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B neGoabmoit Monorpaduu A#Hzenmuua AaeTcd cxa-
TOe, HO (h)M3MUYECKH SICHOE U3JOKEHHE BOMPOCOB CTATHCTH-
geckoit TeopHHM HeoO6paTMMBIX MPOLECCOB C TOUKH SPEHHSA
KaK KJacCHUUecKO#, TaKk W KBAHTOBOK craTHCTHK. KHwmra
NpeJIoJaraeT y YHTaTeNs 3HAKOMCTBO C OCHOBAMH CTaTH-
CTHUECKOH MEXaHHKH, KBAHTOBOH TEODHH M 9JIEMEHTaMH
TEH30pDHOrO H MAaTpHYHOro HcuucJeHus. OHa paccyuTana
Ha HayYHBIX paGOTHHKOB — (QU3UKOB M XUMHUKOB, d TaKKe
Ha INpenofasarejel, acUHPaHTOB H CTYLEHTOB CTApPINHMX
KypcoB (H3HUECKHX, PUBHKO-TEXHHUECKUX U (PU3HKO-XHMHU-
YEeCKHX ClenuaipHocTeil,

Pedaxyus aumepamypst N0 6ONPOCAM MEXHUKU



lipeducaosue
peoaxmopa pycckozo nepesoda

Ofmas Teopus HeOOGPAaTHMEIX NPOUECCOB (BKIOUAIONIAS H TEO-
pHI0 HeOGPaTHMEIX MPOLECCOB NMEPEHOCA H3/y4YeHUs) NPeACTaBAseT
co60ii upe3BblYaliHO OOIIMPHYI0 HayKy, MMEIOILYI0 MHOIOYHCJ/IEH-
Hble M BeCcbMa pa3HooOpasHble NpHMeHEHHs B PAa3JMYHBIX 00/a~
cTax ¢usuxku M Texuuku. OHa nozpasiendercd Ha (peHOMEHOJO-
THYECKYI0 H CTATUCTHYECKYI0 TEOPHIO.

B ochoBe ¢eHoMeHO/IOrHUECKOR TeOpUM HEOOPATHMBIX NPO-
ueccos !), omupamolefics HENOCPEACTBEHHO HA 3aKOHH COXpaHe-
HHsSl SHEPTHH, MACCH M KOJMYeCTBA JBHXKEHMA M HAa BTOPOE Ha-
4an0 TEPMOAMHAMHKM, JIeXaT MeTONb, He Tpebyiolue SBHOrO
yuyeTa MOJEKYJNSPHOH CTPYKTYPH BellecTBa, paccMaTpHUBaeMOro
Kak koHtuHyym. CraTucTudeckas Teopusi HeOOpATMMHIX Hpouec-
COB, TECHO CBfI3aHHas CO CTAaTHUCTHYECKOH TepMoluHAMHKOMN
M MCNOJBb3YIONIAs NPEICTaBJEHUS ¥ 3aKOHB MOJIEKYJApHOH MuHa-
MHUKH, OMUPAaeTCs Ha METOLB TEOPHH BEPOATHOCTEH M CAyuaHHHIX
npoleccos, ob6pasyloiiefi TakKe ¥ OCHOBY TeOPDHH HeOOGDAaTHMEIX
TIPOLLECCOB NMEPEHOCa M3JMYYeHHS.

HeGosbmas no o6bemy MoHorpadus Atfisenminua, nepeBon
KOTOpOff mpensaraeTcs BHMMAHHMIO COBETCKOTO 4UTaTead, NMOCBH-
LleHa BONPOCAM CTATHCTHYECKOH TEODHH MAKPOCKONHUECKHX He-
00paTUMBIX NPOLECCOB W CTATHCTHYECKOH KHHETHKH.

B knure naercs cxaroe, NOYTH KOHCIEKTHBHOE, HO (PU3HYECKH
SICHOE M3JIOXEHHE PA3/HYHBIX BONPOCOB YKa3aHHOH TeOpHHU C TOUKH
3peHust Kax KJjaccuuecko#t, Tak W KBaHTOBOH cratuctuk. Hsmo-
KeHHe COOCTBEHHO TeOpHH HeOOpAaTUMBIX MPOLECCOB HAYUHARTCSH
B ra. Ill. B mepBHX ABYX rjiaBax KHHIM IaHO KPAaTKOE U3JONKe-
HHE OCHOB K/AaCCHYECKON MeXaHHKM CHCTeM YacTHll ¥ KJaccHye-
CKOR CTAaTHUCTHYECKOH TeopuM paBHOBECHHIX COCTOsHuft (cTaTu-

!) 31y TeopHI0 YACTO HENMPABHJLHO H HETOYHO HA3HBAOT TEPMO-
JHHAMHKOH HeOOpaTHMBIX NPONECCOB (CM., HanmpuMep, YIOMAHYTLIE
B COHCKax aureparypw kuurk Jlenbura, me-I'poota u Ilpuroxuna).
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cruxu 'n66ca). B raase Il npuBoaAMTCA BHIBOL KHHETHYECKOTO
ypaBHeHUs IJsl HIeaJbHOTO rasa M TaK HA3LIBAEMOTO YpaBHEHHH
doxkepa — Ilnanka.

IMpuBons ypasHenue Poxkepa — [l1anka, aBTOp, K COXaJje«
HHIO, He Je/laeT HMKAKHX CCHUJIOK Ha (yHIaMeHTaJabHblie ypaBHe-
Hus A. H. KoaMoroposa, nexauue B OCHOBE CO3LaHHOH MM
TeOpHUH CIyualiHBIX, ,MapkoBCckux“, mpoueccosl). Kak ussecTHo,
ypasuenus A. H. Kosamoroposa sB/si0TC sHauuTedbHO OGoJee
cTporuMu u oOmumu, yem ypaBheHue Poxxepa — Ilnanka.

3aMeTuM B STOH cBsA3H, yTO ypasHenus Kosmoroposa sBHIMCH
OCHOBOH He TOJIbKO IJs1 OPPOMHOTO YMCJA TeOpPeTHKO-BEepPOSTHO-
CTHEIX paGOT MaTeMaTHUECKOTO XapaKTepa, OTHOCAILINXCS K Pa3Iuy-
HBIM HAaNpaB/eHUSAM TEOPHH CayyaHHLIX NpPOLECCOB, HO BMECTe
C TeM MNOCAYXKHJIM ¥ 6asucOM [J MHOIOUYHC/IEHHHIX (H3HYECKHX
uccaenobannit 2). Crenyer BooGIle OTMETHTb HELOCTATOUHYIO
TEOPETUKO-BEPOSITHOCTHYIO CTPOTOCTh PAa3/MYHBEIX MHTepHpeTalu#
aBTOpA.

B raasax IV u V usnaraiorcs BONPOCH, CBA3aHHHIE C METO-
IMKOM pacueta Ko3(QUIKEHTOB NepeHoca (TelIONPOBOJIHOCTD H
BSIBKOCTb) AJIs1 T430B M KHIKOCTeH. ABTOp CHPABEIJIMBO yKa3bl-
BaeT 3eChb HA B M3BECTHOM CMbIC/IE CAydalHbIl XapaKTep yCleXoB
npub/HKeHHO! TeopuH, OCHOBAHHOM HA NOHATHH CpelHeR IJIUHEL
ceofoaHoro npoGera B rasax.

B nocienyomux TrJaBax pacCMaTpHBAIOTCS BOMPOCH CTAaTH-
CTHYeCKOH KBAaHTOBOH MeXaHHKH, CBSI3aHHBIE C KBAHTOBLIMU CTa-
TucTuKaMu bBose — Dfinmtetina u Pepmu — Jlupaka, a Takxe
BOIPOCH], Kacawliuecs CTOXaCTHYECKUX NPOLECCOB B (¢usuxe.

Mocnenuas, ra. IX, cooepXUT M3JI0KEeHHE 3DJEMEHTAPHBIX
cBeleHu#t u3 Teopuu BeposTHOCTeH. HH NO YPOBHIO H3JOXKEHHS,
'HH TIO CONepXAaHMIO 3TH CBeJeHMS Helb3s pPacCMaTpuBaTh Kak
MCUEepNHIBAOLIHE U YAOBJIETBOpsIOmHNe TpeGOBAHUAM COBpPEeMEHHOH
TEOpUH BepOATHOCTeR. ,

B sakiioueHHe 3aMeTHM, YTO B KHHTeé MOUTH He paccmar-
PHMBAIOTCS  BONPOCH (peHOMEHOJMOTHYeCKolf TeopuM HeoOpaTH-
MHIX TIPOLECCOB U COBEPIUEHHO HE M3/AraloTcs BOMPOCH TEOPHH
HeOGpaTHUMBIX TNPOLECCOB mepeHoca uanydenusi. CylmecTBEHHBIM

) Cm. Koamoropos A, H., nonoxnurensHas autepatypa [213].
2) B yacTHOCTH, ypaBHeHHs KojMoroposa, OMUCHIBAIOMHE 3aKOHO-
MEpPHOCTH MapKOBCKHX IIpONECCOB, Oblu ucmoab30BaHb M. Pennemem
(cM. JOTMOAHMTENbHYIO JuTeparypy [153]) aus TeOpeTHKO-BEPOATHOCTe
HOro 0GOCHOBAaHHS KBAHTOBOH MEXaHHKH.
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HEJOCTATKOM KHUTYU SIBASETCH K MOYTH MOJNHOE OTCYTCTBHE B Heff
€CHLJIOK Ha TPYHABl COBETCKMX VueHbX. B wacTHocTH, B KHure
OTCYTCTBYIOT CCHUIKM HA dyHAameHTanbHEIe HecaenoBanud H. H. Bo-
romo0oBa, muocBsdlleHHBe paspaborke 3¢QEQEeKTUBHOrO MeTO4a
¢dbyukuuit pacnpefieieHus, CBI3aHHOTO C MOCTPOEHUEM H YTOUHE-
HHUEeM KuUHeTWyeCKuX ypaBHenu#l). B cBasm ¢ stuM mnepeson
KHHTH CHabxXeH NOMOJHHTeNbHOH Gubauorpaduefi oTeUeCTBEHHBIX
M HHOCTPaHHHIX PaboT, OTHOCAWMXCS KaK K 00JacTH CTaTHCTH-
yeckOt ¢u3ukm M TeopHu HeoOpPATHMBHIX MPOLECCOB, TaK M K
006JacTu TeopuM- BepOsITHOCTER M CAydalHBIX HPOLECCOB.

HecMoTpa Ha oOTMeveHHBIe HEJOCTATKH, KHHra AfiseHInua,
ABJIAIOILAACA OJHOH U3 NEPBHX IONMLITOK CHCTEMaTHYECKOTO IO-
CTPOEHHA OCHOB CTaTHCTHUYECKOH TeOPHH HEOOPATHMBIX NPOLEC-
COB M COAepHKalias pAA OPWTHHAJbHHBIX KOHUeNiuu#, samMedaHui
H pe3yJbTaToB aBTOpa, NpejicTaBisier GOMbMIOH uHTEpec A wiu-
pokoro kpyra ¢u3ukoB u GU3UKO-XHMHKOB, a TaKxe Clelnua/u-
CTOB HHXXEHePHO-(QU3NYECKOr0 M MaTeMaTHYeCKOro Hanpas/eHUR,
paboratomux B 00JACTH KaK CTAaTHCTHHECKOH, Tak u ¢deHoMeHO-
JOTHYeCKO! TeopHu - HeoOpATUMBIX NPOLECCOB U ee MHOroobpas-
HBIX npuioxeHnit. Kuura MoxerT OHITH MCHOJNBL3OBAHA K KAK IO-
cobue A9 aCMHPAHTOB H CTYAEHTOB CTAPINUX KYPCOB COOTBETCT-
BYIOLIMX CIIEHHATbHOCTEMH,

Penakrop Brpaxaer OGaaroaapHocts JI. Il. TI'unsbypry sa
y4yacTHe B fNepeBOie M pelakTHpoBaHUM kHurx u B. Il. Muaau-
TheBy 3a yyacTHe B COCTaBJeHun Gubauorpadun.

IO. Cypunos.

1) CM. jonmoanHTeNbHYIO JuTeparypy [4].






IIpeducacsune asmopa

B nacrosmie#t xHure naeTcs MUKPODHIUUECKAs MHTEPHpETaUus
MaKpPOCKONUYECKHX CBOHCTB BElECTBA, CBA3aHHAs, KaK HM3BECTHO,
CO cBOeOOpa3HBIM COYETAHHEM MOJEKYJNADHOR IMHAMUKM C MO-
HATHSMM TEOPDUM BEPOATHOCTEH.

Teopus, KacawoUasacs CBOHCTB BellleCTBA B COCTOSHUU TEPMO-
JYHZMHYECKOTO PABHOBECHS, NOJYYHJA CBOIO 33aKOHYEHHYIO hOpMY
eme B 1901 r. B paGorax k. Buanapaa I'm66ca. Hamuuue
HepelleHHBIX Tpo0JeM B TEOPUU PABHOBECHHIX COCTOAHUM He
CBSI3aHO C KaKUMH-AUO0 NPUHLUMIUAJIbHBIMM HeLOCTATKAMH CaMOH
TEOpHM, 4 BHI3BBAHO MaTeMATHYECKMMH TPYJAHOCTAMH €€ NpHMeHe-
HHL K KOHKDETHHIM CIyd4asaM.

Uro ke kacaercsi TeopuM TPUOIMKEHMS K TepMOIUYHAMMYeC-
KOMy paBHOBeCcHIO, TO OHA eule Jajeka oT 3aBepmenus. Heo6-
patHMas NpUpolda ITOrO NPHO/MKEeHHA KaxeTCs HeCOBMeCTUMON
¢ o0paTHMBIM XapakTepoOM MOJeKyaapHo# Nunamukd. Ilpu no-
IBITKaX paspellieHHs 3TOTO MapajoKca nepels TeOpHeR BOSHHUKIIH
TPYAHOCTH, KOTOpHE MNOJHOCTLIO €Hie He NMPEeONOJeHHI.

[lepBbie Teopuu HeOGPaTUMOCTH OBLIM HAanpaBieHH Ha 00X0A
9THX TpPYAHOCTeH, a He Ha MX paspelnenne. B sieMmenrtapHolt
KMHETHYECKOH TEOpHH T'a30B BCJEINCTBUE ABHO YNPOILEHHHX Ipei-
HOCBIIOK KO3G@QHUUUEHTH BA3KOCTH H TeIJIONPOBOAHOCTH Bhipa-
WAMUCh Yepe3 MOJEKYJspHble KOHCTAHTHlL U CpPEeNHION LJIUHY
cBoGonHOro mpofera, BBOAMMYI0O B KauecTBe JONOJHHUTENbHOIO
napamerpa. Tax KaK 3Ta TeopHA LOCTATOYHO XOPOIIO COraaco-
BAMACh C SKCIEPUMEHTOM, aHAJOTHYHBIE METOAH (C COOTBETCTBY 10~
UMY BUAOM3MEHEHUAMH) NPUMEHSAINCh ¥ K 5JEKTPOHAM B MeETaJl-
Jax, XUAKOCTAM M APYTUM cHcTeMaM. B 3Tux ciaydaax 0GBIUHO
JOC TUTAl0Ch JHIUbL OTPAHHYEHHOE COOTBETCTBHE C SKCIIEPUMEHTOM,
a npu Oojee TIATEJbHOM HCC/CLOBAHMH OOHAPYKUBANACH MPO-
TUBOPEUYNBOCTL TCOPHH.
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ITocTenmeHHO BBICHUMOCH, YTO TAKOW BMA NPUOHKEHHS elBa
a1 Mor jatb Oosblle, YeM yMe/oe NMpUMeHEHMe aHaju3a pas-
MepHOCTe#, H YTO yCHeX TeOpHH, OCHOBAHHOM HA NMOHATHH Cped-
Hell AjuHBI CBOGONHOTO npofera B rasax, OblJ B 3HAYUTEJNbHOH
CTeNeHHu CaydyaHHbIM.

PaunoHanbHast Teopus HeoGpPATHMOCTH LOJKHA HAYHHATHCS
TaM, T[Ae KOHYaeTCd TEOPHA PABHOBECHBHIX COCTOAHMH, T. e€.
OCHOBBLIBATLCS HA 3aMeHe M3BECTHHIX (YHKUUH pPaBHOBECHOTO pac-
npeznenenuss (Maxcpenna, Boasumana, 'u66ca) dpyHxumamu pac-
npeznesieHus, B KOTOPHX YUYNTHIBAIOTCA OTKAOHEHHA OT PABHOBEC-
HOro COCTOSIHUA.

B kuHeTHuecKo#t TEOpHH Ta30B 3TO YXe BHNOJHEHO IyTeM
NpUMeHeHUs KHHETHYECKOro ypasHenua Doubumana; OGuarozaps
pabore YHenmana u DHCKOra Mbl Tenepb MOJHOCTbIO PACHOJIArdeM -
BHIBOZOM (yHKUMI pacnpefenenus. AHaJOrHUHble TeOpUH AJd
TBePILOTO M KUAKOTO COCTOAHHH He JOCTHIJM ele TOR XKe Cre-
MeHW 3aBepIIeHHOCTH, YTO K JAA9 rasoB. OXHAKO pasBUTHE
B 9TOH 06aacTH umer oueHb OuicTpo. Ele 6oJee BaweH, mo-
Kaay#H, 10T PaKT, YTO MOCTENEHHO OBLIN BHIABJAEHH! OOLINE YePThl
BCeX 5TUX TeOpHUMH, TaK YTO YKE BHIDHCOBBLIBAIOTCA PaMKH €lMHOH
TEOpHH HeoOpaTHMOCTH.

JIlo cux mop Bce 3TH BOMPOCH OblaM 3HAKOMLI JHUIL CPaB-
HUTEJBbHO Y3KOMY KpYTY cleuuajucToB. B HacTosumiefl kHure Mbl
npeacrapafeM ux Golee IIMPOKOMY KPYTry uurtateneit, B ocobeH-
HOCTH ucclenoBaTensaM-Qu3uKaM, 3HAKOMBIM C OCHOBaMH aTOMHOH
¢u3NKH, KBAaHTOBOH TeOpHMHM M SJeMEHTAPHOM CTATHCTHYECKOH
MeXaHHKH.

CMuic Teopuli HeOOPATHMOCTH MOXHO TNOHATH TOJbKO Ha
¢oHe TeopuM paBHOBECHHIX cocTosHui. [TosTOMy BHauaze jpaercs
KpaTku#l 0030p HauGoiiee BaxKHHIX TEOPEM W BHIBOLOB 3TOH mMO- .
ciaepHelt Teopuu.

[Npu u3/I0KeHHH OCHOBHOTO Marepuana Teopus HeoOpaTUMBIX
IIPOLECCOB paccMaTpuBaeTcs B TOH Mepe, B KakOH OHa MOXeT
OLiTh BHIBEJEHAa W3 TPUHLHMNOB IUHAMHKM — KJACCHYECKOH uau
KBanTOBO#. OHAKO, BBHLY CKYIOCTH KBAaHTOBOMEXaHMYECKHX
pe3yJbTaToB, NPUXONUTCS OTAATh SBHOE NPEANOYTEHHE Kaaccuye-
cko#t Teopuu!).

1) 910 yTBEpXKIeHHe aBTOpA B CBETE PsAa HMOCAENHMX paGor mpex-
craBasercs ycrapeswuM. CM., HanpuMep, AONOJHUTENbHYHO JHTepa-
Typy [84, 85, 114—116]. — I1pun. nepes.
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Teopun, koTopble NpoyHo 6a3UPyIOTCS HA TMPUHUMNAX AMHA-
MHKH, JOJIE3HB [/ PACCMOTDEHMA JAXe ecJU OHH, KaK 3TO
HMEeT MeCTO Ha LaHHOM 3Tane, He NPHBOMAT K KOJUYECTBEHHOMY
onpeneeHuio Ko3(pPUIUEHTOB MEePEeHOCa; OHU NMO3BOJAIOT IIyOxe
BarJIfHYTH B CYWIECTBO paccMaTpUBaeMBLIX $IBJAEHUH, YeM 3TO
BO3MOXHO INpH OHEPUPOBAHMM IMINHPUYECKHMH POpPMYJIaMH UJIU
NpPOMBBOJbHBIMY MOJeadMU. TIpU paccMOTpeHHH ABJEHUH nmepeHoca
B rasax MaTeMaTHka MCIO/b30BaNach JIMILL B MUHUMANLHOM 00'beMe,
4T00bi CKOHLEHTPHPOBATH BHUMAHME uuTaTeNel Ha (PUBHUECKOR
CTOPOHE BONpOCa.

Maxkpockonuueckue TeopuH HeOOpPaTHUMOCTH, HECMOTPS Ha UX
BAXHOCTb, PACCMOTPEHB! JUIUb OYeHb KPATKO, NOCKOJIbKY OHH
JMIIb- OTHAJEHHO CBfI3aHBH € MOJeKyasapHO# TeopHe#l. B xonue
KHUIH TIpUBENEHH CBEJSHMS M3 TEOPUM BepoATHOCTeH, HeoOXoau-
Mbie 18 GOpMYyJTHPOBKH LOKA3ATEbCTB B CTATUCTHUECKOH dusuke.
Ipunoxennas B KOHUe OuGAMOrpadus HO3BOJAT UWTATENIO pac-
LIMPHTL CBOM ITO3HAHUSA 34 MpPeleqbl CXKATOTO U3JO0KEHHS LAHHOH
KHHUTH.
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Kaaccuueckan mexarnuxa wacmuy

1.1, CocTaBHble 3JIeMeHTH BelecTBa

B kauecTBe MHKpO(bI/IBH‘{eCKVIX COCTABHBIX 3JEMCHTOB Belle-
ctBa OOBIYHO paccMaTpuBaOTCA CJIOAKHBIE YaCTHLDBI — ATOMBI,
WOHBI, MOJIEKYJLHI, aJIeKTPOHb! U JApYTHC BJIEMEHTAPHBIC YaCTUUBI
NMPUXOAUTCA NMPUHUMATE BO BHUMaHHE TOJbLKO B HCKJIIOUUTEAbHBIX
cjayuyadax, TaK KdK B na6opa1‘opﬂmx ycaosuax CJAOXKHBIE 4aCTULBI
o0blyHO He pacrnafalTcd. B oTHenbHBIX ciyuasx Aame OwlBaeT
n0JIe3H0 BOOOWIe NpeHeGperaTb aTOMHHIM CTPOEHHEM BeleCTBd.

OcHOBHOE BHHMAHHME B KHHIE COCPENOTOYCHO HA TBEPIHIX,
KUAKMX M Ta3000pasHbiX TejaX, COCTOSLIMX U3 aTOMOB THMA
4ATOMOB MHEPTHHX Tra3oB. Teopus ITHX CHCTEM OTHOCHTEJBHO
npocTa M OCTaeTcs JO HEKOTOPOH CTelleHH CHpaBelanBOH H
B CJAyyae NpHMeHeHHs ee K OoJiee CJOXHBIM BeLIECTBAM.

Hapsany ¢ smaccod nanbonee BaXXHOR XapaKTepHCTHKOH aTo-
MOB MHEPTHHIX Ta30B SABJAIOTCE HX CuAb 83aumodelicmsus.
OTH CHIB MOXHO BHIBECTH W3 nomenyuaasa (TOUHee TOBOPH,
NOMEHYUAAbHOY SHepzul) Y, KOTOPHH 3aBUCHT TOJLKO OT pac-
CTOSIHMSL MeXAy 4YacTuuaMu AaHHo# mapel. Ha ucuesaiomie Maablx
pacCTOdHUAX INOTEHUHAJ ¥ ABJAACTCH [OJOXUTENbHOH GeCKOHEeYHO
60JblIOH BeAMUHHO#l NepBOrO NOPAAKA, eCAH He YUYUTHIBATb
AAECPHBIX CHJL. BoJbiine MOJ0OKHUTENAbHBIE 3HAYEHMs MOTEHIMAJIa
HA MaJjabXx paCCTOHHHﬂX CBUIETEALCTBYIOT O 3HAUYUTEJbHBIX CU-

nax orraiakuBavud. Ha paccrosnusx nopsixa 10™% ¢ noren-
LMaJd CTAHOBUTCA OTPHLATEJbHHIM H MPOXOAUT Yepe3 MUHHMYM,
KOTOPHIHL COOTBETCTBYeT ,HHaMeTPy aroMa“ B 9JeMeHTapHoH
KHHeTHUeCKOM Teopunm rasoB. llpu majbHelimieM yBeJqMYeHHH
paccTOsiHMA  NMOTEHLUMAJ OCTAETCA OTPHUATENbHBIM, 4YTO COOT=-
BeTc7'rBye'r CHe HPHTMKEHHA, H TPAKTHYECKH KCYe3aeT IIpH
1077 ca.
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BsauMozeficTBue MeXLy IBYMS JNAHHHIMM YacTHLAMH TOJa-
raeTcs He 3aBUCAIIMM OT HajaWuMsd APYrHxX uactuiu. ITosroMy mo.-
Hasg TOTEHUMA/bHAS DHEPrHsS B3aMMOAEHCTBHA B HeKOTODOH
cucTeMe yactuy, GyleT paBHAa CyMMe HOTEHUMAJAbHHIX SHepPrufl
BCcex nap:

= 2 Z Xige (1.1)
>J] 7
Ile WHIEKCH [ H j OTHOCATCA K OTACAbHBIM HacTHUAM.

1.2, ®a3zoBoe NpoCcTPaHCTBO

Ecnu cucTeMa wacTHIl BaKJIOUeHa B COCYJA C HENPOHHUACMBIMA
CTeHKaMH, TO BJHAHME TOC/AEAHMX Ha CHCTEMy YYHTHIBaeTCH
BBEJeHNEM NOMOJHATENLHOTO NMOTeHNMaAa £, KOTopH#t ucyesalome
MaJi, oKa XoTs OH OJHA M3 YaCTHI He OKaxerca B Gmmxafie
COCEICTBE CO CTEHKOH; B TNOCJAeNHEM Clyyae OH JOCTHraeT Ha
MajBX PACCTOSHUAX 4pe3BHYafiHO OGO/LIIHX 3HAYEHHH.

dynxuus TaMUIbTOHAa IJs CHCTeMbl WYACTUIL NPEJCTABJAET
SHepeuro CHCTEMB, BHIDQXEHHYIO 4Yepe3 KOOPIHMHATH T; H UM-
nyJaeCH p;,

He=a Y 0+ 042, 1.2)

rae m-—macca yactuusl. CoBMecTHOE ABHXKEHHE YACTHL, ONpele-
nFETCA YPasHeRUAME 08udcerus )
dr oH dp oH
2, Dl (1.3)
dt op; dt or;j
roe ¢ — BpeMs.
Bynem paccMarpuBath r; W p; Kak JeKapTOBH KOOPIMHATHI

B MHOTOMEpPHOM §a3080M NpOCMpPAaKCcmEe. MrHOBEHHOE COCTOS-
HHe CHMCTEMbl YACTHL, TPEACTABUTCS B ()a30BOM NPOCTPAHCTBE

1 0

) Oneparop Sa~ SHecb H B JanbHefimeMm paccMaTpuBaeTCs Kak

—(Ta—, '5%— » —a—a—; CAEXOBATEABHO, 705- =
x y z

2 . 0 ] 0 .0 . d d

=1E+Jm+k o o = 79_x—+1_5y—+k_5; =V (onepa-

Top Tammabtona). — Ilpum. nepes.

BEKTOP C KOMIIOHEHTaMH
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HeKOTOpOl u306 pascawuweli mouiod, a IBHUXEHHE CHCTEMB
uzobpasurca ¢ha3080l mpaexmopued.

Heo6xonumMoe B HafbHeHileM NOHATHE HYHKUuL cmamu-
cmunecioz0 pacnpedenenusn ob6bschero B pasa. 9.11). Ilycts
M, 2, ..., N; t) npencraBaser co0o#t 3aBuCALLYI0 OT Bpe=-
MeHH (YHKUMIO pacHpeieeHdss B NMpocTpaHcTse 2N BEeKTOPHBIX
MEepPeMeHHHX Ty, ..., Ty, Py «-.» Py. OTO pacmpeleneHne
MOXHO 006pasHo mpencTaButb cefe B BHAe 00Jakd muiad B da-
30BOM NPOCTPAHCTBE.

dynkilds pacnpeieneHua MOXeT ObITh BHOpaHa COBEPLIEHHO
MPOU3BOJILHO A/ KaKOro-HHOyIb HAYAAbHOTO MOMEHTa BpeMeHH,
HO TeM CaMbiM B CH/JY 3aKOHOB MEXaHHKHM OLHO3HAUHO Olpe=-
IesioTcs ee mocjeaylolde u3MeHenus. JLeHCTBUTENLHO, TpaeK-
Topun (a30BHIX TOuEK, U306pANAOUIMX HAlIe Mblieoe 004aKO,
H, CJeldOBATe/JbHO, ABMKeHUe BCero o6Jaka OJHO3HAUHO Olpe-
JeasorTca ypasHenusmu (1.3). Moxno mnokasarb, 4ro

or®™ {of“") pj ™M oH .
— =X\ w—w w09

OT0 COOTHONIEHHE HOCHT Ha3BaHHe ypasHenus Jluysuassn u
o6pasyeT OCHOBY Bcelt cratucThyeckoft Mexauuku. [lo ¢opme
9T0 ypaBHEHHE aHAJOTHYHO YPABHEHHIO HENMPEPHBHOCTH B rHAPO=
IMHAMHKE HECHKHMaeMOH MKUIKOCTH, InpuueM p/m u —0f/or
HCPAIOT POJb KOMIIOHEHTOB ,CKOPOCTH® (Pa3OBHIX TOUEK COOT-
BETCTBEHHO B ,HANpaBJeHUH‘ KOODIMHAT WM HUMIY]bCOB.

HecMoTps Ha HempephiBHOE TepeMeleHHe H300paxaoumux
ToYeK, (YHKIHMA pacrnpele/leHHs MOXeT OHTb CMayuoHapHod.
Pacnpezenenye Takoro poia ocobeHHO yLOOHO 11s mMpeacTaBie-
HHS MaKpOCKONMYEeCKHM CTAUUOHAPHBIX COCTOSHHH, KOTOphIe
BMOJIHE COBMECTHMBH! C HEIIPEPHIBHBIM MOJEKY/IAPHHIM ABHKEHUEM.
B uactHoM cayuae, ecau fOV) azasucur oT 2N He3aBUCHUMBHIX
NepeMeHHHX, CTalUOHADHOE  pachpelesieHHe  Onpenenaercs
B coorBerctsud ¢ ypasaenueM (1.4) c noMomso QyHKHUHA
TamnabTona.

B rtepmunosoruu I'n66ca dyuxuus pacnpenenenns fOV) onpe-
JeasieT ,cmamucmadeckKuli ancaméas®, T. e. HAOOp BO3MOX-
HbHIX KOMHH paccMaTpuBaeMOM Mexanuyecko# cucremsl. B coor-

1) O merogie dynxnuit pacnpeneacHus CM. ZOMOMAHHTC/bHYIO JUTC=
patypy [4). — IIpun. nepes.
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BETCTBUM C THM O CPeIHUX 3HAYEHMAX, NOJYYECHHHIX C MOMOIIbLIO
TakoH QPYHKUMM pacnpeliesieHdd, TOBOPAT KaK O ,cmamucmu-
weckux cpednux®., TepmuHonaorus ['uG6ca He sBaseTcsd HeoO-
XOOMMOH Jaas HaweHd Teopuu, HO OHA I0Je3Ha AJA HAAIOCTPA-
KM OTBJEYEHHOTO MOHATHA (PYHKUMK pacnpelefeHHS.

1.3. Hatepnperanua MakpopU3HYECKHMX BeJHUYHH

TMockoabKy (u3HuecKoe Teno HpelcTaBiaseT coGoi cucTeMy
YACTHII, €ro CBOHCTBA JAOMKHBI HENOCPEeNCTBEHHO BBIBOLWTbCH
H3 CBOMCTB COCTaBASIIOLIMX €0 MHKpPO(U3HYECKUX IIIEMEHTOB.
B uacTHOCTH, MMEIOTCH TaKHe MaKpPOCKONMYECKHE BEeJHYHHBDI,
KOTOpble MOMHO HHTEDIPETHPOBATb KAaK CPeAHHE 3HAYeHUs
¢GyHKUMA KOOPOMHAT M MMIYJbCOB; TakHe CpelHHe 3HauyeHHs
BHIUMCJAIOTCA C NOMOWbI0 (yHKuun pacnpenenenns f0V),

Tak, BHyTpenuss 9Heprus U mnpeacrtasiser cobofi cpelHee
3HaYeHHe MUKpOo¢u3uyecKo# ¢yHKuuu [aMuibTOHa

U =(H). (1.5)

Cpennne 3HaueHnms Mb M B JaibHeHmem Oylem o6osHauaTb
yraoBuiMu  cKOOkamu ( ). Meroamka ycpelneHuss TNOACHeHa
B pasa. 9.1.

MOXHO NpeANONOKHTE, YTO TEH3Op Hanpsxenu#t P, neit-
CTBYIOIMX HA MOBEPXHOCTH TeMd, yPaBHOBEIIMBAETCS B KaxXLoH
Touke (T) CHaMH B3aMMOIEHCTBMA MeXIy YaCTHUAMH H CTEHKOH
COCyAa H, CJeI0BaTeqbHO, MOXeT ObTh OnpelelieH H3 MOTEH-
nuana Q. Orcioja ciaelyer, uTo

(Efj-g?j—>=frn'PdS=VP, (1.6)

roe dS — 2JeMeHT MOBEPXHOCTH, N — HOPMAJb K MOBEPXHOCTH,
a V — o6beM; Bropoe paBeHCTBO NOJYYEHO C MOMOINbIO TEOpeMbl
Taycca 1),

AnanoruunbiM o0pasom sHeprus Q, coolulaemas tely B elH-
HHLLy BPEMeHU 4epe3 eMMHMUHYIO IVIOIWIalKy, paBHa palore, mpo-

1) 3xech, KaK B B JaipHelillem, npousBeneHus ab BEeKTOPOB a U b
SBJIAIOTCS TEH30paMu; ,ToueuHble mpouspeaenus b- G BexTopa b u Ten-
sopa G — BekTOpbl.. Tpoiinbie npousseienus ab-G 6yayr coorser-
CTBEHHO TEH30PaMH,
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H3BOJMMOH CHIaMH B3aUMOLEHCTBUSI MeWAY 4YaCTHIAMH M CTeH-
kott. CuenoBatenbHo,

%{Erjg_i..p):fmnds.—_m. (1.7

[lpu oleHKe TUX U TONOGHBHIX HM CPeJHHX 3HAYEHHH BO
MHOTHX c/Ay4asx He o00s3aTeJbHO 3HaTh (YHKIHMIO pacnpenede-
nus fY), a MOMHO OTDAHHUMTBCS 1 pUuBEOCHHbLMU (BDYHKLHAMH
pacnpeienenus. B 4acTHOCTH, MOMKHO BOCIOJIL30BATHCA (DYHK-
UMSIMA  pACTIpe/ie/ieHusl, KOTOPHE BHIBOIATCA U3 GyHKuuM [V
yCpelHeHHeM Mo KoopauHaTaM W umnyibcam N —1 wimm N —2
vactull. Hampumep, 6unapnsie bynkuun pacnpeieneHus Omnpe-
IeNdIoTC paBeHCTBaMH 1)

N
£, 2):ff(1v> 11 av,ar;.
j=3

g (1, 2):ff<2>(1, 2) dp, dpy. (1.8)

[puBenennble PyHKUMH pacnpere/eHns MOJEKYJSPHBIX mepe-
MEHHBIX 10 HEKOTOPOH CTemneHH NOCTYNHEl HeNOCPeiCTBEHHOMY
Hal0AeHUIO,

1.4. Teopema BHpHaJa

B sToM pasiene BLIBOAATCA COOTHOIUEHUS MEXIY CpPENHUMH
SHAUCHMAMH DPA3MMYHLIX (GYHKUMA MHKDOLHHAMHYECKHX TNepeMeH-
HbiX. OGO03HAUMM uyepes @,; HEKOTOPYIO (YHKUHMIO KOOPAHHAT M

uMnyancoB wactul, { u j. Ilycts

o=, (1.9)
[TpousBonnas no BpeMeHH OT 9TOH (QPYHKLMH VMEET BHJ

ﬁ_E[a‘?ij p; a‘?ij.pj Op;; OH 0% dH]
dt — '

dri m ()rj m - 0pi .Ei_ dpj ‘0—1‘]:
(1.10)

1) 3necn uepes drj u dp; 0003HaueH 3JeMeHT 06beMa, BKJI0Ya-
muil COOTBETCTBEHHO TOUKY rj(Xj, ¥j, 27) HAM TOUKY P;(pjs Pjys Pj2)-
Ero He cienyeT cMemuBaTh ¢ HpHpPAI[eHHEM BEKTOPA, 0603HaTaeMbIM
TeMH Ke CHMBOJAMU dr;j (COOTBETCTBEHHO dP;).— Ilpun. nepes,

2 3ak. 1189,
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Kaxapi#f uied B 5TOM BHIPAXEHHHM 3aBUCHT OT KOODIAUHAT H
UMIyJabcoB He OoJjee dyeM IOByX uwactuu. Kpome Toro, uwieHmr
B cymMMe (1.10) cHMMETpHUHBI 1O OTHOLUEHHUIO K TepecTAHOBKaM
yactuu. CienoBarenbHo, cpenuee sHavenue (1.10) MoxHO oue-
HATb C TOMoubio Gunapuo#t ¢yukuuu pacnpenenexus f@. Ecau
GuHapHas (YHKUMS pacnpelejeHns He B3aBHCUT OT BPEMEHH,
CpeiHee B3HaueHme B JeBo# wactH ypasuenus (1.10) momxmo
paBHATLCA HY/I0 Aaxe B TOM cJayuae, koraa ¢yskuus f&) za-
BUCHT OT BPEMEHH.

Ycpennsas pasenctso (1.10), MOXHO MOAYYMTH COOTHOLIEHMH
MEeWIY PAa3/MYHHIMH CpPeIHUMU 3HAYEHUsIMH B npaso#t yactd. [Ipu
COOTBETCTBYIOUIEM BEIGOpe QYHKUME ¢ 3TH COOTHOMIEHUS MOTYT
npuobpectd ¢usuueckuit cmpica. Tak, ecau

<P=§ rjpj’

de N\ [ PPy Ot
ar = z [ m Ty 01’} 2 T dr; ] *
] 1]
HOCJle,ZlHHPl yjeH MOXeT ObiThb 3alHCaH B BUIC

—%EZ(U“'D%}%'

Cpennee 3HaueHMe BTOpPOro usteHa Oyner mo ypasuenuio (1.6)
pasHo — VP. Tensop nanpsmxenui P coorsercTBenHo mnouay-
yaeTcs B BHIE CPENHEro 3HAYeHUs:

P=%2 [%(PJPJ)" PRUEE Xﬂ>]' (1.11)
j i#j

Hsotponuoe xaBieHHe ONpeAeAUTCs KaK OJHA TPeTbh OT IMaro-
HaabHO# cymmsr (1.11):

1 1
PZW%:[EU’?)— Y, (= ar’l ] (1.12)

I#j

TO

B sTOoM Buie TeopeMa BupHaJja OhAa BmepBhie cHOPMYyJIHPO-
BaHa Kaaysmycom. Ecam cucrema uactuul COXpanseT ycCTOHuHBOE
pacnpenejenne, He OyAyuM B3akJloueHa B COCyM, TO JaB/eHHe
PaBHO HymO; B 9TOM cayuae ypasHenue (1.12) ycrasasiusaen
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8ABUCHMOCTb MeM(LY YABOEHHOH cpelHefl KHHeTHueCKO{ SHepruel
M CKaAfpHHIM TpPOHM3BEJEHWEM CHJLI HAa PACcCTOAHHE.
AHanornuneiM 06pasoM noJaras

11
=3 om [1’3';“ 2 (rj+r1) Xﬂ]'
7 fy
nOHy'-!HEM Bb]pa)l(eH[/le A9 NOTOKa SHeprnu

1
Q= § [sz (Ppyy+

+$1 2 <[th|‘_("1- r)
Iy

rie | — ennHuunbifi TeHsop.

BriBesieHHEIE B 9TOM pasfiesle ypaBHEHHA He TO3BOJSIOT MO-
Jy4YuTh SIBHbIE BHIPAXEHMS LAf cpeqHux sHaueHuft (1.11)—(1.13),
TaK kaK QYHKIHMA pacnpene/eHus ocTaercs HeussecTHott. [ToaTomy
OCHOBHOH 3ajayell CTaTHCTHYECKOH (u3HKHM ABJASETCH Onpelene-
HHE COOTBETCTBYIOILMX GYHKUMH pacnpeleneHHd,

oy
e e p,))] . (113)




|

WAMAAMAMAWAWMAMAWAAA T J1 A B A MAAANANANANANAANY

00630p Kaaccuneckoii meopun PasHOBECHLLX
COCOAHULIL

2.1, Kadonnueckoe pacnpepenenue

Mo I'n66cy, TeOpHIO PABHOBECHEIX COCTOSHHA CTPOAT, NOCTY AU -
pya OUpENe/CHHYI0 MaTeMaTHdeckyio GopMy (YHKLHH paBHOBec-
HOro pacnpeienedus B (HasOBOM NPOCTPAHCTBE, IPHHUMAEMYIO
B KauecTBe runoresnl. CrpaBelIMBOCTb TakOH NpPOUELypH 3aTeM
NOATBEPKIALTCA SKCHEPUMEHTAJLHOR TNpPOBEPKOH IOJAYYEHHEIX
pesybTaToB.

[TpennonoxuM B COOTBETCTBMH C ITUM, 4YTO paBHOBecHas
¢yrKuMa pacnpeleneHus UMeeT BuA (TaK Ha3HIBaeMBIH KaHOHU-
yeckuli ancambav)

1 A

N — 1 LT
ma, 2, .., N)__‘Z(V, e o

@.1

rie T—abcosoTHas TeMnepatypa, R — nocTosunas DoJbumana,
a Z — HOpMHMDYIOIIMH MHOXUTENb, Ha3blBaeMH} TaKKe cmamu-
cmudeckol cyMMoli u onpejeideMblit COOTHOWEHHEM

Z=fe—7HT—Hdrjdpj. 2.2
j

B srtux Bnipamennax ¢yskuus Iammabrona H 3aBHCHT OT KOOp-
IuHaT H uMnyabcoB. C Lpyrofi cTOpoHsI, B KadecTBe He3aBHUCH-
MOl mepeMeHHOR MOXeT paccMaTpuBaThca M SHeprus E; Torza

(2.3)

rae W(E):# f]]:dpidrj-—gﬁaaoewd 00seM,
HLE J
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B cootsercteun ¢ (1.5) u (1.12) MoxHO nokasatb, 4TO

dinZ

dlnZ
U=kT2—57*‘-—, P=kT—W,

(2.4

OTKyNa c80600nan suepeus [enbMroabua MoxerT OHTb Bhipa-
HeHa B BUIE

F= —kTInZ. (2.5)

Ias Toro uwrofs BHIBECTH TEepPMOIMHAMHYECKME CBOHCTBA
CUCTEMB M3 CBOWCTB MHKPO(U3INYECKHX COCTABHLIX 3JEMEHTOB,
HeoGXOIUMO OUEHHTh CTaTUCTHUeCKylo cymMmy (2.2). ITocae onpe-
IeJeHds CTATUCTHUECKOH CYMMBl Kak (PYHKHUH TEMIIEPATYpH H
00beMa BHIBOA TEPMOJUHAMUYECKHMX BEJHYMH yXKe He BBHIBHIBAET
sarpyaHeHuii. OJAHAKO OLEHKA CTATHCTHYECKOH CYMMBI OueHb
CJAOXHA W BHIOJHEHa JULIbL JJS OrPaHUYEHHOrO YMCJ/Ia CHCTEM.

Pacnpenenenne (2.1) HasniBaeTca KaHOHudecKuMm pacnpe-
OeseHuem W TOLPA3YMeBaeT, YTO HMAYJAbCH HaCTHU CTATACTH-
YyecKM He3aBHCHMHL ApYr OT JApyra W OT KoopauHar. Tak kak
OyHKUMS pacnpele/eHus MNOJHOCTbIO CHMMETpUYHA IO OTHOLue-
HUIO K TepPEeCcTaHOBKAM, CPElHAs KHHETHYECKas SHEPTUs MMeer
OIMHAKOBOE 3HAYEHHE A/ BCeX cremeHell cBOGOAH M B JMIOOBIX
cucTeMax, Kkakhme Obl CHJABH B HHX HH AeHcTBOBaIH. DTO BCeM
M3BECTHASl MeopeMad O PABHOMEPHOM pacnpedeserul KiHe-
THYECKOH SHepruu MO CTemeHAM CBOOOAB; COOTBETCTBYIOLLErQ
3aKOHA M TNOTEHLUMANbHON SHEPruu WM JAJIA NOJHOH SHEPTHH
B ofieM cayyae He cyuwecrsyer. Cpelufs KuHHeTHYeCcKass SHep-
rusi, NPUXOAAMIASCS HAa OAHY CTemeHb CBOOGOAHI, Onpenensercs
HENOCPeACTBEHHBIM HHTErpUpOBAHAEM:

(Emm.) = '% kT. (26)

Tak kax, janee, MOXHO TOKa3aTh, YTO BKJAJA NOTEHLMAIbHONA
SHEpPrHH B TEMIOEMKOCTb CHCTEMbl HEOTPHLaTeNeH, TO !/, kB Gyner
HaWMEHbIIMM BO3MOXHLIM 3HAYEHMEM TelVIOEMKOCTH Ha OILHY
crenedb cBOGoAb. Ecxu ke B oKcmepuMeHTe OCHAPYKHBAIOTCA
6onee HHU3KHME BHAYCHHS TEIJIOEMKOCTeH, TO 3TO O3HAyaeT, 4TO
MH BHILIA 3 Npelefs NMPUMEHUMOCTH K/ACCHYECKOH MeXaHUKH.
Teopun paBHOBECHOrO COCTOSHHS, OTJMYHLIE OT TOJBKO 4YTO
paccMoTpeHHO#, o6cyxnalorca B pash. 6.2 u 7.3
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2.2, TpuaoxeHuns

B aroM pasnene MH npuBeleM BaXKHble Pe3yJAbTaThl KJIACCH-
YeCKOH TeOpHH PABHOBECHHEX COCTOSHMHA. 3TH pPe3yAbLTAaTH 10Jy-
HalOTCA NyTeM CTPOTOH MM MPHOJMKEHHOM OLEHKM CTATHCTHYE-
CKOHt CyMMBI, TMpHYEM B STOM CJyuae He HCIOJb3YIOTCd SMHUPH-
YEeCKHE COOTHOIIEHUS.

a) Jlna mieanbHOTO rasa CTaTHCTHUECKHH MHTErpas MMEET BHJ
3N
Z=27Z, = 2xmkT)? VN, @.7
B coorsercrBun ¢ ypabuenusmu (2.4) u (2.5) orciona caenyer,
yro U =% NRT w P= NkT|V. Cpasuenue ¢ SKCHEPUMEHTOM,

noxassiBaeT, 4T0 4uca0 Asoraapo N ==R/[k, rne R — yuusep-
ca/jbHas rasopas NOCTOAHHAA.
6) as mJIOTHHIX TasoB CTATHCTHYECKAs CyMMa umeeT Bu [6]

N
A () T

rie B, — GyHKUMH TeMNepaTyphl, BHPAXAIOMKUECS UYepes n-Kpat-
Hele HHTErpaibl, IIpocTefiuas M3 STHX BeJIHYHH HMEET BHA
P _an
B,=4r f e T r2gr, 2.9)
0

HecMoTps Ha TO, uTO KO3Qduuuentnt , Aaa GoabliuX 7 1O
CHX TIOp He BHYHC/eHH, ypaBHeHue (2.8) naer HaM BO3MOX-
HOCTb OOBACHHTH HENPepHIBHEIR XapakTep Ipolecca Nepexona
Nap — XUIKOCTb M CYLIECTBOBAHHE KPUMUMECKOHE MOHUKU.
B cayuae HeGoabLIOH NMJIOTHOCTH IaBJEHHE OMNpejeNseTcs COOT-
HOIICHHEM

p=Nl1 8 o), @.10)

rae — NB,/2 — smopod supuasssoii Koaghgpuyuenm.

B) Jlas MMIKOTO COCTOAHHA MH PAacmoJjaraeM JMLb IpH-
OnmxeHHBIMH OleHKaMH. TepMOAMHAMUYecKHe BEJIHYMHB OJHO-
aTOMHOfl XMAKOCTM MOTYT OHITb BbIBEACHH C NOMOLIBIO ,Paiu-
anpHOH* ¢yHkumM OuHapHoro pacmpelejerus g®3), xoropas
onpeznensercs cootHowenueM (1,8) u MoxeT ObTh SKCHepHMeH-
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TaJbHO TNOJYYeHa H3 PEHTTeHorpauueckux nanHmix. I1o cooT-
nowenuw (1.12) naaenue BHpaxaercs B Bule [7]
P_—_L{;T——E—N—fg@)(l 2) Sl L dry  @11)

TAe 7j, — PACCTOSHUE MEXAY aTOMAMu ju Ie Onpeaenss mep-
HApHYO QYHKIMIO pacnpejie/ieHus COOTHOILEHHEM

2@, 2, 3)_ff(MIII.[dpidrl’

j=1 I=4
TI0/y4yaeM TOXAECTBO

g2, 2)=fg‘3’(1. 2, 3)dr, (2.12)

Ilag BbluucieHuss OuHapHOH (YyHKUUM pachpedeseHHS YacTo
npuBiekaeTcs ,Npub/IKEHUe CYNephno3HUUn, KOTOpOe 3aK/I0-
yaeTCs B TOM, YTO CTaTUCTHYECKas KOppeJslHA MEXLy ToJoxe-
HUAMM TPEX YACTHL CBOOUTCA K CTATHCTHUECKOH KOppeaduun
Mex Ay OHHAPHBIMH (YHKUUAMU

g®(1, 2, 3)=g@ (1, 2)g@(, 3)g@(Q, 3). (2.13)
Huddepenunpys (2.12) no ry, u noacrasasas g us (2.13), Mol

NPUXOIMM K MHTerpajbHOMY YPaBHEHHIO, BNEPBHE NOMYYEHHOMY
Boprom u T'punom [4]:

7 4l g(2> G dx (r)

dg® (r'
_g‘_i_F’.(.r_) g(2) (rl) g(Z) (rll) dr’ dl'”, (2. 14)

l

[r'=r"}=r

rae r, ' U r” —BeKTOpHLIE pPACCTOAHMA MEXAY TPEMs NapaMu
aTOMOB. ITO ypaBHEHHe He pellaeTcsi OOBIYHBIMM aHAJIHUTHYECKHMU
UMM YHC/ACHHLIMM METOJaMH M €ro TOYHOCTb HeBeJuka. TeM He
MeHee B HacTosulee BpeMs OHO sBJseTCd HaunboJiee MOLIHBIM H3
HMEIOWUXCS B HAlleM PacHOpsKEeHHH CROCOOOB A/ BHIUMC/ICHHA
TEPMOAHHAMHYECKHX CBOMCTB kuaxoctefh. Pelenus sToro ypas-
HeHHsl, NOJIyYeHHbIe ¢ HOMOLIBIO 3JEKTPOHHBIX CHETHBIX MauiuH [8],
JAlOT CPABHUTEJbHO XOpOUlee COOTBETCTBHE C HalJI0JeHHAMH.
ENMHCTBEHHEIM a/IbTEPHATHBHBIM TOAXOLOM, MNpEeASOXEHHHM
JI0 HACTOSILIETO0 BPEMEHM, SIBJAETCH A4eUCmas mo0enb MUIKOCTH,
B KOTOPOH INPEANOJAraeTca, UTO aTOMbl 3aK/AIOueHH B AYeHKH,
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INBHXYIUMeCs B YCPEIHEHHOM CHJOBOM MNoJe. DTOT Noiaxol Mare-
MaTHYeCK¥ HpPOCT, HO IJIOXO COTJIACyeTcd C SKCHEPHMEHTOM,
ecad He INPHUBJEKATb JONOJHUTENbHBIX SMIMPUYECKHX NAHHBIX.
r) B pdasGaBiefHOM pacTBOpe GUHAPHOTO MOHOBANEHTHOFO
3JEKTPONUTA pafuaJbHOE pacripe/iesiede WHOHOB BOKPYT HOHA
NPOTUBOMOJOXHOTO 3HAKA HAeTCs COOTHOoweHHeM [10]

2Ne? rVeT
g (r):_——kTVB exp (—— '__&tNe?)‘ (2.15)

rie e—3apsa 3JeKTpOHa, a B—JII/ISJIEKTpH‘{eCKaﬂ NMOCTOsSTHHASA
pacTBopa. B OTCYTCTBHE 3JEKTPHUYECKUX 3apAmOB pacnpeneacHue
6y11€’l‘ NPAKTHYECKH OAHOPOAHBLIM. Bcaeacteue uonHoro Bsaumo-
JeACTBUA MOABJAETCSH OTpHUATE/bHASA NONPABKAa K OCMOTHYECKOMY
AaBJACHUIO, paBHAA

. N  of 8N Ve
AP=— e (wrv) ‘

1) B nByMepHOM (eppOMAarHHTHOM MM GUHAPHOM CMELIaHHOM
kpuctanne ¢ N ysnamu koJebaTeibHOe IBUNEHHE aTOMA CONpO-
BOMCAaeTca MO0 NMHeHHOH opHeHTalue!l CNUHOB, JAMGO MEPEXOLOM
nopsnok — Gecnopsiaok, b0 pasnenendeM ¢as. Bxaan omHoro
M3 fBJICHUH TAaKOro POAa B CTATHCTHYECKYIO CYMMY AaeTca B Cie-
nyoueM Buge [9]:

2r

1 1 2w 2w

W‘“Z(TzN)= STf f In [ch k—T——shk_T—(cosu+cosv)] X
0

X dudo, (2.16)

rae W — koHcTanTta, MMelouias pasMepHOCTh 3Hepruu. Ilpu Tem-
neparype T =4W/k uMeeT MeCcTO Nepexon; TeNAOEMKOCTb Ha
OAUH aTOM CTPeMUTCH K OeCKOHEUHOCTH NpPONOPUUOHAAbHO In N.

e) Jlag TBepABIX KPUCTANIMYSCKUX Tes CTATUCTHYECKHH uHTe-
rpajx OTHOCHTCH K CPABHHTE]NbHO NPOCTOMY THIY, SIBISACH NPOU3-
BeleHHEM CTATUCTHYECKMX CYMM HE3aBHCHMBIX TapMOHMYECKHX
ocuuansatopos. OH OyreT paccMOTpeH B pasi. 7.2,

IlpuBenenHbIX MPHUMEPOB LOCTATOYHO, YTOOLI MPOAEMOHCTPHU-
poBaTh KaK YCHEXH, TaK M HeJOCTATKHE KJAACCHYECKOHR Teopuu
PaBHOBECHBIX COCTOSHKM.
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Heobpamumocmo

3.1. KpynHo3epuucTthie pacnpeieneHns

B Teopuu paBHOBECHHIX COCTOAHMM C NOMOLIBIO TeOPEMH
Jluysunns (1.4) pokaswiBaeTcs, 4TO HayaJbHOE PABHOBECHOE CO-
CTOSIHME CHMCTEMBI COXpaHsieTcs M B JajbHelillieM; IDH 3TOM He
rioxasbiBaeTcs, KakuM o6pasoM caMO 3TO COCTOsIHHE YCTaHaBJ/IH-
Baercs. Ilpouecc wu3MeHeHHS TIPOH3BOJIBHOrO HEPABHOBECHOTO
COCTOSiHUSI B CTOPOHY TeN/IOBOrO PAaBHOBECHS! B NPHHIUNE ONHKCHi~
BaeTCsi ypaBHeHHeM JIMyBU/IS; PAKTHYECKH Xe U3-3a JBOHCTBEH-
HOCTH BO3MOXHBIX pelieHMd ypasHenus (1.4) MBI He MOXeM
HEMOCPEACTBEHHO [IPUMEHSTb €ro K B3aBUCHALUAM OT BpEMeHH
pacnpenenexusM. Ecin Obl COOTBETCTBYIOIlee pelieHHe STOro
ypaBHeHus ObUIO HafjieHO, OHO NOATBEpPAMIO OB 06paTHMYIO
NPHPOLY MEXaHUKY, [IO3BOJMB OXapPAaKTepH30BaTh HE TOJBLKO
npufiuKeHHe K DABHOBECHIO, HO TaKke U CaMONPOH3BOJbHEIE
OTKJIOHEHHs OT Hero.

Ha npakTuke 0GHapyXuBaeTcs, 4TO MpPOUECCH NpubImKeHHs
K DAaBHOBECHIO, KaK, HalpHuMep, BbIPABHUBAHHE PA3JMYHEIX TeM-
nepatyp, HeoOpaTHMbl. BEIBecTH siBeHHS HEOOPAaTHMOCTH W3 Me-
XaHHYECKUX YPaBHEHHH IBHXKEHHS BO3MOXHO JiHlIb € TOMOIbIO
MCKYCCTBEHHHIX MPHEMOB, KOTOPBIMH HCK/IOYAlOTCA M3 PaccMo-
Tpenuss GoJee MNO3JAHME CTamuu Tnpouecca Ge3 HapylleHHs €ro
HauaJbHHIX cTapuit. Jas 3ToH uead NPeNyiONEHH PpasUYHbIE
MeTOIbl, HO HM OJMH M3 HHX 10 CHUX NOp He MOABEPrHyT HCYep-
NBIBAIOIEMY aHA/M3Y B OTHOLIEHHM JieXallMX B €ro OCHOBe
nonyuieHuit!). PaccMaTpuBaeMas HHAC METOLMKA OCHOBAHA HA YETKO
CpOpPMyIHPOBAHHBIX JONYLIEHUAX U 06nanaerT TeM LOCTOUHCTBOM,
YTO OHA MpHMEHHMA K HIMPOKOMY KJACCy siBJEHHH.

1) Cm. npumeuanue Ha ctp. 10. — ITpun. nepes.
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Hasosem pacnpenenenne B (pasoBOM npocTpanctse, ycped-
HEHHOE MO KOHEYHOMY (asoBOMy OObeMYy, KPYRHO3ePHUCTBM
pacnpedesenuen. Hatineno, 4T0 cpeliHee M3MEHEHHE KPYIHO-
BEPHUCTHIX pacrpeieneHuti BO BPeMEHH COOTBETCTBYET 9KCHEpH-
MEHTaJAbHO HabaionaeMOR HeoOpaTHMOCTH B OOHYHHIX Tpoleccax
nepenoca M 06/1alaeT ONHOCTOPOHHHM CTPEMIEHHEM K DaBHOBEC-
HOMY pacmpelesIeHHIo.

910 Gyxer nokasaHo B JaibHeftmeM. Jlig aToro us ypasne-
Hu JIMYBMANA TyTeM YCPeZHEHHs IO  KOOPIAMHATAM HeGO/b-
moro (n) 4KCAa YaCTHLL BHBOMHUTCH ypaBHeHHe IJs NpPHUBEAeHHOM
dyuxkuuu pacnpeneueﬂuﬁ

Of(”) Of(”) (V)
E or; '— fE(dr, gpi ) _[[ dp,dr,, (3.1)

g=n+1

npudeM YuHTHIBaeTcd, 4t0 ¢yHkuus fO) crpemurcs k Hyaio,
KOFIAa HMIYJAbC CTPEMHTCd K OECKOHEYHOCTH WM KOTHa OnHA
13 KOOPANHAT CTaHOBHTCA Hoablie ninHH cocyna. Cormacho (1.3),
MONBIHTErPAJLHOE BHIDAKEHHE HMEeT BHI

(Of"v’ dpy
2 op; /| \"at /-

Tpounterpupyem teneph ypasnenue (3.1) mo BpeMeHH B mpe-
Zenax or —< Ao 0, 4ro naer

f(") E 7(") AN
01‘] '7 -

=flf<N>(p1—App coor P AD ) — [P (P, ., PIX

N
X I ep dre (3.2
g=n+1
Yeprouka Ham f(%) yKashiBaeT, YTO Ml UMEeM 37ecCh KeJO € ycpes-
HeHHOH NO BpeMeHH QyHKUMeR pacnpeleleHus; Ap; — npupauie-
HHE HMIyJbca 33 BpeMms T.

Ypasuenue (3.2) conepxuT ABe HeuaBecTHoe (GyHKIUMH. B cre-
AYOWIMX pasjenaXx Mb BEPA3UM TPaBylo 4yacTb pPaBeHCTBA yepe3
¢QYHKUHMIO, CTOAILYI0 B JIeBOH d9acTd, H, TakuM o0pasoM, pe-
8y/bTHPYIOLEE ypaBHEHHe MOXHO OyIeT HCHOAB30BATL M4 Ha-
XOXIeHNs €AMHCTBEHHOR HeusBeCTHOM (YHKIUH.
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8.2, Kunernueckoe ypaBHeHHe

TIpu n0CTATOYHO HU3KOH IMJIOTHOCTH IBE YaCTHIH JHLIL OYEHDb
penKo cOMMKAITCA A0 TAKUX PACCTOSAHMR, YTO CHJIH MX B3aUMO-
Ie#CTBUS 10CTHralOT 3aMETHONR BeJNMYMHB; OLHOBDEMEHHHE e
B3auMoielcTBUs Tpex H OoJee YacTHI HACTOJbKO DEeNKH, YTO
MMM MOXHO mpeHeGpeub. B 8TOM ciyuae cBoMcTBA CHCTEMB
YaCTHIl MOXHO BHIBECTH W3 0O0HOHQACMU4HuX (PyHKUMH pacmpe-
IeJieHEs, a GuHapHbie GyHKUUE GYLYT BHPAXaThCs IPOU3BEJECHHEM

o, 2)==fO(1) f(2). (3.3)

OxanouacTHYHOE pAacnpelie/ieHHe BLHIBOAUTCA M3 ypasHeHus (3.2)
B npexnonoxenun n=1. B xeso#t uactu ypasuenus f() moxHO
nonoxuts pasrolt fO, TIpasast uacTe ympoumaerci BBHAY CHM-
metpun fV) no OTHOIIEHMIO X nepecraHoBKaM vacruil. Murerpu-
pys ¥ npuMeHss cooTHomenue (3.3), mojyuaem

()] (1)
8 CAICIE SR

m r,

=N [[fO@)70@) — 1P (0) SO (B,)] dr,dp;, (3:4)

rie wrpuxamMu o603HAYEHHl 3HAYEHHS HMIYJILCOB B MOMEHT Bpe-
MeHH [ —.

CooTHOLIEHHe MEXAY UMNYJIbCaMM B MOMEHTH BPEMEHH £ —<
U { BEHIBOLMTCH M3 TEOPUH CTOJNKHOBeHuit. Ilapa uacTuu BpeMeHHO
paccMaTpHBaeTCss OTAEJbHO OT JPYrHX YaCTHL; STH ABe YacTHIB
HE B3aWMOZe#CTBYIOT INDYyr C IPYroM, 38 HCKJIOYEHHEM KOpOT-
KMX MHTEDBAJOB BPEMEHH, B TeUeHHe KOTOPHIX HMIYJbCH pPe3Ko
H3MEHAIOTCA OT HAYaJbHBIX A0 KOHEYHHIX 3HAuEHHf.

B npaso#t wactm pasencrsa (3.4) MMNYJBCH CO INTPHXAMH
SBIAIOTCA OYHKUMAMA Py, Pg. Ty, To. OTa PyHKUNKOHAJbHAA 3a-
BHCHMOCTb yHpouiaeTcs Npu mnepexoie K APYTHM HepeMEHHLIM.
I[E‘,HCTBI/ITBJ[bHO, JABHNKEHUE MEeHTpa TAXKECTH NM3pH YacTHU No/-
HOCTbI0 ONpENEe/AeTCS 3aKOHOM COXPAHEHHA UMMYJbCa

P, =P, +P=p+P, (3.8)

OTHOCHTeNbHOE [BHIKEHME HMeeT TPH cTemeHu cBOOOAM, W
COOTBETCTBYIOLIME YPaBHEHHR IBHKEHUH, TaKkuM o0pa3QM, paspe=



08 TJIABA 111

WAITCA B BHAE NATH HE3aBUCHMEIX OT BPEMEHH COOTHOUIEHHH.
BBeas OTHOCHTEALHHHA MMIYJbC

P- =Py — Py (3.6)
3anuiieM 8aKOH COXpaHeHus SHEPruH B BHUIE
E ,2
5 =P =p_; (3.7

3aKOH COXpaHeHud yriaoBoro HMIYyJIbCa MMEET BHUJ
L=p_X(r,—r)=p_ X (r;—r)), 3.8)

a ¢opMyna s yraa OTK/OHEHHs

cosq)z..—p'_.%z:—_—cos 2L f{x‘[?p?_—(_;f_
- by
_.2mx(x)}-"’dx , (3.9)

Tle HIKHUH Mpefiesl MHTErPUPOBAHUS ONpeNesisieTcd H3 COOTHO-
HICHUS

L \2

2p2—(—) — 2% (Dgym =0,

D,
31ecb y — noteHuuan, onpenesieHHsi#t Hamn B pasx. 1.1. a Dy —
HauMeHbLIee pPACCTOSHUE MewIY HaCTHLAMH.

B nocaeayomux paccyxaeHusiX OKaxercs MOAe3HOH npyras

dopuympoBka sTHX cootHomenul. OGo3Haunm yepes K Bexrop,
onpeneseMbil PaBeHCTBAMU

K=1, K-L=0,

K.-p_=—p_sin (%) (3.10)

TOrAa 3aKOHH CTONKHOBEHUH npuoOpeTaoT npocToll BHUA
pi=p,+& - p)K, p;=p,—K-p.)K,
p_=p_—2(K- p_)K. (3.11)

CorsiacHo 5THM COOTHOLIEHHSM, B MpPOLECCE CTOJKHOBEHHS
OTHOCHMTE/bHEI! HMIYJbC H3MEHSeTCs MO HANpaB/IeHWI0, TOria
Kak ero a0COJIOTHOe BSHAYEHHE OCTaeTCA HeWsMeHHLIM. 3aberas
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Brepel, NpHBENEM CJeLYIOUIHe COOTHOIIEHUS, KOTOpLie Jerko
NOJY4YaloTCs NyTeM BBeJeHHs JeKapTOBHX KOODIMHAT, TMpUYEM
onHa M3 oceft BmGupaeTcs napaaneabHo L, a apyras napads-
neabHo p_ 1)

(KK): (KK)=1, (KK):(Kp_-—+p_-K)==2(K-p_),
(Kp- +p-K): Kp- +p_K)=2[p> +(K-p_)}]

[ToamHTerpaibnad ¢yHxuus B (3.4) paBHa HYJI0, €C/4 B MHTep-
BaJIC BPEMEHH MEXIY { — T W { He MPOUCXOINT COYLApEeHus, NpHu-
BOJIALIETO X 3aMETHOMY M3MEHEHUI0 MMIy/bca. JIA9 DaHHHX Py, Py
U r; KOHell BEKTOpPAa Iy COOTBETCTBEHHO HAXOAUTCS B HeGOJbLIOM
o6beMe, B KOTOPOM 3aKJIOYEHHl BCe BO3MOXHLIE HavyajbHbie
TOUKH, ONarompusATHbIE AJS CTOJKHOBEHUS. DTH TOYKM PacnoJo-
AeHbl BHYTPHM LHJMHADA, OCHOBaHMEM KOTOPOr0 fBJSETCH IJIO-
CKOCTb, NPOXOAALIAA yepes uyacTuLy | U nmeprneHnMKyJAspHas p_.
[TnockocTb ocHoBanusi GOpMaibHO MOXET OBITh GECKOHEYHO Npo-
TSOKEHHOR, HO NpPaKTHYECKM OHA OrpaHUYeHa KPYroM panuiycoM
enee 1077 cu. Bricora LWMJIMHADA paBHA p_t/m.

Beenem o6osnauenue dr=dhda, rie da -— 3JeMeHT mO-
BEPXHOCTH, MNeprneHiuKyaspHo# k p_. VHTerpuposauue npaBoit
yacti ypasHennsa (3.4) no dk (cocraBasiolielt r, MO Hampasle-
HHI0O p_) JerKO OCYUIECTBJS€TCA, TaK KaK IOLLIHTerpajibHas
BeJMYMHA HE 3aBMCHT OT 3To#f mepemenno#t. Ocrawowuiicas nud-
¢epenuuan Broporo nopsnka pasen da =[(p_)<A(p_, P)/m]ldK,
rie A— cedenue cmoakHoBernus, a dK — GeckoHeyHO Mauabift

(3.12)

1) Ipoussenenue G.a mensopa G Ha 8exmop a oupenensercs
KaK 8¢xmOp, KOMIIOHEHTH KOTOPOI'O 3aJaloTCH PaBEeHCTBAMH

(G-a), = 2 Gagag.

Cransipnoe mpousseneine G.G’ gByx menszopos G u G’ onpene-
JAETCS KaK MeH30p C KOMIOHEHTaMH

’
(GG = 2 G, Grp

buckansproe npoussenenne 1Byx mensopos G:G’ onpegensercs kak
CKaAstp, PaBHBIA CyMMe NpOM3BENEHHH COOTBETCTBEHHBIX KOMIOHEHT G

un G T e ,
G:G/-——:;;Gaﬁa&.

—Ilpun. nepes.
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TEJECHBH YroJ, OrpaHMuMBAIOLIM# GECKOHeYHO Maayio 06racTb
yraoB OTKJOHeHHs. CeueHns CTONKHOBEHHS OIMHAKOBH AJMA Nap
83AUMHO O06PAMHBLX CTOAKHOBeHU# p’ —>p_ u p_-—>p’, or-

JAHYAIOWKXCA TOALKO BHaKOM K, yroa dK MOXHO pas3/iOXHTb Ha

COCTaB/AUIHE dK—_—cos 5 dpdB, rae § — asumyT oTHOCH-
TEJbHO P_.
Bsens xauny
L
=, 3.13
o (3.13)
HanucaHHblft BeiMIe AudQepeHInan MOKHO 3amucaTb B BHIe
T
da=—_-p_BdBd}, (3.149)

rle Yroal OTKJOHEHHS. Tellepb paccMaTpuBaeTcs Kak ¢yHkuus B
uop_.

dynxuus fO (1) onpegenser pacmpeneleHde NO HMIYAbCaM
M KOOpIMHATAM MOJeKyab ¢ uHaexcoM 1. O6osHauuM 4YHC/IO
YacTHI, HAXONAIIMXCA B dJeMeHTe (a30BOr0 MPOCTPAHCTBA
BGausu p,, r,, ueped f(py, r)=NfN(1). Eciu mb paccma-
TpHBaeM [Be YAaCTHIbl, TO B KauecTBe apryMeHTta ciuenyer 6pathb
abo py, ry, /MO0 Py, ry. Bripawas MOTOK MMIyJbCAa WJH SHEP-
ruu [coraacdo (1.11) wmam (1.13)] uyepes sTh ¢yHKUMH pacnpe-
HeneHus, HeoOXONMMO TNPHUHHMATb BO BHUMaHHe MHOXHTemb N.

Moxcrasass Bhipawenue (3.14) nasg da v ¢yHxkuuio pacnpe-
nenenus f(py, ry) B ypaBHenue (3.4), Hafnem

‘32 (Ed; 1) _}__Tpnx_ s 0f (py, 1) —

ry

= mLf[f(p; rl)f(p;, r)—f (P rl)f(p2, "2)] X
W p_BdBdBdp,. (3.15)

AT0 ypaBHeHHe HOCHT HA3BAHHE KUNEMULECKO20 YPABHEHUA.
Ono Brepebie ObI0 TOJMYYeHO DoOJbUMAHOM NyTEM CAENYIOLIMX
paccyxaeHuii: B elMHHIY BPEMEHM M3 3JeMeHTa (asoBOTO Mpo-
CTpaHcTBa BO/AM3U P, BCASACTBHE CTOJMKHOBEHME BHBOAMTCA fdp;
yactuu. Ho 3a TOT e NMPOMEXYTOK BpeMeHM B PTOT 9JIEMEHT
¢dasoBoro o6beMa NOCTYMAKT YaCTHIB K3 JAPYTHX 9JEMEHTOB
CO CKOPOCTbIO, ONpelenAsMOH BTOPLIM 4WIGHOM npaBoRk uacTH
pasenctsa (3.15).
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3.3. YpaBnenue Poxkepa — Ilnanxal)

Ecan nIOTHOCTh KUAKOCTH HACTOJNbKO BLICOKA, YTO YaCTHILBL
BCe BpeMsl OCTalTCs B Mpenenax Nojsd Cua BsauMoleHcTBUS CO
CBOUMH COCeJsMu, TO IOHATHE CTOJKHOBEHH# TepaeT CHAY.
C znpyrofi cTOpOHB, CpelHee H3MEHEHHE HMIYJbCa B EIUHUILY
BpeMeHU JO/KHO GHTb NMPH STOM HEBEJHKO IO CPaBHEHHIO ¢ abco-
JIOTHHIM 3HAYEHHEM CaMOT0 CpeJHero HMNy.Jbca.

DTH MpeanoOKeHHs MO3BOJSIOT NPUAATL MPaBoH yacTu ypas-
HeHus (3.2) oTHOCUTENLHO NpOCTOH BUA. B TO BpeMms kak OIMHOY-
Hag yacTuia (uaM napa COCeJHMX 4YacTHll) HoABepraercsd ciaydai-
HBIM CTOJKHOBEHHSIM, CBASAHHBIM C J[BUXEHHEM €e COcCeleH,
BJIMSHAE STOH YacTHIL! HA cocelHHe OyleT HE3HAUMTEALHBIM; 9TO
clelyeT U3 TOTrO, UTO COCTOSIHME IBMMKEHHMS YACTHIB WX MapH
YacTULl B HEKOTOpPHIf MOMEHT BpeMeHH He 3aBUCHT OT COCTOSIHHSA
IBHXKEHHE B JPYyro#t MOMEHT.

JBrkeHue YacTUl, MOMKHO, CJeIOBATENbHO, ONMUCHIBATH KaK
cayualnsil npoyecc. MareMaTuyecku 9T0 npeanojoxenue ¢op-
MyJMpYeTC NOCTYJNHPOBAHHEM CJEAYIOLEro COOTHOLIEHHS:

(Fr ¢ —)Fy @), ..o =0 a > (3.16)

3nech cuna, IeficTBylowas Ha uactuuy, oGosHauena vepes F,==

==— 00/0r;. Hcnonbsosanne sTOH KOppPeIAUHOHHOH (YHKIHH
noscusiercs B pasin. 9.1.

Cornacio ypasHenuio (3.16), cuiabl B pasmnuHble MOMEHTEHI
BPEMEHH CMAMUCMUYECKI He3a8UCUMbL, €CTH TIPEBHILIEHO BpeMs
Koppeasuuu <. ITO YTBEPKAEHHE CJeNyeT DPacCMATPHBATh KaK
rUnoTedy, HO MpeNnoJaraeTcs, YTO0 OHO MOXeT OHTb BEIBENEHO
U3 ypaBsHeHu# IBMikeHHA. LIMeeT CMBHICA PAacCMOTpeTh C/eACTBHS
ypaeHenusa (3.16), Tak Kak STOro TNOCTyJaTa LOCTATOYHO AJd
noxasa HeoOpaTMMOH NPHUPOAH NpPUOAMKEHHA K DaBHOBECHOMY
COCTORIHHIO.

dynxumo pacnpeienchus f V) moxno dopMaabHO 3amucath
B BuIe TPOHU3BEICHHUA

(... pN) =
= fO(p, r) VN0 e Py Ty eee T T, D) (3.17)

1) Cwm., nanpumep, [63] u Jomonnuteabuylo auteparypy [23, 30]. —
{1pun. nepes.
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TIe BTOPOH MHOXUTE/b NpeicTaBaseT coOOH yC/IOBHOE pacnpe-
Aenenye Mo IMHAMHYECKHM nepeMeHHbiM N -— 1 wactuu npu ¢u-
KCMDOBAHHOM 3HAYEHMH KOODAMHAT M HMIYJIbCA OXHOHK YaCTHILBL.

[Ipeanonaraercst, uTo yC/i0BHAaA BEPOATHOCTb OuyeHb Caa6O
3aBUCHT OT 3HayeHuH p, U r;. B COOTBETCTBUM C STUM Tmpen-
NOJOXeHHeM (YHKLUS pacrpelesieHusl MMeeT BHIL PaBHOBECHOTO
pacnpeneneHus, 3aBUCALIErO OT BPEMEHM TOJBKO 4Yepe3 BpeMeH-
HYI0 3aBHCHMOCTb HMMMYyJbCa p;:

. 25t — p’
poin =g () o=
2
— A1 p:-Ap
-—exp(kaT)(l — mkrl)fgvx (3.18)

Toacrasassa (3.17) u (3.18) B mpasyiw uactb ypasxenus (3.2)
U nojarasi n==1, noJayudum

— f® +ff(l)(P1_Ap1» s ) fWE Ndp, L dry

Jlesas wacTb ypasHenus (3.2) npu Ten/n10BOM pasHOBecHU obpa-
waercs B HyJab, a fO) nmpu n=1 moxuo 3amenuts Ha f(D).
Wurerpuposanie B TpPaBOR YaCTH NPOBOIUTCA B NEpBYID OdYé-
peas 1o TeM (pasOBHM MOAMPOCTPAHCTBAM, B KOTOpPHIX Ap; mo-
CTOSIHHO:

'I: ( of ! p;  ofY )

ot m or,

=—fO 4 [ fO (o —dpy, 11, HW (Bp)d (dp).  (3.19)

Bneco W (Ap,) — ¢dasoBhift 06beM TeX NOANPOCTPAHCTH. Tae
Ap, = const; nosromy W — HeoTpuuateabHas GYHKLUA, KOTOPYiO
MOXHO HMHTEPNPETHPOBATH KaK BEpOSTHOCTb.

MoxHO TOKa3aTb, YTO f Wd (Ap,) = 1. daxrtuyeckoro onpe-

neaenus ¢yHxuum W MOXHO u30exaTbh, MCIOJb3YA COOTBETCT-
BYIOIL{Me CpelIHHEe BeJHYMHHI.

CornacHo (3.16), uHTerpan mo BpeMeHH OT aBTOKOppeJs-
HMOHHOH (YHKLMH MEXMOJEKYJSPHOTO B3aHMOAEHCTBHSA He 3aBM-
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CUT OT BpPEMEHM U Mbl MOXKeM BBECTH NOCMOAHRYIO MPpEeRus
¢ NOMOIbIO BblpaXeHus

t
1 , ,
b=y [FiC+E)F O o at'. (320
{—x

ITocTossHHAs TpeHus He 3ABHCHT OT BPEMEHH, XOTA MOXeET 3a-
BUCETb OT MMmyJbca. [IpupalueHue uMnyabca pasHO
t

Ap, == f F, dt.
t—=

Cpeanee u cpenHnM KBanpaT NpHpaLIEHds WMNYJbCA MOXHO
BLIPAa3UThb Yepe3 INOCTOSAHHYIO TPeHHS:

Ap)p, .. r, =—bprr. (3.21)
(AP, .. r == 2bmkTx. (3.22)

Oth BeaMUMHB NPONOPUHOHANBLHBL T, TOTAZ Kak 60Jee BLICOKUE
CTeneHH MPONOPUUOHAMNLHEL T2 WJAH JaXe UMEIOT elle MEeHbLIYIo
BEJNYMHY W, CJe/l0BATE/bHO, MMM MOXHO npeneGpeus,
PasnoxuM Tenepb BEIpaXeHUE, CTOsIEE O] SHAKOM HHTe-
rpana B (3.19), no crenmensiM Ap, Tax, uTOGbl Pesy.bTAT WHTE-
TPHPOBAHUA MOXHO ObIIO MpeiCTaBHTbL Yepe3 CpelHHe 3HAYEHHd
crenenelt. o (3.21) u (3.22) noayuaem cilelyouiee ypaBHEHHE:

or(h or(L P 0
§T+%. ;‘rl =bo_pl.[p1f(l)+5a—(ka(l))], (3.23)

rae f() MOXHO TOJKOBAaTb KaK OXHOYACTHYHYID (DYHKUHMIO pac-
npenenends usobpaxaioiiedt yacTuubl,

KM3secTHO, uTO ypaBHeHust, MoAOGHHE COOTHOMWeHHIO (3.23),
Ha3biBaeMOMYy ypasHeruem Poxxepa — Ilranka, npuMeHsIOTCS
AJsi onuMCaHus AUPDY3MOHHBIX NpPOLECCOB. DTO FOBOPHT O TOM,
YTO yPaBHEHWAMU TAKOI'O POAA ompefensercs HeoOpaTumas npu-
poaa npubiaukeHHs K PaBHOBECHIO.

TepMuH ,nocTosiHHas TpeHUua“, BBENECHHLIH [/ BEJUYMHBHI,
ompeaenseMoil 1o ypasHenuio (3.20), OOGDBACHSETCS COOTHOILue-
niem (3.21), us xoroporo fcko, uro b onpeneaser AeHCTBYIO-
Uy10 Ha ABMXYLIYIOCH HaCTHILY Culy, NPONOPUHOHAILHYIO CKO-
POCTH 9aCTHUE ¥ HANPABJECHHYIO MPOTHBOMOJ/CKHO ee ABHXKEHRMIO,

3 3ax. 1180.
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Tpasyio uwacts ypashenus (3.23) MoxHO, He ofpamasch
K JNMHAMHKE, HCTOJKOBATb HA H3BIKE BepOSTHOCTeH. ITa Touka
3penns Oyler nposeneHa B pasn. 8.1 u 8.2.

Ilpeanonoxenue, 4TO MOCTOSHHAS TPEHHA HE SABUCUT OT
BPEMEHH, CBA3aHO C LOMYILIEHUEM, 4TO peub WUAET O NPOMEXYT-
Kax BpemeHH, OOJbIUMX MO CPABHEHHIO CO BpeMeHeM, Heo6Xo-
JMMBIM JUI TIPOBEJEHMA H3MepeHus; eca# Obl Mbl ONpeLeaHJIH
NOCTOSIHHYI0 TPEHMi HHTETPUPOBAHHEM 0O BpeMeHd B Gecko-
HeYHbIX mpelenax, MB NOJYYHan OB HyJab. [[pyruMH caOBaM,
rpaguK TNOCTOSHHOM TPEHHs HMeeT KOHEYHBIH TrOpPU3OHTA/bHBIH
y4acTOK H CTPEMUTCH K HyJ1I0 HAa GeCKOHEeYHOCTH.

AHanornukbie paccyXieHdss TPUMEHMMB! ¥ K GuHapHbHIM (PYHK-
uuaM pacnpeleneHus. B atoM ciayuae ynoGHO npuMeHsTb KOOp-
JMHaTHl M MMIYJbChl, COOTBETCTBYIOLUHE IBMXEHHIO LEHTpA TH-
MECTH JABYX YaCTHUL M HX OTHOCHTE/]bHOMY IBHIKEHHIO.

B nonoanenne k umnmyascaM (3.5) u (3.6) onpeneaum eue
C/eAyIOLIHe BEJHYMHBL

r, —.:% (rp4r1p), r_= %(r2 —ry), (3.24)

1 1
F,= 5 (Fo+Fy), F_o= 5 (F,—F)). (3.25)
Bunaphyo ¢yHKUMIO pacnpefie/ieHus ONpeie/uM TaK:
fM=f® (., p_, 1y, 1) fH-BLD, (3.26)

31ech BTOPO# MHOXMHUTeNb NpeiacTas/deT co00# yciaoBHOe pacnpe-
nenenne A N — 2 vacTHU npu (UKCHPOBAHHBIX KOOpAMHATAX
M MMOyJIbCaX ABYX 4acTUL. IJTO pacnpeieieHve HUMeeT BUL

2 2
~ . ‘A
fN-%1, 2)=exP(pirjl;; ) (1 __ P+ Ap;m—l;;- D-) £, (3.27)

Mul cHoBa 6yieM NpeanojaraTh, YTO KOPPEALHOHHAsA W aBTO-
KOppeJsliMoHHas GYHKUHH OOpaWaoTcs B HyAb MO HCTEYCHHH
KOPOTKOTO HPOMEXYTKA BPEMEHH.

TpubaBuM k oGeuM cTopoHaM paseHctBa (3.2) uieH

2P dpy oy, (%(_2))

M TONOKHMM 1 paBHHIM ABYM. Toria npu paBHOBECHH JieBas
4acTh CTPeMHMTCS K HYJI0 M HcuYedaeT HeoOXOLMMOCTb pasiau-

var f( u f®, A panee, war 3a WAroM, NOBTOPAETCA C He-

’
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3HAUMTEJLHEIMH H3MEHEHUWSMH TNPHUBEJCHHHIH BHUIe BHBOL ypaB-
penud (3.27). VurerpannHoe ypasHeHHe, COOTBETCTBYIOlEE ypaB-
senuio (3.19), Gynzer uMeTb Bul

1 ()t rer ) 202 o
=—f(2)+ff(2> (P, —Ap,, p_—Ap_)W(Ap,, Ap_)X

X d(Ap,)d (Ap-). (3.28)

Tenepb BMECTO CKAaJAPHOH NOCTOSIHHOW TpeHUA HAM NpPUAETCH
paccMaTpuBaTh TPH TEH3OPHEIE BEJWYMHBI

t
2
b= [ (FE+EIF@)at, (3.29)
t—=
Fle MHIEKCH (. H v CTOAT BMecT0 -+ M —. TeH30opH TpeHud

BBHAY CHEeJAHHHIX NpPENNOJOXKEHUH He 3aBHCAT OT BpPEMEHH, HO
MOTYT 3aBHCETb OT KOODAMHAT M MMNYJbCOB HacTun 1 u 2,

OTHOCHTENbHYIO CUIY MOXHO HOAPA3AEAUTL HA RPAMYIO U
KOC8eHHYI0; IOC/ACAHAS NAeT HaM agpghexm Oauiwnezo nopadka,
npeoGianaiouufl B KHUAKOCTAX!):

N
rom 82~ S etttz

IMepeuiit uyjeH pAasJOXeHH BXOAUT B TOCTOSAHHHIE TPEHHA
C MHOXMUTEJEM T M NOSTOMY MM MOXHO npene6peun. CooTseT»
CTBEHHO STOMY NPH BHIYHC/IEHHM TEH30POB TpPEHHS OTHOCHTE/be
HYI0O CUJNY MOXHO 3aMEHHTb OTHOCHTEJbHOH KOCBEHHOH CHIOM.

Cpennne M cpelHeKBaJpaTHUHbLIE TNPHPAILECHHA WMIY/IbCOB
U cpelHHe NpOU3BeJeHUs TPUPALLEHUH BHIpAXKAIOTCA 4epe3 TeHe
30pH TpeHHUR H NPONOPUHOHAJBHBEI BeAHYHHAM

(dpy)=—1 Y by, -,

@py=—zxYb_,-p,—2 [(Fat,  (3.30)

t—=1
(Ap, Ap,) = 4mkTb,,x.
1) CM. nonoaHuTeabHYI0 AUTEPATYPY (43a). — [Tpux. ped,
30
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Cpennumu 3HaueHusMu 6oJiee BHICOKHX CTemeHeft npupaimesuit
TaK e, KAK M paHee, MOXHO MNpeHeGpeub.

B koHeuHoM nTore mosnyuaeM cieayjowee AuddepeHunanbHoe
ypaBHeHue:

) (B ) e o
2 = {by, [P+ g5 - @mrTO, )]} 1@ +

f(F) of“ — 3i’Q- f(F vat|.  (3.31)

MOHO NPUHAT, YTO ABA NOCAENHHUX YJIEHA B3aUMHO YHHUTOKAIOTCH.
Ocraioweecs ypasnenne Oyner Toro e Tuma, uto u (3.23).
TMocrosHubie Tpe BXOIswue B ypasuenus (3.30), noay-
4alTCA  yCpenHel no N—3 wuacruuaM, a He mo N —2,
ATO MOXeT CYIUECTBEHHO CKAa3aThCs HA YUCJAEHHOM BHAYEHUU U
TEMNEPATYPHOH 3aBHCHMOCTH KOHCTAHT.

B mocieayomux riaaBax O6yIeT IOK43aHO, YTO KHHETHHYECKOE
ypaeHenne (3.15) u ypasHenne Pokkepa — [lnanka (3.31) mo-
ryT OHTh HCMOAL30BaHH NS BHBOLA KOS(pHUMEHTOB NepeHoca,
B YaCTHOCTH KO3((UUHEHTOB BS3KOCTH H TEMJIONPOBOAHOCTH
B rasax # XUAKOCTSX.

HMurrepnperauus spneHu#t HeOOGPaTHMOCTH, NaHHad B NpPEibILy-
LIMX pasjenaX, CBA3aHa C CYilleCTBOBAHHEM MPOLECCOB, BEPOAT-
HOCTb KOTOPHIX INPOTNOPLHMOHA/NbHA BpeMeHH. B rasax Ttaxumu
NPOLECCAaMH  ABJSIOTCS CTOJKHOBEHHS. B KHMIKOCTAX OHM elne
He HAEHTUPHUMPOBAHH, HO MX CYIECTBOBAHUE HENOCPELCTBEHHO
HO/JPa3yMEBAETC B CHENAHHOM HAMU NpENNOJONKEHHH, YTO TMO-
CTOSIHHBIE TPEHHS MMEIOT KOHEYHYIO M He 3aBUCHULYI0 OT BPEMEHH
BeJIHUHHY.
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Basxocms u menaonposoorocme 2a3os

4.1. CraunonapHHe HepaBHOBECHbIE pacnpeieJeHHd

KosdduuuenTs! BA3KOCTH ¥ TEMIONPOBOLHOCTH ONPERENTIOTCH
COOTBETCTBEHHO Yepes CTaUUOHAPHLIE CKOpOCMb ¢d8uza M 2pa-
Ouenm -memMnepamyps u MOTyT GbTb, TaKHM O6pasoM, mo.y-
YeHbl U3 He 3aBUCsAlled OT spemenun dYHKUMM pacnpefeneHnus.
Kunernueckoe ypasnenne (3.15) uMeeT ciienyioulee He sasucsiee

OT BpEMEHU DpellleHHe:
S —me 2
f() (pl: r1)= exp (—— %), (41)

riae MAOTHOCTb p, CKOPOCTh Apefida ¢ u TeMneparypa T — onmo-
POIHEL, MBI He MOXeM ONpeNe/eHHO YTBEDKAATb, YTO HE CYIle-
CTBYyeT eule KaKoro-au6o JApyroro He3aBHCHMOrO OT BpeMeHH
pelieHud, HO NpeNnofaraeTcs, uTO TAKOBOTD HeT.

B craunonapHOM BS3KOM TeuEHHM NP NOCTOSHHOH CKOPOCTH
casura (paBHoH !y a) n GeCKOHeuHO Ma/ioft CKOPOCTH PaCIKpeHHs

K3 1
m (2mkT)™

a:l=0 “4.2)
CKOpOCTb Apefiha Oyner aunetnoR (yHKuMe# KOOpAUHAT
c==a-r.’ 4.3)
PyHKIMIO pacnpeliesIeHHss MOXHO 3alHCATh B BHIE
f=l+@:wlf, (4.4)

TAe W — HEU3BECTHAA (TeH3OpHad) QYHKUMA UMNy/bCa p,, Ompe-
zenseMast NOACTaHOBKOH (4.4) B (3.15). Ecan- Beanuuna g nocra-
TOYHO MaJjia, TO OTKJOHEHH OT paBHOBecHs OylyT HeGoJbLInMH,
HO B OOJIbLIMHCTBE CAyyaeB 3aBUCSLIUMU OT BpeMenu. OnHAKO,
€CJAM BCe UYJ/EHH ¢ KBaapaTaMu u 00/iee BHICOKUMH CTelEHAMH @
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ONYyCTHTb, MBI MOJAYYUM HEOIZHOPOAHOE JHUHeHHOe YpaBHeHHE
AN W, KOTOpO€ JaeT HE3aBUCHMOE OT BPDEMEHHM pelleHue

airla: (e —3 A== a: [ £y )W)+

+w(p)—wW(p)—w(p)]P_BdBdBdp, (4.5)

B sTOM ypaBHeHuH BTOPOH uyJeH B JeBOH uacTH BBeleH IJ4
TOro, 4ToObl YLOBJIETBOPHUTL YCJIOBHIO (4.2).

AnanornunsiM 00pa3oM A NOCTOSHHOTO TpalHeHTa TeMlepa-
TYpH (pasHoro a7;) TeMneparypa M MJIOTHOCTL GYAYT JHHEHHBIMA
¢dbynxuuaMu koopaunat. Ilpeanosarad, 4TO JaBJjeHde OAHOPOIHO
M 4YTO COOTHOINEHHE MeXAY IaBJeHHeM, IIOTHOCTLIO H TeMnepa-
TYpOH COOTBETCTBYET /NOKAJIbHOMY DaBHOBECHIO:

T=T,(1+a-ry, 4.6)

p=po(l —a-ry, 4.7
MB MOXEM 3anmMcaTb (QYHKUMIO pACHpeleNeHHs B BHAE

f=0+4+a-wf, (4.8)

rie W — HenssecTHaa (BekTopHasd) QyHKUHR OT p;, Ompele/seMasn
noacraHoskoli (4.8) B (3.15). Ecam a mocrarouHo Malo, TO
OTKJ/IOHEHHE OT PABHOBECHS HeBE/HKO, HO B O0LIeM CJAyyae 3aBUCHT
oT Bpemenu. Ecau, omnako, OoTOpOCHTb BCE UJEHH BTOPOro no-
pazka u ¢ Gojee BHICOKHMH CTENEHSMH A, MH NOJYYHM HEOIHO-
pOAHOe JUHeRHOe ypaBHeHUe IS W, KOTOpOE uMeeT He3aBHCHMOe
OT BpeMeHH peilienue

2 5
o (gmir—3) =1 [ £o(pr A W(ED+
+w(p))—w(p,)— w(p)| p_BdBdBdp, (4.9

rae T wnanucano smecro T,

CransoHapHbe HepaBHOBECHHE (PYHKUHH pacnpeseaeHus noay-
waloTCH U3 pewenu# ypasuenuft (4.5) u (4.9). [Ipu BHBOE 9THX
pacrnpefe/ieHuit MBI HCTIOAb3YeM TeH30pHBIE 0003HaUeHNs, KOTOpHe
B KOHEUHOM MTOTe He §0Jee CJAOMNHBI, 4eM KOOPAXWHATHAsA Sanuch,
HO Ie/alT BHIBOA ropasao Gouee ACHBIM,
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4.2, Metoanka BHIUHCJACHHMH

Vpasuenus (4.5) u (4.9) 1o/MmKHBl YLOBIETBOPATLCS MJIst HIOOOH
cOCTaBJsIOLIed BEKTOPa MJIM TEH30pa, MOCKOJbKY B NPOCTPaHCTBE
HeT NPEeHMYILECTBEHHOrO HANpaBJeHUs; 9TO JAeT BO3MOXHOCThb
yNpOCTHTb YPaBHEHHS:

it (Pii— 5 1) =— = [ £,(p)[w (5)+ w () —

—w(p)—w(p)lp_BdBdBdp, (4.10)

R 5 , ,
(2m11er""2“) p1=-ffo(1’2)[‘"(l’z)+‘”(l’1)"
—w(pp)—w(p)lp_BdBdBdp, (4.11)

DTH ypaBHeHHs B KOMIAKTHOH ¢oOpMe BHIPAXAIOT CUCTEMY M3
naTH WJIH Tpex ypaBHemm HJl TAKOTO K€ YHuC/ja HEeU3BeCTHhIX
¢yHKUMR, npuyeM Kaxaas GYHKOUA 3aBHCHT OT TPeX COCTABJAIO-
UMX HMMIYJAbCa KaK HE3aBHCHMBIX NMepeMeHHHX. Yucio mepemeH-
HbIX KaK HE3aBHCHMBIX, TaK M 3aBHCHMBIX 3aMETHO yMeHbLIaeTCs
NpH BBEAEHHH SMHOUPHYECKOrO MpPeNNOJJOKEHUS OTHOCHTENLHO
yr/I0BOfl 3aBUCHMOCTH HeW3BECTHHX ¢(yHkuuH. B cnpaBepsnBocTH
TaKOr0 MPEANOJOKEHHS MOXHO YOeIHTbCS, MOACTABJAA MOJydYeH-
Hble pelleHHsds B ypaBHeHHs H INpOBepsf, YAOBJIETBOPAIOTCH JH
OHH STHMH DeuIeHHAMH JJs JI000ro TeHs0pa @ HAH COOTBETCTBEHHO
BEKTOpa a. B cOOTBeTCTBMH € 3TUM MHI TIIpUHHMAEM, UYTO HECH3-
BeCTHbie ()YHKUHH 3aBUCST OT YIJOB TaK ke, KaK M JeBas 4acTb
pelraeMoro ypasHenud. Taxum o6pasom,

w(p)=[pp,— 3 711 |G.()) (*.12)
R 5
w(p) = [W - 5] P.Gr (P (4.13)

rie G, u Gp— Teneph eNMHCTBEHHble HEM3BECTHHE (YHKLHH;
OHM CKAJMApHBL M 3aBHCAT OT ONHOH CKaJADHOH NepeMeHHOH.

HOas onpenenenus 9THX OYHKUUE aHAJMUTHYECKHE METOLH
HENpHUrOAHL, a YHC/EHHbiEe METOAB He IO3BOJSAIOT YACHUTb OOILHX
CBOHCTB MOJMYYeHHHX pesyabTaToB. Huxe naHo npubamkeHHOe
pellleHse 3THX YPABHEHHH YACTHYHO aHAJMTHYECKUM METOAOM. DTOT
METO] 3aK/IIOuaeTcs B 3aMeHe HeusBecTHbhX (ynxuust G, u Gy
KOHCTaHTaMH, KOTOpHeE IOAGHPAITCA TakWM 06pasoM, uTOOH
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obecrieynTb Hauayuuiee npuG/keHue /Aaa 8SHaueHuf NOTOKA
UMIYJbCa WM SHeprHH.

YmHOxumM 06e uact ypasteuua (4.10) na (p,p) fo(py) dp,,
a (4.11) —mna pl(p%/kaT)fO (P1) dp,. Unterpuposanuem no dp,
MH TOJYYHM CpelHee B3BEIIEHHOE OT HAIUMX ypaBHeHH#, nMpuyeM
HX JIeBHE YaCTH CTAHOBATCH PABHLIMH

a7 | A P1): (p,p;)] dp;

1 I 5
OmkT ffo(Pl)['ka “?] pidp,.
Otn  BHpAaXEHUS NPONOPUHOHAILHB COOTBETCTBEHHO MNOTOKAM
MMITYJIbCA M DHEPTuM, YTO CJjelyeT u3 ypasuenuf#t (1.11) n (1.13)
(fe BTOpLIE ¢1araeMble B NPaBbIX Y4aCTAX MaJhl B CJyyae rasos),
a Takxe u3 ypaeHenul (4.12) u (4.13) u u3 npeanosoxexus,
uto G, u Gy nomxunl ObiTh NOCTOAHHEIMH. MHTerpuposamue
B NpaBLX YaCTAX OCYIECTBUMO, TaK KaK P; H P, COrIAcHO

(3.9)—(3.11), Buipamaiorcs kaxk QyHxkuuu p;, py, B u B. [Nocne
HHTErPHPOBAHHs YPaBHEHNS paspeluaiorcs otHocuteabo G, u Gy.
TonyueHnrie pelenus AalOT AJA NMOTOKOB MMNY/IbCa H SHEPIHH,
BHUMC/IEHHLIX HA4 OCHOBAHMH JeBoft vactu paseHcts (4.10)
u (4.11), oyenb 6aM3KUe 3HaYeHUS NO CPABHEHMIO C MONYYEHHLIMH
COrnacHO NpaBOH YacTH 3THX PaBEHCTB.

S7oT BHBOA NpPuGAMKEHHO HEPABHOBECHOrO paclpee/iecHus
IonxeH, BooOlle TOBOPHA, COOTBETCTBOBATH TOYHOGTH, C KOTOPOH
M3BECTHH HeoOXOAuMble OnbLITHHE HaHHBle. Ecan xe tpeGyercs
60/bI1as TOUHOCTH, TO €€ MOXHO JOCTHIHYTb C HOMOLLbIO Tpels
nonoxennud, 4ro U, u (; aBISOTCA NOJHHOMAMH HEBLICOKOTO
nopaaka ot p;. Kosdduumentn pasmoxenns u B 5TOM ciyuae
HOJYHaloTC METOAOM Hamayuulero npubmmxenus. C  apyroit
CTOPOHE!, 1Sl MOBBIEHNA TOYHOCTH MOXHO u36paTh W YHC/AEHHBIH
METOL.

[MpubauxenHmit BuIBOA uMeeT pal ocobGenHocTe u Oyner
ORMCAH B CASAYIOLIEM pasiedne.

4.3. Onpenenenne KoahdULHEHTOR NepeHoca

IOas BuBona kosddunuenta sasxoctd ypastenue (4.10) cae-
JyeT YMHOXHUTH Ha :p,p;. TOT ke pesybTaT B KOHEYHOM HTOre
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AOJYYUTCH, ecau u3 cooGpaxenuil ynoberBa nepas 4acTh OyIeT
1
YMHOX(€HA Ha :(plpl——g pfl), a mpaBas uacTb Ha

i~ (oo —5 27) + (ipi — 5 21) —

— (p2p2¥— é—pgl) —(ppi—52)]- @19

B cootsetcteuu € (3.11) Bepaxenue (4.14) ynpowaercs, npuxu-
Mas BUJ

(2(K-p_PKK—(K-p )Kp_+p K]l (4.15)

[Ton suwak wuHTerpaia B ypasHenue (4.10) crenyer mojacraButh
ckanspHbiit kBanpat Tersopa (4.15). [1pu BHIYHCIEHUH CKANAPHBIX
npoussefeHnl MOXHO BOCNOJIbL30BaThC ypasHeHusmu (3.12) u
COOTHOLICHUAMH

1:1=3., (p,p,):1 =ph (pp):(PP)=0r{ (4.16)

[Ipumensis 3TH COOTHOWIeHHA  yMHOMas Ha f,(p,)dp,, Mb noi-
HO.TbIO BHLIUMC/fEM JeBYI0 uacTb ypaBHeHus (4.10) u ympomaem
[PaByl0 4acTb:

p \2 _ P ’
10pkT= (W) G, 2rmkT) 3fexp (—— —%ﬁr—) (K- p_ )

[p2 —(K-p_Y|p_BdBadBdp, dp_.

Tak Kaxk yron OTK/JOHEHHs He 3aBUCHT OT p, U B, uHTerpupo-
BaHWe TO 9THM MEPEMEHHHIM MOXHO BHINOAHMTb B O0lIEM Buie.
IIpu sTOM mNOAyuaeM

(‘nm)l/’

=M 4,
¢ (kTR (4.18)
rue
J= f e~?p%j (p)dp,
J(p)=sin®{(p. B)BdB, (4.19)

p

P= amery®’

snech f— dugpepenyuarsroe cevenue cmoaKuoserus, J—ero
cpelHeB3BelieHHOE 3Hayenue. IIpu onpenenenusi j yroa cToaxHoBe-
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AONYUHTCS, ecau u3 cooOpaxenuft ynoGcTBa Jesasi 4acTb OyaeT
1
YMHOXEHA Ha :(plp]—-§ p}’l), a npaBad 4acTh Ha

1 .’ 1 12 Y 1 72
:7‘— ”4‘[("2"2‘—3‘92 I) + (plpl —3 P I) _
1 1
—(Pzpz-g-l’%l) ——(plp1 ~——3—p,?|)]. (4.14)
B coorserctuu ¢ (3.11) Bripamenue (4.14) ynpouiaercs, npuHi-

Masi BUA
H2K-p_PKK—(K-p )(Kp_+p K (4.15)

[lon 3Haxk wunrerpasa B ypasHeHne (4.10) caeayer moacTaBuTh
CKaMApHbIA KBaAPaT TeHsopa (4.15). [Ipu BLIUKCACHUH CKAAAPHBIX
npousBeleHU# MOXKHO BOCHOJL30BAThCH ypaBHenusmu (3.12) u
COOTHOLIEHUAMHK

1:1=3, (p,p,):1=pl (p,p): (plp]) == p;. (4.16}

ITpuMeHas STH COOTHONIEHHS W YMHOMAH Ha So(py)dp,, MH moa-
HOTBIO BHIYMC/SICM JIeBYIO uaCTb ypasuenus (4.10) u ynpoimaem
NpPaByI0 4acTb;
2 2 p?
10pkT = (EPZ) G, (27rka)"3fexp (— %"—”:—’;—T—) (K-p )2
L (CAYS]
[P —(K-p_Y]p_BdBdRdp, dp_.

Tak Kax yros OTK/IOHEHHS HE 3aBHCHT OT p_ ¥ 3, HHTerpupo-
BaHHe MO STHM NEPEMEHHBLIM MOXHO BHIOJHHTL B OCLIEM BHAE.
Tlpu sTOM noJy4aem

(ﬂ:m)'/’
G, = ——tr—, (4.18)
p (RTY"S
rae

J= f e~7p°j (p)dp,
J(p)==sin*¢(p. B)BdB, (4.19)

P
(4mhrT)'"

anech j— duipghepenyuarvroe cevenue CmoakHoseRus, J—ero
CpeaHeB3BelIcHHOE 3Havenne. IIpu onpesenennn j yroa croikuose-

p:
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a npaBylo — Ha

.2 12
1 Dy 5 ’ P 5 ’
T [,<2mkr—7>p2+ (‘kar—i L

2 2 -
P2 5 141 5
- (2‘ mET — '2“) P — (kar - 7) pl]' (4.22)
B cOOTBETCTBUM C TEOpEMOH O CTOJKHOBEHHAX BeKTOp (4.22)
6yzeT paseH

g |— (P4 - P_)K+2(K - p_)(K-p,) K—
—(K-p,)p_|(K-p)) (4.23)

CxanapHbift kBagpat Bektopa (4.23) caenyeT noacTaBUTh B HOLbIH-
TerpaabHoe Bhipaxenue (4.11). Tlyrem ymuomenus wa f,(p,)dp,
MBI MOXEM MOJHOCTbIO BBIYMC/MTH JeBYI0 yactb (4.11) u ynmpo-
CTUTb TNPaBYI0 YaCThb:

15 a Py + 1
— kT = T —_—r
2 32m? 2mkT) " =" f exP( dmkT X

X[Po Py +(K-p,fpl —2(K-p )(K-p,)(p,p )] X
X(K-p_Pp_BdBdBdp, dp_,

preﬂHﬂH, JaJjee, MO HANpaBJICHUAM BEKTOpa p+, MBbl JOJIXKHB

YYecTb, YTO CpellHee MO HanpasJeHUssM OT JoOOH HeueTHOH cTe-
TNeH! KOMIIOHEHTH P, PaBHO HYJIO, a CpelHee OT KBaApara 6o
NeKapTOBOH KOMIIOHEHTEI P_ PaBHO OJHOH TpPETH OT CpenHero

3HaYeHUA p'f’F. Hanee,
(K-p)(P, P )=(K-p,J*(K-p_).
Taxkum 00pasoM, UHTErpPHPOBAHUE MO dp, u { naer
Gy =15 (xmkT)" pJ. (4.24)
Cpelnufl NMOTOK SHeprHu paBeH

p 1 \% ( 4 )( '
Q=’2Iﬂ‘(2mkr) foexP ~ omeT ) \ZmrT 3 ) (@' PO X
2

P
X 5o P1 Dy
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Pagnaras no nexkapToBbiM KOOpPAMHATAM, Mbl HaXOIMM, YTO OH
pasen BexkTopy a7l, yMHOXEHHOMY HAa CKaaap:

Q= 3—‘;— m (kT) GraT. (4.25)

IMoacrasasn (4.24) B (4.25), noayuum xoadduunent TENAoNnpo-
BOIHOCTH KaK MHOXMTesab mpu al:

27! .
=ﬁfl/"_”. (4.26)
128m 2J
Ce'«leHHﬂ CTOJIKHOBEHUS a4 TeﬂﬂOﬂpOBOlIHOCTI/l H BA3KOCTHU
OJUHAKOBBI, OJAHAKO 3TOT pealebTa'r He OﬁﬂaaTeJleO JOJIXKEH
COXpanuthcs npu GoJiee TOwHOM BEIBOLe. OTHOLIEHHE ABYX KO3¢-
q)HuHeHTOB nepeﬂoca HE 3aBUCUT OT 3TOr0 CeyeHud:

A 5 3k

7= 4.27)

Takum o6pasoM, Mb BHIMM, YTO KO3((ULMEHTH NepeHOCA
MOXHO BBIBECTH M3 MOJIEKYJSAPHEIX CBOHCTB — MacChl M NOTeH-
uuana BsauMoleHcTsus.

PyHKUMM pacnpelleleHHs MJs CMecel 3aBHCAT He TOJLKO OT
TeMNepatypbl M TJIOTHOCTH, HO H OT KOHUEHTPAaUMH, KaK OT
napametpa. B sTOM ciayuyae KHHeTHuecKue ypaBHEHUs yCTaHaBJH-
BAIOTCA AR KaXKLOr0 THNA MOJIEKY/, IPHYEM YUHTHIBACTCS Pasiu-
YHe MeXIy CHIaM¥ B3aWMOLeHCTBHSA NP, COCTOALIMX W3 Pa3AMUHBIX
gactuu. [lo aToft npuunHe MareMaTHyechuil anmapat OKasblBaeTcs
Gonee CHIOMHBLIM, HeM B CJyuae NPOCTHIX Ta30B, ONHAKO NPUHIM-
NHanbHO HOBLIX BOMPOCOB 3LeCh HE BOBHMKAET; BHBOA KO3(du-
LMEHTOB MepeHoca, BKJIOYas kO3Quuuentsl Aupdysuu u Tepmo-
Indoysun, NPOBOAMTCA NO TOH IKe CXeMe, 4TO H B Cayyae
NPOCTHIX rasos.

4.4. Tipubamkenne, OCHOBAHHOE HA cpejpHed aaune
csoboanoro mpobera

B npeabiaymux paspenax aHO 3aKOHYEHHOE DPacCMOTpEHHe
HapyleHH! paBHOBECHOTO pacnpejesieHHs B TpOLECCaX nepe-
Hoca. [loABORA HTOrM, MBI MOXEM CKa3aTb, YTO HapyLueHHS! Yri0-



B43KOCTb U TEIJIOINIPOBOJAHOCTb I'A30B 45

BOTO pacnpeje/ienuss MOTYT OblTb HOJAYyYeHbl M3 3/JEeMEHTAPHBIX
coobpaxeHult CHUMMETPHH; YTO KAaCaeTCs 3aBHCUMOCTH (YHKIUM
pacnpeie/eHust OT aOCOJMIOTHOH BEeJUYHHBI HMNY/AbCA, TO 34€Ch
HapyuieHusi GoJiee CJAOXHBl, HO, K CY4CTbIO, HE TaK BEJIUKH.
ViMes B BUAY 9TH pe3yJbTaThi, Ml MOXeM NpPEANPHHATb MOMBITKY
YyIpPOCTHTb TEOpHI0.

[puMeHsis MeTOLHl aHAJM3a Pa3MepHOCTER K BASKOMY TeYeHHIo,
MBI 3aMeuaeM, 4T0 Ko3dduureHt Baskoctu ( [n]=mnmacca/druna X
X 8peMs) MONKHO BHIPA3uTb uepe3 Maccy MoJekyan ([m]=
=.Macca), CPeIHIOI CKOPOCTb TEMMOBOIO ABHKEHHS ( [(k T/m)‘/’]
-—0/luua/3pemz) cpelHee pACCTOSHHE MEXIAY MOJEKYIaMu
([(V/N)l/‘]——o/uma) H auamerp MoJaekyin ([ry] = diuna).
Hcnonbsys nepsm#t wien B (1.11) ana omnpeleseHus nortoxa
HMIly/JbCa, Mbl Cpady e IOJydYaeM, UTO % TNPONOPLUUOHATLHO

(N/V)(ka)'/ZL, rne MHOxuTedb L HMeeT pasMepHOCTb MM
BBUIY TOTO UYTO Y HAC MMEIOTCS ABE €AMHMUb AJMHBI, 3TOT MHO-
XHUTeJdb OJHO3HAauHO He ompenesneH. TpeOyerca npusieyenue
nanbHeRIINX JNMHAMHYECKHX CcooOpaxeHn#t B BuAe H3BeCTHOH
FUMOTE3H, COrJIACHO KOTOPO# MOJEeKy/abl MepefaloT UMIYJIbC
TOMBKO HAa cpelHefi AauHe CBOGOXHOrO mpobera; B TaKOM CaAy-
yae L oToXIecTBJseTcs CO cpelHel XauMHOH cBOBOAHOrO npobera,
xoropas pasHa L~~V/NrZ rakum oGpasom,

'
~ D
ro

B HEKOTOPOM OTHOLIEHHH 3Ta apPryMeHTalus BIOJHE AOCTa-
TOYHA.

OnHako NONHITKM psAla aBTOPOB MNPOM3BECTH KOJHYECTBEH-
HbHle BHIUHC/JEHUS IIOTOKa uMNyJabca O6e3 3HAHUA OTKJIOHeHHH
¢yHKUUM pacnpelefieHHus OT DPABHOBECHOTO 3HAueHHs eaBa JIH
MOTyT ObiTb ONpaBAaHHE. B 0OLIENpUHATOM BHBOLE CpenHu#
NOTOK HMMYJbCa B JIOOOH mouKe 3aMeHseTCst CpeHUM N0 cghepu-
yecKol n0BepXHOCMU, OXPYKAOLIE! STY TOUKY; NPU yCpelHEHHH
MCIOb3YeTCsl (YHKINS PABHOBECHOrO paclpejiesleHus, YTO BeleT
K npeHeGpexeHHI0 TeMH COCTOSHUAMM [BUXKEHHS, B KOTOPHIX
paluanbHas COCTABJAIOLIAA CKOPOCTH MOJOXKHTEIbHA. B neficTBu-
TeNLHOCTH TAKOH BHIBOA HEYAOBJCTBOPHUTENEH Naxe B KayeCTBEH-
HOM OTHOIUEHHH, TAK KAK B STOM CJIyuae MOJyyYaeTcs, 4TO JaBJeHHe
NPONOPUUOHAABHO T'PAJHEHTY CKOPOCTH, a He CKOPOCTH CABHra.
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Byayun npuMeHeHa K rasoBOMy LMJAMHADPY, HAXOAAILEMyCs B CO-
CTOSIHUY PABHOMEPHOrO BPALIEHUs, S/IEMEHTAPHAS TEOPHS NPHBOAUT
K MOSIBJIEHWI0 BASKOCTHBIX HampsKeHHH TOR XKe BEJHYMHBI, 4YTO
¥ B JAMMHADHOM fIOTOKE, TOrAa Kak B JeRCTRUTENBHOCTH BA3-
KOCTHBle HanpsKeHHd OTCYTCTBYIOT.

CienoBaTe]bHO, KHHETHYECKHE TEOpH! 2 YUMTHIBRIOLIHE
OTKJOHEHUH (yHKUMH pacrpenesieHHs OT PABHOBECHBIX 3HAa4YeHUH,
MOryT GbiTb BEPHH TOJBKO B OYEHb OrPaHHYEHHOH 06/acTH HX
NPHUMEHHMOCTH.



v
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Basxkocme u menaonposodnocms acudxocmei

5.1. Xuakoe cocrosnue?!)

Mukpodusuueckue TEOPUH KHAKOCTeH HAXOAATCA B HEBHITOA-
HOM MNOJIOXEHHH TIO CpPABHEHWIO C TEOPHAMH Ta30B H TBEPAHIX
tea. CTpykTypa munkocteft, OGHYHO OMHCHIBAeMas KaK ,OamKHIA
NopslOK“, BeCbMa CJOXHA NIJS PACCMOTPEHH TNO CPABHEHHMIO
CO CayyaHHBIM DACMOJOXEHHEM MOJEKYJ B rasax WM ynopsio-
YEHHOM KPHUCTaJIHYeCKOH CTPYKTypo#i TBepAmX Tet. JIBHiKeHHE
HHIMBUAYANbHHX MOJIEKYJd B MXUAKOCTH HeJb3s paccMaTpuBaThb
HE3aBHUCHMO OT ABHXEHHS IPYTUX MOJeKYyJ, KaK 3TO NeJaercs
B Ciayyae rasos. Taxkoe BaxxHOe NOHATHE TEOpPHM Ta3os, Kax
NMOHATHE CTOJKHOBEHHH, B caydae KUAKOCTeH BooOuie He MOJA-
JlaeTcd ompele/eHHI0o, TaK KaK MOJEeKY/Jbl HHKOTIA He BHIXOAAT
u3 chepnl B3aUMOZERCTBUS CO CBOMMH cocelsMd. B oramume or
TBEPIHIX TeJ IBHIKEHHE MOJNEKYJ B MUAKOCTAX HeJb3s pas/oNKHUTb
HA HE3aBHCHMBble THNH KoJeOaHuH.

XuakocTd  00HAPYWUBAIOT  XapakTepHbie  SMIUDPUYECKHE
3aKOHOMEPHOCTH; yCTAHOBJEHO, YTO CBOHCTBA Pa3JMYHBIX XHUAKO-
CTeit B3aMMO3aMeHsieMbl NPDH 3aMeHE TAKMX MAacWITa6OB, KaK eAu-
HULB MacChl, o0beMa U SHepruu. [IpyruMu CiaoBamu, cBOHCTBA
HUAKOCTE  MNOAYMHEHBI 3AKOHY  MOJEKYJASPHO-IAHHAMHYECKOTO
nono6us. I'py0yio oueHKy CBOHCTB XKUAKOCTEH JETKO OCYLIECTBUTD
nyTeM CpaBHEHHS C M3BECTHHIMH CTAHIAPTHBIMH BeElleCTBAMU HpH
»COOTBETCTBEHHHIX" TeMNepaType ¥ NJIOTHOCTH. Kak ocHoBaHue
I TEOPHH BaKOH MOAOOMS HMeeT COMHUTENbHYIO HEHHOCTb, TAK
KaKk OH CHpaBelJIMB Juilb NpUOJMKEHHO M TO He BCeraa. B Bume
npasuaa ITBeilla U 3aKOHOMePHOCTeH Mapaxopa 9TOT 3aKOH OHLA
NOJOKEH B OCHOBY MHOrHX TeOpHR, KOTOpble He OmpaBlaju

1) Nompo6Hoe o6cyxAeHHE PSAa BOIPOCOB TEOPHH KHUAKOFO COCTOS-
Husd CM. B NONOJAHMTEAbHOH autepatype [43a, 44, 47). —/Tpun. ped.
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oxunanuit. Doxee TOro, BO MHOTHX CJy4YasX OH 3aTPYLHAA
9KCIEePUMEHTAbHYIO TNMPOBEPKY TEOPHH; ecJH HEeKoTopas MoJe-
KyJsipHasi MOZe/Ib XUIKOTO COCTOSHUS NMpeTeHAyeT, XoTd Obl NpH-
6MXKEHHO, HA COryacue ¢ SKCNMEePHMEHTOM, TO 3TO JHIIL TOBOPUT
O TOM, YTO OHa MOLYMHAETCH 3AKOHY M0A00UA, a8 3TUM CBOHCTBOM
obnanaer OOMBbIIKMHCTBO MOAeJeH.

OnHako, HecMOTPs Ha 9TU HELOCTATKH, OCHOBHbIE MPUHILHMLI
TEOPMH PABHOBECHBIX COCTOSHUMH YCMEWIHO - NPUMEHAITCa W
K JKMIKOCTAM; HEKOTOphie H3 HCHOJb3YEeMHX paccyxieHu#t pac-
CMOTpeHbl B pasi. 2.2. MOXHO HaleaTbCs, 4TO 3aKOH MOLOGUs
Oyzer B KOHEUHOM cueTe OGOCHOBAH M YCOBEPUICHCTBOBAH.

BssxocTb KHAKOCTEH ¢ [MaBHUX MNOP MNpHUBJAEKAeT BHHUMaHUe
ucciepoBatene, OT BSIBKOCTH Ta30B OHAa CYLIECTBEHHO OTJH-
YaeTCs OTPHLATENbHEIM TEMIEPATYPHBIM KOIGGHUUEHTOM U BHICO-
KOW YYBCTBHTENbHOCTBIO K H3MEHEHHAM TeMmepaTyphl. BsaskocTs
-BO3PACTaeT C YBeJUUEHHEM TMJIOTHOCTH, HOITOMY OIHO BpeMs
CYUTAI0Ch, UYTO TeMNepaTypHbft Ko3ddHuUMEeHT BA3KOCTH Oyrer
paBeH HYJIO, €CJH ero H3MepsATb NpPH MOCTOSHHOH MIOTHOCTH.
BaunHckuft [23] Bbipasus BAsKOCTb uepe3d cBoOOAHBIR 00BbeM u
3KCIEPUMEHTAIbLHO MPOBEPHJ CBOIO (OPMYay Ha OOMbLIOM YHC/IE
pasnuuHbX kuAKocted. OmHako Anzipane [24] cymen nokasaTs,
YTO CHJAbHHLIA OTpHUATeJbHEIH TeMnepaTypHbifl et ocTasTca
Jaxe NMpPHU OTCYTCTBUM TEMIOBOrO PacUINPeHHd; OH COOTEETCTBYET
dopmyne == ,exp (e/kT), rae e — NONOXKUTEIbHAA KOHCTAHTA,
MMeollass pasMepHOCTb dHepruu. B To Bpema kak cama 3ta ¢op-
MyJa moJyunia BceoOluee NPU3HAHUE, €€ MHTEPNPETalUsa OCTAETCH
B 3HaYUTebHOH Mepe HesiCHOH, B OCOOEHHOCTH HM3-3a TOFO, UTO
BABKOCTb 3aBUCHUT KAaK OT TeMIepaTyphl, TaK W OT IUIOTHOCTH.
DKCNOHeHUMaNbHas ¢yHKuus B dopmyne Anapaje MHTEpPHpeTH-
pyeTcs HeKOTOPHIMH aBTOPaMH Kak (pyHKLHMS PABHOBECHOTO pacnpe-
He/ieHus, IPHYeM € pacCMaTpPUBAeTCS KAaK OTPHIATENbHAs SHEPrus;
JIpyrue aBTOpbHl paccMarpuBaioT ee kKak Qopmyay, oOpaTHYiO
¢opMyne paBHOBECHOTO pacnpelefeHus, CUuTas & MOJAOKHUTENbHOH
9Heprueft ,aKTuBauuu’.

TenaonpoBOIHOCTb KUAKOCTER MPHUBJAEKNA MeHblle BHHMAHHA,
uyeM BA3KOCTb. [I'perit [22] oTMeTms, yTO TeMnepaTtypHas 3aBu-
CUMOCTb ¥ STHX IBYX KO3(Q(QHLUHEHTOB MNepeHoca B3aHMHO Ipo-
THBOMOJIOXKHA 0[O 8HAKY ¥ YTO TEIJONPOBOAHOCTb HE CHJABLHO
3aBHUCHT OT TeMNepatyphl. B 5TOM OTHOILEHHH XHAKOCTH 3aMETHO
OTJIHYAIOTCS OT TIasoB, IJii KOTOPHX KO3(PdUUMEHTH BA3KOCTH
W TENAONPOBOJAHOCTH B3AMMHO NPONOPUUOHANBHDIL,
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OtcyTcTBHE KaKux-1u60 TBEpAO YCTaHOBJAEHHBIX OOUIUX MpPHH-
LMMOB B TEOPHM HEOGpAaTHMbIX NMPOUECCOB AaeT MOYBY 14 pas-
JHYHBIX HeOOOCHOBAHHBIX CMEKYASlUMH B HCTOJKOBAHUH KO-
hHULMEHTOB MepeHOCa B HUAKOCTAX. B AaibHeiiimieM MBI TOKaXeM,
YyTO noCJelOBaTe-HOE TNPHUMEHEHHe FIOHATUH, paspabOTaHHEIX
B pasa. 3.3, AaeT HaM MO KpadHe# Mepe OCHOBY 1/ palMOHAnb+
HOI TeOopHH.

B nepsyio ouepeib MOXHO OTMETHTb, 4TO MOTOK HMRY/bca
M SHEPrdH B JKMAKOCTAX B OCHOBHOM CBsI3aH CO BTOpBIMM 4Je-
HAMH B mpasbix yacTax ypasHenuit (1.11) u (1.13). dto sBaseTCsH
CMeACTBMEM TJIOTHOH YITAKOBKM MOJIEKYJI; MepBbie WIeHb, Mpe-
obnajgawoiuye B CAydyae ra3oB, WrpawT HLOBOJIbHO HE3HAUHTE/bHYIO
poJib B SiBAEHUAX MEPEHOCA B XULKOCTAX.

65.2. Pacnpepneyenue nmo KOOpAMHATAM

dyHKUMIO pacnpeleseHus, XapakTepHylo IJsd cayuyas BA3KOro
TEYEHUA U TENAOCNPOBOAHOCTH, MOXHO BbIBECTH H3 YpaBHEHUs
d>0KKepa~l'InaH}<a, NOMb3YACh PACCYXKACHUSAMU, aHAJTOTHYHLIMU
TeM, KOTOphie mpuMeHssch B pasf. 4.1. Tak kak uuTepecylomui
Hac NOTOK HUMNy/abCa WJIH 3SHEPrun CYIIECTBEHHO 3aBHCHUT OT
KOOpllHHaT (FOBOpH TOYHEee, OT OTHOCHUTEJbHEIX KOODAHHAT NaphHl
yacTuir), HeoOXOAUMO BBHIBECTH pacnpele/ieHHe BepOATHOCTEH no
KOOpJAMHATAM, 2 He 10 MMITYJbCaM.

BunapHas QyHKuUMA pacnpeieneHds NO KOOpAMHAaTaM Oblia
onpelenena paseHctBoM (1.8). Ee MoxHO BbIpasuth 160 .Kak
dYHKUMIO KOODIUHAT Ty U Ty, AM6O, NO ypaBHeHuio (3.24), kak
(GyHKUMIO OT T, M r_; NOC/HejHee BhIPAKEHHUE NPELNOYTUTEbHEE,
Kpome ¢yunkuuu pacnpeneneHus, OIpeleJuM Cjelylouiye 1Ba
BEKTOpa NOTOKa:

. 1 9 .
o =g [, Pap, dp_, 6.1

=g [o_rPap, dp_. (5-2)

rae p, u p_ onpeneisiorcs mo (3.5) u (3.6).
Tenepb ymuoxuM ypasuenne (3.31) Ha dp,_ dp_ u npous-

TErPUPYEM N0 HMIYAbCAM, TpHYEM INIOCJHCNHMMH IBYMs 4YJeHAMH
ypaBHeHMs 3feCb W B AaibHeRuleM OyneM npeneOperate. B pe-

4 3ak. 1189.
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3yJ/ibTaTC NOJIyUHMM YPAaBHECHHE HENDEPBLIBHOCTH AJA ABYX MOJEKYJI

B KOTOpOe BXOAST TpH HeusBecTHhe ¢ynkumu: g3, j, u j_,
Hdas onpenesedus 2% HeoOXOAUMBl NONOJHATEbHBIE ypas-
HEHUS; MBI KX MOJYYHM, yMHOXas ypasHeHue (3.31) mocieno-
BaTeJbHO Ha x/2pf dp dp_ u Ha i/op_dp_dp_. HUnrerpupona-
HHe NMPHBOJAUT K COOTHOLIECHHIO, 3aBUCALLEMY OT BEKTOPOB NMOTOKA
M HOBHIX HEM3BECTHHIX (YHKUHMH, MOABJAIOLIUXCA B pe3yabTaTe
yCpeAHeHHs KBaAPaTOB H NePeKPECTHBIX NPOU3BEACHHHA KOMIOHEHT
MMIYJAbCOB. DTU CpellHHe KBAADATHYHbIE MBI 3AMEHHM HX pABHO-
BECHBIMM 3HAYEHHAMH, KOTOpbie HaM u3BecTHH. C NOMOLIBIO TaKOTO
MCKYCCTBEHHOTO TIpUeMa Mbl NOJAYYUM CAEAYIOLIMe YypaBHEHus:

o= (o) (5 )+ (%))
i-= 5 [(am) (5 ) - () + (5]

B sTux ypaBhenusix TeH3opbl Tpenus, onpenenexnbie no (3.30),
3aMeHeHBl CKaJAfPHBIMH MOCTOSHHBIMH O, KOTOpble, OJHAKO, HE
WIEHTHYHE ¢ MOCTOSHHLIMU b, onpelenennsiMu no (3.20). Ecan
NIOCTOSIHHAS TPEHMs LOCTATOYHO BeJNKA, TO NPOU3BOAHLIMU 1O
BpeMeHn B (5.4), KOTOpbie NponopuuoHa/ibHb 1/6?, MOXHO mpe-
HeOpeub. MOXHO noxasarb, 4TO OmWKOKA, AOMYylUIEHHAs TpU 3a-
MeHe CpelHMX KBaJApaTWYHBIX 3Ha4YeHHH pABHOBECHBIMU, TaKXKe
¥iMeeT nopsaok 1/b2.

[MoacraBasa (5.4) B (5.3), moayuum AuddepennuanbHOe
ypaBHenue s g, B KOTOpOe B KauecTBe HE3aBHCHUMBIX Mepe-
MeHHBIX BXONAT TOJbKO KOOPAHMHATHI M BpeMs, B TO BpeMs Kak
MMIYJ/IbChl NOJHOCTbIO MCKJIOHAIOTCA. IDTO ypaBHEHHE, M3BECTHOE
NoL HasBaHHeM ypasneHus CMOLYX08CKO20, UMEET BHA
Mzi.[i(” g(z)) (F ) g(?)]+

m

d 0 RT
LA g .
+0r+ [du ( )]+ 0( ) (5.5)
TouHocTb MOXeT ObITb NOBHIIEHA NMyTeM COXPAHEHHs BCeX
Y/eHOB, NpONOpuMOHAAbHHX 1/b%, u npeHeOpexenus wieHaAMH

(5.4)
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nopsaska O (1/63%). C nomouibio 10BO/ILHO TPOMO3IKHUX BHIKJIALOK
MOXHO NOKa3aTh, YTO B TOM cayuae ypasHenue (5.4) aameHnsieTcs
ypaBHeHueM ueTBepTOTO NOpaAxKa. B nanpHefimieM 3Ta ypasHe-
HAS HAMM HE WCHO/BL3YIOTCH, 3 HapyllleHHe PaBHOBECHOTO pacmpe-
IeJIeHHs! OMpefiesineTcs C NMOMOIIbI0 ypaBHeHns CMOAYXOBCKOTro.
Ypasuenue (5.4) ynosierBopsercs GyHKLMER pPaBHOBECHOTO
pacnpelie/ients, KOTOpas Moxer ObITb 3anucaHa B Bule

1 U
ggz) (r+, r_)= v(r+);n—V- exp(— ﬁ).

U
(F_)‘—“‘—K—, (5.6)
V== fg(2)dl'_.

3necb U (r_; T)— addekTuBHas NOTEHUHAIbHAS DHEPrus, 3a-
BHCSAINAS OT OTHOCHTEJLHBLIX KOODAMHAT M OT TeMIepaTyph, KaK
OT napaMeTpa; BeJHYHHAa vV NpPONOPLHOHAAbHA JIOKAJLHOH HJAOT-
HOCTH H B CJydae pABHOBeCHsi TNOCTOfiHHA. B HepaBHOBeCHOM
caydyae MOXHO HOJIOXKHTb

g® = g0 (1 + w), (5.7)

rie w—Manas nonpaska k ¢yukuum pacnpeneneHus. Kpowme
cayuasa w=0, He CyLeCTBYET HE 3aBUCALIMX OT BPEMEHH pelte-
Huft ypaBHeHus (5.6). Kak u B Teopuu rasos, us (5.5) noay-
YalOTCA YpaBHeHHs, KOTOpHe OT/AMYAIOTCA TOJABKO YJEeHaMH,
COollepXaUIUMU CKOPOCTb CABHMra M T'pPaiMeHT TEMNepaTyp BO
BTOPO#t CTeneHH, H JONYCKAIOT He 3aBHCHIUME OT BPEMEHH pellle-
HHS, XapaKTepU3yIOLMe CTallHOHapHEe HepaBHOBECHBIE pacnpeje-
Jerus.

"5.3. Koaddunuents nepesoca

B Teopuu Baskoro rteueHns k npasof uacTi ypassenus (5.5)
J06aBJAIOTCSA UJeHbl, CBA3AHHEIE CO CKOPOCTbIO Apefda,

(/] . 7}
a- [ @200+ 57 @®r).

rze !/sa — CKOpOCTh caBMra. Bripaxas ¢yHkuMio pacrnpene-
nenus B Buie (5.7) u mnpeHeOperas uJeHaMH C KBajApaTaMH H
GoJiee BHICOKMMH CTENEHSMH @ ¥ NPOU3BENEHUSIMH @ H4 W, MH
NI0J1y4NM HeOAHOPOLHOe AuddepeHuUHAIbHOE YpaBHeHHe, Ompele-
Jqiollee pacnpefesende, COOTBeTCTBYOIee CTALMOHADHOMY BSI3-

4*
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KOMy TeueHU0. DTO ypaBHeHMe [JONYCKAeT peuieHHe, KOTOpOe
ABJAseTCA npou3BeieHHeM (QYHKUMH OT r, Ha YHKUAD OT r_
C K03h{HIMeHTOM BA3KOCTH CBSI3aH TOJBKO BTOPOH MHOXHTEME.
3anucuigag r BMecto r_ ¥ F Bmecro F_, Mbl moayuwm yvpasue-
HUe AJs ompefeneHus QYHKUMH pacupeieleHuss B OTHOCHTEbHBIX
KOOpJAuHaTax

2% 4 Vw4 (F - Vo) = (kif)2 bmF-a -r. (6.8)

M3 sTOrO0 ypaBHeHHs CJaelyeT, YTO OTHOCHUTEJbHOE [BHXKEHHE
nape MOJeKyJl B BS3KOM NOTOKE HOCHT XapaKTep BHIHYKIACHHOH
Iugpdysun, HanoxenHo# Ha cBoGoAHOe Auddy3noHHOE NBUKEHHE,
BO3HHMKAIOUlee H3-3a HAJMuUA CKOpocTH npeitda, kotopad 0OA-
LepKUBAETCA 32 CYET BHEUIHWX BO3JeHCTBUH.

Jns Toro uyroObl HaHTH. HE3AaBUCHMOE OT BpEMEHM pellieHHe
ypasHenus (5.8), mosoxuMm, uro a,,==a&, a Ipyrue KOMIMoO-
HeHTH a pasHbl HyJgio. Toraa npaBaﬂ yacTh ypasuenus (5.8)
B QYHKUMH NOJAPHEIX YraoB 4 u ¢ mpuobperer caeayiomuit
BHJ:

abmFr . o .
~gagz— Sit B cosesing.
B otom cayuae ypaenenue (5.8) ynomseTsopnercsa ¢yHxuueh
w=aqu(r)sin2¥cospsing, 6.9
T4K KaK Oneparop B JeBOH 4yacTH COXpaHAeT BHI YrjoBoH ¢yHk-

uun. Heussectnas ¢ynxuma u (r) onmpenensercs Auddepesunans-
HEIM ypaBHEHHEM

2, F 6u __ b '

(G ) — =g P 610

Kos¢d¢uuneHT BS3KOCTH TNOJAyyaeTcs B BHle

n= %P{ f exp ( U(') ) u(r)K (r)rdsin’ ¥ cos?¢ sin? o dr dd dqa,
(6.11)

rae U BhipaxeHo Kak (yHKuus r=—;-](r2—r1)], a

Kin— [dial('f_’)-](r' )

Ham ocraercs mnoayuuts ¢yHkuuio «(r) myTeM pelleHHs
ypastenus (5.10). Jlerko yOeauThcs, YTO OHO JOIYCKAeT 4acT-
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Hoe pemenne !/ybm (r[kT)?, KOTOpOE He 3aBUCHUT OT BUAA (YHK-
uuk F(r). B ofuee pemwenue AuddepeHUNanbHOrO ypaBHEHHA
BXOJAT JABE NOCTOAHHBIE WHTErpupoBanud. /s onpenesieHus 3THX
[IOCTOSHHBIX HeOOXONMMO TPHHATb, 4TO (QYHKLMA 4 (r) CTpeMUTCH
K HyaI0 Ha OeCcKOHeYHOCTH; B MPOTHBHOM Cjyuae HapylieHue
pAaBHOBECHOrO pacnpenefienus OyleT BO3pacTaTh € yBelHueHHEM
PACcCTOSHUA. MEXLY MOJEKyJIaMu.

Heo6xoauMo Takke JIpyroe ycjaoBde; Ha nepeuf B3rjal
uMeeT cMbicn norpeGosarb, urobn #(0)=0, Tak kKax B npo-
THBHOM cayuyae # OyneT Ha OeCKOHEUHO MajbiX pacCTOSHHAX
cTpeMuThcs K GeckoHeunocTH kak 1/r3. Oanaxo npwu BHINOJHEHHH
sroro ycaosus ¢ynkuus #(r) Oyner wucyesaTh Ha OOJbIIKX
PACCTOAHUAX NPONOPUMOHAILHO 1/r3 (pOBepKa 9TOTO He C/IOKHA,
M Mbl ee OMNyCKaeM), NPHBOAS B KOHEYHOM HTOre K CHJBbHOH
aHH3OTPONMH NOTOKA, YTO HENpPaBiONOLOOHO.

C znpyro#i cTOpOHH, cOOOpaeHus, MO KOTOPBIM u(0) He
MOXET AOCTUraTh OECKOHEUHOCTH, He SBJSIOTCH KaTeropuuyecKHMH,
ecau unterpan (5.11) ocraercs koHeuHnM. B coOTBETCTBUH
C 9THM MH IIOCTYJIMpYEM, YTO HapylleHHe DaBHOBECHOro pac-
npejeaeHnss Ha OOJBIINX MEXMOJEKYAAPHHIX PACCTOSHHAX CTpe-
MHTCA K HYJI0 HA OLHH NMOPALOK ObiCTpee, uyeM OTpuuaTe/bHas
TpeThbs CTENEHb PACCTOAHMA, T. €.

lim riu(r)=0. (5.12)

r-» o

DTUM yC/IOBHEM OLHO3HAYHO ONpele/faeTcs pelleHHe ypasHe-
nua (5.10). Pynxuns u#(0) pocturaer OGECKOHEUHOCTH, a BHIYM-
C/eHHas BSIBKOCTb OCTaeTcsi KOHEeYHOM.

Tak kak ycaosue (5.12) HeoOmyHOro poxa, TO HaM JOCTa-
B/sieT YAOBJETBOPeHHe TOT (aKT, YTO OHO MOAKpEn/IfeTcs Marte-
MaTHYECKMMHM 1OBOLAMH: eC/iM, COXpaHsss uJeHb mopsaka 1/b%
Mbl 3aMeHMM YypaBHeHHe (5.5) COOTBETCTBYIOUIMM YpPaBHEHHEM
ueTBEpPTOro Mopsixa, 10 yciosue (5.12) no-npexuneMy onpeiejut
OIIHO3HAYHOE pelueHue, M3 KOTOPOTO MOXHO IOJYYUTb KOHEYHOE
3HayeHHe BA3KOCTH; ajbTepHaTuBHOe e ycnosue #(0)=0 npu-
BOANT K HEONpele/NeHHOCTH, TaK KaK OHO COBMECTHMO C pas-
JIMUYHBIMH pellleHHAMH.

Ypaeuenue (5.10) MOXHO NpPOUHTErPUPOBATH OOLIYHLIMH YH-
cleHHHiMM MeroiaMu. TOYHOCTH pe3yabTaTa 3aBHCHT OT To#
TOYHOCTH, ¢ KOTOpOH m3BecTHa ¢ynkuua F (r).
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Jlaxke He BHINOJHAA TOYHOIO MHTErPHPOBAHUS, MOMHO MO~
Kas3aTb, YTO QyHKUMS & (r) uMeeT TEHAEHLMIO JOCTHTaTb GOJILIINX
3HayeHnfi B 06JacTsX BHICOKOH NOTeHUMANbHOH SHeprun. 310
TMPHBOAUT K 3HAauMTeJbHOMY HapyILIE€HWIO PaBHOBECHOro pacmpe-
ZleJieHus, YMEHbINA0IIEMYCs ¢ pOCTOM TeMrepatyphl. Tak BosHuKaer
TeMnepaTypHasi 3aBMCHMOCTb BSIBKOCTH, KOTopas MoxeT ObTh
BHIPaXKeHa SKCMOHeHUHanbHO# ¢opmysot Anapane. Onnako Aasi
TEeMIepaTypHO# 3aBUCUMOCTHM N0 CHX MNOp HE YIa/joCh BHIBECTH
Kakoe-a%60 NPOCTOE BLIpaWeEHHUE. _

Bce cmeuuduvyeckue cBofictBa (yHKUMH pacnpepesieHus
ABJSIOTCA NPSIMBIM CJEACTBHEM rpaHuyHOro ycuaosus (5.12) u
He ObliM Obl moJyueHbl, ecad Obl MBI TNPHMEHMJM ajbTePHATHB-
HOe yciaoBue. PusnueCKOe HCTOJKOBaHHe (QYHKUHH pacnpeleJe-
Huf STOrO THUNA MOXeT ObiTb NOJAYYEHO NyTeM OOLIYHBIX pac-
CyXIAeHUH: B BA3KOM NOTOKE MOJEKY/H AOJKHLI IPOTHCKHBATHCA
MeXIy COCeJHMUMH MOJEKYJaMH, NPeoloJesas CHJIB OTTaJKHBa-
HHA, THOJIOXKEeHHS ¢ BHICOKOH NOTeHUMaJbHOH 3Heprue#h, KOTOphIE
B Clyuyae PABHOBECHS MaJO Hace/jeHbl, NPHOOPETAOT B COOTBET-
CTBHH C STMM B BSI3KOM NOTOKe HeOOBIYHO BHICOKYIO BEPOATHOCTD.

C nomompio 5TOH TeOpHH BSA3KOCTH OKA3aM0Ch BO3MOXHLIM
OOBACHATL MHOTHE HesCHble A0 TOr0 BONPOCH, HO B OTHOLUEHHH
KOAMYECTBEHHEIX pe3yJ/JbTaToOB JAO CHX NOP AOCTHTHYTO MaJo.
ONHAKO MOXHO TOKa3aTh, 4TO Teopus oObscHAeT HabmonaeMoe
pasauuie B TeMIepaTypHOH 3aBHCHMOCTH BA3KOCTH U TEIJIONPO-
BOAHOCTH.

OnHopolHbe TpalHeHTh TEeMHEpaTypbl M IJIQTHOCTH MOXHO
NpeiCTaBUTL B TPEeXMEPHOM NPOCTPAHCTBE, MNOAL3YACH COOTHO-
LI eHHAMH

T=T0(1+a'r),

.1
p=py(1 —A-r1), (5.13)

rie NOCTOSIHHBIE @ W A CBf3aHHW APYT € APYrOM YCJIOBHEM MO-
CTOAHCTBA JABJEHMS, KOTOpOe, OJHAKO, He MMeeT CTOJb Ipo-
CTOTO BHA4, Kak B cJjyyae rasoB. IloTok sHeprum onpene-
AfieTCs BBHIpaXKeHueM

(@) =47 [ K42 @ON-1, dr dr_,

Tle BeKTOp j, onpelensercs ypasnenumem (5.1) W npomop-
IIMOHAJEH a. OH 3aBHCHT OT HapylleHusd pPAaBHOBECHOIO pacripe-
nenenus [ypasuenne (5.7)]. OTo BHipameHue BBHIBOAATCA U3
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ypasuenus (5.5), BmaousMenensoro B cootBercTBun ¢ (5.13).
Vs 3toro ypaeHewus C/eLyeT, YTO MOJEKYJISpHOe HBHXKEHHE
HOCHT XapaxkTep BHHYKIAEHHOH Aud@y3ud non nefcTBHEM HeOX-
HODOIHOCTH TeMNepaTyphl, NOLLEPKHBAEMOH 3a cueT BHELIHMX
npuukd. [lyTeM npeNBapUTEJLHOTO pelIeHHs] MCCJAENYeTCS 3aBU-
CHMOCTb W OT OTHOCHTEJNbHBIX KOOpAMHAT. [Ipn GeCKOHEYHOM
pasjefeHud @ NOMKHA MPUBOAUTH K OJHOPOLHOMY TpaiueHTY
IJIOTHOCTH; 3TO IPAHHYHOE YCJIOBHE CHJIbLHO OT/IMYAETCS OT yCJO-
Busa (5.12). B KayecTBe BTOPOro YC/IOBHS INPUHUMAETCH, YTO
#(0)=0; 3o ycrosue OHIO OTOPOUIEHO B TEOPHU BA3KOrO
TEUEHHSl, OLHAKO Tenepb OHO HeOGXOAMMO /s TOro, YToGH Cpenl-
HUlt MOTOK He OblA OeCKOHEeYHO O60.IbIUUM.

OTHX yCNOBHH JOCTATOYHO, HTOGH MOKa3aTb, YTO HApyuie-
HH€ DAaBHOBECHOTO PAaAHAALHOTO pacnpelefeHdsi B CTaLMOHAPHOM
TeN/I0BOM MOTOKE OT/AMYATCA OT HapyIUeHHs, COOTBETCTBYIO-
IIErO BHIBKOMY TEUGHHMIO, M UTO 31eChb YKe HeT MpeuMyluecT-
BeHHOH# BepOATHOCTH AJIA MOJOXEHHH C BHICOKHM 3HAUEHHEM I10-
TeHuua bHOR sHeprun. KosdduuuEeHT TenIonpoBOAHOCTH MOKET
B COOTBETCTBHM C 3STHUM HE 3aBHCETb 3aMETHO OT TeMMepa-
TYpHL.

[IpuBeneHHbe paccymienus UEJTHKOM OCHOBAHH HA HCNOJb-
30BaHHH OMHAPHBLIX GYHKUMH pacmpejle/eHUsi Kak [Js paBHOBEC~
HOTO  COCTOSIHMSA, TaK M JAJd MNpoleccoB nepeHoca. O6ocHoBaH-
HOCTb TAaKOT0 NMOAXOJA MOXeT ObiThb NOK33aHA TOJbKO SKCIEpH-
MEHTa/JbHOR TNpOBEpPKOH, KoTOpas noka OTcyTcTByer. IlosTomy
He HCK/JIOYeHa BO3MOMHOCTb, YTO OKaXKeTCH HeOGXOAUMBIM TNpH-
MEHHTb TepHapHhe GYHKIMM pacnpeiefeHHs HJIH Apyrue Mare-
MaTHYeCKHEe MEeTOLH.

Jpyrum u 6osee CyLIeCTBEHHLIM HEJOCTATKOM TEOPUH ABJAAETCH
OTCYTCTBHE CBENeHHH OTHOCHTENbHO NOCTOsSHHOH TpeHus (3.20)
uiu Tten3opoB Tpenus (3.30). Ouu ABAAIOTCH eAMHCTBEHHBIMH
napamMetpaMu B ypaBHeHusx CMOJyXOBCKOro, KOTOpHle He Ofpe-
IReNqioTCS M3 TepPMOJMHAMHUYECKMX CBOHCTB xuakoctd. He umes
CBENEHHH OTHOCUTENbHO STHX BEJHYMH, €Ba JH BO3MOXHO NpaK-
THYECKH OCYILECTBUTb SKCIEPHMEHTAbHYIO MPOBEPKY TEOPHH.

Koppensiunounsie ¢GyHKUHH MeKMOJIEKYIAPHOTO B3aUMOneli-
CTBUS HIPAalOT B TEOPUM NEPEHOCAa B KUAKOCTAX TAKYIO Ke POJb,
KaK ceueHHe CTOJKHOBEHHA B Cjayyae ras3os. Mx BhBOA CBfA3aH
C MHTETPUDOBAHHEM YPABHEHHH IBHXEHHS MeXaHWKH B Tpenenax
KOHEYHOTO WHTEPBA/NA BPEMEHH, MO3BOJAIOIIETO MOMHOCTbIO Y4eCTh
COBMECTHOE IBHKeHHe OO/bILOrO 4uC/1a 4YacTHiL,
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ITopsanok BeauuuHbl 3TuX ¢yHkuu#t 6u11 noaydyen Kupksy-
aoM [37], KOTOpLIt MPEANOJNONKMA, HTO ABTOKOPPEAIUHOHHAS
GYHKUMA B 3aBUCHMOCTH OT BPEMEHM HMeeT BHJ rayccOBOH KpH-
soit. [loCaelHI00 /erKO OUeHWTh MJIA MaJBX HHTEPBAJOB Bpe-
MEHH, a 3aTeM TNPO3KCTPanoaupoBath. B pesyabTare nouyvaem

p— @n)'" (F})

T bkTe "

(5.14)

rae F,— cuna, neficTsyiomasn Ha MoOJeKyay, a o -— Kpyrosas
uacTota ee konebGauui. Irta rpybas OleHKAa He NMpPeTeHAyeT HA
60JbIIYI0 TOYHOCTb.

MoOXHO noOKasaTh, 4YTO MPOCTHIE MeXaHHUYECKHE MOIEJH
MUAKOCTH, ONHUCHBAIOLIME, HATIDHMED, ABHXKEHHE YAaCTHLL B yCpel-
HEHHOM MMOJie COCEAHAX YacTHll, ManO NPUTOLHH; M3 TAKUX MOIe-
neft OOLIUHO CeNyeT, YTO NOCTORHHBIE TPEHHA CTPEMATCH K HYJI0
I K GeCKOHEYHOCTH; KOHeyHble 3HAYeHWs MOJYYalOTCS TOJBLKO
npH BeCbMAa MCKYCCTBEHHHIX MpeAnonoxeHusX. BuiBon aBrokoppe-
JAUMOHHON QYHKUMM MEXMOJIEKYASPHOrO B3auMOJeHCTBUS BELIXO-
IWT 33 Npefesbl BO3MOXHOCTEH OOBIUHBIX METOAOB aHAIMTUYECKOH
MEXaHHKH,

IlocturnyTh mporpecca B 3TOM BOIIPOCE, MO-BHAMMOMY, BO3-
MOXHO NOCPEACTBOM Y4eTa CJAy4aHHOro XapaxTepa IBHKEHUS
MOJeKys. MOJIeKyaBl B XKHAKOCTH /IOKAJT130BaHH B TeYeHHE IJIH-
TENbHBIX TNPOMEXYTKOB BPEMEHH, HO SHEPTHS MOXET MepelaBaThCs
Ha Goublllie PAcCTOSHHA Aawe B MOJMEKYJAPHOM Macuitabe Bpe-
MeHM NOCpeICTBOM 3BYKOBHIX BouiH. Taxum o6pasoM, aBTokoppe-
AAUHOHHAA QYHKUHA B COOTBETCTBHU C ypaBHenueM (8.14) nomxua
OBITb TECHO CBSI3aHA CO CNEKTPAAbHLIM pacnpele/eHHEM 3BYKO-
BHIX 'BOJH, eCJAM DacCMAaTpUBaTh KX KaK (YHKUMH BPEeMEHH U
NOABEPrHYTh TrapMOHHYecKoMy aHamusy. lMcciaenosath petasu
9TOrO CHEKTPAJIbHOr0 pacrnpelefieHHs Jerde, 4yeM NPOCAECIUTD
33 ABHXKEHHEM MOJEKYJHI.

B HacToslllee BpeMst YCUELIHO NPOBOAATCS MCCAEXOBAHHA MO
pa3paGoTKe KOJINMYECTBEHHOTO BHIBOLA KOPPEASUHOHHHIX (YHK-
ud#l; XOT# NO CHX TOp KOJMYeCTBEHHbE Pe3y/AbTaThl He NOJy=-
YeHH, 3TOT HeNOCTAaTOK Teopun B Oamkafimee Bpemsa Oyzer,
NO-BUAMMOMY, YCTpaHeH.
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Cmamucmu4eckas K8aAHMOBASL MEXAHUKA.
O6wan meopusn

6.1. ®yHknun pacnpefeeHusd

[Tpn nonbiTKe OMMCATL NHHAMHYECKHE NPOLECCH C MaKCH-
MaJbHO BO3MOXKHOH TOYHOCTHIO MBI OOHapy:HBaeM riybokoe pas-
JAHYME MEXAY HbIOTOHOBCKOH M KBaHTOBOH MexaHuxo#f. Onnako
B CTaTHCTHYECKHX TEOPHAX YCTAaHABAMBAIOTCA CBASM MEXLY CTa-
TUCTHYECKHMH CPENHHMM; B 3TOM CJydae pasphiB Cyxaercs u
CBOAUTCS B CYILHOCTH K JETa/jfM, a He K NPHHUMIKAALHEIM M0J0-
aennam?!). Hike MH nmokaxem, uTo Teopuu, CHOPMY/AUPOBAHHBIE
B NpeAbAYIUMX pasAe/aX, MOXHO C He3HAYMTE/bHBIM BHILOHM3ME-
HeHMeM HpucnocoGuth K TpeboBaHUAM KBaHTOBOH Mexanukd. Ilpu
BHIBOJE HEOGXOAUMBIX COOTHOIUeHM# Mbl OyleM N0Jb30BATHCA
¢opMy/IaMH KBAHTOBO# MeXaHHKH M MaTPHYHOTO MCYHCJIEHHS.

B kBaHTOBOM MexaHukKe HaOaolaeMble BENUYHHB KJACCHYe-
CKO#t (M3HKM NPENCTaB/ASIOTCE ONEPaTOPAMH, NPHYEM KJAaCCHye-
CKHe COOTHOIUGHHA MexJy OH3HYeCKHMH BeJU4MHAMH, BOOOIe
roBOps, COXPAaHAKT CBOI GOPMYy H AJs ONEPATOPOB; 3TO OTHO-
CMTCH, B YaCTHOCTH, K onpenesenuio (1.2) ¢dynxuuu I'amuabToHa,
YpaBHeHusi IBHxKeHHS W ypasHeHue JIMysuiaaa Tenepb ¢opMyau-
pyloTcd B BHIE

dp; i drj i
ar i
_ Y s =5 [Hf W) — fNH], (6.2)

rae h— nocrosHHas Ilnamka, a h= h/2x.

') 3ta Touxa 3peHuss aBTOPa NPEACTABAACTCA CYyGbEKTUBHOH. —
Ilpum. nepes,
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3zech oneparopbl P, M r; MOAYMHSIOTCA NPABUIY KOMMY=
TaLUH

Pry— Py = (’I;‘) L

KoopauHaTel ¥ uMnyabChl pasivuHEIX YaCTMIl BCerna KOMMyTa-
THBHB. ,Cmemucmuseckui onepamop* f& onpeneasercs
TakuM 06pasoM, u4TOOH B /I0OOM MaTPUYHOM IIPEACTABJEHHH
AMaroHa/ibHas CyMMa MaTpuyHOro npoussepenus fU)A papHanace
MaTeMATUYECKOMY OXHMAAHUIO HalmonaeMoff Beawuunn A. Mart-.
pUuHBle KOMIOHeHTH [N/ OGHIYHO YCpPEeNHAOTCR N0 MX (hasaM.
HaM Her Heo6XomMMOCTH NOAPOGHO paccMaTpuBaTh aGCTPaKTHYIO
aare6py onepaTopoB, TAaK KaK MH OyfeM NOJb3OBATHCH TAKHM
npexcrasienneM fYY), B KOTODOM OTYETIHBO BBHICTYNAeT TeCHas
CBI3b ONEPAaTOPHOro® MPEeACTaBJeHHA C KJAaCCHYeCKOH CTaTHCTH-
YeCKO# MeXaHuKOH.

O6o03Haunm uepes §, (ry, ..., Ty, £) HAGOP BOMHOBHIX (YHK-
uuit CHCTeMb; OHM MOTYT, XOTfl 3TO M He 06s3aTeJbHO, COOT-
BETCTBOBATb CTALIHOHAPHBIM COCTOSHUAM. B COOTBETCTBHHU C MpUH-
LMNAaMA BOJHOBOH MEXaHWKHM BOJHOBHE (YHKUMH AOMKHBH OHTH
au60 NOJHOCTbIO CHMMETPHUHB, JHG0 MNOJHOCTHIO AHTHCHMMe-
TPHYHH O OTHOIUEHHMIO K MEepPeCcTAHOBKAM YacTHL (COOTBETCTBEHHO
»O0080HE“ K ,epMHOHBI®).

BoatoBbie ¢yHxkuuu 3asucar B o6ieM cjayuae OT CHHHOBHIX
NEepPEeMEeHHLIX, HO Ha JAHHOM 3Tane 3Ty 3aBHCHMOCTh MOXHO He
yuuteiBath. C noMOMBbI0 BOMHOBHIX (YHKUMR CTATHCTUYECKHH
onepaTop MoOxeT OLTb NpeiaCcTaBJeH B BHAE

f(N)(plr ce ey pN’ T o0 ey l'N; t)=

=(b_1n‘)31'v);cbffq,:(rl«-sl, cees l'N—SN)X

2 n* >n
X by (Fy 4 830 -+ o0 Ty +Spy) exp ———E,,Ls— II 4s.. ©.3)

rie nepeMeHHbe §, — NPHPALICHUs KOOPAMHATHHIX BEKTOPOB,
a KO3G(HUHEHTH C,— MOJOXKHUTE/IbHEIE OCTOAHHBIE, YAOBAECTBO-

pAIOIIKE YCJIOBHIO 2c,,=1. B ypasnenuu (6.3) cumsoan P,
H T; yXe He ONepaToph, a OOLIYHbie BEAWYHHH, Tak uro f(V)

uMeeT BHA (YHKUMH pacnpeleieHus B (a30BOM NPOCTPAHCTBe,
Ona JeHicTBHTeNbHa H CHMMETPHHHA [0 OTHOLIEHHIO K NepecTa-
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HOBKaM yacTdll, [IpHHUMNMAALHA® HEBOSMOXKHOCTb INpPUMHCATh
TNOMIOXEHHI0 W MMIY/IbCYy HEKOTOpPO# 4YacTHUB OXHOBPEMEHHLIE
YHCJ/IOBHE 3HAYeHHUA YyuuTbiBaeTcs B GyHkuuH [V TeM, uTO ee
BHAaK pas/jHyeH B PasHBIX 06.acTax ¢a3oBOTO MPOCTPAHCTBA.
Marematnueckue OXHMIAHUA JTIOGOH (QYHKIUM IHHAMHYECKMX
NepeMeHHBIX BBIYHCJAIOTCS KaK CpelHHe 3HAYeHHs, Kak ecju Oul
fO npencrasasna coGoft (YHKUMIO pacmpeieneHusi BEpOATHO-
crefl. DTO MOXHO TOKa3aThb, paccMaTpuBas CHaYana ,MPOEK-
wu® f®™) Ha npOCTPaHCTBO KOOPAMHAT MJM NPOCTPAHCTBO MM~

NYyJbCOB, T. €. ff“‘” dp, n ff”‘”dr,,. OHH COOTBETCTBYIOT

MCTHHHBIM (DYyHKUMAM pacnpene/eHds BEPOATHOCTEH MO KOOpPAH-
HaraM ¥ UMIYJbCaM COOTBETCTBEHHO ¥ MOTYT INDHMEHATbCA LR
ycpeadeHus BCeX GYHKUUMA NMHAMMYECKHX TEPEMEHHHBIX, KOTOpLIe
He COLEepKAT HeKOMMYTHDYIOIUX MHOXHUTENEH.

Mpumenenne fN) naa BHYMCIEHUS CPeAHMX B3HAUEHUH NMHa-
MHYECKMX (YHKUMH, B3aBUCAIIAX OT MNPOM3BEACHHH HEKOMMYTH-
PYIOLIUX BEJHYMH, CJAEAYeT U3 COOTBETCTBUSA MEMIY KJacCHYeCKoMH
M KBaHTOBOH MeXaHUKOH: ecid A(Py, ..., Py» T voes Ty) —
GyHKIMA KJIACCHYECKHX AMHAMHYECKHX TepeMeHHBIX, TO COOTBeT-
CTBYIOLIMH KBAHTOBOMEXAHUYECKHH ONepaTop MOJy4aeTCs U3 HHTE-
rpana dypoe

A(pl' s ey 1'1, o-.)———'-'
=fa,(‘n1, coes Tpn Prooee s P X
Xexpli(m -py+ «-.p 11+ ...)]l;[dw,,dp,, (6.4)

NyTeM 8aMEHBH KJACCHUYECKUX BEJIHYHH p] H l'j MOo4 3HAKOM HHTE-

rpana KBaHTOBBIMH oOnepatopamd. B 3TOM ciyuae oxasmiBaercH,
UTO CpelHee OT KBAHTOBOMEXAaHHYECKOH BeMMUMHBI A, MOJyYeH»
HOE OOGLIYHBIM METOLOM, COTJACYeTCs CO CpeIHHM 3HAYEHHeM
KJaCCHYeCKOR BeqnyMHbl A, NOJYYEHHHIM T[yTeM yCpelHeHus
¢ moMouiblo ¢ynxunu pacnpenenenus (6.3).

OTO COOTBETCTBHE MPHMEHUMO TaKKe H K BABHCAUIUM OT
BpeMeHH BeJuuuHaM. PasnoxuM kaaccuueckyio GYHKIHIO Bpe-
MeHH B cremeHHoM paa. KBanTOBOMEXaHHUeCKUe ONEPATOpHI,
COOTBETCTBYIOIIME KJNaCCHYECKUM KOI((PHIHEHTAM pa3NOXKEHHUS,
BHYHC/AIOTCA ONMHCAHHEIM BRILIE METOAOM. Ecaum Kkaacchyeckas
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GYHKIMA BpEMEHH YIOBJETBODSAET YPABHEHHAM IBHXKEHHS, TO
9TO CMpaBelJMBO M AJf KBAHTOBOMEXAaHMYECKOH (yHKUUM Bpe-
MeHH, Tak Kak QopMa ypasHeHu# B 0GenxX TeOpHAX OLWHAKOBA.
Cratuctuyeckoe cpenHee OT (YHKUUH BpEMeHH MOXHO CO-
OTBETCTBEHHO MOJY4YHTb C TOMOIILI0 (YHKUHH pacnpenese-
nus (6.3).

[MpuBenenHbie GyHKUUH pacnpeieneHus moaydaiorcs us (6.3)
TaK e, KaK M B KJIACCHYECKOH TeOpHH.

B coorsercTsuu ¢ pacnpenenenueM (6.3) ypasHenue Jluy-
BUJUIS B KBAaHTOBOH MeXaHWKe MPUHUMAeT BHI

0f(N) p; 0f(N)
X =
j

or;

o [ h\2 (—1y! N s s 2+1
= — =) X7 L (N)
,2)(2) a+2n! 2] 5, op, | SV (65

rie @ — noTeHnuanbHas SHEPTHs B3aUMOEHCTBUA, a OMepaTop
3/8r, (8 otamuue or d/0r;) nefictByer ToqbkO Ha P, HO He
Ha. fIV. Jluddepenunanbpifi onepatop B mpasoft yacTH ypas-
HeHust (6.5) MOKHO NMpH HEOGXOAMMOCTH 3aMEHHUTb MHTETrPaJbHLIM
onepaTopoM.

Hurerpaasl 1m0 BpeMeHH OT ypaBHeHus (6.5) MOXHO - Bhipa-
3UThb yepe3 TPaHCHOPMALHOHHYIO PYHKIHIO B (PA30BOM NMPOCTPaH-
crBe K (r, r'):

FN(r, oo Pl eees B =
=fK(r1, coer Pproeeed Thoeees PLoeeed 1) fV X
X(tps evns Pppooess t)IIdp;. dr’;,
}{llpo 3TOr0 HMHTErpaJbHOr0 YpaBHECHHS CHMMETPHYHO U ABJIACTCS

pelieHueM ypasHenus (6.5), COOTBETCTBYIOUIUM ONpeleNeHHbIM
HayaJbHBIM YCJIOBHMSM, BBHIPAXKEHHBIM uYepe3 NeJbTa-(yHKIHH:

Kowo=I8(r; —r)3(p,— p})

BuiBon TeopeMbl BHPHA/Ma B KBaHTOBOR MeXaHHKe MOYTH aHa-
JIOTHYEH KJACCHYECKOMY BLIBOAY, NpHBEACHHOMY B pasa. 1.4,
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DYHKUUA @ OT/IMYAIOTCSA 'OT KJAaCCHYECKMX TOJMbKO CHMMETpPH3a-
Huen: )

1
=7 2 (r;p; +pyr)
j

H
11
?=Y ["Z (B3, 1,80 — Mt 1+ "t)] .
J i ]
TlepBbift uJeH B STOM BEHIPAXKEHHM MOXHO TaKXe MOJOXHTD
paBHBIM P;- — ;- —P; TI€ MEPBHHA U NOCJACNHHA MHOXHTENH

00pasyioT CKaJAPHOE NpPOU3BeleHHe.

ITpu BHuMCAeHHHM TnpousBoiHOK do/df BMecTO Kiacchyeckux
ypaBHenu#l (1.3) uCMOJB3YIOTCA KBAHTOBOMEXaHHYECKHE ypaBHe-
Hus (6.2). Ecau He cuMTaThb HEKOTOPOTO YCJOMHEHHsS, BBHI3BaH-
HOTO npuMeHeHueM ajireCpbl HEKOMMYTaTUBHBIX BeJHYHH, BEHIBOJ,
NOYTH HE OTJHYaeTcs OT NpHBeleHHOro B pasi. 1.4. B wurore
oxasbiBaercs, uto ypasnenus (1.11)—(1.13) ocraiorcs cnpasen-
JUBLIMH. M B KBaHTOBOH MeXaHHKe; CpeIHHME BEJHYHHH, BXONALLHE
B 9TH YpaBHEHHf, BHIYUCJLIOTCS € TNOMOLUBIO CTATHCTHYECKOTO
onepaTtopa B COOTBETCTBYIOIUEM NpEeNCTaBJECHHU. DTOT PE3YIbTAT
MOXHO OblIO Obl mpeiyrajaTb 3apaHee, TaK KaK KJAacCHYeCKHe
YDaBHEHUsl He .CcOJepXaT NpPOHU3BeJeHWH NepeMEeHHBIX, KOTOpbLIe
He KOMMYTHPYIOT B KBaHTOBOH Mexanuke; B (1.13) wummyasc
LeHTPa TAXECTH KOMMYTHPYeT C OTHOCHTEJbHBIMH KOODJAHHATAMH.

[lpuBelieHHHIX B 9TOM pasjese JLOBOJOB JHOCTATOYHO JJsfl
nepeBolia BCeH KJIACCHMUYECKON CTaTHCTHYECKOH MeXaHUKH HAa 3K
KBaHTOBO# TeODHH, MOCKOJLKY ()OpMa OKOHUATe/NbHHIX BEIpame-
HUH ocTaeTca B oOeHX TeOpUSX OIMHAKOBOH. PeayibTathl TO-
XAECTBEHHEl B NpeleJbHOM cJyuae OOJbIUNX KBAHTOBHX UHCE,
YTO Ha NMPAaKTHKE COOTBETCTBYET BHICOKOH TeMIlepaType M HUSKOH
NJIOTHOCTH.

6.2. PaBHOBecHe

HesaBucumoe ot Bpemenu peluenne ypashenus (6.3) umeer
MeCTO B TOM cJjyuae, koraa fW) geisercd HeKOTOpOH dynKuuest
oneparopa sHepruu. Ecinm cHcTema orpaHuyeHa KOHeuHHIM oObe-
MOM, OHa 006/ajaeT AMCKPETHBIMH SHEPreTHYECKUMH YDPOBHSMH.
ITpu stom omepatop fV) B SHepreTHYECKOM NpelCTABIEHUN H30-
Gpasutca fuaroHanbHOM MaTpuueit. OGosnavas uepes w, Kpar-
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HOCTb SHEPreTHYeCKHX YypoBHeH, MH B coorBercTBHH ¢ (2.1)
NIOJYYHM

0l 1 -
f(N)= (\)N) =—z—(7,—1/78 En/kTw . (6.6)

3nech KpPaTHOCTb YPOBHA w, BaMellaeT pOJb KJaCCHYECKOTO
muddepenunana dw (E). Cratuctuueckas cymma Z onpeneasercs
COOTHOMIEHHEM

Z(T, V)= e 5l*" w,. (6.7)
n

TepMonuHaMuueckie GYHKUMH BLIYHCIAIOTCSA O ypaBHeHusM (2.4).

Ecau tpelyerca noayuuth (yHKUMIO pacrpejeseHHs, BHpa-
KEHHYIO Yepe3 KOOPAMHATH H MMMOYJbCH, MOXHO BOCIOJ/Ib30BATLCS
ypasHenueM (6.3); B aToM cayuae Kosadpduuuents ¢, 6ynyT uMeTs
pun_exp(— E,/kT)/Z.

B 3T0#t (hOpMy/IHpOBKE XapaKTepHOE pas/Huue Mex1y KJac-
CUYeCKOH H KBAHTOBOH TEOPHUSAMHM PABHOBECHBIX COCTOSIHUHA BHICTY=
naet Kak CJAeJICTBHe NHCKPEeTHOH TNpUPOAE SHEPreTHUECKOro
cnexTpa. PaKTHYECKH B KBAHTOBOHl MEXaHHKE BO MHOPHX C/ydasx
JNONYCTHMO 3aNHCHIBATh SHEPreTHYeCKH#t CIeKTp B BHIE Henpe-
PLIBHOrO pachpefefeHHs; HO M B 3TOM Clyuae pacnpejelieHue
KBAaHTOBHX COCTOSIHUH TO SHeprusM MOXET 3HAUMTE/JbHO OTAH-
yaThCsi OT KJjaccuueckoro Bhipaxenus dw/dE.

B Teopun paBHOBECHHIX COCTOSIHHH HMMEIOTCS JBA ajbTepHa-
THBHHX IONX0Ad, OCOGEHHO YAOOHBIX IS KBAHTOBOMEXAHUYEC-
KHX pacyeToB, HECMOTPS Ha TO, YTO NMEPBOHAYANLHO OHH OB
pa3paboTaHbl NPUMEHHTENbHO K K/AACCHYECKOH MexaHuke.

[Mycts HekoTOpas cHCTEMa NOJHOCTHI0 M30JUPOBaHa OT
OKpyKaole# Cpenr, TaK YTO €e SHeprus CTPOro MOCTOSHHA.
Torza TOMbKO ONMH-EIMHCTBEHHBI# ypOBeHb (MaM psan OGJu3KQ
PacHo/IoKeHHHX ypoBHe#) 006/ajaeT OUYTHMOM BepOSTHOCTHIO,
TOrZla KaK OCTa/jbHbie YPOBHH B BHICLIEH CTENEHH Ma/JOBEPOSITHHI.
Ha 3anosnHeHHOM ypoBHe BCe KBAaHTOBbIE COCTOSIHHS NpennoJa-
ralTcs PaBHOBEPOSTHHIMH (, MUKPOKAHOHULECKUE QHCAMOLLY).

TepMonuHaMuueckas oHeprus OyleT paBHa MeXaHU4eCKOH
SHepruu, T. e.

U=E. (6.8)

B sToM npuGAMXEHHH SHTPONUS ONpeleNseTCs Yepes pacnpe-
Je/eHHe KBAHTOBH X COCTOAHMA NO SHEPTHAM, NPHYEM HOCTY/u-
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pyerca PaBeHCTBO

S=~kInW(E), (6.9)
rae
W= Y w, (6.10)
En<E

npeacrasaser coGoft ¢asoBHfi 00DbeM, KOTOPHH MPUOIHMKEHHO

paBeH KJacCHUeCKOMYy (asoBoMy o0ObeMy, Je/qeHHOMy Ha BN

CaepyeT OTMETHTb, YTO HCTUHHAS (YHKUMS pacrnpeneeHus
A CUCTeMbl He BXONMT B SIBHOM BHJE B ONpelesieHUe SHTPOMHU:
TeMNepaTypa, Npyu KOTOPOR HEKOTOPHIH ypoBeHb Oy/eT 3aNOJHEeH,
onpeneasercs Mo TepMoauHaMuyeckoit dopmyne dU =TdS. Ta-
KUM DODa3oM, ,TEMIEPATyPy“ MOMXHO NPHNHCATb KaXAOMY JHEp-
FeTHYeCKOMY - YPOBHIO IHHAMUUYECKOHR CHCTEMBI Jaxe B TOM Clyuae,
€c/li CHCTEeMa He HAaXOLWTCS B paBHoBecuu (cM. pasa. 8.3).

Hpyro#i, aapTepHaTUBHbIM, MOAX0J] TaKXKE OCHOBAaH Ha omnpeje-
JIEHAM IHTPONHUYU; ONHAKO 31eCh OHA YKe He sBJSETCA SHTPOMuei
PaBHOBECHOTO COCTOSHMA M CBA3aHA C (YHKLMAMH pacnpeiene-
Husi B ()a30BOM INPOCTPAHCTBE, 4 He C KaKUMu-aub0 AMHaMuye~
CKHMH BeJMYHHAMH.

PaccMoTpHM  HEKOTOpYIO cHCTeMY (NpOCTefIMM IpUMEPOM
TaKo# CHMCTEMbl SBJAETCA MOJEKy/na rasa), TeCHO CBA3aHHYIO
C APYTUMH CHCTeMaMH TOro e pona. O603HaunM 3HepreTHyecKHe
YPOBHH CHCTEMBl Yepes €, a UX KpaTHOCTH uyepe3 w (s). [lpen-
noJaraercs, 4YTO BCe KOHdurypauuu o06.1anaioT OAUHAKOBOH Be-
POATHOCTHIO, TpHUEM- IOX KOHuzypayueil Mbl OyiaeM NMOHAMATDH
N1060€e NpPOH3BOMLHOE KBAHTOBOE COCTOSiHUE [AHHOH CHUCTEMHI.
JPacnpenenenne“ onpene/seTcs OYeBUIHLIM 00pasoM nyTem 3a-
JaHHS YMCNA CHCTeM, HAXONSUIMXCA Ha AAHHOM SHepreTHYeCKOM
ypOBHe OJHHOYHOH uacTuibl. BBHAY CAelaHHBIX NPEANONOKEHKH
BEpOATHOCTbL pacnpenenenns OyleT paBHa YHC/]Y TaKuUX MepecTa-
HOBOK CHCTEM, C KOTOPBIMH COBMECTHMO NAHHOE paclpelesieHHe.
YuuThiBag 3TO, Mbl NOJAYYUM, UTO PABHOMEPHOE pACIpelelieHHe
06bekToB MO O0JbLIOMY YHCAY LAIUMKOB* oOJjadaer Goabwmieit
BEPOSTHOCTBIO, YeM TaKoe pacjipeseleHue, KOr4a Bce OGBEKTH
co0panbl B OJHOM flllUKe, a OCTa/bHbe AUHUKK NycTe. YucienHoe
3HaueHHEe BEPOATHOCTH pacnpene/ieHus B QYHKIMH YHCa ¢ (8) CUCTEM
Ha YPOBHE € IO M3BECTHRIM (OpMyJiaM KOMOHHATOPHKHM PABHO

[Z q(e)J I = @©.11)
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Uucaa g (e) MOAMUHAIOTCS YCAOBUIO
Zq(e).:zv, (6.12)

rae wucao cucreM N ¢ukcuposano. Tak xax aHcamOib, COCTOs-
utuit w3 N cecreM, NpPeAnONaraeTcsi M30JMPOBAHHBIM, TO BBOAHTCH
ele IOMOJHHTELHOE YCAOBHE, BHIPAXKAIOUIEE 3aKOH COXPaHEHHA
SHeprau:
Dieq(e) =E, (6.13)
e
rae sHauenue E ¢uxcupopaHo.

Cornacto ,npunuuny bBouabumana“, morapudM BepOATHOCTH
(6.11) (c TouHOCTBbIO KO KOZ(pHLHEHTa TPONOPUHOHAILHOCTH)
MHTEPNPETHPYETCA KaK SHTPONHS CHCTeMbl; B oTauuue oT (6.9)
SHTPOMNUS ONpelenseTcd He yepe3 NMHAMUYECKHE BEJMUMHBI, & ye-
pe3 GYHKUMH pacnpefeseHus, KOTOpHe He 00A3aTe/bHO AO/KHbBI
6LITh PaBHOBECHBIMH M (haKTHUYeCKH Aaxe He 0043aTeNbHO AOKHBI
O6bTh  GYHKUMAMH pacnpene/ieHds IHHAMUYECKHX Tl€PEeMEHHBIX
(cM. pasa. 8.3). Ilpumenss acumnroTuueckyio ¢opmyay Crup-
JIMHra

Inn!l=~nlan,

3anuuieM Bblpax(em{e AJA amponnu B BHJe
S=k{NInN+ Xig@E)nwE)—g@E)ing@)]]. (6.14)

B cooTBeTCTBHH C TaKOH MHTepnpeTauuell PaBHOBECHOE CO-
CTOfHHE ONpeJe/aeTcs KaK pacnpejeseHte ¢ MaKCUMaJbHOH SHTPO-
nuelt, noaunHspweecss ycaosusam (6.12) u (6.13). Pesyabrar Bripa-
KaeTcsl yepe3 UYMCIO CHCTEM, SaNOJHAIOLINX ONpelesieHHbE
9HepreTHYECKNe YPOBHH NPH TelJOBOM PaBHOBECHH

go () = const - e T,

dror pan umcea ¢(e) paBeH BEPOSTHOCTH pachpenefeHHs no
SHepruaM B OAMHOYHOH cHMCTeMe M, TaKuM 06pasoM, COOTBeT-
CTBYeT KaHOHMYEeCKOMY pacrnpenefeHHIo. ' '
Ilpu BBIYKCJAEHHH pacnpeleseHds 4Yepe3 TepPMOAMHAMUUECKHE
OYHKUMH NPUMEHEHHe CTaTUCTHYECKOR CYMMbl He fBJSETCH He-
O0XOZMMBbIM, 2 3a4YacTYI0 NPOCTO HeocyllecTBHMO. BMecto storo
SHepTHIO M SHTPOMHIO, & C/Ae10BaTe/NbHO, H BCe TEDPMOAHHAMHYe-
CKMe Be/IHuUHb ONpeAe]fioT No ypaBHeHHsM (6.13) u (6.14).
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B KBaHTOBO#i CraTHCTHKe TeopeMa paBHOpacnpejelieHAd He-
cnpasensinea. Ee Mecto 3anuMaer teopema Heprcra

lim % =0, lim %‘;—=0.

T>0 T->0
COT/IACHO KOTOPOH MOCTY/IMPYeTCs CYLIeCTBOBAHHE 0COOOH TOuKM
HyJIeBOH SHTPONUM HE3aBHCHMO OT NJIOTHOCTH WJH Jio6Oro apy-
roro BHelIHero napamerpa. [Ipeanosaras sHepreTHyeCKue ypOoBHU
JUCKDETHBIMH, JIETKO NOKAa3aTh CNIpaBeInBOCThL TeopeMmbl HepHcra,
NOCKOJIbKY MpH [AOCTATOYHO HHU3KOH TeMIiepaType BCE CHCTEMH
3aHUMAIOT OCHOBHOE 3HENreTHYeCKOe COCTOSAHHE C BEPOSTHOCTLIO,
MOYTH PaBHOH epuHMUEe. JTa aPryMeHTalMs, OAHAKO, HE OXBaThl-
BaeT OOIIHPHBIX SKCMEPHMEHTAJIbHBIX (aKTOB, CBHIAETEJbCTBYIO-
wMX O npubaMXKeHHOM Xapakrepe TeopeMbl HepHCTa, MOCKOMbKY
Ha KPHBOHM SHTpoNuM OOHApYyXHBaeTCAd I'OPHU3OHTA/MbHBIR yuacTok
NpY KOHEYHBIX 3HAYEHUAX TeMMepaTyphi.

B KavectBe 3B€Ha, CBA3HIBaOIEro OOLIYI0 TEOPUIO PaBHO-
BECHBIX COCTOSHHM C €e NpU/IOXeHUAMH, PacCMOTPUM CBOHCTBA
npocrediInx, XoT# H HECKOJbKO OTBJEUEHHBIX CHUCTEM.

IMycts ,ras“ cocTouT M3 OAHOH-EAHMHCTBEHHOR uyaCTHLH, 3a-
KMiouyeHHO! B cocyd. Ee 3HepreTuyeckHe YpOBHH JAWTCA CO-

OTHOLUIEHHEM ,
EG m 0= ——r @72+, (6.15)
8mV*

g, U=1,2, ...

ITpoMexyTku Mex Ay BCeMH yPOBHAMH, 32 HCKIIOUEHHEM CaMOTO
HHXKHEro, HacTOJbKO MAaJgbl, YTO IHEPTHUI0 MOXKHO paccMaTpuBaTh
KaKk HempepLiBHYI0 mepeMeHHY0. Eciau Npunmucate Kamiomy co-
crosaHuio asosuift 06beM, pasHuift A3, uHca0 cocrostHuit B Gec-
KOHeYHO MaqoM obbeMe ¢pa3oBOro IMPOCTPAHCTBA ONpeleuTCs
KaK h_adp -dr. VHrerpupys no KOOpPAMHATAM M HanpasJe-
HUSM UMAYJbCA, Mbl HaftleM yHCIO COCTOAHMM Mexay p u p—dp,
KoTopoe 6yIeT paBHO (471:Vh_3) p2 dp'. To popmyae p = (2mE)"
HOJYyYMM pacmpejleieHHe KBAHTOBBIX COCTOSIHHA IO SHEPruaM

©(E) = % = 4x2"m"E"V 1>, (6.16)

raie W onpeneaserca no (6.10). Coraacuo (6.7), cratucruye-
CKas CyMMa Ta3a, COCTOfILUErc 3 OJHOH Moaekyam, Oyaer

5 3ak. 1189,
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paBHa
Z()= _;’3_ (@rmkTY". (6.17)
B kuaccuueckolt Teopuu CTaTHCTHYECKas CyMMa rasa, COCTOSi-
miero w3 N uacTui, paBHa
zZNy=1zm"™

I3TO0 COOTBETCTBYET CTATHCTHUECKH HE3aBUCUMBIM yacTHUaM. KBaH-
TOBast TeOpUA rasa H3JOXeHa B pasd. 7.1.

Jlpyrum KJaccoM MPOCTEHUIMX CHCTEM SBJAITCA rapMOHHYe-
ckue ocuMaATOphl. VIX sHepreTHYecKHe YPOBHH paBHBHI

1:*(:;):(%Jr n)e,
n=20,1, 2,

(6.18)

rie efh— xnaccuyeckas 4acTota ocumaasropa. Jlas cratuctu-
HECKO}t CYyMMBI, CpelHelt SHEPTUH U TeNI0eMKOCTH COOTBETCTBEHHO
10JIy4aeM BHIPAXKEHHUS

1
Z(€)=m7;, (6.193)
(E@))= ?ﬁf (6.196)
d (E (e)) Y il
ar =k ( ) @ T 1’ . (6.20)

a cpejHee KBAHTOBOE YHUC/HAO Onpenesercs Io q)opMyne

1
@) = -

] (6.21)

Jlns mOCAenyIOWMX CCHIIOK PACCMOTPHM OCUMJATOP, KBaH-
TOBble YHCJA KOTOPOro orpaHuuyeds 3Hauenusmu O u 1. Torama
ypasuenns (6.19) u (6.21) saMensiorcs Ha

Z(e)==1-4 o7, (6.22)
(O = - (6.23)

911 GopMysE MOHALOOATCH HAaM B KBAHTOBOH TEOPHU rasoB
H TBEPIBIX TeJl.
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6.3. Heo6parumocTth

MoxHO oOxHiaTh, YTO M B KBAHTOBOH MeXaHHKe HHTeprpe-
Tauus HeoOpPAaTHMOCTH CBA3aHA C CYUIECTBOBAHHEM IPOLECCOB,
BEPOATHOCTb KOTOPHIX BO3pacTaeT NPOMOPUUOHAILHO BPEMEHH.
[Tpouecchl Takoro pona B KBaHTOBOR MeXaHHKe XOPOIUO U3BECTHHI;
MX CYUIECTBOBAHHE JIETKO OOHapyxXHBaeTCs B TeX CJAydYasX, KOTHA
NpYMEHNUMA 3aBUCAILAR OT BpEMEHH TeOopHa BO3MyulleHUH. B uact-
HOCTH, 3TO HMEeT MeCTO B CJyuae €Aal0 CBA3aHHBIX CUCTEM U
B CJy4ae CTOJKHOBEHHH.

[lycts HexkoTOpas KOHCEPBATUBHAA CHCTEMa NOABepraercs
BO3MyLIEHUIO 6/arofaps B3auMOLEHCTBHIO C APYrOH CHCTEMOR.
B pesyabTare STOro BO3SMYlLUEHHS BOSHUKAIOT NMEPEXOAbLl MEXLY
CTAUHOHAPHBIMH COCTOSHUAMH HEBO3MYUIEHHBIX cHCTeM. Beposr-
HOCTb TEPEXONOB CBSA3aHA C MATPUYHLIMHU JIeMEHTaMU U]k 3Hep-

THM BO3MYUICHHSl; MHAEKCHl OTHOCATCA K CTaUUOHAPHBHIM COCTOSA-
HHUAM HEBO3MYILEHHOH CUCTEMBl. MOXHO N0OKA3aTh, YTO BEPOSTHOCTh
nepexoja B TeuYeHHE BPEMEHH T ONpejeJsieTCd COOTHOLIEHHEM

Ej—E,
bt
(Ej—Ep? °*

rie E; n E, — HeBO3MylueHHble SHeprernyeckue yposhu. Co-
riacHo ypasHeHuio (6.24), 9ra BepOATHOCTb HHYTOXKHO Mana
BO BCex ciaydasX, kpome E;=FE,, HO #axe B 3TOM Caydyae OHa
NPONOPUHOHAILHA TOABKO T2

BMecTo BBIYHCAEHHS BEPOSTHOCTH MepexoAd Mexay AByMs
CTALMOHAPHEIME COCTOSHHAMH MOXHO BHYHCIHTL BEPOSTHOCTD
nepexoja M3 NAHHOTO HAYaJbHOTO COCTOSIHHS B IOJOCY KOHey-
BHX COCTOsHUN w, AE,, sanumaomux wupuny AE, sHepreru-
YEeCKOro CMeKTpa. ITa BEPOSTHOCTb PABHA

Y20, b Y= |Uptwye. (6.25)
k

1—cos

QU k. D =2| Up 2 (6.24)

DT0r0 BHIpaXEHHs A9 BEPOSTHOCTH HOCTATOYHO A PacCMO-
TPeHHs CJAyYaHHBIX NpPOLIECCOB.

ITpuBenenHbfl 34echb BRIBOA MOXHO CPaBHHTb € KPYIHO3ep-
HUCTHIM pacrnpejeileHHeM B KJaccudyecKo# Mexanuke. HMurepsan
BpEMEHH He AoJuKeH CHTb CIMIUKOM BENMK, uToOGb NpenoTBpa-
TUTb BO3MOXHOCTb MHOTOKPATHHIX NEPEXOAOB, HO OH AOJKEH

5'
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OuiTh Goabiue, ueM AE,/h. 3nech O4eBUAHO COOTBETCTBHE C KJAC-
CHYECKMM INEepPHOLOM INOBTODEHHs CTOJKHOBEHMH H IPOLO/IKH-
TeJbHOCTbIO CTOJKHOBEHHSI.

JL/s APUCTIOCOO/IEHHs KAACCHYECKHX TeOPU#t IepeHoca K KBaH-
TOBOH MeXaHHMKe 1eneCO06PasHO NepecMOTPETb KHHETHUECKOe
ypaBHenne (3.15) C TOUKH 3peHMs KBAHTOBOMEXaHHYECKOH TeO-
pun croakHOBeHH#A. CeueHH CTOJKHOBEHHS ONpENENIOTCA KaK
QYHKUUH yria OTKIOHEHHS, OTHOCHTE/IBHOrO MMIYAbCa H MO-
MenTa ummyanca A(Y, p_, L); Tak xak L orpaHuyeHo Iuckper-
HbIMH 3HAYeHHsIMHM, KJACCHYECKOe HHTerpupoBaHue no B 3same-
HeeTcl cyMMupoBaHueM mo L. OG603HaYMM CYMMY TaKMX CeuyeHH#
uyepes A. Ecam u3BecTeH NOTeHUMan B3aUMONEHCTBHS, CeueHHe
CTOJIKHOBEHHSI MOMET OBITb NOJYYeHO M3 HEMOCPeNCTBEHHOTO
pelIeHHst BOJHOBOIO YpaBHEHUS H TNOACTABJEHO B SBHOM BHAE
B KHHETHYECKO€ YpaBHEHHE BMECTO KJA4CCHYECKOTO CeyeHus.
KpoMe Toro, nomxHo GHITb MPUHATO BO BHHMAHHE BAMSHHE CUM-
METpHH HJAH aHTUCUMMETPUM BOJHOBHX ¢yHkuu#. Cpo#icTpa
CHMMETDHM TNpPHBOIAT K CTATMCTHYECKOH KOPpeasuud Mex iy
Pas/uYHBIMH YacTHlAMH. B TO BpeMs KaKk B KJaccuYecKoH Mexa-
HUKe BEpPOATHOCTb CTOJKHOBEHHS MPONOPLUOHA/bHA YUCAY YACTHIL
B HauYaJbHOM COCTOSHHH, BEPOATHOCTb B KBAHTOBOH MeXaHHKe
BaBHCHT TaKWe H OT YMC/AA YacTHIL B KOHEYHOM COCTOSIHMH.
KBauToBOMexaHHYeCKOe KHHETHYECKOE ypaBHeHHe GBIIO IOJYUEHO
Yaen6exom u HOaunrom [43] B Buae )

2= [ e[ £ @ P £ /()] —
— @)L £ F(B)] (P)[1 £ £ (8]} -AdKdp,, (6.26)

rie BepXHufl H HHXKHMM BHAKM NPHMEHAIOTCS COOTBETCTBEHHO
K 4YacTHUaM C CHMMETPHYHOH H aHTHCHMMETDHUHOH BOJHOBOMH
¢ynkune#t, a A — KBaHTOBOMEXAHHYECKOE CEUEHHE,

Boaee crporo caenosano Gkl HCXOLMTh U3, KBAHTOBOIO aHa-
aora ypasHenus Jluysuaas (6.5); Torjia KuHeTHuecKOe ypaBHe-
HUe, KaK M NpH KJIAaCCHYECKOM BHIBOLE, MOJYuHJI0Ch OH B pe-
8y/AbTaTe BEIBOAA YPaBHEHHs, ONpEJe siOlIero IMpUBEIEeHHYIO
GyHKUMIO pacnpejesieHds, HHTErPUPOBAaHMS €ro MO BPEMEHH H
yuyera sddexta Hu3KOH MAOTHOCTH. Taxko# BEIBOJ NOJYYEH, HO

') O BuBOE KHMHETHYECKOrO YPABHEHUS B KBAHTOBOH MeXaHuKe
CM. TaKxe JONOJHHTENbHYl0 auteparypy [84, 85, 89, 90]. — ITpun. ped.
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oH OoJjee CJIOXKeH, ueM B KJIACCHYeCKOR TeOpHH, M HECKOJIbKO
Mexee yOeluTeJieH, TaK KaK Ha NPOMEXYTOUHBIX 9TANAX UCMOJb-
BYIOTC pa3/iMuHbE NpPHOJMIKEHHS, BJMAHHE KOTOPHIX TPYAHO
MOLJaeTC OLEHKe.

Poab ypasnenns Poxkepa — IinaHka B KBaHTOBOM MeXaHHKe
MOJHOCTBIO €ellle He BHIICHEHZ, ONHAKO MOKA3aHO, KAKUM 00pa3oM
KJaaccuueckoe ypasHenue Pokxepa — [lnanka (3.23) nomKHO
ObITb JONOJHEHO TyTeM BBeJeHUs NONPABOYHBIX YJIEHOB, eCJ/H
OTKJOHEHUS OT KJACCHYECKOR TeOpUU HEBEJIHKHU.

IpuHuKNb ¥ MeTONB, HAMEYEHHbIE BHILIE, HAIOT BOBMOXHOCTDb
nepeliTy K TeM NPHJIOMKEHHUSM CTATUCTHYECKOH MEXaHUKH, B KO-
TOPHIX YYHTHIBAIOTCS CNElU(HYIECKH KBAHTOBHE 3PQEKTH.
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Cmamucmuueckas K8aHMOBASL MEXAHUKA,
Mpunoorcenusn

7.1. Ta3m

B cOOTBeTCTBMM C NPUHUMNAMH KBAaHTOBOH MEXaHMKH HHAH-
BUIyaNbHblE MOJEKYJbl HepPa3JHYMMBl; 3TOT (PAKT HAXOMUT BHIpA-
eHHe B CUMMETDUM MM aHTHCHMMETPMH BOJHOBBIX (YHKUUH U
NPUBOIMT K CTATUCTHYECKOH KOPPEeJAUMH MEXAY MOJEKY/IaMu
Jaxe HPU OTCYTCTBHH CHJ B3AHMOLEGHCTBHS MEXIY HUMH.

las po/mkeH paccMaTpuBaThbCsl Kak aHcamMOJb CTATHCTHYECKH
He3aBUCHMHIX BOJH Ze Dpoftas, npuueM Kkaxaas BOJHa Npex-
CTaB/sIeT COCTOHME ONHOMR wacTHIel. AMNIMTYAb BOJH KB&HTO-
BaHB B COOTBETCTBHM C NPABU/IAMU, TNPHMEHHUMBIMH K TapMOHH-
YeCKUM OCUHAASTOpaM [cM.  ypaBrenue (6.18).

KeantoBoe uYuc10 7 MAH, TOYHee, 1 (g) HHTepNpeTHpyeTcd
KaK YMCJAO 4YacTHl, 3aHUMAIOLIXX ONHOYACTHYHOE COCTOSHHE
C ypoBHeM SHepruu €. YHCIO OCUMANATOPOB HA 3STOM YpPOBHE
B COOTBeTCTBUU ¢ ypaBHeHueM (6.16) pasno o (€), a 418 4acTul co
CIMHOM paBHO IeJOMY KPAaTHOMY OT 3TOrO BbipaxeHHus.

MrHoBeHHOE COCTOSIHHE ra3a XapakTepH3yeTcs YHC/AOM OC-
UMIISTOPOB YACTOTH €//, KBAaHTOBbIE YHC/AA KOTOPHIX DaBHHI 1t (&).
CoBOKYNHOCTb 3THX uHces, 0003HauaeMbX uepes g [n(g)], MOxHO
paccMatTpuBaTh KaK BEePOATHOCTb pacrpelelerus no n(e). 310
pacmpele/ieHHe B c/ydae TEPMOAMHAMMYECKOTO PABHOBECHS Ompe-
lenserca Mo 3akoHy DoJsbliMana.

B cOOTBETCTBUM C STHM SHTPONUS rasa

Szkgma%qm@me@l (7.1)

IOoMkHA OBITb HCCHENOBAHA HA MAaKCUMyM MNpPU YCAOBUH, UTO
(yHKIMA pacnpeie/eHds HOPDMHPOBaHa:

%ﬂﬂm=h 7.2)
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YTO MNOJHas 3Heprus (uxcupopaHa:

e @) (nE)=E. (7.3)
a INoJiHaa CyMMa KBAHTOBBIX 4HCena paBHa YHCJY YacTHIL
Do@E(r@E)=N, (7.4)
rie
(n(e)= ’% nEqln @) (7.5)

Ilpu yueTe nocnenHero ycnoBus QyHKUMsS pacnpefeleHust AOJKHA
OT/IHYATLCA OT KAHOHHYECKOrO pacnpeieeHus A/ rapMOHHYECKHX
OCUHMJISTOPOB M BMeCTO 9TOro OyleT UMeTh BHA

n(s) (p—s) p—s
gln@el=e *# (1 -e’W‘). (7.6)
Cpennue KBanTOBHE uncna GYAyT paBHbL
1
(n @)= —m—-. 1.7
e AT 1

W4, eciu n(e) orpaHuyeHH 3HaueHuaMud 0 u 1,

n(t;z(];_x—c)
gin (e)l=="——“:,—. (n())= “_.1 . (1.8
14¢ ¥ PR

B sTHX BBHIpaXEHHAX | SBJSETC NapaMeTPOM, B3aBHCHIIUM OT
TEMNepaTypHl H, BO3MONHO, OT IVIOTHOCTH, HO He OT & HJH 7 (e).
DTOT mnapaMeTp OmpelensieTcs KaK XUMUYeCKUll nomenyuas
rasa.

B BO/HOBOH MONeNH rasa MH TOJHOCTbIO OTKA3LIBAEMCS OT
BCeX pa3/uyufl MexAy HHOUBHIYaJbHLIMH HacTHLAMU; OrpaHHye-
HHe KBAHTOBLIX YHCE/] HyJeM W eJMHHLEH CNpaBeiJuBoO AJd
epmuonos w SBIAETCA BHPAXKEHHEM NPUNyuUnG 3anpema
(npunumnna Tlay/n); HeorpaHHYeHHBIH PAL KBAaHTOBBIX YHCEN Crpa-
BelJNB A1 6030HOS.

CymmMbl B ypasuenusx (7.1)—(7.4) oGbiuno (HO He Bcerma)
MOXCHO 3aMEHMTb HHTerpaiaMu. QPYHKUHMA COCTOAHHS CHCTEMHI
CTPOro He BHIYMCAACTCH; TEPMOAUHAMHYECKHe (YHKUUNM OGHYHO
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BHIBOIATCA M3 XMMHYECKOro IOTeHLMala, KOTOPHIA onpeneaserca
no ypasHeHu1o (7.4).
Ipu BLICOKHX TeMnepaTypax H MajblX MJIOTHOCTAX BeAHYHHA

I P
kT m* 2nkT)%

uMeeT OOJbIIOE OTPHIATEJbHOE S3HAYEHME; B ITOM CaAyuae uje-
HoM 1 B 3Hamenatene paBeHcTs (7.7) u (7.8) MoxHO mnpe-
HeOpeyb M COBOKYMHOCTb 3HaueHWH (n(e)) OyldeT SKBUBajleHTHA
KJacCHYeCKO#f ¢yHKUMM pacnpepeteHus njs ancambas us N He-
BaBHCHMBIX YaCTHLL.

IIpu HH3KHX TeMmepaTypax H OOJbIIMX MNJAOTHOCTAX HEOO-
XOAMMO JieqaTh pa3djuuue MexJy OO30HHLIM M- (pepMHOHHEIM
razamd. B nocneaneM ciayuyae p JOMKHA HM3MEHMTb 3HaK M TpH-
o6pecTH MOJOXUTENbHOE 3HAYeHHe, AJA TOTO YTOOH YIOBJETBO-
puth ypasuenuio (7.4). Toraa (n(e))=1ameLpu(n(E))=0
L € > p. - : ‘

Coepuueckas NOBEPXHOCTb €=={» B NPOCTPAHCTBE HMIYJILCOB
HOCHUT Ha3BaHue nogepxrocmiu Depmu. OHa moxKeT ObTL Clerka
BOJIHUCTO# MNOA BJjuAHHeM Bo3MmylUeHu#. CTONKHOBeHUS MexLy
YacTHUAMH MOTYT HMeTb MeCTO TOJbKO BO/IH3H NOBEPXHOCTH,
TaK Kak Ha GoJblliefl rayOuHe HeT BaKAHTHHIX MeCT I/ BO3-
MOXHBIX KOHEUHBIX COCTOSHUH. OHeprus B 9TOM CJyyae He
3aBUCHT OT TeMIepaTyphl U MPONOPIUHOHA/IbHA HEKOTOPOH CTeneHH
IUVIOTHOCTH, a HMeHHO ~p”". TennoeMKOCT> NpH HOCTOSHHOM
o6beMe OyleT MPONOpPUMOHANbHA NEpPBOR cTeneHH abCOMIOTHOH
TEMNepaTypul, HO KO3(duUHMEHT NPONOPUUOHATLHOCTH 4Ype3-
BHIYaflHO MaJ, 4YTO OrpaHMYMBAET BO3MOXHOCTH ee Hab.io-
JeHus.

B Go3oHHBIX Trasax npu HU3KOH Temnepatype g npub.u-
®aeTcd K Hy/ O, HO He MOxeT H3MeHATb 3HaK. CymMy B JeBoft
yactTd paBeHCTBA (7.4) yxe Hesqb3s 3aMEHHTb HHTerpajioM, 6o
9T0 mpHBeao Obl K HepaspemuMOCTH ypaBHeHus. OLHAKO MOXHO
B SABHOM BMJe BHPa3uTb TNepBHHl HJIEH CYMMBl, a OCTaJbHHIE
YJeHH 3aMEHUTb HHTErpajioM, NMOCJAE Yero ypasHeHHe npuobpe-
TET BHA

1 4Vl o e ge
" + h3 f e—i =N' (7'9)
o F 1 0 o F )
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3pech 9HEprus OCHOBHOTO COCTOAHMS PaBHAa HY;0 MO Ompee-
JIEHHIO, 4 € — 9Heprust NepBoro BO3GYKAEHHOrO yposHA. TeM-
nepaTypa nepexoja ONpPENEJHTCH BHIpaXeHHEeM

— h2 p 2/,
8= oot (2,612m—) .

Eciu T> 8, 1o Bropolt umen B (7.9) 6yneT mnpeBOCXOAMTD
YUC/IO, CTOsliee B MpPaBOR uwacTH paBeHCTBA, eCAH HE HMeeT
Mecta p =~ — kT. B TakoM ciyyae nmepBHIM YJIEHOM MOXHO fpe-
HeGpeub. Ecau T < O, T0 BTOpPOH u/MeH CTAHOBUTCH 3AMETHO
MeHbllle YHMCJa, CTOfLEero B IpPaBOH ~4acTH, ¥ TepBHIA 4YieH
JIOMKeH BOCMOJHHTL 3Ty pasHoctb. Torma p=~-—&T/N, uro
MHOTO MeHbllle HIXKHEro Mnpeieja HHTErpHpOBaHUA (NPOMOPUUO-

naisnoro (1/N)”). Korna TEMIepaTypa CTAHOBHTCS HMxke O,
NOBHILIEHHE YHUCAA YaCTHI TNPHBOAUT K 3AMOJHEHUI0 OCHOBHOT'O
COCTOSIHMA, TOTAA KAaK (YHKUMS pacnpejeseHus LA OCTaJbHBIX
YaCTHI CHJIbHO He MeHseTCs. DTO sABJeHHe H3BECTHO MO Ha3Ba-
HueM KoHOencanuu bose — Siinwmeiinal) BBuny ero cxonacrsa
¢ oOniuHO#t KOHIeHcaunefl napos. [laBieHue He 3aBUCHT OT MJIOT-
HOCTH B Npelenax KOHeyHOR o6actTu u3MeHeHus oOneMa. TeM-
nepatypHeit KO3(POUUUEHT TEMI0EMKOCTH MEHSeTCsl CKauKoM
(nepexon Tperbero pona). Ias renus ¢ MOJNEKyJAIpHHM 06beMOM
27,6 cu® Temneparypa mepexona pasHa 3,1°Ke

Ecau npuHATh BO BHHMaHWe BAHAHUE CJAaOOro- rpaBHTaLMOH-
HOTO NOJS NpU YCAOBHH k8>>mgV"‘, Tle g — YCKOpeHue
CHJBl THXECTH, TO pacnpele/ieHHe KBAHTOBBIX COCTOSHUH AJjs
BHICOKHX 3Hepruff GyleT uUMeTb BHJ

rae

a__(th?g’ s
=(=z5)"

) C siinmrefiHoBCKO# KOHZEHcalueil B OCHOBHOM COCTOSIHHH CBS-
3aHO aBaeHue csepxrekyuecTd wkuiakoro He Ill. Ocuosm mukpockonuue-
CKOH Teopuu cBepxreKydectH 3sanoxennl H. H. Boromo6opbiM, cM.
JonoaHuTeAbHYI0 AuTeparypy [69 —71, 74). — ITpun. nepes.
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Torna npu Temmeparype B6iusau 8 GyZeT uMerb MECTO MEPEXOL
BTOPOTO POJAA, MPH KOTOPOM yleldbHas TEMI0eMKOCTb MeHSeTcs
CKa4yKoM Ha

ONE [ mgV's \'h
"2’612—8“<k—9) .

CrenoBaTesbHO, CHJIOBOE WOJE BJMAET HA XapakTep CKauka,
CBfI3AHHOTO € KOHIeHcauueH.

Craructuyeckas KBaHTOBAas MeXaHHKa HIEaJbHEIX rasoB Oblaa
YyCHIEemHO MNpHMEHEHAa K 3/eKTPOHAM B MeTanaax H MO3BOJMJIA
OOGBACHHTb OTCYTCTBUE 3JIEKTPOHHOH TEMIOEMKOCTH, HeCMOTps
Ha Hajauuue ,CBOOOJHBIX® 3JIEKTPOHOB NMpoBoAuMocTd. OHa naxe
Cc ycnexoM Obiia NpHMEHEHa K 9JeKTPOHAM B INPOCTHIX aTOMaX
C YyueTOM 9J/IeKTpHYeCKHX cua. $IBneHue KoHIeHcauun DBoze—
OfiHiTefiHA CBA3aHO CO CKAuKOOOpA3HBHIM H3MEHEHUEM TEIJIOeM-
KOCTH B XUIKOM TFeJUH C aTOMHBIM BecoM 4, KOTOpHH sBiAsieTcs
GO30HHHIM, TOTIAa Kak H30TOM C arOMHBIM BecoM 3, Oyayuu dep-
MHOHHBIM, He OOHApyXuUBaeT nepexoia MoioGHOro poua.

IlpumeHeHHe TeOpUM K peajbHbLIM TasaM, OIHAKO, INPHHECJO
pasouaposanue. I'enuit ABASETCA €AMHCTBEHHBIM H3BECTHBIM ra3oM,
He OXIKAeMbIM IpH TeMneparype, NpH KOTOPOH KBaHTOBbIE
sdexTr craHoBATCH 3aMeTHBIMH. OnHako 3QdeKTH B3aUMHOTO
NPUTAKEHHA MOJeKyJd HMEIOT TOT K€ NOPANOK BeJHYHHbI, TaK
uTO aHa/IU3 3aBUCHMOCTH MEX1y J[aB/JeHHeM M 0ObeMOM B raso-
0o6pa3HOM residH JO CHX TOp OKOHYaTeJIbHO HE 3aBeplleH.

I BbiyucaeHus k03¢ duineHToB nepeHoca Heo6X0LUMO HalTH
COOTBETCTBYIOLIHE CeYeHHs CTOJKHOBeHHs. HawaapbHOe OTHOCHTe-
JIbHOE JiBHIKeHHe 4YacTHIl ONpeje/sercs BOJAHOBOH ¢yHKUHeH Tuna
TJIOCKOH BOJIHBL ~ exp(2wipz/h). KoHeunoe cocrosnue o0.anaer
BOJHOBOM (pyHKIHe#, KOTOPYIO OOBLIYHO NMPEACTABJAIOT B BHIE

h 2 A +2nr—1) P;(cosd),
1

~ 4npr

rie r— pPaccTOsHHE MeX1y CTaNKMBAIOLIMMHCA YaCTHHAMH,
P, — nonunomsl Jlexanapa, a 8, — ¢pa3osse nocmosnnsie. Ouu
IOJKHEL OLITH ONpelleeHbl HeNOCPEeNCTBEHHbIM HHTEr PHPOBaHUEM
BOJIHOBOT'O YPaBHeHHH, B KOTOPO€ BXONMT NOTEHUHA/TbHAs IHEp-
rust BaauMonedctBus. Otu (PasoBble NOCTOAHHBIE 6/IMBKO COOT-
BETCTBYIOT KJACCHYECKHM YrjaM OTKJIoHeHua. Kaxaw# usen
B HANMCAHHOM HaMH psLy NpPeNCTaB/JfeT CTONKHOBEHHE C NAHHBEIM
MOMEHTOM KoOJu4ecTBa ABumenusa L=1Ih, [=0, 1, 2,....
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Kunertuyeckoe ypashenue (6.26) ucnoabayerca Ras BHYHCJE-
Hus K03 (dHLMeHTOB NepeHoca B MOJHOH aHANOTHMM C KJjaccuue-
CKMM KHHETHYeCKMM YypaBHeHHeM. (PaKTHYECKH BHIpaXEHHE LJs
paskocTH (4.21) ocraercd CmpaBeiJHBLIM TpPH YCJIOBUH, 4YTO
ypasuenue (4.19) samenserca na
. h? ' ((+DU-+2) .,
1= s 2w g s () =B (P 10

B stoM BHipaxeHu# CBOHCTBA CHMMETPHH BOJHOBHIX (YHK-
il yuurhiBaotca kosduuuenrtamu T, B Gosonnom rase 1, =10
/8 HedeTHHX M t,=1 Ana uerHwnx 3Hauenu#t [. Jlna depmuo-
HOB C NMPOTHBOHOJOXHBIMH CIHHAMH NPHMEHSIOTCS Te XKe caMble
kospbuuyents. Laa ¢epMHOHOB ¢ NapasiejbHLIMH CHHHAMH
v, =1 ana HeueTHHX M T,==0 nas uyeTHwX sHauenu#t . B ecre-
CTBeHHOM ()epPMHOHHOM ra3e, Tle BEPOATHOCT, ABYX NapaJjelb-
HBIX CNHHOB B TPH pasa CGoJblie BEPOSTHOCTH aHTHNAPAJIENb-
HBIX, CJeiyeT B3fTb T, PaBHHIM 3/, W !/, 1A% HEYETHBIX W UYETHEIX
3HayeHu#t [ COOTBETCTBEHHO.

TouHocTb BHYHMCHEHNS (Da30BHX MOCTOSAHHBIX, KaK NpaBuIoO,
IOBOJILHO 3HAYMTENbHO 3aBHCHT OT TOMHOCTH MOTEHUHAaJa B3aUMO-~
petictBus. OnHako Ia9 HU3KUX OSHEPrUH BO3MOXHLIE NOTpell-
HOCTH B TOTEHUHATbHOH 9HEPrUM U, CJAENOBATENbHO, B TEOPHH
nepeHoca, BoOOLIE TOBOPA, HrPalOT MEHbIIYI0 pOJb, YeM
oexThl CUMMETPHMH, BbIpaXalOllde Pas/nNyde MexAy Ta3oM
6030HOB ¥ (hepMHOHOB.

Paccunrannbie BA3KOCTH 1/ JABYX rasoo0pas3HbIX H30TONOB
refus HaXOAATCH B YIOBJAETBOPHTENLHOM COOTBETCTBHH C SKCHe-
puMeHTOM B oOaactu Temnmeparyp Mexay 1 u 4°K. dto coor-
BETCTBHE JaeT eJHHCTBeHHBH NpuMep HemocpeiCTBEHHOH MNpo-
BEPKH KBAaHTOBOH TeOpHMH TrasoB.

Briuucaenue npyrux xo3¢@duUUeHTOB NepeHOca He NpencTa-
BJASET KaKuX-aub0 TpYyAHOCTEH, HO MBI JO CHX NOp He pacno-
JaraeM SKCNEPHMEHTAJbHBIMH NAHHBIMH, C KOTOPHIMH HX MOXHO
6B110 OB COMOCTABUTH.

7.2. TBeppoe cocTosHHe

Yro6nl M30emaTb CHOMHEX OOUX (OPMYJIUPOBOK, CBSI3aH~
HHX C reoMeTpueft KPHUCTaMIOB, Mbl PACCMOTPHUM TOJLKO NpPO-
creftmve KyOuueckue peweTkd. [ipu sTom Mb Oynem mpeano-
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JIaraThb, 4TO TBEPJble BEUIECTBA MPeJACTaBAAOT COOOH XUMHYecKue
S/IEMEHTHl H He SBJSAIOTCA 3JEKTPOHHBIMH TPOBOAHUKAMH 9JeK-
TpH4eCTBA WJK TenJa.

Peerka onncrisaercs COBOKYNHOCTbIO BeKTOPOB R, nekapTosn
KOOPIHHATH KOTOPHIX ABJAIOTCH LEJHMH KPAaTHHIMA OT OCHOBHOM
Lol Kawae#t ysen pemerkd uiad, TouHee, Madbifft oGbeM,
OKpYXAIOIUKK = y3en pewetid, 3aHAT wacTuuel ¢ Maccoft m.
OGo3Hauas cmelleHHe YaCTHL OTHOCHTEJbHO Y3MOBHIX TOYEK
yepe3 rr, BbHIPa3uM NOTEHUHANbHYIO SHEPTHUI0 KPHCTANIA B BHIe

® = Oy + O, + D, (7.11)

rue (I’O——OTpHuaTeJ]bﬂaﬂ KOHCTaHTa, paBHas 3SHEPrUH CBA3H
pPeIIEeTKH B lICJIOM, a

By=+ Y, ARR): rarp: (7.12)

OonpenegeT rapMOHHYECKHE CHJIBL, NPONOPUHUOHAJIbHBIE W NPOTH-
BOIOJIOXKHbBIE CMCLIEHUIM. AHI‘apMOHl/I‘leCKHﬁ YJi€H

0= & 3 BRRR): rarrar (7.13)

Mal, ¥ UM B NEPBOM NpHOMMXKEHHH MOXHO npeHeGpeus.

Beuly 3THX NpeAnoNOXeHHH ABMXEHHe YacTHL MOXHO MNpel-
CTaBUTb B BHAe pAfa koaebaHu#t (munog xose6anui), KOTOpLIE
ONpefendoTCs KaK CHHXPOHHBIe kKOMeOauuss Bcex aromoB. Ha
KOXABHA NaHHbIM THI KOJeOaHuit He OKA3BLIBAIOT BJMSHUA APYTHe,
uMeolMecs B peuretke, KoJebanud. B Maremaruueckom Bhipa-
MeHHH KouebaHus TnpeACTaBAAOTCA  JnHefiHOR komOuHauued
aTOMHBIX CMeleHHH

U=u( R - rr. (7.14)

3aBUCHMOCTb WX OT BpeMeHH OMNpeAesseTcs YpaBHEHHEM ABHkKE-
HUS MasTHUKA

42U,

— =—loMP Uy, (7.15)
rie ©— Kpyrosas uacToTa. DHeprus Kawaoro THna kouaebaHuft
SBJSETCA HHTErpaloM IBHKEHHS.

Jas ompekeieHus 4acToOT ¥ koI PUIUEHTOB BCeX KoJjebanuft
B oOumeM ciayyae cucTeMsl N rapMOHHYECKH CBSI3aHHBIX YaCTHLL
HeoOXOZHMO peIINTh ypaBHeHue crteneHd 3N. Beuny nepuoxnu-
HOCTH pelleTKH HJIH, FoBOps 0oJjiee CleLHaJbHBHIM ASBIKOM,
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TpaHCJmuHOHHOﬂ CUMMETPHYU  PEINETKH, J0CTATOYHO peuuTsb
cucTeMy ypasHeHu#t TpeTbelt cremenu. K3asectHo, uTo 3TU KOJe=
Gauns pelIeTKH UMEIOT BHI

U = Ul exp [{o (f) £] g exp(if - R). (7.16)

KoneGanus pemerku NOXOGHH AKYCTHYSCKHM CTOSYMUM BOJHaM,
KOTOpble TaKXe fIBJIAIOTCA CUHXPOHHO M B3aUMHO He3aBHCHMBIMH.
B panbrefinieM Mbl OyzneM pa3aaraTe KaxAweifl THn kosebaHuft Ha
Ise Oeryuiye BO/HbBI, BOJHOBHE BEKTOPbl KOTOPHIX HMEIOT Npo-
THBOTOJIOXKHbBIE 3HAKH.

B kBaHTOBO#i MexaHWKe OTHe/bHbe THUMB koneGanuft paccma-
TPHBAIOTCH TaKHUM XKe MNyTeM, Kak M B KJaccuuyeckoft ¢usuke.
Oneprun 9sTUX KoaebGaHui AuCKpeTHH W paBHbl (I 4n)k
B COOTBeTCTBMM C ypaBHeHHeM (6.18). Kpaurosnie uuciaa n(w)
MOXHO pacCMaTpHBaTh KAaK 4YHCAA ,HOHOKO8 HJM 3BYKOBHIX
KBAHTOB C SHeprueft «. @OHOHaM NPUNHUCHIBAETCH HMMYJbC,
pasubift cfiw, rie ¢-— CKOPOCTb 3BYKa.

[MpousseneHue

uiug %} exp[iR - (f— )] (7.17)

pasHo Hymo, ecan f==1f. Ecau kKone6Ganus paccmMaTpuBaioTCs
KaKk (GYHKUMM BEeKTOPOB peIUeTKH, TO OHH NOJKHB 00sanate
CBOACTBOM OpPTOroHaJbHOCTH. KX MOXHO B ofleM ciayuae pac-
CMATPUBATb KaK BOJHOBble (YHKLUNH (DOHOHOB.

Tak Kak MMeIOT MeCTO [Ba NOMNepeyHHX W ONUH NPOJLOJAbHELf
THMB KOJeGaHuH, COBMECTHMBIX C KaXAbIM BOJHOBHIM BEKTOPOM,
TO TUTH KOJeGaHUA, UAH COCTOAHHS (POHOHA, NO/DKHBI XapaKTepH-
30BaTbhC ,CNHHOBOM NepeMeHHOH® §, KOTOpAs MOXET NPHHUMAThb
Tpd 3Hauenus. Jlaf ynpollleHHs 3aMMCH 5Ta CNMHOBAA MepeMeH-
Hafl, TAe 3TO BO3MOXHO, ONYCKaeTcs.

HecMorps Ha TO uyro nouatue QoHOHAa sBadeTcd He OGonee
yeM OOpasHBIM BBIPAXEHMEM, OHO BCe Xe IO0Je3HO, IO03BOJAd
00'beJMHUTb CTATHCTHYECKHE TEOPHH ra3oo6pasHOro W TBEPLOro
cocrosinuft. Ecar 0603HauuTh dHepruio ¢oHOHA uepes €, a YUCJIO
THNOB KO/Ne6aHn#i B GeckoHeyHO Mano#t o6sacTH BOJH3HM € yepe3
o () de, TO NMOBENCHHE KPUCTA/Ma BO MHOTHX OTHOLIEHHAX MOXHO
U3y4yaTh KaKk CBOHCTBA (OHOHHOrO rasa.
 TepMOIMHAMUYECKUE BEJIHYHHB KPHUCTAIIMYECKOTO TBEPAOTO
TeJa B COOTBETCTBUH C 9TUM OyILyT paBHbB CyMMe TE€pPMOAHHA-
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MHYeCKHX (YHKUME OTAeabHbIX TUNOB KoJaeOanu#. B wactHocTH,
cBobonHan sHeprus OydeT paBHa

F=f[%e—len(1 — ek o () de,  (7.18)

a mo (6.20) mouspHAs TENJOEMKOCTb BHIPAKAETCA B BHIE

e/k7
CV—-kf (kT) —(;;ﬁ-—)—w(e)de. (7.19)
dyukuus o (6) LomKHA NMOAYHHATLCH TPeGOBAHAUIO
f o (¢)de = 3N. (7.20)

Y

Beuny mocnensero ycnous npasas yacTb pasenctsa (7.19) mpu
BbICOKOH Temnepartype Oylder pasna 3Nk nas mobGoft ¢pyHkuuu
o (g). [lpn HU3KMX TeMIlepaTypax WrpaiT poJb TOALKO He6OJb-
IMe 3HA4Y€HHs SHepru#l €, a AN STHX ISHEPreTHHECKUX YPOBHel
KPHCTaJJ1 MOXHO pacCMaTpUBaTh KaK MAeaJbHHH (OHOHHBLIH
ras. Pacnpenenenue OAHODPOHOHHBIX COCTOSHUH MO UMMYJLCAM
MAEGHTHYHO COOTBETCTBYIOIUEMY paCHpeNe/IeHHI0 AJS MaTepHa/b-
HbIX vactuy, 1. e. (4«V/h®) p?’dp. YuurtniBas cBasb Mexny
HMIYJbCOM H 3HEeprued, MoJyyuM pacmpeleNeHHe O SHepruaM
12nVe?

u)(e)de.__—————(hc)3 de (7.21)
BMecto (6.16); B oTo#f QopMy.ne MHOXHMTeJeM 3 YUYHTHIBAIOTCH
TpH 3HayeHust ,CNMHOBOH mepeMenHo#“. TenaoemkocTb mMpH mo-
CTOSIHHOM 00beMe A/ HU3KHX TeMmeparyp no (7.21) u (7.19)
Oyner pasHa

127V (kT)3 e* 4
OE f (ex_l),x ax.

Hnterpan naer TOMLKO UHC/IEHHBIl MHOXMTENb, TAK YTO
TEeMJOEMKOCTb MpPONOpLUHOHaabHa KyOy TemmepaType. YTo6n
BBIBECTH (JOpMYJy AAS HHTEPHOJSUUH MEXAY HALEKHBIMH 3HA-
YEHUAMH TENJIOEMKOCTH NpM BBHICOKOH M HH3KOH TeMmepatype,
Mbl NPEANOIONKHM, 4TO BbIpaxeHue (7.21) cnpaBeAsMBO Huxe
Ofnpele/ieHHOrO Npeje/sa IHEpPruM, TOrla KaK 3a €ro nperenamu

Cyp =+
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w(e)=0. 3roT mnperen BuOUpaeTcs TaKMM OOPa3OM, 4TOOH
BHITIOJHAIOCH ycjaosue (7.20). B rtepmunax ,ne6aeBCKOf TeMme-
patypu“ O, KoTOpas fABJASETCS SMMHPUYECKOR KOHCTAHTOH, Xa-
paKTepHOH A/ HAHHOTO TBEPAOrO TeJa, MpPeAe/bHYI0 3IHEepruio
MOXHO BHIpasuTb B Bule RO/h. Kpusas TenjaoeMKOCTH TOria
6yneT MMeTb BUI
eT
e*

Cy=9N () [ Gregp <dx. (7.22)
4]

B sToM BHipaxeHuu uHTerpan siBasercs (yHKUMEHR TeMIepaTyphl
M HaXOAHTCA M3 Tab/aMll WX BHYHUCISETCH YHCJAEHHBIM HHTErpu-
posanneM. Corgacue 3TOH (OpMyab € H3MEPEHUSAMH Jydlle,
yeM MOXHO OBI/I0 OXMIAThb HA OCHOBAHAM NPEANOJOXKeHu#, cre-
JaHHBIX TpH ee BBHIBOJE.

[lepexoast Temepb K MepeHOCY TeNJa B TBEPAOM Tele, M
TOTYaC 3aMmeuaeM, 4TO ¢OHOHBI, oO/anas CBOHCTBAMM BOJIH, CHO-
co6GHbl TepenaBaTh 9SHEPrHI0 Ha J1000e PacCTOsHME He3aBMCHMO
OT rpajueHTa TeMmepatypsl. Tako#t mepeHOC Temjia ckopee Ha-
MOMUHAET MPOLECC H3JY4YeHHs, YeM INPOLECC TeMJIONPOBOLHOCTH.
OIHaKO SKCNEPUMEHT C HECOMHEHHOCTBIO MOKA3bIBAET, YTO TEMNJIOTA
nepeaeTcsl uepe3 KPHUCTALIMYeCKHe TBepbie TeJa TOAbKO MpH
HAJIUYMA HEOAHOPOZHOCTH TEMIIEPaTYpPHI.

B xauectBe mpeiNOCHIKM K BO3HHKHOBEHHIO CTalHOHAaPHBHIX
rPalHeHTOR TeMnepaTyph HeoOXOAHMMO, uTOOH (OHOHH MOTIU
ob6MennBaThCsi sHeprueit. Tako# oOMeH BO3MOMEH, €CJH TNpHHATH
BO BHHMaHHMe aHrapMoHmuyeckue uJjeHbl (7.13) B BbHIpaXKeHHU IIO-
TeHUHaAbHOR sSHepruu (7.11). OTH 4YJeHBL MOXHO BBHIPA3HUTh
B (QYHKUMH OTAEAbHBIX THNOB KoJeGanuit. Pemas (7.14) oTHo-
CUTeJbHO TR ¥ moncrasisas B (7.13), MB noayuuM 9Ty 4acTb
MOTEHIMaAbHOH SHEPTHMH B BHIE Psila, B KOTODOM KaxAblH u/eH
3aBHCUT OT NpOM3BeJeHHs TpeX TUMOB KojaeOaHuii:

D= X X b(F...R...)exp X
fi'f” RR'R”

XEF-R41F-R 41 -R"1)UUp Upe.  (7.23)

Tensopbl Tpertbero paura b sBAfIOTCH, MO Kpaline#t Mepe B NpuH-
LUIe, U3BECTHHIMM BeJHYHHAMH.

Kaxautt unen B ypaBHeHud (7713) MOXHO HCNOJb30BATh s
BHLIYHC/ICHMS] MATPHYHOrO 3/EMEHTa, ONpeJe/sIoIero B COOTBeT-
cteun ¢ (6.20) BepOATHOCTb TEPEXOAd MeXLY COCTOSHHUSAMH
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C ABYMA THNaMu KojeGaHuH U COCTOSHHEM € ONHHM THIIOM KO-
neGanus umu obpatHo. IIpouecchl TakOro poja H3BECTHH INOA,
HasBaHueM mpexPOHONRbX cmoskKosenul. MaTpuunbie 31e-
MeHTHl B ofwmeM cayyae 06pamialoTcs B HyJb, KOrjla ocylie-
CTBASIETCS CYMMMDOBAHHE TIO Y8JdaM pelIETKH, TaK KaK 3KCHO-
HeHUMa/AbHEE (YHKUMM MEHSIOT 3HAK W cOoKpamaorcs. Hewncue-
BaIOlIHE MATPUUHHIE ISJIEMEHTH COOTBETCTBYIOT TOJIBKO TAKHM
NpoueccaM, B KOTOPHX

f4 =0 (7.24)
nan

R-(f+ ¥ +§) =2 (7.25)

Oru ycnoBus cosMectHo ¢ ycaoBueM R =R’=R” npusoasr
K TOMY, Y4TO SKCNOHEHUHAMbHEIE DYHKUHM CTAHOBATCH DPABHBIMH
enunnte. Cymma B (7.23) B COOTBETCTBMM C 9THM OCTaeTCsl KO-
HEYHOH, ecau ynosaerBopsiorca ycaosus (7.24) wum (7.25).
33aKOH COXpaHeHHs SHepPrHH B Nepexole BhIpamaercs B Tpe6o-
BaHuu, 4TOOL 4acTOTH OHJIM CBSI3aHbH COOTHOILLEHUEM

o®—+ o @) =o{) (7.26)

HUJH CXOIHBLIM YpaBHECHHEM.

Ecau BOJHOBBIE BEKTOPH YLOBJETBOPAIOT ycaoBuio (7.24),
TO BEPOSATHOCTb mepexoia OyleT KOHEUHOW; ONHAKO TaKHe Npo-
LeCCh He NOJKHB NMPHBOZMTL K HAJHUHIO TENJOBOI'O CONPOTH-
BJEHHS, TaK KaK BOJHOBOH BEKTOp NpH CTOJKHOBEHUHM COXpa-
HAeTCH; TakuM 06pa3oM, palMAUHOHHHEH NEepPeHOC SHEpPTHH uepes
pelleTKy He npenoTspamaercs. Ecan BOAHOBBIE BEKTOPH YIO-
BJIETBODSAIOT YCJOBHIO (7.25), TO BOJHB pACCEHBAIOTCSH; TAKOIOQ
pona mnepexonbl HasbLBATCA npoyeccamu nepebpoca '), onu
NPHBOAAT K MECTHOMY HaKOIJICHMIO SHEPrUM M CO3JAI0T TPALHEHT
TEeMIepaTypH.

TakoBsl OCHOBEI TEOpPHH TEMJONPOBOAHOCTH B KDHCTaJIHYC-
CKUX TBepIHX TejaX. MaTpHuHble 9JEeMEHTH, BBIYHCJCHHHIE O
(7.26), ucnobayioTcs LjA ONpeNe/CHHs BepOATHOCTeH nepexoaa

1) Ilpoueccyt mepebpoca moayuuad kak B anrawfickoff, Tak
B HEMENKOH H l?paﬂuyacxoi& avrepatype Haumenosanme Umklapp-nipo-
neccop (uan U-mponeccoB), 3aMMCTBOBAHHOE K3 HEMEIKOH CTaThH
Tla#tiepaca [55), rae 970 NOHATHE BBEACHO BREpBHE. — Ilpun. nepes,
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B TpeX(DOHOHHHX cTOAKHOBeHusx. Ecmu 0003HaunTL YuCIO
(QOHOHOB B PABHOBECHOM COCTOfIHHH 4epes

1
Qo) =——mar—7

TO HepaBHOBeCHOC pacnpeneneuue onpeﬂenﬂe'rcn B BUIE
gH=q,(H 1 +4),

rae ©v— HeussectHas ¢QyHxuug ot f. B cayuae crauMoHapHoro
rpaiMeHTa TeMnepaTypbl 5Ta (yHKUMS HONKHA YINOBAETBOPATH
KHHETHYECKOMY YpaBHeHHIo, monobuomy (3.15):

2 =l —v®)—v @] —

— Bw{dE")+v#@)—o@))di.  (7.27)

B stoM ypapueuun kosdduuuentst A u B 3aBUCAT OT Tpex
BOJHOBLIX BEKTOPOB M COOTBETCTBYIOMIMX YacTOT M MOJHOCTHIO
ONpefensioTcs € NOMOUIbIO Teopuu Boamymenn#t. Besmunna R
paccMaTpUBAeTC KaK HenpephiBHas NepeMeHHas, NOCKOJbKY Ipa-
IMEHT TEMNepaTypsl ONpeAeseTcd TOAbKO B TNpeienax TaKux
o6nacTedt, KOTOpHE BEJHKH MO CPaBHEHHIO € NMEPUOAOM KpHUCTa-
anueckoll peweTkd. Tpo#ika BOMHOBEIX BEKTODOB COOTBETCTBYET
npoueccaM nepebpoca.

Pemenns STOro ypaBHeHMs elle He moJydeHe. Iloka ewe
HEBO3MOXHO BLIYUCAUTH KOJIHYECTBEHHO TEMIOMPOBONHOCTb KpH-
CTaJn0B, NpHYEM MaTeMaTHYeCKHe TPYAHOCTH B pelleHHH ypas-
Henus (7.27) He 9B/AIOTCA €BMHCTBEHHBIM MPEMATCTBHEM K 3TOMY.
C nomowso ¢ynxuun pacnpenenedns g (f) kosbduuueHTs nepe-
HOCA MOXHO TNOJY4HTb TO/JLKO NOCPeAcTBOM ypasHenus (1.13),
K KOTOPOMY 9T2a (YHKIHS HENOCPEICTBEHHO HEe TpPHMEHHMA.

OIHAKO TeopHs JaeT BO3SMOXHOCTb HOMYYATbH MOJYKOJHYe-
CTBEHHHE pesyJbTaThl, KOTOPble HAaXOAATCA B COOTBETCTBHH
¢ okcnepumentoM. HallieHo, uTO NpH BHICOKHX TeMIepaTypax
K09 ULHEHT TEILIONPOBOAHOCTH mponopuuoxares 1/7. 3To
OYeHb XOPOLIO COrMIACYeTCs € TeOPETHYECKHM Pe3y/bTaTOM, BH-
TeKAIOUIUM W3 TEMNEepaTypHOH 3aBUCHMOCTH KO3(dHIMEeHTOB
ypasnenus (7.27). Korja Temnepatypa CHHXAeTcs, BEPOATHOCTb

6 3ax. 1189,
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npoueccos nepefpoca 3aMeTHO YOBIBAET M POJib ITHX INIPOLECCOB
B 00pasoBatuyi TEMIOBOrO CONPOTHBJIEHHA KPHCTAJJIOB NMPH HU3-
KUX TeMmnepartypax crpemurca K Hymo. [lpuo6peraior 3nauene
Ipyr¥e TpOLecCH, KaK, Hanmpumep, pacceanue (GOHOHOB Ha Je-
¢dexTax pemeTKd HJIM TpaHULAX 3epeH; M 31eCh CHOBA IKCIepu-
MeHTa/bHble pe3yJbTaThl COTJAACYIOTCA C BBIBOAAMH TEOPHH.

Teopus sBseHu#t mepeHoca B KpucTa/qjax U B KJACCHYECKUX
KUAKOCTAX B HACTOsiiee BpeMs elle HecoBeplleHHa MO paLy
npuuyH. B KJaccHuecKOH KMAKOCTH OKAa3blBA€TCH TPYLHBIM
TOYHO YCTAHOBUTb T€ MHKPO(U3HUYECKHE CJayualiHbie NpOUECCH,
OT KOTOpHIX BaBUCUT HeOOpATUMOCTb; HO (PYHKLUHMH MOJEKyJsp-
HOTO pacnpeleseHus M MX OLEeHKa HaXOoAfTcA B HAWIMX pyKaX.
B kpucrannax noapoOHble cBefeHHs OO0 3/MeMEHTapHHIX CJayuai-
EBIX IpolleccaX HeNOCTaTOYHH JAJA BEIBOJA COOTBETCTBYIHOUIHX
dbyHKuUMi pacnpeneenus.

K coxaneHuio, Mb MajJO 4YTO MOXeEM CKa3aThb O KBaHTOBOU
TEOpPUH KHUIKOrO COCTOSIHUS. IKCHEpUMeHTaJIbHbIe HUCC/IeL0BaAHUSA
KUIKOTO e [aloT OOWUpHbie AaHHbE, WHTEPTPETAUHs KOTO-
pHX B HACTOSllee BPeMS NPOBOAMTCS MOUTH UEJHKOM HA OCHOBe
MOJIE/bHEIX TNpeiCcTaBJeHnH, He CBA3aHHBIX C KakoH-mubo dynna-
MeHTaJbHOH Teopuell. ITOMBITKM BBLIBECTH BBHIpAXEHUs st pac-
npele/ieHHsl SHEPreTHYeCKMX YpPOBHEH M TePMOIMHAMHYECKUX
napaMeTpoB BeLyTCS, HO TIOKA JMIUb € OTPAHUYEHHBIM YCNEXOM.
OnHako B 5TOM OTHOMIEHHHM UMeloTCs OOHalexupamomue Tep-
CMeKTHBHI.

OO6bLIYHO NpUHHUMAETCH, YTO HIXHHE BO30y:xKAeHHbIE COCTONA-
HHS JKHOKOrO Trejiisi JOJ/OKHBL DACCMaTpUBATLCA KaK (OHOHHHIA
ras, He OTJMYAIOWHUACT OT COCTOAHMH KDUCTAAJNHYECKHX pele-
TOK. OTa TOUKAd 3peHus NOATBEPKNAETCH UBMEPEHHAMd TeIo-
€MKOCTH, KOTOpad OKasanach MponopuuoHambroft TS nmpu Temme-
parype nixe 0,6°K. Onnako B XHAKOCTSX' (OHOHBI HE MOTyT
paccMaTpHBATLCS € MOMOWIbIO JMHeHHBIX mpeoGpasoBaHuit Koop-
nuuat aromos. OraesbHEIE KOJeOaHHs MOXHO ONPEAEHHTb TOJIBKO
KaK [POCTPAaHCTBEHHHE KOMIOHeHTH $ypbe B  DPaA3NONKEHUH
naoTHocTd. HecMoTps Ha 9Ty TPYHAHOCTb, MHOT'Me aBTOPH HO-
CTUTIM HEKOTOPHIX YCIeXOB B ONpeJeJeHHH BK/ala (pOHOHHBIX
nepeMeHHHX B QyHKuMI0 [aMHUJAbTOHA U B ypaBHEHHA NBHXNKE-
HHSI.

Teopuu TpHUAETCS TNpPEOLOJIeTh ellle Cepbe3Hble MaTeMaThuye-
CKHE TPYIHOCTH, HO MOXHO OXHIATh, YTO OHA NOCTUTHET GO/b-
IMX YCHEXOB B M3yYEHHH KBAHTOBBIX KHAKOCTEH.
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7.3. H-teopema boJaernmana

B pasn. 2.1 u 6.2 Teopuss paBHOBECHBIX COCTOSIHUfl BHIBO-
IOMTCS M3 TMOCTYJaToOB, KOTOpble He 00f3aTe/qbHO SIBJISIOTCS CJef -
CTBUSIMM TNPUHLMNOB IMHaMukd. MccnenoBaHue BO3MOXHOrO
MeXaHuyeckoro OOOCHOBAaHHA TEOpUM TEMJOBOTO PpaBHOBeCHs
NPUBOLMT K BAXHHM BHIBOAAM, KOTOpbiE KpPaTKO paccMarpu-
BAIOTCA B 3TOM pasiene. PaccyxneHus OrpaHuyYKBAaIOTCS Kaaccu-
yeckofi Teopuelf; COOTBETCTBYIOILIHE KBAHTOBOMEXAHUYECKHE O~
Ka3aTe/bCTBA HECKOJbKO OoJsee CJOXKHB, HO MPHHLUNIHAILHO
HYYeM HE OTJAUYAIOTCA.

B speoduuecroii meopeme, BrickazanHo#t Hefimanom u Bupk-
rodom 1), yTBepiklaeTcs, uTO Upe3BHIYAHHO IMIMPOKUH KAacC Id-
HAMHYECKHX CcuUcTeM o006/anaeT Oco6eHHOCTbIO ,3a6biBaTh® CBOM
Haya/bHble YCJAOBUS JBHMKEHHS MO WCTEYeHHH OTHOCHUTEJIbHO Ma-
Joro BpeMeHH. B cooTsercTBHM ¢ 3TUM (pa3oBas TpaeKTOpHS
NIOKPbIBAET MOANDPOCTPAHCTBO NOCTOSHHON SHEPTHHU C NMOYTH PABHO-
MepHO#i mnuotHocThblo. CpelHue MO BpeMeHH OT MeXaHHUECKHX
BeJMYHH NPUOAMKAIOTCA K He 3aBUCSLLMM OT BPEMEHM Mpeleb-
HbIM 3HAYeHUsIM, KOTOpble NMPAKTHYECKH COOTBETCTBYIOT CPENHUM
3HAYEHHAM TEOPUH PABHOBECHBIX COCTOSHWH.

CnpaBeJ/MBOCTb 9TOH TEOpEMBl 3dBHCUT OT YCJOBHS, YTO
3HEeprus ARJAfeTCd, IO CYLIECTBY, ENMHCTBEHHBIM ,HHTErpaaoM
IBUXEHHA“, T. €. eIUHCTBEHHOH PYHKUHEH KOOPAMHAT M HMMYJb-
COB, KOTOpas OCTaeTCsd He 3aBUCHLell OT BpeMeHH.

Ecan npuHaTb 3Ty TOUKY B3peHHs, COCTOsiHME TEMI0BOTO
paBHOBECHSt [AOJ/IKHO, NO ONpelie/leHHIo, NpeaCTaBJsTh cobon
CpeiHee MO BpPeMEHH OT BCeX COCTOSHMH ABHMEHUS MeXaHHUECKOMR
cucreMbl. [lONHOCTBIO AOMYCKAIOTCH CINOHTaHHBlE (AYKTyauuy,
KOTOpble NPUBOJAT K BPEMEHHBIM OTKJOHEHHWSIM OT paBHOBECHS.
Onuako snecs HeT MecTa 1as KakuxX Gbl TO HH ObBLI0 HeoGparu-
MHIX npoueccoB. Ilo sTo# npuuuHe Tako# nNOAXOML AajieK OT
71a00paTOPHLIX YCAOBUH.

Ilpyroro poaa oTseT Ha BOMpoc AaeT f/-Teopema, KOTOPYIO
MBl 3JeCh NpeACTaBUM B ee NepBOHavaJibHOM Buie. Ee BHBOZ
JaH Aaa rasos, HO MoxeT ObTb 0000LLeH.

1) Jproauueckas Teopema Haubojee MOJHO paccMOTpeHa B paborax
A.§l. Xpnauna (CM. 1OTIOMHHUTENbHYIO JuTepaTypy [240—48]). Opurunane-
HBIH TMOAXOA K 3projHueckoll nmpobieme H HeoGpaTHMOCTH B TEPMOAHHA-~
Muke Moxno Hafitn y H. C. Kpniioa (CcM. Aonoaxuteabhywo autepa
Typy [25] ). — I1pun. peo.

6*
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Jlas xaaccuueckoro rasa onpeleneHue SHTPOMHH (6.14) npu-
HHMaeT BUI

S=—k [ f@u t)lnf(py, rldp,dr,  (7.28)

TA€ BPEMEHHAS BABUCHMOCTb (PYHKUMH pacnpelelieHus orpene-
AACTCH KHHETHUYECKMM ypasHenueM (3.15). B artom ciyuae Bpe-
MEHHAs 3aBMCHMOCTb SHTPONUU OyIeT WMeThb BHL

i’d%=_kf%(1+ In f)dp, dr;. (7.29)

Eciu BHLIMOMHUTL MHTErpupOBaHHE, TO NepBLIA 4jJeH B mpaBoi
vactu Oyner paseH Hymo. Takum 06pas3oM,

of
[o- 541 =0. (7.30)

3aBMCHMOCTb SHTPOMUU OT BPEMEHH, CJENOBATENBHO, MOJIHOCTHIO
OnpelesseTcss MHTErpajoM B npaBo#t vactu paseHcTBa (3.15).
OTO BLIpaMEHHE HE HM3MEHHTCH, €CJH NON 3HAKOM MHTerpaia

BEJHYHHBL P,, —p; UM ——p,", 3aMeHuTb Ha p,. Orciona cre-
LyeT, 4TO

dS _____i_ ’ AV f(Pl)f(pz)
=3 [V ()7 (?) =1 () / (p) 10 72RT0E X

X p_BdBd3dp,dp,dr,. (7.31)

Tax Kak f HeoTpuuaTeNbHA, TOLBIHTErpajbHOE BHIpaXeHHe
B (7.31) Takwe Oymer HeOTPHNATENbHBHIM, OTKYAa C HeoBXOXH-
MOCTbIO CaelyeT, uro dS/dt > 0. PaBeHCTBO moJyyYaeTcs TOAbKO
B TOM CJyuae, €C/IM JOCTHUTHYTO paBHOBecHe, Tak 4ro f = f,.
Onpenenenue surponuu (7.28) Teneph ONpaBABIBAETCH TeM, YTO
OHO COMJIaCyeTCs C 3aKOHOM €€ HeOOpaTHMOrO BO3PaCTaHus.

Ypasuenue (7.31) u3BecTHO mNOA Ha3sauueM F-meopenst,
KOTOpast OObACHAET PAaBHOBECHOE COCTOIHHE KaK pesyJabTaT He-
o0patuMOro H3MeHeHH BO BpeMeHH. XOTS CIpaBelJdBOCTb ee
BHIBOJA He/b3f NpPUHATb 6e3 OroBOPOK, CYLIECTBEHHO, YTO OHA
NPUBOJAUT K PpaBHOBECHOMY paclpejeseHHI0 M OODBIACHEHHIO He-
0o6paTHMOCTH. v

BaxHOCTb STHX pe3y/JbTaTOB CTaHET OUYEBHAHOH, KOrza Ml
o0pasyeM albTepHaTUBHOE BhHIPAaXEHHE A/ SHTPONHMH, KOTOpPOe



CTATHCTUUECKASI KBAHTOBASl MEXAHUKA. TIPWJIOXKEHMS 85

KaxeTcsd CTOJb Ke ONpaBAAHHBIM:
S:—-—kff(N) tn 7 [ ap, dr,. (7.32)

Ecan ¢ nomomsio teopemer Jluysuaas (1.4) ompememuts uame-
HeHHe STOH BeJuuHHB BO BPeMEeHH, TO Mbl TNOJAYYHM, HTO
dS/dt =0. 9to ABAFETCA BHIPAKEHHEM CYLIECTBEHHO OGpaTHMOH
npuponn ypasHeHuH Mexanuku. HeobpaTumoe usMesenue (7.28)
CBA3aHO C MeTOAMKOH KPYMHO3€PHUCTOCTH, KOTOpas NPUMEHANACh
NpH BHBOJLE KHHETHYECKOTO YpaBHEHHS.

Onpenenenust surponuu, nono6usie (7.28) u (7.32), moxHo
cpopMyIMPOBaTL € HCHO/b30BAHMEM NPOMEXYTOYHHX OGYHKIUR
pacnpenenenus, Takux, Kak f@, fO,... . Cumbica stux ¢yHk-
Hu#t elle TNMOJHOCTbIO He pACKpHIT, a Jexalide B HX OCHOBe
KOMOMHATODHEE CcOOOpaxeHuss TNPUBOAST K HEACHOCTAM. OTH
@YHKUMM NpPUMEHHMBl K CHCTEMaM, He HaXONALIMMCSA B COCTOSHUU
paBHOBeCHSI.



VI

AMAMANWARMAAANA T 1 A B A AMAMAMAWAAMMWAAMAN

Huccunamusnoie cucmemol

8.1. BpoyHOBCKOE JABHXKEHHE

COBOKYIIHOCTH MOJIeKYJ/l SBJSIOTCA KOHCEPBATHBHBIMH CHCTe-
MaMy; B TpeibAYLIMX FAaBaX NOKAa3aHO, KakuM o6pa3oM AuHa-
MHKa 9THX CHCTeM INPUBOIMT K Ouccunayuu B MaKpOCKONM-
yeckoM Macliitabe. AHaau3 HeoOpaTHMBIX TPOLECCOB CTAHOBUTCA
MeHee OCHOBATEJbHBIM, HO M MeHee CJIOXHBIM, eC/JU LHCCUNATHB-
Hble CBOMCTBA CHCTEM MJM HacTh MX IMCCHNATHBHBLIX CBOMCTB
BKJIOUHTh B HMCXOLHBIE fpelnoJoxeHus. Takoro poxa moaxon
NPUBOIUT K Pe3y/bTaTaM, KOTODHE HELOCTYNHH Aas mobof mo-
CJIefOBaTENbHOH MOJIeKY/APHO# TeopuH. B 4YacTHOCTH, OKasH-
BaeTcs BO3MOXHBIM H3yuyaThb HeTepMOAHWHAMHYeCKHe CBOHCTBA
CHCTEM, HAXONSIIMXCA B TeN/JOBOM DaBHOBECHH, WJH Xe TepMO-
JMHAMEKY CHCTEeM, KOTODHE He HAXONATCA B COCTOSHHH DAaBHO-
pecus. Dt ABe 00JaCTH UCCNENOBAHMA B3aHMOCBA3aHBI, @ TaKKe
MHOrooGpa3HbIMi TYTAMH CBA3aHbl C TeOpueH ABJeHHH MepeHoca.

PaccMOTpuM CHayana B3BeCh KOMIOMAHBIX YACTHI B MHIAKOCTH,
rie uacTHlbl YY4acTBYIOT B CJyualHOM J[BMXKeHUM, KOTOpOe CO
BpeMeHeM MpPHBOAMT K PaBHOMEDHOMY PpABHOBECHOMY pacnpene-
JIEHHIO 1O BceMy 00beMy. Ecan NpUHATE BO BHUMaHMe TAroTe-
Hie, TO paBHOBECHOE pacrnpeleseHde He OyneT pPaBHOMepPHEIM
(oaHoponHbiM), a Oyuer 3aBuceTb OT BHICOTH corjaacHo (2.1)

mygz
f(x)=const-e #T (8.1)

rie g — YCKOpeHWe CHJbl THKECTH, a M, — Macca YacCTHUHI,
UCTpaBJEHHas HA apXuMejOBY CuJay.

JipueHHe 4aCTHIl NMPUBOAMT K (PAYKTYaUMsM HX KOHLEHTpa-
uuu. O6ozHauuM uyepes V/ Maubifi 06beM BHYTPH MKHIKOCTH,
a uyepes N/ —unciao vactuu B sToM obbeme. Hucio N’ Gecno-
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panouHo ¢uaykTyupyeT. Pacnpenenenue BeposiTHOCTeH 3TOH Be-
auuuHel naetcs ¢opmynof Ilyaccona (9.15). CpenHee 3Hauenue
M CpeiHmit KBaapar OTKJOHeHHe N’ COOTBETCTBEHHO HMEIOT
BHIL,

(NY=NV_, (ND—(NP=(N). (8.2

Ecan uyucao N’ uabawomate yepe3 paBHBIE NMPOMEXYTKH BPeMeHH
NOCTATOYHOH MJNTENLHOCTH, TO COBMECTHOE paclpele/]eHHe Be-
positocreft N’ (¢) u N’ (¢ 4 t) 6yneT paBHO NPOU3BENCHHIO ABYX
MHIUBHAYa/IbHBIX pacnpenesenut. Cpennu#t kpaapar pasHOCTH
Oyzer paBeH

(IN’ (40— N (O] = 2 (N (8.3)

OTH pe3yJbTaTH SIBJAIOTCA C/ISACTBHUEM TEOPUH PaABHOBECHS.
B HMX He Onpele’sOTCd TNPOMEXYTKH BpEMEHU, B TeueHHe KO-
TOPHIX MOSIBJAAIOTCA WJIM CHOBA MCUE3AI0T OTKJOHEHHS OT CpelHe#
KOHIEHTPaLyH.

BpeMmennfie sd@dekTH BHBOIATCS M3 pacCyxJAeHu#t Apyroro
poaa. OGo3nauum uepes f(x, f)dx dYuCIO YACTHIL B TJIOCKOM
cl0e XUIKOCTH Mexny X u x -Fdx. Ilycrs w(§; < X) npen-
craBager coGoii pacnpenesieHHe BepOSATHOCTeH Aas (MOJOKUTENb-
HBIX MJHM OTPHLATEJbHbIX) CMewleHu# &, KOTOpHe MNOABJAIOTCH
33 BpEMs T M MOIYT 3daBHCETh OT X Kak OT mapaMerpa. ®PyHK-
Mg @ KOMKHA ObITh HOPMHDOBAHA:

fwdi: 1. (8.4)

[Ipennosaraercs, 4TO BEPOWTHOCTH OOJbIIMX CMeLICHHR He3Ha-
yurejbHbl. [IOMUMO 35TOro oOrpaHuyeHus, BHIOOp pacrpefeJ/ieHus
Bep OSTHOCTEH COBEpIIEHHO NPOHU3BOJIEH.

DBananc vyacTul, 3amoJHAIOUWIMX HEKOTOPHIN CJIOK KHAKOCTH,
onpele/ifeTcs ypaBHeHHEM

1."!:.__f(x)+fp(x—-8)w(s 5 x—§di. (8.5

IlBa mocnenHux uJeHa B NpPaBOH YaCTH PAaBHEL YHCJAY YaCTHL,
yXoaswpx u3 o6beMa M NMOCTYNAWIIUX B 06beM B TeuyeHHe Bpe-
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MeHH t Gjarojaps cayyaiiHbiM cMemleHusM. C noMouwipio pasio-
HEeHUS

Jx—8wE & x—H)=
=f@WoE s H—tLfWeE v H+

_}_%525(2:_2[](@10(&; % £ +0 @)

ypasuenne (8.5) npespawaerca B aup¢epeHiyasbHOe ypaBHeHHS

i) 7} 0? 2

d=—| L+ &[] s
B KOTOPOM [1Ba KO3((dHIMEHTA ABJSIOTCS HEH3BeCTHbIMU. Onun
u3 Hux, (£)/t, onpesenseTcs ¢ MO!NOWIBLIO NPEANONOKEHHS, KO-
TOpOe XapaKTepHO AJA CHCTEM C IHCCHNATHBHHIMH CBOHCTBaMH;
npeanojaraercs, 9TO B INPHUCYTCTBHH TIPABMTAUMOHHOTO TOAS
Cpelnas CKOPOCTh YacTHU onpeledsercd no dopmyae Crokca

& _ me @.7)

© = bmna’

rie 7 —BA3KOCTb XHAKOCTH, a @ — pasuyc uacruuul. Cpenuee
KBajJpaTHYHOE CMEUIEHHe ONpelensdeTcd NMOACTAHOBKOH paBHOBecC-
Horo pacnpenenenus (8.1) B ypasHenue (8.6); Tax Kak TOTOK
MacChl B CAyyae DaBHOBeCHS paBeH HYJI0, Mbl IOJyYaeM

(6% __ kT __
S =g =2D. (8.8)

Iocnennee BhipameHHe He B8aBHCHT OT TPABHTALMOHHOH CHJIHL
ITosToMy ypasHenue (8.8) coxpamseT cnpaBexJMBOCTL NPU OT-
cyrcTBun 9To#t cuan manm npu (§) =0.

dynkuus f nponopuMoHadbHA paclpefesieHUI0 BepOSTHOCTeH
Ajs onpelefieHHOH yacTHUBl. PesynbTaThl TakuX paccyxaeHuft
SKCNEPUMEHTAIbHO TNPOBEPAIOTCA NOCPEACTBOM Hab/ModeHHs 3a
NOJIOXKEHMEM ONAHOR M TOH M€ YacTHLH uYepe3 paBHLIE NpPOMe-
XYTKH BPEMEHH T H BHIYMCJAEHHS MO COBOKYMHOCTH HAaG/012eMHIX
CMelleHU#t CpelHEeKBaApaTHYHOrO cMelueHna. TakuM nytem Ilep-
peH CyMeJi [10Ka3aTb, 4TO CpelHEeKBalpaTHYHOE CMELLUCHUE YaCTHULIH
AeHCTBUTENLHO TNPOMOPUMOHAALHO HHTEPBATY BPEMEHH T MeXALY
HaOIOACHUAMH,




IVCCHUTIATUBHBIE CHUCTEMH 89

[TocpencTBOM HECKOALKO YTOMUTENbHBIX PACCYKAEHHR 3TH
pesyabTaThl MOXHO 00001MTL TakuM OGpasoM, 4To OHM GyAyT
ONpelesaTh 3aBUCUMOCTb OT BpeMeHH (GJIYKTYyaluHl KOHUeHTPALHUH,
Bumecto (8.3) MOXHO NOJYuUTb

([N'(¢+1)—N'(f)]2)=
—oNY [ 1 s
—oNY [1 = (41:01),/" f [ exp( )drds]. 8.9)

[Tosyyennrie pesyabTAaTH AONYCKAIOT PA3JIHUHYI0 HHTEpIpe-
tauuo. Ilpu orcyrctsun noas cua umeeM (§)==0, Tak uro

0 02
Y —plL. (8.10)

OTUM ypaBHeHHeM oOmpeleaseTcs CKOPOCTh Aupdysud, npuyeM
D — rosgppuyuenm oOugpgpysuu. Iepped nposepua 310 ypas-
HeHME TyTeM CpaBHEHH CpelHero KBaJpPAaTHYHOrO CMeLIeHHd
A WHAMBMAYaNbHOM vacTuubl ¢ BeauuuHoft D, noJyueHHo#t us
AudPy3HOHHBIX H3MepeHHH. 3aBHCHMble OT BpeMeHH QUYKTyauuu
B Clyuae DaBHOBECHA fBJIAIOTCH OODATUMLIMH, HO TECHO CBA3AHHI
¢ audpdysuet, koTopas HeobpaTuMma.

daykTyauuu HMNYyJbca B3BELIEHHHIX YaCTHLU BHIYUCAKIOTCS
aHaJOTMYHBIM MeTOAOM. O603Hauass KOMMOHEHTY JMHEHHOrO HM-
nyJabca yepes p, HaliieM

T m

(==L, L0 g
LG4PY _ 19rqarT.
T

Crenyer o6paTuTb BHHMAaHHE Ha TOT (AKT, UTO 3TH COOTHOLICHHS
cornacyiorcs ¢ paseHctBamu (3:21) u (3.22), ecau 6mma o6o-
3HauuTb Yepes b. Y mefictBuTenbHO, ypaBhenus doxkepa — I[laanka
u CMouyXoBckoro BrepBhie OblaM CHOPMYIHPOBAHH B CBSA3H
¢ teopuefl OpPOYHOBCKOTO HBHXGEHHS. YpaBHeHHE, AHAJOTHYHOE
(3.23), onpenenser GYHKUMIO pacrpefle/ieHHss 0O HMIY/IbCaM.

OTH XKe BONPOCH MOMXHO pPACCMOTPETh, NpHUMEHss APYro#
¢dopmanusM, paspaboraHHbifl JlaHkeBeHOM. YpaBHeHHe IBHXKEHHS
YacTHIL TNPH 3TOM 3ANHCHIBAETCH B BUIE

2p O L F @), @.11)
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rae IAHCCHNATHBHBIE CBOHCTBA CHCTEMbl ABHO BBHIPAXEHH MEPBHIM
yJleHOM B TpPaBOH 4YacTH; BTOPOH ujeH npeicTaBasgeT coOoft ciy-
YyaHYI0 CHJY, BHLIPAXKEHHYIO TOJbKO Yepe3 CTATHCTHYECKUe Besiu-
yuHbl. Tak Kak F, no kpa#tneit Mepe QopmaabHO, aBJseTCH
¢yHKunER BpeMeHH, ee MOXHO INpeICTaBUTb B BUIe HHTerpaja
dypbe.

Mu Oyaem mnpeanosaraTe, uro F 3anada kak (yHKuus Bpe-
MeHW B HHTepBaze oT — & 1o O, a 3a npenesamu 3TOrO uH-
TepBaja pasHa Hymo. C nomoupio npeobpasosanusa dypbe K’ (v):

F{@)= f 2t K7 (v) dv (8.12)

-0

u TeopeMbl [lapceBajis, KOTOpas NMpHMeHMMa KO BceM mnpeolpa-
3o0BanusM Pypoe:

e <]
f[F(t)]2dt= f]K’(v)P’dv, (8.13)
-0 -—Q00

ofpelesnM crekmpasstyio naomuocms ¢yukuuu F (f) B Buie
Ko)= lim =K' ()P (8.14)
8 > oo

s cucTeM TAPMOHMYECKHX OCUHMIAATOPOB 9T2 (PYHKIUS YACTOTH
COTJIACYeTCA. CO CNeKTPaabHOH NJOTHOCTRIO pacnpelesneHus YacToT,
KOTOpas OOBIYHO MCNOJAb3yeTCs B (hH3HKeE.

[TpakTuueckn HEBOSMOXHO BHIPa3UTb CJAy4afiHble QYHKUHMHA
BpPEMeHU B SIBHOM BujJe. B NpOTHBONOMOMKHOCTL 3TOMY UX CHeK-
TPaMbHYI0 IJIOTHOCTh YKa3aTh HETPYNHO H Jaxce CYLIeCTBYIOT
BIIOJIHE MNpPaBAONOAOGHBE MNPEANONOXKEHHS OTHOCHTEJIbHO BHIA
3TOH yHKHUH.

[To Teopeme Bumepa u Xunuuua !), crexTpainbHasi NJIOTHOCTb
(YHKUMH 13eT BO3MOKHOCTb ONPENEUTh ¢ ABTOKODPPEJALUHOHHY IO
¢byHKUMIO ¢ noMoubio npeobpasoBaHus Pypbe

Py o
bli_)mm% [F@& F ¢+ dt = K()cos2mrdv. (8.15)
-8 (1}

!y Cwm., HanpuMmep, AONOJHUTEAbHYI0 AnTepatypy {23). — I1pun. nepes.
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[Tpumensin 5TOT MeToA O00OCLIEHHOTO TapMOHUYECKOrO aHa/Iu3a
k ypasHenuio Jlamxepena (8.11), Mul OyneM NpeAnoJaraTh, 4TO
CUJa B MaKCHMa/JbHO BO3MOXHOH CTeneHu cJaydadHa, TNOHUMas
[OJ 3THM, 4YTO HM OHMH U3 NEPHOJOB TOBTOPEHHA HE uUMeeT
NPEUMYLLECTBA NlePel APYTHMH; B COOTBETCTBUHU C STUM CIEKTDAb-
Has IUJIOTHOCTb [O/KHA ObiTb MOCTOSHHOH (,0esbld cnexmp*).
ATO NpeanoJoKeHHe He CTPOro COOTBETCTBYeT AeHCTBUTEILHOCTH,
rtak Kak K (v) 1OJ/KHA paBHATbCA HYJI0 B MpEAEJbHOM cCJjyyae
6eckoHeuHO OO0JbIIKMX YacTOT; ONHAKO JJ Le/ed HaCTOsIUX
PACCyXJeHHH 5Ta HETOUHOCTb He HMEET GOJBLIOrO 3HAYeHUS.
BesuuuHa NOCTOAHHON CNeKTPaJbHOH NMJIOTHOCTH ONpele/seTcs

yCJOBHEM, 4TO (p?)=2mkT, npuyeM cpeaHne Temepb oOrnpe-
NeamloTCs KAK cpennde no BpemeHu; torna K (v) == 24mmakT.
UHrerpan TO BpeMeHH OT aBTOKOPPEMALMOHHOH dyukuuu F(f)
Oyner paseH

[ve)

f (F (t) F (t + 7)) d= = 6rnakT. (8.16)

0

Ecau Mbl oGosnauuM 6wma uepes b, ypasuenue (8.16) cramer
¢dopmaabHO TOXIecTBeHHBIM C (3.20), XOoTs B moc/ielHeM ypap-
HEHHH CpejlHee 3HAYeHHe NOJYYeHO M3 MOJEKY/spHOH OyHKuuH
pacnpenenenns. 10 coBrajeHue Brepsbie G0 sameyeno Can-
ne6u [64]. CywHocTb ero IO CUX NOP elle MOJHOCTBIO He pac-
KpHITA.

BpoyHOBCKOE IBHXEHHE SBJAETCH TOILKO OXHUM U3 NPUMEPOB
cay4alHBIX, WIH cmoxacmuxeckux, npoueccos. [lpyrue npu-
MepH KDAaTKO PAacCMOTPEHH B CJEAYIOLLEM pasiele.

8.2. CToxacTHYeCKHE NpOoueccH

['poMO3IKOro BEHBOAA TNOCTOSAHHOH TpEHHs, PAaCCMOTPEHHOro
B pasn. 6.1, MoxHO wu3GexaTb, BOCIOJbL30OBABIIUCH METONAMH
MaKpocKonudyecKOd ¢U3UKM, Hawlned BO3MOXKHOCTb MOJAYYHTb
npub/MKEHHOE BhIpaXeHHEe N9 IHCCUNATHBHOH CHJBI. DTHM Me-
TOJOM JIEFKO MOXHO peIlnTb Pl BaXHLIX BONPOCOB TEOPHH
HEOOPATHMEIX NPOLECCOB ¥ (GayKTyauudd B PABHOBECHHIX COCTOS-
HUSIX.

a) PaccMotpuM pas0aBiieHHBI PacTBOD MOJSAPHBIX MOJIEKYJ
noutd cdepuueckoti dopmu B HenojspHo#t xuukoctn. B'cratu-
YeCKOM 3JEKTpUuecKOM noje Z (yHKIHS YrJIOBOrO pacmpenee-
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HHAA JAaeTcqa B BHAE
w Z cos §
5 sin 87, (8)@% = £ sindexp (—-—_) 4%,  (8.17)

e p — MOJEKYJApHLIA AunoibHei#t MoMeHT, a & — yroa mexay
OCbI0 NUNOJA M HampasienueM nons. CpenHee 3HaueHHe MHAY-
HUPOBAHHOTO HMIIOJNbHOIO MOMEHTa PaBHO

2Z
(MO =57 (8.18)
npuiyeM B NMEPEMEHHOM [oJe
Z=2 e‘“".

OYHKUMA YrI0BOr0 pacnpejie/ieHns ONpPeieaseTcs N0 YPABHEHHIO
CMoayxoBckoro

87:‘71413 o snl& 5 in{)[kT f—-pi], (8.19)

TAe CONMpPOTHBJIEHHE TPEHUs B3ATO M3 MAKPOCKONHMYECKOR THApO-
IuHaMukd. OTHICKAB 3aBUCHMOE OT BpEMEHH pelleHHe STOro
YDaBHEHHSl, MOXHO BBIUHCJHTb CPeNHHH SJeKTpHYECKHH MOMeHT,
KOTODLI# HM3MEHSeTCS BO BPEMEHH M0 CHHYCOHIA/NBLHOMY 3aKOHY
M onpenenseT AeHCTBUTEJbHYIO U MHUMYIO KOMIOHEHTH E€MKOCTH
Lenu; ‘

i lw

w2z 7D __ kT

M =gr—7 D=fgmg
'+

rie D—yraosoft kosddunuent nuddysnn. Diaexrpuueckuft Mo-
MEHT MOXHO OOBIYHBIMM METONAMH NpPelNCTaBUTh B BUIAE NeHCTBH-
TENLHOR JUSACKTPHUECKOH TNOCTOSHHON W yria noTeps Kak
¢yHKuMH uacTOTH. JIMSJeKTpHUECKas TOCTOSHHAs MOCTENEHHO
yOuBaeT ¢ pOCTOM uaCTOTH OT CBOErO HH3KOYAaCTOTHOTO 0O
BHCOKOYACTOTHOTO Npele/lbHOrO 3HAYEHHA. YTroJ TNOTEPb paBeH
HYJI0 NPH HMSKHX H BBLICOKHMX 4acTOTAaX M 06/anaeT MakCHMyMOM
npu o==D. Teopus Jnaer nNOJYKONNYECTBEHHOEe OOBACHEHHE
JHSJAEKTPUYECKHX CBOHCTB MOMAPHBIX MHAKOCTeH; COOTBETCTBHE
C SKCNMEepHUMEHTOM OKAa3biBaeTCt XOPOLIMM TOJLKO IPH YCJIOBHH,
YTO BA3KOCT> 7 B ypaBHenuu (8.19) paccmatpusaetcs kak
OMNHUpHYEeCKUH nmapamerp.

6) Tenuopoe IBHXeHHE HOHOB B Pa3GaBJEHHBIX pPacTBOpax
Jaxe ¢ TOYKH 3peHHs NOCAELOBATENbHO MUKPOPU3HYECKON TeopuH
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onpenensercs Teopuedl OpoyHOBCKOro JBuKeHud. IlocTodnHag
TPeHHS B 3TOM C/yyae JIETKO BHIYMCJAETCH M3 SJEKTPONPOBOL-
HOCTM ¥ O6paTHO NpPONOPUMOHANbHA TOJABUXKHOCTH HOHOB.

Jast GMHApHHIX OLHOBAJEHTHBIX 9/EKTPOJHMTOB QYHKLHS pac-
npeleseHus AJs Nap HOHOB HAXONMTCA MyTeM pellenus Audde-
peHUMaNbHBIX ypaBHeHuH THna ypasHeHHs CMOJIyXOBCKOro.
BriBoL ¢yHKuM# pacmpeneseHus B BA3KOM NOTOKE M HANpsxeHuH

' CYWeCTBEHHO HE OTJMYAETC OT BHIBOJOB, IPHBENEHHHIX B Pasi.
5.3. Ecam noHm 061analoT ONHHAKOBOH NOABUKHOCTBIO, TpH-
paleHue BASKOCTH () — 7)), CBA3AHHOE C MEXAYHOHHBIMH CHJIAMH,
Oynet paBHO

Y
= L108 —Y ¢
n—my=2=8,18.10 ATTOLR (8.20)
rae v-— MoJsipHas KOHLEHTpauus, € — 3apsan 3JIEKTpOHA (B 3JIEK=-
TPOCTATHYECKMX ENMHHLAX), O — NUI/EKTPHUUECKasA MNOCTOAHHAd,
a & — NMOABMXHOCTb HOHOB. Pe3yibTaThl 9TOH Teopuu HaxonsTcs
*B XOpoiueM COOTBETCTBUH C H3MEepEHUAMH.

B) Teopuio OpOYHOBCKOrO JBHXEHHS MOXHO HPUMEHHTB
TAKXKe U K MAaKDOCKONUYECKUM CiuCTeMaM. PaccMoTpum, Hanpumep,
HECTKHH JMCK WM KaTyIlKy ra/JbBaHOMeTpa, NMOJBELIEHHYIO Ha
TOHKOH KBapueBO# HutH. OHa coBepinaeT GecrnopsOuHbE Kpy-
THIbHEIE KOJeGanua. Ecau uepes o u B 0603HauuTh COOTBET-
CTBEHHO KDYTOBYIO YaCTOTY W YTOJ NOBOPOTA, a Yepe3 J — MOMEHT
WHEpLHH, TO CpeiHee KBAJPATHYHOE YTJOBOE CMElleHHE Onpe-
JE/UTCS BHIpaXeHHeM

(Lo QIP) = gz {1 —exp (=49 gy sine (5 < VAP

+ﬁf_=?_ﬁ_sm(q/4m§'—-' B7) 4 1]} @.21)

YTQ COOTBETCTBYET CepHH NOC/eLOBATENbHHIX HabJI0LeHHH uepes
paBHbHIe NpPOMEXYTKH BpeMeHH t. EcaM t LOCTATOYHO BeJHKO,
Bupaxenne (8.21) npubmmiKaeTcs K paBHOBECHOMY B3HaueHHIO,
pasHoMy AT/Jw?.

r) PaccMoTpuM KoHAeHCAaTOp eMKkoOCTbIO C, MJAACTHHBL KOTO-
poro 3aMKHYTH Ha comporusienne R. O6o3HauuM uepes Q sapan
Ha nracTHHaX, OH 8aBHCHT OT BpPEMEHH B COOTBETCTBHH C ypaB-
HeHHueM

aQ __

H=—Z i 8.22)
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rae j-—cayuafiunft Tok; wuaBectHO, ut0 (j)==0,(Q)=0 =u
(Q?)/2C =1/,kT. VYpasuenne (8.22) Toxuaectsenno c¢ (8.11),
a COOTBETCTBYIOLIME JOMNOJNHHTEJbHbIE YCJa0BHS OyAyT TaKke
TOMAECTBeHHbIMH, ecan C 3aMeHuTb Ha m, a 1/RC sameHuTb
Ha O6mma/m. Otcioza ciepyer, 4TO

169 2T, (8.23)

B1y # nonobubie GOPMYJIE MOXHO HCNOJb3OBaTh AR OTpeneJe-
HHS TENJOBHIX HIYMOB B 3JIEKTPHYECKHX LUEMsAX.

1) JlokanbHbie ¢AyKTyauuu NJAOTHOCTH W JAPYrdX TEPMOAHHA=
MHUYECKUX BEJHYMH YACTHYHO ONpENEJAIOTCS C NOMOLILIO TEOpPHH
paBHOBECHHIX cocTosiHui. B moacucreme, cocroswelt us N’ moue-
Kyan W obnanaouwe#f sHeprue#t E’, NpH 10CTATOUHO BLICOKOH
TeMnepatype

(B —Eryp~EX (8.24)

Bpemennids 3aBuCHMOCTb 9THX (aykTyaunu#i Moxer OHITb BHipa-
eHa yepe3 MaKpOCKOMH4eckHe Ko3(¢uuueHTH mepeHoca. Ecau
OnpefleMTh JIOKAJbHYI0. TeMmepatypy 7/ ucxolsi U3 cpenHeH
KHUHETHYECKOH SHepruM, H3OLITOK SHEPrHH MOXKHO HHTEpNpeTH-
poBaTh KaK H3GHITOK TeMNeparyphl

E'—(E'y _T'—T
(Ey — T .

BecbMa npaBronono6HO cHeNaTh NMPenNONONKEHHE, Y4TO H3GHITOK
TEMNepPaTypsl BLIDABHUBAETCA 8 CpedHem C TOH e CKOPOCTHIO,
C KAakoi BHIDABHHBAETCd pA3HOCTh TeMNepaTyp B INpolecce
TEeNJONPOBOAHOCTH. DTOr0 NPEANONOXKEHUS JOCTATOYHO  AJs
BHIpAXKEHUS CpelHEH NPONOKHTENLHOCTH MXKHU3HM H CpelHero
neproja BO3BpaTa QPAYKTyauuit yepes K09(pOUIUEHT TeMJIONPOBOL-
HOCTH.

[Tpu npuMeHeHud TeOpHH OPOYHOBCKOTO ABHXKEHHA K (JayK-
TYHPYIOLIUM Be/JHYHHAM MpEeANoJaraercs, 4yTo cCKOpocTh (Jaykrya-
uud onpenesseTcs ypaBHeHHeM JlaHxeBeHa, aHasoruuubim (8.11).
B sroft Teopunm BO3HUKHOBEHHE H BHIPABHUBAHUE GUIyKTyauuh
BBIYMCAAIOTCA C eAMHOH Touku 3penus (Onsarep u Mauayn [67]).
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8.3. 0606meHHe TepMOAMHAMHKHM 1)

PaccmoTpum Tenepb TepMOJMHAMHYECKYIO CHCTEMY, KOTOpas
NOAJEPXKUBAETCI B HEPABHOBECHOM COCTOSIHMH 3a CYeT BHelIHeH
NpUYMHBL, T4K YTO B HeW 3HepPrus pacceuBaercd € MOCTOSHHOH
CKOPOCTbIO, ONpefensieMOfi  COOTBETCTBYIOIUMMH  MAKPOCKOINH-~
yeckuMH K03 dullueHTaMu nepesoca. BosHukaer sonpoc, B Kako#
Mepe NpPU TAKHX YCJIOBHAX IPHMEHHMbl Pe3y/bTaTbl TepMOIUHA-
MHKH ?

B03MOXHOCTH TepMOAMHAMHKM OLEHHBAIOTCA TeNepb BhIllle,
YeM B TO BpeMs, KOrlia SIBHOH WJH CKDPHITOH Leabio Becex ¢usm-
YECKUX TeOpHH fBJIAIOCH CBeleHHe HX K Mexanuke. C Tex mop
33KOHBH MEXaHHKM IpeTepleaH 3HAYMTe/]bHble H3MEHEeHHs, TOTrAa
KAK CNPaBelIMBOCTb TEPMOAMHAMUKH OCTAJMACh HENMOKO/eGIeHHOM.
TepModvHAMUYECKHE MOJEJNH CTal¥ HIpaTh Ty pOJb, KOTOpas
paHblile MpelHa3HaYanach HCKJIOYHTEJbHO [AJf MeXaHHYeCKUX
Mozeet.

B kauectBe mnpuMepa mnpuBeaeM ,TeMnepatypy“, Koropas
NPUMHCHIBAETCS BHYTPUANEPHOMY BeILIECTBY H BBIUHC/AAETCS M3
onpelenenus suTponuu (6.9) Ha OCHOBaHHH pacnpeneneHUsl KBaH-
TOBbIX COCTOSIHMM M0 SHEPruaM. DTO MOHATHE YACTO NPUMEHAeTCH
B fepHOH (H3HKe, HECMOTPS HA TO YTO BHIPaBHUBAHWE TeMMNepa-
TYpHl He 00s3aTeJbHO AOJKHO HMETb MECTO.

Euwe 66abumas nponacts orae/seT TEPMOAUHAMHKY OT TeXHHKH
cBasu. B sToH obGaactd ,3HTpONUA“ onpelenseTcs ¢ MOMOLIBIO
BhIpaXeHHd, aHajoruuHoro (6.14); sxonsuue B onpeneneHue
SHTPONUYM pACTpefe/ieHus BEPOATHOCTeH OTHOCATCA yxke He K JMHA-
MHYECKHM BeJMYHHAM, a K BO3MOXHOCTAM NPHEMA WX BOCTPHATUS
curHa/noB. HecMoTps Ha pasauuHbIft CMBICA, 06C 3TH ,3HTPONHM
MMEIOT MHOrO OOLlero, HaNpuMep TeHACHUHMI0 K CAMONPOHM3BO/b-
HOMy BO3pacTaHM0. MHOrMe aBTOPHI JaWe CYMTAIOT, YTO 9Ta
B3aHMOCBA3b NpPEICTABAsET Heuto O6oJbliiee, UYeM NPOCTYIO
aHaJOTHI0, TNOJaras, YTO Mepefaya CHIHAaJOB TaKke SBJAETCH
HeoOpaTUMBIM [POLECCOM.

ViMesst B BHLY 9TH- 0600L1eHHS, MOXHO OXHLATb, YTO SKCTpa-
NOJAUMS TEPMOJMHAMMKM PABHOBECHBIX COCTOSHUN HA CTaLKO-
HapHLle HEPABHOBECHBIE COCTOSHUA NONMYCTUMA, eC/IH HE TPHBHAIbHA.

1) B nannom pasgese naeTcs Jumb BeChbMA HEMOAHMH M Gerumit
0030p COCTOSIHUS TEPMOAHHAMHKH (HAH, TOUHee, (EHOMEHOJOTHYECKOH
TEOpHH) HEeOoO6paTHMbIX HPOLECCOB; MNoApobHEE CM., Hampumep, [68] u
AOUOMHUTENbHYl0 auTepaTypy [16, 37, 38, 92]. — [Tpun. peo.
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dakTHUeCKH, TAKOEe MPUJIOKEHHE TEPMONLHHAMUKH HMeeT orpanu-
YeHHBIft yCmeX; OHO OK43a/]0Ch OTHIOAb HE TPUBHAALHEIM, OCTAaBUB
MHOXECTBO HepellleHHBIX npob6JeM.

Taxoe mpuMeHeHHe TEPMOLMHAMHKHU CBSI3aHO C OIpene/]eHHeM
CMbICJIA SHTPONHM B HEpPaBHOBeCHHIX cucteMax. OTBeT Ha STOT
BONpPOC B H3BeCTHOR cTeneHu pmaerca Fl-teopemoft. Oanako
HaJleXxXHas KOJMHYECTBEHHAs Mepa SHTPONHH MOXeT ObIThb MoJyueHa
TOJIbKO BOJIM3H COCTOSIHUS DABHOBECHS, KOTJd OTKJOHEHHE SHTPO-
MUY OT PaBHOBECHOrO 3HAUEHHSI MMEET MeHbUIMH MOPANOK Besu-
YHHbI, YeM , OTKJIOHEHHA JPYrHX TepMOAMHAMHMYECKUX BeJIHUMH.
Ho cxopocts HeoGpaTHMOro BO3pAacTaHus SHTPONMUM 3AeCh Goiee
CylieCTBEHHa, YeM caMa 3HTPONHUA; TaKHe MNpOLecCH MpeiacTa-
BAAIOTCA OuiMHeHHBIME yHkuusmu ,cun® X, u ,N0TOKOB* VY
MeX1y KOTODbiMM Mpeobianaer JMHeHHasds 3aBHCUMOCTb

V=2 @y Xy (8.25)
n

ne

JluaronanbHele 9JeMEHTH MATPHUB @, MPeICTaBAf0T coboft
K03 QUUMEHTEl MlepeHoca, M HX Onpeje/eHHe BHIXOAMT 332 PAMKH
TepMoAMHAMHUeCKUX Teopu#l. CBA3b HeoGpaTHMHIX NpOIECCOB
C HEeJMaroHaMbHLIMH KOMIIOHEHTAMH aHAJOTHYHA CBA3H TEPMOMMHA-
MHYECKHX MepeMeHHBIX B P4BHOBECHOM cocrosuuu. CooTHOmeHus
MeXIy CAMHMH HelHarOHaJbHEIMH SJeMeHTAMH JOJLKHEI, Clef0Ba-
TEJbHO, OOHAPYXKHMBAThb aHAMOTHIO C COOTHOLIEHHSMH MEXAY
TepPMOJUHAMUYECKHMH BeqHYMHAMH. B cooTBeTCTBHA € 3TUM yTBEp-~
HAAETCH, YTO

Q== Qe (8.26)

OTH paBeHCTBA M3BECTHH KaK COOMHOWEHUSR B3QUMHOCMU
Osnsarepa.

Cupicat 9TOr0 opMaan3Ma Mbi MPOHJIIOCTPHPYEM Ha TIpUMepe
TepMoO3JeKTpuyecTBa. ,CuAB* paBHB HJAK IPONOPLHOHAJBHH
Pa3HOCTAM NOTEHLHAJOB WJIH TeMmepaTyp. ,lloToku* mpomopuuo-
HaJbHB TMOTOKY Tella M 3JeKTpHuyeckoMy TOKy. Heauaronaibhbie
MaTpUuHbie SJEMEHTH NPONOpPUMOHAIbHE Koo duuuenty Ileabthe
H, Clef0BaTeJbHO, CBSI3aHBl C OOpaTMMBLIM TNEPEeHOCOM TemJa,
CONMpPOBOXNAIONIUM HeOOpaTHMbIE NPOLECCH TENJONPOBOAHOCTH M
9JIEKTPONPOBOJHOCTH.

dror dopMaauaM Oblg yCMelIHO NPUMEHEeH K TePMOMOJIEKY-
JAPHOMY IaBJEHHIO B CHJIbHO Da3peKeHHBIX [asax, K TepMoAud-
$y3un M K aHAJOTHYHBIM SBJIEHHAM.
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Ipu paspaGoTke TakoH 0G0OGuIEHHON TepPMONHHAMHUKY Ha Tiepes -
quft NJIaH BHUIBHHYJIHCh 1Ba NOJOXEHHS, KOTOPHe MOryT npuobpe-
cru Goabuioe sHauenue. [Tpunyun demanbHo20 pasrosecus yr-
BepaAaeT, UTO B C/Iydae TePMOAMHAMUYECKOTO PaBHOBECHS Mepexo-
A moBoro THIA MOJHOCTHI0 YPaBHOBEINBAIOTCA OOPATHLIMA Nepe-
xonaamu. Hapsny co cBfi3blo Mexay HeoOpaTUMbiMM MpoleccaMmu
¥ OGAYKTyauusMH B PABHOBECHBIX COCTOAHHAX STOT NpPHHUHN
HCMOJb3yeTcss JJs BHBOAA COOTHOWieHu# BaaumHocru (8.26).
Jlunettnas ¢opma ypasHenu#i (8.25) COBMECTHO C YCJ/OBHSMH
cumMerpun (8.26) siBAfeTCA MaTeMAaTHYECKHM SKBUBAJIEHTOM Bapua-
UMOHHOTO TNPHHUMNA, HA3LIBAEMOTO NPUHUUNOM HOUMeHbUel
duccunayuu.

O6a 9TH npuHLMNA SBAAOTCA OODEKTOM MHOrOYMCJEHHBIX
HCC/ER0BAHUM, CBA3AHHKIX C WX MHOTOOOpasHoi (opMy/MpoBKOH
H onpeneseHueM 00JacTH WX TPHMEHHMOCTH.

DTUM KpaTKHM pasfesqoM Ml JHIIL B OueHb MajaoR crenenu
BO3MANH JO/KHOE TOMY HOBOMY pasfeny ¢usMKH, KOTOPHIH
B HACTOSILEE BPEMA H3BECTeH KaK mepmModunaMuxa Heobpami-
aunx npoyeccos). Ho crenyer uMeTh B BHAY, YTO W3/IOMKEHHHIH
31eCb MOAXOJ K TEOPHH HeoOpaTHMOCTH JIMIUb OTI1AJEHHO CBA3aH
C OCHOBHO#l TeMOH HAHHOH KHHUTH.

1) TepmonuHamuka HeOoGPaTUMBIX NPOIECCOB, MJH, TOUHee, heHoMe-
HOJMOTHYECKAas TEOPHs HeoGpAaTHMHX MPONECCOB, H3ydaeT HeoOpaTHMbie
NpoUEeCCH MEepPeHoca Pas3AMYHBIX BHAOB: SHEPTHH, MacCH (BEWEeCTBa),
KOJNHYECTBA NBHIKEHMSl, IHTPONUM. YKa3aHHbiE APONECCH MOryT OHThb
KaK CTalMOHADHBIMH (HE 3aBHCAIMMH OT BPEMeHH), Tak M, B 0OmeM
Clyuae, HeCTAHOHApPHBIMH (M3MEHSIOHMMMHCH BO BpemeHu). B nocaen-
HEM clyyae MOXET WMEThb MeCTO B3auMOJeHcTBHEe Mex1y dusnuecKuMH
HpoLeccaMH TPeX THMOB; MPOLECCaMH MEPEHOCa, MBMEHEHHS COCTOSHHS
CHCTEMBI H IPOLECCaMH SHEPIeTHYECKOrO NpeBpalieH s, BOSHUK AIOIMMH,
B YaCTHOCTH, MPH HAJWYHA B CHCTEME BHYTPEHHUX HCTOUHHKOB HHEPrUH.

HeoGxonumo 3aMeTHTb, 9TO B CYHISCTBYIOUIUX PYKOBOACTBax IO
Ppenomenonornueckoit Teopun Heobpatumbix mnpomneccoB (Heunbur, ne-
I'poor, puroxun) paccMaTpuBalOTCs JHINL TaKue NPOLECCH MEPeHOCa,
KOTOpHE OMHCHIBAIOTCA JAHHEHHLIMH COOTHOIIEHHSIMH I'DajJMEHTHOro Xa-
pakrepa. Bmecte ¢ TeM, B 3THX DYKOBOACTBAaX COBEpHIEHHO He pac-
CMaTpHBAOTCA HEeOoGpaTHMHE NPOLECCH NepeHoCa MYyHYHCTOH SHEpruH,
NPOUCXOASIIME B HEPABHOMEPHO HArpeTHX H3JYHAIOIHX, HOrJON{AI0IHX
M pacceuBalomux cpenax. OCHOBHas BEKTOPHAasl XapaKTEPUCTHKA STHUX
liponeccos (BexTOp H3AyueHHs) MMEET MHTETPaJbHBIH XapakTep H, BO-
ofute, ropops, He CBOZUTCHA HH K KAKUM MPOCTHM AHGQ(EpEeHUEHANbHBIM
COOTHOIUGHUAM THIIA TPajgueHTHOro. — [1pus. ped.

7 3ax. li89.
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Beposamnocme?)

9.1. ®ynKuun pacnpeneseHus U cpeanne 3HAYCHHSA

B 10 BpeMs kak seposmuocms npexcrasaser co6oit caoxHOE
H HECKOJIbKO NPOTHBOPEYHBOE TOHATHE, MATeMATHYECKHE METOABI
TEOpUU BEPOATHOCTER SIBASIOTCA 3S/EeMEHTAPHBIMH, TO KpatineH
Mepe B TOHM CTemeHy, B KaKO# OHH HeOGXOLMMBHl AJs HacTosmielt
KHATH. OTM MeTOAbl (aKTHYECKN He XapaKTepHhl TOJLKO A5
BEPOATHOCTHBIX NPOG/JeM, a MPHUMEHUMB K (YHKUUAM pacnpefe-
Jenus BCeX BHLOB. Onyckas MHTEpPNpPETALMI0 MOHSITHS BEPOAT-
HOCTH, Mbl TpHBeJeM B 3TOM pasfefe Jaulib HauGojiee BaXKHblE
I8 Hawux deded Teopembl B HOPMYJIHL.

OGosHaunM uepe3 X HeKOTOPYI (U3HYECKYI0 NePEMeHHYIO.
Pacnpenejende BeposTHOCTe#i onpelensieTcd HeOTpHUATE/bHOH
¢yukuuell ot x. Bymem npeamesaraTh, YTO X SBJASETCH Henpe-
pHIBHOH mepeMenHol, a f (x)—aHamuTHyeckoll pyHkuuel. [Tosnnee.
MBl PAacCMOTPUM MpHMepbl, FAe X OrPAHUYEHO NUCKPETHHIMU
3HAYCHUSIMH.

dynkuus pacnpenenenns BEpPOATHOCTEH NpeNnosnaraerTcs Hop-
Muposannoli (ecAiM He CHeJaHBl WHBlE TNPEATIONONKEHHUS); TNOJ
THM NOAPA3YyMeBAETCHA, YTO

[rmas=1, ©.1)

npuueM unTerpan Geperca no BceHt oOiacTu uaMenenus x. Cyue-
CTBOBaHHME 3TOTO M aHANOTHYHBLIX MHTErpa/iOB BKJIOYAETCH B ONpe-
neneHre (GYHKLUM pacnpeneeHus. '

) B narHoit riase naercs AHIUb CaMOE SJEMEHTAPHOE C TOYKH 3pe-
HHSi COBPEMEHHOH TeOopHH BEpOATHOCTEH M3JOXKEHHEe HEeKOTOPHX ee
TeopeM u (opmysa. CHCTEMaTHYECKOE U3NOXEHHEe OCHOBHBIX NMOHSTHH M
METOI0B COBPEMEHHOH TeOpHH BEepOSTHOCTEH M TEOPHH CJAYyUaHHBIX fIpo-
HECCOB CM., HanpuMep, B RONOAHUTEAbHOM AutepaType [164, 166, 167, 174,
175, 179) —Hpun. peo.
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MHoromepHbie (QyHKUMH pacnpefeeHHus ABYX ¥, BO3MOXHO,
60JIbLIIEro yuC/Ia NepeMeHHHX ONpeleasioTCs aHaJOTUYHbIM 06pa-
30M. OHH fBJINIOTCS HODMHDPOBAHHBIMH, €CJIH

fff(x, vdxdy=1. (9.2)

Muoromepnrle GyHKUMH MOMXHO HCMOJb30BAaTh IJS  OMNpe-
JeneHus npusedenssix GyHKUui pacnpenenenus, Kak, Hanpuamep,

g =[f(x. vdy. he)=[f(x pdx. (3

Ecan f HopmupoBaHa, TO g M A aBTOMaTHYeCKH Takke OYyRyT
HOpMupoOBaHbl. B ofiieM cayuae oQHOBpeMeHHOe 3HaueHue g (X)
u h(y) daer MeHblle CBeleHHH, yeM 3HaHue f(x, y). Jpyrumu
ciosaMu, ¢ynkuua f(x, y) oOblYHO HEOJHO3HAUHO ONpelenaeTcs
dynxunaMu g (x) 4 h(y).

Yeaosnote Qyuxuuy pacnpeiesends OnpeNessiOTCA Kak pac-
ApeleJeHusl N0 NepPEeMeHHBIM OJHOTO psiia NPH 3aJlaHHU Ompeje-
JIeHHbIX 3HaYeHuH nepeMeHHbIM Apyroro psaaa. B cayuae AByx
NEPEeMEHHBIX pacnpeieleHne MO X, YCAOBHOE 1O OTHOIUEHHIO K ),
OnpefeauTcss Kak

vy Fx6 9
F(xvy)_ g(x) M (9'4)
OTHOCHTENBHO MNepeMeHHEIX X W Y TOBOPAT, 4TO OHH CMamu-
CMU4eCcKu He3asucumbi, eCcly JABYMEDHYI (YHKUHMIO pacnpe-
JeNEeHH MOXHO NPeACTABHTH B BHIE NPOU3BEdEHUS

fx, 9=gx)h(y). (9.5)

B aToM cayuae ycioBHasi BepOATHOCTb JI0OOH H3 InepeMeHHBbIX
He 3aBUCHT OT 3HA4eHUH ocTadbHHX. OnpenejeHne CTATHCTHYE-
CKO}t He3aBMCHMOCTH JIETKO pacHpoOCTPaHsercs Ha afoe npous-
BOJIbHOE YMC/IO NepeMeHHBIX. JlepeMeHHEle, KOTOpbE He sIBJsI-
IOTCA  CTaTUCTHYECKM HE3aBHCHMBIMU, KDaTKO XapaKTepH3YITCH
KaK cmamucmusecky KOppPeAuposannvie 1),

! Cnenyer pasnMuath NMOHSTHS HE3ABHCUMOCTH W HEKODPETHDPOBAH-
HOCTH c.nyqaifmblx BeanuuH. JIBe He3aBucHMbie cnyuaﬁnue BEJIHYHHbI
BCerja SBAAIOTCSA HekoppeanpoBaHHbiMH. OJHAKO M3 HEKOPPEAHPOBaH-
HOCTH CAyuyafiHbIX BeJUUYMH elle He BbITCKAST HX HE3aBUCHMOCTb. —
[Tpun. peo.

T*



100 ITJIABA IX

IMonATHe CTATHCTMYECKOH HE3aBUCHMOCTH sBAfeTCs ¢yHaa-
MEeHTaJbHbLIM NOHATHEM B CTAaTHCTHYeCKOH ¢usuke. ITepemeH-
Hble, TpeAcTaB/AlOIMe Takue OOBEKTH, MEeXAY KOTOPHIMH HeET
HUKAKUX B3aHMOAeHCTBMH, HO/KHEI OHTb CTATHCTHYECKH He3a3H-
CHMBIMH., ODTOT TPION3M, ONHAKO, He SBJAETCA TPHUBHAJLHLIM,
NOCKOJAbKY  CaMO CYLIEeCTBOBaHME JAPYIMX HempeABHIECHHBIX
B3aUMOJEHCTBUIt YACTO BBOAMTCH NyTeM CTATHCTHYECKHX pac-
cMoTpeHutt.

CpenHee 3HaueHHe (mamemamuuecxoe O0xHcuUOQKUE) HEKO-
TOpO#t mepeMeHHOH, ee cTenmeHd usiu JoOoff Apyro#f yHKuuM
9TO#l mepeMeHHOM onpelendercd KaK Cpe/lHee B3BEIIEHHOE [0
¢byHKunn pacnpefeeHus )

(xy= [ 2/ (0)ax,
(*"y= [ x" f(x)dx, ©.6)
(py= [P0 f(»ax.

MareMaTHueCKOe OXHIAHHE OT CAyYaHHON ByHKUMH, BOOGILE roBO-
pA, HE COBNAAaeT ¢ PyHKUHEH OT MaTeMaTHYECKOTO OXHAAHNS, T. €.

(P (x)) #+ p (X)) 9.7)

D10 HepaBeHCTBO NerKO Nposeputh. TeM He MeHee B yueOHu-
Kax WHOTIa TPHBOAATCA NOKA3aTeJbCTBA, B KOTOPHIX PasiMuHeM
Mexay npasolt u aesoft uactamu (9.7) npeneGperaior.

Yno6uo#t Mepott ducnepcuu GyHKUMH pacnpelesieHus ABASETCA
cpelHu#t KBaApaT OTKJOHEHHS

(27) — () = ((x — (=) >0, (9.8)

WU, BepHee, ero KBaapaTHHH Kopedb. K umcay cpensux 3ua-
yeHuH, BHIYHC/IAEMBIX C MOMOWbI0 (YHKUMM pacnpeleneHus no
JBYM mepeMeHHbM, npuHanaexar (x), (y%), {xy), onmpenenenue

1) dopmyas (9.6) OTHOCATCA TONBKO K HEMPEPHIBHBHIM CHy4aHHbIM
BeNMYMHAM C MJIOTHOCTHIO pacmpejeienns BeposiTHoctedt f(x). Mare-
MaTHYeCKoe OXufanue n-H CTeneH# CayyadHOH BeJMuxHBI HaA3bIBaeTCH
HAYaAbHHM MOMEHTOM n-TO NMOPSHAKA AAHHOH CAy4aHHOH BeAHYHHBI. —
fIpunm. ped.
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KOTOPbLIX OYEBUIHO. Bbxpa)xemxe

[((x— () ((y— (N
(a wuHOrza TaKMe YHCAMTEJb 3TOTO BLIPAXEHWS) HasbIBaeTCA
KOIPpPunuenmomn Koppessyuy TNepeMeHHEIX X M Y. MoxHo
noxasatk, 4to |q|<C 1. PaBencrBo q¢==0 ssasercs HeoGxonu-
MBIM, HO He HOCTaTOYHHIM YCJIOBHEM IJfi CTATHCTHYECKOH Hesa-
BHCHMOCTH JBYX nepeMmennnx ). Ha mpaxrtuke, OAHAKO, MOXHO
noJaraTh, 4TO JABE IepeMeHHble NPHOMHMEHHO CTATHCTHYECKH
HE3aBMCHMME!, eCaH HX Ko3dduuuedT Koppendud¥ paseH
Hy.JTI0.

Ecau mnepeMmenHble fBAMIOTCS YHKUHMAMH BPEMEHH, BaXHO
BHISICHHTb CTATHCTHYECKYIO HE3aBHCHMOCTbL OJHOH u TOH Xe mnepe-
MEHHOH B pas/iHuHble MOMEHTH BDeMeHH MM PA3HLIX MNepeMeH-
HHIX B PAa3/MyHbie MOMEHTH BpeMeHU. YAOOHBIM, XOT# H He
CTPOT'MM, KpHTepHeM sBiseTcs obpalueHue B HyJb CPeiHero npo-
M3BelleHHs MEepeMeHHHX B PA3JHYHble MOMEHTH BpeMeHH. IJTH
cpelHue TIPOM3BeNeHHs NOITOMY HOCAT HA3BAHHE Q8MOKOPPeEAs-
QUOHHKUX (PYHK{uld WU NPOCTO KOP PeASYUOHHOX PyHKuui®).
Ouu urpaioT GosbIUYI0 pOJb B (u3HyecKOH M HedH3HUECKOH
CTATHCTHKE [CM., HampuMep, ypasueHHe (3.16)]. AHaJIOruyHbHIM
06pasoM KoppeasuMOHHbe (YHKUHH ONpeAendloTcs IJA Mepe-
MEHHLIX, ABJAAIOIUMXCS (YHKUMSMH KOODAMHAT.

PaccMoTpuM Terepb GOJbLIOE YHCIO MEPEMEHHBIX, INPHYEM
GyneM NpennosaraTh, YTO OHM CTAaTHCTHYECKM HE3aBUCHMBI H HX
¢yHKUMH pacnpelefeHus BepoATHOCTeH oauHakoBel. OGosHauas
STH TepEeMeHHbE Yepes Xy, Xy, ..., Xy, @ HX OObluHbE Cpel-
HHE 3HAYEHUS ¥ CpeliHHe KBAAPATH OTKJAOHEHUH COOTBETCTBCHHO
yepes {x) u {(x?) — (x)% Mbl onpeneauM CyMMapHYI0 NepeMeHHYI0
NOCPENCTBOM PaBEHCTBA

X=x,4 %4 ... 4%y, (9.10)

1) Tak KaK H3 PaBEHCTBZ HYMO KO3(PHIHEHTa KOPPENAUH MEKIY
ABYMs CAyYaliHBIMH BEJHUMHAMH elle HE CAelyeT HX He3aBHCHMOCTb.
Ofuaxo Ias IBYX HE3aBMCHMBIX CaydaiiHblXx BeJHUHH Ko3hduunent
KOppeJsilink paseH Hyaio. [lis AuHEeHHO CBA3AHHBIX CYYaRHBIX BeAMYnH
Kkoa(hduunenT koppelauun pased -+ 1 uwan —1.— ITpur. ped.

2) Boaee CTPOroe ONpejieieHue KOPPEIAUHOHHON QYHKUHH CM., Ha-
npuMep, NONOJHHTEABHYI0 JanTeparypy [164, 166, 242, 249)). — [puxr.

ped.
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a ec MHOTOMepHYIO (BYHKUMIO pacnpelesieHnst B BHle

Fxp Xg oo s Xp)=Ff(x) (%) f(X3) ... [(xp)
HenocpeacTBeHHO BHIUMCAAA cpelnde 3HaueHus no (9.6),
Halinem

X=N{(x), (XH—(XP=N[xDH—(x)]. (9.11)

Cuen0BaTeNbHO, CpellHee 3HAYeHHEe CYMMBbl BO3pAcTaeT MNpomnop-
moHaasHo N, HO Iaucnepcus yHkuuu pacnpejeseHus. Bo3pa-
CTAET MPONOPUHOHAABHO TOJBKO N" Ecan N nocratouso se-
AMKO, T0 dyHkuus pacnpeneieHus oOpaijaercd B HYJb (dak-
THYECKU Be3he, 32 HCKJOUEHHEM HeNOCPeACTBeHHOH oOKkpect-
HOCTH CpelHero 3HayeHusi, BEepPOATHOCTb KOTOPOrO JOCTHraer

elMHUUb. DTO OJMH U3 NPUMEpPOB [AeHCTBHS 3AKOHA 6OAbULUX
wucest).

[IpuBeleHHble Bblle PacCyXeHHs COXPAHAIOT CcuIy H
IS JUCKPETHHIX NMEepPEeMEeHHbIX, HO B ITOM CJyuyae MHTerpajsl B
ypasuenusx (9.1)—(9.3) (9.6) m nmomkHb ObiTh 3aMeHeHEl
CYMMaMH.

B kauecTBe npuMmepa BakHOH (YHKNMH pacnpeleseHds pac-
CMOTPUM NepeMeHHble X,, CNOCOOHble NPHHUMATL TOJbKO JBA
IUCKDETHHIX 3HaueHus (@ u b) ¢ BepoaTHOCTAMH o M B=1—a
coorserctBedto. Cymma, ompenenensas no (9. 10), moxer, cie-
JOBaTeJbHO, NMPHHUMAThL 3HAYEHUS

Na, (N—Da-+b,..., (N—Ek)+Fkb, ..., Nb;

an, Nav-ig, L (V)arrgh L p.

BeposSTHOCTH 3HAYeHHH CYMMEI, MepeuMCAeHHbIE B HUKHER CTpOKe,
BLIBOAATCA NYTEM HENMOCPELCTBEHHBLIX PACCMOTPEHUH mnepecTaHo-
BoK. O0o03Hauas uyepe3 p YUCAO TEPEMEHHBIX, HMEIOUIUX BHaye-
Hue D, Mbl MOXEM MpelCTaBUTh COBOKYIHOCTb 3THX BepPOATHO-
cTe#t B 'BuAe (QYHKNUH pacnpeflefeHud 1O  MEPEeMEHHOH p

Fom=[(3) | e 9.12)

l) CoBpeMenHile B o6mue GOpMYIHPOBKH 3aKOHA OOJMBLIHX gHCENR
Ranm B padorax A. H. Koamoroposa (cm., Hampumep, JONOJHUTE/bHYIO
autepatypy [166, 167, 204}). — [1punr. ped
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DTO paBeHCTBO HA3LIBACTCA OUHOMUAABHULM pacnpedeseruem
win pacnpedesennen Bepuyaau'). OHO MOXeT NPUMEHATbCA
K DSy IOBTOPHBIX M3MEPEHUMH, B KOTOPHIX Aesaercs BHOOp Mexny
IByMsl BOSMOXHOCTAMH. CpellHee 3HaUGHHE P HEHNOCPEICTBEHHO
CB432HO ¢ ¢yHKUHel#t pacmpeieneHusl BepOATHOCTEH NO NepeMeH-
HBIM X,

(PY=NB=N1—ua), (p)—(pY¥=Na(l—a). (9.13)

3To0 OAMH M3 NPUMEPOB, KOrJa CpelHee 3HaueHHE HEKOTOpoO#
fiepeMeHHOR MOxeT ObITb BHIPAXKEHO Yepe3 BepOSATHOCTb APYro
nepeMeHHol. IloJo6HLIRt e cayyalt mMeeT MecTO NpPH paccMoOT-
peunn cpeaxux 3uauenu#t ot ¢ (¢) B (6. 11), xoropsle npeacras-
JMIOT pacnpeieleHue BEPOATHOCTER MO e.

) O6biyHasi TEOPETHKO~-BEPOATHOCTHAA (OPMYJIHPOBKA GHHOMHAJb-
HOT'O 33KOHA paclpefeNieHus BEpOSATHOCTEH FJIAaCHT: BepOATHOCTH P, (m)
TOrO, YTO TPH IMPOBEJEHHH CEPHUH M3 N HE3aBUCHMBIX HCHBITAHHH CO-
6biTHe A HacTynuT m pas, paBHa

pa— n‘ m n—m
rie P — BepOATHOCTb HACTYIIeHUs COGBITHA A B KaXIOM OTIEJLHOM
KCTBITaHUH,

BaxHoe 3HaueHWe Aas (U3UUSCKUX NPUACKEHUH TEOpHH BepoAT-
HOCTeH HMEET MOJAHHOMHAAbHBIH 3aKOH pacmpefeleHus (IPeACTaBAsSIO-
mui coboit 06obuieHHe OHHOMHAJBHOIO 3aKOHA), COTNACHO KOTOPOMY
BEPOATHOCTE P, (my, m,, ..., np) TOro, 4TO MpPH MPOBEXEHHUH CEPHH
H3 1 He3aBMCHUMBIX HCHBLITaHHH COObITHE A HACTYMMT m pa3, cOOGbITHE
A, —m, pas, ..., cobmutne A, — m, pas, paBia

n! m, m,; m
Pp(my, my, ..., my) = mpl 1Py2 ... Pk
rae m,-+my+4 ... +mp=n.

TpuMeHNTeIbHO K Kjacchnueckod craTHcTuke BoJbmMaHa moJuno-
MHAaAbLHBIM 3aKOH MOXeT OGbiTh cHOPMYyNUPOBAH chaeaywomuM obpasom.
Iycts B o6beMe V, pasjgeleHHOM Ha KOHETHOE 4HCAO R A4yeek, cojpep-

wutca n yactuy (Moaexkyxn). Torma P, (my, m,, ..., mp) OpeiAcTaBaaer
c060H BEPOATHOCTH TOrO, YTO B HEPBOH fUEHKE OKAWeTCd m, 4acTul,
BO BTOpO#i — m, wvacTuy, ..., B k-it suefike — m; uactun. Ilpu atom

TEpMOLHHAMUYECKAS BEPOATHOCTD COCTORHUA (T. €. UNCAO MAUKPOCOCTOR-
HUH, Peanu3yioiiHX NaHHOE MAaKpPOCOCTOSHHE), OUEBHAHO, ONPENEAUTCH
CAeNYIOUHM O6pa3oM:
W= Pp{my, mg, ..., mp) n!
- my M m TmImyl . mpl

PUIPy% .. Py e k

— ITpuns. peod.



104 FJIABA IX

PaccmoTpuM npenesbnbifi BMA  pacnperedenus Bepuynu.
Ilpunasas GuKCHPOBAHHbIE 3HAYEHHS BEPOSATHOCTIM a M f, GymeM
crpeMuts N k GonbminM 3HaueHusM. PaxTopuans B (9.12) ynobuo
Bbipasutk 1o ¢opmyae Crupaunra In(nl)=n[lnn — 1]. B npe-
LeJAbHOM C/lyyae AMCKDETHYIO MNEDPEMEHHYI0 p MOXHO 3aMEHHTb
HenpephiBHOR. OKasanoch, YTO B 9TOM CJjyuae

, Ny — (L (p—(p))?
f(va)—(Qﬂ) exp(z[(p2>_<p)2] ) (9-14)

OTO onuH M3 TDHMEPOB HOPMAALHO0 pacnpedesenus,
HauGoJiee YacTO HCINO/b3YEMOrO B CTATHCTHYECKHX MCC/IENOBAHUAX.
Lenmpaavnan npedessnas meopema BepoATHOCTER YCTAHABIU-
BAET, YTO CyMMa CTATUCTHYECKH HE3ABHCHMBIX NMEPEMEHHBIX pac-
nipejiesieHa M0 3aKOHY HOPMaJbHOIO pacrpejeleHus, KaKoOBH Obl
HU Oblin QyHKUMM pacnpeleseHus IS HHAMBUAYAALHBIX Te-
PEMEHHbIX.

Ipyro#t npenen pacnpenenenus BepHyanu noayuaercs, ecnu
BEPOSITHOCTb {3 yMeHblIaeTcst MPOMOPUHOHAIbHO YHC/IY TiepeMeH-
HBIX, TaKk 4T0 ¢ = NB He 3aBucut or N. D10 Npelnooxexue
BOBCE HE SIBJAETCS CTOJb MCKYCCTBEHHBIM, KaK KaXeTCsl Ha nep-
Bhfl B3raaa. OHO JOMKHO O3Ha4aTh, YTO HAC HMHTEPECYET A0JS
NepeMeHHbIX, MMEIIIMX 3Ha4eHHe b, a He HUX uyuca0. B arom
npejeNbHOM Caydae noJayyaeM

Jm (i s M) = NN D)oo N p ) (a) (1 27

—Z (g (1=%)(-7) - (—25)

— pl N

N>

Ipo0b, cTosas B KOHILE, CTPEMUTCA K €AMHHLE H, NOCKOJbKY

. x\V
e"*= lim (l —N) ’
N->o
MBI [OJMy4YaeM

f(p)=e—,,}qq”. (9.15)

Ora ¢QopMysa usBecTHa Kak pacnpedeaenue Ilyaccona.
BHJO yCcTaHOBAEHO, 4TO OHAa NPHMEHMMAa K BEPOSTHOCTH o-pac-
naja UCTOYHMKA paanoakTMBHOro usiydeHus (Pesepdopn u lefi-
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rep); 9T0 CIHyXHT MOATBEPMIEHHEM TOr0, YTO d-pacnaj npex-
cTaBjfeT CoGOft caydaitHoe coObiTHe.

B kauecTBe mnocleAHero 3ameuaHusi 0GpaTMM BHMMAaHHe Ha
BHLIBOIb SKCMOHEHWHMA/bHLIX pacnipefencHuit B pasn. 6.2 u 7.1,
KOTOpElE OCHOBHLIBAIOTCH HA COOOpaeHUAX KOMOWHATOPHKH, a@ He
JMMHAaMHKH.

9.2, BepoaTHOCTh B (u3HKe

®u3NYECKUH CMEICA MOHATHA BEPOATHOCTH SIBJASETCH JAMUCKYC-
CHOHHBIM BOMPOCOM!), XOTA NPAKTHKA CTATUCTHKOB NpPHBOLUT
K OIHO3HAYHLIM Pe3y/bTaTaM.

HaGophl uuC/eHHBHIX AaHHHX (,00paslUoB“), MOJYYEHHHIX u3
Habnionenuit, CPaBHUBAIOTCA C QYHKUUAMU PacnpelelieHHs, BHTE-
KalOLIMMU U3 TeODHH. 3aKJIOYeHHe O COOTBETCTBHH C TEOPHEH HiH
O PaCXOXIEHMH C HeH 3aBHCHT OT KDHTepHEB, KOTOpHE XOTH H
IOJKHBI ObITh IPaBAONONOOHM, HO, BOOOILE FOBOPS, MPOU3BOJIBLHEL.

[ToHsTHE BEPOATHOCTH B HESBHOM BHJAE BHOCHTCS B (PU3HKY,
KOTa Mbl IPHIHCHIBAEM HEKOTOPYIO OLIHOKY pe3y/bTaTy H3Mepe-
Hus. OnbITH C GPOYHOBCKHM JBHMXEHHEM, UCCJENOBaHHUA B 061acTh
KOCMHYECKOT'O M3JIyUeHHs U silepHOH (U3HKH 4acTO CHAGKAIOT HAC
LaHHBEIMH CTOJIb e HEONpe/leIeHHOT0 XapaKTepa, ¢ KAKUMH NPUXO0-
JUTCS UMETb JeJO B SKOHOMHYECKOH WM COMMAaJbHOH CTATHCTHKE.

MeToin CTATHCTHKM DNPUMEHHMEI K 9THM InpuMmepam G6es
BCAKOft OrOBOPKH.

OnHako uMeeTcCs JApyras CBsi3b MeXIY BEepOATHOCTHIO H (pu-
3MKOH, KOTOpas M fBJAETCHA TJaBHBIM NPEIMETOM AaHHOH KHHIH.
3necs BepOATHOCTL BBOIMTCA B TEOPETHYECKHE PACCYKACHHS
TOJbKO B TOT MOMEHT, KOTJa Pe3y/bTaThl TEOPHY MOABEPralTCA
OKCNEPHMEHTANLHOH TPOBEPKE C NOMOLUbI0 OOBIYHBLIX M3MepeHHH,
TAKMX, HanNpuMep, KaK KaJODHUMETPHYECKHE HWJIH BUCKO3UMET-
puyeckue, He nemaercs HMKAaKHX NOMBITOK HaKomleHus Haba0-
JaeMblIX 0OpasLOB A/ CpaBHEHHs HX ¢ (QyHKLusMu pacnpenele-

1) 310 yTBepxIeHHe aBTOpa He BHOJHE TOUHO. BepHO TOABKO TO,
9TO CYIIECTBYET HECKOJbKO Pa3JIHUHBLIX OLpejeleHHH INOHATHA BepOAT-
HOCTH CJYYaHHOro COOGBLITHSI Pa3AMYHOH CTeNeHH OGUIHOCTH: KJAACCH-
Yeckoe, CTaTHCTHYECKOE, akcHoMaTnueckoe. Hanboaee o6muM 1 cTporum
AB/AETCA aKCHOMATHUECKOE Olpe/iesieHHe, BHTEKaloUee H3 aKCHOMATHKY
Teopun BepostHocTe# A. H. Koamoroposa, moayunsmee BceoGuiee
NpH3HaHWe H CaMoe INMPOKOEe pacnpocTpaHeHHe. CM. JONOJHHTEAbHYIO
autepatypy [171, 200). —Ilpun. peo.
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nusi. [IpaBja, ¢ yJyullleHHeM TeXHHMKM SKCNeDHMEHTa HeNMoCpen-
CcTBeHHas npopepka (QYHKUMA pacnpelefends € TMOMOLIbIO IO~
CJIeA0BATENbHOTO pmla HSMepeHHﬂ BO Bpeme}m MorJaa 61:1 0Ka3aTb e
BOSMO)KHOH; OJHAaKO 3TO He INOBJAUAET Ha (pI/ISI/I‘-leCKPIﬁ CMBICJI
TeOpHPl B €€ HA4CTOfLUEM BHJIE.

Ewe caulIKoM paHO CYLHTb O TOM, He GyleT JM Ta UCKJIO-
YuTeJbHas pOJIb, KOTOleO Bep0ﬂTHOCTb urpaeT B TeOpHﬂX CcTra-
THCTUYECKOH (U3MKH, CO BpeMeHeM CBeleHa K pPOJH OOGLYHOH
CTaTHCTHKH. B KOHLe KOHLOB uMeeTcs U OOpaTHasi BO3MOXHOCTb,
410 OGBIUHAA CTATHCTUKA CO BpeMeHeM OyleT BLIBeIeHa U3 TMOHs-
Tldﬂ, AHAJNOTUUYHBIX TEM, KOTOpre JO CHX NMOP OTHOCH/IUCH TOJIBKO
K o6JacTi ¢uanyecKux Teopuit.
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