH {p,}, a E*— MHOXeCTBO BCeX YACTHYHBIX MPENEICB 3TO
NOCNe0BaTeNbHOCTA. JIONYyCTHM, YTO ¢-—Ipefeibhast TOYKa MHO-
kectBa E*. UYrobsl mnokasath, ur0o g€ E*,  gocrarouro, no Teo-
peme 3.2 (d), nmokasaTb, YyTO ¢ —npefenpHas TOUKa MHOXecTBa FE.

ITyers 3amano umeno &>0. TlockobKy g§--TnpepencHas TOYKa
MHOMKecTBa E*, umeercst Touka p € E*, rtakas, uto

0-<d(p, q)<§.
Tak kak p CE*, TO 1pH HEKOTOPOM [, HMeeM

d(p, pr)<<d(p, ).
3HauuT, po=q n

O‘<d<pr1 ‘?)gd(Pm p)+d(P1 Q)<5

[Nockonpky p, € £, OTCIORa CJICLYET, UTC ¢-— NPEAeIbHAs TOYKA MHO-
&ectBa E, ¥ F0Ka3aTeJbCTBO 33KOHUYEHO.

MocaepoBarenbHoct Kowu

3.8. Onpesencune. IlocnesoBaTebHOCTh {pn} B MOTPHUECKON
npocTpancTee X RasbiBaeTcst nocaedosamervrocmste  Koww (¢pynda-
MEHMAAbHOL  NOCAC008aAMEALHOCbIY, NOCACO0BAIMENbHOCIbIC, ~ CX0058-
welics ¢ cebe), ecan nas moboro & >0 cymecrpyer nenoe N, Takoe,
UTO d (Pn, Pm)<<e mpu n>N 1 m> N.

Ilpu paccmoTperrn nociefobaTenbHocTed Ko, a Takke B Jpy-
FHX CHTYaUHAX, KOTODble BO3HHKHYT MO3JHEE, OKAMKETCS NOJAE3HLIM
2renyioniee reOMeTPHUECKoe NOHATHE.

3.9. Onpereaenue. Ilycts FE —MNOAMHOKECTBO MeTPAUECKOTO
npocrpactTBa X, H NycTh S-—MHOXECTBO BCEX BEHIECTBEHHLIX YHCEJ!
Buga d(p, q), rne peE u gc E. Jluamempom muoxecrsa E Hasbi-
BaeTCst YMCAO sup S. Ito yucao obosnadaercs diam E.

Ecan {p,}—nocneaosatenibhocts B X, a Ep COCTOHT H3 TOueK
DPny Pnitr PNg2s + -+ TO H3 JBYX NOCJEIHHX ONpPeAeseHull SICHO, YTO
{pn}—— nocredosamensrocme Kouwiw mozda u moasko mozda, Koeda

lim diam En =0,
N-oo

3.10. Teopewma. (a) Ecau E ecmb sameikanue mrosxcecmea E
6 mempuueckom npocmparcmee X, mo

diam E = diam E.
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(b) Ecaun {K,}— nocaedosarmeisHocms KOMRGKMHKbIX — MHOMECME
8 X, makas, umo K, DK, (n==1, 2, 3,...), u ecau

lim diam K, =0,

N-»20

[ve)
mo () K, cocmoum posHo u3 00HOL mMOUKU.
!

IlokaszarteancTBoO. (a) flcno, urto
diam E <diam E,
Tak Kak £ - E.

3aduxcupyen uncao e >0 u BubepeM p€E, g € E. Tlo onpege-
Jenulo MHOXectBa E, B E cojepxarcsi TOoukd p’, ¢’, Tagwe, uyTO
d(p, p')<<e, d(q, ¢')<<e. 3nauurt,

d(p, y<d(p, p')+d(p', ¢')+d(q, 9)<<
<2 -+d(p’', q¢')<2e+diam E.
CJ1e10BaTeNbHO,

diam E < 2¢ +diam E,

M TaK KaK & IIPOHM3BOJBHO, YTBEp¥JeHue (a) HOKa3aHo.

©

(b) Tonoskum K= () K,. ITo teopeme 2.36, K nenycro. Ecan K

n==1
cojepxut Gojee opHod ToukH, To diam K >0. Ho npu xaxmom n
Mol umeem K, DK, tak uto diam K, > diam K. 210 npoTuBOpeuut
npeanocxkennio, uro diam K, — 0.

3.11. Teopewma. (@) Bcakaa cxodawyasca nocaedosamendbHocHe
8 mempuueckom npocmparcmee X AGAAEMCA  NOCAEJ08ANIEALHOCITILI
Kowwu,

(b) Besakaa nocaedosameavrocms Kowu e R* cxodumes.

3ameuanune. PasHuna Mexay onpejenenueM cxonsieiics noce-
JIOBaTeJIbHOCTH M OnpejejeHueM nocneaoBaTenbHocTd Koumm cocTont
B TOM, YTO B IepPBOe OnpejejieHHe B SIBHOM BHJEe BXOAWUT Ipenel,
B TO BpeMsi Kak BO BTOpOe OmnpefleJieHHe OH He BXOAUT. Takum o6pa-
3oM, Teopema 3.11 (b) nospossier HaM pewUTb, CXOAUTCS HJIH HET
JAaHHasg TNOCJe[OBaTeNbHOCTb, Jaxe €CHd MBI He 3HaeM InpejeJa,
K KOTOPOMY OHa MOXKET CXOJMTBCH.

To (comepxameecst B Teopeme 3.11) yTBepKzenue, 4TO MNOCJENO-
BaTeJbHOCTL B R* CXOHHTCA TOTZa M TOJBKO TOTJAA, KOTJla OHA fIBJIsI-
eTcd nocjefoBaTeJbHOCTbI0 Kom, OOBIUHO HA3BIBAT Kpumepuem
cxodumocmu Kowu.
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JdoxazateanctBo. (a) Ecom limp,=p u e>0, T0 cywecT-

Thie O
pyet neqaoe N, taxoe, 4T0 d(p,, p)<<e/2 npu n > N. 3nauur, ecan
n=Num>N, 10

d(Pny Pm)<<d (o, P)+d(p, Pm) <&,

rak uro {p,}— nocienoBaTeabHOCTb Koum.

(b) Houycrum, uto {X,}—nociegopareabnocTs Kowwn B R*. Ilycrsb
E\r—\momecmo COCTOSIIICE H3 TOYEK Xy, Xnifs Xxn.or «--. H IYCTH
E y— saMblkanie Muoxectea Ey. ITo onpemesenmo 3.9 u no rteopeie
3.10 (@) mp1 BMeem
(3) lim diam £y =0.

N—oo

B uacrtioctd, muoxecrsa Ey orpanuuerb. Kpove Toro, oHu 3aMKHY-
Tel. (DTO ciaefyer M3 ynpakuenust 4, ra. 2. Bor Koporkoe JoKasa-
TeLCTBO: ecad X4 Ey, To X¢ Ey, U X He SBJISEeTCS TpeLesbHOMH
TOuKOH MilomecTBa Ey; MO3TOMY HeKOTOpask OKpecTHOCTh V' TOuku X
e mepecexaercsi ¢ Ly. Huraxkas touka oxrpecrtuocts V. ue npuuas-
JexkuT Ep, TAK KaK MHOXKECTBO V OTKPHITO; CJe40BaTeNLHO, AOnoM-

nepue MuoxecTsa Ey OTKPHITO.) 3HAUHT, KaxJI0e MHOKECTBO Fa
KoMmakTHo (Teopema 2.41). Kpome T0ro, ENx>Epx,, TaK UurO

Ey > FEny. Tlo teopeme 3.10 (b) cyluecTByeT eimHcTBeHHAs TOUKa
x € R*, TIPHHANJICXKAIAs KaKAOMY MHOXKECTBY £ y.

Ilycre 3azano uucno € >0. B cuay (3) umeercs nesnoe Ny, Takoe,
ato diam Ey<<e, ecii N > Ny ITockolbKy X € Ey, 3T0 3HAUHT, 4TO

}y—~x|<s npu BceX Y € Ex, a noaTowy it npy Beex y € Ey. WHBIMU
¢/10BaMH, ecdd 13> Ny, TO | X,—X|<e. Ho 370 03nauaer B TOLIHOCTH
4TO X, —» X, ¥ JOKa3aTeJbCTBO 3aKOHUEHO.

3.12. Onpenenenue. Merpuueckoe npocTpauctso X, B KOTO-
poM KamJas TocJel0BaTeNbHOCTE KoM CXOANTCS, HasblBaeTest no.a-
notm. Tloatomy Teopenmy 3.11 (b) moxuo chopMyaupoBaTh Tak: R*—
noaHoe mempuieckoe npocmparcmao. IIprMepoM HemoqHoro MeTpu-
YeCKOro MpOCTPanCTBa CAYIKUT TNPOCTPAHCTBO BCEX PalHOHATBHAIX
aiicen1 ¢ paccrosuueM d(x, y) =|x—y!.

Teopema 3.2 (¢) u npumep (d) u3 w. 3.1 NOKasHBaOT, YTO CXO-
NAIMECs NOCIeA0BaTENLHOCTH OrpAaHHYeHK!, HO OrPaHHYEHHBIE MocIe-
JoBatenbHocTH B R ne o6s3arenbro cxoastcs. OnHaKO nMeeTcst
CJIUH BaXKHHI CJiy4ail, KOIA CXOAHMOCTb DPAaBHOCHJbHA OrpaHHUYEH-
nocTH. Tak OGCTOMT Ile0 € MOHOTOHHBIMH MOCJeA0BATEbLHOCTAMH

B RL
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3.13. Onpenenenue. ITocnenoBaresbHOCTL {S,;} BelecTBEHHBIX
ylces HasblBaeTcs

(a) monomonro eospacmatougerl, €CH S, <Spyy (n=1, 2, 3,...);

(b) moromonro ybusatoujeld, ecu S, > Spyq (R=1, 2, 3, ...).

Knace MOHOTOHHBIX MOC/J€XOBATENbHOCTEH COCTOMT W3 BO3PacTaio-
WHX ¥ yOBIBAIOUIMX MOCJeA0BATEbHOCTE!, '

3.14. Teopema. Monomonnas nocaedosamesvnocms {s,} cxo-
dumcs 6 mom U mMONLKO 8 MOM Cay4ae, K020a ONQ 02PAHUYEHd.

HoxasatenbcTBo. [lonycTHM, UTO S,<Sp,y (B JAPYrom cijy-
yae J[0Ka3aTe/bCcTBO aHAJNOrHYHO). IlycTh E --MHOXKECTBO 3HAueHUH
nocae/10BaTeNLHOCTH {S,}. Ecau mocienoBatenbHocTh {s,} orpaunuesa,
TO NYCTb S— BepxHssi rpaHb MHOXecTBa E. Torza

Sn<s  (n=1, 2, 3‘, cee)e

Ons qo6oro e >0 cymecTByeT uenoe N, Takoe, UTO S$—eg <
< Sy <S, TaK Kak HHaue s—e Obul0 OB BepXHeH rpaHuuel MHO-
xectBa E. IloCKONBKY nOc/eROBaTeNbHOCTh {S,} BO3pacTaeT, TO MpH
n>N umeem

S—e< <SS,

OTKyJa cJefyeT, uTo {Sp,} CXOZHTCA (K S).
O6partHoe caenyer u3 Teopembl 3.2 (c).

Bepxuuit ¥ HHXHHH npeleanl

3.15. Onpenenenne. Ilyctb {s,} —nocrenoBaTesbHOCTb Belle-
CTBEHHBIX 4Hces, obJjajamomasi CAeAyIOIUM CBOACTBOM: AJs JIOGOro
BemecTBeHHoro M cymecTByeT nesoe N, Takoe, 4to mpH n>N MH
umeeM S, > M. Torpa Mbl nuiem

Sp —> + 0.

AHaJioruHeIM 06pa3oM, ecid AJst JioG0ro BeIieCTBEHHOro uYucaa M
cymecTByeT uenoe N, Takoe, 4To npu n>N Mb umeeM s, <M, ToO
Mbl MHILIEM

Sp —>— 00,

CiefiyeT OTMETHTb, YTO MBI Tene)> HCIOAb3yeM CHMBOJ —> (B3e-
JAeHHbIE B ompefesnenu#t 3.1) AA8 HEKOTOPHIX THIOB PaCXOAAUIHXCS
NoCJe0BaTeNbHOCTEH, TaK Ke KaK H AJs CXOAAUIMXCH NOocjel1)Ba-
TelbHOCTeH, HO YTO OMpefeteHHs CX)IUMOCTH M mpejena, A3HHole
B 1. 3.1, HHKOMM O6pa3oM He MEeHSIOTCH.

3.16. Onpepnenenwne. Ilycte {s,}—nocienoBaTenbHOCTh Beile-
cTBeHHbIX uHced. [lycTe E—MHOMKecTBO uucead X (B PacHIHPEHi0#
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CHCTeMe BeIUeCTBEHHBIX YHCEJN), TAKHX, YTO Sp, —>x JJ HEKOTOPOi
HOJNOC/Ie A0BATENBHOCTH {th}’ IOTt0 MHOXKeCTBO E COJEpKHT Bce
yacTUYHblEe Npejenbl, onpejenenHbie B M. 3.5, M, BO3MOXKHO, YHCJIA
+- 0, —oo.
BenomuuM Tenepb onpegedenus 1.34 v 1.40 u nosoxum
s*=sup E,
s,=inf E.
Uncna s*, s, Ha3bIBAOTCS GEPXHUM U HUNMCHUM TIPEJieJlaMH  [0C/1eH0-
BaTeJbHOCTH {S,}; Mbl HCHOJb3yeM OGO3HAYEHHS

lims,=s*  lims,=s,.
-0 n—>0

3.17. Teopexma. [Tycme {s,}—nocaedosamearsrocme gewecmse -
Hotx yucen. Hycmo E u s* umerom mom osice cmvica, umo u 6 onpe-
deseruu 3.16. Toeda s* obradaem caedywouwumi ceoticmeamu:

(a) s*€E;

(b) ecau x> s*, mo cywecmeyem yeaoe N, maxoe, umo npu n>> N
umeem S, << x. bonee moeo, s*—eduncmeennoe wucao, obaadarouee
ceoticmeamu (a) u (b).

KoneuHO, aHa/NOrHYHBIA pPe3y/abTaT BepeH AJS S,.

HdokazarenbcTBo. Eciiu s*= -+ oo, To MHOXecTBO E He orpa-
HHYEHO CBEpXy; 3Ha4yuT, [OCAeJOBaTENbHOCTh {S,} He orpaHdHueHa
CBEPXY H CYILECTBYeT MOANOC/ENOBATE/IBHOCTD {Sn,}, TaKas, 4TO
Sp, —> -+ co.

Ecau s*—BeliecTBEHHOE YHCJIO, TO MHOXKecTBO £  OrpaHriiueHo
CBEpPXy H CyYIeCTByeT MO KpaHHell Mepe OAMH YacTHYHLIH Npejed,
nosToMy (a) caenyer U3 teopeM 3.7 u 2.28.

Ecmu s*= -— oo, 10 E CONEPKHT TOJLKO OJHH 3JEMEHT, a HMEHHO
—co, H He CyIecTByeT HH OJHOMO0 4YacTHYHOTQ Ipefena. 3HAUHMT,
A7st Jmoboro BeuecTBeHHOro M HepaBeHCTBO S, > M MOXeT BHINOJ-
HATbLCA JIMIIb [Js1 KOHEYHOrO MHOXKecTBa 3HAaueHHH n, TaKk 4YTo
Sp —>—00.

TeMm cameiv (a) ycTaHOBJEHO BO BCexX CJydasix.

UTobbl noKa3ath (b), AOMYCTUM, YTO CYWECTBYET YHCIO X > s*,
Taxoe, 4TO S, >> X AJd9 OGeCKOHe4YHOro MHOXKeCcTBa 3HauyeHHi n. B sToM
clIydae CyuwecTByeT uyucjo y € E, Takoe, 4To y>> x >s* a 3TO npo-
TABOPEYUT ONPEJeIeHHIO S$*.

Takum ob6pasowm, s* ynoBreTBOpsieT ycJoBusim (a) H (b).

Has pokazatenbcTBa eIMHCTBEHHOCTH [JOMYCTHM, YTO CYHIECTBYIOT
ABa 4YHCJIa p U ¢, YAOBJETBOPsOMHME ycaoBusM (a) u (b), u pomy-
CTHM, 4TO p<C_g. Beibepem x TaxkuMm, uto p<<x<<gq. Ilpu n>N
HMeeM S, < X, TaK Kak p yjaosiaerBopser ycjosuio (b). Ho Torma ¢
He MOXKET YJOBJETBOPSTH YCJOBUIO (a).

k
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3.18. IIpumepunl. (a) Ilycts {s,} —nocse10BaTelbHOCTL, COAEP-
)Kaiasi BCe pauHoHaNbHble 4YHesaa. Torja Kakjoe BelecTBeHHOe
YUCNIO SIBISIETCS YACTHYHBLIM TPEJesoM H

msn:—}—oo, lims, = —co.
n—o noo
(b) Myers sp,=(—1)"{l +(1/n)]. Toraa
lims,=1, lims,==—1.
n-co noon
(c) Laa mocsel0BaTeNbLHOCTH {S,} BelUeCTBEeHHBbIX yHces lim s, =s

n—->x
TOTAa W TOJBKO TOrAa, KOrja
lim s, = lim s, =s.
n-—oo n—>co

Mbl 3aKOHUMM 3TOT pasfes] OAHOH NOJe3HOH Teopenol, A0Ka3sa-
TEJILCTBO KOTOPOH COBCEM TPHBHAJALHO.

3.19. Teopewma. Ecmu s, <t npu n>N, 20e N uxcupo-
8aHO, MO

lim s, << lim ¢,

n—»o0 n—oo
lim s, < lim ¢,.
n—-+o00 NnN—r 0

HeKOTOpHe CnenHadbHbIC NOCJAEA0OBATENbHOCTH

Tenepp Mbl BBIYHCAMM Npefiedibl HEKOTOPBIX YACTO BCTPEYAOUIUXCS
nocjegosaTeqpbHOCTeH. Bce nokasatesanctBa GyAyT OCHOBAHBI Ha cJle-
AyiomeM 3amedanud: ecan 0 <x,<s, npu n> N, rae N —HekoTopoe
(PHKCHPOBAHHOE YHCJO, M ecau S, —> 0, 10 x, —> 0.

. l
3.20. Teopewma. (a) Ecau p=>0, mo lim onl).
n—o00
. n -
(b) Ecau p>0, mo lim y'p =1.
n—>a0
. n e
(c) lim y'n =1.
-+
(d) Ecau p>0 u a—eeujecrmeennoe 4ucio, mo
lim - — = 0.
n-»co (I+p)m
(e) Ecau [x|<<1, mo limx"=0.

n—>o

1) Cmeica cuMBoJa nP He GBI 1O CHX [Op ONpefesieH, TO XK€ OTHOCHTCH

u K n% B nyskre (d); YKa3aHus Ha CIOCO6 OfpeeseHHst CTeNeHH ¢ JOGHM Beuye-
CTBEHHBIM TI0Ka3aTesieM colepxarca B ympaxueuud 7 K ra. 1. — [Tpum. nepes.
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HoxasarteabctBo. (@) BosbmeMm n > (1/e)l/»,
(b) Ec p>1, 10 moSIOMHM X, =}/ p —1. Torga x, >0 u, co-
TJIaCHO TeopeMe O OHHOME,
L4 ne, <(1 4 x)" = p,
TaK YTO

0<Xn< p—1

. n
3nauut, x,— 0. Ecan p=1, 10 (b) TpuBHANBHO; ecmu 0 < p <1,
TO Pe3y/bTaT MOJyYaeTCsi MEPEeX0JOM K OOPATHLIM 4YHCJaM.

"y
(c) Monoxum x, = 'n —1. Torna x,>0 H, cOriacHo TeopeMe
0 GHHOMeE,

n—_—-(1+xn)">"(n;1)x3.

-
<A< ‘/—n————T (n>2).

(d) Tlycts k —Takoe uesoe 4ucJao, 4to k> a, £ >>0. aa n> 2k
HMeeM

—1 —k 1 R nR
(I+p)" >< >p e k(n +)ph>n2ki!‘

3 HauuT,

3unauur,

2Rk}

O< —/—7 < R ne=h  (n>2k).

(1+p)
[Tockonbky a-—Fk <0, umeem n®=*—0 B cuay (a).
(e) Bosbmem a=0 B (d).

Panst

B ocransHoll yacTH 3TOH TJIaBBl BCE pacCMAaTpUBAeMbie MNOCJAe0-
BaTEJbHOCTH M PSAAbl OYAYT KOMINIEKCHO3HAUHBIMH, €CJH SIBHO HE Oro-
BOpeHO NpoTHBHOe. B ynpaknenun 15 npeanaraercs PACHpOCTPaHHT
HEKOTOpble U3 CJEAYIOUMX HHXKE TeopeM Ha psiibl ¢ ujeHamu H3 R*.

3.21. Onpepnenenue. IlycTb 3agana noc/ienoBaTenbHOCTD {dp ).
Mer Oygem o0603HauaTb CYMMY dp-+Qpy+ ...+aq (p<q) uepes
q

) a,. TocneposatenbHocTd {@,} Mbl CONOCTABHM [OC/€}OBATEMb-
n=p

HOCTb {S,}, Tle
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CumMBOJ
a+ay-+-az+ ...,
HJH, Kopoue,
fee]
0
(4) D an,
n=1{

Mbl Oy/ieM HasHBaTb OECKOHE4HbIM PAOOM WM 1POCTO padom. Uucaa s,
HasbIBAIOTCA 4ACMHbIMU CyMmamu 3Toro psina. Ecaum nocneposatenn-
HOCTb {S,} CXOAMTCH K S, TO MBI GyJAeM TOBODUTB, UTO PSA CX00UMCA,
H GyleM nucarhb

Uuc10 s Has3bBaeTCs CYMMOH 3TOro psifia, HO HeOGXOAMMO SICHO MOHH-
MaTb, YTO S ABJASETCSL npedesom nOCcAeG08AMEAbHOCMY CYMM, a He
MOJY4aeTCsi MPOCTBIM CJIOKEHHEM.
Ecnu nocseposaTenbHOCTh {S,} PaCXOAHTCA, TO TOBOPSIT, YTO PSR
pacxoaurcs. .
HHorpa pns yno6erBa ofo3navenuit Mbl OyjeM paccMaTpHBaTh
psiibl BHAA

(5) Y an

YacTto Mu Gynem BMecto (4) mam (5) mucaThb IPOCTO ) .

$IcHO, 4TO KaXAyio TeopeMy O IOC/JEAOBATEeNbHOCTSX MOXKHO cdop-
MyJHpOBaThb Ha $3blKe pPSAAOB (nosaras @ =8 U Qp==S,—Sp_; INIPH
n>1), u obpatio. Ho Tem ne MeHee mose3HO pasjuyaTb 3TH I0-
HATHS.

Kpurepuii Ko (teopemy 3.11) MoxkHO chopmysaupoBate B cae-
IYIOLEM BHJE.

3.22. Teopema. Pad D) a, cxodumca moeda u moabko mozda,
Koeda 0as moboeo &> 0 cywecmsyem yeace N, maxoe, umo

m

Zah

h=n

(6)

ecau m>n>N.

B wactHoctH, npu m=n HepapeHcTBO (6) npeBpainaetcsi B Hepa-
BEHCTBO

<e,

lanl<e (n>N).

VupiMu cjioBaMH, chpaBejiHBa CJeJyIOIast Teopema.
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3.23. Teopema. Ecau pad 2 a, cxodumcs, mo lim a, = 0.
N-ro0

Opuako ycaoBue a,—> 0 He [OCTATOYHO AJS TOro, uTOGH O6ec-
NEYHTb CXOAMMOCTb PsAd ) an. Hanpnmep, pan

\1 1
“don
n=1
pacxofUuTCsa; 3a AOKaszaTeJbCTBOM Mbl OTCHLIJIAEM K TEOpeMe 3.28.
Teopema 3.14 0 MOHOTOHHEIX NMOCJ/eAOBATEC/AbHOCTSAX TaKXKe HMeeT
OUYeBHJAHLIA aHaJior AJist pAfOB.

3.24. Teopema. Pad Heompuyameivnoix') uaenos cxodumcs
mozda u moavko moeda, ko20a ezo dacmwele Cymmo. 06pasyiom oepa-
HUYEHHYI0 NOCA008QMEAbHOCITLS.

Tenepp Mbl OOpaTHMCH K NPH3HAKY CXOAMMOCTH APYroif mpupo-
Abl—K TaK Ha3bIBAEMOMY <(NIPH3HAKY CpPaBHEHUsI».

3.25. Teopema. (a) Ecau |a,|<cy npu n> Ny, e0e No— Hexo-
mopoe uUKCUPOBaHHOe yeaoe, w ecau pad D) c, cxodumcs, mo u pad
M a, cxodumes.

(b) Ecau a,>d, >0 npu n> Ny u ecau pad D\ d, pacxodumcs,
mo u pad ) a, pacxodumcs.

3aMeTHM, 4YTO HpH3HaK (b) NMPHUMEHHM TOJILKO K DSIilaM C HEOTPH-
uaTe/bHbIMH YJICHAMHU a,.

HokasarteabctBo. CorsacHo kpurepuio Koww, ans aanHoro
e >0 cymectByetr N > N,, Takoe, uTo npu m>n> N umeeM

m

Z Chp < E.
R=n
3Haywr,
m m m
| by akl< > lay| < D <k,
h=n h=n R=n

1 (a) AoKas3aHo.

Hanee, (b) cienyer u3 (a), TaK KaK ecJH pSiA ) @, CXOAHTCH,
10 1 paf ) d, JOMKEeH CXOAMTbCS (3aMeTHM, uTto (b) C/EAyeT Takike
H3 TeopeMmbl 3.24).

JTOT MNpH3HAK CPaBHEHHS O4eHb MNoJiedeH; YTOOH YCHEUIHO MNpH-
MEHSATb €ro, MBI JO/DKHBI OCBOUTBCS C HEKOTOPHIM HabopoM pAoB
C HeOTPHIATEJbHBIMH YJEHAMH, 3aBeOMO CXOASHIHXCS WM pacxo-
AsIHXCS,

1) BolpaxeHue <¢HEOTPHUATENBHEIl» BCETJA OTHOCHTCA K 6eujecmseHHoLM
uycaaM,
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Psaabl ¢ HEOTPHLATENbHBIMH YJE€HAMH

ITpocTefimiM K3 BCeX TAaKUX DsJ0B, NMO-BUAUMOMY, SBJISIETCS Teo-
MeTpHUYecKasi Nporpeccusi.

3.26. Teopema. Ecau 0<Cx <1,

[os]
o
D xme

n=0

=

Ecau x> 1, mo smom pad pacxodumcs.
HokaszateabctBo. Ecan xz41,

N\ ] x
Sp = 2, xk= -
R=0

Yerpemnsis n K oo, MBI NOJYy4HM TpeGyeMmbit pesysbtat. [lpn
x =1 noayuaercs pspn

1+14+14...,
KOTOpHIH, OYEBHIHO, PACXOLHUTCH.

Bo MHOrHx caydasix, BCTPeUalOIUXCS B PUJIOKEHHAX, UIeHb Psifa
MOHOTOHHO Yy6blBaloT. IlostoMy caenyiomasi TeopemMa Kowwm mnpen-
craBiasieT ocobulii untepec. IlopasutenbHas 0cOGEHHOCTb yTBepHKJe-
HHSL TeopeMbl COCTOHT B TOM, YTO JOBOJIbHO «pejKasiy MOANOCJIe[0-
BaTeIbHOCThL MOC/ENOBaTeNbHOCTH {a,} OnpefessieT CXOAHMOCTb HJIH
PACXOJMMOCTb PAAA D) Q.

327 Teopema. [onycmum, umo a, > a->»a3;>» ... > 0. Toeda

pad 2 ap, CX00UmMCA 6 MOM U mMOAbKO 8 MOM Caydae, K020a cxo-

n=1
dumcs pad

fee)

(7) 2 2%aun = a, + 2a, -+ 4a, + 8ag +

k=0

HokaszarteabctBo. Ilo Teopeme 3.24 10CTATOYHO YCTAHOBUTH
OTPaHHYEHHOCTb YacTHBIX cyMM. IlycTb

n=Qy -+ ay-F ... @y,
th=ay+2a,+ .. +2kazk.
IMpu n << 2F umeem
Sn<a 4 (@t as)+ ... (agp 4. . Fagra_ )<
<ay+2a,-- ..+ 2Ran =ty
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TaK 41O
(8) Sp < by
C npyroit cTopoHml, npu n > 2*

Sp>astapt+(as--a)+ ... +(azk-1+1 4+ ... +'a2k)>

>%ai+a2—}—2a4+ - +2h'1‘12h=%tk,
TaKk 4TO
(9) 28n>t;;.

B cuay (8) u (9), nocneroBaTenbHoCTH {s,} U {fx} unu obe orpa-
HHYEHbl, HAH o6e He orpaHHueHbl. JlOKas3aTebCTBO 3aKOHYEHO.

3.28. Teopema. Psad Z;li cxodumcsa, ecau p>1, u pacxo-

dumca, ecau p<1.

HoxasateanbrctrBo. Ecmum p<0, To pacxoaumocTb Clrepyer
us Tteopems 3.23. Ecam p>0, To mpuMmenuma Teopema 3.27, M Mhl
TIPHXOJUM K PARY

[ee] 1 0
kR k-
2 2 - = 22 a-p,
=0 h=0
Ho 24" <1 torma M TOMBKO TOrja, Korma 1—p<C0, u Teopema
BLITEKAET U3 COMOCTABJEHHs C reOMETPHYECKOH mporpeccuedl (cielyer
NoJOXKUTh X =217 B Teopeme 3.26).

B KauecTBe eme OJHOrO MPHJOXKEHHs Teopembl 3.27 GyAeTr HoKa-

3aHa cJepyiomas Teopema.

3.29. Teopema. Ecau p>1, mo pad

>

1
(10) 2 7o

n=2

cxolumes; ecaw p<1, mo amom psad pacxodumcs.

3avmevyanune. Cumpon logn o6o3Hauaer JjorapudMm yucia n
o OCHOBaNWio e (Cp. ympaxHenue 9, ri. 1); uucno e Gyjper BCKope
onpeiesieno {(cm. onpefenenue 3.30). Mbl HaunuaeM pAR ¢ n=2,
tak kKak log 1=0.

JokaszaTteancTBo. I3 MOHOTOHHOCTH JOorapHMHYECKOH
dbyuxuun (Kotopasi Gosiee MoApo6HO OyIeT paccMaTpHBAaThCs B I 8)
caeayer, 4to {log n} —- BospacrTawmas nocJae0BaTebHOCTb, 3HAYMT,

{I0CJ1€10BaTE/IbHOCTD {.rz—l?)EF} Y6bIBa6T, H MBI MOXKeM IMpHMECHHTDL
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teopemy 3.27 K pany (10); 3To npHBOAMT K psiny

C: R 1 s 1
(1) hzil 2 9k (log 9k (log 2k)P 2 (& log 2P = (log 2)P ;1 &P

u Teopema 3.29 cienyer u3 TeopeMbl 3.28.
STy npouenypy, O4YEBHIHO, MOXKHO NpojosxkuThb. Hanpumep, psap

[ea]

1
(12) 2 nlogn loglog n

n=3

PACXOAMTCS, TOTJa KaKk psiji

/; 8

1

nlog n (log log n)2
3

(13)

n

cXoAuTes.

MoxHO 3aMeTHTb, 4TO uJeHH psAfa (12) oueHb Majo oTIMYAIOTCHA
oT ujgeHoB psfa (13). OnHako ofMH pfAL CXONHTCS, a APYrod pac-
xoputca. [Ipogomakasi mpouecc, KOTOPHIH NpPHBEJ Hac OT TeopeMsl 3.28
Kk Teopeme 3.29, a 3atem K (12) u (13), MBI NONY4YHM napbl CXOAfA-
UUXCA W PaCXOASIMIHXCH pPSAOB, YJEHH KOTOPHIX OTJIHYANOTCH JaxKe
Meuplie, 4eM ujesbsl psifoB (12) u (13). MoxHo 6bl10 OBl Npexno-
JIOXHTb, YTO MMEeTcs HeKoe INpejesibHOe IOJIOKEeHHe, «rpaHHuas, No
OHy CTODOHY KOTOpOH JexaT BCe CXOAsIiHecs, a N0 JPYTyI—Bce
pacxonsimuecst Psiibl, MO KpaHHeli Mepe noKa pedb HAeT O psjax
¢ MOHOTOHHO yOblBalonumMu yjieHaMu. KoHeYHO, 9TO MOHATHE «TPaHHIBIY
cosceM HesicHoe. OJIHAKO MBI XOTHM OTMETHTB CaeAyloiiee: Kak Obl
Mbl HH YTOYHHIH 3TO TIOHSITHE, TaKoe IPEAINOJOKeHHe OKaxKeTcs
HeBepHLIM. YnpaxHenus 11 (b) u 12 (b) MoOryt cayXkuTh HIIO-
CTPAlHSIMH.

Mp He XoTHM BHaBaTbhCs Tray6xe B NOJOGHBIE BONPOCH TEOPHH
CXOAMMOCTH H OTChIaeM uuTaTens kK raase IX, B ocobennocTH § 41,
kuuru Kuommal) (cm. JHTepatypy).

Yncao e
[We]

3.30. Onpenenenune. e= ) !

nt
n=0
3nece nl=1-2.3...n, ecsii n>»1, nu Ol =1.

1) Cm. takxke [ M. duxrenroaswu, Kypc auddepernnaspaoro ¥ vaTe—
rpaabHoro ueuncaesns, T. 11, M.—J1., 1948, n. 365. —I[1pum. nepes.
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3TOT pAf CXONHTCS, TaK Kak

I 1
sn==l—e-»1+—~+——+-~+—.1 <
12 123 12...n

<l I gt ..

21 1<3

[I03TOMY onpejeseHne HMeetr CMbICT. Ha camom AeJsie YKHSaHHbe:I pan

CXOQUTCH OueHb OBICTPO, U 3TO NO3BOJSET HaM BBLIYHCAHTL e ¢ 00Jb-
LIOH TOYHOCTHIO.

HHTGPCCHO OTMETHTb, YTO ¢ MOXKHO ONpeJeJIJUTh TaAKXKe MNpH [TOMOLIHU

JPYyroro mnpefebHOrO Mepexoja; /0Kas3aTeJbCTBO CJAYKHT Xopollel
WTIOC Tparvefi Toro, Kak cJjaejyeT ONepUpoBath ¢ TpejiesIaMH.

3.31. Teopema. lim 1+%>";

N=->0

IHokasarteabctso. [lycrs

n
1 1 \"
SanZ —E!—, tn‘=‘-<1+z>
R=0
Tlo teopeme o 6pmome

wrstt (=D (12 (=D
F (D02 (1)

3Haumur, t,,\<s,,, Tak 4TO

(14) lim t,<e

n—»co

no teopeme 3.19. Hasee, ecqw n>>m, 10

>1+-14~;—!<1—‘7)+...+7n1—!<_

YeTpeMHM n K oo, OCTaBasii m UKCHPOBaHHBIM. [loyunm
1

m!

m—1

lim £y > 11 ge o

n—oo
TaK 4To
< lim .
n—+
yCTpeMﬂﬂﬂ m K ©o, MbBl OKOHYAaTeJbHO NOJy4yaeM
(15) e< lim £,

n—»eo
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o O |
CKopocTb, C KOTOPOH CXONUTCS PSif z -

ecau s, o603HavaeT TO XKe, YTO H BHILE, TO

MOXHO OHEHHTb TaK:

e—S8p

1 1 1
“ ey Tearyr taayg o<

1 1 1 1
<(n+1)! {l+n+l +(n-+1)2+"'}= nln

TAK 4TO

(16) 0<<e—s, <

ntn °

Takum o6pasoM, cyMMa §,o TNPUGAHIKAET YHCJIO € ¢ OWMOKOl,
menbwiefi 107°. HepapeHcTtBOo (16) mpejcTaBiseT W TeOpeTHYECKHMIi

HHTEPEC, TAK KaK OHO MNO3BOJIsAET OYEHb JETKO J0Ka3aTbh Hppaiuo-
HaJIbHOC{rb YyHCJIa €.

3.32. Teopema. Yucao e uppayuonarsro.

JlokasarteabcTBO. llonycmM,, 4YTO e pauuoHadbHo. Torpa
e=p/q, Tie p, §— NOJOKHTENbHbIE LeJble uyucaa. B cuay (16),

(17) 0<g! (e~—Sq)<—‘1]~.

CornacHo mnpeanoioxeHuio, ¢le—uenoe uncao. Yucao g!(e—sg)
TAKXKe LeJ10e, NOCKOMbKY ‘

1 1
q!sq=q!<1+ 1+~27+...+a—)-

Tak xak ¢>1, u3 (17) cremyer cymecTBOBaHHE LEJOrO YHCJA,
sakmiouenHoro Mexay O u 1. Takum oGpasoM, Mbl JOGHJIHCH NpO-
THBOPEUHsl.

Jlpyrie NpH3HAKH CXORHMOCTH

3.33. Teopema (npusnak Kowm). ITycms 3adan pad Dyan.
Moaowcum a=Tim V [a,|. Tozda

n-—>oo

(@) ecaw a<<1, mo psad Zan cxodumcs,;
(b) ecau a>1, mo pad X\ a, pacxodumcs;

(¢) cywecmeyiom Kak cxodauuecs, mak u pacxodawuecs paded,
das Kemopoix o= 1.

HokazatenncrBo. Ecm a<Cl, 170 MOXHO BHOpath P TaK,

uto a<<P<<1, a uemoe yucao N-—rtak, yTto r/m<ﬂ npu n>N
[0 Teopeme 3.17 (b)]. Vnaue rosops, npu n> N HMmeeM

lan | <™
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Psap ZB" cxoputcst, Tak Kak 0<CP<<1l. CxomumocTs psija Zan
c/eflyeT Tenepb W3 NpPH3HAKA CPaBHEHHS.

Ecmu a>1, 10, cHoBa mno TteopeMme 3.17, cyumwecTByer mocnepno-
BATEBLHOCTb {n;}, Takas, 4TO

n‘f/Ia | — a
nk .

3HauHT, |a,|>1 Aaa OeCKOHEYHOr0 MHOXEeCTBAa 3HAueHHH n, Tak

4TO ycJoBUe @,—>0, HEOGXOIMMOE M CXORMMOCTH PAAa ) an, He
BHINOJIHEHO (TeopeMa 3.23).
Uro6u f0Ka3aTh (€), paCCMOTPUM pPsiIbl

1 1
D 2

Oag xaxporo u3 3THX psafoB o =1 [n0 Teopeme 3.20 (¢)], HO nepBbIi
pacXofuTCsl, a BTOPOH CXOAHTCH.

3.34. Teopema (npusnak [anambepa). Pad D) an
(a) cxodumca, ecau lim | 2| < 1;

n->00 n

a
(b) pacxodumcs, ecau IZ—“

n

> 1 npu n>ny, ede ny— nekomopoe

¢ukcuposarroe 1ucao;
(¢) cywecmeyrom Kax cxodauguecs, mak u pacxodaujuecs paoet,
048 Komopbix

HokasaTteabcTBO. Ecan ycioBue (@) BHIIOJHEHO, TO MOXKHO
Haiite P <1 u uenoe uucao N, takue, 4TO

an+q

<p

npu n>N. B uyacrtHoCTH,

fay+ | <<Blaw,
1aN+2|<6|aN+1l<ﬁz|aN|

laN+pl/ﬁ faNi
SDT0 3HAYUT, UTO
la, | <<lay|p~V-p"

npu n>> N; TakuM 06pa3oM (a) clefyeT M3 IPU3HAKA CPABHEHHH, TaK
KaK psif 2 P" CXOZHTCS.
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Ecav |any|>|a@n| npu n>ne, TO JNIETKO BHAETb, YTO YCJIOBHE
an —> 0 He BBHINOJHEHO, OTKyAa H cjenyet (b).

Y1066 10Ka3aTh (€), MBI CHOBA PAaCCMOTPHM PSIABI

S LI NI
n' &2t
IIJIH KaxXao0ro U3 HHX Mbl UMeeM

an+1 =1
an ’

lim

n—»0

HO TepBHIl PacXOAHTCS, a BTOPOH CXOZUTCH.

3.35. IIpumepsl. (a) PacemorpuM psj
1,1, 1,1 1,1 o,
ststmtaEtetatatat-.-

AJSi KOTOPOTO
a
lim "“ 11m< >
n—00 n—00

1
lim y/ Va, = lim = 73
ﬂ—?C!J ‘n—»oo—l/ 37'-
—n— . »om T ]
lim y a, = 11m =
n-sco Van 12’
Tim 22+t — lim ( > ~+ oo,
n—>roo n—-oo

Ilpusnak Komm ykaswiBaer Ha CXoguMOCTb; mnpusHak [lanamGepa
HE NO3BOJISET CleslaTh HUKAKHX 3aKJIOUeHHH.
(b) To xKe camoe BepHO B OTHOIIEHMH pfAja

1 1 1 1 1 1 1
sHltstotgretistat
rpe

1 o oa
lim &t .~ Tim %ot 9
——  dp 8 an,

n—>x n—>00

HO
. n
lim y a, =
n—»co

3.36. 3ameuanwus. [lpusnak HanamGepa, Kak npaBuio, Jerde
NPHMeHsATh, YeM NpH3HaK Komn, Tak Kak OOGBLIMHO Jierye BhIYUCJASATD
yacTHpie, YeM KOpHHU n-i crtermend. OnaHako npusHak Koin cusibHee
B CJeAyolleM CMbicje: Korja npusHak [lanambepa ykasbiBaer Ha cxo-
AHMOCTE, TO H npH3HaK Kowu ToKe yKasbiBaeT Ha CXOLMMOCTD;
ecqu :Ke mpusHak Komu He mos3BosiseT cesaThb HHKAaKHX 3aKJjiode-
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Hﬂﬁ, TO K MNPH3HAK Z[a.naMéepa TOXKE HE IO3BOJIACT CJAeJAaTb HUKAKHX
3aKJouenuil. 1o cjeayer u3 TeopeMbl 3.37 M MJUIIOCTPHpYETCS Npu-
BeJICHHEIMH Bblllle MPUMEPaMHU.

Hu OJIMH U3 3TUX IBYX IIPH3HAKOB HE ABJACTCHA 0COOEHHO TOHKUM
B OTHOWIEHUH PACXOAUMOCTH. B oboux pacXoAHUMOCTL BBIBOJHUTCS
H3 TOro, 4YTO Qp HE CTPEMUTCHA K HYJIO TIPH 71— 0O.

3.37. Teopewma. [Jra aobod nocaedosamessrocmu {C,} nOA0MCU-
MeAbHOLX HUCes UMeeM

. Cpe .o
lim -%n—i < lim Vv ¢y,

N—»o0 n—-o

T n,—  _——

lim V¢, < lim =2£L |
n—-x n—co CTL

HokaszartenbcTBo. M JOKaxeM BTOPOE HEepaBEHCTBO; JOKa-
3aTeJbCTBO IIEPBOrO COBepileHHO aHajoruuHo. [lonoxum

T
o= lim =21 |

n-sco tn

Ecan @ = 4 oo, T0 aoKaspiBaTh Hewero. Ecau o KoHeuHo, TO BhIGe-
peM P> a. CywecrByer uenoe N, Taxkoe, 4TO

c
‘angp

npu n>» N. B wactaoctr, pas JioGoro p >0
C}v+h+1<ﬁ€y+h (kso, 1, “eey p—"l).
[lepemHOKasi 5TH HepaBeHCTBA, Mbl IOJyyaeMm

CN+p < ﬁch7

HIH
< eap VBT (n>N).
3Hauur,
Ve <y end™ B,
TaK 4TO
(18) lim Ve, < p

n-—»o0

no teopeme 3.20 (b). ITockonbky HepaBenctBo (18) BepHO mpH /moGom
P> a, nmeem
Tim Vo <a.

Nn—>0
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CreneHnble psjbl

3.38. Onpegenenune. Ilycts 3afana noc/ief0BATENLHOCTE KOM-
nJeKCHBIX uuces {c¢,}. Pan

(19) i 2"

n==(0

Ha3bIBaeTCsi crmeneHnnoim padom. Yucra ¢, HasbBAIOTCH KO3pduyuer-
mamu 3TOrO psifia; 3Jechb Z— KOMILJIEKCHOE UHCJIO.

Boo6uie rosops, 3TOT psiA CXOAMTCH HJM PacXOJHTCS B 3aBHCH-
MOCTH OT BbiGopa uucsaa 2. TouHee, ¢ KaXKAbBIM CTENEHHBIM PSLOM
CBSI3aH KPYr, TaK Ha3blBaeMblii Kpyr CXOAHMOCTH, TAKOMH, 4YTO PsL
(19) cxopures, ecyu z JeXUT BHYTPH 3TOrO Kpyra, ¥ pacXOHTCH,
eCJ/IM 2 HaXOJHTCS BHE KPyra (4ToObl OXBATHTb BCE CJYUYal, MbL JOJKHBI
paccMaTpuBaTh NJOCKOCTb KAK BHYTPEHHOCTb OKPYXHOCTH OeCKOHeu-
HOTO pajHyca, a TOYKY—KaK OKpPYXKHOCTb HYJEBOr0 pajuyca).
TloBesenue psila HA OKPYXKHOCTH Kpyra CXOAHMOCTH MOXKeT ObiThb
ropasfo Gosiee pa3sHOOGPadHbIM, H €ro HeJMb3s TaK MPOCTO OMHCATH.

3.39. Teopema. ITycmo 3adan cmenentod psad X caz™. [loaooxcum

a=Tim Tel, R=1

n—=>00

(ecaw o =0, mo R= -} o0; ecau a= + o, mo R=10). Toeda pad
D\ caz™ cxodumes, ecau |z|<<R, u pacxodumcs, ecau |z|>>R.

HdokaszaTeabcTBo. [10M0KUM Q= ¢,2" U NPUMEHHM NPH3HAK
. Kow. Mmeem

Tim §/Tan|= 2] Tim /Tca]=121 .

n—»co n~>»oo R

3ameyaHue. Uucao R HasbiBaeTcsl pajuycoM CXOXHMOCTH psja
D cnz™.

3.40. Tipumepn. (a) Oas paga 2 n"z" uveem R =0.

(b) dnsa pspa 2;—1; HMeeM R = oo (B 3TOM cJyuyae Ipolle
npuMeHuTs npusHak [lanambGepa, uem npusHak Kouru).

(c) Hns paga 22" umeem R=1. Ecau z]=1, To pax pacxo-
AMTCS, TAK KakK 2" He crpemurcs X 0 npH n— oo.

n
(d) ns psina 2 —Z;l— uMeeM R=1. Dr1oT paAjx CXOAUTCH BO BCeX

TOUKAX OKDPYKHOCTH Kpyra CXONHMOCTH, KpoMe z=1. Or10 Oyjer
IOKa3aHo B TeopeMe 3.44.
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zn
(e) dnsa psna E —7 HMeeM R=1. DT0T psj CXOAHTICA BO BCex
TOUKAX OKPYMXHOCTH Kpyra CXOAMMOCTH COTJIACHO NPH3HAKY CpaBHe-
" 1
HHf, TaK Kak tﬁlzﬁ’ ecau |2 =1.

CyMMHPOBaHHe MO 4HacTAM

3.41. Teopema. [ycmo Oaner dee nocaedosameasrocmu {a},
{ba}. ITonoocum

A= D) ay npu n>0; A, =0.
k=0
Toeda, ecau 0 p<q, mo
q q—1
(20) 2 anb, = Zp A, (bn_bn+1)+Aqbq_AP—ibp-
n=p n=

JdokasarteabctBo. Mmeem

q q q q-—1
2 b, = 2 (An'_An—i) bp = 2 Anbn“" 2 Anbnﬂy

n=p n=p n=p N=p—1{
¥ TOC/e/iHee BhIPAXKEHHE CIIpaBa, OUEBHJHO, PABHO IMpPABOH HaCTH
pasercTBa (20).

®opmyna (20), Tak HasbiBaeMas (opMyJa CYMMHPOBaHHS
10 YacTsM, NOJe3Ha TPH HCCJENOBAHHH DSIJOB BHAA ) Gnb,, B 0CO-
GeHHOCTH, e€CaH nocjenoBaTesibHOCTh {b,} MoHoToHHA. Cefiyac Msl
JaJuM ee NPHJOXEeHHUS.

3.42. Teopema, Jonycmum, umo

(a) wacmuoie cymmoi A, pada D a, 06pasyom 02paHUteHHYO
nocaedosameabHoCY;

() bo>by>by> .. .;

(¢) lim b, =0.

N~»00

Toeda pad D) anb, cxodumcs.

okasateabcTBO. Boifepem M Tak, uto |A;|<KM npu
Bcex n. Iuas passoro & >0 cyumecTsyer uenoe uucjo N, Takoe, uTo
by < (e/2M). Tipu N < p< g nmeeM

q q—1
| D) anba| =] D) An(bn—bns))+ Agbg— Ap-1bp| <

n=p n=p

g—1
M| (bp—bpss) +bg+by| = 2Mb, < 2Mby < &.

n=p
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CxopumocTh criefyer Temeph u3 Kpurepust Kow. 3ametum, yTo mep-
BOE HEPaBEHCTBO B HAlMCAHHOH BhILIE [ENOYKEe OCHOBAHO, KOHEUHO,
Ha TOM, 4TO b,— b+ > 0.

3.43. Teopema. [onycmum, 4mo
@ lo|>[el>al> ...

(0) com-1>0, c2m<<O0 (m=1,2,3...);
(¢) lime¢,=0.

n-—co
Toe0a psad D) cn CXORMTCA.
Psaj, 115 KOTOPOTrO BHINOJHEHO ycJosHe (b), HasbiBaeTCs «3HAKO-
IepeMeHHBIM PALOM»; ChOPMYyaupOBaHHAA TeopeMa O6Lljia H3BECTHA
JlefGHuny.

HoxasateabctBo. [lpumenum Teopemy 3.42, mnonOXuB

=(—1)"1, by=|cnl.

3.44. Teopema. [onycmum, umo paduyc cxodumocmu pada
D™ pasen 1 u cg>>c;>C> ..., llmc,,—_—O Tozda psad D) cuz"

cxodumca 6 Kaxcloll mouke o;cpyofcuocmu |z|=1, 3a uckarouenuen,
B03MOMCHO, MCHKU 2= 1.

HdoxasartenbctBo. Tlosoxum a,=2z" b,=c,. Torga BumoJ-
HEeHbl YCJIOBHS TeopeMbl 3.42, Tak Kak

] ——zn+1 2
[ An]= ‘2’2!_ l—iz <ll—ZI’

ecnu |z|=1, z==1.

AGcoJqioTHAasE CXOAMMOCTbL

TOBOPAT, UTO PAL D) Gn CX0OUMCA QBCOMOMHO, €Cld CXOJHTCS
pan 2l [an|.

3.45. Teopema. Ecau psad Zan cxodumes abcoamIio, mo ox
cxodumes.

JlokaszaTeabCTBO. YTBEPKJEHHE CJELyeT H3 HepaBeHCTBa

m

| 2 anl< Z {ax]

kh=n h=mn
u u3 Kpurepus Koun.

3.46. 3ameuvanuna. [ng psigoB ¢ MOJOKHTEAbHLIMH UJI€HAMH
abcoIoTHAA CXOAHUMOCTb—3TO TO K€ €aMOe, YTO CXOLUMOLCTh.
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Ecln pag ) @, CXOOHTCS, a DAL > | @, | pacxopurcsi, TO rOBOPAT,
YTO pAA ) @, cXonutcs HeaGcomotno. Hanpumep, psia

(—1j
P

cxonurcs HeaOcomoTHO (Teopema 3.43).

[TpusHak cpaBHeHMS, TaK e Kak ¥ npusasaku JlanamGepa u Ko,
Ha caMoM JeJe ecTh NPH3HaK abCOJIOTHOH CXOLHMOCTH, H MO3TOMY
HEe MOMKeT JaTh HHKaKOil HH(poOpManHH O HealCOJIIOTHO CXOASLIUXCSH
pagax. Hns paboTei ¢ MNOC/eJHMMHM HHOTJA MOXKHO MOJb30BAThCH
CYMMHpOBaHHEM IO 4acTsIM. B 9acTHOCTH, CTeNeHHOH DPSIJ CXOAHTCSH
abCoJIIOTHO BHYTPH KPyra CXOJAMMOCTH.

Mer yBuauMm, 4t0 C aGCOJIIOTHO CXOASIIHMHCS pPSAJAaMH  MOXKHO
o0palatbCs COBEPIICHHO TaK K€, KaK C KOHEYHBIMH CYMMaMH.
Mbl MoxeM mepeMHOXaThb HX IOYJEHHO H NEPECTaBJISTh cJaraemsle,
He MeHAs cymmbl. Ho ias HeaGcosoTHO CXOASIMMXCA PAAOB 3TO yXKe
HEBEpPHO, ¥ NpPH AeHCTBUAX C HUMH HYXKHA OOJbIIAf OCTOPOIKHOCTD.

CJoXeHue W yMHOXeHHe DPSJOB
3.47. Teopema. Ecau Da,=A u 2 b,=B, mo

D (an+b)=A+B u D can="CcA npu aobon c.
HoxkaszarteabctBo. [lycts

n n
Ay = 2 ar, Bp,= 2 bs.
R=0 k=0

Toraa

A+ B, = é}o (ag -+ bg).
fcHo, uro

lim (A, 4- B,) = A+ B,
TaK Kak o

limA,=A4, limB,=B.
n—>oo n—->o0
Jloka3aTesbCTBO BTOPOrO YTBePXKIEHHN Jaxke MPOHIE.
Takum o6pasoM, IBa CXOAAMMXCH PANA MOKHO CJIOXKHUTh MOUYJIEHHO,
M TOJIydeHHbI pAJl 6yeT CXOAUTHCH K CYMMe CYMM 3THX ABYX DPSJIOB.
[Tonoxenue ycnoxHseTCS NPH PACCMOTPEHHH IIPOM3BEJEHHS JABYX
panos. CHauasa MBI JOJIKHBl OTNPeJeNHTh MPOU3BeJeHHe. DTO MOXKHO

cAeJaTb Pa3HbIMH croco0aMu; Mbl OyJeM pacCMaTpHBATb TaK Hashi-
BaeMoe npomsBeneHue Koum.
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3.48. Oupenenenue. Ilycth safadbl pamel 2 ap, H ) bn.
Tlonoxum

n
= 2 @pbpr  (n=0,1,2, ...)
k=0
H Ha3oBeM DAL zacﬁ TITPOHU3Be AeHHEeM ABYX JIaHHBIX DPALOB
Ato capefiesleHHe MOXKHO OGBACHHUTH caejyiomuM ofpasoMm. Ecau,
& )
B3MB JBA CTENEHHBIX pajaa Zanz" H anz", MBl TI€PEMHOXKHUM
Ux HOAOGHO TOMY, KakK 3TO jheJidercd B CJ/iyyae MHOTOUJIEHOB, H I1pH-
BeaeM HOﬂOﬁHMe YJCHbI, TO Mbl HOJIYUHM

goanz"- Eobnz":(a0+a,z-{~a222+ o by Dhz b2 ) =

= agho -+ (aohy + aybo) 2 + (aghe +aib, +azbo) 224 . . . =
=Co-FCcyz+ €224 . ..
Tlonaras z=1, Mbl NMPUXOAHM K AAHHOMY BBIILIE ONpCAEsEHHIO.
3.49. Tlpumep. Ecau

n n n

Av=2 @, Bp= 2 b, Co= 2 o
k=0 k=0 h=0

u A,— A, B,—> B, To coBceM He dcho, OyjleT JH MOCJTeN0BATENb-

Hocte {C,} cxonutbes K AB, Tak Kak HeBepHo, uTO C,=A,B,.

3aBucumocts {C,} or {A,} u {B,} oueHb cJOXKHa (CM. JOKa3aTelbCTEO

TeopeMbl 3.50). Cefiuac Mbl TIOKameM, UTO HPOM3BELEHHE JBYX CXO-

JUIIMHXCST PSIIOB MOXKET Ha CaMOM JieJle PaCXOIHTHCHA.
Psg

) T B N
2 i Vat s Ty T

cxonuTcs (Teopema 3.43). CocTaBuB TPOH3BEJeHHE 3TOTO psaa
¢ caMHM COOOH, MBI TOJNYYHM

S a=1=(y5+75)+ (59t e) -

1 1 1 1
-Gttty b

TAK 4TO

——f{__1\n . 1
A
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Tak kak
(n—k+ D)+ D)= (5+1)"=(5—k) < (5+1)"

TO Mbl HMeeM

n
N2 2(nt)
‘C"l>%0 nt2 = age

TaK 9TO yCJIOBUe Cp,—> 0, HEOOXOAMMOE AJisi CXONMMOCTH psia ¢,
He BLIIIOJHEHO.

B cBsisu co crenyoulell TeopemoH, npHHajjexaiieit MepreHcy,
3aMeTHM, 4YTO MBI paccMaTpHBajJH B 3TOM TpHMepe MPOU3BeAeHHEe
LBYX HealbCOJIOTHO CXOASIIUXCS PSJOB.

3.50. Teopema. Monycmum, umo

(@) pad ) ap cxodumes aGcoaomuo,

n=0

(b) Zoan:As
(¢) zobnzB,

n

d) cn= D) apbor (n=0,1,2,...).

E=0
Toe0a
2 cn = AB,
n==0

DTo 3HAYHT, YTO NPOH3BEJNEHHE [BYX CXOASUMXCA PAJXOB CXO-
IUTCSI © CYMMa DaBHAa [POM3BEJEHHI0 CYMM, €CaM XOTA Obl OfMH
H3 3THX JIBYX PSIAOB CXOJHTCSl abCOJIOTHO,

HokaszateabcTso. [Tomoxum

A": 2 Qp, B"': 2 bh’ Cn: 2 Ch, ﬁYI:Bn-'B.
- k=0 k=0 h=0
Torpa
Cr = apby+(aghs +a1bg) + « o« +(Aobn+ Aibn_s + . . . A apby) =
=a@Bn+a,Bn g+ ... FanBy=
=ay(B+Bn)+a(B+But)+ ... +an (B+Bp)=
= AnB -+ aobn + aPay 4 ... anﬁo-
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IMonoxum
Yn= aoﬁn -+ a1ﬁn_1 4+ .. 04 anﬁo.
Mu xotum nokasath, uto C,—> AB. JIcCTaToOYHO NOKasaTk, 4TO

n—>oo

TaK Kak A,B-— AB. Ilosoxum

)
a= 2 |an
n=0

[MMenHo 3pech MBl ucnoap3yem ycioBue (@).] [lycte 3agano &>0.
B cuny (c), Bp—> 0. 3uauut, mMoxuo BuiGpath N TaK, uto |f.|<e
npu n> N, U B 3TOM ciyuae

['Vn | <|Bont- - + Bnan-n |+ | Bys1n-n-1 4+ - - . +Brao | <
<|Boan+ - .. +Bnan-n |+ e0.

Ocrapasss N (QUKCHPOBAHHBLIM H YCTPeMJsis n K ©o, Mbl MOJYYHM

1im | ya | < 0,
n—roo

Tak Kak ap—> 0 npu k-— co. Otciofa u cnepyer (21), Tak Kak €
NPOH3BOJILHO.

MoxHo 3amate Jpyro#t Bompec: 06si3aTeJBHO /M CyMMa psfa
2 Cn, B TOM CJyuae, KOrJla OH CXOAMTCH, paBHa AB? "AGens mokasans,
4TO OTBET HA 3TOT BOHNPOC— YTBEDAHTEIbHEI.

3.51. Teopema. Ecau padoe D an, b, e, cxodamcs
coomeemcmeenno K A, B, C u ¢, =asb,+ ... +ayb, mo C=AB.

3xecr He JenaeTcsi HHKAaKuUX MpPeANOONKeHHH 06 aGCOMOTHOH
CXONMMOCTH. Mbl JafiHM TNIpOCTOe [0Kas3aTeJbCTBO (OCHOBAaHHOE Ha
HeNpephIBHOCTH CTeHEeHHBIX PHANOB) mocse TeopeMbl 8.2.

[lepecranoBku psijos

3.52. Onpepnenenue. Ilycrs {ky}, n=1, 2, 3, ..., — nocie-
AOBATEJILHOCTb, B KOTOPOH Kax10e MOJIOKHTENLHOE 1eJI0e UHCIO BCTpe-
4aeTcsl OMH H TOJIBKO OAMH pa3: (T. e. {k,}—B3aHMHO OJHO3HAYHOe
oToOpa)keHue MHOXectBa J Ha J, cM. onpefenenne 2.4). Ilonoxum

an=ay, (n=1, 2, 3, ...);

Mbl OyJieM T'OBODHTB, 4YTO psif M a;, sasercs nepeCcTaHOBKOH psja
D an. «
Ecu {s,}, {5.} — nocAe/10BaTeIbHOCTH YACTHBIX CyMM PANOB D) dn,
@n, TO Jerko BHJETb, 4TO, BOOOLIE IOBOPsi, 3TH J[Be MOC/eI0Ba-
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TeJbHOCTH COCTaBJIEHBl M3 COBePIIEHHO pasHbIX uMceJ. Mbl, TakuMm
o0pa3oM, NpPHXOAMM K 3ajaue: BbIICHHTb, INPH KA4KMX YCJIOBHAX
BCe TIePeCTAHOBKH CXOASIIErocs psfa CXOAATCS U COBNAAAIOT JIH HX
CYMMBI MeXxJy coOOil.

3.53. Onpenenenue. [oBOpaT, UTO paAf Zan CXORHUTCH
0e3yca08HO, €CaM KaxJas ero IepecTaHOBKa CXOAMTCA (K TOH Ke
cymme). (Cp. ¢ Teopemoit 3.57.)

3.54. Ilpumep. PaccmorpuM cxopsuigiicss psjn

1 1 1 1 1
(22) l—g+5—g+s—5t+--
H OJHY H3 €ro nepecTaHOBOK
i i 1 1 1 1 1 1
(23) l+5—5+5+s—gtgta—6+ -

B KOTOPOH 3a JAByMs IOJOXKHTEJNbHBIMH 4JIeHaMHu Bcerja cieayeT
oTpruarejbHui. Ecou s—cymma paga (22), To

1 1 5
| s<l—z+3=7%-
Tax xak
1 1 1
w3t~ % >0
npd k> 1, TO MBI BHJHM, YTO S;<CS;<Sy<< ..., TJIe Sp €CTb n-f
yacTHasi cyMMma psija (23). 3Hauwr,
fim su>s; =2,
n—+co

TaK 4To psf (23) HaBepHSIKA He CXOAHTCA K S [Mbl IpefoCTaBisieM
UHTATEJIO IIPOBEPKY TOrO, 4YTO PsA (23) TeM He MeHee CXOAHUTCH].

DTOT npuMep WIIIOCTPHPYET CJeAyIOIlyl0 TeopeMy, NpHHAJJeXa-
myio Pumany.

3.55. Teopema. ITycmo 2, a,—Heabcomomuo cxodaugutica psd
eeljecmeennbix yucea, u nycme o < Pp—a0sa Oanubix wucra (8 pac-
wupennoll cucmeme eewjecmsenroix ducen). Toeda cyujecmsyem nepe-

CMANOBKA D) Ay C YACIMHOIMU CYMMAMU Sp, MOKAA, 4MO

n-+»c0 n—>oo

(24) limsp=a, Tim s, =§.

HdokasatenbctBo. IlycTs

=|a,.|2+an’ PR Yol (n=1,2,3,...)

pn 2
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Toraa pn—qn==0n, po+qn=|an|, pn >0, go>0. Pansl 2 pn, 2 Gn
00a JO/MIKHB PaCXOJMTHCS.

HeficTeuTennHo, ecad Obl 06a 3TH pAfa CXOAMJHCh, TO M PAZ
2(pn+qn):2]an!

CXOnuAcs Obl, BONPEKH TPEANONONKeHHIO. CXONUMOCTb PAia 2, Gn

H pacXOIMMOCTb Dsiia ) Py (uam HAOGOPOT) BJedeT 3a coboil pacxo-

L¥MOCTh psja Qp, YTO CHOBA NpPOTHBOPEUUT NPENHONOKEHHIO,
TaK KakK

N N N N

D ap = 2 (Pn—qn) = 3 Prn— 2 Gn-

n={ n=1 nexi Ne=1{
O6o3naunm Tenepn uepes P, P,, P;, ... HeOTpHUATeJbHBIE YJEHBI
paia 2@, B TOM nopsiiKe, B KaKOM OHM BCTpEUaloTCsi, W HYCTh

1» Q2 Qs ...—a6COMIOTHBIE BEJMUMHB OTPHIATEJBHbIX YJIEHOB

psana Zan TaK¥Xe B UX €CTeCTBeHHOM MNOopsaiKe.

Psagbl X Pn, D\Q, OTMHYAOTCA OT DSAOB 2, Pny, O Gn TOMNBKO
HYJIeBbLIMH YJIEHaMH ¥ [1OTOMY PacXOXATCSL.

Mbl mocTpouM TakHe TOCHeHOBAaTENbHOCTH {my,}, {k,}, 41O psA
(25) Pi"{”a’-+Pm1'_"‘Qi—'--'—le+Pml+i+---
e +Pm2—Qh1+i'—‘ e '—Qk2+ ooy
OueBHAHO, FBJAIMUACA NEPECTAHOBKOH pafa 2 a,, VAOBJIETBOPSET
ycaosnio (24).

BeibepeM MNoC/eZ0BATENHOCTH BelleCTBEHHHIX uHcen {a,}, {Bn}
TaK, 410 Gp—> ¢, P — B, an <<Pn-
Ilyctb my, ky— HaNMeHblIHe M3 TaKHX LEJBIX YHUCET, YTO

P+ ... 4 Ppy>By,

P1+'--+P'm1'_Q1'_'"'—Qk1<a1;
HYCTb My, Ry— HAHMEHBINHE H3 TAKHX LEJLIX YHcesd, 9TO
P1+-..+Pm‘_Q1—'...—le+Pml+1+..v.+Pm2>627
P1+...+Pml’—“‘Ql'—‘-.."“le“l“Pml.!_["*‘..."‘l—sz'_

_le—l-i e “—"Qh2< Ay,
M T. A. MB MOXeM NpOJOKHTb 3TOT BHOOp, TaK KaK psigbl X P,
H 2 Q. pacxomsTcs.

Ecim uepes x,, y, 0603HauuTL wYacTHbIE CYMMH psiga (25),
noc/ielHHe YIeHbBl KOTOPHIX Pmn, —an, TO

lxn'_‘ﬁnl<Pm"lv I!/n'_ani<an-

Mur BEAMM, urO X,—P, Y»—>¢a, TaKk Kak P,—0 u Q,—0
npH n—> oo.
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Haxkonen, $cHO, YTO HHKakoe UYHC/JI0, MeHbllee 4YeM o HJH
Gosbuiee ueM fi, He MoXeT ObITh YaCTHYHLIM TIpeJiesIOM I10CJeJ0Ba-
TEeJILHOCTH YaCTHBIX CyMM psija (25).

3.56. Teopema. Psad 2 an, cxodumcsa 6e3ycr06H0 mo2da w moabKo
moada, Koeda on cxodumcsi abcoaromro.

HdokasaTenbcTBo. JOMYCTHM, YTO PAA D) @, CXOLHTCS abco-

motHo. TlycTb ) ap—ero mepecTaHoBKa, o6jajaiowmiasi YacTHHIMH

cyMMaMmi Sp. Ilas nanHoro & >0 cymwecTByer uesoe 4ucao N, Takoe,
4TO Npu M>n> N HMeeM

(26) 2 Iag l<8
i=n
BuiGepem Temepp p Tak, yroGnl Bce Uedable yMceaa 1, 2, ..., N
cofilepXkKaJIiCh B MHOXeCTBe Ry, Ra, ..., Ry (MHl Hcnosib3yeM o603Ha-
yeHuss M3 onpenesenuss 3.52). Torxa npu n>p uucna ay, ..., ay

B Pa3HOCTH S, — Sp YHHYTOXAWOTCH, TaK YTO |S,— S| < e B cuay (26).
3HauuT, NOCJENOBATENbHOCTb {Sp} CXOAUTCA K TOMY XKe rpejeny,
910 H {Sp}.

Tenepb AOMYCTHM, 4TO PSIL 2 @, CXOAHTCS HeaGcomorHo. Ecan
Qn=Xn—+ilYn, TAE X, H Yo BEIECTBEHHH, TO |&p|<|Xn|+|Ynl
TlocKoMbKy psifl D) |a,| pacXonmuTess, To pacXOAHTCA OJHMH H3 PSAZOB
Ml xal, Zlyné. TakuM 06pa3oM, OJMH H3 DANOB X\ X, HIH D) Yo
cxopuTcs HeabcomorHo. CorsacHo Teopeme 3.55, HMeeTcsi Takas
NepecTaHoBKa, UTO JHGO DAL ) Xp, JHOO PN D) Yn PACXONMTCS, TaK
4TO M pAA D @, PACXOZHTCS.

3HauuT, pAA X @, He ABASETCH Ge3yCJOBHO CXOASIIMMCS.

Cnepyomass TeopeMa MOKashiBaeT, 4YTo B omnpefejenud 3.53,

He MeHsSIS ero cojepXKaHHsi, MOXKHO ONyCTHTh (Ppa3y, 3aKMIOUEHHYIO
B CKOOKH.

3.57. Teopema. Ecau éce nepecmanosku pada 2, a, cxodamcs,
mo oxu cxodamcs K 00HOU u moi e cymme.

JokasaTenbcTBO. JIH60 pAA D)@, CXOMHTCS aBCOMIOTHO,
H B 3TOM CJydae Q| a, CXONHTCS G6e3yCJIOBHO 1o TeopeMe 3.56, auGo
Zan He CXOAuTCSl alCoJIIOTHO, H B 3TOM cJiygae 1o TeopeMe 3.55

CyHIECTBYET pacXoAdiascs NepecTaHOBKa.
YnpaxHenus

1. IoxasaTe, 4TO H3 CXOIHMMOCTH TOCJeIOBaTeNIbHOCTH {s,} cJe-
IyeT CXOJAHMMOCTb mHocJ/ejoBaTeJbHOCTH {|S,|}. BepHo nu ob6paTHoe?
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2. Bumucants lim(V'n? + n—n).

n~»co

3. Mycts s, =}2 u
Si=V2+Vs, (n=1,23,...).

Hokasatb, 4TO IOCJHEROBATENBHQCTE {S;} CXOLHTCS H HUTO Sp,<< 2
npu n=1, 2, 3, ....

4. Hafitu BepxHHIl M HHXHHH Npejesbl NOCJEN0BATENBHOCTH {S,},
OnpeleseHHOR CclefyIomuM o6pasoM:

. Som-1 1
$1=0; Sym= ';19 Somat = 5 -t Som-

5. Ilns moObIX ABYX BeIIECTBEHHHLIX mNOCJefoBaTesnbHoCTed {dn},
{b.} nmeem

1im (an + bs) < lim @, + 1im by,

6. HccaenoBath nosenenye (CXOAHMOCTb HJIM PACXOLMMOCTDb psifia)
> an, ecan

@ an=Vnt1—Vn;
Vagi-Vi
(b) ap= Y21V
(©) an=(Vn—1)"
(d) a,.=1—_:j7‘ JUIsl KOMIUIEKCHBIX 3Ha4eHHH 2.

7. Jlokasartb, 4TO H3 CXOJAMMOCTH PAfa ) @, CJIELYET CXOAMMOCTb
psifa

3 Vo
n 9
ecad a,>0.

8. Ecomn psig D) a, cxoputcs u ecnn {b,} —MOHOTOHHAs H OrpaHH-

YeHHas TOC/eJOBATENbHOCTb, TO H P ) dnbp CXOAMTCS.
9. Haiitu paguyc cXOZHMOCTH Ka)JOTrO H3 CJeJyIOMHX CTeNeHHBIX
PAOOB:

n 2" n

(a) ) n%2™; (0 X 25

2" n 5 n

(© Xah @ D
10. JonyctuM, 4T0 KOS(GHUUEHTH CTENeHHOro psja Q. ap2"—

HeJpe 4Yucaa, Cpeiyd KOTOPhIX 6eCKOHEUHO MHOTO OTJIHUHBLIX OT HyJa
,H.oxasa'rb, 4TO pafuyC CXOAUMOCTH He IpeBhLIIaeT €IHHHILI.
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11. IdonyctuMm, uto psii @, pacxoiutcs, a,>0, H nycTh
Sp=ay -} ...-+a,. Hokasars, uto

(a) pax D) l;’_"an pacxoAuTCH;

(b) psan 2:—" PaCXOJUTCSH;
n

an
(c) psm D) 5 CXORMTCH.

2 a
YTo MOXKHO CKasaTh O palax | Tohmar > e
n n

12. Homyctum, 910 paA Zan CXOAUTCH, anp >0, U N0JOXKUM

Lo e}
fn= 2 Qm.

m=n

Hokasatb, uTO

(@) pan D) ‘;1 pacxouTcs;
n

(b) pan Z&__ CXOJUTCS.
Vra
13. dokasaTb, uto npousBefierue Koliu aByx aGCOMIOTHO CXOAs-
LHXCH PAJOB CXOAUTCSA aGCOJIOTHO.
14. Tlyctb {s,}—Kaxasi-HHOYAb NOC/EJOBATEbHOCTb. PaccMOTpHM
cpeiHue apudMeTHYeCKHe
tn:~91+...+sn.

n

Jlokasartb, YTO U3 CXOLHMOCTH S, —> S CJIeAYeT CXOARMOCTb fp —> S.
JlokasaTb, 4TO CYLIECTBYIOT PacXojsil{ecs NMOCJeN0BaTeNbHOCTH {Sp},
KOTOPLIM COOTBETCTBYIOT CXOJSIIMECs IOCJIefOBaTeNbHOCTH {f,}.

15. Onpenenenne 3.21 MOXKHO pacHpocTpaHUTb Ha TOT ClyuaH,
KOTJa @, TPHHALJIeXaT HEKOTOpOMY (HKCHPOBAHHOMY NPOCTPaHCTBY
R". AGcoslioTHas CXOJAHMOCTb ONDEAE/AETCss KaK CXOAUMOCTb psijia

Elanl. Tlokasats, uto TeopeMs -3.22, 3.23, 3.25, 3.33, 3.34, 3.42,
3.45, 3.47, 3.56 u 3.57 ocraioTcs BepHHIMH B 3TOM GoJee obmem
cayyae (0KasaTesbCTBa TPeOYIOT JMIIbL He3HAYHTeNbHbIX H3MEHEHH).
16. Iloxasatb caeaywoouwuil aHasnor teopembl 3.10 (b): ecan {En}—
y6niBaolasi MOCJeJOBATENbHOCTh 3aMKHYTHIX MHOMKECTB B NO/IHOM
METPHUECKOM NpocTpaHcTBe X H ecJH
lim diam E, =0,

n—>o0

(o)
TO MHOXKeCTBO ﬂ E,, COCTOHT pPOBHO H3 OJHOH TOYKH.
n={

17. Tlyerp X -—mnosnHoe wMeTtpuueckoe mnpocTpaHcTBo, 2 {Gn}—
10C/Iel0BATe/bHOCTh BCIOAY IJIOTHBIX OTKPBITHIX NOAMHOMKECTB IPO-
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crpanctea X. Jlokasate Teopemy bDspa, coctosimyio B TOM, uTO

o0
MHOXKecTBO [] G, HemycTo. (B AeficTBUTENLHOCTH OHO MJIOTHO B X.)
n=1

Ykasanue. HaliTH CTArHBAIOILYIOCS NOCJEI0BATENBHOCTD 3aAMKHY-
TBIX OKpectHOCTEH En, TakuX, uto E, < G,, ¥ NpUMEHUTH ynpaxkHe-
gue 16.

18. Tlycets {p,} u {¢»}—nocaenoparensrocTs Ko B MeTpuueckom

npoctpauctBe X. Iloxasath, uTo nocaegoBaTenbHOCTh {d (Pn, Gn)}
CXOJIHTCS,

¥Yrazanue. Jlns mo6ex m, n umeeM d(Pn, Gn)<d(Pn, Pm)+
+d(Pm, Gm) +d (Gm, §r), ClEJOBATENLHO, Pa3HOCThb

{d (Pry Gn)—d (Pm» Gm)|

Mana, ecsJH m, N BEeJHKH.

19. Ilycte X — MeTpHuecKOe NPOCTPAHCTBO.

(a) Hasosem aBe mocsepoBateabnoctd Kows {p,}, {¢.} B X sKeu=
8AACHMHbBIMU, €CJH

lim d (pn, gn) =0.
n—»o0

HoxasaTb, YTO 3THM ONpejeseHO OTHOLIEHHE SKBHUBAJIEHTHOCTH 1).

(b) Tlyctb X*—MHOXeCTBO BCEX MOJYYEHHBIX TaKHM 0GpasoM
KJ1accoB 3kBHBaseHTHOCTH ?). Ecn P € X*, Q¢ X*, {p.} € P, {g.}€Q,
TO MOJIOXKHM, MO OIpeReseHHIO,

A (P’ Q):}li_ad(pm qn)'

B cuny ynpaxuenus 18, stoT mnpepmesn cyumectByer. IlokasaTs,
4t0 yucao A (P, Q) ne mamenutcs, eciu {p,} 4 {g,} 3aMEHHTb SKBH-
BaJICHTHLIMH I10CJIeJOBATE/IBbHOCTSIMH, ¥ YTO TeM CaMbiM A — paccTosi-
Hue Ha X*.

(c) JokasaTp, 4YTO NOJyYeHHOE MeTpHYECKOe INpocTpaHcTBo X*
MOJIHO.

(d) Kaxzomy p€ X comocraBuMm mnocjefobaresbHocTs Koutn, Bce
YEHbl KOTOPO# DaBHEI p; MYycTb Pp—TOT 3JeMeHT MHOxKecTBa X*,
KOTOPHIH COAEPKHUT 3Ty HOCJe0BaTeNbHOCTh. Jl0KazaTk, 4TO

A (Pp, Pg)=d (p, q)

1) Dro osnsayaer, uto 1) BCAKas mNOCJeNOBAaTesbHOCTh KOIH SKBHBaJIEHTHA
camoil ceGe; 2) M3 3KBHBAJEHTHOCTH l1apel nocsiefoBarteasHoctell {pn}, {gn} caenyer
3KBUBAJIEHTHOCTh NapH {q¢n}, {pn}; 3) u3 akBHBasenTHocTH nap {pPn}, {9} ¥ {q9n},
{rp} caenyer SKBHBaJEHTHOCTb Napel NociejoBaTesbHOCTER {pp}, irn}.—I[Tpun.
nepes.

2) KnaccoM SKBUBAJIeHTHOCTH Ha3bIBAE€TCA MHOXKECTBO BCeX I0CJe0BaTesbHO-

creli KowH, 5KBHBaJeHTHBIX KaKOA-HUGYZbL ONHOH INOCJeJ0BaTebHOCTH. — ] pus.
nepes.
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npu Bcex p, g€ X. HnwMuH choBamu, oToGpaxkeHHe ¢, 3aJaHHOE
paBeHCTBOM @ (p) = Pp, ecTb u3oMmeTpust (T. e. otobpaxeHHe, cCOXpa-
HAOllee PacCTOAHHMs) npocTpaHcTBa X B X*.

(e) HMokasats, yto @ (X) Bcroay miaotHo B X* u uto ¢ (X)=X*,
ecan X MNOJHO.

B cuny (d) moxuo oroxjectsuts X ¢ @ (X) u, Takum obpasom,
CUHTaTh, YTO X NOrpYyXKeHO B MOJHOE MeTpHYeCKOe NPOCTPaHCTBO X*.
Mur 6ysnem HaswBaTh X* nonoanenuem mpoctpaHcTBa X.

20. Tlyetb X —mpocTpaHCTBO paLMOHAJIbHEIX YHCEJN C METPHKOM
d(x, y)=|x—y|. UYTo CAYXKHT NONOJHEHHEM 3TOrO IPOCTPaHCTBA?
(Cp. ¢ ynpaxnuenuem 19.)



FTJTABA 4

HENPEPbLIBHOCTb

[lousiTHe QyHKIMH U CBA3AHHAS C HUM TEPMUHOJOTUS ObL/M BBEIEHBI
B onpefienenusx 2.1 u 2.4. XoTa B NocJeAYIOUMX TIaBax Mbl Oyjiem
B OCHOBHOM HMHTEPECOBAThCSI BEUIECTBEHHBIMH H KOMILIEKCHBIMH (QYHK-
UHAMH (T. €. (YHKIHUSAMH, 3HAYeHHS] KOTOPHIX — BellleCTBEHHbIe HJIH
KOMIIJIEKCHBIE 4HCaa), Mbl OyjleM pacCMaTpHBaTb TAaKKe BEKTOPHO-
3HauHble QYHKIMH (T. €. QYHKUMH CO 3HAYeHHSAMH B R") u QyHKuuH
€O 3HAYEHHAMH B JIOOOM MeTpHYecKOM npoctpaHcTBe. TeopeMsl, KOTO-
pele MBI OyZeM [0KasbiBaTb B 3TOH 0OmEeH oOCTaHOBKEe, HHUYTh
He cTanu Obl GoJiee JErKHMH, €CJH Gbl MBI OrPaHHYMJIMCH, HATIPUMED,
BEIICCTBEHHBIMH (QYHKUHMAMH; HAao0OpOT, HA caMoM Jeje KapTHHa
YIPOCTHTCA M MPOSICHUTCSH, €CJId Mbl OTOPOCHM H3JHUIHHE INpeLNoJo-
XKeHuss 1 OyaeM ¢GopMyJIMpoBaTh W JIOKA3bIBATH TEOPEMbI B Pa3yMHOI
00UIHOCTH.

Hawmu odyukunu OyayT ompefeneHbl B METPHYECKHX IMPOCTPAH-
CTBax, BHIOOp KOTOpHIX Oyler HaAJAekaluluM o6pa3oM yTOUHATHCH
B Pa3JHUHBIX NpPHMeEpax.

lNpenea ¢pyuxuun

4.1. Onpepeaenune. Ilycte X u Y —Merpuueckue mpocTpan-
ctBa. Ilyets E = X, f orobpaxaer E B Y, a p—npeaensuas Touka
MHO)ecTBa E. Mnl 6yaeM nucath «f(x)—> g nmpH x —> p», HIH

(1) lim f (x) =g,
xp

eC/JIH CcyllecTBYeT Touka ¢ €Y, obsajalomas cJeAylolluM CBOACTBOM:
Agas Jjoboro & >0 cymectsyer § >0, Takoe, 4TO

2) dy (f(x), g)<e
115 oObX Touek x € E, ans KoTopwix
3 - 0<dx(x, p)<<é.

CumBonnl dy M dy OTHOCATCSE K DPACCTOSIHHSIM COOTBETCTBEHHO
B mpocTtpaHctBax X u Y.

Ecmu X u (unu) Y 3aMeHSIOTCS BellleCTBEHHOH NpAMOH, KOMILJIEKC-
HOH NJIOCKOCTBIO HJIH KAKHM-HHOYAb €BKJHIOBHIM TPOCTpPaHCTBOM R*,
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TO pacCTosiHufl dx, dy, KOHEUHO, 3aMeHAI0TCH aBGCOIOTHLIMH BEJHUH-
HaMH HJIH COOTBETCTBYIOWIMMH HOpMaMH (cM. m. 2.18).

Caenyer otmetuth, 4To p€ X, HO TOYKa p He o0A3aHa NpUNAj-
JeXaTb MHOXKeCTBY E B INpeabiiymieMm onpejesenud. Boaee Toro,
Jaxe ecau p€ E, 10 BHoJHE BO3MOXKHO, uTO [(p) = lim f(x).

X—p
OTOMYy ONpeAeNeHHIO MOXKHO NMPHAATh APYryio (OpMy, BEICKA3aB
€ro B TePMHHAX IOCJIeJOBATEJIbHOCTEN.

4.2, Teopewma. Ilyemo X, Y, E, [ u p—me oce, umo u 8 onpe-
Oesenuu 4.1. Tozda
(4) limf(x)=gq

xX->p
8 MOM U IMOAbKO 8 mOM cayuqe, Koz2da
(5) Hmf (pn)=g¢q
n-—->o

dan w060t nocredosamervhocmu {p,}, makod, 4mo
(6) Pns=p, limpy,=p, p,CE npu ecex n.
Nn—>00

HoxasateabcTso. [onycTuM, 4TO BHIIOJHEHO PaBEHCTBO (4).
BriGepem kakyio-HuGY b TOCJIEA0BATENBHOCTD {py}, YAOBIETBOPSIOLLY IO
ycaosuio (6). Ilyets £€>>0. Torna cymectsyer 6 >0, Takoe, uTto
dy (f(x), q)<<e, ecmu x€E u 0<<dx(p, x) < 6. Kpome Toro, cyie-
creyer N, Takoe, uto npu n>N umeeM 0 < dy(p,, p) << 6. Takum
obpasom, npu n> N umeeM dy (f (pn), ) << &, OTKyla cJefyer, 4TO
BBIIOJIHEHO paBeHCTBO (D).

O6paTtho, nonmyctuM, yto (4) HeBepno. Torja cymecTByeT 4UHCJO
£ >0, Takoe, yTo mag Kaxjgoro 8 >0 naiimerca TOuKa x € E (3aBu-
camast o1 8), ans koropoit dy (f(x), g)>e, Ho 0<<dx(x, p)<<6.
Bribupas §,=1/n (n=1, 2, 3, ...), Mbl HaliileM nocJe10BATENLHOCTD,
YAOBJIETBOPSIOLLYIO ycJoBHIO (6), mast KoTtopo paBeHCTBO (5) He BbI-
MOJIHSETCS.

Caencrsue. Ecau [ umeem npedea 6 mouxe p, mo amom
npedea eOUHCMBEHHBIL.
3910 caenyer us teopeM 3.2 (b) u 4.2.

4.3. Onpenenenune. Ilycts Ha E onpesesiensl ABe KOMIJIEKC-
uple pyHkuuu [ 1 g. CumBosoM [ - g o6o3HauaeTcst GYHKIHS, COMO-
CTaBJSIOWAs] KaXKIOH TO4Ke x MHOxKecTBa E umciao [ (x)-+ g (x).
[TonoGubiM 06pasoM Mbl OnpejesHM Pa3HOCTh [— g, NMpoU3BeleHMe [g
H OTHOLIEHHE f[/g JBYX OYHKWHI, HMesl B BHJ]Yy, 4YTO OTHOILEHHE
ONpejeJsIeHo JIHIIb B TeX Toukax x € E, B Koropelx g(x)==0. Ecan
[ comocTaBisieT KaxJ0fl TOUKe X MHOXKeCTBa L OXHO H TO 3K€ YHCJIO C,
TO [ Ha3plBaeTCSl NOCTOSAHHON (YHKIMEH, HAM NPOCTO NOCTOSHHOM,
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1 Mbl OyleM nHcaTb B 3ToM caydae f=c. Ecau f u g—BellectBen-

Hble QYHKIHH H ecad [ (x)>> g(x) npu KaxaoM x€ E, 10 Mbl HHOrja
A5 KpaTKocTH OyjaeM mucath f> g.

Ananoruuno, ecau f u g orobpaxaior £ B R", To MBI onpenennm
f4-g u f.g pasencreamu (f--g) (x) =1 (x)+g(x), (I- g) () =F(x)-g(x),
H ecnu A— BeniecTBeHHOe uyHcsO, TO (Af)(x)= A (x)

44. Teopema. [Ilycms X — Mmempuueckoe npocmparcmso,
E < X, p—npedeavriana mouxa muooecmsa L, [ u g— Komniexcrole
¢pyuxyuu Ha E u

limf(x)=A4, limg(x)=B.
x->p x—p

Toeda
(a) hm (f+8)(x)=A+B;

) 1im (¢) (9= 4B,
(¢) lim (f/g)(x)=A/B, ecau B=0.

IHokasatenbCTBO. DTH YTBepKJAEHHs, B CHJAY TeopeMmbl 4.3,
HeMeJJIEHHO CJeAYIOT M3 aHaJOrHYHBIX CBOMCTB MOCJeN0BaTeNbHOCTEH
(reopema 3.3).

3ameuanue. Ecou f u g orobpaxaior E'B R* To (a) octaercs
BepHLIM, a (b) NMpHHHMaeT BHJ

(t') lim(f-g)(x)=A-B
XD
(cp. c Teopemoii 3.4).

Henpepoienbie q)ym(u-nn

4.5. Onpenenenue. Ilycte X u Y —MeTpHueckue mnpoctpas-
ctBa, Ec X, pcE u [ orobpaxkaer E B Y. Torma dyukuus f
HA3bIBAETCS HenpepoisHol 8 mouke p, ecad Ajs Jioboro € >0 cyme-
crteyet 8§ >0, takoe, 4ToO

dy (f (x), f(p)<<e
L5 BceX Touek x € E, nas koropeix dy(x, p)<<é.

Ecau f nempepbiBHA B KaxJo#i Touke MuoxkectBa E, To [ Hasb-
BaeTcs: Henpepoerol Ha E.

Janst Toro yToGbl GBITh HENPEpLIBHLIM B TOYKE p, OTOOPaKEHHE
AOJKHO ObIThb onpefieieHo B 3Toil Touke. (Cp. 3To ¢ 3aMeyaHuewm,
CaefyoIHUM 3a onpejesenueM 4.1.)

Ecnn p—wusonupoBanHasi Toyka MHO:KecTBa E, TO H3 Haliero
onpejiesieH sl CJAeAyeT, YTo Kaxjasd ¢yHkuus f, onpenenedHas Ha E,
HenpepeiBHa B Touke p. [leflcTBHUTENbHO, KAKOBO Gbl HH GblI0 € >0,
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MOXHO ykasaTb 0>>0, Takoe, 4YTo ejMHCTBeHHOH# TOYKOH x€E,
s Kotopoit dx (x, p) << 8, oxaxercs x=p; Torga

dy (f(x), [(p)=0<e.

4.6. Teopema. B cumyayuu, onucannod 8 onpedesexuu 4.5,
npednoAoxcum, 4mo p— npedesvnas mouka mroxcecmsa E. Dynrkyus f
Henpepolera 6 mouke p moada u moavko moeda, koeda lim f (x) = f(p).

xX—p

HdokasarteanbCcTBO. DTO CTAHOBUTCA HCHLIM, €CJAH CPABHUTh
onpegenenus 4.1 u 4.5.

Tenepp nepefinem &k caoxHbM dyHkuuam. Kpartkas dopmyau-
poBKa cleayioleil TeopeMbl Takopa: HenpepblBHAs (GYHKLHSA OT Henpe-
PLIBHOH GYHKUHH HempepLIBHA.

4.7. Teopema. [llyemo X, Y, Z— mempuueckue npocmpaxcmsq,
Ec X, [ omobpaxaem muomecmeo E e Y, g omobpaxcaem mHo-
ocecmeo snavenuld f, a umenno f(E), 8 Z u h— omobpascenue MHO-
wecmea E 6 Z, onpedeiernnoe pasercmsom

h(x)=g(f(x)) (x€E).
Ecau | uenpepoisro ¢ mouke pEE, a g nenpepoisno 6 mouke f (p),
mo h Henpepeigro 8 mouke p.

HoxasarteanctBo. [lycrb €>>0. ITockoNbKY g HeENpepsIBHO
B Touke [ (p), cymecrByer m >0, Taxkoe, 4TO

dz(g(y), g(f(p))<<e, ecmu dy(y, f(p))<<m u y€f(E)
[Tockosbky f HenpepriBHO B TOUKe p, cymectsyer 6 > 0, Takoe, 4TO
dy (f(x), f(p))<<m, ecin de(x, p)<<8 u x€E.

CrnenosaTtennHo,
dz (h(x), h(p))=dz(g(f (%)), g(f(P))<e,

ecan dyx (x, p)<<8 u x € E. Takum o6pa3oM, / HenpepbIBHO B TOUKE p.

4.8. Teopewma. Omobpascenue f mempudeckozo npocmpancmea X
8 mempuueckoe npocmparcmeo Y uenpepwisno Ha X moeda u moavko
mozda, Koeda mroxecneo [ (V) omxpetno ¢ X 0aa kaxcdoeo omrper-
mozo muoocecmea V us Y.

(Mpoo6passl Gulu onpefenenst B 1. 2.4.) 3To oueHb mnosesHoe
CBOJICTBO, XapaKTepH3YIoliee HeNnpepLIBHOCTD.

HoxaszareanbrcTBo. [onyctuM, uto [ HenpepolBHO Ha X;
nycts V —oOTKpeiToe MHOXKecTBO B Y. Mhl go/mKusl 1nokasaTtbh, UTO
Kaxjas Touka MuomxecTBa [!(V) siBnfercsd ero BHYTPeHHEH TOUYKOH.
Urax, nycts pcX u f(p)€V. Tlockoasky V OTKpPHITO, CYLIECTBYET
e >0, rtakoe, uto y¢cV, ecmn dy (f(p), y) <<e, a Tax Kak [ Hemnpe-
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PHIBHO B TOYKe p, To cyuiectByet 8§ >0, rakoe, uto dy (f(x), f(p))<<e,
ecat dy (X, p)<< 8. Takum ob6pasoM, xcf ™ (V), kak Toabko dy (x, p) << 9.

O6patno, ponyctuMm, uro MHoxecrBo [*(V) orgpuwito B X,
KakoBo Obl HH ObLIO OTKpbiToe MHOxecTBO V B Y. 3aduxcupyem
peEX n e>0, u nycrs V-—MuoxkecTBO Bcex y €Y, Takux, uTO
dy(y, f(p))<<e.Torma V oTxpbiTo, a nosromy H [~ (1) OTKpLITO; 3HAYHKT,
cymectByer 6 >0, rakoe, uto x €[ (V), Kak T0M6KO d¢ (P, X) << §.
Ho ecnm x €[ (V), 10 f(x)€V, Tak uto dy (f (x), f(p)) <<e.

JokasaTesbCTBO 3aKOHYEHO.

O6patuMcs Tellepb K KOMILTEKCHO3HAUHBIM M BEKTOPHO3HAYHBLIM
dynkuuaAM M K GYHKLHAM, onpeleJeHHBIM HAa IOJAMHOXKECTBax
npoctpanctsa RF,

4.9. Teopema. Ilyemo [ u g-—KOMNAeKCHble HenpepsleHole
Qynkyuu Ha mempudeckom npocmparcmee X. Toeda f-+g, fg u flg
Henpepolgrol Ha X.

B nociennem ciaydyae MBI JOJKHBI, KOHEUHO, MPEANONaratb, 4TO
g(x)==0 npu Bcex x€X.

HoxasateanctBo. B cayuae usonupoBauHOfl TOYKH JOKa3bl-
BaTb Heuero. B c/iyyae npenenbHOd TOYKH yTBEPKAEHHE CleAyeT
u3.rteopem 4.4 u 4.6.

4.10. Teopewma. (a) [lycms f,, ..., fr— 8eujecmeennsle pynKyuu
Ha mempuyeckom npocmparcmee X, u nycme §-—omobpascenue npo-
cmpancmea X 6 R*, onpedeaenroe paseqcmeom

(M F)=(1(x), ..., fa(x)  (x€X).

Omobpascenue I HenpepoisHo moeda u moavko moeda, Kozda
kancdaa us pyukyui [, ..., fx HenpepoisHa.

(b) Ecau T u g—nrenpepotsrbie omoGpascenus npocmpancmea X
6 R*, mo t-4-g u f-g nenpepoienvi na X.

QyHKUHH fy, ..., [r Ha3BIBAIOTCS KoMmnonenmamu orobpaxenus f.
Orvetu™, yro f--g—ortobpamenne B R*, torjga kak f-g— seue-
cmecHHas QyHkyua Ha X.

JoxasaTenbcTBO. YTBepKIEHHE YacTH (a) caeayeT H3 Hepa-
BEHCTB

. R
B@—L@I<IT@—Tw) = 2 hi@—f@r"
npu j==1, ..., k. Hacts (b) ciepayer u3 (a) 1 teopemnr 4.9.
4.11. INTpumeps. Ecau x,, ..., Xp — KOOPAUHATH TOYKH X € R*,

TO (QYHKIHUH @;, ONpeleseHHble PABEHCTBAMH

(8) ai(x)=x  (xERY),
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HenpepbiBHH Ha R, Tak Kak HePaBeHCTBO
fo: (x)— @i (V)1 <[ x—Y]|

Noka3bplBaeT, Y10 B onpejeseHHn 4.3 MOXKHO TOJNOXKHTL O =¢.
OyHKUMH @; HHOrJA Ha3bIBAIOTCH KOOPOUHAMHOIMU  (DyHKYUAMIL.

IToBTOpHOE nNpHMeHeHHe TeopeMbl 4.9 MNOKA3bLIBAET, YTO KaKJIbIi
OJHOWIEH

9) XPXP2 L Xk,

TAe 7y ..., Ny — HEOTPHUATCJbHbLIE LeJble Ydcaa, HempepoiBen B R®.
To e BepHO B OTHOWEHHH ¢yHnKuuid, oTanyawwuxca ot (9)
NOCTOSINHBIM MHOXHTEJEM, TaK KaK [OCTOSHHbIE, OYEeBHIHO, Hempe-

poBHbL.  CiefloBaTeNbHO, KamAbil MHorowieH P, 3alanHbli paBeH-
CTBOM

(10) P(X)=D\Cny ... npxM...xTh  (XERM,
HenpepriBen Ha R*. 3pect KO3PPUIHEHTBI Cpy ... n,, — KOMIIIEKCHbIE
YHCJaa, Hy, ..., N — HEOTPHIATENIbHBLIE LeJable Yucjaa, 4 CyMMa cojep-
KHT KOHEUYHOE€ YHCJNO0 CJaraeMbix.

Hanee, BcfKas panyoHadbHas OQYHKIHAA OT Xy, ..., Xk, T. €.

KaXk/0e OTHOIIeHHe ABYX MHOrouteHoB Buia (10), nenpepniBua Ha R"
BCIOAY, T'Ae 3HAMEHATeJib OTJIHUEH OT HYyJ.
M3 HepaBeHCTBa TPEYroJbHHKA JIErKO NMOJYYaeM, 4TO

(11) Hxi—lylI<Ix—y| (x,y€R").

3HauyuT, OTOOpaKeHHe, CTaBsillee B COOTBETCTBHE KaXAOMy X
BeJHYHHY |X|{, ABJSETCS HENPEPbIBHOA BellecTBeHHOH QyHKuHel
Ha R".

Ecan f— HenpepriBHOE 0TOOpaskeHke METPUUECKOrO POCcTpaHCcTBa X
B TPOCTPaHCTBO R* H ecjau ¢ onpejejieHo Ha X PaBeHCTBOM

¢(py=|1(p)|, TO u3 teopeMmpr 4.7 cienyer, UTO ¢ -— HENpepHBHAS
BelllecTBenHass QyHKuus Ha X.

4.12. 3ameuanue. Mbl onpejesuiid NOHSITHE HENPEPHBHOCTH
g QyHKUHH, 3aJaHHBIX HAa RoOMHOmcecmee E MeTpHuecKoro mpo-
crpanctBa X. OnHako JonoJHeHue MHOxecTBa E B X He Hrpaer
HUKAaKOH pOJH B 3TOM ONpeJleJieHHd, B OTJHUHE OT OMpejeseHUs
npejesoB QyHKUHA. TeM caMbiM Mbl MOXKEM TOBOPHTbL O HENpepbIBHBIX
0TOOpaXKeHHSIX OJIHOI0 METPHYeCKOro NPOCTPAHCTBa B Apyroe (a He 06
0TO6paXKeHHsX MOAMHOMKECTB). IJT0 yOpomaer QopMyJHPOBKH H JOKa-
3aTeJIbCTBA HEKOTOPLIX TeopeM. MBI yxke BOCIOJb3OBAJHCh 3THM
B Teopemax 4.8—4.10 u OyzeM mocTymaTe Tak e B pasjefax,
MOCBSIIIIEHHBIX KOMIAKTHOCTH H CBSI3HOCTH.
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Henpepunuocrb U KOMOAKTHOCTH

4.13. Onpcienenue. Otobpaxenue f Mmuoxectsa E B npo-
cTpaHcTBe R HASHBAGTCS 02PQHUMEHHBLM, €CIH CYLUecTByeT Belne-
cTBenHoe yueao A, takoe, yro |I(x)|<<M npas Bcex x€E.

4.14. Teopema. [Iycmo [-—Henpepoisnoe omobpascernue Kom-
NAKMHO20 MEMPUHLCKO20 RPOCMPAHLINEa X 8 Mempu4ecKoe npocmpar-
cmeo Y. Toeda mnoxecmso [(X) womnaxmro.

HoraszarteapctBo. Ilyets {V,}-—OTKpLITOE® MOKPBITHE MHO-
wectea [ (X). Ilockosrky [ HempepsiBHO, Teopema 4.8 noxassiBaer,
uro Bce MHoxectBa [ 1(V,) orkpmitei. Tak kak X KOMIakTHe,

HMEeTCsl KOHEYHBbIHI Habop HHJAEKCOB dy, ..., O,, TaKoH, 49TO

(12) X' Va)U ... Uit Va).

TTockoaeky [ (f1(E))=E npu kaxjaoM E VY, us (12) cneﬁyeT, 47O
(13) fX)z= Vg U...UVq,.

JloKa3aTeabcTBO 3aKOHYCHO.

3amevanue. Mol Bocno/ib3oBasich cootnomenueM f(f1(E)) =E,
xkoTopoe BepHo nmpu LY. Ecmm E < X, 70 MOXHO yTBEpPXKIATh
aaub, yto [~ (f (E)) > E; paBencTRa MOXeT U He ObITh.

BriBesieM Tenepb HEKOTOpHE CIEACTBHsSI U3 TeopeMbl 4.14.

4.15. Teopema. Ecau f§—nenpepoisnoe omobpascenue Kom-
naKmuoz0 mempudeckoeo npocmpancmsea X ¢ npocmparncmeo R*, mo
mromcecmgo §(X) samxwymo u oepanuuerno. Takum o6pasom, omo-
Opascenue T oepanuueno.

910 caepyer H3 TeopeMmbl 2.41. DT0T pesysbTaT 0COGEHHO BaXKeH
TOrAa, Korga f[-—BeliectBennast QyHKIHSA.

4.16. Teopewma. [Tycme [— nenpepoisnan sewjecmeennan Gynk-
HUs HQ KOMRAKMHOM Meripuyeckom npocmparcmee X u

(14) M=sup f(p), m= inf |(p).
pEX PEX

Toeda cywecmesyom mouku p, g€X, makue, umo f[(p)=M
u f(q)=m.

OGosnavenuss B (14) umeror chaenyowuii cmbica: M —BepxHss
rpaHb MHOXECTBa Bcex uuces f (p), korja p npoberaet X, a m-— HHXK-
HASl TPaHb 3TOr0 UHCJOBOrO MHOXECTBA.

YTBepKJeHHEe TeopeMsl MOXKHO ChOPMYJHPOBATh H TaK: cylye-
cmeyrom mo4ku p u q 8 X, maxue, umo [ (q)<f(x)<[(p) 944 ecex
x€X, 1. e. QyHKOHA [ JOCTHraeT CBOEro MakCHMyMa (B TOUKe p)
¥ MHHHUMyMa (B TOYKe q).
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HdokxaszateabctBo. [lo Tteopeme 4.15 f[(X)—orpannueHHoe
H 3aMKHYTOe MHOXECTBO BElLLeCTBEHHBIX YHces; 3HauuT, f(X) coxep-
*HT CBOIO BEPXHIOIO M HUXHIOIO rpanu (TeopeMa 2.28).

4.17. Teopema. Ilycmo [—renpepoisnoe 63aUMHO 00HO3HAU-
Hoe omobpanceHue KOMNAKmMHoeo Mmemputeckoeo npocmpaucmea X
Ha Mempuyeckoe npocmparcmeo Y. Toe0a oGpamroe omo6paxcerue 7.
onpedeicHnoe HQ Y PpABCHCMBOM

[H(F() = (x€X),
ecmb HenpepbisHoe omobpascerue mroxcecmea Y na X.

HoxasaTteascTtBo. [lpumensis teopemy 4.8 x f1 BmecTO f,
MBI BHAHM, UTO JOCTATOYHO JiOKa3aTh, uTo f(V)—oOTKpHITOE MHOXe-
cTBO B Y 178 KaxJaoro oTkpuitoro B X MHOxecTBa V. 3adukcu-
pyeM Takoe MHOxecTBO V.

Hononnenune V¢ muoxectBa V 3amgnyTo B X H, cJefoBaTesbHO,
KoMIakTHO (Teopema 2.35); 3mnauut, [(V°)—KOMmakTHOE MNOAMHOMKe-
cTBO MHOXecTBa Y (Teopema 4.14); 103TOMY OHO 3aMKHYTO B Y
(reopema 2.34). Tlockoapky f BsauMHO oano3HayHO oToOpaxkaer X
uwa Y, muoxectso [ (V) coBnagaer c¢ ponoiHeuueM muoxectna [ (V°).
3nauur, f (V) orkpwiTo.

4.18. Onpenenenue. Ilycte f—oTOOpaxkesne MeTPHUECKOTO
npocrpancTea X B MeTpHueckoe npocTpaHcTso Y. Mel Gyaem roso-
pHTb, 4TO oOTOOpakeHne [ pagHomepHo Henpepvisho Ha X, ecsu
nas kaxzporo € >0 cymectsyer 8 >0, Td4Koe, UTO

(13) dy (f(p), [ (9)) <<e

a5t Bcex p M g u3 X, Aas Koropux dy (p, g) <<8.

[TocMOTpUM, YeM OTJHUYAIOTCH HOHATHA HENPCPHIBHOCTH H  PaBHO-
MepHO HEnpepbBHOCTH. DBo-TiepBbIX, paBHOMepHas HenpepbiBHOCTH
ecTb CBOMCTBO (YHKIMH Ha MHOMXKECTBE, TOrda Kak HCNPepLIBHOCTD
Mo¥KeT ObIThb OmpejeseHa B OJHOI TouKe. beccMbic/eHHO crpaluu-
BaTh, HBJfeTCS JH JiaHHas GYHKOUA paBHOMEDPHO HeNpepbIBHOH
B HEKOTOpOW Touke. Bo-BTOphIX, ecan [ HnenpepbiBia Ha X, TO
s kaxjaoro £€>>0 M AA8 KaxkJ0i TOUKH p MHOXKecTBAa X MOXHO
nafiTh uucao 8>>0, oGaajaioulee CBOUCTBOM, YKa3aHHBIM B Onpeje-
nenyu 4.5. D10 & 3zapucur o1 € u om p. Ecam Xe [ paBHOMepHO
genpepbisHa Ha X, TO A1 KaxJoro & >>0 MOXHO HafiTH 00HO YHCJ/IO
"§ >0, KoTOpOE TOXUTCS AJ]S 6C2X TOUEK p MHOXKecTBa X.

OueBHAHO, Kaxjas DaBHOMEPHO HenpepbiBHAS (YHKIHA Henpe-
peiBHA. B ciyyae KOMMNAKTHBIX MIOKECTB 3TH J1BAa TNOHATHS, Kak
MI0KA3bIBAET CJEAYIOINasl TeopeMa, PaBHOCHJLHLL

4.19. Teopewma. [Tycmo [— Henpepoisroe omobpadcenue KOM-
naKmHo20 Mempuueckoo npocmparcmea X 8 MempuuecKoe npocmpar-
cingo Y. Toeda [ pasromepro nenpepvisro Ha X.
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HokasareabcTBo. Ilycts € >0. [lockonbky f HempepniBHO,
Kaxofi Touke p € X MOXKHO CONOCTABHTH NOJNOKHUTENLHOE HYHCIO ¢ (p),
TaKoe, 4To

(16) ecan q€X, dx(p, ) <9 (p), 10 dy (f (p), [(q) <~
[ycte J (p)— MHOXKeECTBO BeeX ¢ € X, [/s1 KOTOPHIX
I
(17) dx (p, @) <59 (n).

Tlockonbky p € J(p), cemeficTBo Bcex MHOXKecTB J(p) ofpasyer
OTKPBITOE NOKPBITHE MpocTpaHcTBa X, a NOCKObKY MPOCTpaHcTBO X

KOMNAKTHO, B HeM HaWJeTCs KOHeYHOe MHOMXKEeCTBO TOYeK pi, ..., Dn,
Takoe, 4TO
(18) XcI(p)U--- U (pn)
TTosoxum
1 .
(19) d=-gmin(e(p1), ..., ¢ (pa)l.

Torpa 6 > 0. (MmenHo 3aech cyluecTBeHHA KOHEYHOCTb TOKPbI-
THA, YIOMHHAEMOTO B OMpejiesleHHd KOMIAKTHOCTH. MHHHMyM KoHed-
HOT'O YHCJIA TOJIOXKHTENbHBIX YHCEN TOJNOMMTENEH, TOTAA KAK HUAKHSAS
rpaHb GeCKOHEYHOrO MHOXKECTBA NOJIOKHTEIbHBIX UHCE] BIIOJHE MOXKET
0Ka3aTbCA DaBHOH HY.JIO.)

Ilycte Tenmepp ¢ u p—Toukn Muoxectsa X, TakHe, 9TO
dx (p, 9)<< 6. Coraacuo (18), cymecrsyer nenoe m, 1 << m< n, TaKoe,
4T0 P € J (pm). 3Hauur,

1
(20) dx (p, pm) << 5P (Pm)
H, KPOMe TOro,

P 1
dx (g, pu)<Ldx (P, @) +dx (D) pr) < 8-+ @ (Pm) <@ (Pm)-

Haxonen, u3 (16) caeayer, uro Torja

dy (f (p)y F(@)<dx (F(p), [(pm)+dy (F (@), [(pm))<e.

HoxasatenbCTBO 3aKOHUEHO.

Ilpyroe poKasaTe/bCTBO HaMeueHO B ynpamuenud 19.

Tenepb Mbl nepefizeM X AOKa3aTe/bCTBY TOr0, YTO KOMNAKTHOCTD
CYHLIeCTBEHHA B JIPEJNOJOXKCHHAX TeopeM 4.14, 4.15, 4.16 u 4.19.

4.20. Teopema. Ilycmo E — nekomnakmeuoe mroxcecrnso 6 RE.
Toeda

(a) cywecmeyem HeoepanuuenHas QyHKyus, Henpepoleras Ha E;

(b) cywecmeyem oepanuuennasn (pynxyun, Henpeposian Ha E,
He UMeru{as MaKcumyma.
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(c) Ecau, kpome moeo, mrnoscecmso E ozpanuyerno, mo cywjecmayem
nenpepoignan Ha E yuskyua, He asrAtouaACcs pasHomepro Henpe-
PbiBHOLL.

"HoxasateabcTBo. JlonycTuM cHayana, 4yto E orpauuueHo,
TaK 4TO CyIlecTByeT NpejejbHas TOUKA X, MHOxKecTBa E, He cojepxa-
masicad B E. .

PaccmorpuMm $yHKIHIO

1
(21) Fy=y—7  (x€E).

Ora QyHKuus nenpepniBHa Ha E (Teopema 4.9), HO, OueBHJIHO,
He orpaHHyeHa. Y6eaumcss B ToM, uTo (yHkuus (21) He sBiasercs
pasHoMepHo HenpepuiBHOH. Ilyetsb >0 m 8§ >0 npousposbHb.
BriGepem Touky x€ E, Taxylo, uto |x—x,|<C 8. Bass ¢t nocrartoyno
GJM3KHM K Xo, Mbl MOXeM clenaTh pasuocTb |f({)—f (x)| Goublue e,
xota |f—x|<8. IlockosbKy 310 Bepuo npu JjoGom 6 >0, ¢yHK-
uus f He ABJSAETCS PaBHOMEPHO HenpephBHOH Ha E.

QyukuHA g, 33JaHHasi paBeHCTBOM

Ly —_— l .
(22) g =1ra=mr WEE)
HenpepbiBia Ha E M orpanuuena, Tak kak 0 <C g(x) << 1. fcno, urto

sup g (x) =1,
x€E

Toria kak g(x)<<1 npu Bcex x€ E. Takum ofpasoM, g He wumeer
MakcuMyma Ha E.

Jlokasap TeopeMy AJist OrpaHHYEHHBIX MHOXKeCTB E, npexnonoxum,
uro E ne orpanuueno. Torja cBoficTBO (a) BbnogaHseTCs AJA QyHK-
MK f(x)=x, a cBoiicTBO (b)— AJsi GYHKIUH

2
(23) h()=17m  (€E),
TaK Kak
sup i (x) =1
xEE

¥ h(x)<<! opu Bcex x€E.

YTBepxK/eHHe (€) HeBepHO, eCJM He UpeAnoJaraTh, YTO MHOXe-
ctBo E orpannueno. [HeficTBurenbHo, nycTh FE —MHOXKECTBO BCex
uesblx ymces. Torpa mobas Qynxuus, 3agansas Ha E, paBHOMepHO
wenpepoiBia Ha E. UTo6b yGeauTbCs B 3TOM, HYXKHO BCEro JIMIUb
B3aTh O << 1 B onpenenennu 4.18.

B 3ak/iouenne 3Toro pasjesa Mbl MOKAXKEM, 4YTO KOMIIAKTHOCTb
cyllecTBeHHa Takxke u B TeopeMme 4.17.

4.21. ITpumep. Ilyets X —noayunrepsan [0, 21) BellecTBEHHOMR
ocu M nycTb f—oTobpaxeHHe mHOxecTBa X Ha OKpyXHOCTH Y,
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COCTOSILILYIO U3 BCE€X TOYEK, YJaJ/IEeHHLIX OT HauaJ/Jla Ha pacCTOsiHHE 1,
3alaHHOe paBEHCTBOM

(24) f(t)={(cost, sint) (0<t<C2n).

HenpepeiBHOCTb TpHrOHOMETpHUECKHX QYHKUUE (KOCHHYCA W CH-
Hyca), Tak K€ KaK W HX MepHOIHYHOCTb, OYAYT YCTAHOBJEHH B rJa-
Be 8. [Ipunumas 3T daxkThl Ge3 J0Ka3zaTeJbCTBA, JErKO BUAETb, YTO
f— HenpepriBHOE B3aUMHO OZHO3HAYHOE OTOOpaxKeHHe MHOXecTBa X
HA Y.

Onnaxo ofparHoe oroOpa)keHHe (KOTOpOe CYIHeCTBYeT, TaK Kak
f B3auMHO O/lHO3HayHO oToOpamaer X Ha Y) He HenpepbiBHO B TOU-
ke (1,0)=1(0). Koneuno, B stoM npumepe X He KomnakrtHo. (JIro6o-
nuiTHO, uto f™! He HenpepniBHO, HeCMOTPS Ha TO, 4TO Y KOMNAKTHO!)

HernpepbiBHOCTL M CBA3HOCTD

4.22. Teopema. Ecau [-—nenpepvisroe omobpasicenue c813H020
mempuueckoeo npocmparcmea X 6 Mmempudeckoe npocmpascmeo Y,
mo mroocecmso | (X) ceasno.

HoxasateabctBo. Ecnm [(X) HecBsi3HO, TO CYIIECTBYIOT
OTKpBITHIE Henepecekalommecst Myoxectsa V u W B Y, o6a nepe-
cexaiompecss ¢ f(X) u Takue, urto f{(X)cWV. Ilockoabky f
HenpepwBHO, MHOXecTBa f1(V) m f(W) orkpuitel B X; ouH, oue-
BHJHO, HeMyCTHl M He IepeceKaloTcs, a UX o6GbejuHeHHe paBHO X.
Ho 310 3HaunT, uto X HECBSI3HO, BONPEKH MPEIIO/I0KEHHIO,

4.23. Teopewma. ITycmo [-—menpepoisrnas eewjecmeentias (yrx-
yusa Ha ceemenme [a, b]. Ecau f(a)<<f(b) u ecau c— marxoe uucao,
umo f(a)<<c<<f(b), mo cywecmsyem mouxa x¢€(a, b), makas, umo
fx)=c.

AHaJIOTHYHOE YTBEPIK/JEHHE CIpaBejJIHBO, pA3yMeeTcsi, ¥ TOIA4,
koraa f(a)>f(b). I'pybo rosopsi, 3Ta Teopema 03HauaeT, YTO Hempe-
puiBHAs BELlECTBEHHAast (QYHKUMA NpPHHUMAET HAa CErMeHTe Bce TMpo-
ME:KYTOUHBIE 3HAYEHHS.

HoxasartennctBo. [lo Teopeme 2.47 cermenr [a, b] cBsasen.
3uauut, no teopeme 4.22, f(la, b])— cBsA3HOe IOAMHOXECTBO IIpo-
cTpancTBa RY, M ocTaercsi elle pa3 cocJaTbes Ha Teopemy 2.47,
uTo0bl Halle yTBEpXKAEHHe ObLIO JOKA3aHO.

4.24. 3ameyanune. Ha mepssiil B3rJjsii MOXET NOKa3aTbCs, U4TO
BepHa TeopeMa, obpatHasi K Teopeme 4.23. MHaue roBops, MOXKHO
HOAYMAaTb, YTO €CJIH JJIsI JIIOOBIX JBYX TOUEK X; < X, M JAJs J060ro
uKcaa ¢, Jexauero Mexay f(x;) M f(xp), HallieTcs Touka X € (xy, Xo),
rakag, 4T0 f(x)=c, T0 yHKuMS [ JOMKHA OblTb HENPEpPHIBHOM.
Onnaxo npumep 4.27 (d) noxastiBaer, u4TO 3TO He TakK.
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PaapoiBbl pyHKIHA

Ecan x—rTouka u3 obsacTi onpejenendss QyHKUMH [, B KOTOpOii
5Ta QYHKUMSA He SABJAAETCH HeNpephiBHOH, TO Mbl OyAeM TIOBOPHTb,
uto f paspviera B x WM uTO [ umeem paspbie B x. Ecaum ¢yHk-
nus [ onpejesieHa Ha HHTepBaJe HJM Ha CerMeHTe, TO YA0GHO Bbiie-
JHTb paspbiBEl ABYX THNOB. [lpexje yeM npousBecTH 3Ty KJjaccudu-
KalMIo, MBI JIOJKHBL ONPENeNUTh NPasoCcMOPOHHUL U 1e80CMOPOHHULE
npejessl GYHKIEHE [ B TOUKe X, KOTOpPhIe Mbl 0003HAYUM COOTBETCTBEHHO

uepe3 f(x-) u f(x—).

4.25. Onpeneaenue. Ilycte gynxunsa f onpenenena Ha unrtep-
Basne (a, b). PaccMoTpuM Jo6yi0 TOUKY X, Takylo, 4To a<x <b.
Mubr Gynem nucatb

f (x+)=gq,

ecau f(fn)—>q npu n—>co AaA BCeX MocJefoBaTesnbHOCTER {f3},

cojiepkaluxcss B uHTEepBaje (x, b), Takux, uro f, —> x. UToObl noay-

uHTh OfpejescHHe mpejena f(x—) (B cayyae a<<x<b), Mbl orpa-
HHUYHMCSl TOCJIeJoBaTeIbHOCTAME {f,}, cojepxawuMucs B (a, x).

SlcHo, uto B mmo6o#t Touke HHTepBana (a, b) mpegen limf (¢)
t»x

CylecTByeT Torjia H TOMbKO Torja, Korja

fx+)=F(x—)=limf ().

4.26. Onpeneanenue. [lycts QyHKUHMA [ onpesesieHa Ha HHTep-
Base (a, b). Ecan [ paspeiBHa B Touke x M ecqM f(x-) u f(x—)
CYUIECTBYIOT, TO TOBOPSIT, YTO [ HMeeT B TOUKE X pa3pbiB - 1epeoeo
poda, wiau npocmoti paspeis. B IpOTUBHOM ciiyuae pa3pbiB HA3LIBAETCSH
paspblBOM 81mopozo pooaq.

BosMoxHBl 1Be pa3sHOBMIHOCTH NpPOCTHIX  pasphiBOB:  JiuGo
f(x4)#=[(x—) (B aTOM cJayyae 3HaueHue f[(X) HeCyUECTBEHHO),

o f(x-+)=f(x—)=f (x).

4.27. llpumepsl (a) [Noaoxum
f(X)=[

1 (x pauuoHaJbLHO),
0 (x uppaunHOHAJBHO).

Torja f uEMeeT paspbiBHI BTOPOrO poja BO BCEX TOYKax X, Tak
KaK HU f(x--), HH f(x-—) He CYUIECTRYIOT.

(b) Ionoxum :
x (X palHOHAJ/bHO),

0 (x uppanHOHAJbHO).

-]
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Torpa [ HempepbiBHa B Toyke x =0 H HMeeT paspblBBl BTOPOroO
poja BO BCEX OCTAJbHBIX TOYKaX.
(c) Tlonoxum _
! 42 (—3<x<—2),
[(X)=) —x—2 (—2<x<<0),
+2 (0<x<1).

Torna f umeer mpocToit paspeiB B Touke x=0 H HenpeprBHa BO
BCEX OCTaJbHHIX TOUKaxX WHTepBaja (—3,1).
(d) Tonoxum

fsinlx‘ (x==0),
L 0  (x=0).

Hockoabky nu f(0-+), v f(0—) He cywecTByorT, QyHkuusa f
HMeeT pasphiB BTOPOro poja B Touke x=0. Mbl eiie He pOKaszaJ,
uTO sin x—HenpepblBHas QyHKuusa. Ecau cuuTaTh 3TO yTBEpKAEHHE
BEpHBIM, TO M3 TeopeMbl 4.7 cJjejyer, 4To [ HenpepbiBHA B Kax/Joh
Touke Xx =% 0.

Fo=

MonoroHHble (YHKIHH

Tenepp Mbl H3yuuM (GYHKUHM, KOTOpble HUrje He YObIBAIOT (s
HATJle He BO3paCTaloT) HA LAaHHOM HHTepBale.

4.28. Onpepgenenue. [lycts [—BemecTBennas QyHKuus Ha
uurepsaje (a, b). Iosopsar, uro [ monomonno eospacmaem wa (a, b),
ecan npr a<<x<<y<<b umeeM f{x)<f(y). Obpawas nocaeanee
HEDAaBEHCTBO, MBI TIOJY4HM OIpefeJeHHe MOHOMOHHO yboisaroueli
dbyskuun. Knacc MOHOTOHHBIX (QYHKUMH COCTOMT M3 YOLIBAIOMUX H H3
BO3pacTaIuX QYHKUHH.

4.29. Teopewma. [Tycmo [ moromonHo 603pacmaem Ha urHmep-
éaze (a, b). Toeda f(x+) u [(x—) cywecmeyrom 8 Kaxcdou mouke
x€(a, b). Tounee,

(25) sup f(t)=f(x—)<[(x)<f(x+)= inf [(t).
alt<x x<<t<b

Kpome moeo, ecau a<< x <<y<<b, mo
(26) fx+H)<Fly—).

AHanoruyHble pe3yJbTaThl, OUEBHJHO, BEpPHbl H JJS MOHOTOHHO
yOuBalomux QyHKIHUH.

HokasatennbcTBo. [To npeanofioXXeHHI0, MHOXKECTBO WYHCEI
j(t), rae a<T{<{x, orpaHHYeHO CBEpPXy UHCJOM f(X) H MOTOMY
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MMeeT BEDXHIOI IpaHb, KOTOPYI0 Mbl 0603HauuM uepe3 A. OuesHiHO,
uto A< [ (x). Mpl JO/MKHBEI NOKasaTb, uto A= f(x—).

ITycts 3agano e >0. M3 onpenenenuss uucia A caepyer, u6to
cymecTtByer uncjo 8> 0, Takoe, 4To a<<x—O0<<x H

(27) A—e<<f(x—08)< A
ITockonbKy f MOHOTOHHA, HMeeM
(28) fx—=8)<f(H<A  (x—8 <t <x).

Kombunupys HepapenctBa (27) u (28), Mbl moayuaem
FO)—Aj<e (x—8<t<x).

3uaunt, f(x—)=A.
BTopasi yacte HepaBeHcTBa (25) HOKa3blBaeTcsl TOYHO TAKHM Ke
CNocofoM.

Hanee, ecomn a<<x<<y<<b, 1o u3 (25) caepyer, 40
(29) fx+)= inf ()= inf [(2).
x<t<b xLt<<Y

[Tocneauee paBeHCTBO mosyuuTCs, e€caH NpuMeHHTh (25) K (a, y)
BMecto (a, b).
[Tono6GubIM Ke o6GpazoM

(30) f(y—)= sup [(t)= sup f(?).
a<t<y x<t<y

CpapHenue paseHcTB (29) u (30) naer nepaseHcTBO (26).

CrnencrBue. MoHomonHas (yHKyus He umeem pa3pol808 6mo-
poeo poda.

Hs sTOro caepcTBHs BhITEKaeT, YTO MOHOTOHHAS (DYHKLHS MOXKeT
¥METh PA3PHIBE TONLKO B KOHEYHOM MJIH CUETHOM MHOXECTBE TOYeK.
Bmecto TOro yro6bl cocsatbesi Ha OGUIYIO TEOPEMy, H0KA3aTeNbCTBO
KOTOpOHl HaMedeHO B yNpaXKHeHHH 4, Mbl JajUM 3jeChb INpOCTOe
J0Ka3aTeJNbCTBO, NPHMEHMMOE K MOHOTOHHBIM (YHKIHSM,

4.30. Teopema. lTycmo pynkyua f monomonna Ha urmepsaie
(a, b). Toeda muooucecmso mouex unmepeasa (a, b), 8 Komopoix f
paspoisra, He 00.1ee wem CHemwo.

HNoxkasateabcTBo. JonyctuM J/s oOnpeleieHHOCTH, 4TO [
BO3pacTaeT, H NycTb E —MHOXECTBO TOUYEK, B KOTOPHIX [ pa3pbiBHA.
Kaxnoli Touke x€E cONOCTaBHM palMOHAJbHOE 4YHCJAO r (X),

Takoe, uTO
fr=)<rx)<f(x+).

SlcHO, 4TO r(x;)5~7 (Xp), €CJIU X, 5= X,, TaK KaK OPH X; <X, Ml
umeeM f(xy+)<f(x—).
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Takum 06pa30M, YCTAHOBJIEHO B3aHMHO OAHO3Ha4YHO€ CCOTBETCTBHE
MEXAY MHOXEeCTBOM E u NOJMHOXXECTBOM MHOXKeCTBa BCeX paluo-
HaJbHBIX YHCceJa. D10 IocJieJiHee MHOXKECTBO, KaK Mbl 3HAE€M, CUCTHO.

4,31, 3ameuanue. HyXHO OTMETHTb, YTO TOYKH pa3pbiBa
MOHOTOHHOK (QYHKIMH He o6f3aHbl ObITh H30MHPOBAHHBIMH. B camom
dene, jaas mo0oro cyeTHoro mnojamuoxectsa E wunTepBana (a, b),
KOTOpoe MOxKeT ObITh Jlaxe BCIOAY IJIOTHBIM, MOXHO IIOCTPOHMTH
¢yuxuuio f, MOHOTOHHYIO Ha (a, b), UMeOwy0 pa3pblB B KaxJo#H
TOYKe MHOXeCTBa £ H HENpepbBHYI® BO BCeX OCTAJbHLIX TOYKaX
uurepsajsa (a, b).

Yrolbl 0Ka3aTh 3TO, PACIHOJIOKHM TOUKH MuOXKecTBa £ B mocie-
AoBaTenbHOCTh {x,}, n=1,2,3, .... Ilycte {c,}—nocaenoBaresin-
HOCTb TOJIOMKHTENbHBIX UHCEJ, Takas, 4TO DA ) Cp CXOAUTCH.
Tlonoxum
(31) f= 2 & (a<<x<<b).

xp<x

Jlisi BblYMC/ICHHSI 3TOH CYMMBI HYXKHO CJIOXHTb BCE Cp, HHJGKCHI
KOTOPBIX TaKOBB, 4TO X, < X. EcCAH csneBa OT X HET TOUeK X,, TO
CyMMa nycTa M, CJejys OObMHOMY COIJIALIEHMIO, MBI CUHTaeM ee
paBHoii HyJo. ITockossky psan (31) cxoaurcss abCoMOTHO, TNOPSANOK,
B KOTOPOM BBHIIHCBIBAIOTCSI €ro WJeHbl, He CYIleCTBEH.

Msbl mpejccTaBiasgeM UMTATENIO IPOBEPKY CJERYIOLHX CBOHCTB
$yHKLHH [t

(a) f moHoToHHO Bo3pactaeT Ha (a, b);

(b) | paspbiBHAa B KaxJol TOuKe MHOMXecTBa E; JeficTBHTeJ]bHO,

[(n=4)—F (Xn—)=cn;

(c) [ nempepblBHa BO BCeX OCTaJbHBIX TOYKax HHTepsanaa (a, b).

DoJiee TOro, HeTPyAHO BUAETh, 4TO f(x—)==f(x) BO BceXx TOuKax
unteppana (a, b). Ecnu ¢yHxuusa f yIoBaeTBOpseT 3TOMY YCJIOBHIO,
TOo Mbl OyJeM TrOBODHTB, YTO OHA HemnpeppiBHa cJaeBa. Ecuau 6vl B (31)
CYMMHpPOBaHHE NPOH3BOJAMJIOCL O BCEM HHJAEKCAM 1, IJs KOTOPBIX
Xp< X, TO MBI uMedH Obl f(x-+)=f(x) Bo Bcex TOuKax uHTepBaJja
(a, b), T. e. [ Obla Obl HenpepLIBHOH cIpaBa.

DyHKUHE TAKOrO THNA MOXKHO CTPOMTb M JADYTHM METOJOM; IpH-
Mep uHTaTeJsb HaiileT B ynpaklieHud 5 ria. 6.

BeckoHeyHble npexensl U npepesl B GecKOHeYHOCTH

YTo6bl HMETb BO3MOXHOCTbL HeHCTBOBAThL B PAaCHIHPEHHOH CHCTeMe
BELEeCTBEHHBIX YHCeJ, Mbl PACIUHPHM paMKH omnpejesnenus 4.1, cdop-
MYJIMPOBaB €ro B TepPMHHAX OKPECTHOCTeH.

Has moboro BelleCTBEHHOTO YHCJA X MEI y2Ke ONpeJleJIHIH OKpecT-
HOCTh X Kak JmoGoli uHTepBan Bujpa (x— 8§, x + 0).
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4.32. Onpeneanenne. Ilpn 1060M BelleCTBEHHOM ¢ MHOKECTBO
BCEX BElIECTBEHHBIX UHCEJ X, TaKHUX, UTO X >> ¢, Ha3bIBaeTCs OKpecT-
HOCTBIO TOUKHM -+ oco W o6o3nagaercss (¢, -+ o0). AHAJOTHYHO, MHO-
JKeCTBO (— 00, €) Ha3BIBAe€TCH OKPECTHOCTHIO TOUKH — 0O.

4.33. Onpenenenne. Ilycrs BeljecTBeHHass QYHKUuSA [ onpe-
JeneHa Ha MHoxecTBe E. Mubl OyjneM ToBOpHTb, 4TO

f(t)y—A npu t—x,

rae A ¥ x IpHHajJIeXAaT pacliHPEHHOH CHCTeMe BellleCTBeHHbBIX YHCe,
ecau AJgsi Ji06oil okpectHocTH U Touku A cyuiecTByeT oKpecTHoCcTs V
TOUKH X, TaKas, uro MHOXKecTBO V() E Henycto u f(f)€U npu Beex
tEVNE, t=*x.

HecnoxxHoe paccyxjeHne T0Ka3biBaeT, 4TO 3TO ONpejelieHHe
coBriajiaet ¢ onpejesnenueM 4.1, korga A B X BellleCTBEHHBL.

Ananor rteopembl 4.4 chnpaBejJIMB U B _TOM CJydae, M B €ro
I0Ka3aTesbCTBE He NOSIBJSETCS HHUero Hosoro. Muel cdopMysupyem
ero pajH NOJHOTHI.

4.34. Teopema. Ilycme [ u g onpede.renot na E. [onycmum,
4mo

f()y—A, g{t)— B nput—x.
Toz0a
(@) ecau f(t)— A", mo A=A,
(b) (f+gt)— A+ B,
(c) (fg) (t) — AB,
(d) (f/g)(t)— A/B,

ecau npasoie wacmu 8 (b), (¢) u (d) umerom cmoica.
Hanomuum, urto oo — oo, 0.0, /o, A/0 He onpepensnuchb
(cM. omnpepenenne 1.39).

YnpaxXHeHus

1. Hoxasatb, yto GYHKUMA [, 3aJJaHHAs PaBEHCTBOM
.1
4( xsin— (x %= 0),
L 0 (x:())v

nenpepwiBHa npu x = 0. Hapucopate rpaduk stoli GpyHKuUMH.

2. Ilycrp [x] oBo3Hayaer Haubosbliee W3 HeJLIX YHCeJ, HE Mpe-
BOCXOASIIIUMX UYHCAA X, T. €. |x]—Takoe wegoe 4HHCJIO0, UYTO ¥ —1 <
< [x]< x; nycth (x)=x—[x] o603HayaeT ApOOHYIO 4aCTb YHCAA X.
Kakue paspbiBel HMEIOT GYHKLIHHA [x] n (x)?
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3. Ilyctp [—BellecTBeHHasi pABHOMEPHO HenpepblBHAs (QYHKUUS
Ha orpaHuuennom MHoxectse E B R!. Jlokasarth, uto | orpanuuena
Ha E.

4. Tlyete f—BewecTBennas GpyHKUHSA, 3ajanHas Ha (a, b). Jloka-
3aTb, YTO MHOXECTBO TOYEK, B KOTOPbIX [ HMEeT IpOCTOH pa3psis,
He OoJsiee 4eM CYEeTHO.

Vxasanue. Tlycts £ — MHOXKeCTBO, Ha KoTopoM f(x—)<<f(x ).
Kaxnoli tToyke x MHOXecTBa E comocTaBHM TPOiKY (p, g, r) panmuo-
HaJbHBIX YHCEJ, TaKHX, YTO

@ fx—)<p<<f(x-+)
(b) npu a<<g<Tt<<x umeem f({)<<p,
(c) mpu x <t <Cr<<b umeem [ (¢)>=>p.

MHuoxecTBO BceX TakHX Tpoek He Gosiee ueM cyeTHo. [lokasatb,
YTO KaxKAoH Takoi TpoiiKke oTBeyaeT He OoJiee OJHOH TOUKH MHOMKe-
ctBa E. TlopobneiM ofpasom caefyeT AeHCTBOBATb H B CJydae Jpyrux
THIIOB NPOCTOT'O paspblBa.

5. Kaxnoe pauuoHajJbHOE YHCJO X MOXKHO 3anucaTb B BHJE
x=m/n, rae n>0, m U n—B3aUMHO nNpOCTHE Leable uyncaa. Ecau
x=0, 10 Mbl nosaraeM n=1. Paccmorpum ¢yHKumIO [, 3apandyio
Ha R! paBeHCTBOM

(0O (x MpparHoHanIbHO),

f(x)f—(( ,11 @:%

Hokasate, 4To [ HempepbiBHA B KamJOH HpPPALMOHAJBLHOH TOUKe
H HMeeT NPOCTOH pa3pbiB B Kak[OH PanMOHAJNBHON TOUKe.

6. Ilyctn f—BemlecTBeHHasi HenpephlBHAsSI (YHKIMS, 3aJaHHas
Ha 3aMKHYTOM MHOxecTBe E < R'. JloxasaTh, 4TO CYLIECTBYET Henpe-
poiBHas BemecTBenHas ¢yskuumas g Ha R, rakas, uto f(x)=g(x)
mpu Beex x € £ (Takas QyHKUHUA HA3LIBACTCS Henpepul8Hbim npodoaie-
Huem Gynkuuu f ¢ muoxectsa £ Ha RY). Ilokasatb, uTO pe3y/bTar
nepectaet ObITh BEPHbIM, €CJH ONYCTHTh NPEANOOKEHHEe 3aMKHYTOCTH.
PacnpocTpanurth pe3ynbTaT Ha BEeKTOPHO3HAUHLIE (PYHKIHH.

Vrasanue. I'paduk OQYHKIHH g — NPAMOJHHEHHBIH OTPE30K Haj
Kax/biIM M3 HHTEPBAJOB, COCTABJAIOUIMX [OMNOJIHEHHe MioxecTsa E
(cp. ¢ ynpaxHenueM 15, ra. 2). Pe3ysbrar octaeTcst BepHbIM, eCc/H
R' 3amMeHHTb JIOGLIM METPHUECKHM IIPOCTPAHCTBOM, HO J0Ka3aTeJbCTBO
yiKe He TaK TpocTo.

7. Ecan oyuxuus [ onpenenena Ha E, To rpadukom [ HasbiBacTcs
MHOXecTBO mnap (X, f(x)), rae x€ E. B uwactnoctu, ecau E — MHo-
JKECTBO BElIECTBEHHBIX UHces, a (QYHKUus [ BellecTBenHa, TO rpadu-
KOM [ CJYKHT HEKOTOPOE NOJMHOMKECTBO IIOCKOCTH.

Honyctum, uto E xomnakTtHo. JloKa3aTb, uTo [ HenpepoiBHA Ha E
B TOM H TOJbKO B TOM CJydae, KOrTja ee rpadux KOMIAKTeH.
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8. Ecin E < X, a f—¢yukuusa, sagansas Ha X, To cysxcenuem f
#a E naswpiBaeTcs GyHKUUS g, onpejesieHHas Ha MHOXKecTse £ u Takad,
uto g(p)=f(p) npu p€ E. 3apanum B R® ¢yuxkuuu f u g pasen-
crBamu: [ (0, 0)=g (0, 0)=0,

Fe, p)=xf [+ "), g%, y) = xy*/(¥* -+ §f)
opu (x, y) == (0, 0). Hoxkasarb, uyrto [ orpanuucsa Ha K2, uto g
ne orpanudeHa B Jobodt oxpectHocTH Toukd (0, 0) u uto | paspeiBHa
B Touke (0, 0); TeM He McHee CyXKEHHS KaXA0H H3 QyHKu4d [ u g
Ha Jiobylo npsamyio B R? HempepbIBHBI!

9. Ilyctp f-—HenpepbiBHOE OTOOPaKCHME METPHUECKOTO [1POCTPaH-
ctBa X B Merpuueckoe npocrpaHctBo Y. [lycte E -——3aMKHyTO® TIOA-
MHOKECTBO TmipocTpaHcTBa Y. [loxkasars, uto MHOXectso [71(E)
3aMKHyTO B X.

10. Tlycts f—HenpepoiBHasi BelllecTBeHHass (pyHKIKSA Ha MeTpHue-
ckoM npoctpanctBe X. Ilyets Z(f) (nyav-muoscecrnso (pyHKuuM f)
ecTb MHOXecTBO Bcex p€X, B Kortopux f(p)=0. [lokasatb, 4TO
MuHOXKecTBO Z (f) 3aMKHYTO.

11. Ecan E —Henycroe HOAMHOMKECTBO MeTPHYECKOrO IIpOCTPaH-
ctBa X, TO OnpejennuM pacCTOSIHHE OT TOuKH X € X A0 MHOxecTBa E
PaBEHCTBOM

ee (x) = inf d (x, y).
vEE

(a) Hoxkasarb, 4t0 Qg(x)=0 TOrga H TOJEKO TOTAa, KOrja X
TIPHHA/JIEXKHUT 3aMBIKAHHIO MHOXKectBa E.

(b) HdokasaTb, YTO Qz— PABHOMEPHO HelnpephiBHAS ¢QyHKUHA Ha X.

Vrasanue. Mbl uMeeM Qg (X2)<{d (X, y) < d (%2, x1) +d (%1, y),
TaK 4TO

g (X2) < d (X2, X1) + Q& (%4)-

12. Tlyete K u F — HemepecekalolHecss NOIMHOXKECTBA MeTpHue-
ckoro npoctpanctsa X, npuyem K komnaktoo, £ samxHyTo. [okasarts,
yto cymectsyer yuciao § >0, rtaxoe, uto d(p, q¢)>0, ecan pEK,
geFr.

Yrazarnue. OYHKUUA Qp — [OJ0XKHTENbHAS HeNpephIBHAS (DYHKIHS
na K.

[Tokazath, 4TO 3TO VTBEpKJEHHE MOXET OKa3aTbCsl HCBEPHBIM,
eC/M HH OAHO H3 JIBYX HelepeceKalioluxcsl 3aMKHYTHX MHOMXECTB
He KOMITaKTHO.

13. Tlyetb A u B—HenycTble Hernepecekarolmiecss 3aMKHyThie
MHOXECTBA B MeTpHueckoM npoctpaHcTBe X. llosoxum

0l
f(p)—-QA(P)‘*‘QB(p) (p€X).

IMokasaTh, 4TO f— HernpepbiBHAst QyHKIUs HAa X, MHOMXKECTBO 3Ha-
uenuii Kotopoit conepxurcsi B cermente [0, 1]; uto f(p) =0 B TOUKaX



Ynpaxnenus 111

MHO)ecTB2 A M TONBKO B HHX; 4T0 f(p)=1 B TOuKax MHOxecTBa B
M TOMBKO B HHX. TeM caMbiM YCTAaHOBJEHO YTBepxjeHHe, oBpaTHOE
K TeopeMe ympaxsenus 10: kaxjgoe 3aMkHyToe MHOXectBo A X
SIBJISETCS HYJb-MHOXKECTBOM [/l HEKOTOpPOH BEleCTBEHHOi Hemnpe-
peiBHOl dyHkuuK f Ha X. [lonaras

-p (o)), ver (G

nokasatb, uto V u W orkpheiTel, He mepecekatorcss # AcV, B W.
(TakuM obpas3oM, KaxJoe H3 ABYX HEMepeceKalolHXCs 3aMKHYTHX
MHOXKECTB B METPHYECKOM HPOCTPAHCTBE MOXET ObITh HAKPBITO OTKPbI-
IbIM MHOXKECTBOM TakK, YTO H 3TH OTKPBITBHIE MHOMXKECTBa He Mepe-
CeKalTcs. DTO CBOMCTBO METPHUECKHX MPOCTPAHCTB HA3BIBAIOT HOP-
MAALHOCTBIO.)

14. HasoBeM otoGpaxeHue mnpoctpaHctBa X B IPOCTPaHCTBO Y
omkpoimon, ecan (V) otkpbito B Y, KakoBo 6n HH ObLJIO OTKPHITOE
mHoxecteo V B X.

IloKasaTb, YTO KaxJoe HenpepblBHOE OTKpbiToe oTobpaxenne R*
B R! MOHOTOHHO.

15. Tlyets [ u g —HempepbiBHbE OTOGpa*KEHHSI METPHUECKOrO
npoctpadctea X B MeTpHYecKoe NpoCTpaHcTBo Y, H mycThb E — BCIORy
nj0THOE noaMHOxecTBo U3 X. Jlokasatb, uro [ (E) maotro B f(X).
Hokasatb, uto ecau [(p)=g(p) npu Bcex p€eL, 10 f(p)=g(P)
npu Bcex p€ X. (MHbMH cJoBaMmu, HenpephiBHOe otoOpakeHHe orpe-
IeJsisieTcsl CBOHMH 3HAaUEHHSIMH Ha BCIOAY NJIOTHOM MOAMHOXECTBE CBOEH
oBsacTH onpefjesieHHs.)

16. IlokasaTh, uTO ompeJesieHHe pPaBHOMEPHOH HENpPEPHIBHOCTH
MOXKHO cJiefyiomuM obpa3oM cQopMyJHpOBATb, HCIOJbL3Ysl TNOHATHE
JMaMeTpa MHOXKeCTBA: Ias Kaxkjporo € >0 cymectsyer 8>>0, Takoe,
yto diam f (E)<C e ans JjoGoro E < X, pas koroporo diam E < 8.

17. Tlycte E —nJj0oTHOE NMOAMHOMKECTBO METPHYECKOrOo MpOCTpaH-
crBa X, H NyCcTb f— paBHOMEPHO HENpEPLIBHAS 8EU{ECBEHHAA (PYHK~
uHs, 3anaHHasg Ha E. JlokasaTb, 4To [ HMeeT HenpephiBHOE MPOJOJL-
xKernue ¢ E Ha X (Mo noBojy TEPMHHOJIOTHH CM. YnpaxHeHue 6).
(EnuHCTBEHHOCTb CJIelyeT M3 ynpaxhenus 15.)

¥Yrazanue. Jan Kaxao#dl TOYKH p€ X H KaXKJAOro NOJOKHTEJIBHOIO
neJoro n nyctb V, (p) — MHoxecTBO BCex ¢ € E, Takux, uro d(p, q) <<
< 1/n. Bocnonb3oBaThes ynpaxkHeHueM 16 Ajst J0KasareabCcTBa TOrO,
yto nepeceuenue 3ambikanuit Mmuoxects [V (p)), fVa(p), ...
COCTOHT M3 €JHHCTBEHHON TOYKH NpoctpaHcTBa R, KOTOpYIO MBI 06O-
3HauyuM uepe3 g(p). Hlokasarp, uTo QyHKUHS g, ONpEJie/IeHHAs TAKHM
o6pazoMm Ha X, H ecTb TpeGyeMoe NpojoJkeHHe QYHKIMU f.

Mosxno s nmpocTpaHcTBO 3HaueHHit R! 3aMeHHTb 3J€Ch NPOCTpPaH-
cTBOM R"? JIi065IM KOMIAKTHBIM METPHYECKHM NPOCTPAaHCTBOM? JI0GbIM
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NOJHBIM MeTpPHYeCKHM MnpocTpaHcTBOM? JIIOGBIM MEeTpHYECKMM Ipo-
CTPaHCTBOM?

18. BemecrBennas ¢ynkuus f, 3a,1aHHa51 Ha (a, b), HasbBaercs
sbinykaoll, ecau

fx+ (=2 y) <M (%)-+(1—2) [ (y)

npH JoObIX a<<x << b, a<y<< b, 0 <A< 1. [Jokasarts, uto Kaxjas
BhiNyKJ/as (GyHKIHA HenpepbiBHA. [oKa3aTh, 4TO Ka)Jas BO3pacTaio-
Ilas BhINyKJAass (QYHKLUHS OT BLUIYKJOH QYHKUHH BBINYKIa (HalpuMep,
ecau f BeIIyKAa, TO € TOXKe BGLITyKJA).

19. TIlpoBectn noapoGHO cJeAYIOUHH BapHaHT JOKa3aTesbCTBa
Teopemnl 4.19: ecniu f e paBHOMEpHO HenpepbiBHA, TO IJS HEKOTO-
poro & >0 cymecTBYIOT JBe mnocJaefoBaTeqbHOCTH {p.}, {¢.} B X,
TaKue, 910 dx (Pn, ) —> 0, 1O dy (f (pr), f (g2)) > €. BocnosabsoBatbes
TeopeMoli 2.37, uToObI MOJNYYHTHb NPOTHBOPEUHE.



FJIABA 5

AHSOEPEHUHPOBAHHE

B sToft raase (3a MCKJIOYeHHEM TOCJAENHEro pasjena) Mu Oyjem
3aHHMATHCA TOJIBKO 6CLYECMECHHbIMU  QYHKUHSIMH, ONpeaese HHBIMH
HA CerMeHTax HJH HHTepBajax. JTO BRI3BAHO HE MNpOCTO coobpame-
HUSIMH YJ00CTBa — NpH Nepexojie OT BELIECTBEHHBIX K BEKTOPHO3HAY-
HEIM (YBKUMSIM BO3HMKAIOT . 3HAYuTeJbHble TpyaHOcTH. uddepen-

uupoBanve QyHkuull, oupejeneHHblx B R®, OGyjper paccmaTpusathes
B rsase 9.

[IpoxizBoaHas BewecTBEHHON (DYHKUHHU
5.1. Onpenenenne. Ilycts f — BemecTBenHas Qyukums, onpe-

JenexHas Ha [a, b]. B3aB npoussosbHOe uMCa0 X€[a, b}, cocTaBuM
OTHOILECHHE

(1) cp(f):—f—({}#- (a<<t<<b t=x)
H IOJO0XKHM
@) [ (x)=limg (1),

ecJd 3TOT Tpejes CYIIEeCTBYeT, B COOTBETCTBHH C onpejesenuem 4.1.

Takum obpasoM, ¢ ¢yHxuuelt [ cBasana dyskuus [’, obaacTb
onpeje/1eHUsl KOTOPOH — MHOMKECTBO BCEX TOYCK X, B KOTOPHIX CYLIe-
cTByeT npepest (2); dynkuus ' HasbiBaeTcs npoussodnoll GyHKUHK f.

Ecau npousBognast f° onpejesneHa B TOyke X, TO Mbl OyjieM rOBO-
puTb, uTo GyHKuusa [ Ougpgpepenyupyema B Touke x. Ecam [’ onpe-
IejleHa B KaKJo# TOouke HEKOToporo MHoxectBa E —la, b], TO Mbl
OyzneM rosopuTb, yto [ nuddepenunpyema Ha E.

B ¢opmysie (2) MoxHO 6paTh NpaBOCTOPOHHHUIH HIH JIEBOCTOPOHHHIH
npejes; 3TO NPHBOJHUT K ONpeJeseHHI0 NpPaBOCTOPOHHEH M JIEBOCTO-
poHHe#l npou3BOAHOH. B uacTHOCTH, B KOHLAX cerMeHTa a@ H b npo-
H3BOJHAs (eCJM OHA CYILECTBYeT) BCEerja sBAAETCA COOTBETCTBEHHO
MpaBOCTOPOHHeH M JieBocTOpoHHeH. Mbl, ojHako, He GyneM moapoGHO
paccMaTpuBaTb TaKMe INPOM3BOJIHLIE.

Ecnn [ onpepenena Ha wunTepBane (a, b) u ecan a<<x<b,
10 [’ (x) onpegensietcss paBeHcTBaMH (1) u (2), Kak Beime. Ho [’ (a)
H f'(b) B 3TOM cJyyae He onpeje/eHH.
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5.2. Teopema. ITycme ¢pyuxyus [ onpederena Ha ceemexme
la, b]l. Ecau [ Ougpgpeperyupyema 8 mouxe x € la, bl, mo ona uenpe-
puieHa 6 samoil mouxe.

HoxasatenbcTBo. [lo Teopeme 4.4 npu f—>x Mbl HMeeM
f(f)—f(x):f—(-ét)—:—)’z(—x)-(t—x)ef' (x)-0=0.

TeopeMma, ofpaTHast K TOJBKO YTO JIOKa3aHHOM, HeBepHa. Jlerko
MOCTPOHTL HempephiBHble (VHKUHH, He NuddepeHIHPYEMble B H30JIH-
POBAaHHBIX TOYKaX. B ra. 7 Mbl [03HAKOMHMCS JaXe ¢ TaKoil QyHK-
iHel, KoTopas, OynyyH HenpepblBHOH Ha Bceli npsiMofi, He guddepeH-
HMpyeMa HH B OJHOH Toukxe!

5.3. Teopema. Ilycms [ u g onpederenst na [a, b] u duggpe-
peryupyemot 6 mouke x€la, bl. Tozda f+ g, fg u flg Ouppeperyu-
pyemsl 8 mouke x u

(@ (F+g) () =F () +g (x);

(0) (fg) () =1 (x)g(x)+ 7] (x) g (x);

(c)( >(X) W (®—g (i)

g% (»)
B yrBepxeHuu () Mbl, pasyMeeTcs, mpejnoaraeM, uyto g (x)s=0.

HoxasaTtenbcTBO. YTBepKAeHHUe (a) ce/yeT U3 Teopembl 4.4.
Iycte h=fg. Torpa

h(t)—h(x)=[(t)[g () —g )+ g &) [FE)—F ()]
Ecay MBI pasjeuM 3TO paBEHCTBO HA f-—Xx W 3aMETHM, YTO

f({)—[f(x) npu { —>x (reopema 5.2), To moayuum (b). Hakonen,
nycts h==f/g. Toraa

h(—h () O~ 20z
e I CE = (DR ]

Yerpemasia ¢ K x u npuMensis Teopemnl 4.4 M 5.2, Mbl noay-
yaeM (c).

5.4, [Tpumepunt. [lpousBogHas KaxHOH NOCTOSHHOH QYHKIHH
paBHa, oueBHAHO, HyJo. Ecam f onpesenena pasencTBoM f (x)= X,
T0 [’ (x)=1. IToBTOpPHOE NMpHMeHeHHe yTBepxKAeHUI (b) U (¢) mocaen-
Hell TeopeMbl MOKaspiBaer, uTo ¢yHKUUA x" puddepeHuypyeMa € 4To
ee NPOM3BOJHAsi DaBHA nx™ !, KakoBo Obl HH ObUIO Henoe n (eciu
n<<0, To MB JO/DKHBl OTPAaHHUHTLCS TouKaMu x == 0). Takum obpa-
30M, J06Goit MHorouwneH audpdepenuypyeMm. To Ke BEpHO B OTHOIIE-
HUH JI060H panHOHaNbHOH (YHKIHH, €C/IH HCKJIOYHTBL TOYKH, B KOTO-
puix ofpaiiaercsl B HYJb €€ 3HAMEHATENb.
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Crnenylomasl TeopeMa JAaeT npasniao AuddepeHIMPOBAHHS CJIOXKHOM
¢yukuun. Bonee obumit ee BapuaHT BCTPETHTCA HaM B IV 9.

5.5. Teopema. ITycmoe [ Henpepwsna ua [a, b]l, [’ (x) cyuwe-
cmeyem 8 Hekomopou mouke x € [a, b), g onpedesena na ceemenme I,
codepocawiem MmHoxcecmeo 3sHaveruld ¢pynxyuw f, u g Ougppdepenyu-
pyema 6 mouke f(x). Ecau

ht)y=g(f (1) (a<t<b),
mo h Jugpepenyupyema 8 mouke x U
(3) b (x)=g' (F (D) [’ (x).

NokasatenbctBo. Ilyere y=f(x). Tlo onpenpenenuio npo-
H3BOJHOK HMeeM

(4) W= T@ == )+,
©) g —gy=(—ylg @-+v©),
rae t€fa, bl, s€l u u(t)—0 npu t—x, v(s)—0 npu s—y.
[lycts s==f(¢). HUcnonp3ysa cHauana (5), a 3atem (4), noayuum
h(t)—h(x)=g(f () —g(f(x)=

=[f()—F()]-[g" (y) +v(s)]=

=(t—x)-[[" (x)-+u®]-1g" (9)+v ()
I, eclM £ X,

(6) POZRD (g (i) o &1 IF (x) +u ).

t—x
Yerpemsasist ¢ K x, Mbl BUAHM, YTO, B CHNY HENPEPHLIBHOCTH (YHK-

uug f, s—> y, mosToMy mnpaBad uactbk paseHctBa (6) cTpemutcs
K g (y)[' (x), otkyna u caeayer (3).

5.6. [Ipumepn. (a) [lycte dyHKuMa [ onpezeseHa paBeHCTBOM

1
™ f(x)={ ey 0
0 (x=0).

Byjgem cuuTaTh JAOKa3aHHBIM, UYTO MPOH3BOAHAs (GYHKUMH sinx
paBHa cos x (Mbl OyZeM paccMaTpHBaTb TpPUTOHOMETpHUECKHe (YHK-
nuu B ra. 8). Torma Mbl MoxeM NpUMeHATb TeopeMmbl 5.3 H 5.5,
ecn x50, U NOJYUYHTD

.1 1 1
(8) |’ (x):sm—x——?cos}— (x == 0).

B Touke x==0 3TH TeopeMb! yxe He IIPUMEHHMBI, TaK Kak Jpolb
1/x Tam He ompejeseHa, ¥ Mbl CONLJIeMCsl HENOCPeJCTBEHHO Ha Onpe-
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Renenue: npu f==0

[Mpa ¢t — 0 3T0 OTHOWICHHE He CTPEMHTCH HH K KaKOMy Mpejeny,
tak uyro f'(0) He cyumecTByer.
(b) Tlyctp dyHxUHA [ onpefesneHa paBeHCTBAMH

[ x2sin i (x % 0),

(9) f(x)=34
L o (x=0).
Kak u BbllIe, MBI HOJydaeMm
(10) f {x)= 2xsmi—cos-l— (x 5%=0).

[Ipu x=0 ™Mbl BCIOMHHM OmpejefeHHe i NOJy4nuM

nosiarast ¢ —> 0, Mbl BHAHM, 4TO
(11) f'(0y==0

Taxkum ofpasom, dyuxuust f auddepeHuupyema BO BCeX TOUKAX X,
Ho [’ se siBIstleTcst HenpepblBHOH ¢dynkumed, tak xax cos(l/x) s (10)
HE CTPeMHTCsl HH K KakoMmy npejeay npu x —- 0.

TeopeMbl 0 CPefHtM 3HA4€HMH

5.7. Onpengenenue. [lycts f—BemecrBendas GyHKuHs, onpe-
JeJleHHas Ha MEeTPHUeCKOM npocTpaHctse X. bByjseM roBopuTb, yrto f
HMeeT A9KaAbHbll Makcumym B Touke p € X, ecan cymectsyer 8§ >0,
takoe, uyto [(q)<f(p) mpu Bcex ¢€X, rakux, uro d(p, q)<<§.

JIokasbHble MHHHMYMBI OMpPEfessiOTCst CXOAHBIM 06pasoM.

Hama crepyiomas teopema JieXXHT B OCHOBE MHOIMX NpPHMeHeHHH
puddepeHMpOBaHIsL.

5.8. Teopewma. [Tycme ¢yukyun [ onpedesena Ha cecmentme
la, bl; ecau [ umeem aoxanvHbili makcumym 6 mouke x¢€(a, b)
u ecau cywecmeyem f'(x), mo ['(x)==

AHanOrMuHOe yTBePXKJEHHEe, OTHOCHUIeeCHs K JIOKAaJAbHOMY MHHH-
MyMy, KOHEYHO, TOXE BEPHO.

NokasateabcTBO. BrifepeM § B cOOTBETCTBHM ¢ ompenese-
auem 5.7, Tak 4TO

a<<lx—8<<x<x4+8<bh.
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Ecan x—8§ <t <<x, 10

[0=10 o,

Yerpemsas f K x, MBI BUIUM, uro fr(x)>
Ecau x<t<x—|—6 TO
FO—Fx) ~g

t—x 377
OTKyZa caeayeT, uro [’ (x)<{0. 3mauut, ' (x)=0.

5.9. Teopema. Ecau [ u g-— Henpepuvistvle 8eliecmsernble
Qyukyuu na ceemenme [a, b), Oudphepentupyemvie Ha urmepsaie
(a, b), mo cywecmeyem mouka x € (a, b), ¢ komopot

[7 (0) =T {a)l g" (x) =g (b) —g (@] [ (x).

3ametuM, uTO 3fech He Tpebyerca HudepeHIHPYyeMOCTh B TOY-
Kax a u b.

HoxasateabcTtBo. Iloaoxum
h(O) =11 O)—F@lgt)—lg®)—g@if () (a<i<D).
®yuxuus h nenpepsipna na [a, b], auddepennupyema na (a, b) u

(12) h(a)=T(b) g (a)—] (a) g (b) =h (b).

a5 oKasaTeIbCTBA TeOPEMbl Mbl 0K HbI TIPOBEPHTD, 4TO A’ (x) =0
1P HEKOTOPOM X € (a, b).

Ecnn 4 nocrosinra, to A’ (x)=0 npu awbom x€(a, b). Ecan
A(l)>h(a) npu HexotopoMm ¢€(a, b), TO NMyCThb X—-Ta TOYKA Cer-
MeHTa [a, b], B KOTOPOH A JOCTHraer CBOero Makcumyma (teopema 4.16).
B cuay (12), x€(a, b), u Teopema 5.8 nokaswsaer, uto h' (x)=0.
Ecau h(f)<<h(a) npu nekoropoMm !€(a@, b), TO MOKHO NPHMEHHTbH
TaKOe »Ke pacCy¥JeHue, BHIOpaB B KauyecTBe X Ty TOYKY CermMeHTa
[a, b], B KOTOpOft A JOCTHIaeT CBOEr0 MUHHMYyMa.

ITy TeopeMy YacCTO HAa3blBAOT 0GOCIIEHHOH Teopemol O cpexHeM
3HAYeHHH; CJAeAYIOMHMHA ee uYaCTHHIl cJaydall Has3bBAlOT TeOPeMOH
O cpejlHeM 3HaYyeHHH.

5.10. Teopema. Ecau - seujecmeennan HenpepuleHas QPyHK-
yua Ha la, b], Ougpdpepenyupyeman wna (a, b), mo cyuecmsyem mou-
Ka x €(a, b), 6 xomopoii

f(b)—F(a)=(b—a) [’ (x).
HokaszateabcTtBo. [lonoxum g(x)=x B Teopeme 5.9.

5.11. Teopewma. ITycmo pyuxyua f dugpepenyupyema 6 unmep-
saze (a, b).
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(@) Ecau [’ (x)>0 npu ecex x¢€(a, b), mo [ monomonro eospa-
cmaem.

(b) Ecau [’ (x)=0 npu ecex x€(a, b), mo [ nocmoanua.

(¢) Ecau ['(x)<0 npu scex x €(a, b), mo | monomorno ybvieaem.

HokasateabcTBo. To, 4TO Bce 3TH 3aK/IOYEHHS CIpaBel-
JIMBbI, MOXHO YCMOTpPeTh W3 PaBEHCTBA

() —T (x1) = (xg—x4) [ (%),

BEPHOTO I/ JIIOGOH Tapbl UMCEJ X, X, JeXKalx B (a, b) npu Heko-
MopoM x, PacCIOJIOKEHHOM MeXAY X; H X,

Henpepblnnocrb NPOH3BOAHBIX

Mu yxe Bumeau [npumep 5.6 (b)], ut0 yHKUHS [ MOXKET UMETH
NPOM3BOAIHYIO [’, KOTOpasi CyLiecTBYeT BO BCeX TOYKAX, HO pa3phbiBHA
B HeKoTOpbix Toukax. Onuako He Kaxuas (yHKUHA MOXKeT ObiTb
NPOH3BOAHON. B YAaCTHOCTH, NPOH3BOAHBIE, KOTOPblE CYINECTBYIOT
B KaX/JOH TOUKE HEKOTOPOro CerMeHTa, TaK K€ KaK M QyHKIHH,
HENpepbiBHbIE Ha CerMeHTe, 06/afalOT CJIEAYIOIHM BaXKHBIM CBOH-
CTBOM: OHM NDHHHMAIOT I[IPOMEXKYTOUHble 3HaueHHs (Cp. C Teope-
moii 4.23). Tounasi ¢opMyJaHpPOBKa TaKoBa.

5.12, Teopema. ITycmo [—eewecmeenrnan Gyukyus, ougpdge-
peryupyemas Ha la, bl, u nycme ['(a) <<A<<f'(b). Tozda cyue-
cmeyem mouka x ¢ (a, b), makas, umo ['(x)=A.

TTonoGHblil pe3yJbTaT BepeH, KOHEUHO, H TOTAa, Korja [’ (a) > f' (b).

JdokasarenbcTtBo. [lonoxum c:%(a—{—b). Ecmn a<<t<c,

10 nycth a(t)=a, P(f)=2f—a. Ecmi ¢<Ei<b, T0 nyets a(t) =
=2t—b, B(t)=0>b. Torna a<<a(t)<<P(t)<<b B unreppane (a, b).

IMosnoxum ‘6 ;
_fR@O)—[(a@®)
g ="F=a(®

Torna g wuenpepeiBHa Ha (a, b), g(f)—f'(a) npu t-—>a, g(t)—
—> f’(b) npu t—>b u mostoMy H3 Teopemnt 4.23') cnenyer, 4TO
g(to)=A npu HekoTOpOM 1,€(a, b). 3aduxcupyem ¢, Ilo Teope-
me 5.10 cymecTByeT Touka X, Takasi, 4To o (fo) << X <P (to) u [ (x) =
= g (¢;). 3nauur, f’(x)=A.

Cnenctsue. Ecau [ Ougepenyupyema Ha la, b), mo [ He
umeem npocmoetx paspwiéos Ha [a, b].
Onnako f' BronHe MOXKeT MMeTb PasphLiBH BTOPOro poja.

(a<<t<<bh).

1) B Teopeme 4.23 peun uzer o QyHKuHH, HerpepwBHOfi Ha cezmenme [a, b].
3nech nMeeTcst B BHAY, uTo OQYHKUMIO g MOXHO JOOUpejeNHTb B TOUKax a u b,
nonaras g (a)=f'(a), g (b)=f' (b), Tak uTO g CTaHET HenpepuBHO# H B TOU-
Kax a, b no teopeme 4.6.—I/Ipum. nepes.
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IIpasuao Jlonuraas

Caepyiomas TeopeMa 4acTO GbIBaeT IIOJIE3HON IIPH BHIUKCJICHHU
TpejesoB.

5.13. Teopema. Mycms | u g eetqécmeeﬂnbt U HenpepoleHol
8 unmepease (a,b) u g (x)=0 npu écex x€(a, b), 2de —o<La<<
< b<{ +oo. [Tycme
f ()

(13) A -m—»/l npu  x—>aq.
Ecau

(14) f(x)—0 u gx)—0 npu x—a,

uru ecau

(15) g(x)—+o npu x-—a,

mo

(16) éi(%—e/l npu x—a.

Ananoruynoe yTBepKJeHHe, KOHEUHO, BEpHO M TOrAa, KOTAQ
x—>b nam korga B (15) g(x)—> — co. 3aMeTuM, uyTO cefiyac Ml
UCTIO/Ib3YeM NOHsATHe mpejesia B PacIllHPeHHOM CMBICJAE B COOTBETCTBHU
¢ onpeieneHuem 4.33.

HokasateabcTBo. CHauana HpefnosoKuM, 4T0 — oo <A <<
<+~ co. BriGepem BemecTBeHHOe 4HCIIO ¢, Takoe, uTo A << g, a 3aTeM
BbiGePeM r Tak, uTOOB BBLIUIOJHSJIOCH HepaBeHCTBO A < r < ge

Coraacxo (13), cymecrByer Touka c€(a, b), Takas, 4to opH a <<
< x < ¢ HMeeM

" (x)

(17) B <r.

Ecom a<<x<<y<Cc, 710, Kak nokasbiBaer TeopeMa 5.9, cyie-
CTBYyeT TOuKka !¢ €(x, y), Takasi, 4T0

[—Fi@_ '@

(18) £0—g6)~ &0 |

Honyctum, uto BHMOMHeHO ycaoHe (14). Ycrpemass B (18) x
K @, Mbl BHJIHM, 4TO

<r.

f(y)
(19) Ty ST<g  (e<y<o).

Tenepp nonyctum, uto BHInONHeHO yciosue (15). Cuuras y B dop-
mysne (18) QuKcHpOBAHHEIM, Mbl MOMEM BHIOPATh TaKyl0 TOUKY

c1€(a, y), uto g(x)>g(y) n g (x)>0, ecoin a << x << ¢;. YMHOXKas (18)
Ha [g (x)— g (y))/g (x), MBIl moJayuuMm

[0 ., &0 1)
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Ecmu B (20) ycTpemMuTh x K @, TO, Kak nokasbiBaer (15), MOxXHO
HaliTH TOUKY ¢, €(a, ¢1), TAKyIo, 4TO

f (%)
(21) [ g @<s<e)

Hrax, nepasenctsa (19) u (21) noxasbBaior, yTo Aas JKOGOro ¢,
NOJYHHEHHOTO eAMHCTBEHHOMY YCJOBHIO A< q, HaliieTcss TOUKa
cs € (a, b), Takas, uto f(x)/g(x) < q, ecau a < x << C,.

TouHo TakuM Ke cnocoGOM B TOM Cjayuae, Koraa — oo << A<
<« -k oo, a p BubOpaHO Tak, uTo p <7 A, Mbl HaligeM TOUKy c; € (a, b),
TAKYI0, 4TO

(22) p< LW g x<cy).

g(x)

M3 »TuHX ABYX YyTBepaACHHI cjeayeT cooTHomrenue (16).

np0H3BOJIHble BbICUIMX MMOPANKOB

5.14, Onpepgenenue. Ecm [ nMeer npoussojuyi [ Ha
HEKOTOPOM CerMeHTe M ecau @yHKuus f° B cBoO ouepeab Audde-
peHIHpyeMa, TO NPOM3BOAHYIO (YHKUHH [° Mbl OyjgeM 0003HA4YaTb
yepes [ u wassBarb BTOPOH mnpoussonHoil dyuxuun f. Ilpojonxas
TAaKUM 00pasoM, Mbl NOAyYUM QYHKIHH

o7 N/ 3
[ A A L R Lo

KAXKAasg U3 KOTOPLIX CJYXKHT [MPOU3BOLHOH [AJs1 IIpedlIeCTBYIOUIEH.
Gynxius f(") Ha3bBaeTCs f1-fl  DPOMU3BOAHOH, HWJIM  HPOM3BOAHOH
nopsiaxka n QyHKuuHy f.

Jasi toro arober § (x) CyllecTBOBajda B TO4YKe X, HPOH3BOLHAA
f("“” (#) RO/KHA CYIECTBOBATb B OKPECTHOCTH TOUKH X (MJIH B OJHO-
CTOpOHHEH OKPEeCTHOCTH, €CJH X SBJASeTCA KOHUOM CerMeHra, Ha
KOTOPOM ompejesieda GyHKUMA f) U JomKHaA OblTh Juddepenuupye-
Mo B Touke x. [lpu 3TOM f("“z) JoskHa OblThb auddepeHUUPyeMOH
B TOH OKPECTHOCTH TOUKH X, B KOTOPOH CYINECTBYET f("’“.

Teopema Teitnopa

5.15. Teopewma. [Jonycmum, umo [— sewecmeenHas GyHRyLs
Ha [a, b}, n—noaoscumenbroe yeaoe 4ucio, f(”““ HenpepoleHa Ha
la, bl, [ (1) cywecmsyem & aoboii mouke t€(a, b). Ilycmo a, f—
pasaudrete mouku ceemenma [a, bl. Ioaoocum

n—i

(23) Pt)=" 2@y

R=0
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Toeda cywjecmeyem mouka x, aeswawias mexcoy o u P, makas, umo

(24) F®)=P@)+ 120 g ay,

Ilpu n=1 310 yTBepXKAeHHEe NPEBPAIIAETCA B TEOPEMY O CPeIHEM
3nadeHud. B obwem ciaydae TeopeMa MOKAasbIBaeT, UTO QYHKUHIO f
MOKHO NPHOJNIM3HTL MHOrO4J€HOM CTeNeHH n—1; paBeHCTBO (24)
NO3BOJISIET OIEHHTL INOTPEUIHOCTb, ©CJ H3BECTHA BePXHssT TPaHHIA
BeJIHUHHBL | [ (x)].

HokasateansncrBo. Ilycte M-—uncno, onpenesaseMmoe paBeH-
CTBOM

(25) F(B)=P(B)-+M (B—a),
H OVCTh
(26) g)=[{)—Pl)—M({—a)" (a<t<b).

Mol gomxuu  mokasate, uaro a!M == (x) npu HEKOTOPOM X,
aAexameMm Mexay a ¥ B. Cornacno (23) u (26),
(27) g (t) =" (t)—nl M (a<<t<b).

3HauuT, AOKA3ATENLCTBO OYAET 32KOHUEHO, €CJAH Mbl IPOBEpHM,
410 g™ (x)==0 npUH HEKOTOPOM X, JerxallleM Mexjay o« H f.
Hockonbry P(h)(a) f(h)(a) npu k=0, ..., n—1, MB uMeeM

(28) g@)=g" (a)=...=g""(a)=

Uncao M 6ui10 BhiGpano tak, uto g (P)==0; nostomy, cormacho
TeopeMe O CpefiHeM, g (x1) =0 npu HCKOTOPOM Xy, JIEXKAIEM MeXAy
o 1 P Tak kax g’ (a) =0, T0 noA06HLIM xKe 00pa3soM Mbl 3aKJHOUAEM,
4To g"(Xp) =0 INPH HEKOTOPOM Xy, JIENKALUEM MEHKAY « H Xi. Tocae
fi I1arOB Mbl HNpHAEM K BBIBOAY, 4T0 g™ (x,) =0 nIpH HEKOTOPOM X,,
JEKAIEM MEXAY @ H X,—q, T. €. MexKAy o H P.

NudbepenuupoBalie BEKTOPHOZHAUHBIX (YHKUHI

5.16. 3ameuanus. Onpegenenne 5.1 6Ge3 BCAKUX H3MEHEHHE
NPHMEHHMO K KOMILIEKCHBIM (yHKnusM f, oupeleseHHBIM Ha [a, bj.
Ilpu sToM TeopeMmbl 5.2 u 5.3 OCTAIOTCS BEPHLIMH, TAK K€ KaK H HX
AoKasaTesscTBa. Ecm fy u fszCHLeCTBEHHaﬂ U MHHEMAs yacTy QYyHK-
und f, 1. e. ecan f(f)==f, () ifo(t) npu a<<t<<b, rae [ (t) u [2(f)
BELIECTBEHHbBI, TO, OUEBU/IHO,

(29) [* (%)= Fi ()4 if5 (%),

npuueM f auddepenipyemMa B TOuKe X TOTAA H TOJBKO TOTAa, KOFA2
obe bynkumu f; n f, auddepenuupyeMs B 5TOH TOuKe.
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Tlepexofs x OOLIHM BEKTODHO3HAYHBLIM (QYHKUHAM, T. €. K QYyHK-
uusm f, orobpaxaiomuM [a, b] B HexOTOpOe NPOCTPAHCTBO R, Mbi
BCE ellle MOXeM NpPHMeHHTb onpejenenue 51 pas nocrpoenus i (x).
Tenepb ¢ (¢f) B gopmyane (1) mpu KaxKJIOM ! sBJsIeTCs TOYKOH NPOCT-
panctBa R", a mpenea B (2) BBIYUMCJISIETCH B CMBIC/IE CXOZUMOCTH IO
HopMe 3Toro npoctpaHcTBa. MHbMu caoBamu, [ (x)—3To Ta TOuKa
npoctpancTsa R* (ecim oHa cyiecTByet), AJs KOTOPOil

(30) tim [ 100 g ()| =0,
f-x X

u ' —cHOBa QyHKuUMs cO 3HayeHusMH B R,

Ecan fy, ..., fx—KoMNoHeHTH ¢ynKiuuu f, onpeielieHHble B Teo-
peme 4.10, TO
(31) = o)
u oyuruus f audpdepenuvpyema B TOUKE X TOTAA H TOJBKO TOTAA,
Korja Kamxpgas u3 Gyskuui fy, ..., f, AuddepennupyemMa B TOuke X.

Teopema 5.2 ocraercst BepHOH H B 3TOM CJlyyae; TO 3Ke€ OTHOCHTCSH
u K TeopeMe 5.3 (a) u (b), ecnn fg 3aMeHHTb CKa/IsIpHBIM NPOH3Be-
nenueM f-g (cM. onpegnenenue 4.3).

Oanako, Korja Mbl ofpaiaeMcsi K TeopeMe O CpejHeM 3HayeHHH
¥ K npasuay Jlonutans, nosnoxenue MeHsiercs. Caeayioniue jsa npu-
Mepa NOKashlBalOT, YTO 00a 3TH pe3y/bTaTa HEBepHbl yXkKe I KOM-
TIJIEKCHO3HAYHBIX (YHKIHH.

5.17. ITpumep. [NosoxuM A/si BellecTBEHHOTO X
(32) f(x)=e"*=cos x-isinx.

(Tlociepnee BHIpa)KeHHE MOXHO pacCcMaTpPHBaTh KaK  OmpejeJeHHe
KOMILJIEKCHOH [0Ka3aTesJIbHOH QyHKUMH €'*. IDTH ¢yHKuMM Gyayt
noapo6Ho paccMotpens! B rJ. 8.) Torza

(33) [@r)—f(0)=1—1=0,
HO
(34) [ (x)=ie'*,

TaK uTo |f’(x)|=1 npu Bcex BeIECTBEHHBIX X.
TakuM o6pa3oMm, B 3TOM caydyae TeopeMa 5.10 yke HeBepHa.

5.18. ITpumep. Ha unrepsane (0,1) samanuMm o¢ysxuuu f, g,
nonaras f(x)=x u

(35) g (x) = x4 x%i/<,
TMockoaeky |e'*|=1 npu Bcex BemeCTBEHHHIX f, Mbl BHIHM, 4TO
(36) lim L8 1,

x>0 g(x) -
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Jaxnee,
(37) g )=1+ {Qx——} eilt (0 <x<1),
TakK 4ToO
(38) lg (x)|> )2x———|—1 —1.
3yauur,
« frex 1 x
(39) o= oS =%
H [03TOMY

' o _

w0 m £ =0

ConocraBnsigs (40) ¢ (36), Mbl BHauM, 4YTtO npaBuwio Jlonurans
B 3TOM cJydae He JefictByeT. OTMeTuM elle, 4T0 g’ (x) %= 0 Ha uHTEp-
paqe (0,1), B cuny (38).

OaHakKo HMeeTCsi Bce-TaKH OAHO CJIeJICTBHE TeOopeMbl O CpejHeM
3HAYEHHH, KOTOpPOe B NpPHJIOXKEHHSX IOYTH TaK JKe II0JIe3HO, KakK
tTeopema 5.10, H KOTOpoe OCTaeTCHA BepHLIM Jsi BEKTOPHO3HAYHBIX
¢yHKuui: U3 Teopembl 5.10 caeayer, uto

(1) O —f@|<b—a) sup | ()]

Ilpexxae uyeM yCTaHOBHTb BeKTODHBI aHajor HepaBeHcTBa (41),
Mbl T[IDHBEJEM TeopeMy, TIOKa3biBAIOIIYI0, YTO NpPH BLIYUCJIEHHH IpoO-
H3BO/IHOH MOXHO IIOJIb30BAaTbCH OTHOLICHHSIMH, OTJHYHBIMH OT TeX,
KoTophie durypupoBany B onpefenenud 5.1. He orpannunBasich cay-
yaeM k=1, paccMoTpuM oOmuil cJayyai.

5.19. Teopema. Ilycms a<Cx<Cb, ¢pynxyuna ¥ omobpaxaem
{a, b] & npocmparncmeo R*, u nycmo f auti)d)epenuupyema 8 mouke Xx.

MMycmo a <<a, <<x<P,<<b npu n=1, 3, ..., u nycmo a,—> X,
f.— x. Toeda
) L =

HoxasarteabcrBo. llomoxum A, = (f,—x)/(Bn—a,). Torpa
0 <<, << 1, 1 BekTOp

(43) fBn)—f(@a) g (x)

Br—an

TIpU KaXKJiIOM 71 paBE€H BEKTODY

(), {HBAZED g ) gy (110 _py)
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Ilo onpegeneruto 5.1, ofa Bhipaxenus B ckoOkax crpeMsrcs K 0,
H TaK Kak NocJejoBaTeJbHOCTH {A,} u {1 —A,} OrpaHHYEHbl, TO BEKTOD
(44), a ¢ HuM u (43) CTpEMHTCH K HYJIO NpH n—> co. PaBeHCTBO
(42) noxkasaso.

5.20. Teopewma. Hycmb f— nenpepowsroe omobpavicernue ceemer~
ma la, b} & npocmpancmeo R*, dupgpepenyupyemoe 6 unmepsaze (a, b).
Tozda cywecmsyem mouxa xE(a b), makas, umo

(45) [T(0)—T(a)|<(b—a) [T (x)].
HoxasarteascrBo. [loaoxum 3L=b—a, M=|i(b)—F(a)|n

(46) g(s)=f(s+L)—i(s) (a<<s<<a+2L).

TMockonbky

I(b)—t(a)=g(a)--gla-+L)+g(a+2L),

MBI BUJIHM, 4TO
(47) M<|g(@)|+ gla+L)|+ga+2L).

Ecin 6wl oxaszanock, uto |g(s)|<< M/3 npu Bcex s¢(a, a--2L),
TO H3 HEMPEepPBIBHOCTH OTOOpaKeHHA g cJenosato Obl, uto |g(a)| <
<M/3, |gla-+2L)|<M/3, u, 3mauxT, npasBas 4acTh HepaBEHCTBA
(47) Ob1a Onl Menbue M.

CrepoBarensro, |g(s,)i>M/3 npu nexotopoMm s;€(a, a-+2L).

[Tostarast fy==s;-+L, Mbi HAXOAHM, UTO @< § <t < b, t —8 ==
=(b—a)/3 u

(48) () — T (sp) | =%

IToBTOpHM 3TO nocTpoeHue, B35B [sy, {,] BMecTO [a, b]. Ilponomkan
TakuM o0pasoM, Mbl HailjeM JBe nocJejoBaTesbHOCTH {S,}, {fn},
Takue, 4TO

(49) Z‘n,”“Sn:3~n(b'_a)1

Kam bl cerMeHT [, = [Sp, ] COXEPKUTCS BHYTPH cerMeHta [,.; u
(50) () —T(sn) | > 37"M.

Pasnenun (50) na (49), MBI nomydnm

(51) i), HOZ@L 2y, 9,3, .0,

u3 teopeMbt 5.19 Mbl 3ak/aouaeM, 4to (45) BHIMOJHEHO AJISI TOUKH X,
npuHajJexamei BceM cermentam [p1l).

1) Bor xpyroe, 3naunTenbHO Gosiee KOPOTKOe NOKA34TeTbCTBO Teopemel 5.20.
PacceMmoTpuM uncnioByo dyHKUMIO @, 3ajasHylo Ha [a, b] paBeHctBOM: @ (f)==
=(f(b)—1f(a))-f({). K 3708 QYHKIUH MOXKHO NPHMEHUTL TEOpPEMY O CpejlHeM
3naveHuk: @ (b)—o (a)=9’ (x)-(b—a), rae x—HexoTOpas TOUKa HHTEPBana (a, b).
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YnpaxHeHHs

1. Ilyers f(x)=|x|®. Bouucauts f'(x), f°(x) npu Bcex Bele-
CTBEHHBIX X M MNoKasaTb, uto [® (0) He cymeerByer.
2. Tlycts [ ompenenieHa npd BcexX BELIECTBEHHBIX X, H NMyCThb

[FE)—F )< (x—y)?

IpH BCEX BeUleCTBEHHBIX X M y. [{okasarb, YTO [ noCTOSIHHA.
3. Ilyctb [ ompejiesieHa B OKPECTHOCTH TOYKH X, ¥ NYCTh Cylle-
creyer [”(x). Tloxasats, uyTtO
i Fe+h) 4 (x—h)—2f (x) ”
}11_{[01 n2 = ["(x).

[lokasaTs Ha npuMmepe, YTO 3TOT MpeAeJ MOXKET CYUIeCTBOBATb
u Toria, xKorja [”(x) He cyuiecTByer.
4. Tlycrs

Cot Gt e+

'i‘l =0,
vne Cy, ..., C, — BewecTBeHHbIE NOCTOsAHHBIE. [I0KA3aTh, YTO ypaBHEHHE
CO + Cix + “ e + Cn—ixn_l "]L Cnxn = 0

uMeeT XOoTs OBl OJWH BelllecTBeHHBIE KopeHb Mexay O u 1.

5. Ilyctb [ onpepmenena w nubdepeHuupyeMa ipH KaknoM x >0
g ['(x)—0 npy x-— 4 oco. llosoxum g(x)=Ff(x+1)—f(x).
Hoxasarb, 4t0 g(x)—> 0 npu x— + oo.

6. Ilyctp

(a) { uenpepmBHa npu x >0,

(b) ' (x) cymecTByer nmpu Bcex x >0,
(¢} F(0)=0

(d) |’ MOHOTOHHO BO3pacTaer.

TMosoxum

gn=T9" (x>o0).

Hokasatb, 4T0 g MOHOTOHHO BO3pacTaer.

Tenepr ocTaercs 3aMeturtb, uTo @ (b)—q (a) ‘-If(b)—f(a) 12, a @ (x)=(f (b) —
—f(a)-f (x) (cM. 10 3TOMY TOBOZY npepnociaenuuit absau n. 5.16), u nosromy
| §(b)—1 (a) |2=(f (b)) —1 (a))-f' (x)-(b—a). TlpuMenss KX npasofi wYacTH 3TOrO
paBeHCTBa HepaBeHCTBO [[IBapua, mosayuum

[Ty~ (@) 2 T@E)—F ()| |1 (0| (b—a).
Teopema roxasana.—/Tpum. nepes.
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7. Tlyets f/(x), g (x) cymectsyor, g’ (x)=£0 u f(x) =g (x) =0.
Jlokasath, 4TO

F P
lim o =@

(310 BepHO M IJsT KOMIJIEKCHBIX (PYHKIHH.)

8. Ilycts f'(x) >0 npu Bcex x¢€(a, b). Hoxazats, uto [ crporo
Bospactaer B HHTepBaje (a, b). Ilycte g— dyuknus, obpatHas k f.
Hoka3atb, uTo g auddepeHuupyema H 4To

’ 1
g (F) =5y (@<x<b)
9. Ilycte [ puddepenunpyema B uHTepBase (a, b), a<<x<b,

x<<o,<<P, mpu n=1, 2, 3,... U o,—> X, P,—> x. Ilokasars, urto
OTHOLIEHHUS
[ Br)—F (@n)
Bn_an

He 0083aTesNbHO CXOAATCA K [’ (x) mpHm n—> co, HO YTO OHH JeHCT-
BHTEJBHO CXOfsiTcsl K [’ (X), ecnd Mbl JONOJHHTENbHO TOTpefyeM,
uyT06H mnocaejpoBaTeabHOCTh {(f,— x)/(fr—a,)} ObLIa OrpaHHYeHHOMH.

10. Ilyets f u g—kommnnekcHble JuddepeHunpyemble GYHKIHHA
Ha (0, 1), f(x)—=0, g(x)—0, '(x)— A4, g (x)—B mpu x—0,
raie A u B—xkommiaekcHole uucaa, B=40. Joxasath, 4TO

f(x)y A
M ew T B
(Cp. ¢ mpumepom 5.18.)
YKasauue:
1@ _ 1)
2(x) —A} - TR

Ilpumenuts TeOpemy 5.13 X BelleCTBEHHOH M MHHMMOH YacTaM
npobeit f(x)/x n g(x)/x.

11. CoopmynupoBaTh H AOKasaTh HEPaBeHCTBO, KOTOpoe cjelyer
U3 TeopeMbl TeHopa M OCTaeTcsi BepHBHIM AJSI BEKTOPHO3HAYHBIX
dyHKIHH.

12. Ilycty E-—3aMkHyTOe NOAMHOMKecTBO mnpsamoil R!. B ynpax-
neHun 13 1. 4 ObLIO MOKAa3aHO, UYTO CYUIECTBYET BelleCTBeHHasi
HempepbiBHasi (QyHKUEs B R, HYJb-MHOMXKECTBO KOTOPOH CcOBMajaer
¢ E. MoXHO Ju JJs1 KaXJAOTO 3aMKHYTOTO MHOxecTBa E HaliTH
takyio auddepenuupyemyo Ha R dysxumio f, aas kotopoit E cuy-
JKUT HyJb-MHOXecTBOM? CymiecTsyeT JH n pas auddepeHuupyemas
dyHKugsa ¢ TakuMm cpoiictBoM? PyHKuMS, KOTOpas HMeeT IPOHU3BOJ-
Hble BCeX MOpSIKOB HA RY
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13. Ilyete g — BemiecTBeHHas (pyﬂxuns{ Ha R!, umeromwasi orpa-
HHYEHHYIO IpPOH3BOAHYIO (ckaxeM, |g'|<<M). 3abukcupyem &>0
¥ NOJIOXKHM [ (x)=x-}- eg (x). Hdokasarb, 4TO [ B3auMHO OIHO3HAayHa,
€C/IM YMCJIO € JOCTaTOYHO Mano. (MOXHO onpeje/HTb MHOMKECTBO
IONYCTUMBIX &, 3aBHCsLlee JHilb oT M.)

14. Ilycre f-—pBaxpet puddepenunpyemast BenlecTBeHHast QYHK-
nus Ha (0, o), u nyctb My, M;, M,—BepxHde TpaHHLbI COOTBETCT-
senHo yukuui | fl, |[f' 1, | f'| Ha (0, o). Jokasats, uto M2 L 4MM,.

¥raszanue. U3 teopembl Teiisopa crenyer, uto

P () = o [F (¢ -+ 20) — f (1)1 + RF" (B),

TaK 4to |f’ | < hMy—+ My/h npu mobom k> 0.

MoOKHO /I 3TOT pe3ysbTaT PacNpPOCTPAHHTb HA BEKTOPHO3HAYHBIE
dyHKuuu?

15. Ilycrs f pBaxant puddepennupyema va (0, o), f° orpanu-
yena Ba (0, o) u f(x) >0 npu x — co. Hokasars, uto f'(x)—0
IPH X —> 00,

¥rasanue. Tlpumenuts ynpaxHende 14 Ha (a, o).

[ToxasaTb, 4TO 3TO YTBEpPKAEHHE CTAHOBHTCS HEBEPHLIM, €CJH
ONYCTUTH TIpeArioyokeHue o f,

16. Ilyets f puddepenunpyema Ha [a, b], f(a)=0u cymecrsyer
BellecTBeHHOe uucao A, Takoe, yTto |f’ (x)lgAlf(x)l Ha [a, b).
Iokasate, uto f(x)=0 npu Bcex x€|a, b]

Yrazanue. 3aburcupyeM xo€[a, b], u mycts My=sup|f(x)|,
My=sup|f’ (x)|
Ha cerMmenre [a, xo]. Hdas mwoboro x€la, Xl
[F(x) | < M (xo—a) < A(xo—a) M,.
3uaunr, My=0, ecin A(xg—a)<<1, 1. e. f=0 Ha [a, x0]. Ilpo-
IOJIKHTb 3TO PACCyXIEHHE,

17. Ilyetp @ — BeiuecTBeHHasi (yHKUHMS, ONpefesieHHass B Tps-
MOYroJbHHKe R Ha NJOCKOCTH, 3aflaHHOM HepaBeHCTBaMH a<<{x< b,
a<y<P. Pewenuem 3ajaud C Ha4aJbHbLIMH YCJOBHAMH

=@ (X, y) y(a):c (a<e< ﬁ)
Ha3slBaercst audpepenunpyeMas Ha {a, b] ¢ysmkmus f, rtakas, uTo

fla)=c u
Fe)=e¢(x, f(x) (a<xb).

Jokasate, uTO 3Ta 3ajaya HMeeT He GoJee OJHOrO peEINCHHS, €CJ/H
cymecTByeT uMcio A, Takoe, uTo

Icp(x, .1/2)_ (x’ yi)' Alyz l
s obeix (x, y)ER, (x, y2))ER.
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¥xasanue. IIpuMenuTs ynpaxkHeHue 16 K pasHOCTH ABYX pelue-
Hui. 3ameTHM, YTO 3Ta TeopeMa ENMHCTBEHHOCTH HENPUMEHHMA
K 3ajaye ¢ HayaJbHBIMH YCJOBHSIMH

y, = yl/z, Yy (0) = O’

KoTopasg umeeT JnBa pemeHus: [(x)=0 u [(x)=x%4. HmeoTca au
LpYyrue peureHds?

18. CdopmyanpoBaTb M JOKa3aTh AHAJOTHUHYIO TEOPEMYy €NUHCT-
BCHHOCTH /151 cCUCTeMbl JAuddepesuuansHbiX YpasHeHHH BHa

Yi= @i (%, Uiy - yn)s Y5 (@) =¢; (J=1....,k).
331\16TI/IM, yto STy CHCTeMy MOXKXHO 34alHCcaThb B BHJE
y =g, y), y@=c

rae y=(y, ..., Yr) npoberaer k-MepHYyi0 KJIETKY, @ — 0TOOpameHHe
Hekotopolt (k- 1)-MepHoit KJeTKH B eBKJAHIOBO mnpoctpanctso R,
fPHYEeM KOMMOHEHTAMH @ cay:xaT QYHKUUH @y, ..., Pr, @ C— BEKTOP
{(¢y, ...,Cy). Bocrnosab3oBarhest ynpaxnesdeM 16 11 BeKTOpPHO3HAU-
HbIX (BYHKIH.

19. Paccmorpers uactubdl cayuaft ynpaxHewus 18, nepeiins
K cHcTeMe

Y=y (G=1,...,k—=1)
k

Yh=[(x)— 2‘1 g (x) yi
‘?::

rae f, g, ..., gn— HempepblBHLIE BeilecTBeHHBle GyUKUHH Ha [a, b],
il NOJIYYUTL TEOPeMYy eJHHCTBEHHOCTH JJIs1 PelUeHHHl YPABHCHHS
g g () ROt g ()Y g () y=F (),
VAOBJIETBOPSIOUIUX HayaJbHbLIM YCJAOBHAM
y@=cy, y'(a)y=cy ..., y(h_i) (@) = ca.
20. TIlycrs f° uenpepwBHa na [a, 0] w e>>0. JloxasaTb, uro
cymectByeT yncao 8 >0, takoe, 4TO

| TO—T ) iy e

\'—t—bx i) <e,
ecn 0 < [f—x|<<8, a<x<Cb, a<<t<b. (D70 3HAUMT, HHBIMH CJIO-
BaMH, uto [ pasromepro Ougpgpepenyupyema na la, bl, ecmxfuﬂenpe-
pbiBHa Ha [a, b].) BepHO JM 3TO A5 BEKTOPHO3HAUHBIX yHKUMH?



F'JTABA 6

WHTEIPAJT PHMAHA — CTHJIbTBECA

OcHoBHBIM B 3TOl IlaBe SIBASETCS ONpPEJCNEHHE HHTerpasa Pu-
MaHa, sIBHLIM 00pPa3oM HCHOJbL3YIGLIEC YIIOPSAOUeHHOCTb UYHCJIOBOH
NpsMOH. B COOTBETCTBHH € 3THM Mbl HAauHHaeM C H3YUCHUsi HHTErpH-
poBaHYsI BEUIECTBEHHO3HAYHLIX (QYNKOMHA Ha cerMenrtax. B nocseayio-
WX pasfenax OyjaeT u3jioxeHo o0OCHICHHE H2 cJIyyail KOMIJIEKCHO-
3HAYHBIX M BEKTOPHO3HAuHBIX GYHKUMHA, 3aJaHHLIX Ha CETMEHTe.
MurerpiupoBanne no MHOXECTBAM, OTJIHYHLIM OT CEIMEHTOB, paccMmart-
puBaetcst B ra. 9 u 10.

OnpejeneHne M CYIECTBOBAHWE WHTErpasa

Jd. Onpeneaenne. Ilyers [a, b)—s3anaunnit cerment. Pas-
6ueunem P cermenta [@, b] Mbl Ha3biBaéM KOHECUHOE MHOMKECTBO
TOUEK Xg, Xiy - .2 Xn, THAE

A=Xg <X <X v oo S Xy < Xp= b
Mri Gynem nncath
A,’Ci:xz"-‘xi_, (lzl, ...,n)~
IlycTe Tenepn f-—orpanuueHEas BelleCTBEHHast (YHKIHsS, ornpe-
zeqenHas na {a, b]. Kexzaony pasbuenmo P cermenta ja, 0] coor-
BETCTBYIOT uHCaa
M;==supf(x) (i <<x<x;),
mi—=inff(x)  (ri <x<Lxy),

U, = 2 MAx;,

i=1i
n

L‘(P f):umAXn
i=1i
H, HaKOHelIl,

n
(2)

dx ==inf U (P, [),

f
fdx =sup L (P, [),

(L/.; L/u{
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rae BepXHssl M HHXKHAS rpaHH GepyTcs no BceMm pasGuenusim P cer-
MmeHTa [a, b]. JleBele uact paBencTB (1) U (2) HasbBaKTCA COOT-
BETCTBEHHO BEDPXHHM H HHXKHHM HHTerpajgaMu Pumana ¢yukuuu f
no cermenty [a, b].

Ecsu BepxHHit MHTErpas paBeH HIXHEMY, TO Mbl GYIeM roBOPHUTS,
uro ¢yHkuMs [ uHTerpupyeMa no PuMany Ha cermente [a, b]
U nucath [€.% (MHBIMH cJjoBamd, % 0GO3HAUAET MHOMKECTBO BCEX
¢dyukuui, HETErpUpyeMeix no Pumany), a ofumiee 3Hauenue BeJHUHH
(1) u (2) 6ynem oGo3HauaTh

®) \ 7ax,
HJIH ¢

b
(4) g f () dx.

dr1o—uHrerpan Pumana or ¢ysxkuuu [ no cermexry [a, b].
[Tockoneky f orpaHuueHa, CYIeCTBYIOT JBa uucaa m U M, Takue,
4TO

m<fER)SKM (a<x<Db).
3HayuTt, npu Jawbom pasbuenun P

tak uro uucaa L(P, f) u U (P, ) ofpa3ylor orpaHHueHHOE MHOMKeE-
CTBO. DTO NOKA3bIBAET, UTO 8ePXHULl U HUMCHUL uHmMezpaasl onpede-
AeHbl 0as amoboll oeparuuernotl ¢yxkyuu f. Bonpoc o6 HX coBma-
JEeHHH H, 3HAYHT, Bonpoc o6 MHTErpUpyeMocTH (YHKUMH [ OKa3bl-
Baercsl 0ojlee TOHKMM. BMecTo TOro utoGhl HCCJIe{OBAThH €r0 OT/AEJBbHO
AJas uHTerpajsa Pumana, Ml cefiyac paccmoTprM Gojiee  oburyio
CHTYaLHIO.

6.2. Onpenenenue IlycTh o-—MOHOTOHHO BO3pacTaONAs
dynkuusa Ha [a, b] (mockoapky o(a) ¥ a(b) xoHeuHbl, QYyHKUHS «
orpaniuena Ha [a, b]). Ecaun P —xaxoe-HuGyAb pa3GHeHue CerMeHTa
la, b}, TO nOJIOKHM

Aoy =a (x;) — o (x;_y).

Slco, uro Aa; > 0. as moGolt BeulecTBeHHOH QyHKUMH [, OrpaHu-
yeHHOH Ha [a, b], MOJIOXKHM

U, f, a):i§1 M;Aa;,

L(P, f, (l)= Z m,—Aai,
i={
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rge M; m m; HMEIOT TOT e CMBICJ, YTO H B ompejesenud 6.1.
[TonoxkuM, 1O OnpejesIeHHIO,

(5) S fda=iniU (P, f, a),
(6) \ Fda=supL(P, [, a),

e BepXHssl § HHXKHSIS TPaHH GepyTcs CHOBA 1O BceM pa3OHeHHsIM.
Ecan JeBbie yacTH paBeHCTB (5) 1 (6) paBHBI MeXAY cO6OH, TO HX
obluee 3HaueHHe 06O3HAuaeTCs yepes

b
@ \ fda

HJIHU HHOT 4 q€p€3 ,
(8) S f(x) dafx).

a

910 —unterpan Pumana — CruabTbeca (MAH NPOCTO  HHTETpaJs
CrusbTbeca) oT GYHKIHH [ OTHOCHTE/ILHO GYHKIMH ¢ IO CEIMEHTY [a, b].

Ecau wuurerpan (7) cyuwecrtByer, T. e. ecau (5) u (6) paBuut
MeXJ1y co0OH, TO Mbl OyaeM TOBOPHTb, 4TO [ HHTErpupyeMa OTHO-
CHTEJbHO ¢ B cMmblcje Pumana, n nucath f€.% (a).

[Tonaras o (x)=x, Mbl NPHXOAHM K BBHIBOAY, YTO HHTerpas Pu-
MaHa-— 3TO 4YacTHBIE cJayuadl uurterpana PuMana — Cruabtheca. Ilop-
yepKiieM, OAHAKO, 4To B ofmeM cJayyae OYHKUHSA o He o0s3aHa OLIThb
Jlaxke HemnpepbIBHOH.

Heckoapko cnoB no nosojy o6o3HaueHHH. Mbl mpejnounTaeM
obosuauenne (7) obosHauenuro (8), Tak kak durypupyomas B (8)
OykBa x HHuero He Jo0aBasieT K coaepxanuio 3sanucu (7). Cosep-
1IE€HHO HeCYLeCTBEHHO, KaKyl OYKBY Mbl yrnorpebasieM IJsi 0603Ha-
YEHHs] TaK HA3BIBAEMOH «I€DEMEHHOH MHTerpHpoBaHHs». Tak, Hampu-
Mep, (8)—3TO 10 Ke camoe, uTO

b
S [(y) da(y).
a

Hurerpan saBucur or f, @, a u b, HO He OT NEpPEMEHHOH HHTer-
pHPOBAHHS, KOTOPYIO BNOJIHE MOXHO ONYCTHTb.

Posib nepemeHHOA HHTATPHPOBAHMSl CCBEPHIEHHO aHAJOTHYHA DPOJIM
HHJleKCAa CYMMHpPOBaHMsi: JiBa CHM30J1a

n n
Z Ciy Z Cr
i=1 k=1

03HA4alT OJHO H TO XKe, &8 HMEHHO CYMMY ¢;-+cCp- ... -} cp.
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PasyMeercsi, He NpOM30HAeT HHYEro CTPALIHOTO, €CJIH mepeMeHHas
HHTErpHUpoBaHUs OYAeT HalKCcaHa, a B HEKOTOPHIX CJydYasix Jaxe
y100HO ee mucaTh.

Tenepp Mbl HCCJELYEM BONPOC O CYILECTBOBAHMH HHTerpana (7).

He noBropsis sToro KaxiuLii pa3, Mbl OyZeM CUHMTATh (QYHKUHIO f
BEMIECTBEHHONW ¥ OrpaHHUeHHOfl, a (QYHKIHIO o — MOHOTOHHO BO3pac-
rajomiel Ha [@, 0], M ecJaH HCK/MOUYeHAa BO3MOXHOCTb HeJopasyme-

b

Huii, Mbl OyJieM IHcaTh g BMECTO S

a
6.3. Onpenenenue. Mot Gynem rosoputs, uto pasfuenne P*
ABJSIETCA udMeabuenuem pasbuenns P, ecan P* o P (1. e. ecim Kax-
jag Touka pasbuenHust P clyXMT TaxkKe TOYKOH pasbuenus P¥).
B cayuae, Korjpa 3ajganul 1Ba pasbuenust Py u P,, mbl OyjeM roBo-
pHTb, uto P* ectb ux obulee M3MeabuyeHHe, ecqu P* =P, |J P,.

6.4. Teopema. Ecau P*—u3smeavuenue pasdpuexsus P, mo

) LP, f, o)< L(P* [, 0)
u
(10) U, f, ay<UCP, |, a).

Hokaszatenncrso. Hrobu jpoka3arh HepaBeHcTBO (9), momyc-
THM CHauasla, 4Te P* colep:XMT pOBHO Ha OAHY TOuky OoJblue,
yemM P. OGo3nauum 3Ty HOBYI0 TOYKY uepe3 x* M JONYCTHM, YTO
X <<x*<<xy, TH€ X;y M X;— ABE TOCJENOBATENbHLIE TOUKH pas-
6uenus P. TTosoxum

w = inf f(r) (i <x<at),
wo=1ini f(x) (X*<x<x).
dcno, yto Wy > Mm; U Wy > My, THe, KaK K Tpexje,
mi=inf [ (x) (g <x<<x)-
3uaygurT,
L(P* f, a)—L(P, |, a}y=w, [a(x*)—a(x;¢)]+
4wy fa (x;) — @ (x*)] —m; [a (x;) — a (X)) =
= (w; — m;) [a (x%) — a (x;_1)] - (W —m;) [a (%) — a (x%)] > 0.
Ecau P* copepxut Ha k Touek OoJiblue, yeM P, TO Mb MOBTOPHM

TOJIbKO UTO MpPOBeJeHHOe paccyxjacHue k pa3 u noayumm (9). Hoka-
3aTesbeTBO HepaBeHcTBa (10) aHanmoruyHo.

6.5. Teopema. S fda< S fda.

JokaszarteabcTBo. Ilyets P*—ofmee H3MelbueHHe JIBYX
pasbuennit P; u P,. Ilo Teopeme 6.4

LPy [, o)SL(P*, |, )SU(PY, |, a)SU(Py, f, ).
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3uauur,
(Il) L(th (l) U(PZs fv (l)

Cunrast P, (DHKCHPOBAHHBIM M BBIYHCJAR BEPXHIOI TpaHb [0 BCEM
P,, nonyyaem u3 (11)

(12) { fda<U Py, 1, o).

Buiuneasist HipKHIOW TpaHb 1o BceM Pp B (12), nosyuaem yTtsepxie-
HHE TeopeMbl.

6.6. Teopema. f€.Z(a) na la, b] mozda u moivko mozda,
Koeda 0aa aoboeo &>>0 cywecmeyem pasbuenue P, makoe, umo

(13) UP, |, a)—L(P, f, o)< e.

HoxasatenbctBo. [lpu moGom P umeem
LP, , o)< fda‘ggfdagUk(P, i, ).
[Tostomy n3 (13) cneﬂye"r,_~ 41O
o<§'fda_ { 7da<e.

3HayuT, ecJu npu Jo6oM & >>0 HepaBeHCTBY (13) y10BJIETBOPSIET
HeKoTopoe pa3buenne P, To

Sfda::Sfda,

T. e. [€.R(w).
Honyctum Tenepb, uro f€.7(a) u 3amano uucao e >0. Toraa
CyliecTBYIOT pasbuenust P, u P,, TakHe, uTO

(14) UPofy )= { fda<3,
(15) \Fda—L(P, [, a) <.

BriGepem B kauectse P ofmee uamesnvuende pasGuenuit Py u P,
Torna KaK TokasbiBaet TeopemMa 6.4 BMecTe € HepaBeHCTBaMH
) n (15),

U(P,f, )< U(P,, f, a) < S fda+3 < L(P..f a)le<L(P,f, a)te;

WIst_Takoro pasGuenus P BemosHsietcsi HepaseHcTso (13).

Teopema 6.6 1O3BONMMT HAM J0OKAa3aTh HHTErPHPYEMOCTb ABYX
DAKHBIX KJjaccoB ¢yHkuui. Ho cHayana BBegeM elle OfHO oOIpe-
JleJIeHHe.
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6.7. Onpenenenune, Jas noboro pasbuenusi P nosoxuM
p (P) = max Ax; (I<ign)
1 HasoBeM p (P) OQuamempom pasbuenus P.

6.8. Teopema. Ecau ¢pyukyus [ uenpepvisna Ha [a, b], mo
[ €2 (a) na [a, bl. Boaee moeo, kamdomy &>0 omseuaem makoe
6>0, umo

(16) | S F(t) Aoy — Sfda\<a
i=1
025 n06o2o pasbuenus P ={xy, xy, ..., X,} ceemenma [a, b], ydoesem-

soparwuezo ycrosuro n(P)<<8, u npu aobom evibope mouek t;
6 ceamenme [X;-q, X;].

HNokasateanbctBo. Ilyere 3ajnano umcao €>0, U mycTh
1> 0 TakoBo, 4TO
[a(0)—c(@In<e.
Tockosbky f paBHOMEpHO HenpepbiBHa Ha [a, b] (teopema 4.19),
cymecTByeT Takoe 6:>>0, uto

{17 [F)—F @<,

ecau |x—i¢|<<8 u x€ja, b], t€la, b].
Bri6epem P Tak, uyto p(P)<C 8. Torxa u3 nepaBenctsa (17) cae-
AyeT, 4YTo
M;—m; < (i=1, ..., n).
3HayuT,

U@ f o)=L (P, [, @)= 3 (Mi—m;) Aoy <

<n 2 Ay =nfa(b)—a (@) <e.

Hrak, no teopeme 6.6, f€.Z (a).
HepaBencrso (16) Takxke JoKasaHo, TaK Kak of6a 4Hcaa

2, F(t:)Ac; u X fda nexar mexapy U(P,f,a) u L(P, [, a).
i=1

6.9. Teopema. Ecau [ monomonna Ha la, b], a o Henpepsisra
Ha la, b], mo f€ R (a) (mor no-npescremy npednoarazaem, pasymeemcs,
4Mmo Q. MOHOMOHHQ).

JdokasarenbcrtBo. Ilycts 3amano € > 0. das mwoboro mnoJo-
JKUTEeJbHOTO 1 BhGepeM pasbuenne P Tak, 41O

Aoy =2020@ g ),
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DTO BO3MOXKHO, TaK Kak (GYHKUHS « HenpephiBHa (TeopeMa 4.23).
IlpeanonoxuM Tenepb, 4TO [ MOHOTOHHO BO3pacraer (B JApyrom
clyyae JOKa3aTeJbCTBO aHasornyHo). Tornia

M; = f (x;), m; = f(Xi-y) (=1, ...,n),

TaK 4TO

U (P, f,a)—L(P, |, 0) = 2O= LD N () f (x,0)] =

i=1
=4O (5 5) —f(a)) <,

ec/ii n jocTatodHo Besauko. I[lo teopeme 6.6 f¢€ %2 (a).
Temepbp Mbl J0Ka)keM HEKOTOpbie 3JeMeHTapHble CBOHCTBa HHTe-
rpasa Cranbrbeca.

6.10. Teopema. (a) Ecau [,€ R () u f.€ % (a) xa [a, b]. mo
fi+ € R (a), cf €7 (a), Kakosa 6ot HU Obraa KoHcmawma ¢, U
b

§(h~%h)da==§f1da%-gfzdm

a b} a b‘ a
Scfda:c 3 fda.
(b) Ecau fy(x)<f2(x) na la, b], mo
b b
\ fidas | fada.

(¢) Ecau € R (a) Ha [a, b] u ecau a<<c<<b, mo fE€R(a) Ha
la, c] u Ha [c, b] u

c b

Sida+ § fda = g i da.

a [ a

(d) Ecau [€F (0) na [a, b] u ecau |f(x)|<M na [a, b], mo
b .
i& /‘da}gM[a(b)—a(a)].

(e) Ecau fET (a) u f€ R (az), mo fE€I (a1 ay)

u

b
{ fd (@40 =

R O

b
o+ \ fdag;
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ecaw [CR(Q) u € — noA0%CUmeAbHOE qucao, mo f€ R (ca) u
b b

g fd (ca)=c¢ S fda.

HoxaszarteancrBo. Ecan f=f+f, a P —kakoe-unbyao
pasCuenue cermeura [a, b}, ToO

(18) L (Pv flia)“+L(Pv f27 a)\<~L(Pv fv (I)ng(P, f’ U’)\<
U(P’ fi’a)’{“U(P’ f’lv (1).

Eomm f€ R (a) 1 o€ % (a), To moboMmy wumcay &>0 orsevanoT
Takue pasbuenna P; (j=1, 2), 410

U(Pj, [j, a)—L(P;, f;, a) <.

ITO HEpPaBeHCTBO COXpAaHUTCA, ecad P, U P, 3aMeHHTh HX OOLIHM
u3menvyenueM P. Torga us (18) caeayer, uro

UP, f,a)—L(P, [, a)< 2e,

a 3TO 3Ha4yuT, 4TO0 [€ .7 ().

Hanst storo ke pasbucuusi P uMeeM

UP, [ wy< \ lidate (=1,
TakuM ofpasoM, H3 (18) creayert, yto
\ fda<U (P, f, o)< K frda - S fada - 2.

3BH/IY TIPOH3BOJILHOCTH & MBI NMPUXOIUM K HEPABEHCTBY
(19) {rda< ( frdat { foda

Ecnn samenuts [y u fo B (19) dyukuusimu —f; 1 — fo, 10 Hepa.
BEHCTBO M3MeHHTCsi Ha ofpatHoe (u6o, Kak Jerko NpoOBEpHTH,

S (—]) du= \ fda); TeM camblM JokasaHo Tpefyemoe paBeHCTBO.

Hokasateancra ocTalbHBIX yTBepxaeHud Teopemn 6.10 coBep-
IUEHHO anaJjloTHYHbl. B "acTH (€) Bce jelo B TOM, 4TO, Nepexois

K H3MeJbYCHUAM [IpH rlpuénnmemm HHTErpaJaa Sfd(l, MLI MOKeM
OrpaHHYHTRECA JHUIb péi36H€HHﬂMH cojepxauluMHl TOYKY C.

6.11. Teopema. [Tycmo € % (a) Ha [a bl, m<L <M, ¢ nenpe-
poera Ha [m, M] u h(x)=¢(f(x)) na[a, b}. T 6a hE % (@) Ha \a, b).

HoxasateasctBo. Brubepem ¢>>0. Beuay Toro urto ¢
pdBHOMEpHO HenpepniBHA Ha (m, M}, cyumecrsyer 6 >0, Takoe, uro
S<<eun [os)—@ () <<e, ecau |s—1t <8 u s, {€m, M].

i (P K (p /1 ! I
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[Mockoneky f€.% (a), cymectsyer pasbuenne P={xg, X, ..., Xn}
cermeHura [a, b], Takoe, 4TO

(20) UP, ], a)—L(P,f, a)< 8.

ITyets M; u m; uMeOT TOT XKe CMBICI, YTO M B onpejesenuu 6.1,
H nyctb Mi, m}— anaJjoruunble BeJIHUHHB AJs1 QyHKuME 4. PasobbeM
gpesa 1, ..., n Ha aBa Kaacca: (€A, ecaw M, — m; << 8; i €B, ecau
M;—m; > 8.

Hast i€ A, B cuny BwiGopa 6, okasuBaercst, uro Mi—mi<e.

HAas i€ B uveem M} —mi<2K, rae K=suplo(t)], m<t<M.
Coruacno (20), umeem

(1) ) g_; Ag; < e}f (M; —m;) Aa; <82,

TaK 4TO 2 Aa; < §. CnejgoBaTelibHO,
iEB
U(P, h, a)-—L(F, h, a)=2 (Mi—m}) Aa; + >, (M} —mf)Au; <
icA el
<ela () —-a(@)]+ 2K < ea(b)—oa(a)+2K].
Tenepr u3 teopemn 6.6 caeayer, uto A€ .72 (a), TaK KaK 4YHCJIO €
TIPOH3BOJIBHO.

GaMmeuanune. Ira TeopeMa UOACKA3bIBaeT TAKOW BGNpoOC:
Kaxne e (QYHKHMH HHTerpupyemnl no Puwmany? Oreer paercs
B teopeme 10.33(D).

6.12. Teopema. Ecau f€ R (u) u geR(a) Ha [a, b], mo
(a) fg€R(a);

b

fda|< {|fida.

i

R Ty

) IfleR(a) u |

HokaszateabctBo. [Ilomaras ¢ (f)==7{* u npuMeHss kK ¢
teopemy 6.11, mbl BuauMm, uto f2€ .2 (a), ecan [ €A (a). Toxaectso

dfg=(f+grP—(T—g?

3apepulaeT J0Ka3aTeNbCTBO YTBepKIeHHS (a).
Tlonaraa ¢ (f)=1{¢| u npumensia Teopemy 6.11, MLl TOUHO TaKk XKe
yOexaeMca B TOM, uto ! f|€.% (o). Bribepem ¢ = £ 1 Tak, 4t0

¢ { fda>0.

I

Torga [ B fdu%:c r\' [da= S cfda < S flda, tak Kak cf <! fl.
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Huterpan kak npeiea cymm

Jlo c¢uX Top MBI ONpeleNsIH HHTerpajJ TpPH TOMOMH CyMM
U, f,a), L(P,f, a). Opsako uucna M;, m;, NOSBISIONIHECS B 3THX
CyMMaxX, He o0O0si3aTeNbHO CJAYXKAT 3HAYEHHAMH GynkuHd [ (OHH
NeHCTBUTEJNbHO OKa3blBAIOTCS 3HAYEHUSIMH QYHKIHH f, ecqd [ Hempe-

poiBHa). Cefluac Mbl MoKaeM, 4TO MHTErpal S fda Moxno paccma-

TPHBaTb KakK Ipejiesl MOCAeJ0BATENLHOCTH CYMM, B KOTOPbIX M; H m;
3aMeHeHbl 3HauyeHHsAMH ¢yHKuMH f. Kak ® B, @ MOHOTOHHO
BO3pacTaeT, a f OrpaHHYeHa W BelleCTBeHHA Ha [a, b].

6.13. Onpeneanenune. Ilycts P —kKakoe-HuOyabp pasGuenue

cermenta [a, b]. BriGepeM ToukM fy, ..., £, Tak, uTO X;_;<!; < X;
((=1, ...,n), # paccCMOTPUM CyMMY
n
(22) S(P,[,a)= -21 [(t)Aa,.
[Nlonoxum, 1no onpenenexuro,
(23) lim S(P, f, a)= A4,
w(p)—>0

ecau ajs moboro & > 0 cymectsyer 6 >0, takoe, uto npu p (P)<<d
HMeeM

(24) ISP, [, 0)—A|<e.

OrmMeTum, uTo oBGo3Hauenue S (P, f, @) Ha caMoM JeJie HEroJHO,
TaK Kak cymma (22) 3aBHCHT elle M OT BHI6Opa To4eK f;, Yy/OBJIETBO-
pAMAX YCJOBHIO X; < f; < x;. Ho 2T0 He MOXKeT NpHBECTH HH
K KakoMy HeJOpa3yMeHHIO, €CJH Mbl OyJeM IIOMHHTb, YTO COOTHO-
uienye (23) o3HayaeT crpaselIHBOCTL HepaBeHCTBa (24) npu Besikom P
H BCAKOM JONYCTHMOM BhiGOpe Touek f;, ecju ToJibko p(P)<Cé.

6.14. Teopewma. (a) Ecau 1limS(P, f, a) npu p(P)—0
cywiecmsyem, mo [ € Z(a) u
b
(25) lim S(P,f, @)=\ fdu.
w(P)-0 a
(b)y Ecau (i) | Henpepoiena uau ecau (ii) [€ .2 (a) u o Henpe-
poisna Ha [a, b], mo sunoinsemcs coomrouienue (25).

YnpaxHenue 4 NOKakeT, 4TO TpeGOBaHHE HENMpPEpPLIBHOCTH B yTBep-
xaenun (b) He MoxkeT ObITH ONYILEHO.

HoxasaTteabctBo. onycTuM CHayaja, 4To Tpejesa B JIeBOH
4aCTH paBeHcTBa (25) cymectByeT u paBeH A. Ilyctp 3azano uymcio
e > 0.
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Cymectsyer 8> 0, Takoe, uto npu p(P)<< 8 umeem
(26) A—5 <SP, },a) <A+,

Bribepem takoe P. Ecam MBI 3aCTaBHUM TOYKH !; npoGeraTb CErMeHThI
[x:_4, X;] ¥ BO3bMEM BEpXHIOIO H HHXKHIOW rpanu 4ucen S(P, f, a),
OOoJydeHHLIX TakuM o6pa3oM, TO, NpHHHUMAast BO BHHMauue (26), Mbl
IpHIEeM K HepaBeHCTBY

A—-— SLP,fiay<U(P, f,a)< A—{—Q

ITo Teopeme 6.6 f€ .% (a); 3T0 3aBepliaeT J0Ka3aTeNbCTBO yTBEp-
XKjenus (@), Tak Kak

L, f,a)< { fda<U (P, f, a)

HacTtp (i) ytBepxkpaenus (b) comepxutcs B Teopeme 6.8.
Urobsl Aokas3aTh yacTb (ii), nomyctuM, uto f€ .7 (a), yHKIHSA
HenpepsiBHa U & > 0. CymecrByer paszbuenue P*, Ttakoe, 4ro

(27) U@ fo< | fdots.
[Nonoxum
M=sup|f(x)] (a<x<b).

[TockosbKy yHKUHS @ paBHOMEDHO HenpephiBHA Ha [a, b], cyluecT-
ByeT §; >0, obiajamomee cAeLyOIMM CBOHCTBOM: ecsu P — moGoe
pa3buenne cerMeHta |a, b], Takoe, uto p(P)<C§,, 10 Aa; <<e/4Mn
NpH BceX [, TAe n— YHCJO cerMeHToB pasbuenus P*. Ilycts P — mo6oe
pasbuenue, Takoe, uto W (P)<C8;. Paccmorpum cymmy U (P, f, a).
Bxnan B 3Ty cyMMy TeX cerMeHTOB pa3OHeHHsl P, BHYTPH KOTODBIX
COJiepKHUTCS TOouKa pasOueHHst P*, He npeBblilaeT BeJHYHHB!

(n—1)eM €
(n'— l) miaXA(liM< ‘“‘m;— <z .
B coepunennn c (27) sto aaer
(28) UP, o)< {fdat s

npu Bcex P, ans xoropmix p (P)<Z§;,.
TouHO TakuM 3Ke cnoco60M Mbl MOXKEM II0Ka3aTh, YTO CYLIECTBYET
yucao 8, > 0, takoe, uro

(29) L, f, 0>\ fdo—5

npu Bcex P, ans Kortophx p(P)<< &,.
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Buibupas 6 -==min (§;, §z), Mbl BHAUM, uTO HepaseHcTBa (28) u (29)
BBIIOJNHSOTCA NPH KaxjaoMm P, TakoM, uto W (P)<Cé.
[TockoabKy, o4eBHAHO,

LP. L) <SP, [, <U (P, [, 0),
u3 (28) u (29) caeayer, uToO
S, fowy< | fdat
S(P, [ a)> | fda—1,
a M3 3THX [BYX [OCJEIHHMX HEPABEHCTB BHHO, YTO
%S(P, f a)—gfdai<s

npu Bcex P, 1akux, uto p(P)<Id
JokasaTenbeTBO 3aKOHYEHO.

WurerpupoBanue u puddepenuuposanne

B sToM paszjenie Mbl Bce elile GyleM 3aHHMATHCST BEIECTBEHHLIMH
OyHKkuuaMH. Mbl noxaxewm, YTO HHTErpHpoBaHHE N Ju(depeHiHpo-
BaHKe SBJSIOTCS B HEKOTOPOM CMblc/Je B3aHMHO OOpaTHBLIMH Olepa-
LLHSIMA.

6.15. Teopewma. [Tycme [ € R na {a, b). H.ia a <x<b noaoxcun
F(x) = \ f(t)dt.

Toeaa pyrikqus F nenpepbisra Ha [a, blY); Goaee moeo, ecau yuk-
us [ unenpepoisria 8 mouxe xo€[a, b}, mo ¢ynxkyus F Ougpdeperiyu-

pde,vta 6 MouKke X, U
F (%) = [ (x0)-

HoxkasateabctBo. Pynkuus [ orpamuuena, tak kKak f¢€.7.
Honyerum, uto | [ (6)' <M, ecau a -t b Tlpn a < x <y < b nveem

F)—F ()= 5 Fdt|< M-

x

S — [42

o
1) ¢ynxnus F He onpejeneHa B Touke g, HGO CHMBOJY 5 f () dt ue npunu-

(43
ChIBAJI0OCE HHKAKOTO cMbicsia (B 1. 2.19 npu onpejgenenni cervenTa Kak OJHOMep-
HOH KJ/ieTKH cerMeNTsl BHJAA [a, a] Owlial HCKJ/IOUeHB H3 paccuoTpenusi). s Toro
4T00Bl  BCE YTBEpAKAEHHS TeopeMbl OblIM BEPHLIMI, CJaelyeT CYHTATh, 4YTO
F(a)y=0.— lpum. nepes.
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no Teopeme 6.10 (c) u (d). Mbl BHAUM, YTO ANS JaHHOTO £>>0
[F(y)—F(x)|<e,

€CJIH TOJBKO |lf—x| < e/M. DrtuM HoKasaHa HenpepuiBHOCTL (M 00-
Jlee TOrO, paBHOMEpHAs HeNpepblBHOCTb) HYHKUMH F.

Ilonycm‘vx Tenephb, YT0 (PYHKUHMS [ HenpephiBHa B TOYKE Xo. Hns
3azannoro & >0 BuiGepem 6 >0 Tak, 4ro

() — T (x0) | <e,
ecan |f—xp| <6 u a<i<b. Torpa npu '
Xo— 0 <<Ts<C <t xo+0 U a<s<<tLb

Mbl 1o Teopeme 6.10 (d) mmeenm

[F(t) F(s) ||
i t—s — 1 (x0) i—_]

X[f(u)—f(xolduke

Caeposarennbno, F’ (xg) = [ (x,).

6.16. Teopema. Ecau f€R wa la, b] u éymecmeyem Jugpgpe-
peryupyeman pynxyusa F una {a, b], makas, umo F' =f, mo
b

Sf(x)dx;:F(b)mF(a).

Aty TeopeMy OOBIYHO HA3BIBAIOT OCHOGHOL Meopemoll uxmezpoib-
H020 ucuucaenus. Ee NOCTOSIHHO [PHMEHSIIOT NPU BHIUHCJIEHHH HMHTe-
rpaJos.

HokasateancrBo. [as naunoro pasduenus P cermenta [a, b)
seiGepeM f; (i =1, ..., n) Tax, uTo X; 4 <t;<{x; H

F(x:) —F (xiy) = (X3 —xi4) [ (£5).
D10 Bo3MoxHO mo Teopeme 5.10. Torpa

F(b)—F(a)= ) [F (x) = F (xi-9)] —Z [ (t:) Axs,

=1

b
a MOCJEAHSAS CyMMAa CTPEMHTCS K S f(x)dx, korpa fp(P) — 0, no

teopeme 6.14 (rge a(x)=x).
6.17. Teopema., Ecau f€ER u o' € R na la, b], mo f€R () u

b b

Sfda::Sf(x)a'(x)dx

a a



142 2. 6. Humeepar Pumana — Cmuasmoeca

OTa TeopeMa ONHCBIBAeT OJHY H3 CHTyaluuil, KOrja HHTerpas
CruiibTbECca CBOAMTCH K HHTeTpany Pumana.

HokasaTtenbcTBO. 3aMeTHM cHayaJja, 4TO 10 Teopeme 6.12
fa’ € A. Ilycte £>0. Buibepem M Ttak, uto |f|< M. Ilockonbky
o' €R u o’ €A, us Teopembl 6.14 (b) crenyer, 4TO CYWECTBYIOT
6, >0 u 8,>0, Takue, uTO

(30) | S @y an—{ ol <e,
ecs W(P)<Cd; u xj <8< Xy, U
iz o’ (tl) Axi— S a’

ecan W(P)<<& u xi << Xy
Ecan s; — apyrast Touka, Takas, 4ro X;-; < ;< X;, TO Mbl HMeeM

(31) Dla’ () —a’ (s:) [ Ax; < 2,

Koraa p(P)<<8 u Xy << xyy Xy <5 < X

BuiGepem tenepp P tak, uto p(P)<<8=min(§,, 8,), u nycro
t; €[xi-y, x;]. Tlo Teopeme 5.10 CymecTBYIOT TOUKH S;€ [Xi—y, Xi],
Takue, 4To Aa; =a’ (s;) Ax;. Toraa

(32) D F(t)Aay=3Vf(t:) o' (t:) Axi + D) [ (8:) [’ (s1) — @ (£1)] Axs.
Corsracuo (30) u (31), neBast yacTb paBeHcTBa (32) oTaHuaeTcs
oT S fo’ menbine, uem Ha (2M +1)e. 310 03Hauaer, yToO

<&,

b

lim S(P, |, a):S f(x) o (x)dx;
w{P)-0 e

npuHUMas BO BHHMaHue TeopeMy 6.14 (a), MBI npHXoiuM K TpeGye-
MOMY 3aKJIOUEHHIO.

HnterpupoBanue BeKTOPHO3HAYHBLIX (PYHKU Mt

6.18. Onpegenenue. Ilycts f;, ..., [r— BeniecTBeHHble
¢ynkuun Ha [a, b], m mycte T=(f;, ..., fz)—cooTBerciBylOIIECE
otoGpaxkenue cermenta [a, b] B npocrpanctso R*. TlycTs dynkuus
® MOHOTOHHO Bo3pactaer Ha [a, b]. Mwm OyzeM roBOpHTh, 4YTO
f€R(a), ecnn f;€R(u) npu j=1, ..., k. B aroMm cayuae Mbl,
10 ONpeJlesIeHHI0, ToJaraeM

b b

Sfda:<g fuda, ..., § fkda>.

a a a
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HubiMu cnoBawmu, S fdo—310 TOUKA mpoctpanctea R", j-a KOOp-

AMHaTa KOTOpOH paBHa S fida.

$lcHo, uTo yTBepxkAeHHuA (a), (), (e) Teopembl 6.10 BepHB! H AJs
3THX BEKTOPHO3HAYHLIX HHTErpaJsioB; HYXKHO NMPOCTO NPUMEHHTDb IIPEXK-
HHE De3yJbTaThbl K KaXAoH KoopiauHaTte. To Ke BepHO B OTHOIUIEHHH
TeopeM 6.15—6.17. Idasa nanoctpaunu cHopMysHpPYeM aHAJOT Teo-
peMbl 6.16.

6.19. Teopema. Ecau § u F omobpamawm ceemenm [a, b]
8 npocmparncmso R*, 1€ R na la, b] u F'=1, mo
b
Sf(t)dt:F(b)—F(a).

Onnako anasor TeopeMbl 6.12 (b) cBsi3aH ¢ HEKOTOPHIMH HOBBIMH
MOMEHTaMH, [0 KpaliHell Mepe B JOKasaTeJbCTBE.

6.20. Teopema. [Iycme ¥ omo6pascaem [a, b] e npocmpan-
cmee R*. Ecau §€.R(a) 048 Kaxot-Hubydb MOHOMOHHO B03PACMAI0-
wed na la, b] ¢pynxyuu a, mo 1T|€R (a) u

b b
(33) Hfda]gglﬂda.
HNokasatensctso. Ecanm fy, ..., fr—KoMnonentsr oroGpa-
Kenus f, To
(34) IF=+. ..+

ITo Teopeme 6.11 kaxpnast u3 GyHKUHA [} NpHHAAJIERKHT MHOMKe-
ctBy % (1), c/eloBaTeNbHO, 3TOMY MHOXKECTBY NPHUHANJERKHUT H HX
cymma. [JockonbKy x?— HempepbiBHasi (yHKUHSI OT X, Teopema 4.17
[I0Ka3blBaeT, YTO KBAJpaTHBIH KOpeHb— (PYHKLMS, HenpepbiBHAs Ha
cermente [0, M] npu xkaxaom BemectBeHHoM M. Ecam Mbl eme pas
npuMeHuM Teopemy 6.11, To yBuaum, uto |f|€.Z (a).

Yrobe gokasath (33), nosokuUM Y= (Y, ..., Yr), TAE Y=

= S fida. Torpa y= S fda n

yiE= D 4=y S f,-da=S (Z yjff>da.

B cuny uepaBenctsa IllBapua,

(35) Dyl O<Llyli@)]  (a<t<b)y



144 Fa. 6. Humeepar Pumane — Cmussimnoeca

3HaunT, U3 TeopeMsl 6.10 (b) caepyer, uro
(36) yl<ly] § 1H]da.

Ecsiv y =0, 1o Hepasenctro (33) TpueuansHo. Ecau y =40, o,
pasnesus (36) Ha |y|, Mbl noavuum (33).

PYHKUMH OTPAHUHUEHHOH BapUALKH

Ho cux mop ™Mb 3aHHMaJHCh HHTEFPUPOBAHHEM OTHOCHTEJHHO
MOHOTOHHBIX (yskuuil a. B camom fese, nepasenctso Aw; > 0 urpano
OCHOBHYIO pOJb BO BCeX JoKasaTeqancTBax, cBasaHHbix ¢ L(P, [, a)
w U (P, f, a). Pamxu Teopuu HHTErpHpOBauHsd, DPasBUTOH B INpexbl-
AVIIMX pasienax, MOXKHO pPaclIHpHUTb Oe3 SHAUHTeJbHLIX TPyAHOCTEH,
eCJIH 3aMEHHTh KJIacC MOHOTOHHBIX (YHKIUMH KJiaccoM (YHKUHIH orpa-
HuyenHoll Bapuaunu. Utobel u3bexaTh NOBTOPEHHH, MBI Cpasy e
Olipele/IMM 3TOT KJacc A/ BeKTOPHO3HAUHbIX (QyHKUHH.

6.21. Onpeneaenune. Ilycrs T-—-oroGpaxenue cermenra [a, D]
B npocrpancteo R*. Ecau P={x,, ..., x,} —pa3OueHue.  cermeHra
la, D], TG NOJOXKHUM

Afi == f (Xi) —f (Xi_l)
H

(37) V(G a, b)=sup 31| AR,
te=1

rae BepxHsisi rpaHh Oepercsl no BceM pasfueHMsAM cermeHra [a, 0).

Haszosem uucao V (§; a, b) noanod eapuayueid ocrobpaxenusa f nHa
cermente [@, b]. Ecin H3 KOHTeKCTa SICHO, O KAKOM CerMeHTe MHjeT
peun, To Mbl Oylem cokpamlenno nucath V (f).

Ecau V (I; a, b)<<-+ o, 1O roBopar, uto §— QpyHKkyus oeparu-
yenHo sapuayuu Ha la, b).

Muorue cBoficTBa BeKTOPHO3HAUHBIX (PYHKIUH OrpaHH4eHHOH BapHa-
UM MOXKHO TOJYYHTb CBEAEHHEM K CJAYYalo BellleCTBEHHHIX (QYHKIIMIL.

6.22. Teopewma. Hycme T==(f;, ..., 1) omobpascaem ceemenm
[a, b] 6 npocmparcmeo R". Toeda T — pynkyusn oepanuvennod eapua-
yur Ha la, b} e mom u moAbKO 8 mom cayuae, Ko20a Kaxcoas us
Gynryull f; umeem oepanuuennyio eapuayur Ha [a, by. a1 <j<k
uMeeM

V)<V (< SV (.

=1
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HHoxkasartenbctso. s uoboro pasGuenuss {xg ..., X}
cermenTa [a, b] umeem

g e) = Fi (eam) | <] Y () = B (ximg) [ T Fr () = Fr (i) |
Ecsim Mbl NPOCYMMHpYEM 3TH HepaBeHCTBA 1o (=1, ..., n, a

3aTeM nepeiijieM K BepXHHM TpadsM, TO Mbl HOJIYYHM YTBEPIKIEHHE
TEOPEMBL.

6.23. llpumepunl. (a) Ecau f—wmonoronHas dyukuus Ha la, b,
T0 - (QyHKUMSA OrpaHHMueHHCH Bapuaunu Ha [a, b], u V (f)==|f(b)—
— (@]

{b) Ecom ¥’ cywectByer u orpanuuera Ha [a, b], 1o f—dyuknus

orpadnueHHol Bapuauuu. Hedicteutensno, ecam |f'(x)|< M, 1o mo
TeopeMe 5.20

D) =T (xio) [ < D) M (%i—x1-4) = M (b—a)
i==1 i=w=1
a5t Jqoboro pasbuerus cermenra [a, b].
(¢) Pynxumus [ moxer OblTh HenpepoBHOH, He Oyayur (yHKuHei
OrpaHHUeHHON BapHauud. PaccMOTpuM (YHKILHIO
( xsin—':i— (0<<x<2),
[ 0 (x = 0).

BoiSepem pasOueHHe, coCTOsSIIeE H3 TOUEK

=

2 2 2 2
0 . _ A L Ll
0 o&n—1' 2n—-3' """ 5 3’2'
e - AN L 2
COOTBETCTBYIOIANT CyMMa, q)m‘\,pnpylomaﬁ B (u7), paBHa B 3TOM
caydae

) +(5+5) - +(m )+

2 1 1 1
T Tyt P

a 370 YHCJO MOXKeT ObIThb CAEJAHO CKOJIL YIroJHO 6OJIbUJHM 38 CyerT
) . !
suifopa AOCTATOYHO GONLIIOrO 71, UGO psif Z —- pacxoautes.

(d) flcHo, uTo Kakpnash QYHKUMA OrPAHHYEHHOH BapHaUMH oOrpa-
nuueHa, Tak Kak |f(x)—1(a)! <<V (1) npa Bcex x€[a, b).

Mu yBuaum (teopema 6.27), 4TO CynlecTBYeT TecHas CBSI3b MEXKAY
(QYHKUHSAMH OTDAHHYEHHOH BapHaU¥H ¥ MOHOTOHHBIMH (QYHKUHSMH.
CyMMa HJIM APOH3BELEHHE JBYX MOHOTOHHLIX (yHKUMH He 06s3a-
TenpHO MoHOTOHHBL. Hanpumep, x ® x* Moworowss Ha [0, 1], a
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GyHKuHA x —x® He MOHOTOHHA; (PYHKLHS X MOHOTOHHa Ha [—1, 1},
a ¢ynxuus x®—uer. OaHaKO KJace QyHKLUHH OrpaHHYeHHOH BapHa-
UHMH 3aMKHYT OTHOCHTE/JIbLHO ONepalyi CJIOKeNuss H YMHOXKEHHS.

6.24. Teopema. Ecau [ u g— Komniekcrele pyHkyuy o2paru-
yenrHot sapuayuu Ha [a, D], mo [+ g u fg—dynxyuu oepanudennod
sapuayud Ha (@, b].

(Y TBCpKIAEHHE, Kacaiouleecss CyMMDl f-+- g, BEpHO H JJISL BEKTOp-
HO3HAYHbIX (PYHKUHH; AOKA3aTeJbCTBO He MEeHSIeTCH.)

Hoxkasarensctrro. Husi moGoro pazbueHust cermenta fa, b]
HMeeM

DAF 4 Ag < DA+ 2| Ag | <V (F) +V (9).

Buauut, V(f+ @) <V (f) -V (g), u neppas uacts Teopemsl JoKasaHa.
Tenepb BeiCepeM A u B Tax, urto | f(x) <4, | g (x)|< BHa {a, b].
Ecmu A==fg, 1O

Ahi=T(x:) Agi+ g (xi-) Afy,
M03TOMY
D AR < A Agi|+B X Af < AV(g)+ BV().
3uaunt, V(fg)<AV(g)+ BV(]). Tem caMuiM joKa3aHa BTOpasi 4aCTh.
Caepctpue. Ecau | u g MonomoHHO sodpacmatom wa [a, bl,

mo f—g ecmv GyHRUA oepaHuveHHOl sapuayul Ha [a, bl.
O6patHoe yTBepXKAeHHE TOmE Bepno (oM. Teopemy 6.27).

6.25. Onpegenenne. Ilyects T orobpaxkaer cerment la, b)
B NPOCTPAHCTBO R", M nycTb f—@yeKuHs OrpaHHYeHHO BapHALUiM.
I'onoxum

(38) v (x)=V (I; a, x) (a<x<<h).

HascpeM vy ¢ynryued noanod eapucyuu $yaguun f; vy, oueruu-
HO, MOHOTOHHO Bo3pacTaeT Ha {a, b] H vp(a)=0

6.26. Teopewma. Ilycmo T—yuryus oeparuwenrol eapuayuu,
omobpaxcaowasn ceemenm {a, bl 8 npocmparcmeo R*:.
(a) Ecau a<x<<y<<b, mo

(29) Vi, a, n)=V({ a x)+V(§ x, y).

(b) Ecau ynxyust ¥ nenpepusna wa [a, b}, mo u ¢pyuskyus v
1

mooe HenpepovisHa Ha [a, O].

HoxasateabcTBo. Ecan x=a umt y=-x, 10 paBeHcTBO (39)
TpHBHaJbHO, Tax Kak V(I; x, x)==0. Honyctum, yto a<Tx<Ty
u 3ajaHo uucao &>0. CymectByer pasbuenne {x;} cermenta |a, yl,
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Takoe, 4T1o
(40) v (y) —e< ST () — T (xig) | < 0 (8).
i=1

Ecan Touka x He HaXOLHTCSl CpejiMl TOYEK X;, TO Mbl J00aBUM
ec K HaOopy {x;} W nonyuum TakuM o0Opa3oM HoBoe pasCuenue P,
IJIs1 KOTOPOro HepaBeHCTBO (40) Bce ellle BHIMOJHSIETCS.

[IpaBasi yacTe HepaBenicTBa (39) okasbiBaeTCsl BepxHell [PAaHBIO
MHOXecTBa Bcex cymM, ¢urypupyounx B (40). 3nauwur,

Ve (y)—e<<o (x)+V E x, )< (y);

NIOCKOJIBLKY € 1IPOH3BOJIbHO, paBercTBo {39) nokasano.
Tenepp gomyctum, uto ¢yHkuus | HempepwiBHa, a <<y< b u

(41) V({ x y>8

NpH HeKOTOpoM ¢HKcHpoBaHHOM O >0 u npu KaxkjoM x€[a, y). (10
NpUBENeT K NPOTHBOpeuHio.) Bass B (41) x=a, MB yBHAMM, UTO
cyulecTByer pasbuenue {x;} cermenra |a, y], Takoe, 4TO

(42) S (o) — (1) | = 6.

i=1

3ametnM, uTO X, ==Y, X,4<Cy. BBHAy Toro uto f HenpepwBHa,
CYWECTBYET TOUKA @y, TaKasi, 4TO X,-<ay <y U Besuuunst | f(y)—
—F ()i u |T(a)—T(x,4)| OTIHUAIOTCA CKOJAb YrOTHO MaJio;
B Y4CTHOCTH, (42) BBITONHACTCH, €CJTH 3AMEHHTL y TAKMM UHUCJOM q;.

MublMu cioBaMu, Mbl 0Ka3asi, YTO CYUIECTBYET a, <<y, TaKoe,
uro V(f; a, a,)>8. )

[Tposo/mxum 3T0T Dpouece, B3siB @; BMECTO @, H T. J.; M noJy-
YUM AJs Kaxjgoro N uyucJaa

a:ao<a1<a2<.-. <(1N<y,

takue, uto V (f; a;y, a;)>8 (1<i<N).

Ho orciopa B cuay (39) caepyer, urto vs(y) > N6 npu Jio6om N,
YTO HEBO3MOKHO.

Jto [IDOTHBOpEUHE MOKa3biBaeT, UTO

limV (f; x, y)=0;

XY

B cuay (39) orciona BhITeKaeT, uTO (YHKWUHS U HENpephlBHA cJeBa

na (a, b]. Tem ke cnocofoM JI0Ka3bIBAaeTCT HENPEPHIBHOCTh CIIpaBa
Ha [a, b).

3ameuaunne. CrpaBepnuBa obpaTHas Teopema; (hopMyTHPOBKY
MOXKHO Ha#TH B ynpaskHEeHHH 6.
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6.27. Teopema. Ecau [-—eeujecneendas yuxyus oepanuticH-
ROt supuauuu Ha e, bl, mo cyecmseyon MOHOMOHHO 803PACMALD-
wue Ha la, bj ¢yusyuu p u g, maxue, wno p(a)-=q(a)=0 u

(43) [()—F(a)=p(x)—q(x),

(axLb)
(44) Uj () = p(x) +q (x).

Mur 6y4eM Ha3pBaTh 2 H g COOTBETCTREHNHO GYHKUMAMH no.40-
weumeasHot 0 ompuyameasrod sapuauuu pyuxruuy f; paseuctso (43)
MIOK43bIBaeT, YT0 MYHKIHA [ NMpeiCTaBHMAa B BHIE pAa3sHOCTH JBYX
MOHOTOHHBIX QYHKUK.

HokaszateavcTro. OnpeiemiM p uH ¢ paBeHCTBAMA
(45) 2p=v;+i--[ (@) 29=v7—[+] (@

Sleno, yto p(a)=g(a)=-0 u suimoansorcs pasencrsa (43) u (44).
Ecan
a x<Ly<bh,

10 (39) nmoxasbiBaet, 4TO

2p(y)—2p(x) =V ([; x, y) +1] () —F (x)],

(46) 29 (1)—2q(x) =V ([; x, y) — [ {H)—[ {x)}.

Beupy Ttoro uto |f(y)-—f(x)|<V(f; x, y), u3 (48) crenayer, uro

i

ofe QYHKUHY p W §— BO3pacCTalollHe,

Caenctnue 1. Eciu [, kpome moeo, Henpeptisua Ha la, bl,
mo mem e C80LCMEOM 004a0x0ML P 1 g
D10 BhiTeKaeT W3 Teopembl 0.26 (b) u pasencrs (45).

Cnencreue 2. Ecau [—ynkyus oepanunennod sapuayuy Ha
ia, bl, mo f(x-) cywecmeyem npu a<lx<<b, fix—) cyuecmeyem
apu ecex a << x << b u mnoncectmon modex puspsiea Gymkyuu [ ne 6oaee
q4em CHEMHO.

D10 caeAyer HENOCPEACIBEHHO H3 Teopemst 6.22, pasaoxennd (43)
M anaJorHYHLIX $aKTOB, OTHOCSUUXCS K MOHOTOHHBIM (BYHKUHIM (Teo-
pemul 4.29 u 4.30).

[Ipepcrapaenye BellecTBEHFHOH PYHKUNHE OrPAHUUSHHCH BapHaliy
B BUAE pas3deCTH ABYX MOHOTOHHBIX qf)yHKLU'I!uI, KOHueYyHo, e eadt-
CTBCHHO; B CaMOM JleNle, NpHdasasis OAHY K TV e BO3PaCTaIyio
GYHKUKIO K p K G, MB TOAYSHM JBe Bo3pacTaioliue QyHKUHH Py M Gy,
takue, 4to [ (x)—f(a)= = Py (x)— g (x). Opnsaxko pasnoxenne (43)
obnajaeT HEKOTOPHIM CBOHRCTBOM MHHHMAJLHOCTH, BBIAETSHIOIAM €ro
cped BCEX TNPOUMX PasfoKeHHH Taxkoro poja (cM. ympakiuenwe 10).
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HaabHeifitne Teopems! 00 MHTETpHPOBAHUU

6.28. Onpenenenue. Temeph Ml 0OPATHMCH K HHTEr pHPOBAHUK
OTHOCUTEIBHO JNOOOH (QYHKUWH OrpPAHWUYCHHOH BapualuH, a HE TOABKO
OTHOCHTE/IBRO MOHOTORHOH ¢yukiin. Ecju o-— BeiecTBenHass QyHK-
uMsl OrpaHHuYeHHON Bapualiuy Ha [¢, O] mecan o =f—vy, rie puy—
BO3pacTaomLe OYHKUHH, TO €CTeCTBEHHOe ONpellesIeHHE TaKoBO:

el i Id

(47) { raa={rap—{ jav,

ec/id TOJIBKO 00a HMHTErpaJa CnpaBa CYHeCTBYIOT B TOM CMBICTR,
B KakoM OHH OvliiM Onpejefeibl pauee,

Ecan a==f;—vy;—apyroe pasioikeHne QyHKUHH & B pasHOCTb
Bospactaromnx oyHxuui, 10 Py, =p; vy, U 003TOMy [CM. Teo-
pemy 6.10 (e)}

(48) {rap+{ ravi={iap+ rav.

Otciopa caepyeT, 4TO HHTeIpaf deu, onpefesenHpii B (47),

He 34BHCHT OT BLIOOpA pasioXeHHS QYHKUHH @, ecal moAbKo [ rpu-
Hajuiexknt MHoxecTBaM # (B), 2 (By), 4 (y) u B (y,).

[losToMy B naaibuchimieM B 3TOH rvaBe Mul Gy/leM paccMaTpHBaTh
JiMUib B CJyuas, KOrja BCe HHTepecylollHe HAC MHTerpasnl aBTo-
MATHUECKH CYLIECTBYIOT:

(@) dyukuus f HenpepbisHa, (QYHKIHS 6.— OF PAaHHUEHHOH BapPHALIMH;

(b) dyuxkuHH [ M @—orpaHMuCHHOH BapHALMH H @ HelpepbiBHA.

B cayqae (@) mpr comwtemest Ha Teopemy 6.8. B cayuae (b) ycao-
BHMCH [IPEACTaBIATb & B BHIE DA3HOCTH TONOKO HEeNPePbIGHOLX MOHO-
TOHHBIX GYHKOHE [5TO MOKHO CACIaTh, COMIACHO ClefCTBHIO | H3
Teopemsl 6.27]; pasnaras [ B pasHOCTb MOHOTOHHBIX (YHKIHil, MBI
couineMcst Ha Teopemy 6.9.

Samemun, kporme moeo, umo 6 oboux caywasx meopema 6.14
npUMEHUMA 8 NOAHOM 06veme.

Tenepb Mbl MOrAH 6bl, KOHEUHO, PACHPOCTPAHKTD 3TO OMpE/ieIeHHe
Ha BeKToprodnaynble GyHRuuH . Oanaxko Gojee HHTEPeCHBIM Npej-
crasisercs JApyroe cbobulenne, KOTOPoe NPHMEHSIETCS B TEOPHHM ana-
JUTHYECKHX QYHRUHHA. JT10 o00CLiCHHEe NMOAYYUTCs, ecn obe GyHKIUH
[ H o cuuTaTh KOMILICKCHO3HAYHLIMHU.

Ecau f=f,--if,, a=a,4-iay, r1e [y, [ ¢y, Oo-— BELIECTBEHHbIE
byuxkuuyn Ha [a, bl, n ecn BTOAHAETCS yeaoBHe (a) kM (b), TO Mbl
110710 UM

(49) ( [da= S /1 dal“{ f2 d“z"l‘ig fidog i szdai.

o o vl



15()““‘_‘*77“7 T'a. 6. Humeepar Pumana -~ Cmuavmocca

YeTbipe uuTerpasa, CTOsUiMe B NPaBOH 4acTH 3TOTO PABEHCTBA,
Obl1 onpenenensl B (47).

OGuiunble cBoiicTBa ajAMTHBHOCTH [Teopembl 6.10 (a), (c), (e)]
B 3TOH CHTYalMH Jerko NpoBepsitoTcsi. PaccMOTpUM Teneph aHajior
teopembl 6.12 (0) [eM. Takke Teopemy 6.20] 1 KOMIVIEKCHBIX @.

6.29. Teopema. ITycmo [ u a—Komniekcuote Quyukyuu Ha
la, b], yoosiemeopswowue ycaosuam (a) ww (b) onpedesenus 6.28.
Iycme v—pynrkyus noanott sapuayuu ¢pyukyur o na |a, b). Tozda

(50) 1§fdai<§!f|dv.

Craexncrsue.
b
‘ S [da }gV(u) sup | f(x)].
b a<xsh

JlokasateabctTBO. Ecan Bunoanexo (a), 710 dyHkuusa |f|
wenpepbisia. Ecum  Bbmosnneno (0), 710 HenpepbiBHa (QyHKUHS U
(teopema 6.26), a Tak Kak [—@yuxkiHa orpaHMYeHHOH BapHaAUMM,
To TakoBa H GyukuMs |f|. 3maunt, BTOpO#l MHTerpa’a B (50) cyute-
CTByeT B OOOHMX CllyyasiX.

s ao6oro pasbuenust P == {xq, X1, ..., X} cerMenta [a, b] umeem

(51) Mty Aa | < DT ) Aw < D ()] Avs,

ecan x,<b;<x; npu l<i<<n. Tlpu pu(P)— 0 neppasg cymma
B (51) cTpemurcs x Y fda, a nocrenusis —x § | fldv no teopeme 6.14.
Tem camuM HepapencTBo (50) KoKasawo.

6.30. Teopewma. [Tycme [ u o—Komnaekcrve ynkyuu oepa-
HuvenHoti eapuayuu Ha [a, bl, a Gynkyua [, kpome moeo, Henpe-
potera. Tozda

b b
(52). { fda=7®ya®)—f@a@— | adf.

a

3ameuanue. 1o aHanorud ¢ npueMoM CYMMHPOBAHHSA TI0 4acTiM
paBeHcTBO (D2) HA3BIBAIOT POpMyAol UHMEZPUPOBAHUR NO 4ACMAM.

UacTo okasbiBaeTcsi yAOOHBIM pacCMaTpUBaTh S adf BMecTO S fda.
IJokasaTenabcTBO. BubepeM Kakoe-HHOyAb pasbueHHe P =

={Xg, Xy, ..., Xn} cermeHTa |a, b]. Bmbepem f, ..., TaK, 4TO
X <t;<Xx;, UOJIOKHM lo=a, I, =0, H NycTb (—pasOuenue
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{fo) tis ..., thes) cermenta [a, b]. Toraa, cyMMHpYS MO yacTsiM, HoJy-
YHM

S (P, f, a)= 2 f ) (o (%) — @ (x;-p)] =

nt-1

=f(b)a(d)—f(a)al@)— 2} alxiy) [f (t)—f (i)l =

=f(b)a(b)—f(a)a(@)—S(Q q, f),
TaK KaK 13 <X <W. Eom p(P)—0, 1o u pu(Q)— 0, u Teo-
peMa 6.14 noxkasmBaert, yto S(P, f, a)— S fda, SQ,q, f)—>g adf.
Orciona cieayet pasencrso (52).

3ameuanue. Ecmn odyskuust f neupepwiBHa, a a— QYHKIHS
OTPaHMYEHHOH BapHaukH, TO (52) MOXKHO MCIO/IBL30BATh ANS onpede-

AeHUs HHTErpana S adf naxe B TOM ciyuae, KOrja f He eCTh (GYHKIUS

OrpaHFYeHHOH BapHaUXH. ITO MPHBOJHT ellle K OJHOMY OGOGLIEHHIO
CTHJIbTHECOBCKOrO NPOLECCa HHTErPHPOBAHHA, KOTOPOE MBI, OJ{HAKO,
He OyJEéM B JalbHEHIIEM pacCMATPUBATh.

B crenyromux aByx TeopeMax Mbl JOMKHBI GYAeM OTPaHHYHTHLCS
sejecmeerHbiMy  QYHKIMSIMH—TaK JKe, KaK M B cJydae TeopeM
O cpelHemM B TeopuH Ru(depeHuHpOBaHUS.

6.31. Teopema. (Ileppast Teopema o cpexnem snauenuu.) Ecau f
HENperovl6Ha U BeU4ECMBENHA, @ O MOHOMOKKO so3pacmaem Ha [a, b],
mo cywecmeyem mouka x, maxas, 4mo a<x<b u

b
(53) { fda=F(®1a(b)—a ().

HdokasarteabctBo. [lonoxum

M=supf(f), m=inff(f) (a<t<b).

Torpa
b

m (e (b)—a(a)] < g fda<Ma(b)—a(a)l.
3HauuT, CyIecTBYeT 4HCJO A, Takoe, 4to m<A<M u
b

S fda=h[a(b)—a(a)].

a

B cuny teopem 4.16 u 4.23 CYIeCTBYeT TOYKA X, NpHHAJJIeXKallas
CErMeHTy la, b], Ans Kortopoit f(x)=1Xi, oTKysa u ciexyet (93)
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Samevanune., MoxeT cIyduThest, YTO TOUKY X Hesb3s BHIOPATH
TaK, 410 a << x<b. Hanpumep, ecau

] 0 (x==qa),
“(*):l 1 (a<x<b),

a [ HenpepbiBHa, TO

b
{ Fda—F@) =@ iab)—a @)
a
6.32. Teopema. (Bropaa Teopema o cpepneM 3naucuus.) 1/ycmo
pyukyus [ MOHOMOHHA, G o — QYHKUA O2paruueHHOl  sapuayuiL,
setijecmeehHan u Henpepvisias na {a, b). Tveda cywecmeyem maxas
mouxka x Cia, b], uno

b
| Fda =] (@ (9—a@)+] () [ (b)—a W),

INoxasateanctBo, Cornacuo teopemaM 6.30 u 6.31,
b b
{ rdu=f©)a)—f@a @—{adr=

=F () a(b)-[(a)e(a)—ax) [ (b)—[(a)]

pH HekoTopoM X € [a, bj.

6.33. Teopewma. (Samena nepemennoit.) Tycme [ u @ nenpepeisnos
wa [a, bl, ¢ cmpoeo so3pacmaem Ha [a, bl, a p— yakuus, obpamna s
Kk @. Tozda :

b Q‘(‘b)
(54) {reode={ reownav ).
a @(a)

[Popmanbio (54) noayuaercs, e/ HOJNOKUTD ¥ = @ (X), x = (y).]
Hoxasatenabctno. [lna moGoro pasGuenuss P
A= X< X <X <o L X KXy = b
NONOKUM =@ (x;) (i=-0, ..., n) MU paccMoTpum pasCreune Q:

¢la)=yo<Lyr < oo <Y <t = @ (D).

Honaras g (y)==[ (P (1)), noiyyaem

(55) 2;1 [(x3) (Xi—Ximy) = 2 g () W (5:) — ¥ (gi-)]-
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B cuay pasroMepnoit nenpepwizHocTH dyuxunH ¢ Ha [a@, b] (1eo-
pema 4.19), ecom u(P)—0, 1o p(Q)— 0. TaxuMm 00pazom, ec/n
p(P)— 0, To o6e yaciu paseHCTBA (D3) CTPEMSITCS K COOTBCTCTBYIO-
UM 4YacTsAM paBeHcTBa (D4), NOCKOALKY (DPYHKUus g HelpepLiBHa.
HokasaTenbCTBO 3aXOHUENO.

CnpamJisieMele KpUBbIe

B 3ax:oueHue 5TOH IJaBLl Mbl PACCMOTPHM OJHO HHTEPECHOE reo-
MeTPHYECKOe TIPUIOKERHEe HeKOTOPOH 4acTH IPeAUIeCTBYIOUleH TCOPHH.
Cnyuait k=2 (1. e. cayyail MIOCKHX KDPHBBIX) OCCOCHHC BameH IpH
H3YYEHHH aHAJMTHUCCKAX (QYyHKIHE KOMIICKCHOH NepeMeHHO.

6.34. Onpenenenune. HenpeprBHOe oTOGpa)kenue y cerMeHTa
{a, b} & npoctpancTBo R* naabiBaeTcs kpusod B R*. Ecam otobpamxe-
HMe Y B3aHMHO OjHO3H&YHO, TO y HasbiBaercs Oyeod. Ecau vy (o) =
==y (b}, HO y(fy) %=y ({z) Ana mobOI RPYroil mapbl pasIHYHBIX TOUEK
fy, t,, NPHHAAJEXKAUMX CEeIrMeHTYy [a, b], TO y Ha3wiBaeTcst npocmod
3aMKHYMOU Kpueoti.

Caeayer 3aMeTHThb, YTO KPHBas ONPEMACSETCS Kax omodpancenue,
a He KaKk MHOXecTBO ToueK. Koneuno, ¢ xaxpo#l kpuso# B R* cBsizaHo
HEKOTOpOe MHOXEeCTBO TOUCK B R, a HMEHHO MHOXKECTBO 3HAUEHUIl
OTOOpaXKeHUs vy, OAHAKC JAJIS pasHbiX KPHLBIX 3TO MHOXKECTBO MOXeT
0KasaTbCst OJHHM M TeM ke.

Mpt OyJem HasbiBaThb KPUBYIO Y CHPAMAAEMOL, €Cid y— DYHKILHA
OTpaHHYeHHON BapuauuM; Jauxol Kpusoil y Mbet OyjleM Ha3bBaTb
unciio V (y; a, b).

Yro6sl 0G0CHOBATH 3TO OnNpefeicHue, HanoMuum, 4to V (v; @, b)—
370 BePXHss TpaHs MUOXKECTBA BCEX CYMM BHIA

Y () =Y ()] (@=xe<<Xy < .. <Xa=D).

—_
ot
<D

=

i[ i3

B sr0it cymMe i-e caaracnoe paBHO PAcCTOSIHMIO (B RY) Mexay
TouKamu y (Xi-4) M y(X;), a cama cyuMMa paBHa Jaude JOMavon
C BepuHaMH B TOUKaX Y (Xo), Vv{(Xy), ..., Y(X), pacloONOKCHUBIX
B yKazanHoM nopsaxe. Koraa auaverp pasGHeHHs CTPeMUTCs K Yo,
3T JoMalbIe NPUOTHIKATCA K MIIOYKECTBY 3vaueHuit oTo0paeHus y.
Paszymeercst, MBI 3Jech Hu4ero He 00Kas3bl8@er, a JHUIL [LITAEMCSH
oGBACHITH PA3YMHOCTL TAKOrO ONpejereHusl JAHHBI.

B HeKOTOpHIX cCJyyasX JJiHHA KPUBOH BHIPAXKAETCH HHTErpaloM
Puvana. Mpr poraxkeMm 310 A Henpepbisno Ougpeperyupye molx
KPHBBIX, T. €. AJs1 KPUBBIX Y, IIPOM3BOAHAS Y KOTOPBIX HelpephIBHA.
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6.35. Teopema. Ecau ¢pynkyus y' nenpepwsna wa |a, b], moy
CpAMASEMA, G ee ONUHQ PABHA

b

Vv ot

a

HJoxazaTenscTBOo. Ml JOKHBEL J0Ka3aTh, YTO S Y 1=V(y).
Ecan |x,, ..., x,} — pa3OueHue cermenTa [a, b], TO, KaK NOKa3bIBAIOT
TeopeMul 6.19 u 6.20,

x X,

Sive—y =3 | v <3 {vo-

i
.
i-1 Xi1

b
={1v®la,
TakK 4TO

ven< v

[Tycts &€ > 0. Beuay Toro uto QyHKuUMs Yy PaBHOMEPHO Hempe-
priBHa Ha [a, b], cymecTByer § >0, Takoe, uto |y’ (s)—7v ()| <e,
ecad |s—t|<<8. Ilyers {xo, ..., X} — pa3GueHue cermenra |a, b],
Juvamerp kotoporo menbuie 8. Ecan x;_, <<f<{x;, TO

by ()| <y (x:) |+,
TaK 4TO

%y

VIV Oldi—edr <1y () |Ax=| {1y O-+y (0 —v (14| <

i-1 Fiq
xi .'K'i

<[ § v+ § v e —v @rde<iven =y a0 |+ edx,
i1 X3
CyMMupysT 5TH HepaBeHCTBA 110 =1, ..., 7, Mbl MOJyuYHM

b

(v 1at<d) v —y) | +2e0—a)<

a i

<V(y; a, b)+2e(b—a).

BBuay mpoM3BONILHOCTH € OTCIOAA CJEAyeT, YTO S]y'lng),
H J0Ka3aTeJbCTBO 3aKOHUEHO.
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YnpaxHeHHUS

1. Tlycte ¢ynkuns o Bospactaer Ha [a, b], a<<x,< b, o Henpe-
pbIBHA B TOUKE Xo, [ (Xo)=1 H f(x)=:0, ecin x =~ x,. [lokasats, uto
f€F(a) n S fda=0.

b
2. Nlyets f> 0, HenpepwiBHA Ha [a, b] u gf(x)dxzo. Joka-

3aTh, 4to f(x)=0 npu Bcex x€[a, b] (cp. ¢ y;pamHeHHeM 1).

3. Onpenesum Tpu cynkunn By, Py, Pz Coaeayioumm o6pasoM:
Bj(x)=0, ecoim x<<0, B;j(x)=1, ecaim x>0 mpu j=1,2,3;
B1(0)=0, P (0)=1, [33(0)::»;—. [TycTo f-—orpanuuenHas o&yHKuus
Ha [—1, 1].

(a) Hoxasate, uto f€.72(Py) TOrga ¥ TOMLKO TOrAa, KOT/Aa
f(O+)=7(0), n uto B 3TOM CJyuae

{ rag,—r ).

(b) CchopmyanpoBaTe ¥ 10Ka3aTh aHAaJOTHUHBIH pe3yabTaT AJs Po.
(c) Hokasate, uto f€.%Z(f;) TOorna u TOJABKO TOrja, Korjga f
HenpepblBHa B Touke O.

(d) Ilyctp [ nenpepoiBHa B Touke 0. Jlokasath, 4TO
{ rdpy= ap. — { rap;= £ ().

4. Ucnoawdys ofo3HaueHns ynpaxHeHus 3, JOKasaTh, UTO
ps € % (By), HecmoTps Ha TO uro limS(P, B, f1) npr p(P)—0
He CcyllecTByerT.

5. Ilyets  {x,} —mnocaenoBaTeibHOCTh Pa3JMYHLIX TOYEK HHTEp-

Bama (0, 1), u nycTb ¢, >0, D) <<+ 0. Iosnoxum

a(x)= ; Cas (X — %n),

rae GyHxuus f, onpeseseHa Tak xe, Kak B ynpaxkHenun 3. Ilycts f
HenpepoiBHa Ha (0, 1). lokasaTk, uTO

(e o]

1
S fda= ) caf (xn).
0 .

i
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N
Yxasanue. TTonomuM a, (X)= 2 cnPy (X — %), do=0— a,. Coraacuo
1

N .
yiparenio 3, \ fday= Y caf (¥a). Kpome Toro, | fdazlgMV(az),
i i
1

rae M=sup|f()|

6. Ilycrs f otoGpaxaer cerment [a, b] B npocrpanctso R*, npu-
ueM f—dyHxuus orpaHduenHofi Bapuauui. Jlokasats, uto QyHKUUsS
v, HenpepbiBla B TOUKe X€[a, b] TOria M TOMLKO TOrAd, KOrja
bynxkiua f HenpepulRHA B 3TOH TouKe.

7. Ilyere f(x)=0 npu Bcex wuppanuoHaspubix x, f(xr)=1 npn
BCex paiuoHanbHblx x. Jlokasats, uto f& .92 wa [a, b] npu JnodHx
a, b, Takux, urto a<Ib.

\8/ [Tokaszats, uTo

\ xd (1x] —x) =,

O W

rie [x] —naubonanliee H3 LeARIX 4YHCe, He IpeBocXojauiux x (cM.
onpejesieHHe B YIDasKHEHHH 2 ri. 4).

9. Buuncantb QyHKUHH HOJOXKHTENbHOH, OTPHUATEALHON W N0.HO#
BapuauuH QyHKUKHA

(@) f(x)=3x2—2x3 (—2<x<2),
) f)=[x]—x (0<x<2).

10. Tlyctn [— BemlectBenHass (YHKUHS OrpaHHUCHHOM BapHalMK
Ha [a, b}, p 1 g— QyHKIIUH NOJOKHTENLHOH H OTPHILATENLHOR BapHa-
unuy  QyHKUHMH [, py H g, -— Bo3pacTamollde GYHKOUM Ha {a, b] u
f=pi—q. Torna V(p)<<V (p,) u V(9)<V (q)), rne V oGosnauaer
noaiiy Bapuanuioo Ha [a, bl.

11. Tlycte g€.% Ha [a, b]. TTonoxum

x

fo =\ g(a

a

n gt (f)=max(g({), 0), g~ ({)= —min(g(¢), 0). Horasarb, uro [—
dhysxuus orpaHuueHuoH BapHalMu Ha [a, b] u 4TO ec PyHKUMK Bapua-
ILHH 3aJaloTCA PaBEHCTBAMHU

x

lgld,  pw={gwd.  qw=1{gwar

a

v(x)=

DR
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12. Tlyers [ —dyukuus orpauuyeHHONl BapHAllMH HA CerMenTe
10, 2n} u f(2n)==[(0). IloxasaTp, 4TO Kam[slii H3 HHTErPaJoB

&)

st 2

F(x)cosnxdx, S f(x)sinnxdx
0

A

ot

se npesocxomut V (f)in mo aGeomorHofl Besnuyuue.

Yrkazanue. TlpoBeputs, 41O
2m 27 2n
n S [(x)cosnxdx= S f (x)d (sin nx) = x sinnxdf (x).
0 0 o
13. Tlyctob yq, Y2, Y3— KpHBHE B KOMIIEKCHOH ILICCKOCTH, Olipe-
nescnupie Ha {0, 2m) paBencTBaMu

Vi) =c¥.  ya(f)=er,  yy(f)=e2nitsintl/n,

[TokazaTh, 4TO 3TH TPH KPHBLIE HMEIOT OJHO H TO K€ MHOXKECTBO
3HAUEHHH, UTO Yy H Yo COPAMJSiEMbl, YTO IJAMHA KPWBOH Yy, paBua 21,
JJIMHA KPHBOH Yy, paBHA 47, a KpHBas y; He CIpsMJISgeMa.

14. Ilyers y, —kpuBas B R, 3ajaunas Ha [a, b]; nycrs ¢-—
HEUPepHIBHOE B3aWMHO OJfl03HAYHoe oOto0paxKeHHe CcerMeHTa |c, d]
na cersent [a, b], Taxoe, yro @ (¢) = a. llogoxuM, no onpeneaeHHo,
v (S} = v, (@ (s)). JLloKa3aTh, 4TO Ayra y; — [pOCTast 3aMKRYyTas CrpsAM-
JgeMas KPHUBasg TOTA2 M TOJAbKO TOTJAa, KOrAa TO Ke CaMoe BEPHO
B oTHomeHuu vy;. [lokas3aTh, UTO Yy M y; HMET OAHY H Ty Xe
LJAHHY.

15. Tiycts o Bo3pactaer Ha [a, b], f U g — KOMOJEKCHbe (YHK-
ual, npuueM f€ .72 (a), g€ % (a) Ha [a, b). JloxasaTh HEPaBEHCTRO
[Isapua

~

B

<

o 2 . e
[gdal <S | fl2da- \ g *da.

Ykasarue. ChaejoBati, AokasateabcTsy TeopeMel 1.62. BriBectn
AHAJIOTHUNBIE  PE3YJLTAT, Npejnojaras TONbKO, 4TO a— QyHKuHs
OrpaHHYEHHOH BapHalUH.

16. Ecnu j €.%2 na la, b} pns moboro b > a v GHKCHpOBaHHOTO 4,

TO [OJTOXHM
b

(Sn[' (x)dx=lim Q f(x)dx,

b-ro0 ¢
a

€8 3TOT npejeda CyIMeCTBYET; B 3TOM CJAydae MB! CBY;XQM IOBOPHUTH,
HTO HHTErpajd CXOAHTCHA.
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JlokasaTh Tak Ha3LiBaeMbl «MHTErpasibHBIA MPU3HAK» CXOAHMOCTH
psigos: ecam f(x)>0 u [ MoHOTOHHO YyGblBaeT npu x>1, TO

f(v)dx

»—nt/‘g8

CXOMTCS B TOM H TOJALKO B TOM CJydae, KOTAa CXOUHTCH Psij
[s9]
> [ (n).
n=1

17. Tlycte Gynkumn f u g HenpepblBHH Ha [a, b] u a— QyHk-
4 OrpaHHuYeHHOH Bapuauuu Ha [a, b]. Ilonoxum

JOB

fda (a<Lx<h).

KR8

Iokasats, 4TO

gdp=\ gf da.

PR R
Ao

18. Ecan y—cnpsamasieMass KpuBass B KOMILJIGKCHOH [JIOCKOCTH,
3afianHas va [0, 1], u ecan [ — KoMIjleKkcHas HenpepbisHast QYHKIHA,
3aJlaHHAsl Ha MHOXKECTBEe 3HAa4YeHHH KPHBOH vy, TO MOJOKHM, O Oonpe-
JleJICHHIO,

1
{ Frdz={ Fovandyo.
kY 0

[ycts y(0)=A4, y(1)==B. doka3aTb, uTO

(n1) { "de=Bi—A™ (n=0,1,2,3, ...).

Y

Yrasanue. Paccmorpers ciyuait A=0. Ilpu #=0 pesyabrat
Tpusdaned. onycTuM, 4To OH Beped npH HekoTopoMm f. [loJoxum
[=vY", g=Yy, a=vy H onpelejuM P, Kak B ynpaxuenuud 17.
o npeanonoxenu0 HUAYKITUH,

(1) B (1) = [y ()]
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[lpuMeHATbL yrnpaxHeHHe 17 H TPOUHTErpHpPOBATh MO YACTAM.
19. Tlonoxum
x-H-1
Foy=\ sin(@ad.

X

(a) Hokasarti, uto |f(x)|<<2/x npun x> 0.

Vkasarue. Tlonoxuts {?==u K BOCIOJL30BATLCA BTOPOH Teope-
MOH O cpejiieM 3HaueHHH.

(b) Haittu Bepxmuil u HUXKHUE npegeant (QyHKuuH xf(x) npH
X —> CO.



FJIABA 7

MOCJIEXOBATENLHOCTH
U PAAbl ®YHKUMUNA

B 5Toli raaBe MB! yAenuM OCHOBHOE BHHMMAHHE KOMIWICKCHO3HAY-
HBIM (M TeM CaMblM BeUIECTBEHHOIHAUHLIM) (QYHKLHMAM, XOTS MHOTHE
TeopeMbl M JNoKasaTenncTsa Ge3 Tpyjaa TepeHoCHTCs] Ha caydadl Bek-
TOPHOZH@UHBIX (PYHKUMIT H JaxKe oToOpakeHnil B 0OlilHe MeTpHUeCKHe
npocTparcTBa. Mol npennounTaeM orpadMuHThLCs  GoJiee  NPOCTHIM
KJlaccoM QYHKIHA S TOro, 4To0Bl CKOHUEHTPUPOBATH BHHUMAHHE Ha
Han0o.ee BaXKHBIX BOMPOCAX, BOHHKAIOUMX [P H3MEHEHUH TIOPAAKA
npejesabHbX 11€peX0/0B.

BroaHble 3amMeyaHus

7.1. Onpenenenne. Ilycrn {f,}, a=1,2,3, ... . —nocie-
HOBATENbHOCTL MYUKIMH, OnpeieTeHHbX HA Muoxkectse E, H nycTb
[I0CJIeI0BATENbHOCTL uHcen {f, (x)} cxoaumress npu Kamaowm x& E.
Torpa msl Moxenm onpefenitb GyHKHEMO f, mosaras
(D f(o=limfx(x)  (x€E).

n

~>0

B nono6mbix cayuasx Mbl OyfeM roBOpPHTb, 4TO HOCJ/eA0BATILHOCTD
{f»} cxonurca Ha muOXecTBe E U ut0 [-—npedes, ulu npedesras
pynkyus, nocacgosateasuoctu {f,}. Muorga mul 6yiem roBopuTh,
YTO TOCJEI0BATENRHOCTD {fn,} cXoputest ¥ QYHXKUHH [ nomouedno
Ha MHoxectse E, ecnu BrmosaseHo yoaosue (1), Axajgoruadso, ecau
pan ) fn (%) CXOMUTCA TpH JIOOM X € E, To Mpl mosaraeM, fo onpe-
LeJIeHnio,

L]

(2) f)=2 fa(x)  (x€F),

n==i

npuiem QYHKUMS [ HasblBaeTca cymmoil paga ) fa.

[naBHas n3 BO3HMKAIOLIHX B CBHA3H C STHMH  ONpPENC/ICHHAMH
1pofieM TakoBa: BHISCHHTH, COXPAHRIOTCA JM BaKHeHLIMe cBOiCTBa
(QYHKIHA OpH BHTOMHEHHH NpefledbHuX omepansil (1) u (2). Hanpu-
Mep, ecan QYHKUMA f, HENPepulBHLI, WIH IHpPepeHuUdpyeMs!, HId
HHTErpUPYeMbl, TO BEDHO JIH TO K€ CaMOe B OTHOLIEHHH TIPelebHON
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¢dbyHkuuu? KakoBbl COOTHOWIEHHS MEXAY, cKaxeMm, f[n H [ HJIH
MEXJy HHTerpa/jamu ot f, W or f?
HenpepoiBHOCTD GYHKUHH [ B TOYKe X O3HA4aer, 4To

Hm  (t) = [ (x).

3HauuT, COPOCHTh, OyIEeT JaH TNpezes TNOCJe/0BATENBHOCTH Herpe-
DPHIBHBIX (YHKUHA HenpepslBHOH (pyHKIMeH, 5TO BCe paBHO, YTO
CIPOCHTb, BEPHO JIM PaBEHCTBO

lim lim f,, (¢) = lim lim f, (),
(3) t—»>x n—o>oo Nn-+0 to5x
T. €. BaXEeH JHU MNOPSANOK, B KOTOPOM OCYHUIECTBJAAIOTCH MpeLesibHbIC
nepexoAsl. B JieBoll yacTH pasBeHcTBa (3) MBl CHayasna yCTpeMJsieM
n K co, 3ateM [ K x; B NpaBod YacTH-—cCHadajga f[—>-Xx, a 3aTeM
n— 0.

Mpbl nokaxkeM cefiuac Ha npuMepax, 4T0, BOOOlle TroBOps, ABa
npenenbHBIX [lepexoja HeJsib3sl TepecTaBHTh 0e3 Toro, 4tobbl 3TO
He TOBJIUAJO HA Pe3y/bTaT. 3aTeM Mbl AOKAaXKeM, 4YTO MPH HEeKOTO-
PbIX YCJOBHAX TMOPSIAOK, B KOTOPOM BBLINOJHAIOTCS ONEpalMH rnpe-
JIeJIbHOTO Tepexoja, He HMeeT 3HayeHHs.

Hawr nepBbit M npocrefilinfi npuMep CBSI3aH € «BOHHOH nocJe-
JIOBaTeNbHOCTBIOY.

7.2. llpumep. Qna m=1,2,3, ..., n=1, 2,3, ... TOJOKHM
s . m
™ m4nt
Torna npu KamxaoM QUKCHPOBAHHOM 7

limspy, n=1,

m—-0
TaK 4TO
(4) lim lim sy = 1.

n—>co M—>o0

C papyro#i CTOpOHBI, NpPH KaxaoM (PUKCHPOBAHHOM m

lim sp, n=0,
n—+o0

TdaK YTO

(5) lim limsy, ,=0.

TRH=>C0 N—>0

7.3. l1pumep. Ilycts

2
fn (x)=(l—+xx—25;; (x Bewectsesno, n=0,1,2,...),
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H NyCTh
(6) Fo=2 h=2 iz
n=0 n=0

Taxk kak f,(0)=0, 1o u f(0)=0. Pan (6) npeacrapaser cymmy
reoMeTpHYECKOH mporpeccHd, H HpH x==0 31a cymMMa paBHa | - x2.
3Hauur,

0 (x=0),

™ 10={ 14 amo,

TaK YTO CXOJSUIMHACA PAJ, COCTABICHHBIA M3 HENpPEpPbIBHLIX QYHKIHH,
MOMKET HMEeTb DPa3phiBHYIO CyMMY.

7.4. Mlpumep. [lpp m=1, 2, 3, ... nonoxum
fm (x) = lim (cos m! mx)2",

Ecaun m!x—uenoe uucao, 10 fn,(x)=1. [las Bcex ocTaJbHBIX 3Ha-
yeHUH x umeeM [ (x)=0. Tenepbp noJyoxum

F (6) = lim i ().

Eciu x — uppauHoHaJbHOE 4HCJIO, TO [ (x) =0 mpu Bcex m, 3HaYHT,
f(x)=0. Ecnim x— panuonanbHOe YHCJO, CKaxKeM, X = p/q, TO IpH
m>> g nupousBelieHHe m!x —ueJoe 4HCJI0, Tak 4To f(x)=1. 3Hauur,

{ 0 (x uppaulMOHa/IbHO),

- : ! 2"
(8) lim lim (cosm! nx) | (¥ panHOHAbHO).

m-—>0co0 N—>0
Takum 0GpasoM, Mbl -TIOJIYYHJIH BCIOJY pa3sphiBHYIO IIpelelbHYIO

byHKuMO, KoTOpas He HHTerpupyema no Pumany (ynpaxheHue 7,
ra. 6)

7.5. [Tpumep. Ilycts
9 fn (%)= sin nx (x BemectBeHHo, n=1,2,3, ...)

“—_‘/—’—1—

F () = lim f (1) = 0.

N~» 0O

H

Torpa f'(x)=0, Ho
fa(x)=V ncosnx,
tak yro {fn} He cxomurcs K f’. Hanpumep,
fa@=Vn—+o

npH n—> oo, torga kak f'(0)=0.
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7.6. Tlpumep. Ilycts
(10) fax)=nx(1—x3)" O<x1, n= 1,2 3, ...).

Ecin 0<<x<1, 10
lim f,(x)=0

no teopeme 3.20 (d). Bsupy Toro uto f,(0)=-0 npu BcAKOM n,
(1D lim f, (x)=0 oLrgh.

n—»co
I'Ipocme BLIYHCJICHHE TOKAa3blBAe€T, 4TO
1

S x(I—-x¥)'dx =—5—5 .

0

Takum o6pasoM, necmotpsa nHa (11),
1

2

S fn(x)dx=2n—':'j—2—>oo
1]

NpH n—> co.
Ecan B (10) 3aMenuTs ko3dduument n® na n, 1o (11) Bce eme

BbINOJIHAETCS, HO Tenepb
1

lim g fa(x)dx= lim

N~ 0 n-+co

_n _1
2n-+27 2
TOrjAa Kak

1

§ [lim f, (x)] dx = O.
-0 n-»e0

Taxkum o6pasom, mpejien MHTErpana He 06s3aH COBNAJAATb C HHTE-
rpajioM OT npejena Jaxe Torja, Korja o6a 3TH mnpejesa KOHEUHH.

Ilocne 3THX mpHMEpPOB, NOKa3LBaOIMX, 4TO 6e33a60THAs nepe-
CTaHOBKa NOpPAJIKA NPEAEJIbHLIX IEPEXO0B MOXKET NPHBECTH K OLIMOKe,
Mbl ONpeje/iMM HOBBIA BHJ CXOZHMOCTH, 60Jjee CHJBHBLIH, ueM
noToYeyHasl CXOJMMOCThb, ONHCAHHAS B onpefefeHnH 7.1. DTOT HOBLI
BHJl CXOJIHMOCTH IO3BOJIHT HaM TNPHATH K TOJIOKHTENbHBIM pPe3yJib-
TaTaM.

PanHomepHasi CXOAMMOCTb

7.7. Onpepgenenne. Mu OyseM TOBOPHTb, YTO MOCJENOBATEb-
HocTh dyHKRuMi {fn}, n=1, 2, 3, ..., CXOLHTCS pasHoMepHO Ha MHO-
xkectee E K dyHkums f, ecnm ans mo6oro e >0 CYyILIECTBYeT lieJjioe
uncao N, Takoe, 4To NpH n> N HMeeM
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(12) [fn ()= (¥)[<e
0as ecex x€E.

SlcHo, uTO KakJas paBHOMEDHO CXOASIIASICH IOCJIELOBATENbHOCTD
CXOAHTCSl M MOTOYeYyHO. Pasnuua Mexay 5TUMH ABYMS NOHATHAMH
3axJjodaercs B caenyiomeM. Ecau nocsegobatensHocTs {f,} cxomuTest
notoyeyHo Ha E, To cyuectByer ¢GyHKUMS f, Takas, 4To s J060ro
>0 u pna moboro x€ E cymectByer nenoe uydcso N, 3aBHCsIee
oT & u om x, Takoe, uyro (12) BeImoJaHstercss npH s> N; ecad xe
{fn} cxomurca paBHOMepHO Ha E, TO MOXHO NOpH KaxjIom & >0
HaliTH odno uenoe uucjo N, KoTopoe GyieT roguTucd npu scex x € E.

M 6yfeM IOBOpHTb, 4TO Psf D fn(X) CXOAMTCH paBHOMEPHO
Ha MHOmecTBe [E, ecsaH NOC/e/0BaTeNbHOCTh {S,} YACTHHIX CyMM,
onpejie/ieHHBIX PaBEHCTBOM

a (0= 2 [ (%),

pPaBHOMEPHO CXOJMTCSI Ha MHoXectse E.
Caenywomas Teopema npezncyanasieT coGoii kputepuil Kouwn pasho-
MEPHOH CXOJHMOCTH.

7.8. Teopewma. Ilocaedosamenvrocms pyuryuii {f,}, onpede.aen-
uolx Ha E, cxodumcsi pasnomepno na E moeda w moasko moeda,
K020a 0% amoboeo € >0 cywecmeyem yeaoe N, makoe, umo npu
m>N, n> N, x€ E umeem

(13) ]fn(x)_fm(x)]“<~8

HokasarteabcTtso. JonyctuM, uto {fn} CXOZHTCH paBHOMEpHO
Ha E, u nycte [—npefenbHass yHKIiluS. "[ orja CyIIecTBYeT LeJoe
yncao N, Taxoe, uto H3 n> N, x€ E c/ieayeT HepaBeHCTRO

) —F ) <5,
TaK 4TO
!fn(x)'_fm(x)]\<i /F,L()C)*~f(X)IA{*]f(X) ”‘fm,(x)igew
ecit n>N, m>N, x€E.
O6patHo, nycTb Beinosusercs ycaosue Kown. I'lo teopeme 3.11

nocneloBateibHoCTh  {f, (X)} CXOAMTCH HpH KaXIAOM X K Ipeleny,
KOTOpHIl Mbl 0003HauuMm uepes f(x). Mni Jo/KHB [0KasaTb, 49TO

CXOUMOCTb DaBHOMEpHa.
[Tycte 3apano umcao & >>0. Beilbepem N Tak, 4toObl BHINOJHS-

Jdock (13). 3abukcupyem n u ycrpemum m K co B (13). Bauay Ttoro
4T0 fm (x)— [ (x) npu m—> co, nojayuaeMm
(14) o (x)—F(x)<e

npu Jwobom n> N u moboM x € E. JlokasaTe/bcTBO 3aKOHYEHO.
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Huorpa noJiesed caefyloiinil KpHTepHH.
7.9. Teopema. Ilycmes
Him f, (x) = f (x) (x€E).

n—»w

Mn == SUP ‘ fn (X) —‘f (x) ?
x€E

Hoaoxcum

Toeda f,—>[ paswosmeprno na E & mom u moapko 8 mom caydae,
koeda M, —> 0 npu n—> co.

Mbl He npuBoguMM TOAPOOHOrO JIOKa3aTeNbCTBA, TaK Kak 3TO
yTBEpXKjeHHe HelNoCPeACTBEHHO cJelyeT H3 onpejesaeHus 7.7.

Befiepiutpaccy npHHAAJEXHT O4YeHb YAOOHBI NPU3HAK paBHOMEp-
HOH CXOAHUMOCTH PSiJI0B.

7.10. Teopema. [Tycme {f,}— nocaedosamesvrocmo @ynkyud,
onpedeseHHbIX Ha mHoxcecmee E, u nycme

)| <M, (x€E,n=1,23,...).

Toeda psad an cxodumces pasromeprno Ha E, ecau pad ZM,,
cxsdumcs.

3ameTuM, uTO 00paTHOE He yTBepKJaeTcs (M B JACHCTBHTENLHOCTH
HEBEPHO).

JokasartensctBo. Ecau pan ZMn CXOJUTCH, TO INpH J060M

e>0
m

| D)< AM<e  (x€E),

i=n i=n
€CJIM TOJIBKO 11 H n JOCT4ATOYHO BEJIHKH. paBHOMepHaﬂ CXOJHMOCTb
BLITCKaerT TENEPDL H3 TeOpEeMbI 78

PaBHomepHaﬂ CXOAHMOCTb H HENPEPLIBHOCTD

7.11. Teopema. ITycme fro—>[ pasHomeprno Ha ncOmMHOmNcE-
cmee E Hekomopoeo mempuyeckozo npocmpancmea. Ilycme x — npe-
Oeavnan mouka mrosxcecmea E, u nycmo

(15) lim f, () = A, (n=1,2,3,...).
tx
Toeda nocaedosamesvrocms {A,} cxodumes u
(16) lim f (¢) = lim Aj.
tox Nn->0

HMubiMH csioBaMH, B JIAaHHOM cJyuae
(17) lim lim [, ({)= lim lim f, (f).

t—x n—yoo n—00 t->x
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HoxasareabctBo. Ilyers €>0. B cuny paBHOMepHOi cXO-
AHMOCTH mocJepoBatesnbHOCTH  {f,}, cymecTByer Takoe N, uTO
3 n>N, m>N, t€ E caepyer HepaBeHCTBO

(18) lfn(t)“‘fm(t)l<3-
[Tonaras B (18) {— x, monyyaem
lAn’_‘Aml<3

npu n>N, m>N, T1ak uro {A,}—nocrenoaresbHocts Koy,
H neroMy cxonutcsi. OGosHaunM ee npejes uepes A.
Hauee,

(19) T —AIKIF@O)—=[n@ [+ a()—An|+]An—A
BriGepem chavana n Tak, 4TO
(20) PO —fa(t) <2

npH Bcex (E€E (3T0 BO3MOXHO B CHJy PaBHOMEPHOH CXOIZHMOCTH)
H YTO

(21) | An—Al< 5.

3atem anst 3TOro n Mel nojGepeM TaKyI0 OKPECTHOCTb V TOYKH X,
uto M3 €V, t5%4x caenyer

(22) | ()= An] <5 -
[NoactaBaas nepaBenctBa (20), (21) u (22) B (19), MBl noayuum
() —Al<e

ans Bcex t€V, {s=x. Ho 310 paBHOCHIBHO paBeHCTBY (16).

7.12. Teopema. Ecau {fpn}—nocaedosamervrocme ¢ynryuil,
HenpepolsHbix Ha MHOxcecmee E, u ecau [, — [ pasHomepro wHa E,
mo u ¢ynkyua [ Henpepviena Ha Mmrozcecmae E.

DTOT OueHb BaXKHBII pe3ysbTaT cpasy cjaefyer H3 TeopeMsl 7.11.

OG6paTtioe HeBepHO, T. €. I[IOCAENOBATEJbHOCTb HEMpPEPLIBHBIX
({YHKUHA MOXXeT HepPaBHOMEPHO CXOJAHTbCS K HelpephBHON (QYHKIMH.
CooTBeTcTByWIHE NpuMep JaeT nochegosBateabnocts (10) u3 n. 7.6
(nns TOoro uyTtoObl yOeIMTbCS B TOM, YTO 3Ta NOCJEA0OBATENLHOCTH
CXONHTCS HEPABHOMEPHO, JOCTATOYHO NpPHUMeHUTH TeopeMy 7.9). Tem
He MeHee B HEKOTOPBHIX CJy4adaX MOXKHO YTBepXKAaTh ofpaTHoe.
B uwacTHOCTH, HMeeT MecTO CJeAYIIlasd Teopema,

7.13. Teopema. Ilycmv mnoscecmso E komnaxmwuo. I[lycme
{fn} — nocaedoeamesvrocme yuryul, Henpepvisuoix na E, cxods-
wancs & nenpepolenoii gynkyuu f wa E. Ecau [n(x) > foe (x) npu
n=1, 2, 3, ... u npu mobom x€E, mo f,—> [ pasrnomepro na E.
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HoxasarenbctBo. IlonokuM gn(x)=f,(x)—f(x). Toraa
gn —HempepuiBHas QyHKUMA, g,—>0 H g, > gnyy. Mbl  JOIKHBH
JloKasaTtb, 4To g, —> 0 paBHOMepHO Ha E.

ITycts £>0. Tlpu mo6oM x€E cyluecTByeT wueJoe YHCJO fiy,
Taxkoe, UTO

0< gn, (<5 -

B cuny HenpepeiBHOCTH (YHKUHMH g, ¥ MOHOTOHHOCTH MOCJENO-
BATEJbHOCTH {g,} CYIIECTBYeT OTKpuIToe MHOXecTBo J(x), comep-
JKallee TOYKY X H TaKoe, 4TO

(23) 0<gn()<e,

ecy tEJ(X) H n > n,.
ITockompky E — KOMNAaKTHOE MHOXKECTBO, CYLIeCTBYeT KOHeuHoe
MHOXKeCTBO TOYEK Xy, ..., Xm, TAKHX, YTO

(24) EcJ@x)U...UJ (xm).
[Tonaras
N =max (N5, Nags -« +y Na)s
Ha OCHOBaHHH (23) H (24) MBI 3aKJIOUaeM, YTO
0L gn(f)<e

npu Beex t€E, ecam n>N. TeMm caMbiM JOKa3aHO, YTO CXOAHMMOCTH
paBHOMepHa.

OTMeTHM, 4TO KOMIIAKTHOCTh 3J€Chb CYUleCTBEHHA. Hanpnmep,
€CJIH

(25) fn(x):-al_l_—l— O<x<l,n=1,23,...),

TO fa(x)— 0 MonoronHo Ha (0, 1), HO CXOAHMOCTb HEpPABHOMEpHA.

PaBHomepHan CXOAHMOCTL H HHTETrPHPOBAHHE

7.14. Teopewma. ITycmo a — moromonro goapacmatowas Ha [a, b]

¢ynryusa. Iyemo [, € R(a) na [a, b} npu n=1, 2, 3, ..., u nycmeo
fn—> [ pasnomepro wa la, b}. Toeda [€ R (a) Ha [a, b] u

b b
(26) S fda= lim S [ da.

a

(CyumecTtBoBanue npejena B (26) 3apaHee He mnpejmnosaraercs.)

HokasareabctBo. JlocTaTouHO JOKa3aTh TEOpEMY AJis Bellle-
cTBeHHBIX f,. TlycTs 3apano e > 0. Brifepem 1 >0 Tak, uto

(27) e () —a (@<~ -
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CywmecerByer Takoe LeJoe M, UTo
(28) @ —=f@<n (a<xgh),

TaK KakK CXOJHUMOCThH paBHOMEpHA.

3aduxkcupyeM n u BbiGepeM pasbuenue P cermenra [a, b] Tak,

4TO0B HMETHb
(29) U(P, f, @) —L(P, [n, @) <5
DTo BO3MOKHO 1O Teopeme 6.6.
Hockoabky f(x) < fn(x)--1, u3 (27) nanee BbITE€KaeT, uTQ

(30) UP, [, &) <UP, o)+ 5,
a Tak Kak [ (x)> fp(x)~—mn, TO
(31) L(P, [, @)= L(P, fa, 0)— 5 .

Kom6uunupyst (29), (30) u (31), noayuaem
(32) U, f,a)—L(P, [, a)<s,

OTKyja cjeayer, 4to [ €.4 (a) Ha [a, b] (1o Teopeme 6.6).

Jast poxkasatennctBa paBencTBa (26) BhGepeM Taxkoe N,

u3 n> N caenyer
() —f)<e  (a<<x<D).
Torga mpu n >N

H b b b
\gfda—ifndai“ S f—1Tn)d gif folda<C
ela(b)—a(a)l

[Tockoabky & >0 npousBosbHO, OTCIOAA BHITEKaeT (26).
CnencrBue. Ecau fon €. % (a) Ha [a, b] u ecau

[W=Dat)  @<x<b)

npuvem pad cxodumes pasHomepro Ha la, b], mo
b

Sfda:

a

iI[\/‘5

anda

HMBnivMu CJ0BAaMH, pgJd MOKHO HHTErpHpOBATL NTOYJIECHHO.

4TO
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HpH H3YUECHIHH HOCH@ILOBaTeJleOCTEﬁ HHTErpaJsoB svAa
b

{1dg  (n=1,2,3 ...,

@

rae Gyukuusg [ HernpepelBHA, a QYHKUMHM g, —OFpaHHUEHHOH BapHa-
UMK Ha [a@, D], o6HapyXHBaeTCs, UTO paBHOMEpHAsl CXOJAUMOCTD TIOC/e-
JOBATENABHOCTH {gn,} K g— yCJoBHe, €Lle HeA0CTaTOYHO CHJbHOE,
4TO0bl 06eCeunTh PABEeHCTBO

b

lim S i dgn == § f dg.

—> 20
a

7.15. [Tpumep. Ilycts

(33) gn (x) = i‘%}’if 0<x<2m,n=1,2,3,...)
n

H

(34) f)= D) Tnl'é cos mbx (0 < x < 2m).
me=1{

Ilo teopeme 7.10 psiz B (34) cxoautcd paBHOMEpPHO, TaK 4TO
¢yuxuusa [ senpepoiBHa Ha [0, 2m). Kpome Ttoro, g,—>0 pasno-
mepro Ha [0, 2n]. Tenepb 3ameTuM, 4TO

2n 2n 2n
§ fdg,= S fgndx=1Vn \. f (x) cos nx dx.
0 0 0

0

yMHO)KEHHbm Ha cos nx, TaKxe cxo,qmcs; paanomepuo, H Mbl MOKeM
[IPOHHTETPHPOBAThL ero noudeHHo. Ilockoabyy
o
S cos nx-cosmx dx ==0,
0
KaxoBbl Gbl HY OLIIH PA3JIHYHLIE NMOJOKUTEJABHLIE UHCJAA M1, 1, UMeeM
‘Z’ft 2m
V'n \ f(x)cos nxdx == p? K —; cos? pSx dx = pm,
0 0
T4K 4YTO TpH n=pb

degn =T l/”
b
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27

Takum ofpa3om, uHcna B fdgn . 1 WIOT HeorpasnHYEHHYIO TOCHe-

0
J0BaTeJbHOCTh, XOTHA gn—>0 pPaBHOMEPHO.

Tenepb MBI cdopmysupyeM HMeWILHHACH 31eCh NOJOXKUTEJbHEI
pe3yJbTar.

7.16. Teopema. Ilycmo {g,} — nocaedosamesvrocme GynKyul
oepanudentoll eapuayuu Ha [a, bl, npuvem gp(a)=0, u nycme g—
maxas pyHkyua, 14mo

(35) lim V(g —gn) =0

u g(a)=0. Tozda 0Oan mobol ¢ynkyuu f, Henpepoigrot nHa la, b),
umeem

b b

(36) lim S fdg. = S fdg.

n-»00
a

Kpome moeo, g,—> g pasHomeprno Ha {a, b).
3nech V, kak oGbI4HO, 0603HaYaeT MNOMHYIO BapHauMio Ha [a, b].
HdoxasarenbcTBO. Beneacreiue HepaBeHCTBa

V(@)<V(gn)+V(g—gn)

(teopeMa 6.24) g-— QyHKUMSN oOrpaHHuYeHHOH BapHauuu Ha |[a, b],
Tak 4yTo Bce HHTerpasnl B (36) cymectBylor. Ilycre |f(x)|<<M
Ha [a, b]. Toraa

b b b

| § rdg—§ 1dgn|=| rate—gn|< MV @—gn),

a a a

1 (36) cnexyer u3 (3b).
Kpome Toro, g,—> g paBHOMEpHO, TaK Kak

lg()—gn(¥)|<V(g—gn) (a<x<b)

3ameTHM, YTO NpEATOJIOKEHHe gn(a)=g (a)=0 cuenaHo TOJbKO
panu yjaobersa. Ilpu6aBuB nocTosiHHBIE ¢ K QYHKUHAM g,, Mbl HE
H3MEHHM HHTErpajoB, a CXOAHMOCTb IIOCJeJOBaTebHOCTH {gn (X)}
AJIS OHOTO 3HaYeHus x € [a, b}, KaK Jierko nokasaTth, BjaedeT 3a co6oi
PaBHOMEPHYIO CXOAHMOCTb.

3a ApYrHMH OTHOCSUIMMHCS CIOJa pe3y/bTaTaMH MBI OTCHLIaeM
K ynpaxHeHusM 9 u 10.
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PaBHOMepHasi CXOAHMOCTH H autdepeHupoBaHue

Mbpl yxe BuieaH B mpuMepe 7.5, UTO M3 PABHOMEPHOH CXOAMMOCTH
MOCNEHOBAaTENbHOCTH {f,} He cjlefiyeT Aame MOTOUEUHON CXOAHUMOCTH
nocsefoBatenbiocTH {fn}. Takum ob6pasoM, HYXHBEI GoJlee CHJbHBIE
APeANoJIOXeHUs, 4TOOE 3aKJMIOYHTb, 410 fn~—> f' npH f,—> f.

7.17. Teopema. ITycmo {fn} —nocaedosamersrocmes Ougpghepen-
yupyemotx ¢ynxyuld na la, b, makas, umo nocaedosamenbHocms
{Frn (x0)} cxo0umcsa npu Hexomopom x,€[a, b}. Ecau nocaedosamens-
Hocmo {fn} cxodumcs pasromepio na [a, b], mo u nociedosamens-
Hoeme {f,} cxodumes pasHomepwno Ha la, b] & Hekomopoil ¢ynkyuu f,
npusem

(37) Fir)=limfa(x)  (a<x<b).

HokasarteanbctBo. Ilyere £>0. BoiGepem Ttakoe N, uTO
w3 n>N, m>N cnenyer

(38) ‘fn(xo)“"fm(xo)‘|<-8-
H
(39) |~ ()| <5=g (@<t<b).

Ecan Mbl npumenuMm TeopeMmy 5.20 0 cpeineM 3HaueHHH K (DYHKIMH
fn—fm, TO, Kak nokaswiBaeT (39), Ml MoJyyum

€

(40) |fn(x)_fm(x)’_"fn(t)+fm(t)|<i;%;”_§v<?

npy MoObIX x M ¢ u3 [a, b] naga n> N, m> N. U3 HepaBenctra

[ ()= Fm () | < () — Frn () — F (%0) + Frn (X0) [+ f (X0) — Fm (x0) |
caenyer, B cuay (38) u (40), urto

[fa()—Im(x)[<e (a<x<b, n>N, m>N),
a noromy {f,} cxoAamMTCA paBHOMepHO Ha [a, b].. IlycTs
@ =limfn() @<x<b).
3adukcipyeM TOYKY X cernmeHTa la, b] u noaoxum
(41) @n (£) = fn (t fn (X) @ (t) = f(f) f(X)
npH a< t<h, t==x. Torna
(42) limgn () =fax)  (1=1,2, 3. ...).
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[lepBoe HepaBenctBO B (40) mokassiBaeT, 410
[ on () —om ()| <55y (1N, m>N),

nostoMy {¢p} CXOAHTCs paBHOMepHO NpH [=%x. Ilockonsky {f.}
cXoAnTCst K f, TO, B cuay (41),

(43) lim ¢ () = @ (1)

PaBHOMEPHO Ha MHOXeCTBe BceX f, TaKHX, 4TO a<{f{<b, fs-x.
IlpuMensis K nocsefosatesbHOCTH {@n} Teopemy 7.11, aaxkaioyaem
Ha ocHoBaHuu (42) u (43), ytO

lim @ (f) == lim f,, (x),

t—x n—rco
a 970, B CHJy onpejeneHuss QyHKumH ¢ (), ¥ ecTb (37).

3aMmeuanune. Ecau JOMNOJIHUTEJALHO NPEANOJOXKHTb, YTO (PYHK-
IIHH [, HENPEpLIBHBI, TO MOXKHO NOJYYUTb TOpasfo OGojee KOPOTKoe
JlOKa3aTenbCTBO pabencTBa (37), onupamoumeecs Ha Teopemy 7.14
1 Ha OCHOBHYIO TE€OpPEMY HHTErpa/bHOrO HCYHCJIEHHS.

7.18. Teopema. Cywecmsyem eeuecmeeHHas HenpepoleHAS
HQ BeWecmeeHHol npamoli Gynkyua, komopas Huede He Oughghepen-
yupyema.

HokaszateabcTBo. [lonoxum

X O<x<]),
44 X) =
(44) P (x) {Q—x (0<x<2)
U JOONpecauM @ (X) Jsl BCeX OCTaJNbHDLIX BELIECTBEHHBIX X, MOJaras
¢ (x+2)= ¢ (x).

Torna ¢yukunust ¢ uempepsiBia Ha RY. Ilycto

(45) TS (5 )o@,
0

n=

[Tockoabky 0@ <1, To, KaK mokasbiBaeT Teopema 7.10, psix (45)
CXONUTCst paBHOMEPHO Ha R, Tak uT0 GYyHKuUMS f HempepblBHa Ha R!
no teopeme 7.12.

3abukcupyeM Tenepb BeLIECTBEHHOE YHCAO X H MOJOKHTEJILHOC
nejoe m. CyuecTsyeT nesaoe k, Takoe, uTo

{46) 4™ x < k+1.
[TonoxuMm

(47) “m - 4«.’11}2‘ m = 4—771 (k 'f‘ l)



Pasrocmenenno Henpepuuble cemeilcmea Gynkiyuii 173

4 paccMOoTpuM uHcaa 4"Bp,, u 4"an. Ecau n>m, T0 X pasHOCTh—
YeTHOE 1leJI0e; €CJIM fi==m, TO OHH lieJble, a MX pPa3HOCTb paBHa I;
€CJH n<m, TO MeXJy HHMH HE JIeXHT HH OJHO I1leJ0oe YHCJIO.
3HayHT,

(48) | @ (4"Bm) — ¢ (4"am) | = {
Coraacro (45) u (48),

0’ ecay n>m,
471-!!1’ ecJin n<{m.

B —f (am) = 2 ()" 10 @) — g (4"a)l;

n=0
cJeloBaTeNbHO,

m—1
F@—F @)= (5) =2 (§) =5 ()"
Wl "
(49) | L) = @) | ; qn

Teopema 5.19 u nepasenctBo (49) noxaseBaioT, 4TO (QYHKUHA [
He JuddepeHuupyeMa B TOUKE X, TAK KaK Up << X< P H Bn—0p —>0
IpH m—> co.

PastiocTeneHHo HenpepbiBHble cemeiicTBa QPyHKIMI

B Teopeme 3.6 Mbl BHJAEJH, YTO Kax/[as OrpaHHYeHHas IOCJ]eL0-
BATEJIbHOCTb KOMILJIEKCHBIX UHCEJ COREPKHUT CXOASIUYIOCS TOAMNO-
CJIEIOBATENILHOCTL. BO3HHKAET BOMNPOC: BEPHO JH UYTO-JHOO 10J00HOe
Jas niocaefoparteasHoctel GyHKuui? UToObl YyTOUHMTH 3TOT BOIpOC,
Mbl OIpejeqHM [1Ba BHAA OrPAaHHYEHHOCTH.

7.19. Onpenenenune. [lycts {f,} —nocaexoBarenbHocTb GyHK-
1, onpene’enHbIX Ha MHOXecTBe E.

Mbl Oy/1eM TOBOpHTb, YTO TOCJAEROBATEJLHOCTh {[,} nomowedno
oepanudera na E, ecan nochaejgoBarteibHOCTb {f, (X)} orpaHudeHa npu
KaxaoM X €L, T. e. ecau CcylecTByeT KOHeyHO3HauHas (PYHKUHA @,
onpejpencHnast Ha £ ¥ Takasi, 4T0

() l<<g(x) (x€E, n=1, 2, 3, ...).

Mbi rOBOPHM, UTO TOCJEAOBATEJBLHOCTDL {f,} pasnomepro oepanu-
yewa Ha MHOXKecTBe E, ecnu cyliecTByer uucao M, Taxoe, uTO

() |<M  (x€E, n=1,2,3, ...).

Ecau nocnegosaTenbHOCTh {f,} IOTOYEUHO OrpaHHYeHa Ha MHOXKE-
ctee E, a E;—cuetHoe MOJIMHOXKECTBO MHOXkKecTBa £, TO Bceria
MOXHO HAHTH NOATOC/IE0BATENbHOCTE {fy,}, TAKYIO, 4TO MOC/IEL0Ba-
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TeNbHOCTD {fn, (X)} OyAeT cXOAMTHCS NpH KaxaoM x € Ey. 310 MOXHO

cAesaTh C MOMOIIBIO IHATOHAJILHOTO Npollecca, KOTOPLIH HCOJAb3yeTcs
HHXKE IIpH J0KasaTesibcTBe TeopeMbl 7.23.

Onuako saxe B ToM cJayuae, Koria {f,}—paBHOMepHO orpaHu-
YeHHasi TMocJe0BaTeJbHOCTh HeNpephiBHBIX GQYHKUHMHA Ha KOMIAKTHOM
mHoxecTBe E, He 0653aTe/bHO CyLIeCTBYET MOAMNOCJ/EAOBATELHOCT,
cxojisimancy noroyeyso Ha E. B npHBOAHMMOM HHiKe NpHUMepe ObljIo Gbi
3aTPYAHHTEJBHO [0Ka3aTh 3TO C I[IOMOIIBIO CpEACTB, KOTOPHIMH
MBI pacrojiaraeM B HAacTOSINMH MOMEHT, HO [OKa3aTeJIbCTBO OKashl-
BaeTCs COBCEM MPOCTHIM, €CJIH COCJaThbCsl HA TeopeMy u3 ri. 10.

7.20. Ilpumep. Iycts
fo(x)=sinnx 0<Lx2n, n=1, 2, 3, ...).

HonycTum, 410 CymecTByeT CTPOro BO3pacTalollas MnocaefoBaTelb-
HOCTb {np}, Takas, YTO IOCJeEJOBATENLHOCTb {Sinnyx} cxoautcst npu
KaxaoM x €[0, 2x). B sToM cayyae Mbl IOJydHM

lim (sin npx— sin ng4x) =0 O x g 2m);
k=0

3HAYUT,

(50) lim (sin ngx—sin npx)2 =0 (0 << x< 2m).
R—oo

[To Teopeme JleGera 06 HHTErpHpPOBAHHH OrPAHHYEHHO CXOAALIMXCA

nocJsefopatesibHocTelt (Teopema 10.32), u3s (50) caemosano 6bl, uTO
2%

(61 lim S (sinnpx—sin ng.1x)? dx =0.

h—>oo

0
OpnHako mpocToe BBIYHCJEHHE AaeT
2r
X (sin ngx—sin np4 x)2 dx = 2m,
0

4YTO NPOTHBOPEYHT paBeHCTBY (51).

Jlpyro#i Bompoc TakoB: BCSKas JH CXOASIASICS MNOC/eA0BaTe/b-
HOCTb CONEDPXKHT DaBHOMEDHO CXOJSIULIYIOCS MNOAMOC/ENOBATENbHOCTD?
Chnenyroluit Hall NpUMep HOKa3biBaeT, 4TO 3T0 He 00653aTesbHO
HMeeT MecTo Jaxe B TOM cJiyyae, KOrja MOCJ/ef0BaTeNbHOCTb (Herpe-
PBHIBHEIX (QyHKUHMH) onpejeseHa Ha KOMNAKTHOM MHOXKECTBE H DaBHO-
MepHO orpanuuena Ha HeM. (Ilpumep 7.6 nokasbiBaer, 4To mocJjeno-
BaTEe/IbHOCTb OrpPaHHYEHHBIX QYHKUUMH MoxkeT ObITh cXojsinedics,
He OylyuH DaBHOMEDHO OrpaHHYEHHOH; HO COBEpIIEHHO OYEBHAHO, 4TO
paBHOMepHAst CXOAMMOCTb MOCJEJOBATEIbHOCTH OrpaHHYEHHBIX (DyHK-
UMl BJieyeT 3a cOOOH HX pDaBHOMEDHYIO OrpaHHYEHHOCTb.)
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7.21. Ilpumep. Ilycrs

2
fn(x)zm 0<x<t, n=1,2,3, ...).

Torpa |fn(x)|<1, Tak uyro nocaenoBartenabHocTs {f,} paBHOMEpPHO
orpanndena Ha [0, l]. Kpome roro,
limfa(x)=0  (0<x<1),

HO

B(5)=1 (=1,23 ..,

TaK YTO HHKAaKas MOANOCJEeNOBATENbHOCTh He CXOJHUTCS] PABHOMEPHO
Ha [0, 1].

B 2Toill cBA3H HaM NOHAJXOOHTCSl MOHSATHE PABHOCTENEHHOH Hemlpe-
poiBHOCTH. OHO JaHO B CJIEAYIOLIEM OIpejeNeHUH.

7.22. Onpenenenune. CeMmeiictBo & dyskuuil f, onpenenes-
HBIX Ha nojaMHoxecTBe E MeTpHueckoro npocrpaHcTBa X, Ha3biBaeTcsl
pasrocmenernno Henpepbigruoim Ha E, ecam paa gmoboro e >0 cyme-
crByet 6 >0, Takoe, uto | f(x)—f(y)|<Ce, korma d (x, y) <6, x€E,
yE€E, a feF. 3necb d ob6o3nauaet paccrosiHue B X :

SlcHo, uTo Kaxkjasi QYHKUHS, BXOAdlask B COCTaB PaBHOCTENEHHO
HEIPEPHIBHOTO CeMeHCTBa, PaBHOMEPHO HENpepLIBHA.

Ilocneposarensnocts {f,} B npumepe 7.21 He sBasieTcst paBHO-
CTENeHHO HenpephIBHOM.

PaBHOcTeneHHass HeNpepHIBHOCTD M PaBHOMEpHAst CXOAHMOCTH
HENpepLIBHBIX (YHKUMH TECHO CBA3aHHBI APYT C JAPYroM.

7.23. Teopema. [Tycme K— komnaxmmuoe muoxcecmeo.
(a) Ecau {f,}— pasnomepro cxodauwjasca nociedosamensrocme

pynryuli, nenpepoisrbix Ha K, mo {f,} pasnocmenenno Henpepvisra
Ha

(b) Ecau {fn} nomoueuno oepanuvena u pasHoCmenexno Henpepuiena
Ha K, mo {f,} codepacum pasnomepro cxodaujyrocsa nodnocse006a-
MesbHOCMb U PABHOMEPHO Ocpanudena Ha K.

HoxasarenanbctBo. [lycts € >0, U nycth BHINOJHEHBI Mpej-
nonoxenust (a). Torpa cymectsyior uenoe N u 6§ >0, takue, uro

(52) ) —fv(0 <5  (x€K, n>N)
H

(53) F—fiw|<g (<i<N; dx ) <9).



176 o 7Qzll;iﬂocﬂ@uaqmmbuocmu u pRosL PyHKYLE

B (53) ™Mbl Bocnosb3oBamuch TeM (aKTOM, 4HTO HelnpepbiBHbie
(YHKUHH PABHOMEPHO HENpephbiBHBI HA KOMMAKTHBIX MHOXECTBaX.
Ecan x€K, yeK, d(x,y)<<d u n>N, 7o

Un () = Fa (D] < (0) = P (0) [+ v (0) — P () [ P () — T () 1< e

[Tocsiesnee HepaBeHCTBO M HepaBeHCTBO (53) HOKA3LIBAIOT, YTO
YTBepKAE€HHE (a) BBHIIOJHSETCS.

Hokaxem Teneps ytBepxiaenue (b). He orpannunsas oGurHocTH,
Mbl MOJKeM IIpeAIOJIOKHTD, 4TO KoMIakT K copepxkur GeckoHeyHoe
YHCJAO TOYEK.

Crauana BeibepeM B K cueTHoe nopmuoxectso E, takoe, uro E
naotHo B K (1. e. Takoe, uto K cOBmanaeT ¢ 3aMblKaHHEM MHO-
*kecrpa ).

Urolbl yOeRHTHCA B CYIECTBOBAHUH TAKOTO MHOXKecTBa E, MOxHO
paccyxjJaThb cJjeayomum obpaszoM. [lycrs J(x, r)— MHOXKecCTBO Bcex
Touek y € K, nns Koropeix d (x, y) < r. I3 KoMnakTHOCTH MHOXKecTBa K
cjelyet, 4To NpH KaxkjoM r>0 ymxe KOHEYHOE UHCJIO M3 HHX,
ckaxeM, J(x,r), ..., J(xn, r) noxkpoawor K. I[lonaras r=1,
1/2, 1/3, ..., Mbl nonyuyaeM cueTHywo 6asy npocrpanctea K. (Oupe-
jdenenpe 6asbl cM. B ynpaxHeuund 11 k ra. 2.) Ecau BeGpath
Mo TOYKE M3 KayKJOro MHOMXKECTBA 3TOH cueTHOH 6a3bl, TO MoJydeHHOe
TakuM O0pa3oM CYETHOE MHOXECTBO OKakeTcs IJIOTHHM B K.

Iycre {x;}, i==1, 2, 3, ..., —7Touku MuOmkectBa E, pacno.o-
JKeHHBbIe B NOCJeJ0BATeNbHOCTD.

Beuay Ttoro uro nocnenobarensHocTs {f, (x,)} orpanunuena,
CyulecTByeT NOANOC/EL0BATebHOCT, KOTOPYIO MLl 0603HAUHM uepes
{I1, 1}, TaKas, uTO mOCJIENOBATEABLHOCTbL {f; n(Xx,)} cxouutcsi mnpH
k-»co.

Paccmotpum Teneph nocsdeposatesbHOCTH Sy, Sa, S3, ..., KOTOpBIE
MOYXKHO PAcIOJOXKHTL B Tabauuy

Sl5f1,1’ f1,2y f1,37 T ot
82: f2,11 f2,27 f2,31 f2,/n
Syt far faer oz [ay

[Tvers onn 00.a7al0T CaAeAyOWUMH CBOHCTBAMU:

(a) S, — (GeckoHeuHas) NOANOCACAOBATENBHOCTL {10C.1€10BATE/b-
HocTH S, , npu n-=2, 3, 4,

(B) {fn,r(xn)} cxoputcs npu k — co (OrpaHHUEHHOCTb [10C.IE/10Ba-
TeJABHOCTH {f,} mo3BoJsieT BhIGPaTh S, € TAKHM CBOHCTBOM);

(y) mopsiioK, B KOTOPOM BBIMHUCHIBAIOTCA (PYHKLHH, OJMH U TOT XKe
BO BCeX [MOCJE/I0BATENILHOCTSX, T. €. ecaud OofHa u3 QyHKUMH npej-
IeCTByeT ApPYyro#l B Sy, TO OHH TaxK Xe pacrno/oxeHsl BO Bcex S,
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.10 Tex 1op, IoKa OjHa H3 3THX (DYHKUHHA He BblUepKHBaeTCH. Takum
o0pa3oM, NepeBHrasicb M3 Kakoil-HHOyAb CTpPOKH TabJULBl B cJje-
JAYIOULYIO CTPOKY BHHU3, (GYHKLUHMH MOUYT TIEPEMECTHTBCS BJEBO, HO
HUKOrJla He NepeMellatoTcs BIpPaBo.

Tenepbp MBI crnycTUMCSI TIO JuaroHadu Hame#d Ttabauusl, T. e.
pPacCMOTPHM TIOCAELOBATENLHOCTh

(54) S:fi foe Fae Fague oo

Coraacro (y) noc1eg0BatesbHOCTh S (33 HCKJIIOUSHKEM, BO3MOXKHO,
OepBEIX n-—1 YJIeHOB)— HOANOC/EOBATEAbHOCTE  MOCJEN0BATEb-
Hoctd S, npu n-==1, 2,3, ... . 3uauur, us (B) cjaeiryer, 4To nocJe-
HOBATEIBHOCTD {fn, n (X;)} CXOAMTCS NPH n—> co NpH KaxkaoMm x; € E.

[Tycts € >0. Bsuiy Toro uto mocjefoBartespHocTb {f,} paBHO-
CTEIIEHHO  HeNpepuiBHA. cyiectByer uucao ©6>0. Ttakoe, d4ro
u3 d(x, y) << caeayer, 41O

)=y <+ (n=1,2,3,...).

[Tycre J (x, §) umeeT TOT XKe CMbICJ, YTO B Haua/e JOKa3aTeJbLCTBA,
CyuiecTByeT KOHeUHBIH Halop TOUeK Xy, ..., Xp Mioxectsa E,
TAKOH, 4TO

K Jd(x, U ... UJ(xp, 06),

tak xak E maotno B K, a K xomnakrao. Bribepem N Ttak, 4T0OB
UMCTh
| Fron (X0)- fm. m (%) < (i=1, ..., p),

ecau n=N, m>N.
Torpa npu JgoGom x €K cymecrByer ToYka x;, 7Takas, UTo
1<<i<<p u x€J(x; 6); nosromy u3 n>N, m>N ciaeiyer, 4To

fn n ’C) fm m(x) !fn,n(x) fn n l "l‘lfn n(NL) fm,m(xi)l‘{’

b ; fm, m (Xi)_“ ]cm, m (JC) l << ’ZT } 4 %’ == E.

TakuMm 00pasoM, NOCAEAOBATENBHOCTL {fn, n} CXOAMTCA paBHO-
MepHo Ha K.

UToGhl 10KA3aTh DABHOMEPHYIO OTPAHHUYEHHOCTH TIOC/IE10BATEL-
noct {fn,} Ha MHoxectse K, noJoxum

(55) p(x)=sup!fo(x)] (n=1,2,3,...).

3agas &>0, BoiGepem 8>0 takum, uTobbl H3 HEPaBEHCTBA
d (%, y) << § caezoBa.10

() —fa(y)i<<e  (n=1,2,3,...).
3adukcupyem ase Touku x H y. V3 HepasenctBa

I <<Ifn(x)| e
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CJeAyeT, 4TO

(56) Qy)<px)te,
4 U3 HEpaBCHCTBA
[fn ()] <<ifa ()] +e,
qTO
(®7) @ (%) <@(y)+e.
B cuny (56) m (57),
Lo () —o(x)]<s,

ecaH ToJbKO d (X, y) << 8, Tak uTO @ — byHKUMs, HenpepbBHAS Ha K.
OyHKuusA @ orpaHHYeHa, TakK Kak K — KOMOAaKTHOE MHOXKeCTBO.
Teopema poxkasana.

Teopema Crona — Beitepuitpacca

7.24. Teopema. Ecau f—Henpepugras Komnaekchas Qynkyus
Ha [a, b]l, mo cywecmeyem maxkas nocaedo8aMENbHOCHIL MHO20YAL-
Hoe P,, umo

lim P, (x) = f (x)

pasnomepro wa [a, b]. Ecau ¢pynxyusa f seujecmsenna, mo u mrozo-
uaenvr P, Mosxcro evibpame eewecmeennbimu.

Mmenno B Taxkoli ¢opMe 3Ta Teopema Obi1a HepBOHAYAJIBHO
oTKpbiTa Beftepmitpaccom.

HokasateabctBo. He orpanuunsas OGIHOCTH, MBI MOKEM
CYMTATH, 4TO [a, b] = [0, 1]. Bynem cunrats Takxke, uto f (0) = f (1) =0.
HeflcTBHTENbHO, €C/M TeopeMa JOKa3aHa jJIstl 3TOrO CJydasi, TO pac-
CMOTPUM

g)=Ff(x)—=FO)—x[F()—FO)]  (0O<x<1).

3neco g(0)=g(1)=0, u eciu g npeacrasuma B Buie npefena
PAaBHOMEPHO CXOAsIeHcA MOCNeOBATENbHOCTH  MHOTOYJIEHOB, TO
TaKoBa M [, TaK KaK [-—g-—mMuorouleH. Byiem cuutats, uto f (x) =0
e cermenta [0, 1]. Torza dyskuus f paBHOMepHO HenpepbiBHa
Ha BCell BeleCTBEHHOH HpSIMOii.

Tonoxum

(58) Qn(X):Cn_(l—x2)n (n:‘], 2, 3, ...),

Tie ¢, BbIOpaHBl Tak, 4TO
1

(59) { Q=1 @w-1,25 ..

-1
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Hawm HYKHbLI HEKOTOpbLIC CBLACHHST O IIOPSAKE BEJIHYHHBL Cp. BBH}IY
TOr0 4TO

1 1) l/'ll‘/--f-l
\ (1—xyde-2 5 (=) de>2 | (1 —a?)dx>
2 0 b
e 4 1
- a2 - L
=2 §) (1 —nx¥dx %1//1 =
13 (59) caenyer, 4TO
(60) <V n.

HepagsenctBo (1 — x*)" 2> 1 —nx®, KOTOPBHIM MBI BOCHOJIb30BAJIHCh
Bbilile, Jierko nposepsieTcs. /51 5TOr0 HYXKHO paccMoTpeTh GyHKUUIO

(1—x%)"-— 14 nx?,
KOTOpast paBHA HYJIO NpH X-=0 H HMeeT HOJOKHUTENbHYID NPOH3BOML~
yio B {0,1).
ITpu nobom & >0 uz (60) caenyer, uto
(61) Q) <V n(1—8"  (8<|x|<),

TaK 410 Q,—> 0 paBnomepHo B cermente &< |x|<< 1.
Tosoxkum Teneps

./?,..

(62) P, (x)- HQu(tydt  (0<x<l1).

©

Hawmm npeanonoxeruss o GyHKUME [ HOKas3biBaioT (C MOMOILBIO
NPOCTOH 3aMEHbl NepeMeHHOiH), YTO

{—x

1
Pa()= | [le+0)Qdr={ [ (0)Quit—) dt,

—X [}

a TOCJeAHHMH MHTerpas, OYEBHAHO, €CTb MHOrowleH mo Xx. Takum
oGpasoM, {P,}—rnoc.1e10BaTeJbHOCTb MHOTOYJEHOB, [PHYEM Bemle-
CTBeHHasl, ecad Bewectsenna ¢yHkuua f. 3anas £ >0, BuGepem
6 >0 rak, utobnl H3 |y —x|<§ crexoBalo

oy —fwi<
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Ilycte M =sup|f(x)|. Hcnoasszya (69), (61) u rtor daxr, uro
Qn (x) >0, Mbr BUaUM, uTO T1pit 0L x <

=

| Po(x)—f (%) i~\\ (x +6) = (0] Qn (¢

1 -
<{ =i Qede<

—6 6

1
5 Qu(tydt--5 \ (t) dt +-2M \ Qn (0 dt <
)

—1 —

<4M Vri(l—(‘iz)"+7<e

/

npd BceX JocTaToyHo Oousbiux n. Teopema jpoxaszana.

IToyuuresbHo HabpocaTh rpaduxy QyHKUHA Qp IS HECKOJbKHX
3nayeHuit n. OTMETHM ellle, YTO paBHOMEpHas HENPEepPLIBHOCTL (GYHK-
vy f OLLTa HAaM HYy:KHAa JJs J0Ka3areabCTBA PaBHOMEDHOH CXOMU-
MOCTH TOCTeR0BATEeNLHOCTH {P.}.

[Tpu pokaszatennctse teopembl 7.30 Ham e mnorpedyeTcsl Teo-
pema 7.24 B noyioM obbeMe, a rorpedyeTcs TOJALKO OAMH €€ YacT-
HBIL cay4ald, KOTOpBIA MbI cOPMyJaHpyeM B BHJAE CJICACTBHA.

7.25. Caepncrrue. [Jaa awdoco ceemenina | —a, a] cywe-
cmayem nocaed08ameabHOCHb GeU{eCTIBEHHbLY MHO20uAerH08 Pr, makas,
umo Pp{(0)=0 u

Hm P, (x)=ix

[
i
n—r00

pasHomepro Ha [ —a, al.

Hoxaszarteabctso. Ilo teopeme 7.24 cymecTByer nocieno-
BaTeJbHOCTh {P5} BellecTBeHHBLIX MHOTOWIEHOB, CXOAAascs K |x|
paBHoMepio ma [—a,al. B uacraoctd, Pr(0)—>0 npu n-—oo.
Muorousienst

Pn(x)=Pi(x)—Pi(©0) (n=1,2,3,...)

06/ajai0T HYKHBIMH CBOACTBAaMU.
Tenepb Mbl BHIACGJHM Te CBOHCTBA MHOIOUJIEHOB, HA KOTOPBIX
ocHoBana Teopema Beiepurtpacca.

7.26. Onpenenenune. COBOKYNMHOCTE S KOMINIEKCHBIX (yHK-
umi, onpenenelmmx Ha MHOXecTBe E, HaswiBaetcst a.seeOpoti, ecm
(iy f4gcd#, (i) fgeH, u (iii) of€H npu neex feH, geH#
H BCEX KOMIICKCHBIX HOCTOHHHbI‘( ¢. MubMH c/I0BaMH, MHOXKeCTB0 &
3aMKHYTO OTHOCHTEJbHO  CJAOMKEHHSI, YMHOKEHHA H  yMHOMXKEHHUS]
Ha CKaJjsApbl.
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Mpr GyaeM paccMaTpuBaTh TakMkKe aireOpbl BeECTBEHHBIX (QYHK-
uuf; B 3ToM cayvae B (iii) peub HAET, KOHEYHO, 06 YMHOXKEHHH
JIMIObL HA BELIeCTBEHHBIE C.

MuoxectBo & dysKuMil, obaagaiouiee TeM CBOUCTBOM, uTo [ € H,
econ f,€H (n=1,2,3,...) u f,— [ pasHomepno na E, Ha3sbl-
BAETCSl PABHOMEPHO 3AMKHYMOIM.

Ilycte % — MuOKecTBO Bcex (pyHKUUll, KOTOpHE CJYy:KaT mpeje-
JaMH PaBHOMEPHO CXOJSIIMXCS Ha MHOmecTBe E  1nocJeoBaTebHO-
cTefl a1eMeHTOB MHOKecTBa H. Toraa % HaA3BIBACTCS PAGHOMEDHOIM
3aMbIKGHUeM MIIOKECTBa H.

Harnpusep, Mi0KeCTBO BCCX MHOTOWIEHOB — anrefpa, U TeopeMy
Befiepitpacca M0xHO cQOPMYIHPOBAaTh TAK: MHOKECTBO BCEeX (YHK-
uMil, HenpepniBHBIX Ha [a, ], eCTb paBHOMEPHOe 3aMBbIKaHHE MHOKe-
CTBA BCeX MHOro4,ieHOB Ha [a, b).

7.27. Teopewma. [Tycnie % — pasHomeproe 3amblKanue areedpol ¥,
cocmosiujeti U3  oepanudennolx  Qynxyui. Toeda F — paéromepro
3amkHymasn aneedpa.

Hoxasareabctso. Ecm f€$ n g€%, 10 CyLEeCTBYIOT

pPAaBHOMEPHO cXoisiuuecst nocjgegoBarTeabHocT! {f,}, {gn}, Taxue, uTo
fn—>Fy gn—>g n [o€H, g, €H. Tloan3ysich TeM, UYTO Mbl HMeeM

A0 ¢ OFrpavHYvYeHIbIMA (1)}’}”([1,1/{51)\[14, JIETRKO ToKa3aTh, 4YTO

fotgn—>T--g, Ingn—>1g, cfn—>cf,
rae ¢-—J1064st 10CTOsTHHAS, NpHueM CXOAHMOCTh PABHOMEPHA BO BCeEX
Tpex ciayyasx.
uaunt, | g€ R, fg€P u cf€H, 1ak uro K — airedpa.
ITyets {f,} — paBHOMCPHO CXOA5d1AsICs NOCACLOBATCJALHOCTD 3JCMeH-
T0B aareGpnl #. CyumiecTByiorT GyHKUIU g, € H, Takue, 41O

n () — g (%) < _’11_ .

Ecau [, —» [ paBHOMepHO, TO SICHO, 4YTO H gy ——> [ paBHOMEpHO, TaK
urto [€.F 1 ¥ paBHOMEPHO 3aMKHYTO.

7.28. Omnpeneacnune. Ilyers & -—wmHoxectBO  (PyHKumil,
onpepedennsix Ha mHoxkectse E. Torga rosopar, uto $# pasdesem
niowku MHOXKecTBa E, ecau AT KawAOH 11aphl pasjHuHbIX TOUEK
X4 X € E wmaiimerca dyHKnusg €5, 1axas, uro f(x,) == f(xy).

Ecnu pan xamjgoi todky x € E maiinerca dysxkuust g € H, Taxas,
uto g(x)==0, 10 MH OyxeM TOBOPHTL, 4TO ajarcGpa H wHe uciesaem
MU & 0OHOUl mouxe mwuodcecmea E.

Asre6pa BceX MHOTOWIECHOB OT OJHOH IICPEMEHHOH, OUeBHAHO,
obaajgaet 3TuMH cBoiicTsamu tia R Ilpusepom anreGphl, He pasjie-
JAI0Nel TOYEK, CJVIKUT MHOMKECTBO BCEX YETHBIX MHOTOYJICHOB,
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paccMaTpuBaeMbiX, cKaxeM, Ha [—1,1], 1ak Kak [(—x)={f(x)
sl KaxAoH 4yeTHOH QyHKUHH f.
Caeayomas TeopeMa H/JIOCTPHPYET 3TH NMOHSATHS.

7.29. Teopema. Ilycmv K —aneebpa Qynxkyuldl wa mrHosCE-
cmee E, & paszlessem mouku u He ucueaaem HU 6 00HOU mo4Ke
muomecmea E. Ilycme Xy, Xo— padauunvie mouku muoxmecmea E
U ¢y, Co— NOCMOsHKHblE  (BelyeCmeenHsle, ecay ¥ — eeujecmsenHas
areebpa). Tozda H codepacum ¢pyuxyuwio [, maxyro, 4mo

f(x)=c1 [ (x2) =ca.

OokaszaTteancrtBo. Haum npeanosoxkenns nokasppaor, yto &
COEPXKUT QYHKUHH g M A, Taxue, YTO g(x1)z=g(xx) U h(x,) 5=0.
Hosnoxum

u=g-Ah,

rjie A — nocTosiiHasi, BeIGpaHHas caeaylouuM o6pa3oM: ecad g (xy) 7= 0,
10 A=0; ecu g(x,)=0, To g(x;) =0, u cymecrsyer uncao A0,
Takoe, 4TO

Mh(xg) — h (x2)] 5 g (x2).

Torna u €S W sam BLIGOpP A T[OK23bIBAET, UTO U (X4) =~ U (Xp)
1 u(xy)5%=0. Ecan

o =u? (Xi)‘u(xl)u(x2)7
10 a7 0; ecan

fr=o[u*—u(xz) ul,

TO fiE‘#’ fi(xi)“—‘l’ fi(xz)::O-

[Tono6GHbiM ke 006pa3oM MBI NPOBEPHM, 4TO CYLIECTBYeT (QYHKUUS
fo € &, Takas, uto fy(x,)=0, fo(x2)=1. Torpa ¢yuruns f[=c;f;+
+ Caf s O6NajaeT HYXKHBIMH CBOHCTBaMH.

Teneps Mbt jokaxem Tteopemy CToHA, 000011a0UyI0 Teopemy
Beiliepurrpacca.

7.30. Teopewma. Ilycmv H—ancebpa sewecmeenHovlx Henpe-
poleHbLX  (yrKyul Ha Komnakmuom mroxcecmse K. Ecau & pasde-
asem mouku MmHoxcecmea K u He ucuezaem HU @ 00HOU mouke mHO-
awcecmea K, mo puasHomeproe 3amvikarue B arcebpor & codepocum
ace ynkyuu, Henpepbisrovle Ha K.

Mpr pa3sobbem j[0KasaTeNbCTBO HAa HeThbipe ILAra.

Meppwit war. Ecau f€#, mo |[|€F.

HoxkaszateabctBo. [lyctb
(63) a=sup|f(x)|  (xeK),
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H 1ycTh 3ajaHo yHciao & > 0. CorJaacho creacTBuio 7.25, CylecTByoT
BEIEeCTBeHHbIE YHCAA Cq, ..., Cp, TaKHe, UTO

(64) \Zcu —lyll<e (—a<y<a).

dyuxruus g:Zci}” BXOJUT B COCTaB MHOKecTBa %, Tak Kak
1

#B — anarebpa. Cornacno (63) u (64), Mbl HMeeM
g —lf(]|<e (xEK).
Iockoabky aarebpa % paBHOMEPHO 3aMKHYTa, TO OTCIOfA Clle-
ayer, uto || € .
Bropoit war. Ecau f€EF u geEF, mo max(f,g)€F u
min(f, g)€ #.
I'lpu atom h=max (f, g) o3nauaer, 4TO
f(x), ecmn f(x)>g(x),
ne={ g )

(x), ecnn f(x)<<g(x

min (f, g) onpenesisiercss aHaJOrHYHO.

HokasartenbcTBo. Hame yTeepxieHue cjeayeT H3 JoKa-
3aHHOTO Ha IEPBOM Ilare U H3 TOXKIECTB

min (f, g) = f—;ig —”—Q--gi :

Pasymeercst, 3TOT pesysbTaT MOXKHO M0 HHAYKLHH pacnpocrtpa-
HHTb Ha J060e KOHEYHOe MHOMXKECTBO GyHKUMA: ecoM fy, ..., [ €5,
To max (fy, ..., fr)€ER umin(fy, ..., [n)EB.

Tperuit war. [Tycme 3adanet eewjecmeennas Qyukyus [, wuenpe-
poieraa wa K, mouka x€K u £>0. Toeda wnatdemcs ¢ynxyus
gx€ %, makas, umo g,(x)=f(x) u

(65) gt >f(t)—e  (teK).

HNokaszatenbcrtBo. Ilockonbky # < # u & yhoBjaeTBopser
yCJIOBHsIM TeopeMbl 7.29, TO W % YAOBJIETBOPSIET 3THM YCJIOBHSM.
3uauut, A5t o6oro y € K MOXKHO HaiTH yHKIHIO hy € &, TaKyio, yTO

(66) hy(x)=F(x),  hy(y)=T(y).

B cuny nenpepmBHOCTH (YHKUHM f;, CYyWIECTBYeT OTKPHITOE
MHOXEeCTBO J,, COZepiKallee TOUKY Y H Taxoe, 4TO

(67) hy)>F(t)—e  (ET).
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Beuay toro uto K —KOMNakT, HMEeTCsl KOHEUHOE MHOXKECTBO
TOYEK Yy, -+ .y Yn, TAKHX, UTO

(68) Kc:Jle...UJIn.
[Toaoxum
gx=max (hy, ..., hy ).
Cor/iacHO yCTaHOBJICHHOMY Ha BTOPOM Iuare, g,€ %, a H3 COOTHO-

nreunit (66) — (68) craepyer, uTO g, OONajNAeT U OCTANLHBIMH HYIK-
HBIMH CBOHCTBaMH.

UerBeptuift war. [lycme 3alanst  setjecmeennas GyHkyus |,
nenpepvisnan Ha K, u e >0. Cywecmasyem ¢pyricyua he B, maxas, umo

(69) Ih(x)—F(0)[<e  (x€K).

D10 yTBepXKJAEHHE PaBHOCHJILHO YTBEPMKAEHHIO TEOPEMbl, TaK Kak %
PAaBHOMEPHO 3aMKHyTa.

HdokaszareabctBo. Paccmorpum ¢PyHKUMHM g,, TIOCTPOEHHBIC
Ha TpeTeeM Iare aas kamjoro x€K. B cuny HenpephBHOCTH
GYHKIMM gy, CYMICCTBYCT OTKPHITOE MHOXKecTBO V., cojep:kalee x
¥ Takoe, 4TO

(70) gx(t)<<f(t)+e  (t€Vi).

Beupy Toro uto K KOMNAKTHO, CYIIECTBYeT KOHGYHOE MHOKECTBO
TOYEK X4y ..., Xm. TAKHX, UTO

(71) KcVayU...UVs, .

[TonoxuM A =min(gx,, ..., gx_). Kax 6pL10 YyCTAHOBJEHO HA BTO-
1 m
poMm wmare, A€ #, u U3 (65) caeayer, 41O

(72) h)=>Ft)—e  (tEK).
C npyroit croponsl, u3 (70) u (71) cieayer, 4To
(73) h)<<f()+e  (LeK).

M3 (72) u (73) BuiTeraer (69).

Teopema 7.30 He BepHa [Js DPOHM3BOALHBIX KOMILICKCHBIX
anreop. Koutpnpumep naH B ynpaxuenud 21. Oxmnako yrBepxje-
HKE TEOPeMbl OCTA€TCS BEDPHBIM jAa)Ke U JAAsl KOMIJIEKCHBIX ajrebp,
eLIH BHa H HANOXMHTb elle OJHO YCJOBHe, a MMEHHO eCaHu HoTpeGo-
BaTh, 4Ta0bl H Oblla camMOCONpsaNceHHor. DTO O3HAUAET, 4TO A

000 ¢ynkund [ € F KOMNJIEKCHO-CONpsiKeHHast C Hell QyHKuus |
TCXKE MNpHHAAMEXKUT H; QVHKOHE [ onpeietsercss paBeHCTBOM

[ @)= ](x).
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7.31. Teopema. [Tycmo H-—camoconpaxcennaa areebpa Komnaex-
CHBLX HENPEPbIgHbIX YHKYUL HA KoMAaKmHom muoocecmee K. Tycme H
pasdeasem mouru mMruoxcecrmea K u He ucuedaem wu 8 OOHOU mouke
muooicecmea K. Toeda pasHomepHoe 3amsikanue K- areebpor F
codepocuim ece KomnaekcHole Henpepoieroe na K dynxyuu.

HoxasateancrtBo. Ilycth Hp-— MHOKECTBO BCEX BelleCTBEH-
HBIX Gynkmuii Ba K, npuHapjexamux aarebpe & Ecom fe#
0 f=u--iv, rie u, v— BeHleCTBEHHB, TO 2u=f-+f, a Tak Kak
H — camoconpsiKensas aarebpa, 1o u € Hg. Ecam x5~ xy, TO cyine-
crtByet [fCH, Takas, uro f(x)=1, f(xp)=0; snaunr, O=u(x;)=~
U (x) =1, OTKYJa caeAyeT, uTo Hr pasfensieT TOUKH MHOxecTBa K.
Eean x€K, 10 g(x)5=0 mnpu HeKotopoM gES U UMeeTCst KOM-
IJIEKCHO® YHCJ0 A, Takoe, 4yt0o Ag(x)>>0; ecam [=Arg, [=u-1iv,
T0 orcoga caeayer, uto u{x)>0; 3Hayur, Hr He wucye3aeT
HH B OJHOH TOYKe MHOXKecTBa K.

TaxnMm ofpazom, Hpx yHOBJIECTBOpSeT YCAOBHsIM TeopeMmbl 7.30.
CrepoBatesbHO, Kaxkjiasl BellecTBennas uenpepulBHasg Ha K yHK-
IUA OPUHAAJIEKUT PABHOMEPHOMY 3aMblKaHHIO anarebpol Hp, 1. e.
npuHaatexuT %. Ecan f———KOMI’IJIC’K(HaH HenpepblBHasd Ha K QyHK-
i, f=u-iv, To u&F, vE B, 3daunt, n f€ F. [lokazarteancTBo
3aKOHYEHO.

7.32. 3amevanusa Ilyers B (K) ofo3HauaeT MHOMXKECTBC BCEX
BCUICCTBEHHBIX HelPephbIBHBEIX (PYHKUMH Ha KOMIIAKTHOM IPOCTPaH-
crBe K. Onpejeaunm Hopmy dyakuuil [ € % (K) paBeHcTBOM

(74) 1Fll= sup /(o)

Tlo teopeme 4.15 | fil<<oo npu kaxaoMm f€€(K). OquH:mo
yro |I[1i=0 Ttoabko TOrga, kKorja f(x)==0 npn Bcex x¢K, T.
f=0, u HeTpPyAHO NPOBEPHTH, YTO

CPRgh<iTitilgl (L geg(K)).

3HauuT, €c/M OTpeReqHTh PACCTOSIHHE MEXKIY [ H g Kak | f—g i,
TO akcuoma 2.17 nasi pacCTOSHHS BBLITOJIHSIETCSI.

Hcrnonp3ys 3Ty MeTPHKY, Mbl MOXKeM ONpeieauTb Tenepb OTKpPbi-
THlC MHOMECTBA, 3aMKHYTHIe MHOXKECTBA, TNpejlesbHble TOYKH, CXOAs-
mecs MocJeJoBaTeIbHOCTH M T. 4. B € (K). Paccrosuue B % (K)
onpejiefieHo Tak, 4TO NOCJeoBaTeJbHOCTh {f,} cxoaurca K [ Toria
H TOMbKO TOrja, koraa {f,} cxoaurca K [ paBuomMepHO Ha K;
{f2} —nocaenoBareapnocts Komu B € (K) TOrZa ¥ TOJBKO TOTA,
koraa {f,} cxomurca pasHoMepHo Ha K. 3HauuT, u3 Teopembl 7.12
crepyeT, uro % (K)—noanoe MeTpiyeckoe MPOCTPAHCTBO.

SamKHymele TOIMHOXKeCTBA TpocTpancTea 6 (K)—3T0 B TOYUHOCTH
TE CaMple MHOXKECTBA, KOTOphie B onpeje/cHuH 7.26 ObliM Ha3BaHb!
PABHOMEPHO 3AMKHYIMbIMU.
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Besikoe komnakThoe nopMHOXKecTBO B € (K)—3TO paBHOMEpHO
OrpaHHyeHHOE pABHOCTENIEHHO HeNpephblBHOE MHOXKECTBO (QYHKUHMH.
O6paTHo, 3aMblKaHHE KaXX[Oro paBHOMEPHO OrPaHHYEHHOTrO paBHOCTE-
NeHHO HelpepelBHOrO MHOKecTBa (yHKUMH 3 6 (K) ecTh KoMnakTHOE
NOJAMHOKECTBO npocTpaHcTBa B (K). OTo yTBepXKAcHHE, NOo Cylle-
CTBY, — nepedopMyJHpOBKa TeopeMbl 7.23.

Teopema 7.30 (teopema Crona-— BellepiiTpacca) MoKeT OhiTh
nepedopMyIHPOBaHA TaK: ecau H — nodarzedpa ¢ 6 (K), pasdesswowan
mouku mHoscecmea K u He ucuesaroujan Hu 8 OOHOU mouxke MHO-
acecmea K, mo areebpa & naomna e npocmpancmee 6 (K).

Bce sTm 3aMeyaHHs NpHMEHHMbl TaKMXe H K TNPOCTPAHCTBY BCeX
KOMNAeKCHbLX (DYHKUHH, HenpephlBHLIX Ha K; HO TOJMbKO K YCJOBHSIM
teopembl CroHa — Befiepirpacca Hy:KHO J00aBHTb CaMOCOHPAXKEH-
HOCTb.

YnpaxXHeHHSs

1. JlokasaTb, YTO BCSIKasi PABHOMEPHO CXOASIUIASICS IIOCJE0BA-
TeJbHOCTb OTPaHHYEHHBIX (GYHKIHI PABHOMEPHO OrpaHHuYeHa.

2. Ilyctp nocnenoBatesnbHOCTH {f,} U {g.} CXOASITCSI PaBHOMEPHO
Ha E. Jlokasath, uTO mnocJaefoBatenbHocTbh {f,-+g.} cXoautcs
paBHomeprHo Ha E. Ilyctb, kpome Toro, {f,} u {g.}— mocnexosa-
TeJIbHOCTH OrpaHHYeHHBIX ¢yukuui. [lokasatbh, 4TO mocJ/ejoBaTesb-
HOCTb {f.gn} CXOHMTCS paBHOMepHO Ha E.

3. IlocTpoute nocjenoBatebHOCTH {fp}, {gn}, KOTOpHIC CXOASTCA
paBuoMepno Ha E, HO {f,gn} He cxoaurcs paBHoMepHo Ha E (pasy-
meetcst, {fngn} cxomutcs Ha E).

4. PaccmoTpuM psift

- 1
FO=2 1 -
n=1{
HpH KaKHX 3HayeHHdaX X 3TOT pﬂﬂ CXOOIUTCHA a6COJIK)THO? Ha KaKux
CerMeHTax OH CXOAHUTCH paBHOMepHO? Ha KAaKux cerMeHtTax OH nepe—

ctaeT ObITb paBHOMepHO cxopsmumcsa? HenpepbiBHa nau dyskuus f
B TeX TOYKaX, B KOTOPHIX psif cxoputca? OrpaHuyeHa Ju f?

5. I'lyerb
(0 x< !
(o (

n+1 /",
=1 s L (i <r<a),

n n

L 0 <%<x> .

[lokasartb, 4TO mnocJefoBaTeNbHOCTb {fn} CXOAHMTCH K HENpepHLIBHOH
dbYHKIHH, HO HeDABHOMEpPHO. BOCHONL30BaTLCH PAAOM D fr AJs J0Ka-
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3aTeJbCTBA TOTO, YTO ab6COMIOTHAA CXOAMMOCTb (laxke ecJH OHa
HMeeT MeCTO NpH BceX x) He BJiedeT 3a COGOH paBHOMepHOH CXo-
JHMOCTH.

6. Hokasatb, 4TO psf

[ee)

N (= e

n

n=1

CXOJMTCSL DABHOMEPHO Ha KaXKJOM OrpaHHYeHHOM CeTrMEHTe, HO
He CXofuTcsd aGCOJIOTHO HH NPH OXHOM 3HAYEHHH X.
7. TonoxuMm

X
fn(x): 1+nx2 1)
rie n=1, 2, 3, ..., x—peuiectBennoe uyucJyo. IlokasaTb, u4TO

NOCJIe0BaTENBHOCTD {f,} CXOAMTCA DAaBHOMEPHO K (YHKUHH [ H 4TO
paBeHCTBO

f" (x) = lim fz (x)

n-+»o00
BepHO, ecaH Xx =0, U HeBepHO, ecau x=0.
8. Ilyctp
0 (xg0),
1 (x>0).

ITycts {x,} — nocJie10BaTeJbHOCTb NONAPHO PA3JIMYHBIX TOYEK HHTep-
gana (a, b), ¥ nycTs pan X | c,| cxomures. Jlokasate, uTo psift

o0

f(x)= Z el (x—xp) (a<x<b)

n=1{

I (x)=

CXOJIUTCSl PaBHOMEDHO, 4TO (YHKUMsA [ HenpepblBHA NPH JIOOOM X == Xp
H 470 [— QYHKIUS OrpaHHYeHHOH BapHAIlHH.

9. Ilycrb { gy} —nocaenoBaTeIbHOCTL PyHKIHMH OrpaHHYEeHHON BapHa-
UHM Ha cerMeHTe [a, b], o6nanaiomas c/aeAyloUMM CBOACTBOM: AJIs JIIO-
6oro € >0 cymecTByer Takoe uucyo N, uto U3 HepaBeHCTB n > N, m > N
cjenyer HepaBeHCTBO V (g, — gm)<<e. [okasaTth, 4TO cCyllecTByeT
byHKuusl g, HMewlasi OrpaHHYeHHYI0 BapHalnHio Ha [a, b] u Takas,
uto V(gn—g)—0 npu n— co.

10. Ilycts ¢yHuxkuus f HenpepbiBHa Ha [a, b], W nyctb {gn}—
[10CJ/1e[I0BAaTeJbHOCTD, [Js KOTOPOH

(@ Viga)<M (n=1,2,3,...),
(b) limg,(x)=g(x) (a<xb).
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JlokazaTthb, 4uTO
b

fdgn— | fde.

a

R w0

lim
n—+2

3ameTuM, 4TO MpeANoNOKEeHHe 3jech cJalee INPeAnoNoKeHHH
TeopeMbl 7.16.

¥xasanue. Cnadana moxaszaTb, uto V(g)<<M. Jlanee, ansa
Joboro pasduennus Pra=x,<{x;< ... << Xnp=0b UMeeM

b m X

b
N rdg—{rdg <D | § r@—fede@]+

a j== s
1 @ i=1 x;

+ _\: [F (i)l g (%) — g (Xig) — gn (%) -+ gn (X1y) | £
=1
+2 | { e —fmida. .

i=1 x;_ 4

[lepBas M tpeTbst CyMMbl MOTYT ObITb CHEJNAHBI CKOJb YTOLHO
MaJbiMH 3a cueT BhiGopa W (P) u HenpepblBHOCTH GyHKIHM f. PHKCH-
pysa P, nonyyaem, 4To BTOpast CyMMa CTPEMHTCSI K HYJIO TPH £ —> 0.

11. Ecnu ¢ysknus [ HenpepriBua na [0, 1] ¥ ecau

:
Sf(x)x"dx::O (n=0,1,2,...),
U

10 f(x)=0 na {0, 1].

Ykasanue. Muterpaq oT npousBejeHus ¢ynkuumu [ Ha 060
MHOrO4JIeH paBeH HymO. BocnoJgbsobartbesi TeopeMoii Beiiepmitpacca
1 A

¥ 10Kas3arb, 4TO sz (x)dx=0.
0
12. Ecnn, nanpumep, f(x)zx——;— H g(x)=x—x2 1O
1
(75) Si(x)lg(x)]"dx:O (n=0,1,2,...).
0]
Hdas kakux ¢yuxnuit g u3 yeaosus (75) caenyer, uto f(x)=0
npu Bcex x€ [0, 1], econ 3apanee 3ajaHo, 4TO f— HempephiBHa?

13. Iyers {fn}, {gn}— nocnenosarenproctd (GyHKIMEA, onpefe-
JeHnblx Ha E, u

(@) €acTuble CyMMbl PAfi@ ) f, PaBHOMEPHO OrpaHHYEHbI;
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(b) g. -0 paBHOMepHO Ha E;

(€) gi(x)>g2(x)>gs(x)>... npu Jwbom x¢€E.
Toraa pag 2 fa@n CXOnHTCSt paBHOMEpHO Ha E.
Yraszanue. CpaBHHTL ¢ TeopeMoit 3.42.

14. Ilycrs {j,} — paBHOMEpPHO OrpaHMYEHHAS] NMOCJIELOBATE/IBHOCTD
dpynkuuil, HHTrerpupyemex mo Pumany Ha [a, bl. Tlonoxum

Fro(x)=\ fn(¢)dt (a <lx<b).

Qe %

JloxasaTb, 4TO CyLIECTBYET MOJANOCAE0BATENBHOCTD Fry,, PABHOMEDHO
cxojsimasica Ha la, b].
15. Ilyers {fn} —nocnegoBaTeqbHOCTH HelIpepbiBHBIX (PYHKIME,

cxoAsulasicsl paBHOMepHO Ha MHOxecTBe £ K ¢yukuug f. [Joxasats,
4TO

111‘1»”; fn (xn) :f(x)

JUIs Ka¥XJoW TNocaefoBaTeNbHOCTH ToYeK X, € FE, Takol. d4Tto
X, = X, Tj1e x € E. Bepro 11 o6patHoe?

16. ITycrtes (x) oGo3HauyaeT APOOHYIO YACTb BEUECTBEHHOrO YHCJIA X
(cM. onpejleseHue B yrpaxHenn# 2 k ra. 4). Pacemorpum ¢yuxinio

O
f(x) ::}_‘J LZ%Q (x — BellleCTBEHHOE HYHC.10).
n=1
Hafitu Bce TOYKM paspeiBa GYHKIMH [ M NOKAa3aTh, 4YTO MHOMKECTRBO
TAKHX TOUEK CYETHO H BCIOAY mioTHO. Ilokasatn, uto (Tem He MeHee)
¢yHKIUst [ uvHTerpupyeMa mno Pumany Ha KaxkaoM OrpaHHueHHOM
cerMenTe.

17. Hycrs  {f,} —nocnenoBate/bHocTh  (GYHKIHHA, MOHOTOHHBIX
ua [a, b}, u nycts {f,} noroueyHo cxoaurcsi K QyHKUMH f, Hempe-
puBo# Ha [a, b]. JlokasaTb, 4TO CXOIMMOCTb paBHOMepHa Ha [a, b[.

18. I'lycts {f,} — paBHOCTENEHHO HeNpepbIBHAS 10CAEJ0BATEALHOCTD
dyHKnuii Ha KoMmakTHoM MuoxectBe K, u nycrs {f,} cxomutest
noroyeuro Ha K. Jlokasate, 4TO mnocaefoBaresbHocTh {f,} cxoaurcs
paBHOMepHO Ha K.

19. [lokasarp yTBepxkAenus o B(K), chopMymupoBanuble
B I 7.32.

20. OnpeneauTp TOHSITHS DaBHOMEPHOH CXOZMMOCTH H DaBHO-
CTeMeHHON HenpepelBHOCTH AJs oToOpaxenult B Ji06oe MeTpHYECKOC
npocrpauctBo. [lokazate, uto Teopemwmr 7.9 u 7.12 Bepubl [Js
0TOOpdKeHUu#t B Jo0oe MeTpHYecKoe TMPOCTPAHCTBO, 4HTO TEOPEMBl
7.8 u 7.11 BepHbl Jas oToOpaxKenufl B J0Goe MNOJHOE MeTPHUECKOe
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npocTpaHcTso H 4TO Teopembl 7.10, 7.14, 7.17 u 7.23 BepHBl AN
BEKTOPHO3HAUHbIX (YHKUMH, T. e. AJas oToOpaxeHwuit B JobGoe R".

21. Ilycrp K-—eJMHUYHAS OKDYMXHOCTb HA KOMIJIEKCHOH mJIO-
CKOCTH (T. €. MHOXecCTBO BCeX gz, TaKHX, 4to |z|==1), u nycTs
H — anrebpa Bcex GyHKUMH BHAA

N
[ (1) = 2,0 cnei™® (0 BeulecTBEHHO),
—

Toraa # paspenser Toukn MHOXecTBa K W He HMc4ye3aeT HH B OJHOM
ToyKe MHOXKecTBa K, HO TeM He MeHee CYUIeCTBYIOT HenpepbiBHLIE
Ha K @yHKIMH, He cojAepiKauiyecsi B DaBHOMEPHOM 3aMblKaHHH
anre6por .

Ykaszanue. Jlas mobolt ysruuu [€ H
2n
‘f(eie)ei“edG:O, n=1,2 ...
0

H 3TO OCTaeTCsl BepHbIM AJs KakIoH f, npuHajpJexauieil 3aMblKaHHIO
anrebpbt .

22. IlycTp @ — HempephiBHAsI OrpaHHYeHHas BelecTBeHHasi QyHK-
1151, onpejesieHHass B moJoce, BhlJesisieMoii HepaBeHcTBaMH 0 x <1,
— 0o < y << co. JloKa3aTh, UTO 33j7adYa C HAYaJbHbIMH JAHHLIMH

y=09(xy), y0)=c

MMeeT pelileHHe. [3aMeTHM, YTO YCJOBHSI 3TOH TeOpeMbl CYIIeCTBOBa-
HHSl MeHee OrDAaHHYMTEJbHEl, YeM YCJIOBUS COOTBETCTBYIOLLEH TeopeMbi
e/IMHCTBEHHOCTH (cM. ynpaskHenue 17 rua. 5).]

Yraszanue. 3apukcupyem n. Ilosjoxum x;=i/n, i=0, ..., n.
[Tycte f,— nenpepoiBHast ¢ynkuust Ha [0, 1], Takas, uto fp,(0)=c,
f';l({):q)(xl’ fn (xi))’ €can xi<t<xi+h

H TIOJOXKHM

An (t) = [a () — @ (&, 2 (D)),
3a HCKJIoueHHeM Touek Xx;, rae A, (f)=0. Torpa

x

fn(®=c 4 { 1@ fa(0)+ An ()1 dt.

[y

Bocnonb3oBatbest Teopemoil 7.23 AJ5t A0Ka3aTesbCTBAa PAaBHOMEPHOH
Ha [0, 1] CXOAHMOCTH HEKOTOPOH MO/NOC/ACA0BATENbHOCTH TOCAENIO0-
BatedbHOCTH {f,} K OQyHKUHMM f, YAOBJETBOpSiOUleH HMHTErPaJbHOMY
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yPaBHEHHUIO

f=c+ o fund  (O0<x<).
0

Ora dyuxuus f U ecTb peuleHHe JAHHON 3ajauH.

23. JlokasaTb aHAJOTHYHYIO TeOpeMy CYIIECTBOBAHHS /g 3a4auH
C HayaJIbHBIMH JAHHBIMH

Y=9(x1Y), y(0=c,

rie Temepb c€R*, y€R" a @—uenpepblBHOe OrpaHHYEHHOE OTOGPa-
eHue yacTd npoctpaHctBa R**l) soigensemoi ycaosusmu 0<<x <1,
YER"*, B npocrpanctBo R*. (CpaBHuTh ¢ ympaxuenseMm 18 ra. 5.)

¥YKazanue. Bocrnoab3oBaThCsl  «BEKTOPHO3HAUHBIM®  BapMAHTOM
Teopemsl 7.23.



TJIABA 8

JAJILHEWIIME CBEAEHHS U3 TEOPHH PSIIOB

CrenedHble paabl

B 3ToM pasjene Mbl H3y4MM HEKOTOpble CBOHCTBA (YHKUU,
NPeJCTABHMBIX B BHAC CYMMbl CTCHEHHOrO p#Ad, T. €. QyHKIHH
BHIA

(1) f)= 3 e
na=()

uny, GoJee oOuIO,

) fn= 3 e le—ay

Takne QyHKUPH Ha3LIBAIOTCS! aHAJHTHUYECKHMH,

Mer orpanuuMMest BelecTBennbMH 3HaueHnsami x. [lostomy BMecTO
KPYroB CXOQuMOCTH {cM. Teopemy 3.39) Mbl OyleM HMeTb jesio
C MPOMEXKYTKAMH CXOAMMOCTH.

Eciu pax (1) cxoautcs npy Bcex x u3 unrtepsana (— R, R) s
Hexotoporo R >0 (R MOXeT paBHSITHCSI -+ oo), TO MBI GyIeM TrOBO-
puth, 4To QyHKUMA [ pas3jaraerTca B CTEUEHHOH PSi B OKPECTHOCTH
To4Kd X = 0. Anasornuno, ecau pajg (2) cxoautces npu [x—a|<< R,
TO TOBOPAT, 4TO [ passaraeTcs B CTeNeHHOR Psl B OKPECTHOCTH
TOYKH X=—=a. Jas yaobcTBa Mbl wacto OyjeM nosaarath =0,
He OrpaHHuYHBasi OOLIHOCTH.

8.1. Teopema. [Tycme psd

(3) M cpx®
n=:0
cxodumes npu [ x| << R < o, u nycme
(4) f(X) == ZO Cpx™ (‘ X i < R)

Toz0a pad (3) cxcdurmcsa pasromepro Ha ompeske | — R -, R —¢],
KaKogo 06l Hu 6620 noacocumeabroe qucio €< R. Dynkyus f
Henpepbisna Ha (—R, R) u

¢) F)= 3 new™ (x| <R)

=
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HdokaszarteanctBo. Ilyeto 0<<e<<R. Ecam jx|<{R—¢, TO
|eax™ | <[ en (R—8)"|,
a TaK Kak psn

2 cn(R—e)"

cxXoauTes abCoJIOTHO (KaxJpli cTeneHHo# Ppsaja no npusHaky Komn
CXOAMTCS &6COMIOTHO BHYTPH CBOErO IIPOMEXYTKA CXOHHMOCTH), TO
u3 Teopembl 7.10 ciefyeT paBHOMEpHas CXOZUMOCTb psja (3) Ha
otpeske [—R-+eg, R—¢el.

n—
BBugy Toro uto y n-—>1 mpu n-— co, umeem

lim Y n|c,| =Tlim Vjcnl ,
n—>+0 N-—>00
TaK 4To psanbl (4) U (D) uMeT oOLMH HHTEPBAJd CXOXHMOCTH.
[NockoabKy (5) —cTeneHHOM Psf, TO OH CXONHTCS PABHOMEPHO
B[—R--€&, R—e¢] Npu KaxKIOM NOJOKHTENLHOM & < R W, cJencBa-.
TeJbHO, NMPHMEHUMa Teopema 7.17 (B GOPMYJHDOBKE TEODPEMHI IMOCJIE-
HOBATEJIbHOCTH MOXKHO 3aMeHHTb psigamu). TaxkuMm o6paszom, (5)
BhITIONHSIETCS, ecan | x| <R —e.
Ho mast moboro x, Taxoro, 4ro |x|<CR, MOXHO HaliTH TaKoe
yueso £>0, uto |x|<<R-—eg. 3muauur, (5) BLINOJHAETCH, €CJH
{xl<<R.

HenpepoiBocts  Gynkuuu [ caejyer w3 cyuectBoBauust |’
(reopema 5.2).

Cnencrteue. Ecau sonoauenst ycaosus meopemer 8.1, mo |
umeem npousgoonsie ecex nopadkos & (— R, R), nputiem
Lo
(6) o) = D n(n—1) .. (n—Fk-t 1) cox™ "
n=k

B uacmrocmu,
(7) [ 0)=Fklc. (k=0,1,2,...).

(3zech [ obosuasaer f, a f' k-0 nPOH3BOAHYI (YHKUMH f
npu k=1, 2, 3, ....)

Hdoxkazateanctso. Paseucrso (6) noayyurcsi, ecam Ml
10CJIe 10BaTeNbHO NpiMeHuM Teopemy 8.1 K f, 3areMm K [/, k /" u 1. &.
[Tosaras B (6) x =0, mMb noayanm (7).

®opmyna (7) ouenb uuTepecna. OHa NOKa3biBaeT, ¢ OJHOH CTOPOHHI,
4TO KO(GHUHEHThl CTEIIEHHOrO pasnoxkeuust PyHKUHH [ onpepensiores
3HayeHusaMHd [ M ee TIPOM3BOJAHBIX B OJHOH-€HHCTBEHHOH TOUKe.
C npyro#t CTOPOHBI, €C/M JaHbl KOI(QQHUMEHTH!, TO 3HAYEHHUA MPOU3-

BOJHBIX QYHKUMHM [ B LEHTPE HHTepBa/ja CXOIMMOCTH YCMAaTPHBAIOTCA
HEMOCPeACTBEHHO M3 CTENeHHOro psja.
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3aMeTHM, OHAKO, YTO eCJH Jaxe QYHKUHs [ HMeeT NPOU3BOJHbIE
BCeX MOPSIAKOB, TO PAL D) Cpx", KOIDPHIHEHTE! KOTOPOrO BHIUHCJIEHb
no dopmyJe (7), He 0065s13aH CXOAUThCA K f(X) HH TIpH KakoM x == 0.
nocJefHeM cJaydae f He MOXKeT ObITb PasjioKeHa B CTENEeHHOH
psA B okpecTHOCTH TOouKH X =0. [leficTBuTeabHO, ecsn Gbl BbINOJ-
HSUJIOCH PABEHCTBO f (X) == 2 dpX™, TO Mbl HMENH Gbl
nla, = f™ (0);

3HAUHT, a,=C,. [IpuMep Tako#l cutyauunu OyJeT JaH B YNpaxK-
Henuu 1.

Ecan psax (3) cxoauTcsi B KOHUE IPOMEXKYTKA CXOJUMOCTH,
cKaxeMm, B Touke x=R (u, pasymeercs, R < o), TO dQyHKUHA [
HenpepbiBHA HE TOJBKO B HHTepBaJje (—R, R), HO H B Touke x = R.
370 BbITeKaeT H3 caenywomeld Teopembl AGesis (IS TPOCTOTHI MHI
nojiaraeM R=1).

8.2. Teopewma. [Tycmo pad 2 cn cxodumcs. [loroxwcus

f(x)=20c,,x" (—1l<<x<<l).

Toz0a
@) im0 =3 an
IlokasarteabctBo. IlycTh Sp=Co+ ...+ s, 5-=0. Torna
720 Cpx™ = ng() (Sh—Sn~1) X" = (1 — x) 7:20‘ SpX" - Smx™.

[lyets |x|<<1 m m— co. Tak XaK s, OrpaHHYeHbl B COBOKYMHOCTH,
TO MBI fOJlydyaem

(9) fx)=(1—x) 2 spx™
n=10
[Ipeanonoxum, uto s = lim s,. Ilycts € > 0. Bribepem N, Takoe,
yto u3 n>N crenyer i
ls—sn| <% .

Torpa, BBHAY TOro 4TO -
(1—x) D=1 (xj<1),

n=0
Mbl nosiyyaeMm u3 (9) '

N
If(x)-—si=l(l—x)2 (Sp—s5) x™ g(l—x)zjJ ls,,——s]le]"—{-——g-gs,
n=0

n==0
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ecan x >1—0, rge 6 —moboe AOCTATOYHO MaJioe MNOJOKHTEJNbHOe
uyncno. Otciopa caenyet (8).

B kauecrBe npuJOoXeHHs AOKaxeM Teopemy 3.51, KoTopast COCTOHT
B caepylomeM. Ecau pader 2 an, D) bp, ch cx00amea  coomeem-
cmeenno kK A, B, C u ecau cpo=aybp-+ ... +azby, mo C=AB.
[Tonoxum

f(x) :n§0 anx", g(x)= n§0 bax™, h(x)= ng() Cpx™

npn 0<{x<<l. Ecam x<<1, To 3TH paAbl cxolsnTcs aGCOJIOTHO,
H NO3TOMY HX MOXHO NEPEMHOXHTb B COOTBETCTBHH C ONpEJe/ICHHEM
3.48; BLINOJIHHB YMHOXE€HHE, Mbl' YBHAHM, YTO

(10) f)g)=h(x) (O<x<).
[lo teopeme 8.2
(1) fx)— A, g(x)— B, h{x)—C

npu x — 1. U3 pasencrs (10) u (11) cnenyer, uro AB=C.
Ianee HaM mNOHAAOOMTCS cClepyomas TeopeMa 06 H3MeHEHHH
Nopsiika CYMMHPOBAHHSI JBOMHOIN MOC/EI0BATENLHOCTH.

8.3. Teopema. [lycms Odana deotinas nocxzeaosame/zbuocmb
{a;;}, i=1,2,8, ..., j=1,2,3, ..., nycms

(12) Z‘Iaul=b: (i=1,2,3 ...).
i=

u pad ) b; cxodumca. Tozda
(13) ' I aiif=_2 2 ay,
=1 j=1 o i=1 =1

HokasateabcTBO. Mbl Morau 66l yCTaHOBHTL paBeHCTBO (13)
HENOCPeACTBEHHO, MOAOOHO TOMY KaK 3TO OblIO ClesNaHo B Teope-
Me 3.56 (xoTs B HAaHHOM CJydae 3TO HECKOJbKO 06oJsiee CJIOMKHO).-
Onnako crnepyomuéi MeTOA NpeAcTaBasieTcsi 6ojiee  HHTEPECHHM.

IMycte E —cyeTHOE MHOXKECTBO, COCTOsIlEEe M3 MOMAPHO PasJ/iHg-

HbIX TOYEK Xg, Xy, X3, ..., H NYCTb Xp—> Xp NpU n—> co. [losoxkuM
(14) fira) =2 @iy (=1.2,3,...),
: =
n
(15) fi(xn)zzlaij (i,n=1,2,3,...),
=

(16) unzgﬁu) (x € E).
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Tenepsn, conocraBaas (14) u (15) ¢ ycaosuem (12), mbl BugHM,
yTo Kamjas u3 OyHnkuui f; HenpepblBHA B Touke Xo. [lockolbky
[fi(x)|< b npu x€ E, pax (16) cxoaurcst paBHomepuo ua E, Tax
uto QyHKUHSA g HenpepniBHa B Touke x, (Teopema 7.11). Caepnosa-
TeJNbHO,

0

2 Q;j = gt fi (x0) = g (xo) = lim g (x,) =

—1 N—>00

b8

i=1

I

o~

= 1m D) fi(x) = lim ) D) ayj ==
i i

>0 i= Ne» 0 f==1 j=

> on

n 2}
::lim 2 2 aij ::2 a;;.
izt 1 =1

00 j=1 i= j=1 i=

8.4. Teopewma. [lycmos pso
D cux™
n=0

cxodumesa npu |x|<<R u f[(x)—cymma smoeo pada e unmepsare
(—R,R). Ecoru—R <<a<<R, mo ¢yukyuto [ moxcro paszioxcunte
8 CMenenHod psad 8 OKPeCMHOCMU MOYKU X =a, cxodawutics npu
Ix—ai<R—’aiy u

foe]

(17) Fo)=> [%-(—a—)(x~a)" (

n=0

x—a| <R—]|a)).

Ita Teopema sBAsIeTCH 0006IIEHHEM TeopeMsbl 5.17; oHa u3BecTHA
TaKkXKe Kak Teopema Telopa.

JokasateabcTBo. Hmeem
o0

f(x):E Crl{x—a)4-a)* ==

n=0
5 n
= M (;) a” " (x—a)" =
n=0 m=0
0 oy

= [ M <:1:) cna"“'“] (x—a)™.
=0 n-m

m

D10 H ecTb HYKHOE HAM DAa3NOKEHHE B OKPECTHOCTH TOUKH
x=a. Yrobbl yOemuTbCsH B €ro CnpaBeAJHBOCTH, Mbl JOMKHBI 000-
CHOBAaTb HM3MEHEHHe TMOopsAjKa CyMMHpoBaHHS. Teopema 8.3 nokasbi-
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BaeT, 4TO OHO BO3MOXKHO, €CJIH pPAx

(18) §_‘, i lc,, <7n> v " (x—a)"

n=0m=>0

cxonutca. Ho (18), oueBHaHO, NpHBOAHTCH K BHAY
(19) 2 lent(x—alp-ia)®,

a pan (19) cxonurcs, ecan [x—al-+|a|<<R.

Haxonen, dopmyaa (17) aast Kosdbduuuentos caepyer us (7).
Hyxuo samernts, 410 psaag (17) B JAeHCTBUTENLHOCTH MOMET CXO-
AUTLCS B MHTepBaje, CoJiee IIHPOKOM, 4eM HHTepBaJ, OmpejelisieMbill
HEPaBEHCTBOM |X—a|<<R—!a]|.

Ecan nBa creneHHbX psajga cxoAsTcs B uuTepBade (—R, R)
K OIHOA M TOH Xe (QYHKUMH, TO OHH TOXJAECTBEHHbI, T. €. HX KO3(]-
buunenTs ¢ OJHHAKOBLIMH HOMepamM paBHbi. MurtepecHo, uto To Xe
BepHO M B OoJsiee cJiabblX Npeino/0KeHHsX.

8.5. Teopema. [Tycms pader D a,x" u M b.x™  cx0damen
8 unmepsgase S =(~—R, R). [lycmo E — muomcecmeo ecex mouex x€S,
8 KOmopeix

(20) Dl anx™ = ) by

Ecau E umeemn npedeavryro mouky & S, mo a,==b, npu n=0, 1,
2, ... . 3nauum, (20) ewwnoarnsemcs u npu eécex x¢S.

HoxasarteasctBo. llyers ¢,=a,— b, u
(21) f(x)= 2 cax™  (x€S).
n=:10

Torpga f(x)=0 na E. .

[Tycts A—MHOXKECTBO BCeX MpeleibHBIX TOueK MHOMecTBa E,
cojlepxamuxcs B S, a B--MHOXKeCTBO BCEX IPOYHX TOUEK H3 S.
H3a onpenesenns npeaesbHOi TOYKH SICHO, YTO MHOXKECTBO B OTKphHITO.
HonyctuM, 4to Ham ypa’doch J0KasaTh, 410 H A  OTKpPHITO.
[lo ycnoeuio A Henycto. Kpome Ttoro, S=A{|B, ANB=g u S
cBA3HO (Teopema 2.47). U3 onpepenenns 2.45 ciaeayer, 4TO B Takom
cayuae B pomkHo ObITh nycThiM M, 3Hauut, A=S. M3 Toro, urto
byukuua f HenpepwiBHa Ha S, caeayer Az E. Takum o6pasom,
E=S, a (7) nokaswiBaer, ut0 ¢,=0 npa n=0,1,2, ..., uro
H cocTaBJiseT TpebyeMoe 3aKJioueHHe.
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TaknMm o6pasoM, Ham HYXHO JHOKasaTb, 4to A o1KphITO. EciH
X9 €A, To TeopeMa 8.4 mokasniBaeT, YTO

[+ -]
(22) fx)= 2 da(x—xo)"  (|x—%| <R—|Xl).
n=@
Mu yTtBepxknaem, uto d, =0 npu Bcex n. [Ipeanonarass npoTHB-

Hoe, 0003HaYuM uYepe3 k£ HauMeHbllee H3 HEOTPHLATENBHBIX LEJbX
gycen m, TakHux, uto d,s=0. Torga

(23) fF(x)=(x—xo)*g(x)  (lx—x| <R—|x}),
riae
(24) g(x)= mgo dhim (X — X)™.

[TockoabKy (YHKUHA g HenpepbiBHA B TOUKE Xo H
g (xO) = dk % 0,

10 cymectyer 8>0, rakoe, uro g(x)=#=0, ecau | x—xo]<<d.
M3 (23) caenyer, uro f(x)==0, ecau 0<C|x — x| << 8. Ho 310 npo-
THBOPEUHT TOMY, UTO X, — TpejesbHasi Touka MHOxectBa E.

Takum obpasoM, d, =0 npu Bcex n, Tak uto f(x)=~0 npH Bcex x,
AJSL KOTOPHIX BHIMOMHSETCS (22), T. €. B OKPECTHOCTH TOUKH Xo. OTO
nokaswiBaet, 4To A OTKPHITO, H JOKa3aTeJbCTBO 3aKOHYEHO.

lMokasareabHas u Jorapupmuyeckasn QYHKUHH

[Tonoxum, no ONpeNCJICHHUIO,

o0

(25) E@= .

n=0

[Mpusnak [HanamGepa nokasbiBaeT, UYTO 3TOT P CXOXMTCH IpH
KamA0M KOMIVIEKCHOM 2. Ilpumensisi TeopeMmy 3.50 006 YMHOMXEHHH
a6CoOJNIIOTHO CXOAAUMXCA pPANOB, JoJydaeMm

o0 oo (o) n k -.k
E@E@W)=2 % > %T_:E 2 kf(’fi"_k)z:
n=0 m==0 n=0 k=0
o0 n (o] n
=3 a3 ()2 =3

n=0 h=0 n=0

OTKYJa BbITEKaeT BaXHAs Teopema CJOMEHHS
(26) E(z+w)=E (2)E(w) (2, @ KOMIUIEKCHHIE).
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OnHo M3 ee cJeACTBMA TaKOBO:
(27) E@R@E(—2)=E(z—2)=E(0)=1 (2 xoMmIeKCHOe),

3to nokasbiBaet, 4yto E (2) 540 npu Bcex z. Coraacuo (25), E (x) >0,
ecan x >0; (27) nokasniBaer, uto E (x)>>0 nps Bcex BelnecTBeH-
HelX x. B cuny (25), E(x)—>- o0 npu x— + o0, a (27) nokase-
paer, uro E(x)—0 npu x-—>-—oo BIOJE BENIECTBEHHOH OCH.
B cuay (25), u3 O0<x<Cy caepyer, uro E (x)<<E(y); us (27)
crenyer E(—y) << E(—x); snauyur, ¢yukuus E cTporo Bospacraer
Ha BCeH BeIeCTBEHHOH OCH.
Teopema c/oKeHHs NOKa3biBaeT TakXke, YTO

E(h)—1

(28) lim ZEEN =L@ _ E () 1im )=l B
h-0 h->0

rnocsejHee pPaBEHCTBO cJelyeT NpsiMo u3 (25).

TlosTopsasi (26), moayuyaem
(29) E@z+...+2,)=FE(2)...E(z).

[Tonoxum 3nech z;=...=2,=1. [lockosnbky E (1)=e, rae e—
4MCJI0, BBeJeHHOe B onpeneneHun 3.30, To Mbl nojyuaem
(30) E@(n)=¢" (n=1,2,3,...).

Ecnu p=n/m, rae n, m-—nosoXHTeJNbHbE LeJLE YHCIAA, TO
(31) [E (M1 =E (mp)=E (n)=e",
TaK YTO
(32) E(p)=e" (p >0, p paumnoHaJibHO).

Us (27) cnenyer, uto E(—p)=eP, rjie p— NOJOKHTEJbHOE
¥ pauuoHanbHoe. Takum o6pasoM, (32) BHIOJHSETCS NPH BCeX
paLlMOHAMBHBIX p.

B ynpaxuenun 7 x rj. 1 Mbl NPeANOXKHJIM Takoe OIpejesieHHe:

(33) x¥ = sup xP,
rAe BepXusis rpaHb Oepercs MO BceM PAlHOHAMLHLIM p, TAKHM HTO

p <y Aas Juoboro BewectBeHHoro y M x>1. Eciu ™Mbl Takum
o6pa3oM onpejesuM TpH JI0G0OM BEIECTBEHHOM X

(34) e* =supe’ (p<<x, p panHOHAJBHO),

TO H3 HENpephIBHOCTH M MOHOTOHHOCTH GyHKUMH E, a Takxe u3
paBencTBa (32) nosayuurcs

(35) E (x)=¢"

TIpH BCeX BeHIeCTBeHHbIX x. PasenctBo (3D) oOBscHseT, mnoueMy
¢yukuuio E Ha3bIBAIOT I0Ka3aTeqbHOM.
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Ha camom gene Bmecto (34) BrOJHE MOMKHO BOCIHOJBL30BATLCSH
paBeHcTBOM (35) aas onpejesnenus e”; paBenctso (35)—ropasio
Gosnee ypobHast OTnpaBHAst TOYKA MAJS HCCJAEAOBAHHSI CBOMCTB (YHK-
mn e*. Cefiyac Mbl yBHAMM, 4TO H (33) MOXKHO 3aMeHHTb OoJiee
yRoOHbIM onpejeneHueM (cM. (43)).

Bepuemes k o6blunomy obosnauenuio e* Bvecto E (x) U HOABITO-
KHM TO, 4TO ObLIO AOKA3aHO JO CHX MOP.

8.6. Teopewma. [Tycme e* onpedeasemca Ha R' pasencmeamu
(35) u (25). Tozda

(@) ynkyus e* nenpepoisna u Ouddeperyupyema 8 w60

BEU4ECMBEHHOL MOUKe;

() (e°) =e*;

(c) e™—cmpoeo eozpacmarowian pyrkyus u e™ > 0;

(d) e =e%e;

(e) e*—> 4o npu x—>-4- 00, e —0 npu x — — oo;

(f) lim x"e*==0 npu aobom n.

X-»~-00

Meut yxe jokasanu Bce yTBepxieHus or (a) no (e); (25) noka-

3bIBAET, 4YTO

. xn+l
T 1y
apa x>0, Tak uro
xte ™ < !Pil ,

X

otKyjaa u ciaeayet (f). YrtBepxjenue (f) o3HayaeT, yTo €° CTPEMHTCH
K --oo OpH x—> -} co «OblcTpees, ueMm J100ast cTeneHb x.

Oyuxuusa E, 6yaydu cTporo Bo3pactaioueil u pHddepenunpyemon
Ha R!, umeer ofparnyio (QyHKHHK L, KoTopas TOXE€ CTpPOro BO3pa-
craetr ¥ auddepeHurpyeMa H objacTh olpejefeHHsT KOTOPOH copna-
jpaet ¢ E(RY), T. e. C MHOXECTBOM BCE€X IOJOXKHTEAbULIX YHCEJ.
Oyurausa L onpenensieTcsi W3 paBeHCTBA

(36) E(L)=y  @>0)

HJIM H3 paBeHCTBA

(37) L(E (x))=x (X~ BeIECTBEHHO).

Juddepenuupyst (37), noayyaem (cp. ¢ TeopemoH 5.5)
L' (E(x))-E(x)=1.

BanucwBas y = E (x), umeeMm

(38) L=, (>0
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[onaras 8 (37) x=0, mer BupuMm, uyto L (1)==0. 3nauur, u3 (38)
caenyer

(39) Lw-{%.

Oyenb yacto paBeHCTBO (39) NPUHUMAKOT 332 OTIIPABHYIO TOYKY B TECOPHH

Jorapupma u nokasatesannoil yskuun. Ilonaras u=E (x), v=E (y),
noayvyaeM us (26)

L(uv)=L(E (x)-E(y)=L(E (x- y))=x+,

TaK 4T0
(49) L(uv) =1L (u)+ L (v) (u=>>0, v>0).

D10 noxaseizaer, uro L obuajaer H3BECTHbIM CBOACTBOM, KOTO-
poe Jenaer Jjorapud™Mbl CPeACTBOM, I101€3HBIM JJI  BbIYHCJEHHI.
O0Guiunoe ofosnavenve Aans L (x), KoHeuHo, log x.

Uto kKacaercs mnosejeHus QyHKuum log ¥ mOpm x-—>-+-co U OpH
x—>0, 10 Teopema 8.6 (¢) MokasnLBaeT, 4TO

log x —>+ oo 1mpu X — -+ o0,
log x —> —co npn x-->0.
Jlerko BuzeTb, UTO
(41) x"==F (nL{x)),
ecan x>0, a n—uence. [logobubiM xKe oOpa3oM, ecad ml— 00JA0-
KHTEJAbHOE HEJ0e, TO

‘ , 1
(42) i E (?{ L (x)> ,

TaK KakK Kamjaan u3 gacrell pasenctsa (42) nocJse BO3BEJCHHS B M-10
CTeNeHb NpespaiaeTcss B COOTBETCTBYIONLYIO YacTh paseHctBa (37).
O6bveguusia (41) 1 (42), nonydaem

(43) x8=FE (aL (x)):~ e*108%
npH J10O0M PalHOHANLEHOM .

Onpejiesium  Teneps x% npu JioGOM BEUIECTBEHHOM « H JOOOM
x>0 pasencteom (43). HenpepblBHOCTL ¥ MOHOTOMHOCTB (yHKLMHA
E v L 10KaspiBaloT, 4TO 3TO ONpCje/ielde NPHUBOAMT K TOMY 2Ke
pesyabTaTy, YTO HPEAJOXKEHHOe paHee. YTBepxjenus, cpopmynupo-
BaHHbIC B yrnpawxuenusix ¢ 4-ro 1o 7-e ra. 1 —TpUBHAJbHBIE Clei-
¢TBHs1 paBeHcTBa (43).

[poauddepentuposas (43), nogaydaeM, no teopeme 5.5,

(44) (x%) = E (aL (x)) - = = axo- 1.

X

-

3amMeTuM, UTO paHbllle Mbl HCHO/IB20BaJH (44) TOJBKO AJf IEJbIX
3HAYEHHI @, 2 B 3ToM caydae (44) sierko cieyeT H3 Teopemot 5.3 (b).
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Jokasatb paBeHCTBO (44), HCXOJA HENOCPEJCTBEHHO M3 ONpejAeseHHs
TIPOH3BOJHOM, ec/u x® onpejejieHo, Kak B (33), BecbMa 3aTPyAHH-
TeJIbHO.

Xopomwo wu3pectHas (OpPMyJla HHTErpHPOBaHHs IJs Xx® clenyer

u3 (44), ecam as=—1, u u3 (38), ecam o= —1. MBl XOTHM JOKa-
3aTh elle OJHO CBOHCTBO QYyHKUHH log x, a UMEHHO
(45) lim x-¢Jogx=0

x—+-too

npu kaxjaoM o>0. Huaue rosops, logx— -t oo mpu x-—>-+ oo
«MeJJIeHHee», ueM Jo0as IM0JIOKHTebHAs CTeNneHb X.
HeficTBuTesbHO, ecdii 0 <<e<<a, a x>1, 1O

x X
x~%log x = x—¢ S £ ldt < x—o S £ dt =
1 1
) x®—1 X

<

:x_o'
e e °

OoTKyJda M chaeayer (45). Mbi mora Obl TakiKe BOCNOJNb30BAThCH
Teopemort 8.6 (f) nns BeIBoga paseHcTBa (45).

TpuroHomerpuueckue GYHKHHH

ITonoxnM, no onpeneneHuo,
1 . . 1 . .
(46) C(x) =+ [E(ix)+ E(—ix)l, S(x)=— [E (ix)—E (—ix)).
Mol nokaxem, uto C(x) M S(x) coBnajalT ¢ QYHKUHAMH COSX
H sinx, onpejeneHHe KOTOPHIX OGBLIYHO OCHOBBHIBAETCH HA TeOMeTpH-

ueckux pacemotpenusx. Cornmacho (25), E (2) == E (z). 3uauut, Kak
nokaseiBaet (46), C(x) u S(x) BelleCTBeHHHl INPH BENIECTBEHHBbIX X.
Kpome Toro,

“nr E (ix)=C (x)+iS (x).

Takum ofpasom, C(x) W S(x) paBHBl COOTBETCTBEHHO MHHMOMH
¥ BelleCTBeHHOH uacTH uMcaa E (ix), ecau x BemectsenHo. Cornac-
Ho (27),

| E (ix) 2= E (ix) E (ix) = E (ix) E (—ix) =1,
TaK 4TO
(48) | E (ix) =1 (x BelleCTBEHHO).

Ha (46) moxno ycmotpers, uto C(0)=1, S(0)=0, a (28)
110Ka3biBaeT, 4TO

(49) C (x)= —S(x), S (x)=C(x).
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Mbl yTBepXKAaeM, UYTO CYLIECTBYIOT [OJNOXKHTE/bHEIE YHCJA X,
Takue, uto C(x)=0. [elictBuTesbHO, NyCTb 3TO He Tak. M3 Toro,
yro C(0) =1, caenyer Toraa, uto C (x) >0 npu Bcex x > 0; 3nauur,
S’ (x) >0, cornacuo (49), u, 3uauuT, PyHKuMaA S cTPOro Bo3pacraer,
a Tak Kak S(0)=0, 10 S(x)>0 npu x>0. 3nauur, ecan
0<<x<<y, 10

(50) SwWu—x<{swd=cm-cw=e

ITocnepnee mnepaBencTBO caenyer” u3 (48) u  (47). Ho (50)
He MOXET BHINOJHATBCS NPH OOJbWIHX Y, TaK Kak S (x) >0, u mul
fOJIYy4HJT TIPOTHBOpEYHeE.

[TyeTh xo— HaumeHbluee W3 IOJIOKHUTEJNbHBIX YUCEJ X, TAKHX, YTO
C(x)=0. Oxo cywecTByeT, TaK KaK MHOXECTBO HyJell HenpepsiB-

HO# ¢ynruMH 3amkHyTo, a C(0)s:0. Onpezesum uucjo 7 papen-
CTBOM

(51) n'—“f 2)('0.
Torpa C(m/2) =0 u, kak nokaswBaer (48), S(m/2)= % 1. Ho

1aK Kak C(x)>0 B (0, 7/2), T0o S Bo3pacraer B (0, 7/2); 3Hauur,
S (m/2) == 1. Takum o6pa3om,

H TeopeMa CJIOXKEHHsT NMOoKa3biBaeTr, 4To

(52) E(mi)= —1, E@2ni)=1;
3HAYHT,
(53) E (24 2ni)=E (2) (2 — KOMILIEKCHOE).

8.7. Teopema. (a) Pyukyus E nepuoduuna ¢ nepuodom 2mi.

(b) pynxyuu C u S nepuoduunsl ¢ nepuodom 2.

(¢) Ecau 0 <<t <<2m, mo E (it) + 1.

(d) Ecau z— komnaekcHoe uucao, a |z|=1, mo cywecmeyem
edurcmeennoe wucaot €10, 2n), makoe, umo E (it)=z.

LokasarteabcTBO. YTBepxjenne (a) caepyer us (53),
a yreepxjenne (b) caepyer H3 (a) u (46).

IMycts 0 <<t<<m/2, a E (it)=x-iy, rie x M Yy BEIIECTBEHHDI.
CpenaHHoe HaMu panee mnokasmiBaer, uto O0<<x<<l, O<y<l.
3aMmeTuM, YTO

E (4it) = (x + iy)* = x4 — 6222 -+ y* + dixy (x*— y?).
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Ecau E (4it) BewecTBeHHO, TO0 x?— y* =0, a Tak Kak, corJjacHo (48),

x2-Fy?==1, TO xzzyr‘:-;-, 3Hauyut, E (4it)= —1. Tem cambiM (c)
JOKa3aHo.

Ecan 01, < t, << 2R, 10
E (i) [E (it )P = E (it,— ity) # 1,

corgacyio (c). TeM caMbIM JOKa3aHO yTBep:KAEHHE O €JIHHCTBEHHOCTH,
cojepxaileecs B (d).

yere zy=x; 410y, xi+yi=1, x>0, y,>0. Ha [0, m/2]
¢ynxuus C y6eBaer ot 1 o 0; 3nauut, C(f;) =X, NPH HEKOTOPOM

ty ma [0, n/2]. U3 Ttoro, uro C%*-+S*==1, a S>>0 na [0, /2],
caenyer, uro z; = E (ify).

Hakouen, ponyctuMm, uto 2 == x- iy, |z|=1. Ilonoxum z, = — iz,
ecan x<-0, y > 0. Tloaokum zy=-—z2, ecan x<C0, y-<O.

Tonoxum 2, =iz, ecyn x>0, y<<0. Toraa z, yaoBJeTBOpsieT npej-
NOJIOKEHUSAM TpebiAyulero atsauna, a Tak Kak (= E (ni/2), 10 M
BHANMM, 4TO z=-E (i (t;4-1;2)) vau E (¢ (¢ -+ ) nam E (i (¢ + 37/2)),
B 3aBHCHMOCTH OT TOro, KakOH W3 Tpex CJy4aeB paccMarpHBaeTcs.
Tem caMmbiM JoKa3aHo yTsep:xkjaenue (d), a ¢ HHM BCsS TeopeMa.

M3 (d) u (48) cmexyer, uTo KpuBasi y, OnpejeseHHast paBeHCTBOM

(54) y(1) = E(it) (0<t<2n),

—-TIpocTasl 3aMKHyTas KpHBasi, MHOXKECTBO 3HAa4YCHHH KOTOpOi —
eJMInuHas OKpyKHOCTb Ha TJockKocTH. Jiiuna Kpusoi no Teopeme
6.35 pamua

2

\ v (1) |dt =2,

tax rak vy’ (f)=:iE (if). Takoro pesy/braTa, KOHEYHO, H CJEJOBAJIO
OKHAATH /st OKPYXKHOCTH pajuyca l; ol nokasmisaer, 4TO 7, OIpe-
aeaetnoe B (51), uMeeT OObIUHBIH FEOMETPHUYECKHH CMBICJI.

TakuM xKe TouHo o0pasoM Mbl YBHJAHM UTO NpPU BO3pacTaluu !
ot 0 no £, Touka y ({) onHCHIBACT AYry, JeXKallyl Ha OKPYXKHOCTH
M MMemylo JJINHY fo. PaccMoTpeHne TpeyrosibHHKa C BepuHHaMH

1 =0, zy=v(), 23— C (to)

[N

nokassisaer, uro C(f) u S(f) Ha caMoM Jiefle COBNANAOT C COS!
M Sinf, ecau 3TH TOCJCAHHE OINpeiesieHs OOLIUHBIM CHOCOOOM  Kak
OTHOMIEHHUS] CTOPOH IPSAMOYIOJbHOTO TPEYToJbHHKA.

CaeayeT moJYepKHYTh, YTO MBI BLIBEJIH OCHOBHbIC CBOHCTBA TpPH-
roHoMeTpHuecKUX GYHKUHH 43 (46) u (25), He npus/eKas TreoMeTpH-
YeCKOro TIOHSITHS YrJa.



Aneebpauneckas 3amMKHYMOCG NOAR KOMHACKCHbLIX 4uCen 205

AﬂreﬁpaH‘IECKaﬂ 3AMKHYTOCTh NOJISI KOMIJIEKCHBIX 4YHCEJN

Teneps Mbl B COCTOSIHMH [1aTh NPOCTOE JIOKA3ATEJNLCTBO TOLO
dakTa, YTO I0JE KOMIJIEKCHBIX YHCeJ Are6paHuyecku 3aMKHYTO,
T. €. 4TO KaX[bill OTVIMUHBIA OT MOCTOSHHOH MHOrOYJIEH C KOMIIeKC-
HBIMH KO3()®HIHMEHTAMH HMeeT KOMIJIEKCHBIl KOpeHb.

8.8. Teopewma. ITycme  ay, ..., a,— KOMRAEKCHble  4ucaa,
n
N1
n>1, a, %0, P(2)= 2 axz". Toeda cywecmsyem makoe Komnaexc-
0
Hoe qucao z, umo P (z)=0.

HokasatenbctBo. He orpanuunBas obuiHocTH, HonycTuM,
410 @, = 1. Tlosoxum

(55) p=inf| P (2)] {z — KOMIJIEKCHOE).
Ecau |z|=R, 10

(56) [P(2)|>R"[1 —[an4[RT— ... —{a|R™"].

[TpaBast uwacth HepaBeHcTBa (56) cTpemurtcst K co, Korga R — co.
3HauMT, CcylecTByeT Takoe Ry, uto [P (2)|>u, ecan |z|>R,.
Beuay toro uto dyuxkuusi |P| HenpephiBHa Ha 3aMKHYTOM Kpyre
C LEHTPOM B HyJe paauyca Ry, Mbl 3aKII04aeM Ha OCHOBAHHH TeO-
peMbl 4.16, uto |P(2;)|=Wp NPH HEKOTOPOM 2.

Mzl yTBepxkaaeM, yto p=0.

Ecan 310 He Tak, 10 mnosoxum Q (2) ﬁga;@ Torpa Q—
MHOTOUJIeH, OTJAM4YHbL oT mnoctosunof, Q(0)=1 u [Q(2)|>1 npu
Beex 2. CyllecTByeT HaHMeHblilee 11eIoe U3 Bcex uucea k, 1 <k <n,
TAKHX, 4YTO

(57) Q(2)==14bp2" ...+ bz", by=#0.

O603uauuM 37O YMCIO yepes k.
ITo reopeme 8.7 (d) cywectByeT BewecTBenHoe 6, Takoe, uTo

(58) e“‘oebho = — 1 bho }

Torna {Q (rei®) | <1 —rko{{bry!—r|brgrt|— ... —rr=*01b, 1}, ecan

r>0. Ilpu npoCTaToOUHO MaJjOM r BbipaKEHHE B CKOOKAaX MOJONKH-

Tenbuo, 3uauuT, |Q (rei®)| << 1, W Mbl npuwAM K NIPOTHBOPEUHIO.
Takum obpasom, p=0, 1. e. P(z,)=0.
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Psinni ®ypre

8.9. Onpenenenune. TpucoHOMEMPUYECKUM MHO204 AEHOM HA3HI-
BaeTCsl KOHeuHasi CymMMa BHJA

N
(59)  f(x)=ao+ D (ancosnx+ b,sinnx) (x BeleCTBEHHO),
n={

rAe 4y, ..., ax, by, ..., by — KOMIJIEKCHBIE UYHCJA. Y UHTHIBAS TOX-~
pectBa (46), dynkuuo (59) MoxHO 3anucaTb B Buje

N
(60) flx)= Dl cpeins (x BEULeCTBEHHO),
—N

KOTOpbI JAJd MHOruXx ueseii Gosee ypodeH. $IcHO, 4YTO KaKAblfi
TPHTOHOMETPHYECKHH MHOrouJeH — nepHoAxuecKass QyHKIHS C IepPHO-
IoM 2m.

Ecan N —OTIHYHOE OT HYJs LeJOE YHCJO, TO '™ — npou3BoL-
Hast QyHKuMH e'™/in, Kotopas Toxe uMeeT nepuox 2n. ITosTomy

I
61) 1 Seinxdx:[I, ecan n=0,
2a 0, ecit n= 41, +2,

-n

YmHoxuM (60) Ha e'™*, rie m—uenoe YHCA0; HHTETPUPYS 3TO
RpOH3BEJleHHe, MOJYYHM Ha ocHOBaHuH (61)
a
(62) Cm = o S f(x) e ™= dx
-
npu |m|<N. Ecau {m|> N, To uurerpan B (62) pasen HYJIO.

3 paBeHcTB (60) u (62) BHAHO, YTO TPUTOHOMETPHYECKHH MHOTO-
yieH f, 3amanubii paBeHcTBoM (60), oOKa3sbiBaeTCs BelleCTBEHHbIM
B TOM M TOJALKO B TOM cJyyae, KOTAa C_,=Cp, npd n=0, ..., N.

B coorerctBHH ¢ (60) Mbl onpenessieM mpucoHOMempu4ecKutl
pAd Kaxk pAx BUAA

(63) > cpetnt (X BelleCTBEHHO);
-0

N-g vyactHas cymma psjga (63) no onpejfeseHdlo paBHa MnpaBo#
yacTH paBeHcTBa (60).

Ecnu f— byHkuus, uHTerpupyemas Ha {—m, m], TO YHCAA Cp,
3ajlaHHble paBeHCTBOM (62) 1/ Bcex HeJbIX ' YHCeN m, Ha3bBalTCA
kosppuyuenmamu Pypse dyukunn f, a psan (63), cocraBaerubili npu
MOMOWH 3THX K03hQuLHeHTOB, — padom Pypve dynkuuu f. Tenepnb
BO3HHMKAeT eCTEeCTBEHHHI Bompoc: cxoautcs JH psn Pypbe QyHK-
uvu f K f, uam, Gonee o6wo, onpepensieTcst JH QYHKIHS [ CBOHM
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panom ®@ypoe. HMuaue rosops, ecin Mbi 3HaeM Koadduuuentsr dypbe
GYHKUMH, TO MOXKEM JIH Mbl HaHTH 3Ty QYHKUMIO, H €C/H MOXKEM,
TO Kak?

Mayuenne Takux psjioB M, B YacTHOCTH, npobjema npeiacTasJe-
HHS 3a7aHHOM (YHKIHMH TPUIOHOMETPHYECKHM pSJIOM, HMeeT CBOHM
MCTOUHUKOM TaKHe pa3fieNibl PU3NKH, KaK TeOpHs KOJeGaHHH H TeopHs
pacnpoctpanends Tensa (kHMra QPypbe «AHamuTHYeCKas TeopHs
TennoTe» Obwia omy6iukosana B 1822 r.). MHorounc/enubie Tpyauble
H TOHKMe npo6JeMbl, BO3HHKLIHE NPH 3TOM M3YYEHHMH, BbI3BaJH
OCHOBATEJbHLI MNEPeCMOTD M IepPecTPOlKY BCcell TEOPHH (YHKIMI
BEIECTBEHHOH TNepeMeHHOH. Muorue BblZAlOLIHECS HMEHa, H CPeaH
HuX umena Pumana, Kantopa u JleGera, TecHO cBsizaHbl € 3TOMl
00s1aCTbI0, O KOTOPOH BIIOJIHE MOXKHO CKa3aTb, YTO B HAlIM [HH
OHa BMECTE CO BCeMH ee OOOOLIeHHSIMH H OTBETBJIEHHSMH 3aHHMAaeT
UEHTPAJIbHOE MOJIOXKEHHe B aHaJjH3e.

Mpr orpaHHYMMCSl HEKOTOPBIMH OCHOBHBIMH TE€OPEMaMHM, AJA AOKa-
3aTeNbCTBA KOTOPBHIX JOCTATOUHbI METOALI, Pa3BHTHIE B MpeJALIECT-
Bywmux rjaasax. Jas OGosee OCHOBaTeJNbHOrO HCCJEJOBAHHS €CTecT-
BEHHBIM M HeOOXOJHMbIM CPejCTBOM CJIYXHT HuTerpas JleGera.

Cnauvana Mbl M3yyuM GoJiee obmiue cHCTeMbl QYHKIHH, 06.ajaio-
llHe CBOHCTBOM, aHaJoruuHeiM (61).

8.10. Onpenenenne. Ilyete {9} (n=1, 2, 3,...)—nocae-
NOBaTeNbHOCTh KOMIUIEKCHBIX (PYHKUMH Ha [a, b], Takas, 4To
b .
(64) S G () P @) dx =0  (n5£m).

a

Torna {¢.} nasbiBaeTcs opmocorassrol cucmemoli yrkyult Ha |a, bj.
Ecau, kpome Toro,
b

(65) S | @ (1) 2dx =1

a
NpH BCEX N, TO CHCTeMa {¢,} HA3BIBAETCSH OPMOHOPMALGHOU.
1
Hanpumep, dyukuuu (211) 2¢'"* 06pasyloT OPTOHOPMaNbHYIO CHCTE-
My Ha [—m, m]. TakoBbl Ke M BellecTBeHHble (YHKUHH
1 cos X sinx cos 2x sin 2x

—VQ‘H* * w ? Vi * .VR 13 _V;-L g o0 o

Ecau {p,} — oproHopMasibHasi cucteMa Ha [a, b] H ecan
b

(66) cn—_—Sf(t)q),,(t)dt (n=1, 2, 3, ...),

a




208 rs. 8. Zlaﬂbueﬁvtuue ceedenus u3 meopuu pAados

TO Mbl OyJ€M Ha3biBaTb YHCHO ¢, n-M Koaddumuentom Pypoe dyHx-
My [ orHocHTeabHO cucTeMbl {¢,}. Mo Oynem mucate

(67) f(X) ~ ;Cn'\pn (X)

4 OyjeM HasweBaTb 3TOT psijl psiioM Dypre dyExuuu f (OTHOCHTEND-
HO cucTeMb! {¢,}).

3ameruMm, urto, ynotpebsass B (67) cuMBOT ~, Mbl HHYEro
He TIPeAroJiaraeM O CXOAHMOCTH psja; 3TOT CHMBOJ O3Ha4aeT TOJIbKO,
410 KO3hPHUHEHTH 3ajal0TCH paBeHCTBaMu (66).

Caeayioliie TeopeMbl TOKAa3bIBAIOT, UTO YAaCTHbIE CyMMBl psija
Oypbe $yHKUUA [ 001aa10T HEKOTOPHIM CBOHCTBOM MHHHMaJbHOCTH.
Mu GypeM mpeinosiaraTh 34eCh, KaK H Ha NPOTHIKEHHH BCEH OCTa/b-
HOfl 4acTH rJaBbl, 4yTo f€.%2, XOTS 3TO Yyc/oBHE MOXeT ObiTh
ocnab.1eHo.

8.11. Teopema. [Tycme cucmema {¢,} OPMOHOPMAAbHU HA
{a, b}. Hycme

n

(68) Sn(¥)= 21 Cm@m (%)

me={

ecimo n-a wacmuas cymma paoa Pypve pyuxkyuu f, u nycmo

n

(69) fn (%) == mg‘i Ym@m (X).
Toz0a

b
(70) @f*sn\zdxg\'if—tn;mx,

QO O

.

a
U paceHcmeo umeem mecmo mo20@ i moAbKo moeda, Koz0a
(7“) an::cm. (fnozly “e oy n).

Hnaue rosopsi, cpeau Bcex QYHKUME f, QYHKUUS S, 1aeT HAWTYY-
lee cpejgHeKkBajpaTHuHOoe NpHOJHKeHHe K QyHKUHH [.

HOKE?»HTGJI[)CTBO. H}’(‘.Tb S obo3srayaer HHTEerpaJa Io cer-

venty [a, b], >—cymmy ot 1 ao n. Toraa

o onpenedeHnio {Cm},

K Itnl2: S tngnz:q ZYm@mZi;k(Ek:Z {’Ym!za

o o
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TaK KdK CHCTEMa {(Pm} OpTOHOpMﬂJIbHa, H [O3TOMY
Vir—tup={rre—{it— {Fut {2
:yw—z%h—2@m+EWh=

S =D lem P4 ) PO

IocJaejHee Bbhipamende JOCTHraeT MHHUMYMaA TOrja o TO.HBKO TOTNa,
KOT'ld Ym == Cppe

FEcan B 3TOH BBIKJIAAKe CUHTATh Yp == Crn, TO MBI NOJYYUM

n b
(72) Diew <\ I[P,
1 a

TaK Kak 3 {[— >0

8.12. Teopema. Ecau {q,}-—opmosopmasonas cucmema HaQ
la, b] u ecau

Z Cna (),

mo "

(73) Sl < Su(x) dx.
n=1

B uactnnocmu,

(74) lim ¢, == 0.

Hokasarteanpctso. Ilonaraa B (72) n—> co, MB HOJdyuYaeMm
HepaBeHCTBO (73) — TaK HasblBaemoe «HepaBe¢HCTBO Decceas.

st tpuronoMmerpuueckoro psiga Pypre, T. e. gas psaa (63),
K0QHIHEHTH KOTOpOro onpegedsiiores u3 (62), nepasenctso (73)
NPUHHMAET BHJ

4 x
: 1 9
(75) 3 le <y (P00 Py,
M= 00 —JF

BnocneacTBum MBI YBHIMM, 4TO Ha caMmMoM jede B (75) umeet
MeCTO DaBeHCTBO.

Ilpu u3yuyeHuu TPHrOHOMeTPUUECKUX P0B Lypbe Mbl BCTPETHMCSH
¢ JBYMSI TPHTOROMETPHUECKUMH MHOTOYJICHAMH:

(76) Dy (x) - Ze“,kﬂw »»»»»» Z%lv Dy (x).
0
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ITeppoulit u3 HuX HasbiBaloT siapoM [upuxJe, a BTOpOH — siapoM
Oeiiepa.

8.13. Teopema. lpu n=0, 1, 2, ... umeem

__sin(n4-1/2) x
(77) D, (x)—‘m~ ,
1 l—cos(n41)x
(78) Kn(0) =0 Tocos s
1 ki 1 ki1
Zx Zx
Kpome moeo, Ky (x) >0 u
2
(80) Kn (x) < AT =c0s9) O<<d<lxl<m).
HoxkaszateabctBo. Cornacao (76),
(81) (Ci’t——« 1) Dn (x) = ei(ntt)x__ p—inx,

Yrobbl noayunts (77), ymHOMHM obe u€acTH pasenctBa (81)
na e~*/2, Tloxcrasasst (81) B onpepenenue sppa K,, nonyuyaem

(”'F 1) Kn (x) (eix_ 1) (e-rix__ 1) . (e—ix__ 1) 20 (ei (m—l-i)x___e—imx) —

=9 _gitnt)x_p—i(nt)x
orkyna ciaenyet (78). 3naunt, K,>»0 n Bomoausercs (80); (79)
cjelyeT HenocpeacTBeHHO u3 (76).

Haunnas ¢ storo Mecra Mol GyJleM MMeTb €10 TOJBKO C TPHIO-
HoMmeTpuueckoil cucremolt. Ilpenmonokum, uro ¢yHKuus [, nepso-
HauajbHO onpejesnenHas Ha [—m, 7], npojo/keHa Ha R! kak 2m-
neproauyeckasi QyHKILHs ).

Koadpdunuents: @ypre GyHkuud [ 3agaiorcsi paBeHCTBOM (62);
3Ha4MT, 71-51 4acTHast cymma s, ee pajna ®dypbe pasHa

n n k.
Sn (X) =8 (3 %)= E Cmeim* = E 51:[_ x [ (1) e=imtdieim= =
—n -7 -1

14 n
o\ F () Y eme-ndt,
- —n

1y Takoe NpOAOJKeHHE HEBO3MOXKHO, ecil f(—mn) = f(n), oIHaKo YHK-

LLH ST 7, Takasl, ln‘o’f(x):f () (t€(—=m, ) 1 'f(——n) :7 (1)=0, yxe moxer
GHITH [IPOAO/1KEHA € MEPHOJOM 21T HAa BCIO OCb, a ee Ko3(pduulienTnl Pyphbe, KaK Jerko
BM/ETh, DaBHBI COOTBETCTRYIOULHM Ko3hbuitienraMm oyukuuu f.-—ITpus. nepes.
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HupiMu ciioBamu,

82) s (f; x)=§-§;g F(O) D (e —tydt = 5

-3

a

le

f (x—1t) D, (t)dt.
1
BestencTsie nepuoMuHOCTH BCeX yYaCTBYIOIMX B 3TOM PaBeHCTBE
(ynkunii GeapasimuHo, MO KaKOMy HHTEpBally Mbl GyjeM HHTErpH-

posath, JMiIb Obl ero AmuHa Oblia paBHa 2n. Mwmenno nostomy
H paBHBl HHTerpaisl B (82).

8.14. Teopema. Ecau f€H na [—mn, nlu 0<d<m, mo
-8 7t
(83) lim + f(x—¢) Dy, () dit=0.
i (1)

OO6biyHO 3TO PaBEHCTBO HA3BIBZIOT TEOPEMOHl O JIOKAJIH3AI M.
Ono nokaselBaeT, UYTO NOBEJEHHE MOCJAELOBATEILHOCTH {sn (x)},
IIOCKOJMIbKY peub HJEeT O CXOAUMOCTH, 3aBHCHT TOJbKO OT 3HAUCHUH
GyHKUMM [, NPHHEEMaeMbiX B HEKOTOPOH (IIPOM3BOJIBHO MaJIof) OKpe-
CTHOCTH TOYKH x. Takum o6pasom, nBa psina Pypre MOryT BecTH
coGst ONHMHAKOBO B OZHOM HHTEpBalie, a B HEKOTOPOM JPyroM HHTep-
basie BeCTH ce0si COBEPIIEHHO NO-pasHOMy. Mbl cTasKuBaeMcsi 3jech

¢ 3ameyaTesIbHBIM KOHTPAacTOM MeXay psjaaMu Dyphe H cTeneHHbIMH
pagamu (Teopema 8.5).

JlokasateabcTBO. 3aduxkcupyeM x, H nycrthb g{t)=0 npu
11<8,

(84) g(t)=
Coranacuo (77),

fix—1)

O<lt|<m. +

'

e ') |

(§ + v})f.(x~—t)Dn(t)dt:’§ g(tysin (n+ 4 )tdt=

-6
n

e

T

k4
= S g (f)cos —t2~sin nt dt - g g sin-}cos nitdt.
—n -1

OGa mocsiepsHX MHTErpasia CTPEMATCS K HYMIO NDH fl—>00 COr-
JacHe (74), Tak Kak OGyHKuMM g (¢) cos (¢/2) wu g (tysin (¢/2) wunrer-
pupyemsl. OTcroga u caenyer (83).

Takum 06pa3oM, H3yueHHE CXOZHMOCTH IOC/AELCBATENbHOCTH
{sn ([; x)} CBOXMTCA K M3YHEHHIO HHTerpasa

8

(85) 5 | F =) Da(t)at
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NpH CKOJIb YrofgHo MasioM O >> 0. M3BecTHBI HECKO/BKO HOCTATOUHBIX
yCJIOBHH cXOoiuMOCTH psifa Pypbe; 10Ka3aTenbCcTBa ABYX H3 HHX Hame-
yeHol B ynpaxHenusx 9 wu 17. Heabss, oueBugno, oxuHjaaTh, 4TO
psn Pypbe 060l GyHKUMH OyAeT CXOLUTHCSI K 3HAYEHHIO 3STOH
dbyHkuMn B J1000fi  Touke. [leficTBHTEJBHO, €CAH 3HAUeHHS JBYX
(DYHKUHH OT/JMYaIOTCS TOJBKO B KOHEUHOM MHOXKECTBE TOUeK, TO
HHTerpajbl, onpejesiomine HX KosphuuueHTsl Pypbe, GYAYT OAH-
HAaKOBBIMH, H, 3HAUYHT, TaKHe (DYHKIIMH HMCIOT OAHH M TOT Xe psj
Dypee.

3xecy umeroTcst TpyAgHsle mpobaeMbl. He wusBecTHo naxe, BepHO
U HeT cJIedylollee HEeBHHHO 3Byuallee YTBEPXKIEHHE: «1as JJo6ok
HenpephiBHOH (yHKUUK [ CyllecTByeT TOUKa x, B KoTopoil psix ®ypove
bynkuun [ cxogutcsy. M3BeCcTHO, UTO CYUIECTBYIOT —HEIpepbIBHbIE
dynkiny, pan Pypoe KOTOPHIX PACXOAMTCH HA HECYCTHOM MHOKECTBE
Touek. OAHAKO TNOJIOXKEHHe BECbMA Y.YYLIAeTCS MPH PACCMOTPEHHH
BMECTO HYaCTHBIX CYMM S, (X) HX CPEJHHMX apHPMeTHUEeCKHX
(86) o, (.’C) - So (X) '#’ . { Sn (A) .

n--1

Crenywomas teopema npuHaane:xuT Peiiepy.

8.15. Teopema. Ecau [ nenpeposna (u, kowewro, nepuoduuua
¢ nepuodom 2m) u ecau {0,}— noc.ae006amerbHOCmb CpedHux apud-
memuueckux wacmuolx cymm pada Pypve dynxyuu f, mo

Hm o, (x) = [ (x)
n~»>0
pasHomepro Ha R

3aMeTHM 1O 3TOMYy MNOBOAY, 4To K3 Teopembl Crona — Befep-
IITPacca CJAeAyeT CYILEeCTBOBAHHE HeKOMOpoLl MNOoCJe 0BaTeNLHOCTH
TPHIOHOMETPHYECKHX MHOTOYJICHOB, paBHOMEpHO cXojpsumedica K [.
JLeHCTBUTENBHO, OTOKAECTBJSAST TOUKH X H X -1- 27T, MBI MOKEM CUH-
TaTh, UTO MEPHOANHUECKHE (DYHKLUHMH ONpeJesaeHbl Ha ¢ AMHHUHOR OKPY K-
noctu K. Tpuronomerpuyeckue MHOTOYJIEHbB, T. €. (hyuxuuu Buga (60).
00pa3yioT aare6py Gyskuuil Ha K, yHOBJETBOPSIONIYIO IpepmonoxKe-
HHSM TeopeMHBl 7.31.

HoxkaszarteanctBo. Cormaciio (86), (82) u (76), umeem

(87) 06— { Fe—n Ka () dt,

-t

H noromy u3 (79) crneayer, uTo

(88) 0 (9)— () =5 {17 (x =) — (0] K (1) dt.
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[lycrh nauo &> 0. BuiGepem M Ttak, uto | f (x)|< M npu Beex x.
Beuay Toro uto ¢ysKius f PABHOMCPHO HENPEPBIBHA, Mbl MOIKEM
BbifpaTh 0 >0 Tak, 4yto u3 |x—y| << d caenyer

(89) =)<t

Cornacno (80), mbr Moxen 3arem BeIOpaTb N Tax, 4TOOH M3
>N n dL |t < a cnegorano

(90) K () <5 -

N3 (89) caenyer, uto
o] 44

(O1) Kif(wt)—i xX) [ Ka (1) dt<§~g K, (t)dt = e

-1t

1pH BCeX n, Tak Kak K, (f)>>0, a u3 (90) nonyuaem

-0

(92) {{+

—J

} Flx—1t)—F ()| Ka (£) | dE <

(SR B |

T
<L § oM dt = e,

KAK TOaLKO 1 2> N. Hakonen, xomGunupys (88), (91) u (92), nonyuaem
(93) (0 () — [ (x) | < e

npY BceX X W Bcex n = N. JloxasaTelLCTBO 3aKOHYEHO.

3aMeTHM, 4TO ecJu Obl Mbl IIOINBITAJNHCL AOKAa3aTh TO KE caMoe
st s, (x) BMECTO 0, (x), T. e. ecau Ool Mbl 3amenuau K, (1) sppom
D, (1), TO MBI CTONKHYJHCHL OBl C HHTErpasiom

(94) L,

D, (1) dt,

!(/‘-;1

bys

KOTOPbIH CTPEMHTCH K <o 1PH A —> co, (YNpaxHenue 12.)
Ivenno 3Tum cBoiicTBoM sijnep D, BhI3BaHBl TPYAHOCTH, BCTpe-
Y4lHecss B TEOPHH CXOJHMOCTH psjioB Pypre.

Camengcreue 1. Ecau dee Henpepoisrbie 2n-nepuoduteckue Gynx-
quu fou g umeom o0dun u mom osce pad Pypve, mo f(x)=g(x)
npu ecex X.

HeftcTBUTENLHO, eCan 0, (X) — cpefiHee apudMeTHUECKOe IJs1 STOro
pajga Pypoe, TO 0, (x) — f (x), 0p (X)—> g (x) 11pH KAKIOM X.
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CnencrBue 2. Ecau (ynkyus f Henpepoigna u ecau
14
S f(x)e=ins dx =0
-3
npu aobom yerom n, mo f(x)=0 npu secex x.
DTo BHITEKaeT M3 CaeACTBUA 1, ecan nojo:xkuTtb Tam g =0.

8.16. Teopema. [Tycmov ¢ynxyuu f u g Henpepotguol (4 nepuo-
Ouunbl ¢ nepuodom 2m) u

(95) F0~ 3 e, g~ 3 yaein

Ecau s, ecme n-s wacmuas cymma psada Dypee pynxyuu f, mo
n

(96) lim { |f—sa[?dx=0,
n—+oe iy
“+o0 _ 1 14 ____
(97) E CnYn =g S f(x) g (x)dx,
—00 .y, 3

(98) Sient=ge { 17 (0)Fdr.

—00

| er—

s
2n )
14

DTo yTBepXKJEHHE M3BECTHO Kak Teopema IlapceBans.

IHoxasatenbctso. Ilycth 3amano uuciao &>0. Teopema
®deiiepa noKaskBaeT, yTo cyuwecTByer N, Takoe, uto | f (x) — 0, (x) | <&
npu Bcex x H npu Bcex n> N. Ilo rTeopeme 8.11

k4 n
S [f—-s,,|2dx<8 | f— 05 Pdx < 2me?,
- -3
ecan n>>N, H TeM CaMbiM JI0Ka3aHO (96). Hanee,
n n kg
(99) —2_1:'{ S sn(x) g (x) dx = D)\ Ck—iln— S ethxg (x)dx =
- —n -7

= E Ck;h,

H HepaBeHCTBO HIBapua fI0KasaniBaeT, 4To

100) | § fg—{ sug | < §17—saltg1< {§ 17— {12}
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[lpoussenenne B GUrypHBIX CKOOKAaX CTPEMHTCS K HYJIO TIpH
n— oo, coraacHo (96). CpaenuBag (99) u (100), noayuaem (97).
Haxowneu, (98) —3t1o yacTHmii cayuait (f = g) pasenctsa (97).

YcJOBHE HENpepblBHOCTH B 3TON TeopeMe MOXKeT ObITh 3Hauu-
TeJIbHO ocaabneHo. OxoHuaTesbHBIE Bapuaut Teopembl 8.16 Oyner
nan B ri. 10.

YnpaktHeunus

I. Tlycrs
e=t/xt (x=0),

“X):t 0 (x=0).

Hoxasatb, YTO [ HMeeT NPOH3BOJHBIE BCEX [ODSJKOB B TOUYKE
x=0wu yto f™(0)=0 npu n=1, 2, 3, ....
2. JlokasaTp cjieflylolllue npejiesbHble COOTHOMIEHHUS:
. b*¥—1
(@) lim———=1logb (b>0)
x—=0 X

(b) lim B0y,

X ’

x—=0
(¢) lim (1 +x)"*=e¢;
x—-0
. X \n x
@ Jm (1) =e

3. Ilyere f(x)f(y)=f(x-+y) npH Bcex BEUIECTBEHHLIX X H Y
(a) Ilpenmonaras, uto [ auddepenuupyema ¥ OT/IMYHA OT TOXKIe-
CTBEHHOTO HYJsl, OKa3aTb, UYTO

f(x)=e=,

rje ¢-— HEKOTOpOe YHCJIO.
(b) HoxaszaTb TO ke caMoe, NPeANoNaras, yto f ToJAbKO HenpephiBHa.

4. Tlyets 0 <<x << —;— . Hokasate, uro

5. JlokasaTb, 4TO NpH BELIECTBEHHOM x¥ ¥ n=0, 1, 2, ..
Isinnx | <nlsinx|.

3amMeTHM, YTO 3TO HEPABEHCTBO MOMKET ObiThb HEBEPHBIM JJA APYTHX
3HadeHu# n. Hanpuwmep,

.1 1, .
51n~2«nl>—2-|smn!.
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6. Ilycte a;;—uMcho, crosmee B - CTpOKe H j-M croxabue
TaOAHILbI

—~1 0 0 0...
& —1 0 0
+ 5 -1 0.
Lok

TaK 4TO

Jlokasartn, uyto
5
Say— —0

i j

C.

3‘3
14
14

&

7. JokasaTb, 4TO
WA N U
22 ay=2 Yay,
i j i1

ecan a;; >0 npu Beex { u j. (Caydall + co == + oo He HCKJOYAETCs. )
8. BrisecTu Teopemy Beiiepuitpacca o paBHOMEPHOM NPHO/IHMKEHHH
MHOTO4JieHaMH K3 TeopeMbl Pefiepa (pacCMOTPeTb pas3noKeHHe TPUTo-
HOMETPHUECKOTO MHOrouJeHa B CTENEeHHOH psia).
9. byaem rosoputh, uyro [ yjaoBIeTBOpsieT ycJaosuio Jlumiuuia
B TOYKe X, eCaH cyiecTByOT yucna M u 8 >0, takue, yto

) —F)<Miy—x]

mpH |y —x | < O.
Hokasatb, uto pai Pypbe GyHsnuu [ cxoaures K f(x) B Touxe x,
ecsu [ yAOBJETBOPSeT YCJOBHIO JIMMUIMOA B 9TOM TOUKE.

Yraszanue. Pynkuun [f (x — ¢)—f (x)] Dy () paBHOMEPHO OTpaHH-
yeHbl B HHTepBaje (—09,

10. Ecau ¢yuxuus [ ;mcb(bepeﬂunpye\sa 8 TOYKe x, TO OHA YJO-
BJeTBOpsieT yCJoBHIO Jlummnuna B 3TOH Touke. 3HauuT, AuddepeHin-

pPyeMOCTh BJeyeT 3a co6of31 cxoauMmocTb paga Pypee.

1
11. Tlyets rp=1- ,_,,,{_ .T~——log>n HokasaTe, uto mocie-

JoBatesbHoCTh {r,} cxomutces. (Ee mpenen, wacto oGo3Hauaemblil
6ykBoil y, HasbBaeTca 3MHJepoBOH noctosHHOM, y=-0,5772 ....)
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12. Ilyere

i e
_—2—1[8 D () df (n=1, 2, 3, ...).
-3
Hoxasate, uto cymecrByer uucao C >0, Takoe, uTto
L,>Clogn (n=1, 2, 3, ...),

WJiH, TOYHEE, 4YTO MOCJaeJ0BATC/IbHOCTD

4
{ angz— log n JL
OrpaHHYEeHa.

13. Ecm | f (x) | < anHBcexx TO H | 0y, (x) | << M niput Bcex x H n.
14. Tlyets |ne, |\ <M nmpu n=1, 2, 3, ...,

Sn==Co~t €yt +..  Cny
—Sokst... s
» n--1 :
JoxkasaTs, uto
| 8p —0p | <M.
¢ 2c ne
Vrazanue: s, — G, == -+T +2 zr: T i

15. Tlyctp f—dyHKuus orpaHHdyeHHolf Bapuauud Ha [—m, al.
JoKasaTb, YTO €C/¥ S, eCTb n-51 4acTHash cymma Pypbe GyHKuuu [,
TO TOCJeNOBAaTENBHOCTb {S, (X¥)} PaBHOMEPHO OrpaHHYeHa.

¥kazanue. Bocnons3oBatbes ABYMs NPe/bIYIHMH  Pe3yabTaTaMu
1 ynpaxHenueM 12 K ra. 6.
16. HokasaTh, 4TO cyumlecTByeT mocrostHuass M, Takas, uTo

¥xasanue. TlpumMeHHTb pe3y/bTat ynpaskHeHus 15 k pany Pypoe
DYBKUUH

F(t) = n—¢ nupu t€(0, m),
YU —m—t mpu ¢ (—um, 0).
17. Tlycts f-—¢yHKUHS OrpaHHueHMHON Bapuauud Ha [— i, ).

ﬂOKaSaTb, 4YTO €CJiH HpH HeKOTOpOM X
1
= [ (e )+ F (e =),

to pan Pyppe GYHKUHH [ CXOAHTCA B TOouke ¥ K S. (DTa TeopeMa
npuHaaaexut [dupuxae.)
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¥kazanue. [lonycTuM, He orpanHuuBas OGIHOCTH, uTO S$=0,
x =0 u f —uerHas (1714 HeueTHOH [ noa0KuM 8, (f; 0)=0 u f(0) =
Torpa f nenpepniBia B nysne. Bui6epem 8 >0 Ttak, utoln nosnas
Bapuaunsi ¢yskuuu f na [0, 8] 6bula Mana, NPOHHTErpHpPyeM IO
4acTAM H NPHMEHHM ynpaKHenue 16, 4To6bl yGeauTbcs B MaJIOCTH
HHTErpana

)
\ft)D(z
0

NpH BCeX 7, @ 3aTeM BOCIOJb3YyeMCst TEOPEMOH O JOKa/H3allHH.

18. [okasaTb JokanbHb BapuadT TeopeMbl Qefiepa: ecau [ € .7
H ecad OYHKHHA [ HempepblBHA B TOUKe Xg, TO On (f; Xo) —> f (xo)
npH n—s .

19. Tlyete a,=nt"—1, a b, =logn/n. Haiitn

lim 2z

n-—>00

20. Tlycrp f— dyukuus, HenmpepbiBHast Ha R}, [(x+2n)=f(x)
H o/7 — UppauHoHa/ibHoe uucjo. JokasaTh, 4TO

bn

N x
. 1 1
Tim - 3 f (et no) =5 § Fa
n=1{ .y 3
NpH BCEX X. '
¥Ykazanue. CHauana n0Kasath 370 Aas [ (x) = eik=,

21. ChopMysupoBaTh H J0Ka3aTh TeOpeMy O pABHOMEDHOM IIpH-
6/HXKEeHHH HenpephlBHOH (YHKIMH HHTErpajaMH BHAA

\ T =t om0 dt,

KoTopasi cojep:ana Obnl TeopeMbl Befiepmrpacca (7.24) u Peiiepa
(8.15) Kak uacTHble CJyuaH.
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®YHKIHUH HECKOJIbKHX NEPEMEHHbBIX

JIdHeiiHvle mpeoGpa3oBanus

DTy TJaBy Mbl HayHEM C DPACCMOTPEHMS MHOXECTB BEKTOPOB
B €BKJHA0BOM npoctpanctse R”™. M3naraembie 3sech anreGpanueckue
GakThl 6e3 H3MeHeHHH IIepeHOCSTCA Ha KOHEUHOMEpDHHE BEKTOpHbIE
LIPOCTPAHCTBA Haj JIOOBIM noJjieM ckaastpoB. OQHaKo /s HAlMX ueJei
Mbl BIIOJIHE MOXKEM OCTaBaTbCsl B MPHBBIYHBIX pPaMKax €BKJHIOBBIX
NPOCTPAHCTB

9.1. Onpenenenusda. ' (a) MuoxectBo X < R"™ HasbiBaeTcs
BEKMOPHbIM  npocmpancmeom, ecaH X-Fy€X u cx€X, KakoBwl Obl
HH Obtn X€X, y€X u uucuo c.

(by Ecnu x4, ..., xs€R™, a ¢, ..., Cp— uHCJa, ‘TO  BEKTOp
CiXi-+ ... -+ CpXp HasblBaeTcss Aunelinol kombuHayuer BEKTOPOB
Xy ooy Xp. Ecolt S R™ u ecsi E — MHOXECTBO BceX JIMHEHHBIX

KoMOHHaNMi 37eMeHTOB S, TO Mbl 6yneM roBopHTb, uTo E Hamanynio
Ha S uau uto E —oboaouka S.

3ameTuM, 4YTO KaxzHas 060/I04KA €CTh BEKTOPHOE NPOCTPAHCTBO.

(c) MuoxkecTBO, cocTOsILIEE H3 BEKTOPOB Xy, ..., X (AJIS TaKOro
MHOXECTBA Mbl OyjleM HCHolb3oBaTh oOGo3HaueHue {Xi, ..., Xz}),
HA3bIBACTCH HE3A6UCUMbIM, €CTH U3 COOTHOLIEHUS C;X; -} ... -4 CpXp =0
caelyeT, uto ¢;=...=cp=0. B npoTHBHOM cCJyyae 3TO MHOXECTBO
HA3bIBAGTCS 3QABUCUMbBLIM.

OTmeTHM, YTO HE3aBHCHMOE MHOXKECTBO HE MOXeT COJAepKath
HYJIEBOTO BEKTOpaA.

(d) Ecan BeKTOpHOe npocTpaHCcTBO X COJAEPIKHT HE3aBMCHMOE MHO-
XKECTBO, COCTOslilee H3 r BEKTOPOB, HO He COJLEpPMHT HHKAKOro He3a-
BHCUMOTO MHOXKecTBa H3 r-}-1 BexkTopo, TO roBopsiT, uto X HMeeT
pasmeprocms r 1 mumyT dim X =r.

MuoxecTBo, cocrosiiiee 3 OJHOTO 3jaeMenta 0,— BEKTOpPHOE Npo-
CTPaHCTBO; pPa3sMEpHOCTb ero paBHa HY.JIO.

(e) HesaBucumoe noaMuoxecTBo npoctpanctea X, 06071049Ka KOTO-
poro paBHa X, HasbBaeTcsl 6asucom mpocTpaHcTsa X.

3amernm, uto ecnm B={x,, ..., X,}—6asuc npocrpauctsa X, T0
Kax bl 27eMeHT X € X Jonyckaer ejJUHCTBEHHOE IpeJCTaBJIEHHE BUA

x = ) ¢;X;. Takoe npejicraBieHHe CYLIeCTBYeT, TaK Kak ‘X HaTSAHYTO
Ha B, u eIHHCTBEHHO, TaK Kak MHOXecTBo B Hesasucumo. Uwucia
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Cyy +.., Cr HA3LIBAIOTCH KoOpOusramamu BeKTOpa X 1O OTHOUIEHHIO
K fasucy B.

HaunGonee usBecTHeIM npumepoM €ashca CJAOYKHT — MHOXKECTBO
{es, ..., e,}, rie e;—BeKTOp npocTpaHcTBa R™, j-s KOOpAHHATa KOTO-
poro paBHa 1, a mpouse KOOpPAHHATH paBHbl Hy 0. Ecau x € R,
X==(Xy, o ovy Xy), TO x::ijej. Mbr 6GygeM HazLIBaTL  MHOKECTBO
{e,. ..., e} cmandapmuom Gasucom npocmparcmea R™.

9.2. Teopewma. [Tycmo r— noaosicumensroe yeaoe utcao. Ecau
sekmoproe npocmpancmeo X HAMAHYMO HA MHONCCCMB0, COCMOALee
u3 r eexmopos, mo dim X <r.

HoxkaszateabcTBo. EcIH 3T0 HeBepHO, TO CyHIECTBYET
BEKTOPHOE TPOCTPaHCTBO X, COJlepKalilee HE3aBHCHMOE MHOMXKECTBO
Q={ys, ..., ¥r+1} H HATIHYTOE Ha MHOXKECTBO §,, COCTosilIee M3
r BEKTOPOB.

[Myere O0<Ci<Zr, M JomycTuM, YTO UOCTPOEHO MHOXKECTBO S,
00O0JIOUKOH KOTOPOro CJYXKHT INPOCTPAaHCTBO X H KOTOPOE COCTOHT
U3 BexkTopoB y; ¢ 1< j<{i u M3 HeKoToporo Habopa r-—i BEKTODOB
MHOXKecCTBa Sj, CKakeM Xy, ..., X,-;. (MHbMH caoBamu, S; noay-
yaeTcss M3 MHOXKECTBA S, 3aMeHOH [ W3 ero 3JEeMEHTOB 3/1eMeHTaMH
MHO)KecTBa () Oe3 uaMeHenus o6ououxku.) ITockosmbky X HaTsiHYTO
Ha S;, TO Y;ry NPUHALIEKHT 0GOJIOUKE MHOXKeCTBa S;, 3HAUMT, Cylle-
CTBYIOT YHCJIA Qy, ..., Qirg, by, <oy bp_i, Ti€ Qi = 1, TakHe, 4TO

i1 r—i
Z‘ajyr‘r}_' bhxh:O.
3= h=1

Ecan 6ot Bce by OblAM paBHBEI HYJIO, TO, B CHJY He3aBHCHMOCTH
MHOMKeCTRa Q, H Bce a; 6uuM 66l Hyasmu. Ho a;,, == 1. CaejoBartenn-
HO, HEKOTOphIH BEKTOp X €S; ecTh JuHeHHas KOMOHHAIUS JAPYTrUX
s7eMenToB MHOKecTBa T;=S; ) {yi+}. ¥Yaamum 370T BeKTOp X U3 T;
H 0003BauYHM OCTaBlIeecsi MHOXKeCTBO uvepe3d S;;,. Torza o6oJouka
muoxKecTB S;yy W T; paBHa X, Tak uTOo S;iy OOJMazaer TeMH ke
CBOHCTBAMH, UTO H S; (TOABKO | HYXKHO 3aMeHHTL Ha {--1).

Haumnas ¢ S;, MBI [OCTPOHM TakHM 00pa3soM MHOXKECTBa
Sy, ..., S,. TlocienHee W3 HHX COCTOMT H3 Yy, ..., y,, M Haue
NOCTPOeHHEe TIOKA3blBaeT, 4TO ero o6oJo4ka paBHa X. Ho muoxectso Q
HE3aBHCHMO, 3HAYHT, Y,y HE NPHHALAERKUT 000JO0YKEe MHOMKecTBa S,.
OTO NPOTHBOPEYHE JOKA3LIBAET TEOPEMY.

CunepncrBue. dimR" = n.

HoxasarteabcTBo. [IpocTpancTBO R"™ HATAHYTO HA MHOXKE-
cTBO {ey, ..., e,}. Tlo3TOMY, Kak MOKa3blBaeT TeopeMa,

dim R™ < n.

Ho wmuoxectso {ey, ..., e,} —Hnesapucumoe, u notomy dimR"™> n.
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93. Teopema. ITyecms X —eexmoproe  npocmparcmeo
udimX =n.

(@) Hpocmparncmeo X wamsawnymo ra mroxcecmso E, cocmoawyee
U3 1 BEKMOpPO6, 8 MOM U MOALKO 8 MmOM caytae, Koz0a mHoxcecmso E
He308UCUMO.

(b) X umeem 6asuc, u Kaxcovil 6a3uc cocmoum u3 n 6eKmopos.

(¢) Ecau 1 <r<n u {yy, ..., ¥}~ He3asucumoe mHoxcecmso 8 X,
mo X umeem 6asuc, 6 cocmas KOMmMopozo exo0am ece 6eKmopbl

Yo, ooy yl"

Hoxasateabcrpo. Ilyetb E={Xx{, ..., X,}. Muoxectso
{X{, ..., X,, ¥y} 3aBucHMO npu Jaw06oM y(€X, Tak kKak dimX =n.
Ecau E HesaBucHMO, TO y IpHHAJIEXKHT 000J04Ke MHOMKecTBa FE;
odaunT, X HaTAHyTto Ha E. O6patHo, ecau MHOxecTBO E 3aBHCHMO,
TO OJHH H3 €ro 3JeMEHTOB MOXKHO YJaJUTh, He MeHsIt OBOJOUKH.
3uauut, X He MoxKeT OblThb 060/0YKON MHOXKecTBa E 10 Teopeme 9.2.
TeM cambiM (@) JoKaszaHo.

ITpocTpancTBo X cOJepKHUT HE3aBUCHMOE MHOXKECTBO, COCTOSILLEe
H3 n BeKTOpoB, Tak kKak dim X =n, a cornacuo (@), Kaxjoe Takoe
MHOKecTBO 0oOpadyer 6asuc mnpoctpaHctBa X; Temepb (D) BHITeKaeT
13 9.1 (d) u 9.2

Yro6br foKasaTh (c), AOMYCTHM, 4TO {Xi, ..., X,}—06a3uc 1upo-
crparcrea X. IlpoctpancTBo X HATSIHYTO Ha MHOMXKECTBO

S:{YH . "'7 )’n xh e ey xn})

IIPHYEM MHOXKECTBO S 3aBHCHMO, TaK KaK OHO COJIep*KHT GoJblie,
YeM 11 BEKTOPOB. PaccyskIeHHe, HCIOJL30BAHHOE NpPH J0KA3aTEJNLCTBE
TeopeMbl 9.2, 110Ka3bIBaeT, YTO OJIHH M3 BEKTOPOB X; PaBeH JIMHeRHOI
KOMOMHAIMH OCTaAbHBEIX 3JE€MEHTOB MHOXKeCTBa S. Yaalus 3TOT
BEKTOp X; M3 S, MBI MOJMYyYHM MHOMKECTBO, 0GOJOYKA KOTOPOro BCe
cute cosunagaer ¢ X. TloBTopas 3TOT mpouecc r pa3, Mb! HOJy4HAM
Gasuc mnpoctpanctsa X, couepxaimuii sextopwl {y;, ..., y,} corsac-
o (a).

9.4. Onpenenenne. Ortobpaxenne A BEKTOPHOrO HpoOCTpan
ctBa X B BEKTOPHOE IIPOCTPAHCTBO Y HA3HIBAETCS AUHELHbIM Npe-
obpasosaruem, €ciu

A (X4 Xp) = Axy -+ Axy, A (cX) == cAX,

KaxoBbl Obl HH OBUIH X, X;, X2€X M uMcJO ¢. 3aMeTuM, 4TO YacTo

iyt Ax BMecto A(x), ecan A— quHeiiHoe npeoGpasoBanie.
3aMeTnM erlle, 4To ecau A — nuHeiinoe npeodpazosanne, To A0 = 0.

Jlunefinbie mpeobpasopanust npocrpaHctBa X B X 4ACTO HA3bIBAIOT
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aunedrnoimu onepamopanu Ha X '). Ecan A — nuHelHbil onepatop Ha X,
KoTopeift (i) B3aMMHO OjJHO3HaueH; (ii) oroOpa)kaeT IPOCTPAHCTBO X
na X, HaspiBalOT obpamumeim. B 3TOM caydae Ha X MOMKHO Ompe-
aeauthb onepatop A, monoxuB A (AxX) =X npu Bcex X € X. OueBu-
HO, 4T0 B 3TOoM cayuyae A (A™'x)=x npu Bcex x€X u A — juneii-
HBI onepaTop.

BaxkHoe CBOHCTBO JIMHEHHLIX ONEpPaTOPOB HA KOHEYHOMEPHBIX BEKTOD-
HBIX NPOCTPAHCTBAX COCTOMT B TOM, 4YTO Kaxjaoe M3 ycJosuil (i) u (ii)
BjeyeT 3a coboii xpyroe.

9.5. Teopema. Jlunednoul onepamop A HQ KOHeuHOMEpPHOM
sexmopHom npocmparcmee X 63QUMHO OOHOZHAYEH 8 MOM U MOAbKO
8 Mom cay4ae, Koeda MHOXCeCmeo e20 3nauerutl cognadaem co ecem X.

HoxasatenwvctBo. Ilycte {Xy, ..., X,}—06a3uc mpoctpau-
ctBa X. M3 croficts snunefiHocTy onepatopa A cilefyeT, 4TO €ro MHO-
ecTBo 3nadenuii R (A) HaTanyTo Ha MHOXKecTBO Q = {AX, ..., Ax,).
M3 teopempl 9.3 (a) mbl 3akjtouyaeMm, 4to R (A)=X TOrga ¥ TOJNBKO
Toraa, kKorja @ — He3aBHCHMOE MHOMKecTBO. Mbl JOJIKHBI IIOKasarsb,
4TO 3TO TIPOHCXOAMT TOTJA M TOJBLKO TOT/a, KOTJA orepaTop A B3auMHO
0J{HO3HayueH.

Jlonyctum, 9To oniepaTop A B3aHMHO OJHO3HAYECH H 4T | ¢;A;X; == 0.
Torga A (Z cix,-) =0, 3nauur, Z c;X; =20, 3HauuT, ¢ = ...=¢, =0,
H Mbl 3aKJ/IO4aeM, 4YTO MHOXKeCTBO @ He3aBHCHMO.

; \ T

[lyctn, o6patHo, Q HezaBucUMO i A ( 2 cl-xi) = 0. Torza Z c;Ax; =0,
3HAYHT, Cy==...=C, =0, H Mbl 3akjawuaeM: Ax==0 Tojbko TOrja,
korga x=10. Ecan temepr Ax=Ay, 10 A(x—y)=Ax— Ay =0,

9.6. Onpeneancuue. (a). Ilycts L(X,Y)-—MHOXKECTBO Beex
JIMHEHANBIX OTOOpaKeHMH BEKTOPHOTO mpocTpaHcTBa X B BEKTOpHOE
npoctpanctso Y. Bwmecto L (X, X) mbl Oynem nucats npocto L (X).
Ecan Ay, A,€L(X,Y) u ecau c¢;, c;—uucia, To onpeiesuM orobpa-
XKenue ¢;A,-+c;A; paBeHCTBOM

(c1A;4c2As) X = c; A X+ dox (X € X).
Scno, uto Torma ¢ Ay A €L (X, Y).

(b) Eciu X, Y, Z—sBexrtopuble npoctpaictBa, ACL(X,Y)
n BeL(Y, Z), To Mul onpeieaum npoussederue BA paBeHCTBOM

(BA)x=B(Ax) (x€X).
Torna BAcL(X, Z).

1) Croab e 4acTo 3TOT TEPMHH YNOTPeGJSIIOT NPUMEHHTENLHO K JIHHEitHBIM
npeo6pasoBaHUaM NPocTPancTBa X B OTJIHYHOE OT HEro nmpoctpauctso Y.— /[pun.
nepes.
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3ameTuM, u4To, BOOGUIE T'OBOpPS, BA#AB Jlaxe B TOM cJy4ae,
Korga X =Y =Z.

(c) Hopmoti || A|l omeparopa A€ L(R" R™) Ha3blBaeTCsi BEPXHAS
rpaHb MHOMKeCTBA BceX uuces |Ax|, rpe x mnpoGeraeT MHOXECTBO
BCeX BCKTOPOB npocTpaHcTBa R, Takux, uto |x|< 1.

OTMeTHM, 4TO HEPABEHCTBO

| Ax [ <[l A1 x|
BBIMOJHAETCS IIpH Bcex XER™. KpOMe TOI‘O, €cJH A TakKoBO, 94TO
Ax!<Alx| npu Bcex X€R"™, 10 || A|l

9.7. Teopema. (a) Ecau AEL(R", R™), mo || Aj| << u A—
PaBHOMEPHO Henpepbieroe omobpadcerue npocmpancmsa R™ & npo-
cmparcmso R™.

(b) Ecau A, BEL(R", R™), a c—uucio, mo

IA+BI<[AI+| B, [[cAl={c] || A}

Ecau paccmosuue mewdy A u B onpedeaums Kax }!A—BH, mo

L(R", R") cmanosumcs Mmempuueckum npocmpaHcmeom.

(¢) Ecau A€L(R", R™) u BeL(R™, R*) mo
| BA||<|| B || Al
HokasarteanctBo. (a) Ilycts {ey, ..., e,}—cranaapTubi

basuc B R™, u nycrs x:Zciei, [x|<1, Tak uro |¢;|<1 npu
i=1, , n. Torna

JAX | =| X cAe; << Dl cil] dei | < D) | Aey

Tax 4To

Mbl BuauM, uTO OTOGpakenue A paBHOMEPHO HENpPEPHIBHO, TaK
Kak |Ax—Ay | < [[A] | x—yl, ecau x, y€ER™
HepagenctBo B (b) caexyer u3 Toro, uro

[(A+B)x =] Ax+Bx|<|Ax |+ | Bx|< (| Alj+Bi) [ x};
BTOpasi 4acTh yTBepxKieHHs (b) nposepsieTcst TeM ke crnocoboM. Ecuau
A, B, C€L(R", R™),

TO BLINOJHACTCH HEPABEHCTBO TPEYrOJbHUKA
|A—=Cl=i{(A—B)+ (B—C)||<I|A—B{+| B—CJ,

H JIETKO NPOBEpHTb, 4TO || A— B|| obsajgaer ocTajbHBIMH CBOACTBAMH
pacctosanus (onpepenenue 2.17).
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Haxkonel, (¢) caeayer u3 Hepasencrtsa
[(BA) x| = B(AX)|< || B | Ax| <

BIIAY X

Hmes B npocrpanctse L (R™, R™) METPUKY, Mbl MOKEM NEpPEHECTH
HA 5TO IPOCTPAHCTBO TAKHE IIOHSITHS, KaK HCIMPEPLIBHOCTb, OTKPLITOE

MHOKCCTBO H T. 1. Haiua ciaeidypias  TeopeMa HCHIOJAb3yeT 3TH
NOHATHA.

9.8. Teopema. [lycme Q— mHOMeCmB0 6cex 00pamuUMbIY AUHel~
Hblx onepamopos Ha R™.
(@) Ecaw ACQ. A7 <l/a, BEL(R") u |B—Aj=p<a, mo
BcQ.

(b) Q—omxpeumoe nodmroscecmso npocmpancmea L (R™), u omo-
bpaxcenue A--> A7 wenpepusno wa Q. (OHO, OYEBUIHO, B3AUMHO
01HO3HaYno OoToOpaKaeT MHOKeCTBO Q Ha celOst U siBasieTcsl 00paTHbIM
K camomy cebe.)

JTokaszateanctso. M3 roro uro x|+ |AAx! <o Ax ! npu
BCEX X € R", caejyer, 4yTo

(a—P) x| <|Ax|— B x| <] Ax |~ (B—A) x| Bx|

npu Beex X€R™. D70 nokaswbiBaer, 4To onepatop S B3aMMIO OJHO-
3uadey, 3nadnt, BE€Q no teopeme 9.5. Ho sto Bepuo npu mnotom B,
A Kotoporo || B— Al < a; nosToMy MHOKECTBO {2 OTKpPBITO.

3amensia B TIPHBCICHHOM BBIIE HEpPaBEHCTBE X BekTopoM By,
ITOJIYUHM

(a-—B) By < |BBty|-lyj|

B
1aK 4to | Bt (a—p) L. Toxzectso

Bl A1 -B1(A--B)A™!
v Teopema 9.7 (c) HOKA3LIBAIOT TEHEDPL, UTO

UB AT B A B A e P

T a{a—f)”?

M TeM CaMbiM JI0Kas’aHo YTBep:KJelue O HenpepubiBHOCTH, TaK Kak
p—0 npu B— A.

9.9. Marpuus. Ilyere {xy, ..., X} ¥ {y;, ..., Yn)— OGasuch
BEKTOpHbIX TpocTpanctB X u Y coorserctpenno. Torna moGoMy npe-
obpazoBanuio A€ L (X, Y) coorBeTcTBYIOT Yilcaa @;;, TAKHe, 4TO

m

(1) Ax;= Dagy, (1< j<n)
]
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Y 100HO npejcTaBAsTh cebe 3TH YHCIA PACNONOKEHHBIMH B IPSMO-
YroJbHYI0 TaOJMIY M3 m CTPOK H n CTONOLOB, HA3bIBACMYIO MAaTPHILek:

Ay Qg2 .. Gn

Aoy Qg ... Aoy
(Al =] % :

Amy Ama .« .- Qmn

3ameTHM, 4YTO KOOpJWHATH a;; BeKTopa AX; (N0 OTHOMIEHHIO
K Gasucy {yy, ..., ym}) HaXoasitca B j-M cTo/6He MaTpuibl [A].
Hcnoan3ys 3Ty TepMHHOMOTHIO, MOXKHO CKa3aThb, UTO MHOXKECTBO 3Haue-
Huil ipeoGpa3oBanksi A HATAHYTO Ha GeKHmOpbi-cmoadybl MaTpHiLbl [A].

Ecan X = X ¢;X;, TO, B CHJIy JHHEeHHOCTH upeoGpasoBatusi A
H paBenctBa (1), mosyuyaem

(2) Ax = 2 ( j aijcj) Y.

i=f j==1
Takuv o6pasoM, i-i KOOpAHHATAa BEKTOpa AX paBHa ) a;;c;.
7

3ametumM, uto B (1) CyMMHpOBaHHe NPOH3BOLUTCS 11O NIEPBOMY HH/EKCY
5JEeMeHTa @;;, TOTAAa KaK, BBIUHCJAAS KOODJHHATH, Mbi CYMMHpYeM
10 BTOPOMY WHJAEKCY.

[lycth Tenepb naHa MaTpuua U3 m CTPOK M n CTOJOHOB C Bele-
CTREHHBIMH 3JIEMEHTaMH «;;. Ecnu oroGpakeHue A onpejeJuTb paBeH-
ctBoM (2), 1o sicno, uro ACL (X, Y) u uto [A]—HucxoqHass MaTpuna.
TaxknM 06pa3oM, UMeeTCsl B3aUMHO OJIHO3HAYHOE COOTBETCTBHE MEXIY
muoxectBoM L (X, Y) # MHOMECTBOM BCeX BELIECTBEHHBLIX MaTpHIL
M3 m cTpoK u n croabuos. [loguepkneM, oiHako, uTo [A] 3aBucHT
He TOAIBKO 0T A, HO M oT BeiGopa GasucoB B X uB Y. O1HO 1 TO ke
npeodpasosanue A TOPOXKAAET pPA3JIHYHLIE MATPHLbi, €CJH MEHATb
6asuchl, U obpaTHO. Mhbi He CTaHeM pasBUBATL 3TY MbIC/b, TaK XakK
Mbl 0ObIYHO Oy1eM MMETDH €10 ¢ (puKcHpoBaHHbIMH 6a3ucamu. (Hexoro-
pble 3aMeYaHHsl 110 3TOMY IGBOAY MOXHO HaiTH B m. 9.26.)

Ecau Z— Tperbe BeKTOpPHOE NpoeTpaHcTBo ¢ 6asucom {zy, ..., Z,},
ecau A 3ajaHo paBeHcTBOM (1) H ecau

By; = % brizy, (BA)x; = % ChjZhs
TO

A€L(X,Y), BEL(Y,Z), BAcL(X,Z),
H TaK Kak

B(Ax;) =B (213 aijyi) = 2 a;;By; —

== 2 Qij ; byizy = 0, (2 buitti;) Za,

3 1
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TO U3 HE3aBHCHMOCTH MHCXKeCTBa {2y, ..., Zp} CJELYET, 4TO
(3) ijzzbhiaij (I1<kgp, 1<jLn).
1

D70 moka3biBaeT, Kak Haith marpuuy [BA] u3 p cTpok u n cToa6-
uoB, 3Hasi Matpuusl {B] U [4]. Ecau Mbl onpejenuMm NpoH3BeeHHE
[B][A] kak [BA], 1o paBencTtBo (3) onucbiBaeT OOHLIYHOE TPABHJIO
HepeMHOXKeHHsT MaTpHLL.

Haxonen, ponycrum, uto {X;, ..., X5} B {y1, ..., Y} — CTAHAAPT-
Hple Ga3uchl npocrpaHcTs R™ © R™ u 4yto A 3ajaHO paBeHCTBOM (2).
Hepasenctso llsapua nokaspiBaer, uTo

2 §) N\
[Ax p=2 (D ae)' < 2 (Xak 2 )= k| x].
i 7 1 J 2 17
Taxum ofpasom,
% 1
(4) 1Al X ah)'™.
1,7

[pumensis (4) k B—A Bmecro A, rae A, BEL(R", R"), mbl
BUJIUM, UYTO €CJIH 3JeMEeHTHl MATPHLUBl @;; — HempepblBHBE (QYHKUKH
HEKOTOpOro Tnapamerpa, TO TO Ke BepHo B orHoweHHH A. Tounee,
ecqid S — MeTpHYeCcKoe MNPOCTPAHCTBO, @y, ..., (mn— BEHIECTBEHHLIE
(YHKUHH, HenpepbiBHble HA S, H ecau npu Jobom p €S Ap— auHei-
Hoe npeobpa3oBaHue npocTpancrsa R™ B mpocrpaHcTBo R™, MaTpuua
KOTOPOT'O COCTABJICHA U3 2JIEMEHTOB a;; (p), To oTobpaxenue p—> A, —
HernpepbLIBHOE 0TOOpaXKeHHe npocTpancTsa S B npocrpanctso L (R™, R™).

Duddepenunpoanue

9.10. Onpepgenenne. Ilyets E —OTKphITOE MHOXECTBO B R”,
f — orobpaxenne MHoxecTsa E B mpoctpaHcTBo R™ u x€ L.

Ecau cymectByer JuHelHHoe npeobpasosanue A npocrpanctsa R
B mpoctpaHcTBo R™, Takoe, YTO

. f(x+h)—f(x)—Ah|
®) W ] =

0,

10 rosopsaT, uto f guddepenurpyemMo B TOuKe X, M NUIIYT
(6) i’ (x) =A.

Ecau orobpaxenue f puddeperunpyemo B Kaxjoil Touke x ¢ E,
TO rOBOPSAT, uTO I Judeperyupyemo wa mroxcecmse E.

Creaymotine KOMMEHTapHH NPHBOAATCSA A/ PasbACHEHHS H MOTH-
BHPOBKH 3TOTO ONpejeseHHs.

(a) B (), KoHeuro, umeerca B BHIY, uTo h€R", a noromy ecau
nopma | h! pocratouno Mana, To X-4-h¢FE, 1ak kak E —OTKpeITOE
MmuoxecTBo. Takum ofpasom, f{x--h) umeer cmuica, f(x-+h)ER™,
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v rak kKak A€L(R™, R™), 1o Ah€R™. Taxum obpasom,
F(x+h)—1(x)—AheR™.
Hopma, durypupyromas B uicadresae japoGu (5), —3T0 HopMa npo-
cTpaHcTBa R™, a B 3HaMeHaTete— R"-HopMa BekTopa h.
(b) B camyuae n=1 HOBOe ompeneseHHe NMPOU3BONHOH CBOAMTCS
K npexuemy (cMm. onpegesenue 5.1 u m. 5.16). [Ipoussoguaa ' (x)

ONpEeJe/isiaCh KaK BeKTOp Y& R™ (eciH TONMBKO OH CYIIECTBYET),
IJis1 KOTOpOra

7 fim {f(xtgz:j,(%>_*y} =0,

h—0

Ho Bcsikomy BekTOpy y € R™ MOXKHEO (B3aUMHO OJHO3HAYHO) COMO-
CTaBHTh JIMHEeHHOe mpeobpasoBanue Ty npoctpancrsa R B R™ no dop-
myne Tyh=hy. 3amernMm, uto kamdoe T €CL(R', R™) umeer Buj
TTTFTHPH HEKOTOpPOM Yy (HyxHO npocTo B3sAThL Yy =T1). Ilpu atom
y =1yl

(¢) Iycte T u E—1e xe, uro B onpepenennn 9.10, u nycrs f
maddepennupyemo Ha E. Tlpn  kaxaomM ¢uKcupoBaHHOM XEE
I (x)=A ecTb smHeiiHoe npeobpa3oBaHue mnpocTpancTBa R™ B R™,
T. €. (QYHKUHS, COMOCTaBJIAKIAs KaxIoMy BekTopy h€R"™ BekTop
f"(x)yh=Ah€R™. C ppyroii CTOpoHbI, MOCKOJbKY OTOOpakenue f
aupdepeHupyeMo B KaxJoH Toyke MHOXecTBa E, TO Kamjoil Touke
3TOrO0 MHOXecTBa cooTBercTByer oneparop | (x)=A. TeM cameiM
audbepennupyemoe orobpaxenne I uuuynupyer otobpamenue (PpyHK-
unio) i’ Ha E co 3Hauyenusimu B L(R", R™).

(d) CoorHowenue (5) MOKHO mepenucaTbh B BHJE

(8) f(x+h)=1(x) + 1" (x) h--r (h),
rje ocratok r(h) Man B TOM cMblcse, 4TO

o ey
©) i Ty =0

Moxno ncronkoBats (8) Tak: npu (GUKCHpPOBAHHOM X M MaJjioM h
PasHOCTH

f(x+h) —f(x)

npubanxKenHo paBHa i’ (X)h, T. e. paBHAa 3HAUEHHIO JIHHEHHOH QyHK-
uMH B Touke h.

JlocTatouno B3rJAsSHYTb Ha paBedcTBO (8), uTOOBl YyGeAHTHCA
B HENpephHBHOCTH oTo6paxenus I B J06Goii TOuKe, B KOTOPOH OHO
anddepeHIHpyEMO.

(e) Ilpoussoanyio, onpenenennyio B (5) uau B (8), wacto Hasbl-
BAlOT 10AHOU npoussodHoti oToOpaxkeHust T B Touke X, uau dugpe-
penyuasom otobpaxenuss f B Touke Xx.
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Teneps MBI peluM BONpPOC O IHHCTBEHHOCTH, KOTOPHIH, BO3MOXKHO,
yxKe BO3HHK Y YHTATEJS.

9.11. Teopewma. llycmo E u f—me oxe, umo 6 onpederenuu
9.10, x€E u (5) ewnoawsemes ¢ A=A, u ¢ A=A, ede
A;€L(R", R™ (i=1, 2). Toeda A;=A,.

HoxasarenncrBo. Ecimm B=A,— A4;, 10 HepaBeHCTBO

| Bh < F(x+h)—F(x)— A [T (x+h)— 1 (x) — Ash |
noxasuvisaer, 4to |Bh|/lh|—0 npu h— 0. Orcioza caenyer, uro
npH ¢uxcupeBanHoM h=40
(10) BUWI_ 0 npu t—0
[th]| p :

Beuagy Toro uro B smHefino, neasi yactb B (10) He 3aBHCHT
or ¢. Iloatomy Bh==0 npu Bcex h€ R". Teopema QoKasaua.

[Ipasuio auddepentnposanus Cl0XHON HYHKIHH (CM. TeopeMy 5.5)
JIETKO DAacHpOCTPaHAeTCs Ha JanHylo curyaunio. W dopmyianposka,
¥ JI0Ka3aTeJbCTBO COBEPUIEHHO TAKHE XKe, KaK B OJHOMEpPHOM cJayyae.

9.12. Teopewma. [Ilycme E-—omkpoimoe smHoxecmso & npocm-
parcmee R, T—omobpanenue muoocecmea E 6 npocmpancmso R™,
ouppepenyupyemoe 6 mouke Xo€E, g—omobpanenue Hekomopoco
omKpoimoeo  MHoxcecmea, codepxcawieeo §(E), 6 npocmpancmeo R,
npudem g oupgepenyupyemo 6 moure f(x;). Tozda omobpanenue F
mroocecmea E 6 npocmparcmso R*, onpedeaenroe pasencmeon

F (x) =g (1(x)),
Juippeperyupyemo 6 mouxe Xy, U
(1 F’ (xo) = g" (T (x9)) - " (x).

B npasofi yactu pasenctBa (11) crout npoussejense JABYyX JHHEH-
HBIX npeobpasoBaHuii, onpejeseHHoe B pasjene 9.6.

Hoxasarenbcro. Ilyets yo=1(x)), A=1 (x,), B=g’ (yo),
W 1ycTh
u (x) =1 (x) =¥ (x)) — 4 (x— %),

v(y) =g (¥)—g (Yo) — B (y —Yo),
r (x) =F (x) —F (x¢) — BA (x — x,).

Mbr osKHBI okasaTtb, 4t0 F' (Xg) = BA, T. e. uto
(12) e s npH X — X,

W3 onpenenennit orobpaxenns F u ocratka r uMmeem
r(x) =g (F(x)) —g (¥o) — B(F(x) = yo) -+ B(F (x) — F(xo) — A (x — %)),
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TaK YTo
(13) = v (T(x)) - Bu (x).
Ecau ¢>0, 10 us3 onpeneneﬂnﬂ npeoGpasosanuii A u B caeayer,
yto cymectByioT >0 u 6 >0, rakune, uto
vy i<ely—yol
ecil 'y—yo|<<m, H
) —T(x)I<<n  Ju(x)|<elx—x]
HPH | X —— X, | << 8. 3Hauur,
(14)  [v({EE) I<eiT(x)—T(x) |=eu(x)+A(x—x) |<
<Le?|X—Xq -FellAll| x—Xg|
"
(15) |Bu(x)|<{Bu(x)|<elBlix—x],
CClH | X ——Xo | << 6.

Teneps (12) caeayer u3 (13), (14) u (15).

9.13. Hactuboie npousasonusie. Ilyers f oroGpakaer oTkphl-
TOC MHOXeCTBO E < R™ B mpocTpaHcTBO R M HMeeT KOMIOHEHTHI
ftr <y [m, onpenenenuple B Teopeme 4.10. Tlyctb {ey, ..., e} —
CTaHJapTHpI 6asuc npoctpaHcTBa R". OmnpejpesuM Ha MHOxecTBe E
¢dbynrkuun D;f; paBeHcTBaMu

(16) D;fi (x) = lim fi (x”%‘"tetf)#fz x)
t-—-§

€CJIM, KOHEeYHO, 3TOT Mpejeli CymecTByer. 3anuceBasi f; (x) B Buje
Ji(xq, ..., xp), MBI BUIHM, uTO D;f; ecTb mnpousBoaHas (GyHKuUMH [;
10 x; NpH (PHKCHPOBAHHOM 3HAYEHHH OCTAJbHBIX NepemeHHbIX. Ilo-
3TOMY HacTO HCHOJb3yeTcsl o003HaueHue
9fi.

(17) oy
smecto Djf;.

Ecau orobpaxenvie T nuddepenunpyemo B Touke X, TO onpeje-
neHde Tpou3BojHOH [’ (X) noxasmiBaeTr, 4YTO

(18) fim TEE=T0 g p,
t-—0

Ilepexoxst x xKoopiuHaTaM BekTOpOB, cTosimux B (18), ¢ h=e;,,
MBI BHAUM, 4TO ecau f Ougpdepenyupyemo ¢ mouxe x, mo 6ce uacm-
Hote npoussodusie (D;f;) (X) cywecmsyiom.

O6patHoe, BooOGUIE TOBOPS, HEBEPHO 1a}Xe B TOM caydae, KOrja
YaCTHbIC TPOM3BOJHbIC CYLIECTBYIOT BO BCEX TOYKax MHoxectBa E
(ynmpaxneune 9); ecsid, OJHAKO, YacTHble TIPOU3BOJHHIE K TOMY XKe
HeTpephuIBHLI, TO o0paTHOe BepHO (cM. Teopemy 9.16).
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OrmMetuM, yto §'(X)e;— 310 j-it cronben Matpuisl [§' (x)]. Takum
obpasom, (D;f;) (x) HaxoauTcsi B i-i CTPOKE H j-M CTOJNOLE MATPHILI
’
(x)].

9.14. Ilpumep. Ilycrs f— guddepennupyeMoe orobpaxenune
uHTepnana {(a, b) — R' B orkpuitoe mMHoxecTso L < R™, nyctb g—
anddepenurpyenas BellecTBeHHad (DYHKUHMA, opeaeseHHas B E
(1. e. g— guddeperuupyeMoe otobpaykeHHe MHOxecTBa E B 1po-
cTtpadcTBs RY). Ilosoxmum h(f)=g(I(f)) npu a<<t<b. Coriacuo
npasuay AudxpepeHUHpPOBANUA CJOKHOR (DYHKIHH,

Mt)y=g @)V () (a<<t<b).
flcno, uto A’ (f)—muefinnit onepatop Ha R, Tak kak 1 (f)¢
€L(RY R*) u g’ (I(t))¢L(R™, R'). Ecau paccmarpusats A’ (f) Kak
BEUIECTBEHHOE YHCJIO, TO ONeparop, O KOTOPOM HJeT peub, —3TO
onepaTop yMHoxeHHA Ha A’ (f); cp. ¢ 9.10 (b).

[lo ornowenuio k crangapTiomy Oasucy npocrpascrsa R™ [1' (£)] —
5TO MATpHLA H3 1 CTPOK W | crosbua (oJHOCTOAOLOBAST MaTpHLaY),
B [-H cTpoke Kortopo# ctour fi(f), rame fi, ..., fn— KOMIOHEHTHI
orobpaxenus f, u npu kaxaom x €L [g' (x)]—marpuna u3 1 cTpokH
M 1 cTONIOLOB («OJHOCTPOYHAST MATPHUILA»), B j-M CTOJOIE KOTOPOH CTOHT
(D;g) (x). 3uauut, [A’(f)]—maTpuua H3 OJNHOH CTPOKH H OZHOTO
crosifua, eiMHCTBEHHBLIM 3JEMEHTOM KOTOpOil CJYKHT BellleCTBeHHoe
YHCJIO0

(0= 2 (Dig) (FO) i ()

Hanucansoe paBeHCTBO —4aCTO BCTPEYAIOIIMIACS Caydail npaBuiaa aud-
(epeHIHPOBAHHUS CJIOXKHOH (DYHKLIMH.

9.15. Onpepnenenune. Juddepenuupyemoe orobpaxenne f or-
KpbiToro Muoxectsa E < R™ B mpoctpaHcTBo R™ HaspiBaeTcs Henpe-
poisHo Ougppepenyupyemoin Ha E, ecam |’ — HenpepbiBHOE OTOGpaX -
HHe MuoxectBa E B mpoctpancrteo L (R™, R™).

[oBops Gonee oTueT/IHBO, B 3TOM oOlpefeseHdH Tpebyercs, YTOOL:
Ana go6oro x€E u umoGoro &>0 cymecrsoBano uucao 8 >0,
Takoe, uto || (y)—1 (x)||<<e, ecom yEE u |y—x|<Z0.

Ecan 310 BhiNOJHSIETCS, TO Mbl OyJieM TOBOpHTb, yTO | siBJIsieTcs
©’-otobpaxenuem va E uau uro [€@’ (E).

9.16. Teopewma. ITycms T omoGpascaem omKpblmoe MHONCECTBO
E < R™ 8 npocmparncmeo R™. Tozda T€€' (E) ¢ mom u moabko
8 rmom cay4ae, kozda wacmubte npoussodnvie D;f; cyugecmeyom
u nenpepoignsr Ha E npu 1 <<i<m, 1< j<n.

HdokasarteascrBo. Ecau €€ (E), To HepaBeHCcTBO

I (y)e; =1 (x) ;[ <NT (y)— T (x) ]
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B covetanuu ¢ (16) u (18) nokasbiBaer, UTO Kaykjas 4yacTHas IIPOH3-
pofnas D;f; — HenpepoiBHast ¢yukuust na FE.

Jl1s poxasatesbeTBa OGpPaTHOrO AOCTATOYHO PAcCMOTPeTb CJyuad
m=1 (noyemy?). 3aduxcupyem x& E u ¢ >0. Beuay rtoro uro mso-
#ecTBO E OTKpBHITO, CYIIECTBYeT OTKPBITBIA Liap S € LEHTPOM B TOY-
Ke X M pajdycoM r, LeJHKOM InpHHajziexaimuii E. 113 HenpepsiB-
nocte Gynxuuil D;f caeayer, 4TO r MOXKHO BBIOPATb CTOJMbL MaJjibiM,
4TOOBl UMEeTh :

(19) 1(Djf)(Y)-—(Djf)(X)i<L—i— (€S, 1<ji<n).

Ilyctb h=2hjej, th|<<r, nycte vo=0 " vy=~he ... -he,
upn 1 <<k <n. Toraa

(20 FEAW =] )= D1 (x4 v) ] (xvs)l

Beuay toro uto |vi|<<r npu 1<Ck<n, a MHOKECTBO S BHINYK/IO,
OTPe3KH ¢ KoHNaMH X-+V;;, U X-+v; aqexar B S. Tlo-
CKOJIbKY V;=V; 4+ h;e;, 10 no Teopeme 5.10 o cpeanem 3HAYCHHH
j-e caaraemoe B (20) paBHO

(21) h; (D;f) (x--v;_4 -+ 0k ;e5)

npu nexoropom 0;€(0,1), u nmotomy ono B cuay (19) oriuuaercs
or h; (Dsf) (x) menee, uem na |h;|e/n. Corsmacho (20), orcioga cie-
AyeT, uTo

n 1 n

Pt —F )= 2 Ay (D)) ()| <= B [hse<|n]e

j= j=

npa Bcex h, Takux, uro |h|<<r.
910 o3nauaer, 4To (ynxuus [ AudbepeHnHpyeMa B TOUKE X H 4TO

[’ (X) —nuneiivas (yHKUHS, KOTOPAs CTABHT B COOTBETCTBHE YHCJIO
2 h; (Dsf) (x) BekTOpy h=, h;e;. Matpuua [f’ (Xx)] cocTOMT U3 CTPOKH
(Dif) (X)s « . s (Daf) (x), a Tak kak pyskunu D,f, . .., D,f HenpepoiBiibl
na E, To, Kak NOKa3blBaeT 3aKJIOUMTENbHOE 3ameuande n. 9.9

[ €€ (E).

1

Teopema 06 oGpaTHOi (yHKUHH

JTa TeopeMa yTBepiKjJaeT, rpy6o IOBOPs, YTO HENPEPBIBHO IHp-
depennnpyemoe orobpaxenue I 0o6paTHMO B OKPECTHOCTH JIIOGOH
TOYKH X, B KOTOpOH oOpaTumo JxHelHoe npeoOpasosanue i’ (x).

9.17. Teopema. [Tyeme T ecmv G’-omobpascerue omupeimozo
mromcecmea E < R™ e npocmpancmeo R™, nycme omobpascenue T’ (a)
obpamumo npu nekomopom a€ E, u nycme b=1(a). Tozda
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(a) cywecmesytom omrpoimoie muoxecrnsa U u 'V e npocmparcmee
R", makue, umo acU, beV, f szaumno odnosriauno naU uf(U) =

(b) ecau g—omobpascenue, obpamnoe Kk § [oHO cyyecmeyem
coeaacHo (@)}, sadannoe 8 V pasencmeom

gi(x)=x (xeV),

mo gc€ (V).
3anucbiBasi paBeHCTBO Y = [ (X) ¢ MOMOLIBIO KOMIIOHEHT, Mbl MpH-
XOAHM K CJelyIolledl HHTepIpeTalHH 3aKIIOUeHHs TeOPEMbI: PABeHCTBA

yi::fi(xiv'-'yxn) (1<l n)

ONpeAe/d10T B3dHMHO OJHO3HaYHOE COOTBETCTBHE MEXAY JOCTATOYHO

Ma/IbiMH OKPECTHOCTSIMH TO4eK a ¥ b; npm 3ToM x,, ..., X, SBJISIOTCS

HenpepulBHO AxddhepeHtpyeMbIMd QYHKUHAMH OT Iy, .. ., Yn.
Hokasarteapcrso. Ilycts ' (a)-<A. BuiGepem A Tax, utoGhi

M’i A7 =-1. Bpuay Toro uto f €€’ (E), cymecTByeT Takoi OTKpbI-

Toiil wiap U ¢ LeHTpOM B TOYKe a, 4TO

(22) IV (x)—Ajl<2h  (xel).

HonyctuMm, utro X €U u x-4-hel/. Tonoxum
F(t)=T(x+th)y—tdh (0<tLI]).

Beaeacrsue BoinmykJoctd MHoxectBa U, x4 theU npu 0 << 1,
U H3 (22) caepyer, 4To

F/ ()= V' (x4 thyh— Ah| <20 [h| < -

— | Ahl.
Tocnepnee HepaBeHCTBO BBINOJIHSETCS IIOTOMY, 4YTO
20 [ h =20 AAR | <20 || AL | AR = —tAh],
B cuny Boibopa uncaa A. M3 teopembl 5.20 ciegyer Teneps, uTo

[F (1) —F (0) |<—4-1 Ah1,

HJIH

(23) [ (x +h)—f (x) —Ah | < | Ah |
Orciopa ciIepyer, 4To

(24) F(x - h)—F(x)|> 5 Ah!> 24 |h].

[lopuepkieM, 4TO nepaBeHcTBa (23) u (24) BLINOJHSIIOTCS, €CJAH TOJb-
ko xcU n x-+-hel/. B yactuoctu, u3 (24) caeayer, uro omobpa-
awcenue T s3aumno o0Hosnauno Ha U.
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3adukcupyem xo€U ¥ paceMOTPHM OTKpPHITHIA Wap S ¢ LEHTPOM

B TOYKe X, paauyca r >0, 3ambikanue KoToporo S jexur B U. Mul
noxaxeM, uto f(S) codepKHUT OTKpPHITHIA [ap C LEHTPOM B TOuke
f(xq) pamuyca Ar.

Yro6hl cAenaTh 3T0, 3ahHKCHPYEM TaKoH BeKTOp ¥, uTo |y — f (X,) | <
<Z Ar, H TOJIOXHM

¢(x)=ly—t(x)! (x€S3).
Ecau | x—x,|=r, TO, KaK nokasbizaer (24),
2hr << | (%) — T (%0) | < @ (%) + @ (Xg) < @ (x) -+ Ar.
Takum oOpasom,
(25) ¢ (Xo) <<Ar<<@(x) (I x—Xq|=Tr)

Beuiy Toro uro ¢ —uenpepbiBHag @ynkuudg, a S-— KOMNaKTHOE
MHOKECTBO, CyHlecTByeT Xx*€S, Takoil, uTo @ (X*)< @ (X) npH Bcex
x€S. Coraacno (25), x*€S.

[Moaoxum w==y-—f(x*). Tlockosbky A o6paTuMm, CyLEeCTBYeT
BekTop h€R™, Takoi, uto Ah=w. BuGepem uncso £ € (0, 1), cTonn
maJjoe, yto x*--fth€S. Torna

(26) [T (x*)—y-+ Athl = (1—{)|w]|,
H, Kak nokassiBaer (23),
(7) E (- th) — F (x*) — Ath [ < o | tw .

[TockoabKy ¢ (x* - th) — HOpMa CYMMBI BEKTOpOB, (PUTYpHPYIOLIHX
B JIeBbIX 4YacTsX paBeHcTBa (26) u HepaBeHcTBa (27), W TaK Kak
wi=g(x*), T0

(28) ¢(*‘th\~(1 {,/(9(*)-

Taknum obpazom, ¢ (x*)=0, 1. e. f(x*)=y?).

TeMm caMbiM JOKa3aHo, UTO Kaxjaasi Touka MHoxkectBa f(U) umeer
oKpecTHOCTs, cojepxainyocs B f(U). Tlostomy f(U)— orkpeitoe
noiMHoxecTBo npocTpanctBa R". Tlomaras V==f(U), Mb BuIuM,
4TO yTBEpKJEHHE (a) TeopeMbl JOKA3aHo.

Yrobbl fokasath (b), Boibepem yEV, y-+-Kk€V H nomoxum x == g (y),

h=g(y--k)—g(y).

1y 91y TacTb AORABATCABLCTBA MOMKHO €IIe 1eMHOIO COKparuTb: [leicTsiu-
reabHo, QynkIgtst @ (x) | y—f (x) {2 gocTuraer MuInmMyMa B TOMKe X¥*, UpHHAj-
aeskameit . [looroMy gacTHbie upomsBogiibie GyHKINE ¢ (X} B HT0l ToduKe 00pa-
maloTed B liyab. Orcoga cuaejgyer, uro B(y—ifi(x*))=0, rue B¢ L (R", R"),
[B]| —Martpuina, TpadcionupoBauuas K [P (X*)] # uoromy obparuMasi. 38aunt,
y =1 (x*). ——Tpuxn. nepes.




234 Ta. 9. QYHKYuU HECKONLKUX NepemenHblx

Coraacuo Teopeme 9.8 (@), HepaBeHCTBY (22) M Hawemy BbiGOpy
yucaa A, onepartop f’(x) uMeer oOparTHBIH, KOTOpLIA Mbl COO3HAYMM
yepes B. Tlpumensis B Kk paBeHcTBY

k=1f(x+4h)—f(x)=1 (x)h-4-r(h),
rae ir(h)//hj—0 npu h—0, msr nonyuum Bk=h-+ Br(h), uau
(29) g(y+k)—g(y)=Bk—B(r(h)).

Coraacuo (24), 2h|h|<|k|. Takum obpasom, h—>0 npu k—>0

{470 OJHOBPEMERHO JIOKA3blBAET HENPEPBIBHOCTb OTOOpaNKeHus g
B TOYKE y) W

o B(r(h - 1B h) |
(30) | frk(i))ls[2kl|—rl(]~|)——>0 npu  k —90.

Cpasueune (30) u (29) nokasbiBaer, uTo g AUpdEpeHLEPYEMO
B Toyke y ¥ uto g’ (y)=2B. MHbmu cioBamy,

(31) gy={FEy yev.

Kpome Toro, g-—nHenpepuiBHoe oToGpaenne mioxectsa V na U,
i’ — nenpepriBHOe oTOGpameHne MHokecTBa U B MHOXKecTBO Q Bcex
ofpaTHMbLIX 3JIeMeHTOB MHOXKecTBa L (R™), a mepexojl K oGpaTHOMY —
HenpepbiBHOE OTOOparkeHHe MHOXKecTB3 £ Ha MHOXecTBO Q [0 Teo-
me 9.8 (D)]. Menonb3dys st (akThl 4 paBenctso (31), Mbi notyuaem,
yto g€ 6 (V).

Teopema jpokasana.

Cueayoomiee yTBEpKICHHE BBITEKAET HENOCPEACTBEHIIO U3 TEOPEMbI
[dacts (a)):

Caepcrteue. Ecau f ecmo B'-omobpanserue 0mxpuimo2o MHO-
scecmsea E < R™ 8 npocmparcmeo R™ u ecau onepamop 1 (x) o6pamumn
npu awobom x€E, mo T(W)—omkpounoe nodmroxcecmeo npocmpar-
cmsa R", xKakoso 0ol nu Gbtao omkpeimoe muomcecmso W < E.

Wuevu coosami, §f— omgpuimoe omo6 pascernue Muoxectsa E B npo-
cTpaHcTBO R,

Ilpegnonoxennd, clejaHdble B 3TOM CJ€JCTBHH, 0GECNeuuBaioT
A9 KQXKAOH TOUKH X € E cyllecTBOBaHie TAKOH OKPECTHOCTH, Ha KOTO-
poii otoOpaxkenue [ B3aumMHO opHO3HauHo. MoxHO ckasath, uto f
A0KQAbHO B3aUMHO OjlHO3HauyHO. Opnako f He 00S3aHO NPH 3TOM OBITH

B3aUMHO OJHO3HauHbIM Ha Bcem MHoxecTBe E. Tlpumep npusenen
B ylpaxHeHuu 12.

Teopema o HesiBHOU GyHKUUH

Ecn x=(xy, ..., %) ER™ ¥ yY=(y;, --., Yu) ER™, TO wuepe3s
(X, y) Mbl OyneMm o6o3HauyaTb TOYKY (HJIH BEKTOD)

(xh * ey xn, y17 LA !/m) E Rn+m'
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B srtoM pa3jese nepsblil 3J1eMeHT B (X, Y) HJH B IIOA00HOM CHMBOJIE
scerja Oynet o603HayaTh BEKTOp npocTpaHcTBa R™, a BTOPOI — BEKTOp
npoctpaHciBa R™.

[Myers A€ L(R™™, R"), 1 nycTb

(32) A(h, 0)=0 sxsusaneuTHo h=0.

3amertuM™, uto no teopeme 9.5 oroBpamenne h— A(h, 0) ects
JINHeHHOe B3aHMHO OJlHO3HayHoe oToOpaxkenue R™ na cebsa. [anee,
11pu Beakom k€ R™ n b€ R™ ypaBuenue A (X, k) =b umeer epuHcrsen-
Hoe peuteHne. JleACTBHTENbHO, CyLlecTBYeT Takoe X, uto A(x, 0)==
=b—A(0,k), 1. e. A(x,k)=b, a ecan A(xy, k)=A(xy k),
10 A(X;—Xp, 0)=0 u, B cuay (32), x;=X,.

B uactHocTH, ecau A ydos.aemsopsiem ycaosuio (32), mo ypasHenue

(33) A(x, y)=0

uneem npu xamdom y€R™ 00HO u moavko 00HO pewterue X € R™.

Teopema 0 HeABHON (DYHKIHH YTBEPKIAET, 4TO NM000HOE 3aKJi0Ue-
HHE CHpapeiJIiBO M B OTHOLIEHHH HEKOTOPBIX (He 0053aTesbHO JHHEH-
HLIX) HenpepbiBHO AuddepeHuHpyembix otobpaxkenuil. [lpexje uem
copmyanpoBaTs ee, 3aMeTHM, uTO ecaH [A]—wmarpuua (U3 n CTPOK
" n-+m croaduos) orofpaxeHuss A N0 OTHOLWIEHHIO K CTaHIAPTHBIM
OasucaM, TO (32) o03HauaeT B TOUHOCTH, UTO 6eKMOpbL, CMOAU4UE
6 nepevtx n cmoabyax mampuysl [A}, auHeHHO He3aBHCHMBL Ilosb-
3VACh 9THM KDHTEDHEM, MOXHO IIPOBEpPATh, BBLINOJHSETCH JH (32).

9.18. Teopema. [ycme T ecmv €'-omobparcerue omxpoimo2o
muomecmea E < R™™ ¢ npocmpancmeo R™. Honycmum, umo (a, b) € E,
f(a,b)==0, A=1"(a,b) u A ydosaemsopsem ycaosuo (32). Toeda
cyujecmeayrom okpecmuocms W omouxu b (W < R™) u eduncmeennasn
pynkyus gEEG (W) co snavernuamu 6 R™, maxue, umo g(b)=a u

(34) gy y)=0 (yeW).

@Oyukuug g onpejesieHa HeSBHO paBeHCTBOM (34), oTcloga M Has-
Banue Teopemnl. Ee MOXHO ¢copMyJUPOBAaTH B TEPMHHAX, OTHOCSIIHXCS
K CHCTeMe 7 YpaBHEHHH C 7--m HEeU3BECTHbIMH:

Fr(X o ooy Xny Yty oo vy Ym) =0,
(35) :
falXe, «ovy Xny Ygy ooy Ym) = 0.

Hame mnpeanosokenne 06 A Temepb 03HayaeT, 4TO KBajpaTHast
MaTpula H3 7 CTPOK M N CTOA0LOB, Takas, YTO Ha I[lepeceyeHuH ee
(- CTPOKH M j-ro cTOA0LA CTOUT gg?(a, b), HMeeT He3aBUCHMBIE
c1oa6url. Ecau 5T0 BhINOJAHACTCA U €CJH X =4, y = b y10BIeTBOPAIOT
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ypaBHeHHIO (35), TO (35) MOXKHO Pa3peliuTb OTHOCHTENBHO X, ..., Xy,
IpPH KaXJIOM y, JA0CTAaTOYHO OJH3KOM K b.

HokxasareanctBo. [lyctb F—otoOpamenue, cTassiee B co0T-
BETCTBHe TOYKe (X, Yy)€ £ Touky (z, w) € R™™, onpejie/IeHHYIO paBeH-
CTBOM
(36) z:=f(X, y), Wy,

Torpa Fe €' (E). ITockoabky f(a, b)=0, 1o

f(a-ih, b-rk)=A(h, k) ir(h k),
rjJe r-—ocTaTok, ydacTBymouuit B onpegesenun f'. M3 toro uto
F(a -h,b-i-k)—F(a, b)=(((a- h), b+ k), k),

caeayer, uto F'(a, b)-— nunefinoit omepatop na R™™, koTOpbIi
BekTopy (h, k) craBut B cootBercTBHE Bektop (A (h, k), k). Ecau npu
TakoM oTtobpaxkennn o0pa3 Kakoro-HuOyab BeKTOpa paBeH HYJIO,
T0 A(h.k) =0 1 k=0, a motromy A(h, 0)=0 u u3 (32) caeayer,
uto h-:0. Dro 3xauut, uto omepartop F’(a, b) B3auMHo oaHo3Hauen
H, cJaejoBate/]LHO, oOpaTHM (Teopema 9.5).

[Tostomy x F npumennma TeopeMa 06 oOpaTHON (yHKUHH: cylue-
CTBYIOT OTKpbiThle MHOxectBa U u V B R™"™, cojxepxaiue (a, b)
i (0, b) u rakue, uto F B3aumuo ojHo3Hauno orobpaxaer U na V;
coryacHo (36), otoOpaxenue, obpatHoe Kk F, umeer Buj

(37) X~ q(z,w), y=w ((z,weV),
rae ¢ € ¢ (V). MupiMu croeama,
(38) f(g(z, w), w)=1z2 ((z, wyeV).

Ecnn mul tenepp 0603HaunM depe3 W Takyio oKpeCcTHOCTb TOUKH b,
yro (0, w)€V npu weW, u nosoxum g(y)==¢(0,y) npu yeW,
TO npu z-=0 B (38) Mbl noayunm (34).

flcHo, uto g (b)-=a, Tak Kak (0, b) =a. ExnnctBennocTs QyHK-
uvy g cjejyeT H3 Toro, 410 oTtoOpaxenwe F B3aHMHO OJHO3HAYHO:
ecan (x, )€U, (x*, y)€U, a F(x, y)=F(x*, y), 10 F(x, y) = F (x*, y),
a noToMy Xx*==X.

Teopema o panre

HasoBem paweom nuneitnoro npeoGpa3oBaHust pa3MepHOCTb €rQ MHO-
)ecTBa 3HaueHHil. Cieayromasi TeopeMa CJYKHT IOATOTOBHTENbHOM
K Teopeme 9.20.

9.19. Teopewma. Ilycme p, g, r— Heompuyamneisuvie yeavie
yucaa, X u Y — eexmopunie npocmpanemsa, dimX ==r--p, dimY ==
= r-boq, A— aunelinoe npeobpasoganue npocmparcmea X 6 RpOCmpan -
cmgo Y panea r. Toeda cyujecmeyrom eekmoprble npocmpancmea X,
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X, codepocauwuecs ¢ X, u npocmpancmea Y, Y., colepacaujiecs
8 Y, makue, 4mo

(a) kawodwii x € X eduncmeenusim 00pasom npedemaeum & eude
X=X, Xq, 20e X € Xy, X2€Xy;

(b) kawcduti y€eY eduncmeennsim obpasom npedcmasum 6 eude
y=Y1-1- Yo, 20e Yy €Yy, Y2€Yy;

(c) Axy=0 npu xanoom Xs € X;

(d) cyscenue npeo6pasosanus A Ha X, — 630UMHO OOHO3HA4HHOE
omo6 pasicerue npocmparcmea X, nHa npocmparcmeo Y y;

(e) dimX,=dimY,=r.

HokaszateancrTBo. [lo Teopeme 9.3 (¢) npoctpaHcTBo Y numeer

6asuc {vy, ..., V,44}, Taxo#, uro {vy, ..., V.| — 0a3uc MHOKECTBa
3HaueHUH Y; npeobpasoBanust A. Ilyets Y, — ofosiouka MHOKECTBa
{Vrstr -« ooy Virgd. (3aMeTuM, uyto ecau ¢ =0, T0. Y, COCTOHT U3 OJHOrO

JHUIL HyJeBoro BekTopa. Hekotopwle yTBepxjieHHs, BbICKA3aHHbIE
B X0j€ 3TOro J0KasaTesJbCTBa U B Teopeme 9.20, NO/KHBI ObITh HCTOJ-
KOBaHbl aHaJOTHYHO, €CJH OJIHO MM 0onee U3 yucesa p, ¢, r paBHBI
Hy 0. Mbl npejocTaBisieM uuTaTeJ 0 MOATUPABHTH 5TH YTBEPKJIEHHS
M HCTOJIKOBATL HX.)

BriGepem BekTOpEI Uy, ..., U, € X, Takue, uto Au;=v; (1<j<r).
Torga {uy, ..., 4,} — He3aBHCHMOE MHOMXKECTBO; HATSHEM Ha HEro Npo-
crpanctso X;. [lycte X,— MHOXKeCTBO Bcex X € X, Takux, 4to Ax = 0.

flcHo, uto yrtBepxtenus ot (b) 1o (e) Bumoassiores. Ecan x € X,

r
)

10 AX = c;v;, Tie ¢, ..., C,— HEKOTOphie uucaa. Iloaoxum
1

Hau Xp € X, Coraacho (¢) u {d), X; ¥ X, UMEOT TOJBLKO 0HH 06U
BEKTOp — Hy1eBOH. [losTOoMy npeacraBreHHe X := X, -i- Xp €/IHHCTBEHHO,
U (a) [0KasaHo.

Caeaywoulas TeopeMa eme pa3 HIIIOCTPUPYET OOUIMI TIPHHLAL,
COCTOSIILKMA B TOM, 4TO HenpepbiBHO AHpdepeHunpyemoe otrobpaxenue F
BOJIH3H TOYKM X BejeT ce0sl NpUMepHO TaK Ke, KaK JuHeiiHoe npe-
obpazosanue F’ (x).

9.20. Teopema. ITyecms X =R"P, Y -==R"*, F ecmo ©'-omo-
Opascenue omkpoimoeo  muoxycecmnea E < X 6 npocmparcmeo Y
n F'(X)—aunetinoe npeobpasosanue pawea r npu awobom XEE.

Sagurcupyem mouky a€ E, noaomum A= F'(a), sobepen Xy, X,

Y., Yo, xuk 6 meopeme 9.19, u onpedeaum F, u F, pasercmeom
(39) F(x)=F (x)+ F2(x)  (x€E),
ede Fy(x)eYy, Fo(x) €Y,
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Toeda cyujecmsyem omxpounoe mroxcecmeo U e npocmparncmee X,
maxoe, umo aclU, U E u

(a) Fy(U)—omxpoimoe mrooxcecmso 8 Yy;

(b) 0aa mobozo y€F,; (U) cyujecmeyem posro o0un y,€Y o, maxod,
4mo

yi+y2€F (U).

I'eomerpuueckuit cMblca  yrBepxienus (b) rakos: F (U)—3t1o0
«r-MepHasi MOBEPXHOCTb» B Y, IpHYEM «HAl» KaX/JOH TOYKOH MHO-
xkectsa F;(U) nexur poBHO ofHZ TOYKa 3TOH TMOBEPXHOCTH. Mul
COBETYeM UHTaTeNi0 HabpocaThb uYepTex HJs CJIydaes, KOTJa YHCJE p,
g, r TPHHHUMAIOT OAHO M3 3Haverui 0, 1, 2.

HoxkasatenbctBo. Ilycts T — cyxenue otobpaxennus A na X,.
Coraacuo 9.19 (d), T — auHeliHOoe B3aUMHO OJHO3HAYHOE NpeoGpa3oBa-
HHe npocTpaHcTBa X, Ha Yy, a obpatHoe npeoGpasoBanue T* oTo-
6paxaer Y, Ha X,. Ilyctb P — nunelinniit onepatop Ha X, onpejeet-
HBIH Tak: PX=1Xp, ecau X=X;-+ X, X;€X;, X€X, (Takoro poja
OTepaTOp HA3bIBAIOT NPOEKMOPOM), H TYCThb

(40) f(x)=T7F; (x)+- Px (x € E).
CorstacHo npaBuy auddepeHIHpOBaHHS CAOKHON GYHKINH,
(41) ‘ ' (a) =T'F, (a) + P.

Tlpn i=1, 2 mHoxecTBO 3HaueHu# orobpamxenuss F; cogepxurcs
B Y. TlockosbKy Y;— 3aMKHYTOe MOJNPOCTPAHCTBO MPOCTPAHCTBA Y,
1o u3 (18) sicho uto Fi(a)h€Y; npu Bcex he X. Coraacho (39),
A=F (a)+F,(a); a Tak KaK MHOXKECTBO 3HaueHH# oTOGpawmenusi A
copnagaer ¢ Yy, TO, mo Tteopeme 9.19 (b), A=F;(a), u 9.19 (¢)
nokasniBaet, uto Ah = Ah,, ecsim h="h; + h,, h, € X,, ho € X,. Takum
ofpasoM,

" (a)h=T7"1Ah-+Ph=T"14h; +hy=h; + hy=h.

D10 3nauuT, 4yTto i’ (@) — ToXKAecTBeHHOE oToOpaxenHe Ha X. IlosTomy
U3 TeopeMbl 00 00paTHO! (PYHKIIHH CJCJYeT, YTO CyHeCTBYIOT OTKPBIThIC
muoxkectsa U u V B X, rakue, uto aclU, Uc E u f—B3auMHo
olHO3HauHOe oToOpaxenue MuoxectBa U Ha V. Bonee toro (3amenss,
ecnmn notpebyercss, U u V Hajanexamumi MHOXKECTBAMH), MOMKHO
106uTLCs1, uTOOBl V' ObLIO BEIMYKJALIM. IlycTb g-—oOTOOpaskeHue MHO-
xectea V ua U, obparaoe k . Ilonoxum

(42) ®(z)=F(g(z) (z€V).
HUs toro, uto AP =0, caeayer, uto Af=AT7F;=F,, TaKk uTto
Fi(g(2) = At (g (2)) = Az = Az,.
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Takum obGpasom,
(43) O (z) = Az, + ¢ (2) (zeV),

rne @ (z) €Y, z2=12,-1-2,5 z,€X;, 7,€Xo.

Cornaco (42) u (43), F, (U)—>3T10 MHOXECTBO Bcex Touek Az,
rpe z¢V. Tlockonbky V oTkpmiTo, @ Y, -—MHOMKECTBO 3HAUEHHH OTO-
Opaxennst A, TO yTBep:KIEHHe (@) TEOPEMBbI HOKA3aHO.

Yrobur jokasath (b), AOCTaTOYHO NpOBEDPUTH, uT0 @ (Z) 3aBHCUT
TOJIBKO OT Z;.

3aduxcupyem z€V. Cornacuo (42) u (43)
(44) @' (z) =F (g (2)) g (z2) = A4 ¢ (2).

Beuay toro uro g’ (z)—o6paTtumblil JuHeHHBI onepaTop Ha X,
a F' (g (z)) —oToGpaxenune panra r, MHOXeCTBO 3HayeHHi R oToGpaxke-
ansg @ (z) —BEKTOPHOG MPOCTPAaHCTBO pasMepHoctd r. [lycte Q—
npoeKTop mpocTpancTBa Y Ha npocTpaHcTso Y. Tlockonbky MHOXKECTBO
3HaueHul otobpaxenusi ¢’ (z) copepxurca B Y, To (44) nokasviBaer,
uto A=Q®’ (z). Takum obpasoM, Q orobpaxkaer DpocTpaHcTBO R
Ha Yy, a TaK KaK pa3MepHOCTb OOOHX 3THX TNPOCTPAHCTB paBHA r,
10  B3auMHO oaHO3HauHO Ha R. Takum o6pasom,

(45) u3 Ah=0 caeayer, yro @' (z) h=0.
Ecnu tenepp z€V, z-+hy €V, hy€ Xy, TO 10JM0KHM
(46) A () = O (z +thy) ogELl).

[Nockosbky V BHIYKJO, 3TO ONpejieIeHHE HMEET CMBICJI, a TakK
kak Ah,=0, 10 u3 (45) u (46) cneayer, uro

(47) AN =0 (z+th)h,=0  (0<t<]).

Takum obpasom, A (1)=A(0), 1ak uto ®(z-+hy)=D(z) u ()
YCTaHOBJIEHO.

Teopema 0 pa3jOKeHHH

[lycrp f-—oT06paxenne OTKpeiTOro mHoxkecTBa E — R™ B mpo-
ctpadHcTBo R™, ¥ NycTb CYIECTBYET Takoe Lesoe j, uTo e;-f (x)=e;-x
npy Bcex i=~j, Xx€E. Takum o6pasom, x u f(x) umeloT pasHbie
[~ KOOpAHHATHI NpH [==j, T. €. oTobpaxende [ MoKeT H3MEHSTDL
TOJbKO j-t0 KOOpAHHATY. Mbl OyJeM HasbBaTh TaKHe OTOOPAIKEHHUS
npoCHbIMU.

9.21. Teopema. [Tycme f ecme €’'-omoGpanenue omkpsimozo
muoxcecmea E < R™ 8 npocmpancmeo R", 0¢E, §(0)=0,a 1 (0)—
cbpamumoe npeobpasosarue. To20a cywecmeyem maxKas oK pecmHocms
Hyas 6 R™, 8 Komopotl umeem mecmo npedcmasieHue

(x) = gn (Bn (gn—1 (- - - (g1 (Byx))).
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3dece Kancdoe gn— npocmoe €' -0mobpascenue HeKomopot oxpect-
nocmu modku 0, g (0)=0, a kamdoe Bj,— aunelinoe omo6paxcerue
Ha R™, npuuem aubo moocdecmeerHoe, aubo MeHAOUee MecmamiL
Kakyo-Hubyos 00HY napy Kuvopouxam.

HNokazateabctBo. [Tonoxum f==1,, u nycrs 1 <m < n. Mpu-
MeM cJelyIollee MHAYKTHBHOE TpeAlo/oXenie (OUEeBHIHO, CNpaBe]-
auBoe mpu m=1): f,, oro6paxaer oxpectHocTb Toukd 0 mnpocTpaH-
ctea R" B npoctpauctso R", f,,—orobpaxkenune Kiacca @', npeobpa-
3oBanue A, = I, (0) obpaTumo u

{48) e-fn(x)=¢e;-x (1 <<i<<m).

[Tonoxum a;;=e;- Ane;. M3 (48) caeayer, uto a;;=0, ecau
i<Zm u j>m. Ecau Obl, KpOMe TOro, IPH BCEX j > 1 BbIIOJHANOCH
PABEHCTBO O ; =0, TO M3 NpeicTaBAeHUs A,e;== D a;€; CJAeI0BAJO

i

Obl, 4TO 1 ---m-—1 He3aBHCUMBIX BEeKTOPOB A,.&, ..., Ane, NpUHAL-
JeKatr 000JI0UKe 72— BEKTOPOR €44, . .., €y, BONPEKU TeopeMe 9.2.
Takum oOpasoM, cyniecTByer Takoe j, uTo m<j <A H ;0.
Onpegenum onepatopwt P,,, B, € L(R") paBencrBamu: P,e;=¢;,
ecau [ ==m, Ppe,=0; Bpe,-—e; B,e; =e,, B,e =e i1 Bcex
npounx . ITosoxuMm

(49) gm (X) = prnx [* {e/n N fm (Bmx)} €.

Tor 1a g, oueBn1HO, mpocToe oTobpaxketue. [Tockoabky (1,8,,) (0)=
= A,B,, TO

(50) g;n (0) h == th . {em. ° Am,Bmh} € (h E Rn)-

Ecau ¢, (0) h=0, 10, KaK nokxasmnaer (50), P, ,h =0, Tak uto
h==he,,. Ho, xpome toro, e, -A,B,h=0, T. e. Au,;=0 no omnpe-
neaeunto Bp,. Tlockoabky a,,;==0, Mbl BHAWM, uTO A =0, 3HAHT,
h-=0.

Tem camblM JI0Ka3aHO, 4TO g, (0) -~ B3aMMHO OJHO3HAYHOE OTO-
Gpaxenne. Ctaao ObiTh, OHO OOPATHMO, M M3 TeopeMbl 00 0OpaTHOM
0TODpAXKEHHH CJe1yeT, UTO g, B3aHMHO OAHO3HAYHO B HEKOTOPOH
oxkpectoctd U, touku 0 ¥ 410 g) (Upy) == Viy — OTKPBITOR MHOXKECTBO
B R™ Tlonoxum

(51) im.».‘l ()’) = im, (Bmg;% ()’)) ()’ E Vm)-
Ecan yeV,, y=gu.(x), x€U,, 10, KaK nokaswsact (49),
(62) en Yy =¢e,-Ty (B Xx), €-y=e; X (i <<mj.

Teneps u3 (48) u onpenetenust B, cieayer, uto

e -fni(y) =e;-Byux=e; x=¢;y,
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ecad [ < m; u3 (52), Kpome TOrO, CJAEAYET, UTO
em Fns (V) =ep T (BuX) ==epn-y.

CrenoBatennto, fny VIOBJICTBOPSET NpeNOIOKEHHID MIIYKILHH
¢ m-1 BMeCTO m, U MOCTPOEHHE MOMKHO HPOJOLKHTL. [lepenuce-
sast (51) B BHie

(53) fm (X) = fm%—l (g'n (Bmx))

npu m==1, ..., n u 3ameuas, 4T0 I, — TOKAECTBEHHOE OTOOpamKe-
uHe, MBI HOAyUaeM

Ty (x) =15 (g, (Bix)) = T3 (g2 (Bogy (Bix)) = .. .,

HYTO ¥ COCTABJAACT HYIKHOE 3aKJIMYCHHC.

Onpepeaurenu
9.22, Omnpepeacune. Ecan (f;, ..., jpo)— yIOPSIOIEHHDIH

IIElGOp HeJdablX 4YHUCeJd, TO ITOJOKHM

(54) s o i) = 1 san (g /),

>q
rge sgnx=1, ecat x>0, sgnx== —1, ecan x<<0, sgnx=0, ecan
=0, Torga s(jy, ..., jn)=1, —1 unu 0 u MeHseT 3HaK, ecJu

Kakue-HuOyAb J1BA M3 UYHCEJ [ MeHSOTCS MECTaMH.

[lyers [A]—wmatpuna suneiinoro omepartopa A na R" no ornoue-
HHIO K CTaHAapTHOMY Oasucy {e,, ..., €,}; HA Nlepeceyenun i-it CTPOKH
u. j-ro croabua marpuisl [A] crour uncao a (i, j). Onpedesumenem
MaTpHUbl [A] Ha3bIBAETCH YHCIO

(55) det[Al= 215 (j1y -y ) a(l, j)a(2, jo) ... aln, j).

CymmupoBaunie B (55) NpPOU3BOAMTCS 110 BCEM  VIIOPSiAOYEHHLIM
naGopam HesbiX uHcen (fy, ..., jn), TakuM, uto 1<Ij.<f.

BexTtopbl, KoTophle CjykKaT CToa0NaMH MaTpuiul [A], TaKoBbI:
(56)

n

Xj= 2 ali, e (I<j<n).
£

Yaobue npejcrasuste cebe  det [A] kak  (yukumio  croadinos
matpunsl [A]. Ecau Mul sanumem

det (xy, ..., %,)=det[A4],
10 Tenepb det— BeilecTBennas (GyHKUUA, ONpejeNeHHAs Ha MHOMKe-

CTBE BCEX YNOPSANOYECHHHX HAGOPOB, COCTOAMUX M3 N BEKTOPOB
npoctpanctsa R™.
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9.23. Teopema. (a) Ecau [— moxmOecmeennsoui onepamop
#a R™, mo
det{I]=det (e, ..., e,)=1.
(b) det —aunednas pynkyus no kancdomy us cmoabyos X;, ecau
ocrmaabrbie (PUKCUPOBAHDL.
(¢) Ecau [A]l; noaywaemcs uz [A] nepecmanoskoii 0syx cmoabyos,
mo det [A]; = — det [A].
(d) Ecau mampuya A} umeem 0ea pasreix cmoabya, mo det [A] =0.
HNokasartennctBo. Ecom A=1, 10 a(i, i)=1, a(i, j)=0
npu =% j. 3uHauur,
det[I]=s(,2,...,n)=1,
u (a) nokasano. CornacHo (54), s(jq, ..., J») =0, ec1u Kakue-HHOY Ib
nBa u3 uuces j paBHel. Kaxpoe u3 n! ocTafbHBIX [OPOU3BEJEHHIT,
yuacTBYIOIHMX B (55), CONEPKUT POBHO 110 OJIHOMY MHONKHTENIO U3
Kaxporo cronbua. TeM camniM nokasaHo (b). YrTBepkienue (c)

HeMEeJJIEHHO CJleflyeT M3 TOro, yto S(ji, ..., jn) MEHSIET 3HAK, €CJH
Kakue-HuOyAb JBa H3 4ucesa j paBHel, a (d) ciaeayer us (c).

9.24. Teopewma.. llyems [Al u [Bl— mampuyer onepamopos,
deticmeyrowux 6 R". Toeda det ([B][A]) = det [B]-det [4].

HoxasarteabctBo. Ecmu Xy, ..., X, — cTONOIBI MATPHIHL [A],
TO MOJIOKHM

(57) Ap (X1, - .., Xn)==Ap [A] = det ({B] [4]).
Cronbusl matpuusl [B][A] — 310 BekTOopwl Bx, ..., Bx,.
Takum obpasom,

(58) Ag(Xqy o ooy Xp)=det (Bxy, ..., Bx,).

Cornacuo (58) u Teopeme 9.23, dynruua Ap Takxke objaajgaer
ceofictBamu (9.23) (b), (c), (d). CoramacHo (b) u (56),

Ap[Al=Ap(Da(i, 1)en Xz ooy Xa)=a(is 1)Ap (e %o, ..., Xn).

i
[ToBTOpSiIL 3TY NpPONEAYPY C Xas « ..y Xp, MBI HOJMyUdEM
(59) Ap[Al= Xa(iy, Dalis 2) ... a(in, n)Ap(€ip, ..., €),

TJle CYMMHpPOBAHHE PacnpoCTPAHSETCA Ha BCe YIOPSIIOYEHHbIE HaGophl
(ity ...y in) ¢ 1<i,<n. Cornacuo (¢) u (d),

(60) Ap (€, «oey€in)=1(i1, «o.,in)Ap(eg, ..., ),
rae f=1, 0 wmn —1,  a Tak Kax [B] [/] = [B], 1o u3 (b7) cneayer, uto
(61) Agp(ey, ..., e,)=det[B].
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[oacrasnas (61) u (60) B (59), Mbl nonyuaem

det (BITAD = (D a iy, 1) ... @ (iny n)t (i, ..., iy)} det[B],
KakoBbl Obi HI Onity Matpuusl [A] 1t [B]. Tlosaras B = I, mbl BUanM,
uT0 CyMMa B (HrypHBIX CkobOkax pasua det[A]. Teopema JokasaHa.

9.25. Teopewma. Jureinnii onepamop A na R™ oGpamum mozda
u moabko moeda, koeda det[A]=£0.

HoxasartenbcTtBo. Ecan A obpareM, To, Kaxk [0OKa3blBaeT
tTeopema 9.24,
det (Al det [A !} = det [AA Y =det[I] =1,
tak uto det[{A]==0. .
Ecmu A He ofpatuM, To CTOA0UBL Xy, ..., X, Marpuubt [A] 3asn-

CHMBI (TeopeMa 9.5) u, cJjefOBATE/NLHO, HMeeiCHd CToJlel, CKaxeM,
Xg, TAKOH, 4TO

(62) Xp-b 2 ex; =0,
FEY:

rae c¢;—Hexkoropbie uncia. Cormacuo 9.23 (b) u (d), cronGew xp
MOXKHO 3aMEHHTb CTOJIOLOM X -+ €;X;, HE MCHSS OIpeieJUTeNs], eClH
j = k. Orciofa caeayer, uto croaden X, COXpaHss 3HAUEHHe Onpe-
AeanTeJIs1, MOXHO 3aMeHHTb CTOJOUOM, CcTOALMM cJjaesa B (62), T.e.
cronbuom HyJteit. Ho marpuua, umeiomas 0 ognuM H3 CBOMX CTOJG-
0B, HMeeT HyJeBOH ompeneiutennu. Iloatomy det [A]=0.

9.26. 3ameuanne. Ilycrs {e, ...,etu{u, ..., u,} — 6asuchl
B R". Kaxjomy annefiHomy onepatopy B R"™ OTBeuaioT MAaTPHUH
[A]l u [A]ly ¢ aneMenTaMH a;; M @;; B COOTBETCTBHH C paBEHCTBAMH

Aej=Dlaye;, Auj= 2 @ m;.
7 .
Ecnn u;=Be;= ), b;;e;, T0 BekTop Au; papeH BeKTopy
D aniBes = D any 2 biner = D) (D) b)) e,
k R i i R
a TakKe BEKTODY
ABe;= A Ek] basen =) (; aubns) €1

TaxuM o6pasoM, X, bian; = N aizbrj, MM
(63) (B] [Aly =[A][B].

Hockoavky onepatop B ofpatum, To det[B]s40. KomGurnpys
(63) c Teopemoit 9.24, nosnyuaem

(64) det [Aly = det [A].
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INosToMy onpejeaurenb MaTPHilbl JHHEHHOTO ONepaTopa HE 3aBHCHT
OT 6asuca, KOTOpHH OLI HCMOJb30BAH [/ TOCTPOCHHS MATDHILBL.
Takum obpasom, umeem cmoica eosopums 00 onpedeaurese AUHECLU-
HO20 onepamopa, e umes npu IMom & eudy Hukaxoeo basuca.

9.27. Skobuaubl. [lycrs T orToOpaxkaeT OTKpbITOE MHOMXKECTBO
E < R" B npoctpauctso R". Ecmu | quddepenwnpyemo B Touke x€ E,
TO ONpejfesIUTe b JuHeliHOro onepatopa i’ (X) HasbBaeTcA AKOOGUAHOM
oroGpaxenusi | B Touke X. SIkoOuan orcOpamenus f B Touke X 000-
3HauaeTcsA CHMBOJIOM Jg(X), TaK 4ro

(65) Jp(x) = det I’ (x).
Mgt G6ynem ucnoabssoBath Aas Jy(x) Taxkxke cboznauenue
(66) d (!/1: ces Un)

O(xy, «. 0y xp) 7
eCHH (Y, oy Yn)=T{xy, ..., Xp).

Hcenonbsys nonsithe sikoGHaua, OCHOBHOE YCJOBHE TeopeMmbl 06 06-
paTHON (YHKIMH MOXHO 3anmcath tak: Jy(a)%<0 (cp. c Teope-
moit 9.25). Ecam rTeopemy o HesBHOIl (hyHKHMH cPOpPMYJIHPOBATH
B TepMHHaX QYHKuUHit (35), TO ycloBHE 3TOH TeOpEMbl CBOAUTCSH
K HEepaBeHCTBY

O(ftr ..., fn)

B L% L # 0.
d (xjv cery xlé) ’
Hurerpuposanue
9.28. Onpeneacuue. Hazopem k-gaerkoli (uau k-mMepnod K.jer-
Koil) MuoxecTBO [* R*, cocrosimee N3 TOYEK X = (¥, ..., Xg),
IS KOTOPLIX
(67) a; < x;3<L by (i=1, ..., k).

IMycts f— nempepbisHas peinecTBeHHast ¢ynkuus na J*. Tlonoxam
fr=Ff, n nycrp
b

Fror== ooy (X100 ooy Xpmy) = S Fu (X1s « ooy Xpoys X2) dXp.

a,

U3 pasuomepnoii menpepwiBrOcTH yHKUmA [p Ha [* caenyer, uTo
fu_ — HenpepuiBHas ¢yHKuusa Ha MHOKecTBe [*71, T. e. (kR —1)-kaeTxe
B npoctpadcTe R"1, onpejensemMoll nepBoiMH k-—1 HepaBeHCTBamu
u3 (67). Tloatomy Mbl MOKEeM NpOAOAXKHTH npouecc. B pesyanrare
A8 Kaxkporo j, 1<{j=<Ck, Mbl [OJYYHM HENpepLBHYIO (DYyHKLHIO [;
Ha kjaetke I’ (C R’, npuueM [;( ecTb HHTEI'PaJ OT f; OTHOCHTEJLHO X;
no cermeury |[a;, b;]. Hakosern, npouHTerpupoBas f;, Mbi MOJYYHM
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410 fo, KOTOPOE HA3LIBACTCH UHMeepuAom pynkyu [ no k-xaemxe I*
H 3allHCbIBAETCH B BHJE

(68) S f(x)dx wm K f.

Ih Ik

Ha nepsuiil Bsrasg 370 onpejiesienne UHTErpaJa 3aBHCHT OT NOPSAAKA,
B KOTOPOM TPOM3BOAATCS K OZHOKPATHHIX mHTerpupoBanuid. Onnako
5TO TOJABKO KaXKyIIasicsl 3aBHCHMOCTb. Yto6bl J0Ka3aTh 5TO, BBEJEM
BpeMeHHO obosnauense L (f) aas uuterpana (68) m L’ (f) — aas unre-
rpaja, BOSHMKAOWEIro B pe3yJbTaTe k HHTETPUPOBAUHH, MPOH3BEAECH-
HLIX B KaKOM-JHOO HHOM NOPSILKe.

9.290, Teopema. Kakosa 6ot Hu OGvina ¢yuxyus [E€8(I7),
umees L(f)==L"(f).

HokasateabcrtBo. Ecau & (x)=hg(x) ... by (xz), rae
h; €€ ({a;, b;1), 10
b,

4

R
Ly =T § bt dei—L o).

o

t=1 ay

Ecan # — MHOKECTBO BCEX KOHEUHLIX CYMM Takux GyHKUHE A,
10 L(g)=L"(g) npu Bcex g & . Kpome Toro, # — anrcbpa OyHKuHi
na MuoxecrBe [*, K Koropoil npumenuma Teopema Cromna — Beiiep-
wrpacca.

3

Hoaomun V=]](h;—a). Ecan €6 (I*), a e >0, To cymecTByer
i

(xel*).

pyuxuua g €, 1axas, uro || f—g|i<<e/V, rpe ||f ' =max|[ (x}]
Torpa |L(f—g)! <<e, |L'(J—g) <<e, n TaK Kax

L(J)— L ([)=L(f—g)+L (g—1),

1o | L(f)—L" (]} << 2¢. Tem cambiM Teopema JioKasaua.
C 3THM NVHKTOM CBSI3aHO yupaxuenue 19.

9.30. Onpepnpeacune. Hocumeaesm (BCUECTREHHON HAH KOM-
NJACKCHOH) GYHIKIUH [, onpencaennol Ha RR, HasbiBaeTCs 3aMbIKaHHe
MHOKECTBA BeeX Touek X € R", B kotopuix [ (x) =~ 0. Ecan f— Henpe-
phiBHAS QYHKUHST € KOMIAKTHBIM HocHTeqaeM, a [*—kaxas-nuGyap
£-K1eTKa, cojepxKawas HOCHTCAL (PWVHKUMH [, TO NOJOREM

=\ 1.

I R 1 k

Tak onpejxeaeHHblii HitTer past, 04eBHAHO, HE 3aBHCHT OT BbiGopa 1%,
Mlib Ol KJaetka [* cogepxana nocutesh QYyHKUHH f.
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Moxer mokasaTbesl 3aMaHYHBLIM PACHPOCTPAHHTD 3TO ONpEAeseHHe
MHTEerpaJa 1mo npocTpaHcTBY R* Ha (QyHKUHH, KOTOpLie CJYXKA4T Ipe-
AeJiaMH (B HEKOTOPOM CMEIC/Ie) HenpepbiBHBIX (QYHKLHI C KOMIAKT-
HbIMH HoOcUTeJsiMH. MBI He XOTHM 06Cy:KJaTh YCJAOBHS, NPH KOTOPHIX
5TO MOKHO CJeJlaTh; 3TOT BONPOC YMECTHO pellaTh € MOMOILUbIO HHTe-
rpana Jle6era. Met JHMIIb ONHIIEM OJHH OUEHb IPOCTOH INpPHMED,
KOTOpbIH OyJleT HCNOJIb30BaH NpH jJoKasaTenbcTBe TeopeMbl CTokca.

9.31. MMpumep. Ilycts QF ecTb k-cuMMJEKC, COCTOAMHA H3 BCeX
TOYEK X =(xy, ..., Xp) npocTpadcTtBa R*, Taxux, uto x;+ ...+ xp<1
H x>0 npu i=1, ..., k. Ecmm k=23, nanpumep, 10 QF—5TO
TeTpasap ¢ sepunnamu 0, e, e; e;. Ecau [C @ (QF), TO NMPOLOTIKHM
byHkuuio [ 10 GyHKHEM, OnpelesieHHOH Ha eXHHHYHOM KyGe [*,
nosaras f(x)=0 Bue Q.

Ecsu nonyyennass B pe3aysbTaTe NpPOJAOJNKeHHs (DYHKIIUA OKaXKeTCH
HenpepLIBHOH, TO €CTECTBEHHO IIOJNOXKHTb

(69) Vi=\n

Qh Ih

TpHYeM HHTErpaJj crpaBa B 5Toli ¢opmyJie onpelenseTcss B COOTBET-
cTBHM c¢ 1. 9.28. '

Onnako B ofiieM chayuvae npojoskenHas ¢yHkuus OyAeT pasphiB-
Hofi Ha [*, W Ham caenyer onpedesums TnpaBylo 4Yactb B (69).
Mnl cefiuac noxaxem, Kak 3TO MOXKHO cjesaTh. KoHeuHO, MBI MOXEM
JeficTBOBATh TaK Ke, Kak B 1. 9.28, W B 3TOM cJiyyae HeOOXOLHMO
YCTaHOBHTb, 4YTO HHTerpaj He 3aBUCHT OT T1OPsAKa, B KOTOPOM
BBLIIOJIHAIOTCSA & OJHOKpAaTHBIX WHTerpupoBanuil. [IpuBognMoe HHXKe
paccyXJeHHe 3a0[HO COAEePHMHUT [0Ka3aTeJbCTBO H 3Toro (axra.

Honoxum y= (x4, ..., xa—1), X=(y, xp). OnpenesuMm QyHKUHIO
g:8(x)=[(x) npu x€Qk, g(x)=F(x/t), ecoi x;-+ ... Fxp=1>1,
H TIOJIOXKHM

Ay)=max (0, | —x;— ... —xpy) (y EI*).
JleficTBYss B COOTBETCTBHH ¢ onpejenenueM 9.28, mosyunm
1 My)
@) hem={ Ty mdu={ g o
0 0

IMockoneky gE€B(I*), a AcG(U"?), 10 u3 (70) caexyer, YTO
fr—q €6 (I*1). 3Hauut, NOCIEYIOUIHE HHTETPHPOBAHHS HE COCTABJSIOT
npobJaeMsl.

Ecmn 0<<e<<1, 10 mosoxum @(f)=1 npu t<<l—e, @(f)==
= (1—t)/e Ha cermeute [l—e, 1], ¢ ({)=0 npu {>1, u nycrb

F(X)=¢ x4+ ... 4+x)f(x) (x€I?).
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Toraa | Fr-y () —fr-1 (¥) |<el|f| npn Bcex ye€I*?, tak uro
@y |§ F=n|<elry.

P

OtMeTHM, uTO HepaBeHcTBO (71) crnpaBenJjiiBO BHE 3aBHCHMOCTH
OT NOpsiAKa, B KOTOPOM MNPOU3BOAATCHA R OJHOKPATHBIX HHTEr PHPOBA-

Huit; BBHLY Toro uto F ¢ 6 (I*), na unrerpane g F ue ckasbiBaeTcs
HHKaKoe H3MeHeHHe 3Toro nopsiaka; {71) noxkaseiBaer, 4TO TO Ke
BEPHO M B OTHOLIEHHH g f.

Hama caeaymomas TeopeMa nokasbiBaeTt, Kak l{eﬁCTByeT Ha HHTe-
rpaJs 3aMeHa INepeMCHHBIX. D.JIH NPOCTOTHl MLI OTpaHHYHMCA HEnpe-
PBLIBHBIMH (bYHKU,HﬂMI’I C KOMIAKTHBIM HOCHTE/IEM.

9.32. Teopewma. Iycmeo T — s3aumno o0Ho3HauHOE C -0mobpadice-
Hue omkpumozo muoomcecmsa E < R* 8 npocmpancmeo R*, makoe,
amo Jp (x) == 0 npu ecex X € E. Ecau f— nenpepoisrnan pynkyus na R*
¢ Komnakmweim Hocumensem, codepxcauumes ¢ T (E), mo

(72) { Fndy= 1@ 00)17r 0 1dx.

Rt RR

HanomuunMm, uto Jy— siko6nan oro6paxenusi 7. Tak kax Jo(x) =0,
TO 1o TeopeMe 00 obpaTHOH GYHKIHH oToGpaxeHue T-! HempepHIBHO
Ha MiuoxectBe T (F), M TeM caMbIM MNOJMHTerpajbHaf GYHKOHUA
B NpPaBOil 4acTH paBeHCTBA (72) HMeeT KOMIAKTHHIA HOCUTENb, COAEp-
Kauuiica B E (teopema 4.14).

ITosicuuM nosBaeHue abcoaomuol seaututol sKobuana Jp(x) B (72).
[Mycts k=1, IIpeanonoxum, uto 7—B3auMHO ORHO3HaUHOe G'-0TOOpA-
’)Kenue npoctpadcrea R wa RY. Torpa Jo(x) =T'(x). Ecnu T sospacma-
ent, To, coryacHo TeopeMaM 6.33 u 6.17, kakopa Obl HY OblJla HelpephbiB-
Hasg QYHKIMSA [ ¢ KOMOAKTHHIM HOCHTeJEM,

(73) VFwdy=\ 1@ )T (x)dx.

R1 R1

(31ecb MOXHO oOGofiTHch W Teopemoit 6.16, Tak kak ¢ysxnusa T’
HenpepoiBia.) Ho eciu T yObiBaer, 10 T’ (x) << 0, 1 ecan dyuxuus f
TOMI0KHUTENbHA HAa BHYTPEHHOCTH CBOErO HOCHTeJs, TO NpaBas 4acThb
paBenctBa (73) oTpuuaTesbHa, a JeBasg NOJOXHTeNbHA. BepHoe
paBeHCTBO MoAyuHTcsi, ecau 7' samenutp B (73) na |T'|.

3ameTuM, YTO HHTErpaJjbl, KOTOpPble MBI cefiyac paccMaTpHBaeM, —
3TO MHTerpaibi OT GYHKUHA MO MOAMHOMKECTBAM NpocTpaHcTBa RF,
M C 3TUMH NOAMHOMKECTBAMHU MBI He CBSI3bIBAEM HHMKaKOH OpAEHTAalMH
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Wil HallpaBJeHHd. Mpl BcTanem wHa APYryvio TOYKY 3peHHd, Korjaa

GylneM 3aHrMaTbhCsd MHTErpupoBaHueM AndbepeHnuaisHbBIX  HoOpM
N0 MOBEPXHOCTSAM.

HoxasateabcTBo. M3 ToabKko 4Tc CledaHHBIX 3aMeuaHHil
caeayer, uro (72) cnpasensuso, ecan T — mpoctoe €’-oTo0pamceHue
(cm. Teopemy 9.21), a Tteopema 9.29 noxazniBaer, uto (72) BepHO
¥ B TOM cayuae, korpa T —JmmHefinoe npeoGpasoBantie, MeHsIOUlee
MeCTaMH (B¢ KOOPAMHATHI.

Ec.au Teopema BepHa aas orobpaxenuit P, Q u ecan S (x) =P (@G (x)),

10
\F@dz=\ [P ) Ury)ldy=
= (1P Qe 175 @ () 11 (0] dx =
= 1S s (0 1dx,
Tak Kak

Jp(Q (x)) Jo (x) =det P’ (Q(x)) det Q" (x) =
=det P (Q (x)) Q' (x) =det S’ (x) = Js (x),

COruacHo TeopeMe 00 YMHOXEHHH onpejenurenedl M npaBuay aud-
deperuupoBadus caoxHo# ¢yHKiHy. Taxkum ob6pasoM, TeopeMa Bepua
u anaa S.

Kaxpaas Touka a€ E uMmeer okpectHocTh U, B KOTOpOH

T(x)=T(a) -+ gu (Bign-1 (. . . g1 (By (x—a)))),

rae gi, Bi te xe, uro B Teopenme 9.21. Ioaaraa V =T (U}, noayuaenm,
yte (72) cripaBeAsuBo, ecyd HocuTeqab ynkuuu § coxepxutca B V.
Hrak:

Kaxcdas mouxa muoocecmea T (E) umeem oxkpecmwuocme V, makyro,
umo (72) cnpasediuco 0an amoGol Henpepbisroll pynkyu | ¢ Hocume-
aes, codeprcawumcs 8 V.

Teneps nyctb f-— venpepbiBHas QyiKiua € KOMIAKTHBIM HOCHTe-
aem K, copepmamumes B T (E). Kaxpasa Touka y € K CIyKHT HEHTPOM
HEKOTOPOTO OTKpeiToro uiapa V (y) paaayca r(y), Takoro, uto (72)
BHIIOJIHAETCA ISt KAaKJ0H HeUPephlBHON (DYHKLHH C HOCHTe/eM,
aexaiiuM B V (y). [NockonbKy MHOXKeCTBO K KOMMAKTHO, CYIIECTBYIOT
TOYKH Yy, ..., ¥p, OpHHAAJIexKamue K M Takue, YTo OODbeAHHEHHE

I
OTKPBITHIX 1apos W; ¢ HEHTPOM B y; U PALHYCa - 7 (¥i) NOKPbIBACT K.

Mycts B; (1 <i<p)—dyuKums, uenpephisras na R, ¢ Hocure-
aeM B V (yi), Takas, uto B;(y)=1 na W;. Iomoxnm a;=§; u

a;=(1—p) (I —P2) ... (1 —Bj-0 Bis
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eca 2«0 f<p. Jlerko npopeputs, uTO
Ao p== L= (T —=B) (1 —Bo) ... (1 —Pp).

B kaxpolt tTouke muoxectBa K ofpauniactest B HyJib X0Ts Obl OfuH
u3 COMHORHTEJel MOCAeIHEro NMPOM3BENCHYUs, TaK UTO 2 oy (y) = 1,
ecan y € K. Hocuresan HenpepuBuoil dyuxiun o;f sexur B V (y;),
taK uTo (72) BBIMOJHSIETCS NMpPH KaxjgoM a,f. M3 paBencrsa f:Zajf
cJenyer, uTo (72) cnpaBeiuBO H s f.

9.33. Onpenenenune, Ilycts [--BemecrBennas QyHKIHUSA,
OMpejlesieHHAsl HA OTKPHITOM MHOXecTBe E < R™, ¢ 4aCTHBRIMH TIpOH3-
popubiMe Dyf, ..., Duf (em. n. 9.13). Ecar ¢yuxuuu D;f camu and-
{pepeHUHpYEMBI, TO Hacmubie NPoUsso0Hble 8MoPoe0 NopAoKa Gynkyuy |
ONpeJief10TCsl PaBEHCTBOM

[)iff:DiDjf (Lv j:17 L) fl).

Ecin sce 3tn ¢ysxuum D;;f Henpepwisiel Ha E, TO TrOBOPAT, 4TO
f—dynxkuua kaacca €7 ua E wam uto [ E£€" (E).

ToBopsit, uto ortob6pamenne f muoxectBa F B mpoctpasctBo R*
npuHHafiexuT Kaaccy €7 wa E, ecAau Ka)jasl €ro KOMIIOHeHTa IpH-
HAIEXKKT KJaaccy €.

g mpocToThl (M He yMasssi oGiHOCTH) Ml CHOPMYJIMPYEM HALTy
CJACYIOMYIO TeopeMy Aid (PyHKUHE ABYX NEpPEeMEHHBIX.

9.34. Teopewma. Lcau Dyf u Dy [ nenpepvigrot Ha ompoimom
muoscecmse E < R?, mo Disf == Dyf 6 E

Hoxasateasncrtso. Jonycrus, uro Dof () = Dy f (X) B KaKoii-
BuOy b TOuke X muoxecTsa E. M3 npeanosnoxeHHON HeNpephiBHOCTH
caellyer, uTo TOTja CYHMeCTByeT NpsMOyIoaesHHK R, cojepxa-
muiics B E, onpejeastemplfi HepaBeHeTBaMH a<x<b, a<{y<P
w takol, uto (Dyof) (%, y) > (Dxf) (x, y) npu Bcex (x, y) € R. 3nauur,

(74) \ Duf > { Daif.
kR J 44
Ho
g . b
\ Doaf =\ dy { Dy (Defy (5, ) dx =
R a a
;
=\ UDa) (b 5)—(Da]) (a, y)) dy =
=f (0 )~ (@, B—F (b @)+ (a, @)
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N0 OCHOBHOH TeopeMe HHTerpajbHOrO MCYHCJEeHus, a 1o Teopeme 9.29

TOT XK€ pesyabTaT MOJYYHTCH H AJd §D21f! YTO {IPOTHBOPEUUT

L
HepaBeHCTBY (74).

AudipepeHnunanbupie Gopmsl

B sToM pasjene Gyjer yacTHYHO pa3paGoTad anmapat, HeoO6Xoju-
Mblil fss TeopeMbl Crtokca.

Jlo cux nop Mbl paccMaTpHBAJIH NPOH3BOJHBIE QYHKIMH HECKOJIbKHX
MEePEeMEHHBIX TOMLKO I/l GYHKUHH, oONpeleseHHHIX Ha OTKPHITHIX
MHOXeCTBaX. ITo 6blIO BbI3BAHO COOGPAXKEHHAMM Y106CTBA M TIO3BO-
JIHJIO HaM u30eXaTb TPYAHOCTeH, KOTOPHIE MOTYT BCTPETHTbCS MpH
paccMOTpeHHH T'paHH4HbIX ToyeK. OnHako Temeph Ham OyneT yaoGHO
paccmarpusaTh auddepernMpyeMble QYHKUHH HA KOMAGKMHLIX MHO-
xkectBax. [lostomy Mbl mpuMeM cieayioulee cornamnenue. [osops,
uto f ectb @’-orobGpakenue (uwm ©"-0TOGparkeHHe) KOMNAKTHOIO
mHoxkectBa D (C” R* B mpocrpanctso R", Mbl OyjieM HMETb B BHY,
YTO CylecTByeT €’-oTob6paxkenne (MJH G"-oToGpaxeHHe) g HEKOTO-
poro oTKpeiToro MHOXectBa W < R* B mpocrpaHctBo R™, Takoe, uTo
DcW n g(x)=1(x) npu Bcex x¢€D.

9.35. Onpenenenune. [lycts E-—OTKpbiTO® MHOXKeCTBO B R%;
¢’-otobpaxerne @ HEKOTOPOro KOMIAKTHOTO MHoXKecTBa D — R*
B MHO2XKecTBO E Mbl GyJieM HasblBaTh R-riosepxHocmoro 8 mroxcecmse E.

MnoxecTBo [ HasbiBaeTCs MHOXCECME0M NAPAMEMPOS TOBEPX-
nocth @. Touyku MHOXKecTBA D Mbl OyzeMm 0603HAauaTh Yepes u, Tak
410 U = (Uy, ..., Up).

Mpr 6yneM HMeTb JeJsio TOJIBKO ¢ mpocTeiiieli cCHTyauuei, Korja
D—umm k-xnetka, wam k-cumngeke QF, omucaunbii B npumepe 9.31.
Ilpnunna 3TOrO B TOM, YTO HaM NPeICTOHT HHTErpUpOBaTh No D),
a Mbl ellle He DPa3BHJM TEODHH HHTETPHPOBAHUS 1O GoJiee CJOXKHLIM
NOAMHOKeCTBaM npocTpancTsa R*. Mbl yBHIMM, 4TO 3TO OrpaHuuye-
nue, HaJoxenHoe Ha D (Mbl GyzeM ero B JanbHeilleM, HE OroBapH-
Basi, NpeAnoJaraTtb BHINOJHEHHBIM) He BJEYET CYUIECTBEHHON IOTepH
o0mHoCTH B Teopuu AHddepeHuHaIbHbIX GOpM.

CpaBnenne c onpepenendeM 6.34 mnoxaseiBaet, uy10 l-mOBepx-
HOCTb —3TO HE UYTO MHOe, KaK HenpepblBHO JubdepeHnupyemas
KpuBas.

9.36. Onpenenenne. Ilycts E—OTKpEITOE MHOMXECTBO B Ipo-
crpaictee R™. Jugpepenyuarerol ¢opmoii nopsadka k> 1, onpe-
Oeaennoil 8 E (Mnu, KpaTko, R-gpopmoii ¢ E) nHasbiBaeTcss QyHKUHS ©
Ha MHOXKECTBE R-NOBEPXHOCTEH, CHMBOJIMYECKH 3amuchiBaeMasi B BHJE

(75) o=2a . i, (X)dxi \ ... \dxi,
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(AHIEKCH iy, ..., i, HE3aBHCHMMO TNpPOGEraroT MHOXeCTBO 1, ..., n)
W conocTapjsoomast Kaxnoi k-nosepxsoctH @ B MHOXecTBe E uucio

@ (D) = Rm B COOTBETCTBHH C IIPaBHJIOM
[+ ]
(X, 4 ouurxy)

N ’l.1 lk

(76) S “’—S Zla’r"‘k(q)(u)) 0 (Uy, «o.rlp) du,
[+ ] D
rae D—wmHoxecTBo napamerpoB nosepxHoct @.
DyHKLHH @i,...i, NPENNONaraTcs BeUIECTBEHHBIMH M HeNnpephis-

ooy B E. Econ @y, ..., ¢, — KOMNOHeHTH oToOpaxkenus @, To siKo-
6uan B (76) —3T0 siKOGHaH OTOOpaXKEHHS
(ulv DRRE) uh) e ((Pii (u)v LR (Pik (u))

3ameTuM, YTO MpaBas YacTb paBeHCTBA (76) — HHTErpaji mo MHO-
xectBy D, omucasubii B m. 9.28 (mam 9.31), u urto (76) —onpede-

AEHUe CHMBOJIA K(D.

@
Tosopsit, uto k-dopma o NpHHAAJEKHUT Kiaaccy €' wm 4, ecin
GpyHkuus a; ..., B (75) npusajiexut kaaccy €' wm €.
0-bopMO# Ha3bIBAIOT (PYHKIMIO, HENPEpPHIBHYIO HA MHOxKecTBe E.
Dopmel
(77) d)Ci1 /\ NN /\ dxih

HasbiBalOT basucHbimu k-popMamu. HTo6H yNpOCTHTH 0603HAUEHMS,
MBI 4acTo GyzeM yrnoTpeGJsitb CHMBOJ B* TOJABKO s 6asHCHBIX
k-dpopm. Kaxpas k-¢opma okxasbiBaeTcs Toria cymmoit k-gopm [,
rge f ectp O-dopma.

B xauecTBe npocToro mpuMepa paccMOTPHM l-moBepxHOCTb y B R2
(1. e. KpuByro Kjaacca €') ¢ MHoxectBoM napametpoB [0, 1]. Ecau
® = XydX; + X, dx3, TO

1

[ o= @vi@+v0v 018 =y ) v ()~ 1,0) v 0).
Y 0
Ecau y-—3aMKHyTasi KpHBasi, TO g o=0.

.,

Y
9.37. DneMenTapHube cBoiicTBa k-popm. [lyets o, 0, 0,
cyts k-dopMbi B E. Mbl Gymem mnucath @, =, TOrJa M TOJBKO
TOrla, Koria o, (D)= w, (D), KakoBa 6bl HU Gblia k-nosepxHocTh @
B MHOXecTBe E; B uacTHocTH, ® =0 o3Hauaer, uto o (D) =0 a5
Bcex k-nopepxHocteit @ B MHoxkecTBe E. Ecam ¢— BemectBeHHOe
YHCIO, TO c@ ecTb k-opMa, ompenesiedHass paBeHCTBOM

(co=co

D D
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B uacrtHocTH, — @ OnpegessieTca TdK, 4TO
(78) | (—o) == o,
@ @
H © = 0+ 0y O3HaUaeT, 4TO
n
S @ = K oy + \ Wy

D D o2}

JIsi Bcex k-noeepxHocted O B MHOMKecTBe E.

Corsacae (78) u (76), U3 TOro, UTO OlpeJeNHTe/L MEHsAeT 3HaK
[pH IHepecTaHoBKe [BYX €ro CTogablos, CIeAyeT, UTO BHIIOJIHSIETCH
AHMUKOMMYMAMUEHbIL 3GKOH

(79) dx; /\ dxj:—~(dxj /\ dxi) (l, ]———1, ey ﬂ).
Tonarast B (79) (=], nonydaem
(80) dey Ndxy==0 ({=1, ..., n).
CneoBaTtenniio, Kaxknaas k-Qopma oT A nepeMeHHbIX — HYJICBad,
ecan k> n.

9.38. YmMuoxenune. Ilycte @ ects k-dopma (75), a A ecTb
m-dopma

;]
(81) b=, 5 () dx N N,
B £, rae ji, ..., j;n HE3aBUCHUMO npoGeraoT MHOXKECTBO 1€J1bIX YHCe

ot | go n. [1poussedenue 3tux dopM, oGo3HavaeMoe CHMBOIOM ® /\ A,
ecTh, No onpejgenenuio, (k- m)-popma

(82) o N\ h=2Dvai i, ()b ()dxi N\ .
o Ndxa, Ndg N\ Ndxg
B cymme (82) uupexcwl iy, ..., f&y Jis -+ .y jm H3MEHSIOTCH HC3a-

BucHmo ot 1 jgo .

OnpepenenHoe Tak YMHOXKeHHE, OY€BHAHO, ACCOUMATHBHO H AHCTPU-
GYTHBHO T10 OTHOLIEHUIO K CJOXKEHHIO, Onpejeselinomy B pasjene 9.37.
3ameTHM, UTO panee BBejeHHOE 00O3HAUEHHE

dxi1 /\ e /\ dxik

corjacyeTrcss C HaUIAM TelepelHHM  OfipefleleHHeM  YMHOXKEHHs.

9.39. luddbepernuupoBaure. Mol onpeiesuM Teneps one-
patop nuddepennupoBanus d, KOTOphI Kaxkjaodl k-topMe kiaacca €’
B MHOXecTBe E craBuT B coorBeTcTBue (k- 1)-dopmy B E.
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0-popma kiacca €’ B E-—3T0 npocro BewecTBeHHasw (yHKUHA
€€ (E), n Mbl riozaraeM, IO ONpeaeJaeHHIO,

(83) df = 21 (Dif) (x) dxs.

Fean o= [B", rae B*— Gasucuas k-gopma, 10 ee npoussodrou do
HaspRaeTcs (k--1)-bopma

(84) do = (df) \ B,

rje df —Tto xe, uto B (83), a mpousBejeiliHe IOHUMACTCA B CMbICJE
n. 9.38. Onepatop d pacnpocTpansieTcsi Ha CyMmMmsl uienos [B* (t. e.
na Bce k-QopMbl ®) MO AAJHTHBHOCTH.

Hacto ¢opMy do Ha3bBAT eHewlHeld Npoudsodnori PopMbl @,
a ® /\ A HasbIBAIOT @HewHuM npoussederuem dopm @ u A. B coor-
BETCTBHH C 3THM (opMaJbHOe HCYHCIEHHe, IIOCTPOCHHEM KOTOPOro
Mbl cefiyaC 3aHUMaeMCsi, Ha3BLIBAIOT @HewHUM Oughhepenyuarorbim
ucqucaeHUeM.

9.40. Teopema. (a) Ecau o u A cymo k- u m-¢hopmsr (coom-
gememeenno) xaacca 6 6 E, mo

(85) d{o A A)=(do) A A+(—1)Fo A di

dopma xaacca €” ¢ E, mo d*o =0 s E. 3necs d*w
o6osiiauaet, pasyveercs, dopmy d (dw).

Hoxaszateabctpo. [lasg pokasarenscTBa paBeHcrBa (89)
JIOCTATOYHO PACCMOTpPeTh 4YacTHbIi cayuall o= fB*, i=gp™, rie
f, g€€ (E), a p*, p"— 6asucupe dopmer. Torjaa

o A h=TgB" A\ B,
TaK YTo
(86) d(@ \h)=d(fg) N B" N\B™
Coraacuo (83),
(87) d(fg)=gdf-+[dg.
CooTtromierHe aHTHKOMMYTATHBHOCTH (79) mokasblBaer, 4TO
(88) (dg) \ " =(—1)"B" \ dg.

Coraacuo (88), noacrapass (87) B (86), moayuaem (85). Ecau f
ectb O-¢opma knacca €, 10

axf :d(j; (D) (x) dx;) = y d(D;]) \dx;=
= 2 (Dyf) (x) dx; /\ dx;.
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Beuny Toro uro Dy;f=Djyf u dx; Ndxj= —dx;\dx;, Mbl BHAHM,
yro d?f =0. Ecoan o= fp", 10 dm_(df)/\ﬁ" a tak xak d(f*)=0,
to u3 (85) caepyer, uro d?o = (d*f)\B" =

9.41. Onpenenenue. [lycts E—orprnoe MHOXKECTBO B fIpo-
crpavctBe R", T ectb % -oroOpamenue Muoxecrtsa £ Ha OTKpBITOE
muoxectBo V< R™, a ® ects k-dopma B V:

m:ZaH.,,ik V) dys N\ - .- Adyi,.

Torma T mnpeobpasyer dopMy o B k-dopmy @p B E, 3amannywo
ciaeayomuM o6pasom:

o =2 a,.. (x) dti, A ... Ndts,,
rae fy, ..., thKOMHOHeHTbI 0T06pax\e}mﬂ T; ApYTHMH CJOBaMH,
ecim (Y, ..., UYm)=T(X), TO y;==1;(X) U B COOTBETCTBHHU ¢ (83

dti == 'it (Djt,) (X) de.
j=

Hawa caepyiomas TeopeMa 1oKasbiBaeT, YTO ONEPALHH CJIOKEHHS,
yMHOKeHus H JubdepeHHpoBaHUs $OpPM onpefiesieHbl TaK, UTO OHHM
HHBAapHAHTHbBl OTHOCHTENLHO 3AMEHbI NEePEMEHHBIX.

9.42. Teopema. [lyecmv E u T-—me oe, umo e onpedeae-
nuu 9.41. ITycme o u A cymo k- u m-gpopmor (coomeemcmeenno) g V.
Tozda .

(a) (0 +A)p=0wor -+ Ap, ecau k=nm;

(b) (@ AA)r=or \ A

(¢) d(0r)=(do)r,

ecau o—xaacca €', a T—raacca 6.

HokxasatenbcTBO. (a) n (b) BHITEKAIOT HENOCPEACTBEHHO
u3 onpejenenuii. Ecau f ectn O-dopma kaacca € 8 V, 10

fr(X)=F(T (x)), df=2(Dif)(y)dy.

M3 npasuna nuddepenuuposanusi cielyert, ure

d(fr)= 2 (Djf7) (x)dx; = 2 2(0 ) (T (%)) (Djty) (x) dx; =
= 2 (Dif) (T (x)) dt;.

Takum o6pasom,
d(fr) = (df)r.
Honyctum Teneps, uTo = fp*, rme PB* =dyi A\ ... \dyi,. Torna
(B*)r=dt:\ ... \dti, u n3 Teopemer 9.40 caeayer, uto d ({ ﬁ"‘)T) =0
(3TO €IMHCTBEHHOE MEeCTO, TJle Mbl HCIOJIb3yeM NPEANoNOKEHHE O TOM,
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yro T €%"). Ilockoabky

or=fr(B")r,

To (85) u (b) mokasbBalOT Temepb, UYTO

d (o) =d (F) AB")r= @D AB")r = (@) AB*)r =
= (do)r.

Tem cambM f0KasaHo H (c).
Tentepb MBI NepexoJuM K ApYroMy BaKHOMY CBOHCTBY npeo6paso—
BaHuil JubdepeHnnanbHbix dopM.

9.43. Teopema. [Tycmse T ecmo €’-omobpasieriue OmMKpLIMO20
mroocecrnea E — R™ 8 omkpeimoe muoxecmeo V < R™, S ecme
G’ -omobpancenue muoocecmea V 8 omkpoumoe mruoxcecmso W < R?,
a o aeasemca k-¢popmoii 8 W, maxk umo wg ecme k-¢popma e V,
u obe popmor (wg)y u wgp cymo k-gpopmor ¢ E, 2de ST onpedersemcsa
pasercmeon (ST) (x) =S (T (x)).

Toeoa
(89) (ws)r = Wsre

HokasareabrctBo. Ecoin @ u A—copmer B W, T0, Kak noka-
3biBaeT TeopeMa 9.42,

(@ AM)s)r = (0s \hs)r = (0s)r A (As)r

(@A) sy = wsr \ Agr.

Takum oOpa3oM, ecau (89) BuimosHsieTcss AJS o U 445 A, TO (89)
soltosiRsieTcss d s o A A. [lockoapky Kaxayio ¢GopMy MOXKHO
noctpouth M3 O-hopM u 1-popM C HOMOWIBIO OlepAlHH CJIOXKEHHS
¥ YMHOMKEHHS H NOCKOJBbKY (89) BLINOJHAETCS TPUBHAJLHBIM 00pa3oMm
1 O-gopm, To jgoctatoyHo Jokasate (89) B TOM ciyuae, Korja
w=dz,, g=1, ..., p. (Mol ob03HayaeM TOYKH MHOxkecTB E, V, W
yepe3 X, y, Z COOTBETCTBEHHO.)

Ilyets 4y, ..., tp—KoOMUoOHEeHTH oTOOpaxeuust T, sy, ..., Sp—
KOMIIOHEHTH! OTOOpaxKeHust S, a ry, ..., rp— KOMITOHEHTBl 0TOOpaKe-
s ST. Ecnm o =dzy, 10

ws=dsg= 211 (Djsq) Ay
TaK YTO 110 NpaBHay AubdepeHiipoBanus (cM. npuMep 9.14)
()7 =31 (D0) (T (x)) dt; =
=31 (D5 (T (1) 3 (Dst) (x) v =

=2 (Dirg) (x) dx; = drq = wsr.

Hu
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9.44, Tcopema. Mlycmov @ ecms k-ghopma 6 omgpeinom MHO-
acecmee E < R", ® ecmo k-nosepxrocmo 6 E ¢ mnoomecmsom napa-

sempos D RF, a A ecmo k-nosepxrocms ¢ R ¢ muoncecmeom
napamempos D, onpedesennasn mak: A(u)=u(ucD). Tozda

n

\ m == § OPp.

D A

HokasateabcTBo. HaM 10CTATOUHO paccMOTPETb TOJALKO
cayqai

2 ] . »
w=a(x)dx; ... \dxi,.
Ecmn @, ..., @,—KOMNOHEHTh: 0TOOpaxkeuns @, To
=a(®@)dei N\. .. Ndpi,.
Tecpema Oyner jokasaHa, €CJAH MBI YCTAHOBHM, 4TO

(90) dgs Av oo Ndey, =J (a)dug A\ - .. Ndus,
rjae
c'i(x2 Y enes Xik>
T =

nockodbky H3 (90) caenyer, urto

X @= K a(d(u) J(u)du=

<@ D

={a@@)J@aup. ..\ on

a A

Iycts [A}—mMaTpuua u3 £ cTpoxk u k ¢T0a0UOB ¢ 21eMEHTAMH
a(p, 9)=(De@i ) (u) (p, g=1, ..., k).

Torga

TaK 4To
dcpil/\ e Ndoiy, = =Xa(l, q)... a(k, gn)dug )\ . - Ndug,.

B nocaepuncit cymme ¢y, ..., ¢x H3MCHSIOTCS HC3aBHCHMO OT 1
10 k. Vs saxona antukoMMyTaTuBHOCTH (79) caeiyer, 4To

dug N\ ... Ndiug, =5(q -, qu)dug\ ... \dup,

rue s-—to xe, 4yto B onpeaenchun 9.22. [lpuvensst 310 onpegene-
HHE, MBI BHAHM, ITO

d(p,-i/\ ... /\dq:ik-::det [Aldus N\ ... \dug,
a tak kak J(u)=det[A4], to (90) moxasano.
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KoMOuuupyst nBe TNOCJEJIHHE TeOopeMbl, II0JyYaeM 3aKJIOUHTeJb-
HbIl pe3yJibTaT 3TOro pasjedna.

9.45. Teopema., [Tycme T ecmov G'-omobpadxcenue omrpsimozo
mroocecnea E < R™ ¢ omkpoimoe muoxecmeo V < R™, ® ecms
k-nosepxnocme 6 E, a © ecms k-¢popma ¢ V. Toeda

g W= S ®r.
T® .3
HoxazateanbcTBo. [lycts D— MHOXKECTBO MapaMeTpoB NoBepX-
Hocth @ (u TeM cambeiM mnoBepxHocTH T®@). Onpegenum A, Kak
B Teopeme 9.44. Ilpumenss sty Teopemy K wr u @, nonyuaem

. S op= S (Or)oe

(o] A
[Tpumensiss stoT pesyabrat K ® u K T®D, noayvyaem

Y = S OTo.
T A ‘
Ho (wr)¢ =wre no teopeme 9.43. Teopema jokasaHa.

Cumniiekchbl H 1enu

9.46. Onpenenenus. Ilpu k=1, 2, 3, ... Mb ompegessem
cmandapmueii cumniesc Q* Kak MHOXKecTBO Bcex u € R® Buaa
k

R
u= 2 ae; (o;>0 npu i=1, ...,anaigl),
i=1 1

i=
rie {e;, ..., e,}—crannapTHbfi Gasuc npocTpaHcTBa R".

Ecmt pg, piy ..., Pr—TOUKH mpocTpancTBa R" M A-—auneiinoe
orofpaxenne npoctpaHcTBa R* B npoctpanctBo R™, onpepensemoe
paBeHcTBaMu Ae; =p;—po (i=1, ..., k), 10 opuenmuposannsim npsa-
MOAUHELIHOIM R-cumnaekcom ‘

(91) 0'=[p0! P1y evey Pk]

Ha3bBaeTCsl k-TIOBEPXHOCTb B R™ ¢ MHOXKecTBOM napameTpos QF,
3ajlaHHasi PaBEHCTBOM

(92) o(u)=po+Au (ueQ).

3ametnM, uto 6(0)=p,, o(e;)=p; mpu i=1, ..., k.
Mbl HasblBaeM CHMILIEKC O OPUEHMUPOBAHHbIM, YTOOH! TOYEPKHY Th,
YTO MOPSAOK BEPUIMH Py, ..., Pp CAEAyeT YUHTHIBaTh. Ecuau

E: [pim er ey pi;,la
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rae {iy, iy, ..., ip}—mepecraHoBKa MHoxkectBa {0, 1, ..., &},
Mbl OyaeM nucath

0=5(ly, i1y +.vy ir)O,

rae s——¢yHknus, onpegenennas B n. 9.22. Takum ofpasoMm, 0= *+ o
B 3aBHCHMOCTH OT TOTO, KaKOe U3 JABYX pPaBeHCTB $=1 uam s= —1
Boinosiusercs. Crtporo roeops, cuntafd (91) u (92) onpenenennem
CHMILJIEKCA G, MBI HMeeM IIpaBo TNHCATh O =0 TOJBKO B TOM cCJyuae,
Korga ip=0, ..., ir==Fk, xota Obl S(iy ..., i) ¥ paBHsJIOCH I,
TaK YTO, CTPOTO TOBOPS, 3JA€Ch Mbl HMEEM [ieJIO HE C PaBEHCTBOM,
a C oTHOIIeHHeM 3KBHBaJeHTHOCTH. OJHAKO AJSl HAIMX leJed Takoe
ofo3HayeHHe ONPaBAaHO, KaK MoKaspiBaer Teopema 9.47.

Ecin 0 =¢0 (MBI cleayeM TOJBKO YTO NPHHATOMY COTIALIEHHIO)
H eciM €=1, TO TOBOPAT, YTO O H O HMEIOT 00UHAKOSYIO OpUeHma-
yuto; ecau €= —1, TO roBOPSAT, 4YTO G U O UMEIOT NPOMULBON 00N -
Hole oOpueHmayuw. 3aMeTHM, 4YTO Mbl He OIpejessieM, 4YTO Takoe
«opueHTalnusl cumniexkca». To, 4TO Mbl ONpeJeH/]IH —3TO OTHOILEHHe
MeXAy MapaMyi CHMIUIEKCOB, HMEIOIHX OJHO M TO K€ MHOXKEeCTBO
BEpUIMH, T. €. CBOACTBO IBYX TAKHX CHMIIIEKCOB HMeTb OJHHAKOBYIO
OpHEHTALHUIO.

Jlo cux mop Mbl Tpepnosiarajid, uro k> 1. Opueumupoeannbm
0-cumnaexcom HaspiBaeTCs TOUKA, KOTOPOH NPHIHCAH HEKOTOPHIH 3HAK.
Mul nulleM 0= -+ py HAH 0= —pP,. Ecmu o=¢p, (6=t 1) u ecsn |
ectb O-dopma (T. e. BeijecTBeHHas GYHKIMA), TO Mbl IoJaraem,
O OnpejeleHHIo,

\ F=ef (po).

(o

9.47. Teopema. Eca o—opuenmuposantsili NpamMoAUHEIHbILE
k-cumnaexc 8 omxpoimom mHoocecmse E < R™ u ecau o=¢go0, mo

(93) Sm: Sco

o c

daa aoboid k-gpopmor © ¢ E.

ODokasateabcrtBo. Ecmu k=0, 10 (93) creayer u3 npeapl-
ayitero onpeaenenusi. Mrak, GymeM cunTath, 4t0 2> 1 ¥ ytO0 0O—
cummiaexe (91).

IMycts 1 <<j<k, u nycTb o mnoayyaercss U3 O IE€PECTAaHOBKOH
BepIIUH po u p;. Torga e=—1 u

o (u)=p;-+Bu (uEQb),
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riae B— nuneiinoe oroGpaxenue npocrpancrsa R* B npocTpaHcTBo R,
onpefie/ieHHOEe paBEeHCTBaMH Be,_p(, p;, Be;=pi—p;, ecan i~ j.
OGosnauas Ae;=x; (1<i< k), rne A sagano paseHctBamu (92),
Mbl BHIMM, YTO CTOAGIEI MaTpuubl [B] (1. e. Bektopsl Be;) TakoBu

Xi—Xjy vooy Xjog—Xj—Xjy Xjp1—Xjy o.0y Xg—Xj.

Ecnn BbhiyecTh H3 KaxAOro crojbua j-d cronbel, TO HH OJHH
u3 onpegeauresed B (76) He H3MEHHTCS, U MbI TMOJYYUM CTOJGILI
Xiy +vos Xjogs —Xjy Xjigy --., Xp. OHH OTJIHYAKOTCA OT COOTBET-
CTBYIOIIMX CcTOJOIOB MaTpuub [A] TOJNBKO 3HAKOM j-ro crosbua.
3Hauut, B 3TOM cayyae (93) JokasaHo.

Hycte Tenepp 0 <<i<<j<k, u nycts 0 TOJNydaeTcs M3 O mepe-
CTaHOBKOf BepwuH p; u p;. Toraa o(u)=pg-Cu, rae (C] umeer
Te Ke cTosbupl, 4T0 H [A], 32 MCKJOUeHHeM [-TO H [-rO, KOTOpble
nepectasienbl. OTclofAa CHOBA cJjejlyeT, uto BemoaHsiercs (93), Tak
Kak e= —1.

[TosToMy (93) BbimosTHsieTcsl M B oOlleM caydae, TakK KakK Kaxjaas
nepectaHoBka MHoxectBa {0, 1, ..., k} paBHa cynepnosumuu nepe-
CTaHOBOK, C KOTOPBIMH Mbl yiKe HMEJH JEJO.

9.48. Onpenenenue. Ipamoruneinoti k-yensio I' B oTKpbiTOM
MHOXKecTBe E < R™ HasbiBaeTcs CeMeHCTBO, COCTOsilee H3 KOHEU-
HOrO YHCJIA ODHEHTHPOBAHHHIX k-CHMIJIEKCOB Oy, ..., 0, B E (He 00s-
34TeJIbHO Pa3JIMYHBIX).

Ecin I'—rtaKaa uenp u ecin @ ects k-opMa B E, TO, 1m0 onpe-
LeJIeHHIO, TOJIaraem

(94) S 2 Sm

i=1g g;

Mbl moxxeM paccMmaTpuBath k-noBepxHocth @ B E Kak GyHKUHIO,
ONpeJEJIEHHYI0 Ha MHOXecTBe BceX k-¢opM ® B E, conocTaB/sio-

Iy Kaxjoii ¢opme ® uncao g o. BemecTBeHHble (QYHKIHH MOXHO

D
cKJaajbBaTh (cM. ompejenenue 4.3), nostomy (94) noackasbiBaer
caeaywollee o6o3HaueHHe:

(95) F201+...+Gr.

Hanpumep, eciu 0= —0; u I' =0, -} 04, T0 K o =0 npu Bcex o.
r

B stoM cayvae moxuo 3anmucats I'=0.
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Ilpn k=1, 2, 3, ... 2panuyed OPUEHTHPOBAHHOI'0 N PAMOJHHEN-

HOTO k-cuMnsiekca O = [po, Piy ..., Px] Ha3bIBaeTCs npsiMoiuHeiiHas
(k— 1)-uenn
kR
(96) do = 20 (_1)] [pOa oony Pi-1y Pitty o« oy Pk]-
J=

Hanpumep, ecnu o =[po, Py, P2l, TO

00 = [py, P2} —1[Po» P2l + [Po» Pil = [Pa, Pl +1P1, P2] -+ [P2y Pole

D10 coBnajaer C OOLIYHBIM ONpEJE/EHHEM ODHEHTHPOBAHHOH TIpa-
HUUbLl TPEYroJibHHKA.

3ameruM, uto ecau 1<j<R, TO CHMIIEKC ;= [pg, ..., Pj1,
Pitty - - -» Prl, GurypHpyloutuil B (96), umeetr QF! CBOMM MHOKECTBOM
napaMeTpoB, H 4TO OH ONpejensercs Tak:
O7) oj(w)=po-tBu  (ugQ*),

rie B— nnHeiinoe otofpaxenue u3 R*™! B R", onpefesnseMoe paseH-
CTBaMH

Be; =p;—po,
ecan 1<i<j—]1, Be;=0pi1—po, ey [<Li<k—]1. CuMniekc
Oo=[P1 Pas -- - Prl,

KOTOpHI# TOxKe yudacTByer B (96), 3ajnaercsi Kak orobpaxenue
0, (1) = py + Bu,
rae Be;=pi—p; npu 1 <i<k—1.

9.49. Onpenenenue. [lyete T ectb 6"-oTOGpaxKeHHE OTKpPbI-
Troro MHoxkecTBa E < R™ B oTkpblitoe MHOXecTBO V < R™, He ofs3a-
TeJbHO B3aHMHO oOJHO3HAayHoe. Ec/H 0 — OpHeHTHDOBAHHEIA NpsMo-
JHHeHHbI k-cuMmnieke B E, To caoxdoe otobpaxenne @ =T (o)
ectb k-nosepxHocTb B V ¢ MHOxecTBOM napametpoB Qf. Mel 6Gynem
HaspiBaTb @ opuenmuposarnoim k-cumniexcom Kaacca 6°.

Koueunoe cemefictBo ¥ opueHnTHpoBaHHBIX k-cuMmniekcos @, ...
..., O, Knacca 8" B V Haswiaerca k-yenew xaacca 6" 6 V; ecau
® ectb k-popMa B V, TO, no onpejeseHHio, nojnaraem

T

(98) Sm=zgm

v i=1 @;

M MCIOJb3yeM COOTBeTCTByMoWlee oGosHauenne W= > @,. Ecanu
I'= D) 6, — npsimosunedinas uens ¥ ®; =T (0;), TO Mbl GyleM NHCATh
Y =T(I), nnu-

T (2 Ui) = 2 T (o).
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I'panuya 0® opuentupoBaHHoro k-cumiiekca @ = T (o) — 370,
no onpejeneHHo, (k— 1)-uens

oD =T (do).

OueBnano, uto 00 npHHaIeXHT Kiaccy €, ecan @ npHHAATEKHT
3TOMY KJaccy.
Haxkousen, Mbl onpegensieM rpanuany oY Hekotopoit k-nenu

¥ = > @; kak (k— 1)-uenn
(99) v = 3 ow,.

Teopema Crokca

QdopMynHpyst 3Ty Teopemy, MBI OyJleM HOJb30BaThCA TEPMHHOJO-
rueit 1 ofo3HadeHHsiMH H3 1. 9.49.

9.50. Teopema. Ecau ¥ ecmv k-yenv xaacca 6" 6 omxpoimom
mromcecrnee V< R™ u ecau o ecmo (k—1)-¢popma xaacca €' e V,
mo

(100) { do=1{ o.
W ow
(B caygyae kE=m=2 3Ty TeopemMy Ha3sbBawt TeopeMoil [puna.

B cnyuae k=m=1 3ta TeopeMa — He YTO HHOE, KaK OCHOBHasl Teo-
peMa MHTErpajbHOr0 HCYHCJEHHS.)

JlokazarTteancTBRBO. ﬂOCTaTO‘JHO JA0Ka3atb, 4TO

(101) Sdco: § ®

D op

AN KaxAOTrO OPHEHTHPOBaHHOro k-cummiekca @ xknacca 6" B V,
TaK Kak ecau jokasano (101), a W=D d;, 10 n3 (99) caenyer,
qto (100) Toxke BhIMoJHsETCH.

3abukcupyeM Ttakoe @, U NYCTb 0 — OPHEHTHPOBAHHLIN MPSIMOJU-
HeliHblll k-cuMmyekc B RE:

(102) c=[0,¢e, ..., el

DTOT CUMILIEKC O —TPOCTO TOXKJAECTBeHHOe oToOpaxenue Ha QF;
B obo3nauenusx (92) spech po=0, A=1.

Beuay toro yto @ —xknacca 6" B V, cymecTByer OTKPBITOE MHO-
xectBo E < R*®, comepxaumee Q*, u %"-oto6paxenne T MHOXKeCTBa
E BV, takoe, yto ®=T (o). JleBasgs uactb paBexctBa (101) paBua

do={ (do)r= § d (og),

3

T(o) ] o
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cornacHo TeopeMaM 9.45 u 9.42 (c). Eme pa3 npumenss 9.45,
Mbl BHJHM, YTO INpaBywo uacTb pasedHcTtBa (101) MoxHO 3anucarb
B CJejylolleM BHie:

©= S ©= g op.
AT(0)) T(d0) o0
Takum o6pa3oM, JOCTATOYHO JIOKA3aTh, YTO
(103) S di={
o do

Juist crienuansHoro cummiekca (102) u npoussosibHol (kB — 1)-Gopmel
KJjacca €' B E.

I'pannna cumnaekca (102) pasHa

R
fers oo e+ (=10, ey € - @),
]:

cornacuo (96). IlepeaBunem sseMeHT 0 B j-M csaraeMoM 3TOH CyMMbl
TaK, 4TOObl OH OKAa3ajCi MeXJy €j; H €j4;. JTO MOXKHO CJesaThb
¢ nomombio j—1 TpaHcnosunuit. 3HAUMT,

k
(104) 06 =Ty— D) Tj,
i=t
rie To=1[e5, ..., €] H T; molyyaercs Hu3 T, 3ameHodi e; ua 0,
=1, ..., k

Ecan k=1, 10 u3 onpejenennsi opxueHTHpoBaHHoro O-cuMiuiekca
BuiTekaeT, yro B (103) yTBepkaaeTcs BCero JMilb Clelyloinee:

1
\ 1" @ du=F (1)—f(0)
0

ais mo6oil HempepsiBHO Auddepenunpyemoit ¢yuxuuu [ na [0, 1];
3TO YTBEPXKICHHE CNPaBe/IMBO, COIJIACHO OCHOBHOH TeOopeMe HHTe-
rpajbHOrO HCYHCJAEHHs.

Ecau k>1, 10 pocratouHo pokasare (103) ans

(105) A=a((x)dx;/\ ... \dxx,
rie a€ %’ (E), tak kak (104) noxassiBaer, 4To 70 Xe camoe Oyaer

TOrjla CNpaBeJMBO M /st Moboi popmbr af'~1, a mobas (k— 1)-dbopma
paBra cymme dopm BHaa afFl.

MHOKeCTBOM 1apaMeTPoOB /I CHMILIEKCOB Tg, ..., Tp CAYKHT
camnzeke QL. Eemm u=(uy, ..., ) EQ¥Y, a X=(x¢, ..., Xp)=
=1, (u), TO

(106) Xi=1—ty— o —Upy, Xi= Uy A5 20 <R,
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Ecamn x =7, (u), T0

(107) =0, xj=uiy A 2<i<k.

Ecan x=1;(u) u 2<j<k, 10 x;=0. Crexopatenpno, sakoGuaH
RICSNPEN)
0 (ugy « vy Upg)

paBeH | st To ¥ Ty M DaBeH HYJMIO AJS Tp, ..., Tz. 1akuM o0pa3oM,

Sx:o (j=2, ..., k).

T

Orciona Gyner caegosats (103) mocse TOro, Kak Mbl MOKaXXeM, 4TO

(108) de=8x~gx.

o Toll Tl

Jlepasi uactb paseHctBa (108) paBna

(109) | (D.0) (x)dx,
Qh
tTak Kak di=(D;a)(x)dx, Adxy\ ... Ndxy, a ©—TOXAeCTBeHHOE

otoGpaxenne Ha Q".

Bouncasia  k-kpatabiit uuterpaa (109) maTerpupoBanueM Mo Xy,
rosyuaem

| ta()—a(m @)dy,

Qh—l

coraacuo (106) u (107), uro B CBOWO oOuepeib PaBHO IPaBOH YacTH
pasencrBa (108). Tenepp poKa3aTeNbCTBO 3aKOHYEHO.

YnpaxHeHus

1. Joxasatb, uto Kaxaomy A€ L(R", R!') cooTBETCTBYeT €]1HH-
CTBEHHas Touka y € R", takast, uto Ax=Xx-y. [loxkasate, uto [|A| =
=]yl

Yxasanue. Tlpu HekoTOpHIX yc/a0BUSIX HepaBeHcrtBo IlIBapua npe-
BpAllaeTcsi B PaBEHCTBO.

2. Jlokaszatb, 4rto ¢yHKUMs [ HenpephBHA B TOYKe X, €CJH
Dif. ..., D,f orpandueHbl B HEKOTOPOH OKPECTHOCTH 3TOH TOUKH.

¥Yxazanue. JleHCTBOBaTbL TaK 3Ke, KaK NPH J0Ka3aTeJbCTBe Teo-
pemsl 9.16.

3. Tlyets f—BeniecTBennast audbdepeHuupyeMass (pyHKuust Ha OT-
KDLITOM MHOXecTBe E C R™, M nycte [ HMeeT JOKa/abHBIE Makc-
MyM B Touke X € E. Hoxasarp, yto [’ (x)=0.
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4. ITycre (D;f)(x)=0 npu Bcex X H3 BHIMYKJOrO OTKPLITOrO
MHOXKecTBa E < R™. Jloka3ars, 410 f (X) 3aBHCHT TOJNBKO OT Xy, . . ., Xn.
[TokasaTb, 4TO BBIMYKJOCTb MHOXeCTBAa E MOXHO 3aMeHHTb Gosee
cJabbiM yCJOBHEM, HO 4YTO KaKoe-TO YCJIOBHE BCE-TaKH Tpebyercs.
Hanpumep, ecin n=2, a MuoxectBO E umeeT (OPMY NOLKOBHI,
TO YTBEPKIEHHE MOXKeT W He ObITh BEPHBIM.

5. Ilycts f — BemectBenBasn nuddepennrpyemast YyHKLHA HA CBA3-
HOM OTKpHTOM MHOXectBe E C R", W nycts [ (x)=0 npu Bcex
x £ E. [okasatb, 4yto f nocrosHHa Ha E.

6. Bbuncauts f'(x), ecan f(x)=|x|* npu x¢R"

7. Tlyers f(0,0)=0 u

) 2 _ 42
f(x, y)=xy;TZ2, ecan (x, y) == (0, 0).
Jokasatb, 4TO

(@) f, Dsf, Dof uenpepoiBunl na R?;

(b) Dyof, Doyf cywiecTByloT B KaX[AOH TOUKe MNpocTpaHcTBa R?
M HenpephiBHH BCIOAY, Kpome Touku (0, 0);

(©) (Di2f) (0, 0)=1, (Dxf) (0, 0)= —1.

8. M3 cymecTBoBanus (M Ja)Ke H3 HENPEPHIBHOCTH) MNPOH3BOI-
Holt D»f He cneayer cymectBoBanue mnpoudBojauoil D,f. Hanpumep,
nyctb f(x, y)=g(x), rae g-—nurje ne pubdepeHuupyemas QyHK-
uusi. Torga D;f ne cymectsyet, Ho Dof =0, Tak yto D,,f=0.

9. INonoxum f(0,0)=0 u

x3

f(x: ) :‘}T_*__?' » €CJH (x, NS (01 0)

Torna ¢ynxuusa f nenpepsiBHAa B R2, a ee cyxenue Ha J06yi0 npd-
myto auddeperuupyemo. Bonee Toro, nokakure uro ecan y—Jwbasn
auddepennupyemas kpusas B R2%, 10 dyHkuus f(y) auddepenu-
pyema. IT0 3HAuMT, YTO ecaH y— JuddepeHuupyeMoe oTobpaxenue
cermenta [0, 1] B npoctpanctBo R? u ecau g (f) =f (y{(f)), 10 PyHK-
uusa g auddepenunpyema na [0, 1]. Ilokaxure, uro ecmu y€E’,
T0 B [(V)EE.

Hokasatp, uTo, HECMOTPA Ha 370, GyHKIHA [ He Ruddepenunpyema
B Touke (0, 0).

10. IToxasaTp, YTO HempepbIBHOCTL IPOU3BOAHONH [’ cyliecTBeHHa
B TeopeMe 00 oOpaTHOH (DyHKIMH, AaxKe B TOM cJjydae, Korja n=1.
Ecan [(f)=1+42¢sin(1/f) npn t=£0, [(0)=0, 10 [ (0)=£0, [’
orpanvyena Ha (-—1,1), HO [ He B3aHMMHO OJHO3HAYHA HH B KaKoi
OKpecTHOCTH ToukH 0.

11. Ilycts [ — BemectsenHast  puddepenuupyemass  pyskuus
Ha oTKpwuiToM mHOXKectBe E < R". Ha3zosem epaduenmom pynkuun f
B Touke X € E Bextop (Vf)(x)€ R", Takoil, 4TO

h-(V/) (x) =] (x) h
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npH ’Bcex h€R™ (cp. ¢ ynpaxuenreM 1), Ecan u€ R™— e AUHHYHBI
BeKTOp (T. €. ecyu |u|=1), TO mpexes

(Duf) (x) = Tim 7 (x-+ fu) — ] (x)]

Ha30BeM npou3so0Hol pynKyuL [ 6 HanpasieHuy 6eKmMOPa U 8 MoUKe X.
Ilokasatb, urto

(Dyf) (x) =u- (V) (x)
U 4TO, cTano OmiTh, AJs Jioboro X € E cyniecTByeT BEKTOp U, TaKOi,
41O

HDuf) () [ = (V) (x) [ =11} (%)

Ecau (Vf) (x) =0, 1O Takoil BeKTOp u--eJMHCTBEHHBIH.
12. Tlycte f—orobpaxenne, KoTopoe touke (x, y)€ R? craBur
B COOTBETCTBHE TOUKY (4, v) € R%, rue

u=e*cosy, v=e*siny.

KakoBo MHoxecTBO 3Hauenuii oroGpamxenus §? Ilokasarts, uro
AKoOHaH 3TOro oTOOpaKeHHs OTJIHYEH OT HYJS BO BCeX TOYKax Ipo-
crpaHctBa R2. Taxkum ofpasoM, Kaxjaas TOYKa NpocTpaHctBa R®
o61alaeT OKPeCTHOCTBIO, Ha KOTopoft orobpaxenune T B3auMHO oJHO-
3HayHo. Tem He MeHee f He sBAsieTCS B3aWMHO O/HO3HA4YHBIM Ha RZ.

KaxoBel 00paspl mpsiMbiX, [apajdiesbHbIX KOODJAMHATHBIM OCSIM,
npH orobpaxkerud fi?

13. HccnenoBath aHajorHuHbIM ofpasoMm oToGpaxeHue

u=x2—y? v=_2xy.
14. 13 cucremul ypaBHeHHi
3x+y—z4+ut=0
x—y+224u=0,
2x 12y — 32+ 2u =
MOXKHO X, Yy, 4 BBIPA3HTb uepes z; X, 2, U 4epe3 y; Y, 2, u uepes x;
HO HeJb3st BBIPA3UTb X, Y, Z uyepe3 u.
15. B Teopeme o HesBHOH GYHKUHN MOJOKHTb 7 =m =1 K HCTOI-

KOBaTb 3Ty TEOpeMy rpaduuyeck.
16. Tlonoxum i—_—(fi, f2), tae

hin =g Rn=mi ()00

Borupcsmute panr npeoOpasosannsi ' (x, y) ¥ HaliTH MHOXeCTBO
3HauveHuii otobpaxenus f.

17. Tlepecrapasiouine npeoGpa3oBauus B; AefiCTBUTEIbEO HYXKHbI
B Teopeme 9.21. Uro0nl yOeaHTLCS B 3TOM, 110KaxKHTe, YTO oTOGpa-
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xenue (x, y)—> (y, x) npocTpaHcTBa R? Ha R? Heab3s pPasiIoKHUTb
B NPOW3BEJEHHE JBYX NPOCTHIX Mpeo6pa3oBaHHil HM B KakOH OKpecT-
HOCTH HayaJja. Halitu npyrue mpuMepbi 3TOro siBJIEHHS.
18. Tlyete f—To e, uro B Teopeme 9.21. [Tonoxum A =1 (0),
fi(x) =A1 (x). Toraa f;(0)=/. Ilokasath, utO
f; (x) = gn (8n-1 (- - - (g1 (X))

B HEKOTODOH OKPECTHOCTH HYJs, TA€ g, ..., g — NPOCTble 0TOOpa-
®Kenusa. Takum oOpasoM, Mbl HojdyyaeM JAPYryild TEOpEMY O pasJio-

KEHHH:
F(x) = Agn (gn-1 (- . . (8. (X)))-
19. Tlyets ¢; — dyHKuusA, HenpephiBHas Ha R' (i=1,2,3, ...)
¢ HocHTeneM B uuTepBajte (27 217'), rtakas, uTo S ¢; = 1. I[Tonoxum

fx, y)= g‘ (@i (¥) — @iss (X)] @: ()

Torga f uMeer KOMMakTHBIA HOCUTENb, HeNpephIBHA BCIOAY, KpoOMe
touku (0, 0), u

de S f(x, y)dx =0, Ho S de f(x, y)dy=1.

3aMeTbTe, YTO [ He OrpaHHUeHa B Ka/JOH OKPECTHOCTH TOYK
(0, 0).

1

20. Tlycts F(x)= S f(x, y)dy. PaccmaTpuBast pa3sHOCTHBIE OTHO-
=1
WEeHHS M NepexoAd K npejesy, HafiTH YCJOBHS, NPH KOTOPbIX
1

F (0= D) (x, y)dy,

—1

T. €. YCJOBHf, KOTOpble NO3BOJSIOT «j1HbdepeHuHpoBaTh MOJ 3HAKOM
HHTerpaJay.

Bor koutpnpumep: npu x>0 noaoxum

( y, ecn 0<<y<Vx,
f (% y)=i 2V x—y, ecu Vi<y<2Vx,
0, B npounx caydasix

H nojoxuM f(—x, —y)= —f(x,y). Toraa dyHkuus [ HenpepuiBHa
Ha R?,
(Dif) (0, ) =0

1
npu Bcex y, Ho F (x)=x, ecau !xi<7.
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21. Ilycts ® U A CyTb k- ¥ m-popMb coorBeTcTBeHHO. Kakosa
cBsi3b MeX1y o AA u A A\w?

22. JlokasaTb, uTO Kaxpaas k-hopMa @ B OTKPBITOM MHOXKECTBE
E — R™ MoxeT ObiTb TpHBEJEHA K crmandapmHomy 8udy

0= y ai,.. ., (x)dxi A\ ... Ndxiy.

iy <ig< L L <y,

[ToxasaTb, 4TO ecqanH =0, T. e. ecsau Sco:O aasa Bcex k-noBepx-
3 :
nocteit @ B E, To Bce KO3(pdHIHEHTH B 3TOH CTAHJAPTHOH 3alHCH
paBHBl HyJ0. [lokasath, uTO NMO3TOMY Kaxjas dopMa © eduHcmeeH-
Hbim 00pa3om TPHBOAMTCSA K CTAHJAPTHOMY BHIY.
23. Tlokasath, uto (72) MOXKHO 3amHcaTb B BHJE

[ rondy=§raondsn... Ndp

ecad T (x)= (Y, - -, yr) 1 ecan Jp(x)>0.
24. Haiitu ycnoBusi, IIpH KOTOPbLIX BepHa QopmyJia

{ro={w@nno+{rndo

oD @

M II0Ka3aTb, YTO €€ WaCTHLIM cJayudaeM siBjasieTcs (OpMyJ/ia HHTErpH-
POBaHUSL IO YacTsM.

25. [lyctb 0 ecTb k-cummiekc (k> 2). Ilokasate, uro 0% =0,
HCXOJS HeroCPeACTBEHHO H3 OlpeJle/IeHHst TPaHHYHOro omepartopa o.
MuHpIME clloBaMH, «FpaHHna TpaHHib» paBHa HyJmo. OTMeTHM, 4TO
3TO yTBepxjenue corjacyercs ¢ teopemoit Crokca:

K o= % do = \ d?o = 0.

22D oD @

26. Tlycte @ ecTb k-IIOBEPXHOCTb C MHOXECTBOM llapaMeTpoB Q*,
nycts @* =@ (Q;) —MHOXKeCcTBO 3HaueHHH OTOOpaxeHus ®; ecan
Pp= 2 ®; ecTb k-uenb, 10 TNOJOKUM, 1O onpenenenuio, p*= | Oi.

Ilyctb

®(x) =y (ko) (REQW)-

TTokasaTs, uto (- OpHEHTHPOBAHHEI CUMILTeKc Kjaacca €’ B R*
u uto (D* 3anMOJHSIET YacThb 3aMKHYTOrO eAMHW4HOro mapa B* mpo-
crpancta R*. ([Tokasateabp 4 oGecrnednsaeT Au(depeHIHPYyeMOCTh
B Hauaje KOOpJAHHAT.)

TMokasath, uTo cyulecTByeT k-lenb Y kiaacca € B R*, Takad,
uyto Y*=B", n raras, uro (0y)* —eauHu4Has cdepa Sk 1. e
MHOXKECTBO Bcex x € R*, Takux, uto |x|=1.
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DTOT NpHMEp TMOKasbiBaeT, uTo @’-006pa3 NpPsSMOJHHEHHON ILenu
BIIOJIHE MOXKeT ObITb «KPYIVIbIM», TaK 41O Teopema 9.50 mnpumenuma
K pasHoOOpasHbIM MHOXKECTBaM.

27. Toaoxuts £=3 B ynpaxHeHHH 26 M BOCNOJIL3OBATLCH TEO-
pemoii CTokca JJsl BBIUHCJIEHHS HHTerpaJa

S (xdy Ndz+ydz \ de+2dx \ dy).
0w

Briunesauts nmpH k=2 uHTErpasbl % xdy—ydx n S xdy+ydx.
ow ow

28. Iyets @= D a;(x)dx; ecth 1-bopMa kaacca €’ Ha OTKpHI-
ToM MHOxKecTBe E < R". HasoBem dopMy © 3amkrymotii, ecin
do =0. Hasosem dopmy o mounoti B E, ecan cyumectsyer 0-dopma
[ B E, rtakas, uto o=df.

(a) Hoxasatb, uT0 ® 3aMKHyTa TOrjJa ¥ TOJbKO TOTAQ, KOrAa
Dia;=Dja; npu 1 <i<n, 1<j<n.

(b) Hokasarb, uTo ecau ® TOUHA, TO  3aMKHYTA.

(¢) Ilycte MuoxectBo E BbINYKJO, a gopMa ® 3aMKHyTa. [Joka-
3aTh, YTO ® TOuHa B E.

Yrazanue. 3abuxcupyem pg€ E, nonoxum f(p)= S o npu peEkE,

rje uurerpas GepeTcst 10 OPHEHTHPOBAHHOMY MNPSMOJIHHEHHOMY CHM-
niaekcy [po, pl- Ilpumennts Tteopemy CrToKca K npPSMOJHHEHHBIM
2-cumnaexcam B E. Ilokasate, uto

{
FO—=F 0= 0 —x) { a1 =0 x+ty)dt,
0
ecan XEE, yeEE, u uro df = o.
Takum obpasom, yTBepxieHue, obpaThHoe K (b), BepHO, €CJIH MHO-
KecTBO E BBINYKJIO.
(d) Ilycts T — B3auMHO OfHO3HAUHOE 6"-0TOOpaKeHHEe BLIMYKJOTO

OTKpBITOro MHOXecTBa E Ha OTKpbiToe MuOxecTBo V. [lokaszarts,
YTO Kax/Jas 3amkHyrasi l-gopma o B V TouHa B V.

¥kasanue. Bocnonb3oBatbesl onpepenenuem 9.41. Cormacno (c)
or=df B £ n cyumecrsyer O-¢opma g B V, Takas, 410 [=g;
Torpa or=d (gr)=(dg)r, Tak uTo 0O =dg.

(e) Hokaszatb, uto ecau V—rt1o xe, uto B (d), €cau y—3aMKHY-
tas ¢’-kpuBas B V, a ®—3amkuyras l-gopma B V, 10

{o=0.

Y
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(f) Tloxkasarb, uto yrtBepxkjienuss (d) M (e) CTaHOBATCS HeBep-
HbIMH, ecaud V —rmpocTpaHcTBO K%, U3 KOTOPOrOo YJaJjeHO Hayano
KOOD/IMHAT, H €CJH
ydx—xdy

X2yt

29. Tlycte @ ecrtb 2-moBepXHOCTH B R® C MHOXECTBOM Mapamer-
poB D. nycte @ (u, v)=(x, y, 2). Hasosem wuopmaitsw X nosepx-
nocty @ B TOYKe (4, U) BEKTOp

9 (y, 0
N(uy U): a((uy’ vz)) e1+ ag

o =

d(x, v)

2y X) e2+ a(u, U) eS'

u, v)

Yem obbsicHsieTcss aTta TepMuHosorus? Ecmu f— QyHKuus, HenpepsiBs
nasg Ha O* (cM. ynmpaxHenue 26), TO MOJOKUM

\ = {1 @@ 0)IN@, v)|dudo.

O D
Ecnn f=1, 1o 3TOT HHTErpan HasuBawT n.ioujadst nosepxHoct @,
[ToxasaTp, 4yTO ompejesieHue NJIOWAU 1aeT €CTECTBEHHbIE Pe3yJbTaThl
B TOM cayyae, Koraa @ —juseiinoe otodpaxenue, kKorga @ ompe-
JiesisieTcsl paBeHCTBAMH

x=cosusinuv, y=sinusiny, z=cosv (O<u2n, 0L )
30. Ilycts  F=(Fy, Fy, F3) ectp ©'-oT00pakeHHe OTKPLITOrO
mHOoKecTBa E <= R® B mpocrpadcrBo R? (B du3nKe Takoe orofpaxe-

HHE Ha3bIBAIOT BEKTOPHLIM roJsieM). /Jlugepeenyus M 8uxpo (pomop)
nonst F onpenensiorcs paBeHCTBaMH

V-F=DiFi+ DoFy-- DsF,
V X F = (DyF5 — D;F,) e+ (DsFy — D, F3) ey +4- (D F2 — D,F)) es.
C nonem F cepszaunl ABe auddepeHuransHble GopMbL:
o=F,dx+Fydy+ Fs;dz, ‘
Lh=F;dy \ dz-+Fydz \ dx--F3dx \ dy.
(a) Hoxasate, uto V-(V X F)=0, ectu F€&".
(b) Hoxasatb, uto VX F=0, eciu F=Vf npu Hexoropoil f€%".
(c) IlokasaTb yTBepxpeHde, obpatHoe K (b): ecanm V —rto xe,

yto B ynpaxHenuu 28 (d), u eciu VXF=0 8V, 10 F=Vf npu
nekoropo#t f knacca €” B V.
Vxasanue: F=V[ osnauaer, uro w=df; cBasatb do c V XF.

(d) Tlyctb ¥ ects 3-uenp Kiacca €” B muoxectse E, mycTsb
@ =0¥. Tlpumenssis kK A TeopeMy CroKca, TNOJY4HTL «TeopeMy
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0 JuBeprennuu» [aycca:

{ v-F={Fn,

e O*

rae n=N/|N| B ofo3nauennsx ynpaxuexus 29.
(e) Tlycte @ ectb 2-menb kiaacca 6" B MuoxecTBe E, U NycCTb
I'=0®. IlpuMenss Kk o teopemy CTokca, noiyuutsh Qopmy.y

S V‘XF:—S F-t,

O* T*

rae F.-t—«kacatenvhas cocrapasomas noasa F prons I's. (Mer npego-
CTaBJIAEM YHTATENIO BBIICHHTb TOYHBIH CMBICJ 3TOH nocaeiHel ppa3sbt.)

31. Ilycts F={fVg, rae [ u g knacca %" B OTKPHITOM MHO-
xectBe £ < R3. Ilpumenss pesyabrat ynpaxuenus 30 (d), noayuuts
TOXK/IECTBO

s J
\ -+ freg={ 158,
‘i’* \i/‘* dj*
rae Vig=V-(Vg), d0g/on=(Vg)-n, a ®=0V.
(@) Yto paer 3To TOXKAECTBO B TOM caydae, Korpa f=1, a g—
rapMonuueckast gynkuua (r. e. Vig=20)?

(b) Ilycts g rapmonuuna B E u g=0 na ®* [lonaras B nocsea-
HeM TOXJecTBe [==g, NloKasaTb, 4To g=0 na ¥*.
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TEOPHS JIEBETA

Heab 3Toll rJjiaBbl — M3J0XKHTb OCHOBHBIE TOHSITHS JIeGerOBOH
TEODHH Mepbl W MHTErpaja M B JOBOJLHO OOIIEM BHJE [0Ka3aThb
HEKOTOpble BaxKHeMHINHe TeOpeMbl, HE 3aTEMHSIS OCHOBHBIX HfeHl MHO-
KEeCTBOM CDaBHHUTEJbHO TpHBHAJbHbIX jeTaneil. [losTomMy B HEKOTO-
pBIX CJyuYasix JOKa3aTeJbCTBA JHIIb HAMEYAIOTCS, a HEKOTOpble GoJee
Jerkue Ipenjoxenuss GopMmyaupyiorcs Gea jpokasarenbctBa. OpHako
YHTATe/NI0, OBJAJeBLIEMY TEXHHKOH, TNpHMEeHSBIIEHACH B HpeIbllyIHX
TJaBax, HeTpyAHo OyAeT BOCCTAHOBHTb IPONYIUEHHBlE 3TANbl pac-
CYXIeHHH.

Teopuio unTerpania JleGera MOMHO M3/1araTb HECKOJbKHMH PasJ/iHy-
HbIMUH cnocobamu. M3 HuX 31ech Oyner o6CyXJaTbCcs JIMIIb OHH.
Yro kxacaetcsi JPYyrHX BO3MOXKHBIX CNOCOGOB, TO 3d HHMH MBI OTCHI-

JaeM 4HTaTe/isl K CllelHasbHBIM KypcaM [0 TEOPHH HHTerpaJa, rnepe-
yucJeHHbIM B Subauorpaduu.

GyHKUHH MHOKECTBA

IMycte A u B—xkakue-uu6yas MHoxectBa. Cumsojiom A —B Mol
OyaeM obo3HauaTh MHOMKECTBO BCEX 3JIEMEHTOB X, TaKHX, 4TO X € A,
x & B. O6o3nauenne A-— B npumensercs He TONbKO TOrja, KOrja
B < A. Tlycroe mHoxecTBO 6yaeT 00603HAYATHCS CHMBOJIOM &, W Mbl
Oyjnem roBoputh, uTo MHOxKecTBa A W B He nepecekawoTcs, ecau

AN B=g.

10.1. Onpenenenune. MuoXecTBO %, COCTOSIIEE H3 MHO-

AKeCTB, HasblBaeTCsl Ko04byOM, €CaH H3 Toro, utro A€.% u BE.7,
cJeayer, 4To

(1) AUBER, A—BcA.

Beuay Toro yto AYB=A—(A— B), Bepro Takxe, uto A()B€ &,
ecau % — KOJblio.

Konbuo # HasbBaeTCH G-K0464OM, €CJU

2) U Auc 2,

n=1
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KaKoBbl Obl HH Oblmu MHOXKecTBa A, €% (n=1, 2, 3, . ..). Tlockoauky
<O [ee]
n AnzAl"“ U (Ai_An)s
n={ n=1

TO Mbl HMEeM TaKiKe

o0
ﬂ AnE-%y
n=4

ecau % ecTb O-KOJbILO.

10.2. Onpenenenne. Mol GyzeMm rOBOPHTH, YTO ¢ — QYHKLHS
MHOXKECTBa, ONpejelieHHas Ha 4, ecJH ¢ KaxAOMY MHOXKEeCTBY
A€R conocraBasier wucao ¢ (A), npUHaiIexailee pPaCUIHPEHHOH
CcUCTeMe BelleCTBEHHBIX unces. DyHKUMUS ¢ Ha3biBaeTcA addumusnoll,
ecan u3 Toro, uto A\B= &, Ac %, BEcR, creayer

(3) ¢(AUB) =g (A)+¢(B),

M (¢ Ha3bIBAETCS CUETHO-aQAMTHBHOH, ecaH M3 Toro, uto A;()A;=
=g (i5]), An€R (n=1,2,3,...), caenyer

o) o(J 4= 3 o4

Mui Bcerna OyzfeM mpegmosiaraTh, 4To He Gosiee 4eM ORHO M3 YHCeEJ
+co M -—co TMNpUHALJIEKHT MHOKECTBY 3HA4YeHHI QYHKIUH o;
ecsi Ol 3T0 OBLIO He TaK, TO NpaBasi 4acTh paBeHCTBa (3) Moria 6bl
He HMeTb cMbicia. KpoMe TOro, Mbl MCKJIOYHM H3 PacCMOTPEHHS
(YHKIIHH MHOMKECTBA, €JWHCTBEHHBIM 3HAUEHHEM KOTODPBIX CJIYKUT
-+ o HIH — 3. ’

VIHTepecHO OTMETHTH, 4TO JieBasi YacCTh paBeHCTBA (4) HE 3ABHCHT
OT NOpsIJKa, B KOTOPOM pacCHOMIOXKeHsl MHOxectBa A,. 3HauuT, u3
TeopeMbl O I€pecTaHOBKax psja cJenyeT, YTO Pl B MNpaBod d9acTH
paBeHcTBa (4) cxopuTca abCOMIOTHO, ecad BOOOUIE CXOTHTCS; €CaH Ke
OH PAaCXOAHTCS, TO €ro 4YacTHble CYMMBl CTPeMSITCH K --co HJH
K — oo.

Ecnn dyHknus ¢ affMTHBHA, TO, KaK Jerko BHAeTb, oHa o0Ja-
JlaeT CcaAeAYIOUHMMH CBOHCTBAMH:

(5) ¢(g)=0

(6) (A U...Ud)=0(A)+ ... +9(4),
ecan AiNA;j= npu i~ j;

(7) @ (AU A+ ¢ (A NA2) =@ (A) + 9 (4y).

Ecan ¢ (A)>0 npu Bcex A u A= As, TO
(8) P (4) <o (4o).
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Himes B BHAY 5TO HepaBeHCTBO, HeOTpHUATeNIbHble (YHKIIHH MHO-
’KeCTBa 4yaCTO Ha3biBAlOT MOHOTOHHEIMH. Hakomner,

(9) ¢(A—B)=9(A)—¢(B),
ecii B A u | (B)|<< .

10.3. Teopema. ITycmeo @— cuemno-a00umusHas QyrKyus MHo-
wecmea, onpedesennan Ha koavye R. [Tyemv A, € R (n=1,2,3, ...),
A1CA2CA3C ey AE.% u

A= A
Toeda npu n—> oo i
@ (4n) — ¢ (4).
HoxasateawvctBo. Ilycte A;=B, u
B,=A,—An_, (n=2,3,...).

Torpa BiNBj=¢ npu i=s=j, Ap=B,J...UB., n A= |B,.
3uayur,
n

@ (An) —*:1_2 ¢ (Bi)

=1
¢ (A)= gﬂ 9 (By).

MocTpoenue mepnt JleGera

10.4. Onpenene nue. Ilyctsh RP ofo3Hauaer p-mepHOe eBKJIH-
JOBO TIPOCTPaHCTBO. [Ipamoyzoabrukom B RP Mbl HasbipaeM MHO-
JKECTBO BCeX TOYeK X = (Xy, ..., Xp), TAKHX, YTO

(10) ai<xi<bi (lzla --'ap)v

HJIH Ke MHOXKEeCTBO TO4YeK, onpejefiseMoe HepaBeHcTBaMu (10),
B KOTOpbiX HeKOTOpble (HMJH BCe) 3HaKH < 3aMeHeHnl Ha <. Bos-
MOMKHOCTb PaBEHCTBA @; = b; IPH KaKOM-HHGY b 3HAYEHHH [ HE HCKJIIO-
4aeTcsl; B YAaCTHOCTH, IYCTOE MHOXECTBO——TOXe NpPSIMOYTOJIbHHUK 1).
Ecin A —ofbeJiMHEHHe KOHEYHOTO YHCJAa NPAMOYTOJbHHKOB, TO
TOBOPST, 4TO A-—31eMEHMUPHOE MHOMECMBO.
IlycTb | —npsIMOYTOJIBHHK; IMOJOXHM, TO OMNPCAeSenHIo,

m(l) ={LI£ (bi—ay),

1) OnHaKo BO3MOMXKHOCTb HEPaBEHCTBA @; > b; CJeyeT HCKJIOYHTL 3apaHee,

TaK Kak B MNPOTHBHOM cJjyuae uuc/io m () (cM. HEHXKe) He OyjleT onpefeneHo OfHO-
sHauno.— [Ipum. nepes.
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BHe 3aBHCHMOCTH OT TOrO, BKJIOUaeTCs HJM HeT 3HaK paBeHCTBa
B HepaseHctBa (10).

Ecotn A=1I1,{J... I, u 3TH NpsAMOYroNIbLHUKH IMONAapHO He mepe-
CEKaloTCSl, TO Mbl MOJAraeM

(11) m(A)y=m(l})+...+m(ln).

OGo3nauum GYKBOH &€ MHOXKECTBO BCeX 3JIEMEHTAPHBIX NOAMHO-
XKecTB npoctpaHcrBa RP.
Teneps cnegyer y6eauTbCcsi B TOM, 4TO

(12) € — KOoab1l0o, HO He O-KOJIbLO.

(13) Ecan A€, 1o A npeacraBuMo B BHJAe OOBeAHHEHUs Henepe-
ceKarouuxcsa NpsMOYTOJIEHUKOB,

(14) Ecim A€E, To m(A) IJeHCTBATENBHO ONpeJeseH0 DaBEHCTBOM
(11). DTo 3Hauur, 4TO, HCXOAA H3 JABYX PA3JIMUHBIX MPEACTaB-
Jenuii MHoxectBa A B BHAe oObelHHEHHS HellepeceKalouXxcst
NPSIMOYTOJbHHKOB, MbI MONAYYHM OJHO M TO XKe 3Hauenue m (A).

(15) DyHKUHA m aJAHTHBHA Ha §&.

3aMmetum, uto ecaH p=1, 2, 3, TO M —>3TO COOTBETCTBEHHO
JJIMHA, TJIoHlafib U oObeM.

10.5. Onpeneneunne. HeorpunarenbHas aijuTHBHAS QYHKUHS
MHOXeCTBA @, ONpeliesieHHast Ha &, HA3BIBAGTCH pe2YAAPHOL, €CJIH
BEpHO cJepyioulee: 1js1 jgwoboro A€ € u moboro uucaa £ >0 cyue-
CTBYIOT MHOXecTBa F € §, G € &, Takue, uto F 3amMkuyT0o, G OTKPHITO,
FcAcGu

(16) PO —e<pA)<@(F)+e.

10.6. ITpumeprl. (a) DPyukyus mHONECMBA M pecyasipHa.
Ecau A—npsamoyronibHuK, To TpeGoBaHue onpepenenuss 10.5 Boino.-
HfeTCst TpHBHaJbHbLIM ofpasoM. O6wmit caywait caepyer us (13).

(b) TTonmoxkum RP=:R', U nycTh 0—MOHOTOHHO BO3pacTapllas
bynxuns, onpefesensass Ha R!. Iloaoxum

p(la, b)) =a(b+)—ala—),

p(la, b)) =a(b—)—a(a—),

p((a, b)) =a(b+)—a(a+),

u((a, b))=a(b—)—a(a+t).
3nech [a, b)—MHOKECTBO BceX uHceN X, TakHX, 4To @<k <b,
B T. . DTH MHOXKECTBA CJeJyeT pa3juuaTb H3-3a BO3MOXKHBIX pas-
pblBOB QyHKUHH a. Ecau p onpejendTs Ha 3JIeMEHTapHBIX MHOXe-

cTBax, kak B (11), To ¢dyHKuHA p oOKa3biBaercs peryJiaspHod Ha &.
Jloka3aTeabCcTBO TOYHO TaKoe XKe, Kak B (a).
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Hama caepyiooumas uenb COCTOHT B JOKa3aTeAbCTBE TOTO, 4TO
Kaxzas (QYHKUH7 MHOXKeCTBa, Peryjaspuasi Ha &, MOxeT OblTb npo-
JOJIKeHa J10 CUETHO-aJJHTHBHOU (QYHKIHH MHOMECTBa, Onpeje/eHHOl
Ha O-KOJIblle, CojlepwKalieM §&. '

10.7. Onpepenenne, [lycts OyHkuMa W ajnuTHBHA, pery-
JSpHa, HeoTpHilaTe/ibHA H KoHeuyra Ha &. PaccMOTpuM cueTHble
NOKPHITHS KaKoro-HuGyAb MHOXKeCTBa E < RP OTKPBITBIMH 3JieMeHTap-
HBIMH MHOXKecTBaMu A,:

Ec ) A..
n=\{
ITonoxuM, No onpepeseHHIO,
(i7) W (E) =inf 2 i (Ad),

e HHXKHsIS TpaHb GepeTcsi MO BCeM CUETHBIM INOKPBLITHIM MHOXe-
ctBa E OTKpHLITHIMM 3J€MEHTapubiMH  MHOXKecTBaMu. Yucyo p* (E)
Ha3biBaeTCs sHewHell mepol MHoxectBa E, cooTeTcTBylolLel yHK-
HUHM M.

fcro, uto p* (E) >0 npu Bcex £ u uro

(18) w*(Ey) <p* (Eo),
ecau Eyc E,.

10.8. Teopewma. (a) Haa aoGoco ACE umeem p*(A)=nu(4).
(by Ecau E=1) E,, mo
n=i

-

\ n _ Ql
(19) WHE)< 2wt (En).

n=

OrmeTnm, uTO (@) o3HayaeT, 4TO (QYHKUHA H* — NPOAOIIKEHHe
QYHKIHH [t C KOJIbUA & Ha MHOXECTBO 6CeX IOJMHOXKECTB NPOCTPaH-
crea R". CoiictBo (19) HaswiBaercs noayadoumterocmero.

Hoxkasateabcrto. Ilycrs ACE u >0,

M3 perynsipHOCTH Mepbl [ CJeAyeT, uyTo MHOXKectBO A copep-
KHTCS B HEKOTOPOM OTKPBITOM 3JICMEHTapHOM MHOMKecTBe G, TaKOM,
uto p(G) < (A) 4 e. TTockoabky p* (4) < (G) ¥ NOCKOIBKY YHCJIO &
1POK3BOJIBHO, TO

(20 p* (A) <p(A).

ITo onpepenennio p* CymecTBYeT Takas noc/jefoBaTeabHOCTb {An)
OTKPHITBIX  3J€MEHTAPHBIX MHOXECTB, O00BeJHHEHHE KOTOPHIX Cojep-
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KHT MHOXecTBO A, 4TO

'g‘ B (An) <p*(A) +e.

Perynsprocts GyHKUHM B TNOKasbiBaeT, 4TO MHOKecTBO A comep-
KUT 3JIeMEHTapHOe 3aMKHyToe MHOxKecTBOo F, Takoe, uto p(F)>
> un(A)—e, a Tak KaK MHOXKeCTBO F KOMMAKTHO, TO

Fc Ai U . e U AN
npa HekotopoM N. 3Hauur,

N
u(A)<u(F>+e<u(Aiu...UAN)+e<§u(An)+e<u* (A) + 2e.

CornocTasass 3T0 HepaBeHCTBO ¢ HepaseHcTBOM (20), mosyuyaem yTaep-
xJeHue (a).

Ilycte rtenepr E = (JE,, u nycts p*(E,)<<-} oo npH BCex n.
Haunomy uucny e>0 orseuaior nokpeitusi {Ane}, k=1,2,3, ...,
MHOXeCTB E, OTKDHITHIMH 3JIEMEHTApHLIMH MHOMKECTBAaMH, TaKHe, UTO

(21) ,2, B (Anp) < p* (En) +27".
Torna
BHE)S X 2 b (Am) < 3 u*(En) e,
otkyjaa cieayer (19). Ecm ke p*(E,)= -+ oo npu HeKoTopom n,
To HepaBedcTso (19), pasymeercsi, TpHUBHAJBHO.

10.9. Onpenenenne. JIas Jo6ux MHOxkecTB A = RP, B RP
MOJIOKHM

(22) S(A, B)=(A—B)U(B—A),
(23) d(A, B)=p*(S(4, B)).
bByzem nucate A, —> A, ecan

limd (A, A,)=0.

Ecau cymectByeT Takas nocjeoBaTelbHOCTb {A,} 3JeMeHTapHbIX
MHOXeCTB, 4TO A, —> A, TO Mbl 6yneM TOBOPHTb, UTO MHOXeCTBO A
KOHedHo W-usmepumo, u OyneM nucatb A€ My (u). Ecim MHOXecTBO A
PaBHO OODBEJMHEHHIO CHETHOTO CeMEeHCTBA KOHEYHO [-H3MEPHMBIX MHO-
KeCTB, TO Mbl OyleM roBopuTb, uto A p-usmepumo, u Gyjem NHCAThb
AEM (n).

MuoxectBo S (A, B)—>3T0o TaK HasblBaeMasi «CHMMETpUYECKas
pasHoCTb» MHOXecTB A-H B. Mbl yBujium, yto d (A4, B) obrapaer
OCHOBHLIMH CBOHCTBAMH pacCTOSIHHS.
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Crneaywomas TeopeMa IO3BOJHT HAM MOJYYHTb HYIKHOE pacrpo-
cTpaHeHHe (YHKUMH M.

10.10. Teopema. Muoscecmso 9N (W) ABaREMCR O-KOALYOM,
a pynkyusa p* cuemrno-addumuena wa M (u).

IIpexxae uem oOpaTHTbCA K JOKAa3aTeJbCTBY 3TOH TEOPEMBl, Ml
H3YyyuM HeKOoTopble cBodcTBa MHOXxectBa S (A, B) u uucna d (A, B).
Hmeem:

(24) S(4, By=S(B, 4), S A=g,
(25) S(A, By S(A, O)US(C, B),
S(A1U A4y BiUB,) !
(26) S (AN Ay, BiNBy) = S(4;, B)US (4: By).

S (Ay— Ay, Bi—B,) )
Y1Bepxaenue (24) oueBHAHO, a (25) csefyeT H3 TOrO, YTO
(A—B) = (A—C)U(C—B), (B—A) = (C—-AU(B—CQ).
[TepBasi u3 dopmya (26) caepyer u3 TOro, 4To
(A1 U Az) — (B1U By) < (A, By) U (A, — By).

Haxonen, o6o3nauas uepes E° fomosHenHe MHOmecTBa E, noJyuaem
S(ANA;, BiNBy)=S(A;UA;, BIUB)<=S(4;, B)US(4; B)=
=S8 (A, B)US(4s, By),

U nocjefinss H3 dopmyds (26) nosyduTcs, ecjM 3aMeTHTb, UTO
A — A=A NA;.

Coraacho (23), (19) u.(18), u3 atux cpoiicts Muoxectsa S (A, B)
clellyeT, 4To

(27) d(A, By=d(B, A), d(A, A)=0,

(28) d(A, B)y<d(A, C)+d(C, B),
d(Aiqu, By U By) ‘

(29) d(ANAy BNB,) |<d(As, By)+d(4y, By

d(A,— A, B,—B,) )

CootHowenust (27) u (28) nokasweiBaior, uto d (A, B) ynosaerso-
psieT TpeboBauusiM omnpefeneHus -2.17, 3a HCK/IOUeHHEM TOTO, YTO
3 d(A, B)=0 ue caenyer A==B. Hanpumep, ecimu p=m, MHOXe-
ctBo A cueriio, a B nycro, TO

d(A, B)=m*(4)=0.
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HTo6bi y6enuTbCst B 3TOM, NOKpOEM n-10 TOUKy MHOXKecTBa A
NPSMOYIOJbHHKOM [,, TaKHM, 4YTO

m(l,) << 2.

Ho ecmu mbi Sygem cuntaTh ABa MHOXecTBa A M B 5KBHBajeHT-
HBIMH TIPH YCJIOBHH

d(A, B)=0,

TO BCE IOAMHOMXKeCTBa npoctpascTBa RP pa306bI0TCA HA KJAACCH
9KBUBalEHTHOCTH, U d (A, B) mnpeBpaiulaeT MHOMXECTBO BCeX 3THX
KJIaCCOB 3KBUBAJEHTHOCTH B MeTpHUecKkoe npoctpaicTBo. Torpa Mp (u)
OKa3blBa€TLst 3aMLIKAHHEM MHOMKecTBa & 1). '
OTa uHTepnpeTauusi HeCylIeCTBEHHA AJs1 JOKAa3aTesbCTBA, HO OHA
00BsICHAET HJeI0, JeXKalyl B €ro OCHOBE.
Ham norpebyerca eme oaso coiictBo unciaa d (A, B), a umenuo

(30) | W (A)—p* (B)|<d (A, B),

eclii 10 Kpained mMepe onno M3 uucen p* (A), p* (B) Koneuno. [eict-
BUTENbHO, nycTb O<p*(B)<<pu*(A). Toraa, Kak nokasbiBaeT Hepa-
BeHCTBO (28), :
d(A, @)<d(A, B)+d(B, &),

T. €.

W (4) <d (A, B)+p*(B).
Ho Tax kak p*(B) xomeuno, TO

w* (A)—p* (B)<d (4, B).

HoxasateanctBo Tteopemn 10.10. Ilyere A¢Mg(n),
BcMyp (n). Boibepem nocneposatensoctd {A,}, {B,} Tak, uTo6H
A, c8, B.cg A,— A, B,— B. Torna (29) u (30) nokassBaroT, uTO

(31) A, B,— AU B,
(32) A0 B,— AN B,
(33) Ap—B,— A—B,
(34) w* (Ap) —> p* (4),

H p*(A) <<+ o, Ttak Kak d(A, A)— 0. Cornaczo (31) u (33),
Me (u) — Koasno. Coraacno (7),
W (An) - (Bn) =H (An U Bn) +- 1 (An N Bn)'
Monarasi n—> oo, noayuaem u3 (34) u Teopemnl 10.8 (a)
u* (4) +-p* (B) =p* (AU B) +p* (AN B).

1) Tounee 6wto Gbl 3Aech ToBOpuTh He 0 IMp (u) B &, a o MHONKECTBAX BCex
KJNACCOB 3KBHBANEHTHOCTH, COMepKAUX 3aementol MHOKecTB Mp(n) u €. —
ITpum. nepes.
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Ecmt ANB=¢, 1o p*(AN B)=0. CaenoBarenbro, QyHknus p*
apautisHa Ha Mg (U).

IMycte Teneps A€ M (n). Torma A moxkHO NnpeacTaBHTb B BHJE
OOBeMHEHHST CUETHOTO MHOMKECTBA Henepecekaroujiixcs MHOMKECTB H3
Mp (n). HeitctBurtensuo, ecmu A= | An, rae A, €My (n), TO moso-
MM A=A "

A=A U...UAn)— (4, U ... Udn-) (n=2,3,4, ...).
Torna

(35) A= U A

-—TpebGyemoe npencrasienue. Corgacho (19),

{36) WA < 2 p*(4n).
n={

C npyroit ctoponb, A D AU ... UA4n H, B CHIY BAIHTUBHOCTH
¢yuxkupn p* Ha My (1), nosayuaem

(37) p*(A) 2 p* (AU .. UAn) = (A) 4. .o+ p* (An).
Hs (36) u (37) caepyert, uTO

(38) u* (A) = n; u* (An).

_ Honycrum, uto uueno p* (A) xoneuno. [Tonoxum B, == A, {J ... | 4».
forpa, kaxk uokaswisaer (38),

d(4, By=p*( U A)= Y w*(d)—0
+1 i=nt1

=N
py n— oco. 3uauut B, —> A, a rmak kak B, € Mg (n), 10 Jerko
punetb, yto A€ Mr (1).
Takum obpasom, mbl nokasamu, uto A€ My (u), ecan A €M (n)
np*(4) <<+ oo.
Tenepn yxe scHO, uTO QYHKUUsA p* cueTHo-aAnuTHBHA Ba M (W).
JlelicTBHTENMLHO, €CNH

A= UAm

rie {A,}— nocjefoBaTesbHOCTb HENepeceKaluXcst MHOXKEeCTB, TpH-
naadexamux N (w), TO, Kak Mbl 1oKasanu, (38) BeONHSETCH,
ccan p*(A,)<-+oo Tnpu Bcex 7, @ B TPOTHBHOM CJyuae paBeH-
<180 (38) TPHBHAILHO.

Haxkonell, Mbl JOJKHB 110Ka3aTb, uTo SN (W) — 970 0-Koapbuo. Ecau
A M), n=1,2,3, ..., To scuo, uro |} A, € I (1) (teopema 2.14).
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[lycte A€M (n), BEM(p) u
A=U A B=U B.
rae An, B, € Mp (). Torna toxpectso
ANB=0 (4N B)

nokassiBaet, uto A, 1 BEM (n), a Tak Kak

u* (4n (1 B) S p* (An) <+ o0,
TO AnﬂBeﬁ)ﬁF(p). 3uaunt, Apn—BEMp(n), 1 A—BeM(n), Tax
Kak A—B= U (A, — B).

Teneps MbI samelmm pu*(A) va p(A), ecmn A€M (pn). Takum
o6pa3oM, QYHKUHMS W, OMpeAeseHHAsl NePBOHAYaJbHO TOJIbLKO Ha &,
NIPOJIOMIKEHA [0 CYETHO-afAHTHBHOH (YHKIHMH MHOXKECTBA Ha G-KOJblE
M (k). Dra npopo/xenHast QyHKIHS MHOMXKECTBA Ha3biBaeTCs Mepou.
B Tom uactHoM cayuae, xorja p=m (ua &), oHa HasbiBaeTcs Jnebe-
roBoil Mepoit B mpocTpaHcTBe RF.

10.11. 3ameuanuns. (o) Ecau MuoxectBO A OTKpHTO, TO
AEM (n). HeficTBUTENbHO, KaXKJA0€ OTKPHITOE MHOXeCTBO B RP paBHO
OGbeAHHEHHIO CUYETHOTO CeMeHCTBA OTKPHITBIX  IPSIMOYTOJbHUKOB.
Yro6b6l B 3TOM YOGeAUTHCH, JOCTATOYHO IOCTPOHTL CHeTHYIO 6asy,
3JIeMEHTAMH KOTOPOH CJyXAaT OTKPHIThbIE NPSIMOYI'OJbHHAKY.

(b) Ecim A€M (p) u £ >0, TO cymecTByor MHOXecTBa F u G,
Takue, 4TO

FcAcg,
F 3aMKHYTO, G OTKPBITO H

(39) p{G—A)y<<e, pA—F)<<e.

[lepBoe HepaBeHCTBO BHINOJIHSETCS TOTOMY, YTO BHEIUHsSsS Mepa
6blia OnpejeneHa C NOMOUIbIO TOKDBITHH OmKpbimoiMu  3JIeMeHTap-
HBIMH MHOXECTBaMH. BTOpOe HEPaBEHCTBO MOJYUHTCS, €CJH INepeiTH
K JOTIONIHEHHUSIM.

(c) Mer roBopuM, uto E — 6opesesckoe mHosxcecmeo, ecan E MoxeT
GbITH TMOJYYEHO C MOMOMIBIO CUETHOTO MHOXKECTBA onepauuf, HCXons
U3 OTKPHITBIX MHOMKECTB, TpHUEM KaxKjasi onepauus — 310 Jubo B3f-
THe o0beAnHenusi, Au6O B3sATHe NepecedyeHus, Jubo Iepexoi K AOMOJ-
Hennio. Muoxectso % Bcex 6openechx NOJIMHOXKECTB N POCTPAH-
ctBa RP 00pasyeT G-KOJbLlO; B AEHCTBUTEJIHLHOCTH 3TO HaHMeHbliee
M3 O-KoJell, CojlepKalluX Bce OTKPBITHEe MHOMXecTBa. COr/acHo 3ame-
yanuio (a), E€M(n), ecoin E€ F.
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(d) Ecin A€M (p), TO cymecTyioT (openeBcKHe MHOXKecTBa F
u G, Takue, u10 FC Ac G u

{40) p(G—A)=pn(A—F)=0.

Orto caenyer u3 (b), ecad B3ATb €= 1/n ¥ NOJOXHTL N —> co.

ITockobky A=F J(A—F), Mbl BuauM, uto kaxpoe A€M (n)
npeacrasiaser coboit oObefuHeHHe GOpENEeBCKOrO MHOXKECTBA W MHO-
EeCTBa HYJ/eBO# Mephl.

Bopenesckue MHOXKeCTBa [-H3MepUMBl TPH Kaxiom p. Ho mHo-
}ecTBa Mepbl HyJb (T. e. MHOXecTBa E, nas koropeix p*(E)=0)
MOTYT OBITh Da3JIUYHBIMH JJIs1 PA3JHUYHBIX M.

(e) KakoBa Opl Hu Oblia GyHKUMS W, MHOXKECTBA Mepbl HyJb
06pa3yloT G-KOMbLO.

(f) B cayuae Mepnt JleGera BCsIKO® CYeTHOE MHOMKECTBO HMeeT
Mepy HyJab. Ho cyiecTBYyHOT W HecueTHble (M Jaxe COBepLUEHHbIE)
MHOMECTBAa Mepbl HyJb. IIpuMepoM MOXKeT cayxHTb MHOiKecTBO Kah-
TOpa: HCIoOMb3yst obo3sauenuss U3 n. 2.44, Jierko 1OKasaTb, 4TO

2\n
mE)=(5)" (=123 .,
a TaK Kak P = NE,, 10 Pc E, npu mobom n, tak uto m(P)=0.

10.12. Onpepnenenune. [lycts X —MHOXKecTBO, He 06513aTeIbHO
sIBASIONIeECST TIOMHOXKECTBOM €BKJHAOBA NPOCTPAHCTBA WIH BooGie
KAKOro-HHOYAb MeTPHUeCKOro npoctpancTsa; X HasblBaeTcs npo-
cmpaHcmeom ¢ mepot, €Clu CYLECTBYET 0-KOJbllo IR MOAMHOXKECTB
MHOMXKecTBa X (3J1eMeHTHl MHOXKeCTBa N Ha3bIBAIOTCH H3MEPHMBIMH MHO-
KECTBAMH) U HEOTPHIATEJIbHAS CUETHO-aJAHTHBHAS (QYHKIHUS MHOXe-
cTBa p (HasbiBaemasi Mepoii), onpepeeHsass Ha IN.

Ecau, xpome Toro, X €M, To X HasniBaercst uamepumoim npo-
CMPAHCMBOM.

Hanpumep, Mbl MOXeM B3ATb B KadecTBe X npocTpaHcTBO RY,
B KauecTBe )} — MHOKECTBO BCEX H3MEPHMbIX NMOAMHOMECTB NIPOCTPaH-
ctBa RP, a B KauectBe p— Mepy JleGera.

HMnn B KauectBe X MOXHO B3iTb MHOXKECTBO BCeX IOJIOXKHUTENb-
HBIX LeJBIX 4YHCes, B KauecTBe IR — MHOMKECTBO BCEX NOJAMHOXKECTB
muokecTBa X, a B kKauectse p (E)—uucio ajaeMeHTOB MHOXKecTBa E.

pyrodt npumep JaaeT TeOpHst BEpOSATHOCTEll, B KOTODPOH COOLITHSA
MOXKHO pPacCMaTpHBaTh KaK MHOMKeCTBA, 4 BEPOSITHOCTb HACTYIMJEHHA
COOBLITHS — 3TO QNAUTHBHAS (MNH CUYETHO-aJAMTHBHAS) QYHKUHS MHO-
KeCTBa.

B caenyomux pasjerax Mbl Bcerja OyneM HMeTb [ello ¢ H3Me-
puUMbIMH  TipocTpaHcTBaMHi. CJleyeT NOZYEPKHYTb, YTO TEOPHsl HHTe-
rpaja, K KOTOPOH MBI BCKOpe nepeiljieM, HH B XaKOM OTHOLIEHHH
He crana Ol npomie, ecau Obl MBI NOXEPTBOBAJIH TOH CTENEHbIO
OOIIHOCTH, KOTOPO# Mbl ceffiuac JOCTHTJIH, H OPPAHHUHJHCH, CKaXKeM,
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Mepoii JleGera Ha mpOMeXyTKe BelllecTBeHHOH npsivoii. Ha camom
JleJle OCHOBHBIe UepThl TEOPHH C Topasfo OoJibHieH SICHOCTBHIO NPOSB-
JSIIOTCST UMeHHO B oOueH CHTyaluHd, KOrja XOpowo BHAHO, YTO Bce
3aBHCUT TOJBKO OT CYETHOH AJJHTHBHOCTH Mepbl W, OnpejenedHOH
Hd HEKOTOPOM O-KOJbile.

Hawm 6yzner yao6uo BBecTH 0oGo3HaueHHe

(41) {x|P}

AJI9 MHOXKEeCTB4 BCEX 3/J1eMEeHTOB X, obnajaomux cBoiicTBOoM P.

Uamepumbie dyHKLHH

10.13. Onpepgenenue. Ilycts f—dyukuus, onpejencHdas Ha
M3MEPHMOM INPOCTPaHCTBE X CO 3HAUEHHSIMH B PACUIMPEHHOH CHCTEME
gemecTBeHHbIX uuces. Qyukuus [ HasblBaeTcs uamepumoti, ecain MHO-
KeCTBO

(42) {x[](x)>a}
H3MEPHMO TIPH KaX/OM BelleCTBeHHOM d.

10.14. Iipumep. Ecmu X=R", a M=M () —B COOTBETCTBHH
¢ onpeaesendeM 10.9, —To Kaxjas HenpephiBHas QYHKUHA [ H3Me-
puMa, TAaK KaK B 3TOM CJyude MHOXKecTBO (42) OTKPLITO.

10.15. Teopema. Cuedywujue yCcA08UA IKBUBAIEHITIHOL

(43) {x![(x)>a} usmepumo npu Kaxyoom 6euyecmeenHom Q.
(44) {x!f(x) >a} usmepumo npu KaxOdom 6ewjecmeerHoOM Q.
(45) {x|[(x)<<a} usmepumo npu Kax0om 6eweCMBEEHHOM G .
(46) {x|f(x)<a} usmepumo npu Kaxdom 6eu{ecmeeHHOM Q.

Hoxkasatenabctso. OrHomenus

{xlf(x)>fl}———n§1 {x!f(x)>a_%} ,
(x| ] (x) <a)=X—{x|f(x)=>a},
{x|[(x)<a}= N {x{f(x)<a+7ll_} ,
n==1
xif(x)>a)=X—{x|[(x)<a}
nocJefoBaTeibHO TIOKasuBalT, uto u3 (43) caenyer (44), uz (44)
caenyer (45)., us (45) cneayer (46), a u3 (46) caenyer (43).

3HAuuT, KaxA0e H3 3THX YCJAOBHH MOXHO HCIIOAb30BaTh BMECTO
(42) nasi onpejiesieHHs] U3MEePHMOCTH.

10.16. Teopema. Ecau [ usmepuma, mo usmepuma u |f!.
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JdokasateabCTBO:
xI[T )| <ay={x|](x) <a} N {x|[ (x) >—a}.
10.17. Teopema. ITycme {f,}— nocaedosamesvrocms usmepu-
Moux pynkyuti. Hpu x€X noaowcum
gly=supf,(x) (rn=1,2,3,...),
h(x) = Tim [, (x).

Toeda ¢yukyuu g u h usmepumol.
Koneuyno, TO e BEPHO W B OTHOLIEHHH HHKHCH IPaHH H HHKHETO

npejedna.
IJokasareascTBO.
{xlg(m>a}= U {xifn(x)>a}
h(x)=ini gm (x), T gn(x)=supfa(x) (n>m).

Cnencrsus. (a) Ecau [ u gusmepunss, mo max (f, g) u min(f, g)
usmepumot. Ecau
(47) ft=max(f, 0), f = —min(f,0),

mo, 6 wacmrocmu, [*ou [T uszmepumor.
(b) IIpedea cxodawelica nociedosamesbHOCIL USMEPUMbLY PYHK-

nuli — uzmepumas PyHKyU.

10.18. Teopewma. [Tycmo | u g—usmepumoie KOHeuHbie sele-
cimeeHHble (QyRKyuL, onpedesennble Ha mHoxecmee X, nycmo QYHK-
uus F eewecmeenna u Henpepoigna Ha R, u nycmb

h(x)=F(f(x), g(x)) (x€X).

Toeda ¢ynkyus h usmepuma.
B uacmuocmu, pyuxyuu [4-g u fg usmepumbt.

NoxkasarteabcTBo. Ilycrs Gy =={(u, v)|F (u, v)>a}.
Torpa G,— OTKpbITOE MOAMHOXKKECTBO npocTpanctsa R? u

[ee]
Ga: U ]nv
n=1
riae {/,} —mnocnesoBaTe/bHOCTL OTKPHITHIX [PSAMOYTOJNbHHKOB:

In:{(u» U) ian<u<bm Cn<0<dn}-
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[TockoNMbKy MHOXKECTBO
{xlan <f(x) <bn}={x|](¥) >an} N {x[[(x) < bn}
H3MEPHMO, TO MHOKECTBO

{2 (F(x), @) €I} ={xlan<f(x)<bu} N {x]cn<g(x) <dn)
H3MEpPHUMO. 3HAUHT, TO K€ BEPHO H B OTHOLICHHH MHOXeCTBa

(el () >a} = £ {F (), g (1) €Ga) =
= U (21 (0, g(nely.

[TonBoasi uTOorM, MBI MOXKEeM CKa3aTb, YTO Bce OOGbIYHBIE ONepalHH
aHa/Ii3a, BKJIIOYas ONEepailkH, CBA3aHHblE C NpeJeabHbIM INepexoloM,
6ylyuH TNpHMEHEHHbIMH K H3MepHMbIM (YHKUHSM, TPUBOAST CHOBA
K H3MepHMbIM (YHKIHAM; HHBIMH CJOBaMH, Bce (YHKIHMH, C KOTO-
PbIMH OOBIYHO BCTPEYAIOTCS, H3MEPHUMBI.

To, yro 3Ta dopMysHpOBKA TeM He MeHee AOBOJIbLHO rpy6a, BHIHO,
OJHAKO, H3 CJeAYMILlero 3aMmeyaHua: ecan h(x)=/[(g(x)), rze
dyHKumMs [ uamepuma, a g HenpepolBHA, TO (yHKHHS h He 00s3a-
TEJILHO H3MepHMa.

Yurateab, BO3MOXKHO, 3aMeTHJI, YTO B HaleM OOCYXJIeHHU H3Me-
pUMBIX QYHKUMI HHT/e He yNnOMHHajach mMepa. B camoM nene, knacc
GYHKLUHH, H3MepuMbIX Ha X, 3aBHCHT TOJBKO OT 0O-Koabla IR
(o6o3nayenust Te ke, yto B 0. 10.12). Hanpumep, MOXHO TOBOpHTH
o (QyHKUHMsX, u3MepuMmulix nmo bBopesio na RP, T. e. o ¢yHKRuusx f,
AJISl KOTOPBIX MHOXECTBO

xifn>aq

Bceraa OopesieBCKOe, He YIOMHHAst NPH 3TOM HHKAKOH KOHKPeTHOH
MephI.

[TpocThie pyHKUMH

10.19. Onpenenenne. Ilycts s— BemecTBenHass QyHKLMS,
onpejeneHHass Ha mHoxecTse X. Ec/au MHOXKecTBO 3HaueHHH (yHK-
UK¥H S KOHEYHO, TO Mbl OyAeM TOBODHUTBb, UTO S— npocmas QyrHKyus.

[lycte E < X, u nycThb

1 E),
(48) Kn—| b &8

0 (x¢E).
Ky HasbiBaeTcst xapaxkmepucmuveckot ¢pynkyued MHOXecTBa E.

[lycTb MHOXKecTBO 3HaueHHil (YHKUHH S COCTOMT H3 Da3JHYHbIX
yucesa €q, ..., Cp. IlycThb

Ei={xis(x)=c;} (=1, ...,n).
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Torpa

(49) Z ciKg,

i=1

T. e. KaxJaa npoctass QYHKuus 1fpeicTasisieT co00H KOHEYHYIO
JIMHEHHYI0 KOMOMHAUHUIO XapakTepHUCTHYecKHX (yHKuu#. SicHO, 4TO §
H3MepuMa TOTAa H TOJBKO TOrZa, Korja MHoxectBa Ey, ..., E,
H3MEePHUMBI.

OkasbiBaercs, m06yI0 QYHKUHMIO MOXKHO NPUOAH3HTL POCTHIMH
PyHKHUSAMH,

10.20. Teopema. [Tycme [— seujecmsennan pyuxyus, onpede-
nennan Ha muoacecmee X. Tozda cyuecmeyem nocaedosamesbHoCmb
{sn} npocmbix ¢ynxyuii, maxkas, umo s,(x)—f(x) npu n—> oo daa
ecakozo x€X. Ecau ¢ynxyus [ usmepuma, mo moxcHo evibpamo
nocaedosameasvrocme {sp,} mak, 4mobei 6ce pyHKkyuu S, mooke 6boiau
usmepumot. Ecau f> 0, mo nocaedosamenvrnocmo {s,} MooHO cuumams
MOHOMOHHO 603pacmarouyets.

HokaszarteanctBo. Ecmm f>0, To monoxum

Eu={x| ‘5 <f) <z}, Fo=t{xl[(0)>n}

apu n=1, 2, 3, ..., i=1, 2, ... n2" Ilycrs
n2"
(50) Sn= Y oK, 4 nKp,.

i={

B ofweM ciyyae 3annmem f=f*—f" U NpUMeHHM mNpeAbIAYHLYIO
KOHCTPYKLHIO K f* u [~

3ameTuM, UTO N0CJIeJ0BATENbHOCTD {5,}, 3aaHHas paBeHcTBOM (50),
CXOMHTCSl K [ paBHOMEpHO, eC/H [ orpaHHyeHa.

Hnrerpuposanue

Mbi onpejesiM HHTErpHPOBAHHE HA H3MEpPUMOM mpocTpaHcTBe X
¢ O-KomploM IR M3MepHUMBIX MHOXECTB H C Mepoit p. Yutarens,
XKeNamul MMeTh nepel rJjasaMH Oojee KOHKPETHYIO CHTYaUHIO,
MOXKeT TNpeAcTaB/sitb cebe X Kak MNpsAMOYTOJbHHK HJH KakK Belle-
CTBEHHYIO NpsIMYyIO, 2 pL—Kak mepy JleGera.

10.21. Onpegenenue. [onycTtuMm, uto PyHKIHs

n

(51) s (x) = ;:]‘ ciKe,(x)  (x€X,c>0)
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uamepuma, ¥ nycrts E € IR, Ilonoxum

n

(52) Ig(s)= _2]1 cip (E N Ey).
Ecau ¢ynkuus [ W3MepEMa W HeoTpMUATENbHA, TO MBI OIPE/1eJHM
(53) \ fdu=supl.(s),

E

rie BepxHsisi rpaHb Oepercss 1O BCEM NPOCTHIM (PYHKIHUSIM, TakHM,
uro 0<Cs<f.

JleBast wacTb paBencTBa (53) HasmiBaeTcst ummeepasom JleGeza
Pynkyuu | omrocumeavro mepor B no muoscecmey E. 3ametum, yto
HHTerpan MoxeT ObITb PaBHBIM -i- co.

Jlerko npoBepuTh, 4TO

(54) { sdp=1I5 ()
Aas 11000H HeOoTPULIATeJIbHOH NPOCTOH H3MEPHMOH (PYyHKLHH S.

10.22. Onpenenenne. Ilycre dynkuusi f usmepuma. Pac-
CMOTpPHM [1Ba MHTerpaa

(55) \Fan,  \ fdw

E

E
rae ft u 7 onpeaenensl, Kak B (47).

Ecan xotst 661 OiMH W3 HHTerpaJos (5D) KOHeUeH, TO Mbl MoJa-
raeM, To ONpejeeHuo,

(56) ( fdp= g [tdp — 5 [~ dp.

Ecan o6a unrerpana (55) KOHeuHBl, TO M pa3HocTb (56) Komeuna,
H Mbl TOBODHM, 4To QyHKuUus [ wuwmeepupyema (WU cymmupyena)
Ha MHOxecTBe £ B cMbiciie Jlefera no OTHOLIEHHIO K Mepe W; Mbl
nuiiem f€ £ (n) va muoxectBe E. Econu p=m, To obblutoe ofo3ua-
yeHHe TakoBo: f€ £ Ha MHOXKecTBe E.

OTa TepMHHOJOTHSI MOXKET BbI3BATh HEeOOJBLIVIO NYTaHHUY: ecJu
(56) paBHO -+ co HIH — oo, TO HHTErpaj QPyHKUMH [ 10 MHOXKeCTBY £
omnpefeneH, xorss (QYHKOMS [ H He HHTerpupyeMa B TOJIBKO UTG
pasbACHEHHOM CMbICJIe C€JOBa; [ HHTerpupyemMa TmoO MHOXecTBYy £
TONBKO TOrJid, KOTAa €e HHTEerpaJ I0 3TOMY MHOXECTBY KOHEeUeH.

10.23. 3ameuvanusa. Crueayomue CBOACTBA OYEBHJHBI
(a) Ecau f u3amepnma u orpaniuyeHa Ha MHOxecTBe £ H p(E) < -+ oo,
T0 fEL (1) Ha E.
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(b) Ecau f usmepuma, mpudueM a< f(x)<b npu x€E, ap(E)<
<L oo, TO

: ap (E) < [du < bu (E).

E

(c) Ecom f n g€£L(n) Ha £ u ecom [f(x)< g(x) npu Bcex
xcE, to

Sfdu«Sgdu

(d) Ecu feZL (n) va E, 10 ¢f€ £ (1) Ha E, KakoBo Obl HH GBLIO
KOHEeYHOoe 4HCJIO ¢, H

S cfdp=c S fdp.
E E

(¢) Ecmu n(E)=:0, a f—wu3amepuma, 10
S fdu = 0.

E
(fy Ecou feZL(n) va E, Aegm u AcE, 10 f€X (n) va A.

10.24. Teopema. (a) [Tycms | usmepuma u Heompuyamessra
Ha mroxcecmee X. Han AEIN noaoxcum

(57) (A= fdu.

A
Toeda ¢ynkyus ¢ cwemno-adoumusra Ha M.
(b) To oe eepro, ecau f€ L (n) na X.

HokxasatenbctBo. SicHo, uto (b) caeayer us (a), ecjau Mbl
sanueM [=ft—f~ u npumenum (a) x f* u [,
Urobsl fo0KasaTh (@), MHl AOJKHH I0OKasaTh, UTO

(58) ¢ (A)= 2 ¢ (4),

ot An€M (n-1,2,3, ...), A A= @ npn ivj u A= An.
i

Ecau f— xapaktepucTuyeckas QyHKIMs, TO CU€THAS aJAHTHBHOCTb
(QYyHKIMM @ — TO XKe caMoe, 4YTO CYeTHas ajJJHTHBHOCTh OYHKIHH W,
TaK Kak ‘

SKEdM=M(AﬂE%
A



288 T'z. 10 Teopus Jlebeza

Ecan f—rnpocrast dynkuus, 10 f umeer Buj (51) u yTBEpXKeHHe
TeopeMbl TaK}Ke BBIIOJHAETCS.

B ofmeM cayyae ajss KaxIoH TPOCTOH H3MepUMOH (GYHKUHMH S,
takoll, yto 0<<s<Cf, uMeem

{san=3 | sdu< ¥ o(4n).
A n={ Ap n=t

ITosromy, cornacuo (53),
(59) P(A)< 2 9 (An).

3aMeTHM Temnepb, 4T0 ecJH ¢ (A,)= -+ oo npH KaKOM-HHOYAb 7,
To (58) TpHBHAlbHO, Tak Kak @ (A)>¢(4,). Ilostomy nyctsb
¢ (An) << oo mpu Bcex n.

Has 3aganHoro &€>>0 BoiGepeM u3MepUMY0 OYHKIUHIO § Tak,
yto 0<s<f u

(60) Ssdngfdu—s, gsdp,>§fdu—s.
Ar Ay -"\2 AZ
dcuo, yto
oA UA)> { sdu={sdp+{sdnzoa)+q(4)—2e,
A1UAz Ay Ag
Tak 4YTO

(AU A) > ¢ (A)+ o (As).
CreposatesIbHO, TIPH KamJaOM 1

(61) e(AU... Ud) > (A)+. .. + ¢ (A)
IMockombky AD A ... U A TO u3 (61) caeayer, uto
(62) (A= 2 @A),

u (58) Buitekaer u3 (59) u (62).

Cnencreue. Ecau AEM, B A, p(A—B)=0 u ¢ynrkyus f
usmepuma, mo

[Tockonbry A= B{J(A— B), 310 caeayer u3 3aMeuyanus 10.23 (e).

10.25. 3ameuanus. [IpuBeneHHoe BhILE CNEJCTBHE NOKA3bIBaeT,
UYTO MHOMECTBAMH MepH HYJb INPH HHTETPHPOBAHHH MOXKHO Ipe-
Hebpeyb.
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Ecan MHOXKeCTBO
{xIf()=#=gx)}NE

uMeeT Mepy HyJab, TO Mbl Oyaem nucath f~ g Ha E. Torma f~f;
us [~ g caenyer, yro g~ f, u u3 f~g, g~h cirenyer, urTo
f~h. DTO 3HAUHT, UTO OTHOILUEHHE ~ €CTb OTHOUIEHHE HKBHBa-
JIEHTHOCTH.

Eciu f~g na E, TO MBI, OYEBHAHO, HMeeM NI Jo0oro H3Me-
pumoro mnoaMHoxecTBa A MHOXKecTBa E

K fdp= S gdu

A A

NpH YCJAOBHH, 4TO 3TH HHTErpa/bl CyulecTsywoTl).

Ecau csoficteo P BuimosusieTcs AJs Kaxkjgoro x&E—A u ecau
u(A)=10, To oGKYHO TOBOPAT, 4TO P BLINOJIHAETCS IJas MOYTH BCeX
Xx€E unu uro P Bonoausercs noutH Bcroay Ha E. (Cmblca 3Toro
«MOYTH BCIOJY» 3aBHUCHT, pasyMeeTcsi, OT TOH KOHKPETHOH Mephl,
KOTOPYI0 MBI paccMaTpuBaeM. B JHTepaType, €c/iuM He OrOBOPEHO
NPOTHBHOE, OOBIY4HO KHMET B BHAY Mepy JlebGera.)

Ecau f€ XL (p) na E, TO SICHO, YTO 3HAUeHHEe [ (X) KOHEUHO MOYTH
Bcroay Ha E. Iloaromy B OOJBIIHHCTBE CJy4aeB Mbl MOXKEM, He
yMaJjisgsi OOLHOCTH,  C CAMOrO HauaJja MpeAnoJaraTh, 4TO (GyHKIMH,
¢ KOTOPBIMH MBI HMeeM Jies1o, IPHHMMAIOT TOJNBKO KOHedHble 3HAUEHHS.

10.26. Teopema. Ecau fEZL (n) Ha E, mo u |[l€ £ (u) ha E u
(63) | {ran | < 1n1dn.
E E

HokasareabcTBo. 3anuumemM E=AB, rue f(x)>0 na A
u f(x)<<0 wa B. Tlo reopeme 10.24

(irtdn=(1i1dn+\17ian=§ prapr § Fan<st oo,
E A B A B
tak 4to |f|€ &L (u). Hockonbky f<|f| v —f<|F|, MBI BuanMm, uroO
{ran<(iran, —(ran<(irian,
E E E E

oTkyaa u ciaenyer (63).

[Mockonbky u3 uuTerpupyemocTH GYHKUMM [ clefyeT HHTerpu-
pyemocts ¢yHKUMH |f|, To uHTerpaa JleGera 4acTo Ha3LIBAIOT
abCcoMOTHO cxoAAmuMcs. KoHeuHo, MOXKHO OnpejiesuTh 1 HealbCOIOTHO

1) Bosee TOro, ec/ CyIMeCTBYeT OJHH W3 3THX HHTEerpaJoB, TO CVIECTBYeT
u Apyroit. —I/Ipum. nepes.
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CXOoAaduuecss HHTerpaJibl, H TIpH H3YYCHHH HEKOTOPLIX ﬂpOﬁJleM 3T0
Jaxe CYINEeCTBEHHO. Ho Y 3THX HHTErpaJoB OTCYTCTBYIOT HauboJee
NoJIe3Hble CBOICTBA HurerpaJ/a JleGera, u OHHU UTParT B aHAJJMH3E
HECKOJIbKO MeHe€ BaXHYI0 pOJib.

10.27. Teopema. [Tycme ¢pynkyua | usmepuma na E, |fl< g
uget ) na E. Tocda f€E (1) na E.

D.orxasaTebecrso NmeeMm f*<g u f g

10.28. Teopema Jlebera o MOHOTOHHOH CXO/u-
mMoctul). [lycmo EcM. Iy yemo {fu}— maxkas nOCAED06AMENOHOCTLE
uamepumbix yHKyull, wmo

(64) 0<hH(<f2(0< .. (x€E).
Hycme ¢yuxyus [ onpedesena pasercmeom
(65) C f@=limf () (x€E).
Toeda
(66) {fadn—{fde  (n>o0).
E E

Hoxasateanctso. Cornacuo (64), cylwecTByer Takoe a, 4TO

67) - S fodp—>a

NpH n-> oo, a TaK Kak Kf gf

w i

BuibepeM ¢ Tak, utobsl 0<Zc<C1, u mycTb S§—IIpocTast H3MepH-
Mast dyuxuus, takas, uyro 0<{s<f. Tlonowu

En={x|fa(x)>cs(x)} (n=1,2,3,...).
Coraacuo (64), E,c Ey;c E;= ..., a B cuny (65)

(68)

//\

o}

(69) E= Ui En.

[Tpn mobom n

(70) S Fodu > S fndu>c§ sdy.
E E, E,

1) 3ra Teopema 0o6HuHO HasuBaercss Teopemoli B, Jlemu.—Ilpum. nepee.
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Yerpemum B (70) n K oo. IlockosbKy HHTErpas — cyeTHO-afjIu-
THBHas QYHKUHSA MHOXecTBa (Teopema 10.24), To, KakK mnoxasbiBaeT

(69), moxHO npumenuts Teopemy 10.3 K mocieaHeMy HHTErpasy
B (70), u MBl moNyyuM

(71) axc { sdp.
E
Ycerpemasst ¢ K elMHHIE, Mbl BHIHM, 4TO
a> S sdp,
E
a u3 (63) caenyer, yto
(72) a> S fdu.

E
Teopema caenyer temepb H3 (67), (68) u (72).

10.29. Teopema. [Ilycme f=f+f, ede [,c&L(n) na E
(i=1, 2). Toeda fe L (n) Ha E u

(73) { rdu=1{ fdp+§ fadp.
E E E

HoxasartenbcTtBo. Cuavana ponycruM, uto f;>0, [,>0.
Ecan f; m f,—npocTtele dyskuuu, T0 (73) TpHBHAJBHO cJenyer
u3 (52) u (54). B ofuwem cayuae BeiGepeM MOHOTOHHO BO3pacTalOIHe
NOCJIEIOBATENLHOCTH {Sn}, {Sn} HEOTPHIATENBHBIX M3MEPHMbLIX POCTHIX

dynxuuit, cxopsamuxcs K fy, fo. Teopema 10.20 mokaswiBaer, uto 370
BO3MOXHO. [lofloXuM s, = s;, }- s2.

Torpa
S Spdp = K Sndp+ S Sndp,
E E

o

H (73) NMOMYUHTCS, €CTH MBI YCTPEMHM 71 K cO M NIPUMEHHM Teope-
my 10.28. :

Tenepy nomyctuM, urto f, >0, f,<0. Tlonoxum
A={x|[(x)>0}, B={x|f(x)<0}.

Torpa ¢ynkuuu f, f; ¥ —f, HeorpHuaTenbHsl Ha A. 3uauwmr,

@ ndi=rdnt §(—pydn={ rap—§ foau.
A

v
A A A A

Ananornuno Gyskuwn—f, fy # —f, HeoTpuuaTtenbus Ha B, Tak

V(—fdu={ fidut § (—pap,

B B B

4TO
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HJIH

(75) \rudp= ran—1 fadn,
B

B B

# (73) Bhvekaer H3 (74) u (75).

B ofmem cnyuze MHOXKecTBO E MOMHO pa3jioXKHTh Ha UYeThipe
MHOXecTBa E;, Ha kaXjaoM H3 KoTopbix f;(x) M [;(x) coxpausior
3nak. M3 nokasanHoro ciepyer, 4To

{Fdu=fant{ fadp (=1, 2,3, 9),
El Ei Ei
1 (73) nonydaercs, ecJH MbI 1IPOCYMMHDYeM 3TH pPaBeHCTBA.
Teopemy 10.28 moxno ciaepymoomum obpa3oM nepedopMyJHPOBaThH
B TepPMHHAX PAA0B (PYyHKUHH.

10.30. Teopema. Ilycmoe EEM. Ecau {fn}— nocaredosamens-
HOCMb HEOMPUYAMEAbHbIX USMEPUMLLY PYHKLULL U

(76) F= ) (xek),
mo

Vran=3 § fndn.

E n={ E

HokaszarteabctBo. UYactuole cymmpl psiga (76) obpasywor
MOHOTOHHO BO3DaCTaIOHIYI0 IIOCJIeHOBATEIBHOCTb.

10.31. Teopema ®ary. Hycms Ec¢M. Ecauw {fp}~nocae-
006aMeAbHOCMb HEOMPULAMENbHOIX USMEPUMbIX DYHKYULL 1

fx)=1im fr(x)  (x€E),

n-»oo

mo
(7" { fan<tim { faan.

E n—+oo E

B (77) moxer uMmeTb MecTO cTporoe HepapeHcTBO. ITpumep ykaszan
B YIIpaKHEHHH 5.

JdokasarteanctBo. Ilomoxum
gn (x)=1inff; (x) (i>n)
npu n=1, 2, 3,... u x€kE.
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Torpa ¢yHkuus g, u3Mepuma Ha mHoxectBe E u

(78) 0<gi(x) <)< ..,
(79) ) &n (%) < fn (%),
(80) gn(¥)=>[(x)  (n—> o).
Coraacuo (78), (80) u teopeme 10.28,
(81) { gndn-->{ fau,
E E

tak uro (77) cnenyer u3 (79) u (81).

10.32. Teopema JleGera 06 orpaHuHuYeHHOHN CXOAH-
MoctTH. [Tyeme EE€WM. Iycmo {fn} —maxas nocaedosamerstocmo
umMepumolx Gyukyul, 4mo

(82) fa(¥)—Ff(x)  (x€E)
npu n—> co. Ecau cywecmsyem ¢pynkyus g, maxas, 4mo
(83) IIn(x)|<g(x) (n=1, 2,3, ..., x€E),
uget(u) Ha E, mo
(84) lim \ frndp= K fdu.

T g E

Hepapencteo (83) o3nauaer, 4T0 QyHKUHA g OFpaHHUMBAET IOCJe-
AOBATEJLHOCTb {f,}; 3THM OCBsiCHsieTcsl Ha3BauHe TeopeMsl. B cuiy
n. 10.25, yrTBepxkjeHHe TeopeMbl OCTaercsi BepHbIM, eciH (82)
BLITIOJIHSAETCST TIOYTH Bclogy Ha E.

HdoxasateabcTBO. 3aMeTHM cHauaja, 4To M3 Teopemnl 10.27
cnenyer, uto [, €L (u) u f€ZL (n) na E.
Teopema ®ary nokasbiBaer, 4To

\ (F+g)dp<
E

TaK Kak f,-+ g>0; unaue rosops,

(85) { Fap<tim { fudy.

E n->co E
Auanoru4Ho, NOCKOMBKY g—f, >0, To

{ @—pdn<iim § (g—fnan,

E n—->x0 E
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TaK 4YTO

—{ Fau<tim [ = { fadu ],

E N—»00 B
a 3TO0 3Ha4yuT, 4TO
(86) Sfdp;>ﬁﬁi§fndp.
E n—rw 1‘3

CyulecTBoBanHe npegesia B (84) H paBeHcTBO (84) Temepb CJeyIOT
u3 (85) u (86).

Caeactsue. Ecau p(E)<C-+ o, nocaedosameastocme {fn}
pagromepto oeparudena Ha E u [, (x)-— f(x) npu scex x¢E, mo
sotnoansemes (84).

CpaBHenne ¢ uuterpajaoM Pumana

Hama cnepylomast TeopeMa NoKasbiBaeT, 4TO Kaxjaasd (yHKLHS,
uuTerpupyemas 1o PuMany Ha HEKOTOpDOM CerMeHTe, HHTerpHpyeMma
Ha 3ToM cermentre H no JlebGery, u uTO (YHKLHH, HHTErpHpyeMbie
no PuMaHdy, NOAYUHSIOTCS JOBOJALHO OFPAHHYHTE/LHBIM  YCJIOBHSM
nenpepbiBHocTH. Teopust JlebGera mo3BoJIsieT HHTETPHPOBATH (YHKIHH
ropasjio OGontee IHMPOKOro kJjacca. OpHako camMoe 3Ha4HTeNbHOE
ee TNPEUMYILECTBO COCTOMT, BepOsTHO, B ToH cBOOOZE, C KOTOPOH
B uHTerpasax JleGera okasbiBaeTcsi BO3MOMHBIM IPOH3BOJMTDL oOllepa-
IHH NpeJiesIbHOTO Nepexola; ¢ 3TOil TOYKH 3PEHHsS TeopeMbl O CXOMH-
MOCTH COCTaBJSIIOT CYTh JIe6eTOBCKOA TeOPHH.

Onsa M3 TPYAHOCTEH, BCTpedalomuxcs B TeopuH PuMana, 3akio-
gaeTcsl B TOM, UTO Ipejlesl [OCJe0BaTeNbHOCTH (MDYHKIHHA, HHTEr pHpYe-
MbIX nO PHMaHy (ud JaKe HenpephbBHbIX), MOXeT Yyxe He ObiTbh
uaTerpupyemMoiM no Pumany. B Teopuu JleGera 31a TpPyJAHOCTL NOYTH
HCKJIOYaeTcs, TaK KaK Tnpefen I0C/JeA0BATeJIbHOCTH H3MEPHMEIX
QYHKUHA CHOBa H3MepHMasi (QYHKUHS.

[lycts npocTpancTBoM X ¢ Mepoit CJy:XHT cerment [a, b] Beute-
CTBEHHO} NpsMOil ¢ p=m (Mepa JleGera), a M — mHOKeECTBO BCex
NOAMHOXECTB cermenTa X, uaMepumeix no Jlebery. Bmecto

Sfdm

X

aag wmaterpada JleGera ¢ywkuuu [ mo cerMesty [a, b] mpHHATO
ynotpebasTh NPHBLIYHOE 0003HaueHHE

b
Sfd&
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Yrobel OTJMYHTL Je6eroB HHTerpaJ OT HuTerpana Pumana, Mol OyneM
3TOT nocseilHd 00o3HAuaTb TakK:

b
B S fdx.

a

10.33. Teopema. (a) Ecauw fE€R Ha [a, b], mo [€X na
la, 6] u
b
fdx:.%\fdx.

a

(87)

R O

(b) Mycme ¢yukyus [ oepanuvena na (a, b). Toeda [ € B na {a, b}
mozda u moareko mozoa, k0eda pynkyus [ Henpepoelena noumu 6ciody
Ha [a, b].

HoxasateabctBo. Ilyers dyukums f orpaunuuena. Ilycrs
{Pr} —Takasi nocsesoBaTeNbHOCTL pa3GueHuit cermenta [a, b], uToO
Py —u3Menbuenue pasGuenusi Py u p(Py) —>0 npu k—> oo (B 3ToM
JOKasaTesqbCTBe W o003HayaeT He Mepy, a Juamerp pas3GHeHus).
Ecau P, — pa36uenue

a:.XQ<xl<.--<xn:: y
To nosokuM Uy (a) =Ly (@)= [ (a) u
Up()=M;, La(x)=m; (Xiq<<x<uxi i=1,...,1n)

(o6o3nauenns Te xe, uto ¥ B n. 6.1). Torapa
b

] b
(88) UPh = Undz, L(Ph P= ng dx.

IlockonbKy Ppiq— u3Mespuenne pa3buenusi Py, TO

(89) Uix)z2U(x)>...2[(x) > ... 2Ly(x) = L (x) (a<x < D).
Ionoxkum

(90) U (x) =L2120Uk (x), Li(x) =}ti_r’r;Lk (x) (a<<x<gb).

Teneps ponyctum, uto f€.%. Beupy Toro uto p(Pp) —0,
b b

1) UPs )— R Fdx, LPw =2 | fax.

a

OTo mnoc/efHee COOTHOWEHHEe He OBLIO $ABHO CQOPMYJIHPOBAHO
B 1. 6 B BHJe TeOpeMbl, HO €ro, KOHEYHO, JIerKO BBIBECTH H3 JOKa-
3aTenbcTBa TeopeMbl 6.14 [cM. dopmyaer (28) u (29)]. CoraacHo (89)
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u (90),
b b b b
(92) Xdex-e S U dx, SLkdx-—> Sde,
tak uro u3 (88), (91) u (92) cnexpyer, yto
b b b
(93) Sde: g Lde=%\ fdx.

[ockoubky L (x) <[ (x)<<U(x) Ha [a, b], To nepBoe H3 paBeHCTB
(93) noxasmiBaeTt, 4TO

(94) L{x)=f(x)=U(x)

rmouTH Bcloay Ha [a, b] (ynpaxuerne 1). ITockoasky L u U u3mepumsl,
TO 3TO BEpHO M B oOTHOWeHHH f. 3uHauur, fE€ZL, u (87) caepyer
u3 (93) u (94).

Terepp JonycTHM, 4TO X He NPHHALJIEXKHT HHKAKOMY H3 pa3bHe-
HUl P (OTMETHM, YTG MHOXKECTBO BCEX TOYeK, BXOJALHX B COCTAB.
KaKoro-uHOyAb pa3OucHus Py, CYETHO H IOTOMY HMeeT Mepy HYJIb)
CoBceM JIeTKO 10KazaTh, 4T0 TOrja (DyHKIHs f HenpepbiBHa B TOUKE X
B TOM H TOJbKO B TOM cayyae, Koraa U (x)=L (x).

Takum ob6pasom, ecom f€.% Ha [a, b], To, Kak nokasniBaet (94),
byuxuus [ dHenpepbiBia TOuTH BClojgy Ha [a, b]. OO6paTHo, ecau
[ HempepelBHA TIOUTH BCOAY Ha [a, b), 10 (94) BbimosHeHO. 3HAUHUT,
BLITIO/IHEHO MIEPBGE M3 PAaBEHCTB (93), u, xax nokassBaoT (92) u (88),
JJI1 BCAKOro € >0 MOMXKHO HaWTH Takoe kR, YTO

U(th i)_‘L(Pk’ f)<€'v

cJefoBaTesblo, no teopeme 6.6, fC.% va [a, bl.

MHuorne COOTHOLIEHHS! MEXJAY HHTErpupoBanHeM H AHddepeHIHpo-
BauueM (GYHKUHI nepedocsaTcss H B neberoBckylo Teopuio. Ecan fE€ XL
Ha {[a, b] u

:
(95) F(x)::det (a<x<b),
a

to F' (x) = f(x) noutn Bcroxy Ha [a, b].

O6patho, ecan ¢yuxkuus F auddepennnpyeMa B KaxXKI0H TOUKe
cermenta [a, b] («nOYTH BCIOAY» 3Jech nejoctaTouHo!) u ecan F' €L
na [«a, b}, TO

F(x)—F(a)= SF'(t)di (@< x<b).

Jloka3zaTeNbCTBA MOXKHO HalTH B J00OH M3 JOCTaTOMHO MOAPOG-
HBIX KHHI' 110 TEODHHM HHTerpaJa.
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HuTterpupoBanne KOMMJEKCHBX (yHKLMi

Iyctb f-— KoMnJexkcno3HauHass (QYHKUHS, ONpejesieHHas Ha Mpo-
cTpanctee ¢ Mepoii X, f=uw-+iv, rhAe @ H U-—BeLleCTBEHHbI.
Mer Gyaem rosoputh, uTo GVHKIHS [ H3MepHMa, ecaH ofe QyHK-
LMH U H U H3MEeDHMBL

Jlerko mpOBePHTb, 4YTO CYMMBl H TNPOH3BEJEHHS KOMINIEKCHBIX
H3MepuMblX QYHKIHH cHOBa uM3MepuMbl. M3 teopemn 10.18 cuenyer,
uTo |f|-—H3MepuMas QYHKNHS, €cJH H3MepHMa KOMILIEKCHast PYHK-
nus f, Tak Kak

lf | = (42 02)1/’,

HonyctuMm, uto p— Mepa Ha X, E — u3MepuMoe NoAMHOXKeCTBO X,
a f-—xommiexcHasi ¢yHKnUs, onpejesnenHas Ha X. Mwp 6ynem roso-
puTh, uTO JE XL (1) Ha E, ecnu [ n3mepuma n

(96) 171 eo;
E

NpH 3TOM MBI noJjaraeM, IO OIPeaesCHUIO,

Sfdp: S udp%—iS vdp,

E E E

ecnd BomoJguero (96). Sflcuo, uto (96) BRIMOMHSETCST TOrJA H TOJBKO
TOrja, KOria uE,Y(u) v v€ZL(n) va E, tak kak |u|<|fl,
ol <IFl Fl<iul+ |

Teopemnl 10.23 (a) (d), (e}, (), 10.24 (b), 10.26, 10.27, 10.29,
10.32 Moryt 6biTb nepereceHbl Ha HHTerpaJn JleGera OT KOMIJIEKC-
HBIX dyukumii. [lokazaTenncTBa COBCEM TPOCTH, M TOJALKO JOKa3a-
TenbCTBO TeopeMbl 10.26 npejcrasisieT HEKOTOPHIH HHTepec. BoT oHo.

Ecan feZ (p) Ha E, TO CylecTByeT KOMIIEKCHOE HHCJIO C,
|c|=1, rakoe, 410

chdp:»O.

E

[MonoxuM g=cf =u-+iv, rae u u v BemecTBeunusl. Toraa

|$rdu|=c{ran={ean={udn<{1f1an.

3aMeTHM, 4TO WHCJIO Sgdu BEHIECTBEHHO (3TO CJefYyeT H3 nep-
BbIX JIBYX PaBEHCTB).
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dyHkuuM Kaacca L2

B kayectse mpunoxenust Teopun JleGera Mol H3J0KuM 0000LIeHHE
Teopembl IlapceBanst (KOTOpYIO MBI JOK43a/H JIHUIbL AJISI HENPEPHIBHAIX
¢yHkuui B ri1. 8) H Jokaxem Teopemy Pucca— ®umepa aas opTo-
HOPMaJIbHBIX CHCTEM QYHKIHE.

10.34. Onpegenenue. Ilycts X — H3MepHMOe MPOCTPAHCTBO.
Mu GygeM roBopHTb, YTO KOMIJIEKCHAast (YHKUHMA [ NPHHALJIEHKMT
Kaaccy £2%(n) Ha X, ecau [ usMepuMa H

(17rdp<too.
X

Ecimn p-—wmepa JleGera, 1o Mbl OyigeM nucaTe npocto [€ L2
Ecna f€ X% (p) (nayusast ¢ atoro Mecra Mbl 6yjeM ONyCKaTh CJIOBA
«Ha X>»), TO MBI [oJiaraeM, o OfpeieNeHHIOo,

' i ] 1/(.
= {\rpdu}
X ’
H Ha3biBaeM uucio || f || Hopmoit dyukuun f.

10.35. Teopema. [Tyems fE€ZL*(p) u ge£?*(n). Toeda
feet () u

(97) {liglan<itiiel

X

DTo HepaBeHCTBO, KAaK M B cJy4ae pSJOB H MHTerpasos Pumaua,
HaspiBaeTcst HepaBeHcTBoM [IBapua. Kak H B paccMOTpeHHHIX paHnee
cy4asix, OHO BbITEKaeT M3 HepaBelcTBa

o< §ari+rtghran=1712+2n § Hglduta2 g

X X

KOTOpPO€ BBLINOJIHAETCS NIPH BCAKOM BELLECTBEHHOM A.

10.36. Teopema. EcaufeL*(Wyuget?(p),mof+geL(nu
If+gl<lfi+lgl
NokasateabcTso. Hepasenctso IlIBapna nokaseiBaeT, dTo
ii+glr= e+ § re+ {7+ 1<
<UWFPE-+20F gl +lglF=W7+1glh

10.37. 3ameuanune. OnpefequM pacCTOAHHE MeXAY JByMs
dysxuusmu f u g B £2(n), nonaras ero pasubiM ||f—gll. SlcHo,



Dynkyul Kaacca L2 299

YTO BCE, KPOME OJHOro ycJqopus n. 2.17, sumosHsores. [leso B ToM,
yto u3 paBeHctBa ||f—g|l=0 ne camexyer, uro f(x)=g(x) mnpu
BCEX X, a CJeAYeT TOJbKO, 4To f(x)=g(x) TpH MNOYTH BCeX x.
Takum oGpa3oM, eclH Mbl OTOXKAECTBHM (GYHKIMH, OTJHYAIOMIHECH
TOJNBKO Ha MHOXECTBE Mepbl HyJab, TO FL?(U) OKa3biBaeTcsl METPH-
YECKHM TIPOCTPaHCTBOM.

PaccmoTpuM Teneppr £? Ha cerMeHTe BELIECTBEHHOI OCH € MepoH
JleGera.

10.38. Teopema. Henpepuisrve Qyuxyuu obpasyrom 6ciody
naomuoe mHoxecmeo 8 £* Ha la, b].
Tounee, 3T0 3HauuT, uTo AAs JioGoi Qyukuuu fE L2 Ha [a, 0]
u Jwoboro € >0 cymecTByer ¢yHKuMa g, HenpepuiBHas Ha [a, b]
M Takas, 4TO
b
e — Y 1/
Hr—gll (f—g)ide; "<e.

a

HJoxasatenbcTBO. Mbl 6yleM TOBOPHTb, YTO IIOCJEN0BATEIIb-
HOCTb {g,} anmpokcumupyeT ¢yHkumuio f B L2, ecm ||f—gnll—0
npu 1N —» 0o.

Ilyets A—3aMKHYTOE TNOJIMHOMKECTBO cermeHra [a, b], a K, —
XapakTepuCTHUecKast (pyHKLusg 3Toro nojmHoxectra. [lonoxum

t()==inf|x—y|  (y€A)

1 .
g,,(x)::T-_P«m(x) (n:1, 2, 3, ...).

Torpa ¢yuxkuus g, HempepuiBia Ha [a, b], g.(x)=1 nHa A
U gn(x)—0 Ha B, rae B=|a, bj—A. 3nauur,

| gn—Kai = {g g%dx}l’/z—»o

B

no teopeme 10.32. Mrak, XxapakTepucTHuecKyio PpyHKIHIO 3aMKHYTOrO
MHOXECTBA MOMXKHO anNpOKCHMHPOBaTL B Z£? MNOC/IeL0BaTeJbHOCTHIO
HeNpepblBHLIX (PYHKLHH.

Coraacto (39), To e BepHO H B OTHOLIEHHH XapaKTepUCTHHE-
CKOH . QYHKUHH JIOGOTC H3MEpHMOrO MHOXKEeCTBa, H, CTalo ObiTh,
B OTHOWEHHU JI060H npocToll H3MepHMOH (DYHKIHH.

Ecau f>0 u fEZL® To nycth {s,}—Takas MOHOTOHHO BO3pa-
cTawliasi NOCJeOBATENBHOCTh NPOCTHIX HEOTPHLATENbHBIX H3MepH-
MBIX OYHKIHH, 4TO S, (x) — f(x) npu Bcex x. Teopema 10.32 noka-
abiBaet, 410 || f—sp||— 0, Tak kak |f—s, |2<<|f %

Orciopa chiefiyet yTBepikKJeHue TeopeMbl U B ofuieM ciyuae.
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10.39. Onpenenenune. Mo OyleM rOBOpPHTb, 4YTO [OCJAENO-
BAaTEJNbHOCTb KOMIJIEKCHBIX (YyHKUMH {¢,} ecTh opmoHopMaibHas
cucteMa (GYHKUMHA HAa W3MepHMOM npocTpaHcTBe X, €CJH
S = 0 (nstm),

Cnfm AR =1 (n=m).

X

B uacTHOCTH, MOJKHO BBHINOJHSTHCA BKJIOUEHHE @n€ L£2%(n). Ecan
fEZL?(u) u ecnu

Cn:Sf-(Bndl" (n=1,2,3,...),
X

TO Mbl OyjeM NHCATb

(=]

f~ 2 Cngpm
n==1
Kak B onpejeyesnn 8.10.

AmnajoruuHo pacnpocTpaHsiercss Ha J£? (Mam jpaxe Ha L) onpe-
JieJieHHe TpHroHoMeTpuueckoro psaga Pypee Ha [—m, n]. Teopemsl
8.11 u 8.12 (nepasenctBo Deccensn) Bepubl ans moboil f€ L2 ().
JlokasaTesbcTBA JOCJOBHO Te Ke.

Teneps Mbl MOXKeM JoKaszaTh TeopeMy [lapceBaus.

10.40. Teopema. Ilycrs
(98) Fx) ~ D) cueins,

20e f€ £% na|—m, n}. Ilycms s, ecmo n-1 wacmuas cymma pada (98)
Tozda

(99) lim | f —sa || =0,
oo -$00 .
(100) Nlenlr= {17125

HokazarteabcrtBo. Ilyete e>0. Ilo Teopeme 10.38 cyme-
CTByeT HemnpepniBHasd (yHKHIHA g, Takas, 4TO

IF—gll<<%.

Jlerko BuAeThb, 4TO QYHKUHIO g MOXKHO nojobpaTh TakK, 4ToOBI yHO-
BJIETBOPAJIOCH ycioBHe g (n)=g (—mn). Toraa g MOxKHO NPOAOJIKHTDL
Ha BCIO NMPSMYIO KaK HeNpepeiBHYIO NepuopHyeckyio o¢yHkumio. Ilo
TeopeMe 8.16 cymecTByeT TPUrOHOMETpHUeCKHH MHorousen T creme-
nu N, Taxkoit, 4To

lg—Ti<%-
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3uauut, no teopeme 8.11 (B ciyuae £2?) upu n> N umeeM
[sa—FISIT—[lI<e,

otkyZa u caeayer (99). Pasencteo (100) momxuo BeectH 3 (99)
TAK XKe, KaK TP jI0KasaTeJbCTBe Teopemhl 8.16

Cunencreue. Ecau f€L? na [—mn, n} u ecau
n
5 fx)emindx=0  (n=0, +1, £2, ...),

-7t

mo | fi|=0
Takum oOpasom, ecau aBe QYHKOMH HMEIOT OJHHAKOBHIE Psijibi
Dyphe, TO OHH COBNAJAIOT NOYTH BCIOAY.

10.41. Onpenenenne. Iyetb fufo€L2(n) (n=1,2,3,...)
Bynem roBoputh, uTO NoCaEA0BATEALHOCTD {f,} cxonuTCs K [ B P4 (p)
ecJiH |\f,,~f | — 0. byaem rosoputb, uto {f,}— 0CJIEN0OBATENLHOCTD
Ko B £2(u), ecan pas JioGoro e >>0 cymecrByer ueioe N,
TaKoe, uTo u3 n>N, m>N caenyer uepaseHcTBO ||fn—fn| <e.

10.42. Teopewma. Ecau {fn} — nocaedosamessrocmo Kowu
6 L*(n), mo cywecmsyem pynkuyus f€ L2 (n), makas, umo {f.}
cxodumea K [ 6 £2(w).

Hpyrumu cjioBamu, £2 (1) —NOJHOE MeTPHYECKOe MPOCTPAHCTBO.

HokasarteabctBo [Ilockoaeky {f,} — mnocienosarebHOCTD
Kouy, To MB MOXKeM HaHTH Taxyfo CTPOTO BO3PACTAIOLLYIO THOCJEJO-
BaTeabHocTh {nx}, k=1,2,3, ..., uro

Hf"k_f"h+1“<§Z (k=1,2,3,...).

BuiGepem dynkuuio g€ £%(n). B cuny wsepasenctsa Illsapua,

{18 (ny—fmy, )l dp << E1
X
3nauur,

(101) X 18 (= Py, ldn < g .

1 X

;1[}/8

[To Teopeme 10.30 MBI MOXKEM IOMeHSITb MECTAMH CYMMHPOBaHHE
u unrerpupoBanue B (101). CuepoBarenbso,

(102) 18 2 [fn, () = iy, (0) [ <ot o0
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noutH Bcroay Ha X. Ilostomy

(103) 3 gy () =y (9] < o0

noutd Beloay Ha X. Jlelictsuresbto, ecau 6bl psag (103) pacxoauscs
Ha MHOKecTBe £ NOJOMHTEIbHOH Mepbl, TO Mbl MOTJIH Obl BHIOpaTh
GYHKIUMIO g OTJIHYHOM OT HYJIST HAa MHOMKECTBE TOJNOXKHTENIbHOH MepH,
coepxamemca B E, u npuATH K uporusopeunio ¢ (102).
[Tockoabkry k-s wacTHast cyMma psija
oo

> (icnkH (x) "fnk (x)),

k=1
cxopsamerocss nmo4YyTH BCIOAY Ha X, copnajaetr c

f"k+1 (x) = fn, (%),

f (x) = lim f, ()

TO PaBE€HCTBO

onpejensier f(x) ana noutu BceX x € X, H HEBAXKHO, KaK Mbl Ompeie-
JauM f(x) B OCTa/lbHBIX TOUKaXx MHOXecTBa X.

Tenepb Mbl mokaxkem, 4to (yHKUHs f oOnafaeT HYXHBIMH CBOM-
ctBamu. Ilyeth &>0. Bosbmem uucao N, yKasanuoe B omnpepese-
Huu 10.41. Ecau n, > N, 1o teopema Pary nokasbiBaeT, uTo

Hf*fnhiK}lj[l H,fni"]cnh II<e.
Taxum obpasom, [—fn, € L%(1), a TaK Kak f=(f—Fn,) + fn, TO
f€ £?%(n). Kpome Toro, BBHLY NMPOHU3BOJNLHOCTH YHCJA e>0
tim [ —a, | =0.

Hakonel, u3 HepaBeHCTBA
(104) 1= Fa < F = Fuy 141 o — P

CleAYeT, UTO TOCAeNOBaTeNbHOCTL {fp} cXomutcs K GyHKUMH [
B £2%(u); HefiCTBUTENbHO, BLIOHpast 1 U flp JAOCTATOYHO OOJIBUIMMH,
MbI MOMKEM CjesiaTh 06a cjlaraeMblx B 1paBoil yacTH HepaseHcTBa (104)
CKOJIb YTORHO MaJIbIMH.

10.43. Teopema Pucca—®umepa. ITycms {@n}—opmo-
Hopmasvnas cucmema Ha X. Jonycmum, amo paod Mien|? cxodumes,

U NOAOKCUM  Sp=C;@(-- ... - Co@pn. To20a cyugecmeyem GYrKUUA
f€ L2 (n), maxas, umo {s,} cxooumca K [ e L*(w), npuden
[~ 2 CnPn-

n=}
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Hoxaszareasnctso. Ecau n>m, 10

H Sp——Sm !I2 = | Cm+1 lz+ ceoHlenly
TaK 4TO {S,}— MocaegopateabHocTs Kown B £2 (1). o Teopeme 10.42
cymectyeT dyHKuus f€ L2 (n), takas, 4to
fim || f—sa || = 0.

N-»c0o

Tenepe npu n >k
{ Fondu—cu—{ fondu—{ sopn a,

X X X
TaK 4TO

| ondn—ch| < —sli- @l = F—sa ]
X

[lonaras n— oo, monyuaem

chzgf@,du (k=1,2,3,...),
X
H A0Kas3arteJbCTBO 3aKOHYeHO.

10.44. Onpenenenune. OproHopMaibHasi cucTeMa {@,} Ha3u-
BaeTCH NOAHOL, eClNH U3 TOro, 4to fE€ L2 (M) u

chﬁ,.dpzo (n=1,2,3,...)
%

creayer, uto || f[[=0.

M3 teopemsr 10.40 u paBenctBa Ilapcemans (100) caenyer moa-
HOTAa TPHIOHOMeTpHuecKoi cuctembl. O6partHo, paBenctso [lapceBass
BBIIOJIHAETCA AJs1 JH0OOH IOJHOH OPTOHOPMAJIBHOR CHCTEMBI.

10.45. Teopema. [Tycms {¢,} — noanas opmonopmasbHas
cucmema. Ecau f€ L% (1) u ecau

(105) f~ 3 entn,

mo

(106) =3 tar
X n=1

HoxasateabctBo. M3 HepaBenctea Dbeccens creayer, uto
N ! :
psin 2 cn 2 cxomutes. omoxum

Sp=C{Qy -+ ... + CaGn.
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B cuay teopembi Pucca—®uumepa cyumecrsyer byHnkius g€ L2 (p),
TaKasi, 4TO

[e¢)

(107) g~ }j! Cnn
n=1
H {{g—Sn| - 0. 3naunr, ||s,!—| g|l. TTockonbky
lsnllP=lci P+ e 2.
TO
(108) Vlgrdn=3) e
X n=1

Tenepp u3 (105), (107) m noaHoTnl cHcTeMbl {¢,} CJaenyer, 4TO
f—gll=0, tak uyro u3 (108) caeayer (106).

KomMGunrupysi teopempl 10.43 u 10.45, Mul NIPUXOJAUM XK OueHDL
HHTEpeCHOMY BBIBOAY: KaxKJas 1I0JIHAd OPTOHOPMAJsbHasi CHCTeMa
[OpPOXKJaeT B3aHMHO OJHO3HAYHOE COOTBETCTBHE MeXAY (PYHKIHSIMH
fEZL?(n) (npuyeM QYHKIUHH, COBNAJAIONHE MNOYTH BCIOAY, OTOXKIe-
CTBJISIIOTCH) ¥ TOC/JEJ0BATeNbHOCTAMH {Cp}, I/ KOTOPHIX CXOLHTCS
pan X lca % Tlpeacraienue

[Se)
[~ Z Cnn
n==1

u paBeHcTBO [lapceBans moxaseiBaoor, uTo £ 2 (W) MOXKHO paccMaTp-
BaThb KaK OECKOHEYHOMEPHOE €BKJIMJOBO IIPOCTPAHCTBO (TaK Ha3bl-
BaeMoe «THJIbOEPTOBO TNPOCTPAHCTBO»), B KOTOPOM TOYKa [ HMeer
KOOPJAMHATH C,, a QYHKUHH ¢ CJAYKAT KOOPJHHATHBHIMH BEKTOPaMH.

YnpaxsHeunus

1. Ilyete f»0 n Sfdp:U. Hokaszats, uto f(x)=0 mourn
E
BClofy Ha E.

¥kazanue. Ilycts E,—noaMHOXKECTBO MHOXKecTBa E, Ha KOTOPOM
f(x)>1/n. Tlonoxum A= |JE,; p(A)==0 Torja u TOJILKO TOrza,
Koraa u(E,)==0 npu Bcex n.

2. Ecan Sfdp,——-—O IJISl BCSKOTO H3MEDPHMMOrO MOJAMHOXKECTBa A

A
muoxectBa E, to f(x)=0 nours Bciogy Ha E.

3. Iycrp {fn}— nocnenoBatenbHoCTb H3MepHMbIX dyHKIUE. [loxa-
3aTh, YTO MHOMECTBO TOYeK X, B KOTophiX {f,(x)} cxonurcs, H3Me-
pHMO.

4. Ecmu fe€ X (p) va E, a dyHKUHS g OTpaHHYEHA H H3MeDHMa
Ha E, 10 fg€ L {p) Ha E.
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5. Tomnoxum
0 (0<x<1/2),
g('“)”"[l (1/2<x<1),
fon (x) =g (x) O<x <),
farrs (1) =g(l—x)  (0<x<1).

Toraa lim f, (x)=0 (0<x<1),

HO B
i
{ i dr=.
0
(cp. ¢ (77)).
6. Ilycrs
[ (xi<n),
f"(x):i — (lx<n)
L0 (jx|>n).

Torpa fn(x) — 0 paBHOMepHO Ha R!, HO

(e}

S fade=2  (n=1,2,3,...).

—_—3
2}

(Mbl nuIem \ BMECTO S > Takum oBpasoM, U3 paBHOMEpPHON CXO-
~

JUMOCTH He CJeJyeT OrpaHHYeHHAass CXOJHMOCTb B CMBICTE Teope-

Mol 10.32. OxHaxo Ha MHOMXECTBAX KOHEYHOI Mephl paBHOMEpPHO

¢XOAsLIMeCT TOCAeA0BATeILHOCTH OrPAaHHUYEHHBIX (YHKIME CXOIATCS

OrpaHHYeHHO.

7. Halitu ycnosue, HeoOXOXHMOe H JOCTATOUHOE AJSI TOTO, YTOOHI

f€.% (a) na la, b]

Yxasanue. Pacemorpers npumep 10.6 b) u Teopemy 10.33.

8. Econ f€.%2 na [a, b] u ecint F (x) = f(z‘) dt, To F'{x)=[(x)

QR

NoYTH BCIOAY Ha {a, b].

9. Hoxasatb, uto dyHKius F, 3ajausast pasBenctsom (95), Hempe-
peiBHa Ha [a, b).

10. Ecmn p(X)<<-+co u fELA(n) va X, 10 f€ L (n) na X.
Eciu
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TO 3TO, BooOwe rosopsi, HeBepuo. Hanpumep, ecnu

N 1
f(«\)—-‘m;—l,

10 fEZL? na R, Ho f¢ £ Ha R.
11. Ecm f, g€ £ (1) na X, To onpeequM pacCTosiHHe Mexay f
M g, nojarasi ero paBHbIM

\17—gldn.

X

Hoxkasarte, uyto &£ (1) — noNHOEe MeTpPHYECKOe [1POCTPAHCTBO.
12. HonycTtuMm, uTO

(@) |f(x, )<, ecn 0o, 0y,

(b) npu dukcuposanHoM x ¢yHkuua f(x, y) HenpepsiBHa 1O Y,

(c) npu ¢ukchupoBanHoMm y byukuns f(x, y) HenpepniBHA nO X.
TTonoxum
1

g)={rxydy ©<x<.
0

HenpepoiBua au ynkuusa g?
13. PacemoTpum ¢yHKIuH

fn(x)=sinnx n=1,23,..., —ngx<n)

KaK TOUKHM mpocTpaHcTBa ¥2. JloKasaTh, UTO MHOMKECTBO 3THX TOUYEK
3aMKHYTO H OrpaHHYeHO, HO He KOMNAaKTHO.

14. Jloxa3aTh, 4TO KOMMJeKCcHad (yHKuHA f u3MepuMa TOrAa
H TOJbKO TOTrAa, Koraa MHoxecTBO f1(V) uaMepuMmo, KakoBo Gul HH
6LIIO OTKPBLITOE TJIOCKOE MHOXKecCTBo V.

15. Ilyctb £ —KOJBLO 3JEeMEHTapHBIX MOAMHOXECTB MPOMEXYT-
kKa (0, 1]. Ecom 0 <<a<<b<1, TO nmonoxum

¢ (la, b)) =9 (la, b)) =9 ((a, b)) = ¢ ((a, b)) =b —a,

ecan 0 << b 1. Tlokasath, 4TO 3THM OnpefieseHa ajAuMTHBHAsL GyHK-
LMSl MHOXECTBA Ha %, KOTOpas He peryJsipHa M He MOXeT ObiTh
NpofoJ/KeHa 0 (QYHKIKH, CUETHO-aJAMTHBHOH HAa O-KOJble.

16. Tlyctb {n,}— Bo3pacrawias nOCJAeLOBATENBbHOCTD MOMOXKH-
TeJNbHbIX TeABX uHces, a E -— MHOXKeCTBO BceX Touek x € (—m, m),
B KOTOPBIX CXOAMTCS nocJefoBaTeNbHOCTb {sinngx}. [loka3aTb, 4TO
m(E)=0.
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Vkasanue. Tlpu n06om A < E

S sin npx dx — 0
A

2 S (sin mpx)?dx = g (1 —cos2npx)dx —m(A) npu k—> co.
A A

17. HMonyctum, uro E = (—m, n), m(£)>0, § >0. Bocnoaszo-
BaThCSl HepaBeHCTBOM beccenst AJAsl  A0KasaTeNbCcTBa  TOTO, 4TO
nMeeTcs He 6Goslee ueM KOHEYHOe YHCJAO TAaKHX UeJBIX 71, 4To sinnx > O
npu scex x€E.

18. Tlycrs fEZL2 (1), g€ £L2(n). Hoxasats, uTO

| § rgan]"=§172dn § g1

TOTl@a M TOJbKO TOT/iA, KOTAAa CYLIECTBYET TAaKOe 4YHCJIO ¢, 4YTO
g (x)=cf (x) noutu Bcioay. (Cp. ¢ rTeopemoir 10.35.)
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Buxps 269
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Hue 233
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65, 105
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Fapmouuueckass ¢yuxuus 270
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— sapo 210
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Ma
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191
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267, 297
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Hyra 153
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3amxHyTas ¢dopma 268
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266, 296

— CcYeTHas alAMTHBHOCTH 287
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— npoussoaHon 141, 296
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creo 298,

Wurtepsan 40, 52
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K.erka 40, 48
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Koumn O.

KpuBas 15'3
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153
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— cnpaMasemas 153
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— Mepa 280

— Tteopema 290, 293
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Jluneiiusiit onepatop 222
JIndelinbiXx npeo6pasosanuil cymma 222
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Jlorapnpm 31, 201
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Jloxaausaunn rteopema 211
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Jlokanbublit Makcumym 116, 263

Jlonutans npasuao 119, 123

Marpui npoussesedne 226
Martpuua 225

Mepa 281
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Meptenc ¢. 84
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-— cosepuieyHoe 41
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— npejea 65
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— orkpuToe 111, 234

— npocroe 239, 266

— paBHOMepHoO HenpephiBHoe 100
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MapceBana Teopema 214, 300

Ilepemeunnix 3amena 152, 247

Tlepeceyenne 36

Iepecranoerka 86, 196

Ilepuognueckas o¢yukuus 203

[Maockocrs 30

IlnotHoe noamuoxecrso 41, 55, 107,
111, 186, 299

[Tnomans 269

Tosepxuocrs 250

INoamuoxkecrso 32

— mJaoTHoe 41,
299

— coberBerHoe 32

Tloanocnaegosarensuocts 61

INMokasarenrrast ¢yHkuus 198

Ilokpuite 45

INonuas sapuauus 148, 150

— OpTOHOpMaJsbHas cucrema 207, 300

~— IIpoH3BOLHas 227

ITonHoe MeTpHyeckoe TpocTpaHcTBo 64

TonoxurenbHoe ceyenne 12

Tlononnenne 91

IMopsgok 9, 13

[TocnenoBarenbHocTs 34

— Boapacrawuas 65, 105

ABokHas 161

Kowwu 62, 186, 301

MOHOTOHHAA 65

orpaHduedsas 57

MOTOYEYHO crpaHHueHHas 173

— cxoxswasics 160

paBHOMepHO orpaHuueHHas 173

— cxopsiuasica 163

pacxoaawascs 57

cxonswascs 57

[Toroyeunas cxopumocth 160

IToToyeuno orpaHHuYeHHas rnocJaefoBa-
TeJbHOCTh 173

Iloutn Bclogy 289

IIpasuno aAnddepeHUHPOBAHUS CJOK-
Ho#i byHKuuu 115, 228

IlpaBocTopoHHui npegena 104

[pegen 57, 93

— BepxHHH 65 .

— JeBoCTOPOHHHA 104

— HHXHHH 65

— NOANOCJe]OBATENLHOCTH 61

~— JnpaBocTopoHHHil 104

IMpenennnas Touxa 40

~— ¢yHkuns 16

TIpeo6pasoBanne nHHeliHOE, CM. TaK-
ke Orobpaxenne, dyukuusa 221

Ipusnak danambepa 76

~— Kown 75

— cpasHenus 70

IMpoussenenue 15, 25

— BHYyTpeHHee 29

— Komu 82

— MaTpul 226

— onpepenureneit 242

npeo6pasoBaHuit 222

panos 82

cKkansipHoe 29

55, 107, 111, 186,

I
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Iponseezenne ¢dopm 252

— oyHkunit 94

Ipouspoanas 113

— BeKTOpHO3HauHOH GyHKuuH 121

—- BHCUero nopsaka 120

— uHTterpaaa 140, 266, 296

— oTobpamenns 226

— foaunas 227

— 1o HanpasiceHHIo 264

— topmbr 253

— uacTHas 229, 249

IlpoussoiHoli HHTerpupoBaHHe
296

Ipomexyrounoe 3xauenue 103

IlpooGpas 32

Ipocrast samkHyTas Kpusas 153

— ¢yHkuus 284

Ilpocroe orobpaxkenne 239, 266

Ilpocroit paspui 104, 108

IlpocrpascTBo ruabGeproso 304

— eBKaHaoso 29

— wusmepumoe 281

— uHTerpupyemuix ¢pyukuuit 298, 305

— KOMNAaKTHOe MeTpuueckoe 46

MeTpHuyeckoe 38
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— ¢ Mmepoit 281
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141,

PaBHoMepHasi HenpepriBHOCTE 100

—~ OrpaHHYeHHocTh 173

- cXogHmocTb 163

PaBHoMmepHO 3aMKHyTas ajareGpa 181

PaBHoMepHO HemnpephiBHOe 0To6parke-
Hue 100

Papnomepnoe 3amukanue 181

PasHocrenenkass HenpepbiHOCTE 175

Panuyc 40

— cXoauMmocTH 79

PasGuenue 129

Paspenenne touek 181

PaamepHocts 219

Paspeisn 104

— npocreie 104, 108

Paunr 236

Paccrosinue 39, 110

Pacxoasmasics nociegosarenbHocTs 57

Pacxopsmmniicas pag 69

PacumupenHas cucreMa BeIeCTBEHHBIX
uncen 23
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Paunonaabsas yHkiuusa 98
Paunonaanuoe ceyenie 12

— uncao 9, 38

Peryasipras ¢pyHKuns Muoxkecrsa 274
Pumaun B. 86, 207

Pumana unrerpasn 130

Pumana — Cruastbeca wuuterpasa 131
Pucca — ®uwepa Teopema 302

Pap 69

— alcomoTHO cxoasutuiics 81

-~ 0e3yc/0BHO cXxoasiuuiica 86

- 3HaKomepemeHHb 81

— pasnoMepHo cxoasuiica 163

— pacxoasuuiica 69

~ crenenHon 79

— cxoasuuiica 69

—— TpHroHomerpuHueckuit 206

Psajos npoussejgenne 82

Camoconpskennas anreGpa 184
Cpsi3Hoe MHOXecTBO 52

— TmpocTpaHcTBO 52

Cermenr 40, 54

CenapaGenboe NPOCTPaHCTBO 53
Ceuyenne 11

Ckansipuoe npoussegenue 29
CuMMeTpHuecKas pasHocTh 276
Cumnaexkc 246, 257

Cucrema oproroHaabHas dyukuuix 207
~— NoJHasg opToHopMaabHas 300
Caoxenune, cm. Cymma

Cuoxennsa gopmyna 198

Cob6cTBeHHOR NOJLMHOXKECTBO 32
CoBepuentnoe Muoxectso 41, 51
ConpsKeHHOE KOMIVIEKCHOE uHcao 28
CnpsimnsieMass Kpupas 153
Cpeanee apuopmernueckoe 89, 212
CpeasekBazpaTHyHoe npubanxenne208
Cranpaptusiii Gasuc 220
Crenennoft psax 79

Crokca TeopeMa 261

Crona — Beiiepwrpacca reopema 178
Cy:xenne 109

Cymma 14, 25, 29

— npuddepenusaspbx dopm 252

— JuHeliHblX npeobpasosanuii 222
— paza 69, 160

— QyHKUxit 94

— uemneil 259

— vyacrHag 69

CymMupoBanue no udacram 80
CywecrsoBanus Teopema 190
CxoxumocTu panuyce 79

Cxoanmocts 57

— abGcoatotuas 81
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Cxoaumocts GesycnoBHas 86

— orpaundyeHHas 293

— nocJjejgosaTtenbHocreit 57

— noroyeyrass 160

— pasHomepHast 163

— pajos 69

— ¢ Maxopaurtoit 293

CyeTHast afIMTHBHOCTb HHTerpasa 287

— 6Gasa 55

CuerHo-aqauTHBHash GyHKIHA MHOXKe-
crea 272

Cuertoe MuOXKecTBO 33

Teitztopa teopema 120, 196

Teopema 0 MOHOTOHHOH cxofuMocTH 290
— — HesnBHOW ¢yHKUHH 234

— — obpatuoli yukuuu 231

— — patre 236
~ ~ cpeaHeM 3Haueuwun 117, 124,
151, 152

— — cXoauMocTH ¢ Ma)kopaHTo# 293
— MoJHOTH 19

Tounas sepxusas rpasuna 20

~ HHXHAA rpanuna 20

— ¢opma 268

Tpuronomerpuueckas ¢yskuus 202
TpuroHoMerpuueckuii Muorousen 206
— pax 206

Y6risatowas 10CJIEIOBATENbHOCTD,
¢yHkuus 65, 105

Yuuoxenue, cm. Ilpoussenenue

YunopsagoueHHoe nose 18

dary Teopema 292

Peiiepa aapo 210

dopm npoussenennsa 252

— cymma 252

dopma 250

— GasucHas 251

— 3aMkHyTas 268

— kjaacca g', g" 250

— TouHas 268

dopmbl npor3BojHas 253

dyukuuu abcosioTHoe 3HaueHue 16,
25, 97

— Bapuanmusa 144

— xkoMnonenta 97

— npegea 160

dyukung 32

— ananuTHueckas 192

— BeKTopHO3HauHas 93

— rapMouuueckas 270

Auddepennupyenas 113,

dyHKUNA
226

HaMepuMmas 282

- 10 Bopenio 284

HHTerpupyeMass no JleGery 285

— — Puwmary 130

KoopauHaTHas 98

JuHeiHas 221

norapudpMaueckas 201

MoHOTOHHasn 105

HenpepuiBuast 95

Hurge He auddepenunupyevas 172

- of6parnas 100

— orpaHuuyednuas 99

— oOrpaHHueHHoOH Bapuauuu 144

— mnepuopuueckas 203

— InokasatensHas 193

N

npocras 284
paBroMepHo HenpepuBRas 100
paunoHanbHas 98
TpurotoMerpuueckast 202
XapakTepucrudeckas 284

Pyukuuit oproronaasnas cucrema 207,
300

- npoussejenue 94

— cymMma 94

dypre K. B. 206

Qypne kosbpduuuents 206, 207

— paa 206, 207

XapakTepucriueckast ¢pyHxunsa 284

Hens 259

Yacraas npoussonsas 229, 249
— cymMa 69

Yucso aare6panyeckoe 54

— BepxHee 11

— BpeliectserHoe 18

— wWppauxoHaiabHoe 9, 75

— KapauHaabHoe 33

— KoMmJaekcuoe 24

— nuxHee 11

Hlap 40

Jitnepa nocrosxuas 216
DKBHBAJEHTHOCTH OTHOMEeHHE 33
DaemedTapHoe MHOxKecTBO 273

Axo6uan 244
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Y. Pydun

OCHOBH
MATEMATHUYECKOTO AHAJIH3A

Penaktopwt M. H. layxnukosa, E. A. I'opun
Xyunoxuuk A. I'. AnTOKOSBa
Xyaowecrsenuntii pegaktop B. H. llanosanrvs
Texuugeckuit pegaxrop E. C. [loranenkosa

Moanicano & mevyartn 24/11 1976 r.
Bymara odcer. Ne 2 60 X 90Y = 10 Oym. 1.
20 ney. N, Y4y.-u34. a. 16,17
Han. Ne 1/8592
Llewa | p. 33 k. 3ak. 123

H3JATENLCTBO «MHUP»
Mocksa, 1-fi PHckHil nep., 2

IDKCNEPHMEHTANbHAA THIIOrpagHA
BHHUH noaurpaduu
TocyaapcTBEHHOTO KOMHTeTa

Coseta Musnucrpo CCCP.
no AedaM WM34aTeNbCTB, NOJHrpaduu
H KHYKHOH TOPTOBJH
Mocksa, K-51, liserHoit OyabBap, 30
Orneyatano ¢otoodceTom
HA JABYXKPAaCOYHOH OQCeTHOH MatluMue
¢ MepeBOPAYKBAOIHM YCTPOHCTBOM



