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MMPEAUCJOBUE K PYCCKOMY M3JAHHUIO

[naBuas 0coGeHHOCTb CHMMETPHHM KPHCTAJJI0B — IPOCTPAHCT-
BEHHAs NEPHOIMYHOCTE HX CTPYKTYPHL. Teopus npocTpaHCTBEHHBIX
rpymnm, nossojsiouiast 3G PpexTHBHO y9eCcTb 3TO CBOMCTBO CUMMETPHUH,
yCHeIllHO NpHMeHSeTcs NPH pellleHHH HIHPOKOTO Kpyra 3ajxay (puau-
KM TBepAOro Teaa. JloCTATOUHO YNOMSIHYTb Takde XOpOLIO H3BecT-
HBle 006JacTH, KaK TeOpHS KPHUCTAMJIHYeCKOro moJsd, MeTol addex-
TUBHOH MacChl B TeOpHH NOJYIPOBOAHHUKOB, PACUeThl 3JIEKTPOHHBIX
# GOHOHHBIX CIIEKTPOB TBEPAHIX TeJ, aHAAU3 NPaBHJI oTbopa [Jst
BCEBO3MOIKHHIX ONTHYECKUX NpolleccoB. Bo Bcex aTHX 3ajauax yuer
CHMMETPHH TO3BOJISET He TOJbKO YIPOCTHTh MaTEMATHUECKOE OIH-
caHHe, HO U TNOJYYUTb DPSiJ TOUHHIX Pe3yJbTAaTOB, BHITEKAMOIIHX H3
o0lIuX CBOHCTB ABJEHHS M HE CBA3AHHBIX ¢ KOHKPETHOH MOAEJNbIO.

Xots dopmanbHast TeOPHS IPOCTPAHCTBEHHBIX IPYHIN CYLIECTBYET
yXKe B TeueHHe NJIUTEILHOTO BPEMeHH, ee NMPaKTHUeCKOe NpHMeHe-
HHE, B OCOOEHHOCTH 3KCMEPHMEHTATOPaMH, TOPMO3HTCA H3BECTHOH
CJIOXKHOCTBIO M HENPHBHUYHOCTbIO MATeMaTHuecKoro ammnapara. Mex-
Iy Te€M TeOpHUsl NPOCTPAHCTBEHHBIX TPYII HPOAOJKAET YIIYBISATHCS
U COBEPUIEHCTBOBATHCH C OJHOBPEMEHHLIM pACIIHPeHHeM 00JacTH
ee TIpPHMeHeHHS. _

EcrecTBeHHO, YTO NpPaKTHUECKHE HABBHIKH HCIONb30BAHUS TEOPUH
NPOCTPAHCTBEHHHIX T[PYII Jerie Bcero IPHOOPeCTH NPH H3YUeHUH
POJIH CUMMETPHH B KOHKDETHHIX (pU3MUeCcKHX 3ajgauax. B mociaennue
rOAEl HA PYCCKOM fI3bIKe BHIWIO HeCKOJbKO MOHorpaduil, HanucaH-
HBIX MMEHHO Mo TakoMy npuHuumy [115, 120, 121].

 [lpennaraemMas BHUMAHHIO COBETCKOTO 4HTaTeads MoHOrpadus
H3BECTHOI'0 aMepHKaHCKOro teopetuka . Bupmana, nponoskas
9TO HaNpaBJeHHe, CYHIECTBEHHO MOTOJHSIET JHTePATypy IO TEOpUH
. CUMMETPHH KpHCTaJnos. B moHorpadun naercs 0630p coBpemeH-
HOI'O COCTOSIHHA TEOPHH NPOCTPAHCTBEHHBIX TPYNI € yueTOM HOBeli-
UIHX pe3yJabTaTOB, MOJYYEHHEIX, B YaCTHOCTH, aBTCPDOM H €ro
COTPYAHHKAMH, H TUOAPOOGHO H3/araloTcsl METOAB NPaKTHYECKOTO
HCNOJb30BAHUs almapaTa TeOPHH B 3ajauaX AMHAMHKH KPHCTaJIH-
4eCKON pellleTKH H ONTHUECKHX NPOIECCOB, CBA3aHHBIX ¢ (OHOHAMHU,

OrauunrensHas ocob6eHHOCTb MoHorpaduu k. bupmana — uc-
NONb30BaHHE CHMMETPHH «OT Hauajia U A0 KOHIa». DTO O3HAYaerT,
BO-NEPBLIX, YTO H3JIOXKeHHe caMOfi TeopHH KoJeOGaHHHA peileTKH Be-
AeTcs ¢ NO3HUHMA CBOACTB cuUMMeTPHH (B OTJIHYHE OT OGHIYHOTO
NnoAXOAa, [[e CHauaja CTPOUTCS TeOpHs, a 3aTeM TNpPOBOAMTCA
aHaJIu3 CBOMCTB CHMMETPHH); BO-BTOPLIX, 3TO 03HAYAET MAKCHMaJlbe



6 - IMpeducaosue x pycckomy uzdanuro

HOe HCMOJb30BaHHE CHMMeTpHH, 4TO [OCTHFaeTCs MOCTPOEHHEM
MaTpuy npuseieHus (koadpduuuentos Kaebmwa — 'oprana). Kuura
JIxx, DBupmana — mepast MoHorpacdHsi, rie H3Jjaraercs TeopHus
ko3 dunnentos Kaebmwa — Foprana nas npocTpaHcTBeHHBIX TPyl
U NpUBOAATCA HX TabJMUEL AJas papxa rpymnn. Bropasi xapakrepHas
yepTa KHHTH — NOJAPOOHEeHIUHH aHAaAH3 ONTHYECKHX 3IKCIEePHMEHTOB
C TEOPETHKO-TPYNINOBOH TOYKH 3peHUs] M CPaBHeHHe pe3y/bhTaTos,
NOJYYeHHEIX PasHbIMH MeToZaMH. DTOT MaTepHad CJAYKAT Kak
HWJJIOCTPATHBHBIM, TaK H Y4e6HBIM [edM U IOKAa3blBaeT, KaKUM
06pa3oM H A0 KaKOH ryiyOHHBI SKCIIEPHMEHTATOP MOXKeT UCMO0JAb30-
BATb TEOPHIO TPYNI NPH aHaau3e CBOUX pe3yabratos. HakoHern, He-
COMHEHHYIO LeHHOCTb KHHTe IPHIAI0T OGHIHDHbIE H HOZLpOﬁHbIe Tab-
JIHIE KO3(PPHIHEHTOB TPUBENeHHs] AJS TPeX BasKHEeHIIHX MPOCTPaH-
CTBeHHHIX TPYIH: ajMa3a, KaMeHHOH COJMH H IHHKOBOH OOMaHKH.

Copnepxauue MoHorpadHH ecTeCTBeHHBIM 00pascM jeluTcs Ha
ABe uwactH. IloaToMy B pycckoM H3JZaHHH OHa BHINVINEHA B ABYX
ToMax. B nmepBoM TOMe H3Jaraercss o0mias TeOPHs OPOCTPAHCTBEH-
HBIX TPYIN, PacCMaTPHUBAIOTCA METOABl HX NPHMEHEHHH, a TaKKe
BEONPOCH JIHHAMHYECKOH TeopHH KpucTamaoB. OCHOBHOe BHHMAaHHE
yaeJsieTcs 3ajave pPa3JjoOXKeHHs NPeJCTABJEHHH HAa HeNpHBOJUMBIE
COCTaBJAIOIINe, ABIAOLUEHCT OCHOBOH (HU3HYECKHX [HpHMeHeHHH
teopun rpynn. Ilogpo6Ho H3naraioTcs H CONOCTABJAIOTCS JBa pas-
JIMUHBIX MeTOJa BHIYHCJAEHHA K03()GHUIHEHTOB NPHBEACHHS: MeTON
JUHEHHBIX asireOpaHdyecKHX ypaBHeHHH H MeTOJ TPYNNHl NPUBELE-
HusA. Takolt cmoco6 u3/noxeHus obJgajnaeT HeCOMHEHHOH Memaroru-
YyeCKOH IeHHOCTbIO, NPeAOCTaBJAA UHTaTeN0 «CBo6OLY HAelCTBHIY
npH BeiOpe MeTOJa HJH NPH NPOBEPKe Pe3y/JbTaToB.

Bropoit ToM nocesilieH TeopHH KoJgeOaHHH KPHCTA/JIHYECKOH pe-
IIETKH H ee ONTHUYECKHM CBOHCTBAM — UH()PAKPACHOMY NOIVIOLHEHHIO
¥ KoMOWHaUHOHHOMY paccednuro. C INO3HLUKH Teopud CHMMETPUH
NpPOaHaJIU3UPOBAH BONPOC O KPHTHYECKHX TOUKAX (YHKIHH pacrpe-
IeJeHUs YacTOT, ONpPeHesIoUIHX OCOBEHHOCTH ONTHYECKHX CIEeKT-
poB. CreinajbHOe BHHMaHHE yAejdeHO aHAAH3y CHMMETPHM IO OT-
HOIIEHHIO K o0pauieHH0 BpeMeHH. OOcyKAa10TCA CBOHCTBA CHMMET-
PHH AHTAPMOHHUYECKHX CHJIOBBHIX TIOCTOSIHHBIX, AHIOJLHBIX MOMEHTOB
U NojisipusyeMoctell BHICUIAX Nopsiakos. LleHTpasbHOe MeCTO B 3TOM
pasfiene 3aHuMaeT oOCyXKIeHHe IOJsIPH3ALNOHHEIX 3((deKToB B pac-
cessHHM cBeTa. Bo BTOPOM TOMe paccMaTpHBAaeTCsl TaKxke NPHMeHe-
HHE BCeX Pe3yJabTaTOB K KPHCTaJ/1aM CO CTPYKTYPOH KaMeHHOMN cosH
H ajMa3sa, NpeACTaBJSIONHM cobol BajKHbEE OPHMepLl CHMMODQHOH
" HecHMMopqmon NPOCTPAHCTBEHHBIX Tpynn. 3aBepilaeTcs KHHTa
KDaTKHM aHaJH30M pojH 3¢ (}eKToB, 00YCNOBJIEHHBHX HapylIeHHEM
cHMMeTpuH, AedeKTaMH HJIH BHEIIHAMH IOJSIMH,

B mesoM KHHra HMeET SHI[HKIONELHYECKHH XapakTep, TaK Kak
B Hefi ¢ eJMHEIX IIO3HIHH H B OJHHAKOBBIX 06O3HAUEHHSX H3Jara-
I0TCsf U TeOpHUS HPOCTPAHCTBEHHBIX IpyII, H JUHAMHKA DelIeTKH, H
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TeOpUs ONTHUYSCKHX CRBOACTB peilleTKU. B HacTosiuiee Bpemsl KHHTA
bupMmaHa siBasiercs eIMHCTBEHHBIM B CcBoeM pofe nocofueM no
KOHKDETHOMY HPHMEHEeHHI0O TEOPHH TpPOCTPAHCTBEHHBIX TIPYII K
_ONTHYECKHM CBOHCTBAM KPHCTAJJIHUECKOH pelieTKH. DoJblioe uncio
paso0paHHBIX A0 JeTajed IPHMEPOB, OTHOCHUTE/bHAS IIPOCTOTA H
SICHOCTb U3JIOXKEHHUS JIeJ1at0T KHHI'Y He3aMeHUMBIM PYKOBOACTBOM KaK
LIS U3YUeHHS NPaKTHYECKHX MPHeMOB PalOTH ¢ MPOCTPAHCTBEHHLI-
MH TDyNnmaMH, Taxk H AJs TNOCTAHOBKH H pellleHHs HOBHIX 3aAad.

[Ipodeccop BupMan H3BecTeH CBOHMH TeOpeTHUeCKHMH paboTa-
MH B 00J1aCTH [IPHMEHEHHs TeOPHH CHMMeTPHH K mpobieMe (pa3oBHIX
IIePeX0J0B H B CIEKTPOCKONUH TBEPAOro Teja. YCHelIHOe pa3BHTHe
anmapara NPOCTPAHCTBEHHBIX IPYIIN H ero IHPOKOe NpHMeHEeHHe B
nocaennue 10—15 JeT B 3HaYNTeILHOH CTelleHU cBA3aHil ¢ pabora-
My DupmaHa H ero cOTPYAHHKOB.

Kunra bupmana no sampicay aBTopa He sBJASeTCA HCUepIBIBAlO-
IHM 00630pOM, W MO3TOMY CIHCOK JIUTEPaTyPLl He NpeTeHAyeT Ha
6ubnuorpaduueckylo noHoTy. UToOB COXPAHHTb CTU/b aBTOpa, IpH
nepesoge Oblin JAo6aBjeHH JHIOb HeMHOTFOUHCJEHHbIe CCHIJIKH
Ha JOCTYTHBIE COBETCKOMY UHTATeNI0 H3JaHHNA, B KOTODHIX paccMar-
puBatpoTca OJH3KHE BONMPOCH, a TaKxke Ha HCTOYHHKH, coJepxKallue
noapoGHble CHHCKH JHTepaTyphl. KpoMe Toro, HenpasJ/ieHb 3aMedeH-
HBElE ONEUaTKH M CAENaH PsJl PA3bIACHSIOIUX NPHMEYaHHH; 3TO OT-
HOCHTCSI, B YACTHOCTH, K -HEKOTOPBIM IOHATHSM BEICIIEH a1Te0pH.

B pycckoe usnanHe KHHTH BKJIOYEHB JBa HOIOJHEHHS, TOMe-

IIeHHble B KOHIle BTOPOro TOMa. B nepBoM M3 HHX, NOATOTOBJIEHHOM
coTpyauuiiedl asropa npodeccopom P. BepeHcoH, uanaratorces moJy-
YeHHBIe B MOCJAeJHEeE BPEMs Pe3yibTaThl IO NPHMEHEHHIO KPHCTAaJ-
anueckux koadpgpuunentoB Kiaebma — l'opnana B page sanau cnek-
TPOCKONHMHM TBepaoro Tena. Bropoe [omnojaHeHue, HamuCcaHHOE
K. K. Pebane u-B. B. XuXHAKOBHIM, NOCBSILEHO TEOPUH pe30HAaHC-
HOI'O BTOPHYHOrO CBeUeHHs Kpucramios, [IpoGjeMe pe3oHAHCHOrO
paccesiHHd B OCHOBHOM TEKCT€ KHHIH yIeJeHO MaJji0 MecTa, XOTH
_aBTOp mojuepxkHBaeT TO 3HaUYeHHe, KOTOPOe OHa IMpuobpesa B IO-
cnelHHe TOABl. YKa3auHOe JONOJHEHHe MMeeT LeJbl0 Ha NpHMepe
IPHMECHOTO 1IeHTPa B KPUCTaJJe 1aTh NPe[CTaBAeHie 0 TOM, KAKUM
o6pa3oM OpH pPe30HAHCHOM BO3OYK/AEHHH B MOJOCE NONVIOLLIEHHS
6naronaps cBORCTBEHHBIM KDHCTaJJay OBICTPHIM mpoueccam koJieGa-
TeJIbHOH peslakcaluH NMORABJAAKIIAST A0JS HePruH TPaHCHOPMHUPY-
eTcsl B JIOMHHeCHEHIHI0 H KakuMm o6pas3oM u3 o6liero MOTOKA BTO-
PHYHOrO CBEYEHHS MOXHO BBLIAGNHTBH  JiBe APYTHE KOMIOHEHTH —
paccessHHe M TODAUYI0 JIOMHHECUEHIHUIO.

INepesoa knuru Bunoanen M. I1. VinartoBoit (npeaucaoBus aBTopa,
o6osnauenus, 1.1, ra.9—11, 1.2, ra. 1), A. B. Cy6amuesnim (1.1,
ria. 1—8) u I'. C. 3aBrom (T.2, ri. 2—4, npuJjoxeHus, fonojuenue 1),

- " _ K. K. Pe6ane, H. 1. Hnarosa



MPEANUCJ/IOBUE ABTOPA K PYCCKOMY W3JAHUIO

$1 HCOBITHBAIO YAOBJAETBOPEHUE OT TOTO, 4YTO NMEPEBO] MOeH KHUTH
Ha PYCCKHH AI3BIK MO3BOJHT 0oJiee IIHPOKOMY KPYry HHTaTejaei I10-
3HAKOMHTbCH C NPHHIMNAMH M HOPHMeDAaMH IPAKTHUECKOTO IIpHMe-
HeHHs MEeTOLOB TEOPHH TPYIIN B BaxKHON 00/acTH (DH3UKH TBEPAOTO
TeJla, 2 UMEHHO B HCCJAeN0BaHHN ONTHYECKHX CBOHCTB, o6ycn0BJIeH-
HEIX KOJe0aHUsIMH KPHUCTAJTHUECKOH PEUIETKH.

B ofsacty uccneloBaHUA ONTHYECKHX CBOMCTB TBEP/BIX Ted B
nocaeliHee AeCATHAETHE IPOH30IIE] HACTOALMH B3DhiB, BEI3BAHHLIH,
B YAaCTHOCTH, NPHMeHEHHeM Ja3ePHBIX YCTPOHCTB /15 reHepallM H
perucTpaniid MOHOXpOMATHUEecKoro uaayuenus. [loarsepkaeHuem
TaKOTO Pa3BHTHS CJAYXKAT, HalpuMep, MeXIyHapoAHble KOoH(epeH-
[JUN TIO PaccesiHHIO CBETa B TBEPALIX TeJaX, NIPOBOJHMBIE PeryJasipHO
¢ 1968 r., u HOBas CcepHS COBETCKO-aMEPUKAHCKHX CEeMHHAaPOB MO
TeOPDHH paccesHHS CBeTa B TBEpPAOM TeJje, HauaBwasica B 1975 r.

BaXXHoCTb NpPUMEHEHHS TEOPETHKO-IPYNIOBHIX METOJM0B AJA
NpeACKa3aHAs H aHaJH3a Pe3yJbTATOB HOBHX IKCIEDUMEHTAJJbHbIX
MCCaeNOBAHUHA LOJATBEpPXKAAETCs CHORa H cHoBa. Jlist mosydeHHA
npaBuJa 0T0ODPA, OTHOLIEHUH HHTeHCHBHOCTEH paspelleHHBIX Ipoliec-
COB H T, I TpeByeTcsl He ToJbkKo (opManbHas TeOpHs TPYNM, HO
TeOpHsl TPYNN B cOouYeTaHHH C HauboJiee COBpeMeHHBIMH MeTOAAMH
JHHAMHYECKOH TeOPHH KPHUCTAJJIHUECKON pelieTKH. B 2TOM cMBICHe
obJsacTb NpPUMEHEHHS] TEOPHH TPYNI BCe paclIHPACTCH, H MOKHO
FOBOPHTh O CaMOCTOSTEILHO Pa3BUBAIOINEMCS pasjiesie MaTeMaTHue-
CKOI (DH3UKH, KOTOPBIH XOJKeH OHITh B paclopsizKeHUHU KasKAOoro
HaydHoro pabGOTHHKA.

Hecmorps Ha Goabliolt 06beM MaTepiasa, KOTOPHIH B PYCCKOM
¥3JaHHH 3aHHMAaeT [Ba TOMa, 3TOT MaTepHasJ COCTaBJseT JHIUIb
HeGOMBIIYIO JOJI0 BCEX . UMEIIIUXCA NPHAOKEHHH TEOpPHH TPy
3/nech He 'paccMaTpPUBAIOTCH ONTHYECKHE TIPOLECCH B MAaTHUTHBIX
CHCTeMAaX, CBSI3aHHBEIe, HANpUMep, CO CIHHOBBIMH BOJIHAMH; ONTH-
YecKHe IIpoliecchl, 00yCJOBJAeHHEE 3JeKTPOHHBIMH BO30YKASHHUSIMH,
TaKUMH, KaK 5KCHTOHHOe MOIJIOILEeHHE HJH pPaccesiHHe, a TaKxe IpH-
MeHEeHHS TeOPHU I'PYII B TEOPHU MU3MeHEHHUS CUMMETDHH IPH Helpe-
PBIBHBIX (hpa30BLIX. MepexojaX, He TOBOPH yXKe O APYTHX BaxXKHBIX
obaacrax. 1 Hajewch, 0JHAKO, UYTO NMOAPOOHOE pacCMOTPEHHE BCEX
crnenudHyecKux aerasefl TEOPUH ONTHUUECKHX ABJEeHUf, 00yCJIOBJEH-
HBIX HHOPAKPACHBLIM MOIJIOHMIEHHEeM H KOMOHHAIIMOHHLIM paccesiHHeM
cBeTa KojebaHHSAMH pelIeTKH, oKaxercs He TOJbKO HaIVIAAHBIM, HO
H JIaCT YHTATEJK CMEJOCTb ¥ OCHOBH AJA PACCMOTPEHHS HOBBIX
npobJeM, CTOALIMX Ha OepelHeM Kpae HayKH.
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B HacTosilleM H3MaHHH HCIpPABJEHH BCe HalgeHHEIE ONMEYATKH H
daHa JOTOJHHTENbHAS JUTEPaTypa, KOTOpAs TOMOMKET UHTATENIO
OPHEHTHPOBAaThCSA B TeKyWHX nybaumkanusx. Kpome toro, noGasie-
HBl KODPOTKAasi HOBAafl IJIaBa H TabJaunbl, colep:Kaliie MHOCAeNHHE
pe3yJbTaTh pabort no npuMeHeruo kospduuuentos Kaebma — I'op-
JaHa AJs npeicka3aHns (opMBI TEH30Pa paccesHHs NPH HAJHUHH
BHEIIHHX 3JeKTPHUYECKOrO U MArHHUTHOrO MoJeH Wi BHEUIHero aas-
JIeHHs. DTy pe3yabTaThl OYAYT MOJE3HB! IIPH aHaJH3e HOBHIX 3KCIIe-
PUMEHTOB.

HoBast, cymecTBeHHas raaBa [0 TEOPHH PE3OHAHCHOro KoMGu-
HAIlMOHHOTO paccessHusl W ropsdeil JIOMHHeCHEHIHM HanucaHa AJs
storo uaganus K. K. Pe6ane n B. B. XuxuakospiM. d cuutdro, 4To
3TO HampasJ/ieHHe OyneT HMHTEHCHBHO Pas3BHBAThC B -O/mxkaiiieM
6ynyumeM u 5Ta riaaBa OyJeT XOPOLIHM CTHMYJIOM JJisi TAKOro pas-
BHTHSI. ,

$I Hazmeroch, UTO pYCCKOe H3JaHHe KHUTH TPUHECET NOJAb3Y, H
1 6yny TNpH3HATENEH UYHTATENSM, €CAH OHH YKaXYT HETOTHOCTH,
OneuaTKH WJIH HesCHble MecTa. Buljo 6bl 0coGeHHO TPHUSITHO Y3HATH
OT YHuTaTesefl 0 MHOTHX HOBHIX HHTEPECHBIX NPUIOKEHHSIX TEOpUH
IPYII, CTHMYJUDOBAHHE KOTODHIX SIBJsSETCA OAHOH M3 uesell 3TOH
KHHTH,

$I' xouy BOCHmOJIB30BATHCA CJIyyaeM ¥ IPUHECTH cBOlo Gaaronap-
nocts K. K. Pe6ane, U. T1. Unaroro#t, I'. C. 3asty u A. B. Cy6a-
MHERY 32 HX HEOIEHWMYI0 NOMOIIL NPH TOArOTOBKE HACTOALIETO
H3NaHHUS.

Hboio-Flopx, nekabpn 1976 r. Hoxosedp JI. Bupman



3ror TpYd nocsawjaeTcs NAMATU Moe20 2AYGOKO
yrumozo orya Makxca Bupmana (1901—1970)

Hoc. JI. B.

MMPEANWCJIOBHE ABTOPA

Ilenr HacTtosillefl KHHIU — AATb HAYYHHIM pabOTHHKAM BCeCTO-
pOHHee W TIOJHOE H3JIOKEHHE BOIPOCOB NPHMEHEHHS] TEODHH TPy
K MCC/IeJOBAHHIO ONTHYECKHX CBOHACTB TBepABIX TeJ (KOHAEHCHPO-
BaHHBIX CPel), a UMeHHO MH(pPaxpacHoro HOrJaolleHHst H KOMOHHa-
IIMOHHOTO paccessHHs cBeTa. le Xe MeTOAE TEOPHM IpYII C COOT-
BETCTBYIOUIMMH BHIOU3MEHEHHSIMH NPHMEHAIOTC B JAPyrux obJa-
cTAX (PU3HKH, TaK UYTO IOJHOE H3J0KEHHe MOXKeT O0KasaThes
MOJIE3HBIM W HPH aHaJu3€ 3JeKTPOHHBIX CBOHCTB KPHCTAJIOB,
MAarHUTHHX CBOHCTB M JAPYTHX CBOHCTB, O0YCJOBJIEHHBIX 3JeMeHTap-
HBIMH BO30YXKAEHHAMHU. ,

[Ipeanonaraercss, 4To yuTaTeN b O6JafaeT 3JeMeHTapPHBIMH CBe-
IeHUsIMH B 06J1aCTH TEOPUH rPYNN H AMHAMHKH pelleTKH, COAepxa-
IHMHECS], HanpuMep, B 0ObIuHbIX yueGHuKax [1—6]. OaHako HacTos-
mlasi KHUra BKJIOYaeT BeCcb HeoOXOAMMEIY MaTepHaJs, W Ha ciaydaf,
€C/IH YHTaTeNb 3aX04YeT BCHOMHHTb H3JI0XKeHHe HEeKOTODHX BOIpO-
COB, JaHBl MHOTOUHCJEHHBIE CCHIJIKH Ha 6oJee MpPOCThie YueOHHKH.

Bo BBenenun (§ 1 u1 2) naercs obuiuit 0630p colep:kallerocs B
KHHTe MaTepuana. HekoTopbie uuTaTenn, BO3MOXKHO, 3aXOTAT IIPO-
yecThb CHayana TaKXKe 3aK/IOYUTeNbHble 3amedaHust (T. 2), uTolwnl
NOJNYYUTh JOMOJHUTENbHOE NMpeAcTaBledHe 0 MaTepHaJje KHHIH.

Kuura noctpoeHa cienyrouiuM obpasom. B § 1—65 onuceisaior-
Csi CTPYKTypa, HENpPHBOAHMBIE NPEACTABJEHHSI H KO3()(QHUUHEHTH
Knebmwa — 'oprasa 4718  KPHCTAMJIHUECKMX  IPOCTPAHCTBEHHBIX
rpynn. B § 66—110 Teopusi Kkpucranauueckoli CHMMETDUH C YUETOM
COMpeJCTaBAeHH NPUMeHseTCs] K KJacCHYeCKOM AMHAMHKe pelrer-
ku. B § 111—118 u B 1. 2, § 1—6 npuBoAUTCS KBAHTOBas Teopus
KoJleGaHu#i KPHCTANNIMUECKOH pelleTKH H TeopHs HHGPAKPACHOro
MOIVIOIIEHHsT ¥ KOMOMHALUMOHHOTO paccesiHHs cBeTa. 3JeCh ke B
ofueM BHJe NO0Ka3aHa MOJE3HOCTb NPUMEHEHHS TeOPETHKO-TPYIIOo-
BOrO aHajau3a K 3afauaM Takoro tuma. Hakowen, B 1. 2, § 7—36
laeTcq JeTajbHOe MPHMeHeHHe oOllell TeOpHH K ONTHUYECKHM CIEK-
TPpaM HH(PaKpacHOro IOTJIOUIEHHS H KOMOHHAIHOHHOIO paccesiHus
cBeTa A/ AH3JEKTPUKOB CO CTPYKTYPOH anMasa H KaMeHHOH COJIH
(mpocrpancTBennble rpynnst OF 1 OF). [lanbl MPpUMepH HAeaJbHEIX

H HeHJeaJbHbIX KpPHCTAJJAOB 0B0OHX THIOB.

Hocosed JI. Bupman



OCHOBHBIE OBO3HAYEHHI

1. Onucanue xpucrasia

a,, a,, a; — GasucHble BEKTOPH KPHCTAJIHUECKOH PELIeTKH.
R; — BekTop pemerkd Bpass.
Iy, 1y, I3 — uenounc/IeHHble KOMIIOHEHTH BeKTOpa RL R, =
=l a, + la, + l;as.
¥ — NPOU3BOJLHBIA BEKTOpP B KpHCTaJle.
X|, X5, X3 — KOMHOHEHTHl BeKTopa .
b,, b,, b; — GasucHble BEKTOpPb OOPATHOH pelIeTKH.
By — BekTOop o6paTHOH peLIETKH.
hy, hy, hy — medouucsieHHBIE KOMIOHEHTH BekTopa By: By =
= hyb + hobs + h3bs.
k, (i=1, 2, 3) — BostHOBO# BeKTOp, 2napaJIJ1eJlebxﬁ BeKTOPY b;
. np,;
(l= 1, 2, 3); ki= Nil bi'
k=Fk; -+ ky -+ k; — 1pOU3BOJBHBEIN BOJIHOBOH BEKTOp.

r

ﬂ

1
l [ : .
" ,, ) — KOOpAHMHATA %TO aToMa B [-# sneMeHTapHOMH
aueiike.
r, — KOODLHHATA ¥-TO aTOMa B 3JeMEeHTAPHOH suefike,
IIOMeLleHHOA B HadyaJlo KOODAHHAT.

l l
r — 0-KOMIIOHEHTA BEKTOpa r .
% %

2. DaemeHTbvL cummerpuu

¢ — MaTpHua OPTOrOHAJBHOTO NPeoGpasoBaHHs.

¢ — MaTpuia, TPAHCMNOHHPOBAHHAS [0 OTHOLIEHHIO
K MartpHie ¢.
¢~ ! — matpuua, o6paTHas MaTpHIE .
e — ¢JIlHHHYHAS TPEeXMepHas MaTpHua.
@ — yroJ MOBOpOTa, omnpese/semblft matpuuelt @.
{e |R;} — Tpancasiuus Ha BekTOp R;.
{® |0} — uncrTeifi mMOBOpOT, ONpefesseMBl MATPHLEH .
{¢ |t (¢)} — s1€MeHT CHMMETDPHH o6mero BUla, BKJIIOYAOIIUH
NOBOPOT, ONpele/fAeMblll MATpPHUEH @, H TPaHC/Is-
nuio Ha BekTop ¥ (¢).

n
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T (@) — HauMeHbIIHA BEeKTOD, COOTBeTCTBYIOIUMH MHOBO-
pory ¢: t(9)=71(p)+ R..

{e|R;}° — onepauusi Tpaucasiuuu, conpsikeHHas c {&|R;},

HoJIyueHHas C IIOMOIUBIO omepamuu {¢g|Ts}:

{e| R} = {0,175} - {€ | R} {g | 7o}

Ry, = (te ®,) — 9aeMeRT Gaxtoprpynme: Ry — (g @) =
= (8 | GT, + T — Top)-
K — onepatop o6pamieHus BPeMeHH.

8. I'pynnet u npedcrasrenus

%, — rpynna tpaucasuui {e|la}.
T — TpaHCJSLHOHHAS TPynna.
2 (k) — TpaHCJAUMOHHAA TPyNNa BOJHOBOLO BeK-
Topa k.
¥ — roueunas rpymna.
B (r) — roueunas rpynma ysiaa r.
® — mpocTpaHCTBEHHAsT Tpymna.
O ¢ () = ©s — pasHbie 0603HaUEHHS /IEMEHTOB IPOCTPAH-
CTBEHHOH TDYIIMBL.
®p (g — rpynna onepaTopos npeo§pasoBaHuil.
®p (ry — rpynna matpun D (R).
% — npoCTpPaHCTBEHHO-BpeMeHHasi TPYINa CHM-
METpPHH.
*k — 3Be31a BOJIHOBOrO BekTOpa k.
*P (k) — HakprBaoUlass TIpyHna BOJHOBOIO BeK-
: Topa k
& (k) — mpocTpaHCTBEHHAS TPYNNa KaHOHUIECKOTO
BOJIHOBOTO BeKTOpa k.
IT (8) — Toueuynass rpynma BOJIHOBOTO BeKTopa k:
® (R){Z (k).
€ — k-it xnacc rpynnu ® (k).
C (k) — anemenr kJaacca € (k).
c (k) — nopsinok aneMenta @ (k).
P, — unemmorenTHHE omepaTop mNpeoGpasoBa-
HUS.
p¥ (R) — maTpuna, cooTBeTcTBYyIOIlAs 3JeMeHTY R
B [-M mnpeACTaBJEHHH NPOCTPaHCTBEHHOMH
TPYHIHL.
'x‘” (R) — XapakTep HJH. CJef, MaTPHUILLL p® (R).
D®™ _ m-e HempuBOZHMOE NpeiCTaBCHHE TPYIIIB
G (k). _ ‘ :
D*® ™ _ m.e wenpuBOZHMOE TpEACTaBJEH -
pHBOJ, pexn He rpyn
net ®, coorsercTByOIICE 3Be3ne *k.
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Z', = {{,} — Ha6op BONHOBHX GYHKIUHE VP, Pgy « ooy Py
PiEd m) — 25 Gaoxosckass (YHKIMSt ¢ BOJHOBBIM
BEKTOpOM kK, mpeofpasylouiascs mo npen-
crasaennio D* ™ rpynnm © (k).
D® ™ (R) — maTpuua, TOXKIECTBEHHO PaBHAsI MATpHIE
D®™(R) nnsn R ® (k) n pabHas HyIoO
B OCTAJBHLIX CJAydasx.
7 m (R) — xapakrtep matpuupt D ™ (R).
r® (A, p)—cucrema (HaKTOPOB [POEKTUBHOTO Tpei-
CTABJICHHSI. ,
KB _ g1po npencrasaenns D*P™,
: R — rpynma npupepenus.
(*ken*k'm’ | *k"m”) — ko3P PHUHEHT HpUBEIEHUS.
({&, + k} mm’ |E"m") — Ko3bDHLUEHT NPUBEAEHUS A5 NOATPYTITHL.
DA ) @ prED (Y _ OpsAMOe IPOU3BEeHHE IPENCTaBJIEHHH.
[D*# ] — p-i cummerpusoBanuas cremeHs» mpeicTa-
(% &) (m)
BaeHuss D .

4. Juuamuxa pewerku

T — KuHEeTHUEeCKast sHEeprHs.
® — noreHuHaNbHAsA 3HEPrUs KPHCTAJJa,
V — usmeHeHue moTeHUHAJbHON sHepruu @ — @,
& — narpaHHaH,
N — uucsno  sjeMeHTapHEIX sueeK B IPHOJHKEHHU
Bopna — Kapwmana.
r — YHCJO aTOMOB B 3JIeMeHTapHoH suefike.

l
u(M — CMEIleHHe X-ro atoMa B [-i sveiike.

- v
(Daﬁ(n ,%,)— MaTPHIA CHJIOBHIX MOCTOSIMHBIX, OnperenaseMas BbI-

paxenneMm i . .
wCym)
AN

[®] — MaTpHna CHJIOBBIX MOCTOAHHBEIX ¢ 3JeMEHTaMH

v
@, )

[u] — maTpHiia-cTOJIOEIl C 3JEMEHTAMH 1,

)

[M] — nuaronanbnas matpuua macc (M|, . =M,0,,.0,,.0.q.
L
o B
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l .
w (%) ~— CMellleHHsl, YMHOXeHHbE Ha KOpeHb KBaipaTHbil
— !
us Maccs /M, u(x)

l R
4 ( " ) — He3aBHUCAUIME OT BPEMEHH AMIJIATYAH CMEUIeHHH

o ()=e( ).

[D] — maTpuna, cBasanuas ¢ MaTpuueil O cOOTHOLIEHHEM

V (zz') ’ (D(zz’)
Daﬁx VMM % %

[e;] — coGeTrennniit BexTop Matpuuu [D], cooTsercTByIO-
muit cCoGCTBEHHOMY 3HAYEHHIO ©F.

!
ea(x' j) — KOMIIOHEeHTa BeKTopa [e].

(l;

g; — HOpMaJIbHasl KOOPAKHATA KoeGaHHA ¢ BEKTOPOM [e;].

k
)——coéc'rBeHHbm BEKTOP zxuﬂamuqecxoﬁ ManHLlI:I.

/)

lk) ~— BEKTOD B i-MepPHOM npocq‘p]aﬂcme C KOOpAHHATaMH
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CojaepxaHue M MJaH KHUMH

§ 1. OGmee BReneHue

Hacrosimas KHuTa uMeer CBOeH Nelbi0 Pa3BHTHe H WJJIIOCTpA-
I[HI0 OCHOBHBHIX IPHHIMIOB ¥ NPAKTHKH NPHMEHEHHs] METOAOB TEOo-
PHH TPynm K aHAJH3y ONTHYECKHX NpoleccoB HH(ppaKpacHOro Mno-
rJIomeHUs] 1 KOMOHHAUMOHHOIO DacCesiHHS CBeTa KPUCTaJJIHYeCKOR
pelueTKOM AH3JIEKTPHKOB. MeTOAH TeOpUH rpynm SBJASIOTCA MOLIL-
HBIM MaTeMaTHYeCKHM annapaTtoM, MO3BOJSIONIUM OOBACHHTL H
IIpeacKasaTb 0cOGEHHOCTH ONUTHYEeCKHX mpoieccos. Hama uenab co-
CTOUT TaKXe B TOM, UTOOBI cleslaTh 3TH MeTOJAH KakK MOXHO GoJjee
IOCTYNHBLIMH W SICHBIMH, 'a CJAeJOBaTeJbHO, KaK MOXKHO 0ojee MIH-
POKO HCHOJb3yeMBEIMH,

Jlag JOCTHKEHHS 3THX Iejedf HeOOXOAHMO SCHO MpPeACTaB/ATh
obwuil naaH, KOTOpoMy MH 6yneM ciefosath. CHauajsa MBl KPaTKO
H3J0KUM O6IIYI0 TEOPHI0O KPHCTAAIHUECKHX IPOCTPAHCTBEHHBIX
rpynn. ajsee Mbl [pPoaH&JIM3MPYeM CJENCTBHS CHMMETPHH MpO-
CTPAHCTBEHHHIX IPYyNN. DTH ¢JeACTBHA B O0JbLWION Mepe BBITEKAIOT
U3 TPelNoJIOXKeHHS O CYLieCTBEHHOM XapaKTepe BHIPOXKIEHUS, KO-
TOpOe OCHOBAHO Ha TOM, 4TO (PH3HYecKHe COCTOSIHHSI CHCTeMBbl obpa-
3YlOT 683HC AJS HENPHBOAHMBIX NPEACTABJAEHHH TPYNIH CHMMeET-
pun. IToatomy Ham morpe6yeTcs H3JIOXKHTb TEODHIO HENPHBOAMMBIX
RpeJCTaBJeHUA IPynn CHMMETPHH, a TaKxe TeopHwo GpyHKUHUH, 06pa-
aylouux 6asuc npeacraBieHull, BeJencTBHe TecHOf CBA3H MeXAY
COCTOSIHHSIMH CHCTEMBl H IIPEACTAaBJACHUSIMH GOJIbIIOe BHEIMAHHE yie-
JseTCAd Pa3BHTHIO T€OPHH HeNPHBOLHMBIX NpeAcTaBJeHHA NPOCTpPAaH-
CTBEHHBIX TIPYIN; H3JaraeTcs HeJblfl pal MeTOAOB, HPHMEHABIIHXCA
B NOC/JefiHee BpeMs [/ HAXOXJAeHHs HeNPHBOJHMLIX NpeACTaBjie-
Hufl. HemocpeactseHHbiM H ecTeCTBEHHBIM o606LleHHeM 3TOTO pac-
CMOTpEeHHA ABJsAETCA NOJyueHHe Npasua orbopa I8 IepexomoB
MEXAY COCTOSAHHAMH. Il 3TOro Heo6XOZHMMO BBIOJHHTb P&a3Jo-
XeHHe NPSIMOro Npou3BefeHHsl JBYX HellPHBOJZHMEIX NpeACTaBJeHH
Ha HeNPHBOAHMEHE COCTABJSIOIIHE.

Ha stom 3akaHuuBaeTCs NepBasi 4acTb KHUTH, B KOTOPOMH, TaKHM
o6pa3oM, NnaeTcsl ONMHCAHHE CHUMMETPHH (HIHUYECKHX COCTOAHME
HaXoAATCA NpaBHaa oT6Opa IJs NepexolloB.

3atem .Mb ofpamaemcsi K (GH3HYeCKOH CTOpOHe Bompoca H 06-
Cy:KJaeM KJacCHUeCKylo M KBAaHTOBYIO TE€ODPHH KoJeBaHHA pelueTkH,
Teopus crpouTes TaK, YTOOH YAOGHO. GHIJIO MOJYUHTD CAEACTBHS CHM-
" MeTpuM peileTKH. [TOCKOJBKY ypaBHEHHA ABHKEHH HHBapHAHTHB
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OTHOCHTE/IBHO Npeo6pa3oBaHUA CHMMETPHH KDHCTaJJIHYECKOH I[PO-
CTPAHCTBEHHO} TpPYINB, a TaKXe OTHOCHTENbHO ONepaunHuH obpa-
IIeHHs] BpeMeHH, Heo6X0AHMO PACIIHPHTE TPYNNY CHMMETPHH TaKHM
o6pas3oM, uTo6H BKJAIOYHTL B Hee aHTHYHHTApHEE omepaTopel. Ta-
KO€ paCHIMpeHHe MOXKET HMeTb CYIIECTBEHHHe MNOCAeACTBHA AJf
XapaKTePHCTHKH COCTOSHHE CHCTEMBI, TI03TOMY MBI OYeHb N0JPOOHQ
paccmaTpuBaeM poJdb AHTHYHHTAPHON ONepalHH CHMMETPHH: B 3TOM
cayuae (hu3HUeCKHe COCTOSIHUS 00pasyoT 6asuc A9 HENPHBOLHMBIX
KOTIpeJICTaBJeHuH,

[Tocsie 3Toro Mul onsiTh obpauraemcss K (pU3HKe H H3JaaraeM Teo-
PHIO OUTHYECKHX CBOHCTB KPHCTAJ/LINYeCKOH pelleTKH — HH]paxpac-
HOro HOIVIOLIeHHS M KOMOHWHaUHOHHOTO paccesiHusl. B 2ToH Teopuu
B3aHMOJEHCTBHE MeKAY H3JyYeHHeM U BelleCTBOM pacCMaTpHBAET-
Csl B paMKaX KBaHTOBOH MeX@HHMKH. YCTaHABJAHBAETCS CBA3b MEXKAY
BEPOSITHOCTLIO IEePexOA0B JAJs IOIVIONIeHHS H paccesiHHs CBeTa H
BEJUYHHOH HEKOTOPHIX MATPHUUHBIX 3JeMeHTOB. VIMeHHO Ha 3TOM
3Tale CUMMETPHS HrpaeT pemalolylo PoJb, TaK KaK OHAa ompeje-
JSeT OTJHYHBIE OT HYJS MATPHUHEIE 3JeMEHTHI.

Marematnueckasi (OpMyJHPOBKa IpaBHJ oT60pa HAaXOZUT (H-
3UUeCKHe NMPUIOKEHUS NPH ONpefeNeHUd WHTEHCHBHOCTH MPOUECCOR
nepexoga. VMmenno 3aech, MpW HHTEpPNpeTalHH HJAH NpPeACKa3aHHH
ONTHYECKUX CMEKTPOB, MOXKHO IPHMeHHTh BeCb NpPeAlleCTBYOLINH
aHanaus. [IpuMeHeHne MeTONOB TEODHH IpyNN K AHHAMHKE KDHCTaJ-
JINUeCKOH pelleTKH WJJIIOCTPHPYETCS Ha IHpHMepax ONpeAeseHus
SHEPTHH H CHMMeTDPHHU KoJieGaTeTbHEIX COCTOSIHUH, a TaAKXKe aHaJJ u3a
ONTHYECKUX CIEKTPOB pelIeTKH KDPHCTAJAI0B, HMEIILIHX CTPYKTYpY
ajgMasza (anaMas, KpeMHHH, TepMaHu#), U KPHUCTAJMJIOB CO CIPYKTY-
polt kKaMeHHo# cosu (xJopHucTHIH HaTpuit). IlpuBoasiTCcs mpuUMepHl
3aja4 A5l COBeplIeHHBIX KPHCTAJJOB U A/ KPHCTAJNJIOB C TOYed-
HBEIMU  JedeKTaMu.

PesoMupyeMm: cuMMeTpHst HPpaeT LEHTPANLHYI0 POJIb B KlaccH-
¢uKauHy COOGCTBEHHBIX COCTOSIHHH KpHCTaN1a, paccMaTPpHBAeMOro
K&K CHCTEMa MHOTHX TeJ, COCTOfIlAsi H3 HOHOB M 3JeKTPoHOB. Hac
HHTEpecyloT 31eCh 3JMeMeHTapHble BO36GYKAEHHUS!, OMNHCHLIBAIOUIHE
KoJMe0aHHsl pelleTkH, T. €. (oHoHBl. [lepexoanl Mexay cOOGCTBEHHBI-
MH COCTOSIHHSIMH BLI3HIBAIOTCS BO3MYIIAIIIHMHU MOJSMH, H Tepexoi
MeXAYy HeKOTOPOH 3aJAaHHOH mapol COCTOSHHH pa3spellieH, eCJaH co-
OTBETCTBYIOUMH MaTPUUHLIH 2JeMeHT OoTyiMueH oT HyJasd. PaseHcTBO
HJIM HEPAaBEHCTBO HYJIO0 MaTPHYHOTO 3JeMeHTa OIPeNeJseTcs CHM-
MEeTpPHeH HAYaJbHOTO COCTOSTHHS, KOHEYHOI'0 COCTOSIHHA H BO3MYylla-
foutero noJas. TouHee roBops, METOAbL TEOPHUH TPYMN IO3BOJISIOT
IIpoaHaJH3UPOBATL BOUPOC: MOKET JIH NPOHCXOAHTh HH(PakrpacHoe
fnorJomeHe ¥ KOMOHHAIHOHHOE PaccesHHe NPH JaHHOM. Npouecce,
CBSI3AHHOM C ONpejefieHHBIMH H3MeHeHHAMH KoJe0aTeabHOTO CO-
CTOﬂH%H PEIUeTKH H COIMPOBOKAZIOLIHM HX H3MEHEHHEM MOJs H3JY-
HEHHA?
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Taxum oGpasoM, B HACTOfILeH KHUTe PAa3BUBAKOTCS TPH IJaBHLIE

B3aMMOCBSI3aHHBIE TEMHI:
TEOPHs KPHCTAJJIHYECKHX IPOCTPAHCTBEHHBIX IPYIIN;
KjaccHuecKkasi ¥ KBaHTOBAas TeOpPHA AMHAMHUKU pelleTKH;
TEOPHUS ONTHYECKHX CBOHCTB pelnerki (HHPPaKpacHOTO IO-
TJIOIeHHST ¥ KOMOWHALHOHHOTO paccesiHHusi)
H paccMaTpPHBAIOTCSl MPaKTHYeCKHe NIPUMEHEHHs K aHaJH3y
(h)OHOHHLIX CHEKTPOB H
ONTHYECKHX CBOHCTB KPHCTAJNJOB CO CTPYKTypo#l anmasa M
KaMEHHOH COJIH.

XoTsl 3TH TEMbl B3aHMOCBSI3aHBl, MBI CTPEMMJIMCh, YTOOHl pac-
CMOTpeHHe KaxKAOro BONpOCca B HACTOSALEH KHHTe OBLIO B JA0OCTA-
TOYHOH Mepe 3aKOHUYEHHHIM, TaK YTO BCSI KHHUIa AOCTATOYHO CaMO-
CTOsITeNbHA [0 COAepikaHuio. BBOAHBIA MaTepuad, BKIIOYAIOLIHHA
06G30p TeMbl, CCHIJIKH Ha JIMTEPATYPY H NOCJIeJ0BaTelbHOE BBEJEHHE
ofo3HaueHull, uajaraercd Ha CpefHeM IO TPYAHOCTH yposHe. Kak
3TO0 XapaKTepHO AJs1 HauboJee aKTHBHO Da3BUBAIOHIMXCH HAIPaB-
JEeHRH (U3HKH, B KOTOPHIX BeLYTCs HHTEHCHBHBIE HCCJAELOBAaHIS,
pasJHuHbie acMeKThl TEOPHH A ee MPHMeHEHHH pa3paboTaHbl B pas-
HOH cTeleHH, H 3TO 06CTOATENbCTBO HPOABHJAOCL B Dsjle MeCT B
kuure, [loapoBHo wu3jaras pasjHUHBIE ACHEKTH TEOPETHUECKOTO
aHaJjusa, Mbl CTPEMHJIHCh OCBETHTb TPYAHBEIA H HHTEPECHBIH BONpPOC
0 crerneny OGIIHOCTH METOJOB, YTO B CJayuae HeOGXOAHMMOCTH JH0J-
KHO OGJErduTh pacCMOTPEeHHe APYTHX IIPOCTPAHCTBEHHBIX TIPYIIIL
‘Manoctpanna npuMeHeHHs! METOAOB Ha KPHUCTaNJax €O CTPYKTYPOH
ajMasza M KaMeHHOH COJH TpecjJelyeT KaK MeTOJHYeCKHe, Tak H
nmejaroruyeckie lejsH, a Takxe oOyc/oB/eHa BaxKHOH pPOJIBIO 3THX
JIBYX THIIOB KPHCTA/JJIHYeCKHX CTPYKTYP B COBPEMEHHBIX HCCJIEA0-
BaHHMX, KOTOPas, NO-BHANMOMY, COXDaHHTCA H B OyayuieM.

[pu HanHCcaHHK KHHTH NPeANOaragoch, YTO YHTATedb 06aajaerT
HEKOTOPHLIMH 3HAHWIMH IO TEOPHH TPYNN (KOTOpBlE MOLYT OHITh
nouepnuyTh B yue6bHuKax [1—3]), HO He sIBasieTCs cremuanuCcTOM
B 31Ol 06sacTd. B wacTHOCTH, MaTepHnaJ, AOCTYNHLIA B JUTEPATY]E,
JIMIIb KPAaTKO YIOMHHaeTcs, a He paccMaTpHBaercsi nopobuno. Ana-
JOrHYHBIM 06Pa3oM IpeAnosaraeTcss 3HaKOMCTBO YHTATeNst C OCHOB-
HBEIMH CBEJEHHSIMH MO0 IMHAMMKE DelleTKH, HMEIOUIUMUCA B LIHUPOKO
H3BECTHHIX KHHCAX [0 3TOMY Bompocy [4—6].

Hacrosimas kHUra [OJXKHA 3alOJHHTbL CYLIECTBYIOIHI mnpobed
B JIUTEpPAType; N0 COJePKAHHIO OHA CBfiI3aHA C HEKOTODLIMH OJIH3-
KHMH 110 Teme xHHramu. O6CyxeHHe TEOPHH IPENCTABJCHHE H KO-
npeACTaBJAeHHH MPOCTPAHCTBEHHHIX IPYNIl JaeT MeTol pacCMOTpe-
HHSl TPYNI CHMMETPHH KDHCTaJJIOB, ONHCAHHEIX DaHee B KHHIe IO
kpucramiorpadpun [7]. dror Meron HeOoGXOAHM A MOJYUeHHS
Ba)KHBIX ‘B COBPEMeHHOH (DH3HKe BHIBOJOB, TAKHUX, KaK lIPaBHaa
orGopa AJIS ONTHUECKHX H IPYTHX Tepexofios. BrlmonxeHnsll ana u3
BJIHAHHA CHMMETPHH Ha AHHAMHKY PelIeTKH SAB/IAETCS [0 CYLIECTBY

N
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MPOAOJIKEHHEM pacCMOTPeHHs, NPoBelleHHOro B pabotax [4—6].
WsmoxeHde TeOPUH B3aHMOLEHCTBHS H3JNYUYeHHS C BelIeCTBOM OJH3-
KO CMblKaeTcs ¢ obcyxaeHHeM (POHOHOB H ONTHYECKHX NPOLECCOB
Ha OCHOBE TeOPHM MHOrHX Tea B KHurax [8,9]. OaHako Ml KOH-
[leHTPHpPYeM BHHMaHHe Ha BONIPOCAX, MOAJEKAIIHX AHAJH3Y C TOUKH
3peHHs] CHMMETPHH, TaKHX, KaK CTPYKTypa aHTapMOHHYECKOTO Ta-
MHJIbTOHHAHZ (POHOHOB, BONPOC O CMEIIWBAHHH KoJieDaHUA H BJIHA-
HHH CHMMETPHH HA CTPYKTYPY TeMIepaTypHBIX (POHOHHEIX (VHKIHH
I'puna. Baarogaps yriay6ieHHI0O TeOPeTHYECKOTO aHaJH3a MW [poO-
rpeccy B TeXHHKe 3KCIePHMEHTAJbHBHIX H3MepeHHH NOCTHIHYT Cy-
IleCTBEHHBI Iporpecc CO BpeMeHH H3JaHUsl 6ojee paHHUX 0630-
poB Mo HHTepnperauud HH$pparpacHux cnekrpos -[10] u cnexTpos
koMGuHanHoHHOrO paccessHus [11]. TNapamnenabHo' ¢ yray6iendem
MOHUMaHHUS CBOHCTB CHMMETPHUH BO3pacTaeT Hallle TOHHMaHHe [AH-
HaMHYeCKOH, MHKPOCKONHYECKON NPHPOAL SABJEHHH, NPOHCXOASLIUX
NpH B3aKMOJEACTBHH CBeTa C BeELIECTBOM.

B sakmdoyenue crejsaeM HEKOTOPHe 3aMedaHHsl O Xapakrepe
H3joxeHus. Ml cO3HaTeNbHO OTKa3a/HChb OT JAKOHUYHOTO CTHJS
M3JI0KEHHS] TeopHd. DTo 0OYCJAOBICHO HAUINM XKedaHueM NOGHTbCA
NOBCIOLY B 3TOH MOHOrpaHH TOUHOCTH H KOHKDETHOCTH, Ja)e B
yuiep6 KPaTKOCTH H H3SILIECTBY H3J0xKeHHS. MBI He ocTaHaBJHBa-
JIUCh Tepel TeM, uTO6bl 1aTh NoApO6HOEe OOBSICHEHHE HJIH BHBOJ €O
BCEMH BBIKJaAKaMH, €CJM MBI CYHTAJIH 3TO Heob6xoauMmuM. [1pu pe-
IeHHH BOIPOCa O TOM, CAeAYeT JIM AaHHHH KOHKDEeTHHII BONpOC
paccMaTpHBaTh BO BceX [JeTalNfiX, Mbl DPYKOBOACTBOBAJHCh TeM,
HMeeTCsl JIH B JIHTePATYype e€ro H3JoXeHHe B ACHOH ¢opme, a Takxe
MPaKTHKOK 06CYyXAeHHS BOIpOca ¢ KojieraMu. Mul NpeANouwsn mo-
Ka3aTbCs H3JIMUIHE MHOTOCTOBHBIMH, 4eM GBITb HACTOJbKO KPaTKH-
MH, 4TOOH! CYlUIeCTBOBAJA BO3MOMKHOCTh OKa3aTbCS HEMOHSTHBIMH.
Ecan U3JI0}KeHHe KAKHX-TO BOIIPOCOB IOKaXKeTC HEKOTODHIM YHTa-
TeJsAM CJAUIIKOM MOAPOGHBIM, MBI HajeeMcs, YTO 3TH MOSCHEHHS,
Kacawolinecs cTuas, O6yAyT AOCTaTOUHBIMH, 4TOOBI COXPaHHTb WX
HHTepec K npobJjeMe B LEJOM.

§ 2. Maan kHuru. OG30p comepkaHusd

Beaeacteue 60abuioro o6beMa KHHTH NPEACTaBIIETCS MOJE3HBIM
JaTth 0030p ee comepxKaHHA. XOTd Bce YACTH U3JIOXKEHHS B3aUMO-
CBSI3aHHI, [MIaBHHE Pasjesisl, oTMedeHHEle B § 1, B H3BecTHOR cTene-
HH HE3aBHCHMBI, H HX MOXHO YHTaTb Gojee HJIH MeHee Pa3jieJbHO,
obpamasnch no Mepe HeoOXOIHMOCTH K BOTIPOCAM, PaCcCMOTPEHHEIM
paHee.

KHHI‘a pasbura Ha naparpadsl, nponymepoaaﬂnme ot 1 go 154.
[Maparpadm crpynnuposaisl B 17 raas. ®opMysab HymepyioTcs B
npeesaXx KaxJaoro naparpa(pa Crenyer OTMETHTb, YTO MepBhIl
paparpad Kax[OR rJaBbl NPeACTaBJAET coBolt BBequHe B 9Ty
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raaBy. Beeaenus cayxar HecKOJbKHM uesssM. OHH npefHa3HaueHbl
JJ9 IOSICHEHHS OCHOBHLIX OCOOEHHOCTel MOCAeLYIONnlero paccMoTpe-
HH$, 06eCIeUnBalOT OPHEHTAINIO H TIOC/IeA0BATebHOCTD H3MTOXKEHHS,
a TaKxe YCTAaHABJUBAIOT AeTajJbHbie B3aUMOCBSA3H MeXJy maparpa-
damu u raasamu. OGBIUHO HECKOJNBKO I1aB, B3AThHle BMecTe, COLep-
JKAT H3JI0XKEHHe OJHOH H3 OCHOBHBIX TeM.

B raapax 2—7 u 9 usjnaraercs TeopHs NPOCTPAHCTBEHHLIX IPYIIIL
B ra. 2 naercs onmHcaHHe CTPYKTYPH KDHCTaJ JHYeCKHX HPOCTPaH-
CTBEHHHIX Cpynn @& Kak rpynn cUMMeTPHH TPeXMepHOTO NpOCTPaH-
ctBa gpucranna, Ocoboe BHUMaHHe YJelsieTCq MaTeMaTHUYeCKOH
CTPYKTYpe KPHCTaJIIHYEeCKHX NPOCTPAHCTBEHHBIX Py Mbl He MPH-
BOJAHM moJiHOrO onucauusi 230 mpocTpaHCTBEHHBIX TPYIIN, TaK Kak
OHO BMeCTe C WJIIOCTPALMAMH HMeeTCs B JuTeparype. B ra. 3
gaercs 0630p CTaHAapTHOrO MaTepuaJsa fI0 TeOPHH MPeNCTaBJAeHHUH
KOHeUHHIX rpynn. XoTs 3TOT MaTepHaJs IHPOKO H3BeCTeH, OH Heol-
XOAHM HaM KakK OCHOBa AJS H3JO0XKEHHS Teopud IpelcTaBJeHUi
NPOCTPAHCTBEHHBIX rpynn. B ri. 4 usjnaraercss Teopus IpeacTaBJe-
HHH rpynnel TpaHcasunfi €. Henpusoaumele npexcTas/ieHHs TPYII
TPAaHCASIIMA KPHCTAJMMa HrpaioT LEeHTPAJbHYI0 POJb B TeOpHH, HO-
TOMY BaXXHO paccMOTpeThb HX HalJexalluM o0pa3oM, a Takxke
NpaBHJIBLHO BBeCTH MOHSITHe IepBofi 30HH bpuaawsna. lanee B
rJ1. 5 faercs LeTafbHBIH BBIBOJ HOCTPOEHHS W CBOHCTB HENPHBOJH-
MBIX TIpeACTaBJEHHH H BEKTOPHBIX INPOCTPAHCTB KPHCTaJJIHUECKON
[pocTpaHCTBeHHON rpynnu &. DTOT Marepuasn OKas3bBaeTcs ILEHT-
paJbHEIM [JISl XapaKTepUCTHKH cOOCTBeHHHIX (QYHKUUH U cOOCTBeH-
HEIX 3HAaueHUH HPH HX KJACCHOHUKALOHH 10 CHMMeTpHH. PaccMoTpe-
HHe B rjaBax 6 u 7 NOCBALlEeHO Olpele/eHAI0 K03(p(HIHEHTOB
NPHBEeAEHHs JJs NPOCTPAHCTBEHHHIX TIpPymn. 3DTH Kosb(UUHEHTH
IpHBEJEHNs SBJIAIOTCA OCHOBHHIMH BXOASILIHMH B pPacCMOTpeHHe
BeJUUHHAMU TpH oNlpefesieHHH npaBua oT6opa. C MaTeMaTHYECKOM
TOUKH 3DeHHs] OHH SIBAMIOTCH Koxpduuuentamu paxos Kiebuia —
Foprana B pasjoXeHUH NPIAMOTO IPOH3BeJEHHA HENPHBOAHMBIX
npejacTaBdeHUH ABYX HPOCTPAaHCTBEHHBIX TpYIHIL

Ha sTtofi crasguu Mb npepniBaeM H3JIOXKEeHHe TEODHH TpyION H
ob6pamaemMcs K OOCYXKAEHHIO KJIACCHUECKOH TeOpHH KoJjeGaHHi pe-
mwetkH, [lociae nonydeHus ypaBHeHHH ABHXKEHUS B rapMOHHYECKOM
npUGAHXKEHHH B V. 8 MB NPHMEHSeM TEeOPEeTHKO-IPYINOBOl aHAaJIH3
oJjs  Toro, 4ToOb INPOJEMOHCTPHPOBATHL CJeAyIollee MNOJOKEHHe:
coOCTBeHHBIE BEKTOPH 00pa3yioT JiMHeHHOe BeKTOPHOe POCTPAHCTRO
NpeAcTaBJ/eHUA HaKPHIBAIOUEH I'PYNMNBL, T. e. IPYNOB cCUMMeTpHH .
3ateM, B ra. 9, MBl H3JaraeM TeOPHIO BJHSHHS aHTHYHHTAPHOH
CHMMeTpHH. BceielCcTBHe CPaBHHTEJLHO MaJOH H3BeCTHOCTH 3TOTO
BOTIpOCa MBI JAOBOJBHO NOAPOGHO OCTaHABJAHBaeMCs Ha aHaJH3e
NPOCTPaHCTBEHHO-BPEMEHHON Ipynnel cuMmeTpuu &, kotopas co-
HepKHT OObIUHble YHHTADHBEIE ONEPaTOPbl NPOCTPAHCTBEHHOA CHM-
METpHH MJAI0C aHTHYHHTAPHBIE ONEPATOpH, BK/IOYAMOLlIHe oOlepa-
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nuio obpauenus ppemeHH. Iloje3no NoA4YEepKHYTb, 4TO B 3TOM
clydae MH JAOJKHB paccMaTpUBaTh MaTeMaTHYECKylo rpynmy
ONEPATOPOB CUMMETPHH, NOJYUYEHHYIO HENOCPeACTBEHHO H3 AHHAMH-
YeCKUX ypaBHEeHH{l, a He U3 INIPOCTBIX TEOMETPUYECKHX coobpaxe-
Hul. AHTHyHUTapHAsl CHMMETPHS NPHBOJAHUT K HOBBLIM pe3yJbTaTaM
JJIsT IMHAMUKH pelleTKH: (u3HYecKHe cOOCTBeHHBIE BEKTOPHl obpa-
3YIOT JHHEHHOE BEKTOPHOE MPOCTPAHCTBO JJs KOIPEACTaBJEeHHH
HPOCTPAHCTBEHHO-BpeMeHHaO# rpynnel &. (B MareMaTuueckofl JH-
TepaType KOIpeACTABJEHHS H3BECTHBH TaKke KaK HOMyJHHEHHbIe
IpeaCTaBJEHHUS. )

HanoxeHuio KJaccHUecKOH H KBAHTOBOH TEeODHH AHHAMHKH pe-
[eTKH nocesitiensl ryiasn 8, 10, 11 u 12, CHavana B r. 8 gaercs
0630p KJacCHYecKoH TeODHH KoJeOaHu#l pellleTKH B TapMOHHYECKOM
npubJnKeHn!; U3J0KEeHHe OCHOBAHO Ha HCNOJb30BAHHH CHMMETDHH
IpH onpefefeHHH COOCTBEHHBIX BekTOpoB. HaubGosee BaXHBIM ¢
TOUKH 3pEeHHsl HDHJOXKEHHH MNpejAcTaBaseTca YTBepXKjeHue, chop-
myauposanHoe B § 85 B BHAe «/eMMBl O CYILECTBEHHOM BBIPOK/eE-
HUH», N03BOJAIOLIee CBA3aTh (PU3HUECKYI0 TEOPHIO C TeOopHeH CHM-
MeTPHH. DTO YTBepKJeHHe, COCTOsAUlee B TOM, YTO JONYCTHMOE
BBIPOXK/ICHHE COOCTBEHHEIX 3HaueHMH H COOCTBEHHLIX BEKTOPOB B
(us3vueckol cHcTeMe ABJAAETCS CJHEICTBHEM CHMMETPHMH 3TOl CHCTe-
MH, ¢opMmyaupyercsl B (bH3UKe HEOJHOKPATHO M AdeT KJioY K IO-
" HUM@HHIO MHOTHX pPAas3JjIM4HBIX CHTyaluH., 3Jechb OHO BO3HHKaer
NIpPOCIbIM H eCTeCTBEHHEIM 00pa3oM B Jerko HayuaeMoll 3agade
0 KJAacCHYyeCKOR JMHAMHKe pelleTkdH. B JeHCTBHUTENBHOCTH 3T0
yTBEPXKACHUE BHOJHE oOfulee W erc NPUMEHHMOCTD BHIXOAHT 32
paMK{ TapMOHHYeCKOro NPHOJIHKEeHHS.

B ra. 10 Ha ocHOBe TeOPHH INpeJCTABJEHHH U3YUYAIOTCs H CHCTe-
MAaTH3HPYIOTCSl pasjHyHble BOINPOCH KJIACCHYECKOH JHHAMHUKH pe-
mwerkd., PaccmMoTperHe BKJAIOYAET TEOPHI0 HHBApHAHTOB, BBIUHCJIE-
Hie TEH30DOB, BJHUsSHHE aHrapMoHH3Ma M OOCY:KAeHHe TOro, Kax,
HCIIO/Ib3Ysl CBOHCTBA CHMMETPHH, ONpeRes]HTh COOCTBEHHbIE BEKTODH
HOpMAJIbHEIX KoJeOaHHH H, TakuM o06pa3oM, PaxTopH30BaTh AHHA-
MHUeCKYi0 Matpuny. MaloxeHue KBAHTOBOH AWHAMUKH DPEIIETKH B -
ra. 11 caenyer TpaRHUMOHHOMY PACCMOTPEHHIO B paMKax ajnuabaTu-
yeckoro npubanxenns Bopra — Onnenrefimepa. OnHaKO, pasBHBas
TPaJHLMOHHOE DACCMOTPeHHe, MBI CTPOUM 3Jechb HapaJijlejbHO Teo-
PHIO CHMMETPUH COOCTBeHHHIX (GyHKuui. JIpeo6pasoBaHue COGCTBEH-
HbIX (YHKUMA pemeTKd NpH . Npeo6pa3oBaHHAX CHMMeTDUH JaeT
yAOOHEIT cnoco6 XxapaKTePHCTHKH OCHOBHOTO M BO30YKACHHBIX
COCTOSIHHE CHCTEMEl CBS3aHHBIX TapMOHHYECKHX OCHHJ/JISITOPOB pe-
eTkd. Takoe paccMOTPeHHe NO3BOJISET TaKkKe HCCJAeAOBaTh HHTe-
PECHYIO BHYTPEHHIOID CBf3b MeXKAY TeOpHell CHUMMETPHH CHCTEMBI,
umelollell TpOCTPaHCTBEHHYI0 Tpynny & WM HpOCTPaHCTBeHHO-Bpe-
MEHHYIO Tpynny &, u TeopHeH CHMMETPHH CHCTeMBl TOXKIECTBEHHBIX
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YaCTHL, OTHOCHTEAbHO NepecTanosok. [locnennsas, o cyuecTBy, OlH-
ceiBaercst rpynnofl tuna SU(n). K coxasennio, pasBHTHE TEOpDHH
KOTpeCTaBJeHNI eule He AOCTHIVIO TOrO YpOBHs, KOTAa BCe 5TH
pe3yJbTaThl MOTYT GHITh NOJY4eHBl H3 OoJee 00LIEro PacCMOTPEHHS.
PesloMupysi, MOXKHO CKa3aTb, YTO LEHTPAJbHEIM BOIPOCOM H3jarae-
Mol TeopHu ABJsIETCS KjaaccHbHKaUHa KaXKIOrO KJacCHYeckoro HJIH
KBAHTOBOTO COCTOSIHMSI PEUIeTKH [0 THIY €ro mnoBeJeHus IpH Npe-
06pa3oBaHHsgX CHMMETpPHH HJH, 0oJee TOUHO, XapakTepHCTHKa CO-
CTOSIHHSA € TOMOIIBIO HENPHBOJUMOTO MPEJICTABJEHHS HJIH HENPHBO-
AHMOrO JIHHEHHOTO BEKTOPHOTO TNPOCTPAHCTBA, KOTOPOMY INpHHAX-
JICKUT COCTOSIHHE.

[naBHEI BOmpoc, paccMaTpuBaeMbll B Iil. 12, mpejcraBasier
cob0f IeHTPaJbHYI0 TeMY KHUIH — TEODHIO B3aHMOLCHCTBHS H3JY-
yeHHd € BellecTBOM. MBI H3jaraeM 3Ty TeopHio, yaensisi ocoboe
BHHMaHue IpoileccaM HHQPaKPACHOro MOIVIOUIEHH W KOMOUHALHOH-
HOTO paccesHus csera pemierkofl. CHavaJsia AaeTcs BLIBOJ MeTOAa-
MU KBAHTOBOH MeXaHHWKH C HCIOJb30BaHHEeM OOBIYHON TEOPUH BO3-
myulenuii. Takoe paccMOTpeHHe NO3BOJSET NPOAHAJTH3HPOBATL OI-
THUeCKHEe IIPOIECCH HOCPEACTBOM aHA/NH3a MATPHUYHBIX 5/J1EMEHTOB
[EPEXOJOB MJIS NPOIeccoB HH(PPAKPACHOrO HOMVIOMEHHS H KOMOH-
HAI[HOHHOrO paccesiHus. B aToM aHajH3e OCHOBHYIO DOJb C TOUKH
3PEeHHs TeOPHM 'CHMMETPHHM Hrpaer TeopeMma Burtiep — JKkapra,
MO3BOJSIONIAST YCTAHOBUTD OTVIMYHEIE OT HYJSI MATpPHUHBIE 3JeMeHTHI
nepexojioB. Tenepb B HallleM DACIOPAKEHUH HMelTCsl Bce HeoGXO-
JUMble CBeJIeHHSi: CHMMETPHS HavyaJbHOIO M KOHEUHOTrO COCTOSIHHS
KPHCTAJJIHUeCKOR pellleTKH, a TaKikKe CHMMeTDHs olepaTopa lepe-
xoxa. Onpenensist K03pGdUIHSHTH HPUBEJEHHUS, MOXKHO JOBECTH pac-
CMOTDeHHe 10 KOHIA M YCTAHOBHThL IpaBuja or6opa. DTO pPaccMoT-
peHHe JaeT HPHMeD IIPAMOro, KOHKPETHOro, Jerko o003pHUMOro H
HCIIOJb3YEMOTO IIPUIOXKEHHS TEOPHH CHMMeTpHH. Kpome Toro, npu-
MeHeHHe mpaBua otbopa AJs HHTepIpeTallHM DElIeTOUHHIX CHEeKT-
POB mpencTaBaseT cobolt ofHY U3 HauboJiee IOJE3HBIX IVIaB KHHTH,

3areM MBI KpaTKO 00CY:KJaeM TPHMEHEHHE COBPEMEHHEIX Teo-
pull MHOTHX TeJ AJsl PacCMOTPEHHS WH(GPAKPaCHOrO NOIJOILEHHS H
KOMOHWHAUHOHHOIO pPaccesiHHs CBeTa peLIeTKON MeToJOoM TeMIepa-
TypHEX ¢YyHKUHE [puHa uau QyHxuuf oTkiauka. Mbl geqaem 3To
I8 YCTaHOBJEHHS CBSi3H C HEKOTOPHLIMH paboTaMH, BeAYUIEMHUCSH
B HacTOSiulee BPeMs, a TaKxe, 9TOOH XOTS OB KOPOTKO IPOJAEMOH-
CTPHPOBATL HCMOJNb30BAHHE CHMMETPHH H B 3ToH 06JacTH TEOPHH.
B 3akaioueHHe gaeTcsi KpPaTKoe BBeJeHHe B OJHO H3 HauboJee
OBICTPO Da3BHBAIOIIMXCA COBPEMEHHBHIX HamlpaBJieHHH, a HMEHHO B
MHKPOCKOIIHYECKYIO TEODHIO ONTHYECKHX pelleTOYHHIX sBJeHHH. [Te-
pexoh K H3y4eHHIO NIPOIeccoB KOMOHHANHOHHOTO paccesiHus BOJJH3H
«pe3oHaHca» HO3BOJIAET JOCTHIHYTb OOJNBLIHX De3yJBbTATOB KaK B
HHTepIPeTAlHH SKCHEPHMEHTANbHEX AAHHEX, TaK U B TEOPHH 3THX
ABJeHHA. AHajornuHbiM 006pas3oM, HH)pPakKpacHas CHEKTPOCKOIHUSA

-
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BBICOKOro paspellleHHS OTKPHIBA€T OIDOMHOE KOJIMUECTBO JeTaJsel,
JIOCTYNIHBIX I/ HHTeprnperauuu. Haute paccMOTPEHHe HMeeT LeJIblo
JaTb ofllee npejcraBJeHHe O6 3TOH pasBHBalolledics o6Jacru Hc-
clle/JOBaHmi.

Tlocoieansas BaxkHasi 3ajadya NpHMeHeHHs ofulefi TeOPHH CHM-
METPHH K CTPYKTypPaM aJjiMasa U KaMeHHOH COJIH paccMOTpPeHa B
ra. 13—15. Kak nosicusjoch B mpeibiaylieM naparpade, Mbl Tpe-
ciegyeM 37ech ABOHHYIO IleJb: IIPOHJIIOCTPHPOBATH IPHMEHeHHE
TEOPHMH Ha BaXKHBIX H PaCHpOCTPaHEeHHHIX CHCTeMax, a Tak:Ke HATh
JIOCTAaTOYHO sicHOe oOCyxaeHHe, 4TOOL YHTAaTeJb MOl HAYYHTHCS
NPHMEHATh TeopHI0 K JI0OOH Apyrofl cucreme, BHIGpaHHOM HM ca-
muM. B ri1. 15 paccMaTpHBarOTCS HeHjeadbHble KPUCTAJJbl € TOYeU-
HBEIMH JedeKTaMH, mpuueM ocofoe BHHMaHHe YA€JEHO TeM ONTHde-
CKHM CBOHACTB3M, KOTOPHIe 0OOYycJOBJeHB cHMMeTpueli. M B aTOM
¢ayuae TeOPHS INPUMEHSeTCs K DAaCCMOTPEHHIO KPHCTaJJOB CO
CTPYKTypoll a/ima3a H KaMeHHOH COJH.

B 3akJjoueHHe HECKOJBKO CJOB O CCHUIKAX Ha JHTepatypy. As-
TOP CTOJKHYJCA C aBCOJIOTHOH HEBO3MOMXKHOCTBIO JaTh IIOJHBIE U
noApoOHBIe CCBIIKH Ha BCeX MHOTFQUHC/IEHHBIX YUEHBIX, [axKe
HEeNOCpeNCTBeHHO pafoTaloliuXx HajJ 3ajadaMH, CcOCTaBJASIOUIHMH
OCHOBHYIO TeMaTHKY NAaHHOH KHHTH. ABTOp NONBITAJjCcs MPOH3BECTH
pasyMHBIE OTOOp CCHLIOK, 4YTOOB ITOMOUb YHTATENIO HaliTH coOCTBEH-
HLII TOAX0A K JHTepaType. 3aUHTepPecOBAHHLI uHTaTesdb JeEerko
CMOXKeT, PYKOBOACTBYSICh MOCJA€A0BATeNbHOCTbIO CCHIJIOK, YTIJJyGHTb-
csl B COBPEMEHHBle M NpeAuIecTByoliHe paboThl N0 BHIOpaHHOR HM
Teme. §1 crapajcss ObITh MOJE3HBIM, cHabXKas YUTATeNs] HCXOAHBLIMH
VKa3aHHSIMH WJIH CCHIJIKAMH Ha TPYIB MEXIYHAPOAHLIX KOH(pepeH-
Uui ¥ noaobHble HM H3JaHHSA. MHe caMOMYy NPHXOAHJIOCH APOH3BO-
JHTb OTOOD NPH HCNOJB30BAHHH JIUTEPATYPhbl, H 1 YACTO CCHLIAIOCh
Ha paboThl, KOTOPble 0Ka3aJHuch AJIST MeHs MOJE3HbIMH, B Hajex/e,
YTO OHH OKaXKYTCH ITOJIE3HLIMH TaKxe ¥ JUIs udraTteds. OXHaKO #
OonpeleseHHO He HMeJ HamepeHHIl HH HTHOPHPOBAThL KOro-JHOO Hu3
HCCJIENOBATEJIEH, HH HCKA3HTb HCTOPHYECKYIO MOC/IeA0BaTebHOCTD
HJIY IIPHOPHUTET HCCAeJOBaHUH.
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KpHCTamuquKne HpOCTpaHCTBeHHbIe
TPyl

§ 3. Cummerpus Kpucraina

B srtoli rJaBe BBOJASTCS OCHOBHBIE MOHSITHS, CBA3AHHbLIE C CHM-
MeTpHell KPHCTaa1a B KOH(HIYpanHOHHOM npocrpaHcTse [7, 12, 13,
16, 17].

Kpucrann npeacrasisieT coO60H TpPeXMepHOe peryaspHoe MHO-
JKeCTBO COCTaBJSIOIIUX €ro 3/JeMeHTOB: HEHTpaJbHLIX aTOMOB, 3a-
DSI’KEHHBIX HOHOB, MOJEKYJSIDHBIX KOMIUIEKCOB H T. n. Onepauus
CHMMETPHH HJH npeobpa3oBaHHe CHMMETPHH KpHCTaJjJia — 3TO Ile-
pecTporKa, B3aWMHLIH OOMeH HJIH IlepecTaHOBKa COCTaBJSIOIIHX
3JIeMeHTOB, KOTOpas OCTaBJSIeT HeH3MeHHLIMH, HJIM HHBADHAaHTHLIMH,
OTHOCHTEJbHBIE IOJOXKEHHUS 3THX 32JEMEHTOB H, TakKuM o6pd3oM,
JaeT 3KBHBAJIEHTHBIH B OTHOLIEHHH HX OpHEHTAIHN KPHCTAJLI,

Onepaiisl cCHMMETPUH B KOH(UTYPAUHOHHOM [POCTPAHCTBE MO-
JKeT COOTBETCTBOBATb «PeaJbHOMY», T. €. (PaKTHUECKH BHINOJHHMO-
My, npeoépasoBaHmo TaKOMY, KaK MOBOPOT KPHCTAJJIa KakK I1eJoro
BOKPYT HeKOTOPOH OCH B KOH(UrypalHOHHOM OPOCTPAHCTBE, COBMe-
1IAIOUIHA 3KBHBAJEeHTHHE HanpaBJeHus uenoro xpucraaaa. C apy-
rofi CTOPOHEI, TakKas ONepalHs MOXKeT COOTBETCTBOBATH «BooOpa-
KaeMoMy» TMpeo6pa3’oBaHHIO, TAKOMY, KakK WHBEPCHS INOJOXKEHHH
BCEX 4TOMOB OTHOCHTEJNBHO HEKOTOPOH (hHKcHpoBaHHOH TouxkH. [Ipw
npeo6pa3oBaHHH CHMMETPHH BO3HHMKaeT APYToH KPHCTAJJ, KOTOPHH
MB OyjfeM Has3pBATb peMIHKOH HCXOAHOro KpHCTamIa. TepMHuH
«pemyIuKa», KOTOpeH 6yJeT HHOTAa HCIOJb30BAaThCH, NPeAHa3HaUeH
IJI Nepeladul CTeNeHH COOTBETCTBHMS MEXAY HCXOAHBIM H npeobpa-
30BaHHBIM OOBeKkTaMH, KoTopas cjafee, 4eM TOXKIECTBO, HO CHJIb-
Hee, yeM nomobue. Pemyiuka Moxer ObITh HaJOXKeHa HAa HCXOMHBIH
kpucraia. OHa HMeeT Ty Xe OPHEHTALHI0, YTO H HCXONHHIH KpH-
cTaJjJi, 10 OTHOIIEHHIO K (UKCHPOBAHHHIM BHeNIHHM ocsiM. Pac-
cMaTpuBaeMoe npeobpasoBaHue Ha A3LIKe MAaTeMATHKH NPeNCTaBJIs-
eT coGoft KOHrpy3HTHOe oToGpakeHHe KPHCTaJ/ia Ha camoro cebs,
KoHnkpyasHTHOe oTOGpaKeHHe KPUCTaJ/a Ha caMoro cebs Aaer pen-
auky. O6paTHoe yTBepKIEHHE HeBepHO:.He BCe KOHTPYSHTHLIC OTO-
OpaxkeHHs, WIH NIPeBPallleHHs SBJAIOTCH ONEPALHIMH CHMMETDHH.

OcCHOBHEIM CBOWCTROM CHMMETPHHM KpHCTa/lna SBJISeTCA Mpo-
CTPAHCTBeHHAad NEPHOJHYHOCTb, KOTOpPas XapaKTePH3yeT pacroJo-
XEHHe COCTaBJAIINX 3JeMEeHTOB. [paHCAALHOHHAS CHMMeETPHS
Q3HAYaer, 4TQ 3a HAYan0 KOOPAHHAT MQXKHO Buéparb_mo6gx"f y3eu,
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coJlepKalllHil aToM HAHHOrO COPTAa, TaK KaK BCe TAKHEe aTOMH 5KBH-
BajeHTHBl. [Ipu moGom Boifope Hauala KOOPAMHAT AOJKHEL MOJAY-
YaThCH TOMK/JAECTBEHHBle (QH3HYeckHe peay bTaThl. OueBHAHO, ecau
KPHCTAJIJT COMEPIKHUT HECKOJALKO COPTOB aTOMOB HJH HOHOB (HAaIpH-
mep KCl, NaCl), To 3KBHBaJICHTHBIC AaTOMBI WM HOHB 00PasyioT
nojapelretky. ATOMBI MOJAPEIIeTKH CBS3aHBl MeXAY cofoli CBORCTBOM
SKBHBAJEHTHOCTH I[IPH ONEPalHAX TPAHCJASAUHOHHOH CHMMETDHH.
UmetoTess Tak:ke KPHCTAJB, COAeprKallHe OAHH XMMHUECKHH 3Je-
MeHT, Uil KOTODPHIX, OJHAKO0, XHMHUYECKAsl TOXKAECTBEHHOCTh aTOMOB
He O03HAYaeT CTPYKTYPHYH SKBHBaJeHTHOCTb. B pesyabrare KpH-
CTaJJINYeCKOro YINOPSAOUYEHUS! XUMHUYECKH TOXKIAECTBEHHEIE COCTaB-
JA0UIHe 3jIeMeHTH, TakHe, KakK ABa artoma (e, MOTryT HpuUHALJIE-
KaTb K pA3JHUHBIM TPAHCAALUUOHHBIM MoJpewieTKaMm. lIpi 3ToM
TOJLKO aTOMBHl B IpefleslaX OJHOH U3 NOAPEMIeTOK SKBHBAJEHTHBHI 10
OTHOIIEHUIO K TPAHCAAUMAM. B 3TOM cayuae FOBOPST, YTO KPUCTAJLI
uMeer Gasuc. B cIyyae aTOMHOrO KpHCTasjaa, BCE aTOMBI KOTOPOIO
9KBHBAJIEHTHB 10 OTHOLIEHHIO K TPAHCAANHAM, KDPUCTANJIHYECKAS]
pelreTka copmnajaet ¢ pemetkoft bpass [7, 12, 13, 16].

KpoMe KOHKPeTHOH TPAHCAAUMOHHOH CHMMETPHH KPHCTaA MO-
JKeT HMeTh TakKXe CHMMETDHIO OTHOCHTEJIbHO [OBOPOTOB. B 3ToM
caydae «GpeMs COBMECTHOCTH» JIOMHTCA L@JTHKOM HA SJeMeHT
NIOBOPOTHON CHMMETDHMH: OH_ JOJMKEH OBITb COBMECTHM C HMeolled-
¢l TPAHCJALMOHHOH CHMMeTpHed.

Hanee, crencTBHeM ONPENEJEHHOIO PACHOJIOKEHHS 3JEMeHTOB
MOKeT ObiTh HAJHYHE COCTABHBIX ONePalUil CHMMETPHH, COCTOSILINX
3 TOBOPOTOB H HeTPHUBHAJBHHIX TpaHcasauuil. Takwe maockocTu
CKOJIBKEHHA WM BHHTOBBIE OCH JAIOT CYLIeCTBEHHO HOBLIE npeolpa-
3oBanus. Pasymeercs Jawbas JomycThMas omepanys HOBopOTHoﬁ
CHMMETPHH MOXKET COUeTaThCsl € MOJNHOH TpaHCASIHeH pemeTKH
IaBasd COCTABHYIO ONepallHi0 CUMMETDHH.

COBOKYIHOCTh NOBOPOTHBIX, TPAHCAANHOHHEIX H COCTABHHIX Olle-
pauufi cuMMeTpHH o6pasyeT MNPOCTPAHCTBEHHYIO TIPYNNy KPHCTAJ-
Jga @. IlepefineM Tenepb K 06CYyXKICHUIO MaTEMaTHYECKOH CTPYKTYPH
H TeOPHH TAaKHX TPYII.

Marematndyeckas XapaKTepDHCTHKA PasJHYHBIX IIpeoGpas3oBaHuil
CHMMETPHY, BXOASMIUX B NPOCTPAHCTBEHHbIE I'PYINEL, COCTOUT B TOM,
YTO OHH GBJSIOTCA JHHEHHBIMH, BeIeCTBEHHBIMH, HeOJHOPOIHBIMH,
JHCKPETHHIMH (CIellHaJbHEIMH a(GUHHEIMHE) Tpeobpa30oBaHASIMH
TPEXMEPHOTO eBKJIHAOBa NpocTpancTea. Addunnoe npeobpasopante
MOKHO NOHHMMAaTbh KakK Ipeo0pa3oBaHue, NMepeBOAslIee ONHY TOUKY
B TPeXMepHOM NpOCTPaHCTBe B APYryI0 TOUKY B TPeXMepHOM Ipo-
crpaHctBe (axkTuBHast unTepnperauusi). C apyro#t cropous, addun-
Hoe npeo0pa3oBaHHe MOXKHO HCTOJKOBBIBATH Kak NpeoOpasoBaHue
KOOpJAHHAT (QUKCHPOBAHHON TOYKH B Pe3yabTaTe HU3MEHEHHS CHCTe-
MBI KOODJHHAT, HCIOOJb3YeMOH MJsl ONHCAHHS TOUYKH (IaccHBHas
WHTepnperanus). B moGoi uHTepNpeTamuH 3T0 Npeobpa3oBaHHE

1]
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0TPaxXaeT «COIOCTaBJeHHe» TOUKH, KOOPAHHATH KOTOPOH B IPAMO-
JUHEHAHOHR CHCTEMe KOOPAHUHAT eCTb (Xi, Xz, X3), C TOUKOH, HMeIOULeH
KOOpAHHATH (X}, Xy, X;). Takoe comocrapjienHe ABYX TOUEK HJIR
IBYX TpOeK uHcesl (KOMIOHEHT) 3ajgaerca mpeoGpasopanueM. Hau-
Gosiee obliee npeoOpa3oBaHue, NONYCTHMOE A1 KPHCTA/LIa, HMeeT

BHI
X =% + @, + Ppa¥; + 1) ((pii)’

4

Xy == Qg Xy T PpX, + Pyky 44, (), (3.1)

4

X5 = QiX; -+ PgXy + @y 1 15(9;)),
rie @; — BellleCTBEHHBIE KOHCTAHTH, a f; — BelleGTBeHHble BeJIHUU-
Hbl, KOTOpPble MOI'YT 3aBuceTh OT Halopa ;. Cpeld BceXx apUHHBIX
npeoGpasosanuil (3.1), cBA3BIBAIOIINAX TPOHKH UHCEN (X1, Xz, X3) C
TpOfiKaMu uHcea (x|, Xj, X;), BbIOepeM Te, KOTOphle @) OCTaBJAIOT
HHBADHAHTHEIM KBaJpaT PacCTOSHHS MexKAy JoOLIMH JABYMS TOY-
KaMy, T. e. METPUKY, 4 6) COBMeCTHMBI C OIIpele/leHHeM peLIeTKH.
TlycTh KOOPAHHATH IBYX TOUYeK [0 IpeobpasoBaHust Oviid (xy,
X3, X3) U (Y1, Y2, Ys) B IHeKapTOBOH cucTeMe KOOpAMHAT. KBagpar
PACCTOSHUS MEXKIY STHMU TOUKAMH paBeH

= (x; — y1)* + (X — yo)* + (3 — y3)* (3.2)

[Ipu adduunom npeobpasoBanuu (3.1) Tpoiika uucea (Yi, Yz Ys)
TakxKe mpeobpasyercs o 3aKOHY

Y=Y, + Pty + Py + 1 (9),
Y=Y, + Pop¥y + Pyl + 1, (®;), (3.3)
Y3 =0y Y, T P8y + gty + 15 (@),

rie @; vty B (3.1) 1 (3.3) TOXKHAECTBEHHO paBHBL. TakuM ob6paszowm,
WHBAPMAHTHOCTb KBa/JpaTa PACCTOSHYS OTHOCHTENBHO mnpeobpaso-
BaHHs 3aNHChIBaeTcsd B BHAE

S (P (RGP (= 6

OueBngno, (3.4) HakJIaAbLIBAET OrpaHHUeHHe HA BO3MOMKHBIA BUJ ;).
DTo orpaHayeHHe COCTOMT B TOM, YTO OAHOPOAHOE npeobGpasoBaHue
HOJXKHO OBITb OPTOTOHAJbHHM mpH fp = 0. (Huxe Mpl npoananu-
3HpyeM OTpaHUYeHHe, CJAEAYIOLLee H3 OPTOTOHAJLHOCTH, HECKOJIBKO
nojgpo6iee: OHO NpUHHMAaeT PasHele GOPMEI B JEKapTOBEIX H He-
JEeKapTOBBIX OCAX.)

Onpenesienyie pelleTku (nyHKT «6») HaKJaAbiBaeT OrpaHHueHHs
Ha HEKOTOpbie H3 TPaHCaAluMl fx (i), Hanbonee BaxHbIM sBAsETCS
OrpaHuyeHHe, BOSHUKAIOMIEe U3 THCTO TPAHCISIUHOHHOMR CHMMETPHH.,
Hasa gucroi TPAHCAAUUN OTIHYHEL OT HYJA TOJNBKO AHArOHAbHbIE
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3JIeMeHTH ¢, npuyeM @ == 1, Tak 4YTO ANA YHCTHIX TPaHCJHsILHA
(3.1) npuHHMaeT BHA

x] =x,+1 (q>”'=6i]). ) (3.5)
Torga orpanuyeHHe Ha f; COCTOHT B TOM, 4YTO
t (@ =9;) eCTb LieJI0e YHCJIO. (3.6)

Onpesenenne KPUCTAJNJIHYECKOH pellleTKH MOAPa3yMeBaer, UTO OHa
MOKeT OBITb BOCHODOH3BeJeHa OJHUMH LeJBIMH YHCTHIMH TPaHC/Is-
uusmu [12].

Jpyrue orpaHu4YeHHs] HA BO3MOXHEIE Qi U fr (Qi;) 06yC/IA0OBIEHH
TeM, YTO BCE -3JI€MEeHTbl CHMMETPHH XOJIXKHBI OBITH B3aHMHO COTJa-
coBaHbl. Hanpumep, XopolIo u3BeCTHOe ¢/eACTBHE TPeGOBaHUS COB-
MECTHOCTH COCTOHT B TOM, YTO BCe AONYCTHMBle TPeXMepHbLIE Bpa-
LIeHHs CBOAATCH K NOBOPOTaM Ha YIVIH 2n/n, rie n =1, 2, 3, 4, 6;
n=>5 wuckmouaercs [12]; cm. uumxe (6.19).

§ 4. MNoarpynna TpaHcasuMi Kpucrajja

BeezeM TpH JIHHEHHO He3aBHCHMBIX BEKTOPa B IMIPOCTPAHCTBE
KPHCTaMIa @4, @3, @3. OHA MOTYT OBITh BHIOPAHBl PAa3JIMYHEIMH CIIO-
cobaMH, onpelesseMbIMH COO6paxKeHUsIMU OOWIENPUHATOCTH, YI006-
CTBa AJs NAHHOTO KOHKPeTHOro cjiydast # T. . byneMm cuutath, uTo
BO BCEX HHTEPeCYINHX Hac cJydasx 3TOT BhIOOp OBLT chesaH
anpHOpH, CIeAys MexAyHapoaHOMY cTaHzapTy [12]. Moayau stux
BeKTOPOB paBHH |a;|= a;. CiefoBaTe/bHO, BEKTOPH XapaKTepu-
syiorca AauHoft, Ilpeamosoxum, 9to HavyaJo KOOpAHHAT BLHIGPAHO
B touke (. O6bYHO ycaoBHs, onpelensiiollde BEIOOp Hauajla KOOp-
IMHAT W BHIOOP BEKTOPOB @;, (OPMYJHPYIOTCS OZHOBPEMEHHO H
H3 ONHHX U TeX e coobpaxeHum.

[IpeanonoxkuM Tenepb, 4To Hayasdo KoopAuHat ( coBmajgaer ¢
y3/0M, B KOTODOM HAXOHTCA aTOM HJH HOH. Torma BekTop, coe-
puHsiomui Touky 0 c HpOHSBOJIbHOH TOUKOA KPHCTaJjjia, NpeicTaB-
JaseTcd B BHIe

r = x4 + X0 + X343, ) “4.1)

rie Xx;-— OPOU3BOJIbHBEIE BellleCTBeHHble uHcAa (6espaszMepHbie).
Taxum o6pasom, Tpoifika AeHCTBHTENIbHBIX uHcesd (X3, Xz, X3) oOmpe-
ZesnsieT KOMIOHEHThl BEKTOpa r B CHCTeMe KOODJAHHAT, 3aJaHHOMN
BEKTOpaMmu (ay, as, as). PaccMoTpuM BekTOp

RL Ellal + l2a2 "‘I" 13a3, (4‘.2)
rie l;— AefcTBHTeNbHBIE YHcsaa. BekTop Takoro BHaa HasbiBaercs
BEKTOPOM peLIeTKY B KpHCTaJJHyeckoM Tnpocrpanctee. Habop Bcex
BEKTOPOB PEIleTKA B KPHCTAJIHYECKOM NPOCTPAHCTBE COOTBETCTBY-
eT BL6Opy B KauecTse NONYCTHMBIX 3HaUeHHH [; Beex uencwmenb-
HBIX LEJBIX YHCE. :
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N

PaccMoTpuM 2JeMeHTapHYI TpaHCasnuoo pemletkd. Onpeaenaum
ee Kak Takoe mpeoOpa3oBaHHe, IIPH KOTOPOM .BEKTOP 7 NEPEXOAMT
B BEKTOp r’, rae

r'=xla + xa,+ xa, (4.3
"
=x41, x=x+1, xj==x,+1I, 4.4)
U
r'=r-+R;. (4.5)

CorJjiacHO onpejeseHHI0 PEIETKH, elHHCTBEHHOEe YHCTO TPAHCHASIIIH-
OHHOe (KOHTPYIHTHOe) Npeobpa3oBaHHE CHMMETPHH, KOTOPOE MO-
KeT MUMeTb KPHCTaJJ, — 3TO TPAHC/ASALUS Ha BeKTOp pemteTkd Ry.
CaegoBaTenbHo, (4.5) MOXHO MOHHMaTh KakK npeofpasopaHHe, CBA-
3bIBaolllee JBe SKBHBAJeHTHble TOUKH ¥ M r/. DTO 3HAUHT, 4TO
¢dH3MUeCKHE CBOMCTBA KPHCTAJJaa, ONpEJleIeHHble B TOUKAX r H #/,
IOJKHEl OBITb OJHHAKOBBIMH.

a. Oneparopwl Tpancasunu {e|R.}. [lns o6osnavenus npeoGpa-
3oBanus (4.5), a 3arem u Gojee obutero npeobpasosanus (3.1) oka-
3bIBaeTcsl YHOGHBIM omnpefenuTs onepatop {e|R.}, 3anaBaeMsiil
ABYMS CHMBOJIaMu. B arom maparpade nepBhifi CHMBOJ He ABAsIETCS
HeoOXOAUMHIM, HO OH GyAeT CcOoXpaHeH M [OCJ]IeL0BATeNbHOCTH
M3JIOJKEHHS], aTaKkKe AJs HCIOJb30BaHHS B AanbHelilteM. OnepaTtop
TPaHC/IALHKK ONpeesNsieTcs COOTHOLICHHeM

{elR) -r=r'=r+Ry (4.6)

U3 (4.6) cremyer, uto oneparop, ofpatubii {e|R.}, MOXHO ompe-
IeJUTb COOTHOLIEHHEM

{e|R}'={e|— Ry}, (4.7)
€|R) ™" -r=r—R, (4.8)

rae

Takum o6pasom,
{eIR} ™ -r'=r"—R,
u, noacrasaasa r us (4.6), monyuaem
IR} - {elR} - r={IR} IR} r=r. (49)

CienoBaTenbHO, €CJAH BBECTH ONEPATOP TOXKAECTBEHHOrO (6e3
Tpancnﬂuuu) npeo6pasosanus {e|0}, rie

{l0}:r=r, (4.10)
{eIR} {§17RL}"‘ ={el R)™ -{e| R} ={e]0}. (4.11)

TO
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OueBUIHO, Tenepb MOXKHO IEpPeATH K NPaBUJIY MOCJAELO0BATENbHOTO
BBINIOJTHEHHS] ABYX onepauuii TpaHciasuuu. Tak, ecau

IR} - r=r'=r-+Ry,

TO

HIIH {eIR}-+'=r"=r"+R.=r+ 2R, (4.12)
{eIR} - {e|R}={e|2R} ={e|R}%. (4.13)
CunenosarensHo, ecan {&|R;} onpenessertcs coraacno (4.6) wm ecin
BBECTH
RM = may + 1oQg -+ myas, (414)
TAe my — LeJble Yuc/aa, H
Ry = nja, + nya, + nya;, : (4.15)

rae n;—nensle upcsaa (Tak uto Ry u Ry — BEKTOPH pelIeTKH),
TO MOXKHO PaccMOTpPeTb ONepaTOpHl

{elRy} - r=r -+ Ry, (4.16)
{e|Ry} - r=r-Ry. (4.17)

OueBunHO, ofllee MNpaBHIO HNPOH3BefeHHst (HOCJAeN0BATENLHOTO
AEACTBUS) STHX ONEPATOPOB HMEET BHJ

{elRy}-{eIR}-r={e|Ry}(r+R)=r+R.+Ry (4.18)
i :
{elRy} - {eIR}={e|Ry + R} ={e|R.+ Ry} (4.19)
Ecan npuHATh
Ryyr=Rriu=Rr+ Ry, (4.20)

Ryyr=(m+ 1) ay + (my+ L) ay + (m3 + 1) as, 4.21)

TO, OUeBHAHO, Ry.y, TaK XKe Kak Ry U Ry, ABISETCS BEKTOPOM
pemeTka. TakuM obGpasoMm, u3 (4.18) numeem

{elRy} - {e|R}={e| R} ={e|R.}  {e|Ry}. (4.22)
Haxoneiu, ucnosesys (4.18) u (4.22), jerko noxasartb, UTO
{e Ry} - {el Ry} ={e| Ry n}-{8|RL}, (4.23)

Ryim={(m+m)a,+ (ny-+ myay+ (n - my) @, (4.24)
3ameTrum, YTO BCJAEACTBHE CBOHCTBA NPOCTOH aJJHTHBHOCTH TPaHC:
Asgudil Moxuo npuBectH (4.23) K BHALY

{eIRy} - {e| Ry} = {€ | Ry1ps 1) (4.25)

6. Tpynna tpancasuuit €. Iloxsenem uror. OmepaTtophi {e]RL}
onpenenens gopmynoi (4.6). OnepaTop onpepeseH uepes ero Aeif-
CTBHEe Ha BEKTOP r B KPHCTAJJIHYeCKOM IpocTpaHcTBe. Kaxaomy

rae

rae
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BEKTOPY pelleTkd R; MOMXKHO CONOCTABHTb COOTBETCTBYIOMIMH eMY
onepatop Ttpadcasuud {e | R.}. Tak Kak BeKTOpPOM pellleTKH sB-
JaseTtca Jwoboii Bekrop Buxa (4.2) npu — oo << [; << + oo, dcHoO,
uTO OpOH3BEeAeHHe /[BYX OIepaTOPOB TPAHCAANWHY peLleTKH Jaer
OTEepaToOp TPAHCASIMH pelleTKH. B coBokymHoCTH oOmNepaTopos
TpaHcasnun (4.6) uMeeTca OZMH C OCOGBIMH CBOHCTBAMH — 3TO
onepaTop TOXKJEeCTBeHHOro npeobpasopaHus. KaxknoMmy omepaTtopy
TPaHCJIAIHE MOXKeT OBITh COMOCTaBJieH APYroi onepatop (06paTHBIH
eMy) TakKuM o6pasoM, UTO NPOH3BejlleHHe TaKHX JBYX ONepaTopoB
NaeT omepaTop TOXKAECTBeHHOro npeoGpasoBanusa [cM. (4.7)]. Ha-
KOHeIll, Ipou3BeJeHNe (IocJef0BaTENbHOE NPUMEHEeHHE) 0NepaTopoB
TpaHCAsUMH o0jajilaeT MaTeMaTHYEeCKHM CBOHCTBOM acCOLHATHBHO-
cru [em. (4.23)].

TakuM o6pa3oM, COBOKYIHOCTb BCeX OIEpPATOPOB TPAaHCAALHH
{e | R} o6pasyer rpymny [1—3]. Dty rpynny mbl 6yzeM 0003Ha-
yaTh € ¥ HaswpIBaTb TPYNNO# ONEPATOPOB TPAHCISALMH KpHCTaJJa.
Hexotoprie cBoficTBa 3TOM TpPyNIbl, SIBJASIIOIIHECST NPSMBIM CJAECT-
BHEM aIJUTHBHOCTH BEKTOPOB pelUeTKH, HPHBOIAT K CJAENCTBUAM,
BA4KHBIM AJIS1 BCEro MOCJENYIOUIEr0 PacCMOTPEHHUS.

Paccmorpum Tpn BekTopa

Ri=a, Ry=a, R;=a; ' (4.26)
KOTODBIM COOTRETCTBYIOT ONEpPATOPBH
{eIR}, {elRy}, {elRs}. ‘ (4.27)
3amerum, yTo .
{elha}={e|R}, (4.28)
{ellay} = {e] Rz}h, 4.29)
{e1has} = {e| R}". (4.30)
Cnenosateneno,
{9’ iRL} = {8 | La, + La, 4 1303} = (431)
={ela}" {e]a}" {e|a}". (4.32)

B. Crpyktypa rpynnet €. U3 BHINIEH3JOXKEHHOTO CJAEAYeT, 4TO
rpynna € gapJsercs NPAMBM npousBefenueM. Ecnu onpenenuts $y,
rpyInmy, COCTOAIYIO H3 BCEX ONEePaTOPOB TPAHCJAIMH, OCTPOEHHBIX
Ha {e | R}, T. e.

t t
{elha} ={ela;}"' = {e|R}" (4.33)
Ana Bcex li, H aHaJOrHYHBIM o6pas3oM $p u T3, TO JErko 3aMeTHTh,
qro
=2, 0% R®T,. (4.34)
Kaxnas us rpynn 84, €2 u €3 ABJasierca rpynnol Tpancaauni. Kax-

Aad rPynna B OTAEJbHOCTH MOPOXKAaercs oaHUM anemeHToM {e | R},
{e | R:} u {e| Rs} COOTBETCTBEHHO H CTENEHSIMH 3TOTO SJeMEHTa.
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Ouepunno, Kaxnaaa u3 rpynn Sy, $p U I sABjAsseTca abeseBok
rpynno#t ¢ oZHUM obpasyomuM sneMeHToM. [TockoJbKY

{elR}-{e|R}={e|R}-{e|R} =m 1 1, (4.35)

Bce ofpasymollye- 3JeMEeHTH KOMMYTHPYIOT; ClefOBaTe]bHO, rpymnia
¥ — aleneBa rpyina H sABJASETCS OPAMBIM MPOH3BEJEHHEM.

$lcHo, 4TO, MOCKOJBKY 00JIACTh BOSMOXHBIX 3HA4eHHUN /; oXBaTH-
BaeT Bce BellleCTBeHHbIe LleJble YHCAa, YHCJIO 3JEeMEeHTOB, HIH Tops-
JoKk kaxjaol us rpynn Tf, Ty u T3, OeckoHeyHo, a rpynna T umeer
TPHXKAB GecKOHeuHbIH nopafok. C (hH3HUeCKOH TOYKH 3peHHs OKa-
3pIBaeTCs HeyAOOHBIM paccMaTpHUBaTh TPYNNH OECKOHEYHOro Mo-
psanka. ITosToMy Ha 3To#i cTaAuH OGLIYHO BBOASITCS NEPHOJHUECKHE
rpaHHuHble ycaoBus Bopaa — Kapmana.

1. I'pannunnie ycaous BopHa — Kapmana [18, 19]. Paccmot-
puMm rpymny ; H cocTaBifAollde ee TpaHcasnuu, [Ipeamosoxum,
yTo HMeeTcs 00JbLIOe MOJOXKHUTENbHOe yucao Nj,. Takoe, YTO TOUKH
r—Nia, u r-+ Nia; B TIpoCTpPaHCTBE KPHCTAdJa TOXK/ACCTBEHHEL
Takasi TOXIECTBEHHOCTb MOTJa OBl BEIMOJHATLCSH -CTPOrO TOJBKO B
TOM cJyuae, €CJIM KPHUCTAJJ B HaNpaB/leHHH &; Obla OBl KOJBILOM.
Opnaxo ecau uyucao N; AOCTATOUHO BEJHUKO, 3TO NPeANOJONKeHHe
MOXKHO MOHMUMAaTb KaK NPEANOJIOKeHHe O TOM, YTO KpHcTaaa pasbu-
BaeTcsa Ha 6oabliue GJIOKH, HJIH OCHOBHBEEe 0o6JacTH. DTH GoJblide
6JI0KH TOBTOPSIIOTCS TaK,. YTOGH BOCIPOM3BECTH BeCh KPHCTAJI.
[Tocko/sbKy paccrosiHHe Mex1y TOYKAMH r—Na, u r-+Na co-
craBisieT 2N, Waros QJAWHOH @) rPaHHUHBE YCJIOBHSA BopHa— Kap-
MaHa MOXHO 3amucatb B BHIe

r—Na =r+ Nlal, - (436)
HJIH .
r=r-+2Na;. (4.37)
Hanee (4.37) MoXHO mepenucaTh B onepaTopHoii dopme:
(10} - r=r={e|2Na} - r={e|a}" - r. (4.38)

AnasorguneiM o6pasom nyctb N; B Nj— GoJsblliHe MOJOXKHTENb-
Hble YMcJaa, TAKHE, UTO A5 NPOH3BOJIBHOIO ¥

(810} r=r=1{e|2Na} - r={ela}”-r,  -(4.39)

(€10} r=r=1{2|2Nas} - r ={e]a}"" - r. (4.40)
CrenoBaTebHO, v '
{ela}V = {e| a}’" = {e|a;}*" = {e]0}. (4.41)

Taxk kax {e | 0} ecTb TOXKJeCTBEHHHI s/eMeHT B rpymmnax i, £, s
wi g, To CTAHOBHTCS SCHO, 4TO yCOBHE BopHa—KapmaHa tdak-



Kpucrasauueckue npocTpancreentsie epynnoy 1|

THYecKd obpamaer rpynmb GeCKOHEYHOro MOpsiiKa B TPYINbl KO-
HeuHOro (HO GoJabuIOro) Hopsaka. BoaMoxkHa sxkBHBaJeHTHas ¢op-
MYJIHDOBKAa 3TOr0 pesyJbTaTa 4yepes AONYCTUMLIE 3HAUEHHs, KOTO-
phle MOTYT OPHHHMATh HMHIAEKCH [;. A HMeHHO: BEKTOp pellIeTKH B
KPHCTAJJIHUECKOM NPOCTPAHCTBE, COTJIACYIOMIUACS C IePHOAHUIECKAM
rpaHHuHBIM ycaosueM BopHa — KapMaHa R., M0OXHO Temepb OmIpe-
JeJUTh Kak .

Ry =la; 4 la,+ la;, rne — N; <[;<N,, (4.42)
RL+2N1a1=RL+2N2a2=RL+2N3a3=RL. (44‘3)

OuepnpHo, $; cienyer Tenepbh paccMaTpHBaTh Kak ale’deBy rpymnmy
nopaaka 2N; ¢ oxHHM 06pasyioliuM 3JeMeHTOM {e | ai}; 310 OTHO-
cutcsi ¥ K rpynnaM % u s [losnyw TpaHcasuuonsyio rpynny £
clelyer paccmaTpHsaTh Kak abeseBy rpymny c tpema o0pasyio-
[IMMH JEeMEHTaMU, HMelYyK nopsaaok N, rie

N = (2N,) (2N,) (2N3) = 8NN, Ns. (4.44)

Jdpyrumu ciaoBamu, $ ABAsSeTCs NPSIMBIM IPOH3BeleHHeM abeleBbiX
MOArPYNI, Ha 4TO H yKasuiBaeT (4.34).

A. CsoiictBo omepartopa {e|t}. M3 (4.6) BuaHO uTO oOmepaToOpH
{e|t}, ecnn ux UpUMEHUTb K PasHOCTH BEKTODOB f, ONpeAe/eHsl He-
noJiHo. JleficTBHTENAbHO,

{elt}-r=r-+1t, (4.45)
el r'=r"+1, (4.46)
TaK 4TO
{elt}.r—{elt}-r'=r—7r. (4.47)
Ho mas p=r —r’ umeem 4
{eit}-p=p+1t, (4.48)
TaK 4TO
felt} - r—r)=@—r)+t. (4.49)

Takum o6pasom,
{elt}-r—{elt}-r" F{elt}- (r—1). (4.50)

Nosromy caenyer pasanuath onepanuu (4.47) n (4.49). 310 pasau-
Yhe CTAHOBHTCH SICHBIM, eC/IH PACCMOTPeTb (PU3HYECKHH CMBICA Mpe-
ob6pasoBauusn. Eciim MBI XOTHM NPOH3BECTH KECTKUH CABHI OBYX
TOYeK r H ¢’ H4a paBHYI0 BeAHUYHHY f; ODH KoTOpOM coxpaHsieTcs
(r1w  octaercs HHBapHaHTHbIM) paccTosiine r —r/, TO CjeLyer
BOCMOJb30BaThes onepauuedl (4.47). Ecan e Tpe6yeTc91 npousse-
CTH JXKECTKOE CMellleHHe BeKTopa @ ==r — r’, TO HYXHO MOJIb30BATb-
cs1 (4.49). Dror Bonpoc He AOJKEH BbleIBaTb 3aTpynHEHHUH.
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§ 5. daeMeHTb TNOBOPOTHOH CUMMETpPHH:
TOYeyHas rpynma Kpucranja

Paccmortpum ciyyait mpocroro Ky6uueckoro kpucrassaa. Toraa
_ B KauecTBe BEKTOPOB 4@, dy, 43 u3 (4.1) MOXKHO B3ATb TpPOHNKY
B3aUMHO OPTOTOHAJbHBIX BEKTOPOB PaBHOH JJHHBI, TAK UYTO @;-d;==
= a0;; 1 |a;| = a. [anee, paccmatpuBass maTpuiy npeoGpasoBa-
HUSl ¢ B ACKAPTOBBIX KOOPJHHATAX, 3aldllieM ee MaTPHUHHE B3Jje-
MeHTHl B BHIe ()ij = ;. [pe6oBaHHe OPTOrOHAJLHOCTU ¢ CJAEAY-
oiee 3 (3.4), NPHBOAMT K OrpPaHHYEHHAM, HaKJaJbBAEMBIM Ha

TPAHCTIOHHPOBAHHYIO MATPHIY ¢ C SAeMeHTaMu ()i = ¢y
¢ e=¢-g=¢, (5.1)
rie & — elMHMYHasi MaTpuua ¢ pasmepamu (3 X 3):
(e);; =10y : (5.2)
Boiuncnas neTepMHHAHT npaBoi u Jaesofl uacredi (5.1), moayuaem
detg - g=(detq)2=1, (5.3)
WK
detg= 1. (6.4)
Huta coGeTBEHHBIX BpalieHni
detq =+ 1 (co6cTBeHHBIe BpalleHHA). (5.5)

Iasa HecoGCTBeHHBIX BpaimeHui (MJIH OTpaKeHHI)
detg9g = —1 (HecoGcTBeHHbIE BpAIIEHHS). (5.6)

B ofiiem ciayyae BpallieHHe MOXKeT OblTb U COOCTBEHHBIM, H He-
cOoOCTBEHHBIM; MBI OyJeM HX pasjuuaTtb IO Mepe HeoGXOAHMOCTH.

Xopouio usBectHo [1], uTo 3ajaHHas BelleCTBEHHAs YHUTapHAs
(1w opToroHaJbHasi) MaTpPUIA C NOMOILLBIO OPTOrOHAJBHOLO IIpe-
o6pa3oBaHus MOeT OBITb NpPUBEJEHA K BUAY

cosgp —sing 0
¢=41 sing cosg 0 {. (5.7)
0 0 1

Kaxk 6yier MOKa3aHO HUKe, U3 TPeGOBAHHSA COBMECTHOCTH TIOBO-
POTOB ¢ ¥ TPAHCTILHA DEIUSTKH ¢ HEOGXOAHMOCTBIO CJAeIyer

g=22, n=1,23 4, 6. (5.8)

OtmeruM, 4T0 1peoGpasoBaHHe, NPHBOAALIEE - OAHY M3 MATPUL, @
rabopa npeoGpasoBaHuil cuMMeTpuu K Buay (5.7), BooBuie rosopH,
He OY/eT NPUBOAMTL K TAKOMY »Ke BHAY Kakyio-Au6o Apyrywo Mat-
puny @', Aaxe U3 TOro xe Habopa.
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a. Oneparops nosoporos {@|0}. Onepatop {¢|0} MoxHO ompe-
AEJIHTb COOTHOIIEHHEM

{910} -r=q-r=r’, (5.9)

rae .
¢ r=xa + xa,-+ xa, (8.10)

a x|, X, X, OUpeleJeHbl COOTHOLIEHHSIMH, aHaJOrHUHEIMH (3.1), HO
c tilg)=0: ,

X1 == Q%) @18 T+ P,

Xy =@y, + cP122352 T @yys

X3 7== @y %)t Py~ Py,

O6patHoe BpalleHne ¢! obnagaer TeM CBOHCTBOM, 4TO AJf OPTO-

FOHAJBHON MAaTpUUB ¢! = ¢, Tak 4T0 ¢ '-@ ==g alaJOrHyHO
{5.1). CoOTBETCTBEHHO B OomepaTOPHHIX 0003HAUEHHUAX

{910} = {¢7'10} (3.11)

{010} - {g10}={¢~" - ¢ |0} = {20}, (5.12)

rie {e] 0} — ToxxaecTBenHoe npeobpasosaHne (4.10).

JLns Ka)kA0ro KOHKPETHOro KpHCTaJsia B o0IIieM ciaydae HMeercs
nejasi COBOKYNHOCTb MAaTPHIL (g, COOTBETCTBYIOLHX Ipeo6pa3oBa-
Huo TtHna (3.1), KOTopylo ME 0603HATHM

g, V3, @35 « s (pp' (513)

Kaskznas u3 MaTpHul ¢ BellleCTBEHHA U YHHTApHA, H KAXKAas YAOB-
JeTBopsier ycjoBHIO (5.1). IlpousBeleHHe HBYX TOBOPOTOB JAaeT
TaK¥XKe IOBOPOT:

RN 5 == Qogy- (514)

B ofuiem ciyyae OH IpHHAAJEKHT COBOKYNHOCTH (5.13).

6. Toueunas rpynna P. [TonHyo COBOKYNHOCTH Pa&3JMHYHBIX IIO-
BOPOTOB, BXOJAIIHX B KauecTBe OJHOPOJHOH uwacTH B 00lee Ipe-
o6pasosanue (3.1), O6ygeM omnuceiBath HaGopoM (5.13). dra coso-
KyIHOCTh o6pasyer rpylny, KOTOPYIO NPHHSITO Ha3HBaTh TOYEUHON
rpynnoft § xpucraana. Mcnoabsys onepatopHsie 0603Hau@HHSI, Mbi
MOKeM CKa3aTb, YTO Ha00p H3 p OMEpaTopoB

{£10}, {9210}, ..., {g,10} (5.15)

coctasiser rpynny P. OuesugHo, uTO NpaBUIa YMHONKEHHs STHX
OIlePaTOPOB HMEIOT BHA

{0 0} - {(P'v |0} = {(Po'r |0}, (®. 16)
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rie {go: | 0} npunagmexur cosokynmoctd (5.15). 3amerum, uro
IIPM 3TOM He YTBepxKJAaercsd, 4to Jwbas TOUKAa KPHCTANJIA HMeEeT
cuMMmerpHio P. CuenyeT NOAUEPKHYTb, UTO P sABJAseTCS TaKOH COBO-
KyNHOCTbIO Mpeo6Gpasosanuil obulero Buga (3.1), KoTopas cooTzer-
creyer nosoporaM. CoBokynHocTb omnepatopoB (5.15) ynpoaerso-
psieT IpyNIOBBIM IOCTY/JaTaM: B 3TOH COBOKYIHOCTH HMEETCS TOXK-
AecrBeHHbll 3aeMeHT {e | 0}; cornacho (5.16), npousBereHne IByX
OllepaTopOB OTHOCHTCST K 3TOH K€ COBOKVIHOCTH; AJS1 KaZKA0TO Olle-
patopa uMeercs oOpaTHBIH omepaTop; NpoH3BeAeHHe o6JgagaeT
cBOHCTBOM acconuaTtuBHocTH. CJefoBaTesbHO, $ COOTBETCTBYET
MAaTeMAaTHUECKOMY HOHATHIO IPYIIOEL.

§ 6. O6Gmuit aneMeHT CUMMETPHH KPHCTAJNJA:
npocTpaHcrBenHas rpynna

-a. Oneparop {@|?(q)}. das o6o3nauenns npeo6pasoBaHHa CHM-
merpun obwero Buaa (3.1) BBesem onepartop {¢|f(¢)}:

lt@)} -r=¢-r+tlg=r. (6.1)

Ormetum, uto Popmysa (6.1), mepenucannas B KOMIOHEHTAX, COB-

nagaer ¢ (3.1). MoxHO nepeuHcauTh BCE ONepaliy B HaGope WM

TIOJIHOR COBOKYHHOCTH npeobpasoanuft Tuna (3.1). Ilepeuncsienune

Ipolle BCero BBHIIOJHHTH, TPYNIHPYSl BCe ONMEpaldH, COAepKallHe

O/MHAKOBLIE IIOBOPOTHL:

{8|0}: {Slal}v {8Ia2}1 {8|a3}» sy {EIRLL oo

{021 T (02)}, {9217 (90) + @i}, {2] T (qo) + @}, {q2lT (0 +as}, ...

Ceves {@2lT (@) +RL}Y L. (6.2)

{eo17(@p)}, {@p17 (@) + @i}, {017 (@) + @2}, {@p17(0p) + a2}, ...

ceey {‘Pp"‘(@)‘l‘RL}, seee

OTmeTHM, 4TO nepeurcaeHHe (6.2) BEINOJHEHO TaKHM 00pasoM,
4T0 BEJHYHHA T (o) onpelesieHa COOTHOLICHHEM

T(9o) =1 (¢)) — RL=71,, (6.3)

1. €. T(@s) €CTb HauMeHbUIAA TPAHCAALHS, COBMECTHMAS C HOBOPO-
TOM o M TPaHCIsAuueldl Ha BekTop pellerkH Rp. TakuM oGpasow,
HMEIOTCH ABE BO3MOXKHOCTH:
¢ 1(@) — HyZNeBOH BEKTOD 6.4)
HJIH )
T (¢) — BEKTOp TPAHC/ANMH, He ABJIAIOUIMHACA TPaHCJS-
IHOHHBIM BEKTOPOM PpEILETKH. (6.5)

HHpMu caoBaMu, AJs Ji06of onepanuys NPOCTPAHCTBEHHOH TPYMNIE!
TPaHC/IALMOHHAs 4acTb f(¢) 100 paBHa OAHOMY H3 BEKTOPOB pe-
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weTkn Rp(¢), mub0 paBHA CyMMe BEKTOPa peIUeTKH (BO3MOKHO,
HYJeBOr0) W BeKTOpa TpaHCAAUHH t(¢), HAa3bIBAEMOTO BEKTOPOM
HeTpHBHaJbHOH (uacTHuHON) TpaHcasiuuu. [lepeuncieniie BO3IMOXK-
HBEIX COBMECTHBIX KOMOHHaluii @s H t(@s) ABasieTcd 3ajayell KpH-
crajaorpaduy; OHO MPHBOAHT K BHIBOLY, UTO CYUIECTBYIOT BCETO
230 TpexmepHBIX npocTpaHcTBeHHBIX rpymn [12, 13]. Byazem cun-
TaTh, YTO 3TA ONHCaTeIbHAS PaboTa BHINOJNHEHA H ee Pe3yJbTaTaMH
MOXHO IH0Jb30BaThCs N0 Mepe HagoOHocTu. Ilepefinem Ttenepnr kK
PACCMOTPEHHIO . MaTeMaTHYeCKOH CTPYKTYDPHl NPOCTPAHCTBEHHBIX
IPyNn H TeX HX CBOHCTB, KOTODHEe 6yzxyT H€O6XO}1HMI>I JJIst mocJe-
LYIOIEr0 PACCMOTPEHHS.

3ameuanne (eM. HHXKe): BHOOP T(p) MOXeT GLITh HEOJIHO3HAU-
HBIM, TaK KaK MOXET OKa3aThCsl, YTO HAUMEHbIINX SKBHBAJCHTHLIX
BEKTOPOB HETPHBHAJBHBIX TPAHCASUUH HECKOJBKO, — B TAKOM CJAY-
yae NPOU3BOJBHO BHOHPAETCH ONUH U3 HHUX.

IpocrpanctBennas rpynmna @ —>310 Habop npeobpasoBanuil
tuna (3.1), mepeBOASIlIMX KPHUCTaNJ B €ro pPeIIMKY NYTeM KOH-
rpySHTHOTO oToOpaxeHHs. MHaue MOXHO cKasaTb, YTO NPOCTpPaH-
crBeHHy0 rpynny @ cocrasiasier Habop ollepaTopoB. rpeoGpasoBa-
Huft tana (6.1) (kKaxiaoMy npeo6pa30BaHHIO COOTBETCTBYET OIHH
OTEepPaTop), KOTOPHIE NEePeBOAAT SKBHBAJEHTHBIE TOUKH ¥ H #’ KOH-
(UrypauHoOHHOTO NPOCTPAHCTBA JPYT B Apyra.

6. I'pynnossie cBoiictBa oneparopos {¢|#(¢)}. Uto6n nokasarts,
4TO COBOKYNHOCTb onepaTopoB Buia (6.1) obpasyer maTemaTHue-
CKYIO I'DYMNY, YCTAaHOBHM CHayaJa pe3yJbTaT ACHCTBUs ABYX HOC/e-
LoBaTeJbHBIX NpeobpaszoBannii. Tak, ecan

{02 1 (@)} - r=1q-r+2t(g)=1" (6.6)
H
{12 (@)} r'=q3- 1" +t(qs) =
=@ @ r+q3-t (sz)‘+ t(gs) = "_»”, (6.7)

TO H3 NPAMOro CONOCTaBJEHHA CJCNYyeT

{0312 (92)} - {@2 12 (02} = {03 @15 - (o) + £ (92)}.  (6.8)

Hrak, npousseleHHe onepaTopoB {@s - @z | @3 - #(g2) + £(ps)},
OYEBHJHO, SBJSAETCS OlepaTopoM npeo6pasoBaHHﬂ CHMMETPHH C
NOBOPOTHOH 4YacTbl0 @3- ¢ H TPAHCAANHOHHONH COCTaBJAOIIEH
@3 - t(gz) +1(ps). Ecan s - @2 = qu, TO (qu)= @3 - t{2) + #(gs).

Hcnoab3ys mnpaBuio YyMHOXxeHHa (6.8), HeTpyaHO ycraHo-
BHTh BHJ 00paTHOro omepaTtopa JIJisi INPOH3BOJBHOrO OmepaTopa

{90 | t(gos)}. Onepanus, o6paTHas MOBOPOTY @o, €CThb ¢y . [loaTOMy
(et (o)) ={03! | —a7" t(0r)). . (69)



36 Traga 2

dopmyay (6.9) serko nMpoBepHTH:

{01t (@o)} - {05 | — 05" - E(@0)} =

= {0, 07| — @y - 05" # (0,) + £ ()} ={e10}. (6.10)

3ameruM, uto (6.9) ofipenensier onepaTop, NpHHAAJEXKAUIHA COBO-
kynaocrts (6.1), Tak Kaxk ero IOBOPOTHAs YacTh COOTBETCTBYET
HOBOPOTY, 06PATHOMY paspelleHHOMY NOBOPOTY, T. €. IPHHALJIEKHT
copokynHoct# (5.13), Toraa Kak ero TPaHC/IANHONHAs 4aCTh COOT-
BETCTBYeT TPAHCJSIMH Ha BEKTOP, WOJYUGHHBI M3 BeKTopa
— t(¢,) moBopotoM @

HakoHel, MOXHO yGeIHTbCS B TOM, UTO YMHOKEHHE acCOLHa-
THBHO!:

{(Po | ((Po } {‘Pr | (¢z) } {(Pu [t ((Pu)} ==
= ({05 |2 (@)} - {wc £ (92)}) - {w, [t (‘Pu)} =
= {0 [t (0)} - ({oc |t (@)} - {wu [ £ (w)})-  (6-10)

PesioMupyeM: COBOKyNHOCTH onepatopoB {gs|f(gs)}, ompene-
JeHHBIX corgacHo (6.1), obpasyer rpymny [1]. Mu yGeaunancs
B 3aMKHYTOCTH OHHApHOH aJjrefpandeckod omepanun (yMHO-
JKeHud), B CYHIeCTBOBAHMHM TOXAECTBEHHOTO »3JEMeHTa, B Cylle-
CTBOBAHHH 00DAaTHOTO 2JE€MeHTa M B acCONHATHBHOCTH OuHHApHOH
anrefpayyeckofi onepauuu. Jlajee, BCJAeICTBHE HAJIOKEHHs Ha
rpynny € ycaoeuii bopua — Kapmana, rpynna @ koHeuHa, T. e. OHa
COCTOHT TOJIbKO H3 KOHEYHOI'O UHCJa ONepaToOpOB,

B. CosmectHOCTD NOBOPOTOB M TpaHcasumil. Vi3 (6.9) caenyer,
UTO ecJd B NPOCTPAHCTBeHHOH rpynne & HMeercs TpaHCAALHUA
t(¢2) B KauecTBe TPAHCJASLHOHHOR YaCTH CJIOXKHOTO 3JeMeHTa CHM-
MeTpuH, TO B & AOMKHBH BXOAHTL H JAOTOJNHHTEIbHBIE SJEMEHTH
s » £(@2), moayuaeMuie U3 f(g2) DOCPEACTBOM NOBOpOTa. DTO MO3-
BOJISIET PACCMATPHBATh H CHCTEMATH3HPOBATH COBMECTHHIE OINEPaTo-
pH BpalieHuii u TpaHcaanuil. IlosHoe HeelenoBaHue YCIOBHE COB-
MECTHOCTH MOXHO HafiTu B Apyrux kuurax [7, 12, 13]. 3aecs Mm
OTMETHM JHIIb OJHH acleKT 5Toro Bompoca. FEcam omepanus
{@z2 | t(qz)} aABnserca wucrolr Tpaucasuued {e | R.}, TO

(ool (@)} 1R} - {05! | —07* -t () ={e 10, R} (6.12)

TOXe sBJAserca TpaHcasuned. Ho moBopoT BekTOopa pelerku AoJ-
JKeH IepeBOJHTb €ro OMNATb B BEKTOD pelIeTKH, II0RTOMY BeKTOP
o + Ri nosxeH GbITh BEKTOPOM PEIIETKH:

%+ Ru=Ry, (6.13)
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B B KOMIIOHEHTaXx

2 () iy = 6.14)

rae [, I — nenre uncna. [TosTOMy B HEKOTOpOR CHCTEMe KOOD-
JAMHAT
(@5);; COCTOHT H3 LEJBIX HHCEJ. (6.15)

B uactHOCTH, cien MaTPHUBL @ PaBeH

Spgg= Z((po)”—U.GJIOe YHCJIO. (6.16)

C npyrofi CTOPOHbBI, HME€ETCS CHCTEMa KOOPAMHAT, B KOTOPOH Mart-
puua qq umeer Bua (5.7): :

cos@ —sing 0
¢,==| singp cosg 0
0 0 1

I/ISBECTHO, 9YTO CJjel MaTpullbl HHBAPDHAHTEH OTHOCHUTE/NBbHO Bpalle-
HUH CHCTEMBI KOOpAHHAT, T. &,

Sp g == == (2cos + 1). 6.17)
C/ienoBaTeNbHO, TOJAyYaeM ypaBHEHHe
+ (2 cos @ 4 1) = nenoe uucJo, ' (6.18)

penieHne KOTOpPOro paer

g=22, n=1,123,4,6. (6.19)

Takum o6pasoM, (6.19) sB/AseTCS XOPOLIO H3BECTHHM YCAOBHEM
COBMECTHOCTH BpallleHUH M TPaHCAALUHE B TPeXMepPHOM KpHCTaJLIe.

r. Onepatop {@|?} B KpuBONHMHeiiHOH cucTeMe KoopamHat [12].
B mpocTpaHCTBeHHHIX Ipynnax, Ajs1 KOTOPHIX ecTecTBeHHas Tpo#Ka
6a3HUCHBIX BEKTODOB @y, @y, @3 HEOPTOrOHa/JbHa, OOBLIYHO HauboJiee
yA06HO HCINOJb30BATh JJIf IOBODOTHBIX 3JE€MEHTOB CHMMETDHH -
HNpeacTaB/JeHHe B BH/E TEH30POB BTOPOro paHra B KPHBOJHHEHHEBIX
Koopaunatax [12]. IlockosnbKy omepaTop B Takoll (opMe omnpeme-
JasieT JuHelfiHOe npeoOpasoBaHHe MeXAYy r W r/, €ro0 MOXKHO 3alH-
caTh B Bule )

Q= %‘4 @;a:b,

rae b, by, by — Tpoilika BEKTOPOB, OGPATHHIX @, @y, G (6.20)
a;- b1= 6”. - ) (6.21)
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OueBUJHO, 3aNUCHIBASA ‘ .
r,=(p- f’ (6.22)

MBI NPOM3BOJHM JIHHeflHOe NpeoGpasoBaHUEe, NPH KOTOPOM KOMIIO-
HEHTH (X1, X2, X3) BekTopa r TmpeobpasyioTcsi B KOMIIOHEHTHI

(x{> x5, x;) ~ Bektopa r’. TpeGopaune, 4t06n mpeo6GpasoBanue Io-

BOPOTAa COXPAHAJO PacCCTOSHHE MeXJY ABYMSI TOUKAMH, NPUBOIHT
K YHATapHOCTH @. IlycTh @ — Marpuua, conpsi:keHHasi ¢; TOraa

$ = Z] @;;b,a;. ' 6.23)
TpeGoBaHHe OpPTOTOHAJBHOCTH JHaeT
’ Q=¢7, (6.24)
rae
Q-9 ' =q7 - g=c¢, (6.25)

a e — eJMHAYHBIA TEH30D BTOPOLO pPaHra B KPHUBOJHHEAHBIX KOOP-

JMHATaX: .

e=) ab;. (6.26)
i

QOuesugHo,
r=cer , (6.27)

AJst Bcex r. TeH30pH BTOPOro paHra B KPHUBOJMHEHHBIX KOODIMHA-
Tax MOXHO NPeoGpas3oBHIBATH MO CYLIECTBY TaK e, KAK MaTPHLE
B JI€KaPTOBHIX KOOPAMHATAX, KOTOPHIMH MB U GyIeM M0Jb30BAThC
B 3TOH KHHTE.

DKBHBaleHTHOE , MpPEACTaBJEHHe TAKOTO TeH30pa  BTOPOTO
paHra ¢ moJydaercs, eC/H 3aJaTh OCb BpallleHH§ eIHHHUHBIM BeK-
TOPOM #, MApaJJeJbHBIM 3TON OCH, H YroJ NOBOPOTA BOKPYT 3TOH
OCH: ,

@ = =+ (uu 4 (¢ — uu) cos ¢ + & X usin ). (6.28)

IlockoaBbKY 3anuch ¢ B BHAe MAaTPHIE HMEET BTOPOCTENeHHOE 3Ha-
yeHHe ¢ TOUKH 3PEeHUS LiesJelt HACTOsIIed KHUTH, MEL He Oyaem Ja-
BaTh HCYEPNHIBAIOLIErO H3J0XKeHHs1 3Toro sompoca [12].

JBe IpOCTpaHCTBEHHBIE IPYNNB, A/ KOTOPHX OydeT naH mo-
IPOGHBI aHaNu3, — 3To rpynmna anamasa Fd3m, O} u rpyuma Ka-
MeHHOH cond Fm3m, O}. B 060ux cayuasix Ky6uuecKas CHMMETPHS
HO3BOJISIET B KauyeCTBe eCTecTBeHHOro 6asHca B3siTb TPOHKY OpTO-
roHaJbHBIX BEKTOPOB; IO3TOMY HauboJiee NPOCTHIM OKAa3EIBaeTcs
npejCTaBIeHHe @ B BHIEe MaTPHIB B JeKapTOBLIX KOODIAMHATAX.

a. Mopspox mpocrpancTBeHHod rpymnel . M3  onpenenenus
ONepaTopoB NIPOCTPAHCTBEHHOH TPYNNH B KOH(MHIyPAUHOHHOM IIpO-
CTPaHCTBe  HeNOCPeACTBEHHO cJelyeT, UYTO IPOCTPAHCTBEHHAs
rpynna @ umeer nopsajaok goN, Lie gy — NOPANOK TOYEUHOH IPYMHIIE
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®, a N — nopsafiok TpaHCAAUMOHHON rpynnu €, onpefessdeMufi ¢op-
myao# (4.44). B cumBoJHYeCKOM BuAe

O0®)=0(P):-0(T)=g,N. (6.29)

e. UupapuantHocTs moarpynne tpascasuuii . Slcwo, uro Ha-
60p 0mepaTopoB NPOCTPAHCTBEHHON IPYNNH, BXOAALHX B £, T. €.

©IR, (6.30)

obpasyeT MOArpPyNNy MOJHOR NPOCTPaHCTBeHHOH rpymun, Paccmor-
pUM OllepaTop, CONpsixeHHHH onepaTtopy (6.30) u mnoJydeHHBIHA
TpaHC(POPMHUDPOBAHHEM TNPOH3BOJABHEIM ONEPATOPOM IPOCTPAHCTBEH-
Holl rpynnm @, T. e.

{olt@)} " - {eIRY {0t (@)} ={elo~'RL}. (6.31)

CorylacHO omnpeflesieHHI0 peuUIeTKH, omnepartop (6.31), aBasomniics
OIepaToOPOM UHCTON TPAHCASLHH, HOJKEH OBITb TOXEe OllepaTopoM
TPAHCSIIHU DelleTKH

{elo™' - R} ={e|R.}. (6.32)

[Toaromy moarpynna € saMKHYTa OTHOCUTENLHO CONPTMEHHS H 5B-
JsieTcss HHBapHaHTHOMH, HJIH HOPMAaJbHBIM JenutedeM [l ].

K. Pakroprpynna. Pasnoxenune tpynnsl @ mno nmoarpynne T 3a-
NHChIBAETCSA Torga B BHAE

O=T+{plt} T+ ... +{plt} T+ ... +{@pl7} T, (6.33)

rie BeKTOP Ty MOXKET OKa3aTbCsd M HyJsem. [[/1st naHHON npocTpaH-
CTBeHHOH rpynnel @ Beifop INpeicTaBuTesass KaxKJAOTO CMEXKHOro
kjgacca B (6.33) HeonHosHadeH (KpoMe cjydasi, Koria Bee Tt =0).
910 1npeAcTaBifeTcs OYEBHIHBLIM, TaK KaK, €CIH K 3JeMeHTY
{@s|7Ts} ROGaBHTH NMPOW3BOJBHBIA ONEPATOP TPAHCHSAUHH DPEIIeTKH,
TO CyMMApHBIH onepartop GyAeT NMPHHALMEXKATh K TOMY Ke CMexX-
HOMy KJ1accy. Bosnukaromas npu stom daxkroprpynna

G/T=F - (6.39)

usomMopdHa ToueuHoll rpynne P, BosHuKalONleH, €CAH TOJAOKHTB
PABHBIMH HYJIIO BCe BEKTOPHl TPAHCJSIMH B COBOKYIHOCTH IpeJCTa-
BUTeJER CMeXKHBIX KJ/aCCOB:

P={el0}, {0210}, ..., {%IQ}, (6.35)

yto coBnazaer ¢ (5.15). '

PasyMeeTcs, 3JieMeHTaMH TPYIIH § ABAAOTCI CMEXHEE KJIacCHl,
T. €. COBOKYNHOCTH ONEPaTOPOB; 3JEMEHTH TPyNIsl R — 5T0 oTACID-
HEble onepaTopr Ha sbbike aGCTpakTHOR TEOPHH IPYIN STH IPYNNbL
usomopdHu: §F = P. -
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3. Cummerpusa y3aa. B obuiem cayuae B KpHCTaAlde MOXKET He
ORITH HH OJHOH TOUKH, HMeloUleH cuMMeTpuio P, HecMOTpPSi Ha TO
uto G/T = P. ¥Y3ea Oyner uMeTb 3Ty CHMMETPHIO TOJBKO B cjayyae
IPOCTPAHCTBEHHBIX TPYII, Y KOTOPBIX Bce Tg =0, T. €. AJs CHUM-
MOPQHBIX TPYHIL

I'pynma cuMMeTPHM TOYKH ¢ KpHCTajJja oONpenensiercsl Kak co-
BOKYNHOCTb NpeoOpa30BaHuil, NePeBOAAIIHX KPHUCTaJJI B €ro pel-
JIHKY % OCTaBJSIOWIHNX 3Ty TOUKY HENOABHKHOA.

B panbHefilteM 3Ta rpynua OyaeT 00603HadaThes KaK Pysua(r)
uan npocro P(r). Srta rpynna HasplBaercs TIPYNNoH CHMMETPUH
yaaa. I'pynnel cumMmMeTpun y3/io0B IS BceX NPOCTPAHCTBEHHBIX Ipynn
NpUBeieHbl B MeXAYHApPOIHBIX Ta@muuax [16]; B HeKOTOPHIX cJay-
4afx NPUBOAMTCA WX moapolHas kiaaccuduranud. OrMerum apy-
roe, 4acTo HCHOJb3yeMoe 000O3HaUeHHe NPOCTPAHCTBEHHOH TPYHIB

! l {
yaJa %( ), rae rEr( )E(x)_ BEIIEJEHHBIT y3ea KpH-

% X
CTaMINYeCcKOH pelIeTkH. DTo oGo3HaueHne Hcrogabayercs B § 148
[cM. ypaBrenne (148.2)].

§ 7. NIpocTtpancTBeHHas rpynna @
Kak 1leHTpasibHOe pacuiupenue rpynnn £
¢ nomoubio rpynnsl B [20]

Ipynma @, umerolnasi HopMaJbHBEIH deauTeb T, dakToprpynna
no KoTopoMy ecth @/T =B, sapBasercs pacuiMpeHueM rpynnel
¢ noMombio rpymiet L. UToOBI NOJTHOCTLIO ONPENESHTh CTPYKTYPY
rpymnsl &, Heo6xoauMmo 3ajaTh: 1) HOpMaJbHBIE JAeduTenp g,
2) dakroprpynny B, 3) cucremy asroMopdusmoB rpynns ¥, coor-
BETCTBYIOWIHUX ‘KaxKAOMYy 3JeMeHTy B P, 4) cucremy ¢akropos. [la-
Jee MBI IIOKa)XeM, Kak NPUMEHSITb MaTeMATHYECKYIO TeOPHIO pac-
IIAPeHHs IPYNN!) K MPOCTPAaHCTBEHHBLIM IPyNIaM.

dnementamu rpynnel € sasasiorcs {e|R.}. Dnemenramu rpymn-
nel P aBasiores {@q|0}. Kaxablii smeMenT rpynnsl P coOTBETCTBYET
CMeXHOMy  KJaccy rpymnsl &. B dacTHoctH, sseMeHT {gg]0}
TPynnel P COOTBETCTBYET CMexHOMY Krnaccy {gs|ts}$ rpynnn &,
npeAcTaBuTeIeM KOTOporo siBisercss {gq|ts}. Toraa

{@s! T} T— {q510}. (7.1)

ComocraBUM KaxkaoMy asueMeHTY {@q|0} u3 P oroGpamxenue
rpynnut € Ha € (aBTOMOPGH3M) COrJIacCHO IIpe06pa3oBaHHUIO

el R 2 {9517} {e R} {wsl T} = {8 | R’ (7.2)

1) TIyers maun rpynnsl A n B. pynna G nasmBaercs pacuuupenuem rpym-
nst A npu noMomw rpynns B, ecniw B G MoxHO HafiTu HOpMaJbHEE Aeantens A’
usomopouniii A, dakroprpynna mo kKotopomy usomopdua B (cm. [118], c1p.72) —
Hpun. ped. -
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HJAU
{eIR,} ={elq;' R} (7.3)

PaccMorpuM pasOGueHue rpynnsl @ Ha cMexHble KJaccH N[O HOJ-
rpynne §, onpejenasieMoe PaBeHCTBOM

=T+ {plt} T+ ... +{plw3 T+ ... +{g,lT}ET. (7.4

Cornacuo (6.8), mpomsBsefeHMe [BYX IIpelCTaBHTeNeH CMEXKHBIX
KJ1aCCOB PaBHO

{051 o} - {op 1 1o} = {5 - @y | 95 7o + 76} (7.5)

Beenem o6o3HaueHHe g @p = Qop- B pasaoxenun (7.4) mnpen-
CTaBHTEJIEM CMEXKHOTO KJacca ¢ TaKOH IIOBOPOTHOH YacThlo $B-
asiercst {@qp|top}. [lepennirem nostomy (7.5) B BHIE

{(Pg' IU} ' {(pp | tp} == {8] Rap} ‘ {q’o'pl To‘p}: | (7'6)
R;p=s T, + Ts— T4, (7.7)

3nech Ry, — BEKTOp TpaHcaanuu peweTkd # {e | Rop} — a/eMeHT
rpynnsl €. YaoOHO BBecTH chelHalbHOe o0003HaueHHe (¢o, Pp) CJe-

Ayomum obpasom: :
(@5, @p) = {8 Ry} (7.8)

Mu BugnUM Telephb, UTO HNPOH3BEIECHHE [ABYX 3JEMEHTOB H3 R coot-
BeTCTBYET MNPOU3BEACHHIO ABYX HPEILCTaBHTeJIeﬁ CMEXKHBIX KJacCCcOB
rpynnot @& c TOuHOCTBIO 10 MHOKHUTEJSA, ABJAIOLICTOCS 3JIEeMEHTOM

rpymnsr T: ,
B P: {0510} - {510} = {5, 10}, (7.9)
B ®: {qq]7s} - {(Pp ' 1'p} == (g, (Pp) {(Popl Tap}- (7.10)

Takum o6pa3oM, 3aKOH YMHOXKEHHS AJs TPynnsl P TAaKOB Ke, Kak
B aas rpynns & ¢ TOUHOCTBIO NO MHOXKHTENS, SIBJSIONIEroca sJie-
MmentoM rpynnsl €. COBOKYMHOCTb p? 3JIEMEHTOB

(¢m (ppE{elep}1 G: p=1) AL ] p) (7'11)

HA3LIBAeTCs CHCTEMOH (DAKTOPOB, COOTBETCTBYIOUIHX DaCHIHPEHHI.

Cuctema aBToMopdusmoB {e|R.}® JNomKHa yAOBAETBOPSTH He-
KOTOPHIM VCJOBHSIM COBMECTHOCTH C 3aKOHOM yMmHOXeHHs (7.10).
Tak, mpou3BeleHne ABYX aBTOMOP(H3MOB OmpenensieTcsi KaK aBTO-
MopdhH3M NPOH3BENEHHS, HIH, TOUHEE,

(eI RYY ={ela; - 05 - Ry ={el (0, @) - R} =
— folog R = (e R e

e
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[Ipu BmBome (7.12) MH ucmosdbsoBaan omupefenenue (7.2), sakon
ymHOXKeHua (7.10), (7.11), a Taxxke TOT q)aKT 470 rpyrma ¢ sB-
Jsietca aGeneBol, T. €. LMKJIHYECKOH, T'PYNNoH, TAK 4TO BCe 3Je-
MEHTHI CHCTeMH (DaKTODOB KOMMYTHPYIOT:

(@0r Do) (@s @) == (@, ©3) (@05 By), (7.13)

TaK Kak OHH SBJAIOTCH 2JeMeHTaMu rpynnel ¥, Bcenencrsue cBofi-
ctBa (7.12) pacmupenue £ ¢ mnomoubio P HazwpiBaeTcd UEHT-
paJIbHBIM.

Has snementos rpynnel @ BLINOJIHACTCA 3aKOH aCCONHATHBHO-
‘CTH YMHOXKeHHS, TaK 4TO

{0ol T} - ({0p1 7o} - {@a] v2}) = ({06 v} - {01 7o) - {4 7). (7.14)
Ucnoassys (7.5), (7.8), nonyuaem nist neBoil uactu (7.14)
{0s1 7o} (@0r D) * {@pa] Ton} =
={06] T} (Bpr @)+ {061 T} {00 To} + {pn] o} =
= @ 7" (0 px) * {opnl Topads  (7.15)
TOTAAa Kak IipaBas '—IaC_Tb paBHa |
(@0 @) * {@0p | Top}  {0n] Ta} = (90r Dp) * (@5pP) {Ppr] Topr}.  (7.16)

CuenoBatesbHoO, ,u.om'xno BBITIOJIHSITLCS. PABEHCTBO

(@0, 92 * (For @) = (P ) * (Pop D). (7.17)
TIpeoGpasys 370 BHpaxKeHHe, MOJyYaeM zum JIEBOH HacTH
{elqo - p-l:} {8 | Ropn} =
”“'{SI(PG ((Pp n+7p_rpn)+q)a'rpn"l‘fc—ropn}:
= {8 I Polp * Ty + Qs Tp g rp:\: + PsTon + Te— ropﬂ:}' (7 18)
COOTBeTCTBEHHO IJI51 NMPaBOH YacTH TOJNYUAEM -
{8] P Tp + T — Top}" {81 Pop * T + Top — Topn} =
={8|q)a'fp+ta——rcp+q’op * tn'l"tcp_'tapn}' (7-19)
[TounenHoe cpaBHeHHe IOJYYEHHBIX BLIPAXKEeHUH MOKa3HBaeT, YTO
3JIeMeHTH CHCTeMBl (DaKTOPOB Y/AOBJETBOPSAIOT - paBeHcTBy (7.17).
B 3akuaoueHHe caeayer npeoépasoBaTb 3aKOH yMHoxkenHs (6.8)
IJIsl OTIEPaTOPOB NPOCTPAHCTBEHHOH TPYyNNH K dopme, yaobuol aas

yCTAaHOBJIEHUs CBA3H ¢ Teopuell pacuupenns. IIponsBobHENT ome-
paTop NpoCTpaHCTBeHHOH rpymnsl {@o|f(9s)} MoxkHO 3amucaTth

B BHJIE
o] £ (o)} == {1 Ry} - {wo 7o), - (7.20)
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rie Rs— BekTOop pemeTkd # {@g|Ts} — NpeacTaBHTe/ b CMEXKHOrO
Kaacca. [ajee, paccmarpuBas R, Kak BEKTOP pellleTKH, ¥MMeeM

{(P0| t ((Po)} »' {(Pn | ¢ ((Pn)} =
{8[ Rs} : {(pcl ta} * {8( Rp} * {(pn [ 17:1} =
= {e| R} - {¢5] vo} - {¢] R,} {os] Tc}_l Aol o} - {@xl T2} =
= IR} I RY - ] To} - {0 ] Ta} =

= {8 I Rs} : {3 | Rp}a—l (P0r ) - {‘F(ml fcn}- (7.21)

TakuMm 06pazoMmM, Mbl BHIHM, YTO KaxAbll »jeMeHT {@s|f(gs)}
rpynnsl @ MoxkeT ObITh 3alMCaH KaK YIOPSIOYEHHOE NPOU3BEIEHUE
s/JeMeHTa H3 TPyNns § Ha IPEeICTaBHTENs CMEKHOTO KJjacca, KO-
TOPOMY COOTBETCTBYET JIeMEHT IPymfbl R:

{9512 (90)} = {&| R} - {@5] T5}. (7.22)
SaKOH YMHOXEHHUA OJad ABYX TaKHX 3JCMEHTOB HMEET BHJ
{8 | Rs} ’ {(pol TO’} : {SlRp} : {(Pn] 17:1} =

—1
= {8|Rs} : {?’|Rp}U *(Pgy @) {(Pa:tl 1Tcm}: (7.23)
3ajaBas TeM CaMBIM CHCTEMY ABTOMOPGH3MOB Tpymme T

©IRY ™ =feq, Ry} (7.24)
u cHcreMy (pakTopoB
(O Gn) = {8 | Rtm} = {8| Qg T+ T — 17cm}- (7-25)

Has cucreMel aBToMop¢du3MOB BHIIONIHAETCS npaBuio (7.12), a gas
cucreMbl (akTopoB — npaBuio (7.17). CienoBaTtesibHO, onpenedsio-
mye cBOHCTBA IPOCTPAHCTBEHHOH rpynnsl-@ yaoBAeTBOPAOT ycJo-
BusiM TeopeMbl I[llpediepa. ITostomy mpocrpamncTBeHHas rpynna @&
fIBJISeTCd [EeHTPaJbHHIM paclidpeHHeM TIpynnsl € ¢ IOMOUIBIO |,
rpynoul B [20].

COOTBETCTBEHHO MaTeMaTHUecKasi 3ajaua OTHICKAHHSI BCEX MpO-
CTPAHCTBEHHBIX rpynn @ okassiBaeTcsl TOXKAECTBEHHON 3ajfaue o Ha-
XOXKJeHHH BCeX TPyINN TPaHCIAUHH £, BCeX TOYeUHHX rpynm P
M BCeX LEHTPaJblibiX pacilupeHHil. DTa 3ajada AaBHO Oblia IOJ-
HOocThio . pemteHa lllenduncom n ®enopossiM. Pe3yabraTsl v HOJMHOE
nepeuncaenne 230 KpucraagorpaduuecKux NPOCTPAHCTBEHHBIX
TPynn npuBefieHbl B KHHMre [7]. Mp 6yleM HcIoJb30BaTbh 3TH pe-
3yJbTaThl N0 Mepe HeobxoxumocTH. IIpu sToM Mbl GyfeM HOJB30-
BaTbcsd Kak ofosHaueHusiMu Ilenduuca, Tak u CokpalieHHEIMH
oGo3Hauenusmu 'epmana — Maryuna [16].

Onuncanue npoCTPAHCTBEHHOH TPYyNNbl KaK PaCHIMPeHHsi OKa-
3BIBAETCSl  NOJIE3HBIM INIpH OOCYXK/[EHHM TEOPHH MpeACTaBJIeHHH
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[IPOCTPAHCTBEHHEIX - FPYNN METOAOM INPOEKTHBHLIX MpPeNCTaBJeHHH
(§ 41—44). INostomy B § 41—44 MH GygeM cchIAaTbCS Ha HACTOA-
mui naparpad.

§ 8. CummopdHBIE NPOCTPAHCTBEHHBIE TPYMIBI

M3 230 nmpocTpaHCTBeHHBIX TPYNN 73 rpymnul sSIBJASIOTCS H CHM-
MOp{hHEIME. B 3THX Ipymuax Bce NpeACTaBHTENH B PA3JOXKEHHH Ha
CMEXKHEIE KJIACCHl fABJISIIOTCS YHCTBIMH BpalleHusiMu {gs|0}; 1o =10
s Bcex o. OueBUAHO, B cayuyae cuMMOP(HBIX NPOCTPAHCTBEHHBIX
Ipynn pacuiupeHHe rpymnel § Npu TOMOMIIM IPYNNeEl R ABJIseTCH
pacuenysemsM [20]. DT0 o3Hauaer, 4To G SABJASETCH NOJYIPSIMBIM
npoussejeHnem rpynn € v P. MHBIMH cI0Bamu, AJ7 CHMMOPGHEX
TIPOCTPAHCTBEHHHIX IPYyNN cucTeMa (HaKTOPOB 3a/laeTC PaBEHCTBOM

(95, ¢,) =1{e|0} masa Bcex o, p. GRS

B stoM cayuae pasGueHde rpynnel @ Ha cMexkHble KJacchl 10
OKa3bIBaeTcsl 0COGEHHO HPOCTHIM:

G)T=T+ {10} T+ ... +{a, |0} T. (8.2)

OquI/I,Z_IHO, 4TO caMa COBOKYIIHOCTBb HpGJICTaBI/ITe.IIef/,I CMEXHBIX
KJ1acCoB .

{BIO}, {q\2|0}7 ey {(ng,O}EsB (8'3)

ABJSIETCS] 3aMKHYTOH OTHOCHTEJBHO YMHOMEHHS H, CJeJOBaTesbHO,
obpasyer rpynny. [Tostomy aTa rpymna, coBnajfaiolias ¢ TOYeYHOH
rpynnoit P, sABAsSeTCA Tpynnofl CUMMETPUH HEKOTOpPOH peaJybHOM
¢dusuveckoil ToUKH KpHcTaana. MHave rosopsi, § siBiisercs rpynnoft
cumMerpud P(0) ysna, BHIOpaHHOro 3a HayajJ0 KOOPAHHAT, OTHOCH-
TeJbHO KOTOPOTO IPOH3BOAATCS Bce MpeoOpasoBaHUsl IOBOPOTA.
Cpenu rpynn, KOTOpele OYIyT aHaJM3HPOBaTbesd JaJjee, HPOCTPaH-
CTBEHHasl Tpylna KaMeHHOM coiu fABJsfeTCs cuMMopdHO# rpyn-
moit!). dro rpymma OfF, uin Fm3m. B COBOKYNHOCTH CMEXKHHIX
kaaccoB (8.2) rpynnoii TpaHcasuu#i € sB/fAETCS B 3TOM Ciayyae He-
NpUMHUTHBHAs rpynma F  (rpaHelleHTpHPoBaHHad  KyGHueckad
rpynna), a ToueyHofi rpynnoil P — mosHas KyOuueckas rpynna Op.
TlosToMy g, paBuo 48, T. e. B (8.2) BxoasaT 48 cMexHHIX KJaccoB.

§ 9. HecummopdiHbie mpocTPaHCTBEHHbIE TPYIINBI

B ocranbHbx 157 HecuMMOPOHBIX NPOCTPaHCTBEHHBIX rpynmax
Bece (4nd XoTA 6B HEKOTOpHE) Ty 0. DTH IPynOs ABIAIOTCA
IEeHTPadbHbHIM paclIXpeHHeM I‘pyl'IIIbI ¢ npu noMomu rpynme B
obuero BHAA.

1} 3Oror nonpdé noapo6uo paccMarpusaetcs B § 126 m nocsenyomux napa-
rpadax.
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Bropas mpocTpaHCTBeHHAs rpylna, KOTOPYIO MBI M3YUHM B 3TOH
KHHTe '), — 9TO [POCTPAHCTBEHHAR CpYIIa CTPYKTYpH anmasa Of
Wi Fd3m. Dto N0BOJLHO THNHYHBLIE NpPECTABUTENb HECHMMOPGD-
HEIX rpynn. ['pynmoil TpaHcaAIWu CHoBa sBjasieTcs rpynna F (rpa-
HelleHTPHpOBaHHAs KyOWyecKast), a TOYewHOH rpymnofi KpHuCTaJ-
na —rpynna Oy. IMostomy Oh ecTh (Hepacuieruiennoe) pacmupe-
Hue F npu mnomomu Op OkaspiBaercs, OAHAKO, YTO MJs1 3TOH
TPYNNBl HMMeeTcsd yhpollaiollee 0OCTOATENIbCTBO, KOTOPOE MOKeT
OBITH IIOJIE3HBIM IPH TOCJeIYIOMIEM HCIOJNb30BaHHHM TEOPHH TpPel-
cTaBjeHuil. [Ipu sIBHOM BHINHCHIBAaHHH 48 CMeKHBIX KJACCOB B pas-
JdoxeHud @ no F MOKHO 1IOKasaTh, 4TO

O/F =T+ {0l 3T+ ... + {02/ BT+ {3 T+ .. {gusl T} T. 0.1)

Fmeerca 24 cMmexHLIX KJacca, NPeACTABHTENM KOTODHIX He CBS-
' 38HBl C HETPHUBHUAJBHBIMH TPaHCAAUHAMH: T =0, 6 =1, ..., 24
0 1g=1, 0=25, ..., 48, Tak 4TO HeTpUBHAJbHAS TPaAHCJIAIUS,
BXOJsAILAs B OCTaJbHBle 24 CMEXHBIX KJacca, OMHHAKOBA IS BCeX
K1accoB., ®akTuueckn uMeeTcd MOATpyNna rpynne &, cocrosiias u3

=T+ {0} T+ ... + {90} 2 (9.2)
W cOoBNajamoas ¢ CUMMOPGHOA NpPOCTPaHCTBEHHOH rpynmoft T2

_ . \
uan F43m. Caenosatenbio, © =Ty ecTb NOATPYNNA ¢ HHAEGKCOM 2,
M NMOTOMYy OHa fBJseTcs HOPMAaJbHBIM AeauTesneM; (akToprpynmna
®/© usomopdua rpynne yetnoctu (C;). CaenoBaTenbuo,

G =C+ {i|1} S, (9.3)
rie
®=0}, ©&=Ti. (9.4)

TTostoMy Kaxapl#i mpelAcTaBHTEJb CMEXHOIO Kjaacca B pasGHEHHH
(9.1) nmeer BuA aHGO .

{q)ﬂio}’ 0':1, ey 24’: (95)

@17 {gs10}, o=1, ..., 24, (9.6)

rae (9.5) oTHocHTCA K nepBbIM 24 cMeXHBIM KJjaccam, a (9.6)—
K cleaywolmuM 24 kiaaccaM. DTo yNpollaeT 3ajauyy HallMCaHUS CH-
cTeMHl (akTopoB. TaK, MOCKOJBKY .

Jaubo

{9610} - {9, 1 0} == {qs,1 0}, 9.7)
cacrema G akTopoB HMEET BHI ‘
{90, @) =1{|0}. (9.8)

1) Cm. B § 126 u naaee.



46 : Irasa 2

Coruzacuo (9.6), : "
{9510} - {17} = (@5, 9) - {is| 7} (9.9)

4 < v
(0 D=1{el @ T — T} ={e|qs-v+i T} (9.10)

Haxonen,
{i(pol t} ' {i(ppl T} = (i(PUr i(pp) : {‘PG Py l O}’ (9 1 l)
(Ego, iwp) = {&lig - T+ T} (9.12)

OueBugHO, IeTalbHOE YCTaHOBJIEHHe Bcell cUCTeMBl (haKTOpOB Tpe-
6yeT HX HAXOXKIEHHS TOJbKO Ias 24 TpaHCHSUHE (@g-T+ i-1),
TaX KaK HMEHHO OHH BJA0TCa onpenensiomumu B (9.10) u (9.12).
Kpome Toro, pasee Gymer NoKasaHo, 4To TpaHcasAauud B (9.12)
npocrto BHOHPAIOTCS M3 MaJjoro Habopa: HyJeBOH TPaHCHAALHH
U TPaAHCJASUUH HAa OAWH U3 OA3UCHBIX BEKTOPOB (rpaHeleHTPHPOBAH-
HOro KyGuueckoro) kpucrajga (cm. § 126).

§ 10. Hekotopple noAarpysnmsl NPOCTPAHCTBEHHOH IPyNNbl

W3 cTpyKTYpH NPOCTPAHCTBEHHOH TPYNNH ¢ OUEBHAHOCTBIO Cle-
IyeT, 4TO INpOCTPAHCTBEHHAs Tpynlla HMeeT UeJanlt Habop moA-
rpyniL. B nocnenyomem H3J0KeHHH B 3TOH KHHMre y Hac 6yper cay-
yaf HCIO/b30BaTh HEKOTOPEIE H3 3THX NOATPYII.

Bce mnpocrpaHcTBeHHble TPYNIBE COAepKAT TIPYHIy Tpchm-
nuii € B KadectBe HopMagapHoro menurens. Jlio6Gas noarpynma I
rpynnsr € OyzeT ojfHOBpeMeHHO H noarpymmofi rpynnel @. Ilycrb
noarpynna £ rpynnsl T sBJAseTCs HOPMaJbHBIM = AeAHTeseM
rpynusl @. OueBnaHo, OHa sBJfeTcss H HOPMAaJbHHIM JeJHTeJNeM
rpyanel €, Tagk kak T — abeseBa rpynma. Torza OXHOBpeMEHHO
¢ rpynnoi /€ (1. e. paxroprpynmoi ) MOXHO ONpejesuTh (ak-
toprpynny @/%;. OnHako ecsu

E/zs:=%s'"}_{SIRM}zs‘_I_ Y] (101)
O/T, = (6/9) - (¥/3)). (10.2)

B CcOBOKYNHOCTH NpeAcTaBHTeJed CMEKHBIX KJIacCOB B pasbueHHH
G/Ts nalfifeM Bcex mpejcTaBUTeNell BUAA

{eI Ry} - {wo] 7o}, : - (10.3)

T.  e. KOMOMHAUMH (ODpoH3BeleHHs) npexcTasutencis Hz (T/Ts)
H mpejpcraBuTens u3 P. JIcHO, 4TO NPHCYTCTBYIOT BCe TakKHe KOMGH-
Hanuu. Eciyn unjexce noarpynnu € rpynns € paBeH S, TO HOPSAOK
¢baktoprpymnsl G/Ts pasen (gp-$), rie, KaK W paHblle, g, — Nops-
Jox rpynnu . Huxe y nac Gyzer cayuair HCNONb30BATL. HMEHHO
. Takoe pa36neHne Kak pasbuenne (10.2).

TO
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st cuMMopdHBHX NPOCTPaHCTBEHHBIX TPYNN HanboJsee NoJes-
HOM C TOUKH 3peHHs] NPHMEHEHHS Teoppm IpejcTaB/deHul ABAAETCA
ToueyHas rpynna B.

Yacto okasplBaeTcsl MOJC3HEIM pa3JioXkeHHe [pOCTPaHCTBEHHON
rpynns & Ha NMOArPYNIH, ABJAIIHECS B CBOK OdYepeldb NPOCTpaH-
cTBenHsiMu rpynmnamu. (Hampumep, Kak 6ouro mokasauo B § 9,
NPOCTPAHCTBEHHAH Tpymnna ajaMmasa (O} — ABJAKMAACT THIHYHON
HecHMMODPGhHOH NIPOCTPAHCTBEHHOR TPYNION, HMeeT KaK NOATPYIMY
C HHIEKCOM 2 NMPOCTPAHCTBEHHYID TPYNNY UHHKOBOH OGMAaHKH Tﬁ.)
IIpenmosoxuM, 9T0 HpPOCTpaHCTBeHHas rpynna & wMeeT moarpymmny
©,, TaxKe fABAAIOLLYIOCS NpPOCTpaHcTBeHHOH rpymmo#. I'pymna @,
MOKET BKJIIOUYATL (Ha¥ He BK/AMOUYATh) B ce6d B KauecTBe HOATPYIIIL!
DOJHYIO TPYINY TpaHcasauuit £; nJs oOHIHOCTH NPeNOJNOXKHM, YTO
oHa He BxjawuaeT T. [lycts ¥, — HOpMaJbHAS NOATPYINA TPAHCIHSI-
mufi, Bxoasimas B 8., u nycTh 3JeMeHTH £, PaBHH

xa::{gltal}; {8Ita2}» {sl tas}; ey (104)
TOrAa snements ©, MOXKHO 3alHCaTh B BHAE
G, =Z,, {1t (@)} Zss ..., {@plt (@)} T, (10.5)

ITockombKy ¥, ABJAAETCS HOPMAaJbHBIM JeauteneM &,, MoKHO NO-
crpoutdb (Qaxroprpynny . 9TOH NPOCTPAHCTBEHHOM (MOA) TPYINLL:

(Sja/za: SIsa; (10.6)

Ouesnpno, P, Oynmer moarpymnnoli rpynnsl P = @/T. Hanee, mo-
CKOJBKY @, ecTh moArpymnna rpynnsl @, MOXHO BHIOJHHTb pasfue-
Hue @ Ha cMexHble KJaacchl Mo @,: :

O =0, {elt} 6, ..., {o5]t (@)} Cu, ..., {4512 (90} B, (10.7)

B (10.7) npencTaBuTeJH CMeXHBIX KJaCCOB BKJIOUANOT, KakK
OOLIUHO, 3JeMeHTH, BXOAslHe B &, HO He BXomsimue B @, a TakxKe
HMeeTcs OGBIYHBIN HPOH3BOJ B BRIOOpE TPAHCIAANHOHHON YacTH omle-
paropos Buaa {¢p|t(gp)}. Tak xak rpynna @, uMeer Bce 0GHYHBIC
CBOMCTBA I'PYII, TO OHA HMeeT HOJHBIA HaGOp KJaccoB, BO3MOMKHBIS
MOATPYIIHL U T. A.

PaCCMOTpHM 9JIEeMeHT {q)ﬂ]t @p)}, Bxomsuwi B rpynny @, Ho
He Bxopaumii B @, Ecnu cocraBute Habop sxaemedtoB @&, 1o
npaBUIy

{(Pﬁ‘ t ((Pg,)}_l : (5? ' {(Pﬁ [ ()} = ®s, o (108)

To ®, oOKaxeTcA TNPOCTPAHCTBEHHON TPYMNNOH, 3JeMEHTH KOTOpPOM
MOXXHO JIEFKO NOJYYUTh M3 3JeMeHTOB rpynnns &, B npeficTeuTenb-
HocTH @&, Takxe fBJseTCA MOArpymnoi rpynnel @ u noarpynnm &,
# @, sBISIOTCS CONPsIKEHHBIMH moArpynnamu rpymns 8. Ecan p —
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HauMeHbllee 4HCAOo, AJA KOTOpPOro
{(pﬁl t (q)ﬁ)}p ={e[R.}, : (10.9)

TO MOXKHO TOCTPOHTH DS CONPSIKEHHBIX MOATPYNN Tpancopmupo-
BanneM sneMmenTa {@p|f(@p)} ¥ ero cremeneir. Hanpuwmep,

{01 (@)} "+ ©y - {pl  (9p)} =G, (10.10)

npeActaBiasier coboii eille OAHY TaKyo HPOCTPAHCTBEHHYIO TPyHmy.
IMo KakAOH U3 3THX NPOCTPAHCTBEHHBIX T'PYNN MOXKHO BHIOJIHUTDH
pasfueHne Ha cMexHwule Kiaaccel Buzaa (10.7). Hacto ypobuo pac-
CMaTpuBaTh B3aMMOCBSI3aHHBle pa3bheHusl IPynnel @ HAa CMeXHBE
KJA4CCHl, T. e. IO CONpsKeHHBIM Hoarpynmam. Pasymeercs, conps-
JKEHHBle HOArPYIIE H30MOP(HEL.
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HenpuBomumbie npeacTabiieHus
M BEKTOPHbIE NMPOCTPAHCTBA
KOHEYHBIX TPy

§ 11. BBepenue

Hacrosiuas raaBa NoCBfilieHa oO0mled TeOpHH HeNPHBOAUMBIX
IpeJCTaBJIeHAR M HENPHUBOAHMBIX BEKTODHEIX TMPOCTPAHCTB AJS KO-
HeuHBIX Tpynn. [lpeanosaraercs 3HaKOMCTBO UHTATENs C 3JeMeH-
TAPHLIMH CBEJEHHSIMH W3 TEOPHH IIPeJCTaBMeHuil KOHEUHHIX TPYNIH
[1—3]; aTu cBenenus 6YAYT KpaTKO H3J0KeHH (a5 ymobcTBa uu-
TaTeNs U JJs BeeleHUd obo3Hadenutt) B § 12—18.

JLns ycTaHOBJEHHS CBS3H. MexkJy (QYHKUUSIMH H IpejcTaBJe-
HHSAMH HeOOXOI¥MO BBECTH B PacCMOTpeHHe omepaTopn mpeobpa-
30BaHUuM, JeHCTByoImHe B BEKTOPHOM NpocTpaHcTBe dynkuui. Pac-
cMaTpHBaeMas rpynna oOIepaTopoB TOMOMOpP®hHa COBOKYIHOCTH
0nepaTopoB Npeobpa3oBaHus KOOPAHHAT, COCTABJSIONUX NPOCTPAH-
CTBEHHYIO T'PYNNY KPHCTAJJIOB,

O6paTuMcs Tenmepb K COAepP:KAHHIO NOCTeAYIOMMX rJaaB 4 u 5.
Kaxpass mpocTpaHcTBeBHass rpynma & comepxkUT HOPMaJbHYIO
nogarpynny Ttpancasuuii €. Ilockonpky rpynna § aGeneBa (B neit-
CTBUTEJIbHOCTH sBJSIETCS NPSIMBIM TPONU3BEAEHHEM TpeX UHKJINYe-
CKHX TPYNIN), ee HeNPUBOJAMMBEIE IpPEJACTABJEHH WM HENPHBOIMNMBIE
JUHeHHble BEKTOPHLIE [POCTPAHCTBA OAHOMepHH. Henpupomumble
npeacTaBiaeHua D®) xapakTepusyloTcs BOJHOBBEIM BeKTOPOM R u 6J10-
X0BCKHM BekTopom $(# [21]. HaGop nonycTuMHX spauennfi B 3a-
IOJIHSICT IePBYI0 30HY DBpuaniosHa KpucTasta M XapaKTepusyer
BCe HENPUBOAMMEIE npeicTaBiaenus D®) rpynnu .

Has kaxporo k onpepeden Habop onepaTopoB u3 rpynnn @,
npeo6pasyomux 6/710X0BCKHA BekTOp Y*®) B BeKTOp ¢ 9KBHBaJeHT-
HBIM 3HayeHHEM BOJHOBOrO BeKTopa k. DTa COBOKYIHOCTb OllepaTo-
poB ofpasyeT IDyNNy BOJHOBOro BeKTopa k, o6ossauaemyio @ (k).
Ona sBasercst moarpynmofi rpynner @. OnpenessiioTcsi HenpuBOAH-
MBle NpeAcTaBieHus: rpynnsl @ (k). Jas sTofl Heln MOXKHO HCIOJb-
30BaTh IBa MeTojia. DyjeT paccMOTpeH MeTOJ JYyYeBHX (Ipoek-
THBHBIX MJIH HATPyXeHHBIX) [peJCTaBJdeHHH, MCIOJb3YIOUHHA npe-
craBneHne cTpykTypsl @& (k) kak pacummpenusi. Kpome Toro, 6ymer
H3JIokeH MeTOA ManuXx rpynn. CpeAu BceX HeNPUBOLHMHIX Tpel-
crapienuii ®(k) HomycTHMBIMH IJS HaINX ledell OKAasHBAIOTCH
TOJILKO HeKOTOpule. ByayT onpenesieHbl 5TH HOUYCTHMEBIE HeIpHBO-
JuMEIE TIpejcTas/enns D®) (m) @ TaKXKe COOTBETCTBYIOLIHE MM BeK-
TOpHbIE NIPOCTPAHCTBA.
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IMocnennum maroM siBaseTcss pasbueHde @ Ha cMeKHbBIE KJIacCH
no @ (k). danee HenpHBOAHMBE INpeicTaBieHus rpynnsl & (k) ue-
NOJMB3YIOTCY  AJS  ONPENEJIeHHS HENPUBOAAMBEIX TpeACcTaBJeHUN
rpynnst @. Henpusogumele npeactabieHus rpynnel @ xapakrepu-
3YIOTCSL 3Be3/0l BOJHOBOrO BekTOpa *R M HHIEKCOM M JONYCTH-
Moro mpexacraBieHus D® (M. DTo nmocTpoeHue onpejpessieT TAKKe |
CTPYKTYPY HENPHBOJHMOTO BEKTOPHOTO IPOCTPAHCTBA, B KOTOPOM
3ajaHo npeacraBienue DO m)

Bce 310 paccMorpenne 6asupyercs Ha NPEANOJOKEHHH O TOM,
UTO omnepaTopnl npeo6pas3oBaHUH ABJAAIOTCA JHHEHHBIMM H YHHTAp-
HBIMH (TaKHe OIepaTOPH BO3HHKAIOT IPH PacCMOTPEeHHH Npeobpa-
30BaHHA YHCTO NPOCTPAaHCTBEHHON cuMMerpuu). s yuera cum-
METPHH N0 OTHOUIEHHIO K OOpalllcHHI0 BpEeMeHH HeoOXOXHMO
paccMaTpHBaTh AaHTHYHHTapHble, aHTU/HHelHble onepaTopel. ITd
omepaTopel 3aJalOT JNOJYJAUHefHble IpeNCTABJEHHS, HJIH, KaK HX
HasBas Burnep, «xompenctasienns». CTPYyKTypa 3THX HpeaCTaB-
JIEHUH ycTaHaBAHBaercs H o6cyxaaercs B I 9.

WMassoxenHasl BhIIIEe MeTOAHKA MNPHUMeHHMa K JI000d cHcTeMe,
AMeoulell CHMMETPHIO KPHCTAMIKYeCKON TPOCTPAHCTREHHOH TPYIIIH
.. PaccMoTpeHne 3JeKTPOHOB HJAH B 00meM caydae CHHHODHBIX
YACcTHI YCJIOXKHSIETCH BC/AEACTBHe HEOGXOJHUMOCTH  pacilHpUTh
rPynnoy onepaTopoB mnpeofpas3oBaHui, YTOOHI BKIOYHTL Hpeobpaso-
BaHWs BEKTOPHBIX MHIEKCOB, NDPOHCXOASIIHE, Korxa OJOXOBCKHH
BeKTOp npoferaeT CBOM 3Ha4YeHHs B Oa3HCHOM BeKTOPHOM (YHK-
IHOHAJBHOM NPOCTPAHCTBe (ecaH G6JOXOBCKHH BEKTOpP He TIPOCTO
cKadspHas (QYHKLMS, a HMeeT CIHHOPHble HHJIEKCH). Msmaraemuii
3Jecb MaTepHaJ JONycKaeT TaKoe obollieHne.

UpraTtemo, He 3HAKOMOMY C MaTeDHAJOM, H3J0XKEHHBIM B
§ 12—18, pexoMeHayeTCl NOIOJHHTbL CBOH 3HaHUS, OOpaTHBIIHCH
K yuebnukam [1—3]!), mpexkie yeM NpPONOJIKATh H3YYEHHE ITOH
KHHUTH.

§ 12. OnepaT’0p1>1 npeoGpa3oBannit yHkumiA

Ja1sa mocieayiollero pacCMOTPEHUs! OKa3blBaeTcs HeOOXOJHMBIM
PacUIUPUTh KPYT HCNOJAb3YEMBIX TOHSITHH, BKIIOUHB B HEro NMOHSATHE
onepaTtopa, npeo6pasywoinero pynxnuio. ITo onpenenennio {g|f(g)},
corqacuo (6.1), uMeem

{lt@} -r=r'=q¢-r+t(y). (12.1)
ITycts P (r)— ckanspHas (YHKUHS TIPOCTPAHCTBEHHON MepeMeH-
HOH r B KOHQUIYPAUMOHHOM MNPOCTPaHCTBE. IDTO O3HAYAET, UTO

B KaX/OH TOYKe 7 KOH(UIypaUHOHHOTO MPOCTPAHCTBA OINpeJeNeHO
(unn u3BecTHO) 3HaueHHe QYHKUHH V.

" 1) MoxHo TaKwe pekomengopats Kumry Ilerpamwens u Tpudonosa [116].—
Mpupm. ped. ' AN
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JJ8 KOMOaKTHOCTH 3aIMCH B HECKOJbKHX MNOC/AEeAyIOUIHX napa-
rpadax Mp 6GygeM HCIOJb30BaTb COKpalieHHOe o003HaYeHHe onepa-
TopoB cummerpun {@|f(¢)} oauum cumsosrom S, Q, ... . Tak, Ha-
npumep, {p|t(p)} =S u 1. n. Onpenenum Tenepp omepatop Ps,
KOTOpLii JelicTByeT Ha (7. e. npeo6pasyer) ¢yHKUHIO P, HaBas
byukuuo Psy. 270 o3nauaer, YTO N0 3aJaHULIM 3HAYCHHAM (QYHK-
LU Y BO BCeX TOYKAaX KOH(HI'YPALHOHHOTO HPOCTPAHCTBA ¥ OIpe-
JessoTest 3HavueHHs (yHkunn Pgsy. Ilyete S — omeparop cuMMer-
puH, Npeobpasywilnil TOUKY r B TOUKY r':

g S-r=r’, (12.2)

rie, pasymeeTcs, S sBjsgercs npeoOpasoBaHHEM CHMMETDHH IIPOCT-
paHcTseHHofl rpynns Tuna {¢@|f(g)}. OnpeaeauM Tenepb onepaTop

Ps paBeHcTBOM
P (r'(=19(r), - (12.3)

T. e. QyHKIHSA Py MMeeT TO Xe 3HAUEHHE B TOUKe #/, 4TO U QYHK-
nus ¢ B Touke r. Onpefenenne onepatopa Ps He 3aJaeT CHMMeT-
puio GYHKIHH ¢, a IPOCTO YCTAHABJMUBAET TPABHIOC IJs AaNbHel-
mero paccMoTpeHua. Ypasuenve (12.3) MoxHO mepenncath B He-
CKOJIbKHX 3KBHBAJEHTHHIX JopMax:

Py (Sr) =1 (r), (12.4)

Pgp(r) = (S7'r). (12.5)

Bo Bcex cayuasx (12.2) —(12.4) cieayer nonuMmath Kak COOTHOLIe-
Hust Mexay o¢ysruusmu. Onepartopnt Ps, ecid He OTOBapHBaeTCH
crennaJbHO ApYyroe, — 3TO BCerAa JMHefHble H YHHTAapHLIe Olle-
paTopulL.

HJIx

§ 13. I'pynna oneparopos, npeoGpasyomux GyHKUAU

[lycte 3agana rpynna npeo6pa3oBanuii @ B KOHGUTYPAUHOHHOM
HJIN KOODAMHATHOM NPOCTPaHCTBe KpucTasna. B ciayuae Heobxonmu-
MOCTH MBI MOXeM OOGO3HA4HTh 3Ty rpynmy uepe3 &g(s) YKasH-
Basg C IHOMOILbI0O HHAEKCa XapakKTep OINepaToOpOB, COCTAaBJSIOIIHX
rpynny. /g KOMOAKTHOCTH MOYKHO HCHOJb30BaTh AJAS 3TOH TPYNIH
cuMBoJinuecKoe ofosHayeHue @5 (aHaAJOTHUHO BBENSHHHIM BHIIIE
00603HaYeHUAM).

CornacHo onpeJe/ieHHI0 TPYNIOBOro AeficTBHd, ecld P u R BXo-
A4t B rpymay @, to

P-R Bxopur B Bg. (13.1)
Ho xaxpomy omepatopy P, R, S, ... rpynnm &s MOXHO comnocra-

‘BHTb, corsiacHo (12.2)—(12.5), onepatop mpeoGpasoBanHus Pr. Ta-
KHM CINOCOGOM MOXKHO NOJNYYHTh COBOKYIHOCTb OIEPAaTOPOB Pk,
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Ps, ... ."Uro6nl noKasaTb, 410 3Ta COBOKYNHOCTb 00pasyeT rpynmy,
3aMETHM, YTO €CJIH

t'=S-r, r"=R-t'=R:-S)-r, (13.2)
TO

(Psp) ' =(r),
(Pr(Psp)) r” = (Ps) " =19 (r).

CaenoBatenbHo, pynknus (Pgr(Psy)) umeer B Touke r” TO Ke 3HA-
yeHHe, YTO H QYHKUUA ¢ B TOUKe r. PaccMOTpUM, ¢ [PYro#l CTOPOHH,
onepatop Prs B NpAMEHEeHHH K (YHKUMH P, TAKOf, 11O

(Prs¥) (r") =9 (r). (13.4)
PRrPg = Pps, (13.5)

T. €. NPOH3BeJeHHe OIepaTopoB PrPs MOXKHO OTOXKIECTBHTb C OAH-
HOuUHEIM omepaTopoM Pgrs. W3 storo caeayer, urto

(13.3)

Torma

Pg, Pg, Pg, ... obpagyor rpymy Gp, (13.6)

H YTO TPYIIHL
®r u @p, roMmoMopPHHL. (13.7)

‘CorJiacHO TOJMBKO 9TO IPHBeLeHHOMY BBIBOALY, KaxKIOMY ONepaTopy
R comnocrasiasgeTcs OAHH H TOJbKO OAHH onepaTop Pz mo dopwmyne
(12.3), nostomy rpynuet @z 1 ©p, B neilcTBUTENBHOCTH ABASAIOTCS
H30MOPHHBIMH.

Heo6x0oxMM0, OAHAKO, cO BCell ONpeflesleHHOCThIO YKa3aTb, 4YTO
IpH pacCMOTPEHHM KOHKPETHOH (DU3HUCCKOH 3ajaud MOXKHO Io-
CTyNaTh HHade. A HMEHHO: MOXHO CHa4yaja OHPEIEJHUThH ONepaTOpHl
npeoGpasoBaHus P uepes npeobpasoBaHusi (QYHKUHE, a 3aTeM HO-
KasaTs, 4T0 Habop Pr obpasyer rpynny ®p, Coorsercrayoiue
npeofpasoBaHus KOH(PHTYPAaLHOHHOTO IPOCTPAHCTBA MOXKHO BOC-
CTaHOBHTb [0 onepaTopaM Pr. B Takom ciayuae rpymma (SSPR MOKeT
OKa3aTbCcsl roMoMopdHON, a He u3oMopdhHON rpynmne &z, Mu wac-
THUHO HCIOIb3yeM 3TOT MOAXOA NPH OOCYXKAEHHH CHUMMETDHH TIa-
- MUJbTOHHAHA pelleTkd. Ho Hambojee BaXKHHIM OH OKasbiBaeTcst
IIPH PacCMOTPEHHMH YaCTHI, UMEIOLIUX CIIHH.

§ 14. ®ynkuun u npeacTaBjeHus

IIpeamosnokuM Tenepnb, UTO JJs HEKOTOPOH (DH3HYUECKOH 3amadu
3ajaHa 3aMKHyTas cHCTeMa H3 [ JIHHEHHO HE3aBHCHMHX (QYHKIHH

'lP[, 1P2, sy ’ll)[ E{‘pa}- (141)

IMox cioBoM «3aMKHyTasf» MBI [OADa3yMeBaeM, 4TO AJS paccMmar-
puBaeMoii 3ajaun Jo6ast NPOH3BObHAS (QYHKIHS @, MOXKeET GBITh
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npejcTaBjeHa B BujJe JAHHEHHOA KoMOuHaUHH QYHKIHA {Pg}:

!
%= 3 Carbe (14.2)

3aMeTHM, 4TO 3/eCb ONyIIeH HHIEKC r KOOPAHWHATH TOUKH B KOH-
({UrypaniHoHHOM HPOCTPAHCTBE, YTOOLl NOAYEPKHYTh (PYHKUIHOHAJb-
HbIl XxapakTep coortHolleHHsl. COBOKYNMHOCTh {{a} MOXKHO paccMmart-
pHBaTb KaK HaGop BEKTOPOB B THAbOEPTOBOM IHpPOCTPAHCTBE.
TlpumeHHM Tenepb omnepaTop BHAAa Ps K OAHOH K3 (YHKUHA

Py (St) =1, (r) (14.3)

Ho cucrema {{.}, no npeanoJioxeHuio, sBaseTcs 3amkayroh. ITo-
aToMy ¢GYHKIUA Psig He gB/SeTCH JHHeHHO-He3aBHCHMOH M MOXKeT
OBITh TpeacTaBjieHa B Buie JHHeHHON KoMOuHauuu QyHKOUM:

!
Pop, = ngl D (S)na Vn- (14.4)

OTtMeTuMm cHoOBa, uTo (l4.4) ycTaHaBJHMBaeT COOTHOIIEHHEe MEXKIY
dyukuusmu., Dukcupyem Temepp Ps, a B KauecTBe BHIOPaHHOH
GYHKIHE P, Oyaem 10 ouepely 6paTh BCe QYHKUUH CHCTEMBI {a};
TOra TNOJYYHM

!
Psbe= XD (Shattn, a=1,..., L (14.5)

Taxum cnocobom u3 (14.5) MBI notydyuMm s/eMeHTH MaTpuuu D (S)
¢ pasmepoMm (!X !). Ecau paccmoTperb Temepb omepatop Pg, To
MOXKHO moJyuuth MaTpuny D(Q). Bribupas B KauecTBe omepa-
Topa Ps no ouepeau Bce BO3MOXKHBle ONepaTOpH NpeoOpasoBaHUi
us rpymnst ®p , monyunM cOBOKYMHOCTH MaTpuu pasmepa (IX1/)

D(E), D), ..., D(Q), .... (14.6)
Hanee, uaz (14.4) u (13.5) HeTpyAHO MOJYUHTDH

PrPsbe=Pr (Z D (Shna bn) = 2D (S)na Prcbon =
=2 D (S)na 2D (Rham s = 2 (LD (Rhnn D (Shna ) s =
=2 D(RS)hatn  (14.7)
C npyro#t cTOPOHH,
Prsbe=2.D (RSuabn (14.8)
TTosToMy UpH NEepeMHOXKEHHH MATPHI| CHCTEMBHl BLINOJIHAETCS Ipa-

BHJIO
: DR)D(S) =D (RS). (14.9)
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CaenoBaTenbHO,. COBOKYNHOCTh MaTpul (14.6) obpasyer marpuu-
Hyio rpynny, [Ipu HeoGXOAMMOCTH cHelHaJbHBIM o0pazoM BHIe-
JIUTb 3Ty MaTpPHUHYyIO rpynny Mel 6yaem o6o3Hauath ee Gpr).
Fpynna @piry aBJseTCd TOMOMODQHBIM omépameanem rpymn
@PR u Gz MarpuyHas rpynna ®pr), 6a3ucOM KOTOPOH sBJSETCS

saMkHyTas cucrema QyHKUHN {Yn}, o6pasyer npeacraBaeHHe rpynn
Gr u (Sj,,R, Cucrema ¢yHKuui {1} 3amaer HeKoTOpoe JHHeHHOe

BEKTOpHOe THJALOEpPTOBO NPOCTPAHCTBO X, a OTAeNbHble (PYHKIHH
Pm CHCTEMBl MOXHO DacCMaTpPHBaThb KakK Ga3HCHBIE BEKTOPHl 3TOTO
BEKTOPHOTQ MPOCTPAHCTRA.

AnanoruuneiM 06pa3oM Oa3HCHBIE BEKTOPH @, @, d3 NPSIMO-
YrOJbHOH CHCTeMBl KOODJAMHAT 3aAalT TpeXMepHOe eBKJHAOBO
MPOCTPAHCTBO, B KOTOPOM cyiiectByeT kpucrtamia. Cucremy {Ya}
YacTO TaKiKe HA3bBAIOT (DYHKUMOHAJNbHLIM [POCTPAHCTBOM, HHBA-
PHAHTHBHIM OTHOCHUTEJNBHO AeHCTBUSA rpynnel. Kax mpaBuso, MB He
b6ynem ynorpebaste nas cucreMs! (14.1) TepmMHH «mosHas cucre-
Ma», TaK KakK 3TOT TepPMHH [oJpasyMeBaeT HaJHYHe HEKOTODHIX
aHAJHTHYECKHX CBOHCTB, He SBJAIOUIAXCSA HEOOXONHMBIMU B HACTOSA-
IleM PaCCMOTPEHHH,

§ 15. Henpuroaumpie NpeacTaBAEHYS ¥ NPOCTPAHCTBA

Ilycte uHBapnaHTHOe (YHKUHOHAJbHOE IIPOCTPAHCTBO, OIpele-
jgeHHoe B § 14, umeer pasmepHOCTB [ ECJIH HMeeTCcd cHuCTeMa
QyHKIHHA

Pr, Yoy - vy Y Mm< ly (151)

TO HHBapHaHTHOe (PYHKIHOHAJbHOE NOPOCTPAHCTBO pacluelifercs
Ha JABa HHBAapHaHTHBIX NoAlpocTpaHcTBa. Ecin Takoe pacuiensenne
IPOUCXOAUT, TO Aajee MBI OyJAeM CUUTATb, YTO 3TH HHBAPUAHTHBIE
HOANPOCTPAHCTBA OPTOTOHAJbHHL.

CoBOKYIIHOCTb MaTpul, D, 06pasyloiuX npeacTaBleHHe TPYINH
®p(r), MOXKHO NOJHOCTHIO NPHBECTH WJH Pa3JOKHTb Ha HENPUBOIH-
meie. Ilocie nmofHOro mpHBeieHHA KaxKAash MaTpuIla MpelCcTaBJe-
HHA HMeeT KBAa3HAHaTOHAJIbHBIA BUJA

o (D el @)
D (ol # (@) ( 0 H({w(@)}))

AJsL BceX mpeoGpasoBaHHM {plt(p)} rpymmm @. B (15.2)" mar-
punsl D u H umewor paamepn (m X m) u (l——m)X(l—-—m) COOT-
BETCTBEHHO.

Ecnm mpocTpaHcTBO coaepmm‘ HECKOJIbKO HHBAapHAHTHHIX OPTO-
rOHaJIbHHIX MOANPOCTPAHCTB, TO pPasfoxeHHe (NOJHOE MpHBEJEHHE)
matpuusl (15.2) mpuHEMaeT Gosee o6mMA BUJ KBa3HAMATOHAJbLHOR
MaTpPHUB ¢ HECKOJbKHMH KBaIDAaTHHIMH MaTPULAMM Ha JUaroHaJH.

(15.2)
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CoOTBETCTBEHHO MOXKHO HalHCATh

Pt @oyhs= Z D({(Plt(q))})na'll’m a=1,..., m, (15.3)

[ R
%mW%=£ﬁ@NMMM%,a=m+L~uL(5@

s Beex {@|t(¢p)}, Bxoaamux B rpynny @. 1 B sToM ciydae cooT-
Howenus (15.3), (15.4) MOXHO O6OGIIUTL TIPH HAJHUMH HECKOJb-
KHX MHBAapPHAHTHEIX OPTOTOHAJbHHIX NPOCTPAHCTB.

HenpuBoauMbIM TIpeACTaBJeHHEM SBJSETCS Takas cHCTeMa Maft-
punt D uan rpynna ®peg), KoTopasi He MoxkKeT SHITb pasjoxeHa, T. e.
IJ1S KOTOPOH HEeBO3MOXKHO INPHBECTH OJHOBPEMEHHO BCE MaTpPHILHL
K Buny (15.2). Eciu 3azaHo maTpuuHOe mpeictaBieHue D rpyn-
mel @&, ero HPHUBOAMMOCTb MOXKHO IIPOBEPHTb, HCIOJL3YS JEMMY
ypa [1—3].

Tax, nyctb samano npencrasiaenue D ({¢|f(p)} u marpuua M,

TaKas, 4T0
MD ({1t (@)}) =D (ot (¢)}) M. (15.5)

Ecan edurncreennas matpuua M, ynoBJIeTBopsiioulas 3TOMY ypas-
Henuo, pasia M = mD ({e|0}), roe m — KoHCTaHTa, TO HpEACTaB-
genne D Henpusoaumo. Henpusoaumble mpejpcraBieHusi 06BIYHO
0003nauaT n00aBJeHHeM BepXHEro WHIEKCa K CHMBOJY MAaTpHILHI,
HanpuMep D?. MH npumeM 310 o6o3HaueHHe,

Ecnn pns xoHeuno#i rpynnel @ 3amaH HaGop HENPHBOAUMBIX
npeacrasienuit DO, [ =1, ..., r, TO pJs onpejes]eHHS TOro, BCe
JIM HEeNpHBOJAHMEBE TNpeicTaBjeHuss & ecTb B »3ToM Habope, MOXKHO
HCHOOJb30BATh HECKOJbKO (HO CYLIECTBY 3KBHBaJ€HTHBIX) KpuTe-
pueB. B ciaydae mpocTpaHCTBEHHBIX FPYNI He Bce KPHTEPHH YIOGHO
HCIIOJb30BaTh. TakK, ec/u 4HCIO KjaaccoB rpymnnsl @& paBHO 7, TO
rpynna @ umeeT ¢ pasIMYHBEIX HENPHUBOAHUMEIX TpeAcTaBjeHnd. Jla-
Jlee, eCJiM PacCMOTPeTb CJael, HiIH Xapakrep, matpullsl DU {g@|t(¢)},
onpejeseHHbIH HOPMYJIOH

(ol @) = ; DY ({91 £ (@)})nns (15.6)

TO

T 10 (e10) P=g, W, (57

rie {e|0} —enunnyHbl 5JeMeHT rpynue, a g,N— NOpANOK
rpynnsl 8. O603HaunM NPOH3BOJIbHBIM JEMEHT Kjaacca (Sk Kak Cp,
8 TPOH3BOJIbHBIA 3/1eMeHT oBpatHoro Kiaacca €1 kak Ci'y m nycTh
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YHCJIO 371eMeHTOB B Knacce €, paBHO cp. Torna

r

Z X ® (Ce) X (Cr)* = g, Ny, (15.8)

Hakouner,
.
l; X (C,) 71 (C;) = g,N8; 1. (1.9

@opmyant (15.7)—(15.9) cOOTBETCTBYIOT XOPOUIO H3BECTHHIM pe-
3y/JIbTaTaM TEOPHHM KOHeUHBIX rpynn. OTMeTHM, 4TO 3Tu (POPMYJIH,
pasymeercsl, CIpaBelIUBLI I BCell PPYNNBl B LEJOM: CYMMHpPOBa-
HYe BeJleTcs 10 BCEM HENPHBOAHMEIM MPeACTABACHUAM [ HJH IO
BceM KJaaccaMm k rpynnm &. ®@opmyaw, nonobusie (15.7)—(15.9),
IPHMEHHMB TaKxke K IOArpynne rpynnel &, ecan ToJbKO oHa pac-
cMaTpHBaeTcsl Kak Lefoe, T. e. KaK IpyIla, UMeioliasi CBOM CO6-
‘CTBEHHBIE KJI&CCHI, H T. I

B saxiioueHne HanoMHHM TeopeMy Mainge: mo6oe npencras-
JieHue KOHEeUHOH rpymnmnel Ju6O0 HENPHBOAHMO, JHGO BIOJNHE NPHBO-
IuMO (pasfIoxuMo).

B mnocienymolleM H3J0XeHHM MH OyZeM 0003HAYATh CHCTEMY
dbyHKRIHH, 006pasyoUlnX HEIPHBOAUMOe JIHHEHHOE BEKTOPHOE NpPOCT-
PaHCTBO, fABJAsIOLIeecs (a3HCOM HENpPHBOAHMOTO NpeCTaBeHH s D®
rpynne @, kak

TO={pD, ., 90, ., PP, (15.10)

riae {— pas3MepHOCTb npejcTaBaenus DO,

B nanpHefmeM, ecid ClellMaJbHO He NpPeANoJaraercs MPOTHBO-
MOJIOXKHOe, OyIeM CYHTATb, UTO COBOKYNHOCTb OGa3HCHBEIX (DYHKIHUH
(15.10) ob6pasyer OpTOHOPMHPOBAHHYIO CHCTEMY, T. €. ONpEAEJeHO
COOTBETCTBYIOLLEe CKAaJsfPHOe NPOH3BeleHHe, TaKoe, UTO

(¥ <z>¢u'))_5‘ - , (15.11)

rge D@, DU (I541") — HesKBHBAJIEHTHbIE HENPHUBOAMMEIE MNpea-
craByaenusi. OGLIUHO

(9, B ))—SdSr\b‘” () PO (r). (15.12)

[TockoJbKY MBI CUHTaeM, 4YTO BHINOJHseTCs cooTHOomeHHe (15.11),
MOXHO OTPaHHYHTbCA PACCMOTPEHHEM YHHTAaDHBIX HENPHBOAMMBIX
npexacrasaennit DO

. \ pw* =pw~' (15.13)
HJIH ‘
| DUt =puw~, (15.14)
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§ 16. UpemnoreHTHbie onepatophi npeoOpa3zoBaHuii

Uto6nl HafiTH HOMHBLIE HAGOP HENPHBOAUMBEIX IpeACTaBieHH
rpyNIbl (S)PR, MOKHO JeHfCTBOBaTh CHCTEMaTHUYeCKHM 00pasoM, Hc-

nonb3ys aare6py rpynnel @ Haz kommiekcHum mojem [3, 22). Ta-
KHM MeTOJOM MOXKHO BLINOJHHTb INPHUBEJeHHe WJIH PasyIOKeHHe
3TOH aire6pel Ha NPAMYI0 CYMMY IPOCTHIX JABYCTOPOHHHX HAea-
aos!). [Ipu pasioxenuu BosHukaer g,N onepatopos pf  o6aa-

mns
NaIOUHX CBOACTBOM
{ )
P) o1 == méll’éw- (16.1)
CsoictBo (16.1) sBaAsieTCA OCHOBHBIM CBOHCTBOM HPHUBEIEGHHOH aJ- .

re6pel. Ilpn moanoM pasnoxennu anreGper omepartopsl P mod-
HOCTBIO ONPeJENsIoTCs Yepe3 JuHeHHble KOMOHHAUME OGa3HCHBIX

2J1eMeHTOB Pg|¢ (s TPYNNH ®pR. Orciona chaepyer, uto
PipewnPin =2, D" ({01 £ (@)} wPih (16.2)

TaK 4TO Habop onepaTopos P, MOKHO HCIOJb30BATH LISl HAXOK-
nedns matpuy D@ menpusoammoro mpeicTasgaenns. HaGop anareb-
panueckux BeJuuMH Pp{, obnazaer psiIOM B3AHMOCBS3aHHBIX
CBOHCTB, NO3BOJSIOUINX NPOBEPUTHL HNPABHJIBHOCTH HX HAXOXKIEHHS.
Cienyer HOAYEPKHYTh, UTO NOJHOe ONpeleseHHe Habopa Pff,’, siB-
Jsercss 49UCTO aJjdrebpanyeckoi 3ajaued, paspemuMoOf IJd KOH-
KpeTHOH CTPYKTyps rpynnsl & Kak B NpHHIHUIE, TaK ¥ Ipak-
THYECKH.

Bosee ofumenpunsarum [23], xots, GeITh MOXeT, H Bojee TpyH-
HEIM, fBJjsleTcs oOpaTHoe mocTpoeHue. CHauasa HaXOAAT BCe MaT-
pUUHBIE HeNPUBOAMMBIE npexctaBieHus DU rpymnnt @. 3ateM 06-

pPasywT ollepaTopul Pﬁfm BHIA

0]
)
[Tonneiii HaGop TAKHX ONepaTOpPOB BHIpAXKAeT pasfoxKeHHe aareGpht
Ha APAMYIO CYMMY HPOCTHIX zusyc'ropoaﬁux HIEaJsloB.

B ofoux ciaydasix ouepaToOpH Py cayxar aas maxommenns
COOTBETCTBYIOLHM 00pasoM CHMMETPH3OBAHHLIX Qynkumii )
(1. e. ABJAOUIAXCH NPaBUAbHBIMH JIHHEHHBIMH KoméanauHﬂMn)
ITycty W (r)— npoussoabHas Qpynkuus. Toraa

PRY =, : (16.4)

1)'C noHsiTHeM ‘JBYCTOPOHHHX (IpAaBHIX, JEBHIX) HAeanoB anre6psl MOXKHO
[O3HAKOMHUTBCS, HanpuMep, B kuure [116], cTp. 272——280 Hpun. ped.
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npeicrapiser cofoli (GYHKUMIO, NOpHHAJJIEK3UYI0O CTPOKE Mn H
CTOJIOLY v JHHeHHOr0 BEKTOPHOTO NPOCTPAHCTBA. DTO NPOCTPAHCTBO
3aMKHYTO, HePHBOAMMO U sSIBJsleTcs 6a3sucOM HEMPUBOAHMOrO mpeji-
craBaenns D@ rpymner . MoOXKHO 3aMeTHTD, 4TO A/ TOJHOTO HC-
NOJIb30BaHHs CBOHCTB 0nepatopoB PYy HeoGXOAUMO XapaKTepH3O-
BaThb NPOEKTHDPYeMble MMH (QYHKUMU KaK HHIEKCOM CTPOKH, Tak
H HHAEKCOM CTO/0La B COOTBETCTBUH C HHIEKCAMU OIEPaTOPOB
nneana. [Ipu ¢uxcuponanuoM p (win v) HaGop [ PyHxumi ¢ v (Man
u)=1, ..., | o6pasyeT KOMIOHEHTH HENPHBOAHMOIO BEKTOPHOI'O
IpOCTPAHCTBA.

Hcnonb3ya xapakrephl HeNPHUBOJHMBEIX HpPeACTABJAEHHH PYIIIH,
MOXKHO HOCTPOHThL GoJjiee c/aabblii Halop omepaToOpoB IPOEKTHPOBaA-
Hud, ueM (16.3). Oneparopul

P”*——ZX‘” ({fPlt(fP 1 Ptean (16.5)

HMEIOT CBOMCTBO
NP = pD, 7 (16.6)

dt1o osHayaer, yto P® paeT dyHKuHIO, NpHHAAIEKAUIYIO HENPHBO-
IMMOMY HpeACTaBjgeHnto /, He3aBHCUMO OT HOMepa CTpoKu. DyHK-
uun P& B obleM cayyae NpPeNCTaBUMBI B BHIE CyMMbl (PYHKIHH,
ABJIAIOMHAXCA GAa3UCHLIMH JAJISl Pa3HBIX CTPOK HENPHBOAMMOro mpej-
craBieHus DWW, Ecium HMeTCs TOJbKO XapaKTeps, a He HOJHBE
MaTpHUB NpPeJCTABNEHHH, 4acCTO yAaeTcsl NMOCTPOHTH JHIUbL c/lalble
onepartopnl npoekTHpoBaHus. ONHAKO B IPHHUKIE NPH AOCTATOYHOM
ycepAuH MOXKHO NMOCTPOHUTDH Kak caabble, TaKk H CHJIbHEE ONEpPATOPH
NPOEKTHPOBAHHUA, HCIONB3YA NPAMELE anreﬁpauqecxne METOJEl, OIH-
caHHBble B paborax [3, 22].

§ 17, Mpamuie npoussepenus

a. Mpameie npouspefeHuss npexacTaBiaeHuil. IIycTb BeKTOpHOe
npoctpanctBo I¥), onpenensiemoe corgacuo (15.10), asaserca Ga-
sucom npepcrasienus D@ rpymnm @, u nyers cucrema I/ dyHk-
i {P,’}, o6pasyouux- JuHeHHOe BEKTOPHOE NPOCTpaHCTBO XU,
siBifeTcs Gasucom npepctaaenus D¢ TpymIb ®, Torma Ha60p
I-U ¢yuguui {$, ¥y}, a=1,..., 1, a=1,..., I/, ob6pasyer
JguHefiHoe npocrpancTeo ZH®) u gpaserca GasHCOM NIpencTaBJe-
Hug DY @ D) rpynnet &, Bexrtopuoe mpoctpaHcTso X¢®F) Hagn-
BaeTCsl NPOCTPAHCTBOM MPAMOTro MPOH3BEEHHS, a- D® @ D¥) — nps-
MBIM NpOH3BedeHHEM npefcraBiaeHuil. YacTo ymoGHO, XOTd H He
o6si3aTesibHO, GpaTh B Kauectse D@ u DY) Henpusopumbie mpesn-
cTaBJeHHsl. B npuBereHHOM Huxe 06CYKAEHHH MBL GyHeMm CUHTATh,
" 4TO -ompefielseTcss HMeHHO NpsMOe NPOH3BEAEeHHE HeanBoAnMHX
npeACTaB/CHHH.
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ManI/I'-IHbIe 9JIEMEHTH NPAMOTO NPOH3BECHHA MATPHIL HMEIOT BH],
! (4 [4 1’
(D ® D“)aygs = D - DY, A

IpUYeM ToyKa B NpaBoH yacTH paseHcTBa (17.1) osnauaer oGbru-

HOe MepeMHOXKEeHHE BYX KOMIJIEKCHBIX YHCeJ D(” 7§ D”) B (17.1)
Hoipa3yMeBaeTcsi, UTO BCE MATDHUIEl COOTBETCTBYIOT OJHOMY H
TOMY K€ HJIE€MEHTY IDYIIBI:

(DO QDY) ({91t (@)}) =D ({glt ()} = \
=DY({o1t (@)D ({olt(g)}). (17.2)

PaBenctBo (17.2) naeT HeCKONbKO pa3HBEIX SKBHBAJEHTHHIX CIOCO-
60B 3amHCH NPSIMOTo Mpou3BeleHuss maTpuil. [IpsiMoe npouseenenne
npeacraBgennii (17.2) Takxke siBasieTcs NpeACTaBJAeHHeM rpynnn @
[1]. Tfosromy rpymna & romomopdHO oTo6pakeHa Ha rpynmy
O e {@lt (¢)}), Tak uTo Kaxaomy saementy {@|f(¢)} coorser-
cTByeT Martpuua us (17.2),

Bcesikoe mpencrapieHde KOHEUHON IPYINB NPUBOAMMO (Teopema
Mamike), nosromy (17 2) MOXKHO pa3/IoKUTb HA, CYMMY HENpUBOLH-
MBIX TpeacTaBieHuil. Mcnosbsysa onpeieseHHe XapaKTepa HJIH
crena (15.6) u Bouucass cien ot (17.2), noayuaem

220 {2 (@) =29 (ol (@)% (el (@)} = ,
=Sp[DP @D ({elt(e)})].  (17.3)

6. Koadduuuentn npusenenus. Onpenenum Ttenepb Kosdhhuiu-
€HTHI NPUBEIEHHs! [/151 IPSIMOrO NPOH3BEACHHSI HEIPUBOAHMBIX Mpe-
craBjennit rpynnsl . OGosnaunm uepe3 (//'|m) = 0 uucmno, moka-
3bIBaOlIee, CKOJAbKO Pa3 HeNPUBOAMMOe MpencTaBienue D™ BXOAUT
B pasiokeHue npeicrabiaendss DU®Y) Ha HenpuUBOJAMMBIE COCTaB-
asiiomive. Torna

DUe =Y @1l | m) D, L (17.4)
m

Auanoruuno JJisT BEKTOPHBIX MNPOCTPAHCTB HMeeM
S8 = Y @ (Il | m) Zm, ~ (17.5)
m

B (17.4) u (17.5) cyMMupoBadue cjaejyeT MOHUMATh KaK ompejeJe-
HHe MPSMON CYMMH, Ha YTO YKashiBaeT CHMBOJ B: ,

- pUer) — (ll/ l l) D(l)®(ll, I 2) D@ @ e (176)

Pagm Buga (17.6) wau (17.4) u3BecTHH NOX Ha3BaHUEM pSIOB
Kae6wa — l'oprana, a uncaa (I'|m) wacro HasmBawT «K03bbH-
nuentamu Kiebma — oppana». Mu mpepnoynTaeM HCIONMb30BaTh
TepMHH <«KO3(@HIHEHTH NpHBefeHHUS» BO H30eXaHHe MYTAHHLE C
oOnlYHEIMH Ko3¢pduuuentaMu Kaebuia — 'opaana (cm. § 18).

~
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>Bb1qncmm cien xaxnaoi Marpuuw B (17.4), nonyuaem
o0 (ol @) =2 W\mx™ (et @}).  (7.7)

B (17.7) cymMMHpOBaH#e INPOH3BOAHTCS [0 BCeM HENPHBOAHMBIM
npeacTaBiaeHussM rpynnel @, a cymma Tenepb siBasercss OOBITHOH
apudMernueckoll cymmol. KoapbhuuueHTH NpPHUBEIEHHS MOKHO
ONpeNeJUTh 3KBHBAJNEHTHHIM 00pas3oM, HCIOJAb3Ysl COOTHOUIEHHS
OPTOHOPMHUPOBKHU:

W \m) =2 Yo (Gl @) 2™ (ot @), (17.8)
®

rie CyMMHDOBaHHE HPOHU3BOIHTCS MO BCeM 3JeMeHTaM rpynnu @.
Bripaxkenue (17.8) M0OXHO nepenucats B HECKOJABKO GoJlee KOMMIAKT-
Ho#l dopme

’ 1 : .
(1 [m) = g ) ex® P (C A™ (G, (17.9)
k

rie cymma sipiasercs OoGBHIUHOH apHdMeTnyeckoll cymMmoii. B (17.9)
BXOAST BEJHUHMHBL Cr, ONPEAENSIOIINe YHCIO 3JEMEHTOB B KJjacce k;
Cr— tTunuuublfl aseMenT Kjaacca @p, a Takke xapakTepwsl, onpeje-
JIeHHBIE BBILLE.

KosthdunpedTs: nmpuBefeHHss XapaKTepOB HeNOCPeICTBEHHO HC-
nonp3yioTcs B Gusnvyeckux npuioxkesHax. C UX NOMOLIbIO NOJY-
4gI0TCHd MpaBuWja oTlopa AJas pa3pelleHHBIX ONTHUECKHX MPOIECCOB,
npoueccoB paccesuuss u ap. OnHa H3 OCHOBHEIX HeJefl Hallell KHUIH
COCTOHT B oOmpeaeNeHHd Ko3((hHIHEHTOB MNpHBEAEHHS MAJS IMPOCT-
paHcTBeHHBIX rpynn. Kak Oyxer nokasaHo Huxke, dopmyaws (17.4)
H ,(|17.7) [O3BOJIAIOT OIpPENeNUTh NOJHHHE Habop KoabhdHIHEeHTOB
(\m).

8. Henpusonumele npeicTaBJeHds TMPAMOr0  NPOH3BEAEHHs
rpynn [20]. TIpu amanuse moArpynnbl TpaHCAALUi € moJesHbld pe-
3yJbTAT CBSI3aH C IOHSITHEM HENPHBOAHUMBIX IPENCTABJCHHH BHYT-
peHHero INpsiMOro Ipou3BefeHus rpynn. [pynma $ HasweiBaercs
BHYTPEHHHM NPSIMLIM NIpOU3BejeHHeM ABYX rpymn % u B:

H=ARY, (17.10)

€c/IM KaXXAbifl 3/71eMeHT rpynns § MoxeT GbITh OJHO3HAYHBIM 06pa-
30M salycaH KakK «NpoH3BelJeHHe» ONHOr0 3JeMeHTa M3 Ipynmel U
Ha OAHH 3JeMeHT U3 B:

Hk=Ai'B]=B!'Ai (17.11)
1 Bce 37eMeHTH H3 A u B KoMMyTHPYIOT. Ecain T®) ecTh nenpusoau-

Moe npefcTapienye rpynnst ¥, a I'®) — nenpuBoauMoe npencrasie-
HHe rpynnbl B, To HempuBOAHMEe npeicTasieHHs. I'™ rpynnm §
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onpeneasiorcsa Gopmyaoi
' =T@ Q' = [0 @ '@, (17.12)

rae a 4 b npoberaioT Bce BO3MOMKHBIE 3HAUeHHS] HHAEKCOB (COOTBET-
CTBYIOINUX HEHNPHBOAMMLIM IpeACTaBJeHusAM) ajas rpynn % u 9B,

Kak craHer sicHO M3 RajbHeHIIero, aHaJ u3 HEMPUBOAUMEIX TPE-
CTaBJEHHH MOJIYNPSMOro NPOM3BENEHUS TPYNN HJIM FPYII, SIBJISIO-
LIMXCA pacUlMpeHHeM OJHOH TPYNIBl NP TNMOMOLIH APYrol, OKaswl-
BaeTcsl 3HAUUTENbHO GoJsiee CAOKHBIM WM €ro HE yAaeTcs CBeCTH K
TAKOMY KOMIAKTHOMY H IPOCTOMY pe3y/abTaTy, Kak (17.12). dtot
aHa/H3 cOCTaBJsieT OCHOBHOe CO/eprKaHHue NMOAPOTHOro paccmoTpe-
HYSl, TIPOBOJHMOrO B HECKOJbKHX MOCAENYIOUINX Naparpadax.

§ 18. Kospdnumentt Kane6ura — I'oppaHa

B nacroamem naparpade saBepmiaeTcs aHasau3, HavaThii B § 17.
Tam Mnl BBeTM B paccMOTPEHHe NpPsiMoe IIPOH3Be/eHHEe MpeacTaBile-
HUH M, cornacHo (17.4), koadduuuentel npusenenus. Kosddu-
ILMeHTHl IIpHBeAeHHS MOKA3BIBAIOT, CKOJIbKO Pa3 KamJoe HelpPHBOIU-
MOe OpeJCcTaBJeHne COAEPIKUTCS B NPSIMOM NPOH3BEJIeHHH TIpe/CcTaB-
JICHUH.

Bosee moaHBIl aHAMH3 MOXHO BHIIOJHUTE B TOM CJyuae, KOrjaa
npsiMOe IPOHM3BejeHUe NpeiacTaBiaeHuit B Buine (17.1) uam B BuAe
(17.2), nomo6rom (17.1), npeobpasyercsl yHUTapHOK MaTpuied u
NpH 5TOM NMPHUBOJAUTCS K NOJHOCTBIO IPHBeJeHHOH ujiu OJIOYHO-IAHA-
roHaJbHON ¢opme. MaTpHuHEIE 3JeMEHTH YHUTapHOH MaTpPHILHL,
npeobpasyiolllell 0JHOBPEMEHHO BCe MaTPHUILI K NpUBeJeHHOH (op-
Mme, HaswBaoTcst kKoshduuuenrtamu Kaebura — lopnana. dtu mar-
pUUHBIe 3/JeMEHTH HMEIT TaKXke H JIPYrofl BaxHBIA H GJH3KO
CBSI3aHHBIN C NPEABIAYIIHM CMBICT: OHH fIBJISIIOTCS 3JIeMeHTaMu Mart-
puubl, npeo6pasyoilefl NPOCTPAHCTBO NPSMOrO NPOU3BENEHUS [J1e-
Basi 4acTb paBeHctBa (17.5)] B nempusoauMble MpocTpaHcTBa [mpa-
Bas dacth paBeHcrsa (17.5)]. Hpyrumu cjaoBaMmu, aTH MaTpHUHEIE
5JeMEHTH TO3BOJISIIOT ONDPEIeNHTh «IPaBUJbHBIE JHHEHHbIE KOMGH-
HalMHU» TIpoM3BefeHHH (YHKUUA (Kaxnoe M3 3TUX NPOH3BeNIeHHH
COAEPKHUT 110 OTHOH (PYHKIHH H3 KaxKJOro MPOCTPAHCTBA), SIBJISIO-
muxcsd 6a3ucoM AN HENPHBOAHUMOIO MpeJACTaBJEeHHS NMPOCTPAHCTBA
IPSIMOTO TpoH3BeleHUs. Kak Bckope BBHISCHHUTCSH, KO3(DOHIHEHTH
OPUBENEHAS COAEPKAT MEHbIIYI0 HHDOPMAIWIO.

a. Onmpepesenve koapdpuuuenros KaeGwa — lopnana. Hamowm-
HUM ellle pas pasenctBo (15.10) u paccMmoTpeHue, IpHUBegeHHOE B
§ 17. Ilycts

0 =i, ..., 9" — DY rpynma ®, (18.1)
2O =, ..., pE}— D) rpymna G, (18.2)
O = fpOplID, .., YIPED, ..., PPPENY — DEE) rpynme ©,

(18.3)
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TIe CTpesKa yKasblBaeT Ha InpejcTaBleHHe, 6a3HCcOM KOTOPOTo
AIBASIIOTCA TpHBefeHHble (YHKUMH. [IpenmosoXxuM Temeph, YTO
(I'|1”) = 1. MBI XOTHM ONpEAEJHTb eIHHCTBEHHYIO cHcTeMy [” (yHK-
uuit, o6pasyiomux 6asuc npencrasaenua DY) u gBisomuxcs He-
KOTOPBHIMH ONpeleJeHHEIMH JHHEHHBMH KOMGHHAIHSMH IIPOH3Be-
nenuit POPE). Ecan (17117) > 1, 1o cymecrsyer (/| 1”) npasuis-
HBIX JHHEHHBIX KoMOuMHANHMH U3 Habopa GasucHeIX (GyHKiuH (18.3)
H Ka¥nas Takas JadefHas KOMOWHAIHA JaeT JHHEHHO-He3aBHCH-
Myio dyakumo $O9(), rne y=1, ..., (II'|1”), npeo6pasymouryiocs
Kak Gasuc cTpokd p” mpepcraBiaenus DU). D10 umeer Mect, Korna
D) pxonur B D!®! gparHoe YHCJIO Pa3, a Y Ha3HBAOT HHOILA
1 v

e ) BXOASIIIHE
B 3TH NpaBUJbHbLIE JHHeHHble KOMOHHAUIMH M HasblBaeMble Ko3(h-
dunuentamu Kne6ma — 'oprana HIH KoahDHULHEHTAMH BEKTOp-
HOI'O CJIOXEHHS, ONpelesJeHE paBeHCTBOM

HHIEKCOM KpaTHocTH. Kosdduunents (

17

=2

up’

l” Y (Dol
L (18.4)

HOas (I|17) st Ko3bDGHUIMEHTH ONpefesIoTC ONHO3HAYHO
C TOUHOCTbIO J0 aswl, T. €. €CJHH YMHOXKHTb KaxIblii Koahdu-
ndeut (Bce w, p’ W P’) Ha OLMHAKOBYIO a3y, TO MOJYUUTCS TO xKe
npocrpancTBo ), yMuoxKeHHOe Ha dasy.

Ecau (('|1”)> 1, ckaxem ({I'|1")=2, 10

, LUy ,
Pev=>3" o) (18.5)
- 272} ,
4 l l ,, lv2 ’
Ve = Z(u W ln” )"’n(x”‘l’ff"- (18.6)
u“’”

Ho moGas Jsuneitnas xomGunanus dyukuuit $f)¥ u POV Takxke

npeoGpasyercsi Kak 6asucHast ¢pyHkuuss D; nostomy mo6ast THHEH-

s (p(p (l l/ l” VI) ( l ll l/l IY2)

Hasd KOMOGHHAUHS K03(hHUIHEHTOB H _

: ; C\p o/ {p” b

TakkKe LaeT NPaBHWIBHYIO JHHeHHYI0 KOMOHMHAIMIO NPOUIBENEHUH -
(D) -
'll?u 'll)u/ : 7\ '

Takum o6pasom, aas (II'|1”) > 1 se6op kosdhdunnenton Kieb-

ma — lopaaHa HeonHo3HaueH. JIl06ble MHHEelHbEIe KOMOUHAUMHE 3THX
K03(UIHEeHTOB OJAYHAKOBO NPaBHJbHLL. ’




Henpusodunsie npedcrasienus u 8exToptvie NPocTpaHCTEA 63

C npyroil CTOPOHBI, NPOHU3BELEHHS 11;‘"’1[)”" MOXKHO 3alHCcaTh
B BHAE JHHeHHONl KOMGHMHAIUH q)yﬂxunn 11)” W

l "

=2 ("

v 1 //ull

l/
oW )«p(l”). (18.7)

Hpe,ZLHOJIO}KHM, YTO BCE paccMaTpuBaeMbie HEIIPpUBOJAHUMEIE npeji-
CTaBJCHHA YHHTAPHBI, TOI‘Aa

l// Y *

" ) ) (18.8)

(z”yll')‘(ll'
, we jww /) e w
-
AN R AN N I T
Z(ll’ l”v)(l
o powiw” J\q
44

uy
Z(l//,v‘l l,)(ll,’l”’v)_
AL LN VAN R el
Z(l l’ lll )(l l/
= i B R

Cienyer 0co60 OTMETHTb, YTO AJs BEIIOJHEHHS YCJIOBHS YHUTAPHO-
cri (18.8) B ciyuae KpPaTHOCTH y > 1 Heo6X0AHMO NPeINoIOKHUTD,
4TO BCe OTJeJbHble 6a3uChH 1p(‘ } ¥ BLIGpaHBl OPTOHOPMHPOBAHHBIMH.
DT0 03HauaeT, YTO MOXKHO ONpeleJHTb COOTBETCTBYIOIEe CKaJsip-
HOe (BHYTpeHHee) Npon3BeleHHE, TaKoe, 910 :

(Y, YUIv) = S YD VYL = Byy.

SToMy YCJOBHIO JIETKO yAOBJIETBOPHTD, HCHOMb3YS MeToR [pamMma —
IImuTa nJ1si DOCTPOEHHsST OPTOHOPMHPOBAHHBIX (QYHKIMH TO cHCTeMe
JIHHEHHO-He3aBUCHMEIX (QYHKUMHA.

JlokaxeM Telepb, 4TO MaTpHLa, -00pa3osBaHHag Ko3dduineH-
tamu Knebma — ['opiaHa, BHINONAHAET NPUBEAEHHE MPSIMOTO NMPOH3-
BefeHuss mMarpun (17.1), (17.2). BcnomHuMm onpenesenne onepatopa
Pr npeobpasymouero ¢ynkuna coraacuo (14.3), (14.4). Ipumenss
Pr K obeuM uactaM paBeHctBa (18.4), n@JIyqaeM

z”)v-—Z(l ’l’ )ZDm(R) DI R WO 1811

v ¥ #
P«” = 611;1611.’;1’, (18 .9)

l
’1/

l//
)/:61,,7,,%,,&,,%: (18.10)
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Ho

PRy =3 DU (R) e BL2, (18.12)
n”
HJIA -
I8

v ,
i ) PO =

rr

2@ E (s
_ Z Z( l l’

LlpL v’

l” )
) DW(R),, DUV (R),,. $P9E.  (18.13)

Dl 3
[Tpoussenenus 1p(v)1p§,,) JIHHEHHO-He3aBHCHMEI, HOTOMY

l l, l” Y Y l/ l” v

) — o %)
; ( Vv vl l]'” )D (R)ﬂ"u” ; ( M l-‘a, l./l«” ) D (R)'VIJ' D (R)'V'M'
(18.14)

Pasencreo (18.14) moxHOo nepenucath B GoJsee ymoOHOH (opme,
l// Y l ll

W |5 , TPOCYMMUPOBATH
no [” W’y u ucnosbsoBath 3aTem pasencrso (18.9). Torma mo-

ecqau ofe ero uacTd YMHOKUTL HA (

JYUHM

r g7 14 /
> (i \f v Y)Dm (R)u”u"( li,, Y é,)=
Ty w Y

= Zawa DO (R),, DU (R),,.. = DY (R),, DO (R),i.  (18.15)

Takum 06pasoM, kos(pduunentnt Knebmwa — l'oprana gsasiiorcs
3JIeMEHTaMH YHHUTADHOH MaTpHIE, KOTopas npeobOpasyeT INpsMmoe
npousselenne D @ DY x npusegeHHOMY BHIY.

Eme sicHee 9T0 MOKHO IOKa3aTh, €C/IM PACCMOTPeTh YHUTAPHYIO
matpuny U¢®H), npeoGpasyomyio DY ® DY) B nojsHocTbio IpHBe-
nennyio matpuuy A. Torza

HJH -
D®(R)® D) (R) = UA (R) U*. (18.16)

DJIeMeHTH MaTPHubl A OGBHIYHO 3aMHCHIBAIOT KaK Ay ggs, THE

Al”’V” 7y = 61/[1//D(l, (18. 17)

G .

Ecau ({I'|1")>1, 10 yll06H0 (6e3 kaxoi-au60 MoTepH OGHIHOCTH)
3alMUChiBaTh A B TakoH ¢opme, urobu DU BXoauaux B A B BHAe
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IocJaeaoBaTe/ibHbIX 6JIOKOB, T. €. .
- 14}
By, e = 8108, DY (18.18)
rme y=1, ..., ((I'l1").

Y pasneunne (18.16) M0oXHO mepenucath B BHIE

(e =t __ (A0 r
Z” Uy, 1o (R) pogys, iU oom, oy = (0 (®) ® D" (R))W,y e

N rgy

HJIH
lZY: v%;’ Ugvig: ii’)vV'D(l") (R)v”v” Ug\‘/?j f:’);i’” = D(t’) (R)W D(l,) (R)v’w'z" (18 19)
CpaBHuBas (18.19)' u (18.15), BugHM, UTO
(l o l/) l ll l// ,y
UW,, v =\ .y 7 |y (18.20)

u uto Ko3hPunuents Kiebuta — ['oprana ABASWOTCA 3JIeMEHTAMH
VHUTADHOM MATpPHIB, BHIOJHsiomeH npuBelerune DO D, Tlo-
BHAHMOMY, TOJIE3HO OTMeTHTb, uTo MaTtpuia (18.20) umeer HecuM-
METPHUHbIE 3HAYKH, TAK KaK CTPOKH MaTpuiel U HMET HHAEKCH,
COOTBETCTBYIOUIHE NIPAMOMY [POU3BEAEHUIO MAaTpHI [9TG BHAHO H3
(18.16)], Torma Kak CTOJOUE HYMEPYHOTCH HMHIEKCAMH, OTHOCSIHH-
MHCSl K NpHBeNeHHON MaTpHULE, T. e. HHAEKCaMH OT/EJbHOTO HelpH-
BOAMMOrO IPEJCTABAEHHS H HHIEKCOM KDAaTHOCTH. B INOJHOCTHIO
npuBeaeHHON opMme maTpuila A uMeeT GJOUHELIR BHJ

DW(R) ...

AR =]  ...DO® ... . (18.21)

... D (R)

0. Beruucaenue koapuuuentror Kne6ma — lopaana. Herpynuo
MOJIYYHTh ellle oAHY ¢opmy ypaBHeHHS (18.15), mosBogsoLUlyI0 BhI-
yncaaTh koapduuuentn Knebuia — lopnana. YmuoxkuM ofe sactu
(18.17) ua DU (R),y,, HPOCYMMHDYEM 10 R H HCIO/IB3YeM OPTOrO-
HaJbHOCTb HENPHBOAHMBIX NpejacTasienuit. Toraa momyunm

l ll l” l” l ll
Z Z ( r| = IY ) ( ” Y ) 6[”1//6—” 116 "o -g_ ==
B v 'Vr M l_j, [ 1 i

y vy
"y prwe
=" DT (R)ypge DO (R)yy DUV R}y, (18.22)
- i .

.
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"y AV y .
G vV ;v// =

= > D (RYyp0 DO (R),, DUV (R) g (18.23)
R

M

v
Z(v v
v Y

Paccmorpum cHavana cayuaih (/7|1”)=1. Ilpu atom

(l U l”)(l iy
v v v\ 8V

T v * ’
)= D97 @ D R D Rl
Ecin NMOJOKHTD B (18.24) v=wv, V=¥V u v' =v", T0 MOKHO

(18.24)
OIpeJeHTh, KaKHe 3 KO3(PHIUHEHTOB OTIHYHb OT HYJIA. OTbICKaB
OTJII/I'-IHbIH OT HyJA KO3(QOHLUHEHT, CKaxeM IpH V==v, ¥ =WV,
H V7 =v], MOXHO BLIOpaTb ero ¢asy Tak, uToOnl OH OB Belle-
CTBEHHBIM, 3aTeM (QHKCHPOBATh V=V, ¥ =v, H V" =v] H Jasee
paccMoTpeTh Bce BO3MOXKHbIEe 3HaueHus v, v/ 1 v”. Takas npouenypa
laeT BCIO MaTpuLy Koadounuentos Kiebma — Fopaana pus
(ryrm=1. -
Ona  (I]1”)>1 cucremaruyeckuii MeTOl HaXOXIEHHA BCEX
(II'|1”)nabopoB Ko3¢pduuuentoB 61 mpepjioxer Kocrepom [24].
3aMeTHM, 4TO BbIDaKeHHe, BXOAfIlee B JEBYIO YacTb YPaBHeHHs

(18.23):
(l ll l” Y)(l ll l// Y)*
Z?: v v v N8 VR

npu GHKCHPOBaHHBIX 3HAYEHUAX ¥, ¥ U V7 fABJIsgeTcHd JHHeAHOH KOM-
6unanuell Koapduurentos Kiaebuia — Foprarna. Ho Tak xaxk nmobas
JuHEeHHasi KOMOHMHAILMA TaKxKe ABJSAETCS NPaBHIbHOH, MOXHO OT-
JeNbHO BBIUHC/ATL BEJHYHHEL

LUy v
(ool ™) (4 ] i)
v V(v vy

710 TeX TOp, MOKa MEl YBEpeHbl, 4T0 MaTpHIU, nojiyuaemele s y U
y’, OPTOrOHAJbHHL.

C/lel0BaTebHO, MBl MOXeM MOCTYNATh TaK e, KaK B cayqae
(ll’]l”)—l HaX0As omnqm:m OT HyJs Koatp(pnuuem bukcupys

V=w, ¥V =v, H ¥/=v, u npunasas v, v' # v’ BCe BO3MOXKHLIe

3HaueHHUA. 9TO Jaet ManHuy K05(Q DUIHEHTOB Kneﬁma—I‘opﬂaHa
nas y = 1. Bubepem Teneps v,, v, vy, He COBIAajaiollHe C NepBOi
TPOHKOH H Adroiune ApyrHe OTHUHbIE OT HYJ kos(pdunnenrrl. Ilo-
NIOXKUM ¥ == Vo, ¥ =, H ¥'=vj, #u nyctb v, Vv, v” TNpPHHHAMAIOT

N - _

v

l// v
V”
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Bce BO3MOXKHBEE 3HaUeHHSA. ITO fgaeT BTopolkt HaGop K03(pdHIHEHTOB,
KOTOPBIH MOXHO OPTOrOHAJIM30BaTh IO OTHOIIGHHIO K IEPBOMY.ITY
NPOLEAYpPy MOMKHO MPOJOJIKHTB A0 moayuenus seex ([17]1”) HaGo-
poB K03 (HHUUEHTOB.

B. [IpcobpaszoBanue kosadduuuenros Kae6ma — loppana. as
Noc/leyIOlero pacCMOTPEeHHsl IIOJIe3HO TOKasaTh, Kak Tnpeodpa-
3yerTcad maTpuua koadduunenroB Kiebma — loppana mpu npeob-
pasoBanusx nogobus npexcrasienusr DY, DU u DU, Ilycts A —
yHUTApHAas MaTpuua; Torja

DY =ApY4a™, DV =44, D' =a"D"A""". (18.25)
IIpeoGpasoBannbie 6a3ucHble (pYHKIHH IPH 3TOM HMEIOT BHI

op =X AL, ol = I @ff,Z"—Z;Ag,TE, . (18.26)

(14

Ecin MaTpuuy kosdduuuenton Kae6ma — Fopaana B nexonHoM Ga-
suce Qyukuuii {Pp} 0603HAUNTH [Jasi TPocTOTH Kak UY®Y), a pas
npeobpasoBannoro 6asuca {9} kak V¢®, 10 M NDOJAYYHM

7y n—1 17 =1 19l ! 1y
RES ZAN, U = ZAW Z,U<M,, )W) =

=1 ®1) 4 (Dl
| A;L ALUgeD,, Z Al aPed).  (18.27)
Ho .
(17) — V(l @1 gl ) . 18.28
(P uZp,' uu’, l”u”(pu (pu ( )
TaK 4TO ' ’
1ol — r~1
V:w. ll)'lk" - A%” (A ® A)uu,’, A}‘,'U;“;‘/’ I”A'”ANIW', (18.29)
HJIu

V=(A® AUA"". (18.30)

r. Merox onepatopos npoektupoBaHud. Euie 0QMH MeTOX HoJay-
yenust koapounuentop Knebwa — loprana cocTOUT B HCMONb30OBa-
HHM OIepaTopoB npoekTHpoBaHus. OnepaTop NPOEKTHPOBAHHS

1% .,
Py, onpenensieMbl paBeHCTBOM

L4 l” N ” *
Pty = > DU (R}, P, (18.31)
R
‘HMeeT cJenymoniue cBoHcTBa: , :
P D = i, (18.32)
p(l”) LD = q,(z") . (18.33) .

. | P{f;,,’,”F P, ) (18.34)
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rae F — npousponbHas JHHelHas KOMOHHANHSA GasHCHHIX DYHKIHMA:
F=2 X0
I u o

OnepaTops IPOEKTHPOBAHUA MOXKHO HCIOAb30BaTh IJs1 HaXOKJe-
Hus GasucHHX (YHKUHH mpexctasieHuii DO u DU, 3atem obpaso-
BaTb npoussefenns P'P!) u nanee ucmombsomate (18.34) mus

IIPOEKTHPOBAHHUSA TeX JHHEAHHIX KOMOWHAUHA HPOU3BeleHHH, KOTO-
prie npeoGpasyiotest xak Y. Takum o6pasoM, onmepaToprl NpoeK-

THPOBAHHUSI MOXKHO HCIOJNB30BaTb AJIS HaXOXKJEHHs Ko3hduueHToB
Kne6ma — ['oprana. [TockonbKy B 3TOM MeTone TpebyeTcsl cHauaJga
BHIYHCJAHTDL OasucHble (YHKIHY, HpOIle HUCNoAb3oBaTh (18.23), nas
gyero TpebyeTcs TOJbKO 3HaHHe npeicraBieHnit. OpHaxo, ecaun Ga-
3UCHBIe QYHKIHH H3BECTHLI, ONePaTOPEl NPOEKTHPOBAHUS MO3BOJASIIOT
IIPOHU3BECTH XOPOWIYIO NPOBEPKY KO3(h(HUUUEHTOB, BHIUHCJACHHHIX C
ucnoap3oBanueMm (18.23), tak kak, corsacHo (18.32), nosKHO BHI-
MOJHATBCS PABEHCTBO

! l/ i Y ! l/ 1 v
pun, ( Aw ) (D) = ( ,} ” ) (a2, 18.35
“uzu; noptip Y ; Bopu wn )
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HenpuBonumbie npencraBiaeHust rpynmnbl
TPaHCIALUMH KpUCTalaa 2

§ 19. Beenenne

B Heckosabkux nocieiywowunx naparpadax (§ 20—25) paccmar-
PHBAIOTCS HENPHBOAHMBIE NPEACTaBAeHUS IPYHIBI TPAHCAALMN KpPH-
craana . OfcyXaoaoTcsd OCHOBHBEE NOHATHSA: BOJHOBOH BekTOp R,
6a0xoBckuil BekTop ¢ (R), 30Ha Bpunnaosna, cOOTHOIIEHHE HOJHOTH
U OPTOHOPMHDPOBAHHOCTH JI/I1 HENPHBOAHMBIX NPEACTABJEHHH, a TaK-
JKe TpsiMOe HpPOH3BEAeHHe HENPHBOAHMEIX IpPelICTaBACHHEH TPYIIIH
¢. Tak xak  sBisiercss abe/eBoil rpynnol (TouHee, IPSIMLIM IPOH3-
BelleHHeM Tpex GoJiee NPOCTHIX abeseBBbIX TPyNN), MaTeMaTHUeCKas
TeopHs 3Aech oueHb npocra. OgHaKo 175 00CYXKAEHHs NpeAcTaBJe-
HHH TPOCTPAHCTBEHHON I'PYNNB HEOGXOAMMO H3JIO0XKHTb 3TOT MaTe-
puan B yrobHOH 11 Hac dopMe.

§ 20. Henpusoaumbie npeicrapienus rpynns

B aroM maparpade MB paccMOTPUM HENPHBOJHMBIE NPeJICTaBJIE-
HHSl OJHOMepHO} rpynnel TpaHcasuui ;. Mz (4.33) crepyer, urto
g, aBasercs abeneBol rpynmoit ¢ ofpasywomuM ajementom {e|a;}.

AGeseBa rpymnna HMeeT CTOJBKO Ke KaaccoB G, CKOJIBKO 3Je-
MEHTOB, H KaxX[blll KJacc BKJAIOUAeT OAHH 37eMeHT. TakuM o6pasoM,
B € Kax bl sseMeHT {e]lia;} ABASETCS €IHHCTBEHHBIM 2JEMEHTOM
cBoero kaacca €. ITosTomy aGeneBa rpymma HMeeT CTQJIBKO Ke
OJHOMEPHBIX HENPHBOAHMEIX IpPeACTABJEHUH, CKOJbKO 3JIeMEHTOB.
OGo3HaunM HENPHBOAHMOe MpejacTaBieHHe rpynnnl i kak DG,
Torna, nockoabKy, corsiacHQ (4.41),

{ela}”" ={e|0}, (20.1)
JOJXHO BBIIOJHATHCA PABEHCTBO
, D®) ({e| @}"") = D® ({e | 0}) = 1. (20.2)
Ho .
D® ({e]a}*™"") = [D®) ({e |a})*" =1. (20.3)

CurenoBaTenbHo, Bendunaa D®) ({e |a;}) nonxua 6uiTh paBHA ONHOMY
H3 2N| KOpHeH H3 eLHHHIB:

D) ({e | ar)) = efp — @nipy/2Ny), (20.4)
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rume
pi=0,1,2, ..., @N,—1). (20.5)

BoJsiee yno6HO OTCUMTHIBATBH p; HHAUE, a HMEHHO
pl=_Nl: (—Nl—i-l)"'-) 0,..., (Nl_l)' (206)

Ha6op 2N BO3MOXHEIX 3HauyeHH# p; JaeT B (20.4) cOBOKyNHOCTb
u3 2N| JONyCTHMHEIX KOpHeH u3 eAuHHUE. [ pyrumu caoBamu, (20.6)
O3HayaerT, 4TO p; NpuHHMaeT Habop uesabix sHauenui (20.6) c Tou-
HocThio 10 2N,. IlostoMy Kaxioe pa3pelleHHOe 3HAUeHHe p; SKBH-
BaJIEHTHO 3Ha4YeHHI0 p; + 2Ny:

pi1=pi+ 2Ny (20.7)

DKBHUBAJEHTHOCTb py H p; -+ 2N| 03HAYaeT, 4TO 3TH [Be BeJHIHHH
JlaloT cOBNajamollve 3HAUYeHHs KOPHA H3 equHuunl (20.4) u moTomy
HepasauunMel. Jlus eme GoJblIero ynpolleHus 0003HAUeHHH Mbl
BBEJEM BEKTOPHYIO TEPMHHOJIOTHIO, OCHOBAHHYIO Ha NOCTPOEHHH
o06paTHOH pelIeTKH.

§ 21. O6parHas pewerka

Ilo paHHOH TpoOfiKe BEKTOPOB &, @2, @3 B KOH(UIYpaIHOHHOM
npoctpaHctBe (§ 4) Moxuo onpenenntb [12] Tpofiky o6paTHEIX
BEeKTOPOB by, bs, b,, 06/agawUHX CBOACTBOM

a-b,=6” (21~1)
Hs (21.1) caenyer
_ az X a;
bl_—————[ax'azxaa" (21.2)

OcrajbHBIE BEKTOPH TMOJYUAIOTCA [HKJIHUECKON IepecTaHOBKOI.
O6patHble BeKTOPH b; 06pa3yioT NpocTpaHCTBO, Ha3kBaeMoe o6par-
apiM, OueBHIHO, YTO B 06paTHOM NPOCTPAHCTBE MOXKHO paccMaTpH-
BaTb BEKTOPHl BHIA

N = y1b, + ysbs =+ ysbs, (21.3)

rie y; — 4ucja U3 HHTepBajNa —oo < y; < 0o,

Bekrop Buaa (21.3) uMmeeT pa3MepHOCTb 00paTHOR AJHMHEL, Tak
KaK, OUeBHAHO, 5TY Pa3MepHOCTb HMEIOT BEKTOPHl b;; eclH KOMIIO-
HEeHTHl y; HEel[PePHIBHO M3MEHSIOTCA B NpefelaX CBOHNX HHTEPBAJIOB,
TO. BEKTOPHI 1) 3aI0JHSIOT 06paTHOE NPOCTPAHCTBO.

PaCCMOTpHM Tenepb BeKTOP B 0OpDaTHOM MNPOCTPaHCTBe, OMNpe-
,aeJIeHHbm paBeHCTBOM

BH = hlbl + hobz + h3b3, (21.4)

rae h; — neasie yucaa. Ha6op Bcex TakuX BeKTOpOB o6paTHOH pe-
LIeTKH ONpeAensieT ceTKYy B o6paTHOH pellleTKe. MoxHO npocTo
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CUHTaTh, YTO 3Ta CETKA HJH pellleTKa ONpPeAeseTCH COBOKYIHOCTHIO
TOYeK, COOTBETCTBYIOIUHX KOHIAM BEKTOPOB OCPATHOH pelleTKH..
B namem paccMoTpeHHn 00paTHYIO PeIIeTKy CJAeNyeT CYHTaTh Mpo-
CTO CHCTEeMOH TOYeK; Kak OyJeT NOKa3dHo, ¢ STHMH TOUYKaMH CBHA-
3aHBl HENPUBOJUMBIE IIPeACTABJEHHS Tpynnbl TpaHcasuui T. Mel
He OyZeM HCHOJb30BATH TEOPHIO HArpyXeHHOro o6paTHOro (MJH
@Oypbe) npocTpaHCTBa, Pa3BUTYI0 DBaJbJOM [25]

MoxHo onpeAenuTh BeKTOpP, NapaJesbHBIH. BeKTopy by, dop-

MYyJ10#
2np
=(5R) 0, (21.5)

pr=—0N;, —N+1, ..., N—1 (21.6)

a 2N, onpenesnero B (4.41) u (20.1) kak pasmep obmactu bBopna —
‘Kapmana B HampaBJ/ieHuu b. .

Ha6op TakuX BeKTOpPOB, KOMIOHEHTHI KOTOPHIX 3alaHEl palHO-
HaJbHLIMKM JPOOGHBIMH UHCJAaMH, OYeBHAHO, 00pa3yer NJOTHYIO, HO
JUCKPETHYIO TOCIeA0BAaTeIbHOCTb. 3TH BeKTOPH 00JajaloT CBOH-
CTBOM

rjae

— b <k, < ub,. : 21.7)

O6paTtuM BHHMaHWe HAa 3HAaK HepaBeHCTBa B NpaBoit gactu (21.7),
KOTOPHI# 00YCJ/IOBMeH TeM, 9To Bee (2N)) KOpHel M3 €XMHHILL, BXO-
asmde B (20.4), noMxHbl OBTH HE3aBHCHMBIMH.

3aMernM, 4TO 3TH BEKTOPHl ONpeJeJeHB B COOTBETCTBUH C
(20.4)—(20.7) u orpanuueHn B obJacTih BOMM3W Hadaa KOOPIH-
HaT obpaTHo# pemerkd. Uro6w Teneph mpuBecTH BekTOop (21.4) B
coorBercrBue ¢ (20.4), 6ynem cuurath, 4T0 Ry == nb; u R == —ab,
COOTBETCTBYIOT OJIHOMY H TOMY K€ BEKTOpY.

IToatomy, ucnonb3ysa (20.5), moxHuo mepenucats (20.4) B BHAE

D®) ({e|a }) = exp — ik - a,. ) (21.8)
Takas dopMa OJHOMEPHOH MATPHUL HENPHBOAMMOrO HpPEICTABJIE-
HHUS rpynnsl $; OKaselBaeTcsl oueHb yNo6HOMH.

§ 22. HenpuBoaumele mpeacraBieHHst IPynms
T=LRLEI

OueBuaHo, A/ rpynmsl $p MOXKHO IPOCTO NOBTOPHTH BCe pace
CY:KJIeHHS, TOJBKO YTO HCIOJb30BaHHLIe NpHMeHHTe bHO K T, Co-
OTBETCTBEHHO ONpejeHM

b= p,, 2

rie .
' P2=‘—N2: —N2+1) ey N2_1: (22'2)
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H, CJA€LAOBATEJbHO, . ! .
: b, < k, < nb. (22.3)

ITosToMy, ecan 0603HAUNTh HENPHBOAUMEIE MPEJCTABJICHHS I'PYIIbL
3, uepes D®), 1o

D®) ({e | a,}) = exp — ik, - a,. (22.4)
Haxonen, noBTopsis Te Xe paccyXAeHHs Aas I, ONPELETHM
k= (320 ) b, (22.5)
rae
py=—N,;, —N;+1,..., N3—1, (22-6)
H, CJeL0BaTeJbHO,
b ﬂbs k3 < ﬂ;bs (22 .7)

OGosHauas 3aTeM HeNpPHBOLWUMEE NPEACTABJIEHHS TIpymme S
uepe3 D®*:) noayuaem

‘D) ({e | az}) = exp — ik - a;. (22.8)

Hanee, rpynna $ gBisieTcd NPSAMEM INPOH3BeJAeHHEM TIpyI,
HO3TOMY INPHMEHHMO pacCMOTPeHHe, TpHBOJAsILee K (Qopmynaam
(17.10)—(17.12). CooTBeTCTBEHHO 0003HAUUM HENPUBOAMMBIE Npej-
craBieHus rpynnsl € uepes D®; rtorma

D®) = D) ® D) @ Dk, (22.9)

Taxum o6pasom, ucnons3ys (22.9), MoxxHO HafiTH MaTpHLy, CO-
OTBETCTBYIOMYIO JI060MY MPOH3BOJALHOMY 3JeMeHTy rpymmnel € H
OTHOCAILYIOCS K J060OMY H3 AOMYCTHMBIX HeNPHBOAHMBIX NpencTaB-
genudt rpynnel €. OtmeruM, uro umeercs (2N;) - (ZN;) - (2Ns) Takux
IpeACTaBJEHNH, 3aJaBaeMbIX BLIGOPOM py, P2 H p3. DTO YUCJIO COBNA-
aeT ¢ YHCJAOM 3JaeMeHTOB H KiaccoB rpynnsl €. ITostomy (22.9)
ZeHCTBATEJNbHO JAeT BCe HENPHBOIMMEIE NpejcTaBleHus rpynns .

§ 23. BoaroBoii Bektop. [lepBas 30Ha bpuaiaoana

PaccmorpuM Tenepb 2JeMeHT Ipynns €

{e R} = {e|Lia, + L,a, + Las}. (23.1)
B npexcrasienun D® emy cooTBeTcTByeT MaTpHIA
D® ({e | R;}) =exp— ik - Ry, (23.2)

r'ie MOJHBIA Bonﬂosoﬁ BeKTODP R ompene/isiercsl paBEHCTBOM

k= k1+k2+k3— o )bl + 2 (=) b+ 2n (5’1’73—) b, (23.3%
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a p;, ps, p3 BHGpane coraacuHo (21.5), (22.2) u (22.3). B siBHOM

BHJE -
k . RL= llkl . al + lgk2 . a2 + lsk3 . a3, (23,4)

rae l; — neasle yucsaa, HIH
kR =2 (’”" 3};: + g;v’—s) (23.5)

PaccMoTpuM f1Ba BOJIHOBHIX BekTopa kB u K/, rae

F=~Fk+2nBy. (23.6)
Jlerko y6enutbes, uto ecan D® naerca dopmynoi (23.2), To
D®) ({e |R;})=exp— ik Ry =exp—i(k- R+ 2nBy - R;). (23.7)

Ho
QﬂBh . RL= o2n (hlll —l" hzlg + hgl3), (23.8)

rae Bce h; u [; — neasle uncaa. CiaenosartesibHo,
D® ({e[R})=exp— ik’ - R,=D®({e|Ry).  (23.9)

Takum oGpasoM, ecin B ¥ k' — 1Ba BOJIHOBBIX BEKTOpa, CBSI3aHHBIX
cooTHouIeHHeM (23.6), TO OHH ONpeNeNSIOT OZHO H TO K€ HEeNpPUBO-
JHMOe TpeACTABJIeHHe Tpynnel T. 3aMeTUM TaKkKe COOTBETCTBHE
3TOr0 BHIBOJAA C BHIBOJOM, caexyiouum us (20.7). Chopmyaupyem
pesysaprat. Ha6Gop Bcex BekTopoB B B o06paTHOH pellleTKe, rie
k=Fk +ky+ksn

- nbl < kl < :’Trbl, - ﬂbZ < kQ < ﬂbz, h ﬂb3 k3 < ﬂ:bg, (23.10)

onpeneJssier Habop Bcex HENPHBOAHMEIX NpeAcTaBieHnit D® rpynnm
€. dror Habop BceX He3aBHCHMBIX BEKTOPOB k B o6paTHOM pelleTKe
3anonHsieT o0beM H MOBEPXHOCTH NOJU3APUUECKOH SuefikH, HaXo-
Isuieficsl B HayasJe KOOpAMHAT ob6paTHOH pemietkd. OnpenenernHas
TakuM o6pa3oM suelika B (popMe MHOTOrpaHHHKAa HA3LIBaeTcs mep-
Boll 3oHol bBpummosHa kpucranaa [26]. Ona uMeeT MOJHYIO CHM-
MEeTPHIO TOYEUHOH TIPYRNH IPOCTpal¢TBeHHOR rpynmel. [losTomy
nmepBasi 30Ha Dpu/iiosHa COAEPKHUT Bce BEKTOPH R, YIOBJIETBOPSIO-
mue HepaBerctBaM (23.10). OnmHako W3 ABYX BeKTOpoB R u R,
VAOBJIETBOPSAIOMHX (23.6) TOJIbKO OJMH JOJKeH ObITh - BKIIOUEH
B 9Ty 30HY.

MoxHO nateh H npyroe onpejesieHne NepBOM 30HH Dpuinmosna,
JIydllle coryacyiolieecs ¢ OGUIENPUHSATHMY TPAaKTOBKaMu MaTeMaTH-
ueckolt kKpucrasiorpaduu. CorvacHo Illenducy, ocHOBHYIO siuefKy

\
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KPHCTa/I/1a MOXKHO ONpPele/HTh IyTeM c/elyioLlero reoMeTPHYECKOro
nocTpoenns. [locTpouM BEKTOPH, BHIXOASAllHe H3 Hadyasa KOOPAHHAT
K HEepPBLIM, BTOPBHIM H T. A. COCEJHHM C HauajoM KOODAHMHAT aTOMaM.
IlocTpouM MJIOCKOCTH, NepeceKaroillie NeprneHAUKYyJ/JISPHO CepelHHBI
3THX BeKTOpOB, ['eOMeTpHUECKOE MEeCTO TOueK, PacClOJOXKEHHBIX Ha
MOBEePXHOCTH W BHYTPH 00/1aCTH, OrPaHHYEHHON STHMH TJIOCKOCTAMH,
onpejessieT 064acTb B NPOCTPAHCTBE, H3BECTHYIO KaK OCHOBHad
sgueiika [lendunca. dra suefika obaanaer cuMMmeTpueH TOUeUHOH
rpynnbl Kpucraana. Ecau nociefloBaTeJbHO CMEILAThb 3Ty SUYEHKY
M3 HavaJa KOODJAHHAT Ha BEKTODH pellleTKH, OKa3bIBaercs, 4TO
AYeliKH 06pasyoT INIOTHYIO YIAKOBKY, 3al0JiHSs NMPOCTPAHCTBO Ge3
npoMexyTkoB. Sluefika Illendanca sBaAgerTcs TpeXMepHBHIM pellle-
HHeM 3ajgaud ['unab6epTa O BO3MOMKHBIX HESKBHBAJEHTHBIX COCOOAX
3aMOJIHEHUS] TPeXMEPHOTO NPOCTpaHCTBAa MHororpaHHukamu. Ha He-
CKOJIBKO JieT mo3jHee [lendinca suelika B ¢hopMe MHOrorpaHHuKa
U ee cBOHCTBAa OBIH 3aHOBO OTKPHTH Buriepom u 3efinem [27].
DTy siyeflKy 9acTO HA3HBAalOT MHOrOrpaHHnKoM Buraepa — 3efina.

OTMeTHM, YTO [AJs NOCTPOeHHS 30HH DpuamwosHa nin sSuyelkH
o6paTtHOrO TpocTpaHcTBa MeTogoM lllendauca ciaeayer mnpexjue
BCEro BHIOU3MEHUTh OOPATHYIO PelIeTKY, NIOCTPOECHHYIO Ha BeKTOpax
oGpatHoit pemerkn (21.3). PaccMOTpUM DNpOCTPAHCTBEHHYIO pe-
IIeTKY, OlpeleNeHHYI0 BEeKTOpaMH

9By = 2sthib, + 2hyb, + 2hybs. (23.11)

BujousMeHeHHe TPHBHAJIBHEM 00pa30M CBOAUTCH K YMHOMXKEHHIO
BCeX BeKTOPOB oOpaTHOH pemeTKH Ha 2m. Caenys 2Banabay, GyaeMm
Ha3BIBATL PelIeTKY, 3aAaHHYI0O KOHEYHBIMH TOUKaMH BeKTOpOB 2nBy,
pewerkoit @ypre. Torga nepBas 3oHa Bpuamosna noaydaercs my-
TeM moctpoerusi [llendauca B peuretke Pypoe.

Ha6op us (2Ni) - (2N3) - (2N3) Touek k-mpocTpaHCTBa B mepBoit
soHe DpuimosHa onpesenseT MONHbIH Ha60p HENPUBOJUMBHIX Hpel-
craBienut D® rpynne .

. C npyro#i CTOpOHBI, HEPBYIO 30HY Bpuamosia MOXKHO ompene-
JIATH KaK Ha6op u3 (2Ni) - (2N3) - (2N3) Touek k- -POCTPAHCTBA, 3a-
AQIOIIUX TIOJNHE Ha6Op HEeMPUBOAUMEIX NPeACTABJIEHHI D® rpynnu
€. Ilpu ucrnosib30BaHUM MOCJELHETro onpeﬂeneﬂm [28] Her HeoGXO-
JHUMOCTH CUMTATh, UTO BCe TOUKY NepBOf 30HH DBpHINIOSHA 3aKJIi0-
YeHH B 3aMKHYTOM MHOTOrDaHHHKe. EuHCTBeHHOE OrpaHuyeHHe Ha

3HaueHHs B COCTOUT B TOM, YTO H3 COBOKYIHOCTell K, E(, ..., y10B-
Jersopswoounx (23.6), ciaenyer HCHoOJb30BaTh TOJAbKO OjaHY. Tak,
HalpuMep, COrJacHO OOILENPHHATOMY OlIpee/ieHHIO 30HE Bpuiiios-
Ha, CJeAyeT CYHTATh NpPHHAAJNexkKallefl 3TOH 30HE TOJbKO OJHY H3
HapEl TOYEK, HAXONAUIMXCH Ha MPOTHBONOJOMNHBIX . IPAHAX 3O0HEL
Bropasi okassiBaeTcs JIMUIHEeH; BEIGOD ozmon TOUKH H3 NMaphl MPOH3-
BQJEH.
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§ 24. YcaoBus NOJHOTHL H OPTOHOPMUPOBAHHOCTH
AAS npeactaBiaenuii D

IIpoBepum Tenepb COOTHOLIEHHS TNOJHOTH H OPTOHOPMHPOBaH-
Hocth (15.7)—(15.9), HCHONL3Ys HempUBOAMMBIE MPeLCTaABICHHS
D® B ppocrpaHcTBe GJOXOBCKHX BekTOpoB Y%, " 3ameTdM, uTo B
sanpcu (15.7)—(15.9) 3TH COOTHOIIEHHS OTHOCSTCS KO BCEH rpymme
. Ilpu ncnosb3oBaHum UX AJs € c/lefyeT NMOAOKHThL g, = 1.

ITockonbKy HempHBOAMMBIE NPeACTABJEHHS ONHOMEPHB, CyMMa
(15.7) paBHa

é 1= 1=(2N)) (2N;) @N), (24.1)

npuyeM HocjefHee PaBEHCTBO CJEAyeT M3 TOrO, uTo AJd abeneBol
TPYINBL YHCIO KJIACCOB ONPelesasieTcsl paBeHCTBOM

r=1(2Ny) - (2Ny) - (2Ny) (24.2)

¥ PABHO UHCJY 3JIEMEHTOB TPYINHL.
ITockosbky D™ onHOMEPHB, MaTpHIla H €€ XapaKTep COBma-
nawot: D® =y®), Tlostomy n3 (15.8) umeem

Y DM (e RN DO (e RN~ YT T exo— ifk- R~ & - R)—
{¢1R} I 1y I

! o ! I ! 7
— Z exp—-2m’( 1(”211\/l Pl) + 2(p§N2 p2) + 3(p§N3 ps)). (24.3)
l1lsl3

B (24.3) suauenus (pi, pz, p3) H (p|, p;, p;) CledyeT BbIGpath co-
raacio (21.6), (22.2) u (22.6), a cymMmMupOBaHHe 1O 3HAYEHHSIM
(41, I3, I3) caenyeT NpOBOANTL B COOTBETCTBHH C YCJIOBUAMH Bopua —
Kapmana, 1. e. B cootBercTBuH ¢ (4.42) —N; < [;= N;. 910 cym-
MHpPOBaHHe JIETKO BHMOJHsAeTCS. s MiocTpalil BHYHCIUM CyM-
My o /;. Ilpu aTom yno6HO 3aMeHHTb HHTepBaJ CYMMHPOBaHHS Ha
nurepsan 0 < [; << 2N,. Toraa

2N, —1

. 1 — e—-Qniy, (2N))
) Z exp — (2niy,l)) = T o (24.4)
L=0 :
rne ) ,-
pi—p
h=—gy— (24.5)

VsMeHeHNe HHTepBaJa CYMMHDOBAaHHMS Ha pe3yJbTaT He BJHSET.
OYHKIHUA, CTOslasd B NpaBoil 4actu (24.4), ucuesamooule MmaJja, sa
HCKJ/IIOYEHHEM c/lyyasl, KOTAA BeJMYHHA.y; PaBHa LeJIOMY YHCIY:

. o 'yl =7tl' - . (24-6)
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Torpa sta ¢ynkuus pasua - (2N,). Tpoiinas cymma (24.3) onpe-
JesnsieTcs NPOM3BefeHHEM TPeX TaKuX COMHOXKHTeJel, Tak uTto -

{,Z D® ({e | R}) D®) ({e | R})" = (2N,) 2N,) (2Ny) A (k—F'). (24.7)
e L

®dyuxuua A(n) obranaer coficTsoM-[4]
1 npu n=_2nB,,

A(n)={ 0 B oCTaJBHEIX CJIyYasx. ((24.8)

B (24.8) By—Bexktop obpatHoit peweTku. Ho Tak kax Mul cre-
IHaJBHO OrPaHHUYH/IN pa3pellleHHble 3HAUeHHs BeKTopa k 06JacTbio
BHYTPH HJH Ha IIOBepXHOCTH NepBOH 30HB Dbpuamiosna, Bexrop
B, =0 (xBa BexTopa, pasjuyalonivecs Ha BeKTop OOpaTHO# pe-
LIeTKH, ONpPeJendoT SKBUBaJEHTHbIE HellpHBOAUMble IPEICTABJEHUS,
U3 KOTOPHIX caefyer OpaTh auimb oxHo). OueBugHo, QyHKUHA
(24.4) B npenene Ny oo, Ny o0, N3— o0 coBIajaer ¢ AejbTa-
¢hyHKUHeH; npu gocratoyHo Goapwiux Ny, Ns, N3 MOXKHO CUHTATB,
YTO MOTPELIHOCTH MaJfwl. TakuM o6pas3oM, Mu KoKazaau (15.8).

IIpoBepum Tenepn aas npeacrabaennsi D® csolicreo (15.9). Pa-
BeHcTBO (15.9) 3anuceiBaeTcs B BuZIE

X D (o1 R) D (e | Ry) =

Z exp — 2mi ( D (lx + my) + D2 (122;\{/-2m2) + ps3 (la + ms) . (24.9)

P\P:Ps

BrIDOJIHUM Temepb CyMMPIpOBaHHe [0 paspelleHHEIM 3HAYEHHUAM
(p1, p2, ps), onpenenenunM dopmynaamu (21.6), (22.2), (22.6). He-
HOJB3yd pe3yabTath (24.3) u (24.7), MOXKHO HEeNOCPEACTBEHHO BHI-
[mMcaTh pe3yabTaT :

2. D@ ({e | RL}) D ({e | Ry}) = (2N)) (2N) (2N)) A R+ Ry), (24.10)

rie
1 wpu r=0,

A(r)={ 0 B OCTaJbHHX CJyuasX. (24.10)

Jeavra-pyukunus (24.11) oTHOCHTCS K UPOCTPAHCTBY KPHCTAMIA HIH
KOHUrypaunonHomy npocrpascrny. CienosartesbHo, yTo6n (24.10)
OBIJIO OTJHYHO OT HYJS, AOJIXKHO BBINOJIHATbCA YCAOBHE

R.=—R,. (24.12)

OnHaKo (24. 12) IPOCTO O3HauaeT, 4To B HOATpylNe ¥, paccMaTpH-
BaeMofi KaK TpYNIa, 3/]1eMEHTH {elRL} u {e|Ru} ZOMKHBL Ipel-
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cTaBas1b coGoil o6pathble Kjaaccel. [eficTBUTeNbHO, TaK KakK KaxX-
AbIH sjeMeHT {g|R.} ABJAAETCS €IMHCTBEHHHIM 3JEMEHTOM B CBOEM
KJacce B rpymme £, kjiacc, obpatHbii kiaccy {e|R.}, Briaouaer
eanHcTBeHHBIA sieMeHT {e|R.}~' = {e|— R.}. Takum o6pasom, Mb
JoKaszagau cupaBepauBocth (15.9) nra D™,

§ 25. Henpusoaumble BexTOpHLIE HPOCTPaHcTBa rpynnsl E.
BaoxoBckue BeKTOpHI

O6paTtumcsi Tenepb K JUHeHHBIM BEKTOPHHIM IpOCTpPaHCTBAM
3", B KOTOPHIX 3a/aHBl HeIPHBOAUMEIE HpeacTaBieHus D®), rpyn-
el €. BekTopel, o6pasyolliie 3T0 MPOCTPAHCTBO, ABATIOTCA (YHK-
IHSIMU, KOTOPHle OOLITHO HA3BIBAIOT 6JI0XOBCKAMH (QYHKIHSIMH.

Kaxpoe HempupoauMoe mnpejcraBaenue D rpynne € oaHo-
MepHO, T03TOMY OTAedbHast 6/0XoBcKas GYHKLHSA HIH OJOXOBCKUH
BEKTOP 00pasyeT COOTBETCTBYIOULee HENPUBOAMMOE JHHeHHOe BeK-

TOPHOE IIPOCTPAHCTBO 8, [TycTb $® — 610x0BCKAs (hyHKLHA.
Torna uz (14.5) umeem

Py b® =D® ({e | R}) p*¥) = exp — ik - Rpp®.  (25.1)
PasuniM o6pasom u3 (12.5) moayuaem

Py ryp® (;‘) =@ ({e|RY ™" r)=
= 11;(’1) ({8 | - RL} . r) = 1!3(12) (f — RL) (252)

CuaepoBare/ibHO, A 6/710x0BckoH dyHRiuE P¥ nmeem
P® (r — Ry) =exp — ik - Rpy¥ (r). (25.3)

" TlockoabKy kaxpaas 6J0X0BCKass (QYHKIHA oOpasyeT HENPHUBOAKMMOE
BEKTOPHOE NPOCTPAHCTBO AJd rpynnel &, Kaxaas us (2N;) - (2Ng) X
X (2N3) ¢yukuui nuHeHHO-HE3aBHCHMAa OT OCTAJBHEIX. DTO OUeHb
BaxKHOE CBOMCTBO, KOTOPBIM MBI BCKOPE BOCHOJIb3yeMcs. 3aMeTHM,
UTO Ha 3TOH CTaAHM PacCyXJeHHH cyIlecTBOBaHHe OJOXOBCKHX BeK-
TOPOB OBLIO TMOCTY/JHPOBAHO HAa COBEpIIEHHO OOGHINX TeOPETHKO-
rPYNIOBHX OCHOBaHHSIX. JlO CHX NHOp STOT BeKTOp He CBSI3LIBAJICA
C KOHKpeTHHM [AH((depeHUHAJbHBIM YPaBHEHHEM WJH YpaBHEHHEM
B YaCTHOCTH NPOHM3BOJHBIX, ONHCHIBAIOLIHM JHHAMHKY Kakoi-TH60
(U3UYeCKOH CHCTEMBL,

Ians monydennsi 610X0BcKo# ¢yHruuu $*® H3 npoH3BOJNLHOM
¢ynakuun ¥ MoxHO HCNO/Ib30BaTh ONepaTop NMpoeKTHpoBaHus (16.3)
rpynnoel $. Mpl 3HaeM M uUMeeM Bce HeoOXOAMMOE IJIs IIOCTPOEHHS
H HCIOJb30BaHHS TaKOro onepatopa. B gaHHOM ciyuae Bce HempH-
BOAMMEIE TIpeACcTaBJeHAsd OJHOMEpHHI, H, CJeJ0BaTeJbHO, MOACTAB-
Jislsl OAHOMEPHYI0 MATPHLY, T. €. KOMIIeKcHoe unciao D, B (16.3)
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MBI [OJYYMM [Jisi onepatopa P®*);

1 . )
PW=— 3" exp(—ik-R;)Pury. (25.4)
1Ry} -
Jlerko yBemutbes, 4TO _
PIY == p(®) (25.5)

u uto Anas ¢ynxiun $®), oupenenenHofi pasenctsom (25.5), umeer
MECTO COOTHOLIEHHE

Py rypt® = D® ({e | R.}) P, (25.6)

KaK M CJeJ0Ba/O OXKHIATb.
BuiTh MoOXeT, mOJE3HO MOLUEePKHYTb, 4YTO ONEPaTOp Prirpy
MOJKHO HCIHOJBb30BaThb HAJsl NPOBEPKH TOro, uto P*® gpisietcs 6.Jio-
XOBCKHM BEKTOPOM M JJis OTpefeseHusi ero BOJHOBOrO BeKTopa R
no marpuue D ({e |R;})=-exp—ik-R;. U mnaoGopor, dpyHKiHus,
ymuoxaomasics Ha D® ({e | R.}) npn neficteuu onepatopa P gy,
siBJsieTcsl GJOXOBCKMM BEKTOPOM C BOJHOBHIM BeKTOpOM K.

§ 26. Mpsmoe npouspenenue B rpynme T

Iponamoctpupyem Tenepb Teopemsl (17.4)—(17.6), orHocs-
mHecs: K NMOHATHIO NPSMOro NpousBelenus. Tak, ecau P® spisercs
0/10XOBCKOH (pyHKUHelH, ofpa3syloliell HHBapHAaHTHOe M HEIPHBOAH-

k g £,
moe npoctpanctso =, a $*? o6pasyer mpocrpancreo 2*7, To ux

IIpOU3BECICHUE
PE) « p#) (26.1)

ofpa3yeT mpoCTPAHCTBO SE®E) Ho H3 COOTHOLIEHHH
Pt rpp® - p*) = D® ({e | R.}) D®) ({e | R} 9@ - $*¥) = (26.2)
—exp—[i(k+F)-RJW®-y® = (26.3)
= DD ({g | R.}) pEnp#) (26.4)

cJjesnyer, 4TO SE®F)  ragxe SBIseTCS HEMPHBOXMMBLIM IIPOCTPAH-
ctBoM. Takum o6pasoM, BOJHOBOK BeKTOP k- k' uiu paBeH BOJHO- .
BOMY BeKTOpY H3 IlepBO¥ 30HEI Bpu/mosHa, uin Xe SKBHBaJEHTeH
(ornnuasce Ha 2nBy) BOJHOBOMY BEKTOPY M3 nepBol 30HH bpua-
JII03HA. ‘
Kos(pduuueHTs npuBeJeHUs JJd NPAMOTO INPOHU3BeJeHHA B
" rpyune £ ocoG6eHHO NPOCTHI: JHINL OAMH H3 HHX, COOTBETCTBYOUIM
paspelIeHHOMY 3HaueHuio k- %/, otnnueH oT HYyJd, T. €.
D#®#) = Dlk+k),
R _ X#eR) __ yte)

Kax cnenyef H3 (1)015Myq1 (17.4), (17.5).
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Henpusonumble npexncrapienus
M BEKTOPHbIE MPOCTPAHCTBA
NPOCTPAHCTBEHHBIX rpyNI

§ 27. BeeneHue '

Janunas raasa, Bxaodawomas § 27—>51, sasasercs oadol U3 HaH-
6oJlee BayKHBIX I'J1aB BceHl KHUrH. B Hell uanaraercst obuias Teopus
HEMPUBOAUMEIX IPEACTaBJICHUI NPOCTPAaHCTBEHHLIX rpynn, Paccmar-
PUBAIOTCA KaK cjydall CHMMODQHEIX, TaK M CJay4ay HeCHMMOPQHEIX
rpynn. MsnaraeMmelfl agech MarepuaJ NPUMEHHM K Jio0oi cHcTeMe
MHOTHX TeJ, objajamllell cHMMeTpUell IPOCTPAHCTBEHHOH TPYIIIH;
¢ Ipyrodl CTOPOHEL, Ji00as Takas CHCTeMa, HHBAapHaHTHAS OTHOCH-
TeJbHO TPYNNOH Opeo6pasoBaHull, o6pasyOIUX MPOCTPAHCTBEHHYIO
rpynny &, objazaer CBOHCTBAMHU, COMIACYIOMIMMHCS C HENPHBOAU-
MBIMH HpeLCcTaBJeHHAMU Tpynns @.

B najpHefilleM H3JI0XKEHHH MHl NpexkAe Bcero OyieM CUHTATh,
4YTO HaM HU3BeCTHHI HENPUBOANMBIE IpeACTaBJeHHd rpynmel &, u
YCT2aHOBHM HeJLIH PN CBOACTB 3TOH MaTpuuHoH rpynnsl. Ilpn stom
IVIaBHYIO DOJIb UrpaeT TOT ¢akT, uTo § sBJIsSeTCs] HOPMAaJbHOH MOJ-
rpynno#i &. BesenctBue storo 06/0Xx0BCKUe BeKToph (P, sBjsio-
muecd Ga3UCHBIMH [JIsI HeNPHBOAMMBIX NPEACTABJACHHH rpymnel <,
MOXKHO HMCHOJb30BAaTh BCIOAY B KaueCTBE COCTABJSIOUHX 3JE€MEHTOB
U1 HeNpUBOAMMBIX HpeicTaBjeHull rpynnut &, Henpusozumble
npejcraBieddss & zagaHel B NPOCTPAHCTBe, 00pa3yeMOM COBOKYII-

HOCTBIO s GaoxoBckux Bektopos {p'®, p(#2), .. . (*s)}. Habop us
S BOJIHOBLIX BeKTOPOB {k, k2, ..., B}, COOTBETCTBYIOIINX 3TOH COBO-
KynHOCTH, oOpasyer 3Be3gy *k. [IpH aToM uMelTCs /Be BO3MOXK-
HocTH: JaH6O s ==p, gubo s<<p, rTAe p— WHAEKC IOArpynms <
rpynnsl @ (1. e. nopsiaok darroprpynns G/T).

Ieperift cayualt cCOOTBETCTBYET 3Be3fe OOLIEro THMA; paccMoTpe-
HHUe TAKHX NPeJCTaBJIeHHH OKa3biBaeTCst IPOCTHIM.

Bropoil ciyuali coOTBETCTBYeT 3Be3/e CIelHaJbHOTO THNA, H NPH
€ro pacCMOTPEHHH IPOSIBJASIOTCS HOBBlE OCOOEHHOCTH HENPHBOIHUMBIX
NpeACTABJIEHHH TNPOCTPAHCTBEHHBIX TPYyNN. PaccMOTpeHHe 3Be3jnl
CMenuaNbHOro THIIA MPHBOJAHMT K NMOHATHIO NPOCTPAHCTBEHHOH rpym-
Bl BOJIHOBOTO BeKTopa R, @(k), m K 3amave 0 HENPHBOAUMBIX Mpel-
craBieHusx rpynnsl (k). [lonycTHMEBle HEHPHUBOAMMEE NpEACTaB-
Jenusi rpynnsl @(R) HHAYUHDPYIOT HeNpHBOJMMBblE NPEACTABJIEHHS
rpynnet @. IlocTpons HenpfBoAMMBlE NpeicTaBJeHHs rpynnu @,
Mbl IPOBEPHM AJIA HHX COOTHOUICRHS NOJHOTH ¥ OPTOHOPMHPOBAH-
HOCTH, .
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Marematuyeckasi cTOPOHA Teopuu, paspaborannas Kauddoprom
(23, 29] u cBasanHasa co cTpykTypo# rpynns @ nin @ (k) kak pac-
wupenns rpynnel  npu nomomu P [uan R(k)], 6ynser paccmor-
peda B § 36. HuraTendw, HHTepecywiueMycs B OCHOBHOM GoJjee
a0CTPaKTHBHIMH aCIEeKTaMH TEOPHH, MOXKHO PeKOMEH/0BaTb NPOYecTb
cunavana § 36, a 3atem BepHyThes K § 28—35. CorsacHo Hamemy
ONBITY, NPHHATHE HaMH HECKOJbKO 6o0Jiee HHIYKTHBHBEIA XapakTep
H3A0KEHUS OKa3biBaeTCss NPeANOUTHTENbHEIM i (DH3HKOB-Teope-

THKOB U 9KCH€pHM€HT&TOpOB, KOTOPDBEIM H aﬂpeCOBaHa 2Ta KHHTra
[26, 28, 30—32] !).

§ 28. Henpusoxumsie mpeacrasaehus D™ ™ rpymnn G

Heo6xonuMo BBecTH HekoTopble oGosHaueHusi. CUMBOJ

DB ™ ({g [t (g)} (28.1)

HCHOJIb3yeTess AJS 0603HAUeHHs MATPHIE, COOTBETCTBYIOMIEH 3Je-
menty {@|f(p)} B HempuBOAMMOM mpejcTaBieHHH rpynns &, obo-
3HauaemMoM cuMBoJtamu (*k) (m). DTu cHMBOJB NOAPOGHO mOsC-
usirotes Huxe. JLas Jyio60ro HeNnpuBOAMMOTO NpPEACTaBJIeHHS [T. e.
pis saganunx (*B) (m)] matpuns (28.1) HOMKHBEI ItepeMHOKaThCA
TaK e, KaK 3JeMeHTHl PYIIbL, T. €., HapHMep,

DO#) ) ({q; [# (qu)} - DT ™ ({1 £ (0n)}) =
= DB ® (g, |1 - # (9a) + £ (@) (28.2)

[Ipenmo/ioxuM, HYTO HENPHBOAMMOE IpeNCTaBJICHHE HMeeT pas-
MEpPHOCTD

dim D8 0 = (s . 1,,). (28.3)

Torga B HeNmpHBOJUMOM JHHEHHOM BEKTODHOM TIPOCTPAHCTBE
S(*#) m) yyveroress (s+ln) BekTOpPoB, 06pasyioulHX 6asuc HpeacTaB-
nenus DY) @,

3/ech cleayeT NOAYEPKHYTh, UTO /A NOHUMAHHUA MOCJENYIOWErQ
Ba:KHO SICHO NPEJCTaBJATH cebe Clelyiollife MaTeMaTHUEeCKHe IMO-
HSITHSI:

" a) mpocTpaHCTBeHHas rpynna @, cocrodulas M3 omepauufl mpe-
o6pasoBannst koopauHat {@|f(¢)}, u usoMopdHas el mpocrpaH-
cTBennas rpynna @, cocrosuias u3 onepaTopoB Pe|¢ (9, AeHCTBYyIO-
W UX Ha GYHKIHUH;

*
6) marpuunas rpymra D(*#) (m, o6pasyomas MatpuuHOoe mpes-
cTaBjende (B JaHHOM CJyduae HeNpHBOANMOe) TPynnu &;

Yy .Hoaupie Tabauib HQHPI/IBO}IHMHX. NpeACcTaB/CHHA NPOCTPAHCTBEHHBIX PyNN
MOXHO naiitu B [17; 119].— Hpun. ped.
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B) COOTBeTCTBYyIOlllee BeKTOpHOe (YHKIHOHAJIbHOe IIPOCTpaH-
CTBO, KOTOpOe NpH AeHCTBHH Ha Hero onepaTopoB Prejsey  Haer
npencrabienus p(*e) (m),

Ianee, GymeM cymtath, 4TO mnpocTpaHcTBo 3(*®) (m) cHMBOMH-

4eCKH IpPeJCTaB/JeHO BEKTOP-CTPOKOH, comepxkaiiel (s:-/m) Oasme-
HBIX BEKTOpPoB M{™:

2(*k) = {ngm)’ "l(gmb veey "l(m) . (284)

Tpencrasaenne D) W gagano stum IPOCTPAHCTBOM:
(s:1m)
*
P s @™ = Z DO m ({q1# (@)™, a=1,..., (s-1L,).
(28.5)

B ypasuennu (28.5) (™ — moGoit H3 (s~ lm) 6Aa3HUCHEIX BEKTOPOB

*
NpOCTPaHCTBA (") m) Tagum o6pasoM, LJs BCEr0 NPOCTPAHCTBA
H TPEACTaRJCHHA MOMKHO HANHCATh

P12 0 =38 @DCH @ (g2 (g)}).  (28.6)

§ 29. Mpencrapaenne rpynns <,
noaydeHntoe orpaHuuennem npeacrasiaenuss DUA M rpymnm G

ITockoabky D(*k)(m’({(plt(cp)}) ABJSIETC  IPEACTaBJIEHHEM
rpymnmsi, To

D8 m) ({e | R.}) (29.1)

ABJsSeTCs HpeicTaBieHHeM NoArpynnsl €. DTo NpeACTaBJeHHe MBI
GyleM Ha3bBaThb OrpaHMYeHHBM NpeJICTaBJeHHeM: OHO NOJyYaercs,
ecd HaGop pPacCMaTPHBAEMBIX 3/1EMEHTOB {plt(@)} orpaHHtme
snementamu noarpynns €. Kak npencrasaenne rpynns €, D**
coriacHo Teopeme Matlike, JMGO HeNPHBOAUMO, au60o pasnaraeTCﬁ
B CyMMY HEPHBOAHMBIX npeicTaBieHuil rpynnsl S. Bynem cuntats,
uto (29.1) BHIGpaHO B NMOJHOCTbIO IpHBeIeHHOR ¢opme Asa Bcex
TpaHcaAuui u3 <.

DUB) ) ({e | Rp}) =
Hlexp—ikl~RL 0 0...0>
= 0 H2 exp - ik2 . RL s e . (29.2)
0 IL exp — iRk;R,,
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B (29.2) Bxogar eaqnuénme matpuns I, pasmepa (Iy X 1,):

10... 0)
01 :
o= ) pasmepa (/; X)) u . &. (29.3)
1
- 0 0 ... 1

TaknM 06pa3oM, Mbl IPELNOJONKHIHN, 4To B npeicTanaenne D(*#) (m
HenpuBoauMoe mnpencraBaenne D®) rpynuet € Bxomut [ pas,
D*2) xopur I, pas, ..., D®*s) mxonur I, pas. llpenmosoxenne
o ToM, uto D(*#® m ({e | R,}) mmeer dopmy (29.2), He HaK/JIaLLI-
Baer Ha Hallle PAaCCMOTPeHHEe HHKAKHX CYLIECTBEHHBIX OTPaHHYeHHH.
Benauuuner exp — ik, R, sBAsAIOTCH (OJHOMEPHLIMH) MaTpUIlAMH
HESKBHBAJIEHTHEIX HENPHUBOAUMBIX npejactaBaexuii rpynnst €. Ilo-
CKOJIBKY 9TH MAaTPHIBI HE3KBHBAJEHTHBI, BEKTOPH K, DPasJHYHMBI
H HEIKBUBAJIEHTHBI, T. €.

_ k1-+—k2—|—2nBH T I (29.4)
[TosTomy mnepsbule /i GyHKUHHA OPOCTPaHCTBa E( &) (M) MBI MOMXeM

OTOXKIECTBUThL ¢ OMOXOBCKHMH GYHKIUAMH (HIH GJOXOBCKHMH-BEK-
TOpaMH), XapaKTepPH3YeMBIMH BOJIHOBLIM BEKTOpPOM Ki:

™. .o, Y= (PRI, PR Y, (29.5)
B (29.5) My BBequ o6osnauenue
PR mo A =1, ..., 1, (29.6)

IAs1 GIOXOBCKOM (YHKUMM C BOJTHOBEIM BEKTOPOM Ki; JOTIOJNHHTE]b-
HBIH HHAEKC m OOBACHSETCS HUXKE, a WHAEKC A; HyMmMepyeT /i BO3-
MOXKHEIX GYHEIuA. AHaJOTHUHBEIM 00pa3oM chenywolye lp GyHKIul
o6pasywT Habop

q,(ktjz) m, dy=1,..., 1, (29.7)
H T. I., TaK 4TO B OOlIeM cJayuae
w%’;a)(m)’ Ka=1,---, la’ 'g,—_:_-l’,,,, S. (29.8)
DTH pe3yabTaThH MOXKHO KPATKO CBECTH K CJIELYIOIIeMY:
D(*k)‘ m | llD(kx)Q;ll_D(”z) D ... lsD("s)‘ ©(29.9)

TP st @LEt g L. @D, (29.10)
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[loapasymeBaercs, uTo B BelpaxkeHusax (29.9) u (29.10) neBast yactb
npeicTaBisieT co00Of HeNpHBOAMMOe IpejacTaBleHue rpynnel @, a
npaBasi 4acTb BHIpaxKaeT Pas/oXKeHHE OTPAHHUYEHHOTo NpeJCTaBJe-
HHSl HAa HeNPHBOJUMBIe NIPeACTaBJAeHUs rpynnsl <.

B sakmoueHne BhIMHLIEM, HCIOJb3ys (29.2), BuipaxeHde HJIs

cjaela MaTpHHB
(s)

Sp DUE) ) ({e | R,}) = Zl l,exp — ik, - Ry. (29.11)

§ 30. MpeoGpasopanue GAOXOBCKHX BEKTODPOB OmepaTopamu
MNOBOPOTOR

[Ipexae 4eM MPOXOJKHTL H3yueHne npeactanienus D(*#) (m)
gaM 1oTpebyercsd HEKOTOPHA NMPOMEXYTOUHHH pesyabtaT. OCHOB-
HBIMH COCTaBJAIOIIUMH OJ0KaMH [Jd IpeACTaBJIeHUA SBASIOTCH
GaoxoBcKre BekTOpH Y*), M HaM cJexyeT paccMoOTpeTh mpeobpa-

30BaHHBE (QyHKIHH, Takum obpaszoMm, nyctb P — G10Xx0BCKUH
BEKTOP ¢ BOAHOBBEIM BEKTOpoM K, Tak 4To, coryacHo (25.6),
Pya1 R0 = D ({2 [ R.}) 4@ (30.1)

PaccmoTpum ¢yHKIHIO
Pio, |5, y0™®. (30.2)
U3 paBencrBa

IR} - {ay[Ta} ={wlT)} {Slfh R} (30.3)
nonyqaeM s (30.2)

{e { RL} (P{qax lth}’lp(k)) — P{q,} ‘ 'L} . P{E [ q’xl'RL}‘p(k) —
=D® ({&|q;! .RL})P{mAm}\b(k), (30.4)
Ho
D® ({elq;! - R}y =exp—ik - (q;' - R,) = ‘

: = exp — i(q, - k) - Ry = D" ({e |R,}), (30.5)
raoe

k=g, k ~ (30.6)

eCThb HEeKOTOPHH BOJHOBOH (akTop. MOXKHO BHIENIHTH ABAa CJayuas:
fy=qy - k=k+ 2nBy, (30.7)

k=@, kaek+2nBH (30.8)

B cayuae (30.7) D{*) sxBuBasenTHO IpenCTAaBJICHHIO D®; 8 cIay-
qae (30. 8) STH NpelcTaB/eHHs HEeSKBHBAaJEeHTHH. Hcmonb3ys (30 4)



84 ' " Taasa §

# (30.5), nosyuaem .
Peiryy* (Ppoy 1 og8) =D ({2 1RY) - (P, [ ey¥")-  (30.9)

CresioBaTe/bHO, €CJTH MBI PaccMOTpHM omepaTop Ppjg,; Kak
npoOubfl onmepaTop aHaJoruuHo (25.6), To moayuHM, 4TO GYHKIHSA
Pio, [ 63 0® (30.10)

aBaAseTcss GyHKUMeH ¢ BOJHOBHIM BEKTOPOM K.
QueBupHO, 4TO [AJ8 JOGOrO OmNepaTopa CMEXHOro Kaacca

{@xr] 72} npeobpasoBannas GyHKIHA obsaajaeT aHAJIOTHUHBIM CBOH-
c¢TBOM. Tak,

Pgoy ¢ ¥ mpunansexcar I, (30.11)
Poy, ¢ (a2 =", (30.12)

§ 31. ConpsixeHnHble npejacrasiaeHus rpynnsl T

Pesyabrate, moayuyenssle B § 30, 1103BOASIOT BBECTH BaxKHOE [O-
patue. B § 10 Onbio npuBefieHO oOlpefesieHne CONPSKEHHHX NOJ-
rpynn rpynnsl @, IlpuMeHUM aHaJOTHUHBE DPACCYXKAEHHS K TNOX-
rpynne € rpynnu . bygeM cunMTaTh, 4TO (PUKCHPOBAHHLIA 3/J1eMEHT
{¢r]t(@s)} rpynne @ mpousBonuT oTobpaxenue § Ha cebs:

{on )2 (@)} T {an 1 (@)} > 2. (31.1)

SIcHo, 4TO 3T0 OTOGpaKeHHe SBJASETCS BHYTPEHHHM aBTOMOP(H3-
MOM (compsixkeHHeM) rpynnsl @, onpenessieMbIM COMJIACHO NMpPaBHAY

(o]t (@)} {e IR} - {on | £ (@)} ={elo;' - R} (31.2)

COOTBETCTBYIOLIHE 3/IeMEHTH CONPSIKEHHBIX MOATPYNI CBA3AHEL CO-
otHoulenueM (31.2). _

-1, -

Paccmotpum Tenmeps Marprnst {€|R;} u {&|¢;' - R} nempuso

numoro mpencrasaenus D® rpymns ¥. OHM MMEOT BHI
D™ ({e|R})=exp—ik-Ry (31.3)
u, coryacuo (30.5),
D™ ({el g7« R })==exp — ik~ (g7 - R,)=DCV ({e|R}).  (31.4)
TlpencrasaeHus
D™ u D*M) apasores conpseHHBIME (31.5)

npencraBaenuaMn rpynnel €. OTmernm, uro snemeHT {e|R.} npen-
cTaBjseTcsl TaKoR Ke MaTPUUeEH, HOCTPOCHHOR B NPOCTPaHCTBe (%)
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cornacHo (30.12), uyro u conpsKeHHw# [B cooTBercTBuM ¢ (31.2)]
aiement {€|gy' - R;} B mpocrpancTse @,

OueBHIHO, MOCKOALKY npescTaBaenne D™ menpusonmmo, To
D(*\) HenpUBOAKMO; MOCJeJHEE HEMOCPEACTBEHHO CaeAyeT U3 JIEMMb

[lypa. 3amMeTHM, YTO ¢ TOYKH 3PEHHS NOArPYNNH ¥, pacCMOTPEHHOM
BBHILIE, OTOOPaKEHHE 3JEeMEHTOB

{eIRJ={elor! - R} (31.6)

siBjsiercss BHewmHMM aBroMopdusamom. C Toukm 3penus rpynns &
(31.6) noxasbniBaeT, 4To oTo0paxkeHue BHyTpeHHee. HamomHuM, 410
MaTeMaTHYECKOE pasjuuie Mex<1y BHYTPEHHHM H BHEIUHUM aBTO-
MoOp(hH3MOM oNpeleJsieTcsl TeM, NPUHAANeKAT (CaAyuall BHYTpeHHEro
aBToMopdu3Ma) HJIH He NPHHAAIeKAT (caydail BHeMHEro aBTOMOp-
(hu3Ma) sJjeMeHTH, ¢ KOTODHIMH IIPOH3BOJUTCSI COMOCTaBJeHHe, CO-
BOKYIIHOCTH, oOpasyrouedt rpymny [13].

§ 32. XapakrepHUCTHKa OTPDAHHUUEHHBIX MPEeACTAaBJEHM{

Bepuemcs Tenepb K (29.2) W K HPOCTPAHCTBY NpelCcTaBJeHHS
S(*k)lm) PaccMOTPHM NOAINPOCTPAHCTBO IpeAcTaBienus (29.5),
o6pa3oBaHHOe NePBHIMHU /i QYHKIUAMH, KaKAas U3 KOTOPHIX CJIYKHT
fasucoM mpenctaBieHuss D% rpynnet €. MMerorcs nBe BO3MOX-
"HOCTH: 3TH [; OyHKuuii Ju6O ONpeneNsAlOT NPOCTPAHCTBO 3(*E)m
HOJIHOCTBIO, JuGo Her. Ecin

R >s®ay | s® (1 pas), (32.1)

TO HaGOp BOJIHOBHIX BEKTODOB R, COCTOHT M3 €IUHCTBEHHOrO BEKTOpa
k,. Bece /; dyuxuu#t B (29.5) mMoryt OnThb Pa3JHUHBIMH, HO HMeTb
OJHH ¥ TOT 3Ke BOMHOBOH BekTOp k. Ecan e mpoctparcrso X(*#) (m)
He MCUEpILIBAeTCsd NepBHIMM [; GYHKUUSMH, TO 3Tu /1 GYHKUUH He
06pa3yloT MHBAPHAHTHOE, HJH 3aMKHYTOE, NOANPOCTPAHCTBO OTHO-
CHTEJNBHO BceX omepartopo rpynnsl @, Toraa Ro/KeH CyLleCTBOBATH
onepartop Pye,|v,} TPYINH G, TakoH, 4TO

Pioy =" =2, (32.2)
Coraacho (30.12),
' Py, |} (1) = 3(Fi), (32.3)
rae’ ' ; .
km == (p;\' . kl = kl,’ (324)

Torna npm peficrsun Py, 3 Kakpnas us i yHKuui nepexonut
B (DYHKLUHIO C BOJHOBHIM BEKTOPOM Rj,, UTO XdeT B TOYHOCTH I
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S @RE @ L. @2t () pas).

31u l; bysKUUA JHHEeAHO-HE3aBHCHME H SIBJIAIOTCS JHHeHHO-He3a-
BHCUMBIMH 1O OTHOMIEHHIO K HCXOAHHIM [; QYHKIHAM.

Teneps y Hac umeerca 2/; yHkun#. Ecau ¥ OHH He IOJHOCTBIO
UCYePNHIBAIOT WUHBAapHAHTHOe MpocTpancteo ™) (M 10 ponmen
CYILLLECTBOBAThL ONEPATOP P{“’ul'u}’ TaKoil, 4To

Sleno, uTo P{“’ulru}z(k')iz(k‘)iz(k'“' (32.5)
, P S(®) = 3(*) ‘ (32.6)
Pl ’ .
rie
k=g, - k. | (32.7)

o - *
Bynem peficrBoBate TakuMm cmoco6oM A0 Tex mop, HOKa 3(*#) (m)
HE OKaxeTcs NOJHOCTLIO HCUEPHAHHHIM; MOJYYHM

2B =3Pt @ L @LEtw @ .. Bz, (32.8)

*
HeobGxoauMo HOAYepKHYTh, uTo npocTparctBo (™8 ™  nomxuo
OBITh HCUEPNIaHO KOHEUHEIM YHCJIOM TaKuX marosB. Ha kaxpou mary
3TO NPOUEAYPH BCTaeT ajbTepHATHBA: Ju0O HHBAPHAHTHOE MPO-
CTPAHCTBO OKAa3BIBAETCS IIOJHOCTBIO DPA3JOXKEHHHM HA Mpeallect-
BYIOIHe KOMIOHEeHTHI, JuG0 HeT. Ecau HeT, mpuBejeHHe MPOAOJI-
waercs,

Kaxnoe nonyuyaeMoe IIPOCTPAHCTBO [rakoe, Kak B (32.5) u
(32.6)] conepxut /; MUHeHHO-HE34aBUCUMBIX (YHKUHHA, H KOMIIOHEH-
THl IOJHOTO Pa3JOXKEeHHA OPTOrOHAJBHE, TaK KaK BEKTODH R, He-
skBuBajdeHTH. CpaBHuBas (32.8) c¢ (29.2), (29.9)— (29.11), ne-
Me/UISHHO YCTaHaBJAHBaeM TOXKIeCTBeHHOCTh Habopa {I,} u Habopa
{ko} u3 (29.2). Toatomy

ll=l2=...=lsElm, (32.9)

TAK UTO PasMepPHOCTH BCeX MOANPOCTPAHCTB, BXoAAmHUX B X4 (m)
JIOJIKHEL OBITh OguHaKOBH. Kaxjoe Takoe [OANPOCTPAHCTBO COOT-
BETCTBYET OTAEIbHOMY HENPHBOJLUMOMY IpeiCcTaBJleHHIO Trpynns £,
B3SITOMY I, pa3. Habop BOJHOBHX BeKTOpPOB R, He INIPOH3BOJIEH, a
HOJIHOCTBIO ONpejeJieH, eCJIH 3a/aH OLUH ero npeacraButesb, IlycTb
k — xaHOHHYECKHH BOJIHOBOH BeKTOp Habopa; Torxa Becb HabGop
BOJIHOBHIX BEKTOPOB Mbl GyaeM HasbBaTb 3Be3fon k:

*kE{kl=k, k2=qj-2-.,._:’ kszq)s.k}_ (3210)

- s : *
TojBefEM HTOr: MOJHOE HENPHBOAMMOe mpoctpancTBo S(*#) (M) or.
AeJILHOTO HENMPHBOAMMOLO NPEACTaB/IeHHA TPYNne & MoxKeT OblTh
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PasyoKeHO Ha § OPTOrOHAJIBHEIX MOANPOCTPAHCTB:

SCRm =3P M P 3E)mqy | @uts) m), (32.11)

rae KaxKjaoe Takoe NOoANPOCTPAHCTBO COOTBETCTBYET OXHOMY HENpH-
BOIMMOMY IIPEACTABJCHHIO [PYIIIL ¥. Bece NOATIPOCTPAaHCTBA

3(®) ) pmeror OJMHAKOBYIO Pa3MEPHOCTb U 3aJa10T HENPHBOJHUMEIE
npencTaBeHus D(*w) rpynme € oxuHAKOBOE LJIS BCEX {0 4HCJIO pa3
. [lpeacraBienud D npy p=1, ..., s SIBJSAIOTCI HE3KBHBAa-
JIEHTHBIMH HENPHBOAUMBIMH NPEeACTABJGHHAMY Ipynns <.

§ 33. Baounas crpykrypa marpuu npexcrasienus D(*#)(m)
rpynnsl @

—

S

Hs (32.10) u (32.11) crepyer, uTo B HENPHBOANMOM BEKTOPHOM
OpPOCTPaHCTBE Z(*#)m  3apano oNpede/ieHHOe ynopanoueHue. Takx,
nepBaue I, GYHKIUH OTHOCATCS K BOJHOBOMY BeKTOpy ki = R, cie-
AytouiHe [, — K BOJHOBOMY BEKTOPY Ky H T. L. B COOTBETCTBHH ¢
(32.10). CnenoBaTeqbHO, KaXIyio MaTpUIY TpeACTABJIEHUS
D(*#) (m) MOXHO pa3bHTb Ha OTAeJbHble OJOKH MaTpHl, C pasme-
paMu (lm X Im) B COOTBETCTBHH € YHOPSAOYEHHEM BOJHOBBHIX BEK-
topoB B (32.10). Marpuuy c pa3MepaMu (Im X Im) B npaBoM Bepx-
HeMm yray O6yneMm o8o3HauaTh D™ ™ ayanornunnm o6pa3oM Byjaem
0603Ha4aTh KaxAbld MaTpHUHBIE 640K ¢ pasMmepaMi {{m X im).
Tak, D)™  o3nHayaeT MaTpHIy, CBA3HIBAIONUIYIO NPOCTPAHCTBA

SE) em g M) (m), Torpa umeem

fo‘)‘”’) Dg:s)(m)l

prRm—| : (33.1)

ngl)(m) . Dg:s) m) |

IS KaXAOH MatTpuiupl nmpeicraBieHud. B yacThocTH, nist jgo6Goro
snementa rpynnsl ¥ Marpuna (33.1) nuaronasbHa, Tak YTO

D8 ({e | Re}),y = (D&} o ({& | R})) 0 0py =
- Hm (eXp - iku ) RL) 611.’\): (332)

rae I, — enuunuHasg Matpuua ¢ pasmepaMmu  (In-X ln). Pacemor--
pHM Tenepb TOXAECTBO

IR} - foalt (@)} = {on £ (1)} - {12 o5 RL}. (33.3)
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Ilns npexcrabaenns (33.1) umeen
DR (o | Ry DU ™ (g1 (0)) =
= DU (g, | (0,))) DUV @ (el gt - RY). (834

Paccmorpum OJIOUHBIHE MAaTPHYHBIA 3JeMeHT v MaTpuus (33.4)
H ucnoabayem (33.2):

D(ku) (m) ({8 l RL})MLD(kV) (m) ({(pl,l t ((P?»)}uv =
— D) (m) ({0, |t ((p}‘)})uvD(kv) ™ ({e] g5' - Ry)),, (33.5)

[Tpu dukcuposansom (Ho npousBoabHoM) {@»|?(pr)} 2TO paBeHcTRO
BBIONHAETCS A8 BeeX ajeMeHTOB {e|R.} rpynnn €. Bee matpuust
B (33.5) nopaaka l.. Hanee, cormacHo (33.2), nna (33.5) umeem

(exp — ik, - Rp) D) ) ({gy | # ()} =
=DV ({a, [ (6))),, (exp — ik, - (47" - Ry)).  (33.6)

U3 (33.6) caenyer
D) ) ({apy, | £ (@3)})y =0 (33.7)

AJd BCEX CJayuacs, KpoMe cJydas

kll' = (phkh + 2JTBH, (33.8)

T. €. €CJU COoNpAXKEHHBbIe HEHPUBOAUMBIE NPEACTaABIICHUS D(ku) (m)

u D) (m rpynne € me ABasOTCH SKBUBaseHTHEIMA. Ho mis Kax-
Joro p paBeHCTBO (33.8) MOKeT BBIONHATLCS TOJBKO NPH OJHOM
3HauyeHHH Ry, TaK KaK BOJHOBHIE BEKTOPH 3Be3in (32.10) mo ompe-
JIeIeHHIO HesKBHBaJIeHTHH. Kak ciaenyer u3 onpenesieHusi B, uepes
KaHOHHYECKHH BOJHOBOH BEKTOD R U M3 I'PYNIOBHX CBOACTB omnepa-
TOPOB (3, 3TO 3HAaUeHHE R, €IHHCTBEHHO.

PasencrBo (33.7), oueBHAHO, NMOKa3kIBaeT, YTo B GJOYHOM pas-
JoxeHnH (33.1) B Kaxkaoft cTpOKe u cTONOLE OTIHYEH OT HYAA
TOJIBKO OJHMH OJOUHBIH MaTPHUHBHIH 5/7eMeHT. flanee, 6i0uHas ¢popMa
IIOJIHOrO0 NpPeACTAaBJIEHHs IOKa3bBaeT, YTO JAHAroHaJbHBE Tenepb
MaTPHUH mnpelcTaBaeHus p(*#) (m) oCyWeCTBAAIOT NepetTaHOBKY

[;-MepHBIX MOANPOCTPAHCTB ADPYT C APYTOM.
Pesomupyem: GaouHo-auarodanbaas ¢opma D(*®)m coorper-
CTBYWOLIAS NOPAAKY IEpPeyHC/]eHHsa moAnpocTpaHcts (32.11), umeer
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BUI,
D* ™ (e R Yy ... 0 ... O
DO ) (o | Ry}) = 0
0 D) ) ({g| Rp})ss
(33.9)
uag, GoJsiee TOYHO,
D% ({e|R.}) =
I, exp— ik - R 0 0 1
0 It exp — ik, - Ry,

I

. Hmexp - iks' RL ]
(33.10)

rie Il — equHHuyHas MaTpuuna nopsika l,. Kpome Toro, Ajs npo-
H3BOJbHOrO onepatopa rpynnel @ B 3ToM npeAcTaBlAeHHH HMeeM

D2 m) ({qy | £ (g)}) =

0 ... 0 0
0 : :
. D) ) ({g, | £ (@)} v

= | p(#) (m) {oa | £ (@)D

' (33.11)

*p ) -
TIpocTpancTBOM mpencTaBJeHHS D*#) em ABJISIETCH . IPOCTPAHCTBO

2(*#m cocTosmee M3 S OPTOrOHAJbHBIX THOANPOCTPAHCTB [CM,
(32.11)). - .
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§ 34. I'pynna G(k) _KaHOHwiecxor‘o BexTOpa &

PaccmatpuBasi HePHBOAHMOE npencrasaenne. D(*#) ™ B nenom,
HaliieM, 4TO HeKOTOphHle M3 Matpui Tuma (33.10), (33.11) umeior
OTJHYHEIE OT HyJst OJIOUHBle MaTpPHUHHIE 3jeMeHTH c'u==1, v =1,
Jlas taxkax matpun moanpoctparcrso 2* ™ gpagercs umBapuant-
HBIM. DTO O3HaUaeT, UTO HPEJACTABJSEMbId TAKAMH MAaTPHIAMH Olle-
patop P(e, |¢(v,)} IHATOHANEH B TOANPOCTPAHCTBE g#Em B coor-
BEeTCTBHHU ¢ HalIHMH o603HaueHussMH B (33.1) uMeeM

P{q,}v [£(@)} 2( 1} (m) — Z(kx) (IT‘L)D (k1) (m)({‘r ‘t ((ph)})” (34. 1)

HMayuum cHavana 3TOT Kiaace onepaTop6B

fAcuo, uto (34.1) npumeHHMoO IJIS Bcex OmepaToOpoB rpynns E.
Mo2xeT okaszatbCsl, YTO JPYIHX ONepaTopoB, 06GJafaloliUX STHMH
CBOMCTBaMH, B Tpynlle @ Her.

Onnaxko us (30.12) caenyer

Pia, i 2" =30, (34.2)

rie
ky=q - k.. (34.3)

B (34.2) n (34.3) mpocrpancteo L% 06pasoBaHo ofHHM G6J0XOB-
ckuM BektopoMm Y¥). Torxma, ecan, kak B (30.7),

@ ki =k + 2nBy, (34.4)

TO By # Ry, 3a4210T 3KBHBAJIEHTHBE HENPHBOAUMEIE IIPeJCTaBJIEHHS
rpyansl €. Ecau BoinoaHsercss (34.4), To Bce [-MepHOe NPOCTPaH-
CTBO, cocToflllee U3 [ JIHHEHHO-HE3aBHCUMBIX COBOKYIHOCTER
(29.5), kaxnas U3 KOTOPBHIX HMeeT BOJHOBOH BeKTOp Ry, OyaeT HH-
BAPHAHTHEIM OTHOCHTEJIbHO JEHCTBHS 3TOr0 omepartopa Pie, |«,}.
Ecnu (34.4) BuimoJgHsieTcss AJ5 NOBOPOTHOH YacTH ¢, onepartopa
{gr|72}, TO 3TO XKe CBOHCTBO HMeeT U J00as CTeleHb 3TOro oOrme-
paropa.
IMycrb {@,|t.} — Apyro#t onepatop, Tako#, 4To

¢, k, =k, + 21B, (34.5)

rae Bj — Bektop OGPaTHOH pPelIETKH, BO3MOXHO OTIHYHBIA OT By
3 (34.4). Torxa cTeneHu 3TOro onepartopa Takxe 00J1afalOT TaKUM
CBOHCTBOM. : .
Haxkoueln, Bce npousBeaeHHs: {qa|Ta} - {pyu|Tu}, @ TaKxe cTenenu
H TPOM3BE/CHHs TAaKHX ONepPaTOPOB, TOXKe 06/1a1al0T CBONCTBOM Tie-
peBoAuTb k| B 5KBHBAJEHTHLIH BOJHOBOH BEKTOP.
Takum cnocofoM  MOKHO NepeyncIHTD Habop onepaTopon
P{@z,"jvz } KaX /bl H3 KOTOPBIX MpH Ilel/ICTBPIH Ha OTXeJIbHHIHA GJ0-
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XOBCKHH BEKTOp IIEPEBOAHT 3TOT BeKTop B SKBHBaJIeHTHbIH 5JIOXOB—
CKHi BEKTOp:

Poy, 1 = =2, | (34.6)

COBOKYIHOCTh BCeX TAKHX ONepaTopoB, OUEBHJHO, 0O6pasyeT TPYIIy
@ (k), HasBIBaeMYI0 NPOCTPAHCTBEHHOR TrPYINOA BOJHOBOTO BeK-
Topa k. I'pynna @(k) npeacrasager coboft moarpymnny rpynus @.
OHna Moxer OBITb pasjoxeHa Ha CMEXHble KJIacChl mo Pg, rie
Pz —rpynna onepaTopos, AeHCTBYIOINUX Ha (QYHKUHH, H3oMOpdHAs
rpynme :

OB =Pet o+ Ppo, rpypPect -+ Pl e yPee (47

SIcHo, 4TO AJA KaxAOro onepatopa u3 (34,7) ln-MepHOe mpocTpaH-
ctBo 2P ™ gpigercss saMKHYTHM.
Torna waGop MaTpui D(kx)(m)({(Plhlrln})xl [aBasouxes, cor-

adacao (33.1), [,-MepHBIMH MATPHUHBIMH KOMIIOHEHTAMHU D(*®) (m]
3ajaer npencrasienue rpynnn & (k) ms (34.7). Baxuo mouwmmars,
OJIHAKO, YTO 9TO IpEeJCTaBJeHHE He SBJAETCS NpeicTaBIeHHeM 06-
1ero BHAA, HO NOCTPOeHO Ha Gas3iuce MHBAPHAHTHOrO NMPOCTPAHCTBA

2 (m), TaK 4TO B 5TOM IIPeNCTaBJICHHH
D#™ ((e|R.}) =, exp — iky - Ry. (34.8)

IMostomy rpynna &(k) moxer GBITb NMOCTPOEHA, KaK 3TO H OBLIO
CIeJaHO, HA OCHOBaHHH COBepIIeHHO ofbmux coobpaxenuir. OnHako
H3 BCeX npeAcTaBjeHull rpynnu @ (k) B D™#) em yokHO HCmOaB30-
BaTb TOJBKO Te IPEIACTABJEHHS, JJ5 KOTOPHIX BHINOJHSETCA paBeH-
ctBo .(34.8). IlpencraBienuss rpynnsr & (k), yaoBjeTBoOpsiOInye
yeaosuio {34.8), HasBIBAIOTCA PA3PEULEHHOIMU WK OORYCTUMBIMU.

WHoraa MoxeT oKas3aThes TOJE3HHIM PacCMOTpPeTb (akTop-
TpynNy WM TOYEYHYIO PPYNIY BOJHOBOTO BEKTOpA

PBR)=06 (B)/T, (34.9)

H TpH HeOGXOLUMOCTH MBIl OYAEM HCHOJB30BaTh 3TO 0603HAUEHHE.

§ 35. HenpHBopuMOCTb NONMYCTHMBIX TpeacTabaenuii D*) ()
rpynnsl G(k,)

. .
JlokaxkeM, uTO nomnycTHMble mnpexcrassaenus D®)(M  rpynnm
{ ITb HENPHUBONMMBIMH TPEICTABJICHHSIMH TPYIIILI
® (k) nomxuw O6b enpu H

. ~( X -
® (k). Tlo npennoxennio, npencrasienue D) ™ gpisetcs nenpu-
BOLUMEIM MPEACTABJICHHEM TIPYNILL, ®, mocrpoenHnM Ha Gasuce

HeInpHBOLHEMOro HpOCTpaHCTBa S(*8) ™ [em, (32 ).
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ITpoctpanctBo Z®)(m  gpjseTcss HHBapHAHTHHIM H o6pasyer
6asuc mpeacrasienust D®) ™ | TIpenmosoxuMm, yro Z*) M moxer
GLITh PA3/IOKEHO HA MHBapHAHTHbIC NMONIPOCTPAHCTBA, H, C/I€LOBa-
TesbHO, D®M  pagjaraeTcss Ha COOTBETCTBYIOIIHE HENPHBOLUMblE
no oTHowenuo kK rpynne ® (k) cocraBasiomue, T. €.

D) (m) = Fka) (m') @y Bk ("), (35.1)
Di®) (m) — D) (m) @) Dike) (™, (35.2)

[TycTb pasmepHOCTh TpocTpancTa I*) M) papyua [y, a pasmMepHOCT

npoctpatctsa L) M) papua lmr, Tak 410 lpw + b =lp.
Hcnoabsys I, pyHruui npoctpanctsa ) ) pocTpouM nocae-

JIOBATEJLHOCTh HPOCTPAaHCTB aHajoruuso (32.2), (32.5); moayuaem

Z(kv) (m") = P{‘pvll’v}z(kl) (m’) . (35.3)
Z(ks) (ml) = P{q’slfs}z(kl)(m,) . (35.4)
Takum 06pas3oM, MB ToJayuyaeM OGBELHHEHHOE NMPOCTPAaHCTBO
TR ) = 3D ™ @3t Mgy L ) ™, (35.5)
a Take BTOPOe NPOCTPAHCTBO .
() i) = 3(*) MY @y 3 (B Mgy gy wks) (M0, (35.6)

IMosTomy
S(*8) m) = 5(*#) m) @ 2(*E) (m7), (35.7)

ITopTOpAs Tenmepb B 0OpaTHOM MOpsliKe paccykienus § 32, sumum,
uro mnpocrpanctso X(*#) (M) nomKHO 6T MHMBAPHAHTHHIM OTHO-
cuTeNbHO Bcex omepanuil rpynnsl @ u mpeacrasiasier co6od Gasmc
npencrasaenns D(*#) ), Apanornunkie yTBEpIKAEHHs CIPABEIHBEL
s S8 )y pO*e) (m),

~ TakuM o6pasom, eciu 3(*#) (m) IPHBOJAUMO [B COOTBETCTBHH C
(35.7)], To DB m rakxe Gymer MPHBOLHMBIM:

‘ D*E) (m) — p(*&) @ D(*#) (m), (35.8)

Ho 3TO NpOTHBOPEUHT NPEANOJIOKEHHI0 O HENPHUBOAUMOCTH Mpej-
crasnenns D(®) (m . [Tostomy HPOCTPAHCTBO 2(*#)m e moxer
6uiTb pasjoxeHo mo tumy (35.7). CaenoBatesbHO, 240 M) nojKHO
ObITh HEMPHBOAHMEIM HHBADHAHTHBIM NPOCTPAHCTBOM. DTO JOKA3H-
BaeT, YTO JONYCTHMOe mpeAcTaBieHne D®) ) rpynnwy & (k) m0axK-
HO OHITb TaKXe ¥ HeNPHUBOXHMBIM. ‘ ’ '
Otu nBa Tpe6osanHus jponycthmoctd (34.8) u HempHBOAMMOCTH
MOJHOCTBIO ONpPeNeNsIOT BO3HMKAIOLUIHE TIpeJcTaBjleHHst D) (m)
rpynusl @ (k). [lpexiae 4eM paccMOTpeTb METOAR HAXOXKACHHS
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npeacraBieHuit D®) (M) nokaxkewm, 4TO MOJHOE HEIPHBOAUMOE Npen-

craBnenne D(*#) m) rpynnsl @ Moxker OnITb HOCTPOEHO MO Npef-
cTaBjeHuio D®)m rpynnu © (k).

§ 36. Mpencrasaenne D*®) ™ rpynnm G,
HHAYUHPOBaHHOE npejacTaBieHueM D®) @ rpynnm O (k)

B atom naparpade OyAer [OKa3aHO, YTO HENPHUBOAMMOE INpej-
CTaBJeHHe [OJHOH IPOCTPAHCTBEHHON rpynnsl & siBasgercs mpen-
CTaBJeHUeM, MHAYILHPOBAHHHIM C MOMOLIbIO HEIPHBOAMMOrO Ipes-
craBjaeHus D% rpynne @(k;) B @. Takum obpasoM, s ompe-
JeneHus npeiactaBieHus D(*)m moCTAaTOYHO TMOJHOCTHIO 3HATH
npencrasiaenne DV ™,

Cornacxo (34.7), pasnoxkenue rpynns @ (k) no rpynme € uMeer
BUI

®(k)=z+ {(pl2‘irl2}$+ e+ {(Plk,rlh}z—'_ vee F {(plkltlk} Z.
: (36.1)

3aMmeTuM, UTO MH COXpaHsieM HHIEKC [/, 4ToGB BCETAa OTHOCHTb ero
K ONHOMY H3 [ NMPENCTABHTEJEH CMeXKHEIX KjaaccoB rpynns @ (k).
Ipynna &(k) sasasercsi, oueBHIHO, NOArPYNIOH NOJTHOR NPOCTPaH-
crBenHod rpynns @. INosToMy passnoxenue rpynnsl @ Ha cMexHBE
Kjaacce 1o @ (k) MOXKHO 3amucaTh B BHJE

O=08F+ ... +{g T} OB+ ...+ {as] 7} O (k). (36.2)

Mubl Bceraa coxpaHsieM MHAEKC O, YTOOB OTHOCHTb €r0 K ONHOMY H3
NpeicTaBuTeNell § CMeXHBIX KiaaccoB B (36.2); sneMeHT {@o|To},
OuUeBHAHO, BXOAUT B rpynny &, Ho e B rpynmy & (k). dtor dakr
OYEBHIEH, HO OH OKA3LIBAETCS OYEHb BAXKHHLIM MPH NOCAEAYIOLLEeM
M3JI0KEHHUH.

[Mpennonoxum Tenepb, 4TO Mbl pacmojaraeM HOJHBIM HaGopom
U3 r JOMYCTHMBIX HENPHBOAHMBIX NPEACTAaBJCHHH NPOCTPAHCTBEHHOM
rpynnel @ (k). Dtu npeactaBaeHusd Mbl OyaeM 0Go3HavYaTh

D& (m) ({q)lxlt’x+ RL}), m=1, ..., r. (36.3)

3ameTnM, uTo MaTpuusl D® (M) onpeneneHb TOMLKO AJAS 5JEMEHTOB
rpynnsl @ (k). B (36.3) uHAeKC m cAyXKHUT N 0603HAYEHHs OLHOTO
U3 r JONYCTHMBIX HENPHBOAHMBIX NpeicTaBjeHuit rpynns &(k); Mut
CUMTAEM, UTO MATPHIEL D®) m)  pMeroT NOPANOK Iom. I/ICHOJILBYEM
Tenepb cileayoumuil npuem [33]. Onpe,ue.me «MaTpHLY ¢ TOUKOM»
D® (m) ({e, [£,}) cooTHOWeHKEM

0, ecmu X-ne mpunamiexut © (k),

) (m) (X) = ‘
DB mx) { D® m  ecnn X npuHangexur © (k).

(36.4)
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B (36.4) X —o/eMeHT MPOCTPAHCTBEHHOH rpymmsl, a 0 — HyseBas -
MaTpHOA NMOPAAKE Im.

Kak u panblre, sanumem matpuity D(*#) ) ({@p17,}) B dopme
6JIOUHON MaTPHUK, T. €. D*#) (m) (9,1 Tp})gs» THE HHIAEGKCH O H T
OTHOCHTCS] COOTBETCTBEHHO KO BCEM CTPOKaM, HMEIOIHUM OJHHAaKO-
BHI BOJHOBOH BeKTOp kK;, M KO BCeM CTOJA6LAM, HWMEIOIIHM ONLH-
HaKOBBHIH BOJMHOBOH BekTop kR, rhe Ry=¢z-kR u R, =q. k.

) *
Cpasunsas D®) M ¢ (33.1), sugnM, aro D(**)(m) ({w,1¢,})s, mpea-
cTaBisieT coGoit Guounyio Martpuuy ¢ pasmepaMu (I, Xl,), KoTo-
pas mnokaselBaeT, kKak [, ¢yHxuu# mpkf) (m) npeoGpasyioTcst NpH
JeHCTBUH omepaTopa npeo6pasoBaHHﬂ {0,112, } B l byHRIMH
-q,(ko) m B=1,.., 1.

Pacc'v[anHBasx tenepb cucremy (29.5) us QyHKImi, OTHOCH-
UXCsA K BeKTOpy K:

P, 11)(1:: (m), (36.5)

rae (36.5) upencrasasier coGoit mpoctpamcrso P (M) npenmogo-
JKHM, 4TO JiIo60H 3J/eMeHT NpPOCTPAHCTBa »(¥s) M MoxeT GHITH IO-
JYUYeH CJELYIOUHM 06pasoM:

7 m (36.6)

\p((l"a)(m>={(polr0}1pg’)(m), a=1, ..., 1

CorstacHo  (36.6), xaxaui OJOXOBCKUH BeKTOP MPOCTPAaHCTBA

(®e) ™ MoxeT 6BITh MOCTPOCH NyTeM NpeoGpasOBaHHS COOTBET-
CTByIOIlero GJOXOBCKOTO BeKTOpa mpocTpaHcTBa 2P ™ popx mei-

CTBHEM OJHOTO M TOTO 3Ke NMPENCTABHTENS CMEKHOro Knacca {¢s|to}.
TakaM o6pasoM, HMeeTcsi B3auMHO OJIHO3HAUHOE COOTBETCTBHE

- -~ R
MeXIy OTIeJbHBIMH GJOXOBCKHMH BEKTopaMH B 3¥™ y ornean-

HbIMH GJIOXOBCKUMH BEKTOPaMHU B 3(%) ™ Nanee, Ges norepu obu-
HOCTH MOMHO CUHTaTh, YTO BHIOOP Gasncmﬂx BEKTOPOB B KaxkKJOM
H3 TPOCTPAHCTB ska)tm 5 = 1, ..., s, cielaH B COOTBETCTBHH C
(36.6). HanoMHuM, 4TO onpeliejieHHE HHIEKCOB O H T CJAeAyeT H3
(36.2).

ITpu BrIGOpe Ga3uCHBIX BEKTOPOB coryacHo (36.6) MOXHO Hemen-

_JIeHHO BHIIIACATh OJIOUHBIE Matpuusl npeicrabaenus DS *B)m) pag ;
npejcTaBuTeNell CMEXHBIX KiaccoB B (36.2); moaydaem
. ' ,
D &) (m) ({(Pixl‘ro})ol:r[rm (36.7)

D(*#) gm) ({\Po‘l T Do =1, | (36.8)
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rae Il — envununas MaTpuua nopsaka lm, a uHgekc 1 cooTBer-
ctByet k; == k. Matpuun (36.7) u (36.8) ABJAIOTCS eUHCTBEHHHIMH
OTMHYHHIMH OT HyAsd OJOKaMH B NepBoM cToJ0LEe H CTPOKe MaTpHI
JJiA TpeJCcTaBHTe/ el CMEXHBIX KJIacCoB.

PaccMOTpuM 3/1eMeHT NPOCTPAHCTBEHHON IPYINEI BHAA

{00170} {00 17,} {1 T}, (36.9)

rie, Kak OOBIYHO, 0 M T COOTBETCTBYIOT HPENCTABUTENSM CMEXKHBIX
kaaccoB B {36.3). OGpasyem GJIOYHBI MATPHUUHBIA 3JEMEHT OT MAJs
MaTPHIE, COOTBETCTBYWOWEH 3JeMeHTy (36.9) B HeNpHBOAHMOM
IpelcTaB/eHHH NPOCTPAHCTBEHHOH rpynnsl. Toraa

D(*k) (m) ({(Po | 5} {(Pp | Tp} {(P'c J Tt}—l)or ==
= X 2, DR ™ (g | To}), DD ({7 oy X

X DB ({13 ug = D ({p [ T, (36.10)

Ilpn BuBoze (36.10) ucnosn3oBaun paBencTBa (36.7) u (36.8).
3ameTuM, OAHAKO, 4TO OJIOK MAaTpULbl ¢ HHAEKcamu o=1, 1=1
Bcerfa OTHOCHUTCS K CJy4aio, KOria onepaTop P{q,p,,p} MepPEBOHHUT

npocTpaHcTBo I®) (M g cebsi, T. €. 3TOT ONEPATOP BXOLHT B IPYINY
® (k). CaenosatesnbHO, ecau ajemeHT {@,|T,} He BXomUT B © (),

10 Giok D(*®)em) ({9,17,})u ¢ uHmekcamum o=1, T=1 mpexacra-
BJsieT co00H, pasymeercsi, HyJleBy10 MaTpuuy nopsiaka l,. Ilostomy
0, ecin {g,|v,} ne Bxonur B ®(k),

D(k)(m) ({‘Ppltp})’ ec/H {(pplfp} BXOIHUT B @(k)r
_ (36.11)

DO (g, 7,3y, =

rne marpuua D® (m ypempusonuMa.
Tax, mnampumep, nyctb {¢,]|t,} — NPOU3BOJbLHLHIA 3JEMEHT

rpynnsl O, a {¢s]7} u {@.|7} — HexoTOpBle M3 mpencTaBHTENEH
CMeXKHBIX KJaccoB B pasioxeHnuu (36.2), u nycTsb {@,|7,} - {¢4 |1}

OpHHALJIEKHT cMexHoMy kaacey {g,]t,} @ (k). Torna
- {(pp Irp} * {q)r l T'c} = {(Po | To} : {(Pl;“ I Tl;“} * {8 | RL}: (36.12)
rae {e|R.} — nexoropriii saement rpynmsl I. Jdajtee HMeeM

{(qu to}-‘l . {(Pp | Tp} . {‘Pt I TT} = {(Plh l le} . {9 | RL}, (36.13)

rie BHpaXKeHHe B NIpPaBOH HACTH npencTaBJsieT co60H 3JeMeHT
rpyansl - @ (). Hcnoasdys 3atem (36.4) u (36.11), wmoxHO
cpasy e BHIIHCATh BbipaxKeHHe [Jsr” BceX OJIOKOB = MaTPHIbL
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DD ({9, 17,})gr. Unteen =
D) {1 Tp o = D om) ({q‘o I""o}_l : {(Pp 175} - {ocl tf})‘ (36.14)

PaBencrso (36.14) fnaer pelueHue 3amaud AJsi BCeX INPOCTPAHCTBEH-
HeiX rpynn @, kak cHMMOPQHHX, Tak 4 HecuMMopdHBEX. OHO BHipa-
’)KaeT MaTpuuHple OJIOKHM, COCTaBJASIOLHe MOJHYI0 MaTpHULY, udepes
H3BeCTHBIE JJA KaxKAOro sJjeMeHTa rpynnsl & (k) Marpuus

D®m_ Torma marpuuy D)™ Moxmo serko mocTpouts us Gi0-
KOB (36.14), pacmoJioKHB HX COOTBETCTBYIOIIHM 06pasoM B G0Jib-
1o MaTpHLe.

Ha atolf cTragun paccMoTpeHHst Heo6XOAMMO MOAYEPKHYTH OLHO
BaxKHOe 00CTOATENbCTBO. B KaxXA0M HEeNPUBOAUMOM NpeACTABJEHHH

DU*E) (m), rpynnsl @ Heo6X0AuMO BHIGPATh OAMH BOJHOBOH BeKTop K,
KOTODOMY COOTBETCTBYIOT HHJIeKCH ¢ = 1, 1 = 1 6/i0Ka MaTpumH,
CUHTATh 3TOT BOJHOBOI BEKTOP K2HOHMYECKUM BOJHOBHEIM BEKTOPOM
k 3Be3npl (32.10). BeiGop BOIHOBOrO BeKTOpa M3 BOJIHOBLEIX BEKTO-
poB *k B KauecTBe KAHOHHUYECKOTO JJIS JAHHOH 3Be3JH MOXKeET GHITh
clieJlaH COBepLIeHHO Npou3BosbHO. OQHAKO, NOC/Ae TOTO KaK BEKTOD
k QuxcupoBaH, OH 3ajaeT ONpeleNeHHOe NOANPOCTpaHcTBO & (k) n
rpynny @& (k), comepxaluiylo KOHKPETHBIEe 3JE€MEHTH, & TaKxXke Npel-
cTaBuTeJeH CMexHbIX KaaccoB. llostomy BnGop % naa AanHOR
3Be3/bl MeHATh Helb3fl. BamHO coXpaHATb BeKTop R (QUKCHpPOBaH-
HEIM B TedeHHe BCEr0 PacCMOTPeHMs, XOTsi OH M mpousBoseH. Ecnau
B KauecTBe KAHOHHUYECKOrO BOJIHOBOTO BeKTOpa BHIOpaH Kakoi-
HuOYyAb ADYro#l BeKTop R TOH Ke 3Be34bl, TO 5TO JIHLIb IPHBEAET
K mpeo6pasoBaHmio No06Hs Aas npeictasaenns D(*#) (M nepeso-
JALEMY 3TO IIpeficTaBJeHHe B 3KBHBaJeHTHOe. [1oCcKO.ILKY MBI 3a-
HHMaeMcsl aHaJH30M INpeJCTaBJeHHH, MB AOJKHBI paccMaTpuBaTh
KOHKpeTHYi0 dopMy MaTpulpl (™) (m) u GJOYHLIX MATPUUHBHIX 3Jle-
MeHTOB TUna (33.1) u Ao/xHB obpailaTe BHUMaHHe Ha mpeobpa-
30BaHHue noiobusa.

TIpoueaypa, BhipaxkaeMasi paBeHcTBoM (36.14), cormacHo KoTO-
pOil MaTPHIb AOMYCTHMOIrO HEeNPUBOAMMOrO NpeiacTaBienus D ¥ (™

noarpynnsl (k) ucnoab3yooTcs IJA NOCTPOCHHST HEIPHBOAHMOIO
npeAcTaBieHus D(*#) e rpynnsl @, nosyuusia HazBaHHe «KHHAYIUPO-
BaHHe NpeACTaBJEHHs IPYINLl ¢ MOMOUIbIO NPeICTABJACHHUS ee TOoJA-
rpynnei», OHa yiKe XAaBHO H3BECTHA B MaTeMaTHUYECKOH JHTepaTtype
co BpeMeH pabor Ppobenuyca u lllypa. Bosee xoMnakTHble coBpe-
MEHHBIE OLIMCAHHS 9TOH MPOUEAYPH HMEIOTCH B OOLIUHLIX yueOHHKAX
[22], HO BHIBOA, MpHBeJeHHH Bblle B § 26—36, 6aHxKe Bcero cie-
ayer pabore Kiuddopra [23].

Haxonen, mpuMeM BO BHHUMaHHe, YTO HMeIOTCA Ciayday, KOTJAa
Tpebyercsi 3HAHWE AEHCTBHTENbHO BCEX MATPHYHBIX JEMEHTOB MarT-

puub DB, Tak, manpumep, mycrs PFD™  snement  mpoc-
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TpPAHCTBA | :
Bk ) — {wf) m L, ) ‘”"} . (36.15)

Tlycth : . .
| P, l¢(p) =Py} (36.16)

apasiercss saementoM rpynnel ®. Torza Mel mmeem

S lm
P9 ™= 2 3 DI ({05D) ) a9 ™ (86:17)
rae
D(*k) (m) ({(Pp})(ca) (xb)

npencrarsaser coboi sJeMeHT ab MATPHUHOTO G6JI0Ka, BXOLALIEro
B IIPaBYyi0 4acTh paBeHcTBa (36.14): }

D(*k) (m) ({(Pp})(cra) (td) = (D(*k) ) ({q);}or))ab =
v =0D®" (o) {0} {eD))as  (36.18)

Pasymeercs, ecn {g,} Bxoaut B rpynny @(k:), To eIMHETBEHHLIM
OTJIHUHBIM OT HyJs OJOKOM MaTpHIB OyZeT GJOK ¢ HHIEKCOM
0 = T U IOPOCTPaHCTBO 3 (Be) () npeoGpa3syercs B cebsf. B cayuasx,
KOrZa HaMm mnoTpebyeTcs ‘TOUHOe BHIpaXKeHHE AJs pe3y/jbTaTa HAeli-
cTBUSL 2jaeMeHTa rpynna @ Ha oJMH H3 37eMEHTOB INPOCTPAHCTBA
S(*#) ) Mu Gygmem caefoBaTh popMe samucu B (36.17), (36.18).
O6patdM BHHMaHHe Ha COKpallleHHble o0o3HaueHns B (36.16)—
(36.18), koropnie GymyT HMHOIZ@ HCHOJb30BATHCH, ONHAKO BCEria
C TMOBTODEHHEM HX OIpejleleHHss Bo H3bexXKaHHe HeJOPa3yMeHHH.
Tak, {@o|f(gs)} COKpalueHHO 3amHCEIBaeTcs B BHIE {go}.

§ 37. Xapakrepul npencrasaennii D*) (m) rpynnn G;
MHAYUHPOBAHHBIE XAPaKTEPH!

Caenys Joruke paccMoTpeHus B § 36, B 4acTHOCTH OTHOCsIedics
K o6o3HaueHusM, OygeM 0003HauaTh xapakrep maTtpuus (36.3) kak

A (fan | )= SP DO (o [}, BT

B sTOM cayuae Takxke HCHOOJb30BaHHe o6o3HaueHuil (36.4) mosBo-
JISET BBECTH XapaKTephl C TOUKOM ¢*) (™) g Bcex 3/eMeHTOB MOJ-
Ho#t rpynns @:

ecnu X ue Bxonur B © (R),

e (=1 37 ¢
X (X) { %@ ™ (X), ecan X sxopur B © (k). (37.2)
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Us (36.14), (87.1), (37.2) ompemeaum cJuaen Jai060oro 3JiemMeHTa
rpynnst ® nas menpusoxumoro npexcrasiennas D) ), Tloayuny

w0 (gl wph = 20" (ol 10} ™+ o175 ol o)) (37.3)
3ameTHM, 4TO AJsl Jjoboro xapakrepa ¢ Touko#l JHOO aprymeHt

{1 To}_l . {(Pp“'p} A@s! T4} (37.4)

npuHaaaexut rpynine @(k), aubo xapakTep ¢ ToukKok obpaliaercs
B HyJb. PaccMoTpuM Telepb NoApobHee cayuail, koraa {¢,|t,} fB-
Jsercs sfeMeHToM rpynnel @(k), T. e. paccMOTpuM

XCO @ (o, | 7,3) = T ™ (ool 7} {01, | 71, {0l %)) (37.5)

DieMeHT {(plx‘rlx} B rpynne O (k) BxoaumT B HEKOTOPHIH KJjacc.
Kunace saementa {(plxlrlx} B ®(k) npeacrasiasier coGofi MaxcCH-

MaJbHEH Habop ajseMeHTOB rpynnsl ® (R), cONpsKEHHBIX SJeMeHTY
{(p,“t,x}, TAe COMpsXKEeHHe BLINIOJHACTCA C [OMOUIBIO 3JEMEHTOB

rpynnet @ (B). Onmako conpsokeHde, KOTOpPOe SIBHO BBIIHCAHO
B (37.5), BhimosHsiercd ¢ IOMOIIBIO IpeACTaBUTENeH CMEeKHBIX
knaccoB {gy|Ts}, KoTOpeie HMeHHO He BxoasT B rpynmy O (k).
IloaToMy conpsixKeHHLIH 5JIEMEHT {(pcltc}”l-{(pzhlt,h}-{(pcltc}
MoxeT BxoxuTb B rpynny O (R), no BmoJiHe mOMXKeT IPH 3TOM OKa-
satbcsl B Ipyroum kaacce rpynnst ® (k), uem {¢;, | 7;,}. Tem campim
OTIeJIbHBIE OTJHYHbIE OT HysAs ujieHsl B (37.5) MOryr OHITb,
a4 MOIYT ¥ He ObLITh pPAaBHLIMH; IPYTHMH CJIOBaAMH,

K ({71, 3) = 5 ™ (| T} ™+ {ar, | 71,3 {06l To})s

€clH aprymMestTs (T. €. 3JeMeHTH) IeACTBHTENLHO BXOMAAT B OAHH
U TOT Ke Kaacc rpynnsl @ (k) u/IM ecln OKasblBaeTcs, YTO B 4YACTHOM
c/Iyyae paccMaTPHBAEMOro NpeAcTaB/eHUsd ABa pPAa3JUYHBIX KJjacca
IIpelCTaB/JeHHs HMEIT ONUHAKOBHIE XapaKTephl, Kaxabl#i ciyuafi
JOJMKeH aHa/Ju3HPOBAaThCA OTIENbHO; XOTs HEKOTOpHe OOliHe mpa-
BHJa H MOryT GHITb IOJIYYEHBI, OHH HMEIOT CJMIIKOM OrpaHHYeHHOe
3HaueHHe JJ15 NPAKTHUECKHX IleJseH.

Kak u B cayuae matpun D*E)tm),  mpepcraBaseTcs MOJE3HBIM
[OAYEPKHYTh, YTO BHIGOP KAHOHHYECKOrO BOJHOBOIO BEKTOpa AJIA
3Be3Jl MPOM3BOJIeH, HO (PUKCHPOBAH Ha BCeM MPOTAXKEHHH aHa-
au3a. 3aMeTHM, B Ja¢THOCTH, YTO AJIA BhiuHc/aeHus (37.5) Heobxo-
JUMO KOHKPeTH3HDOBATb MHIEKCH O MNpelCTaBHTeNeH CMEXHBIX
KnaccoB no noarpynmne @(k), uro Tpebyer KOHKPETHOTro BhIGOpA
olHOro BekTopa k B 3Besse *k.
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OueBHAHO, HaMm Bce ellleé OCTaeTCs PEIIHTh HECKOJbKO 3ajaad.
CienyerT NokKasaTh, KaK NPaKTHUeCKH MOJYYHTb BCe AONYCTHMEIE
HefIPHBOJAUMBIe HpeicTaBaeHus D® ™ gaxpon rpynns &(k). Ha-
Jgee, cjgefyeT I0Ka3aTh, KAK MOMKHO NOCTPOHTL BCe HeMPHBOAHMEIE
npencraBienns rpynnsl @. Haxosen, ucnonassys cooTHOUIEHHS OPTO-
HOPMHDPOBAHHOCTH H NOJHOTHl AJf XapaKTepoB IPYyIHibl, HEOGXOAHMO
‘fI0Ka3aThb, 4TO OBINA ONpefeseHbl AeHCTBUTEAbHO BCE HEMPUBOIUMELE
npencraBjenus rpynnsl @, OTH 3agaud pacCMOTPEHH B IIOCJAeAYIO-
mux naparpagax.

§ 38. NonycTuMble HEMPUBOXHMMBIE mMpejacTaBjicHHs D®*) (m):
3se3a obwero tuna npu GR) =% ‘

Ilpu onperneseHUH AONYCTHMEIX HEIPHUBOAHUMEIX TPeACTABJIEHUN
rpyunsl & (k) B 3aBHCHMOCTH OT CTPYKTYPHl M Pa3MepHOCTH 3Be3Nbl
BOJIHOBOTO BeKTopa *k (32.10) crenyer pasiauyaTh ABa TJaBHHX
cayuasi. B mepBoM cayuae *k CONEPKHT, gp HE3aBUCHMBIX HEIKBHBA-
JIEHTHBIX BOJIHOBBHIX BEKTODOB:

e={ky=k ky=,- ki, ..., kg =0, K}, (38.1)

T. €. KaxkI0oe OTIeJbHOe MpeoOpa3oBaHHe I[OBOPOTa W3 IPYIIIH
P = G/T, npuMeHeHHOEe K KAaHOHHYECKOMY BOJHOBOMY BeKTOPY R,
NAaeT He3aBHCHMHINA BOJHOBOH BekTop. B aToM ciayuae sBesma *k
HMeeT CTOJIBbKO Jiyuell, CKOJIbKO Npeobpa3oBaHuil NOBOPOTa B rpymie
R, mosToMy S == g,, *k Ha3bIBaeTCsi «3Be3jofl obiiero Tuma». Bo
BTOPOM clyyae, Koraa S << gp, 3Be31y *k HaA3LIBAOT «3Be3f0of Cle-
IHANBHOTO THUNA»; OH OYIeT PACCMOTPEH B Cleayiomux naparpadax.

B cayuae 3Be3an obuiero Thma (38.1) mpocTpaHcTBeHHAS Tpym-
na (k) = ¢, T. e. paBHa rpynne TpaHcaAnuii, B aToM cayuae pomy-
CTUMbI€ HENPUBOAMMEIE NpeicTaBiaeHus D m pmeloT pasMepHOCTD

1, 1. e.

D®) m) ({a] 0}) == 1, (38.2)
SIcHO jafee, 4TO NPH 5TOM IOJHOE moAmpocTpancrso X ™
CTOHT M3 OIHOTO GJI0OXOBCKOro BekTopa Y*, tax uro

D®m ({e| R1}) = exp — ik - Ry. (38.3)

HehpnBonnmoe MPOCTPAHCTBO 3(*%) (m) (32.11) umeer Bup
) (m)

co-

St m =3*)ma | @xe (38.4)

HJian

(%) (m) — {q;""), v, L el (38.5)

Henpusonpumoe npencrabjeHue D*#)m  pmeer pasmepHOCTH Zo-
SIsupi g D(*¥) (M) g Takxke cucTeMa XapaxTepoB GYAYT NpHBeACHH
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Huxke. OTMeTHM TaKxke, 4TO B 3TOM C/ydae HHAEKC m SBISETCA
H3MHLIHUM, TaK KaK rpynna € HMeeT TOJbKO OJZHOMepHEIE HENPHBO-
AMMLIE NIPEJCTABICHAS; MLl OCTaBJseM ero, uTOGH COXPaHUTh MNO-
CIIeI0BATEILHOCTD B 0603HAUCHHUSK.

§ 39. JonycTuMBie HENPHUBOAUMBIE nPEACTABJACHUS D) (m),
3Be3na cnenHadbHoro tHna. Meroa Masioil rpynnbi

PaccMoTpuM Teneps cayuail, KOrfa s << gp, TAaK uTO B 3Be3fe *k

CONePKUTCA MeHblle Jydyel, 4eM OTHe/NbHBIX ofnepanHii MOBOPOTOB
B rpynne $. OueBupHO, B 3ToM caydae rpynna @(k) ne cBomuTCs
K TpHBHAJbHOH, a npencTaBisieT coboH, Kak B (36.1), mpocrpaH-
CTBEHHYIO TpYIIy, HMeUlyl0 [OHOJHHTENbHBIX NpeAcTaBuTes el
CMEXHBIX KNaCCOB, KPOME TOXKAECTBEHHOTO. DHIJIO TPEIOKEHO He-
CKOJIbKO IOJIE3HBIX METOJIOB OIpeJesieHHs] JONYCTHMBIX HEeNPHBOIH-
MEIX TIpelcTaBJeHuil D*) (™) KoTopble MB PacCMOTPUM IOCJIeNOBa-
TeabHO, B HacTosimleM mnaparpade MB  H3JOXKHM METOJ MaJjoi
rPYNIbL, KOTOPHIH, NO-BHAHMOMY, GBI BIEpPBhIe HCIOJIB30BAH TIPH-
MEHUTEJBHO K TEOPHU NPOCTPAHCTBEHHBIX Ipynn B pabBorte XeppuH-
ra [31].

Bce Hy:XHBIe HaM HONYCTHMBle HeNPUBOAWMBIE NPEJICTABJEHHSA
XapaKTepH3YIOTCs TeM, 4YTO AJs J100ro sjleMeHTa rpynnsl S BHI-
HOJIHSIeTCS PaBEeHCTBO. .

D®m) (fe| R }) = (exp — ik - Ry 11, (39.1)

rae II, —enunuunaa Marpuna ¢ pasmepaMd (lm X ln). Ilpenmo-
JIOXHM, uTO B rpynne $ umeerca saeMent {e|R.(k)}, obnaaawomui

CBOACTBOM

kR (k) =2nx, (39.2)

rie % — Ji6oe uegaoe uucao. Torna A718 5TOro s7AeMeHTa, OYeBHAHO,
HMeeM

D& ({e | Ry (k)}) = I, = D® tm) ({g O}). (39.3)

Anement {e|R.(k)} mpencraBasieT co60fi YHCTYIO TPAHCJSIHIO;
BeKTODHBIH HHIAeKC Kk HamucaH AJd TOro, YToOml OTMETHTb, 4YTO

N

R, (k) ynosaerBopsieT paBeHcTBY (39.2). Habop Bcex siemeHTOB

{e|R.(k)} oueBHAHBIM 06pa3oM cOCTaB/fgeT TPYIAY, ABJIAOILYIOCT
no,arpynnou rpynme! . Dra moarpynna MoXeT OKasaTbCs TPHUBH-

albHOM, cocrosimiell ToJbKo M3 agaeMeHTa {g]|0}, omHaKo uwacTo 3TO .

He Tak. [IpeanosoxuM, 4TO 3Ta MOATPYINa HETPHUBHAJbHA, H 6y11eM
o6o3HauaTh ee cumBoaoM T (k), rae

2 (R) coBOKYMHOCTD {8|R;_(k)}. | (39.4)

Toraa no OTHOMIEHHIO K JOMYCTHMbIM HENPHBOAMMEIM NpencTaBJe-
HuAM D®(m  Bce MaTpHLH, NPeACTABJISIOUINE 3JIeMEHTH TPYINE!
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¢ (k), pasub, cormacio (39.3), enmunuumoir. Habop mMaTpun -
D®m ({e| R, (k)}) npeicraBasier coGoil AAPO HpeCTABICHHS.

Omnpenenum npeicTaBuTe]ell CMeXHBIX KJaccoB abeneBoft dak-
toprpynnu /T (R) coraacHo pas/oKeHHUIO

T=T(k)+ {e| R, (R} T(R)+ ... + {e| Ry, (R} T (k), (39.5)
rue
R, (B), a=1,...,¢ (39.6)

SIBJSIETCST BEKTOPOM pelleTKH, He BXOASUWIHM B T (R), u GyneMm cuH-
TaTh, YTO rpynna $/T (k) umeer nopsiaok f. Mu HenoJabayem o603Ha-
uyenne k (k ¢ ueprofl), uToGH OTMeTHTb, 4TO (39.6) He BXOAHT B
rpynny (k). Toraa MOxHO pa3noxuth rpynny @(k) Ha cMexHble
kiaacce Mo T (k). Urobnr nsbexarp HeynobcTea B 0003HAUEHUSX, MBI
3allHIIeM 3TO pas3lIOXKEHHe IIPSIMO Yepe3 OnepaTophl I'PYHIBl Tpe-
o6pasoBaHuii KoopanHat {@|t} BMecTo rpynnsl onepatopoB (34.7),
JeHCTBYIOLIUX Ha (PYHKUWH, TaK KakK NepexoJ OT CGAHON IPyHHH K
Jpyro#l BeinoJHsAeTcs Jjerko. [Ipu 3ToM MB NoJyuaem

® (k) =T (k) -+ {e| R, ®} T(®) + ... +{e| R, (@} T(R)
+ {0, | T} T® + {0, |7, + R, B T(R) + ...
o | T, F R BT (R) + ..+ {01, ] 7, + Ry, (B T(B). (39.7)
®axrop-rpynna ® (k)/T (k) cocrour us (lp-f) CMEKHBHIX KJACCOB:
{(p,a|r,a+RLﬁ(i€)}z(k), 1(,%1, cony by B=1,...,t. (39.8)

JlomycTHMOe HeNnpHBOAMMOe mpeicTaBieHHe rpynnst @(k)/T (k) 6y-
JeT TaKxke ABJAATHCA JONYCTMMBIM HENPHBOJAMMBIM NpeACTaBIeHHEM
rpynnsl @ (k). EnvHCTBeHHOE pasiuuyHe MeXIy HHMH OTHOCHTCA K
TeM aJjieMeHTaM rpynnsl (k), KOTopble BXOAAT B AP0 (HJIH HEHTP)
IpeACTaBJIEHHS ¥ MOYTOMY SKBHBAJIEHTHB TOXKIECTBEHHOMY 3Jle-
menty {e|0} rpynne G (k). .

B MeTome MaJjo#l IpynOel paccMaTpHBAalOT TPYNNy, roMoMopd-
Hy coBOKynHocTH (39.8), a uMenHo rpynmy

- }

(k) =® (k)/T (k), (39.9)

Kag abCcTpakTHYI0 rpynny u3 (lr-f) 3/eMeHTOB H JIOOBIM OGBUHBIM
METOAOM HaXOJAT BCce ee HeNMpPHBOAUMEE NpeacTaBienus. M3 Habopa
BCeX HEeNPHUBOAHMBIX IPeACTaBJIEHUH OTOMPAIOTCH IJIS HCHOJIb30BaA-
HUSL TOJBKO JonycTHMble. UTOGH mOMy4HTH CHCTEMY XapaKTepoB
11 HeNPHBOAMMHIX IpejcTaBjeHufl rpynnsl II(k) Kak a6CcTpakTHOM
rpynnel, Tpebyercsi CHauada TOCTPOMTh TalJHIly YMHOXEHHS
CPYIUIBL - : :
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3aMeTHM Tellepb, UTO HabOp NpeJCTaBHTENEH CMEXHBIX KJIacCOB
{q),al‘v,a-l—RlB(Z)}, lLh=1,..., 1, B=1,...,1 (39.10)

He SIBJSIETCS 3aMKHYTHIM OTHOCHTENbHO YMHOXKeHHS. UToOBl BOccTa-
HOBHTb CBOHCTBa 3aMKHYTOCTH, CJelYyeT UMeTb B BHAY, YTO MaTpHUa,
npejcTaBasiowas Jobol U3 3JeMeHTOB rpynns T (R), niag nonycru-
MBIX IpejcTaBjdeHHil yIOBJeTBOpSeT paBeHcTBY (39.3) u mostomy
npeobpasyercss KaK aGCTPAKTHHIN TOXKAeCTBEHHBIH sjaemedT {e,|0}.
Cile10BaTeNbHO, 32KOH YMHOXKeHHS Aaa (l;-f) aMeMeHTOB MH OIpe-
nedseM TakuM obpasoM, utobnm ofecneydBajach 3aMKHYTOCTb, a
HMEHHO:!

{@:, |71, + RLB (E)} {(sz l T, + Ry (73)} ={q;, 1, | 1., T R, (7?)} =
={e| Ry, (k_)} . {(on,V [v,,},  (39.10)
raie B, 6, e=1, ..., f, u '

oy T RL, ()= o {7, + Ry (k)} + %, + Ry, (k) + R, (). (39.12)

B (39.12) R.(k )—mo6op1 BEKTOP pelleTKH M3 TPYyNnbl %(k) Bo
BCEX HPAKTHUECKHX CJyuasX, B KOTOPBHIX NPHMEHSJCS AaHHHH Me-
TOJ, BeKTop peweTkd Ry, (k) onpejensercs OnBO3HauHO. Ecin
IPEeANOJIOKUTh, UTO 3TO TaK, TO 3aKoH yMHoxenus (39.11), (39.12)
OJHO3HAYHO ONpEeAe/IseT NPOU3BEJeHHe CMeKHBIX KJAacCoB, BO3HH-
Kalollee NPH NMEPEMHOKEHHH.

[Ipu BumosnHeHuu mnpasusa (39.11) nabop (l.-f) npeacrasure-
Jefl CMe)XHBIX KJaccoB o0JanaeT 3aMKHYTOCTbIO H H3oMopdeH
abctpaktHolt rpynne II(kR). Hdas srofi rpynnsl MOMKHO OGBIYHEIM
obpasoM TNONYUHTb TaAOJHLY YMHOXKEHUS, CTPYKTYPY KJIaccoB H
Ko2hduIUeHTH NepeMHOXEHUs KJaaccoB. Ecau onpenenuth Kosd-
GHUIHEHTH NepeMHOXKeHUs 178 K/1accoB cP, (S(k) u G® rpynns 11 (k)
paBeHCTBOM

CPeP = 3 (ij| "™ 6P, (39.13)

TO XapaKTePEl HENPUBOAUMBIX HpeILCTaBJIeHHH YAOBJETBOPAT COOT-
HOUIEHHUIO

k) (B k k) (& k k k k
By @ ® (¢ )) ol ol )(u)((g ))=luZ(z]|l)( ) (0 (1Y), ok
(39 14)
rae [, — pasMepHOCTb HENPHBOLHMOTO MpPEIACTaBJeHHs - YF W),

a ¢ — nopsmok kmacca G rpynne II (k). st xapakrepos Ko-

HYCTHMBIX HENPHBOXUMBIX mNpeacrasiaeHuit ¥® (™ rpynne TI(R) u
® (k) 1O/KHO BHIMOJIHATHCS COOTHOIIEHHE :

R (m) ({SIRL (®)}) = l,exp — ik - R, (k) naa nomyctumux m. (39.15)
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3aMetum, 4T0 B (39.15) MB HCNOJAB3YeM BeKTOp TPaHCJASLHH pe-

uwetkn R (R), Tak kak pjas Jo6oro Bexropa R. (k) rpymns € (k)
9TOT pe3yabTat TpuBHaleH BcieacTBHe (39.2). [lockoabky BekTop R
usBecTeH, paBeHcTBO (39.15) mpencrasasier cofofl BaXHOe OrpaHH-
YeHHEe Ha HHJEKC HENPHUBOAUMOTO APENCTABJEHHS U NO3BOJISAET OLHO-
3HAYHO ONpeJle/HTh HONYCTUMBIE NMpeCTaBJeHHs, KOTOpHE B NOC/e-
AyolweM 6yayT Bceria o003HA4aTbCA HHAEKCOM [ == /M.

Haxkonen, xapaxkTepnl HeNPHBOAHUMEIX -TNpejCTaBJAeHUHA T'pPYNIbl
II(k) ynoB/IETBOPSIOT YCAOBHIO MOJHOTH

Zj: C;k)x(k) () ((5]) x(k) u) (@l)* — lk ot (39 16)

rae (lp-t)— nopanok rpynnsl II(kR). OueHb BaxXKHO 3aMeTHTb, YTO
ycaoBue (39.16) mpuMeHuMo X xapakTepam ¥® (™ gak pomycTu-
MBIX, TAaK M 3alpellieHHbX NpeACTaBJeHU# U, Aajee, 4YTO Bce BeJH-
ypHel B (39.16) orHocsATesa K rpynne I1(k), B KOTOPO#H KJacCH H T. .
OTIPEESIOTCS NyTeM HAXOMKAEHHS CONDPSXKEHHLIX 3JEeMeHTOB TpYII-
met 11(k) ¢ nomolnsio s1eMeHTOB u3 11(k). HanomHuM elle pas, 4To
I (k)= G (k)/T (k).

§ 40. 3anpeuenHbie HemPUBONi:Mble mpeAcTaBaeHus D (),
Meron madaoit rpynmnst

dnauor u Jlaynon [34}, aHaau3upys HeKOTOpHle IpPaBHJIA OT-
6opa ass CTPYKTYPHL a/Ma3a, OTMETHJIH 110J1e3HOCTh HCIOIb30BaHUS
3alpelleHHBIX HENPHBOIAHMEIX INpeacTaBieHur rpynnsl Il (k) =
= @ (k)/Z (k). Huxe MH BepHeMcs K aHaJu3y IpaBHJ oTOOpa, Ipo-
BeJeHHOMY 3THMH aBTODaMH, a cefiuac CKOHLEHTPHDPYeM BHHMaHHe
Ha 3HayeHHH HOpeicTaBaenus D®®  rpymner IT(kR), Korna p sie-
JISIeTCSl MHJAEKCOM 3allpellleHHOro NpeiCcTaBieHHs .

OueBUAHO, 8Ce HENPUBOIAMMEIE mpelcTaBaeHust D® @  gpjg-
10TCS TOMOMOPQHBIMH 0TOGpaXKeHUsIMH abcTpakTHOH rpynnsl I1(k),
cocrosillefi u3 Habopa mpeAcTaBuTeNedl cMexHBIX KiaaccoB (39.10),
3aMKHYTOTrO OTHOCHTEJNBHO YMHOXKeHHs corsacHo (39.11) u (39.12),

Ilpeano/io:xuM Telepb, UTO y Hac ecTb KaKoe-HUOYAb HONYCTH-
MOe HenpUBORUMOe HpeicTaBjgeHne D® M  rpynne I1(k), u pac-

CMOTPHM MaTpHIY, IpeiAcTaBsomyio aaeMeHT {e|R. (E)}:
D® @ ({e| Ry (k)}) = exp — ik - Ry, (k) IL,. (40.1)

quncmlm IpsiMoe NPOH3BeIeHHe STOM MaTpHUB caMo Ha celd,

noJiyuaem '

D®m ((e| Ry (B)}) ® D® ™ ({e| Ry (R)}) = exp — 2ik - Ry(R) 1, ®TL,,.
: 40.2)

Slcuo, yto (40.2) mpeacraBasieT co6ofi KBajApaTHYIO MaTPHLY C pas-
mepamH (2/m X 2lm), KOTOpas npeoGpasyerca Npu TPAHCIALHAX KaK
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~cucreMa MaTpull ¢ BOJIHOBLIM BE€KTOPOM

_ kK =2k (40.3)
Torpa no/iHOe mpeicTaBjeHHe MpsMoro npousBefeHus P (R)
D) (m) @ Dik) (m) (40.4)

JOJIZKHO COOTBETCTBOBATb BOJHOBOMY BekTOpy R’ B (40.3).

C Apyroli cTOpOHBI, corsiacHO TeopeMe Maiike, Joboe npea-
cTaBjedHe abCTPAKTHOH rpynnsl JHO0 HEOPHBOLHMO, JHOO pasJo-
xkumo. [losTomy npencrasienne (40.4) pasjaraercsi B OpsIMYIO
CyMMY HeNPHBOJHMBIX COCTABJAIILKX, COOTBETCTBYIOLIHX BeK-
Topy k:

D® (m) @ D) (m) = Y (mm | p) DW® (40.5)
w

npuuem B (40.5) pomyctummbl Bce 3HaueHud p. CorjacHo mpeabiay-
UM YTBepKJeHHAM, IpeacraBieHde (40.3) cooTBeTCTBYeT BOJIHO-
BoMy BeKTOpy k. CiemoBaTesibHO, HEKOTODHe 3alpellleHHBle HelpH-
BOAMMHE MpeAcTaBaeHuss D@y =£m rpynoe I1(k) MoxHO
OTOXKIECTBHTH C HPEACTaBJAEHHSIMH, COOTBETCTBYIOUIHMY B AeHCTBH-
TeJIbHOCTH BOJHOBOMY BekTopy 2k. [losToMy mnpeacraBieHHe nps-
Moro npousBeneHnst Buja (40.4) sBaseTcs ONHOBPeMeHHO Ipel-
CTaBJIeHHEM, COOTBETCTBYIOIIMM BeKTOpy R (KoTopoe MoxeT OHITb
3anpellleHHBIM), U NpPeICTaBAEHHEM, COOTBETCTBYIOUIHM BeKTOpY 2R,
KOTOPO€ MOXKET 0Ka3aTbCs HeNPHBOAUMEIM.

Bunibupas cHoBa monyctuMmoe u npusajiexaiiee II(k) npexacras-
JgeHHe D® 0" moKHO paccMOTpPeTb ero MHOTOKpPATHEIE BHYTPEHHHE
OpAMBEle NIPOU3BEIEHHS

D®m @ |, & DW®m = [D® (m>]p, p<t, (40.6)
nonyyas B KaX[AOM Clyyae CHOBA HEKOTOPOe Npe/CTaBJeHHe
a6crpakTHOH rpynnbl onepatopos II(R), koTopas B AeACTBHTENLHO-
CTH COOTBETCTBYeT BOJHOBOMY BEKTODY pR.

CrenoBaTenbHO, MOYKHO 3aKJIOUHTDb, UTO BCe AOMYCTHMbIE HENpHU-
BOJAMMEE NpelcraBieHus D™ W npu u==m cBAsaHH ¢ HabGopom
BOJIHOBBEIX BEKTOPOB, HOJIyuaeMBIX H3 BeKTOpa k:

k, 2k, ..., tk. : - (40.7)
CoOTHOLIeHHE MeXIY 3afpelleHHEIMH NpeACTaBJeHUsAME D W),
W= m, U HEeNPHBOAUMBIMHU IPEACTABJEHHAMH TIPYHNOE T MOXKHO

YCTaHOBUTb, paccMaTpHBasi TaGJHIy XapakTepoB NpeACTaBJeHuH
D®® y cpasuuBas

D, potm rpymms T1(R) (40.8)

DR (m  rpymnet I (pk), p=1,..., ¢, (40.9)
he t— 1eNoe YHCIO, PABHOE HHAEKCY MOATPYIIbI ¢ (k) rpyimu £.

"
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[TosesHO pe3lOMHPOBATL pacCyXAeHHS ABYX HOCTEIHHX mapa-
rpa(bos JJ1s1 HaxoXIeHHS AONYCTHMHX HeNpPUBOAHMBIX IIPeICcTaB-
JeHuft D® (™ cOOTBETCTBYIOIIHX KaHOHHYECKOMY BOJHOBOMY BeK-
Topy k (KOTOpre OyZLyT 3aTeM HCNOJAb30BaHbL AJIs1 MOCTPOEHHS HHAY-

IMPOBAHHEIX HeNPHBOAUMBEIX npeacTasiennit D™  rpymnn @),
6bla mocTpoeHa abcrpaktHas rpynna IT(k). Oxmako npu paccMmor-
peaun II(k) Kak HeKOTOpOH aOCTPAKTHOH TPYNNB BO3HUKAIOT Kak
JIONyCTHMBIE TIpeicTaB/eHuss D*) (™ rag U 3anpemeHHbe IPeaCTaB-
jgenuss D ®),  Brpuio mokasaHo, 4TO HOCHeAHHE, SIBJAASCH HEIPH-
BOAUMBIMH TIpeJCTaB/JIeHHAMH abCTPaKTHOH TrPYNNL ONepaTopoB
I1(k), cOOTBETCTBYIOT COBOKYNHOCTH BOJIHOBHIX BeKTOpoB (40.7), mas
KOTOPBIX IIpejcTaBaeHne DWW 160 HeNnpuBOAUMO, JHGO IPHBO-
anmo. B mepsom cayuae. .

. D® W) g2 Dipk) (m), (40.10)
a li nocJaeaHem )
D® W & 3 @ (| m) Derim, (40.11)
< :

B Jgw06om ciaydae raaBHag npobieMa COCTOMT B TOM, YTO €CJIH pac-
cmatpuBaTh rpynny II{k) xak a6CcTpakTHyO rpynmy, T. e. Kak co-
BOKYITHOCTb CMeXHEIX KaaccoB (39.10), 3aMKHYTYIO COIJIacHO
(39.11) .u (39.12), T0o BO3HHKAOLHE HENPHBOAUMEIE TPECTABJICHHUS
rpynner II(R) TOa6K0 nocae 3Toro RO/MKHE OHITH pasieNeHbl Ha
JOMYCTHMBlE KM 3anpelieHHble, Booble roBops, HEBO3MOKHO OMpe-
JIeJUTb TOJBKO AONYCTHMBIE MPEACTaBJAeHHS, 32 HCKIIOUEHHEM CJY-
yaeB, KOrjAa Besl COBOKYMHOCThL (40.7) crarnBaeTcs B TOUKY, Kak, Ha-
npuMep, aaa k= (0, 0, 0).

§ 41. JlonycTumble. HeNPUBOAKMMbIE NpPEACTaBJEHHs D (m),
paccMaTpuBaeMble KaK NPOEKTHBHLIE MpPeNCcTaBJeHHS

Meroa Mmanofi rpynmel, paccMoTpeHHHE B § 39 u 40, Tpebyer
nocTpoenus HoBo# rpynnel @ (k) /S (k) = I1(k) u onpeneseHus Bcex
ee HEeMpPHUBOJMMBIX IpelcTaBJaeHHH, UTOOB MOXKHO OHJIO OTOGpaTh
saTeM JOTyCTuMBle. MeTO# NPOEeKTHBHHIX IpeJiCTaBJeHHH, W3jIarae-
MBI B HECKOJIBKHX HOCJAEAYIOWIHX NMaparpadax, B NpuHnune Tpefyer
NOCTPOEHHS INPOEKTHBHBIX, HJIH Jy4YeBbIX, IPEACTaBJEHHH TOJBKO
IJISi y3Ke MMeIOUIMXCH IPYMIN, B-4aCTHOCTH MJs 32 KPHCTA/IHYECKHX
ToueuHHX rpynn. Ha npakTuke MeToJ NPOEKTHBHBIX NPe/CTaBJEHHH
BKJIOUAeT B ce6si HEKOTOPYIO JIOTIOJHUTENIBHYIO 33auy 06 onpeaele-
HUM JONYCTUMBIX TOpefcTaBieHuft D®EUm  Tag uT0 B GOJBIIHHCTBE
¢JyyaeB HH OJMH H3 METOJOB He HMeéeT KaKux-anbo.NpaKTRUECKHX
npenmyiiects. OAHAKO MeTON NPOEKTHBHHIX NpelACTaBJCHHH HMeeT
MNPHHIHIINAJILHOE 3HAUEHHE C TOUKH 3DEHHS IIOHHMAHHUS CTPYKTYPHI
npeacrasaenus D®) (™ y cBA3H 3TOro NpeACTaBICHHA ¢ HCXOAHOH
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ToYeuHOl rpynnofi Kpucrajaa P. Brepsre B TeOpUH NPOCTPAHCTBEH-
HBIX TPYINI 3TOT MeTOA 6Bl HcnoJb3oBaH [épuurom [33, 356—38]1).

Crpyrtypa rpynnn & (k) ompenensiercss pasnoxxenuem (36.1).
OueBuaHo, ®(k) saBisercs pacumupeHneM rpynnsl E. [lockosabky
noArpynna § siBJASETCH HOPMAJbHOH NOATPYIION, MBI PaCCMOTPUM

(baxroprpynny
o @ (k)T =P (). (41.1)

@axroprpynna P(k) usomopdHa HeKOTOpol KpHUCTAJIIHYECKOH TO-
yeynolt rpynme P. [IpousBeneHuwe ABYX NpejACTaBHUTeNeH CMeXKHbIX
KiaccoB B (k) uMeeT BH]

{or, [T} - {@u |7 = IR, } - {on, | T,) (41.2)
rne
) T1y, = Cr * Pr,ps (41.3)
RL;;M = T, T Ty, + 7. (41.4)
3neck Ry, — BEKTOp pelieTku, a T, — HeTDHBHaJbHas TpaHC-

JAUAA, COOTBETCTBYIOIlAA ONePaTopy ¢y, . BesencTsue CBOHCTBA
aCCOUHATHBHOCTH YMHOxeHus (6.7) nasi 9JeMeHTOB NpPOCTpaH-
CTBEHHOH TpYNNbl BEKTOPH PeIleTKH B3aHMOCBS3aHBl. 13 paBeHCTB

(o |7} {or, |70 )){@n, | 7} = {1 Ry, 3 -{ony, | 70, ) {0, | 70} =

={elRy, }-{elRy, }-{0,,]7,}=

= {e| RLA, " + RL}\,U., o {q)lmv , t’xuv} =

= {70} ({on, |70} - {0, 70} =

={e | { {1 Ry, }-{ou, lw )=

={elqy, - RI-u, MER (A | Tt {(Plp,v l Tluv} =

= {¢| Py, RLH., v RLL, pw} : {(plmw | lev} (41.5)
IPSMBIM CPABHEHHEM MOJNYYHM

{8 l RL}», u + RLM;, v} == {8[ (plh ) RLw v + RL?», u.v}' (41 ‘6)

OnpeneJieHne BeJHUHH RL,% , B RL}“ sy CHeLyer o603HaueHHI0, BBe-

nensomy B (41.4). Ilpousmenenne (41.2), 3anucanHoe AJs NONYCTH-
MOTO HENPHBOAHMOTO npencTabaenus D® ™ rpynner & (k) nmeer

1) IlpoexTHBHBE INpPEACTABJEHHS OBLIIM HCNOJLSOBAHEL B NIDHMEHEHHH K M-
SHKe TBepAoro Teja B Kuure Jlio6apckoro [49] npu MccielOBAHHH BHIPONAECHHS
s7eKTPOHHbIX S0H. B Kuure Bupa u ITukyca [115] MoxHO HaliTH ne TOMBKO TaG-
JIMOB XAPAKTepoB, HO TaKXKe H MATPHUB /Il BCeX HEIKBHBAJEHTHHIX NPOEKTHB-
HEX npejcTapiennfi 32 ToweuHslx rpymn. — [Ipum. ped.
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BHI
D®® (o [7)) - DO ({ay, [ }) =
=DO ({el Ry, \J) - DO ({0, [ 7y, }) =
= (exp — ik - R, ) I, . D (m) ({‘Ptxufrfxu})' (41.7)
Beenem BeJuuuHy '
r® (R, w)=exp—ik-Rp, . (41.8)
Torpa (41.7) MoxHO 3amucaThb B BHAE
D m) ({‘plx l Tl?»}) DB m ({(p’u | r’u}) =
= r® (3, p) II,,D® (m ({fplm | le})‘ (41.9)

OueBuaHoO, OJST KaXKILOH maphl mpeAcTaBHTeseHd CMeKHBIX KJacCOB
{(pl”tll}, {(plu(rlu} rpynnsl ® (R) ompenesena Beauunna r® (A, p):

r(")(A,u)=exp—ik-RLhu, AMu=1,..., l,. (41.10)

CaenoBaresnbno, umeercs (/)2 seanunn r® (A, p). Onu HasHBAOTCS
cucTeMoH (HakTOpoOB.

PaccmMoTpuM Tellepb TOYEUHYIO rpynny B, m3oMophHyo rpymnie
B (k), sn1eMeHTaMi KOTOPOH - ABJAAOTCA [; OBOPOTOB:

GB\=8’ (Plzy ey (Plh, vy (plsz'B(k)‘ ’ (4111)
Onn NepEeMHOXKAIOTCS IO NMpaBuIy

[TpennoJox¥uM Temepb, 4TO Yy HAC UMeeTCs HeNPHBOAHMOE IpeCTaB-
gerye D rpynmer B. Torga aas sToro mpeacTaBieHHS TPYIIIEL

B ameem
DD (g;,) + DD (@1,) = DD (4, ). (41.13)

CpaeuuBas (41.9) n (41.13), Buaum, 4to MaTtpuuel D® M),
COOTBETCTBYIOIINE [; NPEACTABUTENSAM CMEXHBIX K/1aCCOB {(p’xltlx}
AJsi JIONYyCTHMOTO HENPHBOAMMOrO IpeacTaBjeHus rpymnsl & (),
HepeMHOKAIOTCS «IOYTH» TaK 2Ke, KaK MaTPHUB AJs HeNPHBOAHM-
Mmoro npeacraesenus DU rpynnsl P nopsinka [ «Pasanude» 3a-
KJIouaeTcs B UYHCAEHHOM MHOxkHTese r#) (A, B) OpHCYTCTBYIOILEM
B npoussefennn (41.9). Ipyrumu caosamu, HaGop matpuy D®(m
npejcTaBiser co0ofl mouTH OOBIYHOE WK BEKTODHOe IpelcTaBjeHHe
rpynnu B. Habop marpun,

D) (m) ‘ (41.14)

.

ABJAOIIKXCS 0TOGpaxkeHueM 3jeMenToB rpynmu P (k):
D ) ({(M |7,}) 2 e, (41.15)
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o6pasyer JaydyeBoe (NPOEKTHBHOE, /M HarpyKeHHoe) NpeacTaBJe-
Hue abcTpakTHoi rpymmsl P ¢ cuctemofi daktopos r® (A, u) [33], .
€CJIH YMHOXeHHe B rpymnne P (k) onpenesneHO paBEHCTBOM

D1, @1, = 9y, (41.16)
H 3aKOH YMHOMXEHHSI MJsi MaTPHI HMeeT BHJ,
D® ™ ({qy, [T,,}) 7 DB ({‘Plu | tlu}) — - 7
= r®) (}, u)D(’*”m)({cp,M[r,w}), . (41.17)
rae ri® (A, u)=1, npuuem |,
Cr® (A, p) r® (A, v) = r® (4, w) r® (g, v). (41.18)

Ocraetcs TOKa3aTh, 4TO M4 cucteMsl ¢aktopos r®(}, u),
onpesneneHnolt cootHoimeHusiMH (41.8) u (41.10), BuinonHseTcq pa-
BeHcTBO (41.18). Us (41.18) umeem ’

F0 G ) - 0 (i, ¥) = exp — ik~ (Rp,,, + Ryy,, ), @1.19)
4TO DaBHO A

| exp — Ik - (@, - RLM + RLL, m}), - (41.20)
ecau Hcnosb3oBath (41.6). Ho tak kak, cornacuo (34.7),
(k- w9,)=q;!-k=Fk+21B, (41.21)
TO (41.20) MOXHO MEPENHCATb KaK
exp—ik:(Ry,  + Ry, ) (41.22)
H 3aTeM 3anucath (41.22) B BHIe
r® (R, pv) r® (u,v), (41.23)

yTo u moKasnBaeT (41.18). CaenoBaTenbHO, HaGoOp U3 I3 Beauyun
r'®(A, p) obnanaer cBoficTBaMH CHCTeMBl (aKTOPOB HENPHBOLHMOrO
HPOEKTHUBHOTO IHPEACTABJAEHHA KPHCTAJNJIOrpaHuecKol TOYeuHOH
rpynnu f(k).

§ 42. MpoekTuBHLIE npeicTaBaeHns rpynnbt P(k).
HakpsiBalomwas rpynna $*(k) [33]

Temeph Hallla 3ajaua COCTOHT B TOM, YTOGH ONpPENENHThL Te
HeNpHBOJHMbIe IPOSKTHBHLIE, HJIH Jyuesble, IpeACTaBJIeHAS KpHUCTal-
Jorpaduueckol ToueuHodl rpynnsl P(R), KOTOPHE HMEIOT NPaBHIb-
Hyl0 cHcTeMy (akropo r®) (A, p). UToGel mponsBecTH TaKO# BHI-
60p, HeoOX0ZHMO CHayaJja MOJNYYHTb H PaCCMOTPETb Bce HelpUBO-
JHMBle IIDOeKTHBHHEIe NpeAcraBieHus rpynnsl P(k). [Ipu stom
MOXeT 0Ka3aTbCs, YTO HEKOTOPHIE H3 HHX yXKe 006/JagaloT HeoOXOoAH-
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: Y
MBIMH  CBoficTBaMu; OoJiee BeposTHa CHTyallHs, Korja Aans
MOJIyYeHHs NPAaBHJAbHOH CHCTeMBE! (PaKTOpOB Tpebyercs BHINOJIHHTD
KaaubposouHoe npeobpasosaHue. [loaTomy Heo6X0AHMO TMOCTPOUTL
TEOPUIO NPOCKTUBHLIX, W/IH JYy4eBhIX, HpeicTaBjeHHH rpynnel (k).
Jl1s coxpaHeHHs NOCJeNOBATENbHOCTH B 0GO3HAYEHHSX MH OyaeM
o603HauaTb sJeMeHTH rpynnel R(k) cHMBosamMu, TPHHATHIMHU
u B (36.1) m (41.11). OnHaro Teopus, Kotopas GyaeT MOCTPOEHA,
uMeeT 001U XapaKTep W NMPUMEHHMAa K NPOEKTHBHBIM NpeiCTaBJie-
HUSIM JI000H KOHeuHOH rpynnel P. Kaﬂn6p030qﬂme npeoGpasoBa-
Hus paccmatpuBawTca B § 43.

Cnenys [lypy, npeano/soxum, 4To HMeercsl rpyina B*(k), Ha-
3pIBaeMas TPyNnofl IpeACTaBJIeHHH HJIM HAKPHBAaWlled rpynno
rpynnu B. CeofictBa $* (k) pacemotpennt uuke. Ilyers $*(R) sB-
JsieTcsl paclidpeHHeM HekoTopo#l abeseBoft rpynnst A ¢ NOMOILUBIO
rpynnbl R, TakuM, uTo rpynna A mpeacraBasieT co60H HOPMAJbHYIO
noarpynny rpynnet P*(R); A cogepxkurcs B ueHTpe!) rpynmsl

B* (k), Takum o6pasoM,
‘ P (k)/A ~ P. (42.1)

[Tycte rpynma A uMeeT NOPSMOK 1, TaK UYTO MOPANOK KaxKIOro
aneMenTa rpynnsl A < m. OGosHauum ajemeHTH Tpyrne A cie-
LylomuM 06pas3oM: :

A: Ey, Ay, ..., Ap. (42.2)

Torna Aas BceX 3JeMEHTOB TIPYINH P*, COMacHo ONpejeseHHIO
UEeHTPa TPYNNb, HMeeM

Arr, = 91, A, (42.3)

rie Ak—HpOHaBOJIbeIPI s/7eMeRT rpynnst A, q;, — MoCGolt us aie-

MeHTOB rpymnsl P*. IIpeanmosoxxuM, uto y HAc HMeeTcsl Takas
rpynna $*, u MBl BBEUIOJHHUM 'pa3joxkeHHe P* Ha CMeXKHBIE KJACCH

mo A
P =A+0, A+ ... + O A4, (42.4)

rie @;, TNpeACTaBHTe/Jb CMEeXHOro kiadcca u3 rpynnu $*/A. Ipen-
CTaBHTENH CMeXHBIX Ki1accoB B (42.4) BuiGupaiorcss Tak, 4TOGH
OHH COOTBETCTBOBaJK sJeMeHTaM rpynnsl P(k). [Iasa npoussegenus
IBYX NpeACTaBUTeNeH CMEXHBIX KJIaCCOB HMeeM

D, = Dy Ay 1) = A (4, ) sy, (42.5)

rjie MBl HMCHOJBb30BaJH paBeHCTBO (42.3) w A(A, p) Apy — Heko-
TOpHIH 3JieMeHT rpynns A.

- '

1) MHOXKECTBO BCeX HHBADHAHTHHIX SJEMEHTOB rpymm G cocraBaser noi-
rpynny rpynnsl G, Ha3HBAEMYI0 IEHTPOM rpynnu G (cm. [118], ch 72) —
,Hpuu peo.
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Iycre *DW — o6bluHOE HENMPHUBOLMMOE IpPEACTaBJCHHE rpynnm
PB* (k); Torna us (42.5) caenyer

* D ((Dlx) *D( ((Dlu) = *Dii) (CDML) *D) (AMl) = *p (AML) *Di ((DML)-
~ ~ (42.6)

OnHako, MOCKOJNBKY Aa, TNDHHANJIEKHT UEHTPY, AJA Purcuposax-
Hoeo sieMenTa Ay M npu arobom Dy u3 (42.3) nmoayuaem

*DW (Aa) *D (@) = *DD (D ) *DD (Apy). (42.7)

Ho npencrasienue *D) HenmpuBoAHMO; CJAeJ0BATEJbHO, COIVIACHO
aemme Illypa,

D (Axu)—-r( w) - I, (42.8)
rie II; —enuHuyHas Mmatpuua nopsaxka f;, a r(A, W) — KOHCTaHTA.
Ilanee, tak kak rpynma A abesesa, To |r(A,u)|= 1. ITosTomy,

€CJH MH JAeACTBHTENbHO HMeeM KakKoe-IH00 HeNpUBOAMMOE Ipef-
cTaBJIeHHe Ipynnel R*, To OHO obJazaeT CBOHCTBOM

*D) (@) XD (@) =7 (A, w) *DY (D, ). (42.9)

DTo UMEHHO TO CBOHCTBO, KOTOPOe HE0OX0 MO, YTOOEl MOKHO OLLIO
paccmatpuBatTh *DU) xak TNPOEKTHBHOe IMpejACTaB/JeHHe TIPYIIIBL
B(k), Tak Kak BCJAEICTBHE ACCOLHATHBHOCTH YMHOXEHHS B IPyINle
P* (k) Beqawunun r(A,p) mpexcTaBasioT cobol HaGop, YIOBIETBO-
psirowwuit ycrosuio (41.18). Pasymeercs;, uTo65l cooTHOwIEeHNe (42.9)
nas P(k) He OblIo TpHUBHAABHEIM, Tpebyercsd, 4TOGHL 7 (A, pn) = 1.
dT1o B cBOW ouepenb TpelyerT, uToOH rpynma P* me mpeacrapisia
cobofi moaynpsmoe npousBeleHHe Fpymnsl A Ha P, HO sBJsJach
pacmupenneM 6GoJjiee 00wiero THNA. IJTO O3HAaUYaeT, 4TO eCJAH Ol
rpynna B* okasanack HOAYIPSIMBIM [pOH3BeleHHeM, TO B (42.5)
IpOH3BeJeHHe ABYX IpelIcTaBHTesNell CMEXHBIX KJIaccOB cHOBA 6BLIO
6bl paBHO NPEeACTaBHTE/I0O CMEKHOrO KJaacca, HO He NOMHOXKeHHOMY
Ha sJjeMeHT rpynnel A. B caywae pacumensseMoro paciinpeHHS
B (425) Bce Apy=E nur(h,uy=1

OcHoBHast TeopeMma lllypa raacut: 8ce NMPOEKTHBHEIE HEIPHBO-
J¥MBle TIpeAcTaBaeHHs rpynnsl P(k) SBIAOTCS HENPUBOAHMBIMH
npefcTaBAeHUAMH Tpymmnl P*(R), orpaHHYeHHBIMH Ha MOATPYINIeE
P(k). BesencTsrne sakoHa acCOIMATHBHOCTH [KOTOPHIE MOXKHO Aa-
Jgee mpuMeHHTh K (42.5), uTo6H OTrpaHHYHTL NOPSALOK 06pa3yIoUHX
s71eMeHTOB A, rpynnmsl A] 4HCIO pas3IHYHBIX HESKBHBAJEHTHBIX
paciiupennii rpynnel A ¢ nomomipio P(k), 3afamuIaX pas3UUYHBEE
NPOEKTHBHEIE NPeACTaBJeHUst rpynnnl P(k), koHeuHo. Pacmupenue -
$* (k) HauMeHblIero NMOpsAKa, Aamoliiee Bce pasnuyHbIe HPOEeKTHB-
HBle IpejcTaBjaeHus rpynnel P(k), HazwHBaercss rPynnof npeacras-
JeHUut UM HakphBawwe# rpynnofi rpynns P(k). Joboe Goabliee
pacuiupenne rpynnbl P(R) Ha gpyrue I10A0CHbIE TPYNHH, Kak
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MOKXHO TOKa3aTh, JAeT NPOeKTHBHBlE MpelCTaBJjieHus rpynnsl R (&),
He fIBAsolecsd pas3avuHeiMu, OnpejgeseHne BCeX HAKPHIBAIOUIHX
rpynn P* (k) anas Bcex KpucTa/norpaduiecKHX rpynn OHJIO 3aBep-
meno Hlypom. JIjis Bcex TAKUX TPYHI HMEOTCS TaOJUIOB AJS CH-
CTeM XapakTeDOB HeNPHBOAUMBIX npeicrasiaenui [38]. [lostomy
MB OyleM CUHTAaTbh 3aJauy OIpeJeNeHUs] BCeX HEIKBHBAJEHTHHIX
HEeNPWBOAUMBIX INpelAcTaBJeHuil rpynmnsl P* (k) pemeHHo#l, Tak Xe
Kak n 3agauyy o0 OrpaHHYeHMH IIPOEKTHBHEIX HpelICTaBJIeHI/II/I
rpynnn $* (k) ua noxarpynme R(k).

§ 43. KanuGpoBouHbie npeoGPa3oOBaHus NPOEKTHBHBIX
npencraBaeHuil [33]

[Tpu BaxoxJAeHHH NPOEKTHBHHIX MNpeAcTaBaeHuit rpynmsl P(k)
no romopdusmaM rpynne $* (k) ONHOBPEMEHHO KOHKPETH3UPYETCH
cucteMa (aKTOpOB MNPOEKTHBHOTO TPEJACTABJNEHHS, a4 HMEHHO CH-
cTeMa, cOOTBeTcTBywuasa (42.7). PgccMOTDUM INPOEKTHBHOE Iipen-
craBjenne rpynnu P(k), *DD, Taxoe, uTo

*DU) (@, ) *DIV) ((Dlu) =7 (A, p) *D ((Dlxu)’ (43.1)

a Takke JAPYroe IpPOeKTHBHOEe IpeincraBiaenne *D(), cBsizanHoe
C NEePBBIM COOTHOIIEHHEM

*5(]) ((Dl,n).z C:D(j) ((I)lh)’ A=1, ..., L, (43.2)

rie C,-— KOHCTaHTa, paBHas mo MOAyaw enuuuue. QUeBHAHO, €CJH
HCIIOBL3YIOTCA MATPHIE ¢ YepTOH, TO BO3HHKAeT APYroe MPOeKTUB-
Hoe mpeicraB/eHue rpynns P(k) c cucreMoit daxtopoB 7 (A, pu):
*D *n =7 *D()
D ((Dlh) DY ((Dlu) r(?», P«) DU ((DIML)’ (43.3)
rae

PO, Wy=r (w2 (43.4)

T'oBOpsAT, YTO NMPOEKTHBHEE NPEACTABJEHHS, JJIS KOTOPHIX BHIMOJ-
Hsietca cootHolienne (43.2), cBsizaHB KaJHOGPOBOYHBIM TpeoGpa-
30BaHHEM, TOTAA CHCTEéMH (DAKTOPOB CBSI3aHH COOTHONIEHHEM
(43.4). Takue NPOEKTHBHHIe mHpeiacTaBaeHuss *DP) uy *DU) pasw-
BalOTCA IPOEKTHBHO-9KBHBAJEHTHHIMH (p-sKBHBajeHTHHIMH). [lpo-
eKTHBHBIE IIpencTaBjeHds rpynns PB(R), He sABasIOmHECS IPOEK-
THBHO-5KBHBAJEHTHBIMY, HA3HIBAIOTCS DPA3iHYHEIMKE DpeacTaBle-
HUSIMH,

B uacrHocTH, KanuépOBquoe npeo6pasoBaHue HEOGXOUMO At
OPOEKTHBHHIX HNpPEACTaBJIeHUH, BO3HAKAIOIUX npn OrpaHHYeHHN
npe/iCcTaBIeH i *DU) pakpwmBatomer rpynnsl $* (R), utobu rapan-
THPOBaTh /[eHCTBHTENbHOE CQOTBETCTBHE HOJI)/‘ICHHbI( NPOEKTHBHEIX
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npejcTaBieHHl JOMYCTHMEIM HpeacTasaenusM D m rpynnn B(k)
M, TakuM 06pas3oM, AONYCTHMEIM IpeAcTaBaeHHiM D* (™  rpynnmr
@(k) DTo 03Hauaer, YTO OJHA N3 BO3HHKAIOIUHX 633134 COCTOHT
B HaXOMXK/JeHHH NOCTOSHHHIX Cj, TAKHX, YTO

D® ™ (L, |7,))= ey D (@) (43.5)

Bonee ompenesnenno, Ham Tpebyercs KaiuGpoBouHOe mpeobpasoBa-
HHe oT Kanu6poBku (42.7) K KaaubpoBke r®(A, p), COOTBETCTBYIO-
meit (41.10): : .

r® (&, p) =

C;‘C

r(h, py=exp—ik- Ry, . (43.6)

Brifop BenuuuH c,, TpebyeMbIX MJjs BoloJaHeHuss (43.6), pasy-
MeeTcsl, HEOJHO3HAUeH, OAHAKO, IJS Hac 3TO HECYIIeCTBeHHO. Dy-
JeM cyuTaTth, uto HaGop {c,}, yaoBaeTBopsitouiui (43.6), Halizew,
TAK 4YTO NOCTPOEHH JOIYCTAMBIE MpefcTaBieHns D®m  rpymnmel
@ (k). Ha npaktuke Jerde Bcero MOJAYYHTb Xapaktepsl x(® (M), TIpo-
H3BOJS HEKOTOphle JOMOJHHTEJNbHble BHUHCAEHHS, MOXKHO IIO-
CTPOUTb TaK¥XKe H IOJHble MATPHIH; HeNABHO Oﬂy6JIHKOBaHbI Tab-
JAULB Takux matpun [38]1).

§ 4. Coorﬂomenue MEXKIYy MeToAOM MaJoil I'pPynmbl
H METOAOM NPOEKTHBHBIX MPEXCTABJICHHUH

UTo6sl 06CYAUTh COOTHOIIEHHE MEXKAY METOAOM MaJjof TPYINH
U MEeTOJOM NPOEKTHBHHIX IpPeJCTaBJeHui, He0OXOAUMO cHAYala CO-
noctaBuTh MaJayio rpynny II(k), sagaHnyio cooTHowenuem (39.9):

I1 (k) = ® (k)/Z (R), 44.1)
¥ HakphiBawollyio rpynny P*(k), mONYyYeHHYIO DACUIMPEHHUEM TOYEY-
HOW TpyNIB

P (k) =G (k)/T. (44.2)

Ilpocrefiminit ¥ Haunbosee NPAMOH NyThb CPaBHeHHs ABYX Ipynn
3aKJMI0YaeTcss B NEPeMHOMKeHHM TpelcTaBHTENeN CMeXHBIX KJiac-
COB, COOTBETCTBYIOUIUX 3JEMEHTAM TOWEUHOH rpynnel P, gexaineit
B OCHOBE IOCTPOeHHS.

PaccMoTpuM cHauvasa rpynmy H(k) BocnonbsyeMc;{ COOTHOIle-
uueM (39.11). das II (k) umeem

{71} - {or; | 71} = {1 Ry, (E)} {0y T (443)
rie . .
' " (44.4)

RLE (B) =, - V1 + v — Ty

1) Tlosupie Ta6/mib HENPHBOAMMEX NpeACTaBJEHHH HpOCTpaHCTBeHHHX rpynn
MOXHO Haﬁm Takxke B pagote [119].— Mpus. pe@
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npeactasisieT coGofi BEKTOP PelieTKH, He BXoaswuil B rpynmy £ (k).
DJieMeHT {B{RLE(IES}, paccMaTpuBaeMBbili Kak alCTPaKTHHIH 3Jle-
MeHT, He KOMMYTHPYET C JADYTHMH Upe/JCTaBHTEJIAMH CMEXHHX
kiaccos rpynnn @(k)/T (k). Tloatomy {e!R,_e(E)} He BXOMIHT
B HeHTp rpynns 1l (k).

OnHako Aag . AONYCTHMOro HerIpPIBOILI/IMOI‘O IpeCcTaBIeHUs
D®W ™ y3 (39.15) nMeem

D® ™ ({e| Ry ()})=exp — ik - Ry () II,,. (44.5)

DJeMeHTH {e|RLe (k)} ABJSIOTCA NPEICTABUTENSIMH CMEXHHX KJac-

coB B rpynne £/ (k), koropas nmpeacrasiser coboit abeneBy rpymny
nopsiaka !, TOPOXK/JIEHHYI0O OAHHM OOpasyoIIHM 3JeMEHTOM [O-

panka ¢. ITostomy BenuunHa exp—ik:R;, %) paBma kKopHiO cre-
TNeHH { U3 eJHHHIBL
Xors {e| Ry, (k)} He KOMMyTHpPyeT ¢ /ADYTHMH SJeMeHTaMH

rpynnel II(k) (3a HCKIIOUeHHeM YHCTHIX TPaHC/IANuf), copaBei-
JHBO COOTHOUIEHHE

1R B o, 1) = [0 7197, R ) 049

CootHomenne (44.6) BumoJHsieTcss A7 aGCTPaKTHHIX 3JeMEHTOB.
st ponmycTHMOro HeNpHUBOAMMOrO NpeiacTaBiaeHnst D M) noikHO
BHITIOJIHAITBCS PABEHCTBO

Dw e (felap - Ry, (B))=(exp—ik- (‘p R, (BT, :
= (exp—i (fpzaﬁ k) Ry, (8) L. (44.7)

Ho us onpenenaenus rpynnsl & (k) umeem

®1 - B=F -+ 20By, , (44.8)
IIO3TOMY ‘
D m) (8 | (pl—atﬁ . RLs (k)}) =exp — ik - RLe (k) = D (m) ( {8 [ RL8 (k()4}2.9)

Hanee, ucnoanaysa (44.3), (44.6), (44.9), nna npencrasaedus D& m)
noJyuaem

D (m) ({1, I K D m) ({‘plﬁ | tlﬁ}) =
= DW @ ({e] Ry, (B)}) - D™ ({1 Ty)) = -
= DO ({01 | o) - DO (0| Re, B (44.10)

Cnenoarensio, B TpeAcTaBienun - DB yarpuuet DA ({e]
.R,_q(k)}) npunamem‘a'r uem‘py ManH‘IHOH TPYNIE, NOSTOMY,

.
-~
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cornacio nemme [lypa, nockonbky D®# () oGpasyer HenpusoauMmoe
npexcrabiaense rpynnsl I1(R), 3T MaTpUubl SBASIOTCS CKaJSIPHBIMH
IIOCTOSTHHBIMH BEJMYHHAMH, IOMHOKEHHBIMH Ha eJIHHHYHbIe MATPHIIHL.
3t nocrosiHHble NpHBejeHn B (44.5).

Takum 06pa3oMm, MBI BHAHMM, YTO MaTPHIL AONYCTHMHIX HENpPH-
BOJAHMBIX NpencTaBaeHufi D™ (m) manofr rpynne o6pasyioT Ipoek-
THBHOe IpelcTaBjeHHe abcTpakTHOH rpynnel P uan P(R), cucrema
(haKTOPOB KOTOPOrQ HMeEeT BHJ

r® (a, B)=exp— ik - R;_(R). (44.11)

CpaBHum Tenepb paBeHcTBa (44.3) u (41.2). SlcHo, uto Ry, (k) B
(44.3) pasHO RLGB B (41.2). B ob6omx cayuasax TpPaHCJASIHH

OJNMHAKOBH, €ClAX He YUYHTHIBATH pasiuuus B o6GosHauenusx. [Jo-
3ToMy cucrema ¢(aktopos (44.11) n@eACTBHTENBHO COOTBETCTBYET

cHcTeMe
~ r® (a, B)=exp—ik- Ry, . (44.12)

CpaBuuBasa (44.12) c¢ (43.6), BHAUM, UTO 3TO COOTHOLIEHHe geil-
CTBHTEJILHO ONlpejleNsieT KAHOHHYECKYI0 KaJHOPOBKY, Tpe6yeMyIo Aas
MIPOEKTHBHHIX TnpeAcTaBdeHull rpynnes P. [losTomy nonmycTuMBle He-
NpUBOAKMEIE TpecTaBienus D® ) rpynner I (k) SBJISIOTCS NMPOEK-
THBHBIMU NPEJICTABMEHUIMH TPYOIH R, HMeloMUME TpeGyeMyIo KaHo-
HHYECKYI0 KannOpOBKY, COOTBETCTBYIOUIYIO BOJIHOBOMY BEKTOpY K.

B Takom cayuae rpynny II (k)= @(k)/T (k) MOxHO paccMartpu-
BaTb KakK paciuupeHue abGenesofi rpymns /T (k) ¢ moMompo
rpynnst [(k). Dnementn T/T (k) He BXOIAT B LEHTP paclIdPeHHOR
afcTpaKTHOH rpynnel, XOTs B MaTPHYHOM NpeJcTaBieHHn D® (M co-
OTBETCTBYIOIHE MM MAaTDHIH BXOAST B LEHTP MATPHUHOW IPYMIHL.
IeficTBHTeNbHO, eciin paccMaTpuBath 11 (R) kak pacmupenue £/ (k)
¢ nomoieo B(k), TO Jerko MOHATh, YTO COBOKYIHOCTH 3JEMEHTOB

{elR, (B)), a=1,..., 1 (44.13)

ABNSETCA NUKANYECKOH HOPMasabHON NOArPYNNOH mopsaka ! rpynms
I (k). ITostoMy HempHBOAMMBle NpeicTaBleHHs rpynns I/ (k)
IpefcTaBJAsAOT Cco60H KOpPHH cTemeHu ¢ u3 eauHunnl. Coenosa-
TeJbHO, ecaH obpasynouuM sjeMenToM rpynnou /T (k) sasasercs

3JleMeHT
{e|R. (B), (44.14)

TO BCe HENPHBOAMMBlE npeicTaBienus rpynus /T (k) uMeroT BuA
D({EIRL (E)})=exp-——2nip/t, p=0,..., [ —1. (44.15)

,HJIH JaHHOTro k KaK [OpaBuJ/lo, #MeeTcqa TOJBKO OJHO 3HaquHe p,
COBMECTHMOE C COOTHOUIEHUEM

exp — zk R,_ (k) == exp — 2mp/t (44.16)
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- CJaenys B TOYHOCTH MeToLY, u3JgoxkeHHOMY B § 36, 37, MoxkHO HC-
[0Jb30BaTh BCe HENPHBOAUMbIE IIpejCTABACHHSA (4415) IPYIIIBL
/T (k) LA IOCTPOEHHS MHAYUHMPOBAHHBLIX HENPHBOLUMEHIX mpel-
craBieHufi rpynnsl II(k). OueBumxo, nomyctuMoe IpeACTaBJIeHHE
D® (m rpynnwt I1(k) HHAYLHPOBAHO ¢ MOMOIIbl) TOr0 HpeAcTaBJe-
HUs rpynnsl /3 (R), KoTOpOMY COOTBETCTBYeT NpaBHJbHOE 3HAUe-
HHe p, onipefensemoe H3 (44.15). B taxom cayuae sicio Takxe, I10-
yeMy 3allpellleHHOe INpejcTaB/enue D® W™ coorpercTByeT HaGoOpy
BOJHOBBIX BeKTOpOB (40.7). D10 mpexcraBienne D¥ W yupymupo-
BAHO C IIOMOIIbIO HMHEIX TPEeACTaBJeHHH, YeM Te, MM KOTOPHIX p
onpeaenasercsl cootHolleHueM (44.15). DTo HOKa3aTeJbCTBO AOIOJM-
BSIET NPSAMOE AOKa3aTelbCTBO, IpuBefenHoe B § 40.

Hanomuum, uto, corsacHo teopun Ilypa, pacumnpenue naumero-
weeo mopanka P*(k) abenepolt rpynnel A ¢ NOMOLIbIO TPymmel R
ABJISIeTCA HAaKpHIBaWIel Tpynnoi, ecayu NnoJHBHA HaOOp HempHUBOIH-
MBbIX, HE ACCOUHHDPOBAHHEIX H He p-2KBHBAJEHTHLIX MNPOEKTHBHBIX
[peACTABAEHHH TIPyNnsl P MOXKHO NOJYUYATL NyTeM OTpaHHYEHHS
BCeX BEKTOPHBIX NpeicraBienuii *D rpynnw $* (k). [lo atoit Tep-
muHostornu rpynna Il (k) npeacrasasier coGofi «IOCTATOYHO PaACUIH-
peHHYIO Tpynny». Ee HeNpHBOAKMbIE BEKTODHBIE IIPelCTaBJEHUS
IIPH OTPaHHWYEHHH BKJUAIOT B cebsl BCe HENPHUBOAUMBIE IPOEKTHB-
Hble npeAcTaB/eHus rpynnsl P(k), olHAKO 3TH NpeACTaBJeHUS BXO-
4aT 0oJlee OJHOTO pasa, C PasjJUYHBIMH, HO aCCOLHHPOBAHHEBIMH
cucreMaMu $akTopoB. DTO H TOHATHO, TaK KaK TepeXoi OT KaHo-
HUYeCKOr0 BOJIHOBOIO BeKTOpa K TpPeACTaBJIeHHT K KaKOMY-JHGO
APYroMY BEKTODPY, BXOAsflleMy B HaG0op BEKTOPOB, HOJYUEHHHIX H3
BeKTOpa k, COOTBETCTBYeT MPOCTO KaJnGPOBOYHOMY mHpeoGpasoBa-

HHIO C CHCTeMOH (akTopoB Buzaa exp—i(p—p')k- Ry, (k), paBubIX
O MOLYJIO eLHHHUIE.

Pestomupyem: rpynna $*(k) sBasercs HaxpbpBaoUWeHd CPyINoH,
HENPUBOJHMble BEeKTODHBIE NpeacTaBjgedns *D KOTOPOH AaloT MHpH
OTPAHUYEHHHN BCe HENPHBOJIUMBIE HE p-3KBHBAJEHTHEIE NPOEKTHBHBIC
npencraBiaeHus Tpynne P. DTH orpaHUUEeHHbIE INPeACTaABJISHHS,
4TOOBl HOJYYHTb M3 HUX JONYCTHMBlE HENPHUBOJAMMBIE IpPeJCTaBJe-
Hus D® (M) B ofmwem ciaydae TPeGyIOT KaJauGPOBOUHOrO Ipeobpa-
3oBauusi. JlonmycTHMHe HEUPHUBOAMMEIE IpejacTaBieHus D® (m)
rpymusl 11 (k) sBASIIOTCS OAHOBPEMEHHO NPOEKTUBHLIMH NpeACTaBJIe-
HUSIMH T'pPynisl P ¢ NpaBUIbHOH cHCTeMOH (PakKTOpPOB.

[peumymecTBO HCHOMb30BaHUA MaJjoii rpymnsl 1I(k) cocrout
B TOM, YTO AJs mosyueHusi D ¢m) .ge TpeGyercs HONONHHUTENLHOTO
KaauOpoBOUHOrD 1npeobpa30BaHUs H, KpPOMe TOro, 3alpellleHHbe
npeacraBiaenusi D® M) Taxxe MOryT OKasaTbcsi mnoaesHsiMH, He-
JOCTATKOM fiBJAseTcd To, 4To rpymma II(k) npexcrasaseT coGofi
6oJbLIyI0 TPYNIY, CHCTEMY XapaKTepoB KOTOPOil OOBIYHO HPUXO-
IUTCST CTPOMTh /ISl KaXAOro C/ydas CHOBa, H 3TO 4acTo Tpebyer
YTOMHTENbHBIX BHIYHCJICHHH.
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JlocTouHCTBO MeToJa NPOGKTHUBHLIX NMpPeACTaBAeHHH NPH HCIOJb-
3oBaHun rpynnel P* (k) 3akaovaerca B TOM, YTO BCe OCHOBHEHIE
IPOEKTHBHBIE MPeJCTaBJeHHsS, KOTOpPble KOrAa-IH60 MOTYT NOTpe-
6oBaTbCst, MOXKHO OIpeaeJHTh A7 Bcex rpynn P pas u Hasceraa.
HeficTBUTeNBHO, NOCTE TOTO KakK OHH NPOTalyJHPOBAHH, NONOJIHH-
TeJIbHble BHIYHC/AeHHA He Tpebyiorcd. Onnako 4 NONYUYEHHS HYX-
HOH cHCTeMBl (akTopoB r'® (A, u) u3 cuCTEMB ()aKTOPOB, BO3HHU-
Kaowxx U3 rpynne P* (k), Heo6X0AUMO IPOU3BECTH KaTHOPOBOUHOE
npeo6pasoBaHue; B 3TOM HeJOCTaTOK MeTo/a.

C TeopeTHYeCKOH TOYKH 3DeHHS METOA NPOEKTHBHHIX NPeACTaB- -
JeHull Kaxkercs OoJsiee HPENNOYTHTEILHBIM KAK IO NPHUYHHE €ro
KPaTKOCTH, TaK M BCJAEJICTBHe ero oOUIHOCTH. 3ajaua HaXOXKAeHHS
OPaBHJbHLIX CcHCTeM (AKTOPOB H BHINIOJHEHHS COOTBETCTBYIOIIHX
3THM CHCTeMaM KaJH6GPOBOYHEIX NpeoGpa30BaHUN INpeACTaBAsIETCS
HEBLICOKOH MJIaTOR 3a TaKyilo CTeNeHb OOCUIHOCTH; HpUMeHeHHe
K CTPYKType ajMasa cM. B T. 2, § 8 u B npuioxernun I.

§ 45. Moanoe npexcrasaenne D2 (m)
Ias CHMMOp(HLIX Tpynn: npamep

CuvMopbHasd NpoCTpPaHCTReHHAs TIpynna NOpeaCTaBasgeT coGol
pacllenyseMoe paclilupeHde Ipynnsl & ¢ NOMOILIBIO rpynmel P, uiH,
nHaye, NOYyNpsAMOe NPOH3BeAeHHe Irpymny € Ha rpynny .

B »3ToM ciaygae Ha6op npexcTaBHTeNell CMeXHBIX KJaccoB
B pasioxenue & Ha cMexHBle KJacChl 1O NoArpymnne £ spjasiercs
3aMKHYTHM 6€3 KaKoro-Ju00 HCKYCCTBEHHOI'O HJIH - IPOH3BOJBHOIG
NpeANOJOXKeHHd © TpaBHJde yMHOXKeHusi, IloaToMy ToueuHas
rpynna R, coxepxamasica B @, ABaseTca HacTosllell NOATPYINOM.
Pasnoxenne @ Ha cMmexHble no € Kaacchl N0 HpenCTaBHTENIM
CMeXHBIX KaaccoB -{@|0}, mpexcrasisiiomiux coGoll YHCTHe NOBO-
POTHL U3 rpynnsl P, uMeer BHJ,

OT=T+{sl0}T+ ... +{0,,]0}T. (45.1)

a. 3Besna ofuero Tuna. B cayuae 3e3gn o6uiero THNa B Ha-
Gop (38.1) BXOHAT g, Pa3/IHUHBIX BOJHOBBIX BEKTOPOB, H HENPHBO-
* o
JMMOe BeKTOPHOe NpOocTpaHCTBO 3 k) (m) COCTOMT H3 &gp NNHeHHOo-
He3aBHCHMEIX GJOXOBCKHX (DYHKIHMH:

{p@, p®), .., pFp)} = 5(*8) m), (45.2)

Korma kaxjoe BekTopHOe mpocTpaHCTBO (6J0XOBCKast GYHKius)
OJIHOMEpPHO, OJHOMEpHOe HeNPHBOAHMOe IpeACTABJEHHE TPYIIIbL
@ (k) npocto coBnajaeT ¢ HENPHBOAHUMEIM NPEJCTaBJeHHEM TPYHIH!
€, T.. €. AN KaHOHHIeCKOro BeKTopa Rk uMmeeM

D™ ({e| Ry}) = exp — ik - Ry, . (45.3)
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Jloatomy pasnome}me G(k)/T Ha cMexHble KJAacCH COBIAajaer
¢ pasnoxeHuem @/, T. e. pasencrBa (36.1) u (45.1) TOXKZE-
cTBeHHBL. Temeps MOXKHO BHIMCATh, HCNOAL3ys (36.14), Tounoe BHI-
pakKeHue [JA MOJHBIX MaTPHIL D(*#) (m),

Hns sjeMenToB rpynnu £ uMeeM

exp — k'R 0 e 0 }
0 exp— ik, R,
DB im (e| R,}) = .
|l 0 0 ... exp—-lkgp-RLJ
(45.4)

Ias snementoB {@,|0}, SABAAOUMXCA NPEACTABHTENAMH CMEXK-
HEIX KJaccoB, u3 (36.14) mosydyaem GJIOUHBEIE MaTpHIILI

__{ I npn @' g, ¢ =e¢,

DR (g, 0})or = (45.5)

0 B OCTaJbHHX CJayuasnx,

. OfmuH BHUL TNOJHOH MaTpUUBL COBIANAeT C BHAOM ManHum
TiepPeCTaHOBOK:

0 . 0
R

D*e)(m) — ) 0 . (45.6)
0

Jast mpousBosibHOTO 3JjeMeHTa {@,|R;} mpoctoe nepeMHOXEHHe
matpun, u3 (45.4) u (45.6) naer -

DR ({q, | Re) =DM ({e| Rp}) DO#) ™ ({g, | 0} ) =
(0 co.exp—ik-Ry ... 0O

= |exp—ik,-R, ... 0 ...  exp— ik, -R;|. (45.7)
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6. 3Besna cneuuajbHoro THna. JInsi cuMMOpP(HOH HNPOCTPAHCT-
BEHHOH TPYNIH -3Be3fa CIelHaNbHOTO THNA HMeeT TaKOo#i KaHOHH-
YyeCcKMH BOJIHOBOR BekTOp R, uro rpynna &(k) cama sBasieTcs He-
TPHBHAJBHON CHMMOP®hHOH NPOCTPAHCTBEHHOH IpYyNIOH:

®®) =T+ {0, |} T+ ... +{0,|0} T (45.8)

Tlockoabky Toueunast rpynna P(k) = G(k)/T(k) saBasieTcs mox-
rpynmo rpynns @ (B), npoekTHBHEIE. IPEACTABIEHHS HPEACTABISIOT
coGoii BekTopHble mNpencraBienus. CiaenosatenbHo, R* (k) ~ P(k),
T. €. HakpblBaollas rpynmna uaomopdHa oOBIYHOH KpHCTAJIOTpa-
¢uueckoll TOUeuHOH TrpyIilme. :

DTO BaxKHOe YTBEPXKIEHHE CJAEAYET M3 TOro, 4TO NPOU3BEJEHUE
JIBYX TpeJiCTaBHTeNeH CMeXHBIX KiaaccoB u3 (45.8) sBasieTcst cHOBa
IpeJCTaBUTeNIeM CMEXKHOr0 KJjaacca, TakK 4TO cucteMa (akTopos
r® (A, wy=1. I[losToMy HeUPHBOAHMEE NPEJCTABJEHHS TCPYIILl
B (k) coBnazawT ¢ OOBUHBIMHA XOPOILIO H3BECTHBIMH HEIIPHBOINMBIMH
OpeACTaBACHUSAMH TOUeUHHIX rpymnn. Tak; Hanpumep, Las rpynmnsl Oy
unn O HeNpUBOJAMMEBIE TPEICTABJACHHS MOTYT MMeThb PasMepHOCTDb
ln =1, 2, 3. PasyMeeTcs, u B 3T0OM cJaydae paBeucrBo (36.14) naer
pellleHHe 3aJaYu BO BCell ero IOJHOTe.

PaccMoTpuM Temephb caydall, Koraa 3Be3fa *k COOEPKHT S pas-
JIMYHBIX BOJHOBLIX BEKTODOB, a TMOPSLOK IPynnsl R, KaK H paHblie,
paBeH [;. IlpencraBuTesell cMeXHBIX K/aaccoB OyaeM 0003HAYaTh
B COOTBETCTBHHU ¢ o0o3HayeHusmu B (36.1) u (36.2). [fanee, uToBn
u30exKaTh TPOMO3IKHX BHIDAXKEHHH, PACCMOTPHM 4YaCTHHIA cJyuai,
KOTrza

{910} Bxonutr B ® (k), (45.9a)
‘ {97'9,9,]0} Bxomur B ©(k), (45.96)
{o7'9,9.| ®} Bxomur B (k). (45.98)

" TIpn 3THX YCJAOBHSX HENPHBOAHMMAs MaTpHla HMeeT BHI
DB ™ ({q ] 0}) =

D® ) ({p,] 0} O e
0 0... D®®({¢r'q9,|0}) ...
0
_ E o (45.10)
| - DB® ((p79,9,]0}) ... ’

Kak ¥ paHbule B ciaydyae 3B&3Abl OOILEro.THIA, MaTPUIa, NMpea-
CTaBJIAIOWAs NPOU3BOJbHBIA a/eMeHT {@p|R.}, monyuaercsa ymHo-
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JKeHHeM [uaroHaJIbHOW MAaTPHUB, COOTBETCTBYIOUlEH TpaHCJSAIHH,
Ha (45.10).

TaxuM MeTonOM MOXKHO MOJNYYHTH BCE HENPHBOAMMBIE NPEACTaB-
JieHHs1 CHMMOPGhHON TpynIsl AJsd 3aAaHHOH 3Be3Jn H BHIOpPaHHOTO
KaHOHHYECKOrO BOJHOBOr0 BeKTOpa 3Tofi 3Be3anl. COOTBETCTBEHHO
OTpeesIIIOTCS HeMPUBOAHMbEE BEKTOPHBIE NPOCTPAHCTBA:

S8 (m) nas npencrasienus D® 0w gy SRV ggg Hpe}ICTaBJIeHHH
pFE) m),

Ecau npencrasienue D® (™) ge onxHOMEPHO M [m == 2 uaum 3,
BeKTOpHOE MpOCTPAHCTBO XM takxe MHoroMepHo. IlosesHo,
OBITh MOXKET, O6pPaTUTbCA CHOBA K [ePBOHAUAJbHOMY OOCYKAEHHIO
B § 32 n 33, uTo6Bl BOCCTAHOBHTH B NaMATH BHIBOJ 3TOr0 YTBEPK-
JIeHus,

b4
§ 46. Moanoe npencrasaenne DI k) (m)
1Ji9 HeCUMMOpdHBIX rpynn
B caydae 3Be3npl 00UIero THIIA HENPUBOAMMbIE HpPeNCTABJCHHUS

D)) i HecMMMOPQHBLIX TPWIN HMEIOT TOYHO TAKOH JKe BHJ
(45.3), (45.4), xak W AAAg CHMMOP(HHIX TPYIIN, 34 HCKAUEHHEM
TOro, YTO Teneph MPEJCTABHTENIAMH CMEXHLIX KJIACCOB SIBJSIOTCS
9JieMeHTH {@q|T,}, IPHUEM TIO KpaiiHell Mepe A/ HEKOTOPBIX 3HA-
yeHn#l o 14 7= 0

B cayuae 3Be3ibl CHENMAJIbHOrO THIIA IPOLIE BCETO NPHMEHHTh
METOJ NPOEKTUBHHIX NpejcTaBienufi. DyfeM cuuTaTh, 4TO, BHINOJ-
HUB KaJuGpoBOuHOe Npeobpas’OBaHHe, MBI MOJNYUYHM JONYCTHMBIE
npexactaBienust DW® (M yp3 npeacrasienuit *D rpynns $* (k). B Ta-

k y
KOM c/yuae Mel onpeieanm MaTpumy D " ({‘m\ﬁ&) AT Kax-
NOTo NpefcTaBuTend {(P’xltlx} CMeXHBIX KuaccoB rpyunsl & (k)
H CHOBA, YTOOBI MOJYYHTh HOJHYI0 MaTPHIY HENPHBOAHMOIO MHpen-

*
craBaenns D) m rpynne ®, caexyeT HCIOAB30BaTh OCHOBHYIO
dbopmyay (36.14). Paccmotrpum uacTHBI cayuali, korga

{(p[,rl} Bxonut B ©® (k), (46.1a)
(0% {7} o, ) BromuT B OB, 6.16)
{o.] rr}“‘ “{@,|7} - {9.|7.} BxomuT B O (K). (46.18)
daementn (46.16) u (46.18) MoOKHO mepenucaTh B BHIE
{(p,2|r2}_ {‘lefz} {q) |7e} = {8 IR, } {fP, N (poltﬂc} (46.2)

rae RL_ —— BEKTOp peilleTKH, H

ol TT}— o] tl} {e 7} ={l Ret- {071 @ @[ Top} (46.3)
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B (46.2) u (46.3) B npaBy10 YacTb BXOASAT 3JIEMEHTH, sIBJSIONIHECH
NPEeICTaBHTEISAMH CMeXHBIX KjaccoB rpynnsl &(R), moMHOXeH-
'HHIMH Ha YHCTHle TpaHcJAnHH. [losTOMY A/ AONYCTHMBIX Ipef-
cTaBJeHHH D® (M) yyeem

DO ™ ({g, |1} ‘(o] 7} - o, ] 7)) =
=exp—ik- Rey, D®™ (ol @, q,]13,}). (46.4)

AdasoruuHoe BHIpaxeHHe TOJyuYaercd IJAs MAaTPHIH, COOTBET-
cTBylowelt sjgemeHty (46.3). CiaenoBaTesbHO, CTPYKTypa IMOJHON
matpuusl D(*#) ) ({¢, |t,}) momo6ua cTpykType Matpmum (45.10),
3a TeM HCKJIIOUEHHEM, 4TO BCE NPEACTABHTENH CMEXHBIX KJIaCCOB
BKJIIOYAIOT B ce0s1 COOTBETCTBYIOUHE HETPUBHAJbHBIE TPaHC/ALNH
u, uTo GoJlee BaXKHO, TakHe 3JeMeHTH, Kak (46.16) u (46.18), Mo-
IYT COMEP*KAaTh OTJIMYHBIE OT HYJs TPaAHC/SILHU, TPHBOAALLKE K TIO-
SBJIEHHI) HETPHBHAJBHBIX (DA3OBHIX MHOXKHTENeH, KaK 3TO BHIAHO
B (46.4). Cnenyer NONUEPKHYTb, YTO MATPHILI NPOEKTHABHBLIX Ipe-
CTaBJEHHH TNPHMEHHUMBI TOJBKO K TeM MPEACTABHUTENAM CMEXKHBIX
KJAacCcOB, KOTOpble H30MOPGHBI aOCTPAKTHHIM 3J€MeHTaM IPYHNH .
Takum o6pa3oMm, B 3THX MaTpHUaX 006s53aTeJbHO BO3SHHKHYT 06yc-
JIOBJIeHHBIE BXOASIHME B (46.2) n (46.3) TpaHcasauuaMu ¢asoBbie
MHOXHTENH, KOTOpBIe HEOOXOAUMO YUHTHIBATS.

C npyroft CTOPOHH, eciau IJsi noayderust D®) (M ycmonwayercs
MEeTOJ MaJiofi TPYIIBl, TO MaTpuiel D® (M onpenelsoTcs He TOJBKO

NIl TpeJAcTaBUTeNell CMeXHBIX KJAaccoB {(plx m}, HO TaK¥Ke H

ISl 3JEMEHTOB BHIA {‘P,thA+RLa (k)}, o0pasyomux rpymnmy
G (k)/T(k). D10 OOCTOATEIBCTBO B INPHUHIHIE He NPHBOAHUT K 3a-
tpyaHenusiM. OAHAKO NPH NOCTPOEHHH MATPHI, HeOGXOIUMO YAOCTO-
BEPHTbCH, 4YTO BKJIOUEHH BCe HEOOXOAHMBIC MHOXKHTENH; 3TO,
B YaCTHOCTH, O3HayaeT NPOBePKy BceX NpoussefeHufi Buna (46.16)
u (46.1B).

§ 47. NMoanniik HaGop npexcrasaennii D) (m)
IAd MPOCTPAHCTBEHHONH rpynmnbl

VMesi B cBOEM paclOpsi:KeHHH De3yJbTaThl IPebIAYIHX Tapa-
rpadoB, Mbl MOXEM TeNepb YKasaThb CNOCOO, KOTOPHIM MOXHO MO-
JIy4UTh BCe HENPHBOAHMEIE NpeJCTaBIeHHS D)t rpynnm ©.

HeoGx0AMMO IOCTPOHTH TepByI0 30HY DpuiTiosHa corsacuHo
peuenty, coxepxauemycsi B § 23. IlepBasi 3oHa Bpuamosna sB-
JISIeTCsl TeOMeTPHUECKHM MEeCTOM BCEX BOJHOBBIX BEKTOPOB K, ompe-
AeNAIWKX TOJHBIA Hab0p HeIKBHBaJEHTHHIX HENPUBOAMMBLIX Tpej-
cTaBJeHHHi rpynnsl Tpancasuufi €. Jlaf KaXAOTO BOJHOBOIG BeK-
Topa k B mepBof 3one BpuiitosHa onpelesuM 3Besny *k, neficTBYS
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Ha BEKTOD K KaXAblM H3 gp PA3/JHYHLIX NMOBOPOTOB ¢, rpymma P. -
-3 HaGopa BeKTOPOB

¢, k=k, n=1,..., g, (47.1)
TOJIBKO § < g, fABJAIOTCH HESKBUBAJEHTHHIMH, T. . TAKHMH, UTO
ky=qy - k#%=k-+ 2aBy. (47.2)

HaGop HedKBHUBAJEHTHHIX BeKTOpOB R oGpasyer 3Besny *k:
Tk=1{k, ky, ..., Rk} (47.3)

Taxum cnoco6om N BOJHOBBIX BEKTOPOB 30HBI OKa3LIBAIOTCH CTpyIl-
NHPOBAHHBIMH B Pa3JHYHBle HeCBA3aHHBIE 3Be3fbl. Kaxpas 3Besna
XapaKTepH3yeTcsl 3ajlaHHeM ee KaHOHuueckoro BekTopa k. Ilocae
TOrO KaK JJf JaHHOM 3Be3[kl YKa3aH KAHOHWYeCKHH BeKTOp K, oH
cuuTaeTcd (PUKCUPOBAHHBIM.

Paccmorpum 3Be3my *k. sl KaHOHHYECKOro BeKTopa k 3Be3LH
onpeneasiercsas rpynmna @(k). 3atem merofoM HPOECKTHBHHIX Ipel-
CTABJIEHH HJM METOAOM MaJofi TpYHHBEl HaXOAUTCA NOJHBIA Habop
JIOTMYCTHMBIX HEIKBHBaJEHTHHIX HeNPUBOAMMBIX HpeAcCTaBJeHHH
D®(m rpynnn @. V3 KamA0ro OTAeJbHOTC NPEACTABJAEHHST METO-
JOM HHIYIHPOBAaHMS, BBEIpa)kaeMbIM paBeHcTBOM (36.14), moay-
yaeTcsi OTAeNbHOE HeNpHBOAMMOe npeicrasiedne D(*#) M mommoir
NpOCTPaHCTBeHHOH rpynnsl @. ‘

COBOKYIHOCTb BCEX NpeACTaBJAEHHH

D™®)m nng Bcex momycTHMEIX m M nas Beex kB (47.4)

npescTaBafeT co60H MOMHLIA HAGOD HESKBHBAJIGHTHHIX HENPHUBORH-
MBIX NpeJACTaBJeHHH NMPOCTPAaHCTBeHHOH rpynns .

§ 48. dokasareabcTsO MOJHOTHI HaGopa mpeicTaBacHHH D(*”) (m)

tUroGsl NPOJEMOHCTPHPOBATL MONHOTY Habopa NpeACTaBJeHHH
D& em  (47.4), ME HCHOJb3yeM COOTHOUIHHe /s XapakKTepoB
(15.7), nepemnucaHHOe HPUMEHHTEJbHO K IPOCTPAHCTBEHHHIM IpYII-
nam. Corsacko (37.3), XapakTep NPOH3BOJBLHOIO 3JE€MEHTa paBeH

x(*k) (m) ({(Pp | 1"p}) :021 ').((k) (m) ({(Po l 170}—1 * {q)p [ Tp} ‘ {(Pd I TU})’ (48- 1)

rle HHAEKC O 7= 1 OTHOCHTCS K NPEACTABHUTENSIM CMEXHHX KJacCOB
rpynnst @ [Ho He rpynnos @(k)], a 6 =1 COOTBETCTBYET TOXAe-
CTBEHHOMY 32JIEMEHTY.

Hame jnokasaTelbcTBO TMOJNHOTH SIBJASETCH mofudHKaLHeH NO-
LOGHOTO ,ZIOKasaTEJIbCTBa AaHHOTO BHepBbie Hépuurom u Llenepom
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[39]. Tpebyerca nokasaThb, 4TO

SRR (e l0p = g (48.2)

rie gp— nopsimok rpymnel /T (1. e. uncsio PA3JIHMYHBIX TOBOPOT-
HBIX JeMeHTOB B &), N — uncjo Tpancasuuii B rpynne £, cyMMH-
poBaHHe B JIeBOH YacTH BBHINOJHSETCS [0 BCeM 3Be3laM *k B 30He
M 1O BCEM JOMYCTHMBIM HENPHBOJUMBIM IPEACTaBJAECHHSAM TPYHIIbl
@ (k). OrpannueHue CyMMHDOBAHHS <«AONYCTUMBIMH» m B (48.2)
fIBJIfeTCd HEYAOOHBIM, HO MOXeT OuTh cHATO. Hanpumep, ecnu auasa
NOJYyYeHHs] HONYCTHMBIX HENPHBOAUMBIX INPeACTABJIEHHHA TCPYyNIH
@ (k) uncnoap3oBaTh METON MaJOH TPYNIH, TO CIeAyeT paccMaTpH-
BaTh rpynny &(k)/T(k), rae T (k) Bkaiouaer B cebs Bce 3/eMeHTH
CHMMETpHY H3 rpynnel $, MaTpPHIIl KOTOPHIX B AaHHOM INpejcTaB-
JeHHH COBNAJAlOT C MAaTpHUeH TOXAeCTBeHHOro aJjementa. Kaxk
Obl10 mokasano B § 39 u 40, G(k)/T (k) sBasercs rpynmnoil mno-
panka (f:l). CrnepoBaTe/ibHO, €CJIH PAcCMaTpuBaTh BCe HENPUBO-
JUMBle Tpeactasienuss DY ) rpynner @ (k)/E(kR), TO coorBer-
CTBYIOLLHE HM XapaKTepH YIOBJETBOPSIOT COOTHOIIEHUAM

2 1@ (e 10 P= X 11y P =Lt (48.3)

BCE M

tae [n— Pa3MepHOCTb JONYCTHMOI'O HeNpPHBOAMMOIO MpeAcTaBJe-
uusti. Kak nokasano B § 38, 39 n 44, cpenu ¢ neawx uncea 0, 1, ...

., (t—1) Toapko onHO t' =1 COOTBETCTBYeT AONYCTHMOMY He-
[IPHBOAMMOMY HpeAcTaBienuto, Toraa

2. @@ ey P= X |luP=I. (48.4)

AONyCTHMble M BOIYCTHMEIE 1

Taxo#t e TOYHO pe3yabTaT MOJYUaeTcss H METOJOM HNPOEKTHBHHIX
npeacTaBideHufl. B mociaeqHeM caydae ero MOXKHO TPaKTOBAaTh Kak
COOTHOILIEHHe MOJHOTH JJIS IPOGKTHBHHIX IpeACTaBJeHUH TpymHH
P (k) COOTBETCTBYIOUINX CIELHAJbHONH JONYCTHMOH cHCTeMe (ak-
TopoB (43.6), moNyueHHON KaHOHHYECKUM OpeobpazoBaHueM B § 43.
HanomunM, uro rpynma P(k) comepxuaT [ CMEXHBIX KJAacCoB,
a rpynna $* (k) coctouT u3 [, 37€MEHTOB.
JLJst 1pou3BO/IbHON 3Be3bl, HMelollell s ayuedt,

xR ™ (2|0} =5+ I, (48.5)
TaK 4To . .
[ (*#) m) ({e | O}) P = 222, (48.6)

Ho tak kak 3Besna COLCPXKHUT § BCKTOPOB, TO MOXKHO CUHTaTb, UTO

Ka:KAblH BeKTOp AaeT BKJAajA B cymMmy (48.2), paBHbi (s - [%). 3a-
MEeHHM CYMMHpoOBaHHe N0 3Be3zaM B (48.2) cymMMoll mo BceM BeK-
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m—

TOpPaM B 30He CJEeRYIOILHM o6pasom:

LLCOm Y= 3 Xs- =25t (487)
p m m

*r
'O;LHaKo l, commagaer ¢ mnopsaxkoM rpynnsl P(k), a mpoussese-
pue s+, paBHO
S'lk=gp’ . (48.8)

rjie gp,— NOPSLOK NMOJHOH TOUEeYHOH rpynnnsl Kpucraina R. Mcnosb-
3ya (48.8), MOxHO BrIHeCcTH BhIpaxkeHue B (48.7) wus-mox 3Haka
cymmer. Torna c yueToM paBeHCTBa

L=V, (48.9)

rae N —uncjo pasiuvyHbIX HEeIKBHBAJIEHTHHIX BOJHOBHIX BEKTOPOB
B nepBofl 3oHe DpuiiosHa, paBHOe UHC/Y TPaHc/sui B rpymme $,
noJayyaeM JOKa3aTelbCcTRO cooTHowleHuss (48.2). CienoBarTedbHO,
MB BHAMM, 4TO Habop, BXoaswiui B (48.4), medcTBUTENBHO INpen-
cTaBisgeT co00f NOJHBIA HAa6Op HEIKBUBAJEHTHBIX HENPHBOAHUMBIX
npencraBaennii. Takum o6pasom, npolienypa, omucanHas B § 47,

naer Bee npencrasienns D) ™M ppyppn @,

§ 49. JoxasaTeabCTBO COOTHOHICHHH OPTOrOHAJBHOCTH
o *
M HOPMHPOBKM JJs TNpencTasJeHui D(*#) (m)

HokaxeM Temepp COOTHOLIEHHSI OPTOrOHAJIBHOCTH H HOPMH-
poBku. OHH, pasymeercs, IOJKHBI BBIIOJHATBCS, NOCKOJBKY, Kak
MBI 3HaeM, IPeJCTaB/geHNs HeNPHBOAUMEL. BO-NepBHIX, HAM cienyeT
mepeitta B (48.1) 0T CyMMHDPOBaHHSI 0 HPEACTABHTENIM CMEXKHBIX
KJIaccoB BHaa {@g|Ts}, ONpeneseHHbX cooTHOWeHHeM (36.2), K cyMm-
MUPOBAHUIO [0 BCeM NPEACTABUTEJNSM CMEKHBIX KJIaCCOB. 3aMeTHM,

4TO €CJIU 3JeMeHT {q)lx'rlx} BxoauT B rpynny &(k), To HeoGxoau-
MBIM H JOCTATOUHHIM YCJIOBHEM TOrO, UTO JIEMEHT

{q)lx l Tlx}_l ) {(pp [ Tp} : {(Plh , tzk} (49.1)

Bxogur B rpymnny @(k), sBAsgeTcs NPUHANJIEXKHOCTL 3JeMEHTA
{cppl'cp} rpynne @ (k). CienoBaTepHO, pacllHpeHHe CyMMHPOBAaHUS

8.1) Ha Bcex mpeicTaBHTeJeH CMeXHBIX KJACCOB JaeT BCEro
JIPIUJb mMHOXHUTedb 1/lx, rae lr—mopsagok rpynnu @(k)/S. Tlpu
5TOM MBI YYHTHIBaeM, UYTO BCJEICTBHE eIHHCTBEHHOCTH pasJjoxKe-
Huss @ Ha cMexHHe Kiaaccel 1o noirpynme (k) Moboft mpepcra-
BHTE/JIb CMEXKHOrO Kjacca MOXeT OHTh 3amucay B BHIE

foa |7} =10 |73} - {o, | 7,.}- (49.2)
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Taxkum 06pa30M, BMmecTto (48.1) MOXHO 3amHCaTh
£p
x8 ({9, ] 7,}) =—Zx"‘""”({<pqlf}" {05175} - {0g 1 74))s
q=1
(49.3)

rjle CyMMHDOBaHHe BLIMOJHAETCA G€3 OrpaHWYeHHst NO BCeM Npel-
CTaBHTE/ISIM CMeXHBIX KJ1accoB {@q|t,} B rpymnne &.
PaccMOTpUM TUNHYHHIE 3JIeMeHT Ipynns & B Buae

{0, 17, + R1). (49.4)

Torpa cooTHolIeHHE OPTOTrOHAJBHOCTH H HOPMHPOBKH, KOTOpOe cJe-
LYeT N0Ka3aTb, HMEET BH]

2 2 a0 (g 15, + R £ (g, 7, + R =
L’ v
= gpN8(k — &) Smmr, (49.5)

rje CyMMa BHIUHCJASIETCS TO BCeM 3JeMeHTaM rpynns @.

XapakTep ¢ TOYKOH AJs NPOH3BOJLHOTG 3JeMenTa (49.4) cBs-
3aH NpPOCTHIM COOTHOIIEHHEM C XapaKTepoM C TOYKOH IJIH OLHOTO
aJieMeHTa — TIPeICTABUTE/ISl CMEXHOrO Knaacca. Tak,

1B ™ ({9, 1T, + Ri}) = (exp — ik - RD)'3™ ™ ({g, | 7,}). (49.6)

Hoaromy XapakTep 3TOro 3/J€MEeHTa B MOJHOM MPEACTaBJACHHH paBeH

x(8) o ({cpm + R} =

me ™ (Ggq 173~ + (0, 17, + R} - {cp,,m})—

q=-l

= X i® ™ ({elg; Ry} o0, 0,lt,0)  (497)
q

B BuipaxeHund (49.7) Mbl BRILENUJIH TPAHCIAMIO cpq—‘ - R, OCKOJIBKY
OHA 34BHCHT OT HHIEKca y3Ja B pemierke L, H BBeJu 0003HaueHHE

= —l.\ . "l. et —1.
tdpq_(pq P T +(pq T~ % T (49.8)

Teneps cJenyeT HOICTABHTH (49 7) B JIeBYI0O 4YacTb COOTHOIIE-
nua (49.5). Ilonyuaem nus JeBof yacTu

Z Z Z Z (—) B0 ({eleg" - Ry} {(9;1 By * @, | £555}) X

Ry p 9 ¢ ) X
X A ({g lozt- R} {07!+ 9,0 00 |ty p0 1) (49.9)
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i

YnpocTM mnocjenHue 1Ba coMHOXHTeas (49.9), ucmomnaya (49.6);
TOTAA LJS HX NPOU3BeNeHHs I[0JydaeM

exp — i(kq - ktli’) “R® ™ ({07! -9, - (pq;l tapa}) X
’ X &) (m) ( {(p;l G, ‘qu l t:i M,}), (49.10)
rie B COOTBETCTBHH C HAalIUMH OOO3HAUEHHAMH

(kq— )-RL=k-(q>"1- - ‘,‘-R). (49.11)

HUcnonbays (49 10), MoxHO BLIMOJIHUTH CYMMHDOBAHHE IO BCEM R;;
TOTAA TOJYUYHM

Zexp—z( — k)R, = Nb(k,—k), (49.12)

rre :
- I, ecmn g k=¢, -k +2nB,

8(k, — k)= i v T (49.13)
T 9 0 B ocCTaJbHHX CJAyYasx.

Ho o6a Bextopa k u k/ aBAsA0TCA KAHOHHYECKMMH BEKTOPaMH CBOHX

- 3Be3f, moaTomMy u3 (49.13) caemyeT ABa yCJ0BHA:

k=F (49.14)

V7 Py =y (49.15)

TAe ¢, ~BXOMMT B rpymnmy @(k). OBa ycaosus (49.14) u (49.15)
MO3BOJIAIOT BHINOJHHTb OCTAIOUIHECS CYMMHDOBaHHf, TaK KaK Te-
nepb B npoussefeHuu (49.10) ob6a xapakTepa ¢ TOUKOH OTHOCATCA
K ofHOH H To#i e rpynne &(k), Tak uYTO MOXKHO CBS3aTh apry-

MEHTH 9THX JBYX xapakrtepoB. CooTBeTcTBeHHO (49.9) npuHHMaer
BHLI

ZZZ( ) A8 (070, 0 o)) X
Xx(k)(m)({q)—l (pq—l ®," (Pq q)lklt}‘qqu}) (49.16)
Ile HHAEKC CyMMHpOBaHHS ¢ 0603HaueH Kak A.

OnHAaKO, HOCKOJbKY @, npejicTaBasieT co60f onMH U3 [, MOBO-

. POTOB rpymmel ® (%), nas OLHOTO 3HAUEHHS ¢ CYIECTBYET TOJBKO [,
3HaueHH# ¢, 0Js KOTOpHX BhnosHAercs (49.15). ITosTomy B cymme
no A myMeercs ToJbKO [, wienos. Ho cornacHo aprymenram, mpu-
BeXeHHBIM LI 3NeMeHTa {‘Pz |17 } rpynnbx G (k) B (49:1), HMeeMm

paBeHCTBO
LB (fg 1 g7t g, @, %hltwax})
= ™ ({fp,,-l P+ Tyl t5pe})s 4917)

Hu
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KoTopoe He 3aBucHT oT A. Cilef0BaTe/NbHO, CYMMHPOBaHHEe IO A
IPOCTO COKpalllaeT OJHH MHOXHTENDb lg.
Tenepsb ocraercss BHIUHCIHUTD

N (B _ *
T DA ({7 @, 0| £} 1P ) ({0710, - @, [ £50})"
P q

(49.18)

B (49.18) cymMMHpoBaHHe IIO p H ¢ BHIIOJHAETCS IO BCEeM Ipel-
CTAaBHTEJSIM CMEXKHHIX KjJdaccos rpymnsl @, a Henpnsonnmoe npej-
cTaBjeHne B puKCHUPOBAHO.
IIpu pUKCHPOBAHHOM ¢ B CYMMY HO p KaxAbli 3J€MeHT IPYIIILI
@ (k) /T BXOAUT TOJBLKO ONMH Pasz, TaK 4TO HMeeM

; 3 (m) ({(Pq ), | tﬁpq}) 5 (m) ({‘Pq @, Q, | ttipq})* =100,

(49.19)
.Ocrapomascsi cymMmMa gaeT YHCJIO, PaBHOE HOPANKY rpynme P:
qu =g, (49.20)

Kom6unupya pesyabratel (49.13), (49.20) n (49.12), nosayuaem
cootHomenne (49.5), Kotopoe u Tpe6oBaJOCh J0KA3aTh.

§ 50. Mocrpoenue mpeacrasaeHus D(*) (m)
HHAYLUHPOBAHHEM M3 IpPynn, 3aJaHHbIX B nOJJ,npOCTpaHCTBaX

B stoM maparpade M KODOTKO H3JO0XKHM APYrofl MeTOX NoJy-
UeHHsl CHCTEMBl XapagTepoB P (M noNyCTHMBIX HENPHBOJIHMBIX
npexctapienuii D® m rpynne (k). ITOT MeTON OCHOBAaH Ha 06-
el TEOPHH NMOCTPOEHHsT HHAYIHPOBAHHBIX MPeICTaBJIEHUH FPYIIIH
MO NPEeACTABJIEBHSIM MOATPYNNB. TeopHst HNOCTPOEHUs IOJHHIX He-
NPUBOANUMEIX IIpeACTaBJeHH D™#) tm  ypoctpancTBeHHOMN IPYHIIBL
HHJYUHPOBAHHEM H3 HpeACTaBJeHHN DB} tm | panomennasn B § 36,
37, ucmosb3yeT TOT ke oOmui Merox. B uactHocTn, obcyxpaemoe
HUXKE MpuJoXKeHHe oOleH TEOPHH TPYNN K TEOPHH HPOCTPAHCTBEH-
HHIX Tpynn OblIO BIepBHe Npeinoxeno 3akom [40, 41].

Meton 3aka ocHOBaH Ha IOCTPOCHHH NOCJHE0BATEbHOCTH HOP-
MaJbHBIX ITOATPYII HpOCTPaHCTBeHHOR rpynnel @ (k), npuueM mo-
clefHelt MOArpymmoi sBasfercs rpymna €. 3Ta HOCAeI0BATENbHOCTD
o6JafaeT TeM CBOHCTBOM, YTO IOPALOK (DaKTOPrpymIel OO OTHOIIe-
HUI0 K HOPMAJbHOH MNOArPyIHe TPYNNB paBeH TOJABKO 2 HAH 3.
HpyruMu caosamu, OyzeM cumtath, 4To rpynna & (k) umeer Hop-
MaJbHy©o moarpynny R;(k), Takyiwo, uto

| GR)=N, k) + ... + x1i. N (R), m <3, (50.1)
rae X, = {cpl \ }— HEKOTODHH ApefCcTaBHTE]Nb CMEXKHOTO KJacca
rpyrmm ® (k). Ilycts Ny (k) umeer HOPMaJIbHYIO noxrpynny N, (k),
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TaKylo, 4TO
By =T (k) + ... + x0T (R), 1, <3 (50.2)

[TponoskuM 3TOT mpolecc A0 TeX INOp, I[0Ka He MPHIEM
K rpynue T, 1. e.

Eﬂi_] =1+ [ —I—xi,,ii. _ni<3. (50.3)

OcTaHOBUMCS TEHEPb HA IPONECcce MOCTPOEHUS HHAYIHPOBAHHBIX
HENPHBOAUMBIX [IPEICTABJEHUN MPH Nepexoine OT HOPMAJBHON NMOA-
rpynnsl N5 (k) x caenyiowei rpynne N, (k), rae

R () =Ry (B) + ... + 550 Ny (B). (50.4)

O6o3HauuM cuMBoJoM Py} cucTeMy XapaKTepoB j-rO HeNPHBOIH-
"Moro mnpeacraBieHus rpynnel Rg(k). CuenoBaTejabHo, KaxKAOMY
sneMeHTy Ng rpymnsl %p(k) mpunucbiBaerca xapakrep Py (Np).
Cucrema XapaKTepoB %y [AJ1s NpeicTaB/leHHs *D, HHAYUHPOBaHHAS
u3 By MoxerT OmTL MOJYUeHA CMNOCOGOM, B TOYHOCTH CXOAHBIM
¢ (37.3). lloaTomy cucTemMa xapakKTepoB Jaercs GopMmyaolt
. g
- Bay(7) (y=1 . .

ax(xﬁnﬁNﬂ)—Bél U (xﬂ,nﬁ, xﬁﬂﬁN(3 xﬁ,nﬂ,), (50.5)
rie ,
0, €CJIH y He BXOLHT B ERﬁ (k),

B (D) (1) —
1 (y) {ﬁx(i) (y), ecanm y BXOAUT B mﬁ (k). (50.6)

Ormerny, uTO Xpng — NPEACTABHTENb CMEXKHOrO Kjacca B pasio-
JKEeHHH 00 cMexHbiM Kaaccam (50.4). CuenoBaTeabHo, Xpn, AIB-

JsieTcsi 9JeMeHTOM rpynnsl N, (k), Ho He rpynnnl Rg(k), 3a HCKII0-
yeHneM cJaydas ng =1, Koraa xg, = E (T. e. TOXJECTBEHHOMY
asneMeHTy). OTMETHM Takxke, UTO AJISl 3JTeMeHTa xg, Ng, He BXOoId-

wero B Np (T. e. npu ng = 1), * =0, Torna Kax Aaa sJeMeHTa
Ng mpaBaa wacte paseHcTBa (50.5) npeacraBaseT coGOH CyMMy
YIEHOB, COOTBETCTBYIOMIUX CONPSI}KEHHEIM HelPUBOJHMBIM NPeAcTaB-
JgenusiM rpynns Rp (k).

ITyctb A1 KOHKpeTHOCTH npg==2, Ttoraa u3 (50.5) umeem

o (Ng) == ByW (N ) -+ By (x~' N gx). - (80.7)
Ecan PDW) — nenpusopumoe mpencrasienue rpynns Ry, xapaxrep
KOTOporo jjs sJiementa Ng pabeH By (Ng), T0 conpsxeHHOe He-
IPUBOAHMOE NpencTaBieHne 8D onpeeNseTCsi PaBEHCTBOM

B0 (W) =BDW (x N gr). ' - (50.8)

CrenoBatednbHo, .
, BRI (Ng) == P30 (x7' N ). -(50.9)
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B (50.7)— (50.9) MpeJCTaBHTEIH CMEXHBIX K/AaCCOB 0603HAUYEHH,
OmycKasi MHIAEKCH, depe3 x. s mpousBoJbHOrO 3jementa xNg, He
BXoAsillero B Ng, HMeeM

%y (xNg)==0. (50.10)

B paccMaTpHBaeMoM cayuae chaelyeT TILAaTeJbHO HCCIEAOBATh, AB-
JAercs JH HHAYIMPOBAHHOe HpelcTaBjaeHue %D HeNpHBOIHMBIM
[B oT/iMuHe OT 3TOro WHAYLUUPOBaHHOE npeicTasienne p(*#) (m) wu3
(37.3) HempuBoaMMO, KaK 6bl1o mokasano B § 30—37]. 3xech cie-
LyeT pasauyaTh JBa cJydas (paccmMaTpuBaeM HO-IIPEXHeMY
ng=2): _

a) BDW) pe skpmpasentno PDY, (50.11)

6) BDW sxpsupagentHo 8D, (50.12)

B cayuae «a» [cM. (50.11)] npexcrasienne *D HeNpHBOLHMO
BCJIeCTBUEe HE3IKBHBAJEHTHOCTH OIPaHHYEHHBIX IpejcTaBienuft *D
rpynner %, Ha noxarpynme RNpg. [lokaszaTeabcTBO aHAJOrHYHO IpHBeE-
JIEHHOMY B HNpelbaylinX naparpadax. B ciayuae «6», korma BD®
5KBHBAJIEHTHO NpejcTaB/eHHI0 BDU), jerko mokasaTb, 4TO HHAYLH-
poBaHHOe IpeJACTaBjeHHe *[ fBJsSCTCS NPHBOAUMEBIM INpe]CTaBJe-
HueM rpynnsl R,. 3anuimeM NOAPOGHO CHCTEMY XapaKTepoB AJd
3TOrO IpelCTaBAeHHS:

o (Ng) = 28¢D) (Ny), ~ ecan Ny Bxoput B Ry, (50.13)
ay (x)=0, ec/d X He BXOLHT B M. (50.14)

OGpasyeM CJIELYIOLIYI0 CYMMY IO BCeM 3JeMeHTaM Ny rpymme R

2 1ea Vo) = 2 1P (W) = 4Z|ﬁx<f>(Nﬁ)|2 4gp  (50.15)
+3 < B

r11e gp — MOPSIIOK Tpynnsl Rg; npu BhIBoje Hcnoab3oBaHs (50.13)

1 (50.14). Ho nopsgok rpynnn R, paBeH g, == 2gs. [Tostomy,
eCJm Mbl 0003HaYHM HENPHBOAMMOE NpeAcTaBjeHHe rPYNNH RN, de-
pe3 *DU), a cOOTBETCTBYIOULYIO CHCTEMY XapakTepos Yepes x(l) TO
IJIS1 9TOH CHCTEMBI HMEEM

21 (No) = go = 2, (50.16)
a

‘Cpasnuas cooTHowenune (50.16) ¢ (50.15), HemocpeacTBeHHO BH-
AHM, 4TO IpeAcTaBjeHHe %D rpynnsl R, npusoaumo. [Ipexacrabie-
HHe %D MOXHO NPeACTaBHTh B BHAE CYMMBHI HENPHBOAHMBIX COCTAB-

JISIIOLIHX
% (Vo) = 2 (10 (Vo). NC AT
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rae (j|—uucna, Gosbillne WIH paBHbie HyJ0. IToxcTaBisis (50 17)
B (50.15), nonyuaem

ZZZm(;\a (1 (Ng) i) ( Zl(z||ga-4gﬁ—2ga, (50.18)

;I(i||2=2. (50.19)

B TaxoM cJayuae JAJs ABYX Ppa3J/JHYHBIX HENPHBOLMUMEIX ITIpENCTa-
BJEHHH CYLieCTBYeT €JMHCTBCHHOe pemieHnue npH (j|=1. Unaue,

(jl=(@{l=1; (50.20)

gy = O () - (D), (60.21)

QueBujgHO, YTO INpeACTaBIeHHe %[} HMeeT pa3MepHOCTL 2[;, rae
l; — pasMepHocTh npeacrtasienus BDU), Ho Tteopema B3auMHOCTH
®pobennyca NOKa3bBaeT, YTO /s NPelcTaBleHHH NOArpynmsel Pg
XapakTeprl OrpaHHYeHHEIX NPeACTABJEHHH MOXKHO ONpeleNuTh Clie-
pywumuM obpasom:

o) (N g) == Pyh ( Ny, (50.22)
oy (Ng) == by (Np)- (50.23)
Takum ob6pasowm,
dim oy = dim ox{) = {,. (50.24)
Haxounen, us (50 7), (60.22) u (50.23) mosyunm
o (xNp) = — ay (xNp). (50.25)

IaTts B o0lieM BHIE TOYHOE M sIBHOe BhIpakKeHHe A5 XapaKTe-
poB %y (xNg) asiementoB xNp A2 j-TO HENPUBOAMUMOrO IpeACTaB-
JieHUsl rpynnsl RNg, 10-BHAMMOMY, HEBO3MOXKHO. TaKoe BhipaxKeHHe
MOJXHO NOJYYHTb B YacTHOM CJy4ae, KOrJa X KOMMYTHDYeT cO
BCEMH aJeMeHTaMu rpyunsl %, (¥, cremoBartennHo, Rg), T.e. KOrAa

xNg=Ngx. (50.26)

PasymMeercsi, B 93TOM cjydae rpynna R, sfBjAfeTcs NPAMBM IIPOH3Be-
neHueM rpynnsl Rg u akroprpynnn Re/Rs. Hasee, ecin aas cu-
cTeMbl MATpuIl DY) HempHBOAMMOrO IpeACTABJIeHHs OKasblBaeTcsd,
yto 2DV) (x) npuHAMJNEKHT APy NpelCTaB/eHus, TO

=D (x) BDUW) (N) = 8D (N ) sDW (x). (50.27)

Ho npencraBnenne BDY rpynne Rg Henpusoaumo, noaTOMy, no
Jemme lllypa, uMeem ‘

DU (x) = const 8D (E). . (50.28)
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YUtoGel OnpefeauTb 9TY KOHCTAHTY, PACCMOTPUM BeJHYHHY

aD ) (x)2 = DU (x2) = (const) 2BDW) (E). (50.29)
Tak kak x* aBaserca snementom rpymmsl Ry, TO
epD (x2) = BDY (x2). (50.30)
Boluncanm ciaen matpuy (50.29) u (50.30); TOrfa MOJAYYHM
By (x?) = (const)?« [, ' (50.31)
HJIH .
const == [By (x2)/1,]". (50.32)
CuenoBaresbuo,
ay i) () = [Py (x2)/1)" 1. (50.33)

Boo6me, A5 IpOU3BOJIBHOIO 3JEMEHTa TPYNINH xiRB B 3TOM CJy-
yae nMeeM

ay (xNB) == 4 [By ) (x2)/ll]'/’rﬁx(f) (Nﬁ)' (50.34)

O6o3nauenus B (50.34) umeoT OOBIUHBIA CMBICJ.
AHanornugelM 006pa3oM MOXKHO IPOAHAH3HPOBATH CJydYai
Np = 3. llpu atom pasnoxeHue Ha cMexHble Kaacco (50.4) umeer

o Ry (k) = Ry (B) + 20, (B) + -1, (B). (50.35)

CucremMa XapakTepOB HHAYUHPOBAHHOTO NPeICTaBJEHHS CHOBA
onpenensiercsi cootromenueM (50.5). ITopo6ro (50.11), (50.12),
cJelyeT pasJanuaTh JBa cJayuas: '

a) BDU) we skmupasentHo PDU), 8D, (50.36)
6) BD" sxsuBamentHO BDW, BDW), (50.37)

3amerum, uTo compsixeHHbie ¢ BDU) npeacraBleHHs NPH 5TOM
paBHH [cM. (50.8)]

BDW) (N ) = 8DW (x~'Npx), , (50.38)
BDW) ( Ng) == 8D (xNpx ™). (50.39)
B cjlyiae <«a» CHCTEMa XapakTepoB HHAYUHUPOBAHHBIX IIpeAcTa-
BJEHHH =
oy (Ng) = By (N ) + By (Ng) + By (N 8 (50.40) -
Ak (XNB\) =0 :
,ﬁanaéTcsl HeNpUBOANMON, T. €. COOTBeTcTByeT HENPHBOJANMOMY NpeA-

craBjennio DY) rpynnsl Re. B ciaydae «6» HHIyHMPOBaHHOe NHpef-
CTaBJeHHe pasjaraercsi B CYMMY TpeX HENPHBOAUMEIX NpeACTaBJe-
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HYH OZMHAKOBOH PasMepHOCTH [;, paBHOH pasMePHOCTH XapaKTepa
By(). CucreMa XapaKTepoB LISl HENPHBOJAMMOTO NpeNCTaBJIEHHS MO-
eT ObITb NoJydeHa 3aTeM C NOMOLIbIO TeX JKe PacCyXIeHHuH, Ko-
TOpHe IpHBeJHd K cooTHoweHHo (50.34): watpuust %D/ (x)
u- %D/ (x~') BxoaAT B uWeHTp rpymnmel Matpun *DY), mostomy, co-
riiacHo JemMe lllypa, ste MaTpune paBHH KoHCTaHTaM. Tak Kak
3J1eMeHT  x* BXOAHT B rpynmy Rg, To ero xapakrep Py (x®) usse-
cTeH M3 npuseleHHsa rpynnsl Rg. Coenys BrIBoAy, aHAJOTHIYHOMY
BHBOAY cooTHoueHnu#t (50.27)— (50.34), mnoayyaeM NOJHYIO CH-
CTEMY XaDakKTepoB IJS HENPUBOILMMBLIX COCTABJSIOIINX B BHJIE

D (Ng) = By (N), ' (50.41)

“xP (xNg) == exp (2nip/3) [PxD (/)" %P (Ng),  (50.42)
p=1,2, 3.

oD (x~1Ny) = exp (2ip/3) [P (x=3)/,] " 84D (Np)  (50.43)
‘ p=1, 2, 3.

SIcHo, uTO MeTon 3aKa AJs MHAYIHPOBAHUSA C IIOMOIIBIO NOATPYII
HHAEKCa 2 WM 3 CYLIeCTBEHHBIM 06pa30M HCIOJb3yeT NpHHANJIEXK-
HOCTb MaTPHI[ NpeRCTaBUTEJeH CMeKHBIX KaaccoB (x H x2) HesTpy
MATPHUYHOTO IMpelcTaBieHus. [103TOMy 5TH MaTpHIB PaBHH KOH-
CTaHTaM, BeJHYHHE KOTOPHIX OINpPeJessIOTCS COOTHOIICHHSMH THIIA
(50.27)—(50.34). Ilo »>Tofi mnpuuMHe HOAHHBA MeTOJ TNPHMEHHM
TOJBKO K OIpeJeNeHHHIM HecHMMopGhHBIM rpynnaMm. MoxHOo Fame-
THTb, UTO MeTOJ 3aKa CyLeCTBEHHO MCHOJb3yeT CBOUCTBO pa3pellln-
MOCTH IPOCTPAHCTBEHHHBIX Ipynn @ [T. e. TO, YTO MHAEKCH B IOCHE-
IOBaTeNbHOCTH HOpMaabHeX moAarpynm (50.1)—(50.3) sBasidres
NPOCTHIMH UHCIAMH, TOCHeJHee H3 KOTOPHIX DaBHO elIHHHIle] 3to
XKe CBOHCTBO OBLIO OTMeuyeHO 3efiTHeM B €ro nepaoi pa60Te no
IpHBEJEHHI0 IPOCTPAHCTBeHHHX rpymn [30].
$lcHO, YTO mpolecc MHAYUHPOBAHHS C MOMOIIBIO MOATPYNI MO-
x)eT ObIThb NPOJOJKeH A0 TeX IOp, NMOKa MBI He NOJyuuM HaAGOp
INOMYyCTHMBIX HENPUBOAMMHIX XapakrepoB y® (m) rpynnu @ (k). Hda-
Jee, mojgHAas cucteMa xapakrepos y(™®) (M mogyuaercs, cormacHo
(37.3), unpyunposanuem Ha rpynny & us rpymme @ (k). Scwo
TaKKe, 4TO CHCTEMBI XapakTepos y® (m)  pogydaemsle Jubo 10
3aky, 1100 MeTOAOM MaJjof HOATPYHNIBl, JUG0 METOJOM HPOEKTHB-
HBIX IPeJICTaBJICHNH, AOJMKHB OHITh TOXAECTBEeHHHIMH. MOXKHO mpo-
.M3BECTH NpsSMOe CpPaBHeHHe MeTofa 3aKa ¢ APYrHMH MeTOAaMH,
€CJIH HCIOJb30BaTh CTPYKTYPY KpHCTaJIOrpadHuecKUX TOYEUHBIX
FPYIN, B YaCTHOCTH HX DPsAbl PA3JIOXKEHHs, TAK KaK BCe 3TH TPYIIIH
paspewnMEl. Takoe CpaBHeHHe BechbMa TPYLAOEMKO, MOSTOMY MBI €ro
He HPHBOAMM.
* Tlogsoas uTOT, MBIl MOXEM OTMETHTb, YTO OBUIH AaHHI TPH Me- -
TOoja OnpeleseHHAd JAONYyCTHMHIX HENPHBOJAMMBLIX TIPeACTaBJEHUH
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D@ m)  Cregyer qH HCNONb30BAaTh MeTOJ NPOEKTHBHBIX IIPENCTaB-
JeHH#l, MeTOX MaJiof TPYNNH HJIM MeTOX HHAYUHPOBaHHS 3aka,
ec/ii OH MPHMEHHM, — 3TO AHKTyeTCs TOJbKO COOOpa)KeHHAMU yaol-
crBa. Temepp MOXKHO CUHTATbh, UTO 9TA UACTb 3aAaYM pelleHa, IO-

Jarasi, 4To BBINOJHEHO MOCTPOeHHe BeeX npeactabienuit DU By (m)

*
§ 51. CooTHomenns cosmecTHocTH fas DUE) (m)
¥ npouejypa OrpaHdudeHHss MpeACTaBAeHHUil

HuHorna HyxHO 3HAThb COOTHOIIEHHE MEXAY HEeNPHBOLUMBIMH
NpeACTaBJIEHUSIMH D(*®) (M) 'y HempHBOJHMEIMH TIpeiCTABJEHUSIMH
D*#) ) nns sBesnbl ¢ GIM3KHM 3HAUEHHEM BOJHOBOTO BEKTOpa
[28]. WUnaue roBops, MyCTb KaHOHHYECKHE BEKTOPH k U R’ 3Besn *k
u *k’ pacTiosioxkeHsl B 30HE PAAOM, T. €.

K=rk+x, G1.1)

rie » — MaJblii BeKTOp. Taxk Kak cBOHCTBa HHAYIHDPOBAHHBIX NpeJi-
CTABJEHHH IOJHOCTHIO- ONPEAEISIOTCS CBOMCTBAMH MaJbX Ipej-
CTaBJAeHHH, JOCTATOYHO pPaCCMOTPETb AONYCTHMBle MNpPEACTABJCHUS
D&® (m) y DE) (m'),

CpoficTBa JAONYCTHMBIX NpeiacTasjenuii D& ) i D)) qop-
HOCTbIO OOVCJIOBJEHBl COOTBeTCTBYWLIHME MM rpynnamu @ (k)
u G (k). O6paTumcs K CHTYalHH, KOTLa PacCMaTpUBaeTCs Nepexol
OT TOYKH B BLICOKOH CHMMETPHH K OJM3KOM TOYKe R/, TAKOH, uTO

a) rpynna € (k) msomopdua rpynne © (&) (51.2)
HJH
6) rpynna € (k’) aBaserca noxrpynnoit rpynmet € (). (51.3)

B cayuae «a», korga rpynna @(k) usomopdna @&(R’), BosHHKaeT
OJVHAKOBLIA Hafop AONYCTUMBIX HENPHBOAMMBIX MNpelAcTaBiaeHuil
D®(m) g D) (m" Tag Kak 5TH [Be TPYINNE H30MOP(MHbI, MOKHO
yCTaHOBHTL B3auUMHO OJIHO3HAuHOE COOTBEeTCTBHe Habopa DR ¢
HaGopom D) (™) TIpeAnosoxuM janee, 4To NpH x— 0

D) (m) _5 D) (m) (51.4)

MO3TOMY MOXHO HAeHTHOHIHpPOBaTb MHAeKcH m W m’. Ilpenmo.o-
JKeHHe O TOM, 4TO B cJydae «a» D®¥) () mnapHo nepexoiuT B
D®(m  npu % >0, HO-BHAUMOMY, He TpebyeT HaJbHelllero o6cy-
WKACHUS.

B cityuae «6», korna rpynna @& (k) asaserca noarpynmoi &(k),
ACHO, uTO npH mepexode K & (k') HexkoTOpble 3/eMeHTH TIPyNNbl
@ (k) OKa3HBAIOTCA «yTEPSIHHEIMH». JTO MOXKET HMETb MECTO, eciH
k— TOuKa BHICOKOR CHMMETPHH, TQria Kak B’ HaxomuTcs Ha cocef-
Hell JIUHMHA HJH XKe npejcTaniseT cofofi TouKy/c Gosiee HUSKOH CHM-
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~

Merpuell BOau3n Touku k. Haszosem HpelICTaBJIeHI/Ié D® (m) rpynmnul
@ (k), paccmatpuBaeMoe nJsi 3JeMeHToB noarpynns @(k’), orpa-
HUYEHHEM INpeJCTaBjeHus Ha moarpynny @ (k'), 1. e [11, 12]

D& m | & (k). (51.5)

PaccmarpuBaemoe Kak npejacrasienue rpynnst ® (B), D (™ nomkHO
6piThb B OOlIeM CJayuae pasyoXKHMO Ha HeNpUBOAHMBlE MpeAcTa-
BJIEHHS:
D® ) | — 3 (km | m’) D®) m), - (51.6)
v
B (51.6) kosbdunuentsl npusenenuss (km | m’) SBASIOTC MOJO-
KUTEALHEIMH YHCIAMH.

UccnenoBanve COBMECTHOCTH CB#3aHO ¢ H3YYeHHEM COOTHOLe-
HUE MeXjay HONYyCTHMBIMH INpejacTaBieHusivuy D¥® (™ g eoceqHHX
TOYKAaX, TaKuX, KaKk B u k. CoBMeCTHbIe NpeACTaBJeHUS CBSI3AHLI
cootrowernneM (51.6), ecnin G (k') sABAsSieTcs MOATPYNNOR TPYNIL
G (k) v ecan KOIPOHUIHEHT [JIsE COBMECTHOMH Maphl OTJAHUYEH OT HYJIs.

Mbl BepHeMcsl K PACCMOTPEHHIO BOIPOCa O COBMECTHOCTH B T. 2,
ra. 3, TAe MBI IIPOAHAIH3HPYEM KOHKDETHBIE CJIyUYaH.



['JIABA 6

KoadduumeHTh: npuseeHHs
ISl TPOCTPAHCTBEHHBIX ['PYIIL
MeTton nosnHO#M rpynnel

§ 52. BeeneHue

B ri. 6 paccMaTpuBaeTcs MaTeMaTHuecKas 3ajlaya HaXOXKJeHHA
KO3 PHINEHTOB TNpHUBEAEHUS MAMA8 INPOCTPAHCTBEHHBIX TIPYNN Tak
Ha3bIBAEMBIM METOAOM NOJHOH rpynnsl [42, 44]. B caenymoules,
ra1. 7 WanaraerTcs MeTOZ moArpynnsl [34, 45—47

B ra. 6 u 7 ananusupyeTcss MaTeMaTHYeckas 3ajaua ompenese-
HHS NPEACTaBAeHul, ColepKanuxcs B IPUBOIUMOM INPeLCTaBACHHN
¥ MMEIOIIHX BHJ NPSIMOro NPOH3BeAeHHs NBYX HENPUBOAHMBIX IIpei-
crasienuil. CjenoBaTesNbHo, MaTeMaTHuecKas 3aja4a B TOYHOCTH
COBNMajaeT ¢ 3ajayel, pacCMOTpPeHHOH B o6lleM BHIe AJ KOHeY-
HeiXx rpynn B § 17. Hassarue «MeTof nosAHON Tpynnob» TPOCTO OT-
pakaeT T0 06CTOATENbCTBO, Y4TO HA BCEX CTAAHSIX PaccMaTpPHUBAIOTCA

HelpHBOuMLle TpencTaBienns DV®) W nomHol rpynnn @ u, coor-
BETCTBEHHO, BCe BHIUHCJIEHHS .BbIMOJHEHD! ¢ HCMIONB30BAHHEM B IIPHH-
1HIe BCEX 3J€MEHTOB CHMMETDHH TPYNNb .

Mo cux mop MeToA MOJHOA IPYNNEl YCNEWIHO NPHMEHSJICA JJs
noJdydesus noJgHoro Habopa Koaq)qmnnemons AJiS pAAa Pas3INUHBIX
cHMMOpPQHBIX H HecuMMOpdhHBIX rpynn. CiaenyeT OoTMeTHTh, HTO OH
HCIIOAB30BAJICA TaKXKe AJH aHalu3a 3HauknTeabHO 00Jee CHOXKHEIX
cTyYaeB, 4YeM Te, K KOTOPHIM NpPHMEHsJICS MeTo[ noarpynnsl, Uto6er
NOHUMATh B PABHOH CTENEHH W TEOPUI0 KOHEUHHIX I'Pynn, u obuyio
TEOPHIO IPOCTPAHCTBEHHLIX I'DYIIN B L€JAOM, He0OXOAHMO HOJHOCTHIO
pasoOpaThCsd B MeTOe TOJHOHA TPYNIbl, U TOJbKO TOTAA NPUMEHATH
B CHelHaJbHEIX CAy49asgx MeTOA MOArpynmsl, cobmaonas Bo H3bexa-
HHe OHIMGOK M3BECTHYIO OCTOPOXKHOCTh. B § 53—60 obcyxkpaercs
CTPYKTypa IpeACTaBJeHMA NPSIMOTO INPOU3BEAEHHS, MOJYUEHHBIX
BLIUHCJIEHHEM OOBIYHOTO U CHMMeTpH3OBaHHOFO IPSAMOro IpPOH3BE-
JleHUs! HENPHUBOAUMBIX Hpe}ICTaBJIeHHI/I D(*e) (m) NPOCTPAHCTBEHHOM
rpynnsl. 3aTeM H3/araercsi OCHOBHON NPHHIMO INOCTPOGHHS NPABUJ
oT60pa A1 BOJHOBEIX BEKTOPOB H 3Be3l. Mcmoab3sys a3TH npasm.ia,
MOXKHO OmpefieJiuTh Bce KoadbduupueHThH HpHBEAEHHH H TeM CaMulM
OCYHIECTBUTbL NMPHBEACHHE,
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§ 53. Ilpamoe npomu3sBejeHHe
npeactasaennit D(*#) (m g p(*#) (m)

~ Coraacso paccmotpennio B § 29 u 32, HpOCTpaHCTBO (%) (m),

sipsiomeecs: 6asncom aas mpeacrabiaenns D) (M pyeer pasmep-
HOCTh (S - /). OHO 06pa3oBanHO G/JIOXOBCKHMH BEKTOpPaMH:

{wm m lbfjj) (m)} = 3(*#) (m), A (53.1)

HpOCTpaHCTBo 3(*#) m ganaer npemcrasienne D(*E) (m);
Piore@y2®) ™ = DB ) (g [ (@)}) & . (63.2)

* o ’ x4 ”
IIpoctpancteo E(*#) ™) gpasomeecs Gasucom mas DC*#)m),
uMeeT pasMepHOcTb (s”+ln). OHO 06pa3oBaHo GJ0XOBCKMMH BeK-

k) (m')

TOpaAMH xpg, AHaJjiorduHblM 0GpasoM NPOCTPAHCTBO

{‘PY’" ) ‘P(k )"”)} 2(*#) () (53.3)
sajaer npepcrasienne D#) ()
P ¢ @Z("#) %) = DC#) ) ({q | # (@)} Z#) . (53.4)

HaGop u3 (s« 1,)(s’ -lm) ¢yHKuui, Kaxaasa H3 KOTOPHX fABJAfETCA
npousBejienHeM ONHOR M3 ¢ymxkuuit P ™ na onny us PyHKuHHA

P& ) pmeeT BHA

, ” . ’ ’ k) (m k, m’ —
{,q)gk) (map#) () pe) (m)‘pz(,’;) my L q;gms)( s)q,l(ms)( s}=

=3x*te*)mem) (53.5)
H TpeacTaBisieT co6oit MPOCTPAHCTBO HPSMOTro npoussegenus. OHo
3azaeT NpeJlcTaB/JeHHe NPAMOIO NPOH3BELEHHA
* Ky ,

PioteoySe0™#) mem) —

=DUke™¥) manm) ({g|t ()} 2@ ¥ mom),  (53.6)
Kak u B (17.3), cucTeMy XapakTepoB IpeACTaBJIEHHS NPIMOTO

* * g , .
npousefennst D@ *#) (m@m) jerxo mosyunTh B BHIE OGHYHOIO
apu(pMETHUECKOTO MPOU3BEREHHs XapaKTepOB COMHOMXHTeJeH:

y(FEOMK) (m® m) sy (*B) (m) L (%) () (53.7)

WH noacrasasas B (53. 7) B KayeCTBe apryMeHTa KOHKPETHHH 3Je-
MeuT npocrpaﬂc'rsennon TPy

(40 %) o) (g1 £ (g))) = x(*" ™ (o1 # (@) 1™ ™ (o 1 (a))):
(53 8).
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IMoxpcraBasia B (53.8) Bruipaxenue (37.3) unu (49.3), MOXKHO 3amu-
caTh paBeHcTBO (53.8) uepes pasiauunble NPOH3BEACHHA XapaKTe-
POB ¢ TOYKOH, oTHOcAIuXca K rpynnam @ (k) u @(k’). INoayuato-
HiHecsi Ipu 3ToM GopMyJasl HMeJH Obl BHI 3HAYHTEJbHO 6oJjee
CIOXKHBIH, yem (53.8), Tak Kak BrJwoyagu OH ABOHHYIO CYMMY IO
NOPEJCTABUTENSM CMEXKHBIX KJAaCCOB H pe3yJbTHPYIOULYI0 CyMMYy
npousBeseHn#i XapakTepoB ¢ Toukoft. OQaHako @S INOCTABJEHHOH
3/lecb IeJau 3TO He TpefyeTcd; MBl TOJIBKO oTMeTuM, 4to (53.8) co-
JEeP:KHT NPOU3BeJEHHe OTHAeJNbHBIX XapaKTepoB, JJsi KOTOPHIX
uMerotcsl BeipaxKeHusa (37.3) u (49.3). BoiBoa 3THX BEIpaykKeHui Ie-
JHKOM COJEDKHT INOJIHYIO TEeOPHI0 NpeACTaBJEHHH NPOCTPAHCTBEH-
HBIX TPYNN, BKJIOUast TEOPHIO HHAYUHPOBAHHBEIX MpelCcTaBJeHUH.
DTH XapakTepw ¢ TOUKOl GyAyT ucnonb3osanu B § 62.

W3  Matpunm  npeAcTaBJIeHHS IpAMOro IIPOU3BeAeHHSA
D(*#) (m) @ D(*#) m)  ocobenno mpoOCTYI0 IHATOHATBHYIO (HOPMY
HMEIOT Te, KOTOPble COOTBETCTBYIOT 3j1eMeHTaM rpynnsl €. ITo cle-
ayer us cooTHollenusi (33.10), ecsin ero OPHUMEHHUTb K OTIEJbHBIM
MaTpHIAM, IPEACTABAAIIUM 3JeMEHTH NPynnel € B KaXKIOM H3
comHOXxuTeseft. Takum o6pa3oM, 3Ta MaTpulla UMEeT BHJ,

Do *K) mem ({e | RyY) =

I expi(k + k)R, ... 0 . 0 )
0 ... I, . expi(k+Fk,)R, 0 ,
| 0 ... M, expi(k-k,)R,
(53.9)

rae I, — enpuuunas matpuua pasmepoM (Imlm X lmlm). Benu-
unHe k4 k), Bo3HHMKaiollMe B [HArOHAJbHEIX 3JME€MEHTaX MaT-
pHUILB! (53.9), OUYEBH/JHO, BKJIIOUAIOT B ce0si BCe BO3MOKHDBIE YJIEHBL,
CONepIKANlie N0 ONHOMY BOJHOBOMY BEKTOPY H3 KamkA0H 3Be3AH
*ku YR

JLJ1s1 IpOH3BOJNLHOTO 3JeMeHTAa IPOCTPAHCTBEHHOH IPYIIIE MAaT-
pulla NPAMOro NPOM3BeJeHHs He HMEeT CTOJb HPOCTOro BHAA, Kak
(53.9), onHako B ciaydae HeOOGXOMHMMOCTH OHa MOKeT OHTbL NOJY-
yeHa u3 (33.11). B mpunuune coornolieHue (58.3) omHcEIBaeT xa-
pPaKTephl HACTOJbKO IIOJHO, HaCKOJNbKO 3TO MOXKeT NOTPeboBaThCS
QIS BHITIOJIHEHUS] HPHBeJeHHs] NPOH3BeLeHHIT.

o *
§ .54. CummeTpuH30BaHHbIE CTEMeHH MPeACTABJAEHHH [D(*#) ("‘)]( o

a. OGblyHble cTemenu npeacrasiexuit. CreneHd MNpencTaBiaeHHs
D*®) M MoxHO OIpeNeNUTh TOYHO TAKHM e CIOCOGOM, KakKoR uc-
nojb3oBajcad B § 53 mpH paccMOTpeHHH OPSIMOr0 NPOHU3BeLeHUS
[19, 20]. ME paccMOTPHM HEKOTOpHIE H3 3THX CTeNeHeH NoapoGHO,
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TaK KaK OHH HaM MOHaA004Tcs B MNOCHEAYIOLIeM PacCMOTDEHHH.
drot Bonpoc 6yzer obcyxuaThes emte pas B § 117.

*
PaccmoTpuM cHauana KBajpaT MpencTaBJEHHSA p*&)m) Co-
(*&) (m)
rnacuo (53.1), mempuBOsMMOE HPOCTPAHCTBO 2 006pa3oBaHoO

]
(s-1,) O6GIOXOBCKUMH (YHKUUSIMH 11)& odm  rpe o=1,...,s,
a=1,..., [, PaccmorpuM BTOpoe JHUHEHHO HE3aBHCHMOE BeK-

*
TopHoe mnpocrpanctso S8 M oGpasoBanoe (s - /) GIOXOBCKHMH

dyuxunamu ), (Fo) m;
* /(& 7 (BS) (m
3v(*e) (m):{¢1 e q’ln(l ) >}, (54.1)
TakXKe sBJsAONleecss GA3HCOM JJs1 TOTO e HelPHBOLUMOTO Tpen-
*
craiaenns DU® e rpymner ®. Heo6XOLHMO MOXYEPKHYTH, UTO
o k o /
(s-1,) dyuxuui 113((}l o) m 2 takke (s-1,) GyHRILHH \pa(kﬂ) m) ng-
HeffHO He3aBHCHMH, X0Tsi 06a HaGopa oOpasylT NpPOCTPaHCTBA
*
(53.1) u (54.1), sagamoume oxHo H TO ke mpexcrasieHue D £) (m),
Paccmorpum Teneps (s - 1,,)? $yHKUHHA, NOJTYueHHBIX NIPH COCTaBJe-
HUHM BCEX BO3MOXKHLIX NPOH3BeNeHHH ONHOH M3 QYHKLUHH NpocTpaH-
o *
crBa 2B M ma onHy ws dyskumit mpocrpamcta X/(*#) m);
(B) (m) 7 (B) m () (m)_ 7 () (m) kg 7 (g) (m)

P P L My B ) ey B9, (54.9)
QueBHAHO, UTO 3TOT CAyuyall HHYEM He OTJIHUAaeTCs OT cJydas Jio-
Goro JApyroro NpsIMOTO MNpPOM3BEAEHHS] JABYX mpencraBienndt. Tak
KaK, OMHAaKo, IpeicTaBjieHHe, N0 KOTOPOMY Ipeobpasyercs Mpo-
CTpaHCTBO INpou3BeneHuil (54.2), nmpeacrasaser coboll IpousBeje-
ane DB (m)  camo Ha ceBsi, TO 3TO npeacTaBAeHHe Ha3LIBAETCs
kBagpaToM npeiacrasienus D(*®)(m,  Omo wumeer pasMepHOCTH
(s+1m)? n obosnauaercs

D*®) (m) @ p(*&) (m) = [ p(*#) (m)],, (54.3)

OrMerum, uTo B (54.3) uHIexc, YKasHBAIOUIME CTeleHb, 3aNuCaH
He B CKOOKax, TaK Kak 3»TO OOLIYHHIH, a He CHMMETPU3OBAHHLIH
KBajpaT NpPEeACTaBJECHHS. -

OueBHAHO, 3Ty HPOUELYPY MOKHO HPOROJKHMTH. MoxKHO cocra-
BUTb (S-ln)® GyHKUuH, BHIGHpAs KaXKIABIH H3 TPeX COMHOXKHTE/eH
cpean (S-lm) 5MeMEHTOB B ONHOM M3 TPEX JUHEHHO HE3aBHCHMEBIX
BeKTOPHBIX npoctpancTs, X&) im) | 57 (*#) (m) 37 (*&) (m) | oGpasosan-
HBIX COOTBETCTBEHHO (QYHKIUAMH

»q)g’u) m  g=1, e, S a=1, ey lm; (544)
w;(”o)(m) o=1,...,8 a=l, R (54.5)
-lp:;(ko)(ﬂl) o=1,...,8 a=1,..., 1, (54.6)
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Kaxjaoe 13 3TUX NPECTPAHCTB B OTHENLHOCTH oépasye'r Gasuc anas
OAHOro M TOro XK€ HeNpPHBOAHMOIO npuCTaBJIeHm{D( k) (m) Torpa
na6op u3 (s-Im)® dyukuuh

B) (m) 7 (B) (m) 77 (k) (m) k ‘(R "k
, {‘l’(x P, 1 e, q,§ms) (m)qpy ; s) (m)ypy m( s) (m)} (54.7)
npeacTaBafeT coGolt 6asmc mJaa o6uYHOrO KyGa mpencTaBJeHHS
DB m) oGoanauaemoro

D(*#) (m) ® D *k) (m) @ p(*#) (m) = [D (%) (m)];, (54.8)

_CuMBoJIOM
[D(*#) m] 7 (54.9)

*
ofo3HauaeTcs p-f CTeNeHb NPEACTaBJICHHS D™*®) (m), Scuo Takxe,
4TO CHCTEMAa XapakTepoB p-H CTelleHH NpPelCTaBJEeHHs JIETKO BHIpa-
JKaeTcsl Yepes CHCTEMY XapaKTepoB NpelCTaBJeHHS D) im, I/Is
(54.9) ans MpPOU3BOJLHOTO 3JeMEHTa Ipynns @ umeem

CsplptH @], =[D ], = (D). (G4.10).

6. CummeTpH3OBaHHble cTeneHn npeactapaeHuil. OGpatumcs
Tenepb K MNPEICTABJIEHHIO, B TPUHIUIE OTJHYAIOUIEMYcd OT pac-
CMOTPEHHBIX BhIlle OOBIUHBIX CTeleHeHl NpeACTaBJeHHHA, a HMEHHO
K CHMMETPH30BaHHOM creneHn npejacrasienns D(*#) . Paccmor-
puM cHoBa mpoctpaHctso 2(°) (™ p3  (53.1). PaccMoTpuM aadee
Ha0op He3aBHCHMBIX NPOU3BeJAeHHH (QYHKIMHA, COCTABIEHHBIX H3 BCeX
BOSMOXHHEIX Nap 6asucHbIX (yHKHHH 3Toro xe Habopa (53.1).
HHaue roBops, o6pa3yeM NPOCTPAHCTBO BHAA

g () ()| B) (mhp) m) i) (mgip) (),

&) (m) (k)( ) () (m) 1. (R) (m) k )2 =
H',ll’()( m,“.’ ¢ m ¢ (m,..-,\p§S)(mll?§S)(m)}=
m m m .
=[3("* e ) mem],, . (54.11)

ITpousBosbHAA GYHKIUS 5TOr0 MPOCTPAHCTBA HMeEET BHA

1];&”0) (m)ipgk'r) ™ B=a T=>0. (64.12)
Orpannuenus f >> o U T > 0 HCKJIIYAIOT BO3MOXKHOCTb JIBYXKparT-
HOro yyeTa OXHOrO M TOTO JKe NpOMU3BeAeHHA. B npocTpaHcTBe
(54.11) umeetcs —;—(s‘- ln)(s+ I+ 1) He3aBuCHMBIX QyHKuH. [Tpo--

‘crpaHcTBo (54.12) MOXKHO Ha3BaThb IPOCTPAHCTBOM, 06pa3oBaHHLIM

CHMMeTDH30BaHHHIM 'Tpou3BefeHneM mnpocTpancrea 2("#) (M camo
Ha ce6s. [Ipeacrasienne rpynns @, sajanHoe 9THM IIPOCTPAHCTBOM,
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noJyyaeM B BHje

Pajemy[2Cae ™8 me m)] | —
=[N ™ ({9t (@)]p [2C*e ™ mo m],,.  (54.13)

IMpencrasnenune
[D(*&) ], (84.14)

Ha3sbplBaeTcd CHMMETPH30BaHHEIM KBaJIpaToMm HpeﬂCTaBﬂeHHH

*
DB (m); o6paTuyM BHHMaHHe Ha OOLIENPHHATOE 0603HAYEHHE C HH-
JeKcoM B CKOOKaX, HCHOJb3yeMoOe AJisl 5TOH BeJHYHHBI, U ero OTJIH-
yne oT (54.3). XapakTepel A/nf 3TOTO MPeACTABJEHHS MOXHO BBI-

pasuTh yepea ucXoiHml HaGop xapakrepos (&) M po IpaBUJIy
SplpC® W]y =W @], (54.15)

X% @ (] £ (@N)] = 5 P ™ (o 1# @) +

+ A (ot (@)D} (54.16)

B (54.16) »sneMeHT, BXoadLluH B apryMmeHT BTOPOrO CJIaraemoro,
npencrasiser cofoil mpocTo KBaapar ajneMenta {¢|lg}.
AHaJOruyHBIM CIIOCOGOM MOMKHO IOJYYHTh!) CHMMETPH3OBAH-

: * :

HylO TPeThi0 CTenieHb npeicraBienns D(*#) ™) sananmoro B Bek-
*

TopuoM npocTpancTse Z(*#)(m),  MoxHo 06pa3oBaTh CHMMETPH30-

BaHHYIO TPETbIO CTeNeHb BEKTOPHOI'O MPOCTPAHCTBA

[s(ee*e@*s) momem],, (54.17)

COCTaBJIGHHOIO M3 BCeX He3aBHCHMBIX NPOM3BeleHHHl TPeX MHOKH-
TeJlell, KaX bl M3 KOTOPHIX NPeACTaBaAeT cO0ON GJOXOBCKHH Bek-

TOP H3 OJHOTO M TOrO0 Xe NPOCTPAaHCTBA (*®) m),  dynkunu, BXo-
IALLHe B BeKTOpHoe mpocrpaHcTBo (54.17), uMmeor BUA
P{Fo) ) . o) tmnp(Fe) m), (54.18)
’ 5 /
0, 0',.’5"—‘-‘—1,...,8, oSBTy, PSOKT.

Vmeercs é (sl lp+ (s l,+2) dynkuui Buma (54.18), ‘
BekTopHoe mpocTpaHcTBo (54.17) H3 6JI0XOBCKHX BEKTOPOB (54.18)
sABJsETCA 6a3HCOM TPeACTaBJICHHA

[BC# @]y, (54.19)

1) CuM. nuxe B § 117.
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KOTOpOe Ha3nBaercs CHMMeTpHSOBaHHOﬁ TpETbeﬁ CTEeNECHbIO Open-
craBjeHus. 1 B atom cjayuae MOXKHO IoKas3aTb, UTO

Sp[D®) ]y = [x*#) ], (54.20)
TAE

[x*® ™ (g 1t (@] =5 {(x(*") m ($ | ¢ (9)})) +

+ 38 ™ ({g 1# (@)}) - o i (o 1 (@)Y 4 2% (g 1 £ ()}

(54.21)
MoxHO Takxe NOJTYy4HTb (QOPMYJHl AJs Gosee BHICOKUX CHMMETDH-
30BAHHBIX CTeNeHell TpeACTaB/ieHUH, NOAOGHEE = BHPANKEHHAM
(54.16) u (54.21).

B § 117 npusesen BBIBOA 1Jsi XapPaKTePOB CHMMETPH30BaHHBIX
cTelleHell NpejCTaBJEHMS, CIEHHAJbHO NPUCIOCOBNEHHB K 3agade
0 KoJeOaHUAX penleTKH. AHTHCUMMETDH30BAHHbBIE CTENEHH Ipel-
CTaBJEHHA, paccMaTpHBaeMble B CTAHAAPTHHIX YyueOHHKAX, B Ha-
nieM paccMoTpeHHH He moTpebylorcs [2, 48, 49].

§ 55. Onpeaenenre koapduuHeHTOB NpUBEIEHUS

Corjacio teopeme Mamke [50], moboe npeacTaB/ieHHe KOHeu-
HOH rpynnel, 3afanHoe Hal TOJieM KOMIUIEKCHBIX uuces, Jubo He-
NPHBOLHMO, MO0 pasniaraercsi B OPSMYI0O CYMMY HeNpHBOIHMBIX
npesfcTaBaeHHl. DTO yTBePXKAEHHE MOXKHO NPHMEHHUTH K IpPeNCTaB-
JEHUsIM npousBeneHult, paccMorpenHniM B § 53 u 54. Ham Tpe-
6yercst pasnoxuTh npencrabgenne DM@ #) o m) ppgmoro npo-
M3BeJleHusl Ha HeNPHBOAMMEIE cocTaBisiioune. Onpexenum Kosgh-
¢GHuMeHTH NoJHOro npuséneHus (*km*k'm’|*k”m”) u3 ocHOBHOrO
ypaBHeHHs, aHajoruudoro (17.4):

p*ee*¥)mem) — 3 3 @ (*km*k'm’ | *k"m”) D{"¥) m"_ (55.1)

G
CymmupoBanue B (55.1) Bemercs 1o Bcem SBesnaM *k'”” u mo BceM
NONYCTHMBHIM HENPUBOAMMBLIM HpeACTaBACHUSM m'/, KOTOpLie MOTYT
BO3HUKHYTb A5 jpandoro k7. KosdduumeHTs

CRm*E'm’ | *R m”) (55.2)
ABJAIOTCA UeJIBIMH YHCJI2MH, KOTOPEHE 0603HAualoT, KaKHe HelpHBO-
AUMEE [peAcTaBJIeHUS D( B)(m) 3 CKOJBKO Pa3 BCTPEYAIOTCSs

B Pa3JIOXKeHHH.
MoKHO IaTh ApYroe onpejeseHHe Koatb(’puuneHTOB IIPUBEICHHUS,

ucroab3ys anaaoruyno (17.7) cucremy XapaKTepos y(*B) ) Torpa
(55.1) sanumeTtcs B BHIE
y(*e @ *w) m m) = S (km*Em’ | R m”) ) (- (55,3)

* 'm?
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< HJIH, TIPHUMEHARA npaBmxo HOJIyquI/IH XapakTepa [psAMOro npomnsse-
ACHUSA,

A0 (¥ ) — 3 (ke | ) ) @0, (85.4)

*kllm

B coornomenusax (55.1), (55.3) m (55.4) nonpasymeBaercsi, 4TO
OHY BBIIHCAHBl AJf OTAENLHOTO 3JeMeHTa Py|zg) TPyNnb (HJIH,
kaK B (b5.3), (55.4), A1s OTHAENBHOTO Kjaacca), HO3TOMY JJiA KpaT-
KOCTH B HHX ONYUIEHH aPTYMEHTH,

Urobnl onpeneauTb Kos¢h@UUMEHTH NPHBEIEHHS XapaKTepoB,
MOXHO OOBYHBIM O6pasoM, nogobue (17.8), (17.9), ucmonb3oBaTh
COOTHOLIEHHE OPTOrOHAJLHOCTH H HOpPMUPOBKH (49.5). B Takom
cllydae JJs onpejedeHuss 3TUX KO3 PUUUEHTOB HMeeM Koadhdu-
ILMeHTHl Pa3/0XeHHA XapaKTepOB, KOTOpble MOMKHO ONpefelHTb MO

popmyne
(*km*k/ "*k” //)=
== 2, W™l @)1 (g1t (@) X
{®] £ (9}
X ™ (g1t (@)} (65.5)

B (55.5) cymMmmupoBaHHe BefeTCs HO BceM 3JeMeHTaM rpynmu .-
HecMoTpsi Ha OYEBHIHYIO CJOMXKHOCTb BHINOJHEHHS CYMMHDOBaHUSA
0O BCEM B3JeMeHTaM TCpPYNIb, AaHaJOTHMYHOTO CYMMHPOBAHUIO
B (b5.5), okasmBaercsi, uTO, HcnoAb3ysl (55.5), AeHCTBHUTENbHO
MOYHO BEIUHCAHTL Ko3(pduuneHTH npueefeHus. Mu o0CyauM 3TOT
BONIPOC B HECKOJBKHX CJeNYIOMUX. naparpadax.

Ananoruuno omnpefeneHu0 OGBLIUHBIX KO3(h(ULUEHTOB NpHBeIe-
wus (*km*k’'m’| k”m”), NO3BOJSIOIHX Pa3/IOKHUTb NPOH3BEAEHHE
[ABYX [POH3BOJBHEIX HENPHBOAHMBIX [pPeXCTaBJACHHH MPOCTpaH-
CTBEHHBIX TPYII, MOXKHO ONpeAeauTb KO3(D(HUHUEHTH HPHBELEHHS
JJ1s1 OOBIYHBIX U CHMMETDH30BAHHLIX CTelleHeH HeNPUBOLUMEIX Npej-
CTaBJIEHHH.

Tax,

[ ), = 3 3 ([, | *R7m) ¥ 0, (55.6)
B m”

DTo BHIpaxKeHHe onpenessieT Ko3hpHIUEHTH NIPHBEEHHS ([*km], |

| *k”m") nast o6biuHol crenenn npegscrasienus D #)(m), SlcHo, uTO
9TOT KO3()(PHUUHUEHT MOKHO BBHIUHCIHTL MO ¢opmyse Tuna (55.5):

(Pl 8 =
> Lo {elt @], - x" @ {olt @) (65.7)

gp )
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B (55.6) u (55.7) p Mmoxer GbITb JiO06bM Heapim uucaoMm. [Toxo6-
HEM 06pazoM Ko3(pGHIMEHTH NPHBeleHHA JJs1 CHMMETPH30BaHHEIX
cTeneHel NPEACTABJAEHHS HMEIOT BUJI

LD ] = 3 3 (Pl |*R7m?) 3740 0 (55.8)

*kr/ ”
H

([ | Fm") =
T LR (g1t @D, 1 e (g @Y. (5.9

(@2 (9}

§ 56. MNpasuna orGopa AJMA ROJNHOBBIX BEKTOPOB

a. Koagduuuents npuBeseHns AJs 3Be3fbl B CAyYyae MPOCTOro
npou3BeleHUuss npeacraBiaeHuid. UTo6bl N0AYy4YHTH MOJHBIA HaboOp
K03(DhHULNeHTOB NpHBeLeHUdA AaJbHelllllee pacCMOTPeHHE IPOBedeM
B ABa »71ana. B (55.4), (55.7) n (55.9) MEL cymMHpyeM IO BCeM
3BesfiaM. Ho (dakTudeckn CyMMHDOBaHHe BejeTcd IO OTpaHHYeH-
HOMY YHCHY 3Besp *k”,

Ilnst onpeneNeHHOCTH paccMOTpuM Ko3(hGHIMEHTH NpHBeleHUS
us (55.4), a umenno (*km*k’'m’| k”m”). dtu _gosHIHEHTH BO3-
HUKA[OT I[PU Pa3/ioxKeHUd OOLIYHOTrO NPfMOro NPOU3BEJEHHS ABYX
pasqdyYHBIX HEeNPHBOAHMMBIX  IPEACTABJAEHHA NPOCTPAHCTBEHHOH
rpynnel. PacemotrpuMm npoctpadcTBo (53.5). Tunnudas QyHKIuA
npocTpaHcTBa (53.5) HMeeT BHJ

;bgkﬂ)(m)-\pgké)(ml), o=1, .‘.., s, 1:==1,‘..., s,
a=1, .., L, p=1,..., In,  (56.1)

Bo/MHOBOH BeKTOp, ONpefedsioliud 3aKOH mpeo6pa3oBaHUs mpoHs-
Begenus (56.1), pasen

ks 4 k'c = k:,,, (56: 2)

rZie BeKTOp ky — OIUH H3 Jydell 3Besan *k”. SIcHO, 4TO B mpoCTpaE-
cTBe npsiMoro npousBeleHHs (53.5) BO3HHKAT MNPOU3BeleHUS
(OYHKUHA ¢ pe3yJbTHPYIOIIMMHA BOJHOBHMH BEKTOPaMH, COOTBET-
CTBYIOIIUMH BceM (S-s57) pasiuuHBIM CHoco6aM C/IOKEHHS KaXkKAOoro
BOJIHOBOTO BEKTOPAa 3Be3fbl *k CO BCeMHM BOJHOBHIMH BeKTopaMPl
3Be3qnl *k.

Bcnencraue Toro uto mpegcrasienus D(*#8*#) mem) y cooTBeT-
CTBYIOIHE MPOCTPAHCTBA (53.5) pasnaraiorcs Ha CYMMY HemlpHBO-
AHMBIX [peACTAaBJEHH H NPOCTPaHCTB, 3TH (s-$’)' pesyJbTHPYIO-
IHX BEKTOPOB JOJIKHB BEIPAXaTbCA B BHIE CYMMBl IOJIHHIX 3Be3f.

Kaxpoe BOSHHKalolllee npe,qcras.neﬂue DU #) ) xapaKTepnsyeTca
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OAHON moaHON 3Be3foll. UToOH omnpenenuTb NOMHHIA HaGop 3Besk
*k”, NoABIAIOIAXCA NPH 06pPa30BaHHH BceX BO3MOMKHBIX KOMGHHA-
nufl tuna (56.2), BBelleM 06GO3HaueHHe AJisi NPSMOTO NPOH3BENEHHs
CaMHX 3Be3[:

*h®*k = Z [} (*k*k/l *k”) B (56.3)

*pn

Koapdnnneutt (*k*k'|*k”) apasiotrca xoshdHUHEHTaMH pHBEIE-
HHA [AJI BOJHOBOTO BEKTOpa; OHHM paBHB HeaniM uucaam. C mno-
MOIbIO 3THX K03()HIHEHTOB YTBepKAEHHE O TOM, uTo (S-S8’) Bek-
TOPOB BLHIPAXKAIOTCSl Yepe3 CyMMY M0 NOJHBIM 3Be3ZaM, MOXHO 3a-
OucaTh B BHAE

s+ 8 =2, ("k*k'| *k") s"- (56.4)

- ' * g

Coornoutenne (56.4) MOXHO Takse HOHHMATh KaK YCJIOBHe COXpa-
HeHHsl Pa3MepHOCTH, TaK KaK CYMMHPOBaHHe BBHIIOJIHSETCS IO BCEM
sBeznam *k”. TlockoJbKy cloMKeHHe BOJIHOBBIX BEKTODOB KOMMYTa-

THBHO, HMeEeM

R =k Q*k : (56.5)
" -
(*k*kll *kll) J— (*k/*kl *kl/). ' (566)

Kosdppuunenrtst (*k*k'|*R”) upu lpm =1y =1 onpemesior HOJHYIO
pPa3MepHOCTb BCeX HENPHBOAMMBIX NMpelCTaBJeHHi cO 3Be3namu *R”
HPOCTPAHCTBEHHOH I'PYNIBl, BXOAAUIHX B PA3JIOXKEHHE HPSIMOrO IPO-
H3BEJICHHs] HENDUBOAHMBIX NpPEACTABJEHHUA CO 3Be3faMu *R u *k’
(HesaBHCHMO OT m 1 m'). ‘
~.Yacro Koaq)(bmmeHTbI NPUBEAGHAS /i BOJHOBOTO BeKTopa
MOXHO NOJY4HTb INPAMOH NpPOBepKo#. To, B YaCTHOCTH, YHOOHO
A 3Be3]] BHICOKOH CHMMETPHH. B OCTaNbHBIX CIyYasX OKas3hIBaeTcs
[MOJIe3HbIM CHCTeMaTHYeCKOe nepeunCienue uaeros B (56.2). Takum
06pa3oM, MOXKHO COCTaBHTh MPSMOYTONbHYIO TabJIHIY, CTPOKH KO-
TOPOH COOTBETCTBYIOT JydaM 3Be3Abl *B, a cronbubl — ayuam *k’.
Bhinniem Jydd 3Be3fsl BekTopa K:

h=(k, @2k, ..., @sF) - (86.7)
H 3Be3fn BekTopa R':
R =K, o, ..., ¢ k). © (56.8)

[loMecTuM Ha TepeceyeHHH O-H CTPOKH M -T-T0 cTosbuna Ta6JaHLE
3JIeMeHT . (BOJTHOBOH BeKTOD) \

@ (Bt ok )=0, - k+ q0; - F. (56.9).

DTO BOJHOBOJ BEKTOD 3Be3AH *(k—i—(p’k’) OcymecTBasia - Takoe

NOCTPOEHHE, ME HOJNYYHM TaGJuIy, B Kax1oH CTPOKe KOTOPOH
_ , '
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NPUCYTCTBYeT OAMHAKOBOE cJaraeMoe (HampuMep, @s-R); 310 He
uMeer Mmecra ajs croabuos. OaHaxo Kax bl cronabel TabaHIb CO-
JIEep:KUT BOJHOBOH BEKTOP OAHOM ¥ TOH e 3pe3finl. B cayuae, kKoToput
uagoctpupyercst B (566.9), Bce BOJHOBHE BEKTOPH T-I0 €T0J0LA BXO-
AT B 3Be3ay *(k—}—qé-k’), B orheqbHBIX cAydasX MOMKeET OKa-
3aTbCA, YTO [JaHHas 3Be3fa *k cofepxkutT Oojbime YeM (s) ayued,
T. e. §” >s. Ho Torma, utoGnl cBecTH BCce Jyud K 3Be3xe *k”,
clelyeT NPOCTC CAOXKHTBL HECKOAbKo crosabuos. Haobopor, ecan
s” <C's, TO OHA M Ta e 3Be3/a MOXKeT BXOMUTb B JaHHBIA cToNGe]
HECKOJIbKO pa3. M 3ToT cayuall He BEHI3BIBaeT 3aTPylAHeHHH. B Jjro-
6oM cJayuyae, mocjae TOro Kak TalJHIA COCTABJeHa, JErko Jora-
JAaTbCsl, KaKHe CTOJIOUB CAeAyeT CIOXKHTb,

MoxHO OTMeTHTb, UTO, ompenensis KoaddHIHeHTH NPHUBEIeHHS
(*k*k’| *k”) nna BOIHOBOTO BeKTOpa, Mbl (DAKTHYECKH BHIIOJHSEM
pasjioKeHHe TeX AWATOHAADHBIX MATPHI MPeACTABJEHUA NPAMOro
NPOH3Be/leHHUs, KOTOPBIE COOTBETCTBYIOT aJeMeHTaM Tpynne <.
Marpunsl (53.9) yke ABAAIOTCS AHATOHAJLHBIMH, H Hallle OCTpOe-
HHe CBOJHUTCH K TAKOH MeperpyHIHpPOBKE AHATOHAJBLHBIX 3JEMEHTOB,
4TOOBl BCe BEKTODHI, BXOJAsILIMe B OJHY 3Be3/y, OKa3ajuch cobpaH-
HEIMH BMeCTe.

Ipu Im>1 1 Ilw>1 pocraTouHo Jumbs HeGOJBLUIOTO H3MEHe-
HHUs paccyxieHud. PaccMaTpuBasi CHOBAa BEKTOPHOE MPOCTPAHCTBO
(53.5), BumuM, 4T0 Il > 1 u (mau) [, > 1 03HaUaeT TONBKO, UYTO
5JIeMEeHTHl JaHHO# 3Be3nsl *k (nmiam *R’') BXoAsiT B JIeBYIO 4acTb pa-
BencrBa (56.2) I, pa3. B 3TOoM caydyae KpPaTHOCTb JIETKO YYeCTb.
Wnmeem

(Ln*B) ® (L* k) =Y, @ (Imlo) CR*K | *B") *R” (56.10)

*k”
HJIH, HCIOJb3ys DPasMepHOCTH NpPeNCTaBJeHHH,
(ImS) + (lS"y = 2, (Imdm) C"R*K | R) 5. (56.11)

B03M0OXHO, OJE3HO 3aMeTHTh TaKXKe, YTO CJIydall COBIAJAOMIUX
3Be3s *k m *k’ He BHOCHT HHYEro HOBOro. B 3TOM ciaydae MH
IOJIKHBI paccMaTpuBaTb OOBYHOe NpAMOe NPOH3BeleHHe NpeJCTaB-
JgeHusi camo Ha cebs. CooTBeTCTBYOMME KO3(DOHUHEHTH IpHBEIe-
HHSl 17151 BOJHOBOTO BEKTOPa MOXKHO TMOJYYHTh aHastoruuHo (56.10):

(k) (k) = 2 D I ([*R]y| *E") *R” (66.12)

*k”
UJIH, HHaye, MOXKHO 3anucathb
(U™ R) ® (Luk) = 1, Kl (56.13)

Torma, kak suano ua (56.12), Mbl nosyyaem onNHaKOBHe K03bdH-
IHEHTE!, KOTOpPble Telepb MOXKHO 0603Ha4uTh 4epes ([lm *k]2|*k”).
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B TakoM cJaydyae MOXKHO 3alucaTthb
Un*kle= 2 & (Il K]y | ") R (56.14)

k”

6. Kospduunentol nmpuseseHuss ajis 3Be3fil B Clyd4yae CHMMeT-
pU30BaHHOro mnpou3BefeHusi MNpencrasBaeHni. O6paTuMcs Telepb
K pacCMOTPEeHUw Ko3()PHUIMEHTOB NPHUBEJIeHHs AN BOJHOBOrO BeK-
TOpa IIpHM HAXOXKJEHHH CHMMETPU30BAHHOTO NPOU3BEAEHHS IpeA-
craBJgeHu#. B atoMm ciayuae Heo6XCAUMO 3apaHee BKJAIOYHTb B apry-
MEHT PasMePHOCTb lm; T. €., €CJIH BEKTOPHOe mpocTpamcTso X ° ™
UMeeT Pa3MepHOCTb I, >> 1, TO MPU NepeuncHeHHn Kax/bli BOJIHO-
BOM BEKTOD 3Be3Nbl MOJXKeH BO3HHKaTh [, pas, WIH, LDYruMH
CJOBAMH, KaxKjaas 3Be3fa AOJKHA BO3HHKAThb [» pas. Paccmorpum
cHauana cayuaht [, = 1. Torna HaGop BOJHOBBHIX BEKTOPOB, o0pa-
3YIOLUINX NPOCTPAHCTBO CHMMeTPH30BAHHOTO KBajpaTa NpeacTabJe-
HHS, MOXKHO 3anHcaTh B BUAE

byt k, o<t=1,...,s. (56.15)

[Mepenuumem (56.15) B BHme, cOOTBeTCTBYIOIEM TabJ/HIE, KOTOpas
ofGcyxaanack npu BeiBoge (56.7)—(56.9). Toraa momyuam -

itk =q,(k+ao;'gk), o<t=1,...,s5 (56.16)

fcuo, uto ecniut B (56.16) 0 = 1, TO mosiy4aroTCs 3JeMEHTH 3BE3JHl
*(2k), rne 2k = k+ k. TakuM o6pasom, 3anuuieM

@ k=*QR) Dk, + k), 0~ (56.17)

Onnako B HaGope BekTopoB  {kqs -+ k:}, BO3HuKaiomux B (56.17),
BBHJY OTCYTCTBHSI OrpaHMYeHHH Ha HepaBeHCTBO B (56.17) nmannas
KoMOuHauusA Ry~ k. BcTpeuaerca asaxkael. Hamporms, B (56.15)
BBINOJIHSIETCS HepaBeHCTBO ¢ << 1. [losToMy

{ks+k;} 1pn o4,
=2(k;+ k) mpu o<t (56.18)

OGosHayas uepes
[*E](2) (56.19)

CHUMMETPH30BaHHBIH KBaApaT 3Be3fbl *E, mpeacraBisiomuil coboi
Ha6op BeKTOPoB (56.15), oueBHAHEIM 06pa3oM HMeEEM

2 [*kq) =*k® *k D *(2F), (56.20)
58]0
("Rl = e ® "k H*(2H). (56.21)
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[ToBTOpsIf Temepb 9TH paccyxIeHus s obiero cayuas im > 1,
MEl DIPOCTO Crpynnupyem s rabjauite COOTBETCTBYIOUIHE BOJIHOBEHIE
BEKTODH H NOJYYHM CJAEAYIOUHHE Pe3yNbTar:

UKoy =5 13 "2 D R D1, @H)], (56.22)

4aCTHBIM CJy4aeM KOTOPOro IpH - ln == 1, OUYeBHIHO, ABJSETCS
(56.21). Koadpuuuentsl npHBeeHHs, COOTBETCTBYIONINE COOTHOLIE-
HHIO (56.22), MOXKHO 3amuCcaTh B BHAE

(1 By | *&"). (56.23)

AHajornuHBIM 06pasoM MOMKHO MOJYYHTb CHMMETPH3OBAHHYIO
TPETbIO CTENEHb 3Be3/bl B BHIE

n* Ml =5 {5 k0 k@ kDL k@ "2 DL (30} (56.24)

CooTBeTcTByIOIHe KO3 GHUINEHTH OPHBENCHHA 0003HAUHM
(IRl | B7). (56.25)

Ponb K03Gh(uLHEHTOB NpHUBeleHHs [Jg BOJHOBHEIX BeKTOPOB H
npaBus otbopa ISl BOJHOBHIX BEKTOPOB COCTOUT B TOM, YTO OHH
BHIAEJSAIOT TONBKO Te 3BE3/Abl, KOTOPhIe BO3HHKAIOT NPH HAXOXKAEHHH
OpSIMOrO TpPOM3BeJdeHHUs] npeiacTasiesufi. Jpyrumu cloBaMH, mOpH

* K st o
pasjoXKeHUn [IPOH3BEedeHUsA D*e)m g pl ””‘)c.nezlyeT.nnmb HaHTH

yrenst D%'™) nas  KOTOPHIX BBIIOMHAETCS COOTBETCTBYIOLIEE
npaBuio oT6opa. Heo6xoauMEIM, HO He JOCTATOYHLIM YCJIOBHEM IIpH-
CYTCTBHSl NpeACTaBjeHus: D(*#¥”)(m”) B NPOU3BEAEHHH SIBJSETCS He-

PaBEHCTBO
: CR*E | *k”) £ 0. | (56.26)

AHaJIOTHUHBEE YCJIIOBHS MOXKHO BHINHMCATh AJS1 OOGBIYHBIX W CHMMeET-
DH30BAHHLIX CTelleHel  AaHHOro mnpelcraB/eHus. Pasymeercs, opu-
CYTCTBHE JaHHOH 3Be3nnl *k'/ siBjsiercs HEOOXOAHMBIM, HO He JHOCTa-
TOUHHIM YCJIOBHEM IOSIBJIeHHS B DPAa3JOXKEHHH oIpeleseHHOro m',

Koa¢duuuerTsl NpHBeNeHNS JJIA BOJHOBOIO BEKTOPa, HJIH KO3(d-
(UIMEHTH NpHBeJeHHS JJs 3Be3ll, aHaJOTHUHH Ko3(dunueHTaM
npuBefenusa Aas psnoB Kue6uia — loprana. JlefcTBHTeNBHO, psin
(56.3) mpexcraBasieT coboii aHasor psga Kiebuwa — l'opnana ans
HeNpephrBHOH [PYNNE [OBOPOTOB IIPHMEHHTEIBHO K JHCKDPETHBHIM
KOHEUHEIM Tpynnam, , ‘

§ 57. Onpenenenne Koat(UIHEHTOB NMPHBEAEHHUS.
Mertoa nuHeilHbiX ajareGpanuyecKHx ypaBHEHHi

" INoansle Koatt)dmunembl NPUBEAEHHS AJIA IpOU3BeIeHHUI Henpu-
BOJHMBIX HpeACTaBJeHHH NPOCTPAaHCTBEHHHIX TPYIH OnpefeeHH B
(55.1), u Tenepr MOXKHO 0OpaTHTbCA K 9TOMY YPaBHEHHIO, UTOOH
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3aBepIIHTb HMX oNpejeieHne. SIcHo, uTo0 cooTHowlenus: (55.7) u
(55.9) uMeT OZHHAKOBYIO CTPYKTYPY, U NOITOMY IIPH HX PaccMOT-
pPEeHHH MOXKHO HCIOJb30BaTh OJUHAKOBHIE METOAHL.

Byzem cuntath, uto comHoxuTean D8 m) g p(*#)m) g (55.1)
sanausl. [Ipefanonaraercs, YTo ONpeleseHb COOTBETCTBYIONHE KO3~
¢unueHTH npuBefeHHs A48 3Be3x u3 (56.3), Torma gna kaxaoh
3Besanl *R”, Takoii, 4To -

(*k*K | *R") 0, (57.1)

o * 4 "
HefCTBUTEIBHO BO3HHKAIOT NpeicTanienns D(*#)m",

I'Ipezmonome, 4TO JAJIS1 3TON 3Be€34bl HMeeTCd fk,, JOINYCTHMEIX
HEeNpHBOAUMEIX NPeACTABJIEHAH, KakK/[J0e C PasMepHOCTBIO lgrp.
Torza, ecsn, KaK ¥ mpexie, YHCJIO Jyuell B 3Be3ne *kR” pasHo s”, To
NOJNHASl Da3MePHOCTh BO3HHKAIOILEro HENPHBOXUMOrO IpeicTaBie-
HHS CO 3Be3noll *k” paBHA .

(*k*R' | *R") ", (57.2)

Kpome TOro, M3 YCJOBHS COXPaHEHHS pPa3MepHOCTH CJeAyeT, 4To
kospdunuentsr (*km *R'm’|*k”m”) RONKHBI YHAOBJETBOPATH COOT-
HOLIEHHUIO -
rg”
Z (ikm*k/mll *k”m”) Lyrmr == 8" (*k*kll *k”). (57.3)
m”=1
Idasee, eciu 4HCJO PA3IHYHBIX (T: €. HEIKBHBAJEHTHBIX) 3Be3
*k'/, BxogsAmwux B Koahduunentn (*k*k’|*k”), paBHo t”, T0 uncio
pasJHUYHBIX KOG (HLIHEHTOB, KOTOPHE CJELYeT ONpeAedHTb, PABHO

&Il
MZI ren. ’ (57.4)

TToaTomy ypaBHeuusa (55.4) npunnmafoi‘ BH]I

X ({1 £ (1) %¥) ™) (i, 1 ())) =
= X Chm™®m | " m") ") @) (g, 18 @), (57.5)

*kllm/l

VpaBuenus (57.5) npeAcraBiAOT co0oi JHHeHHBIe anre6panyeckue
ypaBHEHHSI, B KOTOPHIX HEH3BECTHHl TOJbKO KO3((UIHEHTH NpHBe-
nenus. VHaue ropopsd, A KaXKAOro 2J€MEHTa NPOCTPaHCTBEHHOMN
rpynns @ H3BecTHH Bce XapakTepwl, Bxoisdumiue B (57.5). Xora B
NPOCTPAHCTBEHHOH Trpynme HMeeTcss gpN 3J1eMeHTOB, YHCJIO HeHus-
BeCTHHX K03 GunueHToB nNpHBefeHua (57.4) HaMHOro MeHbHle.
Ona pewenus (57.5) cieayer Temeph BhGpaTbh CTOJILKO pas-
JHYHEIX 3J€MEHTOB NPOCTPAHCTBEHHOHN TPYNNEL, N0 OKHOMY H3 Kaxk-
moro kjacca rpymns &, CKOJBKO HMeeTCs HEH3BECTHHX Kosddu-

N
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" IHEHTOB HpUBEJEHHS B COOTBeTcTBHH ¢ (57.4). DaemeHTH mpO-
CTPaHCTBEHHOH TI'DYNIEI MOIYT BKJAOYaTh B cebs Kak NpeICTaBHTe-
JeH CMexXHBIX KJ1accoB {@p|v,}, Tak u 3/1eMeHTH oOliero BHAA
{@o|to + R.}, BXOAsLHe B NPOCTPAHCTBEHHYIO rpynny. JIerko BH-
JeTb, UTO €CJH J/151 OrpaHHUEHHS YHC/Ja BO3MOMKHBIX KO3 (DUIIHEHTOB
OpHBeJEeHHA JAJS 3aJaHHOIO JONYCTHMOrO 3HaueHHs R ucnos-
3yeTcA cooTHomeHHe (57.3), To 3ajaua pelleHHs JHHeHHBIX aJire-
OpaMueckux ypaBHeHHH (57.5) cyuiecrBenHo ynpouwaercss. Hakownen,
YTOOH MCKJIOUHTb BO3MOXKHOCTb IIOSIBJIEHUS! pPelleHH#l ypaBHeHHH
(57.5), He HMEIOUINX CMEICAA, CJAEAYeT HCHOJIb30BaATh TOT (aKT, UTO
K03 QHUIHeHTH NPHBeJEHHS DABHEI IIOJOXKHTEJIBHEIM YHCJIaM, BKJIO-
4asi HyJb.

ITOT METOR HaxoxkJeHus Ko3h(QUIHeHTOB NpHBeleHHs, OCHOBAH-
HBIH Ha WCXOJHOM ONpeiesieHHH Ko3(dumuenTos npusenenus (55.1)
una (55.3), obnanaer noJHOH OBIHOCTBIO, H €0 MOXKHO [IPHMEHSTh
LJis J000d TPOCTPAHCTBEHHOH TPYHIE, KaK CHMMOpP(HOH, Tak H
HecuMMOpP(HOH. DTOT METOJ MOXKHO HasBaTb MeTOAOM JIHHEHHBIX
anrebpanvueckuX ypaBHEeHHUH, U €ro MOXHO C TaKUM JKe YCIexoM
HCIIOJAB30BAaTh B CJydyae, KOrjla OJHA U3 3BE3J HJH BCe 3Be3JH B
Pa3/NOXKeHHH HMEIT BEICOKYID CHMMETpHIO (T. €. KOrga rIpynmna
@ (k) BblCOKOTO HOpsiAKa) JubO KOTAa OHH MMEIT HH3KYIO CUMMeT-
puto. CoryiacHo ofuiell TeopeMe eAMHCTBEHHOCTH Da3J/I0KEHHS TpeX-
CTABJEHHST HA HEIPUBOJMMEBIE COCTABJAIOUIHE, pelieHHe ypaBHEHHH
(57.5) u (57.3) siBnsieTcH eAMHCTBEHHBIM H TOUHBIM. JIJ1l MpoBepkH
pesyJbTaTa YHCJIEHHOrO pacueTa MOMKHO HCHOJb30BaTh yDaBHEHHE
(57.5), mogcraBaff B HEro 3JeMeHTH MNPOCTPAHCTBEHHOH TIPYHIH,
OTJIHYHBEIE OT 3JIEMEHTOB, HCIOJIb30BAHHLIX B HCXOJHOM Da3JjOXKEeHHH.

Mur npumenum ator meron B § 129, 130 nasa noayuenus Koad-
(GHIMeHTOB NPHUBeJeHHsl IJIS NIPOCTPAHCTBEHHOH TIPYNIBI KPHCTAJIa
¢ cuMMeTpHell KaMeHHOH co/iun. YTo6H NPOAEMOHCTPHPOBATHL NpAK-
THYECKOe YLOOGCTBO 3TOro MeToda, 6yJeT PacCMOTPeH KOHKDeTHHIH
IIpHMeD.

§ 58. Onpepenenue Ko3thhUuHEHTOR NpPHBEIEHHS.
Meroa rpynnbl NPUBENCHUS

Meron JnuHefHBIX ajdre6pauuecKux ypaBHeHUH, H3JIOXKEHHBIH B
npeaslaylieM naparpacde, ABJAsSETCS, MOXKHO CKasaTh, NPAMBIM Me-
TOLOM ompejeseHusi KoadduiuenTos npusesenusi. O6paTHLA MeTOA
OCHOBAH Ha CYMMHPOBAHHM 110 BCell rpymie, NOZOOHOM CYMMHPOBa-
auio B (17.8), KoTOpOe Temephb BHIMOJHSAETCH HO BCell IPOCTPAHCTBEH-
Hofi rpynme, Kak B (55.5). CyMMupoBaHue IO BCeH TpyIlle MOXHO
BBIIOJHHTD TOJBKO B TOM cJydae, KOTJA PacCMaTPHBAIOTCS HEKOTO-
phle NpeAcTaBJeHHs HOCTATOUHO MPOCTOH CTPYKTYPHI, TAK YTO MOXK-
HO HCHOJIb30BaTb 3Ty CTPYKTYpPY AJifd Hepexofia K PacCMOTPEHHIO
HEKOTOpHX (hakTOoprpynm. -
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B uacTHocTH, AJs 3Be3/ BLICOKOH CHMMETPUM MaTpU4Has rpymnmna
D*8)m)  gpisiercss roMOMOpPGHEIM  0TOGpakeHHeM a6CTPaKTHOM
rpyuns ‘@, takumm, 4To SApO romomopdusmal) & mnpencraBaser
co0oli Tpynny BLICOKOrO MopaAka (T. e. nopanka N), a HHAeKC HOJ-
rpynnst & B rpynme DB em gpisercss Manpm upcaom (T. e. To-
psanka gp). IlogoGHoe o6CyKA€HHE NOIKHO PasbsACHUTh 3TO YTBEPXK-
JeHue,

Paccmorpum coBoxymnocTh Bcex Matpun DY) M) pxoxamux B
AP0 roMoMopduaMa:

f*&) e {pC*B)em (v)}, rtne DB (y)=DB e ({e]0}).  (58.1)

Ha6op snementor {Y}, oueBHAHO, 06pa3yeT HOPMaAbHYIO NOArPYIIY
rpynnsl . ITosToMy MOXKHO MOCTPOHUTH (aKTOPrpynny rpyunst @ mo
3TOH noAarpynne. PaccMoTpum NOArpynmy

Ry ={r}, (58.2)

o8pa3yeMyl0 COBOKYIHOCTbIO abCTPaKkTHHIX 3JeMeHTOB rpynnn @,
TaKuX, 4YTO KaXKJAOMY 2JeMeHTy Y B JaHHOM HeNpPHBOJMMOM Ipex-

CTaBJIeHHH (B MaTpPHUHON rpynme) D(*#&) m) COOTBETCTBYET MaTpHLA
DU ey (v) = p(*B)tm ({g] O}). (58.3)

OG6HYHO OKa3BIBAETCA, YTO 3JAEMEHTHl TPYNIbl Ny} MPeACTaBJSIOT
co00H 4HCTHIE TpaHCHASNH, X0Td Nyy=< TOJBKO B TOM ciayyae,
Korpa 3mesga *k=1TI. IloaTomMy MOXHO pacCMaTpPUBaTb pasJo-
JKeHHe rpynunl Tpascaanuait £ mo moarpynme RNy;, KoTOpoe Zaer
Habop mpeacraBuTesell CMEXHEIX KJACCOB B BHIE

TRy =1{el0}, {elt}, ..., {elta ). (58.4)

OtmeTuM, YTO paccyxAeHHe IOJHOCTbIO COOTBETCTBYeT GoJsee Tpo-
CTOMY PacCyX/AeHHUIO, NPUBEACHHOMY B § 39 npu H3M0KEHHH METOJa
manofi rpynnsl. B toMm cayuae B (39.9) paccmaTpuBasach rpymna
I1(k), paBuaa daxroprpynne &(k)/T(k), rue rpynna T (k) ompe-
JeJisaach Kak Habop TakuxX aOCTPaKTHHIX 3J€MeHTOB FPyNIsl £, 4UTO
B NaHHOM IIpeACTaBJeHHU MaTPUIBl 3/7eMenHToB rpynnsl £ (k) Gwuiu
paBHBl MaTpHIE, COOTBETCTBYIOIIEH TOXIECTBEHHOMY 3JE€MEHTY
{e]|0}. TlosTomMy MaTpHLBI, COOTBETCTBYWUIHE 3JeMEHTaM TPYIIH
€ (R), BXOAAT B LEHTP MATPUUHOH TpyINE, o6pasywllell AOTYCTH-
MOe HeNpHBOIAMMOE MNpeicTaBjieHue rpynns @(k), T. e. BXOAAT B
nentp rpynnsr D'¥™. B paccMmaTpuBaemoM 3zech caydae HMEeHHO

1) Ipn BesikoM romomopdnoM oTo6paKenuu rpynnm G ma rpynny H enu-
HHIA rpynnu, G nepexoiuT B eawsHny rpyunsl H. COBOKYNHOCTb BCEX JEMEHTOB
rpynnsl G, nepexofsiiuxX B €AMHHNY rpynnsl H, Hasusaetcss aapoOM AaHHOTO ToO-
moMopdusma (cM. [117], crp. 253).— Ilpunm. ped.
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noJHas rpymna @ ompenessieT Yepes HeMpHBOAMMEIE NPEACTABIEHHSA
D(*E) (m) noarpynny RNy} u, Takum o6pasoM, psig B (58.4). '
Hcxons us storo, obpasyem (hakToprpymnmy

®/N. (58.5)

Ona pasbusaercs Ha PAL CMeXKHBIX KaaccoB. KaxkAblll He3aBHCHMBLH
CMeXHBIH Kiaacc rpynnsl u3 (58.5) npeacraBiasiercs MaTpuued rpym-
net D (")) HaGop sTHX MaTpuI 3aMKHYT, T. €. OH obpasyer Mmar-
puuHyr rpynmy. PaccMoTpuM Tenepp TIpeACTaBMTENIEH CMEKHBIX

KJ1acCCcoB -
10}, o {eltn) (02l 0 o, g, [a). (586)

Ec/u paccMaTpuBaTh HeTPHBOJMMOE NpejcTaBienne Dt ™) m) rpyn-
et @, 1o Habop U3 gpn; NMpeicTaBuTelell CMeXHBIX KJIACCOB obpa-
3yeT COBOKYNHOCTb «HE3aBHCHMBIX» 3JI€MeHTOB rpynnsl &.

CoBokynHOCTL 3/1e€MenTOB (58.6) Mbl 0Go3Haumm uepes R(k) u
Ha30BeM «TPYNNOI NpHUBeReHHs A5 Bekropa k». QueBHIHO, Npea-
crasrenne DB gpiserca Juib. roMOMOPMHBIM OTOOPaKeHHEM
rpynnsl @, HO yacTo npenacTaBaseT co00H n3oMopdhHOe oTOOpaXKeHHe
rpynnst ® (k). Tak, nabop matpuu D(*&)m (7) rne Z — samement
rpynnsl R(k), obpasyer MaTpPHUHYIO TIPYNNY, 3aMKHYTYIO OTHOCH-
TeJbHO MaTpHUHOro yMHOxenus. Jamee, ga6op D(*¥)m (Z) sapaer
MaTpUYHOe NpejAcTaB/geHNe AJs COBOKYNHOCTH a0CTPaKTHBIX 3JeMeH-
toB R (k), onpenenennoit B (58.6). [losaToMy cooTHOLIEHHE

Z;@ [y &) (2) P = g,N, (58.7)

B KOTOpOM CyMMYIpOBaHHe HpOI/I3BOL[I/ITCﬂ 110 BCeM 3JeMeHTaM prII-
sl @, MOKHO MPHBECTH K GoJsiee IPOCTOMY BUAY

* 2 A

> [xBm (2) [ = g,n,. (58.8)

ZsH ()
CoorHomernte (58.8) mpencras/sier co060ft COOTHOIIEHHE HOJHOTEHI,

caeiymollee U3 CBOMCTBA MaTpPHL D*#m | paccmaTpuBaeMHX B Ka-
YecTBe HENPUBOAMMOrO NpeicTaB/eHus rpynns @.

TouHo TakuM ke 00pasoM MOXKHO Telepb ONPEAeNHTb SIApPO
npeacrasaenns D*#)m); oGoznauum ero uepes & (*#)m). Moxno
Tak e paccMorperh W rpynny R(R’). TpaHcasuuu, BXOAAIIHEe B
rpynny R (k’), moryt nu60 coBnaiaaTh, JHOO He COBNaAaTh C TPaHC-
asnuaMu u3 rpynnel & (k). MoxxHO, HakoHell, HNOCTPOUTb Tpymmy
R(k’), COOTBETCTBYIOULYIO  HENPHBOJAMMOMY  TPelCTaBJEHHIO
D(*#)m", B TakoM cJyuae Mbl NOJYYHM TPH OTAE/bHBIE T'PYIIHI
MaTpHl, KaxAad M3 KOTOPHIX 3a/aeT NPEACTABJeHH® COBOKYIHOCTH
aBerpakTHbIX 3JeMentoB R (k), R(E) uan R(R”). dtu marpnunbe
IPYNOsl HECYT CYIECTBeHHYIO (He H3OLITOYHYI0) HHODOPMALHIO O
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1

noMHbIX MaTpuuHkx rpymmax D) em  pO#)m) g p*#)m). Tlep-
Beie ase rpynmst D8 g D*#)m) pxonsT CcOMHOKHTENSAMH B
Npou3BeJieHHe, KOTOPOe CJAeLyeT Pa3OXKHTh, a TPeThd NpeicTabiaaeT
co6ofl mpejcTaBjaeHne, HajJudue Kotoporo (T. e. m’’) B mpousseie-
H#U Tpe6GyeTcsi yCTAaHOBHTb, €CJH MBI 3HAEM,uTO 3Be3ga *R” mefct-
BHTEJIbHO BXOAHT B MPOH3BeAeHHE (3TO OmpejeJsieTcsi COOTBET-
CTBYIOIIUM KO3()HUHHTOM NPUBENEHUS [JS BOJHOBOTO BEKTOpPA).

O6pasyem Tenepb u3 Tpex rpynn R(k), R(R) u R(K’) omuy
rpynny R caeaywomuM o6pa3oM. PaclinpuM Ka)Kayi0 U3 9THX TpeX
COBOKYIHOCTEH aGCTPAaKTHBIX 3JeMeHTOB, H06aBiasds 3JeMEHTH H3
uxX co6cTBeHHOro LeHTpa. Takum croco6oM Mpl  HafijeM obuUiyo
rpynny R Haumenbllero nopsiaka. Ecan, HanpuMep, sIpoM npen-
craBaenns D#) " gupgercs K7C¥) w1 a sjpementamu rpynmnr

Wen ” - 14
K7C#)m") gpusiores saements Y7 (tak uro Z/Nyn conepxkuT nj
IpeACTaBHTeNell CMEXKHBIX KIACCOB) U 1, > Ny Ny > Ny, TO B Psifie

cJyuaeB MOXKHO onpeneduTbh oburyio rpynny &R, KaK COBOKYHNHOCThb
abCTPaKTHBEIX 2/1eMEHTOB U3

&/Nyy = (B/Nyy) Ry Nwyn), (58.9)
G/Nyn = (B/Ryy) Ryr/Rgn). (58.10

MoxeT okasaTbest, 4TO vJaeMeHTh rpynnbl Nyy/ Ny~ BXOAAT B NEHTP
*
rpymaer DB 0m) g snementst rpymnmer NNy~ — B 1eHTp rpynmst
* g ’
D*#)m) B rakom cJayd4ae MOXKHO HeMeNJIEHHO BEIIOJHHTb NpH-
BeJIEHHE.

Onpenenus rpynny R, Mbl noJayyuM OOLIYI0 TPYNNY IPHBEAEHHS.
TouHee roBops, 3TO rpynna aGCTPAKTHBHIX 3JEMEHTOB, KaKIOMY H3
KOTOPHIX COOTBETCTBYeT MaTPHUHOE NPeACTaBJIeHHE H3 HpeACTaBJe-

o o . (*k)(m} (*k’)(m’

HUHA-COMHOXHTeMeH D n D ! MM W3 NpPeACTaBJCHUS-
Kyn o

npoussenenust D(*#) '}, Begencrsue ux HENPUBOAHUMOCTH HMeeM

JJIS KaXK[I0To MpejiCTaB/eHNsl COOTHOIHEHHE JJIsl XapaKTepoB

a TaKixKe U3

sz [ B (2) P = g,n»==nopsnok rpymuer &, (58.11)

a TaKxe
>y m) (z) 4 (%) (”Q‘(Z)*=6kk’6mm’gpn/”° (58.12)

Z_ESR

IIpu 3TOM COOTHOIIEHHEe OPTOrOHAJLHOCTH M HOPMHPOBKH (58.12)
NPHMEHHMO B patCcMaTpUBaeMOM cayyae K JoGoff _mape H3 Tpex
aBe3x *k, *k’ u *k” c COOTBeTCTBYWOIIMMH uHAeKcamu m, m’, m”;
Z — NpOU3BOJIbHE 3jieMeHT rpynnu . Temepp, HCHOMB3YS COOTHO-
ileHHe OpTOHOpMHpoBaHHOCTH (58.12); MOXHO 3aBepIIMTh MpoLEecC
NpUBELEHHs, paccMaTpHBas COOTHOILEHHe, KBHBaJeHTHoe (55.5).
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Takum obpasom, nMeeM
(*km*k/ 14 l‘kk” I/) —
Z x B m) (Z) KRV (Z) L (KB ) (Z)", (58.13)

ﬂ i

Cootnowenue (58.13) 3axkanHuuBaer npusenenue. Qupereaus rpynny
npuBefenus R, obmywo a9 Tpex paccMaTpHBAEMBIX - MATPHUHBIX
rpynn, M NPUBOJUM cyMMupoBaHue B (5b.5) K TaKOH ¢opme, utoO-
OBl €r0 MOXKHO OBIJIO BBIMOJHHTL TOUHO. - .

JOCTOMHCTBO 3TOro MeTOLa, HCHOJbL3YIOUEro CPYINY NpuBele-
HHS, COCTOMT B NPSIMOM BHIYKCJICHHH HHTEPeCYIOLIMX Hac Koa(pdu-
I[HeHTOB NpuBeJeHHs] Oe3 HCHOJMb30BaHUS MeToAa Npo6 H OIMHOOK.

Ecau saements rpynn NyyNyn 1 Ry /Ny~ He BXOIAT B HEHTPH
COOTBETCTBYIOWHX IpeACTaBJeHUH, To HeobXoaHUMas [pPd 3TOM MO-
AudUKanus MeTOAa B IIPHHIUIE npocTa. Kakaas u3 Tpex HCXOAHBIX
rpynn &/Ry;, 8Ny 1 /Ry~ HonoaHserca sneMeHTaMH 10 TeX
nop, noka He obpasyercsi obmas rpynna npusegenus R. anee
MOJKHO HCIOJB30BaTh H B 3TOM ciyyae cooTHomende (58.13) u Tem
CaMBIM BEITOJHUTL NpUBE/lEHHUE,

ITogBoAsA WTOr, MOXKHO CKasaTh, YTO MeTOJ INPHBeLEHHS [pef-
craBJsieT co00H CTPOrywo [pOoueAypy, B KOTOPOH 1Jisl BBHINOJHEHHS
cymmupoBaHHss B (55.6) wHcmoabsyercg roMoMopdH3M  TPYIIIH
D*#)(m) 10 oTHOWEHHIO K TOJHOH NPOCTPaHCTBEHHOMN rpynne @, a
TakXke rOMOMOP(GH3M OCTAaJbHBIX NpPeNCTaBAeHHH, BXOASIIHX B CO-
OTHOlIeHHe NpuBefeHHA JloCTOHHCTBO 3TOro MeToda (B caydaax,
KOI/la BO3MOXKHO €r0 HpUMEHeHHe) COCTOHT B TOM, 4TO OH JONYCKaeT
IIPOBEPKY KO3 HHIHEHTOB ¢ HOMOIIBIO COOTHOLIEHHS OPTOHOPMHPO-
BaHHocTH. Kak ¥ B caydae Gojlee IIpOCTOr0 MeTOZA MaJIoH TPYHIIHL,
COCTOSILIEr0 B ONpe/le/leHHH HeNPUBOAUMBIX NpeACTaBJIEeHUH TpYIIbl
@ (k) no HempuBOAMMBIM MNpeicTasjaeHuAM rpynmel I[1(k), oxasw-
BaeTcsi, YTO METOJ IPYINBl NPHBENEHHS [OJe3eH B cJydyae 3Be3f
BLICOKOH CHMMETPHH, T. €. KAHOHHYeCKHX BOJHOBHEIX BEKTOPOB BhI-
COKOH CUMMeTpHH.

Meton rpynns NpHBeeHHs HATIOCTpUpyercs B § 132, rae mo-
aydaorcs Ko3(p@UUHEHTH NPHBENEHHS [ TNpPOu3BeleHudl mpei-
¢TaBJEeHHKI BHICOKOH CUMMETPHH NPOCTPAHCTBEHHOH IPYIIH aJjiMasa.

§ 59. Onpenenenne KoadpuLUKHEHTOB NPUBEACHAS,
Henonb3osanue GasucHbIX DYHKUMI

[Ipumenss MeTOX MOJHOR IPYINB ¥ HCNOJAb3Ys INOJHHE HaGop
0a3ucHBIX QYHKUHA AJd 00xol 3Be3Rbl, MOXHO YaCTHYHO Ompeje-
JuTe Ko3hduuHeHTH MNpHUBEAEeHUS [JAf UNpeACTaBJEHUH, COOTBET-
CTBYIOLIMX 3TOH 3Besfe. MlHaue roBops, HpeANOJNOXKHM TeNepb, 4TO
MBI ONpeleNHM AJs PaccMaTpHBAeMOro IPOH3BeNEHHS, KOTOPOe
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CIeyeT pasaoXxHuTh, Bce KO3(MGOHUIMEHTE NpUBEIeHUA [Jif BOJHOBHIX
BeKTOpOB (Wju s 3Be3n). Mmes atu kosdduumeHTs, MOXKHO pac-
CMOTpETb Pa3JOXKEHHe COOTBETCTBYIOUIMX IPOCTPAHCTB. SICHO, 4TO
pas/oxeHre IPOCTPAHCTBA IPOH3BeNleHHsl 3alHCBHIBAeTCHd 4Yepes

: * L S RN EE &N/ SN/ o
KosdunuenT npusenenus (*km*& m’|*kR”m’) nna DOJHOH rpynsl
B BHHE

R m @R = 3 @ (Tkm Em |k m”) SCEI ), (59.1)

* B

Hcnomnb3yst Temepb COOTHOLIEHHE JJf PasMePHOCTH TpelcTaBleHHT,
Bhipaxkaemble B (57.3) mpaBuaaMu oT6opa AJs BOJHOBEIX BEKTOPOB,
MOXHO CYHTATb H3BECTHOH IOJHYIO pa3MepHOCTb BceX NpejcraBlie-
HUH, COOTBETCTBYIOUINX 3Besle *R”; OHH BO3HHKAIOT IPH pasJjoxe-
HHH TPOU3BelleHHs BHAa

D) m) g p(*#) (m"),

IlpennonoxuM, UTO y Hac uMeercss MOJHBLIA HAb0p QYHKIHHA H3
(59.1). BrifepeM us storo Habopa BCe NapHble NPOU3BELCHHA, A4
KOTOPBIX

7
ko -+ ko = ke, (59.2)

I4 o
rne kg — M060# H3 BeKTOPOB 3Besan *k”/. Tagum cnocoGoM MEI
dopMaJibHO cobepeM Bech BO3HHKamomuil Habop ¢yHKIuH, o6pasyio-
muf Bee npocrpanctea  {S(*#)m}, coorsercrayomue 3Beane k"
H BceM m”.

Ecin npuMeHnTh K 3TOMY Habopy coGCTBeHHBIX GYHKIHMHE Bce
ofepanuy NOBOPOTHOH CHMMeTPHH (IIPEACTaBHTENIH CMEXHBIX KJiac-
coB rpynne /), To MB NOJAYUHM IOJHOE IIPHBOAUMOE IpeACTaBJIe-
Hue Oas 3r10l 38e30sl. JIPYTUMH CJIOBaMH, PAaCCMOTPHUM IPOCTpAaH-
cTBO, o6pa3yemoe HaGopoM ¢YHKUHH, BHIOPAHHBIX H3 =(*#) caenymwo-
UM 06pasoM:

2(*#) = {ip{ka) plhe) I} (59.3)
k0+k8’=k:7’”’ a=1’ v ey lm; a,=l,;.., lm’.
Torpa N . '
Pio1e@n2®) =D ({p £ ()}) 2C"#. . (59.4)

Ho B o6wmewm cayuae (ecau B cyMMy B (59.4) Bxoaut 6osplie of-
Horo suauenust m’’) marpuna D ({@|?(¢)}) npusoauma. UToGH BHI-
MOJIHUTD TIPHBeJEHHE, CIeAyeT BHIUHCAUTHL CJeJ MaTpHIH

SpD ({o!t @} =x{elt (@).  (59.5)

Torna, umes cucTeMy NpuBOIMMHX xapaktepoB (59.5), a Takke
cuctemy xapakrtepos y("¥)™?  nns pomycTHMHX HempuBOAEMEIX
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NpeJCTaB/aeHH 3Be3bl *k’/, MOXKHO BBLIIOJHHTb Pas3jOKEHHe [PHBO-
INMOff CHCTeMBH XapakrtepoB (59.5) wu onpe/leTHTh Ko3(dunueHTH
CCem*k'm I*k” ”)}. B 3TOM cayyae MOMXKHO' Tak¥Ke HCIOJb30BATh
MeToJ JHHEHHHIX aJsrebpandeckux = ypaBHenu#t (§ 57) u meton
rpynne! npuBenenus (§ 58).

Hom{ocmxo 9KBHBAJICHTHBIA METOA OINpejeseHHs] BO3HHMKAIOIIHX
3HaueHHH m’ MOXHO COPMYJHPOBATL C TOMOLIbIO HAEMIOTEHT-
HBIX ONEPAaTOpOB NPOEKTHPOBAHMA, CBA3AHHLIX C HEMDHBOXHMEIMH

npencrasaenuamu D*#)m" Ecny xapaxrepm X#) ) ({g o 5})
H3BECTHBI, TO OINEPATOPH MPOEKTHPOBAHHS 1Js XaPaKTEPOB [T e.
cnabele onmepaTopsl npoektnpoBanus P(), ompejieieHHbie B (16.5)]
MOXKHO HAUTH MO GopMyaam

" L X0 (%) (e ’
P(*k )" = Ve, 2 %) " €y 2,3)" P{Wpltp} (59.6)

[Ipu mpUMeHEHHH 3TOrO 6nepaTopa ¢ 3apanHeiM m” K, GYHKUUK
(59.3) . mostyyaercss 60 HyAb, ecad.m’” He cojzepxkurca B (59.3),
aubo npaBuabHasg ¢yHKuHA. CiefyeT OTMETHTb, YTO NOJYUYeHHBIH
TaKuM crocofoM HaGop q)ymmm OTHOCHTCSl KO BCeMY HeNnpuBOJu-
MOMY NPEACTABJICHHIO D(*®B)(m) ppocTpancTBeHHON FPYNIE, a He K
OT/IEeNbHOH CTPOKe.

OueBuzHo, 6asucHbBe (QYHKIHH H ONEePaTOpPHI HpOeKTI/IpOBaHHH
JKeJaTeJbHO MCIIOJAb30BATh B CJydYasX, Korja TpeOyIOTCSl TOUHBIE
BHIpaXKeHus: LI (QYyHKUUE, 00pasyoli#x NIPOCTPaHCTBO (*&7) i),
Kak mpaBmjo, 4acCTHYHBIH (HEMOJHEIA) XapakTep NpPHBEIEHHS, IO-
JyuaeMBIfi 3THM METOZOM, JHeJlaeT €ro NOJe3HHM JuGo AJs che-
IHaJAbHBIX ¢JIyYaeB, JTHGO A1 NPOBEPKH Pe3yJ/bTaTOB, HOJYYEHHHIX -
APYrMMH MeTOAaMH. DTOT MeToJ BecbMa TPYAOeMOK, TaK KakK IpH-
XOIHTCH OUPEeNeJsATh OTAENbHO CHCTeMH XapaKTepOoB Ioc/enoBa-
TeJLHO AJIsS BCEX JONMYCTHMBIX KOMIOHEHTOB 3Be3fhl *R”, KOTOpBIE
MOTYT BO3HHKHYTb INPH INpHBEJEHHH. 3aTeM AJf KaxJAOH KOMIO-
HeHTH OTHEJbHO BHINOJHSAETCA NpHBeJeHHe. B MpoTHBONOJIOXKHOCTD
9TOMY OCTaJbHbIE METOABl AAIOT BCe KO3()QUIUEHTH INPHBEILEHHS
cpasy, a He noouepeiHo. Jlanee MBI OTMeTHM, UTO TaKoe XKe 3aMe-
qaHpe CJAelyeT CLeNaTh B OTHOLUEHUH METOAOB NOArPYIIHL.

§ 60. Teopus koadduuuentos KaeGma — Foprana
AAS MPOCTPAHCTBEHHHIX rpynm ')

Kak 6nimo otMeueHo B § 18, naxoxjaenHe KO3(QOPHIHEHTOB NMpH-
BeJlcHHS COCTaBJAeT TOJbKO YaCTh 3afaud O PA3JIONKEHHMH IPAMOro
npousBeleHHs ABYX HENPHBOAHMBIX NpejcTaBJeHHH. 3axmoqme.n\b-

1) 3nauuTe/]bHAs 94CTb 9TOre naparpada Hapucana P. Bepencow; cm. § 18
n 134, o ~ :
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HBIfl 3TdN COCTOHT B HaxOXAeHHH ko3dpduunenros Kiaebua — [op-
JaHa. :
HecmoTpst Ha TO Y4TO KPHCTaJJHYECKHe NIPOCTPAHCTBEHHBIE FPYII-
Nbl M3BECTHH yXe B Teuenue 6osee 80 jer [13—15], sanaya o Ha-
XOXKJAeHHH KO3((HUUHEHTOB NPHBedeHHS M KosdhduuuentoB Kiel-
ma — lopaana ObLTa 1OCTaBjeHd CPaBHUTENBHO HeJaBHO. B 3TOM
naparpade Mbl H3JO0XHM HEKOTOPble M3 MOCJHEJHHX PesyJbTaToB B
atofi obaactu. [TockonbKy ciaefyeT 0XHAATH, 4TO paboTa B o6MACTH
TEOPHH, PacyeTOB H NpuJIOKeHHH KoddduuuentoB Kaebma — Iop-
JaHa ]Il IIPOCTPaHCTBeHHBIX I'Pynn OyaeT B GankaiimeMm GyaylieMm
OBHICTPO PAa3BHBATLCS, YHTATENI0 PEKOMEHAYeTCS O03HAKOMHTBCS C
COBPEMEHHOH HAYYHOHN JIHTepaTypoil Io 3ToMy Bompocy. Paccmorpe-
gue B § 134 mocBsiLieHO BRHIYHC/AEHHUIO HEKOTOPHIX H3 3THX K03bdu-
IIHEHTOB [Js CTPYKTYPHl ajMasa.

B aToM maparpade Mul 6ynem cilegoBaTh pa6oTam Mutkana [51]
u Bepencon [52, 53]. AnanoruyHoe o6CyXKIeHHE CONEPXKHTCA B pa-
6otax JlutBuna n 3axa [b4], Caynesnua, CBupupoBa u CmupHOBa
[65, 56], Caxkatu [57] u Kopusesa [58].

a. Onpenenenne koadduuuentos Kaedwa — lopnana aas npo-
crpancteednoii rpynnel. Kosdduumentsr Knefuwa — oppaia pad
[IPOCTPAHCTBEHHOH TPYIIBI ONPEAENSIOTCS 0 AHAJOIHH C HX OIpe-
nenenueM B (18.4) u (18.5) s npou3BONBbHOH KOHEUHOH TIPYIIINHL
Ham norpebyeTcsi KOHKPeTHBIl BHJ MAaTPHI IpeACTaBJeHHH, KOTO-
prle Mbl Bhimuuiem, caeayd (36.18). B uactHocTH, AJs 3JeMeHTa
Dy,,(*® ) umeem

prBw ({o] t})aatb = D@0 ({(Pal 176}_1 {ol t} {o:| Tr})ab’v (60.1)

rie D®® — genpusonumoe npexcrasierue rpynnst ® (k), a {gq] 75}
u {g.| T} — npencraBuTe M CMeXHBIX KJACCOB B Pa3JIOKEHHH
rpynnel @ mo moarpynme ® (R); mamoMHHM, 4TO ompeieJeHHe Ma-
TpHHIK ¢ Touko# mano B (36.4). IIpsmoe mNpou3sBefeHHe NpeiacTa-
BJICHHH MOJKHO 3aIHCATb B BHJE

N

DD wgp* i =Y @ (*kI*k1’| *k71”) D)0, (60.2)
&7l ' :

Koadpdpununentot KneGua — I'opraHa onpenessiioTesi COOTHOLIEHHEM

A R
0.// a” ¢

o) 0 — >3 (k LR

o
oa o’/a’ \O 4@ O a

¥Ynob6uo BBecTH 0603HAueHHE
4 74
(kl®k’ll/) , (k l k l

Y —
anur ’ o’aq” == gac’a’ k”l”ﬁ"a”E . ’
Jaga, ¢'a a2 “\oad-a

kll l” ,v)

o,ll \4al/
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Bocnpoussons BuiBon Koadpduuuenros Kiae6ma — Fopaarma s
Koneunwx rpyna B § 18, NOJyYHM CleAYIollee ypaBHeH”e, aHaslo-
ruugoe (18.23):

84 Y AU
E Ucracr’a’, oraU gas’a’, 6"7a’ = ;

1" .
= Z DR 0 ({0 D) uze D) O (01 £y X
X
X DOEY ({2 | 8D orgrgramn (60.4)

rae [” — pasMepHOCTb TIPeNCTaBJeHHS DU¥) ), g g — nopanox
NPOCTPAHCTBEHHOH T'PYIMNEL. ™

Corsiaco (6.33), HIPOCTPAHCTBEHHYIO TPYINy MOXKHO pPAa3buTb
Ha CMeXKHbe KJAacChl [0 HHBapHAHTHOH moirpymnme Tpancaanui T:

=T {q2l 1} T o {onl T} Z. (60.5)

ITosToMy npousBosbHblll saemeHT {@|#} MOXHO 3amucaTh B BuIe
IpPOM3BENEeHHs] MPEICTABHTENA CMeXHOTo KJacca {¢|T} na qHCTon
tpaucasuuio {e|R;}, Tak uro

DU O (s o5 0 = 22 DR ({01 T:)gugy DT O ({8 RLY g =

= D(*k) 0 ({(Px | 7x})da3b-6666ba exp — iks - RL =
= exp — iks - ReDUP O ({q, | 7,}) porr - (60.6)

4

CremoBaTtesbHO, CcOOTHOLIeHHe (60.4) MOXHO mepenucatbh B BHIE

Z Uy dac’d, o"a"U 0as’a’, 6"a” =
—i (Bt bt )
= E Z 'e ' (k0+k0 kG )RL Z D(*k) (l) ({(Px | Tx})gadjd ><
X DI *"") O x| TxPgrgraar D) @) (ox | TxNgrgrgrar  (60.7)

HcnonnsyeMm Tenmepb cootHowienus (49.12), (49.13), corisacHO Ko-
TOPHIM '

; exp — ik - R, == NA (k), . (60.8a)
L
rae
1 . npu k=2nBy,
A (k)= : (60.86)
0 B mpyrux caydasx,

a N —nopsnok rpynns <.
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2

CnenosarenbHo, Ko3(dHuMento Knaebma — [oplana paBHBE
HyJII0, 33 HCKJIOUEHHEM CJydas, KOraa

ks + kg — Ko» =21 By. (60.88)

Ecau coorrowenne (60.8B) BEIIIOJHEHO, TO

Z Ugtw’a’, 0"a"U§;6’a’, 87" =
¥
l” * W g 12
= Z DEVD ({01 T}, 055 DUF) O ({02 101y X
X

>< D(*k”) i) ({(Px | tx});”a”é”d"- (60.9)

6. Boraucaeane 6aoka Ko3thpuuuenros ¢ uHzexkcamu (111).
Tax Kak BHGODP KaHOHUYECKUX BekTOpOs Ry =4k, R =2F8 6 k] = k"
Ka:XIOH 3Be3Nsl OPOH3BOJEH, YI03HO CUiTaTh, uto Rk ~+ k] — B/ =
=2nBy. Torna umeeM 0=0=¢ =¢§ =0"=G6"==1. CoothHo
wenue (60.9) npuAEMaeT BHA

. " l’l
Viaa 10Utaie, 100 = - Z DB O ({g, | TeDiaz X
x

>< D<*k,) @ ({(Px I Tx})la’laf D(*k”) @y ({(Px I T-’C})la"lé" =
l’, . . 4 r
=3 PO (g1 1)y D (021 7Y) g X
*

' X DH O (4] T ) g (60.10)

rie CYMMMPOBAHHE 110 X BeleTCs IO 2JeMeHTaM, BXOASIUIMM OjHO-
BpeMenno B rpynus @(k), (k') u @(k”). Tourn Haa MaTpuIaMH
o6ecleunBaOT 3TO OrpaHHuEHHUE.

Iasi npocrotel o6o03HaueHult cootHouleHue (60.10) sammcaHo
IJIS- clydasi KpaTHOCTH, PAaBHOH eqHHHIe. AHAJOMYHO MOXKHO TakK-
e NpoaHaJH3HPOBaTh cayyall 6oabmel kpaTHocTH [51, 52], ognako
3TOTO aHaJu3a Ml 37ech He NpuBoauM. HaszoBem KO3(pdhuuueHTH
Kne6ma — 'opnana, onpefenedusie cootTHoulennem (60.10), 6noxkom
ko3 dunuentoB ¢ ungekcaMu (111). VIx MoXHO NONYy4HTH Tem Ke
metogoM, uto U B § 18 [cM. (18.15) u nanee]. Ilpu atom caenyer
BHIGpaTh HEKOTOPHE a=ad=ao, & =d =a, 1 a”"=a" =aj,
Takue, 4To6Bl mpaBasi yacth cooTHomenusi (60.10) 6ruia oTaMuHa OT
Hyasi. 3ateM cilefyer QUKCHPOBaTb hasy seawaun Uy, .0 g, CUH-

Tasl HX JAefCTBHTeJbHEIMH, TOJOXHTb & = do, &’ =a; n 4" =a

H PacCMOTPETh Bce BO3MOXKHEIE 3HAueHHs BeqHuud a, a’ a”. Eciu

(RIE'L [ R7I7) > 1, s
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TO CHeAyeT HOBTOPATb 3Ty NPOUAYpPYy O TeX nop, [oKa He OynmeT
HaigeH 670K Koadh¢HuneHTOB ¢ uHAeKcamu (111).

B. Boruncaenue 610ka koadhduuuenros ¢ ungekcamu (o, o', o7).
Urto6el BEIUKCIUTD KOO dunnerTh Kne6ma — 'opaana 610ka ¢ HH-
JexkcaMH (o, ¢’, ¢’’), mocrynmuM caexyiomuM ob6pasom. Brib6epem
HEKOTOPHIH OTIMYHBIE OT Hyqsl ajeMeHT Ugsya, ovar W 0003HAUUM
ero yepes U, Torna HMeeM

U’*Uaa, o'a’, o’a" = T Z D(*k) (l) {(Px I TJC} Gaoa

>< DR (@, 1 v} yrgra DUFV O (§0x | Tl grgrgnge (60.11)

rge CyMMHpOBaHue no X BHIIOJHSETCS IO sJeMeHTaM, BXOISILIHM
onHospemenno B rpynns ® (), ® (ky) u-® (kgr), T. e.
q>Jcko=k0’ q)xk(;’=k¢,3” (pxk”” ks,

o7 -

(60.12)

Iie 3HAKOM == 0003HA4yaeTcsl PABEHCTBO C TOYHOCTBLIO IO ciarae-
Moro, papHoro 2nBy.
paCCMOTpPIM Telepb 3JeMeHT (g, NepeBOAAlHH GJIO0K C HHIEK-

camu (111) B 6s0k ¢ unHpekcamu (00’0”), T. e.
G k=k, ok =Fk, ok =E]

6"

(60.13)

Torna

0590k =k, 03'0.0:k =F, ¢5'eok"=k. (60.14)
Clefl0BaTe/bHO, 3J€MEHT §3'@,(py NPHHALIEKHT ONHOBPEMEHHO
rpymiam G (k), G (k) u G(k"). Ilycrs ¢, = ¢3'e,9y HM
‘(px=(pzq>yq>§1. Torna

DO (£9,[73) 0 =D {02} {0, 17} {021 72} ), =
= D" o ({(po | to}—l {os|vs){o, |7} {os | rz}—l {os] 17cr})aﬁ' (60.15)

Ho tak Kak @gk=Fk,, anement {§5|7s} NLoJIKeH NPHHALIEKATE
CMEXXHOMY KJjaccy, ONpelesNsieMOMY B3JEMEHTOM O B pa3OHeHHH
rpynist ® no moarpynmne ® (k), Tax uro MoxHO 3amucaTh {@g| Ty} =

= {‘Pal" ot} rae {@,|t,} = © (k). Toraa cootrowenue (60. 15)
NPUHEMAET BHA

DEDG (i, 17,1005 =D O ({1 12} {17} {001 8™) =
=[D® 0 (g 8} D@ O ({a, 17,}) DY O ({qe | £) 'L (60.16)
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Ho nas HpeIlCTaBJIeHHH HpOCTpaHCTBEHHOH rpynnsl BbIﬂOJIHﬂETCH
COOTHOI]IEHPIG

D& O ({‘Pk l tk}—l) = Oy (D(k) (1)‘({% [ tk}))—l = D" 1) ({‘Pk l tk})—l

| | (60.17)
[TosTOMY, TaK KaK COOTBETCTBYIOUIHH MHOXHTENb H3 CHCTEMBI
()aKTOPOB y,~1 = 1, A5 TPOCTPAHCTBEHHHX TPYNI MOKHO Hamy-
caTh ' : ‘
N _
DB O (@, 17D 00a= D® O ({0, 1 T,}),,, (60.18)

rae D® O — rpaHchOpPMHPOBAHHOE NpexcTaBieHHe D® ),
I/Icnonasys{ 3Ty Xe NPOLEAYPY IJIs MpencTaB/IeHHH D(*” )0 ({p, |
| T.}) H DE) (" ({¢ | ©,}), nepenuiem cootHouenue (60.11) B Buze

U Usaoar, orar = _g_ ; D o ({q)y [T}, X

X D@ ) ({g MR D e (g o1 T grz  (60.19) |

TakuM 06pasoM, MHl NOJYUHJIH YPaBHeHHe A1 6J0Ka K03 pHuuuen-
TOB C HHAEKCaMH (Ll_l) IJsi TpaHCGHOPMHPOBAHHEIX IIpeACTaBJe-
pui D® O DEYEY y DEDVUD Dt KoaPPHULMEHTH CBSA3aHE ¢ 6JI0-
KOM Koa(b(bnuneﬂ'ros nas D® O, D® )y D#) ) cootHomenneM
(18.29) us ra. 18: -

ano’a’a”a” = Z [D(k) @ ({(pk l tk}) ® D(k') * ({q)k' , tk'})]aa’ I;b’ X

bb'd”
| X Uiy, 15D @ ({04 |2});, 0 (60.20)
HJau :
U = D" (g, [£) @D ({u [ £1) U D™ (a0 |11)7,
(60.21)

npuueM saeMenTs {@, |f.}, {9y |t} 7 {cpk”ltk,,} HOJIKHBL YZOBJIE-
TBOPATh COOTHOIIEHHAM -

{@2]7s} = {00 ] o} {a |14},
{0z} = {00 | 7o} {On |t}

. : {fp z{l T} = {Por| Tor} {0rr |2} (60.22)
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IlogBoas WTOrH, Mbl BHAUM, YTO NOJHEE Ha6op K03 (UIHEHTOB
Kne6wa — l'oprana AJ51 NPOCTPAHCTBEHHOH TIPYINBI ONpenesseTcs
¢ nmomomblo cooTHoweHHs (60.10) nna 6aoka ¢ maxekcamn (111)
i ¢ ToMOLIbo cooTHoleHns (60.21) nis ocTadbHBIX OJOKOB, IpHUEM
3J1eMEeHTH {(pkltk}, {9, |t} ¥ {9,.|t,} onpenensiorcs cooTHOIIe-
auamu (60.13) m (60.22). OrMerum, 4TO B 3TOM METOjJe He Tpe-
OyeTcA 3HaHUSl IpeAcTaB/JeHUH DB ) peeit HpOCTPaHCTBEHHOH
rpynnel. JocraTouno 3nath npeiacTaBienus rpynn &(k), G(k') u
@ (k’"). CnenoBaTe bHO, 9Ta Npolelypa NoJayueHus KO3h(OHIHEHTOB
Knebmwa — l'opnana 6au3ka K MeTodaMm MOATPYINbL, ONHCAHHBIM
Hixke B § 61-—65. MoxHO peKOMeH/J0BATh YHTATE/I BHOBb 06pa-
TUTLCS K MaTepuaJjy 3TOro maparpada mocae npoyrenus § 69.



FJIABA 7

KoadduuuenTsl npuBeseHus s
‘' IPOCTPAHCTBEHHBIX FPYMIL
MeTox nonrpynnsl

§ 61. Beepenne

Tenepp MBI paccMOTpuUM APYroil BO3MOXKHBIH, GoJlee TpajHIHOH-
HLld METOX IoJyYeHUus Ko3(D(PHIUeHTOB NpHUBeAEHUS AJs NpPOCTpaH-
CTBEHHBIX TPYIN. DTOT MeTOJ Ha3BIBAETCS METOAOM NOATPYMIMHL.

OcHOBHOe pasiuuie MeXAy METOLOM IOJHOH IPYNIBl H METOAOM
HOATpyNNEl KacaeTcs TOH HauOoJlee CyliecTBeHHOH uacTH mpeobpa-
30BaHUH, KoTOopas Heo6xonuMma AJA HaXOXKAeHHUS KO3 (PUIHEHTOB
npusefeHus. B meroxe nosuo# rpynmsl, obcyxkiaaemMom B § 52—60,
paccMaTpuBaeTcs IOJHas NpocTpaHcTBeHHas rpynna @ u ee Hempu-
BoAuMele mpejctaBiennss D{™#) (m) DTy npeacTaBieHHs H HCIOMb-
3YIOTCSA IJA HAXOXJeHHA COOTBETCTBYIOIHX KO3(D(PHUUEHTOB NpPH-
BeJeHHsl. MeTOA MOArpyNnsl CBOAMTCS, HACKOJLKO 3TO BO3MOXHO, K
H3YUYEeHHIO TONbKO OAHOH moiarpynnel & (k) u ee HONyCTUMHX He-
NPHBOJAMMBEIX mnpedcraBiexufi D® (M. TlockoabKy NpeACTaBACHHA

DU} (m)  MoHO HaBTH MeTOAOM ‘HHAYKUHH M3 IpeJCcTaBJdeHHA
D®m  o6a MeToja AOMKHBI NPUBOAMTH, €CJIH OHH HCIOJB3YIOTCS
NPaBHJbHO, K SKBHBAJEHTHLIM Pe3yJabTaTaM.

B nocneayiomux mnaparpadaxX Mbl AeTaqbHO HCCAEAYeM METOJ
NOATPYINB H CPABHHBAEM €ro 3aTeM ¢ METOAOM IIOJHOH CPYIIH.

§ 62. Monnas cucreMa XxapakTepoB MOATPYMMbI

MeroJ nmoArpynnel OCHOBAaH HAa pPAacCMOTPEHHH onpedenerHHol
3Be3fbl *R’”/, BosHMKawlleli B pesyJbTaTe pasjoxeHusi, H, Gosee
TOTr0, Ha PaCCMOTPEHHH OTAEeJAbHOrO BOJHOBOTO BEKTOPA 3Be3lsl *R”.
[lycty 3Besga *k” 3ajiana KaHoHHYecKMM BekTopoMm k”. Cnpamu-
BaeTcd: KaKoe 3HaueHue m” BO3HHKAeT NPH BHIIOJHEHHH IpHBelle-
HHSL JIJ1s1 JaHHoro R”, ecnu 3afjaHBl COOTBETCTBYIOIIME YacTH ABYX
npeacrasiennii D(*#) ) y D*#) m) qpisiomuxes cOMHOKHTENSIMA?
Hro6bl npoaHalH3upOBaTh 3TOT BOMPOC, TpebyeTcs NMpHBECTH BCe
paccMoTpeHue mpelAbayliux nmaparpadoB kK ¢opme, B KoTopo#l oc-
HOBHYI0 poJab OyAyT urpaTh OTAeJbHblE MOATrpymnsl rpynnsl & u
OTAesbHbIE OJIOUHBIE MATPHIB, & TaKXkKe XapaKTephl H OTZeJbHBIE
BEeKTODHBIE MOANPOCTPAHCTBA.

Urak, paccMotpum npeacrasienne D(*#) . [Tockonbky npu mo-
JY4eHHH NPaBUJI OTGOPa MBI OTPAHHUYMMCH PACCMOTPEHHEM Xapax-
TepoB, HaM TpebyeTcsi pacCMOTPeTb AJs 3TOrO NPeAcTaBJeHHs

N
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TONBKO JAHaroHa/hHble 6JIOUHBlE MATPUIE. 3aMeTHM, 4TO A/ AaH-
HOTO NPOH3BOJIBHOTO 3JeMeHTa {g,|f,} rpynnobn @& jAuaroHaJbHble
6J0YHbIE MATPUllbl COBNAJAIOT C MATPHIAMH C TOUKOH:

DU*#) m) ({@p12p})os = b® @ ({(Pol ta}—l {0p12,} {5 to})' (62.1)

Takum oBpasoM, matpuua D® ™ ({g,|#,}) «npHHALTEKHT» TeM
CTPOKaM H CTO/I0LAM, KOTOPHIM COOTBETCTBYET GJI0X0BCKAsL GYHKIHS

¢ BOJIHOBHIM BEKTOPOM R, TOrZa Kak Marpuma D) (m) ({(p(,lta}"I
{0,113 {(p‘,lt‘,}) «NMPHHAJJICKUT> CTPOKaM M CToJabIaM, KOTOPHIM

COOTBETCTBYeT OJMOXOBCKasi (QYHKIUUSA C BOJHOBHIM BEKTOPOM ks dro0

yTBepIK/JeHHe OTHOCHTCS K noaHbiM mpecrasiennsm D™ #) ) H
* 1,0 "

D#) m, AgasorHyHO MOMHO CUHTATh, UTO JIOGOH uwieH (Xapak-

Tep) B (37.3) OTHOCHTCS K ONpejeJieHHOMY BOJHOBOMY BEKTODY.
TakuM cnoco6oM MOXKHO pacCcMaTpUBATh pas/iuuHbie GOPME 3a4aH-

Horo mempuBojuMoro npexactasienus D*#) (M u 1o, Kak omHO
IIPOEKTHPYETCsI» HA MOANPOCTPAHCTBA PASHBIX BOJHOBBIX BEKTOPOB,
OpHHALJIeXalluX 3Besfe *k.

Paccmorpum gmasee rpynnel (k) u G(R”’), cooTBercTByOLIHE
BOJIHOBEIM BeKTOpaM R’ u R” COOTBETCTBEHHO H3 3Be3X *k' u *k”.
3anuiueM

OW)=T+ ... + {0, |7, T+ .. + {0, ]7,} T 629

Paso6beM rpynny & ma cmexuble kaaccel 0o moarpymie ® (&):

O=0F)+ ... + {0, |7} O &)+ ... + {05| 7} ® (®). (62.3)

AnanoruunsiM 06pasom ,
® (k”) =%+ ... + {(le l le,} < +' .+ {(plk”lrlk”} T 62.4)

H

O=0(F)+ ... +{0] 7} O &) + ... +{0,]7,} O #). (62.5)

Obpatum BHUMaHHe Ha NpHHSATHE B (62.2)—(62.5) obo3nadeHus, a
TaKkKe CPaBHMM 3TH cooTHomrenus c¢ (36.1) u (36.2). Ilyctn

kR, m k[ — mobrle ABa BOJHOBEIX BEKTOpa, NpHHaLJIeXKallue Co-

OTBETCTBEHHO 3Be3JaM *k u *k/, npuuem
k,+k =k’ (c Tounoctbio R0 2nBy). (62.6)

(Boo6uie rosopsi, BEKTOPH k, u k, He sABIAIOTCA KAHOHHYECKHMH
BOJIHOBHIMH BEKTOPaMH CBOMX 3Be3J], B CJlyyae, KOTAa BeKTop R” sB-
JsieTcs TaKHM BeKTOPOM.) PaCCMOTpHM fajiee BCIO COBOKYIHOCTb
He3aBHCHMEIX BEKTOPOB ks 1 Ko CyMMa KOTOPHIX NPHBOAHT K 3a-
JaHHOMY R”/. DTH BEKTOPbl MOXKHO NOJYYHTb, JeHCTBYS Ha AQHHBIH
BeKTOp kg u3 (62.1) Bcemu nosoporamu us rpynne &(k”). Toraa
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NOJYYHM COBOKYIHOCTb BEKTOPOB
) @By AT=1,. K (62.7)

OnHako AJIsl Kax/I0ro 3JeMeHTa {‘PW [ th}, o6uero aJst rpynn ® (&”)
1 ® (k,), nmeem
¢, k,=k, (c TouHoctsio 10 2nB), (62.8)

3

TaK YTO BBIAEJNEHHOIO BEKTOpa Ry He HOJyYaeTcs.

OueBuaHO, MOCKOMBKY A”, corsmacHo (62.7), npunumaerT 3Haues
aus 1, ..., k7, mpr noayunm lyfAgr,  pasnuuHbx BekTopoB. U3
(62:8) cremyer, 4TO KaxKAOMY TaKOMY BOJHOBOMY BEKTOPY 3BE3AHl
*k [0JKeH COOTBETCTBOBAThH BOJIHOBOﬁ BeKTOp 3BesgH *R’; Torma

uMeeM
1y, * by ="k, (c TouHOCTBIO MO 21By), (62.9)

4
IPUUEM SJIEMEHT {‘leltlm} BxoxuT Takke B rpymny © (k).
Yucao fg'y, PABHO MOPSAKY PYIMbL, o06pa30BaHHOH TepeceyeHHEM

dakroprpynn ® (&")/T u O (k,)/T. Huawe rosops, OHO paBHO
4HC/y TIOBOPOTHBIX 3JEMEHTOB, o6mux nJad obeux ¢akToprpynim.

Paccmorpum cHoBa BhipaxeHue (53.8) a1s Xapakrtepa npef-
CTaBJIGHHS TNPSIMOro NPOM3BEAEHHS, BBIYHCJICHHOIO JJIs1 3JeMeHTa

{@o|o} rpynnn @:

(e TE) mem) {rppltp})—x(*”) m ({g, 1£,}) - %) ) ({g, | £,}).
(62.10)

Bxoasmas B (62.10) TPAHCAALKA fp MOKET ObITb TpaHcaAAnHel 06-
[lero BHZa, COCTOSINEH M3 TPAHCASUHH Ha BEKTOD pellIeTKH H He-
TpuBUasdbHON Tpancasnnd. CoorHowenne (62.10) moxHO mnepenu-
caTh Yepes XapakKTephl-C TOUKOMN:

A (g, 1£,1) x0T 0 ({g, | t,,}> =
= Z Z 3 ({qg 183" {9, 1£,} + 0o 1 25}) X
x(k,) o) ( {"6’ l t‘o’}_] : {pr l tﬁ} ) {q)a’ | ta’})' (62' 11)

PaccMOTpHM TenePb TOJNBKO Te NpousseleHna B (62.11), mas
KOTOPEIX CyMMa BOJIHOBHIX BEKTOPOB Y/IOB/IETBOPACT COOTHOLIEHHIO
(62. 6). DTy COBOKYMHOCTD npouaBeueHnn MOXKHO 3amHcaTh, HanpH-

Mep, B BuJe

Z Z 7 o) ({“ 7)) ) ({q,s'})a(k”—k — k), (62.12)
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rie
{o5} = {e] to}-l RUALASRUMLSE (62.13)

AnaJiornusoe COOTHOIEHHE MOMKHO BhIMHCATh H AJg o’. B (62.12)

d(k"—k, — k)=

_{ 1 nas k, -+ k, =k’ (c ToyHOCTBIO LO 2nBp), -

(62.14)
0 B ocranbHEIX CIyuasx.

Sannmenm (62.12) B Gonee ypoGuo#t nss Hac dopMe
kll

(nk,,ku) 2 A Qe D™ ™ (oY), (62.15)

A7 =1

rie (nk,,k )— onpeneeHHBl paHee MHOXKUTENb, YUHTHIBAIOWIME Ha-
a. .
JIAYHE JUNIHHX Y/IE€HOB, a4 BeJHYHHA

0= ({0 ) 0018705180, 18 6210

npencrasaser co6of, Kak BHAHO U3 (62.16), conpszKeHHbIN 371eMeHT.
Cymma B (62.15) Bhiunc/AsieTcs 1O BCeM NOBOPOTHBLIM 3JeMeHTaM
rpynns @ (k) /2.

CymMMa B (62.15) OTHOCHTCH K CHCTeMe XapaKTepoB, KOTopas
ABJSETCA <«HOJHOW» MO OTHOWIEHW:0 K noxrpynne. B Bupamxeunun
(62.15) . conep:kaTca BCe BKJaIBl B XapaKTep BCeX INpelacTaB/eHHH
m'’ ¢ 3ajaHHBIM BOJIHOBEIM BEKTOPOM k', KOTOpble BO3HHKAIOT IPH
BHIYHCJIEHHH MOPSMOrO IIPOM3BeJeHHMS COOTBETCTBYIOIIHX uYacTed

npeacrasaetnit D(*®)im g p(*&) (m),

§ 63. Koadthunmentni ‘npnse\neﬂm AJisi HOATPYNibE

Tak Kak Bepaxenue (62.15) naeT MOJHYIO CHCTEMY XapaKTepos
AJsL NPSIMOH CYMMBI JONYCTHMBIX HENPHBOAHMBIX INPEACTABJCHHH
rpynnel @ (k7), To, corsiacHO TeopeMe Malike, aTa CHCTeMa Xxapak-
TepoB npusoauma. UTOGH NOAUEPKHYTH OTJIHYHE 3TOTO ClAydas OT
paccMaTpPHBABIIHXCSl paHee CJAyYaeB Pa3fOXKEHHS NPSMOro NPOHU3-
BeJleHHsl MOJHBIX NpeNCTaBJIeHUH, MH BBeJeM CIelHasbHoe 0603HA-
uenne ({k; + k} mm’ | R"m”) nas kosbouunenTos NpUBeAeHHs LS
noarpynn. Fx onpenesenne cienyer us (62.15):

k’l

1 Z x(k) (m) ({(p;,,»a}) x(k’) (m’) ({ q);,‘,,of}) —

nk”ka P
= 3 (b, Hy e | R 0 (g[8, 6.1
m ‘ o o :
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OG6osznauenne ({k; + k;,} mm’|k”m”) nomxHO OTpaxath T0 06CTONA-

TeJbCTBO, YTO [JS TOJYYeHHS 3ajaHHoro BeKTopa R MH cocraB-
JasieM KOMOMHAUUK BCeX BeKTOPOB Ry u ky. Kak M B MeTOJle OJHOR -
TPYNIEl, MOXHO HeNOTPeACTBEHHO peluuTbh ypaBHenue (63.1), pac-
CMaTpHBasl COOTBETCTBYIOILYIO CHCTeMY JHHEHHBIX HeOXHOPOMHHIX
ypaBHeHHH (N0 OJHOMY YpPaBHEHHIO AJS KaKAOrO 3JeMeHT4) H Ha-
xoas ee pemtenne. C APYrodl CTOPOHBl, MBI MOXKeM HCIOJb30BATD
yCJIOBHS OPTOHODMHDOBAHHOCTH M TOJHOTHI CHCTeMbl XapaKTepoB
s rpynnst @ (k) nin @ (R7)/T(k”). Torna wonyunm

({k, =+ kg } mm’ | R"m") =

k”
1 1 . . ) .
— e £ 2 4 (D ()
X X(k”) (m”) ({(Pp | tp})*- (63,2)

B cootnoiieniu (63.2) cyMMHpOBaHHE IO p MOMKHO BEINOJHHTh
o BceM 3JeMeHTaM TPynnel &; Torna xapakTeps ¢ ToYko# obecme-
YHBAIOT BBHIIONHEHNE BCeX HeOOXOZHMBIX orpaHuuyeHus; g(k”/)— mo-
pagox rpynns @ (k') uan rpynnst @(kR”)/T(R”) B 3aBHCHMOCTH OT
TOro, BKJIOYEHH JH B CYMMHPOBaHHe TPaHCJIAINH. ;

OTMmeTHM HeOOBIUHEIA BUA apryMeHTOB (3/71eMEHTOB CHMMETPHH),
BXOJASLIMX B XapakTeph B (63.2). Ba)KHO OTMeTHTb, 4TO COOTHOIIE-
yue (63.2) BHIBOAMTCA H3 COOTHOLIEHHS [JI MaTpHL, KaKnas U3
KOTOPHIX COOTBETCTBYET OJIHOMY H TOMY e a6CTPaKTHOMY 5JIeMEHTY
cuMMeTpuH {@p|%,}. DTH MaTPHIBI OTHOCATCA K TOJHOHA Ipymme, a
HX XapaKTepsl YAOBJIETBOPAIOT COOTHOLICHUAM Tuna (37.3).

3ajgaauM Tenepb caeayomui sonpoc. Ilycrh Bu6paH HeKOTOPHIH
APYro#l BOJHOBON BEKTOD 3Be3lbl *k'/, OTJIMUHBIA OT TOro, ¢ KOTO-
poro HauHMHAJOCh Halle paccMoTpeHue. Kaxas cBfsb cyllecTByer,
MeX/Ay NOJyYyaeMbIMH NPH 3TOM KO3(pduilneHTaMH NpUBeAeHHUs 15
NOArpPYINsl ¥ KoahduuuentamMu u3 (63.2)? PaccMoTpuM BLIGpaHHBIR
BOJIHOBOI BeKTOp K/, = ¢, - B”, BXOAAIHMH, OUeBHIHO, B 3Be3ay *k”.
Torna, ecnu k, u k. mpeacTaBasioT co0OH Napy BOJHOBHIX BEKTO-

POB, yaoBaeTBOpsAomuX (62.6), TO

(Por/ * (kU + k(ljl) B (pﬂ” M k” (63.3)
HJIHN
kollc + k;rlcl == k‘;,rlo (63'4)

Ianee, ecnn saeMeHT {‘PWVW} Bxoput B rpynny ® (k”), To ns
COOTHOIIEHHS ' ' *

¢, k' =% (c Tounoctio Ko 2nBy) (63.5)

L
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CJIefyeT 7 '
P * Py, @5 Qg+ K" =qg k" (c TOUHOCTHIO N0 2B, ). (63.6)

Wnaue roops, 3JeMEHT
00|t} (0]t} ol =01} @)

pxomut B rpynny © (k). c
CaenoBaTenbHo, MOXKHO mpeobpaszoBate (63.1) Takum obpasom,
4T0GLl OHO COOTBETCTBOBAJIO HOBOH NOCTaHOBKE 3a/1aUH. Hmeem

( ) Z . (k) (m) (Z_l {cppl t,,} Z) 3" (Y g, 18,} V) =

_Z (B oo+ By mim’ | RLm”) 3% ) ({g7)),  (63.8)

rne -
Z={q7 }  {@c| 250} {052}

Y= {7} {0o |t} {0s |25},

a BeJHYHHBI {(p;’h} onpeneJsiroress coraacHo (63.7).

Uro6el 10Ka3aTh HE3aBHCUMOCTb K03(h(HUHEHTOB MPUBE/CHHS
IJ151 MOATPYIIEl OT TOTO, AJIS1 KaKOro M2 BEKTOPOB 3Be3Aw *k” mnpo-
BOANTCS PACCMOTpPeHHe, HeoOXOMWMO [0Ka3aTh, YTO [IJs JI0OOH
BeJHYHHBI 0’/ BHINOJHAETCS COOTHOLIEHHE

({y =+ Ky mm’ | ") = ({k o + B} o’ | Blm”)  (63.9)

CpasuuBas (63.1) m (63.8), Bunum, uTO

noe =nn (63.10)

kk k

~ (o4 o k

o”c,
TaK KaK INOPANOK IepeceueHHs TPy '(Sj(k”)/fl n ® (k;)/T corna-

MaeT ¢ mopsakoM mepeceueHust rpynn ®(%)/T u G (k,,)/T. (Omu

HOATrPYNNBl SABJSIOTCS IONapPHO-CONPSAXKEHHHIMH.) Bouucass sarem
nponsBeneHHe sJjementoB B (63.8), mosyuaem

Ty 24 (o ()=

14Y4

= 2 (o oo )47 (i), 6.1

rie

{{(p,, }ZMG} [{‘PLM

t}- {%lt}]“‘{w }[{mlfw {%U}]
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Onnako npu cpaBHennu (63.11) u (63 1) caemyer [OMHHTB, 4TO
B KayeCTBe IPOH3BOJILHOrO sjementa B -(63.1) BHOGpan saeMeHt
{pn]t:}. BMecTo Hero TOUHO TaK e MOXHO OHJIO GBI B3fTH dJe-
MeHT {@ 5}, 103TOMY cooTHOWEHus (63.1) n (63.11) TOXKAECTBEHHH.

CJlezoBaTeNbHO, MH YCT2HOBHJIHM, UTO BO3HHKAIOT OAHHAKQBHIE
Koa(phHUHeHTH NpUBeJeHUdA AJIS NOATPYIN He3aBHCHMO OT TOro, Ka-
KON H3 JydeHl BXOomsliueH B pe3yabTaT 3Be3An Obl1 BriGpad. Huas
TAKOTO PACCMOTPEHHSI OYeHb BAXKHO 3HAThb, KAKOH Buj MMeeT HENpPH-

BOZHMOE Hpe,llCTaBJIeHl/Ie p*&)m g PasJMUHHX TNoArpynnax
@(k), 8(ks), ..., B(ks).

Mbl SaKOH‘{HM 9TOT naparpadg ciaeLyolUluM sameuanueM. Hame
I0Ka3aTeJbcTBO cooTHomeHus (63.8) ocHOBaHO Ha nIpsAMOM cpaBHe-
Huu ypaeuenn#t (63.1) u (63.11), ompenensioiiux KoahQUIHEHTH
NPHUBENEHHS NJs MOArPYynn. Mbl He fesiajil HHKaKHX NPefNoJIOXKeHUH
0 paBEHCTBe OTLENBHHIX XapaKTepoB (Hanpnmep, g #) (m) ({(plx‘tlx})

7 -1 . .
u g )(m)({(p It, } {(plxlt’x {(pU[t }) MOCKOJIBKY, KaK TOKa3aHo
cpasy nociae cooTHoWeHHst (37.5), OTAeJbHBIE XapaKTephl MOTYT
ObiTh M He DaBHBI JPYyr ApYrY.

§ 64. CpaBHenHe Meroja NOJHOW TPyNNBl W MeTOAAa NOATPYMIbI

I[Tpu onpenenennn KoaduuueHTOB NpHBeeHus (*km*k'm’ | *k”m”)
METO/IOM TNOJIHOM TPYIIBl C/IeAYeT NpelABapUTEIbHO NOCTPOMTL Tal-
JIMIBL XapakTepoB nosHol rpynnsl. Takum oGpasoM, Mul Gyaem pac-

nosaraTb xapaktepamu y( #) (m ({go|t:}) Kammoro smeMenTa npo-
cTpaHCTBeHHOH rpynnbl @ 10 JMI0GOro HeNpHBOAMMOIO. IPeACTaB-
Jennsi. Torna pasioxeHHe NPSIMOro NTPOU3BEAEHHS NBYX HENPHBOIH-
MBIX NpeJCTaBJEHUH IOJHOH NPOCTPAHCTBEHHOH TIDYNNH Ha HeTPH-
BOAMMBIE COCTAaBJSIIOUIHE MOMKHO BHIIOJHHUTbD TaK K€, KaK AJs
Jo00ll KoHeuHOH Tpynnbl. KosdhduinenTs npuBeleHus AJs MOJHOM
rpynnsl MOXKHO MOJYYHTb INPAMO H3 cooTHOwWeHuidt (55.4) wuim
(55.5). B mepBoM ‘cy4ae HeH3BECTHBIMH SIBJISIOTCS KO3(QHULHEHTHI
(55.2). Bo BTOpOoM cayuyae AJsT CYMMHPOBAHHS IO BCeM 3JeMeHTaM
IPYNIbl HCHOMB3YETCA «FPYNNA NDHBEACHHA. MeTon TPYHIL NIPH-
BeJleHHs] peJCTaBJaseT coOoH HeKOTOprH CTPOPHI TPHEM, MCHOJb-
aylomuil MaTpuuHble rpynnsr D) () p*&) ™)y ") n) ropmo-
Mopthubie rpynne . 3THM MeTOAOM npOBo,LmTcﬂ CYMMHpOBaHHe MO
BceM 3J/leMeHTaM Tpynnsl @. Breruncienue : IPHBEeJIeHNs 0 popMmyaam
(55.4) u (55.5) He MOXKeT AaTh HEOJHO3HAUHHI Pe3yJbTaT, TaK Kak
BCce CYyMMEl, TaK XK€ Kak ¥ OCTaJbHble BEeJHYMHB (XapaKTepHl, sJje-
MeHTH TPYHNII) B 5THX CyMMax, onpeneneﬂm OJHO3HAYHO 10 OTHO-
LIeHHIO K TOJHOH rpynne @. - .

B Meroje TMOMHOK TpPYyNIEl BCE COCTOSIHHS qmsuqecxon CHCTEMEI
KTacCHPHUHPYIOTCA M0 HENDHBORUMBIM IpPeACTABJCHHAM NOJHOH
IPOCTPAHCTBEHHOHR TIPYNIB], KOTOPHE OHH OCYUIeCTBJSIIOT, T. €. BCe
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BO3MO2KHBIE COCTOHHI/lﬂ paCCManI/IBalOTCﬂ B HEIIpPHBOJHMOM JIHHCH-

HOM BEKTOPHOM HPOCTPaHCTBe 3(*) tm),

" ITpuMenenune K03 (PUIMEHTOB NPUBEAECHUS AJIs MOJHOH TPYIIH
03HavaeT, YTO MBI HCIIOJIB3yeM IOJIHBle HepUBOJHMbIEe NpejcTaBJie-
Husl rpynnsl-@. B uyacTHOCTH, 3TO 3HAYUT, YTO OPH BHINOJHEHHH
pa3soxkeHHd MOKeT BO3HHKaTb M OOBIYHO BO3HHKaeT GoJblle yeM
oaHa 3Be3na *k”.

BrimosHeHne pacuera MeTOXOM IIOJHOM TPYHNIE BKJIOUAeT MO-
crpoerre no ¢opmyaam (37.3) uau (49.3) mabopa Tabauu xXapak-
TepPOB NOJHOH IPYNNE. DTO HpeANOJaraer, YTO BEIIOJHEHO NpHBe-
JeHHe B Kaxkjoi rpynne @ (k) kaHOHMYeCKOro BeKTopa Rk kKaxjof
3Be3nbl. [locse TOro Kaxk moctpoeHnl TAGJHULE M BEINOJHEHO DPasJo-
JKeHHe, MBI IOJIYYHM Bce HENPHBOAHMMElE NPeACTaBJEHHUs, ColepKa-

uuecst B mpsMoM mpousBegeHnn D8 m @ DUE) Y B oGwem
cydae KOHEUHBIA pPe3y/bTaT COAEPIKHT NMOJIHBE NpeACcTaBJIeHNs, OT-
HocALIMeCH K HecKOJbKHM Pa3HEIM 3Be3AaM.

Henocratox MeToZa cOCTOMT B TOM, YTO HDHXOLHTCS CTPOMTh
3apaHee NOJHBle Tab/JHIOBl XapakKTepoB, a TakXKe B TOM, 4TO A5
noJyueHHs Ko3(h()HUKMEHTOB INpuBeJeHHs HeoO0XOAMMO TPOU3BECTH
nosHoe pasnoxenue, K mocromHcTBaM MeToJa MOMKHO OTHECTH BO3-
MOXHOCTb NPOBePKH pe3ynabraTta (T. e. moanoro Habopa Koaddu-
HHEHTOB), HCNOJb3ysl CTaHJapTHEIE COOTHOUIEHHS OPTOHOPMHPOBaH-
HOCTH, nojydeHHble B § 48 u 49.

B nmpoTuBONO/IOXKHOCTE 3TOMY HpPH pacueTax MeTOJOM IOArpyn-
Il cJleflyeT NMOCTPOUTb BeJHUYHHEI, BXOASIIHe B BhIpaxKeHHe (62.15).
DTo Te Xe XapakTephl C TOUKOH, KOTOPble BO3HUKAIOT B TabJune A
IIOJIHOH TPYNNE], OJHAKO B IPUHLMIE He Bce OHH BXOZAT B (62.15).

ToabKo conpsikeHHble 37eMeHTH {cp”"""} [cm. (62.16)] rpynne & (k)

HMEIOT XapaKTepw, OTJIMYHble OT HyJas, H Bxoisar B (62.15). Hx,
'pasyMeeTcs, MeHblle, ueM 3jeMeHTOB B rpynme @. Ilostomy B
(63.2) cymmnupoBanMe BeleTCs NO MeHbIUEMY YHCJAY 3J€MEHTOB.

B MeTome MOArpYNNLl OCHOBHOE BHHMAHHE COCPEAOTOUEHO Ha
BHI6PaHHOM BeKTOpe K’/ U paccMaTpuUBAIOTCSl TOJBKO COOTBETCTBYIO-
e eMy MHOXHTeIM H KO3 duuueHTH. CllefoBaTe/IbHO, B CYMMY
(63.2) BxomuT MeHblliee YHCAO ajaeMeHTOB, YeM B (55.2). B stom
CMHIC/IE MEeTOJ NOATPYHNE OKasbiBaeTcs 0ojee SKOHOMHYHBIM, 4eM
MeTOA mnonHofi rpynnsl. EcTecTBeHHO, eciM MeTOX NOATPYNOH HC-
noAb3yeTcs A8 NOJNYYeHHS BCeX HENPHBOAMMBIX NpPenCTaBJIEHHA

L Y
D( kl) (m")’ BO3HHUHKAIOIIHKX [IPH BLIYHCJICHHH IIPAMOIO NNpou3BeaeHus

I 4 '
BCcex map D(k") ™ g D(k"') (m ), TO 00'b€M BEIUHCJ/EHHH H KOHEUYHLIE
pe3yabTaThl OKa3HBAIOTCA TEMU Ke, 4To H AJAS MeTona no.rmoﬁ
TPYIIHL,
[Tpu cpaBHenun CTPYKTypHW Boipaxenufi (63.2) u (55.5) nemen-
JIEHHO BBIABJSAETCSl 00Jsiee Cepbe3HOe 3aTPyAHEHHe;, BO3HHKAWOLIEE
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TOJIbKO B MeTOJe NOArPynnel. JJis MerTona NOATPYNNH COBEPLUIEHHO
Heo6X0AUMO, 4TOOH!, HampuMep, B cjaraeMuX cyMMH (63.2) Gwunn
HCNOJb30BaHK! [IPABHJbHEIE YaCTH HOMHBIX npeiactaBaeHull. Onnako
BCJIEACTBHE CJ0XKHOCTH CTPYKTYPH NpelACTaBJeHHA BEHeJeHHe Ipa-
BHJIbHBIX YacTell, KoTopble GYAYT 3aTeM HCIOAb30BaHHL AJsl IOJAyde-
HHS «IOJHOI» CHCTEMB XapakTepoB, Nokasanuoil B (63.2), coBceM
He TpHBHaJbHO. lHaue roBOpSA, HENPHBOAMMOE MNpEACTABJIEHHE
*
DC®)tm  rpynnu @, cornacuo (33.1), conepxut 610K ¢ HHACKCAMH
6=1, v=1, paupi (D(*#) m),, ="p@m 4 COOTBETCTBYIOINA
JOTYCTHMBIM HENPHBOAHMBIM  NPEICTABJICHHAM T'DYINEI 8(k), rme
k — xaHOHHUeCKHU{ BOJHOBON BeKTOp 3Besin *k. Ecau paccmartpu-
BaTb TO 2Ke IPeJCTABJIeHHE [0 OTHOLIEHHIO K BeKTOPY Ky (ZpyroMy
Jyqy TOH 3Ke 3Be3fibl), TO CTPYKTypa 3TOTO NPEINCTABJIEHHS] CTAHO-
BHTCS CJIOXKHOH BBHAY HeOOXONHUMOCTH Ipeo0pa3oBaHHs 3JeMEHTOB
CUMMeTpPHH, BXOASIIHX B MaTtpuuu Braa (36.14) B kauectBe apry-
MeHTOB. B IpHHINTEe BHITOJHEHNE TAKHX BHYHC/IEHHH B MeTOJe NOJ-
rpYNIb He BHI3BIBAET 3aTPYAHEHHUH, HO Ha NPAKTHKe BaXKHO HCIOJb-
30BaTh NPABUJbHEE 3JIeMEHTH M IPaBHJIbHYI0 (OPMY MATpPHIL.
MeToanl TOJMHOA CpYynOE W TNOATPYNIE MOXKHO CONOCTaBHTH
IPYruM croco0oM, CPaBHHBAsi COOTBETCTBYIOLIHE BEKTODHBIE MpO-
cTpaHcTBa. MeToj mosHOH IPyNmOB HCIOJB3YeT IOJHBIE HEIKBHBA-
JICHTHHIE HENPUBOJAUMEE BEKTOPHEE NMPOCTPAHCTBA M HX NPOH3BEJE-
Husl, HaIpuMmep :
S(*e) (m) g D(*#) (m), (64.1)

[Monnoe mpocTpancTBo npousBeneHusl (64.1) pasnaraercd Ha mps-
MYI0 CyMMY HOJHLIX HENPHBOAMMHLIX BEKTOPHHIX IPOCTPAHCTB, T. €.

200 ™ @ SR W)= N @ (*km*K m | *k'm”) SC#) (w0, (64.2)

*o"mr

B MeToze moArpynnel paccMaTPHBAIOTCA TOJNbLKO Te NOANPOCTPaH-
CTBa, NpPOH3BeJEHHE KOTOPHIX naeT TpeGyeMoe MNOANPOCTPAHCTBO.
Hnade, HCIOMb3Ys NpexHue 0003HAYEHNS,

kll
1 ( (‘Ph”-k )(m‘ (‘pkll‘kc,)-l) (m,))_
- 3 " e =
(nk"ku) }.Zx
_Z({k -l-k’}mm | 7m7) 2#), (64.3)

Tpeanonoxum Temepb, 4YTO MDH KOHKPETHOM TNPHMeEHeHHH
MeToAa MaJsiofl rpynnel OIHGOYHO NMPOMYILEHH HEKOTOpHE H3 MpO-
usBefenuft [B Jesoit uactu (64.3)], KoTopmie npHBOAMIH OB K
nonHoMy npencrasiaennio (mognpocrpauctsy) =¥ #7, dra ommubka
MOXET OCTaThCA He3aMEUeHHOH, TaK KaK €IHHCTBEHHHIA HMeouinics
4Jisl 9TOTO METOAa CNoco6 NPOBEPKH NOJHOTH 3aKJ/I0Yaercs B TOM,
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4TO IIpe[CTaBJeHHs NPOH3BeJeHHH, BXOAAIIHMe B JIeBYI0 4aCTb pa-
BeHcTBa (64.3), [NO/MXKHH TaxKe BO3HHKaTb H B NpaBofi yacTH
(64.3). Pasymeercs, eciin OBl Bce BHIUHCJIEHHS BEIIOJHSINCH Oe3-
* omuGouHo, 06 3TOM He cTOMJO OBl U ymoMHHATh. B Merome mosHON
rPyInEbl cllefaTh TaKyio OHIMOKY, T. €. HPONYCTHTb 4acTh BEKTOPHEIX
IPOCTpaHCTB, aGCOJMIOTHO HEBO3MOXKHO. Ha KaXKAok cTaguu’ BEYHC-
JIEHHH COOTHOLIEHHS MOJHOTH U OPTOHOPMHPOBAHHOCTH Uil MOJHBIX
HellpUBOJUMBIX NpeACTaBJeHH} OZHOU U TOH e rpynnn @ oGecme-
YHRAIOT NPOBEPKY NPAaBHJBHOCTH NMOCTPOEHHS TaOJHLIB XapaKTepOB
¥ TPaBHJIBLHOCTH pa3joxeHHAT Jleqo o6CTOUT TakuM ke o6GpasoM,
KaK ¥ JJIs [IHPOKO H3BECTHBIX KOHEUYHHIX IPYIIL

Haxonen, MOXHO CPaBHHTb METOAB TNOJHOH TPYHIOE 4 TOA-
TpyNnbl, AeMOHCTPUPYS OUEBHAHYIO CBSI3b MEXKAY COBOKYIIHOCTBIO
K03 QUUHEeHTOB NpHBeJeHHust IJs1 NOArPYNNEl H Ko3bdunuentamu
NpuBeJeHus A/ IOJMHOK rpynnel. $SIcHo, 4To NPH (PUKCHPOBAHHBEIX
*k'm” xoadounuentst (*km *k'm’|*k”m”) NOKa3kHIBAIOT, CKOJbKO
pas npejcTaBieHHE D(*#) m") pxonur B pasnoxenne. OfHAKO eciH
B PA3JIOXKeHHH CONEeDPKHUTCA NONHOE NpeACTaBJeHHe, TO CTOJBKO Ke
pas BXOAMT W mpejcTaBieHue D®) m" poxrpynnm @ (k”). IlosToMy
Koa(huument nas NOATpyInL, C,BSISI:IBa}OIHI/Iﬁ BCe BO3MOKHEIE Npel-
CTaBJ/eHus D(ko) tm D(ka') (m"), KOTOPBI€ MOTYT NaTh AJs BHIOGpaH-
Horo k” Bce pesyJbTHPYIOLHe HpeAcTaBieHHs D®) m — nogxen
OLITh paBeH COOTBETCTBYIOLLEMY KOI(DQHUMEHTY A8 HOJHOHR TpyI-
nbl. TakuM 06pasoM, HCTOJKOBLIBAS KaKAHH H3 K03(hGhHIUEHTOB

COOTBeTCTBYIOLIHM 06pa3oM (Kak KO3(pGHIHEHT NpPUBEIEHHS JJs
NOATPYNIEL HIH JJISl IOJHOHN TPyNNBl), MOXKHO 3aNHCaTh

ﬂ(*km*k’m’ | *k"m”) = ({k, + k,,} mm’ lk}’m”).

§ 65. Koapduuuentol npusesenusi. Meton manoil rpynnbi

B § 40 ormeuasnoch, YTO 3ampelleHHbE HENPUBOAUMEIE Ipen-
craBienuss D® W wmagofi rpynnel II(R) npexncraBasiior. cofoft
npejcraBIeHns, COOTBETCTBYIOIHEe HAGOpy BOJIHOBHIX BeKTOPOB

(40.7y )
- k, ok, ..., th (65.1)

3710 06CTOSITENLCTBO GBIJIO BIEPBEIE OTMEUEHO B CBSI3H C BOIPOCOM
0 KO3 dHIMeHTaX NPHUBENEHHS LIS NPOH3BEAECHHUs IPOCTPAHCTBEH-
HbIX rpynn duuotom u Jlaymonom [34]. B Hacrosiiem maparpade
MBI BCJel 32 9THMH aBTOPaMH OTMedyaeM BaXKHOCTb YKa3aHHOTO
BHIILle OGCTOSTEJbCTBA JAJs1 DPasjiOkKeHHs NPAMOTrO IPOH3BeleHHS
HEIPHBOAUMBIX NPEACTABAEHHUA, COOTBETCTBYIOIUHX BOJHOBHIM BeEK-
TopaM u3 Habopa (65.1). Sauor u JlaynoH NPeAJOKHIH HUCIOAB3O-
BaTb MeTOA MaJoH TPYNIH TakKkKe W AJS aHa/lHM3a NPSIMOro MPOHU3-
'Be/leHHs! MpeACTaBjeHAA ¢ BOJHOBHIMH BEKTOPAMH M8 DasHBIX Ha-
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6opos. Tenepn sicHO, 4TO 3Ty 3ajauy cjaeAyer paccMaTpHBaTh GoJee
OOIIHM METOAOM NOArPYIIEL, H3J0KEHHHM B npenmecmyroumx na-
parpagax, HJIH MeTOJOM NOJHOH-TPYIIIHL.

Tak xe xak u B § 40, Gyzem cuuTaTh, 4TO IOJHBIN HAGOp HENpH-
BOIHMBIX NpeiacTaBienuit D® m y D® o rpynnst I1(k) u3BecTeH.
IIycte naM TpefyeTcsi ompefeiuTh NpeicraBjeHHs, BXOASIIHE B
Ipou3BefleHHe MpeAcTaBaeHui D& M) @ D) (m)  qego, 4TO  3TO
npejcTaBienye OyeT COLepXKaTh IPEICTABIEHHS ¢ BOJHOBHIM BeK-
Topoym 2k. Haue roBops, BeKTOpHBIE IPOCTPAHCTBA

2w {xp"” (”) (65.2)
a ’ :
Ny ___ 4 4 -
g<k><m>={¢l ® ‘l’z,,(,’f) \ 65.3)
IpR MEePEMHONXKEHHH NAIOT BEKTOPHOC NPOCTPAHCTBO
4
SO MO il @, L, R Y, (65.4)
- (2k)
OUeBHIHO CcOREpKauee GYHKUUH H3 NpocTpaHcTBa = . ITosromy
npeacraBsJjeHue )
D® (m) @ D) (m) (65.5)
H COOTBeTCTBy}OLU.aH CHCTEMa XapakKTepoB
y(8) (m) @ (&) (m) (65.6)
l'IpX/IBOJ_II/IMbI.

-HafineHnoie npeacrasiaenns manoit rpynnel IT(k) cocraBasior
NOJIHHIH HaGO0D HESKBUBAJNEHTHHIX HENPUBOAHMBIX IMpeAcTaBJ/IeHU
3TOH TIpYNIE, HEKOTODEIe M3 KOTOPHIX COOTBETCTBYIOT BOJHOBHIM
BekropaM 2k, ... . IlpencraBienus D® @  rpynnu I1(R), oTHOCS-
IIHecs K BeKTOpY 2R, JIerKo BHIJEIUTH W3 NOJHOH CUCTeMHl XapaKTe-
POB, TaK Kak, €C/i BHIIOJHAETCSH COOTHOLIEHHE

x® ® ({e | R, (k)}) = exp — i (2k) - Ry, (k) (65.7)

TO CJefyeT CYHTATh, UTO BCe MpEICTaBIeHHe D¥ W) cooTBETCTBYET
Bexropy 2k. IlpoBepsis amanorndubiM o6pasom Apyrue Xapakrephl
IJIs JAHHOH TPaHC/HSIHH, MOXKHO BHIJENHTh MPeJCTABIEHHS, OTHO-
csAlMecss X APYTMM BekTopaM u3 Habopa (65.1). CienoBaTenbHo,
VIS KaXKAOr0 HHAEKca p xapakrepa y® ®) MOXHO NMPOBECTH COIO-

cTaBJleHHe BHIA ,
w2k, ..., u, Ttk (65.8)

Torza pasnoxeHue npousBeleHHus (65.6) MOXKHO BHIIOJHHTEL Cile-
AyIOMHM 06pasoM. Onpe,ueJmM K03 GhHUEEeHTH NpUBeLeHHs 11.11;1
{65.6) cooTHOmEHHEM

%) (m) ® () (m') — Z (mm |p)x® @, (65.9)
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rie CyMMupoBaHHe BBINOJIHSIETCS 10 TeM HHAEGKCAM W, KOTODble CO-
OTBETCTBYIOT BeKTOpYy 2R, T..e. HMEHHO IO 3alpelleHHbIM 3HAUEHHSIM
[ IpH BoOJMHOBOM BekTope k. Torga 3TH KO(P)HIHEHTH MOXKHO
3aHHCaTh B BHIE

(mm' | p) = -—E K@ {1t (@)}) x® ™) ({g | £ (@)}) X
II (&
() X ({2 (9)})*. (65.10)

CymmupoBanse B (65.10) BbINOJHSETCS 1O BCEM 3JeMeHTAM TIPYIIILI
I1(k), a unzexkc p cooTBercTByer BekTOopy 2k. [lopsimox rpynmml
I (k) oGosnauen yepes g;. IIoCKOJIBKY B 5TOM MeTOZe MPHHHMAETCH,
4TO MBI pacloJjiaraeM MOJHOH TabJjHleld XapakKTepoB, BHIUHCJAEHHS
no ¢opmyde (65.10) mpocTei.

[locae Toro kak koadduimentsl (mm’|n) HafiaeHsl, ocTaercs
CBA3aTh UX C AONYCTHMBIMH HENPHBOJAHMHBIMH NPEICTABICHHAMY Ma-
goit rpynnsl I1(2k). [TocrapaemMcs GHITH TOUHBWH B 3TOM BOIPOCE.
ITockonbKy mnpenacramienus D m y DWW oTHOCATCA K OXHOU H
Tol e rpymme II(k), MOXKHO HOCTPOHTb CHCTEME XapaKTepoB
g B m g B Wy HemocpeACTBEHHO HCIOJAb30BATH HX IJS PasJio-
JKeHHs TPSMOro nponsseﬂeﬂnﬂ ITosToMy MmO OTHOWIEHWIO K TPYIIE -
II(k) koapduunente (mm’|p) onpeneseHsl BnoJHe TouHo. OxHaKO
YCTaHOBJIEHHE CBSI3M IpeicTaBienuss D® ® u  crenosaTesbHO,
KO3 HUHEHTOB (mm’|p) ¢ ZOMYCTUMBIM HENPHBOLMMBIM NPEJCTaB-
JeHneM D@® (™) ¢ BOJIHOBBIM BEKTOPOM pk BOSMOMKHO TOJBKO TOTAA,
Korfla npefictasaenne D® WY gpasiercs HeNPHBOAHMEIM NpeACTaB-
JgeHueM D®® (™) rpynnet I1(pk). B sToMm ciydae KosbpHUHEHTH
(65.10) mpeacraBasioT coboit KO3 dUIIMEHTH INpHBeAeHHS MJId
TOATPYNIEl ¥, OUeBHIHO, IIOKa3hIBAIOT, CKOJIBKO pPa3 JONyCTHMOeE He-
NPUBOZUMOE NpeAcTaBjieHHe D#) (M) comepikUTCH B [POH3BENCHHH
(65.5).

Ecau npexacrasisenne D® M), paccmaTpuBaeMoOe KakK MPeACTaB-
Jgenne rpynnsl IT(pRk), He fABAsieTcS HeNPHBOAHMBIM HJH €CJAH Tpe-
6yeTcs MOJYYHTH METOJOM INOArPYNIH KO3(D(OHIHEHTH NpHBeAeHHS
JJIA TpOHM3BefeHHs NPeACTABJIEHHH, COOTBETCTBYIOIHX BEKTOPOB U3
pasAMUYHBIX Ha6OpoOB, TO HeOOXOAHMO HCNOJL30BaTh Gosee ofmiue
MeTO/IH, H3JIOXKeHHbe B NMPeIRAYIHX naparpadax.

IpuBenennas Blllle WJTIOCTDAUHA METOAA IS clyuasi, KOMAa
npousBejleHne NPeACTaBIEHHIA COOTBETCTBYET BEKTOPY 2k, otHOCHTCS
TakkKe K DasOXKeHHWI0 INpeAcTaBjieHdit Buaa [D® (m)] H T. IL
U cHoBa, 3a HCKJIOUEHHEM CJIyyasi, KOTfa IpeicTaBiaeHHe D® M
HeNpUBOJIMMO, ClelyeT NPHMeHATL Gojee obllMe MeTOABI nom‘pyn-
TEl, PacCMOTPEHHLIE B MPEALIAYWIMX naparpagax.
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[lpocTpaHcTBeHHbIE IPYTIIbL
M KJacCHUecKast Teopusi KoJaebOaHui
KPHCTAJNIHUECKOH pelueTKH

§ 66. Bmepenue

Dra riaBa COAEPXKHUT NPHMEHEHHS TEOPHH INPOCTPAHCTBEHHBIX
rpynn K KJaccHYeCKOH TeopHH KoJse6aHHH KPHCTAJJHueCKOH pe-
weTkH [4—6, 59—64]. OcHoBHO# 3 (deKT OT HCHOIb30BaHHSA NOJHOM
HPOCTPAHCTBEHHOM IPYNIL CHMMETPHH COCTOUT B VIPOUIEHHH pelle-
HUSt CEeKYJISIPHOTO yPaBHEHHSI AJId ONpefeseHHs] 9acTOT HOPMaJbHBIX
KoJieGaHMH H COOTBETCTBYIOLUIUX COOCTBEHHLIX BEKTOPOB B FapMOHH-
yeckoM NpubanxkeHun, CekyJdpHOe ypaBHeHHe OKa3blBaeTcsd (ak-
TQPHU30BAaHHBEIM COIVIACHO HENPUBOLHUMBIM INPeACTABJIEHHSAM paccMar-
puBaeMOH NpPOCTPaHCTBeHHOH rpymnnel @. Pakropusanus 1o HPO-
CTPAHCTBEHHOH CHMMETPHUU NPHBOJUT K INOSIBJEHHIO NPOCTPAHCTBEH-
HBEIX KOODJAHMHAT, 3aBUCALIHX OT BOJHOBOrO BeKTopa R HeNpHBOIH-
MOro MNpeficTaBleHus. ¥YdeT TNOVIHOH CHMMeTDHH obecnedynBaeT
lafnbHellllee YTOYHEHHe CBOACTB OTAE/bHEIX COOCTBEHHLIX BEKTODOB,
npeoGpasyioluX COMJIaCHO AONYCTAMBIM MpeAcTaBiaeHusiM D) (M)
rpynnsl @(k), T. e. N0 ONpeleNeHHON CTPOKE HENPUBOAUMOrO Npex-
crasaenuss DU®) M rpynnn ©.

Ecan cBoficTBa cOOCTBEHHEIX BEKTOPOB KJaCCHGULHDOBAHH CO-
IJ1aCHO HENPHBOJAMMEIM NIpEeACTAaBJAeHUAM TPynns @, To 3TH pesyJb-
TaThl MOXKHO CPa3y NPHMEHHTb JJIS BBYHCJEeHHS JIOOBX QYHKIHA
THX COOCTBEHHEIX BeKTOpPOB. Takumu (QYHKUHSAMH MOTYT OHITh
pellleTOUYHble HHBAPWMAHTHL H KOBAPHAHTH, HOCTPOEHHEIE H3 9THX
BEKTOPOB, HAlpPUMEP aHrapMoHHUYecKas MOTeHIHaJbHAas 3SHEePrus
KpucTajia HJH 2JeKTPHYECKHH JHHOJLHEIA MOMEHT KpHCTaJsIa
GoJiee BHICOKOro nopsaxka. Mcnoamssys pesyJabTaTel TeOpHH Tpymm,
3T¥ (QYHKIHH MOXHO 3aMETHO YNPOCTHTh. /s GyHKUUH, HMEIONInX
BHJ Pa3/IOXKeHHs IO CTeNeHAM 3THX COOGCTBEHHBIX BEKTOPOB, MOXKHO
YCTaHOBHTb CYyLIeCcTBEHHOe MHMHHMAJIbHOE YHCJO OTJIHYHEIX OT HYJA
He3aBHCHMHX Ko3(dunuedToB. TakoBo MaKcHMaJ/ibHOe YIPOLIEHHE,
KOTOpO€ MOKHO IOJYYHTh C IOMOMIbI) TEOPHH TPYIHIL,

Eme onHa BaxkHad KjaaccHuecKasi GYHKIHSA COOCTBEHHHIX BEKTO-
poOB, KOTOPYIO MOXKHO B H3BECTHOH Mepe ONpeAeJHTb C HOMOILIBIO
TEOPHH rpyHn, — 370 PyHkuusa I'puna, ucnosbsyemas IpH aHaJgu3e
CBOMCTB KaK HJeaJIbHBIX, TaK H HeHJeabHHX pelleTok [8, 9, 66, 67].

Ilpn ananuse cBOHCTB CHMMETDPHH B 33JaUe Ha COOCTBeHHBIE 3HA-
YeHHs KJNacCHYeCKOH AMHAMHKM pPelleTKH MBI BCTPETHMCS C OllepaTo-
poM Iipeo6pasoBanus obpalueHHss BpemeHu. [ljsd yuera 3TOro orme-



174 ) Frasa 8

paropa Heo6XOJHMMO PACIIHDHTb TIPYIIYy CHMMETPHH (UIHUYECKOH -
CHCTEMHl 10 OTHOIICHHIO K HCXOJHOH rpynne OlepaTopoB Hpeobpa-
3pBaHuM, KOTOpas H30MOp(dHA HCXOAHON NPOCTPAaHCTBEHHOH rpyme
@®. CoorBeTcTBeHHO H3MEHHTCH H BeCcb INpeJIIeCTBYIOHHA aHAJH3.
MoxeT BO3HHKHYTb YABOEHHE CYIIECTBEHHOrO BHIPOXKIeHus, o6y-
CJIOBJEHHOe JAOIOJHHTEJIbHON CHMMeETpHeli; MOTYT TaKxKe H3Me-
HHTbcSl K03()GhHUHEHTH IpHBElNEeHHs H, CJaeJoBaTeNbHO, INpaBHJA
oT6opa. Heo6xoaumas 31ech TeOpHS KONpEACTABJIEHMHA H3J0XKeHa
B L. 9. . ,

Haxkonen, Hy:HO NOL4epKHYTh, YTO 3HAUHTEJIbHASA UACTH Pe3y/b-
TATOB IJ. 8 MpUMEHHMAa U B OTCYTCTBHE OrpaHHUHBAIOLILEro Ipelrno-
JOXKeHHd O NPHMEHHMOCTH rapMOEHUYecKoro npuG/amnxenusn, Taxoe
060011eHHe 10 HEKOTOPOH BO3MOXKHOH B HaCTOsIllee BPeMS CTeNeHH
-OyneT o0cyX,aaTbC NPH H3JIOKEeHHH 06ulefl AMHAMUKYU PeElIeTKH |
TeOPHH MHOTHX TeJ.

§ 67. YpapHennss JBUKEHHS B TapMOHHYECKOM MNpPUGIHKCHHH

paCCMOTpHM KpuctaJJjg, B KOTOPOM HOI{OHLLLI/IGCH dTOMB! pacno-
JIOZKEHBI B TOUKaX C KoopAuHaramMu

rt=R +r, 67.1)
rie, Kak # npexje (cM. § 4), BeKTOp pemeTKkH paBeH
R, = lLa, + La,+ l;a;, [; — nease yhcaa, (67.2)
1 0GasucHble BEKTOPHl HMEIOT BHJ
ry,=— 1@ “l‘ Holly + Hals, 0 < A < 1. (67.3)

MoxKHO cunTaTh, UTh BeKTOp R, ompenessieT moJoXKeHHE 3JeMeHTap-
HOH siyellKy, B KOTOPOH pacnoJsiokeH RAHHBIA aTOM, a ry JAeT HOoJo-
JKeHHe 5TOro aToMa BHYTPH 3JeMeHTapHoi suelikd.. Eimle onxxo
ynorpebiasemoe o6o3Hauenue g (67.1)

re (:‘) ) | ‘ (67.4)

rie MHAEKCH [, ¥ HMEIOT TO Ke 3Hadenue, uto B (67.1), a 2 =1,2,3
0603HauaeT [eKapTOBhI -KOOPAMHATH; HHAekcH (1, 2, 3) MOxKHO
TaKxKe 3aMeHHTh Ha (x, y, 2).

O6o3HauuM cMeLleHUs aTOMOB, nepBOHaqaano OKOHBLINXCS B

l , l
TOYKax r (% » U3 HX TNOJIOXXEHHH paBHOBecHs uepes u| .

Torza MTHOBEHHOE IIOJIOZKE€HHe KaxKJAoro aroMa MOXKHO 3alHcaTbhb

T D0 e
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CMmelleHHs @ (%) B (67.5) crenyer cyutaTh MEHSIIOIIHMHCSH BO Bpe-

MeHH He3aBHCHMBIMH BeJHYHHAMH, HBmeomﬂMch OCHOBHBIMH IH-
HaMHU4YeCKHMH MepeMeHHLIMH B Haulel 3ajave.
[TorennuunasbHas 5Heprus KPHCTANIa SIBAseTCS QyHKIMeH obllero

[
BHOAa OT MTHOBCHHHIX HOJIO}KEHI/Iﬁ 4TOMOB @O (% . Hazoem ee 0.

OO6HBiuHoe KiIacCHYecKoe PACCMOTPEHHEe OCHOBAHO HA NPeATON0XKEeHHH

MaJa, a HCXOAHble 110J10-

O TOM, YTO BE/JUYHHA CMEUleHHA (U (%)

YEHHSI PABHOBECHS COOTBETCTBYIOT YCTOHUUBOMY paBHOBecHio. Torna
nepBHe ABa OTJIWYHBIX OT HyJSl 4jeHa B pasnoxeHuu @ 0o oTKIO-
HEHMAM OT MOJIOXKEHHH PAaBHOBECHST HMEIT BUIL

o=o({r (O +45 ZYoulL DJalL) 0

l% UuB
rne

/

1 | r
(I)aﬁ(% x’) (aua ( )Ouﬁ( )) ua(,f)=0. o
g (10 )0

[lepBuiit unen B (67.6) onpenensier HayaJo OTCUeTa MOTEHIUAJbHON
SHEPTHH PENIeTKH H COOTBeTCTBYeT 3HaueHII0 (D, B3ATOMY NpH ycia0-

BHH PaBE€HCTBA MTHOBeHHBIX KOOPAHHAT YaCTHIL Y % Koopau-

!
HaTaM MOJIOXKEHHWH paBHOBECHS {r(M . Takum ob6pasom, 3T1a

BeJWYHHA fIBJseTcss KoHcTaHTOH. O6o00IieHHBIe CHJIOBBIE MNOCTOSIH-
Hple JMHAMHMKM KDHCTAJIHYECKOH pelleTKH B rapMOHHYECKOM IpH-
OMMKEHUN ONpeaesATCsa BeIpaxenusamu (67.7). OueBuaHo, 8 psae
(67.6) MOXKHO ydecTb clelylollHe UYJeHB Pa3JIOKeHHS H MOJYUHTb
AHrapMOHHYeCKHl BKJaj B MOTEHUHMAJBHYIO SHEpPTHI0 KPHCTaMJa.
Huxe MH npHBeleM HEKOTODHle pe3yJibTaThl, OCHOBAHHLIE Ha yyeTe.
aHrapMOHWUYECKHX 4JIEeHOB, HO cefiyac MB HMH mpeHebpexeM. Tak
KaK KOH(UIYpaluss aTOMOB, COOTBETCTBYIOILAS Haualy OTCYeTa
SHepruH, fABJASETCA. YCTOHUNBOH paBHOBecHOMH Korxd)nrypauylen Be-
JIMYHHA

vmomo({r (D)o Dol wo

' : /
< . o
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JIOJXKHA GHITh MOJOXKHTEJBHOH, €CJH MMeercd XoTA OBl OfHO OT/IHY-

l l
HOE OT HYJIS 3HaYeHHe u“('x + M PaBHA HYJIO, €CTH BCE Ug|

TOX/ECTBEHHO PaBHHI HYyJI0. TakuMm o6GpasoM, (67.8) aBiasercs He-
OTPHIATE/ILHOH KBaJApaTHYHOA (PopMOl:

V>o. | (67.9)

Tak kaxk nopsaok Aubdepennuposanus B (67.7), oueBHAHO, He-
CYILECTBEH, CHJIOBHIE IIOCTOSIHHEIE YAOBJIETBOPSIIOT COOTHOILEHHIO

L e
cpaﬁ(% %,)=cpﬁa(%, %) (67.10)

Onpenenum Manmy-CTonéeu, uMeomyw 3rN CTpOK, 3JeMeH-

!
TaMH KOTOpOﬁ ABJIAIOTCA HE3aBUCHMBIE BEKTODHI CMenleHni ua(%).

3aecb N —UHCIO 3/7eMEHTAPHBIX sfUeeK B KPHCTaJJe, YIOBJIETBO-
psAwolieM TpaHHUHHIM ycjaoBussiM DbopHa — Kapmana, r— uncio
HOHOB (aTOMOB) B 3JIeMEHTapHOH fuefike, Tak uyTo 3rN — noJsHOE
UYHCJIO MeXaHHYecKHX cTenmeHeH c¢BobOoAp KogebJolerocss KpH-
cranna. O603HaUlM TaKyl0 MaTpuuy-crosnber uepe3 [u]:

(1)

w=| - . (67.11)

.

()

TpaHCHOHHPOBAHHOH 1O OTHOLIEHHIO K Hed Oyxer wMmaTpHua-

cTpoxa [u]: :
[;T=(ul(i) u3(1:/)) (67.12)

Ecau MB 0603HaunM Matpuiy ¢ pasmepamu (3rN) X (3rN), ane-
l 4

MeHTaMH KOTOpO# sBistioTcs gy ) B (67.10), gepes [@],

T0 (67.8) MOXHO 3alHCaTb B BHIE ‘
V =+ [a] [®] [u]. (67.13)

Takue cokpaiuieHHble 0003HAUEHHS HHOrAa OKa3bIBalOTCS MOJE3-
HEIMH, , S CoTRrETI TR



- [IpocTpancreennbie 2pynnsl U KaaccuUdecKas Teopus Koaebanusi pewerxu 177

JleKapTOBH KOMHOHEHTH CMEeUIeHHH ua(%) He3aBHCHMBI, Tak
4TO KHHETHUeCKas sHeprus KoJjebiiomefics pelleTKH paBHA
2
T ———ZM (u( )) . (67.14)
Ina ’

rae M, — macca x-ro aroMa B a.nemeHTapHoﬁ siuetixe, Torma
JlarpaH:xKHaH paBcH

-—%Zua (:)cp%(i i)uﬁ(i) (67.15)

I B o6oanauennax (67.13)

=%[A“‘] [M] [u] —\-;—f;] [®] [a], . (67.16)

. . l
rae [#] — marpuua rtuna (67.11), sneMenTs KOTOPO# paBHbI ua(%)
H [M] — nuarona/bHash MaTpHla, COCTABJAEHHAA H3 Macc aTOMOB!

[M], ;, = M>d118yB0s. (67.17)
HUA

aff
B (67.14)—(67.16) Touka, Kak Bceraa, 0603Hauaer MOJHYI NMPOU3-

l
BOAHYIO N0 BpeMeHH. BriGupas ua(%) B KauecTBe 0006uIeHHOHA

(!
KOODAMHATH, 4 il (%) B KaueCTBe 060GUIEHHOR CKOpOCTH, HalifeM

YpaBHeHHS NBH2KEHHSI U3 COOTHOLUIECHHSA
d

40z 32
TR (D)

l
YpaBHeHHs IBUKEHHs [IJI8 AUHAMHYECKHX IePeMEeHHHIX ua(
: %

=0, (67.18)

6ynyT HMeTb BHI

\ M,,iza() Z@aﬂ(l l') (f:,)=o. (67.19)

144"

= A
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~

YpaBHenue (67.5) noxaspiBaeT, UTO MEHAIOIMUeCHs BO BPEMEHH

He3aBHCHMEIE HepeMeHHHe u (’K,) ’ KOTOpre ABAAKTCA OCHOBHBIMA

—

OUHAMHYECKAMH IlepeMeHHBIMH B 3ajaue 0 KOJeGaHMAX pelleTKH,
MOXHO paccMaTpHBAaTb Kak BeKTopHoe moJe #(r), 3HaueHue Ko-

l
TOPOro OnpeaeJeHO TOJBKO B y3JaX pelleTKH (%), T. €. B IIOJOXKe-

HHSIX paBHOBecHss aToMOB. C ApPYrodl CTOPOHBI, COTIACHO YPaBHEHHIO
(67.5), KaxXAOMY BEKTOPY CMelIeHHUsS COOTBETCTBYET CBOE HECMelleH-

!
HOe MOJIOXKEHHe Y3/1a KPUCTAJLIHYeCKOH pelieTku r (%) H ypaBHe-

HHS JBUKEHHS 3aMHCHIBAIOTCH TOrJa UYepe3 3TOT OCHOBHOH HaGop
nepeMeHHHX B dopme (67.19).

§ 68. TpaHCASIUMOHHAA CHMMETPHS H CMEUleHHS AaTOMOB

MBI pacCMOTPHM OTHEJbHO BJHAHHe TPAHCASAIHOHHON M Bpalla-
. )
TeJbHOH -CHMMETPUH HA CMELIcHHE u( ¥ Ha MaTpuuy (677)
% ' .

B 3ToM maparpade MBl M3YYUM TOJbKO CJAEACTBHS CYLIECTBOBAaHHS
TpaHcasunonHol cnmmerpun {e|R,} B pelletke.
Omnepatop npeoGpasoBanus, cOOTBETCTBYIOLUH saementy {e|R},

0603HauNM P{g] R7): TlpuMenuM cHagajla 3TOT OUepaToOp K Bek-
TopHoMy oo u (r). OueBHaHO,
(P{emz}u) (r)=u(r —Ry). (68.1)

OTciona BUMHO, UTO IefCTBHE ONMEpAlHH TPAHCAAUMH KPHUCTALa KaK
IleJIOTO, XapaKTepH3yeMoil BeKTOPOM Ry, Ha BEKTOD CMEUIeHHS u

JlaeT CMellleHHe B TOYKe, KOOPAHHATa KOTOpof caBuHyTa Ha Ry-. [Ipu

TaKOH «aKTHBHOH» HHTepNpeTallun ONepalUil CHMMETPHUH MBI CIBH-
raeM mnoJje cCMemieHHH K JAepxkUM (PHKCHPOBAHHEIMH Y3Jbl KPHCTaJ-
JIMUECKOHR pelleTKH. DTH «HOBHE», WM CABHHYTHIE, CMEILEHHS CBS-
3aHBl CO «CTapbLIMHY», HJIH HeCABHHYTHIMH, y3JaMHu pemeTku. Ecau

B3aTb (68.1) nmpu r'%=RL—|-ru, TO MOJYYHM

(P{e"*z}“)(':)”(l:i)' . 83

Hunekc r.B (68.2); 0ueBHAHO, SIBAAETCS JHIIHHM, O3TOMY BMeECTO
(68.2) mu1 Gyaem OGBIYHO MHCATb

(p{ ,Rz}u)( )—u(l;i). a (68.3)
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§ 69. TpaHcasuHOHHAS CHMMETPHS
H MATPHUA CHIOBbIX MOCTOSIHHBIX

I/Icnonbsysi npeoGpasoBaHue cMmemeHuii (68.3), noayuaem u3
(67.8) BhIpaxkeHHe JJIs1 NOTEHIHANLHOH aneprmi

(6]
N N G N U T

na
Un'B
rae us (67.7)
- - 7 N i
A .
Dy , )= _ ___
% % 9 [—1 5 =1
Ug ” Ug v
Tak Kax npu TPaHCISALHH BCe aTOMHL CABHIAIOTCH B 3KBHBaJieHTHHIE
NOJIOXKEeHU S, MBI HMeeM JJs CHJIOBBLIX IOCTOSHHBIX

I—1V—1i I =
CD%( v o ):G)aﬁ(% %,). (69.3)

Tensop CHJIOBHIX NOCTOSHHBIX, SIBJISIOMMACS HHBADHAHTHEIM
moJieM TEH30pa BTOPOTO PAaHra, JAOJKEH OCTAaBaThCd HEeH3MeHHBIM
npu ONepanusAx CHMMeTPHH pewerkd. Cie0BaTe/nbHO, MoMaras

{=={', monyuum
I—1 0 v
Dy v o =cDaﬁ(% n,). (69.4)

1
Taxum o6pasoM, CHIOBEIe nocTosiHHbe Mg (% ,/ ) S3BHCAT TONbKO

. (69.2)

OT PA3HOCTH BECKTOPOB PELICTKH RL H RL' U He 3aBHUCAT OT HHIEKCOB
ordenbHblx STUEEK.

AHajornuHEIl BBHIBOJ MBI MOXKeM IOJYYHTb IPH <«TacCHBHOMN»
HHTEepIpeTauuy JeficTBUA NpeoOpa3oBaHuii cummerpun. DyneM cuu-
TaTh NOJle CMELieHH # (r] (PHKCHDOBAHHBEIM, a Y3/ pelleTKH GyaeM
cMellaTh Ha BEKTOP peleTKH R>. Torpa ysen pemerkn R, mocie
cMellleHds1 OyAeT HaX0JUThCA B y3Je R — Ry, a ysen R, nepeu-

rer 8 R,, — R+,

Tak Kak H3MeHeHHe NOTEHIHANBbHON SHePrHH KPHCTAAAa KOJIK-
HO 3aBHCeTb TOJbKO OT CMEIMICHHH OTJEJbHLIX ATOMOB, MH CHOBA
NPHUXOAKM K BHIBOLY, 4TO AOQABJIEHHe OLHOTO H TOTO Xe BeKTOpa
pELIETKH KO BCceM HHAEKCAM Y3J0B B KaxKAOH CHJOBOH HOCTOAHHOX
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OCTaBJseT ee HHBADUAHTHOH B cMuicae (69.4). Huxke B HeKoTOPHIX
4

l
cIyyasx Mbl 6yleM OOJb30BAaThbCA TEM, UTO (D“ﬂ(n ,/ ) SaBHCHT

TOJbKO OT pasHocTH [—I'. Torpa umeem

oL D)=a( %) 005
R VA e AR I ()

raie Rn=R. — R;.. Hecummerpununoe o6osnauenne B (69.5) nonxk-
HO ITOJYepKUBaTb, YTO CHJIOBble IOCTOSIHHBIE 3aBHCST TOJBKO OT
OJHOTO HHAEKca S4efiKH, a HMEHHO OT OTHOCHTENbHOrO HHJIeKca.
B npyrux cayuasx, Korma okaseBaerci YyAOOHHIM dopmadbHOoe
BKJIIOYEHHE BCeX COBOKYMHOCTEH HHJAEKCOB, OHH OYyNyT COXPaHEeHH
BCe.

§ 70. O6mas cHMMeTpHSl 1 CMEIEHHS ATOMOB

PaccmorpuM meficTBue omepaTtopa HpeobpasoBaHHs obuiedl mpo-
CTPaHCTBEHHOH CHMMeTpHU Pgp|g Ha node cmemleHuid u(r). Ilox
peficTBHeM 9TOro mnpeo6Gpas3oBaHus ofLiefl CUMMETPHHU BEKTOPHOE
nojie cmelleHni u npeo6pasyercsd B BEKTOPHOe HOJe CMelleHHH
U, TAE

‘ U = P alt. (70.1)
Ua TOro, 4TO @ £ABJISIETCA BEKTOPOM, C HeH36eKHOCTRIO caenver
. {Pergute= {n@}o= 25: Qaplty. (70.2)

B (70.2) ,
Pag = (P)ag (70.3)

ectb (af)-KOMIOHEHTa NMOBOPOTHOH MAaTPHIB @, ONHCHIBAIOLIEH HO-
BOPOT B omepanuu o6uielt NPOCTPAHCTBEHHOH cuMMeTpuH {g@]|f}.
B mocaenyouieM H3/0KeHHH YA0OHO MCNONB30BaTh clelyioniee 060-

3HAYeHHE:
Qap = D ((P)aﬁ- (70.4)

B (70.4) Mu o6o3naunau depes D maTpuuy npeoGpasoBaHHs, IO
KOTOPOMY mpeoOpasyercs oObIUHBIA noJspHBIH BekTOp. Takum obpa-
30M, aHAJOIHYHO § 5 MBI MOXKeM HallHcaTb

r'=ru=¢-r=D"(q)r, (70.5)

i (70.5) caenyer temepn cpaBHuTh ¢ (5.9). Bosspamasch Hasan K
(70.2), BnauM, YTO KOMIIOHEHTHl # NPH 1OBOpPOTax NpeobpasyioTca
Lpyr depe3 APYyra aHAJOTHUYHO KOMIOHEHTaM NPOHU3BOJLHOrO MOJSp-
HOro BeKTOpa, HanmpuMmep paluyc-BekTopa. YpasueHHe (70.2) torza
ycTauaB/uBaeT JAHHeAHOE OJAHOPOAHOE COOTHOMICHHE MeXAY KoMIo-
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HEHTaMH BEKTOPHOH QYHKIHMH # # KOMIOHEHTaMH BEKTODHOH (yHK-
uuH 4. Ho, KpomMe Toro, MoxHO cKasaTh, 4TO IpeoOpa3oBaHHE
"Pjs TPOH3BOAHT TaKXe OAHO-0JHO3HauHOoe oTo6pakeHue. Creno-
BATEJbHO, NIOMHMO MOBOPOTa KOMIIOHEHT BEKTOPHOrO IOJA # OHO
MOKa3blBaeT, YTO JIOBEPHYTHIe KOMIIOHEHTH C/aenayeT 6paThb B Ipeol-
pa3oBaHHHIX TOYKaX Mo/ist. OKOHYATe/bHOE NOJNHOe NPaBUJIO, ONHCHI-
Balollee JeACTBHe omepatopa npeo6pasosaHHﬂ Ha M, HMEeT cJe-
AyOWUi BHA:

(P gt0)o (r Z«paﬁuﬁ({cplt} r). (70.6)

B kpucranauueckofl pelieTke # oNpefeJeHO TOJLKO B y3Jjax pe-

)
meTKy, Tak uro (70.6) caepyer sanucath Aad 7 =(%) B BHJe

- (u(‘P})a( ) Z%ﬁ B( ) (70.7)

B (70.7) MBl McCHoJB30BaJMH YCJAOBHOe 0003HaueHHe

{fplt}—l'f(i)zfp"'r(i)—-rp"l-t (70.8)

iy {i}s(i“;) . (70.9)

C npyrofi CTOPOHBI, €CJH ONPENeJHTDb

(ai:)s{")“}"(i)' - (010)

TO MOXKHO 3amHcaTh npeoGpasoBanue, oGpaThoe (70.7):

(u{q)) ( ) Z Poptt ﬁ( ) (70.11)
M3 opToroHatbHOCTH npeoﬁpaaoBaHnﬂ @ cienyer
Z PrpuPrv = Z PuoPvs = 6p.v (70.12)

Hcnonbsysa (70.12), MBl MOXeM 3amucaTh IpeoGpasoBaHHf, o6paT-
aete (70.7) u (70.11). Us (70.11) umeem

Z Pay Z %5“5( ) Z Pay ()q ( ) | (70.13)

HJIu
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uiad, Henodabsysa (70.12),

N “ (i)’= ; Pay (u{‘l’))_a(i:)’ (70.14)

uv(:) = 20; (@ Day (uw;)a(::): (70.15)

{13 ypasuenus (70.7) umeeMm

u"(i:):;q’aa(“m)a(,i)- (70.16)

Ucnonssys (70.4), Beipaxkenus: (70.14)—(70.16) MmoxHO 3amucaThb
yepes D),

‘ He 6osicb 6BITh MHOIOCJHOBHBIMH, MOJBITOXKHM TEIEPb Pe3yJb-
taTth. [Ipeo6pasosanue koopaunHat {p|f} MOKHO 3amucaTth B Buje

{olty ={o|v (@) + Ry}, (70.17)

rae Ry — BeKTOp pelieTkH M T(@)-— HETPHUBHA/AbHAS TPaHC/AIMS.
Tlox npefictBHemM Takoro mnpeoOpas3oBaHHd pajfHyC-BEKTOP TOUKH

4
r( )—:‘:‘R[_-{—rn npeobpasyeTca cjaenyioluM o0pa3oM:

% {fPIt}-{(i)=@-r(i)+t, (70.18)
HJHA _
(i)"’(f:,) » (70.19)
- I ®: R+ Ry
(u:,)E((p.,n +,((P)). (70.20)

BaxHo Xopowo npeAcTaBiasATh cebe, 4TO COKpallleHHOe 0003HaYeHHe
B JeBofi cTopone paBeHcTBa (70.20) sKBHBaJNeHTHO NOJHOMY BHIpa-
JKEHHIO, BEHIIHCAHHOMY chpaBa. Jlpyrumu ciaosaMmu, clipaBa NpOCTO
SIBHO BHINHCAHO BCe TO, YTO MoApa3yMeBaercs cjeBa. B uacTHOCTH,
BHINMCAHB [0 OTAEJBHOCTH YHCTO perleToyHoe HpeobpasoBagHe
¢-R. + Ry n HeTpuBHAJbHAS TPAHCIAANUSA @-Ty - T () KOOPAHHATH
TOYKH, UTO YAOOHO AJA MOCASAYIOUIHX CCHIIOK.
AHaJIOTHYHO AJIsi COOTHOEeH s, o6paTHOro (70.17), nMeem

@t} ' ={o | —g™ -t (@) — g™ Ry} ={g~ | —@~"' - £}. (70.21)
To_rp,a ' -

B ‘{fplt}"‘.'(i)=q>“ -r(i);cp-'i (70.22)
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O~

-1 3 - .
ly ¢ Re— 7' - Ry
=|_, - , (70.24)

%o QT 1y — @7 -1 (q)
rje CHOBA BBIIHCAHbl BHO BKJAJB TPAHCJASILMH Ha BEeKTOP PELIeTKH
H HETPHUBHAJBHON TPaHCAAIHUH.
- Kaxk B (70.20), tak u B (70.24) peuieTouHble TPAHCAALKH H He-
TPHBHAJbHEE TPAHCIAIUY BhHIACaHB ABHO. CJleNlyeT, OXHAKO, OTMe-

THTb, YTO BO BKJAaJaX, COOTBETCTBYIOILHUX HETPUBHAJBLHOH TpaHC/Is-
un B (70.20) u-(70.24), MoxkeT comepKaThcs elle HESIBHO BEKTOP

Tpanc/JasauHuu . o
ry =q- v+ 1(0), (70.25)
P =" P — @7 T (@). (70.26)

Jlio60e U3 3THX NpeofpasoBaHull faxe npu T = 0 MOXKeT npeo6pa-
30BaTh aTOM X-TO COPTa B TOXKAECTBEHHBIH aTOM %-ro copra B ApY-
rofi ajeMeHTapHol sueiike. [Ipy 3TOM nmepBoHaYa/bHOE MOJOKEHHE
atoMa npu Ao6aBJeHHH BEKTOPa pelleTKH (DaKTHUECKH CABHIaeTcs,
yTO SIBHO He INIOKa3aHO HU B (70 20), wu B (70.24). HecomuenHo,
4TO BEKTOPHI ‘

@R+ Ry (70.27)
¢ R0 Ry (70.28)

SBNSIIOTCS BeKTOpaMu pemeTku. Oamaxo oGosnauenns (70.20) w
(70.24), BoOOIIe roBops, oueHb YAOOHBIE, HMEIOT TOT HENOCTATOK,
YTO B HHX He BHJAHA SBHO BO3MOXKHOCTb TQOrO, 4TO, HAallPpHMEp, B
ypaBueHusax (70.25) u (70.26):

rx, = Ry (%o, %)+ i, (70.29)
fuq, = Ry (%cb, %”) + rys, (7030)

H

rae Ry (%g, %) u Ry (xg, ") — BEKTOPHl PelleTKH. Hawm npunerca
BepHYTbC K OOCYXXAEHHIO 9TOPI Bo3MoxHocTH B § 80 u nocrnenyio-
wux naparpadax. ‘

I/Is Toro, 4t0 {@|¢} ABIAeTCA onepaumeli CHMMETDHH, CJIeIYeT,

4To (’pnanecxue CBOHCTBa B TOUKe ”) TOXAECTBEHHE CBOHCTBaM

] - .
B TOYKe ( : ) JLpyrumMu cloBaMH, B 5THX ABYX TOUKAX HAaXOAATCA
: w0/’ . , ’
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OJMHAKOBEIE aTOMBl HJIM HOHH H, CJIeJ0BATENIbHO, (PH3HYECKHe CBOM-
CTBa B HHX TOXE OJMHAKOBBHL

HaxoHen, nose3Ho y6eXUTbCsl B YHHTAPDHOCTH OnepaTopa mnpeol-
pa3oBaHus P s. COCTOsSIHME KpUCTaJIa NpH GHKCHPOBAHHHIX CMe-
IIeHUAX aTOMOB U3 II0JIOKEHUH paBHOBeCHS OTPEJENEHO, eclld 3a4aH
3rN-mepunift Bektop [u] u3 (67.11). HopMy, uau KBaapar AJTHHEI
3TOrQ0 BEKTOPa, MOMKHO ONPEeNesNUTh CAeAyiomHuM o6pazoM:

[0]?=[4] - [u] = (u, u)=Z(ua(i))2. (70.31)

) %ig
OueBHAHO, YTO
[ul? >0, (70.32)

rie 3HaK PaBeHCTBA OTHOCHTCS TOJBKO K HYJEBHIM CMEICHHSIM.

PaccMOTpHM cOCTOSIHHe KDHCTaANa, 3a1aHHOE COBOKYNMHOCTBIO
cMellleHHH [Py ) n#], KOMIIOHEHTHE KOTOPHIX 3axaHi B (70.2). Hopma
9TOr0 BEKTOpa paBHA

1\\2
(P@eatt, Pyatt) = (4, ucp)—- ((P(‘vmu ( )) =
%nla

=2 (Toun()) (Sraen()) =5 ((a))

[Ipn BLIBOZE 3TOr0 COOTHOUIEHHSt MBI Hcmojb3oBaian (70.12), Ilas
3azangoro {@|f} Mbl MoxkeM H3MeHHTb B (70.33) MHIEKCH CyMMu-

pPOBAHHA:
LI (70.34)
*olp )
TaKk KaK CYMMHPOBaHHE HAET IO BCEM aTOMaMm KPHCTAJdlIa OJHH H
TOAbKO oauH pa3. OTciofga, HCIOJb3ys 0603HaYeHHsI (70.2), mo-

JyuaeMm
(1, 1) = (g, ). (70.35)

OueBHJHO, 4TO 3TO BepHO AJ5 Bcex Py 4 B rpynme onepaTopos Ipe-
o6pasoBanuft @p, uzomMopdHON mnpocTpaHcTBeHHOH rpynne @, . Ilo-
5TOMY OIepaTop Py g, ONpeAeseHHHN cooTHomeHHeM (70.7), yHu-
TapeH. ‘

[Tocae cmemenuii [#] BelgecTseHHO. PaccMoTpuM Temepb onepa-
Top K, COOTBETCTBYIOIUHA KOMIJIEKCHOMY CONPAXKEHHIO:

Ku, ( i) =1, (i) . : - (70.?6)
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Vi3 BelleCTBEHHOCTH (PH3HYECKHX CMEIIEHHH CJeLyeT

Kua(i)= ua(i) (70.37)

Corqtacuo (70.7) u (70.37), umeem
l l l
KP ¢ @yl (% ) = Po15Ku, ( ) == Po) alig (% ) . (70.38)

[lociennee paBeHCTBO cnenyeT s (70.37). OKOH'—IaTEJIbHO H3 Be-
IIeCTBEHHOCTH CMellleHHH cjeldyeT

(Ka, Ku)=(u, u). (70.39)

§ 71. O6waa cuMMeTpHd W MATPHLA CHJAOBBIX MOCTOSHHBIX

@Hanegﬁ/lﬁ cMBIcT cooTHowenuit (70.7) m (70.11) cocrout B
TOM, YTO B pe3ynbTaTe NpeobpasoBaHusl P B y3Je pPelleTKH

l
(“ BO3HHKAaeT npeoépasosaHHoe CMelleHne @-u, KOTOpoe NnepBo-

] - l
HayaJbHO OTHOCHJIOCH K 3KBHBAJIEHTHOMY V3JY pelIeTKH ( )
%xp
l
BriGepeM u(..,)( : )us (70.11) B KauecTBe OCHOBHHIX AWHAMHUECKHX

?
NepeMEHHBIX B 3a1aye o KoJsieGaHusAx peuIeTKH. B stux IIePpEeMEHHBIX

BelpaxkeHue (67.8) maa V umeer BAA

=3 % () (2 e, ()

4
l'rccpa
r 7 7

lq,nQ)B

TA€¢ B HOBHLIX ICPEMCHHBIX

(l(p L ) : 920

@, = 1 T . (71.2)
B

0\ % 0<um>a,( . )a(um)ﬂ,( ) o

Ias ¢ukcupoBaHHOro 3Hauenus {@} cyMMupoBaHHe IO [ oK B l; A
B (71.1) MoxHO 3aMeHHTb Ha CyMMHpOBaHue 10 [x H %/, Jlada
cpaBHeHus ¢ (67.8) mpeoGpasyem (71.1) caexyiouum o6pasom. [To

npaBuiy AH(GepeHInPOBAHUSA CAOXKHOH QYHKIHH uMeeM

2 ___ o () |
a(u.@})a,(;$) 12"; a(um)a(lqs) ou ( ) ;-;: wa’ a(n).

(71.3)
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B (71.3) kaxjas KOMNOHeHTa NPeoGpPa30BaHHOIO BEKTOpa cMellle-
HHSI CYMTAETCsl 8aBHCslled OT Bcex 37N KOMNOHEHT NepBOHAYaJb-
HBIX cMellenuii. 3arteMm, noacramassa (71.3) B (71.2) u wucnoassys
(71.7), naiizem

(D&'ﬁ'( . ) qu’aa'%ﬂf (l g ) (71.4)

¢
HJIH

11 [
’ ¢-"0 - -
cD,,( %,) Z(cp Dora® aﬁ(% iy )cpﬁﬁ, (71.5)

TToncrasum Teneps (70.11) B (71.1) n 3anumem cymmy mo Ix u l’ £
TOTAA IOJYYHM

1 . l ; lm l; l/
B Z Z Paala (M)Q“'B'(% %, )CPBB'”B(%')' (71.6)
@

Ina’ af
n'B

3aTeM, meperpynnyupoBaB uJeHH, Haliem

b gD (5 5o Ju (). o

Ina
'nwd

CpasnuBas (71.7) u (67.8), Bugum, 4T0 Tak Kak V siBJsercs
HHBAPHAHTHOM BeJHYHHOH, TO

v l;
( ) Z‘paa B N ALE (71.8)
w

Wnu ecan Mb Bo3bMeM IpeoOpasoBaHue, o6paTHoe (71.8), TO ¢ mo-
mouplo (70.12) l'IOJIy‘{HM

o (2 0 )= Sty )ow— @9

1 v
= Z @71,y Dap ( " M,)qaﬁﬁ,. (71.10)
af _

Us (71.1)—(71.10) BuaHO, 4TO MaTPHLA CHJIOBHIX NOCTOSHHHIX
CO LITPHXOM COOTBETCTBYeT I0JII0 NPpeo6pas3oBaHHpiX cMmellleHuil. Ta-
KdM 06pas3oM, MBI MOXEM CUHTATh, YTO MTPHXOBAHHAA MAaTpHUA
CHJOBHX IOCTOSHHBIX MNOJYyYeHa Npeo6pasoBaHHEM HEUITPHXOBaH-
Hoft Martpuun. HanGojee MpoOCTO 3TO MOXKHO YBHAETb ¢ HOMOIULIO
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MaTpuuHoOk samucu (67.13). Mrak, oGosuauum 4epes [ug)] maTpHuy-

crosi6er, U3 3JIeMEHTOB (u{@}a( ) Torna, B3saB

=+ [2] (@] [4], (71.11)
I v~y = - .
V=5 [u] PgiaPwi 8 [®] PRl aPs) 4 [u] (71.12)
B YUHTHIBas, 4TO .
. Pwg[u] = [uq], (71.13)
HoJy1aeM
[4] PGl =P n[ul= (71.14)
= [ug)]. (71.15)
Torza | — .
V=5[] [] [uw], (71.16)
rae |
[@'] = Py 4 [®] P} 5. (71.17)
Ecau o6osnauuts KoMmoHeHTH [@’], Kak © paHbule, uepes
I
;,ﬁ, : T, , To (71.16) m (71.1) oKasHBaIOTCA OAHHAKOBLIMH.
” ;

Ho (71.17) o3Hauaet Takke, 4To MaTpuua [®] mnox neficTeBHeM one-
pauufl CUMMETPHH KpucTajana npeofpasyercs Kak TEH30P BTOPOro
panra. Te xe cooGpaxeHusi, KOTOPHE HPHUBENIH Hac K (694) H
(69.5), npuroass u pasa [@']:

L A 0
(D’,B,( ¢ ;’,)=cp;,ﬁ,(%“’ M) (71.18)
. Q) ® v 9
rae
R, =R —R,. (71.19)

BocmosbayeMmcst Tenepb SBHO CBOHCTBAMM NpeoOpa3oBaHHH CHM-
MeTpHH KpHCTajdja, NEPEBOAAINX KPHCTadA caM B cebs. D10 o3Ha-
yaer, uTo npeoGpa3oBaHHe TOUEYHOH CHMMETPHH Py|s CBA3LIBaeT
IBe TOYKH r H Tp B KOTOPBIX KpHCTalI 06/1a1aeT ONHHAKOBEHIMH

H3UYCCKUMHU cBolicTBaMu. ECnun Mu 6yzleM CUUTATh, UYTO TEH3OPH
(f ®] u [®’] omuchBalT ¢u3HUECKHe CBOHCTBA B JAHHOH TOYKe, TO
tTpe6oBaHie CHMMETPHH 03HAYAET, YTO

L Y :
‘cD;,ﬁ,( A )'=<Dafg»( e ) (71.20)
: Ko xq, He %o :

A 1 e
%w( ) (Da’ﬂ’( ) (71.21)

HJIA
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Baxno nonuMats, uto u3 (71.20) u (71.21) caemyer, uto npeoGpa-
30BaHHEM CUMMETpDHH sIBAfieTcd Takoe Npeo6pasoBaHue, KOTOpOE
coxpaHsieT (YHKIHOHAJbHYI0O (opMy TeH30PHOTO (MaTpPHYHOro)
noasa [@®]. B oTHX COOTHOLIEHHAX ME NPHPABHHBaeM OJHHAKOBLIE
KOMIMOHEHTH (HHAEKCH of) IITPHXOBAHHOA H HeLITPHXOBaHHOMN
(npeo6pa3oBaHHON W HCXOAHOH) MAaTpHIl, B3dATHe B OJHOH H TOH
ke TOuKe nojsi. COBOKYIHOCTD JBYX TOUEK NOJS MOMET PABHHIM

I 1
00pa3oM ONHUCHBATBLCH KaK (% . ) ¥ KK npeofpa3oBaHHOe BHIPA-

L L
xenne \ ,, s |- HaoGopor, cootHomenns (71.4) u (71.5) ycra-
P9

HaBAWBAIOT COOTHOIIEHHE MEXKJY MATPHUUAMH CHJIOBEIX MOCTOSHHEIX
B JIBYX pPAa34u4HbLX COBOKYNHOCTSIX TOUEK, CBA3aHHHIX IpeoGpasoBa-
uuem cummerpun {g|f}. Coornomennst (71.20) u (71.21) nemon-
CTPHPYIOT HHBapHAHTHOCTb (DH3UUECKOTO TeH30pHOro noas [®@].
Onyckafi KoOOpAMHAaTHbIE WHAEKCH, MOXHO Tiepenucats (71.20)
u (71.21) B Buze

HJIH
Piots o [@] P oy = [@'] = [D]. (71.23)

TMoncrasaas (71.9) s (71.20), umeem

v
(Dc,lﬂ’( %o q)) qu)aa’ aﬁ( )q)Bﬁ/=

/1
_ * o )
_(pol,ﬁ,k(%(p %;) (71.24)

s (71.8) u (71.24) MOXHO NOJAYYUTH COOTHOUIEHHE, OGpaTHOE
(71.24). Ousnueckas uHTepuperamuss (71.24) cocTouT B TOM, UTQ
3TO COOTHOUIEHHe yCTaHABJIMBAeT CBA3b 3HAUYEHHH OJHOTO U TOTO Ke
TEH30pa, 4 HMEHHO (HU3UYECKOr0 TEH30pa CHJIOBHIX IOCTOSIHHBIX
[®], B XBYX COBOKYIHOCTSIX 3KBHBaJIeHTHLIX TOYEK, CBs3aHHRIX
onepanusMH MNPOCTPaHCTBEHHON cumMmerpuH. Ucnosbsys (71.24),
MOXHO OINpeJefHTb MHUHNMAJbHLIA HaGOp HEHYJEeBHIX 3JE€MEHTOB
MAaTpPUUBI CHJAOBHIX HOCTOSSHHBIX (mapaMeTpPoB CBsI3H) 1Js JOGOM
3aJlaHHOH INPOCTPAHCTBEHHOH TPyHNH, NpPHAaBasi ONepalluH CHM-
metpun {@|t(p)} sHaueHus au6o Bcex 3/1eMEHTOB rpynnu @, nu60
No MeHbIleH Mepe TeX 3JeMEHTOB, KOTOPHe [ai0T HEe3aBHCUMBIE
pesyabTaTH. dTOT Bonpoc obcyxnanca Jlubdpuaom [5,6] u JIak-
com [68].

M3 ompefesieHHs NOTeHUHAJbHON sHeprHu (67.6) cnenyeT 41O
Manuua CHIIOBLIX MOCTOSHHBIX [®@] BeLUECTBEHH. DT0 CBOACTBO
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MOXHO 3allHCcaTb AJIs HAalluX Leseli ¢ MOMOMIbI0 AeHCTBYIOLLETO Ha
[®] omepatopa K (anamormuno (70.36) M mocieayiolIHM ypaBHe-
HHSM):

K@K ' =@"'=0. (71.25)

§ 72. PelueHne ypaBHeHuil IBHKeHHS.
CoGcrBeHHble BEKTOPBI [ej]

B HecKOJBbKHX CAeAyIOIHX naparpadax GyneT HOKa3aHO, YTO
Gaarogaps IPOCTPAHCTBEHHOH CHMMETPHH B KOH(MHUTYPALHOHHOM
HIPOCTPAHCTBE pellleHUs] ypaBHeHuH ABuxkeHua (67.19) crpositca B
HeNPHBOJMMBIX BEKTOPHHIX NMpOCTpaHCcTBaXx. Kaxaoe Takoe Hempu-
BOJAYMOe BEeKTOPHOe NPOCTPAHCTBO sBJseTCA 6a3ucoM (s-l,)-Mep-
HOTO HeNpHBOIMMOro npeiacTaBleHuss @ H CBA3aHO C ONpelesieHHOM
coOCcTBeHHON yacToToll ypasHenus (67.19).

‘Yro6ul pewrnts (67.19), Mpl mocTynum OGBIYHBIM crocoGom [4].
OnpenennM HOBble KOODJAHHATH W CAeAyIOIIHM 06pa3oM:

NN

3aBHCHMOCTL OT BpeéMCHH MOXHO B3§ITb B BHIE

(D))o

l
rae ga(% — He 34BHCHAIIHE OT BpPeMeHH aMIIUTYAB. Ecau MH

b )=o) @9

TO ypaBHeHHs ABHXkeHHus (67.19) mpuMyT BHA

NI AN A

o
Uro6rl 3anucaTh 3T ypaBHeHHsl B CxKaTOH (opMe, BOCNOJb3yeMCs
dopmoit samucu (67.11)—(67.18). [laa sToro ompefesuM MaTpHLy-

onpeneauM

cronben [E], aneMeHTaMH KOTOPOH fIBASIOTCA &g , ) 1 MaTpuly

7

l
[D] c xommoHeHTaMH "Dy, (% %,)- Torpa (72.4) moxHOo mepenn-

dop
caTbh B dopme (D] [&] = [o*I] [&], . (72.5)

roe [I] — enuununast MaTpund, @®— coO6CTBeHHbIe 3HaueHUs B 3a-
Aaue NUHAMHKH peLIeTKH, KOTOPble MOJJexaT ONpejeeHHIO.
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Cucrema (72.5) paspelinma, eClnd COOTBETCTBYIOIUHHA BeKOBOM
onpeleNuTe]b PaBeH HYJIO!

[ r
Dgg - ) — ®26u6611’6mc’

3aanaHHoe B Takoll dopme ypaBHeHHe (72.6) umeer 3rN kopHe#
, i=1,..., 3rN. .
PaCCMOTpHM HEKOTOPHH cOOCTBEHHBI BEKTOP, SIBAAIOIUACS

MaTpulef-ctonbinom u3 3rN sjeMeHTOB H OTHOCAMINHCH K COGCTBEH-

HOMY 3HAUeHHIO co? ypaBHeHus (72.5). O6osHAYHM 3TOT cobeTBeH-

HBIY BeKTOp uepes |e;], u Toraa (72.5) mpumer BHI
[D][e;,]=0j[e;,] (72.7)

—0. . (72.6)

i ) . Torma nas

3TOro coGCTBeHHOro 3HaueHus ((HhUKCHPOBAHHOrO [) . ypaBHeHHE
(72.7) npunuMaet BUA '

—oie (1) + Z 2 ()

'w'B

l
Komnouentol [e;] yno6HO 0603HauaTh Kak ea(%

]). /(72.8)

! ;
QueBHAHO, KOMIIOHEHTA ea(% ]) Matpunuu [e;] siBaferca yMmHo-

KeHHoli Ha +/M,  O-KOMIIOHEHTOH He 3aBHCALLENl OT BpeMeHH

AMIUIATYAH CMEIIEeHHsS aToMa, KOTOPHH mHepBOHauYaJbHO OBLI pac-
e : .

[OJOXKeH B r(% ), KOTJa B pellleTKe BO30YXKJEHO j-¢ HOpMaJbHOE

KoJieOaHHe ¢ YaCTOTOH ®;. ,
Hs (67.8)—(67.10), (71.25) u (72.3) cnaenyer, 4TO MAaTpHIa
[D] HeoTpuuaTejbHa, BellleCTBeHHA W CHMMETPHUHA:

. [D] >0, (72.9)
) [D] = [DF, (72.10)
: [D]=[D]. (72.11)

Jlisi Takoll MaTpHIIE CO6CTBeHHbIe 3HaYeHHS] BellleCTBEHHH H
HEOTPHIATebHbI:

@>0. , (72.12)

CoGcTBeHHBIe BeKTOPH! Takofi matpuns [D] o6pasyior moanbif
Habop; He3aBHCHMO OT BHIQOKJEHHS HX MOMKHO B3fTh BelleCTBEH-
HBIMM U yJOBJETBOPSAIOLINMH YC/JIOBHAM. OPTOTOHANbLHOCTH H HOPMH-
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POBKHU B O6GLIYHOM CMBICJIE: .
L. Ly, '
Zea(% z)ea(% 1)=6,-,v, (72.13)
#nla . . ] .
1. A )
Zjea N )esl 1) = dundurdue. (72.14)

Yro6n yYecTb BO3MOXKHOE BHIPOXKIEHHE, HaM MNPHAETCS BBECTH
elle oAuH HHAeKC, Ecin nnHefHO-He3aBHCUMBIE COOGCTBEHHEHIE BeK-

TOPHBI
\ [e,l], . [ejp], cer, [efzj] (72.15)

YAOBJIETBOPSIOT yPaBHEHHIO (72.7):
[D] [e. ]=m2. [e. ], ' (72.16)

TO YCJIOBHH OPTOTOHAJILHOCTH H HOPMHPOBKH (72.13) n (72.14)
MOKHO B3STb B BHJE

. [

i),

,Zea(i
2Zeluf)als

Yro6ul MOAYYHTH YCJIOBHSI OPTOTOHAJNBHOCTH H HOPMHPOBKH (72.17)
u (72.18) npu HaJHYUH BHIPOKJEHUS, MBI AO/KHH BbI6paTh NPOHU3-
BOJIBHYIO JINHEHHYI0 KOMOWHAIHIO BEIPOXK/JASHHBEIX COOCTBEHHHBIX BeK-
TOpOB. DTO BCerZa MOXKHO CJeJaTb, HCHOJAL3YS HPOLeAypy OpPTOro-
Haausanun lImuara — pama.

PaBHEIM 06pa3oM, MBl MOXKeM paccMaTpPHBATh HEKOTOPHIH Bek-
TOP [ei ] xak Marpuuy-crosiben ¢ 3Nr cTpokamu, Kaxaas KOMIIO-
HEHTAa KOTODOro HMeeT Tpu HHAekca xlo. Torma (72.17) MoxKHO
HHTEPUPETHPOBATL KAaK YCHOBHe OPTOrOHAJLHOCTH B CMBICIe CKa-
JISIPHOTO IpOH3BeAeHHs !)

[ers]* [e,]= (e, €)= 010w (72.19)

AHaJOTHYHO MOXKHO ONPeJIeNHTh MATPHILY-CTPOKY lea] u3 3Nr
CTOJ6LOB, Ile KaXIbli H3 CTOJNOLOB XapakTepu3yeTcs HHIEKCOM
jo. Torpa (72.18) omnpeznensieT ellie ONHO CKaJsipHOE NPOU3BeJeHHE 2)

[€arx] : [8arw] = (€arcr €51 u') = 6a661l’6uw (72.20)

1} CranspnOe mpoH3BejeHue ¢ OAHONH TOUKOH fBJAsETCA CYMMO# IO nloc
%) CransipHOoe mpOHM3BEfCHHE C ABYMS TOUKAaMi ABJAAETCA CYMMOH mo' jo.

j;,):au,app,, (217

jp ) == B0pd11' 0. (72 18)
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TToausili HaGop COGCTBEHHBIX BEKTOPOB-CTONOIOB
[e]p]’. j=1"--; P=l‘,..., l,

MOKHO PacHOJIOXHTb B BHIE MaTPHIH ¢ pa3mepamu (3Nr) X (3Nr).
AHaJIOTHYHO TOJHBEA Habop COOGCTBEHHBHIX BEKTOPOB-CTPOK TOXe
-MOXHO DacloJIOXHTb B BHAE MaTpHIL ¢ pazMepaMu (3Nr) X (3Nr):

leard, a=1,..., 8 I(=1,...,N; (72.22)

3tu MaTpulubl (IIOCTPOEHHBIE JHOO H3 TAKHX CTPOK, MHOGO H3 TaKHX
cTosi6110B) oAunakoBh. Hasosem sty matpuny E. Toria ctpokn Mat-
puusl E HyMepyloTCs TpeMsl HHAEKCaMH %[, a CTOAOIE — HHAEKCOM
jo. 3amHcaHHas 1No TakoMy mnpaBuay, maTpuua E ¢ pasmepamn
(3Nr) X (3Nr) umeer BHA

(72.21)

w=1,..., .

0
€y 1

)

0
1

2)

(1) )
ea(N;_ljl)eg(N;_l

o

0
1

[anr )

).

) 0
. 62(1

N—1
63( r

o)

~

3Nr)

N

(72.23)

BrmucrBasg (72.23), mpl npuHsaau, 4to ! MeHsiercst ot O go N—1
TOABKO M3 coo0pameHufi yaoOCcTBa. YCI0BUS OPTOrOHAJBHOCTH H
HopMupoBKu (72.19) u (72.10) nokaswIBaIOT, YTO CTOJIOIL H CTPOKH
matpuusl E sIBA4I0TCH OPTOTOHAJNBHBIMHM BekTOpamu. CjefoBaTesib-
Ho, E — BemecTBeHHas, yHHTapHas HJH OPTOroHa/bHas MaTpHIA:

E'=E. (72.24)
Hcnonbsys (72.24) r (72.16), Mbl moJdyyaem
E~'[DE=A, (72.25)
rie A — AuaroHajbHas MaTpuia, COCTaBJeHHasi W3 COOCTBEHHHIX
SHayeHuH: ‘
o 0 0
0 o
0 @}
A= ) (72.26)
0 o3
: . 9%
.\ V
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Kaxznoe cobcTBeHHOe 3HaueHue mMartpuis [D] mosieasercs B (72.26)
CTOJbKO DPa3, KaKoBa €ro CTeNeHb BHIPOXKJSHHS, 3aMeTHM, UYTO
KOHKPeTHHH BuJ (72.26) ciefyeT u3 yCJI0BHH OPTOrOHAJBHOCTH H
HOpMHpPOBKH (72.17), (72.18).

M3 ceoficTBa mosanoTel Habopa (72.15) caeayer, 4YTO ecaH

[£1,] — mpousBosbHENl coOcTBennbl BekTop Mmarpunn [D], coor-
BETCTBYIOWLH 3HAUEHHIO ©F, TO HEOOXOAHMBIM 00pasom
=== 2 :
D] [va] CH [sl.v]. (72.27)

Torpa [€;, ] MOXKHO BEIpasuTh B BHAe JHHEAHOA KOMOHHALMH 3Je-
MEHTOB COBOKYNHOCTH (72.15):

I
[er,]= 2 (0 10) [ey, ] (72.28)

B xompmonentax (72.28) sanuchiBaerca B BHIE

o, |in ) =Y 0100e(;, |in ) (7229
0

Kos¢ppunuenter (p|v) onpemensiiorT uhclIo pas, KOTOPoe COGCTBEH-
HHIE BeKTOp [e,p] Bosuukaer B [¢; ] Hcnombsys (72.17), (p|v)

MOJKHO OIPEeJIMTh CAeAVIOUIUM 0GpasoM:

1= eu, |io )eul e ) = (e ). @280

nlia
OTMeTHM, YTO COBOKYIHOCTL (72.15) oGpasyeT HeKOTOpOe HeNpH-
BOJMMOe JIMHEHHOe BeKTOpHOe mpoctpaHcTBO Y(*2)(m)  rpymme &
(310 yTBepxKAeHHe Byner RokasaHo Huxe). MHAexcH j, p Hacros-
niero maparpadga Mbl JOMXKHB OyleM CBs3aThb C HHIeKcamu R, m,
XapaKTepU3YIOILMMH 3TO HeNPHBOAMMOe INpeicTaB/eHHe, CIOCOGOM,
KOTOpPHI OyJeT yCTaHOBJEH HHXKe.

§ 73. BemecTBenHble HOpMajbHbE KOOPAHHATH 4

Urto6sl BBECTH COBOKYIHOCTL HOPMAJIbHBIX KOODAHHAT, CleAyeT
sanucaTh cMelileHne (72.1) yepes moJHBIH HaGop COOCTBEHHBIX BEK-
TopoB. JIpYrHMH C/lIOBaMH, MBI JOJXHBl B3SiTh

w“(i)zzf:;ea(;i!’p)qu- (73.1)

3mech g; -— BellleCTBeHHAas, 3aBHCAINA OT BPeMeHH MepeMeHHas,
KoTopyio, corsacHo (73.1), MOXKHO NOHHUMATb KaK KOSGQHIHEHT
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Pas3/IoXeHHsl BEKTOPa w IO COOCTBEHHBIM BEKTOPaM [_e, 1 Hcnons-
aya (72.19), obpatum cootHolweHue (73.1):

q19=§ea(u Jp)w(i) (73.2)
95, =1e;,]- w. (73.3)

Taxum o6pasom, g, aBasercsa mpoexuued w Ha [e; |. Mal Moxen
Takxe nepenucath (73.1) B ¢opme

w = Z]j 2@: [er] 41, (73.4)
Beps BpeMeHHYi0 npousBoxuywo oT (73.4), HmeeM
w = ‘S;‘: 2 les,]" iy (73.5)

Kunernueckas sseprust (67.14) sanmucoiBaerca uepes cxaJjspHoe
nponsaeneﬂne (72 17) B BHIE

r=4 ZZ[e J[er ] dniy, = ;qﬁp, (73.6)

jo j'o’

rie Mbl ucnodbsosanu (72.19). Has norennuanpuofi sHeprun (67.8)
uad (67.13) Torna umeem

V= [u][@] [1] =5

[w] - [D] - [w], (73.7)
rae [D) onpepeaeno B (72.3). IToxcrasasas (73.4) B (72.16), noayuaem
[D] [w] = Z ZmQ[ 19 (73.8)

CaenoBaresbHO,

=52 ojler ] (e, 19,9,= (73.9)

fo {0

Z ‘”:q; ‘ (73.10)
COOTBETCTBEHHO KJAACCHUECKHH T'aMUIbTOHHAH MMEET BHI
3 p— l 52 2,2 ‘
H(01 91,)=2 ;Z {43, +954; }- (73.11)

CoOTBeTCTBYIOLIHE YPABHEHHS I BHXKEHHSI:

y o= =2 2
Pr,=9,= %4, TR (73.12)
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CJenoBaTeJbHO,
4; +m§q. =0, j=1,...; p=1,...,1,. (73.13)
0 Tp

Bo3MmoxHOCTL NOJY4HTh He3aBHcHMble ypaBuenus (73.13), oue-
BHJIHO, ONPaBABIBAET HA3BAHHE HOPMAMBLHEIX KOODAMHAT I ;.

[Tpu HopMaJsbHOM KoJeGaHHU B030OyxaaeTcs KOOpAHHATA i, Bpe-
MeHHas 3aBHCHMOCTb KOODAMHATH HMeeT BHA

sinm,
4, 0=0:°0)

Ias kaaccHueckoro KpHcrasia, B KOTOPOM BO30Y:KAEHO OXHO HOP-
ManbHOe KoseGaHue, cMemeHne (73.1) paBHo

(=)l arof oo

cos o,

B sToM cayuae Bce aTOMBI OCHUJJHPYIOT C YACTOTOH ®;;, OTHOCH-
TeJibHble AMIUVIHTYAL CMEMEHHH aTOMOB ONpPEReJsioTcs KOMITOHEH-
TaMi COOCTBEHHBIX BEKTODOB [ejp]. OO6biyHO GHIBa€T HEBO3MOXKHO
BO30YAHTh OTHeNbHOE HOpPMaJjbHOe KosdebaHue, MOXKHO TOJbKO
CTelHaJ bHO PacCMOTPEThb [POM3BOJbHOE CMEUIEHHE HAa YacTOTe ;.
Hau6omnee o6y CHTyanuio TOTAa MOXKHO ONHCATh KaK CynepIo-
3UIHI0 BBIPOXKIEHHBIX HOPMAJBHBIX KoJeGaHHI ¢ YaCTOTOH ®;:

(-G T )02 o

cos o f.
Beauuunn q?c(O) ABJASIOTCH KOHCTAHTAMH, KOTOPHE MOXKHO HaHTH
. o

Cos @t (73.14)

H3 HauaJbHLIX YCJOBHM.
BrifipaB coOcTBeHHBle BEKTODH BeLI€CTBEHHEIMH, MBI IMOJYYHM

BeIleCTBEHHblE U, ( %), ecan qf’C(O) BHIODAaHH TOXe BelleCTBeH-
0

HHIMH. B nocieyoolueM H3J0XeHHH Mbl 6yleM CUHTaThb, YTO 3TO yiKe
crenano. dng obuHoctH Obljio 6n Heo6xoaumo B3aTh B (73.14)—
(73.16) ¢asy B Buge (0;f- §;), Ho 06BIYHO MBI 6yAeM OPHHHMATDH
8; = 0.

§ 74. Kpucranangeckag CHMMeTpHs
u coGcTBeHHble BeKTOPBl [e;] mMarpuust [D]

OcHOBHOe CBOHCTBO NMOJHOTH COGCTBEHHHIX BEKTOPOB [e; | au-

HaMHYecKOR MaTPHUB! AJf 3aZaHHOA YacTOTH ®;, Kak u B (72.28),
JIONyCcKaeT NpHUMeHeHHe TeOPETHKO-IPYNNOBOrO aHajusa. BosBpa-
masch K ypaBHeHHAM ABHKeHus (72.7) uam (72.16), mu npeobpa-
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3yeM HX C NOMOILbIO OTepaTopa npeoGpas3oBanis Pgig:

(wlt)[D]P{mlt} Pmt;[e,-]—mp{q,m[e ] (74.1)
Oanako u3 (71.17) n (71.23) crenyer
Pwi4 D) Pii s =D’} =[D]. (74.2)
ITosTomy
[D] Py [e! ]’—") p(wlt)[ ] (74.3)
ITO 3KBHBAJCHTHO BbIDpAXKEHUIO
[D][e) fp] =0j[ey jp]» (74.4)
rae
[ew1,]=Puig[e;,] (74.5)

Jlanee BO3MOMKHBI IBa Pa3HBIX NOAXONA. Bo-NEPBBIX, 3aMETHM,
yro GJarofapsi MOJHOTE COBOKYHHOCTH [e]-p] u3 (72.15) npeoGpa-

30BaHHBIH COGCTBEHHBIA BeKTOD [e ;p], SBJAIONIANACST COOCTBEHHBIM
BEKTOPOM IJIsi HACTOTH ®%, MOXKHO 3amucaTh KaK JHHEHHYIO KOM-
OMHALOHIO BEeKTOpOB GasHca:

g

[ews,] = 22, D" Qe 1)y [er, ] (74.6)

Wuneke j B (74.6) coxpaHeH, urofb yKasaTh, 4YTO COOCTBEHHEIE
COCTOSIHHS OTHOCHTCS K ©F. CiefioBaTe/IbHO, [, COGCTBEHHBIX BEKTO-

pos u3 (72.15) saBasorca GasucoMm Las npeiacrasaedns DU rpymnnpt
onepatopoB ®p. Joka3aTeJbCTBO MOXHO mpocjaefuTts B § 14, 15.

l
C npyro#l cTOpOHBI, BeJHUYHHB ea(% jp | ABAAIOTCH KOMIO-

HEHTaMH BeKTopa [e,p] u HmewT ¢H3UYeCKHH CMEICA JeKapTOBOH

[
Q-KOMIIOHEHThl CMCUIEHHSI aTtoMa B Yy3Je (%) Ha 4acrore ;.

Bennunya [e,p] TOTLA SBJSIETCS] (PU3UUECKUM BEKTOPOM (TeH30pOM

[EePBOr0 PAHTa) M NOAUHHSIETCS COOTBETCTBYIOUIMM IIPaBHJIaM Ipe-
o6pasoBanus. Takum oGpasom,

. ly
%)=Z%ﬂ(x
[

3ameruM, uto (74.6) ycraHaB/auBaeT CBA3b MeXAY caMuMu cob-
CTBEHHBIMH BEKTOPAMH — NPeOoGPa30BAHHBIMH H  HCXOLHBIMH, —
Torga Kak (74.7) maeT COOTHOUIEHHe MeEXIy KOMIOHEHTaMH 3THX

(e@)a

jo ) (74.7)
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BeKTOpPOB. Ec/in B3ATh KOMIIOHEHTY ypaBHeHust (74.6) W IOACTaBHTDL
(74.7), TO moJyUnM )

L. lo] .
(e(‘l’})a(% ]p)zgcpaﬁeﬂ(%q) ]p)=

4
{
= 3 D9 (a1 Dpea

o =1

I ) . (14.9)

Ormetum, uro B (74.8) BXOLST 3HAYEHHS COGCTBEHHBIX BEKTOPOB
B PasHBIX TOUKAX MOJS.
Anementst DU ({g [#}),, MOxHO mosyduth H3 (74.6) ¢ MOMOMIBIO

cooTHOIieHHH opToroHansHocTH (72.19) crenyoium obpasom:

Ly, 1, 1, lo| .
e ()eeb)= Bl Yo L)
ina ira

=D ({g1#}),, (74.9)
HJIH
DD ({@18)yo = (e 5,5 ©1)- (74.10)

CoOcrBeHHblll BeKTOP [e€q),] MOXKHO HHTEPIPETHPOBATH KaK
MOBepPHYTHH uAH npeobpasoBaHHBIA COGCTBEHHHIH BexkTOp [e,-p].

Tak Kak COBOKYIHOCTb I[OBEPHYTHIX COGCTBEHHEIX BEKTOPOB HJIs
dukcuposanuoro {¢|#}

[e{qu)jl, RN CY IRy e(tp}jt]] (74.11)

ABJISIETCS MOJHOM, TO YCJAOBHSE OPTOrOHAJBLHOCTH H HOPMHPOBKHU
(72.19) u (72.20) npumennMbl Takxe H A coBokynHoctH (74.11),
T. €. MOXHO 3amicaTh 00a THIA CKAaJSIPHBIX NPOU3BeAeHHUN:

[e(w) ip] ’ [e(q>} ];),] =8,;,8,5» (74.12)
[e{'v} ulu] . [e(w) Bl'u'] = Gaﬂf)”,ém, (74.13)

Hanomuum omnpefe/eHue CKaJsADHBIX HPOU3BEAEHHH ABYX THIIOB:
¢ onHOM ToykoH B (72.17) m (72.19) n ¢ naryMsa toukamu B (72.18)
u (72.20).

§ 75. CymecTBenHoe BbIpOXJeHHE COOCTBEHHBIX BEKTOPOB [e/]

[IpeacraBnenue DY) rpynnm @ oupeneneHo dopmysoi (74.6)
Wl 2KBHBaJeHTHHIM ob6pasom dopMmynol (74.10). 1o dusuyeckoe
NpeJACTaBJEHHEe, COOTBETCTBYIOUIEEe BHIPOXAEHHOMY COGCTBEHHOMY

sHayeHuio ©} Matpuusl [D]. OHO mOCTPOEHO HA COBOKYNMHOCTH COG-
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CTBEHHBIX BeKTOpPoB (72.15), KOTOpHle MOXKHO B35ITb B KauecTBe
Gasuca quHeiHOro BekTopHoro npoctpancrea Z¢). CorsiacHo Teopeme
Mamke, DY) moxer 6uTh JHOO NPHBOAUMBIM, JuO0 HENPUBOIMMBIM

(§ 15).

Hanee u3 pusnueckux coobpaKeHWH MBI NPEATIOJOXKHUM Hasuyye
cyuectBenHoro Beipoxaerud. Ms (70.36) u (72.10) mMwl BugnM, 4To
6sarofaps BeHleCTBEHHOCTH COGCTBEHHBIX BEKTOPOB

[e), ] =Tes,] (75.1)

2<f>:{[ef]], [ejp], [e’li]} (75.2)

TOXKAECTBEHHO NPOCTPAHCTBY
K3 =30 = {[e,l]*. o [ey ]} =3 (75.3)
i

NPOCTPAHCTBO

[TosToMy BellleCTBEHHBLIM fABJSETCS H mpeiacTaBJeHue D), 3agannoe
B mpocTpaHncTee XU):

P — pi*. (75.4)

Crnenaem caenyiollee yTBepKaeHne: ecan DY) — npeacrasienue,
COTJTAaCHO KOTOPOMY IIpeo6pasyloTcs JHHeHHO-He3aBHCHMEIE COO6-
CTBEHHBIE BEKTODH [e,p] npH (GUKCHPOBAHHOM 3HAUEHHH YACTOTHE

m%, TO

D gBasieTcst BeleCTBEHHEIM HENPHBOLHMBIM
npencrasjaenueM rpymnmns . (75.5)

BeniecTBeHHOe HENPHBONHMOE OpPE/CTABCHHE MOKHO TaKke
Ha3bBaTh «(pH3HUECKHM» HENPHBOAHMBHIM MNpeicTaBaenunem. Torna
yTBepxaeHue (75.5) sBAAETCS YTBepiKAeHHEM O HaJHYHH Cylie-
CTBeHHOrO BeIpOXKaenus. [Ipu cnaydaitHoMm BeipoxaeHun DY) npuso-
LUMO, H MBl PacCMOTPHM 3TOT cayuall mosxe.

Ecin HenpuBoaumoe npeacrasienne DY) rpynnm ® se seie-
CTBEHHO, TO OHO He COOTBETCTBYeT (H3HUECKOMY COGCTBEHHOMY
3HaveHuo. B 3TOM ciaydae dH3HYeCKUM HENPHBOAHUMBLIM MNPEACTaB-
JIEHHEM SIBJseTCS -
D(]) —_— D(j,)@D(j,)*, (75.6)
AroT cayualt Takxke OyJeT cnen#aJbHO PACCMOTPEH HUMKE.

Caenyer cnenuaJpHO OTMeTHTb, uTo (75.5) um (75.6) noxasw-
BAIOT, YTO COBOKYIHOCTb BCEX BHIPOXKJIEHHHIX (PH3UUECKHX COOCTBEH-
HBIX COCTOSIHHH, ABJASIOLIHXCSH BBIPOXKIEHHBIMH COOCTBEHHBIMH BEK-
TOpaMy AHHaMH4YecKONl MaTpulsl, obpasyeT 6as3uc IJs BelleCTBeH-
HOT'O HeNpHBOAMMOro npeicrabiaenus rpynns . O6patHoe yTBepXk-
IeHHe, OUeBHIHO, He BepHOo. MHaue roBopd, He KaXJoe HeNPHUBOAH-
MOe MNpeACTaBJeHHe rpynnsl @ cooTBeTcTBYeT (PH3HUECKOMY COO-
CTBeHHOMY cocrofHuioo. OgHa u3 NpHUHH OWHGOYHOCTH OGpaTHOro
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- yTBEP:KACHHUR COCTOMT B TOM, YTO He KaxKJOe HEIPHBOJHMOE Hpej-
craBaenne D(*#) m) rpynnsl & BellectBeHHo. Irta npobjema Belie-
creernoctn D(*#) (M Gonee moapo6uo Gyxer o6cyxaathes B § 92.
Bropaa npuunHa Toxe GygeT oObACHeHa HUXKe, Koraa B § 82 Gynmer
OKa3aHO, 4TO (PH3HYECKHMH HENPHUBOLHMBIMH NpPeACTABICHHIMH
p® ™, OTPaKalOIHUMH CBOHCTBA CHMMETPHH HOPMAJBbHBIX KoJie-
GaHull, ABAAIOTCA Te HPEACTABJECHHS, KOTODhie BO3HHKAIOT (B Clle-
IHAJBHOM, OOBSCHEHHOM HHKE CMEICTE) H3 BEKTOPHOTO IIpexcTaB-
JIeHHsl, T. €. M3 NpeACTaBJeHHsS, 110 KOTOPOMY mpeofpasyioTcs je-
KapTOBH KOMIIOHEHTH BEKTODOB.

[Ipennonoxkenne 0 CylleCTBEHHOM BLIPOMKIEHHH MO3BONSET yCTa-
HOBUTH CBfI3b MeEN(y HHUCTO MAaTEMaTHUeCKHM aHAaJH30M B IVaBax
2—7 HenpHBOAMMBIX MPEACTABJAEHHR NPOCTPAHCTBEHHOH rpynunn &
H (PU3UUECKUM CMBICJIOM CBORCTB CUMMETPHH COOGCTBEHHHIX BEKTODOB
i AnHaMMYeckodl MaTpuuel [D]. Torza mHAEKCH [, XapakTepH3yo-
IHe coOcTBeHHble BEKTOPH B (75.1), MOXKHO CONMOCTABUTH C HHAEK-
camu (*k)(m) npencrasiennix D&} m);

30 (L, (%) (m) (75.7)

HIH JJ KaXX1oro 6asucHOro BEKTODAa
— == 1y(%g) (M)
[e,p] [ekq; m; 7»] - 'll?g. o) . (75-8)

Crenoparespno, MOXKHO YCTAHOBHTh CBsisb COGCTBEHHHIX BEKTO-
PoB [e; ] 1 GIOXOBCKHX BEKTOPOB

lb&ko)(m)’ o=1,...,8 A=1,...,1 (75.9)

QOueBugHO, [e,p] MOXKHO BHIOpaTb Tak, 4TOOH AJS NPaBUJAbHBIX

JVHeHHBIX KOMOMHaUMH MMean MecTO cooTHoueHus (75.8), (75.9).
Dra nporpamMma Oyaei peann3oBaHa jaJee, HauuHas c¢ § 80, rxe
BBOJSITCS KOMIIJIEKCHBIE HOpMaJbHBEE KOODAHHATHI.

§ 76. Kpucranauuyeckas CHMMeETpHS
M npeo6pasoBaHHe HOPMANLHBLIX KOOPAHMHAT ¢

Bosspatumcas k ob6cyxaeHntio § 73. HopmaabHas koopawnHara
gy, ABaAAeTCS npoekiyell w Ha COOCTBEHHEIH BEKTOP [e,p] aHaJo-

rudano (73.1) u (73.4):

()-z5a(’

o ) i, (76.1)
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Paccmorpum 1nofle HOBePHYTHIX CMelieHH! w,,. Ero Moxuo Bhipa-
3UTD 9epe3 NOJe HCXOJHBIX COGCTBEHHLIX BEKTOPOB [e; T:

Wigy = Zi: ; [€1,] %1, (76.2)

B (76.2) HoBble, NMOBepHYTEHE KOMIOHEHTH (g, , HJIH W, OIpe-
Y
HeJAKTCH KAaK NMPOSKIHH MOJf MOBEPHYTHIX CMelleHHH Ha [em;p]

Papupim 06pasoM Mbl MOXKeM BLIPDA3HTh I[IOBEDHYTHE CMelle-
nus [w,] 4epes moBepHyThHE COOCTBEHHbIE BEKTOPH [ e(q) ,p]. Jlerko

BHIETb, UTO B 3TOM cJyuae
Wigy = ]Z ; [e(w}jp] q[p’ (76-3)

rie g, T€ Xe, 4T0 # B (76.1). Cpasuusas (70.7), (74.7) u (76.1)

HMeeM

('ww))a( ) Z (Paﬁwﬁ( ) Z Z Z %ﬂeﬂ( N
— 3w | f,,)qu. 6.4
i »

VpaBnenue (76.3) BrIpaxkaeT TOT XOPOLIO 3HAKOMBIH M3 BEKTOpP-
HOTO aHaji3a pEe3yJbTaT, YTO KOMIOHEHTH NOBEPHYTOTO BEKTOpa
B NMOBEPHYTHIX OCAX Te Ke, YTO H KOMIIOHEHTH HENOBEPHYTOro BeK-
TOpa B MCXOZHBIX OCAX. B HallleM ciyuae KOMIOHEHTAMH IOBEPHY-
TOTO BEKTOPa ABMSIOTCS BENHUHHBI §j.

YToGH ONPENeNUTh g Iy u3 (76.2), me BOCmOJb3YeMca (74.6).
Hs (76.2) u (72.19) caenyer
U1, = [erp] [wwl=
= IZ‘, ARKTA A
=Sl O 0190 ], =
= ,-,OZE,,, D(i,) ({(p lt})p”p' 6ii’6m"'qi'p, =

== ; DY ({1 #))y 9, (76.5)

.
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OTMeTHM TO CyLIeCTBEHHOE 0OCTOSATENbCTBO, YTO JJISl NMOJyYeHHs
(76.5) npu nepexoze OT BTOPOH CTPOKH K TpeTbell MBI BOCHOJb30-
BaJiuCb cooTHomeHnueM (74.6).

BaxxHo moHuMarth, 4To H3 (76.5) MOXKHO BBIBECTH MPABHJIO, IO
KOTOPOMY <«IIpeofpasyloTcsi» KOOPJAHHATH iy Tak xak q;, ABaA-

10TCd aBCTPAKTHEIMH JUHAMHYECKHMH HepeMeHHBIMH, He HMEIOUIUMHA
IpPOCTOR ¢BSISU ¢ OOBIUHBIMH (DU3HUECKHMH CMellleHUsIMH, Heo0Xo-
AVMO YCTAHOBHTb cleMasJbHble NpaBH/Ja HX IpeoGpa3oBaHus NpH
aefictBun onepatopa Pgjg. DTH NPABHJIA MOXKHO HaHTH, HUCHOAbL3YS
TpaHchopMalHOHHBIE CBOKCTBA (GYHKUHHA (CKaJSpPHBIX, BEKTOPHBIX
¥ TEH30PHEIX) KOODAMHAT B KOH(MHIypanmuOHHOM fpocTpaHcTBe. Bo-
ob1lle rOBOPS, 3TH q, camu 1o cebe He SBJASIOTCH QYHKIUSIMH KO-

OPAMHAT KOH(MDUTYPALHOHHOTO TPOCTPAHCTBA. ITO OGCTOSTENLCTBO
MOKeT OBITb NPUUYMHOH HeJOPa3lyMeHHH, W BaXKHO pazjuuaTh Ipa-
BUJIa TIpeoGpas3oBaHuil GU3HUECKHX BeJHUHH (HANpHUMeD, CMelNeN i)
OT NpaBuJ NpeoGpa3oBaHUs], YCTAHOBJEGHHEIX MaTeMaTHUECCKHM CIIQ-
co6omM. MBI MOKeM TOTHa HanHCaTb

Pig@ =wg,= Z]: A:-: [e;p] 91, = ; %: 2 ,p] 9, (76.6)

— . 1)}
Pioi a8, =91, = 2 D" (@18 9, (76.7)

CHoBa otMmeruM, 4to DU) ABJisieTCs BelleCTBEHHHIM HENPHBOAHMEIM
npencrasjenneM @&, onpeneneHdbM B (75.5).

Cjenyer noJuepKHyTb, 4YTO HCHOJb30BaHHe (74.6) 9KBUBaJEHTHO
HNpeanoaoKeHHI0 B HalleM aHaJH3e O CYUIECTBEHHOM BHIPOXKIEHHH.
310 1posABAseTCs IpPH HCIONb30BAHMM YCJIOBHA TOJHOTH Habopa
cOOCTBEHHBIX BEKTOPOB [e,p] IpH (PUKCHPOBAHHOM 3HAYEHHH &F.

C npyro#l cTopoHml, ofliee pasjoKeHUe NOBEPHYTHIX HOPMAJbHHIX
KOOpDJAHHAT B Psif 10 NOJHOH COBOKYIHOCTH [e,p] JJIsl BCeX Y4acToT

UMeJo 6B BHUJ
. l
Io (ww))a(% =

1
q(«p}fp:;aea(%
L, lo
=5 Z ea(% ]p (paf’wﬁ(%@ ==
. ly
le ‘Paaeﬂ( -

wlaf

-2 Y,

wlaB [0’

i ) 9y, 088
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D70 BHpaNKeHHE HOMKHO GHITH TOXKAECTBeHHEIM (76.5), uTOo He Oue-
BunHo. JeificTBuTesibHO, cpaBuuBas (76.8) ¢ (76.5), nMeem

ZZe(l f)cp e(l® i’)q
@ o )Papls\ ,,_ (lo )91, =
wiah I'o % %g |°° 0
=T () (2] )}
= a apép\ . 1o Ve
70 \uiaB P %ol P o

=2 (DY (010 8y} 0y, (76.9)
i’

U, TpOoHU3BOAs comocTtasienue ¢ (74.9), moayuaem

! lg
Z ea(% .[p (pageg %

wlaf
Buaro, uto (76.10) Beipazkaer OpTOroHa/JbHOCTh COGCTBEHHHIX BEK-
TOPOB, OTHOCAWIMXCS K Pa3fHUHHIM MHOXKeCTBaM (pasjHyHbIM 3Ha-
YeHUAM w?), aHaJIOTHUHO onpelenecuuio (74.9) ansa xkosddunuenTos

npeofpasoBaHus H3 OMHOrO MHOsKecTBa. Mcmosb3ys onpegenenue
o6paTHOro NOBOPOTA, MOXKHO, TNO-BUAMMOMY, YCT2HOBUTb, YTO
{76.10) monHOCTBIO »KBHBAJEHTHO (74.9). DToT BBHIBOA MNOJYYeH
Teneph ABYMS pAasJHYHBIMH, HO CBfI3aHHBIMH crocobaMu. Kopoue
rosopd, (74.9) u (76.10) naroT npPoCcTO MAaTPHUHBEIE 3JEMEHTHl MaT-
puunt DY), ¢ noMOUIBIO KOTOPOH COOCTBEHHBIE BEKTOPHL, HAM HOP-
MaJibHBlE KOOPAMHATH, NpeoOpa3yloTcs uepes JuHeliHble KOMOHHA-
IHH KOMIOHEHT Npeo6pa3oBaHHBIX M HCXOLHBIX COOGCTBEHHBIX Bek-
TOPOB.

e ) =D ({p|#),,,8,,- (76.10)

§ 77. NpeoGpazoBanue Pypne

Paccmorpenne B § 68—76 moka3ano, 4TO COBOKYIHOCTb BCeX
HOPMAJIBHBIX KOOP/MHAT ¢; ~HABJACTCA caMma Mo cefe Gasncom noJ-

HBIX HENPHBOAMMEIX NpeicTaBleHufi p(*& (m rpynns @. [Ipexamno-

JOKEHHE O CYIECTBEHHOM BLIPOKIEHHM OWJI0O BeCbMa Ba’KHLIM B
sTom ananuze. CJaenywomufi mar B HalleM PacCMOTPEHHH COCTOHT
B ONpelejeHHH TMPABUJIBHEIX JHHENHBIX KOMOHHAIME 41, KOTODHIe

ABASIOTCA 0a3MCOM HENMPHBOAMMBIX NpeacTaBieHufi D™ M rpynmu
@ (k). B HeckoJBbKHX CHeAylOlINX mnaparpadax MB [1OCTPOHM 6a-
3UCHBle GJIOXOBCKHE BeKTODH, KOTOPBle OCYLIECTBJAAIOT NPHBEAEHUE
€. MBI yCTAHOBHM HX CBfA3b ¢ Qyphe-KOMNOHEHTAMH CMEINeHHH, Au-
HamuyecKofi mMaTpuHeld H COOCTBEHHHMH BeKTOPaMH AWHAMHUYSCKOH
MaTpHUE. DyAyT onpezneseHs BO3HHKaWOLIMe B TAKOM PaCcCMOTPEHHH
KOMIIIEKCHbE HOpMaJIbHble KOOPAHHATHI, A1 KOTOPHIX OYAYT ycTa-
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HOBJEHbl (paBM/aa MpeodpasoBaHus nod [AeHCTBUEM OnepaTopoB
us G (k).

Hanomuum Bmipaxkenus (24.7) u (24.10), KoTOpHeE MH TeNepb
nepenyiieM B TAKOM BHJE:

expiRL-k) exp iR, -k \*
== =2 = ’ 7.1
;( VN VN ) 8o, 77.1)
L

exp ik- R, exp ik-RL,)*_
Z ( Wik ) ( i = O (77.2)

Patee 3TH cOOTHOIIEHHS ObLIN MOJYUEHB H3 COOTHOLIEHHA OPTOrO-
HAJbHOCTH H HOPMHUPOBKH IJS CTPOK H CTONOLOB HENPHBOAUMBIX
npeACTaBACHUN TPaHCAANHOHHON rpynnsl €. OHH Taxkke MOTYT pac-
cMaTpuBaThes KaK HaG0p COOTHOWIEGHHH NMOJHOTHE AJsI COBOKYNHOCTH
GbyHgugh

Jﬁ exp ik - Ry, (77.3)
KOTOpGIe OonpeneneHsl A5 BceX kB B 30He (npu GQHUKCHPOBAHHBIX R)
Ui 175 BceX BeKTOopoB pewieTky R, (npm dukcupoBanunix k). Kak
n pasblie, N = 8N NoN3 ectb nopsifiok rpynns £.

Tlaockue Bosnm (77.3) sABAAOTCA Ga3UCHBIMH (YHKUHAMU AJS
TeopuH mnpeobpaszoBaHuil Pypbe HHTEPECYIOLIHX HAc (QH3HUECKHX
BEJIHUHH,

§ 78. MpeoGpaszopanne dypbe Nas cMelleHH
W MATpuUa CHJOBBIX NOCTOSHHBIX:
AuHamuyeckasn marpuua [D(k)]

Brinonuum Tenepb CiaeAyrllee pasylIoKeHHEe AeKapTOBEIX KOMIIO-
HEHT 3JIEMEHTAPHBIX CMellleHuH:

rjie % XapakTepH3yeT cOPT aTOMOB B fiueiike, a & — paspellleHHbIN
BOJIHOBO# BeKTOP. OUeBUAHO, Wy (% |k)— KOMIJIEKCHEIE MepeMeHHbIe,
M MBI MOXKEM IOJIOXKHTh

wy (x| k) =w, (x| — k), (78.2)

l
TaK 4TOGH! u“(w OBLIY BellleCTBeHHBIMH. PaccMoTpuM w, (%|k)

KaK HOBble HE3aBHCHMBIE NepeMeHHbIE.
UTo6bl MOJYyYHTh YPABHEHHsl ABHIKEHHS JIst 3THX INepPeMeHHBIX,
3amMIIeM CHayaja uepe3 IlepeMeHHble W, (x|k) KHHETHYeCKYIO H
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noTeHuyaabHyio sHeprun. Iloacrasasa (78.1) B (67.8), nafizem

L r
1 1 AR
V= Y Y 0 (1 ) we e Ry 1) X
2 ll% ’; w % NVW
le

Xexpli(k-R,+ % -R.)]. (78.3)
Teneps, ucnonsdys (77.1) u (77.2) v CBOHCTBO MaTPHUL CHJAOBLIX
NOCTOSIHHBLIX (69.7), monysaem

k
1 ’
v=-2-zzwa(m—k)uaﬁ(m,)wﬁ(% | k), (78.4)
“ " .
roe
k A exp (— ik Ry)
i (o )= Z 0 (o )2t 9

Marpuna [D(k)], mMarpuuneie ajeMeHTH KoTopo#l maun B (78.5),
sBJAACTCA JAUHaMuuecko#t matpuueli kpucramna; [D(R)]—st0 dy-
pbe-KOMIIOHEHTA MaTPHIBl CHJIOBBIX HOCTOSHHEIX [®]. unamnue-
CKaf MaTpHua, KOTOPYIO CAelYyeT CYHTATbh KOMIIEKCHOH, 3PMUTOBA:

k E\
D“ﬁ(%x’ )::Df‘“(%’w)

HJIHA

[D (k)] = [D (k)" =D (R)]". (78.6)
1o caenyeT M3 CHMMETPHUYHOCTH MATPHULBl CHJAOBBIX INOCTOSIHHBIX:
v Ul
q)aﬁ o %I)=(Dga(%/ %) (787)
HJIH
o (l——l'()) @ (l’-—-lO)
ag % %I g %/ " (78.8)

cM. (69.4)]. Torna (78.4) mpeoGpasyercs K BHAY

V——-—-—%Z > wh (x| k) DQB(%’;,)wB‘(%’lk). (78.9)

AuajorauHo 114 KHHETHYeCKOH SHepruH, noacrasads (78.1) B (67.14),
Haijem

T=g 30 ) @ (x| ) g (] ). (78.10)

noa &
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qepes 9TH KOMIIJIEKCHbIE TII€pCMEHHBIE JarpaHxuaH 3allHileTcda
B BHIC

F=T—V=

I RL LIS ) WAL () )
(78.11)

Ecan MBl HasbiBaeM w, (x|k)® KOOPAMHATOH, TO COOTBETCTBYHO-
N CONPSAXKEHHHH HMIYJbC paBeH

0z

L T

= g (x| k). (78.12)

W3 ypaBueunfi [amuibTOHA MBI TOTAa HMeeM [7]

k
:r'ca(ulk)=z'a')a(x[k)=—ZDGB(%%,)wﬁ(x’lk) (78.13)
nJayu i

k
Wy (x| k) +ZDGB(%M, )wﬂ(%'ik)=o. (78.14)
»'B

OTMeTuM, YTO MH HCMOAR30Baan (78.2), uTo6H HCKJAIOYUTH MHOYKH-
Tedb 1/2; OTMeTHM Takike, 9TO KOOpPAHHATa W, (x|R)* n ummyssc
Wy (%|R) sBAAIOTCA CONPSXKEHHBIMH NepeMeHHBIMH. [3-3a KoMm-
JIEKCHOH »KcmoHeHTH B (78.]1) BO3HHKAaeT CJI0KHOCTb B BHUHCJE-
HHAX, CBSI3aHHAS C KOMIVIEKCHBIM noJeM cMellennii w (|k). ¥YnoGHo
paccMaTpuBaTh NepPeMEHHEIe W, (%|k) KaK ox-KOMIOHEHTH BEKTOp-
Horo moist w(|k). OueBuaHO, HMeeTcA Bcero 3r TaKMX KOMIIOHEHT:

We x|k, a=1,...,3 u=1,...,r, (78.15)
TaK 4TO
w(lk) (78.16)

J4Js GHKCHPOBAHHOTO R ABJIAETCA BEKTOPOM B 3r-MepHOM IPOCTpaH-
cTBe. MBI TPEIINOJOXKHM JaJjee T'aDMOHMUYECKYI0 2aBHCHMOCTb CMe-
LUIEHUH OT BpeMeHH:

Wo (| k) =, (x| k) exp io (R]])1. (78.17)

IMopcraBnsia ato BuipaxeHue B (78.14), moayuaem safauy Ha cob-
CTBeHHBIE 3HAYEHHA:

k
— o (k| /) & (x| #) + ZD%(W )gﬁ(x'lk)=o. (78.18)
®'B

B crenyomem naparpade Mu pemnm (78.18) u naiigem co6eTBeH-
Hble 3Ha4eHHs H COOCTBEHHHIE BEKTOPHL.
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§ 79. CoGcrsenHble BeKTOpHl JuHamuueckoii marpuunt [D(k))

3r coGCTBeHHLIX BEKTOPOB jAHHaMuueckoii MaTpuupl (78.18) obo-
3HAYMM Yepe3
k
e( j)' j=1, ..., 3r. (79.1)

Kaxapi takoit sBektop (79.1) nMeeT 3r KOMIOHEHT AJsi (DHKCHPO-
BaHHOIO j:
k

e

CoorsercTByomine coGCTBeHHble 3Hauyenus MaTpuusl [D(R)] o6o-

3HAYHM uepes3
wi(k|), j=1,..., 3r. (79.3)

), a==1,,..,3, x=1,...,r. (79.2)

Torna ans GurcupoBaHHBIX B H j 5TH BEKTOPH YAOBJETBOPAIOT

YPaBHEHHIO
; il e e\ 7 |; ) =0t ®IDe x|/ ). (@94

Ecau BHIpOXKIEHHSA HET, TOrja co6cTBeHHble BEKTOPH (79.2) MOKHO
BLIOpaTh YJA0BAETBOPSIOUIMME KOMIVIEKCHEIM (9PMHTOBLEIM) YCJO-
BHSIM OPTOTOHAJbHOCTH H HODMHPOBKH [4]:

za(e|; )l
};e,*a(u’ ?)ea(x k

i
OHH CHefyIoT U3 SPMHTOBOCTH AuHaMuueckoli matpunwm [D(k)].
[Ipy Hajuun¥ BLIpOKIEHHS COOCTBEHHBIM BEKTOPAM MAaTPHILI
[D(R)] cnenyer npunucaTb ACHOJHHTENbHbIH HHIEKC, HyMeDYyIOUIH#
BHIPOXKJieHHBIe coGCTBeHHble BeKTOpH. HanumeyM aas Beex /m-KpaTHO
BHIPO2KAEHHBIX COOCTBEHHBIX 3HAYEHHH

2)=m2(kl]')e( z); A=1, ..., Ly (79.7)

k
. ) =&, (79.5)

) == (Safjéuu’. (79 .6)

D @) e

Kak u paubire, B (72.17) u (72.18), a19 BHIPOXAEHHHX COG-
CTBEHHBIX 3HAYEHHH MOXKHO COCTdBHTb COBOKYNHOCTb COGCTBEHHEIX
BEKTOPOB, KOTOPble OPTOHOMHDOBAHBl B CMbIC/Je SPDMHTOBOTO CKa-
JAPHOro mpousBeleHud. JIBa ckandapHBIX upousBelenuss (79.5) wu
(79.6) MOXHO TOrja mnepemucaTth, HCIOAb3YA CKaJAPHblE MPOHU3BE-
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JeHHA ¢ OMHOH U AByMs Toukamu (72.17) u (72.20):

E\ k
e ( s ) . e( v ) = 6”'6}\,1/ (79.8)
i i
k EY
eoo ¥ ea(|®) =dusbier (79.9)
HWJIN B KOMIIOHEHTax
|k k
> el (% . )ea ( x|, ) = 88, (79.10)
no I Tn
|k k
Zzeﬁ(u' . )e(% . ).—_aaﬁoml. (79.11)
7 A ]}. ]A,’

Ns-3a spmurtoBoctd [D(k)], nmomoGHo (78.6), coGcTBeHHBIE 3HAYe-
Hua (79.3) yAOBJAETBOPSIOT YCIOBHIO

o’ (k|j) BemecTBeHHL. (79.12)

Brarogaps ToMy 4YTO MaTpHI@ CHJOBBIX NOCTOSIHHBIX [®] He-
oTpuliaTesJbHa, JUHAMHUecKass MaTpuua [D{(k)] sBasercsa Toxe He-
OTPHLATENBHOH U MBl NMeeM [4]

o’ (k|j) >0 ycuosre yCTOHUHBOCTH. (79.13)

Kaxk u B npeawaymux cayuasx (72.23)—(72.26), u3 co6CTBeH-
HEIX BEKTODPOB MOXKHO HOCTpoHTh MaTpHuy E (k). B aTOM cayuae ato
MaTpHua ¢ pasMepaMu (3r X 3r) B ormauume ot Mmatpunn E us
(72.23), xoropas umeer pazMmepw (3Nr X 3Nr). Torna

() (1]E)

E (k) = : 3 : (79.14)

es(r ,:) e;(r :r)
Hs (79.8) u (79.9) caenyer, uro marpuua E (k) yuutapua:
E®™'=E®t=E®#)" (79.15)
Torpa ua (79.7) u (79.15) moayuaem
E (k)™ D (k)E (k)= A (%), (79.16)
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rie A(R)— AuaroHajbHas MaTpHLA ¢ BellleCTBEHHBIMH COOCTBeH-
HBIMY 3HAYEHHAMU, 3aBUCAIHME OT K:

o?(kll) 0 ... 0
0 o?(k|1])
A (k) = 0 0 (79.17)
0 0 ... @ (klin

B (79.17) xaxpmoe cobCcTBeHHOE 3HAUEHHE BCTPEUAETCS CTOJIbKO pas,
KakKoBa CTelleHb ero BHIPOkJeHHs. [Ipu HaMuuuu cAy4alinozo 8bi-
poxcOentis HeKOTOPOe COGCTBEHHOE 3HAYeHHe MOXKET NOSIBATBCH Ie-
JIOE KPAaTHOE UHCJIO Pas3 ¢; ero CTENeHH BBIPOXKAEHHS [nm.

Comnocrasass (79.4) n (72.8), Buaum, 4To ¢ NOMOUIbIO Npeobpa-
30BaHust QPypbe MBI CBeNU 33744y K CEKyASPHHIM YyPaBHEHHSIM ¢
pasmepamu (3Nr X 3Nr) Kk N pasiuuHbIM CEKYJAPHHM ypaBHEHHSIM
¢ pasmepaMH (3r X 3r) kaxmoe. Kaxjoe wH3 3THX YpaBHeHHH
(79.4) szanmucano npu GUKCUPOBAHHOM 3HAUEHWH KBA3WBOJHOBOTO
BEKTOpa R, MPUHHAMAIOINEro pasJinuHble 3HAUeHHs B 30He Dpusmo-
sna. Takum o6pasoM, MB MOCTPOHJH M3 Matpuub [D] (72.8) N
spvuToBeIX Matpuu [D(k)] ¢ pasmepamu (3r X 3r).

k
] ) u3 (79.4) csszanu

¢ BellecTBeHHEIMHU [e;] u3 (72.8) coortHOWERHEM

k 1 —ik-R I,
ea(x i :';/—N._‘.—ZL:Q Lea(% ]) (79.18)
Cooruouredue, o6patHoe (79.18), umeer BuJI
L. 1 — kR k
Ba(% ])ZT\/TAT—},;L) Lea(x ] ) (7919)

OueBupno, (79.18) MOXKHO mepemucaTh ¢ MOMOIIBIO oONepaToOpa
NIPOEKTHPOBaHus, AeficTBylollero Ha cMmenienusi. Onpenesnsis

Komniekchble cOOCTBEHHbBIE BEKTOPH e(

0}, L.
P{a)—-RL}ea(% ])= ea(% ]), (79.20)
MH MoxeM nepenucats (79.18) B Buzme
k 0.
ea(x j )=P(")ea(% 1), (79.21)

rae P — pieMnoOTeHTHEI onepaTop NpoeKTHpoBanusa (25.4), natw-
wui GJI0XO0BCKHE (QYHKUHE C BOJHOBEIM BekTopoM k. OTMmerum, 4To
IPH BHNUCHBAHNN HHIEKCOB BHIDOXKIeHHs j B 00EHX YacTAX COOTHO-
weHusi (79.18) HYX)HO cO0./I0AATb HEKOTOPYIO OCTOPOXKHOCTD,
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§ 80. KoMnyexkcHble HOPMAJbHbIE KOODAHHATHI

Beenem Tenepb COBOKYITHOCTb KOMILIEKCHBIX HOPMAaJbHBIX KOOp-

JUHAT Q( , 3amMcaB aMIUIMTYAB w,(%|Rk) us (78.1) B Buue

D) e

Hcnosbays (79.8), Mpl MOXKeM HaHTH 0OpaTHOE COOTHOIIEHHE

o)=L (+;

i
Tlopcrasass (80.1) B (78.9) u ucnoswaysa (79.4), M moJyunM
JJIS1 HOTEHIMAJbHON 3HEPrHH B TapMOHHYECKOM IPHUOIHKEHHH

=) Zj:wz(klj)Q(?)*Q(?). (80.3

ITpoussoanas no Bpemenu or (80.1) paBua

) (f). (80.4)

Tlopcrapasa (80.4) B (78.10), nHaitneM NMasi KUHETHUECKOH SHEPTHH
EN'. .k
1 . .
-ty ya(*Yo(*) 03
5 ij;cz ) el (80.5)

Tosropsiss npouenypy (78.9) — (78.14), MOXKHO NHOJYYHTH CJERYIO-
OiNH raMH/JIbTOHHAH!

H=T+ V=

ZZ{ ( ) ( )+m(ka( )Q(f)} (80.6)

¥ BLITEKAWONIME H3 HEro ypaBHEHHA IABHUXKeHUHA AJA KOMIIJIEKCHBIX
HOPMAJIBHBIX KOODAHHAT

o} )+raina(})=o, (80.7)

3r

wa(x|k)=Zea(M

j=1

)mh(xlk) (80.2)

3r

by (x| k) =) e (

j=1
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ONpaBALBAKIIHe Ha3BaHHE ,,HOPMAJbHbIE KOOPAHHATH NJ1A Q( j )

Pemenne ypaBrHenuss (80.7) umeer BuR

o} )=o)z, (80.8)

k
rie QO(].) He 3aBHCHT OT BpeMeHH,

k
OTMeTHM CHOBA, YTO U3-33 KOMNJIEKCHOrQ BHIA Q(!. ) SHEPTrHA

(80.6) ue mnpexacraBasieTcss B BHIE CyMMb kBaapatoB. B (80.3),
{80.5) n (80.6) cymmnpoBaHHe HJeT IO BCeM BEKTOpaM Rk B 30He
BpuamiosHa u no BceM j 1S Kaxaoro R.

) .
duaugecKkne CMeUleHHs ua(x) TOrZA MOXKHO 3anucaTs B hopme

(- snema(o(t). won

CooTuomenne, o6paraoe (80.9), mMeer BuL
- k ) 1 —ik-Rp * ( k
, )= e Leg| %
o(})=7r e

{ —
.)ua(%)q/Mx. (80.10)
U3 coornomenuit (80.9) n (80.1kO) MOXKHO BHAETb, 4YTO KOMILIEKCHHI®

!

HOpMaJIbHbIE KOOPAHHATHI Q ] ABJAIOTCA AEKAPTOBLIMH KOMIIO-

HEHTAMH CMeIlueHu#, YMHOXeHHBIMH Ha '\/Mx H CIHPOCKTUDOBAH-

k
~ik *
HBIMM Ha Bektop e~ RLea(x ].). DTOT BEKTOp ABJSIETCS NMPOH3Be-

IeHHeM coOCTBEHHOrO BeKTOpa Ha NJIOCKyI0 BoJHy. Takum obpasoM,
ofUIHA XapaKTep PAacCMOTPeHHS B 3THX Naparpadax HaXOLHTCS B
COOTBETCTBHM ¢ paccMOTpeHuWeM HOpMaJbHHX KoopauHaT B § 73.

§ 81. Kpucraaauueckas cUuMMeTpus,
anramudeckan marpuna [D(k)] u ee coGcTBeHHBIE BEKTOPDI

TlokaxkeM cHadasa, 4TO 3r COGCTBEHHBIX BEKTOPOB

k .
e( ). i=1, ..., 3r,

is
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ABJSIIOTCST OJIOXOBCKMMH BEKTOPAMH, COOTBETCTBYIOLUIHMH BOJIHO-
poMy BekTopy k. M3 (79.18) noayuaem

ey (% ";’ )____ 717\/__ gz“ e—ik-RLea(ilj) —

. =—;—/lﬁ{ Z D”’}({El*RL})*P{“—RL}eU(z‘j)z

e|~Rp}

0
=P(k)€a(% j). (81.1)

CpaBHHBas cTosllye N0J 3HAKOM CyMMHl Bhipaxenus B (81.1) u
(25.4) u ugenTuduuUupys, corsacHo (23.2), BeJHUHHY TR ¢
D¥({e| — R.})*, Mbl MOMeM OTOXKIECTBHThH p*u3 (81.1) c¢ coot-
BETCTBYIOIHM onepaTopoM u3 (25.4). [lepenumem (81.1) B BekTOp-

HBIX 0003HAUYeHUSX
k 0
e( ].)=P"”e( j)’ (81.2)

0 0
i e( j)—BEKTOp, 0x-KOMIOHEHTA KOTOPOro pasHa eq{ |/ ).
DTOT BEKTOD SIBAAETCA aMIVIMTYLOH CMeILleHHsl aToMa, HaxoAsilero-
ca B fiuelike [ = 0 u j-m xonebanuu. [ledicTBHe onepaTopa P |—p;}
Ha CMellleHHe cjelyeT HOHHMAaTb B OOBLIYHOM CMBICJE!

Pemen (| 1)=e(,1)- ©19

TakuM cnoco6oM cMelligHHe aToMa B HyJeBol sdefike (I == 0) mox-
HO Pa3JIOKHUTb Ha KOMIOHEHTHI, SBJAKLIKECS Pasju4HBIMH GJI0XOB-

ckumy BekTopamu. Toraa, ucnoJbays cBoficTBa onepartopa P*), mo-
JAy4uM asajoruuso (25.6)

PR yP® = D® ({e | R.}) P®), (81.4)

TakK 4ToO

P rypea (’x \’; )= D® ({e | R} ea ( x\f) (81.5)



212 l'rasa 8

s nposepku yGeaumcsd, 4To npsMmoe NOpUMeHeRHe ollepaTopa
(79.18) nmaer TOT XKe pe3yabTart:
lk i —ik-R l .
P{g‘RL,}ea(Klj)=W : e Le{ElRLI}Q(% ])=
4
. 1 —ik:Rp, [—1
Y 2, ™" e"( % )=

L
~ik-Ry’ ik-(Ry~Ry ") =7
=¢ Z e Lle,, w
L

)-

?). (81.6)

— D (e R} e

Uto6w noayunts (81.5), Ml 3aMeBHJAH CyMMY 1o L 3KBUBaeHTHOH
cymMoi no L — L/, 4To BO3MO2KHO 6/1arofaps rpaHUIHBEIM YCJAOBHAM
bopuna — Kapmana.

Tax xax BeJUUYUHH &4 (u

k :
].) SIBJIAIOTCS OJIOXOBCKHMH BeKTO-

paMH, COOTBETCTBYIOUIHMH 3aJaHHOMY BOJIHOBOMY BeKTOpy &,
MOXKHO BOCIIOJNIL30BaThCcA pesyiabTatamu § 34—44 ¢ HeKOTOPBHIMH
ponoqHenusamu. PaceMorpum GasucHbifi Bektop (81.1). Torma pas
(UKCHPOBAaHHBIX 3HAYEHHH R W | ero KOMIOHEHTH HYMEpPYIOTCS HH-
nekcamu  ox. BosbMmeMm Teneps npeolpa3oBaHWe KOOPAWHAT
{p|t} = {plt(¢)} us (70.24) npu Ry ==0, KOTOpPOMY COOTBET-
CTBYET omnepatop npeoGpasoBanuHa P|g, H PACCMOTPHM

(P<q>me)( ?)Eem( ?) (81.7)

Coraacuo § 30, sta BesauunHa siBAsgercs GJOXOBCKHM BEKTOPOM, CO-
OTBETCTBYIOILWM BOJIHOBGMY BeKTopy ¢-k. B omepatoproit dopme
3TO MOXKHO 3aDHcaTh Tak:

Piet riaProy 0= Pro1aP {1910}, (81.8)

ITpumeHsis npaByio 4 JAeBYIO uacTu cooTHowenus (81.8) k (81.1),

noJjaydyaeMm P .
P{G ! RL}e(‘P) (l I )= D(k) ({8 | (P—‘ ’ RL’}) ey ( ! )=

k) 81.9

;) 1.9

=D ® ({e | R.)} e (
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BuiBos (81.9) npsimo B KoMnoHeHTax notpeGoBan 6Bl AOBOJLHO
TPYAOEMKHX BBIUHCIICHHH. CootHomienne (81.9) moxaskBaer, uTo
(81.7) sBnseTcs GJOXOBCKHM BeKTOPOM, COOTBETCTBYIOLIMM BOJIHO-
BOMY BEKTODPY ¢-k. PaccMOTpUM cHauasa BeJTHYHHY

! .
Pie oP® = —= Y. D®({e]— R PiojogPpei-ry =

{el=Rp}
—=—— ¥ D®({e—RY)P P 81.10
Wis L) Pei-o.rpy Piay v (o) (81.10)
{e1=Rr}
IIycthb
: CP'RLERL(p 51 RL———‘([)_I‘RL(D; (81.11)
Torna

D®({e| — R.})'=D® ({e| —¢~'" RL(P})* =
— D(w-k)({g | — RLrp})*' (81.12)

3aMenssi CyMMHpPOBaHHe 1O — R; CYMMHPOBAaHHEM IIO _Rch’ Ho-
Jayyaem

"11\7 Y Dpew ({21 = Re}) Ppoi-ry yPirson.  (81.13)

{EI_Rch}
Opuaxko B (81.13) nmmexc RLQ IBJTAETCS HEMBIM HHJIEKCOM CYMMH-

poBaHus, KOTOPBHII MOXKHO Tepeof03HAUMUTH, HAmpUMep, Kak Ry;
KpoMe TOro, CTOsIIMH cnpaBa oOlepaToOpP HE 3aBHCHUT OT HHAeKca
CYMMHpPOBaHHS. YUHTEIBAA 3TO, HMeeEM

1 *
Wid D" ({e| — Ry} Ppej-ry)Prot oy =
{e1—Rp}
=P®MPo @  (81.14)
HIIH
Pis @yP® = P* B P (q). (81.15)

Uro6Li MOJNYYHTh SIBHOE BEIDaXK€HHE, KOTOPOE MOXKHO CPaBHHTbH
¢ (79.12), mpt npumennm oneparop (81.15) x [ef]:

0
i =P(‘P'k) an ( .)=
]) %cp 68 g, |/

— P(P- k) :
P ; cpaﬁeﬁ((p_,rx_m_lt((p)'J). (81.16)

0
Uro6n mnoayuuts (81.16), MH BOCHOJIb30BaJHCh COOTHOLIEHHEM
(70.24). IMoacrasass onepatop P@* u posspamasch Aas yaoG-

0
P(‘P'k)P(q) | v (q)))ea ( "
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cTBa K 0003Ha4YeHHAM, B KOTOPHX BEKTOP pelleTKH 0003HAuaeTcs
HHAekcoM [, noayuum aaa (81.16)

1 —~i (9-k)-Rp, ( l ‘ )

— e : . 81.1

VN ) 2. Pty oor—g @l ) G0
Ry, B

Buinonusst cyMMupoBaHHe, Mbl IOJYYHM pe3YJbTaT AeHCTBHS

onepaTopa (BpalleHHe IJIIOC HeTpHBHAJbHAf TPAHCIALHSA) Ha COO-
CTBEHHBIH BEKTOp:

k : gk
!_ ):Z(Paﬁeﬁ((p—lr%—q)“lfr ((p)l ] ) (8118)
B

)

¢k
j ) SIBJISIIOTCS. TEH30PaMy NePBOro paHra (BeKTopaMn),

P{wlv(‘v)}ea(%

W3 atoro cooTHOWEHHS] BHAHO, YTO COGCTBEHHLIE BEKTOPHI 'e(

HJn e(

a Takxke 4TO OHH ABJATCA OJOXOBCKUMH BeKTOpamu [pu 3a-
LAHHBIX 3HAUEHARX BOJHOBOIO BERTOPa (COOTBETCTBEHHO R wiH
¢-R).

Kak Gblsio ormeuero Buraepom ([1], crp. 106), B noxoxem, HO
HEeCKOJIBbKO OTJHMYAIOU[EeMCs  cJydae CYLECTBEHHO HCIOJb30BaTh
cBOHCTBA Pioyy, KaK omepatopa, AelcTBywouero Ha (yHKnHu. 3a-
OptBasi 06 3TOM, MBI MOXK€eM COBEpPLIHTb Cepbe3HYI0 OWHOKY, IpHMe-
HASl ONepaTOPLl NPSIMO K HHCJIAM, T. €. K OUpelejeHHBIM 3HAYCHHSIM

k
COGCTBEHHBIX BEKTOPOB e( ) B «y3Jax» WJIH KOODIHHATaxX [xo

H T. 4. DTO, KaK NPaBHJIO, IPHBOAUT K HEBEPHOMY DPe3yJbTarTy.
HccnenoBas TpaHc(OpMalHOHHBIE CBOACTBA COOCTBEHHBIX BEKTO-

poB, MepelieM Tellepb K H3YUeHHIO CBOHCTB Mpeo6pa3oBaHHHA CaMHX

vpaBHeHHl ABuxeHusa (79.7). Jduaa sToro Mbl OPHMEHHM OlepaTop

)
]A.

Pio 1+ o [D (B)] Pis« @)Pro < e (
= o?(k|]) Pmr(q»))e(

k :
h)' (81.19)

PaccMOTpHM Npeo6pasoBaHHYI0 AHHAMUYECKYIO MATPHIY
(D’ (B)] = Pioy+ oy [D (B)] P\ s (o (81.20)
HauGonee npocTo 3TO MOXKHO CIeNaTh, IPUMEHAS OMEPAaTOPH! TPOEK-

THpoBanua (78.5), aHAJNOrHYHO TOMY KakK MBI 3TO AeJaJu TpH npe-
o6pasoBaHUl BeKTOPOB cMeluenuii. 3amertum, 4To (78.5) MoOxHO
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sanucath no tHny (81.2) gepes onepaTtop npoeKTHpoBaHusA P¥:

exp—ik- Ry, A
D“B( ) Z A/ MM,y “‘3(%%’)::

Y, D¥({e]— R} Py Rﬁ%g( ° ) (81.21)

VM"M” {el=Ry)

rjge asajoruuso (81.3)

0 A
P{B |~R,»}cDaB ( o’ ) = (Daﬁ ( o ) (81.22)

k 0
(k)
Daﬂ(%%’) VMn » PE®D, (m')' (81.23)

HJId, B onepatopHoit dopme,

[D (k)] = PPM~" [@ (0)] M~™, (81.24)
rae [M]™" — KOpeHb KBaApaTHEI} W3 AMATOHAJBHON MaTPUILL, OMNpe-
nenennoll B ypaBHenud (67.17). Torma (81.23) ciaeayer moHumarth
Kak af; »u’-koMmnonenty (81.24). Temepp ¢ momourbio (81.24) wmul
moxkeM BuiwncanTh (81.20), OueBunnno, us (81.15) u (81.24) caenyer
Pio(s oy [D ()] Pzl oy = Proy s 1o (P M [@ (0)] M™*) Pl oy =

=P P ayM ™ [ @ () MT2PG ). (81.25)

Ho {q|*(¢)} —>3T0 onepauns cuMMeTpHH IMHAMHUECKOH MaTPHIHI,
TaK 4TO Mbl MOXeM HCMoab3oBaThb (71.23) u moayumtb uz (81.25)

Pioi« @y [D (B)] P« oy = P2 [M]™" [@ (0)] [M]™" = [D (¢ - B)).
(81.26)

Torna

Marpuunstii saevent [D (¢ - k)] us (81.24) u (81.23) paren

‘P'k)_ expi(p-k) Ry ( A )
Daﬁ( n’ —ZA: A/ MM, Pas s ) (81.27)

Ucnoansys (81.26) u (81.19). umeem
k k
[D(‘P'k)]Pwlr(@ne( ]-A)=032(kli)1’;q>trw))e( fx)‘ (81.28)
JliHaMHUYeCKHe YDaBHeHHSt AR COGCTBEHHBLIX BEKTOPOB H COG-

CTBEHHBIX 3HaYeHHH NpH GUKCHPOBAHHOM 3HAYEHWH BOJIHOBOTO BEK-
TOpa ¢-k MMEIOT BUA

[D(fp-k)]e(

cplk)=®2(fp'klfx)e( “’j;k). (81.29)
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CpaBuuBast 9T0 ypaBHenue ¢ (81.28), Bunum, uto

k
P(q,[,(.p);e( , ) €CTh COGCTBEHHBIH BEKTOD IJIs1
I (81.30)
BOJIHOBOTO BEKTOpa ¢+ K
n
o (k| ])=0?(p + k|])). (81.31)

Tagum 06pa30M, OKaspiBaeTcs, 4YTOo MAJdd KaXXA0TO olnepaTtopa
B rpymnme ® u B 4aCTHOCTH AAA HPEILCTaBI/ITeJIeﬁ CMEXHOro KJjaacca

{olt(e)}
o’ k|j)=0o(g- B|j)= ... =m2((pgp-k|jw), (81.32)
)\4'——1, sy lj.

Torma nelicTBMe omepaluyy NOBOPOTA COCTOUT B INpeoBpasoBanuu
yYpaBHEHHH NBIDKEHUS! K 5KBHBAJeHTHHIM YpaBHeHHSIM, COGCTBEHHEIE
3HAYeHHUS KOTOPHIX CBSI3aHBI C MCXOZHEIMH COGCTBEHHBIMH 3Haye-
HUAMH cooTHOweHueM (81.32). ,

M#rr paccMOTpesil OZHO W3 HAPOsSBJeHul Cyl(eCTBEHHOIO BHIPOXK-
AeHUA B 3ajave AMHAMHKH DelIETKH, CBI3aHHOE C IPYNNON NPOCT-
paHcTBeHHOl cuMMeTpuu &.

Haxoneu, oTMeTHM, uTO IJs KaxKkIoro omneparopa P{q,lklflx} B

rpynne @(k) mbl moxem noayuutb u3 (81.26) cooTHowenune
Po, 1y [P (B Ps, 1oy =D (B)]. (81.33)

Takum ofpasoM, BeauunHbl [D (k)] HHBapHAHTHH OTHOCHTENLHO
npeoGpasobanuil &(R). Tak kKak 3To UHBapHAHTHEI ONepaTop, W3
ero coOCTBEHHEIX BEKTOPOB MOJKHO IOCTPOHTh 0a3MC HEHPHUBOJHMEIX
npencrasaennst G (k).

§ 82, CoGeraennnie Bekropst Marpuunl [D (RB)] xak 6asuc
Aas npepcrasieHuit D® € rpynnm G (k)

Tax kax BeJHUHHBI e( !.) u3 (81.1) sBAsOTCA GJOXOBCKHMH

BEKTOPaMH, OHH MOTYT OBITb MCHOJb30BAHH B KadecTBe Oaszuca
HEeNPUBOMUMEIX NpencTaBleHufl rpynnel @ Mur cefluac moxaxew,
Kakue NpeJCTaBJIeHHUst NPH 3TOM Bo3HHKaloT. OrpaHuduMcst 3r col-
CcTBeHHBIMH BekTopamu (81.1), 3anaHHBIMH npH q)HKcnpOBaHHOM k.
Onn npeobpasyioTcss Kak ¢U3NUeCKOe BEKTOPHOe I0Je.

PaccMoTpUM COBOKYNHOCTL ONEPaTOPOB P{"’q! z;»}Ps’ KoTOpas

pkmovaer @ (k) amasnoruuno (36.1). Jlaa kaxjaoro omepatopa 3Toit
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COBOKYMHOCTH HMeeT MeCTO cooTHOWeHHe (34.4); TakuM oGpasom,
(pl,‘ * k=k+ QJTBH- (82.1)
CoorsercTBenHO n3 (81.17)
k k
P{Wl;\' ‘ Il}\,}ea (% ] )-’——— % (q)t}\,)uﬂeﬁ ( W@l;" ] )—_.—.

5 e s,

f) (82.25

3ameTuM, uto RobaBieHne 2nBy K BeKTOpy kK He M3MeHseT onepa-

)
]

cleNlaH pa3 u HaBceraa BHIOOP KOHKPETHBIX KaHOHHYECKHX HJIH (DHK-
CHPOBAHHBIX 3HaueHud ax. CiaenoBaTeNbHO, QUKCHUPOBAHHl JAeKap-
TOBBI OCH KOOPJHHAT, cooTBeTcTBy0mHKe oo = 1, 2, 3. Takxke dukcu-
poBaH Halop aTOMOB B sJeMeHTapHOH sdefike x=1, ..., r, 0o
OJHOMY aTOMy B KaxAoH noapeuretke Bpass. Bce oHH, Hampumep,
MOryT OBITh B3fITH B 3JeMmeHTapHOH fduefike ¢ /= 0. HanomHuM
Takxe o6osHauenns (70.29) u (70.30). Ilpu mnpeobpazoBaHunH
{(p,hfr,x} B Bolpaxenun (82.2) koopauHaTa aToMa B AyeliKe Ipe-

obpasyetcs, corsacHo (70.30), xak
ryw—> rn% = Ry (“"T’t’,f‘”) 4 ro, (82.3)

[lpexae uem obcyxaath (82.2), oTMeTHM, YTO AJIS Beex e(

rjge CHOBA 7y — KOODAMHAaTa aToMa B 3JeMeHTapHOH siuefike. Ona
nepeBoAUTCS MNpeobpazoBaHHeM CHMMETPHH {q)’x“lx} B 3KBHUBa-
JIGHTHYI0O KOOPAUHATY r,, KOTOPas MOXKeT H He OTHOCHTbCS K TOH
XKe nojapelreTke. ITO 03HAUYAET, YTO HE3aBHCHMO OT TOI'O, PaBHO Ry
HyJI0 HJIH HeT, KOOPAMHATA F,, MOXET COBNAlaTh C ry, 8 MOXeT
¥ He coBnamaTh ¢ He#l. OueBHIHO, 37eChb HMEIOTCS YETHIPE Caydas:

Ty = Fyr, RN (‘K@lh’ M”) = 0’ (82'4)
ry =— ru"; RN (x('f;l}‘, %”) 3& 0, (82-5)
ry=%=ry, Ry (”‘T’t,j x”) ==, (82.6)
r«%=ry;, Ry (%lx’ %”) 0. (82.7)
3xech
Ru(va,, ) =07t ra— gl T, —rls,  (328)

rIe CHOBA Iy — DAAHYC-BEKTOP AaTOMa B 3JeMeHTapHOH suelike,
a2 Ry — BEKTOp pelIeTKH.
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Takum o6pasom, ycJoBHE 3aMKHYTOCTH CHCTeMbl COGCTBEHHHIX
BEKTOPOB

k .
e( j)’ j=1, ..., 3r, (82.9)
C KOMIOHEHTaMH
k .
ea(% ].), a=1,...,3 x=1,...,r, (82.10)

TpeGyer, uTo6L B npaBoii cTopoHe paBeHCTBA (82.2) KOMIOHEHTH

eﬁ(x@ f) (82.11)

TaKXe BbIPaka/JHChb Yepe3s KaHOHMUECKHe NepeMenune r,. Orciofa,
ucrnoan3ys (82.3), (82.8) n (82.11), umeem

')

i )=

| k k
ol )t
k
i ) (82.12)

)=yt
= D® ({e| — Ry}) e ( r
rne Ry onpeaesneno B (82.3). Takum oGpasoM, nas (82.2) umeem
k (&) ” k
P{@[Alflx}ea(% j)=§(@zh)aﬁD (el — Ry} eﬁ(u j)' (82.13)

Teneps B (82.3) ofa 3Hauka x ¥ %/ DpUHAJJEKAT KAHOHHYECKOMY
wabopy (82.10). Orciona BuzHO, uto (82.13) aBasercss ofmuM co-
OTHOLUEHHEM MeKJy KaHOHHYECKHMH KOMIOHEHTaMH OJHOrO H TOrO

k
e BeKTopa e( j ) npu QHKCHPOBAHHOM j. 3aTeM, eClH Ml (HHK-

CHPOBAHHOFO j MBI paccMOTpuM 3r KOMnonewT (79.2), To Kaxayo
TaKyl0 KOMIOHEHTY MOXKHO IIOMETHTb [ABYMS HHIEKCaMH o H %:

k
ea(% ].), a=1,..., 3, =x=1,...,r. (82.14)

Torpa cootHomenye (82.13) MoxHO 3anucaTh B MaTpuuHo#l dopme:

k k
()= L% ()
ull

a=1,...,3; x=1,...,r. (82.15)

IOna dukcupoBaHHHIX 3HaueHuit B u j marpuna DWW (€ gmisercs
3r-MepHOH, HMewILel 37 CTPOK H CTOJAOLOB, MBI MOXEM JIerKO Bbl-
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4HCANTb KOMIIOHEHTH D® @, Mz (82.13) umeem

DB ({01, |74 ) e = (1) D ({61 = R (i 7)) B "
(82.16)

rae

{ 1 #Js map aToMoOB, CBSISAHHBIX coOTHolueHueM (82.3),

P —
oy, " 0 m/is BCeX NMPOUHX Tap aTOMOB.

o,
Temepp BaKHO yCTaHOBHTh, uTO MaTpuma D® (9 ge saBucuT
ot . CnenoBaresnsHo, onpefenennue D €@ napgoe B (82.15), MoXHO

k
3anucaTh uepes COOCTBEHHbIE BEKTOPH ea(%l ):

P, J‘la}e“( %I k)= Z Z DB ({w, | 71, }aw. gurep (7 1 B). (82.17)

B u

HanomHum 3aech paccyxpaeHne uz § 79, B uactHoctu (79.9)
n (79.14). OGo3nauyass 3r BeKTOpPOB, 00pPa3yOIIUX CTPOKY, uepes

ea(%’k); a=1,.., 8 w=1 .., 1  (8218)

pacrosioxuM uxX no obpasuy (79.14). Toraa (82.17) MoxHO HOHH-
MaTb KaK COOTHOLIEHHE MeXAY NeJbIMH CTpOKaMH BEKTOpPOB, BbI-
noJHsiIouIneecs NIpU PUKCHPOBAHHOM j.

EcTecTBeHHO, 4TO AMS CTPOKM, Kak M 145 cronafia, HyxXKHa
AMEHHO napa HHIekcoB. B samucn (82.13) wmatpuua D®e  gg-
JdsieTcss TPAMBIM TNPOU3BeleHHeM mpeactasiedds D™ nmo koTo-
pomy npeoBpasyercs MOJNAPHBIH BEKTOD, HAa IepECTAHOBOUHOE MIpel-
cTaBjeHHe ¢ TOUYHOCTbIO AO COBOKYNHOCTH (Da30BHIX MHOKUTENeH
Tuna D® ({e | — Ry}). Takum ob6pasom, D("erecT) ocymecTBasieT Ne-
pPeCTaHOBKH B npenpenax KAHOHHYEeCKOTO f6asucHoro H?l60p3
cx=1, ..., r ¢ yIeTOM JONOJHHUTEJbHHEX (HA30BLIX MHONKHTeJedH,
KOTOpbie, €CJAH HYXKHO, RO0aBJASIOTCH B MaTPHUHBIE 3JeMEHTHI
H B 3aBHCHMOCTH OT KOTOPBIX PeasNu3yloTCsl pas3fiuHble BAPHAHTHI
(82.4)— (82.7). Tloatomy

D) (&) = D) @ Dimepect) (82.19)

Marpuunbie s/eMeHTH HNpeJCTaBaeHHss D UMelOT HHAEKCH af,

HanpuMmep Df{&, a MaTpUYHHIEe JeMeHTH D(1ePecT) yymeoT HHAEKCH

ux/, HanpuMep DYP*”. SlcHO, TO KamAWH M3 5THX MATPHUHHIX

3JIEeMEHTOB MOKXHO B fBHOM BHIe nonyuuTb us (82.16). Mu ue 6y-
JeM NOJIb30BaTbCH TAKHM SBHBIM BHIPAXKeHHEM H XOTHM TOJbKO MO-
CHHTb, 4YTO T4KOe I[OCTPOEeHHe BO3MOXKHO B mpHHUHTEe, Toraa
MOXHO HaNHCATh

(D® )y, g = DERDIEP. (82.20)
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Baxuyio posis urpaer caepy mMarpuusl D® (@), D10 sicHO BHAHO
U3 (82.13). BruHC/IHM STOT CJen:

S DO (|, }) = @ ({a, [ v1,}) =
= 2 (= (1+ 2cos 9,,)) D (fe| — Ru(xg,, x")}) Sugy, » %" (82.21)

w”

B (82.21) 8un»==1 npu x==%". D10 cooTBeTCTByeT cayuyaam (82.4)
u (82.5). Tpu % 5= %" Suw =0, urto coorBercTByeT (82.6) UM (82.7).
Kpowme Toro, BennuuHa

£ (1+2cosq,)= %: ((plh)w (82.22)

SIBJISTETCS] CJIEMIOM MATPHIK ¢ COOGCTBEHHHBIX H HeCOGCTREHHBIX Bpa-
IIeHuf H CyMMa cupaBa 0epeTcsl O BCeM aToMaMm x” B aJeMeHTap-
Ho#l siueiike. Tak kak D®(€ gpisercss npencrasjeHHeM TPYIIIH
®(k), To ero MOXHO TPEACTaBUThL B BHAE NPAMON CyMMbLI JONYCTH-
MBIX (H3HUECKH HEMPHBOLMMEIX NpeicTaBieHHH. MBI Bo3Bparumcs
K 3TOMY Bomnpocy Hixke B § 103.

Haxosen, nano oTMeTHTb, yTo nIpeicraBaeHue D* @ gpngercs

VHUTAPHHIM. DTO CJIeNyeT U3 YPABHEHHUS |
e“(%l k) : ef*(%’ k)= Peoy | 'lx}e“(%, k) RECAIALE (% k)’
(82.23)

KOTOpOE BHIpaxKaer YHHTAPHOCTh oneparopa P 10 OTHOUIEHHIO K CKa-
JSIDHOMY TpOH3BeleHHI0 (:), onpendeneHHomy B (79.9) u (79.11).
Toraa

D ({ary | 7)™ =D (fay | 7)) 6220

T. e. ofparHas MAaTPULa 9KBHBAJIECHTHA 3PMHTOBO-CONPAKEHHOH.

§ 83. CoGcreeHnpie BekTOpnt D (B) kak 6asuc mpejncTaBieHHs
D® D) rpyonm G (k)

Boseparumcsa Teneps kK (82.17) u (81.28). Hdas Jo6oro sJie-
MeHTa {("ZA]”A} rpynnsl ® (k), ocrasasmomeli MHBapHaHTHOR AMHAa-

MHUYECKYI0 MATDHILY, HMEEM
[D (91, - k)]=1D (%)]. (83.1)

Tor,uarcroomomenne (81.28) nmpeo6Gpasyercs ¥ BHILY

' k
[D (%) 'P{’le‘lx}e( ju)=(°2(k[]) P{q:,“r,h}e(

Ji)' (83.2)
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ep——

Orcioaa chaelyeT, YTO BeJHYHHA
k
. ) (83.3)

P{"’lx | '1A}e( in

aBasieTca cOGCTBEHHBIM BEKTOPOM, OTHOCSIIMMCS K (DHKCHDOBAaHHO-
My 3HAUEHHI0 BOJHOBOro BekTopa k. Ho COBOKYMHOCTH BBIPOKIEH-
HBIX COGCTBEHLIX BEKTOPOB

; ) (

) ey €

]u ’ ) y

1)l

COOTBETCTBYIOIHX OXHOMY M TOMY e COGCTBEHHOMY 3HAYeHUIO, SIB-
JISIETCSl OJIHOH 110 OTHOIIEHHIO K NPOCTPaHCTBEHHOH cuMMerpud. Ilo-
3TOMy cOGCTBeHHEI BeKTop (83.3) MOXKHO NMpeiCTABHTb B BHJE JIH-
HeHHOH KoMOHHAUHUH BEeKTOPOB (83.4):

B
L)Y 0@ (g e (
L v=1

l.L'—'—-’l, ey l].

k ), (83.4)

jl]

P, |,l}v}e( ;: ) (83.5)

OTMeTHM, UYTO 3TO YHCTO BeKTOpHOe cooTHoweHHe. Kak obwpuHo,
IOJHOTa COBOKYIHOCTH MM Npoctpanctsa (83.4) mosBoasier ompe-
JIeauThp MaTpuny D® () ocyumecTBasiomyio NpeacTaBJeHHe B Npo-
crpanctee (83.4) (§ 102). 3arem, ucnoansys (83.5), moxHO ompe-
JeJHTh MaTPHHY € PasMepoM [;, OCYLIECTBJAIONIYIO IpeNCTaBICHHE
rpynns & (R).

Yro6sl MONYYHTL MaTPHunbll siaeMeHt D® () MBI BO3bMeM ox-
KOMIOHEHTY ypaBHeHHa (83.5); Toraa momyuyum

k S (R} (f) k
P{¢lx|'ln}e“(% ju)=vz=:,D i({(p,h]tlx})w ea(% I'v)' (83.6)

IToncrasasia (82.15) u (82.13) B seByio cropony (83.6), moayuaem

DAL I G B
oy T ), e 8\ [,
= 3 (@13)ep D ({1~ R (a0 2 )}) 5 ( o
B

)
W/

;i ) : (83.7)

g
=3 DW 0 (g, |54, 00

ve=1
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3aTteM, HCOOMB3Ys YCJaOBHE opTOoroHanbrocTH (79.8), maimem

D= ({‘Pt,u [ tl‘h} )v“ =

k k
=T T ael ) ot e (<], )=
ax Bx
SWNAC

an fBx”

X ({1 = R (0 ) e

k
ot

;eu ) . (83.8)

Mul moayuuau fBHOe BBIPAKEHHe AJISL HAEMEHTOB MaTpuus D® D
uepes ageMentel D® @, Mgy posspatHMcs K o6cyxaenuo (83.8)
B § 85, rie MBI paccMOTpHM cooTBeTcTBYIOUYy0 [D (k)] rpynny cum-
meTpud @ (k) u BbiTeKaloulee M3 Hee CYUIECTBEHHOE BHIPOKIACHHE,

§ 84. Co6crTreHHsie 3HaueHnss matpun D (&) g D) ()

3ameTuM, uto Mbl paboTaeM ¢ BeJTHUIMHAMH, KOTOPble MOXKHO pac-

k
CMATpHBaTh KaK 3r KOMIIOHEHT 3r-MEPHOTO BeKTopa e( j ) HJIH

paBHBIM 06pa30M KAaK 37 KOMIIOHEHT 3r-MepPHOTO BEKTODA e, (% ‘k) .
B uwamem paccMOTPEHHH 2TO OOCTOATENbCTBO MPOSBJISIETCA ABYMS

k

].) MOX-
k) p

j 160

). Mexny coBOKynmHOCTbIO 3r

pa3HBIMH, HO CBA3aHHBIMH cnoco6aMH. KoMmoHeHTy ea(%

HO paccMaTpHBaTh Kak (ax)-KOMIIOHEHTY BeKTOpa e(

KaK j-KOMIIOHEHTY BeKTOpa ea(M

o

H COBOKYNHOCTLHIO 3r BEKTOpPOB

ea(%’k), a=1,....8 x=1....r (84.2)

BEKTOPOB
k

i

), j=1,..., 8r, (84.1)

IpH 3TOM [JOJ2KHA CYIeCTBOBATH JHHEHHas 3aBHCHMOCTb. Tak Kak
o6e coBokynHocTH (84.1) u (84.2) ynOBJETBOPAIOT COOTHOUIEHHAM
OpPTOrOHaJbHOCTH W HOPMHPOBKH (79.8) — (79.11), Mexay HuMH
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MOXKHO YCTaHOBHTH CBsI3b C IIOMOLIbIO YHHTapHOIO Ipeodpa3oBaHus

([ )=wie(|*). 649

[Ipu atom B coorBercTBHM ¢ (84.3) anementn martpuusl [U] mosx-
HBl HME€Thb aCHMMETPHYHBle HHAEKCH, COOTBeTCTBYIOIMEe (84.3):

U], (84.9)
CeolicTBO YHHTAPHOCTH TOIJa 3aluCblBAE€TCsA TakK:
[0 =0 (84.5)

Bnarogaps yuurapsoctu [U] cootHolieHue, o6patHoe (84.3), Mox-
HO 3allACaTh B BH/IE :

e( ?)=[U]+ea(%'k). (84.6)

OueBuino, [U] — maTpuila nepecTaHOBOK C €IWHCTBEHHBIM OTJIHY-
HEIM OT HYJA MATPHUYHBIM 3JAE€MEHTOM, PaBHHIM | B KaXKAOH CTPOKe
H B KaxaoM cTosdie. Taxk Kak 6a3uchl COOTBETCTBYIOUIUX NPeaCTasn-
JeHHH CBsi3aHbl yHHTapHbIM npeoOpasosanueM [U], 1o u3 (opmyn
(82.17), (83.5), (84.3), (84.6) caenmyer, uto DW¥) (e y D& () nojpx-
Hbl OBITh 3KBUBaJIEHTHB. TakuM 006pasoMm, :

D@ =[U]~" D® @[], (84.7)

,U,.}ISI CJAEAOB 3THX MATPHL HMeeM
Sp D® () = Sp D® (@), (84.8)

Mbl MoxkeMm moayuutb (84.8) mpamo u3 (82.21), u MBI BocHO/Ib3yeM-
CS1 3THM HHXKeE,

CornacHo TeopeMe Mallike, nokasaHHO# B § 15, mpencraBieHue
D@ @ yau D® ) gu6o HenmpuBoAMMBI, 1H60 npuBoAUMEL. [Toguepk-
HeM eilie pas, uto D¥ ) — 370 mpexacTaBieHHe, IO KOTOPOMY Npeol-
pasyeTcs nOAHOE MHOXCECT80 BCeX BELIECTBEHHBIX COOCTBEHHBIX BEK-
TOpOB MAJsi Bcex 3r BeTBeH. Anajoruuno D® (9 ects (3r)-MepHoe
npeJCTaB/EHUE, IO KOTOPOMY Npeobpa3yeTcss MHOXKECTBO BCeX 37 col-
CTBEHHBIX BeKTOpOB, OHaKO B 9TOM nmoc/ieHeM caydyae OCHOBHOE rpa-
BUJIO Npeo6Gpa3oBaHHd OCHOBAHO INPOCTO Ha CBOHCTBAX BEKTODHOIO
noAsl cMelleHH. A ¢ (pH3HUECKHM COGCTBEHHBIM 3HaueHHeM ?(R|j)

k
CBA3aH HMEHHO BEKTOD e( ] . Mu BO3BpaTHMCHd K 3TOMYy B c(Jie-

AylouleM naparpage, B KOTOpOM Mbl Haiaem marpuuy [U].
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§ 85. CymwecrBenHoe BbipoxjieHue Kak caeacrsue G(k)
H coGcTBeHHble BeKTOpbl MaTpuusl [D(k)]

B aTom naparpade MbB CyMMHpYyeM HOJyYeHHBIE B NPeXBIAYLIHX
naparpadax pe3yJbTaTel 1 yCTAaHOBMM COOTHOIIEHWS MeEXKAy cobcrt-
BEHHBIMH BEKTOpaMu AHHaMHUecKO# maTpuiuit [D(R)] u cyuiectseH-
HBIM BBIPOXK/JeHHEM, 00YCAOBJICHHBIM I'DYyNNOH cuMMeTpuu @.

Hunamuueckne ypasHueHus (79.7) MOXHO 3anucaTh B BHIE

fu)=m2<ku>e( ¢

) u=1,..., . (85.1)
N

DN

[Ipeo6pasyeM Tenepb 3TH YpaBHEHUs ¢ IOMOILbLIO olepaTopa mpe-
obpasoBaHus P{‘pm,l}v} uz G (k):

")

W/

P{%‘ ;) (D (k)] PE(PIIA | ’IA}P{'P’A %1, )€ (

k
— a2 i
=@ (kl])P{WzA]'zh}e( f.u)' (85.2)
Corqacno (81.33), ary ¢dopmyany MOXKHO mepemucaTh B BHAe
k . k
— 2 {
(D (k)] P{‘pl“rlh}e( ju)_m (kl!)P{w’h\'IA}e( ]u) (85.3)
Bospmem martpuuHnf ajemedt (85.3)
()., Pewrmen(<]3,))
g; w%' Jag {1y " in) .
— a2 {
=0 (k|])P{¢l}‘|rl7v}ea(M ju) (85.4)

u, noacrasass (82.17), noaydaem

k
Z Z b ( nn )aﬁ D® e ({‘Plh | Tlh})ﬁu/’ - ey (u

BM, ‘yull
= X090 (| 1), s (7
B

I

)
’

; Joreli. 655
I’L »

[

U3 (79.4) n (85.1) umeem

=20 (), o (1]
ju ___” ﬂ,, ,}—{// B?ev *® ]

ot k1) ey (# .u). . (856)
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n)-
5 ) (85.7)

k R
== Z Z Dib) (e ({(ﬁ I Tl?\,}/(m ( R,%”) ey (‘)—C” j
B By

R Y

TToncraBasia 3arem (85.6) B (85.5), moayuaem

k
Z Z b ( e )aﬁ D® @ ({qy,) Tlh})fsw, . (%”

Bw’ yr”

Uro6sl npOABHHYTbCA IaJjblie, HAM HYXKHO BOCIOJb30BAThLCA
CBOMCTBOM 3DMHTOBOCTH  jguHaMmuueckoit wmarpuue: [D(k)] =
= [D(k)}" uin B KOMIIOHEHTAX

k | 2N
D( ) ==D( , ) . (85.8)
*x Jag %% Jpa

Torpa nuaa (85.7) umeeM
W)
in/

*

&
ZZD(I:) (e) {(Pz,vl‘l'z}v})ﬁx - (%,% )Baev(W,

[N
- p( * * D) @ 2| 85.9
=220 ) PR (o] ), (%5, ) €89
Br’ yr”
HAH
D (k). D (& ” k .
\;( (k) - 00T 1)) g, 0 & % )=

k
5 00t ) DBy #]1). @510

~—/l

[TpupaBuuBas Ko3hGHUHEHTH NPH OJAMHAKOBEIX KOMIIOHEHTaX

k
o (s

L
ABJIsSIETCH CACICTBHEM MaTpPHUYHOTO YypPaBHEHHUA

D9 far, [ 7)- D () = D () D@ ({1 }). 85,11

Taxkum o06pa3oM, MB I10KAa3a/Jd, 4TO [AHHAMHYECKAs MaTpHua
KOMMYTHPYET C KaXX[A0H u3 MaTpui npeictasieHus D® ¢ rpynmsl
G (k). Qopma marpuunl D(k) 3azana coorHowenueMm (78.5). dra
BeJHYHHA He SIBJAETCS CKa/JIApPOM, TOUHEe, He fIBJAAeTCH eIHHHYHON
MaTpuuel, yMHOXKEHHON Ha cKa/aap. Tax Kak He cBoAsAmIasicd K KOH-
ctauTe Matpuua [D(R)] KOMMyTHpyeT CO BCeMU MaTDUIAMH TpPeX-
crapieuus DW® (€ rpynnom @(k), uz nemms Illlypa caexyer, uto
D @ ypupogumo. Urobw npexcraButh D* B Buae npsamoit
CYMMbI HeNpHBOXMMBIX MNpPeACTaBJEHHH, MBl B MEPBYID ouepenb
BoxxHbl npuBecty [D (k)] X AnaroHaJbHOMY BHAY.

B obGeunx uacTax ypaBHenust (85.10), Buaum, uto (85.10)
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[Tockoabky [A (k)] BewectBenro, us (79.14) — (79.17) caenyer,
YTO yHHTapHas MaTpHIa U3 coOCTBeHHBIX BekTopoB [E (k)] npeobpa-
3yer |D (k)] x puaroHanbHOMY BHAY:

[E (B) ™ [D (R)] [E (k)] = [A ()], (85.12)

duxcupyem aprymeHT (omepatop) marpuust D® (9 g mpeoGpasyem
(85.11) ¢ momompio [E (k)]; Torpa moayumm

[E ()]~ [D® @] [E (k)] A (k) = A (k) [E (R)] ' [D® @] [E (k). (85.13)
ITpeoGpasopannyio MatpHily D* (€ o6osnauum
D@ = [E (k)] D @ [E (k)] = (E (])]" D [E (%)]. (85.14)
Takum o6pasom, u3 (85.13) umeem
D® @A (k) = A (k) D (@), (85.15)

IMepennumem A (R) u3 (79.17), cobupas BmecTe BLIPOXKIeHHBIE COG-
CTBEHHBIE 3HAYEHHS:

Lo (k| 1) I, 0 ... 0... 0
0 0?(k|2)10, .

A () = , |, @56
- o (k| ) I,

0 ... o (k|n)TL;

\
3necy II; — [;-MepHas eaunuunas matpuua. Temnepb u3 (85.14) n

(85.16) MOXHO 3aKJIOYHTh, 4TO, TAK KaK Kaxjas Marpuua D)
KOMMYTHDYeT ¢ OJHHM W TeM e OJOKOM AHaroHaJbHOH MaTPHIbI

(85.16), Jrobasn D@ IJS KaXKIOor'o 3HaYeHHs {(Plxltlx} [IPHBO-
JBHTCS K OJ0YHOMY BHAY B cooTBeTcTBHU ¢ (85.16):

(DWW g 0 ... ]

0 DWW 9

(k) (&) — | . .
D . o pwa , (85.17)

' pw @ |

Kawnauii us 670koB B (85.17) siB/fieTcsl OTJIHYHOH OT HYJsl MaTpH-
ueii: DV M ¢ pasmepamu ( X 1), ..., D®® ¢ pasmepamu (I X la)s
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e

gpuYeM KaxJas H3 HHX COINOCTaBJsSeTCs CBOEMY COGCTBEHHOMY
gaauenuio @°(k|1), ..., o*(k|n).

3anucas (85.14) B KOMNOHEHTaX, Mbl MOXeM YyCTAHOBHTb CBSI3b
¢ (83.8). Hanomuum, uto ctpoku Matpuumn [E (B)], Kak ykasaHo B
(79.14), HyMepyloTcA HHAeKCaMu ax =1, ..., 3r, a crOJAGUB —
pajgekcom jy = I, ..., 3r. CoorBercrBenno [E (k)]* umeer ofpar-
HYI0 HyMepalMio CTPOK H CTOJN6LOB. B3fB MaTpuuHull 3JeMeHT

DWW (€ ¢ pHaeKCcaMu (juj;), nosyunm aus (85.14)

L |k
(D(k) (e))j [ Z Z € ( | ) (D® (e))om, pw € ( "
ulv Iy Iu

Br" an
Cpasuusas (85.18), (85.17) u (83.8), Mbl MOXkeM Hanucarb
(D (E))ju’; = (D® 1) | 8. (85.19)

). (85.18)

CaenosatesbHo, npeo6pasosanne [U], npencrasasionee D®*) (@
B BHJe npaAMoil cymmbl, pasHo E (k) = [U].

Cnenaem Tenmepp MNpeANOJOXKeHHe O HAJNHUYMH CYLIECTBEHHOTO
BBIPOKI€HHS, 00YCAOBJEHHOTO I'PYNIOH ONePaTOPOB IPOCTPAHCTBEH-
Hoii cummerpuu @ (k). Dyaem cuurath, 4TO Ka)kAoe mpeicTaBjaeHHe
D® () sanucannoe B 6J0yHOH (opMe W COOTBETCTBYIOUIEE Da3Jiny-
HEIM 3HaueHUAM w?(k|j), ABasieTcst HU3NUECKHM NONMYCTHMEIM HENpPH-
BOJAMMBIM mpefacTaBaeHueM rpynnel @ (k). Chenyer oTMETHTh, 4TO
Kaxjgoe AomycTiMoe npeicrapiaexne DO rpymno @(k) moxer
nosiBasThCst B (85.17) Heckoapko pa3. Huxe ™ obcyxpaerca crnocob
ompefesNeHHs TOro, KakHe HMeHHO JONYCTHMble IpeACTaBJeHHs
D® (M po3HHKAIOT B AeHCTBHTENBHOCTH.

3aMeTuM, 4To B Hallel TEOPHH He NMPEANOJAraJoch 10 CHX HOP,
4To JAaHHOe mpeacTaBlenne D®*) (m posnuxaer B (85.17) ToJaBKO
onun pas. OaHaxo, yTo6Bl BOCNOJIb30BATLCA COOTHOIIeHHeM (85.18),
HYXXHO cHayaJ/a PelIuTh 3a7a4y Ha COOCTBEHHBIE 3HAYeHHs W HafTH

QOGCTBeHHEIE BEKTODH ea(u ] ) 3arem AJa Bulunchenus (85.18)

clefyeT B3ATh /; cOOCTBEHHBIX BEeKTOPOB /151 NaHHOU BeTBH w?(kR|j)
H Mcnoab3osath B (85.19) 8-cumBoa. ast npyro#t BeTBH ¢ ToH XKe
cuMmMerpHelt 1as nogydeHust (85.18) MoryT OHITH HCIONB30BAHL 3TH
¥Ke coBCTBeHHblE BEKTODHL.

UTo6n1 BHISBHTBH BCe CJAEACTBHS CYILECTBEHHOTO BHPOXKIEHHS,
06yCJIOBJEHHOTO NMPOCTPAHCTBEHHEIMH OTlepaTopaMu U3 TMOJHOH Tpo-
CTpaHCTBeHHOH rpynnsl &, Hy:kKHO N0 HaHAGHHOMY NpPH PELIEHUH AH-
HaMu4ecKOl 3aJ1auy npeicTaBaeHu0 D® (M mojyuuTh COBOKYNHOCTD
npexcrasiennit D) ) nonmoit rpymmsl.

[Tonnoe cyliecTBeHHOE BBIPOKJEHHE B 3TOH 3amaye CBA3AHO ¢
MOJIHO MPOCTPAHCTBEHHO-BPEMEHHON rpymnoid &, koropas Oyxer
aHa/MU3MPOBATbCSl HHXKeE.
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§ 86. KomniaekcHpie HOpMAaAbHbIE KOODIHHATHI Q( j ) kKax Gasuc
u 7
aaa npexacrasiedns D® ) rpynuw & (k)

Tak ke kak B § 76, ceffuac kenaTeNbHO NOJYYHTb NpaBuIa Hpe-

. k
006pasoBaHus KOMNJIEKCHBIX HOPMAaJbHBIX KOOPAHHAT Q(]. . Bax-
I

k
HBIM 00CTOATENbCTBOM 0OKAa3BIBAeTCs TO, 4TO BEJHYHHBI Q(] ) B~

u
JA0TCA JHHAMHUYCCKUMH HNCpEeMEHHBIMHU B 3aJaue AHHAMHKH pelger-

ki [em. (80.7) u (80.8)]. Ml MoxeM paccyxAaTh TaK XKe, Kak B
k

§ 76, n BEBeCTH nmpaBuaa npeofpas’oraHus Q(]. ) ¥3 NPaBHJ Ipe-

- n
o6pasoBanusi GU3HUECKHX CMEUleHHH.

UTo6H yiaecTb BHIPOKACHHE, TePennuieM (80 9) B BUIE

ua( )—W—&—FFZexp(zk RL)ea( )Q(i) (86.1)

06paTHoe COOTHOIIIEHHE CJeLyeT U3 YCJIOBI/IH OpPTOr'OHaJABHOCTH H

HOPMHPOBKH
k 1 . * k l EvE .
Q( jv)=WZL: ;;exp(—zk-RL)ea( % i )ua (% )VMM. (86.2)

k
Tloneano onpeaeauTh BEKTOP '0( j ), a/%X-KOMIOHEHTa KOTOPOrO
v
paBHa
[k 1 ) k
va(% jv)EWeXP(lk'RL)ea(% J'v)' (86.3)
Torna us (86.1)
=2o([;.)e(3)
u()~mv i, )90, (86.4)
H u3 (86.2)
k AL l
Q(iv)':;”a(u iv)u“(u)_M“= (86.5)
k k
=v*( , )uM”=(v( , ), uM,,), (86.6)
Iy Iv

rae B MocJefHefl CTPOKe Mbl HCIO/b30BAJH CKaJsApHOe MPOH3Bele-
Hue (79.8).
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e

k
[TokaxeM, BO-HEPBHIX, YTO BeJHYHHA Q(]. ) ApJseTcss 6J10X0B-
v

CKHM BEKTOPOM, OTHOCAIUMMCS K BOJIHOBOMY BEKTOPY R. DTo Hanbo-
JjJee HpocTo yBuaeTh uz (86. 2) pPaccMOTpeB BJHSHHE TPaHCJ/SILHH
Ha noJje (H3NYEeCKUX CMelleHHH

Prigpt =upr,,. (86.7)

DTO COOTHOLICHHUE MOIKHO nepenucate B BUIE

k
iRy = . ORy, ( ) ( !) (86.8)

ive

BiRyy = Z v ( l f ) Qir,y ( i ) (86.9)

ivk

HJIH

k
rae (86.9) omperensier npeofpasopanue Q(}. ) Ho

v
[k [—ml&
(‘v{RM}>(1 “% jV = Ua ( ®

I

)
%jv—

)=exp(——ik-RM)va([

[ |k
=D® ({alRM}) Uq (% ] ) (8610)
Orcona v , .
wir,y = D® ({8IRM})Z (I )Q(].v), (86.11)
‘ecan e

P{elRM}Q(?v )EQ{RM}(?V)=D(k)({8lRM}) Q(i)- (86.12)

: k
Torga Q(]. ) MOKHO B35Tb B KauecTBe GJOXOBCKOrO BEKTOpAa, CO-
v

OTBETCTBYIONEro BONHOBOMY BEKTOPY K.

PaccMoTpum feficTBue omepaTtopa mnpeo6pasoBanus Py, He
otHocsimerocst K @ (k). VI3 cooGpaxkenndl, npuBefenunx B § 30, cies
Ayer, 4TO

P 4@ ( :-: ) (86.13)

aBJasieTcd OGJOXOBCKHM BEKTOPOM, COOTBETCTBYIOUIUM BOJIHOBOMY

BeKTOpY @+ k:
k (p.k
P(wmQ(]- )=Q( , ) (86.14)
v Iv . :
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Myl MOXeM CUUTaThb 3TOT BEKTOP OTHOCAIIMMCSH K TOA XKe CTPOKe,

4TO H Q(i)

Uro6w paccMOTpeTh peficTBHe onepaTopa P{%I'lx}’ BXOZSIILETO

B G(k), HeoOXOOMMO BO3BPATHTBCA K onpededeHusMm (86.1) —
(86.6). Torza moJie MOBepHYTHIX (DH3HYECKHX CMELleHHH HMeeT BHJX

u{wlk} = P{mli\, ’,lk}u. (86. 15)

Mu MoxkeM sanucath (86.15) B Bume
k k
, )Q( ), (86.16)
Jv Iv

“ony = 2 2on) (
o2 (o) e

O6pamtas (86.17). nonyqpm u3 (86.6)
Q{‘plk}(]\, ) ) U{q,l }IW (86.18)

( ) {m})( )M=
ZB: ( )(‘M)aﬁ%(l@?)Mw (86.19)

lg,

HJIH

=)
=X

Ina

A
), BOCIOJIb3yeMcsl cooTHoIeHueM (86.1)

A
lq)l k’ kl
A 1
u _————— ik +R;. e(%- .,) (,)
O L CA DY
(86.20)
Ho
exp ik - RL¢1 =expi (g, ¥)- Re. (86.21)
A

TToncrasags (86. 20) (86.21) B (86.19) u ucnoassys (86.3), nosyunm

2.2 ), —F=—exp(iRy- (o, - ¥ — F)) X

na B j'VE /\/M M
. k 4 4
X (q)ll)aﬁ ea ( A ].v ) eB ( %ﬁ)lh ];/ Q( ];/ . (86.22)

Y1066 BBHIHHCJIHTH uﬂ
M@l
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KpOMe TOro, uMeeM
1 , ’ ’
> rexp(iRe: (qr, - B — k) =08 (qy, - K —Fk).  (86.23)
1

Tak Kak @, fABJAETCA MOBOPOTOM, BXOAfIMM B TpPYIIy ® (&),
a3 (86.23) caenpyer, uro k=FR. Orciona cymma no k' cBomurcs
K €IUHCTBEHHOMY WJ/EHY, H €CJIH MBl elle BO3bMeM Mu=Mx® , TO

b,
k k
" )Q( . ) (86.24)
]v’ ]v’
Torpa, Hcnoabays (82.12), umeem
k
eﬂ( "oy, ]';, )= D®) ({e | — Ry (%‘bl;v’ %")}) eq (x”
Us ypasheHuft (86.25) u (82.16) naxonum nas (86.24)
— e . k ML k
I INILLLITALS WA G TN 2 PR L G
na wB 'V v
(86.26)
3arem u3 (85.18), (85.19) noayuaem nas (86.26)
k
T 000 o vty ) e

l-/,v/

Haxonen, u3 (86.18) u (86.27) moayuaem

(86.22) ynpouraercsi ¥ NPUBOAUTCA K BULY

k
ST 0 (7, Jer( 5,
o iV v

k
(86.25)

k
Q{%} ( ?v ) = ; D® O ({qy, | Tzh})v,vQ ( i, ) (86.28)

1o mpeanocaenuufi pesysnbrar. Ecin Tenepbh mnoJoXKHTb

P{q’lx ['lA}Q ( ?v ) = Q{‘”A} ( i )’ (86.29)

TO Mb TnoJydaem B (86.28) xejaemoe npasuio IpeoOpa3oBaHus

HopmaspHBIX KoopauHar Q| . nof AeHCTBHeM HEKOTOPOTO 3Je-

Menta rpynns (k). Kax H caenoBano oxuuaath u3 (86.1) m
(86.17), 310 To xe camoe mpPaBHJIO, IO KoTopomy npeo6pasylorcs

k
i ) Yto6Ll onucaTh BJIHAHHE CHMMET-
v .

Co0CTBeHHBIe BEKTOPHI e(
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puH Ha pelieTKy, OCYLLeCTBJsIS «NOBOPOT» (mpeoOpasoBaHue) KOOp-

k

OVUHAT ¥ CUHTAa «OCH» v( j )(bIIKCHpOBaHHbIMH, HanboJiee yno6-
v

Ho Hcnoab3opath (86.17) n (86.29). HanomauM, yTo, COIIACHO

(85.20) u (85.21), D*W ectp (pusuueckoe HelpuBOAHMOE A0NY-
cruMoe npejcraBiaetne rpynns G(k).
Mul ycraHoBHAH, uTO Q i uMeer TpaHchOpPMALNOHHEIE CBOH-

v
¢TBa OJOXOBCKHX BeKTOpOB. Takum 00pasoM, MbB! MOJKEM CBeCTR

(86.14), (86.28), (86.29) B eannoe mpasuno. IIyctn Ple jt(e, )1 —

oaHa u3 omepaunii rpynnsl &; tToraa us (36.17) u (36.18), nenas ne-
CyLIeCTBEHHBlE H3MEHeHUsi B 0003HaueHUAX, HMEeM

k. 2, k,
P{‘PPW‘%)}Q(fv)EP{“’p?Q(jv)EQ{“’pf(fv):‘
k

s L -
:0; u; D(*k) 0 ({'Pp! t ((Pp)})(gm (tv) Q ( ]'u ) (8630)

HamomHEM, 4TO HHIEKCH (0T) HyMepyioT 6J04HBlE MATPHIbI, COOT-
BETCTBYIOLLHE GJOKY ¢ BOJHOBBIMH BeKTOpaMHK &, u %, Toria Kak
HHIEKCH (V) HYMepyioT CTPOKH K CTOIOHB KaXAoH OJ0YHOH MaT-

PHIBL
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[TpoCTpaHCTBEHHO-BpeMeHHAast CHMMET PHS
M KJlaCCHUeCKasl IUHAMHKA pelleTKH

§ 87. Beepnenue

B 3To# rmase Hapsiay ¢ npocTPaHCTBEHHOH, HIIH reOMETPHICCKOL,
CUMMeTpHel MBI PacCMOTPHM BJHSIHHE CUMMeETPHH obpallieHus Bpe-
MEeHH Ha KJacCHUecKyro JHHAMHKY pelleTKd. 3ajada COCTOHT B TOM,
yTOOBl U3JIOKHUTH TEOPHID, M3BECTHYK IOJ HasBaHHEM TeopHH KO-
npencrasaenuil Buruepa [1] B npumeHeBun K npobJaeme IMHaMUKH
pellieTKH !).

B oTauuHe oT NMpOCTpaHCTBEHHOI CHMMETPHH, KOTOPAasd BXOAHT
B TEOPHIO «CTaTHUECKH», ofpallleHHe BPeMeHH Kak dJeMeHT CHMMeT-
PHUH BXOIUT B TEOPHIO «IHHAMHUECKH» B CMBIC]e «obpalleHHd ABH-
Kenua» Bo BpeMeHH. CyINECTBEHHO TO, UTO ONepallusi o0pauleHHd
BPEMEHU SBJSIETCS aHTHYHUTZPHBIM 3JeMEeHTOM CHMMETDHH, coXpa-
HAIUM a6CcoMOTHOe 3HaueHHe MOALYJS CKaJspPHOTO NPOH3BeleHHd,
HO He COXPaHSIOUIHM CaMo CKaJsPHOE NPOH3BEACHHE.

T'ynaBa HauHHaeTcs ¢ TPALHIHOHHOrO PACCMOTDEHMST CHMMETDHH
obpawennus speMern B § 88—94, 0CHOBAaHHOIO Ha OTOMXKAECTBJIECHHH
onepaTopa o0pallleHHs] BPEMEHH ¢ KOMIJIEKCHBIM conpsikeHueM, I1pu
3TOM ofnlepaTop oOpallleHuss BpeMeHHM XeHCTBYeT Ha HHLIe NepeMeH-
HBIE, yeM [POCTpaHCTBeHHBle npeabpasosanusd, KomilmekcHoe comps-
JKeHHe COCTOUT B HpeobpasoBaHuM (OTOGpaXKeHHH) KOMIIEKCHOTO
nojst (B KOTODOM 3aJaHH cOOCTBEHHBIE BEKTODBI) Ha caMo celd,
TOFAa Kak NpOCTPaHCTBeHHHE mpeobpa3oBaHusg OTOOPAKAIOT TOUKH
KOH(HTYPaLMOHHOrO NpocTPaHCcTBa Ha caMo cebsi. Tak KaK OCHOB«
HEIMH HepeMeHHBIMH AMHAMHKH pEIIETKH SBJAIOTCS BelleCTBEHHBIE
CMelneHusl, «(pH3HUecKHe HenPHBOAUMEIE» MPENCTABACHHS TaKkKe
IOJKHB ObITh BellecTBeHHHIMH. Kputepuil XeppuHra BellleCcTBEH-
HOCTH HEeNpPHBOAMMEIX NpPeICTaBJeHHH NPOCTPAHCTBEHHEIX TPYII 06-
cyxpaerca B § 93 [69]. B § 94 nano ofobuenne Gosee m0Ae3HOTO
KpuTepus BellleCTBeHHOCTH, naHnoe ®pen [70]. Mcmoawssys sToT mo-
cleHUH KpUTepHH, MOXKHO OIDefeJUTh He TOJBKO, SIBJSIeTCS JH
JaHHOe NpeACTaBJeHUEe BeUIeCTBEHHLIM, KOMIUIEKCHBIM HJIH IICeBJO-
BelileCTBEHHEIM, HO B cJyyae KOMIUICKCHOIO IPEJCTaB/IEHUS YCTAHO-
BUTh CHMMETPHIO KOMINIEKCHO CONPSIKEHHOT'O IPeACTABJICHHS.

B § 95—100 passuBaeTcs TeOpHUs KOIpeACTaBJIeHu, qaomas 06-
Wiee paccMOTpeHue, nNpHMeHUMoe B ()H3HKe TBEPAOro Tenaa, B uacr-

) CumMerpusi o6palieHdss BpeMEHN NPHMEHHTEJNbHO K 3aJauaM 3JeKTDPOHHBIX
CHEKTPOB TBePAHX TeJ NOAPOOHO paccMoTpeHa B KHure Bupa u IMnkyca [115].—
Mpun. peg, o ‘
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HOCTH, /s MOCJAeAYIOLIHX MPHJIOKEHHH 0JIKHA 0KasaTbcsa MOJe3-
HOM TecHas CBS3b C Pa3HEIMH THIIAMH KO3Be3[l.

[Tocse obweit Teopun B § 101—104 natoTcsi KOHKpeTHBIE MPHUJIO-
JKeHUS] K 3ajlaue ONpeleseHusi CHMMeTPHH COOCTBEHHBIX BEKTOPOB H
(dakTOpH3aUWH JMHAMHYECKON MaTpuubl AJas J000r0 3a4aHHOTO
KpHcTaJJia.

OrMmernm B 3akJ0OUEHHe, UTO COJepKAHHEe 9TOH FJaBhl IPEACTaB-
JISIeT, ¢ OJIHON CTOPOHBI, OOIU{ WHTepec (KPHUTEPHH BeHIeCTBEHHOCTH
U KJlacCH(pHKalus HEeNPUBOAUMBIX TPEACTaBJAEHUH NPOCTPAHCTBEH-
HBIX TPYHIN), a ¢ ApYro#l CTOPOHBI, KAcaeTCss PacCMOTPeHHS KOHKperT-
HOro (PU3HUECKOTO raMW/AbTOHUAHA JJIsl AMHAMHKU KPHCTAJIJIHUECKOH
pellleTKH. B 3ToM cMbICcje MPOCTpaHCTBEHHO-BpeMeHHas IPyIna CHM-
METDPHH SBJIseTCS TPYNION NHHAMHYECKOH CHMMETDPHH.

§ 88. AHTHAHHEHHBIH AHTHYHHTAPHbI# omepaTop
npeo6pasopanus K U cummerpus oOpameHun spemenn [71]

B namlemM paccMOTPeHHH OYEHb BayKHO KJAACCHOHIHPOBATL Npel-
cTaBJeHHs, 6a3ucOM AJS KOTOPBIX SIBJASIIOTCS BELIECTBEHHBIE HOD-

MaJibHbIC KOOplIHHaTbIQ( . ) ITO0 MOKHO caeJdsaTtb ¢ IIOMOUILIO
w

onepatopa npeo6pa3oBaHusl K, KOTOPHIil npeobpadyeT ¢QyHKIHIO B
KOMIIVIEKCHO CONPSXKEHHYI0 H HIrpaeT CYILEeCTBEHHYIO POJib KaK OMHH
H3 0TIepaTOPOB CHMMETPHH AHHaMHuecKol matpuus [D (k)] drtor Bo-
npoc paccmaTpHBaercs HoApoGHo Huxe. B 3TOoM maparpadge mbl 06-
cyauMm cBoficTBa npeobpasoBanus K.

Onpenenum onepatop K cieayouuM o6pasom:

Ke=¢e", (88.1)

rie e — 000 HHTepecylOUHH Hac coOCTBeHHBIA BekTop. JJs Be-
LUIeCTBEHHOTO COOCTBEHHOTO BEKTOPa MMEeM

Ke® = ¢®), (88.2)
a JIJIg MHAMOTrO COGCTBEHHOTO BEKTOpa
Kel) = — ¢, (88.3)
[TycTb @ ¥ b — KOHCTAHTH; TOTAA
K (ae + be’) =a"Ke + b*Ke’. (88.4)

0)
i/’

VAOBJETBOPSAIOUINI YCJAOBHIO CKaJspHoro HnpoHsBeldeHus (79.8), 1o

(re[)) (ol D=8 ()

Ecin e — KoMmyieKCHBIH cOOCTBEHHBIA BEKTOD, HanpnMepe(
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Torra no OTHOIIEHHIO K 3PMHTOBY CKaJsipHOMY MDOH3BeAeHHIO
(79.8) K sBJasieTcs ONEPUTOPOM aHTHYHHTaPHOTO Npeob6pa3oBaHHUS;
K sABJaAeTCS ONEPaTOpPOM aHTHYHHTAapHOro mnpeo0pa3oBaHHs TaKikKe
Mo OTHOLIGHHIO K SPMHTOBY CKaJsPHOMY mpousseieHdato (79.9) u
(79.11). Taxkum obGpasom,

( Ke“(u‘k)*:Keﬁ(%’lk))*ze“(%‘k)*:eﬂ(%’

Caenyer moAYepKHYTb, 4TO CBONCTBA AHTHYHHTAPHOCTH H AHTH-
JUHEHUHOCTH, BEIpAXKeHHBle cooTHOWeHUsiMu (88.4) — (88.6), penator
onepaTop K KaueCTBEHHO OTJHUHBIM OT ONepaTopoB npeofpasoBa-
HHH Pie}g, C KOTODHIMH MBI HMeJIH JeJIo paHee. B atom MBI y6enum-
csl cpasy e HpH JIOGBEIX BEIUMCIEHHAX U a/jre6padueckKux BBIKJIAl-
KaX, CBA3aHHBIX C 3THMH ONEPATOPaMH, H NPH NOCTPOEHUH TEOPHH
KONpPeACTaBJ/JeHHH (TeOpHM MaTpPHUHOTO romMoMopduama).

PaccmarpuBaeMblii Kak aGcTpakTHBIA onepaTtop, K geficTByeT Ha
MHBIE MepeMeHHBlE, ueM oNepaTop npeo6Pa3oBaHHA KOOPAHHAT
P 4. [Tosatomy aberpakThble onepatopsl K U Ple[4 KOMMYTHDYIOT:

KPy| =P sK. (88.7)

COBOKYIIHOCTb ONEPaTOPOB, COCTOSILAS TOJBKO H3 OHNEpaToOpOB npe-
06pa3oBaHus KOOPAHHAT, 00pa3yeT NPOCTPAHCTBEHHYIO PYIIY CHM-
meTpud kpucraina @, [lo mpuuuHaM, Kotopele OYyAYyT BHIACHEHHI
HiKe, aB6CTPAaKTHYIO rpynny &, onpele/eHHYIO KaK

G=06+ K®, (88.8)

MBl 6yeM Ha3blBaTb IPOCTPAHCTBECHHO-BPEMEHHOH rpynnofl cumMmer-
pun &.

[Monnoe, 3aBucsillee OT BpeMeHU pelleHHe AHHAMHYECKOro ypas-
HeHusi (79.4) uanm (85.1) mouayunrtcs, ecsid MBI yuTeM IOJHYIO Bpe-
MeHHYIO 3aBHCHMOCTb CMeLleHui, ycTpaHeHHyo B (72.2). Toraa oxa-
3BIBAETCS], YTO 3ABHCALIMN OT BpeMeHH cODCTBEHHHIA BEKTOP &, COOT-
BeTCTBYIOILKH BOJHOBOMY BEKTOPY R, paBeH

k) (88.6)

b k o
e( j t)Ee( i )exp—zm(kl]u)t (88.9)
u i
H YJAOBJETBOPAET yPaABHEHHIO
k o (| R
I lu

ITpumenum Tteneps omepatop K k ypabuenuwo (88.10):

K[D(k)]K"l-Ke( t)—l—K—éi:gK—l~Ke(

f)=Q (88.11)

k
jp, jl‘
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Ho oneparop 6%9(® BeulecTBeH, TaK 4TO

K(aﬁ)K— “(atﬂ) (88.12)

KID®] K™ =[D®), (88.13)

B3saB sartem

MBI TIOJYYHM, HCHOJB3ys omnpenestenue (78.5) u BellleCTBEHHOCThb
CHJIOBHIX HOCTOAHHBIX [®],

[D () = [D (— )] (88.14)

Cpasuum (88.14) ¢ ycaosuem spmuroscetd (78.6) maa [D(k)].
W3 (78.6) BuITekaer, yTo AHHaMudeckasi Matpuua [D (k)] npu ¢ux-
cUpOBaHHOM k aBJseTcst apMuToBoil matpuueir. Ma (88.14) noay-
YaeTcst COOTHOLIeHHe MexkAY AuMHaMuueckoil matpHueid [D (k)] npm
IBYX pasnuuHblx sHauenusix k. Torma us (88.12), (88.14) u (88.11)

HMEeeM b
62
)= (5) ke (|

n

z). (85.15)

k
D(—k)- Ke( i

Pacemotpum reneps MOMHLIA HA0Op 3aBUCSALIMX OT BPeMeHH cof-
CTBEHHBIX BEKTODOB NPJ 3a1aHHOM 3HayeHHH —&:

—k
s( , |t ) =g (
Ia
OHH yILOBJETBOPAIOT yPaBHEHHIO

o)

i

—k .
fx) exp (—io(— k| j)1). (88.16)

k

,l'h

t ) =0. (88.17)

k
A ) CBSI-

CpaBHuBas (88.15) u (88.17), BHAHM, UTO BEKTOD Ke( i
»

0w -e(

3aH HENOCDPEJCTBEHHO C 8( { ) . HT0o6Bl yCTAHOBUTL COOTHOILE-

I
HHe, MBl BO3BPAaTHMCH K He 3aBHUCSAILIHM OT BPEMEHHM YyDaBHEHHUSIM

asuxenusd. Ilpn 3ajaHHOM 3HA4YeHHH R 3TH ypaBHEHHS HMEIOT BHJ

(D @) - z)=w2(klf)e( ]k

. ) p=1,..., 1, (88.18)
4 ypaBHEHHd IJsA BOJIHOBOI'O BCKTOpa — k 3amHCHIBAIOTCH TaK!

‘j;)..:@z(_kme(

—k .
- ). A==1,...,1; (88.19)
Ia

 (— -
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ITpumensist oneparop K k o6eum croponam ypasHenus (88.18),
umeeM c¢ ydetom (88.14)

D (— &) - ke Z)=®2(kli)Ke( !’Z) w=1, ..., [ (88.20)

Orcrona cienyeT, UToO He 3aBUCALLHAE OT BPeMeHU BOJHOBBIe BEKTODHI

k

Ke( j ) YAOBJETBOPSIIOT TAKUM 3Ke YPaBHEHHAM AJd cOOCTBEHHBIX
u

3HAYCHHUH, 4YTO H e

A

Hasee, us (78.6) nosayuaercs, uro [D{(k)} u [D(k)]* = [D(—*)]
HMEIOT OJUHAKOBBII Ha60p coOBCTBEHHBIX 3HAueHUH. JeHcTBHTENBHO,
[D(R)] n [D(R)]* — sxBHBaNeHTHE W MX MOXKHO B35Thb BEIIECTBEH-
HBIMH. DTO 03HduaeT, YyTo CyLLeCTBYeT yHHTapHOe NpeolpasoBaHHe,
C DOMOIIBIO KOTOPOro MOxKHO ipeoGpasosats [D (k)] B Bewmecrsen-
Hyo marpuuy. Mcereayem ato yTeepxAeHHe nogpobHee. M3 (79.16)
HMeeM

¢ AuHaMuuecKoit matpuue# [D(—Fk)].

E (k)7 -[D &) E (k) =A (k). (88.21)

Tpauncopmupya ¢ nomoubio K npeobpasoBanue nogobus (88.21)
HJIM, UTO TO K€ caMoe, B3SIB KOMIUIEKCHO COMNpPSIZKeHHOE BBIParKeHHe
or (88.21), noayuaem

E®) ™ - [D®] - E (k) =A" (k) =A (k), (88.22)

rle MOCJedHEe PABEHCTBO caejyeT u3 BeilecTBeHHOCTH A (k). 3artem
n3 (79.15), (88.13) u (88.14) nmeem

E()-[D(— k] -E®™ =A@ (88.23)
IMpupasuusasa (88.21) u (88.23), moayuaem

E®))" - [D®)-Ek)=E & -D(—HB]-E®™". (88.24)
Torna

E®)-E®)™ - [D®)]- (E®)-E®)=[D(—k)]. (88.25

Orcrofa BHAHO, YTO CHUMMETpPHYHAs MaTpHIa

S(k)=E (k) -E (k) (88.26)
ocymecTs/sieT npeo6pasosanue mnojpobus ot [D(R)] x [D(— k)]
S -[D®)] - S (k) =[D(— A (88.27)

M3 (88.26) u (79.14) moxuo Hafitn sjeMenTnl S (k). OHH paBHBI

(S(k))ﬁn',6w=;eg(%' ’;) 3(92' k

; ) (88.28)
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Otmerum pasnnuve Mexay (88.28) u ycq0BHAMHM OPTOrOHAJBLHOCTH
H HopmupPOBKH (79.6) uwau (79.9), (79.11). Eciu oThenbHbi cobeT-
BeHHBI{l BeKTOp BeluecTBeH, To (88.28) toxnmectBeHHo (79.9) wuan
(79.11), Tax uro

k
ecu e( j) Beulectaenno, to S (k) =11, (88.29)
rae I3, — (3r)-MepHas eqlMHUYHas MaTpula. Toraa ficHo, 4To B Cay-
yae BellecTBEHHBIX BekTopoB (88.27) w (88.14) nokaswBawT, uTO
[D(k)] BewecrsenHo u, TakuM o6pasoM, pasHo [D(—k)]. Ho B 00-
HieM cJiyuae 3TO He Tak.
Hcnonwsys (88.22) u (88.14), naxonum
[D(— k)] = E (k)" A (k) E (B). (88.30}
BosbmeMm A (k) B kanoHuueckoli dopme (79.17) u moanyuum (88.30)

*
HRAC
R
Tl BLIYMCJIEHHS CKaJsipHOrO INPOH3BEJEHHSt BOCIOJb3YEMCS elle
Bblpa)KeHHeM JJIs1 COOCTBeHHBIX BeKTOPOB MaTpuubl D(—k) u noay-

yum u3 (88.19) u (88.31)
VAN

ZZZBZ(% ;)032("”)8,5(%’
7 A P

—k o j s
=§D(%M’)aﬁeﬁ(x’ ]_n ):(o?(—‘k”)ea(% }__ ) (88.32)

i

IlpenBujst pesyabTaT M HCHOJB3YS CKAJIpHOE MPOU3BEAEHUE
(79.10), Bo3bMeM B KauecTBe YCJOBUS OPTOTOHANbLHOCTH Aas 6J0-
XOBCKHUX COOCTBEHHBIX BEKTOPOB NP 3aJaHHOM R cJenyioliiee COOT-

HOIIEHHEe:
k ) ,
. e w
/P

4
Zeﬂ(%
B’
MEl Takxe BOCHOJb30BAJIHCH 31eCh NPUBEIEHHEIM HHXKe BHIpaXe-
nuem (88.37). Ilpu arom seBas cropoHa ypaBHeHus (88.32) mpunu-

MaeT BHA
. k
e, | %

—k
- ) =0(k+K)870,,. (88.33)
o

. )m2(k|j)=m2(-k|7)ea(% _ ) (88.34)
Ia ia

Tak Kax pelllecTBeHHbe coGcTBeHHble 3HaueHHs [D (k)] u
[D(—k)] = [D(k)]* onuHAKOBHI, TO HE3aBHCHMO OT HMOPSAKA COMHO-
KHTeJed MBl MOXKEM TIOJIOKHTh

o2 (k| j) =w?(— k| j) (88.35)
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U 3aTeM

:k) (88.36)

Ke( z)-:e*( Z): ( 7_:)‘ (88.37)

Caenyer ykasath, uTo B KHure [5] [cTp. 174, ypaBHenue (49.4)]
JIubdpun yxe wucnonab3oBan cooTHourenust tuma (88.37) B orcyT-
cTBHe BhIpoxXAeHus (/; =1 wiu [;=1) n Gpan

e*( ’.e)=——e(‘—?). (JTab6ppun)

]

G®opmyaa Jlubdpuna cormacyerca c¢ Hallell 6Jaaronapsl BHOpaHHOR
HaMu (opMe cooTHoumeHHH opToroHaabHocTH (88.33). Ilpu aToMm
(88.37) oxaspiBaeTcsl cHpaBeAJIMBLIM U B OTCYTCTBHE BHIPOXKIEHHUS.
OTtMeTuM, 4T0, BOOOILE rOBOPH, j‘1 u j, B (88.36) pasnnuHbl; HX
¢Bs13p Oymer ycraHoBJeHa B ypaBHeHHH (94.22) u B mociaeAyloliueM
paccMOTpeHnH, a tTakxke B § 95—100.

Bosspamtasich K 3aBHCAILIHM OT BpPeMeHH COBGCTREHHBIM BEKTO-

pam (88.16), umeem
¢ )= s(

k

Ke( .

Tu
CanenoBatesbro, onepatop npeobpasoBanusi K npeobpasyer cober-
BEeHHBIl BEKTOp, COOTBETCTBYIOUIHH CMEUIeHHIO C BOJHOBHIM BEKTO-
pOM R B MOMEHT BpeMeHH f, B COGCTBEHHBIHl BEKTOD, COOTBETCTBYIO-
HIKH CMEIeHHIO ¢ BOJHOBBIM BEKTOPOM —FR B MOMEHT BpeMeHu —I.

k
, t) ob6pa-
In

LIeHHBIM BO BpeMeHH U/ oOpallleHHBIM 10 aBHxKeHuio. M3 (88.37),
(88.35), (88.20)naxonuM, 4TO He 3aBHCSLIHE OT BPEeMeHH cOOCTBeH-

HJIHA

—k

— t). (88.38)

In

[ToaToMy MOXKHO Ha3BaThb COOCTBeHHBIH BEKTOD Ke(

Hble BEKTOPH e(
]U- ]ﬁ,

CTBeHHOMY cocTofHHI0. IT03TOMY faxe A/ He 3aBHCAL(HX OT Bpe-

k

— ) MOXHO ymoTpebJsATh TepMHH

i

k k
. ) H e*(/,_ )omocmca K BBIPOXKAEHHOMY COO0-

MeHH COOCTBEHHBIX BEKTOPOB e*(

«o0palieHnble BO BpEMEHUY.
AHanorHuHo TOMY KaK MBI IIOCTYIIAJAH C ONEpaTOPOM MPOCTpPaH-
CTBEHHBIX mpeoOpasoBanuil Ple|gy, MOXKHO ONpeJeNHTb AeHCTBHE
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k
K Ha KOMIIEKCHY10 HOPMAJIbHYIO KOOPAMHATY Q(]. ) [cm. (88.37)]:
b

(t)-o(2) o)

3ameruM Takxe, uto (88.39) MOXKHO MOJYYHTH HPSIMBIM IIpPHMeEHe-
HueMm K K Bhipaxkeruio (86.2) ¢ ucnosnbsosanueM (88.37). Chopa or-

METHM, UTO TOYHOe COOTHOIIeHHe MeXAy HHAEKCAMH [, M [, HyX-
JaeTcqd B onpeaedeHnu U 6yldeT o6CyxKAaTbCAd HHKE.

§ 89. llonnan npocrpaHcTBeHHO-BPeMeHKAs rpynna ¥

BepHeMcsi K PACCMOTPEHHIO MATPUIB! CHIOBBIX HCCTOSHHBIX [®)]
u3 § 71. HanoMHUM CBOICTBO HHBApPUAHTHOCTH [D] MO OTHOLIEHHIO K
npeo0pasoBaHuaAM oO0LleH HPOCTPAHCTBEHHON CHMMETPHH:

P n[®] Py o =[D]. (89.1)

B npenmayuiem maparpade Mbul ¢hOPMyJIHPOBANR TaKKe MNPABUID
HHBADHAHTHOCTH MO OTHOLIEHHIO K 00pallleHHI0 BpeMeHU:

KI® K™ = [®]. (89.2)

CrepoBaTeNbHO, NOJIHAsA TpPylna CUMMETDHH IOTEHLIHAJBHOR 3Hep-
rud V H kuHeTHuecko#l sHepruu T, ramMmabToHWaHa f M, ciaenosa-
TeJbHO, KPHCTAJ/1a, COCTOHT U3 CYyMMBl KPHCTaMJIHYECKOH IIPOCTpaH-
cTBeHHON rpynnel @ u cmexHoro kiaacca K@:

=0+ KG. (89.3)

Mpl GyneM HasbBaTh & MOJNHOH NMPOCTPaHCTBEHHO-BPEMEHHOH rpyn-
Mol CHMMeTPHH KpHCTa/a.

Of6paTuMcs Telepb K PACCMOTPEHHIO [HHAMHUYECKOH MATPHIIH
[D(k)]. Us (81.26) mbl nmeem mJs omeparopa npeofpasoBanus, coO-
OTBETCTBYIOUIEr0 IPOCTPAHCTBEHHOH CHMMETPHH,

Por < @y [D (B)] Pz« ap=1[D (¢ - B)]. (89.4)

Ure6el BerBectn (88.13), (88.14), MoxHo ucnoab3oBath (81.23), om-
penenenne K B (88.1) — (88.4) u csoiictBo (88.7). Torza

H KID®]K'=KP® M ™ [®©O][M]"*K™'.  (89.5)
(o) .

KP® =K 3 expik- R\Ppi-ry =
A

= %} exp — ik - R, - Ppoi-r, K =PCPK.  (89.6)
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Tak kax [® (0)] ¥ [M]™" BemiecTBeHHB!, OKOHUATEJIbHO HMEEM
K[D (®)] K™ =[D (— &)). (89.7)

BcrencTsre aHTHIHHEHHOCTH M 2HTHYHHTApHOCTH omnepatopa K ero
OGLIYHO paccMaTPHBAIOT OTACJLHO OT ONEePaTOpPOB MNPOCTPAHCTBEH-
HOH CUMMeETpUH. DTa BO3MOXKHOCTH BHAHA B (89.7) u (88.37), Tax
kak K ofGpainaer BoaHoBoH Bekrtop R. OaHako ecad R — BOJHOBOH
BEKTOp B 30He DpuaaiosHa, To u —Kk OTHOCHTCA K 3ToH JKe 30He.
TaxkuMm o6pa3oM, B yKa3aHHOM cMmblc/e K ycTaHap/JHBaeT COOTHOLIe-
HHE MeXKAY BOJHOBHIMH BEKTOPAaMH, KOTODble MOTYT OHITh JHGO CBS-
3aHH, AH00 He CBA3aHB omepaTopoM Preys. [lpu Takom monxone K
HMeeT CMBLICA JONOJHHTEJIbHOH ONepaudd CHUMMeTDHH, He BKJIOYEeH-
HOH B rpynmy npocrpaHcTBeHHON cuMMeTpuu @. Tlostomy MoOxHO
pa3BUTb eIHMHHIl MOAXOA, NPH KOTOPOM BCE OIEPaTOPH paccMaTpd-
BAlOTCS HA DAaBHHIX OCHOBaHMAX. TakoH moaxoZ chopMyaupoBaH
nuxe B § 95—102.

)

i

H HOPMAJbHBIE KOOPIHHATHI Q(j ) KaK 0a3uc npencrasJeHH
A

pz]

X

90. CoGcTBeHHBIE BEKTOPHI e(

rpynnsi 9

UTo6E paccMOTPeTb KOCTATOYHO MOJIHO fHeficTBhe omnepatopa K,
HyxKHO paforaTb ¢ Ha0OpOM HENPHBOIMMBIX TPeACTABJICHUH
p{*#) (my moaHO# nmpocTpaHcTBeHHOH rpynnel. B § 77—86 mur orpa-
HHYHJIHCh PACCMOTPEHHEM TOJNBKO JONYCTHMBIX HENPHBOAUMEIX
npegcrasieHuit D® @ rpynnet (k) u moauet Habop D(*k) )
Obl1 moayuyen uHAyKuuel nuza D®Im. Ho omepatop K He aBjsiercs
JHHeHHBIM omepaTopoM THHa Pg|q. [TosToMy HyXHO nposaBaATh
HEKOTOPYIO OCTOPOXKHOCTb HDH aHaJH3e Pe3yJdbTATOB, MOJYUEHHEIX
H3-3a HaJHUYHs oneparopa K cpeil onepaTopoB CHMMETPHH 3a1auH.

TMonuoifi HaGop COOCTBEHHBIX BEKTODPOB, ONpPENSSIONIHX JIHHel-
HOe BeKTOpHOe IPOCTPAHCTBO M fABJSAIOIUXCA 6a3UCcOM s D(*#) (m)]

MOMHO B3SITh B BHJE
k) ( : ) ( :
) el ), e
h Iy,

S8 ) E{e( ].; )} (90.1)

CorsacHo (86.28), (86.29), cOBOKyIHOCTH (s [;) KOMIIEKCHHEIX HOp-
MaJIbHBIX KOOPAHHAT

Z(*k)(])E{Q(z), e, Q(lll) o Q(zs )} (90.2)

{




[
"~
o

T'rasa 9

TaKXkKe MOXHO B3ATb B KadecTBe 0a3nca HemepeBOLMMOrO Mpen-
crasaenns D)), rak kak nas (90.1) u (90.2) umeem
P t;Z(*") =3B ODPFR D ({p] £). (90.3)
Teneps paccMOTPUM JIHHEHHOe BEKTOPHOE MPOCTPAHCTBO

Kz(*k)(f)=g(*k)<i)*={e*( k), ce e*( I.cs )} (90.4)
J1 Iy

W3 (88.37) umeem
Ksa) () — 3(*-&) @, (90.5)

3anuceiBasg 3TO BBIpa)kKeHHe uepe3 HOPMaJbHLIe KOODIHHATEHI, MbI
moJyuaem

Kz(*k)(i)s{Q(’_c)., Q(lics\) }=E(*-k)<ﬂ). (90.6)
I Iy

Hcnoabsys npocrpanctso (90.6) B xauecTBe Gasuca mjsl npejpcra-
BJIEHHH, [OJAYYUM

Pro qKZ(*”) D= Py, t}z(*—k)(m = S(*-r) (W p(*~r) @ {@lt}). (90.7)

Hs (90.7) MBI BHAHM, YTO HpOCTpa‘H‘CTBO K2(*®) () gpisercs Gasu-

com npexcrasaenus D*~#) @  rpynmer @, rae ¢BA3b i ¢ j elie He
yCTaHOBJIEHA, ;

[Tpumenum tenepn omepatop K kK obeum croponam (90.3) u
Bocrosb3yemcst (88.7); Toraa moayuum

KP(W)Z(*") () == Py t}KZ(*k) = KB OD*E D) ({¢] £})*. (90.8)
Orcroaa

D*B)(* = p(*-#) (W), (90.9)
[Tonyuaercs, uro HOJNHBIN HAaGOp coOCTBeHHBIX BekTOopoB (90.1) mau
KOMIIIEKCHBIX HOpMaJibHEIX KoopAuHar (90.2), spasiouuxcs Gasu-
coM HenpuBogumoro npexcrasiesus DB rpymme ®, moxer
CAYKUTb Takxke 6a3ucoM HENPUBOAHMOrO MpecTaBJIeHUs DB
rpynnel @, ecin 3ToT Gasuc npeobpaszoBaTh ¢ MOMOUIbIO ONepaTopa
oGpawmenus BpeMeHH K. OTciofa cpasy cjelyer, UTO ecjau pre)®
stBAsileTCsl HEMPHBOANMBIM TIpeAcTaBaeHneM rpynnsl @, to D4 o
TOXKE SBJISIETCS TaKOBBIM.

§ 91. CymecTBeHHOe BBIPOKIEHHE KAaK CJeJCTBHE MNOJHOM
NPOCTPAHCTBEHHO-BPeMeHHOH rpynnel cuMMeTpud KpucTaana G

[Tonuo#t rpynmoii cuMMerpuu B 3ajavye NHHAMHKH KPUCTaJInye-
CKOH pellleTKu ABJASETCA rpynna § — MoaHasA NPOCTPAHCTBEHHO-BpE-
MmenHas rpynna (88.8). Ilox cyumiecTBeHHBIM BHIPOXKIEHHeM Mbl Gy-
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ZeM [OHHMaTh BLIPOXK/IEHHE, CBA3AHHOE C CYLIECTBOBaHHeM Habopa
BEKTOPOB, 00pasyouluX HEHPHBOAMMOE N0 OTHOUIEHHIO K & JuHeil-
HO€ BEKTOPHOE IPOCTPAHCTBO. Bce 3TH BeKTOpH MOTYT OBIThb JIHEO
cobcTBenHbIMH BekTropamu Tuna (90.1), (90.4), an60 KOMIJIEKCHHI-
MU HOpMaJbHEIMH KoopauHaTamu (90.2), (90.6).

Tak kak omepartop K sBJsieTCsl OMePaTOPOM CHMMETPHH, TO Ha-
60p coOCTBeHHBIX 3HaueHHH MaTpuisl [D(k)]

(O (11, ooy 0 (RITY, ooy 0 (R, ..o w?(RIEY (OLD)
TOXKOAECTBEHHO paBeH COBOKYMNHOCTH COOCTBEHHBIX B3HAYeHHH Ma-
puust [D (R)]" = [D (— &)]

(O (— ki) ooy O (—RIE, L —kIJ]) .. @ (— kL))
(91.2)

HanomuuM B cBfizu ¢ aTuM cooTHolueHHne (88.35). Orcioza caemyer,
4YTO NPOCTPAHCTBO, 00pa30BaHHOE COBOKYIHOCTBIO BCeX COOCTBeH-
HBEIX BEKTODPOB HJIH HOPMaJ/bHBIX KOOPAHHAT MPH 3a1aHHOM K:

E(k)({i})s{e( ]k), e(if ) e( ﬁ )}
{ lj g
k k
) =
NGE) {Q(].1 ) Q(].lj)_. Q(fz,/)}

BBIPOXK/AEHO C NPOCTPAHCTBOM, 06pa3oBAHHBIM COOTBETCTBYHOLHMH
naGopamu npu 3ajaHHOM —&R, T. e,

SU=B) () — 308 (D = K30 G (91.4)
kN k

30 () = e*( ) e‘*( ’ }
I j lj )

\
HJIH 91.5)

T8 (1 *( k ) Q ( k
—.{Q ]'] ;-joy \];l,)}'

[TpennosiokeHue O CYLIECTBEHHOM BBIPOXKJeHUH TpeOyeT, YTOGH
«(u3nyecKoe HEeNpUBOAUMOE NpPEJACTABJeHHEey TPYNBl &, BO3HHKAIO-
Ulee B 3ajave JHHAMHKH pelleTKH, Obl1O BelleCTBeHHBIM NpeJCTaB-

JdenueMm. Tormaa, ecJH NPOCTPAHCTBO =(*#) () pewecrpenyo:
SR ) = KRR, (91.6)

TO OHO MOXKeT CJYXKHTb 6a3ucoM AJsi (bPIBI/I‘IeCKOI‘O HENPHBOAXMOTO
lipeacrasJeHus B 3ajade JHHAMHKH KpHCTAaJJa, obJsapadlero

HJIH
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npoctpancrsennoli rpynnos @ Ecan E(*®)0 e spasercs sewect-
BEHHBIM, TOT[a CYLIECTBYIOILHe HedH3HUECKHEe HETIPHBOAMMBIE Bellle-
CTBEHHLIE INIPelCcTaBJeHHs HMEIOT CBOMM 0asnucoM NpPSIMYI0 CyMMY
060HX NPOCTPAHCTB

S8 ) @ k=R 0, 91.7)

Taknm o6pa3oM, BO3MOMKHE TOJIbKO Takue (Gu3HUECKHe HeNpHu-
BOJAHUMBIe NpefcTaB/eHHs,, 6a3HCcOM KOTOPHIX ABJSETCH BElleCTBEeH-
HOe NPOCTPAHCTBO X. HamoMHHM, 4TO OCHOBAHMEM [Js 3TOTO TPE-
foBaHHs ABJSETCS BEUIECTBEHHOCTb NOJSA (U3MYECKHX CMeLleHH
i, ONHCHLIBAIOUWIUX OTKJIOHEHHe aTOMOB KpHCTa/Jla OT TOJOMKEHUH
pasHoBecus, PaccmarpusaeMoe (M3uuecKoe [OJe AOJKHO OLITh Be-
HIeCTBEHHLIM, T. €,

Ku=u=u. (91.8)

Yrtobnl 4 ocTaBaaoch BENIECTBECHHLIM BCE€ria, AOJ2KHBl CYHIeCTBOBaTh
yca0BHs, HajaraeMble Ha MPEACTABJIEHHS, 1O KOTOPHIM npeoGpa-
3yI0TCSl COGCTBEHHBle BEKTODH H KOMIUIEKCHBIE HOPMaJbHbBIE KOOD-
IuHATH. Y6eaumcsl B 3TOM Ha npumepe (86.1):

e =)
D Tennraa( (). oo

Coornomenus (88.37) u (88.39) nossoasror 3anucate (91.9) cae-
LyouuM obpasoM:

uZ(i)=7Ml—:~_A7§I:Zv:zk:expi(—k-RL)ea(u _]:k)Q(—]:k)

v v

(91.10)

Bunoauas s (91.10) cymMupoBauue mo j, ¥, —k u cpaBHUBas pe-
syabTaT ¢ (86.1), Buaum, uto (91.8) Bepuo. HeobGxoaumas aasa go-
Ka3aTe/bCTBa 3aMeHa UHAEKCOB CYMMHPOBAHHS AONYCTHMA, TaK Kax
STH HHAEKCH HeMBbIE.

Jajee Mbl mojiaraeM, uro A06oe HOpMaJbHOe KoJeGaHue, BO3-
HEKaloulee B JAMHAMHKE pelueTkH, OymeT npeobpasoBbIBaThbCs Kak
Gasuc LJA BeUIeCTBEHHOIrO HENPHBOLHMOIO NPEACTABJEHHA MHOJHOM
npocTpaHcTBeHHO-BpeMeHHOH rpynns . OueBuaHo, ecin

D*&) ) = p*ehur, (91.11)
- TO HENPpHBOAUMOE MPEACTABJACHHE IPYIIH @& BemiecTBeHHO H, TAKHM

o6pasoM, mpHeMIeMO B KadyecTBe «(H3HYECKOTO» HENMPHBOJHMOTO
npedcrasiedus rpynns &. Ecan

. : DR () 5= p(*e) () (91.12)
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TO «(U3HUECKOe» HENPHBOAHMOE NpeAcTaBjieHHe rpyinb & spiager-
cA NpAMOi cyMMo#

D8 i@ p*e) o 91.13)

KeTopas u [pejcTaBiaseT coboft B 5TOM c/ayuae BellleCTBEHHOE He-
NPUBOAUMOe NIpejCTaB/eHHe rpynisl @.

Ecan ameer mecto cootHomenne (9:12), to yyer cummerpuu o6-
pallleHHs BPeMeHH He MEeHSeT pe3y bTaTOB aHaJH3a, OCHOBAHHOTO Ha
yyeTe UKCTO TNPOCTPAHCTBeHHOH rpynuel cuMMerpun @. B cayuae
xKorda pmeer mecro (91.13), m3-3a yuera omepaTopa oDOpallieHHS
BpeMeHH K IPOUCXOAMT Y/IBOEHHE BHIPONK AEHHSI.

CrenoBaTesbHo, YTOGB Y3HATb, yBeJAHUHBAETCs JH  KPAaTHOCTb
BLIPOXKACHHA NpH yueTe NOJHOH rpynnul cuMmerpun &, oueHb BaxK-
HO HCCJAEN0BAaTb BEIECTBEHHOCTh HENPHBOAUMBIX IpeACTaBJeHUH
rpynnsl &. K aToMy BOIpOCY MBI elile BepHeMCs.,

Craenyer clenaTh elile OAHO, noc/jednee 3amedanue. OueBHIHO,
BECh NPEALIECTBYIOUIHI aHaAu3 NPOCTO YCTaHABJUBAET Heolxodu-
Mble YCJOBHSI BellleCTBEHHOCTH mpPEeLCTABJEHUN, MO KOTOPLIM mpeo-
paayercs Ju00 INPOCTPAHCTBO cOBCTBEHHBIX BEKTOPOB, JHOO HpO-
CTPAHCTBO HOPMaJbHHIX KoopauHaT. Taxum ofpasoM, ecau cyule-
CTBYeT [peJAcTaBieHHe rpynms &, no KoropoMy mpeofpasyercs
IPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB HJIH HOPMAJbHBIX KOOPAHHAT
KoJieGaHui, TO OHO JOJKHO HMeTh (hu3nuecKull cMeica. O6paTHoe yT-
Bep:K/JeHHe HeBepHO: INpH 3aJaHHOH NPCCTPAHCTBEHHO-BPEMeHHOH
rpynne & He Bce HENDUBOAHMBIE MPEJCTABJICHUS TPYIINE, HMEIOIIKE
(hu3HUeCKHI CMBEICJH, BCTpPeuaroTcsl B AUHAMuKe pewretkd., Ompene-
JleHHe TaKux (GHU3M4eCKHX HENPHBOAMMbLIX NPEACTABJEHHH 115 KOH-
KDeTHBIX KPHCTAJI0B paccmarpupaercs B § 103.

§ 92. Kpurepnii BemecTBeHHOCTH NpeACTABICHUI D&
rpynnn G

Kax 6b10 oTMeueHo B HpeanigyuieM naparpade, BOIpoc O Cy-
eCTBEHHOM BHIPOK/IEHKH NPH HAJHUHU CPYNNH & HemocpeacTBEHHO
CBSI3aH C BELIECTBEHHOCThIO NpeActaBiaeHuit D(*#) () rpynmel npoct-
paHcTBeHHOl cuMMeTpun @ xpucrasnaa. B stom nmaparpade mul mHo-
CTPOHM TeOPHIO, KOTOPAA II03BOJIAEeT YCTAHOBUTH KPUTEPUH BellecT-
sennocry D(*#) () . [Ipeanonoxum, uto Bee HeIlpHBOAHMBIE INIpeJ-
crasienng Do) IPOCTPAHCTBEHHOU rpynmsl & ussectuu. Torzma
SICHO, YTO €CJH JONYyCTHMOE MaJioe HENPHBOAHMOE INpeAcTaBJIeHHe
D®m)  rpynne @ (k) BellecTBEHHO, TO W WHAYUHPOBAHHOE Mpej-

(*&) (m)
cTaBjeHue D rpynns @ Toxke BellecTBEHHO. DTO JOCTAaTOYHOE
yCZIOBHe BeLeCTBeHHOCTH, KOTOPOe B JeiCTBUTENBHOCTH SBJSETCS
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CAULIKOM cuJAbHBIM. M3 Hero cJaelyer, 4yTo
0 ({0, | ) =20 (G, | ) ©.1

nns Bcex sneMenton {¢y |t} rpymmet ® (k). Onmako, kak Gyaer
NI0Ka3aHO HHXKe, Laxe HOpH

KD (fg, | 1)) = %@ ({g1, | £})" (92.2)

npegcrasaenne D#) (" yMoxeT GbiTh BelleCTBEHHBIM.

UTOoO6sl HCCAELOBATh 3TOT BONPOC AOCTATOYHO IIOJIHO, HeoGXOoH-
MO BOOOLUEe TOBOPS, H3YUHUTL HENPUBOJHMEBIE NPEACTABACHHS IOJHON
rpynnsl. Torjga nocsie cCOOTBETCTBYIOILEro aHAJAH3a OKAa3LIBAETCS, 4TO
BOIIPOC CBOJAUTCS K H3YUEHHIO HENPHBOAUMBIX HpeacTaB/IeHUl
D®m rpynnet © (k).

B zanaue AMHAMHMKH peLIeTKH MBI HMeeM [0 TOJIbKO C Npej-
CTaBJAEHUSIME [POCTOH TPynnel &, Tak uTo BCe CAOXKHOCTH, CBSI3aH-
HEIE ¢ YIETOM CIMHA, MOXKHO ONYCTHTb. V3 aroro, B uacTHOCTH, Cile-
JIyeT, 4TO

ecau DUFE) m) = p(*&) (my+
(92.3)
TO D&} m) MoxHO cHesaTbh BeleCTBEHHBIM.
O6cynum Tenepp noApoOHO KpPHTEPHH BellleCTBEHHOCTH, KOTOPLIH
MOMHO TNPHMEHHTb K HENPUBOAMMBIM MpPEACTABJEHUAM D(*&)m)
rpymns &.
B 3ToM pacCMOTDEHHH CYLIECTBEHHYIO pOJib HI'DAeT MAaTpHila

MR m = p(*#) e ({g ] ). (92.4)
[6)

Martpuna MO*® s (92.4) sBaseTcs cyMMOl MO BCeM 3JeMEHTaM
{@|t} rpynnsl @ MaTpHUL, NPEACTaBAAIOLIAX 3/JEMEHTHI

ol t¥={?lg-t+ 18} (92.5)

*
B HeNPHBOANMOM mpeacTanienuyu D &) (m), Bo-nepBBIX, JIETKO BHIET,

aro M*#)(m) gommyTHpyeT co BceMH MaTpHIlaMH D(*#) (M) yenpusa-
JHMOro MpeacTaBJeHHS. HyCTb {@o] o} — npoU3BOMLHBIE 3JeMeHT
rpynnel @; Torga CONPSIKEHHBIH 3JE€MEeHT MOXHO ONlpelelHTb Kak

{aolta} - {018} - {ol 20} ™ = 1o 1)’ (92.6)
CJeoBaTeNbpHO,

DB ) ({qo] £o}) - MU®) (m) = ZD*k o ({1 £19- {@| 810 - {qol £o}) =
= (% DUE)m ({8} {o] t}°)) - DRV m) ({qg | 25)) =
= M%) mp(*&) m) (ol t}).  (92.7)



CumMeTpus U Kaaccudeckas OURAMUKA pelleTky 247

*
3aMeTHM, uTO cyMMa B Goabmux ckofkax pasHa M( £)(m): 3
CBOHCTBA MHBAPHAaHTHOCTH CyMMbl, B3fiTOH mo Bcefi rpymme [1, 50], .

uMeeM
= > . (92.8)
® (0]t} & {0 £}~

YpasHenus (92.8) BblpakaioT HHBAPHAHTHOCTb CYMMH 10 TPYIIe 10
OTHONIEHHIO K BHYTPEHHUM aBTOMOpGhHU3MaM, T. e. cymma Gepercs
[0 BCEM 3JEeMeHTaM IPYNIL He3aBHCHMO OT TOr0, HasLIBAalOTCS JIH

onnt {go|to} uau {@|t}°
Tak xax (92.7) umeeT MecCTO /151 BCeX 3JeMeHTOB {q,|fo} B @,
MBI MOXeM HpHUMeHHTDb jJeMMy Hlypa ¥ 3aKgOUUTB, UTO

MOE) (m) == H(*k) (T, (92.9)

(*%) (m)
rae I, — exunnuyaas MaTpuua ¢ pasmepamu (s-lx), a u —
Koncrauta. BasaB (a, B)-maTpuuHblfl smemenT (92.9), umeem

(M(*k) (m))aﬁ — u(*k) (m)(gaﬁ_ (92.10)
[Tonarast ¢ = u CyMMHUPYsi, MOJYUUM

Sp MU m = 3y ("8 ({q] #)7) = u*B i (5. 1,). (92.11)
®

Cioenyolueit 3afaueil ABASETCH ONpeleNeHue BO3MOXKHLIX 3Haye-
o w*
i pl k) (m), KOTODHE BO3HHKAIOT B KaXKAOM KOHKPETHOM CJyuyae
*
JJISl BellleCTBEeHHOro MpeicTaB/IeHns D*E) (m),

o * *
PaccmoTpuM cHauajia caydai, korna D8 mm g D*#) )y pesk.
BUBaJeHTHBl, COOTHOILIEHHe OPTOTOHANBHOCTH IJIsi He3KBHBAJEHTHBIX
HeNPHBOAMMEBIX NMpeACTaBJEHHIl uMeeT TOTAa BHI

% D& im) ! t}).ur (p*®) (ol t})*):u =0, (92.12)
HJH
Z p(*#) (m) (0] £}),c D*e)(m) ({@] O}u=0. (92.13)
®
Cymmupys (92.13) mo © # @, noayuum

YyTem (@ 1£)2=0, econ DEm g DFelemr (92.14)
®

Otcrona BHAHO, 4To B (92.11) 17151 HeSKBHBAJNEHTHHX NMpPeACTABJIEHUH
p(*e) m =0, (92.15)

Tenepp paccmoTpuM cayda#i (92.3) skBHBaJeHTHBIX NOPEACTa-
saennii. Ecan D(*® ) skpusanentno D) m* 1o cymectByer
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YHHATapHass MaTpuua U, YAOBJICTBOPAOUasd COOTHOLIEHHIO

U™ D) mp) = p(*#) tmy, (92.16)
HaH
D) m[J = [ p(*#) (my*, (92.17)

BosbMeMm BHIpaxkeHHe, KOMIJIEKCHO compsxeHnnoe (92.17), u yMuo-
KHM Ha

UD*e) Ut = yyrp*e) (m, (92.183)
Hcnoawssys (92.17), moaydunm oTcrona
D8 YUt = Uy 8 ), (92.186)

[k
CuenoBateanio, UU* komMmyTnpyer co BceMn Matpumamu D(™#)um)
HenpusoRuMOro mnpencrasienus. Orcionga, corgacHo Jemme Iypa,

UU* =yl s.1,,), (92.19)

rae y — Koucranta, a ., )— eLUHHUHAS MaTPHLA C Pa3MepaMn
(s+1,). Ua (92.19) umeem

' U=y U™, (92.20)
Tax xak marpuua U yHHTapHa, TO
UM =U"=U", (92.21)
WM R
Ut=0. (92.22)
Haxkownen, n3z (92.20) umeem
U=yU. (92.23)
Bepsi Bripamxenue, TpacnoHuposanroe ot (92.23), mosayuum
U=yU. (92.24)
TToncraBass (92.23) B (92.24), umeem
U =yU. (92.25)
CJle10BaTENbHO,
yr=1, (92.26)
y==1. (92.27)
Torna u3 (92.23) mosyunum
U=0. (92.28)

DT0 ycaoBHe cuMMeTpHUHOCTH Martpuunt U. JIu6o
U=—T0. (92.29)
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D10 ycaoBHe aHTHCHMMeTpHuHOCTH MaTpuusl U. J[Ba COOTHOLIEHHS
(92.28) u (92.29) xapakTepuayioT ABa Pa3JHYHBIX C/Iyuas, npHYeM
06a COOTBETCTBYIOT 3KBUBaJeHTHOCTH pD(*&)(m) y p(*#)m)»*, Pac-

CcMOTpHM CHayaJsa caydai {(92.28).
* .
Pacemorpum curyanmo, Korga D®) M yoxHo B3ATH Belmect-

o *
BCHHBIM, DTO 03HAUAET, YTO AJS 3aJaHHOH MaTpPHIEI D(*k) (my* cy-
[eCTBYET Takaa yHHTapHad MarTpuua S, 4to

S~ip*e) g = D(*#) (m), (92.30)
rne D4 gemectrenno: '
D*E) (my* — H(*#) (), (52.31)

Beps BuIpakeHHe, KOMIJIEKCHO conpsixkeHHoe (92.30), momyuum
ST p(*8) mrrg* = D&} i+ = H(*&)m — §™Ip(*e)mg. (92.32)

CJlenoBaTeJbHO,

$*S™' DR mgS* ! = p(*#) iy, (92.33)
Tak Kak S yHHTApHO, Mbl MOXKEM 3/€Chb TOXKE BOCIOJb30BATHCSH

(92.29): _
(SS)_I D(*k) (m) (Sg) — D(*k) (m)*. (9234)

1 *
Marpuua (SS), ouesnnno, npeo6pasyer D(*#) (m B KOMIJIEKCHO coO-
NpsiKeHHOe BHIPAXKCHUE H, TAKHM 00pa30oM, AOJM:KHA OBTL OTOXKje-
creiesa ¢ U w3 (19.16). CiregoBareibio,

(S8) = 8§ (92.35)

# avanoruuno (92.28) (SS) saBaserca cuMMeTpuYHOH MaTpuUedl.

$IcHO, uTO cyllecTBOBaHHe OT/IMUHON OT HyJs YHMTApPHOH Mart-
puunl S, yrosnaersopsiowei (92.30), coorserctyer (92.28). Takum
obpasom, ecan DB sxpupasentno DB™M*  y yoxer 6bTh
B3ATO BELIECTBEHHBIM, TO TOTJAa MOXHO BOCHOJb30BaThes (92.28)
¥ cyurath U cuMMeTpuunofi matpuueil. HaobGopor, ecin cyniectsyer
cUMMeTpHYHas Matpua U, to D*E)m) Moo BLHIGpAThL BEHIECT-
BEHHBIM.

BosspaTtuMcs K Bhpaxenuo (92.17), xoTopoe Ml Ipeo6pasyem
TaK, 4ToOn Gblla BuAHA cBA3b ¢ (92.14). YMHoxas (92.17) na

*
D*#) (M) y pLmHCHIBASA ABHO BCe apIyMeHTH (/eMEHTH npocTpaH-
CTBEHHOH TPYNNbBI), NOJYYHM

D(*®) o) ({g| £}) DB ) ({g| #}) U =
= D*&e)m) ({ | £}) UD® ) ({2}, (92.36)
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Boinosusas maTpHuYHOe YMHOXeHHe B JieBoH cTopoHe (92.36) n Geps
MATPHYHBIA 3JeMeHT ¢ HHAeKcaMu (o, §) OT pe3yJbTHpYyIollel MaT-
PHIBI, TOJYUHM

§ DR ({q] 8)7) oy Uyy = 2 DD (] 8))ag Use DT ) (@] ).

(92.37)

Tenepn npocymmupyem (92.37) no &. Torpa ¢ nomowmbio (92.10)
JeByo yactb (92.37) mMoKkHO npeofpas3oBaTh K BHAY

%“ % DB ({g| 1oy Uy = %: (M(*#) m) Uyy=
= %: p(*#) M8, Uy = p(*2) M. (92.38)

PaccMOTpUM Terepb HpPOCYMMHpPOBaHHy0 no @& mpaByio uacTs
192.37):

¥ Use ) DR (g £3),,, DO 10 (@] 8] =
de ®

. gpN L gpN
- Z Use Selm 6“865(3 - Uﬁa( S im
de

Urobwl noayunte (92 39), MBI BOCHOJAb30BAJHCh COOTHOIIEGHHEM Op-
TOrOHAJbHOCTH JJI SKBHBAJIEHTHLIX HENPHBOAHMBIX TIpeACTaBJeHHH

D& g DB, Torpa us (92.38) u (92.39) Hmeem

W8 ) — Zﬁﬁ)( ). (92.40)

). (92.39)

Ho oruomtenne Upy/Uqp, cornacuo (92.28) u (92.29), MoxXeT uMeTh

ToNbKko [Ba 3Hauenus ==1. Jlanee, B HHUTPeCyIOIUleM Hac cJayuae,
* *

gorga D' um g D(*&) m* 5KpuBaNeHTHEl B MOrYT GBITb B3SITH Be-

mecTBeHHbIMH, (92.28) cHOBa IPUMEHHMO H, CJel0BaTe/bHO,

gpN

*R) () e
“‘( ) im Sly

(92.41)

Il nONHOTH W3JI0XKEeHUst MBI BHIIHIUEM COOTHOLIEHHE, COOTBETCT-
Bylolilee cayuaio (92.29):
gpN

S'lm '

p(*e) ) = — (92.42)

Tenepr MOXHO HCHOJB30BATh pPe3yJbTaThl BCeX TPeX paccMoOT-
peHHHIX CJayuaeB, cooTBeTcTBylomnx (92.15), (92.41) n (92.42), n
NOACTABUTL 3TH coOTHOWeHHUs B (92.11). Urobu pasiuuuTh yKasaH-
nbie TPU Cayuasi, BOCHOJb3yeMcs npuHATof Tepmunosoruefi !). Ecan

'y Onpenesciiie HCMOAL30OBAHHOH TePMHHOJIOTMH JaHO, HaNnpuMmep, B KHHTE
Buinepa [1], crp. 340. — Hpun ped.
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k4
D*#)tm)  MOXKHO B3ATH BENIECTBEHHBIM B CMEIC/e (92.30) u (92.31),
To MBI OyJeM Ha3blBaTh ero MOTEHIHAJbHO BelIecTBeHHBIM, Toraa

% W (9] ) = g,N

IJIsT TIOTEHIMaNbHO Betnectenmoro D(*#)(m), (92.43)

Ecan D) m gommiekcno, kak B (92.14), to

DB em ({@ £} =0 nas KommaekcHoro Di#)m), (92.44) A
(6]

Ecom D*®m  sgpupasentno D8 m* 5 cmpicae (92.17) u He
MOKeT OHTb B3SITO BelleCTBeHHBLIM, To MaTpuua U gonxHa OGHITH
AHTHCHMMETPHUHOH H IPHMEHHMO cooTHOomeHHe (92.42). dtoT cay-
yail Ha3BIBAETCs ICEBAOBElleCTBEHHBIM. Torla

% x B ) ({g ]| £}2) = — g,N I/ NCeBIOBEIECTBEHHOTO DU*#) m),
(92.45)

B nunamHKe pellleTKn BO3HHKAIOT TOJbBKO cayuan (92.43) u
(92.44). Kpurepun (92.43) — (92.45) aBasiorcs oGIIUMH, H, HC-
noJb3ya cooTHOIleHHe (49.3), MBI MOXEM YCTaHOBHThb, K KaKOMY
CAYYa10 OTHOCHTCS Mio6oe NMpeAcTaBiedye. B HalieM pacnopsikeHud
nMeeTcs BCs HeoOGXoAuMas MHGOPMALHA, H OCTAETCS TOJbKO BBIIOJ-
HUTb CYMMHpOBaHHe Mo NMonaxo#t rpynme B (92.43) — (92.45). ScHo,
YTO Takas npoleaypa He caMIIKoM ypo6Ha. IloaTomy B cilenywolreM
naparpade Mb TOJYYUM YIOPOIIEHHBIH KDUTEDPHH, NpeltoKeHHbIH
XeppuHrom [69]. 3TOT KpHTepHI MO3BOJAET TPH HCCAEAOBAHHH
coficrs D(*#) ) pagorath Tombko ¢ rpynnoi @ (k). Cieayer oTMe-
THTh, YTO T4KOE YIPOIIEHHe BO3MOXKHO MOTOMY, 4TO MO CTPYKTYPE

D*#) ) gpiseTcs UHAYHIHPOBAHHBIM NMPECTABJICHHEM, IOCTPOCHHBIM
Ha npeactasjaenun DWW M rpynon & (k). Oanako, Kak yxe oTMmeya-
JIOCh paHee, B 3TOM naparpade Mbl He MOTJIH 3apaHee OrPAHHYHTHCH
tToabko rpynnoit @ (k). IloapobHoe wuccaeldoBaHHe KPHTEpUEB
(92.43) — (92.45) nokasmiBaeT, 4TO MOXKHO JAaTh (oJjiee KECTKHH U
foJee yIOGHLIH KPHTEPHI BELIECTBEHHOCTH NPeAcTaBaeHn. DTOT BO-
npoc obcyxknaaercs B § 93, 94

§ 93. Ynpouwenuniii kputepuit pemecrsennoctn pas D(*#)

HexoTopoe ympolleHye KPHTepHeB BellecTBeHHOCTH (92.43) —
(92.45), npepnoxenrHoe XeppuHroM [69], MOXKeT GHITH NMOJYYEHO C
NOMOIbIO BeIpaxKeHHs (37.3) /15 XapaKTepoB, BXOASAIIHX B 3TH KPH-
Tepuu. [Ipu 3TOM xapaKTephl BEHIPaXKaloTcs 4epe3 xapakTephl «C TOU-
KaMH», OTHOcsiliHecs K rpynme @(k). Jaa ajgeMeHTa CHMMETDHH,
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ABasIollerocs apryMentom B (92.43) — (92.45), MOXKHO Hanucath

{@lty={e |7, + R}={e| R} - {@,]7,}. (93.1)
Torna

(@182 =1{eR} - {0, 7,} - fe| R} - {7} =
= {SI RL} ‘ {‘ppl Tp} ‘ {EIRL} * {(Ppl rp}_l * {(Pp] tp}2=
= {8 ! RL + (pp : RL} ) {q)p I Tp}Q- (932)

U3 (37.3) mbl BunumM, yro Tpebyercsd eille BhHIDAXKEHHE JA COmps-
KEHHOFO 3JIeMeHTa

@l %} IR+ 0, R - {0, 1T, ] 0} =

= {0 T} " {EI Ry 0y R} {00 | 7o} - {01 o} T {p 1 T} {0, [ 7} =
={elg; R + o7 9, R} {o,] to}—l {0, l ‘p}2 {o,] v} (93.3)
Torpa (37.3) npuHuMaeT BHA

AR (g 112 =

8
— (&) (m) -1, ~. e . . = 20w |
“—0; % ) (m ({81 @5 RL+ RO ) RL} {(po I 170} {(Pp,‘rp} 1(P0,Ta})'
(93.4)
Mu BHARM, UTO CTPYKTYPa aprymenta B (93.4) npexacrasasier coGofi
NpOH3BeJeHNe YHCTO TPAHC/ASIHOHHOINO 3JeMeHTa Ha mosopoT. Ho
xapaxktep ¢ Toukofi B (93.4) 6yAeT OTJIHYEH OT HYJS TOJBKO B TOM
cayuae, ecau BHIOJHeHO ycaoBHe (37.2). DTo yca0BHe HAJNOXKEHO
Ha TOBOPOT, T. €. Ha BTOPOf MHOXKUTeAb B (93.4). YciaoBue cOCTOHUT
B TOM, 4UTO

{0617} "+ {@, 1 7,)" - {@, T} ormocutcs k. ®(k), (93.5)

HJH, HHaYe,

o7l ol k=Fk-{ 2nB,. (93.6)
Hs (93.6) crenyer
@@, k=g, -k+2aB], (93.7)
HJH
@k, =k, + 2n By, (93.8)

Torna, ecru (93.5) srIIONHSETCA 415 (DHKCHPOBAHHOIO p M 3ajJaH-
HOIrO G, MBI MOXEM BHIIHCATh B XapakKTepe ¢ TOUKOH COMHOXKHTEJb,
COOTBETCTBYIOMIHH UHCTOA TPAHCAALHHA B BHJE

exp— k(9" R+ @;' -, R, )=
=exp—i(@ k- R+l -0, kR )=
=exp—i(k,+@; k) - R,. (93.9)
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Orciona nns (93.4) umeem
xR (@l 7y) = Lexp—i(k, + ;1 - ky) - R, X

X 30w ({1 T} ™+ {@p | 7,37 - {051 7)) (93.10)

Tenepr posspatuMmca K (92.43) — (92.45). CymMy no BceM sJe-
MeHTaM rpynnsl @ sanulileM B BUIe

& N
D=2 2. (93.11)
@ p L

3Iech cymma mo p Oepercs o BceM Ha60PaM 3JeMeHTOB CMEXKHBIX
KJaaccoB B rpynne @/, a cymmupoBaHne mo L ujer mo BceM TpaHc-
aauudam B €. CHava/ja BBIYHCAHM CYyMMY 10 $ npH (QHKCHPOBAHHOM
p:
0 npu & -+ qa;’ -k 5 2nB,,
o 1 -1, —
; (ez\p 14 (k(j + q)p kU) RL) N npu kc + q);lko = 231;BH_
(93.12)
CanenoBaresbio, cyMma (93.12) oTnnuna oT HyJad, ecan
¢y k= — Ry -+ 2nBy. (93.13)

OneBnsiHO, ecsH BHIONHeHO yenaorue (93.13), To 6yAyT yIOBIETBO-
pensl u (93.7) u (93.8). Caenosareanno, (93.13) Gosee cHIBHOE Ye-
JIOBHE.

PesioMupys, puinmM, uTo Mbl Hceienyem npeacrasienne D4 om),
AN KOTOPOro, Kak 0OBIYHO, HEKOTODHIH BOJHOBON BeKTOP kK BHIOpaH
B KaueCTBE KaHOHUYECKOro BeKTopa. MHAekc o: mpeicraBuTess
cMexHoro Knacca (PUKCHDOBaH, KakK 3To ykKasaHo B (36.2). Munmekc
p TpOH3BOJIeH W mpoberaetT 3HAUEHHS, COOTBETCTBYIOLIHE JIOGHIM
NpencTaBHTENsIM CMeXHLX KAaccoB B rpynne @. Torpa mais ¢urcH-
pPOBaHHOrO kK M COOTBETCTBYIOINETro Habopa o BKJIaJL B CyMMy B
(93.11) pnawoT TOMBKO Te NPEACTABHTENH CMerKHBIX KJ4CCOB C HH-
JIEKCOM p, mia KOTOPeix npuMeHumo (93.13). Torma us (93.11) mno-
JYYUM B 3aBHCHMOCTH OT PacCMaTPHBAEMOrO Caydyast

4} xH e (g 7)) =

s &p
== Nq; p; )‘C(k) (m) ({q’o| "“u}“l * {‘ppl rp}2 * {(Pc[ 170}’)AW’= (ing» 0).
(93.14)
B (93.14) ‘
1, ecau @, ky=—k,+ 2nBy,
Ay =

0 (93.15)
BO BCeX NPOYHX CJydanx.
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Orclofa B 3aBUCHMOCTH OT paccMaTpuBaeMoro cJjJydas HMeeM

s &

Z l)'((k) (m) ({q)ol ra}~‘ : {(Ppl Tp}2 * {(Pol To}) Apo = (i &p» O) (9316)

O=]| p=

Teneps nmoKa)keM, UTO KAaxkJA0e CJlaraeMoe B CYMMe 10 G B
(93.16) nmaeT OAMHAKOBHIA BKJal B pesyabTaT. DTO 3HAUHT, 4TO
Kaxkaoe 0 COOTBETCTBYET Jyuy 3Besfibl *R W BCe JYUH 3Be3Lbl JAI0T
OJMHAKOBHI BKJaj B cyMMmy. PaceMoTpuM ¢ = | M BHIOALIEM TeX
NpeacTaBHTe/Iell CMEXKHBIX KJIACCOB {g,|T,}, AN KOTOPHX A, =1:

{(pl'x | rl-h}, e ¢ k= —Fk+2aB,, (93.17)

Torna
{(pfx l TZ,“}Q npunagaexur ® (k). (93.18)

Boo0Guie roeops, Jio6oe BhiOpaHHOe 3HAUEHHE
o () (1) N 12
L& (o, [ 7,}) (93.19)

MoxeT ObTh JuO0 paBHO, JuGO0 He paBHO Hymawo. OgHaKo ecau
HMeeTcst MO0 Kpaiuned Mepe omuH xapaktep tana (93.19), oTsinuHBIA
OT HyJd, TO

W, 07 @ k=—0; @, k+ 2By (93.20)
! (05 @1, - 95") ky=—Fk,+ 2By, (93.21)
Hasosem
‘szh =9, @, ¢-h (93.22)
TOorna
(cp;j =@ w?h Tl (93.23)

AaemenT, coorBercTByOMHA (92.23):
1 {05 ) L=y o2
npunagiexur O (&,), a saement
fo, |7 {9,

npunanjexut ® (k). Bosspawmwascs K (93.16), Mul BUZHM, UTO Be-

JIHUHHAa
O (0177 o, [ %) (0 ]%) 0829

ALY @29
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TOX/JECTBEHHO PaBHa COOTBETCTBYIOUIEMY XapakTepy ¢ ¢ = l:
G(B) (m) ([0 g, 12 3.27)
x ({‘p’x ’ Tl}»} ) ©

CrenosaTe/IbHO, KaxXABll HEHVIEBOH 3jieMenT B BhipaxkeHun (93.6)
¢ 0 == | GyAeT cOOTBETCTBOBATh OTJIHI{HOMy OT HYJIS1 3JIeMEHTY B Bhl-
pakKeHuu (93 16) ana kaxporo ¢ == 2, ..., s. Takum oGpasom, Ljg
(DHKCHPOBAHHOIO ¢ BCE CYMMBI PABHHL H

ep
DB {1 767" @, 1 15} {@6 1 To}) Aps = (4= gpfs, 0).  (93.28)

p=1

[TosToMy MBI MoxeM AJis yIOOGCTBA pacCMOTPeTh caydall o = I,
Torna mnoayyeHHBII nepBOHaua/nbHO XepPPHHIOM KDHUTepHH Bellle-
CTBEHHOCTH JJis1 TPeX BO3MOXKHBIX CJlyuyaeB HMeeT BUJ, aHAJOTHYHLIH
(92.43) — (92.45):

&p

2P0 (G| 7o) Ay = gl (93.29)
I oTeHIHaNBHO BemecTserHpx DME) (m),

&p

2 4P (| T3 ) Ay =0 (93.30)

p=

*
s KoMIaekcHpx DB 0m) g

‘Q

Z (B ({9, | T,32) Ay = — g,/s (93.31)

*
nJs nceszoBewectsennsix D#) ) rhe

I, ectn @,-k=—Fk-+ 2aBy,
Ap]=

(93.32)
0 Bo Bcex nmpouux cJaydadx.

Yao6ereo dopmya (92.29) — (93.31) cocTonT B TOM, UTO BCe Xa-
pakTeprl ¢ TOYKAMH OTHOCATCS K eAuMHCTBeHHOR rpynne & (k). Ox-
HaKo HaJuude MHOXKUTENS Ay naer B (93.32) orpanuueHue, IpPHBO-
IAuee K 3aTpyAHeHuo. B mobom ciayuae HeoOXoAHMas Npolelypa
COCTOHT B HpuMesenun popmyn (93.29) —(93.31), Tak Kak HaM Hu3-
BECTHBl TaOJHLL XapaKTepOB MONYCTHMBIX HENPHBOAMMBIX Tpej-
craBieHul rpynnsl @ (k). Onnako, xors (bopMyJIbI (93.29)—(93.31)
NO3BOJSIOT YCTAHOBHTH THI npejictasienns D™, oxn me nawor
BO3MOXHOCTH OIpeIeNHTb, B KaKOe HENPUBOAHUMOE IPeACTaBJICHHE
(/) mpm —Fk npeofpasyeTcs JaHHOE JONYCTHMOE MPEACTABJACHHE
D(*#) (m) npu JAeHcTBUH onepaunuu obpalileHHs BpeMeHH HJH onepa-
TOpa KOMIUIEKCHOro conpsikenust K. Dra szamaua pewaercd B § 94,
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*
§ 94. Kaaccupukauua D(*® ™ ¢ nomonipio Hosoro
KPHTEpPHsI BeleCTBEHHOCTH

Kputepun (93.29)—(93.31) Moryr 6HTb NPSMO HCHOJb3OBAHBI
B AMHAMHKe KDHCTaJJIHYECKOH pelleTKH IJs aHaJjdu3a BelleCTBEH-
HOCTH ONpeJeseHHbX NpeACTaBAeHUA preyem g NPOBEPKH TOTO,
ABJISIIOTCS JIH OHH IIPEJCTABJEHHSIMH, [0 KOTOPEIM Ipeofpasyiorcd
¢ononnl. OyeBUAHO, ecau NpeJCTABIEHUe YZOBJAETBOPSET YCJIOBHIO
(93.29), To OHO BeLIECTBEHHO H MOXKET 0Ka3aTbCs CPeAH NpejCcTas-
JieHuii, 10 KOTOpHM npeobpasyioTcss GOHOHE B JaHHOM KpHCTaJie C
cummerpHefi @. Cuaydaft npejcTaBIeHHH, YIOBIECTBOPSIOIHUX KPHTe-
puto (93.30), Hyx[gaeTcs B cHeuuwaJbHOM paccMoTpenun. Ecan
umeer Mecto (93.30), To mpencrasienne DY) W gpngerca xowm-
JIeKCHBIM H, corsacHo aHain3y § 87—93, B kKauecTBe (PH3HUECKOrO
HENpHBOJAHMOr0 IpEeACTaBJSHUs CIELyeT B3STh DB} (m) @y D{*) (),
B stom cayyae B KOHKDETHOH 3ajlaue NHHAMHKH PEHICTKH IIPOUCXO-
IWT yABOEHHE CYIeCTBEHHOFO BBIPOXKIEHHS: OT BHIPOKIeHHH, ofyc-
JIOBJEHHOTO INPOCTPAHCTBeHHOH rpynnolt @ ® xapaKTepH3yeMoro
npexcrasaennen D(*#) (), g BEIPOXIEHHIO, CBA3AHHOMY C IIPOCTPAH-
cTBeHHO-BpeMeHHOH rpynnofi cuMMerpun & W Xapakrepusyemomy
npsiMolt cyMMo# npencrasiennfi D) m) @ p*e) ey,

Ecau npeacrasaerne D®) ) genpusonumo, To D*#@m* 1oxe
Henpusopumoe npepcrasienne. Coraacuo (90.9),

D*#) (my* = p(*~#) (), (94.1)

rne D*—#)(m) — genpuBofHMOe TPEeACTAaBIEHHe, COOTBETCTBYIOLLEE
spesfie (*—k). OnHako B npeABAYLIHX maparpadax Mbl yxe Olpe-
AEJUH BCEe HENMPHUBOAMMEle mpeicTasiaenus rpynnsl &. ITostoMy Te-
nepb MOXKHO KJaccH(pHUIHDPOBATH D™~#) (M 1 e 0TONKLECTBUTH 3TO
IpeCcTaBJIcHHE ¢ OMHAM H3 paHee HallIeHHBIX.

Caenyst pabore ®peu [70], Oyzem pasiuyaTh TPHM KJIacca BOJ-
HOBHIX BEKTOPOB Rk u 3Be3j *k:

Knace I:  k=—Fk+ 2nBy; *k=*—F (94.2)
Kaace II: k%= —k-+2aBy; *k=*—Fk. (94.3)
Kaace III: k== —Fk-+ 2nBy; *k=*—k. (94.4)

Kaxapilt u3 atux tpex xaaccos I, 11, 1II tpebyer cnemnalbHOrG
paccMOTPeHHsl Ha mpeaMeT HCccJaeJoBaHus BemecTBeHHocTd. Ham no-
cJedyIOUHH aHAJH3 OT/IHYaeTcs OT IpeijoxedHoro Ppew.

IO st BOMHOBHIX BeKTOpoB kJaacca I, cormacHo (94.1), umeem

D e m)* = p(*#) (m), (94.5)
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Tak Kak aas atoro Kjacca —AKR 3KBHBAJEHTHO k, Mbl MOXKeM CUYH-

* -
TaTh, aTo npeactasienne D¢ HHIYIMPOBaHO HEKOTOPHIM He-
NpPHBOAMMEBEIM NpejcTabienveM D® @ rpynne @ (k). Torza, co-
rnacHo (90.5), B KauectBe Gasuca niasi D™ M) MoxKHO B3ATH

S0 07) = K30 (), (94.6)

TIycth Tenepn P{‘pl“tm} — onepaTop orHocsauuics K rpynne ® (k).
Tornma

p o, )¢ (@)}2(") () — ;(k) @DE @ (o | ()}). (94.7)
M3 (94.6) uMeem oTHOIUIeHHE
X ({py, | £ (@))) = 1® @ ({a, | @)}, (94.8)

B KOTOPOM BCe BXOJsIlHe BeJHUHHEI MOMKHO B34Th M3 Tab/dIl Xa-
paKTepOB JIONyCTHMHIX HENPHBOAHMBEIX mnpeicTaBienuit D (m),
COOTBeTCTBEHHO A5 M060ro BOJHOBOrO BEKTOpa Kiaacca 1 mpsmoe
cONocTaBJeHHe ¢ TabjguuaMn XapaktTepos aas rpynnsl @ (k) mo-
3BoJser HafiTy npefcraBienue D®m . Baxugo nosnMath, 4TO B
NpUHIANE CJeJyeT NPOBEPUTb KaskKAbIH omepaTop P{tplhlr(q))} H Tax-

K€ COOTBeTCTBYIOUIME XAPAKTEPH. PacCMOTPHM YUCTYIO TPAHCASIUIO
{e|R.} u3s €. CorsracHo (94.2),

Knace I:* k=mnBy. (94.9)
CJemoBaTteJibHO,

2® e ({e| R}) =exp — inBy - Rp== 1. (94.10)

CooTBeTcTBeHHO BHIGOp H3 Tpex cayuaeB (93.29) —(93.31) Moxio
ClesaTh, HCOOJIB3Ysl TaGJHLbl XapaKTepOB TOJAbKO 3JIEMEHTOB DY
P(k) wuau TI(k). 3akaoueHne o JONOJHHTENBHOM BBIPOXKIEHHH,
obycJjoBaeHHoM obpalleHHeM BpeMeHH, JJIs BeKTOpPoB KJacca I mo-
JydaeTcs TOTAa OoueBHAHBIM obpasoM. Ecin

D) (m)  peieCTBEHHO, TO M =m (94.11)

1 HET HHKAKOro JOINOJHHTEJbHOTO BprO)KAeHHﬂ
Ecau -

‘D) (m) KoMIIJIEKCHO, TO m#rﬁ (94.12)

n D®m y D® @@ o6penunsiores. B cayuae (94.12) monycTuMbiMH
bU3HUECKHMH HeNPHBOAUMBIMU NPEACTABICHUAMH AJAS (GOHOHOB SIB-
ndlTCa  upeAcTasienus D*) (M @ D®) R ouepiaHO HMEIOUIHe YA-
BOEHHYIO Pa3MePHOCTh [0 OTHOLIEHHIO K D®(m 1o npakTHYECKH
BaXKHBIH C/ydall, Tak KaK OH COOTBETCTBYeT JIOKAJbHOMY YABOGHHIH
CTelleHH BHIPOX/EHHS 10 'OTHOIUEHHIO K BHIPOKACHHIO, 0GYCIOBIIEH-
'HOMY YHCTO ﬂpOCTpaHCTBEHHOH rpynnoi @,
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PaccMoTpuM Tenepb BOJIHOBHE BeKTOpH kaacca II. B stom cay-
yae —R OTHOCHTCH K 3se3fie *B, HO He sksHBaJeHTHO k.. [ToaToMy B
OTJIHYHE OT NMpPeABLIAYLIEro cayyas He OYeBHAHO, YTO AJIS ONpejede-
HHsl THIA NPeJCTAaBJECHHA N0CTATOYHO NPAMO HCHOJb30BATH TaG/HIIL
xapakrepoB Mmajo#i rpynnel P(k) man II(k). Onnako mbl MoxeM
NoKas3aTb, YTO H B 3TOM CJydYae C IOMOLIbIO TOJNbKO 3THX TalJIHIL
MOXKHO C/esiaTh OIpelesdeHHOe 3akaiouenne. Ho cHavana M Ha-
NOMHHM o0llye NPHHUHUIE, N0 KOTOPHIM YCTAaHABJIHBAaeTCA COOTHO-
meHye MeXAy rpynnofi ¥ npeicTaBleHHAMY B Toukax R u —k. Pac-
CMOTpPHM NPEACTABHTENb CMEXHOTO Kaacca {@;]7T;}, AJs KOTOPOro

@, k=—Fk+ 2aB,. , (94.13)

Toraa MoKHO pasJOKHTb HOJHYK NPOCTPAHCTBeHHYIO rpynny @ Ha
cMexHble KJaccH nmo @(k), rae nmpeAcraBHTeNb CMEXKHLIX KJaccos
HMeeT 3HAUOK C uepTol aAnbo Ge3 depTHl:

B=06®+ {0;|T}O B + ... +{0,|T}OE+ .... (9414

DJIeMeHTH €O 3HaYKoM Ge3 uepTHl HepeBoiaT k He B —R, a B HEKo-
TOpHIt Apyroft Bektop B *k. ['pynna @ (—k) paBua :

8 (—B)={0|7,} " O W) {05 |7} (94.15)

Aprymentanug § 91—93 ¢ 04€BHAHOCTBIO NMOKA3HIBAeT, YTO MOXKHO

YCTaHOBHTb CBAI3b MeXIY Pas3HHIMH XapakrepaMu. Takum oGpasom,
Xapakrep o

‘ 1B (@] 7.3) (94.16)

HENpPUBOLUMOro mupencraBienus D®(m nng onepatopa Pre|y BH-

k
yncastercst B npocrpancrse 2™, TIpeoGpasyem Temeps 3To mpo-
CTPAHCTBO, MCIOAb3YA NPeACTaBUTENEld CMeXKHBIX KJIacCOB, HMEI0-
IIHX 3HAYOK C YepTOH:
' (3 -k

{%I%}E( Y __ s(=Rym) (94.17)
Bripaxenue B NpaBol uacTu paBeHcTBa (94.17) sanucano B coor-
BeTCTBHM ¢ cofiepxkamumca B (35.3) yrBepxieHHeM, 4TO YHCTO
IPOCTPAaHCTBEHHOe npeoGpa3oBaHue coxpanser unjekc m. Ho age-
MEHT
P ' ~1=P 5
{91 v} (%77} % | <o) VI (94.18)
HMeeT XapakTep, BHIUHCJEHHHIH B npocrpaﬂc'rae (94.17):

- | 1= ™ ({r] 7,)°). | (94.19).
Tor,u,a ¢ yuetom (94.18) u (94.17) nmeem. .

Mo ({5 ) =g® W (g v © (94.20)
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Cunenyer uMeTb B BHAY, uTo xapakrepn (94.16) u (94.19) BosHu-
" KalOT KaK OTHEJNbHbHEe KOMIIOHEeHTH BripaxkeHus (49.3), B KoTopoM
IS TOJy4eHHs MOJIHOTO XapaKTepa NPOCTPaHCTBEHHOH FPYNIBI AJis
sneMeHTa {@:|T} HyXHO BHIOJHUTL B coOTBeTcTBHH C (94.14) cyM-
MHpOBaHHe 110 ¢ H G

X9 ({1 1Y) = 7 2,40 (el 73~ {1 7} {1 7)) (94:2D)

CremosatennHo, (94.16) u (94.19) siBasores «uacTamuy x(*#) ™
AJs ORHOTO H TOTO e HENPHBOAHMOTQ MPEICTaBJIEeHHA NPOCTPaH-

o *
crBennolr rpynmer D4) m),
PaccMOTpHM Teneph IPOCTPAHCTBO, TOJNydaeMoe OOpalleHHeM BO

BpeMenn mpoctpancrsa 3% ™:
Kz(k) (m) — 2(’2) (m)* —_ 2(—k) (rﬁ)’ (9422)

M TIPOCTPAHCTBO, NMOJYYeHHOe B Pe3yJ/bTaTe NPOCTPAHCTBEHHOIO Hpe-
ob6pasoBanus (94:22):

{(p(_I I.Tﬁ'} Kz(k) (my __ {q)a I ta} 2(—k) (R __ Z(k) (m). (9423)

IpaBas cropona (94.23) cHoBa moJiyuaeTcs Ha OCHOBAHHH COZEp-
xauerocst B (35.3) ycnoBus coxpaHeHHs uHAexca /. Cilenyer onsith
OTMETHTb, 4TO BCErAa MOXKHO B3ATb aHaJoruauHo (35.3) :
Sk ®

Po je = ™ =3 ), (94.24)
{*olo

rie uHjgekc m B ofeux cTopoHax paBeHcTBa (94.24) oxuHAKOB; HO
Il aHTHAMHeRHOTO onepaTopa K, HefiCTByIOIEro B BEKTOPHOM IIPO-
CTPAHCTBE, MHl HOJKHE [0Jb30BATLCA COOTHOLIECHHEM

Kz®om — g-h (94.25)

rfle IPaBUJIO ONpejefieRus M GyaeT MOJNYueHO HHXKe. _
Xapakrep anementa P\ 15,  AeACTBYyIOWero Ha 6asucHele

GbyHKUMH (MHEHHOrOo BeKTOPHOro mpocrpaHcrsa) (94.20), pasen

B ({1 77) =4 ® ™ ([ 73). (94.26)

CoortHomenue (94.26) no3BoJsieT NOJHOCTHIO ONPENENIUTh HHAEKC /7
KOMILJIEKCHO CONPSIZKEHHOro MpeACTaBJeHHsT # MPOCTPAHCTBA MO Ta6-
aunam npexcrasiesut D® O rpynner @ (K), uTo MOJHOCTBIO pellaeT
sagayy B aToMm cayyae. CoorHowenne (96.26) oxasmiBaeTcs Gouee
CUJbLHBIM, uem ¢opmysd Xeppunra (93.29), (93.30), Tak Kak oHO He
~TOJILKO KJaccuUUupyeT MPeJCTaBJIeHHs, HO H YCTAHABIHBAET CBH3E
HHIEKCOB /M H m IS KOMIVIEKCHO COTpPSKEeHHBIX HpPeACTaBJCHHH.
ConocraBjenne . (94.26) u (94.13) nas BuiicHeHHS TOrO, peanH-
-3yeTcs JIM PaBEHCTBO m == ffi; B ITOM CJydae CIYXHT IPOBEPKOK
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& (93.29) u (93.30). Inst BOJIHOBBIX BEKTOPOB, OTHOCAIIUXCH
K kaaccy II, Mpl MoxXeM CHOBA HOAYYHTb HECKOJBKO CJAEACTBHMH:

#i==rm NONOJIHUTEJbHOrO0 BBIPOXKIEHHS HeT, (94.27)
msEm D@ g DI oGLeHHAIOTC. (94.28)

B ciayuae (94.28) mbl cHOBa MMeeM JIOKaJgbHOe YABOEHHE MO CPaB-
HEHHIO ¢ pe3yabTaToM AAst oauo¥ rpynnsl @, 3amernM, uto (94.26)
0cOOeHHO YIO06HO TOTOMY, YTO BCe BXOASILHE B HEro BeJHUYHHE Ol
peresqaioTcest 45 ofnHOH rpynnbl @ (k).

HaxoHeln, s BOJHOBBIX BEKTOPOB Knacca IIT ¢ oueBHAHOCTBLIO
caenyer

D&Y m) g2 p(*e) (m), (94.29)

CaenoaTeabHo, noanste npeacrasaenus D4 m y D=2 nomx-
HBl paccMarpHBAaTBCS BMeCTe KaK ONHO npeicraBseHne. Takoe yn-
BOEHHE SIBJISETCS «ryIo0aJibHBIM»; OHO OTJIHYAETCS OT <JIOKaJbHOIO»
00beiNHEeHNsT NIPeCTABJIEHU NpH 3aAaHHOM BOJHOBOM BEKTOpe K.
Cyuiecrsenuaoe BHIDOXKJCHHE B STOM C/yyae CBA3aHO C YIBOCHHEM
yuc/ia npeACTaBlAeHUN NOMHOH npOCTpaHCTBeHHon TPYNOE 33 Cyer
. y4eTa NPOCTPAHCTBEHHO-BPeMeHHOH TPYHIH

OTuM 3aKaHYMBaeTCs HAW 0630D pasnmﬂbrx TUNOB HEMPHBO-
OUMBIX UpencTapiesu#l rpynnel & Kak BO3MOKHBIX (DUIUUECKHX
HeNPUBOAMMEIX NIpeAcTaB/ieHU# rpynnsl & njst GHOHOHOB.

§ 95. dusnueckHe HeNpHBOJHUMbBbIE MNPeNCTABNCHHSA
rpynnbl & Kak KonpencrapjeHus rpynmnsl &

B HeckoapkuX caepviolinx naparpagax Mu HOKa)KeM, KaK nepe-
CTPOHUTHL NpeAIlecTBYIOIUY aHaaNn3 TAK, uTo6H onepaTop obpalleHns
BpeMeHH K paccMaTpuBaJcs Ha PaBHBIX PaBax ¢ IPOCTPaHCTBEeHHHIM
onepatopoM Pp rpynnel @. DT0 MOXKHO cHejaTh METOIOM TaK Ha-
3LIBAEMEIX KONpPE/ACTaBJACHHH MPOCTPAHCTBEHHO-BPEMEHHOH T'PYIIHL
%. Visnaraemast HuXe TEOPUA KONPEICTABJEHHH CYLIECTBEHHO OTMH-
yaeTcs OT pasee pacCMOTPEHHOrO MOAXOAA, e NPOCTPaHCTBEHHHIE
onepaTopsl Prp YUHTHIBAJMCH uHaue, 4eM onepartop o6paluneHus spe-
Mmenu K. XoTsi 0OCHOBHI TEOPHUM KONpPeACTaBAeHUH H3JM0XKeH ! B paborte
[1] (rnaBa 26), Ham KaxKeTcs, YTO B 3TOH MOHOTpacdHH Iesnecool-
pasHo NoApo6HO paccMOTpPeTh 3TOT BOUPOC, MMes B BHAY HPHMeHe-
HHsl K ZUHaMHKe pemieTkd, Haille H3/0:KeHHe HECKOVILKO INEPEKpH-
Baercad ¢ paGorod [1], HO MBI crapajJHCh CBeCTH IepeKpDHITHe K
MHHHMYMY, HeO6XOZHMOMY IJISL TOro, 4TOOH - KHHTA OBlJIa IOJHOM.

Bosepamasick K pacCMOTPeHHIO IIOJHOH NPOCTPAHCTBEHHO-Bpe-
menu6# rpynnel ¢ u3 § 89, Mu BumuM, uT0 & onpenenena B (89.3)
. KaK ¥ = @ -+ K& uepe3 mpocTpaHCTBeHHEle YHATADHEIE ONePaTOPH
" npeoGpasoBanufi Py|g rpynnel @ u aHTHYHHTAPHBIE ONEPaTOPH
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\

KPgsy cMexHoro kiacca K@ Urto6b NosyuuTh CYUIECTBEHHO BhI-
poXKaeHHe B CHCTEME, U KOTOpo# ¥ siBasieTcst TPYNIION CHMMETPHH,
HYKHO HCC/Iel0BaTh HHBaPDMAHTHOE M HENPHBOJUMOE BEKTOPHOE
NPOCTPAHCTBO, TOUHCE, MHHHMaJbHOE HHBaPHAHTHOE JHHEHHOe Bek-
TOPHOe TNpPOCTPaHCTBO, 06pa3oBaHHOe COOCTBEHHBIMH BEKTOPaMH,
WJI¥ HOPMAaJbHBIMH KOODAMHATAMH (u3nueckoil 3ajadu AMHAMHUKH
pemerku. IlycTs 8Y) — pHBapuaHTHOe HempUBOAMMOe (HH3HUECKOE
npoctpancTBo. Torfa onepatopsl rpynnsl & 6yayT npeoGpa3oBHIBATh
GasucHele BeKTOPH SY) apyr uyepes apyra. [IycTs

SH={pd, ..., PP, ...}, (95.1)

[Tpeo6pasosanue SY) B camo cebs ompenenserca matpuieir D) B
o6biyHOM cMplcae. Chaeayer HOMHHTB, OZHAKO, 06 aHTHYHHTAPHOMH
npupofe onepatopos B K& Haszosem DY) cucTeMy HENPHBOAHMEIX
MAaTpHI, ¢ NOMOUbI0 KOTOPHIX Npeofpa3syercs HENPHUBOANMOE HHBa-
puanTtHoe npocrpancTso 8. Toraa umeem

Po) g8 = SUNIDA (D ({¢p ]| £}), (95.2)
KPio1 48 = $OD 0 (K {g]#)). (95.3)

TMocnenoBaTesbHOe NPHMEHEHHE IBYX TaKHX ONEPAaTOPOB K IPo-
crpancTBy SU pmaer

P, 1 6Po, 198D = SIDCO D) ({qpg | 5} DD ({gpy | #,}) =

= 8D D ({qo| 25} - {q1181}) (95.4)
H

Pig, ity * KPo, 2y - 89 = 8DDC ) ({gy | £,}) DO D (K {qpy | ,}) =
= SUDCID ({qy 8} K {1 18}).  (95.5)

TMoncrasasas (88.4), moayuaem

(KP, 1) P, 13S0 = SUD) D (K {qpy] £5}) - D) ({qp, | £,})" =
= SODCIN(K {qy] 25} - {@:12,})  (95.6)
i [ ‘
(KPo, 1) (KPgg, 1 ¢) 81 = SNDC (K {qpy| 23}) - D D) ({gp | £1})" =
= SODE W (K {9y £} - {1 |£}).  (95.7)
Yro6n MONUEPKHYTb BAXKHYIO pPOJb cooTHomeHH# (95.4) — (95.7),
MBI BBEJEM COKpalleHHOe 0GO3HaueHHe JJIi YHHTAPHBIX 3/E€MECHTOB
rpynnsl ®
P{Wu ] tu} =, (958)
‘H JJI1 aHTHYHHTAPHBIX 371eMeHTOB rpymnnsl K®
. KP{“’u [ =0 "~ (95.9)
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Toraa martpnuHoe yMHoxeHuwe B (95.4)—(95.7) MOXHO 3amucaTh
Tak: ‘ :

D (uy) D (1) = D (ugy), (95.10)
D (u43) D (@;) = D (upy), (95.11)
D(a) D (w)" = D(auy), (95.12)
D (ay) D (a))" = D (@), . (95.13)

rie D o6o3HauaeT MaTpUIy KONPEACTaBJIEHHA. f
CyTb TeopHH KONPEACTaBJeHHl COCTOHT B TOM, UTO ONpeleneHHe
HE3KBUBAJIEHTHBIX HENPUBOAMMBIX NPEACTaRIEHUH NPOCTPAHCTREHHO-
BpeMeHHOH FpyInbl & 1aeT NOJHOE pellieHHe 3aJaUH O CYIIeCTBEHHOM
BLIDOXKAEHHH B AMHaMuKe pemetkd. Vs (95.13) cuaeayer, uto 00-
paTHble 3JeMeHTH B 3TOM cJayuae oG6JafaloT HEKOTOpoh ocobeH-
HOCTBIO, KOTOPAs BMAHA, €C/IH B3ATh 4, =a,'; TOTAA NOJIYYHM

D (a,) D (a;')y =D (a,a;")=D (e). (95.14)
Hs (95.14) crenyer '
D (a,)™ =D (a;'y. (95.15)

Cilefiyer HalOMHHTb, OIHAKO, 4YTO MaTpHIH KONpeICTaBJIeHU,
yrosiaerBopsionue (95.10)—(95.15), yHuTapunl H3-3a KOHEUHOCTH
HPOCTPaHCTBEHHO-BpeMeHHO# rpynns 4. OTcioza

D(a)™' =D (a)' =D (ay)* (95.16)

uan ¢ yyeroMm (95.15) N
D(a;Yy=D(a,). (95.17)

Cosokynnocts MaTpun D (uy), D (au) coorBercTByer Habopy .e-
MeHTOB B &, HO 3TO COOTBETCTBHE He O3HayaeT, YTO TPYNNa MaTPHIL
D2 romomopdua rpynne oneparopoB &. [lycts & cocTout us co-

* BOKYIIHOCTH VHHT@DHBIX H aHTHYHHTaPHBIX ONEPaTOPOB:

{u} = {Pr}, {a}={KPp}; : (95.18)

TOTAa CYIECTBYeT COBOKYNHOCTL MaTpul D), no onHOH Aaa Kax-
IOro oneparopa, HaxoAsluasics B clelyiolleM cOOTBeTcTBuU ¢ ¥:

D) (u,y=u,, (95.19)
D« () =-a,, _ ~  (95.20)

¥ yaOBJETBOpSIOIIas npaBuiaM yMHOXKeHHs (95.10)—(95.13). Dra
COBOKYNTHOCTb MATPHI| ONpefessieT noasyauneinoe npedcrasienuc
rpynnn 9. TepMuH «mnoqay/inHeliHOe» CyHIecTByeT B MaTeMaTHYeCKOH
autepatype [72], Ho Burnep mpeanoues emy TepMHH Konpedcrasae-
Hue [1], koTophifi u yKopeHHJCcs B QH3HUECKOH JHTepaType Aas o6o-
aHaueHHss MaTpHU co cBoAcTBamm (95.10)—(95.13). Tarum oGpa-

*
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30M, 5TH COOTHOLUIGHHS ONpeAEJSIOT KONMpeACTaBJeHHs rpynms ¥,
~ Tenepp nosesHo npusectn Moguduuuposanuyio Jemmy Llypa,
[OPHUTOJHYIO AJs KoIpelcTaBieHH#. [Iycts SU) — HempHBOLHMOE TpO-
CTPAHCTBO (95.1). Ilycts 8’U¥) — HempusoguMOe NPOCTPAHCTBO, K-
puBajedTHoe SU), Jipyrumu-ciosamu, nyctb $'() nuHe#iHO CBA3AHO

¢ S¥ ¢ noMouwbo MaTPULBI YHATAPHOTO- npeobpasosanus V. Jas
BeKTopOB B 8’¥) umeem

P = Zﬂ: Va0 (95.21)

HJH
SH=y8W, , (95.22)

Torga u3 (95.2), (95.3), (95.8), (95.9) u (95.21) clenyer
uwl(j)_zvﬁau =ZVBaZDvB(u)¢]=
- Z Vg Z Dyg (1) X Vey by =2 (Z 2 Vi Doy (1) Vo)

(95.23)
H

a, b =a, 2,3: Voo b)) = Z Vi a ) =
= zﬁ: VBa ; D (a ) Z Vév 1pbm ; (Zﬁ: ; V;v!DYB (au) V;a) 1":5{})’

(95.24)

HIH :
B0 = XD (1, )oq W (95.25)
a, . = Z D’ (a,),, By, ‘ (95.26)

Ouesnsino, D u D’ aBnAoTCS 9KBHBAJEHTHHIMH HPEACTaBACHHIMH,
OHu cBsi3aHB COOTHOLIEHHSMH

D'(w)y=V'D@,)V, (95.27)
D’ (a)=V"'D(a,) V"  (95.28)

Bymem cumtath (95.27) u (95.28) ompenedeHneM SKBHBAJEHTHHIX
Konpencrasienufi, OtMerum, uto B (95.28) BXOZMT KOMILIEKCHO® CO-

npsiKeHHe.
O6o6mennas nemMa Ilypa yuyuTeiBaeT HaJHuHe 3TOr0 KOMIJIEKC-
Horo conpsixkenus B (95.28). Takum o6pasom, nycte DY) n DU)— nBa
HeNPHBOJAMMBIX KONpeACTaBieHHs rpynmsl. Ilycts M — spmuToBa
MaTpuua, ynomemopmomaa COOTHOLICHHSAM ‘

MDO@)=DW@)M, (95.29)
MD¥ (g “)’ D" (a,,) M' - . {95.30)
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Torna k6o

M=0 (nyneBass marpuna) u D ne skusasenTHo DIV, (95.31)

au6o \
M CYLIECTBYET H D" skpusanentno DY, (95.32)

Kpome toro, ecam D) — HenpuBOAHMOE HNpeACTaBJIEHHE H Cylle-
CTBYeT Takas spMHTOBa Marpuiua M, uto

MD® (y) = DW (u) M, (95.33)
MDY (q) = D% (a) M*, (95.34)

TO
M — nocrosuHas mMaTpuna. (95.35)

Kak mnokasan lummok [73], cymecteenno sei6upats M B BHIe
IpMHTOBoK MaTpuusl. JIpyrue aBropnl [1] He oTMeuasm 3Toro 06-
CTOSITENBCTRA.

B caenyomem naparpade Mbl NPOAOKHM HCC/IeX0BaHHE CTPYK-
TYpbl MaTpuL KONpeAcTaBAeHui rpynnsl §. Byayr BHISIBJIeHB HeKO-
TOPbie CYUIECTBeHHBe OTAXYMA OT MaTPul oOLIUHEIX NpeAcTaBaeHui.
Mut 6yndem pasnmuath ciayuail, Korfa obpalieHHe BPeMeHH IPUBO-
OHT K «IJI00aJbHOMY®» BBIPOXKAEHHIO, W CIyual, KOTJa BO3HHKAaeT
«J0KaJ/JbHOE» JONOJHUTEIbHOe BEIpOXKAeHHe. [TocenHee IPOHCXOLUT
B TOYKax [OCTATOYHO BHICOKOM CHMMETPHH, HampuMep Korga —R
OTHOCHTCS K 3Be3lle k WM Korga —Kk nmpoCTO 5KBHBAJIEHTHO R.

Mm BBeleM MOHSITHe KO3BE3JAH CO*R; rorga cHOBAa MOKHO pas-
JenuTb BOJHOBHE BEKTODH Ha Tpu Kjaacca aHajornuHo § 94. Kak
i B § 36, MBI yCTAHOBHM CTPYKTYPY MaTPHI, HHAYIHPOBAHHEIX Ipej-
CTaBJIEHHM, NPUBOAS HX K GJaouHOMY Bunmy. McciaemoBaHue 3TOro BO-
[Ipoca IOKAa3bIBAeT, yTo B HauboJiee HHTEPECHOM CJydae MBI JOJXK-
Hbl paccMaTpPHBATh HeNPHBOAMUMBIE INPOGKTHBHbIE IIpeACTaBJeHHs
HEKOTOPOH TOYeUHOH rpynmel, H3oMopdHOH QakToprpynme /<.
B 3TOM M COCTOHT caMge IVIaBHOe OTJHuYHMe OT NpeABlAyliero pac-
CMOTpPEHHS, rie BO3HHKana (akroprpynna /€. 3atem mul onpene-
UM cHCTeMy (AKTOPOB M yCTAHOBHM OTJIHYHe OT CJyyas OOBIYHBHIX
NIPOCKTUBHLIX NPEACTaBJCHHH.

7 § 96. Crpykrypa KOmpejaCTaBJeHH{l rpynmbl 9: ko3me3ga co*k
[IpOCTPAHCTBEHHO-BPEMEHHYI0 rpynny & MOXHO 3aIHCaTh, CO-
raacto (89.3), B Buae - 7 ,
: ~ =0+ K®. (96 .1)

Taxk kak @ umeer HopMa.anblﬁ Aenutenb €, OyeBUAHO, T ABJISIETCS U
HopMaJbHOR moarpynnoi rpynns &. Orcioza ciaeayer, 4To mpocT-
paHCTBEHHO-BPEMEHHYI0 TOYEHHYIO TPYAIlYy HPOCTPaHCTBEHHQ-ppeMeH-
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HO# rpynnbl & MOXXHO NPeACTaBHTb B BHAE o
P =93, (96.2)
P=P+KB. (96.9)

OueBHIHO, YTO rpynna P COLEPKUT YHUTADHHIE H AHTHYHHTAPHHIE
sneMeHTH. UToObl MPOABHHYTbCS Jajbllle, NOCTPOMM HOPMAaJbHYIO

MOArPYIIy
. 7 =T+ KT, (96.4)

rie AJass # uHMeeMm

COCTOSILYIO H3 VHHTAPHBIX H aHTHYHHTApPHBIX TpaHcasmui. Tak xax
K xommytupyer ¢ ajaeMeHTaMu €, 1o ofe rpynnsl € u 7 dgBasiOTCH
HOPMAaJNbHBIMH MOATpyInaMu 4.

Mu1 HauHeM HCCJIe0BaHHE HENPHBOAUMBIX IIPEACTABJEHHH rpym-
oul & ¢ npuBelenns I . ScHo, uTo npuBeAenHe (anHagsoruyHo § 29)
MOTYT OCYLIeCTBJSITh 0JOXOBCKMe BeKTOpH. Torna

Ploi g™ = D® ({e| R1}) $® = (exp — ik - R) $®.  (96.5)

BiioxoBcKne BeKTOPH ONPENENSAOT TaKke HENPHBOAMMOE MPOCTPaH-
crBo aust rpynnsl 7. ITockombry Kyp® = ¢*” 1o

K- PMRMW“"‘KPMRu K- Ky = D® ({&| R})* K =
= D(-# ({e| R;}) Kv®,  (96.6)

rie Mbl BOCHOJIb30BaJHUCh COOTHOLIeHHEM
' D®* == D(=h), (96.7)

CootBercTBenHo (®* == (—*# Pasymeercd, 3T0 COOTHOHIEHHE BHI-
TNOJHSIeTCA TOJABKO AJIS HHAEKCA, ABJASIIOUIErOCs BOJHOBHIM BeKTO-
.pom k. Kak Obi1o nckasano B § 87—94, B ofmem cayyae ciaenyer

IIOJIOZKHTD
Kb m) = (=B (), (96.8)

Toe MHAEKCH (7, o) Tojjexar onpedenenuto. Takum o6pasoM, aH-
THYHHTADHBIH omepaTop K nepeBoguT kB B —R, HO ero neficTBHe Ha
Apyrue HHIEKCH, XapaKTepU3YIollue NoBeleHHe Gasnca MpPH IpUMe-
HeHHH OIIePATOPOB IPYNNBl &, MOMKHO GBITh MCCIACAOBAHO AOTOJHH-
TEJIbHO,

[Ipencrasnisercss NOJMe3HBIM B KauyecTBe I[IPOCTOrO0 BBELEHHS B
TEOPHI0 KOMNpeACTaB/JeHHH OOGCYAUTb HENPHBOAHMBIE KONpeACTaBJe-
HUsl TPYNNH J, WCNOJAL3YS MeToJ HHAyKuuu u3 rpynnn £. Ilycts
BekTOp P'» obpasyeT HempHBOAHUMOe NpocTpaHcTBo AiA $. Urolw

- IOJIyUuTH HENPHBOAUMOE NPOCTPAHCTBO A J, Mbl AO/IKHEI BKJIO-

YHTb ellle MNpocTpaHcTBO  KY®¥ = p*)*  PaccmoTpiM  Tenmephb

NpOCTPAHCTBO MPeACTaB]EHHs, 00pasoBaHHOe ABYMs (YHKUHAMY:
i
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»
\p(") " no.nyqeﬂuoﬁ H3 Hee oépamenueM BpeMenn Ky®),

sieo k)__{w(k) K,q)(k)} o ' (96.9)

B sToM OPOCTPAHCTBe YHHTAapHEE ONepaToPnl 3alHCHIBAIOTCS B BHIE
D® 0\ ‘

D ({e| R.}) =( 0 D® ) (96.10)

TAe Mbl BOCHOJAb30BasHCh (96.7). AnTHyHHTapHBIE ONEPaTOPH MOXK-
HO TpeJACTaBHTh CIeNyI0WUM 06pa3oM:

0 D®
D(K{SIRL})=(D(_k, 0 ) (96.11)

B (96.10) u (96.11) mbi He BHINHCHIBaeM (OYEBHAHBIX) apryMEHTOB
maTpHi. Jlerko nmposepHTh, yTo (96.10) u (96.11) yrommaersopsioT
(95.10)—(95.13). Cuneposatenbno, (96.10), (96.11) onpeneasior
KOTDE/ICTAB/CHHs DOCTPAHCTBEHHO-BPEMEHHOM rpynnsl 7.

Mul nposepum cBO#CTBO HenmpuBoauMocTH (96.10) u (96.11) ¢ mo-
mompio JemMbl [lypa ananormuso paccMmorpenuio (95.33)—
(95.35). Myctob '

My m
M=( " 12) (96.12)
\ My Mgy
ABJISIETCS 3DMMTOBOH MATpHIEH, Tak 4TO
My ==y, Mgy =My, m,=rm,, (96.13)
Hs
MD({e|R})=D{e{R}HM (96.14)
MH HaXOZHM .
) . mmD(_k) = m|2D(k). (96. 15)
CaepnosareabHo, aubo
D®=DD g g, 40, (96.16)
au6o .
D®W&L DR g m,=0, -(96.17)
Ecan nMeer Mecto (96.16), To - o ;
= k=—k42uBy; u my+0. (96.18)
Ecan umeer mecro (96.17), To
kg& -“k+2“BH ’H Mys =;0. . (96.19)

. Vs cooTHOLIeHHA

MD(K{«%IR;.})-"D(K{eIR;})M‘ . (96.20)
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A

nMeeM ) .
my D = o, D®), (96.21)

DB = g, DO, - (96.22)

OueBuaHO, (96.22) BHINOJHAETCHS TPUBHAJBLHO kéik s (96.18), Tak
u aas (96.19). M3 (96.21) n (96.13) crenyer

my=igp=m, (96.23)

rae m — BellleCTBeHHasl KOHCTAHTAa.
Korna npumenumo (96.19), nmeem

10
M=m(0 1). (96.24)
B stoM cayuae D bﬁeanBOILHMO. B cayuae Korfa OpHMEHHMO
(96.18), nmeem . .
' m. my
M=( - ) (96.25)
miy, m

Tax Kaxk sTa MaTpHlla He SBJASETCH KOHCTaHTo#, To D mpuropumo.
Urax, ecau R He »KBHBaJEHTHO — R, TO. HEIDHBOZHMOE KO-
npeacTasJeHde rpyunsi 4 paBHO

D® 0
s D({e|R.}) = ( 0 D-# ) . (96.26)

0 Dw
) (96.27)

D(K{e|R})= (D(-k) 0

Ecau k sxkBusanentso — R, 1o (96.26) u (96.27) nmaioT coorser-

CTBEHHO
D(k)(l 0) H D"”(O l) (96.28)
01 to) .

Ho (96.28) — BemecrsenHble cHMMeTpHYHBe MaTpHub. HMx moxHo
AUaroHaau30BaTh, NPOH3BOAA NpeobpasoBanne H0A00HA ¢ MOMOUIBIO
BEIlECTBEHHOH U OPTOrOHAJbHOH MaTpPHIIHL ‘

s=v_L(_i i) O (9629)

B npupeneHHON (OpMe KONpENCTABJIEHHS AJS ManHu, COOTBETCT~
BYIOLUHX YHHTaPHOMY 3J€MEHTY, PaBHb

D® 0 <
D({e|gL})=( 5 D(h)}’ » (96.30)
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4 AJs MarTpul, COOTBETCTBYIOUIHX amnynmapﬂomy 2JIEMEHTY,

D(K {e| RD) =( D(k)) o (96.31)

TMosHoe npuBenenue (96.30) i (96.31) MOXHO BBIIOJHUTB C HO-
MOLbIO OTpeflesieHHs SKBHBAJEHTHOTO KompexcTaBaeHus (95.27) u
(95.28). Toraa M yBuauM, uto (96.30) u (96.31) pacmajaiorcs Ha
OPAMYIO CYMMY ABYX 3K8UBAALHTHbLY KOTIPEJCTaBACHHUT,

Urobul y6eguThcs B 3TOM, Bo3bMem Matpuny V us (95.27) g

( )
0 i !

D®((e|RY) O
( 0 D«ku{@mL})) (96.32)

Torza

VID({e|RY) V=

u
D® (K {e| R 0

B sTOM C/ydae HeNPHUBOAMMEIe NPELCTABJICHHS SBAAIOTCH OAHOMEP-
HBIMK ¥ BBIZENSAIOT npencraBienus D® rpynnst € ABaXABL JTOT A0-
BOJbHO TPHBUAJNBHBI NpuMep OyJeT [OJe3eH HAM HMIXKe KaK HJ-
qioctpanusa K (98.52) n mocaenyiomum dopmysaam.

Mbl MOXKeM HPOJBHHYTbCS AaJbllle, aHAJOIMYHO TOMY KaK MBI
genanu Ajasi yHutapHo# rpynnsl @. Ilpeamosoxkum HaJjHuHe HEKO-
TOPOro HENPHBOLHMOTO KOUPEACTaBJIeHHS IPYNNH &, KOTOpoe B MOJ- |
HOCTbIO NpHBEeAEHHOHK (opMe colepKHTCAd B . BCIOMHHM PaccMoOT-
perue B § 30—32, mpuMeHHMOe 34eCh H3-3a TOrO, 4T0 K KOMMYTH-
pyer ¢ NPOCTPAHCTBEHHBIMH YHHTApPHBIMH omneparopamu. Torza
MOKHO cpa3y CKasaTb, yTo Ji0060oe HenpuBOAMMOE INIpelcTaBJeHHe
XapakTepHsyercs H360p0M BOJIHOBHIX BeKTopoB. OJHaKo B 3ToM
ciayvae B HaGope TIOMHMO KaXXJOTO BOJHOBOIO BeKTOpa Kk Oyner co-
ZepxkaTthed ¥ Bektop —R. [lonyuaronyiocss npu 3ToOM COBOKYHNHOCTH
3HaueHufi R Ha3bBalOT KO3Be3of. OupenenuM ee clrelylliuM o6-

pasom: ;
co*be={k, —ky, ..., by, —Eg}. (96.34)

Ko3Be3ga cOCTOHUT H3 pasJ/IHYHBIX HE3KBHBAJIEHTHBIX BOJHOBBIX BEK-

TOPOB.
OquI/IIIHO; HMEETCsT HEeCKOJBKO KaaccOB BOJAHOBLIX BEKTOPOB; ANA

KOTODHIX aHajoruuHo § 94 umeem -
1 k=—Fk+2aBy,; *k=co™*k. (96.35)
11 kR#%&—Fk+42xBy; *k==co™k. (96.36)
Il ks%=—Fk+2nBy;, *kskco™k. (96.37)
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B (96.35) BexTopnl kB u -k SIBAAIOTCH SKBUBAJEHTHBIMH BOJI-
HOBBIMH BeKTOpaMH; B (96.36) kK 1 —k He SKBHBAJIEHTHBI, HO OTHO-
CATCS K OAHOH W TOU Ke 3Be3fe. Tak xak B 3THX CJaydasiXx 3Be3la
yXKe TOOEPXKHT —R, TO KO3Be3jxa coBunajgaer co 3se3foil. B (96.37)
HH OJMH H3 3THX CJIyuaeB He pea/H3yeTcd M KO3Be3Jla COMepIKHT
yABOEHHOE YHCJO0 BOJHOBLHIX BEKTOPOB [I0 CPABHEHHIO CO 3Be3JO0H’
3a cyeT TOrO, UTO OTPHIATENbHEIE BOJHOBLIe BEKTOPHl BCE TOXKE BXO-
AT B 3Be3jy.

§ 97. Konpeacrasnenuss rpynnsl &: ko3sespa kaacca 111

s ko3Be3asl co*k xnacca 111 us (96.37) HeT TaKNX YHHTAPHBIX
IIOBOPOTOB, KOTOPbIE NePEBOAUIAU Obl By B —Rg, Tle Ry — IPOU3BOJIb-
HBIH BekTop M3 *k. OGo3HaunM paccMaTpuBaeMoe KONpPelCTaBJeHHE
rpynnst & uepes

Dlco*#) (m) (97.1)

H NPEANOJIOKHM, YTO COOTBETCTBYMOULee HOArpynne @ orpanuueHHoe
MPEACTAB/ICHHE ABJIACTCA AHATOHALHEIM. Torna u3 paccmorpeHus
§ 96 caeayer

Dlco*e)m) | p(*#) (m) @y p(*—#) (3, (97.2)

CuMBOJI | HCIOJNb30BaH 37eCh AN 0003HAUEHHS] OTPAHUUYEHHA C
rpynnsl & Ha ee moarpynnmy @&: Jsesast CTOPOHA COOTHOIIEHHS
(97.2) ortnocurcs K rpynne &, a npasas — Kk rpynne . Jpyrumu
CHOBAMH, MOXKHO CKas3aTb, YTO 06a3HcoM JJIsi [peACTaBJIEHUsS
D(co™®)(m) cysRuT BEKTOPHOE NPOCTPAHCTBO Sco *#) (m), KOTOpoe
COCTABJIEHO B BHIE NPSMOH CyMMBI '

2lco*#) (m) — 3(*&) m) @ KZ(*8) (m) = 5(*e) (m @y s(*~B) @, (97.3)
Jas noayuenng (97.8) MH BOCIOJNB30BaJHCh COOTHOLIEHHEM
K2(*8) (m) = 5(*8) (myx — 2(*~#) (), (97.4)

OueBupno, Jswo6ofi ymuTapubiii omepartop {¢;|T,;} B ® (k) comep-
JKUTCA TakXke H B rpynne ®& (— k), tax uto o6e rpynmsl Toxkje-
CTBEHHBI W II0O3TOMY HMEIOT OLHHAKOBHIE HENPHBOLHMEIE MpeJCcTa-
BJjieHHs. Boabmem

D(*&) my & D —r) o), (97.5)

rie HWHAEKC M cooTBeTcTBYeT HHAekcy — k. Tak kaxk D(*”) {my
SIBISIETCS HENPHBOAMMBIM npencTaBiaenueM ®, To, ciefoBaTenbHO,
D®m* nojxHO OHITh HENPHUBOAMMBIM mpencTaBiesdem ® (k) npu
sagaunom k. Onuako D®M* ppeoGpasyercs Kak D=RI@) r, e, -
KaK HEeOPHBOLMMOE TpefcTaBJaeHde B Touke — R. OTciona cpasy xe
CJELyeT HEIKBHBAJNEHTHOCT D@ (m)*. y D), 3nech HeT NPOTHBO-
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peunsi. - HenpuBoauMoe IpeICTaB/ieHHe IDPYINEI ® (&), cootger-
cTeywoiee 6Gasucy M HeskBHBaNEHTHO NpeACTaBJIeHHI0 ¢ Ga-
3HCOM Zm(m’, HO OHO 3KBHBAJIEHTHO D("k)(m), HEIIPUBOXHUMOMY
npeacrapiennio rpynnst & (— k). Uuratensp moxer yGenuthea
B 3TOM CaMOCTOSTEJIbHO.

MBI [OCTPOHM KONPE[CTABJIEHHS TPYNNH &, HCXONs H3 Npen-
craBJjenuit rpynnst ®. Hanomuum, uTo

$=6 + KG. (97.6)
Konpencrasnenne ¢ GasucoM (97.3) st YHHTADHBIX 3J1E€MEHTOB
rpynnsl & pasHo )
D& () ({¢g | T}) 0 :
D(co *2) () T =( ) 97.7
({11} 0 ‘D(*"k)(ﬁ‘)({q)\(‘r}). ( )

ﬂ.f[ﬂ AHTHYHHUTADHBIX 3JICMCHTOB ’OHO HMEET BHI
0 D*&) @m) T
. | ({o! })). 07.9
D=2 ({¢| T}) 0 |

Us nesksupanentaoctu D8 m y D(*e) my* = p(*—#) (m)  coraacHo

asemme lllypa, cpasy BuauMm, 9to (97.7) n (97.8) sABJAIOTCA Henpu-

BOJUMBIMH HPeACTaBJEHHSIMH. DTO JOKa3aTeJbCTBO HEe CAOXKHEE, UeMm

B § 96.

- CJoegoBaTes]pHO, AJsi BOJHOBBIX BeKTopoB kaacca III omepamms

obpalleHds] BpeMeHH NPHBOAHUT K YABOEHHIO KPATHOCTH CYLIeCTBEH-

HOTO BHIPOxAeHus OT 3HaueHHs (l,-s) Ho 3Hauenus (2!n-s). Mar-
puibl Konpencrasienuit (97.7) u (97.8) oTpaxkaoT HOJHYIO NPOCT-

pPAHCTBEHHO-BPEMEHHYI0 CHMMETPHI0O H HX CTPYKTYypa Ba¥Ha B

nocnenyiolieM pPaccMOTPEHHH INPH IOJYYEHHH NpaBua oT6opa s

MHOTO(OHOHHBIX IporeccoB. Pe3omupys, BUANM, 4TO ApOLEAYpa HO-

JAy4YeHus KHAYUUPOBAHHHBIX NpeAcTaBieHu#t u3 rpynnst (k) He za-

BHCHT OT omnepartopa oGpamedHus Bpemenu K. pynna &(k)— sto

rpylna YHCTO yHHTaPHLIX ONEPATOPOB; H CHa4aja MH IEPEXOAHM OT |
npefcrasiaenuit D® m)  rpynner @ (k) K npeacTaBiaeHHAM DC*E)m)

rpynnel @ ®  ToJbBKO YyXe 3aTeM moJyuaeM IpeACTaBJEHHS

Dlco™) ) rpynmu .

D@“WMKwu»=(

§ 98. Konpeacrapaenus rpynnbl &: Ko3seana kiaacca Il
. u obuas Teopus
[Ipexje uem NepefiTH K aHAJAM3Y 3TOTO HauGOJjieg BAXKHOLO CAy-
yas, pacCMOTPUM cHadajia CTPYKTYypy 3Be3fnl. JlJisi BQJHOBHIX BeK-
TopoB ksacca II u3 (96.36) sBesna *k yxe colepkHT BeKTOp —&,
HO k v —Fk He3KBHBaJCHTHLI, To;Aa YHHTapHYI0 IPOCTPaHCTBEHHYIO
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rpynny MOXXHO NpeJCcTaBUTh B BHIE pasnomeﬁux
O=0®)+{0,| 7} OB + ..., (98.1)

rae {(pal‘l‘_} — 3JIEMEHT CMEXHOTO KJacca, MOBOPOTHAsl 4acThb KO-
TOpOI‘O YLOBJIETBOPSIET YCJIOBHIO
@y k= —k+ 2B, (98.2)

OueBnAHO, UYHCJO BeKTOPOB B *R B 5TOM CJyyae 4YeTHO H UHCJIO
IOJIOXKUTEJBHBX BOJNHOBLIX BEKTOPOB paBHO s/2. Takum oGpasow,
*k=*—k. Jlna mo6oro npocTpaHCTBEHHOro 3jemeHTa {¢, |T;},
nepeBoisAniero K B BOJHOBOH BEKTOD, SKBHBAJEHTHHIA — K, MOBO-
DOTHYIO 4acTb MOXKHO 3anucaTb B BHAE

P =" O (98.3)

rne ¢, — MoBOpOTHas uacTh aseMmenrta rpynnsl ® (k). Torpa oka-
spiBaercs, uto (7' @) OCTaBaseT R WHBADHAHTHHM H JOJDKHO

conepxathes B © (k). s mpocTpaHCTBEHHO-BPeMeHHON rpynmsl ¥
TOrZa HMeeM
G=06F+K{g;|t,}OF) + .... (98.4)

Otcioga MBI MOMXKEM OIpeleJHTh NPOCTPaHCTBEHHO-BPeMeHHYIO
FpPynny BOJIHOBOTO BEKTOPA KaK "

G (k)= (k) + K {0, [T} O (B) + ... (98.5)

CoorHomenne (98.5) ompepensier rpynmy ¢ aHTHYHHTAPHBIMHA 3Je-
MeHTaMH. YI0GHO ONpeleJuTh HENPHBOJIUMEIE NPeJCTaBJeHHs TPYI-
nel % (k) v mOAyYHTh H3 HHX HENPHBOAHMEIE KONPEACTABJIECHHS
rpynns &. Ilpu 3ToM cielyeT OTMETHTDb, UYTO He BCe NPOCTPAHCTBEH-
Hble IPYINEl HMEIOT BOJHOBBIE BEKTOPH ryacca II: mist aToro HyxHO,
yro0L GBlIa Omnepanys {9, | T;}, TOBOPOTHAs 4acTb KOTOPOH Aaer
BOJIHOBOJ BekTop k (98.2).

3aMeTHM, 9T0 NpH pasoKeHHH & 10 BMeMeHTAM CMEXKHBIX Kiac-
COB TPYMIIHI g (k) smeMeHTaMH CMEXXHBIX KJACCOB SIBJSIOTCS TOJIBKO
YHHTapHbIE ONePaTOpHI:

=5k~ ... +{<Palfa}9(k)+ +{€Pslfs}9(k) (98.6)

Coornomenne (98.6) secbma nonesno AJil DOCTPOEHHA HMHAYIHPO-
BaHHHIX Hpe].lCTaBJIeHPIPI rpynnsl § no npexncrtaBiennam & (k). tot-
NOCJAEAHHHA 5Tan MOCTPOEHHS HHIAYHHPOBAHHBEIX NpeACTaBJIEHHH Ta-
KOH Xe Kak JJsi 00CYXIaBLIEroCs YHCTO YHHTADHOTO CJyyasd.
PaccmoTpum tenepb rpynny (k). Hafinem ee HenpuBoauMBe
npelcTaB/ieHUA H HCHONB3YyeM AJSI 3TOro oGOOIIEHHYIO MPOIERYPY.
PaccMorpuym cTpyKTypy BhipaxkeHus (98.5) [cm. ¢opmynn (95.8)—

—
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(95.35)], kOTOpOE MOMKHO COKpalieHHO 3aNHCATb B BHAE o
G (R =0 (k) + a® (k), ; (98.7) .

ay=K {0, |7}, | (98.8)

H a2 —roxe saement rpymmel ® (k). IlycTs y Hac Hmeercs mpo-

k
crpancro P gpngomeecs 6asHcOM HENPHBOXHMEIX LOMY-

CTHMBIX mpejactaBjienuii D rpynnet ® (k). Pacemorpum- npo-
crpanctso = ™. Us obrunoro cBo#cTBa yHHTAPHOTO OnepaTopa

rae

uz(k) (my __ E(k) (m)D(k) (m) (Ll) (989)
caenyer
TR S A A T Al - (98.10)
Ho conpsmennnii sjeMedT
o lua, =us (98.11)

TOXe fABJIMeTcs 3jeMeHTOM rpynnel @(k), u, cleloBaTeJbHO, OH
yduraped. Torama

T aoz(k) (m) — aoz(k) (m) N D(k) (m) (uao)*. (98 12)
Ha60p MaTpul, UMeIux CBOUM 633HCOM
2(60 B (m) E(k) (m) + aoz(k) (m) (98 13)

IJ1s1 YHHTapHOTO 3JieMeHTa U uMeet BI/IIL"

D@ (m) (1)) 0
D (w) =( 0 DT (yen)* ) (98.14)
Ecan @ — aHTUYHHTAPHLIA 2J€MeHT
a=1u-day, (98.15)

TO
aE(k) (m) __ aoaa'luaoﬂ(k) (m) __ a (E(k) () py () (m) (ua")) ——
- — g ™ p®m (o=1) (08 16)
nim .
a-a=P™ — . gua ™ — (8 m) py (8 (rm) (uatoto) =
=3W"pB™ (aq).  (98.17)

IIpu BrEBoZe (98.16),  (98.17) wmH, Kaxk M cJaeJOBaJO, NOACTABHJIH
Aia a Buipaxenue (98.15). Us (98.16), (98.17) mb noaysaem Tu-
NMHYHYI0 MaTpUNy AJsi aHTHYHHTADHOTO 3JeMeHTa rpynnsl &

o D) m) (aao))
0 '

D(a) = ( D (g7 ay (98.18)
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Jlerko y6enutbest B ToM, uTo (98.14) n (98.18) ynoBieropsioT CO-
orHomeHHsiM (95.10) — (95.13) n, TakuM 06pa3oM, ABAAIOTCA KONpel-
craBieHusiMu. Tenepb MBI 3afiMeMcs CBOACTBAMH HEIPHBOJHMOCTH
npeacrasiaenuit (98.14) u (98.18). 3pech MOKHO yKa3aTh HECKOJb-
KO CJy4YaeB: :

Cayuafi A/ D@ ()= D8 m) (yacy", (98.19)
Cayuait B DU ) (4) = DI®) tm) (yasy*, (98.20)

Hmes B Bupy (98.19) u( 98.20), y6eaumcs B HENPHBOLHUMOCTH
3THX NpelcTaBjeHuil ¢ noMompbio JeMMme llypa. Ilycte M — spmu-
TOBa MaTpHLa ¢ pasMepamu (2/-s):

M (m“n m,zn) (98.21)
my 1L my, 11 )" .
rae
my U iy, — BemecTBeHHbe uncaa, Il — exnununas -marpuna
¢ pasmepaMmu (I, -8) X (I, 9). : (98.22)
PaccMOTpHM COOTHOLIEHHS
' MD (u) = D (u) M, (98.232)
MD (a) = D (a) M* (98.236)

H YCTAaHOBHM, Kakasi Marpuiia M coBMeCTHa ¢ 3THMH COOTHOLIEHHS-
MH. .
B caysae xorma sweonusercs (98.20), cpasy Haxomum, uto D
genpuBoxumo. Takum o0pa3oM, B ciayyae B, Korma orpaHuueHHBIC
NpeACTaBIeHUs] HedKBHBAJEHTHBI, HHAYIUPOBAHHEE NpelCTaBACHHS
(baKTHUECKH HENPHBOLHMEL.

Tenepb paccMorpuM cayuaii A’: smecs D® (M (i) p DB (m) (yan)*
AIBJISIOTCH SKBHBAJEHTHHIMH npencraBiaenusamu rpynnsl ® (k). Torna
CymecTByeT yHHTapHas MaTtpHua B ¢ pasmepamu (I, X[,),
Takas, 4To

B D® M (1) g = D® ™ (oY, (98.24)
IloncraBum
u=a;ua, ) (98.25)

B Boipaxenne (98.24) u BO3bMeM KOMIUIEKCHO CONpsAXEHHOE BHIpA-
xkenue. Toraa umeem

g~ *D® ™ (05w a)" 8" = D® ™ (a7 %u,03). (98.26)

Toacrarum (98.24) B JaeByo cropony (98.26) m pas/ioxuM HPaByio
CTODOHY 3TOrO PaBeHCTBA, YYATLIBAfA, YTO @5 YHHTAPHO:

ﬁ—l*ﬁ—lD(k) (m) (ul) ﬁﬁ* = D(k) (@ (aé—Q) D(k) (m) (ul) D(k) (m) (ag). (98.27)
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T0 BhHpakKeHHE MOXKHO MEpeNHCaTh C yIeTOM PaBeHCTBA

D) (=2 = Db (m (g2)~" ©(98.28)
B BHIE / )
D® () (1) B"D® ) (a3)™" = BBDO ) (g2)"LD® m (), (98.29)

Ho D®(m genpuBOAHMO, H, COIJIACHO JIEMME U.Iypa,
BE*D® ™ (a2)™! = c1, (98.30)

rie I — enunuynas martpHua, a ¢ — yucjio. IToaoxuM u=a:u
nozcrasuM B (98.26); Torma mosayuum

B=""D® ™ (af)" "= D* ™ (df). (98.31)
" Ecau (98.30) moxcrasuts B (98.31), To moayunm
— (BB BB
b ()=
CrenoBarenbHo, .
c=c". . (98.32)

Tak kax Bce Marpuusl yHETapHH, H3 (98.30) nmeem

le]=1. (98.33)
Torza u3 (98.32) u (98.33) mosiyuum
c=Z1;
H AJs cayuass A’ uMeTCA ABE BO3MOMKHOCTH:
Cayuait A D® ™ (g2) = - gt (98.34)
! Cruyuait C D®m (g2)= — pp". (98.35)

OTH gBa cayuas MO3BOJSAIOT PA3/IHYMTL ABa Pas3HBIX THNA HelpPHBO-

JUMBIX npeacTtaBieHuit. Urobul yOeanTbcs B 3TOM, mpeolGpasyem

(9814) u (98.18). OnpeueJmM matpuuy V ¢ pasmepamu- (2lm)>(
X (2lm), aBasouyncs HpﬂMOI/I CyMMOH BHIa ]

V'_(l 0 ' :

. = O ﬂ-l ? (98-36)

H BHIIOJMHHM NpeoGpa3oBaHHsA , \
Dw=Vv"'D@V, S (98.37)

pca) V"D(a) e (e83g)
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HanomnnM, yTO ﬂ YHHTApHO, H 3aTeM, ucnom:syﬂ (98.15) u
(98. 24), HOJTY4HM .

0=(3 )7 g )L )
( D® m) () 0

o pom (u)) (98.39)

_ 10 0 D® ) () D® m) (g2Y\ 7 1 0
D(a)=(0 ﬁ)( o ey 0! () )(0 ﬁ-‘*)=

D(k) (m) (u) D(k) (m) (ag) ﬂ—l*
\ (D(k) ™ () B 0 | ) (98.40)
Toxcrasass (98.34) u (98.35) B (98.40), nmoayuaem
__ 0 4 D (m) (1) B
D(a)= ( D® ) (4) 0 ) (98.41)

rje, KaK W paHblue, a == ua, Takum obpasoM, (98.39) u (98.41)
ONpeessiiOT KOUPEACTaBNEHHS AJS ABYX BO3MOXKHEIX CJIYyYaeB,
YUro6bi yCTAaHOBHTb HENPHBOAUMOCTb, npuMeHum Jjemmy Illypa
H BOCINOJIb3yeMcsi 3PMHTOBOH Marpuued M w3z (98.21) u cooTHoute-
pusiMu  (98.23), (98.24) gna D. Hac unTtepecyeT TOJbBKO cayuab

. MD (a) = D (a) M", ) (98.42)
KOTOpPHIH HaeT
s D® ) () B == + my, DB ™ (u) (98.43)
’ D@ ™) (1) B =y DP ™) (1) (98.44)
Us (98.44) caenyer, uto B J060M H3 CAyHaeB ‘
My == Mgy = my. _ (98.45)

Ho mna (98.43) caenyior nBe BO3MOXKHOCTH. Ecau B3siTh OTpHIA-
TeJIbHBIH 3HAK, TO, TaK Kak D® (™ y § oTiuuHBl OT HYyJsA, NOXYYHM

Cayuait C  myo==my =0. - (98.46)
Ecau B (98.43) B3aTb MOJOXKHTENbHHIH 3HAK, TO IMOJYYHM
Cayuat A  myy=mg =m,+0, (98.47)
‘T. €. B 9TOM C/yUae HMeeM OKOHUATENBHO ,
m_m,Ik

Crysal A M= (98.48)

mgl] mlﬂ
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H, CJE€A0BATECJbHO,

— (01
p@=bwm@pa(, ). (98.49
) I 0 |
Cnyuatt C M=m ( 01 ) (98.50)
u, cJefoBaTeJbHoO,
_ 01
D (@) = D(®tm) (u)[5®(__1 0). (98.51)

Slcuo, uto B cayyae C KompexcrasieHHe D sIBAsieTCS HeNpUBOMH-
MBIM, TaK KaK eIMHCTBeHHas MaTpPHNa, KOTopas «KOMMyTupyer» ¢ D
[B oBoGuiennom cmeicie (98.23), (98.24)], — sTo KoHcTaHTa.

B caydae A xoupesacrassienue D mpuromumo. O6o6uiasi BEBOJ
(96.28) — (96.31), MOXKHO BBIOJHUTb NPHBEJCHHE C HOMOILIbLIO Be-
IIeCTBEHHOA OPTOrOHaJbHON MaTpHIbl COOTBETCTBYIOLIEH pasMmep-
HOCTH

1 I II)
rae II— einHUYHAaA MAaTPHIA HYXKHOH pasMepHOCTH. B pesyabTare
[pPHBEJEHUS HOJYUYUM '

D@=9"D@g= (D(k) " e

_ D g ﬁ\). (98.53)

Ilpn BHITONHEHHM INpoUeAypbl OpuseleHus ot (96.30), (96.31) «
(96.32), (96.33) mocaennuit mar ot (98.39) ¥ (98.53) MOxKHO BH-
HOJHUTH npeofpa3oBaHHeM K 3KBHBAJeHTHOMY IpPeAcTaB/IeHHw. Boc-
HoJb3yeMcs CHOBA MaTpHiel

_ (/M0
V=(0 iH) (98.54)
u Hafnem o
V"'DwV, (98.55)
V=D (o) V* (98.56)

aHazornuHo (96. 32) u (96.33). B stoM cayuae mpuBeneHHe JaeT
HeNnpHBOAHMblE (HONyCTHMble) KONpPeACTaBAeHHs! rpynnsl & (k):

- DfcoB)(m) (1) == D) (m) (gy), (98.57)
> .
Do B (m) (g) = D® (m) (qq1B), (98.58)

[IpeanosoxkuM Teneph, 4TO HMeeTcst AONYyCTHMOe KONpejcTasJe-
mue D rpynnb & (k). D10 KOmpeACTABJIEHHE, COIVIACHO TOJIBKO YTO
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BHIIIOJIHEHHOM Y nccaenosaﬂmo OTHOCHTCS K OJHOMY H3 Tpex cJay-
e Cayuait A D(’*) m ()= D@ m (a5 'uay)*
. D@ m) (2) = pg",
i{ 5D ™ () DO (4 ). (98.59)
 3zecb D(u) onpenenens B (98.57), a D(a)— B (98.58).

Cayuait B DR (y 3 D® (™ (g-lyg Y (98.60)
3pece D (u) onpemenens B (98.14), a D(a) — B (98.18).

Cayuait C  D® U (y) == DB M) aglua )
K -
D@ (g2) = — Bg*, (98.61)
‘TIe
B~ D™ (w)p=D® " (a7 uap)".

Baecy D(u) omnpepenenn B (98.39), a D(a) —B (98.51).

Ananorudso TOMy Kak Mbl paccMaTpHBaJHM OOBIUHBIE MPENCTaB-
JeHus rpynnsl &, moJaydeHHvle u3 npeicTaBdeHuil rpynnu @ (k),
HafileM KONPeJCTaBJeHUs] TPYNHBl & M3 KONpPEACTABJEHUE IPYIILI
9 (k). Paznoxenune & no & (k) nawo B (98.6). 3ameTum CcHOBa, UTO
BCe JeMeHTH CMEXKHBIX KiaaccoB B (98.6) yuurapHwl. [leficTBuTenb-
HO, OHH OBLIM BHIODAHBE B COOTBETCTBHY C 32JEMEHTAMH CMeEXKHBIX
KJIACCOB, KOTOPEIE BO3HHKIIH Obl AJS TOTO e 3HayeHHst & B paaJo-
KeHud @ no G (k).

[TosToMy MBI MOXKeM BOCIOJb30BATbCA BCell apryMeHTraunef,
npusefmed Kk (36.7) u (36.8). OcHOBHYI0 pPOJib B NpPUBEILEHHH HI-
pano onpelenetne (36.6):

k) (m k) (m

olg ¥ = ™. (98.62)

Tlpu HaMMupuM aHTHYHHTAPHOro ONEPaTopa TaK:kKe HYXKHO BHIGPAThb
HeKOTOpHH Gasuc. PaccMOTPUM COOTHOLIEHHE

(#) (m) _ k) (m)
Py trgdo¥e = ag - pl* ™, (98.63)
rne ] 1
» a0 == Pyo c1 18P s v} ; (98.64)
H q,("a)(’") onpefiesieno B (98.62). Ecim MH BOsbMeM B KauecTBe
Gasuca JJsi 3aJ,aHHOTO R4

y(eo k ) (m) — Z(k(,) (m) fas) aaz(k’) (m) (9865)
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}

2Fa) ™ = o) ™, ., gt ™1, (98.66)

rne

TO MBI MOXEM JIETKO NPOJABHHYTLCA Aanblie. Mbl MpencTaBuM moJ-
Hyl0 MaTpHLUy Konpexcrassienus D(co *®)(m p Grounom Bume, COOT-
BETCTBYIOILEM pPa3JIOXKEHHUI0 10 CMeXHbIM KaaccaMm (98.6), oGosua-
YHB 3TH OJ0KH
- *

Do *#) m), (98.67)

rie , Kak 06bIYHO, HHAEKCH 0T 0epyTcad B COOTBETCTBHH C HHAEKCAMH
3JIeMEHTOB CMeXHBIX KaaccoB B (98.6). Kaxk Bceraa, 6A04Hast Mart-
pula mokasbiBaeT, KakK npocTpaHcTBo (% )™ nepesopuTcst B
5(¢© %) ™ gekOTOPHIM ONEPATOPOM, SBJSIOLIAMCA APryMeHTOM
matpuib. Temepb 6yZeM CcJIefOBAaTh apryMeHTAaUHH, HCIOJAbL30BaH-
HOW npH BHBOZe (36.7), (36.8). Oranunble oT HyJs OJIOUHBIE MaT-
pHIE! B NePBOH CTPOKe HJIM B IePBOM CTOJ0Ie TorAa cpasy 3amnuchi-
BalOTCS B BHAE

D *8 0 (g | Te)ur = E, (98.68)
Dfco *£) (m) ({‘Pa | 170}_])10 =EFE, 7 (98.69)

rae £ — enuHuYHas MaTpuua ¢ pasMepamu Ju6o Im, aubo 2m. 3a-
METHM, YTO BhIpaxKeHHe, KOMILIeKcHo compsikeHHoe (98.68) n
(98.69), Toxe siBJAsieTCA eJHHUYHON MaTpuuedl.
e n (co*k) (m)
Boapmem Temepn saement (1,1) Gmounoli matpuus B D
B BHJe )

Dfe™# = pleo ™8 m), (98.70)
IlaJjiee omnpeneanM MaTpPHIY C TOYKOH
. ' 0, ecaun X ue npuuapmexut Z(k),
D(co k) (m) (X) ={ o £ (m p ( ) (987[)
D , ecad X cogepxurca B G (k).

v

Ilycts {@o|tp} — npoH3BONBLHBIA YHUTADHLIf 3/eMeHT Tpynnbl . Pac-
cMOTpHM OJIOUHYI0 MaTPHUY KONpeACTaBJeHHS C HHAeKcaMu (0, T)

Do *&) m) ({q 17} « {0, 17}« {7}~ )ﬂ = DB (o |7,)).
(98.72)

BosbMeM Tenepb npOH3BOJNLHHIE aHTHYHHTAPHBIA aneMeHT K {@p| o).
Torna 6/0uHas MaTpHua ¢ HHAEKCaMH (0, T) NOJHOrO KONpeACTaB-
JIeHHst HMeeT BHA

Dleo 2 (m ({q5 | 75} - K {‘Pp 1%}« {@c 10 Do =
| | =D K {gplT ). (98.73)

-
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O6a coorrowenus (98.70) u (98.71) nosyyaloTCs NMPH PaccMOTpe-
HHM COOTBETCTBYIOIHX 3JI€MEHTOB marphi ¢ nomompbio (98.68) u
(98.69). .
IloBTopsas 3To e pacCyX[IeHHe B oSpaTHOM NOPSAAKE, MOJY-
ynuM, Kak M npu Buisofe (36.10), mna mpoussoabroro VHHATaPHOTO
sneMenTa {@p|T,} H NPOM3BOJBHOTO AHTHYHHTApHOrO 3JEMEHTa

K {@, l T}
Dfco *2) (m) (o, 17 o =

— DO (g1} (0p T} {ael 7)) (98.74)
H

Dfco ¥&) (m) (K {gp| o or =
= DD (g5 11} K {@p 7} - {acl v}).  (98.75)

Buipaxenus (98.74) u (98.75) naloT pelueHHE NOCTABJEHHON
sajgauy. Mx mpocrofi BuA siBASeTCH NPAMBIM CJEACTBHEM DPasfoxke-
Husi_no cMmexubIM KnaccaM (98.6). Ecam 6l Hcnosnb3oBasjoch Ipy-
roe pasJoXKeHHe, TO MH TOJYYHJIH OB 5KBUBAJEHTHOE MHAYLMPOBAH-
HOe NpeACTaBieHHe. B 4acTHOCTH, BMECTO S CMEXKHBIX KJacCOB B
(98.6) pasnoxeHHe Mo cMeXHHIM KjaaccaMm @ (k) cogepxano 6bl 28
CMeKHBIX KJacCOB, COAEPKALIUX AHTHYHUTADHBIE 3JIEMEHTH CMeX-
HbIX KjaccoB. Torma Oblo Gbl BO3MOXKHO NMPAMOE ONpeleleHHe HH-
LYUHPOBAaHHBIX [peACTaBIeHU rpynns § no npeacrasienusm @ (k)
BMECTO HCNOJb30BAHHON HAMH JABYXCTYNEHYATOH NpOLEAYDH, Bexy-
meit or G(k) x (k) u sarem yxe K &. flcHO, uTo Bce cnocoGml
paccMOTpeHHs Jal0T OAMH W TOT JKe pPe3yJbTaT.

§ 99. Konpencmﬁnenuﬁ rpynnsl G: ko3Be3ga kaacca |

BosHoBrIMH BeKTopaMu KJaacca I, coraaceo (96.35), sipasiiores

BEKTODHI
k=rnB,. (99.1)

f
JIs TaKHX BOJHOBHIX BEKTOPOB BCe MPOCTPAaHCTBEHHBE ONEPATOPHI,
nanpuaMep {@:|v} u {gs|ts}, comepxkarcs B rpynne (k). B stom
cydae MPOCTPAHCTBEHHO-BPEMEHHAss TIpyNa BOJHOBOTO BEKTOPa

HMeEeT BUL
: G(k)=0 (k) + KB ®). (99.2)

C/le0BaTeNbHO, B 3TOM C/lydae aHTHYHHTADHLIA 3JMeMeHT CMEXHOro

KJlacca dp fIBASieTCs ollepanded 4HcToro ofpailenus speMeHH K,

Crencraue o6pallleHH BPEMEHH AJIi STOTO CAy4as Jerko NOJAYYHTb

no anajorun ¢ (94.11) u (94.12), :
Bossparimcs k caywawo A. Ecau

D® @ () == D® W) ()", (99.3)
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T0,” OueBHAHO, D® (™ gpjseTcs BELIECTBEHHHIM NpPEACTABJEHHEM.
Torna us (98.34) u paBeHCTBa @g == K HMeeM

Bp" = D®) () (E), (99.4)

H HenpuBOoAHMMOE IIPEIACTABJCHUE B 3TOM CJlyyae sBJASETCA COBOKyH-
HOCTbKO MaTpHIL

D® m (), D® m) () § == D& (m) (g), (99.5)
Uz (99.4) 1 us rtoro, uro f yHUTAPHO, HMeEM
B=4. : (99.6)

~

Taknm o6pa3oMm, B 3ToM cJayuae B ABASETCS CHMMETPHUHON YHH-
TapHOW MaTpHIEH.

B caysae B Mmmu pocmosbayeMcst obcyxnennem § 98, tak 4ro
MaTpHllaMi KonupencTasaeHud 6yayTr (98.14) u (98.18).

B cayuae C 2KBHBAJNIEHTHOCTb NpeACTABAEHNH

D® (m) () = D) (m) ()" (99.7)

He o3Haudaer, urto D (M pernjecTBeHHO, a 03HauyaeT JHWb, YTO OHO

HMEeT BellecTBCHHBIH xapakrtep (cien). Torja MaTpHUIBl HEOPHBO-
JHMOTO MPEACTABJCHHS aHaNOTHIHEI (98.39) u (98.51). B arom ciy-

yae
pp* = — D™ (m (E) (99.8)

p=—4, ' (99.9)

TaK YTO MaTpHIla P aHTHUCUMMeTpuuHa. Tak Kak B TaKxKe YHHTapHa
(T. e. ©MeeT onpenesHTENb, PABHBIN equHune), peayabrar (99.2) mo-
Ka3BIBACT, UTO P AOJKHA OBLITh MaTpuUe# ¢ YeTHON Da3MepHOCTHIO.
D70 oueHb BAXKHBI cayualt, TaK Kak 3Be3fla kiacca I coorsercrayer
TpaHuiaM 30Hb DpusmiiosHa u HO9TOMY 4acTo paccMaTpuBaeTcs B
KOHKPETHBIX 3ajiauax.

TMonyuenue MHAYUMPOBAHHKIX KompexcTaBiennii Dlco ™) om po

JOTYCTHMBIM HeNPHBOAUMEIM Kompeacrasienusm D{co#) m  rpyp.
nu & (k) suimonHsaercd anadoruuno (98.74) u (98.75). °

H

§ 100. Jonyctumble HenpuBoAHMbIE npejcTaBieHus rpynnsl G (k)
KaK NpPOEKTHBHBIE NpPeJCTaBJIeHUs

Eule ofMH aCmleKT HEeNPHBOIAMMBIX NpeicTaBieHufi rpynns 9 (k)
MOKHO YBHAETb, €ClH PACCMOTPETh WX KaK NPOEKTHBHBLIE NPELCTaB-
JIEHHsi HEKOTODOH TOUEYHOH TPYINIEHl, coAepiKallell aHTHYHHTapPHBIA
oneparop [74]. Hanomuum, uro B (41.11) mbl ompenesnsin Kpucrani-
JIHYECKYIO TOUEUHYIO TPYNNY B TOUuke R Kak (akroprpynmy

® (kyT=$®), (100,
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KOTOpasi H30MOP(HA HEKOTOPOH KPHCTA/JIHYeCKOH TOYEUHOH rpynne
PR)=¢e, ..., ¢, ..., @ (100.2)

B cayuae BOJMHOBBIX BEKTOPOB, OTHocsuxca K Kiaaccam 1 u I, maa
KOTOPBIX B u —*k 1100 3KBHBAJEHTHBI, JHOO OTHOCATCA K OJAHOH #
TON Xe 3Be3/le, HPEACTABJAETCS eCTeCTBEHHHIM pacmiuputbh P(R) 3a
cuer noGaBieHUA HEKOTODLIX AHTHYHHTAPHHIX 3JeMenToB. PaccMoT-
PUM Telepb paclIHpEeHHYIO IPynny

P (k) =c¢, P eees B Kog, oo es K(p(.,(pl}v, ces K%(plk’ (100.3)
HJIH NPOCTP-AHCTBEHHO-BPEMEHHYIO TOUEUHYIO IPYyINy
P (k)="P (k) + K B (k). (100.4)

Taxkum o6GpasoM, rpynna P (k) sBasercsl pacliNPeHHOR rpymnnoi, B
KOTOPYIO BKJIOUeHb KaK YHHTapHBHE, TaK ¥ AHTHyHHTapHLe 3Je-
MeHTH. O4eBHjHO, )

P (k) =% (k)/Z. (100.5) -

Anajornuno § 41 Kaxuuiii saeMeHT rpynnsl (k) COOTBEeTCTByeT
NOJIHOMY CMeXKHOMY Kiaccy B & (R):

Ty @< {0, |7} T
Kq)(?eK{(palfﬁ}fl, —_—

- T'pynna £(k) comepxuT Bce IMOBOPOTHHE 3JEMEHTH, KOTOPHE OC-
TABJAIOT K WHBAPHAHTHBIM, ILIIOC TaKHe NPOH3BeJeHHs ollepaTopa |
obpamenus spemMedn K Ha NOBOPOTH, KOTODHE ImepeBoisT k B
—k + 2nBy. .

PaccMOoTpuM Telleph 3aKOH YMHOMEHHA AJIS TeX MaTpPHI KOUpea-
crapjeHuil B & (k), KOTOpEHE yCTaHAB/JAMBAIOT COOTBETCTBHE 3JEMeH-
TOB CME@XHBIX KAaccoB rpynnsl & (k) u aneMentos rpynns . HUMeer-
csl yeThipe "THIA NPaBHJA AJsi NOCTPOEHHS INAapPHOTO NPOUIBEAEHHS
YHHTaPHOTO H aHTHYHHTAPHOrO 3JeMeHTOB [cM. (41.2)]:

\

{0, |70} o |7} = {1 Ry, 3+ {or, |7 ), (100.7)
fo, |7} K|ty ={eIR, }-K{a, |7, }. (100.8)
K {01t} {04 | 3 = 1Ry} K 03] %) (1009
K{0a] T} K {057} = {e1Ry, 3+ (#0,4]To, ) (100.10)

B (100.10) mb ompemesui¥d BTOPOA aAHTHYHHUTApHBLIH 3JI€MEHT
cmexkHoro kmacca Kak K {@.|T.}, xoTopmit, mampumep, paBen

[eM. (100.3)] : ’ .
{0t =K (0|7} o, |7} (00.11)

(100.6)
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Ceftuac HaM 3To HecyulecTBeHHO. [loBTOpHM Tenepb paccCyKieHue,
Benyilee ot (41.2) k (41.9) npm paccMOTpPeHHH KaXIOro u3 ciay-
yaes (100.7) — (100.11). B sToM paccyxAeHHH HAAO YUeCTb TO, 9TO
Mbl pacCMaTpuBaeM KompeAcTaB/iends rpynnsl ¥ (k), u moaromy s
TeX MecTax, rie B IPOH3BEJEHHH COMHOXHTeJaeM CTOHT K, HYXHO
6paThb B COOTBETCTBYIOLEM MECTe KOMIVIEKCHOE CONPSKEeHHe.
"Tenepp B Do B m yipr nmeem gaa (100.7) no anasorun ¢ (41.7)

Dco ) (m) ({(plh l Tl,‘} . {(Ptu [ Tlu}) =
== exp — ik RL;,, . Dfco &) (m) ({(Plh, . | 11%, u}) =
= Do (g, | 1,3) - DO (fgy [ 7,). (100,12
Hus (100.8) mouayunm
Dico &) (m) ({(plk , le} 'K {(pl& l TG}) =
—exp — ik RLG, ,» Deonm (K . {(pm i 6}) =
= DB (i, [1,1) DO (K - o] 5). (100.13)
HNanee, aaa (100.9).
DB ™ (K {5 | 75} {0y, | 7., }) = :
—exp — ik RL(-,, hD(cQ‘k) ™ (K {953, ] Tsa}) =
== Dfco &) (m) (K {(6& , ta}) « Dfco &) (m) ({(PIA l 167&})“' (100.14)
Haxownen, naa (100.10) ‘
DB m (K {75}« K {9z ] %:}) =
=exp—ik- R, DR ({g; 7, })=
=D ™ (K {g,|7,}) - DB (K fg |1 })'.  (100.15)

SlcHO, YTO H 3AeCh MHL HMeeM Me]0 ¢ NPOeKTHBHBIM OTOGpa-
xenueM. Cucremy ¢GakTOpOB /IS 3THX C/lydaeB ONnpeleluM Tak:

r(A, p)=exp—ik- Ry o (100.16)
r(A, )==exp—ik- Ry, 5 ) (100.17)
r (o, A)==exp—ik- Ry ,, (100.18)
r(@, %) =exp—ik-Ry; .. ’ (100.19)

HanoMHuM Tenmepn CBOHCTBO ONEPAaTOpPOB MOBOPOTA C 4epTOH:
ony npeobpasyior k B BeKTop, sKBHBaJeHTHHA —k. Ilponssenenue
K Ha noBopoT ¢ uepTO#l OTHOCHTCA K INPOCTPAHCTBEHHO-BPEMEHHOH
TodeyHOl rpynne B Touke k. IToBropuM Tenepb COOOpaxkeHHA-acco-
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IHATHBHOCTH, KOTOPHle NpuBean Hac K (41.18) mas uymcto yHurap-
HBIX onepaTopos. Torga Mbl HaiileM Te TpeGOBaHHS, KOTOPHIMH OIl-
pesieisieTcsi CHCTeMa (aKTOPOB B NPOEKTHBHHIX IPENCTABICHHAX:

r(h, x)r(Axy, xo)=r A, x1x5) r(x;, X5) ~ (100.20)
u k
r (@, x)r(Gxy, x) =r (3, x1x) r* (%1, xo); (100.21)

B (100.20) u B (100.21) x; u xo 0603HAUAIOT IPOU3BOJILHHI 3Jle-
MeHT (YHUTADHBI HJIH aHTHYHHTApDHHIM), A gBJSeTCa 3JIEMEHTOM
THIA @,, @ G COOTBETCTBYeT AHTUYHUTApHOMY 3dieMenty THNA Kg;.
Mu no/kHb y6enutbes, uto BeiGop (100.16) —(100.19) we mportu-
popeuut (100.20) wu (100.21) aHaJOrHYHO PpaCCMOTPEHHIO B
(41.19)—(41.23) . ITpaBuabuocts (100.20) cnenyer us (41.23); uro-
661 mpousntoctpupoBats (100.21), paccMOTpHM cayuall, Koraa xi
U Xy SIBJSIOTCS MHAEKCAMH |1 H V. :

[lo ananoruu ¢ (4!1.6) wanuiem

| IR, +R, 1=fele,-R _+R_ 1  (100.22)
Torna

r (6; !"') r (6'!"') 'V) = €xp — ik - (RLE;, m + RL(—,, uv) = .
=exp — ik - ((p‘-, . RLu, .1 R 5. uv)' (100.23)

Ho ;
k gy=gq;'-k=—k-+2aB,. (100.24)
[Tosromy (100.23) mpunuMaeT BHI o
(exp—ik- Rey ) (expik- Ry, ), (100.25)
uto B o6o3Hauenusx (100.16) — (100.19) maer
(3, w)r(w, v), ~ (100.26)

4TO H TpeGoBaJOCh JOKA3aTh.

[MepeuncaiuM pesysabTaThl 3Toro maparpada. Jonyctumele Henpu-
BOAMMEBIE TPEJCTaBJeHHs TPynnbl & (k) sBASIOTCA HENPHBOAHMBIMH
NPOEKTHBHBLIMHM NPEACTABJCHHSMH DaCUIHDEHHOH NPOCTPaHCTBEHHO-
BpeMeHHol rpynnst P (k), colepxamell aHTHYHHTAPHEBIE 3JEMEHTHI.
[Myctp 3azaHa cCOBOKYNHOCTL MATpHIL, MO OXHOH [JIsi KaXIOTO 3Je-
menra P (k)

D), ..., D(w,) . n D(Ks), .. .» D (Kqz®,,) (100.27)

H cucreMa ¢axTopos » =
1), e r o n), el 1@ 8), .., 1 (@, 1), (100.28)

N
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TaKHX, 4TO BbINOJHAIOTCA COOTHOIIEHHS

D (@5) D (@) =1 (&, 1) D (@), (100.29)

D (Kg;) D (w,)"=r (3, WD (Kay,), (100.30)
D (,) D (Kqz)=r (%, &) D (K, 5), (100.31)

D (Kg) D (Kg.) =r (5, %) D (5, 1)- (100.32)

Cucrema Qaxrtopos 3amana B (100.6)— (100.19) u ymossrerBopsier
coornomenusm (100.20) u (100.21). Torpa 3KBHBaJEHTHOCTb CO-
BOKYNHOCTH MaTpHI D # Konpexacrasienuii Dico # (M pogasaua:

D = Dfco ®) (m), © (100.33)

AHanu3 ROMYCTHMBIX HENPHBOAHMBIX NPOEKTHBHEIX KONPEACTaBJe-
HHUHl pacUIHPeHHBIX KPHCTAJIHYeCKHX TOUEUHBIX I'PYNI GbLJI BBIIOJ-
HeH HeCKOJbKHMH aBTOpamu [74—76]. HekoTophle U3 3THX aBTOpOB
MOML30BAMUCh HECKOJIBKO OTJaHYamluefica cucreMofi  dakrTopos
(p-3KBHBaNEeHTHHIX). MOXKHO IyMaTh, YTO B AajbHEHINEM pa3BHTHE
HCCJe0BaHull B 3TOH 06/1acTH MOKaXKeT eJMHbI XapaKTep NOJYdYeH-
HBIX Pe3yJbTaToB,. ‘

§ 101. KommnuexcHble HOpMaJbHbIE KOODAMHATH KaK 6a3nc
HeNPHBOAUMBIX MpPeJCTaBJeHHH rpynnbl G

AHanus, senoaHedHs# B § 87—100, zaeT BO3MOKHOCTL 3aBep-
muTh paccmorpenne § 86. [lo ompenenenuio HU3UYECKUM HENpPHBO-
JHMBIM OpeJCTaBJIeHNEM SBJASETCS HENPHBOAHMOE KOIPeACTaBJIeHHe.
B (86.28) u (86.30) Obliu nosydeHb npaBuIa INpeo6pas3oBaHHsd
KOMIVIEKCHBIX HODMAaJIbHBIX KOOpAuHAT ((Dypbe-KOMIIOHEHT):

P{@’A ] 'IA}Q ( ]": ) {th} ( ) g: pae® ({q}l" l rl"})" v Q ( Jvr )
(101.1)

Tak kak D)  npenpuBognmo, 06pasoBAHHOE COBOKYIHOCTBIO
HOPMAaJBHBIX KOOPILUHAT NMPOCTPAHCTBO

E(k)(i)E{Q(?l), ey Q(].,:), Q(i’:)} (101.2)

ABJISCTCS HHBAPHAHTHLIM W HENPHBOXMMBIM O OTHOWIEHHIO K IPYIl-
ne @ (k). ,
ViHBapHaHTHOe HPOCTPAHCTBO, B KOTOPOM cymecrsyxor HENnpHuBo-
JUMBlE TpeJcTaBjeHus - Dico® () okasbiBaeTCA PA3HHIM .B 3aBHCHMO-
CTH OT TOI0, K KOTOPOMY U3 K/IACCOB OTHOCSTCH BOJHOBbIE BeKTOPEL
H KakKOB cayuadl HeIPHBORHUMEIX NpPeACTaBJeHHH. PacCMaTPHBACTCA.
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IMpocrefiluym siBAsieTcs caydall BOJHOBHIX BeKTopom Kaacca III,
onpeleneHnuit B (94.4). B sToM ciyuae yuer oGpaleHHs BpPeMeHH
yABaHBaeT «rjofajbHoe» BHpPOXAeHHe. [T03TOMY cHauana HOCTPOHM

Z(*k) () == 3@ (j)EB - @P{q;a I ,q‘}?;(k) (!')@ cen @P{ms lrs}z(k) (f): (101.3)
4 3aTeM IOCTPOHM
) ()" = k3R D = 3-8 D, (101.4)

O6benHHEHHOE IPOCTPAHCTBO SiBJsieTes 6a3HCOM HENPHBOAMMOTO
npeaCTaBJAeHHS TPYIIL G:

o ™) D =3B DPHKI® O @ . .,
e BP e EP U@ . DKP [ 2P 0. (101.5)

Kopoue rOBOPSi, KOMILIEKCHO CONpsKEHHAs KOOPJMHATA H3 COBOKYI-
Hoctn (101.2) oxasbiBaercsl BHIPOXKAEHHOH C HECONPSIKEHHOH, MpPH-
UeM OHM JIHHEHHO-He3aBHCHMEL.

k : k
B cayyae JHHeHHOH He3aBHCHMOCTH Q(]. ) " Q*(]. )=
v v

=Q( . JacTo BBOJAAT BelleCTBeHHBIE HOPMAaJIbLHEIE KOOpPJIHHA-

v
TH TepBoro pofa [cM. [18], ypaBrenne (38.33)]. D10 mpeobpasona-
HUe ONpeJe/sieT [Be BellleCTBEHHEIE BeJNUHHE CHEAYIOWUM 06pa3om:

ql(k)=—,\—}2=—(Q(-k)+ Q(_;vk)), (101.6)
o()-rr(e(P)-o(71)  ams

B stoM ciaydae MBI JOJKHBI TakKxKe Pa3fesIHThb «MOJOXKHTENbHbE H
OTPHIaTeJNbHbIe» BOJIHOBHE BeKTOPH OOPATHOro NMpocTpaHcTBa, MO-
CTPOWB JJIS 5TOrO INIOCKOCTh B 0OpatHOM mnpocTtpasctse [18]. IIpe-

k —k k k
o6pasoBaHue OT Q( , ), Q( , ) K ql( ), q2(. ) VHH-
Iv Jv I Iv

TapHO, M, CJeJ0BaTeJbHO, OHO JaeT 3KBHBAJEHTHOe KOIpeACTaBJie-
Hne. Ho aTo Kompencrap/ieHHe He 6yLeT HMeTh NPOCTOH, MOMHOCTHIO
npuBeseHHON (opMul (94.7), COOTBeTCTBYIOLIEH OrpaHHYEHHOMY
NpeACTaBJEHHIO, BEAEJEHHOMY YHHTapHOH noarpynno# @, tak kak
IpeJCTaBJIEHHS, COOTBETCTBYOILIHEe B U —&k, 31ech nepeMelllaHHl.
JI151 HonyYeHNs BelleCTBEHHBIX HOPMAaJbHHX KOOPAHHAT BTOPOTO
pola YacToO HCHOJb3yeTcs elle ofHa MeToAuKa [cM. [18], ypaBhe-
Hue (38.38)], Tpebylomas KaHOHHYecKoro npeo6pasoBaHus. Mu He
Oynem O6cy}K11aTb 3T0 npeoépasoBaHue 3/1eCh, T2K KaK, 10 MHEHHIO
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MeXJy BellleCTBeHHLIMH KOOp}.IHHaTaMH B Teopuel Konpez(c'fas.ne-
HHH, He HallIn elle YIOBJIETBOPHTE/ILHOTO PEIeHHs]. O6cyxnenne
3TOro BOIpPOca MoXHO HafiTH B paGore [77] u B §.114 Hamel KHHrH.

CyMMHDYs pesyJbTaTh AJs cayuasi 3e3fibl Kaacca III, Mut mpu-
XOIHM K BHBOAY, YTO NpocToe 00BelHHEeHHe ABYX INPOCTPAHCTB
tuna (101.5) of6pasyer 6asmc As (H3NYECKOTO HENPHBOAHMOrO

*
npexcrasaenns Dico *&)»  rpynmw 9. BripokieHHEIE COOCTBEHHEIE
SHA4YeHHs, WIH KBAAPaTh HaCTOT, CBA3aHHblE C BEKTOpaMu. mpo-
crpanctBa (101.5), paBHK

mQ(kljl)y ey m2(k|jh), ooy m2(ks]jl]),

- ’ _ (1018
O (—&IT), ..., @ (—EIR), ..., 02(—kIT,).

[MosHoe 4HCIO STHX BHIPOXKAEHHBIX COGCTBEHHBIX 3HAUeHHH PaB-
HO s(l].+l]f)=2ljs. Hnaekc. | ciaelyer ONpelelHTb CONOCTaBJe-

HHeM ¢ TabJunaMu XapaKTepOB HJIH BHINOJHAA SIBHO mpeoGpasoBa-
HUe HOPMaJbHHX KOOpAHMHAT aHajormuuo (94.26). Tpebys or cob-
CTBEHHBIX BEKTOPOB HJIH HOPMAJbHBIX KOODAMHAT, YTOGH OHH ObIIH
BeLIeCTBEHHEHIMH B COOTBeTCTBHH ¢ NpeoOpasoBanusaMu (101.6) u
(101.7), MBI MOXKeM HapYIIHTb CBOHCTBa mpeoGpa3oBaHHE 1o Ael-
CTBHEM HPOCTPaHCTBEHHBIX ONEpPaTOPOB rpynms %,

Jast BOMHOBHIX BeKTOpOB KJjacca 1I, ompeneneHHEx B (94.3)
(cM. Takxe § 98), nosmoKeHHe CyllleCTBEHHO OTaHYaeTcsA. Mp 101x%-
HBl OGCYAHTb TPH BO3MOXKHOCTH — cayuaun A, B, C anasoruyso
(98.59) —(98.61). Naa cayuas A Gasuc

0 o(2). (2o s

TOXKJECTBeH (101 2) I[onoJIHHTeJIbHoro BHIPOXKIeHHA, 06yCJIOBIeH-
HOTO CHMMETPHe! MO OTHOIIEHHIO K OOpalleHHI0 BPEMEHH, HeT HU B
«r06abHOMY, HE B «JIOKaJbHOM» CMBICJE 3TOTO CJOBA.

B cayyae B uMeercss NONOJHHTENBbHOE JOKAJbHOE BHIPOXKIEHHE.
HenpusoxuMele KonpeactapieHus rpynnst (k) umeror cBoum 6asu-
coM obbeiHHeHHOe NpocTpaHCTBO aHajornuno (98.13). HMs (101.1)
u (95.62) MOXKHO HOJYYHTD

reria(£)e()=e(3") i

KP{valva}Q( ) (_Ik ) (1'91.(11)»
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CuaienoBaTesbHO, NPH 9TOM JJst Qg == KP ey |5}

;(GOk)(I)z{Q(:) . ’Q(Jz,)}
+{Q(_j,k)‘ ) ,Q( ]:)*} (101.12)

u peanusdyercsi caydaii 11B (98.60) mas HenpuBOAHMEIX Kompe-
craBieHuil rpynnst G (k).

B cnyuae BosHOBEX BekTOpoB THHa IIC (98.61) Mu moxeMm
CHOBA BOCIIOJIb30BaTbCs BEKTOPHEIM IpocTpancteoM (101.12).

Toraa B ofoux ciydasnx IIB n IIC nonysaeMoe npu srtoM
npejcTaBjeHHe yHuTapHO# rpynnnl @ (k) 6yaer anansoruuno (98.14)
u (98.18), a me (98.39) u (98.51). Uro6n moyuuTh mpeAcTaBleHHE
@(k) B 00bIuHOR (opme (98.39), (98.51) ana caydas IT C, HyxHO
HaHTH MaTpHLY B us (98.24). Torpa ¢ HaliAeHHOR M3 98.24)_ YHH-
TaPHOH MaTpHUeH B IPOCTPAaHCTBO

;E(cok)(!)={Q(.:), . Q(il:,)}+
+{Q(—hk ) Zz(_]: )} (101.13)
o(;)-Zeme(s)  woua

IaeT B JABYX DacCMaTPHBAEMBIX CJIydasix NPeACTABJAEHHS TPYIIH
@ (k) B dopme (98.39).

ITo (101.9), (101.12), (101.13), cho.nbsyﬂ NpoueaAypy HHAYLH-
POBaHHS, MOXHO IOCTPOHTb MOJHOe BEKTOPHOE IMPOCTPAHCTBO
3(eo *k) (0. AT0 mosTHOE mpocTpaHCTBO GymeT Gasmcom mas Dico &) ),

B cayuae I A, B u C npuMeHuMa Ta Xe apryMeHTauus, HO Te-
nepp aHTHYHHTapHHA sj1eMeHT paBeH ap = K. Ilpu 9TOM (101.12)
HMeeT BHJ '

s o). o) )

- _ (101.15)

3Hech MOXHO BOCTOML30BATHCS TEMH Ke PacCyXUeHHAMH, 4TO H
npu BuBoZe (101.13) u (101.14), Ho Temepr MaTpuma B yxe H3-
BECTHa M ee CBOACTBA olpelesensl cooTHomenusaMu (99.6) u (99.8).
Ee MOXHO Hai?'ITH u3 (98.24) c yuerom (99.6) u (99 8)

rge
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§ 102. CoGcTBennble BekTOpnl maTpuunt D(k) kak 6asuc
HENPHBOAHMbIX MpPEACTABJAEHUH rpynnbl &

ITocne paccmorpenust .§ 87—100 BepueMca k § 83 u obcynum
B PAMKaX T€ODHH KCIpeACTaBJeHHH CBOHCTBa NpeoGpasoBaHHs cob-

k
) u3 (83.4). Uro6um moayuyuts (83.5),
I8 )

MB [N0JIb30BAJHCh [OJHOTOH Habopa BBIPOKAEHHBIX COOCTBEHHBIX
BEKTOPOB AuHaMuueckoil MaTpuusl [D (k)] npu dukcupoBaHHOM k.
DTa NOAHOTa ONpPejesieHa TOJABKO IO OTHOLIEHHIO K NPOCTPAHCTBEH-
HOl CHMMETDHH, T. €. II0 OTHOUIEHHI0 K YHHTapHLIM OIlepaTopaM
rpynnst G (k). '

PaccmaTpuBaemMas 0pOCTPAHCTBEHHO-BPeMeHHas rpynmna &, fs-
JSTIOLIAsicsl HOJMHOA rpymnoil caMMeTPHM AJs Hallled 3ajaull, uMeeT
HeNpPHBOAUMBIE KONPeACTaBJAeHHs. B 4acTHOCTH, IPOH3BObHEIH COO-
CTBEHHBIl BEKTOP IPH (PHKCHPOBAHHOM K, oTHOCAIIMECA K COGCTBEH-
HoMmy sHauenuo o?(R|j,), KoaKeH BXOAUTH B HAGOD BHIPOKISHHBIX
coBCTBEeHHBIX BEKTOPOB MaTpuun D ® 1), TTosTomy (83.5) ciexyer
3aMeHHTb Ha .

k O]
FP{“’z;~ [ ‘zh}ew( i, ) = Z Dieo ({(PZATM})W eco(
. v

B cymmy no v B (102.1) HYKXHO BKJIIOYHTL BCe COOCTBEHHBIE BEK-
TOpHI, BXOAAWIHE B Ga3uCHOe NMpPOCTPaHCTBO XA ) nja HempuBo-
JUMBIX KolpelcTaBjJeHHH. DTH coOGCTBEeHHble BEKTOPLI B TOTHOCTH
COOTBETCTBYIOT Pa3JIHUHBIM JHHEHHBIM BEKTOPHLIM IIPOCTPAHCTBAM,

k
j ) Ha Oasuc

u

CTBCHHBIX BEKTOPOB e(

j’i) (102.1)

o6eyxnaBwumes B § 101, Ho ¢ 3amenon Gasuca us e(

;)

u3
CootHoiuenne (102.1) umeer cyllecTBeHHbIE MPaKTHUECKHEe NPH-
Medenusi. YacTo B pesy/bTaTe YHCIEHHBHX DPacueToB MNOJydaeTCA
k
coGCTBEHHBIE BEKTOP e( j ),CHMMETpI/I}O KOTOpOro Hajo YCTaHO-
w
puTh. Ecam ananoruuno (102.1) ucmoab3oBaTb AJIsi 3TOrO UHCTO
NpOCTPAHCTBEHHEIE ONEPATOPH, TO BAXKHO NPEACTABAATH cebe, yTO
MoJyueHHble JHHefiHble KOMOHHAIMH XapaKTePH3YIOTCS He TOAbKO
maTpuueir D® ), Ho TakKe MaTpHLel KOnpeACTaB/leHHss DR !,
Takum o006pa3oM, YTOGE YCTAaHOBHTb THN KONPEACTAaB/ICHHS, HALO
IOJIHOCTBIO ONpEJENHTh CHMMETPHIO HEKOTOPOro coGCTBEHHOTO Bek-
TOpa, NPOH3BOAA NpeolpasoBanue 3TOro COOCTBEHHOrO BEKTOpa C
NOMOWIbI0 BCeX ONepaluil MOJNHOH [POCTPAHCTBEHHO-BPEMEHHOM
rpynms §(R). . U en e e
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§ 103. Onpe)J,e.neHne CHMMETDHH = HOPMAaJbHbIX KoseGanui
. l\pHCTdJlJ!H‘IECKOH peleTKH

Teneph MBI MOXKeM 3aBepIUHTH DellleHHe 3aJa4d, KOTopoe ObLIO
npepBaHo ImocJje § 82, 83. ,IlJm JaHHOTO KpHCTania C MPOCTPaH-
CTBEHHO-BPEMEHHOH rpynnol. ¥ MOXKHO ONpefeduTb CHMMETPHIO
BCeX CYIIECTBYJOIIMX HOPMAaJbHBEIX KojeSauuil KpucTaljinueckol pe-
HIETKH.

[TocmMoTpuM, ueM MBI pacnoJiaraem. IJsi DeIUeHHs 3TOH 3aZauyH.
Mpl uMeeM no/He Ha00p HENPHBOAMUMBIX MpelCTaBaeHuH rpynnu-G.
B uvacTHOCTH, HMeOTCA HENPHBOAHMEIE JAONYCTHMBE MpejcTaBfe-
uus rpynnsl & (k). Ecau Bexrop kB masi kaxporo & (k) oTHOCHTCA
K kaaccam I, 11, 111 u3 (94.2), (94.3) u (94.4), TO MBI MOXKeM ycCTa-
HOBHTb, OTHOCHTCS JIM JaHHOE HENPHBOAHMOEe KONpeACTaBJAeHHE K
tany A, B, C u3 (98.59), (98.60) u (98.61). Torna mMu Moxem yc-
TAHOBUTB, BBIAEJSET JTH HEIPHBOAHMOE KONPEACTAB/JIeHHe OJHO He-
IPUBOAHMOE TIpeACTaBJICHHE YHHTaPHOH NOArpymnie Jaubo asa. Bo
BTOPOM CJayyae, KOTjJa HMeEeTcs HENPHBOAHMOE KONPEACTABIESHHE
tina B uan C, Bhzensiiollee HPAMYIO CYMMY JBYX HENPHBOAMMBIX
NpeACTaBJAeHHH, YCTAHOBJIEHO, KakWe HMEHHO JBa MPeJCTaBJICHHS
06'beTHHSIOTCS (HaanMep, B ciayuae C mpeicrableHHe D& (m) Bxo-
AUT ABAXIbI, B cayuae B BXOAAT ABa HeSKBHBAJEHTHHIX NPEACTaB-
JeHust D) (m)y,

[Tycte Temepn, Kaxk u' B § 82 HaM JaHbl TaKxke IpelcTaBJeHHUSA
D® @ rpynnm @ (k). [Lna kaxgoro siaementa B @ (k) cucrema xa-
pakTepoB anasa D® € onpenenena B (82.21) u (82.22) ciaenyoumum

o6pa3oM:
: X"" (&) ({‘Plx ' TIA,})' (103.1)

Ho Tak kak Ha60p coﬁcmeaamx BEKTOPOB ABJACTCA GasHCOM J0-
IYCTUMOTO HENPHBOJHMOTO KOHpeACTaBJIEeHHS prHHbI @(k) MBI
HOJIXKHB! BHIIOJHHTL Pa3JioXkeHHe

(B () = Z ylco B (myg . (103.2)

TAe Cm-— YHCIO Pa3, KOTOPOE M-€ HEMPHBOJHMOE KOUpelNCTaB/IeHHE
Dtco & (m) rpynnm G (k) nosiBasieTcs B NmpeacTaBaeHun D € Gasu-
COM KOTOPOTO CJyaT cOGCTBEHHblE BEKTOPHL.
OGosnaunm xapakrep Do) ™ uepes y(co# (m Urofr ycrao-
BHTb HauGo/ee MPOCTHIM CNOCOGOM, CKOJBKO Pa3 NOABASAETCS j-& He-
NpUBOANMOe NpeAcTaBienne rpynmns G (k), MoxHO BLINOJIHHTS TOJB-
KO pasjioxeHHe N0 yﬂmapﬂou noarpynne. Torza -

I CLVEY "’({‘mlm}) (103.3

© (%)
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Cymmuposanue B (103.3) HieT 1O YHHTApHHM 3JeMeHTaM TPyl
® (k). Xapakrep y® nonyqen B (82 21). Boumuiuem STOT pe3y.ib-
TaT 3fech: - ‘

- -

w8 (g, | 7 3) =
= (1+2cos4,) 2 DW({el— Ry (o, #)})bug s (1034)

rie
Ry (%o, ") (103.5)

€CTb HEKOTOPBIH BEKTOP TpaHCJAALMH pelteTku u3 (82.8), saBucsaumuil
OT MOJOXKeHHs! ABYX aTOMOB peIIeTKH, CBA3AHHEIX NMOBOPOTOM q"x

Beanuuua

6%¢[A’ w” ( 103.6)

onpenenena B (82.16) u (82.3).

Taxkum obpazom, MBI MOKeM BHIIOJHHTL INPOLELYDPY DassoxKe-
HHA mpefcTaBaenus D® @), Gazucom KOTOPOro siBASIOTCS COBCTBEH-
Hble BEKTOphl, Ha HEeNPHUBOAMMLIe TNpelAcTaBJeHust D {m) rpynnnl

@ (k). 3nas, x kakoMy u3 THnoB A, B, C npHHaLJIEXKHT HHILYUHPO-
BaHHOE NpeJCTaBJeHHE, MBI CPA3y »Ke MOXKeM BHIHOJHUTDH PasJjioxe-
HHe D) (€) Ha HenpuBOAMMBbIE KOIpEACTaBJIEHHUS TPYINEL g.

BaxXHO OTMETHTb, UTO IIOMHMO OOHIHX CBeleHHH O CTPYKType
NPOCTPAHCTBEHHO-BPEMEHHON rpynnsl s noayueHus (103.3) mu
HCNOJIb30BAJH CBEACHHS O KOHKDETHOH JOKa/ju3aluHy aTOMOB, O
CTEXMOMETPHUECKOM COCTaBe, 0 CTPYKType Kpucrailuyeckux Gasuc-
HBIX BeKTOpOB. CTPYKTypa 5/eMeHTAapHOH fAueliku OIpejessier Be-
auunasl Ry u 8 B (103.6), clefoBaTennHO, 3Ta CTPYKTypa onpene-
JsieT H peajbHyl0 CHMMeTPHIO KoJeGaHuil pelleTKH.

dra nporpamMma Oymer peasuszoBaHa Huxe B § 138, rae 6y11eT
yCTaHOBJIEHa CUMMeTpHsi QOHOHOB B KPHCTa/JaxX ¢ cnmmeTpueﬁ Ka-
MEHHOH COJIM H ajIMasa.

/)
i

M3 CBOMCTB cHMMeTpHH. OmnpejencHHe COGCTBEHHBIX 3HAYEHHIl
AMHAMHYECKOH MaTpHLbI

§ 104. Onpenenenne coOCTBEHHBIX BEKROPOB e(

Kak nokasano B § 103, s KOHKpeTHOro Kpucrajia (T. e. s
3aJlaHHOTO COCTaBa M 3aJaHHOM IPOCTPaHCTBEHHO-BPEMEHHOH rpyi-
nul &) M3BeCTHO, KaKHe HeNPHBOAHMbIE NPeACTaBJEHHs] CYLIECTBYIOT
NpH 3aJlaHHOM 3HaueHuH k. Popmyun npeseferns (103.2), (103.3)
JaloT HaM 2Ty HH(pOpMamuio,
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Omnpenennm Temeph co6CTBeHHBIe BeKTOPE! KoJe6aHHil pemieTKH

e( i ) B TOH Mepe, B KOTOPOM 3T0 JNONYCKaeT T€OPETHKO-FPYNIIOBOe

paccmoTpenne. OueBHIHO, €CMH HaM AaH OJAHH H3 BHIPOXKIEHHBIX
COGCTBEHHEIX BEKTOPOB, HallPHMeED OTHOCSLIHHCS K NPEACTaBJIEHHIO
k

D® ) pekTop e(]. , TO NPHMEHEHHEM OmepaTopos CHMMETPHHU
i

rpynnsi § MOKHO HOJYYUTL Bce OCTaJbHbie BeKTOPH. Kakoi-sn6o

' k

. 2
CTe CO BCEMH IIDOYUMH BHIDOXKACHHBIMHA C HHM BEKTODAMH YHCJEH-

HBIM pellleHHeM AMHaMH4YecKOro ypapHeHus. [IpuMenenue onmepamui
k
i npen- -

w

U3 TAaKHX COOCTBEHHEBIX BEKTOPOB e( ) MOXKHO ONpeaeyauTh BMeE-

CHMMETPHH ITO3BOJIAET IIPH 3TOM yCTaHdBHTb, JaeT Jau e(

craBgenne D U), rpynnu @ (k).

BoJsee yno6Ho, BooSlie roBops, HCIOJb30BaTh HEKOTOPBIH KBH-
BAJICHTHBIH, 3apaHee 3ajaHHbli 6asuc, dHepe3 KOTOPHIE yXOGHO
ONIpeNeNHTh COOCTBEHHLIE BEKTOPH, OTParKawHUIHE CHMMETPHIO, T. €.
KOOPAHHATHL cUMMETPHH. McXoaHbiM Ga3HcOM NpH 3TOM SIBJASETCS
[IPOCTO COBOKYITHOCTH 3alIHCAHHBIX B JI€KAPTOBLIX KOOPAHHATAX eIM-
HHYHBIX CMelleHHH, Mo OAHOH KOMIOHeHTe Ha KaXAYI MeXaHHde- -
CKYI0 cTerleHb CBOGOAB! KPHCTa/Ia (TI0JHOE YHCO cTeneHel CBoGOAH
paBuo 3rN). KonpeacraBieHHs Ipynnb &, NOMYYeHHBIE ¢ OMOLLBIO
Takoro 06asuca, OOHYHO HA3HKBAIOT «MEXAHWUECKUMHy» HJH «NOJ-
HeMu» TpeAcraBaeHusMu [49]. Beemem caeayioune o6o3HaueHUA
JJIS eIHHHYHBIX JEKapTOBHIX CMellleHHH:

{AX(;),AY(;),AZ(;)} HJIH AXa(i), a=1, 2, 3.

(104.1)

, 1
Beanuuna AXG( %) ABNAETCH o(-KOMINOHEHTON aMIVIHTYIb! €IHHHY-

HBIX J1€KapTOBBIX CMeUleHHH, OTHOCHTENbHO NOJOXKEHHS PaBHOBeCHSA

l
r"( . [Toaupifi Hab6op 3rN Takux CMelUeHHH OXBaThiBaeT BCe
% .

BO3MOKHBle HODMaJbHble KojaeGaHHs KPHUCTaJJa.

TocTpoum Temepb GJOXOBCKHE BEKTODH C BOJHOBHIM BEKTOPOM
k, COOTBETCTBYIOILHE 3THM 3JeMEHTaPHBIM CMeHleHHSM, L[Jm 3TOr0
BOCIO/Ib3YeMCA ONepaTopoM MPOEKTHPOBAHHS' (25.4):

- ! '
‘AXa(xlk)=:«-/1—7\l_—ZekkLAX¢(%), a=1,2,8, x=1,...,r
- r - | (104.2)
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ScHo, uTo nJs 3afaHHOro R HMeeTcs 3r TaKHX GJIOXOBCKHX BEKTG-
pos. Hcnoabsys ux B KadecTBe OGasuca, MBl MOXEM HOCTDOHTD
3r-MepHOe Mpe/lcTaB/IeHHe MaJIoi rpyNnE H(k) = @ (k) /T (k), ompe-
nenensont 8 (39.9). CnenoBartenbuo, ecid P, ¢,3 ABJISETCS 3ile-
mentoMm & (R)/T(R), TO MOXKHO HafiTd pe3ysbTaT NPUMEHEHHS TOrO
- onepatopa k cymme (104.2). Tax kak 3r cymm (104.2) o6pasywoTr
NOHOEe JHHEAHOE BEKTOPHOE POCTPAHCTBO /IS BCeX HOPMaJbHEX KO-
neGanuft ¢ BOJTHOBHIM BEKTOPOM K, a TakiKe ABJISIOTCS MOJHHIMH MO
OTHOIICHHIO KO BCEM BO3MOMKHHM €XHHHIHBIM CMELIeHUsM, TO pe-
3YJIbTATOM ACHCTBHSA Py, |1 Ha TaKyl0 CyMMy OYLeT BOSHHKHOBeHHE

JHHeRHON koMOGuHaruu Beex 3r Beauuun (104.2). Takum cnocoGom
MBl TOJYYHM TpelcTaBaeHue D (A 6azncoM KOTOPOTO SBJISIOTCS
eMHHYHEIE NE€KaPTOBHl cCMelleHHsl. DTO NpeiACTaBIeHHe TaKKe Hashl- '
BalOT <IOJHHIM» INpeAacTaBjieHneM., Korma D' () npeoépasoaaﬂo
B IIPSIMYIO CYMMY JOTNYCTHMEIX HENPHBOAHMBIX NpelCTaBJIeHHH rPyn-
not @ (k)/T(k), MB MOxeM HaHTH clenualbHEe IIPeACTABIEHHS,
BO3HHMKAIOIHE B 3ajaue O HOPMAJbHHIX KoJeGaHHAX, T.e. CHUMMeT-
PHIO BCeX HMEIOLHXCS HOPMAaJbHBIX KoJseGaHuH, -

[Tonesno OTMETHTb 31eCh BaXHOE o6crosTenbeTBo. Kak npo-
CTPaHCTBO

SR M ={AX(11B), ..., AZ {r\&)}, (104.3)
TaK H MPOCTPAHCTBO

k k
(k) (&)
z _{e( ]'1)’”"e( j;])} (104.4)

062 SIBASIOTCA MOJHBIMH JIMHEHHBIMH BEKTOPHHIMH HNPOCTPaHCTBAMHA
Uil cOGCTBEHHBIX BEKTOPOB JAMHAaMHUYeCKOH MaTpuIBl npH uKcHpo-
pBanuoMm k. Bo-mepBrix, (104.3) moctpoeHo H3 3r JeKapTOBHEIX KOM-
HOHEHT eIMHHUYHBIX CMeIeHH# aToMoB; Bo-BTOpHX, (104.4) mocrpoe-
HO H3 TOJHOH COBOKYMHOCTH 3r cOGCTBEHHBIX BEKTOPOB JIHHaMHYe-
ckoiff Marpuudbl npu 3agaHdoM k. O6e COBOKYNHOCTH NOJHEE, MO-
9TOMY OHU 3KBHBAJEHTHB APYr Apyry. C/ed0BaTesbHO, CYLIECTBYET.
yHUTapHas marpuua S, Takasd, 4To

. STip g - pEe) (104.5)

Torpa u npexcraBjeHdsl yHHTapHOH noxrpynmnsl & (B) Toxke nou-
JKHBE OBITh 9KBHBAJIEHTHBIMH:

S-ipwNg . pkrie | (104.6)

V6enamcs B cnpaBe,zumBoc'm (104 6), HCHOJIBSYH onpegeneﬂne
XapaKTepoB
SpD® A emytmr () (104.7)
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Kak o6HuHO, noAEHCTBYeM OnepaTopoM P{";;I‘z,} Ha eJHHATIHbIE

. N
JIeKapTOBH CMelleHus (AXa)( w ) .

(Poy | 1) AX), ( w ) =(AX(a1,), ( " ) = 90 (AX)ﬁ( e ) (104.8)
. . B
Torpa noBepHyTHH G6J0XOBCKHI BEKTOp 6yneT paBeéH :
=1 ik-Ry, I
(AX{‘PL})G(%lk *—,\/—A_]gek L (Axf‘p)k)a(%)z
! iR lo
=L Y@ Y e an, (1), oay)
vy Zs: ’ ; ZY A

IIpomsBeneM TaKkyl 3aMeHy HHIEKCOB CYMMHDOBAaHHSA, YTOGH
CYMMHDOBATh [0 BeJHYHHAM

Ry, =a R i, (104.10)

Ri=qv Ry + 1 . (104.11)
Torma
(AX{"’A})a (x| k) =

1 i (e RLy +hoty s, -
— W}ﬂ:(maﬁ%e : _)(AX)B(M%)
=Y (Oadag (BX)y (0, | B).  (104.12)
B

[Mpu nonyuenuu (104.11) Mu Bocmonb30OBasuch TeM, uTo {@;|%} oT-
Hocutca K rpynne @(k)/T (k). Tak xak {¢,|?\} ABaserca onepaunen
CHMMeTpUH KPHCTaJJa, TO HHACKC %o, OTHOCHTCA K OJHOMY W3 T
aTOMOB B JeMeHTapHOH suelike. ‘

Ec/ii HHEEKCH % H X, OTHOCATCH K aToMaM, 3aHHMAIOWLKM
OAMHAKOBOE IOJIOXKEHHe B 3JeMeHTapuoli fuefike, T. €. OTHOCATCA
K OZHO TPaHCAsALMOHHOA pelleTke BpaBs B KpHcTasie, MOCTPOEH-
HOM M3 HECKOJIbKHX SKBHBAJEHTHHIX B3aHMOIPOHUKAIOUIHX PEUIETOK
Bpans, 10 (AX)g (%o, | k) = (AX)y (x| k). Cnenosarensto, 3 (104.12)
COlePIXUTCS OTJMYHBIA OT HyJsl BKJIaj B XapakTep MpelCTaBJIeHHS,
6a3HcoM KOTOPOro fBJsieTcst 3r-MEepHOe BeKTOpHOe IPOCTPaHCTBO
(104.3). U3 (104.11) scuo, 4To MBI Cpasy MOJYYHM Xapakrep (cJjen)
npencrapienuss DW A, Iing onepanun {g; |#x} oH pabeH

r P
Sp DR B) Qa1 ) = %= PLAL (14+2cosqy) Zl Ox, xp, * (104.13)
. ’ . N L 11 i S
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3nechb
‘ 1, ecan % H %p, OTHOCATCH K OLHOMY H

O, "y, = TOMY e aTOMy AYelKH, - (104.14)

0  BO Bcex HpouUWx cay4aunx. .

CyMMa jaer 4HC/IO aTOMOB B 3JeMeHTapHOH siueiike, JIMBO OCTal0-
UINXCS HeH3MeHHBIMM, JUOO npeo6pasyeMBIX B aTOMbI TOH Ke pe-
meTk bpass. Ocranbubte Muoxuteau s (104.13) BozHuHKaT U3
TPAaHCAAUNOHHOTO (haszororo MHoxuteas B (104.12) u u3 caena mo-
BopoTHol Matpuusl. Ilpumensia (104.13) nas kaxaoro saeMeHTa
W TIpeCTaBHTeNIsl CMeXKHOro Kiaacca B @ (k)/T(k), Ml IoaydyuMm
MOJNHYIO CHCTeMY XapakTepoB ¥ (A, dta cucreMa 3KBHBAJEHTHA
(103:4) u, caenoBatenpHo, (82.21), 4TO cOBCeM HEYIAHBHTEBHO, TaK
Kak o0e cHCTeMBl MOJY4YeHH OJHHM H TeM e crnocobom. Oanako
GasucHoe mpocrpanctso XY Gonee yA00HO Ha 3TOH CTaAHH BHI-

YHCJEeHUs] KOODAHHAT CHUMMETDHH. :
Hanomaum, uto B (82.19) 610 nokasano, uto D® 9 ecrs nps-

: A
Moe npoHaBenehue; caegoBarensro, D™ roxe sBasercs npAMEM

IIPOU3BEAEHHEM!
D (&) = D) @ D(nepecn), (104.15)

Chrenyer oTMeTHTb Takxke, 4To DePeeT) gpygercss 0606IeHHON MaT-
pHuell mepecraHoBoK ¢ aJeMmeHTamu D® ({e|— Ry}), pacnosoxeH-
HEIMH B BHJAE CTPOKH HJH cTo/6ua.~OHa ycTaHaBIHBaeT CBS3b C
BOJIHOBHIM BeKTOpPOM k. UTOOBI NOJAYYNTH NPABUJILHO JHHEHHEIE KOM-

o (R) (A)
6MHal¥H OCHOBHBIX H€KapPTOBHIX CMeELIEHHH B NPOCTPAHCTBE X ,

HyxHo Bomoanuts npusesenne D™ u ompenennts ams atoro
Takyio Marpuny U, uto ‘
UT'p® Wy =p* 1, (104.16)
rae D®® ymeer nommocThIO MpHBEREHHYID (GOPMY:
D(k) Ay __ D(k) (i)@ @D(k) (" (104 17)

npuueM (104.17) cOJepKAT BCe HENPHBOAMMEE NPEICTaBJEHHS
rpynnsl @ (k). [IpeobpasoBanHae 6a3HCHOe NPOCTPAHCTBO, COOTBET-
crByioiee (104.17), Torna mMeer BHI

U"Z"‘) (A)U Z(k) (1)@ . GBZ(k) (1) (104.18)

3anaua cBOZUMTCA HPH 5TOM K onpepenenuo U.

Hamomuum, uto us dopmyan (103.2), (103.3) naMm usBecTHO, Ka-
KHe THIL HeNPHBOAMMEIX mpeicrasienut D®U) Moryr mosBHTBCS
NpH BHINOJIHEHHH npuseleHus (104. 17) Ilas Kaxporo Tuma j He-
npmso,zmmoro IpeACTaBJeHH s, s KOTOpOro

=1, (104.19)

N

~
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MBl MOXeM cpasy HaHTH NpaBHJbHLIE JHHEHHbie KOMOYHAUMH, NpHU-
MeHAs ONepaTOp NPOEKTHPOBAHUA /s j-TO AONYCTHMOro NMpelicTaB-
Jenua rpynnel @ (k). Ecam Mbl paccMaTpuBaeM 3JAeMeHTH [PYINBL
@(k), To TH omepaToOpH MOXKHO B3siThb M3 (16.3) mam (16.5). Ha-
30BeM 5TH onepartopbl P¥ (). Torpga

po D®) (B _ 58 (), (104.20)

Omnepatop nupoekTHpoBanus p¥ () ecTecTBeHHO, H3BECTEH H3 BCETO
NpeNUIeCTBYIOLIEr0 TEOPETHKO-IPYNNOBOr0 aHaJ/H3a.

Ecnu ¢; > 1, To npEMeHeHUe onepaTopa NpekTHpoBaHHg P*) U
K DasJHYHbIM GasucHbBIM BekTopam B X¥ (A (T, e, K pa3IHUHBIM
JeKapTOBbIM KOMIIOHEHTaM e€IMHHUHBIX CMelleHHH aTOMOB) LaeT He-
CKOAbKO JIHHEHHO-He3aBHCHMBIX NPOCTPAHCTB OLHHAKOBOH CHMMET-
puu X*) (), MX npaBu/bHble JuHeHHblE KOMGUHALUH

2@ D g @D (104.21)

MOXKHO HAafTH TOJIbKO MPH peuleHHH AAHHOTO AHHAMHYECKOro YpaB-
HEHH#, 332 UCKJIOYEHHEM HEKOTOPBIX NPOCTHIX, HO BaXKHHIX CJydyaes.

IlpumepoM Takoro ocoforo ciayuas MoxeT ObiTh TeUKa k=1 =
= (000), ecan umeetcst GoJee ueM OJHO KoJebaHHe aKyCTHYECKOTO
THIA ¢ OoauHakoBoh cumMerpuell. Torna axycTuyeckoe Kosebanue
(0? = 0), oueBUAHO, OHpeIeNsAeTCA TPeMsi BEKTOPaMH GO CJAelNylo-
HIEMM KOMIIOHEHTAMU:

SO U — (AX(1[T), 0, 0, AX (2|T), L

_ (104.22)
2P =10, 0, AZ(1|T), ..., AZ (r|I)}.

Eme onHo Kone6anue tHna I' ¢ Takoit ke cummerpueh u 0?(I']j) =0
MOXHO TIOJTHOCTHIO OIIPELEJUTh C [OMOIIBIO ONlepaTopa IPOeKTHPO-
BaHHSI ¥ TpeOOBAaHHUS OPTOTOHAJBHOCTH PpAa3JHUHBIX KOJeOaHHH
(ananoruuno § 47). ‘

BosmoxHa ellle ofiHa nose3Has npouenypa onpelenenun U, oc-
HOBaHHAS Ha TOM, uTo D("epecT) gpngercss maTpuUeli ¢ pasMepaMH
r X r [78—80]. IloaToMy ME cHavaJa HuleM MaTpHUy S’ u!ocy-
LIeCTBJsAeM INpHBeleHHe D(merPecT)  TaK 4TO

S/~ pinepeen g7 _ f(nepect) (104.23)
3aTeM HaxoAuM MaTpuuy S”, Takywo, 4TO |
S//—ID(T)S{I= 5('.), (104.24‘)

rie MaTpHua ¢ YepTof NWOJHOCTbIO IpHBeleHa II0 OTHOIIGHHIO K
rpynne @(k), u, HakoHel, Haxoaum (104.16). Takoe nociea0BaTEINb-
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Hoe NpHBEACHHE OUCHD y,llOGHO. B ‘!aCTHOCTH MOXHO 3anucartb
Dinepeen — p@ hy ... @D @) (104.25)

yepes HeNPHBOJAHMble KOMIIOHEHTH NO OTHolueHHio kK &(k) (cHoBa
HCTOJIb3Ys H3BECTHEIE BEIHUMHBI ¢35~ 0) H 3aTeM MPAMBIM BEIYHCITe-
HUeM HalTH Martpuuy S, ocymeCTBﬂmomy}o npuBefenne. Tak kak
BeKTODHOe npeicTaBjeHde D) oxasniBaeTcs NpPHBEIEHHBIM MJIsi
©(k), To nojyueHHE OKOHUATEJLHOIQ- HEMPHBOAMMOrO MpelCTaRJe-
uns D®® yxe sBasiercss cobcem npocTofi’ 3agavell; B KpaliHeM
cyyae MOXHO BOCNOJNL30BaThesl Koatbduuuentamu Kaebira — op-
llaHa, ecJIH OHH H3BecTHH [51—54, 58]. B sToif kKHHre HMeeTca 00-
cyxkJeHue Kosdduunentos Knebua — opnana s § 18, 60, 134.

Meron npsMoill [poBepKH TakkKe ABIAETCH BO3MOXKHEIM CIO-
cobom onpegenenuss U. Tak kak U — wMarpuna ¢ pasMepamu
(3r X 3r) 1 Tak Kak H3BeCTHH ¢; U fiBHag PopMa KOMNOHEHT D& ),
TO ONpeje]eHHe KOMIOHEHT U MOXHO BHIIONHHTL MPAMOL npo-
BepKOH.

[Ipn BHITONIHEHHM NpHBENEHHSI, BEPOATHO, INOJE3HO OOpaTHTDH
BHHMaHue Ha SIBHBIA Bup D'® (A, A’ uMeHHO: BHIOOpOM NOPANKA, B
KOTOPOM IepeYyncieHnl HOMEpa aTOMOB B 3JeMeHTapHOR suelKe,
MOXKHO B3sTh D(# (8) B yacTHYHO AHATOHAJIH30BAHHOM BHIe, T. €.
B (pOpMe DACMOJOKEHHBIX BHE AHArOHANHN 6JIOKOB YTO MO3BOJSET
Haiitu U.

IMogsenem uror, PaGoTy N0 BHIUHCJIEHHIO NPaBHJABHBIX JIHHEHHHIX
koMGunanuit aas DWW ) MoxHO 06/€er4uTh, JHO0 HCNOJAL3YS onepa-
TOpBl MPOSKTHPOBAHHS, NHOO MPSAMEIM onpefeneHneM U. Mbl mpous-
JIOCTPUPYEM 3TO HiKe, Koraa B T. 2, ri. 3 (B wactsocTh, B § 20)
6yneM aHaJU3UPOBATH HpOCTpaHCTBeHHyIO rpynmy ajnmasa H Xa-
MEHHOH coJIH.

Uro6el 3aBepUINTE 337Uy onpeneﬂeﬂnﬂ NPaBHJILHBIX JHHEHHBIX
KoMOuHauui, Heo6X0AHMO PACCMOTPeTh onepaluio obpallleHus Bpe-
MeHH. 31eChb MBI CHOBAa HCIOJb3yeM TOT (aKT, 4TO TUI KONPEACTaB-
JIeHHs1, KOTOPOe COMEPXKHUT Bce BO3HHKawoume D® W) (1. e. pias Ko-
TOPOro B paccMaTpuBaeMoM Kpucrajne ¢; % 0), HaMm ussecren. Jas
KOTPEeACTABJAEHHS THMA A, Korja orpaHHuYeHHBIMH NpelcTaBJeHHsIMH
sBaAoTcs D® (), GasucoM . HENPHUBOAHMOIO HPEJCTABACHHS CJYKHT
s® D Nas konpexcraBienns Tana B u C pesyabtaTh § 98 noxa-
3EIBAIOT, 4TO 6a3ucoM HeNpHBOAHMOrO HpeAcTaB/IeHHs CIYXKHT IPO-

CTPaHCTBO
Z(co B z(k) 5} @P, z(k) (I) (104 26)

Jlerko yBeNHMUMTH UHCJIO coGCTBeHHux BEKTOPOB, COCTaBJISAIOLIHX
BB no6aBiennem HafiileHHOro ¢ NOMOMIbIO P,, MpeoGpasoBaH-

Horo HaGopa. [Ipumep Oyaer npuBefeH HHXKe.
© B 3akaioueHHe HOAYePKHeM, UTO OCHOBHOH 3ajadefi fBJAfETCH
onpe,neneﬂne cosoxynﬂocm xoomeHaT CHMMETPHH AnS ‘G (k). Eum-
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BCe ¢; == |, TO 9TO MOXKHO cAesaTh A0 Konua. Ecam ¢; > 1, To co6-
CTBEHHBIE BEKTOPH MOMKHO OIPefeNHUTh C TOYHOCTbIO A0 JHHEHHOH
KoMOuHamuu. B KaXOOM M3 3THX CJlyuaeB AJA Olpele]eHHs 4uc-
JIGHHBIX 3HAYEHHH Y4aCTOT WY OCTAaJbHHIX NapaMeTpoB HeoGXOoAAMO
pelmnTh AuHaMuueckoe ypaBHeHuwe, Ecan Bce ¢j= 1, TO 3Has Bce
coOCTBEHHBIEe BEKTOPH, MOXHO nocrpouts matpuuy E (k) us (79.14)
H 3aTeM HalTH Bce COOCTBEHHBIE 3HAUEHHS TaK, KaK 3TO CHEJaHO
B (79.16) u (79.17). 310 oueHb YHOOHO NMPH HCCHAEJOBAHUH BIHSHHSA
H3MEHEHHS CHJIOBHIX ITOCTOSIHHBIX Ha COOGCTBEHHBIe 3HAUEHHS, TaK
Kak npu stoMm u3 (79.16), (79 17}, (85.12) u (85.13) moxHo mosy-
YUTb BHOE ypaBHeHHe A ® (kl])

B HEKOTOPHIX HCC/IeOBaHUAX (HAIpUMep, B TEOPHH 3JEKTPOH-
pelIeTOYHQr0 B3aHMOAEHCTBHS) HYMKHBI TOJBKO <«ToJibie» COBCTBeH-
Hble REKTOPH IUHAMHYECKOH 3aJaud I AaHHOTO KpHCTadna, Mol
BHJHUM, YTO HCHOJIb30BAHHE ONEPATOPOB NPOEKTHPOBAHUS NO3BOJISET.
caestath 5TO Ipu ¢; = 1. B oCTanbHBIX CAyYasiX DPUXOAHTCS PellaTh
TNOJHYI0 JUHAMHUYECKYIO 3a/auy.

TIpu HesicHOCTH B uAeHTHQUKAUMH BeTBEH N0 CHMMETDHH, KOTZa
HEH3BEeCTHA TOYHas MOJedb CHJIOBHIX NOCTOSHHBEIX, 3ajlaua BCe XKe
MoOXeT OHTh pellleHa ¢ MOMOINbI0 aHAJIH33a MHOTO(GOHOHHHIX ONTHYE-
CKHX CIEKTPOB HH(PPAKPACHOTO MNOTVIOUIEHHS H KOMGUHANHOHHOTO
paccesiHus cBeta. FHaye roBops, NpuMeHedHe TEOPETHKO-TPYIIOBHIX
METOJIOB MO3BOJSET NOJYYHTh HECKOJbKO BO3MOXKHHIX pelleHHH 3a-
Jla4d, a 3aTeM HabJloJeHHe Pa3pelieHHbIX ONTHYECKHUX NMPOIECCOB B
(bOHOHHOM CleKTpe KOMORHANUOHHOTO PACCesHHs 1aeT BO3MOXKHOCTh
HalTH SHEPTHIO OTAEJbHBIX (DOHOHOB COOTBETCTBYIOIIER CHMMETPHE
H, CIeI0BATENbHO, OTHECTH (OHOHHI K OHpeILeJIeHHbIM OTITHYECKUM
BETBSAM.

Takum 006pa3cM, HCHOIb3YyH €XHHHYHBIE AEKAPTOBH CMEIleHHA
AJS  TOJYYeHHs BCIOMOraTeJbHOrO BeKTOPHOFO IIPOCTPAHCTBA
S® (A B KOTOPOM JIETKO BHINOJHSETCH NPHBELEHHE, MOXKHO MOJ-
HOCTBIO ONpeJesHTb CHMMeTpHIO KojaeOaHuil. SIcHO, 94To Takyw mpo-
LeAYPY MOXHO DEKOMEHZOBATH BHe 3aBHCHMOCTH OT TOrO, HalJeHH

)

H3 pelle-
poo
HHUs AHHaMHYecKOH 3ajgaun. C APYroit CTOPOHHI, T€OPETHKO-IPYNIIO-
Boft aHauH3 He MOXeT YCTaHOBUTDb OTHOCHTe/NBHOE pacHoJOKeHHe
BeTBeH 110 BeJHUHHE DHEPTHH; 5TO MOXHO CJeJaTh TOJNBKO UHCJEH-
HEM. MeTogoM. Ecan 115 HeKOTOpHIX 3HaueHuHA k oKaxercs, 4YTO
¢;>1 (1. e. paBHO 2 uin Goublie), TO 3aBeAOMO OyAeT HeKoTOpas
HEOJHO3HAYHOCTh B MAeHTH(pHKAaIuN BeTBel no cuMMeTpuu. B sToM
Cllyuae TaKkKe TEOPeTHKO- rPynnoBod aHasMu3 CJAeAyeT NONOJHHTH

pelmicHHeM JHAHaMHYECKON 3ajayl.

¢

JY YHCJIeHHbIe 3HAYEHNS COGCTBEHHEIX BEKTOPOR e(
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[TpuMeHeHHe TeOPETHKO-TPYNNOBOrO
aHanM3a K cOOCTBEHHBIM BEKTOpam
B KJ4CCHYECKOH AMHAMHUKE PelueTKH

§ 105. Beenenue

PesyabraThl nNpeiplayllied 1MIaBbl HMEIOT MHOrO (H3HYECKHX IIPHU-
meHeHu#A. OueBHAHO, YTO KJaaccuduKauus cOGCTBEHHBIX BEKTODOB
o CHMMeTpPHH fiBJsieTcs NOJe3HOfl cama mo cebe. 3aTeM CBOHCTBa
GHMMETPHH COGCTBEHHBIX BEKTOPOB MOXKHO HCIIOJAb30BaTh B PA3HOIO
poAa «TeH3ODHBIX» BBIYHCJAEHHAX aHaJOTHYHO O6oJee H3BECTHOMY
KBAHTOBOMEXaHHUYEeCKOMY cJy4alo, KOTOPHH GyZer olcyxjaaTbes
HHXe B IJ. |1, rge Hy>XHO BBIYHCJIHTL MaTPUYHBIE 3JEMEHTHI, fB-
JAIOMIHECT HHTErpajaMH OT npou3BeleHuit (yHKuuH. B Kiaaccuue-
CKOH AYHAMHKE DelleTKH peaH3yeTcsl MoXoxas cuTyauus. B Heit
IpH OHpejle/ieHHH CBePTKH oOlepaTopa ¢ COGCTBeHHBIMH BEKTOPAMH
BO3HUKAIOT BeJMYHHEBI, HallOMHHAIOUIHe MaTPHUHble 3JeMeHTHL Ta-
Kasi CBePTKa HOX0Xka Ha CKaJspHOe NPOH3BeldeHHe, H TOJy4YaioTcs
COOTHOINGHHA, HalloMHHaolHe dopmyny Buriepa — dkapra. Takoe
paccMOTpeHHe [IONYCKaeT MAaKCHMAaJIbHOE HCIONb30BaHHE CHMMeET-
PHH, B YaCTHOCTH eCJH UMEIOTCs B PAcNOPAKEHHH COOTBETCTBYOLIHE
kosdunnentsr Kaebmwa — 'oppana. Kak caeayer us § 18, 60 u
1. 2, § 16, Ko3pdunnents Kaebma — l'oprana Ans npocTpaHCTBEH-
HBIX TPYNN cTadH NyGJHKOBAaTbCH TOJBKO B IOcJae[Hee BpeMs, HO
MOKHO HaJefTbCS, YTO OHH OYAYT BBIYHCJAEHB B 60JBLIOM KOJHYE-
cTBe B GauxaiiuieM 6yayuwewm. Mcnosb3oBaHHe TeH30PHOTO aHafH3a
yIpoulaeT pacueThl TAKOTO pola H NMOKAa3LBAeT, YTO pacCMaTpHBae-
Mble MeTPHUYHBIe 5/1EMEHTHl MOXKHO IIPEJACTABHTb B BHJAE NPOH3BEfe-
HHHA <«IPHBeJEeHHBIX» MAaTPHYHBLIX JE€MEHTOB Ha MHOXHTENH, INOJ-
HOCTBIO ONIpefie/isieMbie CHMMeTpHEH.

TeHsopHLIT aHaJH3 TOJe3eH IIPH OlpeleNeHHH KPHTHUECKHX
Touek (yHKUHH paclpefeneHus yacror (oroHos. [Ipu atom npu-
MeHsIeTCS TeOPHS BO3MYIUEHHH AJs BHIPOXMAEHHOTO cJayuas, NpHBG-
nsiilasi, KaK BCeria, K CeKyJaspHOMY ypaBHeHHI0. OCHOBHEIE MaT-
PHUHEE SJEMEHTH B 9TOM YPaBHEHHH MOXKHO ONPelejHTb C IOMO-
U0 TEOPEeTHKO-TPYINIIOBOIO aHAMH3A.

CyliecTBYIOT MHOTHE ApPYrHe NPHMEHEHHs TEOPHH CHMMETDHH B
3ajlaue KJIACCHYECKOH AMHAMHKH DellleTKH; HEKOTOPHle M3 HHX MH
KpaTKo o6CcyqHM (HampuMep, BEIUHC/EHHE CHJIOBLIX MTOCTOSHHBIX, KO-
TOpOe NoLPOGHO BLIIONIHEHO B pafoTrax [4, 68]; Belunc/IeHHEe APYrHX
KPHCTa//IMYeCKUX =~ MHBAPHAHTOB H KOBapuaHToB). B uyacTHOCTH,

‘
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9JEKTPHUYECKHH MOMEHT H MNOJsAPHU3yeMOCTb MOHAaAo6sATCH HAM IpH
paccMOTpeHHH HHOPAKpPaCHBIX CHEKTPOB M CHEKTPOB KOMOHHaIMOH-
HOro paccesiHusi ceeTa B T. 2, § 5 1 6.

§ 106. TensopHblfi aHAAW3 B NHHAMHKE DELIETKH

-Mm 6yieM paccMaTpHBaTb BeJNHYMHEHI, IIOXOXHe Ha BO3HHKAIO-
iMe B KBAaHTOBOA MeXaHuRe MaTpPHUHBIE 3JEMEHTH ONEPATOPOB #
BOJIHOBble GyHKUHH. 1/ 3TOr0 MBl HaillieM COOTHOUIeHHS, aHaJIG-
I'HYHBlE TaK HasbiBaeMoli dopmysne Dkapra — Burwepa [, 2, 81].

B dopmynax (79.8)—(79.11) 6wulan omnpejesensl IBa BUAA CKa-
JIADHEIX NPOH3BEACHHI paccMaTPHBAeMBIX COOCTBEHHBIX BEKTOPOB.
B HeCKOJIbKUX NOCJAeAHHX Tnaparpadax Mbl JAOKasajy, YTO 3TH
coBCTBEeHHBIe BEKTODbl fABJASIOTCA 0a3nucoM JJIH HeNpHBOAMMBIX
KONpeACTaB/ieHU# rpynnu . D70 1MO3BOJNAET Pa3BHTb TEOPHIO He-
CKOMbKO jaJblile. PaccMoTpuM cHauyana yHUTapHble 3/1€MEHTHl CHM-
MeTpHH, T. €. BHayvaJe Mbl OyJAeM CUHTATb, YTO COGCTBEHHLIE BeK-
TOPH 06pasyloT HENPUBOAMMOE NpeACTaBJeHHe rpynns &.

a. Poab ynntapHbix asemeHTOB. PaccMoTpuM jnefictBue yHHTap-
HBIX ONePaTOpPOB CHMMeTPHH Ha MaTPHUHBIE 3JeMEHTH MJIH CKaJaaAp-
Hble NPOH3BeleHHs BeJHUMH, CBOMCTBa INpeoOpasoBaHHs KOTOPHIX
onpenesiensl rpynnamu § u & (k) a, cienosatenvuo, rpynnaMu @ u
@ (k). Hama 3anaua — HayuuThbcs ONPENeNsiTh B TaKHX cCJAydasx
OTAHYHBIE OT HYJ MaTpuuHble 3JeMeHTH. EcC/IH OHH He pPaBHH
HYJIIO, TO Mbl HalifleM MHHHMAaJbHOE YHCJIO HE3aBHCHMBIX OCHOB-
HBIX», HJIH «IIPUBEJEHHBIX», MAaTPHUHBEIX 2JeMeHTOB, uepe3 KOTOpEHie
BHIPAKalOTCSl HY)KHble HAaM MaTpPHYHBE 3JeMeHTH [82].

PaccMoTpuM Temepb NpoH3BOJLHBIA BeKTOP X B 3r-MepHOM mpo-
cTpaHcTBe (o, %); Takad BeJHYMHA HMeeT 3r KOMIOHEHT, HyMepye-
MbIX HHAeKcamu oo = 1,2, 3 ux=1, ..., r. Torna, ecty X u g—
IBa TaKHUX BeKTopa ¢ KOMIOHeHTaMH X,(x) u Y4 (%), TO MH ompe-
JeJIHM 3PMHTOBO CKaJiipHOe MPOH3BeneHUe

X, V)= X, )Y, (x)=X - Y. (108.1)
%, @ '
B 4acTHOCTH, pPaccCMOTPHM _
(%) <([x ) 1083
eli. |}, s )1, .
]'v ¢ ]»\;’ ( )
rae . . :
h e( j ) otHocuTess Kk D® () (106.3)
v L

H sBJseTca 6a3HCHOM OYHKHHeR AJs v-H CTPOKH HeRPHBOLMMOro
npencrasienus. PaccMoTpuMm npeofpaspBaHHe CKaJIsIPHOrO NpoOis-
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BeneHns (106.2) mpH npeo6pasoBaHuu COOCTBEHHOTO BEKTOPa IOJ
IefiCTBHEM YHHTapHOro ollepaTopa P{"’l;,l t,} H3 TpynmH @ (k). Tax
Kak npeofpasoBaHue ¢ NMOMOIIbI0 YHHTADHOTO ONMEpPaTopa COOTBET-
CTBYeT FeOMeTPHYECKH npeo6pasoBaAHKIO K 9KBHBAJEHTHON KOOpAH-
HaTHOH cHCTeMe, TO CKaJspHOE NPOM3BEAEHHE, KOTOPOE HBAACTCH
YHC/IOM, JAOJKHO OCTaBaThCsl HeW3MEHHbIM. PaccMorpuM CHayasa

YHCTYIO TPaHCSIHIO
k '/ %
(P{elsz}e( . ), P{;IRL}B( o7 ))= \
Iy Iy 7
, k 4
=D (IR DY (1R (e(]7)-<(]7)). «osa
]v ]v’
Tenepb npocymmupyem o6e yactu (106.4) mo Bcem sjeMeHTaM fpyri-
el €. Tak Kak nopsaaoxk € paseH N, TO, cornacHo (24.8), umeem -

v (1) <(|7))= 3 D (e Ry D (e 1 R X

([2)- () o(2). (]2 wso

CuaenoBaTesbHO, CKassapHoe npousBenenue (106.2) ne pasHO Hy.JIO,
TOJIBKO €CJIH

Rk, me k=K 2B,  (106.6)

[Mycrs Torma k= k’. PaccmorpuM npeobpasoBaHHe COGCTBEHHBIX
BEKTOPOB NMOBOPOTHHIM 3JeMeHTOM rpynnsl @(k):
; ))
T

(e( Z) ’ e( f{,))—: (P{"’h | 5}° ( ;e,,) Peo, |nye (
(106.7)

WUcnonb3ys (83.6) u cymMmupya pe3yJbTAT NO BCEM S/EMEHTaM
rpynns @(k), nociae npuMeHeHus YCAOBHA ©OPTOTOHA/ILHOCTH H HOD-
MHPOBKH NJ11 HenpnBomMHx npexcrasieduii rpynnel @ (R) mo-

JydaeM
ww(e(];) ([

= (i)

s

)) g(k) Z Zaﬁéwbw - -
ko - |
)5 g R

Iy
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Z) (1,,,))“6”’6‘”2(( )( )) (106.8

Hs (106.8) c.nezxyeT, 4TO CKaJ/fpHOe nponsse,ueﬂne (106.7) ue paBHo
HYJIO TOJBKO 1pH j==j B v ="' u, KpoMe TOrO, He 3aBHUCHT OT V.
O6wbenunan (1068) u (106.5), nonyunm B ofuieM ciayyae

(e( ;zv ) ’ e'( Z )) =A(k—F)d;pduwi](k, ), (106.9)

. k k
[ (&, J)E(e( , ) e'( . )) (106.10)
In I
— NMPUBEJEHHBIE MaTPUUHBIA 3JeMeHT. B COOTBETCTBHH C OGBIIIHII;IMI/I
yc.noxmmﬁn HopMuposka (79.10), (79.11) nas BeKTOpOB e( ]..)
. 4]
k
j ), IJs cydasi, pacCMOTPEHHOro B
"
(106.2) — (106.8), noayuaem f(k, j)== 1. Obiiee paccmoTpeHHe CKa-
JSPHOrO NPOU3BE/CHUS TUIIA (106.9) npuBoaut K dopmyJe, Halo-
MHuHapIe# dopmyay Burnepa — Dkapra Ajag MaTPHUYHOIO 3JeMeH-
Ta. B sTtom: cayuae f(k,j) urpaer poJb npHBEEHHOTO MAaTPUYHOTO

9JIeMEeHTa, KOTOPHIl CAefyeT ONpede/uTh.
PaccMOTpHM cKasMspHOE NPOU3BEACHHe

l]e

T. €. JJHHB BEKTOpa e(

TRl Tl e
AR A s 1% {. ) .
ax fx’ ¢ ‘]V *® xx P ]:7’
KOTOpO€ MOXKHO 3ardcaTtbh B BHAE
k k o
(e( ) D(k)e( g )) | (106.12)
]'V ]y’

€CJH YUYeCTb, UTO

(D(k) ( kv,))wagpaﬁ(%i,)eﬁ(%,' f) (106.13)

Ecan (106.12) npeodpasoaa'rb ¢ IOMOINBIO OmepaTopa P{q,mr,x} ,
rpynnn ® (B), To, ydurmBas (81.33), (106.9), (106.10), monyunm

(e( fv) D(k)e( fv ))=§,,,avv,c(k; i (106.14)
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CorntacHo ypaBHeHHsM ABHKeHHs (79.7), npHBeJeHHHH MaTPHUHEL
snement B (106.14) pasen

_ c(k; j)=o®(k])). (106.15)
Ecau P{‘pl}v],lh} oTHocuTes K rpynne & (k), To OH He 3aBHCUT OT v,

uto cooTBercTByeT (81.32).
fcno, uwro xapakTep peayJbTaToB, cobpaHHHX B (106.10),
(106.14), 3aBHCHT OT BHIYHCJAEHHS CKAJNSPHOIO NPOH3BELEHUS

(e(]4) (|2 ). w10

rae O —oneparop tuna [D(k)], uHBapHaHTHHHN OTHOCHTEJIBHO Olle-
pauuyu cuMMeTpuH rpyunsl &(k):

-1
P{% l 'zx}op{m [} =0. (106.17)

Cootromenve (106.17) onpenesisier onepaTop, HHBaPHAHTHBIA OTHO-
CHTe/bHO NpeobpasoBanuil rpynnu & (k).

O6o6masn (106.16), M MOKeM PaccMOTPETh Kosapuamubm Ha-
Gop onepaTopoB

kll )
o =1,... :
()r B=tes to (106.18)
KOTOPbil NPUHAAJIEKHUT K U-H CTOPOHE HENPHBOLHMOTO IPeACTAB/IE-
wusg DY rpynne © (R):

k" A %4
P{e { RL}O ( m, ) == D" ({8 IRL}) o ( ’nu.")

" - »

il ()= 20 (o, )
{106.19)

Ha6op omnepatopos (106.18) onpeseseH Mo OTHOLIEHHIO K Hpe-
o6pasoBanuam rpynnsl & (k). Ilpun mob6om Bbibope Gasuca Habop
omepaTopoB (106.18) xmosxeH paccMaTpHBaThcs B HpPHUHIHUNE KA4K
qacTh IOJHOA COBOKYNHOCTH ONePaTOPOB TPYMILE

14 U4 4
o(k )’..., O(ka”)’-.,.,o(ks,/).’ u;—_:l’..., lm’
1y, - n, _ ny,

rj¢ BOJIHOBHIe BEKTOPH NPHHHMAIOT 8Ce BO3MOXKHbBIE 3HAYeHHs He-
SKBHBAJEHTHBIX BOJIHOBEIX BEKTOPOB B *k’/. B H3J0XeHHOM HHXKe
aHa/Ju3e Mbl OyaeM pa6oraTh B paMKax MeToAa NMOArPYNNH H Orpa-
HHYHMCS cosoxyrmocn,xo (106.18). 3mecp unTaTe 0 MOXKHO noco-

7
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BeTOBaTb NPOCMOTPETh ONpefesieHne KOI(POHUIHEHTOB MpHBELEHHS
B § 17 u' 57—59. Yuureian orpanuyenne (106.18), MoxHO npoaHa-

JIH3HPOBATH CKaJiApHOE NPON3BEeIEHHE +
k 4 4
(e( . ), O( )e( " )) (106.20)
]v mu ]v'

aHanoruaHo (106.2) n (106.12). Ilpexne Bcero sicHo, YTO MaTpHU-
HBIH 3/7eMeHT 6yAeT OTVIMUEH OT HYJS TOrJa W TOJBKO TOrjia, KOrja
K03(G(dUIMEHTH NPUBEAEHHS] COOTBETCTBYWOLIEH MaJsof rpymnmsl Gy-
AYT TaK Ke OTJNYHB! OT HYJA:

(ki | " mE’i’) 5= 0. | (106.21)

B (106.21) caenyer pasauuaTb ABa Cjayyasi, OTIHUAIOIIHECH TEM, UTO,
ko3thpuIHeHT npuBedeHus] AROO paBeH eJUHHIE, JHOO0 OKA3LIBAETCS
qyUCa0M, GOMBIIUM €JMHHUIIEL

Korna xosdduiuenT npuseleHHs: paBeH | U BOJHOBHE BEKTOPHI
TakoBbl, 4T0 G (R’)= G(k')= G(k), upuMeHumMa mnpocras INpo-
neaypa. B aToM cayuae Bce IHOBOPOTHBIE 3JEMEHTH ¢, ORMHAKOBLI

IJIS TpeX BOJIHOBHIX BEKTOPOB M IIPOW3BEAEHHe NpeACTaBACHHN
D®" (m) @ D& (") (106.22)

conepKut npeacrasienne D® () Tonbko onun pas. Torza us I ue-
3aBHUCUMBIX 6a3MCHEIX BEKTOPOB MOXKHO TIOCTPOHTb €QHHCTBEHHOE
l;-MepHOe BeKTOPHOe IpocTpaHcTBo ) (1),

S8 () @, ., 9(/;)(1')}, (106.23)

(]
rae 09 " — cummerpusoBannas BenuumHa, crosimas B V- cTpoKe
HPE,Z{CTaBJIeHHﬂ D& ().

k//
ng) () — Z Z Uk”mu BTV k]’VO( )e(
u

Torna [; mpousBeneHui 8P (v=1, ..., l;) moryr paccmarpu-
BaThcsl B KauecTBe Oasuca. Marpuunsie 3jaeMeHTH Uprmg #777v, #jv
SIBJSIIOTCS 3JeMeHTaMH Matpunsl Kiaebuia — lopaana, npeacras-
JasiiomuMu npouspelenre (106.22) B Buae npsMo# CyMMEL, B KOTO-
po#t Hac HHTepecyeT TOJNbKO npexacrasiaenne D® . B paccmarpn-
BaeMOM CJyuae MBI NpexnoeJaraeM, 4YTO TOJbKO OJHH 3JEMEHT
npeo6pa3oBaHHON MaTpHIB OTIMdeH OT Hyhad. I[loBropss paccy-
JKHeHHA, Koropele npuBesn Hac K (106.9), no.nyqaeM BHIpaXeHHe

(I

iv)’ "'“”) i’ (&, ) 7(106.25)

4

, ) . (106.24)

v




804 . . o [1asa 10

~
LNl 3TOTO €JMHCTBEHHOr0 OTJAMYHOTrO OT HYJIsi MAaTPHUHOTO 3JeMeHTa.
UTo6H BRIUHCIUTE CKajsapHOe mpousBefenue (106.25), vaM HYyXKHH
k) {; :
pupaxesna g (087.),.. Mx MoxHO momyuuTh, HCHOAB3yA Cile-
JyIoluiee COOTHOIIEHHe AJS KOMIOHEHT

(0% )([)). = Zomn (£ )al<[ ). w5

noxcrasisa satem (106.26) B (106.25) u yuHTHIBAas COOTHOLIECHHE
OPTOrGHAJBHOCTH M HOpMuHpPOBKH (79.10). CaemoBaTenpHO, omepa-
k

TOp 0(1. Jo/keH OniTh TakKuM, YToOBI ero MOXKHO OHijlo pasno-
. ,

HHTH B 3r-MepHOM NPOCTPAHCTBE KOMHOHEHT BEKTOPA CMemleHHs
e( ., ) B O6o/biIMHCTBE NPAKTHYECKH BCTPEUAIOMHXCS CJAyuaen
v’ .

TaKoe pasiioKeHHe Ha KOMIIOHEHTHl ¢ HHIEKCaMH ax, o == 1, ..., 3,
®»==1,-..., r, OKasplBaeTcss BO3MOXHBIM. B IPOTHBHOM cJ/yuae
npuiiock 6pl BOCHO/Ib30BATLCA pasjoxKeHHeM Ha KOMIIOHEHTH C
HHIEKCAMH My, KOTOPHIX ToXe 3r, H 3alHcaTh CKaJSAPHOE NPOH3Be-
JeHue ¢ AByMa Touxamu THnma (79.9) uau (79.11).

B cayvae xorna kosgdunnent npusesenns (106.21) pasen 2 uin
-GoMbIIEMY YHC/TY, OTJHUHBIMU OT HYJSL OKa3biBAIOTCA HECKOJBKO
MaTpHUYHEIX 3JeMeHTOB. Mul 6yzeM HOHHMAThb 3TO CJAEAVIOMUM 06-

pasoM. Pacemotpum #abop (I, + ly/) npoussenenuit

o(k”)(k,) by v =1 Ly. (10
m, e 4 v b=1, ., L v=I1,..., Ly (106.27)

[Ipeanonaraercs, 4ro stor Hadop (/, « Iv7) NPOM3BEAEHUH COAEPKHT

GYyHKIMH, KOTOPHIE MOTYT CJAYXKUTbL GA3HCOM MAJs HECKOJbKUX JiM-
- HelfHO-He3aBHCHMBIX pocTpancTs 3% ) uncio KOTOPHIX paBHO UHC-

JIEHHOMY 3HaueHHIo - Kozdduuuenta npusedenus (106.21). Hampu-
Mep, TPeANoNoxHM, 4To Koagduunent npusesenusa (106.21) pa-
ped 2. Torma wumeloTcst ABe pas/iHuHble JHHelHble KoMOWHaluH
¢ynkunit (106.27), asaswomuecs 6asncoM 418 kaxc0oli CTPOKH v B
npeagraBaenun D D,

ITo6el ycTaHOBUTH 5TO HauboJee NMPOCTHIM cnocoﬁoM caenyer
TNIOCTPOUTh ONEPaTOP HPOEKTHPOBAHHS

pRo. © (106.28)

KOTOPHA BefengeT MoGylo (YHKIEMIO, mpeoGpasyoilyloca no v-fi
cTpOKe mpencrtaBienna D® (), Tlpouexnypa mocTpoeHHs Onepartopa
tuna (106.28) yxe oﬁcymna.nacb B § 16, n pesysabTaT npHBeAéH
B dopmyae (16.3). Ilomuepknem, 4To MH Ha caMOM Jele pacmo-~

N -
[
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JaraeM BCEMH 3/leMeHTaMH, HeoOXoAMMEIMH A5 noctpoenuns (106.21)
o6oumHu MeTonaMH, ob6cyxaaBuuMuca B § 16: mubo uncro anre6pan-
YeCKHM METOJOM, 3aBHCSIINM TOJBKO OT CTPYKTYPH Ipynnsl, JuGO
C HCTOJIb30BaHHEM MATpHIL NOJHOTO TmpeactaBienus D® () rpynme
& (k). HeficrBys onepatopoM (106.28) ua 6asuc (106.27), nonyuaem

(R
ol )

w

E .
., ) (106.29)
it

[TpunaBas mHAeKcaM p W V' JONYyCTHMBIE 3HAUEHHS, MBl HOJYYHM
IBe Pa3JHUHLIX JIHHEHHO He3aBHCHMBIX (QYHKHHHU:

g (0 g B @ (106.30)

Ecnin o6pa3oBaTh cKajsipHbie NpPOU3BeNEHHS 3THX QYHKUHE ¢
k

e(]

. ), TO Ka)aas M3 HHX JAacT JHHeHHO He3aBHCHMEIE MaTpHU-
HBIE 3/1eMeHTH KO3(p(HIHeHTOB NPHUBEJeHUA, 8 HMEHHO

v

; (e( i) R ‘”)Ec(k; D © (106.31)
K (e( f) 93@””) o (& ). (106.32)

3nech CymecTBEHHO, YTO KOHKPETHRIE JHHeHHO He3aBHCHMble O6a-
sucHEe (DYHKOHH mosHocTbio onpefenenn B (106.30). TIpoussons
HeoOXONMMBle H3MeHEHHs, MOXHO pacCMOTPeTh caydai, Koria
(106.21) Goabuie 2.

PaccMoTpEM Temeph cayuai, KOria Bce NOBOPOTHI ®;, He BXOAAT

ONIHOBPEMEHHO BO BCe TPH IPYMNIHI BOJHOBHIX BEKTOPOB. TouHee, eCsu
JaHHOe 3HaueHHe kB yNOBIeTBOPSIET YCJIOBHIO
- k=k"+ K + 2nBy,

TO ILJIH omepauuit cummerpus, BXoxamux B ®(R) u me Bxomsmux
B ®R) n @(k’) nMeeM

k=q, -k +q -k +2mBy, |, (106.33)
HJIH , , .
k=Fkj + ki, -+ 2nBjy. (106.34)

Uro6H NMOCTPOUTD Telepb 104Ky 6a3uCHYI0 GYHKOHUIO, MEI AOJKHEL
IpUMeHHATh ONepaTop NPOEKTHPOBAHHSA JJIs ONPEACIEHHEIX 3HAYEHHA

-
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k” k/ - ' '
PifJ‘”O( ’*)e( ,,’”), A=1,..., (106.35)

m, i%

pHV

H 1A 8cex 3HAUYEHHH A, JUIS KOTOPBIX IIOBOPOT @, COMEPIKHTCH B

R(k) u He comepxurcst B R(K) u P(R’). 3aTeM, cobupas BMmecTe
Bce ¢yHkuuu n3 (106.35) ¢ (GUKCHPOBAHHLIMH 3HAUESHHSMH p H V',
MBIl ITOJ1y4aeM TOT 6a3uc, KOTOPHIH HYXHO HCIONb30BATh IPH BHIYHC-
JICHHH 9JIeMeHTOB «TPUBEAEHHON» MaTPUIBL:

pio i { p® o ( ki, ) e( ’ilh)} , (106.36)
m - 4

w

W, v — dbukcHpoBaHsl, A==1, ...,

) . . k// k/
Ov(k) ”)={P‘v”v’ ”)0( l?»)e( _llk)}, e (106.37)
\ m. i . .

i kY

Slcuo, uro npobjema, ¢ KOTOpOH MBI 31eChb CTaJKHBaeMCs!, CBSi-
3aHa ¢ TOJHOTOH NpOUeAYPEl IPHUBEJEHHS B MeTOJe NHOATPYNIIH.
MoXKHO PeKOMEHA0BATh YHTATENI0 BCHOMHHTbL CONOCTABJEHHE METO-
OB MOJHOH TPYNNBl W HOATPYINB H IIPU DPelleHHH KOHKPETHOMH
3ajauy y6eAuTbCcsl B NOJHOTe MIOOBIX Ga3UCHEIX QYHKUHI, NOJyUeH-
HBIX HawuMm cnocobom. MozkeT oxasaTbes, YTO Takas TpOIEAypa
notrpebyer pelleHHd BceH 3ajauyd MeTOJAOM INOJHOH rpynne. [lpu
3TOM HY¥KHO HAuaTh C MOCTPOEHHUs MOJNHOTO HaBopa (yHKUME, OTHO-
cAmerocss K TpeacTaB/eHHSAM MOJHOH TIPOCTPAaHCTBEHHOH TPYHIIBHI

k" K
o(mu)e( j:’,), (106.38)
L TN AT NN '
K=k, ... K v=1,..,1

s it

3aTeM, MPHMeHSa ONEPaTOp NPOEKTHPOBAHUS K 3TOH COBOKYNHOCTH
dyHRuu#, MoxHO HaliTH Habop (YHKIHH, NpeobpasyOLHXCA Kak
S(*#) (), Kak obcypanoch B § 64, BaXKHO, YTO Mbl. HMeeM [I€J0 C

[OJHEIM BEKTOPHBIM TIPOCTPAaHCTBOM. ITOJHOTY clenyeT TI{aTeJqbHO
nposeputs B (106.35)—(106.37).

Bo3MOXHEIE 5KBHBAJIEHTHHH MeTOJ DPacCMOTPEHHS 5JeMeHTOB
«npUBeleHHON» MaTpuuH [54] ocHOBaH Ha onpelejeHHH Ko3(du-
IIMeHTOR IpeeOPa30oBaHHs BEKTOPOB, T. €. MATPHI, KOTOPHeE MPOH3-
BOJAAT pas/oXeHHsl NPSIMOTO Ipou3BefleRna B npsaAMylo cymmy. Koraa
nucasiach 9Ta KHHTA, KA3aJM0Ch, uTO 062 METOA3 He HMEJOT J1peuMy-
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mecTs Apyr nepex ApyroM. [Ipo6iema 3Ta KO cux MOP H3yyaercs,
MOXHO OXHAATh JadbHeHUIHX pe3y/JbTaTOB H Pa3bACHEHHH.
[MoxBenem utoru. B atom naparpacde Mu paccMOTpeaH AeHCTBHE
YHCTO YHHUTADHHIX onepaTopoB M3 rpynnsl @ (k) Ha GasucHblE QYHK-
IMH H, CJejoBaTesbHO, HA MaTpHyHble 3JeMeHTH THma (106.20).
Eciu MBI XOTHM YCTAHOBHTH .KOHKPETHolll BUJ MATPHUHLIX 3JieMEHTOB
(106.20) ¢ puRCHPOBAHHBIMH HHAeKcaMHu (v, u, v'), KOTAA BHIOJ-
HeHo cooTHoilenue (106.21), To B 3aBHCHMOCTH OT paccMaTtphBae-
MOrO cJy4asi MBI HIIEM TOUHOE UHCJ0 He3aBHCHMBIX JHHEHHHIX KOM-
Gunanuil tTuna (106.24), (106.30) uan (106.36), (106.37).
O6pawas pasaoxenue (106.24), MOXKHO HOJIYIHTh
k" 4 ‘
o ( m, ) e( P )= 8¢ U)/Uk”mu,k' 1kl (106.39)

4

Torna ckansipHoe nponsBefeHne (106.20) okaswbiBaeTcsl 3aNHCAHHBIM
yepes 3JE€MEHTbl MCXOAHBIX NpuBeldeHHbX Mmatpun (106.25) ¢ mpa-
BHJIbHBIMH. YHCJTIOBEIMY X03QdHuuIHEeHTaMU, Kak, HanpuMep, (106.39).
Taxas e npolenypa NpHMeHSETCS, KOTAa /s NOJNyYeHHs NPaBU/Ib-
HBIX NHHEHAHBIX KOoMOUHAUUN UCHONB3YIOTCA ONepaTOpPH NMPOEKTHPO-
BaHMA, TIPH 3TOM [0 CYLIeCTBY OIpele/siioTCs MaTpHUHble 3Je-
MmeHTHl U.

B moGom cayuae HCKOMBIE MaTPHUHBIE 3JEMEHTHl BBIPAXKAIOTCA
yepes HaGOp HeHYJEBHX 3JeMEHTOB «IDHBEJIEHHBIX® MATPHL, YHCJO
KOTOPHLIX onpene/nsercs Kosthdunmentom npuBenenus (106.21).

6. Yuer aHTHMyHHTapHBIX 9JeMeHTOB. PaccMorpuMm Temeph, Kak
VUHTBIBAETCH AeHCTBHE aHTHYHHTApPHOTO OmepaTopa CHMMETPHUH Ha
MaTpHuHEIe 2jeMeHTH. OCHOBHOH BONpPOC OMSIThb COCTOHT B TOM, Kak
BHIPA3HTh 3a/laHHbIE MaTPHUHBIE 5J€MEHTRl Yepe3 HaHMeEHbLIee YHCI0
HE3aBUCHMBIX H/IM HPUBEIEHHBIX MaTPHUHBLIX 3JeMeHToB. B mocie-
OYIOLIEM H3JI0XKEHUH MpPeANo/araercs, uTo OrpaHHueHus, CJaeLyio-
uIHe W3 HaJHYUs YHUTAPHHX 3J1eMeHTOB, yxKe yuTeHb. Hac unrepe-
CYIOT JOTOJHHTENbHble OTPaHWUYeHHs, CBS3aHHBIE C HaJHUHEM K&k
VHUTAPHBIX, TAK M aHTHYHHTAPHBIX 9JEeMEHTOB CHMMETPHH.

PaccmoTpuM cHayaJja cayuaft, Koraa aHTHYHHTADHEIE 3JeMeHTH
BXogaT B &(R), T. e, MB paccMoTpuM 3Be3anl Ttuma I u II. Huas
aHTUYHHTAaPHBIX 3JIeMeHTOB OCHOBHOe cooTHowenue (106.7), Beipa-
)Karollee HHBAPHAHTHOCTD CKAJSIPHOro MPOU3BeIeHHUS], HEPHMEHHMO.
OHo 3aMeHsieTCs COOTHOLIGHHEM, YTBEPKAAIOLIKM, YTO CKaJspHOE
NpoH3BelleHHe COOGCTBEHHHIX BEKTOPOB, PeoOpPa30BAHHBIX AHTHYHH-
TAPHBIM 3JIEMEHTOM, ABJSETCA KOMILIEKCHO CONPSXKEeHHBIM HCXOJ-

HOMY CKaJIIPHOMY IPOH3BEACHHIO:
k , kY
. ), Paq( ) )) . (106.40)
Iy

(C]5,)- < ([, )= (eee( .
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3xech P — aHTHYHATapHHA omepatop u3 rpynnn & (k). Tak kak
k .

cOGCTBEHHHH BEKTOp € i OTHOCHTCS Telepb K V- CTPOKe KO-
: hi . ’

‘ipeacTaBieHus Do B cormacio § 101, 102 mpaByi 9acTs
(106.40) moxxHO MpHBECTH K BHLY -

k ) * _

i, .

. \
k
(g Do B (D (), e( fo) , vz D(.co‘ %) " (a)we(
, o k E\Y
=Z ZD(CO £4) (g),, Do ® () (@), (e( i ) e( p )) (106.41)
v v M v

Jlanblle MOXHO NPOCTO NOBTOPUThL BCe IUard, HNPHBOASIIUE K
NOJYyYeHHBIM BLILle pe3yJbTaTaM JJISl YHHTAPDHBIX OHNEpPaTopoB. DTO
BeCbMa TPyLOEMKHEe BBIUHC/AEHWS, W BMECTO TOro, 4TOOH! AeJaTh WX
NOJHOCTBIO, MLl NOJYYHM HECKOJBKO Pe3yabTaToB I NPOCTHIX cKa-
JIIPHEIX TNIPOU3BefeHuil; 6osee CAOXKHHE eJIyyan MOJKHO HafTH B JH-
TepaType [84].

Ilpn paccMoTpeHHHM Aame MPOCTOrO CKaJSIPHOIO IPOH3BEAeHHS
(106.40) u (106.41) my:XHO pa3/inyaTh HECKOJbKO Pa3HHIX CJHyuYaeB
IJIS BOJTHOBHIX BeKTopoB KjaaccoB I 'u II. IlosToMy paccMoTpum cay-
yall, KOTAa COGCTBEHHBIE -BEKTOPH OTHOCATCS K HeNPHUBOAHMOMY
npencrasiaenuio D® ™ ppyunet @ (k) u KonpeJCTaBIeHHE OTHOCHTCS
K KJaccy A, ¥ ux MaTpulBl yJAOBJIeTBOPSIOT COOTHOIeHHAM (98.57)
u (98.58). Toma (106. 41) MOXHO YIPOCTHTb C IIOMOILBIO COOTHO-
L1eHH#

Dot () (g), = 3, D@D (1), B, (106.42)
u .
Dico®) () (a)*, = Z D® O (), , B, (106.43)

Moxcrasum (106.42) u (106.43) B (106.41), mpocymmupyeM mo
YHUTAPHOLM 37eMeHTaM rpynnul & (k) u BocmoJb3yeMcsl COOTHOIIe-
HHUSIMH OpTOI‘OHaJIbHOCTH A HOPMHPOBKH. Torza noJyuuM

g<k>( ( ,’i) (%)=
053 T (o[ 1) «(|5)) -
‘= TL'ZZétx'ﬁmﬂm ) e( y )) . '(1706'44)

is
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Ho B — yBHTapHasn Ma'rpnua
Brw = (8" )y ~ (106.45)
nostomy (106.44) mpeoGpasyercs K BHRY

k E\Y
ﬁli’fli:a,,-law(e( j_),e( )) = © (106.46)

I3
6 '5W . , . . 106. 7
11 ; e i e i, »( 47)

CaenosarenbHo, u3 (106.47) HesaBHCHMO OT HHIAeKCa v IOJyYydeM

(8- () =C(12)- (1))

iy

CransipHOe IPOM3BeJeHHe B 3TOM CJydae OKa3biBaeTcs Belie-
CTBEHHBEIM H OTJHUHBLIM OT HYJS TOJBKO JJIA PYHKUHH, OTHOCSIIHXCH
K OJHOH M TOH e CTPOKe HEIPUBOIMMOro HpeAcTaBJeHus. Takum
o6pa3oM, B ciyyae A HaJu4He aHTHYHATAPHOrO ONEpaTopa CHMMeET-
pHH LeJaeT CKaJsiPHOE NPOH3BeJeHHe BellleCTBeHHMM. DTO ellle 0180
LOTOJIHUTEIbHOE yC/I0BHe, HaKnapiBaeMoe Ha f(R, j), kpome (106.9).
Ecin 6n Mbl Haualu BBIUHCICHHA C JIBYMS cOOCTBEHHBIMH BEKTO-
paMH, OTHOCALIMMHCH K OXHOH H TOH e CTPOKE MpeACTaBJIEHHS
Dee® ), 1o yactn BblUMCHAeHHH, npuBoAsmEX K (106.48), moxno
61110 Gl H3GeKAaTh.

JOnsi coGCTBEHHBIX BEKTOPOB KJacca B HanoMHHM pe3yJbTaTH,
noJsiydesHele A/ YHHTapHOH rpynnel. Marpunn knaacca B marores
BeipaxkenusaMu (98.14), (98.18). [Tostomy B (106.40) u (106.41) MEI
OyleM pas3jnyaTh ABa cJaydas:

k k
(e( . ), e( ; )) (106.49)
]'V I’V .
mpa v=1, ..., l; n nmpu v=[L+1,..., 2],
Usa (98.18) mast v=1, ..., I, =1+ 1, ...,"2]; umeem
Do B ) (g) . = D@ 1 (ao“uao)';v, - (106.50)

anpmav=L+1,..., 2], v=1, ..., |; nonryuaem )
Do) () (g) == D () (uag)w. o (106.51)

Orciona caeayer, 4To CKaJsPHOe NPOH3BELEHHE

((li)(13)
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npu v < /; 3aNHCHIBAaeTCH 4epe3 CKa/NfPHOE NPOU3BENEHHE NPU V > [

(()- (L,

= Z Z DM (a(}'"_‘“n);v D) (D) (aa-xuao)w X
v -V

kO E\Y
X(e( ; ), e( . )) (1068.52)
Is Iy77 Js>1,
Cymmupys no yrutapreiM aqemedtam ® (&), noayuaem
o(e(17)- <(17.))
. 1, el . =
gk)le i, e,
: k EVY
=5 &® (e( . ) e( . )) (106.53)
. ~ Y 15 I v> 1,
HIR . ‘
k k k E\Y
u(ef(]) ()], =25 <))
' ]v ]‘V V<lj4 ) ]\7 l{’ \7>l.j

AHaJIOTHYHO [J5 BTODPOTO Bo3MOxHoro ciyuas B (106.49) noayuaem

)<, =212

<y
(106.54)
W3 (106.53) u (106.54) mBl nosayuaem,
((}7)- <[5 )=
ef|,)<(], ) =10
v=1,..., l; (106.55)

(-([5,..)- «([s,.. D=reen

OrmeruM, uto (106.55) He 3aBHCHT OT HHAeKca v. Takum oGpasoM,
‘KaK NoKa3aHo B ciayyae B, ckajspHbie Npou3BeJeHUs JO/XKHE GBITH
KOMIJIEKCHO COIPSXEHHBIMY. ‘

[Mepefizem k cayuaio C u ucnoabsyem (98.51), (106.40) u
(106.41). CroBa orpaHn9HMCs AHaTOHAJbHEIM Ga3HUCOM, CJeAYIOLIHM
H3 PacCMOTPEHHS] YHUTaPHHIX 3JeMeHTOB. B sToMm cayuae mosydyum

DR (@), =D® D (@p),, v=1,...,L; =L+1,..., 2
' | (106.56)
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D(co R (a)w —_ (_ D(k) ) (u) ﬂ)'\'zv’
'V=lj+1,..., 2l]; {’=1, “vay ll'

(106.57)

TMoncraraas sta coorHolienns B (106.40) u (106.41), moayumnm

(e( ?\,) e( fv)) v<l
_ Z Z Z DR (), 8, DPD @y, pr (e (

2)
i)/’

W) e
(106.58)

Bepsi cymMMy NO YHHTapHBIM 3JeMmeHtaM u rpynnsl @(k) Tak xe,
KaK MBl feiajn npu modydenuu (106.55), Mb yCTaHOBHM aHaJgo-
ruyHo (106.55) cooTHolIeHUE MEKAY CKAJADHLIMH MPOH3BeJeHHsIMHU
mpuv<<fuv>i

CymmupyeM peayabtaThl. Hasuune asnemenros aHTHyHHTapHoﬁ
‘CHMMETDPHH B Ipylne H TOT (akxT, YTO cOOCTBEHHHE BEKTOPH OTHO-
cATCsl K HEMPHUBOIMMEIM TPeICTaBJIEHUAM TPYNIIBL, NPHBOIAT K YCJIO-
BHSIM BeIeCTBEHHOCTH MATPHYHBIX 3jeMeHTOB TthHna (106.48) wu
(106.55).

Ut0o6n1 NPOABHHYTBCA Jabllle, Mbl JOMKHBI PACCMOTPETh 6otee
o6uipi MaTpuuHLIA aseMent tHma (106.20), 3ateM xaxam# u3
comHoxuTenelt B (106.20) nosxeH paccMaTpuBaThCsl B KadecTBe
6asnca COOTBETCTBYIOILEro KonpeicTas/deHus. Takum oGpasom, npo-
u3BelieHue '

A w

D(co k") (m) ® D(co B3 (106,59)

JOJXKHO ORITh NPHBEAEHO K NPAMOH CyMMe KONpeAcTaBJaeHHH (0606-
nieHHas Teopema Mamke). Korna nosydenst npaBuibHuie AuHelinbe
komOuHanun au6o ¢ noMousio Kosdduuuentor Kaebia — I‘opnaHa
Jau6o ¢ MOMOIIBIO ONepaTOPOB NMPOEKTHUPOBAHUSA, MOXKHO HalTH CcKa-
JSIpHOe TpOou3BeJeHHe, KOTOPOe H fBJAETCA NPUBEACHHBIM MaTpHU-
HBIM 3JIeMeHTOM. Bo3HHKaeT TOJIbKO HEKOTOPOe OrpaHHYeHHOe YHCJIO
NpUBEXEHHBIX MAaTPUUHBIX 3JEMEHTOB, KOTOPble PaBHBI KOa(hdHIHeH-
TaM IpHBeAEeHHUs:

(cokilcok”m, cok’j’) 0. (106.60)

[IpaBusia BHIUHC/AEHUA TaKHe Ke, KaK B CJydae YHHTADHHX 3JEMeH-
"TOB, HO MH He OyaeM OOGCYKZATb HOAPOOHO pasHHe CJAy4aH H
COLIEMCS Ha COOTBeTCTBYIOLIyIo JuTepatypy' [84]. Hcmoabays
CBOMCTBa KONpeJCTaB/IeHHHA, nmoJyyeHHHe B § 98, MoxkHO paccMor-
peTh BCe CIy4aH. -

CHOBa cJjleiyeT NOAYEPKHYTb, YTO IPH BHINOJHEHHH MOJHOIO
aHa/lu3a MaTPHYHBIX  9JIEMEHTOB METOX MOATPYNIB  MOXET
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NPUMEHATLCS TOJBKO NpPH cob/0JeHHH COOTBETCTBYIOMIUX IPeLoCcTO-
pozHocTell.. DT0, B YaCTHOCTH, Halo UMETh B BUAY, Pa3BHBasl TEOPHIO
KonpeacTasiennit, besonacHee, xoT9 u Golee TpyLOEMKO, paboTaTs
METOAOM MNOJHOH TPYIIIHL.

HekoTtoprie npuMepH HONOJHUTENBHEIX NpaBua oT6opa, 06ycaoBs-
JEeHHHBIX aHTUYHHTADHBIMH 5JeMEHTAMH CHMMeTpHH, OYAyT NpHBe-
JIeHBl HHXKe. ' L

§ 107. KpuTHueckue TOUKn

a. Teopusa npeacTaBaeHHii AJA KPUTHYECKHX TOUYEK, 00YCJIOBJEH-
HbIX CHMMeTpHed. B mpexnuecTBylomeM pacCMOTPEHHH MbLI HHTEpe-
COBa/IACh COGCTBEHHBIMH 3HAUEHHAMH M COGCTBeHHBIMH (YHKUHTMU
JHHAMUYEeCKOH MaTpHIbl NpH ONpeles]eHHBIX 3HAYEHHUS X BOJHOBOIQ
BekTOpa kB B 30He bpuaniosHa. B saBucuMocTu oT 6osee BLICOKOro
uay Gosiee HU3Koro mopsiaxa rpynn (k) u % (k), COOTBETCTBYIOUIUX
JAHHOMY R, IpH PacCMOTPeHHH CYILeCTBEHHOrO BEIPOXIEHHS, TPH
'TOJY4eHHH CHMMETDH3OBAHHBIX COOCTBEHHHIX BEKTOPOB H MATpHY-
HBIX 3JIeMeHTOB CHMMETPHUECKHMX ONepaTopoB H T. L. 0Ka3ajoch
BO3MOXKHGIM BHIIIOJHUTE Pa3JHUHblE YIPOUIEHHS H YCTAHOBHTb KJiac-
cudHKaIHIO.

B stom mnaparpade paccMaTpHBalOTCS BONPOCH, CBA3AHHLE C
pacmpeneseHHeM cOGCTBeHHBIX 3HAaUeHHH B 30He, 7. €. ¢ IVIOTHOCTBIO
cocrosuuit, TlaotHOCTE cocTossHull npu 3aganHoil sHeprunm E pasua
YHCJAY Pas3IMIHBIX COOCTBEHHBIX BEKTOPOB AMHAMHYECKOH MAaTPHILH
B HHTepBajge aHeprun Mexay E n E -+ dE. [IlnoTHocTh cocTosiHu
3aBuCHT OT k. KpHTHYeCcKOH TOUKOH TJIOTHOCTH COCTOSHHH
Ha3pBaeTcs 3Heprus E HJIH BOJHOBOH BeKTOD R, MPH KOTOPHIX MJOT-
HOCTb COCTOSTHHH HMeeT CHHIYJISPHOCTb. B 4acTHOCTH B KPHTHYECKOH
TOYKe MPOH3BOJHASA TJIOTHOCTH COCTOSIHHA 10 5Heprunm obpamiaercs
B GecKoHeuHOCTb, KpaTKoe paccMOTpPeHHe KPHTHUECKHUX TOUEK HAaHO
B kuure Koxpana u Kayau [8]; atoT Bompoc o6cyxaaeTcs Takxke
B paborax [63, 85]. ,

B stoMm naparpade AeMOHCTPHUDYeTCS NMpHMeHEHHe METOAOB Teo-
PHH TDYIN AJs ONpeflesleHHs KpHTHUecKuX Toyek. C camMoro Havasa
cJaefyeT NOAYEPKHYTb, UTO yyeT CUMMeTDHH He AaeT BCeX KPHTHUe-
¢KUX ToueK QYHKIUH pacHpefesieHHs 9acTOT AJAsl AAHHOTO KPHCTAJ-
Ja c OnpeleseHHOH CHMMeTpHeHA, a8 TOJbKO BLIAEJNSET HEKOTOPYIO
COBOKYTIHOCTb KPUTHUECKHX TOYEK, KOTOPYIO NPHHATO HAa3HBATb
¢KPHTHYECKHMH TOYKaMH, 06yC/IOBJIeHHHMH cHMMeTpHel» [86]. Io-
NOJHATENbHEIE KPHTHYECKHEe TOUKH BO3HHKAIOT NPH ONpeJeseHHBIX
3HaYeHUAX CWIOBLIX TOCTOSHHBIX AJ/15 [JaHHOTO MaTepHaJa; CyHie-
CTBOBaHHe HX HHKAaK He CBS3aHO ¢ cHMMeTpHell. Takue KpHTHUecKHe
TOYKH MOXHO Ha3BaTh «IHHaMHYeCKUMH». KpoMe TOro, CyIiecTso-
BaHHE KPUTHUECKHX TOYEK CJlelyeT 3 TOMOJOTHUECKHX coo0paxeHnd

' [87]. Tlpimenenue Teopun Mopca (anamH3a TONOJQTHYECKHX MHO-
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1

roo6pasuit) NmOKasplBaeT, 4TO CyLIeCTBOBaHHE HEKOTODHIX KPHTHUE-
CKHMX TOYEK IJIOTHOCTH COCTOSIHHH, KJNacCU(HIHDOBAHHBIX COIJIACHO
UX HHAEKCaM, TpebyeT CylleCTBOBaHUs ONPeAeJeHHOro Ynueaa Ipyrux
KPHUTHYECKHX TOYeK C ONpeje/eHHHIMH HHAEKCAMH H UTO TOMNOJIOIH-
yeCKHe CBOMACTBa «iIPOCTPaHCTBa», B KOTOPOM OIpeLe/eHa IJIOT-
HOCTb COCTOSIHUi, TPeOYIOT CYLIeCTBOBAHMS MHMHMMaJbHOTO Habopa
TaKHX KPHTHYeCKHX TodeK [63, 85]. ,

B stom naparpade MH IOJYYHMM - OCHOBHBIC COOTHOLIEGHHS, CO-
rJIaCHO XOTOPHIM MJIOTHOCTL COCTOSHMH 3amHchiBaeTcs B dopwme,
yOOOHOA A/S BBHIIOJHEHHR aHaJdu3a N0 CHMMETDHH H NOJYUEHHS
KPATHYeCKHX TOueK. B 3ToM maparpade Mbl OrpaHu4uMCs paccMoT-
peHHeM mpeicTaBaeHUR rpynns @ (k). , ,

' YpapHeHHs [BHXKCHHS B AMHAMHKE KPHCTALJIHYECKOH pellleTKH
" umerot BuA (79.7) man (85.1):
- k
; ) (107.1)

Vo e ji)=m2(kif)e( ]u

W3 cucrembl ypaBHeHu#l (107.1) B HpHHUHMIIE MOXKHO OUpEeNEJHTb
noaHbli Ha6op 3rN uyacror. M/ KaxAOro UYHCAEHHOTO 3HAYEHHS
kBajgparta vyacrorul B (107.1) HezaBHCHMO OT 3Hadeunil kB U j, MOK-
HO PacCUuTaTh YUCJAO PAa3jIHUHBIX COOCTBEHHBIX BEKTOpOB. Tak Kak
KaxXKIblil COOCTBEHHBIH BEKTOP COOTBETCTBYEeT ONpeneseHHOMY KoJie-
GaTeJbHOMY COCTOSIHHIO, YHCJIO TaKUX COOCTBEHHBIX BEKTOPOB, COOT-
BETCTBYIOIIee NAHHOMY YHCJACHHOMY 3HAUeHHIO ©2, ABJIAETCS YHCJIOM
COCTOSIHHH ¢ 2TOl 9Hepruell. XoTA 3TO BNOJIHE NPHEMJIEMBIA K YACTO
ynotpebisgeMblii coco6 uuC/ICHHOTO pacyeTa MJIOTHOCTH COCTOSHHE,

_OH HeynoOeH C TOUKH 3peHHd aHaausa no cuMMmerpud. Hamomuum
[4], uTo NpH HaNMYMH BHIPOXKAEHHA YAOOHO OTHOCHTb MHJEKC j HJIH
ju K ompejeneHHOA BeTBH KoJebGaTeJbHOro cnekTpa pemerku. Ilo-
5TOMY JI000H BeTBH (NpH (HKCHPOBAaHHOM j) cooTBeTcTBYeT N co-
CTOSIHHH, MO OJHOMY AJISl KAaXKAOTO 3HaueHHd R B 30He Dpu/iiosHa.
B cxeMe npuBeJeHHEIX 30H, KOTOPO# MEL 6yAeM M0/b30BaThCsA, PYHK-
nusi w?(k|j) MHorosHauHa: KaxxaoMy K COOTBETCTBYyeT 3r 3HaueHHH
HHAEKCa BETBH.

IlycTh 4acTOTH pelleTKH YHOPSAAQUYEHH TakK, YTO MBl MOXEM Bbl-
Aeauthb j-10 BeTBb (j=1, ..., 3r). MHgekc j-A BerBu, BOOGWE ro-
BOp#, OJHO3HAYeH, 33 HCKJIOYEHHEM TOYEK, B KOTOPHIX BeTBH Hepe-
cekaloTcsl. B TOYkax MepeceueHHs] HesCHO, KaK NPHUIOUCHIBATH HH-
flekcel 0 o6e cTopoHul oT nepeceuenus. Caenys @uauncy [86], mu
6yZeM NpOBOJUTb HYMEPALHIO TAaK, YTOOH B OTCYTCTBHE BHIPOXKJe-
\HHUS- AJIS .-/ BETBH C 3aJaHHBIM R, 4acTOTA KOTOPON 00603HauaeTcs

Kak o?(k|j), 6610 ) ]
' o*(k|j) > o?(k]j), ' (107.2)

“ecan 1> . Bue TOYKH BHIPOXKZAEHHS TaKoe MHPaBHJIO M03BOJISIET
IIPOHYMepOBaTb BCe COCTOSHHS €IHHCTBEHHHIM o6pasoM. [lpu sTom
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B TOYKe HepeCeyeHHsi BeTBeH .MOXKeT BO3HHKHYTb 0000lueHHasi KpH-
THYecKad TouKa, 00yc/0BJeHHAs GeCKOHEUHO GOJbIIHM H3MeHeHHeM
NPOH3BORHOA OT 4YacTOTH IO KBAa3MBOJIHOBOMY BEKTOpPY. B Tako#
THHIYJSIPHOR KPHUTHUECKOH TOUKE OfHA WM HECKOJbKO KOMIOHEHT
NPOU3BOAHON OT ®w? MO k M3MEHSIOT 3HAK CKAUKOM, [IPHYEM OCTa/b-
Hble KOMMOHeHTH o6pamaiorcs B Hyab. Cama dacrora o?(k|j)
ocTaercss KOHEYHOH. S,

Tak kak k meHfleTcss HeNmpepblBHO BO Bcell mepBo#l sone Bpua-
JII03Ha, NIPH GHKCHPOBAHHOM | w?(k|j) fAB/AsieTcss ToXKe HeNpePHIRHOR
dyukupelt. Ecau N — noJiHOe YHCAO 3JeMeHTapHbIX f4YeeK, COOTBeT-
CTBYIOIlge TPAHUYHBIM ycaoBUAM DopHa — Kapmasa, To umeetcs N
TaKHX KBaADaTOB 4acCTOT Mg KaxAofi BeTBH. OTHOCUTesNbHAsl A0Js
5THX 4aCTOT BETBH j, KOoTOpas JexXuT mMexay o?(k|j) u [0*(k]j)+
+ Ae® (k|])], pasua ‘

Gy (@) A0® = — [N (@® 4 A0?) — N, (@)], | (107.3)

rie N;(0w?) — nosHoe 4HCJIO KBaApaTOB YacTOT BO BCEM HHTepBaJe
ot 0 10 3ajaHHOro 3HaueHHs w?(k|j) j-i BeTBM. i

Onpezgeanm  ©YHKUMIO pacnpejeseHdsi KBaApPaToB  4acTOT
G (0*)Ax? caenyomwnm o6pasoM:

G, (@) A= Zk‘, (02 (k]]) — 0, (107.4)
o (k)< <0? (k] )+ Ao? (k] ). (107.5)

Ecau Mbl XOTHM paccMaTpuBaTh R Kak HENPEPHIBHYIO MepeMeHHYIO,
Mbl MOxeM nepenucatb (107.4) B dopMe HHTerpasta mo 06beMy
(MHOXKHTEADb (27) % 3Aech He BHINMCAH SIBHO):

G, (%) Ao = S S S dk, (107.6)

Tlle MHTerpHpoBaHue HAeT no 00beMY
o’ (k) <o’ <o (R])) + Aa® (k) )). (107.7)

Crenyer OTYETJIHBO MpeACTaBJATb cebe, UTO OrpaHHYeHHe
(107.7), umernoweecst B (107.6), apaserca peanbHbHIM OrpaHHYeHHEM
o6J1acTH HHTErpHPOBaHHsA Mo R: 3T6 1O CyluecTBy rJJaBHOE ypaBHe-
ane aaa k(w?), HanHcaHHOEe, KOHEYHO, TOJbKO JJs OXHOH j-#i BETBH.
Ouepupnno, uto (107.7) onuchiBaeT o6beM, 3aKJAIOUCHHBIH MKy
noBepxHocThio o2 == w?(k|j) u mnoBepxHocTbiO 0 = 0?(R|j)-+
+ Aw?(k|j). Tenepp mbl MoxkeM npeo6Gpasosats (107.6) B nosepx-
HOCTHBIH HHTErpaJ Mo OXHOM H3 3THX NMOBEPXHOCTeH.

[ycts dS — sneMenT moBepxHocTH 02(R|j)= 0?, rie ©®— He-
KOTOpOe NOCTOsIHHOe 4ucao. Torja eauHWuUHBIE BEKTOP B Hampas-
JIeHUY BO3paCTaHust @2 MOMKHO 3aIHCATH B BHIE /

7= Vsa? (k] )| Ve (k] ) | . (07.8
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Tenepb MOXHO 3anucaTh (107.6) uepes o6bem B E-npOCTpaHCTBe,
3aKJIOYEHHBIH MeXAy ABYMS YKa3aHHLIMH BHIIIE NOBEPXHOCTSIMH:

V 2
G, (@?) Ao = ﬁfﬁ Ak dS, (107.9)

rne Ak — npupamenue k, cooTBeTcTBylOmEe npupamenuio Aa? (k] j),
¢ — TMOBEPXHOCTD o = o (k| ]). Ecau pasnoxurs o (k4 Ak) B psx
Tefiopa, TO MONYUHM

co?(k+Akli)¥w2(kli)+Vm2(kli)-Ak+ rees (107.10)

HJH
Ao? (R]]) = Vo? (k1)) - AR. o (107.11)
CJyrenoBarenpHo, 2ot (8 1
® 1 )
G;(0?) Aw? = A st. (107.12)

Tak kak A@?(R|j) — nocrosiHHOe npupallieHHe, TO

G, (@?) Ao = Ae? (k| j) S S \v;fjﬁ' (107.13)

3To BaxKHHI pe3ynbTar: QYHKUUA pacnpejesneHus 4aCTOT WX MJIOT-
HocTb cocTosiHuf G (w?) Aw? TponopuHoHalbHa NOBEPXHOCTHOMY HH-
TerpaJnay

SGS [—VCiTSD?T’ | (107.14)

B KOTOPOM HWHTErpHpPOBaHHEe BeJeTCsl [O TOBEPXHOCTH ¢, COOTBET-
CTByIOIIEH NOCTOAHHOMY 3HaueHHIo @2 [IpencTaBiasercs OUeBHAHBIM,
uTo 06Js1acTH B 30He BpH/LIIO3HA, B KOTOPHIX

|Ve0? (k1)) 1=0, (107.18)

BecbMa CYIIeCTBEHHBI, TAK KaK OHH ZAIOT GOJbIIOH BRJIAJ B NOALIH-
terpa/ibHoe Bhpawkenue B (107.14) u, ciefoBaTeNbHO, B NPOU3BOJ-
ayio dG;(0?)/do®. B 3aBHCHUMOCTH OT TOrO, BCe JH KOMIOHEHTHI
V.o?(k|j) obpawaiTcs B HYJb HJIH TOJBKO HEKOTOPHIE H3 HHX,
BOSHHKAIOT Pa3HEIe CaAydaH (8, 85].

Tax Kagk B 3Toll MOHOrpaduu MBE B OCHOBHOM HHTepecyeMCﬂ
TEOPETHKO-TPYIIIOBLIM aHaJNH30M ONTHYECKHX NpPOIECCOB, CBSI3aH-
HBIX C KOJeOaHHSMH DellleTKH, Mbl He 6yaeM noApo6HO o6CyXaaTh
aHAJUTHYECKHH BKJIaX B IIOTHOCTb COCTOSIHHA OT KPHTHYECKHX TO-
yek pasHoro Tuna. Takofi aHalH3 CONEPKHUTCS, Hampumep, B paGote
Koxpana un Kayau [8]. 37eck MB 06CyauM Bosee Y3KHE BOIpOC O
TOM, KaK YCTaHOBHTb Te KpDHTHUeCKHe TOUKH, KOTODhI€ CBfI3aHH C
TpeéoBaHHﬂMH CHMMETPHH.
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Mu npuMenuM K ypaBHeHuwo (107.1) Teopuio BO3MymeHMH M
YCTaHOBHM CBSI3b CHMMETPHH COGCTBEHHEIX BEKTOPOB HOPMaJbHBIX
KoneGaHull ¢ BO3HHKHOBEHHEM KPHUTHYECKHX ToueK. I1ycTh HMeeTcs
pewenne ypassedus (107.1), cooTBeTcTBYIOLEe BOJHOBOMY BEKTOPY
ko Tax Kak 06GycJOBJIEHHOE CHMMETPHEH CYILECTBEHHOE BhIPOMKIE-
HHUe HTpaeT BAaXKHYI0 POJb B TEOPHH, Mbl BHIIMIIEM YpPaBHEHHA AU-
HaMHKH pellleTKH, COOCTBEHHble BEKTODH, COGCTBEHHEIE 3HaUeHUs CO
BceMU HHAeKcaMu. HanomHum paccmorpenue § 75, 85, 91,

Tlycts B TOuke ko ypaBHEHHS JBHKEHHS HMEIOT BUI

k‘) /| Ro 9 . kq
ZD(’,B eﬂ . =(D(kol])ea Wi, , u’=l,-~'glj,
,B ]]J. ]p,
(107.16)

rle BEIPOXKJeHHEIE cOOCTBeHHEIEe BEKTOPH ¢ == 1, ..., [; oTHOCSTCA
K /;-KDaTHO BHIPOXKIEHHOMY COGCTBEHHOMY 3HaueHHio o?(R|j). Has
JIPYrHX cOGCTBEHHBIX BEKTOPOB MH GyjeM 0603HAYaTh UHJEKC BETBH
JaTHHCKOM OykBO#l, Hanpumep m: :

;Daﬁ( ko ) B( :e:)—&(k]m)ea(

rie m == [, OTHOCUTCS K HEeBHIPOXAeHHHM BeTBaM. IlycTb BerTOp B
uMeeT 3HaueHHe, 6JH3KOe K Ry, Tak 4TO

: k— ky=§, (107.18)

ky ’
), m==p, (107.17)
- |

rne § — MaJiblii BeKTOp. ¥ paBHEHHe JBHKEHHS B TOUKe R HMeeT BUR

ZDaﬁ(”Z,)eﬁ(g' jt)=m2(k|u)ea(% ].t), (197.19)

B
rie rpeuecKuil MHIEKC W OTHOCHTCH K ONHOH M3 BeTBel, BHIPOXKIEH-
HEIX B TouKe Ry, corsacHo ypaBHeHuam (107.16). Iast atoi BeTBH
cieayeT NPUMEHSITh TEOPUIO BO3MYLIEHHH JJIsi BBIPOXKIEHHOTO
ypoBusi. Paznoxum 8 psin Tefinopa aunaMudyeckyo MaTpHIy # cob-
CTBeHHbIE 3HAUEHHS M OCTABHM B pa3jOXKeHHH -TOJbKO JHHEHHBIe
uieHHl. Toraa nojayuum

’

Daﬁ(;,)=uaﬂ (%’:j, )+ Da',ﬁ( ;3, )+ oo 10720

@@(k18) =0 (1) + @ Vo) ol W)+ ..oy (107.21)
HAH S : N
“ @ (k1 B) = 0 (ko | )0 + @ (o | " ..oe (107.22)
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ByzeM HCKaTh BO3MYUIEHHBIA COGCTBEHHBIN BEKTOP B BHJE-JHHeHHON
KOMOMHAIMH HEBO3MYIIEHHBIX COGCTBEHHBIX BEKTOPOB:

(k
eql %

ko )
. ) (107.23)
Iy

Iy
; ) = Z Bwea( %
]”' V]

B (107.23) MBI orpaHHYHJIHCh JHHeAHOH KOMOWHANHel TOJBKO BHI-
POXKIEHHKIX COGCTBEHHBIX BEKTOPOB, TAK KaK Mbl MPEIIONaraeM, 4To
UMEHHO OHH JafoT HauboJbIIHi BKJAAL 3ajlada COCTOMT B ompejeJie-
i BY, ¥ oIHOBpeMeHHO MONpPaBKH MepBOro mopsaka kK o?(ko|j).
[MoacraBasa (107.23), (107.21), (107.20) B (107.19), momyuaem

Z{Daﬁ(") G- Vko)DaB( )}ZBu%( )’=

w B .
k
= {0? (ko)) + € - V&) 0 (ko | )} Z Bwea‘(u ].°). (107:24)

Vuuteias (107.16), MBl HCKAIOWAaeM WjeHH HYJeBOro MOPSAKa H
nonyuaeM THIWYHOE ypaBHeHHe TEODHYM BO3MYIIEHHH nepBoro no-
pPsAKa [JJs1 BBIPOXKAEHHOTO YPOBHA (HANOMHHMM, YTO MB GepeM
TOJIbKO MHOXECTBO BHIPOXJEHHBIX COOCTBEHHBIX BEKTOPOB):

;; ;Bvu(g-vk)DaB(%,:,)eﬂ( :‘VO)___ .

=& Vi) 0 (ol 1) Y Busea

k
. ) (107.25)
iv

k
Yumuoxam Tteneps ckaaapuo (107.25) ua ea(x jo), CHOBaA. HMes
: o

B BHAY, YTO O OTHOCHTCA TOJBKO K BHIPOXKICHHHIM BeTmAM. Toraa

ZZZBM( )(& v Duo 12 )(
?:>ea<x;':>-—-

no B W
= vk) o (k| 1,) Z Byudy. ‘ » ' (107.26);
S ‘

=(§.V;)0)2_(kolju) Z,nge;(x
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CrepoBaresbHO, YPaBHEeHHS A5t onpenenennﬂ ko3 punueHTos B,,
(mpaBHJBHEIX JHHEHHBIX _KOMOHHALHH) HMEIOT BUI

ko)

iv /

Z Z Zv:Bvu[ ( )(g Vk)Daﬁ( o )eﬁ(x’

%o w'B
— & V)@ (kol Ju) By =0, o=1,..., [ (107.27)

Dra cucTeMa HMeeT OTJIMUHBIE OT HYJSA pelleHHs], eC/lId ee ONpeAesIH-
TeJb paBeH HyJ10. JLOCTATOYHEIM ycaoBHeM OGpalleHust B HYJb BCeX
KopHe#l ypaBHeHnus (107.27), 1. e. BejuuuHb (& - Vi) 0® (R 1), a8
JISIeTCsl YCJIOBHE PaBEHCTBA HYJIIO BCEX MATPHUHBIX 3JI€MEHTOB:

5 5wl 4 )al<[

v
Takum 00pa3oM, HaM HYIKHO BBISICHHTb YCJOBHS OOpalleHusi B
uyab Bennuunsl (107.28). Mimes B Buny paccmorpenue § 106, nepe-
nuem (107.28) B dopMe ckasnsgpHOro mpou3BeleHHd, KOTOPOE TaM

OTIpEe/IeNIEHO: ,
k0 kO -
i ) -VxD(k)koe( ) )) (107.29)
o .

)— 0. (107.28)

(o .

CpasHuBasi 370 BeipaxeHHe ¢ (106.20) u mocJenylolIUMH BeIpaXe-
HUSIMH, HAXOQHM, UTO OHO HMeeT BHA MATPHYHOTO 3JeMeHTa HeKo-

TOpOro omnepaTopa
O (k)= - VaD (B),, (107.30)

B3SITOTO N0 BBIPOXKIEHHHIM COOCTBEHHHIM BEKTOPAaM, OTHOCHIIKMCS
K coGcTBenHOMY 3HaueHHo o?(ko|j). B (107.29), (107.30) unuexkc
ko y rpandeHTa AHHAMHUYECKOH MAaTpPHLBl O3HAYAET, YTO 3Ta BeJH-
YMHa JOJKHA BBIUHCIATBCS B TOUKE Ry,

B mepByio odepens MH HOJIKHB YCTAHOBHTH TpaHCchHOpPMalHOH-
Hple cBokcTBa omeparopa (107.30). st 3TOro MOCTPOHM BEJIHYHHY

P14 & - VD (B) Pz, (107.31)

KOoTOpas paBHa ,
P14 & Va) PRlg - Pl oD (k) PRl (107.32)

B (12.1)—(12.5) mml onmpexenunn onepaTopsl Py, AeHCTBYOLIHE
Ha (QYHKUHY B KOHDUrypanHoHHOM IpocTPaHCTBe; 3aTeM B (30.1)—
(30.10) Mbl yCTaHOBHJIM AeHCTBHE TaKOro onepaTopa Ha 6J0XOBCKHE
¢yuxkuun. Tak kak oneparop (§- V) He 3aBHCHT OT r, MOXKHO Ha-
nucaTh :

Paio®- Ve) Pila="6- V). (107.33)
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" 3atem us (107.33) u (81.26) moayunm
Py E-VaD (k) Pl =& - V) D(q- k) (107.34)

Ilpex e uem NpoOABHHYTbCA AaNbllle, HAIOMHUM, 9TO B paie Tefi-
nopa (107.20) npousBoAHBIE CJefyeT BHIUHCIAATE B TOyKe Ko, KaK 3TO
W YKa3ano B aprymenTe. KpoMe Toro, MH HMeeM

Ve(exp— i@ -k-R)=V,(exp—ik-¢7'R)=
=(—ip”'-R)exp—ik-9~'- R, =
=(—ip '-R)exp—Iip-k-R,. (107.35)
Hanee, Tax kaxk B (81.24) — (81.26)
D(¢-R)=P“" (M ™"[®(0)] M
nosayyaem
& Vo) D(p- k)= Vo) PO [M] 7" [0 (0)] [M]™". (107.36)

Torpa u3 (107.36), (107.35) u u3 onpeneseHus oneparopa plo-e
B (81.14) umeem

(& - Vi) PO = (k — k) - V,Po#) —
=(k—k) B (—ig™ R DT (o] = Ri})' Ppi-ryy = (107.37)

el— N

=(k=k)- @7 3 (—iRy)D*P (el = Ry Pri-ryy (10739

{el—Rpy}

Ho rpanuenr B (107.36) cienyer BBIUMCIATH B Touke Ry Cueno-
BaTeNBHO, NOA 3Hakom cyMmMbl B (107.38) Mbl MOoXeM B34TH
D(‘P k) —> D('P ko)

Iycte Tenepn Pmt} — HEKOTOpPHH 3JeMent rpynns & (ky). Torna

Dt# k) == Dk, (107.39)
[Mpu satom (107.38) mpeoGpasyercss K BUAY

(@« (b — ko)) - {ﬁm (—iRy) D ({2 ] —Ry})* Pei—ryy- (107.40)

Ho cymma B (107.40), oueBunmo, paBHa
(VeP®), . (107.41)

‘CJIeD,OBaTeJIbHO, u3 ypasuenuit (107.31) — (107.41) nna aneMeHTa
Poig rpynne ® (k) nosnyuaem

P (& (VD (R),) Piin= ‘
=507 (VD (R),)= (9§ (Va- D(R)),,). (107.42) .
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MBI sakJ/0udeM, 4TO NOJ, NeHcTBHeM onmepauun cuMMeTpus H3 © (k)
TPH KOMIIOHEHTHl CKaJIIPHOTO NPOH3BELCHHS

§ - (VeD (R)),, (107.43)

npeoﬁpasymTCﬂ KaK KOMIIOHEHTH OOBIYHOTO rIOJmpHoro BEeKTOpa.
B kommonentax (107.42) umeer BHZ

Pioio (& VD (B),, Pt =) & @ )y [(557) P®)] . (107.49
vé ’

HyXHO yuHTHIBAaTb, 4TO Telepb «NOBOPOT» ¢ AeHCTByeT Ha JeKap-
TOBBl KOMIOHEHTH rpanuenta VY, B HameM pacCMOTPEHHH MH
‘CMOIVIH TlepeHecTH JeHcTBHe omepaTopa Ha (yHKuHio ot R. Jrta
npoluenypa aHaJjoruuHa BolnogueHHo#i B (30.1)—(30.10) npm pac-
cMOTpeHUH O6J0X0BCKHX BeKTOpoB (¢pynkumit). Takum o6pasom,
(3s)? komnonentT D (R) ocraoTcsi HeH3MEHHBIMH, H NPH BEIYHCJIEHHAH
ckanspHoro npousBefenus (107.28) ux mocie yMHOXKeHHS Ha CO6-
ko) ( kg
H e
o Iy
OTOT pes3yabTaT MOXKHO SaNHCaTb YAOOHEIM CNOCOGOM, ecin
0603HauuTh npeoGpasoBanue onepatopa Thna (106.18) ciaenyromum
o6pa3zom:

CTBEHHBIEC BEKTODbI e( ) npocTo NMPpOCYyMMHPOBATH.

& V4D (k)),, ~ D ( :° ) , (107.45)

ky .
rae D(')(a)—— npeAcTaBjeHHe, IO KOTOPOMY Ipeo6pasyioTcs TpU

KOMIIOHEHTHl NMOASPHOr0 BeKTOpa r IOA [JefiCTBHEeM IIOBODOTOB M3
rpymnnsl @ (kg). JlpyruMu cjaoBami, ecliy paccMaTPHUBATh HOBOPOTH ¢,
oTHocswuecss K rpynne &(ky) mnan P(ky), To omepartop, crosuimi
ciaesa B (107.45), npeoGpasyercs NmOA AefiCTBHEM 3THX TOBODOTOB
KaK OOBIYHBIH BEKTOP.

CunenoBaTenbHo, MOxHO npumeHuts (106.20) u (106.21), T. e,
uToObn y6elHTbCsl B oOOpallleHHH B HYJb MaTPHYHBIX 3JEMEHTOB
(107.28), mocTaToyHO MONYYHTb KO3(h(HUMEHTH NPHBEACHHS, COOT-
BercTByomde (107.28). B oGosHaueHNSX paccMaTpHBaeMOM IOJ-
IPYNNBE OHH HMEIOT BHJ )

kol o - 7 - ). (107.46)

Kak Bceraa, MpH 3TOM BaXKHO YCTaHOBHTH, 4TO 6a3HC, COOTBETCTBYIO-
UIHH [POHSBEAEHHIO, ABJISETCS HOJHLIM.

SrtoMy pesy/bTaTy -COOTBETCTBYET NPOCTOe NPaBHIIO. ,ZIOCTaToq-
HHIM YCJOBHEeM CyLIeCTBOBAHHS KDHTHYECKOM TOUKM (YHKIHH pac-
npejlesieHds YacToT NPH ko ApjsieTcs ofpalleHHe B HYJb K03(¢H-
nneHTa npusejenus (107.46) u, cienoBaTeNbHO, OTCYTCTBHE KAKOrO-
aubo JiMHEAHOTO u4JieHa B pale Teopuu BosMyluewud (107.21),
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(107.22). IpyraMu coBaMH, MOXHO CKa3aTb, YTO Mbl BHIIOJHSIEM
NpHBeJcHHE NPAMOTO IPOU3BEACHHS

D) ()" @ D) (1) & Dk ), (107.47)

4TOGEl YCTAHOBHTD, COAEPXKHT JIH OHO eAMHHYHOE NPEeACTaBleHHE.
Tak kak mpon3BoAHasi 3aBUCHUT TOJABKO OT CBOMCTB ONHOH BETBH
(T. €. OT ee CHMMETPHUHM H TONOJIOTHH), ORHO U TO ke NpeJCTaBIeHHe
D)) posnukaer B (107.47) B ABYX comHOxuTensix. Ecau D ()
BelleCTBeHHO, T0 (107.47) moxkHO 3amucaTh B opme

[Dt®o) 1] ) @ Dtk (1) (107.48)

MMeIOLleld BH NPOU3BENEHHsT CHMMETPU30BAHHOrO KBajzparta D) ()
Ha D®) (),

Takoe e paccyxjaeHHe MOXKHO HCIOJb30BaTh AJ5 IPOBEPKH
TOro, o6panlarTcs JiM B HYJab OAHA HJIH IBe KOMIOHEHTH OnepaTopa
rpajuenta. Tak, 4ToGB YCTaHOBHTL oOpallleHHe B HYJb O-KOMIO-
HEHTHl (Hanpumep, ky) V0% (R|j) npu k= Ry, ‘HYXHO HCCJAeLOBATDb
noBeJieHAe X-KOMNOHeHTH onepartopa (107.30). B atom cayuae BMe-
cro (107.47) Gynem uMeTb MpoH3BeleHHE

D) (©)* © Do) (133 Dk} (), (107.49)

aBfasiioleecsl  NPOW3BefeHUEM  CHUMMETPH30BAHHOIO  KBajipara
D®) () ya xomnonedty (D) @),. 3amerum, uto B rpymmax P (ko)
¢ ToYeyHoH cHMMeTpHeH HHxKe KyOuueckoii O, pasiduHble KOMIIO-
HEHTH MOJIAPHOTO BEKTODPA r MOTYT Npeo0pa3oBLIBAThCSA MO PA3HEIM
HEelNPHBOAUMBIM NDeICTaBJICHHSIM.

ITposepka (107.47) n (107.49) nas KaxkA0H KOHKDeTHOH HHTe-
pecylolielf Hac BeTBH IO Bcell 30He BpuJJIOZHA 103BOJsIET YCTAHO-
BUTb 3HaueHHA Kk, B KOTOPHIX MOXKeT ObITb KpHUTHUYecKas Touka. Ilas
KaX A0 TakoH TOYKH MOMKHO YCTAHOBHTb, BJISETCH JH OHA TOUKOMH
MUHHMYMA, MaKCHMyMa HJH CeAJ0BOl TOUKON. DTO MOXKHO YCTaHO-
BUTb, onpelenss obpamaouyecs B 5To# ToYyKe B HyJb KOMIOHEHTH
rpaguenTa. TN H HHAEKC KPHTHUYECKOH TOUKH ONPeJessioTcs Xapax-
TEpPOM CHHTYJSIPHOCTH IJIOTHOCTH COCTOAHME AJs (POHOHHOro pac-
npefe/enns BOJH3H KPUTHUeCKOH TOUKH. DTa kJaccudukamus o0-
cyxaaerca B pabotax [8, 63, 85].

B 3akJ/ioueHHe HAOMHHM, YTO Halle PAacCMOTPeHHe IIO3BOJSET
YCTAHOBHTb TOJBKO KDUTHUECKHe TOUKH, OOyCJOBJEHHHE CHMMET-
pueft. OcranbHble, ciyyaliHble, KPHTHUeCKHe TOUKH BO3HHKAIOT H3
KOHKPETHOTO X072 (POHOHHHIX RHCIEPCHOHHBIX KPUBBIX, 06YCIOBJEH-
HOTO BHAOM CHJIOBHIX IOCTOSIHHEIX IJsi HaHHOrO KpHcranna. Takue
JAMaMHUeCKue KPHTHUECKHe TOYKH H3 cOo00pakeHHH CHUMMETPHH
pafity Heab3si, OAHAKO OZHOBPEMEHHO C KDHTHUECKHMM TOUKAMH,
06yC/IOBNEHHBIME CUMMETpHEH, OHH TOXKe JOJ/IKHBI YIOBJETBOPATDH
BCeM COOTHoIeHHAM Mopca, _
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6. OnpenencHue BO3MOXHMIX KPHTHUECKMX TOYEK MO TOUEYHOi
© cUMMeTpHH. B npenbifymiem nyHkre Mbl yOeAHJHCh B TOM, YTO JO-
CTAaTOYHHIM YCJIOBHEM CYIIECTBOBAHHS HYJEBOIrO HAaK/JOHA HJH KPH-
THY€CKOH TOYKH NPH Ko AJs1 MOBEPXHOCTH C CHMMeTpHelr D% ()
sBJIAerca obpalleHne B HyJb KO3 QUIHEHTOB NPUBEAEHUS MOArPYI-
ner (107.46). Tlopsiiok BHIYHCJAEHHH AJAf KOHKPETHOTO KpHCTAJIa
npu sToM siceH. HyxHO uccienosaTh Ko3(ppuineHTH NpUBEACHUA
I/ BceX TOYeK 30HB DpuJIosHa H AJA BceX BO3MOXKHBIX JONYCTH-
MBIX HENpPHBOJUMBIX NpPeJCTaBAEHHH, COOTBETCTBYIOIHX KOHKPETHOM
CHUMMeTpPHH (POHOHOB JAHHOIO KPHCTa/ia, T. €. ClIeAyeT NPOBEPHTb
Becb Ha0op Ko3h(UIHeHTOB NPHUBEAEHHS.

B npuHUOHNE 5TO JOBOJBHO TPyLoeMKas sajaua. UToGwl cokpa-
THTb PaboTy, HYXKHO BBIICHHTb, HeJb3sl JH PacCMaTPHBATh B 30HE
- DpuwiosHa TOJBKO HEKOTOPHIE OIpeJeJeHHBE TOUKH Ry, UroOni
pasobpaTbhcsi B 3TOM BONpOCce, Mbl COpPMYyJHpyeM 3ajfauyy HHaye
[88]. Hanmomuum, uto us (107.1) ciaepyer, uto ¢usuueckue cob-
CTBEHHBIE YacTOTHl ®?(Ro|j) mpu ko sBIAOTCA COGCTBEHHBIMH 3HA-
YeHHSIMH AMHAMHYECKOH MATDHILBL

[D (k)] (107.50)

Hanee, us (79.16), (79.17) ‘Mpl 3HaeM, 4TO YHHTAapHAs MaTpHua
E (ko), cTpoku M CTOJIOUB KOTOPOH AIBAAIOTCA COOCTBEHHBIMH BeK-
topamu [D(ko)], npusomur [D(ky)] x nmarosHasnuomy Buzy. [To-
3TOMY BOCHOJAb3yeMCsl coOTHoLieHHeM (79.16):

E (ko)™ [D (ko)) E (ko) = A (o). (107.51)

BosbMeM cien oT of6enx wacTel MaTpuyuHoro ypasHenus (107.51).
Tak Kak cjiel MaTpPHUH HHBapHaHTeH IIPH YHHTAPHHIX npeoépaso-
BaHKAX, NOJYUHM

Sp[D (k)] =Sp A (k)= B
=0’ (k| )+ ... +*(Roljm)=
= Dol (ol ) =1 (ko). (107.52)
rie ¢j— 4YHCIO0 COGCTBeHHHX 3HaueHuft o?(ko|j) u I;— KpatHOCTB
BHIDOXKIeHHS (ec/H cjyuyafiHOro BHIPOXKAEHHSA HeT, To ¢; = 1), 3xech
BaXHO, 4To cTosias B (107.52) cymma gBAsieTcss cKansipHOH PyHK-

IHell BOJHOBOro BeKTOpa ko Huxe Mb 6yaeM cuutath ¢; = 1.
BepHeMca Kk cooTHoweHHio (107.51) u nepemuileM ero B BHAE

[D (ko)) E (ko) = E (ko) - A (). | (107.53)

Paccmo'rpnM Teneps ONepaTop npeodpasoaanna Pgy H3 rpynist
® (k). HpnmeHnM ero kK (107.53):

- Pgy[D (ko)]P(vo) PyE (ko)=P(§.1E (ko) A (ko). - (107.54)
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H3-(83.5) MH BHAUM, 4TO KaXAbll cQ6CTBeHHHA BeKTOp (cTos16en).
B E(ky) MoxeT cinyxuTb 6a3HCOM JONYCTHMOTO HEINPHBOAHMOTLO
npencrasienns rpynns @ (ko). CrnenoBaTtenbHO, NeficTBHe onepaTopa
P,y Ha E(ky) naer (3r X 3r)-mepuyio matpuny D ({go}), KoTopas
noJyyaeTcsl yxe B IOJHOCTBIO NIPHBeILEHHOH dhopMe

PoyE (ko)) = D ({@o}) E (ko) (107.55)
rue
D®E® 0 ... 0
D ({@o}) =( 0 D) (i) 0 ) (107.56)
0 0 D) ()
Ho n3 (81.26) nmeeM (ecim mokKa He YUHTHIBATb, UTO @ - Ry == k)

Pioy [D (ko)] Piogy = [D ({0} - ko)l (107.57)
Hs (107.55) — (107.57) b MOKeM NOJIYYHTH v

A (ko) = D" ({9o}) [D ({0} - *o)] - D ({we})- (107.58)

Wcnonwsysi yuurapHocts D ({go}) (9To mpsMas cymMma YHHTapHHX
MaTpuu) # Gepst caef oT obeux cropoH paseHncrsa (107.58), mo-

JYUHUM
Sp A (ko) = Sp D ({0} ko) = Sp A ({0} - ko) (107.59)

uid, BBOAS o6o3Hauenus us (107.52), nonyuaem aas Bcex {qo}
f (ko) == [ ({@0} - ko). (107.60)

Tak Kak {go} oTHocurcs K rpymne & (ko), To (107.60) no oueBHAHEIM
NpUYMHAM TOXKe OTHOCHTCH K @ (ko). UTOOH yCTaHOBHTb, SIBJISETCS
JIH ko BEPOATHOH KPUTHUYECKOR TOUKOH, MOXHO BOCIOJB30BATHCH BH-
paxenneMm (107.60), npexacraBasiomuM co60H CKaJgpHYIO OGYHK-
Jigshe) ko. '

Ecan 6b1 ko He 0OKa3ajoch KPUTHUYECKOH TOUYKOM, TO KaKoi-JHGO
U3 KBaJpaTOB YacTOT (He3aBUCHMO OT TOTrO, KaKOH KOHKPETHO) HMeJ
6b1 B pa3/ioKeHHH BOJAH3H Ry NHHEHHbIe Y/IeHH

o (k| )) =0 (k| ) + (Veo® (R[] ,, (B — ko). (107\61)

COOTBETCTBEHHO B OKDECTHOCTH TaKOH TOUKH CKAJSAPHYIO (DYHKIHIO
f(k) moxHO 6ELIO OBl MpeNCTaBHTbh B BHIE

F) =)+ (V) (k— k).  (107:62)

Oxunako B Touke Ry (107. 60) JOJIKHO BHINOJHATbCA IS BceX {qo}
u3 rpynnst @ (k).

H3menuM Tenepb MOPHAOK paccyxAeHHH. Bo3bMeM ko 3a HayaJao
koopauHat. - Torna, uto6nl 3JeMeHT CHMMETDHH {@o} M3 TFpYNIH
@ (kp) 6B COBMECTHM C HAaJAHYHeM JHHEHAHOrO YieHa B Pa3JIOKeHHH
¢ynxuun f(k), STOT 3J1€MEHT ROMKEH OCTaBAATH HHBapHaHTHbIM
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(107.62). Ho BoanoBo# BeKTOp Rk mpeofpasyeTcs NpH HOBOPOTAX
Kak OOLIYHHIA NOJISAPHLIN BEeKTOp (X, y, 2). CllenoBaTe/IbHO, COBMECT-
HpiMH ¢ (107.62) oKa3bIBAaIOTCS TOJABKO Te MOBOPOTH {@o}, KOTOpHIE
OCTaBJIAIOT HHBADHAHTHHIM K.

Orciona MH NOJyyaeM NPaBUJIO: TOJBKO Te TOUYEYHHIE TPyNNbl
ABJAAIOTCS pa3pelleHHBIME B @ (ko) /T, /1% KOTOPHIX cOZepiKalliHecsi
B HHUX BpallleHHs He OCTaBJSIOT Ky HHBADHAHTHBIM:

{0} + ko==qo - ko F~ k. (107.63)

DT0 cOOTHOLIeHHe HAKJaAbIBAaeT OrpaHHYeHHe OJHOBPEMEHHO H Ha
BOJIHOBOIl BEKTOD Ko, W Ha BO3MOXHbE HOBOPOTH {@o}, T. €. Ha
BO3MOXKHBIE KDHTHUECKHE TOUKH.

Hanpumep, nyctb ¢o ectb i (uHBepcus). Ho vannuue uHBepcHn
B rpynmne P (ko) HecoBMecTHMO ¢ JuHeHHEIM unenoM B (107.62). Jdas
TOUEUHKIX TPYNI, He COJEPIKAINUX HHBepPCHH i, HeoOXOJHMO NpOBe-
puTh npeobpa3zoBaHHe KOMIOHEHT (X, y, 2) NOJ AeHCTBHEM MOBOPOTA
n3 P (ko). Ecan aubo x, mu60 y, 1160 2 0OCTaeTCd HHBAPHAHTHEIM IIPH
BCeX omepanusix go U3 R(ky) (c ocamu, BLIOpaHHEIMH JIOOBIM yI00-
HHIM cnocoBoM), To R(kg) COBMECTHO ¢ HaJHuMeM JHHEHHOrO 4jeHa
B (107.62) u ko He MoxeT OBITb KPUTHUECKON TOuKOH. EcTecTBenHO,
3TO TOJBKO BOIPOC HPOBEPKH: JIeFde BCEro BHISICHUTL C MOMOMLIBIO
CYLIECTBYIOLIHX TalJ/iull HENPHBOAMMBIX NPeJCTaBJEeHHE KPHCTasJl0-
rpadHUECKHX TOYEUYHBIX TPYNN B TpeX H3MepeHHsX, npeobpasyerca
JIH XOTb OJHA W3 KQMIIOHEHT BeKTOpa M0 eJHHUUHOMY IIpeiCcTaBJe-
HHIO paccmaTpuBaeMoii rpynner P (ko).

Torna BHAHO, UTO ToYeyHbIMHM rpynnamu P(Ro), LONYCKAIOIHMH
CYLIECTBOBAHHe KPHTHUECKHX TOUEK, SIBJIAIOTCA

aio6ete rpynnet P (ky), conepxkaume i, (107.64)

H, KpOMe TOTO,
rpynnsl Ty, O, T, Doy, D3y, Dy, Ss Cap
H ux noarpyunut Dj, Dy, Sy Cg. (107.65)

Bce rpynnel, nepeuncsesHnsie B (107.64) m (107.65), HecoBMeCTHH
¢ JguHefHbiM wiaeHoM B (107.62) u, Takum o6pasoM, MOryT OHITb
rpynnaMy TOUEUHOH CHMMETDHH B KPHTHUECKOH TOUKe,

Jlerko BHIETb, UTO MOXKHO OTPAaHUYHTBCS PACCMOTPEHHEM TOJb-
KO YHHTapHHIX OIepanufi: y4eT aHTHYHHTapHHIX omepamuii (T. e.
ydeT HOJHOH HPOCTPARHCTBEHHO-BPeMeHHOH TIPYNNbl) He H3MeHseT
pesyabraToB (107.64) u (107.65).

IIpn n06GBIX NPUMEHEHHSX 3THX paccyxkAeHuf, 9TOOB yCTaHO-
BHTb, HA KaKOf BEeTBH NPH 3aJlaHHOM Ry JIeXXUT KPUTHUECKas TOYKa,
HeOOXOZHMO BO3BPATUTHCH K PacCMOTPEHUIO NPeXBIAYMIEro NyHKTa.
Tlerko y6eAuTbCs, UTO AaHHOE PaccMOTPeHHe HAXOAHTCA B IIOJHOM
COOTBETCTBHH C paccMOTPeHHeM TnpeAwiAyuiero myHkra. Hcnoabsys



[Tpumenerue TeopeTUKo-2pyYnnO8020 AHAALIA 325

TOJbKO CKaJsApHbIH uHBapHaHT f(ky), onperenennpit B (107.62),
MOKHO TIPeJBapHTEJbHO YCTAHOBHTH BO3MOXKHYI) KDHTHUECKYIO
TOUKY: AJS1 KPHCTAJJIOB ¢ IPOCTPAaHCTBEHHON I'PYNIONH BHICOKOH CHM-
METPHH 3THM MOXHO 3aMeTHO COKPaTHTb pab6oTy, HeoGXOAHMYIO
AJ1s yCTAaHOBJIEHHS NOJIHOTO Ha6opa KPUTHUECKHX TOYeK, 00ycJoB-
JIEHHBIX CHMMeTpHed. .

§ 108. Teopus COBMECTHOCTHM mpeacTaBJeHHI

OnHOBpeMEeHHO C CHMMeTpHeH H pAacHo/I0XKeHHeM KDHUTHYECKHX
TOUYEK AOJXKeH pacCMaTPHBAThCA BOIPOC O COBMECTHOCTH IpencTaB-
JeHHA, Mpl UMeeM B BHAY aHaJHU3 TOro, Kak cJelyeT Kiaaccuduiiu-
poBaThb IpeACTaBJ/JeHUs, KOTJa Mbl HelpepbBHBIM 00pasoM Iepexo-
JHM OT TOYKM, JHHHH WJIH IIOCKOCTH OoJiee BHICOKOH CHMMETPHH K
TOUYKe, JUHHH WJIH ILIOCKOCTH 60/ee HU3KOH CHMMETDHH.

PaccMoTpum Touky k GoJiee BHICOKOH CHMMETDHH: OHa XapakTe-
pH3YyeTCsl NPOCTPAaHCTBEHHO-BpeMenHol rpynnoli ¢ (k). HenpusonH-

. *
MBle NpeicTaBieHuss Dieo® ) y Dlco £)()  omucHBAIOT BO3MONKHbBIE

k
npeo6pa3oBatus (H3UUeCKHX COOCTBEHHBIX BEKTOPOB e( i)

Ilycte kR’ — Touka, 6auskas & k. [Ipu mepexoge or k x k' npo-
CTPaHCTBEHHO-BpeMeHHast rpynna & (k) MOXKeT MOHH3HTLCA MO CHM-
MerpHH 10 & (k’). OueBuAHO, eClH 5TO HMEET MECTO, TO

G (k') asasierca moprpynmodl ¥ (k). (108.1)

Torna mns xompeicTaB/JeHHH MBI [OJy4YaeM, YTO IpelCcTaBJeHHe
Do B rpynnul & (k), orpannuenHoe Ha rpynny &(k’), oka3sml-
Baercs NPUBOAMMEIM. J[pyruMu cjioBaMu, mpeacraBieHne Dico®) ()
paccMaTpuBaemoe Kak KOHpeILCTaBJIeHHe rpynan & (R'), mexerc;{
NPHBOAUMEIM:

Do ® s G () | = D¥) D) - 4 (D) 4s g k). (108.2)

4 Y4 4 4

[Tpencrasienns ple®)) | plee#) 1) yaaypanres cosmect-
HEIMH ¢ mpencraBjieHneM Do () yau cBA3aHHBIME ¢ HuM. TaruM
06pa3oM, eciim Mbl JBHKeMCsl OT TOYKH B K R’ u cHMMeTpusi npu
9TOM TNOHHKAETCHA, TO KONPeACTABIGHHS MOIYT DaCIIElIsAThes Ha
CYMMY NpeficTaBJeHUN MeHbIleH pPasMepHOCTH.

Hao6opor, Ipu nepexofie OT 6oJsiee HH3KOM chmeTppm g (k)
K Gosiee BERICOKOH cuMmMerTpu# & (k) npelcTaBieHHs B IpaBoil yacTH
(108.2) ob6wepussioTcd u gator DR Dror caydaii OTHOCHTCS
K TeopeMe B3auMHOCTH PpobeHnyca, Tak Kak IpelcTaBieHHe

D(co™8) () moxHO paccMaTpHBaTh KaK MHAYMHPOBAHHOE H3 JO6OrO
U3 npeicTaBienuil cnpasa B'(108.2), ecin HaM KaHO pasnoXKeHHE MO



326 ' ‘ Taasa 10

npencmsmenﬂm CMEXHBIX KA3CCOB: ) '
“ GR)=9 &)+ {eIVY&E)+ .... (108.3)
INMogBemem utor. COBMECTHOCTb MNPEACTABJAEHHHA fABASETCS MOJ-
HOCTBIO paspemruMoit mpoOGJsemofi, Tpebyloulell 3HaHus rpynn % (k),

&(R’) BO BCcex TOuKax (B HaCTHOCTH, B COCEZHHX TOYKaX) 30HH
Bpuanosna. Ilpu KamxaoM sHaueHuH R Bce Gu3HIeCKHEe COGCTBEHHBIE

k
BEKTODHI € j ) H3BECTHBI U NMOJHEIA HA0OD BceX KONpeacTaBJeHH

Dteo B} y3pecten Toxe. Toraa, HCHOMB3YSt MPOLEAYPY OrPaHHUEHHS
(108.2), MB MOXKeM VCTAHOBHTb COBMECTHOCTb MpeICTaB/IeHHN
rpynnsl 6osee HU3KOH cUMMeTpHYU ¢ NpeACcTaBieHHAMH IPynns Gonee
BLICOKOH CHMMeTpud. JTa npolelypa Hcmoabdyercss B T. 2, § 18,

Ha npaxruke npu npeHTH(HKaUHH BeTBel Ha OCHOBE TEOPETHKO-
IPYNNOBEIX cOOOpaXkeHH# MOryT BO3HHKHYTb TPYAHOCTH, TaK Kak
HEKOTOPHIE OrpaHHYeHHEE IpeACTABJEHHA MOTYT BCTPETHTHCA B
(108.2) necxonbko pa3. OaHaKo, HCNOJNB3YH HapHAy C TEOPETHKO-
IPYUINOBLIM aHAJNH30M CHMMETPHH COGCTBEHHBIX BEKTOPOB TaKkKe pe-
3yJ/IbTATH PelUeHHs] AHHAMHUYECKOH 3aJaUH, MO3BOJISIOLLHE MOJNYUHTh
OTHOCHTE/IbHOE YHOpsi04YeHHe COOCTBEHHBX BEKTODOB, MOXHO IOJA-
HOCTBIO PelIuTh NpodaeMy HAEHTH(HUKALHNYN BeTBel.

§ 109. Mocrpoensie KPUCTAJAUYECKHX UHBAPHAHTOR

B KBaHTOBOH Teopuy KDUCTAIAHYECKOH pelleTKH, B HaCTHOCTH
IIPH PACCMOTPEHHM ONTHYECKHX CBOMCTB, CYLIECTBEHHYIO pOJb
HrpaloT pasjHyHbe pH3HIeCKHe BeJHUHHE, KOTOPHIE 3aBHCAT OT cMe-
HIEHHH HOHOB M3 HX [I0JIOKeHHH paBHOBecHS. Mpl paccMOTpHM
37eCh TPH XapaKTepHble BEJIHYHHBL: V — MOTEHIHAJbHYI0 HEPrHio
KpucTaniaa; M —asiaeKTpuuyecKuli MOMeHT KpucTtamia, P — moasipu-
3yeMOCTb KpHCTadia. IJTO TUNUYHEIE MHBapHAHTHLIE U KOBapHAHT-
Hble BeJHUYHHB, CBOHcTBa NPeo6pa30BaHHA KOTOPHIX MBI H3YUHM.
B auHaMuyecKOH TeOpPHH 3TH BeJMHYHHBL WJIH CBfI3aHHLIE C HHUMH
KBaHTOBOMeXaHHUECKHe BEJHUYHHBl HCIOJAB3YIOTCS HeNoCpeACTBEHHO
‘NP TIOJMYYEHHH KOJHUECTBEHHEIX BHIpaKeHul 175 Koaduuuenta
HH(PAKPACHOrO NOIVIOLIEHHS MJIH CceYeHus KOMOMHALHOHHOrO pac-
cesHusi cBeta, OGCyKAeHHe HCHOJL30BaHHS 9THX BeJHYMH B TaKOH
Teopuu npuBefeno Huxe B § 120, a takxke B paborax [8, 67].
3neck Mbl H3YYHM BO3MOXKHOCTb NOJYyYeHHS MaKCHMaJbHOR HHGOp-
Manug 06 9THX HHBAPDHAHTHBIX H KOBapHAHTHHIX KPHCTaJVIHYECKHX
BeJHYHHAX C TOMOIIBIO TPYIINBLl NPOCTPAHCTBEHHOH cHUMMeTpHH &.
B stroM naparpade KpHCTa/JuYeCKHe HHBaDHAHTH 00CYKAAIOTELA
TOJIbKO Ha OCHOBAaHHH TeOPHH NpeACTaBeHuH, T. €. paccMaTpuBaeTcs
AeHCcTBHe TOJBbKO YHHTapHOMH rpynnsl @ (k). '

B kauecTBe THIHYHOTO HHBapHAHTA paCCMOTpHM NOTeHIHAMBHYIO
sHepruio Kpucramindeckof pemerkn @. [Ana yro6cTsa  MOBTOHpUM
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HEKOTOPbie H3 pe3y/JbTaToOB, H3JIOXKeHHHX B § 71. Benuunna @,
OYEBHIHO, ABJAETCH (PyHKUHEH COBOKYMHOCTH MTHOBEHHHX MOJIOXe-
HHH HOHOB B pelleTKe

o )mr (D ra().

Paccmorpum asemeHT P rpynnul @. Ilo ompenenennmio sJeMeH-
TaMi rpynnsl @ sBafTCA Te npeobpa3oBaHHs KOH(PHUIYPALHOHHOTO
NPOCTPAHCTBA, KOTOPble NePeBOAAT KPHCTAJI B €r0 PEIJHKY B Ipea-
MOJIOXKEHHH, YTO BCE HOHBI B KpHCTaJJe MoKosTcsa. [oBops MaTeMa-
THYECKHM SI3HIKOM, Npeo0pa3oBaHMe ONpele/sieT BHYTPeHHHH aBTO-
Mop(}hu3M MHOMKeCTBa ATOMOB, COCTBJAIOIIMX KPHCTA. 3amuilieM
Tellepb KPHCTAJIHUECKYIO NOTeHIHaJbHYI0 9Hepruio @ naa cayugas,
KOrjla BCEe aTOMH HaXOJSITCS B CBOUX MTHOBEHHBIX IIOJIOXKEHHSX

0! T
o({o()})

Tlon me#icTBHEM Npeo6pa3oBaHHs CHMMETPHH P, rpynmst ® ka-

_ [
KABIR BEKTOp p(%) npeobpasyercst ciaenyoinuM o6pasom:

lo+t l
P<¢1t)0a(%®+t)=zﬁ%ﬁpﬂ(u)- (109.2)
‘ . !
Taxk, aToM, nepBoHaYaJIbHO HaXOAUBIIHHCSH B MOJOKEHHH (% , nepe-
lo+1

®
XOIHUT B nonomeﬂne( ),HOBepHYToe H TPpaHCJHUPOBAHHOE TIOX

%q,—}—t
IeficTBHeM omepaTopa CHMMeTpHH. KpoMe TOro, cMeluesue B 3TOM
npeofpa3oBaHHON TOUKe fBJAETCS IOBEPHYTHIM CMeIUEHHEM @-U.
TakuM 06pasoM, COBOKYNHOCTb MTHOBEHHBIX MOJIOXKEHHH aTOMOB

l .
p( npeo6pasyercd B COBOKYIHOCTb MTHOBEHHHIX IIOJIOMKEHHH .
»

Puo=04. Kax o6biuHO, ‘
{ ! lq)

71
TaK YTO MTHOBEHHOE MOJOXKEHHe aToMa B yaje (u nocye npeo6-
pasoBaHHs COAePKHUT NOBEPHYTOE CMelleHHe, KOTOPOoe paHblie GHLIO
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l
B y3le (: ) C npyrofi cTOpoHH, 3T0 peo6pasoBaHie MOXKHO pac-
: (]

CMaTpHBaTh Kak Npeobpas3oBaHue K NOBePHYTOH CHCTeMe KOODJAHHAT,
CBSI3aHHOM C MCXOJHOH cHCTeMOH KOOpAMHAT omepauueli {¢|f}-l
B 2Tofi HOBepHYTOH cHCTeMe KOOPJIHHAT paccMaTpPHBaeTcs Bech
KPHCTaJJ1, B KOTOPOM BCe aTOMBI 3aHHMAal0T CBOH MTHOBEHHBIE IOJIO-
eHus, OueBUIHO, NOTEHIHANbHAS 3HEPIUsl He 3aBHCHT OT crocoba
onucauus. OnpefienM npeob6pas3oBaHHYI0 NOTEHUHANBHYIO SHEPTHIO,
T. €. NIOTEHHUAJDHYI0 HEPTHIO Nocjae Npeobpa30BaHUA MTHOBEHHHIX
nonoxenul, Kak @ = P@. Torga mo onpenesNeHHIo HMeeM

Pg® ({p}) = @ ({0}). (109.4)

Ho ecin Py — onepaTop CHMMETDHH, TO [0 NPeLNOJIOXKEHHIO Ha-
Gopbl MrHOBeHHBIX sHaueHu# {p} n {0} sKBHBaJeHTHH, TaK 4TO

3HaYeHHs TMOTEHUHAJBHOH SHePrdd Lo H NOcJe NpeolpasoBaHud

OIMHAKOBHI.
@ ({o}) = D ({o101}). (109.5a)

CpaBruBas (109.5a) u (109.4), mosydaeMm, 4TO NOTeHLHaJbHAS
SHEpris HHBapUAHTHA:
Py®=0D. : (109.56)

OuesupgHo, (109.5a) u (109.56) npumeHuMsl A8 J060i omepa-
nuu u3 rpynnsl . Takum obpasoM, paccMaTpHBaemas Kak 0606-
lieHnas (YHKLHS IPOCTDAHCTBEHHBIX NEPEMEHHBIX, Ha KOTOpHIE
LeficTBYeT B KOHQUIYPAILHOHHOM POCTPAHCTRE 01epatop Py, NOTEH-
unaabHas sHeprus @ npeobpasyerca no eNUHHIHOMY IpelCTaBJe-
HHIO, T. €. II0 IPeJACTaBJEHHIO, AJs KOTOPOTG BCe JeMEHTHI TPYIHILI
@ npexncrasieHsl ducaoMm 1. s yrobctBa 0603HAUUM eIHHHYHOE
npeactabienue Kak (T)(14). Ilpm paccmorpeunn KyOuueckux
rPYON HHXKE MBl YBUIMM, 4TO /I €JIHHHYHOTO NPEACTABJACHHS YIO-
tpebasercs cumpoa (I') (41). Kax mpasmio, k=T=(0, 0, 0)
ofp3HauaeT HyJAeBOH BeKTOp B 30He bpuaniosHa, a m = 1 -+ yno6-
HBI CHMBOJ AJs1 eJHHHYHOrO IipeicTaBieHus rpynnst @ (). Ta-
KkuM obpasom, (109.5a) u (109.56) MoXHO nepenucaTh B BHjAe

Piy® = DD ({}) © (109.6a)

HIIH .
O ~ DD d+), (109.66)

Bhizeanm Tenepb B apryMmente @ HoJiOKeHHe paBHOBeCHs aTo-

l :
MOB {r(u) H moneiTaeMcsi npeacTaButb @ B BHAE CTENEHHOrO

psifla O CMEIeHHIM & ) M&l yKe enali TaKoe PasjiOXeHUe B

-
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l
(67.8) BmJIOTH A0 KBaZpaTHUHHIX YJIEHOB IO u(%) Paccmorpum

TeNnepb 6oJiee moJHOE pasJfoXxKeHue

(D({p( l)}):@(0)+cp(2>+q)(s>+cp(4)+ e OO,
*®

- (109.7)
rie AJsi paBHOBECCHOIO KpHucTaJjia, B KOTOPOM aTOMBI HaXoAATCA Bv

l l
TOJIOXKEHHSIX DAaBHOBECHS, TaK YTO p(%) =r(%), QW =0. Cuona
0

o6pasyeM pPasHOCTb

V=<D({p(i)})——®(°>, (109.8)

KoTOpas OylaeT CyMMOH OXHODOAHHIX (YHKIHME pasHBIX CTeneHel
l

OTHOCHTE/IbHO KOMIIOHEHT CMeIleHHH U, L Hanpumep, Bequuuna

1 v N (! I
®(3)=-§-Z 2 Z (DaﬁV(% o %,,)ua(%)U(g(%,)uv(%{,)

Ino U'#'B l"u”'y (109 9)

ABJAsSeTcA OAHOPOAHON GYHKHHeH TpeTbel CTeNEHH OTHOCHTEJbHO
KOMIOOHeHT. MBI TOJBKO 4TO ycTaHOBHAH, uro @ aABAsieTcA HHBA-
puautoM B cMmelcde (109.6). Tak kak HH oJHO M3 mpeoGpas’oBaHUi
He MOXKeT CMeIlHBaTb pasjuuHble crenenn B (109.7), kaxnoe caa-
raeMoe B pPasJIOXKEHHH JO/NKHO OHITh MHBapHaHTOM. [IpumeHuM Te-
nepb npeoOpasoBanne Py rpynnsl . Ecau BeIpa3uM dieH TpeThelt
CTelleHH B NMOTeHIHaAbHO sHeprud O yepe3 KoMNoHeHTH npeobpa-
30BaHHBIX CMeLleHHH Uy, MBI MOXeM HamucaTb Liasg O®)

S A
1- ’ e e
DB = 5 Z Z (DdBV(%q) ! %I/) X
{

7, 7

R
¢ o% lgrgh gtV

1 l/ 1
X (ta), (: ) (um)a( ;; ) (uw)),—,(:;, ) . (109.10)
¢ P P

Mu BBesu 31ech HoBoe o6o3Hauenne @', uTO6Bl YYeCcThb BO3SMOKHYIO
HOBYI0 (yHKIHOHaAbHYIO dopMy Kosdduuuenta pasnoxkeHus OO,
BO3HHKAIOILYiO HPH Ipeofpa3oBaHHU K NOBEPHYTHIM IepeMeHHBbIM
u. lloBTOpsas paleyxaenns (71.1)—(71.10), monyuaem

Viss\ g o, 2 ) T G Fas T Pan ot ) (10911
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LU

' TaK YTO KOMIOHEHTHI (I)am( u") npeo6pasyioTcs TpH MOBO-

4
H K
pOTax KaK KOMIOHEHTH NOJs TeH3opa TpeThero paHra. I[To mpenno-
JIO)KEHUIO Py — mnpeobpa3oBaHue CHMMETpHH, M03TOMY (opMa
GYHKUHE He NOJIXKHA MeHSITbCS IIPH 5TOM NpeoOpa3oBaHMH:

, Lrur Lo
Dagy w o w = Dopy R

WK, MeHss 0003HaueHNs apryMEHTOB,

[ rr L v
CDéav(q’ cp f,)=®dgv(“’ ) "’) (109.12)
‘xf(' %‘P %‘D %q> %m x(p

Cootromenne (109.12) xpatko BHIPAXKAET CBORCTBO HHBApHAHTHO-
CTH 3TOro TeH3zopHoro noJd [cp. (109.6)]. U3 (109.11), (109.12) no-
JYUYAM COOTHOUIEHHE, JAalolilee IPABHJIO NPeobpa3s0OBaHHS CHJOBHIX
HOCTOSIHKLIX B UJeHe TPETHero MOpsiKa mpH npeo6pa3oBaHHAX IO-
BOpOTa:

LIy, 1 o i
% 9 —_— ¢ ¢ 9
Dipg ( v ) - gg‘; ‘pﬁa(pBﬁ(pqu)an( w” ) . (109.13)

*e %oy Ko %o %m o

3anumeM MarpHiy, OCYUIECTBJAAOUIYID IOBOPOT BEKTOpPa f CO-
raacHo rpynne ®
DO ({@}) gy == @g. (109.14)

Ovuesunno, (109.13) Torna MOXHO sanHcaTb B BHIE

A4 Z Ny
Doy %y X, K D({(p})asY apy @ agy( N) (109.15)

afy
rae - .
D ({q)})aﬁv; afy = q’aaq)ﬁﬁq)vv . (109. 16)

©CThb MaTPHUHBIH 3JIeMEHT NPSIMOTO HPOH3BENEeHHS MAaTpHI o6ILIEero
THIIA, SBJASIOLIETOCS KyOOM NpelCTaBJeHHs, IO KOTOPOMY mpeoGpa-
3yeTcs NMOJSAPHBIA BEKTOP:

D ({¢}) = D) ® DV @ D = [D];. (109.17)
CJefoBaTesbHO, OTCIONA 'nmeeM »

LU IVl o
¢ @ ¢ ;
 Paty (u A ) 2, ([Dw "1aps: apy aﬁy( %) (109.18)

() afy
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® %

(2)-C) (2)-C) v (2)=()
Tak 4TO = , ;1= ,] n + 1=l ., ), o
%, % %, % % %

(109.18) orpaHuyHBaeT 4YHC/IO HE3AaBHCHMBIX OTJIHYHBIX OT HYJIf
CHJIOBHIX NOCTOSIHHBIX TpeTbero mnopsaxka. M3z (109.18) Mer cpasy
BHAHM, 4TO -CHJIOBHIE MOCTOSHHbBIE TPETLETO NOPSAKa, ONpeleseHHbIe
B (109.9), npeo6pasyloTcs Nnpu NMOBOpOTAX KaK 3JeMeHTH TeH30pa
TpeThero paHra B A€KAPTOBBIX KOOPAHHATAX, KOTOPHH BCJIEICTBHE
CHMMETPHH SIBJISIETCS WHBAPHAHTOM.

‘ ! v 1
EcaH 3jneMeHT CHMMETPHH Po# HE MeHAET (%), ( ,) H ( ,,),

a. FaMHabTOHHAH KPHCTAAMa B rapMOHHYECKOM H aHrapMoHu-
YEeCKOM NpUOIvKenud. UToGb BLINOJIHUTE KBAHTOBAHHE B JHHAMHKe
KoJe6aHuH pelleTKH, HeOGXOAUMO 3aNUCATh raMUJAbBTOHHAH CHCTEMH.
Bosspamasch kK § 67, MBI MOXeM BBIIOJHHTb 3TO.

JuHaMHYeCKHMH [NepeMeHHLIMH B 3ajade [JHHAMUKH peIleTKH

l
ABAAI0TCA 3rN AeKapTOBHX KOMIIOHEHT CMeIlleHuM ua(% , O ==
=1, 2, 3 I=1,..., N, =1, ..., r. KiuHeruueckass 5Heprud

peilleTKH paBHa
l 2
- T=%ZM,‘-(12G(%)). (109.19)
R

'C TOYHOCTBIO [0 KOHCTAHTH B FaPMOHHYECKOM NPHOIHKEHHH TO-
TeHHHaJbHAast SHePrus pellleTKH paBHa '

’ 7
‘ Voo (L 5 )e (! 109.20
V—?Z Z Ua % ap " %’ uﬂ %' N ( : )
e w8 .
IMonb3ysicb H3BECTHBIM NPaBUJIOM INpeobpas3oBaHuA OT cMellleHHH
B JeKapTOBHIX KOODAMHATAX K KOMIIJIEKCHBIM HOPMaJbHEIM KOOP-
JHHAaTaM Q( , ), ypaBHEHHEM JMHAMHKH H COOTHOIIEHHAMH OpPTO-

/)
i) NOJYUUM cJle-

FOHAJBHOCTH MJSl cQOCTBEHHBIX BEKTOPOB e(%

Jylollice BhIpaXKeHHe AJis1 KHHeTHUeCKOH JHEPruu:
1 (RY .(k
, =15 5e(*Va(*). 0920
| 3 ;ZQ i) ol (109.21)
Ias noTeHunaabuofi sHepruu anagsoruuto (80.3) nmeem

V=-é—ZZm2(k[j)Q(?)*Q(?). (109.22)
kR ] ‘
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k
Hs (109.20) n (109.21) BHAHO, 4TO, TaK Kak Q(j )— KOMII-

JIeKCHbIe KOODJAMHATH, SHEepPrHus He sIBJAseTCH NPOCTO CYMMOH KBajf-
paTos.
FaMuAbLTOHMAH KPUCTANAUUECKOH PELICTKH paBeH
H=T-+V (109.23)

H, OYeBHAHO, ABJfeTca Ouaunefinoll 3pMuToBO# (HOPMOA KOMIJIEKC-
r

HBIX JHHAMHYECKHX INepeMeHHHX Q ].). 3anuceiBas (109.23) ¢

noMoulbro (109.21) n (109.22) u pobaBass, Kak Bcerda, AJs ydyera
BHIDOXKAEHHS HHASKC BETBH, NOAYYHM

w138 B2l o) rvmna)o()
(109.24)

3nech cymMmMa no j, (paxTHuecKn CBOLHTCA K CYMMeE IO NpencTas-
JIEHUSIM, KOTOPBIE COOTBETCTBYIOT CHMMETPHM KoJeOaHUH DelieTKH.

ITone3sno ynocroBeputbcd B TOoM, yTo (109.24) uHBapHAHTHO NpPH
1peo0pa3oBaHUAX CUMMETPUH MPOCTPAHCTBEHHO-BpeMeHHOH rpymIb!
kpuctaana &, OueBuaHO, 6 MHBAPHUAHTHO N0 OTHOUIEHHIO K omepa-
uuu obpallleHHs] BpeMeHH, SKBHBAaJEHTHOH KOMILIEKCHOMY COIpA-

HKEHHUIO:
=" = KHK™, (109.25)

rie B MocjeIHeM PaBeHCTBE BHAHO, 4TO 74 — omepaTop. Mb MOXeM
3aTeM HcCAenoBaTh, Kak npeobpasyercss J6 MNOA AeHCTBUEM IpO-
CTPaHCTBEHHBIX YHHTAPHBIX NpeobpaszoBanuii rpynnu 6.

k
Cornacno § 86, HOpMAJbHBIE KOOPAHHATHI Q(j") npeo6pa-
o

3YIOTCS HEeNPHBOJAHMEIM 06pasoM NpH AeHCTBHH OllepAlHH H3 rpyn-
nol @. IlosToMy MBI MOXeM OrpaHHYHTBCH PacCMOTPEHHeM OAHOTO
He[PHUBOJMMOro INpejcTaBjgeHus, TaknM o6pa3oM, Bo3bMeM

= 23 {e()a(f) +owne(F)e(F) )
£ (109.26)

Tak KaK MH paccMaTphBaeM eAHHCTBEHHOe HENPHUBOAHMOE MNpen-
cTaBJeHHe, CYMMHPOBaHHe IO BCEM BOJIHOBHIM BEKTOpPaM OTCYyT-
crByer. [Ipeo6pasyeM HOpMaJabHYI0 KOODAMHATY C NOMOIULIO ONepa-
TOpa CHMMETPHH; TOrJa, NPOH3BOAS HeSHaaneanme H3MeHeHH]
coryacao (86.30), nmeem

Pue(§) = T om0 o190, () ) =@ (57)- wosan
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Ecau (109.27) nomcrasuth B (109.26), TO MB NOJYYHAM TaMHJIBTO-
HHAH B HITPUXOBAHHBIX MEPEMEHHBIX

76, (4Q'}, Q) =8, ({Pis 1Q}, (P tvlt)Q}) (109.28)

Hanucas k, cupasa B (109.27), Mbl yunThiBaem BO3MOKHOCTb TOFO,
uyto Ple; 4 He Bxonut B rpymny & (R). Torna KBallpaTHlmaﬂ (popma
(109. 26) npeoBpasyercss K BULY

TEE DWW Z DEED ([ ) g, DBV D (] £)1r X
T vV
X {Q(f:)Q(f )+m2(kg| ])Q( h )Q(i)} (109.29)

Tlo npennosoxennio npencrasienne D8O gpasercs yuurap-
M. OTciona

(Do) —(p*Pw)y (109.30)
HJIH
(D&Y = (p*& i)™, (109.31)
B maTpuyHBIX 5J€MEeHTax 3TO COOTHOLIeHHE HMeeT BHJ
(D(*#) m):w — (D(*®) m);uf (109.32)
uian

DB ({g| 1))yrvon = DB i) ({g] t}‘l)mw,v,. (109.33)
Orcioga cymmy mo o 1 ¢ B (109.29) moxkuo 3anncaTi, B BHIE

zc: ; D(*k) n ({(p l t})g”v”qu D(*k) n ({(P ‘ t}—l)duﬁlv, =

=D ({1 £} {91} ")y = .
= D{*» ({e]0}) = Oy A (Ry — ko). = (109.34) |
Torma aas (109.29) noayuum

st oY) s mina(t) o)), oo

B kauectBe cieayloulero irara Mb MOXeM HpOCYMMI/IpOBaTb o
BCeM KoJieGaTeJbLHEIM BETBAM j, KOTopble BxoasaT B (109.24). Takum
o6pa3oM, Mbl y6eIHAHCh B TOM, UTO FAMUJbTOHHAH NP AHCTBHH
onepanuli CHMMETDHH BezeT ce0st KaK CKaJIsIpHBIN HHBapPHAHT.

Hame mokasaTeqbcTBO HHBapPHaRTHOCTH J# XOTA U INOJE3HOe, He
siBasieTcss noJHbiM. OHO ROJIKHO CllefoBaTh H3 SIBHOTO BHIA 78 H
AMeTb (H3HYecKHe NPHUHHEL. HanoMHHM TeopeMy, COrIacHO KOTOPOH

v GV
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AJs KOHEYHBIX TPYNN MOXHO IOCTPOHTb SPMHTOB KBaApaTHUHbLIA
HHBapHaHT [0 32JaHHLIM HeNPUBOAMMLIM INPEACTaBJICHHSIM eNHH-
CTBEHHBHIM 06pa3oM, a UMEeHHO B (OpMe GUIHHEAHOrO NPOH3BEACHUSA .
6a3UCHBIX BEKTOPOB caMHuX Ha ce0s (apMuTOBa KBajpatHuHas ¢op-
Ma), oTkyaa caenyet, uro (109.24) no/mxHO 6bITb CKadsipoM. DTHM
CBOHCTBOM MK BocnoJb3yeMcs B § 116, Tak yTo BaXKHO IOKasaTh
€rc 3Jech. ‘

- Uro6nl BHIHTH 32 pPAMKH TapMOHHYECKOrO NMpHOJHIKEeHHs, HY;KHO
BKJIIOUHTbL aHrapMoHHueckuli noteHuuana (109.9) B #6. Takum-o6pa-
30M, HIOJIHBIA KJaCCHUYeCKHH FaMHJIbTOHHAH PeLIeTKH DPaBeH

%HOAH=%+ VA, . } (109.36)

Va=0O4 ... + 06+ ... (109.37)

Psn (109.37) cocTouT M3 CyMMEl 4JIeHOB, HMEIOMHUX BHA COOTBETCT-
ByIOL1HM 06pasoM CHUMMETPH30BAHHBIX CTeNeHell HOPMaJbHLIX KOOp-
auHat, O" JOJIKeH YIOBJETBOPATE BCeM TpeGOBaHHAM CUMMETPHU B
npobieme nuHaMUKy pelleTkH. [Tocse He6OJBINOrO OTCTYIIEHHS MBI
BepHEMCsl K ero 06CyXKIeHHIO.

rae

6. CunoBsie nocrosinubie, [1pu KOHKPETHHIX BHIYUCIEHHUSX 4aCTOT
(OHOHOB B AHHAMHKE peIIeTKH YaCTO HHTEPECYIOTCS I[OJyYeHHEM
BBIPAXKEHHS AJIA NOTCHUHAJbHON SHEPrUH KPHCTANIA V yepes MHHH-
MaJbHbII HaB0p HEH3BECTHHIX CHJIOBBIX nocro;mexx B BBIPaXKeHHsX
ans P gag aro BHAHO, Hanpumep, usz (67.8). IIpm 3TOM noren-
HYAJbHYIO 3HEPruio V HYKHO BHIPa3uTh B BHAe 0Ope3aHHOTO paaJjo-
JKeHus, cojepkauniero KOHeyHOe HHCI0 uneHOB B cyMme (67.8). OG-
CYAHM Teleph KPAaTKO NpPUMEHeHHe CHMMETPHH [/ OUPefeJeHHN
9THX CHJIOBEIX MOCTOSIHHBEIX (cM., HanpuMep, [6], cTp. 286—288).

PaccMoTpHM HCIONb30BaHWe Npeo6pascBaHHH CHMMETPHH AJA
aHANH3a yjeHa BTOPOro MOpsiiKa (rapMOHHYECKOro 4JeHa):

. l l’ , -
i » \
cpaﬁ(%m Ny ) Zﬁ;cow%ﬁm w(, ) 0038)

rIe B KauecTBe Py B3SAT ONEpPaTOP KPHCTAMIUYECKOH CHMMETPHH,
NOBOPOTHAS 4aCTh KOTOPOro pPaBHA ¢. PaccMOTpuM Temeph COBOKYI-
HOCTb OllepaliHil B rpymnne @, KOTOPHle OCTaBASIOT HHBAPHAHTHBIM

r(i)-—r(i) | (109.39)

DTa COBOKYNHOCTh 06pa3yeT noArpynmy PPYNIbL @ B cuMmopqmux
TPynnax 3Ta MOATPYyNna siBAseTCs NOATPYNNoi rpynns P, T. € To-

4edHON rpynmsl KpucTaada. Ilycre ora moarpymna ® v ) OF
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pelenena TaxK, yto s JMI060r0 3jeMeHTa ¢y STOH TPYNIH HMeEM

o (r (D)= () =r (D)= (%) o010

Torza aJs J1060ro sjaeMeHTa @, 3TOH TPyNMbL:

l@;w lC/PA l l/
Dyp r =0 ( ) (109.41)
g k4 b/ H K
Ty Ty

HJau

q)aﬁ(i l’) Z((ph)aa (9355 Pasp (i i) (109.42)

L
TAe ¢) NPpUHHMaeT 3HAUEHHA BCeX 3JVIEeMEHTOB TPYNIH ® (% )

MOXKHO NOJYYHUTb Pa3HOOOpa3Hble COOTHOIIEHUS] MeXKJAY CHJIOBHIMH
HOCTOSIHHBIMY, OTHOCALIMMHCA K (HKCHDOBaHHON mnape HHJEKCOB

v
(x < ) Taxum cnoco6om MOXKHO NMONYYHTDh HOJHLIE HabOp He3aBH-

CHMBIX CHJIOBBHIX NOCTOSIHHBIX, CBSI3aHHLIX ¢ BHIODaHHOH Napod HH-
JIEeKCOB.
Fpynny @ M0XKHO pas/OXKHUTb MO CMEXHBIM KJIacCaM OTHOCHTE/b-
) M

HO @(W x')' [Tycts tenmepe {@|f} — s/JeMeHT cHMMETpHH, He

4
npuHagiaexamui xk © (x %,). Torpa pas storo anementa (109.38)

6yner COOTHOILIEHHEM MeXIy CHJOBBIMH HOCTOSHHHIMH OAHOH «060-

11
aouku», TakuMm o6pas3oM, eciu ( ,) COOTBETCTBYET Olpeae/eH-
® % | 6ygmer cooTBeTcTBOBATH ApY-
%o %o
rofi 3KBWBaJIEHTHOI Nape H CHJAOBBEE MOCTOSIHHEE GYAYT CBA3aHHI CO-
OTBeTCTBYIOLIHM o6pa3om yepe3 (109.42).

[IpaBuna onpellefeHHs COBOKYHNHOCTH HE3aBHCHMBIX CHJIOBHIX NO-
CTOSIHHBIX, COOTBETCTBYIOLIMX HEKOTOPOH «06o0JouKe» coceleit B DA,
scHu. [IpoH3BOAA He3HauHTeNbHble H3MeHEHHS B pacCyXIeHHSX,
MOXKHO ONlpeiedHTh MUHHMAJbHHA HaGOp CHJIOBHIX MOCTOSHHBIX AJA
IPOU3BOJBHOA «06G0/IOUKH» B YJeHe Jo6oro NOPSAKA B PASJIOKEHHH
(109.7). Onnako 31O He sBJAAETCs HalIel TIaBHOH 3amavefl, U 4H-
TaTeJs MOXKHO QTOC/IaTh K PACCMOTDPEHHI0, JaHHOMY Jlnﬁ(bpmmM [5],
JIu6ppunom u Jlioasurom [6] u takxke JIskcom [68], KoTOpHH 06-
cyxRAalj rp}nnny XHMHYECKOH CBA3H.

HOHM Nnape BTOPHIX COCRMEH, TO (
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B. AHrapMOHHYECKHE UJeHbl B MOTeHUHANbHON 3Heprun. Urolwl
YCTaHOBHTh OTPaHHYEHHR, KOTODble CHMMETDHs HakK/JajAblBaer Ha
ko3 duuunenTr pasnoxenns V, mb npeo6padyem (109.9) ot Beipa-
KEHHA, 3aBHCSIIEr0 OT AeKapTOBHIX KOOPAHHAT CMeILleHH! K KOMII-

k
JEKCHBIM HOpMaabHbuiM Koopaunatam Q| . ). M3 (80.9) monyunm
i y

()=t SEa e[ al} ) wmy

[Toxcrasum (109.43) B (109.7) u ympocTuM mHOJIy4eHHOe BEHIpaice-
nue. PaccMOTpUM THNHUHBIH KYGHUECKHMH aHTrapMOHHYECKHH uiled
(109.9), B kortopmifi moacraBieHo npeofpasoBanue (109.43), Mu
MOXeM INPOJOJIKUTD of6CyXKAeHHe IBYyMA chocofamHd. BrInoJHHM
cHayaJja NpsAMYIo noxcTaHoBKy, HanomunMm cpolficTBa npeoGpasonan-
HBIX CHJIOBBIX NOCTOSHHEIX IPH IDPOCTOH TPAHCJASLHH HA BEKTOP pe-
mWeTKU Peyr,). [Ipn 1akoM npeoGpasoBaHuu cMelleHHe 4 OKashl-

BaeTCs NpPeolpasOBAHHBLIM B Ur:

(ur)a(l_wz)=ua(i). (109.44)

Tlorennuanpnas seprua ®P Ttorna Hmeer BHI

=173 ¥ (@T)uﬁv(l-;l z;z 1”Mjl)><

=1 -1 1"=I
%0 w,f n,y

(17 Yy (“ 7 Y (V1) aonm
% % % /
rie, KaKk OORIUHO,

=1 vr—ir-i Ly
: =® 109.46
((Dr)am( % %, K” ) aﬁv(% %, x,,). ( )

Ho 6naronapst TPAHCASANHOHHOA WHBAPHAHTHOCTH PELIETKH MPH
TPAHCJSNHME HA NPOHSBOJLHBIA BeKTOp pelreTkH Ry :

| I—iv—ivr—i
Q)aﬁ'Y(x W w’ )=(Daﬁ'y( % %f " ) (109.47)

Bo-nepBuix, MH Tpe6yeMm, uToGH KyGHUeCKHH aHTapMOHHYECKHH
yaed @@ 6o, Kak OGBYHO, HHBApHAHTEH NPH TPaHCAALHAX
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pemerkn. Baxuo, uro ns (109.47) mu moaysaem npu =1 (1. e.
R;=R})
l l, l”‘ 0 l/___l l”—l
q)(lﬁ’y(% M, xl/ :(Daﬁv(u %I %” . \(109.48)

PaBuniM 06pa3oM Mb MOTVIH OB MOJIOKHTH IIPOH3BOJBLHYIO BEJH-
yuny [ pasHo#t " uam {7, tak 4ro

1 0 =1 17— - ov—r
(Dafw (% %l %” ) = cDaﬁY ( ” %, %// ) == CDaﬁ'y ( " %/ %,, ==
l__ l/l ll - ll/ O
=<Dam( y v ) (109.49)

UToOb yCTaHOBHTbL AajbHellliHe OrpaHHYeHHs HA CHJIOBLIE MO-
CTOSIHHEIE HEKOTOPOTo KPHCTasJia C NMPOCTPaHCTBeHHOH rpynmofi @,
MBI MOKEM NPHMEHHTHb ONEepaluyl cuMMeTpuH u3 @& ¢ TMOMOUIBIO
(109.17) u (109.49) u rTakuM CLocoOOM YCTAHOBHTb COOTHOIIEHHS
MEXAY CHJIOBBIMH NOCTOAHHBIMM. HesaBHcHMEBIE CHJIOBHE NOCTOSH-
HBle, KaK MPAaBHJO, OKa3hBAaIOTCd COOPAHHBIMH B TIPYNIbL, OTHOCS-
lHecs K onpejeJeHHHM «oGosoukaMs. [TockoJbKy paccMOTpeHHe
9TOrO BONpOCAa He sIBJSIeTCS Hallledl HeAblo, MBE CHOBa OTChHLIaeM
unTaTens K Kuure JIn6dpuna u Jwoxsura [6].

BosspaTumca k obcyxaeHnio Buipaxenus (109.9) u nmoAcraBum B
uwero (109.43), (109.47) u (109.49); Torna noxyuum

on =335 58 2a(7 )e(5 Jo( )

kj kj/ 34

1 Or—11r—1
x5 2 3 g v )X

Ina w8 "u"y
k' k"
j')ev(”” ' )X

k 4
j)eﬁ(" i

Xexp{i(k+R.+k Ry + k- Ry} (109.50)

xea(%

B (109.50) MH yMHOXHM HpaBYI0 CTOPOHY (WOL 3HAKOM CYMMEI)
Ha -€JHHHLY, 3aNHCaHHYIO B opme _

exp{i(®] -R,—Fk -R,+ k" -R,—Fk’-Rp)}. (109.51)
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3ateM, NPOU3BOASA 3aMeHY PEINeTOUHHIX HHAEKCOB CYMMHpOBAHHS,
NOJy4HM B JAeBATHKpaTHOH cymme cupasa B (109.50)

{Zexpi(k-kﬁk’-k\ﬁk” : Rn}x
1
) 0V —11"—1
X Z Z Z (MuMu’Mu")% (Dam ( ®x  w ®” ) x

nol'~1 wBl”—1 n"y
(<[5 )17 ) ]
X eg | Jes\ |y X

X expi{ - (R — R)+ &+ (R — Ry)}.  (109.52)

CymmupoBanue mo [ maer pemeTounyio A-dbyHKUHIO A(k+k’+k”) )
rae
1, ecank + & + R =2nBy,

4 U/ AP
Alk+ & + k )_'{ 0  BO BCex NPOUHX CJAYUAsIX. (109.53)

Taxk Kak BekTopH &, k*, R” ompepeneny B nepBoit soHe BpuiaiosHa,
orpannyenre (109.53) Tpebyer, uro6n HX CyMMa paBHAJIACH HYJIO
utd 2nBy. Torja MOXHO onpelefHTb (Gypbe-KOMIOHEHTY CHJIOBLIX
NOCTOSIHHEIX CJASAYIOHUM 06pasom:

. k kl k// - O }vl }\'ll i
(D(f i )=Z Z Z‘ (Daﬁv(% W %") (M, M, M) X

ne 7\/6,%' A”W”’V
k N
j egl %), ey ®”
CienoBarteJbHO, MBl Tenepb MoxkeM 3amucaTh ®® B Buge

o=t TE o0 el ol o)

P
XA+ K R, (109.55)

kll
i )expt{k’ Ry + &7 - Ry,
(109.54)

e

I10 cTaHAaprHas (GopMa CHJIOBHIX MOCTOAHHBIX, H (109.55) Toxne-
CTBEHHO COBIAJ4ET ¢ H3BECTHHIMH pesysbTaTaMu [cM. [4], ypaBHeHne
(39.2)). Ipu nmonyuenun (109.55) MBI HCIOJB30BAIH TPAHCIALHOH-
HYIO CHMMETDHIO KPHCTaJ/a, H OTPaHHUEHHE, CBSA3aHHOE C IPHMeHe-
Hyuem A-QyHKuuH, chenao 3anuchk Godee cxatofi. OpHako 3anuchk
(109.85) meynoGHa AAA HECHAEAOBAHHS TMOJHON CHMMETPHH KPHCTA-
Ja (TPaHC/IALUK H NOBOPOTH).



IIpumenenue TeopeTuKo-2pynnoOB80O20 AKAAUIY 339

Mpl onpenenum cHiIOBble MOCTOsIHHBIE, nmpeo6pasopas (109.11)
¢ moMobio (109.10):

=t T2 (( 5 )e(7)e()e(5)

k] K[ R
(109.56)
rae

kE R LU !
V(j i )E; 1;3 I;V(Dam'(% e x”) (M, M, M, 0)' X
k ¥ B4
Xe“( J)ef’( 1’)8"(" f”)x
Xexp{i(k- R+ - R+ k- R}, (109.57)

PaccMOTpHM BBIpaXeHHe JAJS aHFapMOHHYECKOTO ujeHa DB,
KOTla B KauecTBe AHHAMHYECKHX TIEPEMEHHEIX B HEM HCHOIb3OBAHBI
NeKapTOBBl KOMIIOHEHTHl CMelleHHH HOHOB, npeo6pa303aHHbIe ¢ no-
MOHIbIO Tpeobpa3oBaHus P{q, y u3 rpynnsl ©. Ipyrumu cioBamu,

mbpl HanuiieM BMecTo (109.11) Boipakenue nas @@ uyepes mepe-
7\ -
MeHHBle (uq,p)a(x),n N &
, 1 <y L rr l
(D(3)=_3EZ Z Z(Daﬁv(% w %Il)(u‘pp)a( X
Ing I'w'B 1"y
/I
X(uw,,)ﬁ( )( (pp)v( ) (109.58)

OITpuxoBaHHLEIE KOMMOHEHTH CHJ/IOBBIX MOCTOSIHHBIX, COTJIACHO
yeaoBuio HHBaprautHoct# (109.56), paBHBI HEIUTPHXOBAHHLEIM KOM-
TIOHEHTaM, TO €CThb

QO = Z Z Z aﬁ'y(% : Z, )(uQ’p)a'(i)X

ina 'w'B I"n"y

X (tay)y (i ) (4op)y (i ) (100.59)

BOCHGJII:SyeMCH COOTHOIIEHHEM, CBA3HIBAXOWIHM NOBEPHYTHIE CMe-
IeHHsT HOHOB Y€pPe3 HCXOAHbIe IVIOCKHE BOJIHB H HEMOBEPHYTHIE co0-

CTBEHHLBIe BeK’I‘Opr
)Q ( k‘) 109.60
% i) -{w o} i) -(109.60)

T e
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Tbma, ucnoabsys (86.30), no.nyqaeM

Q{w,,}( ]v) ZZD(*" ‘“({(pp})(,,m(w)Q( ) (109.61)

o=l p=l

Honma‘snm (109.60) u (109.61) s (109.59), nmeem

k. k., k.
3!N3/’ Z Z Z ( ,J:,)X

krly g i

DG =

z’i

>< Z Z Z D *k (j) {(pp})(mw *k’ U ’ <{(p17})0 wit'v'

ou o’'n o"u”

k, k, k7,
¢ D*#) 4 {9}y ,,1,,v,,Q(. )Q( » )Q( o ), (109.62)
W j ity i

u

rae V onpefienero B (109.57). B pesynbrare BHIOJHEHHOro npeos-
pa3oBaHUS MepPBOHAYAJbHO BXoAHBIIHE B D) yileHH NMepenyTHBAKOT-
csi' n -00pasyior anHelinbie xoMmb6unannu (109.62). Taknm obpasom,
5T0 npeo6pasoBaHue NPHUBOAUT K CMEWIHBAHHIO APYr ¢ APYroM
(s+1;) (8"« Iy)(s” « jn)-uneHOB, OTHOCSIIUXCS K HOJHOMY NPOCTpas-
CTBY NPOH3BENEHHS

S8 ) @ T(*#) (1) @ T(*#) (17, (109.83)

TIpuMecu cocrosTHuil, CBASAHHEIX ¢ JPYTHMH HNpOCTPAHCTBAMH, He
posHHKAeT. SlcHO, uTo B mpocTpaHcTBe npousBesenus (109.63)
HMEIOTCSl TIPEeACTaBACHHSA

D*E) (0 @ p*#) 4 @ PP (M, (109.64)
Ho us mpuBenenHbix paHee coo6pakeHHi HHBAPHAHTHOCTH CJeYeT
@3 = OO, (109.65)

HanomHuM, 4to i 06O3HaueHust eIMHUYHOTO NPEACTABJCHHS ME
Buibpaau cumeoa (I') (1-4); Torna

@B ~ DT U, (109.66)

CiienoBaTesbHO, 4/€HBl, COOTBETCTBYIOIIHE NPOCTPAHCTBY NPOH3Be-
nenns (109.63), GyayT BO3HMKATb, TOJLKO €CJAM HDH BHINOJHEHHAH
NPONEeAYPLl NMPHBEACHHS NMPAMONO NPOH3BENEHHA BOSHUKAET eIHHHU- .
Hoe npexcrasienue DT U+, Takum o6pasom, B (109.56) 6yayr mo-
SIBJAITLCS TOJIBKO TaKHe NPOH3BEJNECHHUS] HOPMAJBbHEIX KOOPAUHAT, AJIs
KOTOPHIX Koaqnpnuﬂemm NpHBEAGHHS OTJAHYHEI OT HYJs, T. €.

CEm* R m’*k"m” |T (14)) # 0." (109.67)
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Jlerko 3aMeTHTb, 4TO 3TOT DE3y/bTAT COXePKHT B cebe HApALY
C TPaHC/AALHOHHON W NOBOPOTHYIO CUMMETpuo. Tak, HanpHMep, npa-
BHJIO 0TOOpa A7 BOJIHOBOrO BEKTOpA

2nBy

k+k’+k”={ 0

clefyrollee H3 TPAHCAANHOHHON CHMMETPHH, OYEBHJIHO, sABJAETCHA
claenctsuem Ttoro tpeboBauus, uro I'(l14) moMxKHO comepkaTbecs B
(109.67). Koneuno, orpaunuenre (109.67) eue GoJee KeCTKOe, Tak
KaK OHO YUHTBIBAET TaKxke IpPeoOpasoBaHHe NpPH [OBOPOTAX.

Mul MOxeM 06GOOLIHTE 3TH pPe3yJbTATH Ha J060H udeH psajaa
(109.7). PaccMoTpuM A MpUMepa uJeH $-r0 NOPSAKA B PasoxKe-
HHUH, KOTOPHIH MOXKHO 3alHCaTb B BHIE

RE.
L DI N (R X
ki ®j’ £(s);(8)
K ko
el )ell) - a(5) oo

3necy no anagoruu ¢ (109.57) umeem

¢ TOYHOCTBIO A0 2nBy, (109.68)

kE .. K : L
V(j ] (s) )EZ Z... Z q)aﬂ...v(% %/ .”%(S))X

na I'%'B MO
4 k©
(
]-/ ) ey(%” j(s) )X

k 4
”f)%(“
“Wexp{i(k-R,+ K R+ ... +k9-Rs)). (109.70)

TIpousBenenue (109.69) npeoGpasyercs B COOTBETCTBHH C NPeNCTAB-
JICHHSAMH NPAMOTO NPOHSBEACHH

DN DFMiNg ... @ DY) (1), (109.71)
OueBniHO, NPOH3BelECHHe (109.69) MOXKHO NpPEACTaBHTb B BHAR

CYMMBI 10 HpOCTpaHcTBaM, W yTBepxkieHue (109.71) akBuBaseHTHO
YTBEP2KAeHUIO, YTO [IPOH3BeACHUR

I
X (MM M5y ea(

»

k\ (K B\
o(7)e(y) - e(jm) - (10873
sapJasercss GasHcoM BEKTODHOI'O IHpOCTPaHcTBa nJsd ‘Hp0‘H3BelleHPIFI
D@t ing ... @) (), (109.73)

Heo6xoouMBIM H JOCTAaTOYHBIM YCJIOBHEM TOTO, YTO KOHKPETHHIH
HaGop NpOH3BeleHHH HOPMaJbHBIX KOODJAHHAT BO3HHKHET B (D),
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COCTOHT B TOM, YTO COOTBETCTBYIOLlHE K03((HIHEHTH NpHBEIeHHA
XapaKTepoB He PaBHH HYJIO, T. €.

(R ... RO T (14)) 0. (109.74)

B rex ciyuasix, korfa 3TO HYXKHO, OGBIYHBIE NPOH3BeLEeHHUS cnenye'r
3aMeHHTb CHMMETPH30BaHHBIMHA,

Tpusnanbroe cnencraue (109.67) wau (109.74) nonyqae‘Tcn u3’
COOTBETCTBYIOIKNX NpaBujg orfopa AJs BOJHOBOTO Bekropa. [las
cayuas (109.67) ono nmeeT BUA

(B R R |T) =0, (109.75)

HJIH A/ HeKOTOporo Habopa BOJIHOBHIX BEKTOPOB (110 OAHOMY H3
KaxKa0H 3Be3lHl)

'ka +k,+k/,=0 (c Tounoctbio no 2nBy). (109.76)

"Bo Bcex HauGoJlee BaXKHBIX TPUIOXKEeHHAX CYHIECTBEHHO pasJo-
xenue - (109.7), 3ammcaHHOe uyepe3s HOPMAaJbHBIE KOOPAHHATH -

k ~

Q(]. ) ¥ COZepKaliee B KaXKAOM uJieHe ONPeJesIeHHYIO CTeneHb
v

HOpMaJbHBIX KoopaHHAT, kak B (109.69). [lostomy uauwe scero

NpOCTo BHIMHCHIBAIOT 3apaHee pasJgoxeHwe tuma (109.7) ana ra-
MHJAbTOHHAHa (HANpUMep, AJ1A NOTeHUMaJbHOH SHEPTrHH) HJAH 1JS
Kaxoro-ubo APyroro KpHCTAaJJIHUIECKOTO HHBapHaHTa. 3ajaya, Xo-
TOPYIO CJeLyeT PelliHTh, siBJseTcs Tellepb o6paTHOH 3ajxaveil mo o7-
HOWEHHIO K 3afade ONpEeJeNeHHs COBOKYMHOCTH HE3aBUCHMBIX CH-
JIOBBIX JIOCTOSIHHBIX B KOODJAHHaTHOM IPOCTPAHCTBE, peIUeHHOH B
(109.41) n (109.42) (cuaoBHE NOCTOAHHBIE BTOPOTO NMOPSAKA) HIH
B (109.56), (109.59) u T. A. (cHIOBHE MOCTOSIHHBIE TPeThero H GoJee
BBICOKHX NOpAAKoB). B pasnoxenuu tuma (109.69) moxHO ycrano-
BUTh, KaKHe KOMGHHaupm HJH nponsaeneﬂnﬂ HOPMAJIBHBIX KOQPAH-

HaT Q( ) 6yayT HMeTb OTIMYHBIE OT HYJAA KO3IPDHIHEHTH

k...
vV (]. ) Otser paercsa opmydofr (109.74). Eciu Mbl HecTegyem

, [k
aled B (109.69), B KOTOpPOM AaHHOe HOPMaJbHOE KoJebaHHe Q(j

BCTpeuaeTcst p pas, TO COOTBETCTBYiolllee npoussefenre B (109.74)
OKa3EIBAETCH CUMMETPU30BAHHHLIM TIPOU3BeIEHNEM MAaTPHI, HalpH-
Mep [D(*h) (n] 4 7. 1. ODHAKO €CJH UMEITCA [Ba PasnuuHLIX (lzjxe-

38BHCHMHIX) HOPMaJIbeIX goNe6aHus ¢ OXHHAKOBOM cnmmeTpneﬁ TO
B (109.74) BXOAHT 06br4HOe TpOH3BeneHHue [ D(*) W],

O6cyxaenue CBOACTB KPHCTaMTHYECKHX HHBAPHAHTOB N0 cux
IOp MPOBOAHJIOCH B PAMKAX TeOPHH MPEACTaBIEHHH YHHTAapHON npo-
cTpaHCTBeHHOA noarpynnsl . Kak H3BecTHO, CleAyeT YYHTHBATh

Py
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TaKXe CHMMETpHIO o6pallleHHs BpeMeHH. DTO MOXKHO CJeJaTh ABYMS
cnoco6aMu aHajsoruuHo paccmorpenuro § 88—94 (uam § 95—102).
Tak, Mul MOXkeM paccMOTpeTb omepaiuio K KOMIVIEKCHOrO CONpsixKe-
HuA, onpelesedHyio 8 § 88 [ypasuenne (88.1)] Toraa rpeGosanue
HHBAPHAHTHOCTH OTHOCHTeJNbHO OGpalleHHs Bpemerm JaeT BewlecT-
BEHHOCTb MOTEHIHAJbHOH SHEePTHH:

K 'OK=0"=. (109.77)

Yeaosue (109.77) MoXHO npuMeHHTh K Kaxjaomy uiaeny (109.7),
TaX KakK YJEHH C Pa3]HYHBIMH CTENEHSMH HE -CMEIUHBAIOTCA HOJ
ZelICTBHeM olepanuy KOMIIEKCHOTO CONpsKeHUd., MoxHO y6eanTh-
Csl B TOM, 4TO KOHKpeTHOe npumenenue (109.77) npuBOAHUT K paBeH-
CTBY HeKOTOpbIX kodPpduuuentos B (109.69), obecneunBaoiuemMy Be-
mectBeHHoeTh (109.77). Kax el cayuall fo/KeH paccMaTpHBaThes
OTJENBHO.

Bropoii BO3MOXKHBEII MOAXOA OCHOBAH Ha pPacCMOTPEHUH HOp-
MaJbHbIX KoJaebOaHHR Kkax 6Gasuca AJAA HENPHBOAMMBIX TNpeACTaBje-
Huil. FMlMes 370 B BUAY, MOXKHO NOCTPOMTH PEHICTOYHbBIE HHBAPHUAHTHI
Buga (109.7) u (109.69). Takolt moaxox Tpebyer 3Hauus KoadhH-
IIHEHTOB MPUBEIEHUS JJs KONPEACTABNEHHH, aHANOTHYHBIX K03 dH-
urenTaM (109.74) nas npoctpaHCTBeHHBIX rpynn. Ho ofin mo cux
HOp ellie He TOJYYeHH. B npuHunune, olHAaKo, TAKOe PACCMOTpeHHE
BO3MOKHO — OHO COBHN&J4eT C PacCMOTPEHHEM HACTOSIIEro Iapa-
rpada ¢ TOi pasHHIlEH, YTO BCIOJLY TEOpHIO NpPEACTaBJeHHH caenyeT
3aMEHHThL Ha TEOPHI0 KONpeicTaB/JeHMH. B pesyabrarte mosyuurcs,
YTO eCJiy AJ5 NPOCTPAHCTBEHHO-BpeMeHHOH rpynns & koabduiuuenT

(co*kRjco*k’j’ ... |T14)=£0, (109.78)

TO COOTBeTCTBYIOLLHHA u/ien Oyaer BxoAuTh B (109.74).

31ech c/elyeT OTMETHTb, 4TO B AOTOJIHEHHE K TPeGOBAHUAM HH-
BAPHAHTHOCTH IO OTHOIIEHHIO K NPOCTPaHCTBEHHO-BpEeMEeHHOH rpyl-
me Kpucrania 0600uleHHBle CHJIOBbIE NMOCTOSHHBIE TaKXe HOJXKHBI
6GBLITh HHBapUAHTHB OTHOCHTEMBHO OOLIMX OAHOPOAHHIX IPeobpaso-
BaHU npoCTpaHCTBa (NMOBOPOTA W TPAHCIAALMH KPHCTadJda Kak Ile-
Joro). DToT BOIpoc NOoApoOHO obcyxnaeTca B pabore [4).

§ 110. IocTpoenne KpUCTANIHYECKHX KOBAPHAHTOB:
9JIEKTPHUECKHH MOMEHT H NOJAAPM3YyeMOCThb

Mbl paccMOTPUM TenePb KOHKPETHO 1Ba KPHCTANJIHYECKHX KO-
BapHaHTa, MHrPaoUIHX CYIIeCTBEHHYIO POJb B KPHCTaJJIHYECKOH oOIl-
THKe. DTO 3JEeKTPHUGCKHH JUNOJbHBIA MOMEHT KPHUCTAMJIA H /IEKTPH-
ueckan mnoJaspusyemocts!).  Jliobas M3 9THX BENHYHH MOXKeT

') O6cyxpaenne orpaﬂnqeﬂﬂﬂ HaJlaraeMuX ~ OAHOM Tpaucnﬂnnomoﬁ CHMMeT-
puei, cM. B paGote [4], popmyan (39.11)—(39.18).

-



» 344 - Trasu 10

CYHTATbCA 3aJaHHOH, eCJH YCTAaHOBJEH MOJHBIE Habop cMellleHHHA

! ,
HOHOB ua(%). Beeaem caenywuue 0603Haqeﬂuﬂ:
g : ,_
M( U, )—SJIeKTqueCKI/Iﬁ OMIOJbHEIE MOMEHT, (110.1)

[
P( {ua (%) } ) — 3JIEKTPOHHASA IOJNAPH3YEMOCTD. (110.2)

OJIeKTPHYCCKHHA IUIOABHBIE MoMeHT M sgBJsieTcd MOJSPHBIM BEKTO-
poM, a noJdsapu3yeMocTb P — CHMMETPHUYHBIM TEH30POM BTOPOIO
panra!). B gekapToBeix KoopauHatax M uMeer TPy KOMIOHEHTH

Ma Mg M, (110.3)

KOTOpBble NpPH OOLIYHEIX MOBOpoTax (@) mpeobpasyioTcsi Kak

S oM — Z PouM,, (110.4)

rie, KaK U paHbliie, @,, — KOMIOHEHTE MaTpuusl nosopora. Ilpe-

obpaszosasne (110.4) cooTBeTcTBYyeT NpeoSpasoBaHHUI0 HOJASIPHOTO
BeKTopa. B 0OBIUROH COKpalleHHON 3allHCH OHO HMEET BHA

P@M = D ({¢}) M, ~(1105)

rne D — marpuna ¢ pasmepamu (3 X 3), mo xoropoir mpeobpa-
3yercs NOJSPHHIH Bekrop. s onpefeneHHol rpynnkl @ npexacras-
JeHue DY) Moxer okasaTbes JHG0 NPUBOLUMBIM, JHGO HENPHBOIH-
MBIM. XapakTep, WK CJell, 3TOr0 NPeACTaB/lIeHUs] PaBeH

Sp D" ({g}) = =% (1 -2 cos 9), - (110.6)

rle ¢ — yroJ HOBOPOTa, COOTBeTCTBYyoW M onepauun {¢}. dias ky-
7

GHYECKHX POCTPaHCTBEHHBIX TPYIN, TAKuX, Kak O (anamas) uiu O}

(noBapeHHas COJIb),

D) = TU5-), (110.7)

T. €. OKa3blBaeTCst HEMPHBOAUMBIM.

Jas Tensopa noasipuayeMoctH P npaBujio, COOTBETCTBYHOllee
(110.4), nonyyaercs . npu paccMOTPeHHH npeoOpas3oBaHUd KOMIIO-
HeHT Pqp. OHO uMeer BHI

Pap=2 2 0u®Pus (110.8)

) BOausu pe3onanca B pacCesiHHH CTaHOBSTCA CYUIECTBEHHBIMH AHTHCHMMET-
puuntie xoMnowents P (1. 2, § 6). ST Xe KOMNOHEHTH BO3HHKAIOT NPH PACCMOT-
peHuH ABJICHHH BO BHEIUHHX MOJAX.
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H NOKasweBaer, yro P — TeH3op BTOporo paHra. TeH3op moJaspusye-
MOCTH OOGBIYHO GepyT CHMMeTpHYHBIM [4] (cM. npHMeuaHue BHILIE):

Pyg== Pgq. (110.9)
Torza (110.8) MoxHO 3anHcaTh B BuIe .
PP =D ({g}) P =DV ({¢})], P, (110.10)

roe DM — npelAcTaBleHHe, 10 KOTOPOMY npeobpasyeTcs CHMMETPHU-
HEIfl TEeH30p BTOPOTO paHra. B 3aBHCHMOCTH OT KOHKPETHOH TpYIIH
& npexcrasiende DU moxKer 6biTh AHOC HPUBOAKMEIM AHO0 HENpH-
BOIHMBEIM. ’

Mast mpoctpanctsennsix rpynn O} u Of upexcrasaenne [DV],,
NPUBOLHMO N0 NpPABHJIY
[DO)],, = [0 @ T2+ @ pes+), (110.11)

ITonesno noguepkHyTh, uto BHipaxkenus (110.3), (110.10) uau
(110.11), (110.8) pator npeobpasoBaHue BekTopa M u TeH3opa BTO-
poro padra P kak ueJgoro. Kax/aas U3 5THX BeJHUYHH SBJASETCS MHO-
POKOMIIOHEHTHOH, ¥ KOMIIOHEHTHl npeoGpasyioTes APYT uepe3 Apyra
npu npeobpa3oBanusAx KoopAuHAT, B wacTHOCTH, eciau Ji06y10 U3 Be-
jgpuig M uau P pasnoxuts B psag Telslopa mo KOMHOHEHTaM cMe-

I
HIeHHH u“(w , TO KaXJblfl 4JleH, saBJAAIOIIUACA OLHOPORHOM

¢byHKRUMel HeKOTOpol CTeNeHH CcMellleHHs, AOJXKeH Npeo0pas3oBH-
BaThCs TNPH NOBOPOTAaX, TakK K€ KakK NosHas Besnunna (110.1) wuam

- (110.9).

PaccMOTpuUM Temepb 3/M€KTPHYECKHH AUNONBHBIN MOMeHT M Kpu-

!
cranna, 3anuiem ajsi M pasjoxedue B pag Tefiiopa no uy ( M )

Torga A/s1 Ka¥XKA0H KOMIIOHEHTH MOJYYHM

Me=MP+MP+ ... + MO+ ..., (110.12)
rne ! / ‘
(1) __
¢ _ZMa_ﬁ(%)uﬁ(u). (110.13)
[£%74]
31ech

Mﬁ(i)=[i%475] ) (110.14)
o) ),

Huas sroporo uxena B (110.12)- umeem -

14

LUy (Y (!
Mg)_:ZZMa,m(% %,)uﬂv(;%)u\,(%,), (110.15)

B I'n'y
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rae

U | 2 . :
Ma,m(i g ) [%( ‘3)’:;(,)] (110.16)

AHanoruuHele BHIPaXKEHHs MOMKHO HamucaTh AJs 4/eHOB 0oJee Bhi-
coxoro nopsAaxa. [TockosbKy BelnyuHa M Kak uesoe npeo6pasyercs
Kak D™, 1o Tak XKe HKOJKHBI ce6si BECTH M APYTHe UJIEHBI pasjoikKe-
aus (110.13), (110.15). Ynenw psima (110.12) moxHO, KaKk u panb-
Ile, 3aNUCaTh B BH/E Pfjad N0 HOpMaJbHBIM KoopauHataM. CaefoBa-
TeJbHO, MOXKHO HaNHCaTh

M = ZM( ) (]kv) (110.17)

Riv

rie .

k l 1 k ) n
Ma(jv):_—-lZ%ﬁMa B(%)W(zﬁ(w jv)exp (lk'R[_). (1‘1018)
Hanee, ™ =

: kK k k
MP =3 Z Ma(. )Q( )Q( ) (110.19)
BRIV BV Iy Iy Iy %
rae

- k , k

k kl) l l, 496 (u }. )e-v (‘K j,,)

M ( ,) v S v X
(1v Jor ; I;v il ANV N A/ MM,

Xexpi(k-R.+k -Ry) ur n (110.20)

Tpe6oBaHHS CHMMETPHH IIOJHOH NPOCTPaHCTBEHHOH I'PYNIEl OrpaHHu-
k ,
-ypBaT Habop JONYCTHMHX Q i ) KOTOpLIE MOTYT BO3HHKATH B

pasnoxenusx (110.17), (110.18) u 1. &. -

PaccMOTpuM Telepb BHIPAXKeHHe MM WieHa NepBOro nopsmxa B
M, goria B KaueCTBe OCHOBHOrO Habopa JHHAMHUYECKHX MepeMeHHBIX
BHIGpaHH IIOBEPHYTHIE NeKaPTOBB KOMIOHEHTH cMelllenu#i. M3 pac-
cMoTpeHusi, anajgoruunoro (109.71)—(109.74), nmeem

MP = § Pp MY, (11020

HO OAHOBPEMEHHO

, I 1y |
MO =3 M, 5( . )(uq,)ﬁ ( . ) S (110.22)
’ ) g ‘ -
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[peo6pasoBanue kosdpduunentor B (110.13) u (110.22) umeer

- BRI |
( ) Z(PBB aB(l®) (110.23)

TaK uTo npeoGpazoBaHie 3THX BeJHUYHH ABJASETCA npeobpasoBaHHEM
NOJIAPHOTO BeKTOpa. AHAJOrMYHO TOMY, 4TO GBLIO AJAS COOTBETCT-
BYIOLIMX KO3(D(DHUHEHTOR B Pa3JIOXKEeHHH KPHCTaJJIWUeCKOH MOTeH-
LuafdbHON 3HEPrul, TpeboBaHHe HHBADHAHTHOCTH «()HU3HUECKOTO TeH-

30pa» Ma, B(%) Raetr yCJa0BHEC MHBAPHAHTHOCTH 3THX BEJHYHH NPH

npeoépasoBa HHAX CHMMETPHH KpHCTaJdj1a:

M;’B(i)=M%(:). (110.24)

BripasuM Tenepb NOBEPHYTHIE CMelleHUs (“‘Vp)a(%) yepes HOp-

MaJibHble KOODJAHHATH H BOCHOJIb3yeMCs YCJIOBHEM HHBADHAHTHOCTH
(110.24); rorma us (110.22) noayuum
kT)
iy )Q{"’ (

M;u):g;M;ﬂ( ) e Z Z otRL, (
(110.25)

AJH
My = ZZM( )Q{q, (k‘). | (110.26)

ky

I'Ipn 5TOM, HCmob3ys (86.30), HMeeM

M’“)-—ZZZMa( )ZZD*” (o). (11027

Dro BHIpaxKeHHE NJA npeoépasoBaHHux G-xommonent MU, Ho
OCHOBHO€ NpaBHJio npeobpasoBanus (110.21) u serpaxenne (110.17)
J,aioT -

‘ : (& k
M;‘“=Z%aMﬁ’=Z%aZZMa(j:)Q(j:)' (110.28)
; a [ kq lv .

Tak kak npeo6pasosammst (110.27) m (110.28) moixub HaBaTh
OZMHAKOBbie Pe3yJbTaThl, TO Mbl MOXEM MPHPABHATb UX. YuTeM,
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KpOoMe TOro, qyTO
Pa =D ({@p})g,- - (110.29)
Torna .

kZu ; ; ; DD ({5}, Ma(f:)Q(f:)—_-
= ; ; ; ; ;D(*k) D ({@p oy Ma ( f:) Q (’]‘o ) (110.30)

v

Jlerko BHIAETbh, 4YTO 3TO PAaBEHCTBO BHIIIOJHAETCH, €CJAH Npeacra-

' k
* T

prenne DU® ), no koropomy mpeobpasyercst (HOHOH Q(]. ),
v

TOXILecTBenHo pasuo D). Ho 370 BO3MONKHO TOJBKO B TOM CJY-

yae, ecJH, HanpuMep, B KyGHUeCKOM KpHCTaJJje

k.

Q( . )~D(I‘”15". (110.31) -
Iv/

CuenosartenbHo, eAHHCTBEHHBIMY HOPMAJbHBIMH KOJeOaHHAMH, LIS
KOTODHIX CyWlecTByeT JHHeHHbI uied B pasaoxenud (110.17), ss-
JSI0TCs TPy KoJsebaHus, mpeolpasyiolldecsi Kak NOJAPHBIA BEKTOD

Q(IS ) B xy6uueckoM KpHuCTaJ/lie, OUEBHAHO, HMEIOTCA TpH

KOMIIOHEHTH TPeXMepHOT'0 BEKTOPHOIO IpeJCTaB/IeHHUs.
Hiist unenos BTOPOro nopsifika A0Ka3aTedbCTBO MPOBOAHTCA aHa-
JoruuHo. Torma Heo6XoxuMoe W JLOCTaTOYHOE YCJOBHe CYyLlecTBOBA-
Hus OTVIHYHOTO OT HyJs ujena Broporo nopsaka (110.19) umeer

BHA
D) @ D*#) Y comepxur DO, (110.32)

Heo6xoxuMEIM yc/IOBHEM NOSIBJAEHHA Maphl ONpeleseHHBIX KoJe-

GaHufi B pAle MO CTENEHAM Hg s) s MO gpasercg, OYEBHIHO,

HeHyJeBoe 3HaueHHe KO3t duuenTa NpuBeAeHUs:
(*ki*kj" |T'r) 5= 0. (110.33)

B (110.33) cuMBOJZI BEKTODHOTO NpencTaBJeHHs 3amucaH B Buie Ir.
B Ky6uueckoM Kpucrajie od pasen I''5™), AHannsz MOXKHO BBHIIOJ-
HHUTb KaK METOHOM MaJiofi rpyfnbl, TaK H METOAOM MOJHOH TPYIIH.
$lcHo, yTO A1t KPHCTAJJIOB, TPyINIia CHMMETPHH KOTOPBIX CONEPXKHT
HHBEPCHIO, HOpMAaJdbHble KOJebaHHs ONHOH M TOH Ke YeTHOCTH He
MOTYT NMOSIBJIAThCS BMECTe B NPOH3BefeHHH, BxoasuieM B M®. Ilpy-
rle Takde e MoJe3Hble ¥ NPOCTHIe NpPABHJIA MOXHO MOJYYHTH MO
H3BeCTHHIM KO3(pdHIHeHTaM mnNpHBeAeHHS KaXAOH NPOCTPaHCTBEH-
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HOH rpynnbl. Huxke OyAyT npuBelensl IpHMepPH TAKOTO aHAJH3a AJs
TPYND CHMMETPHH ajJMa3a U KaMeHHOH COJIH.

Ysexwl Gosiee BHICOKOTO MOPSAAKA MOXHO PACCMOTPerb TAKHM e
cnocobom. Tak, used s-i cTenenu M Gyner colepxaTb NpoH3Be-
Jenve s MHOXKHTeJeH, fBAAIOIUXCA HOPMAaJbHBIMH KOOPAHHATAMH

k
Q( ) Heo6xopumoe u AOCTAaTOYHOE YCJAOBHE CyLIeCTBOBAHHUA

paccMaTpHBaeMOro npou3BeJeHUs] COCTOHT B TOM, YTO IIpAMOe Ipo-
H3BEeJCHHE

P @D g ... @ D*E) (@) (110.34)

comepKuT npeActasiaenre D), Ecau aTo mpeacTasiieHne COREPKHUT-

Csl, TO C TIOMOIIBIO ONEPaTOPOB NPOEKTHPOBAHUA MOXKHO OIpe]e/IHTh
JUHeHRHYI0 KOMOHMHauUMIO NpOu3BeJeHHH, obpasyollyn JHHeAHOe
BEKTOPDHOe NPOCTPaHCTBO XM, DTO 3KBHUBAJEHTHO TOMY YCJDBHIO,
4TO CHJIOBAsl MOCTOSHHAA §-i cremenu, coorBercTBytomas (110.15),
He paBua Hya0. [To/HOe A0KasaTe/bCTBO AJisl 4JIeHOB (oJee BBICO-
KOro NMOpsiIKA Takoe XKe, KaK AJ5 4JIeHOB HHU3KOIO MOPSJKa.

Tpe6osanue, uto6e (110.34) comepxkasno D), 3sKBUBAJEHTHO
TpeOOBaHNI0 OTJHYHS OT HyJs COOTBETCTBYHOWIEro Koz(QHlUHeHTa
npuBelenHs. B paccMarpuBaeMom ciyuae A/l KyGHYeCKHX KpHCTaJ-
JIOB OH UMeeT BHJ

CRI*EJ ... *R9j|T15 —). (110.25)

Jlns onpeflesieHusl NPaBUAbHBIX JUHEHAHBIX KOMOMHAUMHA HY:KHO HC-
I0JIb30BaTh OMEPAaTOPH NPOESKTHPOBAHHUS HJIM, €CJIH OHH H3BECTHHI,
kospdunnentsr Kaebwa — oprana a5 BO3HHKAIOIIHX B TEOPHU
TEH30POB.

AHaJoruyHoe paccMOTPEHHe C COOTBETCTBYIOLIMMHE H3MeHEHUSIMHU
MOXKHO NPUMEHHUTH A/ MOCTPOEHNS OTAeJbHBEIX WIEHOB Pa3/IOKeHUs
nonapusyemoctu P mo cTeleHAM cMeLIEHHH HIH HOPMasbHHIX KOOD-

AUHAT.
P=PO 4 PO .. P4 ... (110.36)

Uto6H cOOTBETCTBYIOlee NPOHU3BeACHNE COMHOXHTeNeH, SAB/ISIOMIUX-
Csl HOPMaJIbHBIMH KOOD/AHHATAMH, BXOAH/IO B Pas/OKeHHe (110.36),
KaxIBH YieH NPOU3BOJBbHON CTEeNeHH B OTAGIbHOCTH JOJEKEH OBITh
TEH30POM BTODOro paHra.

Ilepexoas k obosHauenusm (110.10), Ml BHAHM, 4TO HEOGXOAH-
MbIM H AOCTATOUHBIM yC/JIOBHEM IIOSIBJEHHs YJeHa OonpeleleHHON 3a-
JNaHHOH CTeNeHd B PA3/NIOKEHHH MONAPH3YeMOCTH fABJAETCSH Hepa-
BEICTBO HYJMIO KO3(pOhHIMenTa NPUBEACHHS:

(*RI*KP . DP]y)#=0. 0 T (110.37)
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B cayuae kyOHueckoro gpucrtaJ.a 310 O3HauyaeT, 4TO MO KpalHed
mepe aasi opHolt komnoneHTH (110.11) koadduuueHTH He paBHH
uymo. [leranu goKazaTenbCcTBA TakHe XKe, KaK B COOTBETCTBYIOIIEM
clydyae jJig onepaTopa AHIOJIBHOIO MOMEHTA.

B 3akmouenHe ykaxeM obuiyio cxemy. Jas moboit ¢dpH3HYeCKOH
BEJIHUMHBI, KOTOpasi npeofpasyeTcs KOBapHAHTHO NPH OOIIHX IOBO-
POTaX, HYXKHO cHauasia HaliTV OpeiacTasjieHus rpynnst @, 1. e. mpo-
CTPAaHCTBEHHOH TIPYNMNBI, MO KOTOPOH npeo6pasylrTcs KOMIOHEHTH
KOBapHAHTHOH (PU3HUeCKOH BeJHYHHB. UTO6b B pas3/OoXKeHHH 3TOH
(bu3HYeCKOl BEJHYHHB 1O HOPMAaJbHBIM KOODAHHATAM BO3HHKJIO
HEeKOTOpoe KOHKPETHOe IpPOH3BelleHHe, HeoOXoauM0o, 4ToOb 3TO KOH-
KPEeTHOe NpOou3BeJeHHe COAEPHaJo JUHelHOe BeKTOpPHOE NPOCTpaH-
CTBO, COOTBETCTBYIOIlee TeM Ke NpeACTaBaeHHsM rpymne &, uto n
npu npeo6pa3oBaHUAX KOBAPHAHTA Kak Hesaoro. Tak KaK HOpMaJb-
Hble KOOPAUHATH, coraacHo (86.30), aBasiiotcss 6a3ucoM J1s HelpH-
BOAMMOTO JUHEHHOT0 BEKTOPHOIO HPOCTPAHCTBA, BO BCEX CAYYANX,
yTOGE BHOPAaThb KOHKPETHOE INPOM3BeJeHHe, HYXKHO HCIOJAb30BaTh
npaBuJia NpHBeleHHS OOLIYHOrO H CHMMETPH30BAHHOIO NPOH3BELe-
HUil MATPHI U CTeNeHeN HeNPHBOAHMBIX MpeACTaBJAeHHH NPOCTPaHCT-
BEHHHIX TPYTIL.

B stom maparpade MB OTPAHHUMJHUCH UCIOAb30BAHHUEM -TEOPHH
npeACTaB/IeHUH YHATAPHOH MOATPYNNBl, HO B IPHHIHIE CJAeAOBAaJO
6l paccMOTPETh IOJHYIO T'PYNNY NPOCTPAHCTBEHHO-BPEMEHHOH CHM-
merpun ¥. Kak ykasano B koHue § 108, cumMerpuio obparnienus
BPEMEHH MOXHO yUeCTb, UCIMOMBL3YS omepatop K A 3amucH ycio-
BUS BEILIECTBEHHOCTH (HIUYECKUX BEJHUHH, HalpuMep

K'MK = M*"= M.

HHTepecHo 6bli10 Gbl BHINONHUTBL BCe PAaCCMOTPeHHe ¢ HOpPMaJb-
HBIMH KOOpAWHATAMH, fBJARIOMKUMHCA $a3uCOM AJAA KONpeacTasie-
Huf, W COOTBETCTBYIOIIUMH KO3(pduuHeHTaMH npHBeneHHA. Takoit
MOAX0J, ONHAKO, eHle He peajlH30BaH.
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[IpoCTpaHCTBEHHO-BPEMEHHass CHMMeTpPHs
M KBaHTOBAasi IMHAMMKA PeLIeTKH

§ 111, Beenenne ”

Ota raaBa Kauru (§ 111—118) mocssimieHa ocHOBaM KBaHTOBO-
MeXaHH4eCKOro pacCMOTpeHHsi KPUCTadauuecKol cucrembl. Hac uH-
TepecyeT, B YaCTHOCTH, NOJy4eHHe NOJHOTO KBAHTOBOMEXaHHUECKOTO
ONHCAHHA COOTBETCTBYIOL[MX 9JEKTPOHHBIX M HOHHBIX (HJM fAnep-
HbIX) CTelleHedl CBOOOAR H30JA5iTOpa, uTOGH B KOHIle KOHIOB TO-
CTPOHTH KBAHTOBOMEXaHHUYECKYI0 TeOpHI0 HH(PAKPACHOro MOrJoLLe-
HHUSl B KOMOHMHALHOHHOTO paccesiHUs CBETAa KPHCTAJJIOM, DTa TEOPHS
Gynet pa3BuTa BO BTOpPoM ToMme 3Tol kuurn (§ 1—8).

OTMeTHM npexkie BCEro, UTO HEKOTOPHle CTEeNeHH CBOGOIHI, HJIH
KBaHTOBHle TepeMeHHble, 10 CHX NMOp OTCYTCTBOBAJIHM B HallleM pac-
CMOTPEeHHH, TaK KaK OHH HeCyIeCTBeHHHE NMPH HCCAeAOBAHMH OINTH-
YeCKHX CBOHCTB KoJehaHui KPHCTaJIHueCcKOH pelletku. Hampuwmep,
Hac He WHTEPECYIOT 3JeKTPOHHBIE W siepHBIE CIHHB HJAU AeTald
3JeKTPOHHON 30HHOH CTPYKTYPH TBepAbX Tea. OnHAKO MBl NMOJB-
ayeMcsl HaJHuWeM 3alpellleHHOll 30Hbl B 3JIeKTPDOHHOM paclpenese-
HHUH KaK Ba)KHOH XapaKTepHCTHKOH n3ogsitopa cHavana B § 113, 114,
a 3ateM B T. 2 (§ 2—6).

Jaxe npu rakux nensix Jgio00e paccMOTPeHHE HHTePeCYHOLIHX
HaC 3JeKTPOHHBIX H PelIeTOYHBIX cTemeHell CBOGOAB MOJNIKHO OBITH
o HeoOXOAMMOCTH NPUOIHXKEHHBIM, TAaK KaK 3JMeKTPOHHO-silepHas
cHCcTeMa fBASIeTCst CHCTEMON MHOTHX TeJ, JIJIg KOTOPOH B HacTOsllee
BpeMs HeT TeopeTHuecKoro omucaHus, HauboJiee BaskHBIM npubiiu-
KEHUEM, KOTOPOe NOJOXKEHO B OCHOBY W HAlEro PaccMOTPeHHs, fIB-
asiercs anunabaTtuueckoe npubinxenne bopHa — Onnenreiivepa [89).
CamblM BaxKHBIM B 5TOM NPHOJIHXKeHUU sABJAAETCH cnocol, KOTOPHIM
paszaensiioTca 3JeKTPOHHble ¥ sAepHBle NMepeMeHHBle, TaK YTO HX
MOXKHO paccMaTpHBAThb NMOPO3Hb. PasjesieHHe TepeMeHHBIX He fB-
JsieTcsl MOJHBIM, TaK KaK HMeHHO nedopManus 31eKTPOHHBIX COCTON-
HHUH, co3laBaeMasi IBHKeEHHeM s/ep, 06yCA0BAHBART rapMOHHURCKHH
H aHrapMOHMYECKHH MOTEHIHAJ, B KOTOPOM ABHXYTca sapa. [loxa-
3aHO, 4TO HOTeHIHAaJbHAasl SHEPTHs fAAep, KOTOPas B KJAACCHUECKOM
paccMOTPeHHH npelnosiarajiach rapmoHuyeckofi (§ 67 u 109), Bos-
HHKaeT BCJEeICTBHe 3aBHCHMOCTH NOJHOM 5HEPTHH MHOrO3JIEKTPOH-
HOH cHCTeMH OT cMelieHuit agep. OHa paBHa 3JeKTPOHHOH HEPIHH,
onpeAeseHHON NpH QUKCHDOBAHHOM IIOJIOXKEHHH sfAep. BoaHoswe
GYHKUMA BCefl CHCTeMH SIBJASIOTCSA NPOH3BEACHHSMH pelHeTOUHON
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BOMHOBOH (PYHKIHH Ha MHOTOSJEKTPOHHYIO BOJHOBYIO (QYHKIHUIO.
HMeHHO Takas 3alHCh BOJHOBOH (QYHKUHM B BHAE NPOH3BeAeHH:
I103BOJISIeT YCTAHOBHTh CHMMETPHIO COGCTBEHHBIX COCTOSHHH pelleT-
KH, TaK KaK Halle pacCMOTPeHHe MPOCTPAaHCTBEHHO-BPEMEHHOH rpyI-
OB CUMMETPHH & W ee HENPHBOAHMBIX [OpPeACTaBJeHUH H KoIpen-
CTaBJEHHH MOMKHO NMEPEHECTH W Ha KBaHTOBHH cayual (cm. § 116—
118). Eciu MBI 3HaeM CHMMETPHIO COOCTBEHHBIX COCTOSHHI pellleT-
KH, TO ¢ IOMOIIbIO TeopeMbl BurHepa — DKapTa H Hallero paccMot-
peHnss KO3(QQHUHEHTOB NpPHBEIEHUS AJA IPOCTPAHCTBEHHBIX TPyIn
u Kosthduuuentop Kiebma — 'opaaHa Mb MOXKEM IIPOAHAJNHU3UDPO-
BaTb MATPHYHBle 3/I€MEHTH, OTBETCTBeHHHle 3a HH(MpPaKpacHoe IO-
rViolleHye 4 KOMOUHALHMOHHOE pacCesiHHue CBeTa.

Kax 6yner nokaszano nuxe, jJodule KomebaTelbHble COOCTBEHHEIE
COCTOSIHHSl B TaDMOHHYECKOM TPHOJMKEHHH MOIYT OBITb ONHCAHEI
TO4HO., BO36yKAeHHble COCTOsIHUS, BOOOIIE rOBOPS, SABAAIOTCH CJAOK-
HHIMH COCTOSIHHAIMH, COXepKalluMud oOepTOHB OXHOTO (OHOHA |
KOMOHHALHH BCEeX NMPOYHX (POHOHOB, IIPUCYTCTBYIOUIUX OZHOBPEMEH-
wo. JJjis TOJyuYeHuss CHMMETPHH COCTOSIHHA HYMKHO BBIIOJHHTbL NpH-
BeJeHNe MPSAMOro NMPOU3BeIeHHS COOTBETCTBYIOIMX CHMMETPH30BAH-
HBIX M TPSMBIX NPOU3BeJeHHH MaTpull., Takoll aHaau3 06epTOHOB
1 KOMOWHHDOBAHHBIX YACTOT OKa3aJCA OYEeHb NPOAYKTHBHBIM IDH
NpUMEHeHHH TeOPHH TPYHN IJisl aHa/lu3a H NPeACKa3aHHs CIEKTPOB
MHOTHX KPHCTAJ/JIOB; NPUMepH paccMaTpHBAalOTCA B T. 2, IV 3.

3anuce BOJHOBOH GYHKUMHM B BHIE IpOH3BeJeHHS B ajuabaTtude-
CKOM TIpPHO/NMXKeHHM HMeeT M JAPYroe Ba)KHOe CJeJCTBHe IJs pac-
cMmotpeHust B T. 2, 1. 1. Ilockonbky ara (yHKHHMA HMeeT BHJ NpO-
H3BeJeHHsT MHOTO3JIEKTPOHHOH (YHKIHH Ha BOJHOBBIE (DYHKUUM
KoJieGaTeJbHEIX COCTOSIHI, OKa3blBaeTcs BO3MOXKHBIM B paMKax ajiua-
6aTr4ecKoro OPUOIHIKEHHS ONpeNeJHTb ONepaTop 3JAeKTPHUYECKOTO
MOMeHTa ., UCIOJb3yeMBll B TeOPUH MH(MPAKPACHOTO MOrIOUIEHUS
(1. 2, § 2), u onepaTop mOJAPU3YEMOCTH P, KOTOPHIA NPHMeHseTCH
B TeopHH KOMOMHanHoOHHOrO paccesHHs csera (T. 2, § 3). Takum
obpasom, oba acmekTa agHabaTHUeCKOr0 PacCMOTPEHUS CyUIecTBeH-
HH AJS Hauero onucaHus. B 1. 2, ri. 3 Oyaer noxkasaso, 4To 60Jb-
oe YHCJO0 NpPefcKa3aHuil, OCHOBaHHBIX Ha afinabaTHuecKoM npubau-
JKEHHH, ONPaBJALIBAETCS NPH CPaBHEHHH € 3KCIEPHMEHTOM.

OpHaxo aguabatuueckKoe NpuO/aMKeHHe He OXBaThiBaeT MHOI'MX
OYeHb CYIeCTBEHHBIX 3 (PexToB 3/eKTPoH-POHOHHOTO B3aHMOJEHCT-
BHSI, H, KPOME TOrO, OHO OCTaBJseT HeJOKA3aHHBIM NIPEANOJIOKEHHE
0 TOM, 4TO Jieauiee B ero OCHOBe pasJIOXKeHHe B DAJ TEOPHH BO3-
Mmylennii cxoaurcsa. ITosTomy cpean mpoumx HCcleAOBaHHH Hejlas-
HO TIOSIBHJIOCH O0JIbIIOE YHCJAO paGoT e MBKPOCKONHYECKOH TeopHM
KPHCTAJ/IHIECKO - PellleTK: € TOYKH 3PeHHs COBPeMEHHOHl TeOpHH
MHOTHX TeJ. ITu GoJiee COBpeMeHHBle TEODHH KPaTKO paccMaTpH-
Batotcs B § 113. Takas coBpeMeHHas JHHaAMHKa DelleTKH NOAPOOHO
uajoxena B padote [8]. Teopus mHPpPaKpacHOTO NOIVIOUIEHHS H KOM-
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GMHALMOHHONO PaGCestHHs CBeTa KpHCTaJJaMH MOXeT GBHITb TOXKe
nocrpoeHa Ge3 aanabaTHueckoro npubauxkenus. /st 9TOr0 MpHMe-
HSIIOT COBPEMEHHEIe METOLE TeOPHH MHOTHX TeJ, OCHOB2HHBIX HA BHI-
YHCJIeHHH [IH3IJEeKTPHYECKOH mpoHunaeMocTH. HekoToprie H3 3THX
pabor kpaTKo obcyxpaioTcs B T. 2, § 6; Gosiee moapo6HO JaHHEI
BOTIPOC paccmaTtpHBaercs B paboTe [9].

B § 112, 113 nsnoxeHa TpagulnoHHast Teopusi Bopua — OmnneH-
refimepa. HeCMOTpH Ha TO YTO OHa OOBbIUHO H3Jaraercs B yueOHHKaX
[4], ona nHeobxonuMa HaM 31eCh, UTOGHE BBECTH eJMHble 0B03HAYEHHS,
a TakxKe IJ5 CCHUIOK B JaJbHeHIleM Ha 3TH naparpagpe. B § 114
Mbl 00CyXKJaeM Nepexo] OT KJaCCHYeCKHX K KBAHTOBHIM HOPMaJb-
HBIM KoopauHaTaMm. B § 115—118 paccmarpuBaercss cuMmeTpHs co6-
CTBEHHBIX COCTOSIHME peIleTKH B TapMOHHYECKOM NpHOJUKEeHHH,
B stux maparpadax npu BHIOJHEHHH NPOUELYDPHl NPHBEJEHHS CHUM-
METPH30BAHHBIX CTeNeHel HENPUBOAUMHEIX IPEICTABJIEHHI POCTPAH-
CTBEHHEIX I'DYNI NOJYYeHH XapaKTePHCTHKH 00ePTOHOB H KOMOHHH-
POBaHHBEIX YACTOT I10 CHMMETPHH.

Hapymenne agnalaTHYHOCTH B clydae H30JATOPOB MOKHO CBS-
3aTb C B3aUMOJEHCTBHEM SIH-TEJJEPOBCKOTO THIA PELIETKH C 3JeK-
TPOHAMH, KOTOPOe MOXKET IIPOSBJATHCS JHOO MPH HEKOTOPBIX (hazo-
BBIX mepexojax [90], nu6o B TaKHX H30JATOPAX, Ile IIHPHHA 3alpe-
LIEHHOH 30HBI TOrO K€ HOPSAKa BEJIHYHHBI, UTO U 3HEPrHs (’pOHOHa
Ho 3ToT HHTepeCHBIA U BaXHBI{l BONPOC BBIXOIHT 33 DAaMKH LaHHOH
KHurd u 60Jblie o6cyxjaTbca He Oyaer.

§ 112. I'aMuALTOHHAH CHCTEMbI MHOTHX 4YacTHi,
cocrofileldl U3 HMOHOB H 2JEKTPOHOB

O603HauHM KHHETHUECKYIO SHEPIHIO CHCTEMBl 3JeKTPOHOB #

noHOB uepes T, rjae
T=TN+TE' (112.1)

Ty=-gy MX2=Y o P? (112.2)

~— KHHeTHYeCcKaa 3Heprust aiaep, a

TE=§Zm:é2=Z(-2%)p2 (112.3)

~— KHHeTHYeCKas HEPTHs 3JeKTPOHOB.

B srom mnaparpacde Mbl cHauasa He OyaAeM BBINHCHLIBATH HHJIEK-
CH, TaK KaK Mbl He GYZeM paccMaTpPHBAaTh KOHKDETHLIE OLHOUACTHY-
Hble cBoiicTBa -cucteM. IIycte X u X 0603HaUalOT COOTBETCTBEHHO
KOOpAHHATH Aaep M snekrtpoHoB. Cymmnl (112.2) n (112.3) cienyer
BHIYHCJSITD 110 BCEM CTeneHsiM cBOGOAH 3J€KTPOHOB U sifep. Tak Kak
5TH YaCTHLBl 3aPSKeHHl, MOTeHIHaAbHas dHeprus cucreMu U (X, x)
HMEET BHJ II0JHOH KYJIOHOBCKOH SHEPrHH B3aHMOJEHCTBHS MeXIy

3xech
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3JIeKTPOHAMH H fIHPaAMH:

YAl e? . Ze?
U(X, x)= IX_X,I+Z|x_x,|—-ZlX_“. (112.4)

rpe Ze—3apaji fpa, a —e — 3apsij 3JeKTPoHa.

KBaHTOBOMeXaHHYECKH! TaMHJIbTOHHAH B IIPEAMHIePOBCKOM
npeiacTaBaeHHu nogaydaercs 3aMeHoft B (112.2) u (112.3) aunamuye-
CKHX [lePeMEeHHBIX Ha COOTBETCTBYIOIHE OMEPaTOPHI:

p»lﬁ_(_gf), ‘ p_)ti(.‘%). (112.5)

Bynem cunrate, uto B Ty u T Takasi 3aMeHa-yxKe BuinosiHeHa. Toraa
MBI JO/KHH PELINTh KBAHTOBOMEXAaHHYECKOe MHOTOYaCTHYHOE ypas-
Henne Ulpenunrepa

2 (PX; p, x) ¥ (X, x) = E¥ (X, x), (112.6)
rae 76 — KBAHTOBOMEXaHHUECKHH onepartop '
' HB=Ty+Ts+U, - (112.7)

a W — MHOrouacTtHuHas cofctBenHas ¢yukuus. CieayeT OTMETHUTS,
4YTO NOKa He cJeNaHO HHKAKHX NPEANONOXKeHHA O CyleCTBOBAHHU
pPaBHOBECHO! peIleTKH WJIM KpHCTaljaa. MoxHO, KOHEUHO, MOCTYJIH-
POBaTh CYIIECTBOBaHHe NPOCTPAHCTBEHHOR pemleTKn @&, Takof, 41O
eC/IH BCe COBOKYIHOCTH KOODAMHAT OJHOBPEMEHHO MOABEPTHYTH JIH-
Hel{HoMy mpeo6pasoBanuro u3 &, 10 5 npy 3ToM OCTaHeTCs HHBa-
puauTHIM. CyllrecTBOBaHHe Takol rpynnel @ mo cux nop elie He
YCTAHOBJIEHO H3 UHCTO KBAHTOBOMEXaHHYECKOTO paccMOTPeHHs.

§ 113. AnuaGaTuueckoe npubamxenue bopna — Onnenreiimepa [4]

N HOJI‘HbIﬁ raMHJbTOHHAH CHCTEMbBI 3allHIIEM B BUHIe
26 =36,+ Ty, (113.1)

rae, aHajgornuno (112.2), Ty — KHHeTHuecKas sHeprus snep. Toraa
Ho eCTb TaMHJILTOHHAH BCEX 3JEKTPOHOB, IBHKYLIUXCS B 10Je SAEP,
MIHOBEHHBIe MOJIOXKEeHHA KOTOPHX o603Hauensl uepes {X;}. Toraa

Hy=Tr+ U. (113.2)

a. Teopus Boamymeﬂuu BopHa —_ Onneurenmepa [Tycte Ham )
M3BECTEH NOJHBI HAGOp peIleHHH AJs SJMEKTPOHHOH 3alaun

) %Oq)v (X’ JC) = (TE -+ U) Py (X: X) = Wv (X) Py (X,’JC). (l 133)

B (113.3) ¢yu(X, x) — co6cTBeHHas ¢yHKuus 31ekTponoB. Oua ss-
asiercsi GyHKUMel 3JeKTPOHHHX KCODAMHAT {x} M 3aBHCHT OT HOJO-
weHusn afep {X} xak or mapamerpoB. Co6CTBeHHAsI SHEPTHS 3JeK-
TpoHoB Wy (X) Takike 3aBHCHT oT {X} Kak OT mapaMeTpoB. Ksauro-
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Bbie uHC/Aa {v} HyMEpYIOT 3/JeKTPOHHble COCTOsHHA. Bylem cuurarts
NOJHBIA HAGOD @y YAOBJAETBOPSIOUIHM ycnoanaM OPTOHOPMHPOBAH-
HOCTH A5 Jio6oro 3ajaHHoro Habopa {X;}:

(@ o), ={ oy (X, 90, & 9 =80, a 13.4)

bnpeaenHM BeJIHUHHY
l/‘
= ()", (113.5)

SIBJSIOLLYIOCST lTapaMeTPoM TeopHu. 3dech m u M — MaccChl 3Jjex-
TPOHa u uoHa. [Tpeano/iokuM, 4TO A/ Ka*KAOr0o HOHA CYLIECTBYIOT

NoJI02KeHus1 paBHOBECUSA X?, H pacCMOTPUM MaJble OTK/JIOHEHHS OT
3TUX TOJ0XKEHHUH paBHOBeCHA. Torma MBl MOXKeM 3aNHCATh

X=X} + nuy, (113.6)

rle » onpexesexo B (113.5), a u — nuHaMHuueckas NmepeMeHHas, co-
OTBETCTBYIOILAS B K/JACCHYECKOH TEOPHH OTKJIOHEHHIO aTOMOB OT [O-
JIOJ)KEHHH paBHOBECHS.

Tenepp Mbt MoxkeM 3anucath (113.2) B BUIe

560 (X0 4+ nu) @y (X0 4 xu, x) =W, (X°+ »u) @, (X + nu, x). (113.7)

Pasnarasi Bce ujensl B (113.7) B psig mo xu, moJsyuaem

28, (X0 + o, x) = ; w*F6Y (x), (113.8)
@, (X0 + wu, x)= Z Wk (XO, x), (113.9)
W, (X0 + uu) = Z %W (X9). (113.10)

N

[Topcrasaas (113 8)—(113.10) 8 (113.7), noayyaeM usieH s-#H cTe-
IeHH 10 % B BHAe - ‘

s=1 : :

0 . 0 S e Z(s~A) — s—A) Ao, S
xS (563 — W) @5 = Ago (26§ WE-M)ghws.  (113.11)
OTMeTHM, 4yTQ KaxJaoe H3 3THX ypaBHeHHﬁ ABJASAETCA OAHOPOAHBIM
ypaBHeHHeM s-# CTeNeHH 1o NepeMeHHOR u. Byxem cuurath, 4TO BCe

pemwennss (113.11) usBecTHHl B M1060M HYKHOM NOpPSAKE.
BepueMcs k obcyxaennio Ty. M3 onpenenenns (112.2) u (113.6)

BHAHO, UTO
Ty (X)_u22( )( )==%2H1 (). (113.12)-

Taxum O6p330M KHHeTHYeCKas 3Heprus sifep Kak (QYHKHUHA HOBOR
nnaamnqecxou TepeMeHHOH u OKas3biBaeTcs BeJHYHHON BTOPOro
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nopszaka. Bephemcs Tehepb K HCXOAHON 3ajpaue MHOruX teq (112.6)
# (X, x) ¥ (X, x)=E¥ (X, x), (113.13)
(B + Ty) ¥ (X, x)=EV¥ (X, x). (113.14)

Pa3/i0kuM 3lech TOXKe BCe BEJTHUHHH B PAJ [0 MAJOMY IapaMmeTpy
%. Torza noayunm

WX, x) =¥ (X°+ wu, x) =), "W (u, x), (113.15)

NJH

E= ) »E". (113.16)
Y
Torza ofuiee ypaBHeHHe IJs uJieHa $-TO IOPSINKA O % HMeeT BHI
x* (560 — E°) W = — " 3 (565 + Hids-p,2 — E¥ ™) @
A
(113.17)

B (113.17) unen, comepxamuii Hj, clelyer YYHTHIBATb HapAdy ¢
ADYTHMH YJi€HaMH BTOpOro nopsaka no x. CjelyeT OTMETHTb, UTO
E® — gouncranta, a WY comepxur #°. Cpasnusas (113.7) u
(113.11) mouneHHo, mOJIyYUM XOPOIIO H3BECTHOE YCJAOBHe pa3pe-
IMMocTH obuero MHOrogactHuHoro ypaBHerus (113.13) mpu ycio-
BHH, 4TO H3BeCTHHl pellleHusi ypaBHeHus (113.11):

"EO=w?, (113.18a)
E'=w =3 "WV) X— X") 0.  (113.186)

Taxum oGpasom, (113.186) onpepensier paBHOBeCHBIE MNOJOKEHHS
HOHOB, T2K KaK yCJIOBHe '

oW.
T;)X°=o - (113.19)

onpelenser nojoxeHne paBHoBecHs {X%. C tako#l TOUHOCThIO MOJ-
Hasx BOJIHOBasA cobcTBeHHas Qyukuust ¥ uMeeT BUA

W (x, ) = (0 (X% %) + ¢’ (X°, 2)) %D (w). (113.20)

Yro6bt OnpeseNnTh HeH3BeCTHhle ¢yukuun X (1), Ham moraao6aT-

cq wieHn BTOporo mopsinka mo #2. CpasuuBas (113.11) u (113.17)
¢ TaKOA TOYHOCTBIO, MHl [OJy4YyaeM ypaBHeHHE JAJA OIpeAeJeHHs

%0 (u):
[H + W @) — E?] %5 @)=0 (118.21)

(Tt 3 (55 ) o = B9) (0 =0, 118

nJIn
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OueBunno, yro (113.22) — o6Griunoe ypasuenue IlpennHrepa
IJI CHCTeMbl CBSI3aHHBIX aDMOHHYECKHX OCHHJ/IATOPOB. 3AeCh XO-
powo Buano, uto (113.22) MOXHO npuBecTH K AHaroHaJAbHOH KBal-
paTH4HOH QopMe, 3anHCcaHHOH B MepeMeHHBIX

{_(3_2;}, {u}. (113.23)

Torna pemenue ypaBHenus (113.22) 6ymer mpousBelleHHeM (YyHK-
IHA NPOCTHIX TapMOHHYECKHX OCHHJAATOPOB. MB 3TUM BOCHOJB-
3yeMcs TIO3XKeE,

[Tonb3ysich, TeopHell BOSMYLIEHHH, MOXKHO JaJblie Jerko MOKa-
34Th, UTO C TOYHOCTBIO A0 ®* MBI MOXKeM 3aMHCaTh [OJHEE BOJHOBHE
GOYHKIMK B BHIe

D (X, x) =@ (X° x)x ). (113.24)
3necp Y (u) siBAsieTcs pellleHHeM YpaBHEHHS
(7w (=) + W@ —E)xn@=0, (113.25)

rjge
W,=WO+ 2 00, )2+ X 3 X OO (u, u’, u”)[3! +
uu’ T o
+ T Y 09w, o, u”, )4 (113.26)
u ul ull ull’

UseHs TpeThero u yeTBepToro nopsiaka B (113.26) asasioTcs aHrap-
MOHHYECKHMH wieHaMu. XOi paccyIeHHi 34ech ACEH: NOJyyaeTcs
yXe H3BeCTHOe afiHabaTHieCKoe pasjeseHHe MHONOUACTHYHON CHCTe-
MBI Ha 2JeKTPOHHYI0O H HOHHYIO YacCTH, CBSI3aHHBIE B YPaBHeHHH
(113.26) uepes moTeHIHAJNBHYIO SHEPTUIO JBHKEHHS AJEP.

Eciu  Temepp mnpeanoJOXHTh, YTO MOJOXKEHHS DABHOBeCHS
X% aBnsOTCA TaKMMH PABHOBECHHIMH IIOJIOXEHHAMH, B KOTOPBIX
HOHEl HAXOISTCS B y3JdaX KPHCTAJLIHUECKON pELIeTKH:

X0 = r'("’(i), (113.27)

TO NEepEeMEeHHBIM ¢ MOXKHO INPHHNHCATHL MHAECKCH YK€ H3BECTHBIX Je-

KapTOBBIX KOMHNOHEHT CMeLleHHH U, %) Torna (111.26) npunu-

Maer BHJ, ‘ .

W()——W¢0>+ZZ(D (l l') (l) (l) (113.28)
v u) == Y & e ap ® %I Uy " uﬁ M/ -’ .

OTo BHIpaxKEeHHe NOJHOCTbIO mosicHser ¢uauveckuli cmuica W, (u)
Kak TNOTeHUHAJbHOH SHepruu ABHXKeHHs spgep. Orciofa, ¢ apvrok
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CTOPOHBI, BUAHA TECHAA CBA3b 3TO# NOTEHUUANBHON SHEPTHHU C 3JIeK-
TPOHHBIM COCTOSHHEM cHcTeMbl. CaMBIM CyIIecTBEHHHIM B ajjHaGaTH-
YeCKOM NPHOJHKEHHH SBJISEFCA TO, YTO SJIEKTPOHHBIE COCTOSIHHS He.
MEHSIOTCS NPpH ABHXKEHHH fjJep, TaK 4YTO XapaKTepH3YIOIHA 3JeK-
TPOHHOE COCTOSIHHE HHAEKC v ocTaeTcsd ¢urcHpoBaHHbIM. [IpuBenen-
HOe pacCMOTPeHHe ONPaBABBAeT BhlAe/CHNE U3 ABMKEHHS BCEH MHO-
ro4acTHYHOH CHCTeMHI He3aBHCHUMBIX KoJaebaHuil sigep KpHcTaJanye-
ckoft pemerkr., OJHAaKO NMPH 3TOM NOAYEPKUBAETCS TecHas CBs3b
9JIEKTPOHHEIX COCTOSHHA ¢ 3THMH KosaebaHuIMH.

. 6. Meton bBopua. Kax BHMIHO W3 DpedUIeCTBYIOLIEr0 paccMoOTpe-
HHSI, UCMOAb30BaHHE TEOPHH BO3MYIIEHHH 3/[ech ONPAaBAAHO TOJBKO
IO UeTBepTON cTeneHu no % [4, 89]. DTo o3Hauaer, YTO B TAKOM pac-
CMOTPEHHH HeJb3sl YYUTHLIBATh B NOTOHLUHAaJbHOH SHEPrHH UJEHHl [5-
TOro H GoJiee BBICOKHX MOPSAIKOB.

Bosmosxen neckoJbKo WHoOB monaxon ([4], npuroxenue VIII), B
KOTOpPOM 3/]eKTpoHHOe ypaBHeHue (113.3) cynrtaercs yKe pellleHHBIM
u cobcrsennble 3gaueHns W (X) u cobcrpennble (YHKIOHH 3TOTO
ypaBHeHHst ¢y(X, X) paccMaTpUBAIOTCH KaK M3BeCTHBle. Pasioxum
Tenepb TOYHYIO COOCTBEHHYIO QYHKIMIO B PAL MO @y (X, X):

VX, 0= 2 0y(X, 21, (X). . (113.29)

Ha6op BosHOBHIX ¢yHKIHE @y(X, X} fBASETCE NOJHHIM; HaMH
BHIUCAHO O6liee pa3foxeHHe, U BCA MPOLEAYPA CBOAUTCA Telmephb K
onpefenentio ko3doduunentos xv(X). [Moacrasaas (113.29) B Tou-

noe ypaBHenue (113.1) u Hcrmonb3ys ycIOBHE OPTOTOHAJBHOCTH H '
HODMHPOBKH pelleHui ypasHerusa (113.1), monyuum

Scp;(x, x) 9, (X, x)dx=3,, (113.30)

roe (113.30) He 3aBHCHT OT fAJePHHIX KOOplIHHaT X. Tocae IIOlICTa-
HOBKH NOJYYHM YpaBHeHHe A1 ¥v(X): :

Ty X+ W, (&)~ E)x, () + T C,p (X, Py, (X)=0, (113.31)

rage .
Cow = Z (———) (A%P. + BE); (113.32)

anech P, — OmepaTop MMNyJbca siLep:
h_0

; p,=2-2, (113.33)
a9 )= o (X, » P,oy (X, %) dx, (113.34)

B M=o & 0P (pv,(jY, xd%. . (113.35)

N
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Otmetum, uto 8 (113. 34) u (113.35) omepatop rpajueHTa mO
ANEPHBIM KOOPIAMHATAM HEHCTBYeT Ha cOGCTBeHHHIe (YHKIHH 3JeK-
TPOHHO# 3a]a4H, KOTOPbIE COJEePXKAT KOOPAHHATH siep KaK napaMmer-
pHL. ECJ'IH OpeAIONIOXHTh, UYTO pasjiduHble 3JNIEKTPOHHbIE COCTOSITHHUSA
He cBA3aHb NpH v 5= v/, Torja Cuww =0 npa v+ Ilpy v ==+’
AJIsl  CTauuOHaApPHBIX COCTOAHHUH BeILIEeCTBEHHOI0 raMu/JAbTOHHAHA
Ai,"v’=0. CaenoBarenbro; (113.21) moxHO 3anmucaThb B BHAe

O DU =B (=0, (113.36)
rage HOoJIHasg NOTeHIHaJbHas 2Heprud HMeECT BHA -
Us D) =W (X)+ Y 7w17 BY. (113.37)
Hn

Ypasrenua (113.36) u (113.37) siBASIIOTCA NOMHBIMH yDaBHEHHS-
MU JBHXKEHHs siflep B NPEANOJOXKEHUH, YTO YIeHaMHu ¢ v 7 v/, onH-
CHIBAIOLIMMH MEXK3/JeKTPOHHHE Hepexo]bl, MOXHO npeHe6peub JAnGO
OHH TOYHO paBHBI HY/J10, B,aToM ypaBHEHHH HMEIOTCA aHrapMoOHHUe-
CKHe WJeHH BCeX cTelleHel, TaK 4TO HOTeHUHAJbHYIO SHepruio Uy (X)
3TOr0 naparpada MOXKHO OTOXKAECTBUTHL C MOJHOH aHrapMOHHUYECKOH
noreHuuaapHo#t sueprueit @ u3 § 108.

Ilpeanonaras, yTo CYLECTBYIOT HEKOTOPHE TOJOXKEHHUsS YCTOHRUHU-
BOr0 PaBHOBECHS, /IS KOTOPHIX MOXKHO HalTH Habop Benauunn XO,
MH MOXKeM paccmatpuBath Ty(0/0u) n Uy(u) kax dyHKIHH AeKap-

; N

TOBBIX KOMIIOHEHT CMellleHu Uy, ” H 3anucartb

Uy(@) =Dy (@) =0P + 0P + ... +q)<55. (113.38)

B namem paccMOTpeHHH HHJAEKC v, XapPaKTEPH3YIOIIHH 3JeKTPOHHbIe
COCTOSIHYSA, He HTpaeT HHKakOH POJIM M ero MOXHO He ImHcaTb. DTO
NpeNoN0KeHHe, IPHMEHHMOCTb KOTOPOTO JIsl H30JIATOPOB KaXeTest
B HAaCTOslllee BPEMs ONpaBIaHHOM.

HeagunaGaTuueckne 4Y/eHEBl, ONHKCHBAaIOLIHE anempon-chHOHHoe
B3aHMoOJeficTBHe, BO3HHKAIOT B TeOPHH OLHHMM H3 JBYX 5KBHBAJeHT-
HBX cnoco6oB. B pasnoxenun teopun Bosmyluenud (113.8) u B mo-
CAEAYIOUINX yPaBHEHHSX 3TO B3aWMojeHCTBHe BO3HHKaeT B NATOM
nopagke. B meroze (113.29) u B mocieAyoliux ypaBHeHHAX,TAE HC-
NOJb30BAHO NPSMOe pasfoxKeHHe, HeajuabaTuyeckHe YJeHbHl BOSHH-
Ka10T H3 HeJHaroHaJbHEX wienoB Cyy ¢ v= v’ [4].

Huxe M ncmoJbdyeM anuabaTuueckoe NpuOIHKeHHe A Ha-
mel cucTeMbl (3JEKTPOHH IVIIOC HOHB) M OyAeM CUHTATb HPH 3TOM,
4TO NOJHAA cOOCTBeHHad (QYHKUUS CHCTEMBI COAEPXKHT BCero OfUH
ujieH pasjoxeHus (113.29):

W, (X, 2) =0, (X, ¥y X). (113.392)

I lpﬂnxadar) == I lPl!i.uem'ponn \prelx{erxa>; (1 13-396)

2T (e
HIIH
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BaHo yuHTEHIBaTb, 4YTo 3TO 3JEKTPOHHOe COCTOSIHHE NpPeACTaBJseT
co6oli B JeHCTBHTEJNbHOCTH MHOrO3JIeKTPOHHOEe COCTOSIHHE, 3aBHCS-
Hlee OT MOJIOKEHHI Bcex alep. B kauectBe pabouero BapuaHTa Ta-
Koe 3/IeKTPOHHOe COCTOSIHHe MOXKHO MHOTAA 3amHcaTh B HopMe CJ3-
TEPOBCKOTO ONpeJe/uTelsl, COCTaBJEHHOTO H3 OJHOIJEKTPOHHBIX
(GOYHKUME, HAH CYMMB CJASTEPOBCKHX ompelenntenelt. CooTsercr-
BEHHO COOCTBEHHHle (QYHKIHH DELIeTKH OTHOCATCS KO BCEM HOHAM.
Ecau Tenepp paccMoTperh cOOCTBeHHBle GYHKUMH PEIIETKH B rapMmo-
HYUeCKOM npHOJIMKeHHH, TO SHEPrus Kpucraina, COOTBeTCTByromaﬂ
cocrosinuio (113.29), Oyzner umerhb BHL

E,=®0 + x2EQ,. (113.40)

3zech nepBHH uJeH SBAAETCS NOJNHOH 3JeKTPOHHOH 3HeprHel mnpu
(GUKCHPOBAHHOM PACIOJIOKEHHH. HOHOB, a BTOPOH 4JieH paBeH CyMMe
3Heprufl Bcex sAep. B rapMoHHYecKOM NpUO/IHKEHHH

wEQ, = (n+ ) ho. (113.41)
{n}

CuegoBaTebHO, SHepPTHs pelleTKH ABJsSeTCA HPOCTO CyMMOH 3Hep-
THil TapMOHMYECKHX ocuuaaaTopoB. Cymma no BceM {n} osHauaer
CYMMHDOBaHHE 10 BceM HaGopaM KoJefaTelbHBIX KBAHTOBLIX HHCEJ
PELIETKH.

B panbnefmem [T. 2, ypaBHeHue (3.37)] Ham monanobutcs BH-
pakeHue JJisl PA3HOCTH dHEPTHH ABYX ajinabaTHUYecKHX cOOCTBEHHBIX
COCTOSIHHE paccmaTpuBaeMoft cucTemMbl. O603HAUYHM 3TH ABa COCTOfA-

HuS clepyomuM o6pasoM [eM. (113.39a)]: ¥, =0, 1Y, =
=0 Torma pasHoCTb 3Hepru#f paBHa
E,—E,= (CD(O) — (I)Q)) — w2 (EQm— E® ). (113.42)

n{m} v{n}

WMest B BuLy Hallle naﬂbﬂenmee paCCMOTpeHHe B T. 2, § 3, 3ameruym,

YTO Pa3HOCTh 3IHEPTHH (E®m — Em) siBnsiercs pasuocTbio sHEp-

IMH IBYX Pa3/JHUHBX COOCTBEHHBIX COCTOSIHHE pellleTKH — OJHOTO,
CBSI3aHHOTO C 3JEKTPOHHBIM COCTOSHHEM | M ¢ HafOpOM KBaHTOBHIX
yucesa {m}, u APyroro, oTHOCALIErocs K 3JeKTPOHHOMY COCTOSHHIO v
¢ Habopom {n}. OGpuHO Mpu MaJof pa3HOCTH uucea (POHOHOB B CO-
crosHusAXx {m} u {n} 3Ta pa3HOCTb SHePrHH MHOIO MeHbHIe Pa3HOCTH
sueprui (O — (D(O)) MexKJ1y 3/J1eKTPOHHbIMH cocTosiHusiMH. Cienoa-
TeJIbHO, Pa3yMHO B paMKax ajgnabaTHiecKOro npnénmxenm npu-
HAITDb

“uXp{m}

Ep — Ey~(@} — @%) (113.43)
IJIs. colydasi MaJoi 3HeprHu (oHOHHBIX Bo306yxkaeHui. Kak cranmer
SICHO HHXKe, BaXHas pOJb TAaKOro ajuabaTHYeCKOTO NPHO/IHKeHHS
ompejensieTcs TeM, 4To npasas 4actb (113,43) He 3aBHCHT OT KoJle-
6aTeqbHBIX KBAHTOBHIX WHCEI, .
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B. FapMonnyeckoe apuabatuyeckoe npubauenne. I'apmoHHue-
CKOe aauabaTHuecKoe NPHOJHIKEHHE MOJKyuaeTcs N0 aHAaJOTHH C
KJIACCHUYeCKHM TrapMOHHYECKHM ~NpHO/IHXKEeHHeM, KOTAa B psne
(113.20) ocraBasor TosbKO uwJdeHH BTOporo nopsiika ®@, B srom
cryuyae ypaBHenue llpenusrepa A/ sAepHOrO [BHXXEHHS HMeeT

o (T y (0/0n) + OO + OD (w) — E) x, () =0. (113.44)

3/ech BBEJEH HHAEKC v, YTOObI MOAYEPKHYTb, YTO CaMO CYLLECTBO-
BaHHe H cheuuduygeckas (Gopma NOTEHUUAJBHOM SHEPTHH ANep 3a-
BHCHT OT 3JEKTPOHHOIO COCTOSIHHA CHCTEME!, ONpeiensieMoro HHAEK-
coM v. B mpusenenso#t snecs dopme ypasuense (113.44) omucuiBaer
ABHKeHHe SiIep Kak JBHXKeHHe 3rN CBA3aHHBIX rapMOHHYECKHX OC-
IUAAATOPOB, UToGhH paciuenuTh OCHU/ISATOPH, HYKHO IPOBECTH IIpe-
- o6pasoBadye K KOMIJIEKCHHIM HOPMAJIbHBIM KQOPAUHATAM aHAJNOTHY-
Ho (80.9), (80.10). dto yHuTapHOe mpeoGpasoBaHHe NPHBOAUT IO-
TeHIHAJbHYI0 9HePrHio K auaroHanbHoit dopme (80.3) u ocraBmsier
KHHETHUYECKYI0 SHEPIHIO @Y B ee pUaroHaabHON dopme (80.5).
B knaccuueckoil Teopuu [4] nocie npeofpasoBaHus K KOMIJIEKCHBIM
HODMaJbHBIM KOOPDAHHATaM MOXHO HepeHTH JIOoGBM H3 ABYX CIOCO-
60B K BEIIECTBEHHLIM HOPMAaJbHEIM KOOPAMHATAaM. DTOT BOINPOC 00-
cyxnaercs Huxe B § 114

r. Hoeble TeopetHueckne pesyabrathl. HemaBHo OvIO mpeanpi-
HATO HECKOJbKO TNONBITOK elle pa3 paccMOTpeTb anauabaTuyeckoe
npubaKKeHre, HCNOAB3YA  annapar ¢yHKuu# ['puna u apyrue me-
TOJbI, OTJAHUAIOUIHECS OT HCHOJIb30BaHHEIX HaMH. MH npocrto ymo-
MSHEM 3/leCb HEKOTOPBIE H3 9THX PalbOT, yTOOH 32HHTEPECOBABIIHIACH
YuTaTeNb MOT O3HAKOMHUTLCS C JIMTEPATypOH, BK/IIOYAsl THCKYCCHIO B
pat6ore [9]. JuarpaMMHble MeTOAB BHIYHMCJIEHHS] SHEPTHH M JIPYTHX
(dbu3UUeCKHUX BEJHUYHWH, CBSI3AHHBIX ¢ KOPPEIALHOHHBIME (OYHKIHSIMH
LI cMeIleHH# (CM. B CBA3M ¢ 3TUM KpaTKoe ofcyxieHue B T. 2,
§ 6), Geliu MpHMeHEeHH HeCKOJbKHMH aBTOpaMu [91—93] Ha ocHOBe
popmanu3Ma, npennoxenHoro BeitMoMm [94]. ®opmanusm 0606-
LIeHHON MHOT'OYACTHYHOH IHSJAEKTPUYECKON NOCTOSTHHOHN, YUHTHIBAKO-
[IMA OTKJHK CHCTEMHI 3JEKTPOHOB Ha JABHKeHHe HOHOB (COIVIaCHO
anuabaTHYECKOl TEOpHH, UMEHHO 3TO ABJAETCS NPHYHHOH BO3HHUK-
HOBEHHSl CHJIOBHIX IIOCTOSIHHBIX), mpeAcraBiaeH B pa6orax [luka,
Mapruna u Kosna [95—97]. Dra Teopusa Oblia npumeHesa Maprtu-
HoM [96, 97] K neckoapkuM caydasM. PopMajHaM MaTPHOB [JIOT-
- goctd 6ua1 passuT JxoHconoM [98]; mo-BunuMoMy, oH OJHIKe BCEro
COOTBETCTBYET TeOPHUM BO3MYLleHH# Meroxa Boprna — Omnnenreiime-
pa. Busy u Touce [99] BHINOMHUAN pacyeThl, B KOTOPHIX MbITAJdHCh
yCTaHOBHTH CBS3b C PacyeTaM¥ AHHAMUKH pelleTKH B MoZesa# o6o-
nouek. JlpyrHe moNBLITKH BLIHTH 32 PaMKHM afHabaTHYECKOro MpH-
GanxeHus OBIIM TIPeANPUHATE ¢ TOMOWbIO pANa KAHOHHYECKHX
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npeo6Gpa3oBaHuii MOAHOrO raMHJAbTOHHAHA!) W Ha OCHOBE HOBOIO
MHONOYaCTHYHOro BapHarnuosHoro Meroja [100]. Kparkuii 0630p mo-
Jy4eHHBIX pe3yabTaToB gajiu Pamxaroman u Kosn [101]. Dtu pabo-
TH OOCYXKI2I0TCS TaKXKe B HECKOJBbKHKX cTaThsix Tpymos KoHbepen-
uHu no ¢poHonam ?) u B-cratbe [102].

Hns nenef namefl KHUrM agvabaTHYeCKasi TEOPUS IPEACTABIISAET-
csl BIIOJIHE aJeKBATHOM M JONYCKAlOillell COMOoCTaB/AEHUE € IKCNEPHU-
MeHTOM. [ToaTOMY MBI NOJIOXKHJIM €e B OCHOBY PacCMOTPeHHA, 3a
HCKJIOUeHHeM CIIelHaJbHO OTOBOPEHHEIX C/IyYaes.

§ 114. HopmaJjbHble KOOPAHHATHI H KBAHTOBAHHE

[Tpocneaum remeps nyTh nepexona or ypasHenusi Lllpenunrepa
(113.44) k Gosee yno6HOMYy U 3HaKOMOMY ypaBHeHHIO [4]. 3ameTny,
uTo, Kak BuAHo u3 (113.12), xuneruueckas azueprus B (113.44)
HMeeT AHAaroHaJIbHBIH BUJ OTHOCHTEJIBHO IPOH3BOJIHBIX IO AEKAPTO-
BHIM CMeLeHHSM, T. €. OHa IpeAcTaBisdeT cob6ol CyMMy KBaapaToB.
Ho norednnansHas sHeprus B (113.28) uMeer Bujg oGmiero Kpaapa-
THYHOIO BHIPAXKEHHS OTHOCHTENBHO JHHAMHYECKHX MePeMeHHBIX
{u;}. HaGop {u;} comepxuT BCe AEKAPTOBH KOMIIOHEHTH, TaK YTO
MBl MOXKEM Telepb BOCCTAHOBHUTbL BCE MHAEKCH, ONYLIEHHbIE B
(113.6), ecan cenaeM MOLCTAHOBKY

u,-»ua(i). C(114.)

Torma norenunanpuas sHeprud B ypaBHeHuu Illpenunrepa (113.44)
COOTBETCTBYET KJACCHUECKOMY BHIpaxkKeHHIo (67.8). CiemoBaTesbHO,
onpejesenunie B (67.7) MHKPOCKOIHYECKHe CHJOBble NOCTOSHHBIE
HOJY4HJIH 00OCHOBAHHE: CH/IOBBIE MOCTOSHHBEIE SIBJSIOTCS BTOPHLIMH
MPOU3BOAHBIMH TNOJHOH 2JeKTPOHHOH 3Hepruu (B aAuabaTHUECKOM

' l
npubMuKeHHH) Mo CMeLeHuAM siiep g ( %) Onunako naxe B rap-

MOHHYECKOM afAnabaTHueckoM npubJamKkenuu ypaBHeHue (113.22)
He fABJsfeTCA paspelIMMbIM, TaK KaK H3-3a HaJHudsl NePeKPecTHHIX
yienoB B (113.28) Mb mMeeM Jes0 cO CBS3aHHOH JUHaMHUeCKOH
CHCTEeMOH. ‘

[lepBolil aTan pewenns tpebyet, urobul (113.28) Owl1o npusene-
HO K jHaroHa’abHOI dopMme (Jomyckawolled pasgenenue). Has aToro
HY:KHO BBeCTH HOpMAaJbHbie KOODAHMHATBL JTa NIpolelypa B TOY-
HOCTH COBIIAJAET ¢ yXKe BHINOJHeHHOR HaMu B 1. 8 u 9. BoamoxHo,
[I0JIe3HO TIOBTOPHTL 3Ty NPOLeLypy, HauHHad, HalIpHUMep, C YpaBHe-
~uust (73.1) u T. A, TAe BBOAATCA BelUeCTBEHHLEE HOPMaJbHHE

1y X. Buan, E. 3u6enn, neony6aukoBannas pa6ora.
2) Proceedings of the International Conference on Phonons, Rennes, 1971,
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KOOpPAHHATL! qlp:
! 1 1, )
fa (oc)= m;“fj_: Zp:ea( o )ty (114.2)

uau (80.9), (86.1), rme BBOAATCS KOMIJIEKCHBEIE HOpMaJIbHEIE KOODIH-
v

(l) «/Mu Z;;expzk RLea( -)Q(:’). (114.3).

O6a atu npeo6pa3oBaHus NPHBOAAT KAAaCCHYECKYIO MOTEHIHAMBHYIO
5HEePIBIO K AHATOHAJbHOMY BHAY H, CJeJ0BaTeJbHO, DPaCUEMmJIsIOT
yreHn B (113.22).

B § 101 Owljo ycTaHOBJGHO, 4TO YAOOHBIH cI0oCOC yuyeTa NOJHOH
rpyNNbl NPOCTPAHCTBEHHO-BPEMEHHOM CHMMeTPHU & COCTOMT BO BBe-
DeHHH B KayeCTBe AUHAMHYECKHX MepeMeHHHIX KOMIJIEKCHBIX HOD-

k
MaJbHBIX KOOPAMHAT Q(] ), TaK KaKk UMeHHO OHH sBJslOTCH 0Oa-
v/

3HCOM HENPHUBOAMMBIX NpeiAcTaBJeHui rpynnsl &. Takum oGpasow,
IJI yueTa CHMMETDHH KDHCTaJJa KOMIJIEKCHble HODMaJbHbIe KOOp-
JUHATH! BJASIIOTCS 60Jee YAOOHBIMH.

C npyroit cTOPOHH, B KBAHTOBOH MeXaHuKe GoJiee yA0OGHBIMHU s1B-
JISTIOTCSl BeIlleCTBeHHble OCHOBHHE NepeMeHHHe, TaK KaK KOMHJeKc-
HBle KJaCCHUECKHe KOODIHMHATHL M HMIOYJbCH IIDH BEIIOJHEHHH IIDO-
elypHl KBAHTOBAHHUS HAIOT JIOKaJAbHBEle CTeNeHH CBOOOAH, 06YC/I0B-
aenublie xkanubposkoit ([103], crp. 12). ITpu o6EIYHOM paccMOTpeHHH
[4] BBOmAT MO0 BelleCTBEHHHe HOPMaJIbHble KOOPAMHATH NEPBOro

poxa | . .
0

Ju60 BelleCTBEHHEIe ‘HopM;;Zme I{O(])‘;),;I,HHaTbI BT];poro pona

() =3le()+e(T )]+
()=o) s

BoJbimoe TPENMyLIECTBO HOpMaJbHEIX KoopauHaTt (114.5) cocrout
B TOM, 4TO OHY ONHCHIBAIOT Geryuue BOJIHEL [4], a nocnie kxBaHTOBA-
HHS ONHCHIBAIOT (POHOHBHL

HaTH @ j ): ;

(114.4)
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ConocraBieHue TpeX HaGOPOB BELIECTBEHHbIX HOPMAaJIbHBIX KOOD-
RuHAT ToxasuBaeT caedyiowee. Habop {g;} ¢ jo=1, ..., s,
OHpeJ:LeJIEHHbIﬁ B (114.2), ne sBasercs . 6a3fucom HeanBOlIHMbIX
npeAcTap/eHuft Tpynns @ uaw KompeicTaBjeHUH rpynnsl &; maGop

k
BeIlleCTBEHHBIX HOPMAaJbHBIX KOOPAMHAT NEpPBOTO POAa { gh(j )}
Y

cA=1,2unj,=1, ..., l; Toxe He siBJAseTcs 6a3UCOM HENPHBONHU-
MBIX 1peACTaBJIeHHH BO BCeX CJaydyadX, KPOMe BelleCTBEHHBIX

k , ‘(k
Q(], ); Habop BELLECTBEHHBIX KOOPAHHAT BTOPOro pofa q(] )
i B

¢ p==1,..., [;, onpenenennnili B (114.5), Toxxe He sAB/IAeTCA Ga-
31COM HEeNPHBOJAMMBIX IIPeNCTABJGHHH BO BCeX cayuyasx, KpoMe Be-

LIeCTBEHHBIX Q(]. ) Tak kak yc/noBHe BElIECTBEHHOCTH, BOOOIILe

roBOpS, He BHIIOJHSIETCS, MOMKHO CHA@JaTh BHIBOJA, uTO OOBIYHAS IIPO-
neaypa KBaHToBaHuA [4, 63], mpuMeHuMasi K BEIECTBEHHBIM HOD-
MaJbHBEIM KOOpJAMHATaM, He COBMECTHMa C BHIIOJIHEHHEM CBOHCTB
CUMMETDPHH HOPMAaJIbHEIX KOODJAHHAT.

B NOC/TENYIolleM PACCMOTPEHUH. MBI ‘BOCIIOJIb3yeMCs  OBBIYHOM
npoleAypoll U npocTo HpE}lHOJIO}KI/IMk 4TO MOXKHO BHIOGpPATb COBOKYM-+

HOCTb HOPMAJMbHBIX KOODIHHAT q(]. ) KOTOpag, ¢ OLHOM CTOPO-

. ]
HBI, sIBJAAETCAH 6asucom HCNPHBOAKMOTO INPEACTaBJICHUA YHI/ITapHOﬁ

rpynnsl @ ¥ MoxKeT GHITH MCIOJb30BaHA B KaudecTBe 0a3uca Kompel-
crapfeHuf Ipynnsl §, a ¢ APYrod CTOPOHE, MOXeT KBAHTOBaThCH

OOBIYHLIM cloco6oM 6e3 nosBJIeHud JOXKHBEX cTefleHel cBoboan. [a-
Jiee, MH TMPEANOIOXKAM, 4TO npPH npeo6pasoBaHud P, e U — yHHU-
Tapﬂmﬁ oreparop {q)|t} u3 rpynns @, umeeMm

k k ‘
Puq( j6)= ZD(*k)(I) (u)rg, ca(I(]-T)' . (114'6)
a ) g’

Torza, HCnoOJBL3Ys O6HIUHOE npaBmxo

p(ﬁ) ( ) | (114.7)

ypapHenus (113.22), comepxaiues KBaHTosomexaanecxnﬁ TaMHUJIb~
. TOHHaH, MOXHO npnnecm K. cJlelyolIeMy BUAY: .

ZZZZ (ko)? +‘°("a|’)f1(k) +®‘°’-E}X |
sl (s e
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VpaBuenne (114.8) saBaserca ypaBHenHem Ilpeaunrepa gmas
ABIXEHHA fNep B  rapMOHHYECKOM anuaGatnueckom npubian.
WKEHUN. ‘

§ 115. CobctBennbie yakiuu KodeGaHH#l pemIeTKM
B FapMOHHYeCKOM aauHabaTuyecKkoM NpubIMKeHHH

YpaBaenne (114.8) comep:kur cymmy u/ieHOB, H NOSTOMY Iepe-
MEHHBIE B HeM pasjedsorcd. OTkaxkeMmcs Ha BpeMs OT IpeANooxKe-

k
(] .
HHS O BHIPOXKIAEHHH KoJebauuli ¢ (]. ), KOTOpOe SIBHO COAEpPKHTCH
43

B (114.8), tax kak @*(k,|j) He saBucuT oT n. Torga Kaxmyw M3
3rN KOOpAMHAT MOXKHO pacCMatpuBaTh KaK He3aBHCHMY. [lpu
9TOM peulleHHe ypasHeHust (114.8) samuceiBaercs B BHAe NPOH3Be-

HEeHus
" 3rN

% ({g) = Hxa( ( ) (115.1)
I‘};e Kaxnaasa (byHKuHH 3aBUCHUT TOJBKO OT OﬂHOﬁ KOOanHaTbI

k
g ( jo). Torna xampuas (YHKUHS yIOBJIETBOPSIET OTHRALHOMY
13 .

ypaBHeHHfO JJis1 rapMOHHYECKOTr0 OCHHJJIATOPA

k,\?
""(m)z i1 g | )—afa<na,,>}><

X Ya (q (?:)) _o. (;1 15.2)

& o (o) = [ o+ 5| 0 (s 1 ). (118.3)

Taxk xax /; HopManbHBIX Kojie6anuil 1/ 3a1aHHEX 0, | BHIPOX/EHHI,

1o ?(ks|j) ue 3aBucHT OT mHAekca u. Torpa y BOMHOBHIX (YHK-
HAH OTHEJbHBIX OCLHJVISTOPOB MOXKHO ONYCTHTb HHIEKC @ M 3allH-
caTh HX B BHIE

x(n(kollu), 4(?:))== |
=Cexp—[—;-vo,](q(?:)2)] H,,U;](Yq.j{l(?:)), | (115.4)

Vo1 =5 0 (ks ]), - . (158

.

, 3mech

rue
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a H,(yq) — nosmHoM IpMHTA NOPAAKA H; C—Hopmuposoqnaﬂ

NOCTOSIHHAS! , ,
. Yo, 1 s 1 h
c=[(%) 7omm o ;.u)'] .. 58

IMofnas gonebaTeNbHAd 3HEPrus B TapMOHHYECKOM aaualaT-
yeckoM NPHOJIMKEHHH MOJAYYaeTcs CyMMHDOBaHHEM HO BGEM OCHHUJ-

Jsatopam
=Y (fout4)h00). (118.7)

kG, 1

[Tonnas aueprus CHCTEMBI, BRJIOYAOLlas KoAeGaTENTbHYIO H 3/eK-
TPOHHYIO YacTH, PaBHA

E=00+ Y (n,,,+7)ho(k]) (115.8)

ko] n

rae @) — s7eKTPOHHAA SHEPIHA, a HHAEKC Vv JJIS YacTOT OTGpOILeH.

TTonnsle konebaTebHble cOOCTBEHHBIE QYHKIIMH CUCTEMBI CTPOAT-
ca us pynkuuin (115.4) B rapMoHHueckKOM NpuOJHMKEHHH B BHIE
IIpON3BeleHH: : ‘

: 2
%, (q) = const X exp — [—;— > Yo.qu(?:)]x

k,0,]

X I] HH,,,, ,u(vo,q(f ). 59

ko, f

DTH rapMOHUUECKHe BOJHOBBE DyHKUHH GYAYT HCMOJbB30BAHE HAMHU
HUKe B KOHKDeTHOM aHaJjn3e. Ilo-BHANMOMY, cllefyeT OTMETHTD, UTO
rapMoHnueckoe mpenctasieHne (115.9) saBasierca caencTBieMm rap-
MOHHUecKoro ramusipronnana. CoOcrseHnele dyHknuu (115.9) He
COCTABJISIOT NOJHOTO Haopa, Tak KakK HYXKHO yYecThb elle 08Uy
CUMMETDHIO, CBSI3AaHHYIO C HEPa3JHYHMOCTbIO OCHHJIATOPOB, COOT-
BETCTBYIOLIUX OLHOMY H TOMY K€ HEIPHBOIUMOMY IIPeLCTaBJIEHHIO.
Takag ecrecTReHHas CUMMETPHU3aNus, o0yCnoBAeHHEAS CTATHCTHKON,
. 6ymer o6cyxnarbes naxe B § 116.

Bosiee o6uiumM ypaBHeHHeM afHa0aTHUeCKOH TEOPHH, ONHCHIBAIO-
UMM JBHKeHHe Alep, Apiasercs ypaBHeHue (113.25). Xora Ham 06-
IIH# TEOPETHKO-TPYNNOBOA aHa/JH3 IpaBuja oT60pa U CHMMETPHH
COGCTBEHHHIX COCTOSIHHH He 3aBHCHT OT IPHMEHHMOCTH FapMOHHYe-
CKOTo anmabaTwueckoro NpubJIMKeHHS, KOHKPeTHOe ' 00CyXKAeHHe
pa3HYHBEIX [POIUECCOB MOTJIONUIEHUS] H paccefHusi GyNeT BHIOJHEHO
f(xia?ée C TMOMOWbI) BOJNHOBHIX GYHKHHA B BHAe MPOH3BEACHHS
) 9).
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§ 116. CHMMeTpHS BONHOBBIX (GYHKUMA KOJeGaHuil pelleTKH
B rapMoHHYeCKOM npubéamxeHnn. Beenenue

B coortHomennn (114.6) MBI cuuTasu, 4TO HOpMAaJbHBE KOODHH-
k

-

HaThl q,(]. npeo6pasyloTcsi APYr uepe3 Apyra B HEKOTOPOM He-

HpHBOﬂHMgM JHHEHHOM BEKTOPHOM npocTpaHcrBe. Marpuna npeol-
pPa30BaHHA IIPH 3TOM SIBJSAETCS XapaKTePUCTHKOH HENPHBOAHMOIO
HNpeNCTaBAeHHA YHHTAPHOH KPHUCTAJIHUECKOH MpOCTPaHCTBEHHOH
rpynnsl . PaccmoTpaM cHavasla npeobpa3oBaHue BOJHOBLIX QyHK-
uuii KoJeGaHui peUIeTKH, nMerollnx Buj npousseldenust (1156.9),
non aeficrueM omnepaunit {¢|f} npocrpascrsennofl rpynnsl. OKaskpl-
BaeTcss BeCbMa CYIIECTBeHHBIM, uTo npeodpasosanue (114.6) sas-
Js€TCA JHHEHHBIM U OAHODOAHBIM, IIpHMeHHM JeMMy O CyLLecTBeH-
HOM BBIPOXKACHHH, H3 KOTOPOH CAeAyeT, 4yTo KiaaccH(UKALHA COCTOs-
HHH BCerja TakoBa, UTO COCTOSIHHS C pPa3HOM CHMMeTPHEH MOXKHO
paccMaTpuBaTh NOPO3HL. [lajdee, MBI YCTAaHOBHM CBfI3b NpPeAbLILY-
IIeN0 pacCMOTPEHHS C TeOpueH CUMMETPHU N-MEPHOI0 H30TPOMHOTO
rapMoHuueckoro ocuuistopa [104]. Tpu naparpada, § 116—118,
3aKaH4YNBaOTC OOCy:KAeHueM cHMMeTpuH oOliefl ajHabaTHUecKOH
peLIeTOUHOH BOJHOBOH (YHKUHH, SBJAAIOLIEHCS pelleHHeM ypaBHe-
uua (113.18) u noanofi BomHoBO# QyHKUMH KpHcTaana (113.11) B
aanabaTHUeCKOM NPHONHKEHHH,

Eume oAHMH BO3MOXKHBIE crmocol 3anucd BOJHOBHIX (QYHKLUHH
(115.9) cocToHT B 3aAaHHM YNOPSLOYEHHOro MO BeJHUHHE Habopa.
IEeJIBIX YHCed, COOTBETCTBYIOIIEro yNOPAJOUEHHOMY PacHoJ0KeHHIO
pasanuubix MHOXuTeJell B (115.9). Takasi 3anucb rapMOHHYECKHX
co6cTBeHHBIX GYHKIHA 0coGeHHO yRoGHA, KOHeUHO, Korja obcyxje-
HHe CBOHCTB DeleTKH BejeTcsl B NpeAcTaBJeHHH UYHCeJ 3alOJHEeHHS
HIY B N-npeAcTaB/]eHHH BTOPHIHOrO KBaHTOBaHHA. BonHoBas QyHK-
LU B 5TOM NIPeACTaBJIEHUH HMEET BHUA :

(R, ..oy nCRT), ooy n (R, L) (116.1)

Korga BoanoBas dyukuus (115.9) samucaua Takum crnocoGoM, cie-
ayer o6paTUTe BHHMaHHe Ha TO, YTO B MHOTOOCHHJJATOPHOH BOJ-
HOBON (YHKIMH CYLIECTBEHHA He 3aHATOCTb JIOGOTO KOHKPETHOIrO

yuyacrtByloliero B npeacrasaenun D(*#) () cocrosnus, a mosHoe umc-
Jo KBaHTOB n(*kj), KOTOpoe NOJIKHO YYHTBIBATH BCe YYacCTBYIOLIHE
COCTOSTHUS,

CorJyiacHo o0mHuM NpHHIHMIAM KBaHTOBOH MexaHuKH [105], co6-
cTBeHHAs QYyHKuUHs moboro ancaM6/si 0AMHAKOBHX (hOHOHOB (6030-
HOB) 0Ji2KHa OBbITb CHMMETDHYHOH 110 OTHOMIEHHIO K NepecTaHOBKe
OIYHAKOBHIX 4acCTHI, BHIPOX/JeHHOH coBoKynHOCTH. IToatomy (115.9)
HYXKHO CHMMETPH30BAaTb [0 OTHOIIEHHIO K I[epPeCTaHOBKE 4aCTHII.
Iycts & o6o3nauaer cumMerpusauuio. OueBHAHO, UTO MU KaKIAOrO
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npeacranJjieHua P MOXKHO NNpeACTaBUTL B BHIE
P= ];; P.(*kj): ~(116.9)

Torza cHMMeTPH30BaHHYIO BOJHOBYIO (DYHKLUHIO MOXKHO 3afHcaTb B

BHle
yiemam) (g) = Py, (4), (116.3)

rie yv(q) onpeneieno B (115.9).

PaccmoTpum Tenepk o0llyio OTePaIHIo CHMMETPHH {p|f} yuurap-
Ho# rpynns @, kotopoi, coryacuo (114.6), cOOTBeTCTBYeT HpeacTaB-
nenne D™*®)(). M3 ananusza HHBapHAHTHOCTH KJIaCCHYECKOTO rap-
MOHHYeCKoro raMuabToHuana B § 110 cienyer, 4To 9KCIOHEHUHAb-
Helft MHOXKHTeIL B (115.9) 3aBHCHT TOJABKO OT CYMMBl KBaJApaToB
HOPMAaJbHBIX KOOPAHHAT:

} T va,;Z[ ( )]2 (1164

Oi,

Hs (110.10)—(110.15) nenocpeicTBeHHO BHIHO, YTO KBajJpaTHuHAas
dopma (116.4) sBasercs KBaAPATHUHBIM HHBAPHAHTOM NPH IPeol-.
PA30BaHHUSX ¢ C NOMOLIBIO YHUTAPHBIX Npeobpa3osanuif us rpynns @.
CiieoBaTebHO, YTOOB YCTaHOBHTb, KakK INpeo6pasyeTcsl NOJHAS
cobcrBeHHasl GyHKUMS KOJeOaHuil PEHICTKH NOJ AefCTBHeM YHHTap-
HBIX NIPOCTPAHCTBEHHBIX NMPeo6pasoBaHuil, HY:KHO MCCAEA0BAThL TOJb-
Ko npeofpasoBaHHe BTOPOro MHOKHTeast B (115.9),

§ 117. MNpeo6pa3zoBaHue Npou3BeJeHUs NOJIHHOMOB DPMHUTA:
CHMMETPU3OBAHHOE TPOH3BeAeHUHe NpeicTaRJeHH

Yro6p yCTaHOBMTL [PaBHJIa NPeoOpPa3oBaHUS CHMMETPH30BaH-"
HOil BOJIHOBOo# ¢yHKnMH (116.3) mpu mpeoGpa3oBaHMsIX mpOCTpaH-
CTBEHHOH CHMMETDHH, MBI IIPOBEJEM pPaCCMOTPEHHE B HECKOJBKO
sranos. Bo-nepsulx, po3spamasce Kk (115.9), Mu uayunm npeoGpa-
30BaHHE BCEX UJEHOB HEKOTOPDOH LENOYKH COMHOXKHTeJeH, OTHOCA-
W[MXCsl K 3aJaHHOMY HeNPHBOAUMOMY npeictasienmo D)), Tpu
3TOM H3 NPOU3BENCHHS (115.9) okasniBalOTCH OTOGPAHHBIMH S+lm
MHOXHTe/le#l ¢ (QUKCHpOBaHHHM k, BeeMH kg (0=1, ..., 5) H3
*k 4 BceMH CBSI3aHHBIMH ¢ HuUMH [, (n=1, ..., ;). Cuauana M
paccmoTpuM npeobpasoBanue TaKoﬁ LENIOYKH COMHOXHTeJ/eH, a 3a-
TeM BBHUIOJHHM CHMMETPH3AIHIO.

Ienouyxa coMuoxHTesefl, oTHOCAILAACA K D*® M, cocronr us
ABYX MHO)uUTesefi: SKCIOHeHTH ¢ MokasatedeM Tuma (116.4), ue
3aBHCALEH OT YHCeJl 3anoJHeHHs Mg, ; u, H NPOH3BeJeHHs INOJHHO-
,MoB JpmuTta. Kak yxasaHo B Tekcre nociae gopmyian (116.4), skc-
MOREHTa BeAeT ce6Ga TPHBHAVIbHBEIM oépaSOM Hamwa sazaua coCTOHT
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B BHISICHEHHH NOBeleHHs «HETPHBHAJbHOro» MHOoXuTeas B (115.9).
HHrepecyolliee Hac NpPOH3BENeHHE HMeeT BHI

IJQIJH"M#(V«IM(?:)), | (117.1)‘

ks
e g, 4, — KBaHTOBOE YHCJIO OCLHJIATOPA q(]. ) (aucno BO3-
i

OyxIeHHbIX (HOHOHOB). UTOGH HECKOJIBKO yMPOCTHTb 06O3HAUCHH,
B TIOCJeAyIOLleM H3JIOXKEeHUH Mbl ONYCTHM WHIAEKC j, KOTOPBI CHU-
Taercs (QUKCHPOBAHHBIM, K 3alHNIEM

o, j.u > (0, ).

Hanomnruwm, uto nonuHoMu dpmurta H,(E) sBagioTcst NOJUHOMA-
Mu cTeneHu n OoTHocHTenbHO & [106]. B npoussensenun (117.1) Taxue
NONHHOMEl NIEPEMHOXKAIOTCH M 4YJeH cTapulell cTenmeHu B HPOH3Be-
JeHnH uMeeT BHJ (MBI CHOBa YIPOCTHIM 0003HAUEHUA)

g] H §2 3 rees gsls]l]s
rpe

mtmt g = 2n( (o, 1) =n (k)

s on

eCTb NOJIHOE YHC/IO KBAHTOB, KOTOpOE PACIPefeNeHo Mo BCeMy MHO-
KecTBy cocrosumit, ornocamuxcss k DB, MMocsenyomue wieHs
NpoU3BeleHus (117 1) npu sToM sMHeHAHOM npeobpa3oBanuu npeob-
pasyioTcsi B ujieHbl TOH ke cTeneHH. Torna okaskiBaeTcsl, 4TO MHI
MOKeM OTPaHHUYMTBCH TOJIbBKO ONHOUJEHAMH HAHBBICIIEH CTeNeHH,
BHITMUCAHHBIMHU BBl B KaYeCTBe THNHYHOTO mpuUMepa. JTO NEPBHIl
mar Hamed nporpaMMbl, paspa6ortannoli Tucna [107]!). Tako#t xe
pe3y/bTaT MOJYUNTCS, €CJH 3aNUCATh IOJHHOM SpMma yepe3 Ipo-
H3BOJSALLYI0 GYHKUHIO

Hy (®) = (—1)"e"0"% /8"

Toraa H, npeofpasyeTcs no OTHOLIEHHIO K E" KoBapHaHTHO. DTo
BEPHO uJifi Kaxpaoro H,, BXOAAIIEro B pPaccMaTPHBAEMYIO LEIOYKY
comuoxuTenel. [103TOMy H MOXHO paccMarpuBaTh TOJbKO OLHOUTe-
HH HaHBHICIUEH CTeneHH 2).

Bo-BTOpDBIX, Mbi 3allyllieM YHHTApHOe npocrpaﬂcrseﬂﬂoe npeoB-
pasoBaHHe B TOH npeo6pasoBaHBOf KOOPAHHATHON CHCTEMe, B KOTO-
poli oHo auaroHadbHo. [Ipm Takom npeoGpasoBaHUK - OQHOUJIEHBI
TOJLKO YMHOXKAIOTCA HA HEKOTODBIE CTeNeHH A1aroHajbHEIX MaTpHY-
HBIX 3JIeMeHTOB. Cneuy}oumﬁ mar COCTOMT B CHMMETPH3AalHH IO

) Mu cnenyem paboTe [107] C HEKOTOPHIMH H3MEHeHHAMHU.
) D10 paccy)xueaaeﬁuno NPeAJNOKEHO JOKTOPOM IfI K. ‘lo
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BCeM COCTOSTHHSIM, OTHOCAIMHMCSA K OJHOH MaTpHue D*® @ 3oy
1Iar, XOTd M HeTPHUBHAJbHBIA, MOXHO BHIIOJHUTH B SIBHOM BHJE.
Mpu npoJieMOHCTpHPYeM €ro Ha NpHMepe T4K HA3BIBA€MBIX <«IPO-
CTeHIINX» CHMMETPHUHBIX ITOJIHHOMOB.

Hakonen, 6yaer BHYHCJIeHO npeofpa3oBaHHe MOJHOH COOCTBeH-
Holi dyExuun (116.3): oHa HABJSCTCA NPOH3BEJCHHEM OTHEIbHLIX
COMHOXKHTE/eH, KaXAblH H3 KOTOPBIX OTHOCHTCS K ONpedeJeHHOMY
DAy gaxAHH M3 KOTOPHIX CHMMETDH30BAH He3aBHCHMBIM
o6pasou.

UTo6nl BHINOJIHATL NEPBBIA NYHKT HaMEUeHHON NPOTPAMMBI, MBI

*
paccMoTpuM ToJbko npefcrasirenne D8 (), Gazuc kotoporo pasen

(o)D)} aina

PaccmorpuM asement {@|¢} rpynnsl ®, npencraBieHHsT MaTpHUeH
DB W ({@|#}) ananormuHo (86.40). ITycth 3Ta MaTpHIa NMpHBELEHA
K IHaroHaJbHOMY BHAY C IMOMOLIbIO HEKOTOPOTO YHHTAPHOIO IIpe-
oGpasoBanus V:

v='DP D (o181 V=DYM D ({g|8}), (117.3)
roe .,
Dz(i*k) 0 ({(P l t})au. w = d&o) U)bcr‘sw' (1 17.4)

Torra V npaer skBHBAJIEHTHHIH OasHc

{q(i)q(i‘i)q(i})} (117.5)

B KOTOpOM IJid Bbl6paH‘HOI‘O HaMH 3JCMeHTa CHMMETDPHHM KaxJaas
WTPpUXOBaHHasg HOpPMaJibHag KOOPIAHHATA YMHOXKAETCH IpH Hpeoﬁ-
pas3OBaHWH HA KOHCTAHTY!:

k | k
P t;q’( - )= d&”“‘”q’( ) (117.6)
’ ]u, ]u
BeJsleicTBHe CBOMCTBA MHBaPHaHTHOCTH ciela u3 (117.3) umeem
(B0 (o] 8)) = X, dP . (117.7)

Jas p-# cremenn, BooGume rosops, coraacuo (117.6), umeem
2B D (| £)7) = ;; (g P, (117.8)

[Tosiesso oTMeTHTh AJs JanabHefiwrero, uro (117.7) m -(117.8)
MOXHO paccMaTpPHBaThb KAK 3aMHCh CTOAIIHX cNpaBa cyMM (OTAeJb-
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Hele 3Havenus do ) po cux NOp He ompejeseHbl) 4epes CTOSLIHE
cleBa M BHIYHC/IeHHMe N0 00meMy npasuay (37.3) Xapakrepbi.

BosspaTtumca x obcyxaenmio (117.1). PaccmoTpuM Te MHOXH-
tean B (117.1), Koropste oTHOcsATcA K KoopamHataM (117.2). Omm
HMEIOT, HallpUMep, TaKOl BHJ:

Hnq, 1)(0(?}))X XHn(U,u)(q(?:))X
X Hn(s.,])(q(is])). (117.9)

(OnycTum va HEKOTOpOe BPeMsl 3HAUOK | ¥ He 6yleM BHINOJHSATDH
cumMMerpu3dauuH.) llemouka comuoxutesnein (117.9) onuceiBaer co-
CTOsIHHe, B KOTopoMm uMeetcsl n (1, 1) ¢donouos [n(l, 1)-e cocTosiHue
rapMOHUYECKOTO KBAHTOBOTO OCHMJISTORA] OCHHAISATOPA ¢ KOOPILH-

k
HaToH q(. , e ..., WIoc 7o, u) GOHOHOB OCHHJLISTODA

I
ks . ky
q i) mmoc n(s, j;i) (HOHOHOB OCHHJIATOPA ¢ i ) TToaHoe
n Ly

YHCJI0 (DOHOHOB BO BCEX COCTOSIHMAX B mpocrpancTse (117.2) pasho
n(*kj) = 2 n (o, u). (117.10)

o

OueBujiHO, cHMMeTpH3alusg, nojobuast cienannolt B (116,2), u os-
Hayaer ¢ (PH3HYECKOH TOYKH 3DeHHs, 4TO IOJHOE 3aJaHHOe YHCJIO
¢ononos (117.10) mosxHO OHITH pacHpefeseHO BCeMH BO3MOXKHBI-
MH crnocofaMu 1o COCTOSIHHSAM mpocrTpaHcerBa (117.2). PaccMoTpum
AAs npuMepa npousBefenue (117.9). HMcenenyem noseneHne COMHO-

KHUTEJA 4
Hpg, u)(q(]:))'. (117.11)

Usen nauBbiclleil erenenu B (117.11) siBasiercss 0OJQHOY/NEHOM CTe-

neHy n(o, 1) OT HOPMAJbHON KOOPAUHATHL ¢ ja) . IHpeanonoxum
I

Temepb, 4YTO MBI paccMaTpPHBaeM 3KBHBAJIEHTHOE IIPOCTPAHCTBO
mrpuxoBaHublX GyHknuit (117.5). Toraa npumenenne npeobpas3oBa-
Husi {@|t} TOJBKO yMHOXKaeT YHOMSIHyTHIA OJHOYJNEH HaHBHICIIefH
CTENeHH Ha MHOXKHTRNb

(g Py *, (117.12)

KOTOPHI ‘gBAsieTca 1 (0, u)-# CTeneHb0 JHArOHAJbHOTO SJIEMEHTA.
Toraa paccmarpuBaeMoe npousselenHe (117.9) yMHoxaercd Ha



872 Taasa 11

npoussenecHune
TT (g 0y », (117.13)
G, 1 .

TaK Kak OT KaXJOro COOTBETCTBYMOIlero comuoxureas B (117.9)
HOABJSETCA [0 OMHOMY MHOMKUTEJIO.

Torga, ecnu 6m 3aganHoe npousBelenve (117.9) Owio enun-
CTBEHHBIM 4/IeHOM B Kosie6aTebHON COOCTBEHHOH BYHKIHH, TO TPOU3-
BejeHue (117.13) 6btio 661 xapaxktepom Aas {@|t}. Ham neobxoau-
MO CHMMETPH30BaTh npousselenne (117.9) c yuetom Toro, 4to Bcero
uMeetcs n{*kj) ¢oHoHoB. DTH (POHOHE MBI AONKHE PaclnpeleauThb
cHMMeTpHUHEIM 06pasoM no Bcem cocrosguaM. Hanpumep, Bce do-
HOHBl MOIYT OTHOCHTbCS K ONHOMY OCUH/JIATOPY, KOTOPHIA Gyner
HaXoAUuTbCA npH 3ToM B n{*kj)-M cocrosHun. Ho M3 akBuBameHT-
HOCTH BCEX OCUHJJIATOPOB CJAEAYeT, YTO B TAKOM COCTOSIHHH MOXKET
0Ka3aTbCsl J000# M3 HUX. B 3TOM cayuae cjej MOJNYYeHHOTO mpej-
CTaBJEHHNS BEIYHC/IAETCS B MPOCTPAHCTBE QYHKIHH

k Rk,
(o) ()
, / ‘.
coes Hn(*kl)(q(jl] )) (117.14)

x>
> (ap oy, (117.15)

(nepecr)

H paBeH

3/eck CyMMa TO MEepeCTAHOBKAM 03HAUaeT CYMMHpPOBaHHE MO BCEM
3HAYeHHsIM (mepecTaHOBKaM)- (0, ) IIPH YCJIOBHH, YTO COXpaHseTCH
¢dopMa oAHOUYJNEHA, BO3BEAECHHOTO B CTelleHb, PAaBHYIO YHCIY (OHO-
HOB. B ofIneM cayyae HaM HYXKHO PaCIpelesHTh ONpeleleHHOe YHC-
70 $GoHOHOB 7 (*Rj) HekoTOpHM 3amannkeM crnocobom {n (o, u)}. Tor-
Ia CoOGCTBeHHON ¢yHKUHEH oxasbiBaeTcsa mnpousseigenue (117.9) u
COOTBETCTBYIOUHH CHMMETPH30BaHHKIHA CeR A/ 3TOr0 KOHKPETHOIO
TIPOH3BeIeHHS HMEeT BHI

IT (g@ oy ®, (117.16)

{mepect) O, 1

rie )osﬂaqaeT CYMMHPOBaHHE MO BCEM WIEHAM, B KOTOPHIX CO-
) nepecr

xpaH;ieg‘csi ¢dopMa, npousBeeHNs, HO HHAEKCH NePecTaBAslOTCA BCe-
MH BO3MOXHBIMH CHOCOOaMH.

Ho Tak KaK MOTYT HMETb MeCTO 6Ce BO3MOXKHLIE paclpeleseHHs,
caen moJixkeH OHITb CYMMOR BCex BbipaxkeHui runa (117.15) mpm ye-
JIOBHH, YTO Kax10e KOHKPeTHOe pa3fueHHe COOTBETCTBYET NOJHOMY
uncay gononos: n(*kj).
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BosbMeM HekoTOpoe KOHKpeTHOe pasGuenue, [ as TPOCTOTH
BO3bMeM pa3bueHye, QJst KOTOPOro COOTBETCTBYIOHIMH UJieH HMEeT
Bua (117.15), Torma cymmy (117.15) MOXHO paccMaTpHBaTh Kak
IOJHOCTbIO CHMMETPU30BAHHYIO cyMMY 7 (*Rj)-X cremeHel KaxAOro
H3 4ieHos d@ ()  MoxHO BHIIONHHTE Jpyroe pasbucHue ¢

[n(2kj)— 1] kBanTaMu 1/ OZHOrO OCUMJIATOPA ¥ OILHHM KBaHTOM
AJIS [PYTOro OCHHJAAATOPA. DT0 NMPUBOAUT K CHMMETPHUECKHM MOJIH-
Homam mepsofi crenenn or di¥? mas ogHOro ocmEMIATOpa M MOMH-
HoMy cTenesu [n(*kjy—1] or dfﬁ)(” Ui BTOPOTO OCLUJIATOPA.
[1pu 3ToM noamas creneHp MOJTUHOMA, eCTECTBEHHO, (DHKCHPOBAHA H
paBHa n(*kj). AnaJjoruuynbie pe3y’abTaThl NOJYYalOTCH AJaS APYTHX
BO3MOXKHEIX pa3bueHui.

Torna npepcraB/ieHde CUMMETPU30BAHHOIO HPOH3BeAeHHs ¢ Oa-

3HCOM
78 ] oo (o 7))

ABJsETCS CHMMeTpusoBannoil # (*Rj)-H CcTeHeHbl0 mnpenCcTaBJIEHHS

*
D(*#) D, no koTopomy mpeoGpasyercs coBokymsocTh (117.2). Cue-
JOBATE/bHO, COOTBETCTBYIOIMM CHMMETPH3OBAHHEIM XapakTepoM
ABJISIETCST BEJHYHHA

’ n{c, [
00 (018 =S T TLEPOY™, ur.19

nepeer) O, U

rie S obosHauaeT cyMMy 0O BceM pa3OHeHHSM.

Temeph Mbl MOJKHEI BBIPA3UTh (YHKUHUIO, CTOAUIYIO CIIPaBa B
(117.18), uepes usBectHbie Beuuunn (117.7), (117.8), xotoprie 3a-
BHCAT OT M3BECTHBIX XapaKTepOB cTeNneHM npeobpasoBanus {¢|t}.
Yro6bl clle1aTh 3T0, MBI JOJKHEL 06PATHTBCA K TEOPUH CHMMETpUUe-
ckux ¢ynxuui [108, 109]. Ham nyxxno Buipa3uth (117.18) uepes
NOJHYI0 COBOKYIIHOCTh TAKHX 3/e€MEeHTapHHX CHMMeTPHYHBIX (DYHK-
M 3afaHHOro YHCJAa MepeMEeHHHIX. DTO MOXHO, BOOGLie roBOpS,
crenats nenocpeacTserHo [108, 109], o Mbl nIpHBefeM 84eCh TOABKO
pe3yJbTaT H OfMH HPHMED.

PaccmotpuM cayuait n(*kj) = 3. Toraa MH HMeeM Je0 CO BTO-
peIM 06epTOHOM (CHMMETPH30BaHHBIA Ky6 NipencTaBieruft). Hmeerca
TPH 3JIeMeHTapHBIX CHMMETDHUYHBIX NOJHHOMA TpeTbell crenexu. Hs
(117.7) u (117.8) umeem

K w B O ({q)lt}-;——-:(z doa, (117.19)

G

OGosnauum .
(Z a9 ‘")3-_-.1:1. - (117.20)
g, K
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STO, OYeBHAHO, CHMMETPU3OBAHHEIE NMOJNHHOM TpeThel cremenu. Elue
OAHHM JIHHEAHO-He3aBHCUMBIM IOJHHOMOM SIBJSI€TCS IIPOH3BEJeHHe

(;ﬁ 4o <1)) (UZ;:L 4o (”)ZEPQ. (117.21)

HaxkoHell, nocaenuuil NOJHHOM
> (dP9P = p, (117.22)

ou

Cornacuo (117.18), xapakTep CHMMETPH30BAHHOIO Ky6a HMeeT BHJ

B D) ({g] 1)) = (HZ’ )(dff’ Dy 4

epect

4+ Z’ (dff) (i))2 (dfff') (j)) + ( Z’ )"(dl(f) (1')) (dl(f{') (f')) (dl(f”'”) (i"))‘ (1 17'23)

(mepect) nepecr,

/ .
3apaua, KOTOPYI0 HalO PEIHTb, COCTOMT B ONpeleJeHHH TaKoH
gunelinoll xoMGunaumn (117.21), (117.22), xoropas paBHAa NOJHHOMY
(117.23), 7. e. B Haxoxaennu Takux KoHcrtaHT C;, C,, Cs, uTO

CiP1+ CoPy+ CoPy =™ ™ (g [t (117.24)
Us nepBord ynrega (117.23) moayuaem
Ci+ Cy+ Cy=1. - (117.25)
CpaBuuBas WieHH B pasioxenusx (117.20) — (117.22), naxozum
Ci=4, Ci=4, Ci=7. (117.26)

Torzna
[0 @ (@1 8] = 5 ™™ (o1 )P +

3B (| £3) 1 ) (G | 87) + 2D ) (G 89 (117.27)

[Tpouenypy, mpusBoasmywo K (117.27), MOXKHO NPOZO/IKHTL H
npeobpasoBath ofmice sripaxenue (117.18) k cymme npounsseaeHuit
XapaKTepoB, OTHOCAIHXCH K OT/AeNbHEIM 3/JeMeHTaM, TOuHee, POHU3-
BelleHul xapakTepos JAu6o gaHHOro 3aeMenTa {@|#}, 1n6o ero creme-
He#l, OCHOBHas TeopeMa, KOTOpAas MOXKeT GBITb IPH 5TOM HCHNOJb30-
BaHd, COCTOHT B TOM, UYTO CHMMETPH3OBAHHBIH NOJHHOM MOKHO 3a-
MUCATb KaK CYNEPNOSHIUI0 OCHOBHBIX «3JeMEHTapPHBIX» MOJHHOMOB
[106] omHuM # ToMbKO OZHHM cHOCOGOM. DTHMH OCHOBHHIMH 3Jie«
MEHTaDHBIMH [HOJMHOMAMH SIBASIOTCS MOJHHOMBI Pj, mepeduc/eHHbIe
BHIUe Kag P;, P, P3;. O6GoGuienne (117.27) Ha cUMMeTPH30BaHHYIO
n-10 CTeNeHb MOXHO NMOJNYYHTb TAKHM XKe CIOCOOOM; IO CBeNEHHIM
aBTOpa, 3TO ellle HHKeM He OblIo chenaHo. CB3aHHHIA € TaKuM
paccMOTpeHHEM APYroi MeToJ mcmosab3oBas Tucna [107]. On npuben
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K DeKYPPEHTHHIM COOTHOLIEHHAM JJIsi CUMMeTPH30BaHHHIX CTeleHef:
npeacTaBJIeHHH,

Enie oanH Meroj OCHOBAH Ha CBOHCTBAX CHMMeTPHUECKOH rpyll-
npr [49). Tak Kak Mbl He H3yYaeM 3JeCh CHMMETDHUHYIO IPyIIy, He
6yaeM NPHBOAMTL AeTalH A0KA3aTeNbCTBA M NPOCTO BLUIHIIEM pe-
synbpTaT. Xapakrep {@|f} 119 cHMMeTPH30BaHHOH n-# cremenyu npo-
H3BeJleHHA MATPHUIl PaBeH

N (*#) (m) 7)) (*&) (m) a,\Yv
[X( £) (m) ({(P l t})](n) — Z ('X ({(P R4} ))r s (X - ({fpl 1} )) .
(gt o ryl(gy)Y

(117.28)

Cymma B (117.28) Gepercss mo BceM BO3MOXKHEIM pacnpeneseHusm
qucsaa m, TakuM, 4TO

n=rigi+ ...+ rgy, (117.29)

rle rj B g; — IeJiple YHCIA.

OTo W ecTb pellieHHe 3aAa4M, NOCTABJIEHHON B HauaJje STOrO Ia-
parpada. flcro, uto (117.28) u (117.29) npuMeHHME K KaXAOMy
KOHKDPETHOMY paclpele/eHHI0 JJs CHMMETPH30BAHHOA LENOYKH
coMHoxHuTeseli (117.1), cBA3AHHOR ¢ HEKOTOPBHIM HEIPHBOAHMBIM
npencrapiennem D(*®) (), TIpamoe pasnoxenne (117.28) mupn
n = 3 cosnasnaer ¢ pesyapratoMm (117.27), moayueHHBIM NPAMBIM
BBIUHCJIEHUEM.

Brluuc/IeHHe cCHMMETPH30BAHHOrO KBaJpaTa M JAPYTHX CTeleHel
HeNpUBOAHMBIX NpeACTaBJeHHH IPOCTPAHCTBEHHLIX TPYMI METOJOM
MaJof rpynnsl uccaenosatu bpsgmu u dasuc [IIOF. BesencrBue
SKBHBaJEHTHOCTH METOLOB NOATPYIINBI H HOJHOH TPYMNILl AJAA IO-
JyueHUs U NPUBeJeHHA MPOH3BedeHHs npeicTasienuit (§ 64) meron
MaJjioft rPYNIEl MOXKHO NPUMEHHTDL I/ NpHBEAeHUs J1060H 00buHOMN
Y CHMMETPH30BAHHOM cTemeHu HpeiacraBdeHuil. Yucro mpakruye-
cKue co6pakeHuss MOTYT 3aCTaBHTL OTAATDb [IPeANOUTEHHE TOMY HJIH
uHOMY MeToAy. OfHaKO Ha CeTOAHAHUA A€HDb, [0-BHAHMOMY, JHLIb
MeTOJ, NOJHO! IPYNHEl yxe NPHUMEHSAACH AJs NMPHBENeHUs CHMMeT-
PHU30BAaHHOIO Kyfa npeacTaBJeHHI.

§ 118. IpeoGpasopanne coGcTBeHHBIX QYHKUMH KoaeGanuti
pelIeTKH: Pe3yJabTaThl H HEKOTOpble 0606menus

Ilomsenem uroru. PesynbTaThl mociefnero naparpada nokass-
BAlOT, YTO CHMMETPH30BaHHOE IIPOH3BeAeHHe cOBCTBeHHHIX QYHKIHMI

& (*ki) exp— [% GZ:VM‘I»( ;:’ )2] é]:[u Huyy, ( Void (f: )) (118.1)

npeo6pasyercs mpH mpeo6pasoBAHAAX OMEPATOPOB NPOCTPAHCTBEH-
*
HBX TPYNNn XaK cuMMeTpHsoBaHHas n(*Akj) ecremems D(*#)¥,



376 Trasa 11

B (118.1) Bce KOOPAHHATH OTHOCATCS K NPOCTPAHCTBY, B igo'ropOM

* .
sanano D", n (*kj) — nonnoe 4HCIO KBAHTOB BO BCEX COCTOS-

HHUAX 3ITOro IpencCTaBJICHHUS. 310 npeacraBJ/JeHle MOXKHO o6o3Ha-
YUThb

. ' [D(*k)(j)](n(*k]))‘ (118.2).
[losnnas BosnmoBas ¢yHknusa (116.3) npeoGpasyercs mo mpexcra-
BJIEHHIO

[pC&) 0wy @ D)y ® ... @[DC¥) 1], (118.3)
rae
n=nC*k,j), n=nC*k j) ur n

ABJSIOTCS MOJNHBIMH YHCJIaMH KBaHTOB JJs ONpefeNeHHBIX TPy
BLIPOXKIAEHHBIX ocUMAIATOPOB. [Ipencrasnenue (118.3) sasasercs,
BOoOOMIe rOBOps, IPHBOAMMBIM K CyMMe HeNpPHBOAHUMEIX TPEACTaB-
Jenuit, [1poneaypy npHBeIeHHS MOMKHO 3aIHCATh Tak:

DB 0], @ [D**) i ]y ® ... [DFE) U] =
= X ([*Rkilyy - [*R70") | *& 7§77y DR, (118.4)

Bme

rae ([*&il, .- [*B7j"](pn | *®"']""") — cooTBeTCTBYWOIIHE KO3 DH-
[HeHTH NPUBELEHHS, KOTOPEIE MOXKHO MOJYYHTb METOAOM, H3J0XKeH-
HEM B § 52—60. ,

CorsacHo jeMMe 0 CYIIECTBEHHOM BHIDOXKJAEHHH, KaXKI0€ COCTOA-
HHe B HENPHBOAMMOM IIpeAcTaBaeHuu cupasa B (118.4) posxHo pac-
CMaTPHBATbCH OTAENIbHO; TOrAa cooTHoueHne (118.4) maer mpamuaa-
orbopa jaaa Gu3HUECKHX IPOLECCOB HH(MPaKPaCHOTO NOIJOIIEHUS U
KOMOHHAaIMOHHONO paccesiHHs cBeTa.

IIpyu o6CyxAeHHH MHOTO(OHOHHBIX NPOLECCOB B T. 2, . 3 MH
PacCMOTPHM 3TO COOTHOLIEHHE.

MoXHO clleqaTh 3aMeyaHile 0 AONOJHNTENLHOH CHMMeTpPHH, BO3-
HHKAiolleH u3-3a TOTO, UTO TrapMOHHUeCKuit raMuabToHuaH (114.8)
pasbusaercd Ha MOATPYIIE rapMOHHUECKHX TaMUJABTOHHAHOB, OTHO-
CAILIMXCA K BellleCTBEHHBIM HOPMaJbHBIM KoopauHaTaMm (S-:/;)-MepHo-

IO HeNPHBOAUMOrO BEKTOPHOrO NPOCTPAHCTBA 2(*#) ), TIpu sTOM MBI
JIOJI’KHBL PacCMaTpHBATh (S-/;)-MepHBIH H30TPONHLIA rapMOHHYECKHH
OCIHJISTODP AJSl KaXIOTO TAKOro BeKTOPHOro mpocrpanctsa. ['pym-
na cuMMmetpuu (s-I;)-MepHOro H30TPONHOTO OCUHJJIATOPA HE3aBH-
CHMO OT paccMaTpHBaeModl (H3HYECKOH IPOCTPAHCTBEHHOH CHMMeT-
pHHM, SIBJSIeTcs TPYRION SU(S.IJ), T. e. CHenuaJbHOH YHHTapHOH

k :
rpynnofi anxs (s-I;) BeJHUUE ¢ ( ].\a)», ABJAIIIHXCA B JaHHOM Clyuae
13

KOOPAMHATAMH BHIPOKAEHHOrO ocuu/aaTopa. O4eBHAHO, 4TO aroboe
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(s-1;)-MepHOe yHHTapHOE npeo6pasopanne

ks ky
(gl
la‘ ;66‘1 lB

U;’é oo = Uca a’Bs : (118.5)

aBJIsSIeTCs onepanued CcUMMeTPHH raMuibTOnHaHa (S-I;)-MepHOTO
H30TPONMHOr0 TapMOHHYECKOr0 OCUMIAASTOpa. Torjga A KamAoH
TaKOH COBOKYNHOCTH KOODJIHHAT, OTHOCSILEHCS K OXHOMY H TOMY XKe

HenpUBOAUMOMY HPEACTaBACHHIO D)) | nomua CyUlecTROBATH 10~
NOJIHHUTe/JbHAs CHMMETPHs yHHTapHo#l rpynnel. Kaxkaas BoJHOBas
¢(YHKLIMA AOMXKHA OAHOBPEMEHHO. Ipe0bpa30oBLIBATLCH HENPHUBOAH-
MBEIM 00pa3oM u npH NpeoSpa30BaHHSAX YHUTApHOH TPYHNEl, H O
CHMMETPH3OBAHHEIM CTENEHIM IIPENCTABJIEHHH TPYHNH NPOCTpaH-
CTBEHHOH cuMMerpud &, DiemeHTH yuutapuoit rpymnnn (118.5), mo-
BUIUMOMY, He HMEIOT IpPoCcTOH (U3NUecKOA aHAJOruW, XOTs cefiuac
BELYTCSl HHTEHCHBHEIC WCC/e/lOBAHHS BONPOCOB, CBASAHHHIX CO
CBOHCTBAMH A-MEPHOT'0 H30TPOMHOr0 rapMOHHYECKOrO OCHHJAJASTOpPA
[111—113]"). MoXHo OTMETHTb, UTO HENPHBOAUMOE BEKTOPHOE IPO-
crpacTBO rpynnb SU. ;) HMeeT CBOHM Gasucom [108] cummerpuu-

HBI€ TECH30DBbI, KOTOpPbIe A40T HCIPHBOAHUMBIEC HNPCACTABJACHHA pas-

MEpPHOCTH
(n(*kj)—l—s - 1)
S'll—l :

I‘ILé

(118.6)

3To M eCTb K4K Pa3 PasMepHOCTb HPeCTABJEHHS CHMMETPH3OBaH-
Holt cremeHu #n(*kj), xapakTep KoToporo aaetcs B (117.28).

B 3akJ/i04eHHe OTMETUM, UTO rapMOHHYECKOe MpUGANKeHHe HaeT
posiHOBY0 OGyHKIH0 (116.3), KOTOpas ¢ TOYKH 3DEHHS MHOroYa-
CTHYHOH TEOpUH BepHA B HyJeBOM npubauxkenuu. [lonpaBku GoJjee
BBICOKOIO NMOPSAKA AOJNKHBI COAEPKAaTh JHHeHHBRle KOMOHHANUU 6a-
aucuoro Habopa (116.3). Ho eciiu nopaaok npubiuikeHus yxe ycra-
HOBJIEH, TO B paMKaxX NPUMEHHMOCTH JIEMMEl O CYLIECTBEHHOM BHI-
poxJeHHH M1000e MHOTOYACTHYHOR COCTOfIHHE MNOJDKHO NpUHaJe-
AaTb HEKOTOPOMY OIIPeleJeHHOMY HEeNDHBOIHMOMY IIPeICTaBJEHHIO
D(*#®) () rpynnn @ nan konpencrapaenuio rpynnsl ¢. Kak 6b10 yxe
OTMeUeHO BHIIlIe B HECKOJBbKHX MecTax, CHHTe3 TeOPHH rpynn H Teo-
PHE MHOTHX TeJ — 3TO NOKa Bollpoc Oymyuiero.

B 1,2 Mbl yacTo 6yneM BECTH PacCMOTpEHHE B DaMKaX rapMOHH-
YeCKoro NpHOJIHKEHHS, TaK KaK OHO HO3BOJSET B ABHOH (opMe Hc-
CJ1eJI0BATh M BHIUHCJAHTE CHMMETPHIO COOCTBEHHBIX COCTOSIHHE, a cie-
LOBATEJIbHO, H NPONECCH Mepexofa MexAy HUMH. DTH NPelCKasanus

1) Cwm. raxxe [114] u nuTHpyeMylo TaM JuTEPATYpY.
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AOMYCKAaIOT cpaBHeHHe c sKcnepuMenToM. IIpeackasaHus rapmoHu-
YeCKOH TEeOPHH OKa3HIBAIOTCSI OYEeHb YaCTO CHPABENJIHMBLIMH: B Kade-
‘cTBe IpHMepa HUXKe AaH aHAAN3 KPHTHUECKHX TOUEeK ABYX(OHOHHHIX
CNeKTPOB KOMOHHAIHOHHOTO paccesHHs JJIS KPeMHHS M TepMaHHf,
HMeIOIUX CTPYKTYpy anmasa (t. 2, § 24) u gia NaCl u NaF,
HMEIOLIMX CTPYKTypy KaMeHHo#t comn (r. 2, § 27), a Takxe mpuBe-
JeHBl Pa3/IHUHble MpeICKa3aHus CBOACTB NMOJIAPH3ALHH HPH KOMOH-
HAlHOHHOM paccesHHH cBeTa, Korga rapMoHuYeckoe NpPHOJHKEHHE
OKa3blBAeTCs] HENPHMEHHMBIM, 3TO OOBIYHO O3HAuaeT, 4YTO BO3HH-
KalOT HOBHIe MHTEpecHBIe SBJEHHsl, Hanmpumep obcyxaaeMoe B T. 2,
§ 6, m. 41§28 n 2 gByX(OHOHHOE CBA3aHHOE COCTOSIHHE B aJIMas3e,
KOTOpOe 00yCJOB/JeHO aHTapMoHumueckuMy spdexramu. B mesow,
KPOMe BOSMOMKHLIX C/IydyaeB, KOTAa HEOOXOLMM yuyeT aHrapMOHHYe-
CKHX u/IeHOB, rapMOHHYeCKOoe NMPHUOIHKeHHe OKA3BIBAETCS XOPOUIMM
MeTOOM aHaJau3a ONTHYECKUX CBOHCTB pellieTKH.
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