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NPEANUCJHOBUE K NEPBOMY H3JAHUIO

B ocHOBY 3TOH KHHTM NOJIOXKEHA JICKIHSA MO yPABHEHUAM
B HeJBIX YHCJAxX, NpouHTaHHas MHowo B 1951 r. Ha Martema-
THueckoit onumnuaze B8 MIY. §1 nosnssyloch 3/ech caydaem
BBIPa3UTh GJaT0JapHOCTL 3a OKA3aHHYI0 MHE IIOMOIb MOEMy
yuenuky, jouenty H. M. KopoGoBy, nanucaBuieMy Ho KOH-
CIIEKTy MoeH JIeKUHd INeDBbid, BTOPOH H 4acTb TPeThero
naparpada.

Kuura jocTynHa MIKOJbHUKAM CTAapINHX KJacCOB.

A. Teavhond



BBEEJAEHHE

Teopusl uMcen H3yyaeT B OCHOBHOM apH(pMeTHueckHde CBOH-
CTBAa UMCeJ HATYPaJbHOTO pPSifa, APYTHMH CJOBAMH — IIEJBIX
TIONOKUTEJIBHBIX UHCEN, M NPHHAJIERKAT K YACHY CTapedumnx
ot/esioB MateMataxy. OfHON H3 HeHTPaNbHBIX 33/1a4 TaK Ha3hl-
BaeMOH aHAJNHTHYECCKOH TeOpHH 4dHCeJa $BJsieTCsl 3ajaua o
pacnpefieNleHHH NpOCTHIX YHces B HaTypanbHOM psife. [IpocTsiM
YECAOM HasuBaeTcs J00Oe Iesioe IOJOKATENbHOS UHCMO,
6onbllice efUHHUIL, Jeadnieecs 6e3 ocTaTKa TOMbKO Ha ce6d
d efdHHIlY. 3ajaua O pacrpefesieHHH [POCTHIX YHCea B Ha-
TYPaJIbHOM psifie 3aKJ0UaeTcs B H3yueHHH NPaBHJIBHOCTH IIO-
BeJIeHHs] Yrica OPOCTHIX YHCEJN, MEHBUIAX HEKOTOpOro uncaa N,
mpu Gonpiidx 3HayeHussx N. IlepBbill pesysbTar B 3TOM Ha-
npaBJeHud Mbl Haxogum ewd y Esxumga (IV Bek go H. 3.),
HMEHHO JIOKa3aTebCTBO GECKOHEUHOCTH PSIa ITPOCTBIX YHCEJ,
a BTOpoH pesyJibraTr mocie EBxympa 6T nolyueH BeaHKUM
pycckuM marematuxkoMm I1. JI. UeOblueBuIM BO BTOPOH mojo-
pune XIX Beka. [lpyrast ocHOBHAsI 33j1aua TEOPHH YHCEJ — 3TO
33/laua O NpPe/CTABJCHUU LEJbIX YHCEJ CYMMaMH LEJNBIX YH-
cesl ONpefieNEHHOrO THNA, HATPHUMEp NpoGieMa mpeCcTaBJe-
HUST HEuéTHBIX uHcesJ CcyMMOH Tpéx npocTthix uncen. Ilo-
ciegnsissi npobaema, npoSiéma [ombpia6axa, Guura pellena
CPaBHHTEJBHO HEJABHO KpYMHEHIUHM COBPEMEHHHIM NpeACTa-
BHTEJIEM TEODHM YHCeN — COBeTCKMM MareMatukoM M. M. Bu-
HOTPaJIOBbIM.



[pepsaraevMasi BHUMAHHIO 4YHTaTesasl KHATA MOCBALIEHA
TaKKe OJHOMy Hu3 Haubojee HHTEPECHBIX Pa3jeJoB TEOPUR
YhCes, a WMEHHO, — PEIIeHHIO ypaBHeHHH B Le/ablX 4HCIaXx.

Pemtensie B 1eJiblX uMcJax ajire0paHdYecKdX VpaBHEHHH C
nefbiMi KodbdbuHeHTaMH 0ojiee 4eM € OJHHUM HeM3BECTHBIM
npejcraBasier coGofi ofHy u3 TpygHefimmx npoGJeM TEOPHH
yuces1, DTUMH 3aj7auaMd MHOPO 3aHMMaJUCh caMble BblAaio-
UlFecs MaTeMaTUK{ JPEeBHOCTH, HANDHMEp IpedecKHil MaTeMa-
tuk [Tugarop (VI Bek no H. 3.), anexcaHapufickufi marema-
tuk Jlnodanr (11— 11l mex H. 3.) ¥ nyyniye MareMaTHKH
Gonee Gausxoil K Ham anoxu — I1. Pepma (XVII Bex), JI. Di-
aep (XVIF Bex), Jlarpanx (XVIII eex) u apyrme. HecMorps
HA YCHJMSI MHOTHX IIOKOJeHHH BBIAAIOMUXCA MaTeMATHKOB,
B 3TOH 00JIaCTH OTCYTCTBYIOT CKOJBKO-HHOYZAL OOIIHE MeTO/m!
TANA MeTozga TpHIoHOMeTpudeckux cymMm M. M. DBunorpa-
J0BA, IO3BOJSIOIIEI'O peliaTh CaMple pA3JHYHEbBIE NDPOOJEMbI
aiandTHYeCKOH TeOpHH 4ucels.

IlpoGniema pelueHHs] YpaBHEHHH B HeJblX YUCaIaX pe-
lIeHa /[0 KOHLUA TOABKO JJ8 YpaBHeHMH BTOPOH CTelleHH
c J1ByMsa HeHsBecTHhMH. OTMeTHM, 4YTO Jnd  ypaBHeHHH
JIOGOH CTereHW C OJHMM HEH3BeCTHRIM OHA He TIpejicTa-
BJISIET CKOJIbKO-HUOY/b CYLECTBEHHOTO HHTepeca, Tak Kak
5Ta 3ajaya MOXeT OBITb peuieHa ¢ IOMOUbIO KOHEYHOTO
ypcna npo6. Jast ypaBHeHHH Bullle BTOPOH CTEleHH C
JBYMs MM Oosiee HEH3BECTHHIMH BEeChbMa TpYy/AHa HE TOJb-
KO 3a7aua HaxXOXJIEHHf BCeX pelmeHHI B [eJBIX YUCHAX,
HO faxe H Oosee mpocras 3ajaya YCTaHOBJIEHHS CYILECTBO-
BaHMSl KOHEUHOrO MM GEcKOHEUHOTO MHOMKECTBA TaKHX pe-
nleHu .

Pemenne ypaBHeHWH B LeJbIX YHCNAX HMEET HE TONBKO
TeopeTHYecKUH wuHtepec, Takde ypaBHeHHs HHOTIJA BCTpeua-
11c1 B dusuxe.

Teopernuecknil uHTepeC ypaBHeHWH B UeJBIX YHCAAX JO-
CTATOYHO BEeJHK, TaK KaK 3TH ypPaBHEHHSI TeCHO CBA3AHHI
CO MHOTHMH HpoSjeMaMH TeOpHH uucen., Kpome Toro,
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HAEMEHTADHEIE YacTH TEODHHM TaKHX YpABHEHHH, H3JO0KEHHhIE
B 3TOH KHHTe, MOTYT OBIThb C yCIEeXOM HCIOJb30BaHBl I
paciiupeHHs] MaTeMaTHYeCKOrO Kpyrosopa ydalnxcsl cpejHefi
HIKOJB, YYHTENbCKUX WHCTHTYTOB H I1€JIBY30B.

B sT0ll KHHre H3/10XKeHB HEKOTOpble OCHOBHBIE pPe3yJsb-
TaThl, NOJYYCHHbIE B TEOPHM pelleHHs YypaBHEHHIN B UeJbIX
ghcnax. Teopembl, ¢opMyaupyemble B Hell, cHaOxKeHE! JROKa-
3aTejbCTBAMH B Tex cJyd4adX, Korja 3TH J0OKasaTejbCcTBa
JIOCTaTO4HO IIPOCTHI.



§ 1. YPABHEHHUS € OJHUM HEM3BECTHbLIM

PaccMotpuMm ypaBHeHHe NepBOH CTeNeHH C OJHHM HeHs-
BeCTHBIM
ax + a,=0. D

[ycts xo3bbunuentsl ypaBHeHHst 4y M g,— LeJble 4ucia.
SICHO, YTO pellieHHe 3TOTO ypaBHEeHHs

GyAeT LeJbIM YHCIOM TOJBKO B TOM cayuae, KOrja g, Ha-
neao Jenurca Ha ;. Taxum oOpasom, ypasuende (1) ne
BCcerja paspeliiMoO B IeJbIX YHCJIaX; Tak, HalpuMmep, H3
aByx ypasrennit 3x—27=0 u 5x+21=0 nepsoe umeer
nesoe peuleHue x=9, a BTOpoe B IeJbIX YHCJIAX Hepaspe-

WIAMO.
C TeM e OOGCTOATENLCTBOM Mbl BCTpeYaeMcss H B Ciay-

yae ypaBHeHHH, CTelleHb KOTOPBIX Bblilie MepBOH: KBajpat-
Hoe ypaBhenHe x?+4x — 2=0 HMeeT uenble DEUIEHHs X;==1,
X, = —2; ypaBHenue x2—4x-2==0 B ILeJBIX UHCIAX He-
paspelInMo, TAaK KaK ero KOpHH X;,=23=}/2 wuppauuo-
HaJNbHBL.

Bonpoc 0 Haxox/eHUH MeJbIX KOpHeH ypaBHeHHs n-i CTe-

HeHH ¢ LeNbIMH KO3(hHIHEeHTaMU
L gt a, X L o a,=0 (n>1) (2)

pemiaercs nerko. JlefcTBUTENbHO, NYCTh X==@ — UeJbH KO-
penb 5Toro ypasHenus. Toraa

a,a"+a, 0"t 4 .+ a0+ a,=0,
Gy= =@ (0" + Q@7 + o T @)



W3 nocaefnero paBeHCTBA BHHO, UYTO @, AENUTCS HA a Oes
OCTaTKa; CJIeJ0BaTe/bHO, Kax/blil Hedbli KOpeHb YpaBHEHHS
(2) aBnsiercs jesuteseM CBOOONHOTO wieHa ypapHeHHa. s
HAaXOXKJIEHHS LeJbIX pelleHUufl ypaBHEHHs HAJ0 BLIOpATh Te
U3 Jenutenell g,, KOTOpble NpPH IMOJCTAHOBKE B YpaBHEHHE
ofpaliaT ero B TOXJAecTBO. Tak, Hanmpumep, H3 YHCe!
I, —1, 2 u —2, nmpeAcraBaswOWUX cOBOH BCce JEJIUTENH
CBOOOJHOTrO YjieHa YpaBHEHU:

X104 x7 4+ 2534 2=0,
Tonbko —1 sBasercs kopHem. CjiejjoBaTenbHO, 3TO YpaB-
HeHHE HMeeT eJHHCTBeHHLIH Liennlff kopeHh x== —1. Tem xe
MeTOAOM JMeTKO NOKas3aTb, UTO YpaBHEHHE

18— x4 3x4 22— x4+ 3=0

B IeJbIX 9HCJIAX HepasperiuMo,
3HaudTebHO OONbIIMHA HHTEpeC TPEJCTABJSIET pelleHHe
B leJbIX YHCJaX ypaBHeHHH CO MHOTMMH HEH3BeCTHEIMHE,

§ 2. YPABHEHUS {IEPBOW CTENEHU
C ABYMSl HEM3BECTHbBIMU

PaccmoTpuM ypaBHeHHe MNepBOH CTeNeHH C JABYMs HeH3-
BECTHBIMU
ax+ by +c==0, (3)

rie @ U b—uejgble 4uCJad, OTJAHUHBIE OT HYJs, a ¢— IIPoO-
H3BOJIbHOE Ljesioe. ByjeM cudtarh, 4T0 KO3QQHUIHEHTH a H '
He HMEIOT OfIUX jejdTesed kpoMme epunuibl *). deficTsu-
TEJIBHO, ecJd OO HauOOJBIIHA J[eJAHTeNb 3THX Koxpdu-
HHeHTOB d==(a, b) OTIHYeH OT eAHHHLH, TO CHPABEIHBbLI
paBencrBa a=a,d, b=>b,d; ypaBuenue (3) NpHHHMAET BUA

(ax + byy) d+c==0

¥ MOXKET HMeTb lesble peIieHHst TOJABKO B TOM Cjydae,
Korjga ¢ gemutrcss HA d. Tarkum obpasoMm, B caydae
(a, by=d += 1 Bce ko3ddunHeHTnl YpaBHeHHS (3) IOJKHBI
JeJUTbCS Haueao Ha d, W, cokpauias (3) Ha d, Dpuiém K

*) Takue wuucyia @ W b HA3BIBAIOT B3AUMHO npocmeiMmu; 0603HAYAS
uyepe3 (a, ) obwuil HauGOMLIUKHH JEJHTENb HYHCe] a H b, sl B3aUMHO
HPOCTBIX yHCesa noayuum (a, b) =1,

-
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YPABHEHHIO
ax+by+c,=0 (Cl—‘ _f{>'

Koa(hpUIHeHTH KOTOPOTO @; U b; B3aHMHO INIPOCTHI,
PaccMoTpuM cnepBa cayuail, Korga ¢=0. Ypasrenue (3)
nepenyleTcs Tak:

ax + by=0, (3)
Pemas 370 ypaBHeHHe OTHOCHTEJLHO X, TOJYUHM:

b
RO ay'

¢cno, uro x 6}’}161' NpUHHAMATL 1eable 3HAYCHHA B TOM H
TOJABKO TOM cCJyuae, Korjga Yy JAeJuTcss Ha a 0e3 ocrarka.
Ho Bcaxoe yesnoe Y, KpaTHOe - @, MOXKHO 3allucaTb B BHJC

y=1at,
rje ¢ NpUHUMAeT NPOH3BOJIbHEIE lejble 3HaueHHs (f=0, == 1,
=2, ...). IlogcraBuM 370 3HAUeHHe y B OpeAblAyllee ypas-
HeHue, TOrja
b
X= — —at= —bi,
a

H MBI nosyuaeM (GOpMYJBl, COAepKalllde BCe LieJble pelleHHs
ypaBHeHHsl (3'): '
x=-—bt, y=—at (=0, ==1, ==2, ...).

Hepefiném tenepp K cayuato ¢+ 0.

[Nokaxem mpexje Bcero, 4TO [J5 HAXOXKJAEHHS BCeX
LeJblX pelleHH# ypaBHeHusa (3) [OCTATOYHO HAHTH Kakoe-
HuOyab OJIHO ero pellleHde, T, €. HallTH TakHe IeJsble YHCIA
Xo» Yg AJSL KOTOPHIX

axy+ by, +¢=0

Teopewma 1. ITycmo a u b 83aumrno npocmer u [%,, Yol—
Kaxoe-nubyOb pererue *) ypasenus

ax + by + ¢==0, 3)
Toeda gpopmyrvt

x=x,—bt, yYy=y,+at 4
npu t=0, Z=1, Z=2, ... Oarom ace pewienus ypasrenus (3).

*) Ilapy meabix 4HCEN X H Y, KOTOPbIE Y/IOBJNETBOPSIOT yPAaBHEHHUIO,
OyleM HasblBaTb pewignycs W SANHCHIBATD [X, Yl
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HoxkasarteasctBo. Ilycts [X, y] — NpousBoabHOE
pemenue ypahennsa (3). Torpa us paseHcts
ax +by +c=0 u axy+ by,+c=0
noJiydaem:
a (%, — x)

ax — axy+ by — by,==0; Y—Yo=—"5".

Tak Kak y— Y, —1ejJ0e UMCJIO H 4YhCIa a U b B3auMHO
NpOCThl, TO Xo—X JOJXKHO Haleno JelHTbcss Ha b, T. e.
Xy — X HMeeT BHJ
Xo — x=0b{,
rjae ¢ —uenoce. Ho torfa
abt
Y—Yo= T:at:
U ToJydaem:
x=x,—0bt, y=y,-+ at.

TakuM oO6pa3oM [O0Ka3aHO, 4TO BCSKOe pemlerne [x, y)
uMeer BuA (4). Ocraéres emé nposepHTh, 4TO BCAKas Inapa
ypcen [X;, 4], Hoaydaemas 0o dgopmynam (4) npw Leaom
t=t¢,, Oyler peiueHueM YypasHenusi (3). YUrtoOel mposecTH
TAKyl0 T[pPOBEPKY, TMOACTABUM  BEJIHUHHBl X, ==X, — bf;,
Y,=1Y,+ at, B NeBYIO 4aCTb ypapHeHHs (3)

ax, + by, + c=axy — abt; + by, + abt, + c=ax,+ by, + ¢,
HO TaK KakK [X,, Y] — peulenne, 10 ax,+ by,+c=0 u, cie-
JIOBaTeJBHO,
ax1+byl+c'_—“0,
T. €. [x;, y,] — pellenne ypaBHeHus (3), YeM TeOpeMa TOJ-
HOCTBIO JOKa3aHa.

Hrak, ecnu u3BeCTHO OAHO pelleHHe ypaBHeHHs ax + by -~
—~+¢=0, 10 BCce ocTanbHble pelleHHs HaHAyTcsl U3 apHdMe-
THYECKHX Nporpeccuii, obIife UjieHBI KOTOPHIX HMEIOT BHJ

Xx=x,—bt, y=y,+at (=0, ==, =2=2, ,..).

3aMeTHM, uTO B cjayuyae, Korfaa ¢c==_0, HalJeHHble paHblle
¢dhopMy bl pelieHHi

x=—0bt, y=at
MOTYT GbITb TOJYYEHBI H3 TOJBKO UTO BBIBEJIEHHBIX (DOPMYJI
x=xy—bt, y=y,+at,
eclli BHIOpaTh Xo==Y,=0, UYTO MOXKHO cJesaTh, TakK Kak
snavenuss x=0, y=0 aB1aIOTCs, OUEBH/IHO, pelueHHEM ypaB-
HEHHSA
ax + by =0.



Kak ke HaliTH Kakoe-HHOYAb OJHO pemIeHHE [X,, Y,]
ypaBHends1 (3) B oflieM ciayudae, Korjga c =%~ 0? Haugém c
npuMepa.

[lycts mavo ypaBHeHue

127x — 52y + 1=0

[Tpeo6pasyem otHOenve KO3(pPHUIHEHTOB NIPH HEH3IBECTHBIX.
[Mpeskne Bcero, BBIEAHM IEJYI0 YacTh HeNpPaBHJBHON

127
Ipobu 5 -
127
B2 =2 + 52 :
IIpaBuassyto Ap06b sameHHM paBHoOli el JpoGuiO 52
- 23
Torpa nonyumm:
127 o 4+-L
B2 52

23

IMponenaem Takue ke NpeoGpa3’OBAHHMSI C IOJYUYEHHOH B
3HaMeHaTeJe HENpaBHABHOH ApOOBIO —3:

23—2“"23 2+ 43 23

6
Teneps ucxojmas apobp npuMeT BHA
127 1
Rebubdny ) O .
52 1 *
)
6

23
Mopropum Te e paccyxjeHust jis Apodu ¢ :

23 5 1

: B
Tornaa
7
1522 =2+ 1 0
24+ 1
34
e
h 5



" 6
Briiensisi 1enyio 4acTh HEMPABHJIBHOMH JIPoCH —-:

6 ; 1
s=1t5
NpHAEM K OKOHYATEJBHOMY pe3y/ibTaty:
7 1
2 ——
1
3+ I
Lo

Mbl ONy4uIKM BbIDAXKEHHE, KOTOpOe HA3BIBARTCS KOHEY-
noll yenHoti wnu HenpepwsHoil Opobor. OTOPOCHM moc/esiHee
3BEHO 3TOH LemHOH Jpo0H — OAHY NATYIO, NPEBPaTHM MNOJy-
qaouyiocd NpH 3TOM. HOBYIO UemHyio apo6b B MpOCTYIO H

BbIUTEM €& U3 HCXOJHOH npodH +5

I 1 4 2
2+ __2+——~T:2—!——9—:§,
24 ; 2+ 1
34
‘ 1
127 22 11431144 1
B2 9 52-9 — T52.9°

IlpuBenéM mnosyveHHOe BhipasKeHHe K oOumleMY 3HaMeHATEJIo
n OTOPOCHM ero, Torja
127-9 5222+ 1=0.

I/I3 COIIOCTaB/IeHNuA HOJYUEHHOrO paBeHCTBa C ypaBHeHHeM
127 — 52y + 1=0

cnepyer, 4to x=09, y=22 Oyjmer peureHueM 3TOro ypasHe-
HHS W COIVIACHO TeopemMe BCe ero pellieHus OyaAyT Ccojep-
WAThCSI B NPOTpeccusix

x=9+4052t, y=224127¢ (t=0, =1, =2, ...).

TMosnyyennslii pe3ysabTaT HABOJUT HA MBICAL O TOM, UTO
¥ B oOmEeM ciayyae Jisi HAXOXKAEHUS pelleHHsl ypaBHEHHS
ax + by +c=0 Bafo pas3joXKHUTb OTHOLIeHHe KO3(BDHULHEHTOB
IpH HeH3BECTHBbIX B LENHYIO Apo6b, OTGPOCHTHL eé mnociaejHes
3BeHO M IIPOjiesiaTh BHIKJIAAKH, N0J0CHEIE TeM, KOTOpble OblIK
TPOBeJieHbl BHILIE.
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ISl 0Ka3aTesbCcTBA STOrO NPEANONONKEHHS GYAYT HYKHbI
HEKOTOpBle CBOMCTBA LENHBIX ApoGed.

Pacemorpum HecokpatuMyio Apobb -Z—. O6o3naunM uepes

¢, YacTHOe M uyepe3 r, OcTaTok OT jenenuss a Ha b. Torpa
NOJTYUHM:

a=q.b+ry,, ry<lb.

ITycts, namee, @,-— 4acTHOE H 73— OCTATOK OT JAeJeHHd b
Ha ry. Torga

b=qyry+ 13, rs< Ty
TOYHO TaK Ke ]

To=qsrs + Iy ry<rg

r3==q4ry + 15 rs T

e s s 2 4 s e s s s e s

BenuuuHsl ¢, ¢y, ... HA3BIBAOTCH HENOAHLIMU HACHIHOIMU,
[puBeéHHBII BhIIE TNpoliecc 00pa3oBaHUA HENOHBIX YacT-
HBIX HaswiBaerca aseopummom Esxauda. OcTatku oT Jene-
HHS fy, Iy, ... YHLOBJACTBOPSAIOT HepaBCHCTBAM

b>ry>ry > > ... >0, (5)

T. €. 00pasyioT paA yOBIBAIOMUX HEOTPHUIATENbHBIX UHCEJL.

Tax Kak 4MC/IO HEOTPHLATEBHEIX LEJBIX YHCeJ, HE Mpe-
BOCXOJSILHUX b, He MOXeT ObiTh OecKOHeUHBIM, TO Ha He-
KOTOPOM IIare npouecc c©O6pa3oBaHHsl HENOJHBIX YaCTHBIX
obopBé1ca u3-3a ofpalleHus B HYJAb OUEPEJHOro ocrartka 7.
[Iycts r,— nocaemunuit OTAMUHBIE OT HYJS OCTATOK B psifie
(5), Torpa r,.,=0 u anroput™ EBknuga paa uucen a u
b npumer BHf

a=gq,b+r,,

b=qyrs+rs

ro=qsr3+ry
Fne™=qn 1" n + I'ns

Ty ==qnl g 4 )

(6)




I'IepennmeM NoJiyucHHbIE paBEHCTBA B BHJAC

a

I
——b——: (h +—b—~, . ¢
T
b |
[
r3
'n 2
I'n *Qn—XJF‘ rn_s
n
'n 1
7’1 ={Gn-

b i : -

BaMeHHH 3HadeHue —r'— B IepBOH CTPOKE 3THX PAaBEHCTB CO-
2

OTBETCTBYIOWLUM 3HAYeHHEM H3 BTOPOU CTPOKH, 3HA4YCHHE

14 o
—rL—Bpra)KEHI/IeM U3 TpeTheu CTpPoKH H T. A., NOJSYUYHUM
3

a
as3jiodkegHe —— B LENHYIO JApoGb
b

1
%:(h—’__—_}_‘—)
BT

. + 1

1
Gn.1 + q_n_

Bripaskenns, nosnyvaomuecss M3 NEeNHOH ApobH mpH oTdpa-
CbIBAHHH BCeX €€ 3BeHbeB, HauMHad C HEKOTOpPOro 3BeHa,
Ha30BéM nodxodswumy Opobanu. IlepBas nogxonsmas Apodh
8, NONy4YHTCH [PH OTOpAcHIBAHWH BCEX 3BEHLEB, HAUHHAA

C .
qa

a1':‘71 << %-

Bropas nogxoasmas Apo0b 8, mosyuaercss OTOPachIBAHHEM

BCEX 3BCHbLeB, HaypHay ¢ —:
3

1 a
b=y +— > L
2 ‘h + qs > b
15,



TouHo Taxk xe

a
s=h+—— << 7
qs ‘7—3
1 a
=+ i >’5
Gt ——7
qa+z

HT I
B cuny cnocofa ofpaszoBanua NOAXOASIIMX ApoGell BO3-
HUKaKOT OYeBHJHbIE HepABEHCTBA

< T < s B8 >0, >
3anumemM k-0 noAxosmyilo ApoSh 3, B BHAE
=T (1<)

1 HallnéMm 3aKOoH oOpa3oBaHUS UHCHHTEJNEH M 3HAMeHaTesel
nojxoAsiiux japoGeil. IlpeoGpasyem mepsble NoAXOAAUHE
IpobH 8;, 8, U B,

P,
h=g="1=73"; Py=q,, Q=1;
1 1 P,
62:%_’_?};:___171!72‘]—2{— :”Q—:; Py=qq5+1; szfh;
1 g 99+ g5
3, =— — 3 3 .
s =91+ 1 nt Gz +1 9293+ 1 Qs ’

Pi=q19:9:+ 1+ 9 Qs=qq5+ 1.
Ortciofa monyuaeém:

Py=P,q;+Py;;  Q;=0Qy9; + Q1.

[MpuMensa wuHAYROHIO *), J0KaKeM, YTO COOTHOLIEHHST TOTO
Ke BHja

Po=P, g, + P Qr=0Qs19,+ Qs (7

BBINOJIHAIOTCS A8 BCceX k> 3.

HelictButesibHO, nycTb paseHCTBA (7) BHIIOJNHSIOTCS NS
HEKOTOpOTO k> 3. V3 onpejleneHus NOAXOAAIIUX JApobell He-
HOCPEACTBEHHO cJeAlyeT, 4TO NPH 3aMeHe B BbIPAXKEHHH &,

*) Cwm. kumxky sro#t cepun M. C. CommuckuH, Merog marema-
THueCcKO# HHfyKumM, [ocrexusfar, 1950,
-
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1 o :
BeNHUKHEl ¢, HA ¢, + i 3, mepe#igér B 3,,. Coinacho
+

HHAYKIHOHHOMY [PeJATOJ0KEHHIO

8= Py P g+ Pr
Qk Q19 +Qp-s ’

: 1
3amensisi .37lech ¢, Ha q,+ G oAy

Pr_ 1<qk+ —‘—“‘>+Pk " Pk+ Pk-l

Ga(mt =)+ %t

8k+1

le

— Prira4-Pra
quk+1 + Qk~1 )

Pku

Qk+1
Po1=Pug,+Pri  Quii=Qiqpn1+ Qpi-

Ortcionia, TaK KaK 8,,,= , CJIelyeT, 4TO

Taxum o00pa3oM, M3 BHINIOJHEHHS paBeHCTB (7) AJs HEKOTO-
poro k>3 ciaelyer BoinonHeHwe ux Ana k+1. Ho mas
k=3 paBeHcTBa (7) BHINOJHSAIOTCS, H CJeJ0BATENbHO, HX
ClIpaBe[JIUBOCTb YCTaHOBJieHA AJsA BcexX k> 3.

Tlokaxkem Tenepb, YTO pasHOCTb COCEAHHX NOAXOAAIIUX
Apobedt 8, — 3, ; YAOBJETBOPSET COOTHOLIGHHIO

1k
B — ak_l-_—_____gzk Qkil (> 1). ®)
HeficTBuTeNbLHO,
3, — — P Pry _ PrQpa— QePr
k- Qk Q1 Qka—l ’

HOJIbSyHCb bopmynama (7), npeoGpasyem YHCJIHTENb TOJTyYCH-
HOH JpobH

Plpa = QuPri=(Praqp + Pres) Qpor — (QprGr+ Qect) Pra=
= — (P 1Qp2 — QpaPra)-

Bripaxenne, crodmee B cKOGKax, IOJyyaercss U3 HCXOJHOTO

sameHolt k& Ha k—1. IloBropss Takde e IpeoOpasoBaHUs

D) A. O. Teabdonn 17



JJIS TIONYYalOWIUXCA BblpaKeHHH, MNOJYYHM, OYEBHAHO, Lelb
paBeHCTB: ‘
Pka—1 —Qkpk-lz( —1) (Pk—le-z - Qk—-lpk—-z):
=(— 1)? (Pk—ZQk—3 - Qk~2pk-3) =
=...=(=1)¥? (P2Q1”‘Q2P1):
== (g2 + 1 —gy9,) = (— 1)¥2
Orciona ciepyer, 4To

58 e PrQea—QePry _ (—=1)F2 (= 1)
kR Crlr Qrlr_y ~ Qrls_y °

a
Ecnu pasnoxenne 7 B LeMHylo IpoOb HMeeT 711 3BEHbEB, TO

n-a noaxoasmast apobb 5, coBnajaeTr ¢ %. Ilpumenss

paBeHctBo (8), NIpH k==n HOIyuHM:
(-1
Qnnx ’

&y o (=D
R Te

8n - 8nt-l =

&)

Bepnémcst Teneps K pelleHHIO ypaBHEHHS
ax+by+c=0,  (a, b)=1 (10)
[Mepenuiuem cootHowenue (9) B BHJe
A P (=1
b Qn—l o bQIl -1 :
TpuBoas K ofmemy sHaMeHaTesl0 M oTOpachiBast €ro, 1oJjy-
UEM:
aQrz-—l —bP,y=(— l)n,
aQua+b(—=Puy)+(—1)"1=0.
YMHOXKHM 3TO cooTHomeHue Ha ( — 1y 1¢c. Torpma

al(— 1" Q1+ b1(—1)*cP, 4] +¢=0.
Ortciona caenyer, uto napa uucea [x,, Y.,
Xo=(— I)”_lch—-v y0:(~—1)”cP,,_l, (Il) )

asagemes peuwteruem ypasguerus (10) u coeracno meopeme
6Ce petdeHUs amoeo YPasHeHus umeiom eud

x=(—1y7Q,,— b, y=(—1)cP, +at
(t=0, =1,==2, ...).
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TlonyueHHB!H pesy/abTAaT HOJHOCTBIO pellaeT BONPOC O
HAXOXKJEHHH BCeX UeJIOUHCJEHHLIX pelweHHH ypaBHeHUs nep-
BO#l cTenedd C JBYyMsa HeusBecTHuIMH. [lepefiiém Tterepp K
pPacCMOTPEHHIO HEKOTOPbIX ypaBHEHHH BTOPOH CTeNeHH.

§ 3. MIPUMEPHI YPABHEHHMA BTOPOW CTENEHM
C TPEMSI HEW3BECTHBIMH

Mpumep 1. PaccMorpum ypabHenHe BTODOR cTelleHH ¢
TPEMsl HeH3BeCTHBIMH:

B4+ PP=22 (12)

TeomeTpuueckn peullenHe 3TOTO ypaBHEHHSl B LEJNBIX YHCHax
MOMXHO HCTOJKOBaTh KaK HaxoKJAeHHe BceX MNuharopoBbix
TPEYTOJbHUKOB, T. €. NPSMOYTOJBHBIX TPEYTOJbHHKOB, V KO-
TOPBIX W KaTeThl X, y, H THNOTEHy3a 2 BLIPaKaloTCs IEJbIMH
ypcJaMH. |

OGosnaunm uepe3 d oOmuil HaRGOJBUIMA AeJHTE L YHCE/
x4y d=(x,y). Torpa

x=xd, y=yyd,
u ypaBHenue (12) mpumer Bujg
Xid? + yid? = 2.

Orciofia creftyet, 4To 2% jeautcs Ha d? M, 3HAYMT, 2 KpaT-
Ho d: z=2d.
Tenepr ypasuenue (12) moxHO 3amicaTb B BHjE

2 2 2
xid? + yid® =z1d?;
cokpamas Ha d?, nosyuyuM:
2 2 2
X+ Yyi=2a.

Mul npHDIIE K ypaBHEHHIO TOTO K€ BHJA, YTO M HCXOA-
HOoe, MNpHUYEM Telepb BEJHYLHBl X; H Y; He HMelT OOMUX
nenutened, kpove 1. Takum o6GpasoMm, npu pelueHHn ypaeHe-
HHs (12) MOXXHO OrpaHHUMTBLCH cjyuaeMm, Korja X W y B3a-
uMHO npocTel. Mrtak, nyers (x, y)=1. Torna xots Gl ojHa
H3 BEJUYHH X H Y (manpumep, x) OyzaeT neuétHoll. [lepenocsa
Y¥? B NpaBylo yacTb ypasHeuusi (12), moayuum:

R=22—y% =+ y) (z—y). (13)
o &)



O6o38aunm uepes d, ofmui HauGosjbminf JeluTeAb Bblpaxe-
Huil 24y n z—y. Torga

z+y=ad;, z—y=bd,, (14)

rfle a 1 b B3aUMHO NIPOCTHI.
Ioacrtapasis B (13) 3pavennsa z+Y U 22—y, HOJIYUUM:

2]
x2=qbdj.
Tax Kak unucaa a ¥ b He UMEIOT O0WHUX JenuTesedl, To mo-
JYyeHHOe PABEHCTBO BO3MOXKHO TOJBKO B TOM CJjyuae, KOTAa
a u b 6yAyT NOAHBIMA KBajpaTaMmi *):
a=u? b=0v%
Ho Ttorpaa
2
x=u2v?d;
H
x=uvd,. (15)

Hatiném Ttemeps y u z u3 paseHcts (14). Cioxenue 3THX
paBeHCTB AacT:

2r—ad,+ bdi—widy + vy, z=2Fa. (16)

Bpruutast BTopoe us pasetcTts (14) H3 nepROro, DOJAYUMM:

v?

2y—ad, — bdy—12d, —v*dy;  y——S5d (17

B cuny weuérnocty x u3 (15) nosyvaem, uto u, v ¥ d,
TagXe Heuétunl. Dosee rtoro, d;=1, Tax XaK nHAYe H3 pa-
BEHCTB

1t —u?

x=uvd;, u Y= 5

dl

crefoBasio Obl, 4TO BEJHUHHE X H Yy HMeOT oOmuil jAenu-
Tenb d; 7= 1, 4TO NpPOTHBODEYHT HPENNOJOXKEHHIO 00 ux
B3aMMHOA IpocToTe. YHeaa 4 H v CBA3aHBl CO B3auUMHO IIpO-
CTBIMH YHCJaMH @ H b paBeHCTBaMH

a?==y? b=0?

H B CHJAY 3TOrO CaMH B3aHMHO IPOCTBl; U< 4, TaK Kak
b<a, uro scio u3 pasencts (14).

*) HMaBecTHO, YTO NpoH3BeieHHe ABYX B2aHMEO NPOCTHIX YHCEJ MOMXET
GbiTh MOJHLIM KBAZpaToM TOJNbkO TOTAA, KOIAA KakAblH COMnOXHTENb —
noJIHBIA KBajpar,
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[ToncraBasisi B pasenctsa (15), (16) n (17) d;=1,
NOMYYHM IopMyasi:
uz_vs uz+vz

S5, ==, (18)

Oaroujue npu  HewémHolX 63auUMHO npocmelx u 4 v (o< u)
6ce c80000mnbIe oM 0Owux Oeaumenell mpouxku yeaslx HOAO-
JHCUMEAbHOIX dUCen X, Y, 2, YO0BALMBOPAIOUWUE YDABHEHUIO
(12). Ipocto#i noacTanoBko#t X, y ¥ z B ypaBHeHue (12) nerko
NpOBEPUTb, YTO NpH JEOOBIX « M v uucaa (18) yrosserso-
PSIOT 3TOMY ypaBHEHHIO.

Haa HauanbHbIX 3HaveHuit u u v Qopmyan (18) npuso-
JAT K CJIeAYIOUWUM 4acTO BCTPEYAIOMUMCH pPaBeHCTBAM:

R 42— B2 (p=1, wu=3),
B 412=132 (v=1, u=5),
152+ 82=172  (v=3, u="5).

Xx=uy, Y=

Kak yxe ObL10 cKasano, ¢opMysast (18) falor 104bBKO T
pelleHnsl ypaBHeHHs

¥ +yi=2%

B KOTOPHIX YHCHA X, Y U 2 He HMEIOT OOmHX JAeiutemefl.
Bee ocTanbuble nedble NOM0KHTEAbHBIE PELIEHHs 3TOrO ypas-
HEHH§l HAOJY4alOTCsl AOMHOXMKEHHEM PpellleHH!l, coaepmamldxcs
B ¢popmynax (18), Ha npousBosbHBIA OJUlAl MHOXKUTeAb d.

Tem e nyTéM, KakHM Mbl NOAYYMJIH BCE pellleHdst ypaB-
HeHua (12), MoryTr ObiTb noJyueHbl U Bce pellleHHs Apyrdx
ypaBHEHHH TOro Ke THIA.

Ilpumep II. Haliém Bce pemeHus ypaBHeHU:

K 2yt =22 (19)

B LeJbIX IOJOXHTEJbHBIX, NONAPHO B3aUMHO NPOCTHIX YHC-
Jax Xx, Y, 2.

3ameTHM, 9TO eCAH X, Y, Z €cTh pelleHue YpaBHeHUSA
(19) u x, y, z ve AMer0T OBiUIErO NesanTens, OTJAUYHOrO OT 1,
TO OHU U MOMNapHO B3aUMHO NOPOCThL. [JleficTBHTE/IbHO. €CaHu
X W y Kpardbl OPOCTOMY ddcay p > 2, TO U3 paBeHCTBa

SHEONO]
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cjeflyeT, TaK KaK ero Jjesasg YacThb— LeJoe YHCJIO, YTO 2
kpatio p. To ke camoe OyjeT, eciM X U Z HIH Yy U 2 Je-

JATCSI Ha p.
3aMeTdM, UTO X JOJXKHO OBITh YHCJIOM HEUETHBIM AJA

TOro, urtoOpl oO0muit HanboJbwui Jeautenb x, y, z Obll
paBen 1. [JefcTBUTeNBHO, e€cJM X YETHO, TO JeBas YacTb
ypasaenus (1Y) OyAeT uéTHLIM YHCJIOM M, SHAYHT, Z TaKKe
Hyger uétupiM. Ho x* m 2% OyayT toraa kparsel 4. Orciona
caegyeT, 4To 2y* ROJNKHO JeNHMTbCS Ha 4, ApYTHMH CJOBaMH,
4TO Yy TOMKE JOJKHO ObiTb U€THBIM YHCIOM. 3HAUHT, eCJaH
X 4érHo, TO BCE 4YHCJA X, Y, 2 JOJMKHBL ObITh YETHBIMH.
Wrak, B pewennsu Ge3 ofmero, OTAHYHOTO OT 1 jeamTtens x
LojxkHO ObiTh hHeuéthpiM. OTClofa yKe caelyer, 4TO 4 2
ROJMXKHO OblTh TOXe HeuCTHhIM. [lepenocss x2 B npaByio uacthb,
Mbl TOJYyYaeM:
2y =2 — = (2 + x) (z— x).
Ho z4+x n z— x vMelOT OO0IINM HauGOJbIIEM JejguteneM 2.
HeficTBuTeNbHO, NYCTh HX OOMHN HauGObLIME JeJINTenb
6yaer d. Torpa
24+ x=kd, z—x=1d,

rae B u [ —ueavle uucna. CkaafplBag M BuUKTAS 5TH pa-
BEHCTBA, Mbl GyJeM HMeTb:

Qz=d(k+1), 2x=d(k—1).

Ho z u x HeuérHnl H B3auMuO upocTthl. [lostomy ofmui
HauGoabmnfl jenuteqab 2x u 2z Oyger 2. Orcroga caenyer,
4yT0 d=2.

HUrak, uau

X 2~ X -
~—5—, un —— HeuéTHo. [losTOMy MM uuC-
Ja
Z—X
z4+x u 5

B3aUMHO IIpOCTRI, HJH B3auUMHO IPOCTHI 4HHCJAA

Z-+x
2

H z—X.

B nepsom ciydae 3 paseHcTBa

z —

(2+X> 2 x:yg

2



cIeyeT, 4To : .
gt x=n® z—Xx==2m?,
a BO BTODOM CJIyyae H3 paBeHCTBa

+
¢ 2x(z_x):y2

caenyeT
2+ x=2m?  z—x=n?

rje i U m—uensle, m—HeuéTHoe uHcao H B >0, m >0,
Pemrasg ste JBe CHCTeMB! ypaBHEHHH OTHOCHTENbHO X H 2 H
HaxoJsl Yy, Mbl MOJyyaeM HJIH

=~%(n2+2m2), X = %(n2—2m2), y=mn,

HJIu
e—g (2 42mY),  x=(@mi—nd), y—mn,

rie m ueuérHo. OObepuHAS 3TH ABe (GOpPMBI TPEACTABJIEHHS
pelleHust x, y, 2, Mol noJydaem ofmyio (opMyay

x:i—;—(n2—-2m?), y=mn, z:—é— (n?+2m?),
rie m "euértHo. Ho, anss Toro uTtolbl 2 M X OBUIM IEJbIMH
yucaaMy, HeoO0XoguMo, 4YToObl # Oblio 4érHbiM. [lonaras
n=2b u m=a, Mbl IOJYUUM OKOHUYATEJBHO 00ujue hopmyast,
Oarougue ece pewerus ypasuenusa (19) e yeavix noaoxcumeno-
Holx, 6e3 obujeeo deaumeas, 6oabueeo 1, wucaax x, y, z:

x= = (@2—20%), y=2ab, z=a?+2b%,  (19)

20e a U b noAGKHCUMEAbHYL, B63AUMHO MPOCHILL U Q HEYEMHO,
[Ipu 3TuUX YCJOBHAX BeJMYHHBI @ U b BoIOHparoTCA NPOUS-
BOABLHO, HO Tak, 4ToOn X Obl1O Noj0XKuTenbHO. PopMmyawt
(19) neficTBHTeNbHO JAIOT BCE peLIeHHS B LEJABIX MOJOMXKH-
TeJbHBIX ¥ B3aUMHO NPOCTHIX 4YHCJAaX X, Y, Z, TaK Kak, ¢
OLHOH CTOpOHBI, Mbl JOKas3aJH, 4TO X, Y, 2 B 3TOM Caydae
JIOJI2KHBEI npejicTaBasITbess mo ¢Qopmynam (197), a ¢ Apyroi
CTOPOHBI, eCIH Mbl 3aJaj¥M 4Yucsaa @ H b, YIOBJeTBOPSIOLHe
HallAM YCJOBUSAM, TO X, Y, z OyayT [JeHCTBHTE/NbHO B3aHMHO
npocThl U OyAyT peiueHHeM ypasHeHus (19).
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~ § 4. YPABHEHHNS BHIAA x*—Ay*=1.
HAXOXJAEHHE BCEX PELUEHMH 3TOro YPABHEHMS

TlepeiiiéM Temepb K PelleHHIO B LEJBIX UHCIAX ypaBHe-
HEH BTOPOH CTeneHd C JByMA HEH3BECTHLIMH, HMEIOUUX BUJ

K- Ay=1, (20)

rae A — tenoe NONOXKUTENBHOE YHCJIO, He ABJAHIONIeECHd MOJ-
HBIM KBaapartoM. [ Toro uyrtodpl HAATH NOAXOA K PELIeHHIO
TaKHX YpaBHEHHH, NO3HAKOMHMCSI C Da3JIOXKeHUsMH B UelHble
Ipodu HppanuoHanbHBIX uYHcend BHAa Y A. M3 anroputma
EBkanpga caefyer, 410 BCAKOe paLHOHAJbHOE YHCJAO pasJsa-
raetcs B LENHYI0 Apo0b ¢ KOHEYHbIM YUC/I0M 3BedbeB. Mnaue
ofcToUT JEJ0 C MppalMoHaibHEIME uncaama. CooTBeTCTBYIO-
[ue UM [engble Apodu Geckoueunnl. Hafigém, nampumep, pas-
JIOXKEHHe B HeNHyo Apobb MppalHOHAJALHOIO yHcaa ) 2.
[lpeodpasyem oueBHAHOE TOMK/AECTBO

VZ-1) 2+ =1,

saMeHss DasnocTb V2 —1, moaydeddyio B 3HaMeHatese, pas-
HbIM €l B CHJIy TOXJAECTBA BblpaXKeHHeM

1

2+(V§;1) ’
NONYUHM:
24+ — 2 s
24 (V2—1) 24+ (V2—1)

CHoBa 3aMeHHM CKOOKY, CTORIIYIO B 3HAMEHATeNe MOCJAEAHEro
paBeHCTBa, paBHOH el ApoObI0 H3 TOrO Ke TOXKAECTBA,
TOrja
Vo=l —1
41

I
2+ (Y2—1)
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[Tpononxas STOT mpouece, NOMYYHM CIEAYIOUIEE PasioKeHHe
V2 B GeCKOHEUHYIO HENHYIO JpO0b:

B L @1)
S S
o1
24 1
24

3ameTHM, UTO NPHMEHEHHBLI BRIIE METOJ PAa3JOXKEeHHS B Lel-
HYIO JpoGb, OCHOBAHHBIH HAa MCIOJAb30OBAHKH TOXKJECTBA BUAA
Vm+T—m) (VmE+ 1 +m)=1,

roguTCA He 08 BCAKOH MppaupoHaibnoctH )/ A. DTOT Me-
TOJ, OUEBHAHO, MOXKHO IMPHMeHATH B TeX CAydasax, KOrjia
nHesioe YHCJIO A MOMer ObITb HpeJCTaBieH0 B  BHJE
A=m?>+1, rie m— HeKOTOpoe 1leJloe, OTJIHUHOE OT HYJId.
(B wacrnoctu, npu m=1 nosyuaeM passoxenue y2; m=2
NpUBOJUT K pasgoxkenno V5 u 1. ). Opeako u B 00mem
cJlyyae H3BecTHb CPABHUTEJNbHO HECJOMKHbiE METOABl s
pasjoxenuss ) A B GeCKOHEUHYIO HelHy Jpolb *).

Kak # paHbule, B cJaydae KOHEUYHbIX NeMHBIX ApoBeii,
obpasyem JIisi GeckoHeuHOH uenHo# apodu (21) mnociedosa-
TEJbHOCTh UOAXOAAWMX JApoGel 3y, By, B4, ...

81:':1i 61< VQ_;
1 3 o e
82:1+-2—:—2—, 8, >V2;
b=+ — =, &<V (22)
3
N 17 _—
0=, =75 8,>V'2

HT I
Hs cniocoba oGpa3oBanua nogxoiduiux Apobefi clexyer,

<< <V,
8>3 >... >V2.

*) CM., nanpumep, Kuury M. B. Apnonbpa «Teopus uyucen», riasa
VI (Yunmearms, 1939 r.) uwau A. 5I. Xunuud «Heunsie apoou» ([ocrex-
u3zat, 1949 r.).

4To
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Boofime, ecnH 3aJaHO pa3joXeHHe B GECKOHEUHYIO LeNHYIO
Apobb HEKOTOpOro HMppauHOHAJILHOrO YHCJA &,

1
a=g+—1p .

t 9s + .

.

TO A1 NOAXOLAINUX ﬂp06eﬁ BBITTONTHAOTCS HEPaBCHCTBA!
8, <8 e o1 e A By < B3 (23)

IpescraBuM noaxoasmylo xpobs 3, B BHAE

P
=gk,

CoorHomenus (7)
P,=P, 10+ P Qk———"Qk_1%+Qk_a,

nojiyueHHbIe paHbille NI KOHEUFBIX LenHbix japobefi, coxpa-
HAIOTCH W 11 OeCKOHeUHBIX HenHulX JApoGel, Tak Kak IpH
BBIBOJIe, 3THX COOTHOMIEHHH Mbl HHUTJe He HCIIOJNb30BanH TO,
4TO HenHasd apobpb sABagercss Koneuuofi. IlosToMy coxpansier-
cfl TakKe M cootHouleHHe (B) MeXAy COCelHUMH IOAXOAf-
IWHMA Jpo0sIMHU:
s _(—DF 3
8k bk—-l Qka-l. (24)
Hanpumep, ags nogxoffmux ppobedl pasioxerus }2
B HenHyw apo6b npH k=3 u k=4 noayuum us (22):

7 3 —1
b—h=%5 "7 T
17 7 __1_

O S v ik =

YTO, €CTeCTBeHHO, coBnajaeT € pe3yJabTaTOM, YKa3aHHLIM
B (24). -
N3 (24), B gacTHOCTH, cjezpyeT, 4TO
(_1)2k+1__ i

8y, — 8y, 1= — (8,,,1—0p,) = — = .
2k k4l ( 2l 2];) Q2k+1Q2k Q2k+1Q:k
IToxaxeM Telnepb, 4TO CNpaBeJYINBO HepaBEHCTBO
1
0 < Py — aQy, << 0 . (25)
2R+1



HefcTBATENBHO, JI€BAsi YACTh 3TOTO HEpaBeHCTBA MOJyvaercs
cpasy, TaK Kak corjacHo (23)

P,
a<82k:a—£; Qo < Paps  0< Py, —aQy,.

Jloka3zarebCcTBO TOpPaBOH UacTH HepaBeHCTBa (25) Takke
npoxoaut Ge3 Tpyaa. B cuay (23)

Bap1 < &< By
CcJIejOBaTeAbHO,
I
Bgp —a < By — Bppy = SOkl

P
OTCFOILE], 3aMeHdada 82k HA Q—zé, noJiygaem:
2k

Py 1
—_— a —————
sz < szQ2k+1

YMHOXKAS 5TO HePaBeHCTBO Ha Q,,, NPHXOHM K JKeJaeMOMY
pesyabTary

1
2k_aQ2k< szr.-l '
[lpuMeHUM Terepbh IOJyYeHHbIE pPE3YAbTAThl K pELICHHIO
ypaBHeHHs }
— 221, (26)
[IpeoGpasyem JeBylO HacThb 3TOrO ypaBHEHHS
—22=(x—V2Zy) x+V2y).

IHonoxuM x=0P,, u y:QZk,urae Py, n ng—‘{HCJIHTeJIb H
3HaMeHaTeJb COOTBETCTBYIOIEH NojXxojdied apodu H3 pas-

nomenuss V2 B uemiyio gpo6n. Torga
P —2Q= (P, — V2 Qup) (Pys + V2 Q). (27)

Jlepasi, a 3HauuT, H IIpaBasi, YacTb I[IOJYYEHHOTO PaBEHCTBA
sBJsieTcsl HesablM 4mcJaoM. [lokaxem, 4TO 3TO Lesioe YHCJIO
foablie HyJsl, HO MeEHbOIE JBYX H, CJ€A0BATEIBHO, PaBHO
equbrue. [as a10ro  mpHMeHHM HepaBeHCTBO  (25) - mpu

a=y2:
0< Py~ V2 Qo< g (28)
27



Orcrona. BHAHO, 4TO 06a COMHOXHTeaAsi mpaBo#i yacth (27)
TIONIOXKHTENbHbl H, 3HAYHT,

. P —2Q% > 0.
C ngpyro#t cropomsi,
— 1 1 1 1
Py~ ‘/2 Q2k<Q2k+1 T Qurfar i+ ks 2Qur + Qora < 2Qa *
Ho B cuny (23)

Iie —
Q2k> I/Q )

By =

Orciona ;
1/2 QZIZ < P2k’

Py +V 2 Qg < 2Py,

U Mpl DOJNyuYaeM JBa HepaBeHCTBA J/1s1 COMHOXKHTesNed mpa-
BOH yacTH paseHcTBa (27):

~ 1
Py~ V2 Q<5 »
P+ V2 Q< 2Py
[lepeMHOKeHHE 3THX HEDABEHCTB Jaér:
‘ P
Pl — 2 < % .
[Mpumensisi HepaBeHCTBO (28), MOJAYUYHM OTCIOfA:
1

V2 Qu +
Ph—2Q% < o Qs

5 1
=2 .
$7:3 V + sz szu’
H TaK Kak 51 Bcex k>1

| 1 1
szsz-H. < QzQa 10

TO
Ph— 205 <VZ + 5<2.

2 2
Taxkum o6pasoM Mel JOKa3and, 4TO LEJOE YUHCIO Pir — 2Q5
nopu JoboM k2> 1 yaoBJETBOPSET HepaBeHcTBaM

0<C P —2Q3 < 2.



N

CJsiezoBaTenLHoO,
2 2

Py — 2Qr==1,

T. e. uuena x==Py,, Yy=Q,, npHu JioGoM k>1 paror peme-
HUE YpaBHEHHS
x2—2y2=1.

Mul noka He 3xaeM, 6yayT Ju HafileHHBIE HAMU DelIeHHs
ypaBHeHUus (26) mnpexacraBisaTh coOOi BCe pelIeHus 3TOTO
ypaBHEHUS.

Tenepb yke eCTeCTBEHHO BO3HHKAET BONIPOC O TOM, Kak
NOJYYHTh BCe DelleHHd B LeJbiX YHCAaX X U Y ypaBHEHUS

X2 — Ayt = 1 (29)

npu A >0 neaom n V' A uppanuonansaom. Kak Mu noxa-
JKeM, 3TO MOXKHO CIesnaTh, €C/JIH H3BECTHO XOTs OBl OAHO
pemenue ypasnenus (29). Ha npumepe ypasneHnus (26) Mbl
BHJENH, YTO TaKHe ypaBHeHHS HMeOT pelueHus. Mo 3ail-
Mémcs ceffyac BOOPOCOM O TOM, Kak MOJYUYHUTh BCe PeNICHHS
ypaBuerus (29) wu3 OmHOrO ONPeRCNEHHOrO €ro pelleHHd,
KOTOpoe MHl GyneM Ha3biBaThb MHHHMAJIbHBEIM, HJIH HAaUMeEHb-
UM, OCTaBJsAsl N0KAa OTKPBITHIM BONpPOC O TOM, BCerjia Ju
ypaBuenne (29) umeer xors Obl ONHO peIUEHHE B LEJBIX
yyuc/aax, OTJIHYHOe OT TPuBHaAbHOrO X =1, y =0.
Honycrum, uto ypapsenue (29) umeerT HeTpHBHAJALHOE

pemenue [xo, Yol, X0 >0, yo >0, u

(Hamomuum, uro penrenneM Ha3BIBaeTCs Tapa HEJbIX YH-
ceJs [Xo, Yol, YIOBJIETBODSIOMINX ypaBHeHnn.) Mul Gynem Ha-
3BIBATH 3TO pellleHHe [Xo, Yo] HAUMEHbWUM, eCIAH IIPH X = Xo
" Yy = Yo nBywier x +V Ay, VA > 0, 6y1er uMers nauMeHb-
LIVIO BO3MOXKHYIO BeJHUHHY H3 BCEX BO3MOXKHBIX €ro 3Haue-
H1H, KoTopble OH OyneT NPpHHHMAaTh [IPU MOJACT2HOBKE BMECTO
X W Y BCEX BO3MOXHBIX LeJbIX NOJOXKHTEJNBHBIX (OTJIHYHBIX
ot Hynst) pemenu#l ypaBuenus (29). Hanpumep, aas ypasHe-
Husi (26) nanmenbuInM pemenuem OyaeT X=3, y==2, TaK Kax
x4V 2y npm STHX 3HaueHMAX X W y TPHMET 3HAUCHHE
3+2V2, u me cymecTByeT Apyroro pelieHHs ypaBHeHUd
(26), uro cpasy BHAHO TpH TMOMBITKe M0A60pa MAafbIX Ie-
JIEIX HOJIOZKHTEJNBHBIX 4YHCEJ, MOTYyUIHX OBiTh pPeLICHUSIMH,
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KOTopoe naBajio Gvl JiByujeuy x+]/‘2 Yy sHaueHHe, He 60Jib-
mee, yeM 3+2 ¥ 2. HefictButensHo, caepyiolliee MO BejH-
yhHe pelleHde ypaBHeHus (26) Gymer x=17, y==12, u scHo,
yto 174+ 122 OGoabme uyem 3 +2 V2 . 3amerum Takxe,
4TO He cyuwjecmsyem 08Yx HAUMEHbUILX DeuieHull ypasHeHus
(29). HonyctuM o6patHOe, T. €. 4TO €CTh pelIeHHd [%y, ¥4]
U [Xy, Y], KOTOpBIE JAIOT OJHO H TO K€ 3HAUEHHe JABYUJEHY

x+VAy. Toraa
+VAp=x+VAy, @31

Ho VA — uppaluoHAalbHOE UHCIO, A Xy, Ufy, X5, Yy — LEJHE
ypcsia. 3HAUUT, KAK 3TO HENOCPeACTBEHHO CJeAyeT H3 paBeH-
ctea (31),

X, — Xy=(y, — y) VA,

4TO HeBRO3MOXKHO, Tak Kaxk Xy — Xy — LE&J0e  YHncIo,

(yo —y,) V A Kak nporsBefeHHe IEJOTO YHCJAa HA Hppaluo-
HaJbHOe Oy/JeT HpPPAlHOHAJBHBIM, A LEJOE YHCJAO HE MOXKET
OblITb YHCJIOM HppauuoHasibHeIM, [IpoTHBOpeune 3710 Ipona-
JAeT, eCTU X, =X, U Y,==Y,,~—APYTHMH CJIOBAMH, KOTJa Ml
0:)éM He JBa pasJMuUHLIX pemleHdd, a oaHo. Hrak, ecan
CYIECTBYET HAUMeHblilee pelleHde, TO TOAbKO OfHO. 3aMeTHUM
Teneps eulé OJHO OYeHb Ba’KHOS CBOMCTBO pellleHUH ypasHe-
i’}m (29). Hycrb [x1, y:] Oyaer peweuuem ypasHeuus (29).
orza

— Ayi=1
HIH

(xl"‘l/:zlyl) (% ~VAa y)==1. (32)

BozBeém Temepn ofe wacTi paseHcTBa (32) B eJyIO MOJO-
JKHTeJbHYIO CTeleHb #:

(%, + VA Y1) (% — I/Z y)t=1, (33)

OcymecTBsiST BO3BeleHNE B CTeNleHb I10 NPABHJY cTeleHH
64HOMa, Mbl NOJYYaeM:

(x1+l/1-4_ y)t=x{ + nx?——ll/;l-yl +

nin—1

+ = A A VA Yi=x, VA Y, (39
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rae x, H Yy, OYAYT LeJBIMH YHCIaMH, TaK Kak nepan’:,’
TpeTHH H BOOOIIE BCE Heu€THble UYJeHbl pPas3jiOXKeHHA 1o
npaBuny cTeneHd OMHOMa OYAYT IEJBIMH YHCIAMH, a Yér-

Hble YJeHH GYAYT leJbIMH YHCJAaMM, YMHOXEHHLIMH HA VA,
Co6upasi B OTAe/]bHOCTH IleNble CJjaraeMble W YHCjaa, Kpat-

Hbie ¥ A, Mbl nosyuaeM paBeHCcTBO (34). Uncna x, u y,. Kak
MBI cefluac foKaxeM, OYAYT TaKiKke DClIeHHEM ypasHenus (29).

HeficTBUTeNbHO, U3 paBeHCTBA (34), MeHAA 3HaK y V A, Mu
NMoJyyaeM paBeHCTBO

(xl“‘l/l—4 )" =%, "V/Zyn- (35)
[Mepemuoxast mouseHno paseHcTBa (34) 1 (35) M BOCMOJBL30-
BaBIUMCh paBeHCTEBOM (33), Mbl Oy/ieM OKOHYATeNbHO HMETh:
(%, + VA yl)n (xl - V Ayl)n::(xn + VA yn) (xn - VA yn)’:
= 1 — Ayn=1, (36)
APYTUMHE CJIOBaMH, uTO [X,, y,] ecme maxoce pewenue ypas-
Henua (29),
Tenepb MBI MOXKeM JI0Ka3aTb OCHOBHYIO TEOpPEMY OTHOCH-
TeJbHO pelleHHl ypaBHeHus (29).
Teopema ll. Beakoe pewenue ypagrenus (29)
x?2— Ay?=1
npu rosodicumensrom A u uppayuonasrom VA umeem eud
[==x,, ==y,], ede

1 4 —_— —
=75 [(xo+ 4o V A" + (%o — o ]/A)n],

1 -— —
yn:m[(xo + Yo VA)” — (%o — Yo I/A)q]’
-~ a [xy, Yol — Haumenbwee peuierte.

HdokaszarteanctBo. Monyctum ofpaTHOe, — HMEHHO,
4TO CYUIECTBYET TaKoe pelleBRHe B IedbiX NOJOKHTeNbHbIX
ugcsnax ypasHeHus (29) [x', y’], 410 paBeHCTBO

X+ VAY =x+VA %) (38)
HEeBO3MOXKHO HH IIPH KAaKOM 1leJIOM NOJOXKHUTeJbHOM #. Pac-
€MOTPUM DS uHCel

Xo+V Ay, (to+VAyy)? (*o+ VA Yo)* - o
DT0 — psiA MOJOKUTENBHEIX HEOTPAHMUSHHO PACTYUIHX UHCEN,
TaK KakK Xy > 1, yo=> 1 v xy+V Ay, > 1. Beneactsue toro,
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a10 [X,. Yp] — HANMEHbBIIEE pellieHHe, 110, ONpejeeHHI0 HaH-
MEHbUIEro peilleHHs

X +VAY>x+V Ay,
[MosToMy Bcerza Hafigétces Takoe nejnoe n2> 1, 4to
o+ VAY)' <2 +VAY < (+VAyy=. (39)
Ho x,—VAy,>0, 12K kax
(xo+ VA Yo) (X0 — VA Yo)= xo Ay(Z): 1>0.

[MosTOMy OT yMHOMKeHHsS BcexX UuJeHOB HepaBeHCTB (39) Ha

OfHO H TO K€ TMOJOXKHUTEJbHOE YHCAO (¥, —V Ay,)" 3HAKH
HEpaBEHCTB COXpaHATCH, H Mbl 6yneM HMeTb:

(o +V Ay (tg =V Aoy < (' +VAY) (5~ V Agoy' <
+V Ayt (x,— VA !/0)”'(40)

Tak kak
(0 + l/z Yo)™ (Xo — VZ Ug) == (xf) - Ayg)": I, (41)

(o +VAY)™ (o —V Aye)'=x,+V Ay, (42)
Kpowme Toro,
W +VAYY o —VAyy = +VAY) (x, —VAy,)=
=X Xy — AY Y+ VAY X — X' Y)=x+V Ay, (43)
TAe X M y— UeJble uMcaa H
o=V Ayy=(xg—VAyo)".

Bocnonbsopaswncs coorHowenusiva (41), (42), (43) u ne-
paeenctBaMu (40), MBI mosydHMM HepaBeHCTBa

1<}+1/;4—!;<x0+1/2y0~ (44)

TMokaxeM, 4TO mapa UeJblX uuMcen x¥ U y OyAeT pelleHHeM

vpasrenus (29). [leiicTBUTeNbHO, NMepeMHOXKasl MOUYJEHHO pa-
BeHCTBO (43), T. e. paBeHCTBO

T0

X+ VAy= (" + VZ y') (x— VA Yo)" (45)
H paBeHCTBO
X —VAy= —VAY) e+ VA gy, (46)
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KOTopoe nomyuaercs u3 (43) Henocpeﬂcrsenﬂo, €CJIM nepe-
MeHHTb 3HaK Y VA, nonyuaem:

(x+1/Ay)(x—l/A P=xt— A=
(' +VAY) —VAy)(on/Ayo)” o —VAy)y=
=" — Ay’ (x4 — Ay = (47)

Tak Kak [x', ¥'] u [x,, yo]——pegleﬂpm ypaBrenus (29). o-
KaxkeM, HakoHell, uto x >0 n y >0, Ilpexne Bcero sicuo,
YTo X He paBHO Hymo. leHCTBHTENbHO, ecid x=0, TO u3
paBeHcTBa (47) MBI OyAeM HMeTh:

—Ay?):l,

4TO HeBO3MOXHO, Tak kKak A>0. [asee, ecniu y=0, To

—1, no u3 HepameHcts (44) x > 1, uTo nerosmoxuo. Ha-
KOHEL, 3aMeTHM, YTO 3HAKH X H Y JOJMKHE! GHITb OJHHAKO-
bl. JIeHCTBUTEJBHO, €CIH NPEATIONONKHTb, UTO 3HAKH xuy

pasJH4HBl, TO X H — Yy OyAyT HMeTh yXKe OJHHAKOBblE 3HA-
ki, Ecau Mbl cpaBHMM TOrJa aOCOJIOTHblE BENHYHHBEL YHcen

x+VAy n x—V Ay, 10 abcosioTHAsAs BeNHYHHA INEPEOTO
H3 5THUX UYHCeJ JOJNXKHAa OBITh MeHbille abGCOoJIOTHOH BeAu-
YHHBI BTOPOTO YHCJA&, TaK KakK B IIEPBOM YHCJE BHIUMTAIOTCH
OJHO M3 JpYroro jBa YHCJA OJJUHAKOBBIX 3HAKOB, a B Jpy-
roM ckJjajeiBaroTcsd. Ho Mpl yxxe 3HaeM, 4To

X+ VAy>1;
3HauuT, X —} Ay TakxKe MmO aGCOMOTHON BeJHYHHE GOJb-
e epuaHuLbl. Ho
FAVAD GV AT =T~ A7 =1,
¥ Mbl TPHIUIA K DPOTHBODEUHIO, TAaK KaK INPOH3BejeHue

JBYX 4dHces, Kaxkjoe H3 KOTOPhIX NO aGCOJIOTHOH BejHYHHE
Gouiblile e[MHHIL, TAKXKe JOJIKHO HMETh a6COMOTHYIO BeJH-

upHy, G6nbuylo epuHuubl. WUTak, sHakum x M y OAMHAKOBBHI
ux+0uny+0. Ho torna us mepasencrsa (44) yxe cpasy

crenyer, uto x>0 u y > 0. Uraxk, NpeANnoNOXUB, UYTO Cy-
1eCcTBYeT pelleHde ypaBHEHUS

- Ay2= ’ A > O:
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[¥, y'] Takoe, uTO paBeHcTBO (38) HEBO3MOXKHO HH NpH
KaKOM LEeJIOM INOJOXHTENBHOM 7, Mbl CyMead IOCTPOUTD
pellieHHe 5TOr0 ypasHenusi [x, y 1, x>0, y >0, x u y—
uesble, YJOBJeTBOpsioliee HepaBeHCcTBaM (44), KOTOpHIE Tpo-
THBOpeYaT ONpeje/NeHHI0 HAUMEHbIUErO pelleHHs [X,, y,]-
ATHM MBI M JOKa3ajau, UTO MPEANOJIONKEHUe CYUleCTBOBAHUS
pewleHus, He mnpejcrasasiomerocs no ¢opmyne (38), npuso-
JUT Hac K npotuBopeudto. Ilpyrumu cnoBaMi, Mbl jOKa3an,
YTO BCe peUleHHst HAWero ypaBHEHHS MOTYT OBITh NOJyYeHBI
u3 dopmyasr (38).

Hrak, Bcaxkoe pemense [¥, y] ypaBmemus (29) noay-
yaeTcsl U3 COOTHOLIEHHS

X+ VAy=(x+VAyy), >0, (48)
rae [%,, y,] — HauMeHbluee pellenue. Menssi B 3TOM mnocien-
HeM paBeHcTBe 3HakK y J/A, Mbl GyjeM HMeTb TakKe paBeH-

CTBO
x—l/zy:(xo‘l/zyo)n- (49)

CxaappiBasgs W BHUHTAS 3TH _paBeHCTBA M Jedst ofe vacTH

COOTBETCTBEHHO Ha 2 WM 2} A, Mbl TojiyuaeMm:

X=Xy = [(x0+l/Ay<, )"+ (X — VA yo)),

1 S
y=0n =535 (X +VAyo" — (ts— VA 4]
JIPYTUMH CJIOBAMH, — IBHLIE BhHIpaXKeHUs Jyuist JIO0GOro pene-
Busl [x, y] OpH NOJOXHUTEJNbHBIX X B y. Bcsikoe pelieHne no-
Jydaercdl H3 3THX, ec1d Oparb NpOH3BOJibHble 3HAKH NpH
Xn U Yp.

Hanpumep, Tax xak Mbl ye BHJeJNH BhIlle, YTO HaH-
MeHbBILIHM pellleHneM i ypaBHeHust x2 —2y2=1 Oyger x=3,
y==2, TO BCce pelleHHS] TOrO YpaBHeHUS OYAYT COAepKaThbCs
B (QopMynax:

=l[(3+21/§>"+(3~2vﬁ>"],
—(B+2V2)y~ @ -2V,

(50)

Ya= 2V3

orkyga mpu n=1, 2, 3 mMbl nojyuaeMm pewenus: [3, 2],
[17, 12], [99, 70].
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3ameruM, YTO uHCI2 X, M Y, C POCTOM N DACTYT CO
CKOPOCTbIO TEOMETPHUECKO HPOrPEecCHH CO 3SHAMeHaTeseM

%+ V A Y, TaK Kak BC/IeJCTBUE PaBeHCTBA
(o +VAye) g—VAy)=1

Mbl MOJKEM YTBEpXKJaTb, UTO

0<x—VAy, <1

u, 3sauwut, 9t0 (x,— ) Ay,)* BCErga CTPEMHTCH K HYJIO
C poCTOM n.

3aMeTuMm Tenepnb, uTO ecnH ypasHenue (29) uMeer xoTa
Obl OJHO HeTPHBHAJBHOE pelleHUe, — APYTHMH CJ0BaMH, XOTd
Obl ogHO pemleHnme npH y 0, —T10 Oyjger cyllecTBOBAaTh
HaUMeHbIlee pellleHHe 3TOrO ypaBHEeHHsS M TOTjJa BCe ero pe-
IleHHsT MOryT Owitb nosiydens! H3 Qopmya (50). Bompoc
O CYIECTBOBAHHH HETPHBHAJBLHOTO pelleHHs 3TOr0 ypaBHe-

HHS TNpH NPOM3BOJLHOM [eaoM mnomoxkutensioM A u VA
HppauKdOHAJBHOM Mbl IOKA OCTABJSAJAM OTKPBITBIM, a TeIlepb
BEpPHEMCA K HeMy.

§ 5. OBIUUH CJIYUAH YPABHEHUSI BTOPOH CTEMEHH
C ABYMSl HEU3BECTHbIMH

Mul jpokaxeM B 3sTOM mnaparpade, 4TO NpH JIOGOM Ie-
JIOM TIOJIO?KHTENbHOM A ¥ uppaluMoHabHOM V' A ypaBhenue

X2 — Ay?==1 ‘ (1)

BCerja uMeeT HETPHBHAJNLHOE pelIeHHe, — JAPYTHMH CJOBAaMH,
CYIIECTBYeT Mapa LeJblX 4HCes Xg U Yo, Xo Yo 7 0, KOTOpas
emy yjpoBjersopsier. [lpexge Bcero, ykaxeM NpHéM, MO3BO-
JISIIOILME pa3/joXKUTb B LENHYO Apodb NPOU3BOJbHOE I10J10-
JKUTETbHOE 4YHCaO0, Beille Mbl Nojb3oBasuch I pasjaoxe-

HUSl B LeNHYyK [po6b crenuaJbHbIMEA CBOHCTBaMH uucaa V2.
Ilycts a-—moboe nonoxurtesabHOe yHeao. loraa BcerAa cy-
IeCTBYeT LeJoe YUCJI0, Koropoe 6yjerT MeHblle HJIKM PaBHO
a u Gonpme a—1. Takoe mesoe uyhCIO HOCHT Has3BaHHe
yeaol wacmu a ¥ oboszHayaercsa [a]. PasHoctb mexay a #
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ero HesoH uacThio HasbiBaetcst Opobroil Oeseli uucaa @ n
oGo3nauaercst {a}. M3 onpegenenuil uenofi 4actu w ApoG-
HOH JIOMH YHCJA A HeNoCpPejCTBEHHO CJAejpyer coOTHOUIeHHe
MeXJy HHMH, HMEHHO:

a—[a]={a)
nin
a=[a]+ {a}. (52)

Tak xax japoGHas JI0Js 4YHCJHA €CTh PA3HOCTh MEXJy NOJO-
JKUTENBHBIM YHCJIOM M HaHOOJbIIAM IeJblM YHCJAOM, ero He
[IPEBOCXOAANINM, TO fpo0HAs [0/ UHCAA BCerja MeHblle

2
eJUHHLUBl 1 HEOTpHLATCJbHA. Hanpumep, nesaast 4actb -s?—

2 =
55 Uenasg dacTb Ve
ecth 1, a jpoGHas goasi papHa V2 — 1; umenast 4acth f/ETQ
paBHa 3, a ppoOHasi jonsi paBHA ,3/52—3, HT [
BeenéuHoe HaMM onpejejeHHe Ueaofl 4dacTH M ApoOHOH
JIOJId NOJOXKUTEJNbHOrO YHCAAa a MOXKeT ObITh HCIOJb30BAHO
U9 pas3JioxKeHHsl 3TOro uucja B UenHyo japodb. Tlosoxum:

ectTh 5, a japo6Has ero joad ecTb

[al=q1, {a}:—‘i .

Gy

Torpa
1
a= 71 ‘*‘ ; . (53)

Tak kaxk {a} Bcerja MeHbllle eWHHIEI, TO a; Bcerjga Gonb-
we eauHuibl, Ecau 661 a GbIIO caMO UeNbIM YHCJAOM, TO €ro
JIpobHasi f0Js paBHsiach Obl HYJMO, @, Oblo Obl paBHO.
JECKOHEUHOCTH M Mbl Obl MMeJHM paBeHCTBO a==¢,. OTBje-
Kafch OT 3TOr0 YacTHOrO cayuas, KOTOpPbI HCKJ/IoUaercs
TEM, YTO Mbl pasjiaraeM B HelPephIBHYIO 1po0b HPpALHO-
HaJbHOE YHCAO, MBI MOXKEM YTBEpXKAaTb, UTO &; — MOJOXKH-
TeJbHOe, OoJgbllee eJuHHLH yHCAO., C 9THM YKCIOM &; MEI
nocrynaeM Tak e, Kak H ¢ g, H NUIIeM paBeHCTBO

1

1
a1=‘72+;;: ge=la], +={a]}.

©



[Iposonxxas 3TOT mpollecc, MBI NOJyYaeM pSif, PaBEHCTB:
“=q1+% » q1=[a],
%:%+i,%tw¢ _
%=%+%,%=MJ (54)

anﬂlzqn"‘_a’ an[an—llv

L T T

DTOT Npouece NOCJIeAOBATENBHOIO 00PA30BaHUs HENBIX YHCEN
G1s G2s G35+« + 5 Gny - .. B CAydac, KOrja o — palHOHANbHOE

a
YHCJIO, — IPYTHMH CJIOBAMH, KOPja =+, Ije a H b—le-

Jble TONOMKHUTENbHble YHCIA, — KAaK HEeTPYAHO 3aMeTHTh, HH-
YeM He OTJNHYaeTcsy MO CBOMM pe3y/bTaraM oOT NOJYYeHHS
HETNOJTHBIX YacTHRIX € MOMOUEbI0 anroputrMma LEskmuga (oM.
dopmyiet (6)). Ou foskeH mMoITOMY OGOpBATBCS NpH & pa-
1HoHa bHOM, [IpH @ HppalHOHANBHOM 3TOT TPOUECC JOJKeH
6biTb GecKOHeUHBIM. JleHCTBHTENBHO, ec/u Obl OpPH KaKOM-
HUGYAb 1 a4, Oblo Obl LEJLIM UYHMCJIOM, TO OTCIOAA CJeJIo-
Bajio Oni, UTO &, ; OblIO Obl PAlHOHATBHBIM, 4TO B CBOIO
ouepegb BAEKJO Obl 32 COGOH palUOHANBHOCTD &,
H T. J. 4, HAKOHEIl, pPalHOHAABHOCTBL a,. M3 dopmya (54),

JeJiasi OC/Iel0BATe/IbHbIE 3aMEHBI, HCKIIOUAS &y, g, - « + 5 Ap-1
Mbl NONYYHM LENHylo APOGh
1
a=q+ 1 (55)
92 + 7+ .
. .
+ 1
9n + o

KOTOPYIO, TaK Kak i MOXHO B3HiThb CKOJb YrOJHO GOJIBbUIAM,
MOXKHO 3anuchiBaTh M B (PopMe OecKOHeUHOH 1enHod ApodH

a=q + 1
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Kak mb! yxe rosopunu Beime, B § 4, coortHourenue (8)
MeXJy NOJXOJAALIMMH ApOOSMH COXpAHSETCSl B 5TOM Ciydae,
TaK KaK OHO HE 3aBHCHT OT KOHEYHOCTH HJIH GECKOHEUHOCTH
apo6u. Ms storo cootHomenusi (8), Kak Mbl yKe BHJENH,
clefyer Ais YETHBIX NOAXOAAMUX jApoGell HepaBeHCTBO (25).
O10 HepaBeHCTBO (25) GyjeT ONsATh JieKaTb B OCHOBE JOKa-
3aTe/bCTBa CYLIECTBOBaHUS pelleHus y ypasHenus (51), mo
€aMo JIOKa3aTeabCTBO OyJeT cjloXKHee, YeM B YacTHOM CJay-
vyae, korja A-==2. 3a nanbHeHUMH CBe/IEHHSIMH H3 TEOpPHH
flenHpIX JpoGell MBI MOKeM OTOC]aTh UHTAaTeNs] K KHUre
npod. A. . Xunuuna «llennpie apo6u».

Teopewma LII. ITpu mobom yerom noaoxcumessvrom A

u uppayuonasvron V A ypasnenue (51)
X2 —Ayr=1

umeem Hempusuanonoe pewerue [xy, y,l, xo >0, ¢, >0.

HlokasaTenbcTBO. BBHJYy HEKOTOPOH C/JOKHOCTH JIO-
KAa3aTeNbCTBA CYIIECTBOBAHHS peulenust ypasHenus (51) mb
pasobbéM 3T0 FOKa3aTeNibeTBO Ha psij waros. I[lepseiil war
JI0OKa3aTenbcTBa Oyjer 3akJlouyaTbCst B TOM, YTO Mbl AOKa-
KeM CYIIeCTBOBaHHE HENOoro MOJIOKHTENbHOrO 4ucaa k, 06-
Jajaiollero TeM CBOACTBOM, 4TO ypaBHEHHE

x2—AP="k (56)

6yner HMeTh CEeCUUCNEeHHOE MHOMKECTBO pellleHHMH B HeJbX
NONOKHUTEJBHBIX YUCHAX ¥ U y. JleACTBUTENBHO, PaccMOTPUM
npyujer x2— Ay®? u O6yneM B Hero BMeCTO X H y IOACTaB-
NATh YHCJAUTEJNH W 3HAMEHATeJNH MNOCjeJOBaTeNbHbIX UYETHBIX

NMOJXOASIMMX JpoBeli K HppalHOHaJbHOMY uHcay a=} A.
Torpa

Zan= P}y — AQpr=(Pyy — aQsy) (Pan +0Qs).  (57)
Ho u3 Toro, yro
0 Py — Qe < o »
HeHOCpe}ICTBeHHO CJIeAyeT.
0< Poy + 6@y =20Qs1 + Pay — aQap < 2aQun + ¢ -

Hcnonb3yeM atH fBa NOCTe/IHEX HEPaBEHCTBA A OUEHKH 2,,.
3eMeHAsl o6a MHOXKHTENS B MpaBOf wacTH paBerctBa (57) c
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NOMOIBIO 3THX HepaBeHCTB GOJBINHMH BeJHYHHAMH, MBI I1O-
AyyaeM JJsl 2,, HepaBeHCTBO

o<z2"<b—;:(2aQ2,, +bi—ﬂ><2a+1, (58)

TaK KaK Qp, MeHbIIe Qp,,;. IIpH TNOJICTAHOBKE B JBYYJeH
z=x?— Ay*

BMECTO X M Y, COOTBETCTBEHHO, P,, H Q,, z NpHHHMaer Ie-
Joe NoJOoXKHUTe bHOe 3Hauenwe. Krtak, Bece uHcaa z,, 24, ...
vevs Z3py o+« GYJIYT UEJBIMH MOJOMKHTENbHHIMH YHCHAMH, He
[PEBBLINACIIIUME OAHOTO H TOTO ke uHcJsaa 2a 1. Ho Tak kax

a=} A uppalHOHAJbHO, TO llenHasA Apobb Oyaer CecKoHeu-
HOHl W, 3HAUMT, TAKHX Map umcen P,, H Q,, 6yler 6ecko-
HeuHO MHOTro. PasjHuHbIX Ke cpefiH HesbIX NOJOXHTEJNbHbIX
YHCEJT 2, &4y s« Zap0 ++ . OYJI€T JIHIIL KOHEUHOE YHCJIO, TaK
Kak Mexnay 1 u Brnonse onpeflenénebiM uucaoM 2a+1, or n
He 3aBHCSNIUM, MOXKeT JexaTb He Gojee [2a+ 1] meawx yu-
cen. Hpyrump cnoBaMu, GeCKCHEYHBIH DHJ UYHCEN 2y, Z4, ...
ey Zgyye« - €CTH HE UTO BHO2, KAK NOCJEJ0BATEJIbHOCTh KAKUM-
10 06pazoM NOBTOPSIIMKXCS Neabix yucen 1, 2,3, ..., [2a+ 1],
NpHYEM BHe cOs3aTeNbllO JazKe, YTO BCe 3TH YHMCJa BCTpeda-
I0TCA B Bamlefl NOCneJ0BAaTeNLHOCTH 2y, 2y %5, ».. 18K Kak
NOCJE/IOBATENBHOCTD 23, 24, + .., Zppy »» - OCCHOBEUHA, A UHCJIO
pasauuubIX e yneHOB KOHeYyHO, TO XOTHA Obl OAHO YHCAO R
(! k< [2a+41]) B 3Toli macsiefoBaTeNbEOCTH NOBTOpSETCS
Cecunc/IeHHGe MHOXKECTRBO [a3. JIpyrHMH CiOBaMH, Cflefi nap
yucen [Py, Q,], [Pgs Quls + ooy [Pon, Qonls < .. BaBLETCA Gecunc-
JIEHHOE MHOXE€CTBO TakWX Iap, YI10 BeJHYHHa z=x2— Ay?
NpHHHMAeT NpH NOACTAPOBKE 3THX YHCEN BMECTO X ¥ Y OJRHO
H 10 e 3HaveHne k. Mrak, Mbl fokasanu cymectBoBaHHe
‘HeJIOTO IIOJIOKHTENBIOrO 4ucna k, NpPH KOTOPOM YypaBHeHHe
(56) umeer Gecumcyennoe MHOXKECTRO peLUEHHH B LleJBIX YHC-
aax x u y. IlepenyMepyeM cHOFA 5TH napH 4HCeN, CJyXKa-
mye pewieHusiMH ypakHenust (56) npu nanHOM k, of03HauMB
ux [uy, vq], [ug, v.), ..., [4, U,), ... MpB GyreM ToOrga
HMETh, uTO

2 2

ul— Av==t. (59)

3amMeTHM, 4YTO TOC/TeoBaTeNbHOCTh Hap [uy, vy], [#a, Usl, ...
«ens [Up, 0,], ... Oyzer vacThio DOCJHEJORATENBHOCTH Iap
YHC/JIHTedeH M 3HaMenaTesiell Y€THRIX MOAXOASAIMMX JApoled
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yycna a. Ecnuw Gbl MBI MOIJIM yTBEpKAarh, uTo k=1, TO Mhl
Gl yiKe JQOKasand, 4T0 ypaBHeHHe (D1) HMmeer GecuHciieHHOE
MHOXKECTBO pelleHHH B IeNbX uHcaax., Tak Kak Mbl 3TOro
yTBepXKJaTh He MOMKeM, TO RONYCTHM, 4TO 2 >1 (B IIpOTHB-
HOM cJjyuae, korja k=1, Bc€ yxe jOKa3aHO), H Iepeliém
KO BTOPOMY WIAry Hailero JoKasaTenbcTna. JloKaeM Te-
nepb, 4TO CpejH nap LesblX wucen [y, vi), ..., [4n Uals. ..
OyaerT GecKOHeYHO MHOLO Map YHcesd, JAIOUX OJHH H Te XKe
OCTaTKH TIPH JleJeHHH Ha 4Ydcao k, — JIPYrHMH  CJOBaMH,
YTO CYIIECTBYIOT TaKHe JBa le/dblX HEOTPHLATENbHBIX YHCJIA
p H g, MeHbUIUX K, 4T0 JJs1 GecurcC/ieHHOTO MHOXKeCTBA map
[ty, 01, « ., [, U,), ... OYAYT ¥MeTb MecTO paBeHCTBA

un:ank+p’ Up=byk+q, (60)

rjle @, U b, —uacTHEEe OT JieNeHus u, U U, Ha R, apHu g —
ocTaTKH. [leACTBHTEJNDBHO, €CiH Mbl pasAeNuM U, H v, Ha le-
Jgoe 4ncao k, £>>1, TO MBI HOJy4UM COOTHOWIEHHs BHAa (60),
rje OcCTarkKH OT JejeHHs OYAYT, KakK Bcerja, HaXOAHUTbCsH
mexxay nyaém u k—1, Tak Kak ocraTkamu OT JeneHds yH-

cesl u, Ha k Moryr OniTh TOMBKO uHcaa 0, 1, 2, ..., k—1
H, COBEpIIEHHO TaK 3Ke, OCTATKAMA OT JeJeHHs uHcen v, Ha k
MOTYT OBbITh TOXKE TOJbKO 3TH XKe uwueqaa 0, 1,2, ..., k-1,

TO UYHCJIO BO3MOKHBIX I1ap OCTATKOB MpPH JIeJeHHH YHCeN U,
H o, Ha kR Oyner k-k=4kK? 3710 FCHO TaKXKe H3 TOTO, 4TO
KaxJIoH nape [4,, v,] COOTBETCTBYeT Napa OCTATKOB [P, ¢al,
npuuéMm p, H ¢,, Kax/blii B OT/IeIbHOCTH, He MOTYT IIpHHH-
MaThb GoJiee B pasiUUHBIX 3HAUEHHH, @ UACJIO Nap NO3TOMy Gyler
He Oosee k2, MTak, Kax0# nape uenblx unuceda [u,, v,] cooTBer-
CTBYeT mapa OCTaTKOB [p,, ¢,] npu jAenenud ra k. Ho wucno
Pa3JHYHBIX [Tap OCTATKOB KOHEYHO, He IIpeBbIMIAeT k2%, a 4ucjo
nap [u,, v,] 6eckoHeuHo. 3HaAUHT, TAK KaK B pAAY Hap [P, g1l
[Pas 9a)s -+ s [Pn> Guls ... HMeeTco JHIIb KOHEYHOE YHCJO
pa3JHyHBEIX Hap, TO XOTsA Obl OfHa Jlapa HOBTOpsieTcsl GecyHc-
JIeHHOe MHOXeCTBO pa3. OGo3Hauas 3Ty Iapy oCTaTkos [p, ¢),
Mbl ¥ IOJIyYaeM, 4YTO CYIIecTByeT GecuMcJieHHOE MHOKECTBO
nap [u,, v,], /JIE KOTOPHIX HMelOoT Mecto paBeHcTBa (60). Tak
Kak He Bce mapel [u,, v,] yJoBreTBopsitor pareHctBaM (60)
NpH HEKOTOPBIX OHpeJeséHHbIX p H ¢, CyWlecTBOBaHHE KOTO-
PHIX Mbl cefyac JOKa3zaad, TO Mol CHOBA IepeHyMepOBhIBaeM
Bce Te mapel [4,, v,], KOTOpHIE V/IOBNETBOPSIOT paBeH-
creaM (60), u 6ymeM »TH napel o€osHauath [R,, S,
Hrak, GeckOHeuHast mOC/JefloBaTeqbHOCTb mnap [Ry, Sy];
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[Ry Sal, ..., [R,, S,]. ... ecTb yacTh nocsIe[0BATENLHOCTH Nap
[tn, U,], KOTOpasi B CBOIO OdYepe/lb €CTh YacTh NOC/IEOBATENh-
HOCTH Nap YHcauTesnell ¥ 3HaMeHaTesed 4€THBLIX NOAXOAAIMIMX
JpoGelt uncaa a. ITapwl yuces STO# MOCJIELOBATENBHOCTH YAO-
BJIETBOPAIOT ypasHeHuio (59) M JAOT OJHH H Te ke OCTATKH
P ¥ g TpH JejeHuu Ha k.

Tenepp, nocie TOro Kak Mbl YCTAHOBHJIH CYIeCTBOBAHHE
6eCUnCcJIeHHOTO MHOMKeCTBa TAKHX 11ap LeNblX NOJOXHTEIb-
HblX uyucea R, u S,, MBl MOXKeM MepeATH K TpeTbeMy H IIO-
clelHeMy IIary HaUulero JKOKAa3aTefbCTRa.

3ameruM, mpexJe Bcero, 4to mapel [R,, S,], Oyayuu mna-
paMu yucauTesell U sHaMeHaTesed MOAXOASMHUX Aposel, A0MK-
Hbl ObIThb DapaMd B3aWMHO MPOCTBIX UHCes, T. e. He MMeEThb
o0mux jeaurtesed. JeHCTBUTENBHO, €CJIH B COOTHOLICHHH (24)

P
3aMeHHTh R Ha 2k W TIOJIOXKHUTb szzQik, 82,@‘1:52’*‘1, TO
2k 2k—1

H3 paBeHcTBa
sz sz-l . 1

sz sz—l - szsz—l ’

YMHOXKHB 0O6e ero uactd Ha Qu;Q,,;, MB NOJyYaeM paBeH-

CTBO
Py Qa1 — QopPayq=1. (61)

D710 cooTHOLIeHHE MeXKAY UeMbMH gucnaMd Py., Qu,, Py g»
@,y TIOKA3biBACT, UTO ecJH Py, U (y, HUMEOT O0UH JesH-
Teib, GOJBbIIHA eJWHHIB], TO BCA JeBas UacThb €ro LOJ¥XKHA
Hallesqo JeJUThcd Ha 3TOT obmmit jenutens. Ho copasa B
paBeHCTBe CTOHT €JHHHIIA, KOTOpas He MOXET JeJIHThCH HH
Ha Kakoe leJoe 4HuCa0, Gosbllee efuHULBL. TakuM oGpaszoM,
B3aHMHasi npocrtota uucen R, # S,, KOTOphie MOTYT GHITb
TOJNBKO YHCJAWTEISIMU ¥ 3HAMEHATENSMH NOJXOJSIIUX Jpobel,
ycranopiiena. M3 cootHomeHn#i (7) Takxe HeNOCpeCTBEHHO

CJAeLyeT, uTO
QTU<...<@n<...

W3 Bsaumnoit npocrortsl unces R, u S, #u Toro o6cposiTeNb-
crBa, uro uyueaa Sy, S, ..., S,, ..., KOTOpHE B3fThl U3
1OC/Ie/IOBATENBHOCTH PA3IUUHBIX MeXIY coboll. uncen Qy,,
TAKXKe MeXTy cOJ0f pasjuyHnl, HENOCpeJCTBEHHO CJELYeT,
450 B (eCKOHEUYHOM pAay JApodeit

Ry R, Ry

E, 3;,.-.,5"‘, > ae

41



HET OJMHAKOBLIX uucesN. HanumeM jgBa paBeHCTBa, CJaeAylo-
UIHX U3 ompefeseHHs uucea R, u S,

R} — AS1=(R,—aS,) (R, +aS;) ="k (62)

R} — AS;=(R, — aS,) (R, + aSy) ="k, (63)

rie nompexHeMmy a=V A.
Jlajiee nmMeeM:

(Ry —aS;) (Ry4-aS3) =R Ry — AS;S; 4 a (R, Sy — S,Ry), (64)
TaK Kak a’=A, ¥ COBEpIIEHHO TaK e
(Ry+aSy) (Ry —aSy)=R R, — AS,S; —a (R;S, — S, Ry).  (65)

Ho R, u S, npu jeneHun Ha k NAOT OJHH H Te XKe, He
3aBUcSME OT 1 octatku, CleloBaTe/IbHO, B CHY COOTHOLIe-
Huft  (60)

Rn:an+p’ Sn:dnk+q' ' (66)

TlosToMy ¢ TIOMOMmIBIO JErKHX TNpeofpa3oBaHUil ¥ 3aMeH Mbl
noJyvaeM paBeHCTBA:
RiR; — AS,S;=R; (csk + p) - AS, (dok +9)=
=R [(c;—c)) k+cik+pl — AS, [(dy — d)) k+d ik + )=
=Ry (e~ ) k+ Ry ] = AS; [{d, — dy) b+ S]=
=k [Ry(c;—¢;) — AS, (dy —dy)] + RI — AS]=
=k[R; (c; — ;) — AS; (dp — d;) + 1] =kxy, (67)
rie X, —IeJ0e YHCIO, Tak Kak R} — ASi=Fk. CoBepuenHo
TaK XKe
RS, —SiRy=R, [(dy—d) k+dik+q] —
— Sy (e —¢;) b+ etk + pl=
=Ry [(dy —d) k+S:]1 =S [(e;— 1) b+ Ry]=
=k[R (dy—dy) — S, (c; — )] =kys, (68)
TIe Y— OmaTh Lesoe umcao. MOXHO yTBepKIaTh, UTO th
He paBHO Hymo. JefcTBHTeNbHO, ecan y;=0, TO

kyy=R;S8;~ R,S,=0,

Ri_R,
575"

OTKYJa
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AT10 MocNeHee PaBEHCTRO HEBO3MOXKHO, TaK KaK Mbl YCTaHO-
R, o

BUJIM, YTO Bce APOOH ° MexJy coOof pasidunbl. Pasencrsa
“n

(67) m (65) mokasbiBaloT, UTO ;

(R, —aS;) (R + aSp)==kx, + aky, =k (%, +ay;)  (69)

(R, +aS,) (Ry —aSy)=kx, — aky, =k (x,—ay,). (70)

[lepeMuoxkasi Tenepb nodjeHHO paseHcTBa (62) H (63) u Boc-
noONB30BABUIHCL paBeHcTBaMH (69) n (70), Mbl mosydaem:

k2= (R} — AS}) (R} — ASY) =
=(R; — a8;) (Ry+ aSy) (R; +aS,) (R, —aS,)=

= k2 (x, -+ ayy) (6, ~ ayy) = k2 (5] — Agf)). 1)
Coxpamasi Ha k?, OKOHUATE/LHO MOJYUHM:
X — Ayf=1. (72)

Ho y, He paBHO HyJO, @ 3HAUHT, H X; HE MOXET GhITh HY-
néM. B mpoTHBHOM cayuae cseBa CcToano OHl OTpHUATEJbHOE
YHUIJI0, a CmpaBa— enuauna. Mrak, Aaxke B NpellONOXKeHHH,
YTO £ He pABHO eJHHHLE, MBI HALLIK JBa HeJIbIX, HE DaBHBIX
HYJMO Yuciaa X; ¥ Y;, KOTOpble YJOBJETBOPSIOT YPaBHEHHIO
(51). DTuUM NOJHOCTHIO 3aBepllaeTCsi TEOpUS YpaBHEHUH 1HU7Ia
(51), Tax Kak Mbl 3HaeM, YTO TakHe ypaBHenus npu A uesow,
A>0, u YA HppanyoHapbHOM Bcerja UMEIOT pelleHHe, a ¢
HOMOLILBI0 HAHMEHbIIEro pelleHHsi, CYILeCTBOBAHUE KOTOPOTO
TeM CaMbIM JIOKa3aHO, YMEeM CTPOHTb BCE €ro pelieHus.

[paktuyeckd HaWMeHbLICE PEINCHHE MOXKHO HCKaTh NYTEM
nojbopa X, U Yp.

MEl DOJMHOCTHIO paccMOTpesd, TakuM oOpasoM, cayuah
A>0 u a=y A ¥ppanHOHaJbHO B YpaBHEHHM

x2— Ay?=1.
Ecmm A>0 u a= )/ A—uesoe uYdAcio, TO 3TO YypaBHEHHE
MOxeT OblThb 3anucaHo B popme
¥ @yt (x +ay) (x—ay)=1,
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U TaK KakK @ -——1eJIo€ YHCAO, TO €CJH X, H Y,— LieJible YHC-
J1a, €My YJaosJaetrBopdioline, AOJXKHblL HMETh MECTO B OTAC/b-
HOCTH paBeHCTBa

Xo+ayy==1, xp—ay,=1
WIY paBeHCTBA

Xo+ayy=—1, xg—ayy=—1,

TaK Kak IPOHU3BeJieHHe JBYX UEJbIX YHCEJ MOXeT OblTb PaBHO
eJMHHIe TOTAAa M TOJbKO TOTJA, KOUAa Kaxkjoe H3 STUX uH-
ceJl B OTJENbHOCTH paBHO ~1} miam — 1. OGe 3TH cHCTEME
IBYX ypaBHeHH ¢ JBYMS HEH3BECTHBIMH X, U Y UMEIOT TOJBKO
CHCTEMBl TpHBHANbLHBIX pemteHufl: xg=1, 1=0; x5=—1,
Yo==0. Hraxk, ypasnenue (51) npu A, pastomn Keadpamy ye-
020 UUCAZ, UMEEM 6 YeAblX HUCAQX MOAbKO MPUBLAAbHBLE
peuwtenus xo= =1, y,==0. Takue e mpusuaivbroe peuwerus
umeem 6 yenoix yuciax ypasenue (51) npu A yeaom u om-
puyameavrom (npu A= —1 yJOBJETBOPSIOTCH CHMMETPHURDIE
TPHBHAJBHBIE pemleHus x,—=0, y,=1=1).
Paccmotpum tenmepn ypaBuenue Gosiee ofuiero Buja

= Ap=C, (73)

rae A>>0—nenoe, C—uenoe uncao, a=} A— uppanuo-
HaJbHOe uucjo. Mel yxke Buaead, uro npu C=1 310 ypas-
HeHHe Bcerja HMeeT OeCUHC/IGHHOe MHOXKECTBO pelieHufl B
Leablx uHcaax x #u y. [lpu nmpousBosshbix C H A Takoe
YpaBHeHUE MOXKET BoOOUIe He HMeTh perieHni.

IHpumep. Ilokaxem, uro ypasuenite

22— 3= —1 (74)

600611e He paspeluumo 6 yeaslX 4ucaax x U Y. 3aMmeTum,
Hpex/ie BCEro, YTO KBajpar HEUETHOrO YHCsA NPHU  JIe/IeHHH
Ha 8 Becerga jmaér B ocrarke 1. [eficTBUTENBHO, TaK Kak
BCsKOe HeYTHOe YHCIo a MoxeT ObITb 3amucaHo B ¢opme
a=2N+1, rae N —uenoe uucao, To

a*=(2N--12=4N? 4+ 4AN+-1=4N (N + 1) -1 =8M--1, (75)
rae M —uenoe yucsio, B cuiy Toro, uto uad N, min N + 1
JOJMKHO OhITh 4éTHbiM umcaoM. anee, ecam [xg Y,] — pe-

wenne ypasHeHus (74), TO X, ¥ Y, He MOryT ObITb YHCJaMH
oAuHakoBo# uétHocTH. Ecim 6nl X, B Y, OblId OJHOBPEMEHHO

R o 2 .
YEeTHbIMH HJH HEYETHBIMH, TO xﬁ——Byo Obl10 Cbl YETHBIM 4HKC-
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JOM ¥ He Morjio Guith paBHO 1. Ecou xe x, neudtno, a y,
« 2
yéTHO, TO NpH JeneHwd Ha 4 x, zJaBano Obl B ocratke 1,
2 . 2
—3Yo nenunoch 6nl Ha 4 U x, — 3y, NpH JejenHd Ha 4 JaBano
6l B octatke 1. DTO HEBO3MOXKHO, TaK KaK IpH JEJeHHHd Ha
4 npaBasi 4aCTb TPHBHANLHO AR€T B ocraTke —1 wa 3=4—1.
HaKOHeu, ecn x, u€THO, a Yy, HEuU€THO, TO X2 Jenurcs HA 4,

—3y; Ba ocHoBanmu (75) MOXKeT ObIThb 3amucaHo B OpMe
— 3= —3BM+ )= —24M —3=4(—6M — 1) 41

‘M, 3HauMT, Tpu jesjenun Ha 4 1aér B octaTke 1. HoaTbMy

xh—3y5 NpH JleNenuu Ha 4 JIOJKHO ONSITH /@BaTh B OCTATKe
1, uto, Kak Mbl yxe BHJesH, HeBo3MoxHe. [lostoMy ne
CYmECTBYeT LEJblX UHCEN X, H Yy, KOTOPbie MOTaM OBl yJ0BJe-
TBOpSITh ypaBHeHHIO (74).

He ocTanaBauBasficb Ha BONpoCce, IPH KakKHX YCJIOBUSX,
nanoxennblx Ha C u A, ypapHeHue (73) OGyJleT UMernb pelie-
HHe, — BONpOCe TPYIHOM H DPa3pellnMOM ¢ HNOMOIIBI0 ofuiefl
TEODUH KBajDaTHUECKHX HppallMOHaJbHOCTeH B anrefpanye-
CKOM TEOrHd uMceJs, — MBI OCTAaHOBUMCSl Ha cJiyuae, KOTrja
ypasHeune (73) uMeeT HeTpUBHANbHBIE peilenus. Ilonpexnemy
HeTPUBMAJIBHBIM peilleHHeM Mbl 6GyJeM HasbiBaTbh perueHHne
[#', ¥'], ecim x', y'+=0. Hrak, nyctp ypasuenpe (73) umeer
HeTpUBHAJbHOE pewenue [x', y'l; ApYruMm caoBaMu, NycCTb

2 — Ay?t=C. (76)
Paccmorpum npu ToM xe A ypaBHeHHe
— Ay?=1. (77)

DT0 ypaBHeHHE HMeeT OeCUMCJIEHHOe MHOXKECTBO peufmxﬁ
B uenbix unciaax npd A >0 u uppauuonanbHoM a=y A, H
Ji060e Takoe ero pemenue {x, y] Gyner:
X=X, Y=y,
rjie x, 4 y, onpejeasioreas no ¢opmyaam (50). Tax kak
[¥, y] — pemenue ypasnenus (77), to
— Ay =(x+ay)(x—ay)=1.

PasenctBo (76) B cBOIO OuepeAb MOKeT OblThb Nepenucaro
B ¢opme

x4+ ay’y (&' —ay")=C.
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IMepeMHOKas NOUYNEHHO STH /JBa MOCJEJHHX PAaBEHCTBA, Mbl
nnosyyaem:

(¢ +ay’) (x + ay) (x' — ay’) (x — ay) =C. (78)

(¢ +ay) (x+ay)=x"x+ Ay'y+a (x5 +y%) .
M COBEpIICHHO TaK XKe ‘

(' —ay) (x—ay)=x"x+ Ay'y —a (x'y + ¥'%).
BocnonbsopaBUIMCh STAMHM JBYMSl DABEHCTBAMH, MBI MOXKEM
nepenucatb pabeHCTBO (78) B dopme

[x%+ Ayy+a(xy+y2)] 2+ Ayy—a (Fy+y'x)]=C
nau B Qopme
(¥'x+ Ay'y)’— A(x'y + y'x)* =C.

ItEM MBl JIOKa3aJu, 4to eca [x', y'] — peuledne ypaBHeHHs
(73), TO 3TOMY YypaBHeHHi0 OyJeT YJAOBJAETBOPATL M Iapa
gucen [x, yl:

Ho

x=xx+AyYy, y=xy+y'x, (79)
rae |x, y]— moBoe pememue ypasuenus (77). Takum oGpa-
30M, Mbl JIOKa3and, 4uTo ecau ypasuerue (73) umegem xoms
ObL 00HO pewizrue, MO OHO UMeem uX OECHUCIEHHOE MHO-
acecmgo.

Henn3s, xoweuHo, yrBepxiaars, uto opmyaamu (79)
JaloTcst Bee pemieHus ypasHeuus (73). B rteopuu aareGpau-
yecKHX UYHCeJN Jl0KasniBaeTcs, UTO BCE PELIeHHS B LeJIbIX 4Hc-
Nnax ypaBHeHHs (73) MOXKHO INOJYYHTH, B35B HEKOTOpOE KO-
HeyHoe U oillpefeséHHoe, 3aBuciilee oT A u C uuciao peue-
Hufl 3TOrO ypaBHEHUS U Pa3MHOKUB HUX C I[OMOHLIbIO (opMyd
(79). Ypasuenmz (73) mpu -A OTpHIATENBHOM HJIH PaBHOM
KBajparty UeJOro uyucja MOMKET HMerb He 060J/1€e KOHEUHOro
YhcJa peleHui. DTO IPOCTO AOKA3biBaeMOe YTBEepPK/AEHUE MbI
IpeflocTaB/asAeM J0KasaTh uprate/io. PenleHde caMolx o6LuX
ypaBHEHHH BTOPOH cTeNeHH ¢ ABYMsI HEH3BECTHLIMH B LEJbIX
yHcJax, ypaBHeHHH BHJa

Ax?+ Bxy+ Cy*+ Dx+ Ey+ F =0, (80)
rae uucaa A, B, C, D, E u F—ueasle, cBoaurcss ¢ Io-
MOILbIO 3aMCH NEPEMEHHBbIX K pelleHHio ypaBHeHu# suja (73)
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C MOJIOXKHUTEJBHBIM Wiy oTpuLatensuuiM A. [losToMmy xapakrtep
noBejieHnsl pelleHH#l, ecld OHHM CYUIECTBYIOT, TAaKOH ke, Kak
H y ypasuenus tuna (73). [ToaBoas uTor BCeMy BLIILIEH3JIO-
JKEHHOMY, Mbl MOJKEM Tellepb CKasaTb, UTO ypasHexue emopol
cmeneny ¢ Osymsa Heusgecmuomu muna (80) moscem we umeme
peulerutl 8 yeablx 4YuCAQX, MOJNCEM UMemd UX MoAbKO 8 KO-
HeyHOM uUCAe U, HaKOHely, Mmoscem umems GeCcKOHeuHoe
MHOMCECMBO MaKux peulzHull, npuuém amu pewenus Gepymcsa
mo20a U3 KOHEUHO20 HUCAZ ODOJUWEHHBIX 2eOM2MPUUECKUX
npoepeccuti, dasaemsix popmyramy (79). CpasHHBas nosese-
HHe M Xapakrtep peuieHUfl B HEJLIX YHUCIaX YpaBHEHUH BTO-
pofi cTemen c JByMs HEH3BeCTHLIMH C TIOBEJEHHEM pelle-
HU# ypaBHEHUH MepBOii CTENEHH, Mbl MOXKeM YCTaHOBUTH OJHO
BechbMa cyllecTBeHHOe oScroaTennctBo. MmeHHo, ecam pete-
HUS1 YpaBHEHHS NepBOH creneHH, KOrja -OHH CYHIECTBYIOT,
o0pa3yioT apudMeTdueckde NPOrpPECCHH, TO PelHeHHs ypaBHe-
HUfi BTOPOH CTeneHH, KOTJa HX HM2ercsl GeCKOHEYHO MHOTO,
GepyTcsi U3 KOHEYHOro Yuciaa OGOOUIEHHLIX TeOMeTpHUCCKHX
mporpeccuil. pyramu cloBaMu, B ciaydde BTOPOH CTeleHH
napbl IedblX YHCeJ, KOTOpble MOTYT OblTh peuleHHAMH ypas-
HEHHST, 3HAUUTENIBHO DpeKe BCTPEYaroTCs, 4YeM Iapnl IeJniX
4pces, KOTOpPhle MOI'YT ObITh pelleHHsIMH YpaBHEHHS INepBOH
creneHd., 10 0OCTOATENBCTBO He caydafno. OkasblBaercs,
4TO ypaBHEHHS! C [ByMs HEH3BECTHLIMH CTeleHH BhIIE BTO-
po#i, BooOuie roBopsl, MOTYT HMETb TOJbKO KOHEUHOE YHCJIO
pewensi. Mckioyennsi U3 atoro npasmia Kpafige pelkH.

§ 6. YPABHEHHUA C ABYMS HEU3BECTHbIMH
CTEMEHH BbILIE BTOPOW

VpaBuenust ¢ 1ByMSI HEH3BECTHBIMH CTENEHH Bbllle BTOPOH
MOYTH BCer/a, 3a pPeJAKUMH HCKJ/IOUCHHAMH, MOTLYT HMETb
TOIBKO KOHEUHO€ YMCJO peleHnil B LeJbX uucaax X H Y.
PaccMoTpuM, Npexje BCEro, ypapHeHHe

QX" + a XY + XY+ L L+ agyt=c, (81)

rie n-—uenoe uhcio, GoJbluee [BYX, H BCe UYHCHIA Qg 4,
Qg ..., @, C— LEJble YACIA.

Kak pnokasan B nauaje nawero crojetusi A. Tys, makoe
YpasHerue uMeem MoAbKo KOHEUHOe YUCAO peuleHull 8 yeasix
qUCAAX X U Y, 30 UCKAOdeHuem, Mogxcem Gbimb, Cayuaes,
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Koe0a sesast OOHOPOOHAR HACMb 3MO020 YPABHEHUA eCmb CMie-
nend 00HOPOOH020 O8YuACHQ Nepsoll CMeneKy uAu Mpéxyaiena
emopoti’ cmenenu. B aTOM mocnenneM ciayyae Haiue ypaBHe-
Hde OyJAer UMeThb OJHY M3 JABYX ¢opM:

(ax + by)yr=cy, (ax®+ bxy+ cy®)*=c,,

U TeM caMblM CBOJHMTCS K ypaBHEHHSIM [epBOH HJIH BTOPOH
CTelleHH, TaK KaK JJIs CYIIECTBOBAHMS Y HEro pemieHHH ¢,
JOJKHO OBITh 71-H CTENEHbIO LEJOTO YHCHAa. Mol He MoxeMm
3flech u3joxute Merod A. Ty> BBHAY €ro CJOXKHOCTH H
OTPAHHYHMCSI HEKOTOPBIMH MOSICHATEJbHBIMH 3aMeyaHBsMH,
JaloM UMK YKA3aHHs Ha XapaKTep JOKas3aTeJbCTBAa KOHEYHOCTH
ygcaa peuleHufl ypasHenusa (81)*).

Paznenum obe uacth ypasHenus (81) ma y*. Hamwe ypas-
HEeHHe TNpPUMET TOrZa BHJ

ao(%>n+a1’<§)n‘l+...+a,,_13yc—+a,,=y—c,z. (82)

JLas mpocTOTHL H3JI0KeHHS OyAeM HpexRrojaraTb He TOJBKO,
4TO Bce KOPHH YpaBHEHHS

ay2" + ;2" ..+ a2+ a,=0 (83)

pasIHUHEL ¥ Y9TO Gy a, 0, HO H YTO KODHH 3TOrO ypaBHe-
Hus He MOTYT OBITb KOPHSIMH VDaBHEHHEH C IeJbiMH Ko3d-
¢duuHeRTaMd HU3MUed cTeneHd. JTOT cAydyald SBASETCS OCHOB- -
HuIM B HailleM BOIIpoce.

B Boicmefi anre6pe foxasbiBaercsd, 4TO BCAKOe ajnreGpad-
yecKOe ypaBHeHHe HMeeT XoTA OBl OJMH KOpeHb, OTKyJa,
yKe BecbMa NPOCTO, HAa OCHOBAHHH TOrO, UYTO BCSKHH MHO-
rousieH JeAHTCs HALeNo HA 2-—d, €CIH & —ero KOpeHb,
clefyeT TpejcTaBjeHHe MHOrOUNE€Ha B BHJE IPOU3BE/EHHSA

a@"+ 2" ot a,=aqz—a) (z—a) ... (2—a,), (84)
re
rie a,, dg, ..., d,—BCe N KOpHeHl JAHHOrO MHOTOYJEHA,

Tlonb3ysicb STHM BbIPaXKEHHEM MHOTOUJIeHA B BHJE TPOH3Be-
JleHud, MbI MOXKeM Iependcarb ypaseenue (82) B Buje

a0<—;———al) (—;——az)...‘(%~an>:y—c,,. (85)

*) Jluteparypa no 3ToMy Bonpocy cofpaHa, Haupumep, B o83opHOR
cratee A. O. l'envdorga «[Ipubnmxenns anre6panyecKHx yuce, atre6pad-
YeCKHMH 2Ke UYHCJIAaMH U TEeOPHS TPAHCLUEHJAEHTHBIX 4HCe/», YCIEXH MaTeM.
Hayk, BHiN. 4, 4(32), 1949, c1p. 19.
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Honyctam, 4ro cymecTByer O€CYHC/IEHHOE MHOXKECTBO
peleHuil B LeJbX uucaax [x,, y,] ypasHenus (85). dto sHa-
UUT, YTO CYLWIECTBYIOT PelLICHHs CO CKOJb YroJHO GOJIbLIMMH
ro abco/oTHOR BenuuuHe y,. Ecau Gbl. cyiiectBoBano Gec-
THC/IeHHCe MHOXKECTBO [ap € OrpPaHHUEHHBIMH, MEHBIUUMH II0
alcoJIOTHOH BeJIHUMHE KAKOTO-TO ONpPEJENEHHOrO YHCIA, Y,
U CKOMb YTOAHO OOJBIIUMH X,, TO JAAS TaKWX X, JeBasd
4acTh Obinia Obl CKOJib YTOAHO BeJIMKA, a lipaBast oCTaBasach
6bl orpannyeHHOH, 410 HeBo3MoOXHO. Ilycte y, Oyner ouenb
BejuKo. Toraa nmpaBad uacth ypapHeHusi (85) Oyner wMana,
a 3HAYdT, AOJXKHA ObITb Maja H JieBaa uwacTh. Ho JjeBasd
4acTb ypaBHEHHS eCTh IPOM3BejleHUe 7 COMHOXKHTeNed, co-

JeprKalux ;—ﬁ H a,, KoTopoe, OYAYyYH LenbiM, 6yAeT He MeHb-

we 1, 3gauuT, MATOCTD J€BOR HaCTH MOMXKeT 06YCAOBIUBATHCS
TOJBLKO TeM, YTO IO abCoJIOTHOH BeaMuuHe Maja Kakasi-To
M3 pasnocrel

X

Eeq.

vy "
SIcHO, UTO Ta PasHOCTL MOXKeT OBITH MaJla TOJAbKO B TOM CJY-
wae, KOTJA &, AeACTBUTENBHO, — JPYTHMH CJIOBaMH, He HMeeT
MeCTa pPaBeHCTBO a,==a+ bi, b+0. B nporuBHOM ecayuae
MOJY/Ab Hallefl pasHOCTH He MOxKeT ObITb CKOJIb YIOJHO MaJ,
TaK Kak

x_k_a_bi':]/ ;—I’:—a>2+b2>[bl.

Yk

JBe pasHOCTH, JABa MHOMXKHTEJS JeBOH uacTH ypaBHEHHS
(85) me wmoryr Oblth OJHOBPEMEBHO Majbl N0 MOAYJIO,

Tak Kak
Xg > (xk >
ZE g V(£ g
'<!/k m Yz s

B CHJY TOrO, UTO CPEJH YHCeT a,, HeT OJUHAaKoBBIX. Ecum
0JlHA PA3HOCTL MeHbHle MO MOAYJIO, UJH alCOJIOTHOH BeJH-

£0 (86)

-

, TO fipyrast B cuny (86) poaxHa OHITE

1
uyHe, YeM —2—| a,, — dg

1
foablue 5] a,, — dg|. DTO €CTb CJEeCTBUE TOrO, UTO abCoJIoT-

Hasl BeJHMYHMHA CyMMbl He IIDEBOCXOJHT CYMMBI aBCOMIOTHBIX
BesuyuH. Tak Kak Bce uHCsa @, Da3JHYHBI MeX1y CcOGOH,

4 A. O. leasdoug, 4.9.1



TO HadWMeHblUasf [0 a0COMIOTHOH BeJUUHHE, HJAH MOJYJIO.
pasHoctb |a,, —a, | 6yaer Gonbulie HYAs (m =4 s). O6Go3Hauas
eé BequunHy yepe3 2d, Mel GyneM HMeTh, 9TO €CHH TpH
KaKOM-HHOYZb JOCTATOYHO OOJBINOM Y., HUTO JOJKHO CJY-
YUTbCSI, TaK KaK Y, HEOIDaHHUeHHO pacTeT,

<d,

Xk
l-.’/—k —a,
T

s=1,2, ..,n, s&m  (87)

yk

Torpa, Tak kak abcoiioTHas BeJHUYWHA, HJIM MOJAYJIb,
NpOH3BEJICHHR pPaBHA NPOH3BEZEHHIO abGCOMIOTHBIX BeJHYHH,
WM MOjlyJell, COMHOXKHTeJeH, Mbl OyJeM HMeTb H3 ypaBHe-
nusd (85), 4ro

X I { X l } X Xp
~—~dyl ... —da —a - — e —a, =
I (10 Y 1 Yn m-1 Yp " Yr am+l Y n
el (88)

ol
Ho ecnn B 3TOM paBeHCTBE KaxAVIO U3 pasHOCTei’l

§ <= m, 3aMeHHTH MeHbuiefl BeauuuHOH d, a |a,| 3aMeHHTH
€JIMHULEH, MeHbIe KOTOPOH LeJioe YHCJIO |ag,| OBITh He
Moker, TO JeBasi 4acTh (88) cTaHeT MeHblle NPaBOH, U MbI
ToJydyaeM BepaBeHCTBO

el

dr?

y
HJIH HepaBeHCTBO

X'e —lel
{<\yk|/zr Cl’dnﬂ’ (89)

rje ¢, He 3aBUCHT OT X, ¥ Y, Yucen a, He OoJsee n, a nap
[x., y.], AnsT KOTOPHIX AGJKEO ObITh IpU KaKOM-HUGYIb
crpaBeIHBO HepaBeHCTBO (8Y), GecumcileHHOe MHOKECTBO,
[TosToMy cyimiecTByeT Kakoe-TO OTIpefesNéHHOe i1, Takoe, uTo
JUIg COOTBETCTBYIOIETO d, HepaBeHCTBO (89) BhInoJHIETCS
GecKOHeUHOe MHOMKECTBO pas. JIpYrUMH CJIOBaMH, ecjd ypas-
nenre (81) umeeT GecKOHeUHOE MHOKECTBO pEIICHUH B ILEJbIX
yHcjax, TO anredpadueckoe ypaBHeHHe (83) ¢ mesbIMH KO3-
(ULHECHTaMH HMeeT TaKOH KOpeHb a, A/ KOTOpOro IpH CKOJb

50




YTOAHO 6oJbIUNX ¢ 6YJeT BbINOJHATHCS HEPaBEHCTBO
p l A
a— = — 90
' q < 7 (90)

rie A—NoCTOSHHOR, He 3aBHCAULEE OT p H ¢ UHCJAO, p H ¢ —
yesible UMCJa, a A -—CTelleHb ypaBHEHHS, KOTOPOMY & Yj0-
BjerBopsier. Eciu Onl @ ObIIO NPOH3BOJBHBIM JeHCTBHT &Jib-
HB5IM YHCJIOM, TO MOMHO ObLTIO ObI €ro Tak BBIOpPaTh, UYTO
JeHCTBUTEJBHO CYIIECTBOBAJNO Obl OGeCUHCIEHHOE MHOXKECTBO
pemtenufl HepaseHcTBa (90) B nmesniXx umcaax p U g. Ho B
HallleM c/Iydae & ecTb KOpeHb ajreGpanyecKoro ypaBHEHHs
¢ UenbMu Ko3bbunuenramu. Takhe uymesaa Ha3bIBAIOTCS
ascebpatyeckumy 1 006/137a10T OCODLIME CBOficTBaMu. Cmenersio
anzebpauneckoeo uicaa HA3BIBAETCS CTeMleHb TOrO ajrefpau-
YecKOI'0 ypaBHEHHs € LeJbIMd KoahdulNedTaMi HauMeHbIiled
CTeleHH, KOTOPOMY 3TO UHCJO YJOBJIETBOPSET.

A. Ty» joxasan, uro anas ajre6pavyeckoro umuciaa a
CTENEHX £ HEPaBeHCTBO :

L a=3, @

A |
g2

MOXKeT UMeTb TOJbKO KOHeYHOe UYHCJIO pellleHHH B HeJablxX
upciax p u g. Ho ecan n>> 3, npasas uactb HepaBeHCTBA
(90) mpu pocrartouno O0OJBIIOM ¢ CTaHeT MeHbLIe NpaBod

n
yactH HepaBescTBa (91), tax kak n>~2+1. Iostomy ecan

HepaseHcTBo (91) MoxeT HMeThb TOJBKO KOHEUHOE YHCJIO
pelleHHH B HeJblX YHcjaax p ¥ ¢, TO Hepasencieo (90) m
[OJABHO HMeeT TOJBKO KOHEeYHOe UHCJAO pelleHHi. 3HAYHT,
ypaBxenre (81) MOxKeT uMeTb TOJbXKO KOHeUHOEe YHCJIO pe-
wenud B UeJBIX YHCIaX, KOIJa BCe KOpHHW YpaBHeHHs (83)
He MOTYT ObITh KODHSIMH YDaBHEHHS C LEeJBMH KodpduiueH-
TaMu - HH3mell, 4YeM n, cremesu. llpy n=2, Kak Jerxo
MOXKHO YCTaHOBHTDL, HepabeHcTBO (90) geiicTBHTENBHO MOXKET
uMeTh Oecuuc/ieHHOe MHOZKECTBO pelleHHH B UeJNBIX p U ¢
npu HekotopoM A. Teopema A. Tys Obuta B panbrediiem
gHaunTebHo ycusena. CiefyeT TOMBKO OTMETHTb, UTO METOJ,
JIOKa3aTeqbCTBA €0 TeOpeMbl NPHHIUIHAJBHO He 1aéT BO3-
MOXHOCTH HafiTH BepXHIOIO TpaHuiy JAJd BeJIWYHHB peule-
HuH, — IPYTUMHA CJIOBAMH, TpaHHLy BO3MOMKHBIX BeJIHUKH
lx| u Iy] no ero Koapbunuentam a,, @, ..., G, 4 €. ITOT

ot
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BOTIpOC W cerofus ocraércs OTKpeiThiM. He naBast BO3MOXK-
HOCTH HalTH TpaHHIy BeJHYHHBl pelleHHH, Meton A. Tys
JIaéT 3aTO BO3MOXKHOCTH HANTH TPaHUIY JJIS UHCJA PelleHH
ypasuenus (83), mpasja, J0cTaTtouHO rpydyio. Hast otaens-
HBIX KJA4CcOB ypaBuenu#i Ttuma (83) 3Ta rpanHLa Moxer
OLITh 3HAYWTEJbHO yTouHeHa. Hanpumep, coBeTCKMEl MaTe-
matuk B. H. [Jenone *) nokasas, 4To ypaBHenne
ax®+yi=1

IpH @ LeJOM MOKeT UMeTh, KpOMe TPUBHAABHOTO x=0, y—=1,
He GoJiee OZHOTO pelleHusl B LeJbIX dYHCIaX X U y. Kpome
TOro, OH IIOKasald, 4To ypaBHeHHe

ax® -+~ bx%y + cxy? +dyP=1
MOXeT HMeTb He GoJjee NATH pelieHdil B LEJbIX X M y npy
ueaslx a, b, c u d.

Ilycts P {x, y) 6yaeT NPOH3BOJIbHLIN MHOTOYJIEH C HeabIMA
K03(ppULHEKTaMH OTHOCHTC]BHO X H Y, —— APYTHMH CJOBAMH,
P (xv y):ZAksxkys,
rpe A, —uensle unciaa. Mbl 6ygeM TroOBOpHTB, YTO 3TOT
MHOSOHNEH HENPpUBOOUM, €C/IM ero HeJib3sl NPEeJCTABUThL B BHJE
Npou3BejeHUus JBYX JADYIUX MHOTOUJICHOB C HeJBbIMH KO3(]-
dunneHTaMu, Kaxabll H3 KOTOPBLIX HE eCTh IPOCTO YHEJO.

Oco6piM ¥ BecbMa CJIOXKHEIM MetogoM K. 3urenn jgoxasad,
UyTO ypaBHEHHE
P(x, y)=0,
rae P (¥, Y) — HeNpUBOAMMBIA MHOIOUJEH BbIINIE YeM BTOPOH
CTEleHH OTHOCHUTENBHO X M Y (APYTHMH CJOBAMH, €CJH B Hero
BXOJMT uieH Buaa A, xFys, rpe k+4s>2), MOXKeT HMeTb
0ecKOHEUHOE MHOXKECTBO pelleHHH B LEJBIX X H Y TOJBKO

TOTJd, KOT{d CYIIECTBYIOT YHCIA &), Qp g5 « 2« s gy Agy + v ., Ay
u b, byq .., by, b4, ..., b_, Takue, 4TO TIPH [OJCTAHOBKE
BMECTO X M Y B Hainle ypaBHEHHe
— a_ a._
K="+ a, 1" 4 ... +ao+71+ ce +?1”,
) o b_ b_
Yy=0b,tr - b, 14 ... +b0+7’—|— T,{‘

MBI HO.HleI/lM TOXKJIeCTBO
P(x, y)=0

OTHOCHTEJNBHO f. 3jech n-— HEKOTOpOE Iejoe YHCIO,

*) Jlureparypy mno stoMy Bompocy cM. B ctatbe A. O. Teantonna
«Teophs umucen» B cOopuuke «Marematnka 8 CCCP sa TpujuaTb Je€T»,
I'TTH, 1948.
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§ 7. AJITEBPAMYECKME YPABHEHHWSI CTENEHH
BbILIE BTOPOH C TPEMS HEW3BECTHbIMH
U HEKOTOPBIE NMOKA3SATEJIbHbIE YPABHEHUSI

Ecqu pasi ypaBHeHHH ¢ JIBYMSl HEH3BECTHBIMH Mbl MOXKEM
JaThb OTBEeT HA BONPOC O CYMECTBOBAHHH KOHEYHOTO HJIH
GeCKOHEUHOro 4HC/JA pellieHuH B LeJBIX YHCA4X, TO IS
ypaBHeHHi ¢ Gosee ueM JBYMSl HeH3BeCTHHIMH CTENEHH Bhllle
BTOpOIi JaTh OTBET HAa 5TOT BONPOC Mbl MOXKEM TOJIBKO AJIst
BecbMa YacTHBIX KaaccoB ypasHeHuii. Tem menee B atoM
nocJeqHeM cayuae MOjAaéTcs paspelieHHio U Gojee TPYAHbIH
BONpOc OO OnpejeneHud Bcex pellleHMH ypDaBHEHHS B Le/biX
yHcaax. B KauecTBe [puMepa OCTAHOBMMCHA Ha TaK Ha3bl-
BaeMoll BenHMKO# teopeme Pepma.

3ameuatenbHblfl (paHuysckui Mmatematux Ileep Pepma
BRICKA3aJ YTBeDXKJeHHe, 4YTO ypaBHEHHE

X4 yr=2" (92)

OpH UeJOM 72> 3 HE HMEeT [elIeHHH B LeablX IMOJOXKH-
TEJbHBIX uHcaax X, Y, z (cayuadl xyz=0 HcKoyaeTcs
NOJIOKUTENABHOCTBIO X, Y, 2). Hecmorps ua to, yto I1. depMa
YTBEPXKJad, 4TO OH MMEeT JIOKA3aTeabhCTBO (moBHAHMOMY,
METOJOM. ClycKa, O KOTOpoM peub OyJer HHXKE) 3TOTO
YTBepK/JACHUSA, €r0 JOKAa3aTebCTBO BIOCIE/JCTBHH HE OblJIO
Hajijeno. Dosee Toro, Korjga mMareMatuk KymMep moneitadcst
ero HalTH W jga)ke JAyMaj OjfHO BpEeMs, YTO OH ero HaIues,
OH OBHApYXKHJ, 4YTO OfHO IOJIOXKEHHEe, BepHOE B 00JACTH
OOLIYHBIX LesbIX YHCEJ, OKasbiBaeTcsl HeBepHBIM Jis Gosee
CJIOKHBIX YHCJIOBBIX 00pa3oBaHUH, ¢ KOTOPHIMH €CTECTBEHHO
OpUXOJUTCA CTAJAKHBATbCcAd IIPH  HCCAEJOBAHMH HPOOJeMbl
Q®epma. 10 0OCTOATENBLCTBO 3aKJIOUYACTCH B TOM, UTO TaK
HasbIBaeMble yeavle aizedpauteckue 4ucAd, — APYTUMH CJIO-
BaMH, KOpHH anreGpaHuyecKMX YpaBHEHHH ¢ IleJbIMM palHo-
HaJbHBIMH KO3(dulnenTaMy 1 ¢ koahdunnenToM pH crapueit
CTeNeHH, paBHBIM |, —MOTYT He €JUHCTBEHHBIM CIOCOGOM
ObITh pAa3/OXKeHEl Ha NPOCTHIE, HepasJgoXKHMble B CBOIO
ouepejb, LeJble COMHOXHTEJNH TOH xKe anredpanuecKoH
npuposibl. OGbluHbIe Ke IleJble YHCja pasjiaraiTcs Ha Hpo-
CThIE MHOXKHTEJIH eJHHCTBEHHbIM o6pasom. Hanpumep, 6=2-3
M HUKaKHX JIPYIHX pasjoXKeHuil He jomyckaer BHYTDH COBO-
KyNHOCTH OOBIYHBIX LeJBbIX uKces. PaccMOTpHM COBOKYIHOCTD
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BcexX leJbiX ainreGpanuecKux uucesa BHjaa m-+n } —5, rae
m ¥ n—OObYHEe Lenble uucaa, Jlerko Byjgerb, 4TO CyMMa
W TpOH3BejIeHHE JBYX TAKHX UHCeJ ONATh OYAYyT YHCJIOM Toi
)Ke copokymHoctd. COBOKYNHOCTB uucen, objajaromasi TeM
CBOHCTBOM,YTO OHA COJEPIKHT JOOble CYMMBl U [1POH3BE/ICHUS
ypces, B Heé BXOJSIHUX, HAa3blBaeTcd KoabloM. Ilo onpegee-
HHIO, B HAllleM KOJblle cojepKarcsd uucna 2, 3, 1+]/— 5,
1—-y —5. Kaxjpoe ©3 3THX uHcea B 3TOM KoOJble, Kak
JIErKO MOXHO YCTaHOBHTb, OyjAeT NpPOCTEIM, T. €. He Oyjer
MPeACTaBAATbCA B BHAE INPOH3BEJEHHS [BYX He paBHBIX
eJMHHIle leJbIX YHCeJ Hauero koJbia, Ho

6=2.3=(14+V =5)(1 -1V =5);

JApYrUMH CJOBaMH, 4HCJI0 6 He eJUHCTBEHHBIM O6GpasoM pas-
JaraeTcsl Ha IIpOCTHIE COMHOXKHTENH B HameM Koable. To ke
0GCTOATEABCTBO, HECAUHCTBEHHOCTh Pa3JoXEeHHsS Ha IIPOCThie
COMHOXKUTEJNH, MOXeT UMeTb MecTo M B JApyrux, Gosee
CJIOKHBIX, KOJbLAX aarefpamuecku Uensix yucen. O6xapy-
XKHB 3TO obcroATenbeTBO, KymMmmep yGepuscs, dYTO €ro
JloKasare/beTBO ofllefl BenHKOH TeopemMbl epMa HeBEpHO.
I1s1 Tipeojosniendst TPYAHOCTEH, CBSI3AHHBIX C HEeJHHCTBEH-
HOCTBIO Da3joXKeHUs] HA MHOXkHTenH, KymmepoMm 6biia mo-
CTpOEHA TEOpHS HjeasnoB, KOTopas HIpaeT B HacTodllee
BpeMsl HCKJIOUHTEJNBHO GOJbINyIo podb B anreGpe H TEOpPHH
ypcea. Ho paxke ¢ moMomeio 5T0# HOBOH TEOPHH NOJHOCTBIO
JI0Ka3aTh BeaHkylo TteopeMy Pepma KyMmmep He cmor n
J0Ka3ajg e€ TOJNbKO A1 #, jeasauiuxcs xors Obl HA OJHO
H3 TaK Has3blBaeMBIX peryJasapHBEIX OpocTHIX uHcea. FHe
OCTAHABJMBAACL Ha pacmubpoOBKe INOHATHA peryJspHOro
NpOCTOrO  4HMCJa, MBI MOXKEM yKasaTb TOJbKO, 4YTO [0
HACTOAIIETO BpPeMEHH He H3BEeCTHO, CYIIECTBYET JH TONBKO
KOHEYHOE YHCIO TaKHX IIPOCTbIX YHCea WJH HX OeCKoHed-
HOe MHOXKEeCTBO.

B macrodmee BpeMsi Besqukag Teopema Pepma jokasaHa
I MHOTHX £, B YaCTHOCTH /A J1060T0 p, geJsiierocs Ha
npocroe uncao, MeHbiiee 100. Besmkasi teopema @$epma
cpirpaja G0JbLIYIO POJNb B PA3BHTHH MaTeMaTHKH Gjarojaps
CBA3aHHOMY C TIIONBITKaMH €& [0KasarTejbCTBa OTKPLITHIO
TeopHH MjeanoB. Ho npm 3toM caegyer OTMETHTh, YTO CO-
BCEM APYruM NyTEM H 110 APYrOMy NOBORY 3Ta TeopHs Obuia
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NOCTpOeHA 3aMeuaTe/bHBIM pycckuM MaTemarukom E. M. 3o-
NnoTapéBbiM, YMEDIIMM B pacHoBeTe CBOEH HAayuyHOH jedrelb-
HocTH. B nacrogiiee BpeMsl j0KAa3aTeNbeTBO BEJUKOH Teo-
pembl ®epma, OCOGEHHO JOKA3aTEJbCTBO, NOCTPOEHHOE HA
cooOpaKeHnsx TEOPHH JIeTHMOCTH 4UHCeJ, MOXeT HMerb
TOJBKO CHOpPTUBHBIA HHTepec. KoHeYHO, ecaH 3TO JOKasa-
TeNbCTBO GYjeT NMOJYYeHO HOBBEIM H NJIOAOTBOPHBIM METOJOM,
TO 3HaueHHe €ro, CBA3aHHOE CO 3HAUEHHEM CaMoro MeToa,
MOXKET Obith U OueHb GoxbuiuM. Clefyer OTMETUTH, YTO
TNONBLITKHA, Aefaroidecs JIOOHTENsIMA MaTeMAaTHKH #d B Haule
BpeMs, jokas3aTb TeopeMy (Pepma coBceM 3/eMeHTapHBIMH
cpejcTBaMu OOpeueHbl Ha Heyjauy. JeMeHTapHele coodpa-
JKeHHs, ONUPAOLIMECs HA TEOPHI0 ACJHMMOCTH YHCes, ObLIH
ucnonb3oBannl emé Kywmepom u jganbnefimlas nx paspa-
00TKa caMbIMH BBIJAIOIUMHUCH MaTeMaTHKaMHU TOKA HHUYEro
CYIIECTBEHHOTO HEe Jaja.

Mer npuBenéM 3jeck noKasatesbCTBO TeopeMs! Pepma
AAst cayyast n=4, Tak Kak memod cnycka, Ha KOTOPOM
3TO J0Ka3aTeAbCTBO MOCTPOGHO," OUEHb HHTEPECEH.

Teopema IV. Vpasuenue Pepna
Bty =2 (©3)

HE umeem pewleHuldl 8 yeavix wucaax x, Yy 4 2, xyz =0,
JoxasareabcTBO. Mol gokaxkeM jaxe 0oJee CHIb-
HYI0 T€OpeMy, HMEHHO, YTO ypaBHeHHE

¥4yt =22 (94)

He HKMeer pCIIeHHH B MeJblX uwucaIax X, y, 2, xyz = 0.
W3 310l Teopembl yxKe caejyeT HeIOCPEJCTBEHHO OTCYTCTBHE
pewedud y ypasdenuss (93). Ecau ypasHerne (94) umeer
pewieHre B leJbiX, OTJIMYHBIX OT HYJS dYHCHAX X, Y, 2, TO
MOXHO INpeanoJararb, uTO 3TH YHUCJAA [ONAaPHO B3aHUMHO
npoctel. JledCTBUTeNBbHO, €CJH €CTh pellleHHe, B KOTOPOM
yypcsaa X ¥ y UMeloT ofwuii Hauboabminil gejurens d > 1, 1o

x=dxy, Y==dy,

rre (v, y;)=1. Pasgenus ofe uactu ypaBuenus (94) Ha
d*, mbel GyjeM HMeTh, 4TO

x1+yi :@ F= 4 (95)
23



4
Ho X; B Yy, —LHeqaple 4ucja, 3HayHT, ZIZEE—TO)KG nenoe

yacao, Ecau 6bi y 2, u y, Oblr oOmuilt pgeqntens & > 1,
TO %] B CHay (95) momxkmHO Oblmo OBl HeMUTHCA Ha R, a
3HAUKT, X; ¥ k He Moriu Obl OHITh B3aHMHO IpocThl. MrTak,
MBl JIOKA3aJH, YTO €CJNH CYUWECTBYeT peIleHHe ypaBHEeHHS
(94) B mesblx, OTAWYHRIX OT HYJS 4YHCAaX, TO CYHIeCTBYeT
TaKXKe peleHHe B LEJIBX, OTIHYHBIX OT Hy/JS H B3aWMHO
NPOCTBHIX uicjax. [To3TOMy HaM JOCTaTOYHO JOKasarb, 4TO
ypaBHenue (94) He uMeeT pereHuHd B IleJBIX, OTJHYHBIX OT
HyJd H NONApHO B3aHMHO TIPOCTHIX uucaax., B janbHediueM
X0 /I0Ka3aTeJbCTBa Mbl, TOBOPS, 4TO ypaBHeuue (94) Hme-
eT pemenue, OyaeM Ipefnonaratb, 9TO OHO HMEeT pele-
HHE B IeJARIX, MNOJOXHTENbHBIX M IIONApHO B3aUMHO INIPO-
CTHIX YHCJAX.

B § 3 mbl gokasasiu, 4TO Bee perledust ypaBHenus (12)

x4 =22 (96)

B LEJNBIX TIOTOMKHUTENbHBIX, HONApHO B3aUMHO MPOCTHIX UHC-
Jgax onpegensiorcsa no Qopmyae (18) u umeor BHA

2 __ 2 2 2
XUy, y:u = 14 ’ z:u «;—u ) (97)

rjge ¥ U v— ABa Jo0plX HEYETHBIX, B3aUMHO NPOCTHIX IOJO-
KUTENBbHBIX YHCHAA.

[pusanam HeckoaAbKO apyrofl BuA ¢opmynam (97), ompe-
JendiouM Bce pemleHHsi ypasHenus (96). Tak kak u u v—
HEUETHBIE YHCJA, TO, NOJOXKHUB

“re g, Bty (98)

MBI ONpEJCIHAM YHCHA 4 H U PABEHCTBAMH
u=a+b, v=a-—>b, (99)

rTne ¢ u b-—uensle uncna pasHofi uéTHoctd. PaBeHcrBa
(98) u (99) moxasniBaloT, YTO MOGOH Hape HeYSTHBIX B3aUM-
HO HpPOCTBIX YHcea 4 M U COOTBETCTBYeT Ilapa B3aUMHO,
NpOCTHIX UdcesN a 4 b pasHoll uérHocTH M 4TO JI00OH Iiape
B3aUMHO TIPOCTBIX 4HCesJl @ W b pasyoil y€rHOCTH COOTBETCT-
ByeT Ilapa B3aHUMHO TIIPOCTBIX HEUETHBIX YHCEN U4 H U,
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IToatoMy, cnenas B Qopmyaax (97) sameHy & ¥ v HA G # b,
MBI [IOJIyYHM, YTO BCe TPOWKH IUeMbiX TOJOKUTEeIbHBIX H-
TMONApPHO 'B3aUMHO TPOCTHIX YHCEN X, Y, z (X¥— HEuSTHOE),
SIBJSIOMHECs pelenusive ypasHenusi (96), oupejensiiorcs no
Popmynam

X=—a?— b,  y—2ab, z=—a?+b? (100)

rie @ u b—JBa JIOOBIX B3aWMHO IPOCTHIX YHCJNA pPAa3HO#
udTHOCTH npu ycaosuy, uro x >0. Dty popmyan noxasbl-
BaKOT, 4TO X W y pasHoii uérpoctu. Ecam ypasmenue (94)
HMeeT pelleHye [Xg, Yo, Zpl, TO 3TO 3HAYMT, UTO

LA VA

JPYTEMH COBAMH, uTo Tpofika uuced (x3, yi, z,) sBasdercs
pewenneM ypaBueruss (96). Ho Torga joaHbl cymecTso-
BaTh jJBa 4YHCaA @ U b, @ >0, B3aUMHO [POCTBIX U pPAa3HOH
4E€THOCTH, TAKHX, UYTO

w=a?— b, y2=2ab, zy=—a®+b?. 101
0 0

Mbl jomyckaeM TpH 3TOM, A/ ONpelesiéHHOCTH, 4TO X,
HeuétHO, a y, 1éTHO. [IPOTHBOMNOIOKHOE [ONYyLIEHUEe HUYETro
He M3MeHuA0 Ohl, TAK Kak Oblio 6bl JOCTATOYHO X, 3aMe-
HHTH HA y, U HaoGopor. Ho Mel yxe 3HaeM (CM. DaBEHCTBO
(75)),. uto KBajpar Heu€THOro ducsaa jaérT B ocrarke | mpu
Jenedun Ha 4. [losTOMy W3 paBeHCTBa

2 =a? — b2 (102)

caejyeT, uto 4 HeuérHo, a b uérno. B nportuBHOM cayuae
Jepasl 4yacTb 3TOIO paBeHCTBA NpPH JejieHWH Ha 4 fgasaga Gsl
B ocTaTke 1, a mpaBas, Tak Kak Msl IPeANOJONKUIM @ U&T-.
BbiM, a b HeuérHpiM, —1. Tak Kak a HeuétHOo u (g, b)=1,
10 ¥ (@, 2b)=1. Ho Torpa u3s pa,encrra

yt==2ba

a=12, 2b=—s?, o (108)

re t # §— kakue-To Uenble uucna. Ho u3 cooTHoweHus
(102) cnenyet, uto [Xg, b, a] ecth peienne ypanrenus (96).
3uauuT,

CHIefyet, uro

Xo==m?—nd,  b=2mn, a=mt+an?
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Mie M U n— HEKOTOPBIE B3aMMHO MPOCTHIE YHCJIa pa3HOX
yéruoctd. M3 (103) nmeem:

m b rs\?
"=z '2—)’

OTKyjJa B CHJY B3auUMHOH NpOCTOTHl /M M 7 CJefyeT, uro
' m=p?, n=g, (104)

TJe p H ¢— OTJUUHBIE OT HyJs [esable uucita, Tak Kak
a=t* n a=m?+n? TO
7+ =22, (105)
Ho
zp=a?+ b* > at.
TToatomy

0<t=Va < ¥V2<z, (2>1) (106)

[Monoxus ¢g=x;, p==y, ¥ t=z,, MBI BHJUM, UTO €CJH
CYHIECTBYET pemmeHue [Xo, Yo, Zp], TO JOMKHO CYLIECTBOBATH
H Apyroe pemleHme [X;, yy, 21}, npuuém O0<z, <z, 3roT
npouecc nosnyuyeHus pelteHufl ypaBueHHs (94) MoOxKHO Tpo-
JIOJKHUTH HEOTPAHHYEHHO, ¥ Mbl MOJYYUM [IOCJAEA0BaTeNb-
HOCTL pellleHHH

[x()? yO’ 20]! [xlv yl’ 21]7 ey [x;‘zy y”, Zﬂ]’ “eoey

NpUuéM 1le/ble HOJIOMKHUTENbHBIE UHCHA 2¢, 21, 2oy « vy Zpy oo
OyLYT MOHOTOHHO yObiBaTh; APYTHMH CJOBaMH, GYAyT BEpHLI
LJsl HHX HepaBeHCTBA '

L S % > 2 >

Ho uenble nonoXKuTeJabHBIE YHCJIA He MOTYT 06Gpas3oBath
GeCKOHEUHYIO MOHOTOHHO YOBIBAIOULYIO I10CJI€J0BATEILHOCTD,
TaK KaK B TakoH IOC/JefOBATEJNLHOCTH HE MOXKeT OHTb
Gonbiue 2, YneHOB. Mul npuiuny, TakuM 00pasoOM, K MpOTH-
BOpeUHIO, NpPEAINONOKHUB, UTO ypabHeHHe (94) uMeer XOTH
Obl OJJHO pellleHHe B HeNBIX X, y, 2, xy2 == 0. DTUM J0Kaszas
1O, uTO ypapHenue (94) He uMeer pemtenuit, CjelOBATENIBHO,
a ypasHerue (93) He uMeeT peleHH{l B HeJBIX NOJOKHTENbs
HEIX 4Hcaax [x, y, 2}, Tak KaK B DPOTHBHOM CJayuae, ecjH
[, y, 2] — pewenne (93), 1O [, y, 28] — pewenne (94).
Memo0 Ookasamerscmea, Komopbii Mol NOAL30BAAUCH,
BaKAOHGBLULUILS 8 NOCMPOCHUL C NOMOWBbIO 00H020 PEUIERUA
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becyucaennol  nocaedosamesbHOCMU  pewertli ¢ Heoepauu-
YEHHO YObIBAIOUUMIL NOACHCUMCADHOIMIL 2, HOBbIBACMES Memo-
dom cnycxa. Kak Mbl yXe TOBOPUJHM BHIIE, OCYIIECTBHTb
5TOT MeTOA B ofiueM caydae Teopems! Pepma Memaer noka
HeeJIMHCTBEHHOCTb Da3jiokKeHHS UeJbX uHucen anreGpanue-
CKHX KOJIell Ha TpOCThbie COMHOXKUITENH W3 TOrO XKe Kojblia *).

3aMeTHM, UTO Mbl 1OKA3aJd OTCYTCTBHE LeJbIX peileHu#l He
TOJBKO y ypaBHeHus (94), HO M y ypaBHEHHs

x4n + y4n: Z?n.
JII0GONBITHO OTMETHTh, YTO ypaBHeHHe
X =2t

uMeetr OGecUHCNEHHOe MHOZXKECTBO peleHdd B LE/IbIX IOJO-
JKHTENBHBIX YHCHAX, HanpuMmep x==2, y=3, z==5. Hai-
TH BHJ BC€X pelleHHH 3TOT0 ypaBHEHHA B ILEJBIX IOJOXKH-
TEJBHBIX X, If, Z MBI [IPe/IOCTABJSIeM UATATENIO.

INpuBeaéM emé OJHH NPHMEDP HA METOJ CIYCKA, HECKOMBKQ
H3MEHHB XOJ pacCyKAeHHH.

Mpuwmep. Hokaxem, umo ypashenue
x4 2yt =22 ¢107)

He umeem peuleHull 8 yeavlx, OMAUMHBIX OM HYAS YUCAAX
%, Y, 2. Honycrum, uyro ypaBHesue (107) mumeer pewrennue B
LeJbIX TONOXKHTENLHBIX YHCAAX [X,, Yp, 2,]- IDTH YHCHa MBI
cpa3y MOXeM [peinoJjiaraTh B3aHMHO IIPOCTBIMH, TaK Kak
ecaud Obl OHM UMesnH OOMIMM HAWOOJBLIUUM jenuTenem d > 1,

*o Yo %o :
TO dHCJa 4 4 e Takxe Owblu OBl pelieHueM ypasb-

penus (107). Haunuwe ke obmero nenurenst y ABYX H3 HHX
Blekso Obl 3a co00H cyliecTBOBaHHe oOBIero JAeiuTenst y
Bcex Tpéx. KpoMme TOro, nNpeinosioxKHM, YTO 2, — HaWMeHb-
mmee M3 BCeX BO3MOXKHBIX 2 B pemeHusix (107) B nessix
NOJOXKHUTEJbHBIX uHcaax. Tak kak [X,, Yy, 2,] — peluenne

ypasuenust (107), 10 [xo, Yo, 2 | GyayT pelieHneM ypaBHe-

HuA
X2 4 2=zt (108)

*) 3a pRanbHeHIIMMH CBEJEHHSIMH OTHOCHTEJBLHO BENHKOH TeopeMul
®epma Mul oTchiaeM K KHure A. 51, Xunumsa «Beswkas Teopema Depmar.
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IMonb3ysich dopmynamu (19’) § 3, patolpMu BCe Iefibe 110-
JoXMHATeNbHbe pemlenuss (108), MBI BHAHM, YTO CYIIECTBYIOT
TaKHe lLieJble ONOXKHTeJbHBlE @ U b, (@, b)==1, a HeuéTHO,
KOTOpbIE Y/OBJETBOPSIOT PaBEHCTBAM ,
2 2
xo====(a®—2b%), yYo=2ab, z,=a?®+20% (109)
Us pamencTBa yy==2ab cjaeiyer, 410 b CaMo JOJIKHO
ObITh UETHO, TaK Kak y, uéTHO, Y AeduTcs Ha 4, a a He-

. b
uétHo. Tak Kak —— U g B3aUMHO OpoCThl, TO U3 paBEHCTBA

2
Yo 2,_ !7_
(%) =a3
HEeMoCpeJCTBeHHO cJefyeT, 4To
a=m?  —=n?,
rge m u #— uenble NOJOXKHUTeabHBle H {(m, 2n)=1. Ho u3
(109) caeayer
B b 2
xgzi(az—Qb?):i{a2—8<7)], (110)
The X, U @ HeuétHel. Mpl y:Ke BHAENH, YTO KBaJpaT HEUYET-

HOTO umcaa Tpu feneHuu na 4 paér B ocratke 1. ITostomy
agepasi wacte (110) npu penenunm Ha 4 gaér B ocratke 1,

b \2 "
a a2—8<~—2—> Toxke Jaér B octatke | npu jesneaum Ha 4.
3uaunt, B paBencrBe (110) ckofka B mHpaBofl wacTH MOXKET

BXOJHTb TOJIbKO ¢ MuocoM. Temeps paserctso (110) MoxHO
3anucath yxe B ¢opue
Xg=m* — 8n?
und B opme
X%+ 2 (222 = (m2)?, (111)

Fhe X;, N W m — Lejble MI0JO0XKHATeNbHble W B3aHMHO MPOCTHE
ypcta. 3HAYHT, YHCAA X4, 2n?, m? oOpasyioT pelleHHe ypaB-
nenus (108), mpuuém x, 2n* u m? B3auMuo npoctsl. ITostomy
onats B cuay ¢opmya (19°) § 3 mpaliayrcss Takde Hesble
uueaa p U g, p HeuétHo, (p, ¢)=1, urto

2m2=2pq, mP=p242¢%, x,= ==(p?—2¢%. (l12)
Ho rtak kKak (p, ¢)=1 u n?’=pq, 10
p=s, q=r?
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rpe s U r —lIeJibie BSaHMHO [pOCThHIE 4YHCJA. OTC!O,I[a OKOH~
4aTesbHO CJeAyeT COOTHOILICHHE

st 4-2rt =m2, . (113)

KOTOpOe TIOKa3blBaeT, 4TO YHCHA S, r, m 06pasyloT pelleHHe
ypaesenns (107). Ho us EpluenosydeHHbBIX paBencTs

o =a*+2b%, a=m?,

caenyeT, uto z, >m. M1ak, uMes pemerue [X,, 4, 2,], MBI
gBamay japyroe peutenue [s, r, m], npauéMm O0<m<Cz, 310
yKe MPOTHBOPEUMT IMIPEANOJIONKEHHID, KOTOpOe Ml cjefaly,
yTO pelueHHe [x,, ¥,, Z,] UMeeT z, HAUMEHBIUAM H3 BO3MOXK-
HbIX. 1aKUM oOpa3oM, Mbl NPHILIA K HPOTHBOPEUHIO, JONY-
CTHB CyllecTBoBaHMe pemlennss y ypasuenusi (107), u jnoka-
3314, YTO 3TO ypaBHEHHe HepaspellNMO B IeJblX, OTJHYHBIX
OT HyJs YHCJaX.

Ml npefocTaBiasieM Tenepn uMTaTelsAM J0Ka3aTh, 4TO
ypaBHCHHUS

XAyt =22, - yr=22
Xt — =222, Xt — 4yt =22
Hepa3peruMbl B HEJbIX NOJOXKHTENbHBIX YHCIaX.

B saxjouenne cjiesaeM HeCKOJBKO 3aMEUaHMl O NOKa3a-
TeJbHBIX yPaBHEHUSIX. ¥ pasuerue

a* 4 by =rc?, (114)

e2de a, b u c—uyeavie, He pasubie cmeneru Osoliku U HYyMO,
Mogcem umeme He 004ee HEM KOHEUHOE HUCAO peuleHuli 8
YeaslX wucAax X, Y, Z. DTO xe yTBepKJeHHe ¢ HeGONbIIUM
JONOJIHHTENbHLIM yCJIOBAEM OCTaércs B CHJle, KOrAa a, b
4 ¢ 6yyT NPOHU3BOJBHBIMU anreOpanyeCKHMHU ducJaaMi. Bojiee
TOr'0, YypaBHeHHe

Aaf ..+ B LB Gy L =0, (115)

rae A, B, C, ABC 0, —muenne, a;, ..., dp B ooy Bpy
Tis -+ -5 Jn— Leable 4 uucsaa a, B, 7,

a=ay ... 0y, B=By ... 80 T=T1-4-Tp

B3aUMHO TIPOCTHE, MOXET HMETh TOJBKO KOHEUHOE HYHCJIO
pelleHyHl B UBIX UHCHAX X1y « oy Xpy Y1 oo os Ups 219 - v 1 2
~-3Te yTBepxKjeHne Takxke o6oOmaerca na caydail A, B C
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¥ a;, B, 7, anrebpanueckux *). Ypaswenus tuna (115) u ux
0000IIeHNs] npejCTaBAsioOT OGOJBIIOH HHTEpec, TaK KakK B
TEOPUH aiTe0pauvdecKMUX Yuces J0Ka3blBaeTCsH, UTO KajoMy
ajre6panyeckoMy ypaBHenuio tuma (81) cooTBeTCTBYeT HeKO-
TOpoe INOKa3zaTenbHOe ypaBuenue THMma (115), mpuuém Kax-
nomy petiuenuio  ypaeHenuss (81) cooTBeTcTBYeT peliieHue
ypaBHenusi (115) B nennix umcnax. Takoe cootBeTcTBHE pac-
npocTpansieTcss W Ha ypaBHeHHs Oosiee oOwero tuma, deM

81) u (115).

*) Cm. oGsopuyio cratbio A. O. [esbgonpa, LUHTHPOBaBIIYIOCA Ha
crp. 48.
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