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K 3aBeplLIeHH. ... K Moemy
VAUBJCHUIO, TEOPHS TEPKOJSALHY
He MepTBa.

Aumpux maygpdep

IlpenuciaoBue

Teopuu nepxonsiuuu yxxe Gojee naTHaecaT Jer. ExxeromHo Ha 3anage
nyOJHKYIOTCS COTHM CTaTel, MOCBALIEHHBIX KaK TEOPETHUYECKHM BOMPOCaM
NEePKOJNALHY, TAK U ee npuioxeHUaAM. OnyOGiukoBaHAa HECKOJIbKO MOHOIpA-
¢ui#t, NOCBALIEHHBIX KaK TEOPHH, Tak u npusoxenusm [38,39,60,82,89], a
Takxke 0630poB [55, 86,88]. K coxkanenuio, B Haled CTpaHE O TEOPHHU Iep-
KOJNALUK 3HAIOT HeMHorue, Bo MHOrom 3To CBSi3aHO ¢ TeM, YTO JIUTEpaTypa
N0 TEOPHH MEPKOIALMH HAa PYCCKOM $3bIKE JOBOJLHO CKyAHa. MHe u3BecTHa
€AMHCTBEHHAs KHUTa OTeYeCTBEHHBIX aBTOPOB, BhlLIeAUIAsl HA PYCCKOM fi3biKe
¥ UeJMKOM NocBsilieHHas nepkossuun [99]. daxe ecau n1o6aBHTh HECKOJIb-
KO KHHT, B TOM YHCJe U [epeBOIHbIX, I'le TeOPHH TNEePKOJALUN NOCBSALIEHbI
oTAesbHbIe TyaBh {24, 35,49,130], u nepeson kuuru [60], — cmucok OKasbl-
BaeTCqd He OYEHb BIEUATVISIOLIMM,

C onHOH CTOPOHBI, OUlyL{aeTcst NOTPEGHOCT B KHUIE, KOTOpasi MOT/a Ol
NOCJYXUTh y4eOHWKOM Ha HAa4aJbHOM 3Tale 3HAKOMCTBa ¢ nepkossuuei. C
APYroH CTOPOHBI, MOHOTpadus, KoTopasi oTpaxkajia 6bl MocaeJHUE JOCTHKEHHS
TEOPUH TEPKOJALKMKU H COCTOSHHe TNpobjeMbl HAa CETOAHSIIHUE JeHb, TOXKe
BECbMa aKTyasbHa. JTH ABE BO MHOTOM B3aMMOUCKJI04Yadioulye APYT Apyra
3ajauM NOCJYXKHJW TOJYKOM AJisl HATUCAHUS KHMIM. B Kakoél mepe yzmasoch
BBIMIOJIHMTH TIOCTABJIEHHYIO 33134y, CYAHTh YHTATENAM.

Teopus mepkoJsSUMK UMEET Aes0 ¢ 06PA30BAHMEM CBSI3AHHLIX 0GBEKTOB B
HeynopsiIoUeHHBIX cpeflax. C TOUKYK 3peHHUsT MaTeMaTHKa TEOPHIO, MEPKOAIHH
CnelyeT OTHECTH K TEOpHHM BepoATHOCTH Ha rpadax. C TOYKH 3peHHUs PusH-
Ka, NepkoJsiuus — 3T0 reoMerpHdeckudl as3osbiil nepexod. C Touku 3peHHs
MporpaMMHuCTa — WHpoYaiiiiee noje AJs pa3paboTKu HOBbIX anroputmos. C
TOYKHM 3PEHHMS MPaKTHKA — MPOCTOH, HO MOLIHBIH MHCTPYMEHT, NO3BONAOIINH
B €IMHOM MOAXOME pellaTh caMmble pa3HOOOpasHble XM3HEHHbIe 3a/a4H.

Teopus neproasiuuu npusiekaeT K cebe BHUMaHHE CIELUATHCTOB 110 PALY
npuyun [38]:
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® JerKMe W 3jieraHTHule QOPMYAMPOBKH 3a7ay TEOPHHU [POTEKaHHA COYe-
TAOTCHA € TPYAHOCTBIO UX PELIEHHS;

e 1x peuieHHe Tpefyer 06beJMHEHNS HOBbIX MJIeH H3 FeOMETPHH, aHa/IH33
Y AUCKPETHOH MaTEMaTHKH,

e (usnMyeckas MHTYHUMsS ObIBaeT BecbMa ILIOAOTBOPHOH NpU pELIeHHH
3THX 337a4;

® TeXHHKa, Pa3BUTad AJsd TEOPHUH MNEPKOJIALHH, HMEET MHOIO4YHCJAEHHbIE
NIPUJIOKEHHA B APYrUX 3aja4dx O c.nyqaﬁHbe npogeccax,

e TEOpHs MEPKOMSIUKHK JaeT KJKY K NMOHMMAaHHIO WHBIX (PU3HYECKHX Mpo-
LI&CCOB.

To, 4To mepKoagUMEH 3aHHMAIOTCA CMELMaJUCTH B pasHbiX 00/1acTax, no-
POAMJIO OfpejieIeHHbIe NPOOJeMbl: HCCEA0BATEH TIOPO# T1I0X0 OPUEHTHPYSChH
B pafoTax Mo MEPKOJISILIMM, BBINOJHEHHKEIX CMELHaJUCTaMH M3 IPYroH npen-
MeTHOH obaactu. ['puMmer mumer [39, p. 8]: «[lepkoasuua crana npesmMeToM
3HEePrHYHLIX HCCJIeIOBAHUM MaTeMaTHKOB U (PU3HKOB, KaXKfaa rpyIIa HeMoJb-
3yeT cBOH cobcTBenHbld s3bik». [lrayddep npusuiaer [90] crneunanuctos B
006J1aCTH KOMMBIOTEPHBIX 3KCIIEPHMEHTOB YHTaTh PabOThl CMELHAJUCTOB B 06-
JaCTH MaTeMaTHYeCKOH PU3KKH W Ha0B0pOoT. ITO CHOcoOCTBOBAO Obl, M0 €T0
MHEHHI0, 60abLIeMY TPOrpeccy B TEOPHH TNEPKOJALHKH,

MHe xoueTcs BeIpasuThb 0colywo GuaaromapHocts npogeccopy C. A. [lpo-
CaH/ieeBy, KOTOPHIA NO3HAKOMHJ MEHS C OCHOBHLIMH HICAMH TEOPHH MEPKOJIS-
uuH; noktopy C. Ban nep Mapky, coBmecTHasi pa6oTa ¢ KOTOPbIM H MHOTOYHC~
JIEHHBIE NMCKYCCHM CEPbe3HO NOBJMSJ/U HA CTAHOBJEHHE MOEr0 HBbIHEIIHEro
MOHMMaHHUS TEOPHHU TEPKOJALMU; BCEM KoJJjeraM Mo MEPKOJSLHOHHOMY CO-
obuiecTBy, 00ileHHE C KOTOPEIMH — He BCErAa NpPOAOJKHUTENbHOE, HO BCeraa
MMPOAYKTHBHOE, — CNOCOBCTBOBA/IO HANMCAHHIO 3TOH KHHre.



TnaBa 1

BBenenue B Teopuio
NEePKOJIALUU

1.1 Beenenwue

HcTopuuecky TeopHs IepKOJISILH BOCXOAUT K paGotam Dsopu (1941) [26]
H CTOKMaHepa (1943) [92], koTopble paccMarpuBagau npoliecc 06pasoBaHUA
reqed npu nonnMepusauru. OfHaKo, 0GbIYHO HAYA/I0 TEOPHH MEPKOJISIHH CBSI-
3HBAOT ¢ nyBaukauueit B 1957 r. pabotet BpoanGenta u Xammepcau [16].
‘ABTopr BBEJIM B 00HXOJl Ha3BaHHe «TeOpHs MePKONALHHU» H PACCMOTPEJH NPO-
Hecc ¢ MaTeMaTHYeCKOM TOYKH 3peHMs. TeDMHUH MepKOJALHUA HCIONb30BaNCT
AJIsl IPOTUBOMOCTABNEHHA AWGDQPY3HH: ecsid B caydae Judpy3HH MBI HMEEM
Ieno co CJy4aHHbIM GNyXKNAHHEM YacTHULE! B PEryasipHOil cpeie, TO B Cay-
Yae INepKOJISLWK Dedb MAET O PETy/SpHOM ABHXKEHUH (Hanpumep, TeueHWH
KHAKOCTH HJIM TOKA) B CAy4aHHO# cpefie.

B nacTosiliee BpeMs MEepKOJSLHOHHLIE NMPOLECCH PaccMaTpPHBAIOTCH Ma-
TEMaTHKaMu, GU3MKaMH, XHMHKaMH, IPOrPAMMHUCTAMH, WHKeHepamu, Oka3za-
JOCh, YTO TIEPKOJIALMA SBJIAETCA yAOOHOH MOAENBIO MU ONMHCAHHMSA IKPOKO-
I0 KJjlacca fIBJI€HHH, KOTOpble IIPHHATO Ha3blBaTb KpHUTHYecKHMH. C apyro#
CTOPOHbI, 3ala4a OKasa/lacb BE€CbMA MHTEPECHOM U C TOUKM 3DEHHUs YUCTOH
MaTeMaTHKH.

BonbIIKHCTBO pe3ynbTaToB TEOPHM TEPKOJALHMU TOIydYeHO B Pesy/bTaTe
KOMIbIOTEPHOr0 MozearpoBaHus. [Ipy 3TOM NpUXOAUTCS NPOBOAUTL MHOIHE
TBHICYH KOMIIbIOTEPHBIX HCNBITAHUHA HA 6OJBILIMX 06BbEKTax, YTO NOTpebOBAIO
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8 1 Beenenue B TEOPHIO NEPKOJIALHH

pa3paboTkyu 3PPeKTHBHBIX AJTOPHUTMOB.

BLISCHUJIOCH, YTO TEOPUS NMEPKOJALUM HUMEET TOYKH CONPHKOCHOBEHHS C
pAZIOM HOBBIX M MEPCNIeKTHBHBIX HanpaB/ieHWH HayKH, HanpuMep, IepKoas-
LMOHHbIE IIPOLECCH MOTYT TMPUBOAMTH K CaMOOPraHH3alUMM M 00pa3s0BaHHUIO
CTPYKTYP, 06BEKTEI, KOTOPbIe 06pasyioTcs NPH NMepKOJASLMH, ABIAIOTCS (ppak-
TaJaMHu.

HecMoTpst Ha TO, YTO B TEOPUH NEPKOMSLUH TTOJYUYeH DA CTPOrUX pe3ysb-
TATOB, 4 B ee TIPUMEHEHUH JOCTHTHYTEl 3HAUUTE/bHBEE yCIeXH, OHA HAXOAUT-
Csl ellle B MPOLIECCe CTAHOBJEHHS, MHOTOE elle NMPEACTOHT IOHSTh, A0Ka3aTh,
[IPUMEHHTbD.

Uro xe Takoe nepkoasuya? [TockoabKY NMepKoagUHEHd 3aHHMAIOTCA CHeLH-
aJIMCTHl U3 PasHBIX 00/1acTell 3HaHHH, TO A ONHCAHHS MePKOJIALNHY MCHOJb-
syercs aBa noaxoga. C ogHOM CTOPOHBI, MaTeMaTHKH NPHUMEHSIOT GopMaJb-
HBIH TIOAXOJN, OCHOBaHHLIA HA NMpPeACTaBAEHHAX TEOPUH BePOATHOCTH H TEOPHUH
rpaoB, CTPOTHX AOKa3aTeabeTB U opMasbHEIX o6o3naueHul, C npyroit cto-
POHBI, €CTECTBEHHHKH NPeANnoYuTaoT 6oJjiee MPOCTOH ¥ HATJSOHBIA MOAXOA,
4acTO 3aMEHsis CTPOTHe A0Ka3aTeNbCTBa CChlIKAMH Ha AHAJIOTHIO, HHTYHMLHIO
W 3paBbiii cMmbics. KaxeTcss pasyMHBIM HCIOJb30BaTh [/ HAa4aJbHOTO 3HA-
KOMCTBa C T€OpHel UMEHHO BTOpPOH MOAXOL.

PaccmoTpuMm KBagpatHyo ceTky 3 x 3 (puc. 1.1). 3akpacum yacTb KBagpa-
TOB YepHBIM lBeToM. B HauteM caydae ux 3. Jlo/a 3aKpalleHHBIX KBaApaTOB

COCTaBJIAAET P = -’%ﬂ == % Kakum o6pasom Mbl BUOHpaeM KBaApaTHKH [JIS
3aKpaunBaHus? Bo-nepBeix, MOXKHO BHIOHPATh KBAJPATUKH CAy4ailHO U He3a-
BHCHMO; BO-BTOPEIX, MOXKHO BBECTH Kaxue-iubo mpaBuaa. B mepsom ciydae
FOBOPAT O CAYUYalHOH MepKOJNSLHH (MaTeMaTHKH Ha3blBAlOT ee elle NepKoJs-

unelt BepHyasiu), BO BTOPOM — O KOPPEJHPOBaHHOH.

Puc. 1.1. Ilepkonsuus Ha KBagpaTHO# pelueTKe pasMepoMm 3 X 3 KJIETKH,

OILHHM H3 OCHOBHbBIX BOTIPOCOB, H& KOTOPbIE NbITAETCA OTBCTHTL TEOPHA
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[ePKOJIALMY, — IIPH KaKOM J0Je p, 3aKpalleHHbIX KBaAPATOB BO3HUKAET Lie-
JIO4Ka YEPHBIX KBAJPATOB, COEAMHSIOIAs BEPXHIOI H HHIXKHIOK CTOPOHbL Ha-
e ceTku? Jlerko coobpasuth, UTO IJsl CETKM KOHEUHOrO pasMepa TaKue
HENMOoYKH MOTYT BO3HHKaTh NpH pasHblX KoHUeHTpauusix (puc. 1.2). Onnako,
'€CJIM pasMep CeTKH L ycTpeMuTb K GECKOHEYHOCTH, TO KPUTHYECKAas KOH-
UeHTpalMs CTaHeT BroJHe onpefesneHHod (puc. 1.3). D10 cTporo nokasaHo.
Takyio KPUTHYECKYIO KOHLEHTPALUIO HASHIBAIOT N0p02 NepKOAAUUL.

Puc. 1.2. Pasnuunble BapHaHTHL 3aM0AHEHHS DELICTKH,

L<oo —

Pe 1

Puc. 1.3. BeposiTHOCTb BO3HUKHOBEHMS NEPKOAALUMH P B 3aBUCHMOCTH OT [0-
JIM 3aMOJIHEHHBIX Y3/10B p. [1afikas KpuBas COOTBETCTBYET pellleTKe KOHEUHO-
TO pasmepa, cTyneH4yaras — OeCKOHeUHO GOJBLIOH pelleTke.

MoxeT BOSHHKHYTh PE30OHHBI BONPOC: @ KaKoH, COOCTBEHHO, CMBICT B
3THX 3ajlayax? [laBaliTe npeacTaBHM, 4YTO uUepHble KBajpartkl — 3TO IIpO-
BOOHHK, a Gesnie — wu3onatop. o Tex mop, MOKa He BO3HHKHET LErouka
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NPOBONSAIMX Y4acTKOB, CBA3bIBAIOILAN BepX M HH3 06pasua, obpaseu Oyzer
U305 TOpoM. [Ipy BO3HUKHOBEHHH LIENOYKH €& CBOHCTBA M3MEHATCA CKaYKOM,
npou3oiteT a3oBlil Mmepexon, o6pasel] CTaHET MPOBOJHUKOM.

Ecny paccmMaTpuBaTh 4epHbIE KBAZDATHKH B KauecTBe MOJEKYJ, TO OG-
PAa30BaHHE LENOYKH MOJIEKYJ, IPOHU3LIBAIOLIEH BCIO CUCTEMY COOTBETCTBYET
o6pa3oBaHuio reqs. Ecau nonarate, 4To 4epHbi€ KBAAPAThl — 3TO MHKPOTpe-
IIHHB, TO 06pa30BaHUE LETIOUYKU TAKMX TPELLMH . TPHBEAET K paspylIeHHIO,
packajbiBaHHio 06pasua. JTOT CIHCOK JIETKO MOXKHO TIPOAOJIKHUTB.

Hrak, nonbsa TeopuH NEPKOJIALNH, B YaCTHOCTH, B TOM, UTO OHA [I03BOJISET
OTHCATb MpOLECCH CaMoH pasHON MPHPOAB, KOrAa NMPH T/IaBHOM H3MeHEHHH
OIHOTO H3 NapaMeTpPOB CHCTeMbl (KOHLEHTpPAUWU YEro-T0) CBOHCTBA CHCTEMH
MEHSIIOTCS CKauKOM.

1.2 HeMHOro TepMHHOJIOTHH

CanoBo neprxoaayus (percolation — anri.) o3HauaeT npotekanue, B pyckoi
JIUTEPATYPe MOXHO BCTPETHUTb U TEOPHS NEPKOJAIHH, H TEOPUS NPOTEKAHHSA
M faxKe Teopusi npocauuBaHus. HasBaHue BO3HHMKIIO B CBASH C TEM, YTO Pl
NepBRIX paGoT B 3TOM HampaB/JeHHH OblJl NMOCBALIEH MpOLECcaM MpocayuBa-
HUs (MPOTEKaHHs) KUAKOCTEH WM ra3oB depe3 mopucTtylo cpely. o cHx
MOp 3TO HaTpaBJeHHe 3aHUMaeT CYIIeCTBEHHYI0 4acTh B paboTax IO TEOPHH
NEePKOJISILHH.

[Toxkanyit, Haubosee pacnpocTpaHeHHLIMH 3alayaMM TEODHH NePKOJALHH
ABJISAIOTCH peulemounsie 3adayy: 3afada y3JaoB U 3a1a4ya cBA3eH.

PerieTounbie Moesnu B MEPBYIO ouepelb NIPeACTABJSIOT HHTEpeC C Teope-
THYECKOH TOYKHM 3DEHHSH, MMEHHO JI/IsSl HUX JI0Ka3aH psll CTPOTHX yTBEPXKACHHH
¥ cooTHOWeHUH. K HacTOsIeMy BpeMEHH IIPOLIECCHl IIPOTEKAHHUS Ha pelleTKax
U3y4YeHbl U MOHATH HOCTAaTO4HO Xopowo. C Apyroi CTOPOHBL, 3TH 3aJa4H HMe-
0T ¥ MPaKTHYECKYIO 3HAUHMOCTh: JlaXKe TaKOH NPOCTOH MO OKa3biBaeTCs
IOCTaTOYHO, 4T0OBl OMUCATL, HamnpuMep, (a3oBLIH MEpexon napaMarHeTHK-
¢heppoMarHeTHK, NpoLUece pacnpoCcTpaHEHHs 3MUAEMHH HJIM JIECHOTO noxapa.

B XHMUH Teoprs NEPKOJSLMH NPUMEHAETCH [/ ONUCAHUA IIPOLIECCOB MO-
JUMEepH3alluK MM CBA3LIBAHHA MaJEHbKHX MOJEKY] B MaKpomojekyanl (re-
au). B 6uosoruu pacnpocTpaHeHUe 3MHAEMHH MOXHO OMUCaTh ¢ MOMOLLBIO
MOJAEAH CBA3eH. DTa e MOAeNb OMUCHIBAET MO¥XKap B JecCy, €CJH BepoAT-
HOCTb Nepefayu UHGEKIHH OT 60NLHOTO KMBOTHOIO 3(0POBOMY 3aMEHHTh Ha
BEPOATHOCTb PACNPOCTPaHEHUs] OTHSI OT ropsilero aepesa K cocenHeMy. Kpo-
Me TOFO, TeOpUA HAXOAWUT WIHPOKOE NpPHMEHEHHEe NJIS OMHCAHHA Pa3IMYHBIX
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HEYNOPAAOUEHHbIX CUCTEM B XHMHHU U (PU3MKE: TIOPUCTHIE H aMopbHble MaTe-
puaJbl, BKJAIOYAsA W TOHKHE NJIEHKH; HEYTIOPSAOYEHHbIE HOHHbIE POBOLHUKH;
ranakTHYeCcKHe CTPYKTYPHL.

PaccMoTpHM BecKoHedHY KBaapaTHYK ceTKy. DH3uK Hasomer TaKyI0o
KOHCTPYKIHIO TIEPHOANYECKOH KBaAPATHOH pellleTKol, a MaTeMaTHK — GeckKo-
HEYHBIM peryjsipHbiM rpagom. HasoBem ToukH nepeceueHus JUHHH y3iamuy
(B MareMaTH4eCKUX PaboTax MX OOBIYHO HA3LIBAIOT BEPULUHAMU, B CTapbX
CTaTbAX MOXKHO BCTPETHTh TePMHH amon). Camu JUHUM OYAEM Ha3blBaThb
c6A3AmMu (MaTeMaTHKH HCIIOMB3YIOT TePMHH pebpo).

B sapaue cBaseit uulyT oTBeT Ha Bompoc: KaKyio J0JI0 CBA3ell HYXHO yia-
auth (nepepesarh), 4ToGbl CeTKa pacnajiach Ha aBe yacTH? B 3amaue ysios
GJIOKMPYIOT Y3J1bl (YAAJSIOT y3e, lepepe3aioT Bee BXOAALIME B Y3e CBA3H) H
MHLYT, NIPH KAKOH foJie GJIOKHPOBAHHBIX Y3JOB ceTKa pacnanercs (puc. 1.4).
[TonaTHO, 4TO KBagpaTHas CETKA SIBIAETCA TOJABLKO OJHOH M3 BO3MOMHEIX MO-
menied. MoKHO paccMaTpHBATh NMEPKOSLMIO HA TPEYTOJHOH, LIeCTHYTOJBHOMH
CeTKax, JepeBbsiX, TPEXMEPHBIX pelleTKaX, HanpuMmep, KyOHUecKo, B mpo-
CTPaHCTBE ¢ pa3MepHOCThi0 Bouabiie 3. CeTka He 0683aTENbHO NOJKHA OBITD
perynsiprod. PaccmMaTpHBaloTCs MPOLUECCH H Ha CAY4aHHBIX pelleTKax.

L4 |
¥ * *
O oo ®

e

»

Puc. 1.4. 3agaua yasos (cnesa) u 3amaua cesseil (crpaBa) Ha KBaapaTHOMH
peleTke.

Llenouka cBsizaHHBIX OOBEKTOB, HaNpUMep, YepHLIX KBaApaTOB, Ha3blBa-
€TCs B TEOPHHM NepKoasuud xaacmep (cluster — aura. — rposan). Kia-
CTep, COENHHAIOWMH [BE NPOTHBOMOJOMKHbLIE CTOPOHBI CHCTEMbI, Ha3bIBaeT-
¢ neprossyuonnum (percolating), 6eckoneunsim (infinity), cmacusarouum
(spanning) uau coedunsrouun (connecting). Visyuernue cBOHCTB COEAUHSAIO-



12 | BeeneHue B TEOpHIO NMEPKOIALMH

Iero KjaCrepa — elle OAHA M3 3ajay Teopuu nepkoasudu. Huxke mopora
NEPKONALUH UMEIOTCS TOAbKO KacTephl KOHEYHOrO pasMepa.

Kpome onpenesnenus 1opora nepkoJ[lii BHYHCASIOT CleNyIOLIMe XapaK-
TEPUCTHKH

(INg) — cpefiHee YHMC/I0 KJAAaCTEPOB pa3Mepa s.

N — no.mji\?e> YHUCJIO AYEeK.
ns(p) = ( Ns — pacnpefiesieHHe KJacTepoB 10 pasMepa,

> 5n4(p) — MOJHOE YHCAO 3aHATHIX AYeeK.

8
$Ng(p) — KOMMYECTBO 3aHATHIX fAUeeK, NPHHAANEKAIUNX KAacTepaM pas-
mepa s.

sn
Wy = Z o(P )) —BepOATHOCTb TOTO, UTO CAYYalHO BROpPAHHBIH 3aHATHIHA
ns(p

y3e. NPUHALNENKAT KJIacTepy pasmepa s.

Zszns(p)
S =3 8 = — CpelHHH pa3Mep KJjacTepa.
8 ’ Z $1s(p)
Nw u
Pio(n) == — BEpOATHOCTb TOrO, YTO CAy4YaHHBIM 06pPasoM Bbl-
o N3EUHF[TI:IX
GpasHbIH 3AHATLIH y3€.l MPHHANNCKHT CTATHBAIOLIEMY KIacTepy.
, 1
() = Z r; — paguyc-BEKTOP LEHTpa Macc KJacTepa.
S =1
1 i
R2 = S (ri — (r))? — pamuyc UMPKYAALMH.
1=
23 (R2)s%n,
£(p)? = 2 — [JKHHA KOPPESiLHH.

5. 8%,

Hcenenyror ;amxe CJEAYIOLIHNE BOMPOCHL:

® CTPYKTypa CyOKDHTHUECKOH H CynmepKpUTHUECKOi (has;
® 4YTO NIPOMCXOOHT BOJIM3U MOpPOra NepKOJsiLHH;

® KaKoBa CTPYKTypa MepPKOJALUHOHHOIO KJacTepa;

® KaKOBBI 3Ha4YE€HUS ¥ CBOHCTBA PA3JMUYHLIX MAaKPOCKOIMMYECKUX BEJIUYHH,
KaK, Hanpumep, CpeNHUH pasMep KJaacrTepa;

® 4TO NPOUCXOLHT NMPH H3MEHEHHH CTPYKTYDH PELIeTKH U PasMEepPHOCTH
MPOCTPAHCTBA.
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LIero KJacrepa — elle OAHA M3 3a4ad TeopuH MNepkosasuuu. Huxe mopora
NEPKOJIALUH HMEIOTCS TONbKO KJACTePhl KOHEUHOro pasMmepa.

Kpome onpenenenus 110pora HepKOJSILAA BRYHCIAIOT ClEAYIOLIKE Xapak-
TEPUCTUKH

(IV5) — cpenHee uMCiI0 KAaCTEPOB pasmepa s.

N — nosHoe 4ucao syeex.

_ (Ns)
ns(p) = —hy T Pacnpenesienye KJacTepos 1o pasmepan.

Y. sns(p) — MONHOE YHCAO 3aHATHIX AyeekK.
8
$Ng(p) — KOMMYECTBO 3aHATHIX AYeeK, NPHHAMEKALINX KJAACTEPaM pa3-

Mepa s.

sn
Wby == S(p) —BEepPOATHOCThL TOT'O, UTO CAYUYAKHO BHIOPAHHBIM 3aHATHI
Zns@

y3ed HpHHaJlJIe}KHT KJ1aCTepy pasmepa S.

Zszns(p)
E=), sy = — CpelHWH pasMep KJaacTepa.
A ST
Noo "
P.ip) = I — BEPOATHOCThL TOr0, YTO CAy4yaHHBIM 06pasoM BbI-
BBHHTI:IX

6paHHbIH 38HHTbIH y3eJ MPUHANJIEXHUT CTATUBAIOIIEMY KJIACTEpY.

fry = E Z Iy — Pajinyc-BEKTOpP LEHTPa Macc KJaacTepa.
=
R = g Z(ri ~ (r))? — pannyc UMPKYAALHH.
i=1
23 (R%)s%n,
8

— JJIHHA KOPPEeNsiHH.

2
£(p)” = S o
Hcenenyior ;amxe CJeNyOLIHE BOTPOCHL:;
® CTPYKTypa CYGKDHTHUYECKOH M CyNepKpHTHUYeCcKOH (a3,
® 4TO NIPOMCXOOWT BOJIM3M MOPOra NepKoJIsiliuH;
® KaKOBa CTPYKTypa NEPKOJALHOHHOTO KaacTepa;

® KaKOBbl 3HaY€HHS H CBOACTBA PA3JUYHBEIX MAaKDOCKOIIHYECKUX BEJTUUYHH,
KaK, HanpuMep, cpefHui pa3Mep KJaacTepa;

® 4TO NPOUCXONHT NMPH H3MEHEHHH CTPYKTYDHl DEIUETKH H DA3MEPHOCTH
TPOCTPAHCTBA.
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P. &

Pe 1 p

Puc. 1.5. CxemaTtnyeckoe HaobpaxeHnne 3aBUCUMOCTH Po(p).

Pc 1 P

Puc. 1.6. Cxematuueckoe n3obpaxkeHHne 3aBUCHMOCTH S(p).
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NEePKOIALMN UJIH KPUTHYECKAs KOHIEHTpalUd paszenseT ABe (asbl: B of-
HOH (pase CyIIeCTBYIOT KOHEUHLIE K/JAacTepsl, B APYrOM CYLLECTBYET OAHH Bec-
KOHEYHBIH Knactep. PaccMoTpum, Hanpumep, MarHUTHEIH (a3oBeI Nepexos.
[Ipn HM3KMX TeMnepaTypax HeKOTOpHE MaTepUasbl HMEKT HEHYJIEBYIO CIOH-
TAHHY0 HaMarHu4eHHoCTbh. [Ipy yBesnuyeHMM TemnepaTypel CNIOHTAaHHAas Ha-
MarHM4eHHOCTb HENPEPbLIBHO YMEHbLIAETCA U IIPM KPUTUUECKOH TeMIlepaType
ucyesaet. B niepKosiLuK KOHUEHTpaLMsl 3aHATHX Y3JIOB HIPaeT Ty Xe Poilb,
4TO U TeMIlepaTypa B TeMNepaTypHLIX (0a30BhIX Nepexojax. BeposaTHOCTD, UTO
y3eJ IPHHAAJNEXHT GECKOHEHUHOMY KJacTepy, aHaJ0rHYHa [1apaMeTpy NopaaKa
B TEOPMU TEMNIEPATYPHHIX (Pa30BHEIX 1epexonoB. MHoOrHe BaXxKHbie XapaKTepH-
CTHKHM KJlacTepa (IJ1MHA KOPPeJISliHH, CpelHee YucJo y3/0B) B6IM3U nepexoaa
ONMUCBIBAIOTCA NIOKA3ATEbHON PYHKUMEH ¢ pas/HYHbIMH KPUTHUECKHUMH [10Ka-

3aTeJIAMHU.
Y ns(p) o ip ~ pof*®

Pu(p) = sns(p) o |p— pel?

-
é(p) X (pc )

DTH TNOKa3aTeNM SIBJSIOTCS YHUBEPCAJIbHBIMM, HE 3aBMCAINMMY OT BHJA
PelIeTKH, THNA NMEPKOJSINH, 8 TOJLKO OT PA3MEPHOCTH NPOCTPAHCTBA 3a1a4uM
(Tabauua 1.1). Kputudeckue nokasatenn CBSI3aHB MEXLY coBoii COOTHOLIE-
HUSIMH

a=2—dy=2-28~-~,

~

d=-=+1,
B

_9_ 1

n "

20+~ = vd,

rae d — pasMepHOCTb TPOCTPAHCTBA, DTO COOTHOLIEHHE CJeAyeT H3 Mac-
WmabHOU UHBADUAHMHOCMU UAN CKellAuHea — HeU3MEeHHOCTH YPaBHEHHH
NpU H3MEHEHHU BCEX PACCTOSIHMI B OfMHAKOBOE YHCJIO Pas.
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Tabauua 1.1, 3HaueHus KpUTHYECKUX ToKa3aTenei [27,125]

PasmepHocTh npocTpaHcTBa

d=2 |d=3 d=4|d=5|d>6
¢ 5/36 | 0.417=0.003 | 0.5 0.7 1
v 4/3 0.875=0.008 | 0.7 0.6 1/2
v 43/18 | 1.795=0.005 | 1.8 1.6 1

1.5 Touno pemaemble 3aga4yd TEOPHUH IIEPKOJIS-
8200

Tosneko OYeHb He3HAYHTENbHOE YHCJIO Pe3YJALTATOB B TEOPHH NEPKOJSUMH
nojayuyeHo TouHo. HekoTophle aHanuTHueCKHe pe3y/ibTaThl GYAYT H3J0KEHH B
3TOM paspeJe.

1.5.1 Ilepxkonsuusa Ha OJHOMEPHOH LETOYKE

PaccMOTpHM OZHOMEPHYIO LENOuKYy, B KOTOPOH KaMKIblH y3es 3aHAT Cay-
YaHHbIM 00pa3oM ¢ BeposiTHOCTHIO p. Kiactepsl mpencrabasioT co6oil rpyr-
B COCEJHUX 3aHATHIX Y3J0B. ¥3Jbl, COCEACTBYIOLIHE C KpaHHHM JEBLIM H
KpalHHM NpaBbIM y3/1aMH AOJXKHBI ObITh MyCcThIMU. [1oCKONBKY GeckoHeyHbIi
KJlacTep MOXKeT BO3HHKHYTh, TOJbKO €CJH BCe Y3/l B LIETOYKe 3aHATHI, TO,
CJIeJ0BATENBHO, p, = 1. MTaK, Takne BeJUUHHBl KaK KOppeNsIHOHHAsA AJHHA
HJIM CpeHee YHCJO Y3JI0B B KJjacTepe MOTYT OblTb BhIYMC/AEHBI TOJLKO HHXKE

De.

O———8—0—0

Puc. 1.7. Knacrep Ha 0IHOMEDHOH Lieroyvke,

Haunem ¢ xoppenfiLlHOHHOMH InHHB & H KOPPEJNSLHOHHON hyHKUHHE g{T),
KOTOpas mpefcTaBaseT cobol cpelHee YHC/IO Y3JI0B B TOM XKe caMOM KJacTepe



1.5 TouHo pemraembie 3ajauu TEOPHH NEPKOJSLHH 17

Ha PacCcTOAHUM T OT MPOoM3BOJILHO BhlGpaHHOro ysna. ITockoubKy nBa yaua,
PA3/CNEHHBIX DACCTOSHHEM 7, IPHHAAJIEKAT ONHOMY M TOMY XKE KJACTepy, TO
BCe 7 — 1 Y3/I0B MEXK/ly HMUMM JOJMXKHH OBITb 3aHATH. TakK Kak Y3Jbl 32HATH
CIyYalHBIM 06Pa3oM ¢ BEPOATHOCTHIO P,

g(r)=2p" (1.1)

Muoxurear 2 BosHuKaeT u3 Toro akra, uTo y3ea MoxXeT OBITh HJM ciie-
Ba MM CripaBa OT HcxofHOro ysna. KoppessiuuoxHas njuHa onpenefseTcs
KaK CpelHee paccToAHMe MeXAy ABYMS Y3JaMH, NPHHALNENKALWUMH OLHOMY
¥ TOMY e KJacTepy,

§ r2g(r) § rip" .
62 _ r=1 s r=1
;19(7“) ; P

ITH CyMMB! MOI'YT GbITh JIETKO BHIYHC/EHBL. Toraa

1+p  1+4p
(1-p)2  (pc—p)?

Takum o6pasoM, B oHOMepHOM caydae v = 1. Vcnoabsys 3T0T pesynbrar,
MOXHO BBIDa3HTb KOPPENALHOHHYI0 QyHKUHIO g(r) BGAU3H p,

£ =

frl
Ing(r) 7
A€ KOppeJsALHOHHAS LJIHHA § PABHA PACCTOSIHHIO, HA KOTOPOM KOPpeJisiLHOH-
Hasi PyHKUMS g(r) yMeHbLIaeTcs B e paa3.
Tenepb paccmoTpum cpenHiol0 Maccy KnacTepa (cpeaHee 4uC/IO Y3J0B B
knactepe) S. Cpennss mMacca MOXKeT ObITb 3aNHcaHa Kak

S=1-) g(r). (1)

e 1 BO3HWKAET U3-32 MCXOOHOTO Y3J1a, KOTOPLIH 110 MPeioNoKeHHIO ABJIA-
eTcsl 3aHATHIM. Torna u3 (1.2) caeayer, 4To

0y L S (1.3)

S =
1—}9 pc_l
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M, CNeA0BaTesbHO, B ONHOMEPHOM cJayuae v = 1,

Bennunna, koTOpas MrpaeT UEHTPa/IbHYIO POJib B ONUCAHWM KAaCTePHOM
CTaTUCTHKHU, 3TO BEPOATHOCTDL TOTO, UTO AAHHBIH Y3€e/ PElUIeTKH NMPHHAAJEKHUT
KJacTepy U3 s y3j0B. B cayuae nemouku 3ta BeposTHOCTb paBHa sp(l —
p)%. MHOXWUTENb § BO3HMKAeT M3-3a TOrO, YTO BLIGpAHHBIA y3€s MOXeT ObiTh
NIOOGBIM M3 5 Y3/10B NaHHOro Kiactepa. Muoxuress (1 —p)? nossasercs us-3a
TOTO, YTO KJacTep 00g3aH ObiTb OKPYXKE€H MYCTHIMH y3JaaMu. B onHomeprom
Clly4yae TaKMX 'PAaHMYHBIX MMYCTHIX y3Ja Tosnbko 2, OObIUHO TaKXKe ONpeaessioT
COOTBETCTBYIOILYIO BEPOATHOCTb B NepecyeTe Ha 1 yseda kjaacrepa g

ns = p*(1-p)°. (1.4)

OTa BEJHYHHA TaKxKe MOXKeT ObITh HHTEPIPETHPOBAHA KaK HHMCJO KJAACTEPOB
pasMepa s, HeJieHHOe Ha I[OJHOe UMCJIO Y3J0B B cHcTeMe. [To onpenenenuio,
D w1 SMs = P, 4TO MOXKeT ObITh JIErKO NPoBepeHo ¢ nomombio (1.4). Cpenusist
Macca Kzacrepa S cBA3aHa C 7, NMOCPEICTBOM BhIpaXKeHHs

o0
SN

=1 Z Mg
§=1

31ech MHOXKHTENb B CKoBKax mpencraBiasieT co6oii BEPOATHOCTb TOTO, YTO
3aHATHIN y3es NMpPUHALJEKHT KjacTepy M3 s y3aoB. Cymma B (1.3) Moxer
ObITb JIETKO BBIYKMCJEHA H, €CTECTBEHHO, NAET TOT XKe CaMblil PesysibTarT, yTo
u (1.3).

HenocraTkoM onHOMepHOI Lienouky ABJSETCA TO, YTO Bbillle NTOPOra mepKo-
JAILUY HEBO3MOXHO paccMaTpUBaTh KPUTHYECKHE cBOHCTBA cHeTeMbl. OnHako
HHXKe Mopora NEPKOJALHH CHCTEMA TIPOABASeT KPUTHUECKOE MOBeJeHHe, MO~
UMHAIOLIEECH CTENEHHOMY 3aKOHY, NON06HO cucTeMaM GoJblIel pa3MEPHOCTH.

1.5.2 Tlepxonsiums Ha aepeBe Keilau

Emwe oanoit cucremoll, 1A KOTOPO#A MOKHO MOJAYHHTh aHAJUTHYECKHE pe-
3yAbTarThl, ABagercs nepeBo Keitay (Kaau), HaswiBaemoe Takxke peweTkol Be-
Te. JepeBo KefiH HMeeT To NPerMyLIECTBO, YTO MOPOr MEPKOASAUUH HA HeM
MeHbIlle 1, ¢/lea0BaTe/NbHO, MOTYT ObITh PAaCCMOTPEHBI PEXHMEI, KaK HHXKe,
TaK W BbIUIE [10POra NEPKOJALHH.

Hepeso Keitnn — 3710 cTpyKkTypa 6€3 mereib, KOTOpasi CTPOHTCS C/IEAYIO-
UM obpasom. HauHeM ¢ LeHTpaNbHOTO y3Ja, U3 KOTOPOTO HCXOAAT 2 BeTBeil
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EIMHUYHON finHbL. KoHel KaX[oil BeTBu Takxke siBJsieTcs y3/i10M. Takum o6-
pasoM, Mbl Tosy4aeM 2z y3Jo0B, KOTOpbie 06pa3yioT nepByto 060J0YKy nepesa
Keitnu. M3 Kaxaoro ysna BeIXOOMT z — 1 HOBHIX BeTBel, obpasyio z(z — 1)
y3J10B BTOpO# oGosouky. [Ipouece npogonxaercsa no 6eckoneunoctd. Tak mo-
Jyqaercs 6eckoneynoe aepeBo Kelinn ¢ 2 BeTBSMH, HCXOAAILMMY U3 KAXKJOTO
y3na. B cryuae z = 2 nepeBo npespamaercs B OLHOMEPHYK LIETOYKY.

Puc. 1.8. Jlepeso Kefinn npu z = 3. Tlokasasbl TONBKO TepBHIE 1Ba CJIOS.

B cucreMe Her meTesb, MOCKOMIBKY MG ABa y3Ja COAHHEHB! TOJBKO
ONHHM nyTeM. EBK/MIOBO paccTOsiHHE r He HIpaeT B JAHHOM CJydae po-
JIH, pDelleTKa OMHCHIBAETCS C NMOMOUIBI0 XMMHYECKOTO PacCTOAHHS £ MEXIy
yanamu. Hanpumep, XHMHYeCKOe DACCTOSIHHE MeXIY LEeHTpaAbHBM Y3J10M H
NPOU3BOJIbHBIM Y3708, MPHHAAJEKAUMM £-Tol 060/104Ke, B TOUHOCTH PaBHO £.

{-rasi 060/10UKa JepeBa COAEPKUT PoBHO z(z — 1)~ yano0B, sKcnoHeHIH-
aJIbHO YBEJTHYUBasACh ¢ pocToM £. B d—mMepHoit eBK/MA0BOI pelueTke, Korna d
KOHEYHO, YHC/I0 Y3JI0B Ha PacCTOSHHHM £ yBesnuuBaetcs kak £9-1. TTockoiib-
Ky SKCMOHEeHUHaJbHaf 3aBUCHMOCTE MOXKeT pacCMaTPHUBAThCs Kak CTereHHas
¢ 6ecKOHEYHBIM MOKa3aTeJseM, TO AepeBo Keiin MOXeT paccMaTpHBaThCs KaK
pewretka GeckOHeYHOU pasMmepHoCcTH. M3 cBoilcTBa yHHUBepCaNBHOCTH MOXKHO
0XKMJATh, UTO KPHTHYECKHE TOKa3atenn Aas aepeBa Keitsiu 6ynyT Te Xe ca-
Mble, YTO K [JIA JI000H pelleTKH ¢ 6eckoHeuHOH pasmMepHoCThio. BoJsee Toro,
BEPXHSS KPUTHYECKas Pa3MePHOCTb ISl MEpKoAsALHH paBHa d. = 6, TO eCTb
KpHUTHYECKHe NoKa3areau GyIyT Te XKe caMbie IJIs Bcex pa3MepHocTed d 2 d..
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Mrak, MEL OXHIAeM, 4TO KPHTHYEeCKMe TI0KasaTesn Aas aepesa Keilnu Te xe
caMule, uTo U aas d > d..

Kak ¥ B 0fHOMEDHOM C/y4Yae, Mbl HAYHEM C BBLIUHCJIEHUS KOPPEIALHOHHOM
dyuxruuu g(£), KoTOpas onpeneaseTcs Kak CpejiHee YUCAO y3J0B TOTO XKe ca-
MOTO KJ/acTepa, HaXOAALMXCA Ha PACCTOSHUM £ OT NPOH3BOJIbHO BHIOPAHHOIO
3aHATOrO y3Jaa. [Tocko/ibKy ABa y3/1a Ha PacCTOSHUU £ NPUHAANEKAT OLHOMY
1 TOMY 2Ke KJacTepy, To ¥ Bce £— 1 yanaa MeXy HUMM J0JKHbI ObITb 3aHATHI.
[TockoabKy y3nbl 3aHATH CAydaiHbBIM 06pa3oM ¢ BEPOATHOCTBIO p M KaX[as
oBosouka conepxuT z(z — 1)¢~! yanos, 10

9(6) = 2(z = 1)1’ = —= (= - Dp)’ (16)
Has z = 2 nepepo Kefinu npespaiuaercs B 00HOMEPHYIO LIEMIOUKY H YpaBHEHHE
(1.6) nepexonut B (1.1).

KpuTryeckas KOHIUEHTpaLKs MoxeT GbTb jerko nojaydeHa u3 (1.6). das
£, cTpemsierocsi K O€CKOHEUHOCTH, KODPEAUMOHHAA (PYHKLUHS CTPEMUTCH
3KCTOHEHIHaIbHO K Hyaw aas p(z — 1) < 1 u pacxonutes aas p(z — 1) > 1,
CooTBeTcTBeHHO OeCKOHEUHBIH KaacTep MOXKeT TMOSABHTLCS TOJBKO, €CIH P 2
1/(z ~ 1). CnenoBaresibHO, 048 aepeBa KefiH

1

— (1.7)

DPe =

M3 (1.6) MOXKHO JETKO BHYHCJAUTDH KOPPEJSILUOHHYIO OJKHY & B ¢ NPOCTpaH-
CTBE

o= 42
> g(f)
G§=— (1.8)
> g(f)
i=1
Kak u a5 JTHHENHHON 1LeNouKH, cyMMa MOXeT ObiTh JErKO BbhIYKC/AEHA U AaeT
+
g? = ch%, NpH p < Pe- (19)
(pc —p)

Hrax, KoppeasiiMOHHbBIH 1MoKa3aTeab B £ NMPOCTPAHCTBE paBeH | Kak U B Of1-
HOMepHOM cJayyae. Kak ¥ B 0IHOMepHOM cjiydae, CPDeHAA Macca KOHEUHOro
Kaactepa S MoXKeT ObITh 3anKcaHa Kak |

S=1+) g(f) (1.10)
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Moncrasass (1.6) B (1.10), Haxomum

Pe +

i

S =Pt 2 npu p < pe. (1.11)
p

IMonyuenHoe BipakeHue ssieTes 06OGIIEHHEM pesyJ/ibTata, NOJYHEHHOro
Aqs OfHoMepHoro ciydast (1.3). CooTBercrBento, ans anepea Keitau e,

Teneps paccmorpum n,(p) — BeposiTHOCTH TOrO, YTO POU3BOJIBHO Bhl-
OpaHHBIl y3en fepeBa Keftnm NPpHHAINEKHUT KacTepy pasmepa s. B cayuae
ONHOMEDHOH LENOYKH Ny GblJia IPOCTO TPOH3BEAEHHEM BEPOATHOCTH p° Toro,
4TO § y3JI0B 3aHATHI, Ha BeposiTHOCTS (1 — p)? Toro, uTo 2 yaaa Ha nepuMeTpe
NyCTHIE.

Jliisi onHOTO K/acTepa pasMepoM s HMEETCS TOMBKO OIHA BO3MOXKHAS pe-
anusauus. B obwem, BeposTHOCTE OGHAPYKHTE KJacTep, COCTOALIMH H3 s
Y3JI0B ¥ MMewoLluit nepumetp t paeHa p®(1 — p)t u umeercst Goaee OxHOL pe-
allH3dlHK AN KjacTepa pasmepa s. Kiactepsl ¢ ogHHM M Tem XKe § MOTyT
HMeTb pasnniHele . Ha kpanpartHoii pewierke, Hanpumep, KJIAaCTep H3 Tpex
Y3/I0B MOXET HMETb HJIH CeMb WJIH BOCEMb Y3JOB MEPUMETPA, B 3aBHCHMOCTH
OT TOTO, 00pasyeT y3/bl COOTBETCTBEHHO JIHHHIO HJIH npamoR yroa. Urax,
MOZKHO OTPEACJIHTD BEJIMUHHY g, ¢, KOTOPAS JaeT UHCJIO KOH(HUTypaLuii Kia-
CTepa u3 s y3J/ioB, ¢ mepumeTpoM ¢. Jas KaacTepa U3 3 ys/oB Ha KBajpaTHoOH
PelIeTke g3 7 = 4 U g3 s = 2. Obllee BupaxKeHHe s N, UMEET BHI

ng = ng,tp‘g(l = mf. (1.12)
t

Ha pnepese Keiiiu B mnpoTHBONO/IONXHOCTS KBaJpaTHOH pelIeTKe, HMEETCH
CAMHCTBEHHOE COOTHOLIEHMe Mexay s W t. KnacTep, cocToswuil U3 oaHOro
y3/1a, OKpyxeH z ysnamu nepumerpa. Kaacrep, cocrosmuil u3 nByx yauos,
OKpPYeH z + (2 — 2) mycThIMH y3iamu. B o6uem, KjacTep pasmepa s MMeeT
Ha z — 2 y3Ji0B nepumeTpa GoJblle, Yyem KaacTep U3 s — 1 yaaa. ObosHauas
AHCMIO y3/I0B IEpUMETPa KJ1acTepa H3 8 Y3/10B yepes t(s), moaydaem

t(s) =24 (s —1)(z —2). (1.13)
Tak nns nepesa Keitnn ypasnenne (1.12) npeBpaLlaeTcs B
ns(p) = gsp* (1 — p)** 2% = g,(1 - p)? (p(1 - p)*~2)°, (1.14)

TA€ gs — MPOCTO YUCJ/IO KOH(HUIYpaUMH KJacTepa M3 s Y3/0B. 3aMETHM, 4TO
ypaBHeHHe (1.14) sBasercsi oGWUFM M CNIpaBeaMBO IS BeeX 3HAYEHHH P.
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Hac unrepecyer nosesenne n, B6JIH3U KPUTHYECKOH KOHIEHTpal K. Pas-
aoxuM p(1 - p)*~2 B psin B6AM3KM TOUKK P, = (2 — 1)L,

ns(p) < ns(pe) fs(p), (1.15)
- ( 2\’
D — Pe
o) = (1 - 2p2(1 —pc))

IKCIOHEHIHAJIPHO YMEHbIIAETCH JJIA 60/ bLIHX S,

fs(p) = exp(—cs)

¢ x (p—pe)>.

CooTBeTCTBEHHO BOMH3U p. fs(p) ABASETCA QYHKLUHMEH TONBKO ONHON nepe-
MeHHOH (p — p.)s” ¢ o = 1/2. DT0T pesynbTaT cnpaBeiyIHB 4Js BCEX p Kak
C/eBa, TaK ¥ crpaBa 0T p.. [loKasatenb o NMOKa3bBaeT, KaK GbICTPO YMEHb-
LaeTCs YMCJIO K/IACcTepoB pasMepa s Kak (PyHKUMA s BOJIW3H MOPOra repKo-
nsuxd. Ha mopore NepKoMiLHK 9TO yMEHBIIEHHE ONMCHIBAETCS MHOMKHTEIEM
fs(p). B npunuume, 115 nepesa Keitau BO3MOKHO MOMY4HTh TOYHOE 3HAYEHHE
AJSL gs M, CNEL0BATENBHO, ANS Ns(Pe), HCNOMb3YST KOMOHHATOPHEIE COOGpaKe-
HHsl. BMecTo 5TOro Mbl Mpeamosoxum, uto ns(p.) NOAYHHSIETCS CTENeHHOMY
32KOHY

ng(pe) ox s~ 7 (1.16)

Torza nokasatesnp T MoXxeT 6biTh onpenesed 13 (1,2) (1.15)

>0
1 ;
S = - §%ng(p) x 32 TeT% /32“76_“ ds. - (1.17)
[oacrasass z = cs, noayyaem
Soce” 3 /zz_""e_z dz. (1.18)

Has 7 < 3 uHTerpann cXomuTCst AJA ¢, CTPEMAWMXCA K O, U Mbi noJy4Jaem
S x |p — pe| T3 yau -

Y =— (1.19)
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[TockoabKy ¥ =1 u o = 1/2, nosnyyaem 7 = 5/2, 4TO corsacyercs ¢ HallKM
TIpeLI0J0KEHHEM O TOM, 4TO T < 3.

Tenepb paccMmoTpuMm Po.. MMeeTcss mnpocToe cOOTHOLIEHHE MeXIy ng H
Poo. Kaxpplil ysen pewmeTkH Jaufo MycToH ¢ BepoATHOCTbIO 1 — p, aU60 3a-
TIOJHEHHBIH H TPHHA/JIEKUT GECKOHEYHOMY KJACTEPY C BEPOSATHOCTBIO pP.,
Au60 3aTIOJHEHHBIH U He TIPHHALMEXUT 6€CKOHEUHOMY KJacTepy ¢ BepPOSiTHO-
ctbio p(1 — Poo) = >, 815, DTO MPUBOIUT K TOYHOMY COOTHOLIGHHIO

1
Po=1-=< SN, (1.20)
p o

KOTOpO€ Mbl HCIIOJIb3YeM AJA oIpedeneHUs nokasareas 3. Huxe mopora mep-
KONSALMH Y SNs =p U Poo = 0.
| Ecny monuitathbes, Kak MBI Jesanu paHee, 3aMEeHHUTb CYMMY Ha MHTerpad,
' To vHTerpasn Oyfer pacxomuTbcA IpH ¢ cTpeMsawmeMca K O M He MoxeT pac-
CMATPHUBATLCH KaK KOHCTaHTa. Yro6nl nabexkaTb 3TOH HCKYyCCTBEHHOH pacxo-
aumocTH, 3anuuiem (1.20) B Buge

Pro = = 37 s(ma(pe)a(s) + (¢ — e}/ (1.21)

DTa cyMMa NponopuyoHaibHa

CT"Zle_T(l —e %) dz.

TockoabKy L/Ist MaJIBIX 2 1 — €% A z, MHTerpan 6oJblue He PACXOANTCA U
Py x ¢"% + const x (p — pe). (1.22)
Orkyna

T—2
o

3=

(1.23)

Takum obpasom, aas gepea Keiinn 3 = 1. 3ameTuM, 4To 1Js nepesa Keilsiu
06a ciaraembix B (1.22) umeioT onHHAKOBHIH NOpsAOK. Ilaisi OOBIYHBIX pelle-
TOK TO XK€ CaMoOe Bbipa*K€HHE MOXeT ObITb HUCNOJNb30BAHO /A HAXOXKAEHHS
KpuTHuecKux rnokasarenes. [lockoasky (7 — 2)/0 < 1, To nepBoe caaraeMoe
OOMUHHDYET.
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Py # S MOryT paccMaTpuBaTbCs B KayecTBe [1€PBOTO M BTOPOr'0 MOMEHTA
¢yHKUHH pacnipenesieHUs KaacTepoB ns(p). Hynepoit moment My = 3, ny
NpeACTaBJIAET CPefHee YHCIO0 K/IaCTEPOR Ha y3es PelIeTKH,

My = Zns x |p _pc[2_a:
8

YTO MO3BOJISIET ONpeleJUTh KPUTHUECKHH Nokasatenb o. CyMMma MOXeT BhHI-
YHCJeHa TaK, KaK 3TO AeJiajJock BHILIE, YTO faeT
T—1

2 —im = A
o

oTkyzaa aas pepesa Keinun o = —1.

‘Crnepyer 3aMeTUTh, 4TO B OTAMYHE OT KPHUTHUECKOH KOHLUEHTPALMH Do,
KPUTUYECKUe MoKasaTend «, 3, 7, 0, T He 3aBHCAT OT z — (aKT, KOTOPLIH
OTpaxkaeT CBOMCTBO YHHBEPCANbHOCTH KPHTHYECKHX NOKasaTenel.

Kak y»e ynomuHajsoch paHee, Mbl OXKHI2EM, UTC 3TH MOKasatead OynyT
Te JKe camble 1Js Bcex pewetok ¢ d £ d, = 6. Ocobyio ponb urpaer no-
KasaTesb v, KOTODbIH XapaKTepH3yeT KOPPe/asAUHOHHYI0 AJHHY & B XHMHYe-
CKOM npocTpaHcTBe. [10CKONBKY eBKJUIOBO DACCTOSHUE HE MMeeT 3HaueHUs
051 pepeBa Kelsu, MBl He MOXeM ONPeAe/IHTb KOPPEJALHOHHYI IJIHUHY B
r npoctpancTBe. OnHako cBoicTBa £ B NPOCTPAHCTBE © LJIS CJydas MOTYT
OLITE MOJYYEHbl U3 CJAeAYIOIIMX aPryMeHTOB. Bbillle KpUTHUECKOH pa3MepHo-
CTH KOppeJsiMH MEXAY ABYMS y3JaMU pelleTKd HoJiee He BaXKHEHI, W JI0O0H
NyTh NIyTb Ha KJacTepe ByzeT momgobeH ciaydyaiHoMy OJYyKAaHHIO, TOrAA

r? ol
U3 3TOro ypaBHeHHS CIEAYyeT, YTo ¥ = 1/dmin = dg¢/dy = 1/2 u, cre-
1/2 —
J0BaTeNbHO, § fg/ . IMockoabky & o |p — pc|™?, umeem v = 1/2 B 7-
MpOCTpaHCTBe AJs Beex pewetok npu d < 6. U3 cootHowenus dy =d — 8 /v
u § = 1 nonyuaem, uto dy = 4, d; = 2. IlocKOJIbKY KpUTHUYECKass pasmep-
HOCTh paBHa 6, MOXHO OXHA4Tb Ty Xe caMylo (paKTaJbHYK pa3MepHOCTb
M OAS TpocTpaHcTB Oombiuell pasmepHocTH. MTak, GeckoHeuHHH mepKoJs-

IIHOHHLIM KJiacTep fAa)ke B NMPOCTPaHCTBe GeCKOHEUHOH Pa3MEpPHOCTH MMeeT
pasmepHocTb 4,

1.5.3 TouHsble pemeHUA AJ HEKOTOPBIX NJIOCKHX PEIIETOK

Ewe B 1964 r. Cafikc u Dccam [95] HalIK MOPOTH NEPKOSILMH LIS HEKO-
TOPHIX TJIOCKHX pelneTok. Ha MHorue rofbl 3TH pe3ynbTaThl 0CTABANUCh €IUH-
CTBEHHBIMH TOYHBIMY 3HAYEHHSIMH TIOPOrOB NMepKoNALMHU. XOTSA B NOCAEACTBUH
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Obl/IM HaHIeHbl TOYHbIE 3HAYEHMUS [I0POTOB NEPKOJISLMH €LIE NJA HECKOJbKHX
NJIOCKMX PELIeTOK, A0 CHX [Op He H3BECTHBI TOYHble 3HAYEHHS NOPOroB nep-
KOJIAUHH A4 NpocTpaHcTB 00MblIed pa3MePHOCTH,

Hokpoisarowas pewemxa L¢ nomydaercss u3 uCX0AHOH L mocpenctsoM
npeobpasoBanus cBsizu B y3ea (bond-to-site transformation): kakpas cpsisb
MCXOHOM pelIeTKH 3aMeHsIeTCs Ha y3eJ HOBOH (MOKpPHIBAIOIIEN peleTKH),
y3eJ MNOKPHIBAWIIEH pEIIeTKH 3aHAT HAM CBOOONEH COOTBETCTBEHHO TOMY,
Henast WJIM Da3opBaHHas CBA3b B MCXOAHOH pelleTKe; y3Jbl TOKpPHIBAOLIEH
pelleTKU CBfi3aHbl MexxAy coboi, ecsJHd COOTBeTCTByWUIMEe pefpa HCXOmHOMH
peuleTKy MMesiu ofwuit ysen.! 3ajaua cBA3eil Ha MCXOJHOH pelIeTKe SKBH-
BaJIeHTHA 3ajaye y3JI0B Ha MOKphIBawlleH peweTke. B cBfA3u ¢ 9TUM 3apmauy
y3J10B cuuTaloT Gosiee oblledl M 3auacTylo OrPaHHYMBAIOTCA TOJBKO ee pac-
CMOTDPEHHEM. '

QueBuaHo, uTO

Per(L) = pes(LF) (1.24)

Coomsemcmesyrwowasn (matching) LM uau dyarvrnas (dual) u ucxonxas
pelwetkr 06pasyioT NONOJIHHTEABHYIO napy. [Ipearnonaraercs, 4To Mexny pe-
IIETKaMH CYLIeCTBYeT B3aMMHO OJHO3HAUHOE COOTBETCTBUE: KaxKioe pebpo
MCXONHCH DElIeTKH MepeceKaeTcs OAHWUM pefpoM AyalbHOH (COOTBETCTBYIO-
me#i). Bosee Toro, npeanosaraercs, 4To eCaH peSpo UCXOAHOH PELUETKH Lie-
Joe, TO nepecekaoinee ee pebpo LyanbHOM — pa3opBaHo ¥ Haobopor. CooT-
BETCTBYIOLIAs PelleTKa ONpeaesseTcs CAefyUM 00pa3oM: B cepenuHe Kax-
IO¥ TPaHHM MCXOLHOH pellleTKH CTABAT HOBHIH y3es (y3en AyanbHOH peIeTKH),
KOTOPLIE COEAMHAIOT APYr C APYrOM, €CJM OHM JieXKaT Ha COCeAHMX TpaHsX.
Ecnn cooTBeTcTBYyIOLIAA pelIeTKa COBMAaeT C MCXOAHOH, TO HCXOAHYIO pe-
LeTKy Ha3nlBalOT camodyaavrol (self-matching, self-dual). Ilpumepom Takoh
pelleTKH fABJSAETCS KBagpaTHas.

MoHO BBeCTH COOTBETCTBHE MEX/y 3a/aued CBA3eH Ha OQHOH pelleTKH
M 3apa4el y3/0B Ha [pyroi. Takol COOTBETCTBYIOLLEH Napoi GYAyT TpeyroJb-
Hasi ¥ KBaJpaTHas PeleTKH.

Caiikc u Dccam [95] nokasanu, uto

pe(L) + p(LM) =1 -~ (1.25)

1310 ¥ nocneayoumEe onpenenenus, NpHESTHE Y QH3UKOB, PEKOMEHIYETCS CPARHHTE C op-
ManbHBIME ¥ CTPOTHM MaTeMaTHUEeCKMM oTpelefieHHeM, faHHbM B [Ipunoxeruu B.
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TpuanrynupoBaHHble pelIETKH

}lJIH BCEX TPHaHTYJUPOBAHHBLIX DEIIETOK, T. €. OAM PELIETOK, BCE IPDaHH
KOTOPLIX — TPeyroAbHHUKH, CJAENYET, 4TO NMOPOT NMEPKOJAALUHH B 3a4a4€ y3J/10B

e = 1B
KBanparHas pemerka

M3 cooTHoweHus (1.25) caenyer, yTo NOpor NepKoOJsLUUH B 3afaye CBs3eH
Ha KBajpaTHOMH peleTke paBeH 1/2.

TpeyroabHas pemeTrka

Caiike ¥ JccaM JOMONHHUTENbHO J0KA3aJU ¢ HCNOJb30BaHKe npeodpasora-
HUS «3Be30a—TPEYToJNbHUK», HTO B 3afaye CBsized OJs TPeYyroJbHOH pelleTKH
TIOPOT MEPKONALKH PaBeH eJUHCTBEHHOMY paccroJokeHHoMy Mexgpy O u 1
KOPHIO KYOHYeCKOr0 YpaBHEHUS

1-3p+p°=0
Otkyza, p. = 2sin(w/18) ~ 0.347296. . ..

IlecTuyroiabHasi pemeTKa

[ToCKOJIBKY MIECTHYTOJIbHAS PelleTKa ABJSETCS AyaibHOM s TPeyrois-
Ho# (cm. puc. B.9 Ha crp. 89), To M3 mocnennei popmyasl 1 (1.25) crenyer,
yTo p. = 1 — 2sin(w/18) ~ 0.652704......

Pemerxka Karome

[Tockonbky pewierka Karome siBisieTcs MOKphIBAOIeH AJs LUECTHYTOJb-
Holt pewieTkH (puc. 1.9), To nocseHee 3Ha4YeHHE onNpeneaseT NOPOr MePKOJs-
MM 3a1a4u cBf3el Ha peruetke Karome.

Pemerka (3,122)

[opor nepkossiuuu Aas pemerku (3,122)? moxer ObTL OnpeseseH TOY-
Ho [94]. Hoka3are/bCTBO OCHOBBIBAETCS Ha CXOLCTBE CTPYKTYphl 3TOH pe-
wetk4 ¥ pewerku Karome. Ha puc. 1.10 pemerka (3,12%) nokasaua c Bul-
AeNeHHBIMU CBA3AMH, 00pa3ywIUUMU TPeyroJbHUKYU, H TOHKUMH JIHHHSAMH,

2Cmbic 0603HaueHHs Pa3bAcHsAeTcA B pasgene 1.8.4.
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Puc. 1.9. [llecTuyrosbHas pelieTka W ee NOKphIBaollas — pelleTka Karome,

COeAMHSAIOIIMMY 3TH TPEYTONbHHKH. ECAH NJIMHY TOHKHX JUHHE YCTPEMHTh
K Hym10, TO pemetka (3,122) nepeiiger B peuerky Karome. CoOTBETCTBEHHO
y3JBl Ha KOHI[AX TOHKHUX JIMHUN, 0603HAUEHHBIE KPYKOUKAMHU, COJBIOTCA U
CTaHyT 3KBUBaJIEHThl OZHOMY Y3Jy pelieTkH Karome.

[lycth obe peiieTKH HaxXomATCH Ha MOPOTE MEPKOJSUHMH H p — BEPOST-
HOCTb TOTO, YTO JaHHBIH y3es pemetku (3,12%) sanar. Torna p?> — BeposT-
HOCTb TOTO, 4TO 00a y3/ia Ha TOHKMUX JHHHMAX 38HATHI U COOTBETCTBYIOIIEE
pebpo (cBfi3b) TpoBOAAILAf. IT4 CBS3b 3KBHBAJEHTA eMHCTBEHHOMY Y3JY
pewerky Karome. [lopor nepkonsuun pemerku Karome paser 1 — 2sin (%),
cJIefoBaTeNLHO, A48 peweTkH (3,122)

(1 _ 92sin (%))% — 0.807900764 . .. (1.26)

Pemerka «raiacryk-6abouka»

3T0 HeoObluHOe Ha3BaHWe — «rajcTyk-Gabouka» (bowtie) — 3akpenw-
J0Cb B MNEDKOJALHOHHOM COOOLUECTBE 3a pEeUIeTKOM, COCTOsIIIeH H3 KBad-
paTHBIX ¥ TpeyronpHsix rpaHeit (puc. 1.11). Henonbays npeo6pa3oBaHHE
TPEyroJbHHK~3BEe3M1d, YAAJ0Ch ONPeNe/JHTh TOYHOE 3HAYEHUE TTI0pOora MepKoJIs-
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.
£

Puc. 1.10. Pemerxa (3, 12%)

IMH IJ5 3agauy cBszeft Ha sTo#i pewerke [104]. [Topor nepkoasuuu onpene-
JISETCH AMHCTBEHHEBIM KOPHEM Ppq, J€KalleM Ha uHTepBade (0, 1), ypaBHeHHUSA
1 —p—6p%+6p3 —p® = 0 u npubnuxenno pasen 0.404518. CooTBETCTBEHHO,
JNS 1yaJbHOM pelleTKH TOPOor NepKOJsUKY paBeH 1 — pug.

1.6 IlepxonAaLMOHHBIA KJacTep U €ro NmoACTPYyK-
TYpbl.

[lepKonsiuMOHHBIA KaacTep siBysieTcA HpakTaabHBIM o6pa3oBaHueM, B KO-
TOPOM B CBOK O4Yepelb, MOXKHO BBHIIEJHTL HHble (paKTajJbHbE MOACTPYK-
Typel. Ocmoé xkaacmepa (backbone) (B pyccKosI3bIuHOH NuTepaType 4YacTo
HEeMpaBUJIbHO IIEPEBOAHTCA KaK CKeJseT) — TOKOTPOBOASIIAs YacTb K/acTepa
(puc. 1.12). Mepmasie konywr (dangling ends) — wacTu knacrepa, coevHEH-
HBEIE ¢ OCTOBOM MOCPEACTBOM ONHOro yanaa (cBsisu). MepTBble KOHLBI COCTAB-
JAT GoJblIyH0 YacTh KJacTepa, ONHAKO, He YYacTBYIOT B IPOBOAMMOCTH.
Kpacnoie ceasu (red bonds) — ommHOouHbBlE CBf3H, MPH pa3pylueHHH KOTO-
PhIX NEPKOJSALHOBHBIA KjacTep repecTaeT NPOBOAMTh TOK. Ckerem Kaacme-
pa (skeleton) — oObenrHeHHe BCeX KpaT4aHIIMX NyTeid OT JAHHOTO y3Ja 10
Y3JI0B Ha 3aflaHHOM PacCTOAHHH. Jracmuyneiy ocmos (elastic backbone) —
o00beJHHEHHE BCEX KpaTUaUIUMX MyTeHd MeX 1y OBYMs AaHHBIMH y3aaMu. O6o-
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Puc. 1.11. Peterka «ranctyk-6a6oukas.

aouka (hull) wnn snewruil nepumemp (external perimeter) cocTouT U3 Tex
Y3J0B KJ1acTepd, KOTOpHIE CONPUKACAIOTCSA ¢ MYCTBIMH Y3JaMH H COeJHHEHBI ¢
6eCKOHEUYHOCTBIO TOCPEICTBOM NYCTHIX Y3/0B. [T0AHbII nepumemp BKAIOYAET
TAKXKe MyCTOTH BHYTpPH Kaactepa (puc, 1.13).

HacTo paccMaTpHBAIOT HEIKPAHUDOBAMKLLE BHEWHUD nepumemp uiu
docmumcumblti eHewnuil nepumemp. Tlpy BHUMATENbHOM pPacCMOTPEHHH
puc. 1.13 CTaHOBUTCA MOHATHBLIM, YTO YACTHLA KOHEYHOIO pasMepa, ABHIa-
ICb W3BHE, HE CMOXKET HOCTHYb MHOTHME YYAacTKH BHELIHEro NepuMmerpa, T. K.
NPOXOAsl K HUM CJAHILKOM Y3KH. UeM KpyrnHee yacTuila, TeM MeHbIIe 15 Hee
LJWHA AOCTHXHMOTO BHEIIHEro MEpHMETPa.

Bce 3TH MOACTPYKTYpPH OMHCHIBAIOTCA pasiUYHBIMH (pakTaibHBIMH pas-
mepHOCTAMH (cM. Tabauny 1.1), ans pAna H3 HHX HA CEroAHALIHHH NeHb
3HAYeHHS MOJY4EHEl TOJbKO NMyTeM KOMMBIOTEPHOTO MOAETHPOBAHHUA.

Bhilie opora nepKOoJIALAY Macca Kaacrepa (YHC/IO yailoB KJaacTepa) BHYT-
pH cepsl paanyca r 3aBUCHT Kak

M(r) o« rs,

B ciyuae cayuariHoro ¢gpakrana macca Kjaacrepa AOJKHa OMNPEAE/ATHCA 1y~
TeM yCPEAHEHHSI 110 MHOTMM KOH(QHrypauusM MAd MHOTHM pa3/H4HbIM LEH-
TpaM cep BHYTPHU OLHOTO H TOro ke 6eCKOHeuHOro KJjacrepa.

Huxe mopra nepKOJSLMH CpesHHil pasMep KOHEYHOTO KJacTepa OIHCHI-
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Puc. 1.12. INepxonsunoxHbI KaacTep U €ro ocToOB. 3aKaya y3/0B Ha KBaapaT-
HOH pelleTKe. Y3/l OCTOBAa OTMEUEHHl YEPHBIM LBETOM; Y3Jhl, NpHHAAJEKE-
LMe MEPTBHIM KOHI@M, — CEpPHIM.

Puc. 1.13. INepronsausoHHbH KaacTep, €ro MoJHbIH ¥ BHELIHHH nepuMerp.
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Tabnnua 1.2, PpakranbHble pasMepPHOCTH MOACTPYKTYP MNEPKONALHOHHOrO
Kaacrepa [27]

@DpaxranbHas pasMepHOCTh Pa3sMepHOCTh NpOCTpPAHCTBRA
d=12 d=d d>6
PasmepHocTh KyacTepa
df=d— 2 91/48 2.54 4+ 0.008 | 4
PasmepHocTh ckenera d 1.678 = 0.005 | 1.84 =0.02 2
Pa3MepHOCTb CKeleTa dmin = = | 1.13+£0.004 | 1.374+0.004 | 2
Pa3MepHocTh «KpacHbIX c¢Bsi- | 3/4 1.143 +£0.01 | 2
3ei» dred
PasmepHocTh 0600109KH d, 7/4 2.548 +0.014 | 4
PasmepHocTh ocTOBa dp 1.62 + 0.02 1.855 +0.015 | 2
dp 1.45 + 0.02 1.37 + 0.08 1

BAEeTCS KOPPENsSHUOHHOH asuHHON €. Bhilie mopora nepkoysiluu KOppessiu-
OHHaf JAJIMHA XapaKTepH3yeT CPeNHHH pa3Mep NyCTOT BHYTPH GECKOHEYHOro
kjaactepa. Ha nopore nmepkossuuu KoppessiidoHHas AjauHa pacxoputed. [lo-
CKOJIbKY KOPpeJALHMOHHAA AJHHA BHILIE [10pOra NMepKoJsALHK HMeeT KOHedHoe
3HaueHUe, TO OECKOHEUYHLIH KaacTep camononobeH Ha pacCTOSHUAX MeHbLe €.
Moxuo paccmatpuBath £(p) B KauecTBE THUIHYHOrO PacCTOSIHUSA, BIJIOTh A0
KOTOpOoro GecKoHe4HbIH KJacTep IBASETCA CaMONogoOHBIM U MOXKET paccmar-
puBaThCcA Kak ¢dpakTan. Ha macmrabax pauH 60ablinX £ CTPYKTYpa KJacTepa
yXe He ABJAfeTCA CAMONOAOOHOH, U KJAacTep MOXKHO paccMaTpuUBaThk Kak Of-
HOpo#HHH. [lepexon oT ¢paxTa/bHOTO K OOHOPOAHOMY COCTOSHUIO TPUHATO
Ha3blBaTh Kkpoccosep (puc. 1.14).

Hrak, Ha paccTosHUSIX MeHblUe KOPPeNSIUUOHHON JJIHHB GeCKOHeUHEIH
KJlacTep UMeeT (PpakTaJdbHYyI0 CTPYKTYpY. Ha pacrosHuax 66abiiux £ umeercs
OJHOpOIHAs CTPYKTYpa, COCTOALIAA U3 AYeeK C XapaKTepHLIM pasMmepoM &.

rdf, ecHT K &

e,  ecaHT > E

M(r) «

O6bIYHO CYUTAIOT, YTO HHIKE NOPOra NEPKONSLHH HeT cTaruBawuero (6ec-
KOHEYHOTO KJacTepa), a Bblille NOpora NepKoNsLHU TaKoH KJacTep CyLLeCTBY-
eT TOJbKO OfHH. [locaenHee yTBepXKIeHHe NoKa3aHo cTporo. CUHMTaIOT, YTO
H Ha Mopore MepKOJSALHE HMEEeTCs TONbKO OfHH GecKoHeuHblH KJaactep. Kak
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log M A

A/

>

log § - log r

Puc. 1.14. Cxemaruueckoe H3o6paxenue Kpoccoepa. Ha paccTosHUAX MeHb-
Llie OJIHHBI KOppensuuu & yroJ Hak/oHa IpAMoH paBeH dy, Ha GOJBLIMX pac-
CTOSIHHAX — d.

nokazas Mraypdep [90] Ha ocHoBanuu aHanusa paboT pasjaWHUHLIX aBTOPOB,
TaKoe MHEHHEe OIIHGOYHO: B cay4ae KBaipaTHOH WM (runep)ky6udeckoii pe-
IETKH AOCTATOYHO GOJBIIOr0 pa3Mepa Ha NOpOre NepKOJALUMH BO3ZMOXKHO CO-
CyLIeCTBOBaHHE HECKOJbKHX CTATHBAKILHMX KJIaCTEPOB, HH OUHH M3 KOTOPBIX
He MUMEEeT IOJIOKHTENbHOH TJIOTHOCTH.

1.7 CrpyKkTypa NepkoJSIUOHHOTO KJjacTepa

BuIO npensioKeHo HEeCKOMbKO FeOMeTpHYecKHX Mofenell, ONMHCHIBAIOIIMX
CTPYKTYpY TepKOJSLHOHHOro Kaacrepa. Ilepeoii Mozsenbio Takoro pozpa Obljia
mozieanr Ckaa-Illlkaosckoro—ne 2Keua [34,124].

1.7.1 Mogeas Ckan-llIxaosckoro-ge 2Kena

B 1974 r. Cxan u lllknosckuit, a B 1976 r. He3aBHCHMO OT HHX je
KeH, npensoXuad MoZe/b, ONUCHIBAIOILYIO CTPYKTYPY OCTOBA NEPKOJISALHOH-
HOTO KJ/iacTepa B mpeHeOpeXXeHUH MepTBbIMH KOHLAMH. B autepaTtype moneab
BCTpeuaercs Tak e nof HassaHusMH SSK, nodes and links. Mopeab 6biaa
npenJioxKeHa, yTo6kl NpencKa3bBaTh M ONHUCHIBATb TAKHE CBOHMCTBA Kax Mpo-
BoguMOCTb H 3ddekT Xomana. B 3Toil Mozesan mpeanosaraeTcs, YTo KaacTep



1.7 CTpyKkTypa MepKOJSLMOHHOTO KJjacTepa 33

COCTOMT M3 MCKPHMBJEHHBIX CBf3€il, COeNMHEHHbIX y3/1aMHu, 00pasys Hepery-
JISPHYIO CBEpXpeLIeTKy ¢ napaMeTpoM &, T. e. £ ABJSeTCs CPeIHUM FEOMETPH-
YeCKHM PACCTOSTHUEM MexAYy OaHKaHIIMMH y3JaMHU.

HecMoTps Ha TO, YTO MOZE/b MpefCTaBseT orpaHuueHHBIH HHTEPeC, 0Co-
GeHHO B peaJbHOM MHpe C Pa3MepHOCTbio 2 M 3, MOCKOJbKY paccMaTpHBa-
oTCa 1po6aeMbl NPOBOAUMOCTH, BAXKHO OTMETUThb, YTO MOJE/b HMEET OAHH
TOUHBIH ACMEKT: SIBJSETCH TOUHOH MepOH MJIOTHOCTH NPOBOAAWIMX MyTed B
TUITHYHOM ceyeHHH ofpasua. D10 HabjwleHue, BepBble CAENAHHOE /1A WUH-
TeprpeTauuy sKcriepuMenTa, OblJI0 NOATBEPXKAEHO MOACAHPOBAHKEM N0 METO-
1y Monre-Kapno. 1o cnexyer u3 HabmoaeHus, YTO TaBHOe yNpoLlaioliee
NPEANOACKEHHE, CLEIAHHOE B MOAEJH, HBJSETCS TPEANOJIONKEHHEM O TOM,
yTO B GECKOHEYHOM KJacTepe MMeeTCsl TOJLKO 07Ha MeTas. JTO CHpaBeIuBo
TOJBKO B cay4ae 6obLIKX pasMepHocTelt (6 U Bhlile), KOTa NPHMEHUMO NPH-
GauAKeHHe cpefiHero noad. B caydae Ma/biX pasMepPHOCTEH KJacTep COCTOHT
U3 meTeslb, HaxOAMAIIMXCS BHYTPH APYTHX TeTelb, KOTOPHE, B CBOIO Ouepelb,
HaxO4ATCHA B APYTHX METIAX U T. A. JTO CNPaBelJIMBO BO BCEX PA3MEPHOCTAX
M CpPe[HEe PAaCCTOSHHE MeXJy HE3aBMCHMBIMH MPOBOJSALIMMHU MYTAMH PaBHO

g

1.7.2 Mopgeap KareJab ¥ CBA3€H

Moness kaneas u ceazedl (blobs and nodes, nodes, links and blobs) 6si-
na mpenoxena B 1977 r. Crenau [87] u moxpo6Ho ucenenosana B 1982 r.
Koruaso [19].

B aToil MOmeJH NpEANoJaraeTcs, 4TO BO3HHMKAWOWMA GECKOHEYHBIH KJia-
CTep COCTOUT K3 (PParMeHTOB, B KOTOPBIX CYLIECTBYIOT MHOTOUHCIAEHHBIE CBSI3H
(Kaman), 3TH (hparMeHTsl COefWHEHb APYT ¢ LPYTOM OOHHOYHBIMH CBASSIMH.

1.7.3 Mopeas nHa ocHoBe xoBpa CepnuHckoro

B 1981 r. 8 pa6ore |33] 6blia NMpeAsoKeHa MoAedb, KOTOpas NPeacTaB-
JsieT 13 cebs NPOTHBOMOMNOXKHBIA KpanHH| ciyyal 1o CPaBHEHHIO € MOLEJbIO
yanos u cesseit. Ecan B momean Cxan-Ilkaoeckoro-ge 2KeHa IMOJHOCTBHIO
npeHe6perasoch HalMuKHeM Kamesb, TO B MPel/oKeHHOH MOLENH MOJHOCThIO
MCKJ/II0YANMUCh OAHHOYHBIE CBA3H. [JIaBHBIM NPeHUMyILECTBOM MOJE/H ABJAETCA
TO, 4TO HEKOTOPLIC HepapXUUECKHEe MOJEJNH MOryT ObITh pelileHbl B €€ paMKax
TouHo. OHa TaK Xe JaeT Xopollide 3HAYEHHS AN KPUTHUECKHX ToKasareseu
B cJydae MaJjbiX pa3MepHoCTeH MPOCTPAaHCTBA.
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—

Puc. 1.15. ITepkosiiMOHHBIA KaacTep B MOJeaH Kanenb M cBsizeit. [lokasaHa
TOJIBKO MaJjiast 4acTh MEPTBBIX KOHLOB (TOHKHe JUHUH). Kanau npeactapieHs
B BHIE OKpyHOCTed. PaccTosHMe MeXIy KamasiMU M HX QUaMeTphl HMeeT
BEJIHYMHY TOPSiAKA KOPPEALMOHHON AJUHBL,

1.7.4 Mozgennb Ha ocHoBe ¢hpakrana I'mBena-MangennGpora

[Toctpoenue dpakrana I'usena-Manzenb6poTa HauuHaeTCd C OTPE3KA.
Csenywomme ABa 3Tanma NOCTPOEHHs fokasaHel Ha pHe. 1.16. B ctpykrype
ppakTana MoxKHO OGHapYXKHTb NMET/]H, BETBM M MepTBbE KOHIH BCEX pas3-
mepoB. TaknM 06pa3oM, (ppaxTan COOep:KUT Te XKe 3JeMeHTH], YTO H NepKo-
JSUMOHHBIA KaacTep. DTOT (PakT M03BOJSET UCNOJb30BaTh (ppaktan ['MBena-
Manpgenb6poTa B KayecTBE OZHOM H3 BO3MOXHBIX MOJE/EH NepKoAALHOHHOrO
knactepa [69]. PpaxranbHast pasmeprocTh paBHa dy = In8/In3 =~ 1.893,
yTo GJIM3KO K (pakTanbHOH pasMepHOCTH IePKOJIALHOHHOIO KjaacTepa df =
91/48 ~ 1.896.

1.7.5 Hepapxuueckas mMoae.b

Jlnsl onucaHus CTPYKTYPHI OCTOBA MEPKOJIALHOHHOIO KJdcTepa Ha Mopore
NEPKOJIILHY HCIOAb3YeTCH Hepapxuueckas mozeas [4] (puc. 1.17).
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Puc. 1.16. Dranu moctpoenus ¢paxrana ['Meena-Manpenb6pora.

Puc. 1.17. IlepBbie TpH L1ara NOCTPOEHHS HEPAPXHUYECKOH MOJE/H.
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1.8 Popmynsl A1a OLEHKH NOPOTa MEPKOJSLMH

1.8.1 Onpepenenuns u omeHKH

Bynem HaseiBaTh enryyailHBIM 61YKIAHHEM YIOPSBOYEHHYIO HENPEPHIBHYIO
MOCJII0BATENBHOCTb M3 1 LIATOB BOJb CBA3€H OT ONHOTO y3Jia K OAHOMY H3
ero Omixanwnx coceneit. Bayxnanne naswiBaetcs Gayxdaruem 6es camo-
nepecexenutl (self-avoiding walk), ecan Kaxmslll y3es noceuiaeTcsi TOALKO
OLMH pas.

Koncmanma cessnocmu (connective constant) p onucHBaeT Tornosoruye-
CKHe CBOHCTBA pEIleTKH W ONPEAeNAeTCH Kak

Iny = lim llncn, (1.27)
n—0o0 1),
Toe ¢, — YHCJIO NyTed U3 n waroB OayxAaHusa 6e3 caMomepeceuyeHHi, Ha-
UHHAIOLKXCA HA JaHHOM y3je. KoHcTaHTa CBA3HOCTH, H3BECTHAs TaK¥Ke Kak
npeges GnyXnaHuil, sBSETCS Mepoil CBA3HOCTH PELIETKH, TO €CTh Xapak-
TEPHU3YeT CTENeHb ee Mepece4eHHOCTH. KOHCTaHTa CBA3HOCTH BO3PacTaeT C
POCTOM KOODAMHALMOHHOTO YUC/IA PEIIeTKH.

Paccmotpum Bce nyTu mnnHON n caydaiiHoro Giyxaauds 6e3 camonepe-
CeYeHHH OT maHHOoro yajaa. Kaxawelii myTb MOXeT GbITb MPOJLOJIKEH Ha OfMH
mar z — 1 crocobamu. Takum o6pasom, nyTe#t u3 n + 1 miaros B z — 1 pasa
Gosibiie yeM nyTel u3 n waros. CaefoBaTessHo, u < z — 1.

[Tpocras u cTporas oleHKa [/ MOPOTa NMePKONALHH MOXKeT GbITh NOJ1y4e-
Ha U3 He0OXonMMOro (HO He AOCTATOYHOIO) YCJOBUA /18 NEPKONALUH, YTOGHI
cpenHee 4MCJ0 HeOJOKMPOBAHHLIX NMyTel cayuaiHoro 6ayxKaaHus 6e3 camo-
nepeceyeHUd ANHHBL . u™p™ 0CTaBAOCh KOHEYHBIM A8 O4YeHb GOJNbIIKX 71,

YTO JaeT |
Pe 2 —. (1.28)
u

Cootnowenne (1.28) octaercsi crpaBensuBbM Kak AJs 3afa4d ys;o [16],
TaK M AJs 3ajadu cBszed [25].

s 3apaun yanos
1 1

Pe 2 — 2 :
pooz—=1

(1.29)

Pewemxa L* codepxcum pewemky L, ecniv I, MOXKeT BLITh TIOydeHa H3
L* ynanenuem HekoTopbix pebep. Tak, KBagpaTHas pelieTka MOXKeT GbITb o-
Jy4eHa 43 TPeyroJibHOH, a IIeCTUYFoNbHAs H3 KBafpPaTHOH yAaJeHHeM HEeKo-
TOpbIX cBfA3eH 1.18.
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Puc. 1.18. TpeyrosbHas pemeTka cofepkut B cebe KBanpaTHyio, KBagpat-
Hasg — LIeCTHYTOJBHYIO.

CnpaBen/MBO COOTHOLIEHUE

pcs(L*) < pcs(L) (130)

Ayasvnasn pewemka LP obaanaer cieyiomum CBOHCTBOM: Kaxaas ee
CBsi3b TIEPECEKAET CBA3H HCXOAHOW PEIIETKH L OAMH M TOJBKO OfHH pas M
Haobopot. Pumep [25] gokasan, yto

pcb(L) +pcb(LD) = 1

3HAYEHHUS NOPOTa NEPKOMSALMH 3aBUCIT OT PAa3MEPHOCTH MPOCTPAHCTBA M
KOOPAHHALYOHHOro uncia [29]

d
ZPeb N ——

d—1

1.8.2 Ouenku lllepa u Ilanaena

Ulep u Llannen [84] BBenu A/ OLUEHKM TOpOra NEPKONALHH Kpumude-
cryto Ooao ob6vema. Bokpyr Kakaoro yana pewleTKH oNuchiBaerca cdepa
(cooTBeTCTBYy!OLIEH Pa3ZMEPHOCTH: OKPYMKHOCTb B ABYMEDHOM CJyuae, MHOTO-
MepHas cdepa B ciydae d > 2). Paauyc cephl paBen noJoBuHe pacCTOAHHSA
mo GauKaiwero cocega. TakuM o6pasoM, cepsl KacalTesi, HO He Iepece-
Katoreda. Monsa moctynHoro ofbeMa v Ompefe/sieTcs Kak OTHoOLleHHe o6be-
MOB c(ep, LeHTPHPOBAHHBIX HA HeOJOKHPOBAHHHIX Y3J/aX, K [IOJHOMY 00beMY
chep. Dta BeaM4HHA MOXKeT ObITb BBIYHC/IEHA 110 BopMysie

U:fpa

roe f — KO3(PQUIIMEHT 3aI0NMHEHHS — OTHOIIEHHe 06beMa BIHCAHHOH cdephl
K 00beMY 3JieMeHTapHOH siuelKH. Kputuyeckuii o6bem v, = fp. ¢ XopolieH
TOYHOCTHLI 3aBUCUT TOJIBKO OT PA3MEPHOCTH.
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1.8.3 «Vnusepcansuas tdopmyna» Fanama u Moxepa

B 1996 r. Tanam u Moxep [30] NOCTYJIHPOBAJH CTENEeHHOH 3aKOH [Jf
OTpeLe/Ienns nopora NePKOIALHY KaK B cjyyae 3afayH y3J/oB, TaK H B cJydae
3aJa4H CBxzel],

Pe=pol(d—1)(g—-1)]7*d°

roe d — PasMepHOCTb NpocTpancraa, g — KOOpAMHaUMOHHOe yucao. Bee pe-
WUETKM OBIM pasmesieHbi Ha TPH yHHBepcalibHBIX Kaacca. st nepBLIX ABYX
KJIaccoB b = 0 p coyuae SallayM y3zi0B M b = a B cJayyae 3a4auu CBA3EH.
Ias Tpetsero kaacca b — 2¢ ~ 1 B o6oux cayyanx. Kaaccel onpenensiores
SHa4YeHHAMY {po;a,}. K TIEPBOMY KJ1acCy OTHOCHTCH TPeyTroJibHas, KBaapar-
Had, WeCTuyrombHan perlerxy (o = 0.8889, a = 0.3601 aast 3anaum Y3J10B
H po = 0.6558, 0.6897 s 3allaqu cBsseit). Ko BTopoMy Kaaccy — pererka
KaroMe  Bce perynaphtie pemerxy ¢ g 2 3 (po = 1.2868, a = 0.6160 aas
SaN2H Yanos u py = 0.7541, ¢ = 0.9346 119 3azaum ceaseit). Tlocaennuit
KJ1ACC OTHOCHTCS K CJYYA Bhicokux pasmepHocTtedt. g "Hero b = 2a — 1
M po =271 rre g = 0.8800 Aqs 3anayy y3noB ¥ a = 0.3685 a5 3amavu
cBAsel. Toynocty OTIPENC/ICHHSA nopora nepkoasuKH 1o hopmyae (3.1) cocras-
asget =0.008 nas PELIETOK ¢ pasmepHocTbio A0 7 ¥ +0.0004 1as pelweTox ¢
pasmepHocTrio 8 u Bhime.

B caenyiomem rony Te xe 4BTOPLI OGOOLIMIH YHUBEPCAJBHYIO (hOPMY-
Ay Ha CNyYyal aHHU3OTPOMHBIX U anepuoguueckux pemetok [31]. Oxu BBesH
NapaMeTp g.; — 3¢ PeKTHBHOe KOOPAHMHALIMOHHOE YHCAO, KOTOpOE€ 0Ka3zaJoch
BeCbMa OMu3KuM K CPELHEMY KOODAMHALHOHHOMY YHCAY Z.

Onnako ogenp CKOPO BBIACHHMJIOCH, YTO MMeeTCsl LUeMbiil Pl CHTYALMi,
KOTZla YHMBepcaibHas tbopmyna paer HeBepHHIH pesyabTat. Tak 1997 r. pan
nep Mapk nokasan [70]), uto B crydae o0bEMHOLEHTPHPOBAHHOH peLIeTKH
(ps = 0.246, p, = 0.2623) u MPOCTOH reKCaroHaJbHOM peleTkH (CTONKA
TPEYTOMbHLIX peweTok) (p, = 0.3623, p, = 0.1859) dopmyna npenckasbiBaeT
paBHbBIE TIOpory NEPKOJALUMH, NOCKObKY AN 06erX peiieTok d = 3 ¥ g = 8.

B nanbuefiwem san gep Mapx npuses eme psn npumepos [71], B Tom
THCIE M ISt U30TPONHBIX PEIIETOK, KOrna yHuBepcasbHas (opMmyaa faBaJa
HEBEPHbIE Ouenku. Ha ocHoBanuy MOJMIYYEHHbIX JaHHBIX aBTOP fI€JaeT BbIBOJ
O TOM, 4TO pasmepHOCTH MPOCTPaHCTBA U KOOPAUHALUMOHHOTO YHUC/AA HELOCTa-
TOHHO, HTOOH mpenckasaTh mopor MePKOASLHHH PeLIeTKH.

Ewe onny pUMep, KOrla pesyabraThl KOMITbIOTEPHOI0 MOIEIHPOBAHUSA H
OUEHKa N0 ynuBepcasbHoh hopmyse nawr sameTHo OT/IUYAIOIIHeCs 3HaYeHHs

Topora NepKossiuuH, NpHBeJ BaGasescku [7]. 310 clydyail pelieTKH NoneKa-
31pa.
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1.8.4 TIlopor nepkouasinyy JJisi ApXUMEJOBBIX PEMIeTOK

B 1999 r. Coioauur u 3udd ycraHoBuau [94], 410 NOPOT MNEPKOJSLHH
B 3afaie y3JO0B /s BCEX apXHMENOBLIX PELIeTOK NPEACTABJIACT JUHEHHYIO
YHKIHIO OT MUIOTHOCTH y3J0B. [lorpemHocTs Gopmysl — 1%.

ABTOpLI 3aMETHJIM, YTO TIOPOT MEPKOJALMHK yBeNWUHUBAETCH C ¢OTKPHITO-
CTbIO» peileTKU. [/ KOJMIeCTBEHHOTO OMHCAHHSA «OTKPBITOCTH? Oblia BBE-
fleHa BeJMYMHA p, PaBHAsi TIIOTHOCTH HJIM YMCIY Y3JIOB PElIeTKH Ha elUHULY
MJIOMAMH, B TIPEATIOJIOKEHUH, YTO BCE CBSI3H HMEIOT eIHHHHHYI MIHHY. 06-
paTHas BeJMYMHA — IJIOMIa/b, TPUXOASIIAACA Ha Yy3eq PEIleTKH, — MOMET
6bITh OmpejeneHa caenyiowuM obpasom. CoeftMHUM OTPe3KaMH HEHTPEl MHO-
FOYTOJbHHKOB, OKPYXaIOUWHX JaHHbIH ysed. [lnomans TICJy4eHHOH (DHTYpPHI
ABJISIETCS UCKOMO#M BesuunHoi, (JlaHHoe TocTpoeHKMe coBnajaeT ¢ NnpaBH/ioOM
OCTPOEHHSA AyajbHOH PEeIeTKH).

ApxHMefoBbl peleTKH MOryT ObIThb 3aKOAMPOBAHbLI B BUIE (A3, m3%, .. )
rie n; 03HayaeT YMCJO0 BePIUHH MHOrOYTO/bHHKOB, TPaHHYAIIHX C BEPLLHUHOM,
4 I0KA34TeNb — KOJHMYeCTBO TaKHX MHOTOyroJbHHKOB. Hanpumep, TpeyroJb-
Hafl pelieTka umeeT Mo 6 TPeyrosbHUKOB BOKDPYT KaxJ0H BEpLUMHBI, CJEH0-
BaTe/bHO, OHa oBo3nauaercs (38). Kaxjas BepiinHa pemieTkH Karome umeer
10 Ba COCENHMX TPEyroJbHUKA H IECTHYTONbHHKA, CIEN0BaTENRHO, OHA o6o-
aHauaercs (3636). B ciayuae apxumeloBbIX PElIeTOK MLIOMALR NPABHILHOTO
n-yroAbHWKA Orlpefensdercs no GopMyne

S, = = ctg - = nd, (1.31)
4 n
anech yepes A, o6o3HaueHa 1/n 4acTh MJIOMIAMH. Torma MJOTHOCThL OnMpeje-
JseTcs no dopmydne
sy

T
p=4 Zaictg;

i 1

[lo MeTooy HaHMeHBLIKMX KBAIPaToB ObIIO HAaHAEHO, HTO MOPOr NMEPKOJs-
UMK YIOBJETBOPAET COOTHOLIEHHIO

p. = 1.0405 — 0.4573p

1.9 CMmemanHad 3ajaya TEOPUH MEPKOJIALNH

CMeluaHHas 3a1a4a TeOpHH MEPKOJALMM (3anava y3/aoB M CBA3ed) AB-
5eTCs €CTECTBEHHBIM 0606LIeHHEeM YMCTOH 381a4M y3/I0B W UMCTOH 3a0a4vH
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cadefl. O6o6lIeHNe MO3BOJISET KaK y31aM, TAK H CBSI3AM ObiTh 3aHATHIMH
Cy4aHHBIM 06pa3oM C BEPOSTHOCTBIO Py U Py COOTBETCTBEHHO B CJydae cy-
yaiiHo# mepkoasiuuu. B yacTHOCTH, eciu py, = ppy, CMEIUAHHAsA 337242 BHIPOXK-
JAeTCS1 B YHCTYIO 3a1a4yy y3J/oB (MM CBsi3eil) Ha IEKOPUPOBAHHON pelleTke.
Takke BO3MOXKHO BBECTH KODPPEJSLUM MexAy BePOSTHOCTAMM 3alOJHEHHS
COCEAHMX Y3JI0B U CBsi3edl. B aToM cayuae rosopar o KoppesupoBaHHO# nep-
KoALMH. CMeliaHHas NepKoJsALUsS HMeeT MHOTOYMC/EeHHble NMPHJOKEHHS B
pasnuuHBIX 06aacTax. Hanpumep, oa GBljia HCTOL30BaHA AJs OMUCAHUSA Te-
pexonia 30Jb-renb (reseobpasosanust) B monumepax [18], pacnpocrpanenus
uHbexkuuit [45] u 1. 1.

B cMewanHo# 3ajade HMILYT K/JIacTep M3 3aHATHIX Y3J0B, CBA3AHHBIX IE-
MBIMH cBAISAIMH. Koraa Takoi KaacTep coeflHHAET NIPOTHBONOOKHbIE CTOPOHBI
CHCTEMBI, TO FOBOPAT YTO B CHCTeMe BOSHHUKAeT NepKoJsiuus. Brepssie yrnoms-
HyTast @pumem u Xammepcau 28], moaesb 6uiia Bepshle MccaenoBaHa Xo-
meHoM MeTtofiom Monte-Kapiio [53]. Arpapait u ap. [2] nokasanu, ucnonbays
MEeTON Pasyio’KeHHs B PSIbl, YTO KPUTUYECKHE TIOKA3aTeqaH I YUCTOH 3amaun
Y3JI0B TaKXe HEeHCTBHTE/IbHB H B CJyYae CMelaHHOH 3agayd. Hakauuinu u
PefiHonbac [77] moaTBepOMaM 3TO 3aKII0YEeHHE METOLOM peHopM-rpynn. OHu
T2KXK€ HallIK, YTO TPAHHLA MEX[IY MEPKOJHPYIOIHUM U HemepKOJHPY IOLLHM
COCTOAAHHAMH Ha TJIOCKOCTH (pp, Ps) ONpeJeseTcst ONHOH TouKoH. XaMmepc-
au [45] moxasan s 9acTHYHO OpPUEHTHPOBAHHO rpaca TeopeMy, U3 KOTOPOii
cleJyeT HepaBeHCTBO

P (pspy, 1) < P (ps, ps) < P (1,508, (1.32)

rie P(ps,pp) — TEPKOJALHOHHAS BEPOATHOCTb, TO €CTh BEPOSITHOCTL TOTO,
UTO OAWHOYHBIH Yy3eJ COelMHeH ¢ 6eCKOHEeYHBIM YHCAOM APYTHX y3aoB. JaH-
HO€ HEpaBeHCTBO aeT Pa3yMHO Y3KHe IPaHMLUEBI [ MePKOISLHOHHOIO nepe-
X04a B CMerlaHHOW 3apade. Jas pewetku Bete pes = pey = Pe, THE Pos —
Mopor [/1s YHCTOH 3a1a4yy y3/0B H Dop — MOPOT IJIs YUCTOH 3a1auH CBsiseH,
HMeeM

PsPt = Pe- (1.33)

@opma KPUBOH, OTAEIAOUEH TEPKOJHUPYIOLIEe COCTOSHHE OT HemepKoJu-
pyowiero, nocjae10BaTebHO HecaenoBasachk Anykoh 1 duraMaHoM [108]. Ouu
TNIDEIVIOK UK CJeNYIOUIEe YPABHEHHE A7 KPUTHUECKOH KPHUBOH B MJOCKOCTH

(pba ps)
log Ds log Py
+
logpes  logpes

= | (1.34)
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[TosyueHHOe ypaBHEHHE YIOB/IETBOPAET HEPABEHCTBY (1.32) u paer npa-
puJbHBIA npeneda (1.33) pas cayuas pelieTKH Bere.

Tpetbsikos 1 Muyu [98] usydunu Ty 2Ke CaMyio KPHTHYECKY0 KPHBYIO
[ad caydas HANPaBJEHHON MepKOJSUMM i OGHapyKiId Majbie OTKJIOHEHUS
nopaaxka 1073 + 10~%. Tapacesuu 1 BaH aep Mapk [96] npoBesn cucTeMa-
THUECKOE HMCCJENOBAHHE [Jisi MHOTHMX DEIeTOK BAJOTh [0 [IpOCTPAHCTBA O
H3MepeHHH 1 06Hapy KM GObUIOE KOJTHHECTBO PEILETOK € CYLIECTBEHHBIMU
OTKAOHEHUSIMH KPUTHIECKON JIMHUHK OT (POPMYJIE! (1.34). HauGonee OTKJ/OHE-
HKsL HABJIONAIOTCA OJ5 DeleTOK, y KOTOPbIX MOPOTH MEPKOJsALUH B 4UCTOH
3afaue ya/oB U YHCTOH 3ajaye CBs3ed CUJIbHO OTIMHAITCH. K Takum peLier-
' KaM OTHOCSTCS, HANPUMep, OObeMHOLEHTPUPOBAHHA PEIlETKd, rpaHeleHTpH-
pOBaHHast PeIleTKa, OJHOCTbIO TPUAHTYIMPYEMbIE peleTKH ¥ MHOTHe ApYyTHE.
MOXKHO TIOCTPOMTD LeJIoe CeMeHCTBO TNOJHOCTRIO TPUAHTY/IMPOBAHHBIX peLle-
tox (puc. 1.21) co BCce BO3PAaCTAIOWIMM OTK/IOHEHMEM JMHHH NepKOJSLUHA OT
dopmyast (1.34). D10 ceMEHCTBO peileTok, BEPOSITHO, ABJASAETCH HAeaNbHbIM
 06BEKTOM /ISl MCCJEN0BAHNS 3aBUCHMOCTH (POPMBI 1€ pKOJIAIIKOHHON KPHBOH
| OT BeJMUHHE IOPOTa MEPKOJIALMH B 3a7aue CBA3eH.

B [96] 6biia npensioxena WHas (QopMy’a AJs amipoKCcHMallid KpUTAYE-

. CKOH JIUHUHU

Peb — I = Pee

Py (ps + p; ~ pcs) = Pcb - (135)
— Pcb

dopmyaa (1.35) moayyeHa Kak JMHEHHAs KOMGMHAHA TpaHuL XaMMepce-
au. OHa f@eT CyUIeCTBEHHO GOJbLIYID TOYHOCTb B ONPeAe]eHNH KPHTHUECKOH
| JIMHWH, HO Bee e He siBaserca To4Ho#. MoxHO G510 Gbl 0KHUIATE, HTO 3aKOH,
onpenessoWni Ga3oBpli Mepexol B CMeLIaHHOH 3anaue, OyjeT CHMMETDHH-
HEIM OTHOCHTEJBHO 3aMEHBl 3ajaya y3J0B — 3a/a4a CBA3eH.

Kpome Toro, B padote [96] Gblo 110Ka3aHO Ha IIPHMEpPE [BYX Tap TOII0JiOo-
HYECKH PA3MHYHBIX PElIeTOK ¢ GAHSKHMH MOpOraMH NepROJIALHH [66], uTO
popMa MepKOATLHOHHOH KPUBOI MOJIHOCTBIO OTIPE/eISIeTCs NOpPOraMH NepKo-
JSIMM W He 3aBHCHT OT KOOPAMHAUHOHHOIO HHC/A. DtoT $aKT No3BOJAAET
NPeAnoIoKHTh, 4TO (opmyiia LJs NepKONALMOHHOA KPHBO# He J0JXKHA CO-
IepXKaTh KaKUX-AH00 J0MONHUTE/BHBIX NapaMeTpoB, KPOME 3HayeHuH Nopo-
OB MEPKOMISLMY B UHCTHIX 3ajadax ysJoB H cBsizeH.

1.10 KpanToBas nepkondums

fIBJeHUe KBAHTOBOH MEPKOJALHMH HHTEHCHBHO HCCMELYETCH, ocobeHHO B
NocsienHee necsiTHaeTHe. [IOMHMO UMCTO T€OPETHYECKOro WHTEpeca, KBAHTO-
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Puc. 1.19. CpasHenHe pe3y/bTaToB KOMMBIOTEPHOTO MOAENMPOBAHHA C aml-
npokcrmauuei no dopmyane (1.34),
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Puc. 1.20. CpaBHeHHe pe3yabTaTOB KOMMBIOTEPHOTO MOJENHPOBAHHA C am-
npokcuManme# no popmyne (1.35).

Puc. 1.21. TTocTpoeHne ceMedcTa TPHAHTYIHPOBAHHBIX PELIETOK C Pes = 1/2
H Deb, YMEHbIIAIOMIMMCS OT JIEBOrO PHUCYHKa K mpasoMy. IlocTpoenye MOXKET
GLITE TIPOLOJIKEHO 10 OECKOHEYHOCTH.

43
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Baf NEpKOJALKS NPUBJIEKaeT K ceGe BHUMAHHKE 6J1aT0apsi BO3MOKHbBIM MPHJIO-
KEHUAM B 06/1aCTH HAHOCTPYKTYDHEIX MaTEpPHAJIOB M IJisi OGBACHEHUS Mexa-
HH3MOB BhICOKOTEMNEepaTypHOH CBEPXNPOBOAUMOCTH. fIB/IeHHE H3ydaeTcs Kak
aHanuTHyecku [63], Tak u uuncsenno [103].

BosHHKHOBEHHE NMePKONALUMOHHOrO KAACTEPa €lLle HEfOCTATOUHO ISl TO-
ABJICHHA NTPOBONMMOCTH, T. K. 3JIEKTPOHHBIE COCTOSHHS MOI'YT GLITb JIOKAJIM-
30BaHHbIMHU. [lofiB/IEHNE N€/10KaIM30BAHHBIX COCTOSHMI HA NEPKOJISLUOHHOM
KJ4CTEPE HAa3LIBACTCA KEANMOBOU nepkosayuel. KpuTuueckas KOHUEHTpaLHS
MpUMeceH, PH KOTOPLIX NPOUCXOAUT TIEPEX0/ OT JOKAJIH30BAHHBIX K Ne/IOKa-
H3OBAHHEIM COCTOSIHUSAM, HA3bIBACTCS NOPOZOM KBAHMOBOL NEPKOAALUL Dy,
KOTOpbIH BbILlE 0POTa OGLIYHON NEPKOJALHUH p. [89]. YTBEpHAAETCS, UTO B
AByMEDHOM CJly4ae MOPOr KBAHTOBOH NEPKOJNALMM DABEH I, T. €. BOJHOBbIE
PYHKLUUH OCTAeTCA JOKAMH30BAHHHIMHM, TIOKA TEPKOJLLMOHHEL] KJacTep He
3aHMeT BeCh kpuctais [27]. B TpexmepHOM ciyuae BEIYMCICHHS 110KA3bIBA-
10T, 4T0 pPe < pq < 1. DTO HEKOTOPHIH aHAJIOT AHNEPCOHOBCKON JIOKAMHU3AIIUH,
HO KDUTHYECKHE NO0KA3aTeH 34eCh APYrHe.

C MareMaTHYeCKOH TOYKHU 3peHUs ONpene/eHHe Mopora KBaHTOBOH NepKo-
JALHK CBOAHTCS K UCCACIOBAHHIO CHEKTPAa COOCTBEHHBIX 3HAYEeHHH OIHO30H-
HOTO raMuJIbTOHHaHA METOZA CHAbHOM ceAsH [27].

H=Y |njenin|+ Y |n)Vom(m|, (1.36)

n#Em

rie |n) NpeicTaBJsOT JOKAJTHU30BAHHBIE BOJHOBBIE QYHKLHH, LEHTPUPOBAH-
Hbl€ Ha y3Jie 7, Vi = 1, €M y3u1bl 1 M m ABASIOTCA GuKKaHIMME COCeATMH
Ha OLHOM M TOM K€ NEePKOJALHOHHOM KiacTepe U Vi,m = 0 B IPOTHBHOM Cay-
gae. a5t npocToTh 0GBMHO MonarawT &, = 0. ([Ipn BBegeHHMU npumMeceit B
HIeaNbHbIA KPHCTAJN BO3HHKAIOT JIOKAIH30BAHHbIE 3JeKTPOHHbIE COCTOSHYS,
NPOUCXOAMT TaK HA3blBaeMas aHAEPCOHOBCKas JoOKanuzauud. B stom cayuae
Bce Vi = 1, a &,— cayuaiinble uncna.)

Famuasronuan (1.36), B cBOI0 odYepeab, MOXHO PacCMAaTPHBATb KaK Mart-
pHLYy HHUMIEHTHOCTEH HEKOTOPOTO C/y4yaiHOro rpada.

B nocnenHee BpeMs npoBoaATCA HHTEHCHBHEE MCCANOBAHHS, Hanpaesel-
HBIE Ha OnpeJeseHHe CrieKTpa COOCTBEHHbIX 3HAYEHHH MATPHIIBI HHILHAEHTHO-
CTell PasJIMUHBIX CayyaiHbIX rpados [9-11].

Oco6biit uHTEpeC MpeAcCTaB/sfer 3aja4a o0 OLEHKe TO0pora NepKoJfLUK
B CMEllaHHOH 3apmaue (3amaye y3JioB u cBsiseil). Takas 3ajaua BO3HHKaAeT,
HanpHMep, NpH UCCAeJOBAHHHU aNbTEPHAHTHBIX CHCTEM — GHHAPHBIX CHCTEM, B
KOTOPBIX aTOMBI Pa3/JHYHBLIX COPTOB uepeayioTcs. MaTemarnyeckoil MOJEJIbIO
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KPHCTANJIHYECKOH pelleTKH aJbTePHAHTHON CHCTEMbl ABAAETCH OBYNOJbHLI
rpag.

IMoaxomn, MO3BOJAIIIMA OLEHUTb CIIEKTP COOCTBEHHLIX 3HAYEHUH ABYAOJb-
Horo rpada, 6w mpepsoxken B {20] u passur B [122]. donosnurenrnyio
HH(OPMALUIO O CTIeKTpe COOCTBEHHBIX 3HAYeHHH MOXHO TOJYYUTh C HUCIIOJb-
3oBaHueM Kpyros ['epmropuna [115].

1.11 IIBeTHas nepkoJaaLUd

CywecTByeT HeCKOJIbKO 06001IeHHH CTaHAapPTHBIX PELETOUYHLIX MOAeseH
TEOPUH NEPKOJALHH Ha «NIOJHXPOMATHYECKHH» clyyall — HalH4yHe B CHCTeMe
KOMITOHEHT pa3JyiuuHkIX coptoB (useror). B pabote {109] Bnepsrie 6rs10 npo-
BeJleHO 06061eHHe 3aaUH NEePKOJAALUMN LI Cy4Yast CHCTEMEl, COCTOSALIEH H3
IBYX KOMIMOHEHT (6eqble U YepHbIe), 4 TaKXKe Ha cAy4aldl MHOIOKOMIIOHEHTHOH
cucTeMbl (TOJHXPOMATHUECKHE MJIH MHOTOLBETHbIH npouecc). [Ipoananuaupo-
BAHO pasjeseHHe Ha 0OJACTH C NMepKoJsUreldl KOMIOHEHT Pa3/JHYHbIX 1BETOB
ans caydas C [BETOB Ha PelleTKe ¢ MOPOroM NEPKONALHH P.. [TanxpomaTrye-
CKUH peXHUM, T. €. peXXHM, Koraa Hab iofaeTcd NpoTeKaHHe BceX KOMIIOHEHT,
BosHuKaeT, Koraa C < p;', 3aHMMas yacTh BCefl paccmaTpBaeMol obJa-
¢ty paBHylo (1 — Cp.)¢~1. TlosuxpomaTHyeckas NepKOAALUS NpeJcTaBadeT
UHTEepeC OJS CJay4das pelleTOK C BLICOKOM CBA3AHHOCTHIO, HMEIIIMX HU3KOE
3HaYeHHWe 1opora INepKosSUMU. TaKMMH pelleTKaMH, B 4aCTHOCTH, SBJAAIOTCA
pelieTKH 60JBLIOH Pa3MEepPHOCTH, & TaK¥XKe pelleTKH, B KOTOPhIX YUHTHIBAETCA
B3aUMOJeHCTBHE He TOJbKO BMHXaHIIHX coceled.

B pa6ote [46] Gwiia paccMOTpeHa CMellaHHasi 3ajada (3ajauya ysJoB H
CBI3eH) A/ caydasi ABYXKOMITOHEHTHOH CHCTEMHL.

B pabore [54] 6ei1 mpensoxkeH NpHOAHKEHHBIH KPUTEPHH AJf ONpene-
JIEHUST MOpOra MEPKOJSUHH B MHOIOKOMIIOHEHTHOH CHCTEME H pacCMOTPEHB
MPHJIOKEHHS UBETHOH MepKONSUMH A5 PelleHus 3ajad O NPbRKKOBOH NPOBO-
OUMOCTH.

1.12 uddy3nonubiii ppoHT

PaccmoTpuM auddy3Hio YacTHUIL Ha MJAOCKOH KBaJpaTHOH pelleTKe [24,89].
MCTOYHMKOM 4acTHIL ABJAETCS ONHA U3 CTOPOH PEIIeTKM, Ha KOTOPOi KOHLEH
Tpallusl YacTHL NOALePKHBAETCS TIOCTOSIHHOM W paBHOH 1. Kaxnas n3 4acTHL
MOXET MepPeHTH B ONHH M3 YeTHIpeX COCENHHX Y3JOB, ec/lH OH CBOGOILEH.
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CMeluenue yacTHIB! B1Ob B3AHMHO NEPNEeHAUKY/ISIDHBIX 0CEH CTaTHCTHUYECKH
HE3aBHCHMEL, OITOMY CPEAHHH KBAAPAT PACCTOSHHS YaCTULB OT HCTCUHHUKA
B MOMEHT BpeMeHH ¢ ompefiesigeTcs GhopMyJIoi

(%) = Dt (1.37)

rie D — koatduuueHt audodysuq.
BepostHocts Toro, uro Y3€J Ha DACCTOAHHH Z OT HCTOYHHKA 3aHAT B
MOMEHT BpeMeHH f, paBHa

2

P(z,t) =1~ e~ 7 du (1.38)

2

B IIPOTHBOMOJIOXHOCTE «00bIYHON» NEPKONALUNH, THe BEPOSTHOCTD 3aMOJNHEHHS
YSJIOB MOCTOSIHHAS BEHYHHA, B JAHHOM CAyYae BEPOSTHOCTb 3aBHCHT KaK OT
KOODAMHATDI, TaK M OT BpeMeHM. [Ipy (puKCHPOBAHHOM t BEPOSATHOCTb MOHO-
TOHHO y6biBaeT ot 1 nput (z = 1) g0 0 (z > \/th). B6an3u ucTtouHuKa, rae
BEPOATHOCTD 3aMONHEeHHs OJIM3Ka K 1, 3aHATHIE Y3/1b 06Pa3yIOT JOBOJBHO KOM-
NaKTHBIA W OAHOPOAHEI KaacTep. Jlas GoAbIIHX BEPOATHOCTL 3aNOJHEHHS
Y8/I0B HHXKE NOpOra NepKoJsUMK Ha PELIETKE, M 3JeCh MMEIOTCS TOJAbKO Ma-
JNEHbKME H30/MPOBaHHbIE KJacTeprl, I'paHMIly CBS3HOIO KJAacTepa HA3LIBAIOT
CKopaynoH uiu o6onoukoit (puc. 1.22) Cpennsis KoopanuaTa rpaHHlia cKop-
JYTEL I CBSA3aHA C TIOPOTOM MEPKOJSILHH COOTHOILIEHHEM

C Tevyenwem BpeMmenu CKOpJlyna CMeulaeTcs, IpH 3TOM yBeJHYHBACTCS M
ee wxpuHa. Ckopayna umeer (hpakTanbHYIO CTPYKTYDY ¢ ee dpakTajbHas
Pa3MepHOCTL paBHa

1+v 7

= = — 1.4
Dh o 4 ( 0)

[MonsTHo, 4T (ppakTaibHbie CBOHCTBA, T. €. CAMONOAOGHE CKOPJYIIbI, IPO-
ABJIACTCS TOILKO Ha MaclITabaX, MEeHbIUMX UWIHPHHBI CKOPJYIIH. XapakTepHbiii
PasMep KOHEYHHIX KJ4aCTEPOB ONpPEeNeaseTCs COOTHOLIEHHEM

§ o |p(z) —pei ™ (1.41)



1.13 MnBa3uonuas nepkonsuus 47

Puc. 1.22. Inddysus yacTul 0T NMPOTSKEHHOr0 WCTOYHHKA, HAXOAALLEIrOCsH
B HHXHEH yacTd pucyHka. Judpy3HoHHbBIH (PPOHT MOKA3aH CEpPbIM LIBETOM.
CnpaBa nokasaH TOJbKO AUG(Y3UOHHBIH (DPOHT.

1.13 HHuBa3uoHHad nmepKoOIAALMSA

UHBa3uoHHas NePKOIALMs (MEPKOASLUHUS C BHTECHEHHEM) — 3TC [AMHAMM-
YeCKH# TMEPKONALMOHHBIH ITpouece BEITeCHEHHSA ONHOH XKHIKOCTH IPYro# B
nopuctoil cpene [106]. Ecau oueHb MeNJEHHO BIPLICKHBATL BOLY B NOPUCTYIO
Cpely, 3amOJHEHHYI Mac/ioM, TO KanuianspHbie addexTe OynyT mnpeobaa-
Iath Haj BS3KMMHM, H JMHAMHKa mpouecca OyAeT onpelessThCs MPOLECcCaMy
B Macuitabe otaeabHeIX mop. [Ipouece MOXHO NPOMOAENHPOBATL HAa PELIETKE,
paccMaTpHBas y3Jibl M CBSI3H KaK MOPHI M CBASHLIBAIOLIME UX KaHa/bl. ¥Y3/aaM
MPHITMCHIBAIOTCA CAyYaiHbBle YHCJA, KOTOPhIE XapaKTePH3YHOT pasMephl 1op H
KaHaJOoB. :

AnTOPUTM COCTOHT B CJENYIOIEM

1. KaxaoMy yany pelleTKd PUIHCBIBaeTcs caydaiinoe uucno r € {0, 1].

2. Bol6HpaOTCH Y3/bl BIPLICKMBAHHA BRITECHSIOWEH XKUIKOCTH (HCTOYHH-
KH) U MeCTa BLITEKAHHUs! BBITECHSIEMO# XKHAKOCTH (CTOKH),

3. OnpenensoTcs y3jbl POCTa — Y3J1bl, 3aHATbIE BHITECHAEMOH XKHUIKOCTHIO
M COCEICTBYIOIHE C BHITECHAIOLIEH XKHIAKOCTBIO.

4, BeiTecHAKLIAA XKHUAKOCTb NPOXONAHT B TOT y3ea POCTA, IAe 3HAYeHHe 7
HaKuMeHbLlIee,
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5. Y3/bl pocta B 06/1aCTAX, NOJHOCTHIO OKPY2KEHHbIX BHITECHSIOLIEH KUJ-
KOCTBIO, TEPSIOT aKTHBHOCTb M HCKJIIOYAKTCA M3 CIHCKA Y3J0B pPOCTa.

6. HpO].lECC 3dKaHYHBaEETCA, KOorga BbITECHSMOLAsd HKHIKOCTE HOCTUIraer
CTOKaA.

MoxHo paccMaTpHBaTh npouecch 6e3 3axpara, ONycKast IIyHKT 5.

1.14 KouTHHya/bHas mepKoJsALUS

Hecmorps. Ha To, uto pemerounas (hopMyIHPOBKA NEPKOIALUMOHHBIX 3a-
Aad oueHb yn06HA Kak AAs aHAJHTHYECKOTO, TAK M /IS YMC/IEHHOro H3yue-
HUS, MHOTHE €CTECTBEHHbIC HEYTOPSAOYEHHbIE CUCTEMBEI HE MMEIT pelIeTou-
HOH CTPYKTYPbI H TPeGYIOT IPUMEHEHHUA APYTOro TOAXOJA. YHHUBEpPCAIBHOCTE
KPHTHYECKHMX M0Ka3aTelel BbIAEPXKHBAET YMEPEHHbIE BOSMYLLEHHS TAKKE, KaK
BBE/ICHHE KOPPeJALHK GJIHKHEro NopaaKa UIH U3MEHEHUe THIIA PeLeTKH IpH
COXPaHEHUH PasMEPHOCTH TPOCTPAHCTBA. DTO NMOPOKAAET MLEK O TOM, 4TO U
HaAuHe CaMOH elIeTKH He ABjseTcss HeoOxoauMuiM, KoHTHHyansHas 3aza-
Ha NEPKOJIALMHY HMEET pasanuHble POPMYAMPOBKH, CPelH KOTOPHIX HauboJee
TNIONYSIDHBL CAEAYIOLIUE TPH.

Moderv nycmom uau moleas wseliyapckoeo coipa [41]. Chepuueckue
MycTOTH! (ONMHAKOBOrO pasMepa WM HMEWLHe HEKOTOPOEe pacnpeje/ieHHe
o pasMepaM) cay4aiiHbIM 06pa3oM MOMELlaloTes BHYTPb NPOBOAAILEH cpe-
Abl. CdepuyecKkne mycTOTH MOTYT nepekpuiBaTh Apyr apyra (puc. 1.23). [Ipu
KPHUTHYECKOH Nojie 00beMa, 3aHATOrO0 TAKHMH ITYCTOTAMH, BO3HHKAeT GeCKo-
HEYHBI! KJIACTEP COeMHEHHBIX APYT C APYTOM [YCTOT, H CHCTEeMa Tepsier
TNPOBONSALLKE CBOMCTBA WIIH MEXAHHMYECKYI XKECTKOCTh. DTa MOIENb yno6Ha
AJIA ONHCaHHUA 3JaCTUUHBIX CBOHCTB M TPAHCNIOPTa B MOPUCTHIX CPenax.

[Ipobarema cihep uru obpamnas moders WeelyapcKoeo colpa, U3BECT-
Ha TaK Xe KaK mo0env CAY4QlArbiX Y3408 UAU nepexpoulearouiuxcs ouc-
xog [79,123]. B a10ii 3agaue chephl ABAAIOTCH NPOBOLALIMMH H HaX0AAT-
Cfl B HEMpOBOAsiIeH cpenie. MoXHO BBeCTH 6/1H3KOnEHCTBYIOLIME KOppeasiiuH
MEXLY NHCKAMH — CHJIbl OTTa/KHBAHWA MeX1y AHCKAMH, YTO NPHBOAMT K
CHBHTY mopora MnepKoJaflH, HO 0CTaB/seT HeM3MEHHBIMH KPHTHYECKHE [0Ka-
3arequ. [Ipu HeKOTOPOM KpUTHUECKOM 06BbEME, 3aHATOM NepeKpPbIBaIHMHUCS
cpepamu, B CUCTEMe BO3HHKAET GECKOHEYHBIH TPOBOASLIHE Knactep. Mogean
Obl1a UCTIONb30BaHa A/15 ONHCAHHS NPHIXKKOBOH NPOBOAUMOCTH B JOMHPOBaH-
HBIX monynpopoaxukax [130] u pasoBbix nepexonax B deppoMarHeTHKax [1].
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Puc. 1.23. KonTuHyasbHas NepKOIALUSA s Cydas 00BEKTOB OMUHAKOBOIO H
pas3JIMYHOro pajaHyca. |

B moOeiu nomenyuaios paccMaTpUBaeTes ankas GyHKuEs ¥(x) U uay-
4aeTcs reOMETPHA 06/1acTH, TAe (z) € h = const. 3ta moae/b Obljia BBEICHA
. JJIF OTIMCAHUS JOKAIU3AUUH KBAa3HKAACCHUECKHX 3/1eKkTpoHoB. Toraa ¢(z) —
NOTEeHH AN, CO3JaBaeMLIll IPUMECAMH, @ h — 3HEPrHs 3JeKTPoHa.

1.15 3apmaua «HMrOJOK» M POACTBEHHbIe MPoOJIe-
MBI

[TpoMeKyTOuHOE TOJOXKEHHE MEKAY K/IaCCHYECKUMH PEeLIETOUHLIMH 33-
JadaMy ¥ KOHTHHYaJbHOH NepKoJsiLyeH 3aHUMAIT 3alayd O NePKOJALHMH Ha
pelieTKe HeTOUYeUHEIX 06beKTOB. MOXHO pacCcMOTPETh MEPKOALHIO HTOMOK —
HerepeceKalnlMXCsl aHW30TPOMHBIX 00BEKTOB Ha ABYMEPHOMN pelleTKe [100].
Eie ofiHa BO3MOXHOCTh — Pa3MelleHHe Ha KBaipaTHOH pellleTKe KBaApaTHLIX
6JI0KOB CO CTOPOHOH, KpaTHOMH Anuue cBsiseli — 3anaya Hakamyper [76].

B pa6ote [100] 6110 nokaszaHo, YTO 3KCHEPHMEHTA/BHBIE JdHHbIE XOPOLIO
anMpoOKCHMHUPYIOTCH (hOPMYJIOoH

2
pe(a) = C 1—7("’“1) (1.42)

a

rge a — aauHa urogok, C, v = 0.31 = 0.01 — KOHCTaHTHI. Gdopmyna He
CIipaBelJ/iHBa AJs CJy4asi TOUeYHBIX 00beKToB (06buHasA nepxomunﬂ) a=1,
ONIHAKO OKA3bIBAETCA CTpaBeNJMBOH ANA caydas 3agaud Hakamypbl.
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[IprMeyaTe/bHO, YTO TAaKOE XK€ COOTHOIUEHME, HO C WHLIM 3HAYeHUeM I10-
crosHHO# C BBINOMHSAETCA W AJIA 3ajiaud CaydaiiHoi ascop6umu (random
sequentinal adsorbtion, RSA, jamming). ITpu noctuxenun 1I0pora mnepko-
NSIUMY B CTYYae aHU3OTPONMHBEIX 06BEKTOB pelueTKa CONEPXKHUT MHOTO MYCTOT
pasMepa, AOCTATOYHOro AJIs pasMelleHHs B HHX AOMOJHHTEJLHBIX MTOJIOK.
OnHako npH HEKOTOPOM 3HAYEHHH KOHLUEHTDPALMH HIOJOK OKA3LIBAETCS, HTO
Ha pelIeTKe OTCYTCTBYIOT NMYCTOTHl NOCTaTOYHOrO OJIS PA3MELIEHHS elie Of-
HOll MroJKHM padmepa. JTa KOHUEHTPALHs Ha3bIBaeTCH NOPOTOM ajicopOIHH.
OtHolueHne 11opora NepKoJIAUMY K NOpory aacopbuuu pasno 0.62 + 0.01,

LT

LITT]

Puc. 1.24. Tepronsuus uronok, agcopbuus, 3agaua Haxamypsl.

o

1.16 «PemetouHsble 3Bepu» U pa3nokeHie B psag

Cp'e'n_Hee YHCJ0 Mg MANBIX KJAACTEPOB MOXKET BbITh MOACYMTAHO TOUHO, Pac-
CMOTPUM KBaZipaTHYIO PeLIeTKY W MOACYHTAEM YHCAO KJIacTepoB pasMepoM 2.
TaKoii K/1acTep COCTOMT H3 2 3aHATbIX Y3/10B (BEPOATHOCTb p?), OKPYIKEHHbIX
LIECTBIO. CBOBONHBIMH (BEPOSTHOCTD (1 — p)°). Or MoXeT 6HTH pacnosioxken
BEPTHKAIBHO WM ropu3oHTanbHo (2 Bapuanta) (1.25). Takum o6pasowm,

ng = 2p*(1 — p)®.

CpelHee YHC/I0 KJIaCTEPOB, COCTOALIMX U3 3 Y3JIOB, ONpese/isercs BbIpa-
KeHUeM

ns = 2p°(1 — p)® + 4p*(1 — p)".

Poct ynena KoHGHIypaunii cTpeMHTENLHO PACTeT C YBEMHYeHMEM pasmepa
Knactepa. Tak nis knacrepa u3 4 y3J0B HHCIO KOH(pHrypaumii paBHo 19, a
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p(l—p)*  2p°(1—p)® 2p%(1 — p)® 4p*(1 — p)7
@] @] O
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Pue. 1.25. «PelerouHtie 3pepu» Ha KBajJpaTHOH pelleTke

Ans KJaactepa u3 5 y3noB — 63. INoHATHO, YTO AJA AOCTATOYHO OOJBIIUX
KJ1aCTEPOB TIOJCYET BCEX KOH(PUIYPaLUK BO3MOXKEH TOJNBKO C UCHOJNb30BAHHEM
KOMIILIOTEDA.

O603Hauaa nepuMeTp ¢ — uyuca0 CBOOOOHBIX Y3J0B, GIHKAHIIMMHU COCe-
JAAMH KOTODPBIX SABJSIIOTCS 3aHSATHIE Y3JIbl AAHHOTO KJAacTepa, U ggt — UYHCI0
FeOMeTPUYECKH PA3NUYHBIX KJACTEPHBIX KOHGUrypauuii® us s ya/nos ¢ mepH-
METDOM 1, UMeeM AJIS CPeAHEro YUcJ/a KJaCcTepoB pasMepa s Ha y3eJ PelleTKH
clefyroliee BupaKeHne

ne(p) = Y _ gsp*(1 —p)". (1.43)
t :

2Ta opMynaa cripaBefauBa Ans a1060i peweTku. [TonyueHHble HAMH BHIILIE
BbIPaXKEeHHS AJIS CJydasi MaJibiX KIaCTEPOB HAa KBaJPaTHOH pelLleTKe ABJASIOTCA
€€ YACTHEIMM CJIydasiMU.

CJ10XHOCTb 3aK/104aeTCH B TOM, YTO CYMMHPOBAHMeE TIpeAIoNaraeT 3HaHHe
BCeX BO3MOXKHBEIX KOHOMOUrypauHH M TNEepUMeTpoB. TeM He MeHee, H3BeCTHHI
HEKOTOpEIE aCHMITOTHYECKHe Pe3yJabTaThl AJS 04eHb GOJBIIMX KJaCTEpOB,

MoxHo BOCTO/IBL30BAaTLCA PE3YJbTaTAMH, TOJAYYEHHEIMH [Js K/JIaCTEepOB
He6Go/bILIOro pasMepa, YToObl MPOBECTH 3KCTPATIONALIMIC Ha cayyai s — oo,
[lo pesynbTaTam 3KCTpanoaslLMH MOXHO TOJYYMTb 3HAUEHUS KPUTHUECKHX
nokasartesed. Hanpumep, k-it MOMEHT OYHKUUH pacrpefeseHHs KJaCTepoB
onpegnesisieTcs BhIpaXKeHHEM

My = Zskns(p). (1.44)
s=1

3Taxue KOH(UIYPAUUM NPHHSTO ellle HA3BIBATH «PEIIETOYHHMH 3BepAMH» («lattice animals»)
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Bripaxcenue (1.44) mosxer 6biTh alIpOKCHMHPOBAHO KOHEYHEIM CTENeHHbIM
pATOM

lmax

My = (k). | (1.45)
I=1
C yuerom opmyas (1.43) Boipaxcerne (1.45) npunumaer BHL

My =) gsss*p*(1 - p)*.

s,t

Takum o6pazom, KoaduuuenTts a;(k) Moryt 6mith BEIDAXKEHB! Yepes [
KOTOPBIE MOTYT OBITh BRIYHC/IEHB HEMOCPEACTBEHHO BIIOTH JI0 HEKOTOPOTo
8. M3 pesynprato anmpokcumamuu Moo ONPENEJHTL MOPOT NEPKOJALUK
M OLHH M3 KDHTHYECKKX MOKa3aTeseil. Annpokcumauus yacto POBOAKUTCS
meropoMm [lage. |

1.17 Meroxa penopm-rpynn

Cymecrsyer nBa Bapmauta Mertoxa peHOpM-rpynn. MeTox peHopm-
Tpynn B peanpHOM mnpocTpaHcTBe (small-cell, reall-space, position-space
renormalization group) u merox PEHOPM-TPYTM B OOpPAaTHOM MPOCTPaHCTBE
(reciprocal q space renormalization) wiu e-pasnoxenmue (e-expansion). ans-
HeHiliee U3J0KeHHEe B OCHOBHOM caenyer paborte [89].

1.17.1 Meroz PEHOPM-TpyNN AJS MAJbIX S4YeeK

OcHoBHoO# Haeeit PEHOpMaH3aLHK ABJIAETCA CaMONOA0GHE MepPKOISLIHMOH-
HOTO KJacTepa BOJM3H KpUTHYECKOH TOYKH. B paszene 1.6 Guio CKa3aHo,
970 J/14 PasHBIX MACIITaGoB NJHH CNPaBelJHBBl DAa3JHYHBEE CTENEHHAE 3a-
KOHbI (Kpoccosep). Ilepexon oT omHOTo BHJa CTENIEHHOTO 3aKOHA K ApYromy
MPOMCXOMMT NPU XapaKTePHBIX pasmepax L mopsiika KOPPeiUHOHHON A/HHbI
§ o< |p— po|™". Takum 06pasoM, KJacTepbl MOTYT OBIThb pasnenennr Ha nBe
GoJsbIuve IPyMNILL: Te, Macca KOTOPBIX s 6odiblle, YeM [P — P/ u te, Macca
KOTOPHIX MEHbUIE 3TOH BeJHYHHEL. [ MajeHbKHX KJ4CTePOB MK MaJeHb-
KHX CHCTEM CNpaBefJIMB OOHH BUI CTENEHHOTO 3aKOHa, Hanpumep P o [,=8/7,
4 171s1 OOJIbLIMX KJIACTEPOB HJIH CHCTEM BHLITIONHAECTCA HHOM CTENEHHOH 3aKOH,
Hanpumep P o |p — p.|°. Ilpyrumu caosamu, Bce KJACTePbl MM CHCTEMBI ¢
JUHEHHBIM Pa3MepoOM MeHblle, yeM KOppe/sIUHOHHASA LJIHWHA §, OROGHH ApPyT
APYTY B CpelHEM, MOCTOJIBKY IOCKOJBKY OHH CONEPXKAT MHOXKeCTBo Y3JI0B.
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1o nopobue Hapywaercss AAs 60MbLIMX PasMepoB IOpsaAKa £ H O/ Majmx
pasMepoB NOpsAAKA PAcCTOSHUS HA pelleTke Mexay OJHKAHIIMMH coceis-
MU a. [IpaBee nopora nepkoasinuu KoppeasiiuoHHas AAUHa OeCKOHeuHa, Tak
4T0 Bce DOJbliKe KAACTePH Ha pelieTKe mofgoOHBI Apyr Apyry. Ecau Mul BhI-
JesisieM 4acTh CpejlHero pasmepa Ha OoJsiblIOH pelleTKe, TO H 3Ta 4acTb W
cama pelleTKa Bce ellle 3HAYMTeJbHO MeHblle uyeM £ NpH p = P, ¥ NOAOOHLE
apyr opyry B cpenHem. CoenyeT vMeTh B BHAY, YTO MORoOHE COXpaHAETCH
MeX1y PacCTOSHUSIMU a U £ TOJBKO B cpefiHeM. Ecau mpoRecTH ycpeaHeHue
Mo MHOTMM KJacTepaMm, TO MOxHO 0OHapyXuTb Takoe nogobue. Mues nopo-
64 B KayecTBe OCHOBaHHUA TEPMUYECKHX KPHTUUYECKHMX SBJEHHH U CKEHJUHT
BocxopaT K 1960 rogam (o630p Kaganosa [56]) u npuBonst K nepBoi peHop-
Masnu3auuoHHoN Teopur Buawscona [107]. [Ipu peHopmaJsiM3alMud B peasbHOM
NPOCTPAHCTBE MbI 3aMEHSEM SUeiKy W3 HECKOJbKHX Y3J0B Ha ONHH cynepy-
3eJ, NIPH 3TOM JHHEHHBIH pa3Mep b AYEHKM LOJIKeH OblTb MHOrO MeHbule €.
Koneuno, mMbl TepsemM yacTh UHQOpMALMH, €Cad, Hanpumep, 16 ysnos gyeit-
KM 4 X 4 Ha KBaJipaTHOH DellleTKe 3aMeHAITCA OOHUM cynepysaoMm. Ho ecau
CKeUJIMHT OCHOBBLIBAETCH Ha TOM ¢hakTe, UTO BCe SUEHKM pazmepa b nonobHbL
APYT APYTY, TO BO3MOXKHO MBI CMOXEM TIONYYUTEL U3 3TOro NPUOJHIKEHHS X0-
polive 3HAYEHUS /sl KDUTHYECKHX TOKasaTesel, Koria Mbl peHOopManu3yeM
Leaywo suedky ckaxem b? yainos B ogny cynepsueliky. KoanuecTBenHo takas
peHOpMAaJIU3allus sSUeeK B y3Jbl TpefyeT onpeeseHHOro NpaBuia, ONpefensio-
ILero, Kak oHa J0JI?KHA NpoBoauThes. KpoMme TOro, KOHUEHTpaLUHS p 3aHATHIX
cymepsuyeek Oyaer B 06iieM OTAWYATbCH OT KOHLEHTPalMH HCXONAHBIX Y3JO0B.
Tonbko cnpaBa OT KpPUTHUHECKOH TOUKH, rie caMOnofobue BHIMOJNHSAETCH, MBI
uMeeM p' = p = p.. B obuiem Mel 3HaeM, YTO KOppeJsAUHOHHAA OJIWHA &
OTpaHHYMUBAET CIIPaBelJMBOCTb CaMONOROOHs, UTaK, Npefen § ABAAETCA TeM
JKe CaMBIM KaK B CJydae HCXONHOH peleTku, Tak U B Cayuae peHOpMaJu-
30BaHHON pelIeTKH U3 cynepsueek. Ecau B McXonHOH pelneTke MH HMeeM
£ = &lp — pc| ™Y, TO B peHOPMA/IM30BAHHOM pelleTKe ¢ NMOCTOSHHON pelieTKH
b mul umeeM &' = &lp' — pe|™Y, ¢ TOH Xe camoii MOCTOAHHOH NPONOPUHO-
HaNbHOCTH &g, BEJMYUHBl MMOPAAKA TIOCTOSHHOH pelleTKH, U TeM Ke CaMBIM
KPHTHUECKHM [0Ka3aTesieM v, B cydae ecid H |p — pe| 1 |p’ — p.| ocTaioTcs
OueHb MaJeHbKHMU. Tem He MeHee, HOBAA PeLieTKa MMEET HOBYIO NIOCTOSHHYIO
pereTku b, u £ usmepsiercs B ee egunuuax: & = £/b. HUrax,

blpl - pclﬁu — ‘p - pc|_v
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IBJIIETCH OCHOBHLIM YDaBHEHHEM B C/ydae PEHOPMaJIM3allMyi B PeasbHOM Npo-
cTpaHcTBe. Beps Jjorapudm oT 06euX CTOPOH YpaBHEHHS, IOJAYYaeM .

I logﬁf _log A

v logb ~ logh

rane
o PP _dp

D Pe dp _
npu p = p'. Yacto B ny6ANKAUHAX 10 PEHOPMANH3aLKU 1 /v CORpAILeHHO 060-
3HA4aloT y HIH yr UK Yp. CyMMHDPYA, MH peHOpManu3yeM suelKy pasMmepa
b B eZMHWYHBIH cynepyses: 4ToGbl COXPaHMTb BEUYUHY & HEH3MEHHOH TpH
3TOH PEHOPMAJIM3AlLlHH, Mbl TAKXKe H3MeHseM p Ha p'.

IIpumerenue MeTo4a PEHOPM-TPYNN AJS OXHOMEPHOI IIEMOYKH

Hro6bl IpoaeMOHCTPHPOBATL 3TY HAEK BHOBb BEPHEMCH K OZHOMEPHOMY
cayyaro. [Ipeanonoxum, Mel IPyNIHPYeM Y3JIbl HA JIMHKAH B A4eiKH N0 b y3J10B
B Kax/0# fueiike. Onun KoHel suefiKu GyAeT CBA3aH C APYTHM TOJBKO B TOM
ciydae, KOTfia Bce ee yaJbl 3aHAThHl. Mrak, Mbl MOXeM 3aMeHHTb sueliKy Ha
HOBBI{ CYNEPY3es U ONpeNe/KTh BEPOATHOCTH 3aMOJHEHHS 3TOrO CyNepyana
KakK

g =p’ (1.46)

Ecin mbl HauHeMm ¢ p = 1, T0 u3 3rtoro cieayet, uto p' = 1. Touka p* = 1
onpefeaseTcsi TaKUM 00pa3oM Kak HEINoJBHXKHas TOUKa TAKOro npeobpasoba-
HHA peHoOpM-rpynn. HenonsuxHas To4Ka ocTaeTcs HEMOABUXKHOM TIPH peHop-
Manu3auuy, Ecan mbl Haunem ¢ p < 1, To ypaBHenue (1.46) naer b < p.
Ecnu Mbl MOBTOpHM 3Ty Mpouenypy MHOTO pas, TO NMOJYYHM AJS PeHOPMaJH-
30BAHHOH KOHUEHTpaUHH 3HaueHWe Hosb. Koneusno, p = 0 Takke siBasercs
HETOIBUKHON TOYKOH, KOTOPYIO Mbl MOXKEM aCCOLUHHPOBATH C PEIUETOYHBIMHU
MUBOTHBIMH. B HemonBHXHOM Touke p = 1 p’ To %e camoe, uTo U p. Kpome
TOTO, €CJIH Mbl BEIYHC/AAEM £ B eIUHHLAX PACCTOAHHA MEXAY HallHMH HOBHI-
MH cymepysnaMu, To HMeeM &' = &/b. [TockoabKY p' = p MBI TaKkxe HOJKHBI
uMeTb M & = . ITU 1Ba ypaBHEeHMA COBMECTHBI TOJBKO €caH £ = oo (Hau
Hy/10). MiTak, Mbl nAeHTHOHLIPOBATH HEMOABHKHYIO TOUKY p* = 1 KaK nopor
MEPKOJAUNH p.. Tenepb Mbl MOXKeM BepHYThecsl K ypaBHeHHuwo (1.46). M3 Hero

A=— =bp* l=bnpup=1
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CnenosarensHo, ypasHenue (1.46) naer

_logA  logh
" logh logh

L 1 (1.47)
v

B coorBercTBUM ¢ pafgenoM 1.5.1 MeTOA PEHOPM-TPYMN OKa3bIBaeTCs TOYHBLIM
B OAHOMepHOM caydae. CuTyanus MeHee OUEBHJHO B CJyuyae MPOCTPaAHCTBA
Goqbllell pasMepHocTH. Kak m B paccMOTPEHHOM BRI TIPHMEDPE, HAM HalIo
cBf3aTh p' C BEPOSTHOCTHID TOrO, 4TO A4YeHKa CBSI3bIBAET NPOTHBOTONOMKHbIE
JJUHUU UM NIockoeTd, CyliecTByeT MHOXKECTBO Croco0oB BuOpaTh AYEHKY H
onpenenuTs p’ ¥ HYU OJMH M3 HMX HE HaeT NPOCTOrO TOYHOrO pedy/brara. B
3TOM pasjeJse Mbl MPeiCTaBHM ABa JOCTATOYHO MPOCTHIX M TOUHBIX NPHMEpa:
ONMH [/t 3a/la4M Y3J0B Ha TPEYroJibHOH pelleTKe, a BTOPOH — AJf 3a/auu
CBSI3€M Ha KBaApPaTHOH.

IIpuMeHeHne MeToda PEHOPM-IPYNI AJs 3a1a4M Y3JOB Ha TPEyroJbHOM
peueTKe

Ha TpeyrosibHOH pelneTke KaKAbl#l TPEYroJbHHK COAEPKHT TPH y3ja B
BEPUIHHAX M MBI IIOMECTHM Cynepy3es B LeHTpe TpeyronsHuka, Puc. 1.26
TIOKa3bIBAET, YTO Mbl PEHOPMAaJiM30BaJid NOAXOAAIIWE TPEYrOJbHHKH TaKHM
00pa3oM, UYTO KaxX[bl{l MUCXOAHBIM y3eJ TNPHHALJEKHT TOJBKO OLHOMY Tpe-
YTOJIbHHKY.

Tenepr Mbl HIEM BepoATHOCTb p' TOTO, YTO TaKOH cCymepysed, NpHHam-
JeXaIlKi peHOpMalH30BAHHOMY TPeYrOJNbHUKY, 3aHAT, €CAM KaXKAbid H3 HC-
XOHBIX Y3J/I0B 3aHAT ¢ BepOATHOCTRIO p. Cynepyses 3aHAT, €CJd CYLIECTBYeT
CTATMBAIOMIMK KJjacTep. B HalleM TpeyroJibHUKe 3TO COOTBETCTBYET CJydalo,
KOTJla MJH BCe TPU Y3/J1a 3aHAThl (BEepOSITHOCTb p°), UM KOTHA 3aHATH ABA
COCENHHMX Y3Ja W COEJHHSIOT [Be NPOTHBONOJOXKHLIX KOHLIA TPEyroJbHHUKA.
Iocaeauuil cayyait MoXKeT GbiTh peasnk3oBaH Tpems crnocobaMH (B 3aBUCHMO-
CTH OT TOTO, KaKHe W3 TPEX BO3MOMKHBIX [ap 3a8HATHI), KaXKAbIM H3 KOTOPhIX
nMeeT BepoaTHOCTb p2(1—p)). HUrak, peHopManu3oBaHHas BepPOATHOCTb PaBHA

p =p°+3p°(1~p) (1.48)

I'paduk dyHkuun p(p’) cxoneH ¢ rpadukom dyHkuus P(p), npeacTapiaeHHbIM
Ha puc. 1.3. CnpaBa 0T KPHTHYECKOH TOUKH MBI JO/KHKI HMEThb [IOHOE CXO4-
ctBo: p’ = p = p*. B Hauem cayuae, ypasHeHue p’ = p ¢ p’ U3 ypaBHEHHH
(1.48) mmeeT TpH pelieHHs
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A

Puc. 1.26. PenopMaingaunsi TpeyrosbHo# peuretky. CIVIOMHBIMY JHHUSMHA
TIOKa3aHa HCXONHAsA DelleTKa, MYHKTHPHLIMK — pPeHopMaJ/n30BaHHaS.

IMepsoe (0) u nocaennee (1) pemenue sBaAsOTCS TPUBHANBHLIME M CYIIe-
CTBYIOT /s BCEX DELIeTOK M BCEX PasMEPHOCTEH; HAC HHTEPEeCYeT TOJBKO
HETPHBHAJIbHAS HEMOABUKHAS TOUKA p* = 1/2. DTa HenoiBHIKHAA TOUKA TOY-
HO COBMANAeT ¢ HSBECTHBIM KPHTHYECKHMM 3HaueHHEM p. [JIA TPEYroJbHOM
PEICTKH — TIEPBLI NMPH3HAK TOTO, YTO METOA PEHOPM TI'PYIN MOXKET OhITh
NpaBunbHeIM. Ternepb passoxum ypasHenue (1.48) B psa BOJIM3H KpPHTHYe-
CKOH TOYKH

P =p"+Xp-p*)+0(p—p*)?,
rne

dp’ 2 3 *_1

B HawmeMm yacTHOM ciyuae Mb umeem b2 = 3 TIOCKO/IbKY Ha IIOCKOCTH TpH

CTaphIX yana (OPMUDYIOT ONMH HOBHIA cymepysen. Tora ypaBueHnue (1.47)
naet

. log v/3

~ log3/2

DTOT pesynbTaT, SBAASCH NMPEKPACHOMH anTtpoKCHMALHEH MpennoioKUTeNLHO
TOYHOrO 3HaueHHus v = 4/3 B ABYMEPHOM CJydae, BHOBb TIOATBEpXK 1aeT npa-
BH/IBHOCTb MeTONAd peHopm-rpynn. Ha nepsriif Barisin kaxercs cTpaHHbIM,
9TO PESYJIBTAT LJiA v He ABJsieTcsl TouHbIM. TIDHYHHA 3TOro Kpoercs B TOM,

== 1.355.
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yT0 NpeobpasoBaHue peHOpPMAaU3alMK He COXPaHAeT CBI3HOCTh Mem;iy y3-
Jdamu. JIBa y3na, koTopble NpUHaA/eXand A0 NpeoOpa3oBaHUA ONHOMY KJja-
CTEPY, MOTYT NpUHaAJeXaThb Mocje 1peoOpa3oBaHHd K Pas3yiMUYHBIM KJacTe-
paM. CiegoBatesibHO, pa3iiHiuHbIE CXEMBl PEHOPMaJH3aLUH MOTYT NPHBOAKTH
K Das/IMYHBbIM 3HAYEHHAM KPHTHYECKHUX [OKasaTenel, 4TO ABJSETCA Cepbes-
HbIM HEJOCTATKOM MeTOLA PEHOPM-TPYNII B TEOPHU MEePKOJIALHH,

[IpuMeHeHMEe METOAA PEHOPM-TPYNN AJsl 33444 CB3ell Ha KBaAPaTHOI
pemerke

Teneps paccmoTpuM eie ofHY NPUOGJIMXKEHHYIO CXeMy METOAa DPeHOpPM-
rpynmn, Kotopast NpejACTABASETCA OYEHb TOYHOH [Js 3aJauM CB3eH Ha KBaj-
patHoil pewerke [15,80]. B 3Toll cxeme 3ameHsOT sueliKy pasmepoM 2 X 2
¢ 8 CBA3AMU Ha OJHY Cymepsiuefiky TOJbKO ¢ 2 cBs3AMH. JIBe HOBHIE CBS3U
MPEeLCTABISIOT CBA3K B BEPTHKAJILHOM H TOPU30HTANBHOM HanpasneHusx. Ec-
JU MBI P2CCMaTpPUBAEM TOJBKO FOPH3OHTA/BHOE HATIPABJEHHE, TO Mbl MOXEM
HIHOPHPOBAaTh [Ba «MEPTBLIX KOHId» W CBSI3HOCTb CJieBa HANPaBO ONpenessi-
eTs nateio cesisamu AB, BC, BE, DE, RF. Puc. 1.27 nokassiBaer UCXORHYIO
KOHOUTYpauMio 3THX cBszell ¢ HX COOTBETCTBYIOI.U,HMP[ BepoﬁTHocmMH

A B C A B
D E F

—>
G H G

Puc. 1.27. IlpumeHenne mMeTofa peHOPM-TPYMNN JJIl 3afaud cBA3ed Ha KBaj-
paTHOU pelueTke

Hee rpanu AD u CA 6yayT TorAa cBsi3aHbl C BEPOSITHOCTHIO
p'=p°+5p*(1 — p) +8p°(1 — p)* + 2p°(1 — p)° = 2p° — 5p" + 2p° + 2p°,

TAe pasJMuHBE ClaraeMbie COOTBETCTBYIOT KOHGHrypauusm ¢ 5, 4, 3 u 2
CBf3AMH. Jlerko npoBepuTh, 4YTO

p*:— b=2 )\:--—-- =
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Hrak,

LA om0,  »a 1408
v Iné6

BHOBb 3Hayenue nopora NepKOJSLMM TOUHOE, 2 3HAYEHHE KPUTHYECKOro Mo-
KasaTeJis 6/1M3KO K TOYHOMY 3HaueHHIO 4/3.

Tot dakr, uTo ypaBHenus Kal0T TOUHBE 3HAYEHMS LJiSl IOPOrOB NMEPKOJIsi-
LHH ¥ XOpOLUKE OLEHKH AJsi KPUTHYECKOTO MOKA3aTejis He HOJIKEH BBONUTH
Hac B 3abayxnexue, B geficTBuTensHoCTH, 063 BblpaXKeHUsl NPUOMHKEHHEIE,

IIpumenenne meTona peHopM-rpynn B cMelmanHoi 3anaye

EcTecTBeHHO, METOA PEHOPM-TPYN MOXKET GHITH NpUMEHEH U [J8 HccJe-
AOBaHHs CMELIAHHOA 3aJa4¥ TEOPHH INeDKOJALMH, TO €CTh 3aayd V3J0B H
cBAsed. Takoe uccnepoBanne mposeid Hakanuwm u Peitnoanc [77]. Onu
paccMoTpeJin ciyyal KBajpaTHOH pelieTkd. PaccMaTpuBaeMas sueiika cocTo-
HT u3 4 y3noB ¥ 8 cBasel. BepoaTHOCTb 3anosineus y3J0B — p,, CBA3EH —
Pv. PeHopmanusauus nposogutcs B 1Ba 3Ttana: Ha NEepBOM Illare PeHOpPMaJiH-
3YIOTCSL Y3JIBl TyTeM NOACYETA BePOATHOCTH P, TOrO, YTO MOMKHO COEIMHHTD
y3eabHYI0 4acTb Ayelku. Ha Bropom Iuare nmogcuuTmiBaTcss BeposTHOCTH A
TOTO, YTO siYeiKa MOxkeT ObIThb NpoiieHa Mo cBsi3sM. Kaxapiil M3 9THX LAroB
MOXET ObITh NPOBENEH PA3NHYHLIMU CCOGaMH, |

Ilpu noacuere p) aBTopm TpeGoBanu, 4To6bI CYILLECTBOBAM CTATHBAIOLIKH
MyTh WK B BEPTUKAJIBHOM WJIM B FOPU3OHTAJBHOM HanpaBiaeHuH. Torna

Py=pi(1—(1—pp)*) +43(1 - ps)(1 = (1= po)*) + 4p2(1 ~ ps)’ps

[lns BeiuMCnenus p, aBTOPH TpeGoBaiH, YTOGH MOXHO GBLIO HONACTL B
SYEAKY H3BHE M JOCTHYB ee MPOTHBOMOJOKHOH CTOPOHBI,

PPy = (05 (P + 4p5(L — pv) + 3pF (1 — pv)2)+
2p5(1 — po)pg (1 — p3)(1 — (1 = pp)?)
+ (5 (2p5 (1 — po)? + 25 (1 — pv)3)
+03(1 — ps)(2p(1 — pb) + 2ps) + 202(1 — ps)?pi)ps (1.49)
YpaBHeHHe [aeT NpPaBUJILHBIE IPeJe/IbHblE CAYYaH A/ Ps = 1Hp, =

1. YpaBHeHHe M03BOHAO ompenesHTh KPHTHYECKHH MOKasaTenb W tasosyio
KPHBYIO.
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Ilpumenenne metosa peHopm-rpynn aas onpenejneHds (pakTaaLHOM
Pa3MEPHOCTH «KPACHBIX CBH3EH »

Mertoz penopm-rpynn 6bi1 yernemso npumeder Kounawo [19] aas onpe-
jenenns (ppaKTaIbHON Pa3MepPHOCTH «KPAacHHIX cBf3efi». UTOOH onpesenuTh
dreq BHOBb PACCMOTPHM HCXOLHYIO PeLIeTKY ¢ NOCTOSHHOH pelleTky 1 u cy-
NEeppelueTKy ¢ MOCTOAHHOH pemeTkH b > 1. B cymeppelleTke CBA3H MeXIy
ABYMs y3JIAMH 32HATBI, €CJAH Y3Jbl CBA3aHbI B HCXOAHOH pelleTke. To npa-
BHJIO 6OJbllEe TIOAXOAWT IS peuieHHs TnpobJieM NEepKOJALHH, YeM MpaBHJIO
CTapIIMHCTBA, o6cyXaasiueecs panee. Ha nopore mepkoJaliH KOHUEHTPALMS
CBA3ed B 06eUX pelleTKax OfHA U Ta XKe.

Ecau Mbl yranaum Manyio qacTs cBsiseil ¢ HCXOAHOH pEIIETKH, TO OMpese-
JIEHHAs 1019 ¢’ PEHOPMANHM30BAHHBIX CBS3ell CTAHET pasopBaHHOH. KoHueH-
Tpalus CBA3eH B 00eUX pelIeTKaX paBHa COOTBETCTBEHHO

p=pc(1—¢q)up =p(l-4¢).

ChenoBaTesbHO

CooTHOWIEHYE MeXIY g ¥ ¢’ MOXKET GEITh MOJYYeHO cIeAyIOLHM 06pasoM.
PaccMoTpuM peHOpMa/M30BaHHYIO CBSI3b, COENUHAIOIYI0 [Ba y3/Ja cyneppe-
LIETKH, KOTOPbIE 110 ONpPEASNEHHI0 IPHHAANEXKAT K OAHOMY KJACTEPY HUCXOAHOH
pewreTky. Ecam Mbl ynaaum Manyio yacTb cBsizeii g, TO BEPOSITHOCTL TOTO, 4TO
00a yssa CTaHyT H30JHPOBaHHLIMH

9’ = Nyreaq, (g — o0), (1.50)

THE Tieq X b% — wpeso «KpPaCHBIX CBfi3eH» Ha OCTOBe, COEAWHAIOLLEM IBa
yana. Ypasnenne (1.50) orpaxkaer ToT ¢hakT, YTO ymasieHHE TOJIBKO OLHOM
KPacHOH CBfi3H MeXIy ABYMS Y3JIaMHM JOCTAaTOYHO, 4TOGH! Pas3fiesiuTs ux. Be-
POSITHOCTb CYLIECTBOBAHHA KPACHLIX Kanejb, HMelollas M0 MeHblleH Mmepe
MOPAAOK g2, MpeHe6pexUMoO Mana npu q — 0.

Ha ypasrenns (1.50) Mbl HeMexaseHHO nosyyaeM

P — p o< b (p, — p)

CpaBHuBas 3T10T pesysbrat ¢ (1.47), MBI NOJyYaem TOYHOE COOTHOLUEHHE

dred = =y
v
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1.17.2 Merop peHopm-rpynn Ajas 00JbIMINX A4eeK

Kak mMbl I0Ka3a/x, MeTO peHOPM-TPYIIN B PeaibHOM [IPOCTPAHCTBE — BCe-
ro MUk NMpUHbMKeHHad cxema, OTIHYHOe COTJIaCHe, HaWJeHHOoe BHIUe, IJIst
MOpora NeproJALUM U KPUTHYECKOro MOKa3aress ABJAETCH HCKJAXUEHHEM, a
He mpaBuaoM, Jf ApYrUX pelleToK W AAS APYTHX PasMepHOCTeH MpoCTpaH-
CTBa OGBIYHO HMEIOTCH CYIIECTBEHHO B0JibliKe OTKJIOHEeHUS. TONbKO €CnH Mbl
yCTpeMHUM b K 6€CKOHEYHOCTH, Mbl MOXKEM OKHJATh, UTO METOL PEHOPM-TpyI
facT To4yHoe 3HaueHue. Ha kBanpaTHoli peweTke ¢ b = 5 peHopmanusauns 25
Y3/J0B B ONHY 5 X 5 f4efiKy NpHBOAMT K 225 pas/iMyHBIM KOH(QHIYpPaUMAM,
4TO JielaeT 3ajayy BechMa HempocToi. UToOn nepedTH K GOJBILHM CHCTe-
MaM HCI0Jb3y.n MoaeuposaHue MetonoM MouTte-Kapao, uTo6ul obecneduThb
penpeseHTaTHBHYIO BRIOOPKY M3 BCeX BO3MOMHBIX KOH(MHTYpALHH.

Hnes merona 3akiwoyaeTcs B TOM, YTOOb CreHepUpOBaTh HAa KOMILIOTEpe
cayyaiHbiM 06pa3oM 3arofHeHHble S4eHKH, a 3aTeéM PEHOPMAJIH30BATh HX.

1.17.3 e—pasnoxeHne

Jlpyro#l BapHaHT METOAZ PEHOPM-TPYIIN COCTOMT B BhIpAXKEHUH (JyKTya-
Ml B cricTeMe yepe3 Dypbe-KOMMOHEHTH. 3aTeM MTePaTHBHO CYMMHUPYIOT 1O
BCEM BOJIHOBHIM BEKTOPaM, TaK Ke KaK Mbl HTePaTHBHO YCPeLHAJH BhILIe 1o
BCEM TPeyTOJbHHKAM B peajbHOM MPOCTPAHCTBE. DJeMeHTapHbiH 0630p 3TOTO
Merofa Obin fad Bunabconom [107]. CymmupoBaHHe N0 BOJHOBLIM BEKTOPAM
He MOXKeT OLITh NPOBEJEHO TOYHO, U HCIOJMb3yeTCs METO/ BO3MYIUEeHHH B Tep-
MHHAX MaJoro napaMerpa £ nofo6HO IMarpaMMHOH TeXHHKe, IPHMEHAeMOH
TMPU PellleHHH 3aJayd MHOTHX TeJ B TEOPHH MO,

B cay4dae nepkoasuuu -pasnoxende [47] cnauasa npeofpasyer mepkoJs-
LHIO B TeMIepaTypHbd (a3oBbli nepexol, B Tak HaseBaoMy1o Mofenab [1oTT-
ca ¢ @ cocrosuuamMy npu ¢ — 1 [57]. ABTOpH! HAlUIM YaCTHYHYIO (PYHKIHIO

ato# mozesu [lorTca
2 My
Zpotts = (@7 ),

rae KakKIOulH y3eJ pelieTKH MOXeT GbITh B OJHOM M3 () pasjiMuHBIX COCTO-
suui. Cymma GepeTcs N0 BCeM NEHCTBHTEJIbHBIM KJIaCTEPHbIM UYHCJAAM 1M
B NAHHOH KOHQUIYpauUHH, ¥ n, = (m,) — CPelHee YUCIO KJACTEPOB. 31eCh
yCpefHEeHHe OTpeieIAeTCs M0 BCeM CYyYaUHBIM KOHMUTYPALUSIM NEPKONSILUH.
Temnepatypa cBA3aHa ¢ BEPOSTHOCTbIO COOTHOILEHHEM

log(l —p) o T}
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Jag cnydas ) = 2 pe3yabTaT COOTHOCUTCH C MOJEJIbIO M3uHra co cnvnom 1/2
a5 hbeppoMarHeTHKoB. JIErko MOXHO YBHIETb, YTO cayyad @ — 1 osnauaer
nepKoJsiuuio, [IJg 3T0ro Mel pa3joXuM

ngszexp In(Q st N1+ln(Q)ZmSm1+(Q—1)ZmS

Torna

F
P — In(Zwe) = (1 + (@ =) Tome) ~ (@ = ) o)
rie Fpoits Ha3pBaeTCs CBOOONHON SHEpruen

Foows = ~kaT(Q —1) ) _ng pan Q — 1
&

B 5ToM CMBICJE CyMMa 1O BCEM KJacTepHeIM uucaam B (1.4) coorsercTByer
npeneny cBo6onHOH sHeprud Mojeau [lorrea (moaxoAfuiuM 006pasoM HOP-
MHpOBaHHOH). Mrak, peiuenue TeMIlepaTypHOro (ha3oBoro Mepexoga B Moje-
au [MoTTca TakxkKe jaeT peiieHHe 1718 BEPOATHOCTHOrO (hasoBOro mepexoja B
nepxossauuu. ([penen @ — 0 cooTBeTCTBYeT 0COOOMY BHAY TIEPKOMNALHH: B
3ajade CBSI3eH MOMYCKAKTCS TOJBKO KJACTephl-IePEBbsi, T. €. KJacTepel, He
UMelilKe LHKJIOB [57,91}).

C OMOIIBIO 3TOTO MeTofa Da3/oXKeHHe BOIMYyLUEHHI HOpAAKA € H £2 ¢
e =6—d >0 naer B cnyyae d—MepHOTO npocTpancTra [27]
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b= 12348° (Sl)
o0 g2 1.52

V= 12348° T (Lo

Pewatonyii war 6511 ckpeIT, O6BIYHO HALI ApaMeTp BO3MYLUEHHS HMEET pas-
mepHocTh d. KakoB cMEIC/ B HCHOJIb30BAHHH HA LEJNOH pa3MEpPHOCTH Bpone
d = 5.9, 0N KOTOPOro pasJ/oxKeHHe NOMKHO OuTh xopomdM? O4YeBUIHO, YTO
B HefiCTBUTE]BHOCTY HAM HYXKHbL Pe3Y/bTaThl [/ TPEXMEPHOI'O H, BO3MOXK-
HO, AByMepHoOro ciyuas. OOHaKoO YHC/EHHO yxKe JaXke NOBOJIBHO KOPOTKHI
AL IaeT PasyMHbii pe3yabTar Aasi TPEXMEPHOro ciyyas. BeegeHue He uesiol
pa3mepHOCTH BribcoHoM H PuILEPOM ABJSETCH HOBBIM YHCJEHHBIM HHCTDY-
MEHTOM [J15 OMHMCAHHS OKPYKaIoLleH HAC NEHCTBUTENbHOCTH.



I'nmapa 2

Aaroputrmsl

XOTs B TEOPHH NEPKOJSALHYA TIONyHYeH PAf CTPOTHX MaTeMaTHiecKHX pe-
3y/IbTATOB, OCHOBHOH MpOrpecc JOCTHTHYT HAa MNYTH HCIOJb30BAHHA KOM-
NbIOTEPHBIX METOAOB (H3y4YeHHE NMPOLECCOB MyTeM MOJAEJHPOBAHMS METOLOM
Moute-Kapiio). Paspabotan psag Belcox03hheKTHBHbBIX a/ITOPHTMOB, KOTOPBIE,
B HACTHOCTH, O3BOMMH ONMPENEJNHTD HOPOT NEPKOIALUH A/l MHOXKECTBA pe-
WIETOK C BLICOKOH TOYHOCTBIO. Pafora mo paspaboTke HOBHX 3(h(heKTHBHBIX
4/ITOPHTMOB MHTEHCHBHO npoaoJikaercs. Ocobblit MHTEPEC NPEACTABNAIOT aJ-
COPUTMBL It 06PaGOTKA MOACTPYKTYP NEPKOJSLMOHHOTO KNAcTepa H aJiro-
DUTMbl, OCHOBAHHbBIE HaA T1apaJIJIE/LHBIX BHIYHCAEHHSAX.

2.1 Auaroput™ 3udda

Hanueiii anroput™ [111] cuntaetcs cambiM 3dHEKTUBHBIM AR onpenene-
HUs IOpOra NepKOJIALKH, BO BCIKOM cllydae, AJst IBYMEPHEIX pelieTok. Kpome
TOr0, €ro peasusalus O4eHb MpPocTa. AJrOPUTM YCHEWHO NPUMEHSICH NS
HAaXOX/EHUS TIOPOrOB NEPKOJALUHA C TOYHOCTHIO A0 6 3Havamux uudp Aus
3a124u y3/I0B Ha KBaApaTHOW pererke [112], ana 3amauu ysnos ua peruerxe
Karome [114] u apxumenossix pemetkax [94].

AJIrOpHTM OCHOBLIBAeTCH Ha ABYX HIeAX. IlepBas OCHOBAHA Ha MoxesU
rpapueHTHoi nepkoasuuy [81,83] (cp. ¢ nBuxeHHeM nuddy3nonHro ¢dpoHTa,
pasfen 1.12). B rpanueHTHOH nepKossuUM BePOATHOCTD 3aTOMHEHHS y3Jna 3a-
BHCHT OT KOODIMHATHI, T. €. MOXHO rOBOPUTb O I'PAAHEHTe KOHUEHTPALMM Ha
PeLIeTKe. DTO 3HAYHUT, YTO y3/Ibl HHXKHETO PAfa PELIETKH 3aHSITH C BEPOSTHO-

62
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ctbio 0, y3Jibl BepXHero — ¢ BeposTHOCTbI0 1. Boosb BepTHKaJbHOrO Hanpas-
JeHUs, TAKUM 00pa3oM, BEPOSTHOCTb 3allOJNHEHMA Y3J0B JIHHEHHO pacter, B
BEPXHEH 4acTH peleTKu oOpasyeTcs TEePKOJSLUOHHbIM KaacTep, MpocTUpa-
OLMHCA ceBa HanpaBo. CBepxy KJacTep OrpaHWuYeH rpaHHUeH pelleTKH, a
HHXKHSSI ero 4actb obpasyer 060a04Ky (ckopaymy) (hull). IBurasics mno rpa-
HHLE 000JI04KH € JIEBOH CTOPOHB! pellleTKH MOXKHO JOCTHYb €€ IPABOH rpaHu-
uel. To ecte o6o/04ka ofpasyeT nyTb yepes Bce pemerky. CpenHsia BbicoTa
3TOTO TiyTH DaBHA TOPOTY MNepKoJsuMU. [N KaXAoro AaHHOTO rpajHeHTa
KOHLEHTPALUK OLEHKa [J5 110pora NepKoJsLMH MoXeT ObiTb MoJy4eHa Kak
OTHOLLUEHHE 3aHATHIX Y3JIOB BHEIUHErO NEePHMeTPa K IIOJIHOMY YHCJY (3aHAThIE
Y3715l IA10C ¢BOGOAHBIE Y3JBl MEPUMETPA).

Noece
pC(vp) nOCC + n’UCLC 7

TIe Mpee — UHCIAO 32HATHEIX CBA3EH 0OONO0YKHU, Npee — YHMCA0 CBOOOAHHIX CBSA-
3ed o6oqouku. Eciy pasMep cucTeMbl YBeJMYHBAETCA WM TPalHEHT KOHIEH-
TPAlLM{ YMeHbILAETCS, TO OLEHKA NOpoTra NepKOJNALMH 3aBHCUT OT T'PagHeHTa
KOHUEHTPAllMHd JHHEHHO. DTO MO3BOJSET MPOBOAUTH NPOCTYIO 3KCTPAIOJs-
LU0 NAaHHBIX, TIOJYUYEHHBIX HAa KOHEYHOH pelleTKe, Ha cay4yad GecKoHeyHOH
cucTeMbl. Ha npaxkTvke OpHMeHAETCA NOCTATOUHO MaJblil TPAIHEHT MOPSANKA
Ap/a ~ 10™%, rie @ — napamMeTp pelleTKH, NocJe Yero IIPOBOJHTCA 3KCTpa-
TIO/IALMA HA CJY4Yai HyJeBOTO TpafHeHTa.

Bropas uaes sax/o4aeTcss B TOM, Kak HaWTH BHeWIHHH nepumerp. s
3TOT0 MCIIONB3YETCs] XOPOLIO M3BECTHBIM MeToA ob6Xona 1abHpUHTA: €CJIH [BH-
ratbCs no JabHPHHTY, KacasiCh ero CTEHHl JeBOH PYKOoH, TO MOXKHO HOWTH M0
BbIX0Ja U3 J1abHpHHTA.

Konkpernas peanusanus MIeH OCYWIECTBASETCA CJEAYIOLIMM 06pasoMm.
[pmensieTcs MeTon GayXnaHHs, reHepupylomero o6osnouky [102,110], npu ko-
TOPOM OIHOBPEMEHHO IeHepHpYeTCs H HAEHTH(QHULUpPYeTCS FpaHHLia KaacTepa,
Cratyc ysna (3aHAT HIu cBOGOAEH), JOCTHTHYTOTO B NPOLECCE CAYYAHHOTO
Ony>KIaHHs ONpeje/seTcs MyTeM I'eHepalHH CJAYy4adHOTO YHC/IA W CpaBHe-
HUS €ro ¢ BEpPOATHOCTLIO 3anoJHEHHs y3noB. Ecau B mpouecce GayxpaHus
AAaHHBIH y3eJ ellle He AOCTHTHYT, TO €ro cTaryc He OymeT OmMpemesiThes,
CAy4yaHHOEe YHCA0 He OyneT reHepHpoBaTbhes AAA Hero. Takol nomgxom cmo-
CoOCTBYeT yBeJHYEHHUIO 3D(DEKTHBHOCTH aAropuTMa. AJropuT™ He Tpebyer
CO3[aHHsl CIIHCKOB CBA3HBIX Y3JI0B HJIH MaPKHPOBKM KJIaCTEPOB.

Muuunanusaiuns pelieTky HAYHHAETCH C 3aMOJIHEHHA BEPXHEH IOJIOBUHbI
TNIEpBOro CToM0UA 3aHATHIMH Y3JaMH, @ HUXKHeH NoJoBHHB — CBOGOAHBIMH. B
TOPH30HTA/JbHOM HaNpaB/JeHUH KajaralTcs Nepuogudeckie rpaHuyHbIe YCa0-
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BUS. Kaxzbii cTon6er o4yMil@aeTcs mocae TOro, Kak OH GblJ MOCelleH.

2.2 Aaropurm JIuca

Jnsi reHepalliy OTHEJNBHOrO KJ1acTepa WHPOKO NPUMEHSIOT airoputM Jlu-
ca [61]. AnropuTm He3aBUCHMO 6bi1 MPeNIOKeH Takxke Xammepcau [44] u
AnexcanaposuueM [3]. Mpes anroputma sak/moqaercs B clenyiolleM. Beou-
paeM Ha pelleTKe HEKOTOPBIH HayajbHBIM y3€] ¥ NoJaraeM, YTo OH 3aHHT.
[IpocmaTpuBaeM Bce TpaHMYaIlUe ¢ HHM YaJbl (MepHMETP) M 3aNOJHAEM X
C BEPOSATHOCTBIO P MJIH OCTaBJSIEM NYCTHIMH C BeposTHOCThI 1 — p. IMocae
IPOCMOTPa BCEX Y3JIOB MepuMeTpa obpasyeTcs KjacTep GosbllIero pasmepa.
[IpocmaTpuBaeM Bce Y3nbl, NMpHHALIEXKALIHE €ro HEePHMETPY, 3aloJHAS HX
C BEPOATHOCThIO p, M T. A. [lponecc mpomomkaercss 10 TeX MOp, NOKa He
OCTaHeTCs HenmpoBepeHHBIX sueek. Knacreprl, monydennsie Metozom Jluea,
MOAYUHSIOTCS PACTIPEAEIEHHIO 527, (p). ANTOPUTM TIPUMEHSIIOT LIS M3YUeHHS
CBOHMCTB €IHHMYHOI'O KJacTepa, B YAaCTHOCTH, OH MOXeT GbiThb MCIIOJh30BaH
AAf I0JYYEHHS KAACTEPHBIX TOACTPYKTYp (OCTOBA, CKE/MeTa M T. I.).

2.3 Aunroputm Xomena—Koneabrmana

B 1976 r. Xowen u KonesbMaH npenoxuin aaroput™ [52] aus ompe-
AeNeHHS Topora NepKoAALUMH H MOACUETa PasMepoB KaacTepor. B HacTogmee
BPEMA 3TOT a/ITOPHTM HAaXOAHWT WKPOKOE NPUMEHEHHE W Ha3bIBAETCS AJITODHT-
MoM XoweHna-KonenbMana (1o HMEHH aBTOPOB) WM AJTOPHTMOM MHOTOKpPAT-
HOH MapKHPOBKH KJ1acTepoB, KaK NepBOHAYa/JbHO Ha3Ba/lH €ro CaMH aBTOpHI.
[naBHBIM LOCTOHHCTBOM aJITOPHTMA BJSETCH TO, YTO OH TO3BOJSET OMpeje-
JAUTb NOPOT NEPKOJALUN U pacrpejiesleHde KJacTepoB MO pa3MepaM 3a OAWH
npoxon no pewetke. Kpome TOro, ajqropuT™ Mo3BONSAET SKOHOMHTb MalUMH-
HYI0 NMaMATh, TaK Kak [Jf ero paboThl JOCTAaTOUHO XPaHHUTh B TIAMATH TOJBKO
oAMH pan (crofl) paccMaTpUBaEMOH peLIeTKH.

B OCHOBE anropHT™a JIeXHT COO6pakKeHUe O TOM, UTO NMPUHAANEKHOCTD
y3Ja K TOMY HJIH HHOMY KJacTepy fIBJAAETCS IMo6aibHbIM CBOHCTBOM H MOXKET
GEITH OTIPEfleNleHa TOJBKO MocJe MpPocMoTpa Beelt peweTkd. Haes aaropurma
3aKJII0HAETCA B TOM, YTO BCEM 3aHSATHIM y3JiaM PelleTKH MPHIIHCHBAIOTCS pas-
JHUHLIE KJIACTePHble METKH.

PaccMOTPHM paboTy anropuTMa Ha IpHMepe 3aJa4yM Y3J/0B Ha KBaJ[paTHOH
peweTke. Clenyer iMeTh B BHIY, YTO CYLIECTBYeT MHOXECTBO BAPHAHTOB aJi-
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rOPUTMA, Mbl PACCMOTPHM JHIbL NpocTewni. Moneauposats pewerky Gyaer
maccus a paamepom L x L.

[TycTb y3ibl peieTKu 3anoJiHEHB ¢ BEPOSTHOCTBIO p. Bynem reHepupo-
BaTh CJaydalHble uuc/ia, pAaBHOMEDHO pacnpefieleHHble Ha HMHTepBage [0, 1].
Ecau creHepupoBaHHOe YKMC/I0 MEHbLUE MM PaBHO p, OYEPELHOMY 3JIEMEHTY
MaccHBa a NPUCBOKMM 3HaueHue |, uHauye — 0. [[0CKObKY KOMOBLIOTEPHBIA 3KC-
NePUMEHT NPUAETCS NPOBOLHTL MHOTOKDATHO 3Ty MOCJEAOBATEJbHOCTb CJIy-
YyalHbIX Yhces HYXHO 3a()MKCHPOBaTh. XPaHUTh MOC/AEN0BATE/NBHOCTE B BH/IE
mMaccuBa Oblsi0 6bl O4eHb HE IKOHOMHUYHO, HO AOCTATOHYHO BOCIOJIb30OBATHCS
TeM CBOHCTBOM ['€HEpaTOPOB MCEBAOCAYUYaHHBIX YMCEJ, YTO KaXIblH paz oHH
TEHEPUDPYIOT ONHY U Ty K€ MOC/AEA0BaTeNbHOCTb Yuce . ['eHepauus peleTku
CO C/ly4aHHBIM paclpefesieHUeM 3alOJHEHHLIX Y3JI0B U IPUCBOEGHUE Y3JaM
K/1aCTePHBIX METOK MOXKEeT MPOBOAUTLCH ONHOBPEMEHHO.,

Iast Toro, yTo6el paboTa coO BCeMH 3JeMeHTaMM MacCHBa Gblia eIuH006-
pasHOH, ynobHo n06aBUTL K HeMy OfHY CTpPoKy ¢ Homepom O u omuH cTosbel
¢ nomepom 0, 3anosnxenHbie HynsaMH. Kpome Toro, cosgagum MaccHB KJacrep-
Heix MeTok cl. TlepBoHauaspHO 3HAYeHHs 3JEMEHTOB 3TOr0 MAcCHBAa COBIMA-
Jai0T ¢ UX HOMepaMH. B npouecce npoBepxy 3TH HOMEepa MOTYT U3MEHSIThLCS.
Ecau 3HaueHre 3/1eMeHTa MacCHBa CTa/I0 MEHbILE €r0 HOMepa, TO TaKYIo KJja-
CTEPHYIO METKY Ha3blBaiOT HerpasuabHoH. [IpaBuibHOe 3HaYeHHE KAacTepHOH
MeTKH — 3Ha4deHHUe 3JIeMEeHTa MacCHBa.

HauyHem npocMaTpuBaTth MOC/EI0BAaTENbHO BCE 3JE€MEHThl MacCHBa, HAYu-
Hasi ¢ aznemeHTa all,1]. Hyneroii cronben OymeM npomyckaTh., Boamoxub
CJIeAyIOLLe CHTYalKH.

o Ecau 3HaueHue Tekyllero sneMeHTa MaccHBa paBHO 0, TO TepexoauM K
cJeqYIOLLEMY 3JEMEHTY.

e Ecsiu Tekylee 3HaueHHe paBHO 1, TO ocyilecTB/sEM CAEAYIOUYIO Npo-
BEPKY:

— Ecnu cocen caesa ali,j — 1] u cocen cepxy afi — 1,5] HmetoT
snayeHua O, To B KauecTBe pabouel TrumoTe3bl NMPUHUMAEM, 4TO
NlaHHBIA 3J€MEHT BXOLHT B HOBBIH KJacTep, MPHUCBAMBAEM TeKY-
ILIEMY 3JIEMEHTY HOMED OYepeaHOH KJacTepHOH MeTKH. KoHeuHo,
BIIOJIHE MOKET 0Ka3aTbCH, YTO HOBLIH, KaK HaM KaxeTcs, KaacTep
SIBJSIETCS TIPOCTO BETKOH KaKOro-TO ApPYroro KJacrepa. BulgcHUTE
3TO MBI CMOXKEM TOJIbKO TIPOCMOTPEB BECh MACCHB LEJHKOM.

- Ecau cocen CBepXy HMEET 3Ha4YeHHe 0, a cocel cJieBa He pDaBEH
HYJ0, TO TEKYLLafd fUeiiKa U ee coces, cJaeBa TIpHHaAJeXaT OOHOMY
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H TOMY 2Ke Kaacrtepy. TEKYU.I,EMY 3JIEMEHTY INDHCBAZHMBAEM HOMEpP
KﬂaCTepHOﬁ MeTKH cOcena CcJ/eBa.

- Ecau cocen cBepxy umeeT 3HaueHHe, OTJIMYHOE OT HYJsA, a COCEL
C/IeBa HYJeBO€ 3HaueHMe, TO TeKyllas sdefika H ee cocel CBep-
Xy TIpHHAJJIeXaT OAHOMY U TOMY e KaacTepy. OpHako, y cocena
CBEDXY KJIaCTEPHAs MeTKa MOXKeT OblTh HEMPABUABHOM, TAK KaK B
pe3yJbTaTe MOCAeAYIOILUMX NTPOBEPOK MOTJIO BEIICHUTBLCH, UTO KJja-
CTE€P, K KOTOPOMY TPHHAANEKHUT 3Ta f4YeHKa, CAWICA C JPYrHM
knacrepoM. [losTomy TekylieMy 3geMeHTY caeayeT NPHCBOUTH HO-
MEp NPABUAbHOL KAGCMEpHOU memKku cocela CBEpXY.

~ EcaH M cocel cBepxy M cocell cjeBa MMEKT HeHYJeBhle 3Haye-
HHSl, TO BCe TPH YEHKH [PHHALJEXKAT OLHOMY KJaacTepy. Tekylue-
MYy 3JIEMEHTY NpPHCBaWBaeM HaMMEHbUIHH M3 HOMEPOB NPaBHJBHBIX
KJIaCTePHBIX METOK cOcela CBepXy M cocela ceepxy. Koppexkrtupy-
€M MacCHUB KJIACTEPHBIX MeTOK. [lJ1f 9TOro B 3/1eMEHT MaccHBa cl,
COOTBETCBYIOLUMH Gosblllel H3 K/IACTEPHBLIX METOK 3aHOCHM HOMEp
NPaBUJIbHOHN KJ1aCTepHOH METKH.

PaccMOTpPHM €lle 0HH BapHAHT aJrOpHTMa, NO3BOJISIOLIAH ONHOBPEMEHHO
MOJY4HTh paclpefe/ieHHe KaacTepos no pasmepaM. Jss noacuera pacnpene-
JIEHHS KJ1aCTepoB 0 pasMepam notpefyeTcs BCIIOMOTaTe bHbIH Maccus V.

L.

Ecan Tekylwiuii ysen He ¥MeeT COCELHMX 3aHATHIX Y3JOB, TO MpPeJno-
JIOXXHTEJIBHO OH OTHOCHTCA K HOBOMY KJACTEPy M €My NPHIHUCHIBAETCS
OuepeiHOH HOMED KJacTepHOH MeTKH k.

3aHocuM B MaccHB N pasmep HoBoro kjaactepa N (k) := 1. [Tockoss-
Ky reHepaluus pelIeTKH M IPHCBOEHHe KJaCTePHON MEeTKH IPOHUCXONHUT
ONHOBPEMEHHO, TO MPH aHajlH3e COCENHHX Y3J/0B, eCTeCTBEHHO, pac-
CMaTPHBAETCA TOJIBKO Ta YacCTb PeLIeTKH, KOTOPAs YK€ CreHepUpOBaHa
K TEKYLIEMY MOMEHTY.

. Ecaiu Tekymuii ysea ¥Meer TOJBKO OHH COCENHMiI 3aHATHIH y3ed, TO

3TH [Ba y3Ja TIPUHAANEXKAT K ORHOMY M TOMY »Ke KJjacTepy. Teky-

IIeMy y3Jy TpHCBaHBaeM HOMEpD MPABHUJBLHOH KJAaCTEpPHOH METKH CO-

ighb
cennero yana (Kpmee™), yBeqHYMBaeM pasMep KAacTepa Ha eHHHLY

N (kpisher™) = N (kpfer™) + 1.

. Ecaii TexyIHil y3es HMeeT coceliHHe 3aHATHIE Y3Jbl, TO TEKYIUHH y3ed

OOBeIMHSIET COCENIHHEe KJiacTephi B ONMH. [V1aBHOHM HaxooKoH aBTOPOB
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AIrOPUTMA SBJISETCH UAES O TOM, YTO He CjefyeT POBOLHMTL Ilepelpu-
CBAaMBAHHUE KJACTEPHBIX METOK VK& MPOCMOTPEHHEIM y3aaM. Onpejens-
eM MHHHMaJBbHYIO TIPaBUJIBHYIO KJIAaCTEPHYIO METKY COCEHHX Y3/O0B H
PUCBAMBAEM ee TeKylleMy y3iy. [[ofCYUTbIBaeM IMOJIHOE YHCJO Y3J7IOB
B HOBOM o6beauHenHOM Kaactepe N (k) := 1+ > N(k;).

?

5. CyMmMupoBaHue ITPOBOAUTCH 10 BCEM COCEAHHMM 3aHATHLIM y3JaM C HOJ0-
KHUTEJbHEIMH KJAaCTEPHBIMH MeTKaMmMu. Teneps pas/HuHble Y3Jbl, NpPH-
HaA/IeXKalllHe OJHOMY H TOMY Xe KJacTepy, [OMeUYeHbl pas3jJHYHbIMH
KJIACTEPHBIMH MeTKaMH. UToOb OTMETHTbL MX TNPUHAANENKHOCTb K OJHO-
MY KJacTepy HeoOXOQMMO H3MEHHTb UX KjacTepHble MeTKH. [Las 31oro
B 3J1eMeHThi MaccuBa [N, COOTBETCTBYIOLIME HENpaBUabHO [TOMEYEHHBIM
KJacTepaM, 3aHOCUTCS —k — HOMEp MPaBHJbHOH KJaCTePHOH METKH CO
3HAKOM MHHYC.

Takum o6pasom, Korna Bcd peileTka OyneT chopMHpOBaHa, MyCThble y3-
Jb 6yoyT MOMeUYEeHbl HYJISIMH, @ 3aHAThbIE Y3Jbl — TOJ0KHTEIbHBIMH LENBIMU
yucjaamu. Kpome toro, 6ymetr copMUPOBAH MacCHB KJIACTEPHBIX METOK, CO-
CTOALIUK U3 MOJOMKUTENBHBIX ¥ OTPHLIATENBHBIX LEJAbIX YHCEJ. Y3JaMm, cpasy
NOMEYEHHBIM NMPABUABHEIMM KJIACTEPHBIMKH METKAMH, COOTBETCTBYIOT TIOJI0KH-
TeJlbHEIE LieJble YKMCJaa — pasMep KJjacTepa, a ysJjaM, KoTophle B Npolecce
aHajK3a H3MEHH/IW CBOM TNepBOHa4a/JbHble METKH, — OTPHLIATENbHBIE.

[TonyuyeHHOe NMpU MOASNMPOBAHHH 3HAYEHHE TOPOra NepKosUHH ANF pe-
IeTKH KOHEYHOro pasMepa HOKHO ObiTh IKCTPAmNoJKPOBaHO Ha OecKoHed-
HOCTb. JI/1l 5TOT0 MOXKHO BOCIMOJME30BATHCSA CKEHJIHHTOBLIMH COOTHOLIEHHAMHU.

Ecau non seauunHoit (p.(L)) moHWMaTb CpeiHee 3HAUEHHE KOHUEHTPA-
LMK, TP KOTOPOH MEPKOJSLMS BlePBble BOSHHKACT Ha PELIETKe C JHHEHHBIM
pasMepoM L, TO ClpaBefIuBo cooTHomeHHe [89]

|(pe(L)) — pefo0)| o L (2.1)

Ecan Kp}’ITH‘IQCKHf/JI oKa3aTeJb ¥ HeU3BECTEH HJH AJd HE3aBUCHMOH npo-
BEPKH MOXKHO BOCI10/1b30BaTbCA COOTHOLIEHHEM

[(Pe(L)) — pe(00)] ox A(L), (2.2)

rne A(L) — mHcriepcus, onpefie/iseMas BblpaxKeHHEM

A(L) = +/1{pe(L)2) — (po(L))2|. (2.3)
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Kpome Toro, MoHO OCTPOUTb 3aBHCHMOCTh BEPOSTHOCTH BOSHHKHOBRHHS
npotekaHus P(p) oT koHueHTpauuu. Toyka, COOTBETCTBYIOLIAs BEPOATHOCTH
50%, ABASAETCA NOPOroM MepKOJALMM. ANNPOKCHMALKIO 3KCIIePUMEHTA/EHBIX
JaHHBIX [IPOBOAAT JAUGO ¢ MOMOILBIO TIOJIMHOMOB, JTHOO C MOMOIIBI0 HHTErpana
olHOOK.

2.4 AJropMT™Mbl NOMCKa B INIyOMHY ¥ IIHPUHY

XoTsa ajaropuTMmbl noucka B ray6uny (depth first search, DFS) u wmnpuny
(breadth first search, BFS) [119] (cm. Takxe 0630p [6]) Mory nmpuMeHsTbCS
JUIS HAXOXKJGHHUA CTArMBAIOIIEro KJacTepa U ONpejeseHHs 1Mopora mepKoJs-
LMK, OOBIMHO OHHM MCINOJb3YIOTCSH /sl UCCIeNOBaHUS KJACTEPHBIX MOACTPYK-

TYP.

2.4.1 AJroputM moucka B raybuny

Asroput™ noucka B tay6uny (Depth First Search — DFS) moxer wuc-
NMo/Ab30BaThCs AJIsI TOUCKa MyTeH Ha rpade WM MOKPHIBAIOILETO AepeBa rpada.
AnropuT™ MOXKeT GBITH pa3fiesieH Ha fABa luara:

1. Cosgarb cBasadubii cnucok. Kaxaplii saemMeHT A0JKeH (HecTH) mepe-
MeHHylo THna Boolean «nposepeHo», ycraHoBneHHYw Ha (FALSE).

2. BrifpaTh HeMpOBEpEHHLIN 3JeMeHT W3 crnucKa. [IoMeTHTh ero Kak mpo-
BepeHHbIH, BHIMOMHUTD NMpouenypy noucka B TIyOHHY AJsi COCEHETO
HenpoBepeHHOro nemeHTa. [IoBTOPSTh, MOKa CIHCOK HE HCYepnaeTcs.

INporpamma 2.4.1 [louck B riaybuny

1 function DFS (vertex.V,1i);

2 checked.V:=TRUE;

3 for vertex.W in (cocemm V) do
4

5

if not checked.W do DFS(vertex.W,i);
return; {KoHel PeKYypPCHBHOA QyHKxuum DFS}

Bes nporpaMMma, BKJw4Yas CO30aHHe CBA3aHHOIO CIIHCKa, He MNpPEeBbICHT
ONHOH CTPaHHlRB!, H, 4TO €llle BaXHee, JIOTHKA NporpaMMbl OCHOBaHa BCEro Ha
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MATH THX CTpoKax'. BmecTo pekypCcHMBHOH (DYHKLHHM MOXHO HCHO/b30BATh
CTeK.

1(8)

Puc. 2.1, Tlopsiiok mpocMoTpa y3/0B NpH NOUCKe cHayana B rayGuny. 2Kup-
HBIMH JIMHUAMH TI0Ka3aHO TOKpHIBaKllee AepeBo, MOoJyYyeHHOe B Pe3yJbTaTe
BBITIOJIHEHUS a7TOPHTMA.,

2.4.2 AnroputM noucka B MIHPUHY

QOueBHIHOE M3MEHEHHe OpPTaHU3auuH paboThl NPoLEeAyphl — 3aMeHa CTeKa
Ha ouepenp. B aToM ciyuae GyaeT mpumeHsithest npunuun FIFO — First In
First Out — nepBeIM NpHLIEJ TEPBLIM yllea. B faHHOM anroput™e cHadyasa
NMPOCMATPUBAIOTCS BCE Y3J1bl U3 OMMKAHILIEro OKpyx<eHUs AaHHOro y3ja, 1o-
cJie yero mpolece TPOo/XKaeTcs ¢ y3namu nepumetpa. Ha ware n B ouepenu
HAXOZSTCS BCE Y3Jbl, PACTIONIOKEHHEIE HA PACCTOSIHHH 7. OT HCXOAHOTr0. JTOT
(haKT MO3BOJSET WCTOMb30BATh aATOPHTM /s HAXOXKAEHHS TaKUX MOACTPYK-
TYp KaK CKeJeT KjacTepa.

Aunroput™ noucxa B wupuuy (Breadth First Search — BFS) cxonen ¢
anroput™o DFS, ¢ Toil Jumb pasHUlied, YTO y3/bl HOMELLAIOTCS He B CTEK, a
B ouepeflb. AJITOPHTM MOXeT NPHMEHSAThCA, YToOb HalTH KpaTdaHLiui NyTh
MEX/Y ABYMS Y3JaMH.

IHortauus, uenoibsyeMas 34ech, He CilefyeT CTPOTO0 KOHKPETHOMY f3bIKY NPOrpaMMHPOBAHUS,
HO, MOXKHO HaNeAThCS, SABJIAETCH A0CTATOHHO SCHOM,
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l. Cospaiite cBasaHHBH cnucok. KaXkabld 3J€MEHT HOJIXKEeH HeCTH ABe
nepeMexHbie THna (boolean): nposepexsEn U B ouepegnu, obe mno-
meuennelie kKak (FALSE), u nepemennywo tuna (integer) ((LEVEL)),
nomeyenuyio (0).

2. Tlomerbre aBa y3aa (ckawxewm, (1) pns ysna ¢ camoil GOJbIIOK Y-
KOOPAKWHATOH u (2) A4 y3Ja ¢ HAUMEHBLIUM V).

3. Haunute nouck B IWIMPHHY 3JeMeHTa ¢ MeTKoi (2) ¢ ysna (1). Koraa
97eMeHT ¢ MeTKOH (2) HafineH, BFS MoxeT BepHyTh MJIUHY HAaUKpaT-
yaidwero nytu mexay (1) 1 (2), xoropas nmpomnopuHoHaspHa YPOBHIO
TIOMCKA, ZOCTUFHYTOTO K TOMY MOMEHTY.

Gyukunsa BFS moxkeT ObITE HCNOMB30BAHA IJisi HAXOMAEHUS HauKpaT4yaH-
IIETO MYTU CREAYIIUM 06pa3oMm:

ITporpamma 2.4.2 [louck B LIUPHHY

function BFS (vertex.V):

co3jaTe ouepelb C €NUHCTBEHHEM 3JIEMEHTOM V;
InTheQueue.V:=TRUE;

while gueue not empty

V:=Read (queue);

Pop (queue);

checked.V:=TRUE;

for vertex.W in (cocegu V)

9 if ((not InTheQueue.W) AND (not checked.W)) do
10 Level .W:=Level.V + 1;

1l InTheQueue.W:=TRUE;

12 Inject (gqueue, W);

13 end; {do}

14 end; {for}

15 end; {while}

16 return; {xoxeu ¢yHruuu BFS}

O Joy = WNhPRE

Xon nporpaMMbl AJsf 3TOH (YHKUMH IMOKas3aH rpaduyeckd Ha puc. 2.2.
Uucna B Kpyrasix ckobkax cooTercTBY0T nepemenHo# (LEVEL), npucoeH-
HOW y3ay. Ilpyroe 4Mca0 COOTBETCTBYET NOPSAAKY, B KOTOPOM y3/bl BXOASAT B
ouepejb.
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Puc. 2.2. Tlpumep nymepaunu y3/0B MpH MOWCKe B LIKPUHY. BHH3Y NoKasaHa
o4yepenn, HeoOXOAMMAs I/ BTOPOro LIara.

[IpssMOyTrO/ILHHKH BHHSY, HADHCOBAHHBIE CIVIOIIHOMN JIMHHEH, IIPeCTaBIIseT
COG0H O4epelb, 3aMOJHEHHYIO 10 BTOPOrO BHINOJHEHHS HHCTPYKUMH Read
(queue) u Pop (queue). Crpesku NOKasblBAIOT M3MEHEHHS B COLEPIKHMOM
OHepenH, Nepel TPETbHM HCIIONHEHHS YHIOMSIHYTHIX HHCTPYKLHME.

[Tocsie 3aBepLIenus npouenypsl Lenoe ykcao (Level), HanucaHHoe Ha Kax-
- JIOM 3/1eMeHTe, 03HAYaeT HaMKPAT4aHLIHi [1YTh H3 COOTBETCTBYIOLIErO y3aa K
y3Jy, Iie IOMCK Ha4ajicsl — Hada/dbHbI IYHKT NI0MCKa B WWHPHHY. Eciy NoHCK
Hayancs ¢ yssna, nomeyenHoro (1) (cm. Bbitue), 3Hauenue (Level), npucsoensoe
y3/ay ¢ MeTKO# (2), nacT HaMKpaTyaHIIK{ MyTh MEXIY ITHMH ABYMS Y3JaMH
(MpearnonaraeTcs, Y10 BCE COENHHEHUS UMEIOT PABHYIO LJIHHY).

2.5 CneumajibHble aJropUTMBI

Pewenne cnennduyueckux 3agay, HanpiMep, HAeHTH(OUKALHS K1aCTEPHBIX
NOACTPYKTYP, TpebyeT pa3paboTKy crnenuanbHbix anroputMos. MHoraa yaaer-
Csl NOCTPOHTh 3(PEeKTHBHBLIA aJTOPHUTM AJA PElIeHHs 3aJayd AJ1 KaKoro-To
ONpefe/IeHHOrO THIA pelleTok (Kak MpaBuJIo, MIocKux). [las nmoaydeHHA pe-
3yJIbTATOB C BBICOKOH TOYHOCTBIO MPUXOAMTCS NPOBOAUTH KOMMNLIOTEPHHIE IKC-
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NEPUMEHTHl Ha 06bekTax Gonbluora pasmepa. B aTom cayudae npepcrapasercs
LIe/18CO06PA3HBIM IPMMEHSITh NapaJi/ebHBIE aaropuTmel. Bot ganeko He noa-
HBlH TIepeyeHb CHTYalNi, B KOTOPLIX BO3HHKAET IOTPeGHOCTS B MOAH (UK ALHH
CYWECTBYIOUNX UJIH CO3LAHUH NPUHLUKITHAIBHO HOBBIX a/TOPHTMOB.

OpHo#t u3 HauGonee CNOXKHBIX 3a7aU TEOPHH NEPKOJIALHN ABJAAETCH OTHIC-
KaHHe 0CTOBA MePKOMALHOHHOTO kaactepa. PemenneM 3Toll npobieMHsl 3aHu-
MaJiMCh MHOTHE 2BODHI B PasiHYHBIX NOAXOZaX (CM., Hampumep, 0GMMPHBIL
CIUCOK my6auKauui B [75,101]). Tax, B paGote [101] 6511 TNpenJsoeH aJaro-
PUTM LIS OTIPEIe/IEHHS OCTOBA NMEPKONSLHOHHOIO KJacTepa B CIydae IJ0CKO-
ro rpada, KOTOpEI B OTIMYHK OT aArOpHTMA XolueHa-KonensMaHa HEHTHU-
(GHLHpPYeT MepPTBLIE KOHIEI KJacTepa Mo HX JIOKajbHBIM CBOHCTBaM. dhdek-
THBHOCTb a/iIrOp1T™Ma B 4 pasa Bhille, YeM Y aJTOPUTMa NOMCKA B ray6uHYy,
MOTPeGHOCTD B NAMATH TaKas e, KaK M Yy alroputMa Xouwexa—KomenbMana.
Asroputy ocHoBaH Ha Teopeme YKopaara.

B pa6ote [37] 6uin1 onucad W ucnoJib3oBaH 5¢PeKTHBHBIN PEKYPCHBHBIH
4]TOPUTM ISl OTBICKAHHS OCTOBA MEPKOJISLMOHHOTO KJIacTepa B ABYMepHOM
cryvae. Flliest anropuTMa 0CHOBBIBAeTCS Ha «IIPABHJE JEBOH DYKH»: eCJIH JBH-
raTbCf B TEMHOTE MO JIaGHDHHTY, BCE BpeMs Kacasdch JIEBOH PYKO#l CTeHHl,
TO B KOHEYHOM HTOT€ MOXHO A0GDAaThcA 10 BhIXOZA M3 JaOHPHHTA. STOT
HOAXOL NPUMEHACTCH, B YaCTHOCTH, IVISl OTPEJEJEHHs] BHEUIHEro MepHMeT-
Pa TNepKoMLUHOHHOro Knacrepa. ONHAKO, €CAM OCTAHOBHTh MpOLecc, Koraa
OyLeT NOCTHIHYTA MPOTHBOMOOXKHAA CTOPOHA CHCTeMHl (pelIeTKH, Ha KOTOo-
PO paccMaTpHBaeTCs NMePKOJSLUOHHLIH Mpolece), To OyZeT Mosy4YeH TOJNbKO
dparment BHewHero nepumerpa. Bee Y37bl 3TOTO (pparmMeHTa, KOTOPhIE GRLIH
NPOANEHB! BAXAL B Pa3JH4HbIX HATIPABIEHHAX, OTHOCSTCH K MEpPTBLIM KOH-
HaM, BCE OCTa/IbHbIE y3/bl OTHOCATCHA K OCTOBY. MHOTOKDATHO NPUMEHSS 3Ty
HPOLENYPY, MOXHO Pa3NeNHUTh NePKONSALUHOHHLIA KaCTep Ha 0CTOB H MepTBEHE
KOHLIBI.

IlapannenbHble aJqropHT™ME HaYa/ M NPUMEHATLCH AN pelleHHs NTEPKOJS-
UHOHHBIX 3aia1 NOCTaTOYHO HaBHO (cM., Hanpumep, 0630p B [93]). BaxkubiM
CTHMYJIOM AJ5 pa3BUTHA 3((EKTHBHLIX Napas/ie bHbIX alrOPHTMOB A4S NOJ-
CHETA KJacTepa CTajla NMHaMKKa NepeBOpOTa KJjacTepa AJs MOAEIHPOBAHUS
MeTosoM Monte-Kapio criuHosbix cHetem. Takas muHamMuKa BIiepBLie BbiJa
npennoxeHa B 1987 rony [62] (tax HasmiBaemas niuHAMHKA CeHueH-Baura)
H TIOCJIE 3TOTO MOABEPKEHA MHOIOUHMC/ICHHBIM MOZH(HKaLHAM [22, 23, 105].

CnrHoBbie nepeMeHHble, OTpesesieHHbe Ha y3/nax pelleTKH, MOTyT ¢op-
MHPOBaTb KJIaCTEPhl U3 OJMHAKOBLIX, T. €. Mapa/JiejbHbIX, CNHHOB. [IBa ma-
Pa/UIENIbHBIX COCENHHX CNHHA MOTYT NPHHALNEXaTh ONHOMY KJacTepy, ecnu
Co6JI0faeTCA NONOJHHTENbHOE TIPABUIIO (BEpOATHOCTHOE UJIH 3aBHCAlNEEe OT
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TemnepaTypsl). Tenepb BaxKHBIM CBOHCTBOM KJacTepa siBJAseTCA HaNpaBJaeHHe
CIIKMHA, 2 He ero pasmep.

Jas mocnefoBaTENLHOTO aJrOpUTMa MOXHO JErKO BHAOW3MEHWThL ajro-
putMm XoleHa-Konesbmana, yToObl BLIMOJHUTE IUHAMUKY NEPEBOPOTA KJa-
crepa. Takne aaropuTMbl OKa3aJuch BecbMa 3M(MEKTHBHHIMH 1JIF O4eHb O0Jb-
KX CHCTEM Ha MOpOre KPUTHYHOCTH, U MHOTHe paboThl OblIM MOCBALUEHH!
Pa3BHUTHUIO TapaJJie/lM30BaHHbIX KOAOB. MOXHO BBIAEIUTH JBa KJjacca ajiro-
PUTMOB: ISl KOMITBIOTEPOB C HECKOJBKUMH, HO MOILHBIMHM NpPOLECCOPaMH U
A5 TIapaJiieibHbIX KoMIbioTepoB. OkasslBaeTcst, YTO Napaade/bHble KOMIIbIO-
Tepbl TMOAXOAAT AJIA MaJdblX CUCTEM, a KOMIbIOTEPB! ¢ MOLLHBIMHM NpOueccopa-
MH — LJsi 6osbluux cucTeM [D].

MOoOXHO COOTHECTH KOHOUTYPAUMI0 Y3JOB IIPHU NEPKONALHH NEePKOJALKH
¢ KOH(Urypalueli IpoLeccOpoB [Js KOMNbIOTEpPA C HECKOJbKHMH THICAUAMU
(naxxe coTHaAMM Thicstd [51]) mpolueccopoB — CKaXKeM, OIWH MK HECKOJAbKO
Y3JI0B Ha Ipoueccop. MapKkupoBKa KJacTepoB 3jeCb 3aMeHSeTCs Ha napaii-
JIeNbHYI0 KOPPEKTHPOBKY Ha BCeX npoueccopax. Ecau kaxabli mpoueccop
COOTBETCTBYET OAMHOMY y3eJ, TO MapKHpOBKa MOXET ORITh ONHCaHa KaK Mmpo-
uenypa «mecTHod auddysuu» [17,40]. Ipeanonaras, 4to Bce TpoLEeccops!
6BIIH MHULMAJUSHPOBAHBI PA3HBIMHM METKaM¥, HA KaXXAO0M KOPPEeKTHUDPYIOLIEM
wiare Ka)k[Abli 1poleccop NpoBepseT BCeX CBOMX cocenel M BbiOupaer 3ua-
ueHye HaWMeHblIeH METKH B KayecTBe CBOEH COOCTBEHHOH AAS ClelyIouiero
KOPPEKTHPYIOIEro HIara. JTo TIOBTOPAeTCA A0 TeX MOp, oKa He TNPeKpaTHTCS
M3MeHEeHHNe METOK, X TaKHM 06pa3oM MpOLECCOphl ¢ PABHEIMH MeTKaMu ofpa-
ayloT Kaactepnl. [lanbHefimnee ofcyxkeHHe NPUIOKEHHHA K CIMHOBBIM MOje-
JSIM MOXeT OwiTh HalaeHo B [D].

AITOPHTMEI /151 11aPaJlIeJibHBIX KOMIIIOTEPOB C HECKOJIbKHMHU, HO MOIL|HbI-
MU MPOLECCOpAMH IPUBIEKaloT 6o/bIle BHUMAHH, [0 KpaliHel Mepe moTomy,
YTO Kam/hl# KjacTep ceTeBol pabouell CTAHIMH MOXET WIpaTh pOJib mapaJ-
JeJbHOI0 KOMIIEIOTEpa, B aTOM Ciyuae napajie/n3oBaHHble BEPCHK anropuT-
ma anroputm XoieHa—Konesbmana NpeACTaB/sioT NepBoouepeHON HHTepeC.
Cenqac MPHHATO, 4T0 anroputm Xowena-Konesnbmana MoxeT 6biTh yCNelHo
napanneausosan [40,58]. Mines cOCTOUT B TOM, UTOGH Pa3fe/inTh KBaAPATHE!
o6pasell Ha MOJOCKH: 110 ORHON MoJoCcKe Ha npoueccop. Ha kKaxnolt mosocke
AefcTByeT mocJjenoBatenbHbiil aaroputM XomeHa-KonenbmaHa (napadsiedn-
HO C APYTHMH), COXpaHssi METKM [/ NOTPAaHUYHBIX y3/10B, 3aTeM IJIaBHbIA
MpoLEeccop co6KpaeT JaHHblE W BOCCTAHABIHBAET KOH(UIyPALMIO MOJHOCTLIO.



I'nasa 3

HekoTopblie npuioxKeHUs
TEOPUHU MEePKOJALUN

[TpuMeHeHUs TEOPHU NEPKOJSLUMH CTONb OOLIMUPHLE U pasHooOpasHbl, 4TO
TOABKO 3TOMY BOMpPOCY MOCBAlleHa wenasa MoHorpadusi [82] W MHorouwc-
neHHble 0630pul (Hanpumep, [21]). Tpyaxo nassats o6sacts, B KOTOPOH OHl
He TIPUMEeHsiack Teopus nepkossuuu. O6pazoBanue reseit [26,92], npuik-
KOBas TPOBOAHMOCTb B moaynpoBoaHukax [130], pacnpocTpaHeHue snuje-
muit [85,89], anepubie peakuun [12-14], o6pazoBarHe raniakTHUYECKHX CTPYK-
Typ. [85], cBoiicTBa nopucThix MmaTepHasor [16] — BoT gaseko He MOJHBIH
nepeyeHb Pa3HOOOPa3HEIX NMPUJIOKEHHH TEOPHHK nepkoasiuuu. He npeacrasis-
eTCs BO3MOXKHBIM A4Th CKOJb-HUOYAb MOJHLIE 0630p paboT 10 MPHIOKEHHUAM
TEOPUH MEPKOJALMH, NI03TOMY Mbl OCTAHOBHMCH TOJHKO Ha HEKOTOPHIX M3-
O6paHHEIX BONpOCaXx.

3.1 Ilpoueccsl reaeoOpazoBaHus

XoTs HMEHHO Tipolecchl resieodpa3oBaHus ObliM MEPBHIMK 3aAayaMH, TIe
Oblll TIPUMEHEH NEPKOJALMOHHBEIM MOAXOL, 3Ta 06/1aCTh elle AajeKo He HC-
yepnana. [Ipouecc reneobpaszoBaHus 3ak/0uaeTcs B CJAHSHUM MoJekysa. Ko-
Ila B CHCTeMe BO3HHKAIOT arperarhl, NPOCTHPAKLIHECT CKBO3b BCIO CHCTEMY,
TOBOPST, 4TO MpPOU3olLe/ nepexon 304b-resb. OObIYHO CYHTAKOT, YTO CUCTE-
Ma OIMChbIBaeTCs TpeMs lapaMeTpaMy — KOHUEHTpPaluWeH MOJIeKYJ, BEPOAT-
HOCTbIO 06pa3soBaHUs CBA3eH MeXAy MOJeKy/aaMy U Temneparypol. [locaen-
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HHUM NapaMeTp BJMAET HA BEPOSATHOCTb 06pa3oBaHus cBs3ell, TAKUM o6pasom,
NMpouecc reseo6pasoBaHis MOXHO DacCMaTpHBaTh KaK CMELIAHHYIO 3anady
TEOPHH MEPKOJIsLHH, BecbMa MpUMeYaTesbHO, YTO 9TOT K€ MOAXOA HCHOJb-
3yeTcs M A OMUCAHWs MarHUTHBIX cucTeM [48]. MMeetcs mo6onbiTHOE Ha-
MpaB/JeHHe A/ PA3BUTUA 3TOr0 no;xoja. 3ajaua reneobpasoBanus Geska
anb0yMUHA MMEET Ba)KHOE 3HaYeHHe st MEJMUMHCKOM AMarHocTuku [128],
HsBectHo, 4ro MOnMekyabl Gejka UMEIOT BBITSHYTYIO ¢opmy. Ilpu nepexope
pactropa Geska B (asy resis CyLIeCTBEHHOE BAHUSHUE OKA3hIBAET He TOJBKO
TEMMEpATypa, HO M Ha/ln4He NPUMECeH B PACTBODPE M HA MOBEPXHOCTH CAMOr0
6eska. Takum 06pasom, B CMELUAHHOM 3aja4e TEOPUM NEPKOJSLAN HEOGXOMH-
MO AOTOJHHUTENLHO Y4eCTh aHH30TPONHUIO MoJeKyl. B onpenejensom cMbicie
3T0 cONMXKAeT paccMaTPHBAEMyIO 3afady ¢ 3afadeil «UroJiok» M 3azaueil Ha-
kamypsl. OnpesesieHue rnopora NepKONAHMY B CMELIAHHON 3ajade mjs aHK-
30TPONHBIX 0GHEKTOB — HOBAs 33a1aua TEOPHUH NepKoJALKH. XOTS A Lesel
MEJMUHHCKON JIMaTHOCTHKH A0CTATOYHO PEINHTD 3a4a4y ISl OGBEKTOB OHO-
TO TNA, NPEACTABIAET HHTEPEC UCCHSNOBATD 3a4aYy JUIA CTy4aeB OOBEKTOB
PasHOH CTeNEHH aHW30TPONHMHK U Jaxe pasHoll popmbl. Kak yike oTMeuanocs
paHee, 3ajlada <«MTOJIOK» 3aHHMAET NPOMEKYTOYHOE MECTO MEXIY peleToy-
HBIMH M KOHTUHYaJIbHBIMM 33Ja4aMH, MO3TOMY CJELYIOUIMM €CTeCTBE&HHBIM
aroM sBJAETCd Nepexof K KOHTHHYaJlbHOMY DacCMOTPEHHIO TIpollecca reJie-
obpazoBaHus 6eska.

3.2 IlpumeHeHue TeOpHH MEPKONALMHU AJs OIH-
CaHMsl MATHUTHBIX (DAa30BBIX IEPEXOI0B

Onno# u3 ocoGennocTelt coequHeHu# Ha ocHoBe LaoCuOy4 ¥ YBayCusO-
SIBJISIETCA MEPeX0f W3 aHTH(EePPOMATHUTHOTO B TapaMarHUTHOE COCTOSIHHE
yXKe TpPH HE3HAYWTEJLHOM OTKJOHEHHWH 0T cTexuoMmeTpuu. HMcuesHoseHwue
DaJbHEr0 MOPSKA NPOUCXOMHUT NPH H3OLITOUHOM KOHLEHTPALHH AbIPOK X =
0.02 B nnockoctd CuQg, B To Xe BpeMs 6.1HXHUH aHTH(EPPOMarHUTHBIH 110-
PSAOK COXPaHfeTCsl B LUMPOKOH 06/1acTH KOHUEHTpAUMH X BIVIOTh A0 CBEpX-
npoBoadilel dasst [127].

Ha kayecTBEHHOM ypOBHe fBJEHHe OOBACHAETCS CJEAyHUM 06pazoM.
I[lpn ponmpoBaHWM ABIPKM MOABNSAIOTCA HAa aTOMAxX KHCJOPOA, YTO MPHBO-
JAMT K BOSHHKHOBEHHIO KOHKYPHPYIOlIero GeppoOMariHTHOIO B3aUMOREHCTBUS
MeXIY CNMHAMH H MMONABAEHHIO aHTH(heppoMarHeTHaMa, Pe3koMy CHHXKeHHIO
TeMnepatyphbl Heess TakKe cnoco6cTByeT NBHXKeHME AbIPKH, MPUBOASIIEe K
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paspylIeHuIo JajbHero adtudeppomarautHoro nopsaka [120].

C ppyroit CTOPOHBI, KOJMYECTBEHHBEIE DE3yJbTaThl PE3KO pACXOAATCH CO
3HAYEHHSIMH IOpora NPOTeKaHWs JJs1 KBaJpaTHOH PpeEIIeTKH (p. = 0.41), B
paMKaX KOTOpPOH ynaercs omnucaTb (asoBhIH Nepexol B U30CTPYKTYPHBIX Ma-
Tepuasax [127]. Bceraer 3apaua BUIOM3MEHHTh TEOPHIO NPOTEKAHHA TAKHM
06pa3oM, uTo6Ll B ee paMKax ornucarbh Gasoswii nepexoa B caoe CuOs.

[lpu onucanuu cnog CuQ, cyuraercs, YTO Ha KaXKAbId aTOM MeAH TNPHXO-
JAUTCS OfHA /N0KaAW30BaHHAA AbIPKA, TO €CTh [0J1aralT, YTO BCE ATOMbI MEIH
MarHuTHble. OnHaKo, pe3ynbTarhl 30HHEIX [121] W KaacTepHbIX [117] pacueTos
MOKAa3LBAIOT, YTO B HEJONMMPOBAHHOM COCTOAHMH UMCJIA 3aTIOJHEHUS MeNU CO-
crapasior 0.5 — 0.6, a ans kucaopofa — 0.1 — 0.2, Ha KauecTBEeHHOM YPOBHE
3TOT PE3YJIbTAT JIErKO IIOHNATh, aHAJM3UPYS Pe3y/bTaT TOYHOH AHAroHaJlM3a-
LIMHM raMHJbTOHHAHa AJas Kiaactepa CugOy4 ¢ NEpHOLMHYECKHMH FPaHHYHBIMH
yenosusmu. OCHOBHOE COCTOSIHME KJacTepa MpeicTaBAfeT COO0H CyneprnosH-
uuto autHpeppomaruutHoro cocrosanus (Cu 7 Cu |) u cocToanuil 6e3 aHTH-
theppOMarHUTHOTO YNOPSAOUEHUS Ha 4TOMax MEJH.

MOXXHO CUMTATh, YTO NPUMEPHO HA TIOJOBHHE aTOMOB MEJM HMMeeTcs Mo
OJHOH AbIPKE, Ha OCTAJILHEIX aTOMaX MeAH HMeeTcs aubo HU oqHOH, aub0 ABe
OBIpKU. AnbTepHaTHRHAs MHTepIpeTalMs: JHIUb TOJOBHHY BpeMeHH AbIDKa
TNPOBOOUT HA aTOMax MenH. AHTH(epPOMAarHHWTHOE YIOpsLoYeHHe BO3HHKaeT
B TOM CJyuae, KOra Ha O/MHXaHIIHX aToMax MelH MMEETCH I10 OLHOH HbIpPKe.
Kpome Toro, Heo6xoAHMO, YTOOLl Ha aTOMe KHCIOPOLa MeXAy 3THMY aToMa-
MU MemM Jubo He Oblao ABIPKH, JH60 ObLIO ABe AHIPKH, YTOOLI HCKIIOYHTH
BOSHHKHOBeHHE (heppOMarHHTHOTO B3auMoleHcTBus. [Ipy 3TOM He ¥MMeeT 3Ha-
yeH#s, pacCMaTpHBaeM Mb MIHOBEHHYI0 KOHOHIYPALHIO IBIPOK MM OAHY H3
COCTABJAAIOLIHX BOJHOBOH (PYHKLHH OCHOBHOIO COCTOAHHA,

Mcnonb3ysi TePMHHOJOTHIO TEOPHM NPOTeKaHHs, OyleM Ha3blBaTh aTOMBI
MeJH ¢ OfHOH NBIPKOH HeOJOKHPOBaHHBIMU y3J1aMU, a aTOMbl KHCJIOpoLa ¢ Of-
HOM IBIpKOH Pa3opBaHHBIMK CBA3sAMU. [lepexol HaibHHH aHTU(EePPOMATHHUT-
HHIH TOPANOK — GAMKHUH aHTH(QEpPPOMATHUTHLIM NOPSIAOK B 3TOM ciydae Oy-
JIET COOTBETCTBOBAThL MOPOrY NMPOTeKaHHs, TO eCTh NOSABAEHHI0 CTATHBAOLIETO
Kjgactepa — OeCKOHEYHOH lemno4yky HeOJOKMPOBEAHHBIX Y3J10B, COeAHHEHHBIX
Hepa3opBAHHLIMH CBA3AMH.

I[To KpaiiHe#l Mepe 1Ba MOMEHTA Pe3KO OTJIMYAKT 3afaqy OT CTaHAAPTHOH
TEOPHU NPOTEKAHHUS: BO-NIEPBLIX, CTAHAAPTHAS TEOPHA TpeanoJaraeT Halu4iHe
aTOMOB [BYX COPTOB, MArHATHLIX M HEMAarHUTHBIX, Mbl XK€ HMEEM TOJIEKO
ATOMbI OHOTO copTa (Menu), CBOHCTBA KOTOPBIX MEHSIOTCH B 3aBHCHMOCTH
OT JIOKaJK3alliy ABbIPKH; BO-BTOPBIX, CTAHAAPTHAS TEOPHS CYMTAeT [Ba y3Ja
CBA3aHHBIMH, ecJy 06a OHM He GJOKHPOBaHH (MarHHTHbie) — 3anada ysJoB,
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Puc. 3.1. BepoaTHOCTh peanusauun pasauuHbiX ABIPOYHBIX KOHGHIYPALHH B
knactepe CuyO4 ¢ nepHOAHYECKUMH FPAHKYHBIMH YCIOBUSMH B 3aBHCHMOCTH
OT napaMeTpa sJIeKTPOCTaTHUECKOro B3aUMONEHCTBUS Ha aToMax Meau. [TyHk-
tupHas auHug — (Cu T Cu |), wrpux-nynkrupuas — (Cu 1)), mrpuxosas —
(CutO\), cnnownas — (0O 10 | +0 1]).
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Puc. 3.2. a) ®parment niockoetn CuOg; 6) 06pasoBanue KaacTepa B MIoc-
kocTH. CepbiM LBETOM NOKa3aHhl aTOMEI MM, Ha KOTODbIX MMeeTcs OjlHA
AbipKa. CBsisb MEXIy MaTHMTHBIMH aToMaMu | u 3 pasoppaHa; XOTS aTOMBI 2
H 4 CBfi3aHbl, OHM He 06pasyioT KJaacTepa, TaK Kak aToM 4 He HMeeT MarHHT-
HOI0 MOMEHTA.
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au60, ec/iu CBS3b MEXJY HUMM HE pa3opBaHa — 3ajJada CBA3EH; B HaUIEM XK€
caydae MPOMCXOAMT Kak OJIOKMpPOBaHMe Y3JI0B, TAK W Pa3phlB CBA3EH,

Takum obpasom, 3aziaga CBOAMTCA K OTBICKAHMIO I1opora NMpoOTEKaHUs Ha
KBaJpaTHOH pelleTKe 08 KOMOMHUPOBAHHON 3a7auu y3/10B M CBH3EH,

[Ipu paccMOTpeHUM MTHOBEHHOH KOH(UIypauuH ABIPOK HA aTOMax Melu B
HeLONMMPOBaHHOM cocTosiHuH (ps = 0.5 — 0.6) yxke Ha KayeCTBEHHOM YpOBHE
CTAHOBHMTCH TIOHSITHO, 4YTO CUCTeMa HaXOZWTCs BOJWM3M MOpOra MpoOTEKaHHUA
(ps; = 0.5). Majnoe n3MeHeHHe KaK pg, TAK U pp NIPUBOJUT K pPe3KOMY H3Me-
HeHHUI0 CBOMCTB cucTtembl. [IpoBegeHHBIM pacyeT NMOATBEPIKAAET 3TOT BHIBOJ
KOJIMYECTBEHHO, JEMOHCTPHPYS [JaBHYI0 MOHOTOHHYIO 3aBUCHMOCTL [0OpOra
MPOTEeKaHHS TIPU llepexofe 3ajaya y3JO0B — KOMOWHHpOBaHHas 3ajadya — 3a-
daya CBSI3EH.
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Puc. 3.3. ®azoBas puarpamma. HeponupoanHHoe cocTosiHHe MOMeYeHO KBaa-
PaTHKOM,



IIpunoxenune A

3HaueHUs MOPOroB
NEePKOJALNN AJ pa3TUnYHBbIX
peleToK

B tabauie vcnonb3oBanb caenywouiye 0603HaueHHAS:
e pr =2sin(n/18) = 0.347296 ...,
e 1 —pa =0.652703...,

e prq = 0.5474(2) — enuHCTBEHHBIH KOpeHb ypaBHerus 1 —p— 6p®+6p° —
p° Ha unrtepsane (0, 1).
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Ilpnnoxenne B

JleMeHTapHbIE CBEIEHUH I10
Teopuu rpacos

JIaHHO€ NPUJIOXKEHHE CONEPIKHT OCHOBHEIC TEPMHHEI H OMNpPEACJIEHUS TEO-
pry rpagoB U CYXKHUT Leu 00eryuTh hU3HKAM IOHHMAHHE PaboT NO TEOPHH
NePKOJALHH, HaNUCAHHBIX MaTeMaTHKaMH. Jas nanbHe#ero 3sHakoMmcTBa ¢
TeopHed rpagoB MOXKHO NOPeKOMEHA0BaTh, HanpHMmep, [126].

‘Bynem o6osuauars V' — mHoXecTBO mouex (sepuiun). O6o3naueHue mpo-
MCXOAUT OT c¢JIoBa vertex — BepiinHa. O603HayeHue v € V 03Hayaer, 4ToO v —
BepillMHa W3 MHOXKecTBa V.

JIHHUH, cOoefUHsIOINE BePIIHHBL (v;,v;), HaswBaloTcs pébpamu E. Ot
aHraHMickoro edge — pe6po. -

AuibTepHaTHBHOE OnpesieseHue. Pefpo — ynopsaoYeHHAs HH HEeyTIOpsiao-
ueHHas napa sepmuH. E = {(a,b), a,beV.

I'pag (graph) G — mruoxectBo BepuH V' v Habop pébep E.

G=G(V,E)

WHorna rpad HaseBalor cemsro (network), Bepmuub — yasamu (node),
pébpa — ceasamu (hond).
Heynopsinouennas napa BepuUIMH HasbiBaeTCs (HEOPHEHTUPOBAHHCE) pebpo
(undirected edge).
E =(a,b) = (b,a)

['pag, comepxamMii TOJNBKO HEOPHEHTHPOBaHHble pEGpA, Ha3bIBaeTCH
HEopUeHmUPOBAHHbIL epadd.

81
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YropsiioueHHas napa BepilMH Ha3blBAETCH OpPUEHMUPOBAHHviM pebpom
(directed edge) uau dyeod (arc).

(a,b) # (b,a)

[pag, comepkalinii ToABKO OPUEHTUPOBaHHEE pebpa (AyrH), Ha3bIBAETCS
opuenmuposarnroim epagon (directed graph) uau uroroa opepagon.

I'pad, comepxarmuif Kak OpHEeHTHPOBaHHbE, TaK W HEOPHEHTHPOBaHHBIE
pebpa, Ha3LIBAETCH CMEUAHHBIM UK HACMUYHO OPUEHMUPOBaHHbiM TPAdOM.

ToBopsiT, uto pebpo E = (a,b) unyudenmno BeplIMHaM @ U b. BeplukHbl
a ¥ b MHUHOEHTHB pebpy F.

BepimiuHa, He UHUWAEHTHAs HUKAKOMYy pebpy, HA3bIBACTCH U30AUPOBAH-
HOU.

['pad, cocToAmIMYN TONBKO U3 M30JUPOBAHHBIX BepIUHH, HA3BIBAETCA HYAb-
epagom Ui BnoAHe HECBA3HbIM WU NYCMblM.

JIBe BepIUHHbLI HA3LIBAIOTCH CMENHLLMY, €CNH CYLECTBYEeT COeAHHAIIEE
ux pebpo.

[Ba rpada G; u (G HA3LIBAOTCA USOMOPEOHLIMU, €CTH CYLLEeCTBYET B3a-
UMHO OJHO3HAYHOE COOTBETCTBHE MeXIY MHOXECTBAMH BEPLIMH, TaKoe 4To,
uuc/o pebep, coegUHAOUIUX ABe aoOble BepiuHbl B (G1, paBHO 4yHcay pebep
B Gg. .

Cmenenv Unn 8asenmHocmb BEpPIIMHbI @ — 4ucao pebep, HHUMAEHTHHIX
BepluuHe p(a).

Ilns u3onupoBaHHok Bepwinuul p(a) = 0.

BepmnHa creneHn | Ha3kiBaeTcs sucauel UM KOHYUeBOU.

B cayuae opueHTHpoOBaHHOra rpada roBopsiT O nHoAycmenewu ucxoda 4
noaycmenenu 3axoda, To ecTb uucsie pebep BXOASLMIMUX B JAHHYIO BepLIHHY
1 UCXOOSLIUX M3 Hee,

Ecan nosycrenedb McXoia BepLIMHbl PABHA HYI0, TO Takas BeplIHHA Ha-
3bIBAETCS CMOKOM.

Ecau nosycreneHs 3axona BeplIMHbL paBHA HYJK, TO Takas BeplUHHA Ha-
3bIBAETCHA UCMOYHUKOM.

['pad, umeowu TONLKO OOUH UCTOUHHK M TOJbLKO ONHH CTOK, Ha3bIBaeTCs
cemoio.

[Toanoiid epagp — Takoh rpad, pebpaMH KOTOPOTO ABJANTCA 8C€ BO3MOXK-
Hble flapel BepuiHH W3 V. B nosHom rpage qio6bie ABe BepLUMHBI CMEXHLIE.
[Toanslit rpad ¢ n BepuwivHamu obo3HavalT Ko,.

[pad HasbiBaeTcs 08yJoabHbiM, €CAH €ro BepIIWHB MOMKHO PAacKpacHThb
ABYMS LIBETAMH TaK, YTO BEPIUHHBI OLHOTO LBETA HMEIT CMEXKHbIE BEPIUUHE
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Puc. B.1. Tlonube rpadnr Ky v K.

TOJIBKO Apyroro upeta. [ToJqHbIR AByf0AbHbIN Tpad 00603HaYawT Ky, 1.

Puc. B.2. IBynoapHbl# rpagd Kj 3.

Pe6po, y koToporo o6e KOHIEBbie TOYKH COBMAJaloT, Ha3blBAETCH nem.aell

(loop).
L=1{a,a)

BepuiHbl MOI'YT COeAMHATLCS HECKOJbKHMH pebpamu. Takue pebpa Ha-

3bIBAKOTCH KpAmHbimU.
E; = (aab)’i

['pad, KOTOpLIH He CONEPXKMT neTesb ¥ KPaTHHIX pé6ep, Ha3blBaeTcs npo-
cmbim.

Ecau uncao pebep [M uMc/a0 BepliMH| GECKOHEUHO, TO rpad HasbBaeTCs
6ecKoHeuHbIM,

Ecau Bce JioKajbHbie cTeneHH p(a) KOHEUHH, TO rpad HasbiBaeTc A0-
xasono Koneuroim (localy finite).
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Puc. B.3. [Tetas.

I'pat HasbiBaeTcs 00HOpOOHBIM WIH pecyrspubim (regular) cTemeHu n,
eC/IH

pla) =n, YaecV

Llens (chain) — nocsenoBateIbHOCTb HAYLIMX APYT 3a APYyroM pebep.

[Tymo (path) — 370 uens, B KOTOPOil Bee pebpa PasJIHUHEL

Eci Bce BepuiMHBI MyTH, 32 MCKJIOUYEHHEM MOXeT GbITh MepBOH H Mo-
ClIeQHEH, Pas3UUHbl, TO NYThb HA3LIBAETCHA NPOCHIbLM.

3aMKHyTast UeMb HasklBaeTcs yukiom, LUK — 5T CBA3HBIH PeryasipHbeIH
rpad crenedu 2. Lluxa u3 n sepumH o6o3Hauator C,,. Llukn HassiBaercs
TIPOCTEIM, €CJIM OH HE NPOXONUT HHU 4Yepes OQHY BEepIIMHY 6oJjiee OJHOro pasa.

OpuenTupoBanHbll rpad HassiBaeTcs (caabo) ceasnsim (connected), ecan
CBI3EH COOTBETCTBYIOIIHI €My HEODHEHTHPOBAHHbIH rpad.

OpxexTHpoBaHHHH rpad HasbiBaeTcs (cuavHo) ceasweim  (strongly

Puc. B.4. Kparunle pébpa.
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m=8

=
I
TN
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S/ /N /N /AN /AN N\

Puc. B.5. ®parmenTs peryaspHuix rpados.

connected), ecau no6ble ABa PA3/IMYHBIX Y3/1a B HEM COEJHHEHBI OPHEHTH-
POBaHHBLIM MYTEM.

Jlec — 3710 rpad 6e3 UMKJOB.

Hepeso (tree) — 3710 rpad, B KOTOPOM CYHIECTBYET OfHA M TOJBKO 0f-
Ha 1eNb, COENMHAKIIAA KaXIyI0 Napy BEpuIXH. Takum obpasom, nepeBo —
CBA3aHHBIA rpag O6e3 LIMKJOB. ‘.

Bepuiunsl creneny 1 B nepese HasbIBAIOTCH AUCHbAMLU.

IlepeBo, copepxaliee BCe BepIIUHBL HeKOoToporo rpada (, HasmiBaercs
noxkpsigaowum oepesom (spanning tree) rpada G.

Puc. B.6. [IBouuHoe fepeso.

[parbto HA3BIBAWOT YaCTh MJIOCKOCTH, OrpPAHMYEHHOH MPOCTHIM LHKJIOM H
He comepMalieil BHYTPH APYTHUX LMKJIOB.
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[pad naswiBaeTcs naockum uiv naanaprom (planar), ecam oH MoxeT
6T H300paXKeH Ha MJIOCKOCTH TaK, YTO BCE MepeceyeHus pebep ABIAIOTCS
BEPUIHHAMH.

Puc. B.7. [Tonuniil rpad Ky ABAsieTCA MJIOCKHM.

Teopema B.0.1 (Papwm). lIpocmoii naanapueii 2pagp ecezda moxcHo usob-
pasums Ha nAOCKOCMIL MAK, 4Mmo ece e2o pébpa 6yoym ompesKamu npamoLx
AUHUL,

[Ipocroii rpad HasbIBAETCH MAKCUMAALHO NMAOCKUM, €CNA HENb3s 106a-
BUTb K HEMY HH OJHOTO pebpa Tak, 4TOOBI NONY4eHHBIH rpad 6bla TIIOCKUM,
Bce rpauu MakCHMasIbHO MJIOCKOTO rpaga — TPEYToJbHHKH, TIO3TOMY MaKCH-
MaJIbHO TJIOCKU#H rpad elle Ha3hBAKT MPUAHEYAUPOBAHHBIM.

Teopema B.0.2. [pager K5 u K3 3 He naanapuwi.

MBa rpada comeomopgro. (TOKIECTBEHHB 10 BEPUIHH CTEMEHH 2), ecnu
OHHM MOTYT OBbITE NOJIYYEHHl H3 OJHOT'O Y TOrO e rpada BK/IKUEHHEM B €ro
peGpa HOBbLIX BEPILUHH CTeleHH 2.

JBa mo6eIX UHK/IHYIECKHX rpadha roMEOMOPHSI.

Mampuya cmemnocmu sepuiun — 310 XBajpartHas MaTpuua, Kaxpaas
CTPOK& ¥ KaXNbli CTO/IGEL KOTOPOH COTIOCTAB/AEHH ONPENeNeHHOH BEpIHHe
rpada. MaTpuyHbIH S/eMeHT paBeH uyHcay pefep (LYr), CBA3BIBAIOLIHX IBe
BEPLUHHBI,
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: a b ¢ d
a 0 1 0 1
b 1 0 1 1 npocro#t rpad
| c 01 0 1
a d d 1 1 10
a b c d
a 1 1 0 1
b 1 0 3 0 rpad c KpaTHHIMH Deb-
c 0 3 0 2 pamu u newiex
d 1 0 2 0
b < a b ¢ d
a 0 1 0 1
b 0 0 1 0  opuHeHTHPOBAHHbLIHA
c 0 0 0 0 rpag
a d d 0 0 1 0

CyMMa 3/1eMeHTOB CTPOKHU (CToJib11a) MaTPHLBl CMEXHOCTH PaBHA CTETeHH
COOTBETCTBYIOLLEH BEPLIKHHL.

Ecan o603HauuTh Matpuuy cMexHoctd M, TO Ma‘l‘p]d‘-IHblH 3JIEMEHT
|M™||; ; GyaeT MOKa3eiBaTh, CKOJBKO PA3JUUHBIX MyTeH NJHHBL M BeleT M3
BEPLUUHB! ¢ B BEPIIUHY j.

Mampuya cmexcrocmu pébep NoOKasbiBaeT, Kakve pedpa ABJISIOTCA CMeX-
HbIMM. DTO KBajipaTHas Marpulla, KaX[Aas# CTPOKa W KaxAbli cTosber KOTO-
pol COMOCTaBJEHH onpeaejeHHOMY pebpy. MaTpHUYHBIH 3NeMEHT paBeH HYJI0,
€CJIM COOTBETCTBYMOLIME pefpa He CMEXHH, W paBeH 1, eC/qH CMEeXHHI,

b & ab bc cd da
ab 0 1 0 1
be 1 0 1 0
ed 0 1 0 1

a d da 1 0 1 0

Mampuya uryuOenmHOCMU CUMTaETCS KOMIAKTHEIM CNIOCOOOM MpeacTas-
neHus rpada. 10 NPAMOYroJbHas MaTpHulla n X m, rie n — 4HCJIO BEPIIHH,
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a m — uucno pebep. Cronbubl 3TOH MaTPHULLbI CONOCTABJAKT pebpam, a CTpo-
KM — BepluWHaMm rpada. MaTpuuHblil 3/1eMeHT paBeH HYJI0, €CH BepIUHHA He
MHUMJEHTHA pebpy, U paBeH eAHHULE, ecH HHUUIEHTHA.

b & ab bc cd da
a 1 0 0 1
b 1 1 0 O
c 0 1 1 O

a d d 0 0 1 1

O606111eHHe ITHX MAaTPHLL — KOHEYHbIe U OECKOHEYHbIe MATPUILEl, 3/1eMeH-
Thl KOTOPHIX BelleCTBEHHbIE yucaa p(a,b), 0603Ha4AUINX MEPY, MOLLHOCTD,
NponyckHyw cnocobHocTh pebpa.

Eciu paccMaTpvBaTh MaTpPULy CMEXHOCTH pefep Kak MaTpHLy CMeXHO-
CTH BEPLUHH, TO MOXXHO MONYUHTb CMEMCHOCMHbLL UKW péGeprbil UIH no-
kpoisarowutl rpad. Takoi nepexop cooTBeTCTBYyeT npeobpasosaHuio pebpa B
BepiiuHy (bond-to-site transformation).

PeGepuniii rpad L(G) mpocroro rpada G — 3To Takod rpag, B KOTO-
pOM BEpLUMHBI comocTaB/ieHbl pébpaM G. Bepmunsl B L(G) cMexHbie, eciu
COOTBETCTBYylomMe UM pébpa B G cMexHble.

Jliis mOCTPOEHHS CMEXHOCTHOTO Tpaa MOCTaBHM B CepeluHe Kax<[oro
pebpa ucxopnoro rpada TOYKH. DTO — BepLIHHb CMeXHOCTHoro rpacda. Co-
eIMHHUM TIOJIyYeHHEIe BepIUHHbl Mexay coOOH, ecliM OHM JieXKaT Ha CMEeXHBIX
pebpax.

Puc. B.8. ITocTpoerue cmexxHOCTHOTO rpada.
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Il noctpoenus dyaavHo2o UM 060Lcmeennoeo rpada HyKHO nocra-
BUTb TOUYKY BHYTPH KaX/O0H IPaHHM HCXONHOTO rpaga, B TOM HHC]e, U BHYTpH
GeCKOHEUHOi{l TpaHM, €CJH OHA MMeeTcd. DTH TOUKH SBJAITCHA BepliHHamy
nyaipHoro rpada. CoeMHsIeM Be BEPIIWHB MEXAY COGOH, eciu OHH Mpu-
HaJ/IeXKaT COCeAHUM IpaHAM. ByneMm NpOBOAUThL JMHHHA TaK, YTOOBI OHM me-
peceKali TObKO ofiee peOpo coceiHHMX rpaHell W HE NePECEKaNM Apyrue

pébpa.
\ LN LN/

Puc. B.9. PeryaspHulii rpad (;KupHbie JHHHH) U €T0 AyanbHbift (TOHKHE ju-
HUH).




IIpnaoxenne C

IIpousBogsimue pyHKIUMN

MeTon npou3BOAALINX (QYHKUHH, XK COXKANEHUIO, OBBIUHO He U3J4araeTcd B
Kypcax MaTeMaTHKH ISl (DU3UKOB, XOTH H IIMPOKO NPHMEHSIETCA TeopeTHKa-
MH. Huxe NpHBOAATCS MHHUMAALHO HeOGXOMUMBIE CBEIeHU:, Boslee MTOJTHY 10
HH(POPMALMI0 MOXHO HaHTH, Hanpumep, B [116].

ITycrs nmeercs dynxuns F(z) Takas, 4T0 B HEKOTOPOH OKPECHOCTH YHCA
To (MEACTBUTENBHOrO HJIM KOMIJIEKCHOTO) OHa MOXKET OHITh NMPeACTaBJEHA B
BHJE CTENMEeHHOTO paja

Flz) =) ap'. (C.1)
=0

Cyuxuus f(z) H3biBaeTcs npoussodswet (generating) A/ UHCIOBOH TOCITe-
HOBATENbHOCTH ag, A1, .. ..
IIpu HaxOXpeHUM YHCJOBHIX TOC/AENOBATE/bHOCTEH GLIBAET MOJE3HO HC-
NMOoNb30BaTh C/eAYIOLIHe JeHCTBHSA C TIPOU3BOASIIMMU BYHKIHAMM,
YMHOMEHHe NPOU3BOAALICH GYHKIMH HA YHCJIO

Af(z) = AZa@-xi = Z(Aaz-)a:i.

=0 t=0

Cymma aByX mponsBomsilux GyHKUMH

flz)+ g(z) = Z a;zt + Zbi:ci = Z(ai + b;)z".
i=0 i=0 i=0

90
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[IpousBenenne Kouin

flz)- Za@ Zb .’ :ickmk,
i=0 k=0

rone

k
k=) by
1=0

C.1 IIpumeHeHue MeTOona MPOU3BOASIIUX (PYHK-
UMU [J8 ONpeNeJeHHs MOpora MNepKOJSIUN

Ha gepeBe Kaam
PacemoTpum 3aaady cesseit Ha gepese Ka/u ¢ KOOPAMHALMOHHBIM 9HCJIOM
3. IlycTb cBSI3M pasopBaHbl C BepPOSITHOCTHIO p. /s KAXA0TO y3/a BBeEM Be-
POATHOCTb F'(S) TOrO, YTO OH COENMHEH TOCPEACTBOM AAHHOH CBS3Y C BETKOM
u3 s cassedt. B geficteuTenbHocTH, F'(s) MoXeT GBITh HACHTU(HLAPOBAHA C

BEJIUYUHOM sm s, BBeNeHHOH B paszienie 1.2, [TockoabKY Bce Y3Jhl M BCe BETBH
AepeBa K3y 3KBUBaNEHTHBI, MBI MOXKEM 3aIMCATh

F(s)=(1-p) >  F(s1)F(s2), F@O0)=p (C.2)
81+82=85—1

Hro0bl yNPOCTHTE BEIYHC/IEHHE CYMMbl, BBEIEM NPOM3BOAALLYI0 (ByHKIMIO
0
flz)=> F(s)a* (C.3)
=0

Kak OyIeT TOKa3aHO HHXKe, MEX/Y TaKMMH BEJHUYHHAMU Kak Pu, (s) u npo-
M3BOASILIEH (DYHKUMEH CyLIeCTBYET NMPOCTast CBA3b, YMHOXKasA 06e 4acTH ypas-
Henud (C.2) Ha 2° w1 cyMMHpY#l IO 8, N0Jly4aeM KBaJpaTHOe ypaBHeHMe

Ha) =p+ (1= plafi(z) (C.4)

C AByMs JEHCTBUTE/bHBIMU KOpHSAMH. IIpuHHMan Bo BHMMaHHe, 4TO eca = <
1, To u f(z) <1, BeIOHpaeM HauMeHbUIMH U3 ABYX KOpHei

1—+/1—4p(1 —p)x
2(1 — p)x

flz) = (C.5)
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[Tapametp nopsnka — Po = 1'— f(1). [Ipu = = 1 nosoxuTeNbHOE 3HAYEHUE
KBaJpaTHOro KopHs pasHo |2p—1|. Ecan p > 1/2, 1o Mbt umeem f(1) = p/(1—
p) < 1 u napameTp mopsaKa OTIHYeH OT Hyast. CienoBaTedbHO, p. = 1/2 u

Po=1- (1) = T2 x (pe = 1)° ()

¢ 8= 1. ®yukuus f(r) umeer 0coGEHHOCTb B TOUKE xg = 1/dp(1 — p) Tuna
1
f(z) = A+ Blz — zo|*, Tne a = 3 (C.7)

B cootBetcTBuM ¢ Teopemoit Tauberian, KoTopasi COOTHOCHT 0COGEHHOCTh B
f{z) c ocoBennocthio B F(s), (C.7) nosarawr, yTo pas/aoxeHde (QyHKUHH
f(z) B psan Tefinopa B61H3n x = 0 Bemer cebs Kak

F(s) =57 (s |p — pel) & s exp(—s/sc), (C.8)

rae
T=2+aq, se = 1/ In(zp).

HTaK, B HallIeM cJjy4ae

1 p(l —p)
= 2 ~ =
T=5/% = g — 1 (P — pc)*

OTKyZa
c=1/2
B 3Tom nmpoctom cayuae ¢yHkuua F'(s) MoxeT ObiTh BBIUKCJIEHA B COOT-
BETCTBHUM C OMHOMMANBLHBIM Pa3joXKeHHeM /1 — y

(28 — DI
F(s) = P o (4p(1 - p))°,
e OTHOLIeHWe (PaKTOpHaJIOB HMEeT aCHMINTOTHYECKOE MoBeaeHHe s /2 u
(4p(1 — p))® maer 3KCNOHEHUHANLHYIO 06PE3KY.
MBI MOXeM TakKe NOACYUTATh cpen}mﬁ pasmep KJjacrepa

F
ZS (s) = dln:c 5
H gaet
St P
(s) = QIPEPCI

—— P p < P
2|p_pc‘ P ‘

4TO O03Hauyaer v = 1 B oBoux cayyasx.



IIpunoxenune D

PpaKTagabl

D.1 ®Ppakransl B MaTeMaTuke U (pusHnKe

Jlvmb nocae Toro, kak B 1975 r. Benya B. Maunean6por [67] nanucan
CBOI0 MEPBYK KHHUTY [0 ()paKTanam, CTajo FACHO, YTO OrPOMHOE KOJHYECTBO
CTpaHHbIX OOBEKTOB, JaBHO U3BECTHBIX JIOAM, NPEACTAB/AIT CO00H pasany-
Hble NposABJAeHUsS (paKTanos.

MannensbpoT Haspasa hpakTasamMH CTPYKTYPbl, COCTOSILILHE H3 Ya-
cTe#, KOTOpPbIE B KAKOM-TO CMbIC/I€ TTOAOOHbI LEJOMY.

Hau6onee noaHo ¢pakrasbHas KOHLEMNUMS H3JaraeTcs B KJACCHYECKOH
kHure [68], MHoro mosesHoH WHGHOPMALWH MO NPUMEHEHMIO (paKTalbHBIX
HIel B TEOPHH NEPKOJSALKHKE MOXKHO HallTH TaKxke B KHurax [24,27] u o63ope
[125].

CrpauHble MaTeMaTH4ecKHe OOBEKThl — «MaTeMaTH4YeCKHe MOHCTPBI» —
NpHBJEKJH BHHMAaHKE YY€HBIX erle B mpoulioM seke. B 1883 r. eopr KaHTop
onucan MHOMXeCTBO, KOTOpOe Tereph HasHBalOT mHoxmecmso Kanmopa WU
noiav Kanmopa.

PaccMoTpu OTpesoK eAMHMYHOM JJMHbL. Paspeqaum ero Ha Tpu 4acTH H
YOAJHM M3 HEro OTKPHITYIO CPEQHIO TPeTb, OCTABHMB €€ KOHLEBbie TOUYKH.
[Moayyum ABa oTpeska AauHoH no 1/3 xaxnbifi. Beipexxem cpenHion TPeTh
M3 KaXKJOTO 0Tpe3ka M OyleM MOBTOPAThb 3TY NPOUEAYPY C BHOBR MOJYHEH-
HBIMM OTpe3KaMu 70 6eckoHeuHocTH (puc. D.1). ITonyueHHoe B 6eCKOHEHHOM
mpenesie MHOMECTBO HasbiBaeTcsl MHOXecTBoM Kanropa u o6nafaeT PAaloM
HEOOBLIUHBIX CBOHCTB. DTO MHOXECTBO HMEeT MOLIHOCTb KOHTHHYYMd, B TO

93
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XK€ CaMoe BpeMs ero Mepa pasHa Hyq10. Kaxapii M3 ¢parMeHTOBR MHOXECTBa
Kanrtopa BBITISIAMT, KaK BCE MHOXKECTBO B LEJOM, [OBOPAT, UTO MHOXKECTBO
Kantopa camonodobro.

Puc. D.1. Dtans nocTpoenus mHoxecTBa Kanrtopa.

B 1886 r. Kapn Befiepmrpace moctpoun QyHKUHIO, HE HMERILYIO IPOU3-
BOJHOW HU B OZHOH TOYKe

y(z) = Z A" cos (B"rx),
n=0

rae 0 < A < 1, a npoussepenre AB nocraroyno Benuko. [paduk 3Tol dyHK-
uMH — OECKOHeYHO M3JoMaHHas JuHUA. [Ipu yBenuyeHuu Jw06oil yuacrok
3TOH KPHMBOH BBHINVISIAMT TOAOOHO Bceit KprBOH. MOXHO NOCTPOMTH MHOXe-
CTBO pa3Ho0oOpasHuX YHKUMH, MoAoOHBIX (YHKUMH Befiepmitpacca. B To
BpeMs Nnofo0Hble PYHKUUH NPEACTaBAANHCh HEM-TO aHOMaJbHbBIM, JPMUT IK-
can Cruatbecy B 1883 r.: «f ¢ mpoxbio y»Kaca OTBOPauMBAaIOCh OT BalIMX
HECYACTHHIX NPOKAATHIX (PYHKIHH, ¥ KOTOPHIX HET NPOH3BOLHLIX».]

B 1904 r. Xenbre ¢on Kox paccmorpen Heo6biuHyio kprBylo, Yacro ee
MPUBOAAT B KypCe MaTeMaTHYeCKOro Kak NpUMep HeNpepelBHOH, HO Heaud-
(hepeHuMpyeMoi KpuBoH. PaccMOTpy OTpe30K eJUHHUYHOH JJIHHBL. YHaJuM H3
HEro CPedHIO TPeTh M JONOJHHM ABYyMf OTpe3KaMHu AauHOH 1/3. Orpe3ok
IPEBPATHIICH B JJOMAHHYIO 13 4 3BeHbeB. [IpuMeHHM Ty XKe caMylo Onepautio K
KaX/I0My U3 OTPe3KOB JOMaHHOH. Bynem nosropsaTh 3Ty npouenypy 6eckoney-
Hoe 4ucaio pa3 (puc. D.2). MoxxHo MoCTpouTh cHexcunky uau ocmpos Koxa,
MCIMOJIb3YI0 B KaueCTBe HauyaJbHOro o6bekTa, PABHOCTOPOHHUYN TPEYTOJIbHHUK.
JIerko noHsiTh, YTO TaKas CHEXHHKa HWJIH OCTPOB OYAYT UMEeTh GeCKOHeYHbIH
MEepUMeTpP, HO OrpaHUuMBaTh OYAYT NPH 3TOM KOHEUYHYIO MJIOWANb.

B 1915 r. Bauaae Cepnunckuil (CepnuHbCKHN) NPUAYMAT HECKOALKO MH-
TEPECHBIX KOHCTPYKIHH, Ha3BaHHLIX B MOCJAEACTBHH €T0 UMeHeM. [Ipokiadka
unu casgpemsxa Ceprurcko NMoaydaeTcss U3 PaBHOCTOPOHHETO TPEYTOJBHHKA,

nrupyeres mo [118]
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Puc. D.2. 3ransl nocrpoenus kpupoit Koxa.

[IpoBenem B TpeyroibHHKe CpefHHe JHHMM H yIAJHM OrpPaHHUYEHHYI0 UMH
LIEHTPaJibHYK0 4acTb TpeyroabHuka. [loBTopum npoueaypy no OTHOLUEHHIO K
KaXXIOMY H3 M0Jy4YeHHbIX TPEYTONbHHUKOB H TaK A0 GeckoHeyHocTH (puc. D.3).
[Tono6HBIM xe 00pa3oM MOXKHO MONYYUTh Kogep Cepnuncko2o, UCIONb3YS B
KayecTBe HCXOAHOT0 00beKTa KBajpaT. MOXHO MOCTPOUTL U TpeXMepHbie aHa-
JorTH 3TuX 00beKTOB. MX yacTo HasbiBalOT eybramu.

B nauane XX Beka [Ibep Dary u Iacton 2Kiosma rccnenoBasy cBoHcTBa
OTOGPaXKeHHH 2,41 = Z2 + ¢ HAa KOMIIEKCHOM NJ0CKOCTH. [Ipy dhuKcupo-
BAHHOM € B 3aBUCUMOCTHM OT BbIOOpa Ha4yaJbHOrO TMPHOAMIKEHHA IpeesoM
NMOC/AEAOBATEbHOCTH MOXKeT OhTb JIHO60 HOMb JAH60 OecKoHeYHOCTh, MOoXKHO
CKa3aTb, YTO HOJb U OECKOHEUHOCTh ABJAIOTCS aTTpakTopaMu. [paHuua, pas-
fesiiouiast 06JacTH TIPUTSKCHUS STHX JBYX aTTPaKTOPOB, HA3bIBAETCH MHO-
awcecmeom XKworua. dra rpanuLla 6eCKOHEUHO H3pe3aHa U NPeACcTaBsieT CoO0H
¢pakran (puc. D.4). |

Mcnonb3ys To »ke camoe oToOpaxxeHue, Benya Maunmens6por BhIOUpas
(HKCHPOBAHHYIO TOUKY HA KOMIJIEKCHOH IJIOCKOCTH M MPOCJEXKHUBAJM ee CyAb-
6y npy pa3/JMYHBLIX 3HaYeHHAX [apaMeTpa ¢, NpH 3TOM BO3HHKAJU cJelylolle
CUTYALHH:

1. Uhcaa cTaHOBHJIMCH BCe MEHbIUNE W MeHblie, HX NOC/eI0BaTeJbHOCTh
npubauxanack K Hymawo. Mbl roBopum, yro Hyap ABJasieTcd aTTPaKTO-
pOM — B JaHHOM CJiydae TOUKOH MPUTSKEHUs JAJf npouecca.

2. Uncaa yBeHUUBAKOTCS, CTPEMACH K BeCKOHeUHOCTH, B 3TOM caydae bec-
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A A A
A bbb i A bk A

Puc. D.3. Dtansl nocTpoeHus npokaaakd CepnuHCKOTo.

Puc. D.4. Muoxecteo Kionua npu ¢ = 0.27334 + 0.007421.
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KOHEYHOCTL — aTTPakTop A Ipouecca.

3. Crneuncuvecknit caydait. [TocsenoBaTeIbHOCTH TOYEK JI€XKAT HA TPAHH-
e ABYX 06JiacTed NMPUTHKEHUS.

JauHasa rpaHuua umeer HpaxkTaNbHYIO CTPYKTYPY U SBJASETCH TaK HashiBae-
MBIM CMpAHHBIM ammpaKmopom NS Tpouecca. Ecnu B3raAHyTE Ha J060H
13 ee MOBOPOTOB HJMU 3aJHBOB, TO MOXHO OGHAPYXKHTh, YTO OOHE H Ta XKe
¢dopMa BeTpedaeTcss B Pa3jIHYHBIX MECTaX W MMEET pas3JjIH4Hble pasMepH. Pu-
rypa, HaxoAsIlascs BHYTPH 3TOH rpaHMllbl, MOJyYHaa HAa3BaHUE MHOMECMBO
Mandeavbpoma (puc. D.5).

Puc. D.5. Muoxecteo Manaens6pora.

MHoxecTBO (PH3nvecKUX 0OBEKTOB, KaK BHIICHHJIOCH B HeJaBHEM Mpo-
WJIOM, UMelT (pakTanonofobHyo CTpyKTypy [24]. OnHako, B OTAHYHH OT
MaTeMaTHYeCKUX (PpakTasoB, 6ONbIIHHCTBO (PU3HUUECKHX — TaK Ha3hHIBaEMble
HeperyJsipHble (ppaktanel. [IpHHATO pa3auuath peryJ/sipHble H HeperyJaspHble
¢pakraael. [lepeeie — njof BOOOpaXKeHUST — Ha KaXKAOM 3Tarne MaclITabupo-
BaHHA B TOYHOCTH MOBTOPSKT 0ObeKT B uenoMm. HeperynspHeie GpakTansr —
NPOAYKT NPHPOOBLl WU AEATEJbHOCTH YesJoBeKa — Ha KaXJIO0M YPOBHe mac-
wraba CTPyKTypa ¢pakrana nonolHa, HO He MAeHTHUHA OOBEKTY B LEJIOM,
[ToHsITHO, YTO B OTJHYME OT MATEMATHUECKHX, Yy €CTeCTBEHHHX ()PaKTaJyoB
nofo6ue COXpaHSeTCs B LIMPOKOM, HO KOHEYHOM AHana3oHe MacliTabos.

TunuyHble TpHpoIHBle (paxTanbl — OepeBbs, pekH, objaka, Geperopas
JUHUSA.
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Dpakranamu ABJAIOTCH AEHAPUTH (OT rpey. AeHAPOH — nepeBo). Henapu-
TONOAOOHEIE CTPYKTYPbl BO3HUKAIOT B Pa3JHYHBIX 061acTsX (UIUKH, HATNpPHU-
Mep, NPH KPUCTAINK3ALUMY METAN0B. JeHApHTONoRo6HYI0 CTPYKTYPY HMEET
OOLIKHOBEHHas CHEXHHKA.

K ¢dpaxkTtanbHbLIM CTPYKTypaM MOXKHO OTHECTH TAKXKe TAK HA3bIBAEMbIE
asporesid — TBepAble Te/Ja COCTOSILIME M3 CBHA3AHHBIX MEXIY COOOH MHK-
POYACTHL, COCTABJAOIINX XKECTKHH KAPKac, KOTOPEIY 3aHUMAET JIMIIbL MajayIio
yacTh obmero o6sema. OcobeHHoCTh asporesiei — OTPOMHBIN pasMep BHYT-
PEHHMX IIOp M Pa3/IMyHas HX BeJIHUHHA, NIEPEKIUKAETCS C ONHUM U3 ONpEie-
JIEHWH (pakTana:

dbpakran — 3to 06beKT, HMeWUil B ceGe NycTOTH a060ro pas-
Mepa.

D.2 PasmepHocTH

D.2.1 PasmepHocTh camononobus

Ecin pasgenuTb efMHHYHBIH OTPe3oK Ha N paBHBIX 4YacTel AJHHON
[ = 1/N, To oueBHAHO, IJIMHa WCXOJHOTO 0Tpe3ka Oyaer pasHa 1 = NI,
Ecau pa3buth eAWHWYHBIE KBafipaT Ha N paBHBIX KBajJpaToOB €O CTOpPO-
Ho#t | = 1/N*/2, 10, oueBMAHO, MIOMIAKL HCXONHOTO KBagparta Gyaer paBHa
1 = NI?. Ecau pas6butb efdHHYHBLA Ky6 Ha N paBHBIX KyGOB CO CTOPOHOI
1/N1/3, 10, ouesnmHO, 06beM HexonHOro Ky6a Gyner paex 1 = NI3. Bo Beex
3TUX CJIy4asX BHIIONHANOCH cooTHowenHe NI% = 1, rme d — pasmepHocTs
camonojobus. B paccMOTpeHHEIX cy4asix OHa BBIPAXKaJaach LEJAbIM YHCJIOM H
coBmagana ¢ EpkaunoBoll pasMepHocThio. PasMepHOCTh caMonogobHs MoXKeT
OLITh BEIYUCAEHA 0 dopMyie

_lnN
Inl "~

XOoTs Mbl 3aNKCaJH HaTypaJbHBIN JOrapudM, NOHATHO, YTO OCHOBAHHE He
MrpaeT HHKAKOH DOJIM: MOXHO Obljo 6bl 3amdcarThk JeCATHYHbIE JOrapudMel
WJIH JIOTapH(MBl IO OCHOBAHHIO 2,

Halinem pasmeprocTs camonono6ust MHoxkectBa Kanrtopa. Uro6m moctpo-
MTh MHOXECTBO KaHTOpa eIHHHUHON AJMHBI HYXKHO B3STb 2 MHOXECTBa [AJU-
Hoi 1/3, caelnoBaTesbHO

d —

In2  In2
n1/3  In3

~ (.6309.
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PasmepHocTs camonomobus okasasack apoSHoH. O6pa3sHO MOXHO CKa3arb,
4yTO MHOXecTBO KanTopa yKe He OTPe30K, HO elle He TO4Ka.

YTo6n HaiiTH pasMepHOCTb camonofobusi canderkn CeprnuHCKOro 3ame-
THM, 4TO OfiHa caldeTKa COCTOMT M3 3 candeToK ¢ pasMepoM CTOPOHH 1/2.

Toraa
In3 In3

Inl/2 In2
TO eCTh npokJjanka CeprnuHCKOTO 3aHHMaeT NPOMEXKY TOUHOE MTOJN0KEHHE MeX-
Ay JHHHEH U QUrypoi.

B cayuae kpusoil Koxa Tpebyercs 4 xpuBHX AaHMHOH 1/3, uToOnl cocTa-
BUTh MCXOAHYIO KPUBYIO, TaKUM 00pasoM, pa3MepHOCTh CaMoIofo0usA paBHa

d= = 1.5850,

In4 B In4

pes " In1/3 In3

~ 1.2618.

Bce paccMOTpeHHEBIE Bbillle caMONoAoOHble 0OBEKTH UMeJH NPobHYIO pas-
MEpPHOCTL. SIBJISAETCH AK 3TO OOLIUM CBOHCTBOM BCEX CaMOMNOAOOHBIX 0ObeK-
tog? Het! B 1890 r. xysenne [leano mocTpous HeNpephiBHYIO QYHKLHIO,
oTOOPaXKAWILYI0 0TPe30K Ha KBajpar. [paduk 3ToH QyHKUUH — JIHHHA, lie-
JUKOM 3amoJHsiollas KBanpaT, — HasbiBaeTcs KpubBo# [leaHo. Ee pasmep-
HOCTb — 2.

D.2.2 Pasmeprocts no Xaycaopdy—-Besukopunuy

Koraa peub HieT o ¢pakranax, TO 4aCTO MCIOJAb3YIOT Pa3MepHOCTb IO
Xaycaopgy-besuxosuyy.

s toro, 4ToOR H3MEPHUTL AJHHY Lo KPUBOH, MOXKHO NMOACYUTATH YHCJO

N(6) npsAMOJHHEHHBIX OTPE3KOB IJHMHBI J, HEOOXOLMMBIX HJf TOro, 4TOOH
MOKphITh €€, Torna nMHHa KPHBOH —

—(0

MoXHO ONpeaesuTh MJI0AAb KPHBOH, HCTOMb3YS A5 NOKPHITHA He OTPE3KH,
a KBaapaThl (TPEyTOJbHUKH, KPYTH U T. 1.) C JWHEHHHIM PasMepoM 4.

S = N(6)6° —— Lgdl.

[Tono6HBIM Xe 06pazoM MOXKHO ONPEE/IHT: U 00BbeM JUHUU

V = N(8)§* — Lod®.

—0
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OueBuoHO, YTO B npeaene A5 OGBIUHOH KPUBOH A/nuHa OygeT KOHEUHOW, a
nomaab M 06beM paBHbl Hyao. B To ke Bpems 4 (paktaibHOR Kpu-
BOK, HanpuMep, Kpusok Koxa unu [leana, anuHa 6yner 6eckoHeuHoli. JIuHa,
IIoIaAb, 06bEM MOMKHO ONpEefe]HTh He TOABKO AJIS KPUBOH, HO W IJs [O-
BEPXHOCTH HJIM TeJa,

Beiuucass pauHy, miouianb, o6beM, TO €CTh mMepy Mg, Mbl HOKphIBAJIH
MHOXECTBO TOYeK Das/IMYHbIMH FeoMeTpHYecKUMH 00beKTaMH (OTpe3Kam,
kpyramu, kybamm). Torma My = ) ~(d)é?, rae y(d) — reomerpuueckuii
K03 (DULHMEHT, KOTOPHIY 3aBUCUT OT BHIGOpA MOKPHIBAIOIIEr0 00beKTa, d —
pasMepHOCTb Mephl. Tornma

0, ecaud>D
My = d) 6% = ~(d) N(8) 6% —s ¢
d Zv() v(d) N(4) T e seimd B

Beanuuna D, mpu KOTOpOi 3TOT Hpene] OTAMYEH OT HYISt H GeCKOHEYHO-
CTH, €CTb pasmeprocme Xaycdoppa-Besukosuua wnu xaycdopgosa pas-
meprocmy, IInsi dpakTanbHBIX CTPYKTYP OH4, KaK MPABHO0, HEUEJOUHC/IeH-
Hasi. OnHO U3 onpejeneHuil GpPaKkTaNOB [VIACHT:

(ppaktan — 3T0 00BEKT, y KOTOPOTo pasMepHocTh Xaycaopha-—
BeaukoBu4a ctporo 6oJblie ero TONONOTHYECKOM pa3sMepPHOCTH.

Hanpumep, ¢ Touky 3peHus Tormonoruy npoxaanka CeprnHHCKOro ofHOMepHa,
TaK KaK MOXeT ObITh pasaesieHa Ha 4acTH y/jaJeHHeM KaK MaKCHMYM CYETHOTO
YyMC/Ia TOYEK (TOUHee, BCETO JIUIIbL ABYX).

D.3 Onpegenenne ¢pakTadbHOH pasMepHOCTHU
KJacTepa.

1. Tenepupyem KJaacrep.

2. Haxoaum uenTp Macc knactepa. B nBymMepHOM Cayuae KoOpAMHATH LEH-
Tpa Macc ofnpeneasioTes no gopmynam

e n — YMCJIO Y3J0B B KJacTepe, (i, ¥;) — KOODAHHATH i-I'0 y3na.
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3. Haxogum umncso y3noB kaactepa m(l), HaxoAAWMXCA BHYTPH KBajpara
CO CTOPOHOM | M HEHTPOM B LEHTPe Macc KaacTepa (T, Ye).

4. YBesnuuuBaeMm BeJIMUHHY [ B 2 pasa u nosTopsieM nn. 3-4 s pas, noka
KBafipaT He MOKPOET KJacTep LEJHKOM.

5. CTpouM 3aBUCHMOCTE Inm ot Inl.
6. BoiuncaseM QpakTaJbHy0 Pa3MepHOCTb 110 METOAY HaAUMEHBUIMX KBaj-

patoB, Ucnosab3ys dopmyay [97]

sy, XiYVi - Xi 2 Y
df = B = =il =1 i=1

i=1
8 L] 2
A=sy x2- (Y x
i=1 i=1

7. [loBropsiem mn. 1-7 HeCKOJIEKO pa3 ¢ pa3HHIMH MOCJE[0BaTebHOCTAMH
CIyUYarHbIX YHCe.

8. Haxomum cpegHee 3HadeHHe (hpaKTalbHOH pa3MepHOCTH.
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