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IJTABA 1

BsaumogelicTBue u3MyyeHHs C BeLECTBOM.
MudpakpacHoe mnoraouieHue
H KOMOHMHAIMOHHOE paccesHUe cBeTa (pOHOHAMH

§ 1. Beenenue

B aToi riaBe MBI PacCMOTPUM TEOpPETHYECKHE MeTOHbl BbIYHC-
JeHHsl Ko3dpdunuenta HHOPAKPACHOrO MOIVIOMIEHHS W HHTEHCHBHO-
CTH KOMOGHHAIMOHHOTO paccesiHusl cBeTa B KpHcranae. OueBHIHO,
Hamla 3ajaya MaKCHMaJbHOTO HCIOJb30BAHHS CBONCTB CHMMETDHH,
T. €. BHIBOAOB TCOPHH TPYHN, IJs OODBSICHEHHS H NpeJACKa3aHUs
ONTHYECKUX CBOMCTB KPHCTA/LNIOB MOKeT OBITb pellleHa TOJLKG MPH
HaJIM4HH NO/JHOH KBAHTOBOMEX2aHHYECKOH TEODHH 3THX CBOHCTB.

Mbl  H3JI0XKHM TEODHIO B3aHMOIEHCTBHS 3JEKTPOMATHHTHOLO
[OJIS ¢ HOHAMH H 3JdeKTPOHaM¥, 00pasyoIUMH KPHCTAJMI, paccMar-
puBasi raMHJbTOHHAH OOIIEro BHJA JJsi CHCTEMBl «BEILECTBO ILIIOC
uajayueHde». B § 2 crTpoutcs Teopusi HHPpPaKpacHOro IOIVIOLIEHHS
tdononamu. g 3710l neau AOCTATOYHO OrPaHUYHTBCS MOJYKJAACCH-
YeCKHM YDOBHEM pacCMOTPEHHSI BMeCTO aHa/JH3a raMuJbTOHHAHA
HauboJsee obuero Buia. [Ipn sTOoM KO3pdHIKEHT HHPPAKpPaCHOrO
TIOTJVIOLLeHHs BEHIPa)KaeTcs 4epe3 KBajpaT MOAYJIS MATPHUHOrO 3Je-
MeHTa OIlepaTopa 3JEKTPHYECKOI'O MHNOJbHOTO MOMEHT4, COOTBET-
CTBYIOILLErO Nepexoxy MeXAy ABYMS DasJUuUHBIMH KOJIeGaTeJbHBIMU
COCTOSIHUAMHM KPHCTAJJIa.

B § 3 usnaraercs o6oOuieHHBIA BapuaHT Teopuu [lraueka xom-
6uHaLHOHHOrO paccesiHus cBeta (OHOHAMH. B 3TOH TeopHu HCIOJIB-
3yercsl IOJHOE KBAaHTOBOE OMHCAHHE CHCTEMBL <H3JIVUEHHE IJIIOC
BellecTBO». B pesyabraTe Mmosydaercs, 94TO HHTEHCHBHOCTb KOMOH-
HaNWOHHOIO paccesgHHs cBeTa (pOHOHaAMM NPONOPIHOHAJbHA KBaf-
paTy MOAyJsA MAaTpPHYHOI'O 3JeMeHTa oIepaTopa MOJAPHIYEMOCTH,
COOTBETCTBYIOLIEr0 Mepexoay MeXAy JHABYMSl KoJebaTeJbHBHIMH CO-
CTOSHHSIMU KpucTamia. Vcnoab3ys nosydeHnsle Takum o6pasoM pe-
3YJAbTATHL H NPHMeEHA METOABl TEOPHHM TIPYHI, MOXKHO BBHIBECTH
OrpaHHyYeHusi, HaKJajblBaeMble cCUMMeTpHell Ha Ipouecck HHppa-
KPACHOTO TOTVIOleHHs W KOMOHHAaUMOHHOTO paccesiHusi csera. OO-
IiMe NPHHIANDL TAKOrO AHAJAH3a PAacCcMOTPeHH B § 2 u 3, B KOTOPEHIX
H3yuawTcs TpaHC(opMalUOHHBIE CBOHCTBA ONEPaTOPOB AHIIONLHOTO
MoMeHTa u HoJspusyemoctd. Iloayyennrie B § 2 u 3 pesyabTaTsl
OCHOBAaHH Ha HCIOJb30BAHUH [JISl IIOACHCTEMEBI, COOTBETCTBYIOIIEf
BemiecTBY, aanabaruueckoro npubinxenuns bopHa — OnmnenrefiMepa.
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B § 4 n 5 npoBoauTcs 6oJiee AeTaJbHOe HCCAEJOBaHHe OrpaHH-
yeHHil, HaJlaraeMblX CUMMeTpHell Ha npoiecchl UH(GpPaKpacHOro no-
[JIOUIeHHST ¥ KOMOHHAIIMOHHOTO paccesiHHsl cBeTa B KpHcTaanax. Pe-
3yJbTaTH 9THX JBYX INaparpadoB MIHPOKO HCIOJNB3YIOTCH MAJIf
HHTEPNpPETAl{H ONTHUECKHX CIEKTPOB Kpucrasnnos. Ocoboro ymo-
MHHAHHS 3aCIYKHBAaeT NPAaBHJIO «aJbTEeDPHATHBHOTO 3amperas s
npeueccoB MHQPaKPacHOIO NOTJIOLIEHHA U KOMOMHAUMOHHOIO pac-
cestHus1, ToJlydeHHoe B § 4, KOTOpoe ABAgeTC 0600LIEHHEM aHAJO-
rUYHOrO NpaBUJAa O] MOJEeKYJSAPHBIX KoJebaTesbHEIX CHEKTPOB,
BcnenctBue pelialolliell poJd KpHCTANNHUIECKOH CHMMETPHU B Ompe-
NeJleHHH INOJApU3aluu oO0CyKIeHHe NOJNSIPH3ALUUOHHBEIX 3]G eKToB
B KoJebaTe/bHBIX CHEKTPaX KPHCTAJMJIOB TaKxKe SABJAETCS BeCcbMa
BaxXHEIM. MIMeHHO B aTOM BoIpoOce NpPOSIB/ISAETCS OTJHYHE KPHCTAJ-
gnueckuX 3PpdekToB oT 2¢pODeKTOB B MOJeKyAaX WM H30TPONHBIX
(nopomkoo6pasHex) cHcreMax. [losHoe ncnosb3oBaHHe HOJSIPH-
3alHOHHBIX 3Q(eKTOB N03BOJseT NOJYUHThP MaKCcHMabHYI0 HHOOP-
Maluio O CUMMeTPUH (OHOHOB H O B3aHMOJAEHCTBHAX, KOTOpHIE
OpoABJAIOTCA B pacCcedHHH. JIHIIbL B HeMHOIHX HCCIeXOBaHHAX
CHeKTPOB KOMOMHALMOHHOTO pacCesSHHSl NMPOBOAUJIHCH IOJHBIE I10-
JAPU3ALHOHHBIE H3MepeHHsI, U 3TO fABJAeTCS BaXKHBIM Halpabie-
HHeM OyLyIIHX HccleloBaHui.

Hakonen, B § 6 naercst 0630p HEKOTOPHIX HeNaBHO BRHINOJHEH-
HbIX pafoT Mo KBAHTOBOH TEOPHH NpoleccoB HHMPaKpacHOro Mno-
IJIOUIeHHS] U KOMOWHAIlMOHHOTO paccesgHusi cBera. Ilo Heo6xomuMo-
CTH U3JIOXKEHHEe B 9TOH YAaCTH OTIMUYAETCS CKATOCTBIO, H €ro LEeJbIo
sIBJsieTCd YCTaHOBJIEHHe CBSI3W HacCTOAllell KHHI'H ¢ APYrHMH pabo-
TaMH, a TaKiKe BBeJeHHe B COBPeMeHHYIO HayuHyilo JHTepaTypy.
B § 6 ofGcyxaamorcsi BOIPOCH MHOrOUACTHUHON TEODHH MPOIECCOB
NOMVIOIIeHHS ¥ pPAaCCesiHMdA, a TaKiKe COBPeMEHHBHIH MHKDOCKOMHYe-
cKufl NOAX0A, B OCOGEHHOCTH B 3ajauye O KOMOMHALWOHHOM pacces-
HUH cBeTa ¢oHoHamu. Ilo-BHaumMoMy, OCOGLII HHTEpec MpeNCTAB-
JIAET BONPOC O PESOHAHCHOM PACCEAHUH U HAPYWIEHHW CHMMETpHY,
obcyxknaeMblll B mocjegHeM nyHKTe § 6.

§ 2. HudpakpacHoe noraouieHne ¢(HOHOHAMHU

Ons paccMorpeHust IpolleccOB HH(pPaKPacHOro MNOTJIOLIEHHSA
B KPHCTaJ/Jax AOCTATOUHO HCIOJb30BATh HOJYKIACCHIECKYIO TEOPHIO
uanydeHud. B cTangapTHoX yueOHHKAX H3jiaraercsd TEOPHS B3amMo-
JefCTBUS 3JIeKTPOMArHUTHOTO IOJS C OTAENLHBIMH 3aPsiKeHHHIMH
YacTHIAMH, TAKHMH, KaK 3JE€KTPOHBl HJH HOHHl C 32aJaHHBIMH 3aps-
oM B Mmaccoir (cM., Hanpumep, 1. X B pa6ote [1]). Ho nac urirte-
pecyer ciayyall B3aHMOAEHCTBHSI 3JE€KTPOMArHUTHOIO IOJSI C CHCTe-
MOH 3JEeKTPOHOB ¥ HMOHOB, II03TOMY IPEACTABJAAETCS MOJE3HHIM
OpuBeCTd KpaTKOe H3JIOXKEeHHe COOTBeTCTBYIolleli Teopuu. Ham
HYKHO 3alMCaTb TMOJHHEA TaMH/IbTOHHAH CHCTEMHBl 3JIeKTPOHOB
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1 HOHOB B IIOJYKJAaCCHYeCKOM NPHOJANXKeHHH. 3aTeM MH BHIEIHM
yacTb 3TOTO0 raMu/JbTOHHaHa, KOTOPYI OyleM paccMaTpuBaTh KakK
MaJioe BO3MYlleHHe. DTa 4acTb BHI3LIBAET HePeXOAH MeXIY COCTOS-
HHSIMH HEBO3MYIIEHHOTO0 raMHJbTOHHAHA, COOTBETCTBYIOIIHE YHH-
4TOXKEHHI0 (OTOHAa W poxaeHMI0 (oHOHA. IToCcKONbKY Takue mpo-
ecchl IPOHCXOASAT B HH(MPaKPacHOH HYacTH 3JEKTPOMar{HUTHOrO
CneKTpa, MLl Ha3biBaeM JAaHHOe fABJeHHe HH(MPaKpacHLIM MOIVIO-
nieHueM cBeTa (QOHOHaMHU.

MNoayknaccuueckas Teopus HSIYUEHHUA sl CHCTEMBI 3JIEKTPO-
HOB M HOHOB. [IpeianosiokuM, 4TO 3/1eKTPOHBI H HOHHI B KpHCTaJsJe
noMellleHbl B 3JeKTPOMATHUTHOE [OJe, 33aflaHHOe YeTBIPeXMEePHLIM
BeKTOPHbIM ToTeHuuastoM (A,¢). Mbl 6yzeM HCnoab30BaTh JOPEH-
1eBy KaJuOpPOBKY H IIOJIOKHM CKaJAPHBIH NOTEHIHaJ BHEUIHEro

1oJ4a paBHbIM HYJHOI
V.A=0, ¢=0. @2.1)

B sToM cilyuae BeKTODH 3JeKTPHUECKOTO H MAarHHTHOro MOJs OIpe-
npensorcs hopMyaaMu

1 94
H=VXA &E=-—=-24, (2.2)
¢ of
TF'aMuabTOHMAH CHCTEMH JIEKTPOHOB U HOHOB B MNPUCYTCTBHH
IoJId InoJdydaeTcsa 3aMeHOR

,H(,,_z,q), @3
P—(P+<L a) 2.4)

JJ1s1 AMIyJbCA 3JEKTPOHA HJIM HOHA COOTBETCTBeHHO. B BhIpaxe-
pusix (2.3), (2.4) BekTopHBIi NOTEHIHaJ AOJKEH OLITh BBIUHCJEH
B TOUKe ¥ AJIsl 3/JeKTPOHA H B Touke X [Jsd HOHA, OJHAKO B He-
CKOJILKHX MOC/AeAYIOMHX (opMyaax Mbl 6yaeM HCIOJAb30BaThb YHPO-
HIeHHBIe 0003HaUeHHS.

[Ipn stoM mnonHHEH raMuabToHHaH (1. 1, 112.7) 3anmwerca
B BHME

i 0= 3 () (o= 4) + £ (& ) (o £-2)'+
+ Y et LT~ LT @)

B (2.5) m— macca sjekrpoHa, M — macca HOHa, e — 3apsh 9JeK-
TpoHa W —Ze — 3apsA MOHA; CYMMHDOBaHHe TPOU3BORUTCS TO KO-
OpAMHATAM 3J1eKTPOHOB X H HOHOB X,

Pasnaras KBajJpaTuyHble O HMIOYJbCy caaraemeie B (2.5), no-
JyqyaeMm

(P, X; p, x; )= P, X; p; )+ 5 (P, X; p, % ). (2.6)
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31ech MBl HCIOJAb30BaJH 00o3Hauenne, ssefeHHoe B (1. 1, 112.6).
[IpeneGpexem Temepb 4jeHaMH, KBajpaTHUHHIMH [0 BEKTOPHOMY
noteHiHany. C 970l TOUHOCTbIO TNOJYUHM

#=3, (zm)p+ X (3 M) P+ X er + N ese -
A N C RN 6 E RS

B swpaxenun (2.7) B KadecTBe MaJoro BO3MYLIEHHS! MOXKHO BBI-
JeJIHTh UJIeHE
4
H=—> - A +Z (2.8)

310 00BIUHOe MpPHOJMIKEHNE K/JAaCCHUECKOH TeopHH, B KOTOpofl mnpe-
Hebperaercst wieHamu, nponopuuoHaibHeiMu A-A. Takoe npuGiau-
»KeHKe, BooOIlle roBops, onpaBaaHo Aas uaoaatopos (§ 3, n. 6)
H HeNDHMEHHMO IJsi MeTa/JJIOB U B TeX CJIyduasiX, KOriga umeercs
6oqabllas MJIOTHOCTL ¢cBOOOAHBIX HOCHTeJed.

PaccMmoTpuM Telepb BEKTOPHBIH mNoTeHLHas A, OMHCLIBAIOLIHA
HJ0CKYIO 3/71€KTPOMATHHTHYIO BOJIHY:

A= Ayl ther=ah), ©2.9)

rae A; — NMOCTOSIHHBIH BeKTOp, onpegenswownii ammoautyny. Co-
raacHo (2.2), BHIIOJIHSIETCS PaBeHCTBO

k-A,=0, (2.10)

O3Hauakpllee NONePeyHOCTb 3JeKTPOMATHHTHOH BOJHBL.
3anuwem (2.8) GoJsee 1M0ApoGHO:

#——Y (Tne_c_) A o0, 4 3 (7174—?) A #Ra=9)p - (9.11)
]' [

ITockonbky BekTOpHBIE moTeHuuad B (2.8) BbUHCIfETCS B TOUKAX,
rAe HaxoAaTcs 3JeKTPOHbl M HOHBI, B BuIpaxeHue (2.11) exoast
KOODJHHATH KaK 3JEKTPOHOB rj, TaK H HOHOB R,,.

Ilpn o6biuHOM paccMOTpeHHH B3aHMOLEHCTBHS H3JYYEHHS C MO-
JIeKyJOH WU JPYyrofi CHCTeMOH, pa3Mephl KOTOPOH MeHbllie JJHHEL
BOJIHBl CBeTa, fpeamosaraercsd, 4To R-r ~ 0, T. e. JJIuHA BOJHEHI
H3JIYYEeHHs MHOTo GoJblile J11000T0 U3 JHHEeHHBIX pasMepPoB CHCTEMHEL.
Onnako aist ¢opmasbHO OECKOHEUHOTO KPHCTaJla TaKOe MNpeano-
nokeHHe HempuMeHnmo. Ciaeaysa MeTony, NpeijoxeHHOMY JIakcom
u Bypcrefinom [2], npeanosoxuM, 4TO 3/1€KTPOHBI CTPOTO JIOKAJH-
30BaHH BOJH3M NOJOKEHHH HOHOB (MM BHYTPH 3SJIEMEHTapHBLIX
siueek). COOTBETCTBEHHO KOOPAMHATHI r; 3aMEHHM Ha KOOPAMHATHI
R,, a2 WHIeKc 3/1EKTPOHHOH NepeMEeHHOH j-— Ha MOHHBIE HHIEKC o.
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Torpa ramMuabToOHHAH BO3MYLHEHHS] IPHHHAMAaeT BHI

=y (%) e R g, (L p, — 20 P). (212

B (2.12) 34eKTpPOHH ¥ HOHB HYMEPYIOTCS OJAHHM OOLIHM HH-
HEKCOM .

3aMeHa 3JEKTPOHHOH KOOPAHHATHL f;, BJAsOILEHCH AHHAMHYE-
CKOW mMepeMeHHOH, Ha KOOpAMHATY HOHa R, HpeaCTaBJseTcs OuyeHb
rpy6bM npuOaAmKeHHeM. B MOMEHT HANHCaHHsl KHUIH 3Ta 3aMeHA
He MOJIyuusia 0CTaTOYHOrO OOOCHOBAHHSI HA OCHOBE CTPOTOrO pac-
cMoTpeHHusa. MosKHO, HATIPHMED, OXUJAATh, UTO NONPABKU HMEIOT 3a-
METHYIO BEeJTHUMHY [ayKe AJf H30JATOPOB, e€CJAW He BLINOJHAETCS
IPeANONOXKKEHHEe O [PeJIeJbHONA CTeleHH JOKAMH3AUHH (N0ApasyMe-
BaeMOll NpH 3amMeHe MEPEMEHHBIX), T. €. B ¢ayuae CMelanHo#d Hod-
HO-KOBaJieHTHOH ¢BA3d. DTo NpuOJHKEHHEe BO MHOIOM MOXOXKe IHa
npubanKeHle XeCTKHX HOHOB,

0. Bepoartuocts nepexopa. CorsiacHO Hauell MOJesnH, BO3IMY-
menue (2.12) AOMKHO OPUBOAUTH K MEpPex0oaM MeXKIY COCTOSHHAMHE
HEBO3MYIIEHHOrO raMHuJbTOHHaHa 8 (r, R), onpenenenHoro B (1. 1,
112.7) (xkoopauHaTHl 3JE€KTPOHOB M HOHOB 0603HauaeM Telmeph r
# R coorBercrBenHo). Ho B 3ToM npub/iuKeHHH HEBO3IMYUIEHHHIH
raMHUJIbTOHHAH COBNajaeT ¢ TaMHJIbBTOHHAHOM CHCTEMB HOHOB
H 3JeKTpoHOB. B axnabatudeckoM TPHOIHIKEHHH COOCTBEHHBIE
dyukiuu onpenensiorces BeipaxkeHdeM (T. 1, 113.24) u uMetor Bun

w2 — o (r, R)y (R). (2.13)

Coranacuo pacemortpenuio B T. 1, § 113 [em. (r. 1, 113.40)], sHep-
T'Hsl TAKOro COCTOSIHHSI pPaBHA

E=QO 4 E®, (2.14)

rie O© — cofcTBeHHOe 3HaueHWe I 3JEKTPOHHOR 3alayM IIpH
(MKCHPOBAHHOM pACIOOKeHHH sinep, a E® — 3HaueHue SHepruu
B 3ajaue A8 fAjep. B rapmonnueckom npHO/IHXKEeHHU 5Heprus £
paBHa cyMMe 3Heprufi rapMOHHYECKMX OCHHAAATOPOB [cM. (T. 1,
115.8)]. Mbl uHTepecyeMcsl TOJIbKO TAKHMH NEPEXolaMu, B KOTOPHIX
H3MeHsleTcs KoJebaTesnbHas yacTe GyHruuu W, a 3JeKTPOHHOE CO-
CTOSIHHe OCTaeTcs HeusMeHHHIM. TakuM 00pas3oM, eclH BKJIIOUHUTb
B o6o3HadeHMe coOCTBEHHBIX (YHKIHA KBaHTOBHle 4HCJA 3JEKTDPOH-
HHIX ¥ KoJeBaTeJbHHIX (sIePHBIX) COCTOSHHH, TO B KadecTBe HC-
XOJHOIO COCTOSIHUS MOXKHO B3AThb (GYHKIHIO

W, (r, R)=qy(r, R) Yy, (R), (2.15)
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rre v — 3JeKTPOHHOe, a I — AjepHOe KBaHTOBHE uHcaa., Jlas Ko-
HEUHOTO COCTOSIHHS 3aNHIIeM

W (r, R)=0,(r, R) %y (R). (2.16)

Pasymeertcsl, cOGCTBEeHHBIE 3HAUEHHs H cOOCTBeHHBEIe QYHKIHH f1ep-
HOl CHCTeMBl 3aBHCAT OT KBAaHTOBOIO YHCJA, XapaKTEPU3YIOLIero
5JIeKTPOHHOE cocTosiHHe. DHepruio cocToanuii (2.15) u (2.16) 6y-
neMm obosHasath E; =E,, u Ej==E5; cOOTBeTCTBEHHO.

Vcnonb3yd, KakK oObIYHO, MepBoe NpubaukKeHHe TEOPHH BO3MY-
IleHyH, 3aBHCSIIUX OT BpeMeHH [l], BepOsATHOCTb Hepexofa H3 cO-
crosinns W; B cocrtosinne Wy monx BaHsHHeM Bo3MylueHust (2.12)
MOKHO 3aIHCaTbh B BHJE

e 7 ()00, (5= Sy )1
X 6(E;—E, — ho).  (2.17)

Ilpexze ueM NPOJLOJKUTHL OOGBIYHBEIA aHAJIH3 3TOrO BHIPAXKEHHH,
OTMETHM, 4YTO [Ba cCJaraeMblX, BXOJSAMIHX B MAaTPUYHBIH SJEMEHT
B (2.17), umeroT, coriacHo ajgnabGaTHuecKOMy NPHOJHKEHHIO, pa3-
HBIH MOPAAOK BeJuuuHBL. [l pyruMu cJ0BaMHM, ONepaTop B MaTpuu-
HOM 3JieMeHTe (2.17) MOXKHO NepenucaTb B BHAE

() a2 (F)P).

Tax kKak mapameTp MaJOCTH B afuabaTHuecKoil TEODHH paBeH
(m/M) = «*, 1o, ucnoabsysa (7. 1, 113.6) nna onpenejeHus npuse-
JIeHHBIX CMEUIeHHH #,:

W) > =

pQET’?F"E—E( )aua (2.19)
noJayuaem pjs (2.18)
_ Z ( ieh ) Ry g (— — Zn® 7"—3‘— . (2.20)

HOSTOMy, €Cn NPUMEHHMO o0BbIuHOE paccMOTpEHHE, COIJIACHO KO-

TOPOMY uJied
lek
( ) 0= ara 2.21)

MOJKHO DaccMaTpHBaTh B NepPBOM NPHOJHXKEHUH TEODHH BO3MYlle-
HHUfl AJ9 HeBO3MYIIEHHOTO 3JeKTpOHHOro ypaBHeHus [llpeauHrepa,
TO c/araemoe, NPONOPIIHOHAJNbHOE HMny.nbcy HOHa

1]
+ Z%a ie Ao Ou | (2.22)
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JIOJIZKHO paccMaTpuBaThed B GoJlee BHICOKHX MOPSJKAX TEOPHH BO3-
MYLIeHHH, TaK KaK OHO B %3Z pa3 MeHblle, yeM MPEABIAYIIMH djIeH
(2.21). Ilo-BrauMoMy, HanGosee NOCAefA0BaTeNAbHEIM 6HLIO 6B pac-
CMAaTpPHBATh B IIepPBOM NPHOJIUKEHHH TeOPHH BO3MYLIeHHH HaHOOJb-
mee caaraemoe (2.21) u BBUUCAATHL INONpaBKU GoJjiee BBICOKOTO
NnopsAAKa ¢ yueTOM MeHbLIero cjaaraemoro (2.22). Ko BpeMeHu Hamu-
CaHHsl 3TOH KHHUTH JaHHAs 3ajauda, [MO-BHANMOMY, He paccMaTpuBa-
Jlack TaKUM CHOCOOOM.

B. AHaJHu3 MaTPHYHOrO 3JeMeHTa mepexona Aas uHppaKpacHoro
pewieroynoro noraomenns. Ilpu paccmoTpennn uHpPakpacHoro mo-
TJIOUICHUS PeIIeTKOH HaC HHTEPECYIOT PeadbHBINl Mponece MOTAoIiS-
HHs (DOTOHA M COOTBETCTBYIOLIEe eMy H3MeHeHHe COCTOSIHHS PelleTod-
HBEIX OCHHJAJATOpOB. IIpH NOrJOleHHH POXKAAIOTCS OAMH HJIH He-
CKOJIBKO (DOHOHOB; «NMOPALKOM» Npoliecca HA3BIBAGTCA UHCJIO0 CO37Ad-
BaeMblX TakuM oOpazoM QoHoHOB..Ilpennosnaraercs, uTo 3JeKTPOH-
HOe COCTOsIHME CHCTeMBl IIpH Nepexone He uaMmensercs. CooTser-
CTBEHHO MBI OyldeM cUHTaTh, YTO HHAEKC Vv SJeKTPOHHOH uacTH
BOJIHOBEIX QyHKUUE W; nu ¥ onHHAKOB:

Q,(r, R)y=q,(r, R).

JIst BRIUKC/EHHS] CeUeHHS HHGPAKPaCHOTO MOIJIONIEHHS KOJe-
faHusiM¥ PEHIETKH MBI PACCMOTPHM Bech wieH (2.20) xax oAHo BO3-
mytneHue. Takum 06pa3oM, MBI BHUHCAUM Bednuuny (2.17), ucnosb-
3ys aguabaTHyecKne BOJHOBhIe (DYHKIHH cocTosAHuA (2.15) u (2.16).
Bynem o6o3nauaTh IepeMeHHBIE, II0 KOTOPHIM BBHIIOJHSETCS HHTeE-
rpUpOBaHie, WHAEKCOM Yy MaTPHUYHOTO TNPOH3BEACHHA, T. €. BBeIeM
obo3HaueHnue - 1

O,= ] &, | (2.23a)
Or={[] R (2.236)

nojapasymeBarlilee HHTEIPHPOBaHME IO BCEM KOOpJAMHATaM 3JeK-
TpoHOB {r} WJu MO BceM KoopauHHaTaMm HOHOB {R}. meeM

1Y (3) e Rods (5 pa— 5 Pa) | W) =
a

= ; (%) e Rag, <(pv (r, B)y,; (R) Ze

e
P 31 Po| X

X @y (FIR) 20 (R)) = (%) e Rad, (1, B (o, (r, R X

X (5P =55 Pa) |0y (r, R, |10 (Rig.  (2.24)
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B nocneaHeM BhIPaXEHHH T0Ka3aHa NOCAe]0BaTeJbHOCTb HHTErpH-
posanust no r n R. TlockoabKy onepaTtop HMIYy/bca 3JEKTPOHA Py
MOXHG 3alHcaTh B BrAe

pu—=m e, (2.25)
a omepartop HMmyJbca HoHa P, — B BuAe
a=M dft“ , (2.26)
TO, CJAELOBATEJLHO,
Z d
= Py — S Py =7 (ery — ZeRy) = (2.27)
d
= -7 lg. (2.28)

B (2.28) BxoauT omepaTop AHIOJLHOrO MOMEHTa W, PABHBIH
a=er,—eZR,. (2.29)

OueBuaHo, ec/H paccMaTpPUBATh fq H Ry KaK CMelleHHS OT HeKOo-
TOPLIX HCXOAHBIX HEBO3MYLIeHHbIX Mosoxkenuli r¥ = RY, ro (2.29)
MOMKHO HHTEDPIPETHPOBATL KakK OMNepaTop JHIONBHOTO MOMeHTa
3JIeKTPOH-HOHHOH NapHl B fueHKe d.

Takum obpasoM, B BeipaxeHHe (2.24) BXOAHT MaTPHUHBHIH 3ie-
MeHT omepaTopa dp,/df, BBIYUHCJIEHHBIH Ha BOJNHOBHBIX (YHKLHAX
aanabaTuuecKux cocTosH#, ITO BHpaXeHHe MOXKHO YIPOCTUTH, HC-
noJb3ysl ypaBHeune ABHxkeHHus [efizenbepra

J .
Le — 156, nl. (2.30)

B (2.30) 56— nonHbii raMHJIbTOHHAH CHCTeMBbl. BRIYHCIHM MaT-
pHUHBle 3JleMeHTH onepaTtopoB B (2.30), ucmosab3yss B KayecrTBe
6asuca agnabaTuueckue (PYHKIHHU ¥ Ipeanonaras aHajoruuno (T. 1,
113.39)—(r. 1, 113.43), uto apuabaTuyeckie coOCTBeHHBIE (QYHKILHU
SIBJSIIOTCH TOUHBIMH, T. €.

| %Xvn> = Eyul (Pvan>; (2.31)

aHaJOTHUYHOE TIpe/NOJIOKeHHe clejaeM A BO3OYKIECHHOTO CO-
cTofHHsl. Torga ans HHTEpecymollero Hac MaTPUYHOTC dJeMeHTa HOo-
JYUUM

<(pvxvn l lcpvx'vn>,. R = }li_ <q)vxvﬁ | [‘%g’ ua] ! q)'vxvn>r R =

—E ( A - Exn) <(pvaﬂ , u'a I cpva'vn>r R
= 10, (s [Py | Ba | 94), [ X0n)pr  (2:32)

|I
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BeeneM Tenepb AHaroHaJbHHIH OnepaTtop 3JAEeKTPHUECKOI'0o JH-
IOJIBHOI'O MOMEHTa «C (baSOBbIMI/I MHOKHTEJJSAMHU»!
ir RO
SR By=De oy, R)Ina(r, Bigy(r, R),. (2.33)

Taxkoil onepaTop BO3HHKAeT IPH NojictaHoBke (2.32) B (2.24). dra
REeJIHUHHA IIpeACTaBjsieT cO00H CYMMY CpelHHX 3HAUEeHHH OTHe/b-
HBIX «SYEEUHBIX» JUIIOJHHBIX MOMEHTOB B 2JEKTDOHHOM COCTOSHHM
(v, B3ATHX ¢ COOTBETCTBYIOWIUMH Pa30BHIMH MHOXUTeasiMu. Kpome
TOr0, OHA 3d@BHCHT OT BOJHOBOTO BeKTOpa H3JVYeHHS B U sBJasieTcA
(byHKUHEH COBOKYMHOCTH BCeXx KoopauHat saep. [To-Bugumomy, mo-
JIe3HO OTMeTHTh, 410 (R, k) 3aBHCHT OT KOOPAMHAT fAiep Kak
SIBHO B COOTBETCTBHH ¢ ONpeneseHHeM g H3 (2.29), Tak U HESIBHO
yepe3 34BUCHMOCTb OT R 3JIEKTPOHHBIX BOJHOBHIX GYHKUHH
¢ov(r,R). B ¢Bsi3u ¢ mociegHUM 3aMedyaHHeM o0paTHMCSA K pPaccMOT-
penuto B 1. 1, § 113, B yactHoctH K paBeHcrBy (1. 1, 113.9). SlcHo,
UTO HMEHHO «AehOpMUPYEMOCTbY 3JIEKTPOHHBIX BOJHOBHIX (DYHKHHMA
NpHBOAMT K (H3HUecKH BaxkHol 3aBucumoctn ' (R, k) or R.
Bosspaniasice K (2.24), BHANM, 9TO BEJHUHHY, ONDPELENSIOUIYIO Be-
POSITHOCTb mepexooB [ — f, MOXKHO 3amucaTb B BHIE

Ay (o (R (R, ) |2, (R, (2.34)

[Tpu HCHOAB30BAHHH TEOPHM IPYNI B 3ajade o6 mHOpaKpacHOM pe-
HIETOUHOM IOFJIONICHHH CBeTa B KpUCTanaax Haubojiee BayKHBIM
SBJSEeTCS] aHaJdH3 MaTpUYHOTo sJaeMeHTa (2.34) ANMg KaXAOro KOH-

KPeTHOTo cayuasl.

r. CuMMeTpHs MATPUYHOTO 3JeMEHTa, onpeneJsiomero HHbpa-
KpacHoe MOrJoLeHne, BHISICHUM Mpexkje Bcero TpaHcopMaIHOH-
Hble cBoiicTBa BeiuuyuHu J ' (R, k). Ilycte {¢} — yuurapuoe mpe-
o6pasoBaHue, BXOoAslliee B NpocTpaHcTBeHHYIo rpynny @. [Ipeobpa-
30BaHue {@} ompelessieT BHYTPeHHHH aBTOMOD()H3M Ha COBOKYI-
HOCTH BCeX IMOJOXKeHHH HOHOB B Kpucratdie. B CHMBOJHYECKOM
suge, ecau (R) mpexcraBasier co6GOfi COBOKYINHOCTb IIOJNOMKEHHA
uonos (T.e. Habop Ry), To npu npeobGpasoBanuu {¢}

(R)— (R)=(¢) R. (2.35)
DuieKTpoHHBIEe GYHKUHH NPeobpasyloTcs caeiyoomuM ofpasom:
9,(r, A=l (r, A =0,(r, {9} ' R). (2.36)

B o6uieM cayudae 3JeKTpPOHHBIC BOJHOBLIE (DYHKUMH ¢y YAOBJIETBO-
PAKT TaKKe VYCJAOBHAM JEeMMB O CYHIECTBEHHOM BHIPOXKJCHUH,
tTak uto (2.36) MOXHO BHIPa3UTh yYepe3 COOTBETCTBYIOLIHE JHHEeH-
HEle KOMOHWHAILHH, BKJMOYAIOUIMe ADYLHX IpeicTaBHTeNell Habopa
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BBLIPOKAE€HHBIX COCTOSHHUH, K KOTOPOMY NpPHHAMIEXHT ¢y. s aTOro
cJieflyeT HCIOJAb30BaTh HENPHBOAHMBIE MaTPHILI COOTBETCTBYIOLIErO
npeiacTaBaeHHs. 34eChb 3TO OOCTOATEIbCTBO HaM He mnorpebyercs,
Tak 4To MH OyneM paccmaTpuBaTh (2.36) B yKe nMemwuieMcsl BHIE.
JunoJbuHA MOMEHT OT/JeabHOH fAuellKH nmpeobpasyercs Kak OOLIU-
HBIfl IOJMSIpHEIA BeKTOp. Tak, OycTh (Ue);— /-9 IekKapToBa KOMIO-
HeHTa MOMEHTa Mg. 1OrAa HelocpeAcTBeHHO u3 (2.29) noayuaew,
uTo npeobpasoBanne {¢} Kaer

(), (s RY=> (), (r, RY= 2 D (@}) ., (1), (r, (9} R), (2.87)

rie D™ — Matpuua IpeicTaBJeHHs, IO KOTOPOMY HpeoGpasyercs
NOJSPHBIH BEKTOpP. 3Jechb HaM AOCTATOYHO HCIOJIb30BATH CHMBOJIH-
yeckne 0003HaueHUs AJist Mpeobpa3oBaHuil, OAHAKO HX TOUHOE OIpe-
neaenne jgaHo B (r. 1, 104.8)— (1. 1, 104.12). Huxe, Tam, rie ato
HeoO0X0AUMO, MH OyJeM HCIOJAb30BaTh H SABHHIA BHI Hpeobpaso-
BaHMUS,

Ucnonbays satem cBofictBa (2.35)—(2.37), a TakxKe onpesge-
Aenue omnepatopa J' (R, k) (2.33), mosyuum, uTO 1npu npeo6paso-
BaHuU {@}

M (R, B)—> M (R, ) =2, D (@}t M (@} R, B). (2.38)
DTo cyulecTBeHHBIH pesysabraT: omepatop J' mpeobGpasyercs Kak
ONepaTop BEKTOPHOTO moJs (moJs TeHsopa HepBoro paxra). B co-
KpallleHHOM BHAE

M ~ D™ ~ DY, (2.39)

3ameTuM, YTO PaBEHCTRBO HJM HEPABEHCTBO HYJI0 BeJHUHHE (2.33)
OTIpefle/ITeTC PACCMOTPEHHEM CHMMETPHH JIEKTPOHHEIX BOJHOBRIX
GOYHKUHE @y, ONHCHBAIONIUX MHOTOJIEKTPOHHEIE COCTOSIHHSA, a TaKiKe
COOTBETCTRYOIIEro KoshpHIlHeHTa TPUBE/IEHHUS.

Ilepen Tem Kak nepefiTH K jAajbHefilleMy, HOSICHHM 3TOT pe-

syabrat. U3 onpenenenns (2.33) caeayer, uto Beauunna J (R, k)
npeobpasyercss Kak O/J0XOBCKasl cyMMa J0KaJu30BaHHBIX (YHKIIHI
(c menTpamu B R,) C BOJHOBBIM BEKTOPOM K, PaBHBHIM BOJHOBOMY
BeKTOpY H3ayueHus. HecmoTps Ha (opmanabHyio TPYNHOCTB mHepe-
Xona K npegedy k==0, dacTo NIpH aHa/JM3e INPOLECCOB Ilepexoja
HOCTYNAIOT UMEHHO TakuM obpasoM. Mut 6yjeM nMeThb B BUAY 3aBH-
CHMOCTb OT R IIpH NOCTPOEHMH MpaBHJA OTOOpA: KaK H CJACAyeT
0XKHIAaTh, 3TA 3aBHCHMOCTb OKa3bIBA€TCS KpaliHe CYLIeCTBEHHON npu
pacCMOTPEHHH BONPOCa O COXPAHEHHH HMIYJbCA.
Tpanchopmanuonusie cBofictBa (2.39) Hak/1aABBaOT orpaHHYe-
HUSI Ha MaTpH4HBle 3jJeMeHTH B (2.34) B COOTBeTCTBHH ¢ TpeboBa-
HUSAMH TeopeMbl BurHepa — Jdxkapra. Hcnosnbsyem Tertepb ToT $axr,
uro (2.34) COOTBETCTBYeT YUCTO KoJebaTeJbHOMY NePexXody 7 —» i,
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[TycTb cuMMeTpHS BOJHOBBIX (DYHKIME sifep 3ajaHa:
| ) ~ D™, (2.40)
| %oy ~ D (2.41)

TOTLA MATPHUHBEIH 5JEMEHT

<Xvﬁ I M (R, k) ‘ Xvn) 0,
D ® DA ~ D), (2.42)

Jpyrumu ciaoBaMmu, NpsaMoe NpoH3BeleHHe NPeACTaBAeHHH HayaJb-
HOTO H KOHEUHOrO COCTOSIHMH JOJKHO COLepKaThb NpelcTaB/JeHHe
nojspHoro Bekrtopa., IIpm 3TOM BepoOfATHOCTL NeEpexofa olpefe-
asiercsl hopMyJIon

@, = ; | Ay (| 2 (R, B) | %) [P 8 (E; — E, — ho),  (2.43)

€CJn

OcnosHoe npasuiao otéopa (2.42) mpumeHHMO K IlpoleccaMm Jo6oro
nopsiika H, Kak GyIeT NOKa3aHO HHIKe, B 3aBUCHMOCTH OT 00CTOA-
TeJIbCTB 3afpelllaeT UM pa3peliaeT Nepexofbl.

A. OnHodoHoHHble 1 MHOTO(OHOHHBIE npouecchl. OJHOpOHOHHbLE
npoyeccol. Psig usHuecKux pe3yabTaTOB MOKHO NOJYYHMTh, pasJga-

raa onepatop ' (R, k) B KOHQUIYPAUMOHHOM IPOCTPAHCTBE B P
Tefiiopa 1O CMelleHMSAM HOHOB W3 HOJIOXKEHHIH paBHoBecus. [Ipu

3aJdHHBIX I[OJIOXKEHHAX paBHOBecHs HOHOB RY MIHOBeHHbIE IOJO-
JKEHUS HOHOB MOXHO pacCMAaTpUBaThb KAaK MaJible OTKJOHEHHS OT
paBHOBecusl. BoaBpamasice K OOBUHBIM O0603HAUEHHSAM H NPOBOAA

l l
3aMeHy Ra—>R(%) H ua—>u(

%

W()-re()-i(l) e

wian, ucnoansya (r. 1, 80.9), MOXKHO OTOXIECTBUTbL BEJIHUUHHY

e l
Xl (%) 3 (2.44) ¢ BeauunHOH u(x) u3 (r. 1, 80.9). Takum 06-

PasoM, HCIOJb3YsT HOPMaJbHble KOOPAHMHATHI, IOJydaeM

(1)) g el ) e

i

HMcxonst u3 coobpaxeHuii y106cTBa, Ml 6yAeM HCIOMb30BaTh JHGO
(2.44), nmu6o (2.45). PasnoxuM Tenepb MATpPHUYHBIA 3JEMEHT H3
(2.33) B pan Teitmopa no cMmeleHHsIM HOHOB. BooGuie rosops,
MOXHO Obljio Obl pasiaraTe B Psifi BOJHOBble (YHKIHH aHaJOTHYHO

), sanuieM
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(r. 1, 113.9), a Tak:ke OnepaTop AUNOJBLHOIO MOMEHTa S4elKH
I :
u(% ; ORHAKO 1J15 HalUMX [eJedl HauGosee YAOOHO pacCcMOTPeTh

clefyolee pasoXKeHHe:

<q>y|u(i)lq3v>,=m(°’( )-i— Z m‘”(l g )ua(i,)+
+ ) mif%(i i i)u(i)uﬂ(i/)+ e (2.46)

e 1"w"B

Jajee MB omycTHM HHAEKC v, TaK Kak OH cudTaeTcs GuKCHpoBal-
HeIM. [Tockosbky JeByio dacth paBencrBa (2.46) MoxHO paccMart-

l
puBaTb Kak JUIOJbHBIH MOMEHT S4YeHKH (% ) , BEJHUYHHY BHIAA

4 .
m(')(% M,)MO}KHO cuntatek 3GQ@EKTUBHHIM 3apPSIAOM B  TOUKe

{
R(% . CYMMa BCEeX TaKux 3apaaoB, NOMHOXKEHHasa Ha CMENleHHe,
9 (] l
JaeT IOJHBIA JHIOJbHEIH MOMEHT B TOuke R x )" Takum 06pa-

7
30M, m(”(% o’ )onpeneﬂﬂeT MaTpuIy 3¢ (heKTHBHOro 3apana pe-

merkd. OUeBHAHO, CHMMETPHS NPOCTPAHCTBeHHON rpynnn & Hakna-
NBIBaeT OrpaHHYeHHst Ha YHCJIO HE3aBHCHMEIX BEJHYHH B MAaTpHIe
5 eKTHBHOrO 3apsijda aHAJOrHYHO TOMY, KaK 3TO HMeeT MeCTO A
KC/A He3aBHCHMEIX CHJIOBBIX TOCTOSHHHIX B 3ajave AHHAMHKA
peweTkd [eM. dopmyast (T. 1, 109.38)—(r. 1, 109.43)]. Lo
l

Caenyromuit uieH B (2.46) colepkuT Beauyuny m? -~ %,,),
KOTOPYIO MOIKHO paccMaTpuBaTh KaK MaTPHIY «HHAYIHPOBAHHOTrO»
sapaga. AHajJorwunoe szaMmeuaHue 00 OrpaHHUeHHSX, HaJaraeMmblx
CHMMeTpHell, CIPaBENJUBO H AJIST STOH MaTPHIHL

IToacrasass (2.45) uam (1. I, 80.9) B (2.46), a 3atem B (2.33),
HoNyYHM pasnoxenue J (R, k) B psj HO CTENEHSIM HODMAaJbHBIX
KOOPXHHAT:

MR, k)= #" (R, k)+ Z.//l“)(kl:i/)Q(?,,)-{—

k/j/

+2 2 J”(Q(klkfl k,:/)Q(’.e,)Q(’.zn)Jr e (247)

4 14
k” " I’I ] ] ¢
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MOXHO BHIIHCATH SIBHbIe BHIPAXKEHHS I KO3 QHIHEHTOB B pas-
aoxennu (2.47) uepes Koapodunnentn B (2.46). Hanpumep,

4 1 v

f’)=;;«/1wu1v mg)(x “,)X
k/ i . l o, l/)
j,)exp{tk-R(%)—l—tk-R(%,I}. (2.48)

Haunee, -ucnoabsya (2.47), MOKHO cpasy e CHeJaTb HEKOTOPHIe
BLIBOJBI, CAEAYIOUIME H3 cOooOpakeHHH cummerpud. Taxg, KaxKAuil
ujged passaoxenus (2.47) mosaxern mnpeo0pa3oBLIBATBCH TaK IKe,
kax . C Apyrofl CTOPOHBI, CUHMTAas, UYTO BOJHOBOK BeKTOp H3Jyye-
HHUA KOHeueH R 5= 0, sak/iouaeM, 4TO KaXKABIA ujed AOJMKEH Npeol-
pasoBLIBaTbCsA ¢ mpeobpazoBaHHEM BOJIHOI;E)I‘O BekTopa k. Torna
qis caaraemoro (2.47), JuHeHHOTO IO Q(].,), HMeeM

s (k

v

kl
Q ( v ) ~ DE @), (2.49)
Hpyrumu cjaoBaMy,
kl
.//z‘”( k P ) # 0, (2.50)

ecan BomoJassercss (2.49). OueBnpso, tpebGoBaHue R ==k mpocro
BbIpa)KaeT 3aKOH COXPaHeHHs HMIyJabca. PaccMorpum Temeps pe-
3yJbTaT NOACTAHOBKH JHHeHHOro uieHa B (2.43):

A0<X0ﬁ|'//l(l)(k f/,) Q(?/,)IXODR. (2.51)

3i1ecb Mbl nmoJoxuM v =0, YTO O3HayaeT 3ajaHHe HEKOTOPOro
olpele/IeHHOr0 3JeKTPOHHOro cocTosiHHA. Ho Matpuynbili saeMment
B (2.51) orsmueH OT HYJH TOJBKO B TOM CJyuae, KOrAa BOJHOBas
bYHRUHA |Yoa) OTIHUAETCS OT QYHKUHH |Yon) TEM, UTO OCHUIATOP

k
Q(j’) BO30yxaeH Ha Oaukaimufi ypoBenb. M B stom cayuae

npuMeHuMa Teopema BurHepa — Dkapra: 4To6bl MaTPUUHBIA 3.e-
MeHT (2.51) GBI OTIHUEH OT HYJS, IpAMOe NpousBelenne DM Q@ D@
NOJIKHO cofepkaTh B ceGe D®)U') koTopoe B CBOIO 0uepeab OJMKHO
coBnaaaTbh ¢ D* ), 3TOT BLIBOA OTHOCHTC K OAHO(QOHOHHBIM MpPO-
neccaM. /15 OPOCTOTH MBI paccMaTpuBaeM TOJbKO Npolece NOrJo-
wenus ¢GOTOHA, XOTA TOT )Ke aHaJH3 MPHMEHUM M K C/Iyyaio HChyc-
KaHua ¢oroHa. Tenepb HeTPyAHO ONpeAe]uTb Beaududy (2.51),
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HCIOJIb3Ysl BEIpaKeHue AJsi 3HAYEHHH MATPUYHOTO 3JEeMeHTa KOOop-
nuHatel ocuuiistopa [3]. HMeem

R 1 1
(1 )i} 12 1\%
AN (k i )(m) (n +5)" 84 41, (2.52)

rie n OGEIYHO paBHO HYJI0 (KPHCTAJJ1 BHauajle HAXOJUTCH B OCHOB-
HOM KO0J/1e6aTeJbHOM COCTOSTHHH).

Hs (2.52) u (2.53) MOXHO nmoyuuTb KoaduuHeHT HHbpakpac-
HOTO IMOIVIOUIEHHUS, CONpPOBOXKAAIOLIErOCs MOABJEHHEM OLHOTO (o-
Hona. s mapmarolnero u3BHe H3JIydeHHs] C YacTOTON B HHTepBaJe
OT @ 10 ® -+ dw 3Ta BeJHUYHHA NPONOPIHOHANbLHA BBIPAXKEHHUIO

4 )
1‘/

Bxoasmas B (2.53) nenbTa-(pyHKINS BHpPaskaeT 3aKOH COXpaHeHH:
sHeprud. COOTBETCTBEHHO CIEKTD IOIVIOILEHHS COLEPKHT OCTphifl
IUK HA 4acToTe Najalollero M3JyueHHs (), PaBHON 4acTOTe TAKOTO
donona o(k|j), cuMMeTpisi KOTOPOTO COOTBETCTBYET OTJIHYHOMY OT

v

2

d(0—ow(k}j).
(2.53)

1) \ s

I (@) do~Y

krir

k
nyas kosddunuenty K | & 7 ) «MHdpakpacHO-aKTHRHEIMH» Ha-

sHBalOT (QOHOHH ¢ cummerpueir D@, B npenpeste AJIHHHBIX BOJIH
(k= 0) aag Kyb6uueckoro KpucTajna cuMMeTpua (OHOHA [JOJKHA
coBnanate ¢ DS~ ~ D@ B peajpHOM KpHCTaJJjde CHEKTpP NOTJIO-
LIeHHS] He HMeeT BHJA AeabTa-QYHKLUHUH, 4 OKa3bIBAETCH JUHHeH KO-
HeyHOH WIMPHHEL. YIINDeHHe JIMHHAM CBSI3aHO ¢ KOHEUHBIM BpeMeHeM
2KH3HH (OHOHOB, 00YCJAOBJIEHHBIM aHrapMOHUYeCKHM B3auMojeli-
CTBHEM ONTHYecKoro (poHoHa c APYruMH (GoHOHaMM u T. H. AHrap-
MoHHYeCKHe 3((PeKTs OOBIYHO paccMATPHBAIOTCS METOLAMH TEeODHH
MHOTHX dactHy [4—11]; kpaTkuli 0630p aHrapMoHHYecKHX 3¢ddek-
TOB naetca B § 6, 0.

Hsyxpononnsie npoyeccor. ChaenywluMu 00 BaXXHOCTH §B-
JsI0TCA ABYX(QOHOHHLIE NpoLecch. Takue NpoUecCh BO3HHKAIOT H3
KBaJpaTHUYHEIX U4jeHOB B (2.47), comep:KalluX NPOH3BeACHHS BUAA

4 k"
Q( , )Q( i” ) MarTpuunnifi saeMenT, ananoruunbift (2.51), umeer

]I
( k/ k// k/ k”
Ay (o | M 2)( k I )Q(j, )Q(]-,, )[x(,(n))k, (2.54)

BHI
rae {n} u {Ai} —cooTBeTcTBYWOIKE HAGOPH KBANTOBHIX YHCEN AJIs
KoneOaTeJbHHX COCTOSHUE. PaccmMaTpuBaeMbili MaTPHUUHBIA 3Jie-
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MEHT OTJHYeH OT HyJs, H COOTBETCTBYIOLUIHH eMy mpoiecc HHpa-
KPACHOTO MOTVIOLIeHHS paspellleH, eC/Ii

D(n)®D(ﬁ) COJLEPXKHUT D(k') (" ®D(k”) (]”). (255)
IlocaenHee Npou3BeJeHHEe B CBOIO O4Hepeab HOJAXKHO COLEepKAaTbhb
D®©  pap DT, (2.56)
Ho sT0 TpefoBaHHE COBNAfaeT C YCJOBHSMH ,
(Kj'R"j" | kv) 70 (2.57)

" ,
({n} (A} | K'J'R"j") 0. (2.58)

Heparencrso (2.57) onpezessieT yC/J0BHe OTJIHUHS OT HYJAS KO-

k/ k//
bdunueHTa HP
3 8 ]/ i
orpaHUUEHHsIM Ha KoJeOaTedbHble COCTOSHHS, MeXIY KOTODBIMH
MOTYT OPOHCXOJHTL MEPEXOAbl, CJAeAVIOIIUM U3 TeOpeMbl Burrepa —
Okapra. Ecan ycaopus (2.57) n (2.58) BHIIOMHEHB, MAaTPHYHEIH
sjeMeHT (2.54) mponmopuHUOHAJIeH BeJHYHHe
4

k k//

@
i )C 07, n+104, /41, (2.59)
rie C§) — KoHCTaHTa, 3aBUCSIAS OT TOrO, KAKHE WMEHHO OCIIHJ-
JSTOPBl TepexoAdaT Ha BO36yxAeHHble YypOBHH. TaruM o6pasom,
IOJHas BePOSITHOCTh MOIVIOIEHHS ¢ IOSIBJeHHEM [BYX (OHOHOB

paBHa ¥ RN
jl ]'/I )

172 ((D) dO) ~
X8 [(o(®'1]) 4 o (&) — 0] 84, nt1dr, w41, (2.60)

R

ecay BoMoJdHsAIOTCS yeraoBua (2.57) u (2.58). Kak u B npensiymiem
cayyae, cmekTp norJoujeHus (2.60) Gymer ymHpeH 3a cueT aHrap-
MonnuecKux 2(P(eKToB, a Takike 3a cUeT B3aUMOJEHCTBUS B KOHCY-
HOM COCTOSIHHH (KOHEYHOCTH BPEMEHH KH3HH). DTH MHOrOYACTHY-
uele ekt paceMoTpeHn B paborax [4, 5, 10, 11}, a rtakke
B § 6, 0.

Ecay npeanonoxuTh, UYTO pas3/iHUYHBIE MaTPHYHBIE 3JEMEHTH
B (2.60), a TakxKe HpyrHe MHOXKHTeNH He 3aBucst ot k', j/, k", j”,
TO CYMMHpOBaHHE TO 3THM HHJeKcaM jaeT IBYX()OHOHHYIO MNJOT-
HOCTb COCTOSIHUH
T Yo® )+t =—0)=nb® i) +o®@I). @6l

Mnocogononnsie npoyeccer. O6o0lieHne Ha cJayuall MHOro-
(OHOHHEIX  IPOLECCOB IIPOM3BOJBHOTO IOpSiAKAa  BHINOJHSETCS

), a (2.58) coorBeTcTBYeT OOGBLIYHBIM

AO-%‘2’(k

X

ch’AO./z@’( k
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oueBHAHBIM o0pa3oM. B ofilleM ciydae KaxkJ0OMYy uJeHy OIpelesieH-
HOTO MOPSiAKA B pasioxeHun (2.47) COOTBETCTBYET MHOTO(OHOHHELH
npolece TOro Xe NopsAAxka. PaBeHCTBO WM HEPABEHCTBO HYJIIO Be-
POSITHOCTH Hpoliecca JaHHOTO NOPAAKA IEAHKOM ONpeAe/seTcs cooT-
BETCTRYIOIUM KO3 duHueHTOM npuBeeHus. Mbl NPOHAMIOCTPUAPYEM
5T0 YTBEpPXKJEHHe HIUME HA [puMepe KOHKPETHBIX KDPHCTAJJOB CO
CTPYKTYPOU ajqMasa U KaMeHHOMH COJIH.

B nocaegane roawl 6oJAbIIOE BHUMAHHE YALJAJOCh TEOPHH CYM-
MapHBIX HOJI0C MHGpPaKpacHOro NOIIOWIEHHS IS MHOrOoOHOHHBIX
NpPOIECCOB BBHICOKOrO MOPSAJAKA, KOTAa YHCJ0 BO3HHKAKUINX (POHOHOB
JOXOAUT A0 # == 10. DKclNepUMeHTaJbHBlE HCCACJOBAHHS TaKOro
NOTJIONeHUsl ITOKAa3HKBAIOT, UYTO IPH YyBeJHUYEHHH YacTOTH HOIJIO-
1laeMoro ceera Koa(h@HUuUEeHT MOrJIOLeHHsT MeHseTcd ¢ 4YacToTo#
SKCIOHEHI#adbHO: B ~ exp(—Aw). B nmepBbiXx TeopeTHuecKHX 006b-
sICHEHHsIX 3Toro 3dhekTa HCHOJAb30BaJOCh NPEANONOKEHHE O Cylle-
CTBOBAHHH HEKOTOPOH OTJMYHOH OT HyJf (YHKIWH, OHNHCHIBAlOLIeH
B3anMoZelicTBHe. 3aTeM MeTogoM dyHKuMiI ['pHHa paccunThIBaJjCS
koadunuent norJoweHus [13, 14]. Auanus cBOHCTB CHMMeETPHH
onepaTopos 7-HOHOHHOTO B3aUMOJEHCTBHS ¢ NOMOIIbIO 060OIeHH
yenoBuit (2.57), (2.58) mna xkoadduuuentn pana Kaedma — Top-
daHa, T. e. Ha Ko2bh(ulNeHTH NIpHBeNeHUS 1J51 n-(DOHOHHHIX NpO-
1[eCCOB, BO BPEMS HaMHCAHWA KHWIH TpOBefeH He Obla,

§ 3. KomGuHaunoHRoe pacceanue cBetra (OHOHAMH.
OGo6umennan teopust Inauexa

Haa nocrpoeHuss yaoOHON [JsI NOCJAEIYIOUIETO DPAacCMOTPeHuUs
TeOpHH KOMOHHALIHOHHOIO paccesHHs cBeTa (POHOHAMH MEI BBIIOJ-
HHM KBaHTOBaHHe NOJA H3JydeHHA. TakuMm obpasoMm, ML 6ynem
paccMaTpHBaTh XapaKTepu3ylollHe IoJe BeIHYHHB KaK JUHAMHYe-
CKHe NepeMeHHBle, a He KaK BeJUYMHB], 3a/ladHble H3BHe (YTO NPH-
HUMaJ0Ch IIPH MOAYKJIACCHUECKOM pACCMOTPEeHHH HH(DPaKpacHOro
TOIJIOMEHHST B MpeAbaylieM maparpade). DTo yCJA0KHSIET TeopHIo.
B neficTBUTeJBHOCTH MOXKHO BBINOJHHTBH U HOJYKJACCHYECKOe pac-
CMOTpefine KOMOHHALMOHHOTO paccesiHus cBera (onHoHamu. OcHOB-
HO# BeJMHYHHON B TAKOH TEOPHH OKashBaeTcsd HeIlHAroHaJbHBIM
SJIeKTpHYeCcKHll MOMEHT Iepexoja, MaTeMaTHuecKas CTPYKTypa Ko-
TOPOTO TpOCcTa, HO (U3UYeCKUH CMBICA KOTOPOro INOHATH HENpOCTO.
Tlo sTofi mprymMHe MBI NpEANOUHTaeM BOCHOJNb30BATLCH «0G0OIIEH-
HeiM Toaxozom Ilnaueka» !), B KOTOpOM ONEpPaToOp MOMeHTa, NPUBO-
AAMEA K HeAWAaTOHAJLHBIM [EPeX0aM, BHIBOAMTCH H3 OCHOBHBIX
NPUHNUTIOB,

YY) B sroM naparpade nanaraercs oBmufi MeToX, Biepphle npeanoxenynil Ilia-
yekom [17, 18].
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'

[lnan paccmoTrpeHuss BO MHOroMm nojofeH [naHy NpeabAyLIEro
naparpaga. Boigensercs yacTb raMHJbTOHHaHA, paccMarpuBaemas
KaK BO3MylleHue (B3auMOJeHCTBUEe MOJS H3JYUEHHS ¢ 3JeKTPOHAMH
1 HOHaMH), a 3aTeM HCIOJAb3YeTCH TEOPHS BO3MYILeHHH IJisl BHIUHC-
JIEHHs1 COOTBEeTCTBYIOUIEH BeposiTHOCTH mnepexoaa. B oGoObiieHHOH
teopnu llsmadexa npoueccs paccefHH paccMaTpuBaloTCss BO BTO-
pOM TOpsIAKE TEOPHH BO3MYIIEHHI.

a. Famuabronnan. Kak u B npeabiaywmem naparpacde, Gynem
CYHTaTb, 4TO MOJE H3JYYEHHS ONpeieseHO 3ajaHHeM HepeMeHHBIX
MoJsl BO BCeX TOUKAaX MPOCTPaHCTBA. DTHMH IepPeMeHHLIMH $B-
JSAIOTCH TPH KOMIIOHEHTH BeKTODHOro mnorteHuuana A(r), a Taxxe
CKaJAPHBIH MOTEeHIHAJ] 3JeKTPOMArHHTHOrO noJas ¢{r), KOTOpHI
MBI ToJIaraeM paBHLIM Hydio: ¢(r) = 0. PaccmarpuBast KOMIOHEHTH
A(r) Kax «KOOpAMHATHI» IIOJsl, 3amHINeM ILTOTHOCTh JarpaHKkuaHa
3JeKTPOMarHUTHOTO NOJA B BHIe

9*1(10A2

= — = __.-1 (
= 8z \¢ ot 8

VX A). (3.1)

Torma umnyasc M, conpsixeHHull ¢ A, ompejpensercs Kax

0Z 1 o4
M= =T 51" _ (3.2)
a IJIOTHOCTh raMHuJbTOHHAHA IMOJHA paBHa
l, _
K= 2m°M? + — (V X AP, (3.3)

yro ¢ yuerom (3.2) corjacyeTcsi ¢ OOBLIUHBIM BbIpaxK€HHEM JJis
IJIOTHOCTH SHEPrUU 3JeKTPOMATHHTHOIO MOJS:

Sy = o (B + HP). (3.4)

B kauectBe 6GasucHoro HaGopa (yHKIME NpPU paccMOTpeHHH A BHI-
GepeM, KaK U IpexkJae, HOPMUPOBAaHHLIE BEKTOPHBIE IJIOCKHE BOJIHEI

Ve, expik-r=u,, (r) (3.5)

¢ BOJIHOBBIM BeKTOpOoM k u noasipusanuedt A. 3anumem A u M
B BHJE PSLOB

A(r, = 2[4, (0 0, (1) + 43 () 2, ()], (3.6)
M(r, )= [mp () g, (r) + mi, () 2, (r)]. (3.7)

KaHOHUYECKHMH NepeMeRHbLIMH ABJSIOTCH §,, H M,,; MB HaJOXHM
Ha HHX yc/IOBHe KBAHTOBAHHs, 3ajaBasi KOMMYTallMOHHBE COOTHO-
IIeHHsl NPH COBNAJAIOUIHX BPeMeHax:

(e, @5 Mg O]=[G32 (O), My (O] = ifd,, s (3.8)
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IMondslii raMHJABTOHHAH paBeH HHTerpagay or (3.3) mo BceMy mpo-
CTPaHCTBY:

= { 2’ M? + = (VX A} d, (3.9)
Tloncrasass teneps (3.6), (3.7) B (3.9), moanyuaem
” N
B =Y. (476 M + o i) (3.10)
A

Kak u3BecTHO, 3TO BHIpaXKeHUe NpeAcTaBafeT COGOH raMuALTOHHAH
CHCTEMBl HEB3aHMOJLEHCTBYIOIIMX TIdPMOHHUECKHX OCUHJISATOPOB
[19]. Famunpronnan (3.10) MOKHO paccMaTpPHBaTb B NpeacTaBJe-
auu Hlpexunrepa, Tak ke Kak MBl PaCCMATPHBAJIH TaMHJBLTOHHAH
2JIeKTPOH-HOHHOH CHCTEMBI, T. . 3aMeHsIsl HMIYJIbC m,, — (A/i) 0/0q,, ;

oJHaKo HaM 3T0 He noTpebyercs. [loCKONBKY raMuILTOHHAH H3JY-
uyeHus uMeeT BuI (3.10), HeRO3MYILLeHHAs BOJHOBAsI (QYHKIHS I110JS
H3JyYeHHs] paBHA IPOH3BEJEHHI BOJHOBHX (YHKIUA rapMmMoHHUe-
CKHUX OCHHJJISATOPOB:

Wien ™ IkI % (1 (4)) (3.11)

B NOJHOHA aHaJor#y ¢ BupaxeHueM (T. 1, 115.1) anas cayuas ocuna-
astopos pemeTkn. Tak xe, Kax 8 (1. 1, 116.1), rie Bosanosas byux-
ug  (DOHOHOB (M3MyuUeHWs) 3amucana B «N-NIPeACTABIEHHUH», SKBU-
BaJIeHTHLIM 06pa30M MOXKHO 3aJaTh BOJHOBYIO (yHKIWIO GOTOHOB
H3JYUEHHAs] YHCAOM KBaHTOB N B BO30YXKIEHHOM COCTOSIHHH OCIHJI-

astopa k, 1. e.
|‘I’mﬂ>=|nk1 nkl>_ (3.12)

TaxkuM o6paszom, co6cTBeHHBle QYHKIHKM raMUJIbTOHHAaHA CBOGOAHOrO
HOJIst M3JVUEHHST MOXKHO B3ATb B Buje (3.12).

FaMu/JbTOHHAH  CHCTEMB  B3aHUMOJEHCTBYIOLIUX  3JEKTPOHOB
¥ HoHOB paccMorpeH B T. 1, § 113. Byaem cuATaThb, YTO AJS CHCTEMB
57€KTPOHOB M HOHOB, T . e. /ISl YaCTH FaMH/ILTOHHAHA, ONHCHIBAIO-
Iiel BellecTBO, IpHMeHHMO ajauabaTHdeckoe npubauxkeHue. Coot-
BETCTBEHHO TI'aMH/JILTOHHAH CHCTEMBl, 00pa30BAHHON BellleCTBOM
{HOHAMY M 2JIEKTPOHAMH) H HOJEM H3JAyUeHHs, NPeICTaB/iseT co-
Goli cyMMy [ABYX cjaraeMbiX. B 5ToM nNpuOAHIKEHHH BOJIHOBas
GYHKINS UMeeT BUI NPOU3BeACHHUA:

Y= Tannada?) | Tuan)- (3.13) .

Tenepp HaMm clefyer BHpasuTh Benuudiy (2.8), OMUCHBAIOILYIO
B3aHMOJEHCTBHE, uepe3 MepeMeHHble, ONpelessiollee 3JeKTpoMar-
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uutHoe noJge, [loacrasasa (3.6) B (2.8), nonayuaem

H'=— Z (;1%) (qkh (t) Uy (f) * Pi + q;;‘,uk;“ (f) . pt) +

ikh
+ 3 (45) (4 V2, R - P+ 6, 0, (R)-P,). (3.14)
akA

TakuMm o6pasoM, NOJHEIY FAMHJLTOHHAH CHCTEMEl NPEJACTABJASIET CO-
60l cyMMy BHJA

%=%mn+ TE+TI+U+%,a (315)

rje BoO3MylleHHe 3alUCAaHO B BHAC OTAECJ/BHOIO cjaraeMoro.

6. BepoaTuocTb mepexojoB NpH paccesaHuH. s aHau3a CIIOH-
TAHHOrO KOMOHHAIMOHHOTO pacCesiHUs CBeTa CJeLyeT PacCMOTpeThb
nepexojsl, BHIBEIBaeMble BO3MYyIeHHeM (3.14), Mexay HayadbLHBIM
COCTOSTHHEM, COJAEpKALIUM 1y NajawliuX (DOTOHOB H He COAepiKa-
IHM (DOHOHOB, M KOHEUHHIM COCTOSIHMEM, B KOTOPOM YHHUTOXKEH
onuH (GOTOH U3 CcOCTOSIHHSA Ry, poXIeH (GOTOH B COCTOSIHHH Ry
U UMeloTcq (DOHOHHL.

B cooTBercTBHH ¢ NpeAbAYLIAM 00CYXKAEHHEM BOJHOBYIO (yHK-
UK HAYAaJbHOTO COCTOAHHS 3anHUilieM B BHulie

¥, =] \Panl’la6a1‘>i | Wuau}i: (3.16)
HJan

W=, (rR) Ly, (R) [y, s ey 1y, (3.17)

WcnonbsoBanue B (3.17) pasanuHoll (oOpMBl 3alMCH JJIs BOJHOBEIX
dyHKUME He MOJ/DKHO BHI3HIBATH HejopasyMeHUH. BoJsHOBYIO ¢yHK-
[HI0 KOHEUHOTO COCTOSIHUA 3allUilleM B BHJe

‘I’f=cpv(rR)xvﬁ(R)|(nkl — 1) (g, 1) ey 1y o). (3.18)

OrmeruM, uTto B3auMmojeiicTBHe (3.14) B nepBOM MOPSIAKE TEOPHH
BO3MYILIEHHH He BHISHIBAeT MePeXofoB Mexnay cocrosHuamu W;
H W [eficTBHTeJbLHO, BCJAENCTBHE JHHeHHOH 3aBHCHMOCTH oOlepa-
TOopa 46’ OT g,, B3aHMOJEHCTBHE F6' BLI3BLIBaeT NepeXOidbl, B KOTO-

PEIX MEHSTCHl COCTOSHHE TOJMbKO OJHOrO (hOTOHA, T. €. OlMepaTop
G, HMeeT OTJIMYHBLIA OT HyJsi MATPHUHBLIA 3JeMEHT TOMbKO MJIsi
NePeXOA0B MEeKAY COCTOTHMAMH THHA |... My ...y B [ ... (1, +
*1).. .'>.LIT06H BBIUHC/AUTh BEPOSITHOCTh NEpexoja NPU paccessHHM

CBeTa, SIBJIAIIIErocss ABYX(OTOHHBIM MPOIECCOM, HEOOXOAMMO HCe-
[0Jb30BaTh BTOPO#l NMOPSIZOK TeOpHH BoaMmyulenuil. Ilpu stom cue-
AyeT paccCMOTPeTb MaTpHUHbBlE 3JeMeHTH onepatopa ' Aaa
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nepexofa H3 HagaJpHoro (3.17) B nmpoMexyTOYHOe COCTOSIHHe, Ha-
[IpHMep B COCTOSIHHE

WM=fPu(’R)Xum(R)](”k] — l), KRR CWIRERPI >, (3.19)
a 3aTeM MaTDHYHHIH sJeMeHT nepexona n3 ¥y B Yy,

[TosHast BepoATHOCTb Mepexoia B eNHHHIY BPeMeHH ompele-
Jsdercs cTanfaaprtaoit dopmyson

v #|¥ LAY AR AN

HJIM SKBHBAJCHTHOH dopMmynoh

Z (Fr| 2N Yy Yy | 1Y)
E,—E,

2
o(E}),  (3.200)

0, =

M

rae p(Ef)— IJIOTHOCTL KOHEUHBIX COCTOSIHHH, YAOBJETBOPSIOLIHX

3AKOHY COXDAHEHUs SHEepPrHH.
Tunuunoe ciaraeMoe, BXojAsliee B aMILIUTYLY paccesiHHs, HMeeT

BUJ

W8 |\W, N, |8 |T,

{ < f‘ ‘ EM><EM| ‘ t> }' (3.21)
i~ M

HJH, €cJaH ucnob3oBath (3.14)—(3.19), uToOL YIPOCTHTL SABHEIM
By uncauresas B (3.21),

ZZZZZ( (e, F 1) oo (2, = 1) Oz | Gaattin X

um kA RN il ad’
Z
X{_Fec‘pi+74%Pa} P Xyrm the My v 00 (nkl_ l)>><

X{oony oo (ry,—1) ... cpuxum]qk,,‘,uk,,b,x
XL 2 pt 2o P @y voe My e 1y 200y, (3.22)

me

BeneacTsre clenanHLIX NPeANoNOXKeHHH BONHOBbIE (GYHKUHMM Ha-
YaJNbHOTO ¥ KOHEYHOro COCTOSAHWHA (UKCHPOBAHBI; 3TO TPHBORUT
K OUpPaHHYeHHSM, HajJaraeMblM Ha 3HAYeHHS ¢, H ¢{,, B CyMMe.
MaTpuuHBIl 3/1eMeHT KOOPAMHATH (,, OCUH/LISTOpA NOJs H3Jyue-

HuA» paBeH [3, 19]
+ D) 2nhe? \'
o (1) o (G o g )= (L2, )

rae Aoy, — Heprus KBaHTa OCUMJsATOPA HOMepa KA (T. e. ocuui-
JIITOpa, HOPMAa/bHAS KOOPAHHATA KOTOPOIO €CTb §,;); BTOPOH
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HYXKHBIH HaM MaTpPHUHbIA 3JIEMEHT paBeH

fpne2afic? )‘/z (3.24)

O L B L PRV el G-

TakuM oGpasom, onyckas B (3.22) cymmuponande mo RA u k'A" u
CUMTAsl, UTO HHAEKCHl MNOJAsApH3auuud A H A" (GUKCHPOBAHH, MO-
JgyuaeMm

5% 5 (A 0 o { = S

uv i’ aa’

VA
X | Bty (Bt |2 { — =2 o+ = P 0 x,,).  (3.25)

Ze }X

Paccmarpusas Bepazkenue (3.25), MBI BHOBB CAeJsiaeM JABa Ipel-
NOJIOXKEHHS, KOTOPHE HCIO/Ib30BAJNHCh BhIle IPU PacCMOTPEHHH
IpPOLEeCCOB HMH(PaKPaCHOro. MOIVIOHIEHHs. Bo-IepBhX, MH cpeaaem
npeanonoxenue, >3eKTHBHO NO3BOJIAIOIIEE 3aMEHHTh HHIEKC 3JeK-
TPOHHOTO COCTOSHHMSA Ha HH/JEKC HOHa, BOAM3H KOTOPOTO JOKAaJdH30-
BaHO cocrosHHe. MTak, Mbl 3aMmensieM p; — Py H, c/iefloBaTenbHO,

i (r1) = epe1 71— gy, 0 1R, (3.26)

~ik,r —-ik -R
upy (r;) =eye” 2" —>eye 27,

T £ — BElIeCTBEHHBIH BEKTOD INOJsPH3allUH; OCTaJbHHE 0603Ha-
yenusi Takne ke, kKak B § 2. Takum ofpasom, (3.25) cranomurcs
BEJHUHHOHN, cofepxKallell (a3oBble MHOKHUTEH:

; 2\
Z (”kw (ten+ 1) ) (2nc®)expi(— kg + Ry + ki » Ry) X

W pa Dprar

X{xvﬁl(wvlsm{ (mc )pa-l— ( )P }I%) | X X
X e 1@ 180 { — (55) P+ (55) Pa } 1000 1 Kb (3.27)

B (3.27) unpmexch y MAaTpHUHBIX 3/IeMEHTOB, KakK OOBIYHO, YKa3hl-

BAIOT NepeMeHHEIe, M0 KOTOPHIM HpOBeNeHO HHTEerpHpOBaHHe,
Hcnoabsyem Tenepb paseHcTBa (2.25)— (2.32), utobsl mepern-

caTh NMpPOHM3BEJEHH MAaTPHYHBIX 2MeMeHTOB H3 (3.27) B BHAe

{ > e (o | {0y | 5 [H, 1]l @), | Hum)g €Xp — ik R } X

a

X { 3 1 G 1@ | [, Bl 10, | Xunde €XP iy Ra'}, (3.28)
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HJIH

{ Z 'ILT (Evi = Epm) (v | {@y | €1, + 16| @) | 'Xpm>R exp— ik, R, } X

X { Z % (Eum = Evn) Ot 1{@u 1 8107 - Mo | @), | Hwmdpe €XP iy Ra’} .

(3.29)

Onpenenum tenepb anasoruyHo (2.33) HepmaroHasbHBIH onepa-
TOp 3.IeKTPHYECKOTO AHIOJILHOTO MOMEHTa «C (a30BHIMH MHOKH-
TeASIMU»

S (R, — k) =sepn MM (R, — k) = ;; e”HRalpy Lo 1o 9,
(3.30)

paBHHIA CyMMe HEIMAroHAJbLHEIX ONEPATOPOB AUNOJLHOIO MOMEHTA,
IIOMHOXEHHBIX Ha (pa30BLle MHOXKHTEJIH,
Torpa (3.28) npunumaer BUJ

— &, <Xvﬁ I /A (R, — k2) ‘Xum>R <Xp,m | M (R,, k) |'Xvn>R, * &y, X
X (@va, um) (@um, va). (3.31)

B npunnune temnepb cienyer noxcraBute (3.20) B (3.31) u Bol-
NOJMHHTL CYMMHPOBAHHE TIO NMPOMEKYTOUHBIM cocTosruaM. [{as pac-
CMATPUBAEMEIX  JH3JEKTPHUECKHX  KPHCTAJAJIO0B 3TO  IIPUBOAHT
K 4HCcTO $HOpMajJbHOMY Pe3y/bTATYy, HEYAOGHOMY AJIS AaJjbHeHUIerc
ucnonb3oBanud. [losToMy MBI clesfaeM AONMOJHUTENbHOE YyHpoille-
HHe, IIPHHSB BO BHUMAaHHUE HEKOTODble KaueCTBeHHbIe acHeKTH Crpyk-
TYpPHl 3JIEKTPOHHOTQ CHEKTpa JAusjekTpukoB. Hawubosmee BaxHOR
4epTofi JEKTPOHHOTO CNEKTpPa AHJIEKTDHKA ABJSETCS HaJHuue 3a-
NpelleHHOH 30HHL.

B. YnpouieHHe MaTPHYHBIX 9JeMEHTOB AJf NPOLEcca paccesHus
B cJIyYae AMaJeKTPHUKOB, Bosepamiasick K pacemorpexuio (3.20), 3a-
METHM, 9TO CyMMa IO HIPOMEXXYTOUHBIM COCTOSIHMSIM O3Hauaer

DI IPIN (3.32)
M W m

rie p— 3JeKTPOHHOE, a m — KoJebaTeNbHOe KBAHTOBLHIE YHCJa.

B kavecTBe HanGoJiee BaxKHBIX NPOMEXKYTOUHBIX aAHabaTHIECKHX
COCTOAHUM CIeAYeT B3ATh COCTOSHHSA, KOTOPHle NPUHAMIEKAT K APY-
rofi COBOKYNHOCTH 3JIeKTPOHHBIX YPOBHeli (30He), yeM HadyajbHOE
WK KOHEYHOe COCTOfIHHe, T. €. u = v. [la/lee, paccTosiHHe MeXAY
COCTOSIHHAIME C W=V B JAH3JEKTPHKe MHOro GoJbile, 9eM sHeprus
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¢onona. JpyrHMH CJIOBaMH, MOXHO HCIOJb30BaTh MNPUOMHKEHHe
[cp. (2.39)—(2.43)]

1
Wi, pm = Ovig — Oum = 53 (CD% + E(Q) 0 - fr)n) ~
~+ (@) — D)) =0y (3.33)
U
Opm, ya R Oy = — Oy, (3.34)

IaJjee, MOXHO CUMTAaTb, YTO HauaJbHOe H KOHEYHOE 3JEKTPOHHbBIE
COCTOAIHMS COBINANAIOT C OCHOBHBIM COCTOAHHEM v = (. PaccMoTpuM
Terepb 3HaMeHaTeab B (3.20). DHeprus HayaJ bHOrO COCTOSHHS 3a-
IHIleTcs] B BUJE

E,=tho;, + @+ EP, (3.35)

rie @O0 — sHepris OCHOBHOrO 3JIEKTPOHHOTO COCTOSIHHS, & fio; —-
sHeprusi magampiiero GoroHa. JHeprus MPOMEKYTOUHOTO COCTOSTHHS
paBHa

EM (Du + Eumy (3.36)

TaX KaxK IIPpH 3TOM IIOrJ/omaercs (I)OTOH; [I03TOMY

(E; — Ey) =ho; + O+ EY — @) — Ef) ~ ho; + ©° — @) = (3.37)
‘ = ho; + Aoy, (3.38)

rae hwoy — 2HEPTUS YHCTO 3/JIEKTPOHHOTO BO30yxaeHus. MHoxHTeb
8(E;— E;) B (3.20) MOxHO Ilepenucatb B BHAE

8 (ho,— ho, + EQ — E®). (3.39)

[Mpu Hanucanmu (3.39) Mbl IPEANOJIOXKHJH, YTO MOCJE aKTa pac-
CesTHHSl CHCTeMa BO3BpallaeTcd B HCXOAHOE (OCHOBHOE) 3JIEKTPOH-
HOe COCTOSIHHME, TaK YTO PasHoCTb sHepru#i (hw; — Hw;) paBHA Npo-
CTO Pa3HOCTH 3JHEPrHil KoaebGaTeJbHBIX COCTOSHUM. AHAJOTHYHBIM
06pa3oM MOJO0KHM

E;=ho, + ©O 4 EQ, (3.40)

Caenyer OTMETHTD, UTO B 3TOM naparpade Mbl CUHTAEM, YTO Pas-
JIUYHBIE BHPTYaJsbHBE IIPOLECCH MPOHCXOAAT B OINpejeJeHHOH IIo-
¢J1€10BaTeILHOCTH BO BpeMeHU. B 1efCTBUTENBbHOCTH B NPABUJILHOM
TEOpHH BO3MOMKHa J11I06as NMOCAEAOBATENBHOCTD NEPEX00B, OAHAKO
OCHOBHEIE Pe€3YyJIbTaThl IOJYYalOTCS M YNPOILEeHHHM MeTojoM. He-
CKOJIbKO 0o0Jiee MOJIHOe PAcCMOTpPEHHe [pHBeAeHo B § 6.

Comnocrapaas (3.31)—(3.36) c (3.20), HeTpyAHO 3aMeTHTb, YTO
B IeHACTBUTENbHOCTH MOXKHO BHIIIOJIHUTH CYMMHPOBaHHE IO Kojeba-
TEJLHOMY KBAaHTOBOMY UYHCIY m IPOMEXYTOUYHOTO COCTOSHHA.
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P akTHYeCKH eAUHCTBEHHBIA YJIeH, 3asncsumn OT m, NPHBOJMT K pa-
BEHCTBY

2 Humdg G lor = 2 Houm (R) % (R) =8 (R—R)),  (3.41)
KOTOpOe fBJSETCS CJEeACTBHEM IOJHOTH Habopa GYHKUUA ¥um(R).
IT0T pe3yJbTaT MO3BOJsET IepenHcarb B OoJee YAoOHOH dopme

BoIpaXKeHHe IJIs1 NOJIHOH BEPOATHOCTH NEPexoja NpH pPacCestHUu,
ITommyro BeposaTHOCTb mnepexoga (3.20) MoKHO mepenmucaTth

B BHIE
(Q)Ou
Z (ﬁco —ﬁo) 0) X

><e%<xo,_lw°“ (R, — k) MR, k) I ton)p®in | 0 (Ep).  (3.42)

Won—»on —

3aMeTuM, uTo BHIpaxkeHHe (3.42) a8 BepOSITHOCTH Hepexoaa co-
JI€PAKHT IVIOTHOCTbL KOHEUHBIX COCTOSIHHH, YAOBJETBOPSIIOUIHX 3aKO-
Hy COXDaHeHHsl SHCPTHH, M KBajpaT MOLYJS MATPHYHOTO 3JEMEHTA,
Onpenenum TeH3opHylo (yHKuHi (mose), saBucsimyio oT R u Ha-
3BIBAEMYIO ONIEPaTOPOM MOJISIPH3YEMOCTH, COOTHOLIEHHEM

P(R, k), k)= ), Cpo(0)) H™ (R, — k) M"° (R, ky), (3.43)
1

rae
Cuo = (‘90u)2 (hw; — j“lﬂﬂuo)_l' (3.44)

Ilpn McnoONB30BaHMH H3JjaraeMoOl TEeOPHH OOGBIYHO CYHTAETCSH, UYTO
UACTOTA MALAIOUIEr0  PACCEAHHOrO CBETA CHIBHO OTIHYACTCH OT
Pe30HAHCHOH 4acTOTH, Tak 4To @, < @, = (D) — @°)/h. Torna Be-
auuiHa Cyo(@;) MO CyLleCTBY He 3aBHCHT OT wacToTH nazamoulero
H3JIyUeHHsSt ®.

Takum o6pasom, (3.42) MOXHO 3amHCATbh B BHJIE

Qonron = | (on | Ban * P (Rs By —Ry) ~ &30 [ Ao [0 (Ep). (3:45)

OueBuziHO, B BBIpaxeHHe (3.45) BXORAT MaTpHUYHHIE 3JEMEHTH
AM-KOMIOHEHT TEeH30pHOro omnepatopa P, cOOTBETCTBYIOLEro [o-
JSApH3AUUY &y LJH Hafaiolllero ¥ INOJSPH3AINH &), IS paccesH-
HOTO H3Jy4YeHH.

r. CuMMeTpHS MATPpHYHOrO aJeMeHTa B clyyae KOMOHHALHOH-
HoOro paccesnusi csera. B (2.34) — (2.39) Mbl npOaHaNH3HPOBAJH
CHMMETPHIO OHepaTopa, onpenensiomero koahduuuenT nadpaxpac-
HOTO JUNOJbHOro mnorsouteHusi. CpaBHHBas omnpefesnenus (2.32)
u (3.30), samMeTHM, YTO OCHOBHOE -OTVIHUHE 3AKJAIOUAETCA B TOM, UTO
KOoMOHHAIHOHHOE paccesiHHe CBeTa ompelensercs <HeIMAroHaJb-
HBIM» MATPHUHLIM 3JI€eMEeHTOM.

Onepartop P(R,—Fk,, ki) npeoGpasyercsi kaK NpsAMOe IPOH3Be-
JeHue O/J0XOBCKOM (YHKUHH C BOJHOBHIM BEKTOpOM —Rg Ha 6.J10-
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XOBCKY10 (pyHKIHHIO ¢ BOJHOBHIM BekTopoMm k. [lostomy npu mpe-
06pa30BaHUAX, COOTBETCTBYIOUIHX TPAHCASIHOHHOH CHMMETPHH,

: P(R, — ky, k) ~ Dt~k (3.46)

D10 COBMajaeT ¢ [PaBHJIOM MpeoOpPA30BaHUs /IS NPOH3BEIEHUS
AByX OJ0xoBcKHX GYHKIHH. Kak ¥ B ciayyae nHpPaKpacHOro HorJo-
jeHHsl, YacTo NPHHHMAWT, 4T0 Ry = Ry = 0 (umpubumxenue Gec-
KOHEUHHIX JUIHH BOJIH), OJHAKO CTPOTHM $BJseTcd COOTHOIIe-
gre (3.46).

[Tponomkas aHaf W3 B MOCJEAOBATEAbHOCTH, AHAJOTHYHOH IO-
cJeloBaTeJbHOCTH cooTHOUIeHHH (2.34)—(2.37) npeablayiuero na-
parpada, noJyunm AJ1s KOMIIOHEHT TeH30pa

Py (R)=¢ey PR, —ky, k) - &y (3.47)
cJeLyIolllee MpaBHJIO NpeoOpasoBaHHUSA:
Py (R)_’P;W (R) ==
= 22 D (oD (Do Pas ({4}~ (R, — e, k). (3.48)

Takum oGpasoM, us coorHomenn#t (3.46), (3.48) caenyer, uto
BenuuuHa Py, (R, — k,, k) mnpeobpasyeTcssi Kak TeH30p BTODOTO
paHra, 3aBHCAIINHMA OT BOJHOBOro Bektopa (R;— kg). Kak u B cay-
yae omepartopa J', onpeneasiouero K03GdUIHEHT HHPPAKPACHOTO
TOTJIOILEHHS], 9TO YTBEPKJAEHHEe COJEPKUT HEKOTOPYI0 HETOYHOCTh:
B AeHcTBUTeNbHOCTH omepatop P(R) nmpeoGpasyercs NIpH MOBOPOTAX
K4K TEH30D BTOpPOro paHra TOJbLKO B TOM cCJydae, eCJH NOJOXKHTD
ky—=Fk; = 0. Ecau ky; ==k % 0, TO 114 NOJy4YeHHS] TIPaBUJI TIPeos-
Pa30BaHHSl 3TOrO ONEPATOPa INPH KOHEUHBLIX 3HAUEHHUAX BOJHOBBIX
BEKTOPOB He0OXOAMMO BOCHIOJL30BATLCS 00lIed TEeXHUKOH TeopHuH
IIPOCTPAHCTBEHHHX TPynn. Taxass HETOUHOCTb SABJSETCS A0BOJBHO
pacnpocrpaHeHHoll. OOHUHO TOUHAS 3aBHCHMOCTb OT BOJIHOBOTO
BeKTOpPa YYHMTHIBAeTCs B TON Mepe, B KaKOH 3TO HeOGXOZHMO IJIst
IOTyUYeHHs] 3aKOHA COXPAHEHHS KHHEMATHYECKOrO HMIyJabca, a 3a-
TeM omnepatop P(R) paccMaTpuBaercsi Kak BeJqHYHHa, B KOTOPOH
BOJIHOBOH BEKTOP MOJIOXKeH paBHBIM HyJ10. Torga u3 (3.48), a Takxke
u3 (3.31) MoxHO BHAETb, YTO HMPH NIOBopoTax onepaTtop P(R) mpe-
o6pasyeTcsd KaK CHMMETPHUHEBIH TEH30D BTOPOTO paHra

P, (R)= Py, (R),
TaK 4To
P(R) ~ [D®)],, (3.49)

IJle KOODAHHATH HOHOB IpeoGpasyioTest corqacHo (2.34):

(R)— (R') = {q} R. (3.50)
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Takum 06pa3zoM, B OGBIYHOM cjayuae BAaJH OT Pe30HAHCa OnepaTop
nonsipuzyeMoctH P (R) mpeo6pasyercss Kak CHMMETPH30BaHHBIN
KBajJpaT TpeACTaBJeHHs, 10 KOTOPOMY nNpeofpasyercsl MOJSIPHBIH
BEKTOD.

CgotictBa (3.48) u (3.49) cyulecTBeHHHIM 00pa3OM HPOSABJSIOTCSH
B mpaBuwjax otrbopa A58 KOMOHHaUHOHHOro paccesiHus cserta. Kax
6p10 mokKasaHo B (3.45), BepoOSITHOCTh KOMOMHALHOHHOTO pacces-
HHs CBeTa Ha KOJeGaHHSIX DelIeTKH ¢ MepexoJoM H3 COCTOSHHA
|x0n> B COCTOSIHUE |YXy;) ONpele/sieTcs BeJqHIHHON

(os | P (R) |0, ) (3.51)

CraHlapTHOe TpHMeHEHHe TeopeMbl BurHnepa — DKapra AJs1 BREIYUHC-
JIEHHS TE€H30Da NMOKA3BLIBAET, UTO MAaTPHUHBIH 3jJeMeHT (3.45) oriu-
YyeH OT HyJd TOJbKO B TOM cJiydae, KOra

DA ® D) ~ Diki=ts) (@) ~, (3.52)
~ [D®) ). (3.53)

Tagum 06pa3oMm, JOMKEeH BHINOJSHATHCH 3aKOH COXPAHEHHS IIOJIHOTO
uMmnyabca (3.46); Kpome TOrO, ROMXKHL OHTbL YYTEHH OCTajbHbie
orpannuenus, caeaywiuue us (3.49). Ecan k; — BOJHOBOH BeKTOp
paccedadsoro ¢otona, k;-— BOJHOBOH BeKTOp najampuiero (orona,
a 1 — BOJIHOBOH BEKTOp, COOTBETCTBYIOIIMH H3MeHeHHIO KoJaeba-
TeJbHOrO COCTOAHHS PEIEeTKH, TO

ky— b=, (3.54)

B 6obIIHHCTBE NPHJIOKEHHH TEOPHH CHMMETPHH K IpoleccaMm pac-
cesiHns 2({heKTH, CBA3aHHble ¢ KOHEYHBIM 3HAauyeHHeM BOJHOBOrO
BEKTOpa CBeTa, He NMPHHUMAIOTCA BO BHHMaHue. IIpu aTtoM ycJaoBHe
OTJHYHUS OT HYJS MaTpHUHOTO 3/JeMeHTa (3.45) COCTOHT B TOM, 4TO
npeJCcTaBiaeHue, [0 KOTOPOMY Ipeo6pasyeTcss Npou3BejeHHe BOJHO-
BHIX QYHKUHH HAa4YaJBHOTO H KOHEUHOTO COCTOSTHHH, MOJXKHO COjJep-
JKaTh NpeACTaBJeHHe, TI0 KOTOPOMY npeobpasyercst CHMMeTPHUHEIH
TeH30p BTOporo paHra (3.53). OTMmeTum eilie pas, 4TO CTporoe pac-
€MOTPeHHe C YYeTOM KOHeUHOH Be/MYMHBl BOJHOBOI'O BEKTOpa Tpe-
Oyer npuMeHeHHs rpynnel cuMMmetrpun &(v), ogHaKo B HacTosmlel
KHHIe TaKoe PacCMOTPeHHe He IMPOBOJHTCS,

A. OnHotoHoHHBbIE M MHOrodoHOHHBIE ponecchl. B moHOH aHa«
Jgorux ¢ popmynamu (2.44)—(2.60) MOXKHO pPa3BHTb TEOPHIO OHHO-
1 MHorotororHOTO paccesnns. Oneparop P (R, ky — k) MoxHO pas-
JIOZKUTb BOJIH3H NOJNOXKeHHH paBHOBecHs nonos RC. anee MOXHO
paccyxJaTh Tak Ke, Kak NpH paccMoTpenun (2.46) nam (2.47),
Pasnoxenre B KOHQUIypanuoHHOM NPOCTPaHCTBe CBOJUTCH K pas-
JIOXEHHIO HEJMArOHaJbHBIX MAaTPHUYHEIX 3JEMEHTOB OIlepaTopa
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(3.30). Bosppamasch cHOBa K OOBIYHBIM 0603HAUCHHAM R,—~

, -—>R(M , HMeeM

@wu(i)wn=aﬂ%( )+§:%$a(ﬂ')%(i)+““@5m

I'wa

Ecau rtenepn moacrasuth (3.55) B (3.30), satem cpenaTh aHa-
JIOTHUHYIO NOACTAHOBKY B BhlpaxkeHHe mas Jh (R, k) u noacra-
BHTb RaJjee 00a MOJYYCHHLIX BoipakeHHs B (3.43), TO MBl mOJAyYHM
pasJyiokeHue BHAA

pR=p+ Y0 (, )ul, )+ @50

o

rie, HampuMmep,

o=y 33t Crmn ) oy (L) ().

noin v
(3.57)

Bripaxkenus ans koadduuueHTor 607ee BHICOKOTO NOPSAAKA HMEIOT
foJiee CJOKHYW0O anre6padHyecKkyio CTPYKTYpy. DoJsee ynoGHBIM AJs
HENOCPEICTBEHHOTO HCIONB30BaHUS SIBJAETCA pasioxkeHue B opme,

aHajoruuHo#t (2.47). Ono nmeer BUI
2 )+
Ju Ju
+Z Z P(2)(k1—k2

i T k E)Q(z)Q(2)+.“. (3.59)

Koadduuuentsr B (3.58) MOXKHO BHIPas3uTh 4epes KO3(PHUIHEHTH
pasJokeHHst HeauaroHajabHoro omepartopa (3.55), oZHaKO HaMm 3To
He mortpebyercs.

[Tepen TeM Kak paccMOTpPeTh pe3yJ/bTaT HCHOJb30OBaHHS PasJo-
xkenusa (3.58) B (3.51), BeiacHumM, kakue ciaaraemble B (3.58) ot-
JUYHH OT HyJs. B JaHHOM ciyuae NPHMEHHMO PacCMOTpPeHHe, Ipo-
BegenHoe B T. 1, § 109, Bce Bhipa:keHHe B LeJIOM, T. . JeBasl 4acTb
(3.58), npeobpasyeTcd KaK CHMMEeTPHUYHBIH TEH30D BTOPOTO paHra.
[MostoMy xaxnoe ciaraemMoe B pasjiokeHuH (3.58) monxHO mpe-
o6pasoBbIBaThCs TakuM ke o6pasom. Torzma, ecami mNOJNOXKHTE
ky = k, = 0, mosyuum ycjoBHe

Q ( ]’Z )~ [D®)] ). (3.59)

PR by—k)=po+ Y B0 ( 1 —F,
kjp
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pi(o0

AnanoruuHbEIM o6pa30M AJig  cJjaraeMoro cJaeaylouiero nopsaaka

HyeeMm
k 1 74 . ‘
Q( . )Q ( y )ND(k) () ® D) (1),
Ju I

W, €CJU 3TO NpsIMOe NpOH3BefeHHe copep:xkHuT [D™](y, TO

p® ( 0

O6uiee ycioBue npucyrctsust B (3.58) cnaraemMoro, OTJIHYHOrO
OT HyJ/sl, AJs PaccMaTpHBAaeMOro MNOPAAKA CBOAUTCH K YCJAOBHIO
aas Ko>pdulreHTa NpHBeleHHUs

(*RI*E'] | (Ry — Ry) [0)2)) 7 O (3.62)

HJIH K COOTBETCTBYIOHIEMY YCJAOBHIO A KoahdHUIHeHTa HpUBeAeHHS
JIIS IOATPYMIIHL.

Yro6pl NOAYEPKHYTh BAa:KHOCTb 3TOTO YTBEPKAEHHS H €ro CcBf3b
¢ paccMorpenueM B T. 1, § 109, oTMeTHM, UTO KasKABIK 4JeH Dsaa
(3.58) nosken npeo0pasoBLIBATHCH KOBapHAHTHHIM 06pa3oM, Tak
JKe KaK ¥ BCce BhipakeHue B UejoM. OHAKO H B 3TOM CJyuae, CTPOTO
rOBOPH, CJIelyeT YCTAHOBHThL 3aKOH Npeolpa3oBaHtsl 3aBHCSILEro OT
BOJIHOBOTO BekTopa (Ry— k;) CHMMETPHUHOrO TEH30pa BTOPOTrO
paHra npu Ipeo0pa3oBaHHsIX CHMMeTpHU rpynn & uan &.

PasHpie ciaaraemble B (3.58) cOOTBETCTBYOT TpolleccaM KoMGH-
HAUMOHHOTO pacCesHHS CBeTa pasHOro INOpsaKa. JiuHelHBE 11O

B atoM cayuae

k
i ) + 0. (3.60)

kK
o );&o. (3.61)
i, i

k
Q(]. ) gleHsl JAI0T OAHOPOHOHHBIA HPOUECC, KBaApaTHUYHbIE —
I
ABYX(pOHOHHHEA ¥ T. n. TakuM o6pasoM, NpH TOACTaHOBKe (3.58)
B (3.47) u (3.51) MOXHO CrpyNIHPOBATh YJEHBl KAXJOT0O NOPAAKA.
I pyruMu ca0BaMu, TOJAHYK BEPOSITHOCTb IIepeXoja MOXKHO pas-
OuTb Ha MapuuanbHBIE BEPOSTHOCTH Iepexoja AN OAHOPOHOHHHIX,
IBYX(OHOHHBIX W T. . NPOLECCOB, 3aBHCAILHX OT COCTOAHHUIY
|%n) H |x0ﬁ>, MeXAY KOTODLIMH HPOHUCXOIUT Nepexon.

PaccmoTpuM, HanpuMmep, CTOKCOBY KOMIIOHEHTY ABYX(OHOHHOTO
KOMOHHALMOHHOTO paccesiHHsl CBeTa, KOTOpas COOTBETCTBYET KBa-
patuuHoMy ujeny B (3.58). Ciaraemoe BHAA

Li)e(i)e(y) e

w

> po ( k —k,
k]u' k'j,u,
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NPUBOAMT K NEPEXOAy MEKAY HauaJbHBIM COCTOSIHHEM |Yon) H KO-
HEYHBIM COCTOSIHHEM |%,;), B KOTOPOM HMEIOTCSl JBa AONOJHHTENb-
HBIX KoJebaTelbHBIX KBaHTa ©(R|j)+ @ (k'|j’). Tak Kak B KoHeu-
HOM COCTOSIHMH (DOTOHHAS CHCTEMA M KPHUCTAJJIHYECKHE COCTOSHHS
HE3aBHCHMBI, INIOTHOCTb KOHEUHBIX COCTOSIHME HMeeT BHJ TNpPOH3-
BeJEHNs

05 (Ep) = pg (hop) o (0 (k1)) + o (K7 ]]), (3.64)

rfe AHJAeKCH R N L OTHOCATCA K H3JYYEHHIO H K pelleTKe COOTBET-
cTBeHHO. MaTpuuHuii 2jeMeHT onepatopa (3.63) paer ciaraemble

BHAAa
k ® k kK
> Y ee(k—n; o Jamia(]; )e(] )i @65
Bin B0 now u w
H €CJH
k Kk kK
wale(; )a(; Jmimc(; o )=0  @eo
AR i 1
TO
A—n2, (3.67)

rae n, 1 OTHOCHTCS K 00lWeMy unuciay GOHOHOB. Besyunna KOHCTAHTHI
B (3.66) saBucuT oOT 3anmoJdHEHHUA (OHOHHBIX COCTOAHHE (faj, Hary
H T. I.), a TakxkKe OT UaCTOThl HOPMAJbHBIX KOJeOaHMH.

Takum obpasom, 1oMHAS BEPOSATHOCTL BCeX IBYX(MOHOHHHIX IIe-
pexojioB, ONPeAeIAIIHX CTOKCOBO KOMOHHAIMOHHOE paccesHHe,
HOpH NOJSIPH3AIMH g, Najawilero GOTOHA H NOJSIPH3ALUH €, pac-

CesTHHOrO (OTOHA TPOTIOPIHOHAIbHA BLIPAXKEHHIO
or (fop) pr. (0 (&1 ) +m(k'|f'»}.

ko )
I dnr
(3.68)

Ecnu paccMmoTperh paccesiiie ¢ 3aJaHHBIM H3MeHeHHeM YacCTOTH
Awy, TO B 06/1acTH JBYX(OHOHIOIO paccesHHs

Aoy=w (|]) + o (' []). (3.69)

Beposatnocts nepexoja (3.68) nponopuyoHaNbHA HHTEHCHBHOCTH
U3JyyeHus, CMEIleHHOro N0 YacToTe Ha Awz H paccesdHHOro B Te-
JIeCHBEIH yrot dQ B6u3H HanpaBJACHHS £y DPACCESTHHOrO H3/MyYeHHS,
O60o3Ha4uB 3Ty HHTEHCHBHOCTb Jay,, CHEJNAEM CJAeAVIOWEe Hpel-
[OMOXKEHNe, Ype3BHUANHO I0Je3HOe BO MHOTHX CJaydasX, KOTOpoe
MOXKeT TaK¥ke OHTb BEPHHIM H KoJHueCTBeHHO. [Ipeamosoxum, uto
Bce MHOKHTeNH B (3.68) siBAsiioTCS MeNJIeHHO MeHsiouiuMmucs QyHK-
UHAMH CABHra 4Y4CcTOTH Awg (MJH, YTO TO K€ CaMoe, 4YacToT

D30 intny ™

N{ > pﬁ,(kg—kl

kin Ki'w

2
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Nafamliero U paccessHHOTO H3JyYeHHH) U, B YaCTHOCTH, 4TO KO3 hH-
unenThl P, He HCHBITEIBAIOT pe3KHX u3MeHeHuil. Toria ocHOBHaf
YacTOTHAs 3aBHCHMOCTb BeJHUMHH J a4, OT Awg 00yc/oBJeHa H3Me-
HeHHeM ¢ Awe CyMMapHOH ABYX(OHOHHOH MJIOTHOCTH COCTOSHHH
pr(e(klj)+ o (R']])).

CJieioBaTENbHO,

d'gA(Dz NCOHSt dpL(A(DQ)

dA o, dA o, (3.70)

Ho npaBas 4acTh npeiacrtaB/sieT co0OH NMPOH3BOJAHYIO OT CyMMap-
Hofi ABYX(hOHOHHOH NAOTHOCTH cocrosHufi no vacrtore. [locieansas
BeJIHUHHA, KaK OblIO moKaszaHo B T. 1, § 107, MoxeT UMeTh KPUTH-
1ecKHe TOYKH, CBSI3aHHBIE ¢ cUMMeTpuell Kosebaunufi. Mpl BepHeMcs
K OOCYXKJIEHHI0 KPUTHYECKHX TOYeK B CyMMapHOH MJIOTHOCTH CO-
CTOSIHUE AJA MHOrO(MOHOHHOrO norJouleHus u paccesHus B § 23—28.

Axanoryussie pe3yALTATH MOLYT OHTH HOJYYeHB! AJS [POLECCoB
KOMOHHAIIHOHHOTO paccesiHuna cBeTa Jwboro nopsaka. Ilponeccy
MHOrO(OHOHHOTO pAacCCesiHUS MOXHO CONOCTaBUThL cJaraeMmoe, Ipo-
TOPUHCHA/IBHOE COOTBETCTBYIOUIH CTeneHW HOPMAJbHHIX KOODAH-
Hatr. Tlpexne Bcero ciaeayer OnpefesadTb, HMeeTCS JH TAKOH UJeH
B pasnoxenuu (3.58), a 3aTeM BHIUHCJIUTL BEPOSITHOCTb llepexoja,
1M MHTEHCHBHOCTb PACCESHHOTO HM3JIYyYeHHS.

Teopusi rpynn urpaeT camyio CYLIeCTBEHHYIO DOJb IIDH oOIpe-
JeJeHHU CTPYKTYPHl pasnoxenus (3.58), a UMEHHO NpU BHIAACHEHUH,
KaKHe 13 K03(h(UUNEHTOB OTJIHYHH OT HYJs. B HEKOTOPHIX caydasix
MOJIE3HBIM TIPUOIHIKEHHBIM METOMOM MOKeT CJVIKHTb HCCJIeIOBaHHE
OTAeJbHHX MHOTOQOHOHHBIX IPOLECCOB paccesiHus NyTeM H3yUYeHHS
BeJHUHHBl dT Ao, /dA ®, 1 YCTAaHOBJEHHS COOTBETCTBHS C KPHTHUe-
CKMMH TOUKaMHu MHOrOoGOHOHHOH mIOTHOCTH cocTosiHuil. Urobu
BHIATH 3a Npejesan 3TOro NPHOJHKEHHS Ha OCHOBe 0006IeHHOM
Teopun [lraueka, He06XOZMMO BBHIUHCIHTL BxoAfiuue B (3.45)
MaTpUuHble 3/eMeHTH (K03(hdUIHEHTH CBA3U), a TaKXKe NJIOTHOCTDH
paspellleHHBIX KOHeYHBIX cocTostHuil. Ilonobnasi teopus mnoJsipusye-
MocTi OBlIa pasBHTA B NIOCJAe[HME TOABlI HA OCHOBE METOJa MHOro-
qacTuyHbiX Gynkuuit puna. Hexotoprie #3 mOJyYeHHEIX pe3ynabTa-
TOB M3J0XKeHbl B paborax [11, 12], a Takxke oyeHb KPaTKO yIOMA-
HYTH B § 6.

B cBsisn ¢ OblcTpuiM pocToM ofllero uHTepeca K KOMOHHaDHOH-
HOMY PaCCesHHIO CBeTa W ¢ YBeJHUEHHeM YHC/Ia IKCIePHMEHTaJb-
HBEIX pafoT B 3TOH 06/acTH B HACTOSIUlee BpeMs Pa3BUBAIOTCA APY-
rve, B GoJbiiel CTeNeHH MHUKDOCKONMUEeCKHe IOJAXOAbl, BHIXOASIIHE
3a pamku Teopun [lnaveka uam Teopuu noaspusyemoctH. Hekoro-
pele M3 HUX paccMmaTpuBamTes B § 6.

e. Poab unena, nponopuHoHasbHoro A+A, B raMuiIbTOHHaHe
pacceanus. Bosspamance Tenmepp K BhlpaxeHuio (2.5), 3amerum,
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YTO B HeM IPHCYTCTBYIOT WJIEHB, KBaJPaTHUHbIE 0 BEKTOPHOMY MO-
TEHIHaay, KOTOPEIMH Mbl paHee npeHeOperanu. Hanpumep, uMeroTcs
cjlaraemule

’ 1 2 1 Z \2

=Y 5 (F)2E)+ Y 57 () £ R). BT
i a

[Tepeiinem, ucnoansys (3.5)—(3.10), K mpencTaBiaeHHO BTOPUUHOTO

KBAaHTOBaHHUA HJS 3JEKTPOMArHUTHOTO IOJ4. THOHYHLI uJieH B ra-
MHUJbTOHHAHE B3auMOAeHCTBUS C SJIGKTpPOHAMHU 3aldIIEeTCd B BHIAE

e? 1 . * i(k,—k,)r
(2mc2)Vamz'ek.m‘/kzxﬂkme =)y, (3.72)
Anajornunblii 4iaeH AJs MOHOB OyLeT HMeTb BHI
e?Z? | - ¥ i(k,~k,) R
(———QMCZ ) 7 Eos * Car Do, Do € (Bi=ky) Ry | 3.73)

ITockonbky Bripaxkeuns (3.72), (3.73) conepxat omepaTopsl POXK-
HAEeHHS W YHUUYTOKEHHS (POTOHOB, B IOJCHCTEME, COOTBETCTBYIOLLEH
[TOMI0 H3JAYYEHHs, MOXKeT IPOHCXOANHTh NepeX0f, NPH KOTOPOM YHH-
yroxaercsa (oTOH Ry ¢ moaspusauuedt A U poxjpaercs ¢oToH K
¢ noJjspuzanyefl Ay, 0JJHOBPEMEHHO [0JKeH NPOHUCXOIUTb U NEePeXojl
B 3JEeKTPOHHO!N HJM HOHHOM NOAcHcTeMe. PaccMOTpuM MaTpPHUHBIH
ajaeMeHT onepartopa (3.72), BBIYUUCAEHHBIH C MOMOHIbI0O BOJHOBBIX
byukuui (3.17). dra BeauyuHa JAOJKHa OBITH OTJIHYHA OT HYJ 4
TOMBKO B TOM CJyuae, €CJad B3 YHCIA 3aNOJNHEHHS I/ COCTOSHHH
NOJIs M3JyYeHHs, COOTBeTCTByIomue (oTtoHaMm ke u Ry, yBejauuu-
BAOTCS K YMEHLIWIAITCH HAa eAMHUIY COOTBeTCTBeHHo. COCTOsHHE
pemlleTky Mpu 3ToM He usMensercd. OcTawoWHUACK HHTerpas Ho He-
pPEMEHHBIM, XapaKTePH3YIOIHM CHCTeMY, HMeeT BHJ

2/: (@ (r, R) &' 7801 @y (r, R)),. (3.74)

QuesBupno, unterpant (3.74) oTJHYeH OT HyJs, ecJau
o, (r, Ryq,(r, R) ~ Dt#:=F), (3.75)

Takum 06pasoM, eClH CYUTATh, YTO JEKTPOHHAS MHOrOUACTHUHAS
BOJIHOBAsl (YHKUUS @y XapaKTepH3yeTcs BOJHOBLIM BeKTOPOM K,
a GyHKOUS @y— BEKTOPOM Ky, TO 3aKOH COXPaHEHHSl HMIyJbca
(corepcTBHE TPAHCAALHOHHON HHBADHAHTHOCTH) TpeGyeT BHIIOJHe-
HHS paBeHCTBA

ky—k,=k,—k,. (3.76)

3aKoH COXpaHeHHs HMIyJbca, COIJMACHQ KOTOPOMY pasHOCTb HM-
nyJabCOB (POTOHOB HeperaeTcst 3/HeKTPOHHOH CHCTeMe, MBI LIpHMEM
6e3 10Ka3aTesbCTB. v
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MuorosnexTponHsle BOJHOBEE OYHKIHM ¢, H @y BO3bMeM
B npubauxennn Xaptpu uiau Xaprpu — Poka, T. €. B BUAe aHTH-
CHMMETPH30BAHHOIO IPOH3BeJeHHs OJHOJIEKTPOHHBIX BOJHOBBIX
¢$yHKIUA:

@, (r, R)= ,QZHQP(kl) (/’)("1)- . w(km) ) (t‘]-), (3.77)

rie S — onepaTop, NPOH3BOAAIIMN AHTHCHMMETPH3AUNIO (YHKUHHA,
[Tpu stom (3.74) npHHHMaeT BHA CYMMbl HHTEIpafioB, KaxKJAblH H3
KOTOPEIX HMEET BHJL

(4 U0 gf Cha=ho)y | glkr) (3.78)

fy
Tak kax BEKTOPDBI k; u k2 MaJibl, MOXKHO HanmucaTb pPasJJoxKeHHe
ei (kﬁ_kl)'r] =1 —|— l(k2 —_ kl) “ + ... (3°79)

INocne noxcranoBku (3.79) B (3.78) BHAMM, YTO MepBLIl U3 BO3HH-
KamOUHX 9/IeHOB ARJSETCH MHTErpajoM NepeKpHTus BUAA
%

<'q)(kj’) () l ,q)(kjo) j”) >rj = 6f'f"6k]"kjrl, (3.80)

Bynmem cuurtath, uto npaBusa orfopa no Rk BeimosHedwn. Torza
(3.80) mpexcraBasier coboli HHTerpaJ nepeKkphITUs, T. €. Mepy Heop-
TOTOHAJBHOCTH ABYX O6/0XOBCKUX (yHKUHH. XOpOLIO H3BECTHO, 4YTO

i’ i’ ko it
B ofmeM ciyuae, koraa coctosumus (W)U |y |k ’>r] OTHO-

CATCS K Pa3HHIM 32JEKTPOHHHEIM 3SHepreTHYeCKMM 30HAM, HHTerpas
(3.80) paBen uyio.

DToT pesysabraT HMeeT o6UMH xapakTep. UsneH raMuJbTOHHAHA
JUIS KPHUCTaIa, HaXOAsIerocs B NoJjie W3ayuyeHHs, NPONOPIHORAL-
HEIf A2, OOBIUHO HMEEeT OTJNHUHEIE OT HyJAs MaTpHYHBIE 3JeMEHTHI
TOJIBKO MJIsl IEPeX0JI0B MEeXJAY COCTOosiHuAME onHol 30HBL [TosTomy
3TOT uJieH OGLIUHO CYILeCTBEeH JHLIb HJs1 METAJJ0B H CHJbHO JIerH-
POBAHHBIX NHIJEKTPHUKOB, B KOTOPHIX HMEIOT MeCTO SIBJeHHs M71a3-
MEHHOrO XapakTepa, H, CJeJOBaTelbHO, UMeeTcs Heynpyroe KOMOGH-
HaOHOHHOEe paccesiHHe CBeTa Ha KOJJIEKTHBHHIX KOJeOaHHAX THNA
MJIa3MEHHBIX, ’

Anasniornyno MoXHO paccMoTrpeTb ujied (3.73), ToKe mpomopuuo-
HanbHbH A2 w 3aBucsiiui OT KoopauHaT HoHOB. Kak yxe oTme-
yajock npd obcyxpenuu (2.21), (2.22), sesnuunHa cjaraemoro 8
raMHJAbTOHHAHE, COOTBETCTBYIOLIEro NpsMOMY (GOTOH-HOHHOMY B3aH-
MoJeficTBHIO, B Zx® pa3 MeHblle, 4eM BeJHUHHa CJaraemoro, coot-
BeTCTBYIOWEro (GOTOH-3/1eKTPOHHOMY B3auMoaeHcTBHI0. Kpome Toro,
MaTpHYHLIe 3JeMeHTH onepartopa (3.73) comepXaT MHOXHTENH
BHAA :

(un (R) [ P10 Raly (R)Y (3.81)
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Onnako B mnpenefe AJNHHHBIX BOJH Ry = Ry = 0 9TO BHIpaKeHHe
npeacTaBAseT cO60f HHTErpas NepeKphITHS

(s (R) | Koy, (R)) - , (3.82)

B ofuiem cayyae TakOH WMHTerpasj He paBeH HYJO, HO ecJH 9Je€K-
TPOHHEIE COCTOSIHHSl OJAMHAKOBBI (U ==v), TO QYHKIMH X,; H X,
OTHOCSITC K KoJefaTesNIbHEIM COCTOAHHAM OJHOTO MHOXECTBAa BJeK-
TPOHHBIX COCTOSHUH (ONHOM 30HEI), NOITOMY

<xvﬁ l xvn>R = 6ﬁn' (383)

Ins xoMOHHAUUOHHOTO paccesiHHS CBeTa Ha KOJeGaHHSIX pelleTKH
fl 7= n, 0 3T0 cjaraeMoe obpalaercss B HYJIb.

[TogBomst mTOr, MOXKHO 3aK/IOUHTb, 4TO OGLIYHLIE apryMeHTHI
B NOJNb3y npenebGpe:xxkeHus oboumu uwienamu B (3.71), nmpomopumo-
HalbHEIME A% 1pH paccMOTpeHUH KOMOHHAIMOHHOTO pacCesTHHS
CBeTa, HeCOMHeHHO, yGelHTelbHbl, a B HEKOTODHIX CJAyYasfx MO~
TBEPKAAIOTCH CTPOrHM paccCMOTpeHHeM, 31echb MH TIPUMEM 3TO
npubauKeHHe, OTMeUasi TeM He MeHee, UTO HeOoGXOJAMMO jAafbHel-
miee H3yueHHEe 3TOr0 BONPOCA, B YACTHOCTH [/ JAETaJbHHIX pac-
YETOB BeJUUYUHE TeH30pa KOMOHHALMOHHOIO paccesHHs cBeTa. DTOT
BOIIPOC paccMoTpeH B paborte [20].

Bo BCcfiIKOM cayuae, MpH aHajH3e MATPHUIHBIX DJEMEHTOB H BHI-
BOJie IIpaBuJ oTbopa A HH)PAKPACHOrO NOIVIOUEHHS H KOMOHHA-
IIMOHHOTIO pacCesiHHs CBeTa B AUJIEKTPHKAX MBI OYJeM CUHTATh, UTO
ujieH, IpoopuHOHaIbHER A%, mpeHeGpeKHMO MaJl.

§ 4. NMpaBujao aabTepHATHBHOIO 3anpera
st HEKOTOpPbIX ABYX(OHOHHbIX OOEPTOHOB
B CHeKTpax HH(pakpacHOro mnorjomeHus
1 KOMOGHHALHOHHOTO pacCesHHs CBeTa
B KpHCTaJjax ¢ HEHTPOM HHBEpPCHH

[Ipexae ueM mpomOJMXKHTL PACCMOTPeRHEe NMponecoB HHbpakpac-
HOrO HOIJIOWEHHs W KOMOHHAIIMOHHOIO paccesiHHs cBeTa, MHl ycTa-
HOBHM BaXXHbli M BecbMa oOuIUE pe3yJabTaT AJS ABYX(HOHOHHLIX
KOMOGHMHAIHA CHelMaJdbHOro -BHLA, Ha3pBaeMbX obeproHamu. [us
IByx(oHOHHOro HH(pPAKPACHOrO MOIIOIEHHs HMelTca obmue (op-
MyJas (2.52)—(2.58), a ana ABYX(OHOHHOrO KOMOHHADHOHHOrO pac-
cessnus cpera — popmyas (3.56) —(3.63). Onsa nocnenywoulero pacs
CMOTpeHHST BaxHB npasuaa (2.55) u (3.53). -

Jlais1 onpeneseHHOCTH PacCMOTPHUM 5TH NIpaBHJia IJs KpHCTaJJja,
BpOCTpPaHCTBeHHas rpynna @ KOToporo COAep:KHT ONePauMio HHBep-
cun. PaccMortpuM mpouecc HH(MpPaKpacHOTO MOTJIOLIEHHA HJIH KOM-
- OGHHALlMOHHOTO paccesHHsl cBeTa C HCNYCKaHHeM ABYX OJNMHAKOBEIX
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k
doHonoB, nawnoumux obeptoH. O6epToH KoaeGaHHA Q(]. ) 6yner

B
AKTHBHBIM B HH()PAKPACHOM MOTJIOLIEHHH, €C/IH

([(*fl, | Tv) 0, (4.1)

H TOT Xe 06epTOH 6y[eT aKTHBHBHIM B KOMOHHAIIMOHHOM pacCesiHHH
cBeTa, ec/H

(il | T [o],) 7 0. )

Byjsem cuntaTh, 94TO AJAMHA BOJMHB H3JYYeHHS, OT KOTOPOH 3aBHCAT
onepatop Momenta J (R,T) u oneparop noJaspusyemoctd R(R,T),
OecKoHeuHa:

b=k —ky=T=(0, 0, 0).

Ham caenyer Temepb ompeneuTh CHMMETDH30BAHHBIH KBaapar
npeAcTaBJIeHHs], 110 KOTOpPOMY IipeoOpasyercs KoOpAHHATa (PoHOHA

k
Q(]. ) AJs c/lydasi, KOraa HPOCTPAHCTBEHHAs TPYNNa COMepKHT
u .

onepanuio uHBepcuu. Pacemotpum ofeprTon Konebanus, oTROCsE-
rocd K BOJTHOBOMY BexkTOpy R ofiiero Tuma U X 3Be3fie *k obuiero

k
tuna. COBOKYNHOCTH HOPMaJbHLIX KOOPAWHAT Q(]. )gp-xpamo
v

BBIPOXKAECHHOTO COCTOSHUA npeobpasyeTca N0 NPeACTABIEHHIO
pUrE )

BenencTsie npeanosnioxKeHust, KTo B — BoJgHOBOM BekTop 0O0Ilero
BHAa # *R-—3Besna ofulero THIA, COPaBelAAUBH COOTHOIIEHMNS
(r. 1, 38.1), (r. 1, 45.4), (r. 1, 45.7), oTHocsAuMeCcqs K CTPYKType
MATpHUIL 3TOTO npeicravsieHus. [ajee, ecam *k—3Bes3fa obiero
THIIA ¥ KPHCTAMJI HMeeT HEeHTP MHBEPCHH, TO0 HaGOpP BOJAHOBHIX BeK-
TOPOB *k MOXKHO CrpynnmMpoBaTh TaK, 4TOOH KaXKIOMY BOJHOBOMY
BEKTOpPY R; COOTBETCTBOBAJ BeKTOp —R;:

*fh -— ’ -_—
k—'— (kl’ k2’ ey k s k], ey kgp/Q)' (4.3)
Torza cpexm npousseleHusl QyHKUHE, npeobpasyloIHXCA IO CHM-
MEeTPH30BAHHOMY KBAaJApaTy NpeAcTaBJAeHHs
[D*® D]gys (4.4)

IOJIHOMY BOJHOBOMY BekTopy I, OYeBHIHO, COOTBETCTBYIOT TOJIbKO
Npou3BeLeHHs BHAA

PE)D (RO L g, (4.5)

[Pasymeercs, B (4.4) BXOAAT Tak:kKe BCE OCTAJbHEIE IPOH3BeleHHS
3Be3Jl, HO MBI HX He paccMaTpHBaeM.]

Eppe
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PaccmoTpum npocTpaHCTBO, 3ajJaHHOe HaGOPOM NPOH3BeAeHHH

Bujaa (4.5):
2T = (k) )« pl=k) (), Y, (4.6)
PasMepHOCTL 3TOro mpencTaB/eHHsT paBHA
x*0 ({e10}) = gppe. (4.7)
Hasi moGoro anementa {@|T(¢)}, sBJAAOMErocs YHCTHIM MOBOPO-
TOM, IO OTpeieeHHIO
gk, =k, (4.8)
Onnako ecau ¢ =i, rae i — UHBEPCHsI, TO
i-k,=—k, (4.9)

u
P bl O L ~Fm) B — (Em) D y(<En) D (4 10)

Cilef0BaTeJbHO, OCTAIOLIMECS XapakTephl NpeacTaB/eHus, 3ajaH-
HOro B npocTpaHcTBe (4.6), UMeT BHA

r DT @Y = g,p @.11)
a Nis BCeX JNPYTHX 3JeMEHTOB
21T ({7 (@)}) =0. (4.12)
HOnas gw6of npocrpancrBennol rpynnel & noanasi ToueuHas
rpynmna
P=06/T (4.13)

JOCTaTOUHA 1] KJaaccupHKauuu npencTaBseHuii B touke I, Tak
xak P(I') = P. [asg ToueYHOH TPyNNL], COOTBETCTBYIOUIEH NPOCTpPaH-
CTBEHHOM TpylIe ¢ HHBEePCHEH, HMeeM

S'B=89 P25 « .- (ng/Q: L1 Qo ..., l.(ng/Z. (4'°14)

Taxum o6pasom, TOueuHass I'pylNa IPOCTPAHCTBEHHOH TpyIIBI, CO-
Jdepxkallefl HHBepCHIO, fBJAseTcs NPSAMBIM NDOM3BEAEHHEM TPy
GoJsiee HM3KOro mnopsaaka Ha rpymny uyetHoctH C; CieloBaTesbHO,
HellpUBOAHMbIE TPEACTaBAEHUS TPYNNB P AeasATCH HA HeTHHE H He-
YyeTHHIE:

X1 H (ip,) = 2= %7 =) (@) (4.15)
Torma uz (4.7) u (4.11) cienyer, 4T0 XapakTep xm CHMMeTpHuY-
HOro KBajapaTa IIPeJCTaBJeHUs MOXKHO Da3jioKHTb B CYMMY BHIA

(0 = jz+ (TR CASR (4.16)

B KOTOPYIO BXOASIT TOJIbKO XapaKTephl YeTHHX HpeAcraBiaeHuf. [laa
onpenenenus Ko3pQUUHEHTOB Pa3JoXKeHHs

nJ+E(P|f+)
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MOKHO HCIOJIB30BATh OOHIUHEBIE (DOpMYyJEl, HOAOOHBIE dopMmyaaM
pasJioKeHHs! PEry/IiPHOro NpeAcTaB/IeH:s 000 KOHEUHOH IpPYIIHL.
TTomyuum .

(C1j ) == 2 4™ (R) 10 (RY, (*.17)
R

rle CyMMHpOBaHHe IPOBOJAUTCS IO BCEM 9JEMEHTAM TPYHOL R,
B TaxoMm cayyae

1+ =1, (4.18)

ClreoBaTeNbHO, B PasJOKeHHE BXOISIT 8Ce UeTHHE IIpeJcTaBJeHds
Ipynisl P ¢ KPaTHOCTLIO, ONpene]sieMOl HX PasMepPHOCTHIO /j4.
PaceMoTpuM, HAKOHel, NpPeACTaBjieHHsd, MO KOTOPHIM mnpeolpa-
3YIOTCSt BEKTOD H CHMMETPHUYHBLIH TeH30D BTOPOro paHra Ipu npeo6-
pasoBaHusiX rpynnsl B. O603HAUHM COOTBETCTBYIOUIHE CHCTEMBEl Xa-

paktepos gepes % u (@), Ias mo6oro BekTOpa v ==(x, ¥, 2)

% (i) = — % (@). (4.19)
CaejloBaTeNbHo,

§ ) = Z (o] =)y, (4.20)
=

TaxuM o6pa3oM, AJsl IPYNNH, colepxaliell HHBEPCHIO, B PasJoxke-
Hie %% BXOAT TOJBKO He4eTHolie UpefcTapiaeHuda. Jljada cHMMel-
pPUYHOrO TeH30pa BTOPoOro paHra [v](y nmeem

X0 () = 7 [£7 (¢)) + (X (@) ]=2") (dg).  @.21)

CienoBaTesbHO,
x(k’](ﬁ.’)) e ?_‘; ([01(2) I ! +) XU +). (4‘22)

Takum o6pasoM, npeacTaBlieHHe, 10 KOTOPOMY nmpeobpasyercs cHM-
MeTPHUHBIH TEH30p BTOPOIO PaHra, pasjaraercs Ha CYMMY 4eTHbIX
npepcraBaenfi rpynnsl P. Kakue mmenno (v|j—) u ([v]]j+)
OTJIHYHBL OT HYJS, 3aBHCHT B Ka:KJOM cJIy4yae OT CBOHCTB rpymnm .

Temeps MOXHO OOBEAHHHTb 5TH pe3y/bTaTh B BHJE MNpaBHJa
albTePHATHBHOIO 3allpeTa [/ NPOCTPAHCTBEHHBIX rpymn @&, co-
Jepxkallnx uHBepcHio i. B cooTBetcTBuH ¢ (4.22) 06epTOHH Npeos-
pasylTcs Kak CyMMa 4YeTHHIX NpedcTaBiaeHui, O6epTon kosebanus
€ BOAHOBbIM BeKTOPOM 0OuUe20 TUNA AKTUBEH 8 KOMOUHAUUOHHOM
paccesnuu csera, TaK Kaxk Buinoansaerca ycaosue (4.2), u sanpe-
ujen 8 UNRMPAKPACHOM Ro2A0ujeHul, TaKk KaK ycaosue (4.1) we got-
noansiercsa [21—24}.

3ameTnM, 4TO NpPHBeJeHHOE A0KA3aTeJbCTBO OTHOCHTCH TOJbLKO
K BOJIHOBOMY BEKTOpY ofuiero Tuma. B cayuae kpucrasnia ¢ HHBep-
cuefl 06epTOHEl KOJeOaHHH, OTHOCSIIMXCA K TOYKaM BLICOKOR CHM-
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MeTpuH, INpeolpasyloTcsa MO INpPeACTaBJEHHSM, COAepPXAIUUM Kak
YeTHHle, TaK H HeueTHhle NpexacrtaBjeHust rpynny & (T). BaxHbiM
NPUMEpPOM CJAYXKAaT 00ePTOHH (DOHOHOB, COOTBETCTBYIOUIHX 3Be3Je
*X B KpHCTaJJaX CO CTPYKTYpo# a/nMasa. DTOT mpumep NoapoGHO
paccmatpuBaerca B § 15. Takum obpasoM, KaxAw#i cayuair oGep-
TOHA (OHOHOB, COOTBETCTBYIOIHX TOUKAM BLICOKOH CHMMeTpHHY,
TpebyeT clelHalbHOrO PacCMOTPEHHUS.

[IpakTuueckasi mOJE3HOCTb 3TOr0 MNpPaBHJAA NPOSIBASETCS MNPH
aHaJnu3e ABYX(hOHOHHOH 4YaCTH CIEKTPOB HHDPAKPACHOrO NOTJOIIe-
HHA ¥ KOMOUHAIIHOHHOTO PAacCesHHSl CBeTA € UCIOJIb30BaHUEM TEO-
PHH KPUTHIECKHX TOUeK. PasymeeTcs, IPH MPAKTHYECKOM HCIOJB30-
BaHHH TeOPHH BO3MOXKHHIU BKJaJ (POHOHOB, COOTBETCTBYIOUIHX TOU-
KaM BBHICOKOH CHMMETPHH, ROJKeH OBIThb PAaCcCMOTPEH OTHE/BHO.

[Tocnennee BaxHOe 3aMeuaHue KacaeTcsl HeNpaBHILHOCTH 06-
patHoro yTBepKAeHus. MHaue rosops, eciIu KpUCTA/N He HMeeT
TIeHTpa HHBEPCHH, TO 3TO, BOOOILE IOBOPS, He O3Havaer, uyTo obep-
TOHL KoJeOGaHull aKTHUBHB B WUHGPaAKPACHOM mnoraouleHnd. B Kaye-
cTBe mnpuMepa oOpaTHMCA K CONOCTABJIEHHIO NPOCTPAHCTBEHHBIX
rpynn ajsmasa H LHHKOBOH ob6maHku. OKa3blBaeTcs, 4TO HEKOTO-
prle onpejeseHHble THNH (DOHOHOB KPHCTAMNJa CO CTPYKTYDOI IHH-
KoBOll OOMaHKH MOXKHO COMNOCTABHTb HEKOTOPHIM «HCXOIHEIM®» TH-
nam (OHOHOB KpPHCTajJJna CO CTPYKTYPOR a/amasa, paccMaTpuBast
H3MeHeHHe CHMMETPHH INPH HCKJIOUeHHH olepauuu wuusepcud. Ox-
Hako O0epTOHH MOryT OBITh 3alpelleHE AAA 06eHX CTPYKTYPD.
Ilesb sTOro 3aMedaHust — npefocTepedb OT oOWHGOK. st mHTEp-
nperanuyd ABYX(OHOHHHIX CIEKTPOB MOKA3aHHOe Bhille MNpPaBUJIO
SIBJISIeTCS TIOJIE3HEIM H TOUHBIM, OJTHAKO ero ‘He cJenyeT paclpocTpa-
HSITb 3a TPAHUIE €T0 NPUMEHHMOCTH 6e3 clenHasbHOro 060CHOBA-
HUS AJA KaXKAOro OTHAeNbHOTO ciayyas. Kpome Toro, 310 mpaBu/IO
MOXKeT HapyllaThcs BCJAeACTBHe pe3oHaHCHHIX stdexToB (§ 6, k)
[25, 26].

§ 5. Hoaspuszauuonuoie 9ddekTol
B mponeccax HHPpakpacHOro MOrJOUIeHHs
H KOMGHHALMOHHOTO pacCesiHHA CBeTa

CyIecTBYIOT TPH IVIABHHIX HMCTOYHHKA HOJISIPH3ALHOHHBEIX 3¢~
(GexTOB, KOTOPHE MOXHO Habai0ZaTh B CHEKTPaX HHGMPaKpacCHOro
NOrJolleHuss H KOMOMHAUHOHHONO paccesHus csera. [lo-BUTHUMOMY,
Hau6oJiee BaXKHBIM, KaK B HPHHIHUINE, TAK H NPaKTHUYECKH, SABJIAETCA
TeH3OpHBIH XapakTep paccesHus. VM3yueHue moJifApH3alHu paccesH-
HOro cBera siBjisgercs 3((eKTHBHHIM METOIOM HCCAENOBAHHS MHKPO-
CKOMHMYECKHX JAHHAMWYECKHX TIponeccoB. Ilongpuzanns paccessHHOTO
CBeTa Hepas3phIBHO CBfI3aHA €O CBOHCTBAMH TeH30pa paccefHus
KpPHCTaJl1a, KOTOPHIH mNpeAcTaB/isier coBofi TeH30p BTOPOro paHra
cnennasboro puaa. IIpHMeHeHue TeH3opa paccessHHs LIMPOKQ
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pACIpPOCTPaHEHO BO BCEX HCCAeNOBAHHAX KOMOMHAIHOHHOTO paccesi-
HUs cBera. KOMIIOHEHTH TeH30pa paccesiHHsl HETPYIHO BBIYHCJIHTD,
€CJIH TpeIBAPHTENbHO YCTAHOBHTB, UTO OHH NMPOCTHIM 00pa3oM CBs-
3aHbl ¢ Koadouuuenramu Kiaebura — l'opaana. Drta ceasp oblero
xapakrepa OyAeT pacCMOTpPeHa B HacTosueM naparpagde. 3aTeM Mbl
NPOULJIOCTPHPYEM HCIOJB30BaHHE TEH30pA PacCesHHS HA THNHUHOM
npuMepe, KOria HHTEHCHBHOCTb PACCEsIHHOTO CBeTa 3aBHCHT OT IIO-
JISIPH3AaLUHH HaJAIOIerc U paccesiHHoro (GOTOHOB.

BropeiM 06CTOATENBCTBOM, HPHBOASINHM K HOJSIPH3ANHOHHBIM
addexram, ABATETCS KOHEUHAd BeJUUHHA BOJHOBOTO BEKTOPA, BXO-
asilero B onepatop Momenta M(R, k) u onepatop nosnsipusyeMmocrs
P(R,k — ks3). OcoGeHHO XOpPOIIO H3BECTHBIM IIPOSIBJEHHEM 3TOI'O
0o6cTOATENBCTBA CIYKAT 3PPEKTH MaKPOCKOMHIECKOTO 3JEKTpHYe-
CKOTO ToJIsl, HabJ/10aeMble B KpUcTanax 0e3 HeATPa HHBEPCHU 1JIs
MOJPHBIX ONTHYECKHX KOJeGaHHil, aKTHBHBIX OJHOBPEMEHHO B HH-
(dpakpacHOM MOIJIOWIEHHH H B KOMOHHAIIMOHHOM pacCesiHHM CReTa.

Haxounen, Hau6osee NPOCTOA NPHUUHOH MNOJAAPH3AUMOHHBIX 3(-
(hbekTOB MOXeT ObITh aHHU3OTPONHS I'€OMETPHH OIBITa, CBA3aHHAA
¢ He3KBUBAJIEHTHOCThKO HampasJeHu#t (ocefl kpucranna). ITH Bo-
IIPOCH paccMaTPUBAIOTCS B HacTosiieMm naparpade. Byner otmeyena
TaK)Ke BO3MOXKHOCTb HCHOOJNb30BAHUA MOJSPH3AUHOHHBIX H3MepeHHi
JLIS PeNBAPHTEJIbHON HAeHTHdHKAlHE 00CYXAaeMBIX B IOCHeIHEe
BpeMs ABYX(OHOHHBIX CBSI3aHHEIX COCTOSIHHH IO CIeKTpaM KOMOu-
HAUHOHHOIO pacCcesiHUsI CBeTa.

a. Tensop paccesHus u kKoapduumneurst KaeGmwa — TlNoppana.
BeposiTHOCTs KOMOHHAIMOHHOT'O paccessHHS CBeTa Ha KoJebaHMAX
pewreTkH jaaeTcsl BeipameHHeM (3.45). OTo BeIpakeHHe MOXKHO
nepenucaTh B fosee yno6HOH (opMe, N03BOAAOILE] BLIBECTH OCHOB-
Hble MoJafipu3alunoHHbie 3hdeKTH. B 3TOM NyHKTE MBI IOKAMXKeM, YTO
9JeMEHTE TeH30pa paccesHHusl IepBOTO MOPAAKA INPeACTaBJIgIOT
co6ol B AeHCTBHTEJALHOCTH NpocTo Koapdunuertsl Kiebma — Iop-
naga, DTo pacCMOTpPeHHe AOJKHO cHenaTh 0ojiee HNOHSITHOH CTPYK-
TYpy 2JeMeHTOB TeH30Da paccesiHHsl, a TaKiKe HOATOTOBUTh HAac K
BBHIUNC/IEHHIO TEH30POB pacCesiHHs MJs HOBHX CJAydaeB, COOTBET-
CTBYIOIIWX, HATIPEMED, PE30HAHCHOMY KOMOHHALIHOHHOMY PaccesiHUuI0
cBeTa ¢ HapylleHHeM CHMMETPHHU, KOTOpoe paccMaTtpuBaetrcs B § 6,1,

[lepermuiem (3.45) Taxum o6pasom, uTOGH BHIpaXkeHHe HAJ
HHTEHCHBHOCTH CBeTa HMEJNO BHI

gn—)r‘l =C D,Z;Y (87»)0 Rgi (87\.’)0 |2v (51)

rie ,.ss— HHTEHCHBHOCTb KOMOWHAIIMOHHOTO paccesiHys cBeTa
npu Nepexofie M3 KOJeOaTeqbHOIo COCTOSIHHA |Yon) B COCTOsIHHE
|x0ﬁ>, a (&), # (e,“,)o—-nexapTOBH KOMIIOHEHTHl BEKTOPOB MHOJIfA-

pH3aluy Mafalollero H paccestHHOro (GOTOHOB ¢ HHAEKCAMH O H .
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Tensop paccesnus onpenensercss dopmynon
% ——Z(xm Py | Yon)- (5.2)

Kak nokasano B § 3, B npenene k; —k; = I" onepaTop nosasipusye-
moctn P(R, k;— ki) 1o OTHOWIEHHI0O K NepeMeHHOR R siBasercs
CHMMETDHIHEIM TeH30POM BTOpOro padra. [lodesHo HaNOMHHUTb, YTO
TpeOOBaHHEe CHMMETPHYHOCTH TeH30pa DaccesHus CJeLyeT H3 OT-
CYyTCTBHA B MATPHUUHBIX 3jeMeHTax {@y|e-u,|@,> U3 (3.31) xaxoi-
JA00 CTPYKTYPHL H H3 TOrO, KAK 3TO OGCTOSATENbCTBO NPOSIBJISAETCS B
(3.48). Ilpn MHKpOCKONMMYeCKOM paccMOTpeHHMH B § 6 MBIl OTKa-
xKeMmcs 0T atoro tpeGoBaHusd, Torga mpaBuso mpeo6pasoBaHHsA IO
OTHOUIEHHIO K A€KapTOBHIM HHIeKcaM (0, p) umeeT BHJ

P(R) ~ [D'N,, (5.3)

roe [D™], — cuMMeTpu3oBaHHEIR KBaApaT BEKTOPHOTO MPeACTaB-

Aenusi. s 110608 NpoCTpaHCTBEHHON IPynnH npeacrasaenue (5.3)
MOJKHO Pas/loKHTh HA HENPHBOAMMbIE KOMIOHEHTH:

(D¢ )](2) Z( ”](23\ [‘]) D@ M,

Ve uz (5.1) MOXKHO 3aKJIIOYHTb, YTO AONKHH HabaoAaTecd -
(heKTHl NOIAPU3AUNHE U aHH3OTPOIHH, 0OYCIOBJEHHbIE IOJAApH3aLiuel
NajfaloIlero H paccessHHOro CBETa.

Hcenenyem Temeps 3T0T Bonpoc Goslee HoAPOGHO, OTPAHHUHBASACD
HO-NIpeskHeMYy paccMoTpeHueM chaydas B, =k, == 0. Ilpexnge Bcero

k
BBEJEM B PacCMOTpeHHe HOPMaJbHble KOOpPAUHATH Q( , ), obpa-
I
sy}oume o MpeanoJoxendio Gasuce npeacrasaenuit D® O, Torpa
B (5.1) kBantoBble uncia {n} u {ii}, HyMepylouine KoneGaTeJleue
COCTOSIHHSA PeIeTKH |¥,,) H |x Y» COOTBETCTBYIOT 3THM HOPMaJbHEIM

KoopAHHaTaM. MoxxHO 3anucaTh

<{Q(f)} "n>EX({”k, e Q(Z )) (5.4)

s ananuaa MaTpuuHOro sjeMeHra nepexona (5.2) paccMoTpum
aHajoruynoe (3.58) passnoxeHue BesuuuHn Pgo(R) B paj mo cre-
MeHAM HOPMAaJbHBIX KOOpPAHMHAT, KOTOpOe Tellepb MOXKHO 3amHcarb

B BHJE .
Poy (R)= P ZP‘”( )Q(Z)—l—.... (5.5)

IMoncrasnss (5.5) B (5.2), BUAUM, YTO MaTPHYHHINA 3JeMEHT pasbu-
BaeTCl Ha CYMMY OTHAEJbHBIX MATPHUHBIX 3JEMEHTOB, KaXKABH U3
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KOTOPLIX COOTBETCTBYET OAHON HOPMAaJIbHOM KOOPAMHATe H OTJIH-
HaeTCsl OT HyJIA JIHIIL B TOM CJIydae, KOLAA YHC/IO 3ATOJNHEHHA My

COOTBETCTBYIONIETO OCIHJ/JIATOPA H3MEeHsieTcs (B HallleM cayuae yBe-
JUYABaeTcs) Ha eANHUIY. TakuM o6pa3oM, HHTEHCUBHOCTh O0NHO(DO-
HOHHOTO KOMOHMHAIHOHHOIO PACCESIHHA CBETa ¢ pPOXKIeHHeM KBaHTa

k
3adanH020 KosebaHHsA Q(]. ) MOJKHO 3aMHCATb B BHJIE
n

I i) =C T | D (@PYThIef . 6O

Benuunua PS) ( r

TeH30pOoM KOMOHHAHMOHHOrO paccessHusa. Ecau Tellepp omycTHTb B
0003HaueHUAX BepXHHH MHJAeKc M HHAeke I, TO cjexyeT NOMHHTD,
YTO paccMaTpHBaeMBI TEH30pP COOTBETCTBYeT caydai OGecKOHEeuHO
GoJbUIOK ANMHHL BOJHBI cBeTa; Oynem ofo3mauaTb ero Pgp(R|fy).
SlcHO, yTO HMeHHO 3TOT K03()(UIHEHT oNpelenseT HHTEHCHBHOCThb
0LHO(OHOHHOTO KOMOWHANHOHHOTO PACCESHHAS.

Paccmotpum Tenepnb snemeHT cumMmerpuu {¢|t} rpynnu @. [1pu-
MEeHHM 3Ty Olepaluio CHMMETPHHM K paBeHcTBY (5.5). Torma mo-
JYYHM

Pop(R)—> Pop({9] 7)™ - R) =
- % [D% (@)]

k
i ) (0, p=1, 2, ) saBasieTcd CHMMETPHUYHBIM
I

Pog({@ 17} - R) =Py, (R).  (5.7)

0. af

8necs D@ (q), — CHMMETPH30BAHHLIA KBafpaT NPEACTaBJICHHA
D(v), onpenensiomuii npaBusia NpeoOpasoBaHua HHAEKCOB Aexap-
TOBBIX KOMIIOHEHT (0, p); moc/JelHee paBeHCTBO CJeAyeT H3 TOro,
uto {@|t} ABaAfeTcs sneMeHTOM cuMMeTpuu. Ilociennue ABa ujena
ypaBHEHHS MO:KHO OBIIO GBI PaszJioXKHTb MO CTENeHM HOPMAaJbHBIX
KOODJAHHAT H 3aTeM NPHPABHHBATL 5TH pas3jiolKeHHsA NOUJEHHO, HC-
noJe3ya npasugao (1. 1, 86.30) nasa npeobpa3oBaHHsi HOPMAaJbHEIX
KOOPAHHAT. DKBHBaJeHTHHH, HO Gosee ynoOHHIH crnocob paccMmoTpe-
HHSA COCTOMT B TOM, YTOOBI MPEANOJOXKHUTL, 4TO IPH (DHKCHPOBAHHLIX
o, p BeanuuHb Pgo(Rj,) npeoOpasyoTcs Kak GasucHble QYyHRKLHH
COOTBETCTBYIOIHX NpefCTaBJIeHHN:

Pia, 1y Pas (Biy) = X DP O ({y [0i)),, Pus (R1),  (5.8)

rze {@ |7} Bxomur B rpymnny O (k). IToncrasaas (5.8) B (5.7),
noJsiyuaem .

Poy (ki) = 25 [D® @) g)Lyp, o ¥ P {0 1)y Pog (k). (5.9)
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[Ipu oBuiunHOM NOAXCAE, YTOOH ONpefe]UTh HE3aBHCHMEE OTAHUHLIE
OT HYyJs 3JeMeHTH Pgg(kj,), 2T0 ypaBHeHHe HCIOJ/b3YeTCss HEeCKOJb-
KO pas npHu pasueix {¢x|ta} u3 rpynnu G (k) [27].
Ilycte U — yuuTapHag MaTpula, IPOH3BOAALLAA IOJHOE IIpHBe-
jAenne npefcTasienns DY
U™'DZU =A, (5.10a)
rie
Atn, 1= SirDig. (5.106)

Ipeanosoxum, 410 npeacrasienne D HempuBOAMMO M UTO KaxK-
goe u3 mnpeacrasieHnit DY) BXOZHT B NpHBEACHHOE BHIpa)KeHHE A
oaun pas. Torpa, ecom S —oaaement rpynnn @(k), To (5.10a)
MOXKHO 3aIMCaTh B BUJAE

[0 S)e)sy, ap= 2, UaotnD" (S}, Vs (6.11)

Iloncrasum Ttemepp (5.11) B (5.9) W mpocyMMHpyeM pesyJbTaT MO
BceM agemeHTaM S. Mcnonb3ys cOOTHOWeEHHS OPTOrOHAJbHOCTH H
HOPMHDOBKH, noxlyan

1Py, (ki) = Z vy Ukivaﬁ os (K1), (5.12)

rie [; — pasMepHOCTb IpelcTaBienus D)W,
OTo ypaBHeHHe JIerko pellaeTcsl IOJCTAaHOBKOH

Py (By) = ¢ () Uy, . (5.13)

B 3TOM B COCTOMT OCHOBHOH pe3yJabTaT. DJeMeHTH TeH30pa pacces-
HHf NIPeACTaBAfIOT cobol  Koaddunuentn Kaebia — ['opnana.
[locrosirnas c¢(kj) 3aBHCUT TOJBKO OT HENPHBOIHMMOIO IpenCTaB-
Jdenusi. Takoil pedyabTar HoAcHseT QU3HUECKHH H MaTeMaTHYeCKUH
CMBICJI 3JIEMEHTOB TE€H30pa pacCestHHUS.

ITosnyueHHBIH pe3yabTaT MOXKHO 0606LIHTL HA caydall paccesiHUs
BTOPOro INOpPsAKA, a TaksKe OTKAas3aTbCs OT NPEANOJONKeHHH, 4TO
npejacraBiedde D® HenprHBOAMMO H YTO Kaxkjaoe DW BXoguT B mMpH-
BeJIEHHOE BHIpa)KeHHe A TOIbKO OAHH pas. DTH BONPOCH 0GCYXK-
AajoTes B JIHTEPATYpe B CBASH C MPUJIONKEHHEM K KOHKPeTHBIM
cayuaam |25, 26].

6. MNoaspusanuonunie addexrnt B KOMOMHAUMOHHOM paccesHuu
ceeta. TeH3op paccesinus Aas KyGHUECKHX KDHCTAJdJNOB C UEHTPOM
ansepcun. IlponsnocTpupyeM Tenmeps pe3yAbTaThl NpejblIyLIero
nyHKTa. PaccMoTpuM [JI ONpedeleHHOCTH caydafi KyGHuecKoH
CUMMETDHUH, T. €. ToueyHof rpynnsl O = G(I')/T(T). B atom cayuae

[D(o)](m = D+ @ [02H) @ IEs+), (5.14)

B (5.14) Bxoast enwnuuyHoe, ABYMEPHOE H TPeXMepHOe HeIPHBOJH-
Mbie HpellCTaB.}T€Hl/lﬂ.

00, 4
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UtoObl NPHMEHHTb B pacCMaTpMBaeMOM cJydae pe3yJabTar
(5.13), HOCTAaTOYHO BOCHOJB30BATHCA HMEIOUWIUMUCA TabJaunaMu
koapdunuentos Krnebuwa — [opnaHa aas KpucTaanorpagpuueckux
toueuHnlx rpynn [28], B wacrtHoctu st rpymnsl On Tpebyemble
MaTpUuHBe 3JeMeHTH P,g(I'j,) npocto HaxoxaTcs No TabJanue.
B naHHOK 3ajgave Kaxjoe u3 npeacrasiennii B (5.14) coortser-
CTBYeT CUMMeTPHH (POHOHOB, pa3pelleHHHX B KOMOHHAIOHHOM pac-
CesTHHH CBeTa.

ITo-BuauMOMYy, 3[iech ClellyeT OTMeTUTb, YTO B JHTEpaType HC-
N0Jb3YIOTCA pasHble 0003HAUeHHa AJS 3THX MaTpul. JlayloH B Xo-
pOILIO H3BECTHHIX cTaThax [29, 30] wcnosbzoBas npu PUKCHPOBaAH-
HOM j o6o3HaueHHs

Ry oy (Jlaynon) = Pq,(Tj,) (naunas xuura),
Toria Kak Ilysme u Matbe [31] mosbsyiorcs oGo3HadyeHHSIMH
Pog ((9), m) (Ilyne — Martbe),
4TO NPaKTHYECKH COBNAZaeT ¢ HamHMH oGo3HaueHHsIMH. Hmxe BHI-

NUCAHHl 5TH MATPHLB B 0003HayeHUsiXx 060oux TUmOB. MaTpunsl npu-
BeJeHbl B OOBIUHBIX JEKaPTOBHIX OCHAX KpUCTa//a, 3aJaHHBIX elH-

HUYHLIMU BEKTOpaMHu X, ¥, 2:

a . .
PI(+)=|. a .)=R, (5.15)
\. .a
b, .
Praz+), n=|.0s . )=R1, (5.16)
.. =20
—a3 .
PT(24),2=| . @& ,J———Rz, (5.17)
P(I'254), 1)=(. . d)=R\, (5.18)
. d .
. o d
P(T'(25 1), 2)=(. . .)=R2, (5.19)
d . .

. d .
P (T (25 +), 3)=(d . .)=R3. (5.20)
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Huas n1060ro  ogHOQOHOHHOrO Mepexofa ¢ yuyactueM (POHOHA

r

Q(]. ), rle j BXOAUT B pasjioxkeHne (5.14), MoxHO Hemocpen-
v

CTBEHHO BBINKCATb BEIPAXKeHHe AJIS HHTEHCHBHOCTH PacCesiHusi IpH

PasJHUHBIX MOJspU3auHAXx. PaccMoTpuMm mpouecc ¢ HCnycKasHeM
OfHOro (POHOHA, COOTBETCTBYIOLIEro mpeactaBiaenuro I'5H, Mar-
pHLBI 5TOro mpencraBieHus npuBefieHsl B (5.18) —(5.20), orkyna
MOXKHO BBHINMCATb OTJIHUHEIE OT HYJS KOMIIOHEHTH TeH30pa pacces-
HHSI, COOTBETCTBYIOIHE PAa3HBIM CTPOKAM HENPHBOJIHMOTO IIpe-
CTABJIEHHS:

R, yz =™ R, 2y Ry, ¢z = RZ, 2x = RS. xy T R3. yx — d, (5.21 )
rje IepBHIH HHIEKC COOTBETCTByeT HoMepy B dopmymaax (5.18)-—
(5.20).

O0paTuMcs Tenepb K THIIHUHOMY CJYUaio, Koraa cummerpusa ¢o-
HOHa cooTBercTByer I'®%H). [lycrh maparommit GoToH pacmpocTpa-
HSeTCS B HAIIpaBJICHHH X, T. €.

k= kx. ‘ (5.22)

COOTBETCTBYIOIHAN BeKTOp TOMSIPH3AUUN HMEeT NeplIeHIHKYIAPHOE
Hanpap/eHHUe, HOITOMY HOJOXKHM

& =24 + 1.2, (5.23)

(ery) + (2> =1. (5.24)

PaccmoTpaM paccessuublfi (OTOH, pacnpocTpaHsAIOIUACA B Hampa-
BJICHHUH

rae

ky=(xcos O - ysinB) &, (5.25)

B IJIOCKOCTH xYy. MoxHO M3yyaTb TPONOJABHYIO U IONEpPeyHYI KOM-
NOHEHTH PACCESHHOrO H3JYYCHUS, T. €. CyYaH, KOraa BeKTOp MoJs-
PH3alMH JIeKHT B IIJIOCKOCTH Xy HJIH IepNeHIHKyJasapeH ef. Takum
o6pa3oM, HMeeM

~

= B2 (5.26)

£
H
£,,,=— % sin0 - g cos 6. (5.27)
CorslacHo 3aKOHY COXpaHeHHS MOJIHOTO BOJIHOBOTO BEKTOpPAa, BOJIHO-
BOH BeKTOp (DOHOHA paBeH
k=Fk —k,. (5.28)
IlpeneGperast pasHocThbio AJMHH BOJH TafaloUlero ¥ paccestHHOro

H3JIyYeHHs, MOXHO NpPHHATH By == ky. Torma M3 IpocToro reoMeTpH-
YeCKOr0 paccMOTpEeHHsl MOJYYHM IJsl paccessHHOro (oHoHa

k=k(xsing —geosy). (5.29)
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[Monsipuzaumio (poHOHA MOXKHO 3a4aBaTh 110 OTHOLUEHHIO K Hanpas-
nenno Bekropa R. Tax, ana ob6cyxkipaemoro ciaydas TPHKAHE BH-
POXKJIEHHOTO KOJNeOaHHS MOXKHO ONpPEAeHTh BEKTOD NPOLOJALHOH
NONSIPH3ALHA

et = (¥sin§ — geosg) (5.30)
W BEKTOPHl NOJAPU3ALHUH JBYX NOMepeuHHX KoJeCaHHH
ef =2, (5.31)
I~ 0 ~ . 8
el = (xcos—2—+y31n —2—). (56.32)

3necy Bce Tpu boHoHa ¢ noaspusanuamu (5.30)—(5.32), pasy-
MeeTcsl, BHIPOXKJEHB, H IJIPOBEAEHHOE MEXAY HEME pa3JIHuHe
SIBJSIETCST HCKYCCTBEHHBIM [CM., 0aHaKo, (5.64)—(5.67)].

Teneps, ucnonbays (5.21)—(5.32), Mul MoxKeM IS KamA0H no-
JFPH3ANHE BEUHCAHTh HHTEHCHBHOCTh DACCESIHHOTO H2IYUEHHS, BO3-
HUKA©OUEro Npu KOMOHHAUMOHHOM pAaCCeNHH CBETA HA TPHIK/B
BLIDOMKTEHHHIX ONTHYECKHX (POHOHAX ¢ cuMMeTpuefl ['?+), B «mnep-
MeHAUKYJISIPHORY TOISPH3ALHY §,,, HMEEM

I =Cleg,R, fus 2= C (2,,)% (5.33)

B ,MapajJIeIbHOR® MONSPH3ALHH &,

1, yz

, Toayuaem

Ty=C{|ey,Ry , (—sinO)P + &, R, , cosB + e, Ry, (—sinB),

HJIH
IV = Cd (e, sin* 6 + &2,). (5.34)

Kak sicho Buano us cpaBHeHus (5.33) m 5.34), cymecrsyer
HNOJMAPU3aNUOHHEHA 5(QdeKT, 3aBUCAIUA OT NOJAAPH3ALMK Nafaio-
utero myuxa. OcHOBHAsl NPHUMHA I[OSIBJIEHHS] AHH3OTPOIHH paccesi-
HHUS COCTOHT B TOM, UTO KOMOHWHAIMOHHOE paccesiHde CBeTa OIHCH-
BAeTCs TeH30PHOH BeJHYUHON H HHTEHCHBHOCTbL DAaCCESHHOTO H3Jy-
YeHHs] JAAHHOH [NOJSIpH3ALHH HMeeT TEH30PHYIO 3aBHCHMOCTh OT
NOASIpH3alNY Nafaloliero CBETA.

OueBHAHO Takxke, YTO TNOJSPH3ALUOHHLE 5(MEKTH TaKOro
THIla, BOOOIle roBoPs, NPUBOAAT K JeNo/sApH3annu ceera, IIpu pac-
CMOTPEHHH KOMOHHAIMOHHOTO pacCeHHsl CBeTa MOJEKYJAAPHLEIMU
KoJeOAHHAMH TEePMHH <CTelleHb JeNONSpH3alHH» YacTo HCIOAb-
3yeTcsl 1A ONHCAHUA H3MEHEHHUs TOJSPH3aNNH NePBOHAYaJbHO
NOJISIPM30BAHHOIO cBeTa B pe3y/bTaTe paccesiHus. Ilockodbky niis
cayuast KOMOMHAIHOHHOTO pacCesHHS CBeTa B KPHCTaJJje OTHOCH-
TeJbHbIe HHTEHCUBHOCTH PacCestHHOTO H3JIydYeHus B KaxaAoH moaspH-
3alHH MOXHO BHIYHCJIHTbL TOYHO, NIPOBEAS PACCMOTPEHHE ONHCAHIOTO
BHIIE THNA LIS KaXJO¥ MOJSPU3AUHN MAaJAKILEro H3/MYyUYeHHs, BBe-
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JeHHe CTeleHH IeNOoNApH3alMu IJs KPHCTaJNJIa, NO-BHAHMOMY, He
HMeeT CMbICJa, HecMOTPA Ha IONBITKH HCIOJb30BAHHS 3TOTO TEp-
MHHA.

ITpu KoMHUECTBEHHOM ONHCAHHM PACCESHHS YACTHYHO MOJSIPHU3O0-
BAHHOrO CBeTa B KPHCTAJJle CJefyeT HCIOAb30BaTh MApaMeTphl
Crokca il XapaKTepHCTHKH HANAIOUIEr0 H  PacCessHHOTO H3Jayde-
gnda. CooTHolleHue MexJay napamerpamu Crokca nafgapulero f
paccessHHOTO cBeTa MOKeT OLITh IPSIMO CBA3aHO C CHMMeTpHell TeH-
30pa paccesiHue,

Haxkonen, cruenaeM HECKOJBKO 3aMeUaHHI O NOJSPU3ANHOHHBIX
atbdexrax B nBYX)OHOHHOM paccesHHH H B Gosee obieM ciayuae
MHOTOGOHOHHOTO paccesHusi, OcHOBY Teopun MHOroGOHOHHOIO pac-
cesiHusl cocTaBaAT cooTHOmenus (3.42) n (3.51). Orpannunmcst n
3jech cayuaeM KyOHUECKOI'0 KPUCTaJjjaa. YCAOBHe aKTHBHOCTH Naphi
(hOHOHOB B KOMOWHANHOHHOM paccednun HMeeT Bun (3.62) [unan
(3.59)—(3.61)]. TlpeanoaoxuMm, 4TO JBa HOPMAaJbHHIX KoJeOaHus

k 4
; ) " Q(]., ) YAOBJETBOPSIOT  YCJAOBHIO
W u

(3.62). DT KoneGaHHA AKTHBHBI B paccesiHHM, eCJH COOTBETCTBYHO-
liee NpsiMOe NPOU3BeeHNe NPeACTABJICHNA CONEPKHUT OJHO H3 Npejl-
ctaeaeuui (5.14). OgHako B TPHHIHIE MOMKHO CKaz3aTbhb GoJblie,

¢ KoOopAMHATAMH Q(

k
[Tycts mpencraBieHne, COOTBETCTBYOIIEE NMPOH3BEAEHHIO Q( . )X

Iy

kl
sa(
o

crasaenuit (5.14). Toraa, HCNIOAB3YS COOTBETCTBYIOUIHE OMEPATOPLE
MPOEKTHPOBAHUA WM HNOAXOAAWHe Kosdduunentn Kaebma -~ [op-
JaHa, MOXKHO ONpe/eNHTh NPaBUIbHEIE JHHEAHEE KOMOUHAIUH TIPO-
u3BeJenull, KoTopele O6yAyT mpeo6pa30BHIBATECS 10 3ajaHHON
CTPOKe LOMYyCTHMOTO NpeacTaB/eHusa. B gBHOM Bule ANA KogaeGaHui
T2+ mosxkHo aanncaTh

T ET lkuu’)Q(Z)Q(

OTaeJpHbIl aKTHBHBIH B paccessHuu (OHOH, HANPHMep BXOASUIHE B
(5.35), mpUBOAHT K OAHOH CTPOKe mpedcTtaBlenus I''*M) rtak uro
nocje TOACTaHOBKH MOZOGHOro BhIpaxeHHs B (3.51) mnoayuaercs
HYKHBIM 00pa3oM CHMMeTPH30BaHHAS, MJH «NpaBHAbHAS JUHeHHAR
KoMOunalus» AByX(OHOHHBIX COCTOSHHH, NPOSIBASIOMASCA KAK OAHA
KOMIIOHEHTA «YHCTOTO» NpeiCTaBJeHHs.

Ecau nns paspeseHus BKJAAaAOB OT (DOHOHOB KaXKJOH OTAeNbHOM
cuMMeTpun u3 (5.14) MOCTaBHTL 3KCIEPHMEHT € COOTBETCTBYIOUIMM
BHOOpOM B, H &, TO MOXHO OTA@IbHO PacCMOTPeTh, HampHMeED,

), COAEPKHUT CYMMY IBYX AKTHBHHIX B pacCesiHUN npea-

. )~r§‘?+>. (5.35)
fi
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BKJa/bpl ABYX(DOHOHHBLIX NPOLECCOB B paccesHue KaxKAOH MoJspH3a-
nuH. MBI NOACHHM 3TOT cJydyali HMKe NpH oO0CYXKIEHHH CpaBHEHMS
3KCNEpHMEHTA C TeOpHeH A KPUCTAJJIOB CO CTPYKTYPOH KaMEHHOH
cosu, Kak Oyaer mokasano B § 28, B H3YUEHHH 3THX KPHCTAJJIOB
JIOCTHTHYT BeCbMa 3HAYUTeJbHLIH mporpecc.

B 3ak/ioueHHe H3/JI0XKHM IIOJIE3HBIA METOJ BBHLAEJIEHHS MOJSpH-
3alHOHHBIX 3 (}eKToB B KOMOMHANOHHOM PacCcesiHud cBeTa B KyOH-
yeCKHX KpucTaanax. MoXKHO OZHOBpEMeHHO BOCIIOJIb30BATHCA COOT-
uottengem (5.10) u Bugom matpun (5.15)—(5.20). Mpennonoxum,
4YTO MBl MOCTPOWJHM MaTpuuy /, (o, p)-KOMIOHeHTa KOTOPOH OIMHCHI-
BaeT UHTEHCHBHOCTb PAacCesiHufl 8CexX TUIOB CHUMMeTPUU TPH I[QJd-
pPH3ALHH IaJAIONMIEro cBeTa (&,), H NOJAAPH3ALUHN PACCESHHOTO CBEeTa
(%)ﬁ- Caenyer moMHHTb, 4To MaTpunbl (5.15)—(5.20) sazauw B

O6LIUHBIX JMeKapTOBHIX KoopiauHaTax. Torpa Matpuna / 3anuce-
BaeTcHd B BUJE

a? 4 4b* d? d?
I=c| @& e+ & |. (5.36)
& 4 @A

OueBuaHO, B TaKOH KOH(PHUrypauMH HEBO3MOKHO BBLAEGJHTH OTAEJb-
HBI€ THIBI CHMMETPHH B pacCesHUU,
PaccMmorpum, ofHaKoO, C/AEACTBHS MOBOPOTA OCEeH KOOPAMHAT OT

TPOHKH B3aHMHO HEPIEHAHKYJSPHEIX BEKTOPOB X, Y, 2, MapaJiefb-
HBIX OCSIM X, Y, 2 KPHCTaJIa, K HOBBIM ocsiM x’, y’, 2/, mapaJelnb-

HLIM_HAMpaBJIeHHAM [110], [1_10] u [001], wmam 1/«\/—2- (;:+§),
1/4/2(— x4 y), z. Torna marpuua I npeo6pasyerca B mMaTpuny I’:

@+ b+ a2 32 &
I'=cC 32 atetar &2 |, (5.37)
4z & a® -+ 4b?

B KOHQHUIypaUuu, 3aZaHHOH 3THMH OCAMH, IJS ONpeleNeHHs OT-
JeJbHEIX BKJIAJOB OT PasHbIX THIOB CHMMETPHH JAOCTATOYHO BBIIOJ-
HUTL Tpu usMepenus. IlycTh majawiiiee M paccesiHHOE H3JyUEHHE
nosapuzoBano no ocu 2. Torma usmepsercs Beqununna a? -4 452
Ecau majamlliee waiyueHue NOJAPUIOBAHO N0 OCH X', & paccesiHHoe
H3JydeHHe — 10 OcH y’, TO onpedensieTcs BeduunHa 3b2 Ilpu noss-
pH3aIM{ MaJaIoILero Jyda 1o x’, a paccessHHOro 1o 2’ onpenensercs
Bequuuna d2. Taxum 06pazoM, MOXKHO ONpPENeJUTh KOHCTaHTH d,
b, d, xapakTepH3ywllHe Ka>XABIH H3 BKJAaJ0B B paccesinue. Hec-
noJb3oBauue Matpun [/ u I” unmocrpupyercs B § 28, rae paccmar-
puBaloTCAd CHEKTPH JABYX(OHOHHOrO KOMOWHALIHOHHOFO paccesHus
¢BeTa.
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B. [Moaspusaunonnuoie 3iddekrol, 06yCAOBACHHBIE HAJUYHEM
MAKPOCKORHYECKOro aneKkTpuyeckoro noasi. Kybuueckue xpucraras
C YeuTpom uneepcuu. PaccMOTPHM JJIHHHOBOJIHOBHIH (DOHOH, Ha-
npuMep, B KyOHYeCKOM HOHHOM KpHCTaJJe, aKTUBHHE B uHdppa-
KpacHoM moryiolieHuu. Ecan 6Bl AJuHA BOJIHBEL 3Toro (oHOHa OBlja
JeACTBUTENbHO OeCKOHEUHOH, TO

Q(UK)~Q ( 151*— ) , (5.38)

Tar Kak QoHoH ¢ cumMerpueit I'15) B kyGuueckom Kpucraaie npe-
o6pasyercs nO TOMY »Ke IPEACTaBJEHHIO, YTO M HOJSAPHbIH BEKTOD 2.
Pasymeercsl, B JeHCTBHTEJLHOCTH AKTHBHBIA B HH(ppaxpacHoM Mo~
rjaolleHHn (OHOH HMeeT KOHEUHLIH BOJIHOBOH BekTOp kR == I. Cwme-
lleHHe HOHOB KpHUCTAJJIa, COOTBETCTBYIOUIHE TakoMy (OHOHY,
€03/1a10T 3JeKTpHuecKu#i MOMEHT J, WM JEeKTPHUECKYI0 MNOJAApH-
3aIlM10, T. €. MOMEHT eIHHHUB 00beMa. DTOT 3AeKTPUUECKHI MOMEHT
06yCcaoB/IeH AaJbHONSHCTBYIOMUME CHJAAMY, BO3HUKAIOWHUMHU IIPH
CMellleBHH HOHOB K3 NoJo:KeHHH paBHOBecusl. Taxo# 3dekT MOKHO
npeactaBuTh cefe, ecad KPUCTAAJ C HOHAMH, CMeUIeHHBIMH W3
HOMOXKEeHUH PaBHOBECHR B COOTBETCTBHH C HOPMAJbHHIM KolebaHHEM
" {5.38), 3aMeHuTb Ha KPHUCTAAT C HOHAMH B HEH3MEHHBIX MOJIOME-
HMAX pPaBHOBECHs ¥ (PHUKTHBHYI DeIIeTKY JAunoJell, NOMeLIeHHBIX
B y3Jh! HeCMeIleHHHIX HOHOB, Pelerka aumoJse#i NPUBOIMT K BO3-
HUKHOBEHHIO 2JeKTPHUECKOro MOJS B KaMKAOM Yy3Je, KOTopoe jAaer
JOTOJHATENbHBlE CUILI, AeHCTBYIOIIHE HAPSAY C KOPOTKOJEHCTBYIO-
I¥MH BaJeHTHEHMU cHaaMi. CHCTeMY ¢ KOPOTKOAEHCTBYIOMIMMH
CHJIaMH MOXKHO MpeACTaBHTh KaK Habop KJjacCHUeCKHX MeXaHHUe-
ckux npyxul. [lobaBounoe s/ieKTpHUECKOe 10JIe AaeT JOMONHATE/b-
HbIfl 4JleH B KJaCCHUECKHX YPAaBHEHHAX ABM:KeHHUA HOHOB. [lpocteit-
wHit cmocol ydeta 3TOTO ACNOJNHUTEJNBHOTO YJEHA COCTOHT B TOM,
uyToGBl CUHTATh 9TO NIOJe BHEIIHHM I[OJeM, B3aHMOREHCTBYIOLIHM C
KpucrasioM. [aMBIbTOHHAH B3aHMOAEHCTBHSl STOrO JEKTPHYECKOrO
NoJS ¢ CHCTEMOH HOHOB MMeeT BHJ

H =P &, (5.39)

rae &P — NOJSIPH3allus DemleTKH, BO3HHKAIOWAs [PH CMelleHHAX
(5.38), a & — peayabTUpyOIlee MAKPOCKOIMYECKOe SJIEKTPUUCCKOe

nosie. Ynen (5.39) nMHeeH Mo CMellleHHSM Q( 15__) .

PaccMoTpum Tefeph 4jJeH TraMWJIbTOHHAHA peIIETKHM, OTHOCSH-
uiuficss K 3THM TpeM BBIPOXK/IEHHBIM HOPMAJIbHBIM KOJeGaHHSAM

r
Q( 15 ) . B rapMonuueckoM npuG/auKeHHH 3TOT YJeH UMEET BHJ

M YO U TS L
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OGo3nauenus B (5.40) yxkaswBawT HA TO, YTO TPH HOPMadbHBIX
koaebanua (v=1, 2, 3) BupoxnaeHsl. [Ipu HaJuUHH <«BHELIHEro»
MaKPOCKONHYECKOTO 3JeKTpHueckoro nois & K (5.40) caenyer no-
6aBHTb 4ieH ¢ Bo3MyulleHHeM (5.39). DTOT ujeH HMeeT BHJ

%’:yoi an( 152)@, (5.41)

V=1

rae CYMMHPOBAaHHE BBIIOJHAETCS 10 JAeKaPTOBHIM KOMIIOHEHTaM,
Ipu waanuuu Bosmyulerus (5.41) TpexxpaTHOe BHIPOXKAEHHE
(v==1, 2, 3) cHumaercs. DTo BNOJHE OYeBHAHO H3 (DH3HUECKHX
coobpaxeHuii. «BHellHee» 3JeKTpPUUYECKOe IIOJIe BHAEJSET HEKOTO-
poe TPelIOYTHTEJbHOE HampaBJeHHE B KPHCTaIe, NapaJsfenbHOe
HalIpaBJeHHIO TOJIsA, H, TaKMM 00pas3oM, NOHH)KaeT TOUEUHYIO CHM-
MeTpHIo OT KyOudecko# g0 onaHoocHoli. IIpu sToM H3MeHeHHe CHM-
METPHH IPOHUCXOJHUT CAEAYIOIHM 06pa3oM:

®=Oh—'>0hﬂ02°°(g)z®,.‘ (5.42)

Hpyramu cioBaMy, CHMMeTPHS HOJIHOH KyOHUeCKOH TOYEeYHOH rpyn-
MLl MePeXOAUT B CHMMETPHIO TaKoil Toueuno@t rpymnnwt &', kartopast
npencraBaseT co6oi nepecedenue KyO6uueckodl rpynnsl O B rpyninl
BpallleH’H BOKPYr HampaBJeHHs 3JeKTPHYecKoro Mo Cow.

ITO NOHMKeHHe CHMMETPHM IPHUBOJAHT K CHSTHIO BEIPOXKIEHH:

T
KoJieb6aHui Q( 5 ):
W

o( 15, )~e(})ee(}) (543

H HX NpeBpallleHHI0 B ONTHYECKHe HOpMaJibHblEe KOJe6aHHSI C 1po-
JIOJIbHOH H TONepeyHOR noJasipuzanueit:

ol'[15—)—»aT|LO)BaT|TO). (5.44

Taxoe pacuienyieHHe J060ro JHNOJBHOrO ONTHYECKOro KOJeba-
HHA 33 CYET B3aHMOAEHCTBHA CO CBOHM COOCTBEHHBIM JIEKTPUHIECKHM
noieM npencrasaser cofoit ofilee siBJEeHUe, OpUCyllee BCEM [H-
noibHelM (GOHOHAM B KpHCTa/1ax., IDTO ABJIeHHE TakKkKe CyHIe-
CTBEHHO MaKpockomnuueckoe. Ilockonbky pAnnamuveckas Teopus
3TOr0 paculelIeHHss NOAPoOHO H3Jaraercd B MoHorpadusx mno
nuHaMHKe pemetkH [18, 32, 33], Mm He npHBOAHM BHIBOAA TOrO
IIHPOKO HM3BECTHOTO pe3yjbTaTa, YTO AJAS eAHHCTBEHHOro AHTOJb-
HOTO ONTHYeCKOro kojeGaHusa B KyOHYeCKOM KpHCTaJje, paclien-
JIEHHOTO B3auMofleficTBHeM ¢ COOGCTBEHHBIM MOJeM, 4acTOTH (5.44)
CBSI3aHBEl COOTHOLIEHHEM

2
(;)2 (T|LO) — e (0) . (5.45)
o (I'[70) € (00)
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3nech &(0)— craTuyeckas (HM3KOYACTOTHAsl) JAH3JIEKTPHUECKas
NPOHUILAEMOCTb, a &(00)-— BLICOKOUACTOTHAst (ONTHYecKast) AH-
9JCKTPHYECKas MPOHHIAEMOCTb CPEbi:

g(o0) =n? (5.46)

rjie n— noKasatesab IpeJOMJIEHHS.

Pasnnune MexAy AHNOJLHEIMH ONTHUYECKHMH KoJeGaHHSIMH, pac-
[MeIIgeMBIMA COGCTBEHHEIM TOJIEM, U HENOJSPHBIMH ONTHYECKHMH
KOJeOaHUAME, KOTOPhHie He PACHICNAAIOTCS, WITIOCTPUPYETCH HHUXKE
IpH aHajJH3e AMHAMHKH PelleTKH CO CTPYKTYpoill KaMeHHOH cOJH H
CO CTPYKTYpOH anMasa. [lid Kpucranna ¢ HeCKOMbKHMH AUIOIbHBIMH
ONTHYECKUMH BETBSIMH CJAEAyeT paccMaTpuBaTh 00oflieHHe COOTHO-
mennss (5.44). OnxHako, MOCKOMBKY MBI OFpaHHYHBaeMcs 00CY¥XKae-
HHEM DPe3ysJbTaTOB TOJbKO JIIsl CTPYKTYDH KaMEHHOH COMH H CTPYK-
TYpBl aaMa3a, Mbl He HDHBOAHUM 3/eCh 3TOro 0008uieHHs, OTCHLIAN
yHTaTeNs1 K cOBpeMeHHON quTepatype [34].

s kyO6uyecKoro KpHCTaJIa € HEeHTPOM HHBePCHH, OUeBHHO,
MPUMEHHUMO NPABUJIO aSbTEPHATHBHOTO 3arIpeTa, TaK YTO AUIOJbHEE
ONTHYECKHE HH(PAKpacHO-aKTHBHBE KoJeGaHus cummerpuy I[(15-)
He OyAyT aKTHBHLIMH B KOMOHHAaUHMOHHOM paccesHnn cpera. Co- -
IJIacHO OCHOBHON dopmyie (3.43), a TakKe npaBuay ot6opa (3.42),
L5 WHGPAKPACHOTO MOTJIOICHAS HeoOXOAHMO HEPaBEHCTBO HYJIIO
BeJHYUHBL

AO ' <xvﬁ‘ ‘/”v (R) k) | Xvn>y (547)

rie BeKTOp Ap napaJJiesfed BEKTOPY NOJAPH3aUHUH HHPPAKPACHOro
3JeKTPOMArHUTHOI'O H3JYUeHHS W NePNeHAHKYJSIPEeH HanpaBJeHHIO
pacnpocTpaHeHusl (oTOHA, T. €.

Ay k=0, : (5.48)

Pacecmorpum Tenepb 07HO(OHOHHBIE NPOLECCH aHAJOTHYHO pac-
CMOTpPEHHIO, OTHOcALeMyca K dopmyne (2.51) u manee. B orinyHoM
OT HyJa MaTPHYHOM 35JeMeHTe BOJHOBOH BeKTOD pPOXKIAIIIErocs

tdboHoHa Q(i,:) nosxkeH GHITH paseH k:
=k (5.49)
Torna yenosme (5.48) mpunAMaeT BUA
Ay B =0. (5.50)

Tagum o6pasom, Bekrop Ag AOJKeH OBITh Halpan/eH mepHeHIHKY-
JSIPHO HaNpaBJeHHI0 pacnpocTpaneHus ¢oHoHA. Clef0BaTeNbHO,
nocJie TOro Kak yYTeHO BJHSHHE MaKPOCKONHYECKOro 3/1€KTPHYECKOro
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[0JISt ¥ NOAYYEHO paclieneHue POHOHA HA MPOAOABLHEIN W Nomeped-
HBIH, MOXKIIO 3anHcaTh paBeHCTBO [cp. ¢ (2.48)]
k/
) , (5.51)

k/ k/
./I“)(k ].,)=//z¥’(k j,)+.//l‘L”(k v

1
B Kotopom Beanunna " mpeacrasicHa B BHZe CyMMBl IIONEPEUHON
cocrasasiioiest (T), maa KoTopon

k- MY =0, (5.52)
H TPOJOJBHON cocraBasiomeil (L), LJas KoTopoi
KM # 0. (5.53)

OTMeTuM, UTO 3T0 pa3bHeHne 0 CYLUIeCTBY cOBMAjaeT C pasbueHneM

k
coOCTBEHHOro BeKTOpa e(n' i ) Ha T-u L-KOMIIOHEHTHI.

. 1
Jlasee, Tak Kax BexTopn Ao u MY mepueHAMKYIAPHE BEKTODY
k', ompenensiioieMy HanpaBJeHUe pacnpocTpaneHusi GOHOHA, AOMK-
HBl BBIIOJHATHCA CJAEAYIONHEe COOTHOIIeHHs 06Hiero Xxapakrepa:

A, (o | ) ( k ;" ) Q(Ii,) ) # 0, (5.54)

A Gl (27 )oYy =o. (5.55)

CuoenoBaTenbHo, aKTHBHBLIM B HHQPAKpacHOM MOrJIOLIeHHH Oynaer
nonepeunoe Kojsebanne, u Oyner HaOJMIOAATbC TOJbLKO 4HacTOTA
o(k|TO). B npeaene B —T 370 o3Hauaer, uto

o (I'|TO) — nun¢ppaxpacHo-akTHBHOE KoJieOaHHe. (5.56)

TOraa Kak

s mporeccoB MHPpaKpacHOro INOTJIOLLeHHS 6oJiee BBEICOKOTO IO-
psllKa MOMKHO MOJYUHTb aHAJOTHYHBle pe3yJabTaThl, Kacalolluecs
KOMOUHUPOBAHHBIX uacToT ¥ 0OepToHOB. PaccMorpenue cieayer
MPOBOJHUTDL ¢ YUeTOM MaKpOoCKONHUecKoro mojsi. [losToMy B KauecTBe
IPYNIBl CHMMETPHH CJEAYeT HCIOJAb30BaTh NepecedeHHe [PYIN
(5.42). Bruimosnsisl 3aTeM aHaJIM3 NpaBuJ Npeo6pa3oBaHUs ONepaTo-
POB M COCTOSIHMH, COOTBETCTBYIOUIHMX KOMOuHauusM H oGepTOHAM
(hOHOHOB IIPH JAeHCTBUH NPeoOPa3oBaHUN STOR TPYNIL, MOXKHO OIpe-
JIeTUTh, ABJsETCA JM JaHHBIH Npollecc, HaNpHMep IIpollecc C yua-
crueM (LO 4 TO)-¢0OHOHOB, aKTUBHHIM B HH(PaKpacHOM HOIJIO-
[TIeHHH.

Kybuueckue xpucraarvs 6e3 yenrpa ungepcuu, OGpatuMmcs re-
nepb K paccMoTpeHHI0 3¢ (deKToB B KOMOHHAIIHOHHOM pacCesiHHH
CBeTa, CBSA3AHHBIX ¢ HAJHYHEM MaKDPOCKOMHUECKOro 2JEKTPHUYECKOro
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MoJsi, KOTOPHIE MPOSIBAAIOTCS B CJydasiX, KOTAA B TOYEUHOH TpyIIie
KpHCTa/a OTCYTCTBYeT WHBEPCHS M KOTJa HMeercs BeTBb, OJHOBPE-
MEHHO aKTHBHas B MH(GPAKPaCHOM IMOIJIONIEHHM H B KOMOHHALHMOH-
HOM pacCessHuM cBeTa. BaXHBIM M THOUYHBIM NPUMEpPOM TAaKOH CH-
TYalun siBJsieTCsl TeTPasApPHuUeCKui Kjaace T4 KyOMUeCKOH CHCTEMH.
MoXHO cumuTaTth, YTO TaKas CUMMETPHUS BO3HHKAET M3 CHMMeETDPHH
kaacca Oy UPH MCKIIOUEHHM HHBEDCHH M3 COBOKYIHOCTH 3JEMEHTOB
cuMMeTpui. B TakoM cayuae npexacrasierus I''59) g T'35H) rpynmml
Oy nepexonst B npeacrasienue I'!® rpymmer T4, a koseGanue I'1D
rpynnel T, sIBASieTCS OJXHOBPeMEHHO 4KTHBHEIM B HH(MpaKpPacHOM
NOIJIONEHHH ¥ B KOMOWHAMOHHOM paccesiHuu cseTa. TakuMm obpa-
30M, MOXHO BHIOUCATL Tabanuy noguunHenuss (npu k==T), cyMMu-
PYIOLLYIO 3TH Pe3yJbTaTHL:

Oh Td

(15—)
T~ R0+ TO (I, ' > 10 (KP) + T (K +Kp). ")

P(25+) (Kp)

HTak, BMeCTO JIMHUM TPIKAB BHIPOXJEHHOTO ONTHYeCKOTo Koseba-
nusg o (I'[15 —/25+) cnekTp KOMOHHAUMOHHONO pacCesiHHs cBeTa
AJIsS KpHCTaJia ¢ TouedHoll rpynmo#l T, J0JKeH COCTOATh H3 JBYX
OTAENbHBIX JUHHUHA (HampuMep, B CTOKCOBOM pacCesiHHH) ¢ 4YacTo-
tamu o (T|LO) u o(T|T0O) .

[Tposinenne KosebOaHUH ONHOBDPEMEHHO B CIEKTpe HH(pakpac-
HOTO THOTJIOIIEHHS H B CcHekTpe KOMOWHALHOHHOTO PacCesHHs CBeTa,
T. €. OTCYTCTBUE LEHTPa HHBEPCHH, O3HAUaeT, YTO KPHCTAJJ siB-
JNAeTCs The303/JeKTPHUeCKUM. DTO 3KBHBAJEHTHO TaKKe yTBepiije-
HHIO, YTO B KPHCTaJJle NOJKeH HabMoaaThbes JUHEHHBIH 2JeKTpOooii-
tnueckuit spdext (addexr [loxkkenbca). XoTgs MH 37echb W He
cobrpaeMcsl IPOBOAHTbL NOAPOGHOE 0O6CYKACHHE TEOPHH KOMOHHA-
[UMOHHOTO paccesiHUsl CBeTa B Ibe302JMeKTPHUECKUX KPHCTa/M1aX, OC-
HOBHbie HOBble 3(P¢eKTH MOKHO [OCTATOUHO NMPOCTO PaCCMOTpPeThb
Ha 0ase yike H3J0KeHHOH Teopnu. OrpaHuunMcs OGCYXIEHHEM Ky-
GHYECKHX The303JeKTPHUECCKUX KPHUCTAJAT0B, OTHOCAIMIHUXCH K TOUey-
nofi rpynne T4 B KpHcTansax 3Toro kjacca st MOJHOTO ONHCAHHS
9JeKTpoonTHYecKoro shderra HeoOXOAHMO 3HaTh EIHHCTBEHHYVIO
3JIeKTPOONITHYeCKYIo HOocTossHHYI0. Hanomuum [35], uTo anekTpo-
onTHYeCKH 3¢ (eKT COCTOMT B MOAYJAILHH OINTHYECKON MOJspH3Ye-
MOCTH KPHCTaJJa TNPHIOKEHHBIM H3BHe 3JIeKTDHYECKUM moseM. Ho
B HalleM PACCMOTPEHHH POJb «IPHJIOXKEHHOTO®», HJIH «BHEIIHErO»,
SJEKTPHUECKOTO TOJS BHIIOJHAET MAaKPOCKONHUeCKOoe Toje &, co-
HPOBOKJA0NIee MJIHHHOBOJHOBOE AMNOJIBHOE ONTHYECKOe KoJjeba-
HHe, B3aHMOJeHCTBYOLlee ¢ cOOCTBeHHBIM mojeM. [TosTomy suHed-
HBIfl asteKTpoonTHYeCKHH 3 (PeKT 03HavaeT HalAugHe TEH30PHOH CBs-
31 MEXK/ly MaKpOCKOMHYECKHM 3JEKTPUIECKUM IOJIEM H ONepaTopoM



56 Trasa !

noJsIpU3yeMOCTH KpHCTaJla. 9Ty JIHHef{Hy'}O CBsI13b MO2XKHO 3amucaTh
B BHAC

P(R, ky — k) =[P (k; — ki, k;)] & (R, ky). (.58)

B (5.58) mnl oGosHaunau depes & (R, k3) MakKpoCKOMUYIECKOE 3JIEKT-
pHUecKoe 1oJe, CONPOBOXKAAOLIee AUNOMBHBIE ONTHUECKHE KoJelba-
HUS C BOJHOBLIM BEKTOPOM R3, a BeJHUMHA

P’ (ky— Ry, k) (5.59)

npenctasaseT cobofi TeH3op TpeTbero paHra. Ho B kyGuueckom
KpHCTaJ/jle ¢ ToueuHolt cummerpuefi T, TEH30p TpeTbero paHra
(5.59) uMeeT eAMHCTBEHHYIO OTJHUHYIO OT HYJS KOMIIOHEHTY, KO-
TOpyr Mu 06o3uauuM yepes d’:

P;,yz=P;,zx=P;,xy=P;,zy=P;,xz=P;,yx=d’. (560)

Hajsee us (5.58) u (5.60) MOXKHO ONpEIeNHTbL COOTBETCTBYIOLIHE
KOMIIOHEHTH TEeH30pa TOJSIPHU3YEeMOCTH [AJsI TPOHU3BOJILHON Besd-
YHHB &

Pu=2, P 518m. (5.61)

Cpasuusas (5.60) u (5.21), OTMeTHM aHAJOTHIO MEXAY HHMH.
OnHako B paccMaTpPHBaeMOM clyyae BaxKHYIO POJIb HIPaeT MOJspH-
sauust Qouona (5.30)—(5.32), onpenessoumias YrJAOBYIO 3aBHCH-
MOCTb H TNOJSIPH3AlHIO paccesHHOro uaayuenus. Kosdduuuent d’
B ofuem cayuae oriandaercd ot d. MMes B BHAY nocjenyiouiee
paccMoTpenne B § 6, MOXKHO OTMETHTb, 4TO, COTJIACHG H3JaraeMoH
Teopud, Kos(duuneHt d oupenenseT BKJAaA B TeB30p paccedHus,
06yC0BAEHHBIH JeOPMALHOHHLIM NIOTCHUHAJOM, TOrd Kak BeJH-
uyHa d’ COOTBETCTBYeT BKJajy B TEH30D paccesiHHs BCJEACTBHE
3JIEKTPOOITHUECKO!N CBS3H (Tak Ha3biBaeMblil Mexanuam Dpésuxa).

OObiuHO NpUHEMAeTCs, YTO NpH KOMOWHANMOHHOM pacCedaHHH
cBeTa NpoposbHbIMH KojdebauusaMu (LO) cooTseTCTBYIOLIHI KO3(-
(bUIHEHT paBeH cyMMe 000X BKJI4AO0B:

dr=d-+ d, (5.62)

TOorfa Kak jJasa nomepeudsix kogefanuét (70) caenyer y4uTHBAThH
TOJMBKO BKJal AedOpMallMOHHOr0 MOTEHIHala

dp=d. (5.63)

Hcnonbayst 970 NPEANONOKEHNE, MOXKHO ONPeAE]HTb NEePIeHAHKY-
JASIPHO U TMapasilelbHO IOJISPH30BaHHBIE KOMIIOHEHTHl H3JyYeHHs,
paccestiroro Ha LO- u TO-doHOHAX..

Paccmorpum cHauasa LO-Koje6aHMe, TNoJAApH3anusl KOTOPOTO
onpenensierca gopmysion (5.30). Hns meprnenauxysasipHofi nosisipu-
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3allHH PacCCesiHHOro H3JIyUCHHA HMEEM

.20
9% = Cdighysin’ 5, (5.64)
TOrfa Kak AJsl MapaieNbHOH HOJNAPHU3ALUH
. 30\2
It = Cdiei, (sinz ) . (5.65)

B cayuae TO-dpoHOHA, noaspusalnus KOTOPOrO ONHCHIBAETCS BHIPA-
wenuamu (5.31), (5.32), mosyvyaeMm A5 NEPHEHAUKYJISPHON MOJA-
pH3anuu

0
- 0 =Cdieiycos’ 5, (5.66)
a [IJd IapajseibHod NoJsApH3anty
: . 3
I1° = cd} (siy sin 0 + &} COS2-—29— . (5.67)

Cpasuenne cootHomenuit (5.66), (5.67) ¢ cooTHOWeHHAMHE
(5.33), (5.34) ykasmBaeT Ha KaueCTBeHHbLIC Pa3/iHuHs, BO3ZHHKAIO-
1Me IPHU yueTe BJHSAHHA MaKpOCKOIMMUeCKOro moJisi. [Ipeanosoxkenne
O TOM, UTO B TEOPHH KOMOHHALIHOHHOTO PacCesfiHHs CBeTa CJeayeT
VUHTHIBATH BJHSHHE MaKPOCKONHYECKOrO TOJIs, GBIIO BUEPBLle BH-
ckaszano [lyne [27], KOTOpHEIZ HCIOJB30BA] 3TO MIPEAHONOKEHHE AJId
oG bACHEHHS] TOJADH3ANHOHHBIX «aHOMAJMHA», T. €. OTKJIOHEHHH IIO-
JISIPU3ATHOHHLIX 3aBHCHMOCTeHl OT De3yJIbTATOB, CJAEAYIOMIHX H3
(5.33), (5.34).

TloaBoasi UTOT, MOXHO 3aK/JIIOUHTH, YTO OCHOBHHIM CJEACTBHEM
CYIIEeCTBOBAHHUS MaKPOCKONHYECKOro MOJsA fBJSETCS CHATHE Tpex-
KPAaTHOIO BBIPOXKJIECHHS JHNOJbHBIX ONTHYECKHX KOJeGaHUH B TOUKe
k=T. B cayuae KyOMYeCKOTO KPHCTaJJa TO pacllelyeHHe jaer
OJIHO HPOROJBbHOE HEBLIPOXKIeHHOe KoNeGaHHMe M [Ba NONEpPeuHBIX
BHIPOKAEHHBIX KoJebauud. [Tostomy npu B = T oxrasnBaetcs 60Jib-
lile He3aBUCHMBIX KojliebaHni, ueM 3TO CJEeLYEeT U3 IPYNIOBOrO aHa-
au3a Ge3 yyera MakKpocKomuueckoro nojs. CorjacHo NpHBEHEHHOMY
BHIILIE DPACCMOTPEHHUI0, B CIEKTPax HHGPAKPACHOrO NOIJIOUIEHHS
6yner Habmoaatsess Tolbko KoseBanne TO. Kpome Toro, 3aBmcu-
MOCTb HMHTEHCHUBHOCTH PACCESHHOTO H3JIyuUeHHs OT NOJSPH3ALMH
OTJIHYAETCS] OT 3aBHCHMOCTH B HENbe303JeKTPHUIECKOM CiIyyae.

CulenyeT 3aMeTHTb, YTO B MPHHIMIE BO3MOXKEH U APYrof crocob
BKJIOUEHHUST MaKPOCKOMHYECKOTo 110Js B 06Iyio Teopuw. Ilpn stom
HY}KHO paccMaTPHBATh B3aHMOCBSI3AHHLIE 34Jaud O IBHKCHHH
HOHOB pemieTkn H 00 3jiekTpoMarHutHom mnoJie. Cyytas, uTo ABHXKe-
HHE HOHOB DeILETKH SBJSIETCS MCTOYHHKOM 3apsijjoB B TOKOB, BXO-
AA1lpX B ypaBHeHHs MakcBeia, MOXHO H30eXaThb HEOOXOLHMOCTH
paccMaTpuBaTh MAaKDOCKOIHTECKOE ITOJle KaK «BHelIHee». B aToM
Cl1yyae KoJleGaHHS HOHOB M CBA3aHHOE C HHUMH 3JeKTPOMATHHTHOE
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nosie ONHCLIBAIOTCS eAHHBM oOpasoM. [lpn Takom paccMoTpeHHH
COOTBETCTBYIOWIASl IPyllNa CHMMETPHH COCTOHT H3 NPOCTPAHCTBEHHO-
BPeMEHHOH KPHCTAJJIHYECKOH TIPYNNbl Fxpuer H NPOCTPAHCTBEHHO-
BPeMeHHOH TPYNNB CHUMMETPUM ypaBHeHHH Makcpenia Fyaxe. Ja9
H3Y4YeHHsl ONTHUECKHUX CBOHCTB TaKOH CHCTEMbl CJAeAYeT BKJIOUHTDH
gHeuiHee 31eKTPOMArHUTHOe NoJe Kak c1aboe BHelllHee BO3JAeHCTBHE,
Io-BuanMoMy, Taxko#l MOJHOH TEOPHH NOKa He CYIIECTBYET, XOTs,
HEeCOMHEHHO, 3Ta 3ajada 3acayKuBaeT TOTo, 4ToOGbl ee PEUIHTS.
MOKHO 0XKuAATh, UTO PE3YJAbTATH TAKOH TEOPUH, N0 KpafHeld Mepe
B HH3IIeM MOPSAJKe TEOPHH BO3MYLIeHHH, OYJAyT COBIajaTh ¢ MOJY-
UeHHBIMH 37eCh pe3yJbTaTaMH.

r. Moaspusauuonksie 2¢ekTe U CcBA3aHHbIE ABYX(OHOHHBIE
cocrosiHus. Henasuo ObLIO BHICKA3aHO NpeJNoJIOKEHNe, YTO BCjel-
CTBHE «MHOTOUACTUYHOTO® XapakTepa B3aUMOJNeHCTBHA MexAy ¢o-
HOHAMH JOJI2KHO CYLIecTBOBaTb CBA3aHHOE COCTOSIHHE ABYX B3aHMO-
neficTByoWNX (oHOHOB [36, 37]. ®H3HUecKas OCHOBA 3TOro Hpex-
NOJIOKeHHS COCTOMT B TOM, 4YTO fABa (OHOHa C KOOPAHHATAMH

k R

Q( j ) " Q( i ) MOTYT B3aUMOAEHCTBOBATb APYT C APYrOM BCJen-
v v

CTBUE aHrapMOHHUECKOH CBS3W TpPeTbero U 4YeTBepTOro HOopsAxa.

Tlonublfl raMuAbTOHHAH 3aNHCHIBAETCS B BHJIE

I = by apy (Q( k ) , Q ( " )) + @) 4 0¥, (5.68)

. .
Iy Iy
31ech rapMOHHYECKas YACTh MpencraBaser co0oi, Kak OOBIYHO,

. [k k A F
KBaapaTHunyo <¢GopMy HepeMeHHBIX Q( . ), Q( , ), Q( ., ),
Iy 1y Iy /e

4
Q( ., ), a O® u @M — anrapMoHHYEeCKHe UYJIeHEl TPeTbel H 4eTBep-
,v/
TOfl CTemeHH 1O HOPMaJIbHLIM KOODIHHATaM, BKJOUAS, Pa3yMeeTCs,
H KOOPAHHATH ABYX KoseOanuil, 06pasyolX CBA3aHHOE COCTOSHHE,
Briio nokasano, u4To NpH HEKOTOPOU BeJHYHHe KO3(D(hHUHEHTOB
saaumodeiicreus 8 O3, O® u HEKOTOPOH AHCIEPCHH HEB3aUMOJICH-
CTBYIOIIHX TapMOHHUYECKHX 4acToT KodebaHuil o (k|j), o (k’|j’) mo-
;keT 00pasoBaTbecs ABYX(POHOHHOe CBfA3aHHOE cocTosiHMe. Mbl ne
6yneM yriay6aatbest B feTadH, Kacalollpecs JOKa3aTeJbCTBa 3TOrO
pesyJbTaTa, a OTPAaHHYHMCS JIMIIb HEKOTOPHIMH 3aMedaHHSMH.
CBa3aHHoe ABYX(OHOHHOE COCTOSIHHEe oOllpefesseTcss depe3 cob-
CTBeHHy0 (QYHKIHIO ramujbToHHaHa (5.68), koTopoii cooTBeTCTBYeT

cofCTBEeHHOE 3HAYeHHE
o (K)z > 20(T'|0), C (5.69)
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rae o(I'|0) —markcHMasibHash YacToTa ONTHYECKOTO (DOHOHA IPH
k=T. OObuHO MHOXKeCTBO ABYX(OHOHHHIX COCTOSHHA o00pasyer
KOHTHHYYM COCTOSIHHII B HHTepBaJe

0<o<20('0) (5.70)

(BO3MOXKHO, HMeITCT M 3alpelleHHble nogockl). I1oaToMy sHeprHs
0JKHJaeMOI'0 CBA3aHHOrO JIBYX(OHOHHOTO COCTOSIHHSA JOJUKHA Jig-
KaTh BBHIIe KOHTHHYyMa COCTOsiHHE nBYX ¢ononoB. OxaswiBaercH,
YTO 3TO — JHCKPeTHOe cocTosinue. B Hacrosllee BpeMs ISl Teope-
TUYECKOTO J0Ka3aTeNbCTBA CYLIECTBOBAHHS CBA3AHHOIO COCTOSAHUS
HCIIOJB3YIOTC NPHOJMIKEHHEIE METOABl, NO3TOMY TEOPHSI TOrO SB-
JIeHUSl HMeeT JIHIIb NpeABapUTeNbHBIA XapaKTep.

Co6cTBeHHYI0 (DYHKLHIO CBA3aHHOTO ABYX(DOHOHHOTO COCTOSHHS
MOXKHO NpUOJIHKEHHO 3anHucaTh B BHIE

1 (&, k’)~Zq>(2k)Q(;:)Q( —;Vk). 6.71)

[Tonneli uMnyabc (BOJHOBOH BEKTOP), COOTBETCTBYIOLIHH STOMY
coctonnnio, pased K=~k —k = 0. OyuKius OTHOCHTEALHOTO HM-
nyabca @(2k) B3ATa cdhepuyeckym CHMMETDHUHOH, NO3ITOMY s
cIyyas Kpucraasna ky6uueckofl rpynnst O, ona mpeofpasyercs no
npeacraBierdio (I'l+4). CorsacHo TepMmuHOMOTMH Teopuu sdhdex-
THBHOH MAacChl 9JeKTPOHOB B TBEPAOM TeJsie, 9T0 chepHuecKH CUM-
MeTpuYHas «Moayaupywouwass» ¢yaruus. [lostomy nByxdoHOHHOE
cocTosiHHe (H.71) mpeo6pa3syercsl 0 NPHUBOANMOMY IDeICTABAEHHIO

% (2k) ~ DO (1+) & [D®) (i)]m. (5.72)
B cayyae aJMa3sa oKa3niBaeTcs, UTO TVIaBHHI BKJajJ B CBsI3aH-
y

r
AKTHBHOT'O B
25+ ) '
KOMGUHAIMOHHOM paccesinny cBeTa. TakuM 00pasoM, 3TO CBS3aHHOE
COCTOSIHUE B KpHCTaje ajmMa3sa mpeobpasyercss 10 NPeACTABAEHHIO

y~ DI () @ [DI) @54}, = D@ (1) @ DO (1240 @ D) &54),(5.73)

HOe COCTOsiHHe JxaeT obOepToH (hOHOHA Q(

Bce xommosentnl B (5.73) fBJsIOTCH paspelleHHBIMH B KoMOHHa-
IIIOHHOM paccesHHH CBeTa.

B crmexkTpe KOMOWHALHMOHHOIO paccesiHHst CBeTa B aaMase Oblia
obHapyxeHa y3Kad JHHES C [OJsApU3aluel, COOTBETCTBYIOeH
DM U pga yacrote (2666,9 4 0,6) cm~!, kotopad ¥ Oblia IpHIH-
cana DM (+).goMmmoHeHTe ABYX(HOHOHHOrO CBS3aHHOTO COCTOSHMS,
TaK KaK 4acCTOTa 3TOH JHMHUHU NPeBHIIIaeT 4acTOTy NPeJAN0JaraeMoro
MakcuMyMa AByX(oHOHHOro KoHTHHyyMa (26650 %= 1,0)cm~’, pas-
HYI0 YABOEHHOW 4YacTOTe ONTHYECKOro (POHOHA, AaKTHUBHOTO B KOM-
GHHAIMOHHOM paccesHHu cBera. KoMmnoentsn (5.73) ¢ Apyroi
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cuMMeTpHeH NOKa 3KCNepHMeHTalbHO He OOHapyxKeHbl. CHekTps
paccesHHSl aaMa3a paccMaTpuBaioTcs B § 24,

Cpa3aHHOe ABYX(OHOHHOE COCTOSHHE BO BpeMsl HANHCaHHA HaH-
HOR KHUIH He OLLTO HENMOCPeJCTBEHHO OOHAPYXeHO HH B pacCessHHH
HeHTPOHOB, HH APYruMH MertojnaMH. IloaToMy BHIBOJ O CylIeCTBO-
BaHUH CBSI3AHHOTO COCTOAHHSA CleJyeT CYUTATb NPEeABAPHTENLHEIM.
Ciienyer OTMETHTb, OLHAKO, UTO 9TO TNpeAmoJaraeMoe siBJieHHe 06-
1lero xapaxTepa Hall/o MOATBepXKAeHHE B CNeKTPaX KOMOHHAIHOH-
HOrG paccedHns, H B OCOGEHHOCTH B JAHHBLIX MNOJSDU3AIHOHHBIX
n3MepeHdHl, KOTOPble OOBLACHSIOTCS CHMMeTPHEel COCTOsSHHSA. MOXKHO
npeiBUAETL JaJbHeRIHe HONBITKY HafTH NOATBEPKACHHSA CYULeCTBO-
BaHUIO CBfI3aHHOro cocrosHus. [lanbHelllllee 06CyXKIeHHe BOIIpOCA
naercs B § 28 B cBfI3M ¢ HeaBHHMH HCCAEAOBAHUSIMH B repMaHHH
W KDEMHMH, Tle, OJHAKO, K MOMEHTY HAmHCAHHUA KHHI'H He OHLIO
0o0HapyXKeHO MNOATBEPIKAEHHH CYLleCTBOBAHUA CBSI3aHHHBIX ABYXdo-
HOHHBIX COCTQSHHIL.

A. Moaspusanuonnsie addeKTs! B HHPpPAKPACHOM NOrAOLLEHUH,
o0ycjoBaeHHble aHu30TponHedl. B HekoTopoM cMBic/e HaubBosee npo-
CTOMl NpUYMHON BO3SHHKHOBEHHA NOJSIPH3aUMOHHLIX 3hdeKTOB 4B-
NseTcsl aHH3OTPONHA TeoMeTpUU 3KchmepuMeHTta. [lokaxem ato, uc-
X0As u3 BupaxeHus (2.43) A48 BepOATHOCTH HHODParpacHOro
norJouleHus (GoHOHAMH.

PaccmoTpuM cHavaJia 06yc/JIOBJAEHHYIO reOMeTpHell aHH30TPONHIO
s cayuasi 6ecKOHeUHOH AJHHEI BOJNHE cBeTa. B KauecTse npocTef-
Ilero npHMepa BO3bMeM OJHOOCHBIH KPHUCTAJJI, THIHYHBLIM ITIpHME-
POM MOTYT CAYXKHTb KPHCTAJJIbl C TOUEUHOH PYNNOH CHMMETPHH
Csy = 3m. JIng TakKUX KPHCTAJJIOB MOKHO BBEIIEJUThL NapaJsiesb-
uyo (/) n nepnenpuxyaspayo (L) KoMnoHeHTwl JM060ro moJsp-
HOro BEKTOpa MO OTHOIIEHHIO K HampaBJEHHI0 OCH KpucTaJjia. Bek-
TOPHYI0 aMILIUTYLy BEKTOPHOTO NOTeHuHaja A, MOXKHO 3amHcaTh
B Buae Ap= g, rie Sfo— YHUCTO, a e— BEKTOP IOJSPU3ALMHH.
CorstacHo cBOMCTBY HomepeuHocTH BoaH (2.10), umeeM

k.e=0, (5.74)

rie k— BekTop B HalpaBJeHHH PACHPOCTPaHeHHUA BOJHHL.
OcHoBHOe npaBuio orbopa A1 HHGPaKpacHOro MNOIJIOUICHHSA
caeayer u3 (2.43). OHo omnpefnessieTcss MHOXKHATENEM ~

Ay (s | A (R, 8|2y, (5.75)

Brime 6bl10 MOKA3aHO, UTO TeH30pHHA onepatop ' (R, k) npe-
obpasyerca no IpPelNCTaBJeHHIO TONSPHOro BekTopa D npm
E=T=(0, 0, 0). [1ycTb enuHCTBeHHAA OCb CHMMETPHH KPHCTaJ/Jaa
HanpasJeHa no ocd 2. [TosspHBIH BEKTOP MOXHO PasCuTL Ha ABe
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KOMIIOHEHTH — Napa/jielibiyio ¥ NEePHeHIANKYASPHYIO OCH 2:
v=v,+49,. (5.76)

CooTBeTcTBEHHO npencrTaBieHHe D® passaraercss Ha COCTaBJAIONIUE
Y _ p() ® pL), (5.77)

AHaJOTHYHEIM 06pasoM MOXHO Pasfokuth ¥ onepatop &' (R, k):
A = Y + A, (5.78)

Hunexcw (|]) u (L) B (5.78) obo3HayawT mosaspusauuio no OTHO-
eHHI0 K ocu 2. Kak caenyer us cpaBuenus (5.77) u (2.51), nono6-
HBEIM e o6paszom pasjaraercs mpeicTaBjeHHe (OHOHOB, y4acTBYIO-
KX, coriacHo (2.51), B HHQpaKpacHOM MOTJOILIEHHH.

B Taxkom ciayyae MOXKHO HeMeIJIEHHO CcIeNaTb BHIBOJ, YTO aHH30-
TpONUs MoOeT OBbITh yuTeHa, eCJM MaTpuuHbif sjeMeHT (5.75)
3anucaTh B BHJE CYMMBE ~

e (s | ) R, B)| 2, (5.79)
)51
St (ton| MY R B) |2y (5.80)

OueBnAHO, IBa OCHOBHBIX «UHCTBIX» CJydasi Peasu3yIOTCsl NP fa-
pajieNbHON W HepHeHAMKYISPHOM HOJsAPH3aLHy CBETa OTHOCHTEIBHO
OCH KpHCTaJgJa:

9 HJIH 8=8_L'

[Tpu 3TOM B paccMOTpeHHe BXOAHT TOJbKO OLHH H3 MATPHUHBIX 3Je-
meHTOB (5.79) u (5.80).

Takum o6pasom, B clyyae OAHOOCHOTO KPHCTaJ/a MOXKHO BhIJe-
JHUTb ABa OCHOBHBIX MEPEX04a, COOTBETCTBYIOLLMX MATPHUYHBIM 3Je-
mentam (5.79) u (5.80). B obweM cayuae MaTpUUHBIE 3JeMEHTH
(5.79y u (5. 80) He paBHB. [lo2TOMYy BepOSITHOCTb Mepexoxa mpu
napaJsenbHoll moaspusauud wi-;(|l), BooGwe roBops, He paBHa
BePOATHOCTH Wif(L). PasneneHue monsipuaamuit coxpaHserca u
OpH PAacCMOTpPeHHH pasaoxenus (2.47), u npu adanuse ¢GOHOHOB,
YVYACTBYIOUIUX B NOMMOIEHAH. B KOHEUHOM cueTe 3T0 AOKHO
NPOSIBUTbCSI B PA3JHUMH YACTOTHOIO MOBEAEHHS MOIVIOUIEHHS /s
NPOAOJAbHON H MONepeyHOf IO/ PH3aIHH,

st onHOGOHOHHOrO Npouecca BePOSTHOCTb MOTJIOLIEHHS H3JY-
yeHysl, TOJISPHU3OBAHHOIO MapallielbHO OCH 2, JaeTcsl BHIPaXeHHeM

1) \"% LS -
Ty (@) dco~Z o) st - ./I(f,”(k ],) 80— o ® |,
(5.81)

KoTopoe noJyuaercs u3 (2.53) mociie cOOTBETCTBYIOIUINX H3MeHeHHH.
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ILna mepneHAMKYJsiPHON TOJSPH3AUUH H3MYYEHHS HMeeM

. k
(_"’_(L""_l) /’quog.,//((i’(k ]_,)

20 (K1)
AnanoruunslM 06pa3oM MOXKHO pPaccMOTPeTb 3(DQPeKTh aHH30-
TponuH (HOJSIpH3ALMH) B HHEPAKpPACHLIX Ipoleccax OoJee BHICO-
KOT0 Topsijika (B MHOrO(OHOHHBEIX NpolLeccax).

2

(@ —o®]]).

T 1 (w) dw~z
kljl

(5.82)

§ 6. Hekotopbie BOMPOCHl COBPEeMEHHOH KBAHTOBO
TEOpUH KOMOHHALMOHHOTO paccesiHHsi cBeTa
W UHPpakpacHOro TOIIOIEHUS pPeleTKOMH

B stoM maparpade naercs BBeJCHHE B HEKOTOpHe MNPoGJeMbl
COBPEMEHHON KBaHTOBOH TEODHH IPOLECCOB KOMOMHAIIHOHHOrO pac-
CesIHHA cBeTa H HHOPAKPACHOTO INOIVIOLIEHHS; BHIAEJEHH Te achex-
THl, /51 KOTOPBIX CYIIeCTBEHHBI CBOHCTBA CHMMETpPHH.

B mnepBuIX Tpex NYHKTaX OCHOBHOe BHHMaHHe VJeJsieTcs -INoi-
XO/Y, OCHOBAHHOMY Ha OOUIMX METOAAaX TEODHH MHOIHX 4acCTHI, DTH
METOABl OKa3bIBAIOTCH HEOOXOAUMBIMH s HOCTPOEHHS JeTajbHOH
KOJIHYECTBEHHON TEOPHH ONTHUECKUX CBOHCTB aHIapMOHUUECKHX KPH-
ctajnoB. [IyHKTE a——B MOrYT CJYXKUTb BBeleHHeM B GoJee MOJHOE
W feTajbHOe pPacCMOTpeHHe, KOTOPOoe BEIIOJNIHEHO B pabotax KoxpaHa
u Kayau [11] u Buna u Benepa [12]. KpaTkoe ofcy»kaeHne ¢BsI3H
MeXJly TeOopHeH TpyNm u CTPYKTYPOM TeMIepaTypHbIX (YHKIHHE
['puna nmpusenero B 1. B. Coaepkangeecs 34eCb pacCMOTPEHHe HH-
dhpakpacHoro NOTJOLIEHH M KOMOHMHALMOHHOI'O paccesHUsl cBeTa
ABJSIETCS MPOJOJIKEHHeM aHaJ/H3a, BHINOJHEHHoro B § 2 u 3.

PaceMoTpuM cHaua/jia MHOTOYACTHYHYIO TEOPHIO MOJISIPHIYEMOCTH
B 3ajfadye KOMOHHALIHOHHOIO paccesiHUs cBeTa. Teopust CTPOHTCS Ha
6aze 0606menuit Teopun Ilnaueka, uanoxennosl B § 3. OcHoBy MHO-
rOUaCTHYHOH TEOPHH MOJISPU3YEMOCTH COCTABJSIET BHIUHCACHHE ceue-
HUsl paccesiHWA CBeTa KPHUCTAMIOM MmeTonoM ¢yukuuil [puna c yue-
TOM BceX BazauMojledicTBuii. Kak o0O6bIUHO, MOXKHO CUYHUTATb, YTO
3JICKTPOMATHUTHOE [0JIe BBI3LIBAET TNOSIBJIEHHE (IYKTYUPYIOILErO
JUTOJTLHOTO MOMEHTa B cpefle, KOTODHIH MepeustyuaeT paccesiHHOE
nose. TOT MOMEHT BO3HHKaeT OJarojaps 3JeKTPOHHOH HOJspusye-
MOCTH CpeAbl, KOTOpas B CBOIO Ouepelb H3MEHSCTCA BCJENCTBHUE
AHrapMOHHWYECKOr0 B3aMMOZeHcTBUA MexkAy doHOoHamu. B uacTHo-
CTH, HMEIOTCS KOMIIOHEHTH MOMEHTa Ha CABHHYTBIX 4acTOTax, COOT-
BeTCTBYIOLIHE NPOHEeccaM pOXKIEHHS H YHHUTOXKEHHS OXHOIO HJIH
HecKOJbKHX (oHOHOB. OMHAKO BCAEACTBHE B3AHMOJACHCTBHS OTHeb-
Hele (QOHOHB He COOTBETCTBYIOT AHCKDETHHIM YpOBHAM (KakK OpH
OeCKOHEUHOM BPEMEHH XKH3HH) U pacnafamTcs Ha APYrHe (OHOHHL.
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[TosTOMYy CHEKTp PacCesiHHOIO cBeTa He IpPeACTaBiseT co6oi mpocTo
CYNEepIO3HLHI0 JHHHH.

AHaJlornunbie 3aMeUaHHs MOXKHO CAeJaTb OTHOCHTENbHO MHOIO-
YyacTHUHOH TeopuH HH(pakpacHoro moryoileHust ¢oxHonamu. Ilu-
puHbl QOHOHHBEIX JuHUH 6OJbile He OECKOHEYHO MAJH, YTC COOTBET-
CTBOBAJIO OBl TOUHO OHpeleNeHHBIM 3HEPrusiM cocTosHul. B morio-
IeHHe H3JyYeHHs Ha JO0H 4acToTe @ B JeHCTBUTEAbHOCTH JalOT
BKJA4J KaK OXHO(QOHOHHBIN, TAK U MHOTO(GOHOHHBIE NPOLECCH.

Tocaexyroune Tpu TYyHKTa HacTosillero naparpada r—e Hocss-
[leHBl TPEM TECHO CBSI3aHHBIM METOJaM MHKPOCKOMHUECKOH TeopHH
KOMOHHAIMOHHOTO paccesdHusl cBera (oHoHaMu. [lesnaercs MONBITKA
NOCTPOHTbL UYHUCTO MHKPOCKOMHYECKYIO TEOPHIO, BW/IOYAIOULYIO BCe
OCHOBHEIE THIILI B3aUMOJEHCTBHHA MeXAy UYacTHLAMH HJH KBas3Hua-
CTHIIAMH, a TakK:Ke [IO3BOJSIOLLYIO KOJHYECTBEHHO ONHCATbL Bce JH-
HaMHYeCKie Ipoiecch, 00yCAOBJEHHbE THMH B3aHMOAEHCTBHSIMH.
Bo Bcex Tpex MeTOAaXx MHKPOCKONHYecKas KapTHHA npoluecca OAH-
HakoBa. [lazaolias BHelIHSS 3JMeKTPOMArHUTHAs BOJHA CO3Laer
B 3JIEKTPOHHON CHCTeMe BHDTyaJsbHoe BO30YXKIAEHHE, U 5TO BUPTY-
ajsibHOe B036yxKjeHHe, B3aHMOJIEHCTBYs ¢ pemleTKoH, o6pa3yeT onMH
HAH HeCcKoJbKo (OHOHOB. 3aTeM BHPTYaJabHOe BO3OYKAeHHE CHOBA
B3anMOJZeHCTBYeT ¢ H3JyueHHeM, NOpOXKJasd pacCesHHBIH (OTOH.
Tpu meTona pa3iHualoTCd CIOCOBAMH ONMUCAHHA Ka)KAOTO M3 3THX
IPOLIECCOB.

B nepBoM MeToje CuUHTaeTcsl, YTO 3JeKTPOHHOE B036yxIeHHE
BO3HHKaeT 6Jsaroiaps 3JeKTPOH-(POTOHHOMY B3aMMOAEHCTBHIO IPH
CO3JaHHH DOTOHOM 3/eKTPOHHO-ABIPOUHON maphl. Kaxpaas u3 uacThi
onuchiBaeTcs GJOXOBCKOM BOJIHOBON yHKIMeH. 3TO ONMcaHue COOT-
BETCTBYeT «OJIOXOBCKOH KapTHHe»: 3JEeKTPOH U JBIPKa B IPOMEXY-
TOYHOM COCTOSTHUH ABHXKYTCS He3aBHCHMO IPYT OT Apyra.

Bo BTOpoM Iojxome CUHTaeTCH, UTO 3JeKTPOHHOE BO36YKAEHHE
npexpcTasiasieT cob0il BUPTYAJbHBIH 3KCHTOH. TaKoH NOAXOX MOMKHO
Ha3BaTh <«3KCHTOHHBIM» ONHCaHWeM. 3/echb 3JeKTPOH H AbPKa B
NPOMEXYTOUHOM COCTOSIHHH JABHIKYTCS B KYJOHOBCKOM IOJIe, CO3/1a-
BaeMOM 3aps10M NDOTHBOIOJOXKHOIO 3HaKa, H I0O3TOMY MOLYT Ha-
XOAUTbCSA B CBA3AHHOM 3KCHUTOHHOM COCTOSIHUH.

B nocrnenneM BapuaHTe OCHOBHOE BHHUMAaHHE YedeHo crnocoby
TOUHOTC HAaXOXK/JEHHUS HOPDMAJbHBIX KOJeGaAHHH CBSI3aHHOH CHCTEMBI
(hOTOHOB H ZKCHTOHOB, T, €. TaK Ha3bIBAe€MBIX NOJSPHTOHOB, BIIepBHE
BBe/IeHHBIX (x0T u Oe3 crneuuaJbHOTo HasBaHus) XyaH Kyunem
[38]. 3Ti HOpMaJbHBE KOJeGaHHS! COOTBETCTBYIOT SKCHTOHHBIM MO-
JISIPUTOHAM HJIHM KYJOHOBCKHM 3KCHTOHaM. B TakoH NOJSIPHTOHHOM
KapTHHe paccMaTpHUBAIOTCA MPOLECCH pacCesiHHS NOJSIPHTOHOB H
yCTAHABJAHBAETCAd UX CBf3b C BEJIHUHHON ceueHHS] KOMOMHAIMOHHOIO
paccestHUst cBera.

B mu3BeCTHOM CMBIC/IE IOCAEAOBATENLHOCTh KaPTUH — GJOXOB-
CKad —» 3KCHTOHHASA - NOJADHTOHHAS -— MOXET paccMaTpHBATHLCS
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KaK M[OCJeR0BATe/NbHOCTb, B KOTOPOH Ha KamIOH CTafud BKJIO-
yaercsl JAONOJHHTENbHOe B3auMmogedcTsue. [lelicTBUTENbHO, NPH Ne-
pexoje OT GJIOXOBCKOH K 3KCHTOHHOH KapTHHe BKJIIOUAETCs KyJao-
HOBCKO® 3JIEKTPOHHO-ILIPOYHOe B3aHMOJeHiCTBYE, a 3aTeM IIPH nepe-
X0/e OT SKCHTOHHOH X IOJIIPHTORHOH KapTHHE BKJIIOYaercss 3KCHTOH-
¢oToHHOC B3auMOAeficTBHE. DTO OTHOCHTCA K XapaKTepy HpPOMexKy-
TOYHOTO BHPTYAJbHOTO COCTOSIHHS.

Chenanunple BHlle NOSCHeHHs cTaHyT 0ojiee MOHATHLIMH HOCHe
fosiee peranbHOro OOCyxKAeHHS 3THX MeToaoB. OTMeTuM, UTO ¥ B
3TOM cJjydae Mbl He MHPHBOJAHM HCUEPNLIBAIOMIETO pPacCMOTPEHHs
BOIIPOCA, & PeKOMeHAyeM UHTaTeN10 /s BHICHEHHS MOApPOGHOCTEH
o0patuThed K uMetoumefics surteparype. [locaepnuit nyHkT mnapa-
rpada NOCBAILEH De30HAHCHOMY paccesiHUIO CBeTa H CBS3aHHOMY
C 3THM HapyIIEHHIO HPaBHJ oTOOpa.

a. MuorouacTnunpili aMasiekTpuueckuii ¢GopMaaHIM B TEOPHH
KOMOMHALMOHHOTO paccesdHusi cBeTa. JIH3MeKTpHUECKH# TOAXOA
paccMmaTpuBaeTcs B pazxe xaur [11, 12, 39, 40). K num Mut n oTch-
JaeM uuTaTesla AJAs AeTanbHOro u3yuenus. Hama uens B gaHHOM
U CJAEXYIOIUX HYHKTAX COCTOHUT B TOM, UTOGH AaTh AOCTATOUHO NOA-
po0HOE H3J0KEHHE, B KOTOPOM MOXKHO OLIO OBl OTUETJUBO YKa3aTh,
Te MOXHO NPHMEHHTb aHAJ/AH3 CBOACTB CHMMETPHHA NPH BHYHMCJIEHUA
Bo3Hukawuux ¢yHKuui I'puxa. KpoMe TOro, Mbl XOTHM OTMETHTb
OUEBHAHYIO CBA3b MeXAYy H3jaraeMoli Teoprell H aHANH30M KPHTH-
YecKuX TOuek, namoxenunM B T. 1, § 107, u 8 § 2, 1, 3, n, 22, 23, 25
HaCTOAILETO TOMA.

Ilpu BHUKCJAEHNH BepPOATHOCTH KOMOMHAIMOHHOTO pacCesiHus
cBeTa OCHOBHOI sfBJsieTcss opmyna (3.45). Beoaa B paccMOTpeHne
HATEHCHBHOCTb KOMGHHALMOHHOTO paccesiHuA CBeTa B €JMHHYHBIA
TellecHblli yroa [, KoTopasi MpPONOPIHOHAJbHA BEePOSTHOCTH Iepe-
xona (3.45), nepenuuieM 3Ty QopMyay B BhIE

I~ 3 &l mm88 (6.1)
AAARY
ByfeM HCNOJB30BaTh COKpaileHHble O0O3HAYEHHS |yony ==|n) u
T. A., TaK 4TO

lhaas = ?; (] Poa | ) (| Prz| 1) 8 (A0 — @), (6.2)

HanoMHuM, 4T0 Y, — KOHeuHOe KoJeGaTeJhHOE COCTOSIHHE, a

%on — UCXOfIHOE KoJieGaTesibHOe cocTosiHue. Teopus, uanoxkerHas B
§ 2 u 3, OTHOCHTCS K CAy4aj0 TeMIlepartyphl, paBHOH Hyqo. UToOwb
06061uTh ee Ha caygail T 5% 0, cnenyer Bkawynts B (6.2) cooTser-
CTRYyIOLlEE TEMIIePaTypHOEe YCPeAHEHHE MO HAUaJbHBIM COCTOAHHAM.
Cuyrasi jajee, UTO HM3MEHEHHE SHEPTHH NPH pACCESHHM, pPaBHOE
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Aw, durcupoBaHo, 3anuileM o6001eHHOe (yCPeAHEHHOe 110 paciipe-
JesJeHnio) Bolpa)<eHHe IJsl TeH30pa paccedHus

Lasi (B0, T)= 5 ¥ (n|Pyy/| A) (7| Pyze | n) e ~*n8 (Mo—o,), (6.9)

rie p=(kT)"", a
7 =7 ¢ PEn, , (6.4)

Bripaxenne (6.3) MOXKHO IepenucaTb Uepe3 CHEKTPAJIbHYIO
IJOTHOCTD TeMnepaTypHo#l dyHxmun I'puHa 1ByX onepaTopos
P, (tyP;;. B § 3 meanuunn P,,, n Pj;, Obin onpefeneHs B
(3.43) xak QyHxkuMn (c-4nc/ia) KOOPAHHAT HOHOB (cMmeluenuit) R.
Tenepr HaM HY)KHO IepelucaTb 3TH BeJHUHHB B Mpe/cTaBJEHUH
BTOPHYHOTO KBAHTOBAHHSA.

OGosHaunM uepes #£ NOJHBIN raMHJIbTOHWAH KpUCTajlia ¢ yue-
TOM AHTAapMOHHMUECKOTO B3aHMOJACHCTBHS, 3aTlHUCAHHEII B NpegcTaB-
JIeHHH BTOPHYHOTO KBaHTOBaHufA. Torja B 3TOM 2Ke NpPeACTaBJICHHH
TpefyeMble ONepaTOPl, COOTBeTCTBYIOWHe P,,, u P, onpege-
JSI0TCST COOTHOUIEHUSAMHU

Pay —> Py (T) == egc‘PMfe"gﬁ, (65)
Pyy = Pz (0). (6.6)
3/ech T— BelllecTBeHHAs NepeMeHHasi, HIpaiollag poJb «MHHMOLO
BpeMeHH» I[IPH ONHCAaHHH B npeiactaBiaeHuu [efizenbepra. Omepa-
Topwl P, onpejesenusle corsacHo (6.5), (6.6) B npexcTaBiaeHHu BTO-
pUYHOrO KBAaHTOBaHUS, AeHCTBYIOT Ha BEKTOPH COCTOSHHH B npo-
crpanctBe [uanbepra — Pora. TemneparypHaa dyukuua [pina
JUIS 3THX OTEePaTOPOB IIPH PACCMOTPEHHH KaHOHUYECKOro pacrpefe-
JIeHHs ompenensieTcss cooTHoLteHneM |11, 41]

g(PT\,?»’ (T) Pxx, (0))59(})}%,, Pxx,, T)E
7, 1

= Sp (e~PH<T Py, (v) Pz (0)) - (6.7)
3necy T, — omepaTop YHOPSNOYEHHS TO «BPeMeHH» 1. Temmepa-
Typuyo ¢yHKnuo IpuHa (6.7) MoxkHO pasjoxutb B psaa Dypoe;
DU 3TOM MBIl HOJYYHM

-+ oo

G (P (v) Pyy, (0))=n Z_wg(PM,, Piz io,)expio,t, (6.8)

rge nepeMeHHas o, MNPHHAMAaeT SHAUCHHS

m,,:ﬁ%’l, n=1,2.... (6.9)
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CoorHoluende, o6paruoe (6.8), umeer BuL
400
G (Pyyr Pipe i0,) =4 S 9 (Pyr (v) Pys, (0)) exp — iw T dv. (6.10)

—00

Temnepartypnass ¢yaxkuuss I'puna (6.10) onpenesena Ha Geckoneu-
HOl TOCJeIO0BATEJIbHOCTH JHCKPETHHIX TOYEK i®, Ha OCH MHHMBIX
4acToT. AHaJuTHUeCKH NPOAOJKAA 3Ty (QYHKIHIO Ha HEHCTBUTEJb-
HYI0 ochb (mJaKc HJIM MHHyc OeckOHeuHo Manasi Ao0aBka), T. e.
noJiarast

i0,—~>Q+im, n=0F, (6.11)

noayuuM QyHRIHUA
G (P Pixns Q =+ in). (6.12)

Oynkunn G (P,,,, Pjj, Q) MOXKHO BhpasuTh uepesd byHKuUUIO
cnexTpasbHoil MIOTHOCTH P (Py, Py, ®), S8aBUCALIYIO OT Henpe-
PHIBHOH TepeMeHHOH ®. BEHIIOJHAS 3TO, NOJYYHM ’

400
do

1
G (Paas Pian Q) =5 | (L= e )p (P, Pig, 0) (5527) - (6.13)

— 00

3To COOTHOIIEHHE AaeT UHTerpajbHOe NpeofpazoBaHue, CBA3LIBAIO-
liee TeMmMIepaTypHylo ¢yHkuuwo I'puHa ¢ dyHKuMell creKTpasabHOR
niotHocTH. CooTHomeHue, o6paTHoe (6.13), ompenendiollee CHekT-
pasibHYy10 IJOTHOCTb, HMEeT BHJ,

Y (PA,N’ Pij\/’ Q):é?_t_ (1 _eﬁg)-—l ><
X Bm[F (Pyys Pago @) =& (Pyys Py Q— )], (6.14)

TaxuMm o6pasomM, cneKTpaJsbHas NJAOTHOCTb ONpene/seTcsd Yepes cKa-
Yok TeMIlepaTypHOR (yHKuuM I'puHa Ha BeileCTBEHHOH OCH.
3nech caenyer chenatb nBa 3aMeuanus [l1]. Bo-mepBuix, uH-
TeHCHBHOCTh KOMOHHALNMOHHOTO paccesiHus cBeTa (6.3) B TOuHOCTH
coenanaer ¢ QyHKIHEH CIeKTPaJbHOM MJIOTHOCTH (eCJaH MNOJOXKHTh
Aw = Q): :
L sa B0, T)=0(P},,, Pz A0). (6.15)

Bo-BTODHIX, ONucaHHas B paGote [11] rpaguueckas TeXHHKa [O3BO-
JsieT BLIYHCJAATL MMEHHO TeMIepaTypHyio ¢yHKuuio I'puna, Bxoas-
1wy B MNPaByw dHacTb cooTHolleHus [6.14]. OTtMerum, uTO mJSsI
HaXoXJeHusl TeMIepaTypHoii GQYHKIMH ['pHHa MOXKHO BOCIOJB30-
BaTbCAd M APYTUMH METOAaMH, HalpHMep MeTOJO0M ypaBHeHHH NBHU-
JKEHASl UM METOAOM yPaBHeHHH B (PYHKUMOHAJBHBIX IIPOU3BOAHBIX
[12].
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O6paTuMcsi Tenepb K ClellMaJbHOMY BONPOCY 06 HCHOJb30BAaHHH
B 3THX pacyeTaXx CBOHCTB CUMMETDHH CcHCTeMH. [1s aToro Ham cJie-
LYeT AeTaJbHO NPOaHaJH3UPOBATh METOAHKY PacyeToB, B YaCTHOCTH
TEXHHKY BbI‘{HCJIeHPIH Gbypbe-KOMNOHEHTHl TeMIlepaTypHO#l (YHKUHH
I'puna ?(P e Piio zm) [na  onpeneseHHOCTH MLl GyjaeM
MMeTb B BHJY JAHArpaMMHBIA MeTOJ BBLIYUCJIEHHS TeMIepaTypHOH
¢yakuun I'puHa, 0AHAKO aHAJOrHYHble BHIBOALI MOMKHO OTHECTH H
K pacyeTaM C MHCTOJb30BAHHEM YDaBHeHHH ABUKeHHS HJIH (PYHK-
IIHOHAJALHBIX HHTerpajos [12].

Ilpexxme Bcero HeoOGXOIHMO NOJYYHTH TOYHOE BRIPAXKCHUE MNJS
raMuJbTOHHAHA J6, Bxodsmero B (6.7); OyzeM BpeéMeHHO paccMmart-
pHBATb 3TOT IaMUJALTOHUAH KaK c-yucjao. [aMuabToHuan 6 — noJ-
HHfl TaMH/JbTOHHAH peIleTKH, T. €. MpPH pacueTe TEeH30PHOro
oliepatopa HOJASPH3YEeMOCTH P yuTeHLl BCe 3JeKTPOHHBEE 3(p(deKTH.
ITosHplll raMBABTOHHAH DeIleTKH MBI paccMmartpuBasu B 1. 1, § 110;
JUIsE HACTOSILLEro PaccMOTPeHHS ero ynoOHO 3alucaTh B BHJE

H= %rapm + 4, : (6.16)
rie, KaxK BHAHO H3 cpaBHenus c¢ (t. 1, 110.17),
Ha=1V 4, (6.17)

rjae #64 — aHTapMOHHUECKas YacTh NOTeHUHaNbHON sHeprun. [apmo-
HHYECKYIO0 YaCTb raMUJIbTOHHAHA OOBIYHO 3aMMCHIBAIOT B BHIE

Hbrapn = 6, (6.18)

npuueM B cooTBeTCTBHH ¢ (T. 1, 109.24) rapmoHnueckas 4acTb ra-
MHJbTOHHAHA MNpelcTaBiasaeT co0o# OuiauHeHHYI0 (YHKIHIO KOMII-

k
JIEKCHBIX HOPMaJ/IbHHX KOOpPIHHAT Q(]. )H Q(]. )* OcraBmascst
i B

YyacTb COOTBETCTBYET AHTaDMOHHUECKHM 4JeHaM; OHH COJfepaT
KOMILIEKCHBIE HOPMaJbHble KOODAMHATH B CTeNeHH, (oJice BHICOKOI,
ueM BTOpas.

$lcHo, 4TO TeopHs rPyIN B HPHHUKIE HTPaeT CYLIECTBEHHYIO POJb
[pH ONpeleNCHHH CTPYKTYPH #B4, NOCKONBKY B Pas3fOKeHHE Ha 1O
HOPMaJbHBIM KOOPAHHATAZM BXOJAST TOJNBKO Te KoMOuHanuu (mpo-
H3BEAEHHA), i1 KOTOPHIX BHIIOJHAIOTCS BCe YCJHOBHS, HajlaraeMmble
cammerpueil. Hanomuum, uto B coorBerctBum ¢ (T. 1, 109.69)—
(r. 1, 109.75) u nocjeldylOUIMMH PaBeHCTBAMH B psafe A1 HBa
HOABJISIOTCS TOJLKO TaKHe cjaraeMble NAaHHOR CTelleHH KOOpAMHAT,
Ui KOTOPHIX OTJIHYHBE OT HYJSl COOTBETCTBYMIHe KO3(P(DHUIHEHTH
NpUBEJIeHHs, T, €. TaKHe NPOU3BEJeHHs, H3 KOTOPHX MOXKHO o6paso-
BATb HHBAPHAHTH KpHcTaaaa. TakuM oGpasoMm, mepeoe IpUIOKEHHE
coofpakeHni CHMMeTPHH, a MMEHHO OrpaHHueHHs Ha BO3MOXKHBIE
claraeMble B #4, YKe 3HAKOMO HaM H3 NpPeabIAYIIero.

Temeps ciaenyeT NMOJYYHTb BEIpaXKeHHe MJIS ollepaTopa TeH30pa
nonsipusyeMoctd Py, Kak ¥ B mpeanaymux mnaparpadax, Mb
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BpeMeHHO OyaeM paccMmaTpuBaTbh Pay Kak «c-onepatop». O6pa-
THMCA K HCXOZHOMY ONpezesJeHHIO OliepaTopa MNOJsSPH3YEeMOCTH, a
taKkxe K pasaoxenuio (3.58) sToro omepatopa Ho cremneHsM KOMI-
JEKCHBIX HOPMAaJIbHBIX KOOpAHHAT. Kamxan#l 4ieH B pasjioxKeHHH
JOJIzKEeH NpeobpasoBEIBATLCS MO OJHOMY H3 HENDUBOLUMLIX Tpel-
cTaBJIeHHH, BXOAAIIUX B Ipe[CTaB/JeHHe, MO KOTOpOMY Impeobpa-
3yeTcd CHMMETDUUHBIA TeH30p BToporo panra. M B atoM ciayuae
CUMMETPHUSl OTPaHHUHBAaeT BO3MONCHBle caaraemele B (3.58) TeMmu
CJIATAEMBIMH, LIS KOTOPHIX OTJHUYHBEL OT HYJA Ko3d(uIHeHTH MpH-
BeneHus1 (3.62); 3T BLIBOJAB OUYeBHAHBIM 00paszom o6ofmalores Ha
yJIeHBl DO0Jlee BBICOKCIO HOpPsAKA.

JlanpHefiiee paccMOTpPeHNE CBOJHTCA K HEINOCPEACTBEHHOMY HC-
MOJIb30BAHUIO TeOPHH BoO3MyleHuil Aas GyHkuun Ipuua. Mur o1-
METHM OCHOBHBHIEe 3Talbl BBHIUUCACHHH M HpPHBEJeM HeKOTOpPEHle
pesyabTatel. Jerasun uutartesnn MoxeT Hafitd B paborax [l1, 12].
[Ipex e Bcero ciaeayeT BHIPa3UTh raMHJIbTOHHAH (6.16) uepes ome-
PATODPH POXKIEHUS U YHUUTONKEHHs. Taxkol Mepexoj MOMKHO BHIMIOJ-
HHUTh, NOJCTAB/sIsT BMECTO HOPMAJbHEIX KOODAMHAT BLIPAXKEHHUS

k .\ _ o N
Q(fv )= (o) @ (= k) atk1 i) = (gey) 4 1,
(6.19)

rie BesnunHa A (R|j) onpenenena paBeHCTBOM
A(kljy)=a* (—klj)+a(kljy) (6.20)

[ormerum, uto A(k|jv)==At(k|j,)]. OkassiBaercsi. 40 B mpen-
CTaBJCHHH BTOPHUHOTO KBAHTOBAHUA 6oJiee YAOGHO HCHOJb30BATh
onepatopu A(k|j), a He oneparopu a(k|j). [Nocne noacranoBku
(6.19) u (6.20) B BEIpaKeHHe IJIS1 JB TOJIyuIaeM

= .ij ho (k1)) AT (k1) A (k1)) (6.21)

(3) kK R ; s VAW
By = Z v s JARIDAR AR ]7)
Rk T rrd
@ k k, k” k”l ] 'Rl /W14 17 3077
+YV (]. v j,,,)A(kmA(k YA AR 1), (6.22)

B (6.22), kak OGBIYHO, MBI COXPAHMJ/IH TOJbKO 4JIEHH, COOTBETCTBYIO-
e aHTaPMOHHM3MY TPETbEero M 4eTBepTOro nopsaka. Iloacras/isas
(6.19) u (6.20) B BrIpaxkenwe (3.58) mis omepartopa mHosspH3ye-
MOCTH, NojiyuyaeM (OIyCKasi HHAEKCH ki, ks, COOTBeTCTBYIOLIHE BOJI-
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HOBLIM BeKTOpaM (oTOHOB)

, A )
P——P°=; PO (kj) (:ET;:_!/_)_) AR+

+ 3 2 PORIKD AR AR (o aTiewTry) e

ki, k’j;L

{6.23)

Jas soiunciaennus byskuun [puna HeoOGxopnmo npeofpascBaTh
(6.7) x dopme, yrobHO# ans auarpaMMHOro aHajgusa. Jasg atoro
clelyeT HepefTH K oNepaTopaM B HPeJACTaBJEHUH B3aUMOACHCTBHS,
3aBHCALIHM OT «MHHMOTO BpeMeHH», T. €. OT TemmepaTyphl. Tak,
Hanpumep, onepatop A(k|j) B mpexcraBiseHHu B3aHMOAEHCTBHS
onupependaeTcad QoOpMyJIoOH

[A (k I ]) (ﬁ)]npegc'r. s3anyon — CXP (59/60) A (k | ]) exp ("" B%O) (624)

dto npeobpas3oBaHHe MO3BOJSET NPOBONUTbL BhuHCHeHHe (6.14),
OcHOBOH WCNOJb3YEMOro MeToZa $BJSAETCS MpejACTaBjJeHHe Beju-
uuHb (6.14) B BHJe CyMMBl TeMIIeDaTyPHEIX CPEHHUX II0 KaHOHHUYe-
CKOMY pachpejle/leHHI0O HeB3aWMOIeHCTBYIOUINX (OHOHOB, T. €. 0O
KaHOHHYECKOMY paclpeleNeHnlo, XapaKTepusyeMoMy TIaMHJbTO-
HuaHoM 6. PaccMOTpPUM BCIOMOraTeNbHBIN ONepaTop WJH LENoYKy
onepatopos O(t); ONpeAeaInM C €ro NOMOUIbIO BETHUHHY

95(0, 7) = Sp (exp (— o) 70 (1) = (1.0 (D, (6.25)

rue
Zy=Sp (exp — PHby). (6.26)

Torna, Kak MOMKHO MOKasaTh, TemmnepaTypHas ¢yukuus [puna
(6.7) moxKeT ObITh 3allHCaHa B BHJE

9 (o Prao ¥)=
> 8
—
= ( n!) <T1:PM,' (1") P;x/ (O) S d’l7x v

0

n=0

B
. dtn%A(rl)...%A(rn)> ;(6.27)
0

0 C

npuueM Bce omepatopel B (6.27) 3aBHCAT OT MHHMOrLO BPEMEHH.
CumBoa {...>oc 03HAUaET, YTO OIEPATOPHI, CTOsILIUEe B CKOOKaX, cie-
AyeT YCPeAHHTb N0 KaHOHHYECKOMY pacClpeliesieHHI0 ¢ OnepaTopoM
raMUJbTOHHAHA rapMOHHUYECKOro mpubsurkeHus oo H ut0 B (6.27)
cJelyeT YUHTHIBATL TOMbKO CBsisaHupie Auarpammbl [41]. Cymma
HeCBS3aHHBIX JHarpaMM COKPALIaeTcsi CO CTATHCTHYECKOR CyMMO#H Z.
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Bripaxenne (6.27) MoxkHO 3amucaTb B JPYrod 5KBHBAJIEHTHOH H
MeHee IPOMO3JKOH (opme:

g(PAh” Pxx,, T)‘:

f
= <T‘l: exp (‘_ S %A (T,) dT,) P?\Jv’ ('C) P}'\j\/ (O)> . (6.28)

0 Oc

{IyTth panbHeHILIEro TEOPeTHUECKOro aHaJH3a OYeBHAHBIM 06pa3oM
caeayer us Bujga (6.28) m (6.23). Iloxcramasia (6.23) B (6.28),
MOXKHO IPeACTaBUTb TeMIlepaTyphyio ¢yHKuuio [puna B BHIE CyM-
Mbl UJIEHOB, KaXKJIHI M3 KOTOPEIX BKJAIOYaeT OJNH MHOXKHTENb H3
pasnoxeHus P,,.(v) u onuH MHOXHTeNb u3 Pj;/(0). Taxum ob6pa-

30M,

. sy A2 Y
9 (Puar Puan vy=p, 2. PO (R PO i) (mamear) X

r 7
#ly, KT,

8
><<Tfexp(—8 %) dr’)A(kli)(r)A+(k'lj’) <0>> . (6.29)

0 Oc

CnenoBaTenbHo, TeMNepaTypHyto ¢yarnuio [prnra (6.28) wmoxHO
BBHIPA3UTb B BHJAe CYMMEl OJHO(OHOHHOH TeMIlepaTypHOH GyHKuun
Cpuna, nByxdoHOHHOK TemnepaTypHol ¢yHkuuu I'puna u t. n. Ilo-
9TOMY OCHOBHBIMH BBIJESEMBIMY BEJIHUMHAMH HABJIAOTCA 01H0(O-
HOHHad 1 MHorodoHouHule ¢yHkuun [puna [11, 12, 42, 43].

PaccmoTpuM cHauasa oAHOQPOHOHHYIO TeMIePaTypHYIO DYHKIHIO
I'puna

G(Ak|)), AY ®|]), ©)=

B
=<Tz [eXP(*S 4 (V) dT’)]A(kli) (WA ® |7 (0)> . (6.30)

0 02

B naunmsmeMm npubmkenud (6.30) coBnajgaer ¢ HeBO3MYUIeHHOR
tdynkuuelr I'para [41], koTopas pnarodanbda no k, B wu j, j

(TeA (1) (x) A (R11) (0)), =
=n(klhexplitlo®IN+ ((kl)+ Dexpl—ITlokl)]. (6.31)

Cuaraemoe caenyomero npubJanxenus B paje aas (6.30) comepxur
JuHeHHE! 10 J6,4(71) WiaeH, a 4leHH 6ojiee BBHICOKHX MNPHGJIMKEHHUR
cojepxaTt eule Gosee BLHICOKHE CTeNeHH #64(t’), UTO COOTBETCTBYET
cinaraeMblM B (6.27) ¢ n > 1.

BooOie rosops, AJs HaXOXKAeHHS OJHOGOHOHHON TeMmmepaTyp-
Ho# ¢pynxunn I'puHa Heo6X0AMMO pellHTb ypaBHeHde HaficoHa., D10
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ypaBHeHHe o0cyxjaanoch B paje pa6or [6, 7, 44—47], u 6uui0 3a-
MeUYeHO, YTO BCJEICTBHE aHTAPpMOHUYECKOTO B3aHMOJEACTBHA HH-
Adekcel j u j° B (6.30) He Bcerza coBmanawT, T. €. B oflleM cayuae
HMeeTcs cMmellnBaHue Kojebanuii. Tem He MeNee BcselCTBHE TPaHC-
JAUMOHHOH HHBapHAHTHOCTH KpHcTanjaa BeauunHa G (A(k|)),
At(R'|j’, 7)) monxua GEITH gHaroHadbHoi 1o k. [Tostomy Bo BTOpOM
onepaTope LITPHX Y BOJHOBOIO BEKTOPa MOXHO ONyCTHTb, Bompoc
0 CMelIMBaHHM KoJeGaHHI NpeACTaB/IAeTCS HOCTATOUHO BaXKHBIM,
I03TOMY B I. B HacTosillero naparpada Mbl KpaTko o0CyIHM ero
¢ TOUKH 3DEHHSl CUMMETPHH.

Jnsg Hamux nenefl 10CTATOYHO HCHOJb30BATh HMEIOUIHECA BHpa-
KeHusa [42, 43] ans mHTEeHCHBHOCTH paccessHHs (6.2) m (6.15) B
TPpUOIHKEHHH, YIHTHIBAIOLIEM TOJBKO ONHOMOHOHHBIE BKJAAAB [4TO
COOTBETCTBYeT mepBoMmy charaemoMy B {6.29)]. Kpome Ttoro, B
(6.30) MBI COXpaHHM TOJbKO NONPaBKH MepBOro nopsigka. Takum
o6pasoM, npenefperas cMemnBaHueM Koaebanmii (j = ') u pac-
cMaTpHBas Ipefe/ibHBIA ciayuall GecKoHeYHO! Anndbl BoaHb (R = 0),
TIOJTYYHM

T, an (Aw) = (M_—_I_) %
X Z 4P* (0f) P(0)) @ (0] )2 T (0], Aw)

i {0 (01/)2 = (Aw)*+ 20 (0| /) A (0, Ao) + 40 (0] /)2 T (0jf, Aw)? *

(6.32)

3necy I'(0fj, Aw)— 3aTyxanne, BKJIOYalOLlee MHONKHUTENb, BHIpa-
XKawlMil 3akoH coxpaHenus sHepru#, a A(0ffj, Aw)— cobcTBenHo-
SHEpreTHYeCcKasi 4acTb CIBHra YacTOTH, OOYCJIOBJIEHHOTO aHrapmo-
HH3MOM. DTH BeJIMTHHBI PABHLI

) 00k —kY
A0y, X)=12}:V(j il jl)(2ﬂ1+1)+

T ) s Y e Ml
(6.33)

Ie cllaraeMoe, MpONOPLUOHAJBbHOE Vg, COOTBETCTBYET BhIAEICHHIO
BKJIaJla TEPMOYNPYTHX HaNpsxKeHUu#, u

I ©jj, X)=18 ) V(O k —k)v(o k “k)sx (6.34)
i1, Pk jn I» i i (). )

B (6.33) u (6.34) Beanuuns
fiy=[exppo (k; | j;) — 1] (6.35)




72 I'rasa 1

npeACcTaBAstioT cobofl uucaa sanodnenus aAaf kogaebauufi (ki|ji), a
R(X) u S(X)—BewecTBeHHass H MHUMas uactu (QYHKIHH
A/(X & in). BuomuueM HX B ABHOM BHAe:

N A+ Ay 41 iy g4 1
R(X) = (wito+X, T (o+o—X), -
ﬁz—ﬁl ) I’Ll'—f_lz
"o — o —X), + (02 — o1 — X)), ' (6.36)

SX)=—n(A+ i+ 1) (80 + 03 4 X) = (X — o, — )
+ a7y — 7ig) (0 (@ — @3+ X) — 0 (X — w1 + @p)).  (6.37)

B (6.32) cyuMupyeMoe BhIpaxKeHue NpeicraBisieT cobofi [eciu
HCKJIIOUHTL Koa(duuneHTsl pasnoxenus PU(0|f)] cunekrpannhyio
IJIOTHOCTb CAHOMOHOHHOH TeMiepaTypHO# (ydruuy [puna.

B kpucraane co CTPYKTypol KamenHo# conn (§ 20) us cBOHCTB
CUMMETpHH CJeAyeT, 4YTO Bce KO3(POUIHEHTH NEPBOr0 HOPSIKA
P®(0]]) paBHBI HYI10, TAK KaK cCHMMeTpHs (OHOHOB B TOuKe B =T
He COOTBETCTBYET CHMMETPHH TeH30pa BTeporo paudra. Cuaenosa-
TeJbHO, HePBHH OTJIHYHBLIA OT HyJsA BKJIA[ B TeMIEPaTyPHYIO QyHK-
nupo I'pHHA M TeM caMbIM B paccessHue AOJIKEH ONpenesaTbhbes BTO-
pBIM CJaraeMbM B Ipaof gactd (6.23), OuanueflHLIM MO OmeparTo-
pam A(k|j). Ho 210 npuBOAMT K paccMOTpeHHIO ABYX(OHOHHOMN
dbyukuun I'pura, Tak Kak o0a CcOMHOXKHTeJ s AalOT OuUAHHeHHBHE
ujleHs. B 3ToM caydae GoJLIIOE YHACAO PasHblX CJaaraeMbix Jaer
BKJaJ B paccesHue. B ofmem BxAe BKAad B paccesHHe paBeH

I iz (A0) ~(expB Ao — 1) k%} PP (kjj’y P? (2jj’) S (Aw). (6.38)
DT0 BBIpaKeHHe COOTBETCTBYeT ABYX(pOHOHHOMY mnpoileccy (mpo-
Leccy BTOPOro NOPAAKA) KOMOHHAIMOHHOIO paccesiHUs CBETa rapmMo-
HIYeCKUM KPHCTaJIJIOM, ONHCHIBAEMOMY TaKXe BhpakeHueMm (3.68).
Boobue rosops, npu T =0 S(Aw) sapasercs caokHOH (QyHKuHeH
or Aw®, a Takxke (QyHKuHell HHAEKCOB BeTBed, omHako npu T =10
nist S(Aw) npuONHIKEHHO HMeeM

S (Aw) ~py (Aw), (6.39)

T, €. T4 BeJHUHHA BOCIIPOH3BOAHUT NPHBEAEHHYIO IJIOTHOCTD COCTOS-
Hudl, BXoasainyio B (3.68). Tem He MeHee B3aHMOCBSI3b MeX]y H3J/a-
raeMo#l 3Jech MHOUOUACTHYHON TeOpHell paccesHHSl H ONHCAHHOM
BhIIle TeopHell KPHUTHYECKHX TOUYeK, OUeBH[AHO, YCTaHABJIHBAaeTCHd Ha
OCHOBe cooTHOLIeHHd (6.38).

Hwmest B Bupy o6nacTh ABYX(OHOHHHX cocrosHuft, Kaymu [43]
AeTajIbHO TPOAHANH3UPOBAJ BKJAAJ, COOTBETCTBYIOUHH ONpeieseH-
upiM AnarpamMmaM. OH oOHapy:kMJ, 4TO B HEKOTOPHX CJAyYasdX MO-
JKeT BO3HHMKATb MPOTHBOpedHe MEXAY YCIOBHAMHU, KOTOPbIe MOJMKHBI
BBITIOJIHSITbCS M TOTO, uTO6H HabaonaMcst ABYX()OHOHHEIA mporece
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paccesiHus, ¥ ycjgoBHeM Toro, uToObl B chekTpe Obiia pes3kas oco-
OeHHOCTb, CBsA3aHHAA C JABYX()OHOHHON KPHTHUYeCKOH ToukoH. On
NpUIles] K 3aKJI0UeHHI0, YTO BKJaJ ABYX(DOHOBHLIX HpoueccoB §yneT
BEJIMK, €C/H KoJeOaHus HMCIOT Majioe 3aTyXaHHe, B 3TOM cjyuae
JOJIKeH HabaJaThed THK, COOTBETCTBYIOUINH H3MEHEHHIO 94CTOTHI
¢doToHa:

Ao=0(k|])+ 20 (k]|])AR], ok]])+
Fo(—kl/)+ 20(—=k|/)A(—k], o(—k]])), (6.40)

T. €. COOTBETCTBYIOUIUI ABYX(OHOHHOMY IHKY [apMOHUUECKOIO KPH-
cTaqna, CABHHYTOMY 32 CHET BelleCTBEHHOI0 BKJA/JAa OT COOCTBEHHO-
sHepretruueckoil yactd. [llupuna nuKa onpefensieTcss CyMMoi

['(kf, o (RI))+ T (—kj', o(—E]])). (6.41)

CorsziacHO 3TOMY pe3yabTaty, I8 HaOJ0ACHHS ABYX()OHOHHOTO
MHKAa aHrapMOHHU3M JOJUKeH OblTh GOJBUIMM, MO3TOMY NHK Oyper
wupokuM. OHako ecan (HOHOHBI apMOHHYECKOro KPHCTAMIa CTa-
HOBSITCSI 3aTYXaIONIMMH, TO MOTYT HAapPYIIMThCA K BCe OCOGEHHOCTH
MOBeJeHHs] CIeKTpa BOJH3M KPUTHUECKHX TOYeK. DT BONPOCH, NO-
BUJIMMOMY, He TOJYUH/IH ellle MOJHOTO M OJHO3HAUYHOIO pelueHusl.
HeobxoaumMoe XOMHUECTBEHHOE CONOCTAaBJIEHHE ¢ OIBITOM He GBIJI0
ellie MPOJENAHO HAa TOM YPOBHe, UTOOB AeHCTBUTEIBHO OTPEACJINTh
IJIS J@HHBIX MaTepHaJoB, KOrla 3(¢heKT KOHeUHGCTH BPeMeHH
JKH3HI (QOHOHA MPHBOJHT K OTCYTCTBHIO PE3KOH 3aBHCHMOCTH, CO-
OTBETCTBYIOINEH KPHTHUECKOH TOUKE.

Kaxk 6yaer nokasaro B § 24, 27, umeroiitecss B HacTosiliee BpeMst
SKCIIepUMEHTaNbHBIe [AHHBIE, TNO-BUAHMOMY, CBHAETEJIBCTBYIOT 0
TOM, 4YTO BO MHOTHX MaTepHaJax NpH [OCTATOUHOM paspelleHHH
VCTaHOBKM MOXKHO HabMi0aTh KDHTHUYECKHe TOUYKH B IBYX(POHOH-
goM crerTpe. Tak, B TexX cayyasx, KOrja HMEIOTCH KaK pe3yJabTaTsl
110 HEYNPYroMY paccesiHKIo HeHTPOHOB, TAK U HaHHBIE MO KOMOGHHA-
I{UOHHOMY DPacCCCSHHIO CBETA, OBH OUCHDb XOPOIMIO COTIACYIOTCA MEKAY
cofofi. DTO CBUAETEJNbCTBYET B IIOAb3Y TPHMEHEHHS MEeTOAa KPHUTH-
yeckux Touek. OnHaKo, UTo6Ll ONpPEeNeNUTh KOJHUIECTBEHHO TPAHHI
NPHMEHHMOCTH MeTOoAa KPHTHUECKHX ToueK, Tpebyercsi HOJYYUTD
OTBET Ha Te BOMPOCH, KOTODPBIE CTABUT HOAXOJ, OCHOBAHHHLIE Ha
TEOPUH MHOTHX TeJ.

U3 cTpyxrypnt dopmyant (6.28) u cooTrercTByIOMlEro mpeofpa-
30BaHHs, Beayllero K ¢opMyJde [LJd CHEKTPaJbHOH IJIOTHOCTH,
MOZKHO 3aKJIOUHTb, 4TO, BOOOULEe roBopsl, npH (HHUKCHPOBAHHOM
(Aw) Bxiam B J,,, 5;,(A0) Oaer cymMMa usieHOB, BKJIOUAKOILas
JUHeHHble, OWJINHEeAHbe YJeHB M 4JjeHnl 6oJjee BLICOKOTrO NOPSiAKa.
TakuM of6pasoMm, npu (GUKCHPOBAHHON BeanunHe Ao == ©; — @
BKJIaji B paccesHue MAIOT UJIeHHEl Bcex mopsakos. [oeopst duzmue-
CKMM SI3BIKOM, aHTapMOHHYECKOe B3aHMOJEHCTBHE IPHBOAHT K
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CMellHBAHHIO BCceX (OHOHOB, TaK 4TO Aaxe ¢opMaJbHO oxHOGDO-
HOHHBIH IPOIECC COAEPIKHT BKJAALBI OT MHOTOQOHOHHBIX HPOIECCOB.

K coxaJgeHnuio, npsiMoe cpaBHeHHe pe3yJbTATOB MHOrOYaCTHYHOM
TEOPUH MOJSPU3YEMOCTH, ONpefesouell KOMOHHALUOHHOe pacces-
H@e CBeTa, C SKCIEPHMEHTOM OKa3eiBaeTcs 3aTPYIHHTENbHHIM
BC/JAENCTBHE HEOOXOAMMOCTH NPHBAEKATH KOHKDETHBIE MOJENH IH-
HAMHKH DEIIeTKH JUJIs BHIYHC/JAEHHS KO3(QQUINEHTOB Dpas/oXKeHHs
Beanuud V4 u P, ||, 110 BOpMaJabHLIM KoopAuHaTaM. TakuMm obpa-
30M, B pacyeT BXOXAT AONOJHHTeAbHLIC HEH3BECTHHIE, T. e. mapa-
METPH MojJeNH. B HacTosillee BpeMs NPOAXMIKAIOTCS PaloTHl MO
KOJTNYEeCTBEHHOMY CPABHEHHIO TEOPHH M KCIePHMEeHTa AJas (HOopMH
JUHUH M /15 Pa3/IMYHBIX TeMIIePaTYPHHIX 3aBHCHMOCTeH.

6. TipumeHeHde MHOrOYacTHYHON TeOPHH MOJAPU3YEMOCTH HJs
BHIYMCJAEHUS] HHpaKpacHOro norjouleHns. MHorouacTHuHas Teopus
uH()PAKPACHOTO IIOTJOIIEHHST cBeTa (DOHOHAMU M3JaTaeTcsl B psge
pabor [5, 11, 12, 48].

[Ipn BHUHCIEHUM BepOSTHOCTH HHMPAKPaACHOTO TOIVIONIEHHA
CBeTa OCHOBHOM siBaseTcs Qopmynaa (2.43), onpeneasionias BeposT-
HOCTb Ilepexoja M3 Hada/jbHOTO B KOHeuHOe cocTosHHe. Hcmonbays
CHOBa cOKpalleHHEle oGo3HauenHus (6.2), samumeM (2.43) B BuHIe

@, 5~ Ty (@) ~ gj A28, 9, 80 (6.42)

rne
o= 2, (0| M BYA | Mos | 1) S (@ — @) (6.43)

37ech MLl BHOBb BCIOAY ONYCTHAH HHIEKC JEKTPOHHOTO COCTOSHHS
v. B (6.43) BXOZHT TOJNBKO Da3sHOCTL 3HEPTHHE KogaebaTesbHBIX CO-
CTOSHMH, TaK KaK HavaJbHOe M KOHEUHOEe 3JeKTPOHHBIE COCTOSHHSA
NpHHAAAe] AT OXHON COBOKYIHOCTH 3JEKTPOHHBIX COCTOSIHUE (30He).
®opmyaa (6.43) npumernuma auiub npu I = 0. Utobu 06061IUTL
ee Ha cayualt T 5= 0, He06XOAUMO BKJIOUHUTb CTATUCTHUECKOE YCpPe-
HeHHe 10 HadaJbHBIM coctosiunaMm. Toraa ¢opmysa (6.43) za-
meHderca GopMyJoi

S (0, T)=5 Y. (] M| @) (| Mo | ) exp(— BEn) 6 (0 — 0ur),

ni

(6.44)

Tae
B=(kT)7", (6.45)
Z =) exp(— BE.). (6.46)

Beaunuuna, onpeaensiemasi ¢dopmynoi (6.44), nponopuuoHasbHa Be-
POSITHOCTH Nepexoja, T. €. Koa(duiuuenrty mnorsouieHuss H3Ay4YeHHs
Ha yacToTe o IpH TeMmNepatype I'; 3TOT NepeXol COINPOBOKAAETCS
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H3MeHeHHeM KoJe6aTeqbHOr0 COCTOSIHHSI CHCTeMH OT n K f. U3
cpaBHeHHa (6.44) u (6.3) craHOBHUTCA OUEBMAHO, YTO BeJHUYHHA
I (o, T), onpegensioliasl HHGpakpacHOe TOMNIOLEHHe HA 4acTOTS
©, 1 BeaHYnHa J,, ;5. (Ao, T) An KOMOHHAUHOHHOTO paccesHHs
cBeta (CcO CTOKCOBCKUM CABHIOM A®) HMEIOT ONIHHAKOBYIO MaTeMa-
THUeCKYl0 CTPYKTypy. CiaenosatenbHo, QYHKIHA Tan (0, T) TakKe
BLIpAzKaeTcs depes CNEKTPaJbHYIO IJIOTHOCTh TeMIepaTypHOH (PYHK-
uuu I'puna.

Onpegenum TemmnepatypHywo ¢yuxuuio I'puHa anas omepaTopos
9JIEKTPHUECKOrO QUNOJBHOro MoMmeHTa [cp. (6.7)]:

G (s, My, ©) = Sp {exp (— BIB) Toils (x) M (0}, (6.47)

Beieactsue ¢opmanpHoro nonobusi Boipaxenn# (6.47) u (6.6)
MB! MOKEM BOCHOJIb30BAThCS pPe3yabTaTaMH BCEro CJAeAVIOUIero 3a
(6.6) paccMmoTpenus, npousBeis (opMaJjbHyl0O 3aMeHY ollepaTopa
Py na My. B vacTHoCTH, Toria cueKTpaJdbHas IIOTHOCTb T (o, T)
onpesesaeTcs BblpakKeHHeM

T (@, T)~p (M, My, 0)=
=(£) (1t — )™ lim {§ (M, My, 0+ in) — G (Ms, My, 0 — in)}.
n->0
(6.48)

Hasa Boiunciaenus (6.48) meob6xonxumo npeo0pasoBaTb 3Ty BeJIH-
YHHY K BHAY, YLOGHOMY JIJs JuarpaMMHOrO pasjoxeHHs. Takoe
npeofpasoBaHie BHIIOJHAETCS aHAJOTHYHO TOMY, KaK 3TO CeNaHO
B IpPeABIAYINEM NYHKTE; NIPU 3TOM CJeAYeT HalTH fIBHOE BhIpaKeHUe
JJIS TAMUJIbTOHHAHA aHTaPMOHHUYECKOTO B3aHMOJEHCTBUS 4, KOTO-
poe omnpefe/sercs CTPYKTYpoll H cuMMeTpHell kpucramia [cum. (6.21)
u (6.22)]. Hanee, nono6Ho TOoMy, KakK aTO cienano B T. 1, § 110,
C/IeYET DPa3JOXKHTb OIEPATOPHl JMEKTPHUECKOrO AHUIOJIBHOIG MO-
MmenTa. Pasnoxenne, anajorguHoe (6.23), omnpenensierca dopmy-
jgoit Tuma (T. 1, 110.12):

a=F ([ )awii+

kju

+y 3 .//l(?)(z Z,)A(k|j”)A(k’lj;,)+.... (6.49)

Ein k7w

CuaenyeT NOAUEPKHYTb, UTO Bce caaraemble B (6.49) ompenenasiores
CBOACTBAMH CHMMETPHH AAHHOH KpDUCTaNJIHYecKo# cTpykryphl. I[lo-
CKOJIbKY BeJH4YMHa J npeAcTaBjasieT coOON TNOJSPHBIA BEKTOp, B
CYMMY BXOAAT TOJBKO Te cJaraeMble, KOTOpble HMEIOT CHMMETPHIO
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[OJSIPHOIO BEKTOpAa; OUPAHHMYEHHS TAKOro pojga 3HAKOMEI HaM 0o
npeablyleMy pPacCMOTPEHHIO,

MoxHO mNOYTM [eNMUKOM NOBTOPHTL  BEIBOJ, I[IPOBENEHHBIA B
(6.23) —(6.32) . O4eBuaHO, B KPHCTAJJIe C OTIHYHBIM OT HYJS 3JIEKT-

k
PHYECKHM JAHIIOJILHBIM MOMEHTOM IepBoro nopsijaka JAW ( ; )Bma,u

n
B ¢ynakuuio I'puna (6.47) B HauxuH3IIeM NopsAAKe JaeT OAHO(OHOH-
Had TeMmnepatypHas ¢yHkmus [pusa. M B stoM cayuae cuaexyer
OTMETHTb, YTO 0pH (QUKCHPOBAHHOH 4aCTOTe BHELIHEr0 3JeKTpO-
MariuTHOrO NOJs @ BRJAaX B Jjx () maOT BCe 4JeHH psAfa, BO3-
HEKaollero npu noacraHoske (6.49) B (6.47). Taxkum o6pasom,
CTPOroro pasjeseHus BKJIAJOB OT OZHOPOHOHHOrO, NBYX(OHOHHOIO
W T. A. TPOLECCOB MPOBECTH Heab3sl, TAK KaK BCe OHH CMelIHBaIoTCH
aHrapMOHHUYECKHM B3aHMOACHCTBHEM.

[lpu paccmorpenuy MHPPAKPACHOrO HOTVIOUEHHS METOAAMH Teo-
puH MHOTHX Tea 0osee yAOOHO BBIYHCISTH NHJEKTPHUECKYIO BOC-
NPUHMUYUBOCTb, & He BEpPOATHOCTb morjolieHus ¢ortona. [losTomy
BMeCTO TOro, u4To0Bbl HaXOAWUTh BbIpa)KeHHe, aHaJoruyhHoe (6.32),
oranvawlueecs samernor P (0j) wa MW (0j), o6ulYHO BEUHCASIETCS
IHM3JeKTPUUeCKash BOCIPUHMUYNBOCTD, a8 KODOHIMEHT NOMJIOLIeHH:
BbIPaXKaeTcs uepe3 MHUMYIO YacTb JHJEKTPHUECKOA BOCIPHHMUH-
BocTH., Takoll moaxoh o6cyxaaeTcsl B YNOMAHYTHIX BBHIIIe paboTax
(11, 12]. HnanexTpuHueckash BOCNPHHMUYHBOCTb ONpeje/dercs - Bbl-
pakeHHEM

Y @) =p lim §(M,, M,,, o+ in) (6.50)

>0t

[cp. (6.48)]. Ilpu BBIUMC/EHHH Y;,, C TOH K€ TOYHOCTHIO, YTO H B
(6.32), «0gHOGMOHOHHEIH» BKJaJ B BOCOPHUMUYHBOCTh HMEET BHJI

(©) = Z 20 (01 /) My, (0)" My, () )

Kaay LT O1) = w + 20 (01)) (A (07 o) = T O To))]

(6.51)

MU B srtom cayuae A(Qjj|®)— coGeTBenno-sHepreTHdeckas 4acThb
capura yactorTh KosieGauui, I'(0jj|w)— 3aTyxanne ¢oHoHa.

Bxnan Broporo mopsigka (T. e. ABYX(OHOHHBIf) B BOCIPHAMYH-
BOCTb, KOTOPHIHl MOXHO CONOCTaBHTb C AHAJH30M KPHTHYECKHX TO-
yeK, ONpeleseTcss CYMMOH BbIpaxKeHuH, COOTBETCTBYIOUIHX pasJ/ny-
HBIM AHarpaMMmam., DTy CyMMY MOXHO 3allicaTb B BHJIe

Aaws (co)~kzj;Mf>(? ?)M%)(k ~f)8(m). | (6.52).

] I
Kak n B cayuae KOMOHHAIHOHHOTO PacCestHHUS CBeTa, MOMKHO IOKa-
3aTh, 4TO IPH HU3KHX TeMIIEPaTypax M MaJjiofl BeJHUHHE aHrapMOHH-
YeCcKOoro BaauMojefcTsus BoIpaxKeHHe (6.52) TecHO CBs3aHO ¢ KOH-
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nensjHell KpUTHYECKHX TOUEK AJISl MHOTOOHOHHBIX npoueccos. [left-
CTBHTEJIbHO, KO3 UUHEHT HOTVIOUIEHHS Nponopuronaten Iim S(w), a

Im S (@) ~p, (0 (k) + @ (— k| ])). (6.53)

CpasuuBasg 5To BuIpaxenue ¢ (2.60), BUAUM, 4TO NOSIBJIEHIE WJIEHOB
tuna (6.53) sBJsieTcs 060OCHOBAHHEM MeTOAa KPHTHUECKHX TOUYEK.

CiolelyetT 3aMeTHTh, UTO H B 3TOM cJayuae 00l1as TeopHs, ornpe-
JAessIoIasl TPaHUIbEl IPUMEHHMOCTH KOHLENIHH KPUTHYECKHX TOUEK
NpH HaJHYHH aHTaPMOHHUYECKOTO B3aUMOJEHCTBUS, [O-BUAHMOMY,
orcyrctByer. OaHako B ri1. 2 NPUBOAATCA Pe3yJbTaTH CPaBHEHHS
TEOPHH ¢ IKCIEPHMEHTOM, KOTOpPLIe B HEJOM pAjfe cayuaeB CBHje-
TEJALCTBYIOT O XOPOIUeM COTJAacHH ¢ TeopHeH, OCHOBAHHOH Ha Bblle-
JICHUY KPHTHUECKHX TOUEK.

B. Teopusa rpynn u temneparypHble dyuxkuun T'puua ¢GOHOHOB.
I13 nmpoBeneHHOro BHIHIE PacCMOTPEHHS SICHO, 4TO TeMIepaTypHas
dyskura I'puHa Wrpaer onpefedsioilyld podb 0PH BLIYKCIEHHH
peakuuy KpHcTa//la Ha BHEIIHHE BO3/efCTBUA. PaccMOTPUM Teleph
OAHOMOHOHHYIO TeMueparypHyio dyvukuuio [pnia gpucrajia, uMelo-
[IeT0 CHMMETPHIO, COOTBETCTBYIOULYIO NPOCTPaHCTBeHHOH Tpynne &.
AHTHYHHTapHBIE ONepallud MB He OyJaeM NPUHKMATH BO BHHMAaHHE.
Xots MBI paccMaTpuBaeM TOJbKO caydall oadodoHOHHOH TeMnepa-
TypHOH (pyHKuuH ['pHHA, ncroJb3yeMble cooSparkeHHst OTHOCATCA W
K MHorooBOHHOH (pyHKumn ['puHa; mo-sBuamMomy, ajaa aToii QyHK-
IH#A nNofobHOoe paccMOTPeHHe ellle He IIPHBORHJIOCK.

[Ipu HCHoAb30BaHUH KAHOHHUECKOTO pachnpefesedns g B3aH-
moneiicTByollell (aHrapMOHHUECKOH) CHCTEMB OZHO(OHOHHAS TEM-
neparypHas ¢yexuua ['puHa onpenenseTca BbIpaKeHHEM

G(ARl), AT® 1)), )=
= Sp (exp (— P T A (k1)) (@) - A¥ (& 11)(0) 5+ (6.54)

rune R
Z = Sp exp(— p2B). (6.55)

Bcaencrteue TpaHCJIHIlI/IOHHOﬁ NHBApHAHTHOCTH KpHCTaJAJa BCe

ciaraeMble B J6 KOMMYTHPYIOT C HOJHBIM HMOYJIbCOM, T. €. €CJIH
P — onepaTop MOJMHOTO HMOYJALCA CHCTEMBEI, TO

[, P]_=o. T (6.56)

CuaegoBarteabio, ¢yHkuus (6.54) aojxkHa GuTh AMATOHAJIBHOH MO
ke k=F.

O6paTtuMmcs Tellepb K BOHpPOCY 06 OrpaHuueHusx, HaK/JIaAbIBae-
MBIX CHMMeTpHell Ha BO3MOXKHBIE 3HAUEHWS] MHJEKCOB BeTBell [ u |/,
npu Koropbix ¢yHKHus (6.54) orauuHa ot wysas, Hanomuum, uto
A1 KaKIOTO 3HAueHHsi R HHAEKC | COOTBETCTBYET OAHOMY 3
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JOIYCTHMBIX HENPHBOAHMBIX HpejcTaB/eHnil rpynns & (k). Caeayer
TaKXe HMETb B BHAY, YTO KJIACCHYECKHe HOPMAJbHHIE KOODPAHHATH]

k
Q(]. ) npu npeoGpasoBanusix &(k) npeobpasyioTcss B COOTBeT-
119

CTBHH C {-H CTPOKOH AONYCTHMOrQ HENpPHBOAMMOTO IpPeIACTABJIEHHA
D®Y rpynmm @ (k). Tpu nepexoje K MPeICTABIEHHIO BTOPHIHOLO
KBAaHTOBAHHsS MBI MPHMeM, YTO IIpaBuJja npeofpasoBaHMs ONEPAaTO-
pos A(k]j,) COBHaIIelaIOT ¢ IpaBusaMu Npeo6pasoBaHus KJaccHue-

CKHX BeJUUHH Q i) KOTOPEIM OHH CcOOTBeTCTBYI0T. Hamomuuwm,
1
4T0 oOCy:KJAeHHe 2TOr0 BONPOCa H HEKOTOPHIX CBA3AHHHIX C HHM

TpyaHOcTed cogepxutca B T. 1, § 102. CaenoBatenbHo, 17194
A(R|ju) n J6 vb MOXKeM BOCIOMb30BaThCs Gopmyaamu (T. 1, 86.28),
(r. 1, 86.30), (r. 1, 101.1) u (7. 1, 109.24)—(1. 1, 109.35). Urax,
pPacCMOTPHM AeHCTBHe MpeoGpasoBaHus cuMMeTpHd Ha (6.54) ¢ yue-
TOM TeX HeOOXOAHUMBIX H3MeHeHHH, KOTOphle HAJ0 MPOH3BECTH, HUMen
B BHALY, 4TO NpeoGpasyeMele BEJTHYHHEL SBJSIOTCS OnepaTopaMHu.

Ilyctb Py — onepatop npocTpaHcTBeHHOH rpynnsl &. Ileit-
cTBHe 3TOTrO onepatopa Ha A(ks|j,) naer

- , *p) (7 .
Priad (5] 1,) Parg= 2 DUV (018, 4 (R |1,). (6.5)

rie aas A(Rg|j,) ucrmosb3oBaHO NMPaBHJIO NPe00pasOBaHHUs BeJH-

k

5

YHH Q(]. ) ITockobKY Pesy 1O ONpPENEJIEHHIO TPENCTaBISET
1

co0o# omepaTop CUMMETPHH HOJHOTO IaMHJIbTOHHAHA, HMeeM

P(;Ilt)jgp(wt; = . (6.58)

PaccmorpuM Temeph mpeoGpa3oBaHHe TeMIepaTypHOH (QyHKUHH
Ipuna (6.54) mox neficTBUEeM omepaToOPa CHMMETDHH KpHCTaJIa
Ps. TlockoabKy Po|s — JUHEHHBI YHHTAapHBIA omnepaTop, He
ofpamias BHUMaHUS Ha omepaTop Tr, MOXHO 3anHucaThb

Sp {exp(—Bd) A (ky | 1,) (%) AT (s |i3) (O} =
= Sp {Pgiqexp (— B) A (ky|1,) (v) A (k| 1)) (0) Pgy} = (6.59)
=Sp {P{Tvit) exp (— Bob) P{W)P(;‘:t}A (By | 1,) (1) X
X PioroPrainA | (ks ] 110) (O) Pigy} =
=2 2 DO ({g18)),, PP {0 18]35, oo X

Vo' 58

X Sp {exp (— B) A (k| ) () A" (B |5) O} (6.60)
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Taxum o6pa3om, npu npeo6pasoBaHHH, COOTBETCTBYIOLIEM OIle-
paropy Py, ORHOPOHOHHAS TeMnepaTypHas ¢yHkuusa [puua ope-
obpasyercsl Kak 0asucHas (YHKIHs NPAMOro NPOH3BeJeHHs pe-
cTaB/JeHHH [46, 47], MO0 KOTOPBHIM NpPeoOpPa3yIOTCs ONepaTOPHLIE
COMHOXHTENH. B CHMBOJIMYECKOM BHAe HMeeM

G(A k), AY#1]), ©)~DUPOpI” (5 61)

Pasymeercst, mocko/abky omepatopum A(k|j) u A(k’|j) coorBer-
CTBYIOT HCXOAHBIM HOPMaJbHBIM KOOPAHHATAM, OHH JOJXKHB Mpe-
00pa30BHIBATLCH MO HCXOJHBIM IIPe/CTaBJIEHHSAM.

B (6.59) onepanus Sp NpHBOAHT K MOfBNEHWI0 CKAJSIPHOTO
OPOH3BEJEHHA, a onepaTop Pyjs NpencTasaseT co60H «HNOBOPOTS,
nostomy GyHkuus 'puHa HO/KHA OCTAaBAThCS MHBAPHAHTHOM:

G(Ak|), AT (®|]), ©)~DD . (6.62)

N3 coornomenut (6.61) u (6.62) caeayer, aTo ecan ko3puIHEHT
NpHBeJeHHs

CRPETIT (1) =1,
TO

(A kL)), AY (R ), ©) 0. (6.63)

Kaxk 1 B cayuae npasua or6opa Ana AByX(OHOHHBIX MpPOLECCOB, BH-
AUM, 4TO cooTHOIleHHe (6.62) MoKeT BBHINOJHATLCA TOJBKO IpH
k= Fk. Pauee 3TOT pe3yabTaT paccMaTpPHUBAJICA KaK CJeICTBHE
TPAHCJASILMOHHON HHBApHAHTHOCTH KpucTaJiaa. Hamomuum pnaJee,
4yTO, COrJIacHO pedyabratam T. 1, § 109, GunuHelinasg uUHBapHaHTHas
3pMHTOBa KBaJpaTnuHasa (opMa MOKeT BO3HHKATb TOJBKO B TOM
cayyae, KOTJa COMHOXKHTEeNW Mpeobpas3yloTcs O OJHON H TOH ke
CTPOKEe OAHOrO HeNPHBOAMMOro npexacrasienus. Ilostomy BrImON-
HSeTCSl PAaBEHCTBO j = j/, T. e. OTJIHUEH OT HYJS TOJbKO IHArOHAJb-
HBIH 2/1eMeHT

G(Ak|j), AT (B}, ). (6.64)

«CmemnBaaue KoJeGaHHil» MPOMCXOAUT B TOM cCiydae, KOTAa
kos(duinnent npuselenus (6.63) Ooubire eaununn. Tak, Hampu-
Mep, ecau )

(k"] T (1 4)) =2, (6.65)

TO JNOJKHE CYLIeCTBOBATb J8¢ He paBHBIe HYJII0 OXHODOHOHHBIE
TeMuepatTypuele ¢pyukuun [puna. JIBe GyHKUNH MOTYT BO3HHKHYTb
TOJBKO B TOM CJydae, KOrja Cpeiu NpeiCTaBJAEHHH, COOTBETCTBYIO-
mux *k (unau k), 01HO W3 NpeACTaBJIeHHH DB gau DWD Berpe-
yaercst ABaxaul. Torga Tak ke, KaK 3TO OBIJIO B aHAJOTHUHOM CJV-
Yae aHaJu3a Mpasus 0T60pa AN ABYX(DOHOHHBIX MEPEX0A0B, MOXKHO
COCTABHTbL JBe JIMHENHO He3aBMCHMbie OusHelunie KoMOMHAUMH
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onepatopoe A(k|j,), npeofpasyooliuecs 0[O0 [PeACTaBJICHHIO
DI g naxomjeHHS NPaBHIBHBLIX JHHEMHBIX KOMOWHALHH
HeoOX0JUMO PeIlUTh CUCTeMY H3 ABYX JHHEHHBIX ypaBHeHHIL
Tagnm o6pa3om, onHoQOHOHHAA TeMNIepaTypHas ¢bynkuus I'puna
OTpa)KaeT cMeNIMBaHHMe TeX KoJeOaHUH, KOTOPHIM COOTBETCTBYIOT
onepaTophl, Npeofpasyouiiecs NG OJHOH H TOR e CTPOKe ORHOIO
HEeIPUBOAHMOrO IipeAcTaBaerns. UHCJIO pasiMYHLIX, HE paBHBIX
HYJ10 OXHO(QOHOHHHIX TeMIepaTypHbX ¢yuxuu#t I'pusa npu npas-
HOM R paBHO XpaTHOCTH BHIOPaHHOTO AONYCTHMOrO HENPHBOAHMOTO
npencrasiaenug rpynnsl @ (k). Ecam KpaTHoCTh TNpeacTaBAEHUSA
paBHa JIBYM HJAM oJbile ABYX, TO OAHO(DOHOHHAsS TeMIcpaTypHAA
dyuxuust [puna ynosaerBopser MaTPHUHOMY ypaBHeHuio Jlaficona,
KOTOpoe mocte npeobpasoBanus Cypbe 10 BpeMenH IPUHUMAET BUA

I(A(klQ) AT (R1]L) i0,) = (A(RIN), AT (R1),), i0,)8,
—B L G (A1), AT (k1f), i0) X

i u‘fl

X (kij" Vi) G (A (k1) AT (k| iv,). (6.66)

Ec/ad onmycTiTb BCe HecyllecTBEHHBIE B JAaHHOM CJydae HHIEKCH,
to (6.66) MOXHO mnepenucathb B BHIE

g (k)!w e 2 (k)fuiar 88y — By (k)/uiu f,\; (2 (k)iuf[fﬂg (k)fgfnf{,)-
o

(6.67)

T

CoryiacHO BHIIIEH3JI0KEHHOMY, PasMEpPHOCTb MAaTPHILbI
o . + . .
G(k), 1, =9 (A (k1] AT (R1i), io,) (6.68)

paBHa KpaTHOCTH [ONYCTHMOTO HEIPHBOJAHUMOTO NPelcTaBJeHHs
D@ rpynnsl @ (k). Ecnu nannoe mpefacraBienne D® () perpe-
yaeTcd TOJAbKO QMHMH pa3, TO Matpuua g(k)fufﬁ' AuaroHaJnbaa.

Has toukn ofulero THna B soe bpuniosna, Korga rpynmna & (k)
IPOCTO COBNAJaeT ¢ FPYnnofi T, A0/KHO IPOHCXOAUTH MOJIHOe Nepe-
MelIHBaHue KoJaebaHuH, TakK ‘JTO g(k npeacrasJser coboit

]“,’
[s-MepHyI0 MaTpHLY; 4HAJJOTHUHBIM o6pa30M coOCTBEHHO-311ePreTH-
yeckas 4acTh X (k) OypeT MaTpHllell TaKoll Ke Pa3MepPHOCTH.

Oty pe3yapTaThl GbIAH HCHOJL30BAHB A BLIUHCJCHHS TeMIe-
patypHoli ¢yHKUME [pHHa I KPHCTAMIOB CO CTPYKTYpOH TuIa
NaCl B pabore Bamuuca, Mnatosofi u Mapanyauna [6, 7]. Kax
6ynzer nmonpo6HO mokaszaHo B § 20, B KpHCTaNJIaxX 3TOH CTPYKTYpPHI
akycTHueckne Kojgebanus ¢ k=0 npeo6pasyioTca nmo TPHKAK Bbl-
POXJEHHOMY BeKTOpHOMY npejacTaBiaennio. [loatomy B oTcyTcrBHE
MAKPOCKONHYECKOrO 3JIEKTPUYECKOro NOJA MOXKHO OBUIO 6B OXKH-
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IaTb CMeLIMBaHHs MeXJAy aKyCTHuecKHMH (mpu k== 0) H onruue-
ckuMu (npu kB = 0) kosnebanusimu. OgHaKO MOXKHO NokasaTthb [6, 7],
UTO BCJAEACTBHE HHBaPHAHTHOCTH KPHUCTaJIa (M €ro moTeHHHaJbHOH
3HepPruu) OTHOCHTENbHO OEeCKOHEUHO MAaJbX HOBOPOTOB COOTBET-
CTBYIOILasl KOHCTaHTa B3aHMOZeHCTBHS ofpaliaeTcs B HYJb:

V(S) 0 kl kl/ . 1/(4) 0 k/ k// k//l _0 6 69
]- jl ]'// - ] ]'/ j” ]'/// — Y ( )

rle MHAEKC j OTHOCHTCS K aKyCTHueckoii BeTBH. Takum 00pasom,

aKycTnyeckas BeTBb IIPH BEKTOPe R, TOURO PaBHOM HYJIO, HE B3aH-

MOAEHCTBYeT ¢ ONTHUECKHMH BeTBAMH ¢ k= 0, HMEIOIUMH TaKYIO

)Ke cummertpuio. CaegoBateNbHO, THATOHAJNbHBIE H HefUATOHAJDbHEE
ps )

YJIeHH B .9(0);“, j» TAE Ju COOTBETCTBYCT aKyCTHYECKHM BETBAM,

pPaBHBl HYJIO.

Jlas ONTHYECKUX BeTBell, el He PACCMATPHBATH JJHHHOBOJHO-
BOe MaKpOCKONHYecKoe IoJe, JOJKHb CYHleCTBOBATb TPH PaBHBIX
Besinunns F(0)o, 0, e whHAeke O oGosHayaerT onrHyecKoe Koseba-
Hue. OnHaKO eciu yuecTb 3QQPEeRTsl MAKPOCKONHYECKOTO 3JeKTPH-
YeCKOro MOJisl, TO PacCyxKAeHHd, NpoBeieHHble B § 5 [coOTHOIIEHHUS
(5.38), (5.44)], nokaswBaoT, YTO ACJKHC NMPOHCXOAUTH CHATHE BHI-
PO ACHHS H, CJeL0BATeNbHO, LOJKHE CYILECTBOBATb TPH BEJIUUHUHEL:

G (0)ro, 10 (RBAKAH), . (6.70)
%(0)10, 10 (onun pas), 6.71)

onpeessiionie TeMNepaTypHyo ¢yHknuwo I'puHa. Mo He Gynem
yray6asTbcsl B JI€TajH COOTBETCTBYIOIIMX BBIUHCAEHHH M DEeKOMEH-
AyeM uHTaTe 0 00paTHThCA K YHOMSHYTGLIM BBHIILIE paGoTaM, B KOTO-
PHX NpeACKA3aHHS TEOPHH CPaBHHBAIOTCS ¢ 3KcrmepuMeHToM. [o-
BOpSl O CPaBHEHHH ¢ SKCIIEPHMEHTOM (3TOT BONPOC MOAPOGHO 006-
Cy:KJaaeTcs IUTHPOBAHHBEIMH BLILIE aBTOPaMM), KeJaTejibHO HMeTb
B Buay, 4to npu Temueparype T € ©p (rme ©p — temnepatypa [e-
Gast) MOXKHO CYHTaThb, YTO KPHCTaN1 3(PQEeKTHBHO HMeeT TeMIepa-
typy T = 0. Torna npa yyere c1a6oro aHrapMoHHYeCKOTO B3aHMO-
JdeflCcTBHST MHOTOYACTHYHASI TEOPHS CIEKTPOB HH(pPakrpacHoro Imo-
[JIOLIeHNss H  KOMOHHAIMOHHOrO paccesiHHsl CBeTa TNEePEeXOAMT
B TEOPHI0 <«KPHTHUECKHX ToueK». JIpyrumu cjoBamu, Goabyio
4acTh AHHAMHUYECKHX MHOMXKHTeNeH MOKHO NPHOJIHKEHHO 3aMeHHTD
DPOCTO Ha MJIOTHOCTH COOTBETCTBYIOUIHX COCTOfIHHE, TaK 4YTO Be-
POSITHOCTh MOTVIOUIEHHST HJIH PaccesHHsl CBETa MPONOPUHOHAJbHA
IJIOTHOCTH COCTOSIHHIL.

TaxuMm 06pa3oM, MeETOAHKa HCHOJb30BAHHS CHMMETDHH JJIf
yOpolleHHs KJaccuiueckoll AHHamudeckoii matpuubl (1. 1, § 85)
M [ BBIBOAA INpaBui 0T60pa A ABYX(OHOHHBEIX NepeXojoB
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MOKeT ObITh NPHMEHeHa K 3ajaue HAaXOXKIeHHs OTJIHUHBIX OT HYJA
3JeMeHTOB OLHO(MOHOHHO# TemnepatypHo# ¢yHkunn [puna [10].

AnanornuubiM 06pasoMm KoppeasiiHoHHbIE QYHKIHH GoJee BHICO-
KOro nopsika (HampuMep, ABYX(QOHOHHYI TeMIepartypHyiO (YHK-
unio I'pHHa) MOXKHO YNpoOCTHTH, H3yuas HX TpaHCHOPMAUMOHHBIE
CBOHCTBA HpH AelcTBHH 3jeMeHToB rpynnn @ Onxmako aas uzyude-
HHS 3TOTO BONpOCAa CAENAaHO, HO-BUAMMOMY, ellleé HEMHOrO; 3TO Ha-
npaBjeHNe MOMXKeT 0Ka3aTbCsd NepCHEKTHBHBIM AAf JaJbHCHLINX HC-
cJIeIOBaHAM.

r. MuUKpocKomHueckasi TeopHS KOMOWHAUMOHHOTO paccesHus
cBeTta: GMOXOBCKAas KapTuHa spjdcHug. OOGpaTuMmcs Tenmepb K mep-
BOMY BapHAHTY MHKPOCKOMHYECKOH TeOpHHM KOMOHHAIHOHHOTO pac-
ceslHHsl cBeTa. B mocaenyiolleM H3J0MKEHHH MB CJelyeM B OCHOB-
HOM pabote Jlaymona [29], koTopas BHecja OCHOBONOJaraoULM#
BKJI4aA B pa3BUTHe MHKDPOCKONHWYeCKoil Teopun. Mmul paccmoTpum
OCHOBHEIE MHOJIOXKEHHS] 3TO¥ TeOpHH, MpHYeM ocoGoe BHUMaHue yjue-
JIUM BOTIPOCY O CHMMETPUH TeH30Pa pacCesiHus.

Bynem paccMmatpuBaTh KPHCTANJd M [OJe H3JAYUeHHS KaK GOJib-
MYIO CHCTEMY, TOMEIEHHYI0 B A1IUK 6oabuX (B NpefefbHOM cay-
vyae OeckoHeuHo GONBIIKX) Pa3MepOB. BelllecTBO M TOJe H3TyUyeHHS
paccMaTpHBAaIOTCH KakK eqnHas cucreMa. JIi9 onncaHMs CHCTEMH
HOHOB H 3JEeKTPOHOB OyJIeM HCIONb30BaTh annabaTHTeCKOe MpH-
oamxenne Bopra — Omnmnenrefimepa, a noje u3jayvyeHus 6ynem ONHU-
CBIBATh B NpPe/CTaBJAEHHH BTOPHYHOTO KBAHTOBAHHS.

FaMuabTOHHAH CHCTEMH MOKHO 3anucaTh B Buje (§ 3)

I =y + Fbr + HpL+ Hpp, (6.72)

rie oém— raMuJbTOHHAH BelllecTBa (CHCTeMB HOHOB H 3JEKTpO-
HOB), COOCTBEHHBIMH (PYHKIHSIMHE KOTOPOrO Mbl OyJeM CUNTaTb (GyHK-
nuu npubauxkenus DbBopra — OnmnenrefiMepa; 6z — raMUJbTOHHAH
H3JYyYeHusi; ciaaraeMble Hr. U Fbrr COOTBETCTBYIOT B3auMOIel-
ctBmo. [amunabToHuHaH 6e3 yueTa B3aUMOJEHCTBHSl 3alKIIETCA
B BH/Ie

Py == 3,1+ H. (6.73)

CoO6cTBeHHble QYHRUMM raMuabToHHana (6.73), kak B (3.16), MoxKHO
3amicaTh B BHAE TPOH3BeJeHHS BOJHOBON (YHKUHH H3JyUeHHS
H BOJHOBOH (GYHKUMH BeEIECTBA:

W= l wauna6a'r> | 1Fx«mn)- ‘ (674)

J1s maniefl ned 1OCTATOYHO KOHKPETH3UPOBAThL Kapakrtep aguaba-
THUECKHX COCTOSIHHI, YKa3aB KBaHTOBHIE UHCJIA 3JIEKTPOHHBIX H KO-
nebaTeabunix cocrosHuit. ITose wanyueHus Mut 6yaeM ONHCHIBATH
B TpeACTABIEHHH YHCEJ 3alOJHeHHd, 3anaBas uucia (POTOHOB My
H fg B HCXOAHOM H KOHEUHOM COCTOAHHSX, Y4acTBYIOIUHX B IpO-
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ecce Heynpyroro paccesinusi. Takum o6pa3soM, BoJHOBas ¢yHKIHUS
HCXOJAHOTO COCTOSIHHA HMeeT BHJ

W =10; nguyln; ny=0)p, (6.75)
a BOJIHOBast (DYHKIMA KOHEYHOTO COCTOSIHHS PaBHA
\I’rleo; n0+ 1>}”]nl— 1; f’l2=1>R. (6.76)

B BripaxkeHuax AJa8 BOJHOBHIX QYHKIUH HCXOAHOTO H KOHEYHOTO CO-
cToaHHH uHAeKc 0 COOTBETCTBYET OCHOBHOMY 3JIGKTPOHHOMY COCTOSI-
HHIO, Mo— YUCI0 (DOHOHOB C 3Heprueil fiwy. MBI pacCMOTPUM CTOK-
COBY KOMIOHEHTY OJHO(OHOHHOTO CIIOHTAHHOIO KOMGHHANHOHHOIO
paccesinuf cpeTa.

B uanaraeMoMm NOAXOje COBOKYIHOCTb 3JEKTPOHHBIX COCTOSAHHUE
onuceiBaeTcs OJOXOBCKHMH BOJHOBBIMH (DYHKIHSIMH KDHCTAJJIa.
[ToaTomy mujekc 0 COOTBETCTBYET CJAy4al OOLIYHOrO AMIJIEKTPHUKA,
Yy KOTODOrO BCE COCTOSTHMA HUKHHX 30H 3anoJHeHsl. Ilas omnpepe-
JIEHHOCTH MBI PAacCMOTPHM JAHM3JEKTDHK € NPOCTEIMH Hapabosuue-
CKUMHU 30HaMH, 3KCTPEMYMBI BA/ICHTHOHN 30HBl U 30HB! IPOBOAHMOCTH
KOTOPOT'0 paclosoKeHB B LeHTpe 30HH Dbpuamosna npu k= 0.
Taxoe onucanue KoMOHHAIUOHHOTO paccesHHUd cBeTa OCHOBAHO Ha
HCHOAbL30BaHuN GJ0XOBCKUX 2JEKTPOHHBIX BOJHOBBIX GyHKUMN#A. BoJ-
HOBYIO (YHKUHIO NPOMEXYTOUHOTO COCTOSHHSL 0B03HAUHM

V= lq, n(’J}Mln]nQ}R, (6.77)

rjie oo OTHOCHTCS K OJHOMY M3 BO30YKIEHHBIX 3JEKTPOHHEX COCTOSI-
HHHA MHOTO3JeKTPOHHOH cucTeMB. B uacTHOCTH, BO36Y:KIECHHOMY
3J1€KTPOHHOMY COCTOSIHHMIO JM3JEKTPHKA COOTBETCTBYET COCTOsIHHE
€ OAHUM 3JEKTPOHOM B 30He TIPOBOAMMOCTH W OJHOH AHIPKOH B Ba-
JEHTHOH 30He. DHePruio TaKOro COCTOAHUSI 0603HAYUM hwy. [aMuiIb-
Topual (6.72) yznofHO mepernncaTh B IpPeACTaBJeHHH BTOPHYHOIO
KBaHTOBAHUS,
depmueBRcKie 3JeKTPOHHBIE ONEpaTOPsl 0003HAYHM

Chpr Citpo (6.78)

rae k-— BOJIHOBOH BEKTOp, p = U (HMJAN ¢)— MHAEKC 30HBHI, COOTBET-
CTBYIOUIMH BaJIEHTHON 30He (WM 30HE NPOBOJAMMOCTH). BBeneHHHIE
ollepaTophl YAOBJETBOPSIOT COOTHOMIEHUSM AHTHKOMMYTAalUH

{ckp, c,jf,p,}+=6kk,6pp,. (6.79)

®oHoHHbIE G03e-0lepaTopbl 0603HAUUM
bes,  bip (6.80)
rae k— BOJHOBOM BeKTOp (POHOHZ, j-— HHAEKC BeTBH. Dosze-omepa-

TOpEl POTOHOB 0603HAUHM
at (6.81)

anc’ no?
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rae 1 — BOJHOBOH BeKTOP, a o — noJsipusauun ¢ortona. bose-one-
paTophl YIAOBJETBOPAIOT KOMMYTAHOHHEIM COOTHOLIEHHSM

[be;, by 1. =8k, wdi (6.82)
(@ afy] =0, Oser (6.83)

FamMunbToHHAH cucTeMBl 0e3 yueTa B3aUMONEHCTBUSL 3aMHCH-
BaeTcs B BHJE

. 1
Hy=Y ek, p)ee,,+ ) ho, (070, +7) + Z ho (, 0)ala,,
k
i (6.84)

31ech mepBoe cjgaraeMoe COOTBETCTBYET 371€KTPOHHOHR SHEPTHH, NpH-
qeM BesnunHa e&(k,p) paBHa 3HEPruM OJHO3JEKTPOHHOro G6J10XOB-
CKOTO COCTOSIHHSI 30HBI p; BTOpOe cJaraeMoe NpPeACcTaBisieT co6oi
SHepruio (POHOHA B rapMOHUUECKOM NPHOJHKEHHH; MmocaelHee cJa-
raemMoe paBHO 3JHEPrHH NOJAS H3JAy4YeHHSH, DHEPrHsd ABYXUaCTHUHOTO
COCTOSIHUSl JAMJeKTPHKa [Hanmpumep, coctosiHuil o u B B (6.77)],
BLIpaX<eHHAsl depe3 SHEPrHH OJHOUACTHYHBEIX 6JOXOBCKUX COCTOSHHMH
e(k,p), paBHa pasHOCTH MeXAY SHepriefl BO3OYKAEHHOTO 3JeK-
TPOHA M B5HeprHeli BO3HHKIUeH AbPKH, Takum o06pa3oM, pasHOCTb

ho,=e(k— &, p)—e(k, p’) (6.85)
npeacrapiaser co60f sHepruio BO30YXKIEHHOTO 3JeKTPOHHOTO CO-
CTOSIHHUSI, HAIIpHMep COCTOSIHHA ¢ OJHMM 3/JeKTPOHOM B 30He NpO-

BOAMMOCTH W OAHON ALIPKOH B BafeHTHON 30He: p == ¢, p’ == 0,
HaJee BoiniieM ciadaraeMble, COOTBETCTBYIOUIHE B3aUMOIeHCTBHIO

K= kZ 2 (&, v, c)a_,cf_, 4+ KOMIL comp., (6.86)
1 v .

riae f(k,n, v, c)— Gyuknus, onpefensonlas B3anMoAeHCTRHe, KOTO-
PYIO MOXKHO 3alHcaTb B BHJE

Pk, o0, o) = (G )(elee™ - plo). (6.87)

B (6.87) BxoanT MaTpPUYHLI 3JeMEHT MeX30HHOrO (v-—¢) B3an-
MOAeHCTBHS. 3anuieM pasfoxeHHe ,

enre=(l4im-r- ...) (6.882a)

Ecau HCnoJb30BaTh TOJbKO HepBHIA usieH pasjyoxeHus (6.88a), To
(6.87) nepexozutr B BHIpa:KeHHe, COOTBETCTBYIOlLIee JHIOJBHOMY
HPUOAHKEHHIO:

e e, c)——(i—)en (®)eo- (6.886)

v e
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3nech HClOAb30BaHA COKpAlLlCHHAs 3anUCh MATPHUYHOTO 3JeMeHTa
umnynabca. Yiensr 6ojiee BLICOKOTO mopsaaka B (6.88a) coorBeT-
CTBYWOT MAarHHTHBIM IHTOJDBHBIM, 3JEKTPHUECKHM KBaAPYNOJbHBIM
H T. I. Iepex0iaM; OHH HTrPaIOT BaXKHYIO POJb B HEKOTOPHIX CIyduasx
PE30HAHCHOrO paccesHHd, OJHAKO B 3TOM naparpade Mb HMH [Ipe-
He6pexxem. CJyaraeMoe, COOTBETCTRYIONIEE 3JEKTPOH-POHOHHOMY
B3aUMOMefcTBHIO, 3anicaTh TpyAHee, TaK K4aK JJId 3TOro HeoGXo-
I¥MO 3HATh MeXaHH3M B3auMoAelcTBusl. PaccMaTpuBas BzanMoned-
CTBHe 3JIEKTPOHOB 30HHI ¢ (POHOHAMH Yepe3 MoTeHnHasa Aedopma-
LMY, TOJYUUM

=> ok K, p p ’)bk,ck #, pCrp T KOMILL. comp., (6.89)

rmue

gk k', p, p)= ) '’ l”lp)—(——) Byp.  (6.90)

B KOHKpETHBIX caydyasgx MoxKeT ObTb Kak p=p’, Tak 0 p 5= p’.
Unenst GoJiee BEICOKOro mopsijika OYAyT pacCMOTPEHL HH¥Ke, B H. XK
JaHHOrO naparpadga.

Taxum o6pa3oM, HeOOXOAMMBHIH /5 pacueTa OAHODOHOHHOIO
KOMOHHALHMOHHOrO paccesiHHs CBeTa raMHUJbTCHUAH B IpeacTaBiie-
HHHY BTOPHYHOTO KBaHTOBAaHHs ONHcHBaeTcss dopmynamu (6.84),
(6.86), (6.87) u (6.89). Slcro, 4TO HaM CJeNyeT OMHUCATH MpOUeECE,
OPH KOTOPOM IIPOHMCXOAHMT Nepexol M3 cocTosHug W; B cocTosiHHe
Y'; yepes npomexyTtouHsie coctosing Wint. Henocpencrennas npo-
BepKa COBOKYyNHOCTefl omepaTopos, Bxoiswux B (6.86) n (6.89),
[I0Ka3blBAeT, UTO JAJ7 HHTEpPECYIOUIero Hac mnpomecca tpebyercs,
yTo6E COBOKYIHOCTL ONEPATOPOB JBrribridber, HeficTBys Ha W,
nasana ¢dyuxumwo ¥ 3710, oueBHAHO, NPONECC TPeThero NOPsAKa.
Briunc/ieHue u/ieHOB psijia TEOPHH BO3MYLIECHHH TPeTbero mopanka
MOXKHO BHIIIOJNIHHTH B KOMIAKTHOH ¢dopme, Npou3Bels KaHOHHUYECKOR
npeo6paszosaune [49]. PaccmoTpuM mAJst 9TOro He 3aBHcslllee OT
BpeMeHH ypapHeuue [llpeannrepa JJs NOJHOH CHCTEMBl «H3Jyue-
HHe -} BelllecTBO»

HV = EY, 6.91)

rie J€ — nosubift ramuabronuan. HalineM kaHoHuweckoe npeobpa-
30BaHHe, TNPUBOAsllee K HOBOMY TFaMWIBTOHHAHY S8’ u HMelllee
BHJ
e~i556elSe— 1Sy = Ee~ ISP, (6.92)
TaK 4To ‘
H = e=1S7e!S (6.93)
5§
U = =S, , (6.94)
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I/ICHOHbBYEM Ternepb XOopolio I/IBBeCTHOé onlepaTopnoe TOXKIECTBO
e~iSgheis = 36 — i[S, H]_— 5 IS, [S, Hl_+ .... (6.9

Bribepem dyrkuuio S, onpenessiomyio npeobpasoBanue, TakKuM 06-
pasoM, 4ToOHl
i[S, Hy+ 6, = Hyr + Hx1. (6.96)

[Tpuunna ana Takoro BEIGOpA CTaHeT ficHA M3 INocieayiomero. He-
TPYAHO ONpele/]HTb omepaTop S B SIBHOM BHAe. BDynmem pyxoBoa-
CTBOBAThCA TEM, YTO MOJKHO BHIIOJHATLCA COOTHOWeHHe (6.96).
BriGepeM B KadecTBe NpoGHOro omepaTop BHAA

S= knzvc @, (knve) g (kmve) afich | ¢,
+ i gp, @, (kk'pp’) [ (kK pp’) bia_, oy (6.97)

riae ¢: M g2 — HensBecTHble c-pynkuun. [loacrasnas (6.97) s (6.98),
cpasy ke NOJYyYUM :

s [ (kR pp”) bifck_ 4 s,
S“(T)k;,{s(k p)—e(k—Fk, p’) — hoy +
pp

! g (kncv) a_ C;‘z—— ,cfr v
+ (——) kZ Fo, — (e -T-°|1, C)"_ e o)) -+ xommna. conp. (6.98)
noe

L
Ecau moacrasute Tenepb (6.98) B (6.95), To Aas npeoGpasoBaH-
HOrO raMHJbTOHHAHA HaHeM
¥ . 1
=yt + i[S, Hgrt+HgL]_ —3[3» [S, 78]_+ .... (6.99)
PaccmorpuM Tenepb npeo6pasoBaHHYIO BOJHOBYIO ¢yHKuUHIO (6.94)

w=(1-i5—3+..)¥. (6.100)

ITockoabKy KaHOHHYECKOe MpeofpasoBaHHE B KaueCTBE YJICHOB
HauHu3mwero nopsigka B (6.99) coxpaHsieT Hu -+ Hr, 6ymem cuu-
TaTh, YTO MOXHO HCIIOJb30BaTb BOJHOBEE OYHKIHH B HAaHHH3IIEM
nopsijake:

¥~ V. (6.101)

PaccMoTpeHre COBOKYIHOCTH ONepaTopoB, BXOAfmHuX B (6.99), mo-
KashlBaeT, UTO cjaraemoe

~ 5 1S, [S, ep+ el (6.102)

conepxaiteecs B (6.93), umeer TpebyeMuill HabGop onepatopos. [lo-
sToMy, paccmarpuBaa (6.102) xak Bo3MylleHHe, HOJIYYHM, YTO Be-
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POSITHOCTb Mepexofa, ONpefesioulas CeueHHe KOMOGHHANMOHHOTO
paccesiHus cBeTa, paBHA

isy= Y |<¥;1(— 3 ) IS, [S, er+ il 1W)[ 8(E;~ Ea,
f
(6.103)

raie Ef—E; ectb DasHOCTb 3Hepruil KOHEUHOro H HAYaJbHOrO CO-
cToaHufl. ns 0oaHOQOHOHHOTO KOMOMHANMOHHOTO PACCEesiHHS CBeTa

E; — E;= (0, + oy — o). (6.104)
Honcrapass teneps (6.102) u (6.98) B (6.103), nofyunm BEpasKe-

HHe JJd HHTEHCHBHOCTH CIIEKTpa KOMOUHAIIHOHHOTO paccessHus
cBeTra

I~ C((,))Z _’.’J_(_’l(l_"_*'ﬂ.lg(im (=0, 0, o)2X
#n ‘

Mo Oy

X228 (1 — (y 4 ) 8 (05 + 00 — @), (6.105)

B (6.105) £y — BEKTOD mOJIspu3anuu (OTOHA, a Rz — TEH30p pac-
cessHust. TeH30p paccestHHs] MOXKHO BHIHCATH B SIBHOM BHIe B o0lie-
npuHATOH dopMe, npejsoxeHHon Jlaynonom [29]:

Riy(— o}, 0, o) =

. __1_ Z pgf)laéapg(; + pg‘gaéapgg €
v 5 (0 + 0p— @1) (0g — @1) ' (g + @ + ©2) (0 + ©2)
.
oy 1), ()i
+ P(%)Pg&ﬂao + pf)ﬁ)p[(j(l“ao +
(g — @9 — @) (g — ) (g + 09 + @) (0 + ©)
= 1 i (1) (2
+ B3pPBaPu0 " E0PbaPad } . (6.106)
(0g + 02 — 01) (0g — @1) (0 + 03 — @1) (0g + @) '

B (6.106) cymmupoBaHHe NO o U f BBINOJHACTCA MO IPOMENKYTOU-
HBIM BO3OYKJEHHBIM 39JeKTPOHHLIM cocTosiHuAM. (BcnoMHEM BBI-
BOJ, MPHBeJeHHHH B § 3, rie mojo0HBIE CYMMBI IO NPOMEXYTOU-
HBIM COCTOSIHMSIM BO3HMKaJu B 0006menHoi teopuu Ilmauexa.) ITo-
aBJeHHe LlecTH cJaaraemMbx B (6.106) cBsi3aHO € pasJHYHBIM
BO3MOMKHHM IODPSJAKOM CJeJJOBaHHS ONepaTopPoB B SIBHOM BhIpaiKe-
Hun aas (6.102). Wngekcamu 1, 2, 3 0603HayeHB KOMIIOHEHTEI
X, Y, 2, Pap — MATPHUHBIH 3JEMEHT AHIOJLHOrO MOMeHTAa AJis Ie-
pexona MexAy COCTOSHHAMH a H B, Efzﬁ— MAaTPHUHBEIH 3J€MeHT IIO-
TeHIHaJaa AeopManui.

Teneph MOKHO NPOAHaJH3HPOBATH CBONHCTBA CHMMETPHH MHKPO-
CKONHYeCKOro BHpaxenus (6.106) mjas Tensopa paccesHus. Bmep-
Bhle 370 caenan Jlaymon [29]. 3amerum, uTo onepaTop p = —jhY —
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YHCTO MHHUMBIH, a OmlepaTop HoTeHnuana AehopMalud E — YHCTO
BellecTBeHHBIA. [[03TOMY, €C/n 5JeKTPOHHYIO BOJHOBYIO (DYHKHHIO,
BKJII0YAs CIIHHOBYIO YacTh, BEIODATh BelleCTBEHHOH (COOTBETCTBYIO-
HieH BellleCTBeHHOMY KompejcTaBJeHuio, ¢M. T. 1, § 94--100), to
MaTpPHYHEIE JIEMEHTHl YAOBJAECTBOPSIOT COOTHOLIEHHAM

Pog = — Ppa H Eag = ng (6.107)
Wy = 0] — . 6.108)

Ecan noacrasute (6.107), (6.108) B (6.106), To HeTpymHO mO-
JYYHTb COOTHOIUIEHHE CHMMETPHH

Rip (—.oy, @y, 0g) = Ry (— (0, — @), @ + @, — ). (6.109)

JTOT BecbMa HHTEPeCHLIl pesyJbTaT yCTaHABJHBAeT CBS3b uepes
TEH30D paccedHMs] MeKAY BEPOATHOCTbIO Ipollecca, OGPALIEHHOrOo
BO BpeMeHH (COOTBETCTBVIOUIET0 AaHTHCTOKCOBOH KOMIIOHEHTe
CTIEXTPa), ¥ BEePOSiITHOCTBIO HCXOJHOTO IpoLecca (COOTBETCTBYIO-
1ero CTOKCOBOH KOMMOHeHTe). MuKpocKonuueckasi TeOpHusl NOKa-
3BIBAa€T, UTO TEH30D paccesHus, Booblle ToBOPd, He CHMMETPHYEH
0O HHJAEKCaM JeKapToBwX KoopiuHaT 1, 2 (miam x, y). OaHaxo,
KOTJla 4acToTa mp MaJja IO CPaBHEeHHIO ¢ (0o — @) ¥ (0 — 02),
T. €. 804U OT Pe30HaHCa, UMeeM

R12 (— Oy, (’)21 ('00) o R21 (— oy, (027 (’)0)- (6.1 10)

Taxum of6pasoM, B 3TOM cJayuae MHUKDOCKONHYECKast TeopHsl NpH
G/10XOBCKOM OIWCAHUH DAaCCESTHHS TO3BOJISEeT HOKa3aTh, YTO TEH30P
paccesiHnsl SIBASETCS CUMMETPUYHBIM TEH30POM BTOpPOro paura., Ha-
MOMHHM B CBSI3H C 3THM OOCYKIACHHe 3TOro Bolpoca B § 3, B yacrt-
HOCTH coOTHomieHue (3.49).

HackonbKo H3BeCTHO aBTOPY, TOYHOe cooTHOMeHue (6.109), as-
JsI0Ieecsl CHeICTBHEM CHMMETDHH, HJIH ero aHajor (CM. HHKe)
IpY SKCHTOHHOM OIHCAHWM paccesiHusi, He OBIIM A0 CHX TOp MpPOBe-
peHbl 2KcrmepuMenTtaabHo. Ilo-BHAMMOMY, Takyio NPOBEPKY clelyeT
TpOBECTH B 3KCIEPHMEHTe 1O De30HAHCHOMY DaccesiHHIO CBeTa Ha
MaTepHase, BHOp2HHOM TakuM o0pasoM, 4TOOH MOMXKHO OBLIO yeTa-
HOBHTB, GyAeT i 3JeMeHT Ry, (—o1, 02, ®9) PaBeH Ry (—o1, ®g, 09).
DKBUBAJIEHTHHIY CNOCOO COCTOHT B TOM, YTOOB BHISICHHTH, TPHCYT-
CTBYET JM B CHeKTpe paccesiHus Ha (DOHOHAX AHTHCHMMETPHYHAA
koMmroHenta [nanpumep, koMmnoHenta (I'154) B kyGuuyeckom Kpu-
cranae)].

Kpowme Toro,

A. Muxpockonuuyeckass Teopud KOMOMHALMOHHOTO paccesHMs
cBeTa: 9KCHTOHHasi KapTHHa sBjeHus [49]. BrBom, mpusemenubift

1) 3ror cnoco6 mpemaoxkua npod. X. Bmm. Bo Bpems nmanucaHus KHHTH
(cenrsibpp 1974 r.) mOAroTOBKa K TaKO#l TNpOBepke, NO-BHIHMOMY, NpOBORKACH
B HECKOJbKHX JaGopaTOpHAX.
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B HPeALIAYLIEM NYHKTE, WMe€eT HeLOCTATOK, COCTOAUMHA B TOM, 4YTO
9JIGKTPOHHBIE COCTOSIHHA OIHCBIBAJIHCh OJIOXOBCKUMH (YHKIHAMH,
BnoxoBckne GYHKUHH COOTBETCTBYIOT OZHOUACTHYHBHIM COCTOSIHHSIM,
KOTOPBle C TOYKH 3DEHHS] TEOPHH MHOTHX YaCTHIl ABJSIOTCS HeB3au-
mofeficTByomumy. TouHee, 3JeKTPOH H AbIPKA B BHPTYaJbHOM NpO-
MEXKYTOUHOM COCTOSHHH, ONHCHIBAEMOM OJIOXOBCKHMU (DYHKIHSIMH,
He B3aUMOJEHCTBYIOT Mexay coboil. lM3BectHo, oaHako, 4TO Ha
caMoM Jese 3JeKTPOH B3aHUMOAEHCTBYET C JBIPKOA NOCPEeICTBOM
3KPaHHPOBAHHOIO KYJOHOBCKOro B3ammogelictsus. Bosnuxawomae
IPH yueTe 3TOr0 B3AUMOJEHCTBUS COCTOSHHSA COOTBETCTBYIOT 3KCH-
TOHHBIM COCTOSIHUSAM cHCTeMBl. [IpyruMu cioBamy, JJIS HaXOKAEHHS
NpaBIJILHOrO TOJHOr0 Habopa COCTOSIHUHA 3/JeKTPOHHOR CHCTEMBL He-
06X0MMO YUUTHIBATb B3aHUMOJEHCTBHE MEXKAY 3IeKTPOHAMH M ABIP-
kaMu. [To3TOMy TeopHi0, H3J0KEHHYIO B II. T, caelyeT nepedopMyJiu-
poBaTh Ha 3KCHTOHHOA ocHOBe. OxasbiBaercs, YyTo HeoOXOLHMEBIE
tdhopMasbHble H3MEHEHHS B TEOPHH CPABHHUTEJALHO HEBEJIHKH. TeM He
MeHee NPH NEpPeXo/je K 3KCHTOHHOMY ONHCAHHIO BO3HHKAIOT HEKOTO-
pHle BecbMa BaKHble KaueCTBEHHble H3MeHEHHS! pe3yJabTaTos;
UMEHHO HX MBI # OOCY/IMM, BO BCAKOM CJjydae B TOH 49acCTH, B KOTO-
pPOM OHH OTHOCATCH K INPeJACKa3aHHAM AJS CTOKCOBOH KOMIOHEHTLI
OMHOMOHOHHOrD CINOHTAHHOTO KOMOHHAIIMOHEOTO paccesiHHs CBeTa.

OcHOBO# a4 paccMOTpeHHs KOMOHHAMHOHHOTO pacCcessHUsl CBeTa
ABJISIeTCS raMUJAbTOHUAH, COCTOAIIMN H3 raMUJIbTOHHAHA CBOGOAHONO
H3JyUeHus, 1oJst (GOHOHOB H KCHTOHOB, a TaKXKe UJIeHOB HAHHH3-
HIero nopsifika, COOTBETCTBYIOIHX B3aUMOJEHCTBHIC MeXAY NOJMSIMHU
3KCHTOHOB H (DOTOHOB ¥ IOJSIMH 3KCHMTOHOB M (OHOHOB. 31ech cJje-
AyeT 3aMeTuThb, YTO NIPH TAKOM BHOOpe raMHJAbTOHHAHA MBI aBTOMa-
THUECKH BKJ/IOUaeM B TEOPHIO YacTb Ba’KHEIX B3aHMOAEHCTBHH.
MoxHo Ou1o 6bl, HANPHMED, BO3BPAaTHTbCA K Hauany PacCMOTPEHHSt
npeAbIAYIIero MyHKTa, a MMEHHO CHOBA pPaccMOTPeTb OJHOYACTHY-
Hullt ramuabToHBaH (6.84), NOCTPOEHHBIH C MOMOUIBID GJ0XOBCKHX
GyHKIHUH:

FBnox = % € (k, P) ct (k, P) c (k’ P)

Ecau Tenepb YUeCTb ABYXYACTHUHOC KYJOHOBCKOE B3auMopeficTBie
B BH]IE

%EE = A ,,Z,k‘ (,Zc V (kl, k2: k3’ k4) C+ (k) U) C+ (k2’ C) c (k37 C) ><
X (ky, v)0 (k) + ko + k3 k),

TO TeopeTHUeCKHA aHa/H3 NMOKa3bBaeT, 4TO JO/KHHE 06pasoBaTbed
akcuTOHH. Hekortopele aBropnl [B0] HCIOAB30BaJH 3TOT MOIXOI,
O[HAKO, OH, NO-BHAMMOMY, He JAaeT HHKAKUX IPEHMYUIeCTB [0
CPABHEHHIO C NPSMHIM BBEAEHHEM SKCHTOHOB Ha I€PBOHAYAJLHOH
CTaJHH TEOPETHYECKOro paccMOTPeHus.
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\

Taxum o6pasoM, Mbl cpasy 3amnHCHBaeM 3J€KTPOHHYIO YacTb
raMuIbTOHHAHA Yepe3 IKCHTOHHBIE COCTOSIHHS:

Hpy =2 E;z(c, v)aje(c, v) ez (c, v), (6.111)

+
rie o, (c, v) — omepaTopnrl DOMJAEHHS SKCHTOHOB, KOTODHIE, Kak
MBl GYIEeM CUMTATH, YAOBJETBOPSIOT GO3€BCKHM COOTHOIICHHAM KOM-
MYTalHH

[0,z (c. 0), ol (c’, V)] =3,,8,,8,,0%%- (6.112)

ce’vu

Oueprus E,z(c, v) 3KCHTOHA, 0OPA3OBAHHOTO H3 COCTOSIHMEA Mapa-
6oJIMYeCKUX 30H (¢ M U) U HMEINIEro <BHYTPEeHHEe» KBAaHTOBOE

YHeJa0 A H BOJHOBOH BekTOp K, CBs3aHHHIH C JABHKEHHEM IIeHTpa
Mace, B clyuae CBSI3aHHOIO COCTOSIHHSI paBHA

?K? R
E —=E +—28% X ,
n, K g—|— 2(mz+m2) n2 (6 113)
rpe n== 1, 2, ..., & B CJyuae COCTOSIHHA CIIJIOIIHOIO CHeKTpa
n2K? h2h?
k= E * * ’ .
By =Eet 5Ty T o (6.114)

rae R’ = pe'/2h%? — nocrosinnas PunGepra mist sKCHTOHA (% — JH-
9JIeKTPHYECKast NPOHHIAEMOCTb), mi, U my, — 3¢ deKTUBHbE MaCcCH
9JIeKTPOHA H JbIPKH, E, — IIHpHHA NpPSMOH 3ampelleHHOH 30HHI,
pw~! =m:~! 4 m;~! — npusenenHas macca.

Bo/HoBYI0 GYHKUHMIO S9KCHTOHA JOCTATOYHO B3STb B NMPHO/IHIKEH-
HOM BHJE

W,z(r, r,)=CeXRU, (B)Y,(r,) ¥, (1) (6.115)
rae
R= (ro+ 17 (6.116)
eCTb CpenHsAss KOOPAUHATA 3JEKTPOHA H AblPKH;
p=r.—r, (6.117)

€CTb KOOPAHHATA OTHOCHTE/JbHOTO IBHXKEHHS 9JEeKTPOHA M IBIPKH;
U, (B)— monynupylomas GyHKIMS, 3aBHCAIlas OT BHYTPEHHero
gpadToBoro umcaa A; We(r.) m W, (r.)— 6J0XOBCKHE BOJHOBHIE
(YHKINH 3/eKTPOHOB M ABIPOK. Moxyaupywowas GyHKuusi BbIOGH-
paeTcsl ¢ y4eTOM TOro, 4TO A MOKeT COOTBETCTBOBaTb AHUCKPETHHIM
coctosiHuaM (n=1,2,...) WIH COCTOSAHHSIM CIJIOUIHOrO CHeKTpa
(saBucsmum ot k). Ilpu k = 0 crenyer yunThHBaTh IPOCTPAHCTBEH-
HYIO JHCIEPCHUIO. '
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Jns onucaHus nojs HeB3aHMOAEHCTBYIOIUNX (POHOHOB M (oOTO-
HOB MHl OyZeM HCIOJAb30BaTh Te Ke ujeHH, 4ro u B (6.84).
[amuapToHHAH B3auMOZeHCTBHs OyIer Teleph COAEPXKATb CYMMY
HKCHTOH-(DOHOHHOTO H 3KCHTOH-(DOTOHHOIO CJAAraeMulX, IPHYEM MBI
6yZeM YUYHTHIBaTh JHIUb YJIEHH HAHHH3IIErO MOPAJKA, HAIOLIAE
BKJaJ B KOMOWHAIIHOHHOE paccesiHHe CBeTa HepBoro nopsiaka. OHu
3aTHCHIBAIOTCS B BHJE

Hrxr= Y [k ", v, c)ajz(c, v)a b, (6.118)
knve

rae [ — QyHKIHA, onpemendiolias SKCUTOH-(DOTOHHOE B3aHMOAEH-
CTBME H CBSI3aHHAA C HCXOAHOH (QyHKIMeH 3JeKTPOH-(OTOHHOTO
B3aHMO/JeHCTBHA [ H3 NpeABAyLIero NYHKTAa COOTHOILEHHEM

- A ad;] s "‘
fle,m, 0, 00=—N"(7) (vamar) Voo n g O (k. 0, )
(6.119)

DKCUTOH-DOHOHHOE B3aUMOJEHCTBHE CJAEAYET TaKXKe BHIPA3HTh
yepes SKCHTOHHBIE [epeMeHHble. DTO B3aUMOIEHCTBHE MOXKHO 3a-
nucaTb B BHJE

%EXL= Z—G-(Cv v, A, I?v c,s U,; A, I—(’) a;-I—( (C, ) Oy e (C’UI)X
X b3 (K — K -+ ¥) -+ xomna. conp., (6.120) -
rae GyHKIHS, Oompenesoman Bsanmoneﬁcmne, paBHa
5(0; ‘U, A’: R, C,’ U', }",> I(’)= ( 2MNo® ><
1 [~ B 7 7 7y
X (5) D Ke1BIeY g (e, v, 2, K, ¢, 0, W, K) 80—
i

_<U,'Elv>qﬂ (C, v: A, R? C,, 0,1 A‘,i I—(,) 60(:'1 (6'121)

rae _ _
qg (C: Ui A’) Kr CI: v,’ 7‘”, K,) =

= 2 Uong ® Upyio B expi (K — K') - B, (6.122)
gu(c, v, A, K, ¢/, o/, ¥, K') =Zﬁ‘,U:M B) U, B). (6.123)

Takum oépasoM, NOJHBIH TaMUJIbTOHUAH B SKCHTOHHOM npeng-
CTABJICHHHN HMEET BHI

9= Fpx + HL+ Hr+ HBexL+ Hrxr (6.124y

rie sIBHBIA BHI caaraemelx B (6.124) caeayer uz (6.84), (6.118)
n (6.120). Crpykrypa ramMuJbTOHHaHa, ONHUCHBAIOUIEr0o KOMOHHA-
HHOHHOE paccesiHHe CBeTa 4Yepe3 JKCHTOHBI, BIOJHE aHaJOrHUHA
CTPYKType raMHJhTOHHAHA TIPH OJIOXOBCKOM ONHCAHHH ICKTPOHOB.
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JleficTBHTE/IbHO, ONYCKaa BCe HHAEKCH, MOJaydyaeM
' 1
=y Eata+ Y ho(b6+ )+ ), heata+
+ > Gatas + ) fau™ + kommr. comp.  (6.125)

JAnsi AaxoX/JeHus ceueHuss KOMOHHANMOHHOTO PacCesiius cBeTa,
COOTBETCTBYIOUIETO 2TOMY TraMHJbTOHHAHY, cJleayer mAefiCTBOBaTh
Tag ke, KaK npH 6a0xoBckoM onucaunu. OTMETHM, 4TO BOJHOBBIE
(hYHKIUHH, COOTBCTCTBYIOIHE BeleCTBY, Tellepb Apyrue. TouHee, oT-
JHYAIOTCS 2JIeKTPOHHBIE YacTH BOMHOBHIX (QYHKuU#. Bce aaeKTpoH-
Hble COCTOSIHUSI (HayasibHOe, KOHEUHOe H NPOMEeKYTOUHOE) SIBJSIIOTCS
SKCHTOHHEBIMH COCTOAHHAMH JAH3JeKTpuKa. Huixe Mbl HcHOMB3yeM
3TO YTBep:KAeHHe B OoJsiee KoHKpeTHON Qopme. [amuabroHHaH
(6.125) mo:xkHO Npeobpa3oBaTh aHAJOTHYHO TOMY, KaK 3TO CIEJAaHO
B OpelplAylleM NyHKTe naparpada, pa3buBasi raMuJbTOHHAH Ha
HEBO3MYUIEHHYIO YACTb Hfo W BO3MYLIEHHe F4i W BHIOJHAS 3aTEM
"KAHOHHYECKOe peobpas3oBaHue

Ho= Hpx + Hr + Hy=
=Y Ea*o+ Y noa*a+ Y o (6*0+ ) (6.126)

H = HpxL+ Hexr= Z Gatab™® -+ Z fa+a. (6.127)

dyuxuuo S, ompeneasiomyio npeofpasoBanue, B 3TOM Caydae
MOMKHO TOJYYHTb 3aMEHOU 2JIeKTPOHHHIX OIEPATOPOB € HA IKCH-
TOHHBIE ONEPATOPH O, IJEKTPOHHBIX IHeprufl € Ha KCHTOHHEE E,
a Takxe 3aMeHo# GyHkuufl f, g, onpeaendlOUIMX B3aHMoJelicTBue,
Ha [ 1 G COOTBeTCTBEHHO.

BoiparkeHue AJ51 HHTEHCHBHOCTH paccesHHsl 3alHCHIBAETCA MO-

npexHeMmy B Buze (6.105), HO TeH30p paccesaHHs Ri» Temepn omnpe-
Jensiercsl BeipaxenneM [49]

t(— — NB® E U 0OuU: 0
RI2( (Dl’ 0)2’ (00) V CUAXz( ) C’D’A’xr].n( )<U |£'2 * pl C> ><
Acv
xlclvl

> {9,1 DP )8y — a0 1 DD [0)8,, ) (" 1210 | 07 n
[Epy, (cv) — boo; + haog] [Eh’x2+n (c’v")— Iiml]
F U = O Ulps ey, O (0122 ple)y X
X {00 129108, — g1 0| D1 0) 8} (" [2g-p 07 +
[En, —y, (60) + Boy + B[ [Epr, ny, (¢0) + Bay]
+ Ucvi\.-x,‘ (O) U:’v’h', Aa—%1 (0) <v 131 ‘ pl C) X
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X {qe (e g -pl e 600' — 4y (| g p] o) 6cc’} (" 2 [0
[E?u’ - (Cv) -+ ﬁ(02 + ﬁ(‘)o] [EA’, Yot (C,U/) + h())o]
+ Uev?»xz (0) UZ’v’?»’, Ra—%1 (O) (U [82 *p { C) X
{g.(cle; ple)dyy — a0 8, pl0) 8, } o' | DD 0"
X [EAX2 (cv) — ha - hog] [Ey, _— (¢’v')+ hmol
+ Uw?m (0) U:’v’h’, N~ (0) <'U l@(i) l C>><
e {gelele P18y — gyl P 0) 8,3 (c |2y pl0) +
[Epn (cv) — ho, + hog}[Ey, =g {(c’v") + ho)Q]
+ Ucv?m (O) Uz’v’h’xz+n (0) <U ‘@(i) | C> ><

% {qe(c]s2-pjc’)60v,mq,l(v’]s2.pjv>éccf} ("le,-plv)
[Enn (cv) — o) + Boo| [Eps y, ym(e’0") — h0)|]

(6.128)

Crienyer OTMeTUTh, YTO CYMMHDPOBAHHE [0 (IPOMENXYTOUHHM COCTOA-
HHUAM BLUIOJIHAETCA MO COCTOSHHSAM 5KCHTOHHOI'O CHOEKTpa, cpelu
KOTOPHIX HCOOXOAMMO YUHTEIBATL KaK JHCKPeTHBe YDOBHH, Tak
U COCTOAHHA KOHTHHyyMa. Amanus ¢opmyas (6.128) mokasmBpaer,
YTO CBOHCTBA CHMMETDHH OCTAIOTCS TE€MH JKe, UTO W y TeH30pa pac-
cesiHUS NPH OJIOXOBCKOM ONHCAHUHU, XOTSI HEKOTODHE CYLIECTBeHHLIE
BLIBOZABI OTJHYaOTCsl (CM. HHXKe, I. k). B (6.128) B coorBeTcTBUH
¢ o6osHaueHusaMHu paboru [49] morenumas nedopmanyn ofosHaued
DO, a e ED,

e. Mukpockonuyeckass TeopuUaA KOMOHHAUUOHHOTO pPaCCEsIHHSA
cBeTa: NOJNSAPHTOHHbIE cocTosiHug. O6pamadch cCHOBa K paccMoTpe-
Huo Beipaxenuit (6.126), (6.127), samerum, 4TO NPOH3BEIEHHOE
OPH 3KCHTOHHOM ONHCAHHH paccesHusi pasOHeHHe NOJHOTO TaMHJb-
TOHHAHA Ha HEBO3MYLLEHHYI0 YacTh JHfy U COOTBETCTBYIOULYIO B3aH-
MOJEHCTBHIO YaCTb J€; ABJISETCA NIPOU3BOJBHBIM.

BosbMeM B KauecTBe TraMWJILTOHHAHA HYJEROro NPHOIMKEHHS
CYMMY cJaraeMblX, COOTBETCTBYIOLHX CBOOOJHBIM 3KCHTOHaM, HOJIO
M3JIy4eHUs] H JHHEeHHOMY B3aNMOJEHCTBHIO MeX]y HHMH JHBexg.
B TakoM ciayuae, OIyCKasi HHAEKCH, HMEeM

;=" Eata+ Y ho (a*a+ —;—) + Y fota,  (6.129)
= 6 — 7, (6.130)

TakuMm oOpasoM, MB NPOH3BOAMM JApyroe pasbueHHEe TaMHJbTO-
HHMaHa CHCTEMLI KOTOPOMY COOTBETCTBYeT APYroft crmocol ee omuca-
HHSI, 2 TaKXe Apyras KapTHHa KOMOHHAUHOHHOIO paccesiHHs CBeTa.

3uauenne HOBOro cioco6a pasGuenus ramuiabtonuana (6.129),
(6.130) cocTouT B TOM, uUTO OH BHIJEJSET TAKOH TraMujIbTOHHAH
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HyJesoro npubauxenus (6.129), koTopulli MOXKHO JHATOHANH30BATh
TOUHO, B pe3y/bTaTe Yero BO3HHKAIOT HOBLIE CMelIaHHbie 3KCHTOH-
dhoToHHBlE BO30OYXKAEHHSI, HasblBaeMble Tellepb NMoAspuToHaMu [18,
51, b52]Y). Tak, mJiIs CHCTEMEI, ONHCHIBAEMOH TIaMHALTOHHAHOM
(6.129), MoxHO HaliTH KaHOHHYecKoe Ipeobpas3opaHHe (KaK OKa-
3bIBaeTcs, JuHeliHoe), Kotopoe mpusoanT (6.129) x Buay

Ty = ; W (&, %, n) AT, (R) A (), (6.131)
kAn

rne Ay (R) — HOBEe Go3e-0mepaTophl, YAOBJAETBOPAIONIHE COOTHO-
HIeHUAM

[Ann (B), Afg (k)] = 811D D (6.132)
OnepaTops NOJNAPHTOHOB Aa, (B) onpepensioTcss COOTHOIIEHHEM
Ay (B) =% (k) a™ (k) + %}: %oy (B) 0if, (B) + @ (R) a (— k) +-

+ g;, Ppy B) 0y, (— B),  (6.133)

rae c-pyakuun ¢ (k) u y (k) HaxoxsiTCs U3 PelIeHHs ypaBHEHHS JJs
COGCTBEHHBIX BEKTOPOB

(560, Al =W AL, (6.134)

D10 ypaBHeHHe OlpejeJisieT Takxke COOCTBEHHBIE 3HAYEHHS SHEPTHH
Wy (). Haubosee npocTeIM Kak /I8 NOHUMaHHS BONpoOca, Tak
H ¢ TOUKH 3DeHHs pacueTa OKa3blBaeTcs caydall e HHCTBEHHOH 3K-
CHTOHHOH 30HHI ¢ KOHeUHOH Auchepcuedl. IIpm 3TOM MH ocTaBaseMm
B (6.129) ToNBKO c/laraeMble, COOTBETCTBYIOIIHE OJXHOMY 3KCHTOHY
E (k). B Taxom ciayuae BO3HHKAIOT TOJBKO YeTHIpe HEH3BECTHHIE
dynkuun. OHH MOryT OBITb HalJeHH TOUHO M ONPeleJsOTCS BHIpa-
KEeHUAMH

n=_5)"Fi(V+E)alk o), (6.135)
o=— ()" FW—E)aik o) (6.136)
Yo=2(ck+ W) (EW) "B(W* — E}) o (k, ), (6.137)
Qo=2(ck — W) (W) (W’ —E}) a(k, o), (6.138)

1} Bompoc 0 MOJISIPHTOHAX B CBSI3H € PAacCMOTpeHHeM (OHOHOB, IIO-BHAUMOMY,
smepBeie obcyxnancs Xyan Kynmem (cm. [18], ri. 7, a Takxe ykasaHmyio TaM
autepatypy). I[Iprmepno B To xe Bpems (1950 r.) Xyan Kynb (4actnoe cooGuie-
Hue aBTOpy, Mafl 1973 r.) paccMOTpes SKCHTOHHBIE NOJSPHTOHHI, OJHAKO He AaJ
UM CIEHHAJbHOTO Ha3Bauus. Ilonmy.spHOCTb HOJSPHTOHOB CBsizaHa, MO-BHAHMOMY,
¢ nosiBnenneM paBot ®ano [51] u Xanduaaa [52]. (Iloasputonnbifi spdert s
¢dononoB 6uyl npeiackasan raxke Toansiro [184] B 1950 r.— [Ipun. ped.)
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rage
a (k, 0)=[(W>— E}} 4 4E, || 2 k2] (6.139)

HoBrle BO3MOMHBIE 3HAYEHUST SHEPIHH CHCTEMBI HAXOASTCA H3 TOY-
HOTO ypaBHeHus ajsa W:
2k 4k2f2

ZE ey A TNV (6.140)

OcHOBHOl cMBICJ Nepexofa K MNOJSPHUTOHHHIM IE€PEMEHHBIM CO-
CTOHT B TOM, YTO 3TH HepeMeHHBIe COOTBETCTBYIOT B NpPHHIUIE HC-
THHHBIM HODMAaJbHBIM KOJeOaHHAM B3auMOAeHCTBYIOLIEH 5KCHTOH-
(¢oToHHOHA cuctemul. [TosToMy cienayeT cuutath, uTo (POTOH, Majgalo-
KUl Ha NOBEPXHOCTb KPHCTaMdda, CO3AaeT B KPHCTaJJe NOJTPUTOH.
B kpucrajne NoJaspHTOH JAuOO pachpocTpaHsdercd, JAubo paccen-
BaeTcst. [lpomecc KOMOWHANHOHHOrO paccesiHHs CBeTa cJenyer
OTOXKAECTBJATh HMEHHO C IIPOIeCCOM paccefHus NOAAPUTOHA [53,
54]. Korga nossipuToH ¢ yacToTo#l ®; (COOTBETCTBYWOIIMH nanalo-
mieMy H3BHe (POTOHY) paccenBaeTcss (Mau pacmajgaercd) ¢ obpaso-
BaHHEM IMOJAPHTOHA C 9acCTOTOH ®y {KOTOPOMY COOTBETCTBYeT pac-
cesIHHBIH (OTOH, BHIJICTAIOIINN H3 KPHUCTAAIa) U (DOHOHA ¢ 4aCTOTOH
¥y = ®] — @, 3TO O3HAUAET, YTO IPOH3OLLIO CTOKCOBO KOMOHHA-
[HOHHOE paccesfHHe CBeTa. 3aMeTHM, UTO, HAIpuMep, B cayyae Iio-
nepevyHsIX (POHOHOB B HOHHOM KpPHCTaJ/Jje BO3HMKAIOLHME (OHOH
BCJIEACTBHE €0 B3aHMOAEHCTBHSA C 9/€KTPOMATHUTHLIM NOJEM TaKkKe
caefyeT paccMaTpHBATh Kak MOJSIPHTOHHOe KoJsebanue, UToOwl pas-
JHUATh 3TH CJaydau, Mbl OydeM B MepBOM CJyyae INOJb30BaThCA
TePMHHOM <«9KCHTOHHEIE IIOJSIPUTOH», BO BTOPOM — «(GOHOHHEIH MO~
asputoH». Taxknmm o0pasoM, KOMOHHAIMOHHOe paccesdHHe CBeTa
MOKHO IpeAcTaBHTb cebe Kak Ipoliecc pacnaja:

SKCHTOHHBIH MOJSIpUTOH (©) —
~—> 3KCHTOHHEIH MOJAPHTOH {@y) + GOHOHHBIE NMOAPUTOH (@y). (6.141)

HanGoJsee npocTofl MeTOl pacueTa CeueHHs PACCEesiHHS COCTOHT
B TOM, 4ToObLl paccMaTpuBaTh Bce Bxojsiuue B (6.141) mossiputonnt
KaX HeKHe «KBAa3HYaCTHIEI», & 3aTeM HCIOJBb30BATb AJAs HaXoxje-
HHs BEPOSITHOCTH Mepexojia YacTHIH (KBAasHYacTHIB!) H3 Havajb-
HOrO B KOHEYHOEe COCTOSIHHE <«30JI0TOe IPAaBHJO» KBAaHTOBOH Mexa-
nukd [53, 54]. aMHAbTOHHaH BO3MYIEHHs, BBI3LIBAIOLIETO Nepe-
X0, MOXKHO 3amucaTh B BHIE

VO =3 ¥ .aebd 4 xommr. comp., (6.142)

rae dyuxmus [, onpenensiomas B3auMogeflcTBHE, 3aBHCHT OT CO-
OTBETCTBYIOIIUX TepeMeHHHX. B (6.142) mMwb 3anucaqu B3auMmondeh-
cTBMe B BHIe OHJIHHeAHOH (YHKIIMH ONepaTOPOB 3SKCHTOHOB
H JuHefHONH (QYHKIHH onepaTopoB (oHOHOB. Kak mokaszaHo Bhille,
Obl10 OBl IpaBHJAbHee NMPe00pa3oBaTh ()OHOHHBIE COCTOSHHA TaKxKe
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B [OJIAPHTOHHBIE; 3TOMY COOTBeTcTBOBaJa Ont 3ameHa B (6.142)

(OHOHHBIX ONepaTopoB b, Ha OmepPaTOpPHl HOJAPHTOHOB B, Mol He
cTaHeM YrayO6JATbCA B JIETaJH TAKOr0 re€OpPeTHUECKOro aHa/ u3a.
Teopusa KOMOHHAIIOHHOTO paccesHUs CBeTa, OCHOBAHHAs Ha Mo-
JSIPHTOHHOM ONHCANHM KDHCTaJJa M COOTBETCTBYIOIIASl NPHBEAEH-
HOH BUIIE KA4eCTBEHHOH KapTHHe, DPa3BHBAJNAach LeIbIM pPAAOM
aBropoB, HaynHasi ¢ paborul Opanzepa [53]. HenapHue teopernve-
CKHe HCecheloBalud KOMJHHAUHMOHHOTO pPaccesiHud cBeTa, HCIOMb-
3ylolliHe NOJAAPHTOHHYIO KapTHHY ssjJedHs [55—D5H8], BEIACHUIN psijft
BaiKHbIX 0cOOeHHOCTell Takoro moaxoia. Hanpumep, B mpoctefillleM
BapuanTe TEOPHH BePOsATHOCTh NMepexo]a Npu KOMOUHAINOHHOM pac-
CesiHUU CBeTa B NepBOM OOPHOBCKOM INPHOJHKeHHH IPONOPLUO-
HaJbHa Be/JHYHHE
{ 2
[~ b [ | VO [y, R P (6.143)
Bennuuna (6.143) comep:KuT MATPHUHBIH 3/JeMeHT MepeXoha, a Tak-
Ke NpelleCTBYIOMIMA eMy MHOXKHTeJb, NPONOPUHOHAABHBE 06beMy
KOHEUYHHIX COCTOAHHH B $a30BOM NPOCTPAHCTBE; Uig(U2g)— IPyHIo-
Bad CKOPOCTb HCXOJHOTO (paccesHHOIO) MNOJASPHTOHA, paBHas

V1= 0, (ki) = (%)n (6.144)

I'pynnoBbie cKopocTH oONpefensioTes 3akoHoMm aucnepcun W (R),
KOTODBIL B CBOIO oUepelb Haxoxurcs us pewenus (6.140). M B satom
clyuae CAeLyeT OXKHAATbL, UTO CHMMeTpHus Beiuuuuwl (6.143) coraa-
cyeTcs ¢ CHMMeTpHell TeH30pa, KakK W B HNpeAblAylIux caydasax. [To-
BHAMMOMY, 3TOT BOIPOC [0 HACTOSILETO BpeMeHH He oOcyxkiagcs
(HackOMbKO M3BecTHO aBTOpY). Teopusd TMOASPHUTOHOB B OrpaHHueH-
HOM KpUCTaJjie pasBuBaJjiack B pabore [58].

K. Pe3onancHoe KOMOHHALHOHHOE paccesHHE CBeTa H Hapylle-
HHs1 npaBua otr6opa. IlosiBjeHne coBpeMeHHBIX J1a3epOB NepecTpan-
BaeMOHM YaCTOTH OTKPBLIO HOBYIO 3pY B (DH3HKe KOMOHHAIIHOHHOTQ
paccesinufl ¢cBeTa. MBI 3aTpoHEM Tenepb HeKOTOpPLIE BOIPOCH], ‘OTHO-
csAmmecs K pe3OHAHCHOMY pacCesiHuio C¢BeTa, JJIs KOTOPOTo MOofBJe-
HHe HOBBIX HCTOUHHKOB M3JyUeHHs 0Ka3ajoch HaunboJee BaXXHLIM.

Ilpexne Bcero cjaejpyeT OTMETUTH, 4TO M3J0XKEHHBIE BHIIE TPH
criocofa omHcaHHsl paccesiiusl cBeTa (NMYHKTHL T — e HAaCTOSLIEro
naparpada) IDPHBOAAT K Pa3JHYHBIM pesyabTaTaM AJs 3aBHCHMO-
CTH HHTEHCHBHOCTH OAHO(OHOHHOrO KOMOHHAIMOHHOTO pacCesiHus
cBeTa OT YAaCTOTH NajaloUIero H3jlyieHHs o, ecid ©; npub.u-
JKaeTcst K JIMHHM WiH noJioce norioiuedus. [loscHuMm 310 yTBepxKae-
Hue. [Ipu GJIOXOBCKOM ONUCAHHHM 3JEKTPOHOB paccesiHHe omnpeje-
Jasiercst TensopoMm (6.106). IlycTh B mpocrefilieM ciydae - (g
[samoMHuM, uTO, corsiacHo (6.85), wq — PasHOCTb SHEPruii BepxHed
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BaJICHTHOH 30HH H HHXKHEH 30HEI NPOBOAHMOCTH (LIHMpUHA 3anpe-
eHHOH 30HH ®g)]. Torma B (6.106) oxHo coaraemoe oKashBaeTcs
OosbmuM. PaccMOoTpuM cayyali INpOCTHIX NapaboJHuecKHX 30H,
KOTAa g == g+ h2K2/2M, rge K — monHbl#i BONHOROHM BEKTOP
a M — cymmapHasi Macca 3JeKTPpOHAa H ABPKH. DyneMm cuutath Bce
MATpHYHBIe 9J€MEHTH B Pe30HAHCHOM 06JacCTH NOCTOSHHBIMH H IDe-

o0pasyem cymMmy no coctosiHuaM (o, p) B uHTerpas no K. Toraa
IPH ®) ~ (g TOJYIHM

Ry (0)) ~ m)[ 03 + wy — o) 12 ( 0)1)1/2]- (6.145)

Ilpn 5KCHTOHHOM ONHCAHHM TEH30p paccesHHst uUMeer Bun (6.128).
PesonatcHoe MNOBeJeHHe B 3TOM cJyyae BO3HHKaeT Npu fiw; —>
— F,(k), rne E (k) = hwys — 9HEPTHUSA 3KCHTOHA, COOTBETCTBYIOLIETO
JUCKPEeTHOMY YDOBHIO 3KCHTOHHOH cepuH ¢ n = 1. CHOBa cuHnTas,
YTO BCe MaTDHYHEIE 3JEeMEHTHl B Pe30HAHCHOH OGJIacTH NOCTOSHHEL
M 4TO OAHO H3 cjaraeMbiXx B (6.128) pacrer OnlcTpee OCTaJbHLIX,
OJIyYuM

Ry (1) ~ (#B) [(0; — 015) (0 — (s — 0] (6.146)

Hecko/bko cioxHee HOJYUHTh DE30HAHCHOE NOBeJeHHEe MpH HoJf-
PHTOHHOM ONHCAHWH, TAK KaK IIPH 5TOM CJeAYeT Ae]JaTh NPeANnoso-
JKeHHsI O YacCTOTHOH 3aBHCHMOCTH MHOXKHUTeJell, BKJIIOYAIOUIHX
TPYIIOBYI0 CKOPOCTh NOJSPHTOHOB (OHA OTNpEJe/IsTeTCs 3aKOHOM JHC-
IepcHH), a TakKke O 9acCTOTHOH 3aBHCHMOCTH K03(h(duLNeHTOB Hpe-
06pa30BaHUS OT KCHTOHHHIX U (POTOHHBIX NepPeMeHHBIX K IOJSPHU-
TOHHBIM. M3 (6.143) HemoCpeACTBEHHO ClefyeT KaueCTBeHHBIH BHI-
BOA O TOM, YTO HHTEHCHBHOCTb pAacCesHHs KaK (YHKUMSA YaCTOTH
HHrJe He obpamiaercsi B GeckoHeyHocTh [54]. B Hacrosimee BpeMsi
JaHHBIEe OOJBIIMHCTBA SKCIEPUMEHTOB TO Pe30HAHCHOMY KoMOuHa-
IIMOHHOMY pacCesiHHIO CBETA B JH3JeKTpPHKaX, NO-BHAMMOMY, cOrJa-
cyioTess ¢ pesyabratom (6.146), mosydeHHBIM Ha OCHOBe 3KCHTOH-
HOro onucanus paccessus [59, 60].

Ob6patumcs Tenepb K BONPOCY, HETOCPE/CTBEeHHO CBﬂsaHHOMy
C OCHOBHBIM COJE€pKaHHMEM 3TOH KHWIH, 2 HMEHHO K BONpOCY O Ha-
pylleHWH IpaBua oTGopa BOIM3H pe3oHaHca. Mul orpaHmyuMcest
CHOBa KpaTKuM 00cyxkjeHueM, IIpi 3KCHTOHHOM ONHCaHHH paccesl-
Hus BOJIH3H De30HAaHca OCHOBHOH BKJaJ B ONHO(OHOHHOe pacced-
HHe JlaeT cjaraeMmoe Buja

<fl%EXRIb)(bIWFX,_IaMaI%EXRIl) (6.147)
(l—ma)(w —mb) )
rae |iy, |fY — HauanbHoe m KOHeuHOe cocTosiHMS, |a), Ib)—npo-

MeXXYTOUHble COCTOSIHHA. D(PeKTH, CBI3aHHEle C CHMMeTpHelH, BO3-
HUKAIOT NPH PAacCMOTPEHHH MATPHUHBIX 3JeMeHToB B (6.147). Tak,
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HanpuMmep, €CIH NPHMEHUMO JHIIOJNbHOe NpubJaHKEHHE, TO
(F176gxr|b) ~{FIp|b)y -2~ D, (6.148)

[locnennee cooTHOWIeHHE CJefyeT M3 TOrO, YTO BEKTOP II0JISIPH3a-
1K g npeobpasyercss Kak OOBIMHBIN HOJAPHBIE BekTop. [Ipoussese-
HHe JABYX TaKHX COMHOXKHTeJeH, Bxoasillee B (6.147), mpeobpa-
ayercst Kak D™ @ D™, B KyGH4ecKOM KpHCTaJe

[D®W], = D (+) @ DO (124) @ DO @5+ G DO (15+) (6.149)

ITpaBas uacte paBenctBa (6.149) onpenesnser cumMmerpHio GOHOHOB,
KOTOpble MOTYT BO3HHKAaThb IpH paccedHun. OTMETHM, 4YTO eCJH
IPOU3BECTH CHMMETPH3alHI0 (YTO JOIYCTHMO BIAJH OT Pe30HaHca),
To npexactaBaerue DM USH) primanaer, Tak 4T0 B KOMOHHALHOHHOM
paccesiHHH cBeTa AOJKHBL NpPOABJAATbLCA JHLUIL (DOHOHEI C CUMMeET-
pueit (I'l4), (I'124), (T'254). Dro yTBep:KAeHHe TOATBEPK-
JaeTcsl pacCMOTPeHUeM BeJTHUHHBL {b|FBexi|a).

Hapyinenne npasus ot6opa BOJNH3R Pe30HAHCA MOXKET NPOH3OHATH
B TOM CJydae, €ClH [IHIOJNbHBIH HEpPexoj 3anpellleH, TaK 4TO AU-
HOJBHBIA MaTpHulblil sjeMeHT {f|p|b) paBem HymO, HO KBaipy-
NOJBHBIH MATPHYHBIE 3/7eMeHT oTauued ot Hyas: {f|rp|b) 0.
Torpa, HanpuMep Ha 4acToTe, COOTBETCTBYIOUEH KBaJAPYNOJbHOMY
HEPEXOY O] & 01, B (6.147) BcaeacTsHe ManoH BeJHUMHHL 3HA-
MeHaTeJisl BXOAUT oTHOWIeHHe k{a|rp|ide/(®; — @1¢), KOTOPOE cpaB-
HHMO 10 BeJIHUHHE ¢ OOBIYHBIM  «JHUIIOJBHBIM»  BKJIAAOM
e{a|p|d/ (01— o1s). Urobe pasiuuaTh OOLIUHBIA caydalt u 00-
cyXjaaeMble HaMH CJyuaH, paccesHHe B YCJIOBHAX, KOTZa Kak
{f|H6exr| by, Tak u {a|Hexg|i) OTIHUHBL OT HYJIs yxe 8 Ounons-
Hom npubausxceruny, YAOOHO Ha3BIBATH AHUNOJb-JHIOJIbHBIM KOMOH-
HAIHOHHEIM PaccesiHHeM:

DD ~ )¢ {p) @) (p)e/AQ AY'. (6.150)

Ecau snement {f|exr|b) oTaiHuen or Hysasl B AUIOJBHOM IPHOJIH-
KeHuH, a {a|Mexr|i) — B KBaAPYNOJbHOM NPHOIHKEHHH, TO TaKOe
paccesiine Mhbl OyZeM HasbiBaTb KBaADYNOJb-IHIOAbHHIM pac-
CestHHeM:

QD ~ Y, ¢ {p) E)(Q)ek/AQAQ". (6.151)

Hapyulenne npaBus otéopa MoxeT OHITb ¢BI3aHO C JIOOBIM OT-
JIHUHBIM OT HYJA MYJbTHIOJbHBIM MaTPHUHBIM 2J€MeHTOM 3KCHTOH-
(GOTOHHOrO B3aUMOAEHCTBHS, NPHBOAAIIHM K MYJbTHIOJb-AHIONb-
HOMY HJIM MYJbTHIIOJNb-MYJbTHIIOJBHOMY PaccesHuio,

PaccMoTpuM HapylleHHe NpaBHa oT6opa NPH KBaAPYIOJb-JH-
nosbHoM paccesHHH. Ecau OTIHYHBL OT HYJ s OAMH KBaJApPYyNOJbHBIA
U ONHH AMAOJbHEIA MATPUUHBEE 3JE€MEHTHI, TO PaCCyXKAeHHS, NOR0O-
HBEle HCIIO/Ib30BAHHHIM Npd BhBoAe (6.148), mnoxaseBaloT, 4TO
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B pacCessHHH YYacTBYIOT GOHOHH ¢ cuMMeTpuel D® ® D@, B xy6u-
yecKOoM Kpuctasie D@ = DM U+H) g DO U2H) P 25+) PaceMoTpuM
KOMIIOHEHTY KBaIpyMOJbHOTO MOMEHTa C cummerpued DI E5+),
Torna

D® @ D@ = DM =) @ DI 12-) @ DI (15-) @ DO =), (6.152)

Takum o6pasoM, KaxkAOMy IpeacTasieHnio B (6.152) coorBercTByeT
cumMMeTpHA QOHOHOB, paspemieHHux B Q(I'25+4)-D-paccesuun. Ot-
MeTHM HeOOLIYHOCTL TOro, 4T0 B KyGHUECKOM KPHCTaJlie ¢ IeHTPOM
MHBEPCHU Telepb B CHEKTPe KOMOMHAIIHOHHOLO PacCestHHsl MPOSIB-
asiercss donoH ¢ cummerpueit DM U5 D1oT DoHOH paspelren
U B clexkTpe uHppakpacHoro nmoraoulenust. CiaenoBatenvHo, B KyGu-
YeCKOM KpPHCTaJlle ¢ LEHTPOM HHBEDPCHH OKa3BBaeTcsd HapylleH-
HBIM TpPaBHIO <«aJbTEPHATHBHOTO 3ampera» AAd OAHODOHOHHLIX
nponeccoB. PasymMeercsi, B HOPMAJbHLIX YCJIOBHAX (BOHOH € CHM-
merpueli DWW U5-) mposBaseTcsl TOMBKO B CIEKTPe HHPPAKPACHOTO
NOTJIOLIEHHS, a He B CNeKTpe KOMOWHAUIHOHHOIO DaccessHHS CBeTa
(cp. § 4).

SIpkoiil uamocTpauntell sTHX 3((EKTOB MOIYT CIYKUTh JAHHBIE
II0 pe30HAaHCHOMY KOMOHHAIMOHHOMY paccesinuio ceera B CupO npwu
yacTOTe NAfaloWEro Ja3epHOro H3aydYeHus, OJH3KOH K dacToTe
JKenTolt sKCUTOHHOH JuHuu [61]. B arom caywae B cmextpe pac-
CeslHUs NPOABJSIOTCA Bce (POHOHBI, nepeducaenHele B (6.152).

[Monsipu3allOHHBIE CBOHCTBA pACCESHHOTO H3JNYYEHHS CHJIBHO
OTJUYAI0TCH OT CBOUCTB npH ob6wuHoM DD-pacceanuy, KoTophie 06-
cyxkpanuck B § 5. Ilpuunna pa3nuuus B HOJAPH3AIHOHHBIX sIBJe-
HusAX scHa u3 (6.151). MHTeHCHBHOCTH pacCCes HHOrO H3JVYEHHS,
WM CeYeHHe DaccessHUs B PE30HAHCHBIX YCJOBMAX [IPONOPLHOHAb-

Hbl BeJAHUYHHE )
2| 2 esnPagy (j0) e1gkiy | 5 (6.153)

fo | oBy

rae Pogy(jo)—Tensop paccesaHus (TeHsop Tperbero panra). Pac-
cesnue Ha KoJeGaHHH (jo) [CHMMeTpHS KOTODOTO JOJI:KHa COOT-
percTBOBaTh (6.152)] 3aBHCHT OT BOJHOBOTO BeKTOpa MaJarollero
usaydennsi k. UMeiotes TaGauubl cooTBeTCTBYOIEX MaTpun [25,
26]. SlcHO, uTO TeH30p Pagy(j0) HDOJIKEH OTIHYATHCA OT OOGBIUHOTO
TeH3opa paccesiHust Pqg(jo), omnpeznensioliero paspelieHHOE KOM-
6unanuoHHoe paccesupe (cM. § 5). Ha ocHoBanmu npexmiyuiero
MOXKHO OTMETHTh, UTO HPHYHHONH JOMOJHHTENLHOH aHH3OTPOIHH
KoMOunaunousoro QD-paccesHHa cBeTa SBJSETCH aHU3OTPONUA
MaTPHYHBIX 3/J1€MEHTOB KBaJAPYIOJLHOTO MOMEHTA, ONpPelelsiolIero -
B3aUMOJEHCTBHE C H3TYUIEHHEM.

JlpyruM nmpuMepoM HapylleHHs NpaBuJ 0T00pa B Pe3OHAHCHOM
[acCesiHHH MOJKET CJYXKHTb Cydafl, Korka OTJHUHBIH OT HYJs UWieH
HAHHM3UIEr0 TMOPAAKA B 3KCHTOH-QOHOHHOM MATPHUHOM 3JIEMEHTE
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{b|#ExL| @) nponopuHOHANeH BOJHOBOMY BekTOpy (oHOHa ¢q. [lpu

3TOM
(b|Hpyr| @) ~ qBEW. (6.154)

BosBpalgasice K TeopHH oOwgHOTO DD-paccesHusi, paccMOTPHM
caydal, KOrJa JOCTATOYHO YYecThb BKJAJ OJHOrO KaHaJja pacces-
Hud. Torpa smecro (6.150) nomyuum

¢ (p) ¢ @) (p) & 5o (6.155)

BrisicHSIA NpUYMHBl HapyLleHHsa NpaBHa 0TOOpa, 3aMETHM, 4TO, S
TOro uTo0H BedHunHa E() GplIa OTIHYHA OT HYJS, COOTBETCTBYIO-
Ui HOHOH JOJKEeH UMeThb cuMMmerpuio D@ ~ D{P)) Tak Kag q —
noaapuelil Bekrop. HefictBurenpno, E() nmpexacraBasier cobofi mat-
pHUHbIl 3AeMeHT OMAMHEHHOrO N0 SKCHTOHHHIM M (DOHOHHLIM Omnepa-
TOPaM UJeHa B PasJOXKeHHH 5KCHTOH-(QOHOHHOTO B3aMMOAEHCTBHSA:

R T )).a( Dine 6ass)

ITostoMy Takol MeXaHHU3M HapylUIeHHs1 npaBua orbopa sbhdexrTHBeH

k
TOJABKO [JS1 «HOJISIPHBIX ONTHYECKHX» KoJebaHuil Q( i )~D<“’),

TaK KakK TOJbKO IJIsl TaKHX KojieGaHUH OKa3LIBAETCH I/IHBapIrIaHTHOﬁ

k
OuNHHeliHas KOMOMHAIuUsA {qQ( i ) (motHbli TAMUJBLTOHHAH

Hrx. TaKKe ABJIseTCs HHBapuaHToM). B KyGuyecKOM KpHcTasne
Tpe6yeMBIM yCIOBHEM YAOBJeTBOPSeT (OHOH ¢ CHMMeTpHed
DMU5=) 1aK yTO M B 5TOM cCJayuae Hapyluaercsl NPaBUJIO ajibTep-
HATHBHOTO 3alpera.
OueBHIHO TaKkKe, UTO B 3TOM CJyuae MHTEHCHBHOCTb PaCCesTHHS
NPONOPIHOHANLHA
2

]

Z BaaQaﬂy (]U) elﬁqy 2: (6°157)
aBy

rae HHeKe = v (QHUKCHPOBAaH, a CYMMHPOBAHHE BHIIOJHSETCS MO
BCEM KOMIIOHEHTaM IpecTaBideHHs; Qagy(jo)— COOTBETCTBYOMUN
TEH30p paccesHUS, TEeCHO CBSI3aHHBIH ¢ TeH30pOM Pypy(jo)
B (6.153).

BoJsee merajbHOe H3yueHUEe MOKA3bIBaeT, UTo 00a OTMeYeHHEIX
BHIIE MeXaHH3Ma HapyIIeHHs IpaBHJ OTO0Opa MOTYT OPOABJATHCS
OJHOBPEMEHHO; CJAeLyeT OXKHAATh, YTO 3TO MOXKeT HabJoAaTbCA
B KCIEpHMeHTe,

Bonpoc o HapylmleHHH NpaBuj oT6opa B YCJIOBHSIX pe30HaHCa
Hccaenyercss OCOOEHHO HHTEHCHBHO; MO3TOMY AJS O3HAKOMJIEHHA
C ero COBpPeMeHHBIM COCTOSIHHeM cJelayeT oOpaTHTBCA K TeKyllefl
JHTEpaType.




I'JIABA 2

Teopus NMpoCTPAaHCTBEHHBIX TPy
ajJMasa U KaMeHHOH COJIH

§ 7. BeeneHue

B »sTolt rmaBe Mbl IPUMEHHMM OOLIYIO TEOPHIO [POCTPAHCTBEHHBIX
TPYNI K JABYM CTPYKTypaM — ajJMa3a M KaMeHHOH COJH, — mpef-
CTaBJAIINM B HacTodliee BpeMA HaHOONLIIMHA HHTepeC Kak
C TOYKH 3pDEHHS TeODHH, TaK H B 3KCIEPHMeHTAJbHOM OTHOLICHHH,
STH rpyunsl, HOMUMO TOrO HHTepeca, KOTOPHI OHM NpPEACTABJIAIOT
caMu no cebe, MOTYT CJAYXKHTb TaKXKe HPOTOTHIAMH NPH H3YYEHHH
Jgrofolt  HecuMMop®dHOH MAM  CHMMOPGHOH  MPOCTPAHCTBEHHOMH
IPYIHOHL,

B nocaenyomux naparpadax Mbl pACCMOTPUM TE€OMETPHIO ITHX
IPOCTPAHCTBEHHBIX TPYIIN, HENPHUBOJUMBlE IPeACTaBAECHHS H Ipa-
BUJa 0T6Opa, B YaCTHOCTH METOAUKY BHIUHCHEHHS K03D(HIHEHTOB
npuBeneHHs. Pa3symeercsd, Mpl He MOIVIM BHIIHCATL 3[1eCh 8Ce 3TH
KO3((QHUIHEHTE; BMECTO 3TOTO MBI CTPEMHMCS NOSICHUTB CYTb Me-
TOAHKH HA LeAOM pHjAe NPUMEPOB BLIYUCACHHS DPa3/IHUHLIX KO3(-
(bunHeHTOB pas3HBIMH MeTonaMu. [locse 3TOro uuTaTeNh CMOXKET
HCIOJMb30BATh ApYrHe HMeloUlHecsd B JUTepaType TalbJaHIE, a NpH
OTCYTCTBHH TAKOBBIX IOCTPOHTh HX C IIOMOIIbIO H3JaraeMblX 3/1eCh
METOJMOB.

OcHOBHOE BHHMaHHEe MBI YAedsieM BBIYHCJIEHHIO NpaBuj otdopa,
HeOoOXOMUMBIX B TaKUX NMPUIOKEHHUSIX NHHAMHKH DeLIeTKH, KaK Ol-
THYECKOe TorJoileHne u paccesinue. [lo sroli mpuunne He 06CyXK-
HalTcs ABY3HauHble (CHMHOpHBIE) TpeacTaBjgeHus. OIHAKO HX
MOXKHO TNOJYUYUTL HENOCPEACTBEHHLIM o00oOuieHNeM H3JaraeMulx
MeToa0B. PaccMaTpHBalOTCS HEKOTOPBIE CJIEACTBHS CHMMETPHH MO
OTHOIIEHHI0 K 00palleHHI0 BpEMEHH.

IToMuMO AMHAMHUKH pelleTKH, MaTepHaJ/ 5TOH IJaBbl NPHMEHHM
H K TAaKAM UpPOIECCaM, ONpeAessIOUM 3JIeKTPONPOBOIHOCTb, KaK
MeX/JOJMHHOE H BHYTPHJOJHHHOE paccesHHe 3JIeKTpPOoHa (HJIH
OBIPKY); MBI yKayKeM HeKOTOpPhle NpPHJOMKEHHS TaKoro THma.

§ 8. l'eomeTrpus npPOCTPAHCTBEHHBIX TIPynnm aJiMasa
H KaMEeHHOH coJiM

[CeoMerpuIo 3THX ABYX TpyNN yAoGHO paccMaTpHBATh COBMECTHO.
Hans onmpenenenuss mpocTpaHCTBeHHOM rpynnsl @ HeoOXoAuMBl 06-
pasymiouiue 39JeMeHTBl TPYINB TpaHCAAUUA € H NpefCTaBHTENH
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cMexHBIX KaaccoB {@|t(g)} pasnoxenus no daxrop-rpynne G/I.
PaccMaTpuBaeMule rpynnsl [64]

0% — Fm3m (NaCl) @®.1)
H

O}, — Fd3m (anMas) (8.2)

HMEIOT OAMHAKOBYI0 TDYNNY TPaHCJAANNHA — rPaHelleHTPHPOBAHHYIO
KyOHYeCKyI0 peIleTKYy, KOTopyio Mul obGosnaurM € uam F. I'pynna
TPAHCASIME ompefelsieTcss TPeMsl BEKTOPAMH  ajeMeHTapHof
AYeHKHU:

txy =t, =1, t,= t3, (8.3)
rhe, Hanpumep,

1 1
txy=_2'a1+§'a2

H a;, @3, @3-— OPTOHODMHPOBAHHHIA HaGoOp 06a3HCHBHIX BEKTOPOB KY-
Guueckol suelixu: |a;| =a, i=1,2,3. B Ttaba. 1 cobpana coot-
BeTCTByWOUlass HHGOPMALHUS; TaM Ke IpUBeleH HAbop Gypbe-BeK-
TopoB 2nB;, rne B; — BekTop ofpartHOil pemwerkn. Kak 6blio moka-
sano B T. 1, § 20, HaGop ¢dypbe-BekropoB 2nB; ncnosbsyercs npu
nocTpoeHHH 6asnca HeNPUBOIMMBIX IIpeACTABJCHHH Tpynnsl TPaHC-
asnui .
Tabauya 1
IpaHeneHTpHpPOBAHHAasA kKyOHYecKas rpynna rpaHciasiHi

Bekropu ryGuueckolt suefixu a;=(1,0,0)a
a;=(0,1,0)a
a;=(0,0, 1)a
. 1 1
BexTopr ssneMentapuofi suefiku tey == (—2—, 5 0) a=*t

1 i
tyz= (—2‘, 0, ’2—) a=1t

tyz== (0» “l‘, ";—) a==1t,
dypre-BeKTOPH 2nB,=(1, 1, —~1) (2n/a)
2nBy == (1, —1, 1) (2n/a)
2B, = (—1, 1, 1) (21/a)
2By t; = 2ndij

OmnepaTtophl IOBOPOTOB §p, BXOJSLIHE B ONpeJiejleHHe 3/AeMEeHTOB
CMEXHEIX KJAacCOB, OJMHAKOBHI 1/ 00eHX TrPymIN, Tak Kak (akTop-
rpynne @/ B oboux cayuasax usomopdHe On. B Ttaba. 2 npuse-
JleHsl Omepanuy NOBOPOTHOH CHUMMeTpHH rpynusl Oy,
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Tabauya 2

MoBopoTHHE 3JeMEHTH CHMMETPHH JUIfi PEUIETOK aaMasa M KaMeHHOR
coar '); pas aamasa ¥, =(1, 1, 1) a/4

Anement {90} BTJI:‘:HaTJm(a::-xIa',I)
M NG ot Nac

@ =¢ xyz Gos =1 xg2

@2 =8y xyz P25 == Py fyz

@3 =0,y £yz 27 == 0y xyez

@y =0y, Xyz Pag = Pz ryz2

@5 =04y izyg P29 =0yy r2y
= (04y) ! xzy P30 = (845) " rzy

G =04y Z2igx P31 =0y, 2y x
@5 = (C1y) 2y X D52 = (64y)~1 Zy«x
@y =Gy y x 2 Pa3 =104 gxz
Pro=(0:2) " gxz Pse=(0sz) yxez
Q11=0xy gxz P55 =By yxz
P19 =105 ryez (P36=62xg gxz
Q13 = Pyz Zyx Qa7 =gz 2fx
P =0z zy=x P33 =0,; 2y
Qi15==0Pyz x 29y P30 =03y xzy
¢16=Pyz - xzy q)40=62_112 %z g
Q7 = O35y yrx Qi1 =00sxyz gzzx
Qs =(Bay2) " zxy @iz = (Goxyz) zxy
@19 ="03z5, Zxy Pa3 = O6z52 zxy
20=(83352) "' yzzx 1= (Oozg2) " gzx

Po1 = (83z43) 22Xy Py5 = 0654z Zxy
@2 = (Oa2) gzx P15~ (Toz42) ' yzx
P2 =63xgé 2y Pa7 =06z zx g

= Sxyz)—l jzx P43 = (Caxz - y 2

1) OJas cTpyXTypH anMasa OZ‘ H KaMeHHOfl cOJH OZ HauaJ0 KOOpAHHAT BHOPaHO B yaje,
sausToM aromoMm [64)
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UTo0bl IOJHOCTBIO ONPeAe]IHTh paccMaTpHBaeMble NPOCTPAH-
CTBeHHLIE TPYNIH, HeoOXOAHMO IepevuHcauTh HpeacTaBHTesel
CMeXHBIX KJjaccoB. A peleTKH KaMeHHOH COMH 3TO cAefaTh He-

®ur. 1. Dnemenrtapnas suefixa KpPHCTaMIOB €O CTPYKTYpoH xaMenHoli comn [65).

TPYAHO, MOCKOJbKY rpynma cummopdua. Habop npexcraBureseil
CMe:XHEIX KJIaCCOB B TOM cJiydae MMeeT BUA

{810}’ ceey {q)lo}i ooy {@4810}1 (8'4')
T. €. B PasjiOXeHHH MO CMEXHBIM KJjaccaM
{10}, ..., {pl0}Z, ..., {gm]0}T=0j (8.5)

HU OJHH H3 3/1eMEHTOB NPOCTPAHCTBEHHON TPyNNbl He CORAEPIKHUT He-
TPUBHAJbHEIX TpaHcasuuid. Takum obpasoM, HaGop NpeACTABHTE-

dur. 2. dnemeHTapHas siueika KPUCTAWIOB €O CTPYKTYpof anmasa [65].

Jefl CMeXHBIX KJIaccoB caMm obpasyer Toueunyio rpynmy On. Ipy-

CHMH CI0BaMH, rpynna Of = Fm3m upencrtaeiser cobofi paciuien-
JaseMoe pacuperne  npu nomomy rpynns Op, (1. 1, § 8).
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B caydae npocTpaHCTBEHHON IPyNIbl a/imasa O} MTOBOPOTHHIE
3JeMeHTHl J1eBOTO cToJbua T1aba. 2 ofpasywT rpynny, H3oMopdHy0
ToueuHo#t rpymnne Ty ¥ ABASIOTCH NPEACTABHTENSIMH CMEXHBIX
KJIaccoB, He COAeprKalluX HETPHBHAJBHBIX TPaHCISALHHA, a ocTajb-
HbBle 24 sjJeMeHTa BKAIOYAMT OJHY W Ty XKe HeTPHUBHAJbHYIO TPaHC-

asuuio v; = (1,1,1)a/4. Takum oGpasoM, paszbHeHHe TPYNNLl Ha
CMEXKHBIE KJACChl B 5TOM C/Ayuae MMeeT BHJ
e|0} g, ..., 0} 8,
{.l } {§241 0} (8.6)
{l Tl} z, ey {(p4sl Tl} I.

Ouepuano, 3T0T Ha0Op NpeACTaBUTeNeH CMEXHHIX KJIacCcOB He siB-
JISieTCsl 3aMKHYTHEIM -TI0 OTHOIIEHHIO K yMHOxKeHHI0. ClenoBaTesbHO,

rpymna Of = Fd3m ecthb Gomee ofllee, a MMeHHO, LeHTpaibHOE
pactnpenne § npu nomomu Oy (1. 1, § 9). Onnako Habop mepBHIX
24 npencrasutenell us (8.6) o6pasyeT NPOCTPAHCTBEHHYIO TPYIIY
T3 = F43m.

DJjeMeHTapHble fYellKH KPHUCTAJJIOB KaMEHHOH COJMH M aJjaMasa
nokasaus Ha dur. 1 n 2.

§ 9. Henpusonumble npexacraBiaeHusi rpynnsl OF

Hawa nepsas 3azava — BbAEJIUTb HaGOp BceX BOJHOBHIX BeK-
TOpPOB BHYTPH M Ha IOBEPXHOCTH NepBOf 30HH DpuitiosHa, Heol-
XOJHUMBEIX [AJ5 MOCTPOEHHS 3Be31bl BOJHOBOTO BeKTOpa, a 3aTeM —
HOJIHEIX HENPHUBOAHMEIX NpencraBieHuii. [Tepeas 3oHa Bpuamiosna
A5 Tpynnel $ MoKasana Ha ¢ur. 3.

OueBniHO, HMeeTcsa OOJbIIOE YHC/JAO BOJHOBHIX BEeKTOPOB, pac-
[IOJIOJKEHHBIX B TOUYKAaX BBICOKOH CHMMeTPHH, HAa OCAX WJIH B ILIO-
CKOCTAX CUMMETPHH. DTH BeKTOpHl NepeuncaeHst B Taba. 3. Ilpu
3TOM BBHIGpaH OFMH BEKTOP H3 KaXKAOH 3Be3An U €ro KOOpIHHATH
BLITHCAHLl B fiBHOM BHJe. COTrJIacHO OnpejefeH 0, JaHHOMY B T. 1,
§ 32 [cm. (32.10)], atoT BekTOp ABJAAETCS KAaHOHHYECKHM BOJIHO-
BBIM BEKTOPOM cBOeli 3Be3anl. M3yueHnusi ¢poHOHOB, CHMMeTpHSI KO-
TOPHIX 3afaeTcs BEKTOPaMH (M HX 3Be3[aMH), COOTBETCTBYIOIIUMH
KPUTHYECKHM TOYKAaM, OKa3BIBaeTCsl AOCTATOYHO A OOBACHEHHS
OCHOBHBEIX SKCINEPHMEHTAJbHBEIX DPE3yJbTATOB 1O HHOPAKpaCHOMY
IIOTJIOLIEHHIO ¥ KOMOWHAIMOHHOMY paccesHHI0 CBETa B COBEpIIeH-
HEIX U HecOBepIIeHHBIX KpHucTaiax (cM. ra. 3 u 4).

Caenyromuil mar Halleli IPOrpaMMEl — ONpeje/eHHe MPOCTpaH-
CTBEHHOH TPYIIBl KaKAOTO H3 KAHOHHYECKHUX BOJHOBHIX BEKTOpPOB K.
Iockombky rpynma Q) cuMMopdHaA, SICHO, 4TO BCe ee NMOATPYITH,
SIBJISTIONIMECS YaCTHEIMH PYMIaMHy BOJTHOBLIX BeKTOpoB & (k), Takxke
cuMmopdunl. CrlefoBaTesqbHO, B KaxIoM clydae (akTop-rpymna
qoboro k

® (k)T =P (k) 9.1
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ABJAETCS TOUEYHOR TIpynnof, npeicTaB/asiomed cobofi noa-
rpynny Op. IlosToMy HZOCTaTOYHO NEpEYHCIHTh BCe HeoOXOJHMbie
TOUYEYHEIE IPYNIE H HX HENDHBOAHMbIE TPeACTaBJIEHHS AJNA Kax-
JIOT0 KaHOHHYECKOro BOJIHOBOTO BeKTOpa K.

BrIHCAB HEMPHBOAMMBIE MPEJCTABJIEHHS BCEX TOUEUHBIX I'PYIN
B(k), Mo moayunM Martpuny Osoka (11) DmogHOH MaTpHULI HENpH-
BoguMoro npeacranienns DB em, Tlocie sToro Jerko ¢ Io-
moulsio (1. 1, 36.14) HJIM COOTBETCTBYWIIETO YpaBHeHHS JJs Xa-
paktepoB (T. 1, 37.3) moOJNY4HTb CHCTEMY XapaKTepoB HeNPHUBOAH-

®ur. 3. 3osa BpuamosHa AJS TPaHeNeHTPUPOBAHHON KyOuueckofl Fpymin TpaHC-
aauui [66].

MHIX TpeACTaBJdeHMl TNOJHOA TPymne A18 Moboro sjeMeHTa
rpynns @.

Jas WATIOCTpAIlHK PAacCMOTPHM ISt pelleTKH KaMeHNHOH COJiH
[66, 67] BBIUMCIEHHe CMCTEMBI XapaKTepOB HENPHBOAMMBIX Mpel-
CTaBJeHHl INOJHOH Trpynnbi, cooTBercTBylomell spesgam I, *X,
*L. Bnaronaps ocobuiM cBOHCTBAM NpaBuJl 0T6Opa IJs 3TUX 3Be3[
0KAa3HIBAETCS BO3MOXKHBIM H3YYHTH HENLIH P OPOLECCOB, HCIOJb-
3ys TOJBKO 3TH CHCTEMB! XapakTepoB. [1J1s U3yUeHHs ONTHYECKHX
TPOLECCOB, CBH3aHHHIX C APYTHMH 3Be3naMM, KAaHOHHYECKHE BeK-
TOPH KOTOPHX NMepedyucsteHs B Taba. 3, HaM HNOHALOOSATCH NPH BH-
YYCJAEHHH DAa3JUYHBIX MATPHUHHIX 3JeMEHTOB TaKikKe MOJHBC MaT-
PHIIBI 3THX HENDHBOAHMMBIX mnpencTaBieHufl. JIs Takux ciayuyaes
MBI TIPEACTABHM pesysabTaTh B GopMe TabJauIL NpaBua oT6opa.

Haunem c¢ BosHoBOro BekTopa k=T =1(0,0,0). Ouepuyso,
npocTpancTBendas rpynna todku I' ecth G ()= @, 1. e. moanas
HPOCTpaHCTBeHHaH rpynna. prnna Tpchmuuﬁ () =g cosng-
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JaeT ¢ MOJHOH TpaHcAsuuOHHOH rpymno#i. CienoBaTenbHO, (ak-
TOp-Tpynna
STYTMC) =P @) =0, (9.2)

IB/IAETCA NOMHONH TOUeUHOH IpyINHofl mpocTpaHcTBeHHOH rpynmsl O3,
Henpuponumele npeicraBiends todedHod rpynnsl O, XOpOLIO H3-
BECTHBI; MBI IIPHBOAWM uX Xapakrtepel B Tabsa. 4. OrMmeruM, 4TO,
NOCKOJIBKY KaxJasg olepanusl TPaHC/ISIUH HMeeT B 9TOM IIpeAcTaB-
JeHu# BHA €JHHHYHOH MaTpuubl, Tabjg. 4 gaer Ha caMoM JeJe
HENPHBOAMMEIE NPeJICTABJECHHS IIOJHOH NPOCTPAHCTBEHHOHR TPYIIIH,
BRJIOYAss H TpaHcaauuu. JlpyruMu cjgoBaMy, Kaxkias H3 onepaunufi
nogopora ¢ B Talaulle SBIAETCS MNOJHBIM CMEXHBIM KJIaCcCOM
{9]0}T rpynnu @.
Tabaruya 3

KOOPIII/IHaTH TOYEK 30HH MIJf pelleTOK ajaMasa H KaMeHHOH coJan

Touka Koopaunarst 1) Kparnocts
r (0, 0, 0) (1/a) 1
X (2m, 0, 0) (1/a) 3
L (m, m, ) (1/a) 4
W (2n, 0, — ) (1/a) 6
A (% 0, 0) (1/a) 6
A (%, %, %) (1/a) 8
z (2m, 0, %) (1/a) 12
z (%, %, 0) (1/a) 12
G (2, %, %) (1/a) 12
M (21, %1, %2) (/@) 24
Q %, 7, 21t — %) (1/a) 24
N (%1, %2, 0) (1/a) 24
p (%1, #a, 23) (1/a) 24
k (M], A %3) (lla) 48

') KooplUHATH HAIOTCS B KOMIOHEHTAX NpPOEKIHil BEKTOPOB Ha OCH Ky6a.

Pacemorpum *L. OGo3HaunmM depes L1 KaHOHHYECKHH BEKTOp
u3 taba. 3. Torna ayuu *L cyTtb

Li=(,1,1)n/a, Ly=(l, —1, —1) n/a,

L=(—1,1, —)sfa, L,—(—1, —1, Da/a, 9.3)

*L= {Lh L2: LS) L4}' (9'4)
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Tabauya 4

HenpuBogumbie mpejcraBienus rpynnsl Oy; rom — G @M/

3 68 68 i 80 30 66,, 6o

m € 863xyz

2x 4x 2xy Sxy2 X XYy

1+ 1 1 1 1 I == +1 +1 +1 +1
24 1 1 1 —1 —1 +1 =1 ==y Fl F1
124 2 —1 2 +2 ¥l +2 0 0
154 3 0 —1 1 -1 +3 0 F1 +1 *1
254 3 0 —1 —1 1 +3 0 Fl F1 +1
O6Go3sHaueHHs NpexCTaBJCHH B 3Toll Tabauue H paGOTe [66] HaxoAsTCsl B cnenyxomeM
coorsercram: It = r, 2t = r, ri2z+=r 1w T 154 = I‘ I‘25+-—I‘ ” Tl-= I‘l

9= ' pl2— ' plE— 25~
T r,T r, T T T L,

HMcnosbays Taba. 2, HaxoauM cJjelyiolide coOCTBeHHBIE M Heco-
CTBEHHbIE HOBOPOTHl, OTHOCHUTE/NbHO KOTOPHX L, ocraercs unba-
pHaHTHEIM (C TOUHOCTbIO f0 2nB;):

6, .8 .8

g pxg’ pxé’ pyé’ 63xy.e." 6Bxyz’ L 2xy? T2x2 T 2y2? Gnyz nyz _~S‘B( )

(9.5)

Brifpas 3TH MOBOPOTH B KauecTBe IPEACTABUTENeH CMEKHBIX KJac-
coB {@|0} u KomMOmuHHpya uX c &, HoJayyaeM NPOCTPAHCTBEHHYIO
rpynny @(L;). Torga nosnyio NpOCTPAHCTBEHHYIO rpynny & moxiuo
3alHcaTh B BHJAE PassiOkKeHHs IO CMeXHBIM KJjaccam G (L;):

© =@ (L1) + {85, 10} © (L)) + {83, 10} O (L) + {8,.10} © (Ly).  (9.6)

3afiMeMcsl Telepb OIpejesieHHeM HENPHBOJAMMBIX TNpeACTaBJeHUMH
npocTpaHcTBenHol rpynmnst @ (L;). 3ameTuM Inpexpe BCero, uTo
rpynna TtpaHcasimuii € (L;) omnpenenecHa kak Halop Bcex R, Ta-
KHX, 4YTO

k'RL=L1'RL=23'En, (9.7)
rae n— NpPOU3BOJIbHEIE IeJbe umcaa. M3 onpefenenuss L; HMeeM
aaist 060 TpaHcasuun Ry B €

L+l+13=2n n=01,..., (9.8a)

HJIH
L+ L+ L=2n+1, n=0,1,.... (9.86)
Takum o6pasom, Bce Tpancasiuuu {e|R.}, o6ranaomue cBoficTBaMH

(9.8a) un (9.86), orob6paxaiorcs B G(L;) cooTBeTcTBeHHO Ha enH-
HUUHYIO MATpHUy H Ha eQMHAYHYI0O MaTPHLY, YMHOXKEHHYI0 Ha —I.
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CrefoBaTesNbHO, NOJHYI0 [PyNNy TpaHcasuuii € MOXHO pasbuth
Ha CMexKHBble KJaacchl OTHOocHTedbHO T{L;) cuaexyiomuMm obpasom:

T=T(L,)+ {eIR}T(L) 9.9)

JI1060#t 2JeMeHT CMEXHOTo Kjaacca, NMpeJACTaBHTENeM KOTOPOTO SB-
/ o o

asiercs {e|R.}, IpencTaB/iseTcs AMATOHAJBHON MaTpHIell C 3Je-

MEeHTAMH

exp (iL, - R} )= —1, (9.10)
IOCKOJIBKY MOKHO BHIODATD
{eIR }={elt,}, (9.11)
¥ [O3TOMY
tyy-Li=m. (9.12)

Hanee Mpl pasjoxkum @ (L)) mo cMeXHBIM KJ1accaM OTHOCHTENBHO
T (L;). IlpexcraButesin cmexHbIX KjaaccoB @(L;) B 3TOM pasioxe-
HUA MPUHAJIERKAT K CIeAYIOLUM THIAM:

{0,]0h  {o, )t} (9.13)

rie ¢, — OLMH H3 TOBODOTOB (9.5). Tormza mamas rpymmna BOJHO-
Boro Bekropa L; ectb @(L;)/C(L;) u nMeer nopsuox 24.

$IcHo, 4TO HempHBOAEMEle HpeiactaBjeHus rpymnu &(L,)/T(L;)
NPOCTO CBA3aHBI C IPeACTaBAeHHAME ToueyHOH rpynnsl P(L;) == D3,
[68]. Takum o6pasoM, AJf HONYCTHMOrO HENPHUBOAHMOTO Ipe-
crasiaesus D™ ™ rpynne @(L;) umeeM B coorBerctsnu ¢ (9.10)

DE ({ay, [£,,3) =D ({e1£,}) DX ({u,,]0}) =
=(— 1) D" ™ (e |0}) D® ™ ({g, | 0}) = — D™ ({q, |0}). (9.14)

CnenosaTesbHo, HeOOXOAHMO PacCMOTPETb TOJbKO HENPHBOAUMELE
npeacTaBJaeHHs] ToueuHoN rpynnel Dsg. Jpyrofi BO3MOXKHEIN CHO-
co6 HOpMYJHPOBKH 3TOrO Pe3yabTaTa 3aKJII0YaeTcsl B YTBEPXKAEHHUI,
uyTO MATPUUHAA TpyIna DEX (M cocroaulas H3 MaTpHI|

DU (fu |0}) 1 DU ((ay [ty @19

nzoMopdHa npsMoMy npoussereHHio rpynn C,® Dis. Takum 06-
pasoM, pofarseHne TPAHCAIUKA TPHBHAJIbLHO, €CIM MBI pacnojgaraem
BCEMH HENPHBOAUMEIMH MpejcTaBleHHAMH TIpymns P(L;) == Dj,.
B rtaGn. 5 ONpHBOAATCA XapaKTephl HENPHUBORUMHIX NpefcCTaBJICHHMR
toueunofi rpynnu P(L,).

Uro6n HoAyuuTh TabJHIY XapaKTepoB HENPHBOLUMEIX Mpen-

craBienuit mogsot rpymust  D(*E) M yexopa ms DE ) wu
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Bocnmosb3yeMcs pesynabratamu 1. 1, § 37. CoorBercrBylomas dop-
myaa (r. 1, 37.3) uMeer BuA

W (g, 10 = 23 ({0010} {0, 10} {0 10}), (9.16)

rie {go|0} — npencraBuTeNn cMexkHBIX KJaaccos, pxoaaue B (9.6),
a @p— o0uul saeMeHT rpynnu @ Teneph HeoGXOAMMO MOCTPOUTH
CONPSKEHHBIE 3JeMEHTHl JJIS MHOMKeCTBA BCeX 3JeMeHTOB TPYNmbl
@, mpudYeM INOCTPOCHHE OCYLIECTBJASETCS NPEACTABHTENSIMH CMEXK-
HeIX Ka1accoB {@s|0} u3 (9.6). PesynbTar, KOTOPBIE MOXKET OBITH
JeTKO TMOJYueH, lIpuBefeH B Taba. 6. Mmes Tabaunpl compskeHHBIX
saeMeHTOB (Taba. 6) m xapaxrepos rpynnsl (Ta6.a. 5), Ml Tenepb
MOKEM IIOCTDOHTL TalJIMLy XapaKTepOB IOJHOIO HEHPHBOJHMOTO
npeiacraBaeHnsl. B tabn. 7 npuBejieHa CUCTEMAa XapaKTepoB Mpel-
CTaBHTENEN CMEXHBIX KnaccoB {g,|0} rpynns @.

) Tabauya 5

Henpusonumbte npepcrasienun rpynnm Dy, =G (L)/FT (L)) ana pemerox
xkaMeduHOH cour [cMm. (9.15)] u aamasza [cm. (14.22)]

-1 o4 8943, -1
{10} 63”!12’ 3xyz 2x%2y§x2 i Osxyz Ysxyz  Pxip Pxz gz
plLd 1+) 1 1 1 1 1 1
D(Ll) 2+) 1 1 -1 1 1 —1
D(Ln) @B+) 2 —1 0 9 —1 0
ptEd d-) 1 1 1 —1 —1 —1
pEy e g 1 —1 —1 —1 1
DL 3=) 2 —1 0 ) 1 0

[osesno sametruth (MMes B BHAY H3yueHHe B AaJbHelileM He-
cuMMOpHON CTPYKTYPHl ajimasa), u4To B ciaydyae CHMMOP()HOH mpo-
CTPAHCTBEHHOH IPYNNH THOA KaMeHHON COJMH HanboJsiee 3KOHOMHBI
C110c06 NOJIHOTO ORHCAHHA HENPHBOAMMBIX LPEACTaBAEHHE 3aKJIO-
YaeTC B 3aJaHHM XapaKTepOB TOJNBKO TNpeACTaBHTeNeH CMeXHBIX
KjaaccoB (YHCTHIX HOBOPOTOB). [Jifl moJyueHHs XapaxkTepos obuiero
37eMeHTa NPOCTPAHCTREHHON rpynmpl (BK/AWOUad TPAHCAALHIO) MEL
pugonsmenum (9.16) caepyromuM obpasom:

X(*L) (m) ({‘Pp I RM}) = zo: exp (— ik, - RM) X(Ll) (m)({(p&-l P, B, ] 0}),
9.17)

rae
E,=k-q7'=q,-k, : (9.18)

T. ¢. OpH yueTe TpaHCAANUH Ry nossiasercs (a3oBbli MHOXKHTE/b.
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Onnako, mocko/JbKy Habop BceX NpelcTaBHTeNell CMeXHBLIX KJac-
coB rpynnu &/ comepKHT YHCThie NOBOPOTH H, CJelOBaTeJbHO,
obpasyer rpynmy, nepexon ot (9.16) k (9.17) ne BnisniBaer TpynH-
Hocreli. [TonuepkneM, uTo npu BHUMCIeHHH XapaxrtepoB B (9.17)
CeNyeT HCIO/Ib30BaTh HAabOOp BEKTOPOB, NpHHaAJexaliux *2 [Ha-
npumep, (9.3) u (9.4)], u TabauLy 3/JeMeHTOB, CONPAKEHHHX OpEl-

CTaBHTENSIM CMEXHBIX KiaaccoB (Tabia. 6).

ConpsiKeHHbie 3AeMEHThl I'pYNnl %(Ll), coes P(LY)

(pp ‘sl_xf (Pp 52:, siyl q’p 52;" 512-21 ‘P;;&Z!
& 2 g 4
52} 62x 52::' 52::
0y b2y 52r 022
52! : 52: 5zf 22,
L7y L. ot L
oix L Osx Cir
Oiyp ' Giy o
o5 Cay oy 93z
04 a;zl G;zi 642'\
c:zl _04: 04 04_ zl';
Py Pxy Pxy Pxy
Pss Pxy Pxy Py
Pis Px2 Oxz Pxz
I’x!‘ Pxz (2% Oxz
ny pyz py2 py!‘
pyf Pyz Py Py
5:§x‘y! 53:@: ‘53;zyi ‘ssiyf
5;A‘1yz‘ 53-;,;2 Taye 5;;21,-!
5
6:131# ‘;3}1)'2 3_);5'2 5ixly=
3%5z 3xy2 ‘SijvZ 53.\';'2
63iy2 &3292 Ixyz aaxif
63—;?1)'2 53.;;': . 'J_xlyx 3‘:‘?!
‘53_)“?2 aixlyz ;ixlﬁz 53_21;'2
53x5'2t ) 63xyz 53:yz 3EyE°

Tabauya 6

Haxosner, pacCMOTPHM HENPHBOAUMBIE NpeACTaBJAEHHSA, CBS3aH-

peie ¢ *X. JIyun 3T0# 3Be3ALl HMEIOT BUA

X, =(1, 0, 0) 2n/a,

B

X,=(0, 1, 0)2n/a,

X,=(0, 0, 1)2n/a (9.19)

*X=1{X), X, X;}.

(9.20)



112 T'rasa 2

Tabauya 7

*
HenpuBoaumbie npejpcTraBieHAS D( L) (m) rpymanst Oi.
Bce npeAcTaBUTENH CMEXHMX KJIACCOB HMEOT BHJ {(pp | 0} (u3 paGotnl [67])

m [en] 613 [ [N Ss Gs [X] [ Ga ()
e 83cyz oy B8y OBy ¢ 805y 3Py B0y 60y
1+ 4 1 0 0 2 +4 =41 0 0 +2
24 4 1 0 0 —2 +4 +1 0 0 F2
34 8 —1 0 0 0 +8 F1 0 0 0

O6o3nauas kaHOHUuecKul BekTop *X uepe3 X|, UMeeM CJeayOUHH
Habop onepalnuil NOBoOpoTA, I/II‘pa}OLLU/IX pOJIb IpeAcTaBUTeNeH CMex-
HBIX KJaccos B rpynne @(Xi), 1. e. {¢, |0}
—-I .
g, 62x’ 2y? 622’ 0'4x’ G ’ pyz’ pyé’

, (9.21)
i, 0, 0,0, 9%, 87 ézyz, S,

ITpu mocrpoennn @ (X;) KaxKABIHA U3 3THX JEMEHTOB CJHEAyeT CKOM-
OuHHpOBaThL ¢ »JemeHTaMH rpynne . ToueuHaa rpynma $P(X;)
ectb Dy = D, ® C, [68]. HenprpoauMble npeicTaBieHHs [PYNIH

Tabauya 8

X
HenpusonuMsie npencraBieHus DS 1) rpynne O (X, /%=D4h
AJA CTPYKTYPHl KaAMEeHHOH coJdH 0',5l

moe byy Yo by Yy 4_)c1 Soyzr doyz 1 P Py Py Oyp a4_xl byz Pyz
1+ 1 1 1 1 I 1 £1 =1 +1 +1
2+ 1 1 1 —1 —1 &1 1 41 *1 F1
3+ 1 ) (—| —1 1 +1 £1 =1 *1 +1
44 1 | I 1 —1 &l =1 =FI +1 I
54 2 —2 0 0 0 +£2 F2 0 0 0

Dy nanu B Ta6a. 8. Pasjoxenne rpynnsl @ nmo CMeXHBIM KJaccaM
oTHocuTe bHO @ (X)) uMeeT BHI

® =6 (X)) + {B3x2 10} © (X)) + {853 | 0} ® (X))  (9.22)

ComnpsizkeHHEIE 3JeMEHTEH], NOJYyueHHbIe npeo6pasoBaHneM HOBOPOT-
HbIX onepanufi (9.21) ¢ moMoIUBIO TpeacTaBUTeJeH CMEKHBIX KJac-

COB {63xyz10} " {ngyz|0} npnseneﬂm B Ta6a. 9. Kak u B tab.a. 6,
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OKa3biBaeTC  JOCTAaTOYHBIM  YKa3aTh COOpSKEeHHble  3JeMeHTH
TOJBKO JAJA OJHOTO 3jieMeHTa KaX[Oro KJlacca TOYEYHOH TpYNmbl
Op. OgHako, MOCKOJbKY HEKOTOpble 2JeMeHTH MOTYT NpHHajAJfe-
KaTh OAHOMY Kjaaccy rpymnsl (s, HO PAa3HBIM KJaccaM TPy
P(X;), uacth unbopmanyu B Taba. 9 saBiaserca HU3OLITOUHOH.

Tabauya 9

ConpsxeHHBle 9J€MEHTH T'PyNIbl g43(X,) (TONBKO TMOBOPOTHHIE 3J€MEHTHI)

Px; &;x‘yz Px; 53:)’:“ 63xyz ¢X153_xlyz
] & &

62: 8 52)»

62;- 62): 621’

8;, 8y, D2

O5e 04z "4y~

L ! L

p}z pxy Px»

‘fyi .pxi . "’;2‘

1 I ]

e [ Py
Py Px Pr
r;: Py Px
B4y 8ys L
o5 T 83t
'62}'2‘ ) 62:0!’ 52::5"

Oayz 4, x5 8res

B Ta6a. 10 npuBOAATCS MOCTPOECHHBlE B cooTBeTCTBUH ¢ (T. 1, 37.3)
o * o
XapakTepbl HEINPHBOAUMBIX  IpeACTaBJ/eHHI D X)) nonHok

rpynnsl. Mn BHAUM, YTO 3JIEMCHTHI, OPpHHALJe)Kallne OALHOMY
Tabauya 10

(*x) (m) 5
HenpuBonumsie npencraBienns D rpynusl Oj, nas npejacraBuTedel
CMeXHBIX KJIACCOB {(pplO} [67]

1+ 3 0 3 1 1 +3 0 +3 +1 +1
24 3 0 3 — -1 +3 0 +3 *1 ¥1
3+ 3 0 —1 —1 1 +3 0 *1 *1 *=1
4+ 3 0 —1 1 -1 +3 0 *1 +1 *1
54 6 0 —2 0 0 +6 0 F2 0 0
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H TOMY Xe Kaaccy rpynnisl On, JeHCTBUTEIbHO HMEIOT OJHHAKOBLIE
XapakTepsl B NMPEINCTABJEHHH MOJHOH FPYIUHL

[TosichuM 3TOT QakT Ha npumepe. DaeMeHTH Ozx, 82y H 82, OPH-
Hajasexar rpynne R(X;), Ho oTHocaTcs B Hell K pasHbIM KJjaccaw,
Kak ykaszaHo B Tabu. 8. Torga xapakrepol 3/7eMeHTOB 8y H Ogy
B HENpHBOJAUMOM IpeJCTaBJEHUH HOJHOHA TPYNNLl PaBHHI

%X ) ({8, 10)) =
= D () ({8,,,]0}) - %X ™) ({8,,]0}) + %) ™ ({8,,]0}) =
= X0 ({8, | 0}) + 220 ™ ({8, ]0}),  (9.23)
(X)) ({8541 0}) =
= X0 07 ({8, ]0}) + %% (™) ({8, 0}) =+ 50 ™ ({8, | 0}) =
= X0 (m) ({8, | 0}) + 2 X0 (m) ({8,,]0}).  (9.24)

CrenoBatesibHO, B HETNPHUBOJMMOM TNPELCTABJCHHHN TOMHONH TIPYINB
X)) ({8, 10}) = x(*X) m) (£3,, 1 O)), (9.25)

YTO ¥ AOJXKHO OBITb, MOCKOJbKY 3TH JABa 3JeMeHTa NPHHALICKAT
OJHOMY M TOMY e KJIaccCy NoJHOH rpyniu &.

§ 10. IpaBuna orGopa MO0 BOJHOBOMY BEKTODY
JJifi pelieTKH KaMeHHOH conm

Wcnonbsys martepuan, npuBenenuwit B taba. 4, 7 u 10, Mu Mo-
JKeM Tenepp HaHTH NpaBHJga oTOOpa [Jd BceX MEPEXOAOB MeXAY
COCTOSTHHAIMHU, ONHCHIBAEMBIMH HENPHUBOAHNMBIMH NDEACTaBJEHUIMH

D™ p*L)m y p*X) m nockoabky, Kak Mbl cefidac YBHIHM,
9TH IpelAcTaBjeHnss o0pas3yiOT 3aMKHyToe MHoxecTBOo. B kaye-
CTBe NEPBOTO Iara Npu onpejfefeHud OCIMUX NpaBua oTéopa MH
safifieM, caeays 1. 1, § 56, mpaBusa oT6opa Mo BOJHOBOMY BEKTODY.
B rtaba. 11 npusesensl npasuia OTOOpPa 1O BOJHOBOMY BEKTOpPY

o o *
IS MPSIMBIX TPOM3BENeHHH mpexcTasienuii DM, DLy

D(*x)(m, PcnonbayeMble NpH 5TOM BLpaKeHHS NPHBEACHH B T. I,
§ 56. Kak Buauo, na6op 3mesx I', *L, *X neficTBUTEJbHO ABJASIETCS
3aMKHYTHIM, T. €. TPOH3BeleHHe JIOOHX IBYX 3Be3l *R® *k’ wus
9TOTO MHOXKECTBA COAEPIKHT CHOBA YJeHH TOJbKO 3TOTO JKe MHO-
KeCTBa,
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Tabauya 11

Mpasuaa ot6opa mo BosHOBOMY BEKTOPY B rpynmax 02 H O;,
IJA npou3BefeHHil BekTOpOB, npuHagdexamux I, *X, *L

OfsuHbIE CHMMeTPHIORAHHBIE
TQr=T [[]g =T
TQ® *X =*X 2Ty, = 3T
T®*L="*L [3T] y) = 6T
*X ® *X =3I P2*X [*L) = 4T 2*X
*X ® *L =3*L [2*L] 5 = 12T PHs*X

*L @ *L = 4T P 1*X

[*X], = 3T D *X

[2%X] ) = 9T D 4*X

Ml =T
[21' ) = 4T
[3T] 5, = 10T
[*L]y ==5*L

[2%L] 5) = 30%L
[*X]5 =T @ 3*X
[2%X] ;= 8T @ 16*X

§ 11, HOpusenesne *X*-) ® *X6-) naa rpynnm O35
npuMep NPUMEHSHUS JHHHHBIX ajarefpandecKHX ypapHeHui

Teneps Mbl 3afimeMcsi onpenesesueM npasui orbopa. Hsa cay-
yad, KoTopble 6yNyT PacCMOTPEHHl HHiKe, NPeJACTABJASIOT IPAaKTHYe-
CKYH HHTepeC ¢ TOUKH 3PeHHs aHaJH3a MpPOIeCCOB BTOPOTO HOpPSiAKa
B UH)pAaKpPacCHOM TOIVIOUEHHH UM KOMOMHALMOHHOM pacCesdHHH
csera. KpoMe 3THX ciiyuaes, Ml npotabyJupyeM pe3yabTaTsl U AJs
JPYrux UpaBHJ 0TGOpa, KOTOPBlE TOXKE MOIYT OK43aTbCd MOJe3-
HeiMH. Ecau morpebyores kKaxue-1ubo JONOJHHTENbHEE IpaBHJA
orbopa, TO ONMHCAHHBIE 3JeCh METOJH Al0T BO3MOMKHOCTH NOJIYYHTD
9TH IpaBHJA.

[TepBuii U3 ABYX O6CYyXAaeMHIX cayuaeB

*XE) @ * X6 : (11.1)
paccMaTpHBaeTcs B 9TOM naparpade; BTOPOH cayyal
*LGB-) @ *LGH (11.2)

ob6cyxpaaerca B § 12. [Ina noaydenus xosddunueRToB NPHBEACHHUS
JJIS. 3THX TPOU3BeJeHHH MBl MOXeM HCIIOJAb30BAaTh JIOO0H H3 MeTo-
JOB, ONHcauHEIX B T. 1, § 58—60 (uau Bce 3TH MeTOAH). 34eCh MH
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BOCNOJIb3yeMC METOAOM JIHHeHHBIX aJrefpanyecKUX ypaBHeHHH,
onucaHHBIM B T. 1, § 57.

Tabauya 12
Hamoctpauus K npoueccy npuBeXeHUd: npuMep NPOH3IBENEHHI
*xU-) @ *x6=) pag rpynns 0,51
Hcexodnan rabauya xapaxrepog {cm. raba. 10)

{10} Baxyz 19 {825 [0} {84x 1 0} {82,y [0}

(4—-) ® (5—) 18 0 2 0 0

Honoanuressran cucrema Xapaxrepos npedcrasienui
*
D( X) (m) ({@p 1 ¢p}) 0aa nexoTopoLx soBPanHBLY 348 MEHTOB

m 81} {82x 1 23} {82y | 1} Bax 1t} Boyz |t}
1+ -1 —1 —1 -1 —1
24 -1 —1 —~1 1 1
3+ —1 3 —1 1 —1
4 -1 3 —1 —1 1
5+ 2 —2 2 0 0
A—)®(B—)  —2 —6 2 0 0

[TonyusM npexae BCEero CHCTeMY XapaKTepOB 15 NpPOH3Bele-
Hust upencrasienwi (11.1), TpuBeAeHHEe KOTOPOrO MBI JOJKHBI
BHITIOJTHHTL. 3aMeTHM, UTO B NPHHUHIE HAM HeoOXOAUMO HAWTH Xa-
pakTep Kamjioro aneMenrta {g,|f,} monHO#A yHuTapHOH rpymnus @.
CileoBaTe/bHO, CHCTEMA XapaKTepoB I ASTOCC INPOU3BEIEHHS
[IpeJCTaBJeHU, npuBefeHHass B TabJa. 12, ABjsgeTca JHUIb YaCThHIO
cHCTeMHl XapakrepoB mas nosHoi rpynnsl &. [osHoe npuBeneHue
o3Hauaet, 4To NpH Jio6oM {q,|f,} BHIIOJHSETCA COOTHOLIEHHE

10 4= ({p, [ £,3) 1 X) 62 ({ip, [ £,3) =
= D (*XU*XED %k CE) () ({g, 12,)).  (11.3)

* R, m?

CymMupoBaHHe BeleTcsl MO BceM *k”, paspelleHHBIM MPaBHIAMH
oT6opa 10 BOJHOBOMY BEKTODY, H MO BceM BO3MOxHBIM m'’. IIpa-
BHJa OTGOpa 1O BOJMHOBOMY BeKTopy (raba. 11) nokasmiBaioT, 4TO
BO3MOXKHBI TOJMBKO *k”/ =T u *R’/ == *X. Jl1s Kax10H U3 STHX 3Be3]
umeerca no 10 HempuBOAHMMBIX mnpeAcrapieHufi (m’’). Cuaenosa-
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TeJbHO, [Js BbINOJHeHHs npusefeHus (11.3) HyXKHO 3HATh cae-
aywoume 20 Ko3(hPUIHEeHTOB:

(*XU)*X6-) | Tm”), "=14, 24, 124, 15+, 26+, (11.4)
(*XUY*X6E) X Xm”), m'=1=, 24, 3%, 4%, b+. (11.5)

Kosdpduunentsr (11.4) u (11.5) orpaHudess cooOpaKeHHSIMH pas-
MEPHOCTH, CJAeLYIOLINMH M3 NpaBu] oréopa 110 BOJHOBOMY BEKTOPY
(raba. 11). Tak, ectn [, ec’b pasMEpPHOCTb IPeACTABJACHHS

D™ g pUX) (M) g

Y, (XX Tm”) Ly = 6 (11.6)
u
> (XU *XC) | * X" Ly = 12 (11.7)

m”

Tenepbh HYKHO HOCTPOUTH HeoGXOAMMOe uuca0 ypaBHeHu# (9.3),
4TOGH IOJHOCTBIO ONpERe]HTh HeH3BeCTHHE Koa(duuventn (11.4)
u (11.5). TTocKoJIBKY Mbl AOJXKHBI onpeaeautb 20 ko3hHIHEHTOB,
HaM HYXHO HMeTb MakKcuMyM 20 He3aBUCHMELIX JHHEHHHX aJares-
pauveckux ypaBHennH (11.3). [Kax mp Bckope yBenmmesi, orpany-
yenus (11.6), (11.7) wu 71pebGoBaHne, UYTOOB KO3G®(UIHEHTH
(*XU) * XG0 | *km’") 6puu UeJBIMH UHCJAaMH, NPHBOAAT K TOMY,
uro B JEHCTBHTENBHOCTH OKa3HBAETCS JMOCTATOYHO TOPasj0 MeHb-
nlero yucsaa ypasHeHH#]. UToObl AONOJHHTL HCXOAHLIM Habop Xxa-
PaKTepOB TpeACTaBHTeseH  CMeXHBIX KJIaCcCOB, IPHBEACHHHIH
B Taba. 4, 7, 10, ¥ NONyYHTb AOCTATOUHOE UHCAO aarebpaHTecKHx
ypaBHEHUH, MBl JQOJKHB J00aBHTH TPAHCAAUMH, T. €. PACCMOTPETb
snementn {@p|f,}, e f, =R, (R,—BexkTOp TpaHCIANHH pe-
werku). XapakTeps IOJHOH IpYHNH, KOTophle HeoOxoinMmo xoba-
BUTb, MOXHO Noayuutb u3 (9.17) m (9.18). 3ameTHM Temepb, uToO
omepanyus HHBepcHd I fBJAsieTCsl oIepaliedl CUMMETPMH I/ BceX
TpeX pacCMaTPHBAaeMBIX NpeACTaBJeHui, TaK 4To

DU %) ({ig, | 0}) = = D(*#) = ) ({q, | 0}), (11.8)

rie
*k=T, *X, *L. (11.9)
CiegoBaTeJqbHO, IpOH3BeJeHHe [ABYX HEUETHBIX IIPEACTaBJIeHMH
JIOJIXKHO [JaBaTb B pe3yJbTaTe udeTHOe NpeiacTaBieHHe. [losToMy us
20 BosMOXHHIX K03pdHUHEHTOB HcKIouaroTed 10 KosddunueHTos,
HMEIOLINX OTPHULATeNbHYI0 4eTHOCTb. C JIpyroll CTOPOHBI, JIOTHYHO
HCKJIOUHTb TakKXKe 5 KJAaccoB, COAepKalluX B KauecTBe 9JeMEHTOB
HecOGCTBEHHbIE NOBOPOTH, TAK KAK OHH COJep:KAaT H3OBITOUHYIO HH-
dopmanuio. 3 stux coobpaxkeHUH claefyeT, UTO HaM HEOGXOAUMEL
MaKCHMYM 5 JONOJHHTENBHBIX 3J€MEHTOB I'DYINIbl, CKOMOHHHDOBAH-
HBIX ¢ TpaHCaAsuusMH. SIcHo, 4To HcmodabsoBanue (9.17) u (9.16)
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/I TOJMyYeHH MONOJHUTEJNbHOH HHGOPMAUMH NPEANoJaraer, 4To
[IOBOPOTH, COAepIKallHecs Cpeld NpeAcTaBUTesdell CMEXHBIX KJac-
coB @ (X,), Ho/xKHE ObITh JOMOJNHEHH TpaHcasduusMu. Torma c¢ yue-
ToM (9.16) dopmyna (9.17) npunumaer BuA

X(*X) (m) ({(PX‘,Rp}) = exp (__ iX, -Rp) (XD (m)({‘pxl}) +
~+exp(—iX, R )x(Xl) (m)({(pa })
+exp (— Xy R) 1™ ({ag}),  (11.10)
{‘p;x} {63xyz(pX1 axyz [0} (111D
{‘pg{TX} = {63xyzq)X.63jclyz l 0}' (11.12)

Conpsizkennsle sieMedts (11.11) u (11.12) comepxkarcs B Ta6a. 9.
B 1abta. 12 uaaocTpupyOTCa DOCAef0BaTeIbHbIE 3Tallbl NpPHBE-
JleHNsi, KOTOpHe MBI cefiluac onumeM. B NepBo#l CTPOKe, IOMeyeH-
HO!H cuUMBOJOM (4—)Q (5—), HaHA cymecTBeHHasl 4acCThb Xapakre-
POB INpSIMOro IPOH3BeleHUs,, KOTOPOe NOMJIEXHT NmpHBegeHH0. M-
KOMBle KO3(DPUIHEeHTH NpHBEAeHHS COKpPallleHHO 0003HAYUM

a=(IT1+), a=(I24), a=({T12+4),

ai=(IT154), a5=(|T25+) (119
i
by=(1*X14), by=(1*X2+), by=(|*X3+), (11.14)
= (1*X44), bs=(1*X5+). '
Torna us (11.6) u (11.7) caenyer
a, + a, + 2a; + 3a, + 3a; =6, (11.15)
30, + 3b, -+ 3b; + 3b, -} 6b5 =12, (11.16)

Jlng kaxKAoro sjeMeHTa IPYIIB MB MMeeM Tellepb OJHO JHHeHHOe
ypaBHeHHE OTHOCHTeJBHO Qm, bm. BocmosabsdyeMcst mepBofl cTpoKof
taba. 12 u HyxHpMH cronbuamu. taba. 4 w 10. Haa saementa
{d3xyz| 0}, ucmoansys (11.3) u ykasaHHbe TaGJaHIE], HMeeM

a+ a, —a;=0. (11.17)
Has {&,, |0} moayuaem
a; + ay+ 2a; — ay, — as + 3b; 4 3b, — by — by — 2b5=2; (11.18)
nasi {84)6]0} .
ag—a+ay—as+ b —by— b+ by =0 (11.19)
H s ,{a2xy10}
al—ag—a4+a5+bl_b2+b3—b4=0. (11.20)
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DTHM HcuepmbiBaeTc HHQoOpPMAUUsA, KOTOPYW coiepkaT Npeacra-
BHTEJH CMEXHBIX KiaaccoB {g,|0}. OueBunuo, mb eue He pacno-
JaraeM JAOCTaTOYHOH HHMopMauued AJA ONHO3HAYHOILO penIeHHs
cucremnl (11.15)—(11.20), naxe eciau n06GaBHTL OUEBHAHOE YCJIO-
BHE, YTO Qm H bm SBIASIOTCS NMOJOXMKHTENBHLIMH LEJBIMH YHCAAMH:

a4, =0, b,2=0 (uensle uucia). (11.21)
W3z (11.17) u (11.15) nonyuaem
a+ a,+ a;=2, (11.22)

TaK 4TO IO KpaliHell Mepe OAWH H3 Ko3(QdHIHEeHTOB a, B (11.22)
obpamaercss B HyJb.

Utobpl HpOABHHYTbCS [Jajbllle, HAM HYXKHa HOBas HH(ODMaILuf,
T. €. JIONOJHHUTeJbHble XapaKTepwl M ypaBHeHHsl. TakuM o6pasow,
MBI AOJKHBL JONOJHUTH Taba. 10 myreM BuIuHC/IeHHA A06aBOYHBIX
XapakTepoOB H BOCHOJAB30BATbCH HOJYYAIOMHUMUCH JHHEHHEIMH
ypaBHeHHsIMH. B tabu. 12 npuBeleHB HEKOTOpHE NOIOJHHTEILHBIE
XapakTephl, BeYHCIeHHBE ¢ momombio (11.10)—(11.12). Hcnon-
3yst TaGu1. 4 1 12, Mbl noayyaeM His sneMeHTa (.|t}

g+ ay+ 20 —ay—ag— by —by— by — b, + 205=—2;  (11.23)
aJa {62)5 l t3}
a1+ ay -+ 203 — ay — a5 — by — by + 3b, + 3b, — 2= —6  (11.24)
u aas {3,,1%}
a; + a,+ 2a3 — ay — a5 — by — by — by — by + 2b;=—2. (11.25)

Hcnoanays {3, (¢}, Haxonnm

ay—ap+ ay— a5 — by + by + b3 — b, =0, (11.26)
a us {8,,.]1} noaysaem
a]‘_‘ag—"a4+a5—b(+b2“‘b3+b4=0. (11.27)

Ternepb MB MOMKeM 3aKOHUHTb NpHBeleHHe. [10CKOMBKY UJIEHH,
cofepKauine I'™, oAMHAKOBH [J/Is1 BCeX 3/JeMEHTOB C OAHHAKOBOMH
omepauyeli NOBOPOTa HE3aBHCHMO OT TPAaHCJSIHM, TO, BBLIYHTAs
ypaBHeHUS APYT M3 ApYyra, noJyyaem:

(11.18) —(11.23)

byt by—bs=1, (11.28)
(11.18)—(11.27)
—by— byt bs=1, (11.29)
(11.26) — (11.19) : _
by — by — by -+ by =0, (11.30)

(11.27) — (11.20)
‘ by —by+ by~ by==0 (11.31)
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u us (11.16)
by -+ by -+ b3+ by + 2b5=4.
Torma u3 (11.31) u (11.32), oueBHAHO, caeryeT
by=1b,, by=1by
nocie storo (11.28) — (11.33) naror
20 —by;=1,
— 2by+ bs=1,
by -+ by~ by =2.
Torpa us (11.34) u (11.35) noayyaem
b+ by — b;=0.
Cuaenorateabno, (11.36) u (11.37) nawor
bs=1,
b=1,
b;=0.
Taxum oGpasom, pellenune nast b, HMeeT BHI
by=b,=1, by=0b,=0, by=1.

(11.32)
(11.33)

(11.34)
(11.35)
(11.36)

(11.37)

(11.38)
(11.39)
(11.40)

(11.41)

KosdduuueHTs a, MOTryT OHTb HalifeHbl NPSAMOH NOACTAHOB-
Koil pewenn#i mana b, B (11.15)—(11.20) u perlennem nosyyaio-

LUIHXCA YpaBHEHHH:
a4+ a;+ 203 — ay—as=—2,
ay—ay+a;—a;=0,
a—ay— ay+ a;=20.
M3 (11.43) u (11.44) naxonum
ay==day, a4=4ds,
Tak yro, ucnoandys (11.17) u (11.42), noayuaem
3a; — 20, = — 2.
Uz (11.22) umeem
as + 2a,=2.
Torma, «xomOuuupysi (11.47), (11.46), (11.45),
XOIUM
a =ay=a;=0,
a=az=1,

(11.42)
(11.43)
(11.44)

(1.45)
(11.46)

(11.47)
(11.42), Ha-

(11.48)
(11.49)
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B urore umeeMm B HCXOAHBIX 0603HAuEHHAX
DX u-) @ p(*X) 6-) —
= DM sH @y pM 25+ @ pX) 1+ @ px) ev @ p(*x) 6H, (11.50)

31ech IHONE3HO BHIAEIHTL HEKOTOPBIE OCOOEHHOCTH NPOLeAyPhl NpH-
BeJICHHUS, Pe3ybTaT Koroporo jaaercss ¢opmyaoit (11.50). Bo-nep-
BBIX, INpPHBEJEHHe SBJAETCS MOJNHBIM M OJHO3HAYHBIM. JIpyruMu
CIOBAMH, B COOTBETCTBHH C OOLIMMH NOJIOKEHHSMH TEOPHH TPYIN

npejcTaB/ieHHe THNA NpsMoro npomssedenus DX ¢-) @ D*X) 6-)
OJHO3HAYHO TNPHBOJAHTCA K NPAMOH cyMMe HENPHBOJUMBIX KOMIO-
Hent [69]. Xora npu BeiBoZe (11.50) MBI HCIOJAB30BaJHM JHILL He-
CKOJILKO 3Je€MEeHTOB rpynnel &, ofHako B CHJIY HOJHOTHL H EIHH-
CTHEHHOCTH TIpHBEEHHS 3Ta GopMyJsa ocTaetcd B cuae piasa A06020
sleMenrta &, B3ATOrO B KayecTBe aprymeHta. 1o 0O0CTOSTENBCTBO
MOKHO HCIIOJIBb30BaTh AJs IPOBEPKH Pe3yJbTATOB INPUBELEHHS, BBI-
IOJHEHHOrO 3TUM CIIOCOOOM.

C apyro# CTODOHBI, B TeX CJIy4asX, KOTAa MOXKHO OCYLIECTBHTb
pasjoxkeHHe NpAMOr0 NPOH3BENEHHS METOACM TIPYIIB IpUBEACHUA
(1. 1, § 58), yc/10BUS OPTOTOHAABLHOCTH M HODMUPOBKM [ CTPOK
B CTOJOLOB INO3BOJSIOT NPOBEPUTh XapakTephl ISl 8Cex SJeMeH-
TOB TPYNNbl npusefeHus. [IpenmyuiecTso MeToga rpynnsl IpuUBeje-
HHSl 3aKJAI0YaeTcss B TOM, YTO peliaeTcss MaTeMaTHYeCKH TOUHO
chopMyJIHPOBAHHAS ¥ 3aMKHYTasl 3aj7aya; 5TOT METOJL MBI IPHMEHHM
HHXKe TIIPH PA3JIOKeHHH NPAMBX npomuspefesnfi D@ ) DOX) om),
D(*L) m)  nas cTpyKTYpsl anMasa. UuTaTe b, 03HAKOMHUBIIHHCS
C METOJOM TPYIIIBl INPHBEAEHHS, MOMKeT IMONBITATLCA MOJYUHTD
(11.50) ¢ nomoubIO0 3TOro MeTo/a.

Uro e KacaeTcsl Merojaa JHHeHHBIX anre6panqecxux ypaBHe-
Hu#l, TO MBI BHJAHM, 4TO [/151 AaHHOU 3ajauu TpHBeJEHHS B paMKax
‘MeTOAa MHOJHOH TPYNNEl OH NPEICTABJsET SKOHOMHYIO NPOLERYPY
LJIS BBHINOJIHEHHs pasjoxeHusi. Muaye rosops, neo6X0QMMO BHUMC-
JUTh MUHHMAJNbHBIH He3aBHCHMBIE HaGOp XapaKTepOB HEHNPHBOILH-
MBIX NpeAcTaBJeHHH HoJHOH rpynnsl. UHcJIo HeoOXOAMMEIX Xapak-
TePOB CTPOrO OrpaHHYEHO YHCJIOM HEH3BECTHHIX KO3(p(HIHEeHTOB
NpHBEIEHHs, T. €. KOHEYHHIM, MaJabM umciaoM. Hampumep, B pac-
cMaTpuBaeMoM ciayuyae HYXXHO HaiTH 20 kosddunuenros. Bee ouu
IIOJIHOCTBIO ONpene]sTCss He 6ojee yeM MNSATHAANATLIO HE3AaBUCH-
MBIMH XapaKTepaMH JIAd KaxJIOro U3 HENPHBOJHMEIX HpeAcTaBJie-
uHufi. Mcnosp3ysa Tabauubl XapakKTepoB Aad Tex ke 15 ajeMeHTOB,
HO C BKJIOUeHHEM HecOOCTBEHHHIX INOBOPOTOB, T. €. KOMOHHHPYS
HOBOPOTH € Ollepalyedl WHBEPCHU i, MOMKHO OCYLIECTBUTb LpUBeje-
Hie 066X npousseennit D*X) (m) @ p(*x) m),

Urto6ul MmoJAyYHTh KOQ(MHUMEHTH NOpUBEAEHUA A CHMMETPH-

» o *
30BaHHBIX CTeneHeli npeicrasienuii, Hanpumep [DUX)®]o uan
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[D(*X) tm)] ), b mcnoabsyeM dopmyan (T. 1, 54.16) u (. 1, 54.21).
[Ipu 3TOM HeOOXOAMMO NOMOJHHTENLHO HAHTH XapakTepw s 3Jjae-
menToB THHA {@,|t:}, {gp|to}? {@o|?}3. Hcnoansys umerouinecs
yxe xapakrepbl H ¢dopmyay (9.17), MBl MoXKeM JierKo MOJYYHTH
HYKHBIE XapaKTepH.

Ilecnennee 3ameuaHHe NO MOBOAY NpHBeAeHHs. Moxer noka-
3aThCd, YTO /IS HEKOTOPOTro IpoH3BedeHHs, Hampumep (11.1), co-
Jepxallero npeicrasieduss DI M pmeloTcs OCHOBAaHUSI IIPH BHI-
MIOJJHEHHH TNPHBEJEHHS HCIOJb30BATh TOJbKO XapaKTephl CMexk-
HBIX KJaccos {g,|0}. Muade rosops, MOXKHO 6bl10 OB MONBITAThCS
10Jy4HTh KO3QPUIHEHTH NpHBeAeHUs @;, BXoAsume ¢ DM ™ ¢ no-
Molubio GopMyJel (T. 1, 17.8) pasnoxeHHs XapaKTepoB:

aﬁ%Zx(” (R % (R). (11.51)
R

Pasymeercs, 5Ty GOpMyAy MOMKHO HCIOJb30BaTh, €CAH CYMMHPO-
BaHHWe TPOBOAMTCA N0 gcenm 3neMentaM R rpynnn @. Tor xke pe-
3yJAbTAT NOJYIHUTCS, €CJAH CyMMHPOBATb 1O 3JeMeHTaM IPyINbl NpPH-
pefeHus R (cM. HuUKe npuUMep AA anamasa). OZHAKO HHKOHUM
06pa3oM Hesb3sl NOJYUYHTb Da3yMHBIH pe3ysbTaT, CYMMHDYS Xapak-
Tephl NPOU3BeJeHHs (reppas cTpoka TabJ. 12) mo npencraBuTensIM
‘CMEXHBIX KJacCOB TOJMBKO rpynnel B. C mesaroruyeckoil TOUKH 3pe-
HHA BeCbMa BAXHO OCO3HATH HECOCTOSITENLHOCTb MOMNBITKH MPOBECTH
BHIUMC/IEHHS TakuM crnocofoM; 4YHTaTelb NOJMXKEH 3Iech OCTaHO-
BHTbC M IIPOBEPHTb CTeleHb NIOHHMAaHHs 3TOTO BOMNpOCa.

§ 12. Mpupepenue *LG-) @ *LG+) nas pemeTKH KaMeHHOH coJH

PaccMorpuM BTOpOH npHMep Ipolecca NpHBeAeHHS. Mul cHOBA
BOCHOJIb3yeMCsl MeTOAOM MOJHOH TPYNNBl H TeXHHKOH JHHEHHBIX
anrefpanueckuX ypaBHeHm#. 3afiMeMcst pasjoXkeHueM NpoOH3Bele-
ausa (11.2)— sroporo cayuas us § 11. BeaeacrBue ABYKpPZTHOrO
BHIPOXKJeHUsS npelcraBienuit D) B+ y DE) G-) npasuio A8 BOJ-
HOBBIX BEKTOPOB HPHHHMaeT BHJ

2*L @ 2*L = 16T @ 16*X. (12.1)
Cilef0BaTeNbHO, IJs IPHBENEHHs NPOH3BeJeHHUA

D*L) 8+ @ p(*L) 3=

upeobxonuMo HafiTh 20 HeusBecTHBIX Koadduunentos. Tak Kak Kax-
jnast M3 paccmartpusaeMulx rpynn @ (R) colaep:KHT uHBepCHIO, B pas-
goxenun (12.1) MoOryr coiep:kaTbCs TOJNLKO HeueTHHE IpeACTaB-
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JeHHsi. BBeneM  coxpailleHHbHe 0603HaYeHHST HYXHHX Ko3pdHu-
IAEHTOB!

¢ = (|1 —), Co

l

(IT2—-),  e=(IT12-),

e =(ITI5=), c5=(T25 —); (12.3).
di=(*X1-), dy=(1"X2-), dy=(]*X3-), (12.3)
dy=(1*X4~), ds=({*X5—). )
U3 (12.1) u taba. 4 u 10 umeem
¢+ ¢y + 2¢5 4 3¢y -+ 305 =16, (12.4)
3d, + 3dy + 3d; + 3d, + 6d; = 48. (12.5)

B Ta6a. 13 u 14 MH cHOBa WIMIOCTPHpPYEM INpoOIEeCcC IpHUBEAEHHS.
Tabruya 13

* *
HamocTpanus npuBegeHds NPOM3BENeHHA D( ) 6~) ®D( L) 3+)
Aa8 TPynnb Oi (xapakTepH aJeMeHTOB M3 Tala. 7 M NONOJAHHTENbHLIX

3JEMEHTOB)

E R T e -

i~ - ¥ pl 2 - l = bl bl -
£ S F 3 3 R T oF @ o3 o3

Q < = = 2. = L < = s 2

1+ 4 0 0 2 0 0 0 0 0

2+ 4 0 0 —2 0 0 0 0 0

3+ 8 —1 0 0 0 0 0 0 0 0
B+)®@B—) 64 1 0 0 0 0 0 0 0 0

YKa3aHb! TOJILKO COOCTBEHHEIE MOBOPOTHL, TaK KaK AJs HeCOGCTBEH-
HHIX [IOBOPOTOB HYXKHO IPOCTO H3MeHHThb 3HaK. Mcmosb3ys uermep-
TY10 cTpOKy Taba. 13 u 1abx. 4, 10 1 14 u paccMaTpuBas sJaeMeHTH
6e3 TpPaHCJAINH, NOJYYHM IS Cm H dm CHeLyIOUINe YPaBHEHHS:

e+ cg—ey=1, (12.6)

e+ e+ 203—cy—cs+3d;+3dy— dyg —dy —2d; =0, (12.7)
ci—Ctes—est+di—dy—ds+ dy=0, (12.8)
er—cg—cy+ o5+ dy—dy+ dy— dy=0; (12.9)

HJA 3JEMEHTOB ¢ TpaHCJAAUMed HalneM ypaBHeHM:
ci+cot23—cy—cs—dy—dy—dy—dy+ 2d;=0, (12.10)
¢1-+co -+ 205 — ¢y — 05— dy — dy 4 8d3 -+ 3dy, — 2d; =0, (12.11)
¢1—CoF e —C5— dy+ dy+ dy — dy; =0, (12.12)
g —Co—eytes—dydy—ds+dy=0. (12.13)
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Tabauya 14

JonoanuTedbuan TaGAHIA XaPAKTEePOB; SNEMEHTH IPYNNH YKa3aHbl
B BEePXHEW YaCTH KamkAoro croabua [nosicHeHMs CM. B TekcTe
nocne dopmya (11.22) u (12.2)]

] =3 . —~ —_— — —_~ =

2 n & = 2 ¢ v < <R

3t L =2 =2 =2 = %= = = = =
i T 1 1 1 I 1 1 ¢
T2 1 1 1 -1 -1 1 1 T =1 —1 ¢
Ti2x 2 -1 2 0 0 2 2 2 0 0 «¢3
TsE 3 0 —1 1 -1 -1 =1 -1 1 =1 ¢
T2+ 3 0 —1 -t I -1 -1 -1 -1 1 ¢
*ylE 3 0 3 1 I -1 -1 -1 —1 =1 4,
* yok 3 0 3 —1 -1 -1 =1 -1 1 1 d,
* g3 3 0 —1 -1 1 -1 3 -1 1 —1 ds
* g4 3 0 —1 1 -1 -1 3 -1 -1 I d,
* g5k 6 0 —2 0 0 2 -2 2 0 0 ds
*plx 4 1 0 0 2 0 0 0 0 0
* ok 4 1 0 0 -2 0 0 0 0 0
*y 3 8 -1 0 0 ©0 0 0 0 0 0
P Q*L6-) 64 1 0 0 0 0 0 0 0 0

Wa ypasrennii (12.4) — (12.13) Jerko Haxomgum
di=do=dy=d,=2, dy=24; (12.14)
ci=co=cy=1, c=c5=2. (12.15)
CienoBaTeNbHO,
D) 6-) @ p*1) 3+H) = p® (=)@ DM =) @ DI (2-) G 2D® (15-) Gy
@ 2D &= @ 2p*X) 1= @ o p(*X) e-) G 2ap(*X) 8-)
@ 2D - Hap*N 6, (12.16)

§ 13. JononnuteiapHbie KO3GPHUUHEHTH NPHBEIEHHS
JJa pelIeTKH KaMeHHOH coJn

Teneppb MOJMKHO OBITH fICHO, UTO BHIUHCJCHHE BCeX Koa(Q(bHLmeH-
TOB NPHBEIEHHs C HCHOJb30BaHHEM MeTOAAa pellleHHsl JHHEHHHIX aJl-
reGpanueckuX ypaBHEHHMH HENOCPEACTBEHHO BeJeT K ueaH. Heol-
XOAUMO JHUIb TOAYYHTH [OCTATOUHOE UYHCJIO HE3aBHCUMBIX Ypae-
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HeHHH JJsi onpejeeHHs BCeX KO3G(HUHEHTOB MpHBENEHHS. ITO
TpefyeT B CBOIO Ouyepejb BHIGOPA TeX JEMEHTOB IPYMIIbl, KOTOPHIE
IaloT JHHeHHO He3aBHCHMBble YpaBHeHHs. MoxeT oKazaTbes, uTO
BHIYHMC/IEHHE HEKOTOPHIX XapaKTepOB MOJHON TPYNNL He AaeT HOBOH
HHOOpMAUHH, TaK KakK, NMO-BHAHMOMY, He CYILECTBYeT KaKOro-iu6o
IIPOCTOTO CHCTEMAaTHYeCKoro crnocofa 3apaHee yKas3aTh, KaKue sJe-
MEHTBl JOJKHH OBITb BHIODAHHB [1Js1 BBIUHCJIEHHS XapaKTepOB.

Tabauya 15

TpaBuaa orGopa Mo BOJHOBOMY BEKTODY MJIA CTPYKTYPhl KaMeHHOH

coJu Oi H ajmasa 0,71: K03 pHuueHTH (kjkj, | %)

(Fk;lly)=1 futsi péex k;.

xxXin =3
xxx) =2
{(XL|) =3
XW|d) =2;
Xwiw)=t
Kz =2;
Xzi4) =2;
Xz|z) =2;
x|z =1;
xziy) =13
X4|4) =1;
X412y =1;
XAM) =1;
{LLIN =4
wrLx) =4
ULwiz) =2;
LZM) =2;
LMy =2;
LAM) =1;
a TA') =1J
{LAM) =1;
Wwiry=6
Wwix)=2
4. WJL‘) 2;
(W2[4) =4;
W2IN) =1;
WZIN)=1;

4 =(n,0,0)(1/a)

Al =(K’0)0)(l/a)

Ay =Qnr—x,0,0)(1/a)
Z, =(2m,0,x)(1/a)

X =(k-2mKk—2nr0)(1/a)
N, =(x—2mx,0)(1/a)

4y =(x—2m,0,0)({/a)

Z, =(2,0,9(1/a)

M=%, %, k~2n)(1/a)

21 =(7t 7, 0) I/a)

M, =(r, n, t+x)(1/a)

M, =(k—m, k —1t, 7)(1/a)
My=(r, 7 n+1)(1/a)

Ay =+, w4 r, g+ x)(1/a)
M4==(1t+)€,7t'+x‘r¢ m(1/a)

&, =(n,7,0)(1/a)

A, =@ +x,0,0(1/a)

M =(m, 2, 0)(1/a)
W, =(m 1, 0)(/a)

M =(Int1K-n, 0)(1/0)
P =(x, x4 2% G/

Hl —(’Q":\ZIH‘ /a)

Zl =(215. 4ﬂ+k

Nx”@’f'*‘.’ﬁm ({d)

Z? =E21:+xr 1R ; {/a)

=Ky b a
jl =(K~ x:ﬁ:sj ,‘:(a)

(ZZ[4") =2;
(ZZ14")=1;
(ZZ'|N) =3;
(ZZ|N) =1,
(ZEIN) =1;
(ZIIN) =1;
(ZI|P) =1;
(ZZP) =1;
Zrlk) =Y
(z4]Z) =1;
(zAiz'y =1;
(ZAIN) =1;
(ZAP) =1;
(ZAly =1
(ZAlK) =1;
(EXjg) =1;
Ex|zm) =1
(EZIN) =1;
EE[R. =13
(zxk) =1;
(Z4IN) =13
(ZAN) =1;
ZdM) =1;
FAM) =13
(EAM) =13
(FAlky =1
(444" =13
414"y =1
d4N) =13
(d4M) =1;
(dAM)) =13
(AA14") =1}
(AA14") =13
(A/{’[ =13
(A4 =1

A} =(k4x'=27,0,0)(1/a)

A =(x—K"—2n,0,0)(1/a)

N, =(x,«',0)(1/a)

N{ =(2r—k, &', 0)(1/a)

N, =Qr+x,x+x,0)(1/a)

N =Q2n+wr,x~x',0)(1/a}

B =(x+x, % 2m)(1/a)

1,1' =(K_K,:Nv2h)(l/a)

ky =Q2n+x, 1 k)(1/a)

Z, =(2m, 0,k +x)(1/8)

Z; =(2n,0,x—x)(1/a)

N, =(2n+r< x,0)(1/a)

P, =(x,x',2m)(1/a)

k -=(27r+x' ', k+x)10)

k; =(27r+k x', k— 1y (1/a)
[ =k 4K, KK , 0(1/a)

2y =(k—x'\,x~«',0y(1/a)

N, =(x~«', k+x, 0§(1/a)

k, =(x, ¥, x+k)(I/a)

Ky =(x, &', k- (1/a)

M _(x,x+x,0)(l/a)

N =(x, k~«’, 0)(1/a)

M=(x,x, K)(I/d)

M,=(x+x k+x,x)(1/a)
M) ==, k-, k') (1/a)
ky =(x+x, k=, x)(1/a)

4y =(c+x,0, 0)(i/a)
A=(x~x',0,0)(1/a)

Ny =(x,x, 0)(1/a)
M1=(1C',K',K+K')(I/a)
Mi=(x', ¥,k —x)(1/8) -

A} =+, k+x, k4K (/)
1=k =K, k=K', k=) (1/a)
M, = (K+k’,K+K k-« (1/a)
M'=(x —K\ k-, k+x)(1/a)

B npoTHBONOJIOXKHOCTh TOMY METOA TPYNIH NPHBEAEHHS, KOTODPHIH
Gyner oOcykjaThCf H HCIOJb30BATHCA HHXKe A BHIUHC/ICHHS
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Tabauya 16

MipaBuaa ot6opa Mo BOJHOBOMY BEKTOPY MJIA CTPYKTYPHl KaMeHHOH
coan O} u aamasa O}: KoddhHUHEHTH (L)

(Tl | Ty =1

([2Tg | T) =3

(BT |T)=6

([L](Q)lr)=4? (1X)=2")

(2L] g |T) =12, (1 X)=8")

(12X) | T) =9, (1X)=14")

(1Al | T) =3, ([A) =1, (|E) =1

([24] g |T) =12, (|A) =3, (|Z)=4

(Al T) =4 (1) =2, (|A) =1, (|2)=1
([2A)) | T)=16, (|A) =8, (|A")=3, (%) =4
(2W]g | T) =12 (1X)=6, (|2")=47?)

(21 |T) =6, (1X)=8, (1Z")=47)

(Kl | T)=6 (1K)=2, (|M)=1, (|A)=2, (|2") =12
(122] ) [T) =24, (1 A) =6, (A") =4, (IN) =4, (|X)=38, (|Z) =4, (|2") =4
(Kl | T) =24, (| k) =247)

) TToCKOJIBKY AJA BCex *X(m) Im===2, MBl JOJXKHBI HCHOJNB30BaTh ABe SBE3fLl BO BCEX
cyuasx, KOrna (] X)50.
¥) B =(n, =, 0) (l/a).

%) 3nech k—oOwuit BeKTOP 30HMbI, RJsI KOTOPOTrO CHMMETDH3OBaHHEIE KBAAPATH COJAEPIKAT
TOJIbKO OGIILHEe BeKTOPHI, 3a HcKJwdennem I'.

Ta6auya 17

Npasuaa or6opa mo BONHOBOMY BEKTODY IJAA CTPYKTYPH KaMeHHOM conu
H aamasa: KoadduuueHTH ([lmkj](3) kj,)

(Mg |T)=1

([2T)3 | Ty =4

(13Tl |T) =10

(L) | L) =5

(12L) 5 | L) =30

(12X} 5 {T)=8, (| X) =16

(12W]g | W)=26, (14)=24, ((L)=16 :

(Wl [Ty =8, (1K) =8, (IN)=2, (|5)=2, (|T) =1, (IM)=4,
(18) =2, (|L)=2 (l14)=1
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K03($(pHUHEeHTOB NpPHBEJEHHS AN CTPYKTYPBl ajMa3a, COAEPIKHI
BIIOJIHE OIpe/IeJeHHYI0 NPOLeNAypy BLIYHMCJCHMS XapakTepos. B Me-
TOJe TpYyNNbl NPHBEACHHS OKAa3blBaeTCA HEOOXOAUMBEIM BHUYHCJHTB
6oJiblilee YHCJAO XapaKTEpPOB, HO 3TO IeHa, KOTOPYIO YacTO HMeer
CMBICJ/ II1aTHTb 332 BO3MOXKHOCTb NIPOBEPKH BLIYMC/IeHHH Ha mi06of
CTaJ(HH.

Uro6el passioXuTh OCTaJbHEIE [POH3BeJeHHS s PEHIeTKH Ka-
MEHHOH cOJIH, HeoOXOAUMO NOJYUYHTh Bce IpaBHaa oTOOpa mo BOJ-
HoBoMYy BekTopy. Ilociennne (oQuHAKOBEE AJd NIPOCTPAHCTBEHHMIX
rpynm ajnMasa ¥ KaMeHHOH COJH) OpUBoAATca B Tabua. 15—17 pas
OOBIYHBEIX H CHMMETPH30BAHHEIX NIPOU3BeCHHH.

B ta6a. Al —All npuioxeHuss A [alTCAd NOJHBIE CBEJCHHSA
0 KoapdunueHTax npuBeleHHsl A OOBIYHBIX NPOH3BENEHHH H CHM-
MeTPH30BAHHBIX KBaJApaToB U KyOOB HENPHBOAHMEIX NpeiCTaBJIeHHN

IPOCTpAHCTBEHHOH TPYNNb pelleTKH KaMmeHHo# coiu Of. Bce aru
Kk03(QpHLUHEHTH TNOJAYYeHbl MEeTOJOM JHHEHHHIX aJre6panvecKux
ypaBHeHUH.

XoTa 3TH pe3ysbTaThl H3BECTHEI B JHTepaType, MBI IPHBOAUM
HX 3Jecb AJSl NOJHOTH H yA06CTBAa HCNOJIb30BAHMS. DTHMH IpaBH-
JAMH MBI BOCHOJL3yeMCS B JajbHefilleM NpH JeTaJbHOM aHaJu3e
ONTHYECKHX CBOHCTB HEKOTOPHIX KpHcramloB Tuma NaCl.

§ 14. Henpusoaumele npefcrapiendg DT (m),
D)) p(*L)m png pemeTkn aamasa

7
IIpocrpancTBenHass rpynna anmasa Op HeCHMMopdHA, npen-
CTaBUTEJH CMEXKHHBIX KJIaccoB AJs Hee AaHel B (8.6). ITockosbky

rpynnofi TPAHCAANMH, KaK H aaa O}, ABAAETCH TpaHelleHTPUpO-
BaHHas KyOuueckas rpynna £, nonHsli Ha6op BOJHOBBIX BEKTODOB,
JJIST KOTOPHIX HMHIyTCS HENPHBOAMMEIE NPEACTaBIeHHs, a TaKke
30oHa Bpusuiiosna (¢ur. 3) Te xe, 4To U AJAs KameHHok coau. Cie-
JoBaTeJbHO, NaHHble Tabja. 1—3 MOryT HCHOJB30BaTbCs 6e3 BCAKUX
H3MEeHEeHHUH. .

Koueuno, B OCTaJbHOM MAOJKHEI B OOIIEM C/JIyuae BO3HHKATb
pas/ingms, TaK KaKk MHOXKECTBO IPeJCTaBHTeseH CMeXHHX KJIacCOB
{@o|Tp} R pemreTKH anMasa He ABJAAETCH 3aMKHYTHIM. UTOGHI
JOGHUTHCST NMONHOA SICHOCTH B 5TOM BOIIPOCe, NIPOBeleM JleTaJbHBIH
aHaJu3 nmpaBuJ oréopa AJd ajMas3a B TeX Ke TOYKax 30HH, 4YTO
¥ B cJIydyae KaMeHHOH coJM. BosHHKalollHe NpH 3TOM pasjHuHs
OTPAXAaITCA KaK B CTPYKTYPe HENPHBOJMMEIX NPEACTABJEHHH, TaK
H B THIIaX pa3pellieHHHX «ONTHYeCKHX NepeXOLOB» (CKaxkeM, B AH-
NOJIbHOM TNPUOJHXKEHUH), HAIpuMep B HHGPAKPACHOM HOIVIOMICHHH
W KOMOHHAIIHOHHOM paccesHHH CBeTa.

Mu  BocmosbsyeMcda 3Jech MeTOAOM TPYINH NPHBEAEHHS,
C TOYKH 3peHHS TPOCTOTH H  KOMIAKTHOCTH  BBIYHCJAEHHH
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HCIOJb30BAHHOMY BBIlIE MeTOAY JHHeHHBIX afreSpauuyeckuX ypas-
HeHuA MOXHO Obl10 6B 0TZAaTb npeanouTenne. Oxuaxo ¢ Gopmaib-
HOH M NeJaroruyeckoll TOYKH 3DeHHS NOJEe3HO HCHOJIb30BATL METOJ
rPYNnLl NpHBEAEHHS, KOTOPHIH B TNPHHIHIE SBJASETCH CTPOTHM
(9THM oOH oOTJHuaeTcsa OT NOPOIEAYPH JHHEHHHX alreOpanuecKux
ypaBHeHHH, oCHOBauiHONl Ha MeToje Npob W omMHOOK) U TECHO CBA-
3aH ¢ roMoMOpP(pH3MOM IMOJHOH TIPYNIBE HENPHBOAMMBIX INIpeiCTaB-
JeHHH alcTPAaKTHOR mpocTpaHcTBeHHOH rpynme. C TOYKH 3peHHUS
CTPOTOCTH METOA TPYNINbI [pHBelIeHHs HMeeT ONpelesfeHHbE MNpe-
HMYLIEeCTBa, KOTOpBe 60Jee ueM KOMIEHCHPYIOT XONOJHHTENbHYIO
paboTy 1O BBHIUHCJEHHIO XapakTepoB. Mubl Oynem c/jeioBaTh H3JO-
xenuio T. 1, § 58, mpu aHa/nm3e npousBeleHUHl, 00Pa30BaAHHLIX
«3aMKHYTBIM» MHOXKECTBOM MPEACTaBIeHUH pmyem - DX m),
DY m | nas crpyktypsl anmasa Oy. KoHeuHO, METOAOM rpyIIE
npuBefeHNs YAOOHO NMOJNb30BATbCH TOJABKO B TOM cJjydae, Koria B
3aMKHYTOM Habope NepeMHOXKaeMbIX NPEeACTaBJAeHUE H IoJaydalo-
IMHXCA TMPAMBIX CYMM COAEPIKHTCA Majoe YHCAO TIpeiCTaBJeHHEL.

TlepBreiM iIaroM B MeTOJe TPYNNEl NPUBEIEHHS SIBJASETCS Ompe-
JeJieHHe fapa H3yYaeMBbIX TpejCcTaB/JAeHHH, T. €. fApa KaKAOro u3
npeACTAaBJIeHNH, BXOAALIHX B «3aMKHYTOE» MHOXKECTBO TIPOH3Bene-
gull npefcrapiaenuit D@ m) D*x)im  p(*e)m flnpo npencras-
JICHHS — 3TO MHOMKECTBO 3JIeMeHTOB rpynnsl &, kKoTopeie oTo6pa-
JKAIOTC Ha MaTpPHIY, TPEACTABJSIONIYI0 TOMXKAECTBEHHBIH 3JEMEHT
{e|0}. O6osHauuM siapa paccCMaTpUBAEMbIX IpeicTaBaeHui KT,

KX &(*L)m, Torpa, oueBugHO,
/RO M) = (14.1)

T. e. a1 Ttoukd I' Bcs TpaHC/SUMOHHAS rpynna otobpaxkaercs
B TOXK/ECTBO.

st ssesan *X rpymna SX) () cocront H3 Beex TpamcaANHi
R, YIOBIETBOPSIOMWNX YCIOBUAM

X, - R, =2ap, (14.2)
X, R, =2ngq, (14.3)
X;- R, =2nr; (14.4)
31eCh p, ¢, tr — lleJble UHCJIa H
Ry =Lt + Lty + I3t (14.5)
rae [ — ueqabie 4uchaa, tak uto us (14.2) — (14.5) umeem
I+ 1, =2p, (14.6)
I, 4+ 13=2g, (14.7)

12—]“ l3=2r. . (14.8)
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Yucro TtpaHcasiuuonuble daementst rpynmer &%) M yroie-
tBopstoT (14.5) — (14.8). Torma rpymny TtpaHchasauud T MOXKHO

*
Pas/JOKUTb Ha CMEXKHble KJaCCHl MO Ipymne KX (m) CJEAYIOLUIHM
o6pasom:

T=8X e} KU M D {e|,} KX M P
Dielt;) RV m, (14.9)

* *
Ipynna &(*4)m ageanmt “L cocrout u3 Beex R;, Takux, 4To

L, - R, =2ms, (14.10)

Ly Ry =2nf, (14.11)

L, R, = 2mnu, (14.12)

L, - R, =2nv, (14.13)

rie s, f, 4, v — ueasie yucna; Aasi Rp B dopme (14.5) umeem

L+l 1=2s, (14.14)

— 1y =24, (14.15)
— l,=2u, (14.16) .

— 1, =2v. (14.17)

Toraa pasnoxenue I Ha cMexupte xaaccel mo 8UE M ecrs
T=RCDmP et} D™ @ {e]£,} KD M D {e| t,} KTV m @
DGR @ (o]t + Q& ™ @
Dfelt+QRIDV M B et +QREDM,  (14.18)

Q=t+t,+t. (14.19)
Slcuo, uto K(*E)(m — ofmas TpaHCASUHOHHAS HOpMAaJbHas IOL-
rpynna rpynn DO @) pLm  p*xX)m  takas, uto 3MEMEHTH
K*L)m) o6pasyloT MUHEMAIBHOE MHOMXKECTBO 3JEMEHTOB, BXOLALIHX

OfHOBpeMeHHO B rpymmsl §® M K*X)m y R*L)m),
O603nauum

rae

KRB = /L) (m), (14.20)

OnpenenuM TeNepb TIpynny npuBenenuss R 1asa npoussemeHuit
o * *

upencrasaeauii DO M), DU*x)m)  p(*L) (m) CIeAYIOIHM 06pasoM.

BosbmeM pasJjomxende rpynnsl ® Ha cMexHBle Kaacc no {KR):

O =1{g, 7.} R D {o, |7, + {} RRD {0, |7, + Q& D
Ole,lt,+¢,+Q8/R, p=1,...,48; j=1, 2, 3. (14.2])

5 3ak. 987
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MuoxectBo 8 X 48 = 384 npeacTaBuTenefi CMeXHBIX KJACCOB
B (14.21) onpepenser rpynny npuBeleHus R ajsi 3THX mPoH3Bee-
HHfl. 3aMeTHM, YTO MpOH3BeAeHHe JABYX TAKHX I[peicTaBHTeJel
CMEXKHBIX KJ4CCOB €CTh TakKXKe MNpelCTaBHTeIb CMEKHOTO KJacca
C TOYHOCTBIO 10 3jeMeHTa rpynner &5, Oxnaxo B D m  p(*X) im),

DL m  gawaui sieMeHT Hz KR IpeacTaB/seTcsl eluHHUYHON
MarpHuel. MaTpunsl, AaioliHe npeactapienue 3THX 384 npejacrasi-
TeMeld CMeXHHIX KJaccos, o0pasyloT 3aMKHYTOE MHOMKECTBO, T. €.
MaTpHYHYio rpynny npuseleHus, Henpupogumbie npejacrap/iesis
DO p*x)m  p(*LYm)  ouepupno, TAKKE SBJISIOTCS npeacran-
JgexuaMu rpynnsl R. ITockoasky R — noarpynna &, anpuopu st
npeicTaBieHHsl He 0053aTeNbHO AOJMHB OBITb HENPUBOAHMBIMH Ha
rpyane §. Mu yBUAAM, YTO B JAHHOM CJydae 3TH NPeACTABJEHUS
B JeHCTBUTENBHOCTH BCe K€ SIBJASIOTCA HeNPHBOAMMBIMH  Ha
rpynmne R,

ITepefizeM Temepb K MOCTPOEHHIO HEOOXOAMMBIX TaOJHIL Xapak-
TePOB C HcHoJb3oBaHHeM ofmlell teopuu. Haunem cuosa ¢ *L. Ka-
HOHHYECKHI BeKTOp 3Zech Li, a ocTajbHBEe BHISHPAIOTCS TaK Ke,
Kak B (9.3) u (9.4). SlcHo, uto Te Ke moBopoTH (9.5) ocTaBasfOT
Touky L; wuBapuantHo# (c Tounocthio o 2mB;). OxHako B 3TOM
clydae TMOC/AeJHHe MIeCTb NpPeACTaBuTedell CMEXKHBIX KJaccoB
B (9.5) cozep:KaT HeTPMBHAJABHYIO TpaHCAALHIO T;. CleloBaTe bHO,
OPeICTABHTEJSIMH CMEXKHBIX KJIaccoB, cojepxkauuxes B G/T
H HMEIOIHX NOBOPOTHBIEe 3JeMEHTH, He 3aTparusalollive BekTop L,
6ynyr

G (L)/T={2]0}, {8axyc |0}, {85yz [0}, {Bosplti}, {Onezl v}, (Bopzlwi);
{ilrl}’ {06xyz,rl}’ {Ué:clyzfrl}’ {pxgl()}, {pxélo}’ {pyEJO}. (14'22)

OrMeruM MOGOTMBITHOE  CBOMCTBO  MHOXECTBa IPEJCTABHTENCH
CMeXHBIX KiaccoB (14.22), a HMeHHO ero 3aMKHYTOCTb IO OTHO-
LUieHHI0 K yMHOXeHH0. HecMoTps Ha Haauuwme HeTpuBUHAJBHON
Tparcasnuy B (14.22), 3170 MHOKecTBO 06pasyer Ipynmy, NOCKOJIBKY
Jio6oft MoBOpOT JMOO OCTABJAET Ty HEH3MEHHHM, JHOO TOJbLKO
MeHsIeT 3HakK T, Ha ob6parHeifl. [oaTomMy MBI MOMKeEM, OUeBHIHO, HC-
nosb3ysl Te e coobpaxenus, uto v B (14.20) u (14.21), paccmar-
puBaTh He noJHyp Majdaywo rpynny @(L,)/C(L,), a TOJIbKO Toued-
Hyio Tpynny Dsg TOYHO TaK XKe, KaK U B NpelblAylieM cayvae, Ha-
NOMHHUM, 4TO B TabJ. 5 MBI HPHBETH XapaKTepwl IJAf JONYCTHMHX
HENPHBOAMMBIX npexcTasiennii rpynns &(Ly)/T B 0. D1y Tab-
JUIY MOXKHO KCNOJb30BaTh H Ansi Of, u3aMeHuB o603HAawenus s
INeCTH TMpEeACTABUTEeN CMEXHBIX KJaccoB, YKasaHHBIX B (14.22),
T. €. BK/IIOYHB B HHX HETPUBHAJIBHYIO TPaHCIANHIO T;. [loc/ie sToro
H3MEHEHHS] MBI HME€EM HYXKHYI0 Tabauny Xapakrtepos. Hcnoabsys
(9.17), Jnerko mosyuuThb MOJHYIO TabJaMIy XapakTepoB IpeicTaBJe-
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o (*L) m) 7 1
nun D nasa Op. Cama rtabanua 6yner npuseleHa Hike')

o *
B (popMe, M03BOJSIOUIEl HCIOML30BATL €€ BMecCTe ¢ D*X) i),

Paccemorpum Tenepb *X, Beibupast X; B KaueCTBe KaHOHHUECKOTO
BOJIHOBOTO BeKTOpa. [loBopOoTHBIE 3/7eMeHTH, OCTaBjasiomue X; HH-
BapuaHTHBIM, NepeuuciaeHsl B (9.21). 3aech uMerTCa CYLleCTBeH-

Hble pasauuna Mexay O} n Oh, 06YCJIOBACHHLIE HANHYHEM HETPHU-
BHAJbHON TpauciIsaumu 71;. [loxkanay#i, HanGosee yno0HO NpPOROJ-
KATb H3MOXKEHHe, COMOCTaBJAs CTPYyKTypy rpymns & (X))/T (X))

11a Oj u O ¥ uCnoab3ys A8 5TOrO aGCTpaKTHLI MeTox obpa-
3YIOLIMX 32JIeMEeHTOB H cooTHomeHu# ([70]. Hanmomuum, uTto rpymna

8(X)/Z(Xy) nas 03 uzoMopdua rpynne Dy = Dy@ Ci. Bsoas
o603HavYeHus '

A=d,, B=9d,,, C=i, (14.23)
Mel BeiOupaem A, B, C B KauecTBe 00pasyioliux aleMeHTOB TPYMNIIHI
Dyp, YIOBJETBOPSIIONIUX COOTHOIIEHHSIM
Al=PB’=(C?=E, AC=CA, BC=CB, AB=BA. (14.24)
OueBunno, (14.23) u (14.24) onpepeasiior rpynny nopsaka 16, co-
nepxamyio 10 kraccos u 10 HemPUBOAMMEIX NpelCTaBJeHUH, Kak
noxkasano B Tabq. 8. OzHaKo An9 ajMasa 2JeMeHTH §s4x M i conep-
JKaTesd cpeld NpeicTaBHTeNell CMeXHHX KJIacCOB TOJBKO BMeCTe
C HeTPHUBHAJBHON TpaHcaAUuel T;; CaeNOBaTeJbHO, MPeACTaBHTE.IH

CMeXHBIX KaaccoB &/€ ¢ moBopoTHOH uacThbio, He 3aTparusawoouleil
X1, o6pasyloT caenywluyil Habop:

© (X)/T={e10}, {80}, {8,]0} {80} {0u.]0} {05'[0};
{0420} {0,210 {17} {oo] 7w} {o,[w} {0z]7),  (14.25)
{Bux 1T}, {00 [}, Boyz i), (dpla).
Ho rpynma 2 (X;) cocrour u3 Bcex R,, Takux, 4To
X, Ry=2mnp (14.26)
(rme p — ueJsple ugcsaa), HIH
I+ l,=2p. (14.27)

CienoBatesbHO, Mbl MOJKEM 3allHcaTb pasJoxKeHde IPYNNs § Ha
cMexxHble Kaaccol o $(X1) B BuIe
T=2(X)+{elt}T(X)). (14.28)

1) B mpunoxkenuu B 9TOT XKe BONPOC PACCMATPUBAETCH METOLAMH IIPOCKTHB-
HBIX MpeACTaBJEHHH.
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COoOTBETCTBEHHO CcMexXHble Kaacce rpynnsl &(X;)/T(X;) wmoryr
OBITh NIPEJCTaBJAEHEl B BHAE

{ox [t} {0y |7 +8} (14.29)
3aMeTuM, 4TO HOCKOJIbKY
X]‘t1=X1't2=ﬂT, (1430)
TO
exp(— (X, t)=exp(—iX, - t)=~—1, (14.31)

B paBHOH crenmeHu B KauecTBe MNpPeACTABHTENSI CMEXHOro KJjacca
B (14.28) wmoxHo B3aTh {e|f;}. ['maBHOe 7O, uTO TpeacTaBHTEND
CMEXHOro KJjacca paccMaTpHBaeTcsti Kak HeKOTopblHl afCTpakTHHIA
(TpaHCHALHOHHBIH) 3JeMEeHT, HMEWIIUll NpeicTaB/iedHe B BHIE
IUaroHaJbHOH MaTpHIBl ¢ 2JeMeHTaMH, paBHHMH —1. Onpenennm
Teneph aGCTPAKTHYIO TPYNNY C MOMOLUbLIO O6Pa3yIoHIHX 3JeMeHTOB

A= {8 ln}, B={d,10}, C={ilty}, D={e|t}}, E={e|0}

(14.32)
H COOTHOIIEHHH
A*=B2=C*=D?=E, (14.33)
AB=BA3, AC=DCA, BC=DCB, DA= AD,
(14.34)

DB=BD, DC=CD.

Dra rpynna siBjsierca pacuupendem rpynust Dy,. Xapakteps pony-
CTHMBIX HeNMPHUBOLUMBIX npefactasaenuit DX M rpynne © (X,)/2(X))
HOJIKHBL YIOBJIETBOPATH COOTHOILIEHHUSIM

XX ) ({e | #}) = exp (— iX « ;) xX) ™ ({e| 0}) =
= — X0 ™ ({e]0}). (14.35)

Cregyer OTMeTHTh, YTO HeKOTOpble M3 cooTHouwleHH# (14.33) wu
(14.34) BO3HHKaloT Osarojapss TOMY, 4YTO MBI ompenesasieM ab-
cTpakTHyw Madayio rpynny @ (X;)/T(X:) ¢ NOMOWIbIO TrPYNNOBBIX
97eMEeHTOB, IPEACTABAsIeMbIX MATPHLAMH, 00JaJAI0WIUMH HYXHBIMH
CBOHCTBAMH B NPOCTPAHCTBe GJOXOBCKHX BeKTOpOB YW (M () Tag
UTO KaXJALIH 39/MeMeHT NpPOCTPaHCTBeHHOH rpynnel (T. e. Jwobas
TpaHcasuus), obaanawwnit csoficteamMu (14.30) n (14.31), moxer
OBITh ONMUCAH TaKXKe KakK o0pasywouuii sjeMedT D npu onpeaeneHnu
coorHomenufi (14.33) n (14.34).

TaGnuua xapaktepoB rpynmel, onpenenennofi B (14.33)
u (14.34), moxeT OBITb NOJy4eHa HEMOCPEACTBEHHO IyTeM olpefe-
JIEHHS KJIAacCcOB, KO3 GhHINEHTOB HepeMHOXKeHHs KJIAacCOB H ITocie-
OYIOIINM TIpHBefeHHeM OOBIYHBIMH crocob6aMH. B taba. 18a, B3sitofi
u3 pa6ots [71], maercs mnosmas Tabamua XapakTepoB TpyNIH.
BuaHO, 4TO K3 UYETHPHAaAUATH HENPHBOJAUMBEIX MpelCTaB/eHHH
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TOJIbKO ueThlpe, A/ KOTOPHIX BHINOJHseTcs yciaosue (14.35), ss-
JSI0TCS AONyCTHMBIMH. Bce 9TM npeacraBiaenus DX (D DX @)
D&X) @ DX (4 gpsioTest ABYKPaTHO BEIPOXKAeHHBIMH. C (pH3HUECKOH
TOYKH 3pEHHS 3TO 03HAUaeT «CJAHMAHHE» 3HEPreTHUYeCKMX I[OBepX-
HOCTEH B 3TOH TOYKE, TaK YTO CAy4Yal OTCYTCTBHS BBIPOXKIEHHS He-
Bo3moxKeH. Hanomuum ofcyx/eHHe BONpOCa © HEJIONYCTHMBIX
npencrasieHusx B T. 1, § 40; ato ob6cy:kaeHHe OPHMEHHMO, B UacCT-
HOCTH, B HalleM cayuae aJas 10 HeAONyCTUMBIX DpeiacTaB/eHH.

Tabaruya 18a
Ta6auua xaparrepor & (X,)/T (X|) ana cTpykrypm aamaza o),

{e]0} 2 2 2 2 ! 1. 1 1 2 1 1 ! i 2
{eie,} -2 -2 -2 =2 1 | 1 1 2 | 1 1 ! 2
{63,, 810,10} 0 0 0 0 [ [ 0 [ [ i}
{6,,10) Fl 2 -2 =2 | | 1 1 -2 i | | 1 -2
{8.,00,,) -2 =2 2 2 | | i 1 -2 ! | I [
{0, 850, ) 0 0 0 0 | L =1 -1 0 | 1 =1 =1 0
(8 de it (dyle v 00 0 0 7 -2 [ B | i | ISR 1 0
{0y, inh ol 41,0 0 0 -2 2 [ TS ! 0 I | 1 0
{ilny, 1 +1,,) 0 0 0 0 ! [ [ I R R ) )
{py ol i) 0 0 0 4 I -1 [ 0 -1 1~ t 0
(P, t+e,) 0 0 0 0 ] ! 1 [ N B 2
{a,,.0:010,1,} 0 0 0 i ! 1 o= = [ R 1 1 4
(0,10, {p,:10] 2 -2 0 0 | IS R 1 (] I to-l 0
(910 10,0 100) -2 20 0 o= - 1 U 1 [ 0

HMes Tenepb B CBOEM pacloOpsKeHHH AONYCTHMble HENPHBOLH-
mble npencrasaenus rpynn @ (I)/T(T), G (X,)/T (X)) u (L) /T (L),
MBl MOXeM NOCTPOHTb TalJUIy XapakTepoB HEMPUBOAHMBIX THpe-
craBjaeHudl rpynnsl npusejgedns f. C BEIYHCANTENBHON TOUKH 3peHHs
3TO O3HauaeT mpocTo nmpumeHedre (9.16) u (9.17) nna noaydeHud
XapakTepoB BCeX 2JIeMeHTOB rpynmsl R, T. e. MHOXKecTBa NpejcTa-
BHTeJEH

BIR={@, 17}, (@l +1}, {epl7,+@Q}
{(Pp |Tp = t] + Q},
p=1,..., 48 j=1, 2, 3.

Bce stu xapaktepn nepeunchensl B Taba. Bl npuaoxenus B.

Ucnonbays 3Ty Tabauuny, MOXKHO HaHTH KO3(D(HIMEHTH NpHBele-

HHA C IOMOILIbIO YKe 3HAKOMOTO HaM NpaBujia [AJS XapakTepoB
(1. 1, 58.13); atoT Bompoc ofcyKaaeTCs HHUXKe.

(14.36)

§ 15. Koappuuuentol npuseneHus

» * *
a. Mpoussenenns mpeacrasienuii DO pEX) @,  pl*L) m
Ada axmasa. UToGH OCYIIeCTBUTb NPHBEIEHHE TPSAMBIX NPOU3Be-
DEeHUH 9THX NpelCTaBJeHHH, MBl NOCTYNaeM, Kak H B cayuae J0OOR
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KOHEUHOH TpyMib, T. €. HAaXOAHM CHaua/la XapaKTeph NPOH3Bele-
nus, Hanpumep y(*X)@y(*X)®  sarem npusommm sT0 mpousBene-
nue, ucnoJpays fnpapunao (r. 1, 58.13) nnas onpeneneHus OTAENbHBIX
K03hhuuuenTOB TPHBEICHHS:

(X3 X4 k) == 3 (0 O [0 @ (1) ¥ 7,
8r & (15.1)
k" =T wnm *X,

rie gr =384 ecrb mopsagox R, a T — NPOU3BONBLHHIA 2/MEMEHT
rpynnsl R. Jlerko HaxoAuM, HanpHMep,

D) & @ p(*X) 1 = pM e+ @ PO =) @ DI (12H) @
@ DM U2-) G DO 5+ G DI 15-) B
@DV u@mpFYe@pegpte, (15.9)

Takum cmocoboM, ucmoab3ys rpynny R, MOxHO HaHTH BCe HPOH3-
pelleHus nojgo6Horo THHA. Bce 3TH BHIYUC/EHHA OBLIH NPOAEJAHH,
W pe3yJabTaThl HpeacTaB/eHn B TalJa. b2.

6. MonosunteabHvlie KoadduuMeHThl NpUBEJEHHs JJst anMasa.
MeTon rpynmel npuBejgeHHs OLIT TaKXKe HCIOMNb30BaH JJs HpHBe-
JeHusl Bcex mpeAcTaB/eHHl BHAA

pOWm g p*wimy y  pt*s)m g p(*s) m)
naa X =(1, 1, 0)n/a.

Takum o06pa3oM, HCIOJAB3Ys JAHOO MeTOA TPYNNB HpHBENeHHS,
au60 Meroj JHHEHHBIX ajreOpanyecKHX ypaBHEHMH, Mbl [OJYYHJH
BCe IpaBHJa 0TéOpa IJIA NPHBEACHHSA OOLIMHBIX HIPOU3BELEHHI HJIH

CHMMETPH30BaHHLIX CTelleHell IpeACTaBAeHUN A4 O}

[Tonurie Tabauuel KO3(pHUIHEHTOB NpPHUBEeAeHHUS AMS BCeX He-
IPUBOIUMEIX  TNpeJACTaBJeHUN  CTPYKTYpH  a/nMas3a JaHH B
taba. B2—B10.

§ 16. Koapduunentnl Kaebwa — Foprana gag DX () @ D(*x) (m)
B cayyae CTPYKTYpHl anmasa')

B cooTBeTCTBHH ¢ pe3yJbTaTAMH NpeABAYIIHX naparpados
MBI MOXKEM TeIepb CUHUTATH H3BECTHHIMH BCe KO3(QQUIHEHTH IIpH-
BeJleHHsl JJIf IPOCTPAaHCTBEHHBIX TPYIIN KaK ajiMas3a, TaK H KaMeH-
Holt cosu. Cuenylomui [mar B M3y4eHUH OPAMBIX TPOU3BEJEHHH —
noayuenne Kosdduunentos Kie6ma— opnana. Hanomuum, uto
corsacHo ompeneteHusam B T. 1, § 18 u 60, xoadpduunentsr Kneb-

) Bror naparpad nanucasa B oCHOBHOM A-p P . Bepencon.
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wa — l'opprana npeacrapasioT cofofl 3/eMedTH YHHTapHOH MAaT-
punsl U, KoTopasi ocyuiectsjsier npeobpasoBanHe NHoA00HsA HaX
BCeMU MaTpHLAMM 33aJaHHOTO INPSMOTO NPOH3BEAEHHS HEelpHBOIH-
MBIX IIpeJACTaBJjeHUl, npeofpasyss ero B IOJHOCTBIO NPHBEAEHHYIO
(pasnoxeHHy0) (QOpMY, HJH, HHLIMH CJOBAaMH, MaTPHI, KOTOpPas
dopMupyeT «IpaBU/bHble JHHEHHbIe KOMOUHAIIHUY.

HecMoTps Ha OUeBHAHYI0 BAXKHOCTb NOJYUeHHs KoabduiueH-
ToB Kuebma — l'opaana, 70 Hacrosiero BpeMeHH OHM GBI BbI-
YHCJAeHHl JHIIb B HECKOJbKHX caydasix. OueBuiHO, ecau 6Ll 3TH
KO3 HHUIHUEHTE OBIY XOPOLIO H3YUYeHEl, JAJs HHX HAULIoch OH
MHOTO INPHJIOKEHHH, TdK KaK BCerza XKeJaTeJbHO MaKCHMaJbHO
HCIOJMB30BATh CBOHCTBA cHMMeTpHH, a Kosbdunuentsr Kmebma —
TI'opnana Kak pas H MO3BOJASAIOT 3TO CAeNaTh OJarogaps TOMY, 4TO
€ UX IOMOIULbIO MOIYT OLITh NOJYYEHBl NPABHJbHEIE JUHCHHBIE KOM-
6uHANUN QYHKIIHIL.

Ozxnaxo B 3TOM maparpacde MB COCPELOTOUHM BHHMAHHE TOJIBLKO
Ha OJHOM M3 HEeMHOIHX H3yUeHHBIX C/IyuyaeB, a UMeHHO HA NPSIMOM
IIDOM3BeleHUN HENPUBOANMEBIX IPeACTABJAeHHHA

DX m g p(*x) ) (16.1)

LA anmasa. HamloMHHM OCHOBHOE TpPABHJAO MJs BOJHOBLIX BeK-
TOPOB:
*XR*X =3Ip2*X; (16.2)

HO AJs1 aJMasa B CHJY JIBYKDATHOTO BEIPOXK/EHHSI BCeX IPeACTaB-
Jenufl 8 X; MB HMeeM

2*XQR2*X =6I'H4*X. (16.3)

B KkauecTBe npuMepa HCIOJb30BaHUA pesyibraToB T. 1, § 60,
MBI H3YUHM 37Aech ToAbKo cayuait (16.3). Ofpawmascs K Tabn. B2,
HEeMEJJIEHHO BHAMM, UTO I/ BceX mpoudBezenud tuna (16.1) nas
anMasa He3aBHCHMO OT 3HaUeHUl m u m’ Kaxaoe pe3ybTHpYIOIIee
rpeacTaB/JcHHE BCTpEUAETCH B Pas3jiOKEeHHH TOJLKO OJHH pas, Tak
uto y =1, ¥ NO3TOMY MHl Jajiee ONyCTHM 3TOT HHIeKc. Hampu-
Mep, B COKpallleHHBIX 0003HAUEHHAX HMeeM

AN X ()=T(+H)oT2—)er (12+)Br (12—-)DT (15—)D
Sres+He" X (HO* X 2)D*XB)H*X (4). (16.4)

Bocnonb3yeMmcs Tenepb AJs moayueHus kosdpdunuenros Kieb-
ma — ['opraHa meTonoM, onMcaHHbIM B T. 1, § 60.

Kanonuyeckue BOJHOBEIC BEKTOPHI BLIGHPAKOTCA TakK, 4TOOHI
yrnpocTuTh BbliuuciaeHne npoussedenus X; Q@ Xj = Xi, T. e.

25 25
kl =kx=7(1, 0’ 0)’ kf= y=T(O) 1: 0)7
16.5)

" 2% (
kl ——kz=7(0, 0, 1). .
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Torma mpeicTaBHTeJIAMH CMeXHBIX KaaccoB {@s|ts} aasi [, I’ u I”
SIBJISIIOTCSA 3JIEMEHTHE

{q)l l fl} = {8 ] 0}) {¢2 ] 72} = {baxyz ' 0}’ {(P3 ] 173} - {63xyz 0}' (166)

ITpu Bouncienun kKosdduuuenror Knebma — lopraga ucmonn-
30BaNuCbh MaTpuubl, TabyaupoBaHHble KoBajesbiM [72]. D1 mart-
pHLbl ABASIOTCA APOEKTHBHBLIMU NPeACTaBJIeHHAMH TOUEUHKIX pYI
P(k)= G (k) /T u ya0BIETBOPSIOT YCICBHUIO

T (@a) T (pg) = @ (@, B) T (qap), (16.7)
rae aas ucnosbioraHHofi KoadsesriM akTop-CHCTEMBL
(o, B) == exp {—— i(q);‘ R — kl) . 1.'6}. (16.8)

Torxga 3TH HPOEKTHBHBIE IIpeACTaBJEHUst CBA3aHLI C INpeACTaBJe-
HUSAMH npOCTpaHCTBeHHoﬁ TPYIIL CAEAYIOHUM 0Gpa3om:

DD ({1 715}) = e"*1"aD? (g). (16.9)

“Has toukn X asaMasa ucmoJabayercss tabamna Kosagnesa TI159,
npuyem D& =33 DWW =4t D& =42 y D& =4l Marpuauu aJs
touku I' comepxarca B taba. T194. Bo mcex taGamuax KoBasesa
B KayeCcTBe KAHOHHUECKOTO BOJIHOBOI'O BeKTOpa R, BhIOpaHo R,==

== %‘ (0, 0, 1). Koadppunmenrst Kae6ma — lopnana pus 6ioka (111)
MoryT ObiTh noayueser u3 (1. 1, 60.10):

* l” BY (D)
Uiae, 1eUsra1a, 107 = W Z D*! ({ox Tx})aa X

><D<’””' ({0 1 TP g DEV I ({0, 1T, }) oo (16.10)

Koadduunentsl asasa aroro 6/0xa mpuBeseHsl B Taba. B3,
Buok tuna {oo’c”) oupemeasierca (t. 1, 60.21):

U (00/") = D9 ({5, | £,) ® D™ ) (g £,}) X

XU (111) ¥ ({g,, [ £,)7,  (16.11)
rne

{00} = {w, ] T} {4s [} |t} ={o v} {#s] 75}
{®, o oz | T3} (16.12)

{os|Ts} =k, {os|To} 8 =k, {0g|Ts}k =k} (16.13)

Ta6a. b6 u B7 comepxar Bclo undopMauuio, HeoOXOAUMYIO A
BEIUHC/ACHHST HERYJeBHX OJ0KOBR {00'6”’).

Kax ciegyer us taba. b6, 6aokn (111), (222) u (333) comep-
AT OANHAKoBHE KO3h(UIHEHTH; TO e OTHOCHTCA K O6J0KaM

! s

kl/ =
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(123), (231) u (312). U3 (16.11) moayuaem
U (123)=D®® ({p,;| 0}) ® D@ ({o,, | 0}) X
X U(111) DE @ (fo | 04)™'.  (16.14)

UTo6rl BBIYHCIATD KOPQHIHEHTH A% X®X-—I‘ MBI 3aMe-
THM, BO-IEPBHIX, 4TO i Onoxa (111) Kk -k —k/+2nB,
B, CJeJoBaTeNbHO, Bce KO3(D(HIHEeHTH paBHBl Hya10. [losTomMy MBI
BolbupaeM OgoK (321) B KaueCTBe KAaHOHHYECKOrO, HJAH IJaBHOTO,
6/0Ka H BCce ocCTa/JbHble 0JOKH (00'0’’) ompexensieM uepe3 GJOK
(321). Tabn. bB8 comepxur Koadpduuuentn 6Gaoxa (321),
a taba. B9 u B10 — nHpopmanuio, HeOGXOAUMYIO IS MOJYUYEHHS
ocTaJbHBIX OJIOKOB.

AnbTepHATHBHOH IPOLEAYPOl, KOTOPYI0 MOXKHO ObLIO OB HC-
NOJb30BaTh, fABJASETCS MeTOJ NPOEKIHOHHBIX omepaTopoB. [lpoek-
IHOHHEIE ONEPATOPHl ONPEAEATIOTCH COOTHOUIEHUSIMHA

*pn) (o [ * o0y (qn "
PLEMD = DD (0 ) i Pr o (1619

[TockoabKy ng'u) {0 P17 gk (1) (16.16)
MBI MOXKeM HCIIOJIb30BaTh NMPOEKLHOHHblE OHEPaTOPHl AJSl NPOBEPKH
K03 PHIUEHTOB, NpHBeJeHHEX B Taba. b5—bBI10.

PaccMorpum B KauecTse npuMepa npoussetenis X @ X9 =X®
1 X® Q XH=X"2D ngq crpykrypn aamasa. Mcnoabsys npoexiuon-
Hble ONepaTopHl, NoJayyYyaeM cjelyolnie GasucHble QYHKIUH, 3aIH-
caHHple KaK JuHefHble KOMOWHAIMM IecTH OJOXOBCKHX (YHKIHH

"pa(k), a=xYZ2 k=0, T.

P = (9, (0) + v, M)V, (16.17)
P =i (%, (0) + ¥, (M)/VZ, (16.18)
W) ) = (9, (0) + ¥, (1)/VE, (16.19)
W V=i (p, (0) + iy, (1)/V2, (16.20)
P © = (v, (0) + b, (1)/V/2, (16.21)
pse) ) =i (p, (0) + 9, (1)/VZ, (16.22)
i) © = (v, (0) — ¥, (1))/v2, (16.23)
Py =i (— lbx(0)+¢z(r))/w/2_, (16.24)
¥ X = (v, (0) — b, ())/V/2, (16.25)
pin) © =i (9, (8) — b, (0)/4/2, (16.26)
P X = (, (0) — b, (1))/V2, (16.27)

P00 =i (— b, (0) + v, (1)/V2 (16.28)
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Hs tabn. b5 — B10 noayvaem koaddunventn Knebuia — [Nop-
panal) pias *X® Q@ *XW=*X1 g *XB Q *X¥ = I't12+), Bo-nepsrix,

naa *X HveeM

1o s
. . : 0 0
Uﬂeix) (X?) (ky) X ) (kz) (X1 == 0 0 == U222 = U333,
—i/2 if2/
—i2 2
. \ ‘ 0 0
Ugsx)(x)(ky) (X1 (k) (X 0 o = Uy = Uye
TR

Kak uacTuwplii cjayualt umeem

1 1 : 4
) 00 L) 00000 01 ) (00
— il i) ¥ 4 i "“«b 2

Hanee, pas U umeem

0 0
D 0) (1) () ) 24) | /A6 — 174/ ]
20 . 1,
1/4/6 —1/4/6 ‘

0 0
0 0
o _|eE —elE
T VE — ey |
0 0
0 0
o _|eVE e
131 8/’\/6_ ——82/'\/6_ ’
0 0

rie e=e>"S Torma, Hanpumep,
1 3 4 3
¢P(12+) 7 {wg‘x)"‘ )\ng)(x)-i—ibg ) X0y y)(X)+
gPap(f) KNy (leg) (X 1 (2 () (00 (k) XY
+ ey Pl + 3 by +

(16.29)

(16.30)

(16.31)

(16.33)

(16.34)

o) O L gyl (16,39

1y B ta6n. B5— B10 noanne npexcrasnenus o603HaueHH X, a ne *x10,
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anMeHeHHe NPOCKIHOHHBIX OIlepaTopoB

i l 1 *
P{ka) XY 2%_ Z DX ((q, [%,}) P ey (16.36)

; l
pirazd) 1‘(12+) Z D" (12+) @] %)) Pioy o33 (16.37)

NOKa3HEBaeT, YTO ONMCaHHEE BHlle Koa(pPuuientn Kaebmia — [op-
JaHa JefiCTBUTEJbHO [AAlOT JWHelHple KOMOHHamuu ¢yHkuuf Oa-
suca, obJajaoline NpaBuIbHON cuMMerpuell {73]1).

§ 17. Poab addpexToB, CBA3AHHBIX ¢ CHMMETPHEH M0 OTHOUIEHUIO
K 00paulieHHI0 BPeMeHH, B pelieTKax aJgMa3a H KaMeHHO# coJu

Ionnoe ncnonr3opanue 3¢ ¢pexTos, 00ycaOBJEHHEX aHTHYHUTAD-
HEIM ONepaTopoM ofpallleHHs BPeMeHH, B pelIeTKaX ajamasa H Ka-
MEHHOM coi# TpefyeT HU3yYeHHs KaXJOrO HENPUBOAMMOTO Mpel-
CTaBJeHHUsT H KaKIOro THla (OHOHOB C TOYKH 3peHHs KPUTepHS
BEIIeCTBEHHOCTH, 4YTOOL ONpelde/uTh, BEI3HIBAET JM OMNEpaTop HH-
pepcud BpeMeHH K JONOJHHTeNbHOe BeIpoxieHue. [Ipu aToM Heob-
XONKMO TaKKe HCCJAeN0BaThb Kaxkjaoe Mpasuao orbopa, yToOwl ompe-
JIe/IHTh, BO3HUKAIOT JIH AOMOJHHTE/bHEIE OrpaHHUCHHS H3-38 HHBEp-
cuy BpeMeHn. Hu sta nporpaMma, HaMmeyeHHass B oOIuX dYepTax
B 1. 1, § 87—94, #p noneiTkd cGopMyJUPOBATL 33HOBO TEOPHIO B
paMKax COBPEMEHHOTO NOAX04a, OCHOBAHHOID Ha KONMPeAcTaBieHHAX
(1.1, § 95—102), no cux nop He OCYIIECTBJEHHL

Mpl npuBeieM 31eCh Pe3yJAbTaThl BecbMa OrpaHHUYEHHOrO HecJe-
poBaHust 5P¢PeKTOB HHBEPCHH BDeMeHH [JIf [ABYX IDYNIl C HCIOJb-
soBaiueM MeToHoB T. 1, § 87—94. O kaxA0# NpOCTpaHCTBEHHOH
rpYNNL Mbl H3YYHM [BA THIHYHEIX BOJHOBLIX BEKTODA (raba. 3):
*X, npuHagaexalui K knaccy I, nockonbky —X, = X;, i=1, 2, 3,
H *W’, npunaanexamuii Kk kiaccy I, tak xak *~W = *W, xora
— W, ue sksusasienten W; nis Beex I

Hanomunm, uto, cormacuo (1. 1, 94.11) u (1. 1, 94.12), nna soa-
HOBHX BEKTODOB Kiaacca | HemocpencTBeHHas NPOBepPKa Ha AelCTBH-
TeJIbHOCTb OCYLLCCTBJSETCA CpaBHEHHEM

B (m) g () (m)* (17.1)

Ecnu aTu gBa yucaa paBHB, TO JONOJHHUTENbHOE BHIPOXKAEHHE OT-
CYTCTBYeT, B IPOTHBHOM CJyuae OHO HMeeTcs.
s BoaHoBHIX BekTOpOB Kaacca II, corsacno (r. 1, 94.26), MHu

JOJIZKHBI M3YYHTD
1@ (o w) (17.2)

') Cwm. smrepatypy, uuTnpoBasHywo B T. 1, § 60.
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w0 ({1 7}°) = x2® ({9, 1,}), (17.3)

rae mpeobpasoBaHue conpsikeHua B (17.3) ocyuiectmisieTcss npH
nomoun saementa {g,|v;}, onperenennoro B (r. 1, 94.11) kak

5JIeMEHT, NOBOPOTHAs YacCTh KOTOporo npeobpasyer k B —k. Takum
OyTeM MBl ompejensieM, sBasioTca DWIM y DU (™ grpypanent-
HLIMH HJAK HEe3KBUBAJEHTHBHIMH H B Hoc/lefHeM ciayuae obbenu-
HAIOTCSl BMeECTe, YABAMBasA TeM CaMbIM BHIPOKAEHHE,

HecmoTps " Ha npocrpaHHoe o6cyxieHde, NoHanoOuBIIeecs B
T. 1, § 91—94 naa BHIBOAA 9THX pPe3yJbTaTOB, NPHMEHATh HX
BECbMA NPOCTO.

Hna anmasa Mbl paccMaTpHBaeM A4 3Be3lbl *X npeicTaBieHHe

*
DX m ., HcnonpsyeM OQHH M3 BOJHOBbIX BEKTOPOB, cKaxeM X,.
PaccmarpuBast tabauny xapakrtepos y V(M (taGa. 18a), 3aMe-
yaeMm, 4TO BCe XapakTepn BeliiecTBeHHH. CJen0BaTe/bHO,

J8 aamasa Bce DX0im) pelecTBEHHH. (17.49)

Tagum 06p830M NOMOJMHHTEALHOE BprO}kIleHHe OTCYTCTBYET. L[JIH

*W wmun paccvarpuBaeM npeactasienne DUW)(m, Kanounueckuhi
BostHOBOM Bektop W) == (2m, 0, —m) (1/a). Xapakrepsl 3TOro upej-
CTaBJieHHsl MOXKHO HaliTu B Taba. 33. O6paTuM BHHMaHHe Ha TOT
¢dakr, uro Xapakrtepsl ajas kiaaccos Cs, C4 C,, ..., Ci2 KOMIIEKC-
HE. B sTOM ciyuae, ofHaKO, MBI JOJKHB HCIOJAL30BATE NPABHJIO
(17.3). Hasi Hammx uesded Her HeOOXOAMMOCTH TIPUMEHSITH BCHO
Tabauly, KOCTATOUHO NpoBepuTh ycaosue (17.3) mas oxmsoro aue-
MeHTa, B KauecTBe KOTOpPOro Mbl BhiGepeM ¢ = 04.. Bnibop 3rtoro
aJeMeHTa II03BOJISIET TIPOBEPUTh IOBeACHHE KOMIIEKCHEIX XapakTe-
poB YWIM ({64,{0}) u %WJ @ ({64,]0}). DaeMeHT NPOCTPAHCTBEH-
HOH TpyIIsl {pngO} obnajgaer CBOHCTBOM

oW, =—W =W, (17.5)

CnenosatesbHo, Mbl MOXKeM BbOpaTh @, B KayecTsBe @; B (17.3).
Torpa B coorsercrBuu ¢ (17.3) HaxoLHM

x (Wi () (pxg , 0} {042 | ()} {pxg IO})* == (W) () ({04—;1 [ 0})* =
=y W) ({5,,]0}).  (17.6)

CienoBaTe/bHO, HECMOTPSl Ha HaJHuYMe KOMIJIEKCHBIX uuces B Tal-
JHIEe XapaKTepoB I/ 3THX [IBYX MNpeACTaBjeHull, kak  DW)(),
Tak u DWY@ BemecTBeHHH, T. e. 00pallleHde BPEMeHH He NMPHBOAUT
K JOMOJNHHTEJbHOMY BBHIDOXIEHHIO. 3aMeTHM, UTO, XOTS1 CBOHCTBO
(17.6) noxasaHo Toambko nasi DWD() re ke apryMeHTH B Ciyyae
anMasa npuMeHHMH H K DWO @) tak kak ansa (17.6) cylecrseHHO
TOJIbKO TPABHJO ONPEJE/]eHHs CONpSKEHHEIX S/eMEHTOB.

B cayyae pemleTKH KaMeHHON COJHM, KaK BHAHO H3 Tabu. 8, Bce
XapakTepsl i TOYKHM X, BellecTBeHHbl. ITOCKOJIBKY 3TOT BEKTOP
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HPHHAANEKHT K Kaaccy [, Mbl MoxeM HeMelJIeHHO 3aKJ/IOUHTb, YTO
BCe MpeacTaBjaeHHs AeHCTBHTesbHbEL. C/eaoBaTeabHO, HONOJTHUTENb-
Hoe BBHIpOXKAeHHe oTcyTcTByeT. Jusi toukn W, Bce nmpeacrap/eHHS
HMEIOT [eHCTBUTENbHEIE XapaKTephbl, KOTOPHIE JIErKO MOJYYHTH U3
TabJHIbl XapakTepoB ToueuHolh rpynibt Dgy [lociennne mnpuso-
asrca B tabg. 19. Jlerko BuaeTh, 4TO, KaK H B NMpeABIAYLIEM caydae,
npeo6pa3oBaHne CONPSIKEHHS C MOMOLUBIO SJeMeHTa @ ., NPHBOXHT
NPOCTO K IgpecTaHOBKe 3JAEMEHTOB B KaxjaoMm Khacce. CooTser-
cTBeHHo KpuTepuii (17.3) cBugereancTByeT 00 OTCYTCTBHH JONOJ-
HUTEIbHOTO BBIPOKIEHHS.
Tabauya 19

Xapakrepnl npeacraBaenuii pus rouku W, =(2, ®, 0, — ) (1/a) pemerkn
KaMeHHO# CcoJau

Saemenr {#]0} wil) w(2" wil") wi? wid
£ 1 1 1 1 2
822 1 1 1 1 )
Oy 64—2l 1 1 —1 —1 0
62xy’ 62)2_1/ 1 —1 1 —1 0
Ox Oy 1 —1 —1 1 0

— ! —
ng"4szg =0y 0xi9%0%5 = py.

IMpomonxas TakuM xe 00pa3oM, MOXKHO IOKa3aTh, 4YTO B O0LIEM
cjydae OIlepaiHs HHBEPCHH BPEMEHH He IPHBOAHT K AONOJHHTE/b+
HOMY BBIDOXKJAEHHIO KaK B DellleTKe ajJMasa, Tak H B pelleTKe Ka-
MeHHOH counl),

BiusiHHe aHTHYHHTApHOM CHMMETDUH IO OTHOUICHHIO K HHBep-
CUH BpeMeHH Ha MaTpPHUHBIE 3JeMeHTH B HacTosllliee BPeMsl MAaJio
usyueno [74-—77}%).

§ 18. Casuocrp M kiaaccuduxkauus
HeOPUBOJAMMBIX NpPEACTABJCHHI AJis CTPYKTYp aaMasa .
M KaMeHHOH coJH: cJelcTBHs mpasua orGopa
BeaefcTBre HaAHYMS HEeTPHBHAJIBHON TPaHCASIHMA B 3jeMeHTax
CMeXKHBIX KJacCOB IPYNNBl CHMMETDHH a/Ma3a XapaKTephl HelMpHBO-

Y B oranuue or KosnebaHuil pemeTK npaBuaa oT6opa JHAf JIEKTPOHHBIX
nepexoi0B MEXAY PAa3HBIMH IKCTPEMYMAaM{ CHJIbHO H3MEHAIOTCS NPH yueTe CHM-
MeTpuu oOpallenusi BPeMeHH, HeJBH PN NepeXxONOB MeXAY S/JIHICOHAAMH OKa-
3biBaeTCA 3alpelienHBIM. JTOT Bonpoc ofcyxxkiaercss B KHMre Bupa n Ilnkyca
[1839. — [Tpun. ped.

- %) DT BOmpOCH paccMaTpuBalOTCA Takxke B Kmure [183]. — Ilpum, ped,
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JUMBIX NIPeJICTaB/JeHHH COLEPXKAT COOTBETCTBYIOILHE (PA30BhIE MHO-
>kuTeau. MupiMy cioBaMu, (hakToOp-MHOKECTBO AAS p-HESKBUBAJEHT-
HBIX HENPHBOAHMEIX [IPOEKTHBHBIX NPEACTABICHUI COOTBETCTBYIOUMX
TOUYEUHBIX TPYNI ABJAETCS HETPHBHAJILHBIM (T. €, He paBHBIM TOXKIe-
CTBEHHO eLHHHIE).

Hanuune ¢asoBeix MHOKHUTeNEl HMeeT BeCbMa BaxKHOE CJej-
CTBHe, IOJyYyaeMoe HeNOoCpeACTBEHHO M3 aHajHu3a TalJ/iHn XapakTe-
pPOB AJaf JAONYCTUMBIX HENPHUBOAMMBIX IpeiacTaBjeHufl, M MoOKeM
3/leCb HCIOJb30BaTh JHGO (GopMasu3M NOATPYNN, H3yyas Xapak-
TepHl MaJbX Tpynn, Ju60 GopManusM IOJHOH TPYMNE!, HCHOJIb3Y
ee HeNpHBOAUMHE INpeiacraBieHusl. [Ipobaema, KoTopyw Mu siech
obcyauM, 3akaoyaeTcs B CBA3HOCTH ') M KiaaccupHKalHH HenpHBO-
JUMBIX TIpeACTaBJeHUH NMPOCTPAHCTBEHHON TPYINH IPH H3MEHEHHH
BOJHOBOTO BeKTopa k OT HEKOTOPOH TOUKM BHYTPH HEePBOH SOHH
BpuaniosHa 1o ee IpaHUILI U IPH €ro RajbHelllieM NPOAOJIKEHHH,
HanomunM, 4T0 U3 caMoro omnpejeJeHHsl BOJHOBOTO BEKTOpa H Iep-
BO#t 30HH DBpuamiosna (mauumoro B T. 1, § 23) caenyer, urto asa
BOJIHOBHIX BeKTopa k H k', cBsizaHHBle cooTHOWlenueMm (t. 1, 23.6)

K =k 2nBy, (18.1)

SKBHUBAJEHTHHI; B yacTHOCTH [eMm. (1. 1, 23.6) u (1. 1. 23.9)], oun
ONpeRensioT ABa TOMKAECTBEHHBIX HENPHUBOAMMBIX [peACTaBJIeHNA
rpynne; . OTcloga cheayer, 4TO KaiKJulll BOJHOBOH BeKTOp, TpO-
JIOJIKEHHBIH 32 MEPBYI0 30HY DPHJIIOHA, MOXKET GBITb ¢ NOMOIILBIO
(18.1) oroGpaxen o6paTHO B NepBYI0 30HY. B HEKOTOPHIX NMpPOCTHX
caydasix OToOpaKeHHBIH BOJIHOBOH BEKTOp IIONajaeT MPOCTO HA
JHAMETPANbHO HPOTHBONIOJOXKHYIO FPaHb 30HH. ITOT cayuall MH
NPOWITIOCTPUPYEM HHUXKEe Ha IpUMepe INPOAOJKEHHS BOJHOBOTO
BekTopa 3a Touky X; = (2m, 0, 0) (1/a) nas anmasa. B apyrux cay-
yaax orobpaxenne (18.1) mepeBoauT BekTOp Ha Apyryw (He AHa-
MeTpaJbHO MPOTHBONOJOXKHYIO) FpaHb. B Jo0oM cayuyae CBS3HOCTDL
BOJIHOBLIX BEKTOPOB MPOCTO mMoAyuuTh u3 (18.1).

Bosee uHTEpecHY0 M BaxkHyw IpobJeMy npejcTas/iser coboli
CBSI3HOCTb HEMPHBOJHMBIX NPENCTABJEHHH H ee 3HaueHWe s IIpa-
Bus orbopa. Mnl NPOHAMIOCTPHPYEM 3TH BONPOCH IJs1 ABYX THIIOB
npejcTaBieHnfi, GasHPYIOIMXCS COOTBETCTBEHHO Ha *A u *X
B Taba. 186 MBI maem Xxapakrepbl JAONYCTHMBEIX HEIPHBOAMMBIX
npencrasiaenui ¥ AW manol rpynusl (A;)/T(A1) B peuerke an-
Masa, a B Taba. 188 — xapakrepn x{™8) @ mosuot rpymmer. HeoB-
XOZHMO OOpaTHTh BHUMAaHUE Ha JBe MapHl NpelcTaBJeHui:

D*a)m y p*a)e, (18.2)
p*a)@ y p*am, (18.3)

, 1) Xeppnar [78] paccmorpen 3TH BONpPOCH AJIA HECHMMODQHHIX Ipynn aiMmasa
O}, ¥ rexcarona/bHOi MIOTHOYNAKOBaHHOH cTpyKTYpH Dy
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Tabauya 186

JlonycTaMble HenpHBoAHMbie npexcrasaenns rpynmu & (A /% (Al)
IS CTPYKTYPH anMasa; Touka A, == (%, 0, 0) 1)

CMeXHBIR KJace

1A ()
{10} {325 | 0} {Bax |} foylvi} {Pyz210}
A[lj 1 1 [ ® 1
A2 1 1 — @ ® —1
A2 1 1 — —© 1
Al 1 1 [ —_— —1
Ab 2 ~—2 0 0 0

) Brecs o == exp (~—ix®a/4); o6o3navenns Te xe, uto B pabore Xeppunra [78].

Tabauya 188

Henpusoaumpie npencraBienus (*Aj) noauoit rpynmsl OZ; cm. T1a6a. 186

CMexHBIH Kaace

w(*A) ()
{e]0} {82510} x5 | 0} {Px 171} {Bax |71}
na ®a
*Al 6 2 2 4 cos - 2 cos =
* — xa — xa
A2 6 2 2 4 cos 1 2 cos 7
’ _ xa — xa
*A2 6 2 2 4cos 7 2 cos T
®a na
*Al’ 6 2 —2 —4 cos —4—' 2COST
*Ab 12 —4 0 0 0

OrMeTuM, UTO €JHHCTBeHHas Pa3HHIA ITHX HeIKBHBAJEHTHBIX He-
IPHBOJHMBIX TPEACTaBJEHHH 3aKModaeTcs AJIA KaKAOH maps B
3HAKe XapaKTepOB 3JeMEHTOB (NpeicTaBuTesNell CMEXHBEIX KJIacCOB)

{oclm} 1 {17} (18.4
PaCCMOTpI/IM Tenepb NoCJae0BaTeJdbHOCTD BeKTOpOBfk BAOJ/Ib MYTH
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T.e. paccMoTphuM BekTop k B Hamnpasienun [100], pacrymufi go
rpaHulbl 30HH H BBHIXOAAUIMH M3 Hee. B KoMmoHeHTax Bekrtop R
(18.5) umeer BHA

(0, 0, 0)— (%, O, 0)»(27“, 0, 0)_,(_2_‘11+x’ 0 0)_}
- ("‘22}+“’ 0, 0)—*(0, 0, 0), (18.6)

HanomunM, uto BekTOp 00paTHOM pelwleTKH (YMHOXEHHLIH Ha 2rw)
ectb 2nBy = (4n/a, 0, 0), cM. taba. 3. PaccmorpuMm Tenepp JBa
BOJIHOBBIX BEKTOPa, CBA3aHHLIX COOTHOIIEHHEM

k= (x, 0, 0)=(x’, 0, 0) + (4n/a, 0, 0) =&’ + 2aBy. (18.7)

Ho
exp (— ixaf/4) = e~ exp (— in'afd),

T. €. (asa MeHAeT 3HaK
o (x) = — o (»). (18.8)

Hrak, paccmarpusas npojoJxeHne Bektopa A =(x, 0, 0) B mo-
clefoBaTeqbHOCTH (18.5), MBI NPHXOLUM K BAXKHOMY 3aKJIOUEHHIO,
UTO INOoCJAe HPOXOKAEHHS TOuKM X; 3HAK  H3MEHsIeTCS M Taphl
npejcraBJeHHit MeHsiloTca MectaMu. IloguepkHeM 3HaueHHe 3TOrO
pesyaptata. Bektopel (dyuxkuuu) AU Hazuca npeicrapiaeHHs
(nanpumep, Ay 1) durcupopansl, Ho P& (I paccmarpuBaeMele Kak
dyHKUME A IpH IPOAOMIKEHHH R 3a Npejesbl NepBOH 30HBI H SIB-
asmwomuecst npu A; << X; Gasucom mpeiactasienns Ay 1, npu A; << X;
craHoBsiTcsl GasucoMm mpejcrasiaenus Ay 2’. ®usnueckaa wmHbopwma-
uud, cofepxkamasica B dyukuusax PO npy sToM He H3MeHsAeTCH,
HO MeHsieTCsl Ha3BaHHe NpeacTanJeHHA. TakumM ob6pasoM, NpH H3Me-
HEHHH BOJHOBOIO BeKTOpa B mocJjenosatesnbHoctH (18.5) mpexcras-
JIEHHS] MEHSIIOTCS CeyIoIHM 06pasoM:

5 ——>Al->Xl >(—A)2 —>T254

4+ > (A)2 — X1 >A 1 >T15—. (18.9)
TouHo Tak e MOXKHO MOJIYYHTH LHKJ AJSI BTOPOH Napbl Npencras-
JIeHuH:
25— —>A2—-X2—->(—A)1"'-TI5+

4+ ->Al->X2->A2->T25—. (18.10)

Ho, nmocko/ibKy ABYKPATHO BHIPOMKJEHHOe IIpeAcTaBJdeHHe A;5 He
COTepKUT Ga30BOr0 MHOKHTENS, /ISl HErO LHKJL HMEIOT BHJ

15— —>A5—> X;3->(—A)5->T15—, (18.11)
T25+ — A5 — X4 —> (— A) 5 —T95 -+, (18.12)
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Kak MoxHO O6blJi0 NpeiBHAETb, TOYHO TAKOH Ke pesyJbTaT
nojiyyaetcss IPH ABHOM HCCJAeNOBaHUM IpeoOpazoBaHus OasHCHBIX
pyHKIHE

YAV, PA) @) g A @ qp(an 17

IO BJMSIHHEM OIepaTopa, KOTOPHIH AeHCTBYeT I10-PA3HOMY HAa 3TH
(hyHKUHH, HAOpHMep P{py e}

OnuH ¥3 cnoco6oB MHTEpNpPETAlHH 3THX Pe3y/JbTATOB 3aKJIO-
4aeTcsd B TOM, UTO, CTPOrQ roBopsl, OrpaHHYeHHe BOJIHOBBIX BEKTOPOB
nepBolt 30HOH DBpuaniosna CIyKHUT A/ pasineseHHs HEIPHBOAHMBIX
npeactasienult rpynnsl € (cm. 1. 1, § 23) rtak, utoOw ABa 3KBUBA-
JIGHTHBIX BOJIHOBBIX BekTopa, cBsisaHHHX (18.1), He cumrtanuch GH
apaxasl. Ho, ¢ apyrofi cTOpoHE, NpeicTaBJeHHe JOMKHO OBITh
HenpephlBHOA (yHKuueH k. YcaoBHEe HENpPepHIBHOCTH MOXKeT IIpH-
BECTH K «ABOHHOH NEPHOAHNYHOCTH» HEKOTOPBIX IpEACTaBJIEHHH B
HECHMMOPGHEIX CTPYKTYpax, Hanpumep B aamase Of.

PaccmoTpumM Temeph CJIeACTBUS 3TOr0 pe3yabTaTa Hpexie BCero
A IHHAMHUKH peLieTKH B KJI4CCHUeCKOM ONHCcaHHU. B o6o3Haue-
Husix T. 1, § 79, umeem [cm. (1. 1, 79.7)]

D)o §)=w2<kme( ¢

!.A). (18.13)

CJIelIyeT HaNoOMHHUTb, UTO 3aBHUCHMOCTb AHHAMHUECKOH MaTPHLEL

[D(k)] ot k BXoAUT uepe3 NPOEKUHOHHBIH onepatop P®*) [cm.
(r. 1. 81.20) u (1.1, 81.21)]. M3 (1. 1, 81.21) HemendseHHO caeayer

[D ()] = [D (k+ 2nBy)). (18.14)
CooTBeTCTBEHHO HaGopH COGCTBEHHBIX BEKTOPOB [JHHAMHYECKHX
matpuit [D(k)] u [D(k+ 2nBy)] nDOMKHB OLITh OJHHAKOBBIMH

(3a MCKII0UeHHeM, BO3MOXKHO, 3Haka WJId B obieM caydae ¢aso-
BOTO MHOXKHUTEJS C PaBHBIM enuHuie moaysieM). CieroBaTendbHo,

Habop
{e( ,:), e e( fm)} (18.15)

MOMKHO CUHTATh TOMK/IECTBEHHBIM HaBopy
k<4 2nB k- 2nB
{e( + ”), e( T ”)} (18.16)
1 I,
Ananornyno HaGOp COGCTBEHHBIX 3HAYECHHH
{02 (k|1), ..., 0®(R|1,)} (18.17)

COOTBETCTBYET Halopy
{o’(R+2nBg(l), ..., o (R4 2nBy|[,)}. (18.18)
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OnHako ToKJecTBeHHOCTb Mexay HaGopamu (18.15) u (18.16), a
takxke (18.17) u (18.18) caenyer mnoHumarte B Oojee o6lieM
CMEICIE!

o? (k] ) = o’ (k + 2nBy | '), (18.19)

rie j' He o6s3aTesbHO coBnagaer ¢ j. Kaxasl#i cayuali goJiked
paccMaTpuBathed oOTAesapbHO. CHTyaulHs 37ech HANOMHHAeT Ty, €
KOTOPOH MBI CTOJIKHYJHCh B T. 1, § 94, npu H3yueHWH BJAHSHHS
onmepauuu ofpalleHuss BpeMeHH Ha coOCTBeHHHE BekTopnl. M3
(18.19) n (18.9) umeeM, B UAaCTHOCTH, /I pellIeTKH ajmasa

(A 1) =02 (A, + 2xB | 2), (18.20)
0 (A;]2) = 0 (A, + 23B, | 1'). (18.21)

Baxnoctb coornoutennit (18.20) u (18.21) MoxHO ysicHuTh npu
pPacCcMOTpEHHH TIpaBuJ OoTBopa JJIA NPOIECCOB ¢ yuacTHeM (HOHOHA
c sHeprueil o(k|j), nHanpuMep /st paccesHHS 5J]eKTPOHOB. [Ipak-
THUECKH BaXKHBI HeNaBHO H3yYeHHbI# NpHUMep — mpasHia oTOOpa
AJIS paccesiHUsA 3/IeKTPOHA MeKAY Pa3iHUHBIMH SKBHBAJEHTHHIMHU
MHHHMYMaMu 30HH posoauMocTd B Si [79]. dror g-nmponece onpe-
gensercs KospbdunuentoM npuseienus (B (popMaausMe HOJ-
rpyHIIbI)

([A:1],12A), (18.22)

rie A;— BOJHOBOH BEKTOP, COOTBETCTBYIOIHH MHHHMYMY 30HBHI
IIPOBOJUMOCTH B KPEMHHUH:

A;=0,83 (2a/a, 0, 0). (18.23)
O6pawascs K taba. b3, Haxoaum
([A1]p12A41) =1, ' (18.24)

T. €. JOHOH JOJIKeH MMeTh BOJHOBOH BeKTOp 2A; ¥ NpHHAJJeXKaTb
npexacrasiaenuo j = 1. Ho

9A, = 1,66 (2/a, 0, 0) = — 0,34 (2n/a, 0, 0) + (4=/a, 0, 0). (18.25)

3HauuT, BeKTOp 2A; Oosbmie X;, TaK 4TO MBl MOXKEM Hemocpen-
CTBEHHO, HCoab3ys (18.20), sanucatb

?(2A,] 1) = 0?(—0,34X,]2). (18.26)

Mu BuauM, 4TO ()OHOH, YUacCTBYIOLIHH B Ipoliecce, ONpelesieMOM
(18.24), umeer B nepsoil 3one bpuarwsna cummerpuio A; 2'. O6pa-
masch K Tabia. 23, HaxomuM, YyTo 3TOT (POHOH NPHHALJEKHT K THIY
LO. Tpasuna or6opa [manpumep, (18.22)] TpebyioTr KOppeKTHOH
HHTepIpeTalii B cBeTe TPeOOBAHHI COBMECTHOCTH H HeNpephIBHO-
cti. Camu no ceGe mpasusia or6opa HEMPOTHBOPEYHBH H He colep-
JKaT HeogHOosHauHocTH. OJHAKO NPH HX HCHOJb30BAaHMHM cAedyeT
o6paujaTh BHHMaHHe Ha HENPePBIBHOCTb, OCOOGHHO B TEX Cayvasix,
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KOrZla HMEeT MeCTO Mepefaua HMIYJAbCa, BLIBOAALLAS €ro 3a mpe-
JlesTel 30HBEI, KaK 3TO NPOHMCXOAMT B pa3oOpaHHOM npumepel).

[TonoGupix ke 3(h(HeKTOB MOXKHO OXHIATh H JS JPYrdx He-
CHMMOPGHEIX KPUCTAIOB, XOTS B NEpHOA HAMHCAHHSA JaHHOK KHHTH
Apyrue npuMepnl He OvlIM HaM H3BecTHH. [lpencrasnenus 2ij, a
TakxKe Ajj AMs ajaMa3sa cB3aHbl TPUBHAJBHO.

B cayuae cuMMOpPOHHIX NPOCTPAHCTBEHHBIX TPYIN 3TH NPO6-
JleMbl He BO3HHUKAIOT.

Y HIrpaiteoand [80] ofcyxknaer stor caywait. Op noayuusn npasHIbHBE
BbiBOAL, ONEAKO €ro YTBEpXKIEHMe O IPOTHBOPeunBocTA Gosee pamnux paGoT
Jlskca u Xonduapga [81] u Bupmana [21] ownbouno, cM. [82].



'JIABA 3

CummeTpus (hOHOHOB,
HH(ppaKpacHoe MONIOLIEHHE
M KOMOHMHALLMOHHOE paccesiHUe CBeTa
B KpUCTaJjlax THIA anmasa
U KaMEHHOH COJIH

§ 19. Breneune

Onpenenus koshGUIMEHTH NPHBEIEHHS [ HeNPHBOAMMBIX
NpeJACTaBJeHH paccMaTPHBAaeMbIX IPYNI, NPOJOJIKHM Teleph Hay
nporpamMMy H CBSKEeM IJs1 00€HX CTPYKTYD 3TH pe3yJibTaTh ¢ ¢u-
3HUeCKMMH npoueccaMy ¢ yudacTHeM (oHoHoz. B nepByio ouepenb
MBI ONPEAENHM THIBI CHMMETPHHM (OHOHOB, T. €. PellHM BOIPOC O
TOM, 06a3ichl KaKKX HeNPHBOAMMEBIX NMpejacTagieHdii OHH 06pasylor.
St BeUHCAeHUst GYyAYT NpoOJeaHbl st 00eHX PelleToK.

3ateM MBl RaAHM TepedyeHb TeX KPHTHUECKHX TOYeK, KOTOpHE
MOTYT ObITh NpeAcKasaHul U3 CBOHCTB cuMMeTpui., Henocpencreenno
MOKeT OblTh OllpefiesieH CUMMeTPHUeCKH Halop KPHTHUYECKHUX TOUEK
H jJaHa MX KJaccHMKallus B COOTBETCTBHM ¢ Teopueit Mopse.
Kpowme toro, Gyner faH 0030p NPOBEJEHHOTO aHANH3da KPHTHYECKHX
TOUEK B HECKOJBKHMX KPHCTaJJaX €O CTPYKTypoil anmasa (B repma-
HMYM, KPDEMHHH M aJjMa3se), OCHOBAHHOIO Ha JONOJHHUTENbHOH HH-'
dopManuy o Aucrepcuy (OHOHOB, NOJYYEHHOH KOMOHHUDOBAHHEM
JeTaJbHBIX pacyeTOB H H3MepeHHH HeyNpPYyroro paccesitHusi HefTpo-
HoB. Beaen 3a u3yuyeHHeM DOJH KPDHTHYECKUX TOYeK B JAMCIEPCHH
¢oHOHOB (T. e. B OJHOQOHOHHBIX COCTOSIHMAX) IIOJE3HO NPHUBECTH
pe3yJabTaThl NOJOOHOIO K€ aHaJaM3a AJs O0beAHHEeHHOH, T. €. ABYX-
(HOHOHHOMH, QYHKUUH pacOpele/eHHs! 4acTOT B PA3/JMUHEIX KPHCTAJI-
Jax THIIA aniMa3a ¥ CPaBHHTb UX C HMEWWHUMUCHT OHTHYECKHMH
HCCJIeI0BAHUAMH B JBYX()OHOHHOH 00/1aCTH 3Heprui.

Ota nHboOpMaNKa HCHOJb3yeTcsd AaJjee AJs aHAJM3a HJIH UHTEp-
npeTanid CHeKTPOB HH(MPAKPACHOro IOTVIONIEHHS M KOMOWHAIHOH-
HOTO paccesiHusl B KpHCTajJlaX THNA anMasa. [IpHBopuMEBIE pesysab-
TaThl OTPaKalOT COCTOsiHHE 3HAHWA B NepHOJ HANHCAHHA KHHIH,
clAelyeT O0XKHJaTb, UYTO KOJHUECTBeHHAas HHTepnperanus Oyzper
yaAYYLIaTLCH, XOTA yiKe cefiuac AJis CTPYKTYpPHl aiMa3a JOCTHUTHYTHE
3HAUUTEAbHBIE YCIeXH B IOHUMAaHHH CIIEKTPOB.

3aremM HPHUBOAMTCH Ta Ke HHMOPMANMs LA psiia KPHCTAJJIOB
THIA KaMeHHOH coJH. MBl yBHAMM, 4TO JAeTaJbHAsl HHTepIpeTalHs
NPOBOJMJIACH 31eCh B HECKOJIbKO HHOM acCleKkTe, 4eM MJIsl pellleTOK
ajmasa, W ABJASeTCs:s B HACTOslllee BPeMs, NMO-BUAMMOMY, He CTOJb
TOYHOM. .



Cummerpusn oHOHOS, unppaxpacroe nozioujenue u komb. paccesnue 149

Hanomuum, uto B § 5,B paccMOTpeHO BJAHSIHHE MaKPOCKONHYe-
CKOTO 3JIeKTPHYECKOro I0JI HA pacluelieH¥e BHIPOK/AEHHLIX ONTH-
yeCcKHX KoseOaHHH B KyOHYeCKHX KDHCTAJJIaX ¢ UEHTPOM HHBEDPCHH;
STOT JJIHHHOBOJHOBHIA (LJ5 KOHEUHBIX BOJIHOBHIX BeKTOpoB) 3¢-
($exT BRI3LIBAET TAKXKe H3MEHGHHS B CIEKTpax HHEPpaKpacHOTO
noraoie s H KOMOHHAUOHHOrO paccesnusa. Ilposenentoe B § 5,8
paccMOTpeHHe MOJHOCTBIO NPHMEHHMO K KPHCTa/l1aM THIA KaMeH-
Hoit coau. Ilonepeunoe ontuueckoe (T0) kxoneGanume (KOMIOHEHTa
paculeNJeHHOro ONTHYeCKOro KoJeGaHHA) AKTHBHO B HH(ppakKpac-
HOM morsoweHun [cM. (5.56)], Torma Kak npPOAOJbHOE ONTHUECKOE
(LO) xonebaHue HeaKTHBHO. B KOMOWHAIMOHHOM paccestHuH 00a
KojieGaHus 3anpelliedsl. Xota Mbl He OyjaeM o6CyXKIaTb B SBHOM
BHJE 3TH CBOHCTRA, CBSI3aHHble C MAKPOCKONHYECKHM IIOJEM, H CO-
OTBETCTBYIOUIHH aHaJM3 CIEKTPOB, pe3yAbTaThl, NPUBOJUMBIC B
§ 22—26, na caMoM Jefe HOJYYCHH C y4eToM 3 PeKTOB MaKpOCKO-
OUYeCKOro MoJst NpH ONpeleseHHHM 3HEPreTHYeCKOTO pacllenseHH?
TO — LO B dpononnoM cnexkrpe. Haubonee sprue adppekTr, HANDPH-
Mep aHoMaJbHas yIVIOBas 3aBHCHMOCTb KOMOMHAILMOHHOIO pacces-
Husl, obcyxpasmasca B § 5 [bopmyast (5.57)—(5.67)], noss-
JSIOTCA TOJBKO B KyOHYeCKHX KpHCTamaax 0e3 LEHTPAa HHBepPCHU
(HanmpuMep, CO CTPYKTYpO#l UHHKOBOfl 0GMaHKH) H He HMEIOT MecTa
B pellleTKax KaMeHHOf coau H anmasa. Oxgsaxo spdexTs Hapyule-
HHA CHMMeTpHH, MogoGHble pacCMOTPeHHBIM B § 6, Moryrt mpHBo-
JAHTb OPH HAJAHYHU Pe30HaHCa K BecbMa CYLIeCTBEHHOMY H3MEHEHHIO
npasua 0T60pa ¥ K aHH30TPONHOMY pacCesHHIO JaXke B KPHCTa/lax
KyOuueckofi cuMMerpHn O

§ 20. Cummetpust GoHOHOB B pelleTKAX KAMEHHOH COJM W aamasa

B coorBercTBUH ¢ peayabTataMmu T. 1, § 104, Mpl HauneMm obeyx-
JeHHE CHMMETPHH (OHOHOB C IIOCTDOEHHSI KOJe0AaTeIbHOro, HJIH
A-ipencTaBieHNUs, NOPOXKAAEMOT0 CMelleHHSMH (ONMCEHIBAEMHIMH B
JeKapTOBLIX KOOpAWHATAX) KaXKAOrO H3 aTOMOB KpHcTajna. 3a-
TeM Mbl OCYLIECTBHM MpUBeJeHHMe 3TOr0 MpEeACTABJECHUS M ONpele-
JHM T€M CaMBIM THIIB (POHOHOB, T. €. COJepIKalIuecs B HEM HENpH-
BoauMele (dH3HUeCKHe HeHPHBOAMMBIE) INpeiacTaBieHHs. Mub pac-
CMOTPHM IIpHMEpH BHIYHC/AEHHA THIOB CHMMETDHH HOPMAaJbHHX
kogeGanuf A 38e3a I, *X u *L B ciyuasax KaMeHHOH COJMH H aJ-
Ma3a. Buauane wucciaeRyerca Trpynna KaHOHHYECKOLO BOJHOBOTO
BeKTopa 3Be3xH, Hanpumep @(T), 8(X,), @(L;), a 3aTeM cTpouTcs
NOJIHOe NIpeJCTaBJIEHHE.

PaccMoTpuM cHadaJjla pellleTKy kKameHHofi cosu. Tak Kak rpymnna
O} saBasieTca cHMMODPQHON, TO KaXkKAwli y3es, 3aHATHE aTOMOM,
o6nagaer nonanoit cumMerpueln Op. Iasi touku T' cMmeumiedns Bcex
9/IeMeHTapHBIX fiveeK BPOHCXOAAT B dase. Toraa scHO, 4TO Xapak-
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Tep oneMenta {g,]0} B NpeicTaBieHUH, NOPONKAAEMOM CMellle-
HHAMH, 175 ToukH I' ecTs mpocTo

20D ({q,]0}) = == 1 () (1 + 2 cos @), (20.1)

TAe, KaK OOBEIMHO, f1{¢y)— YHCAO aTOMOB, HE 3aTPArWBaeMHIX oOIepa-
nuelt {@,|0} (ocraiommuxcs Ha MecTe); @, — YIoJa MOBOPOTAa B Olle-
paunu {@,|0}, a 3HaKH == OTHOCATCA COOTBETCTBEHHO K OGBIUHBIM H
3epKaJ/bHBIM noBoporaM. B Tabj. 20 cronben I' maer cucremy xa-
paxrepoB npexacraBiaenus (20.1); B nocdelHell CTpoKe YKasaHo
IpuBeAeHHe BTOTO NPeAcTaBJIEHHS.

Tabauya 20

Hpusenenue KoiebaTeabHOro NPENCTABAEHHS AJAA TPYIIIbL OZ
(xpucrasasi tuna NaCl) 8 roukax T, X, L;. Kaxnuit cronben comepxur
NOBOPOTHHE SJAEMEHTH CHMMETDHH @, Ipynubi € (k) u xaparTepn
konefaTelbHOro MpPEACTABIEHUA, COOTBETCTBYIOUIETO BOJHGBOMY BeTOPY kB

r X L
{e]0} 6 {e]0} 6 {e] 0} 6
{83542 10} 0 025 —~2 {63xyz ’0}, {6;{22 , O} 0
®2x | 0} —2 by ba —2 {Bxg 19} {B20z [0} {8220} O
{64x ‘ 0} 2 64}:’ 6&1 2 i 0
{62xy I 0} —2 ézyzv Gzyz —2 Gﬁxyz’ Géjci;z 0
{1]0} —6 i —b Oxip Pxz Pyz 2
{06xyz 0} 0 Ox 2
{010} 2 Py Oz 2
{8,510} -2 o0 -2
{pxy | 0} —2 Oyz Pysz 2

anBeﬂeHI/le NpeaACTaBJcHUA:
o (15-) 9D XD (4=) @ op(X) 6=)  p) UH) @y pikd BH @y
@ pki =) gy pike 6=)

Tanesan u np. [83] omiBouHO CUMTAIOT BCe NpencraBieHyds B TOUKe L, YeTHBIMH;, OPABHJbe
HElt peayabTaT npusenen B paGore Bypecrelina, Jxkoncona u Jlayiona [84]

PaccmorpuMm Tenepb curyanuio B Touke X;. Ham myxHo mafitu
xapakteps (4 ans snementos rpynns @(Xp), nepeunciesHbIX
B TabJ. 8. Pe3yJbTaT MOXHO MOJYYHTH NPAMBIMH DacueTaMHd d NpH
k=T, ecin NpPUMEHATb ONepallHH CHMMeTPHH K NOJHOH cyMme
tuna (1. 1, 104.2) nekapToBLIX cMelleHuA ¢ (a30BLIMH MHOXKHTe-
asmu. CaefopaTenbHo, ecan omnepauus cummerpun {qp|0} nan
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{@p|To} mepeBoAMT aTOM B SKBHBAJIEHTHOE IOJIOKEHHE, MOTYT BO3-
HHKHYTb JlBa CJy4asi: aTOMbl MOTYT NpHHaAIeXaTb JUGO pasaHd-
HBIM nofpemerkaM bpase, Jub6o oaHol H TOH Xe moApelleTKe.
[lepBoift cayualh MOXKeT peasu30BaTLCA AJS anMasa (CM. HHKe), HO
He 151 KaMeHHOH cojH. Bo BTOpOM cjydae MEl JOJKHE PaccMOT-
peTb Tpancasumo {e|R.}, MepeBOASIIYI0 ATOMBI OJHOH peIleTKH
Bpare o0paTHO B CBOM HauaJbHEE NOJNOXKeHHSA. [IpH BHIUHCIACHUM
XapaKTepoB 3TO NPHBOAZUT K HEOOXOAHMMOCTH yueTa (PazoBOr0 MHO-
wurteas exp(—ik-R;). TlosicHuM cKaszaHHoe Ha TpHMepe TOUKH X
B pelleTKe KaMeHHOH coaH. PaccMOTpHM XapakTep 3JeMeHTa
{82,|0}. Xapaxrep COAEPKHT CYMMY BKJIaAOB OT BEKTOPOB CMelle-
unfi atomor ¢ KoopauHatamu (0, 0, 0) u (Yo, s, Vy). Tockombky
omepauns {82,]0} He 3aTparuBaerT aToM B HayaJe KOOPAUHAT H fIB-
JgsieTca coOCTBEHHBIM NOBOPOTOM, BKJajg oT atoMa (0, 0, 0) paeen

(1 4- 2cos ) = — 1. (20.2)

Atom (Y2, Ve, Yy) @ mepeBopuTcs B mosnowxenue (—ly, /s, —1/)a,
TaK 4TO HeoOGXOAHMO COBepIIHTb TpaHcasaimnw Rp= (1, 0, 1)a =
= 2f,, utoBH nepepectu ero obpartHo. CienoBaTesabHO, (Da30BLIH
MHOMKHUTeNb ecTb exp(—iX;-R.)=1, Tak uTo BKJajg OT aroma
(2, /2, /o) a paBen
(1 +2cosm)==—1. (20.3)
Caenopatenanno,
KX D) ({8, |0}y = — 2. (20.4)

Tem ke cnoco0OM HaXOASATCS XapaKTephl BCEX OCTAJTbHBIX 2JeMEH-
top rpynnst @ (X;). Onu nanw B Ta6a. 20; B mocaeqHell CTPOKe
YKa3aH pe3yabTaTr NpUBeleHHs.

[lonoGHBIM e 00pa3oM MOXKHO HAaHTH M OCYUIECTBUTbL INpHUBE-
JeHHe Kose6aTe pHOro MpeicTaBJ/JIeHust A Touku L. PaccMoTpuM
BHIUMCJIEHHE XapakTepoB sjementa {d:,;10}. Brmax or artoma
(0, 0, 0), xoTopwili ocTaeTcd Ha MecTe, paped —1. ATtom
(Y2, Y2, 1/2) @ nepesoautca B notoxenue (—p, —1/,, —1/5)a. Co-
OTBeTCTBYIOIas TpaHcasnus Rp = t; 4+ t, + #3 naer odasy

exp(— iL, 'RL)=_ 1.

CliefioBaTeNbHO, BKJIaA OT 3T0ro atoMa pased (—1) - (—1)="F1.
Torna
2B (A) ({855] 0}) = 0. (20.5)

TouHo Tak xKe MOJMydaioTCs BCe OCTaJbHhle AaHHBe Tada. 20.
PesyabTaTel noA00HHIX BBHIUHCJAEHHH NpUBefeHus TpejAcTaBie-
HMsI, IOPOJKAAEMOr0 JIeKapPTOBHIMH CMeIUeHHAMH, NaHu B Taba. 21
JUIS BCEX TOUeK, JHHHH M IJIOCKOCTeH BLICOKOH CHMMETPHH.
B rta6a. 21 ykasana rakxe Kaaccudukanisa ¢$OHOHOB O THNY NO-
JISIPU3ALKH U BeTBH (MONepeyHbIe ONTHYECKHE H T. J.). B HEKOTOPHIX
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Tabauya 21

CummeTpHs GOHOHOB B KPHCTANIAX TUNA KAMEHHON coJaH

3Be3na HenpusoauMoe npeacrasienne Bersb )

T piT)as—=) Axycriyeckas
pIO5=) OnTHyeckas

*x p*x) 4= LA
p(*x) 6-) TA
pi*x) ¢4-) LO
p*x) 6~ TO

* p(*L) a+) LA
p*L) 3+ TA
pi*Le- LO
pt*L) 3-) TO

*W op(*W) G
p*wl
p*w) @)

*A p*a)m LA
prare TA
pl*a)m LO
p*a) e TO

*\ p*a)w LA
p*a)® TA
p*a)m LO
p(*a)® TO

*y op(*2)
op*2)
op(*2) @

* *

*‘;’ *I(‘é } (1O Ke, uTo H a7 *Z)

* 4p*m @
opt*m) @

*Q ap*@)

) ap(*e) @

'} Knacenduxauus seTseii caenyer paGore Bypcrefina, Juconcona u Jlaynona [84].
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caAydasix Takas KiaaccHMKalUsl He cJelyeT H3 TEOPHH TpyIn,
T. €. He MoxeT ObiTb NoJyYeHa 3a CYET TOJbKO CBOHCTB CHM-
merpru, Krnaccudbuxkanus mo THOy noJspH3alHH H BeTBH Tpebyer
B NEHCTBHTENBHOCTH 3HAHHS COGCTBEHHBIX BEKTODOB JAHHAMHYECKOH
MaTpPHIbl H onpejessercs TpaHCHOPMALHOHHBIMH CBOHCTBaMH cOO-
CTBEHHBIX BEKTOPOB. BbBlIn BHINONHEHH! pacueThl (POHOHHHIX CIEKT-
POB HEKOTOPHIX KPHCTAJJIOB THIA KaMeHHOH coau [85, 86]; moay-
yeHHble pe3yJbTaTh NpuBeleHH Ha ¢ur. 4. Mcnoabszopanue 3THX

§

T | ] ;
! | |
5 lo !
| : ' | ;
: l ]y i
ne } W/ | [ / | &
73 | ;
! ta
.':, 3l= to : Qs. VV‘U | 5y I N
E | & 1w | E . |
S 2 £ | P Z, ) < | la
2 I ~g | b /2
i/ | N s
!
! ] | [ l
[' : ] f }
|
g i 1 I
r A L Q w 4 X z r 4 x

®ur. 4. Oucnepcus dononoB B NaCl. Monens nedopMupyeMex gunosiel ¢ mogo-
6paHHLIM 3HaYeHHeM €, [85

pe3y/IbTaTOB MO3BOJAAET NPOBECTH KJAACCHOHKANHIO, YKA3aHHYIO B
nocienneM cronbue tabsa. 21. Xora arta kJIaccHbUKaUUsg He SBJS-
eTcsl a0COJIOTHOH, MOCKOJNBbKY OHA 3aBHCHT O HEKOTOPOH CTeleHH
OT CHJOBOH MaTPHIH H BBIOPAHHBIX CHJIOBBIX IIOCTOSTHHBIX, MBI
6yaeM HCIOJb30BAaTh ee I/ BceX OOCYyXIaeMEIX HHXKe LIeJNOYHO-
raloMAHLIX KpHCTanaoB. [lanabHefiuee oOCyXJeHHe 3THX BOIPOCOB
MoxkHO HafitTH B paGote Koxpana u Kaynu [11].

PaccmoTpuM Tenepb CHMMeTpHIO (OHOHOB B KpHCTaJJax anMa3sa
Ol. Mu cHoBa BOCnoJb3yeMcsl 6a3HCOM AEKaPTOBBIX CMeIleHHH s
HoJy4eHHss ¥ NpHBeleHHA KoJebaTeqbHOro NpPeACTABNCHHS M ONpe-
JlelleHUs THIIOB CHMMETPHH HOpMAJbHEIX KoJaeGaunuit aas1 T, *X u *L.
Hannume HeTpHBHAJBHOR TPaHCAALMH MPHBOIMT K HEKOTODPHIM
TPYAHOCTAM MpPaKTHYECKOro, HO He NPHHIHNHAJIBHOrO Mopsijika. Mel
HOBTOPHUM BHIYMCJIEHHS TOTO Ke THNA, 9TO W AJ1 KaMeHHOR COJIH.
Xapakrepst s Toukn I' mpusenenst B Tabu. 22. Ormerum, 4TO
B 3TOH TOYKe BCe 3JIeMeHTH NPOCTPAHCTBEHHOHR IpYINIEl, colepiKa-
e HETPUBHAJBHYIO TPAHCAALHIO T;, HMeIOT XapakKTepbl, PaBHLIE
syaw. anee, cpapuuBas ¢ Ttaba. 20, MB 3aMeuaeM, 4TO Tpex-
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KPaTHO BLIPOXKIAEHHDLIE ONTHYECKHE KOoJAeOaHHUS HMeIOT IPOTHUBOIO-
JIO2KHYI0 YEeTHOCTH IO CPABHEHHIO € aKyCTHUCCKHMHU KoJdebauuaMH U
npHHAJIEKAT K HHOMY THIY CHMMETpPHH. OTtMerum TakKxKe, 4TO AJ4
KPHUCTAJJIOB KaMeHHOH COJIH B OTJIHYHE OT aJMa3da OITHUEeCKHe H
AKYCTHUECKHE KoJsebanug 06.]131{310’1‘ OJHHAKOBBIMHU Tpchq)opMa-
OUOHHBIMH CBOHCTBAMHMH U I[pHHA/JMeXKAT OLHOMY IIpeJCTaBJ/JEHUIO
DIM5-)
Tadoaya 22

TpuBeieHHe K0/ae0aTeNbHOTO NMPEACTaBAEHHS EJAA IPYNNbl aaMasa 0;1:
Boanosbte Bexropu I, X, L,

r X, L,
{10} 6 {e10} 6 {e]0} 6
{ﬁsxyz [0} 0 {825 1 O} —2 {63xyz { 0} 0
{62" I O} —2 {sz l txy} 2 {62xg f Tl} 0
BT} 0 By 1) 0 {il} 0
B2y | T} 0 {Boyz 1 71} 0 {exyz | 11} 0
{itv} 0 {0420} 2 {0,710} 2
{Goxyz| 71} 0 {042 | :y} -2
{ox [T} 0
{04210} —2
{0xy | 0} 2
IIpusenenue
pI (15=) ® DT (26-+) DY) @ pXxIG @ pLy (14) @ DL B+) o)
@ DX @ D¥) =) @y pthd B

Xapakrepsl [1asi Toukd X; mpuBefeHs! B Tabu. 22. Kak u BHule,
npy BHIUMCACHHH 3THX XapakKTepoB CJeAyeT YYHTHIBATb H3MEHEHHE
dassl, 06ycaOBJEHHOE NEPEeCTAHOBKOH aTOMOB B NpejeaaX OXHOH
noapemwerkn Dpase. B Taba. 22 maerca TakKe IpHBeleHHe IIpe-
crapienns. OTMETHM OTCYTCTBHE ONpeAeNeHHCH ueTHOCTH AJsi (o-
HOHOB B 3TOl TOUKE, HECMOTPS Ha TO, YTo omepauus {i|t;} sBasercs
saementoM rpynns & (X;)/T(X:); TeM He MeHee KoJeGaHHS He
ABAAIOTCA TPOCTO YETHHIMH HJIH HEUETHEIMH.

Haxoden, Mb MOJYyYMM CHCTeMY XapakTepoB KoJe6aTelbHOro
npejacrasienns B Touke Ly, KoTopas naHa BMeCTe C Desy/bTaToM
npusejennss B Taba. 22. MHTepecHo OTMETHTb, Y4TO, KaK BHAHO H3
cpapHenus Ta6a. 20 u 22, pesyJbTaT npHBeleHud B Touke L;” oka-
3bIBaeTCd OLHMHAKOBEIM AJS PEUIETOK a/AMa3a H KaMEeHHOH COJH.

Kak u B clyuae KaMeHHOA®COJIH, OJHO3HAUHAS KJIacCH(HKanus
N0 TUIY HOJAPH3ALMHM U BETBH HA OCHOBAHHH OJHHX TOJIBKO Teope-
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THKO-TPYNNOBEIX CO00pakeHH# OKasblBaercs HeBo3aMoxKHo#H. Heob-
XOAHMO JOMNOJHHTb TEOPHI0 TPYIIl HCCJAeAOBaHHEM TpaHcpopMa-
HHOHHBIX CBOHCTB COGCTBEHHBIX BEKTOPOB AHHAMHYECKOH MAaTpHIULL.
D10 B CBOIO Ouepenh TpeOyeT pellleHHS AMHAMHYECKHX ypaBHEHHH
C HCKOTOPHIMU 3aJaHHEIMH (NpejHosiaraeMbiMd H3BeCTHBIMH) CHJIO-
BEBIMH NOCTOSTHHHIMH, B HacToslllee BpeMs OCyLIeCTBJeH pAx Ta-
KHX pacueToB C pa3JHYHBIMH MOJEASMH CHJOBBIX IOCTOSTHHEIX.
B Taba. 23 nama knaccHdpukauud, moayueHsHas KOMOUHHPOBaHHEM
pe3yabTaTOB TEOPHUH CPYyNN, ONMCAHHBIX BHILIE, U PEUICHHH AHHAMU-
yecKon zajauun [87].

[Toxanyh, ciaexyer NoA4epKHYTb, YTO HE3aBHCHMO OT NOPAAKA,
B KOTOpOM (oHOHB pacnpepeasiiores no tumam (LO, TO u 1. 1.)
H KOTOPBLIl MOXKET 3aBHCEThb OT MOJENTH, XapaKTep H UHCJA0 pas-
JUUHBIX THIOB CHMMETPHH AJ51 KaxKIOH 3Be3NL (DUKCHDPOBAHLI CO-
BEplleHHO onpejencHHc. Tak, Ans anMaia GoHOHW B *X npuman-
JIeKaT HECOMHEHHO K Tuiiam (HEIPHBOAHMBEIM [PeACTABAECHHSIM)

* * *
pCxm pt*x)e, D*X)@, Kakne u3 HEX caeayer KIacCHPHIHPO-
BaTh Kak LO -~ LA, MOXHO CKa3aThb TOYHO, H3YUHB CBOHCTBA BeK-
TOPOB [eKapTOBBIX CMelleHuH, oGpasymoouux 6asucel OpeacTaBJe-

auit DXy 1. g, Onmako nonepeunsie Kodebanus TO u TA ne
MOryT OHITb YKa3aHB TaK Ke NPOCTO; 5TO OTHECEHMe MOXKeT OKa-
3aTbCsl 3aBHCALIMM OT MOJesdH. BaxHo Takxe siCHO TNPEACTaBJATDH
cefe, UTO pasjie/eHde [0 HOJASPU3alHH (T. €. Ha [POAOJBHBIE H
polepeuHele KoJebaHusa) B oflleM cJydae HeBO3MOXKHO. TOJBKO
B TOYKAaX U Ha JUHHAX BLICOKOH CHMMETPHH KOJeOaHHA MOJSPH30-
padnl. EnMHCTBeHHAs TouHast Ka1accudukanus B oflleM caydae —
3TO KJaccu(HUKALUS N0 CHMMETPHH (T. €. MO HENPUBOAMMLIM ITpej-
CTaBJCHUAM).

IIpaBuibHOCTE KJAACCHPHKANHH B HEKOTOPHIX CAYYagX MOMKET
OBITh BLISICHEHA TPH PACCMOTPEHHH COOTHOIIEHUH COBMECTHOCTH s
TOYEK BHICOKOH CHMMeTDHH H DPUMBIKAIOIINX K HUM JHHHH H ILIO-
ckoctedl. [losToMy onmucaHHOe BhHIIe OTHECEHHE 1acTOT B KPHCTaJi-
JaXx ajMasa B KaMeHHOH COJIM CJeAyeT CUMTaTb 0 HEeKOTOpOH cre-
NeHH YCJAOBHBLIM, YYUTHIBas yKa3aHHEIE TPYAHOCTH IPH KJIacCH(pHKa-
UHMH [0 THIY HOJSPU3alUH H T. M.

§ 21. CosmecTHOCTL M CHMMeTpHsi (DOHOHOB B ajmase
H KAMEHHOH cOo.qu

[Mpo6aema onpeneneHHs COBMECTHHIX CHMMETpPUE (OHOHOB, BO3-
HHKaollas mpu Nepexoie B R-IpOCTpaHCTBE OT TOUEK, JHHHH HJIH
IIOCKOCTEH ¢ BBICOKOH cHUMMeTpueii K 6oJjiee HH3KOH CHMMETDHH,
c6eyxpanacs B T. 1, § 51 n 108, B npuHuune He upencrasisieT
TpyZda csasaTh rpynny & (k) TOUKH BBICOKOH CHMMETPHH ¢ [PYNTOH
G (k') Toukn Gosee HH3KOH CHMMETDHH H OIpelesuTb NpeicTaBJle-
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’ Tabauya 23
CuMmeTpus (HOHOHOB B KPHCTAAJaX THNA anMasa

3Besna HenpusoaumMmoe npeacraBieHHe Betss ')
r DI (15=) AxycTiueckaa

p) @5+) OnTHyeckas
*X p(*x)® TA

p*x) @ 70

p*x)w LA=L0
xy p(*L) 3 TA

D(*L) (1+) LA

D(*L) 3-) 70

p*L) @-) LO
*A D(*A) &3] TA

D(*A) n LA

D(*A) 3 TO

p*a)m LO
*3 p(*z) @ A

p(*2 e A

p*aw A

p(*= @

p*s @

p*2m
*w p*W @

p*w)m

p(*W) @
*A D(*A) () TA

p™a) LA

p*a) ® TO

pt*a) @ LO

'} Coraacuo pa6ore [87].
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HuA D*®) M) cofepalliHecss B pa3pelleHHOM OpeICTaBJeHHH D) (m),
KOTOpoe omnpefenserT cHMMeTpHI0 (OHOHOB. [lockoabKy pelreHue
5TOW 3ajJa4y¥ OUEeBHIHO, MBI IPOCTO IPUBOAHM B Taba. 24—29

Tabauya 24

COBMECTHOCTh AJfl PENIETOK aAMa3a H KaMeHHoOH
coan: T'—> *A, *Z, *A

r *A *z *A
D(r)(H—) D('A)(l} D(‘I)(l) D(‘A)(l)
pia-) praan pra@ DEMD)
D) prHd peB® pra2)
pinE-) proen peoHe) ptaw
D(*A)u) D(‘I)tl)
D(r)(12+). { DEA LD D{*A)(a)}
DiNi2=) pesas pene DA
D(‘A)(Z ) D("Z)(:’)
peAs I eale) ,
DINL5+) pra® D(:A)( )
D) DIB@® DrAe)
D('A)(l) D('E)(U "
ps-) ptais) -~ pend) D:‘:H:)
D("I)M) N
('A)(l) D(’I)(l) P
DSy, D(u)(s) peEB@ D(.A"a)
DD g
(’A) D('I)(l) A2
DINas-) D(ws; DED@) D(‘:ANS;
DUINS) t
Tabauya 25
CoBMeCTHOCTh HJA PelSTKH KaMeHHOH coau: *X > *A, *Z, *§
*Xx ' *A *z *s
prxX p*a)m p*2) W p*shm
p(*x)@ p*a@ p*2)w p*s) @
pi*x) @ p*a) e p(*2) @ p*s)w
px) @ p{*a)an p*2) w p(*s) @
p*x) G p(*a) e p*2) p(*s)
p(*2 @ p*$) @
*
D( X) (m-) 3aMeHHTb 3aMeHHTD 3aMeHuTh
(*A) (n") ua (*4) (n) *zZ)(1) 2 (2) 122

u Haobopor, n=1, 2 (G ()] 4223
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Tabauya 26

COBMECTHOCTh AJif pelieTkH aamasa: *X > *A *Z *§

*y * 4 * 5 *g

prx)w p*a)w p*aw p(*s)
p*a)en p*s)®

p*x) @ pt*a)an p*a o pi*s)@
p*a)@ p*s) @

p*x) @ p*a)® p*2)w p(*s) @
pt*s) @

p*X) @ p(*a)® p*2 p{*s)m
p*s) @

Tabauya 27

CoBMeECTHOCTD A/t PelleTOK aaMas’ad H KAMEHHOH coJu:

*L > *A, *Q
*L *A *Q
p*L) () pa)m pre)m
p*L) e pi*a)@ pF@ @
p*L) 6x) p*A)® p*@)

Tabauya 28

COBMECTHOCTh AJA PEINEeTKH KaMeHHOH coau: *W > *Z *Q

*W * 7 *Q
p*w) p*2) o p*em
p*w) @ p*2)© pro@
W) @ {D(*Z) @ pFam

p(*2) @ p*o @
p*w)an p*2) @ p*ew
p*w) @) p*2) p*@) @
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pesyabTaTsl BeluHcaeHHIT [88]. DTH yc/n0oBHA COBMECTHOCTH HCHOJIDL-
3yloTcs HHKe Ha (hurypax, HIIIOCTPHPYIOWIHX LHCIEPCHIO (QOHOHOB
B KpHCTaJJaX THNa a/jMas3a u KaMeHHOH COJM, KOTJa YKa3hBaloTCs
THNB (POHOHOB B TOH HJIH MHOH TOUKE.

Tabauya 29

CoBMeCTHOCTb [Jf pelleTkH aamasa: *W > *Z, *Q

* * 7 *0

pwh o p*2)m p*elm
*

prA®

p*w) @ p(*2)w p*e)w

pi*@ @

§ 22. Kputnueckne Touku JAJiss (JOHOHOB B KpUCTaanax
TUNA aJaMasa (repMaHuii, KpeMHHH, aiMas)

3zech MBl paccMOTPHM IpHMeHeHHe H3aJjoxeHHOH B T. 1, § 107,
TEeOpHH KPHTHUECKHX TOUYEK B KO/ieOATeJNbHBIX CHEKTPaX K KPHCTaJ-
JaM ¢ IIPOCTPAHCTREHHOH rpynnoft aamasa. CHCTeMaTHYECKH HccJe-
Jysl 3TOT BOIPOC, MBI IIPEIKAe BCErO YCTAHOBHM H Kjaccudpuuupyem
CHMMeTpHuIecKHH Habop KPUTHUECKHX TOYEK, ONpede/sieMBX TOJbKO
13 cBoHcTB cuMMeTpuH. [locse »TOro MOKHO HCIOJB3OBATL He-
CKOJBKO TMoAxonoB. Ecan HMeloTcsl TOUHBle AaHHBIC [0 HEYIPYroMy
paccestHHIO HEHTPOHOB, TO M3 HHX MOJMKHO OTpeAeNHTb AONOMHUTE/b-
Hble KPUTHUYECKHE TOUKH. DTH AHHAMUUYECKHE KPHTHUECKHE TOUKH
HeOOXOUMO KAacCH(UIUPOBATb B COOTBETCTBHH C OOllell Teopuei.
Ecan sKcrnepuMeHTanbHble JAaHHBIE 110 HEYIPYIOMY DAcCCesiHHIO Hel-
TPOHOB OTCYTCTBYIOT, HO HMEIOTCSI PACCUMTAHHBIE [JUCHEPCHOHHBIE
KpHBBle, TO JOMNOJNHHTENbHEIE KPHTHUECKHe TOYKH MOXKHO YCTaHO-
BHTb HAa OCHOBAHHH 3THX pacueToB. HakoHel, MOKHO HCIOJB30BATH
teopuio Mop3ze, 4TOOH ONpeAe/NHTb, BHIOJHEHL JH TONOJOTHUECKHE
YCJAOBHS, CBA3LIBAIOIIHE YHC/IO H THI KPHTHUECKHX TOYEK HA KalK-
no#l sersu. Ecau yciaoeus Mopse He BBIIOJIHEHB!, TO JaHHasi BETBb
HNOJKHA COMep:KAThb JOUOJNHHTeJbHbBIe KpUTUYecKHe Touku. OnHako
UX I0JIOMKEeHHe OCTaeTcsl IPH 3TOM HeonpeieneHHuM. Teopuio Mopse
MOKHO HCIOJbL30BATh CKOpPee KaK ODHeHTHp AJA8 MOHCKA TaKHX
TOYEK, 4eM JJs1 YCTAHOBJIEHHS HX TOYHOrO MOJIOXKEHHUS, KOoTopoe
CJefyeT HCKaTh MyTeM HHTEPIOISUMH HJIH 3KCTPAaNOIALHH HME-
muxcsl pe3ynantatos. HackoMbKO M3BeCTHO aBTOpY, 3@ HCKJIOUEHHEM
HECKO/IbKHX MOJEJNBHBEIX pacieTOB C MPOH3BOJNLHBIMH CHJIOBBIMH
nocrosHubiMu  [89—90], Teopus Mopse mo cuX NOpP He Ham.sa
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Cepbe3HOro NpUMeHeHHs B IPaKTHYECKHX pacyeTax KaK MeTox mpel-
CKa3aHHf HOBBIX KPHTHUECKHX TOUEK, a HCIOJNb30BAJdach JHLIbL A5
IPOBEPKH TOrO, YTO MMEIOIIHECH HAa00p KPHTHUECKHX TOYEK COrJa-
CyeTcsl C TONOJIOTHYeCKHMH TpeOOBaHMAMH H, CNedOBaTeNbHO, fB-
JSleTCs IOJHBIM B 3TOM OTPAHHYEHHOM CMBICJE.

CHHryJApHEIE KPHTHUECKHME TOYKHM OBIIH HAEHTHOHUHPOBAHE
KaK B H3MEpPeHHBIX, TAK M B PAaCCUHTAHHBIX JHCIEPCHOHHLIX KDH-
BHIX AJf1 PA3JHYHEIX KPHCTAJJIOB CO CTPYKTYPOH anMasza. Panee Mbl
BHJe/IM, UTO CHHTYJAADHBIE KPHTHYECKHE TOYKH, XapaKTepH3yeMmbie
pa3ppiBHOH NepBOH MPOM3BOJAHONH TOJNLKO B OJHOM HANpaBJeHHUH,
BHOCAT Pa3pLiB B NEPBYIO NPOU3BOJHYIO (YHKLUHH paCIpeiesenis
yacroT dg(w)/dw, ec/iH KpUTHYECKAas TOUKA SBJASETCS MaKCHMYMOM
uau MuaaMymoMm (cM. [91, B wacrhnocru ¢ur. 2] u [92, taba. VI]).
Jpyrue cuHTyJAsipHBlE Caydau, HampUMeD pa3pHIBH B 0oJiee ueM
OJHOfl TepBOfl MPOU3BOAHON AJs MakcuMyMa P; wanm MuhHaMmyMa Py
WIH cIydau CelJIOBHIX ToueK Py, Py man Fy, Fo ¢ onHo# win GoJee
Pa3pHIBHLIMH NPOHU3BOAHEIMH, BHOCSAT Pa3phlBHl B NMPOM3BOAHBIE 6O-
Jiee BBICOKOTo nopanka GyHkuuu g(w). Bonee neranpHo obo3naue-
HUS TOACHAIOTCH HHIKE.

[Ipu aHanu3e ONTHUYECKHUX CIEKTPOB MBI OTPAHUUMMCS H3YyYeHHEM
CJAeNYIOMIUX THIOB KPUTHUECKHX TOueK: OOBIUHBIE MAKCHMYMH H
MHUHEMYMLI, o603HauaeMble P; U Py CHHIVJIADHLIE MaKCHMYMBI H
MHHHMYMbLI ¢ O4HOH paspEIBHOH NepBOi NPOH3BOAHOH, ob6o03Hauae-
meie P3{1) u Py(l); oOHUHBIE CelJOBBIEe TOYKH P; B Py U HECHHTY-
JApHBle ceAsnoBble Toukd Fy # Fy 0e3 paspulBHHX MEPBBIX MPOH3-
poAHBIX 1), JIJIs MOJHOTH MBI YKa)KeM BCE KDHTHUECKHEe TOUKH, KO-
TOpHEe 10 cuX mop Oblin oOHAapysKeHB B KPHCTaAJaX THIA a1Masa
¥ KaMeHHOH COJIH, OJHAKO AHAJH3 ONTHUECKUX CIEKTPOB MH IIpOBe-
JAEeM TOJbKO C YYeTOM YKAa3aHHBIX Bbllle TOYEK.

BakHo JMHIIHHH pa3 NMOAYEPKHYTh, YTO OGBEKT HalIero aHaJiu-
34 ~— 3KCIEePHMEHTATbHEE AAaHHEE N0 HHOPAKPACHOMY ONTHYECKOMY
MOIVIOIIEHHI0O W KOMOWHaIMOHHOMY paccesiiHio ceera. Chnenosa-
TeJbHO, B HHOPAKPACHOM IOIJIOIIeHUH, HApHMep, Mbl HMeeM JaH-
Hble He B BHIE TOYHOH aHAJUTHUecKOH GYHKIHH o(w), a B BHIe
3a0HCH M3MepPeHHOrO CIIeKTPa, OCHOBHBIE H3ydaeMble OCOGEHHOCTH
KOTOpOTO XapaKTepH3YIOTCA H3MEHeHMeM HaK/JIOHa, MaKCHMyMaMH H
MunumyMamu. [IpH COBpeMeHHOM COCTOSIHHM TEODHH HMeITCs JABe
BO3MOMKHOCTH, MBI MOKeM NONBITATHCS BBIUHCANTH MHOTO(DOHOHHEBIE
(hYHKIME pacupefeseHHss UYacTOT, HANpHMep ABYX(MOHOHHYIO CyM-
MapHyl0 (KOMOHHAIMH M COCTaBHBle TOHA) MJIOTHOCTb COCTOAHHH,
H TPAMO CPaBHHTb HX C M3MEeDEeHHLIMH CTeKTpaMu HH{ppakpacHoro
IOrVIOIEeHHA H KOMOMHAUHOHHOTO paccesiHud. Ilpu stom . mpenmo-
Jaraercsl [OCTOSIHCTBO MATPUYHLIX 3JEMEHTOB, ONpepessIomHX

1) TepMUH CHECHHTYJApHEIE KDHTHUECKHE TOUKHU» HCINOJAB3YETCH sl MepeBOAa
aursnfickoro tepmnna «fluted critical points». — ITpun. nepes.
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CBfA3b (DYHKLUHH pacnpejeseHHsl YacTOT 1 CHEKTpa MHOIJIOLLeHH s .
Takum o6pa3oM Mbl NbiTaeMcs SKCHEPHMEHTAJbHO ONpPeIeanThb
JEeTaJbHYK 4YacTOTHYIO 33aBHCHMOCTb (YHKIHHM pacnpejpeieHus MHO-
FO(OHOHHBEIX COCTOSIHMM, B UY4CTHOCTH pa3pHIBH NPOU3BOLHON H
Apyri#te OCOGEHHOCTH, H YCTAHOBHTH KOPPEAAUHIO ¢ PACCYUTAHHBIME
0COGEHHOCTAMH, CTpeMsiCh AOOHTBCS JETaJbHOTO COOTBETCTBHS B
NPeANOJIOKEHHH, YTO H3BECTHHIE KPHTHUECKHE TOYKH OTBETCTBEHHDI
3a Bce ocobennoctu. [Ipu Apyrom mnoaxoje mpejnonaraercd, 4To
nopejiende BOMH3K 000 KPHTHUECKOH TOYKH NpPOSBIAETCS Kak
CTYNEHbKA MHJH Ja)e Kak «8-o0pasHasi» 0COOEHHOCThb, 3aTeM Je-
JIAETCS MOMBITKA CKOPPEJHpPOBAThL NHKH, H3MEHeHHsT HAKAOHA H APY-
rHe 0COOEHHOCTH (BKJIOUAs Pe3KHe NPOBAJIBl HHTEHCHBHOCTH NOTJIO-
II€HHS HJM paccesiHus) € NOJOXKEHHeM KPHTHUECKHX TOYeK, He
ccoOeHHo 3a60TICh O JAeTaJbHOM KOJHUECTBEHHOM COTJIACHH (MJK
UTHOPUPYS OTCYTCTBHE COIJACHS) JJ5 OTHOCHTeJbHEIX HHTEHCHB-
HOCTeH.

IlepBas 3ajaya HAXOXKIEHUS KPUTHUECKHX TOUEK — MOCTPOEHHE
nxX Hafopa, ONpeReNsieMOr0 CHMMeTpHell, T. e. Habopa BOJHOBBLIX
BEKTOPOB Ro, VAOBJETBOPSIOIIMX ycnosuio [em. (1. 1, 107.47) -
(r. 1, 107.49)]

Vo (k| jy =0. (22.1)

B coormercTBuu ¢ pe3dydbratamu |11, 34], coryiacHO KOTOPHM KpH-
THUYECKUMH cJefyeT CUHTATb M Te TOYKH, B KOTOPHIX 1 KOMIIOHEHT
TIePBOH NPOM3BOAHON Pa3PLIBHO MEHAIOT 3HAK, a OCTajdbHMeE (3 — 1)
IPOU3BOAHLIX O6palaloTcsl B HYJb, MBI JOJKHE HCCAEI0BATH BCe

xomroHeHTH Y (Ro|j) BO Bcex HampasjeHHsX. 3HAYHT, eCIH e —
e/IMHHYHBIA BEKTOP TOJSIPU3ANUH, TO MBI JOJKHB HCCAELAOBATH JJ

BCeX CYILUECTBEHHLIX € BOKDYD ko noBeagceHue BeJHUHHLI
e - Vo (k| J). (22.2)

Kak u B cayuae npapus orbepa, MBEl AaAuM NOAPOCHEI BEIBOA IS
touek T, X, L, paccmatpuBas HauboJsiee BaxHble HANPABJIEHHS.

CorsracHo 00CyXIeHHI0, IpoBeneHHOMY B T. 1, § 107, MBI H0J%K-
HBl H3YUHTh NpOU3BeleHHe NpeAcraBienuit DE " @ DV @ D) (),
Hac uHrepecyer orpaHudyeHHasl 3ajnada o0 oOpalleHHH B HyJb rpa-
auenta o(k|j) B HexoTopo#t Touke 30HE Bpuamosna. [laa perenuns
TaKOH OrpaHHueHHOH 3a1ayd Lejecoo0pa3Ho paoTaTh «B MaJoM»,
T. €. HCHOJb30BaTh METOJ HMOATPYHI [J5 H3YUEeHHS COOTBETCTBYIO-
IHX MaTpPHUHBIX 27MeMeHToB. Ho Tak kak D®) ()= D~k (1 (cM.
1.1, § 92}, MBI uMeeM [Be BO3MOKHOCTH. MEl MoXeM HCIOJb30-
paTh NPEHMYIecTBa, CJAeYIOIHe W3 Toro, uto DY) NpHHAIJIEKHT
npexcrasiennio DM, Tak 4TO NPOH3BeLEeHHE

D) @D (D = 3 ;D) (1) (22.3)
jl
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MOKeT OblTb IPHBEACHO K CyMMe INpeiacTaBieHuit D) U rpynnsl
ROJIHOBOTO BekTopa Ro. [locse 37T0ro Mpl AOXKHB BHIIOJHHUTH NpH-
BeJleHUe MpeacTaBaeHus]

D=k () @ Dk (1), (22.4)

Ecan (22.4) conepxkur DI U+ 10 rpaguent B oblieM ciayuae He
oGpamaeTrcd B HyJb. [1OCKOJABKY HAaC HHTEPECYET TOJBKO OTpaHH-
YeHHAs 3a/aua (OTHOCSUAsACS K OXHON TOUKE), Mbl MOXKEM HCIIOJb-
308aTth B (22.3) v {22.4) rpynnosbie onepaniu ¥ XapakTepsl TOUEY-
noft rpynust & (ko) /T (ko). JelicTBUTeIBHO, MOCKOABKY onepatop V
npeobpasyerca no npegcrasiaenuio DM, gwobast omepanusi, He NpH-
Haadexallas 3Tof TOUeYHOH rpynme, NpOCTO NEPeBOAUT BeKTOop Ko
B APYrO# BEKTOD TOH K€ 3Be3[Ll.

B HekoTophiX cayuasix Gosee yaofeH HHOH MOJAXOJ, 3aK/IHYa0-
WHHCS B PA3JIOKEHUHU

D% () @ D) 1) = Y ¢, DT (1 (22.5)
&

Ba CyMMY HENpDHBOAMMBIX NIpeicraBaenui B Touke I'. Torpa, ecnu
cpeau DW) U perpeuaroTcs NpeAcTaB/eHHS, MO KOTOPHIM Ipeolpa-
syercss V, To rpafueHT He paBeH HyJqwo. [loguepkseMm cHoBa, urTo,
paboTast B MaJOM, MHl 3/eCb JOJ/IKHEI PacCMaTpUBATh TOJbLKO Olie-
pAaIyH TPYIIIEL

® (ko)/T (ko) = P (ko) (22.6)

no He rpynusl ®/T = P. Hanomuum, uro P ecTb mnoaHas Todeu-
Has rpynna, a P (k) — ee nmoarpynma. Kax o6BYHO, YHHTAPHOCTH
onepatopa Py M03BOJSET 3aKJAOUHTh, 4TO ecan {@} mnpuHan-
gexut P (ky), to [em. (r. 1, 81.33) u (r. 1, 107.42)]

[e]" [& - VDIle] = [e)]" [§ - Viey Dl [e(a], (22.7)

TaK 4YTO TOJbKO B TOM cJyuae, ecau (22.7) He H3MeHseTCS MNOX
JnelcTBHeM Bcex onepanuid rpynnsi R(ko), «MaTPHUHBIR 3JeMEHT»
6yaer oTJHueH oT Hyas1, u noatroMy Ve (k]j)# 0.

Crpyktypa anmasa: touka I'. Paccmorpum Tenepb Habop KpHTH-
YeCKHX TOUEK /ISl CTPYKTYPH anamasa. Jlaxke A8 5Tofl CTPYKTYpH,
0 KOTOpO¥ HMeeTCs OYeHb MHOIO AAHHEIX, OCTAIOTCS BCE XKe HEKO-
TOpble HEeSICHOCTH B JleTa/fiX; oHH OYAYyT YKasaHnl IO X0y H3JOKe-
uuda. B Ttoure I' uMmeroTcs B2 TPEXKPATHO BLIPOMXKAEHHHIX KoJeba-
Hus: akycTHueckoe DI U= y ontnyeckoe DN B4 Jlna akycthye-
ckoit BetBH D™ (5~) Mp HMeeM HeaHAJHTHUECKHH MHHHUMYM, 4
KOTOpPOro HelNpuMeHMMa TeOpUS BO3MYIIeHHH, ONHCaHHas B T. 1,
§ 107. I'paguent Vo He onpenester npu k= 0. CienoBaTesbHO, MH
IMeeM HeJo ¢ 0coBoil TOukof, nockoabky o (I'|A) = 0, u nuHaMuue-
cKas MaTpuua — ocobeHHast; 0Go3HauuM 3Ty TOUky Py (1. e. P;
¢ j=10). B nansHefiieM Mb HcnoJab3yeM o6o3HaueHHs [IxKoHcoHa
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u Jlaymona [91]: P;(u) o3Hauaer KpUTHUECKYI TOUKY HHIEKCA j,
4 L — YHCJIO IVIABHBIX HalpaBJeHHUH, I/ KOTOPHIX (OHOHHAS BeTBb
HMEET Pas3phIBHYIO NepPBYIO NMpou3BoaHylo. O600LeHHbE aKycTHYE-
CKHH MHHHMYM eCTb Toria Touka Pg(3) u, nockoibky (QyHKIHA
pacnpenestenus uyacror g{®w)~ ®?) B T1epBoll NPON3BOAHOM
dg (0)/de|,_, pazpeiBa uai Apyrofi 0ocofeHHOCTH HE BO3HHKAeT.
Ontnueckoe xosefaunue DM (B4 jonycraeT HCNOAb30BaHHE TEO-

pun sosmyilennii. Torga mOCKOABKY
DI 25+) @ D) (25+) (22.8)

COMEPKUT TOJABKO YeTHHIE TNpeacTaBsenns, a DV == DM 5 geHo,
YTO B 3TOH TOuKe rpajneHT ofpamaercs B HYJAb IJf BCeX Tpex
oNTHUeCKHX BeTBell. Hacko/bKO H3BeCTHO B HacTosilee BpeMsi, HaH-
GoJbllell YacTOTOH BO BceX KpPUCTAANAX THNA ajnMasa o0JaldioT
ontHueckue Kosebanus B Touke I'. Caenompate/bHO, 3Ta TOUKA €CTh
Ps s KaXkJofl U3 TDeX ONTHUECKHX BeTpell.

Crpyxtypa aamasa: Ttoika X ;. [asee paccMOTPHUM TOUKY
30HH X;. 34ecb Bce NPEJACTABJICHHA JABYKPATHO BBIPOXKACHBI, MpPH-
ueM (OHOHBI NPHHAMLIEKAT K CACAVIOUMM HENPUBOAHMBIM Mpe-
craBiaeHusy (tabua. 22): D@ DX G X0 () Kak ykassajoch
BBIIIE, BO BCeX CAYyUasX HyuXKHas HaM IpyANa mapejicrasiaser cobofl
pacluyupesue ToueuHOH rpynnel Dy, WIH, ADYTHMH CJIOBAMH, AOIY-
CTHMble HENpPHBCAHMblE I[PEACTABAEHUS SBJSIOTCA NPOEKTHBHBIMH
npejcTaBieHusMy ToueuHod rpynne Dy, PaccmoTpuMm Temeph

Kojgeb6aHune DX) W, B raba. 30 Mul BOCIPOH3BOJAHM HeOOXOIHUMYIO

Tagauya 30

TaGauna xapakrTepoB NJs onpeneNcHHAs KPUTHYSCKHX TOYEK
B okpecTHOocTH X B aiMase

Kiace! X0 X% X9 X% 13 2+ 3+ 4% S5t x  yz
C, {s)0) 2 2 2 2 1 1 1 1 2 1 2
C; {alt,,} -2 -2 -2 -2 1 1 1 1 2 1 2
Cy {6,,,6,,10,1,.} 6 0 o0 o0 1 1 -1 -1 0 -1 o
C, {6,,/0} 2 02 -2 -2 1 1 1 -2t =2
Cs  {8,,t.,} -2 =2 2 2 t 1 1 1 -2 1 =2
Cs {bgbille,r+t,) |0 0 0 ¢ t -1 -t 1 6 1 O
C; {Bpluh{Bpulntr,}j ¢ 0 2 -2 1 -t L -1 0 -1 0
Ce Bopltbapilete,}| 0 0 =2 2 1 -1 1 -t 0 -1 0
Co  {ijry. 0t 1, 0 0 0 0 41 #1 41 *I 2 ~1 =2
Cio {py 0,171, T+ 1.} 6 0 0 o0 %1 *1 Ft FL 0 1 0O
Cyy {pultti+tsy) 0 0 0 0 £l +1 +1 +1 F2 -1 2
Cis {04,,05210,8,} 0 0 0 0 L Ft Ft #1 0 -1 O
Cis {p,.10}, {p,:[0} 2 -2 0 0 41 F! 1 F1L 0 1 0O
Cia {pplteh (pyslt,y} -2 +2 0 0 +! F1 +1 FI 0 ; (5)

! Knaccu Te ke, 4T0 B Tab.s. [8a.
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A5 pasjoxmenua HHPOPMAIHIO O XapaKTepax TOro W ABYX APYIHX
npeactaBaenuit. Met Buaum, uro D'V' npeobpasyercs mo cymme
IpeAcTaBACHUH D U= PO G-, e HCOONAb3yeTcst ofo3naueHmne
T', uTO6Bl y4ecTb TO OBCTOATENbCTBO, YTO MBI HMeeM 37eCh NeJ0 He
¢ noaHo¥ rpynnoft Ro, a ¢ noarpynnoft f(k) = P(D4r). Mbl ucnosb-
3yeM Take ecTecTBeHHOe pasOHeHHe DV 8 rpynne Dy, Ha D'V
u Dz &) rge D) oTHOCHTCS, OUEBHAHO, K X-KOMIOHEHTe
BeKTOpa rpajnenta, napaJsienbuolt suHua A. M3 raba. 30 naxoanm

DIV @ DX W — p(¥) & (22.9)
DVz) @ DX @ — pX0 Wy p(¥) @ (22.10)

rie V,, OTHOCHTCA K HEPMNEHAHKYJIAPHOH KOMIOHEHTE rpanueHTa.
Ho Torna

DE)® o p(Ve) @ pXi) W —
=9 [D(T') e @ PO e~ @ pE ¢ @ pod -1, (22.11)
T. €. He COLEpkKUT D™ U+ To4HO TaK Ke NPOU3BEILECHUE
D(Xx) @ ® D(sz) ® D(XI) R
= 2D 4 @ DX) (1) = 2D!D) 65 @ 2T 6-) (92.12)

He cofepxutr DI UH),

Mrak, Bce Tpu cocTaBasiomue rpagneHTa o6pamianTcs B HYAb,
H, CJeJ0BAaTENbHO, BETBb C CHMMeTpHeii D) pmeer HyJeBYIO
TIPOU3BOAHYIO IO BCeM HampaB/eHusM. $ICHO, UTO MBI MMeeM 31eCh
KPUTHYECKYI0 TOuKky Pj;. UToOB YCTaHOBHTb HHJEKC KPHTHUECKOH
TOYKH, HeO0OXONUMO 3HATb B JIETAJNAX MOBEICHHE SHEPTeTHUECKHX
IOBEpPXHOCTeH B OKPEeCTHOCTH Xj.

Ha ¢ur. 5—8 npuseneHn nocieaHue naHHbBe Mo gucrnepcuu ¢ho-
HOHOB B KpHCTaMjax CcO CTPYKTYypo#l anmasa: repMmanuu (¢ur. 5
[11] u dur. 8 [91]), xpemuun (Pur. 6 [11]) n anmase (dnur. 7,a
u 7,6 [87,93]). Ha Bcex dpurypax cn/OWIHBIMA KPHBEIMH NOKa3adbl
pe3y/abTaThl PacueToB, BBHIIOJHEHHBIX B 000J04eYHOH Mopenn, a
TOYKAMY — PE3yAbTATHl IKCNEPUMEHTOB. AHAJH3UPYS 5TH JaHHBIC,
MBI 3aMeuaeM NpexJe BCEro, UTo JJIf a/iMasa AHCIHEepCHOHHbIE K-
Eble Ha dur. 7,a u 7,6 CYLIeCTBEHHO OTJMYAIOTCA OT KPHUBBIX MJs
JIPYTHX KPHCTAMIOB, B HAaCTHOCTH MOPSIAKOM COCTOsiHHI B Touke X;
naa Ge u Si (dwur. 5, 6, 8) nucnepcHOHHLIe KpHBbLle NOZOGHEI APYT
EpYTY.

W3 ¢wur. 5, 6, 8 Mu BHANM, YTO NonepedHoe OoNTHUecKoe KoJseba-
Hiue DXI @ naa Sin Ge sBasieTcss aHaJHTHYECKHM MHHHMYMOM H,
c/efoBaTesibHO, uMeeT HHAexc j= 0. [leficTBHTesqbHO, BHIOHpad B
KauecTse rJaBHBIX ocef, MpoxoAsiux depes X, oQHy OCb B Hampas-
JCHHH A, a IBe Apyrde IO NMepHeHAMKYIAPHLIM eli HanpasiaeHuAM £



Cummerpus POHOHOS, UHPPAKPACHOE

ROCAOLCHEL 1 Komb. paccearue

165

60
N "
bk (7O L - .

50 R < T
Lo ™. s 1%
[10] Sr) | ¥
40 = A{ /% 7 l‘f’
= L 14/
. 7
20 — e
/T /
40 ‘ TA
- JL/_,-’, ¢ '{j /W—n ﬁ 3?
2 Fis
|
04 06 8 100 02 04 05 08 40
kMdl-’C

®ur 5 Jlucnepcusi (OHOHOB B repMauud. KpuBhle ~ pacueT; TOUKH — 3KCIEPH-

ment [}
el AA,__, Lyl 1 Pf LT ] l‘/]
s | | iy T
. 5 T A T
% " ‘ xg—\-#ﬁr i > N3 4\4
2f-oT /At#ﬁ-'_%ﬁ/ all —oT '
10 / +Ml of L/#A
= 4 N L
SQ 5 1‘# ; | 4\ 4,\/
EN S g J/ J \m ZS/
T T SN LA
i E ] \\\ / “
! 3

(£,00)

0 0z 04 06 08 1010 08

—

<‘—(0; i

06 04 02 00 01 6z 63 04065

(k: k: "} —>

®ur. 6. Oucnepcus ¢oHOHOB B KpeMunn. KpuBEE — pacueT: TOUKH — SKCNEDH-

ment [I1].
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®ur. 7. INucnepcus ¢ouonos B anmase upu 296 K. Kpusre — pacuer; Touxy —
sxcnepumenr [87].

Ha KBaJIpaTHOH IpaHu 30HL, Mbl y6exkaeMcs, YTO BeTBb BO3PacTaeT
no BceM HanpapjiesusM. OIHAKO BIOCJEACTBHH HaM NOHaJNOOHTCS
H3YYHTb BOIPOC O BO3MOMKHOCTH NOSIBIEHHSI HECHHIYJISIPHBIX KPHTH-
yeckuxX Todek B X. I/l 5TOTO HYXKHO H3YYUTb NOBeleHHe AHCHEp-
CHOHHIBIX KPHBBIX HA BCeM KBaJpaTHON rpaHH 30HL BOKPYr TOYKH
X, 1. e. B sanpaBaeuuy X — X — K'(U). Toraa MBl gMeeM HeCHHIY-
JAPHYIO TOUKY, eclu 3HaK o(k|j)—w(X|j) ans j-i BeTBH HMeeT
BOau3u X cjelymoollue CBOACTBA:

sgnlo(Z])) — o (X|)]=—sgnlo(Z])—o(X|)]. (22.13)

B sTom cayuae Ha KBaapaTHOH IpaHH MMeIOTCSl ueThpe 06.1aCTH
clo—o(X!/)] >0 u uetnipe ¢ [0 — o (X|))] <O.
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Ecan
o(Alj) —o(X|) >0, o DX nmeer Toury F; (22.14)

ecan Ke 1
oAl))—e(X]) <0, To DX pumeer Touxy Fy (22.15)

Touxrn F; DOMKHB yUHTHIBATBCH KakK Toukd P; ¢ Becom 3 [91, 92].
KoneGanue cummerpun DY@ nag anmasza (dur. 7) caeiyer cup-
TaTb HECUHTVJSIPHOH TOUKOH B OTHOWeHHH BeTBH Xp(0). My Kiac-
cupuunpyem xonebanue DXD ) p epxHell BeTBH B ajMase Kak

300 As ‘ q

200~

®ur. 8. Paccynrannas gucnepcusi B repmauun [91].

touky Fi. HukHAs H3 ABYX BeTBell, BLIpPOXKIEHHEIX B X;, OTHOCHTCS
K Tally Ps. DTu pe3y/ibTaTel cyMMupYloTcs B Tada. 31.
PaccmorpuM pajee Kojebanue cummerpun DX mpencras-
Jgsollee cofofi COBOKYNHOCTH BBIPOXKIEHHBIX IPOJACJBHBEIX KoJeba-
Hufi LO - LA. TlpoBoma ananm3 TOYHO Tak XKe, Kak gasg DEXd @)

noJsiyuaeM
DX M g D(¥x) @ D) O — (X)) O g p(X¥) M)

= D@ 1+ G DM =)@ DB 6+ @ D ¢-), (22.16)
D) V@ pVay) @ D) 1 = pE) D ¢ [ K1) O gy (X)) O] —

=2 [D@ et @ DO - @ pFi e @ DT -y, (22.17)
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Tabauya 31

OxHoOHOHHKE KPHTHYeCKHEe TOUKH M HX MHIEKCh B KPHCTapIax
THRA aamasa '}

r® X3 v we s Qr® 54
To1r ¢ A £ B? R@)? B
Si B f B R B A(1)
Ge B K B RQ BE{)
oz C A B 5? @7 B R A7
Si B R b RQ) B R(1) B B
Ge A b ;! Q) B R(1) B i
Lo C B F/R) A EQ@?  B,EQ®)
Si i) B(1) B R(2) ‘B
Ge ] U] A Q@) - :
L4 c K3 RQyF(1). R? B(Q?  BO)NBW), B,
‘ Si BB B(D R B(2) —
Ge RB) A1) R 5@ -
J41 € /Q) B R R B(MLE(Q) 5?
Si R(3) R it R B B
Ge 5Q) R R R@) 5 B
T4z € KB 5 it A@? -
¢ $i B3 R R AQ. -
Ge. Q) B it RQ) -

') 3yaku BOOPQCA YKa3HIBAIOT Ha HEONpPE/JeJeHHOCTh HHTeprnpeTaluu (cM. TekcT). Uucaa
B CKOOKax B TOJIOBKe TaGJaHUBI JAIOT YHCJAO BEKTOPOB 3Be3Abl. MeTOANKA ONpejeaeHnst HHARKCOB
OIICaHa B TEKCTe.

B sTux ¢opMytax Bce HpeicraBiexns DT () oTHOCATCH K TOUeu-

Hoit rpynne Dy, [Tockoaeky (22.16) comepxur DWW U+ o kpafuen
Mepe ofHa KoMioHeHTa V. (R) He paBHa HyJio IO COOOpa*KeHHAN
cnvMMerpun. Ho nockoabky kosebanne DY) () gpasieTcss ABYKpaTHO
BHIPOX/EHHBIM H B COOTBETCTBHHU C YCJIOBHAMHU COBMECTHOCTH B Ha-
npasiendn A pacuwenasercs DX) ) — DN GDO N | 1o u3 cka-
3aHHOTO BLILIE CJejlyeT, YTo 00e BEeTBH HMEIOT B TOUKe X| KOHEUHYIO
npoussoanyio. C apyroit ctoporH, u3 (22.17) ™Mbl BHAHUM, YTO BeJH-
yuda Ve a5 obenx peTseit DWW &) y DM ofpaiiaeTcss B TOUKe
X, B HyJb B IVIOCKOCTH, TMepHeHAHKY/IApHOH A (T. €. B IJIOCKOCTH
kyk;). CnenoBaTenbHO, BeTBH, BBIPOXK/EHHEE B X, HMEIOT JBe paB-
Hble HYJI0 [POM3BOJAHbIE H OLHY Pa3pPBIBHYIO NPOH3BOAHYI0. MHBIMH
cJIOBAMH JJf 3THX KoJjeGaHuil u =1 u HHAeKCc Touku ecTb P;(1)
wu F;(1).

Uto6el Aadblle PacCMOTPETh 3TH BeTBH, 06paTHMcs K Jucmep-
CHOHHBEIM KpuBbIM. [sisi kpeMHUs BeTBb LO uMeeT MHHHMYM B Ha-
npasiednn T (Betsb 23(0) Ha dur. 6). CrexopartesnbHo, Touka X,
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HMeeT HHIEKC 2, MOCKOJbKY 3Ta NHCNEepCHOHHAs KpuBasi yGbiBaeT
B HanpapaeHusx X H Z. [lanee, NOCKOJIbKY

sgn[ow(Z[|LO) —o(X,|LO)]=sgn[o(2]|L0) — o (X;|LO)], (22.18)

BeTBb LO uMeeT B X| aHaJHTHYECKYIO CEANOBYIO TOUKy Po(1). das
Ge BetBb LO MOXKeT He UMeTh MHHHMyMa BAOJb X, TaK YTO MOJKET
0Ka3aTbcAd HeoOXoAMMON uHad Kaaccudukanusa. [pexmosaras, urto
BeTBb LO pacreT B HanpaBJeHHH X, MLl HMeeM CHOBA CHTYaIHIO
THIIa TOH, KoTopasl onucwiBaerca dopmynamu (22.13)--(22.15)
(¢ur. 5 n 8). CnenoBatenbno, BeTsb LO B repMaHuu umeer B X
TouKy tuna Fi(l). [asa anmasa jgerasnbHas HHGOpMALHA O JUCIep-
cuy BeTBH DY () B HanmpaBaeHnu Z OTCYTCTBYET, MO3TOMY MBI He
MOKeM IPOBePHTb BHIMONHHMOCTH (22.18). B cayuae orpunaresn-
HOH KDHBH3HBl B HampaBJIeHHH Z Mbl JOJKHB [PUIHCATH 3ITOMY
KoslebaHuio mHAekc Fi(l), a B ciayuae HOJOKUTENBHOH ~— HHIEKC
Py(1). Bece atu pesy/pTaTsl BKJAWOYeHH B Tabma. 31.

Hns BetBn LA B KpeMHHH MBl HMeeM HoBefeHue THma Ps(1),
TaK Kak 3Ta (OHOHHAS BETBb PACTET BO BCEX HAMpPABJEHHAX; TO Ke
OTHOCHTCH H K repManuio. [as anMasa Npu YCNOBHH OTPHIIATEJNb-
HOI KPHBH3HH BjoJab Z mnoayuuMm Ps{(1), a upH NON0KHTENBHOR
Fs(1) (raba. 31).

Haxkonen, paccmorpuM koaebauus cummerpun DX ® TlopTo-
psid TOT K€ aHanaus, uTo ¥ npu Beioge (22.11) u (22.12), noayuaem
HyJeBOH TpajMEHT BO BCeX HaNpaBJeHHsX. Mpl cHOBa paccMaTpH-
BaeM pasgesabio setBu TAl u TA2. Bo Bcex Tpex KpHUCTaNJaX BETBb
TA1 umeer B X; Touky Pj, a BeTBb TA2 — Hecuuryasipuyio 1oury Fo.

Touka L,. O6patumca Ttenepb K Touke L;. CooTsercreyiomas

toyeuHas rpynna P(T) ectv Dsn. B Taba. 32 npusenens HeoO6XoaH-
Mble 1JIs1 aHaJH3a xapakTepbl. MOMXKHO HEHNOCPEACTBEHHO MOKAa3aTh,
HCIIOJIb3Ysl CBOMCTBA TOYEUHHIX IPYNI M MATPHUYHBIX JEMEHTOB, YTO
Bce BerTBM B L; HMMemT HYJEBYI0 TNpPOH3BOJIHYI BO BCeX Ha-
npasJaeHusx. JInsg anHajgu3a BeTBeH MBI MOMKEM HCIIOJIB30BATH CH-
CTeMy OPTOTOHAJBbHHIX ocell BAoab HanpasiaeHuit A, Q(L — W) u
M(L—K’) [umn (L—U)]. qucnepcHoHHEIE KPHBEE B HampaBsJe-
uuu M oT Toukd L, KaK NpaBHJIO, HEH3BECTHH, HO HX MOKHO rpydo
OLIEHHTb.

PaccMoTpuMm mpexze Bcero kpemHuit. Cienys B mopsiike yOol-
BaHHs UACTOT, OCTAHOBHMCS BHauase Ha BeTBH 7O DIL}B-), ra
BeTBb BecbMa mockas (dur. 6), HO Bce e MoxKeT OHIThL OTHeceHa
K tuny P, To xe caMoe cnpaBelMBO M 17 repmanus (¢ur. 8).
HOas ajnmasa (dur. 7), rie setBb 70 B L; jexur nuxe setsu LO,
MBl He pacloJaraeM MAOCTaTOUYHOH wuHpopMmauueid. ABTopy mnpes-
cTaBJsieTCs, UTO 37eCh MOYKHO OXKHJAATh HECHHIVJSPHOrO MOBeAeHHS
B COOTBeTCTBHH ¢ KpuTeprneM Dujiunca, HO BBHAY OTCYTCTBHS
TOUHOH TEOPHH HJIH 3KCIepHMeHTa MH OyjAeM INpPOCTO CJeOBaTh
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pesyabTataM ais Si u Ge u o6oznaunM BetBb 7Ol B L; mHAeKcOM
P2(?); setBb TO2 Takxe oTHeceHa K THNY Py 118 BCceX Tpex Be-
1[eCTB.

Tabauya 32

Kpum‘lecxue TOUKH B &jJMa3¢ B OKPECTHOCTH Ll

Kanace L) L) L) - X ¥y
{e | 0} 1 1 2 I 2
55210} 1 1 —1 1 -1
{62'@ "‘rl} 1 —1 0 —1 0
{1 +1 1 +2 —1 —2
{Gaxyzlﬁ} +1 +1 F1 —1 1
{55’;@ [T} *+1 ! 0 1 0

2— 3—

'y Cx. tada. Bl u 22

%) Kowmironentn! £° a4 (X', Y’) BrGpant COOTBETCTREHHO NAPAMIEIBHO H NEPISHINKYJAPHO
wantpasaesnuo (11}

Paccmorpum aasniee xoaebanme cuMmmerpun DU AP, B repma-
HHH B KPeMHHH 3TOMY IpeAcTaBieHHI0 oTBeuaet BeTBb LU, n Kpu-
THUECKAs] TOUKa SBHO OpHHAMJIeXHT K Ttunmy P, B anamaze sto
persb LA, U Mbl YCJIOBHO OTHECEM KDHTHUECKY0 TOUKY K THOY Pi.
st koseGauug DU 2= Koropoe npuHannexnT seted LA B Sin
Ge, oTHecenne K tuny P, oueswaHo. [las anmasa 3TOMy npeactas-
JEHHIC oTBeuaeT Kogaebanume LO, u Mbl oTHeceM ero K P, Kouaeda-

rusaM DU 84 mpuHamgexamum K tuny TA BO BCeX BellecTnax,
MBI [pHNHCHBaeM HHjAeKc P;. Bonmpoc 0 BO3MOMXHOCTH HECHHTYJSp-
HOro IHOBeACHUS B reKCcaroaJbHol NJOCKoCTH oKoJo L B Hacrod-
{iee BpeMs ocTaeTcs, MO-BUAUMOMY, OTKDHITHIM,

Touka W,. Ilns u3yueHWs HAKJAOHA NHCHEPCHOHHBIX KPHBHIX B
touke W, Mupl BunbupaeM TpH OPTOTOHAJBHHX HAaNpaBJeHHSs, a
HMeHHO Z u JBa HaupapJ/eHHs @, npoxoasiiue uepes W B miaocko-
CTH, NepNeHAUKYJsApHOH Z, U CTPOHM COOTBETCTBYIOLLYIO TabsHIy
xapakTepoB. B Ta6n. 33 mpupeieHn Bce HeoOXOAMMBIE NaHHBE.
PaspeuleHdbie HEIPHBOAUMble MpeACTaBAeHHs B 9TOH TabJHlie eCTb
NPOeKTHBHbIE IPEJCTaBJCHHs C OnpelegeHHOH (AaKTOP-CHCTEMOR
toueynofi rpynnet R(W,), koropast nsomopodna rpynme Dgs. Mu
BbIOMpaeM TPH €AMHUYHBIX BEKTOpa NOJAPU3ALMH €z, £, H £g,,
HalpaBJleHHbHX BAOJb TPEX YKa3aHHLIX OPTOrOHAJbHBIX HalpapJe-
Huit. Torpa us a6, 33 caenyer, uto noa AcHCTBHEM NMOBOPOTOB H3
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rpynnsl Dy; onepatopel £z -V, npeofpasyorTes 00 OLHOMEPHOMY
npeacraBaenuo By rpynnsl Dsg (B cranaapTHBIX 0003HAYeHHSX,
cM. [68]), a coBokynHocTb (2g,: Ve, &g - Vi)— No aBYMepHOMY
npencrabaenuro E. Kak ykasblBajJoch Bbllle OPY H3YYEHHH TOUKH
X1, A1 3THX IpeicCTaB/eHHH MOXKHO HCIOJb30BaTh nceBpo-I-060-
3HAUEHHSA, YTO H CAEJAHO B HHXKHEH YacTH COOTBETCTBYIOIULHUX CTOJG-

noe tabda. 33, rae onu obosnauenn ') u IO, Tlepemuoxas npea-
CTaBJEHHS H BBIUMC/IAS pe3yJabTaT, Mbl Hax0AWM, 4TO Kak A3
npencrasaenns W, rtax u ana W rpagnent obpamaerca B

Hy/J b B HanpaBJeHHH, NapalieJbHoM Z, HO OTJHYEH OT HYAd OJd
IIBYX OPTOrOHAaJbHLIX Hanpasaenuit Q. Tax xax kosebanuss DWJ ()
u DWW apykpaTHO BHIpOXKIeHB B Touke W, u Baoas Z, Ho pac-
LIeMJICHE! BAOJL @, TO 5iCHO, 4TO BCE BETBHM MMelOT B JIBYX Halpas-
JIeHUAX pa3peiB NepBOfl npouasogHo#, T. e. p == 2. [lpeanonaras,
YTO BCEe BETBHM BeAyT celsl aHajuTHUecKH (B OTIHYHE OT ToukH X),
MB HAXOAHUM C NMOMOLUBbIO (HUI. 5—8 THI TOUKH, PE3y/abTaThl NOMe-
meHsl B Tada. 31,

Jlunua X. Paccmotpum padjee aunuwo X. M3 taba. 34 mul ycra-
HaBJHBaeM, YTO B HampaBJCHHAX, MePeHAHKYIAPHLX X, BCe BETBH
IMEIOT HyJieBOfl Haxk/JoH. XOTS IpuBeAeH TOJbKO caydall X =
= (m, n, 0)1/a, pesyabraT ocraercsi B CH/le AAA BCeX TOUEK Ha
auuun X. Msyuas fasee nopejeHHe AHCHEDCHOHHBIX KPHBBIX BAOb
Z, MBl MOXKeM YCTaHOBMTbL HaJIHuHe NOIOJHHTEJbHBIX KPHTHUECKHX
TOUEK B KaxKAoH BeTBH. [{pyroe neso — onpejesieHHe HHAEKCOB THX
TOUeK; AJs 3TOro TpedyeTcst AeTanpHas TouoJorHueckasa undopma-
[HSI, KOTOPYIO MOXKHO MNOJYUHTb TOJALKO UYHCJACHHBIMH pacueTaMmu,

Tabauya 34

Kputuueckue TOUKHM B anMase B oxpecTHocTH X, == (%, m, 0) (/a) ")

Kaace 2(1“ 2(127 2(13) 2(147 ?E.v 52,'V z‘V
Cy {e]0} ] 1 1 1 1 1 1
Co {0,y]0} 1 —1 1= 1 —1 1
Cs {pz| 11} 1 —1 —1 1 1 1 -1
Ci Bayylmi} 1 I —1 —1 1 —1 —1

Bce BeTBH HMEIOT HYJeBOH HaKJIOH B HANDPAB/JEHHAX, NEPHCHAHKYAAPHELL JHHEH Z, Opro-
rouanbuas TpPHajla BbIGpaHa B Bule ey, ¢ys, £z, Mle T==(m, m, 0), ¥ =(m, ~m, 0), Z={0, 0, 1).
!} TlpeacTaBnenus oGo3HavatoTea corsaacHo paBoram Bupmaua [22] # Kocrepa [94].




Cummerpus OHOHOB, undpaxpacroe no2soujenue 4 Komb. pacceanue 173

Has Sin Ge (¢ur. 6 u 8) mul corenyem xouncony u Jlayaony [91]
H BOCIPOM3BOAHM 34ech HX pesysabraThl. Betsb T7O1 B Si umeer
OAHY KPHTHYECKYI0 TOuKYy BOJM3H X U BTOPYIO (CHHIYJISPHYIO?)
KPHTHYECKYIO TOUYKY, OOYC/IOBJEHHYIO [epeceueHHeM (caydaiiHoe
BoIpoxaeHne). Caeays pa6ore [91], Mbl HHTepupeTHPYeM 5TH TOUKH
Kak P; u P;(l) cooTsercTBenHO, XOTS BTOpast TOYKA, BO3MOIKHO,
npunaaiexkut k tany Fi(1). Bropaa sersb TO2 Takke COLEPKHT
KPHTHYECKYIO TOUKY, O0YCJAOBJCHHYIO MepeceueHHeM, H, KpOMe TOTO,
MHHEMYM. DTH Touku cyTb Py(l) m Pi; Kaxk u panblie, ocTaercs
OTKDBITBIM BOTPOC O CHHTYJAAPHOCTH B ofJaacTu nepeceyeHus. [Tpo-
AOJbHAsS OfNTHYecKass BeTBb (X3) B Si mMeeT rayGokufi MHHHMYM
(¢ur. 6), kraccupunupyemnlit Kak Py, HO B Ge He COAEPKUT KpPH-
THYecKUX Touek (dur. 5, 8). Caenyromas sersp LA (Z)) ue comep-
KHT KpuTHYecknx Touek a7s1 Si m Ge. M3 momepeunnix akycTuue-
ckux seTselt mepsan TAl (Z3) umeer ans Si MageuMmym Tuna P
(To xe mpexanogaraeres u Aas Ge), Toraa kax sropas BeTsb TA2
(24) He COLEPNKHT KPHTHUECKHX TOYEK.

Jucnepcus B anMase BAOJbL JHHAH 3% CYUIECTBEHHO HHAS, YTO
08yCNOBJACHO [JIABHHIM 00paszoM APYTHM IMODPSIAKOM COCTOSIHHE B
trouke X. Mudopmanuusd, npusefennas Ha ¢ur. 7, HeflocTaTouHA A4
OnpeneNeHNd HHAEKCOB KPHTHYECKHX TOUEK; MOITOMY MBI TIPOCTO
nepeuncJUM CaMH KpPHTHUECKHe TOUKH Ha Kaxaofl BeTBH. Bersb
TO1 (2:(0)) umeer makcuMym P;, a Bersb TO2 (Z5(0))— cunry-
Jaspuyio Touky nepeceuenus P;(1). Bersp LO (23(0)) umeer pesko
BLHIpA:KE€HHBIH MHHHMYM P; miaoc nmepeceuenue P; (1), Creayiomias
BetBb LA (2;(A)) umeer aBe Touxm nepeceuenus P;(l) m Py (1)
H Makcumym Pj. Bersb TAl (Z3(A)) conepxur Toukn P;(1),
Py (1); uakoHeu, camas HHXIUAA BeTBb JA2 He COZEPKHT KpH-

THYECKHX TOYEK.

Jluina Q. Moxuso nokasarb (ra6u.35), 4TO KOMIIOHEHTH rpa-
oveHTa OOpallaloTCs B HYJb B HAMpaBJeHHSX, HepleHJHKYJAsIPHHIX
JHHHE Q, OHAKO AJsA ONpe/eseHHs AOTOJHHTENbHBIX KPUTHUECKHX

Tabauya 35

KpuTHYecKHe TOUKH B anMa3e B OKPecTHOCTH @, = (%, i, 2t — ) 1/a

Kaace QE“ Q{Q) ‘E\Q 'V(km

{£]0} 1 1 1
Boys |11} 1 -1 1 —1

TIpousBoaHas OTJAHYHA OT HYJAA TOJBKO IS NMPOAOJbHON KOMIOHEHTH! rpajiMeHTa BAOJb
JIHHHH, NPOXOAfAuleli Uepes Q; Bce APYrrHe KOMMOHeHTH o6paulaloTcd B HYJb,




174 Taasa 3

TOYeK CHOBA HeoOXOAMMO O0OpaTHTbCS K aHAJU3y AHCIEPCHOH-
HBIX KpuBbIX. Jla)ke NpPH OTCYTCTBHH CayualHOIO BBIPOMKACHHUS
nJas BeTBel @, ¥ Q. BAONL BceR JHMHHH Q, 10/MKHO OHITH 1O
KpalHell Mepe HEeCKOJIbKO KDHTHUECKHX TOYEK Ha KDHBBIX, COe[H-
uaomux TO(L) u TO(W), a rakxe TA(L) u TA(W). dna Si u
Ge Mmur cHoBa caepyem [xoncony u Jlayrnouy [91]. B cayuae ai-
Ma3a BO3HHKaeT JONOJHHTC]bHAS HEeONpeJeseHHOCTh H3-338 OTCYT-
CTBHSl BBIYHC/JEGHHBIX HJH H3MePeHHBIX 4acToT Ha JuHuu Q. Mu npo-
CTO NMOBTOPSEM 3/leCh YCJIOBHO TY K€ HHTEPHpEeTalnuio (MoA1exKallyio

n Py P, Fy By, £ Ps

®ur. 9. Tunpt ocoSensocrell Gyuknuyu pacnpesieNeHns 4acToT, o6yCJIOBJEHHHX KpU-
THUECKHMH TouKaMmu P;(n), j=1,2,3; n=0, 1 [91].

NpOBepKe Ha BHINOJHHMOCTb COOTHOLIeHHA Mopse), uto u aaa Ge
u Si.

[TomoGHEIMH Ke MEeTOAAMH MOXKHO HOJYYHTb THIB KPHUTHUECKHX
touek A5 BerBH TO2 Ha naockocTax S.

Caenyer OTMeTUTh, YTO paHee mpejJaranack [95] wHasg Kaac-
cubukanyus ofHODOHOHHBIX KPUTHUECKUX TOUEK ANA CTPYKTYpH aJ-
Ma3a, OIHAKO B TO BPeMs 3KCIEPHMEHT H TeOpHS HAXOAHJIHCH elie
Ha HavyaJgbHOR cTajauu paspurus, HecmoTps Ha 370, pesyabrarh
Bunbia u ap. [95] noBosabHO GiH3KH K Gojee MO3THHM Pe3yJ/bTa-
taMm J{:oHcoHa u Jlaymoua [91]. Mo obcynuM paGory [95] nosa-
Hee TP CpPaBHeHHH TeOPHH M SKCHepHMeHTa. B HacToslllee Bpems
HanboJiee TOYHOH mpeAcTaBisieTcsl HHTepupeTauus JIXOHCOHa H
Jlaynona.

CuefiyeT HANOMHHTb, YTO KpHTHUeCKAas TOUYKa KaXKJOTo THIA
NPHBOJAUT K Pa3iHUHBIM THNAM ocobeHHOcTell B QYHKUMH pacnpene-
JieHus1 yacToT. CBOAKA Pe3yJbTaTOB, NOAPOGHO 00CyKAaeMbIX B pa-
6orax [11, 34], npusenena Ha ¢ur. 9.



Cummerpus ¢oronos, undpaxpacroe nozaowenue u komb. paccesnue 175

§ 23. Isyxdononnas GpyHKUHs pacnpeneneHua 4acToT
H KPHTHYECKHE TOYKH JJifl PELIETOK TUMa ajimasa

Tenepn MBI MoxkeM nocTpoHTH TabJunYy, aHaJOTHUHYI Tab.a. 3i,
IJIS KDHTHYECKHX TOUeK Ha ABYX(OHOHHBIX AHCIEDCHOHHBEIX KPHBBIX.
Kak u paHbllle, paccMOTpeHHe MOXKeT OHITb BBINONHEHO YaCTHUHO
YHCTO aHAJHTHUECKH C HCIO/Ib30BAHHEM TOJBKO TEOPETHKO-TPYIINO-
BOTO aHaJ/H3a, a YAaCTHUYHO C NpHBJEeUeHHeM AeTalbHOH HHbOpMa-
U¥HM O JHCIEDCHOHHBIX KDHBBIX. B IpHHIHIE, OAHAKO, Mpolleaypa
ocTaercsl TOR Xe, YTo M [/ ONHOPOHOHHOH (YHKIHNH pacupenese-
HHUA 4acToT. Mbl OyaeM pasauuaTh CJydad, Koraa ABa (JOHOHA KOM-
OMHHPYIOTCS M3 OJHOH H TOH Ke BETBU H, C/JICAOBATENBHO, SBIASIOTCS
BLIPOXKJIEHHBIMU ( 06epTOHbl), ¥ cayual, KOrjaa (OHOHE BO3HHKAIOT
U3 pas3HbiX BeTBel (Kombunuposannste tona) {3]. Hanomuum snech
obcyxxaenne, nposefexsHce B T. 1, § 117, 118. Bo Bcex cayuasix
npaguga orbopa A8 KO3pGhUIUEHTOB NPHUBELEHHS [O0JIKHB CONG-
CTaBJASATbCA MPOLECCy, KOTOPHIH Mbl HaMepeHBl aHAJH3UPOBATh, T. €,
HHQpPaKpacHOMY NOIVIOLIEHHIO JHOO0 KOMOHHAIHOHHOMY PaCcCesHUIO
cBera.

PaccMorpuM cHayajga CJAEACTBHS, BBITEKAWIIHE TOJBKO U3
CBOHCTB CUMMeTpPHH. SIcHO, uTO AJs1 NBYX(OHOHHBIX O00EpTOHOB MMC-
HEePCHOHHBIE HOBEPXHOCTH MNPOCTO NOBTOPSIOT CBOM CAHO(DOHOHHHLIE
IPOTOTHIBI, 38 HCK/AIOUEHHEM H3MeHeHHs (YIBOEHHA) HIKAJBl yac-
toT. CJjeloBaTeNbHO, NOJOXKEHHE KDHTHUECKHUX TOUEK Ha BETBAX
06epTOHOB TOXKJAECTBEHHO HX IOJOMKEHHI0 Ha COOTBETCTBYIOUIHX
onHOQOHOHHBIX BeTBAX, NpHBeAeHHOMY Boiile B Taba. 31. Takum
06pa3oM, peaysnbTaThl 3TOH TaOJHLB MOXKHO IIPOCTO IlepeHecTH Ha
cayyait o6epTOHOB 17151 KaXKIOTr0 M3 paccMaTPHBA¢MBIX KPHCTAJLIOB.

Jast KoMOHHUPOBAHHEIX BeTBel MBI JOJKHBEl PacCMOTPETb JHce-
nepcuto cyMmbl o (R|j)+ o (—k|j’), 1 KpHTHUECKHe TOUKH Ha HHX
BO3HHKAIOT s Ry, YAOBJIETBOPSIOUIHX YCIOBHIO

Velo(Rl) +o(—Ek1/),_,=0. (23.1)

OueBHAHO, KPUTHYECKAS! TOYKA HA KOMOWHHDOBAHHOH BeTBH BO3HH-
KAaeT B TOM CJyuae, eC/I¥ BeTBH | H j/ colep:KaT KPUTHUECKHE TOYKH
COOTBETCTBEHHO B Ry 1 —kg, 0 (uMJH) Takxe B TOM cJyuae, ecau

Vi (B[ ]),, = — Veo (— k1], (23.2)

Vio (k]]), = Veo (—k|[), =0, (23.3)

B nepBom cayuae

HO TaK KakK Ha0op KPHUTHUECKHX TOUEK A5l KaXKAOH BETBH YiKe H3-
Becten (Ta6a. 31), To maGop TOUeK, Bo3HHKAlOLLHX B caydae (23.3),
JETKO onpeeautb, [Ipobaema onpejeseHHs HHIEKCOB KPHTHYECKHX
TOYeK Ha ABYX(OHOHHBIX BETBSX BHOBb TpefyeT [AeTajbHOro 3HaHUS
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Tabauya 36

JByxdoHoHHsIE APOUECCH B KPHCTANNAX THOA a1Ma3d: KPEeMHHH H repMaHuit

OnTHueckas

Touka [ITpeacraBaetiie Tun Huaekc Y AKTHBHOCTS 2)
Obepronut

r [1“(25+)](2) R 20 P3 KP

X ["xW], 2T0 P KP
[*x V], 2L Py (1) + Ps (1) KP
[*x®] 2TA Pi+ Fy KP

Lo "Ly, 270 P, KP
[ L<1+>] @ 2LO P, KP
[*LC],, 2LA P KP
[*L 3+>](2) 2T A P, KPp

T [*2®], 2701 Py + P, (1) KP
[*=®],, 2702 Py (1) + Py KP
[*29],, 2LO P, KP
[*29],, 2T Al Py Kp

*Q  [*QY], 2T02 P, Kp
[*@™1, 2T Al P, Kp

T I P 2T02 Py KP

Kombunayuu
*x  *xWg*x® TO1, 210, LA Ps(l)+ KP; UK
+ (Pg (1) mam Fy (1))

X R *¥x® 701,24 TAL,2 P+ F, KP; UK
*xD @ *x® L+ TAL 2 Py (1) + Fa (1) KP; UK

L L8O *LYY 10+ Lo P, UK
YL QFLET) TO 4 1A P KP
*LODQ*LC 10 414 P, UK
PO Q* LT Lo 414 Py UK
LU Q*LBH) Lo 4 TA Py -+ Py KP
QLY LAy TA P UK

1) CM. ofeyxcleHlie B TEKCTe.
2} O6osnavenus: KP—/anuas KOMGHHALMS aKTHRHA B KOMGHHAIMOHHOM paccesanun (r. e.

HMeeTcs 10 kpaBlHell mepe OLHO paspemrennoe npejcrasienue); MK —cooTBefcTAEHHO B CIIeKTpe
HH$pakpacuoro noraomenns {cozepxuren npeactasiesue T(157)) (22,
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Touxa IIpencTanJenue Tun Huaexe %) a‘iﬁ;’;;gﬁ‘;:’i,
*woOwORr w® TO(1)+ TO (2) P, KP
*wihe*w® 10414 Py KP
WO W TA()+ TA@Q) P, KP
*A AU R *A® LO+TAl 2 Py KP; UK
¥ el *s® 701,24 LO p, KP; UK
*2h @ *56) 701, 2 4 TAl P, KP; UK
*30 & *Yg@ LO + TAl Py KP; UK
*Q TOl, 2+ 742 P, KP; UK
LO+ LA P, KP; UK
LO 4 TAl P, KP; MK (15KP)
LO 4+ TAl Py KP; UK
LO 4 TA2 P, KP; UK
TAl + TA2 P, KP; UK

XapaKTePHCTHK JHCTepcuu BO.IM3W paccMarpuBaemoit Toukd. Co-
BEPIIEHHO OUEBHAHO TaKkKe, YTO OlpejeseHHe TOUeK Ko, YIOBJCT-
popspomux (23.2), TpeGyeT TOUHOrO 3HAHHMA JHCIEPCHOHHHIX KpH-
BHIX, TaK KaK 3TH TOUKH MOTyT BO3HHKATh B OOIlell TOUKe 30HHI,
ecJu B HeH rpajHeHTHl COCTABJAIWIHX BeTBell PaBHHEl 10O BeJHUHHE
H o6paTHH N0 3Haky. B Ta6a. 36 npuBeaeH cnHcOX ABYX(OHOHHBIX
KpuTHYecKHX TouekK AnAA Si u Ge, B3ATHI u3 paborel JlXKoHCOHA H
Jlaynona [91]. Iaa anmasa nofoOHOA TalJHUB B HEPHOR Hamuca-
HHMsl KHHTH He CYILLeCTBOBAaJO; CM., OAHAKO, OOCYKAeHHe JJs aaMasa
B § 24 n 28.

§ 24. UHTepnpetauus crekTpOB KOMOHHAUMOHHOrO paccesiHUs
1 MAQPAKPACcHOTO MOTJOUICHHA AJs CTPYKTYPBHI aamasa

PesyabTaTsl, NOJYYeHHEE B NpeAbAYIIHX naparpagax, I03Bo-
JSIOT HepelTH Tenepb K HHTepPIpeTaluly MHOTO(QOHOHHHIX CIIEKTPOB
nH(QpPaKpPaCHOro MOIVIOLIEHHST H KOMOHHAIMOHHOTO paccesHus CBeTa
B KpHCTaJJIaX THIA aiMaza B MNPEANOJIOKEHHM, UTO 3TH CHEKTPLI
onpexensoTcs GyHKUHeH pacnpeaesieHus 4acTOT H IpPaBHJIaMH OT-
6opa. Jlpyrumu cJaoBaMH, MBE He pacCMaTpHBaeM 33aBHCHMOCTb MaT-
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PHYHOIO 3JeMEHTa OT XapaKTePHCTHK nepexoda (IpeAnlosokKeHHe O
NOCTOSIHCTBE MaTpHuHoro asiemeHTta). CienoBaTe/bHO, UHTEHCHB-
HOCTh KaxJAOTO u3 o6cyKAaeMblX NMPOIECCOB Ha 4acTOTe @ MPOIop-
IMOHa/JbHa NPOH3BEIEHHIO 3aBHUCALLEH OT YaCTOTH (QYHKIHH pac-
npenescHUus 9acTtoT pr(w) U KBaApPaTy HNOCTOSHHOrO MATPHYHOTO
asemerTa A [cM. popmyant (3.68)— (3.70)].

Hanee nMerorca nBe Bo3MOKHOCTH. IlepBas M3 HUX 3akJaoyaer-
¢si B JONYIIEHHY, YTO HHTEHCHBHOCTDL Pa3pellieHHOro nepexofa Aeii-
CTBHTE/bHO BO BCeX JeTandaX IpollopuuoHadbHa pr(w). B atom
clIyyae MBI OXKHAAeM, UTO HM3MEePeHHHIH cnekTp /(w) ecTh TOWHas
KONHS pr{®). B yacTROCTH, NOJNKHBI BOCIPOU3BOAUTbLCS PA3PHIBLI
IPOU3BOAHOR (QYHKIHMH pachpeaeaeHHs yactoT (dur. 9), cBsizaHHbHE
CO BCeMH KPHTHYECKHMH TOYKaMH B KaxJA0H BeTBH., CJel0BaTelbHO,
[pPH H3YYeHHH ZABYX(DOHOHHOrO HH(PPAKPACHOTO MOIJIOLWEHUS MBI
JOJIKHBl HaHTH 0COOEHHOCTH, OTBEYAIOIHE BCEM KPHUTHUECKHM TOU-
KaM [Js paspelleHHBIX 06epTOHOB M KOMOHHHUDOBaHHEIX BeTReEH.
M1 00epTOHOB THI H IOJIOXKeHHe KPUTHYECKOH TOYKM Te XKe, UTO
¥ A/ COOTBETCTBYIOUIHX OJHO(MOHOHHBIX BETBEH; IJis ONpefesaeHHs
HHAEKCOB KPHTHUECKHX TOUYEK Ha KOMOHHHPOBAHHBIX BeTBHAX MBI
ucrnoJib3dyem 1adsa. 36. IlepeyeHb paspelleHHbBIX ABYX(OHOHHBIX IPO-
LEeCCOB AJ51 CTPYKTYPH a/jMasa npuBefeH B Taba. 37,

Ecay Mul ObiTaeMcss MpPOBECTH Tako# OdeTalbHLIl aHaju3 KPUTHU-
YeCKHX TOUEK CIEeKTPa, To HaMm HeoOXOAUMO 3HATL ¢ J0CTaTOUHOMH
TOUHOCTbIO MOJOMKEHHE OXKHAaeMblX Pas3puBOB IHpousrogHoll. Ecuau
HMeIOTCS XOpOollNe NaHHble HelTpoHorpadHIeCKHX H3MepeHHH i Tou-
Hble pacueTs AHCHepcHH (DOHOHOB, TO MOXKHO HaHTH YacTOTH, CO-
OTBETCTBYIOI{HE OCHOBHBIM KPHTHUEeCKHM ToukaM, Mcnosn3ys 3a-
TeM InpaBuaa orfopa M AHAaJH3HPYs KPHTHYECKHe TOYKH, MOXKHO
HalTy TOYHOe >HepreTHYeCcKoe NOJOXKEHHEe Pa3phiBa HNPOHU3BOIHOM,
a 3aTeM H3 YaCTOTHON 3aBHCHMOCTH CIEKTpa IOIVIOUIEHHSI HJH KOM-
OHHANMOHHOIO paccesiHUs B OKPECTHOCTH 3TOTO PaspLiBa HAHTH Hce-
TUHHBIA HHJEKC KPUTHYECKOH TOUYKH, OTBETCTBEHHON 3a 3Ty 0coleH-
HocTb. B Taba. 36 npuBeneHn HeOOXOAHMMEBle [JIs TakOro aHaJu3a
JaHHble, BKJIOUAIOUIME THN ABYX(OHOHHOIO INpoLiecca, aKTHBHOCTb
B CIHexTpaX HH(MPaKPacHOro IMOIVIONIEHHS HJIH KOMOHHAILHOHHOTO
paccestHusl W NPHPOLY OXuiaeMol ocobenHocTH. B atoft rtabauue
MBI HCNOJb3yeM [BOHHEIe 0O0O3HAUYeHHS: IO THUIY CHMMETPHH, a
Takxe, corjacHo [IxoHcoHy u JlayioHy, mO Tumy BeTBH (CM.
ta6a. 31). [lpusoxasiTcs TOIBKO Te TOUKH, KOTOPhle MOFyT AaBaTb
paspbiBbl IPOM3BOJAHOH B COOTBETCTBHM C OOCYXI4BLIHMCS BhIle
KpuTepHeM, T. €. ToukH P;(pn) c p<<2 ana j=0, 3 u p<<! gaa
j=12

W3 raba. 36 Mb 3akaiouaeM, YTO B CHeKTpe JABYX(hOHOHHOrO HH-
¢pakpacHOro MOrJIOUICHUS JOJKHO BO3HHKAaThb 19 paspuiBoB mpous-
BOAHOMN, a B CHeKTpe JABYX(HOHOHHOro KOMOHHAUHOHHOTO paccesi-
HHsl — 37 pa3pLIBOB,
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Cunenyer 3aMeTHTb, UTO He BCe OCOOEHHOCTH, NPeAcKashlBaeMble
tabna. 36, HOMKHE OHTb 00f3aTe/bHO HabJrofAaeMbl, Ho 3ToH Tab-
JIHIB JOJXKHO OBITh OCTATOUHO /51 HMHTepIpeTandd Tex ocobeH-
HOCTeH, KOTODble MPUCYTCTBYIOT B peadbHbIX crnekTpax. OtcyrcTBHE
HEKOTOPLIX oco6eHHOoCTeit Moxer OBITh 00YCJOBIEHO HETOYHOCTSIMHU
9KCIIePHMEHTA, a TaKxke HeyUTeHHBIMH B TeopuHu (hakTopaMi, B 4a-
CTHOCTH aHTrapMOHHM3MOM, KOTOPBIH HPHBOIHT K VUIHPEHHIO CIEKT-
panbHBIX OCO0EHHOCTEH M TeM caMBIM MOXKeT MAacKMpOBAaTh pas-
peIBBl nponsBogHod. B tala. 37 n 38 MBI cyMMHpyeM RpaBuja OT-
6opa AJs ABYX- ¥ TPeX(OHOHHBIX IPOLECCOB B KPUCTaAAax THNA
anmMasa.

AHann3 KPUTHYECKHX TOUYEK B TPeX(POHOHHEIX BETBAX He OBIJ
NpoBejeH M3-3a NPaKTHUECKHX TPyAHOcTeH, oOyc/a0BAeHHBIX 00Jb-
UM YUCJAOM BO3MOXKHOCTeH, a Takxe 0oJblleli PoJbio aHrapMOHHU-
YeCKHX NIPOILECCOB, 3aTPYAHAIOLUHX HCNIOMb30BAHNE KOHUENIHH KPH-
THYeCKNX Touek. B cmexTpax cHoBa HaOJI0ZaioTcsl TOJILKO HEKOTO-
prle M3 paspelleHHBX TPeX(OHOHHBIX NPOIECCOB, NPUBOAALUE K
paspbiBaM B TpeX(hoHOHHOA (QYHKIHH pacrnpefeseHHs 4acToT. Myl
VKa)KeM 3TH OCOOEHHOCTH B JAaJbHeHuleM.

Lpyrag BO3MOXKHOCTL HHTEPIIPETAINY CIIEKTPOB OCHOBaHA Ha He-
NOJIB30BAHKRHA I'HIIOTE3H O KPHTHYECKHX TOUkax B 6oJee oblleM BHUJe,
T. €. Ha INPeANnOJOMNeHMH, 4TO HHTCHCHBHOCTL paspelleHHLX I[IpO-
IIeCCOB onpefe/sieTcss Toabko oObeANHeHHON (PyHKUMeHd pacnpefe-
JeHuss yactoT 6e3 [eTaNpHOTO AaHajJu3a Pas3pPLIBOB NPOH3BOAHOMN.
B stom cnyuae Tpefyerca 3HaHHe rpaduka obbeauHeHHOH (YHKILHH
pacnpeneseHHs 4acTOT, KOTOpas HENCCPEACTBEHHO CONOCTABJSETCSA
C pacmpejeseHHeM OTHOCHTE/bHBIX HHTEHCHBHOCTeH B Habjiojae-
MBIX CIleKTpaX; HpaBuja oTGOpa YUYHTBHIBAIOTCS TeM, UTO BKJajk OT
3alpellleHHBX BeTBeld HcKiiouaeTcd. Hamnpumep, mockoiabky obep-
TOHBI HEAaKTHBHHI B HHPPaKpacHOM IOIJIOLLEHHH, T. €. He MOLYT ja-
BaTh BKJala HH B KaKoH npollecc HHDPAKPACHOIO NOrJoueHus {cM.
§ 4), IpH CpaBHEHHH C 3KCHEPHMEHTOM HX CJeAyeT HCKIOYHTh I3
paccuMTaHHOA (YHKIHH paclpefeseHHa 4YacTOT. DTOT MOAXOJ K
aHaJH3y CIEKTPOB TakKe OyJeT HCIOJAb30BaH HHXKe HpH 06CyXKie-
HuY HHQpPaKpacHEIX CHEKTPOB KPHCTAJJOB THNA ajJMas3a U KaMeH-
HOH coJiy.

Tenepnb MBI paccMOTPHM 60Jiee NOAPOGHO CIEKTPH a/IMa3a, KpeM-
HHSl U TepMaHus.

Aama3s. Jlucnepcus ¢GOHOHOB B a/jMmase HelaBHO Oblia H3Me-
peHa MeTOJ0M HEeYIpyroro paccesiHus HedATpoHOB [87]; pesyJibTaThl
npuseensl Ha ¢ur. 7,6. J1o cux mop aTH pe3yJbTaThl He OBLIM HC-
MOJb30BAHME AJIA AeTaJbHOTO aHaJH3a KPUTHUECKHUX TOUEK B ABYX-
(OHOHHBIX CIeKTpax. Bbillle MBl BHAEH, 4TO (OHOHHBIE JHCIEpP-
CHOHHBIE KPHBLIE PACNOJOXKEHB B a/lMase B CYUECTBEHHO HHOM IO-
psiiKe, 4eM B ABYX APYFHX PAacCMaTDHBAeMBbIX KDHCTa/jax TOH e
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Tabauya 37

Kosth¢uuuenTnt npusemenns Aas npejcraBienuii oGeproHos
H KOMOGUHHPOBAHHHWX TOHOB, AKTHBHBIX B KOMOHHANHOHHOM PAacCedHHH

H HAGPAKPACHOM IOIJIOIEHAT (crpyxl‘ypa anma3sa OZ,)

KoMGuHaLHOHHOe paccesHHe Midpakpactoe
KomGunauua uau ofeprot nomﬁgx_e;me
i+ r2+) r@5+) r

@25+)
[p&H],

[*x %],
[*x2],
[*X(3)](2)
[*X(4)](2)
*X(l) ® *X(2)
*x 1 g *x®)
*x(h) g *x )
*x @) ® *x
*x(2) ® *x@
*x@3) ® * xd)
[*L(1+)](2) 1
(Lo, 1
(L], .
[*L(s_)](z) 1
*L(l+)®*.’(2—-) 0
*L(U®*L(3+) 0
*L(l+)® * =) 0
*p2-) ® *p3+) 0
0
0

— e e e e = O DO O O

OO0 OO O e = e
—_0 O O D = -
O = e O

o O
—_—

*g(@—) ® * -}

*L(3+)® *r3-)

* 1

[ w! )](2) 1

[*W(2’](2) :

*W(l) ® *W(2) 0 1 2
1

O —_0 O = O =
O - O C =~ O N N

* @ ® *p @

[*2(“](2) 1 1 i
[*2(2)](2) 1 1 1

- O O Mo = =0 = O O © ©

o O
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[ podormenue rada. 37

KoM6uHalunonnoe paccesnue Hudpakpactoe
KoMBunausa uad obeprod MOTJIOIeHHE
rd+ r12+) P25+ riis=)

["z9],, I I 1 0
2 @ *e@® 0 0 1 0
*w(l) ®*2(3) 0 0 1 1
*w( ® * (4 0 1 0 1
*1® @ *2® 0 1 0 1
*2(1) ® *E(I) 1 1 1 1
*30 @ *x@ 1 1 1 1
I @ *2@® 1 1 1 1

3ra tabanua npejcTaBiaseT cofoft HECKOJBLKO PaciiupeHHbI BapuauT 1abi. 36; Bce peayb-
TaThl MOXHO Hafitn B Ta6.a. B2 u B4. 3xece 3TH peayabTaThl IpejfcTaB/eHb LI yAOGCTBa
CPaBHEHHS C IKCNIEPHMEHTOM.

Tabauya 38
TpexdoHOHHbBlEe NPOUECCH B KPHCTAANAX THNA aiaMasa')

Cusmerpis R Tun )
Obeprornbt
[r®] KP 30 (T)
[(*x®],, KP 370 (X)
[*xD],, I; KP 3L (X)
*x¥],, I 3TA (X)
L], HeaktugHo
* W(m)](a) HeakrtupHo
ITpocrote kombunayuu
"X @ *x @ Tt I.(2); KP TO (X) + L (X) + O (T)
*XW @ *x® g st I(3); KP TO (X) + TA(X) + O (T)
"XV @ x® g resh 0(2: KP  L(X)+TAX)+0(I)
X0 @*x @*x® Il (3); KP TO (X) 4 L (X) + TA(X)

Y} [Iparusa or6opa a4a TPexGOHOHHBIX HPOLECCOB MoNydYeHn BupmaHom [22]. .

?) KP o3anauaer, YTO XaHHBI npolecc paspemen B KOMOUHALHOHHOM paccesHui (CM. NpH-
MeuaHue x Ta6a. 36); [ (n) osmauaer, uro mpeactasienne I'(15=) perpewaercs n pas B mpuso-
ANMOM NPe/CTABJNCHHH, T. €. HMeeTCs f-KpaTHas JMIONbHAS AKTHBHOCTB.

9) MH caenyeM no BoaMoxHocTa o6osnadenusm JIskca u Xonguana [811.




182 Taasa 3

llpodoanxcenue rada. 38

c Onriyeckan Tum
HMMeTPHA aKTHBHOCTL ?) )

*LO @ LU @ TR (3) TO (L) + LO (L) + O (T)
*LO-) @ YL @ st KP TO (L) + LA (L) + O ()
*LC) @ LB @ 1) IL(6) TO(L) + TA(L) + O (T)
*LIP ¥ L) @ T (2 LO(L)+ LA (L) + O (T)
LI @ L) @ pest) KP LO(L) 4+ TA(L) + O (T)
*LET @ L) @ Tt 1.(3) LA(L)+ TA(L) + O (T)
LOH @ LIh @ x4 A(3); KP TO(L)+ LO (L) + TO (X)
®*xM IL(3); KP + L (X)
®*x® IL(3); KP + TA(X)
*LOD QLD @ *xW I (3); KP TO(L) + LA(L) + TO (X)
®*x® I (3); KP + L (X)
®*x® I (3); KP 4 TA(X)
LA @ LY @ *x™ I (6); KP TO (L) 4+ TA (L) + TO (X)
® *xM I (6); KP + L (X)
® *x® 1 (6); KP + TAX)
LI @*LE) @ *x™ I; KP LO(L)+ LA (L) + TO (X)
®*x® I(2); KP + L (X)
® *x® 10 (2); KP + TA(X)
*LOP @ *LOH @ *x@ I(3); Kp LO (L) + TA (L) + TO (X)
® *xt I.(3); KP + L (X)
® *x? H(3); KP + TA(X)
LA Q*LBP @ *x W 11 (3); KP LA (L) + TA (L) + TO (X)
® *xM I1(3); KP + L(X)
® *x® I (3); KP + TA(X)
i @ *w') @ T+ I(5); KP o Ol($)+OA2($) i)
W) @ *w g s 1 (5); KP () + zIEW;iAlglV))‘*;
1 2
*W(1)®*W(l)®*x(4) ,U.(3); KP TO (X) +
® *x® I1(3); KP LX)+ } 5)
® *x® I1(3); KP TA (X) +
*W(1)®*W(2)®*X(4) IL(3); KP TO (X) +
® *x" I(3); KP LX)+ } Y
® *x® I (3); KP TA (X)+
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[Ipodoanenue taba 38

Ontudyeckasn

CuMMeTpHst AKTHBHOCTB ?) Tan?)
Obwue xombunayuu
[*X<4)](2) ® ) Ii; KP 270 (X) 4 0(T)
[xV], @ 15 I(2); KP 2L (X)+ 0(TI)
[*Xm](z) ® 1) I (2); KP 2TAX) 4+ 0 (I)
X, @ *x® 02; KP 270 (X) + L (X)
®.*x® 11 (2); KP + TA(X)
[*X(”](z) ®*xW I; KP LX)+ T0O(X)
*x® I (2); KP + TA(X)
[*X(3>](2)®*X(4) Ii; KP 2TA(X)+ 70 (X)
® *xh L{2); KP + L (X)
[*LG- )] ® reh KP 2T0O (L) + O (T)
[*Le+ ]( & [zt KP 2L0O (L) + O (I)
[*L(2~)]( 2 ® p(25+) KP 2LAL)+0T)
[*LEH] 2 ® s+ KpP 2TA(L)+ 0 (T)
[*L<3—>]‘\2) @ *XW (3); KP 2TO (LY + TO (X)
® :x<;) 7 (3); KP + LX)
® *x® I.(3); KP 4+ TA (X)
[*L0H], @ *x@ I; KP 2LO (L) + TO (X)
® ’:x*? Ii; KP + L (X)
i xX© I; KP + TA(X)
(Le], & *x® I; KP 2LA(L) + TO(X)
*xm I; KP + L (X)
. *x© I; KP + TA(X)
[*LOH),, @ *x® I (3); KP 2TA L) + TO(X)
:X((;)) I(3); KP + LX)
X I (3); + TA(X)
[* W(l)]m ® Q) I(2); Kp o+ } }
*w®], ® reeh 4(2); KP o(T) +
wO], @ *x®¥ IL(2); KP TO (X) +
:x“) I(2); KP LX)+ } %)
® *x® I (3); KP LA (X) +

¢) Tunst BeTBelt B Touke W cM. B TaGu, 36.
) Apa ¢onoHA 0nHHAKOBOM CHMMETDHH MOJKHDLI MPHHALICHKATE PAZHBIM BeTBﬂM To xe

npaBuao or6opa nojydaercs, eC/d Pa3iblie BeTBH HMCIOT OAHHAKOBYIO CHMMETPHIO *wil),
2
% Cm. npuMeuanue 4, 3aMeTHM TaK¥e, UTO TO )Ke NPABHJIO OT6OPA HMeeT MECTO JLJst * i),

TakuM 06pa3oM, Kaxauit H3 TpeX GOHOHOB CHMMETPHH

06ePTOHOM KaXIOro u3 Tpex ¢hOHOHOB THOA *wim),

* x(m) vower KOMGHIIHPOBATL C IEPBHIM
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®ar, 10. Cnertp ABYXxPOHOHHOrO HHGPAKPACHOTO NOIVIOLIEHHS aAMa3a. @ — 3KC

NepUMEHTaNbHEH cnekTp; 6 — obbeJHHeHHAd GYHKUHS DacnpefieieHHs YacToT;

6 — NHQpPaKpacCHKIH CHEKTP, PACCYHUTAHHEIA ¢ YUETOM B3aHMONEHCTBHSA CICAYIOMHX
3a OnuxKaHmIEMU cocefed.

CTPYKTYPH — KpeMHHH H repManun. OTMeTHM, B YacTHOCTH, MODS-
IOK cocTosiHHA B *X W NepeceueHus Ha JHHHH I,

Dy nNpoBefeHBl pacueThl JHCIECPCHOHHBIX KDPHBHX B paMKax
060704€UHON MOJENH C HCNOJAbL30BAHHEM De3yJbTaTOB 3THX H3Mepe-
Huft (pesyabTaThl Takxe JaHbl Ha (uUr. 7), ¢ NOMOHIbIO KOTOPBIX
OblIM BBIYUCJEHH OZHOGOHOHHAS (PYHKIHA paclpereseHus 4acToT
u obbenuueHHas QYHKUUA AXS ABYX(OHOHHBIX Tpoueccor!). le-
TaJ¥ 3THX PacueToB HaM HEH3BECTHHI, IO3TOMY MBl GyjAeM CChLIaThb-
csl TOJBKO Ha ONyOJHMKOBaHHBle pe3yabTaThl [87].

Ha ¢wur. 10, kpuBass a, npuBelled H3MepeHHHH chneKTp HH(pa-
KpaCHOTO norjomenust ajmasa [96]. OcoGensoctd, o003HaueHHBIE
GyKBaMH @ — M, XapaKTePHU3YIOTCS PA3IHYHLIMH paspbiBAMH IPOH3-
BozxHON. CnellyeT 3aMeTHTb, YTO 0cOGeHHOCTH b, d, g BRINVISAAT Kak

1) J. L. Warren, neonybaugoBanyas pabora.
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MaKCHMYMBbl, HO B JeHCTBHTEJIBHOCTH OHH MOTYT COOTBETCTBOBAaTb
KPHUTHYECKHM TOuKaM pasHblx THAOB (Po wian P;). Ha ¢ur. 10,6 v
8 II0Ka3aHa paccyMTaHHas (YHKIMS pacnpellesleHHs YacTOT H JAaHO
cpaBHeHHe C 3KcrmepuMeHToM. BHIHO, 4TO B 0ofJsiacTu ABYX(POHOHHOTO
NOTVIOLLCHHA NOCTHIHYTO BIOJIHE MpHEMJeMoe corjacHe ¢opMHl pac-
CUUTAHHOH H H3MepeHHOH KpuBHIX. B Taba. 39 BocnponsBoauTCcs
aHanu3 KpuTudeckux Touek [87]. Ilpn cpaBHenmu c¢ Taba. 36 Boidc-
HseTcs, 4TO Bce HabJonaeMble 0COOGHHOCTH CIIeKTpa COOTBETCTBYIOT
paspelleHHBM ABYX(oHOHHHIM nNpomeccaM. O6paTHoe, ORHAKO, He-
CTpaBeAJiMBO: HEKOTOpHE pa3pelleHHHle NpoIecch He yhaeTcs 00-
HapYXKHTb B CIEKTPE.

Tabauya 39
MposBieHHe KPUTHIECKHX ToYeK B CMEeKTpe MHMPAKPACHOrO MOrAoHIEHUS
anmasa [87]. (Monoxenus ocobennocredt (@ — m) u3 paGorn Xapau

u Cmuta [96]. Yactorw B 10'* pag/c. O6o3HaAYEHHS COOTBETCTBYIOT
¢ur. 10,a u 6.)

O}(i:gg:;x- Yacror I/Imepl?perm Kone6 Monennbibie Hauupie
(¢, 10, @) ore (e 10, 6) eoanna pacierst Refitpoion
a 3,42 2 LOTA(L) 3,40 3,38
b 3,71 4 ML (W) 3.55 3,60
¢ 3,75 5 LTA(X) 3,74 3,75
d 3,81 2 2;,0%:4 3,81 3,83

e 3,92 2 UL(W) 388 (392) 1)
f 3,98
g 4,06 14 UM (W) 4,14 (4,07)
h 4,10 4,112
i 4,16 6 2,0%,A 4,24 4,19
i 4,27 7 LTO (X) 4,26 4,9
uan 8 TOLA (L) 4,27 4,23
k 4,42 9 LOLA(L) 4,34 4,29
win B, 2,0%,0 4,31 4,29
l 4,59
m 4,818) cee 4,83 4,84
1 TOTA(L) 3,34 3,32
3 TOTA (X) 3,51 3,54

) HUucena B cko6Kkax B nocjefieM cro/ibie MPencTaBASIOT COGOH OleHKY €IKCHEPHMEHTANb~
HbIX» 3HayeHHH.

2) KoM6uHauuu (OHOHOB, NPHHAAJNEKAMHKX B QCHOBHOM HECHMMETPHUHBIM TOYKaM 3OHBI.
(UnTepnperauuio ocobennocTel € ¥ A MOXHO, OUYEBHAHO, NMOMEHAThH MecTaMH €3 3aMeTHOro
YXyJUeHUS COTVIACHA C SKCIIePHMEHTOM.)

3) BeposnTHO, TpexdoHonHass xomGunauma TA(X)+TA(L)+TO(L); uexoTopele Ipyrue
0CO0eHHOCTH MOTYT TaKKe HMeTb NOJAOGHYIO NPHPORY,
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Hegnanuo Coaun u Pampac [97] nposenu TwiaTesbHOE H3YyYeHHE
EOMOMHAUHMOHHOIO paccesHHsA CBeTa B aJaMmase!l), HCCTefoBaB ORHO-
¥ IBYX(OHOHHBIE HPOUECCH H WX TeMIepaTypHble U MOJSPH3ALHOH-
HBle XapakTepHCTHKH. [IpuMep H3MepeHHBIX ABYX(OHOHHBIX CHEKT-
poB mpuBefeH Ha ¢ur. 10a. Caenyer oTMeTHTb 3HAUHTEABHYIO

/4 | 7 —_
12

w 10
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e
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o o
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g \
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E

§ .
z . —18(0)
0 1 i : [ t : i ()

2050 2150 2210 2290 2370 2450 2530 2610 2690 2770

Yacmommsit cdeue, cm”!

®ur. 10a. KomGuHauuoHHOe paccesinye cBeTa B ajMade. TeMmmepartypuast 3a-
BHCHMOCTE JABYXGOHOHHOrO cHekTpa ¢ mnoaspusamuedt Z7 (X'X)Y’ B ofnactu
2050—2770 cm—!. Temmepatypa: A —300K; B —844K; C—202K. Han na-
TJASITHOCTH CNEKTPHl CMEIeHBI APYT OTHOCHTeAbHO Apyra no Bepruxaisu. Mlkana
OTHOCHTEJNBbHHX MHTEHCHBHOCTEH OfMHakoBa Aas Bcex kpupmix; A (0), B (0), C (0)
VKasHBaOT yPOBHH orcuera Anf cnekTpoB A, B, n C. Pacceanne Bo3Gyxkaanoch

nunneit 4880 A apromosoro nasepa [97).

CTPYKTYPUPOBAaHHOCTh cHEKTpa (OOJBIIHHCTBO OcofeHHOCTeA ykKa-
3aHo uubpamu u 6ykBamu). g 3Tok NONAPH3AIMK BKJIAJ B CNEKTP
paccesiHusl lAl0T BCe AKTHUBHBIE IIPelCTAaB/eHHsA, TaK YTO Pa3/LeJHUTb
HX OKa3blBaeTcsl HEBO3MOXKHBIM. YKa3aHuble Ha ¢ur. 10a ocobeH-
HOCTH OBIJIH MHTEPNPETHPOBAHEI B TePMHHAX Pa3NMYHBIX IABYXdo-
HOHHBIX CTOKCOBBIX NpOLECCOB (T. €. IPOLECCOB C POXKIAEHHEM [ABYX
¢ouoHoB). TemmneparypHas 3aBHCHMOCTb CIIleKTpa paccessHHs YKa-
3bBAeT Ha OTCYTCTBHe BKJAaA0B AHTHCTOKCOBBIX (H/JIH CMeEIUaHHEIX
CTOKCOBHIX — aHTHCTOKCOBBIX) NPOLECCOB.

B ra6xn. 40a mpuBeleHH omnpefesieHHble B pabote [97] sHeprunm
douoHoB, a B Taba. 406 maH moJHHHA NepedeHb Bcex OcoOeHHOCTeH
CTIEKTPOB BTOPOTO NMOPSIAKA W UX WHTepnperanud. B tada. 406 3na-

1) Pagee sror Bonpoc n3yyasa Kpumuan [98].
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yok + (—) B croabue T (reopusi) osHauaer, 4TO Ipouecc (npu
JaHHOH NOJSIPH3ALHH) TeOpeTHUYeCKH paspelleH (3ampemieH). 3Ha-
40K -+ (—) B crouabue O (sKCIepUMEHT) O3HAYaeT, UTO MPOIEce Ha-
6monancs (He Habmonascs). IlpuBeneHHble 3HAUEHHS 3HEPTHHA OT-
HOCATCA K KOMHaTHOH Temnepartype. Jlanneie, npuseieHHble Ha
¢ur. 10a, He OpIH HHTEPNPETHPOBAHL C NOMOUIbIO TEOPHH KPHTHUE-
CKHX TOUEK, MO3BOJSIOUel YCTAHOBUTb AEHCTBHTE/BHEIE DPA3PLIBEI
npousBoHo#l (Kak mpenckaszaHo B Taba. 36 nas Siu Ge).

Tabauya 40a
dHeprus GOHOHOB B KpHTHYeCKMX TOYKAX B KpucTaie anamasa [97]

ueprus, cm™ ! «CymMa Bpayra»
{13 omTHYECKHYX
Touxa 30ub Do1oH . NAHHBIX),
paccesinue ofnTHUecKHe ') ) —-
ueiiTpornon nanuple 157 cm
N (0] 1332405 5,322
TO 1072426 1069 6,396 .
L 1134421 1185
TA 807432 807
L TO 1210437 1206 6,122
LO 12424-37 1252
TA 552416 563
LA 103532 1006
w To 993453 999 6,426
L 116853 1179
TA 918411 908
2 (1) 3314-0,
Zbitype~ony ) 20 (0) 1231432 1230 6,331:0,024
AN () 112021 1109
=3 (0) 1046421 1045
=0 4) 98211 988
=@ () 99316 980
2 (4) 748416
'y To4HOCTL ONTHYECKHX JMaHHRIX COCTaBJasAeT =5 CM-I, HCKJI0YAsT OTMeueHHRIT oOco6o
cayuai,

?) B OLHOGOHOHHEIX AHCHEPCHOHHBIX KPHBHIX KPHTHUECKHE TOUKH COJEPIKAT TOJNBKO BETBH
=(1) (0), =) (0) n 2(3) (A). 3nauenne (4 (A) He OLLTO ONpeneJeHO MO ONTHUYESCKHM XaHHBIM.

Ecaum ocraButh B cTOpOHe Bompoc 00 oOIpeneNeHHH HHIEKCOB
KPUTHYECKMX TOuYeK, MBl MOXKeM KOHCTAaTHPOBAaThb Ha OCHOBAHMH
JaHHBEIX Ta0J. 40a u 406 npekpacHoe corjacue TeopuHu 4 3KCHepu-
menta. B 4acTHOCTH, -OCHOBHBIE 3KCICPHMEHTAALHO HAOMOAAEMEE
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@ur. 11. Cnekrp nubpakpacHOro norjaOMEHHs KPeMHHS B ARYX(OHOHHOA 06aacTH
sueprufl. Temneparypa: xpusas [ — 365K, 2 —290K; 3 — 77 K; 4 — 20K [100].

OCOGEHHOCTH CNIeKTPOB KOMOHMHAUMOHHOTO paccesiHdst H HHpakpac-
HOTO MOIVIOUIEHUS MOTYT OBITb XOPOIIO ONHCAHH C [IOMOLILIO Ha-
0opa OAHOMOHOHHBIX HHEPru, KOTOPHlE COLIACYIOTCS TaKkKe C AaH-
HEIMHM REHTDOHHEIX 3KCIepuMeHTOB. KaKux-1mu6o OTKJIOHEHHE oT
npaBus or6opa He ObLIO obHapyxeHO (T. e. 3anpelleHHble Nepe-
XOAb He Hal/MOZaANCh), XOTA HEKOTODHE paspelieHHbE NpoleccH
He nposiBagwTes B cuekrtpax. I[locneanee moxer ObITh CBA3aHO
¢ HapylieHHeM YCJIOBHH, NIPH KOTODHIX NPHMEHHMH NPHOJHMKEHHs,
Jeskalliie B OCHOBE METONA KPHTHUECKHX TOUEK, B YACTHOCTH C aHO-
MaJbHO MaJiod HHTEHCUBHOCTBIO, aAHIADMOHU3MOM H T. 1.

Tunnanaa norpeilHCCTh B 3HEPTHSIX (DOHOHOB, ONpPeAeeHHBIX
H3 ONTHYECKHX NAHHMIX, cocTaBiseT 0,6%, Torza Kak HeHTpoHHas
CIEKTPOCKONHA JAaeT TOYHOCTL mopsaka 3%. DTH uudpun xopouo
HJJIIOCTPHPYIOT BO3MOXKHOCTH ONTHYECKHX METOMLOB.

B § 28 Mu1 ofcynuM pe3yabTathl HOJASIPH3ALUOHHBIX HCCACLOBA-
HHA COEKTPOB KOMOHHAIMOHHOIO PACCEsTHUS aiMasa.
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Kpemuuii. CrnekTpol pelleTOYHOro HH$pPakpacHoro HorJolieHus
KpeMHHusl uaMepeHsl B pabore [100]; peayabrat nokasad Ha ¢ur. 11.
CrnexTp uMeer HOraTyio CTPYKTYPY, XapakTepH3yeMylo H3MeHeHHeM
[IPOH3BOJHON H HECKOJNBKHMH CHJAbHBLIMH De3KHMH NHKaMH.

DTy pannbie Ob1M wHTepnperupoBanbl [:Konconom n Jlaynonom
[91] kak pesynbTaT nposBiAeHHS ABYX(OHOHHLIX KPHTHYECKHX TO-
ueK, NpUBeJeHHLIX B TabJa. 36. 0

B rta6.. 4la MB TPHBOXHM 10 R
nauneiM  paboter  [91] mnepeuesn
IBYX$)OHOHHBIX OCOOEHHOCTEH M UX
uHTepnperanuio.  OTapuuTeNbHAA
0CcOGEHHOCTb 3TOrO CPaBHEHHS Ten-
PHH H DKCIEPHMEHTA 3aK/I0YaeTcs
B YCTaHOBJEHHHM THHA KPHUTHUE- arl-
CKOJl Touky A5 BceX 11 yKasaHHBIX
cayqaeB. MHaue roBops, KpHTHYe-

B
CKHe TOUKH, IPE/CKa3bIBaeMble M- g
HAMHKOH pelleTKH, COraacymoTest ¢ = -
HaGJI}OILaeMbIMH B OIITHUECKHX CIIeK- g
Tpax. B xauectBe npmmepa numein- &
miHXcdad 34€echb BO3MOXKHOCTEH Ha a2k

¢dur. 12 mbl npusBosum OGoJjee neo-
TaJbHOE H3MEPEHHE INPONYCKaHH }
B oGnactu 580—640 cm—! [91].
Kaxkaplli #3 paspbiBOB INPOU3BO/L- -
HOH, TOKa3aHHBIH CTpeJsKoil, cooT-
BETCTBYET CBOEMY THIy KPHTHUe-

CKO# TOukKM, u H3 Tabha. 4la Mox- | s K |
HO BHJeThb, 4YTO IPeACKa3aHHas M 0550 ew 620 640
u3mepenHasa (QopMB  0COOEHHOCTH v, e

XOpowo coraacyiorcs MExAy Cco- ®ur. 12. eranbraa CTPyKTypa yua-
Goit. Crektp Ha Qur. 12 COMEPKHT 1y cnexrpa nrdpakpacioro morao-
TaKXxe  JNONMOJMHHTEJNBHYIO  CTPYK-  iieHHs KpeMHHS B JABYX(OHOHHOI
TYPy, KOTOpas He HHTepIpeTH- o6aacrn [91]

pyetea B paGore [91].

Hnrepnperuposalibie TpeX(OHOHHbIe HHGMPAKPACHBIE MEPeXOALI
npusefeHsl B TabJ. 416. OTMeTUM CHOBA, 4TO BCe 3TH IMEPEXOAbl CO-
OTBeTCTBYIOT paspellleHHLIM IpoleccaM, Ho oOGpaTHOe He HMeeT
Mecra, KaK MOXKHO BHAeTb u3 cpaBHeHHs ¢ taba. 38. Conka sHep-
I'Hi (DOHOHOB AaHa B Tab.. 42.

MHorodoHoHHbEe CNeKTPE KOMOHHAUMOHHOrO paccesHHs KpeM-
HHA H HX [OJMAPH3ALHOHHBIE XapaKTEPUCTHKH OBIIM HEIABHO INO-
Apo6HO H3ydeHbl Temmiaom u Xarsseem [101]. Dtu aBTops Habiio-
Aany ABYX(OHOHHBIE IHKH, KOTODHIE OHH MNPHIHCAJIH DPA3JHYHBIM
ofepToHaM M KOMOMHAUHSAM, BO3HHKAIOUWrM H3 (DOHOHOB, NPHHAJ-
aexkamux 3pesgam I', *X, *L, *W u *3. M3 3Tux [LaHHBX OHAM
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Tabauya 41a

CpaBHelHe TEOPHH M SKCHEPHMEHTA NI ABYX(DOHOHHOro HHppPaKpacHoro
norJoumeHHs: B KpeMuun [91]

1

YHacrora, cM™ Tun
Touxra KomGunanusa
HefTPOHB HK pacuer 9KCIEPUMEHT
X TO4 L 874 875 P: (1) P; (1)
TO4TA 613 612 Pi+ Fy P+ F,
L+TA 561 — Py (1) —_—
L TO 3 LO 909 917 Py P,
TO+TA 603 605 P, P,
LO+ LA 798 800 P, 2
LA+ TA 492 488 Py P,
LO+4TA 630 636 P; Py
z TOl+ TAl 705 700 Ps P,
TO1+ LO 850 860 Py P,
LO - TAl 630 624 Py Py
Tabauya 416
Tpexdononusie komOunannu pas kpemaus [91]
Yacrorta, em—!
KomGuuauus
HEeATPOHDI HK
3TA(X) 450 447
2L(X)+ TA(X) 972 972
2TA(X)+TO (X) 763 763
9T A (X) + O(T) 818 820
LA(L)+TA (L) + O (I 1010 1011
TO(L)+TA(L)+ TA(X) 753 752
2LO (L) + TA(X) 990 10027
LO(L) 4 TA(L)+ TO (X) 997 1002?
LO(LY+ LA(L)+TA(X) 948 948
LOL)+TA(L)+ TA(X) 684 6907
9TA(L) + TO (X) 691 6907
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CMOINVIH OIpele/iUTb O,ZIHO(pOHOHHbIe HaCTOThl B pPa3JIMYHbIX KPHTH-
YECKHX TOYKaX; KpaTkaf CBOXKa HX pPe3yJbTaTOB JlaHa B rabia. 41B.
.

Tabauya 418
YacToTh $0HOHOB B KpeMHHH (KOMOMHAUHMOHHOE paccesHue)

*x *r
3neana r *w Jluteparypa
TO TA TO TA

Yacrora, em—!  519+1 46042 15142 49042 113412 470+2 [101]
51742 44943 15545 49322 1132 478+I13 {102]

Cpasuenne tabu. 4la, 416 u 418 moxasniBaeT BecbMa xopoilee 06-
lliee COrJIacHE MexKAYy pe3y/bTaTaMH KOMOHHAIMOHHOTO paccesHus,
06paGOTaHHEIMH C TIOMOUIBIO KOHIIENMIHHM KPHTHUECKHX TOYEK ILTIOC
TeOPeTHKO-IPYNNOBOH aHA/MIH3, H AAHHBIMH, NOJYYeHHHIMH [0 pac-
CesTHHIO HeHTPOHOB. Xopolllee COrJIaCHE MMEETCst TAKXKe C pesyJbra-
TAMH, HOJYYeHHLIMH H3 HH(PAKpacHHIX CIEKTPOB KaK Ha COBep-
wenHnx [91], Tak um Ha HecoBeplIeHHBIX Kpuctajnax [102], rnme
Gsarofapsi HapyuleHHI0 CHMMETPHH CTaHOBATCS AKTHBHEIMH OIHO-
(hOHOHHEIE TIpollecchl B KPHTHUECKHX TOYKAX Ha TIpaHHIle 30HLI, 3a-
npemieHHble B HAeaabHON pewieTke. Temna u Xarssefi [101] obHa-
PYRH/IH TAKXKe HHTeDECHOe CBOHCTBO KOMOHMHAIMOHHOTO PaCCesiHHS,
3agJoualoleecs B ToM, uTo komnoHentra (I'l4) paccesuHoro ceera
OKa3bBaeTCs CYIIeCTBEHHO WHTEHCHBHee, UeM KomnoHeHTH (T'12+4)
n (I'25+4). Cnenyer HanoMHHTH (cM. mpaBuJa oTfopa B Taba. 37),
4yTo B 0GepTOHAX MOTYT OBITb aKTHBHEIMM BCe TPH TNpelCTaBJIEeHHS,

Tabauya 42
" CpaBHeHHe 4acTOT (JOHOHOB B KpeMHHH [91]

Touka BetBb He#itposn HK
T (4] 5284-8 522
X TO 46310 463
L 41147 412

TA 1504-2 149

L TO 489410 491
LO 420411 426

LA 378410 374

A 11442 114
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OByxdoHOHHOE KOMOHHALHOHHOE paccesHHe AR KPEMHHA H3Y-
yaau Takxe Befincrefin u Kapaona [103], koTophie NoJay4nau CXOx-
Hble pe3yJbTaThl.

Boaee paunufl ananus WHGPAKPACHOTO MNOTMIOUIEHHS B KPEMHHHU
npoBefed Buibuom u ap. [95] (dur. 13). MoxHo BHAETb, 4TO CYy-
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®ur. 13. Cpasnerue H3MEDEHHOrO CHEKTPa HH(OPAKPACHOTO MOIVIOLIEHHS KPEMHHS

C BHIYMC/GHHBIMH JBYX- U TPeXhOHOHHHIMH KOMOHHUPOBAHHHIMYU BerBamu. Cmiom-

Hble KPHUBHE — pa3pelieHHhe KOMGHHALIHH, IITPUXOBHE — 3alPEHICHHBIE; KPYKKH

YKa3hHBalOT KOMOHHALMH, 3ampelleHHHe [;5]rpaanﬂoﬁ TOYKe XAHHOTO Hampasie-
HHSA .

IIECTBYET KOPPENsAUHs MEXKJAy OCOOeHHOCTSIMH H3MEPEHHOro ABYX-
()OHOHHOTO CIEKTpa M KPHTHUECKHMH TOUYKaMH JABYX(hOHOHHBIX
H faxe TPeX(hOHOHHBIX JHCIEPCHOHHBIX KPHBEIX, COOTBETCTBYIOILHX
paspelleHHBIM mponeccaM. M3 aToro corsacusi MoXHO 3aKJIIOYHTD,
YTO OCHOBHEIE CIIEKTPaJbHEIE OCOGEHHOCTH O6YCJOBJIEHH CHMMET-
puefl B moBeleHHeM (QYHKUIHH pacnpejeseHHs 4acToT.

Tepmanuit. MuppaxkpacHoe peireToyHoe NOrJIOUEHHE B FepMaHuy
H3MEpSIOCh HECKOJbKHUMH rpynnaMH HcciemoBartened [104, 105].
PesysnbraTh nokasaHwe Ha ¢ur. 14,a u 6.

DTH gaHHBle GHIH HHTepnpeTHpoBaHHl koHcoHOM M JlaymoHom
[91]; B Ta6a. 43a BOCHpPOH3BEAEHHl HX Pe3YJbTaThl, YCTAHABJIHBAIO-
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Dur. 14. CnexkTp nudpaKpacHOro TNOIVIOUIEHHs repMaHus. TemnepaTypa: xpu-
Bag { —20K; 2—77K; 8 —293K; 4 — 363K [105]
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1ie COOTBETCTBHE MEX/Y PACCUHTAHHBIMH W H3MEDEHHLIMH SHepre-
THYECKHMU HOJIOKEHHSIMH H THIIaMH paspeiBoB npoussosxod. Kaxk
Mbl BHAUM, HACHTH(MHIHPOBAHL CeMb TAKUX Pa3pblBOB, TOYHO CO-
raacylomuxcesa ¢ pacueraMu. OctanbHble 0COOEHHOCTH IBYX(DOHOH-
HOTO CIeKTpa He 00CY2KAa/JHCb. DTH ke aBTOPbl HHTEPHPEeTHPOBAJH
HECKOJIbKO pa3pelleHHBIX TPeX(OHOHHBIX OCoGeHHOCTeH, KOTOphie
vKasaHn B Tab6g. 436. B uTore Obliu NOJydeHB! 4acTOThl ()OHOHOB
B KPUTHYECKHUX TOUKaX BBICOKOA CHUMMeTDHU, OMHCHIBAIOLLME NAHHEIE
0 HHOpPAKpaCHOMY -MOIVIOUIeHHI0; B TabJ. 44 3TH 4acTOThH CPABHH-
BAlOTCSl CO 3HAYEHHSIMH, MOJYUEHHBIMH [IPH UCCAECHOBAHHH HEYIpYy-
roro paccesiidsl HeHTPOHOB.

Tabauya 43a
CpaBHeHHE TEODHM ¢ SKCHEPUMEHTOM AJA KPACTAANA TePMaHAA

1

Yacrora, cM— Tun

Touka KoMGuuanus
HeHTPOHBI UK pacyer 9KCIIepHMEHT

X TO+ L 505 496 Py (1) P (D)
TO4-TA 357 352 P+ F, P+ Fy
L+TA 312 310? Py (1) Py (1)

L TO+ LO 527 527 Py P,
TO4TA 345 343 P, P,
LO+ LA 462 460 P, Py
LA4TA 280 - Py —

A LO+TA 350 350 P, ) P,

Tab6ruya 436
TpexpoHonHke koMOuHanuu B kpucrangze repmanus [91]

-1
Yacrora, cM

Kombunanus

HeATPOHKL HK
2L(X)4+ TA(X) 542 536
2TA(X)+ TO(X) 439 435
2TA(X) + O () 464 - 464
TOWL)+TA(L)+TAX) 427 425
LOL)+ TA(L)+ TAX) 394 394
2LAL)+ TA(X) 512 508
LA(L)+ TA(L) 4 TO (X) 555 ‘ 545

LAWL)+TA(T)+ TAX) 362 358
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Tabauya 44
CpaBHenHe 4acTOr (QOHOHOB AJN Kpucrajaa repmanus [91]

Toyka Betsb : Hefiponubl AK
r o 30010 298
70 275410 269
L - 230+13 227
TA 8245 83,
L T0 280410 279
LO 247410 248
LA 21510 212
T4 653 61
Henasno Befincrefin n Kapnona [l06] wusmepunn aas Ge

CNEKTPHl KOMOMHa{KOHHOIO paccesHus BTOPOro nopsaxa. Hx
CNeKTPH OKa3aJHCb B OUEHb XODOUIEM COIJAaCHU € Pe3YJbTaTasu
aHa/JH3a B MOJe1H KPHTHUECKHX TOYEK, OCHOBAHHOIO HA LAHHLIX {0
paccesdHuio Hefitponos [107], {108]. Onu HabGawpanu rtakxe
(cM. Bbllle 3amMeyaHHE OTHOCHTEJIbHO KPEeMHHA), YTO KOMIOHEHTA
(T'14) naa aByx(QOHOHHLIKX 00epTOHOB ObiMa HauboJMee HHTEHCHB-
HOH, Toraa xak ape aApyrue KomnoHeutsl (I'12-+) u (T'25+) oka-
3ajuch caabpiMi. PesyabraThl 9KCNepUMEHTOB [0 pacCestHHIO Hel-
TPOHOB HpeAcTaBafloT 60JblIol HHTEPeC B CBA3H ¢ TeM, uto Hegaun
u Hunbcon [107, 108] cymenn nosyuuts oZHOMOHOHHYI0 DYHKIHIO
pacnpefeseHHsl 4acTOT NPSAMO H3 H3MepeHHBIX CedeHHH paccesiHus
HEATPOHOB. DTOT METOHA [IPEACTABJAETCH BECbMa MepPCIeKTHBHEIM,
T4k Kak B TeX cJyuasx, Koraga OH MoxeT OBITb UCIOJb30BaH, OT-
KPHIBAIOTCSl oraTble BO3MOXKHOCTH [JIfi NeTa/JbHOH NPOBEPKH pac-
YeToB JAMHAMHKH peLIeTKH, KOTOphle L0 CHX IMOP CONOCTAaBAANHCH
JHUIb C JHCHEPCHOHHBIMM KPUBLIMH B OCHOBHBHIX HAalpaBJeHHAX
30HB Dpuasiosta. OueBuaHO, HOBBI MeTOL 1a€T BO3MOXKHOCTh
CpaBHeHH# KaK [/1f OCHOBHLIX HANPaBJeHuH, Tak U AJs BCell PYHK-
UM pachpeleseHHsl 4aCTOT B AaRHOH BeTBH.

C, Si, Ge. busbn, Teitk u Penrk [95] nposeam untepectoe
CpaBHeHHe, COBMECTHB Ha obLlefl WIKaje HOPMHPORaHHBIA K03ddu-
HHeHT HHQPAKPACHOrO IIOrJIOLLEHHs AJsI BCEX TPeX KPHCTa/LJIOB CO
cTpykTypoil anmasa (¢ur. 15). Cnekrpnl HHOPaKpacHOro MOTJIO-
LIeHHsT repMaHusl U KPeMHHMS HMeloT SIBHO€ CXOACTBO, TOra Kak
CHeKTp ajiMasa (CnJoIiHAas KpUBAdA) CYLLEeCTBEHHO OT HHX OTJIH-
qaeTcsi. DTO CBHAETENLCTBYET O TECHOM NMOAOOHH AHMCMePCHH (HOHO-
0B B Ge 4 Si. D10 n0A0GHe UCNOAB30BAJNOCH A/ TOMOJIOIHYECKOrO
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cornocTaBJ/ieHHss (OHOHOB B 3THX ABYX BelllectBax [109]. B csoro
ouepejb 3TO CBHAETENbCTBYET O GJH3KOM COOTBETCTBHH THIIA CBSI3H,
4TO II03BOJISIET, HANIDHMED, HCIOMB30BATh I/ PACUETOB B OBOHX
caydasix cxoiHsle ofojodeunbie MoOJeNH. B NPOTHBOMOJOKHOCTb
5TOMY B aJMmase CHJIBl CBSI3H HMEIOT CYLIECTBEHHO HHOH Xapaktep,
THIIHYHBIE 18 KoBaJeHTHOH c¢Bsi3u [110]'); COOTBETCTBEHHO OTJIH-
yaeTcss JIMCHepcHs (POHOHOB, 4TO OOYC/JIOBJIMBAET KaueCTBEHHBIE
H KOJIHYeCTBEHHBIe PA3JHUHS B ONTHUECKUX CIEKTpax.

Roagpgputgirenmm  noeaowenus

wfw(0)

®ur. 15 Tlonocw nudpakpacHoro morsoileHHs B ABYX- U TpexdoHoHHOH obnacTh

repMaris, KpeMuus u anmasa. Lltpuxnynkrapsnie kpussie — Ge (T =78 K 1 300 K);

witpuxoBasd — Si (T =20K); cmmomuas — C (T =300K). Cuenyer ob6parnts

BHHMaHHe Ha CXOXKeCTh CNeKTPOB KPEMHHST H M€DPMAHHs H OTJIHYHe OT HHX CNEeKTpa

anMasa, 4To ABASETCH CJCACTBHEM COBEPINEHHO HHOH AHCnepcHH (OHOHOB B ajaMase
N0 CPaBHEHHIO C ABYMsi APYrdMH KpHucTamramu [95].

B 3ak/oyeHNe MOXKHO KOHCTATHPOB4Tb, YTO TeOpHS KpHTHUE-
CKMX TOYeK I[03BOJISIeT [aTh JeTaJbHYI0 HHTEPNPEeTALMIO OITHYe-
CKHX CIHeKTPOB TakuX KpHcrasiaos. OJHako HeoOXOAHUMO peUIHTb
eule Heqblil psag sompoco. Hampumep, oxHa u3 BaxKHeHWHX npoG-
JeM KOJHMYeCTBEHHOIO aHa/lM3a, Nojjexalias H3yuyeHHIO, — 3aBH-
CHMOCTb MaTpHYHOro sJeMeHTa J OT 4dacToThl. JleACTBHUTeJbHO,
B IBYX(OHORHBIX HH(PaKpacHHX CNEKTPax OTHOCHUTEJNbHBIE HHTEH-
CHBHOCTH Pa3HbIX YYaCTKOB CNEKTpa He BCErja corjJacylorcs mo Be-

1) Cm. ochosonosaraiomywo padory Bopua [111]; nenaso nonc6uas mopesb
Obuia nenospsonana B pabote [112],
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JHYUHE C NOoBeleHHeM (PYHKUHMK pachpejefiedusl 4acToOT, AaKe ec/n
BCE NepexoAbl paspewleHb. IJTO MOKHO BHAETh Ha ¢ur. 10, rae
CPaBHHUBAIOTCA 3KCIEPHMeHTadbHash KpPHBAas MHOTO(QOHOHHOrO MOrJI0-
HmieHuss (a) u oObelHHeHHast QPYHKIHS pachpeienedHus uyactor (6).
B sTom ciyuae a8 KOJHUECTBEHHOTO cOraacHs HeoGXOAMMO BBECTH
NONPABKY, MOHHXKAIOUIYIO OTHOCHTENbHYIO HHTEHCHBHOCTL BHICOKO-
YaCTOTHOTO YUYacTKa CIeKTpa. [akyio HONpaBKy MoxeT o0ecledyHTb
MOHOTOHHAsi (6ecCTPYKTYpHAsl) 3aBHCHMOCTb MATPHUHOTO 3JeMEHTA
IIpH YCJOBHH, 4TO A yMeHbIIaeTcss ¢ POCTOM 3HEPrHH MHOTOQOHOH-
HBIX MEPeX0JIOB.

Uccaenosanus B 3TOM HanpaB/ieHHH TPOBOAMJIHCE B paMKaX MoJ-
XOZAa, KOTOPHIH MOKHO Ha3BaThb TeOpHell NMoasipusyeMoctd [42, 43,
93, 113, 114]. Oto HanpaBicHAe NPOAOIIKAECT PA3BUBATLCH, U 3AECDH
CJAeAYeT OXKHAAThH ONpefeseHHON aKTHBHOCTH.

§ 25. Cummerpuueckii HAGOp KPHUTHYECKHX TOYEK
IAsl CTPYKTYPbl KAMeHHOH coJu

Teopusi KpHTHUECKHX TOYEK He NPUMEHSANACh B SIBHOM BHAE AJI4
HHTEpUpeTali TOHKHX [eTajell CHeKTPOB KPUCTAJAJIOB THIA KaMeH-
Hoft cosnn (B OTVIMYHe OT KPHCTaJ/LIOB THHA ajMasa), xoTs paloTa
B 9TOM HaIlpaBJeHHH cefiuac NPOBOAHTCA. 31eCh MH JaeM KPaTKHH
00630p BHIIIOJIHEHHBIX HCCJAEJ0BaHUH.

ITockoabKy mpo0aeMa KPUTHUECKHX TOYEK OTHOCHTCH K THIY JO-
KaJbHBIX 32724, Mbl MOXKeM, KaK H B CJyyae ajiMasa, OrpaHHYHThCS
paccMoTpenHeM Tosbko (akrop-rpynn. lasee, rpynna CUMMeTpPHH
KaMeHHOH CcoJIu fiBJsieTcs cUMMODQHOMH, M03TOMY B peasbHBEIX pacde-
TaX JAOCTAaTOUHO HCIOJb30BAaTh TOJIBKO TOYEUHBIE TPYIIIH, NOCKOMABKY
¢daxrop-rpynna sipasiercd Ju6o TOUeYHOH Trpynmo, JuGo NpsIMBIM
MpOoH3BeleHHeM TOYEYHOH IPyNNbl Ha NIpocTyio abenesy rpymny. I1po-
BOJAS Te Ke pacueThl, YTO W paHee, MOXKHO YOeIHTbCS, YTO TOUKH
sount I, X, Ly, W, ABAA10TCA KPHTHUECKUMH TOUKAMH AJA BCEX BeT-
Bell, a Ha JHHHAX X H Q o6pamaioTcsd B HyJb NepHeHAHKYJSIPHEE
3THM JIHHHSM KOMIOHeHTH rpaineHTa Vo. CJaejnoBaTe/lbHO, €CaH
(DOHOHHBIE BETBH MMEIOT MAaKCHMYM HJH MHHUMYM rje-qu60 BIOJb
HanpapJeHul T HIH Q, TO BO3HHKAIOT JONOJIHHTE/IbHEIE KPUTHYECKHE
Toukx. CBOJKA 3THX pe3yJbTaTOB AaHa B Taba. 45,

Ha ¢ur. 16 npuBefenbl pe3y/IbTaThl AeTa/lbHLIX MOJAENBHEX pac-
yeros aucnepcuu ¢poxonos B NaCl [85]. Ha durype nokasanst nomo-
XeHHs] KPHUTHIECKHX TOYeK M HMX ofosHayeHus no Kapo m Xapau
[85]. Xotst mHpopmauuy, npuBejeHHON Ha ¢ur. 16, mouT pocra-
TOYHO AJIs1 OIpejesieHHsl AHCNePCHH (OHOHOB B PA3JHYHEIX Halpas-
JEeHHSIX H, CJeI0BaTeJbHO, KIacCHMHUKRAUMH KPHTHYECKHX TOUEK IO
ux magexkcaMm P;(p), Tako# KaaccHpHKanuK IpoBefeHo He ObLio,
H Mbl He OyleM NLITATHCS 3TO AejaTh. BmecTo 3TOro Mbl BOCHPOH3-
Boaum Ha ¢ur. 17 GyHknuo pacnpelejeHHss 4acTOT, BHIUHC/ICHHYIO
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Oar 16. Mogeneume pacuetnt nucrnepend douonor 8 NaCl Mozens zedopmn-
PyeMblX IHNOJelH; KOPOTKOAEHCTBYIOUIHE CHABL A0 CAEAVIOWIHNX 3a OaHKalIlHMH
cocenell BraouUTENbHO [85]
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Qur. 17. Paccunrannas opdodoHonHass (YHKUHS pacnpelesends uacrtoT B NaCl.
Mogenb COOTBETCTBYET AHCIEPCHH, IOKA3aHHOH Ha ¢ur. 16 [85]
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@ur. 18. PaccuuTauHble QUCHEPCHOHHEIE KPHUBHE, (YHKUMS DacnpeleneHHs 4acToT
u kputHueckne Touk# B NaF [116].

C IIOMOIUbIO CETKU B R-IPOCTPAHCTBE, JOCTATOYHO MEJKOH AJA OJHO-
3H4UHOTO BHIAIBJIEHHA JeTasiell cTpyKTyphl. Cieanyer o6paTuth Bsid-
MaHue Ha 0003HaUeHHs] KPHTHUECKHX Touek Ha ¢ur. 16 u 17.

Kapo u Xapau [115] ucnoab3oBaJu Takxe psij Mojesed, BKJO-
9aI0LIUX MOJe/b XKeCTKHX HOHOB H OnpejleseHHble Moaetd aedop-
MHpyeMbIX HOHOB, [Jifl BHIUMC/JIEHHS AuclepcHd (OHOHOB BO dTopH-
Aax wenquublx Mmerannos NaF, KF, RbF u CsF (sce atu kpu-
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Tabauya 45
CumMmeTpuieckdli Ha60p KPHTHUCCKUX TOUEK JJA CTPYKTYPH
KAMEHHOI coud Oi {cM. Taba. 21)
k B (R IMpencrasaenue Py OSES?;?;:T sz)yf;b
r 0, O (T'l5—~) Py Bee
uma (LO 4+ T0)?) P;  Bee (makcumym)
A (T15—) P,  Heanaaurnueckas xpuru
ueckasi Touka (—)
X] Di/l LA (X|4—-) Bee
TA (X ,5~) »
LO (X 4—) »
TO (X5—) »
L, Dsy LA(L\14) »
LO (L2—) Bee
TO (L3—) Vo |l L,
L4 Doy (W13) Vo L W,
(W.1) Bee
(W:2') »
A1 C4p LA (A;l) V(D_LA‘
TA (A15) Vo A1 A]
LO(A]) Vo 1Ay
TO (A15) V(O e A]
A, Csy LA(A]]) V(D_LA;
TA(A3) —_
LO (A1) Vo 1_A,
70 (A3) —_
VA ng Z]l V(D A Z]
z3 Vo 1 Z,
Z14 VO) A Zl
S\UZ,K TO Xe, uTo U 1aa Z
Q Ca Q! Vo 1 Q,
Q.2 Vo 1 Q,

') B caydasx Korfia B uyih 06pamiaoTes OTHA HAH A8E KOMIOHEHTH FPAKKEHTE, YK&3H-
BaeTCsi JIMHHS, NAPAN/EJIBbHO HJH HepreHAMKYJIdPHO KOTOPOH KOMMOHEHTH! I'DajfHeHTAa PaBHAI
Hyxio. IIpouepk 03Hauaer, UTO Hi OAHA H3 KOMIOHEHT V® HE PaBHA HYJIO.

?) C y4eTOM BJAMSHMS MAKPOCKONMYECKOrD SJEKT

BCe KOMNOHEHTH V& o6palamTcs B HYJqb.

PHYECKOrO NOAs., IIpH 3TOM RO-pexHeMy
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CTaMjibl UMEIOT CTPYKTYpPy KameHnHo#t comau). Bo BpeMs nanucanus
JaHHOH kHUTH HauboJsee noxpo6Ho H3yded NaF. Ha ¢ur. 18 npuse-
JleHbl IPHMEPHl STHX PACUeTOB, [MOKA3LIBAIOIIKE TAKXKe KPHTHUECKHE
TOUKH, ONpejeseHHbEle H3 JIeTaJbHLX PACUCTOB AHCIEeDCHH (DOHOHOB.
HcTuHHBIE uHAEKCHl KPHUTHYECKHX TOYEK [OKa He onpejeseHbl
(cp. co cayuaem anwmasa, § 24).

§ 26. JByxdoHoHHble ()YHKUHMH pacnpejefeHHs HacToT
n Kputnyeckne touku B NaCl

JIByX(pOHOHHLIE AHCIHEPCHOHHBIE KPHBBlE AJS HECKOJbKHX Ile-
JIOUHOTAJIOH/IHBIX KPHCTAJJIOB BHUHCAEHB B pabote [85] ¢ ucnoan-
30BaHHeM TexX xe MojJesaed, uTo u 4] OAHO(DOHOHHOH AHCHEPCHH.
Ounu npusepens ans NaCl wa dur. 19; coorrerctBylomas AByxdo-
HOHHasi QYHKIHA paclpeieeHus yacTOT nokasaHa Ha ¢ur. 20. Ot-
MeTHM CHOBA COOTBETCTBHE B O0O3HAYEHHSX KPHTHUCCKHX TOUEK HA
THX ABYX Qurypax. ‘

Tabauya 46a

Cummerpur GOHOHOB B KPHCTAJJIAX THHA KaMeHHOH COJH

Todxka 30HH Tuns $oHOHOB
r I'i5(0) + T'i5 (4)
’
X X; (LO) + X4 (TO) + X, (LA) + X5 (T A)
L Ly (LO) + Ly(TO) + L, (LA) + Ly (TA)
14 W, + W, +2W,
A A (LO) 4 As(TO) + A1 (LA) + As (TA)
A Ay (LO) + Ay (TO) + Ay (LA) + Ay (TA)
) 9%, 4 2%, 4 2%,
VA 2Z, 4+ 22,422,
Q 3Q, + 3Q;
HenoansywTea oboaHadenun DByperefina u ap. [84], KOTODEIE B CBOIO oqepenb clAeny T
paGorte [66]. Css3b ¢ HamwnAMH 0GO3HaYEHHAMH: L2£—EL( L —L(a_ L '—L( +) L3—‘L3

Hcnonp3yss Tabauubl KO3hGUUHEHTOB NOPHBEAEHHS AJSI CTPYK-
TYpHl KaMeHHON conan (T1absa1. Al—AIl) u gaHHble O CHMMeTpHH
(OHOHOB B TOYKaxX H Ha JHHHAX BHICOKOH cuMMerpui (Taba. 21),
MBI MOXKeM IMOCTPOHTb TalJHLY aKTHBHBEIX JBYX(GOHOHHBIX HpOLEC-
COB B KPUTHYECKHX TOUKaX JJIS KOMOMHALHOHHOIO paccesiHHs H HH-
thpaxpacHoro muorjoinennst [84] (raba. 46a, 466). CpasuuBas
¢ Taba. 37 aas aamas’a, Mbl 3aMeuaeM, 4TO B 060uX cayyasax obep-
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@ur. 19. Paccunranane asyxdonounse nucnepcrounne xpudnie B NaCl [85].
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@ur. 20. Paccuntauuag ABYyxboHOHHas YHKuMS pacnpezenenus gacroT B NaCl
H ABYX(OHOHHBIE KPHTHUYecKHe TOUKH. Mope/ab COOTBETCTBYET NHCHEPCHH, MOKa-
3anHol Ha ¢ur. 19 [85].
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Tabauya 466
JisyxdioHoHHBle- KOMOHNAUHN, aKTUBHbLE B HH(pPaKpacHoM noraomenunu [84]

Touka 30HBI . AkTiBHble KOMOUIALH
r OtcyTeTBYIOT
X >
L TO+ LA TO+TA LOS LA LOSTA
14 W W, W+ W, W, W,
A
A Bce xoMGunanuu
Q
2 Bce komGuuauyu, Hekmouas 2z + 24
zZ Bce koMGuHanuu, uckawuas Zs + Z,

Bce oGepronn HeakTHBHH B HHppPaKpacHOM NOIVIOLIEHHH

TOHBl 3alpelieHsl B HHPPAKPACHHIX CHeKTpaXx. DTOT pe3ynabTaT SiB-
JsieTcsl OPSIMBIM CJIeJCTBHEM IpaBHJA OT6Opa B NPOCTPAHCTBEHHBIX
rpynmnax; uetkass QopMYJHPOBKA 3THX NPaBHJI, B HacTHOCTH A
NPOCTPAHCTBEHHBIX TPYMI, COAEP:KAIIMX HHBEPCHIO, daHa B § 4.
OTMeTHM TaKXKe OTCYTCTBHe (B OTJIHUHE OT a/1Ma3a) pa3pelleHHBIX
B nHbpakpacHOM crHekTpe KomMOuHamuii B *X; ApyrHe aHaJIOTHH
H pa3JIHYds JIerko yCMOTpeTh H3 TabJHlL.

§ 27. UnaTepnperanus CNEKTPOB PelIeTOYHOr0 HHPpakpacHoro
AOrJOLeHNs1 ¥ KOMOHHAUMOHHOTO paccesiHds B KpHuCTaaJax
THNA KaMeHHOH coJu

NaCl. Haubonee TaTe/NbHO H3YYEHHBIM KPHCTAJJIOM B CMBEIC-
Jie COMOCTABJCHUA 3KCIEPUMEHTA H TEOPHH SIBJAsETCSs, NO-BHIHMOMY,
NaCl. Kom6upaunonnoe paccesinne cBetra B ABYX(OHOHHOH ob6Ja-
cTH 6pI0 H3yueHo panee Beabmem u ap. [117], mcnosbp3oBaBiuMH
IJi51 BO3OYXACHHSA PTYTHYIO JaMIly; pe3ysnbTaT npHBeAeH Ha dwur, 21
BHH3y. JIByxdoHoHHass GYHKLIHsS paclpefesieHHs 4acTOT, paccyH-
tannast Kapo u Xapau [85], mokasana njag cpaBHeHHS B BepxHel
vacTH Gurypsl. BuaHo, 4To ynaercs HOJYYHTb XOpollee corjacHe.
PaccuutanHas ¢GyHKIHS COLEPKHT 3aMeTHO 6GoJiee Goratyio CTpyK-
Typy (HU3MeHEeHHs HaK/JIOHA, MAKCHMYMBI H MHHHMYMBH), 4eM H3Me-
peHHHIH Tpoduib KOMOMHALMOHHOIO pacCesiHHs, OXHAKO TIJaBHHE
0cOGeHHOCTH M pAL Gojee MEJKHX JeTajefi COBHAafaoT. 3aMETHM,
uyro cmektp Obii u3meped npu 300 K, Torza kxak TeopHio Clelyer
cpaBuuBaTh ¢ muskoremnepatypHumu (0K) nannmmu. Hanomuum
TaKxe, UTO NpPH COTMOCTaBJeHHH ¢ (yHKIHeHA pacnpelesieHHs dYac-
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TOT mpeHefperaeTcss H3MeHEHHEM MATPHYHOTO 3JeMEHTa H OTKJOHe-
HHEM OT rapMOHHYECKOro NpUOIHKEHHS.

WHTepnperanns Tex e 3KCIEePHMEHTAJbHBIX JAHHBIX NPOBeNeHA
B pabore [84] ¢ ucnonpzoBaHHeM (OHOHOB TONBKO B TOYKax *X,
*7 *A, ¢ TOMOIIbIO KOTOPHIX OOBACHSETCS MOJOXKEHHE OCHOBHBIX
ocoOeHHOCTeH cMeKTpa; KOHe4YHO, TAaKOH MOAXOJ MeHee CTPOT, 4eM
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®ur. 21, Kombunanuonnoe paccesinue csera BToporo mopsaka B NaCl. Cpasnes
HHE SKChepuMeHTa (8) € pacyeTaMH B MOJENH XKeCTKHX (a) u AedopMupyeMux (6)
uoHon [85].

pacueT OyHKUIHH pacnpefeneHHs 4acToT, OAHAKO OH MOJUYepKHBAeT
BaXKHOCTb (POHOHOB B KPHTHYECKHX TOYKaX. Dra HHTepIpeTanus
npuBesieHa B Ta6a. 47. B ta6a. 48 naHbl 3HauYeHHA 4acTOT (HOHOHOB
a1t NaCl B HEKOTOPBIX KPHTHUECKHX TOYKax!).

OByxdononnwit cnextp uudpaxpactoro norgomenns NaCl npu
KOMHaTHOft Temnepartype [118] Bocmpoussenen Ha ¢ur. 22. Us
tabn. 46 BuAHO, uTO npapusa 0TOOpa A1 HHGMpaKpacHOTO MHOIJIO-

1) Hnrtepnperanus, npusesennas B Ta6n. 47 u 48, ocHoBHIBaeTcs Ha MOJeNsX,
pa3paGoTaHHHX [0 TOrO, KaK KoJeGaTeJbHBlE CHEKTPH OBLIH M3MepeHbl METOLOM
paccesiHHs HeHTPOHOB, M NMO3TOMY HNOJ/IKHA NPHHEMATHCS C H3BECTHOH OCTOPOXK-
HocThio. Tax, H3Mepennble sueprum QouonoB B Touke X gaag NaCl okasaunce
paBuBIMU (B TOM' Xe nopsaxe, 410 ¥ B Taba. 48) 186, 173, 143, 85 cm~! [185],
OTKYyZa BHIHO, YTO BO3MOMKHA M HHAs HHTePNpeTalHs HEKOTOPHIX AeTanelt cmek-
Tpa. Kpome rtoro, cieayer uMeTr B BHAY, YTO He 00fi3aTesbHO BCe MaKCHMYMbl B
CIIEKTDE MO/IKHB OLITb CBA3AHH C KPUTHYECKHMH TOuKamn. — [Ipum. ped.
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Tabauya 47

MonoxeHds NHKOB (B cm"’) B cnekTpe HHDPaKpacHOro moraomeHAs

BTOpOro nopsanka B kpucraaae NaCl [84]

IKcMepHMEHRT

HEuTepuperanus

Pacuer

31 TO — LA(X) 30

55 LA—TA(X); LO—LA(A); LA—~TA(L) 56
174 2TA(X) 174
234 1) LA+ TA(X); LA+ TA(A); 2TA(L) 230
256 TO+TA(X); 2TO (L) 260
275 LA+ TA(L)
285 2LA (X) 286
299 LO + TA(X); 2LA (A) 299
314 TO + LA(X); 2LA(L) 316
346 270 (X); LO+ LA(A); LO+TO(L) 346
415 (wupoxnii) 2L0 (X) (Hapsny ¢ APYTHMH) 414

') HanGosiee uHTEeHCHBHBIA MHK,

Tabauya 48

Yacrors dononos B NaCl (8 cm™') npu kommaTmo# TemmepaType
(pacuetmt Xapau u Kapo) [84]

3navenus B X

BeTsb L A X u3 RaHHHX KP
LO 236 196 1) 208 212

TO 123 183 183 173

LA 160 151 1) 140 143

TA 112 75 83 87

!) BerBu LO (A) n LA(A) uMeloT 3KCTPeMyMb! npu k/k = 0,7,

Maxe

menus B pewerkax Tuna NaCl HakaaznwiBalorT ropasno Godblie
orpaHuyYeHHil Ha pa3pelleHHble NPOLeECCH, YeM B pelleTKax ajmasa.
Haunne ¢ur. 22 orpaxalor, BAAHMO, 5TH OrpAHHYEHHS B TOM OT-
HOIlIeHHH, 4TO OGHApYXHBAIOTCS JHUIb 4YeThipe [AOHNOJHHTEIbHBIX
MakciMyMa. (BoaMoxHO, 4TO NpH JyulleM pa3pelleHHH MOXKHO
Halitu Gosiee Goratylo CTPYKTYpy.) B mepuos, korma nucanach naH-
Hasl KHHra, NOJIHOTO aHaJ/IH3a 3THUX Pe3yJbTaTOB C YYeTOM MpaBHJ
or6opa H KPMTHUECKHX TOYEK NpoBeleHo He Oblio. B § 28 naerca
RanbHelulee 06CyXKJeHHE CIEKTPOB KOMOHHAIHOHHOrO pacCesiHHf.
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B panHmx pabotax [119, 120] uactuuno yuTeHsl IpaBH/Ia 0T6OPA,
HO H3BeCTHble B TO BpeMs (PYHKLIHH paclpeleseHHs 4acToT OBIH
HEeJOCTATOYHO TOUHH JUIS HAaAEIKHOFO aHalH3a, XOTd Bce xe OLlIo
NoJy4eHo obllee cOracHe C 3KCIEPHMEHTOM.

B nocieanee BpeMmsi cnekTp KOMOHHAIHOHHOrO pacCesHHs BTO-
poro nopaaxa NaCl 6wl BHOBb HCCJIeI0BAaH pagom asTopos. Tax,
Kpayuman [121, 122] ony6auroBan pe3yabTaThl H3MepeHHEH JJs

)

NpdroTMoer, bi™T

g’ :
000 200 00
v, om”

@ur. 22, Cnexrp uudpaxpactoro norsowenuss NaCl mpn T =300K. Cueayer
0o6paTHTh BHHMaHHE Ha OTCYTCTBHE CTPYKTYpH B 06/1acTH [BYX(DOHOHHBIX 3HEp-
rufl, nabmogaemoll B KoMGHHAIHOHHOM paccesnuH [118].

NaCl, koroprie Mbl BOCIPOH3BOZHM Ha ¢ur. 23 BMecTe ¢ ero HH-
Teprnperanuefi. JonojHuTeNbHAS WHTEPHPETaUUs PA3JMYHBIX TOY-
KHX JeTaJjell, Takxke nposenennas KpayumasoM, gaercst B Taba. 49.
3acnyxKHBaeT BHHMaHHS OYeHb GoJIblIOe YHCJIO JeTajacl CTPYyK-
TYpPHl, HHTEPIPETHPOBAHHLIX ¢ NOMOLbI0 npaBusi otbopa. [lpume-
4aTeJbHO, ONHAKO, YTO OINPENCJHTh HHJIEKCH KPHTHUECKHX TOUEK
P;{n) m nerasbHO cBfi3aTb WX ¢ QOpPMOH CHEKTPOB He yAanoch
B OTJHUHe OT cayuaes Si u Ge.

Coobmenne [123] 06 mamepenun ABYX(OHOHHOIO CHEKTPA KOM-
6MHAIMOHHOTO paccesHHus, SKOObl CYLIeCTBeHHO OTJHYAKOIIErocs OT
TOJIBKO 4YTO ONHCAHHOrO M Tpebyloulero MO3TOoMy IepecMoTpa HH-
Tepuperauyy '), No-BHAMMOMY, OCHOBaHO Ha HejopasyMenun?). Ta-

1} Cu. ocoGenno cTp. 838 B pabore [123].
%) J. M, Worlock, uactgoe coolutenne,
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KMM o6pa3oM, HpeiCcTaBaAsercs, YTO H3JOXKEHHYID HHTepHpeTaluIo
JBYX(OHOHHBEIX CIEKTPOB HH(PPAKPACHOIO MOIVIOWIeHHS H KOMOHHA-
UMOHHOTO paccesiHHs cJaelyeT B HacTosllee BpeMs CUHTaThb MOpa-
BHJIbHOM 1),

NaF. Tmwarenapuslfi aHajin3 AHHAMHUKH pPeUIETKH H CIEKTPOB
KOMOHHAUKOHHOTO paccesuus Bsroporo nopaaka NaF nposesen
B pa6ore {123]. VMamepeHHbili cleKTP KOMOMHAIMOHHOTO DACCESIHHS
noKasal Ha Qur. 24 (orMeTum HejuHeflHYI0 wraay). I'masHble oco-

! fo
5 fg 5o
A By 7 et A
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2L AV4 j.’ﬁ(ém
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@ur. 23. Kombunaunonnoe paccesrue csera B kpucramiax NaCl u KCl (unren-
CHBHOCTb B OTHOCHTEJbHBIX €IHHHIAX KakK (QyHKUHs BoJHOBoro uyumcaa) [121].

6eHHOCTH CIeKTPoB obo3HaueHnl Ha ¢urype O6yksamu. Ha ¢ur. 25
nokasaH crektp HH@paxpacHoro nornouenus NaF [118]; ero Bu-
COKOYaCTOTHAsl 4acTb OTpaxaeT, OYEBHAHO, ABYX(OHOHHHE HPO-
ieccrl noraomienusi, Ham HeusBecTHn Kakue-auGo Gojiee HOo3HHE
JaHHBle, XOTA SCHO, 4TO 3Jech Tpebyercsl mpoBectH Gosiee TOHKHE
HCCJIEJOBAHHS.

s uHTepnperanun 3TuxX AaHAeIx Kapo u Xapmm [123] pac-
CUHMTA/JX OZHO- M ABYX(pOHOHHYI0 AHcnepcuio ¢oHoHos B NaF, uc-
NOJAb3Yys psAA Mojesell pa3HOH CTemeHH CJIOKHOCTH, YUHTHIBAIOUIHX
sthdextst HoHHOH monaspusauun. Kaxk u jgaa NaCl, gans kaxiaod
MOJENH MOXKHO BHIUMCJIHTb OJHO- U JBYX(OHOHHble (QYHKIMH pac-
npejeseHHsl 4acTOT H HAEHTH(HIHPOBATL KpHTHYecKHe Toukd. Ha
cdur. 26 naHu pe3ysabTaThl BHLIMHCJAEHHS JABYXPOHOHHOK (YyHKUHU
pacrnpefe/qeHHs] 44acTOT C BhIAeJeHHEeM KDHUTHYeCKHX Touek (HO Ge3
KJaaccu(HKAaLKH HX IO HHAEKCY) B Jyulllel U3 pa3paGoTaHHEIX aB-

1} PaGora Crexanoba n Kopoabkosa [124], koropas ony6inkoBana TOJBKO
B BHJe TE3HCOB, TAKXe, IO-BHIHMOMY, COIJlacyercs C APYruMz paboTaMmp, LuTH-
POBaHHBIMH BhILIE,
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Tabiuya 49

MuTepnperaniss CNeKTPoB KomMGHHAHMOWHOTO paccesnus kpHctaaaa NaCl [121]

KcnepUMeHT Pacyer

~1

v, M Kosebauus Hurtepnperanut [Tpasuna otbopa V,CcM

TO {z} — TA (x} () F 53
LA—TA(X) F 55
55 £ LA—TA(L) EF 55
Qi — @ A EF 57
0] A
60.5 F { g —ws AEF 59
Q1 — Q2 EF 59
87 E { LO —TO (L) EF 86
TO —TA(X) AEF 86,5
104 AEF LO —TO(T) AEF 102
174,5 AEF 2T A(X) A EF 175
2w4 AEF 230
2Q, AEF 231
231 A Qi+ Q. EF 233
233 £ LA+TAX) F 230
235,5 F 2Q, AEF 236
239 AE Z3+ Z4 F 236,5
2T A (L) A EF 236
TA {2} + TA {x5} () F 238
248 AE 2T A {x7} () AEF 248
LA+ TA(A) F 250
218 F { Wi+ Ws F 253
258 A 7O + TA (X) AEF 261,5
259 F LO 4+ TA(A) F 260
266 A 2T0 {x7} () AEF 266
LO 4 TA(X) F 270
TA {x§} -+ TO {x7} () A EF 271
2735 F Wy + Wh F 2735
Zi+ 2y F 270
278 AE 2w, AE 276
280 F 2T0 (L) A EF 280
282 F TA{z} + LA(S) F 282
286 A 2LA (X) AE 285
A Q
288 F { Wi+ W AEF 289
Qi+ Qa EF 289
294 A AU+ Q AEF 293
300 { 2Q; AEF 294
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ITpodoascenue Taba. 49

DKCNepHMeHT Pacuer
v, en~! Kosebanrs Hnrtepnperauusa Ipasuna or6opa v, CM'-1
300 F Q4+ Qq EF 300
307 A ?
' 314 e { LO 4+ TA{xj} () E 314
LA TO {xij} (2) E 314
316 F 70 4+ LA (X) F - 316,5
317 A 2w, AE 317
332 A 2LA (A) AE 331
w0
333 F { Vo W5 F 2825
TO 4+ LA (A) F 336
343 E LO+ LA(A) A E 343
[ 2LA (L) A F 346
I 2T0 (X) AEF 348
) WY AEF 348
347--355 A 20, AEF 349
[ LO+ LA () AEF 350
{or0 (A) AE 356
LO 4 TO (A) F 350
354 F { LO 4+ TO {2} () F 352
LO 4+ TO (X) F 356,5
360 E 2L0 (X) AE 365
381 F ?
394 A ?
524—543 A 2LO () AEF 528

TOpaMH Mojenell. 3HayeHHd NapaMeTPOB 3TOH MOJeJH OTBEUAlOT
temnepatype 300 K, Tak uT0O BO3MOXKHO NpsAMOe cCpaBHeHHe C H3Me-
peHHEIM cnekTpom (dur. 27). Cor/iacHe B NOJIOXKEHHH H3MEPEHHBIX
H PACCYMTaHHBIX OCOOEHHOCTEH NOKa3hIBAET, YTO MOJENb NPaBHJIBHO
ONHCLIBAET OCHOBHYIO CTDYKTYDY cHlekTpa. DoJiee HeTaqbHH# aHa-
JIH3 B HacTOsillee BPeMSI HEBO3MOMKEH.

Hpyrue menouHoranonansie kpuctanisl, CrnekTps AByX(poHOH-
HOTG KOMOHHAUHOHHOTO paccesHus OblIH NPOAHANH3HPOBAHLl TAKIKE
ans KBr, KI u Nal. VaTepnperanusi cnexTpoB Gmijia npoBepeHa
C WCHOJb30BAHHEM TEOPHH KDHTHYECKHX TOUeK H IpaBuj oTb6opa
[84, 122]. B rta6a. 50 u 51 mpuBefeHH HEKOTOphie M3 MOJYYEHHBIX
Pe3yJbTaToB. :

3aMeTHpIfl Nporpecc B NOHUMAHMH CHEKTPOB 3THX IUEJOYHOTa-
JIOUAHBIX KPHCTAJMJIOB JOCTHIHYT, OYeBHAHO, GJarofaps HCHOJAL3O-
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100 -

80

Humencuenocms, oms. ed.
(HESILIHOLEHOA KLRaII)

s00 400 500 600 700
Cmorcos cdsue, om™!

®ur. 24. Cnexktp KoMOUHAIMOHHOrO paccCesinHs BToporo mopsaxa B NaF. IToxa-
3aHO paspemeHHe YCTaHOBKH; (¥ — BO3MOXKHHH H3J0M KpuBO# [123]

0 800
1600 N
é\x
* 500t
g L
n
0 8

©ur. 25. [IByxdononnas (KOMGHHHPOBaHHAs) QYHKIHA pacnpeleseHds 4acToT AIs

NaF. CTpenkn nokaseBaioT MONOXKEHHe HabaojaeMHX ocobeHuocTell B creKTpax

undpagpactoro norqowenus upu 90 K. ITokasaus pesyasTaTsl pacueTos ¢ ARYMA

3HayeHHSAMH 3¢ deKTHBHOTO 3apsga HoHOB: e*/e = 0,83 (cmiomwuas kpusas) u 0,93
~ (wrpuxosast kpupas) [118].



Cummerpua GoHOHO8, undpakpactoe nozaowerue u Komb. paccesnue 213

w, 107

ﬁ ol
HHmencuaHoCTIS, OMH. 29,

Bonrosol sexmon

Qur. 26. Buuncnennast npyxdonounas Gyuruus pacupenesenns uyacror Aas NaF.
CnnomiHas M LITPUXOBasi KPUBHE B8 JIEeBOH 4acTH (QHIypH COOTBETCTBYIOT ABYM

NumencusHocrfs, omy. e0.

HaGopaM mapameTpoB Teopuu [123].

]

J e e PN

P T o

1

N WS W N i
~B3-12-11-10-9-8 -7-6-5-4-3-2~1 01 2 3 4 5 67 8 910U1I1Z1

Yaemomusi: cdeuz w, 107 ¢!

®ur. 27. CpaBHeHHe 3KCIEPHMEHTANLHON H TeopeTHueckoll ABYX(POHOHHHX (YHK-
unfi  pacnpemenenus uactoT A1a NaF. HaGaonaeMmbie 0cofeHEOCTH YyKasaHH
6ykBamu. CnjomHas W WITPHXOBasi KPUBHE COOTBETCTBYIOT IBYM DPAa3JIHUHBIM
COOTHOIIEHHAM KOMOOHEHT TeH30pa noasapuayemoctd. Ilokasano paspellieHHe aKCie-

PHMEHTaJFHON YCTAHOBKH.
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Tabauya 50
Hurepnperanus cnekTpoB KoMOMHAauMOHHOro paccesnus Kpucraaaa KBr [121]

JKCNepHMeHT Pacuer
v, en—! KoseGauus Hurepuperanus Mpabpsia orGopa v, CM_X.
TO — LAX) F 45
LO—TO (A) E F 46,5
48,
5 aE F LO —TO (L) E F 47,5
LA—TA(A) F 47,5
61 A E LO—LA(X) A E 60,5
76 A E F TO — TA (X) A2E F 76
86 A E (F?) 2T A (X) A2E F 84
116 F LA+ TA(X) F 115"
195 F { TA{z} + TA{xi} () F 124
LA 4+ TA(A) F 125
135 E F 2T A {x7} (2) A E F 135
138 A 2TA(L) A E 2F 140
145 A 9LA (X) A E 146
150 F W, + wi F 150
157 F LO 4-TA (A) F 157
158 A { TO {xi} +TA{x} () A E F 157
TO +TAX) A2E F 160
165 E F LA+ TA(L) E F 162
178 A (E)? { 2LA (Z) A E F 177
178 2w, A E 178
182 F 270 {x7} (2) A E F 182
184,5 A 2LA (L) A F 184
TO + LA(X) F 191
193 A (E)? F { W3 +W3 A2E F 191,65
2T0 (L) A E2F 193
W, + W E 200
00 E 2 !
2 { TO 4+ LA(A) F 200
207 TO {2} + LA(Z) F 208
LO+ LAX) A E 206,5
208 4 E { LO 4+ LA (4) A E 208
214 AE F LO + LA (D) A E F 215
- P F w9+ w, F 219,5
2, A E 222
231 E 2TO (A) A2 F 232
27O (X) A2E F 236
2355 A F { LO 4 TO (A) F 236
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l podoamerue Taba. 50

JKCrIePHMENT Pacuer
v, em—! Kone6anus Hurepnperanus IMpaBrna or6opa v,em—1
242 A 2L0 (D) A E 242
246 E (F)? LO + TO {2} (3) F 245
251,5 F LO4TO (X) F 251,5
259 A ow? A2 F 261
290 A F 2L0 (L) A F 288
316—336 A E F 2L0 (T) A E F 326
Tabauya 51

Hurepnperands cnexkTPos KoMOunauHouuoro paccesHus kpuacraana KI [121]

AKcOepHMeHT Pacyer
v, em—! Koaebanus HUntepnpeTtanyn TIpasusa or6opa v, em—!
62 A E 2T A (X) A2E F 62
70 A E TO—~TA(X) A2 F 71,5
LO —TA(A) F 75
LO — TA(X) F 77
m F wo — wi A2 F 7
oW A2E F 78
85 A E 2T A {x5} () A E F 85
A
% F { W, + Wy F 90
LA+ TA(A) F 91
97,5 F { LA+ TA {2} (2)_ F 97
TA{2}+ TO {x7} (3) F 98
2W A E 102
2LA (X) A E 102
102 AE 2TA (L) A E2F 103
LA+ TA {x7} (3) E 103
1167 F? LA TA(L) E F 116
122,5 E 2LA (3) A E F 122
1267 E? ?
129 A F 2LA (L) A F 129
130 E 2LA (A) A E 132
134,5 A TA+TO(X) A2 F 133,5
136,5 E W, + W, E 137
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Tpodoaxcenue raba. 51

DKCNePUMERT Pacuer
v, cM"l Kone6anusa Hurepnperatias IIpasusa ot6opa v, em™!
139,5 F TA4- 1O (X) F 139
144 E TO {xg} + LA (D) E v 144
150 A E 270 {x7} (3) A E F 150
153 F TO + LA(X) F 153,5
158 E { LO + TA {xg} (3). E 158
LO 4+ LA(X) A E 159
162 A F LA+ TO {2} (3) F 163
LA+ TO (A) F 166
166,5 A (F)? { LA+ LO(4) A E 167
W, +wd F 167
1735 A 2W,, A E 172
178 E LO 4+ LA(D) A E F 176
182 E ? }
186 A F 270 (L) A E 2F 186
196 A E 270 (A) A 2F F 198
199,5 A 2L0 (4) A E 200
205 A (E)? F 2T0 (X) A9 F 205
213 E
e p }2Lo x) A E 216
28 E F TO 4 LO(L) E F 218
229232 A E F 2w A2E F 232
250 A F 2L0 (L) A F 250
270—305 2L0 (") 278

BaHHIO TEOPHH KPHTHUECKHX TOUEK H alilapaTa TeOPHH INOJIHOH mpo-
CTpaHCTBeHHOH rpynmel (npasuia otbopa). HJas cpaBHeHHs cO-
wwjaeMcss Ha paborel Bproca u Kayau [40, 48], paccmorpesiuux
AByX(OHOHHOe KOMOWHALMOHHOE paccesHHe U uHppaKpacHoe [0-
TVIOWEHHE C NOMOLIBK) MHOTQUACTHYHON TeOopHH NOJASIPU3yeMOCTH
v GyHKouH oTkaAnka (§ 6,2 u 6).

§ 28. NoaspusanuoHHbie addekTsl B NByXOHOHHOM
KOMOHHAIIMOHHOM pacCessHHH B pelleTKax THIa
KaMeHHOH cOJIH W aJjmasa

Ilpr anajH3e CIEeKTPOB B HpeABAYWIUX Naparpadax MH He YuH-
THIBaJIH NOJISIPH3alIHOHHbIE XaPAKTEePHCTUKH NaJalollero U paccesH-
HOro H3aydenus. Teopus HOJIAPH3ALHOHHBIX 9(17<1>eKTOB B KoMOHHAa-
UHOHHOM paccefiHuu u3jloxeHa B § 5,06,
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a. Kamennas coab. HelaBHO OBlIH NOJYYEHBI MOJSPH3OBAHHBIE
cnekTpul KomGuHauuoHsoro paccesnus ans NaCl, KI, KCI, Rbl,
TIBr, ZnS u CuCl [122]. CnexkTpsl NIPOAHATH3HPOBAHHL C HOMOLIBIO
npaBuJ oT60pa H HMelolHXcsl ABYX(POHOHHBIX (GYHKUHMEA pacnpeje-
JeHHSl YaCTOT, PACCUHTAHHHIX 10 AHucrepcHH (oHoHOB. My ocTaHo-
BHMCs 3[ecb Ha pesyJabratax, noayueHHsix aas NaCl. Tlonnwit
aHaN¥3 KPHTHYECKHX TOYeK B AYyXe PaccCMOTPeHHsA, HPOBeIEHHOTO,
HanpuMep, ana Ge u Si, He 0BT BHIIOJHEH, XOTS pe3yJbTaThH 3KCIe-
pHMeHTa ompejeeHHO 06JajarT 1OCTATOUHO BLICOKOH TOYHOCTBIO
LJIS1 TOro, YTOOH TOMBITATBCS 3TO CAeaaThb.

CorslacHO TeOpHH, H3JNOXKeHHOH B § 5, Hepe3oHaHCHHII mpouecc
KOMOHHAIHOHHOTO pACCesiHHs] XapaKTepH3YeTcH B AHIOJBHOM OpHU-
GJHKEeHHH MaTPUYHBIMH 3JeMeHTaMH TeH30pHoro omeparopa |[P],
npeacrasisoulero cofofl CHMMETPHUHBIE TEH30p BTOPOro paHra.
B kyGuueckoM KpHCTaJjlle 3TOT onepartop IipeoGpasyercs 10 NPHUBO-
aumomy mnpeacrasiendio (1. 1, § 110, u 1. 2, § 5), nostoMy

[P] ~ TUH @ TU2H G T+, (28.1)

Kaxnoe u3 Tpex BXOASILUX B 3TO pAa3JjoXKeHHe HENPUBOJHMEIX
npeiCcTaBJeHHil B OTAENbHOCTH MOXET NpPOSBJAATBCA B PacCesHHH.
Kak noxasaHo B § 6, cTOKCOBO KOMOMHAIIHOHHOE paccesHHEe NOSIB-
JsieTcsl B TOM cJydyae, KOrja KpHCTaJJ, HaXoIsIIHiCA NepBOHA-
4aJbHO B OCHOBHOM KoJle6aTeJIbHOM COCTOSHHH, COBEPLIAeT Nepexoj
B BO30y:KAEHHOE COCTOSIHHE C DOXKJeHHeM (OHOHOB, CHMMETPHS KO-
TOPBIX OTHOCHTCS K OZHOMY HJIH HECKOJNBbKHM THIIAM, HepedHcJIeH-
HeIM B (28.1). PaccmoTpuM Ka)zaoe H3 HENPHBOAMMEIX NpeACTaB-
JeHHH (28.1) pasnenbHO, IO0JO0OHO TOMY KaK STO CAeJaHO B BHIpA-
KeHusax (5.14)—(5.37). Ilpu stoM HauGosnee ynoGHOf mnpencras-
JseTcs reoMerpHs, nmpusojsmas K ¢dopmyae (5.37), T. e. cucrema
koopaunar X', Y, Z’.

HOJIﬂpHSOBaHHbIe CIEKTPH KOMOGHHAIMOHHOTO paccesiHHA MAJd
NaCl, nonyyennme KpayumanoMm, nokaszaHw goiine, Ha ¢ur. 23.
®ur. 28 uagaOCTpUpPYET APYrHe MPHMepnl M3 aTofi paboTh. Pasninu-
Hble KDHBBIE COOTBETCTBYIOT PAa3HBIM pAacloOJIOKeHHAM MoJsApH3a-
Topa H aHaausatopa. COOTBETCTBHE TeOPETHKO-IPYNNOBHIX 0603Ha-
yeHn#t KpaylMaHna ¢ HallHMH ciaefylollee:

A<«>T0H,  E>TU2H  F s [&5H), (28.2)

a rakxe [cM. (5.15) — (5.20)] ,
a=7\:‘4, b=A«E, d="’F‘ (28.3)

Ha ¢ur. 29 pesynbpTaThl 5THX 5KCNEDUMEHTOB CPaBHHBAIOTCS C ABYX-
GoHOHHOA ¢yHKnHeHl paclnpenesieHHs 4acTOT, BhHUHCAeHHOH Kapo
H Xapau. BugHo, yTo HMeeTcs XOpolllee cOTJiacHe B OCHOBHEIX JeTa-
JSIX, B YACTHOCTH B INIOJIOXKEHHH THKOB. DTH NMPEeBOCXOLHHE NaHHBIE
3aCJYXKHBAIOT TLIATENBHOTO aHa/Ju3a B AyXe ompejieNeHHs ocobeH-
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uocreft Bau-Xoma no amasoruu ¢ paboroéi [xoncona — Jlaynona
aas Ge u Si; oAHaKo A0 CHX NOP 3TO He CAENAHO. YKaXKeM, B 4acT-
HOCTH, Ha O0COGEHHOCTH THIIa KBaApaTHOro KOpPHA B obgacrth
170 cm~'. B rta6n. 49 npusenena pannas KpayuMaHoM uHHTephpe-
TAUHA 3THX CHEKTPaJbHBIX ocoOeHHOCTEH.

o 100 200 300 400 300
v, cm”!

®ur. 28, Hamepennnfl cnekTp KoMGHHaumonuoro paccesuds NaCl. Pasauunne
KPUBLIE COOTBETCTBYIOT BLIAEIEHHIO CIEKTPOB pasHol noaspusauud [122]

Peayabrater Tabsa. 49 1no03BOJFIOT NPOBECTH HHTEPIPETALHIO
CreKTpa ABYX(MOHOHHOrO HHGQPAKPACHOTO HOIJIOUIEHHS, TOKA3aHHOIO
Ha ¢ur. 25. B 1abn. 52 naHa Taxas WHTepNpeTands; coOrjiacue cjie-
JyeT CYHTATb BeCbMa XOPOLLUHM,

[TpeBocxoxHBle AaHHBIE LA APYTHX ILIEJIOYHOTAJNOHAHBIX KPH-
CTaJlI0B TaKXKe MoayueHw B pabore Kpayumana [122].

6. Aama3. Brime [cm. (5.37)] wmbl npuBenn ¢opMy MaTpulbl
KOMOHHAUHOHHOr0 paccesiHusi, COOTBETCTBYIONY0 OAHOMY H3 yno6-
HHIX BEIOODOB Ocefl B 3KCIlepHMeHTe N0 KOMOHHaLHOHHOMY paccef-
HHIO B KyOHYeCKHX KpHCTaJJaxX; 3TOT BEIOOP COOTBETCTBYET CJe-
Lyiwouieli cucreMe ocell KOOPAMHAT:

X=[1,1,0, Y=[1,1,0, z'=[0,01. (284
HenaB}me uceaAeaopanuga KOMﬁﬂﬂauI/IOHHOFO paCCEHHHﬂ B aJgMmasie

NPOBOIHJIHCH C HCHOJb30BaHUHEM IOJIAPDH30BAHHOIO 3036y>{<nafo1uero
CBe€Ta H aHaJaH3artopa AJd onpeAe/JeHHA NOJAAPH3aUHH PaCCeAHHOrO
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Tabauya 52

UnTtepnperanua cuekrpa wnppakpacuoro moraomendn NaCl mpu 300 K [122]
(cM. Takxke dur. 25)

1

Vogerm oM™ [Ipouecc Vg e
80 LA—TA(D) 82
162 TO(I)

Qi+ Qe 233
236 { Zs+ Z4 236,5
LA4TA(A) 250
254 W, + wi 253
TA+TO(L) 258
Wi+ wd 289
292 Qi+ Qe 289
Qi+ Q 293

cBera. [l/19 onucaHus TaKAX 3KCIepUMEHTOB YAOOHO HCIOJIb3CBATH
obo3HaueHus!
t(JR) I; (28.5)

3JleCb NPHHHMAETCS, YTO BOJIHA PACIPOCTPAHSETCS B HANPABJIEHHH i,
ee JIeKTPUUECKOoe MoJe NOJSIPH30BAHO MapaJlyiesbHO [; paccesiHHas
BOJIHA PacNPOCTPAHAETC B HalpaBJeHHH [ € 3/JeKTDHUYECKHM {io-
JeM, [OJSPH30BaHHLIM NapannenbHO k. Kak ykasnBaJocb B CBSI3H
¢ ¢opmyJsoli (5.37), Ana onpefeseHus BKJaLOB B PacCesHHE KaiK-
IOTO U3 AKTHBHBIX NpPeACTaBJeHHH 1OCTATOUHO TpeX Hu3MepeHui').

1) Knefiuman [125] npHBes HEKOTOpble MpPUMEPH PAacyeToB AeHOJAPH3ALHH
KOMOHHALHOHHOTO paccesHnds. Ero pesysbTaThl OCHOBBIBAIOTCS na Koadduuxenrax
[IpUBEJEHHS, IOJYUYEHHbIX METOJAMH, SKBHBAJEHTHBIMH METOAY YaCTHUHLIX JIHHEMH-
HBIX BeKTOPHbIX mpoctpancts. Ho B mekorophix cnyuasx srBoin Kiefinmana pac-
XOMSITCSL € pe3yJsibTaTaMH, MOJYYaeMbIMH C HCIOJb30BaHHEM NOJAHOIO 6asuca (Me-
Tox noJHo# rpymukbi). [To-Bunumomy, Kiefinman He npoBepHJ MOJHOTY HCIOJb3Ye-
Moro um 6Gasuca, Tak 4to ero pabora ommbouna, HanoMuuMm o neo6xomumoii ocro-
POXKHOCTH, 06CyXAaBiueics B cBA3U ¢ ypasuenuem (11.51).

®ur. 30. TemnepaTypHas 3aBHCHMOCTb CHEKTPa KOMOUHALHOHHOI'O PACCEAHHSI BTO-
poro nopsiika B aiMmase B uHTepBage 2050-—2770 cm—!l.
a — nonsapusamus Z’ (Y’X’)Y’, remmeparypa: kpuBas A — 300K, B— 776,
C— 175K, 6 — noaspusauus Z’ (X’Z’) Y’, remneparypa: A — 300K, B —84,4K,
C —20,2K; 8 — nonapusauus Y’ (Z°Z’) X', remneparypa: A — 300K, B — 832K,
C —23,3K. Paccesnne Bo3Gyxaanocs juumeli 4880 A apromosoro nasepa, cu.
Takxe Taba 406
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Ha ¢ur. 10a npusenen cnekrp paccesnus Z'(X'X’)Y’. Us (5.37)
clefyeT, 4TO 3TOT CIEKTp NpeAcTaBiseT co0of CYNepno3UIHIO Tpex
BKaAagoB I'IH) @ T2 GTEH, Ha ¢ur. 30 npuBeneHnl CIEKTPHI
ZZ\YX)Y, Z/(X'Z)Y u Y (Z'Z')X’, B KOTOpPHIX IHPOABJSIOTCA
COOTBETCTBEHHO TNpeAcTaBieHus ['I2H, ['@H y TUH G a2 [101].

PesyabraThl aHa/ u3a OCHOBHBIX OCOOEHHOCTEH 3THX IOJSIPH30-
BAaHHBIX CHEKTPOB NpeACTaBJieHH BHIIe, B Tabja. 40; cM. Takxe 3sa-
MedaHHA, clefanHsle B § 24 npu oGCYKACHMU CHEKTPOB alMasa oT-
HOCHTEJIBHO CMBIC/IA COIVIACHS TEODHH H SKCIIePHMEHTa.

Mul 3akonuuM oGCyKAeHHe 5TOrO BOIpoca 3aMedaHHeM 06 oco-
GenHocTH /4 Ha cnekTpax, IpeacTaBieHHHX Ha ¢ur. 10a u 30. Ha-
NOMHHM, 4T0 B § 5, r yxe 0TMeuasoch, 4TO AJs 0OBSACHEHHA OCTPOro
MUKa Ha YacToTe, NHpeBHIIAIOMel YIBOEHHYIO MaKCHUMAJbHYIO 4Yac-
TOTY (POHOHOB B ajMase, Owljia OpelsoxeHa KOHUeNnusa «asyxdo-
HOHHOTO CBSI3aHHOTO COCTOSIHHSI». Y/IBOeHHas MakKCHMaJbHAas 4acro-
ta 20(0)= 2664 cM~!, a obcyxjaaeMbifi MaKCHMyM pacloJIOKeH
npu 2667 cu~!, uro AcHo BuAHO Ha ¢ur. 10a u 30. U3 moxaspusa-
IIHOHHEIX H3MEPeHUH CJedyeT, UYTO aTa O0CODEHHOCTb HMEeT CHMMeT-
puro T'UH, Tpebyercst manbHedmas pabora, 9To0H pPelIWTh, Chpa-
BeLJIHBA JH THNOTe3a O ABYXGOHOHHOM CBfI3aHHOM COCTOSIHHH.

B HexaBHHX paforax Ho KOMOMHaUHOHHOMY pacCesiHHIO B KpeM-
auu [101, 103] u repmanuu [106], obcyxnasuuxcs B § 24, noao6-
HBIX OCTPHIX IHKOB BBIIe TI'DAHUIE JABYX(OHOHHBIX INPOLECCOB
20 (0) obnapyxeno He Gbli0. [1paBna, B cayuae repMaHus HMEIOTCA
HEKOTOpHIE O CHX Top He oObsicHeHHble aHoMananu sOausu 2m0(0),
CBH/IETEJIbCTBYIONHE, BO3MOKHO, 00 OTKJIOHEHHH OT ABYX(OHOHHO#
YHKUMH pacnpelesieHHsi 4acTOT. YUHTEIBasg OTJIMYHS aJjMasa oT
KpeMHHSI ¥ repMaHus, cJaelyeT OXKHAATb, YTO OKOHYATeJAbHAs HHTEp-
nperanns ABYX(QOHOHHBIX CIEKTPOB HOTpebyeT elle psaAa AOINOJHH:
TeJIbHBIX HCCAeA0BaHMH.
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HexkoTtopble acnekTbl ONTHUECKUX CBOUCTB
KPUCTAJJIOB C HapylLUeHHOH CHMMETpHeM:
TOueuHble AedeKThl U BHEILUHHE HalpsKeHUs

§ 29. Bsenenne

Mpl 3aKOHUMM 3Ty KHHI'Y KpPaTKHM 0OCyXxaeHHeM 3((peKTOB Ha-
pylleHHS] CHMMETPHH — IPOOJEMEl, HHTePeC K KOTOPOH NOCTOSTHHO
pacrer. 1o cuX 0Op MBI H3yYyasJH MaKCUMaJbHYI0 CHMMETDHIO KpH-
cTajna, T. €. KDUCTaMIHUYeCKyl0 NIPOCTPAaHCTBEHHO-BPEMEHHYIO
rpynny ¥, cojep:kaliyi B KauecTBe MOATPYNIH IPOCTPAHCTBEH-
Hylo rpynny @&, u ciaeacTBusi 3TOH CHMMETPHH I/ JHHAMHKH pe-
UIeTKH H CBSI3AHHBIX C Hell onTHueCcKHX cBolictB. Hapyuienue cum-
METPHH MOXKET TpOUCXOAUTb pasHeiMu cnocofamu. Hanpumep,
B KPHCTAJJI MOryT OBITh BBeleHbl NPHMECH HJIH Apyrue AedekTh
Pas3JHYHON CTeleHH CJOKHOCTH, K KPHCTAaNIy MOLYT OBITh NPHJO-
JKeHBl BHellIHHe 0006lleHHble Hanps:xeHus. [lonnasa cucrema obJa-
JaeT Temnepb 0oJiee HU3KOH cuMMmeTpuel. B GaaronpuaTHHX Caydasx
CHMMeTpHSl TaKOH CHCTEMBI OCTaeTCsl AOCTATOUHO BBICOKOH, YTOOGEI
aHAJH3UPOBATL HHTepecHble 3¢ deKTH, 00ycI0BIeHHBIE CHMMeET-
puefi. I'pynnoli CHMMeTpPHH COCTABHOH HJAM MPHMECHOH CHCTEMB! fIB-
Jsiercsl HEKOTOpas HeTpHBHaJabHas moarpynna 95 wiu @S rpynnu &
utu @. [lpuHnunuasbHAas cxeMa aHAMH3a B TAKHX CAYy4asX 3aKJIo-
yaeTcsl B YCTAHOBJEHHH COOTHOLIEHHH MEXKIY CBORCTBaMH, KOTOpLIe
paHee KJIacCHGUUMPOBAJUCh MO rpymnne ¥ uium & uaeanbHOTO KpH-
CTaasa, U TEeMH Ke CBofCcTBAMH, HO KJacCH(UIHDYEMLIMH Telephb
1o rpynne &5 wian @S,

Ananus cucreM ¢ HapYIUEHHOH CHMMeTpHed 10 KpaHHe# Mepe
CTOJIb e CJ0XKEH, KaK NPOoBeJAcHHOE BHIIE H3yueHHE MaKCHMAaldb-
HOHl NpOCTPAHCTBEHHO-BPeMeHHOH CcUMMeTpuUH. B dacTHoCTH, OpH
3TOM HEOOXOMMO pacCMOTPeTb KaXKABRIH acreKkT TeODUH TIPYINM, AH-
HAMHKH pelIeTKH H ONTHUeCKUX CBOHCTB HeHIeasJbHBIX KPHCTAJJOB
H, €CJld BO3MOXKHO, YCTAHOBHTH B3aHMOCBSI3b C TeMH e acleKTaMH
TEOPUH MJEaNLHOTO KPHCTAJNa; TAKHM NyTeM MOXHO YyCTaHOBHTB,
yTo B OJIArONPHUSATHBIX YCJAOBHAX (HANpUMep, NPH HAJHYHH H3OJH-
POBAHHHEIX TOYEYHBIX Ae(EeKTOB HJH [PH ONHOPOLHOM HAaNpSKEHHH)
HeHJeaJbHEH KpHCTaJn oTobpaxaer cBoiicTBa uaeanbroro. OnHaKO
Takoi MOAPOGHEIN aHa/N3 BHIXOAHT 3a PaMKH LaHHOH KHHTH.

Mpul orpaHHuuMcs 31€Ch KPAaTKMM aHAJH30M HEKOTODHIX H3-
OpaHHEIX acCHeKTOB TeOPHH HeHAeaJbHBIX KPHCTAJJOB, B [EpBYIO
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oyepeab TeX M3 HHX, KOTOPbIE MPSIMO CBSI3aHbl C MpeAlIeCTBYIOUIHM
paccMOTpeHHeM HJeasNbHBEIX pelleTok. YHTaTess, KeJjalomero
TIy0xKe O3HAKOMHTbCA C 3TOH akTHBHO pasBHBaloileiicd 06JacTbio,
MBI OTCBEIaeM K TeKyllel JHTepaType. B wacTHocTH, cocTosiics pdaa
KoH(depeHnuil (TPpynbl KOTOPHIX ONyGJHKOBAHb), MOCBSILEHHBIX yac-
THYHO [126—128] nuan nosanocteio [129, 130] du3uKe HenmeaNbHBIX
KDHCTaJIJI0B, B 0OCOGEHHOCTH HX OTNTHYECKHM CBOHCTBaM.

B § 30—35 MBI paccMoTpHM npocTeHlIH{l cayya¥t H30JHPOBaH-
HOro TOYe4dHOro AedeKTa 3aMellleHHs, paclOJIOKEHHOTO B y3Jje
naeanbHol pewetku. [Ipn 3Tom mpeanoJaraercs, 4T0 eJHHCTBEHHOH
XapaKTepHCTHKON feekTa ABAAETCHA ero Macca, OTJHYAIAsca OT
MaccH 3amelinenHoro atoma. B § 30 onpenensiercs rpynna cummert-
PHH CHCTeMBl C JAe(peKTOM — OHa IpeACTaB/seT co60f TOUEUHYIO
rpynny yana, BBedeHHV0 B T. 1, § 60. B § 31, 32 ycranasaupaercs
KoppeJsnuss Mexay (OoHOHAMH HIEeaJbHOTO KPHCTALJA M 30HHBIMH'
KoneGaHHAMH KpHCTaJIa ¢ AedeKTOM; BBOAATCA TAKKe JIOKAJbHBIE
kKoneGauusa. B § 33 xpaTtko wuznaraercs AHHamuueckas TeOpHd
peuleTky, colepsKalledl H3OTONMHYECKUHN AedeKT, H yKasblBaercs, Ka-
KUM 00pa3oM CHMMeTPHS NO3BOJSIET YODPOCTHTb (HakKTOPH30BATh)
AHHAMHUECKYIO MAaTpHIY, HOA06HO C/Iy4ai HAeanbHOro KpHcTassa.
B § 34, 35 paccMOTpeHE! 37eMeHTH TeOPHH MHQPaKpacHOTO MOIO-
IeHHs] H KOMOWHAIIMOHHOTO paccesHHS, MPHUEM OCHOBHOE BHHMA-
HHe OISITh OOpalleHO Ha CBA3b NMpaBUJ oTbopa ¢ ciMMmerpuelr. Ha-
kouen, B § 36 oOcyxpaercsi BOIPOC O HapyWeHHH CHMMETPHH
BHEIIHAMH areHTaMud, HalpuMep OOCOOIIEHHLIMH HaNpsKEHHAMI.
Hauboabwnit vHTEpec, moxanayH, IpeAcTaBasieT Ta BO3MOXHOCTD,
KOTOPYIO HapylleHHe cHMMeTpHH (ZedeKTh H BHeIIHHe HaIpsXKe-
HHs1) OTKPBIBaeT IJs1 HaOdIOfeHHs Npolleccos, OOBYHO 3anpeleH-
HBIX B HOEaJbHOM KDHCTaJdJe; TaKHM o0pa3oM, HapyuleHHas CHM-
MeTpHsl MOXKeT OBITb MOILHBIM CPEACTBOM NOJyuYeHHs HHpOpMalHH
06 uaeanbHOM KpHCTaJlle.

~ § 30. I'pynna cMuMMeTPHH KPHUCTaNda C TOYEYHBLIM AedeKToM

[Ipu Hanuuuy JedekTa B KPHCTAJ/IC CHMMETPHS CHCTEMBl IIOHH-
JKaeTcsl M0 CpaBHEHHIO ¢ WieanbHoll pemerkodl. B wacTtHOCTH, ecau
nedeKT OTIHYAETCS OT 3aMeIlleHHOTO aToMa TOJbKO MacCol, Mul ro-
BOpHM 00 H30TONHYeCKOM JAedeKkTe 3aMelieHHA.

Mbl paccMOTPHM MMEHHO 3TOT cjlyuall elMHCTBEHHOTO H30JHpO-
BAHHOTO TOUEYHOro AedeKTa 3aMelleHHMs B KDHCTajie, HIEAJbHOM
BO BCeX IPYIHX OTHOHIeHHsX. JIJ19 MpPOCTOTH HIeajH3HpyeM CHTya-
MO0, npexanojaras, 4to AedekT npelcrapiseT co60R 6GeccTPyKTyp-
Hylo (TOYeUHyI0) Maccy, 3aMellaiollyld aTOM OCHOBHON pelIeTKH
6e3 H3MEHEHHS] KAKHX-TUOO0 CHJOBHIX IOCTOSHHLIX. B mocjenyrouinx
naparpadax Mbl H3y4YHM HEKOTODHle aCHeKThl AHHaMHUeCKOH 3a1auH
Ans 3toro jAedeKkTa, B YaCTHOCTH BO3MYUIEHHBIE COOCTBEHHBIE Hac-
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TOTH, HH(ppaKpacHoe MOrJOLUIeHHe N KOMOMHAaLMOHHOe pacCesiHHe
B HeHJeaJbHBIX KPHCTAJJIaxX M Jpyrue cpoficrsa. Ho 3zech Mbl BHa-
yaJjie UccaefyeM CHMMETDHIO CHCTEMBL.

BBenenne npumecu, oueBH/HO, HapyluaeT NOJHYIO TPaHCHASIHOH-
HYIO CUMMeTpHIO KpHcTasyia. CHMMETpPHSI CHCTEMEBl He MOKeT OHITb
Teleph OMHCaHa MNPOCTPaHCTBEHHOH rpynmo# @& wuam npoctpad-
CTBEHHO-BpeMeHHOH rpynmof . BMecto 3TOoro rpynnoii cuMMeTpHH
ABJSIETCS TAKAash COBOKYIHOCTb OllepalHil, KOTOpas OCTaBJsieT IPH-
MeCHBIHl y3eJ HMHBADHAHTHHIM M 11epeBOJHT OCTAJLHOH KPHCTaJLI
cam B ceba. Taxum o6pas3oM, MHBapHAHTHOH TPYNNOH KpHCTaia

l
¢ ZedeKToM B y3Jae r (%) IBJIsIeTCst TPyINIa CHMMETPHH IIPHMeC-

213(:) (30.1)

l
3nech %(x — pa6op onepauuit TouedyHOH rpynnsl (4HCTHIX IOBO-

HOTO y3Ja

pOTOB)

| !
€10 fun, [0} = (). (30.2)

KOTOpHle, OyAyYd COBepUIEHB OTHOCHTENBHO NPHMECHOr0 Vy3.1a, Bhl-
GpaHHOrO 3a HAyaJo CHCTeMBl KOODJAHMHAT, OCTaBJSIOT KPHUCTaJLI
HHBapHaHTHEIM. Pasymeercs, nadop (30.2) siBasiercss 0LHOBpEMEHHO
noarpynno# rpynn @ u g.

Orcioja clefyer, 4TO BCe pacCMaTpUBaeMBble IpPeJCTABJICHHSA sIB-

l
JISIIOTCSl TIPeACTaBJIEHHSIMH TPYIIEL 513(%). I'pynna npumecHoro

l
yaaa P ( w ) BoO6IIeM cayyae OTJAHYHA OT daKTop-rpynmu P = G/3,

HOCKOJNbKY (PAKTOP-TPYNNa CONEDPIKHT BCE IOBOPOTH M3 rpynnn @,
TOrAa Kak TIpPyNNa IPHMECHOrO y3jia COAepXKHT TOJbKO Te II0BO-
POTHl, KOTOPHIE OCTABJAIOT NPUMECHLIH y3€J HHBAPDHAHTHHIM U Te-
peBOIAT KpuCTaJa caMm B cebs [131].

B kayecrse BaXXHOro NmpHMepa OTMeTHM, YTO TPYNIOH CHMMeTt-
DHH y3/Ja JAJs KaXJA0ro atoMa B sJeMeHTapHOH sdelike KpHCTaJ/a
THIIa ajiMasa sBjafdeTca rpynna terpasigpa Tg4, Toraa Kak (akTop-
TpYINO# aJ/jMa3a siBjsieTcd TojHas KyOudyeckas Todewnas rpynna
Op. Jaa KpucTa/JIOB THIA KaMeHHOW coju o6a aToMa B 3JeMeil-
TapHOH fYefiKe HMEIOT IPynny ysJaa, copnagaioluyio ¢ Ox. Yuratean
MOZKET JICTKO IPOBEPHTb 3TH YTBEPXKAEHHs, PACCMOTPEB RefiCTBHe
Ka:KJIOTO U3 INpejfcTaBUTeNell CMeXHBIX KJaccoB B TabJ. 2, mpume-
HEHHOrO OTHOCHTEJbHO HauaJa KoopAHHaT, DBoJjiee NOyuHTe/NbLHO
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6uls10 Obl ONpEeAeJqUTb COOTBETCTBYIOLME TPYNINH AJs APYrHX TOYeK
B 3/JeMeHTapHOH fuelikKe KaXJOH H3 3THX CTPYKTyp H 3aTeM Cpas-
HHTb C Pe3yJbTaTaMH, IPHBEJAEHHLIMH B paboTe [64].

§ 31. «30HHble» KoaeGaHHUA B HeHJeaNbHBIX KPHCTaAJaX
THIIA aIMa3a W KAMEHHOH COJH

B sTom n caenylomiem naparpadaXx Mbl H3YYHM CHMMeTpPHIO ¢o-
HOHOB B BO3MYILIEHHOH pelleTKe C TOYEYHBIMH JecdeKTaMH. Ml pac-
CMaTpHBaeM HJACAJH3HPOBAHHYIO CHTyalHO, KOTjJa CHMMeTDHA pe-
illeTKH HapyllleHa BBeJeHUeM OAHHOYHOIO H30TONHYECKOro nedekrta
2aMelleHHa. B aTuX AByX maparpacdax Mul HTHOpPHpyeM npoGJeMmbl
JHHAMHKH, T. €. BOIPOC O BBIUHC/JAEHHH COOCTBEHHBIX 3HAYeHHUH
H BEKTODOB, OTKJI4JbIBAsl aHaJH3 3ToH 3ajaun no § 33. Oxnako Mul
VCHIONIb3YeM OJMH M3 pPe3yJabTaTOB TAKOTo aHajH3a, a MMeHHO UTO
B KpHCTaJe ¢ AedeKTOM MOryT CYINeCTBOBATL JBa THNA (POHOHOB:
«30HHBIe» (DOHOHE, HE3HAUHTEJAbHO OTJIHYAIOLHecs MO CBOHM CBOH-
CTBaM OT ()OHOHOB B HJeaJbHOf pelleTKe (MaJble CABUTH 4acTOT),
¥ «JIOKaJbHbIE» (POHOHB!, HJIH «PE30HAHCHBIE» KOJeOaHHs, He HMe-
[l¥e aHa/JOroB B MJeaJbHOH pellieTKe, TaK KaK AJiS 3THX KoJjeba-
HHH cMellleHHs B o0lleM ciayyae JOKa/JIH30BaHE BOKPYT AedeKTa.

@oHOHBl B H/l€aJbHOM KPHCTAJJe XapaKTepH3YIOTCS CBOHCTBAMH
npeo0pa3oBaHUl OTHOCUTENBHO ONEepauuii NPOCTPAHCTBEHHOH TIpym-
noi @ (6e3 yuera muBepcun BpemeHH). OHm o6pasyiorT Gasuch He-
NPUBOANMBIX mpencrtasienuit D*® W rpynnel @. Ilycrb cumMmeTpus

l
KpHCTAaJ/lJla TIOHUXKAaeTCAd 3a CUET TNOABJECHHA NPHUMECH B Y3Jie r (K)

HPEILHOJIO}KPIM, YTO 30HHHIE KOJIeOaHHS «B OCHOBHOM>» He H3Me-
HSIOTCH, T. €. COGCTBEHHHIE YAaCTOTH H co6CTBEHHBIE BEKTODHBI A4
HHX Te 2Ke, YTO H B HJAeaJbHOM KpHCTaJJjae. OILHaKO CHMMETDHA
KpHCTaJJla MEHAETCA!

@-»qs(i), (31.1)

no3TOMY (POHOHBI, KOTOpHIe NPeOoOpPa3OBHIBAMNCL MO IpeAcTaBie-
Huam DB () rpynne @, Q0/XKHEL TeNepb KJaCCHMPHIUPOBATHCA IO
HEeNPHBOAMMBIM INpeacTaBiaenuaM D™ rpynnel NpHMeCHOro ysJja

! .
SB(K). Ho sto He uTo MHOe, Kak mnpo6jeMa MOAYHHEHHS Ipel-
CTaBJICHHH:

: !
D*® () rpynnwm ® | D™ rpynnu 913(”). (31.2)

HOnas peanusauuu (31.2) Heo6XonuUMO HCNOJNb30BATH TalJHIH Xa-
PakTepoB HENMPHBOAMMBIX HpeACTaBJeHHH noJuoil rpynnsl &, a
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Tabauya 53

KosdduuueHtn npuseaeHHs npocTpaHcTBEHHOA rpynns auas
pemerka aamasa [132]

P P, P, R, /2

res 1
roes 1
124) R 1
r(lS +) 1
1‘(25 +) 1
rus 1
;r{l—) i
7‘(12—) 1
res !
25-)
* Y 1 1 1
*x 1 1
*x(S) 1
*Y(4) 1
h1+) 1 1
‘*L(2+) 1
>3 1 1
*10-) 1
() 1
*J(3-)
Ei 40 1
'*W(Z) 1
*q(D 1
w2 1
*4(2°) 1
*A(l’) 1
w4(8)
*q (D 2
yA(Z) 2
A (3)
‘k}:ﬂ) 1
b y(2)
*x y(3) 1
*Zi4)
*Z
1*Q(U
\.Qm
*k

TN o Y

[EPRE N QR RS
(S =

e ea e s b
S

[ SIS
E

B et

[ 38 I —
BN e e =N
AW W =N
[ T T T N R S )

l
Takxe Cpynnu 513(”). Torna, ucnonb3ysi ¢popmynay npuseleHHs

npeacrasieHudt (1. 1, 17.9) ans nandoro cayuas, foayuaeMm BH -
paxxeHHe

1 * » .
an=~ Y, DR L™ R, (81.3)
Rep
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Ta6auya 54

KosdHuneHTH NpHBexeHHs TPOCTPAHCTBEHHOH rpynnbl Ras
rpaHeneHTpupoBaHHofi KyOHueckol pemerkn [132]

i+ ra+ raz+ (aS+) ~ p2s+) . pa-) (2-) (12-)  ps-) (35—}
I r I r I r

0 CR I 1

*x120) 1 1

*x(34) 1

px(4¢) 1

X5 1 1

*Xxt-) 1 !

S Ead) z |

*x13-) . i
*xte-) i

*x(S-) 1' i
xf{1+) 1 1

*p2H) ! i

*f(3+) 1 1 1

1) 1 1
2o 1 1

>3- I 1 1
* ), 1 i 1
tW(!') 1 1 1

W 1 1 1

fwer 1 1 1

AW 1 1 1 1
tAlll 1 1 1

gAu) 1 1 1
42 1 1 1

%4019 1 1 1

*419 1 ] 1 I
* 1 1 1 1

*q(2) 1 1 1
QA(3) 1 1
23 ! 1

t}_‘(Z) 1
t;(w 1
b And 1 1 1 1
tZ(U l 1 2 1
aztl)
*Z(3)
*Z()
*Q(l) 1 1
aQ(Z) 1
*k 1 1 2

— e
—
—
- e e ot

W e N = e ——

._
L R
[FU NI
-—
—

KOTOpOE IIOKa3blBaeT, CKOJIbKO pas m-e HeNPHBOILHMOE Tpencra-
e
BJIeHHE TDYNIbI 5}3(%) BCTpeyaeTcsl B NPHBOAMMOM IpEACTABJIE-

Hun D*® ), B (31.3) cymmupoBaHue B npaBoH YacTH NPOBOLUTCA
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Mo 37eMeHTaM TPYHibl 913(%), a xapaxrtepsl X*# (0 g.ym orgo-

l
CSITCSl COOTBETCTBEHHO K rpynnaM & n 513(}6 .

Mpl moOXeM HeHOCPeACTBCHHO NPOHMIIOCTPHPOBATL 3Ty npoO-
HeAypy MUl IBYX HHTEPEeCYIOLHX HacC IPYII — aJMas3a H KaMeHHOH

coid. B kauecTBe IpyNme CHMMETPHH IIPHMECHOro y3Jja SB( )
P

ciaeyer B3siThb coOTBeTCTBeHHO Ty n Oy B Tabo. 53 u b4 Mul npu-
BOAHM, cieaya Jlaynonwy [l132], pesyibTaTel HOIYHHEHHS INpef-
CTaBJICHHH.

Uro0sl npoAeMOHCTPHPOBATh, KAKHM 00PA30M OCYILIeCTB/ISETCH
noJ4YHHeHHe MpEACTABJICHHH, DacCMOTPHM B KauyecTBe MpHMepa
npofoJbHoe KoJjebanue B nentpe rpaHn [100] 3oust Bpuamosna
B CclIyyae ajnMasa. IDTo KoJefaHHe HMeeT CHMMetpuio DX
(B 0003HaueHHAX MOJHOA TDYNIBI); COOTBETCTBYIOUIHE XapaKTepol
npusenensl B Taba. Bbl. Urobw ocyulectsuTh ykasauuoe B taba. 53
npuBeJeHue, HYXKHO 3HATL B COOTBETCTBUH ¢ dopmytol (31.3)
xapakteps ¥*X M aas Tex saemenTOB R, KOTOpHe #BAAIOTCA 06-

[
wuMu gas rpynn @ u SE(K). B nagHOM ciydae TaKUMH rpynnamu

apadoTes rpynnsl O H Ta DiaeMeHTaMu rpymusl Ty SBASIOTCSH
IIPOCTO TNOBOPOTHBIE ONepalluy TouedHol rpynmel. Cijel0BaTelbHO,
Mbt AOJKHB BHIOpaThb u3 Taba. Bl COOTBETCTBYIOIIHE 3THM 3JeMeH-
TaMm XapakTepbl; nocielhne Aatorcs B taba. b5, O6paTtum BHEMaHHe
Ha oO0o03Ha4yeHHA HeNPHBOAMMLIX [peAcTaBJAeHHll rpynne T4 B
Taba. 53 u 56. B pesyabrarte noayvaem

DY rpynne O} VPi@P;® P, rpynnm T (31.4)

OGo3Hauenus, ucnonbzosauusle B (31.4), moscusiorea B Ttalba. 56,
rie yKasaHbl CTaHAapTHble MOJIEKYJSpHBIE CHMBOJB NpeacTaBJle-
Hufi. Tenepb AOMKHO OBITh $CHO, KAK OCYIUECTBJSETCH INOAYMHEHHE
npeACTaBJeHuH, TaK 4TO pe3yapTaTel TabJ. 53 Jerko NpoOBepHUTh.

Tabauya 55
PasjoxeHHe upejpcTaBleHHs p0® rpynnm O}, Wa npexcraBieHus
rpyuns T,
Kunace E 8C, 3C, 60, 6S,
*x)m 6 0 2 2 0

X (xX) 1) =P+ P+ P,
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Tabauya 56

JlokaabHue koaeGanusa jpas rpyunn T, (rpynma cAMMEIpHH y3Ja
HeHJeaJbHHX KPHCTaJJOB THNA anmasa)

Ipe icTaBnenne E 8G, 3C, 60 4 65,
P = A, 1 1 1 1 1
Py = A; 1 1 1 -1 —1
Py = F, 3 0 —1 —1 1
Pi=Fy(x, y, 2) 3 0 —1 1 -1
) 15 0 -1 8 —~l=A+E+F+3F
Xiﬂq a 33 0 -3 7 —3=24,+2E+F + 7F,

B o6mem cayuae q0608 NPOCTPAHCTBEHHON rPynuBl AJisl OCYLLECTB-
JeHus! 3TOH Opolelyphl HYXKHO 3HaTh HENPHUBOLUMDIE NPE/ICTaBJIECHHS!
TOJMHOK rpyIILL.

§ 32. JlokanbHnle KoMe6aHUA B HEHAEANbHBIX KPUCTaMIax
THIA aAMa3a H KaMeHHO# coJin

[Ipu mannuuu JoKaAbHBIX KojdeGanuhi [133, 134] B kpucrasie
C H30JIMPOBAHHBIM H30TONHUECKUM Je(eKTOM MBI HMEeM [eJ0 C Mpo-
CTPAHCTBEHHO JIOKAJH30BAHHBIMH CMEUIeHNAMH, <HIPHBSI3aHHBIMHE>
B OCHOBHOM K MPHMeCH; 9TH KOJeOaHHsS COCYLIECTBYIOT € 30HHLIMH
Ko/e0aHHAMH, INpeACTaBASAIOIIUME CcOoO0f cJerka BO3MYIUEHHHIE
KoeOaHua HAeaJbHOro Kpucrajia. [losHoe uucA0 HOPMAaJbHBIX
KosneGaHull, pasymeercs, coxpaHsiercsa paBHeIM 3rN. Jlokanusamus
BO3MYUIEHHHIX KOJeGaHUH OKOJIO IPHMECH 03HAYAET, UTO Mhl MOKEM
pacCcMaTpUBaTh NOAMHOXKECTBO Y BOSMYLIEHHBIX HODMAaJbHBIX KOJie-
0aHufl OTHeAbHO OT oOCTaNbHHX (37N —7%) cna6o BO3IMYLUICHHBIX
3OHHBIX KoJsieOaHufi. Ecan nedekr mpeacraBiasier cofofi uzoronyye-
CKyl0 npuMech 6e3 H3MeHeHHS CHJ/IOBHIX TOCTOSHHBIX, MH MOXKeM
NpoaHafiu3upOBaTh CUTyalMIO, paCCMATPHBAS MOJIEKYJY, COCTOA-
IIly10 TOJNBKO U3 MPHMECH M ee GJHXKafllero OKpyxeHus. B nannoM
naparpade Mpl H3YYHM CHMMETDHIO TAKHX JIOKaJbHBIX KOJeGaHHil.

JJis5 KOHKPeTHOCTH PaCCMOTPHM H30JHPOBAHHBIN H30TOMHYeCKHE
JedeKT B pelleTKe THNA aamasa. Mb MoxeMm OmpelesHTb DpHMeC-
HbIH KJacTep, MM MOJIEKYJy, KaK CHCTeMy, COCTOSIILYIO H3 ledeKTa
u uerbipex Oamxafmnx cocefelt. OmucuiBas KoJeOaHHA KaxkKaOro
aToMa ¢ NOMOUIbIO Je€KapTOBhIX CMeIleHUH, MEl [OJdyuaeM OGHLIYHLIM
obpasoM KoaefaTesbHoe (MeXaHHUeCKoe) MpelNcTaBjdeHue. DTo MO~
KasaHo B Ta6q. b6 B BHAe TalJHIB XapaKTepoB IPYyMmel MPHMEC-
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HOTO y3J/1a, T. €. FPYNNBl T4, B KOTOPO# OllepallHi CHMMETPHH COBEp-
LIZIOTCH B CHCTeMEe KOOD/JHHAT, HauaJo KOTOopoH BHOpPaHO B yaJe,

3aHATOM MNpUMeCHHIM aToMoM. [IpH BoLlYMCAeHHH XapakTepoB y!A)

T
VUHTBIBAIOTCS TOJBKO IISITh YIOMSIHYTBLIX 4TOMOB.
OrmeruM, uyTo B %3 mosBasiercss mpeacrasienne Py (mau Fy).

[TockonbKy HauyaJdo KoopaHHAT BEHIOpDAaHO B y3je, 3aHATOM Jedek-
TOM, moboe JABHKEHHe, B KOTOPOM YydyacTBYeT HedeKT, OTHOCHTCH
K TpeAcraBiaeHulo Fj, Tak Kak MO 3TOMY NpeACTaB/aeHHIO Nipeobpa-
3YIOTCSl JAE€KapTORBI KOMIIOHEHTH cMelieHusl Aedexra (Ax, Ay, Az),
T. €. HEKOTOpPHIH MOJAPHBIA BeKTOp. TakuM 006pasoM, JOKaJbHLE
KoJleGaHHs, B KOTOPLIX VHACTBYeT Ae(eKT, MOJKHBI BCErAa HMETh
cuMMeTpHrio Fo (B 0003HaUeHHAX I'PYNIB IPUMeCHOTO y3Jaa). B cie-
AyiolleM HOPHOJNHAEHHH MOXKHO Yy4ecTb B3aHMOACHCTBHE MPUMeECH
C YETHIPbMA OJHMIKAHIIHMU H LIECTbIO CAeNYIOWHMH 3a OHKaHUIHM it
aroMaMmu. Tenepb K/JacTep COCTOHT M3 OJMHHAaALATH 4TOMOB, M/H
TpuALATH Tpex cTeneHefl cBoboarl. CrcTeMa XapaKTepoB AJA 3TOrO
caydas obosnauena B 1abua. 56 uepes x4 . Ilpu atom npexnctas-

aeHue Fy BcTpeuaercs ceMb pas. OueBHaHO, KaxkAoe H3 KodeGaHHH
Fo BRAOUaeT CBA3aHHOE ABHKeHMe NPUMecH (MMeioliee CHMMETPHIO
F3) u cMmelilleHHs] COCeJHUX aTOMOB, Takxe INpeoOpasyiolIHecs Mo
npezncrasienno Fo. MOXHO OXHAATb, YTO B OAHOM H3 3THX KoJe-
Gauuft Fy; HanboJbLIYI0 aMIVIMTYIy UMeeT NPUMeCh, a COCelH BHOCAT
MaJblt BKJAAA U YTO A ApYrux KoJjeGanu#l Fy cuTyanusi obpaTHas;
0/lHaKO MOJOOHBIE BONPOCH MOMKHO BBISICHHTH TOJbKO IIyTeM petle-
HHSl JHHAMHYECKOH 3aAauH.

JIerko MOHATE CMBIC/ OCTaJbHBLIX KoJeOaHu# B 3TOM KJaacTep-
HoM mojaxone. Bo Bcex koneGaHusx, kpoMe Fg, TpHMecCh IOKOHTCH,
H OHH JOJKHBI paccMaTpHBaThbcA KaK 30HHbIE KoJMeOaHHs, KJaaccH-
¢dunupyeMble 1o rpyinne CHMMeTPHM TpuMmecHoro y3na T4 Ecan
B ANHAMHUYECKOH 3ajaue YYUTBIBATH BCe OoJiblilee YHCJIO cocelie, TO
«MoJjiekyna» OyneT NpHOJIMKATLCA K HCTHHHOMY HeHAeaJbHOMY
KpUCTa1y; NPH 3TOM OJHOMY U3 KojieOaHHH Fy JOJKHA COOTBeT-
CTBOBATbL 3HepPrua H coOCTBeHHBIE (DYHKIHH KoJeGaHHH mpHMeCH
(noKasabHOe, WM pe3oHaHCHOe, Kogebanue), TOrZa Kak Apyrue Ko-
JebaHus NOJ/KHB NepexoJHTh B 30HHBIH CIIeKTp TOTO e THIA, YTO
W AJs HAeadbHOU perleTkH ).

[Ipumep koneGanuil pasHo CHMMETPHMH INpHBeAeH B TabJa. 57,
rie gadnsl cOGCTBEHHble BEKTOPHI A/ MOIeAH OaMKaHIHX cocenell

) Bonee mnocsiefoBaTeNbBEIH [ONXOZ K 3ajsade Knaccadukanuy xoneGanuii
KpHCTaaia C NPHMEChio H3JIOXKeH B o63opax [136, 186]. B srom momxone KJaccH-
¢duKanus Kak 30HHBIX, TaK H JIOKaJbHHIX KOJeGaHuil NPOBOAHTCA COBMECTHO, MNO-
CKOJIbKY HaJHuHe NOC/IeAHHX 3aBHCHT TOLKO OT MapaMeTpoB CHCTeMul. Bce Kose-
6aHUs  OMHCHLIBAIOTCH HEKOTOPO#H LhrfM(:TpnsosaLHou dyuxuneli pacnpereneHnst
uactot, §-o6pasubie 0COBGEHHOCTH KOTOPOH ONMHCHIBAIOT JIOKaMbHble KOJeGaHHs, —
Hpun. ped.
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B HeHdeaJbHOM KpHcTanade anmasa [135]. 3amerum, 4To B Ko.1eba-
HUAX Fo IpHMech cMelllaeTcs, a B OCTaJbHBIX — IIOKOHTCS.

Tabauya 57

CoGcreennble BekTopn {$'%) ({%)} (HemopMEpOBaHHME) AA MpHMecH
3aMenieHns ¢ caMmerpueil T, B KpHcTaaJe THna aiamasa [136]!)

(1)
(In) = A4, E
000 0O 0 o 0 0 o0
111 ¢« o o a —a O
111 - —0 —a a 0
1171 a —a —0 a o O
111 —0 o —o —a —a 0
TR, U S T
e
000 ‘0 00 00 006 0 0 x, 0 0
111 ¢—a0 a0—a 0 o—a o pH B
T11 —a o0 ¢0 o 0 a a a p—P
1TT —a—~a0 —a0—a 0 —a a a—Pp —p
T11 ¢ a0 — a0 a« 0 —a—a a—f B

E®
PR S
0 0 0

a o —2a
—a —a —2a

o —a 20

—a a 20

F(22) Fga)
——

0x0 O 0 0ux
ba B B Bu
pa—p —B—fa
—Ba $ —p Ba
—pBa—p p—Pa

) Ilpeanonaraercs, YTO KOOPAHHAIMOHHOE YHC/IO AJIS IPHMECHOrO y3Ja PABHG YeTHIPEM H
npuMech B3aUMOJelCTBYeT He GoJiece ueM ¢ 4YeThIpbMf OJHKAUAMU cocelaMud. KoMIoHedTh
BEKTOPOB IOJIOXKEHHs Oanxalmux cocedefl {X (/%)} .daHbl B eJIHHHNAX, PABHBIX !/, NOCTOAHHOHR

PelIeTKH.

B caydae xaMeHHOH CcOJH NpUMech BMecTe ¢ OJHKaHIIUMH
cocefsiMH  ofpa3yeT CeMHATOMHYIO OKTa34pHYECKYI0 MOJEKY.JIY.
CwMellleHuss HOHOB reHepupylor 21-mepHoe KosnebGaTesbHoe mpej-
cTaBJeHHe, XxapaKTephl W [pUBeReHHe KOTOPOro naHnl B TabJj. 58,

Tabauya 58

JlokaxpHbie KoJgeGaHHS B HeHMAeaJbHBIX KPHCTAJJIAX THIIA KaMEHHOH coaH
(rpynna ysaa Op)

E

A
Aoh

21

8C;  3C?
0 -3

6C, 6C, i
-1 3 -3 0

8S;

3o, 60y
5 3

6S,
~1

= i+ a5 {2+ P 75+ ® 3rs-) fas) r26-=)

Kak u B cayyae anmasa, BblUHC/AEeHHE COOCTBEHHBIX BEKTOPOB IIO-
Ka3biBaeT, YTO CMeLUeHHs HPHMECHOrO aToMa JAAIoT BKJall TOJbKO
8 npeicrasieHne ['1I5-), Bee ocragabHble KoJeGaHHs CHOBa -AB-
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JSIIOTCA 49acCTbl0 30HHOIO KOHTHHYYMa H COOTBETCTBYIOT 30HHLIM
KOJIeﬁaHHHM, KJIaCCHq)I/IL[preMbIM o NpeACTaBJCHUAM I'PYIIIBLI CHM-

l
MEeTPHUH MpHMecHOro ysaa P ( " )

§ 33. JuuaMuyeckue acueKTH BO3IMYIMEHHBIX KoJeGaHMil KpucTaasa

JuHaMuKa peuleTKH HAeaJibHLIX KPHCTAAJO0B OBLIA NPOaHAJU3H-
posaHa B T. 1, § 67—86. Ilpusenem 3znech ocHoBHBEIE QOPMYJH, KO-
TOpBle MOHaA00ATCsl HAM B 3TOM maparpade. HanmoMHuM ypaBHeHue
aBuKeHus (1. 1, 67.19):

l 174 4
mawi(, )+ 3 o (L Y1) =0 e
% B I A AN

3pecs M, () — macca aroma B yajne x KaxkIoH suedky (He 3aBH-

{
csmasi ot [}, ua(%)——aexapTOBm KOMICHEHTH CMEL[eHUs *H

I r
(Daﬂ( , | — nuHamuueckas matpuna Bcero kpucrajia. Co6cTBen-

® %
Hele BekTopdl (33.1) mosyuaioTess puaronanusauded mMarpunsl (1. 1,
72.6) \
1 .
(Daﬁ (% o ) —® aaﬁéll’éxu’); (332)
rie
Daﬁ( l l,,)s[me]"”z (Daﬁ( l ll,). (33.3)
X % ® %

YyuTeiBas HHBApHAHTHOCTL cuioBo# Matpuun @ wan D no oTHoule-
HHIO KO BCEM 2JeMeHTaM NpPOCTpPaHCTBeHHOU rpynne @, uenecood-
pasHo nposectH ¢ypbe-npeobpasonanne maTpHun (33.3), uTo npH-
BOAHT K XHHaMuuecko# martpuue (1. 1, 78.5):

R G L

114

CofceTBeHHBle  BEKTOPH JAHHAMHUeCKOH Matpuusl (33.4) moay-
yatorcsl, Kak # B (1. 1, 79.4), auaroHasusanueli MaTpHILH

k
(Duﬁ( — ) — @? (;k {iu) 6{136%%')~ (33-5)
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k
Dt coOCTBEHHBIE BEKTOPbl 0003HAYAIOTCA ea( ® )u BHIOHPAIOTCS
in
OpPTOHOPMHpOBaHHLIMH, KakK u B (1. 1, 79.8) — (1. 1, 79.11):
k
Ze;(x . ) ( )_a W (33.6)
no ]
k k
Ze’g(%’ . )e(% . ):awaw,. (33.7)
i Ju In ’

HopmaibHble KOOpAMHATE! /ISl JAaHHOH 3aJauH BhbIDAaxKaioTCs vepes
5TH BEKTODH C MOMOILIbIO coOTHOWleHW# [cM. (T. 1, 80.9)—(t. 1,

§0.10)]
]k ) ua( ; ) VM, . (33.8)

Q(]u) «/N ZZ ~Mle"(

3/ech HesiBHO MOAPA3yMEBAETCS TrapMOHHUECKAs 3aBHCHMOCTb OT
BpeMeHH. B npeHeGpexeHHn cUMMeTpHel [0 OTHOIIEHHIO K HHBEp-

CHH BpPEMeHH Q(]. )o6pa3y10T fasucbl HENPUBOAUMEBIX NpeAcTaB-

u
jdeHufi rpynnel @. [lpeobpasoBanue, obpatHoe (33.8), umeer BHI

u(i) VM%N ZZ ‘”zea(x :)Q(:) (33.9)

B HenpeasabHOH peleTKe MOTYT M3MEHHTbCS KaK MacChl, TaK H
cuioBble nocrofHHble. Bux ypamuenua (33.1) nmpu stom mHe wMe-
nsercs. PaccMorpuM, OfHaKo, mpumech Maccnl M, (I), cBa3aHHylo

C KpHUCTaJJOM HNOCPEeACTBOM H3MEHEHHBLIX CHJOBBIX [OCTOSHHHIX

14
@aﬁ(% %,). YpaBaenus asuxeHus (33.1) npHHEMAIOT Ternephb BHJA

‘M;(l)iia( )+Z aﬁ(lf:,)u[j(iZ):o. (33.10)

%8

3anaue (33.10) orBeyaer Oosee HH3Kas Tpynma CHMMETPHH
513(;) npuMecHoro ysJga. CorsacHo pesy/abratam 1. 1, § 72—76,
co6cTBeHHBle BEKTOPH MaTpuusl (33.10) MoxxHO BHIGpaTh Kak 6a-
SHCH HENPHBOAMMBIX MPEACTaBJEHHA TOYEUHON rpymibl 913(%)

TpaucianuoHHA CHMMETPHA Tepsercs, TaK XKe KaK CHMMETDHs
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OTHOCHTEJIbHO JIOGBIX MOBOPOTOB, HE BXOAALIMX B rpynmy P ( %)

Cucremy ypapHennit (33.10) MOXKHO DHITaTbCcA pellaTbh NPAMBIMH
MeToJaMHu, HO B o0UleM caydae 9TO HeyloGHO.

Tenepb MOMHO yCTaHOBHUTHL CBfA3b C PAacCMOTPeHHEM, OPOBEAEH-
HuiM B § 32. Mu miuem peumienune ypapHenus (33.10) toabko ans

{ l
CMeneHns u(%) NpHMecH, PacloNIONKEHHOH B yaJe r(% ) Cnre-

N

JdaeM CcHavaja pafHMKajJbHOe AOINYILEHHE O TOM, UTO MPHUMECHb CBS-
3aHa TOALKO ¢ OJMKANUIHMHE COCEISIMH, H MOJOXHM BCe OCTaJIbHBIE
CHJIOBBIE IIOCTOSIHHBEIE paBHLIMH HyJ10. Torza sMecro (33.10) moay-
yaeM YCeYeHHYIO CHCTeMY ypaBHeHHH

M;(l)aa(i)—l— > @aﬁ(: ;)uﬁ(i)=o (33.11)

g

nn
rae (l,%) BEJIOUaeT TOJBKO npuMech W OamKalllunx coceneit, dra
cHCTeMa YpaBHeHHH COOTBETCTBYET <«MOJIEKYJ/SIPHOMY» OpHOJHNKE-
HHIO Ui RMHAMHUKH NPHMECHOTO aToMa H CBSI3aHHBIX ¢ HUM OJiu-
skalimux atomos Martpuubl. Hanomuum us § 32, uro JjoxaJjbHoe
KosieGaHue, CyILeCTBOBAHHE KOTOPOTO 3lech HOJApa3yMeBaeTcd, UMeet
CHMMETPHIO

Q,~T", (33.12)
T. €. Ipeofpa3syeTcsd Kak NOJNSIPHEIH BeKTOP OTHOCHTJILHO Omepalui

l
U3 rpynns P ( N ) Bcee koebanus, 3a nckawouedneM Q; us (33.12),

KOTOPOMY OTBeuaeT HauOoJbillast aMIUIHTYAa CMelleHHH NpuMecH,
HYXKHO OTHECTH, clIefys § 32, K 30HHBIM KOJeOaHHsAM.

Hapsaay c MoJieKy/JsipHBIM NPHOJMKEHHEM pelleHHe CHCTeMbl
(33.10) moxHo HaliTH Mmeronom ¢yukum# ['puna [134], asasio-
uMMcsl YIOOHBIM AJ1S1 3TOH 3aJa4H BapHaHTOM TEODHH BO3MYILEHHI]
[137]. HUrak, onpeleaum MaTpHILY

L ‘ L r
Cas ( o )= — M, (l)e, () 00 ,43,,:5,, @uﬁ( )

+cpaﬁ( l), (32.13)

rae e, (/) — BcnoMmorareJgsHHH mapaMmerp:

M (1)

Sx(l) =] - m. (33.14)



236 Taasa 4

Torja ypaBHeHnsa ABuKeHHs BO3MYIIeHHOH peleTkH (33.10) moxHO
nepenucaTb B BHAE

M i, )+ > o o4 0 )u(l)=
=), Caﬁ(i i)uﬂ(i) (33.15)

I'n'B

DTy cHCTeMy ypaBHEeHHH MOXKHO paccMaTpHBaTbh KaK HEOLHOPOIHYIO,
cuuTas, uTO €e OJHOPOJAHAs 4YacTh Y/OBJETBOPAET YPABHEHUAM
(33.1) s uneanbuol peuretku. ITockosabky cuerema (33.15) mo-
Ipe)kHeMy OIIHCHLIBA€T TapMOHHYECKYIO 3ajayy C KBaApaTHYHBIM
B3aUMOJeHCTBHEM, CYyLLeCTByeT Mnpeo0pasoBaHHe K HOPMaJIbHHIM

KOOpJAHHATaM
! |t
ua(%)=2wa(]’%)q,-, (33.16)

qf=zua(i)wa(i'i)- (33.17)

Ina

Uro6bl HafiTH ¢;, HYXKHO pemuTb (33.15) uam 3KBHBAJIEHTHOE Ce-
KYJsipHOEe ypaBHeHHe

)+ T w0 )
—5 el

Un'B
L

Omnpenenum ¢ynkuuio puna Gaﬁ(% "

HJIA

ll,) = (33.18)

®
l')
A

m) KaK FJ2MEHTH Mar-
puusl, o6patHoil Matpuiue (33.2), T. €.

lll l l/ l/ l//
_sz“Gay( )+ Z aﬁ(% %)GM(%, " m):

= éavéll”éxu”- (33. 19)

®ynknun I'puna, yaosaersopsioue (33.19), MOXKHO BHIPasHTb ye-
pe3 pelleHHs HEBO3MYILEHHOH 3ajayu:

a k vk it (R—=R7)
Gaﬂ(,ﬁ ::, m):Ze"(%liu)%(w .)e 1~Ry

Tu

— . (33.20)
itk NAL Mz [0 (k1) — 7]

IMockosbky ¢ynkuuu I'puna ynosiersopsior (33.19), MBH MoxeMm

nepenucarb (33.18) B BuAe ,HHTErpajbHOrO ypaBHEHHsS

— 0*M,w, (]
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l L v |
%)= Z Z GGB(% %I (“) )Cﬁy(%/ %/,)w’y(] %//)'

o
I'%B 1"y
(33.21)

B cnpaBeznnBocTH 5TOr0 ypaBHEHHS MOXHO YyOeAHTbCs NpsAMOfl
nogcraHoBkol B (33.18) ¢ yuerom (33.19). Hxas peuleHHs ypaBHe-
aua (33.21) MOXKHO HCIOJNb30BATh TEOPHIO BO3MYILEHHH, €CIH UHCIO
f4eeK U Y3J/IOB, NOABEPIKEHHBIX BAHSHHIO HedeKTa, CUUTaTh MaJBIM
(T. e. yuYdaTHIBATb TOJBKO YJEHB, CBfI3aHHBE C NPHMecbl0 H OJH-
XaHUIUMH coceaaMu). YpaBHenue (33.21), oueBHAHO, MOXHO Hepe-

IIHCaTh B BHIAE
v
@ ) Cﬁv (%/ w” ) — 6av611”6xu”:| X

R l l/

ouf’ !

l”uz”v[lg;ﬁ BRI
va(i

o ) =0, (33.22)

H eCJx BJHAHHE BO3MYUIEHHSI OrpaHHUYEHO MaJbIM YHCJAOM fAUYECK,
TO YCJOBHE CYLLCCTBOBAHHUA HETPHBHAJBHBIX pELUEHI/If:I YPaBHEHHS

(33.22) umeer BuL
' o
® ) Cﬁ’y ( w” ’K' ) - 6u'ybll’6uw )

(Z ol
. ”
ll/u/IB B % %

Takum o6pasom, MBI moJgydaeM HesBHOe ypaBHeHHe A5 ®, KOTOpoe
npu 3afaHHOH MaTpuue Bo3MyuleHuss C uMeeT peUIeHHS TOJBKO
ILJIsT BO3MYLIEHHBEIX YacTOT; MJIsI 9THX YaCTOT MOXKHO HAaHTH TakKke
AMILJIUTYJABl W,

B caydae upcTo M30TOMHYECKOro AedeKTa MaTpHUA BO3MYILIEHHS
UMeeT BHJI

=0. (33.23)

v
CU.B( ) = — MM8% (l) (D2611’6u%’6aﬂ. (33-24)

w %

ITosToMy cekyaspHOe ypaBHeHHe HMeeT pasMepHOcTb 3X3 H co-
JEep:KHT TOJBKO X, Y, Z-KOMIIOHEHTHl CMelleHHs AedeKTa:

| Mgy, (1) @*Gg (0] @) =+ Bgg | = 0. (33.25)
A
3nech MBl CYHTaeM, YTO NPHMeCh HAXOAHTCA B ysJe (“)=O.

B ciayuae KyOGHUeCKHX KPHCTAJJIOB MBI MOXeM YIPOCTHTb BBIpazKe-
Hue ags oysxkuun Ipuna (33.20), Bxoasmed B (33.25):

* k
e (0 m)eﬂ(o

k)

Gag (010) = = ( f”) (33.26)

aﬁ( ‘(D)_NMOE (02(k|j)—032 ¢ ¢
T

Dyuguus Gqp(0|w) npeobGpasyercs npu NOBOPOTAX KAK CHMMeT-
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PHUHBIA TEH30pP BTOPOTO paHra #H B ciydyae KyOMUECKOH CHMMETPHH
AMEET TOJNBKO ORHY HE3aBUCHMYIO KOMIIOHEHTY

Gex (010) =Gy (010) =G, (0 |0). (33.27)

TOT pesyNbTaT CleiyeT TaKKe H3 BTOPOTO YCIOBHSI OPTOTOHaJbe
noctu (33.7) npu cyMMupoBanun mo p. Torga (33.26) mpunumaer

BHA
k
1 e“(o iu)
Gao (010) = 771 Z; I (33.28)
i

B cayuae oxHOATOMHOro KyGHYEeCKOTO KpHCTaldaa ¢ PaBHBIMH Mace
caMu (HanmpuMmep, aiMasa) M SKBUBaJEHTHBIMH y3aamu u3 (33.6)

k 2
caenyer ea(O , )
In

LaeTcqd W NPHHHMAeT BHL
Gyo (0] @) =

2

==1/3r, Takx uro ¢yHxkuua [puna ynpo-

1 1
3rNM, o?(k|j)—o® "
L)

(33.29)

Torna cexyJjsipHOe ypaBHeHHe AJs BO3MYILEHHHX uactor (33.25)

pacmazaercs Ha INpOM3BeleHHE TpeX TOMXKIECTBEHHBIX [JHaroHa/jb-

HBIX 4YJeHOB (KaxXAHH M3 KOTOPHLIX A0JxKeH obpalaTtbCid B HyJb),

JAMUX TPeXKPaTHO BHIPOXKIEHHLI KOpeHb
1

1+ o ) ST =0. (33.30)

dro ypaBsHeHHe omnpenessieT cOGCTBeHHHIE HaCTOTH BO3MYLIEHHOM
peLIeTKH.

BaxxHoe 3HayeHHe HMEIOT TaKXe COOGCTBEHHble BEKTOPHl, KOTO+
prie, coriacHo (33.21), onpenenmmcx BblpamenueM

v ! eB("
wﬁ(x’)'_'_TV'”Zu S ET=
X (ecA/HE ) e R, (0). (33,31

4
1o BhIpaxeHHe AaeT OTHOUIEHHE aMILINTYA B y3Je (%,) H B Ha-

uajie KOOPAHHAT.

Ypasuenns (33.30) u (33.31) BnepBule GblIH MOAPOGHO pac-
CMOTpPeHbl H 4YHCJEHHO pellleHH AJ4 cJyias H30TONHMYecKoro nme-
(dekra B KpeMHHE B pabore [lay6epa u danora [137]. C tex nop
OblIM H3YYeHbl MHOTHE CJYYaH, BKJOUas H30JHPOBaHHbe Ae(eKTh
B KpuCTadnax Gojsee HH3KOH CHMMeTpHH, Naphn iAedekToB B Ky6H-
YeCKHX KpuCTaalax u T, A. [133]. dta Baxnan ob6aacib HccaeAOBa-
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HHH HallJa OTpaxKeHHe TakKke B TPyHaX HEeCKOJbKHX KOH(epeHIH
TI0C/IeIHEr0 BPeMeHH [126—130]

Jl1s HaWHMX nededl AOCTATOYHO TOTO (aKTa, YTO 3TOT HOAXOR
JaeT AMHaMHyeckoe oGocHOBaHHe cienaHHHX B § 31 u 32 yrBepx-
JeHu# o cBOMCTBaX CHMMETDHH, KacalOUHXCAd, B YaCTHOCTH, OTHece-

HHs JOKaJbHBIX KoseGanuit k tuny I'® u cBsi3M MexIy 30HHBIMH
KoJ1eOaHUSIMH HEeuAeaJbHOTO U HIEAJTbHOTO KPHCTAJJIOB NyTeM NOJ-
YMHeHHs NpeacraBieHuit. B ofliem ciayvyae OJs JIeTKOH NPHMecH
e > 03B (33.14) cpenn coOBCTBEHHBIX YaCTOT H BEKTOPOB YpaBHEHHS
(33.30) uMmeeTcst pelleHHe, COOTBETCTBYIOIEe JOKAJbHEIM KoJseba-
HHSIM, TOTAA KaK JJIs TSKeJIOH IIPHMeCH MOTYT BO3HHMKAaThb pe3o-
HaHcHble KoJebanuda. B ofoux cayuasx HapyuleHHe CHMMETPHH
JONyCKaeT CYLIeCTBOBaHHE TaKxkKe KBAa3SHKOHTHHYYMa KoJeOaHHH,
3KBHBAJIEHTHOrO KoJieOaHHAM HIeaJbHOH pelleTKH.

- § 34. UudpakpacHoe norjomeHne B BO3MYIICHHOH CHCTeMme

Teopuio nHGpakpacHOTo NOrJOLIeHUsI cBeTa (QOHOHAMH B Hje-
aJbHOM KpHCTaJlIe, H3N0XKEHHYI0 B § 2, MOXKHO NIpHMEHHTb ¥ K
cayuyaio KpHcTadanaa ¢ jedekraMH. MB paccMOTpHM TOJNbKO cayudait
H30JHPOBAHHOIO TOYEYHOTO H30TONHUECKOTO Iedekra, 06CyKAaB-
wniics 8 § 33. OcHoBHOe, 4YTO HaM NOHAAOOUTCA TIPH 3TOM H3 § 2, —
MOJIYK/JA4CCHUecKasi TEeOPHSl H3JyueHHs, KOTOpas II03BOJIHT BBECTH
ONlepaToOp MOMeHTa, aHaJorHuHBIA (2.33), xoTd, pasymeercs, TpaHC-
JSNHOHHAR CHMMeTpHA (IepHONHYHOCTb) OKa3blBaeTcd HapylleH-
Holi, Torga MOXKHO OXKHMIATH, UTO BEPOSITHOCTL Nepexoja ¢ MOrJo-
ueHHeM uHOpakpacHoro csera OyAeT NPONOPHUOHANBHOH MAaTPpHY-
HoMy sjeMmeHTy THma (2.34). Mpl MoxXeM TaK:xKe OXHAATb, 4TO
JIoKaJbHble KosaebGaHHS (eCJH OHM CYIIeCcTBYIOT) H 30HHBIe KoJjeba-
HHs GYAYyT aKTHBHB B MHPPaKPaCHOM MOTJIOIIEHHH, eC/H OHH 00Jaa-
JalT CUMMeTpHeR I‘('”), HeoOX0AuMOH HJS B3aHMONEHCTBASA C HJEK-
TPOMarduTHBIM nosieM. [lepefiieM K KpaTKOMY H3JOXKEHHIO TEODHH.

PaccMOTpPHM mpouecc ONTHUECKOTO MOIVIOUIEHHS, B Pe3VJabTate
KOTOPOro KPHCTAJ/JI COBEpIIAeT Iepexo] M3 OCHOBHOIO KosebaTelb-
HOTO COCTOsIHHS |g) B HeKoTopoe BO30yiKIeHHOe KojebaTelbHOe
cocTosinne |e). Boamyulenne, BH3HIBalolllee 3TOT NePexol, B MOJy-
KJaaccuueckoM NpuObJIKeHHN HMeeT BH[

IZie £ — BEKTOp MOJISPH3AIHH 3J1eKTPOMATHUTHON BOJHH, a | — CO-
OTBETCTBYIOLUIUA JAUNOJBHBIH MOMeHT. MaTpHUHBIH 3/IEeMEHT 1le-
pexona R

M~leln-e|g). (34.1)

Onepatop w npeo6pa3yeTcsi Kak NOJNSPHBIA BEKTOP:
p~ T, (34.2)
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[I0TOMY Ha OCHOBAHHH TeOpeMbl BHrHepa — Dkapra 3ak/aiouaeM,
YTO OJHOKBAHTOBHIH Ie€peXol W3 HAuaJbHOTO (OCHOBHOTO) COCTOS-
Hus cummerpun I'!+) paspewieH B 41:000e B03GYKI€HHOE COCTOSIHHE
cummerpun ['®), Hanpumep, B HeHZeaJbHBIX KPHCTAMAaX ¢ MPo-
CTPAHCTBEHHON CHMMeTpHel aJjMasa H KaMeHHON cosau KoJebaHuA
cumMmeTpur ') gpid10TCS aKTUBHBIME B HHGPAKRpACHOM TOTJIOLLe-
Hun. Orciona Ha ocHoBanuH pe3yJsibTatoB § 31 u 32 3akatouaem, uto
JIOKaJIbHOe KosebaHHe B cjaydae H30TOMHUECKOTo JeekTa 3amellle-
HHSl JOJKHO TpPOSIBASATBCS B CIEKTpe. AKTHBHBIMH OyAyT TaKKe
30HHBIe KoJefanud, npuHamjgexamue Kk I3 Tak Kark 30HHDBIE
KojebaHusl mo cyliecTBY o6pasyioT CIIOMIHOH cHeKkTp, TO BhlIe-
Jleine ¥3 KOHTHHYYMa BCeX COCTOSHWE cuMMmerpuu I'®) mpusoaut
K MOSIBJEHHIO HEKOTOPOTO BECOBOIO MHOMXHTEJS.

KosnnuecTBeHHasi TeOpuS MOATBepKJIaeT 3TH coobpakeHus.
IlpeanonoxuM, YTO H30TONHUYECKHH NedeKT 3apsKeH, a BCE aTOMBI
matpuubl HefitpanabHel. [lycts #(0)-— BEKTOp CMellleHHS NpPHMECH,
pacrnosioKeHHOH B Hauaje KOOPAHHAT B BO3MYIIEHHOM KpHCTaJJe.
Toraa auUNOABHBEIE MOMEHT, HHAYIHDPYEMBIH KoJeOaHUIMH, paBeH

u=ceu (0), (34.3)

a MaTpPHUHBEIA sJeMeHT mepexona (34.1)
M~{ele-u(0)]g). (34.4)
Cuny ocumuasitopa [ Adg OJHOGOHOHHOTO IOIJIOUIEHHST MOXKHO

ONpenenTh CJAeAYIOIUM 06p830M .

F=222 (34.5)

rie M —macca npumecu. CorsacHo (33.16), cmelienHe aToMa B
HauaJe KOODJAHHAT MOXKHO IPEJICTaBUTh B BHIE

u (0)= Z. w (10) g;. (34.6)

Torga MOxHO NoKasaTh, HCNOJb3ysl YCJOBHSI HOPMHPOBKH H (34.6)
170

1]

F g 3 e (1 10) 2 (34.7)

JJasa JoKanbHoro KoJebanus
2w, P~ 1/M, (34.8)
11

CJIel0BAaTe bHO,
f~1
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[as 30HHBIX KoJseGaHHf B CHJYy MX BOJHOBOTO xapakTepa cMe-

-1
INEeHHEe KaXKIOTO aToMa COAEPIKHT MHOMKHTEIb nopaakal NM| k.
CuoepoBatesibHo, B 3TOM CJydae

D lwg |2~ 1/rMN. (34.9)

Kpome Toro, sounsie KoseGaHus XapakTepH3yloTes (yHKIMed pac-
IIpeJleJIeHusT 4acToT

g (o), (34.10)

onpeaesedHoit B T. 1, § 106. Has HenpeansbHoro KpHCTaaaa Mbl
MOXKeM B3fThb Ty ke (PYHKIUHIO pacnpeles]eHHs 30HHBIX 4acCTOT, 4UTO
H [aa naeanabHoro. [Ipu 3ToM mpeAnoJsioxeHHH cHJa ocnuiastopa f
IJIA TIOTJIOWEeHHS] B HHTepBaJe Aw® OKOJIO YaCTOTH ) HMEET BUJ

M 1 f 1
fNTr_Wg(m) A(J), U1 Aa ’\’Wg((ﬂ) (3411)
Koa(bq)HU.HeHT NOorJIOWEeHKHs B ABYX pacCMaTpHBaeMBbIX cJjaydasXx

MO}KHO 3anucaTthb CJACAVIOIUM o6pa30M:

2n? [0} \

A0KaabHoe Kosebanue: K (o) = —;Z— Ge"’v—/&—), (34.12)

rne y(w)— HeKoTopad GYHKUHs, XapakTepHaymwolias (GOpMy JHHHN
JIOKAJbHOTO KoJsie6aHus ¢ yuyeToM ee LUHPHUHH;

gonHble koaebanun: K (o)y= —;:—Z 8e? -I%N— g{w). (34.13)

B dopmynax (34.12) u (34.13) n— kKosbUIMEHT MpeaOMJeHHS,
0 — KoHIlEHTpalusA npuMeced.

OTMeTHM Ba)XHble CBOHCTRBA MOTJIOILEHHS CBeTa JOKAJbHBIMU H
30HHBIMH KOJeGaHHsIMH, CYLIECTBEHHBIM 00pPa30M CBA3aHHBIE C CHM-
MeTpuell. B cayyae uHCTO H30TOnMUecKoro fedekra JOKaabHOe
KosieGaHue Bcerja akTHBHO B OJHO(QOHOHHOM HH(pPaKpacHOM MOIJIO-
LeHHH, MOCKOABbKY OHO oGnazaer cumMmerpueir I'. U3 zonnbIX

KoMeGaHuil aKTHBHL Te, KOTOPLe OTHOCATCA K mpeicrasiernio I,
B cuny atoro KosdduuyeHT NOrJoOMIEeHHs IPONOPUHOHAIeH QYHKIIHH
pacupeaesneHysl 4acTOT «aKTHBHBIX» KojeGaHul, Tak UTO Iesnecool-
pasHo

3aMeHuTh g (0) Ha g (0), (34.14)

rie g, (o) — Gynkmus pacupefeseHHs 42CTOT 3OHHBIX KoJeGaHHI,

NpHHAAMEKAINX BEKTOPHOMY NpeAcTaBiaeHnio I'™ rpymmer cHM-
MeTpUH NMPUMECHOrO y3/a B BO3MYILEHHOM KpucTajie. Takum obpa-
30M, KO3(pHUHEHT OJHO(QOHOHHOTO NOIVIOLIeHHSI B KDHCTaJIe C
JIETKUM H30TONMHMUYECKHM JeeKTOM JOJKEH COCTOSATh H3 Y3KOro
HHTEHCHBHOrO INUKAa TWOIVIOWEHHS Ha JOKaJbHOM KoJeGaHHH ¥
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CONPOBOXAAIOWIEro ero CIVIOMHOIO CNEeKTPa, CTPYKTYPa KOTOPOro
oTpaxkaeT GYHKIHIO pacnpelesenns g, (o). [ Taxkenoro gedekra
B 00J1acTH 30HHBIX KosieOauul jo/KeH HaOA0OIATHCH HTHPOKMH THK,
OTBEYAIIHH KBa3HJOKaJbHOMY KoJaebaHHio; IlocaelHee Habaio-
JaeTCsi COBMECTHO C 30HHBIMH KOJIeOaHHAMH, HMEIOUIUMH Ty Xe

cummerpuio I,

[IponamocTpupyeM yKasaHHBHIE OcOOEHHOCTH Ha IpUMeEDe HH-
({bpakpacHoro cnekrpa KpeMHHus, JeruposanHoro 6opoM H dochopom
{¢ur. 31) [138—140]. B obaacTu sHepruii HuxKe fio, Habaionaercs
BO3pacTaHue MOIJIOIMeHHs] MO CPaBHEHHIO C UYHCTHIM KPHCTAJJIOM.
[Tornomwenne B 3108t obaactu (fio << hiwy,) 00YCAOBAEHO 30HHBIMH
KoJeGaHHAMH, KOTODhle CTAHOBSTCH aKTHBHBIMH Ojaronaps aedex-
1am. Ha ¢ur. 32 npuBeseHn pe3yabTaTel aHaJANU3a CIEKTPOB H JAHO
COTOCTaBJ/IeHHE HX OCOGEHHOCTeH C KPHTHYECKHMH TOUKAMH BLIUHC-
MeHHOTO (OHOHHOrO cHeKTpa KpeMHHs. 3acjyXKHBaeT BHHMAHHA
Takxe o0liee corsacHe QYHKIUHM pacuopedeseHHs yacroT ¢ dopmoi
CHEKTpa.

OTOoXKIeCTBICHHE JIOKAJAbHBIX KoJMeOaHHH, 0OYCHOBJCHHBIX [PH-
Mechlo Gopa, ofJieryaercd HaauuHeM ABYX usoronos B!0 u B!l coort-
BETCTBYIOLIAs KJACCH{PUKALUN NOJOC NoKasaHa Ha ¢ur. 31,

Corgnacue ¢ 3KCepHMEHTOM MOIJIO Obl ObITb yJAy4lUIeHO, ecau Onl
DU BBIYUC/EHHHM (YHKIHH paclopeleseHHs YacToT YUHTHIBAJHCE
npasuia OTGOPa, T. €. ecH Obl BHIUMC/IAIACh QYHKUHA g (®), a He
g (@).

Hccnenosanus nogo6HOro THIA PA3BUBAJIUCH B NOCJAENHEE BpEMA
110 psiy HampaBJ/eHHH, H3 KOTOPBIX MBl YIOMAHEM JHIIb HEKOTOPHIE.
B § 31 u 32 ykasweiBanoch, YTo Bce KoJeOaHHA HeHIeaJbHOH pe-
UIeTKH — K4K JIOKaJbHBIE, TaK H 30HHBIE — CjelyeT Kaaccuduuu-
poBaTh IO OTHOUIEHHIO K TIPynNle CHMMETPHH TPHMECHOro y3Jaa

I
5}3( . Touno Tak e, Kak B TeODHH HAEaJbHHIX DelIEeTOK HJIH
%

MOJIEKYJAPHLIX KoseGaHul, B OoJiee BLICOKHX MOpPAAKAX BCE 3TH
KoJieOaHHs MOTYT laBaTb COCTaBHBIE TOHA HJHM OOEpPTOHHI. YCA0OBHE,
Heo6XoAuMOe ISl HX MPOSIBJCHHA B HHQpPaKpacHBIX CHeKTpax, 3a-
KJII0YaeTc B TOM, uTO Npoussedenue mpeacrasiaenusi D' @ p¥)
A8 BO3OYKASHHOTO COCTOSIHUS (T. €. JJIsl COCTAaBHEIX TOHOB HJH

006epTOHOB) HOJIKHO COAEPKATh I, Ias npuMecedt 6opa u auTHS
B Kpemuud [141] pasBura netasnbHasl AMHaMHuecKas TeOPHS, KOTO-
pas gaeT pesyJbTaTh, XOpOLIO COTJACyroUIHecs C IKCIEPHMEHTOM
I MHTEerpa/JbHON HHTEHCHBHOCTH H CHEKTPAJbHOH 3aBHCHMOCTH
ko3¢ duurenTa NOrJIOIEHHA.

Brlin n3ydeHsl Takxke 3¢ ¢ekTh, 00yca0BICHHNE apaMy GJH3KO
pacno/oXeHHBIX NpuMecell B KpHCTajJax Tumna anmasa [142]; na-
. IPHMep, pa3BHTa TeOPHs JOKaJbHBIX KoJeOaHHH H MH(ppPaKpacHOro
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®ur. 31 Cnexrp undpakpacHOro NOTJOMERHA KPEMHHs, JETHPOBAHHOTO 6OpPOM u

dochopom B kounenrpauun 5-10¥ cm—? (cnutownas kpusas) w 5.10'% cm—3

(nyukTHpHas Kpusas). QU5 cpaBHeHHs WTPHXOBOA NHHHEH NOKAsaH CHEKTP NOr/Q-
LIEHHA YHCTOrO KpeMmuua [140).
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Qur. 32. a — norJjoulenHe B OGJACTH 30HHBIX KO/eGaHHH B KPEeMHHH, JIETHDOBaH-
HOM GopoM H docdopoM B KoHHeHTpauud 5. 10'% cm—3; rtemneparypa: 290 K
(cmomnas kpusag), 80 K (wrpuxoBas kpuBasi). Ha BcraBke noxasadbl skCrepH-
MEeHTaJbHEE pesyapTaThl B 00JIaCTH NONePeuHHX ontauyeckux konefGauuit. [Toka-
3aHO NOJIOXeHHe H (opMma KpuTHuecKHX Touek [91]; 6 — TeopeTnueckH# CmeKTp
TNONJIOLIEHH S KPEMHHs ¢ NpHMechio Gopa (cmiomHas Kphusas), pocdopa (HyHKTHD-
Has KpuBas) H ¢ «a((eKTHBHON» H3OTOMHUECKON mpuMechio ¢ & = —1,345 [140].

[OIJIOIIEHHS B KpeMHHH, codepikaiieM naps B—Li. B atom caydae
rpynna CHMMETPHH LEeHTPa 3aBHCHT OT IIOCTYJIHPYEMOH CTPYKTYDPHOH
monenu Aedpexrta. Ecau mapa B—Li 3amewmaer atoMbl pelleTKH B
IByX OJHMKARMUX y3JaX, TO TPYNNOH CHMMETPHH NPHMECHOrO KOM-
naexca gsasercss Cso ¢ MpeacTaBIeHHIMH aKTHBHBIX KoJeOaHHH

I (C) =T"01?
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TOTAA K&K AJA Oaps THHAa «IpUMeCh 3aMellleHus — NpuMech BHEM-
peHHusl» CHMMeTpHUs nosuiwaercst 10 T4 Unrtatenu, HHTepecyiolUiHecs
JeTanfAMH, B YaCTHOCTH UCNOJb30OBAHHEM CBOHCTB CHMMETPHH MJId
tdaxTopuszanun marpuns Qyskuuu ['puHa, J0/MKHBE 00paTHTBCA K
OpUrHHa/JbHBIM paboraM. Pemaiomiyio posab HrpaeT peajbHas CHM-
MeTpHa KoMmiiekca (Cso uan Tq).

3aMeTHO MeHblie 4Yucao paboT, MOCBSILIEHHBIX H30TONHYECKHM
npuMecsM B KpPHCTaJJax THIA KaMeHHOH coau. Ho HacTosiero
BpeMeHH Haubosee H3yueHHRIM Je(eKTOM B 3THX KpHcTadaax
ocraerca U-nentp!). HenaBHo nosBusioch Takke 00.blloe 4HC/I0
paboT, B KOTOPHIX H3YUAKOTCH MOJEKYJAPHbie NPAMECH B KpHCTaJ-
nax storo tHna (Hanpumep, OH— 8 KCI). IlockoabKy 3TH BONpOCH
JlaJleK0 BHIXOJAT 3a PaMKH Halllell TeMbl, MBI collleMcs JHLIb Ha
auteparypy [126, 128—130] ?).

§ 35. KomOnHaunoHHOe paccessHAe CBETA B BO3MYHLIEHHOH cHCTeme

Teopuss KOMOHHAaLHMOHHOTO pacCesiHHS CBeTa H30JHPOBAHHBIM
TOUeYHHIM AedeKTOM B HeHJeaJbHOM KpHcTaJjle MoxeT ObiTh pas-
BHTA, KaK H [ HAeaJbHBIX KPHCTaJ/J0B, C HCHOJb30BaHHEM pas-
JIHUHBIX HOJXOLO0B, BKJIIOUAA METOABI TEOPHH MHOIHX Tesa ((QYHKIHU
OTKJHKAa), OOBIUHYIO TEOPHIO BO3MYIIeHHH W T. 4. Mbl orpanHunMcs,
OJIHAKO, JHUIIb HeCKOJbKUMH 3aMeUaHHUSIMH OTHOCHTE/IbHO TeX acllek-
TOB KOMOMHaIlUOHHOTO paccesiHUs, KOTOphle CBfI3aHB CO CBOH-
CTBAMH CHMMETDHH,

Hanomuum, uyrto, corjacHo TeopHu noaspusyemoctd (o6oblien-
Rofl Teopuu Ilnadexa), usmokeHHOH B § 3, MBI MOXEM ONpEAENUTH
oIlepaTop MOJNAPH3YEeMOCTH CUCTEMBl, B3aHMOAEHCTBYIOLICH C 2JIEKT-
POMAarHUTHBEIM moJieM. B uyacTHocTH, Becb BHIBOA BHIpameHus (3.45)
MOXKHO NpoJenaTh Tak Ke, Kak JJIS 4HCTOr0 KPUCTa/l/a, 3a HCKIIO-
YeHHeM TeX Pe3yJbTaTOB, KOTOPhlE ONpPeleasioTcs TPaHCAALHOHHOH
CHMMeTpHell # NPUBOJAT K 3aBHCHMOCTH ONMepaTopa MoasaPH3yeMOCTH
P(R) ot BosnHoBOro BekTOpa. ONHAKO HCHOJB30BAHHOE NPH BHIBOJE
(3.45) ammabatuueckoe npuOJMKEHHE H CBA3aHHBEIE C HUM NpeANO-
JIOXKEHHS] PasyMHO NepeHeCTH Ha cjaydafi BO3MYILEHHOH CHCTeMBL.
D10 03HAYaeT, UTO OCHOBHAA CTPYKTypa TEOPHH, H3J0XKeHHOH B § 3,
coxpaHsieTcsl H AJ8 KpHCTaM1a ¢ geeKTaMu, TaK 4T0 KOMOHHAUHOH-
HOe paccesiHHe cBeTa Ha QOHOHAX MBI MOXKEM OMHCHBATb B PaMKaXx
TEOpHH, B KOoTOpoit onepatop P(R) pasnaraerca B psig Tefuopa no
HOpPMAaJLHBIM KOOpAMHATAM W moAacTaBiaserca B (3.45), mpuuem
NoC/ae0BaTe/bHEIE 4AeHH psjga onuckiBanot l-, 2- ,.. GoHOHHHE
IPONECCEH.

1) Usyuenue U-nentpos axTuBHO mpojomkaercs [143, 144]; cm. rakxe [130].

?) B nocJjensue roAk B 3TOM HAMPaBJEHHWH BHINOJHEHO OOJBIIOE YHCJO SKC-
[epPUMEHTANbELIX H TEOpeTHUeCKHX paboT; cm. ofzopn [187, 188], nocslueHnbie

COOTBeTCTBeHBU HHMPAKPACHOMY MOTJIOLIEHHI0 U KOMOHHAUWOHHOMY PACCEAHHIO Ha
npuMecHuix nenrtpax. — [lpus. ped.
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HamnoMHuM npexkie BCero, 4To onepatop noJasipusyemoct P(R)
A5 Hepe30HAHCHOrO pacCesiHHs MMeeT BHJ CHMMETPHYHOrO TeH30pa
BTOpOro paura. dto cieayer u3 ob6obuwedHof Teopuu [lnaueka w,
no-BHAHMOMY, MOXeT OHITb MOKasaHO H B paMKax MHKDOCKONM4YE-
ckoit Teopuu. Torga '

P(R) ~Tfy. (35.1)

M3 (35.1) caeayer ocHoBHOe mpasuio otlopa AJs KOMGHHaIHOH-
HOTO pacCesiHHfl B HeuJeasbHHX KpHCTamnax. OToxAecTBJeHAE WIH
npejcKa3adue CIEKTPOB Ha 9TOM YDOBHe — 3ajada He 6oJee CIOXK-
Has, 4yeM XJ/s H30JHPOBaHHOA MOJeKy/bl. B KyOuueckoM kpucrajie

P (R) ~ T @T" g r®™), (35.2)

CoOTBeTCTBEHHO Mbl 3aKJAI0uaeM, 470 KOMOWHAIUMOHHOE paccesiHue
B BO3MYUIEHHOM KPHCTaJJle MPOUCXOAUT Ha TeX 30HHLIX KoJebaHHsX,
KOTOpHle NIPHHAAJeXAaT K N1000My M3 aKTHBHEIX KosieGanuil (35.2).
DT10T BBHIBOA CHPaBeJINB, OUEBHIHO, IS PacCesiHHs KaK NepBOro,
TaK H NOCJACAYIOWHX NOPSAKOB.

EcrecTBeHHO, KOMOHHAUHOHHOE paccesHue OHpeAenasieTcs, Kak H
B (3.45), MaTpUUHLIM 3JeMEHTOM

(X1 P(R)1%,) (35.3)
U aHaJu3 NpaBud OTGOPAa CBOAUTCA K BHISICHEHWIO TOrO, OTJHUEH JH
OT HyJAd 3TOT MaTpHUHHH 3/eMeHT [Jf NepPexoA0B MeXAy Onpene-
JNeHHbBIMA KOJIe0aTe bHBIMH COCTOSIHHAMA |%,) H an> B BO3MYILUEH-
HOM KpHCTaJJe. :
B cayuae KyOHUeCKOro KpucTaJjja ¢ TOUeUHOR cuMMeTpHedl Oy
OTHOCHTENBHO MPHMECHOrO y3J1a HMeeTCH NPABHIIO B3aUMHOIO HCKJIO-
ueHHs JJI JIOKaJbHOro KoJeOaHHA: HOCKOJNbKY (B COOTBETCTBHH

¢ pesyapratamu § 31, 32) ero cuMMeTpHS ecTb ", oHo moxer
ObiTh aKTHBHBIM B HH(PAKpPacHOM MOIVIOWIEHHH, HO 3aNpelleHO B
KOMOHHAIIHOHHOM pacCesHHH.

KonnuecTBeHHasd TeOpHs KOMOHMHAUHMOHHOTO pacCesiHHA Ha H30-
JMPOBAHHOM H30TONHYECKOM JeeKTe B KPHCTAMJIAX THIA aaMasa
passura Hryen Kcyan KcwiHom!), B cayuae mesiounorasionsinmix
kpucraniaos (co crpykrypot NaCl) npubauixeHHe H30TOMHYECKON
NIPUMECH MOXKET OKa3aTbCsl HepeasHCTHUECKHM, NMOCKOJbKY BecbMa
pacnpocTpaBeHHBIM THIIOM Ae(eKTOB B STHX CTPYKTYpax fBJASIOTCS
moJekyaspuele npumecn (Hanpumep, KCI—OH™, KCI—NO; #
1. JI.) ¥ X aHaau3 TpefyeT U3yuUeHUA MOJEKYNH B Kpucranne. Tem,
KTO 3aMHTEpecOBAH B JaJbHeAIeM H3YYeHHH 3THX BOUPOCOB, MH
pekoMenayeM cBopauks TpymoB [126—130]. Mukpockonunueckas
TeopHs KOMOHHAIIHOHHOrO paccesiHHs B NPHMECHOM KpHCTaJ/lIe, fiB-
Jasrouasnca o600LIeHHeM SKCHTOHHON TeopHH, H3NoxeHHOH 8 § 6, 1,

) N X. Xinh (ne ony6aukoBano), umrtupyercs B pabore [133], cM. TaKxke
Westinghouse Research Laboratories paper 65-9F5-442, p, 8.
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passuta [anryan u Bapmanom [145] u Mynanun [146], Ho no cux
110p He MpoBepsasaach 5KCHEPHMEHTANbHO Ha KPHCTAMIaX CO CTPYK-
TYpol a/nMa3a HJIH KaMeHHOH cosd. Teopus noJsipusyemMocTd mJist
NIPUMECHOr0 KOMOHHALHOHHOrO paccesiuus obcyxpaercs B pabote
Jles u Curern [147].

§ 386. Hapywmenve cuMMeTpuu ¥ HHAYyIlMpOBaHHOE
pelieTOYHOE TIOFJMOIIEHHE M pPacCesiHHe CBeTa

BecbMa MHTEPECHHIM H MOLIHBIM METONOM HCCJENOBAHUS OITH-
YeCKHX CBOMCTB KDHUCTAJJIOB SIBJAACTCH HCINOAb30OBaHMe 0G0OIIeHHBIX
BHELIHUX HAMPSKEHHN — 3/JIEKTPUUECKUX M MAarHHTHBIX MOJeH WiH
MeXaHHYeCKHX HalpsIKeHHH — M H3yueHHe H3MeHEHHH CIeKTPOB
HHGpaKpacHOro HOTJIOIIEHHA HJH KOMOMHAUMOHHOTO paccesHus.
Jis mManblX HanpsiKeHHH ryaapHulil 3(pdekT npu 3TOM CBS3aH C HAa-
pylUIeHHEM CHMMETpHU.

[TycTs rpynna nmpoCTpaHCTBEHHOH CHMMETPHH HMAeaJbHOTO KPH-
¢Taji1a, ONUChiBAGMOro raMHJbTOHHAHOM 46, ecTb @ (76), a rpynna
POCTPAHCTBEHHO-BPeMeHHOH cuMMeTpuu ectb F (). [ycrh 0606-
HieHHOe HaupsgxeHHe S XapaKTepH3yeTcs MNPOCTPAHCTBEHHOH CHM-
MeTpHell (uHBapuaHTHOH rpynmnofi) &(S) uaw npocTpaHCTBEHHO-
BpeMenHOH rpynnoft %(S). Torza B OpUCYTCTBHU HANPSKEHHS HOJ-
Hasl IPOCTPAHCTBEHHAA FPYNHA CHCTEMB €CTh

Brom =G () N G (8), (36.1)
a moJiHas NPOCTPAHCTBEHHO-BPEMEHHAA TPyNNa ecTh
Grom=F () NG (8). (36.2)

TakuM o0GpasoM, MOJHAs IPynia CHMMETDHH ONpeie/seTcs mepe-
ceueHHeM [BYX TpPYNNl CHMMETDHH, T. €. COAEPIKHT 3JeMEHTH, sB-
Adioupecs OOMHMH Yy 3THX ABYX rpynn. Kak mpaeuso, rpynma
& (S) umeer Gosee HH3KYIO CHMMETPHIO, 4eM rpynna & (#), u yacro
ABJAAeTCA NOATPYnnoH NocleiHe#l. B sToM cayuae cuMMeTpHA CH-
CTeMB! NOHUXKaeTcA. B COOTBeTCTBHM ¢ JeMMOH 0 CYIIECTBEHHOM
BBIPOKI€HHH BCE CBOHCTBA CHUCTEMEl ClelyeT KJAacCHPHULUPOBATH [0
rpynne Guonn H €€ HeNPHBOLHMEIM HpeicTaBileHusiM. OCHOBHOB HH-
Tepec MPeACTaB/SIOT CBOHCTBA ABYX THIIOB: JHOO TEeH30pHBHIE Xa-
PaKTePHCTHKH, ONpeaeNsaIollie MaKPOCKONHYECKHH OTKJIHNK CHCTEME,
a TaKXKe UWIeHH DasjioKeHHs KOBAapHAHTHHIX BeJIH4HH, Ji00 cBOH-
CTBAa THNa MpaBHJ OTOOpa [/ INIEPEeXON0B MEXIY pPa3JHUHBLIMH
COCTOSIHHSIMH, COOTBETCTBYIOIUNMH HOBOH CHUMMETPHH Gionn.

a. Hapywienue cumMeTpuu. B KauecTBe npHmepa pacCMOTPUM
cayuait, u3ydeHHblil B pa6ote [148], korna s/1eKTpHUeCKOe MOJe MNP~
JIOXKEHO K KpHCTaaly anmasa. [lycTb ssekTpudeckoe NoJe Hanpas-
JieHo mapaJjienbio ocH [0 0 1] ky6a. Hanpsi:keHHOCTb aJeKTpHue-
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CKoro moisi & SIBASIeTCs] MOJSIPHBIM BEKTOPOM. B H30TpPONHOM npo-
CTpaHCTBe OH Npeobpasyercd NOLOGHO TpeM KOMIIOHeHTaM cdep-
yecKOH rapMoOHHKH Y (0, ¢), obpasywoiuM GasHC HENPHBOIHMOrO
ppeacrasaenns DU=D rpynnw O3 (uaun SU,). MuBapuautHo#t rpyn-
no#l 3JMeKTpuuecKoro noJsi & fABJAAETCS [PYNNa BCeX Omepallui, co-
CTOSILIMX M3 TOBOPOTOB BOKPYr BekTopa & U OTpaXKeHu#H B mJjo-
CKOCTAX, mnpoxoxasimux ueped &. OmnpenenenHasi TakuM oOpasom
rpynna npeicrasjsier coGoii AByMepHYIO rpyniy noBOPOTOB H OTpa-
keHHH Oy ¢ OChl0 2 BHIGPAaHHOH BJI0JIb BeKTOpa & 3JEKTPHUECKOTrd
noas. I'pynna Oz umeer GeCcKOHEUHBIH NMOPSLOK H CYETHOE MHOMKe-
CTBO OJIHO- H ABYMepPHHIX mpexctaBienufi [149].

Ecu snlekTputueckoe Nojie NPHIOKEHO MapajedbHO OCH Z B
KpHCTa/jie a/jMasa, TO IPyINa IOJHOH CHMMETPHH onpeaemeTCﬁ
nepeceyedueM TPyII

®HOJIH = O;ll ﬂ 02 = C4v- (363)

Ecau noge npuioxeso Bioas Hanpasjgenus [001] kpucranna, 1o
NOJHAS CHMMETPHS OINpefessieTcss MHOMXKECTBOM BCeX MOBODOTOB
BOKPYT OCH 2, T. €. COOTBETCTByeT ToueuHoH rpynne Cy4 (CM.
Taba. 1). Tem caMbpIM Mbl MMeeM TNOHM:KEHHe CHMMETDHH, TaK CKa-
3aTh, ¢ 00€HX CTOPOH, MOCKOJABKY Cyy ecTh moarpynna kak O, Tax

u Oh. TaxuM 06pasoM, B NPHCYTCTRHH 3/1EKTPHYECKOTO NOAS B KpPH-
CTaJJie a7aMa3a MBl JAOJKHB NepeKkjacCH(pHUNPOBATL BCe KoaebaHnus
B COOTBETCTBHH € HOBOH rpynnoli cummerpuu Cy. Mcmonbsys rtab-
JIMIBI TOJYHHEHHS, JIETKO NOKa3aTbh, 4TO A/ aKTHBHOTO B KOMOH-
HaUHOHHOM pacCessHHH KoJeOaHHs

% rpyms Of | Be@E rpymns Cup. (36.4)

Takum o6pa3oM, NPUAOKEHHOE 3JEKTPHYECKOE MNOJe paculensser
TPHAK Bl BHPOXKACHHOE KoseGauue '+ ga npe KOMMOHEHTH, oQHA
H3 KOTOPHIX NOJAAPU30BAHA NapamieabHo NoJ0, 2 Apyras — nepieH-
JUKYJApHO. DTO paclienjenye, no-BHAMMOMY, He HabJl04aj0Cch He-
MOCPEeJICTBEHHO, OJHAKO KOCBEHHHle J0Ka3aTe/lbCTBA ero HaJuuyust
Gplnn o6HapyxeHnsl AnactacakucoM, @uanepom u Byperefinom [148).
Ouu Haburoganu yuiupeHHe JHHUH KOMOHHANHOHHOIO paccesiHus
OpU  HAJAOXKEHMH 3JICKTPHUECKOro I0Js Ha KPUCTaAX aJamasa
(dur. 33). MexaHH3M VIUIHPEHHS JHHHK B 3TOM cjAydae He OB KO-
JMYECTBEHHO NPOAHANU3UPOBAH (XOTH CYyLHecTByeT TeOopus nonod-
HHIX 3(dekToB B WHdpakpacHoMm norioilenun [150]), nostomy He
OYEBHIHO, UTO 0DHAPYKEHHOE YIIHPeHHe JOJKHO OBITh 00d43aTebHO
TIPHIHCAHO pACILEeNJeHHio, o0yCIOBIeHHOMY HapylleHHeM CHMMeT-
puu. K ylIHpeHWI0 JHHHH MOTIYT Takxe NDHBOAHTL ADYTHe MeXa-
HHU3MBI, HAIIpUMEpP AHrapMOHHYECKHe B3aUMOAEACTBHA H (HJIH) AH-
NOJbHBIC MOMEHTH GoJiee BHICOKHX MOPAAKOB, NOJABEPIKEHHBIE BIHA-
HHIO BHEIIHETO 3JEKTPHUECKOTo Mo,
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@ur. 33. BuusinHe 3/J€KTDHUECKOrO NMOJA HA CIEKTP KOMOHHAIHOHHOTO PacCesHHS
nepBOro mopsaka B aimasze CBewIble KPYMKKH — 6e3 [0Js; TeMHEEe — B [oJe
EA=1,33-105 B/cM, napasanessrom ocu [001]. HMcmoas3oBana reomerpust pac-

CesHHS Hasaj. YIUIMPeHHe MOXKeT CBHIETEJIbCTBOBATH 00 3sddekTax HapylleHHH
cammerpun [148].

6. Mopduueckue addexrto.. Ilpn MmakpockonmueckoM (deHoMme-
HOJIOTHYECKOM)  ONMCaHHH KOMOWHAUHMOHHOe paccesHHe CBeTra
006yC/0BIEeHO MOAYAALHEeR TeH30pa NOASPHU3YEeMOCTH cpeabl. Hamom-
HUM oOCY:KJIeHHe 3Toro Bolpoca B § 3, B 0COGEHHOCTH ypaBHEHHE
(3.58). DddexTe HapylleHHs CHMMeTpHH NOoR0OHOro THma OBLIHM
Ha3BaHb DypcreftHoM u ap. [151] «mopduuecknmu» spderramu.
UyleHbl HAapHH3UIMX NOPAJKOB B DAasJioKeHHH P MOXKHO MOJYYUTH
B JAAHHOM cJydae, paccMaTpHBas 3aBHCUMOCTb IOJAPH3YEMOCTH OT
cMelleHHH (BblAeAs, B YACTHOCTH, aKTHBHOE B KOMOHHAIHOHHOM
paccessHHu HOpMaJjbHoe KosebaHHe QW) u 0T 3/eKTPHYECKOrD
nojs &:

P&, Q) — PO POy pO U gy pl D @gh | |
| + P20 E& 4 ... (36.5)

Crnenyer uMerb B BHAY, UYTO MBI paccmaTtpuBaeM (36.5) kak ¢op-
MYJay A/ TOJISIpH3YEMOCTH KpHCTaJ/la ajaMasa. Torxza passoxeHue
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(36.5) moJsxkHO OTBeuaThb TPebOBAHMAM, HAaKJaJAbIBAEMBIM KPHCTAJ-
JHYECKOH CHMMeTpHEl aJMmasa, T. e. KaXAbIH 4YJeH DasdJIoNKeHH:
adoJKeH npeobpasosbiBaThesl Kaxk P Ha rpynne Op npu npeo6paso-
pannsax Q' u &. PaccMOTPHM HECKOABKO UJEHOB B (36.5). Unen
THIA '

p YV gQ? (36.6)

MO®KHO OBl10 OBl CYHTATh OTBETCTBEHHHIM 3a MOXYJUPOBAHHOE MQ-
JeM KoMOuHalHOHHOe paccesHne. OQHAaKo CTPYKTypa 3TOr0 UJcHa
J0MKHA OBITh COBMECTHMOH € KOBADHAHTHOCTBIO TEH30pa BTOPOrQ
paHra P, xoTopwlfi B ciyyae pellleTKH a/jmasa npeobpasyercsl Mo
NpsAMOH cyMMe:

P~Tgr*Hgr®), (36.7)
Ho & npeofpasyercsi Kak MOJAPHBIH BEKTOD:
&~ 1", (36.8)
a akTHBHOE B KOMOHMHANUOHHOM paccesinuu KonebaHHe
Q(i) ~ F(25+). (36.9)

CrnepoBatenbHo, uieH Tuma (36.6) npeofpasyercs no mnpsiMoMmy
HpPOHU3BEAEHHIO

1 - Al 2
P( 5 )®I(5+), (36.10)
KOTOpOe fIBHO He MOXKeT COJepxKaTb HH OAHOH M3 KOMNOHeHT P,
NOCKOJBKY BCe OHH SIBJSIOTCS UeTHLIMH corviacHo (36.7). Takum

o6pasoM, B c/lyuae ajMasa Mbl He MOXKEM NOCTPOUTb KOBAaPHAHTHYIO
peauuuHy tuna [P] us uaenom (34.6), mostomy

p&D—o, (36.11)

,ZIJIH ONUCaHHuA MOIYJAHHU KOMOUHAIHOHHOTO paccessHuss OpUJIO-
SKEeHHBIM ToJeM HeOOXOAHMO paccMaTpuBaTh 4JeH

P>V g&Q". (36.12)
Stotr uiaeH npeofpasyercs Kak
[P93]), @ B, (36.13)

caefoBarenbuo, Kosdpduuuentst P D momxHB GBITE OTAHUHB OT
HyJdst, NOCKOJBKY (36.13) copepxut (36.7). IleficTBHTENBbHO, NpH-
pefenne (36.13) maer

F(H‘) oy 11(12+) @ T (15+) @ 311(25+). (36 14)

CirenoBaTebHO, KOMNOHeHTH Bhipaxkenus (36.12) moryr 6uTh HC-
M0J/1b30BaHbl [J/1s1 [NOCTPOEHHs KOBapHAHTHBIX BeJudyHH Thna [P].
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TakuM o6pasom, 3TOT uJeH MOXET BH3BBaTh MOAYJAHPOBAHHOE
nojeM KoMOHHaUMOHHOe paccesaHue. Jlpyrue npuMepsl npuseieHbi
B pafore [151]. Baxnwpifi xauecTBeHHL 3ddekT, npeackasaHHBIR
TEOpHed, 3aKJIOYAeTCA B NOABJAEHHH ONpeleJIEHHLIX YJEHOB B TeH-
30pe KOMOHHAUMOHHOrO paccesthus, oOYCJOBJEHHHX TOJNbKO BHEMI-
HuM noJseM. Taxk, astopw paCorsl [151] npeackasanm nossiaeHHe
paccesHHsl C ONpenescHHON NOJsIpu3alHKelr, 06ycaoBaeHHOTO 3dhdexk-
ToM BToporomopsiska (36.12); nabiaiofenne MOJOGHOTO paccesHUs
MorJio Ohl NOCTYXKHTb NPOBEPKOH 3TOrC MexaHusMa. DKCHepHMEeH-
TA/JbHBIX MOATBEPKICHUA 3TOrO fBJEHHS, NO-BHAHMOMY, elle He
IOJYYEHO.

Hpyroft scbdexr wapyuleHus cuMMmeTpHH, 0OyCTOBJEeHHHIA 110-
CTOSHHBIM 3JIeKTPHUECKHM MOJeM B KPDHCTaJlax THUNA ajMasa, 3a-
KJIIOUAEeTCsl B NOSIBJACHHH HHAYNHUDOBAHHOrO HMHPPaxKpacHOro morjo-
INeHHs1 [epBOro mopsarka, B HAeanLHOM KpucTasje ajiMasa
gKoseGanue ¢ k == [ obaanaer cummerpuein '@+ u nostomy Heax-
THBHO B uH{paxpacHoM norjouleHuH. Bosppamasice g § 4, MH
DOJIXKHBI Pa3JCKHTh OlepaTop AHNOJBHOTO MoMeHTa (4.10) B cme-
[aHHBIH pAA [0 HOpMaJabHOR KoopianHaTe QU) W npuHIOKEHHOMY
aJeKkTpuueckoMy nosio &, 3anuchiBas pasjiOoXeHHMe B CHMBOJIHYE-
CKOi ¢opme

= u00Q + w0 DE 4 p DEQF ..., (36.15)
Mbl TOJIyuaeM BO3MOKHBIE MaTpPHUHBIE 2JeMeHTHl BHAa
utt: D@ <Xviz Q| ;{vk>, (36.16)

kotopsie noasstca B (4.11). OnepaTtop pn B anmaze npeoGpasyercs
o npexcrasaennio 'Y, 1. e. mo =), 105TOMy KawIbili OTJIHUHbIM
oT HyJs wieH B (36.15) nosxeH npeoGpasosbiBaThes mo ['13-). Oue-
BHAHO, YJIEH

pl et (36.17)
YLOBJETBOPSET 3TOMY TpPeGOBaHMIO, TaK Kak
ng ~ Fus—) ® F(25+> ~ F(xs—)’ (36.18)

ecin QU) — akTHBHOE B KOMOMHAIHOHHOM paccesivun KonebaHue.
CaenoBaTebHO, MATPHUHLIA 3jaeMeHT (36.16) gosken OblTb OTJIH-
yeH OT HyJs Ojaromapst cBa3u Kojebanus '3 ¢ snekrpuveckum
noJjem, xapakrepusyemoli napaMerpamu ptb V. TlogoGnoe unAynH-
poBaHHOE 2JeKTPHUECKHM [0JeM HH(MpaKpacHOE MOIVIOLIeHHEe Ha
oaHoponoHHON wacrore 'V pepoarHo, Habimwnasoch B pabore
[152], rie napsiy O CABHIOM NOJIOXKEHMS NHKA B KOMOHHALHOHHOM
paccesiHHu coolluaercsi Tak:xe O HAOJIOASHHH MNOfAOLIEHHR, HHAY-
uuposanHoro noseM (¢ur. 34). IlanbHefdnye HCCAeROBAHUA HOMNIO«
LieHHsl, UHAYIHPOBAHHOTO NOJeM HJM MeXaHHYECKHMH HanpsKe-
HHSIMH, HECOMHEHHO, OYAyT pa3BuBaTbheA B OyAylieMm.
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B kpHucraaiax THna KameHHoOH coin [-(OHOH HMeeT HeyeTHYIO
cumMerpuwo 15~ u nosTOMY akTHBEeH B HHPPAKPACHOM TMOraolLe-
HHH, HO 3anpellleH B KOMOHHAIIHOHHOM paccesiHuu. Kak W paHblie,
cooOparkeHHs CHMMETPHH NO3BOJSIOT MOHATH SIBJIEHHA, CBSI3aHHBIE
¢ HapyuleHUeM CHMMeTpHHU, OOYC/ORNEHHLIM BHELIHUMH BO3MYlle-
Huamu. Kak u B ciyuae anMasa, 3JeKTpHUECKOe [OJe BAOJb OCH

105_
« F
S 100 §§§§§% 113223
= F #
= [ H
< ek
IS N N S N N O N
1335 1340
v, en!

®ur. 24 Hapyuenne CHMMETPHH, BhI3BAHHOE 3JIEKTPHUECKHM noJeM. H ONTHUe-
ckoe morJiolienne B anmase [153]

kyb6a [00 1] nonumxaer cuMmeTphio cucTeMbl 10 (4. Torpa cum-
merpust ¢doHoua [15) mouunxkaercs 10

) rpynnst O | A/ @ E rpynnss Cy. (36.19)

Ho #a rpynne Cy4 KOMIOHEHTH Tel30pa flonapu3yemocTH P npeob-
pasyioTesa Kak

P~2A$GB DB,PE. (36.20)

Cile10BaTeNbHO, CHMMETpPUST AOMyCKaeT TMOosBJAeHHe HHAYLUPOBAH-
HOro TmoJieM KOMOWHALMOHHOTO pPacCesHHA Ha HHPpakpacHol ua-
cToTe, T. €. xomnonenTol A u £ B (36.19) cranosstca Habaionae-
MBIME B KOMOHHAUMOHHOM paccesiHHH. AJleKBaTHOH AHHAMMHYECKOH
TeOpHH, clocobHOH onucatb BeJuuHHY 3bh¢dexrta, GopMy JUHHA
M T. 0., ellle He cyulecTByeT. MuaynnpoeanHoe nosem KoMOHHALMOH-
HOE pacCesHHe B KPHCTAJMJIaX KaMeHHOH coH A0 CHX HOop He HadJmw-
14/10Ch, OJHAKO SIBHble 3KCIEPUMEHTAJbHBIE [0Ka3aTeJ]bCTBA €ro
CYIIECTBOBAHMS HalJeHB B CTPYKType mneposckutoB [154, 155].
Bhiia pa3BuTa Takxe Teopusi 3Toro addexra, XOpoLIO COracyw-
uiasics ¢ sxcnepHMenTom [156].

Jlo HacTosillero BpeMeHH HM [AJS aJaMmasa, HH AJs1 KaMeHHOM
COJIH He TPOBEAEHO HCCAEJOBAaHHM BJIUSHHA MarHHTHOrO MOJH HA
KOMOHHAIHOHHOE paccessHue uJAH HH(ppaKpacHoe IMorJolleHHe ).,

Tlogo6HEIMU H#, BO3MOXKHO, elle 6oJee BaXHHIMH ABJISAIOTCH 3¢-

"} B pabGore [157] npoBeleno H3yueHHe BJHSAHHA MarHHTHOTO IIOJISI HA KOM-
GuHalHOHHOE paccesinHe B KpHcTaate CdS.
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¢dhekTrl, o0yc/OoBJeHHble BHEUIHHMH HampsikeHHsAMH. B neficTBuTesb-
HOCTH H3yueHHe (POTOYIPYroCTH KPHCTAJJIOB THUIA ajJMa3a M KaMeH-
HOH COJIM UMeeT BecbMa JIOJTYI0 HCTOPHIO, HO B CTapuix pafoTax
OCHOBHOE BHUMaHHe VI&ISJIOCh H3MEPEeHMI0 MAaKPOCKOIMHUECKHX
KOHCTaHT THNA Kospduuuenta (OTOYNPYrocTH. IJTa MOTEHIHANBHO
BecbMa MHorooGematomas obaacTb HelaBHO HayasJa aKTHBHO H3Y-
uyathes [158,159].

Hpyrue eunle Gojiee TOHKHe acCleKTH HapylUeHHS CHMMSTPHHU
MOTryT OLITb H3YUeHBl NYTeM IPHJIOKEHUA K KPHUCTAINY TpajHeHTOB
BHEIIHHX CHJI. BMecTO pas/io:KeHHs QUNOJLHOTO MOMEHTa WJIH TEH-
30pa MOJIAPH3YEMOCTH IO HANPSIXKEHHIO B 3TOM CJIyuae B pasyoxe-
HESI BXOMAST I[IPOM3BOJHEE IO TPOCTPAHCTBEHHBLIM KOODAHHATAM,
ABASIOLUHeCs TeH3opaMu OoJee BBICOKMX nopsifikos. Hamnpuwmep,
IPOH3BOAHASN TEeH30pa HaNpsKeHHS [0 NPOCTPAHCTBEHHOH KOODIH-
HaTe $BJAsieTCHd TEH30pPOM TPeTbero paHra, CUMMETPHUHBIM MO
[epBBIM JBYM wuHIeKkcaM. HckaiounTenbHEle BO3MOXKHOCTH 3THX
MeTonOB OBIH OTMedeHb B paborax XsMmbpelica nm Mapanynuna
[160] u DBepencon [73], ykasaBImINX Ha TeCHYIO CBR3b BO3HHKAIO-
mux B 3TOH mnpobJieMe TeH30pPOB paccesHuss ¢ KosahpHLUeHTAMH
Kae6ma — ['opaaHa.

DTHMH 3aMeUaHHSIMHM O HapyIIEHUSIX CHUMMETPHHM MBI 3aKaHUH-
BaeM KHury. Kak nmpaBujo, ciMMeTpHUsl HOJHOCTBIO HE Hapyllaercs,
HO [IPM HAJHYHH BHYTPEHHWX W BHEIIHHX HANpPSXKEHHH BO3HHKAaeT
HOBasl rpymna CHMMeTPHH, KOTOpas H OnpejesseT CBOHCTBA CH-
CTEMHbI.
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[pounoe, Hacrosiuee, Gyayiuee

a. Ilpu cocraBieHuy MIaHa 3TON KHUMH aBTOP BHUMATENbHO H3Y-
YHJ1 COCTOSIHME 3HAHHMH M HMX pa3BHTHe B TeX 00JacTX, KOTOpHe
JOJIKHB ObIM HaHTH OTpa)KeHHe B KHHTe. YYHTHIBasi pas3Hblil ypo-
BeHb CJIOKHOCTH Pa3/INUHBIX ACNEKTOB H3yuaeMoll mpoOsieMH], aBToOp
CTPEMHEJICH H3JIOXHMTh HX € eJIMHBIX NMO3WIHA B Takoil dopme, Ko-
TOopasg MorJia Obl NOCJAYXKHTb OCHOBOH IJ/5 NajibHEHIIHX HCCACKD-
BaHUA.

C camoro Hauana ObLIO SICHO, UTO HauboJsiee 3pesiodl W naxe B
M3BECTHOH CTeMEHM KJacCHuecKofi 06MacTbio ABJISETCH TEOPHS KPH-
CTaJVIHYECKHX MPOCTPAHCTBEHHBbIX rpynn. J{OCTATOYHO YHOMAHYTH
mHpoKo u3secTHele paGorm Illendauca [161] u Penoposa [162]
Ho KJa1acCHGHUKAUUH TPeXMEePHHIX HpPOCTPAHCTBEHHHIX TPyl H pa-
Gorsl Bykapra, CmoJayxosckoro u Burdepa [66] m 3efitua [163]
no KjiaccHpuKanyu HX HENPHBOAHMHIX Npeicrasienuii. Obmue me-
TOJH NOJYYeHHS NPaBuJ 0TOOPa B TEOPHH NPOCTPAHCTBEHHBIX TPy
ObLIM Pa3BUTH 3HAYUTEJBHO NO3IHEe, HO OHH TaKkKe IPeICTaBJsIOT
coB0fl ACHBE pelleHHs] YeTKO IOCTABJEHHBIX 3aJau TeopeTHUECKOl
¢usuku. HecmoTps Ha uMeromyiocs JMTepaTypy, NOCBAUIEHHYIO
3TOMY aCNeKTy NpPHJIOXKeHHA TeOpHH rpynn B (H3HKe, U HaJHUHe
HEeCKOJbKHX HPEeKPACHHX YueOHHKOB, B KOTOPHIX TEOPHSI I'PYNI H3-
Jlaraetcsl ClelHaJbHO AJIs1 GU3UKOB, 3Ta TeODHS YAHBHTENBHO MAaJo
HCIIOJIb3YeTcsl B NOBCeAHeBHOA pabore TeMH (HHU3HKAMH, OT KOTOPLIX
MOXHO 0XHIATb MOHHMaHus U NpUMeHeHHst TCOPHH Ipynn B TOH xe
cTeleHH, KaK U TEOPHH BO3MYILEHHH B ee CTapoll HJIM COBPeMEHHOH
(MuorouactruyHo#) ¢opme. B cOOTBETCTBHH C 3THM aBTOP CTABHJI
neped cobofi 3anayy AaTb siCHOe H MOAPOOHOE H3JMOXKEHHE MeTONOB
TEOPHH TPYN, Heabl0 KOTOPOro OblJI0 MOMOYbL YHTATENIO NPE0J0AeTh
npenyGexIeHHsl HIH 3aTPYJHEHHs B MOHHMAHHU ¥ MPUMEHEHHH 3THX
MeTon0B. DTO 03HAYaJO, B YACTHOCTH, BKJIIOUEHHe NOKA3aTEJbCTB
psla BaXKHBIX NOJIOXKEHHH, KOTOpble TaK YaCTO OCTABJAIOT YHTATEII0
BMecTe ¢ Ppasofi «jierko HoKasaTh», TOrja Kak YHTaTeJb He HMeCT
JIJS 3TOrO [OCTATOUHEIX TeXHHYECKHX HABBHIKOB HJH YBEPEHHOCTH.
Ho, ecTecTBeHHO, MBl AOJKHB OBLTH MPeANOJaraTh ONpefeseHHH
ypoBeHb NpPeJBAPHTENbHEIX SHAHHA N0 OCHOBAM TEOPHH TIpynn B



Mpowaoe, nacroswee, 6ydyuee 255

npenegax OOBLIYHOTO YHHBEPCHTETCKOTO Kypca TeopeTHueckKo# (u-
3MKH, TaKOro, KaK, Hanmpumep, B KHurax Jlangay u Jludumuna [164,
165].

Taxum o6pas3oM, MBI Ipexae BCEro MOCTAaBUJH 3a4ady PacCMOT-
peTb TEOPHIO CTPYKTYPH KDHCTA/JIHUECKHX NPOCTPAHCTBEHHBIX
rpyni H HX HeOPHBOAHMBIX npeAcTaBjenufl. [Ipu atoM npexpnoJara-
JIOCh, YTO 4HTaTeNb AOCTATOYHO NOATOTOBJEH, YTOOH CJAEIHTb 34
NOCJEA0BATENbHBIM H3JI0XKEHHEM TEOPHH, AOBOJBHO TECHO CBA3aH-
HOH ¢ OOBIYHOH TeopHeli KOHeUHBIX TPYIN H ee NPHJIAOKeHHH. B Ha-
yajapHON dact# KHurn (1. 1, § 1—65) MH HOCTENEHHO BBOAHM
OCHOBHbIE TIOHATHS: MBl CTPOUM HENPHBOJIHMBbIE TIPEACTABJAEHUS NPO-
CTPAHCTBEHHBLIX TPYIN METOAOM, IpPeICTaBISIONINM co60f No cylile-
CTBY HHAYKIHIO OT MNOATPYNHE,, XOT# H He JaeM amnpHOPHOrO
aGCcTpaKTHOTO ONpejle/ieHHs] HHAYKIINH; OHA MOSBJASETCS CKOpee Kak
HeoOXOMUMOe CJeJCTBHE HENOCPENCTBEHHOrO H CHCTEMAaTHUECKOTO
ONMCaHUA HENPHUBOJUMBIX IHpencTtaBiaeHuil. Janee mbl dopmasbhHo
onpeaesnsieM NPOUEAYPY HHAYKIHH AJS HENPHBOAUMBIX HpeEJCTaBJE-

o * » * .
unit D*® M g xapakrepos x(*¥) 0. Tlocse Toro Kak 5TH BOIPOSH
Pas3BHTHl 10 YPOBHS, HA KOTOPOM WHTATEJNb JOJKEeH YBEPEHHO OPHEH-
THPOBATBCS B CTPYKTYpe MPEACTABJIEHHH U XapaKTepOB, Mbl BBOJHM

NPpOEKTUBHbIC NPEACTaBJACHHUA. IDT0 N03BOJsET JaTh O0Jiee KOMMTAKT-

. k
HOe U SKOHOMHOE ONHCAHHe pa3pelleHHHIX npeicrapaemnix D® ™

KOTOpble MOTYT OBITb HCHOJb30BAHHI JJIS HHAYUHPOBAHHS HENPHBO-
IAMbIX npexctaBiaermit DU (),

3atem B T. 1, § 52—65, BplunchsAOTCH KO3(DGHIHEHTH NpPHBe-
nenus. [locnenHne npencraBasiior cobofi uieHs psapor Kiebina —
Topnana. Bosee BaxkHO TO, 4TO OHM NpPAMO AAOT NpaBuia orbopa
I8 (QH3HYECKUX MPOIECCOB, HAMPUMepP [JI5 ONTHUECKHX NMePEeXOMOB.
Mul cpaBHHBaeM pa3JiHYHbBle METOALI INOJyueHHS KO3hdHULUEHTOB
IIpHBEJEHUS W NOKa3blBaeM HX SKBUBAJCHTHOCTb. TakHM obpasowm,
o600l MeTOH NpH HPaBHALHOM HCHOJB30BAaHHH JaeT BEPHBIH OTBeT,
HO YHTATe/b JOJ2KeH OBITh YBepPEH, UTO OH 3HAET COBEPUIEHHO TOUHO,
KAKOBO 3TO <«NPABHJAbHOE HCIOJb30BAHHE», TaK KAK B NPOTHBHOM
cayyae MOMKHO MOJYYHTh OLIHOOUHEIE Pe3yJbTaThl. ITO 0OBIACHAETCS
BT 1, § 64.

B sToii e wacTH o6Cyxiaercs BBIUHCAeHHe KO3GdULHeHTOB
Kne6ma — lopnana [/ NPOCTPAHCTBEHHBIX IPYAN. DTH BEJHUYHHH
colep:xaT HauboJsee MOJHYI0O H JeTaJbHYI0 HHGOPMALHIO, KOTOPYIO
MOXHO MNOJYUYHTb AJS KAKOH-THGO TrpYNNbl, U IO3BOJSIOT MAaKCH-
MaJibHO HCIHOJb30BATh CHMMETPHIO HYXKHHIX BeJHUYHH, 6yAb TO COO-
cTBeHHas QyHRIMSA (COOCTBeHHBIH BEKTOP) HJM JApPYrHe BeJHUHHHBL
3uasn 31H Ko3GPHIHMEHTH, B YAAYHLIX CJOYYasx MOXKHO OCYLIECTBHTD
nosiHoe pa3fHenHe MATPHYHOTO JeMEHTa HJIM aHaJOTHYHON BesH-
YHHB Ha CyMMY NpOH3BeleHHH ABYX COMHOXKHTeseH, OAHH H3 KOTO-
PHIX CBfI3aH C CHUMMeTpHel H mpeacraBiaser coboli Koshduumenr
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Kaebwa — 'opaana, a gpyroit siBjsiercsl pHBEJEHHBIM MaTPHUHBIM
3/J1eMEHTOM, 3aBHCHILHM OT KOHKPETHOrO BHJa B3aHMOAEHCTBHA.

HHurepec k 3TOMY MaTepuany [oJXKeH, NO-BHUAHMOMY, IOJAep-
JKHBATbCSl H3BECTHLIMH M3 yueOHHKOB [149, 164, 165} upmesamu o
BAaXKHOH POJIH CHMMETPHH NpPH ONpe/eeHHH NPaBUAbHBIX JHHEAHBIX
BEeKTOPHBIX IIPOCTPAHCTB, JiexXalluX B ocHOBe Jwo6oro pacuera. [lo-
CKOJIbKY 3TH IJIaBbl IOCBSIEHH B OCHOBHOM MaTeMaTHYeCKHM Mpo-
6/eMaM, XOTS U H3JIOKEHHBIM C TOUKH 3peHHs] (H3HKa, HX pe3yJb-
TaThl ABJAIOTCA OOIMHMH H CaMOCTOATE/NbHBIMH HE3aBHCHMO OT IPH-
goxceHHH. OHH MoryT HalTH HOpHMeHeHHe B mpoOjaeme (as30BHIX
11ePeX0]0B, CONPOBOXKAAIOIHUXCA H3MEHEeHUeM CHMMeTPHH, B 30HHOH
3JIeKTPOHHOH TeopHH, B TeopHH OOYCJOBJEHHBIX 3/1eKTPOHHEIMH
epexojaMH ONTHYECKHX CBOHCTB H B 3ajauax 3JeKTPOH-(DOHOHHOrO,
B3aHMOJAEHCTBHS M IIPOLECCOB pacCesHHA, BKJIOUad sBJACHUS Ilepe-
Hoca. Ilpu HemocpeacTBeHHOM 000GLIEHHH 3THX pe3y/bTaTOB OHH
MOTYT ObIThb NIPHMEHEHHI K IIpo6/aeMaM MarHHTHBIX KPHCTAJJIOB, CIH-
HOBBHIX BOJIH # T. . MBI HaJeeMcs, UTO H3JOKEHHBE 3/eCh OCHOBHI
TEOPHH [O3BOJSAT YHTATEIIO JEerKo OCBOUTh 3TH 0000LIeHHs.

Hasnee mbl obpautaeMcs K GusHueckofl nmpobaeMe, OpelCTaBIAAL0-
Iiell AJs Hac OCHOBHOM WHTepec,— K JAHHaMHKe peuieTku. Ilpu
GOLIYHOM H3JIO:K@HHH 3TOoro Bomnpoca [18, 32] cummerpus Kpucrasiaa
paccMaTpuBaercs OT/AeapHO., Mbl e pasBHBaeM 34eCh TEOPHIO
(1. 1, § 66—86), ocHOBaHHYIO HA MOAXOJE, B KOTOPOM CHMMETPHS
TeCHO INepelJeTena ¢ ¢usukoit. CoOGCTBEHHblE BEKTOPH AMHAMHYe-
CKOTO YpaBHeHHs 00pa3yioT HeNpUBOJHMEE JHHEHHBIE BEKTOPHBIS
MPOCTPAHCTBA, T. e. 6a3uUChl HENPHBOAUMBIX NpeacTaBaeHui. Hura-
TeJIb, CMOCOOHLIA OIIEHUThb 3HAUEHHE 3TOr0 NPOCTOrO pe3y/bTaTa H
BLITEKAIOLIHX H3 HEro CJeJCTBUil, NOHHMAaeT CyTb IpHMeHeHus
TeOpHH TPYNN B (usuxe. Buepsrie 3toT pe3yanTar 6wl NOayYeH
Burnepom [166] masa Gojee mnpocroft mpobjeMbl MOJEKYJSPHBIX
KoJeGaHul, HO BcKOope Obi 0o600men 3efitueM u# ap. [167] Ha
cJydal KpHUCTaJlJIoB.

J5 NOMHOTO BEBISIBJAEHHS CMBIC/JA 3TOrQ YTBEPXKAEHHS MBI H3Y-
yaeM ero BO BCeX JeTaJ/isfX, peaJjbHO HPOBOAs Npeobpas3OBaHHsA, He-
o6xoauMble AJS NOJYYeHHS CHMMETPH30BAHHLIX HOPMaJbHBIX KOOP-
OWHAT, ¥ NOKa3bIBas, Kak npu 2ToM (hakTopHayeTcss AHHAMHuUecKas
MaTpHuua.

Ilocne TOro Kak BBeJeHA AHHAMHYECKAss MaTDHUIA, MBI JOJIKHH
COCPeNOTOYNTh BHHMAHHE HA JHHAMHYECKOH CHMMETPHH, YTO O3Ha-
yaeT pacllHpeHHe rPyInbl CHMMETPHH 3a CUET BKJIOUEHHS HHBEPCHH
BpeMeHH. JTOT BOIpPOC BHauasJe OOCYyxkZaeTc € TOUKH 3peHHst
pacilypeHHs TPYINBL HPOCTPAHCTBEHHOH CHMMETPHH C HOMOIILBIO
omepallui KOMIUIEKCHOTO conpsikeHHsl, a 3ateM ¢ GoJee cOBpeMeH-
HOIl TOUKH 3peHHs KonpeiacTasiaenuii Buruepa [149]. das HanGogee
PAUHOHAJbHOIO HCIIOJNB30BAHHS CBOHCTB CHMMETDHM IO OTHOLLEHHIO
K HMHBEPCHH BPeMeHH MBI IPHBOJAMM 37eChb KJacCHHKALHIO Npes-
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o *

crapiennit D) () cornacso moBomy kpuTepuio. dTa kiaaccupuKa-
yud, Koropyio npeanoxut Ppelt, HeCKOJbKO BHIOH3MEHEHA HaMHU
B ueJaX yao0cTBa ee MCIOJb30BaHus. B ocTaibHOM oO0CysKIeHMe
MaTeMaTHUYeCKMX aCNeKTOB TEOPHH KONpeACTaBJIeHHH HOCHT OOmHH
Xapakrep H [03TOMY IIPHMEHHMO K JIOOOH 3ajaue, CHMMETPHS KO-
TOpOH ompefelnsercs IPOCTPAHCTBEHHO-BPEMEHHOH rpynnofl 4, B ToM
YHCJAe H K paccMaTpuUBacMOf KOHKPETHOH npo6/eMe BHIUHCACHHA
COOCTBEHHBIX BEKTOPOB AMHAMUUECKOH MATPHUILHL.

Culenytolnasi yacThb KHUTH CBSI3EIBA€T BO€JAMHO MHOIHE H3 HOJY-
YEeHHBIX JO 3TOro (OPMajbHBIX PE3yJbTATOB., 3jech NPHUBOJUTCS PAN
IpHMepOB, NOKA3HBAUIHX, KaKUM 00pa3zoM CHMMETPHs [03BOJseT
YIPOCTHTb W PAllAOHAJU3UPOBATh BLIUMCJIEHUE psAZa MHBADHAHTHBIX
¥ KOBaDHAaHTHLIX BEJMYHH, ONHUCHIBAIILHX BaxXHblEe (DHIHIECKHE
CBOBCTBA KPHCTAAJAa: raMUJIbTOHHAHA, KPATHUECKHX TOueK B (yHK-
LUH paclpefe]eHus] YacToT, JeKTPHUECKOro MOMeHTa M onepaTopa
TIOJISIPH3YEMOCTH. Mbl IPOBOAUM BBIUHCAEHHA JOCTATOUHO NOAPOOHO
I MOSTOMY HaJEeMCsl, YTO YHTATesJb CMOXKET YBEPEeHHO HCIOMb30-
BaTb TH METOJAE B HHTEPECYIONIMX €ro HOBHIX caydasx. Muorne ua
NPHBOJAMMBIX 3Jech pe3yabTaToB pas3bpocaHbl B Pa3HBIX MecTax B
JAUTEpaType; Mbl HajeeMCs, YTO eAHHAs TOYKa 3DeHHUA NOMOKeT
BEISIBHTb OOIIHOCTh 3THX METOJOB.

Crenytomue naparpacdsl NOCBAILIEHB Pa3BUTHIO KBAHTOBOH Teo-
puu KosebGaHHH pellleTKH, a TakKe HHOpPaKpacHOTO NOIJIOIICHHSA H
KOMOHHANHOHHOrO paccesinusa cBeTa Ha ¢oHoHax. Pojb CHMMETPHH
B MOJOOHBIX 3ajJauax XOpomo H3BecTHa. Ecan cTpyKTypa IPOCTPaH-
CTBEHHON TPYNNbI KPUCTa/A1a, ee NPeACTaBAeHHsT W KO3QPUUUSHTH
NpUBEeJeHHS] H3BECTHBI, TO OCTAJLHOE COCTOHT B NPUMEHEHUH H KOHK-
peTHsaluy 3TUX pPe3y/ibTaToB B JyXe METOJOB, HCIOJb3yeMbIX B aHa-
JOTHUHHIX NpobJjeMax aTOMHOH, MOJEKYJAPHOHR U AAepHOH (DHU3HKH.
Ho uTo6ul npeactaBasiTh cebe, KaK U Iie NPHMEHATb 1 KOHKPETH3HU-
poBaTh METOABl TEOPHH IPYII, HeoOX0[HMO 3HATh KBAHTOBYIO TEOPHIO
COOTBETCTRYIOUINX NpOIeccoB. 34eCh BO3MOXKHE pa3/inuHbie YPOBHH
CJIO}KHOCTH, HO Mbl HCIOJb30BAJH B OCHOBHOM IapMOHHMYECKOe INpH-
OM:KeHe KBaHTOBOH Teopun kojgeGaHuil perrerkd, yTobul moxa-
3aTh, KAaKHM 06pa3soM MOXKHO MOJYUHTh CHMMETPUIO MHOIO(OHOHHLIX
COCTOIHHH B rapmMoHuyYeckoM npubmmkenun. OgHaKO He NpeACTaB-
JsleT TpyAa mpoBecTH o600lleHHE € YYEeTOM pa3peuleHHBIX IO CHM-
METDHH aHTapMOHHUYECKHX TNDOLECCOB, €CJAX BOCMO/bL30BATHCA Me-
TOAAMH, U3BEeCTHEIMH U3 KJIACCHUECKOH TEOPHH TEH3ODHOIO aHaJH3a.
Teopust HHPPAKPACHOTO NOTJONIEHHS ¥ KOMOHHAIMOHHOTO pacces-
HHST H3JIaraeTcs B PaMKax MOJYKJIACCHUECKOH TEeOpHH H3JyueHHs, a
TaKke ¢ PasHOH CTeneHbIO MyOHHE H B 60Jiee COBPEMCHHBIX MUKPO-
cKonuyeckux mnoaxorax. Bo Bcex caydasx sdderTsl, cBfi3aHHBIE €
cUMMeTpHell, BEIACASIOTCA B SIBHOM BHAE. DTO BHOBb WIIOCTPUpYET
Hally CTPATerlo H3JOMEHHsS] JIHHAMHYECKOH TEODHH B TECHOM eJHH-
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CTBe € TeOpHeH CHMMETPHM B OTJHMUHe OT TPaAHLHOHHOIO pa3ieb-
HOTO H3JOXKECHHS.

[Tpuunnn BeIOOPa B KauecTBe OCHOBHLIX O0BEKTOB AN HPHJO-
JKCHIA TeopHH KPHCTAJJIOB THIIA ajdMasa U KaMeHHOH coln oGCyx--
Jdanuch Bbllle; OHH HHTEPeCHL caMH 1o cefe KaK mnpuMephl
KPUCTAJIOB, NPHHALJISKAIHUX COOTBETCTBEHHO K HeCHMMODPDHOH 1
CHMMOpQUHOH NPOCTpaHCTBEeHHBIM I'PYHIAM, H B TO K€ BPeMs MHOTHE
KPHCTAJ/ILI 3THX THIIOB HaXoAATcs cefiuac Ha nepenHeM (poHTe
uccaeoBaHuil. Uuraredab, He NOXKaJEBIIHI TPYAa H IPOCAELHBUINHA
24 BCeMM BHUHC/JIGHHSIMH JIpaRusl oTOOpa, DPOBepKaMB aeficTBUS
onepauuyn o6pailieHusT BpeMeHH W YCJIOBHH COBMECTHOCTH, 3aKpenut
CBOHM 3HaHus MaTepuasa, NPHUBCACHHOTO B IlepnoM ToMe. Martepuad
1. 2, § 19—36, nocBalleHHLIA aHan U3y QHU3UUECKUX NLROLECCOB,
ABJSAETCS B M3BECTHOM CMBbIc/e HanOosee 3/10004HesHBIM. Fccaeso-
BAHUA AMCHEPCHH DOHOHOB M ONTHHECKHX CROHCTB MHOTHX KPHCTAJ-
JiOB, NPHH&UIEKAIUX K YKA3a#HBRM  [pYlaM, AaxTHBHO DA3BH-
paorcs. [loaromMy wuwacThb MNPUBELEHEOro MaTepuasa, Hanpumep
KOHKPETHbIe 3KCIEPHMCHTAJALHLIE PE3YJAbTaThl BMECTe € HX MHTEep-
ipetannelf, MOIKer OKasaTbes Henodaropeupoft. Mowino HageaTsed,
OJHAKO, UTO 3TH Pe3yJbTATEl, ABJSIOLIHCCS NPHMEDPAMH HauJAyULIUX
JaHHLIX, H3BCCTHHIX B IIEePHOJ HANHCAHUS KHUIH, OKaXKyTcs MoJes-
HBIMH JUIST WJJLOCTPALMH METOAOE M De3VAbTATOB aHaJt isa, XOoTs
HeKOTOPHIC UHCJECHHRIe 3HAUEHHS HJAH JeTaal UHTepHpeTanuu MOTyT
O3 j(HEE H3MEHUTheA. 3/1eCh MBI CHORA TIpejroaraeM, UTo UHTaTelb,
JKeMaotmuit rayle M3VYUTb I7TH BONPOCH, npopafoTaeT NplpeleH-
HEIH HAJI0CTpaTHBELIlT MaTepras H 3aTeM HOPH HeobXOANMOCTH TPH-
BeAeT CBOM 3HAHUA X COBPEMEHHOMY YPOBHIO € TOMOIIDLIO TeKylleH
Jgurepatypel. Matepua s 3THX naparpaop AOLKEH CAYXKHTbL Y0e-
AUTEABHON HAAIOCTPAIHCH MOJAE3HOCTH TeOpHIH CPYNN NpKH aHaj x3e
ONTHYECKHX CIEKTPOB, B WACTHOCTH NpaRua oTHopa, npejcrasaHud
# HaOJIOAeMHs HOJSPH3AINU  PacceANHOre CBCTa, ocobeHHOCTEN,
CBSI3AHHBIX ¢ KPHTHUGCKMMM TOUKAMM B (YHKUHH pacupefeneHud
yactoT, 5hQexTOB HAPYLUIEHUS CHUMMETPHHM, NPHBOASUIHX K HOBLIM
ABJASHUAM, a Takike K OpOsiBJeHni0 (DOPMadbHO 3anpelleHHBIX
yacrtor. Cjeayer ciedaTh NpefocTepeNieHue: TeOPUs TPYNN He AaeT
pcefi HHpopManyuy, MO3TOMY B peasJbHOM HCCJALAUBAHHH cllelyer
TOYHO VYCT&HOBHTH, I'Je HYKHAa JAHHaMU4decKad HH(GODMalus THIA
BLIUMCTIEHUs Aucnepcud (DOHOHOB, OTHOCHTENLHOH 3HEPTHM pA3JIHU-
HEIX KOJAe0aHUl, KOHCTAHT 3KCHUTOH-(QOTOHHOTO HJIH 3KCHTOH-(CHOH-
HOrO B3aHMOJCHCTBHSA U T. J.

9l Hajewoch, YTO YUTATENB, JOCTHIIUHA KOHIIA MYTEIICCTBHA BMe-
¢Te O MHOH, yOEIHTCSl B NIOJE3HOCTH TEOPETHKO-TPYNINOBBIX METOL0B
H ¢ VBEPEHHOCTbIO OyJeT NPHMEHsTh HX TNDPH HCCAeJAOBAHHH HOBBIX
npodJeM.

0. B nmocaexnHee BpeMs HaOJs0f2eTCsl HACTOAUIMH B3DLHIB B YPOB-
He aKTHBHOCTH B HeCKOJLKHX OGJaCTAX, PacCMaTpHBaeMBIX B STOH
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kuure. Iloxanyii, HauboJlee FBHBIM NMpPUMEPOM ABJSETCS paccesHHe
cBeTa, B TOM uHcjae KOMOWHALMOHHOE paccesiiue Ha (OHOHAX.
MexyHaponHbe KOH(MEpPEHUHH MO 3TOMY Bompocy [126—128]1)
CAeyIOT OfHA 3a Apyrofl ¢ mopa3uTeJbHOH peryasapHOCTbIO, H JaxKe
B IIepPHOJ, KOIJa HHCadach 3Ta KHHra, MJaHKposascs Ledaslfl psas
MeHee 3HAYHTENBHLIX MEXAYHAPOAHBIX BCTPed THIIA KOJJIOKBHYMOB
uian cemuHapos [168]. B Taxkofi cOcTaHOBKe NMONBITKA 1aTbh 3aKOH-
UEHHYIO TPAKTOBKY TECPETHYECKHX HJIH SKCIePHMCHTAJbHBIX Pe3yilb-
TATOB TIPEACTABJSETCS MaJiOPEeANUCTHUYHOH. DKCIepHMeHTa bHbE
JaHHple MEHSIIOTCH C YCOBEPUICHCTBOBAHHCM TEXHHKH, a BcJaen 3a
HUMU MeHseTcst U MHTepnperanusd. Ho obliereopeTuyeckne MeTOAH
ana/ju3a M3MEHAIOTCH Tropasis MenjeHuee. KpaHToBasg Teopus,
BK/IOUAs MHOTOYACTHUHYIO TEOPHIO BO3MYLIEHHH, H Teopusl TPVl
OCTATCS GCHOBOH TIpeJCKal’aHMs, NOHMMAHHS H HHTEpIpeTallkH
SIBCHUA B TBEPABIX TeJax, B TOM U{C/Ae AVWHAMHKH peuleTKH H
OTITHUECKHX CBOHCTE.

[Toxkanyii, Hanbosee YAHBUTENbHEIM (AKTOM C TOYKH 3PeHHH
OPeABLAVILHX 34MCUAHMA O AOATOA M NOGYETHOUH HCTODHM TEOpHH
rpynn asasiercs OHCTpLIH poct uncaa pabor, yraySasamomux H pac-
HIMPSIIONIAX KaK TeXHUKY TeODiHy TPYIN, Tak i obaacTh ee mpume-
Heuus. Clona oTHocHTCA viovuHasimeecd B 1. 1, § 60, uB T. 2, § 16,
PAa3BHTHE HANEXKHBIX METCJOB BBIUNCAEHHS Koz(pduunenton Kned-
ua— ['opiana Ajst 0poCTPAHCTREHHBIX rpynil. Bce OoJsbinee 3Ha-
genHde NpHOGPETAIOT METOMH, HCIOJbL3VIOUIHE TEOPHIO MPOeKTHBHBIX
npeAcTaBieHUl U xoynpeacrasiaeHull. OCHOBB 3THX MeTOJOB B TeO-
PHH NPOCTPAaHCTBEHHLIX I'PYNN H3JAcKeHn B T. 1, § 41—44 u 100, Ho
JUWL B NOCHeIHee BpPeMst IOCTHTHYT 3aMeTHHI Hmporpecc B peasb-
HEIX pacuerax. Heroropass HenpHBEYHOCTL 3THX METOJIOB, NMO-BHIH-
MOMY, NMPensTCTBOBAJA B NPOMLJIOM HX LIHPOKOMY HCIOJb30BAHHUIO,
HO ¢ HaKONJMeHHEM ONbITa 3TH TPYAHOCTH AOJKHBE OBITb NPEOAO-
Jdenwl. Ilpencrasisiercs MaloBepOATHBIM, UTOOB H3 3THX METOIOB
MOTJIH BBIPACTH HOBble (DH3MUeCKHe HANpaBJeHUs, HO, BO3MOXKHO, 3a
CUeT YCTpaHeHHMS HEKOTOPHIX CJO0XKHOCTeH B OB603HaUeHHAX MOXKET
OBITH AOCTHUTHYT HOBBIY YPOBeHb NMOHHMAHUS.

Ilpyroe cpaBHHUTeJBLHO HOBOE HaNpaBJeHUe B NPHMEHEHHH TeO-
puy rpynn-— pagpaborka mporpamm aasi 9BM, obaeruatomux mo-
CTpoeHHe TabJHIL HENPHBOAUMEBIX TPEJCTABIEHHH H KONpeAcTaBjie-
AUl mpocTtpaHcTBeHnnx rpynn [169], a rakxke ananiuz Ha DBM
CTPYKTYpPBHl NPOCTPAHCTBEHHBHIX Tpynm B 1, 2, 3 u 4-MepHOM IIpoO-
crpadcrteax [170]. PaspaboraHsl mporpaMMbl pellleHHsl 3ajad Ha
coGCTBeHHBIe BEKTOPH U COOCTBEHHbIe 3HAUeHHs, OOCYXKAABLIHXCS
B T. 1, § 79—85 u 101—103, [171, 172]; ara Texuuxa OvlcTPO PassH-
BaeTcd 4, HECOMHEHHO, IIpHHeceT GOJBIIYIO MOJb3Y.

) CMm. Takxke TpyiAm KOHGbepenuu#i nocgeguero spemenn [189, 190]. —
Hpun. ped.
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JpyruM NpH3HaKOM I[IOCTOSSHHOTO BBICOKOTO YPOBHS aKTHBHOCTH
B 3TOoH 00JaCTH MOXKET CJAYKUTb NOsIBJICHHE B NOCAEHee BpeMs He-
CKOJIbKUX MoOHOrpaui, colep:kaHue KOTOPHIX A0 HEKOTOpOH cTe-
NeHy mepexJHKaercss ¢ AaHHofi kuurofi. MoHnorpagua Mapaaynuna, -
Monrpoana, Beficca n Mnatopoilt [34] ocBewlaeT oueHb MHOTHE
JHHAMHMUYECKHE ACIIeKTH TeOpHH KoJeOaHUN pelleTKH B rapMoHHue-
CKOM NpPHOJMIKEHHH H COAEp:KUT INIpeKpacHoe H3J0XKEeHHe TEeOpHH
KoaebaHull Heupea bHBIX KDHCTAJJMOB, a TakKikKe MHOTHX METO/NOB
MceneI0BaHusl, He obcyaaBliuXxcs B jaHHOH kuare. Mowuorpadusi
ITyne n Martse [31] comepzxut ofuiyio TeOpHI rpynn H HOJYKJac-
CHYECKYIO TeOPHIO HIPPaKPACHOTO MOTJIOMEHH H KOMOHHAUHOHHOTO
paccesiHHs; OHA JaeT BecbMa HOApoOHOe H3JI0KEHHe HOJASpH3alHol-
HBIX 3] deKToB B KoMOUHAIHOHHOM paccesiHid # 3 dekTos, oby-
C/JOBJAEHHLIX MaKPOCKONHUECKHMH NoJAMH (MocaelHufl BOOPOC 3a-
TpoHyT HaMM B T. 2, § 5). OOwupuas moHorpadus bpsaan n
Kpaxuenaa [173] no mareMaTHuecKOH TeOpHH CHMMETDHH KDHCTaJl-
JIOB COJEPXKHT TabJaHIB, KOTOpble MOTyT OLITh HCHOJbL30BaHLI A/
MOCTPOGHUS! HENPHBOANMBIX Mpe/ICTABJEeHHA M KONDEACTAB/SHHH
Bcex 230 «cepblX» KPUCTAJJNUECKHX NPOCTPAHCTEEHHBIX TPYIIL, a
raxxke 1651 maruuTHOW («1BeTHOM»), UM WYCHUKOBCKOH, TPYIITEL

UuraTenaio AaHHOM KHHIH MBI PEKOMEHAYEM HIHPOKO HCHO/b30-

BATH 9TH TPU MOHOrpaduH, a TaKKe YNOMHHABUIKECS BbIIE ApPYyTHe
kauru [18, 32, 68, 149].

B. Heo6nunas akTHBHOCTb, Halaofasliascs ccfiuac B psfe
o0cy:xAaBlIMXcA 34ech obnactefi AHHAMHUKH pelIeTKH, NPHBOJIHT
K TOMY, 4TO JI060e KOHKpeTHOe NpejcKa3aHHe INOYTH HaBepHAKA
[OTEpAET CBOIO IEHHOCTh Npekie, YeM OHO NOSBHTCS B IIeUaTH.

Tem He MeHee HEKOTOpBle BOIIPOCH! CJe/yeT BCE Ke YNOMAHYTD.
IlpencrasiasieTcsl oUeBHAHBIM, UTO HpOIECCH PE3OHAHCHOTO paccef-
Hust cBeTa OyoyT HIpaTh LEHTPAJbHYIO poJb B 00eCHedeHHH HOBHIX
3KCIepUMEHTAJNbHBIX (akToB, Tpebywouux o6bACHeHUsA. PasBurue
3TOrO HANDAaBJEHHs yXKe NPHBEJO K TOMY, YTO paccesHHe CBETa H3
ofyacTd CHEKTPOCKONHHM, 3aHHMarwIleficss HCKJIIOYHTEJbHO HIEHTH-
tduxannei GOHOHOB M HMX CHMMETpPHH, NpeBpamiaerca B o06JacThk
MCCJAEL0BAHNA MHKPOCKOIHUECKON AHHAMMKH M OCHOBHLIX BOIPOCOB
B3aUMOJEHCTBHA CBeTa C BeUIeCTBOM, HCIOJb3VIOUIYIO paccesHHe
cBeTa Kak 30HA. MoxHO Takxke OXHAaTh JaJjbHeHllero nporpecca
E H3YUeHHH KOJJIEKTHBHLIX cTeneHell cBOGOAH THIA YIOMHHAaBUIHXCH
ABYX(QOHOHHEIX CBA3AHHBIX COCTOSAHHA. MHOroo6pasue pasyHUHBIX
MaTepHaNOB C PA3HOR KPHUCTAJJIHYECKOH CTPYKTYPOH, HECOMHEHHO,
JOJIKHO TIPHBECTH K OTKPHITHIO HOBBIX HEOXKHAAHHHX 3(QeKTOoB.

B rTeopuM Takxe MOMKHO OXHZAaThb 3aMeTHOTO IIporpecca, ua-
CTHUHO IIOZ BJHMAHHMEM YKCIEepHMEHTa, YaCTHYHO B NONBITKAaxX cdop-
MyJupoBaTh JAyuline H GoJiee c6ajJlaHCHPOBAHHbIE H OOILHE TEOPHH,
obbenuHAONHe THHAMHYECKYIO TEOPHIO H TeOpui0 cHMMeTpuu. Ho,
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Kak u B J000A passupatoulefics obsacTu HayKu, Oyayliee Bpsij JH
MOXKHO NpeJCcKa3aTbh ¢ AOCTAaTOUHON yBepeHHOCThIO.

Mcropus Hayku y4yHT HAC, YTO €CJAH YXKe HMeIOLlHeCs OCHOBLI
TEOPUH OKa3LIBAIOTCH HEJOCTATOUHBIMH, TO HEOGXOJAHMO ABHIaThCs
BHepeJ, OJHOBPeMEHHO NepecTpanBad Te Dasfenbl, KOTophie He CO-
OTBETCTBYIOT HOBLIM AAaHHBIM.

Ot asTopa

B nepuon padoTh HaA KHHrO MHE OKa3adn 3HAUHTCALHYVIO IO-
MOIiL MHOTHE W3 MOMX HBIHEHINHX H [IPEXKHHX KoJuer. §1 xoren 6wl
ocobo nodaaronaputh g-pa A. K. Fauryaw, npod. M. Hycumopuua
n a-pa Y. C. Yo, mpoyuTasuminx NpeABapHTeIbHBEI Bapuanr py-
KOMHCH U CJEeJAaBIIMX PAA UEHHEHIIMX 3aMeuaHufl, KOTOphie NO3BO-
MHJIM MHE YCTPaHUTb HeKoTopele omubku, [[-p P. Depencon mnpu-
HAJa aKTHBHOE YyuacTHe B IOJATOTOBKE MaTepuana, H3J0KEHHOIO
T 1, §18 60, u BT 2 § 16 npuueM B nocnejHeMm naparpade
H3J02KeHbl B OCHOBHOM €€ COOCTBEHHBIE pesyabTatel, CoTpynnnye-
¢tB0 ¢ a-poM B. Bennoemim, n-pom C. C. Tusrom u a-pom P. 3efixe-
pOM crocoGeTBOBA0 Gosee IMIYBOKOMY H3JI0MKEHHIO TEOPHH,

Uactb KHHru Oblla 3aKOHUEHA B MNEPUHOA MOero npebnIBaHUs &
KauecTse HPHUIJIALIEHHOro coTpyaHuka JlaGopatopun QU3HKH TBep-
jgoro Tena llapuxckoro yHueepcutTera B 1969--1970 rr. S 6maro-
napio npod. I1. Hosbepa, npod. M. Bankanckoro u npod. M. Xyin-
- Ha 3a NPeJ0CTaBJEHHYIO MHE BO3MOXKHOCTb paborath B [lapuxe,

B nepuon paGoTsl HaZ KHHCOH Hayullas mporpaMma MoeH rpyn-
nbl  yacTHYHO (uHaHcHpoBasnach Mceaenoparenbckum oTacaoM
Apmun CHIA u JlaBopartopmeit asponaptukd CIIA, a B camoe
nociennee ppemsi — HanyuouaJbHeIM HayuHeIM ¢ongom CHIA.

Mue pocraBaseT YI0BOJLCTBHE HOOJATOJapuUTh MHCCHC . Ae
KpeceHso 3a TepreiuByio, HEYTOMUMYIO W aKKypaTHyio padory o
nepenevyatke GoJbllicH YaCTH PYKOIHCH,

$1 cunTald CBOHM JOJIOM BHIPA3UTh NIPH3HATEALHOCTh DEKTOPY
Cupnelo BopoBuny 3a NOAAEPXKKY Ha Beex 3Tanax paboTHL.

Miue npusiTHO OTMETHTh I'OTOBHOCTh K COTPYXHHUECTBY H ITOMOULb
€O CTOPOHE PaGOTHUKOB H3AaTenbcTBa LnpuHrepa, B 0COGCHHOCTH
K. Koxa, KoTopele OXOTHO BCTpeYasJH MOH IpeAJOXKeHHs NPH INOA-
I'OTOBKE KHHTH, B TOM UHCJE BeCbMa CJAOXHBEIE TpeBoBaHus K Habopy.

OTBeTCcTBEHHOCTh 3a BCe OCTaBIIHecs OMHUOKH M ONedaTkH
(a ouu, GesycsOBHO, OCTaJHCb, HeCMOTPS HAa BCIO MOJYYEHHYIO
NOMOIIb) TOJHOCTBIO JOXKHUTCS Ha aBropa. §1 Oyay rayloko upu-
3HaTe/leH 4MTATE M 32 3aMeYaHHsA 110 3TOH KHUTe,



[MPUJIOKEHHE A

[Tosnnble Tabauibl K03pPULUHEHTOB MPUBEAECHUA
(mpaBus oT6OpA)
JJIS CTPYKTYpbl. KAMEHHOH COJIH OF

B raba. Al—All ofo3HaueHHs1 HENPUBOAHMBIX MpPEACTABJACHUH
* ” o o
D*#) ) nosmmoft mMpocTpaHCTBEHHOM TPYNNEI A8 KOMIAKTHOCTH

cokpamensl g0 K™, Bce cHMBOJE B TAGIHIAX OTHOCSATCH K HeNpH-
BOJAHMBIM IIpeACTaBJACHHSIM NOJHOH MPOCTPAaHCTBEHHON rpymnel. s
0603HaUeHHs NPAMBIX CYMM M TPOH3BEJEHHUH HCHOJb3YIOTCS 3HAKH
- u X coorBercTBeHHO BMecTO P M (. COMHOXHTEJH, BXOASLIHE
B NMpOH3BeleHHe NpelCTaBaeHHi, 1aHL B TFOJOBKe Tab/JIuULl U B Je-
oM cTosfIe, a pe3ysabTaT — B camo#l Tabaune. Tabaunup cogepxar
TaK:Ke HEKOTOpHe MOJe3Hbe NMpaBuiaa oTfopa M0 BOJHOBOMY BeK-
TOPY; KPOMe TOrO, YKa3aHul CJ1yualu paBeHCTBA Pa3JHUYHLIX KO3d{u-
IUEHTOB NpUBefeHHd !).

1) Boubmas uactb Ta6a. Al — All B3sra us paGotsl [67].
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0 0 0 0 Y 0 0 1- Y 0 - 1 o
0 0 0 0 0 0 0 1- I 0 - 1 {l*e}
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Mpurowerue 5

Ta6auya b2

KoadprureHTH npuBenenus AJasi NPOCTPAHCTBEHHOH I'PyMAN aamasa 031

(r(lﬂk ))= 1
raroro =1
(I"(er(ll)'r(ll))= 1
(ﬂ”[‘"’]l““’)=l
e )=

. (r“”F‘2’|I“")=(|r‘“)=(|r“”)=1
([112)"‘(15)"‘()5))=('r(257)= i
(M PSP = (|PE) = |
([115)['(15)'[‘(1))=(]Iv(lZ))=(lr(lﬂ))=”r(25))=1
(PTeOr®) = (rO2)= (%)= ()= 1
(1‘115),'(25)'):([‘(15)1‘(15)!)
(HDOPBBG}IEHHG YETHOr0 ¥ HeYEeTHOr o
HDCHCTBBHGHHFX [aeT HeYETHOE U T.4.)

(r(l—)L(H)I’_(l-)):l
(I"")L“"]L“”)"l
(r(l—)L(z-H'L(l—)):l
(U =1
“’(l—)L(J+)|’_(J—l)=1
(r(l—)L(a-)IL(SH)':l
XX =1
(r(l-—)x(lilx(i))=l
T "Xk”|X‘3’)=1‘
(r(l ")X“)IX(‘))= 1
(’12+)L(l+)')._.(1~(2->1‘(1—)|)_.._(rﬂ—)[}2~)n
("'(2+)LU )“=(l-(2 )L(H»)D (r(l—)L(zn”
(ML) =@ L2 = (1)
(I-(ZHL(Z )” (’12 )L(z+)” ([11 )L(H»)“
("(2-})"(34—)') (r(z )L(J-]D (r(l - )')
(r(u-)L(:;-)“=(’~(1.—)L(3+)I)__..(r(x—DL(JH“
(EHXW)) = ([R-IXD)) = (L - XD
(I'"*’X"’])=(I‘"’X‘”|)=([‘“-’Xml)
(r(z+)x(3)|)=(1~(2—)x(3)l)____(111‘)Xml)
(r(z+)x(4)l)=(r(z,—-)x(4)l)=(r(l—)X(J)“
(r(ll+)L(l+)"_(3+))=l
ez -N=1
(r(lz-r)L(szJ-r)),:l
(r(ll+)L(2—)lL(3—))=1
(r(lz+)L(3+)IL(1+))=(‘L(z+))=(il_(3 =t
OO (27 = (5 ) = §
(r(lz+)x(l)}x(l))=(lxl2))=l
('v(!z+)x(z)|x(l))=(lx(2))ﬂ1
(r(lz+)x(3)|x(3))=(|x(4))=1
(F\1+)X(4)lx(3))=(lxu))= 1
(r(lz-)L(-ut)l)=(r(12+)’_(u¥)|)
(r\l1—)x(n)|)=(rﬂz+)x(-)|)
(r(xsn’_u+)|L(z+))=(l'_(3+))=1
(r““’l.““’IL‘“‘)=()L"-‘)=1
(r“5”’."""|L“”)=(|L(3”)=l
(F15+)ﬂz")lul_))=(|ﬂg'))=l
(I'"s”l.””ll‘“"))B(IL‘“'))Sl;

(|L(3+))=2
(r(l54),_(3-)',_(1—))=(‘L(1-))=’;

P %2 *
(D3 XX D) (XD = (X ) =1

(3D XDXD) = (XD) = (1X4) =1
(r(ls+)X(3)lx(l))=(Ix(l))=ﬂx<4)):; 1
(r(ls+)X(4)|x(l))._:“x(Z)):('x{S)):1,
(r(ls—)L(mi)l)=(rus+)l‘(m¥)|)
(I-u5~>X(l)|)=(r(ls+)xt2)|)
(r“’-’x"’l):(r‘”“x‘”n
(I'HS—)XlB)i)z(ruH)Xﬂ)D
(r(l!—)x(4)|)=(r(l5+)x(4)l)
(I-125+)L(l+)Lll+)) (L(3+))_1
(r(zs+)L(l )IL(I )) (IL(S ))..1
(r(25+)L(z+)|L(2+J) (IL(JH)_]
(r(25+)L(z N2 = (|13~ )) 1
(r(””L‘z”IL“+’)=(|L(2+’)==1[
(L) =2
(1-1254)1‘(3 '|L“_)}=(|L‘z_))=l’
(L-)=2
(r(lsﬂx(l)l‘x(l)) (Ix\a)) “XM)) 1
(I-("Sﬂxm'x(l)) ([xm) (IX“")"‘I
(r(zs+)X(3)|X11))=(|x(2))=('x(3!)=}
(1125+)X(A)'XU))=(‘x(2))=(lx<4‘.)= 1
[R5 pmE)y. @s+) fe¥y)
(r(ZS—)X(l)])=(r(zs+)x(2)])
(I““"X‘z’|)=(r(“")X“)[)
(Iﬂ_zs—)x(S),)=(r(zs+)X(3)l)
(1115—)XM)“:(I‘(IS-»)Xw)l)

(L(IHL(l+l”~(}+))=(|r(25+))=('x(l))z(ix(sl):1
(L(lH’_(l—)“"(l-))=(|r(25—))=(lx(2))=(lx(3))=1
(L|\+)L12+)|r(2+7)___“ru5+))=(|X(2))=(|X(4))._=1
(L“”L‘"“l[“")=(ll‘“"’)=(|X‘”)=(IX“‘)=l
(L LIP3 ) = (254) = (X )
=(X®)=(X*)=(1X*)=1
(L PLE D2 = (P ) =X ) = (X )
=([X?)= (X =(1X )= 1
(L(lﬂx(lill_(xﬂ) (IL(Z )) (IL(JH) (IL“ ))_1
(L(l+)x(2)[L(l—))=(lL(2+))=(IL(3+))=(|L(3—))=1
(LE XD (L) =0+ = (1) =1
(L(l+)x(4)lL(z+))=(]L(2~))=(IL(3+))=”LU—))=1
(’_(l~)ﬂl—)[)=(ul+)ﬂl+)|)
(I [ = (L (2 )
(El—)ﬂl—)|)=(ul+]ﬂ2+)l;
(L(l—)Ll.‘!HI):(L(xHL(J»)')
i i )
(Lu—)x(nl)=(’_(l+)x(1)n
X = DX
(L XN (L DX))
(ﬂl-)x(d)|)=(ﬂl+)x(l)l)
(L(IHL(ZMD (L“‘HL“*’])
(’_(20)’_(2 )n (L(H-)L(l )[)
(Lﬂ”l.ﬂ”|)=(’.“”'."”|)
("120)"(3 )” (1514»)‘_(3 )l)
(ﬂi#)x(l)|)=('_(l+)x(1)n
(L(zﬂx(l)l):('_uﬂx{l)l)
(L(I-v)x(l)”-(‘(lﬂxﬁ)l)
(L(h»)x(t)ng([_ﬂﬁxﬂ)n




Koatpdmuueﬁm npusedenus daa aiMasa - 283

[ podornenue

(L‘"’L““’I)=(E-‘“ﬂ‘*’|)
AL =(L L)
(L(z—)L(s-)|)=(Lu+)nJ+)|)
(ﬂz-)x(l)l)___("(l+)x(l)l)
(L‘"’X“’|)=(L‘”)X(2)D
(L‘“’X”H):(L“"”X“’l)
‘ﬂl )x(4)1)=(ﬂl+)xt3>')
(L‘“’L‘“'II““’) (”‘(ZH) (|I~< 2+)) i;
(e )= (('525”’(4,“"‘”)
=(X¥)=(|X' X
(L(3+)L(3 )lr(l )) E:rlz))il’r&z )l)_l
() = (125 ) = (1)
=(XP)=(jXP)= (X =2
(L(3+)X(I)IL(I+)) (!;jl ))) (I[L(ZH)) (Iul—)b)=];
o ) () =2
(L( Hx l') Eg]:;ili))“ (L““”XWH
(L(J—)EJ‘—)|)=(EJ+)EJ.~|»))D
(L3 XU = (L3 XU = (19 X3
=(L(3 )x(d)l) L(S+)xtli|)

(th)x(l)lr(l+))=(|r(2—-))=(|r(lz+b}=('r<lz—))
=(lr(15—))=(u~(25+))=(‘x(1))
=(XD)=(IX)=(X¥)=1

(X(llle}lr(l—)}z(lr(lﬂ):(lr(lz+))=(|r(11—))
=(|r(ls+))=(|r115-i)=(|x(l))
=(1X)=(XO)=(IX“)=1

(X(l)x(l)lr(lsw) (lrus )) (lr(25+)) [r(zs—))

= (X =(X®)=(X*)
=(]X*)=1

(x(l)x(4)|)=(x(lbx(3)]}

(X2 X)) =(XV X))

(X(Z)Xm:):(xtl)x(l)“

‘{X(lbxﬂ)l):(x(l)x(l)l)

'(lex(l)“"(l+))=(|r(l—))=(|I~(12+))=(|r111-))
=(|r(25+))=(lr(zs-))=(|x(l))
=(XP)=(X*)=(X“)=1

(X(J)X(t)lr(h»))=(lr(2—))=([r(lz+i)=(|r(lz-))
=(|[3#) = (=) =(XV)

' =(X)=(X)=(X“)=1

(x(4)x(4)|) (X(J) x(3)“

(I"“"W“’]W'“):I
(nl_)W(Z)Iw(l))=1
(r(z+)w(m)|)=([‘(1~)W(Mll)
Ir(z-)w(m)l)=(r(l¥)”/(m)|)
{r(12+)w(l)lw(|b)= ‘Zl)al
(W)= (r1zH p))
(r(xz-)W(m)l)=(r(12+)w(m)|)
[’(lh)W(l)lw(z))-l; ([W(“)—‘-'Z
r(lsu}y(z)lw(l)):l: (Uy(z))gz
(I"”"W“’J)-(ﬂ"“wi”.[)=(I“”“W‘”I)

(r(ls )W(I)J)=g~(15+)”/(ﬂ =(r(25+),y(2)’)
= (P33 D))

(w(l)wﬂ)lr(_l+))=(I111—))=(lr(xzﬂ)z(llﬂz—))
=([I‘(."")=(|l“““)=(|X“’)
=(XD)=(X)= (X =1;
(120 = () = (2= (1£)
__(Ir(lﬂ—)) (lr(ls ))._
r(zﬂ) (Irﬂz+))__(|r(lz‘))
2o e (o (K
=(X®)=(X)=(X*)=1;
(EO)=(ED)=(E)=(E*)
=(|r(15-b)=(|1‘125+))=2
(WGJW'(Z)“:(W(UW(I)I)

(W“" w-tz)‘r(l ))

(EVEV|EN) = (2= (1E)=(E¢)
=(XV)=(x)=2;
=(IX®)=(X¥)=(r+)
=(|r(11+))___(Ir(ls-‘))=(|r'(15+))

=(reso=1

(VTP )= (2= (E) = (15)

=(X®)=(X)=2;
(X)=(X) ="~
,=(|r(x2—))=(|r(ls+))=(!r(25+))
=(r-)=1

(Z“’["’JZ“’) (‘zm) (!x(s)) (‘z(d))

=(X)=(X®)=2;

()= (X )= (1)
= a=(res ==y
=(|I" =

(z(l)z(A)IIU)) (lz(ll) (]z(l)) (Ix(u)
=(X®)=(X)=2;

(XV)=(X@)=(I*")
e

.= “)=]
(2(")2(,”')[)=(£(”I“)I) m=23,4
(:(J);(A)D=(}_‘(l)};(1)|

| EOEO=ELI)

(ED )= (20 59)

(r(l*')A("')IA('f)):l
(r(l—)A(l)M(‘)):l
(1-(1-)4(2)14(3_))='1
(ru-)A(J)M(Z)):l :
(I’(")A(f)ld(”)=l
ra- )A(S)M(S)) 1
(r(zﬂA(l)M(Z)):
(I‘“”d"’ld“’) 1
(['(“”A(”ld“)) 1

(F“')A(”IA‘”)=I
(r(z )A(I)MU)) 1
(ool
(ot
NN ey
] g:((l}ir;j:ﬂlz(lg) (A(-SA))J:{%
(3+) 4(4))'4(3) 124) g(&) 124} 43}
?u)j(s){jﬁ)i,} (,[:((unj(s)[g;(:sg)zz 4 I)
(r(ll )A(I)I) (1112+)A(3)I)=(r(12 )A(z)l
13- )A‘”I)s(l"'“)d(“[h(l{" ’A(‘)i)
I'““’A"ﬂ =(r““)d(” )
(r(lsfu(nld(‘))g(uls)),l
([i18+) 42 A(J)),-(M(s w1
(s gotam= 4ot
Q““*’A("M('D-M")"i
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Ipusoxenue b .

{1podosncen:ie

(['“5*‘)A(”ldm)=(|A(2’)=(M-(““)
=(14)=(|4'") =1

(r(ls )A(l)” (r(ls+)A(4)|)

(r(ls )A(2)|)_(r(ls+)A(J)|)

U5 AN = (FUS+H) 4D

'(r(ls )AM)') (r{lSHA(lb!

)
)
(r(l5—)A(S)|)=(r(ls+u(5)])
(r(zs+>A41)|)=(r(15+)A(2)|)
(I-‘425+)A(2)”=(r(15-_+)d<Ul)
(rtzs+)A(3);)___(r(ls+)A(4)“
(F‘ZS“A“)[):(F“"+>_A“‘n
(F(ZS*)A‘5’|)=(['“5-*141(5)()
(rlls-)A(l)|)=(r(25+\A({)'

.(I‘(25‘)A(2)”=(r(25+)A(3)I)

(’r(zs—)Aml):(ruswd{-’)”
(r(zs )A(ul) (r125+)A(1>|)

B (I‘(ZS A(S)l) (r(25+)A[5)|)

(I""")A”"IA('")) 1
(r(l }A(X)M(Z)) 1
(r(l )Atz)lA(l))_l
(rtl—)A(J)M(J))= 1
(r(2+)A(m)“=(r(l»)A(mil)
(r(l-)A(rn)l)=(ru+)A(m)“
(T2 A 468) =) ’
(ruz+)A(2)|)=(r(lZ+)A(1)|)
r (12+)A(J)IA(1)) “A(Z)) (M{S))_l
(rlll ’A(’")( _(rillﬂA(m)D
‘r(l5+)A11> (2)) (]A“’ =1;
(rus )Aml) (I"“S*)Amj)
(r(xsﬂA(Z)JA(l)) (IA(J))__l
(F“’ )A(I)D (r(15+)A(2)D
r(rust)_A(a)’Mm) (Mm) 1
(4% =2}
.(I“”“A“’Q) (r(l!?)d(m)l)

(A“)A(”Jr“”) (ll-(]2+)¢=("~(15—)) Gz(l)}
=(IT*)=(4'")=1

iA(l)A(Z)I‘(Z-U) (]I‘(II-H) (lr(ZSD (lz(l))
(Izw)_(] 'lZJ) 1

(A(I)A(J)F(Z )) (lr(lz )) (|ﬂ25+9 ('I(Z))
_('):(3)) (,A'(l))_l

r#-14%)

_(4(1)4(4)Jr(1-)) (u-(lz )) (Ir(ls+)) (Jz(Z))

=(IE)=(|4"*)=1
.(A“)A‘s)jl"“s”) ("-(15 )) (lr(zs‘r)) (lr(zs-))
T =(EM)=(I2 )= (|29
=(E)=(14)=1

(A"’A"'JF“") 9= (ll“m)

r(z Y
=(IM ) =(Irt*-)= (Il""l*’)
=(Ir*-N=(14")=(14'?)

=(l4 ) =(l4*)=1,
(Ir2+)=(rt2-)=(x")
=(IZ¥)=(EB)=(E#)=2

(A(1DA(!),r(l+))=(Iru—))=”r(vl§»))=(”‘(zs+))
=)= =)
y (4 )= (2 = (14 ) =1
(ADADU) = (L2 D)= )= )
(A= (X D)=(E )
(14 D)= (14'9) = (14 )=1
(AU]A(J)'FUZH) (lr(lz )) (“-:(15+)) (|r(15 ))
((r(zsw) ((r(zs )) (A (3))
(le(l)) (12(27)_“:(3))
@S~y
=(14' D) =(14 )= 1;
(14')=2
(A(J)A(J)fr““) (lrtl )) (Ir(2+)) (Ir(Z ))
(|F(12+))_(“~(12 N=(lA4')
(4 D)= (14" =1;
=(lr(lS—D)=([r(25+))___(‘r(zs—-)‘)
=2 ) =2 ) =(12' )
=(lz:(d))=ﬂdr(l))=(lA'<Z))
=(4 = (14 )=2;
(|4 =4

v (lr(lsn)

(A“)A“’I) (A”’A”’l)—,(A"’A‘”J) (A(QAMD
(Au)A(Z)D (A(J)A(M])

(A“)Aml) (A“’A‘“‘l)

(4(1)4(4)l)~(4(2)4(3)“

(4D 49)) = (4D 49)) = (A(!)_A(S)D 45
(A“)A(”I) (A(IIA(Z)I)

(AN AV =(A24Y))

(AW AMMONE D)= 2(3))=1
(44 = (A A <TEG A o (4D ATy
(A(I)A(Z)[M(Z)) (II(Z) z(l))=1
(A”’A“’I)-—-(A"’A"’I) (A“’A“’]) (4 AD));

’ A‘”Aij“') (IM(Z)) (]Z“)) (]2(1))

= (%)= (2) =1;
(A" AP = (404D, n=2,3,4;

A4 = (M) =(E) = (12%)

i e

Tasauun B2 B4 B ocHoBHOM B3sATH M3 paGorsi [21].

B rlxocnelmux i1 CTpoKax sToft TabGaunur I, ==(%, m, 0) (I/a); cM, BTOpOe mpHMeYanye
X 126, 16

Hpeacrapaenns TAB)Y u *AW coorsereryior B 0603nanennsx Xeppunra A2 [ Ai (cM.

178] u (176]); Mbl ncnonnAyeM . INTPUXH INs OGO3HAUSHHHA pPA3AUYKLLX BONHOBHX BEKTOPOB
(3B€3N) TAHHOTO TuRa, HanpHMeD Ha OXAOH JIMHHH WM B IJIOCKOCTH., B OCTanbHOM Ml clefyeM
0603HaveHuAM “XeppHHTra - tcm TaKmMe plﬁo‘ry Jiskca 1 Xouduana [81], rae HenpaBjenn OmHNGKH
pa6oth XeppuHra). y
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Tabauya B3
KosdhHNHeHTH NPHBEREHAS RIS CHMMETDH3OBAHHHWX KBAaZDaToB
npeacraBieHuii (CTPyKTypa a.amasa)

([l’,""’](z)ll"““) =1; m=1%,2+4

([F™ o)) =(Ir'2 ) =1; m=12% -

([[r™ @I =(r'*)=(r*+")=1; m=15+,25+

([E™]g) ") =(reS)=(IX")=1;  m=1:,24

(L]0 0) = (P2 )=(Fs D) =(XD)=(X)=1;  (FeSH)=(X")=2; m=3%

(X F0 ) = (2 2) = (U2 = (M2 )= (PO )= (X)) = (X9) =15 m=1,2

(XTIl ) =)= (M2 9) = (2 )= (P ) = (X =(X )= 1;  m=3,4

(LA™ [P0 =(IP024) = (ZV)= (4 ) =1;  m=1,2,3,4°

(CAP) ) = (18 )= (PE) = (12 2)= (P25 4) = (14 V) = (14" ) = (14
=(E)=(EM)=1;  (r9)=(z")=2

(LA™ (M) =(F35 )= (A D) =(4 ) =( 4 N = (TN =1, m=1,2

(LA IT ) = (70 )= (02 H)= (K )=(IF =) =(1d" @)= (14*) =(14')
=(|2'(2))___(|£'(4))=(|A'(l))=(IA'(S))z1; (ll““”)=(|A"")=(|A"”)=(|2?"“):'.2

([T )= )= (002 9)= (P02 )= (P D)= (@)
=(XO)=(X?)=(X¥)=(ED)=(E)=1;  (E9)=2; m=12"

B II0 ) = (124 = (X2 )= (X®)=(X )= (E¥)=(|EP)=1;

' (IX)=(E9)=2; m=1,23,4"
{[K]IF™)y  =(r®+)=1;  (r**)=2; (I*")=(r*>+")=3¢

8 Cm. npuMeuanne K Ta6Ja. 31.
CM. mpuMeuanue kK rtaba. 31,
€ Meton 6asncubIX GYHKIHA HCIOJNB3AOBANCH AR ONpPSp eNCHHS TOJALKO MNpenctapJje-

ruft PO,

Tabsuya B4
Kosbduuuenrsl npupejeHns XA CHMMeTPH3OBAaHHbLIX Ky0OB mpejacTaBJeHH i

1

[Frm) M ™) =1: m=]+,2+

"r(lﬁlg%hj)‘r(l+))=(lr(2’+))=(]r(lz+))=1
(Lr2 =) [r¢ =)= (re=)=(re-)=1
'f[I‘“5""](3)|F‘“’)=(|I“25“)=1; ({I-(15+))=2
s ) =(re>-)=1;  (r'*-)=2
([r(zu)]m"j(li))=(|rusm)=1; ({r(zsi))=2

(X2l ) = (P =0 )= (M) (X0 = (KO =1 (XD)=2; (X4
(XT3 )  =(r2)=(rUs9)=(rts-)=(X0)=(X")=1; (X¥)=2; (x)=4
UXOYIr ) =(re=)=(resH)=(Ir*-)=(x)=(x)=1; (X*)=2; (¥*)=4

(UMY (24 =1;  (L)=2

[l ) =(2-)=1;  (12)=2 |
([ =) =(I0)=2; (K*)=(L10)=4; (L *)=T
Tl ) =(Lr*)=()=2;  (L)=(2)=4; ()=
(KD IT ¥ =(r ) =(Ir?* )= (r2s-)) =1+

(KT =KDl

(KON ®) = (PE-) =(FOs)=(r05-)m i+

([K“),](J)Jﬂm) h([K(J)](s)lr(M)) * -

i

_..-8 CM.. Tperbe mpumeuanne k 1a6a. B3,
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Tabauya B5

Caasamf Gﬁox K09 puuHe HTOB K.nefma— Topaana pas npoussegeHuRn
pU 0w g pt0 ), p*X) ") (crpyxrypa anmasa)
B. sroft TabnHme KaHOHHYeCKHe BEKTODH BHODAHH B BHIE

k, =%T”(l, 0,0)=X; kf=3a£.(o, 1,0) = X}; k;”=3a“_(o, 0, 1)=xY.

Kospduuuentsr Knebma — Foprana Uy, |,» 3alHCaHH B MarpuuHodl ¢opme

Kpome Toro, B cuny CHMMETpHH MATPHUYHBIX NpeiAcTaBseHHl x®

Ui, o
Uing, 11
Uiy, 1
Uiz, 11

Ui, 12
Uitee,
Uy,
Uiz,

12
12

12 .
n X@

umeer mecto pasencrso X2 @ X@ = x\ @ xM. A
B Ttafa B5 — Bl10 npexcraBaeHds NOJHOR rpynmel 0603HAUEHB XD (sme-

cTo *Xm).
“pE g pwIY X X X X
18 i/8) e —if/8 /8 —if/8 18 —ij8
e ify8 1/8 —ify8 18 -1/E —ip8 g 8
e e 13 i YR i s N\ oE —s
1/8 in8 1/8 —iy/8 ~1/8- /8 ~1/8  i8
1WE —uy8 e i3 18 8 I8 is
XU ~I/8 13 i/8 18 ~1/8 W8 1//8 -i/V'§
-8 Y8 i8 18 18 ~ify8 ~1/8 Y8
W8 8/ w8 ing ~1/8 —ip/8 -3 ~ify3
18 18 e 1R 0 12 AT
XV @ X ~18  1H8 8 -8 2 o o~
~1/8 -1/3 ~1/8 —-1//8 0 12 12 0
-8 18 iv? -8/ \-i2 o, 0 in
) W8 -1y/8 /38 =148 12 0 Y]
P -8 —ijys e i3 0 i -2 0
N VB B 18 ~1)8 ~1/2 0 o 12
iwe ing —ify8 —i/% 0 i -2 0
g R 18 /R 0 12 2 0
Fg @ s -ipn8 —iy8  iE —i2 0 o 2
) ~1/y8 —1//8 —18 —1y8 0 12 12 0
IWE -8 —iy8 Y8 in o 0 -2
B -1y IWE ~18 720 0 12
K@D e e —iy8 -1y 0 -3 20
Wi ~1y8 WweE -8 J\-1p e D 12 g
- ~IVE ~1p% ivE IR o - n 0
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ITIpodosxenue
lel(j)@ D(l')u') X(l) X(Z) X(l) - ‘X(‘)
0 0 0o 0 w2 o V%)
) 12 12 12 172 0 0 o 0
(3} (3) .
XPex iz i —ir2 iR 6 0 o 0
0 ] 0 0 L0 2 ~iYZ o
12 12 12 12 "0 0 0. 0
0 0 0 o i o 0 -iy?
XM x4 -
®X o 0 6 0 0 —i3 Wz oo
—i2 Q2 2 =2 0 0 0 0
0 0 0 o0 o 2 wE o
1 ) i —ip ~i2 in 0o o0 o 0
Xrox 21 2 12 0o o 00
0 0, 0 0/ —ify2 0 0 i/ﬁ/
~ Tabruya B6

DieMeHTbl CHMMETPUH a5l BhuMcieHAs Gaoxkos (00°'0”) xoadduuaeHToB

* ’ * "
Kae6ma — FopaaHa Aas npousBeneHHs p* 0w ® pUx @), p*x)a)
(cTpykTypa aamasa)

g g o (23 Tz Py Py Py’
i 1 1 £ 0 4 2 g
2 2 2 O3,z [ & 3 &
3 3 3 335y 0 s e 8
1 2 3 py: 0 [ Px: Py
2 3 1 Pyp 0 Pyi [ Py
3 1 2 Pus 0 Pyr Po: P5
Ta6auya 57

Marpuns aas BoiuHcaends 6a0Kos (067¢”) KoddduumeHTOB
KaeGma — lopaana gaa npousBeeHus

p*0) @ g p*x) @), p*x) ¢ (cTpykTypa anma3a)

X

X

x(‘;

PE({p,,10))

D™ ({p, ;10})

D"‘”"""({fxylﬂ})

o

)

I 0
0 -1
0 i
i 0

()
(o)
s

()
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Tabruya B8
I naBumit 6.;10:{ koapdpunuentos KieGma — Foppana mas pas.no;xeuuﬂ
p*¥) ® g p(* X W) 5 pOE) (crpygrypa aamasa)

I+ r- ['~:+ r- Jatn rz-
16 0o 0 1/1/6 —-1//8
14/ 0 /e 14/6 0
xteox® 1//6 0 1/6 J/f 0
Q 146 0 1 /ﬂ ~1/6
0 1/6 14/6 —1,V6 0 0
. A 0 0 106 14/6
Xvex . \1/1/6 0 0 l/ﬂ 1/6
0 e 16 —m/“ 0
1% /s . 1/1/" 1/1/‘ m/% 13
0 0 .0
X(J)@XtJ) 0 0 0
-1/6 146 —1/1/6 1/1/6 1/;/6 176
0 0 0 0
gy (8 V% 'f —1/»/6 16 -1/8
e 14/6 -1//6 e -1/e —-1y6 16
0 0 0 0 0 0
s+ rls- s+ I‘ZS—
00 0 0 0 1/f
. 0o 0 15/2 0 o
Xhex 0 0 -—143 0 0 0
00 9 0 0-1p72
00 0\ 0 0 1Ip2
0 0 172} 0 0 0
(43 (£}] N
XX ¢ 0—-1/]/2) 00 0
0 0 8 0 0 -1/3
-8 B o\ /-8 1B o\ [ iyE /R O\ /8 B o
Kt gy W8 8 o\ [-iB 18 of (-8 18 o s -8 0
: we - s o g s o) \ -8 B o) -8 B o
W -1/8 o/ \-iy8 1% o/ \-i8 -8 o/ s g o
~-i/8 8 o\ /-8 13 o e Y% o Wi 1y8 o
xvexs |~WE =W o[ iE R o g =18 o) [-iyE 18 o
-8 ~18 o |\ -8 ~-1/8 o e —1//8 o w8 ~1/8 ¢
g8 -14y/8 0/ \Ciy8 1% o/ \~i/8 —1n% o if/8 1/1/’ 0
o 0 0\ 00
0 0 1572 0 0 1/1/‘
XX 0 0 2 0 0 —1/1/‘
00 0 0 0
0o 0 12 0 o 12
" 0—0 0 0 0 0
X(J)@X{l 0 0 o 0 0 0
o 0 -142 o o0 )3
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Ta6auya b9

DieMeHTH CHMMETPHE AJA BHIYHCJACHUA G6aoxoB (00'0”) koapdhuaumnenron
Kne6ma — lopana aas mpoR3seneHHS D( . J0) ®D( x)w )->D(") «)

-(cTpyxTypa aamasa)

4 4 o’ 2 T A ' @
3 2 1 e 0 € g

2 1 1 030, 0 e ¢ Sk,
1 3 1 0 & & Ixyr

Tabruya BI0

Marpuup aas Buuuciaends 6aokos (00°0”) xoadhdHuueHTOR
Kne6ma — I'oprana xasi npoM3BeneHHs p(*x) @ ®D( xw )—>D(I" @

(cTpykTypa aamasa)

r's ({63xyzl0})= 1
I ({8,010 =1

I ((8,,,,10)=

F‘S*({53x,:10})=(

rZS Bx)zlo} =(

(S

€

0

[ = = R )

r((03),10)=
r“({:s,,,zw})ﬂ

I

o, o
S—

ri*((s3,,.10)

o

> re* {53,,110})=(

1

0

0

1

0) F”*({éix‘y=|0})=(0
0

)

O =
—

O = OO

—_ 0 O = O O
QDO = OO e

O O
pa —

1




INPWJIO)KEHHE B

[puMep ucnoONb30BAHUA MPOEKTHBHBIX
npeACTaBJeHHH: TOYKa X B ajMmase

Bt 1, § 41—44, Mbl o6cyxnanu cBOHCTBA NPOEKTUBHLIX Npej-
CTaBJEHHl TOYEYHBIX TPYINI, B OCOOEHHOCTH TOUEUHBIX TPYNI BOJ-
HoBoro Bexktopa P(k), u, B yacrHocTH, nokasaan B T. 1, § 44, sksu-
BaJIeHTHOCTb MeTOJa MaJof TPYNNsl U MeTOAa IPOEKTHBHBIX Tpe[-
crapieHufi. Ilpn mnOCTpOEHHHM HENPUBOAMMEIX INpeJCTABJIEHHH
[IpPOCTPAHCTBEHHOM TIPYIHIBI BOJIHOBOTO BekTopa & (k) MOxKHO MC-
N0Jb30BaTh JIOO0H U3 3THX MeTonoB. B T. 2, § 14, MBl BOCIOAB30-
BaJHCh METOAOM MaJIOH TpYyHNBl A5 reHepUPOBAHUST HONMYCTHMBIX
HepHBOJHMEIX NpexncraBieHuil 3Be3x *X, *L, ' B cTpyKrype an-
Ma3a. B aTOM mpHJIOxEHHU MBI XOTHM MPOHJIIOCTPHPOBATL IpPHMe-
HeHHe ]S 3THX llesdefl cTaHAapTHHIX Tabuaul. MMeercs HecKO/bKO
XOPOLIO H3BECTHHIX KHHUT, B TOM uHcie Bpsnau u Kpskueasa [173],
KosaneBa [72] u 3aka, Ksmepa, Tinyka u Typa [174]. Tabauus
KoBaneBa [72] mHPOKO HCHO/Ib3YIOTCH, NOTOMY MBI BhibepeM HX
juig Hawero npumepa. IlpenynpexnaeM uutarensi, uTo B Tabanuax
Kopasnesa umeroTca HekKoTopble OWHMOKH, MO3TOMY BCerfa xedaa-
TeJbHO INPOBEPATh pe3yJbTaT KaK <«H3HYTPHU», TaK H IO JADYTHUM
HCTOYHHKAM. '

Ilycrs qs,h— 2JIeMeHT TOoueyHoH rpynnu P, usoMopdHoi Touey-

HOIl rpynme BoJHOBOro Bektopa B(k), cMm. (1. 1, 41.11). Muoxkecrtso
nenpusoaumeix Matpun D™ ™ ¢ sakoHom yMHOXeHHS

D(k)jm) ((Pl,“) . D(k) (m) ((Plu) — r(k) (*, ) D(k) (m) ((pl}»u)’ (B.1)

rae
r® (, w)=cxp(—it- Ry ) (B.2)

H R,J)hu—-BeKTop peuieTkH, onpefenennut B (r. 1, 41.4), obpa-

3VIOT [OONYCTHMOE HeNPHBOJANMOe NPOEKTHBHOE [peACTaB/eHHe,
MaTpulB NPOEKTHBHBIX NpeACTABJEHHH AJA BCeX TOUEUHRIX PN
C HCIOMb30BaHHEM 3TOH (paKTOp-CHCTEMH Taby/JaHpOBaHL XapJid
[175], TaK 4To Hy:KHBEIE MATPHUILl MOXKHO NPOCTO HAHTH B TalJuUax
sToit paGorel. Martpuust Kopanesa [72] omnpeaeisiioTcs COOTHO-
LIeHHEM -

B (n) e () 0" " (w) B
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rie T, — HeTPUBHAJbHAW TPAHCJAUHMSA, BXOLAWAS B 9JEMEHT
{(plhltlx}' Hcnonsdyemoe 3aech (HakTOP-MHOKECTBO ONpeReasieTcs

caenyiomuM o6pasom:
8 (A, n)=exp [—— i(cp,h k- k) T’u]' (B.4)

SlcHo, 4TO MBI MOXKEM TMOJYYHTb HYXHBE HaM NpeAcTaBJeHHs
kr
DB M ina kamnoro MpeJCTaBUTENs CMEXKHBIX KJaccoB u3 Ttaby-

aupopaHHux KoBaJieBHIM INpeJAcTaBJeHUH D® ('"’, HCIIOJAB3YA COOT-
wowrenust (B.3), T. e. ymHOXas Ha exp(— ik - T’x)' 310 — npocroe

MacirabHoe npeobpasopaHue.

OOparuMcsl Temepb K caydar 3Be3ibnl *X B aamase. B § 14
fem. (14.23)] Mo BHOpaan X; B KauecTBe KaHOHHYECKOLO BOJIHO-
poro Bektopa. Ho nna cpaBrenusi ¢ tabaumnamu Kosasaesa 6ogee
yao6HO BLOpaTh B KadecTBe TakoBoro Bekrop X;(0, 0, 2m/a). Tex-
HHUKY, HCIOJb3YEeMYIO B 3TOM HNpHJIOXKEHHH, JIErKo Npeo6pasoBaTh
K NpexHeMy BHALY, NIOCTPOHB COOTBETCTBYIOUIYIO CONMPSIKEHHYIO MOA-
rpynny (cm. ta6a. 2 B pabote [23]). IIpu moctpoennn npeacrabie-
HUE MOJTHON IPYIIE He HMeeT 3HayYeHHs, KAKOH U3 BEKTOPOB 3BE3/bl
BLIGpaH B KauecTBe KAHOHMYECKOTO; B 3TOM MOKHO YOEIUThCS, eClH
HHIYIMPOBATb IpeACTABJICHUS DX m ¢ nomowpio IPUBOJHMBIX
HuXKe pe3yJbTaTOB M 3aTeM CPABHUTb HX ¢ Taba. Bl, comepxaiueft
CHCTEMB! XapaKTepoB. UnraTe/b A0JXKEH BCIOMHHTH 3/ieCh BHpaxKe-
aust (14.23) —(14.36).

®axrop-rpynna @(X;) /T = B(Xs) nzomopdra rpynme ausapa
Dy, KOTOpasi MOXeT ObITb olpefefeHa TpeMsi 06pasyIOUIMMH 3Jje-
mentamu A, B, C; Mu BHOepeM HX caeAyoliuM ofpasoMm:

A~ 642) B~ py» C~ (P8 (B5)
dror BHbOp orTauuaercss or (14.23), onnako coorHowenus (14.24)
npu aToM He MeHAOTCA. Kax bl H3 00pasyloluX 3/JeMeHTOB KOM-
GuHHpyeTCs ¢ HeTPHBHAJbHOM TpaHcasuMel t;. Kak Jerko BHaeTs,
darTop-cucteMa (B.2) aas COOTBETCTBYIOIINX NPOEKTHBHHIX Nped-
cTaBJeHUH TPU HCIOJb30BAHHH 00DA3YIOLUIUX JIEMEHTOB IPHHHMAeT
CAeIYIOUINH BHA:
r{Ad, A)=r(B, A)=r(B, B)=r (B, C)=r (A, C)=—1, (B.6)

r(A3 By=r(C, C)=r(C, By=r(C, A)=+ 1. (B.7)
IMepexon k ¢akrop-cucreme Kopanesa (B.4) Tpe6Gyer ymHOKeHHS
pa peauuuHy exp(—iXs 1) = —i. COOTBETCTBEHHO HMeEeM

pia ) ({(px3| 11}) = — HB D ((pxg)’ (B.8)

rie @, — noBopoT u3 rpynms P, a D® Y _ marpuup Kosasesa.
Ha BelHuHHYy —i YMHOXAIOTCS TOA6KO T€ MATPHUBI, MJisi KOTOPBIX
NpeACTAaBUTENH CMeXHBIX KJACCOB COAePXKAaT HeTPHBHAJbHYIO
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TpaHcasiuuio. Marpuun KosaseBa 1) (hy) (rre j=1, 2, 3, 4 n
ho — 2J€MEHT TNpPOCTPAHCTBEHHOR Trpynnb) HeoOXOLHMO TPHBECTH
B COOTBETCTBHE C OOBIYHO HCIOJb3YeMLIMH 0603HaYeHHAMH XeppHH-
ra [78]. Hdna s1eMeHTOB NPOCTPAHCTBEHHOH TPYNNBl 3TO COOTBET-
CTBHE HMEET BUX

{811} = Ay — A, {Pylfx}"hzv—’B, {o,1T} = hyp—C. (B.9)

,‘Y_[JIH HelpHUBOAHUMBIX Hpe,U,CTaBJIeHHI:l Mbl HCHNOJbL3YEM HallH 0oOBIY-

uote o6osnauenus D P — DD rre Xy — kanonnueckuit BEKTOP.
Torna, ucnonsays ta6a. 159 us kuuru KoBanesa [72], umeem

pXID 3@ pxi@ _, z@

‘ ~ , - (B.10)
PRI 30 pxa@_ 2o,

B taba. Bl npuseleHL MaTPHIB HENPHUBOAUMEBIX NpeACTaB/ACHHUM
113 Beex ofpasyoiux ajgeMmenTtoB. Menmoabays, aajee, 3aK0H YMHO-
xkenust (B.1), MoXHO ¢ ToOMOUIBIO 3THX 00pasyOIIXX MaTPHIL TO-
CTPOHTH BCE MATPHILLI TIPEACTABJEHHUS, a 3aTeM C TIOMOLLBIO MOCTIe]-
HUX — MATPHIB HEMPHBOAUMEX npeactasietnii DU X)) ponmoi
TPYIIEL

Ta6auya Bl

O6pa3syiomue MATPHLB HeNPUBOAMMBIX NMPeNCTaBIeHHH B TOUKe X3

{8z |71} ey i} LR

o (U
b ( 0 i 0 i i 0
DX @ —i 0) (i 0) ( 0 i)
i —i 0

0 i 0 —i
DEN®) (—1 0 (0 ") ’ 0 ")
0 1 i 0 —i 0
e (—-1 0) ( 0 ——i) ( 0 1)
oo - 0 —i 0

JToT NpHMep NOKa3bIBaeT, KAKMM 00pa3oM MOXKHO YCTaHOBHTL
CBsI3b MeX/y H3BECTHHIMH H3 JIHTEPATYPH TabJHLAMH NPOEKTHBHEIX
npeAcraBieHHd H TabaupaMu STOM KHHIH. JTa CBA3b MOXET OKa-
3aTbCA NOJE3HOH NPH H3YYeHHH HOBHIX CIyyaes.




NMPUJIO)KEHHE T

TaGauusl s CTPYKTYpbl THNA LMHKOBOM
OOMaHKH: F43m; T

B 3ToM npusoeHuH AaBbl TaGaMLUBl ApaBua ot6opa M CBA3aH-
HBIX C HHMH XapaKTeDHCTHK AJA CTPYKTYpbl LHHKOBOH OOMaHKH.

ra CTPYKTypa XapaKkTepH3yeTcsl IpOCTPaHCTBeHHol rpymnoit FA43m,

uan Ty. UTobH He Ay611pOBaTh ONHCAHHLIE BBHIIE Pe3yJabTaThl JJs
CTPYKTYPBl a/iMa3a, Mbl GyneM MaKCHMaJbHO HCIOJb30BaTh NPHBE-
ICHHBIE BBIIE TaOJHIBL

Ipyuna cumMerpuu UHHKOBOH OOMaHKH $IBJIseTCH NOArPYMNOH

unnekca 2 rpynnsl Oj:
O, =T+ {ilt} T3, (r.1n

TAe NpelcTaBHTe]b KJIacca CMEXHOCTH {i|t;} COCTOHT M3 omepalHu
VHBEDCHH M HETPHUBHAJbHOH TPaHC/IAUMH vi. Torja rpynmna TpaHcis-
UuH K obpaTHas peuleTKa OCTAIOTCS TEMH Ke, UYTO H JJis TPYMNIbl

anmasa Op (1a6u. 1). [ToBopoTHbE 3J€MEHTH CHMMETPHH COBIIA-
nawot ¢ Ha6opom {p|0} u3 seBoro cronbua taba. 2. OnepaTopaMu
MPOCTPAHCTBEHHON TIpYyNNbl SBJASIOTCA 3aeMeHTsl  {g;|R.}, rae
i=1,...,24 u R,—>31eMeHT TpaHeleHTPUPOBAHHOH TPYIIkl
rpaHcasauuil €. Bekroph 30HH DpHJNIO9HAE H MX KOMIOHEHTH! IS
TPYNN HHHKOBOH OOMaHKH M ajJMa3a TOXJECTBEHHBl, ORXHAKO MJf
HEKOTOPHIX R KDATHOCTb pasjHyHa 6sarofapsi ToMy, 4To (GakTop-
rpynna ComepxkKUT TOJMbKO 24 NOBOPOTHBIX 3sneMeHTa. Bes ata HH-
dopmanus cobpana B Taba. I'l.

Henpusonumble npencTaBaeHHs [PYHOIbI T} G6BUIH TIOMYYeHHI
[TapmenTepoMm [177]; B 3TOM NpPHJIOKEHHH MHl ClejyeM ero o603Ha-
YeHHSM, 32 HEKOTOPHIMH HCKJIIOYEHHSMH, OTMedeHHEIMH oco6o. [lo-
CKOJIbKY Tpynna CHMMETPHH IIHHKOBOH OOMaHKH SBJSeTCH CHM-
MoppHOH, HMeloTCcsl JIHUIb OGLIUHEE (BEKTOpHble) NpeACTaBJIEHHS,
T.e. BCe 3JeMeHTH (aKTOP-MHOXKEeCTB- JJsi HeNPHBOAHUMHIX Tpen-
cTaBJieHHHI TodeyHplx rpynn B(R), B TOM uuciae H AIs R, Jdexamux
va TrpaHule 30HH, PaBHH eAHHHIE. TakuM 00pasoM, (aKTHYECKH
elMHCTBEHHON npo6seMoll - fiBasieTcsd KiaaccHPUKanus NpeAcTaBle-
Huit. B Ta6a. I'2 npusesens HaifineHHble IJapMeHTepoM XapakTepsl
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Hpusroxenue I

Tabauya 'l

CHMMeTPHS CTPYKTYPH unnxonoi? o6MaHKH: Tf,; Pi3m

a. I'pynna TpaHCJSILHH:
6. IToBopoTHbIe 3JMeMEHTH !

IpaHelleHTpHPOoBaHHas KyOuueckas (rabua. 1)
dakrop-muoxecrso {@, |0}, i= L ..., 24, oM

neBu#t cronben tada 2

B. BoJHOBBIE BEKTOPH TO-

Y€K 30HBHI:

r. [IpaBuia

Kak B Tabua. 3, 3a HCKJIOUEHHEM KDATHOCTH CJe-
Ayowux Touek: A (s==4); M (s=12); k(s=24)

orbopa no
BOJIHOBOMY BEKTODY:

kKax B Taba. 15 u 16, sa uckmoueHueM creayo-

IHX:

O6biunbie (LZ | M) =2; M= (n,n, —x—m)(1/a)

LZ|M)=2 M| = (xn, 7, x — z) (1/a)

(LE | M)=1; M=%+ x4+ xn, x)(1/a)

LEM)=1; M{=(x—n, x— =, 1) (l/a)

L R)=1, k=4 x%%x—m —n)(l/a)

(LAIM)=1; M= (w, i, n + x) (1/a)

(LA M)HY=1,; M =(n, 7, & — %) (1/a)

(FA|M)=1 M=+, x4+, %) (1/a)

CAIM)=1; M{=(x~%,x—x%", %) (1/a)

GAlR)=1; Ri=+x, x—xn, —u')(l/a)

(AA I M)=1; My = (%, % %" + %) (1/a)

(AA | M) =1; M{ = (%, %, x— %) (1/a)

(AN |A")=1; A=+, v+, v+ %) (1/a)

(AN M)=1; M=~ x—o, %x+%)(1/a)
CuMMeTPH30BaHHEE ([X](2)|I‘)=3; (1X)=1

(Al A1) =1
(2Alp | A) =3
(Wl | T) =3;
(12] | T)=6;

(Rl | T) =12;
(IX]g I T)=1;
(Wl | W) =4;

(1A =1

(14 =4

(1X)=2; (|Z)=1

(14)=2; (jA)=1; (|kR)=1;
(1X)=2 (I1Z)=1 (|2)=1
(|1)=12

(1X)=3

(1A)=4 (|L)y=2
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Tabauya I'2

HenpusoxguMuie nmpeacraBiaeHHsi rpynn BOJHOBHX BEKTOPOB Rjs TOUEK
CHMMETDHH pelleTKH UMHKOBOH oGManku [177]

Ta6auua xapakTepoB npencTaBleHUil FPYNNH BOJHOBOTO BekrTopa I

24 r ry r, Ty, [y | 9
1 E 1 1 2 3 3
3 c; 1 1 2 ~1 ~1
8 Cy 1 1 —1 0

6 JC, I —1 0 —1 1
6 IC 1 -1 0 1 —1

Ta6anna xapaxkTepoB npeicTaBjeHuH rpynnsl BoJjHoBoro Bektopa A. (/IBa pas-

JHYHEIX onepaTopa JC; COOTBeTCTBYIOT NOBOPOTaM BOKDYT HBYX oceffl BTOpOro

nopsAka, nepneHuKy/asapHex A.) IlpencraBienrst A; u A, 06befHHSIOTCS TpY
yuere ofpameHHs BPEeMEHH

4 A A, A, As Ay
! E 1 1

1 ICy ! — 1 -
1 ICs 1 -1 -1

1 i, 1 1 -1 ~1

Ta6anna xapakTepoB NpeACTaBJACHUHA IPYNNn BOJHOBOro BekTopa A

6 A A Ar As
1 E 1 1 2
2 Cs 1 1 -1
3 JC, 1 -1

Ta6snna xapakrepoB MPeACTaBJEHHH IPYNN BOJHOBHX BeKTOPOB X B Z

2 I z z, I,

1 E E 1 1
1 ICy c:, 1 -1




"£96 Hpurowmenue I

[Tpodoamenue raba. '2
TaGauua XapaKkTepoB npeacTaB/ieHull TPymns BONOBOrO BekTopa X

8 X X X, X; X, X5
1 E 1 ] 1 1 2
2 c: 1 1 —1 —1

1 ¢ 1 ! ! 1 —2
2 ICyy 1 —1 =1 1 0
2 JC, 1 —1 1 —1 0

Ta6anua xapakTepoB NpeacTaBJjenudl rpynns BoanoBoro Bekropa W. (IBa pas-

JHYHHX oneparopa JC; COOTBETCTBYIOT IMOBOPOTaM BOKDYL OCH HUeTBEPTOro

nopsijiKa, napaJJedbHoll JHaroHalH rpaHu, coxepxamell Touky W.) IIpexcrasie-
aus W; 1 W, o6befuHsiioTes npu yduere o0paiienus BPeMmeHn

>

4 w w, A W; W,
1 E 1 1 1 1
1 JC, 1 —1 i —1
1 JC4 1 —1 —i i
1 c3 1 1 —~1 -1

HENPHBOJAMMEIX TNpeACTaBJeHHH TIpyHIl BOJIHOBOTO BeKTOpa, a B
1Tabi. ['3 — cOOTHOLIEHHS COBMECTHOCTH.

IlpaBnaa oT6opa 1o BOJHOBOMY BEKTODY, OTJIHYAIOUIHECS IO
CPaBHeHHI0O ¢ aama3oM aas 3Be3n *A, *H, *M, npusefienn B
Taba. I'l 475 OGBIYHBIX U CHMMETPH30BAHHEIX NPOUIBEAECHHH,

B ta6a. I'4 nann Kosq)(pnunembl NpHBeJcHHUS AJS NPOH3BeleHHH

HPCHCTaBJIGHHH rpynmsi TJ, KOTOpbIE€ 3KBHBAJEHTHBH! TPUBELEHHBIM

B Ta61. B2 pesysbratam ans anMa3a H MOMydeHbl TeM XKe MEeTOLOM
rpyNnsl NpUBEAEHHS.

B taba. ['5, ananoruunoft taba. B2 pns anmasa, nmpusesens
npasujaa or6éopa Ajs CTPYKTYpPhl UHHKOBOH OOGMaHKH; B 06OHX CJay-
yasx OHH GbLIM MOJMYYeHbl MPsIMOfl MpOBepKoi. 3aMeTHM, 4To B T3
sBesfla *A colepxHT 4 BekTOpa M 4TO *A M *(—A) caeayer cud-
TaTb pa3auyHbIMU. [ToatoMy MH uMeeM

*A®*A=*A DA, (T.2)
AQN—A) =D, (r.3)

—
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Ay=(k, &, K)(1fa),  A[=(2k, 2k, 2k) (1/a),
Al =(2k, 0, 0)(1/a), X|=(2k, 2k, 0)(1/a).

rage

Cornacho (I.2) u (I'.3), uMmeroTca 1Be BO3MOXKHOCTH JJISI NPAMOR
NpOBePKH pe3y/abTaTa [OPHBEJEHHS] JUIS TPOH3BeNeHHH *A™ &
® (=A™ u A @ *A™): 06a a1 mpon3BeneHus HMeIOT
OJHHAaKOBEE xapakTepnl B ¢dakrop-rpynne @/T. Urobu usbexats
Ta6auya I'8

CoBMECTHOCTh HNPeJCTaBICHHA TIDynn BOJHOBHIX BEKTOPOB [JS CTPYKTYPH
UHHKOBOH 00MaHKH (Tfi) H CTPYKTYP KaMeHHOH COJH (02)

H ajaMasa (OZ,) [177}

T o T3 o}

T, ', wm Ty r, T, wum Ty
r, T, wm Ty T, Ty waa T
| P 'y, uma T T, Ty, mma Ty,
| Iy wm Ty RAP I'; wma Ty
Tos wnu Ty - | Ty nan Ty,
A, A, uan Ay A, A, uam Ay
A, A, wm A, A, A, um A
AB } AS } A

A, As A, 5

Al A[ A1 A1

A, A, A, A,

A3 A3 A3 As

El 21 HJIH 23 Zl 21 HIn 23
22 22 HJIH 24 22 22 HJIH 24
Z, Z, wm Z, Z, } z

Zs Z; nm Z, Z, !

X, X, wwm X, X, } X,

X, X,  wnma X, X,

X, X, amwm X, X, } X,

X, X, wm X, X,

X, X, wm Xg X; X; wm X,
W, W, nan W, W, } W

W, W, win Wy, W, !

W, W, } W

W, } W v, ?




Tabauya I'4

KosdpdunueHTH NPABEACHHS AAS PeUCTKM TANA NUBKOBOK oGMaugH 21}

(O Kok =1
ro ) =y
‘F(Z)L(Z)”_(U) e]
Iy =1
2) x(njxﬂ)) Py
[r(Z) X(i)lx(!)) e=1
2) XXM ge]
lr(l)xﬂ)‘xﬂ)J el
o x9|x) =1
(rov (oI =1
4[112) L(Z)JL(S)) ,_1
A2 L) =(L)=(E%)=1
!F(IZ)x(l)Ix(l)),_(lx(Z)) 1
(r(IZix(Z)lx(l)) (]Xm)—l
{rul)xmlx(ﬂ) (lxt4))_.l
4r(12)x(4)lxl3)) (|X(4’) 1
xrtll) X(S)]Xm)...
OO L) =( L) =1
09 L2|L?) =(L%)=1
A9 ILY) =(L1)=1; (L*)=2
A XX =(X) =1
‘r(IS) X(Z)IX(4))=(!X(5’)= 1
{F”S’X‘”]X“’)-:([X‘S)):l
A0 XX ) = (X )= 1
AL XX =(XD)=(1X7) = (1X)
=(|XP)=1
(P29 EOILD) =(L)=1
(e L) =(L2)=1
eI =(L2)=1;  (L*)=2
(rtZS)X(lilx(M) (lxi-ﬂ)_l
{r(zﬂx(ZJlx(B)) (lx(s))_.l
([‘(25) X(J)IX(Z)) ([X(S)) 1
.lr(ZS)X(M X‘”) (]X(S.)),:[
.g(r(zsb X(S)l)=(r(15) thll)

(L'"L‘"ll"“)) (|r(15‘9 (Ixm) Ux(a))

(1(1) L(Z)Ir(z)) Ir(lS)) ([Xu)) (Ix(A))

(L“) L{])Ir(ln) _El“r(IS))__(lr(Zﬂ)
=(X")=(X)
=(XC)=(IX*)=1;

« (1X%)=2

(LY XYY =(L¥) =1

(LX) =(L¥)=1

"L(l) X(s’l)ﬁ(l.(l) X(l)l)

{L“) XlMD,:(L(l)x(l)

ALY XOUD) = (L) =1 (0%)=

L2 1) =L LY

w ) ~1L‘“L‘”B

(L(Z)X(I)D-(L(l) [Z)J}

("12) x(Z)”_(L(l) X(I)D

{ i) x(!}n,(m) Xml)

(L(I) x(‘)’)=wl) X(!')D

(L(z) X"’I)-—-(E”X"’i)

(u”L‘”}rﬂ’)=([I“”)=(Ir“2’)= 1;

(Ir(ls))=(|[125)) \

=({X:i:)=(lx"’)§(|§' ’)4
=(X*)=2; (X*)=

ERXDL)=(E)=1;  (L¥)=2

(’_(3) X(Z)I)___.(L(S)x(l)l)

(L(S) X(3>|)=(L(3)Xu)”

(L(3) X(A)D=(L(3) X(l)])

EIXILY) =(P)=2; (L*)=3

(XD XU (D)= (K1) =(X ) =1

(X0 XDIPE) =(|[2) = (X ) = (X 7) =]

(X(l)x(l)lr(IS)) (lx(S))_l

(x(l)xt4)lr(zsl) (|X(S))_1

(X X9 = ((r29) = (X P) = (IXT)
C=(X)=1

(X(z; X‘”]):(X“’X“‘I)

(x(Z)X(J)D:(X(l) X(‘”I)

(X XW)=(xH X))

(X(Z)X(S)Ug(xu) X(S)I)

(X X ) =(M)= (X3 = erlj)_] .

X(J)xmlrm) _("-(12)) (Ixm) ﬂx(&))_]

x(J)x(S)‘ruS») ((r‘“’) (‘Xm) (jxu))

=(|x%)=1
(x(4) xwvn:(xuj X,“”l)
(X(l) X‘“I):(X‘” X(S)I)

(XS XM= (M) = () =(172%)

=('x(l))=(lx(21)=(Jx(3))
=(1X*)=1;
(lr(IZ))___(lx(S))._.z

(Wu) W(n)rm) =(|r('2’)=(|r(25’)
=(X")=(x*")
=(|I‘“)=(|£‘2')=[

(W WIOIFY) <(rady=(res)

) z“xm)=(|x(3))
=2 =(I2%)=1

. (Wu) W"’jl’“5’)=(ir‘”’)=(lx‘5’)

=(EM)=(EM =]
(pyﬂ) WM = (M) = (|F29Y
=(X*)=(%)
L =(E)=( 2=}
(Wﬂ) W(A)Jr(l)) =(|[-'“z’)=([1'“5’)
=(XV)=(X"*)
=([Z)=(F")=1
(WD W = (W) s
(W2 W2 = (WO )
(memn (W(I)Wﬂ)l)
(W W (B )
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Tabauya 5

JonoaHuTEe AbHBe KO9Q(HUHEHTH APHBEAEHHA RJAA CTPYKTYPH LHHKOBOH
o6Mauxu [21} .

(r(Z)Am]A(Z)) =(r(1)A(2)M(l))=1
(FD 4™ 4™ =1; m=3,4
(r(lZ) A(I)IAU)) =(IAlZl)__-_ 1
(r(lZ)A(Z)D=(r(121A(UD
(ruz;AmMns)) =(fA“")=l
(ruleM)D:(r(lZlA(J)D

(r(li) A(”'A(”) =(IA(3))'=”A<M)=1
(r(ls)Aizyld(Z)) =(]A"”)=(]A“”)=l
(r(l.’b) A(J)]Atl)) =(|A(Z))=(!A(3))=l
(r(25) A(l})l)=(r(l5)d(2)|)
(r(ZS)Au)I):(r(IS)A(l)“
(r(ZS)A(S)])=(r(15)d<3)l)
(r(Z)A(l)lA(Z)) =]

(I"“A‘Z’IA“’) =1

(r(Z) A’(J)’A(J)) =]
(I'””A“’l/f‘:"):l
(ruz)AlZ)lA(J)):l
(r““A"’IA“’)=([A‘“)=([A"’)=l
U"(IS)Ail)IA(l))=(|A(J))____l

(’r(lS) A(Z)M(Zl):(M(S)):I
(r“”A"']A‘”):([A‘”):l; (M(s))=_.2
(r(ZS) A(X)IA(Z))=(IA(3))= 1 .
(r(ZS)A(Z)IA(I))=(IA(J))=l
(,-(ZS)A(.!)“:(’“(!S)A(S)I)

(4D 40 rm) =(|r“2’)=(|r“5')=(|£”’.)=(l£"')=(M'“’)=1
(AN 4D =02 =(r%9)=(2")=(ED)=(4"¥)=1
(A(l) Au)lruh) =(|r125))=(|z(1)).__(I):(Z))z(u'ﬂ)):l a
(A(J)A(Jblrm) =(|F“2’)=(]r“")=(|£“’)=([2‘2’)=(|A"2’)=l b
(A‘”A"‘[r"’) =(|r““)=(|r‘”')=(|£“’)=(l£‘”)=(|A"”)=1 b

(A AV = (4= (4= 1 *

(AN AP 42y =(|Ar(3J)=”A'12))=’l a

(A(l)A(J)lA'll)) =(IA'(2))=”Ar(3i)___ﬂdf(4))=(!’A'(3))= 1

(A2 AV (AP = (A= 1; [ 4O)= (1 P)=([4 )= (4)=2

AV~ ADr?) =M ) =5 0)=1¢

(A= AYID) =(re)=(£?)=1
(A‘”(—A)"’lr“z’)-:([r“”)==(|r‘25’)=([£"’?)=([}:"”)=I

(A(J)(_-A)(J)Ir(l)) =(Ir(2))=([[1|2))1; ({r(l5))=(‘[I~(ZS))=(J’z:(l))a(p:;(g)lsz

2 [Tpencrantenns AB) y AW BHPOXXAEHN H B3aHMOMNEpPECTaBJsieMbl.
b Heoanoanaunocrs 9Toro mpupedeHusi BO3HHKAeT GJaroiaps BHIDOKICHHOCTH A3y A4,
¢ Cwm. Tekcr, ypasnenna (I'2) u (T3),
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HEOTpeNeeHHOCTH, MbBl JAOJKHBEI [POCTO HCHOJb30BAaTb HYMKHBIE
npasuaa or6opa no BostHoBoMmy Bektopy (I.2) mam (T.3). Orme-
THM TakKXe, UYTO BHpOXIAeHHe npeicraBienuil *A® u *A® mnosso-
JISeT MeHATb UX B3auMHO MectraMu. Tabua. I'6 u I'7 agaror cooTser-
CTBeHHO KO3(pHIHEHTH NPUBEEHHS JJI CHMMETPH30BaHHBIX KBal-
patoB H KyOoB NpeicTaBJICHHH.
N Ta6auya 6

Kospduunentn npusefeHus 11 CHMMETPH3OBAHHWIX KBAADATOB
npexacrasaenuit (CTPyKTypa UMHKOBOH ofmanku) [21]

([F™a M) =1;  m=1,2
(2 P = (P02 = 1
Tl N) =(r)=(ri®)=1;  m=15,25

([E™o ) =) =(X ) =(X*)=1; m=1,2
(L) =(r)=(Fe)=(X) = (IX“’) (X 1
(lr(H)) (lx(l)) (|X‘3’)
(LX), 1) =(ro2)=gx)=1;  m=1,2
[X‘m']zlr‘“>=ur‘”»— X¥)=1; .m=34 ,
(DX ED) (i) ) = (KO- R = (K=t (P z
(LA™ )| T (L) =(l4 ) =(E D) =15 m=1,2
(Aol Zros) (IA"”)=(IZ‘”), m=3,4
(LA 4 ) (A D) =1, m=
A4 <A = () = Slieyate (402
(CW (1) = (T8 (X D) = (X ) = (£ D) =1
VD= )
([w<5’]2|r“')—(|r“2’) ([xm)aqu) ('I;(x)),:
W ](z;ﬂ (WD)
201 =(r@)=i;  (ro)=2"
2 2y
([P =(r®)<1; - (ri?)=2
ﬂruS)) u’(lSl) 3b

@ ITpencranaenus A u A() Bupoxaenu u BsaumonepecranaseMs.
ToabkO HpPeACTABJIECHHA rim HaftleHbl C HCMOJb3OBaHHeM MeTola Ga3HCHMX GYHKIHA,

B rta6n. '8 ykasama cuMMeTpusi H THN (GOHOHOB B TJIABHBIX
KPHTHYECKHX Toukax. Kak u B cjayuae ajMasa, HeKOTOpas Heolpe-
JleJIeHHOCTb 3THX Pe3yJabTaTOB MOXeT OLITh yCTpaHeHa NyTeM H3Me-
peHusl MJH pacyeTa CHMMETPHH COGCTBEHHBIX BEKTOPOB JAHHaMI-
yecko#i Marpuuel. Ta6a. I'9 u I'l0 copepxkar uHdopManuo o
OpOSIBJIEHHH ABYX- H TPeX(OHOHHBIX NIPOLECCOB B CIHEKTPax Hmpga-
KPaCHOro NOIVIOWeHHs1 H (HJIH) KOMOHHANHOHHOTO PacCCesHHS.
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Tabauibl aHaJoruunbl Tabs. 36 u 38 mas aaMasa, XoTS U He CTOJb
HOJIHbBI, KaK NOCJeJHHeE.
Tabruya I'7

KoshduunenTol npuBeseHnss Xas CHMMETPH3OBaHHBX KyGoB
npeacrasaenuii [21]

([F(M)](A)[r(m) =1; m=12

(LFO 9 1) =(1®) = (1) =1

(L], M) =(re9) =15 (r19)=2
(e, IP®)=(r®)=1;  (re)=2
(X)) =(XD)=15 (XP)=2

(X)) =(1X)=1;  (X®)=2
([XY FV) = (M) =T 9) =) =(X )
=(X?)=(XV)=(X9)=1;  (X¥)=6

([L‘”](s)ll-‘”) =1; (114“)):3;
(L] =(B)=6;  (L7)=9

Ta6auya '8

Kputuneckue TOUKH M cHMMeTpHs HOHOHOB JAjasi TPYHIH T‘Q, [22]

Kpp:“r:‘;{:;xne Bersn IMpeacTanaeHus
r . o s
*X TO (X) *56)
LO(X) *XV g *X®
LA(X) *xW) g *x9
TA(X) . *x ()
*L TO (L) *7(3)
LO(L) o AL/
LA(L) * 0
TA(L) *r @
0,(W), O , ’
W SmAmaEm) e

3 Bonpekn pacmpocTpaHEHHOMY MHEHUIO pasjefeHde xKoJeGaHHE B TOUKe * W ua npoaoabs |
Hble 4 [ONepeYHble HEBO3MOXHO HH /IS LHHKOBOH O6MAHKH, HH AJIS aima3a. EluHcTBeHHBIM
060cHOBaH¥eM YTBEPHIEHH] O BO3MOXKHOCTH pasieseHus siBisercss ToT ¢akT, YTo AIs aaMasa

B AByXnapaMerpuieckofi Mojesu (npu o u B 5% 0, cm. [I78]) TpH BeTBH B *W (Kaxaaf H3 KOTO-
puIX 12-KpaTHO BHIPOXKEEHA ¢ §==6, lm=2) COBIAJAQIOT C BETBSIMH B *x. ITosToMy MBt 0GO3HA-
9aeM 31ech BETBH /IS ONTHIECKHX H aKYCTHUECKHX KoneGaunk npocro O (W) u 4;(W).
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Tabauya I'9
Jisyx¢oHoHHbE NpoUecch B PemeTKax THOA UHHKOBOH ofmankH [22]
CuMMmeTpus 2:-:;11?;1% Tun
Ogepronet
[r5],, I; Kp 20(T) )
[*x®] I; Kp 270 (X) u 2TA(X)
* (1)
%]y KP } 2L0 (X) u 2LA (X)
[*X(S)](z) KP
L@, IL(2); KP 270 (L) u 2TA(L)
g AP I; KP 2LO (L) u 2LA (L)
Pwly: Kp } 20, (W); 20, (W); 205 (W);
m==1, 2, 3, 4 24, (W); 24, (W); 245(W)
Kombunayuu
X0 @ xW I; KP } TO (X) + LO (X); TO (X) + LA (X);
®*x® I; Kp TA(X)+ LO (X); TA(X)+ LA(X)
®*x® I; KP "TO (X)+ TA(X)
*x® g *x II; KP LO(X)+ LA (X)
* LA *LM I; KpP TO (L) + LO (L); TO (L) + LA (L);
: TA(L)+ LO(L); TA(L)+ LA(L)
*LOR*L® I; KP TO (L) + TA(L)
*pOQ*L® I; KP LO(L)+ LA (L)
*W(1)®*W(1) KP
WO Q*w? KpP
w3 ® *W(3) KP
*W(‘l) ® *w KP
*wh ® *w@ I; KP .
*h ® *w @) Io; Kp
*whe*wh I; KP
*w @ ® * w3 I; Kp
*wl*wi Ii; KP R
*W(3)® *w 4 II; KP

2 Bosee AeTanbHyo nHGOPMaLMIO NPUBECTH HEBO3MOXKHO BBHIAY HeolpeleJieHHOCTe# Kiac-
cudnranuu s speasn © W. Caexyer, oqnaxko, OTMETHTh, 4TO B NPHBE/IEHHOM NepeuHe KOMGH:
Hauuh ABa GonOHA JNOJIKHB HPHHALJEKAThb Pa3HbIM BETBSM, HAXKe eCJaH OHH HMEIOT OJHHAKOBYIO
CHMMETPHIO,

b B sroit TaG/Jmue. KakK H B caenyiolledt, cumsoa [ (n) o3Havaer, 4TO De3yJ/bTaT NpHUBeJe -
HUs cOAePXKAT n pas npedcrasienne D(15), 1. e. nannas xomGumanus uMeer n-Kgamylo KON
HYI0 aKTHBHOCTB. DTO 0603HayeHHe yXKe HCIIOJIH30BaJOCh Bhie {CM. TabJ, 38). CM. oBcyxieHne
STOro Bompoca B cTartbe [22], .
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Tabauya 10

TpextoHOHKWE Nponeccnl B pemerkax Tuna nuHkosol ofmanxu [22]

Onrryeckas

CuMMeTpHs AKTHBHOCTD Tan
Odepronst

[I‘“5>](3, O; KP 30 (I)
[*X(S)](s) I; KP 3T0 (X) u 3TA(X)
[*x 0], KP }
o Kp 3LO (X) u 3LA(X)
[*L(m)](sj; m=1,3 HEAKTHBHEL
[*W(m)](g); m==1,2, 3,4 HeakTHBHH

* x(5) ® *x ® 115
® *X(S) ® I‘(15)
® *X(S) ® I\(15)
*x() @ *x® g 1115
® * x(5) ® (15
* (3 ® * x{5) ® Tiis
*x® ® *x 3 ® *x(l)

* yi5) ® *x (1) ® *x6)
* (5 ® * y(3) ® * x(5)
*L(S) ® *L(l) ® s

*L(l) ® *L(I) ® P(IS)
* 7 () ® *r 3 ® s
* 3 ® ol A ® * x(5)

IIpocrote kombunayuy

(2); KP  TO(X)+ O(T) 4 {LA(X) nan LO (X)}
I (2); KP TO(X) 4 O(T) + {LA(X) nu LO (X)}
H(5); KP TO(X)+TA(X)+0 ()
I; KP LO (X) + LA(X)+ 0 ()
I(2); KP  TA(X)+ O(T) + {LA(X) s LO (X)}
J(2); KP  TA(X)+ O(T)+ {LA(X)wm LO (X))
I; KP TO (X) + LA (X) + LO (X);

TAX)+ LA(X)+ LO (X)
J1(3); KP TO(X)+TAX)+{LA(X) nan LO (X)} 2
II (3): KP TO(X)+TAX)+H{LO(X)nnu LA(X)} 3
0(3); KP TO(L)+LO(L)+ O (T

TO (L) + LA (L) + O (T);

TA(L) 4 LO (L) 4 O (T);

TA(L)+ LA(L) 4 O(T)
I(2); KP LO(L)+ LA(L)+ 0 (T)
IL(6); KP TO(L)+ TA(L)+ 0O (T)
IL(6); KP TO(L)+ LO (L) 4 TO (X);

TO (L) + LA (L) + TO (X);
TA(L)+ LO (L) + TO (X);
TA(L)+ LA(L)+ TO (X);
TO(L)+ LO (L) +TA(X);
TO (L) + LA(L) + TA(X);
TA(L) + LO (L) + TA(X);
TA(L)+ LAL)+ TA(X)
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ITpunoxcenue I'

IIpodoaxcenue Taba. I'10 ~

OnTHyecKas

CumMeTpus aKTHBHOCTD Tun
® *x L)+ LO(L) + {LA(X) wu LO (X)};
® *X(a)

*r ® * ® *x(©)

® *xM
® *x3)
il A ® *r 3 ® * x(5)

® *x(

® *X(3)
*W(m) ® *W(m') ® r{15‘
m, m’ =1 2 3,4

*W(m) ® * () ® * x(m”)

[*X(S)](Q) ® 1)
[*X(l)](2) ® {19
[*X(S)](Q) ® s
[* X9, ® *x®

®*x\W
R*X®
[*X(l)] ® * x5
® *x©
[ X(3)] ® * x(5)
R*x®
[*L9],, ® b
[*Lm](m ® i

@) kp) O
O(L)+ LA(L)+ {LA(X) unu LO (X)};
} A(L)+-LO(L)4 {LA(X) nmu LO (X)};
A(L)+LA(L) + {LA(X) nan LO(X)}
H0(3); Kb LO(L)+ LA(L)+ TO (X);
LO (L) + LA(L) 4+ TA(X)

I(2); KP
I (2); KP } LO(L) + LA(L)+{LA(X) umu LO (X)}

A(12); KP TO(L)+ TA(L)+ TO (X);
TO (L) + TAL) + TA(X);
)

1L (6); KP } TO (L) + TA (L) + LA (X);
I(6); KP ) TO(L)+ TA(L)+ LO (X)

J (2 nau Paspemennt Bce komGunanuu O (T) u

3); KP (GOHOHOB M3 1BYX pasunx BeTsell
spesnnt *W
I; KP Paspemenn  mwofwe  KOMOHHaLmH

TO (X), TA(X), LO(X), LA(X) u ¢o-
HOHOB W3 /BYX pPasuulX BeTBeHl 3Be3mn
*W

Obuwue xombunayun

L(4); KP  2T0 (X) + O (T); 2TA(X) + O (T)
I (2); KP
I (2); KP
I (3); KP 27O (X)+ TA(X);"

2TA(X)+ TO (X) "
(2); KPP 2T0 (X) + LO (X); 270 (X) + LA(X);
L (2); KPP 2TA(X)+ LO (X); 2TA(X) + LA (X)
I; Kp 2LO (X) + TO (X); 2LO (X) + TA(X);
I; KP 2L0 (X) + LA (X);
I; KP 2LA(X) + TO (X); 2LA(X) + T A (X);
I; KP 2LA(X) + LO (X)
I (5); KP  2TO(L)+ O(T); 2TA(L)+ O (T)
(2 KP 2LO(L)+ O (T); 2LA(L) + O (T)

} 0(T) + LO (X); O(T) + LA (X)
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I podorncenue taba. I'10

OnrHyecKas

CuMMeTpHA aKTHBHOCTb Tan

[*L],, ® *X© IL(7); KP 2TO (L) 4 TO (X); 2TO(L) + TA(X);
2TA(L)+ TO(X); 2TA(L)+ TA(X)

®*x® A(3); KPY 2TO (L) + LO (X); 2TO (L) + LA(X);

® *x® IL(3) KP} 8TA(L) + LO (X); 2TA(L) + LA(X)
[*W(m\]m ® r1s 1(2); KP Paspemenn Bce komMGHHauu# (DOHOHA
m=1,2,3,4 O (T) ¢ oGepronamu dononos *W ™
[*W(rm](z) ® *xim) I; KP Pasperentl Bce KomMOuHAuu# (OHOHOB

TO(X), TA(X), LO(X), LA(X) ¢
obepronamu ¢ononos * W™
2 Nsa donona * x(5) NpUHajIexaT PasHBIM BeTBAM,

b 3nech a8a donona * x(5) npuHaanexkaT oAHofi H TOH#f Xe BeTBH, a TpeTl GOHOH —apy-
ok metu ¢ cummerpuelt *X(5),
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JOIIOJ/JIHEHHME 1

Hekoropble mpuMeHeHHs! KpUCTaJJIHYeCKHX
Ko puumento Knebwa—Ilopaana')

1. Beeaenue

Heab 3TOro nomoOJIHEHHS — HPOHJIMIOCTPHPOBATL - NPHMEHEHHE
Kpucrajaianueckux xospounuentos Kiaebma — ['oprana B HeKOTO-
priX usnueckux npobJeMax. B 4acTHOCTH, MBI NOKaxeM, YTO HC-
noJb30BaHHe 3THX KO3(hdiuuHeHTOB obecneunBaer 3dpdeKTHBHBIHR
METOJ, HeMoCpeJCTBEHHOTO OINpeAe/eHUs HE3aBHCHMBIX 3/JEMEHTOB
TEH30POB, BO3HUKAWOIIHX B TEOPHH paccestHus cBeTa (KoMmOuHa-
[MOHHOTO paccesHus, OPH/JIIOIHOBCKOTO pacCesiHusl, PacCesiHus npu
HaJuuHH «MopduueckuX 3d(deKTOB»), a TaKkKe TEH30POB, OIpeje-
JSAIUX 3P GdeKTUBHbBIE TAMUAbTOHHAHHI.

YcraHOBJEHUE CBSI3W 9THX TeH30pOB ¢ Koahduuuedtamu Kied-
ma — ['opnana cyiecTBeHHO B ABYX acmexkrax. Bo-mepBmix, pasie-
JeHne HH3UYeCKOl BeJHUYHHB HA BA COMHOXKHTENS — KO3bdUIHEHT
Knebma — 'opnana u npuBeleHHBIH MAaTpHUHBIHA 2/MeMeHT — obec-
neuHBaeT MaKCHMaJbHOe YIpOllieHHe 3ajaud, AONycKaeMoe CHM-
metpueil. Bo-BTOpHIX, OKa3pIBaeTcAd BO3MOXKHBIM NPEACTABHTh Ofe-
paTOPHl BLICOKHX MOPSAKOB M HX MaTPHYHbLIC 3JeMEHTHh KaK JIHHeH-
Hble KOMOHHAaIUM COOTBETCTBYIOLIMX BeJHYHH OoJiee  HH3KHX
NOPSIIKOB, npnueM KosbdHIHEeHTaMH B 3THX JHHEHHBIX KOMOMHA-
HUAX ABAsSIOTCS Ko3hduuuentsl Kaebma — Iopnana. Takum obpa-
30M, 00/1acThb Hcnoab30BaHus Koadguuuenros Kiebia — lopaaHa
JOCTATOYHO LIMPOKA.

2. TeH30p KOMOGHHALMOHHOrO PacCessHUS

PaccMoTpuM IpekAe BCEro TeH30p coGCTBeHHOro (6e3 yyacTHd
Mopduueckux 3¢ pekToB) KOMOHHANMOHHOTO paccesiHus. [lanaromuf
(OTOH C BOJHOBHM . BeKTOPOM k;, moJspH3aliHell e; M 4acTOTOH ®;
paccenBaercss B coctosiHue (Rs, €5, ®s) ¢ OIHOBpeMEHHHIM poxXIe-
HUEM HJIH YHHUTOXKEHHWEM OXHOTO WM Gosiee ONTHUECCKHX (OHOHOB,

') @10 nonoanenne nanucano npodeccopom P. Bepencon.
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HOJIHle HHTEHCHBHOCTb DACCEAHHOrO CBE€TAa MOXHO NpenCcTaBHTD
B BHJE

I~ % l esapaﬁeig 2, (21)

riae o, B oNpeAeNsoT 1eKaPTOBEl KOMIOHEHTH], a Pgg -— TEH30P KOM-
GuHAIMOHHOTO paccesiHusl. TeH30p Pyp 3aBHCHT OT KOOPAMHAT HOHOB
H MOXKeT OHTh pa3joxeH B psi Tefijopa no cMelleHHSIM HOHOB,

l
HJIH, 4TO 3KBHBAJIEHTHO, IO q)OHOHHbIM [epeMeHHbIM Q(O’)’ riue

o ofo3Hauaer psan npeacrasiedns DO, no kotopomy npeofpasyercs

!
Q(G). Taxum obpa3som,

Pog= P + Y‘ P} ( )Q( l)+
o]

(o

Tl o

rje

2.3)

(l)__ 0Pyg . 0P,
- l ! !
S O] M T 61§
/b

Kos¢duunentsr PD  obycnoBauBaloT OZHOPOHOHHOE paccesHue,
P®?) — nByx¢doOHOHHOE H T. 1.

[TockosbKy TeHsop P onpeneseH A5 paBHOBECHBIX MOJOXKe-
HHH, OH HHBAapHAHTEH OTHOCHTE/JbHO ONepauuii CHMMETPUH KpH-

l 1
cranra. CieloBaTesbHO, mpousBeieHue P ( - ) Q ( 0) npeobpa-

syercss mo mpeicTaBaeHuio DO, Oxtako Pq g npencrasiaser cobait
CHMMETPHYHBIA TEH30D BTOPOrO paHra, KOTOpHIHl mpeoGpasyercs 110
CHMMETDH30BAHHOMY IPDOH3BEJ€HHIO BEKTOPHBIX IPEACTABJEHHN
[D® @ D™, CnenoBaTenbHO, A5 M0GOH IpynioBo onepauuH
Pr uMeeM

Pz ;Pf,‘g (i) ( ) ;Pm( )DU)(R)U'OQ(;,)T‘
= Z Z [D® (R)da D (R)g,), P‘”( )Q (é) 0.4



314 _  Jllonoanenue 1

l
ITockoNBKY KOOPAHHATHL Q( 5 ) HE3ABHCHMBL, HMeeM

pr,‘g( : )D‘” (R)zo = Z[D‘")(R)aaD‘”’(R)BB]ZP“’( ) (2.5)

Ymuoxas ofe uacth ypaBHenus (2.5) Ha D‘”(R)au H CYMMHpPYH
no [, noJayuaem

P&'ﬁ’(,i) 2. [0 (R)g, D (R)gy], D (R),, "(;) (2.6)

abp
O6osnaunm uepes U*°*  marpuny Kaebmwa — lopaana, ko-
TOpas OCYILECTBJsIeT MOJIHOe MNPHBeACHHe INpousBeleHus [D® R
&® D®],. Mbl MOXKeM BOCIOJb30BATbCA Telepb CBOHCTBAMH KoO3(-
¢unuenros Kaebwa — [opaana, onucandbiMu B T. 1, § 18, B uacr-
HOCTH ypaBHeHHEM (T. 1, 18.23). Cymmupyn ypasuerue (2.6) no R,

nMmeeMm
! !
(1) 1 lv X 0] (1)
PQB( . ) Z Z o X Tyt X %Pl ( 0 ) @2.7)

afp v

2
=

l
YpaBrenne {2.6) nospoJsier BHYHCJIHTD P(”( s ) Ha camowm

jeje (2.6) npexcrasiser co00H cHCTeMY YpaBHEHHH I/ KaXAoOH
onepanMy CHMMeTpuu R; N03TOMy HeoOXOAuMO OOHUHEIM 00pa3zoMm
HaliTH pelIeHHA 3TOH CHCTeMBl, YCTaHABJMBAIOLIHE CBA3b MEXAY
ajieMeHTaMu - TeH3opa. OpgHako ypapHerHe (2.7) OGoJjiee mNOJe3HO,
TOCKOJIbKY OHO TOXKAECTBEHHO Y/JOBJETBODPAETCH NOACTAaHOBKOMN

()= TAm UL @8)

rae A(ly) He 3aBHCHT oOT H}mexcos (@, B, p). Hanomuum, uro HH-
JIeKC y Omnpefenser KpaTHOCTb., MBI BHAMM, YTO NPH OTCYTCTBHH
KpaTHOCTH (KOrha Kaxjoe npeacraBseHne DY Bcrpeuaercs B pas-
JIOXKEeHHH MpOoH3BeldeHHA [D® @ D], ToAbKO OAMH pa3) TeH30D
P paBeH KOHCTaHTe, MOMHOMKeHHOH Ha Koatpduuuent Kuebua —
lopaana. B ofmem ciyuae PY} siBistercss JuHefiHOM KoMGHHaLMel
roaddunnentos Knebma — Fopaana. D1y ko3ahdUUHEHTH NpHBe-
JeHH B KHHre [28].

Jlo cux nop Mml noJarajd, 4To npexacrasieHue D(®) sgpisiercs
HeNpHBOAUMEIM. MoxHO 0606miaTh TeOPHIO Ha cay4ak Gonee oOmuX
TEH30POB -paccesHus, cuuras D(®) cyMMoH HENPHBOAHMEIX Npej-
crasaennst D@, Torga, BBOAs 0603HaYeHHe

Dia, i'p= 04 DaB: (2.9)
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HMEEeM
l ‘I‘-
Pl )= X AGm Ui b, (2.10)
Y

HNHpexcol io ¥ i’f OTHOCATCS K CTPOKAM HENpPUBOAMMBIX NpelCTaB-

aenust D u D7, Omm COOTBETCTBYIOT OOGHBIUHLIM J€KAPTOBLIM
HHJEKCcaM, NOCKOJbKY 6asHcHble (DYHKIHH, Npeobpasyiomiuecs Mo

ctpokam mpexcrasiaenni DY u DY?, au6o mpencrasasior co6oil
KOMIOHEHTH BeKTOpa (x,Yy,2), Jub0o CBA3aHH ¢ (X, Yy, 2) yHUTap-
HBIM npeoGpasoBaHueM. JlanbHefiline 0600LeHHsT TEOPHH CBSI3aHBI
¢ yuetoM atderroB obpallenus BpeMeHu [25, 26].

3. TeH30p GPHJJIIO3HOBCKOTO PacCesiHHS

IIpu omnpeneneHdu TeH30pa KOMOHHALNHOHHOTO paCCesHHA Mep-
BOTO HoOpAiKa MBI PaccMaTpHBaJIH BO3OYXJIeHHE ONTHUECKOro ¢ho-
HOHA, ONHCHIBAIOIEr0 CMEIleHHS] aTOMOB peUIeTKH H OGyCJIOBJIEH-
HOe HMH BO3MYlleHHe MNepHOJAMYECKOTro NOTeHNHala H 3JeKTPOH-
pelieTouHoe B3aHMojelcTBHe. DBoabyxkpamomuii U paccesHHBHIH
CBET XapaKTepu3yeTcd MaJblMH BOJHOBEIMH BekTopaMH kB < By
(rne By —BekTOp o0oOpaTHOH pelleTKH), IT03TOMY (OHOH Taxxke
HMeeT MaJpili BOJHOBOH BEKTOP, KOTOPBHIH TNOJaraerc paBHBIM
gymo. Jaa akycrtuueckux Kosebanuii ¢ k= 0, xoTopele HIrpaioT
aHaJIOTHUHYIO POJib B OpHJJIIOHOBCKOM DacCesiHHH, TVIABHHIA el
3M1eKTPOH-DOHOHHOTO B3aMMOJeHCTBUSl IPONOPIHOHANEH KOMIOHEH-
tam jgedopmanuu. Ecnu pasg KOMOHHAIHOHHOIO pacCesiHHSI TEH30p
Pqg pasnaraercsi 110 CTeNeHSIM CMEIUEHHH, TO /51 GPHJIIOSHOBCKOTO
paccesiHHst HeoGXOIMMO IIPOBOAHTbL DAas3jIOKeHHe IO CTeNeHAM

a(° ) or' =k ") 3 °
Q c k' = k'Q 5 ) 3neco Q 0 — KOOpIHHATa aKyCTHYe-

ckoro (oHOHA, mpeobpasylollasics NO CTPOKe G BEKTOPHOro npej-
crapieduss D™, a k’— BONIHOBOH BeKTOp, INpeobpasyrwouuics Kak
-1 KOMIOHeHTa D),

v
Pasnoxenue TeH3opa pacCesHUf Paﬁ 1Mo CTeneHAM kiQ(G)

MOXKHO 3anHcath B BHJE

[}
Pu=r%+ Y Pire( [). 6.1
ol
rie op
PG =— "% . (3.2)

B IS
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v
ITockoabky Kak k', Tak m Q( 0) npeolpasyloTcsl N0 BeKTOPHOMY

i o
PeCTABACHHKIO, TEH30P BTOPOro paura Pup A/ KaK Ao onepannu R
JIOJIKCH YIOBJAETBOPATH YPaBHEHHIO

Pl =3 [D® (R)g, D ()], D (R)s, D? (R);, P (3.3)
T

51
Ucnonssys ypasuenue (r. 1, 18.19), Mel MoxKem 3amnucarthb
[v><v2

P = Z Z [D (R)ye D (R3], D (R)gy Usz 1 U;Xl:]zp;%, (3.4)

_~.- 'V’V
o1 ”

rjae AJs yopouleHHus 0603HaUYeHNH MBI ONYCTHJH HHIECKC KPaTHOCTH.

Tabauya 11

l
Tenzops KOMOHHAUHOHHOTO paccessHHSA P,S:}) 0) aas rpynnst T,

a . .
{=T. ( a )
. . a
b . . -3y ..
l=I‘3(0=l):(. b ) l=1"3(a=2):( Y )
.. =2 _ o

Coe .o d d o
=I5 (0=1):(. . d), [=T"% (0=2):(. . .), [=I" (o’=3):(d . )
R d . . e

Cymmupys ofe wuactu ypasHenus (3.4) mo R u Hcnogabsys
(r. 1, 18.23), vaxonum

Pi‘J — Z Z _._1._ U[L‘Xv 2U[UXv]2U(va)*U(U>< U)P (35)

[+113) ] aP, v “aB, Iv TG, v ol Iv
af 1
oi

v

D10 ypaBHEHHE TOXKJECTBEHHO YAOBJIECTBOPSETCS NOACTAHOBKOH
. ic __ (vX V) lvx ol
Pl = IZV] C USSPV s, (3.6)

oi, Iv

Hcnoawsysa ypaBHenue (2.8), Mbi MOXKeM 3amHcaTh

Pl = Z B USTAPY ( l ) 3.7)
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CrenoBaTesnbHO, KOMIOHeHTH TeH30pa Bpuamosna npeacrasisior
co00l auHeHHbIe KOMGHHAUMH KOMIIOHEHT TeH30pa KOMOGHHAILMOH-
HOTO paccesHusi mepsoro nopsiaka. Koadpdunuentamu stoll auHed-
HOM KoMOHHAuuu sABJsiiorcss Ko3duuuentnt Kae6ma — Foprana.

Tabauya 111

TeH30pn GPHAJNIOIHOBCKOTO PACCESHUSA Pf,g aas rpynnm T,
c . . ¢ L. d ..
g=l. < . ) PR=l. ¢ . )} - PE=|. ¢ .
..o .o . . C
. C” . cll cll
pgg:(c" . ) pgg=(c” . ) p;;;=(. )
Ce Ce . e’
A e .
X2 __ yz __ 2y
P(IB_(' . . )y P‘éﬂ—(. . C”)) P(I%_('
e’ L. o .o

B kauecTBe npuMepa paccMOTpHM TeH30p Bpuimiosra mas rpyn-
nel Ty. B 1aba. I u [l npuBeseHn cOOTBETCTBEHHO KO3((HIMEHTHI
Knebma — 'opnana ¥ TeH30p KOMOMHANHOHHOIO pAaCCesIHHSI AJSA
atolt rpynnsl. Hcrons3ysa coorHomenue (3.7), MB MOXeM BhIYuC-
JHTb Temepb TeHsop Bpuiniossa paa rpynne T4 pesynbTaT HpH-
peged B taba. 111

3

..
N
.o .
Y
N—

4. Mopdnueckue addekTb

OnucaHHyio BbILIe TEOPHIO JerKO NPUMEHHTb M K JAPYyrUM Mat-
PHUHEIM »JeMeHTaM. PaccMoTpuM BJMsHHMe BHelIHeH CHJIL (Hampy-
Mep, HaNpsXKeHHS HJIH 3JMeKTPHUeCKOTO NOJA) Ha paccesHHe CBeTa
B KpHcTamiIax. DTH Mopduueckne 3ddhekTs H3YYaJHCh HELABHO
B paGorax [151, 160]. B kauecTBe mpHMepa pacCMOTPHM TEH3OP

KOMOHMHAIIHOHHOTO DPAacCesinds NepBOro NOPsiiKa PY% B npueyr-
CTBHH BHelUHell oaHopoanoll cune F) (mpeo6pasymouiefics mo crTpo-
ke A npexacrasiaenns D). Tensop PS} B sTOM ciiyuae MoxHO mpen-
CTABUTH B BHAE

_p@:&(i)ﬁ{a—jﬁf—) OQ(f,)JF;;%%;;OQ(i)F‘}- (1)

O0603Hauum
- l 2P,
Ploi(, ) =—pri—|. (4.9)
(7)o
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Dra BeJanuHHa npeoGpasyercs CJAeAYIOMHM 06paszom:

P ()
af, A p =

!
= ) [D” (R),, D (R)g,), D (R);, D (R); Pop, 1 ( o ) (4.3)

apoi

B 3aBucumocts ot Tunma HemHefl cuanl D) MoxkeT GHITH Henmpd-
BOJAMMBIM INpelcTaBJeHHEM, CYMMOR HENPHBOAMMBIX NpeACTaB/IeHHH:
WM TpOH3BefeHHeM IpelcTaBjeHuii., HHuxXe MH paccMOTpHM He-
CKOJIbKO KOHKDETHBIX NPHMEPOB.

A. KomOu#auuoHHOe paccessHHe, HHAYLMPOBAHHOE 3JIEKTpUYe-
CKHM nouaeMm. B cayuae KOM6HH3HHOHHOFO paccestHHsl, HHIYLUHPO-

BaHHOTO 3JI€KTPHUECKHM NoJdeM, F} mpeoGpasyetcA 1O BeKTOPHOMY
npeacrasaesdo D, tak uro

Pios( 4 ) = T [0 (R, D (Ry], 0 (R, D R, Pl 5 )-

I1:578 (4.4)
Hcnonp3ysa npouenypy, ONHCaHHYIO B 0. 3, MBl BHIAM

R 3 4 U4 (%) (4.5)

CrenoBaTe/lbHO, TEH30p KOMOMHAIHOHHOTO pacCesiHHf, HHAYIH-
pOBaHHOTO NoJeM, ABJAeTCs JHHefAHOR KoMOHHaIHeA TeH30pOB pac-
CesiHHSl TepBOro NOPAJAKa, MPHYEeM B KauecTBe KO3(PQHIHEHTOB B
STHX JIMHeHHBIX KOMOMHAUMAX BhICTynawoT Kospduumentn Kie6-
wa — Fopnana npoussesenus DO Q D). ItH TEH30PH MOKHO
BBIYHCJAUTL I rpynnel Tg ¢ nomouigio Taba. I u II; pesynabrar
npaerca B Tabia. 1V,

B. Kom0unanuonHoe paccesiHue, HHAYIHPOBAHHOE TPAJHEHTOM
noas. B 3ToM cayuae F) npeoGpasyercs mO NPEACTABJIEHHIO
D@ D™, u nostomy

ﬁg{f wv ( : ) Z [D(v) (R)gq D® (R)Bﬂ]2

’V

2

=
=

l
XD R, D (R D (R B3 oo ) 48)

rae W yKasolBaeT KOOpJAHHATY NOJd, & v — KOOpAHHATY rpagHeHTa.
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Tabauya IV

Tensopnt KOMOUHALMOHHOTO PAacCCesAHHsi, HHAYUHPOBAHHOTO MOJEM Pup N (6 ) ,
aas rpynos T,

- (19 () (7
(L) (T (BT
=) L)
() GT) ()
=) () Gy)
=) G ()

5
{=T%: Paﬁ, (1" )=ng paBeH TeH30py OpPHJJIIO9HOBCKOrO pacCesiHHA
o (M. Taba. III).

Menonbsys samuch

D(v) (R):"av D(l) (R) . U (v l)*D(%) (R) U(vx 1) (4.7)

V0. ®p Vg, %p

n caeayd 3aTeM H3JIOXKEHHOH B 1. 3 MeToouke, mojydaeMm

- "%
P ) A USSPl (%) (48)
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_ Tabauya V
Tenaopul KOMOUHANMOHHOTO PaccesHMs, HHAYLIHPOBAHHOIO IPAXHEHTOM
l
noJs Pa‘, - (o) , aas rpynnw T,

5
1= BYE,,[)=PE u(r ) (cM. Taba. 1V)
1=T1% PYE (r")=PE (1”) (cm. a6, 1V)
= aB ux = LaBp ' *

- Tt
PXBE, uy uB p‘( ) (cm. Tabn, IV)

I‘4
P e 1) =Pl u( ) (cM. Ta6an. 1V)

I=I% u w o=1 0=2
- 7. . 1/30; .
x x ( —A/3y—8 . ( ~y+ /38 .
: V3y—8 . v+ V3B
. —¥386—¢ . . —~3+7V3e .
y x (—V36—e . (—6+'\/§8 .
. . '\/36-—8 . . 3+4/3¢
AM38—e . .. 6+V3e . .
. —4/30—e .\ . d—43e .
xy (—1/3-6—3 . . (6—-'\/-?76 . .
“Ty=B . .\ (v=VEB . .
vy . —a . . —4/3a
V3y—B —y—+/38
L —AF8—e . ) \. —8—43e

N /- . .
—4386—¢ ( . —8—4/3¢

.0 2 .. 28
2 . ./ 26 . .
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[Ipodoamenue raba. V

=1 p v =1 o=2

[=T% p v og=1 C==2 g =3
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T. €. TEH30p pacCCefiHHf, HHAYHNUPOBAHHOrO TpPajHeHTOM MNOAf, SB-
Jsiercs AMHeAHOH KOMOMHAIMEH TE€H30POB PACCESHHS, HHAYLHPOBAH-
Horo mosieM. s rpynnsl T, TH TE€H30DH NepeuncieHH B Taba. V.,

B. Kom6uHauuoHHoe paccesiHHe, HHAYUMPOBAaHHoe jedopma-
uueii. Ilockosrky TeHsop aedopManuu npeo6pasyercs MO CHMMeT-
PH30BaHHOMY NpPOM3BeAeHHIO NpeicraBieHud [D® & D™)],, tensop
paccesHus, HHAYHNHPOBAHHOrO JedopMalned,, MOXKXHO HNOJYYHTH ITy-
TeM CHMMETPH3AI[HH TeH30pa paccesiHus, HHAYIHPOBAHHOLC M0JeM
(rabn. V), no HHgexcam pv.

5. Tensopsl paccesiHua AAs rpynnel Cey

Mu npousamiocTpHpPYEM Jfajee HCHOJb30BaHHe KO3(DHIHEHTOB
Knebma — l'oppana ans BeruncieHnss GOpPMBL TEH30POB paccesiHUs
C HCIOJb30Ba2HHEM H3J0XKEHHHIX BHIIE METOIOB LJIS KPHCTAJNIOB
cuMMerpul Csy. B cayuae rpynnel Cg, BeKTOpHOE IIPOM3BEJEHHE
SABJSETCST CYMMOH HENPHBOAMMBIX TpeicTaBienuii. Mcnonbsys obo-
3HauyeHHus pabotsl [28], uMeeM

!

rae T? u I'® — npencrapnenus, 6asucaMu KOTOPHIX fABJSIOTCS COOT-
BETCTBEHHO 2z 1 27" (x — iy, —x—iy). DTo mpencTaBJeHHE MOXKHO
npeoGpasoBaTh TakuM ofpasoM, uto ero Gasucom Oyaer (x,Yy,2);
LJIS1 STOTO HaZo mepeiiTh oT I K I’ caenyomuM o6pasom:

T5 = A5I5 (A5}, (5.2)

1 1 —1
A5=———-( , ) (5.3)
A2 \—i —i
Kosduuventst Kaebma — I'opaana aas rpynnsl Cgy C HCIOJNB30BA-
HyeM Npu HeoOXOXMMOCTH NpeoOpasoBanHoro 6asnca MOXKHO NOJAY-
yuTh M3 peaynabTaToB Kocrepa u ap. [28] ¢ nomolibio mpeoGpaso-
BaHu#, uanoxeHusix B T. 1, § 18, B yacraoctu ypasuenus (T. 1,
18.30). Tensopsl OpHIII09HOBCKOTO U KOMOHMHAIIHOHHOTO paccesiHUSA
(Braarouasi Mopduueckue sdexTs) nmosyuyeHsl AJs rpynnsl Cg, ONH-
CaHHBIMH B MNPEXBIAYIIAX IYHKTaX METOJaMH H TalyJHDOBaHH B
pabote [179].

rue

6. 3ddexTHBHBIE FraMHJIbTOHUAHBI

B kauecrBe mpuMepa 3ajad APYroro THNA, B KOTOPHIX MOJIE3HO
Hcnosb3oBanue Kosdduuuentos Knebma — I'oprana, MBH paccMoT-
pPHM MAaTpPHUHHE 3J€MEHTH, BO3HHKAIOIIHe B TeOPHH 3)PEKTHBHOro
raMuJIbTOHHaHa., HamoMHuM, uTo B o6IneM caydyae MaTpHYHHIN aJe-
MeHT onepaTopa O/ MexLy HauaJbHbIM COCTOSIHHeM 1} M KOHEYHEIM
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Y, A cHcTeMbl ¢ cuMMmerpHeli G npd ycaoBuH, uTo OV, ! u P

npeo6pasylorcsa no npeacrasiaesusim DO, DO y DO cooTBETCTBEHHO,
MOXKHO 3anucath B BHAe [149, 180]

(W1 OL| ) = 2 o, Uik o 6.1)

rle ajiy — KOHCTAHTa, He 3aBHCSIAS OT o, § H A.

PacemorpuM Tenepb 3 peKTHBHEI raMHJAbTOHHAH, OSBISIONIHE-
ci B k-p-reopun Mmerona 3d¢exTHBHOH Macch [181—183] 3toT
raMHJbTOHHAH MOXKET 3aBHCETb OT BOJIHOBOTO BEKTOpa, TeH30pa
Aedopmanuu, BHemrHero noas M T. A. COBOKYNHOCTb BCeX 9THX
BeJIHYHH 0603HAYHM uYepe3 J W 3anulleM

1 i) (k)
H={H 4 O Y, (6.2)
IAe KaxAbi Habop BeanuuH JH mpeobpasyercsi IO HEKOTOPOMY
HEeNpPHBOAUMOMY NPEACTABJEHHIO NPOCTPAHCTBEHHOR rpynnm G,
MosxHo mokasatb [183], uro raMuibTOHHAH J6(K’) MOXKHO 3amy-
caTb B BHJE

N
H(H) =2 aid; i Zl: xParir, (6.3)
3
Tae a; — KOHCTAaHTH H
o ) g p*
Iy _{ I, ecan D cogepxurca 8 DV ® DV,
h il 0 B NPOTHBHOM CJyuae.

Matpuunbiii saeMeHT Hyq (%) MexAy BHIPOXKIEHHBIMH COCTOSI-
nuamn Y, u $f maerca BhpakeHHeM

Ko (H) = (WL | 26 () | h), (6.5)

(6.4)

HJIH

Koy (¥) = Z asd; jm Z CARSURHE A (6.6)

CaenoBarensto, |I;[* anementoB ManPIIJ;bI #qg (X)) BHDaxarores

yepe3 He3aBHCHMEE 3J1eMEHTHl TeH30pa X;, 8. Ho 13 ypaBuenus (6.1)
caegyer

i IXj* * 3¢
Xi s = 2, aunUist o= 2, aypisUlsShn, (6.7)
k' b4
TaK 4To
% Fy%
Hop (K) = ; e USs uH, (6.8)
Y

OtMeTHM, YTO KO3 GhHIHEHTEH, BXOAsIIHe B NOCAe[Hee BhpaxKe-
HHe, IpelcTaBiasioT coboi koadduunent Kiebma — ['opaana mpo-
CTPAHCTBEHHON rpynmnel, onpedenennsle B T. 1, § 60, 1 B 1. 2, § 16.
TlockosbKY BHUHCHCHHE 3THX Ko3(h(uIHeHTOB He IpeAcTaBlseT
0coObIX TPYAHOCTeH, ypaBHeHHe (6.8) naer cpaBHHTENBHO NPOCTOR
peilenrT NOCTPOeHHsi 5¢QexTHBHOrQ raMHAbTOHHAHAa Jaxe B CJAYy-
9agxX CHJbHOTO BHIDOXKIEHHA,
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PesonaHcHoe BTOPHYHOE CBEYEHHE
NPUMECHbIX LEHTPOB KPHCTANJIOB

K. K. Pe6ane, B. B. Xuxnuskon

1. BBenenue

Hasnayenue faHHOH CTaTbH — JOMIOJHHTb H3JIOKEHHYIO B KHHI€
TEOPHI0 KOMOHHALIHOHHOIO DAacCCeHHs PacCMOTPEHHEM TeX KayecT-
BEeHHBIX H3MeHeHHH, KOTOPbIE MMEIOT MeCTO B Pe30HAHCHOM cJiyuae
II0 CPaBHEHHIO C Hepe3OHaHCHbIM. To, uTO H3MeHeHHS JAeHCTBH-
TEJbHO CYILECTBEHHH!, CACAYeT Y3Ke M3 TOro, YTO B Pe30HaHCHOM
ciayuae oObuHO BO3OYXKAAeTcs JIOMHHECUEHHUs, CIeKTpaJbHble H
BpPeMeHHEIe XapaKTePUCTHKH KOTODOH CYIeCTBEHHO HHblE, YeM OpH
Hepe3oHaHCHOM paccesHHH. OJHAKO JIOMHUHECHEHIHS He OXBATHIBALT
IEJTHKOM Bcero Bo30yXKaeMOTo B pe30HAHCE H3JYUYeHHS, XOTH Yd-
CTO M COCTABJISIET OCHOBHYIO €r0 4acTb 10 HHTEHCHBHOCTH; BCErad
HMeeTCsl TaKxKe ynpyroe (peseeBCcKOe) H Heynpyroe (KoMOHHAIHOH-
HOe) paccesHHe €O CBOHCTBAMH, AHAJOTHYHBIMH HEPe30HAHCHOMY
pefeeBCKOMY M KOMOHHAaIlMOHHOMY paccesinio. Kpome Toro, Kak
OBIJIO TIOKa3aHO TeopeTHYeckKH B paborTe [l] M sKcmepuMeHTaJNbHO
B pabote [2], B pe30HaHCHOM cCJy4Yae YacTO MOXKHO BBHIIEJHTDL elle
OIMH BHJ H3JIYUEHHS — rOpPSYYI0 JIOMHHECIEHIHIO,

Bce u3aydeHHe B IeJIOM, NIpeACTaBaAsollee COOOH OTK/IHK Be-
mectsa Ha (oTOB0O30YKJeHHe, NPHHSATO HA3HIBATH BTOPHYHLIM CBe-
yenueM. [lo/b3ysick 5THM TEPMHHOM, MOXHO CKa3aTh, YTO B Hepe-
30HAHCHOM CJyd4ae BTOPHYHOE CBeueHHe CBOLUTCH JHIIb K OTHOCH-
TEJbHO C1a00MY paccessHHIO CBeTa, B TO BPeMs KAaK B Pe30HAHCHOM
OHO CTAHOBHMTCA HAMHOTO (Ha HECKOJIBKO IOPSAKOB) HHTEHCHBHeE
H BO MHOTHX aKTyaJbHBIX CJHydYasiXx MOXKET PacCMaTPHBATBCH Kak
cocTosiliee M3 HECKOJbKHX KOMIIOHEHTOB € CYIIeCTBEHHO pasJiuy-
HeIMH cBoiicTBaMu. OTciola cilefyeT, YTO OJHHM H3 OCHOBHHIX BO-
NPOCOB, BO3HHMKAIOWKX IIPH Nepexoje K pe3OHaHCHOMY Boabyxie-
HHIO, ABJsETCS KjacCHPHKAalHs Pe30HAaHCHOI'O BTOPHYHOIO CBede-
mus (PBC).

IIpo6aema knaccuduxanun PBC sBnsercs onHolt u3 dyHnameH-
TaJNbHHX TNpobJeM (PH3UKHM ONTHYECKHX CBOHCTB BelllecTBa. B cBsisn
¢ JIOMHHeclleHuued OHa HccilefoBajack BasuiosmM [3], mpeano-
KHBIIMM HCNONb30BaTh JJS ee KiaaccupHKauuu Hapsaay co CHek-
TPaJbHBIMU IIPH3HAKAMH KPHTEPHH IJHUTEJBHOCTH IIOCJIeCBeYeHHs
(n TecHo cpsizaHHBIH ¢ HUM KpHTepui TyweHnus). CrenaHoB u Ana-
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HaceBHUY [4] yKasaju Ha Ba)KHYIO PoJb «IIPOMEXYTOUHHIX Opoiec-
COB» JIJIfl Pa3jie/eHHs JIOMHHECUEHIHH H PacCesHHusl.

OTmeueHHble BBIlLle KPUTEPHUH IJUTENbHOCTH M NPOMEXKYTOUHHIX
HpPOLECCOB BO MHOTHX CJAydYasix BecbMa INoJie3Hel. OIHAKO OHH HOCST
JIMIIL KaueCTBeHHHIH XapaKTep W He pellaioT npobjeMy B LEJIOM.
HeranbHas TeopHs, paccMaTpHBalollas B paMKax eJUHHOTO IOAXO0Aa
Bce komnoHeHTsl PBC, 6bi1a passura B pa6orax [5—12] (cM. Tak-
ke [13, 14]). Dra TeopHs HenmocpeACTBEHHO NMPHMEHHMa K IpHMeC-
HBIM LEeHTpaM Kpucra/ioB. OnHako noJnydeHunsle B paborax [5—12]
pesyJbTaThl coAepxkaT M BHBOJAB 0oO0ilero xapaxkrepa. HauGosee
BasKHBIM TaKHM pe3yJbTaToM OBLJIO J0Ka3aTeJbCTBO TOTO, ¥To (op-
MyJa BTOPOro mopsijfixa Ajas paccedHus cBeta [dpopmynaa (1.2, 6.1)
OCHOBHOTO TEKCTa KHHTH| B PE30HAHCHOM cJyuae OIHCHIBAeT BCe
komnoHeHTH PBC, Bkiaouass u miomunecuennuio [5]. Tem cambiM,
yAanoch oObeIUHHTb TEOPHH PAaCCesTHHS CBETa H JIOMHUHECIEHINH H
yrayO6uTh NOHUMAaHHE NPUPOJAH 3THX fIBJEHHH, UTO IO3BOJHJIO TaK-
JKe COBMECTHO omucaTh Bce KoMmnoHeHTHl PBC u Ha Takoit ocHoBe
pewnts npobieMy ero KjaaccHduKauud. B yacTHOCTH, CTaj0 fACHO,
yTo TOYHOe pasieneHMe PBC nHa pasnnuHble KOMNOHEHTH B IpHH-
[HIle HeBO3MOXKHO; TaKOe pa3je/ieHHe MOXKHO IPOBECTH JIHIIb IIpH-
OJIMKEHHO, NIpUYEM TOJBKO NP BHINOJHEHHH OIpeleeHHHIX YCJAo-
BHI AJIS COOTHOIIEHHS CKOpocTed pajHalHOHHOIO pacmajga H Ipo-
IleCCOB peslaKcallMd. B IpUMeCHBIX LeHTPax KPUCTAJJIOB 3TH ycJO-
BHA OGBYHO OYeHb XOpoio BeIIOJIHAITCA. [losaToMy yKasaHHoe
pasieleHHe 3Jechb He TOJbKO BO3MOXKHO, HO M HeoGXONHMO MJA
JOCTHKeHNS IIpaBUJBHOIO NMOHMUMaHHA (QHU3HKM sBJIeHHA. Huxe Ml
KOPOTKO H3JIOXKHM OCHOBHBIE IIOJIOXKEHHSI 3TOH TEODHH.

2. Ucxoaubie ¢Gopmydb TeopHH

Ucxomubimu ¢opmyaamu teopun PBC mpuMecHBIX HEHTPOB SB-
asoress dopmyan (r. 2, 6.1)—(t. 2, 6.5) naHHOH KHHIH JJ4 cedye-
HHSl pacCesiHHsA!

I (0)0) Q) = AZ?\.’ K%’ eheh’lh%’fy’ﬂ (‘DO’ Q) SZEX" (1)
Lk (0 @)= 5 { due (P, (1) P, (@)

fre @, 1 Q ~— yactoTsl nepsuunoro (Bo3GyXKaIOIIEro) H BTOPUYHOTO
(n3ayuennoro) goronos, (...)=Z5" 2, exp(—Eo/kT){vol ... |ve) —
Uy

3HAK KBAHTOBOCTATHCTHYECKOrO YCPeLHEHHA MO HCXOJHBIM KoJeba-
TeJbHBIM COCTOAHHAM | Ug), E,,—HuX sHeprus, ZO==Z exp(—E./kT)—
Uy

¢TaTHCTHUECKadA CymMMma, €, H SA,-*ILeKapTOBbI KOMMNOHCHTH €JAH-
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HHYHBIX BEKTOPOB NOJSIPH3AlHH IMEPBHYHOIO H BTOPHIHOTO (OTOHOB,
Pjjs — omepatop noOJSIPH3YeMOCTH, KOTODHIH B Pe30HAHCHOM cJydae
MpPH yueTe OJHOrO HEBHPOXKJIEHHOIO OCHOBHOTO W OLHOIO HEBHIPO-
XKJEHHOTO BO30YKIEHHOTO 3JIEKTPOHHBIX YPOBHEH MOXKeT G6HThb
npeacrasaen B suue [8, 10]
-1
—_1, 4 ! ! ) ’
Py = S dv e~ 1o M;—eiﬂ.'ﬂ YT Mye iHyv . (3)
G

31ecy A=1, M7# u My — 57eKTpOHHHIE MAaTpUYHBEE 3JeMeHTH
IJI MOTJOLLeHns U uaaydeHus ¢otoHoB; Hy u H{— KosnebatejbHLIE
raMHJbTOHHAHL OCHOBHOTO H BO3OYKIEHHOTO 3JEKTPOHHEIX COCTOS-
HUE TIPUMECHOrO0 ILEHTPa, ONHCHIBAEMOTo B aAuabaTHUeCKOM IIpH-
6nuxennn Bopua — Onnenrefivepa; y — omeparop 3aTyxaHHs BO3-
OYXXIeHHOrO 3JeKTPOHHOI'O COCTOAHHA, P;’,Z — CONPSIKEHHBH ¢ P,,,

omeparop, )
Pl,h' (u) = eiHouPAA,e—lHou' (4)
Ecaun noxacraeuth (3) u (4) B dopmyay (2), to dopmyaa (1)
NIPHBEJETCS K BHAY
(@, ©) == { au SS dudi'efu=inbtv =g (u, 7, 7), ()
—oo 0
rze

a(y, T, r’)=;N Z;,,Awm (, 7, 7)eye, 8500, 6)

>

AL)V}/X (p'! T, T,) =
. + iHV—-yT
= (M} ™

CyliecTBeHHO, YTO NepeMeHHEIM MHTEerPHPOBAaHUS W, T H v, QUIYpH-
pyouuM B dopmyae (5), MoxeT OBITb NpPHAAHO HarIsjgHOoe (QHU3H-
yeckoe colepiKaHHe, HENOCPEeJCTBEHHO CBSI3aHHOE C MpOLecCaMu
penakcanuu [15]. [lepeMeHHEle T H v’ OMHCHIBAIOT BpeMsi, IpOLIe]-
llee OT MOTJVIOUIEHHS IepBHYHOrO (POTOHA [0 H3JYUYEHHS BTOPHUYHOTO
¢boTOHAa B ABYX aMIUIMTYAAX BEPOSITHOCTH, a BPEMsl | — Pa3HOCTb
BpeMeH B JABYX aMIUIHTYAaX IOC/Ie H3JydyeHHs BTOpHYHOrO (OTOHA,
CuenioBaTenbHO, cpefiHee BpeMs ABYX aMIIHTY]

’

M;‘,eiHoqu,e—iH,r—wM;-e—iHn (u+1;'_1:)>0. (7)

s=(v+7)[2 (8)
HMeeT CMBIC/ BPEMEHH JXH3HH BO3OGYKJEHHOTO COCTOSHUS; BpeMs
=1 —x 9)

ONMHCHIBAET pas3HOCTh (a3 JBYX aMIUIHTYA, NPHOGPETeHHyIo 3a
BpeMsl JKHSHH MPOMEXYTOYHOro (BO36yXIEHHOr0) COCTOSHHSA, a
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BpeMs y — pa3HOcTh (pa3, NpHOOpeTeHHYI0 32 BeCb Ipoliecc npeos-
pa3oBaHusl MepBHYHOro (GoToHa BO BTOpHuHHIA. Ecim paccmatpu-
BaeMblli IBYX(OTOHHHI® Tpolecc pasjejHTb Ha ABa 3Tana: 1) mpu-
FOTOBJNEHHE TPOMENKYTOUHOTO COCTOSIHHSA, 2) 3aJepKKa CHCTEMB B
MPOMEKYTOUHOM COCTOSIHHH, TO BpeMs s’ GYAeT ONHCHIBATb Pa3HOCTh
das3, npuolpeTeHHYI0 HA NEPBOM 3Taie, BpeMd pn— S’ — pasHOCTH
thas, npuobpeTeHAYIO Ha BTOPOM 3Talle, a8 4 — CYMMAapHYIO PasHOCTh
a3 oboux sTamNos.

B cooTBeTCTBHH C STHM Koppeaarop A, paccMaTpuBaeMblll Kak
byHKIHEA p = §’, onuckiBaeT $Ha30BYI0 KOPPESALHIO IPU BO36GYKIe-
HHH, €ro 3aBHCHUMOCTb OT W JaeT (Ha3oBYI0 KOPPEeJSUHIO [pU
M3JYYeHHH, a 3aBHCHMOCTb OT §’ ompejenseT 3aTyXaHUE KOppess-
LLHH a3 Mexay NOrVIOLIeHneM K H3jyueHHeM. TeM caMmbIM Koppesns-
top A, paccmMaTpuBaeMblli Kak (yHKUHs S, OMHCEIBaeT (Da30BYiO
peslaKcaluio CHCTeMbl B NMPOMEKYTOUHOM COCTOSIHHH, & €ro 3aBHCH-
MOCTb OT § ONpeJessieTcs NPOIECCaMH HepreTHUYECKON penaakcanuy
B 3TOM COCTOSHHH.

Crenaem crenywouiee 3aMmeuanue, @opmyast (1) —(7) Hanucans
NPUMEHHTENBHO K HEBHIPOXKIECHHBIM OCHOBHOMY M BO30YKIEHHOMY
3JCKTPOHHHIM cocTosiHHsIM. OpHaKo ec/qu B 3THX (dopMysaax Bce
ONEepaTOpbl NMOHAMATb KaK MaTpHHBL ONEpaTopoB, TO OHH OYIyT
CIPaBeAJMBH U B TOM CJydae, KOTJa YPOBHH BHIPOXKIEHH HJIU KBa-
3UBBIpOXAeHH (cMm. [8]).

3. Bbul,e.neﬂue JIOMHUHECIICHIHH

QopMmyasl npeaplaymero naparpaga, COOTBETCTBYIOLIHE BTOPOMY
NpUOJIHAKEHHI0 MeTOAa BO3MYILEHUH, XOpPOIIO H3BECTHH H CJyXkKAaT
L7151 ONIHCaHHs paccesHus ceera. Huxe 6yaeT NMoKasaHo, YTO 5TH XKe
¢OpMYNB ONUCHIBAIOT H IBYX(OTOHHHIH TPeXCTyHeHUATHIH Ipolecc
TIOrJIOIIeHH — JIOMHHeCUeHIHH [Horyomenue (1), penagcanus (2),
aqiomuHecnennus (3)] [6—7].

BosbmMeM [IJ11 OPOCTOTH CaydYall HEBHIPOXKIEHHBIX 3JEKTPOHHBIX
cocTossHuH # orpannuuMmcs npubauxenueM Konmona (Mi, My =
= const). Toraza

@, 7 7) =g eV EHIA (W, T, 7). (10)

rae
A (u’ T, ‘l.") o (eiHlT'eiHoue—iHﬂe—iHo (u+'c'—-1:)>0’ (1 1)
B=IEMEMP,  (M)=X ey (12)

Hcnonbsys nepemennsle s u y = p - s’, koppeastop A(p, 7, v')
(11) MOoXHO MPHBECTH K CIeAyIOLleMy BHAY:

Al s 9 =(Fi (s+452), 7 ), (13)
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rae (... =Sp(p; ...) —3HAK KBAHTOBOCTATHCTHYECKOrO ycpen-
HEHHsl 10 KoJeGaTeJbHHM COCTOSIHHAM BO30YXKIEHHOrO 3JIEKTPOH-
HOTO .yDOBHS; p1=Zl"lexp(— H,[kT) — rosebatenbnast Matpuua
IJIOTHOCTA B BO3GYXKAEHHOM SJIEKTPOHHOM COCTOSIHHH; Z; ==
- iHt —iHt

=Sp (™), Ff()=e ‘F;Lf it _ omeparop Fif B MoMmenr
BpeMeHH ! B mpeacrasieHud [eiisen6epra,

F:‘ — etHoue—inu’

v =(Z1]Z,) e HodkTHJRTF

Buigeaum B Koppensitope A (B, S, y) He3aTyxaloWyio IpH S -—> 0o
4acThb

A(u, y)=lim A (u, s, y).
§-»o©

YuTteM, uTO Hpefiesl §— 00 COOTBETCTBYET YCPEAHEHHIO 10 BPEMeHH
s 3a GeckOHeYyHO GoJbLION mpoMexyTok BpeMeHH. Ho, corsacho
sproauueckoit TeopeMe [16], cpeiHee 1o BpeMeHH PABHO CpPeLHEMY
1o aHcam6uio. CiefoBaTesbHO,

A% (n, ) = (ED) (F ) = (et e ), (MW=t - (14)

Monyuyennass ¢opmy/aa COOTBETCTBYeT 3HAYEHHIO KODPEJISIHOHHOM
(YHKIUA TIoC/e YCTAHOBJEHHS TEIIOBOTO PABHOBECHS MO KoJeba-
HHUSM B IPOMEXKYTOUHOM (BO3GYXKIEHHOM) 3JeKTPOHHOM COCTOSHHH,
T. €. TIOCJIe OKOHYaHHs 3HepreTHUeCKOH pesaKcaliyu B 3TOM COCTOS-
Huu. OTMeTdM, 4TO MyJbTHIVIHKaTHBHAs dopma A%(u, y) o3Hauaer
OTCYTCTBHE KOppeasiluu (a3 NepBHYHOTO H BTOPHYHOTO (DOTOHOB.
DTO U ecTeCTBEHHO — 3HEpreTHUECKas peaKcalus BCerja MPUBOAUT
u X ¢aszopoit penakcanuu. IloguepkueM Takxe, uto ¢opmyna (14)
CIpaBeJIABA TOJIbKO JJIS JAOCTATOUHO OOJBLIKX CHCTEM C HellpephiB-
HEIM SHepPreTHYECKHM CIEKTPOM. B NpPOTHBHOM ciyyae KOppeasitop
A(p, s,y) Oyzer mepHoauueckKH H3MeHswolefica GyHKuHelr s ¢ me-
pHoxOM, ompenensieMbM nukjaoM [Tyankape,

Pasnocts A’ (p, s, y) = A(n, S, y)— A%(u, y) onuchHBaer H3MeHe-
HHe KOppeJsIHHOHHONH (YHKIHM B Ipolecce 3HepreTwuecko#r (u co-
npoBoxkAawnie# ee ¢daszosoft) penakcanuu. O6mactb BpeMeHM S, B
koTopoit A”(u, S, y) 3aMeTHO OTJIMYHA OT HYJIs, YIOBJETBOPSIET yCJIo-
B0 s I7', rae TI,— xapakTepHas CKOpPOCTb SHEPreTHUECKOR
pesakcanHH. XOpowO H3BECTHO, 4TO B LEHTpaxX JMOMHHeCHeHIHH
OTMeueHHasi CKOpoCTb OOBIYHO ropasio GoJibllie CKOPOCTH pajua-
LHOHHOTO 3aTyXaHHS:

Ty > 1, (15)

npHIeM 3TO HepaBeHCTBO BecbMa cuibHoe (Tify ~ 10— 107).
LlenTpHl, ynosneropsiiomue ycaouio (15), Mbl HaspiBaeM GHICTPO-
penakcupylomumu. Ilockonpky koppeasrop A’(u,s,y) 3ameTHO
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OT/IHYAeTCA OT HYJs JHWb B obaacta s ~I7', B OnicTpOpeaakcH-
PYIOLIHX  LeHTPax  HHTEHCHBHOCTb  CNEKTpa, OIHCLIBAEMOro
A’(w, s,y), Ha MHOTO NOPSAKOB MEHbIIE COOTBETCTBYIOLIEH HHTeH-
CUBHOCTH chekTpa, onucsiaemoro A%(p, y). Takum o6pasom, B cay-
yae OBICTPOpPeNaKCHPYIOUHUX ILeHTPoB Koppeastop A%(u,y) omHCH-
BaeT OCHOBHYKWO 10 HHTEHCHBHOCTH 4aCTb H3JydYeHHSA, ONpeaesse-
Moro ¢Qopmynofi Broporo nopsaka. Ilokaxem, 4TO 3Ta YacTh
cooTBeTcTBYeT 00nuHOR smoMmuHecHenuun (OJI).
[Mogcrasum B (5) A%(w, y) Bmecto A(p, T,v") H nepeligeM K Iie-
peMeHHBIM HHTEFPHPOBAHHI S H Y: :
00 oo w4-2s

lon (oo, Q) =5 | dulds | dyern-row—2vp00u, ). (16)

25
—~o00 G u—2s

Yurem (14) u mepenumewm (F,), B BHIE

[ . L
Fn= aw Fudod W — )= 57 [{ dw av(piyeto-wm,

IToncraBass sty dopmyay B (16) m uHTerpupys cHauaja 0o y,
a sarTeM [0 § H v, MOJYYHM

B R 7~ i’ 1 ¢ i< - —ut
lon (®o, 9)==-27 S dp'e “"”(Fu,)x2_n- S due’™ (FH) e 1w,

Ecnu ewe y4ecTs, 4T0 B CIEKTpe MOIIOLIEHHS LEHTPOB JHHHH C IIH-
PHHOM <y OGHLIYHO OTCYTCTBYIOT, TO MOMKHO IPHHATH y|pu—p'| =~
~~ y(|u]+|n]). B pesayabrare Boipamenue A Jon (o, Q) mnpu-
BOLUTCH K BHAY ,

Ton (@0, Q) = 5 (00) ] (9), (17)
ruge

oo
4nB Y s ’ FH ! o= LH 7
u((,)o)=—3—y-— S dpe=ten'=y [ W | (gt g—iHu"y
)
€CTh CIEKTpP MNOIJIOIIeHHusd, a
oo

1@)= 5 S dpeion—y! | (giHug—iHuY, (18)

-0

— HODMHPOBAHHHA Ha enuHHuLy cliektp MoMuHecuenunu [17]. ITo-
sipaenne B (17) MHoxHUTens %(wo) HMeeT OueBHAHHE (U3MIeCKHIt
‘CMBICT: % (@) ONpeAe/IsieT YHCIO (POTOHOB, NMOMJIOMIAEMBIX LEHTPAMH
JIOMHHECHEHIHH H3 mepBuyHOro noroka. Ecau Temepb mpocyMMupo-
BaTh NOJYYEHHOE BHpaKeHHe [0 HanmpaBJeHHAM IOJNAPH3ANHH H H3-
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JIyueHHs, TO MHOXHTeNb 3/8n B (17) cOKpaTuTcs M ocTaHercst JIMIUD
npoussefienne % (wo)J (R). Tak Kak cnektp somutecuennuu B (17)
HOPMHDOBaH Ha eJHHHULY, WHTerpa/jbHasd HHTEHCHBHOCTb JIOMHHeC-
UeHIMH, KaK 3T0 M JOJKHO OBITb H3 (DU3HUECKHX COOOpaKeHHH,
COBIajlaeT C BEPOATHOCTBIO IOIVIOWEHUs (OTOHA BO3OYKIAEHHA
[5, 6]. ‘

Taxkum o6pasom, Ml IPHULIH K BEBOLY, uTO (hopMyJa BTOPOTO
HopAJKa JAJs DEe30HAHCHOTO paccesiHusl JAefCTBHTE/JbHO ONHCHIBAET
u OJI, npuuem B cayuae OwicTpopenakcupylouux nentpos OJ1 maer
OCHOBHOH BKJaj B HHTErpa/bHOe CeueHHe Pe30HAHCHOrO paccesHH.

CrenaeMm cjenyioline 3aMeyaHusl.

Brille npu BBAENEHUH JIOMHHECUEHIHHM HCIOJb30BAJOCh HpPH-
6am:xenne Kongona. MoxHO NokasaTh, OAHAKO, YTO HOXOGHOE BHI-
Jle/leHHe MOKHO IIPOBECTH C YYETOM OTKJIOHEHHS OT NpUOIHKEeHH:
Korzona [10], a TakKe BHIPOXKAEHHS 3JeKTPOHHBIX YpOBHeH BO3-
OyxaentHoro cocrosnusa [8, 18]. Ero moxuo mposectu u a1 PBC
sxcutoHoB [19]. Kpome Toro, MoxHO NOKasaTh, UTO NMpPeANOJOKEHHE
0 TeIJIOBOM PaBHOBECHH B MCXOJHOM COCTOSIHMH TaKKe He SIBASETCH
HeoOXOJUMBIM [IJIs1 BBIAETIEHHS JIOMHHECHEHIHH; YKa3aHHOe BBIfe-
JIEHHE MOXKHO IIPOBECTH H JJ YHCTOTO HCXOJHOTO COCTOSHHA CH-
cTeMbl IIPH YCJIOBHH, YTO 3HepPreTHYECKHH CIeKTP ee HeNpephl-
seH [20].

4. Kpurepun knaccudukaunu komnonentos PBC

B o6LIYHBIX cAydYasix GBICTPOH KosMebaTenbHO# peslaKCalMH 4acTb
PBC, ocrawwmascs nocne sujenenust OJ1, umeer ropasgo MeHbIUYIO
uHTencuBHOCTh, yeM OJI. TeM He MeHee OHa HaOJIOfaeTCs SKCIEPH-
MEHTAJILHO H HECeT BaxKHYIo, He cojepxautytocs B OJ] nHpopmanuio
0 KpHCTajJie U ero B3aUMOAEHCTBHM CO CBETOM. DTa YacTh CIEKTpa
PBC, ne cBogsmasica x OJI, kak GBJIO NOKa3aHO BHIILE, OMHCHI-
Baercsl kKoppeastopom A’(p,S,Y), B KOTOPOM BPEMEHHBIE apry-
MEHTH § M Y OIMCHIBAIOT IIOBeJeHHE CHCTEMH B NPOMEXYTOUHOM
(B036YXIE€HHOM 3JEKTPOHHOM) COCTOSIHHH: § == y — | OIHCHIBAET
H3MeHeHMe (aspl, a § — BpeMs JKH3HH CHCTEMHl B 3TOM COCTOSIHHH.

Kak usBecTHO, AJHTEIbHOCTH (pa30BOM I'ilu HHepreTuuecKon IV
penakcauuii. MOTYT CYLIECTBEHHO OTJIMYaTbCs, INpHYeM BCeria
I''t = I — «cpeiB» ¢a3n KBAaHTOBOI'O COCTOSIHMS BO3MOXKeH M 0Oe3
YMEHbIIEHHS BPeMeHH XH3HH CHCTeMBl Ha 3aJaHHOM SHepreTHUe-
ckoM ypoBHe. KpoMme Toro, B Tex cayuasix, KOTAa pejakcanysi pacna-
JlaeTCsl Ha HECKOJNbKO IOC/AeNOBaTe/IbHBIX 2TamloB (HampuMep, Ha
PAL HEepexoJ0B MeXAY MOAYPOBHAMH), (ha3oBasd MaMATh CYLUECTBEH=
HO HapylaeTcs yXe Ha NlepBOM 3Talle, a sHepreTHuecKkas pejakca-
IIMsl 3aKaHYMBAEeTCs NO3AHee.

Bo Bcex Tex cayuasix, Koria [IJHTeJbHOCTL (as3oBol peJsakca-
IHH CYIleCTBEHHO MeHblle AJAHTeNbHOCTH SHEPreTHUeCKOH penakca-
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UHH, HMEeT CMBICJ DAa3JuuaTh H3JyueHHe, HCIYCKaeMoe 10 MNOTepH
(hasoBod «namatTH» O BO3OYXKIEHHH, M H3JIYUeHHe, HCIMYCKaeMoe
nocjie OKOHUaHHA .(a30BOH, HO A0 3aBepLIeHHsS SHePreTHUECKON
penakcauuu. ManyueHne Ha mnepBOM 3Tale 10 CBOMM CBOHCTBAM
ROMKHO GEITb aHAJOTHYHO Hepe3OHaHCHOMY paccesnuio. HanyueHue
Ha BTOpOM 3Tame aHajoruyno OJI B TOM OTHOLIEHHH, YTO OHO
TaKXke NPOHCXOAHT IOCJe NOTepH (ha30BOH «IAMSITH» O BO3ByKAe-
HHH, HO OTJIHIaeTCs OT Hee TeM, 4TO OOyCJOBJEHO NMepexXOofiaMH H3
HepaBHOBecHOro koJjeGatenbHoro cocrosigud. [lepsyio uwacth wuaay-
YeHHs MBI Ha3blBaeM DE30HAHCHBIM PeJNEeeBCKHUM H KOMOHHAIIHOHHBIM
paccesiuuem (PPKP), Bropyio — ropsueit giomunecienuueit (IJ1).

U3 ckaszanHOro BhIlLe cjexnyet, 4to B hopMyne (5) PPKP ponx-
HO ONHCHIBATLCA Magofi o6/acTbio BpeMeH s~ |8 [~[7', T[J1—
o6sacTbio cpenunx Bpemen s: I'f' & s~ T7', a OJ1 — obaacTbio
Boapmnx spemen s: I'' < s~ vy~ Uro at0 nefictsutenbro Taw
1 OJ1, 6eio mokasano Beimle. Huke Oyner mokas3aHo, uTo 2TO
Bepuo Takxke piasg PPKP u ['J1.

CrenaeM ciefywolipe 3aMedaHHs:

a. Mcnoab3osannoe Bniie onpeneiedaue PPKP kak usnyuenns,
HCOYCKAaeMOro JHIIbL Ha 3Tane (asoBofl pesnakcaiuy B IPOMEXY-
TOYHOM COCTOSIHHH, HpenanoJsaraer, yto PPKP cocrapaser auius
yacth (00BUHO HeGoJbINYI0) Bcero pesoHaHcHoro paccesnus (PBC).

6. A6comornoe pasgeneHne PBC ua PPKP, '/l u OJ] nepos-
MOKHO, TIOCKOJEKY Hpolecch (a30BOR penakcalyy, SHepreTHUECKON
peJlakCallHd M paJHalHOHHOIO 3aTYXaHHs TPOHUCXOASAT COBMECTHO,
XOTH ¥ HMeIOT YacTO CYLIECTBEHHO Pa3HYH CKOPOCTb.

5. Topauas JOMHHECHEHINA

Boiwe npu Beiaenenun OJI MH paccMoTpesin aCHMNTOTHUECKHHA
npenea KoppelasuunosHo#l GyHKUHK A (u, s, y) NpH §-> 0o, KOTOPHI
fpaeT Npub/uKeHHOe 3HaYeHHe YKa3aHHOH (YHKUHH NpH

s> (19)

3to 3HaueHue, KaK MBI BHIEJH, HMeEET MYJIbTHHJIHKaTHBHblﬁ BHUA,
4YTO COOTBETCTBYET OTCYTCTBUIO KOppeJsALMH (a3 HpH NOTJIOLEHHH
MepBHYHOTO M MCIYCKaHHH BTOpHuHOro dotonos. OnHaKO Aad
NOTePH YKa3aHHOH KOppeJAlHH He 06A3aTeJbHO BLINOJHEHHE YCJO-
pusi (19); MOCTaTOUHBLIM fBJsSETCS BHIOJHeHHe O6o0Jee MSArKoro

yCJI0BHA
s> T (20)

B tex cayuasx, koraa I't>> Ty, T.e. ckopocTs ($asoBoft penax-
CalyH CYUECTBEHHO NpeBbILIaeT CKOPOCTb 3HEPreTHYECKOH pesak-
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CauHH, NOCJeaHee YCJIOBHE MOXKET BBIONHATHCA H NpH § ~ I ' B
TaKOM cJyyae

{H, (s+5'/2) p+ ~iH; (s+5'/2)
Ay, s, y) = (" Fype ™ Fy)o =
IHiS ot~ iHs _ +

z(‘? Fye ‘>0<Fy>o—<Fy>o<Fu>s-
3nech {...)s=Sp(ps...)— 3HAK yCpPeJHEHHS IO HEPaBHOBECHOMY
KoJIeOaTebHOMY COCTOSIHHIO ¢ MaTpDHIEH AJOTHOCTH

ps= e——iH,spOeil-Ils.

DTa MaTpHila TJIOTHOCTH U3MeEHSIeTCA CO BpeMEeHeM S, T. e. ONHUCH-
BaeT Ko.1e0aTe/NbHYIO pelaKCalHlo B BO30YXKAEHHOM 3JEKTPOHHOM
cocTtosinui, B npenene s—» oo nMeeM ps— Q;, T. €. Toche KoJjeba-
TeJNbHOH peJjlaKcaluy yKa3aHHas MaTpPHLA IJIOTHOCTH IPeBpallaeTcs
B TeMIIepaTypHO PABHOBECHYI0O MaTpHLY ILIOTHOCTH p;. Pas3HocTb
P, =p,— P, OMHCLIBACT OTKJIOHCHHe KOJeGaTeNbHOro COCTOSIHHS OT
TeMIIePaTypPHO PAaBHOBECHOTO B XOJe pefaKCalUH. AHAaJOTHYHO KOP-
peasinHOHHAA (DYHKUUS

G s )= () = (NS @F) ey

OTHUCHIBAeT H3MEHeHHe KOppeJsIHOHHON (YHKUHMH LeHTpa IHocie
3aBeplleHUs] (DA30BOH, HO B XOJe IIPOIECCA HEPreTHYECKOH pesak-
caluy B BO3OYXKAGHHOM 3JeKTPOHHOM cocTosiHuH. [lostoMy ompe-
JNeJaseMbll 3TOd (QYHKIHMel CIeKTp

I (@0, Q)= (00) It (@) (22)

Mo NPHBeJeHHOH BhIllle KaaccHpHKanuu otHocurcs K [JI. B dop-
myae (22) Jrp (Q)— cnektp I'JI, paBHbli

Jen (Q) ~ 2y S dse=2v[ .5 (s, Q), (23)
t
rae ! YAOBJETBOPsieT YCJIOBHIO Mgtk I‘l_l, a
mwm=%§@ﬂvm 24)
MOXeT OBIThL HHTeDIpeTHPOBAH KaK_::;BHCHHlHi'I OT BpeMEeHH § «MT'HO-

BeHHBIA» cnekTp I'JI, rie s — Bpemsi, mpoejnlee Nocie BO36yxe-
HuA uedtpal). Bule npu moayuenun dopmya (22)—(24) wmwu

1) OTMeueHHAs HHTePIpPeTalHsl SIBJIAETCS HE COBCEM TOUHOH, MOCKOJbKY HE
YUMTHIBA€T OrpaHHueHHs, HalaraeMble COOTHOWEHHEM Heonpenesennoctn Ieftsen-
Gepra Ha cnekTpajbHOe M BpeMenHOe pa3pellieHHe 3aBHCSMIETO OT BPeMEHH CHEXTpa
PBC. IlocnegoBartefbHas TeOPHsl 3aBHCSMIMX OT BpeMenu crekrpoB PBC, yuuTh-
BAIOWAs YKa3aHHDbIE OTPaHHueHHs, passuTa B pabote [21].
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Yy, 4T0 OpH ycnoBHH (20) Npejiesil HHTETPHPOBAHHS 110 § MOKHO
3AMEHHTb Ha =00, a HHXHHH Tpelel MHTerpajza MO S 3aMeHHJH
Ha [.

B paGotax [21—24] paspaboTaHa Teopus 3aBHCAIIHX OT Bpe-
MeHH CNeKTPOB DE30HAHCHOrO BTOPHYHOTO CBeueHHs. K3 mosyuen-
HEIX (opMyJ, a oco6eHHO H3 pe3yJbTaTOB NPOBEAEHHHIX Ha DBM
pacueroB [21] 3THX CHNeKTPOB 1/ KOHKPETHHIX Mojesell MpHUMec-
HOTO LEHTPa, HAaNJIAJHO BHAHO, KaKHM 06pasoM MO NPOXOXKAEHHH
BO30YKIAIOIIEr0 CBETOBOIO MMITYJbCA MOC/IEN0BATENBHO BO3HHKAIOT
H HaKalJHBaIOT HHTEHCHBHOCTb peEJeeBCKOe M KOMOGHHAIMOHHOE
paccesHHe, ropsuas JIOMHHECUEHUHS U OOBIUHASE JIOMHHECIIEHIUS.
Bmecre ¢ Tem 3aBucsiue orT BpeMeHH crnektps PBC cayxart
npeKpacHOH HimocTpanued BpeMeHHOro kKpurtepus Basumosa [3]
pasJiueHus paccessHHs OT JIIOMHHECHEHUHH (XONOJHEHHOTO, KO-
HEYHO, ropsauell JIOMHHECIEHINeH).

6. PeneeBckoe paccesinue. OnTHueckast TeopeMma

Briie 6110 nokasano, uto cnektp PBC, onucwiBaemurit hopmy-
10 BToporo nopsnka, cogepxkut OJ1 u I'JI. B atoMm cnekTpe AoJKeH
COJiepKAThCS ellle KOMIIOHEHT THNA peJeeBCKOTO H KOMOHHAIMOH-
HOro paccesiHus. DTO ACHO yKe M3 oOmIHX coolpaxeHHi: ympyroe
paccesHue, patomee B cnektpe PBC mnpuMecHOro nmeHTpa npH Mo-
HOXPOMATHUECKOM BO30YKIeHHH HeyHIHpeHHYIo §-06pa3Hyo JHHMUIO,
JOJIKHO GBITH Beerza. B COOTBETCTBUM ¢ NIPHBeIEeHHON BHINE KJjac-
cudukanyell sTa JUHUSA H3JydyaeTcs NPM MOJHOM COXpaHeHHH (aso-
BOHl KOpPENSIHY MeXJAy IOINVOMIeHHeM NEePBHUHOTO H H3JydYeHHeM
BTOPUYHOTO (POTOHOB, MOCKOJBKY, KaK JIerKO BHAETb, OHA OIHCHI-
BaeTCsl ACUMIOTOTHYECKMM 3HAUYeHHeM KOppeasUHOHHOH (YHKIHH
A(n, T, 7v') mpu p—>oco (npexmosaraercs, 4To cTporo §-06pasHyIo
¢dopmy B cnekrpe PBC umeer ToabKo peseeBckasi JuHHA). B mpu-
6anxeHHd KoOHZOHA [IJS HEBHIDOXKAEHHHIX OCHOBHOIO H BO30YXK-
JIEHHOTO ‘COCTOSTHHI

AR (T’ T,) = lim <F.‘,eiH°uF;l'e_iHolJ«>O —
Kk—>co
= <FT'>0 <F:‘|—>0 = <e_iHnT,eiHﬂ'>o <€iH°Te_iHﬂ>o = 0. (25)

MosToMy B paccMaTpuBaeMOM NpPHOIMKEHHH 4acTb CHEKTPa, ONH-
CHBAEMas STHM KOPDEeNATOPOM, JAefiCTBHTENBHO COOTBETCTBYeT
8-06pasHO#l peNeeBCKON JIMHHH KOHEUHOH MHTEHCHBHOCTH, B ueM
nerko y6emutscsd, moacrasuB (25) B (5) BMecro A(u,t,t) H 1mpo-
HHTECPUPOBAB 110 (!

I (@ )= Bb(Q — ag) | ©° (m(,) (26)
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31ech - -
@° (@) =§ dre=1on—vi (F ) = _So do z::—(_@z; +inw(a) (@7)

— aMININTYZA PENEeBCKOrO paccesiHus, % (wo) — HOPMHPORAHHHIE Ha
eUHHIY CNEeKTD MOTJIOIIEeHHS.

Takum ofpasom, B paccMaTpHBaeMOM CJayiae 3aBHCHMOCTb
aMIIHTYABl PEJI€EBCKOTO PACCESHHS OT HaCTOTH BO30YXIeHHS Iie-
JHKOM OIIpefiesIsieTcsl CeKTpoM norJoineHHsi. [Ipu atoM ykasanuasn
3aBHCHMOCTb, KaK 3TO H JOKHO OBITh, COBMajaerT ¢ AHCIepcHeil
JeHCTBUTENBHON M MHHMOH dacTelf IOKasaTessl NPeJOMJSHUS.

VHTepecHO OTMeTHUTh, UTO ¢opMyay (26) MOXKHO MOJAYYHTb TaK-
JKe HHBIM Crnoco6oM, OCHOBAHHBHIM Ha ONTH4YecKoH Teopeme [16].
JelicTBUTENBHO, COTVIACHO 3TOH TeopeMe, MHHMasl 9acThb aMIIHTYIH
YIPYToro paccesaHus Blepes] pPaBHA

Ba,

Tim O (0) =522 7% (). (28)

Ho B npubamxkennu KoHIOHa yrioBas 3aBHCHMOCTb YIPYroro
(peseeBCKOro) paccesiHUSi ILEJUKOM OIpPENEJAETC MHOXKHTENEM
(eM)2(e’M)2 TlostoMy B TakoM npHOaHxeHud u3 (28) cpasy xe
HAXOASATCH MHHMAsl YacTh aMIIMTYIH YIOPYTOro paccesiHus Ha Ji0-
Golt yros H, YUATBIBas AHCNEPCHOHHOE COOTHOLIEHHe, ee NefCTBH-
tennHas wactb. Ilosydaiouiascs nmpH atoM GopMynda cOBIazaeT C
dhopmysoit (26).

OcHoBniBasick Ha dopMyae (26), JeTKo ONEHUTH OO0 pejees-
CKOTO paccesiHis BO BTODHYHOM cBeueHHH. IlycThb o — xapaxrepHast
IAPHHA NOJOCH MOIVIOMEHHS! B 00JAacTH YacTOTH wo. Ilo mOpsSaKy
BEJIMUHHBEL OHa, oueBuaHo, paBHa ['i(oc ~ I'). Tlockonbky # (@g) ~

v_ o, [ @°(wo) |2 ~ 1/(0 4 y)2B, pelieeBCKOe paccesiHHe CO-

~ o+ v
crasasier y/(o 4+ y)-10 wacts Bcero PBC. B cayyae 6ricTpo penak-

CHDYIOUINX CIEKTPOB 5Ta 4YaCTh, KAK 3TO M JOJXKHO OHThb, OUEHb
MaJjia — B o/y pa3s Menbiue OJI.

[TonuepkHeM, uTo 0 ~ I'; ompenesnsieT CKOPOCTh MpPOLeccOB (a-
30Bo# penakcanuu. [locseqHne npomeccH XoTsS H He BenyTt ofs3a-
TEJbHO K YCTAHOBJEHHIO TEllJIOBOTO PAaBHOBeCHS MO KoJeGaHHSM
(kK HeMy BeleT SHepreTHUecKas pesJakcamusi, CKOpocTbh Kotopoil I,
KaK OTMeYaJjoch, MoxXKeT OBITL ropasio Menbine I';), HO TeM He
MeHee YMEHBINAIOT AOJI0 PEeJNEeeBCKOr0 paccesHHs B0 BTOPHYHOM
CBeUeHHH 3a CcUeT YBeJWUeHHS AOJH ropsidell JIOMHHECHEHIHH,

OTMeTHM TaKiXe, YTO, KaK 3TO BHAHO H3 dopmyan (27), axry-
ajbHag 06J1aCTh 34aUeHH T H T° AJIS PesIeeBCKOr0 pacCesiHWs YIOB-
JeTBOpsieT YCI0BHIO T, ¥ ~ 6~ ~ I'7'. TloaToMy peseeBckOMY pac-

CESHHIO COOTBETCTBYeT obmactb BpeMen §= (1 v)2~T;', uro
coryacyercsi ¢ NPHBEACHHBIMH BRILE KPUTEPHAMH KJIacCHPHKALHH,
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7. PBC B KOHKpETHBIX MOAENsX

1. Mopedb co CIBHrOM NOJIOXKeHHiH paBHOBecHs saep. a. Pacuer
KOppeASyUuOHHOU d)ymcquu O6paTumcs Temeps K 6oJee AeTajJbHOMY
HccsiefoBaHHIO cBoficTB KoMmnoHeutoB PBC. Cravana pacemorpum
clenymoliyio Mogenn. Ilpeanonaraercs, 4T0 OCHOBHOE H BO36Y:K I€H-
HOe 3JIeKTPOHHBI@ COCTOSIHHS He BBIPOXKJEHH, HCIOJb3yeTcs NpH-
6auxenne KoHuaoHa; cuuTaeTcs, 4YTO KoJeOaTelNbHbie TaMHJIbTO-
HUaHH Ho v H{ oT/HYAIOTCS JIMINB IIOJIOXKEHHEM paBHOBecHs fAlep,
T. e

H1=(01+8VH06—V, (29)
rue

H,= Zcoj(aja] )+Hm, (30)

3lecb ajf W @, — ONepaTOPH pOMKAEHHS M YHHUTOXKEHHS (OHOHA
YaCTOTH ®;, €¥ ~— YHHTAPHBIH ONepaTop CABHIa, B KOTOPOM

V=28, —a @)

o) — CTOKCOBBl IIOTEDH, HPUXOASLIHECT HA OCUMNIATODP i Hawr —
onepaTop aHTapMOHH3MAa; @y — YacTOTa YHCTO 3JEKTPOHHOro Ie-
pexona.
B aroit monean cnekrp PBC npu MOHOXpOMaTHUECKOM BO30YK-
LeHHuY, corsiacHo (D), onuchiBaeTcs GOpMYJIOH
o]

1 (@, Q=5 S dp SNS dv dv’ X
0

—00

Xexpli(Q@—og)p —i(@;—owg) (v —1)—y(r+1)] AW, 7, %), (32)
rae '
A(u, 7, v)={(eVe"V MgV b+v)g=v 1+v'=0)) (33)

(V (x) = eifl*Ve—iH¥) Takum 06pasoM, B paccMaTpHBaeMO# MOJCJH
3agaua HaxoxaeHHs PBC cBoautcs x pacuery koppensitopa (33).
B cayuae majsoro aHrapMOHH3Ma yKa3aHHBIH pacuer JIerko BHITIOJ-
HHM C TIOMOIIBIO TEOpeMbI Bnoxa o mapubix Koppensuusix [25].
IefictButenbuo, A (u, T, v') MOXHO IepelucaTh B BUAE

’ - 1
A@, 7 ) =(Pelly=) 7y (PL",
n=0
rie '

L=Y—V@)+V(p+1) =Vt —m),
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& P--3Hak ynopsaoyeHHs, pacnosaraiol{uii ONepaTopH B TOM IO-
psiKe, B KOTOPOM OHHM GHrypHpYIOT B dopmyae (33). Jas juneh-

HOTO ollepaTopa, COrIacHO OTMEYeHHOH Teopeme, (PL2¥), = (PL2¢ X
X (2k)1/2% - kI, a (PL%*+1),=0. IToatomy

Ap, 7, v)=-exp (% (PLY)=exp{g(W+gn+1 —1)+
+g@)+g(—1)—gw+1v)—gm—1)}, (34)

g (%) = (V) — (VV (x)), (35)

omnpenesnsier gorapupm ¢bypbe-o6pasa CHeKTPOB MOIVIOUIEHHS H JIIO-
muHecneHuun [15]. Takum ob6pasoM, B paccMaTpHBaeMoOil MOAeNH
BCE peJaKcalHOHHBEe CBOHCTBA TpeXBPEeMEeHHOH KOPpe/siHOHHON
byHRUMM IeqHKOM omnpefensiorca ¢yakmued g(x). B rapmonuye-
CKOM NpHOJIMIKeHHH 3Ta (QYHKUUA paBHa

glx) = Z,: gl =)@+ D)+ =1)7]  (36a)

rie i; = [exp(w;/kT)— 1]~ ectb cpennee unca0 HOHOHOB YACTOTHE
o; npu Temnepatype 7. B ciayuae Majoro aHrapMoHH3Ma OCHOBHOM
3¢ (exT, CBSA3AHHBIA C €ro0 yYeTOM, COCTOHT B IepeHOPDMHPOBKE ya-
cror GOHOHOB U B UX 3aryxaHuu. IIpu atom [5]

g~ Dy [T =) @, 41) T~ 7], 366)

rae I'j — KOHCTaHTa aHrapMOHHMYECKOro pacmaja, a ; — IepeHop-
MypoBaHHag YacToTa ¢oHoHa j.
W3 npuseleHHBIX GOPMYJ ClIeLyeT, UTO NpH ¥ == koo g(x)—> fo,

e f0=(V2)'==;§§,(2ﬁ,+1), Kak H3BecTHO [21], ompexenser

Jorapudm BepOSITHOCTH 6eCHOHOHHOR (UYHCTO 3MEKTPOHHOH) JIHMHHH.
[To mopsizky BeauyuHbl fo ~ S(272-4-1), rae S — 6e3pasmepHnle
¢cTOKCcOBHl moTepH. 1o cBoeMy (uanueckoMy coiepxanuio g(x)— fo
ONUCHBAeT BpeMeHHOe pa3BUTHE KOIepeHTHOTO KoJebaTe/JbHOTro
nakera. O6macTb BpeMeHH |x|, B KOTOpo#l 3Ta (YHKIHS 3aMeTHO
OTJIHYHA OT HYJS, OlpejefsieT XapaKTepHOoe BpeMd paclJIBIBaAHHS
sToro nakera I'!. 3To BpeMsa B paccMaTpuBaeMOil MOJesH, oue-
BHJIHO, H ABJAETCA XapaKTepHHIM BpeMeHeM 3JHepreTHYeCKOH pesak-
camun: I'=T;. Us dopmyaw (36) caenyer, uto Bpemsa I'-! He
MOKeT OHTb Kopoue CcpelHero IHepHoja Kojebauuii 2n/& (o —
cpenusisi yactora (oHoHoB). B Tex cayuasix, KOria HeT MeAJIEHHO
3aTYXalOUIUX JOKAJbHBIX ( MM NCEeBHOJOKAJbHEIX) KosneGanuil, I'!
cpaBaumo ¢ & 1. Ecau Takne Kone6GaHus ecThb, To '} MoxKer mOCTH-
rath MHOTHX MepHOLOB KoJebGaHuf. OaHAaKo, KdK OTMewaJocChb, B
OGBIYHBIX GHICTPO pefaKCHpYOIUX HeHTpax Bceraa I' < .

rie QyHKIHA
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- 6. Oboiunan aomunecyenyus. V13 npuBelleHHBIX Bbllile CBOHCTB
tynkuun g(x) caepyer, 4to A% (n, y)= lim Ay, s, y) =-exp[g(w)+
S=»co

+g(y)] (xkak u pamewe, s +(t+17)/2, y=pn+1v —1). loxa-
cranoBka A°(p,y) B (32) peficTBHTenbHO naeT dopmyay (17),
ApHYEeM B pACCMOTPEHHOH MOJeNH HODMHPOBAHHBIE HA eIXHHHILY
CHNEKTPHL NOTVIOUIEHHS U JIIOMUHECUEHIHH HMEIOT BUA

(=]

- 1
%(m0)=—2; S dyet @i~ y+g @)=2v 1yl
—00

(37)

(o]

J(Q):EIR- S duet @=0)i-+g W~2y Inl,

-—00

Kak usBecTHO, HpH cJ1aboM H CPeAHEM BJAEKTPOH-POHOHHOM
B3aumogeficTeHe (S < 1) OCHOBHOH BKJMal B 3TH CHEKTPH AaiOT
GechOHOHHBIN Hepexol, a TaKXKe NMepeXolbl ¢ poxkaeHHeM HeGOJb-
woro uucja (oHOHOB. B 3ToMm ciydae yKasaHHEIE CIEKTPH, Kak
IpPaBUJIO, HMEIOT UYeTKYI0 KBas3WJHHeHHyio CTpykrypy. Ilpu aTom
¢opMa TNapuUHAaJbHOIO CIeKTpa #A-(QOHOHHBHIX NEPeXOJOB olpese-
JISIeTCSl CBePTKOA n-To Nopsijaka (QyHKIHH

o

o= | drelg()— il (39)

=00

IIpu cuapHOM 3JMeKTPOH-(GOHOHHOM B3amMmogmedicTBHu (S > 1) oc-
HOBHOM BKJaJ (0 HHTEHCHBHOCTH) B 3TH CHEKTDH AalOT MHOTrO-
doxonnbie nepexoas. [TosToMy yKasaHHBIE CIEKTPH TaKkKe MMEIOT
GOMBUIYI0O IO CPABHEHHIO ¢ & WIMPHHY, a HX (POpMa XOpOLIO ONHCHI-
Baercsl rayccoBod KpHBOMH:

i (a0) = s exp {— (00~ 0/2m3},

(39)

1(Q) = 72‘77~ exp {— (@ — ©)¥2ms).

31ech
Op=0; —m;, O,=aa, -+ m,

m; — nepBHH, a My, — BTOPOH MOMEHT @ (x):
ml = g(0)= ; §§]00, NS(I),
my =g (0)= 2 80(27, + 1) ~ S&* @i + 1).

8. n-ghonorHoe pesonancroe paccesnue. Crnexkrp PBC, omnpene-
jasieMelit Gopmynamu (32)— (36), MOXKHO NPEACTABUTH B BHAE Pa3-
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JIOXKEeHHsl N0 MOPANKY paccesiHusi Ha (oHoHax. Ilus aToro caenyer
nepenucatb Koppeasitop A(p, T, v’) B Bule ‘

Al )= Y Lo e, o)

n=0
rune

K, v, v")=g)+eg@w+v—1)—gu+7v)—gh—1)=

= dee“‘“cp(x) (@ — 1) (et —1). (41)

—00

IMopcrasum pasioxenne (40) B (32) u mpounrerpupyeM mo . Mu
HOJIYYHM

W (0, Q) = Z W, (09, Q). (42)
31ech
Waoo O=- {dx {do ... (daot) ... o)X

1

Y (= e Qe p b poxa t o pata)

PrPgs ey Pn'=0

2

X X

KO(Q—wy4x1+ %+ ... +x), (43)

rae B corsacuu ¢ (27)

do’'x (o)
o — o

D° () =i S drel =) T+g (V=~¥7 = {5 (0) + f
Brindiuiem B SIBHOM BHJAe YJEHH HYJIEBOIO, IIepBOro H BTOPOro Imno-
paxka [5]:

Wolos, @ =1Ir(00, Q=B (@@ P8@—a), (49
W (0g, Q)= B (0o — Q)| ©° (0)) — D°(Q) %, (45)

WQ (('00) Q) ==
=2 {dxo () @os—Q— 5|0 @) + (@) —20° @ — ) . (46)

Orciofa BHAHO, UTO UYJeH HYJIEBOIO TOpPsAJAKA OIKMCHIBAET peJiees-
CKYIO JIHHHIO, HHTEHCHBHOCTb KOTOPOH HOJHOCTBIO COIVIACyeTCst C
noJaydyenHoit padee QopmyJsaoir (26). Uaen nepsoro mopsaka naet
ONHO(OHOHHEE, a WeH BTOPOro HOpsAKa — ABYX(OHOHHEIE IOBTO-
peHHS YKa3aHHOW JIMHHH,
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Pasnoxenne (42) spaseTca OOHIMM; OHO COMEPKUT BCE KOMIQ-
nedTs PBC, B Tom uncie OJ11'). [Nostomy unTepnperauus npous-
BOJILHOTO 4JleHa B pa3sioXeHHH (42) Kak pesoHaHCHOro KomGuna-
nuorHoro paccesiiuss (PKP) Hekoroporo nopsinka (HOHHMaeMoro
B YKa3aHHOM BBIlle CMBICJE KAK Ta YACTh BCEro CIEKTpa pe3oHaHC-
HOrO paccesHHUsl, KOTOpPass COOTBETCTBYeT HCHYCKAHHIO BTOPHYHOTO
doToHa 10 okoHuaHUA ¢ral0BoH penakcamyun) Oviia 6L HENPaBHIb-
nofi. OfHAKO BO MHOTHX aKTyaJIbHEIX Caydasx, IO KpaliHeHl Mepe
AJsl 4JIeHOB HeOOJBIIMX TNOPSAKOB, Takas HHTePHpeTanus 4dacTo
BepHa, UToOH yOeauTbCsi B CHpPaBeIJUBOCTH CKa3aHHOIO, pPaccMoT-
pHM, HanpuMep, ciaydal COJbIINX CTOKCOBHIX MOTepb. B sToM cayuae
npu Bo30y:KAEHHH B O0JIACTH MaKCHMyMa IOJIOCHI IOTVIOLIEHHS H
/st uactor  B6mu3n pesneeBckolt uuuu OJ] MOXKHO He YUHTHIBATb.
B arom cayuae PBC B oTMeueHHO# 06/1aCTH NPAKTHYECKH IIOJHO-
CTHIO ONpefiefieTCsl HECKOJBKHMH IEePBHIMM CJlaraeMBIMU B pasyo-
xeHuu (42), xotopoe MoxHO HasBaTb PKP. PaccmorpuMm mx noa-
pobHee.

Menoapsys GespasMepHYy0 4acToTy BO30YXKAeHUA

2= (0g — 0,)//2m; (47)
54 ylmeIBaH, qTo B

o0

:’: dx -~ = 2 4/m w (2),

=X

-~

rae

w(2)=e* S ev’ dy (48)
0

ects ¢yHknums Jaycona, Taby/aHpOBaHHAA B paGote [22], noayunm
2
(@) =4/ Z 0 ), 49)

1 Has supenenns OJI B Qopmyae (42) caeayer yuyecTb, uTo npu y—> 0
ocHoBHOH BKJaZ B KpajgpaT CyMMH B (43) zmaer cyMMa KBaIpaTtoB, B KOTOPOH
[O°(QH- pixr4 oo 4 prtn) 2~ (n/y) 8 (2 — @0 + p1x1+ ... + pa¥n). Ecm
Tenepb 0603HAUUTE P == p1 + pg -+ ... + Pn, k== p — 1 H BOCIOJIB30BATLCS BHIPaXKe-
auem ni/kipl nas wucna coueranuit us n no p, To GopMyaa (42) AeficTBuTeNBHO

ceefercss kK (17), B KoTOpoOii J(Q)ase‘fZ(l/pl) de;...de,,(p(xl)...
P
B B@ it et rp—o) T 8 R Y (178 (an,
. \ -

dektp(xl) v @) (0, F 2+ oes + X, — @)
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Tae _ ‘
D) =@ + Yo, (50)

ITockombKy NpH 6OMBIIMX CTOKCOBHIX NOTEPSIX 4/, > &, WHPHHA
0% (w) Bennka no cpaBHeHHIO ¢ &. IlosTomy B (43) Aast paccmaTpr-

BaeMbIX WJIEHOB HeGOJIbUHX NMOPAAKOB m @°(Q + prxy + ... +paxs)

MOKHO Pas3jOXHUTh B PAJ IO CTENEHAM Xy, X3, ..., X, H YUeCTh JHIUD

NepBHH OTAMYHBIE OT HyJa wieH. Torga PKP n-ro nopsaka omnpe-

nensercsa popmysoi

W (0)0, Q) =@, ((’)0 - Q) I, (2)1 (51)
rae @,(x)— CBepTKa 7-T0 NOPsJKAa HODMHDOBAHHOH Ha eAMHHIY
GyHKIHK

1
@ (x) = 7= 20 (1), (62)

n

1,2) =51 @, @) P=r | 22 @) |- (53)

Taxum o6pasoM, dopma cnekrpa PKP n-ro nopsiaka B paccMar-
pUBaeMOM ciydae ONpefe]sieTcsl CBePTKOH n-ro mopsiaka ogHodo-
goHHON ¢yurnuu @;(x); /+(z) onpenejsieT 3aBHCHMOCTb HHTErpaab-
Holi mureHcusHoctd, a ®.(2) — amnauryasl PKP a-ro nmopsaka ot
yacToTsl B03OyxJeHud. BpinullleM B SBHOM BHJE 3aBHCHMOCTb
HHTEHCHBHOCTEH OT 4acTOThl BO3OY:KAEHHUS AJS HECKOJNBKHX IEePBBIX
nopaaxkos [5]:

Iy(2)=B [ o)+ & e,

I (&) = 2-[(1 — 220 (2)) + mz%e~2"),

L @=B[E+1—290 @)y + L1 —2e],

I; (@)= 5[ — 14 (32 — 22 w () -+ F (32 — 2292,

(54)

@opmyant (52)— (54) MOXKHO MOTYYHTH TAKIKE HECKOJIBKO MHBIM
Cnocob0M, OCHOBLIBafiCh HeNOCPeJCTBEHHO Ha dopMynaax (40)
(41), ecau yuecTb, YTO NPH MaJbIX |wp — €| aKTyajbHEe 3HAUEHHS

T, V~myh K @7 a
K(p, T, U) & myrt’ S dxet*up, ().

Taxum oﬁpasoM Ji6;:1 paccmanHBaemou YaCTH CIHeKTpPa akTyaJbHEE

3HaueHus s=(t+ 1")/2 ~ my kA~ T, uro corqiacyercsl ¢ NpHBe-
AeHHBIM Bbllle KpHTepHeM Kiaccupukauud PPKP,
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Kak cnenyer u3 (54), WHTEHCHBHOCTH KOMOMHAIUOHHOrO pac-
CeslHHs B Pe30HAHCE MMEIOT TOT Xe NOPAAOK, YTO H HHTEHCHBHOCTH

pesieeBCKOro paccesiHus, H B 1/m2/v~I‘t/y pas caabee OJI. Ilpu
stoM HHTeHcHBHOCTH PKP pasHuIX nopsnkos cpaBHHMEHL, T. e. PKP
HMeeT CYILeCTBEHHO MHOroQOHOHHEI xXapakrep. BwmecTe ¢ TeMm
YKa3aHHBIA CIEKTP MOXKET HMeTb YeTKYio KouaeOaTejbHYI0 CTPYK-
TYpy. DT0 0COGeHHO CyLeCTBEHHO NMOTOMY, UTO CHeKTPH MHOrJolle-
HHUSE W JIOMHHECHEeHIMH B ciaydae OOJBIINX CTOKCOBHIX HOTepb Gecs
CTPYKTYPHBH, BCJEACTBHE Yero OHH HeCcyT MaJso HH(OpMAalUuH o KoJe-
6anusx uenrpa. Bce ormeueHHBle cBoNcTBa, a TaKXkKe 3aBHCHMOCTH
I.(2) or nopsinka paccestHHst 1 YaCTOTH BO30OYXKIEHHS HAXOAAT CBOE
NOATBEPXKAEHUE B 3KcnepuMenTte (cM., Hampumep, [28—30]).

2. I'opauwas aromunecyenyus. Brille 6bLT0 MOKAa3aHO, UTO B pac-
cMaTpuBaeMoM cayyae PKP mMeer cyllieCTBEHHO MHOTO(OHOHHYIO
npupoay. SIcHO 0AHAKO, UTO UeM BHIIE NOPANOK CTEKTpa, TeM OoJjee
pasMHITHA XapakTep OH HMeeT. [loaromy, yem O60Jbule pa3HOCTD
wo— 2, TEM MeHee CTPYKTYPeH pacCMaTpHBaeMHH cHekTp. B rtex
cIydasix, KOrjla HeT JOKaJIbHBEIX KoJeOaHHl, yKasaHHaA CTPYKTypa
[NpaKTHYECKH TIOJMHOCTBIO HCYe3aeT YKe B 006JaCTH @9 — Q )
™ 3-+-5@8 Ecin xe Takue xKojeGaHHS eCTb, TO OHa MOXKeT
[IPOCTeKHBATBCS HECKOJBKO JaJbllie OT wo, HO JOCTATOYHO NaJeKo
OT ®Wp TaKXKe AO/MKHA Nponafarthb. TakuMm o0pa3oMm, NPH OOJbIIUX
CTOKCOBHIX NOTEpsIX M NpH BO36YxKAeHHH B 06JaCTH MaKCUMyMa
MOJIOCH TIOTJIOWeHHsI B 06JacTH Mexay peneeBckolt Jjuuuedn u OJ]
IOJKeH BO3HHKaTb IMHPOKUH «don». PopMy sToro «dona» jerko
HAHTH, €CJIH yu4ecThb, YTO OH NPAKTHYECKH COBINAAdeT CO CrilaxeH-
HBIM CTEKTPOM, MOJYYaEeMBIM NPH HCIOJb30BAHHM IO 49acToTam £ n
®o «IJIOXoro paspemienusi». IIpm TakoM paspelleHHH aKTyaJbHHE
anavenus |p} u |y| Mans:

lpl~lyl~a&~\ (55)

'At0 mosBoasieT pa3noxuTh InA(w,s,y) B DAL MO CTENEHAM W H Y
H YuecTb HEeCKOJIbKO MepBHIX useHOB. IIpu 5TOM MBI MONYYHM

A, s, y) = im(y —n) + 2igi(s) p — —”’2-2- 12+ ) + nyg. (s), (56)

rpe

d
g(s) <

&1 (S) = Im —=-— My,

' (57)
g>(s)=Re dfsgs) < my.

Toacrasum a1y opMyny B (32) ¥ nepefileM K nepeMeHHHM
WATerpHpOBAHUA W, Y, S. Toraa paccMatpupaeMuil CrIaxeHHbI
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cnekrp PBC Gyzer onpeneastbes dpopmydoi

I (0, Q)=

’ oo o n42s

=B\ dse {au | ayespli(o,—on)y—i1@—0 4201 (Dp—
0 -0 n—28

~ W+ 1) + uyg, (S)]- (58)

3aMeruM B HHTerpajde 10 Yy HOpedeabl HHTEIPHPOBaHHA Ha =too,
Torua

®
I, @)= {75, ©, 0 ds, (59)

rae ’
I(s, Q, o)) = %ﬁ—éﬁo(;;;exp[— 2ys — —(—%%ﬂi], (60)

o () = oL + 2g: (s) + (0o — ©,) g5 (s)/ms,

B (s) =m, — g3 (s)[m,. (61)
W3 pupa NOALIHTErpajJbHOTO Bpra}I'{eHI/IH B (Hb8) caenyer, yTo ax-
TyasbHble 3HaueHns |p|, |y|~my" < ®7!, a akryaibHbe 3Ha-

yeHus s ropaspo Ooupuie: s ~ I'™! > &' Ilostomy sameHa mpe-
[eJIOB MHTErpUpPOBaHHs Ha —4=0o0 B HHTErpaJe IO y AJS paccMaTpH-
BAaeMoOro crnekrpa JAeHCTBHTeNbHO onpaBiaHa. KpoMme Toro, orciona
BHITEKAeT, UTO CriaaxKeHHBII cnekTp (60) o6yciaoBjeH B OCHOBHOM
nepexogaMu Iocjae OKOHYaHHA (a30BoH pejiakcallid, HO B NpO-
mecce sHepreTHueckod pesiakcamuu. [lostoMy ero cieayer OTHe-
cru k I'JL

BriuncauM otmeueHHB cnektp I'JI B ABHOM BHZe. YuTeM, UTO
Haubonpilui BKAaJ B uHTerpana (59) gmator obaactH s BOJH3H
MOMEHTOBE BpeMEHH §; B KoTophx ®(s;)=0. B atux obnracrax
yacToTa MakCHMyMa <«MTHOBEHHOTO» crekrpa J(s, 2, wg) MeHseTcs
MelJIeHHO, a @ (S) & @; + ai(s — s;)2 [loatomy

2—06i Pasasitet (2; sign (0; — ©p)), (62)

I (o, Q) = const "
’ T 12"

3nechb O (x) — crynenuaras ¢GyHKOusA X,

2;=(Q— (01)/’\/ 2m. (63)

Haligeunnoift coekrp I'J1 MOXKHO BHIBECTH H HHHIM HE3aBHCHMBIM
crocoboM, NO3BOJAIOWMEM O6oJiee fICHO MOHATb, C 4eM CBSI3aHBI
MakKCHMYMBI B criekrpe. Js 9TOTO CleAyeT yd4ecTb, UTO B paccMart-
pHBaeMOM cJyyae GOJBIIHX CTOKCOBHIX MNOTeph NPH BO3GYXKACHHH
B 00/1acTH MakKCHMyMa IOJIOCH NOIVIOILEHHS IEHTP NMepBOHAYAJIbHO
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nonajaer B CHJAbHO Bo30yXKAeHHOe KoJebaTeJbHOEe COCTOSIHHE,
B takoM coetoanun KBaHTOBBlE 3 dekTnl Maanl. [Tostomy I'J1, onpe-
AeJAEMYI0 KaK H3JydeHHe H3 TaKOTO COCTOSIHHS, MOXHO HaHTH Hc-
X044 u3 noxyxkaaccuueckoro npuuununa Opauka — Kongona:

Irn (00, Q)= { dap (@) 5@~V (@), (64)

rae V(g)— pasHocte aauaGaTHUeCKHX NOTEHIHANOB OCHOBHOIO H
BO30Y2KIeHHOTO COCTOSIHHH KakK (DYHKIHUA KOH(HrypamHoHHOH KooOp-
NHUHATH ¢, p(g)— BEpPOATHOCTb TOrO, UTO B Ipoliecce pesaKcalliH,
caenyiolllell 3a IorJouleHHeM ¢OTOHA, CHCTeMa IoNajaerT B KOOp-
IUHATY ¢. DTa BepOSITHOCTb, OYEBHAHO, PABHA CKOPOCTH H3MEHEHHs
yKasauhofi KoopauHate: p(g)=|dg/ds|~\. B npubiuxenuu (29)
V(g) wmoxHO cqmaTb JuHeliHON ¢yukunedr V(g)= .-} ¢, rae

q-—ZmEOJEI, g = 1/- (a +af ) a g(s)= ng cos (cojs) (3mechb

MBl y'{JIH YTO NpPU BO3OYKIEHHH B oénacm MAaKCHMyMa IOJIOCH
noraoutenus §;(0) &~ Ey;). Torpa

Lraon, )27 (& )M

rje $;— pelieHHe YpaBHEHHS Q——mL—q(s)=0. Gopmyna (65)
BHIPAXKaeT TOT XOPOLIO H3BECTHBIA (DAKT, YTO B NOJYKJIaCCHYECKOM
NpHOJIMKEHHH OCHOBHOH BKJAJ B H3JAyueHHe AAlOT 06sacTd BO/IM3H
KJaCCHUECKHX TOUEK IMOBOPOTA, re a0COMIOTHAS BeJHYHHA CKOPOCTH
ldg/ds| wmana. Urobm Qopmyay (65) ceectm kK (62), ocraercs
YYECTb, UTO B 06JACTH KJIACCHYECKHX TOYEK IOBOPOTA

76 ~ [t — (s — ).

Taxkum o6pasom, Mb NPUXOAUM K BLIBOAY, 4TO cheKTp (62)
IeficTBUTENbHO cooTBeTcTBYeT [JI, a MaKCHMyM 5TOro crekrpa
COOTBETCTBYET H3JYUEHHIO H3 KJaCCHUECKHX TOYeK MOBOPOTa B Npo-
necce penakcauuu [31].

(65)

2. Moameab ¢ ogHMM 3aTyxalmum KojeGanuem. B paccmorpen-
ol moiue Mojenu I'JI He umena doHoHHOR crpykTypsl. OmHaKO
TaKoH «yHBLILIA> ciekTp ['JI HH B KoeM ciyuaeM He gABJsSeTCs NpaBH-
JIOM; BO MHOTHX cayuaax cmektp I'JI Moxer umerb (H uUMeeT B Hefi-
CTBUTE/NbHOCTH, CM., HapuMep, [2]) yeTkylo KoaebaTe/lbHYIO CTPYK-
1TypYy H, KaK CJAeJICTBHe 3TOro, HeceT B cebe 6oraTyio HHPOPMALHIO
0 (POHOHHOM CHEeKTpe H NPOLECCaX pelaxCanui. B kauecrse npu-

Mepa MOXHO npusecTd cnekTpu I'J] npuMecaon modexynn NOgz
B LIeJOYHOTAJOHAHHIX KPHCTAJ/aX, HMelolleHl OTHOCHTENbHO Mel-
JIEHHO 3aTyXalolie BHICOKOYACTOTHHIE JIOKAaJbHEIE (BHYTPHMOJEKY-
asipHele) Kosebanus. OTMeTHM, YTO IHepBble HaAeXKHBIE JAaHHBE IIQ
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BpeMeHaM KoJieOaTeJNbHOH pelaKCallMH B IPHMECHHIX LEHTpax OLlIH
noayueHs MMeHHO no cnekrpaM ['JI yxasannoit mosexyan [2].

Huxe MBI paccMOTPHM OTHOCHTEJBHO IIPOCTYIO MOAENb, IIO3BO-
JISIIOIIYI0 ONMHKCAaTh OCHOBHBIE 3aKOHOMepHOCTH cmekTpoB PBC mnpu-
MeCHHIX IeHTPOB TAKOro THHa. DTa MOJAENb COCTOHT B CJEAYIOLIEM.
Kax # B npenngyuieft Mofiesid, HMeIOTCS ABa HEBBIPOXKAEHHHIX 3J€K-
TPOHHBIX COCTOSIHHSI — OCHOBHOE H BO30YXKAEHHOE, HCIOJNB3YIOTCH
anuaGaTnueckoe Npubanxenne u npubamkende Kongona. Kpome
TOro, MPeANOJaraeTcsi, YTo ONTHUYECKHE 3JIEKTPOHHL B IEHTPe B3aH-
MOLEHCTBYIOT JHIUIb C OZHHM 3KCHOHEHLHAJNbHO 3aTYXawIIUM JO-
KaJbHBIM MJH [CEBJAQJOKaJbHBM KoJdeOawueMm, CuuTaerTcsd, yTo B
pesyabTaTe 3TOTO B3aUMOAEHCTBHS INPH 3JEKTPOHHOM Iepexoje
H3MeHSIeTCs He TOJBKO MOJIOXKEHHe PAaBHOBeCHS YKa3aHHOrO KoJie-
Ganust, HO M ero gacroTa. [loc/ieiHee H3MeHeHUe CUHTAETCA MaJIbIM
1O CPaBHEHHIO C CaMOH YacTOTOH, HO GOJBIIUM MO CPABHEHHIO C
pacnagHofi UIMPHHON IepBoro KoJgebaTeibHoro yposns I', ompene-
JISIEMON CKOPOCTDIO 3aTYXaHHA!

o >le’—el>T (66)

(0 ¥ @ —uacroTHl KoseGaHHs B OCHOBHOM H BO30YKIEHHOM
3JeKTPOHHLIX COCTOSTHHAX COOTBETCTBEHHO). OTMETHM, UTO YCJOBHE
(66) BHITIONHSETCS B C/lyuae MHOTHX IPHMECHBIX MOJIEKYJ, B TOM

gucae u B caysae NOz B 1es09HOraIOMAHEX KPHCTALIAX.

Kak 610 nmokasano p pa6Gote [7], KoppelsiupoHHas GYHKIUS
(11) u cnekrp PBC B paccmarpuBaemoit momenau npu T == 0 BH-
yueasaoTes Toudo. Huxke Mbl npHBeneM INMOJYyYeHHYIO B pabote [7]
dopmyay B ciyuae Bo3GyKAeHHS B pe30HaHCE C [ePeXOJOM MexXAy
HYJIeBBIM KoJeGaTe/bHBIM YPOBHEM OCHOBHOTO 3JIGKTPOHHOTO yPOBHS
u M-M xomeGaTeNbHBIM YyPOBHeM BO36YIKIEGHHOTO 3JE€KTPOHHOIO
YPOBHS:

— BIQIML L)
W@ O=smrryrrrar i <
X{ TL8;y [T(LA4 L)y (=851 ©7)
Qf +(TL+v? QL +[PEL+L)+v f

rae x=ay— o, —o’'M, Q; =Q—awy+ oL, Qrr=Q—ae+aoal—ae'L’,
(0| M) — darrop Ppanka — KonpoHa njisi norJomarespbHoro mepe-
xona 0—> M, a {L’|L)— nna wusayuaTenabroro nepexopa L’ — L.

Iepsoe cnaraeMoe B (GuUrypHHIX cKoGkax ¢opmyas (67) onn-
CHIBAET JIKHMH, COOTBETCTBYIOL#e nepexogxy M —> L. 3To JHHHH
PPKP c¢ moaoxeHneM MaKCcHMyMa B Q == @o— @l H ¢ MOJNYLIHPH-
no#t 'L (L — nopsaaok paccesnnsi: L =0 — junng peneeBcKoro pac-
cesinud, L = 1 — AuHHA KOMOHHANMOHHOTrO paccessHHS NEPBOro Io-
psaAka u T. A.). BTOpoe ciaraemoe cooTBeTcTByeT NepexonaMm ¢
ypoBaei L' =M Ba L, 7. e. TVI(L’ %= 0) u OJI(L" =0). JIu-
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aun I'JI n OJI ameior ¢opMy JOPEHIHAHOB C MaKCHMyMaMH B
Q=0 — oL+ o'l u ¢ noaywupunamu I'(L 4+ L’). HUnrencus-
nocts jguHuft PPKP u I'JI onpexnensiercsi BpeMeHeM KH3HH BHOPOH-
HBIX KoJeGaTeabHbX ypoBHe#t ('L’ < 9)-!, a unrencusHocth OJI —
BpeMeHeM XKH3HH HYyJeBOro KosaebaTeqbHOro ypoBHS 9~! B036yxK-
JEHHOTO 3JEeKTPOHHOrO coctosHust. [IIUpHHH BCeX AAHHEA NOJHOCTHIO
corznacyoTes ¢ dopmysoit Bafickonda — Burnepa [32].

Takum oBpasom, B paccMarpuBaeMod Mojaeau crnektp PBC pei-
CTBHUTEJBHO COJEDPXKHT y3KHe cnexTpanabHble Juaun OJI, T'JI n
PPKP. Kax 310 u posxuo 66ith, OJI cooTBETCTBYIOT NHHNH, 06yc-
JIOBJIEHHBIE U3JYUeHHEM II0C/Ie OKOHUAHHS KoJaefaTeJbHOH penakca-
uun, [JI — nunun usnyuenuss B mpolulecce KosebaTeNbHOH penakca-
pud, a PPKP — nunun usnydenus 1o kosaeGaTeNbHOH peslakcanyy

B030yXKIeHHOM 3JeKTPOHHOM coCTOfHHH. [Ipn 3TOM onuH-enuH-
CTBEHHHIl pelakcauuoHHbI mepexon (mepexon M— M —1) Heob-
XOMUM H JOCTATOYeH JUIs HapYyUIeHHs (a30BOH KOPPEeIAIHH MEXAY
MEepBHYHEIM H BTOPHYHBIM (poTOHaMm, uto W npusoiuT k I'JI. droT
pesysbTaT NMOJHOCTbIO NOATBEPXKAAeT KpuTephli (PasoBoli peslakrca-
UK AJIA pasfedeHus pacceaHus u [JI.

8. 3akJaoyuTeNbHble 3aMeYaHHs

Buime 6uiio paccMorpeHo PBC npHMeCHBIX*I@HTPOB KPHCTAJ-
JIOB JIHLIL B HEKOTOPHIX OTHOCHTEJBHO NPOCTHIX MoZenasax. B psane
cJyuaeB pAacCMOTPEHHEBIE MOJENIH XOpPOUIO ONHCHIBAIOT 3KCIEpH-
menr. OfHako B psfe APYruX CAyuaeB OHU ABAAIOTCS HeLOCTa-
touHbIMH. CKa3aHHOE OTHOCHTCH NPEeXAe BCEro K TeM LeHTpaMm, B
KOTOPHX SJIEKTPOHHBIE COCTOSIHHSI BBIPOXKAEHH HJIH KBa3HBHIPOK-
JIeHBl.

DneKTPOHHO-KoJefaTebHOe B3aUMOLEHCTBHE B BHIPOKIEHHBIX
COCTOSIHUAX HMEET BaXKHYIO OCOOEHHOCTb, CYUIECTBEHHO. YCAOXKHSAIO-
IyI0 pacCMOTpeHHe: IIOJHOCHMMETPHUHAs KOH(MHUIypalUsa OKa3bl-
BaeTcsl IOTeHIHANbHO HecTabunpHolt [addekr HHa — Tennepa
(DAT)] [19]. Vet a10r0 3dhdherra B Teopun PBC siBasierca pecvma
BAXKHBIM, MOCKOJBbKY HENMOJHOCHMMeTpHUHbe KoJeGaHHsl He TOJBbKO
CYIIECTBEHHO BJHSIOT Ha CIEKTPaJbHLE CBOACTBA KOMIIOHEHTOB
PBC, HO U ompeneisioT HX MOJSPU3ALHOHHBIE XaPaKTePHCTHKH
[9, 15] Pa3paGoTKe TeOpUH CHEKTPANbHHIX W TOJAPHUSAUHOHHBIX
xapakrepuctik PBC c yuerom ST nocssmen pax pabor [8, 9, 18].
B sTHx paGorax nosaydeHo obmue ¢GOpMYyJB AJdS 34BHCHMOCTH
crenenu nossipuzanyd PBC oT 4acTOT BO36Y:KIeHHS! M H3JYYEHHs,
pPa3BUTa TEOPHS AEMONAPH3AUMHM JIOMHHECHEHIUM B Xofe Kojeba-
TeJbHOR peNakcanuH B BO30YXKIZEHHOM 5JeKTPOHHOM COCTOSIHHH,
paspaGorana treopus PPKP c yuerom ST npu cuibHOM s.nempon-
$OHOHHOM BSAHMOZEHCTBHH H AP.
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OnuauM H3 3¢ GbeKrToB, KOTOPHH TakXe CYLIeCTBEHHO YUHTHIBATh
B Teopun PBC npuMecHHX IEeHTPOB KPHCTAJJIOB, ABJISETCA Iepe-
flaya 3JeKTPOHHOro BO36yXKAeHHA Mexay HumH., B paborax [31,
33] paccMoTpeHo BJIMSHHe YKasaHHO# mnepenaun mHa OJI u TJI.
Teopus [31, 33] yuuTHIBaeT ropsuyio Iepejiauy H ropsuyi Murpa-
HHIO 2JEKTPOHHOTO BO3GYKICHHUS. ‘

Boablyio akTyadbHOCTb NPHOOpe/H B IOCAeAHee BpeMs Hcce-
nopauus cnexktpoB PBC cBoOOAHBIX aBTOJOKAJIH3YIOIHXCS] 3KCH-
ToHOB (cM., HampuMep, [34—37, 19]). Psan BompocoB TeOpHH 3THX
CMIeKTPOB YiKe pellleH, OJHAKO MHOTOe B 5TOH NpobsieMe ele He
HCCNE/I0BAHO.

B sakaiouenne otMeruM, yTo Teopuss PBC B Hacrosimee Bpems
6picTpO passuBaercs. [103ToMy H3/I0XKeHHOe BBHIIIE MOXKHO paccMarT-
pHBAaTh JIMLIL KaK HEKOE BBEJECHHe B OJJHO M3 BO3HHKIINX B IOC/e]-
Hee BpeMs HOBHIX HanpamJeHHil HCCJeLOBAaHHS ONTHYECKHX CBOHCTB
BeIlleCTBa.
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2. TeH30p KOMOHMHALIHOHHOTO PACCESHHA .+ + « + « o & o+ .
3. Tensop OpPUJMIODHOBCKOTO PACCETHHA . « « » « + o & o
4. Mophuueckne 5OGERTHL o+ + o « « v 4 s 4 0 e 4 s
5. Tensopel paccesuusa Aas rpynmel Cep . . o + & + « .
6. Db dekTHBHEIE TAMHALTOHHAHBL « o & & = « + & + + &
Jonoanenne 2. Pesonancuoe BTOpHYHOe CBeyeHHe NPUMECHbLIX HEHTPOB KpH-
crannoB (K. K. Pefane, B. B. X#xkHAKOB) « + + &+ + + .
1. BBEIEHHE .+ v v & v & v h e e e e e e e e
2. Hcxonnble GODMYJNBI TEOPHH . o o o« o & o« v & o & o
3. Buizenenne /JQIOMHHECHEHUHH . . e e e e
. 4. Kpurepun kaaccupHKanHy xomnonemoa PBC c e e e e s
5. TopsAuas NIOMHHECHEHIHA . . .« .« « & + o o o o o o
6. Peseenckoe paccesnue. OnTnyeckas 'reopezvxa e e e e
7. PBC B KOHKPETHEIX MOZEIAX . o . e e e e e
8. 3akmoYHTe/bHBIC 3AMETAHHA . o . . . . o - . . . o
JlutepaTypa K KOMOMHEHHIO 2. « o + o 4 « « ¢ « « o &
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